MaTtemaTuukn TaneHT

BaneHTnHa MunoBcKa

EAHA SAJAYA N1 ABAHAECET HAYNHW 3A
PELLUABAHE

Kako LUTO e No3HaTo, MOXHO € fja UMa NoBeKe Off efieH HauyvH Aa Ce peLum
Hekoja 3agaya. CO pellaBaweTO Ha efHa 3afjaya Ha Pas/IMyHN HaunHM ce
CTEKHYBaMe CO YMeera 1 HaBUKWN KOU HW KOPUCTAT Npu peLuaBarbeTo Ha Apyru
3aflaun, HO W OTKpMBaMe HEKOM HOBM 3aKIyyouy Kou He 6Gune uen Ha
npsuvyHaTa 3agaya (npegopmynvpare Ha 3agadara U opmupare Ha HoBa/u
3agava/n).

OBfile Ha MOBEKE HauYMHW Ke ja peluvMe CneAHasa 3afava Of eneMeHTapHara
eBK/Inf0Ba reometpuja: C

3ajava. [afeH e pamMHOKPaKuOT TPUarosIHuK

ABC co Kpaun CA n CB u aron mefy Hue 20°.
Heka D e Touka of KpakorT CA Taka LWTO

ZABD =60°, a E e Touka of KpakoT CB Taka LTo

ZBAE =50° (upTex 1). MpecmeTaj ro aronot BDE.

[a ja o03HauMme [O/MKMHATA Ha KpauuTe Ha
[afeHNOT TPMaroSHNK Co a, a AO/MKMHATA Ha OCHO-
BaTa co c. Of ycnoBoT BO 3afjavata CfefyBa Aeka

/CAB=/CBA=80°, ZCAE=30°, ZCBD=20°,

Z/ADB=40°, Z/AEB=50°, ZBDC=140°. OTTyKa
cnefysa feka TpuaronHuuute BCD u EAB ce

pamMHOKpaky, na BE = BA=c 1 Heka DC=DB=d .
OBue 03HaKM Ke ro MMaaT UCTOTO 3Hayere BO CuTe
peLLeHuja.

PelueHne 1. Heka F e Touka of KpakoT CB Taka
wto DF n AB ce napanefiHM M HeKka MpeceyHara
Touka Ha AF un DB e G (uptex 2). Toraw E
yetTupmaronHnMkot ABFD e pamMHOKpak Tpanes na

/BAG=/ABG=60", 0gHOCHO  TPWaro/HMKOT
ABG e paMHOCTPaH, Kako W TpUaronHuUKoT GFD .
3Haum BG=BA=BE=c " OTTyKa CresyBa feka
TpUaronHuKotT EGB e pamHokpak. Toralu A

UpTex 2
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+BeE=280 =20 _gp

/FGE =180° -80° —60° = 40°.
Op ZFGE = ZGFE =40° cneysa EG = EF , a 6ugejkn TpuaronHnkotr GFD
e pamHocTpaH umame DG = DE . 3aToa 4eTpuaronHukotr GEFD e gentoug, na
DE ro npenonosysa aronot GDF , ogHocHO ~BDE =%60° =30°.

PeweHue 2. Heka F e Touka of kpakoT CA Taka

C

wto ZABF =20° (upTex 3). Toraw TpuaronHUKOT
ABF e pamHokpak na BF =c. Bugejku u BE=c,
TpuaronHukot EFB e pamHOKpak, a of

/FBE =80° - 20° = 60° o
CnefyBa feka TOj e pamHocTpaH. Op gpyra ctpaHa E
“Mame

/DBF =60" —20° = 40°,
na 3artoa M TpuaronHMkKot BDF e pamMHOKpak,
OfHOCHO DF —c. Torauw, TpvaronHukor EDF e T
PaMHOKpaK, A

o o UpTex 3

o= 180 _ 44

¥ 3aToa
/BDE = Z/FDE - ZFDB=70° —40° =30°.
PeweHre 3. Heka F e Touka Ha C

nonynpasata AB Taka WTo BF =a,

H e Touka og CF Taka wto DH n

AB ce napaneiHn un Heka G e a e d
npeceyHata Toyka Ha DH u CB
(upTex 4). Torall, off paMHOKPaKnMoT
TpuaronHuk FCB cnefysa

/BFC = /BCF =20 _ 407 | A B F
2 UpTex 4

t

buaejku
Z/AFC=/ADB=40" n Z/FAC=~/DAB=80°,
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cnefysa pgeka TpuaronHuumute AFC n ADB ce civyHU, na i=£
AC AB
c+a a-d c+a-a a-d-c a-d-c c
0fHOCHO —— =——--. Torauw = OfHOCHO —— =—.
a C a c C a
OTTyKa MMame
EG_a-d-c_c_DG_DG
BE c a DC DB’
)il %z% cneflyBa aeka DE e cumeTpana Ha aronot /BDG =60° v 3aT0a
/BDE=30°.
c PellieHme 4. Heka KpyxHULaTa k(B,@)
ro cedye Kpakotr CB Bo TOuka G, a
nonynpasata BA Bo Touka F (upTtex 5).
G Toraw TpuaronHukot BDF e pamHoCTpaH v
5 oTTyka cnegyBa /FDA=60°-40°=20", a
TPUaronHMKOT BGD e paMHOKpaK u
4506:45@0:%:80".
Vimame
p  CD=DF, ZFDA=/DCG=20" u
F A -
CG=BC-BG=AC-CD=DA
UpTex 5

noTTyka DG = FA. Bugejku
FA=FB- AB=GB-EB=GE,

na TpuaronHuunte CDG u DFA ce cknagHu

cnefysa feka TpuaronHMKoT GDE e paMHOKpaK, Taka LUTO

180° —80°

Z/GDE = ZGED = — =50°".

Toratu,

/BDE = /BDG - ZEDG =80° —50° = 30°.
PeweHne 5. Heka F e Touka Taka LUTO YeTupuarosHMKoT ABFD e
napanenorpam, G e npeceyHata Toyka Ha CB n DF u Heka H e Touka of
FB Taka wto EH e napanenHaco AB (upTex 6). Toralu

/FBG = Z/FBA- ZGBA=100" —80° = 20°,
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na BG e cumerpana Ha aronot FBD.
TpuaronHnkot BHE e paMHOKpakK U OTTyKa
cnefysa BH =BE. bBugejku BE=BA,
TpuaronHnkoT ABH e paMHOKpakK na

C
o o D/\G F
=180 100 e
2 H

Op ZAHB=/ZAGB=40° cneaysa Aeka 4eTu-

prarofHMKotT ABHG e TeTuBeH. 3aToa

/AGH =180° — Z/ABH =180" —-100° =80°,
a braejkun n
A B

/GHA=/ZGBA= 800 |_lp'|'e>|{ 6

[o61BaMe AeKa TprarosHMKOT AHG e paMHoKpak. Toratu

Z/EGH = ZAGH - Z/AGE =80° —40° =40°,
0fHOoCHO GH e cumeTpana Ha aronot EGH . buaejkn FGEH e pamMHOKpak
Tpane3 n GH e HeroBa gujaroHana, cnefysa Aeka n gnjaroHanata FE Ke ro
npenosiosyea aronot GFH . 3Hauw, 3a TpuaronHukotr BFD wumave BE e
cumetpana Ha aronot FBD u FE e cumeTpana Ha aronot BFD Ttoraw DE e

cumMeTpana Ha aronot /BDF =60° 1 oTTyka cnefysa feka ~BDE =30°.
PeweHne 6. Heka ABAg..Ag € npaBuieH 18— aronHuK co ueHtap C

(UpTex 7). Heka AgA5 jaceue CB Bo X . Vmame
ZXAB=ZA5AB=
1 1
== /A:CB=>100° =50°.
7 “AsB=5
Toraw TpuaronHuunte ABE n
AgBX' ce cknafHu buaejkm
ZABE = /ABX =80°,
ZEAB = ZXAsB=50" 1
AB-AB.
Toraw BE=BX, a oTTyKa
X =E, ofHOCHO AgAj5 ja cede
CB B0 E. C/iMyHO ce foKaxKyBa
feka AA; ja ceve CB Bo E.

Heka AgA5 1 CAg ce cevar Bo F . buaejku
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ZFA}_sC = LASAP:_)AG Z%ZASCA(S =30°un Zpl5CF = LAL5CA18 =60° ,

cnefysa fieka ZA5FC =90° 1 3aT0a 0ff PAMHOCTPaHNOT TPUArosHMK CAsAg
pobusave AgF =FC. Buaejkn TpnaronHukot CAgB e pamHokpak n CD e
CMMeTpasia Ha arosioT CrnpoTu OcHoBaTa crnefyBa feka DAg =DB. Op

DAg=DB n DB=DC umame DAg=DC. OTTyka W 0f Toa LITO
AgF =FC pobusame geka /DFC=90°. Toraw Ag,F,D,E n Ay ce

KONMHeapHN ToukM Na ~DAgB=/A5AsB=50°. Toraw of TPUaronHUKoT
AsDB vmame

/BDE = /BDA; =180° — ZDAgB — ZDBA; =180° —50° — ZDBE — ZEBAg
=130° -20° —80° = 30".

PewieHne 7. Heka KOOpAMHATHMOT MOYETOK

O e BO CcpefuHaTa Ha ocHOBaTa AB=c (upTex

8). He wHTepecupa aronotr ¢=~/BDE, C

kpe —Kps

OZHOCHO Ke ro npecmeTtame tgd = ,
1+ kDEkDB
Kage WTo Kpe M kpg Ce KoepuuUMeHTuTe Ha D

npasute DE n DB, cooaseTHO. E
3a kpg vMame kpg = tg120° =—/3. fla

onpefenMme KOOpAUHATUTE Ha TOoUKMTe D K
E. Opf npasoaronHuot TpuaronHuk EE'B

cnesysa EB=ccos80° n EE'=csin80°.

Toraw szg—ccos80° M yg =csin80°. Op A(%O) D" |0 E'B(%so)

npaBoarosHUOT TpuaronHuk DD'B  cnegysa LipTtex 8

D'B=dcos60° =% m DD’ =dsin60° =%\/§ . Bugejkn  cos20° =% (o

TpuaronHukoT BCD) u cos80° =2£ (og TpraronHukot OBC) cneayBa Aeka
a

d- C ~csin20°  csin20°cos40°  2csin20°cos40”
4c0s80c0s20° 2cos80sin40° cos80sin80° sin160°
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=2cco0s40°. 3atoa Xp =—(%—gj=ﬂ N yp =cv3c0s40°.

KoeduupeHToT Ha npasata DE e
koo - YD YE _ c\/3c0s40° —csin80°  /3c0s40° —sin80°
DE = = = :

X _X _ o o_ o
D E C 2c;os40 _ngCCOSgOO c0s80" —cos40

Toraw nmame:
\/§cos40 —sin80 +\@
g = kpe —Kpe _ c0s80° — cos40°
“l+kpekps 3 c0s40° —sin80°
1-+/3
c0s80° —c0s40°

B \/3¢0s80° —sin80° B sin60° cos80° — cos60° sin80°

c0s80° — 4c0s40° ++/3sin80°  sin30° cos80° + cos30° sin80° — 2¢os40°
B —sin20° B —sin20° B sin 20°

sin110° —2cos40° sin110° —2cos40° 2cos40° —cos20°
3 sin 20° _ sin20°

o . 40°+20° . 40°-20° co0s40° —sinl0°

cos40” —2sin sin 5
3 sin20° 3 sin20°

c0s40° —cos80° . 40°+80° . 40°-80°

-2sin sin
2 2
sin20° 1 V3

© 2sin60°sin20°  2sin60° 3
OTTyKa cnegyBa feka ¢ =30°.

PewleHve 8. Heka 6apaHVOT aron ro o3Haumme
Co ¢, a jlo/mKMHaTa Ha otceukata DE co s (upTex

9). Op TpuaronHukot ABC crnegyBa a=———,
2c0s80° D,

a of TpuarofHukotr BCD d =L. OTTYKa E
2c0s20°

d =2ccos40° (kako Bo pelieHue 7). Co npumeHa

Ha KOCMHYCHaTa Teopema Ha TpuarosHukotr BED

nvame:

UpTex 9
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s? =d? +¢? - 2dccos 20° = ¢ (4cos? 40° +1—4¢0s20° cos40°)
cos(20° +40°) +cos(20° — 40°))
2

= c?(4cos® 40° — 20 20°) = ¢? (4%— 2¢0s20°)

=c?(4cos® 40° +1—4

80° +20° . 80°-20°
Sin

= ¢ (2 +2(cos80° —c0s20°)) = c%(2 — 4sin 5

)
= ¢%(2-2sin50°) = 2¢? (1- c0s40°) = 2¢2 - 2sin? 20°

OfHOCHO S=2csin20°. Co NpuMMeHa Ha CMHyCHaTa Teopema Ha TpuarosHUKOT

BED po6ueame = L , 2 0TTyKa
sin20°  sin¢
sing =Ssin20° =— % _sin20° 1 :
S 2csin 20° 2

Bugejkv aronot ¢ e ocTap (30wwT0?), cnefysa feka ¢ =30°.
PeweHuve 9. Heka F e Touka of BC Taka wto DF n AE ce napanenHu
(uptexk 10). Toraw TpuaronHuumte CDF ©n CAE ce CAUYHU U BaXu

g:i, OfIHOCHO Fc-d@-9 Bunejiku d =2ccosd0° M a=—°
CA CE a 2c0s80°
(Bnam peLueHune 7 nim 8) uMame:

FC=

el d(afa—c) =2cc0s40°(1—2c0s80°)

=4ccos40° (cos60° —cos80°)
=4ccos40° (-2sin70°sin(-10"))
=8cc0s40°sin70° sin10°

_4ccos40° cos 20° sin 20°

cos10°
_ 2ccos40°sin 40° _ csin80° ¢
cos10° cos10° A
Toraw TpraronHuumte DFC n DEB ce cknagHw, Lptex 10

na «BDE = ZCDF =30°.
PeweHue 10. Heka Ha npasata H13 D napanenHa co AB e n3bpaHa TouKa

F Taka WwTo BD=DF 1 Heka G e npeceuHaTa Touka Ha DF 1 BC (LpTex
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11). buaejkm ~CDG=80°, ~FDB=60°
na TpuaronHukot BFD e pamHoCTpaH.
Toraw, o BD=FB, AD=GB u
/BDA=/FBG=40°, cnemysa [eKa D G F
TpuaronHuumte BDA n FBG ce cknagHu

n 3atoa AB=GF =c. KopucTejkn feka E

d =2ccos40°, of KocuMHycHaTa Teopema
3a TPpUaronHnKoT FBG umawme:

—2 o
EF - =c? +d? - 2cd cos 40

2 2 100 2 100 , A
=Cc“(1+4cos“40° —4cos“40°)=c LpTex 11
3Haum EF =c. Op EF =EB, crnegysa feka E NeXu Ha cuMeTpanara Ha
aronoT BDF , ogHocHo ~BDE =30°.
PelieHne 11. Heka G e TOYKa 0Of KpakoT
AC Taka wto EG wn AB ce napanenHu

npaBu 1 Heka BG ja ceye npaeaTa AF Koja e
napanenHa co BC Bo Touka H (uptex 12).

Toraw #HAC=20", ZHBA=50" 1 3aToa
Z/AHB=30°. Co npumeHa Ha CUHyCHaTa
Teopema Ha TpuaronHnkoT ABH pgobusame
AH AH sin50°
AB  C  sin30°
d
c

=2sin50° =2co0s40°.

B

Ho, —=2c0s40° ma AH =d. Toraw og

Liptex 12
AH =BD, AG=BE 1 ZHAG=20°=/DBE cnefyBa feKka TpUaroaH1LuTe

HAG u DBE ce cknagHu u oTTyka /BDE = Z/AHG =30°.
PelueHne 12. Co npumMeHa Ha CMHyCHaTa Teopema Ha TpuaronHukotr AEC

no6meame A=C:i=5m130 =2sin130° = 2co0s40°. Ho, g=20054O° na
CE a-c sin30° C

i:ﬂ_ 3Haun, BaKK A=C=2 n ECA=20°=/EBD w1 3atoa

a-c ¢ EC EB

TpuaronHuumTe ECA n EBD ce cnnyHn. Toraw ~#BDE = ZCAE=30°.
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N Ha Kpaj, Ke HaBeeme TpU 3afaduut KOM MpOM3NeryBaaT 0f PasfMuHNTE
HAUMHI Ha peLLaBarbe Ha fjafleHaTa 3ajava.

3ajaya 1. [apjeH e pamHokpak Tparmes ABCD co octap aron 80°.
[njaroHannTe Ha TpanesoT ce cedyaT Bo Touka E nog aron og 60°. Heka F e

TOuKa 0f KpakoT BC Taka WTo BF = BA. [okaxu Aeka DF 1 AC ce 3eMHO
HOPMa/THM NPaBM.

3agaua 2. [MageH e napanenorpamotr ABCD co ZBAD=100° wu
ZCAD =60". Heka E e Touka of cTpaHaTa AB Taka wto ZAED=40", F e

Touka of cTpaHata BC Taka wto ZFAB=20° 1 Heka npaeaTta Hu3 E,
napasnenHa co BC, jaceye AF Bo G . lokaxu feKa:

a) DG n EF ce 3aeMHO HOpMaHM Nnpaswu;

6) Toukata G e LeHTap Ha BNuLlaHaTa Kpy>XHuua BO TpUaronHUkot ABC .

3agauva 3. Heka A, B n C ce TOYKM Of KpyXXHULATa k(O,r) Taka Wwro
TpuaronHukoT AOC e paMHOCTpaH TpuaronHuk a ZAOB=80°. Heka D e

Touka of pagmycoT AO Taka Wwto ZACD =20" u E e Touka o paguycoT OB

Taka WTo DO=OE. AKko F e npeceyHaTa Touyka Ha AB 1 CE, foKaXn aeka
yeTnpuaronHnkot AOEF e TeTuBeH.

JlnTepaTypa

1. Alfred S. Posamentier, Charles T. Salkind, Challenging problemsin
geometry, Dover Publ., New York, 1996

CtaTtunjaTta npB nat e o6jaBeHa Bo crnncaHmeto CUITMA Ha
Cojy3oT Ha MmaTemaTunyapuTe Ha MakeoHuja




