MN3bOPEH TECT 3A UIMO 2016

Ckomje 15.5.2016

3anaua 1. Heka ABC e octpoaronen tpuaronHuk u Heka H e weroBuot oprouenrap. Toukara
G npunafa Ha pamMuuHara Ha Tpuarojuukor npu mro ABGH e napanemorpam. Toukara [
npunara Ha npasata npasata GH Ttaka mro npasata AC ja monosu orceuxara HI . Tlpasata
AC ja cede ommmanara kpyxauna okoiy tpuaronaukor GCI mno Bropmar Bo Toukara J .
Hoxaxu nexa IJ = AH .

Pemenne 1. bunejku HG|AB wu BG|AH,

nobouBame neka BG 1L BC wu CH 1 GH. Chnopen Toa,
yeTupuaronHukor BGCH e teruBeH. bunmejku H

€ OpTolleHTap Ha TpuaromHukor ABC, nobuBame eka
/ZHAC=90°—ZACB=/CBH . bunejku BGCH n CGJI ce TeTUBHU YeTHPUATOIHUIH, TOOHBaMe JIeKa
LCJI=/CGH=/CBH=/HAC.

Hexka M e npeceuna touka Ha AC u GH , u Heka D= A e Touka on npaBara AC Taka mrto AH =HD . Toram
IMJI=/HAC=/MDH .

bunejiu /MJI=/MDH , ZIMJ=/HMD w IM=MH , nobuBame nexa Tpuaromuurure IMJ wu HMD ce
CKJIafHu, na cropen toa 1J=HD= AH , mTo Tpebaiie 1a ce JoOKaxe.

Pemenne 2. Pasenctsoro ZCGH =/CGB 10 pnobuBaMe Ha IIOTIOJHO HCT HAYWH Kako

U BO HPETXOAHOTO
pewenue. Bo mapanenorpamor ABGH wmame /BAH =/HGB . On tamy nobuBame Jeka
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LHMC=/BAC=/BAH +/HAC=/HGB+/CGB=/CGB.

Crnopen Toa mnpasoaroiHute TpuaronHuiu CMH u CGB ce ciuyHu. MIcTo Taka on onuIaHaTa KpyHHIA OKOJY
TpuaroHuKkoT GCI necHo ce nobusa nexa Tpuaronuunute MIJ u MCG ce cinmunu. Ho, Toram
IJ _MI _MH_GB_AH

CG MC MC GC CG’

oJl Kaje ro gjodbuBame paBeHCTBOTO [J = AH .
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Problem2. Let a square scheme2nx2n, made of unit white squares be given. Allowed move is to
change the color of three consecutive unit squares in a particular row or three consecutive unit squares in a
particular column - unit square with white color goes to unit square with black color and vice versa.

Find all nonnegative integers, n>2, for which with allowed moves the given square scheme can be
colored like chess table. (Belorusian mathematitical olympiad 2016)

Solution.We will call black unit squares which one when the square scheme is colored like a chess table are black
and white unite squares those which will not change their color. It is not difficult to see when the square scheme is

colored like chess table, we will have 2n° black and 2n°> white unit squares, i.e. we will have even number of black
and white unit squares.

Let the square scheme is colored like a chess table with finite number of moves. Every black unit square it must be
recolored odd number times and every white unit square must be recolored even number times (some of the white unit
squares can be not colored at all, i.e. to be colored zero times). According to that, the number of recoloring of the unit
squares must be even number, hence the number of the moves need for the recoloring is even number, since in each
allowed move three unit squares are recolored.

We will show that if n%£0(mod3), the number of moves with which we can make recoloring is an odd number.

A B Such a contradiction for us will show that for all such nonnegative integers it is not
possible to made such recoloring, i.e. the square scheme to be colored like a chess table.
The vertices of the square scheme, starting from the left upper vertex and moving in
clockwise direction we will denote with 4,B,C,D (see the image).

Let we consider the unit square which has a side which is a part of the sides 4B and
BC on the given square scheme. We will say the diagonal of the square scheme which
starts from such a unit square and all the unit squares in which one can pass the chess
bishop, starting from up going down, or from left to right which is same as previous
D (square scheme with dimensions 6x6 has 11 diagonals, on the given image are denoted

¢ only four of them). It is obvious that the square ABCD has 4n—1 diagonals and each
diagonal is consisting only of white unite squares or only of black unit squares. Diagonal consisting only of white unite
squares we will call white diagonal and diagonal consisting only of black unit squares we will call black diagonal.

Without loss of generality we can assume that the unit square containing the vertex A as its own vertex is a black
square. The unit squares which are on the sides 4B and BC, starting with the vertex A, we will denote with the
numbers from1 to 4n—1 continuously (the case n=2 and n=3 is given on the following image). Next we will
consider the diagonals of the square scheme starting with unit square which has an ordinal number divisible with 3.

In every unit square of such diagonal we will write * (on the image bellow, the cases =2 and n=3 are given).
On that way we will obtain even or odd number of black unit squares in which one is written * in general case.

It is obvious that a diagonal which has ordinal number divisible with 3 will be black diagonal and if his ordinal
number is not divisible with 2. It will be white in every other case.
It is obvious that the diagonal starting with odd ordinal number will has an odd number of unit squares.
Hence the parity of the black unit squares in which ones we have * is the same as the parity of the number of all odd
numbers which are divisible with 3, between 1 and 4n—1. We will find that number.

a) n=0(mod 3)

In this case n=3k, k€N, so 4n—1=12k—1 and between the numbers from 1 to 4n—1 which are odd and are
divisible with 3, are the numbers 3-1,3-3,...,3-(4k —3),3-(4k —1) . The number of such numbers is an even number, i.e.
that number is 2% .

A1 2 3 4 5 6 B

* *
A1 23 4B 3 *
* * *
* 5 * ® |9
* * |6 * * 10
* 7 * * 11
D c D C

b) n=1(mod 3)



Inthis case n=3k+1,k€N, so 4n—1=12k+3 and between the numbers from 1 to 4n-+1 which are odd and
divisible with 3 are the numbers 3-1,3-3,...,3-(4k —1),3-(4k +1) . The number of such numbers is an odd number, i.e.
that number is 2k +1.

¢) n=2(mod 3)

In this casen=3k+2,k€N, so 4n—1=12k+7 and between the numbers from 1 to 4n-+1 which are odd and
divisible with 3 are the numbers 3-1,3-3,...,3-(4k —1),3-(4k +1) . Hence the number of such numbers is an odd number,
i.e. that number is 2k +1.

Hence, * will be written in odd number odd black unit squares if n£0 (mod 3) , and if n=0(mod 3) , * will be written
in even number of black unit squares.

Now, let the square scheme is colored like a chess table. Let we note that when we recolor in one allowed move we
recolor only one unit square in which one is written *. So all the allowed moves are divided in two cases:

1) Allowed moves in which one we recolor white unit square with written symbol *
2) Allowed moves in which one we recolor black unit square with written symbol *

Moves like in case 1) which have to be made is even number, since each white unit square in which one is written *
must be recolored even number times. Moves like in case 2), in case when n£0(mod3) is an odd number since the
number of black unit squares is odd and each of them must be recolred odd number times. Hence, to have a coloring in
these cases like a chess table it must be odd number of colorings. But, this is a contradiction with the fact that the
recoloring will be made if are made only even number of recolorings, i.e. even number of allowed moves.

Hence, if n#0 (mod 3) , recoloring of the square scheme like a chess table with allowed moves is not possible.

If n=0(mod 3), such a coloring of the square scheme with allowed moves is possible. In that case 2n is divisible

with 3 and the square scheme can be divided on squares 3x3 and each one can be recolored with allowed moves in
one of the given cases on the image below.

m+k
n+k

k=12,..,n+1. Jlokaxu 1eKa ako X,X,...,X,,; C€ LI OpOeBH, TOrall XX,..X,,,—| € JenuB co

3. Heka m ® n ce TO3UTUBHH IeU OpOEBH TakBH MWTO m>n. Jlepunupame x, = 3a

OapeM eJieH NpOoCT HemapeH 0poj.
Pemenne. Heka mpenoctaBuMe eKa Xi,X,,...,X,,; Ce leau Opoesu. I'n nepunnpame nenure 6poesu

. _q_m+k . m—n
e =k 1_n—i—k T n+k

>0,
3a k=12,...n+1.

Heka P=xx,...x,,1—1. IloTpebHo ¢ na mokaxeme neka P e IenmB co 6apeM elieH HemapeH MpocT Opoj, Mk JeKa

P He e creneH Ha OpojoT 2 . 3a Taa 1€, K€ T UCIHUTaMe CTEIIEHUTE Ha 2 KOU TH JiesiaT OpoeBuTe a .

Hexa 29 ¢ majromem cremen Ha 2 KOj O JCTH m—n , a HeKa 2° ¢ HAjroNeM CTEHeH Ha 2 KOj HE IO HAJMHHYBA
2n+1. Toram 2n+1<2"'—1, ma n+1<2¢. 3naun, noGuame aexka 2¢ e exeH ox 6poesure n+1,n+2,..2n+1, n

JleKka eIMHCTBEH cTereH Ha 2 e 2¢ Koj ce Haora mery tue Opoeu. Heka [ mpupomen Opoj TakoB mto n-+[=2°¢.

e uen Gpoj, nobusame meka d>c. Crmopen toa 29[ =""""L nomexa 29“*'|a;, 3a cexoj

. m—
bunejku il

n
n+l
ke{l,2,3,...n+1\{} .

Ke npecmerame koHrpyennuja mo moayino 247! mpu mro qo6usame
P=(ay+1)(ay+1)...(ap +D)—1=(a;+1)-1"—1=a;%0 (mod 297" .
Criopen Toa 29 <[ P

On npyra cTpana, 3a cekoj k €{L2,...n+1}\{{} nmame 297" g, . Cnopen Toa P>a;>29“"', 3a mexoe k on kame

cienyBa ieka P He € CTereH Ha OpojoT 2.
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