
 

 

 
 
 

 Задача 1. Нека ABC  е остроаголен триаголник и нека H  е неговиот ортоцентар. Точката 
G  припаѓа на рамнината на триаголникот при што ABGH  е паралелограм. Точката I  
припаѓа на правата правата GH  така што правата AC  ја полови отсечката HI . Правата 
AC  ја сече опишаната кружница околу триаголникот GCI  по вторпат во точката J . 
Докажи дека IJ AH . 
 
 

 Решение 1. Бидејќи ||HG AB  и ||BG AH , добиваме дека BG BC  и CH GH . Според тоа, 

четириаголникот BGCH  е тетивен. Бидејќи H  е ортоцентар на триаголникот ABC , добиваме дека 

90HAC ACB CBH    . Бидејќи BGCH  и CGJ I  се тетивни четириаголници, добиваме дека  
 

  CJI CGH CBH HAC    .  
 

 Нека M  е пресечна точка на AC  и GH , и нека D A  е точка од правата AC  така што AH HD . Тогаш 
MJI HAC MDH   .  

 

 Бидејќи MJI MDH  , IMJ HMD   и IM MH , добиваме дека триаголниците IMJ  и HMD  се 
складни, па според тоа IJ HD AH  , што требаше да се докаже.  
 
 

 Решение 2. Равенството CGH CGB   го добиваме на потполно ист начин како и во претходното 
решение. Во паралелограмот ABGH  имаме BAH HGB  . Од таму добиваме дека  

  HMC BAC BAH HAC HGB CGB CGB       . 
 
Според тоа  правоаголните триаголници CMH  и CGB  се слични. Исто така од опишаната круница околу 
триаголникот GCI  лесно се добива дека триаголниците MIJ  и MCG  се слични. Но, тогаш  
 

  IJ MI MH GB AH
CG MC MC GC CG

    ,  
 

од каде го добиваме равенството IJ AH .  
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 Problem2.  Let a square scheme 2 2n n , made of unit white squares be given. Allowed move is to 
change the color of three consecutive unit squares in a particular row or three consecutive unit squares in a 
particular column - unit square with white color goes to unit square with black color and vice versa. 
 Find all nonnegative integers, 2n , for which with allowed moves  the given square scheme can be 
colored like chess table.                 (Belorusian mathematitical olympiad 2016) 
 

 Solution.We will call black unit squares which one when the square scheme is colored like a chess table are black 
and white unite squares those which will not change their color. It is not difficult to see when the square scheme is 

colored like chess table, we will have 22n  black and 22n  white unit squares, i.e. we will have even number of black 
and white unit squares.   
 

 Let the square scheme is colored like a chess table with finite number of moves. Every black unit square it must be 
recolored odd number times and every white unit square must be recolored even number times (some of the white unit 
squares can be not colored at all, i.e. to be colored zero times). According to that, the number of recoloring of the unit 
squares must be even number, hence the number of the moves need for the recoloring is even number, since in each 
allowed move three unit squares are recolored.   
 

 We will show that if 0 (mod 3)n , the number of moves with which we can make recoloring is an odd number. 

Such a contradiction for us will show that for all such nonnegative integers it is not 
possible to made such recoloring, i.e. the square scheme to be colored like a chess table.  
The vertices of the square scheme, starting from the left upper vertex and moving in 
clockwise direction we will denote with , , ,A B C D (see the image). 
 

     Let we consider the unit square which has a side which is a part of the sides AB  and 
BC  on the given square scheme. We will say the diagonal of the square scheme which 
starts from such a unit square and all the unit squares in which one can pass the chess 
bishop, starting from up going down, or from left to right which is same as previous 
(square scheme with dimensions 6 6  has 11 diagonals, on the given image are denoted 
only four of them). It is obvious that the square ABCD has 4 1n  diagonals and each 

diagonal is consisting only of white unite squares or only of black unit squares. Diagonal consisting only of white unite 
squares we will call white diagonal and diagonal consisting only of black unit squares we will call black diagonal.    

    Without loss of generality we can assume that the unit square containing the vertex A as its own vertex is a black 
square. The unit squares which are on the sides AB  and BC , starting with the vertex A , we will denote with the 
numbers from1  to 4 1n  continuously (the case 2n  and 3n  is given on the following image). Next we will 
consider the diagonals of the square scheme starting with unit square which has an ordinal number divisible with 3 . 
In every unit square of such diagonal we will write *  (on the image bellow, the cases 2n  and 3n  are given). 
On that way we will obtain even or odd number of black unit squares in which one is written * in general case. 
 

 It is obvious that a diagonal which has ordinal number divisible with 3 will be black diagonal and if his ordinal 
number is not divisible with 2. It will be white in every other case.     
It is obvious that the diagonal starting with odd ordinal number will has an odd number of unit squares. 
Hence the parity of the black unit squares in which ones we have * is the same as the parity of the number of all odd 
numbers which are divisible with 3, between 1  and 4 1n . We will find that number.  
 

 a) 0 (mod 3)n  
 

 In this case 3 ,n k k  , so 4 1 12 1n k    and between the numbers from 1  to 4 1n  which are odd and are 

divisible with 3, are the numbers 3 1,3 3,...,3 (4 3),3 (4 1)k k      . The number of such numbers is an even number, i.e. 

that number is 2k .  

 b) 1(mod 3)n  
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In this case 3 1,n k k   , so 4 1 12 3n k    and between the numbers from 1  to 4 1n  which are odd and 

divisible with  3  are the numbers 3 1,3 3,...,3 (4 1),3 (4 1)k k      . The number of such numbers is an odd number, i.e. 

that number is 2 1k .  
 c) 2 (mod 3)n  
 

 In this case 3 2,n k k   , so 4 1 12 7n k    and between the numbers from  1  to 4 1n  which are odd and 

divisible with 3 are the numbers 3 1,3 3,...,3 (4 1),3 (4 1)k k      . Hence the number of such numbers is an odd number, 

i.e. that number is 2 1k .  
 

 Hence, * will be written in odd number odd black unit squares if 0 (mod 3)n , and if 0 (mod 3)n , * will be written 

in even number of black unit squares.    

 Now, let the square scheme is colored like a chess table. Let we note that when we recolor in one allowed move we 
recolor only one unit square in which one is written *. So all the allowed moves are divided in two cases: 
 

1) Allowed moves in which one we recolor white unit square with written symbol * 
 

2) Allowed moves in which one we recolor black unit square with written symbol * 
 

 Moves like in case 1) which have to be made is even number, since each white unit square in which one is written * 
must be recolored even number times. Moves like in case 2), in case when 0 (mod 3)n  is an odd number since the 

number of black unit squares is odd and each of them must be recolred odd number times. Hence, to have a coloring in 
these cases like a chess table it must be odd number of colorings. But, this is a contradiction with the fact that the 
recoloring will be made if are made only even number of recolorings, i.e. even number of allowed moves. 
Hence, if 0 (mod 3)n , recoloring of the square scheme like a chess table with allowed moves is not possible.  
 

 If 0 (mod 3)n , such a coloring of the square scheme with allowed moves is possible. In that case 2n  is divisible 

with 3  and the square scheme can be divided on squares 3 3  and each one can be recolored with allowed moves in 
one of the given cases on the image below.     
 

 3. Нека m  и n  се позитивни цели броеви такви што m n . Дефинираме k
m kx
n k
   за 

1,2,..., 1k n  . Докажи дека ако 1 2 1, ,..., nx x x   се цели броеви, тогаш 1 2 1... 1nx x x    е делив со 
барем еден прост непарен број.  
 

 Решение. Нека препоставиме дека 1 2 1, ,..., nx x x   се цели броеви. Ги дефинираме целите броеви  

  1 1 0k k
m k m na x
n k n k
        ,  

за 1,2,..., 1k n  .  
 

 Нека 1 2 1... 1nP x x x   . Потребно е да докажеме дека P  е делив со барем еден непарен прост број, или дека 

P  не е степен на бројот 2 . За таа цел, ќе ги испитаме степените на 2 кои ги делат броевите ka .  
 

 Нека 2d  е најголем степен на 2  кој го дели m n , а нека 2c  е најголем степен на 2  кој не го надминува 

2 1n . Тогаш 12 1 2 1cn    , па 1 2cn  . Значи, добиваме дека 2c  е еден од броевите 1, 2,...,2 1n n n   , и 

дека единствен степен на 2  е 2c  кој се наоѓа меѓу тие броеви. Нека l  природен број таков што 2cn l  . 

Бидејќи m n
n l

  е цел број, добиваме дека d c . Според тоа 12 |d c

l
m na
n l

     , додека 12 |d c
ka

   за секој 

{1,2,3,..., 1}\{ }k n l  .  
 

 Ќе пресметаме конгруенција по модуло 12d c  , при што добиваме  

  1
1 2 1( 1)( 1)...( 1) 1 ( 1) 1 1 0 (mod 2 )n d c

n l lP a a a a a  
           .  

Според тоа 12 |d c P   .  
 

 Од друга страна, за секој {1,2,..., 1}\{ }k n l   имаме 12 |d c
ka

  . Според тоа 12d c
kP a    , за некое k  од каде 

следува дека P  не е степен на бројот 2 .   
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