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BBenenue

[esb 3TOrO TIPOEKTA — 0OOOIIUTH OCHOBHYIO TEOPEMY apu(METUKH C IEJIBIX YUCe/I Ha KAKUEe-TO
6ostee "nipojiBuryTHIE” 00HEKTHI. Jljist perenust 3a7a49 POEKTa MOKHO (TIOKAJIYH, JlazKe PeKo-
MEH/IOBAHO) O0bEINHATHCA B KOMAH/IbI C JPYTUME YIACTHIUKAM.

Ocnosnast reopema apudnmeruku (Teopema 1 Huxke, cm. Takxke eé 06061eHnst — Teopembr 4,
5, 7) ToJIe3Ha [IPU PEIeHNN Pa3INIHbIX ypaBHEeHUI B IeabiX dnciax. Kak Mbl yBUAUM yxKe B
[epBoil 4acTh — TpUMepaMu MOTYT cIyKuTh PoxkiecrBerckasi Teopema ®Pepma (Teopema 2)
u Besnukas teopema @epma (Teopema 3) st n = 3 . Bbl Moxkere monpoboBarh JIOKa3aTh WX,
He YnTas JaJbHEHIero TeKcTa, HO He TpaTbhTe Ha 9TO MHOrO BpeMenu. BosBparmaiiTech K HUM
110 Mepe dTeHus mnpoekTa. Tak:Ke Mbl YBUJIUM, UTO OJHO3HATHOCTH PA3JIOKEHUS HA MPOCTHIE
MHOXKUTEJTH He 00513aTeJIbHO COXPAHSIETCS /TSI PACCMATPUBAEMBIX HAMHI aHAJIOTOB E/IbIX THCET.

Bo BTopoit gactu npoekTa OyeT 00CyKIeHa BepCHs OCHOBHOI TeopeMbl apudpMETUKH, Pa-
Goratomas s dnces Buaa a + byvd, rae d — UKCHPOBAHHOE LIEI0E HYUCIO, a,b — JHobble
1eJible (J7Is1 9TOr0 HaM MOTPEOyeTCs MOHSTHE Ueaia). DTU 3HAHUS Mbl IPUMEHUM K DEIIeHUTO
YPABHEHUI B IEJIbIX YUC/IAX.

B tperbeit yactu Mbl cchopmyupyem 60s1ee o0ITiee yTBEPKICHUE I ITPOU3BOIBHBIX aared-
pAMIeCKUX HHCE.

BaBepImnaroniasg 4acTh IPOeKTa OyIeT IMOCBsAIeHa CBsI3u o0Ieil Teopun ¢ Bemukoit Teope-
Mmoit @epma. Bam 1mpejiiaraercs Jloka3aTh TaK Ha3bIBaEMbIil 1epBbIil cirydait Bennkoit TeopeMbr
DepMma /It pEryIIPHBIX ITPOCTHIX Ynces. VICIonmb3ys MOX0XKue Uaen MOXKHO J0Ka3aTh, ITO TE€O-
pemy @epma u BO BTOPOM CJiydae JJIst BCEX N, JEJIAINNXCs HA PEry/IsipHbIe IIPOCThIE TUC/Ia, P; BCe
[IPOCTBIE YUCa, MeHbIne 37 — peryaapubl, cM. Kauru Jxx. Mumna u M. [loctaukosa. Obree
JI0Ka3aTeIbCTBO, PUIyMaHHOe DHIPIO BailsicoM, UCIOIb3yeT CYIeCcTBeHHO JAPYTHe METObI 1
UJIEN.

[Ipu moaroroBke mpoekTa Mbl uctosb3oBaan kauru K. Aitspranga u M. Poyzena, /Ixk.
Muwna, M. [Hoctaukosa, 3amerku K. Konpaja n Bukuneuo. Mbl Takke 106aBUIN HECKOIBKO
cerloK [SS, Go, ZSS|, KoTopble MOIYT OKa3aThCsl HHTEPECHBI TUTATENI0, XKEJIAOIEMY JIydIle
II0O3HAKOMUTBHCA C 9TOU TEMOU.

Teopema 1. OcnoBuas Teopema apudMeTUKN.

Kaxkoe narypaabnoe 4ucio n > 1 MOXKHO HIPEJACTABUTD B BUJIC N = Py - ... - Pk, TJ€ D1, - - -, Pk
— TPOCTBIE YUCJIA, IPUIEM TaKOe IPeJICTaB/IeHNEe €IMHCTBEHHO C TOYHOCTBIO JI0 TOPSIIKA CJIe-
JIOBaHUA COMHOXKHTEJIEN.

Teopema 2. PoxxnecrBenckasi reopema Pepma.
HatypaabHoe umcio n mpejcTraBiseTcd B BUJIe CyMMBI JIBYX KBaJIPaTOB TOTJIa M TOJBLKO TOT/IA,
KOT/Ia BCE €ro MPOCThie jaejuTenn Buaa 4k + 3 BXOAST B . B YeTHOI CTEIEHHN.

Teopema 3. Benukasa reopema Pepma.
VYpasuenue z" + y" = 2" He UMeeT pelleHUil B HATYPAJIbHBIX JUCIAX TP 1 > 2.

*MprI Takzke xoruM nobsiarogaputh Muxawmia Crkonerkosa, Wbt Borganosa, Keiita Konpasa 3a cymecrsen-
HYIO TIOMOIIlb B IIOATOTOBKE ITPOEKTA.



1 T'ayccoBbl uuciia

Mg xoTenn ob6CyIUTh B 9TOH YacCTH IPOEKTa TAayCCOBBI 4YHCJa — OOOOIIEHMEe TIEeJIbIX YHCe,
ucnoJib3yiomee y/—1. Ecim y Bac He momydmTes pemmTh Kakwe-TO W3 3aJ@4 PO TayCCOBBI
YUCJIa, TO MOMPOOYHTE MOPEIaTh 33/[a491 U3 JIPYTUX YaCTeil IPOEKTa U BEPHYTLCS CIOJIa MTO3/IHEE.

Onpegenienne. [ayccosvimu YucAaMU HA3BIBACTCS MHOMKECTBO KOMILICKCHBIX 9HCET BHIA
a+ bi, vie a,b € Z, i = /—1. Bynem 0603Ha9aTH MHOKECTBO TayCCOBBIX unces Z[i].

3anada 1. /lokaxkuTe, 9TO CyMMa U IPOU3BE/IEHNE JTIOOBIX JIBYX I'ayCCOBBIX YHCEJ — T'ayCCOBO
YHCIIO.

g perrenus ciejyromnieit 3ajiadan noTpedyercs JaTh 60J1ee TOUHYI0 (DOPMYJIUPOBKY OCHOB-
HOll TeopeMbl apudnmeTuku. Beb, cTporo roBops, B cTapoii (popMyJIMPOBKE OHa HEBEPHA yIKe
Juts neasix ancest: 2 -3 = 6 = (—2) - (—3). Yrobel moayunTh HOBYIO (GOPMYJINPOBKY, HAM
noTpedyeTcst HOBOE MOHSTHE.

Onpenenenne. Jleaumenu edunuyst 6 Z[i] — Takue rayccoBbl YHUCJIA @, 9TO CYIIECTBYET rayc-
coBO 4ncyio b Takoe, 9To ab = 1. AHAJIOIMYHO ONPEJIETAIOTCS JIETUTETN €IUHUIIBI B Z.

Yupaxkueaune 1. Jlokaxkurte, 9T0 B IEIbIX YUCIAX JICJATEIN €IUHATILI 3T0 1 1 —1, a B rayc-
COBBIX JTODABJIAIOTCI €Ile ¢ U —1.

Onpenenenune. ['ayccoBo 4mceio HA3BIBAETCS NMPOCMbIM, €CJIM B JIIOOOM ero pasOumeHun Ha 2
MHO>KUTEJII POBHO OJIUH SIBJISIETCS JICJTUTE/IEM €JIMHUITHI.

Ounpenesienne. /IBa pa3iioyKeHns Ha IIPOCTBIE MHOYKHUTEIH HA3BIBAIOTCA 00UHAKOEbLMLU, €CITH B
HUX OJIMHAKOBOE YUCJIO MHOXKHUTEJEH, U UX MOYKHO TaK [epPeCTaBUTh, YTOOBI OTHOIIIEHHE COOT-
BETCTBYIOIIUX MMPOCTHIX MHOXKHUTE/eN ObLIo JeaureieM eauuuibl. Hampumep, 7 -3, (—=3) - (=7)
u (—7i) - (3i) — 970 OIMHAKOBBIE PA3JIOKEHHs IHCIa 21 B raycCoBBIX UMCIIaX.

Hamra 6nmzkaiimas 1estb J0Ka3aTh U HAYIUThCA MPUMEHATDH UJIYIILYI0 HUYKE TEOPEMY.

Teopema 4. OcHoBHasi Teopema apupMETUKHI JJI TayCCOBBIX TUCEI.
JIfoOble /1Ba pas3ioyKeHWs rayccoBa YHC/Ia Ha TPOCThle MHOYKUTENN OINHAKOBHI.

Bamagda 2¥ Oupenenure neserne ¢ ocratkoM s Z[i]. Vicmonssys sto, nokaxkure Teopemy 4.
[Tosckaska: UCHOIB3YHTE MOJLYIIb KOMILUIEKCHOTO YHCJIa U IpaduiecKkyio (rayccoBy) MHTEPIIPEe-
TAIUIO KOMILJIECHBIX YUCEJT.

Bamaua 3. Pemmrte B 1e/bIxX 4nciax ypasHenne x2 4+ 1 = y".

Bamaua 4. a) Ilycts p € Z — npocroe qucyio. JoKaxKure, 9T0 YUCJIO P SIBJSIETCS MPOCTHIM
rayCCOBBIM YHCJIOM TOTJIa W TOJIBKO TOTJIa, Korja p + 1 jieautcd Ha 4.

6) Eciu n,m € Z upejcrasnsiorcs B Buje a’ + b2, tie a u b € Z, To mn UpeJiCcTaBIAeTCs B
BUJIC CYMMBI JBYX KBaJPaTOB.

B) okaxkure Poxecrsenckyio reopemy ®Pepma (Teopemy 2).

Bamaua 5. Kak 1o pasiokKeHnuio nesioro 4ucsia Ha (IaycCoBbl) MPOCTBIC MHOKUTE/IH HOHSATD,
CKOJIBKIMHE CIIOCOOAMI OHO PACKJIAbIBAETCHA B CYMMY ABYX KBaJpaToB?



YUucaa Dit3e”HIITEHA

B sroit rmaBe Mbl mocTapaeMcst TOMOYb YIACTHHKAM PEIATh CJIEIYIONTYI0 3aady.
Bagmauda 6% Jokaxkure Teopemy 3 st n = 3, ucnonabsys GpopMmyry

V) (V)

x3+y3=(x—|—y)(x+ 5 5

[ 9TOr0 MbI BBEJIEM HECKOJIBKO HOBBIX OIPEJIEJIEHUII U paCCMOTPUM HECKOJIBKO BCIIOMO-
raTe/bHBIX 3aa4d. Obo3HadInM depe3 £ KaKOH-TO KOMILIEKCHBII KOpPeHb TpeTheil crernenn u3 1,
He paBHbII 1.

Yupaxkueaune 2. /lokaxure, 4ro £ = % V=3

[Monoxkum Z[€] := {a + b : a,b € Z}.

Onpepnenenne. Yucio a € Z[€] deaumes va b € Z[€] Toraa u TOJBKO TOIIA, KOTJA CYIIeCTBYeT
Takoe ¢ € Z[£], uro a = be.

Henurenu euHUIbL B Z[€] ONpeAeIsAioTcs aHAJOIMIHO JIEJIUTEISIM e IUHUIbL B 7 u Z[i].

Onpenenenne. Yucno o € Z[€&] cocmasnoe, eciim o = e S u v € Z|E| ne apagiorea
bl )

JIJTUTENAMI eUHUIBL. Jucno « € Z[£] HasblBaeTcs npocmoiM, €Cid  He COCTABHOE U He

HeJINTEIb eIUNHUILL.

Bamada 7. Oupenenure jenenne ¢ ocrarkoM i Z[E]. Ucnonp3ys ero, cdopmymupyiite u
JIOKasKUTe, OCHOBHYIO Teopemy apudmeruku jiist Z[E].

Bamaga 8. Haiigure Bee mesurenu equHunsl B Z[€].

KBanparudnble pacnimpeHust

B sroit ceknum Mbl BBeEM 0OINMEe KBaIPATUYIHbIE PACIIUPEHUs, KaK 000OOIIEeHUsT TayCCOBBIX
qucesT U Iuces Ji3eHIITeiiHa.

Onpegesienne. g 1pou3BoILHOIO HAOOPa KOMILIEKCHBIX YUCET A, ..., A, ODO3ZHAUUM UYepPe3
Zlay, ..., an] MHOXKECTBO BCEX KOMIUIEKCHBIX UHCEJT, MOTyIaeMbIX U3 IeabiX dnces (Z), a Takxe
ay, ..., Gy CJIOKCHHEM, BLIYUTAHICM U yMHOMKCHHIECM.

Ananornano onpegensiercs Qlay, ..., a,]. Mbl paccmarpuBaeM Takue MHOXKeCTBa Z[ay, ..., Gy
KaK aHAJIOTHU MEJIbIX duces (X 9JIEMEHThl MOXKHO CKJIAJIbIBATH, YMHOYXKAThH U BBIYUTATD).

QukcupyeMm 1esioe 9ucao d # 1, He fensdiieecss Ha KBaPAThl MIPOCTBIX TUCET.

KommenTapwmii. /[Ba Baxkubix mpumepa: d = —3 u d = 2. MoxkKeT oka3aTbCs 1M0JI€3HBIM ITPO/TY-
MaTh U TPOAHAJIU3UPOBATH BCE OMPEJIETICHU STON CEKIUUA CHAYaJIa JJIsi 9TUX JIBYX IPUMEPOB,
a IOTOM JIJIsi ODITEro CJIydas.

VYupaxkuenue 3. a) /lokaxure, 9410
QVd ={x+yVd:z,y € Q} u Z[Vd] = {zx +yvd : z,y € Z}.
6) Jdokazkure, uto eciu a,b € Q[v/d] u b# 0, o g€ Q[V4d|.

Onpegenenne. IJesvmu wucramu 6 Q[vd] maspisarores o € Q[v/d], KoTOpBIe SBIAIOTCS KOP-
HAMU ypaBHeHuit suja x? + px + q, rie p,q € Z .

Vupaxkuenue 4. SIsnsercs i € neasiv B Q[v/—3]7 dpnsierca mn 1 nessiv B Q[i]?

3



Hosoxum w = vV/d eciin d = 2,3 mod 4, u w = \/Zl;rl ecau d = 1 mod 4.

Hoist Z[+/d] eMHCTBEHHOCTD PA3IOXKEHHsT Ha IPOCTHIE MHOKITEH He BCEI/a HMEeeT MECTO,
HO, KaK MBI HAJIEeMCsl, BbI CMOXKETe JOKa3aTh HEKOTOpyIo eé¢ Moamduranmio. g Kaxkaoro
ancina o« = a + bV/d, rae a,b € Q, oupesesuM CoUpsKeHHOEe ducio & = a — bv/d, Hopmy
N(a) = aa u cren Tr(a) = a + a.

Vupaxknaenne 5. Jlokaxure, 4o a + b = a + b u ab = ab.

Vupaxknenue 6. a) Joxaxure, uro o € Q[v/d] — xopens muorowrena 22 — Tr(a)z + N(a).
6) Jokaxure aro a € Q[v/d] meso Torma u Topko Toraa xorga N(a) € Z u Tr(a) € Z.

Bagaua 9. Jokaxure, uro nembie dncta 8 Q[v/d] cosmamaor ¢ Z[w].
Henurenu euHUIBI B Z[€] OUPeAEIAIOTCS aHAJOIUIHO JICIUTEISIM € IUHUIbL B 7 u Z[i].

Yupaxkuenue 7. Jlokaxure, 1to st y € Z|w] Bomosieno N (y) = £1 Torja u TOIbKO TOT/IA,
KOTJIa Y — JeJINTEb €IUHUIIbL.

Onpenenenne. Hucso a € Zw| deaumesana b € Z|w] Torma u TOIBKO TOT/IA, KOIJ/IA CYIIECTBYET
Takoe ¢ € Z|w], aro a = be.

Onpenenenne. Yucio a € Z[w] cocmasnoe, ecin o = [, e f u vy € Z[w| He aBisiorcs
JesuTeAMn enHuIBl. ducsio o € Zlw] HasbBaeTCs npocmuiM, €CI (o He COCTaBHOE U He
JIeJTATE b €JIMHUIIbL.

Yupaxkuenue 8. Jlokaxkure, 410 ecan s unciaa y € Zw| ucno |N(vy)| € Z upocro, To 7y
pocro. JIokazKuTe uTo 06paTHOE YTBEPIKICHHE HEBEPHO B Z[v/3].

Vupaxkuenue 9. Jlokaxure, uro ecin v € Z[w]\0 HE JeuTes b e IMHAIIBI, TO 7 PABHO IPOU3-
BEJICHUIO KAKUX-TO [IPOCTBIX 9JIEMEHTOB Z[w].

3amaua 10. [IpoBepbTe, YTO BCe MHOXKUTE/N B PA3I0XKEHUN
15=3-5=(14+v-14)(1 — vV-14)

MIPOCTHIE.

Bagaga 11. Onpenenure jefenue ¢ octaTkoM yis a) Z[v/—2]; 6) Z[H\ﬁ

cdopmysupyiiTe U JOKaKUTE OCHOBHYIO TeopeMy apudMeTuku Jijisd a) u 6).

|. Ucnonbays ero,

Sagadga 12. Haitaure Bce JemTesn e UHAILI B
a) Z[\V/—1), 6) Z[v/—d), tae d > 1, ) Z[*YL=2], %) Z[v/2).
3agada 13. BrinosiHeHa i 0CHOBHas TeopeMa apudMETUKN s

a) Z[V/2], 6) Z[v/=3] , B) Z[V/3], r) Z[\/=5], n) Z[\/5], e) Z[v/10], x) Z[Hf],
]

[
3) Z[PYT), w) Z[HE, k) Z[E) 2

Samaua 14. [Ipu Kaxux KOMILJIEKCHBIX & CyMMa W IPOU3BEJEHUE JIIOObIX JIBYX YHCE] BHJA
a+ b&, riae a u b € 7, cHOBa nuMeeT TaKoil »Ke BUJI!

Bagauda 15% Pemure B 1e/bIX 9ncaax ypaBHEHUsT
a)3"=k+2 06)2"=k*+T.



N neannr

B sT0it 1 ocsieyronmx riaBax HaMedeH IOJIX0/T K PEIICHUIO CJISYIONUX TPY/THBIX 3a/1a4.

Basaya 16. Pemmure B 1esbIx 4nciaax ypaBHEHUS
a)x?+5=193 6)2?+20+7=9y> B)b +1=9% 71)622—120+7=19% a)a?—6=1y>

Onpenenenne. Hemycroe mojMHOXKECTBO [ MHOXKECTBA IEJIbIX YHCE]T HA3BIBACTCHA UJEAAOM,
€CJIM OHO 3aMKHYTO OTHOCUTEJILHO CJIOYKEHWSI, BHITUTAHUS W YMHOYXKEHUS Ha IeJIble TUCa:

a,bel — atbel, acl,beZ = abel.

ITosnaBaTeabHass MuHyTKa. Wjeansr Obun npugymanbl FOmnycom leneknnmom Kak ¢op-
MaJstm3arus "uaeasbHbIX dnces', npugayMaHabix D. KyMMepom, Kak CcUUTaeTCs, ITPU Pa3MBbIII-
Jnenusax o Besukoit reopembl Pepma: MOXKHO FOBOPUTH O TOM, JIEJTUTCA WM HE JEJIUTCH JAHHOE
qucsio Ha 'ujeasbHOE Yncso" BHE 3aBUCHMOCTH OT TOrO KAKOB CTATYC 9TOrO YuCIa. AHAJIOTHY-
Hasl WJiest CTOUT 3a ONPEJICICHUEM JICJICKIHIOBA CCUCHUST PAIIMOHAIHLHBIX THCET.

VYupaxkuenue 10. a) [okaxkure, uro Begkuii niaean cogepxkutr 0. 6) Jlokaxkure, daro eciam
a € I, to —a € I. B) JlokaxkuTe, 9T0 MHOXKECTBO YETHBIX Unces] — ujead. T) Jlokaxkure, 9To
MHOKecTBO dncesi Buja 2018m, m € Z, — ngeat.

Yupaxkueaune 11. /lokaxkure, 4To IepeceveHre uIeajaoB — nJieall.

B1ech u jasiee Mbl 0bo3HAUaEM 4epe3 (ay, ..., a,) HAUMEHbBIIHH H/Ieall, CoJepKaluil ducia
aiy, ..., G, € 7Z (T.e. mepeceveHne BCEX UJEAJIOB, COJAEPKAIIUX TUCTA Q1 ..., Ay € 7).

Bamada 17. a) Ilycrs a,b — 510 aBa B3auMHONPOCTHIX duca. Jlokaxkure, aro (a,b) = (1) = Z.
6) Hokaxure, aro (a,b) = (d), e a,b € Z, d ectb HaubosbImil obmuii geaurensd a, b.
B) [okaxkure, urto Jjiro6oii unean I B Z cosnajaer ¢ (d) misg kakoro-ro uucia d € 7.

Kak B mpemymblmeM pasgiene, cauraeM, 910 w = vVd ecin d = 2,3 mod 4, n w = ‘/‘72“

eciu d = 1 mod 4. Unean B Zlw] onpejesnsiercss abCOTIOTHO TOYHO TaK Ke, KaK U Ujeal B
Z (Z 3amensiercs Ha Z[w]). Touno tak ke BeAkuit nabop aq, ..., a, € Z[w| onpenenser nueasn
(ay,...,a,) B Zlw|. B wactHOCTH, 1106011 951eMeHT a € Z|w] onpezenser umeas (a).

Vupaxuenue 12. [lokaxkure, uro (o) = () Torma u Toabko kKorma o/ € Zlw| u f/a € Z[w]
(re. o/ — mesuresnb equuuBl B Z[w]).

VYupaxuenue 13. [lycts a,z,y € Z. Jloraxure, uro = + yw € (a) TOrja U TOJHKO TOIJIA
KOIJIa T W Y JIeJISITCS Ha .

Onpenenenne. nean, nmeronmit Buj (a) /yist KAKOro-10 @ € Z[w], HA3BIBAETCS 2AA6HVLM.
Kak mbr Bugenn B Sagade 17, Bce umeasnbl B Z TJIaBHBIE.

Bamaua 18. okaxure, uro umpean (2,v/—14) He spisercs rnaBubiM B Z[y/—14].

Bamagda 19. [lokaxwure, aro st Beskoro ujeana I B Zlw] cymectByior «, 5 € Z[w] Takue, 9To
I ={za+yp: z,yecl}.
Onpenenenne. s apyx uiaeanos I, J € Z[w] momoxnm
I+ J:={iy+iy:i1€,iseJ}, I:={i:iecl},

1J = {iljl + ... +’ijk : 2.17 ,Zk S [7j1, 7]k € J}

Vupaxknenue 14. [locunraiire B Z[\/—14] npoussenenne uneanos I = (5++/—14,2++/—14)

uJ=(4++/-14,2 — /—14).



Yupaxkuenue 15. [Iposepbre paBeHcTBa
(3) =pwp2, (5) =psps, (1 +V-14) =pips, (1—v—14) = popy,
rje
pr=(3,1+V=14),p2 = (3,1 = V=14), ps = (5,1 + V~14), ps = (5,1 — V- 14).

Yupaxkuenue 16. Omummre (20)(18), (20) + (18), (20) N (18) B Z|w] s Beex IOIMYCTUMBIX
suadennit d (d # 1, d He jeanuTCs HA KBAJAPATHI IPOCTHIX THCEN).

Vupaxkaenne 17. Jlokaxkure, aro [+J, I, I.J gBISI0TCA NieaJaMul B Z|w] mst mo6BIX 11ea10B

I,J C Zw].



2 OcHoBHag TeopeMa apudMeTHUKU:
KBaJIPATUYHbINA CJIy4dain

Bce pacemarpuBaeMble B 9TOI ITaBe HIEAJIBL, SIBIIAIOTCS HeanaMu B Z|w| st mogxosimero d. B
Banade 10 Mbl yOeMINCh, 9TO OJHO3BHAYHOCTD PA3JIOXKEHHST Ha MHOXKUTEIA B CAMOM OYE€BHIHOM
cMbIcIie Tepsiercst ayist Z[y/ —14]

3:-5=(1+v—14)(1 — vV—14).

C napyroit cTOpoHbI, 110 YIpaxKHeHuo 15:
(3) = pip2, (5) =paps, (1+V—=14) = pips, (1 —V—14) = paps,
re
pr=(3,1+V=14),p2 = (3,1 = V=14), ps = (5,1 + V-14), ps = (5,1 — V- 14)

T.e. (15) = p1papsps. Unmeanst py, pa, p3, P4 UTPAIOT POJIb MPOCTHIX COMHOXKHUTENEH, cM. 3a/ia-
qy 23, a pazsoxkenue (15) = pipepsps eAUHCTBEHHO ¢ TOYHOCTBIO JI0 TIEPECTAHOBKY MHOKUTEJIEl
B COOTBETCTBUU CO CJIEAYIOIIEA TeOPEeMOI.

Teopema 5. OcHoBHas Teopema apudMETHKN /I KBAIPATHIHBIX PACITHPEHNI.
st kazkaoro wieana | C Zlw| cyliecTByer eJMHCTBEHHOE ¢ TOYHOCTBIO JIO MEePECTAHOBKH
MHOXKHUTEJIe pa3/IoyKeHne B IPOU3BeIeHIe IIPOCTHIX UIeaI0B

I =p1,..,ps C Z[w].
(Onpenenenne pocroro uaeana uaer ke, Onpeenenue 2.)

B Teopeme 5 ecTb jBe CyIIECTBEHHBIE YACTU: CYIIECTBOBAHHE TAKOT'O PA3JIOXKEHUA M €T0
eIMHCTBEHHOCTD. [lepBast oKa3biBaeTcs B 3ajiade 24, Bropas — B 3ajade 27. B kagecTBe mpu-
Mepa 3aJa4i, KOTOPbIe MOXKHO PEIIUTh, UCIOJIb3ys 9Ty TeopeMy, MbI Iipe/iaraeM 3ajady 16,
CM. TaK»Ke 3aBepIAOIINil JIMCTOK Ipo Teopemy Pepma.

Caencrsue. /s kaxaoro m € Zw| cymmecTByeT eIMHCTBEHHOE ¢ TOYHOCTBIO JI0 TIEPECTAHOBKY
MHOXKHUTEJIeH pa3jioxkenne uieasa (m) B IPOU3BEJIEHNE IPOCTHIX UJIEATIOB P1, ..., Ps C Z[w].

JlokazaTesbcTBO MOYKHO Pa30OUTh Ha IEMOYKY YTBePXKICHU, KaxK0e U3 KOTOPHIX YCJIOBHO
pocTo. B obiiem u 1etom cxema JoKa3aTeIbCTBa IIOX0XKa Ha CXeMY J0Ka3aTeIbCTBa OCHOBHOI
TeopeMbl apuMEeTUKH JIJIsi TEJIbIX THCE.

Bamagda 20. g Begkoro Habopa ay, ..., a, € Zw| JoKaxKuTe, ITO
a) (a1, ..., an)(@1, ..., an) = (N(a;), Tr(aid;))1<ij<n-
[Tonckaska: pasbepuTe cHadasa CIydail nieasa, OPOKISHHOTO 2 3/IeMEHTaMMY.

Onpepenenne. Bynem rosoputh 4uto ujean I jpenurcda wa ujgean J, ecm [ = JH, tne H —
Kakoii-To ujeas B Zw).

Bamada 21. s mobbix asyx ugeasos I, J B Z[w], nokaxure, aro [ menurcs Ha J Torga u
TOJILKO Torna, Korga I comepxKkurcd B J.
[Tosickaska: BOCIIOIB3YHTECHh TPEIbLIYIICH 3a/1aueii.

Vupaxkuenue 18. Vcnonnsys 3ajady 20 Jokazkure, 9To, JJid Beakoro uiaeana I B Zw], cy-
ecTByeT HeoTpunaresbHoe renoe anciao N (1), rakoe uaro I1 = (N(I)).

agaua 22. Hokaxkure, uro umean H genur I u J Torma m TOIBKO TOrJAA, KOIJAA OH JIEJIAT
I+ J.



Yupaxkuenue 19. [Tokaxure uro N((a)) = |N(a)| mis Beex a € Z[w].
VYupaxkuenue 20. loxkaxnre aro N(I)N(J) = N(I.J) nis mobbix 1Byx njieasosn I, J.

Yupaxkuenue 21. Jlokaxure, aro ecsm ujean I geaur ugean J, o N(I) geqmr N(J). Bepro
s obpaTHoe?

Yupaxuenune 22. Jlokaxure, uro N(I) = 1 Torga u Tosabko Torja, korga [ = (1).

Onpenenenmne. Wean I B Z[w| HazbIBACTCS NpocmovLm, €CIIN OH JEJATCS POBHO HA JIBA HJIEAJIA:
cebs u (1).

Yupaxxkaenue 23. /loxkaxkute, uTo ujeas I mpocT TOrJAa U TOJHKO TOT/A, KOT/Ia OH MaKCAMa-
JIeH, T.e. KOTJIa eJIMHCTBEHHBIN ueas 6osbimit ero pases (1).

Ba uneana Ha3bIBAIOTCA 83aumHONpocmuimu, ecian I + J = (1).
Yupaxkuenne 24. Jlokaxkute, 9T0 JIIOObIE JIBa PA3JIMIHBIX TPOCTHIX HJIea/1a B3aUMHOIIPOCTHI.

Bamada 23. [Iposepbre, 4TO JIAHHbBIE UIEABI TPOCTH B Z[y/—14]:
pr=03,14+v—-14),po = (3,1 —v—14),p3 = (5,1 + vV—14),ps = (5,1 — vV/—14)

Bamada 24. Jlokaxkure, 4ro J060il HenyneBoil uaean I B Zlw| paziaraercs B NpOU3BeJICHUE
MIPOCTBIX UJIEAJIOB.

Baga4a 25. [okaxure, 1o ecin nasa ueana [, J B Z|w] B3aUMHONPOCTHI U CYIIECTBYET TPETHI
uneas H rakoit, uro I nenur HJ, to I nenmur H.

Bagagda 26. a) Ilycre a € Z[w]\0 u (a)] = (a)J maa asyx uneasnos I, J C Zlw|. lokaxure,
gro Torma [ = J.

6) Ilycres mist Hekoropobix wieasos I, H, J sepuo uro H # (0) u HI = HJ. [Jokaxure, 4To
Torga I = J.

Bamaua 27. Jlokaxkure, 4TO pa3/joXKeHNe Ha IPOCTbIe MHOKUATEIN U3 3a/1a9u 24 € IMHCTBEHHO
C TOYHOCTDBIO JIO TIEPECTAHOBKN MHOXKHUTEJIEN.

ITpocThie njaeasbl U IIPOCThIE YUCIIA

Bamaua 28. a) lokaxwure, aro yo6oit uaean B Z[y/—5] mubo riasmbrii, 160 nmeer Bug ((1 +

v/=5)a, 2a) nas wexkoroporo a € Q[y/—5].

6) Hokaxwure, uro Joboit uiaean B Z[y/—6] mubo riasubiii, ubo umeer Buj (v/—6a, 2a) s

Hekoroporo a € Q[/—6].

Bamaqa 29. [Jokaxure, 4To J1I000ii HEHYIEBOI neas B Z[w] coIepKuT HEHYJIEBOE 1EJI0e THCIIO.

Bamada 30. /loxkaxkure, 1o j060i mpocroit nneasn I B Z{w| colepKuT eMHCTBEHHOE TIPOCTOE
qucao p € Z,p > 0.

Bamada 31. /lokaxkure, 9T0 It BCSIKOro mpoctoro uiaeana I gubo auciao p = N(I) npocroe,
JIOO OHO KBaJIpaT MPOCTOro uuciia p > 0.

3amaua 32. /lokaxkure, 4TO NPOCTHIE YUCJIa P, OIPEJICIEHHDBIE B JIBYX MPEIbIIYIIAX 3a/a49aX,
COBTIAJIAIOT.

Bamada 33. Jlokaxkure, 4To JIjI BCAKOIO IPOCTOro uuciaa p € Z win ujead (p) C Zw] npocr,
WJIM OH PaBeH [POU3BEIEHUIO JIBYX (He BCEryia PA3JIMIHBIX) CONPAKEHHBIX TIPOCTHIX UJIEAJIOB.

Bagaua 34. Ilycrs P,(x) — 9T0 NpuBeIEHHBI KBaAPATHBI TPEXUWIEH C MEJbIMUA KOI(DhUIIN-
eHTamu, i Kotoporo P,(w) = 0. Jokaxure, 9T0 B yCJIOBHAX HPEAbIIYINeil 3a/a9u MepBbIii
caydail mMeeT MecTo TOrJia U TOJIBKO TOTIa, Korja ypasaerue P, (x) = 0 He uMeeT perenuii mo
MOJLYJIIO P.



Anrebpamveckue 4mcJiia

B sToit wacTu Mbl ObI XOTHM OOCY/IMTH HMOHATHE aaredpandecKkoro 4ucjia, a TakKe Te 3aJaqdu,
KOTODBIE [IPU 9TOM BO3HHUKAIOT. B 0bIeM u 1esioM 3TOT MaTepuas 4acTo MPUCYTCTBYET B YHU-
BEPCUTETCKUX KypCaxX 0 TEOPUU YUCEJI, HO MOYKET ObITh YCBOEH U B CTAPIINX KJIACCAX MIKOJIBI.

Omnpenenenne. Kommrekcroe gucio o € C HazbIBaeTCA GA2€0DAUMECKUM, €CTTH OHO SIBJISIETCSI
KOpHEM HEHYJIEBOI'O MHOTOUJIEHA C PAIMOHAJIBHBIMI KoddduimenTamu. Aaredbpandeckoe Iucyio
a € C naspIBaeTcs yeAviM, €CJIM OHO SIBJISETCS KOPHEM MPUBEAEHHOTO MHOTOUJICHA C IEJIBIMU
ko3 durmentamu. MHOXKeCTBO asrebpamdeckux unces oboznadaercs Q. MHOXKeCTBO IesIbIx
aJIreOPAIIecKIX duce 0603HadaeTCs Z.

Sanauga 35. Eciu i panoHa/JIbHOTO YUCIa ¢ BEPHO, 9TO a € Z, TO a € 7.

Bamada 36 Jokaxkure, uro ecim a,b € Q, rouw a+b € Q, ab € Q, a/b € Q (B mocyenem
ciyuae cuntaeM, aro b # 0). Tloackaska: monpobyiiTe BOCIOIB30BATHCA TeopeMoii Buera.

Bamaua 37F Ilycrs b — 310 KOpeHb ypaBHeHUd a,x" + ... + ag, T1€ g, ..., a, € Q. JokaxKure,
gro b € Q.

Bamada 38. a) Onpejesnre jeeHre ¢ OCTATKOM B MHOYKECTBE MHOTOUJIEHOB OT OJTHOM TIepe-
MEHHOHN ¢ KOMIIEKCHBIMU, BEIECTBEHHBIMEI U PAIHOHAJIBHBIMU KOI(hDMDUITIMEHTAMI.

6) JlokaxKuTe eMHCTBEHHOCTH PA3JIOXKEHUsI HA MPOCThIe MHOXKUTEJIM B MHOYKECTBE MHOIO-
JICHOB C PAIMOHAIBHBIMEI KOI(DDUITUECHTAMI.

Bagada 39. (Jlemma aycca) Ilycrs ¢, — nanbosbinmit o6muil gesturesis KoahbQHUIIEeHTOB MHO-
rowrena g € Z[z|. Torpa st mobbIx ¢1(x), go(r) € Z[x] BBIIOIHEHO €4y gy = Cgy Cgy-

Samaua 40. Kakne u3 KOHCTPYKIHUIT ¥ yTBepKJICHUN 3aa4du 38 MPUMEHUMBI K MHOTOYJIC-
HaM C TeJIbIME KOodddurpentamu oT onuoil nepemennoit? K MHorousenaMm ¢ paruoHa bHBIMU
ko3 durmeHTaMu oT JAByX MePEMEHHbIX !

Bamada 41. Ilycrs a — anrebpandeckoe ucyo. [lycrs P,(x) — npuBeIeHHbII HEHYIEBON MHO-
rOWIeH HAMMEHbIEH CTEleHN C PaluoHAIbLHbIME KoddhdurmenTamu, j1jist koroporo Py(a) = 0.
Hokazkure, aro ecan Q(a) = 0 maig Kakoro-to Muorowiena Q(z), ro Q) geaurcsa va P,.

Bamaua 42%F [Jokazkure, uro ecau a,b € Z, rou a+ b € Z, ab € Z.
[Tomckaska: mompobyiiTe BOCIOIb30BAThC TeopeMoii Buera.

Bamada 43* [lycts ay, ...a, — anrebpandeckue unciaa. JJokazxkure, aro eciu a,b € Qlay, ..., ay,]
a
ub#0,10 § € Qlai, ..., an].

Bamada 44F Ilycrs a — 310 1es0e anrebpandeckoe unciio. Ilyers Q(x) — 910 npuBeEHHbII
MHOTOYJIEH HAUMEHBIIEIl CTEIeHN ¢ PAIMOHAJIBLHBIMU KOddh durmenTamu, i Koroporo Q(a) =
0. Hokaxkure, uro Q(r) nmeer 1eibie KO3(DOUIUEHTHI.

Bamaua 45 Ilycth ecTb NpUBEIEHHBIA MHOTOYJICH C HEJbIME KO3(MUIMEHTAMN, TaKOH 9TO
BCE €ro KOpHU 110 MOy 10 paBHBI 1. JlokaxkuTe, 9T0 TOT/Ia BCE €ro KOPHU eCTh KOpHU u3 1.



3 Kuaaccel nageason

Onpepenenne. s anrebpandeckux aq, ..., nojpoxuMm Q = Qlay,...,ar] u Z := Z N Q.
Ormerum, uTo Ji0boe moaMHoKecTBO B C, 3aMKHYTO€ OTHOCUTEJILHO CJIOYKEHHSI, BHIYUTAHUA 1
YMHOKEHHSI HA3bIBAETCS KOAbUOM.

Omnpenenenne. Hermycroe moaMHOXKECTBO B Z HA3BIBAETCS UJEAN0M, €CTH OHO 3aMKHYTO OTHO-
CUTEILHO CJIOXKEHWS, BEITUTAHUS U YMHOYKCHUs Ha 9JIEMEHTBI Z.

Onpepenenne. Hazosem uneanst I, J C 7 9K6UBAACHMMHILMU, €CTU CYIIECTBYIOT HEHY/IEBBIE
a, f € Z, takue uro («)l = (f).J. DkBUBaIEHTHOCTD HeayioB OyieM obo3HadaTh [ ~ J.

3amaua 46. [IposepbTe, UTO ~ ABJISIETCS OTHONIEHUEM SKBUBAJIEHTHOCTH.
Onpepenenne. Kiacchl 3KBUBAJIEHTHOCTH U1€aJI0B Oy/IeM HA3bIBATH KAACCAMU UDCANOB.

Bamaua 47. Jlokaxkure, 9TO YUCIO KJIACCOB MI€AJOB PaBHO 1 TOrga M TOJBKO TOIJA, KOLA
BCe MIeaJIbl — IJIaBHBIE.

Bamaua 48. [Iposepwre, uto eciau [y ~ o u Jy ~ Jo, T0 I1J; ~ I5.J5.

Bamaua 49. Onummnre Kiaccsl ueanos B Z[y/—5| u Z[y/—6|. Kak B Hux ycTpoeHo yMHOKeHIE
A1eaaoB?

Banaua 50. Jlokaxute, uto ecim I C (), To Muoxkectso (1/a)l — unean B Z.

B cnenyromeit cepun 3aga4 00CyK1aeTcst OJHO U3 (PYyHIAMEHTAJbHBIX YTBEPKICHUIT aJired-
pam9IecKoil TEOPUN YUCEI. DTO YTBEPKIeHNE OYIeT UIPATh KJIIOUEBYIO POJIb B JI0KA3aTEIbCTBE
o0IIero cirydasi OCHOBHO# Teopembl apudmernkn. CamMo T0Ka3aTeTBCTBO 0DCYKIAETCS B CJIe-
JIVIOIIEH 9acTh MPOEKTa U MOXKET CJIaBaThCsA B IIPEIIIONIOKEHNN 9T0 TeopeMa 6 y2Ke JloKa3aHa.

TeopeMa 6. Yucso xiaccos naeaJ/IoB KOHEYHO.

Onpepenenne. Haszosem nabop umncen xi,...,x, € Q 6asucom mam Q, ecim 10060t 371€MEHT
a € Q eMHCTBEHHBIM 00PA30M IPEJICTABIAETCS B BUIAE M1 L1 + ... + MyXy, TAE My, ..., M, € Q.

Bamada 51. Eciim o — anreGpaunueckoe, To B Q] cymecryer koneunbiit Q-6azuc.
Banauga 52. Jlokaxwure, ato B (Q cymecrByer KoHeunblit 6asuc Hat Q.

3anaga 53. [lig s060ro ajaredpantdeckoro v CyImecTByeT Takoe HEHYJIeBOe n € 7, 4To no —
1eJioe ajaredpandeckoe IucJo.

Banaua 54. Ilycts [ — uygean B Z. Jlokaxkute, 9TO CyIMECTBYeT KOHEIHBII HADOD v, ...,y €
1, Taxoit uTo jiroboe v € [ mpecTaBUMO B BUIE M1y +Motia+. . .+M QN C HEJIBIMEA My, . .., My
(He 00si3aTeIbHO €JMHCTBEHHBIM 00Pa30M ).

[Toackaska: mokaxkurTe, UTO I pUKCHpoBaHHOro Oasnca B Q Kosdpdunmentor o € [ He
MOTYT OBITH CJIMIIIKOM MAaJIEHbKUMI.

Bamaua 55. /lokaxkure, 9T0 CyNIECTBYeT KOHEUHBIH HAOOD v, . . .,y € I, It KOTOPOIrO TaKoe
[peJICTaB/IeHe eIMHCTBEHHO.
[Toackaska: MHAYKIMS 110 pasMepy Oasmuca.

Omnpenenenne. Takue Habopb! OyeM HA3BIBATH UeaAbM Oa3ucom umeana I.
agada 56. /loxkazkure, uaTo j000it nenblit 6asuc I sasasercsa Q-6azmcom Q.

Onpenenenne. Obosnadnm Z/I — MHOXKECTBO KJIACCOB SKBUBAJIEHTHOCTH 3JIEMEHTOB Z II0
OTHOIIEHHUIO SKBUBAJIEHTHOCTH

Z71=20 modl] < 2z —z €l

Duementsl Z/1 Oynem Ha3bBATH 6biuemamu no Mooy 1.
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3anauga 57. [Iposepbre, 4TO 9TO JIEHCTBUTENIBHO OTHOIIEHIE SKBUBAJIEHTHOCTU, U TIpU Z = 7
— olpeJie/IeHne BbIUeTa COBIAIAeT CO CTaHIAPTHBIM.

Bamada 58. Yemy paBHO KOJIMUIECTBO 31€MEHTOB B Z /[ 1jisi KBaJAPATHIHBIX PACIIUPEHUTT!
Sanauga 59. Jlokaxkure, 9T0 I COIEPKUT HEHYJICBOE IEJI0€ TUCIIO.
Bama4da 60. [Jokaxkure, 9TO IHCIIO JIEMEHTOB B Z /I KOHETHO.

Sagadua 61. JlokaxKkuTe, 9TO CyIIEeCTBYET TOJHKO KOHETHOE YUCJIO UJIeasIOB, COIEPKAIINX JIaH-
Hoe o € Z.

Badukcnpyem 1esbiit 6a3uc oy, . . ., oy, st uieasa (1) = Z u comocraBuM Kaxkjaomy « € 7,
HAOOP MeJIbIX auces (T, ..., T,), TAKAX 9TO O = T10q + . .. + Ty, Tlomokum

lladl = lza] 4 [a] 4+ |l

Bamada 62. Ilycrs {f, ..., Bm} — Kakoii-To 1esblii 6a3uca uieana [. JJokaxure, 910 HaOOP
{B1, .. B} aBanserca Q-6asucom B Q.

3aga4da 63. /Tokaxwure, 9T0 CymIECTBYeT Takoe HaTypatbHoe My, 9To Jyist II0OOTO HEeHyJIEBOTrO
[ € 7 moxHO BeIGpaTh 1esblil 6asuc [y, ... [0, nxeana (), takoit uro ||G;|| < Mi||5|| mua
BCEX 1.

Samaua 64. [lokaxkure, 9TO s JHOOBIX v, [ € Z , B # 0 cymecrByer ¢ € Z, TaKoe ITO
lla = cf|| < nMy||B]].
Bamaua 65. [okaxkure, 9TO s JTIOOBIX v, [ € 7 , B # 0 cyIecTByIOT HATYpaIbHOE
m < (2n M, +1)" +1= M,
u ¢ € Z, raxne qaro ||ma — cf|| < ||8|].

Bagaua 66. [Jokaxkure, uro mst joboro uiaeana I cymecrsyer 5 € I, takoe aro Ms!l C (f).
B uacrroctu, Msy! € (1/5)M!1.

Bagada 67. /lokakure, 9TO IUCIO KJIACCOB UI€AT0B — KOHEUHO.

OcHoBHas TeopeMa apudMeTUKN.
OOmuii ciry4ait

Teopema 7. OcHoBHas TeopeMa apuMETUKI JJIsT TEIbIX aaredpandecKux Incel.

[Iycrs ay, ..., a, — HAGOD TEJBIX ajgrebpamdecKux YUces, Takoil uro Zlai, ..., a,] coBmamaer ¢
OJIMHOYKECTBOM TIeJIbIX ajrebpamdeckux unces B Qlaq, ..., a,|. Torma jais kaxkjgoro wieasa
I C Zay, ..., a,] cymecTByer u eJIMHCTBEHHOE ¢ TOYHOCTBIO JI0 TIEPECTAHOBKU MHOXKHUTEIEH pas-
JIO2KEHHE B IIPOU3BEACHUE IIPOCTBIX UIEaJIOB

I=p1,....ps C Zlay, ..., ay).

B Teopeme 7 ecTb gBe CyIIeCTBEHHBIE YACTU: CYIIECTBOBAHME TAKOI'O PA3JIOXKEHUA M €T0
eauHcTBeHHOCTD. [lepBas paccmarpusaercs B 3ajatie 73, Bropas — B 3ajade 78.

3amaua 68. [lycTh 17189 HEKOTOPOTO (v € @ Boimosiaeno ol C I. Jlokazkure, 910 (v € A
[Tonckaska: B mesom Oasuce [ 3anumute ycaosue toro, uto ol C I, u, BcnomHuB MeTos [ayc-
ca peleHnsl CUCTEeMbl JIMHEHHBIX ypPaBHEHU, ITOCTPONTE NPUBEIECHHBIH MHOTOYUICH C IEJIbIMU
K03 duImeHTaMu, KOpHEM KOTOPOTO SIBJIAETCS (.
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Bagaua 69. [lycrs s sekoropbix uieasos [, J soimosneno JI = I. Jlokaxkure, aro J = (1).
ITosickazka: JieficTByiiTe IO aHAJIOTHU C IPEJIbLIYINEH 3a/1adueii.

Bamaua 70. /lokaxkurte, 910 s JI0O0r0 Hjaeata I CymecTByIOT HATypaJdbHble m > k, Takue
qro [F ~ ™.

Bamaua 71. Jlokaxkurte, 9TO CyIIECTBYeT o € Z takoe uro ™ * = (). B wacrHocTu, s
Besikoro upeana I C 7 cymecrsyer unean J C Z u « € 7, takue qro [.J = («).

Samaua 72. Jlokakure, 910 17151 TIOOBIX ABYX uaeason I, J B Z — unean I menurcs Ha J Torma
U TOJILKO TOTJIa, KOra I coaep:Kurcs B J.

Samaua 73. Jlokaxkure, aro j060it ugeas I C 7 npeacTaBUM B BHJIE IIPOU3BEICHNsST KOHETHOIO
HabOpa MPOCTHIX HIEATIOB.

Banaua 74. Jlokaxwure, aro ecsu umgeasst I, J Bsaumuonpoctel u JH C I, 1o H C .
Banaua 75. Jlokaxkure, 9T0 JIIOOBIE /(B PA3/IMIHBIX ITPOCTHIX Hea/Ia B3AMMHO ITPOCTHI.
Bamaua 76. Jlokaxure, 4o ecam I — mpocroit naeas, n I™ C J, to J = I*¥ na nenoro k < m.
Bamaua 77. /lokaxKkuTe, YTO CTENEHN JIBYX PA3JIUYHBIX ITPOCTHIX MJI€AJI0OB B3AUMHO ITPOCTHI.

Samaua 78. [okaxkure 0JHO3HAYHOCTD PA3JIOKEHNsT HA MHOXKATEIN B 3aade 73.

OcHoBHag TeopeMa apudMeTUKN 1
Benmkasa Teopema ®Pepma

Qukcupyem IpocToe UnCIO p > 2 U 0003HAUNM Uepe3 (, KOMILICKCHBINI KODEeHb p-Oif CTeIeHn
u3 1. [les mannoro pasiena JOKa3aTh CJIEIYIONLYI0 TEOPEMY.

Teopema 8. Ilycrs nessle uncia ,y, z TakoBbl uT0 2P + yP = 2P u qucso knaccoB Z[(,| ne
nesqnrea Ha p. Torma xyz neawres Ha p.

MpbI HajileeMcs, 9TO YIaCTHUKH ITPOEKTa CMOT'YT J0Ka3aTh Teopemy 8, mocje Toro, Kak Ipo-
PEIAIOT UJIyIue HUXKE 3a/1a49M.

Yupaxknenue 25. /loxaxkure, 9to 1 + (, + Cz + ..+ gj—l = 0.

Sanauva 79. Haiijiure npuBe¢HHBIII MHOTOY/IEH C TejbiMUu KO3 duiimentamu crenexu p — 1,
KOPHEM KOTOPOTO ABjAeTcA 1 — ().

Bagaua 80. /lokaxkure, 4T0 Bee KO3(DMUIMEHTHI STOIO MHOTOUIeHA (KPOME [IEPBOrO) JeJISITCs
Ha& P U YTO 3TOT MHOT'OYJICH HEIIPUBOINM.

p—1_ i _ yw=ly i
Yupaxkuenne 26. Jlokaxure, 1ro X a;(, = 3, b;(; JJIs PAIMOHATILHBIX TUCET
ag, -5 Ap—1, bOa ) bp—l

€CJIN 1 TOJIBKO €CJIN
ag — bo =day — bl = ...=0p-1 — bp—l-

Hamomuaum aro gmcso 7y Ha3bIBa€TCd AeJIMTe/IEM €/IMHUIBI, €CJIN 7Y 1 1/’7 — IIeJIbIEe anre6pa—

NY9eCKHue 4mucjia.

1-¢p
1—Cp

Sagava 81. /loxkarkure, 9TO — JIeJIUTeb €UHUIIBI, €CJIN N HE JIeJINTCA Ha P.

Banmaua 82. [okaxure, uro (1 — (,)? = (p) (paBencrso umeasos).
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Yupaxknenue 27. [lokaxure, 410 eciu a € Z[(,| nenurcsa Ha p, TO OHO Aeiutcs Ha 1 — (.
[TycTe uncia ag, ..., Gp—1 PATUOHAJIBHBL, @ = Ao + .. + ap_lg‘j_l.
Banaya 83. Jlokaxkure, 910 BCe KOIDDUITHMEHTHI MHOTOTIEHA

Plag, ..., ap1; %) = II_ ) (z — S0 a;CEY),

paccMaTpuBaeMOI'0 KaK MHOT'OYJICH OT I, TaKKe palluOHaJIbHBI.

Hanomuum, aro i Besikoro ajrebpamdeckoro dncia a depes P,(x) obo3navdaercs mpuse-
JIEHHBII MHOTOWIEH HAUMEHbIIel crenen, s kotoporo P,(a) = 0.

Bamaua 84%F Jlokaxure, uto P(ay, ..., a,_1; 1) = P,(x)%, tae d — nesnoe nooKuTe 5HOe qUCIIO.

Bamada 85. Ecim muorounen P, () nmeer miesibie Ko3bOUIUEHTDI, TO JJIsT JIIOOBIX TIEJIBIX YHCeT
1<k<p-1,1€Z, aucino X, aiC]’;’“ SIBJISIETCSI TIEJIBIM aJINe0PanIeCKIM.

Bamada 86. Ilycrs mHOrouwnen P,(x) umeer neibie koaddunuentsl. JJokaxkure, 4ro Toraa
pla; —a;) € Z nnsBeex 0 < 4,7 <p—1.

Bamaua 87. [okaxnte, aro uncio 1/(1 — () He ABISETCA NEJIBIM aIrebpanIecKuM.

Bamaua 88. lokaxkure 410 Z[(,| COBIAJAET C MHOXKECTBOM IIEJILIX AJr€OPAMYECKUX HUHCEIT

B Q|G-

[Toxckaska: mnmocrapaiiTech HAWTH TpUMeHeHHE Y IpayKHEeHUo 27.

Banmaua 89. [lokaxkure, 410 1711 J11060T0 SyteMenTa a € Z[(,] cymectByer b € Z, Takoe 4TO
aP — b menmrest Ha P.

Bagaga 90. a) loxawxure, uro /—1 & Z[(,).

0) Ilycrs ¢ # p, ¢ # 2 npocroe uncio, a (, — KOMILJIEKCHBIN KOpeHb ¢-oit crenenn u3 1. Jloka-
xure, 910 (; & Z[(p).

B) Ilycrn (p2 — KOpEHb p?-oit crenenu u3 1, He gBAIONMiics KOpHEM p-oif cremenn n3 1. Jloka-
xKure, 910 (2 ¢ Z[(,).

r) Haitnure Bce xopuu u3 1 B Z[(,].

Bagada 91F JJokaxwure, 4r0 J1000i Ie/UTe/b eAUHUNEL B U € Z[(,] npeacTaBisercs B BUJE
C;v, e 1 € Z, v € R.

IIycts 7, v, 2, p Kaxk B Teopeme 8.
Bamaua 92. [lokaxure aro uaeansl (z + ()y) momapro B3anmuo mpoctsl mpu 0 < i < p — 1.

Sanauga 93. Jlokaxure Teopemy 8.
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Bama4ga 1. (a +bi) + (c+di) = (a+c)+ (b+d)i
(a4 bi)(c+ di) = (ac — bd) + (ad + be)i.

Vupaxkuenne 1. [lesuresn e uHUIb UMEIOT HOPMY 1 U HAXOJSITCS Iie-
pebopoM.

Bamada 2. Jlokaxem nesienne ¢ ocrarkoM 1mo Hopme N(a + bi) = (a +
bi)(a — bi) = a® + b? B HEJIBIX TAyCCOBLIX YMCIaxX: ecyu X,y € Zli| uy # 0, To
cymecTByIoT 1, t € Z[i], rakue uaro x = yr +t u N(t) < N(y).

JloKkazaTebCTBO B aarebpanveckoil MHTePIpPeTalu: mycTb & = a + bi u
y = ¢+ di, torna x/y = (a + bi)/(c+ di) = (a+ bi)(c — di)/(* + d*) =
((ac+bd) + (be—ad)i) /(2 +d?) = n+mi+ (k+1i)/(c* +d?), tae n,m, k, | —
nesnte, u |k, |I| < (¢*+d?*)/2 (obwranoe nenenue ¢ octaTkoMm ac+ bd u be —ad
Ha 2 +d?). Buaunt, a+bi = (c+di)(n+mi)+ (k+1i)(c+di)/(*+d?*), npuaem
(k+1li)(c+di)/(*+d?) € Zli] u N(k+1i) = k*+1* < (* + d?*)?/2, nostomy
N((k+1i)(c+di)/(*+d*) = N(k+1i)N(c+di)/N(c* +d*) < N(c+di)/2.
Buauutr, r =n+miu t = (k+1i)(c+di)/(c* + d*) — noaxozsr.

B FeOMeTpI/IquKOﬁ nHTreplpeTragun 3TO JOKa3aTe/JIbCTBO BBLIIVIAJIUT TaK:
MHOZKECTBO IIE€JIbIX I'ayCCOBbIX 4YHCEJI, KPpAaTHbIX Y, BBIIVIAJIUT Ha IIJIOCKOCTH
KOMILIEKCHBIX IHCeJI KaK KBaJ[PATHAasl PENIeTKa, HATAHYTask Ha BEKTOPbI Y U
i, KOTOpPBIE MMEIOT PABHYIO JJINHY M OPTOTOHAJIBHBI JIPYT JIPYTY. DTO PereT-
K& eCTeCTBEHHBIM 06pa30M pa3buBaer MJI0OCKOCTh Ha KBAJPATHI CO CTOPOHOIA,
paBHoOll JITHe BeKTopa Y, To ecTh /¢ + d2 = /N (y). B wacrnoctn, BekTop
T JIE2KUT B KaKOM-TO M3 9TUX KBaJApaTOB, U MblI MO2KEM BbI6paTb €ro BeEp-
muHy z = rb Takyio, 4T0 paccrosHue OT Heé 0 T — MUHHMaJsbHOe. Torma
paccTosiuust € u f Or z J0 NPOEKIMi T Ha CTOPOHBI KBaJpaTa, IIPHU/IerKa-
ye K z, He GOJIbIIe MOJOBUHBI CTOPOHBI KBAJIpaTa, U KBAJPAT PACCTOSHUSI
lz—zP=e*+ f2< (P +d*)/2=N(y)/2, nostomy r = z/but = —z —
IIOJIXO/ISIT.

U3 siesienust ¢ OCTATKOM Teleph JIErKO JIOKa3aTh OCHOBHYIO TeopeMy apud-
METHKH. 3aMeTHM, 4TO €CJIH P — [POCTOE U T He JIGIUTCSI Ha P, TO IIPUMEHSIsI
K * u p ajropur™m EBkiamia, Mbl noayunM ax + bp = 1 g Kakux-1o a
u b. [anee, ecim xy jgesuTcs Ha p, TO T WA Y JEJIATCS Ha P — JEHCTBU-
TeJIbHO, uHade ax + bp = 1 u cy + dp = 1 ana xkakux-to a,b, ¢, d, mod3TOMY
acry = (1 —bp)(1 —dp) =1+ p(bd — b — d) nenurcs Ha p, TIPOTUBOPEUHE.

Jyist 060r0 2z CyIIecTByeT MOYKHO MOCTPOUTH KAKOe-TO Pa3JioyKeHHe Ha
IIPOCTBIE, TIPOCTO PACKJIAJIBIBAS €r0 HA COMHOMKUTEIN, OTJIIUYHbBI OT JIeJITe-
et e uHUIBI (HOpMa yMEHbIIAeTC s, IOITOMY HIPOIECC KOTJIa~-HUOY/ b 3aKOH-
unrest). Ecam ecTb JiBa pas/IMYHBIX PA3JI0KEHUs HA IPOCThIE, TO CHAYAJIA
COKPATHM Ha OJIMHAKOBBIE IIPOCTHIE, & [OTOM JIIsl IPOM3BOJBHOIO OCTABIIIE-
roCst IIPOCTOrO P TIOJIYYUM, YTO OH JIEJUT IIPOU3BEJICHNE OTIMIHBIX OT HEro
IPOCTBIX, YTO HEBO3MOXKHO (JIOCTATOYHO HECKOJILKO Pa3 MPUMEHHUTH TO, UTO
ecjim Xy JeJTUTCsI Ha P, TO T WM Y JeJATC Ha P).




Bapaya 3. 3amernm, 9TO ecyin n jeaurcs Ha 2, To r = 0, T.K. pa3HOCTb
KBa/IpaTOB HATYpPAJIbHBIX YHCEJ JEJUTCA Ha UX CyMMY, KoTopas OoJibIie 1.
Suauut, ecyim n geauTes Ha 2, To x = 0 n y = +1.

Ecomu n wme jemurcs Ha 2, TO pas/ioKUM B IEJIBIX TayCCOBBIX YHCIAX
2 +1 = (z+1i)(x—1i) = y". Bamernm, uto 2|z, T.K. nHave r?+1 =2 mod 4,
ay" # 2 mod 4 npu n > 1. Buaunt, ged(x + i, — i) = ged(2i,z — 1) =
ged(2i, —i) = 1, 10 ecTh £+ U T — i B3AUMHO IPOCTHI. SHAYUT, U3 € JMHCTBEH-
HOCTHU PA3JIOKEHUsT Ha MHOXKUTENN, T +1 = £2", vyie z € Z[i], a € — mesuresib
enuuunbl B Z, 1o ectb € € {1,—1,i,—i}. Ho n He genurcs Ha 2, Tak 410
rocjie YMHOYKEHUS 2 Ha JEJTUTENb eIMHUIBI MOKHO CHUTATDb, UTO & + 1 = 2.
Ilycrb z = a+bi, Torma i = Im 2" = i(na"'b— (3)a" b +.. .+ (=1)"z bm).
Buaunt, 1 menurcesa Ha b, To ecth b = +1. 3amerum, 9TO @ JEJATCA Ha 2,
T.K. uHave 2 = a +bi = 1 +4 mod 2 , nosromy 2> = (1 +:)2>=0 mod 2 un
224+ 1=2"=0 mod 2, no z sesmred Ha 2, npoTusopeune. Ecim a = 0, To
T+ 1= *£i, HOSTOMyZL‘ZOI/Iy—l

Ecmm a # 0, TOlE(— )" 6" mod 4, HOSTOMyl_(— ) T u 0 =
(7)ot (212 (D) a4 (1) T a3 = ()4 (<) () a™ o+
(—l)nz3 (n:‘l)a" 3. JlokazkeM, 9TO BCe cilaraeMble B 9TOI CyMMe, KpoMe (Z),
JIEJIATCA Ha CTEIEHDb 2, OOJIBIIYIO, YeM (Z) — W3 9TOr'0 OYEBHUIHO CJIE/IYET, UTO
PaBEHCTBO HEBO3MOXKHO. /lj1g 3TOr0 3aMeTnMm, 4TO

(o) = ()G armm = () G s) S

n 22k72

> k upu k > 2, U3 9ero ciaesyeT IpeAbLIyInee yTBep:KIeHre. SHAUUT,
ypaBHEHUE He UMeeT JIPYTuX pemntenunii, Kpome x = 0,y = 1 npum jiodom n > 2,
nxr =0,y =—1 opu 9eTHOM n.

Bamaua 4. a) Eciim p = 2, 1o p = (14 1¢)(1 — i), mosromy p He mpocToe B
rayCCOBBIX TEIBIX YUC/IaX.

Eciu p = 4k + 3, To UPEIIIOI0KIM IPOTUBHOE, T.€. P HE IPOCTOE TayCcCOBO
qucsao. Torga mycrb p = ¢1qs . . . ¢, — Pa3/I0XKEHUE Ha IPOCTHIC. 3aMETUM, ITO
D=P=0q1--.Qn, HOITOMY p HEJIUTCI Ha COLPIKEHHBIC K CBOUM IIPOCTBHIM
JeJTUTeIAM. 3aMeTUM, YTO CONPSIZKeHHOe K IPOCTOMY TaKzKe IPocToe (HHade
ero pasjioyKeHue MOXKHO CHOBA CONPsYb), W B HAIIEM CJIydae OHO OTJINYa-
eTcs 0T MCXOJHOrO (C TOUYHOCTHIO JIO JOMHOXKEHUsI Ha JIeJUTE/b €JUHUIIbI).
HeitcrBuresnbHo, unave npu ¢ = a + bi aucio q/q = (a + bi)/(a — bi) =
((a® — b%) + 2abi)/(a® + b?) AO/ZKHO GbITh IEJIBIM IAyCCOBBIM, YTO BO3MOMKHO
TOJILKO B ciaydasgx a = +b u ab = 0 (rk. |2ab] < a® + b*). B nepsom ciy-
qae ¢ genurcs Ha 1 + i, nmostomy pp = p? gemurcs Ha (1 +i)(1 —i) = 2,
nporusopedre. Bo BTopoM ciiydae MOXKHO CIYUTATDh, YTO ¢ — HATypajbHoe (¢
TOYHOCTBIO JI0 JIOMHOYKEHUS Ha JIeJIUTEh €JIUHUIBI), HO P MPOCTOE B IIEJIBIX
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qEC/IaX, MOITOMY ¢ = P U P — IIPOCTOE B HEJIBIX TAYCCOBBIX, IPOTUBOPEYHE.

BHauut, ¢ ¥ § — pasaudHble MPOCThie (¢ — MPOCTOR JIeJUTETh P B IEJbIX
rayCCcoBBIX), U P JIEIUTCA Ha 0ba. 3HAUIMT, p JeJuTesd Ha ¢ = a® + b%, u T.X. p
— IIpocToe B LeJILIX Yncaax, To p = a®+b?. Ho Kak U3BecTHO, IIpocToe p B
4k + 3 HeJIb3sT IPEJICTABUTD B BUJIE CYMMBI JIBYX KBaJIpaToOB (IOCMOTPHM Ha
OCTATKU TI0 MO0 4), MpOTHBOpeYne.

Ecim p = 4k + 1, 10 (Kak u3BecTHO) —1 SABJIAETCA BBIYETOM II0 MO/IYJIIO
P, TIO3TOMY CYIIECTBYeT HaTypajbHoe 1 Takoe, uto n’ + 1 = (n +1i)(n — i)
jgesmres Ha p. Ecam 6b1 p ObLIO IPOCTBIM TayCCOBBIM, TO N1 + § WX 1 — &
JIEJINIOCH OB Ha P, 9TO OYEBUHO HE BEPHO. SHAYWT, P HE IPOCTOE IayCCOBO.

6) Iyctb n = a? + b* = (a + bi)(a — bi) u m = ¢ + d* = (c + di)(c — di),
torga nm = ((a+bi)(c+di))((a —bi)(c—di)) = ((ac—bd) + (ad+bc)i)((ac —
bd) — (ad + be)i)) = (ac — bd)? + (ad + be)?.

B) PaccMOTpUM MUHHMAJILHOE TAaKoe M, 4TO n = T2 + y? JId HEeJIbIX T
U Y, U IPU 9TOM He YJOBJETBOpsieT ycaoBuio Teopembl 2. Torma n mesmrest
Ha Kakoe-To mpoctoe p = 4k + 3 B HeuerHoil crenienn. Ho T.K. —1 HeBbIueT
10 MOJIYJIIO P, TO W3 TOro, uTo x? + y? nenuTes Ha p, ClIeiyer, 9To T H ¥
Jenaresd Ha p. 3HaUWT, n gemurcsa Ha p? u n/p? = (x/p)* + (y/p)?, upuuem
n/p? NenuTes Ha P B HEYETHOI! CTENeHH, YT0 NPOTHBOPEYUT MUHUMAIHLHOCTH
n. 3HaunT, eciu HaTypajbHoe N = T2 + Yy, TO OHO yJIOBJIETBOPAET YCJIOBHIO
TEOpeMHbI 2.

O6parHo, ecii 1 YIOBJIETBOPSET YCJIOBUIO T€OPEMBI 2, TO U3 IyHKTa 0)
JIOCTATOYHO IOKA3aTh, 9TO 2, IpocToe p = 4k-+1 n p? nag mpoctoro p = 4k+3
— IpeJCTaBUMBI B BUJIE CyMMBI JIBYX KBaJIpaTos. leiicreurenbho, 2 = 12412,
p? = p? + 02 g moboro p, a p = 4k + 1 — cocraBHOE B IEJIBIX I'ayCCOBLIX,
[O9TOMY JIEJUTCA Ha IayCcCoBO MPOCTOe ¢ = a + bi, npudeM (aHAJIOTHIHO
NyHKTY a)) ¢ # 144 u ab # 0, nosromy p jemurcs na qq = a> + b*. 3naunr,
p = a® + b? U3 TPOCTOTHI P B HEJbIX YHCIAX.

Banaua 5. ByjgeMm cuurarh, 9TO N YAOBIETBOPSET YCIOBUIO TEOPEMBI 2
(T.e. mpejcTaBIsieTCs X0Ts Obl oHUM criocoboM ). Torjia, Kak BUHO U3 periie-
Hug 3aja4u 4, 718 1060ro UpejcTaBIeHus n B Buae cyMMbl 22 + ¢ — MbI
MOKEM COKPaTUTh Ha BCe MPOCTble Buja 4k + 3, M09TOMY MOXKHO CUUTATH,
9TO N HE JeJUTCA Ha MpocTbie Buia 4k + 3 (duciio npejcraBieHuit OT 3Toro

He u3MenuTes). [lyers n = 2%0p? ... p&m — pasyioyKeHne Ha IPOCTHIE B TEJIBIX
qHcIaxX, TOIjia, KaK BUJIHO U3 PelleHnusd 3a/iadu 4, ero pasyioKeHud B IEJTbIX
rayccoBbix Oyger nmerb Bug n = (1 + 4)*(1 — 4)*¢{ (q1)* . .. ¢% (Gm) ™™,

rie ¢; — IpOoCToil AenuTenb p;. KaxkmoMy mpeicTaBaeHUIO 1 B BUIE CyMMbI
JIBYX KBaJIPATOB COOTBETCTBYET passoxenue n = (x + yi)(x — yi) = 22, rue
Z = X + yi OUPeNEJeHO ¢ TOYHOCTH JI0 JOMHOXKEHUS Ha JICJUTENN €MHUIbI
u conpsizkerns. KosmiecrBo crnocoboB COCTABATH Z ¢ TOYHOCTBLIO IO JI€JIH-
TeJiell C€IIMHUIBI, KaK BHU/JHO M3 PA3JIO2KCHHA 71 Ha IIPOCTBIE I'ayCCOBbLI, PaBHO



(g + )(aa+1)...(a, + 1) (nk. 1 +¢ m 1 — i — oxMHAKOBBIE HPOCTHIE).
[Ipu conpsizkenun z coBIagaeT ¢ coboit (¢ TOYHOCTHIO IO JETUTEIIs €INHI-
IIbI) TOIVIA U TOJBKO TOIJA, KOTJA 2 JEJINTCS Ha KayKJioe IIPOCTOe B CTEIeHH,
B 2 pa3a MeHbIIIEli CTeleHr BXOXKJIEHHUs B n. Takoe BO3MOXKHO TOJBLKO B TOM
cirydae, KOrja BCe (v, . .., Qy, — 4deTHble, T.e. (g + 1)(ag+ 1) ... ( + 1) —
HevYeTHOe. 3HAUUT, OKOHYATeIbHAs (DOPMYJIa KOJINIECTBa MPeJICTABICHIUN 1
B BHJIe CyMMBI JABYX KBaapaToB — |((a; +1)(ae +1)...(ay, +1)+1)/2].

Bagada 6. [Jokaxem, uto ypasrenne 2°+1°+ 23 = 0 ¢ zyz # 0 ne nmeer
perrieHnii B e/bix duciax. [Ipemnomoxkum mpoTuBHoe, TOTa TOCIe COKPAITE-
uust Ha ged(x, Y, 2) MOKEM CUUTATh, UTO X, Y, 2 B3AUMHO IPOCTHI B COBOKYTI-
Hoctu (a 3HauYMT, U TonapHo). Eciu xyz ne menmres na 3, To 23,13, 2% = +1
mod 9, mostomy 22 + 3 + 23 # 0 mod 9. 3HauuT, oxHO U3 T,¥, 2 ACTUTCS
Ha 3 (U3 B3AMMHOII TIPOCTOTHI — POBHO OJIHO) — 63 OrpaHUYeHUsT OOIIHOCTI
2 JenuTcd Ha 3. 3aMeHss z Ha —z, HoJydaeM ypabHenue x° + y3 = 23, rie 2z

nemures ua 3. Janee Gygem paborars B Z[E], rie £ = _HT V=3 1 0603HAMIM
7 =1— & — npocroe 4mciio, Takoe uTo T = —&271? = 3.
JlokazkeM, 4TO ec/iu Jijis B3AMMHO IIPOCTBIX T, Y, z € Z[£] Bbinosmeno 3 +

Y3 = uzd, rme u — JeNUTeNh eMHUINLL, U Z JeJUTCH 7, TO 2 JICJUTCA Ha 2.

Heitcrsurensho, 3+ y3 = (z+y)(x+&y)(x +2y) = (v +y)(z+y—my)(z +
y+ 1y — E2m%y), mosromy u3 Toro, uro x° +y* = uz® nemures wa 7, crenyer,
qTO T + Yy JCJINTCA Ha 7, 3Ha4YUT, BCE 3 MHOXKUTEJA B Pa3JIOZKEHUUN JIEJIATCA
Ha T, IpHYeM T + Yy Zx +y — Ty Z & +y + 7y mod 7% (T.K. y He jenurcs
Ha 7), U Kaxkjo0e 9ucio B Z[¢] odeBuauo cpasanmo ¢ 0,1 win 2 mo Mo/yiiio

7 =1— ¢ 3HaunT, ONUH U3 STUX MHOXKHUTEJeH IenTcs Ha 72, TI09ToMYy Uz’

neanTed Ha 7. 3HAUNT, 7 JIeJUTCA Ha, T

Ternepb JOKaXKeM, 4TO €CJIH JIjId B3AUMHO IPOCTLIX X, Y, 2 € Z[£] BBIIOJI-
HeHO 2° + Y3 = w23, Tie u — JeJnTelNb eAUHUIbL, 2 JISJIUTCA TF 1 He JesnT-
cst ma ™t ¢ k > 2, To cymecTBYIOT B3aMMHO TIpocTBIe T1,Y1, 2 € Z[E] ¢
23+ Y3 = w2}, Thae up — JenuTenb eWHUIB, z JeauTes T8 1 u me mesmres
na 7%, Paznoxennem 2° + 9% = (v + y)(x + &y) (2 + %) = (x + y)(x +y —
my)(r + y + 1y — E2n%y) = uz® MBI cHOBa MoJIyYaeM, UTO BCe 3 MHOMKUTEJIs
B Pa3JIoyKeHUH JIeJISITCs Ha 7, IPUYeM POBHO OJIMH U3 HUX JeJuTcd Ha 72 (a
sHaunT, Ha 7o~ 2). Tloce poMHOMenHus ¥ Ha & Wan £2 MOYKHO CUMTATH, UTO
T + y nemmrea ma moF 2,

13 e MHCTBEHHOCTH PAa3JIOKEHUA IIOaydaeM, 9To T + y = u mor2a?
T+ Ey = uemh® | x + 2y = uswc® | rae u; — JeuTeNn eUHUIE, U a, b, ¢ He
nenarca wa . U3 pasencrsa 0 = (z +y) + &(x + Ey) + & (z + £%y) nomyaaem
w203 + Cupmh?® + E2usme® = 0. Tlocae cokpaleHus ypaBHEHHE MOMKHO
npusecTn X By b + uyc® = us(art 1), roe ugy w us — JemmTeNW e TUHUITHL.
Jlokaxkem, aro uy = +1. JleficrBuTeIbHO, 3aMeTHM, 9TO eciu b = n + mé,



rjie n,m nesble ducaa, 1o b3 = (n +mé)®* = n3 +m3 = £1 mod 3, T.x. b
e jiesures Ha m. Anagormano ¢ = +£1 mod 3, u (7771)? nenurcesa na 3 uz
k > 2. Buaunt, +1 4 uy genurcsa Ha 3, mosromy uy = 1. ITocsie 3amens! ¢ Ha
uyc nomydaeM b® + ¢ = us(am* 1), oTkyna MBI OTyUaeM HyZKHBIE X1, Y1, 21.

Temepb MOYKHO PAacCMOTpETh IEeJOUHCIIeHHOe permienne z° + y° = 25 ¢
2, JeJIAIUMCS Ha 3, W CIIyCKOM IO CTEIeHM BXOXKICHUSA T B 2 IHOJIYYIHTh
IpOTHBOpeYne, T.K. 2 JCJIUTCA Ha T2,

Vupaxuenune 2. Nveem 2 — 1 = (z — 1)(z? + 2 + 1) = 0 u pemaem
KBaJpaTHOE ypaBHEHUE.

Bamada 7. BameruM, 9To I @ = ¥ + yi € Z[£] cranmapTHasg HOpMa
N(a) = 2 + y? 6yner nenoit, T.. a = (z ++/—3t)/2, re z u t — omHOI
gerHocTu. [l HEHYJIEBOTO @ € Z[%jg] YHCIa, KPATHBIE @, 00PasyIoT pe-
MIETKY B IJIOCKOCTH KOMILIEKCHBIX IHCE T, Pa3OUBAIONIYIO €€ Ha MPABUILHDLIE
TPEYrOJbHUKN €O CTOPOHOH |a|. s y1i060ii TOUKM B TAKOM TpEyroJbHHUKE
KBaJIpaT PAcCTOsIHUSL OT Heé JI0 JII00Ooi BepIuHbl (KpOMe OCTAJbHBIX B TOM
cllydae, KOrjia TOUKa COBIIJaeT ¢ BepimuHoil) Menbie |al?> = N(a), oTkyna
CJIeJLyeT JIeJIeHUE C OCTATKOM 110 HOPME KOMILIEKCHBIX uces (Iro0bl moje-
JUTh b HA @ ¢ OCTATKOM, HAJIO BBIYECTH U3 b O/mkaliliee K HEMY Ha KOM-
IJIEKCHON TJIOCKOCTH YHCJIO BUJA aC). AHAJIOrMYHO 3ajade 2, OTCIOJIA MbI
[OJIyYaeM OCHOBHYIO Teopemy apudmeruku jis Z[E].

Bamaua 8. s pesureneit ejquauipl B Z[E] HopMa jio/KHA ObITh 1 (T.K.
y 06paTHOTO HOpMa JIO/LKHA OBITH 1esoi). st a = (x + /—3y)/2 € Z[¢] -
N(a) = (2 + 3y?) /4, nosromy eciu a — geauTens eauHunsl, 70 —2 < x < 2
u —1 <y < 1. Ilepebopom mosydaeM, 9To BCe JIJUTENN eJUHUIbL B Z[E] —
sro +1, £& uw ££2.

VYupaxkuenune 3. a) 3aMKHYTOCTb OTHOCHTETHHO YMHOXKEHHUsI CJIEJLyeT

u3 pasemcrsa (z + yvVd)(z + tVd) = (xz + dyt) + (zt + y2)Vd.
) r4yvd _ (zz—dyt)+(yz—zt)Vd
24+tVd 22 —dt? ) A
Vupaxkuenue 4. ¢ apiserca neasim B Q[v/—3]. 1 ne apnserca nembiv

2
B Z|i].

Yupaxkuenue 5. O4eBuIHO.

VYupaxuenue 6. a) 22 — Tr(a)x + N(a) = (z — a)(z — ). Hoxacrasnas
B & = (v, IOJIyYaeM HOJIb.
6) Borauncienne.

Bamaua 9. Io npeaprymemy yupazxuenmo « +yv/d neo 8 Q[v/d] Torma
I TOJILKO TOTJa, Korda uucia 2z u a2 — dy? nensl. JIerko IpoBepuTh, 9TO
JJTsT 9JIEMEHTOB Z [w] 9TO yCI0BHE BBITOTHEHO.
[Iycrs uncna 2x u a2 — dy? nensl. Ecim 2 nenoe, To dy? 1enoe, oTKyna ¥
nenoe u « + yvd € Z[w]. Ecn & = n/2, rae n nederno, to 4dy? mesnoe,




oTKya y = m/2, rae m nesoe. Ipu srom dm? = n? = 1 mod 4, oTkyaa m
nederno u d = 1 mod 4. Torna x + yvd = mw + (n — m)/2 € Z]w].

Yupaxuenue 7. Ecin N(v) = +1, 0 % =17 € Z[w].

Eciu %Y € Zw], To 1 = N(1) = N(V%) = N(v)N(%), orkyzma N(v) = +£1,
HOCKOJIbKY [V (%) € Z.

VYupaxkuenue 8. [Ipennonoxum, aro v He mpocro: v = ab, a,b € Zlw|,

N(a) # £1, N(b) # £1. Torma |[N(y)| = |N(a)||N(b)|, orkyma omHo u3
(marypasbubix) wncen |N(a)| u |[N(b)| pasro 1. IIporusopetne.
Iokazewm, uto 5 € Z[/3] upocroe, xora N(5) = 25 — cocraBHoe HHCIIO.
I[ycrs 5 = ab, tie a,b € Z[/3], N(a) # £1, N(b) # +1 . Torma N(a)N(b) =
25, orkyna N(a) = £5. Ecn a = x+y+/3, To 22 — 3y? = 5. Do ypasuenue
HE UMeeT PEeIIeHNil 10 MOjLyJIio 3.

Yupaxkuenune 9. Unaykiws mo |N(7)].

Bamada 10. [Tockonbky N(3) =9, N(5) = 25, N(1 ++/—14) = N(1 —
v —14) = 15, Hopma HeoTpHIaTe]bHA, 1 HOPMa MPOM3BE/ICHNS PABHA IIPO-
W3BEJIEHUIO HOPM, TO JOCTATOYHO MOKA3aTh, YTO He CYIIECTBYET YUCIa (v €
Z[v/—14] ¢ N(a) = 3 wmm N(«a) = 5. llyers o« = o + y/—14, tne z,y —
nesbie. A ypasnenus 2 + 14y = 3 u 2? + 14y®> = 5 He umeroT pemenuii B
HEJIBIX YHUCIaX, HOCKOIbKY o2 + 14y% > 5 > 3 upu y # 0.

Bagaua 11. a) [lna menynesoro b € Z[y/—2] uucna, xpatubie b, obpa-
3yIOT PEIIETKY B IJIOCKOCTH KOMILIEKCHBIX YHCE], PA3OUBAOIILYIO €6 Ha TIpsi-
MOYTOJIBHEKE €O cToponamu |b| u v/2|b|. s mo6oit TOYKH BHYTPH TaKOro
[PSAMOYTOJIBHAKA CYIIECTBYeT BEPIINHA, /i KOTOPOil KBajpaT PacCTOSHUS

or ned Touku ne Gombime (1[b))2 + (3v/2[b])2 = 3[b]*> < N(b). Us sroro,
AQHAJIOTMYHO CJIyYal0 FayCCOBBIX YUCENI, MBI IIOJIy9aeM JIeJeHHEe ¢ OCTATKOM,
anropuT™M EBKIHMIA M €IMHCTBEHHOCTDL PA3JIOXKEeHUsT Ha MHOMKUTEIIN,

6) dns nenysnesoro b € Z[HT\E] qucjia, KparHble b, 00pasyioT perier-

Ky B IIJIOCKOCTH KOMIIJICKCHBIX Y9MCEJI, pa36I/IBaIOHlyIO eé Ha paBHO6€,H‘peHHI)I€

TpeyroJIbHUKH ¢ ocHoBaHueM |b| u GokosbiMu croponamu 4/ L |b| = v/2[b].

s paBHOOEPEHHOIO TPEYTrOJILHUKA C OCHOBAHWEM Y M OOKOBBIMH CTOPO-
HAMH T JIETKO TOJIyYUTH (DOPMYJIY pajimyca ONUCAHHON OKpyxKHOCTH R =
2?/+/42% — y2, u g Mmo6oit TOYKU BHYTPU TPEYTOJbHUKA CYIIECTBYET Bep-
IIIHA, PACCTOSHEE JI0 KOTopoil He 6osbiie R (T.K. B paBHOOEIPEHHOM Tpe-
YTOJIbHUKE C OOKOBBIMU CTOPOHaMU R paccTOSHUE 70 OJTHON U3 JIBYX OOKOBBIX
BepIuH He 6ouibiie R). 3HauuT, 1jisi JOKA3aTeIbLCTBA JeIeHHs] C OCTATKOM JI0-
CTATOYHO IPOBEPUTH, YTO B HAIIIEM PABHOOEJIPEHHOM Tpeyrojibuuke R < |b|.
Heiicreurensuo, z = v/2[b|, y = [b], R = 2[b]?/(VT)|b| = (2/V/7)|b] < |b].
Jlajiee aHAJIOTUYIHO TTOJTyYaeM OCHOBHYIO T€OpEMY apu(PMeTUKH.

Bajmaua 12. a,6) 3amernm, uto Hopma N(a + /—db) = a® + db* nns
JIeJINTEIsT eMHUITBI JIOJKHA OBITH paBHa 1, mosTomy npu d > 1 moaydaem



b = 0, 3HaunT a = +1, T.e. Bce menuresn euHuIbl — 310 +1. Ecnm xxe d = 1,
o —1 < a,b < 1, orKyJa 1mepebopoM HOIyIaeM, UTO BCE JICTUTE/IN €IUHUATIBI
— 310 +1 n 4.

B) 3asaua 8.
r) Jokaxkem, 9T0 BCe JesmTesn eauHUIBl nMeoT Bug +(1 + \/5)” IS
Beex membix n. Tk, (14 v/2)(1 — v/2) = —1, To Bce Takme wmcIa — Je/H-

TeJIn eUHUIBL. [[peImomokuM, 9To CyIecTByeT Kakoi-To Apyroil e/ inTeb
eqununpl a 4+ byv/2. Tlocte noMHOMKeHIs Ha —1 U CONPSIZKEHHS MOYKHO CUH-
Tarh, 9ro a,b > 0 (ecim ab = 0, 70 a = £1 u b = 0 u3 a® — 20> = +1).
PaccMOTpHIM MEHEMAIBHbI TAKOH Je/uTe s eananip a 4+ byv/2 (¢ a,b > 0 u
a+bv2 # +(1+v/2)"). Torna (a +bv2)(vV/2 — 1) = (2b — a) + (a — b)V/2.
Jlokaxkem, uto a > b u 2b > a. /leficrBuTe/nibHo, 3amMeTuM, 4To ecyn b = 1,
Toa?=2%+1,0orkynaa=1wua+ W2 =1+ \/5, IPOTUBOPEYNe. SHAYUNT,
b > 1, mosromy a? = 2b>+1 > b2, orkyna a > b. Ecima = 1, 1o 262 = 1 £1,
orkyna b =11 a+ by2 = 1 4+ /2, nporusopedne. 3ua4nt, ¢ > 1, 09TOMY
(20)2 = 2(a®* £ 1) > a?, orxyna 2b > a.

Orcroma nmomytdaem 0 < 20 —a < au 0 < a — b < b, mosromy (2b — a) +
(a— b)\/§ < @+ b\/2, 9TO IPOTHBOPEUNT MUHIMAILHOCTH ¢ + by/2. 3HauwnrT,
BCe JIEJTUTETHN eINHUIBL uMeroT Buy (1 + \/5)"

Bagaua 13. a,B) Byjuem jokasbBaTh jiejieHHe C OCTATKOM II0 HOPMeE
N(a + b/D) = |a*> — DV¥?|, tne D = 2 wm 3. Ilycts © = a + bvV/D u
y = ¢+ dvVD, torma x/y = (a + bvD)/(c + dvV'D) = (a + bV/D)(c —
dv/'D) /(¢ — Dd?) = ((ac — Dbd) + (b — ad)v/D)/(c* — Dd?) = n+m~/D +
(k + IVD)/(¢?> — Dd?), tae n,m,k,l — nenste, u |k|,|I] < |(2 — Dd?)|/2
(obbrunoe genenme ¢ ocratkoM ac — Dbd u be — ad na ¢* — Dd?). 3nauur,
a-+bV'D = (c+dvVD)(n+m\/D) + (k+1vD)(c+dvD)/(c? — Dd?), npuiem
(k + IWD)(c 4+ dvD)/(¢* — Dd?) € Z[V/D] u N(k + 1v/D) = |k* — DI?| <
(3/4)(¢* — Dd?)?, nostomy N((k + Iv/D)(c + dvD)/(c* — Dd?)) = N(k +
IVD)N(c+dvD)/N(c? — Dd?) < (3/4)N(c+dv/D) < N(c+dv/D), us 1aero
caemyer generure ¢ octarkoM. OTCIOIa aHAJOIUYHO HPEALIIYIIAM CJIydasM
cJIeyeT OCHOBHAs TeopeMa apuMEeTUKN.

6) Bamernm, uto 4 = 2-2 = (14++/=3)(1 —+/=3), upuuem N (2) = N(1+
V=3) = N(1—+/=3) = 4. Toxazkem, uto 2, 1++/—3 u 1—+/—3 — mpocThie B
Z[v/—3]. Ilns aToro moctaTodHo 3aMeTuTh, 9To N (a+ by/—3) = a® + 3b% # 2
npu nesblx a u b. 3uaunt, 2,1 4+ /=3 u 1 — v/—3 He HpeCcTABUMBL B BUJIE
[IPOU3BEJICHNsT JIBYX YHCEJ C HEeJMHUIHONW HOPMOI, OSTOMY OHE ITPOCTHIE.
BnauuT, pasioxkenne 4 Ha pocThie B Z[y/—3] — He euHCTBeHHO.

r) amerun, uto 9 = 3-3 = (24++/=5)(2—+/=5), npudem N (3) = N(2+
V=5) = N(2 — v/=5) = 9. Anasoruuno nosydaem, uro 3 # N(a + by/=5) =
a® + 5b?, Bce 4ncia B pasyioxKenun 9 — IIPOCTHIC, O3TOMY Pas3/IOzKeHUe He
eIMHCTBEHHO.



1) Bamerum, ato 4 = 2-2 = (v/5+1)(v/5 — 1), HpI/Iqu N(2) = N(V5+
1) = N(v/5 — 1) = 4. Tak kax N(a + byV/5) = a*> — 50> = £1 mod 5, To
+2 # N(a+by/5). BHaunt, Bee umciIa B PasIoKEHHH 4 — HPOCThIE, TOITOMY
pa3JIoKeHne He eJIMHCTBEHHO.

e) Bamerum, uto 9 = 3 -3 = (V10 + 1)(v/10 — 1), npuuem N(3) =
N(10+1) = N(+/10 — 1) = 9. Tak xak N(a + b\/10) = a*> — 100* = +1
mod 5, 70 £3 # N(a+bv/10). Buauut, Bce qncia B pasnoxenun 9 — IpocTeIe,
[I09TOMY DAa3JI0KEHHE He €JMHCTBEHHO.

’K) AHAJIOTHYHO IIYHKTaM a,B) HAM JIOCTATOYHO OKa3aTh, 9T0 ecJin |al, [b] <
1/2, 10 |[N(a+bw)| < 1, tae w = %5 HeitctBurensho, a+bw = ((2a+b) +
bV/'5)/2, nosromy |N(a+bw)| = |((2a+4b)%—5b%) /4| = |a®>+ab—b?| < 3/4 < 1.

3) Bazaqa 116.

1) AGCOTIOTHO AHAJIOTUIHO CJIy9Iat0 Z[Hr] nostygaem R = f|b\ < |b],
U3 9ero CJejyer JIeJIeHne ¢ OCTATKOM W OCHOBHAsl TeopeMa apupMeTHKH.

K) s Z[%‘Tg] JIeJIeHUe ¢ OCTATKOM He BBIIOJIHSIETCsI, IPUYeM He TOJIb-
KO IO CTaHJAaPTHON HOPMe, HO 1 1O JIFo6oil (MozKeTe MoIpoboBaTh CTPOro J10-
Ka3aTh 9T0, PACCMOTPEB YUCJIO, HE SIBJISIOIIEECs JeTUTEe/IeM €[MHUIbI, C Hal-
MeHbIel Hopmoit). Byem gokassiBaTh 6ostee caboe yTBEpK/IeHHE — YTO B
Z[%‘Tg] BCE HJIealIbl IVIABHbIE (CM. CJIEJyIONLyo YacTh). s HeHymeBoro
ujeasa I paccCMOTPHUM €ro JIeMEeHT Y ¢ HAuMeHbIIeil (CTaHIapTHON) HOPMOIA.
JlokaxkeMm, 4To Jj1d JII00Or0 & € [ MBI MOXKEM TOJIEJIUTD C OCTATKOM X WJIU 21
Ha Y. AHAJIOTWYIHO C IyHKTAMU a,B,2K) W = %‘Tg, r=a+bwuy=c+dwo,
torna z/y = (a+bw)/(c+dw) = ny +miw+ (21 +tw)), tae n, m — messle, a
|z1], [t1| < 1/2; anamornano 2x/y = no+maw+(ze+tow)) ¢ |22, [ta] < 1/2. 3a-
MeTHM, ITO OJHO U3 |t1| u |t2| He Goubine 1/3 (Oymem cuurars, uro |t;| < 1/3).
Torna |N(z + tw)| = |22 + ziti +5t2| < 1/4+1/6+5/9 = 35/36 < 1, orxy-
Jla, CJIeJIyeT JieJleHne ¢ 0CTaTKOM (HompobyiiTe JoKa3aTh 9TO yTBEPXKICHHIE B
reOMETPUIECKON MHTEPIPETAINN ).

[Ipemmonoxkum, aro I # (y), T.e. cymectByer x € I, He Jesiieecs Ha y.
Torpa 2x pemures Ha y, nosromy 2x = (a + bw)y Jyist nebx a u b. 3HauwT,
cyIecTByer z € I, He messieecst Ha Y, JJisi KOTOporo 2z = (¢ + dw)y, rae
¢c=0mwum —1, a d pasuo 0 wm 1 (mogemmm na 2y). BaMeTI/IM qro d # 0,

T.K. naade N(z) = N(—y/2) < N(y). Snaunt, 2z = il“ V19 osTomy

%‘ng +3y = y/2 € I, o N(y/2) < N(y), npOTHBopequ. 3Haunr,
I = (y), T.e. Bce uyeasibl TaBHbIE.

Temneps Jiist jl0Ka3aTEIHCTBA OCHOBHON TeOpeMbl apiuMETUKHI J0CTATOY-
HO JIOKA3aTh, YTO €CJHM T He JEJUTCI Ha IIPocToe p, To ar + bp = 1 jyuis
Kakux-10 a u b. JleficrBuresibHo, paceMoTpum ujeast (,p), KOTOPbIi paBeH
(2) 11 KAKOTO-TO 2. 3HAYWT, P JEJIUTCS Ha Z, TI09TOMY 2 paBeH pé uim &, rje
§ — Jesuresib €JMHUILL. B IepBOM clydae MoJIydaeM, U9To T JIJUTCs Ha P,



nporusopedre. Bo Bropom ciaydae mosydaem, uro 1 € (z) = (z, p), mosromy
1 = ax + bp nna kakux-To a u b. /lajiee 10Ka3aTeIbCTBO OCHOBHOM T€OPEMbI
apu@MeTUKN MOBTOPSAET 33129y 2.

Bamaua 14. 15 5T0ro HEOOXOAUMO U JOCTATOYHO, YTOOLI £2 = af + b
JUIS TIEJIBIX @ U b, TO ecTh & sIBJISIETCsT KOPHEM IPUBEJIEHHOIO KBa[PATHOTO
MHOTOYJICHA C TEJBIMUA KO3 PUITUECHTAMU.

Bagaga 15. a) Ecm n werno, To 2 = (3"/2 + k) (32 — k), rne 32+ k n
3"/2 — k UMeIOT OIMHAKOBYIO Y€THOCTD, IIPOTHBOPEYNE. SHAUNT, N HE JEJIHTCS
Ha 2.

Pazjioskus obe qactu na MuozkuTeu B Z[v/—2], nomyanm (1++/—=2)"(1—
V=2)" = (k++v/—=2)(k —v/=2). Jlerko nposeputb, 4to k ++/—2 u k — /=2
B3aMMHO IpOCThI (T.K. 3" He jgenurcs Ha 2), u 1 + v/—2 — pazimunbBIe mpo-
crpie. OTCIO/a U3 BLITOMHEHT OCHOBHOM TeopeMbl apupMeTHKN 11d Z[v/—2]
nosrygaem, ato (1 4+ /—2)" = £k + /2. Ecrm (1 + v/=2)" = +k — /=2,
10 110 Mozymio 1 — /=2 momyuaem (1++/—2)" =2" = +k —/—2=+k -1,
nosromy 2" + 1 = +k. Ho n mederno, nosromy 2" + 1 nenurca wHa 3 =
(14++v/—2)(1 — v/=2), nosromy u k jemTces Ha 3, 9TO OUEBHHO HEBEPHO.

Bnaunt, (1 + /—2)" = +k + /—2, u npupasauBasg KodbdUIIEHT TpH
V=2, moryuaem

1= (") o™} 44(") = L2002
1 3 5

[lpun =1 -k ==+1, apun = 3 — k = £5. Jlokaxkem, 9Tto ipu n > 5
pertennii Het. [lepernuinem mocse a0 HGOPMYIIY:

o _nt 1)(”;1)<n_3) +4(Z> —8<:> 4oL oD,

Tereps, anajgornduo 3ajade 3, JT0KaXKeEM, t)(-D)(n=3) 2'“( "

3 2k+1) 1pn

k > 2 nendrcd Ha CTENEHDb JIBOMKHU OOJIBIIYIO, YeM 4(’;), u3 4ero OyJier cJje-

1)(n—1)(n—3
J10BaTh IpoTuBopeune. Jisd % 9TO OYEBHJIHO, T.K. 1 Ha JICJIUTCS

Ha 2 | 4(’;) = ”("—1)(11—?0(11—3)(11—4)

2 (zki 1) - 4(?) (;f:Z) (2k — 3)(2k 1_519;(2;; (k- Dk’

Ocrasioch 3ameTuth, uto 2871 > k > k—11upu k > 2, nosromy 271 /(k(k—1))
JIeJINTCA Ha 2, U3 Yero cjiejlyeT Hallle yTBEPXKJICHUE.

6) Econ n werno, To 7 = (22 +k)(2/? — k), mostomy 2"/% =4 u k = £3,
T.e. n =4,k = £3 — euHCTBeHHOE perenue pKu YeTHoM n. lasee cauraem
N HEYIETHBIM.

. [lepermuiiem BTOpOit THI ClaraeMbIX:




Paznokus obe wactu ypashenust 2" 2 = (k* + 7)/4 ma muoxurean B
Z[l‘l’\/j?
2

|, mosyaaem
(L+V=7)/2)" (1 = V=7)/2)"7 = (k + V=7)/2)((k = V=T7)/2),
re (14++/=7)/2 u (1 —/=7)/2 — pasanunsie npocrste, (k ++/—7)/2 n

(k — v/=T7)/2 — Bzaumno upoctbl. O6ozHauuM m = n — 2, TOIJA U3 Bbl-
MOJIHEHUST OCHOBHOI TeOpeMbl apudMETUKHU J1JIst Z[Hzﬂ] [OJIyIaeM, H9TO
(1+v/=T7)/2)™ = (£k+/=T)/2. Ecum = 1, 10n = 3u k = £1. Jlokaxkenm,
aro ecmr m > 1, 10 ((14++/=7)/2)™ = (£k —+/—T7)/2. HdeiicTBuTebno, nHa-
qe ((1++4/=7)/2)" = ((1—+/=T7)/2)™ = /=7, u 110 mostymio (—3—+/=7)/2 =
((1—=+/=7)/2)% nonyuaem, aro ((14++/=7)/2)™ = ((1—+/=T7)/2)™ = (-1)™ =
—1 = /=7, mosromy 1+ /=7 = ((1 +v/=7)/2)*(1 — /=7)/2) nenurcs na
((1 — v/=7)/2)%, nporusopeune.

Bnaunr, ((1++/—=7)/2)™ = (£k—+/=T7)/2, n npupasuusas KosbbuImen-
TBI IpH /—7 10 Moymo 7, morydaeM —2™ 1 = m mod 7. T.x. 2 apisercs
BBIYETOM 110 MOJYJII0 7, To m = 3,5,6 mod 7, mpu stom m = 0,2, 1 mod 3
€OOTBeTCTBEHHO. 3HaunT, m = 3,5,13 mod 21, npu s3tom m = 3,5, 13 moj-
XOJIAT — UM COOTBETCTBYIOT pemienus n = b,k = £ ; n = 7,k = +11 ;
n = 15,k = £181. /lokaxkem, 4TO 3TO BCE PEIICHUSI.

[IpearookumM mpoTUBHOE, TOoTia M = mgo mod 21, rme my = 3,5 uin
13, w m > myg. Ilyets r = m — my aemuTesa Ha 7% u He mesuTca Ha 7oL
Torma 1o momaymo 7+ momy4aem

(1+\/—_7)T:1+r\/—_7+...+(\/—_7)l<;>—|—...+(\/—_7)T51+7“\/—_7,

T.K. [! memures na 7 B cremenu, menbineit [/6 = [/7 + 1/49 + .. .. Takxe
2" = (8)"/3 =1 mod 7%, 3naunr,

(1V=7)/2)" = (1+V=7)/2)™ ((1+V=T)/2)" = (ko—V=T)/2)(1+1V=T) =
= ((ko +7r) + (kor — DV=7)/2 = (k —v/=T7)/2 mod 7**!,

noaromy kor nesures Ha 7T Ho Torma kg jemurca Ha 7, HPOTHBOpeYNe
(T.K. mHave 2" jesurTest Ha 7). 3HAUUT, JIPYTUX PEIIEHUH HET.

Bamaua 16. Mu1 Oyzem ncronb3oBarh 3aaqu 27 n 28.
a) B Z[\/=5] umeercs paznoxenue (r++/=5)(x—+/=5) = y*. T.e. npousseie-
nue uyeasos (x++/—5) u (r—+/=5) asagercs kybom ueana (y). Ecin usea-
Jbl (2++/=5) u (z—+/—5) He B3aUMHO IIPOCTDI, TO OHI UMEIOT OBIITHIA TTPOCTO
nematens 1. Torma maean, nopoxaennsiit 2v/—5 = (z + /—5) — (z — v/=5)
nemur 1. Pazmomum (2v/=5) = (2,1 4+ v/—5)%(v/=5). Tee. I = (2,1 + +/=5)
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nwm [ = (v/=5). B mepsom citydae & nedeTHo, oTKya x2 +5 = y° gemmures na
2, Ho He JlenuTcd Ha 4, mpoTuBopedne. Bo BropoM cirydae x JeUTCd Ha D, OT-
Kyna 22 +5 = y® nesured Ha 5, HO He Je/UTCd Ha 25, IPOTUBOPeYre. SHAMNT,
useasnl (z++/—5) u (x—+/—5) B3aUMHO MPOCTHI U KasKIbIil N3 HIX ABIACTCST
KyOOM HEKOTOpOro ujeasa. Vcrmonb3ys 3ajady 28 HeTPY/IHO IPOBEPUTH, YTO
Ky6 HerJlaBHOTO Hjeaa OyeT HerJaBHbIM, OTKya (7 ++/—5) — Ky6 riaBHo-
ro uaeana. T.e. (x ++1/=5) = (a + by/—5)?, TOCKOILKY Je/ATe N eTMHIIHI B
Z[v/—5] mmeror Bun £1 u gBasioTea KybaMu. PackpbiBasg CKOOKH U IIPHPaB-
nuBas Koaddurments! mpu /—5 momydaem (3a? — 562)b = 3a%b — 5b° = 1.
Orcioga b = +1. Jlerko Buzgersb, 9To 06a ciaydas HeBo3MOXKHBI. Crie1oBaTe /b
HO, YPaBHEHUE HE UMEET PEIICHUNA.

6) Bamenss x Ha z — 1 mosydaem ypasuenue 22 + 6 = y3. Pemenuii ner,
JTOKA3aTETHLCTBO AHAJOIMYIHO IIYHKTY a).

B) Paznomum 522 +1 = (1+2v/=5)(1—2v/=5) = y*. Anasorudmno mynxTy
a) = uerno u uyeanst (1+xv/=5) u (1 —2+v/—5) B3anmuo npocter. Torma (1+
1v/=5) = (a + by/—5)3. PackpniBasg cKOOKM 1 HPUPABHUBAA BEIIECTBEHHbIE
wactu nosyaaem a(a? —150?) = a® —15ab? = 1. Eciim a = 1, To b = 0, oTKy1a
x =0,y =1. Coyuait a = —1 neBosmoxken. T.e. x =0, y = 1.

r) Bamensigs r Ha z — 1 nosydaem ypashenne 6z° + 1 = y3. Pemenue
ejuHcTBeHHO: * = 0, y = 1, JIoKA3aTE/IbCTBO AHAJIOTUYHO IIYHKTY B).

1) IlpuBenem perenne, He UCHOIB3YIONMEe Heastbl. [loxoxue pereHs

eCThb U JIJIs YHKTOB a,0).
[Ipubasum 8 u paszjoxum Ha MHOKHUTeqn: z2 + 2 = (y + 2)(y? — 2y + 4).
PaccMOTpeB OCTaTKHU 110 MOJLYJIIO 4 HOJIydYMM, 4TO Z HEe4eTHO, OTKYyla I +
2 = 3 mod 8. Ucnonb3yem, 910 —2 SBJISICTCH KBAJIPATUIHBIM HEBBIYETOM
[0 MOJLYJTIO TIPOCTOT'O P TOIJIA U TOJILKO TOrJa, Koryia p = 1 wim 3 mod 8
(3T0 crieayer, HapUMep, U3 KBAIPATUIHOrO 3aKoHa B3anMmHocTH). Torma Bee
HpoCTBIe Jenutenn x2 + 2 uMeror B 8k + 1 nmm 8k + 3, T.e. Bce menmresm
2 +2 = (y+2)(y* — 2y +4) nator ocrarku 1 wm 3 npu nejennn na 8. T.k.
Yy + 2 naer octarok 1 mwim 3 1o Momyso 8, To y gaer ocraTok +1. U3 srux
nByx ciaydaes (y? — 2y + 4) naer ocrarok 1 wmm 3 Toabko ecn y = 1 mod 8.
Orciona 22 + 2 = y> + 8 = 1 mod 8. IIpoTusopeune.

Yupaxkuenue 10. OueBnHo.

Yupaxkuenue 11. Ecima,be INJ, toa+be I, TX. a,b € I; anajo-
ruaio a + b € J. Orcrioga a+b e 1N J.

EcmaeINJ beZ, toabe INJ o aHAJIOTUHYHON TPUYINHE.

Bamaga 17. a,6) Crenyer u3 smneitroro npejcrasienns HOJI.

B) Ilycth d — HamMeHbIIee HATYpaAIbHOE YHCIO B ujease I (ecsm Takoro
uet, To [ = (0)). Ecin [ # (d), To I conepKut quciio a, He Jessieecs Ha d.
Ocratok ot sesenus a Ha d Jjiexkut B [ u Menbine d. [Iporusopeune.

VYupaxkuenue 12. BamernM, 910 (@) COCTOUT U3 9YHCEN BHJIA (LT, TJIE
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r € Z|w], a takxke (o) C (B) © a € (B) © o/ € Z|w|. Umeem
(a)=pP)eac(Bf)upe(a)eal/fcZv npf/acZw < o/ - aeamrend e TUHUIIDE

Yupaxkuenue 13. OueBnHo.

Bamaua 18. Bamernm, uro (2,v/—14) = {z + yv/—14 | = gerno, y €
Z} (mposepbre!) Otcioma mmeem, uro, 1 € (2,v/—14)) u (2,/—14) # (2).
[IpeanonoxumM, aro (2,+/—14) = (a). Torma 2 = az, © € Z[/—14], orkyna
4=N(2) = N(a)N(z).

Ecmm N(a) = 1,10 1 = aa € (a), te. (1) € (o) = (2,+/—14), nporusopeune.
N(a) # 2, T.x. ypasuenue 2 + 14y* = 2 He uMeeT perienuii B MeJIbIX IUCIaX.
Ecmn N(a) =4, to N(v/—14) = 14 ne nenures va N(«), .e. /—14 € ().

Bagaua 19. Ilyctb o — namMmenbiiiee HaTypajibHOEe YuCciao B I, [ =
a + bw — YuC/I0 ¢ HAMMEHBIINM TOJIOXKUTETbHBIM KoddduimenTom b mipu
w. Hecsoxkuo nposeputsb, uro I = («, f3).

VYanpaxkueuusi 14-15. Borauciienusi, He IPUBOIUIM.

Yupaxkuenune 16. VI3 ynpaxknennsa 13 pocraTodno HallTu OTBET B Z:
(360), (2), (180).

Yupaxkuenue 17. Boraucienus, Mbl IIpuBeJIeM J0Ka3aTeJIbCTBO Jist [ +
J. Ecm a,b € [+ J, 10 a =11+ j1, b = ig + Jo, T1IE t1,1i0 € I, J1,72 € J.
TOI‘,ZL&(I—i‘b: <21+22)+(j1 +]2) € [+J, T.K. 11 + 1y € I, jl —|—j2 e J.
Hnst ¢ € Z[w] umeem ac = (i1 + j1)c = i1c+j1c € [+ J, 1k iyc € I, jic € J.

Bagada 20. Ilockombky N(a;) u Tr(a;a;) — mesble 4mcia, TO nMeeM
(N(ai), Tr(a;a;))1<ij<n = (a), tne a = HOA(N(a;), Tr(a;a;)). 3amernm, aro
N(a;) un Tr(a;a;) nenarca uwa a. T.x. N(a;) = a;a; n Tr(a,a;) = a;a; + a;a;,
TO

(a) = (N(a:), Tr(aia;))1<ij<n C (a1, -, an)(@1, .., Gn)

Hocrarouno nokasars, 910 a;a; € (a) mg Beex 1 <4, j < n, T.e. 9T0 @;a;/a
— nesoe anrebpandeckoe. I1o ynpaxKHeHnio 6 JJOCTATOYHO 1I0KA3aTh, UTO €r0
HopMa 1 cief neiste. N(a;a;/a) = “ia;‘;fai = N(aiiév(aj) nesoe, T.K. N(a;) u
N(a;) pensres va a. Tr(a;a;/a) = Tr(a;a;)/a nenoe, .x. Tr(a;a;) nemurca
HA @.

Bapaua 21. Eciu [ nemres va J, o [ = JH C J.
[Iycrs I C J. Io 3amaue 20 (koropas npumennma, T.K. J = («, 5) 1o 3a1a4e
19) mmeem JJ = (a), T.e. IJ C JJ = (a). Torga Bce snementst 1.J genarcs
Ha a, otkyna H = IJ/a = {x/a | * € IJ} — unean. Ionyuaem JH =
(IJ/a)J = (IJJ)/a = (I(a))/a =1, te. I nemmrcs na J.

Yupaxkuenue 18. Jlokazano B perenun 3aa4u 20.

Bamauga 22. [lo zagade 21 mocTaTodHO JI0Ka3aTh, ITO

ICHuJCH&I+JCH
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N3 steBoro ciemyer mpaBoe, MOCKOIbKY H 3aMKHYT OTHOCUTETBHO CJIOXKEHUS;
U3 IPaBoro JieBoe — MocKoabKy I, J C [+ J.

Vupaxuenne 19. (a)(a) = (aa) = (N(a)) = (|N(a)|) u [N(a)| > 0, re.
N((@) = [N(a).

Yupaxkaenne 20. T.k. N(/)N(J) > 0, T0 10CTATOYHO HOKA3ATDH, ITO
(N(I)N(J)) =1JIJ. Ho (N(I)N(J)) = (N(I))(N(J)) = I1JJ = IJIJ.

VYupaxkuenune 21. Eciu J = IH, ro N(J) = N(I)N(H) no yupaxme-
uuio 20, orkyna N([) memur N(J).

Vupaxkuenue 22. Ecimu [ = (1), to (N(I)) = II = (1), re. N(I) = 1.
Eciu N(I)=1,t0 1 € Il C I, re. I = (1).

Yunpaxkuenue 23. Uaean [ npoct < ma1000it niaeast, gensimii I, cosia-
naer qm6o ¢ I, mbo ¢ (1) < (mo 3amade 21) aroboit ugeas, comepKaruii 1,
cosnasiaer smbo ¢ I, mbo ¢ (1) < ngean I maxcnmasieH.

Yupaxkuenue 24. [lycrb py, ps — pasnmunble mnpocrtbie ujeasbl. [lo
YIPayKHEHNIO 23 HU OJIMH U3 HUX He CONEp:KUTCcA B Apyrom. Torma p; + po
— maeaJ, CoAepKaIIMi KaKAbId U3 HUX U HE COBIIQJIAIONIUA HUA C OJIHUM U3
uux. [lo ynpaxkuenuto 23 moaydaeMm p; + pe = (1).

Bamaua 23. 3amerum, uro ecau N (I) — npocroe uuciio, 1o I — mpocToii
uyeast (o yrnpaknenusaMm 21 n 22) u BoraucaumM nopMsl: N(py) = N(ps) = 3,
N(ps) = N(ps) =5.

Bama4da 24. Vcnoassyem unaykmuio o N(I) u ynpaxkaernue 20.

Bamaga 25. Ilo 3amade 21 mbl 3Haem, uro JH C [ u XoTuM J0Ka3aTh
gro H C I. llycto h € H. Tx. I + J = (1), To naiinyresa i € I, J € J, aro
1+ 35 =1. Torna jh € JH C I u no oupejenenuto ujieasia th € I. 3Haqur,
h = jh+ih € I, aro u TPebOBAJIOCH.

Bamaga 26. [Iynkr a) oueBu/ieH.

6) H = HJ = (N(H))I = HHI = HHJ = (N(H))J. Tenepsb npumMenum
nyHkT a) st a = N(H).

Bama4a 27. [Ipeamnosiokum, 9T0 KaKOH-TO Ujeas UMeeT JIBa Pa3JInIHbIX
pasjIoKeHns Ha POCThIe Ujeasbl. KM Kakoii-To mpocToii njeas BCTpeda-
ercst B 00OMX Pa3/IOXKEHHUAX, TO Ha HEro I0 IPEeJbLIyIiel 3aj1ade MOKHO
COKpaTUTh. BymeM cokpalaTh, IMOKa He IIOJIyYrM JiBa Pa3JIOyKeHUs Uea-
aa pr..pp = I = qq...q, Ha TPOCTBIE UJIEAJBI, TAKOE UTO BCE (; OTJIMIHBI OT
p1. Torma p; nemuT qp...Gn_1qn; P1 M @, B3AMMHO IPOCTHI MO YIIPAYKHEHUTO
24. Tlo 3amade 25 p; JAegUT Gq...qQ,_1. VICHOAB3YEM MHIYKIUIO U IIOJIYYaeM
IPOTUBOPEYHE.

Bamaua 28. a) Ilycrs I C Z[v/—5] — unean, x € I — 37eMeHT ¢ MUHHE-
MaJIbHOI HeHyJIeBO#l HopMoii. Hucsia, KpaTHble X, 00pa3yoT Ha KOMILIEKCHOM
IIJIOCKOCTH PEIIeTKY U3 HPSIMOYTOIBHEKOB co cToporamu 1 u v/5. Ecin I me
COJIEPKUT APyTrux uucesi, To I rymaubiil. [Iycts y € I, npuyeM y He jeanTcd

13



Ha z. [Tociie mapa/iieIbHOro epeHoca Ha 9uc/io, KPATHOE I, MOXKHO CUUTATh,
9TO Y JIEKUT B mpaAMoyrombhuke ¢ Bepmmaamu 0, x, (1 + /—5)z, /—bx.
Munmas gacts y/2 aexur mexay 0 u /5. Ecin ona menbme v/3/2 wim
osbie /5 — v/3/2, TO paccTosHEe OT i 10 OAHOI U3 BEPIIMH IPAMOYTOIb-
HUKa MeHbIIe ||, aro HeBozMoxkHO. [Toaromy ‘/7?: <Im? <V6- \/73 3naunr,
\/5—‘/7§ <\3<2 Im% < 2V/5—V3 < \/§+\/7§ Orcrona caeayer, 9T0 paccTo-
guue ot 2y 10 oanoro u3 uuces /—b5x, (1++/=5)z, (24 +/—5)z Menbie |z,
T.€. JIOJKHO PABHATLCA HYJIO. SHAUHT, i pasusercs /—bx/2, (14 v/ —5)x/2,
60 (2++/—5)x/2. B nepsoum u TperbeM ciayuae —5x/2 € I, orkyna x/2 € I,
aro HepozmozkHo. To ectb y = (1 +v/=5)x/2 u I = ((1 + v/=5)a,2a), tie
a=ux/2.

6) B3 11 yy aHaIOrIYHO MyHKTY a) HOTyHIHM, 9TO y paBHgeTcs v/ —61 /2,
(14++/—6)z/2, mibo (2++/—6)x/2. Bo Bropom ciydae v/—6(1++/—6)x/2 =
V—6x/2 — 3z € I, otkyna v/—6x/2 € I, otkyna z/2 = (1 + /—6)x/2 —
V/—6x/2 € I, uro HeBo3MOKHO. B 11epBOM 1 TpeTheM ciyuae mojrydaem | =
(v/—6a,2a), rae a = /2.

Bagaua 29. Ilycts 0 # a € I. Torna 0 # aa € I N Z.

Banaua 30. [IycTh p — MUHUMAIBHOE HATYPAJIbHOE YUCIO B I, KOTOPOE
CYIIECTBYET 110 Ipeablayineii 3anade. Ecim p = ab, vae a, b narypaibabie, TO
(a)(b) = (ab) conepxurca B I, r.e. o 3amade 21 (a)(b) menurcs wa I, HO (a)
u (b) me nengarcs Ha I. [IporuBopeune.

Bamaua 31. BosbMmem p us npeaplayineit 3agaun. (p) C I, T.e. 110 3a1a1e
21 (p) nemmres na I, orkyna N((p)) = p* nemmres na N(I). Ilo ynpaskuenuio
22 N(I) # 1, orkyna N(I) paBusiercs p wiu p*.

Bamaua 32. Ciemayer u3 pelnieHns IpeablIyieil 3a aqu.

Bamaga 33. Eciaun wpean (p) C Z[w] we mpocr, o (p) = 1J, tme 1,
ormunet ot (1). Torma N(I)N(J) = N((p)) = p? me. N(I) = p, otkyna
IT = (N(I)) = (p), aTo u TpebOBAIOCD.

Bapaua 34. [Ipeanonoxkum, uro 0 < a < p dABJIAETCH pPEIICHUEM yDPaB-

uenns P,(a) = 0 mod p. Samernm, uro P,(a) = (a —w)(a — @) geqanres Ha
D- TOI‘,ZL& (pa a — (JJ)(}?, a — w) = (p27p(a - w),p(a - @7 (a - w)(a - (IJ)) C (p)7
otkyaa (p) # (p,a —w) # (1), upu sToM (p, @ — w) COAEPKUT (p), T.€. JICJTUT
(p). BuaunT, (p) He MpOCT.
B obparmyio cropomny, ecim (p) me npoct, To (p) = II, mpuuem p € I. T.k.
p €I, 0opw e I Tk I # (p), To comeRuT 37€MEHT T + Yw, B KOTO-
pom y He sesurces Ha p. [Ipumensist ajgropurm EBkinga K y u p, mosydnm,
qto I comepxKut sjieMeHT b + w i Hekoroporo b € Z. Torma g a = —b
nmeeM a — w € I. U3 pemenns 3amaun 19 cuenyer, uro I = (p,a — w). Tk.
(p,a — w)(p,a —w) = (p), To Py(a) = (a —w)(a — @) genurcs Ha p, T.e. a
siBjisierca perenneM ypasaenust P,(a) = 0 mod p.
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Samaua 35. llpeamnonoKumM MPOTUBHOE, TO €CThb CYIIECTBYIOT palldo-
HaJibHOE @ = p/q, tme ¢ > 1 u ged(p,q) = 1, u IpUBEIEHHBII MHOrOYIEH
P(x) =" + an_lx”*1 + ...+ a1x + ag ¢ neabiMu KO3 GUIIEeHTaMI TaKOI,
yro P(a) = 0. Torga ¢"P(a) = p" + an 1" ¢+ ... + a1pq" ' + apq" =
P+ qlan_1p" .+ apg™ 2 + apg™ ) = 0, snauuT, p" gesnurcs Ha g. Ho
gcd(p, q) = 1, nporuBopedmne.

Samaua 36. I[lycts a,b € Q, Torma CYIIECTBYIOT IPUBEIEHHBIE MHOT'O-
yienbl P(x), Q(x) ¢ parmuonaabubiMu koaddunuentamu takue, uro P(a) =
Q) =0.Ilycte P(z) = (x —ay)(z — ) ... (z —ap) u Q(x) = (x — By)(x —
Ba)...(x — Bn), tie oy, . ..0n u By, Py .. By — KOpHU P(x) u Q(z) coot-
BETCTBEHHO, ipuieM a = a1 u b = ;. Torma kosdpdurmenramu P(z) u Q(x)
OyyT (€ TOYHOCTBIO JI0 3HAKA) SJIEMEHTAPHBIE CHMMETPIUYECKIe MHOTOYIEHBI
OT a1, Qs ... 1 By, Ba . . . B cOOTBeTCTBeHHO. JloKazkeM, uro a+b € Q. Ba-

MEeTHM, 49TO a + b gBisercs KopueMm Muorowtena R(z) = [[ (v —a; — §;),
1<i<
1<)<m

KO3 DUIUEHTBI KOTOPOTO0 €CTh MHOTOWIEHBI OT (. ..y, B1 ... By € paiu-
oHAJILHBbIME KOodddunmerntamu. 13 Toro, uro g aoobix 1 < 4,5 < n npu
IIEPECTAHOBKE (v; U (v; MHOTOUIeH R(2, vy, . . ., [By,) COXPAHSETCSI, CIIELYET, 9TO
ko3 durmentsl R(x) — MHOrOWIEHBI OT [ . . . B, KOIDUIMEHTHI KOTOPBIX
€CTb CUMMETPUIECKNE MHOTOYIEHBI OT (] . . . (v, C PAIMOHATIBLHBIMU KO3 -
[UEHTAMU.

13 ocHOBHOIT TEOpPEMBI O CUMMETPUIECKIX MHOTOMIEHAX U TOTO, UTO JJIe-
MEHTAPHBbIE CUMMETPHIECKHEe MHOTOUICHBI OT (v, (g . . . (O, — DAIMOHAJILHBIE
ko3 durmentsr P(x), ciemyer, uro koadhdurmenTsl R(x) — MHOrOWIEHBI OT
B ...0Bm ¢ pammonasbubiMu KOdhdunuentamu. [loBTopsis mociieinee pac-
cyxKJeHue g ... [y, moiaydaeM, aro Koabdunmenter R(z) — cuMmer-
puvIecKrue MHOTOUJIEHBI OT [ ...[3, ¢ paIMOHAJIBHBIMU KO3(hdUImeHTaMM,
U, KaK CJIe/yeT U3 TEOPEMbl M PAIMOHAJIHLHOCTU JIEMEHTAPHBIX CHMMETPH-
YeCKUX MHOTOUJIEHOB OT [3 ... [3,,, OHU pannoHajbHbl. 3HauuT, R(x) nmeer
paruonabHble KO3 dUIIEHTH 1 KOpeHb a 4 b, mostomy a + b € Q.

TokazareabcTso ab € Q 10CI0BHO MOBTOPSIET 1OKA3ATEIBCTBO It a+b ¢

samenoit R(x) va [[ (z—a;f;). Ocramocs 3amernts, 9o —b u 1/b asisior-
1<i<
1<)

¢l KOpHAME MHOTOUIeH0B Q(—) 1 2™ Q(1/7) ¢ parmonambabMI Kb buTIH-
eHTaMK COOTBETCTBEHHO, 1103ToMy @ — b = a+ (—b) € Q u a/b = a(1/b) € Q.
Bagaua 37. Byjaem cuurars a, # 0. I[lycrs a; — KopeHb mpuBeIEHHO-

ro MHOrowIeHa parponanpubivu koaddurmentamu Pi(zx) = [ (2 — ayj),
1<j<n;

IpUYeM a; = Q41 U BCe (v,; # 0 (unade mogenum P,(r) HA ' B MaKCHMAJIb-

HOIT BO3MOXKHOII crerenn). Pacemorpum Bee Habopst J = (Jo, j1,- .-, jn) U3

15



n + 1 marypasnbuoro ducia ¢ 1 < j, < ny, u muorounen R(x) = [[(ay;, =" +
J

Un—1j, 2" +. . 1), 2+ apj, ). Torna R(x) nemures va a2+ . .. a x4+ ag, u,
caesioaresibio, R(b) = 0. Teneps, aHaaornano perienuto 3ajaqu 36, 3ame-
TUM, 9TO U3 TOIO, 9TO MHOTOUYJIeH R () coxpaHsercs: Ipu MepecTaHOBKaX (v;
U Qy;, crenyer, 910 kodbdunuentst R(r) — MHOroWIeHb! 0T vy, 0 < i < n,
0 < j < n; ¢ panmoOHAJILHBIMEA KO DUIIMEHTAME, IPUYEM JIJIsd JTI0O0TrO ¢ —
OHU CHMMeTPHYeCcKue oT «y; , 1 < j < n,.

Tenepb unayknumeit mo k < n + 1 nokazxkem, 4ro Kodduimentsr R(x)
— MHOrOwWIeHbl oT oy, 0 < @ < mn—Fk, 0 < j < n; ¢ paloHAJIBLHBIMI
kodddburmentamu, npudem i 0 < ¢ < n — k — OHM CHUMMETPUYIECKUE OT
a;; , 1 < j <mn, baza k =0 — ykazana Bblle, epexos, oT k K k + 1 npu
k < n — 10 Ipe/IoIozKeHnIo Uy KIn Kovbdunnents! R(z) — MHOTOWICHBI
or ay5, 0 <7 <n—Fk, 1 <7 <n;cxoabdunuentaMu — CUMMeTPUIECKIMI
MHOT'OUJICHAMH C PAIIIOHAIBLHBIMI KO3PPUIUEHTAMI OT Oty —jj, 1 < J < iy,
npudeM miag 0 < ¢ < n — k — oHE cuMMerpudecKne or «;; , 1 < j < n,.
3 reopembr 1 u parmonasnbaocTH KO3 duimentos P, () ciemyer, 94To
k03¢ durmenTsl ko3bdurmenTos k() KaK MHOTOWIEHOB OT 5, 0 <4 < n—
k, 1 < j < n; — panuonaibHbl. 3Ha4UUT, Ko3bdurmenTsl R(x) — MHOrOYIEHbI
or a;5, 0 <i<n—k—1,1<j <n; c pannoHaIbHBIMI KO3 PHUImenTamu,
npudeM g 0 <7 < n —k — 1 — onn cummerpudeckue or ay; , 1 <7 < n;
— IepexoJl JIOKa3aH.

[Ipu k = n + 1 noxyuaem, aro kosbburmentsl R(r) panuoHAIbHBI, U
R(x) # 0, T.k. Bce a,; # 0. 3Hauur, b sBISeTCs KOPHEM HEHYJIEBOTO MHOIO-
YJleHa ¢ palMOHAJbHBIME KodhduimenTamu, mosromy b € Q.

Banaga 38. a) s nopmer N(P) = deg(P) aenennem ¢ 0CTaTKOM Oy/1eT
OOBIYHOE JIeJIEHEe MHOTOYJICHOB CTOJIOUKOM.

6) B nmamHOM Cciydae JesUTeNSIMU €IUHUIBI OyIyT HEHYJEBBIE DAIlO-
HaJIbHBIE YUCIA, & TPOCTBIMIA — HEITPUBOINMbIE HEIIOCTOSHHBIE MHOTOU/IEHBI.
Kakoe-To pazjoxkenne Ha MPOCTbIE MOYKHO TOJIYIATD JI€IEHUEM MHOIOYICHA
Ha [IPOCTBIE MEHBIIel crerern (ToKa 3T0 Bo3MOxKHO). [Ipenmonoxum, ato y
KaKOrO-TO MHOTOWIeHa R eCThb JIBa PA3JIMYHBIX (C TOYHOCTBHIO JIO JIOMHOZKE-
HUsI Ha €JIMHUIBI) Pas3JIoXKeHus Ha npoctbie R = PPy ... P, = Q1Q2 ... Q.
CokpaTuB Ha OJMHAKOBBIE (C TOYHOCTBHIO JI0 JOMHOXKEHUS HA JICJTUTEIIH €/TV-
HUI[BI) MPOCTHIE B PA3JIOXKEHUsIX, MOJIYIUM, UTO JIJI KAKOrO-T0 P; BBIOJIHE-
Ho P|Q1 Q5 ... Q) e Q1 QY ... Q) — ocTaBimecs IPOCThIe B IIPABOii YaCTH.
[Iycts @ — xopennb P, Torma Q) (a)Qy(a) ... Qo) = 0, snauur Q(a) =0
s kakoro-to j. Ho torma P, u () nensrcss Ha MUHUMAJIBHBIH MHOTOYJIEH
JUTsT (v, HETIPUBOJIMMBI U PA3JINIHBL (C TOIHOCTHIO JI0 JIOMHOYKEHUSI Ha, JIeJIU-
TeJI eJINHUIIBI), TPOTUBOPeYre. SHAUUT, PA3/IOKEeHHe eJINHCTBEHHO.

Bama4a 39. /[ muorounena P(x) ¢ panuonagbHbIME KO3bdUImenTamu
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orpejiesinm ero cojiepzkanne C'p Kak TMOJOKHUTETHHOE PAIMOHAJILHOE THCJIO,
Takoe, 4To Bce Koaddunmentsr Maorowiena P(x)/Cp nesbie, 1 ux HanbOJIb-
mmit obmuit gesmresb paser 1. Takoe umcsio cymecrByer, T.K. P(x) MOXKHO
cHAYaJIa YMHOXKUTH Ha HaWMeEHbIee 00Iee KpaTHOe 3HAMEHATeell BCexX ero
KO3 PUITMEHTOB, a TTOTOM TIOJIEJIUTh Ha HAMOO/IBINNN OOIINIL JIeJIUTE/b BCEX
KO3 PUITMEHTOB — TOTJIA Y MOy YUBIIETOCd MHOTOU/IeHa OYIyT TesIble KO-
buImeHTs ¢ HANOOJIBIITUM OOIIMM JiejtuTe/ieM, paBHbIM 1. [Ipu sTom mosty-
YUBIHUICS MHOTOUJICH [IEPECTACT UMETD IeJIbIe KOIMDMUITUEHTBI IPU Y MHOZKE-
HUU Ha HEIeJIoe PaIuoHaJbHOe YUCI0 /Yy (T.K. eCIu Y JIeJIUTCS HA TPOCTOEe
P, TO cymiecTByeT KodpUIUeHT a;, He Aendmuiica Ha p, modToMy a;(z/y)
He GyJIeT TeJIBIM ), U TIePECTAeT UMEeTh TPUBUAJBHBIN HANOO I 0OIInil /1e-
JIUTETH BCeX KoM MUIMEHTOB MPU yMHOXKEHUU Ha TeJI0e JHCJI0, He PABHOE
+1. U3 sroro caemyer, aro Takoe C'p € IMHCTBEHHO, TOITOMY OHO KOPPEKTHO
OITpeJIeJIEHO.

Kak BugHO u3 omnpenesieHns, JOCTATOYHO J0Ka3aTb, 9To ecau P u ()
UMEIOT TIeJIble KOIMUIMEHTHI ¢ TPUBUAIBHBIM HAUOOJILIITIM OOIIMM J1e/TH-
tesieM (To ectb Cp = Cp = 1), To ux nponssesnenne PQ) obaamaer TeM xKe
csoiictBoM (Cpg = 1). IlpeamosoKunM IPOTHBHOE, TOI/A CYIIECTBYET IIPO-
croe p, pensiiee Bee koabburmentor PQ. Ilycrs P(r) = aya™ + ...ap u
Q(x) = bpx™ + ... by, u ycTh k U r — HAUMEHbBININE HEOTPUIATE/IbHBIE TIe-
JIble 9HCTIa, TaKue, 9To ai U b, He mensTcs Ha p (Takue k U r CyIIECTBYIOT,
uHave p jesut Bee koabdunmenter P(x) nim Q(x)). Torna koaddunment
npu zF" y PQ pasen cymme agbpir + @1bppr—1 4 ... 4+ apby 4+ ...+ apirbo,
BCE cjlaraeMble KOTOPOii, KpoMe by, JeIATCI Ha p U3 MUHUMAJIBHOCTH k 1
r. 3HaquT, 3T0T Ko3bdunuent y P() He neuTcs HA p, IPOTUBOPEUHE.

Bapaua 40. /lesenne ¢ 0cTATKOM B MHOTOYIEHAX C IEJIBIMU KO3 bhu-
[IMEeHTAaMU 110 CTelleHH yzKe He paboraer (r He JEIUTCS C OCTATKOM Ha 2T),
HO BepHa €JIMHCTBEHHOCTH PA3JIOKEHUsT — U3 381249 38 cjie/lyer, UTo JIIo0bIe
JIBa, pa3JIOKEHWsT Ha MPOCTBIE B IEJIbIX YUC/TaX OTJINYAIOTCS JIOMHOXKEHUEM
Ha paruoHajbHbIe. Bece HanboJIbIIe O0IIIe JIeTUTE T HEITOCTOTHHBIX MHOTO-
JIEHOB PA3JIOZKEHUsI PaBHBI 1, 3HAYUT TI0 JieMMe ['aycca MHOTOYIEHBI B JIBYX
PABJIOZKEHUSIX COBIIQIAIOT C TOYHOCTHIO 11, TT09TOMY Pa3/IOKeHUsT OIMHAKO-
BBIL.

Kak Mbr Bujesin, n3 HaJM4aus JI€JEHUsT ¢ OCTATKOM CJIeJIyeT, ITO JF000i
ujeas IJIaBHBIA. B MHOXKECTBE MHOIOYJIEHOB OT IIEPEMEHHON X ¢ IEeJIbIMU
KO3 uIIEeHTaMI IMeeTCs He IVIABHBIN ujeas (2, ), a B MHOXKECTBE MHOIO-
YJIEHOB OT JIBYX II€PEMEHHBIX T,y UMeeTCsl He IIaBHBIH uieas (z,y).

Bama4da 41. [Mogenus ¢ ocrarkom Q(x) va P,(x), Mbl moayunm Q(z) =
R(z)P,(x)+T(x), tne R(x) u T(x) — MHOrOYJIEHBI ¢ PAIMOHAJBHBIMA KO-
dbunumenravu, npuiuem deg(T) < deg(P,), nosromy T'(a) # 0 upu T'(z) # 0.
Ho nozcrasus x = a, nonyanm Q(a) = 0 = R(a)P,(a)+T(a) = T(a), 3HauuT
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T(x) =0wu Q(z) = R(x)P,(x), nosromy Q(z) nenurcst uva P,(z).

Banaua 42. /okazaTeqbCTBO MOBTOPSET JIOKA3aTENLCTBO 3aja49u 36 ¢
YYETOM TOI'0, 9YTO CUMMETPUIECKHUH MHOTOUIEH C HEIbIMU KO3(hpUuImenTaMu
IPEJCTABIIICTCA KAK MHOIOWICH C IEIBIMU KOI(DMUIUEHTAMHI OT 3JIeMEHTap-
HBIX CUMMETPUYECKUX.

Bamava 43. JloctaTovHO H0Ka3aTh, 9TO % € Qlay, ..., a,). Kax cremyer
u3 3ajaun 36, b — anrebpandeckoe. [Tycrs P(x) = ¢, 2" 4. ..+ 12+ ¢g — Mu-
HUMAJILHBIA IPUBEIEHHBIA MHOIOUIEH ¢ PAIMOHAILHBIMEI KoM DUIIeHTaMn
anst b, Torga ¢y # 0 MEHEMAJIBHOCTH, HO9TOMY 3 = —f:—gb”*1 —...—2¢€
Q[al, ceey CLn].

Bamaqa 44. [lycrs a siBisieTcst KOpHEM IPUBEIEHHONO MHOTOUIeHa P () ¢
nesbivu KoaddurmenTtanmu, no 3ajgade 41 mveem P(z) = R(x)Q(z), rue R(z)
— NPUBEJEHHBI MHOIOWIEH ¢ paIllMOHATbHbIMU KO3 dunnentamu (T.k. P u
Q) — upuseséunbie). 3amerum, uto Cp = 1, T.K. OH IPUBEJIEHHDII C [EJILIMU
kodbdunuenramu, u 1/Cq u 1/Cr — narypasibible, T.K. OHI IPUBEJCHHEIE.
ITo nemme Taycca (1/Cq)(1/Cr) = 1, mostomy Cg = Cg = 1, 3uaunr Q(x)
UMeeT TiesIble KO3 DUIMeHThI.

TakKe MOXKHO OBLIO 3aMETUTh, YTO KO3 duimenTor () — MHOTOUJIEHDI
or KopHeilt P(x) ¢ nenbivu koadduimenTamu, mo3ToMy OHU [eJibie aarebpa-
nuaeckre. Ho T.x. Q(x) numeer parmoHaibHble KO3 MUIUEHTH, TO TI0 3a/1a9e
35 — OHU IIeJIbIE.

Bamaua 45. Ilycrs g, . . ., oy, — Kopuu MuOrouneHa P(z) = (v —oy)(x —
a3) ... (x — ay) ¢ neabivMu koaddunuentamu, npudeM |og| = ... = |a,| = 1.
Torna zamerum, uro Py(z) = (x — of)(x — of) ... (x — aF) Takske umeer 1e-
Jibie K03 dUIUenTob (T.K. OHU SIBJISIOTCA CAMMETPUIECKUMU MHOTOUIEHAMU
OT v, . . . , QU C TEJIBIMU KO3 DUITHEHTAMHE ), 1 €10 KOPHU 110 MO/LYJIIO0 PABHBI 1.
Bamernm, aro 1o Teopeme Buera kosddurment Py (z) mpu 2™ He mpeBoc-
XOJTUT TI0 MOJTYJTIO (7?1) Buauut, Habopbl KoabdurmenTos Py () npuHIMAOT
KOHEYHOE YHMC/I0 3HAYEHUiT, MOITOMY KAKOW-TO U3 3TUX HAOOPOB BCTPEUAETCH
GeCKOHEYHOE UHCJIO Pa3 IIpU HATYPAJbHLIX k. VI3 €MHCTBEHHOCTH Pa3/iozKe-
HEsl MHOTOYJICHA HA JIMHEHbIE MHOXKUTE/IN B KOMILIEKCHBIX YHC/IaX CJIEJIYeT,
a0 s Geckoneunoro unca k mabop {af, ..., ok} pasen kaxomy-To nabopy
{B1,...,Pn} € TOIHOCTHIO JIO TIEPECTAHOBKU. SHAUUT, [T KAKUX-TO PA3JIIY-
HbIx ky i ky — o' = o s Beex i (M3 KOHEWHOCTH “MC/TA TIEPECTAHOBOK),
nosromy o' 2 = 1 s Beex . Bmamnr, Bee kopHu P(x) — KopHz u3 1, €11,

Bamaua 46. /loctaTouHo IPOBEPUTH TPAH3UTHUBHOCTH — mycTb A ~ B
u B ~ C, rorma (a)A = (b)B u (d)B = (¢)C, nosromy (ad)A = (be)C n
A~C.

Bama4a 47. Eciu Bce njeaspl riaBHbIE, TO JIJIs JTIOOBIX JIBYX UI€ATOB ()
u (8) — (B)(«a) = (a)(B), nosromy («) ~ (f3), T.€. Bce uealbl IKBUBAJICHTHBI.
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O6paTHo, ecm 9UCI0 KJIacCOB paBHO 1, TO /1000it naeas | SKBUBAJEHTEH
(1), mostomy (a) = I(B). Buaunt, o« = iff I KAKOro-to ¢ € I, mosTOMYy
I = (a/B) = (i), T.e. Bce njeasnl rIaBHBIE.

Banaua 48. Ecim (a)l; = (b)Iy u (¢)J; = (d)Js, 10 (ac)l1J; = (bd) 12 J5,
nosromy I1Jy ~ IyJs.

Samaua 49. [lo 3agade 28 B 060ux cIydasx ecTb 2 Pa3/JUIHBIX KJIacca
— (a) u (1 + v/=b)a,2a) B Z[\/=5], u (a) u (v/—6a,2a) B Z[\/—6] (114
TaKuX @, 9T0 910 uzean). Obo3HaunM TyIaBHBIC HIeadbl — 0-BIM KJIACCOM,
a ocrasmmiica Kiacc — 1-bim. Torma npoussesenue 0-bix — 0-0if, pomns-
Bemenne 0-oro Ha l-oro — 1-wif, a mpomssenenne 1-pix — 0-oif, T.k. ((1 +
V=5)a,2a)((1 ++v/=5)b,2b) = ((—4 + 2¢/—5)ab, (2 + 2+/—5)ab, 4ab) = (2ab)
u (v/—6a,2a)(/—6b,2b) = (—6ab, 2\/—6ab, 4ab) = (2ab). 3uauut, ymMHOKe-
HIE KJIACCOB YCTPOECHO TaK K€, KaK CJIOZKEHHE 10 MOJIYJIO 2.

3amaua 50. DTO MHOXKECTBO JICKHUT B Z, 3AMKHYTO OTHOCHTE/IBHO CJIO-
JKeHnsl 1 yMHOKeHus Ha Z (T.K. I — wumeas), mosromy (1/a)l — nnead.

Bamaua 51. Ilycrs P,(x) — MUHUMAJIBHBIA [PUBEJEHHBIH MHOTOYIEH
JUI v cTenienn n, Torja Habop 1,a,a?, ..., a"" ! aenserca 6asucom B Qlal,
T.K. J11000fi MHOIOYJIEH CPABHUM C MHOTOYWJICHOM CTEIEHH MEHBIIE 1 [0 MO-
nymo P(x), n ecan jBa pasaMdHbIX MHOIOYJIEHA OT (v CTEIEHU MEHbBIIE 1
paBHbl, TO P(x) — He MUHUMAJIbHBIIA.

Bamaua 52. Anasorndno, myctb P;(z) — MUHUMAJIbHBII MPUBEICHHbIH

MHOTOWIEH JIsI (v; CTENIeHH 7;, TOra HaOOp OIHOWIEHOB Q' cvy’ ... | Tae

n—1

0 < r; < n; — MO3BOJISIET TPEJACTABUTE JIF000i1 s71eMenT (Q B BIIe CyMMBI 16~
MEHTOB Habopa ¢ panuonaabubiMu Kodddunumentamu. [Tpexnonoxmm, |aro
KaKoi-To syieMmeHT (Q MOXKHO IpEJICTABUTHL TAKMM O0OPa30M JIBYMs Pa3JImd-
HpiMu criocobamu. Torga m3 paBeHCTBa TUX CYMM CJIEJIYET, UTO KAKOW-TO
9JIEMEHT HAOOpa MOYKHO BBIPA3UTH B BHJIE CYMMbI OCTAJIBHBIX (C pAIMOHAJIb-
HBbIME KO3 PUIMEHTaMI) — BBIKHHEM 9TOT JIeMeHT u3 Habopa. Byjem mpo-
JIOJIPKATh 9Ty OIEpaInio, MOKa BO3MOYKHO — 3JIEMEHTOB B HaOOpe KOHETHOe
YUCJIO, TOITOMY 3TOT IPONECC 3aKOHYUTCsA, W MBI HOJIYIUM HabOp, Mt KO-
Toporo Joboit smemenT Q eMHCTBEHHBIM 00PA30M IIPEJICTABJISIETCS B BUJIE
CYyMMBI 3JIEMEHTOB Habopa ¢ paluoHaIbHBIMU Ko3d durnmentamu. SHaIUT, Mbl
noxyunan 6asuc Q mam Q.

3amaua 53. [lycrb a sgBIgeTcsd KOpHEM MHOTOYJIEHA C IEJIBIMU KO3Dhu-
muentamu P(z) = a,z™ + ... + ay (BO3bMEeM MUHHMAJBHBIH MHOIOUJIECH W
ymuoxknm na HOK snamenaresneit Beex koaddunuentos). Torga a ' P(x) =
(amZ)™ + a1 (@)™ + .+ a1a™ 2 (a,) + apa™ ™!, mosToMy UUCIIO dpyQr
AIBJIFETCA KOPHEM MHOTOYJIeHa ¢ HesIbIMU Ko duimentaMu.

Bamaua 54. /g mHagasa 3aMeTuM, 9TO i Joboro o € Q cymecTBy-
eT Iejoe HeHy/eBoe n, Takoe uto na € [. JleficrBurenbho, myctsb [ € I,
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B # 0, Torma st f/a cymecTByer takoe n, 9to na/f € 7., 3HAMUT no =
(na/B)B € I. Orcroga cieiryer, 9T0 B3sB [IPOM3BOJIBHBIN Oa3mc Q nag Q
U YMHOXKUB €ro 3JIeMEHTHl Ha HaTypaJjbHbIe YHCJIa, Mbl CMOYKEM IOJIYIUTh
6a3uc, snemMeHTbl KoToporo Jjexkat B [. BosbmeMm Takoit 6asuc i, . . ., B, To-
rJ1a KaxKJIblil 971eMeHT v € | eJIMHCTBEHHBIM 00pa30M 3alliChIBAETCs B BHUJIE
a =z + ...+ x,06,, v0€ 11, ...,2, - panmoHasbubie (HabOp (T1,...,T,)
Oy/leM Ha3bIBATH KOODJMHATAMU (V).

s kaxkjoro o € I paccMoTpuM HAHOP €ro KOOPJAMHAT 0 MOJIYJII0 1,
to ectb ({1}, {za},...,{x,}), aBsAIOmUiica Koopauuatamu o — |1 |f —
|2 | By — ... — |2, Bn € I. Kax BumHO U3 Olpejiesiennst, Bce Takue HabOPbI
JIe’KaT B €IMHUYHOM Kybe pasmepHocTu n. Ecin Takux pa3jndHbiX HAOOPOB
KOHEYIHOE YHUCJIO, TO BO3BMEM COOTBETCTBYIONINE UM (i, ...,y € I, TorIa
Haoop B, ..., Pn, 1, ..., Oy — YIOBJIETBOPSIET YTBEPXKJICHUIO 3aIaYH.

[Ipeso102KuM, 9TO TAKUX PA3JIUIHBIX HAOOPOB OECKOHEYHO MHOT0. Torma
cymiecTByer v € I €O CKOJIb YTOJIHO MAJIEHBKUMU 110 MOJLYJIIO BCEME KOOPJIH-
natamu. JleficrBuTesibHO, s JI060r0 HAaTypajbHoro N pa3o0beM eJIMHIY-
HbIi Ky6 Ha N™ MeHbIIHX KyO0oB co cropoHoii 1/N. V13 6eckonednocTu aucia
Pa3INIHBIX HAOOPOB — B KAKOM-TO MEHbIIIEM KyOe HaiiyTcs 2 pa3/imdHbIX
Habopa (T1,...,%n) U (Y1,...,Yn), TOLIAA (Y1 — T1, ..., Yn — Tpn) — KOOD/IH-
HATBI Kakoro-to o € I, npmueM |y; — x;| < 1/N g Beex i. Ho N moxmuO
BBIOPATH CKOJTb YTOAHO GosbiuM (T.e. 1/N — CKOJIb yIOTHO MaJIEHbKIM ), 13
Yero CJIeIyeT Hallle YTBEePK/ICHHE.

Ocrasoch JoKa3aTh, 9T0 y « € [ He MOT'YT BCe KOOPJUHATHI ObITH CKOJIh
YIOJHO MaJIbIMU 110 MOJysio. Ilycrs Pj(x) — MUHUMAJIBHbIH [IPUBEICHHBII

MHOT'OYIEH C HesIbIMU KO3 durmentamu 1t 3, u Bi1, Bia, - - -, Bin;, — €70 KOpP-

uu. Pacemorpum Bee Habopet J = (j1, ..., j,) U3 n + 1 HaATypaJbHOIO YnCIA

¢ 1 < ji < ng, umuorounen R(t,z1,...,2,) = [[(t — (2151, + 2P, +
J

cooF+ 2 Bnj,)). DTOT MHOTOU/IEH COXPAHSETCS HPH II€PECTaHOBKAX [;; U P,
03TOMY (AHAJIOTMYHO C pelieHreM 3aja4dn 6) OH umeer 1ejble Kodhduiy-
enrbl. Paccmorpum HenyneBoe o € [ um momcraBum B R(t,xq,...,T,) ero
KOODJIMHATHI — IIOJIYIUM NPUBEJCHHBIA MHOTOUWIeH R, (t) ¢ paruoHa bHbI-
mu kKoaddurmenTamu ¢ KopHeM «. 3HauuT, R, (t) Aeaurces Ha MUHUMAJIbHBIT
pUBeIeHHBI MHOTOWIEH (), (t) ¢ nesbiMu Kosddurmenramu. B gyacraocTH,
IpousBeieHne KakKuxX-To x131;, + 2025, + ...+ 2pBpj, ¢ TOIHOCTHIO J0 3HAKA
COBIIAJIAET CO CBODOHBIM WIEHOM (Q,(t), T.€. PABHO I€JIOMY HEHYJIEBOMY YHC-
ay. Ilycrs € = 1/(nmax; ;(|5;;])), Torma ecin |z;| < € ajis Beex 4, TO Jj1s1 BCex
J — |z1B1j, +x2P2j, + . . .4 Xp ;| < 1, HOITOMY U MOIY/Ib UX IIPOU3BE/ICHUS
< 1. Ho oH mo7KeH OBITH Te/IbIM HEHYJIEBBIM, TIPOTHBOPEINE.

SHa9uT, BCEe KOOPAMHATHI (v HE MOTYT OBITH T10 MOJLY/IIO MEHBIIIE €, [TOTOMY
Pa3JIMIHBIX HADOPOB KOHEYHOE Yncjio. Kak MbI yzKe IMoKa3aJii, B 3TOM CIydae
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BBITIOJTHSIETCST YTBEPIKICHUE 3391, 3a/1a9a PEIeHa.

Bama4a 55. Badukcupyem 6aszuc 1, . . ., v, B Qla, u pacemorpum oy, . . ., ay

u3 npeapymeit 3agaqu. Torja KoopuHaThI 71eMeHToB [ B HareM Oasuce
HOPOXKJIAIOTCS KOIMDMUIUEHTAMEI (i1, . . ., Ay (T.6. UX KOHEUHBIME CYMMAaMH).
PaccMmoTpuM 1iepBble KOODJIMHATBI BCEX 3JIEMEHTOB [ — OHU ITOPOXKIAI0TCST
HEPBLIME KOODJAUHATAMU (i1, . . . , (), IO9TOMY OHU UMEIOT BUJ ¢17 JIJIs (DUK-
CUPOBAHHOIO PAITMOHATBLHOIO ¢ U BCEX TEJbIX T (IPUMEHNM ajroputm Ep-
KJIAJa K [EPBBIM KOODAWHATAM (i, ...,Qy). BodbMeM Kakoi-ro 51 € [ ¢
nepBoit Koopaunaroit ¢; (ecim g = 0, o BozbMeM f3; = (), u BblUTEM U3
ssiemenToB [ (pasyimunbie) dncia kB ¢ nenbiv k Tak, 9ToObI BCe TEepBbIE KO-
opauHaThl ctaau pasabl 0. [ToToMm mpuMeHHM 3Ty OnEparuo KO BTOPOil KO-
opJimHaTe, U Tak Jjiajee. B KOHIE MBI MTOJIyduM HAOOP [, . . ., [, HEHYJIEBbIC
9JIEMEHTBI KOTOPOT'O YAOBJIETBOPAIOT YCJIOBUIO 3aja9u: Jitoboe o € I MOXKHO
[PEJICTABUTD B HY?KHOM BHJIE, T.K. MBI MOXKEM IOC/IE0BATEIHHO BBIYATATH
u3 « gucna k;f3; ¢ meabimMu k; Tak, 9T00BI OOHYJIAINCE i-ble KOOPAUHATHI, W
B KoHIe nosyaum 0. IIpu sTOoM Takoe mpejicTaBieHne €JIMHCTBEHHO, WHATe
JUIST KaKUX-TO 1enbiX k; — k1fS1 + ...+ ki = 0, mpuuem He Bee k;[3; paBHBI
0. Ilycts k.3, — Heny/eBoe ciraraeMoe ¢ MUHUMAJIBHBIM 7, TOTJIA 7-asi KOOP-
jqunara y k., He paBHa 0, a y BCeX OCTAJBHBIX CJIaraeMbIX — HYyJIeBasi 110
[OCTPOEHUIO [3;, IPOTUBOPEHNE.

Bapgaga 56. D10 cpazy cieayer W3 MEPBOIO YTBEPKJICHUS B PEIIeHUN
3ajladu 54 W TOro, 4TO I IJIEMEHTOB IIeJIoro 0asuca s, ..., 0, He CyIe-
CTBYIOT TIEJIBIX k; Takux, 910 ki + ... + k,a = 0, mpudeM He Bce k; paBHBI
0.

Samava 57. OueBuaHo.

Bamaua 58. MoXKHO OKa3aTh, ITO HCKOMOEe KoJmdecTBo pasuo N (I).

Samaua 59. [Ipumenum mepBoe yTBepKJIeHUE B pelleHuN 3aja49u 54 K
a=1. B

3aga4da 60. [Iycrs nenoe m € I, u ay, ..., a,, — nenblit 6asuc Z. Torma
ssiemenThl Z /I nmeror tipescrasuresieit cpean kiog +. ..+ ko, e 0 < ky <
m, T.K. may; € I. 3uaqanr, Z/ I — KonedHoe MHOXKECTBO.

Bama4a 61. JToboit ugean I, comepKarmuii (<), MOJHOCTBIO OIPeIeJisieT-
cs1 sueMenTaMu Z/(ar), KOTOpble coteprkarbes B 1 (ecim I ComepsKuT OHOro
IPEJICTABUTEIS, TO OH COJEPIKUT BeCh Kiace sKksusatentroctn). T.K. Z/(a)
KOHEYHO, TO U MHOXKECTBO €ro MOJIMHOYKECTB KOHETHO, [IO9TOMY TaKUX Hea-
JIOB — KOHEYHOE YUCJIO.

Bamaua 62. 113 3amaam 56 ciegyer, 9T0 BEKTOpPa 9JIEMEHTOB IeJI0r0 Oa-
suca [ sBISIOTCS 0A3UCOM PAIMOHAIBLHOTO N-MEPHOTO mpocTpancTBa Ha Q.

Bagada 63. Bosbmenm My = max; ;(||aa4))) +1 n §; = a;8. Torma ecom
B = zi01 + ... + Tpy, 0 ||Bi|| = |z10005 + ...+ Tpanas]] < ||lTionau|| +
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oot lenanas|| < My(zy + ..o+ x,) = M| S|, 211

Bagauga 64. V3 3agaqun 56 cieayer, 9To st §; W3 NpEIbLIyINei 3a1adm
CYIIECTBYIOT U €JIMHCTBEHHB! TAKHE PAIMOHAIBHBIC L, 9T0 & = T131 + ... +
Zp . BozbMmeM Takoe ¢ € Z, aro cf = |x1|f1+. ..+ |Tn] Pn, TOTHA ||0—CB|| =
{z1}B81 + .+ {xn )8l < 1B+ -+ [|5ull < nMy||B]], €11

Bamada 65. g kaxgoro HarypaasHoro k < My paccMOTpUM ) =
ko — ¢ Takoe, uro ||ay|| < nMy|B||. Bekropsl Bcex «f mexar B Kybe
niearpoM B 0 1 co croponoii 2nM; || 3]]. Pasobbem ero ua (2n(n-+1)M;)" ky6os
co croponoit ||3]|/(n + 1), Torga cpemu My = (2n(n + 1)M;)™ + 1 BeKTOPOB
o, KaKHe-T0 o), U al., k # r, jexar B omHOM Kybe co ctopownoit ||5]|/(n + 1).
Buaunt, ||of, — L] < [|B]|n/(n+ 1) < ||B]|, o o), — . = (k — r)ae — ¢f3, Ta€
|k —r| < Ms. Bnaaur, m = |k — r| nogxomut.

Bama4da 66. Beibepem 3 Kak HeHyseBoii siemenT I ¢ MUHUMATLHBIM || (]|
Torma s moboro o € I cymecrsyer m < My u ¢ € 7 Takue, ITo ||ma —
Bl < [|5]]- Ho ma — ¢f € I, nostomy ma = ¢f. 3ua4nt, masd 1060ro
a € [ cymectByer ¢ € 7 rakoe, urto Mol = ¢f3, nosromy Mo!I C ().
Cnenosarensno, (1/8) Mol — unean, u My = (1/8) M5 € (1/5)Ms!1.

Bamaua 67. [lo 3amade 61 — uaeasion, comepxkamux Ms!, KoHedTHOE YHC-
JI0, W KaxKJblil uieas [ 10 mpeipuiymieil 3aade SKBUBAJIEHTEH OJHOMY U3
uux, T.K. (M) = (5)((1/8)Ms!I). 3naunuT, KIaccoB SKBHBATEHTHOCTH HJe-
aJI0B — KOHEYHOE YHCIIO.

Bamaua 68. [Iycrs [y, ..., [, — nensiit 6a3uc I, Torma ecoim ol C I, To
aB; = a1 B1+aipfB2+. . .+ ain B, 14 Beex 4, Taie Bee a;; — 1edsle. Ilepenmmenm
9TH YpaBHEHHS KaK

anfr +apfs+ ...+ aii—18im1 + (ai; — ) Bi + @iip1fiv1 - -+ ain B =0,

U TIOJTy IUM CUCTEMY OJHOPO/IHBIX JIMTHEHHBIX yPABHEHU{T HA TIepeMeHHbIe [, . . .

SBanurem eé K03OPUIMEHTHI B BUIE MaTPUITHI

a1 — & a12 e Q1n
a921 Aoy — (X ... Qony
QAn1 [(47%)) oo Qpp — Q@

Te u3 Bac, KTO 3HAKOM € MOHITHEM OIPEJIETUTEIA, MOTYT CPa3y 3aMETHUTD,
9TO ONpPENeSUTENb ITON MATPUIBI — ITO MPUBEJIEHHBIIT MHOTOWIEH OT (v C
HeabIMu Ko3dduimenTaMu, 1 Ipu 9TOM OIpeieTuTe b pasen () BBULY HaJIN-
9Hsi HeHYJIeBOro perieHus ([, . .., 5,). VI3 9T0ro Mbl cpasy mojydaeM, 9To o
— nesioe anrebpanmdeckoe. Ho Tak kak (BO3MOXKHO) He BCe M3 BAC 3HAKOMBI
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C ONpeJeIUTEeIEM, TO MBI IIPOBEJIEM HECKOJBKO 0OJlee TPOMO3JIKOE PacCyzK-
JleHne, UCIob3yio Meton ['aycca perrenns: cucreMbl JTUHEHHBIX YpaBHEHU,
WJIA ITPOCTO METO/T, TI0CJIE/IOBATEILHOTO NCKJIIOUEHUs ITlepeMeHHbIX. Ha camom
Jiesie, OHO OyJieT JIOBOJIBHO OJIM3KO K JIOKA3ATE/JIBCTBY OJHOIO U3 OCHOBHBIX
CBOICTB omnpejiesiuTeist (4TO CUCTEMa UMEET HETPUBUAJIBLHOE PEIIeHHe TOTa,
U TOJIBKO TOT/Ia, KOT/[a OIIpeiesuTe b paBeH (), M09TOMY IPUHIUITHAIBHO OT
MPEeJIBIIYINErO0 OHO HIYEM He OTJINYAeTCs.

[Ipenmonoxkum, 910 (v — He TesI0€e ajaredpanydeckoe, T.e. JIOO0I HeHyJie-
BOIl IPUBEJICHHBII MHOTI'OWIEH C IEJIbBIMU KO3 dUIiimenTaMu oT « He paBeH
0. Kakx u3BeCTHO M OYEBUIHO, MHOXKECTBO PEIIEHUIl CUCTEMbI YPaBHEHUI He
U3MEHHUTCH, €CJIM Mbl YMHOYXKUM OJTHO ypaBHEHUE HA HEHYJIEBYIO KOHCTAHTY
WJIN BBIYTEM U3 OJHOTO yPaBHEHUd JPYToe, YMHOXKEHHOe Ha KOHCTAHTY.

JlaBaiiTe NCKIIOYNM TIepeMeHHYIO 31 U3 BCeX ypaBHEHUIl, KPOMe MEPBOTO
— 10 MPEJIIOIOKEHNI0 a7 — « # (0, MO3TOMY MBI MOYKEM YMHOXKUTH BCE
OCTaJIbHbIE ypPaBHEHUHA HA 17 — (v, & IIOTOM BBIYECTH U3 i-OT'O YPaBHEHUS
1-oe, ymHO)KeHHOE Ha ;1. Ko3addurmenTsr HOBOI cucTeMbl OYyT UMETH BUJT

app — a2 ce A1n
0 (CL22 - 06)(@11 - Oé) — G21012 ... a2n(a11 - Oé) — G2101n

0 ana(a1; — @) — apran oo (apn — a)(an — @) — aprasy,

Tenepb MOXKHO HMCKJ/IIOUNATDH IIEPEMEHHYIO [ U3 BCEX ypaBHEHUil, Kpome
[IEPBOTO U BTOPOI'O — TI0 PEJIIOI0KEHUI0 KOIMDPUIMEHT 11pu J3 BO BTOPOM
ypaBHeHHN (ag9y — av)(a1; — &) — agjajz 7# 0, TOITOMY MBI MOXKEM YMHOXKUTH
BCe YpaBHEHUsI TOCIe 2-0r0 Ha (agy — @) (@11 — ) — Gg1Gq2, & TOTOM BBIYECTD U3
i-oro, i > 2 ypaBHEHHUs 2-0e, YMHOYKEHHOE Ha CTAPBIi (10 ITOCIEHErO yMHO-
JKeHwust) Koaddurnuent i-oro ypasHenus npu fo. [Tokazkem 1mo uHyKImu, Iro
MBI U JIAJIBIIE CMOXKEM TI0 OYepe/IN UCK/II0YATh IIepEMEHHBIE.

[Ipemnosioxkum, aro g Harypasbaoro 1 < k <n —upu 1 < i < k, MbI
yKe HCKJIIOUMIA -YIO TIePEeMEHHYIO0 U3 YpaBHEHUl ¢ HOMEpPOM, OOJIBIITUM 17,
1 Ko DUIUeHTh YypaBHEHUN ABJIAIOTCA MHOTOUYJIEHAMU C HEJIbIME KO3(Dhu-
IIUEHTAMH OT (v, IpudeM KoM PUIHEHTH YpaBHEHUl ¢ HOMepoM ¢ > k IpH
B; — crenenn 2%, cTemenu ocTaILHBIX KOI(MDMUIMEHTOB yPABHEHTH ¢ HOMEPOM
i > k cTporo menbmre 2%, 1 Bce KO3(DPUIMEHTE i-BIX ypaBHEHHI 1IpH 3; — ¢
TOYHOCTBIO JI0 3HAKA MPUBEIEHHBIE MHOTOUJIEHBI:
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0 PQQ(O()

0 0 Pka(a) Pkk—f—l(a) Pkk+2(0é) P;m(a)

0 0 Ce 0 Pk-i—l k+1 (CY) Pk+1 k+2(a) Ce Pk+1 n(Oé) ’
0 0 .. 0 Pk+2 k+1 (CY) Pk+2 k+2(05> c. Pk+2 n(Oé)

0 0 . 0 Pn7k+1(05) Pn7k+2(oz) . Pn,n(oz)

rie deg(Py;) = 2% mpu ¢ > k, u deg(Py;) < 28 npu i,j > kni # j,
npudeM Pj; — OpUBeIeHHbIH ¢ TOYHOCTLIO 70 3HaKa. PaccMOTpHM ypaBHEHHsI
¢ Homepamu ¢ > k ot B; ¢ 1 > k:

Pk+1,k+1(04) Pk+1,k+2(a) . Pk+1,n(04)
Prioki1(@) Priopa(a) oo Pepon(a)
P, ki1(@) Porio(a) ... Pyu(a)

s kparkocTn o6o3uadnM Q;; = Pyt k4j (). Ilo mpeamonozkennto (Qq; #
0, MOSTOMY MBI MOXKEM YMHOXKHUTH BCe ypaBHEHHUsS mocjie 1-oro Ha ()11, a
[OTOM BBIYECTh U3 i-0r0, ¢ > | ypaBHEHHUsI 1-0€, YMHOKEHHOE Ha CTapblii (/10
HOCJIETHErO YMHOYKEHMUsI) KOIDMUIMEHT §-010 ypaBHEHUS TP [ 1:

Qu Q12 S Q1n—k
0 Q22Q11 — Q21Q12 o Q2n-1Q11 — Q21Q 10—k

0 Qn-i2Qi1 — Qnr1®@12 - Quotn-tQi1 — Qu-i1Q1n—k

Torna deg(Q;Q11 — Qi1Q1:) = 28, on npusesennblii ¢ TOUHOCTHIO J10
snaka, 1 deg(Q;;Q11 — Qi1Q15) < 2™ npu i # j. Mbl ucxkmounm By u3
ypaBHeHUiT ¢ HOMepoM ¢ > k+ 1 ¢ coxpaHeHueM ycjioBuit Ha KO3 UIMeHTsI,
TEM CaMbIM IIePEXO HIJIyKInN joka3an (6aza k = 0).

[Toxcrasisist k = n, moayamM cucrteMmy ypaBHeHUit Ha (1, . . ., B,, TOCTET-
Hee ypaBHeHHe KoTopoil umeer Buj P, ()5, = 0, tne P, , — NIpuBeIeHHBII
MHOTOYJIEH ¢ HesbiMu Kodddunuentamu. 3uauut, P, ,(a) # 0 u 5, # 0,
[POTUBOPEYNE. SHAYUT, (v — IEJI0e ajredpamdeckoe, 1.T.]1I.

Bamaua 69. Ilycts a,...,q, — nensrii 6asuc I, torna ecin JI = 1,
TO JJIS KaXKJI0rO ¢ CYIEeCTBYIOT Takue [;1,...,[0m € J, 910 o = Bpoq +
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oo + Bina,. Tem camMbIM MBI TIOJTy9aeM CHCTEMY JUHEHHBIX ypaBHEHHI Ha
Qaq, ..., Q, ¢ KodddumnuenraMu

fui—1 B2 . Bin
Bar Paa—1 ... Bon,

BamMeTnM, UTO CATyaIlis aHAJOTUYIHA C MPEIbIIyIIel 3aJadeil — Iesbie
quc/ia 3aMeHeHbl Ha uiaeant J, a a — Ha 1. AHaJorudHO ¢ mpeblIytei 3a-
Jladeii Mbl MOYKEM JIOKa3aTh, 9YTO 1 — KOPeHb IPUBEJIEHHOTO MHOIOYJIEHAMU
¢ kodddurmentamu B J, U3 4ero Oyger ciaeaoBarh, uro 1 € J, mosromy
J = (1).

Bagaua 70. O4eBUHO CliejlyeT U3 KOHEUHOCTH YHUC/Ia KJIACCOB UJIEAJIOB.

Bagaua 71. [To mpeapyrymeit sagade (a)lF = (B)I™ nisa KaKux-To Hemy-
nepbix « u (3. Jdena wa B, noayuaem (a/B)I* = I™ u rx. I™ C I* 10
(a/B)I* C I*. Tlo 3amaue 68 noyuaem, uto v = «/f € Z, Te. (NI* =
Im™ = [F[™F Jlns moboro o € I™ % nonyuaem (a)I* C (v)I*, snaunr
(a/v)I* C I*, u 1o samauc 68 a/y € Z, re. Bee snements ™% nenarcs na
7. Iostomy (1/4)I™ % — unean, u I* = (1/4)I™ *I*. 3uauur, no 3amaqe 69
Mbt iostydaem (1/9)I™% = (1), nostomy 1™ = ().

B uacrnoctu, aa J = M7k — [J = ().

Banmava 72. Ecau I nenuresa va J, To I = JH njst Kakoro-to ujgeana H,
nostomy [ C J.

O6parno, eciu [ C J, TO BO3bMEM TI0 NpeJbLILYINel 3ajiade TaKoH 1jieall
J', aro JJ' = (a) mng wenynesoro «. Torma IJ" C JJ' = («), nosromy
H=1/a)lJ —unean, u [ = (1/a)JJ'] = JH. 3naqur, I nemnres wa J.

Bagaua 73. s nenysnesoro uneana I obosuaunm N(I) = |Z/1| — ko-
nmuectso snementos B Z/1. BEcm I € J, to N(I) > N(J), T.K. Kraccsl
SKBUBAJICHTHOCTH Z /J saBisttorcsi 00beIMHEHNEM KaKUX-TO KJIACCOB SKBUBA-
JenTHOCTH Z /I, mpuaem kiaace J coepKuT GOJIbIIe OJHOTO KIacca, Z /I, T.x.
1417,

s HenyneBoro uieasia | HaiijieM KaKoii-TO €ro NpocTOil JIeJIMTEb, IPO-
JIOJIZKas 110 MHJLYKITUN TEMOYKY BJIOXKEHHBIX COOCTBEHHBIX mjeaioB [ C I} C
I, C ... — rk. N(I}) ymeHbIaercs, T0 B KaKO#-TO MOMEHT Mbl HE CMOYKEM
€6 MPOJIOJIZKUTh, TOIJIA MOCIEHIN YJIeH B IIEMOYKe OYIeT MPOCTHIM UIeATOM
P (T.K. OH HE CONEPKUTCS B JPYTUX COOCTBEHHBIX Hieasax). [lo mpembimy-
meit 3amade | = Py H s kakoro-to wiacana H, mpudiem N(H) < N(I).
Anagormano st H nmonyuaem H = PR, 1e. [ = PPP,R ¢ N(R) < N(H).
[Ipomoskast 9Ty oneparnuio, moka MoxkeM (T.e. N > 1), Mbl moJjrydaem pasiio-
xkenue [ = PP, ... P, HAa IpOCTbIE UJIeaJIbl.
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Bamaum 74 - 78. Anamormano 3amadam 25 — 27.
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Generalizations of the fundamental theorem of arithmetic

Vera Bulankina, Ivan Frolov, Timofei Zaitsev,
Aleksei Petukhov, Ruslan Salimov*

Introduction

The goal of this project is to generalize the fundamental theorem of arithmetic from integers to some
more "advanced” objects. For solving the problems of the project, it is possible to team up with other
participants.

The fundamental theorem of arithmetic (Theorem 1 below, see also Theorems 4, 5, 7) is useful
for finding integer solutions of various polynomial equations, i.e. Diophantine equations. For example
they are useful in some proofs of Fermat’s theorem on sum of two squares (Theorem 2) and Fermat’s
Last Theorem (Theorem 3) for n = 3. You can try to prove them right now, but most probably
it is better to return to them after the relevant sections of the project. Also you will see that the
uniqueness of the prime factorization does not always hold for analogs of integers.

In the second part of the project we consider the version of the fundamental theorem of arithmetic
which works for numbers of the form a + byv/d, where d is a fixed integer and a,b are any integer
variables (to do this, we need a concept of ideal). This technique will be applied to Diophantine
equations.

In the third part we will discuss a more general statement on arbitrary algebraic numbers.

Finally, there is an additional list of problems in which we will try to apply the general theory
to Fermat’s Last Theorem. We will discuss the so-called first case of the Fermat’s Last Theorem for
the regular prime numbers. Using similar ideas one can prove the second case of the Fermat’s Last
Theorem for any n, which is divisible by a regular prime number p. All prime number up to 37 are
regular, see books of M. Postinkov or J. Milne or Wikipedia.

We would like to mention that Andrew Wiles general proof of the Fermat’s Last Theorem is based
on essentially different methods and ideas.

We have have used books of K. Ireland and M. Rosen, J. Milne, M. Postnikov, L. Washington,
notes of K. Conrad and Wikipedia to prepare the project. We also added a few references [SS, Go, ZSS|
that may be of interest to the reader who wants to learn more about this subject.

Theorem 1. The fundamental theorem of arithmetic.
Every integer n > 1 is a product n = py - ... - pp of prime numbers py,...,pr. Moreover, this
presentation is unique, up to an order of the factors.

Theorem 2. Fermat’s theorem on sum of two squares.
An integer n > 0 can be expressed as a sum of two squares if and only if all prime numbers of the
form 4k + 3 participate the prime decomposition of n even number of times.

Theorem 3. Fermat’s Last Theorem.
The equation ™ + y"™ = 2" has no solution in positive integers x,y and z for n > 2.

*We also wish to thank Mikhail Skopenkov, Ilya Bogdanov and Keith Conrad for a variety of useful comments on
this project.



1 Gaussian integers

In this part of the project we want to discuss Gaussian integers. This is a generalization of integers
which uses /—1. If you can’t solve some of the problems from this section, then try to solve problems
from other sections of the project and come back here later.

Definition. Gaussian integers is the set of complex numbers of the form a + bi, where a,b € Z,
i = v/—1. We denote the set of Gaussian integers by Z[i].

Problem 1. Prove that the sum of any two Gaussian integers (and the product of any two Gaussian
integers) is a Gaussian integer.

To proceed with the unique factorization for Gaussian integers we need a more exact formulation
of the fundamental theorem of arithmetic. Strictly speaking, a straightforward analog of the statement
of Theorem 1 is not literally correct even for integers: 2-3 = 6 = (—2)-(—3). For the new formulation
we need few more definitions.

Definition. We say that an element z € Z[i] is invertible if there is b € Z[i] such that ab = 1. The
invertible elements of Z are defined in the same way.

Exercise 1. Prove that the invertible elements in integers are 1 and —1. Prove that the invertible
elements in Gaussian integers are 1, —1 and also 2, —i.

Definition. A Gaussian integer is called prime, if for any it’s factorization into two factors strictly
one of these factors is an invertible element.

Definition. Two factorizations into prime numbers are the same if they have the same number of
factors and if we can change the order of factors in such a way that the ratio of the corresponding
prime factors is an invertible element. For example 7 - 3,(—3) - (=7) and (—7i) - (3i) are the same
factorizations of 21 in Gaussian integers.

Our immediate goal is to prove and to discuss the following theorem.

Theorem 4. The fundamental theorem of arithmetic for the Gaussian integers.
Any two factorizations of a Gaussian integer into prime numbers are the same.

Problem 2% Define a division-with-remainder for Z[i]. Use it to prove Theorem 4.
Hint: use magnitude of complex numbers and graphical (Gaussian) interpretation of complex numbers.

Problem 3. Find all integer solutions of the equation 22 + 1 = y".

Problem 4. a) Let p € Z be prime. Prove that p is a prime Gaussian integer if and only if p + 1 is
divisible by 4.

b) If n,m € Z can be expressed as a sum of two squares, then mn can be expressed as a sum of
two squares.

c¢) Prove Fermat’s theorem on sum of two squares (Theorem 2).

Problem 5. Let n be an integer. Count the number of ways in which n can be decomposed into the
sum of squares? Hint: try to use the prime factorization of n.



Eisenstein integers

The goal of this section is to solve of the following problem.

Problem 6%* Prove Theorem 3 for n = 3 using the following formula

Zitves \/__33/) <x il \/__3y) .

x3+y3:<w+y)($+ 5 5

Let’s introduce several definitions and consider several ancillary problems to achieve this goal.
Denote by & a cubic root of unity such that & # 1.
Exercise 2. Prove that £ = %_73
Put Z[¢] :={a+ b : a,b € Z}. Such numbers are called Eisenstein integers.

Definition. An Eisenstein integer o € Z[{] is divisible by 5 € Z[£] if and only if there is v € Z[¢]
such that o = (7.

The invertible elements of Z[¢] are defined similarly to the invertible elements of Z and of Z[i].

Definition. An Eisenstein integer o € ZI[¢] is composite if o = [y where § and v € Z[{] aren’t
invertible. An nonzero Eisenstein integer a € Z[] is prime, if « is neither composite nor invertible.

Problem 7. Find out all invertible elements of Z[¢].

Problem 8. Define a division-with-remainder procedure for Z[¢]. Use it to formulate and to prove
the fundamental theorem of arithmetic for Z[¢].

Quadratic fields

In this section we consider quadratic fields. They generalise Gaussian integers and Eisenstein integers.

Definition. For complex numbers ay, ..., a, let Z[ay, . .., a,] denote the smallest subset of C containing
Z and aq,...,a, which is closed under addition, subtraction and multiplication.

Define Q|ay, . .., a,| similarly (replace Z by Q). The sets Zlay, ..., a,] play an analogous role in
Q[ay, ..., a,) as the ordinary integers do in Q. (Their elements can be added and multiplied).

Fix a square-free integer d # 1.

Remark. There are two main examples for d: d = —3 and d = 2. It can be useful to first check all
problems of this section for these values of d, and then proceed to the general case.

Exercise 3. a) Prove that
QWd = {z +yVd: 2,y € Q} and Z[Vd] = {z + yVd : z,y € Z}.
b) Prove that if a,b € Q[v/d] and b # 0, then ¢ € Q[V/d].
Definition. Integers in Q[v/d] are numbers o € Q[v/d], satistying a? + pa + ¢ = 0 with p, q € Z.
Exercise 4. Is £ an integer in Q[v/=3]? Is 1 an integer in Q[i]?

Set w = v/d when d = 2,3 mod 4, andw:@whendzlmodél.

The unique factorization into prime numbers can fail for Z[w], but there are several valid modifications
of it. Further we will discuss one of them. For any av = a+bv/d, where a, b € Q, we define its conjugate
@ =a— bVd, its norm N(a) = aa@ and its trace Tr(a) = o + a@.
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Exercise 5. Prove that a + b =a + b and ab = ab.

Exercise 6. a) Prove that o € Q[v/d] is a root of the polynomial 2 — Tr(a)z + N(a).
b) Prove that a € Q[v/d] is an integer in Q[v/d] if and only if N(«a) € Z and Tr(a) € Z.

Problem 9. Prove that the set of integers in Q[v/d] coincides with Z[w].

The invertible elements of Z|w] are defined similarly to the invertible elements of Z and Z[i].
Exercise 7. Prove that v € Z|w] satisfies N(v) = £1 if and only if ~ is invertible.
Definition. A number a € Z[w] is divisible by § € Z|w] if there exists v € Z[w] such that o = 7.

Definition. A nonzero number « € Z[w| is composite if o = (v, where 5 and v € Z[w] are not
invertible. A number « € Z[w] is prime if « is neither composite nor invertible.

Exercise 8. For v € Z[w| prove that if [N ()| € Z is prime then v is prime in Z[w]. Show that the
converse is false in Z[v/3].

Exercise 9. Prove that if v € Z[w] is not invertible, then 7 is a product of primes in Z[w].

Problem 10. Prove that all factors in the following decomposition of 15 in Z[y/—14] are prime.
15=3-5=(1+V-14)(1 -v-14)

Problem 11. Define a version of Euclidean algorithm for a) Z[v/—2]; b) Z[HT‘E] Use it to prove
the unique factorization in Z[v/—2] and Z[HT\E]
Problem 12. Find all invertible elements of
a) Z[v/—1], b) Z[vV—d] with d > 2, ¢) Z[*=2], d*) Z[V2).
Problem 13. Does unique factorization hold in

a) Z[V2, b) Z[V=3). ¢) ZV3], d) ZIV=5), ) ZIVE], 1) ZIVIO), &) Z[*57),
by Z[EET, i) Z[I ) Z{LTD) ¢

Problem 14. For which complex numbers £ the sum and the product of any numbers of the form
a + b¢ with a,b € Z have the same form?

Problem 15%* Find all positive integer solutions of
a)3"=k"+2 b)2"=k*+T.



Ideals

In the following sections we give an approach to the following problems.
Problem 16. Find all integer solutions of
a) 2 +5=y> b)a?+2r+T7=9" c¢)bx*+1=19y% d)62°—120+7=1y3 €*)2*>—06=y
Definition. A nonempty subset I € Z is called an ideal if it is closed under addition, subtraction
and multiplication by integers:

a,bel — ax+bel, acl,beZ — abel.

Remark. The notion of ideal was invented by Richard Dedekind as a replacement for the ideal
numbers of Ernst Kummer (these numbers turn out to be useful to solve some cases Fermat’s last
theorem). One can check whether or not a given number is divisible by an ideal number even if this
ideal number is not well defined. A similar idea is behind the definition of Dedekind cut of rational
numbers.

Exercise 10. a) Prove that any ideal contains 0. b) Prove that a € I implies —a € I. ¢) Prove that
the set of all even integers form an ideal in Z. d) Prove that the set {2018m : m € Z} is an ideal in
Z.

Exercise 11. Prove that the intersection of several ideals is an ideal.
We denote by (ai, ..., a,) the smallest ideal (intersection of all ideals) containing as, ..., a, € Z.

Problem 17. a) Let a, b be relatively prime numbers. Prove that (a,b) = (1) = Z.
b) Prove that (a,b) = (g), where a,b € Z and g is the greatest common divisor of a, b.
c¢) Prove that every ideal I # {0} in Z is (g) for some g € Z.

As in the previous section we set w = v/d when d = 2,3 mod 4, and w = @ when d = 1 mod 4.
An ideal in Z[w] is defined similarly to Z (Z is replaced by Z[w]). Similarly, numbers s, . . ., a, € Z[w]
define an ideal (o, ..., a,) in Z[w]. In particular, every element « € Z|w] defines the ideal («).

Exercise 12. Prove that for nonzero a and § in Z[w] () = (B) if and only if a/8, 5/a € Z|w] (i.e.
«/( is invertible in Z[w]).

Exercise 13. Let a,z,y € Z. Prove that x 4+ yw € (a) if and only if a | z and a | y.

Definition. An ideal of the form (a) for some a € Zw] is called principal. As we have seen in
Problem 17, all ideals in Z are principal.

Problem 18. Show that (2,1/—14) is not a principal ideal in Z[/—14].
Problem 19. Prove that, for each ideal I in Z|w], there exist «, 5 € Z[w] such that
I ={za+yp: z,ye€lZ}.
Definition. For two ideals I, J € Z|w] we set
I+ J:={iy+iy:iy€lipeJ}, I:={i:ie€l},
IJ:= {1+ +igjp i1, yix € LJ1, .. Jk € J )

Exercise 14. In Z[\/—14] compute the product of ideals I = (5 + v/—14,2 + /—14) and J =
(44 +/—14,2 — /—14).
Exercise 15. Show that

(3) =pip2, (5) =psps, (1+ \/—_14) =pips, (11— \/—_14) = D2P4,
where

pr=(3,14+V—=14), po = (3,1 — vV—=14) ,p3s = (5,1 +/—14), ps = (5,1 — V/—14).

Exercise 16. Compute (20)(18), (20) + (18), (20) N (18) in Z|w] for all d.
Exercise 17. Prove that I + J, I, 1.J are ideals in Z[w] for all ideals I, J C Z[w].



2 Unique factorization:
quadratic fields

In Problem 10 we saw that the straightforward version of the unique factorization fails for Z[v/—14]:
3-5=(1+v—-14)(1 — vV-14).
On the other hand, by Exercise 15,
(3) =pip2, (5) =paps, (1+V=14) =pips, (1 —/—14) = popu,
where
pr=(31+V=14),p= (3,1 = V-14),ps = (5,1+V-14),ps = (5,1 = V-14),

i.e. (15) = p1popsps. The ideals py, ps, ps, ps are a replacement of prime numbers, see Problem 23, and
the factorization (15) = pi1papsps is unique up to the order of the factors, as the following theorem
shows.

Theorem 5. Fundamental theorem of arithmetic for quadratic fields.
For every ideal I C Z[w] that is not (0) or (1) there exists a factorization of I as a product of prime
ideals into prime ideals

I=p - ps CZW|.

This factorization is unique up to an order of the factors.

Theorem 5 has two parts: existence of the factorization and its uniqueness. The former is proved
in Problem 24 and the latter in Problem 27. As an example, this theorem can be used to solve
Problem 16. See also the section on Fermat’s Last Theorem.

Corollary. For every m € Z[w] that is not 0 or invertible there exists a factorization of the ideal
(m) into a product of prime ideals py,...,ps C Z[w], unique up to the order of the factors.

The proof is divided into the following problems.

Problem 20. For every ay,...,a, € Z[w] prove that

(a1, ... an) (@, ... @) = (N(a:), Tr(a;a7))1<i j<n-
Hint: consider the case of an ideal generated by two elements.

Definition. We say that an ideal I is divisible by an ideal J if there exists an ideal H in Z]w] such
that [ = JH.

Problem 21. For any two ideals I, J in Z[w] prove that I is divisible by J if and only if I is contained
in J.

Hint: use the previous problem.

Exercise 18. Use Problem 20 to prove that, for every nonzero ideal I C Z[w], there exists a positive
integer N (1) such that IT = (N(I)).

Problem 22. Prove that an ideal H divides I and J if and only if it divides I + J.
Exercise 19. Prove that N((a)) = |N(a)| for every nonzero a € Z[w].

Exercise 20. Prove that N(I)N(J) = N(IJ) for all nonzero ideals I, .J in Z[w].
Exercise 21. Prove that if an ideal I divides an ideal J, than N (/) divides N(J).
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Exercise 22. Prove that N(/) =1 if and only if [ = (1).

An ideal I in Z[w] is called prime if it is not (1) and it is divisible by exactly two ideals: itself
and (1).

Exercise 23. Prove that an ideal I is prime if and only if it is maximal, i.e. the only bigger ideal
is (1).

Two ideals I, J are called relatively prime if I + J = (1).
Exercise 24. Prove that any two distinct prime ideals are relatively prime.

Problem 23. Show that the following ideals are prime in Z[y/—14]:
pr=(3,1++v=14), po = (3,1 —vV—14), ps = (5,1 +V—14), py = (5,1 — V/—14).

Problem 24. Prove that every nonzero ideal I in Z[w] besides (1) equals the product of several
prime ideals.

Problem 25. Prove that if ideals I, J in Z[w] are relatively prime and I divides HJ for an ideal H,
then I divides H.

Problem 26. a) Suppose that a € Z[w]\{0} and (a)I = (a)J for ideals I,J C Z[w]. Prove that
1=J.
b) Suppose that ideals I, H, J satisfy H # (0) and HI = HJ. Prove that I = J.

Problem 27. Prove that the factorization in Problem 24 is unique up to the order of the factors.

Prime ideals and prime numbers

Problem 28. a) Prove, that every ideal in Z[\/—5] either is principal or equals ((1 ++/—5)a, 2a) for

some a € Q[v/—5].
b) Prove that every ideal in Z[v/—6] either is principal or equals (/—6a,2a) for some a € Q[v/—6].

Problem 29. Prove that every nonzero ideal in Z[w] contains a positive integer.
Problem 30. Prove that every prime ideal [ in Z|w] contains a unique prime number p € Z,p > 0.

Problem 31. Suppose I is a prime ideal. Prove that N(I) equals either p or p? for some prime
number p € Z.

Problem 32. Prove that prime numbers p in two previous problems coincide.

Problem 33. Prove that for any prime number p € Z the ideal (p) C Z|w] either is prime or equals
to a product of two (not nessesarily distinct) conjugate prime ideals.

Problem 34. Let P,(z) be monic quadratic polynomial with integer coefficients such that P, (w) = 0.
In assumptions of previous problem prove that former case takes place if and only if the equation
P,(z) = 0 do not have solutions modulo p.



Algebraic numbers

In this section we wish to discuss algebraic numbers together with techniques and problems arising
from this notion.

The content of this section is present (as a general rule) in number theory courses of university
level, but we believe that this content can be managed by advanced high school students as well.

Definition. A complex number a € C is called algebraic if it is a root of a nonzero polynomial with
rational coefficients. An algebraic number o« € C is an algebraic integer if it is a root of a monic
polynomial with integer coefficients. We denote the set of algebraic numbers by Q. We denote the
set of algebraic integers by Z.

Problem 35. Pick a € Q. Show that if a € Z then a € Z.

Problem 36% Pick a, 3 € Q. Show that a +3 € Q, a8 € Q, a/3 € Q (in the latter case we assume
that b # 0). Hint: use Vieta’s formulas.

Problem 37% Let 8 be a root of a, 2™ + - - - + oy where ay, . .., a, € Q. Show that b € Q.

Problem 38. a) Define a division-with-remainder procedure for the set of polynomials (in one
variable) with coefficients in real numbers, complex numbers and rational numbers.

b) Prove that the unique factorization property holds for the set of polynomials (in one variable)
with rational coefficients.

Problem 39. Gauss’s lemma for polynomials
Let ¢, be the greatest common divisor of the coefficients of g(z) € Z[z]. Show that, for all nonzero
91(2), g2(x) € Z[z], we have c¢,,4, = C4,Cys-

Problem 40. Can the constructions and the statements of Problem 38 be applied to the set of
polynomials with integer coefficients? What about the set of polynomials in two variables with
complex coefficients?

Problem 41. Pick an algebraic number a. Let P,(z) be a monic irreducible polynomial of the least
degree such that P,(«) = 0. Prove that if Q(a) = 0 for a polynomial Q(z) then P, divides Q.

Problem 42% Pick «, 8 € Z. Show that o + 8 € Z, a3 € Z. Hint: use Vieta’s formulas.

Problem 43¥* Let ay,...,«, be algebraic numbers. Show that if o, 5 € Q[ay,...,a,] and § # 0
then § € Q[ay, ..., ay).

Problem 44% Pick an algebraic integer a.. Let Q(x) be a monic irreducible polynomial with rational
coefficients of minimal degree such that Q)(«) = 0. Prove that the coeffecients of Q(z) are integers.

Problem 45% Let f(x) be a monic polynomial with integer coefficients such that the absolute values
of all roots of f(x) in C are 1. Show that all roots of f(z) are roots of unity.



3 Ideal classes

Definition. Let aq, ..., a; be algebraic numbers. Set @ = Qay, ..., a] and 7, = Zﬂ@. Note that
subsets of C which are closed under addition, subtraction and multiplication are called rings.

Definition. A nonempty subset I of Z is called ideal if it is closed under addition, subtraction and
multiplication by the elements of Z.

Definition. We say that two nonzero ideals I, J C 7 are equivalent (I ~ J) if there exist nonzero
a, f € Z such that (o)l = (5)J.

Problem 46. Check that ~ is an equivalence relation.
Definition. The equivalence classes of ideals are called ideal classes of Z.

Problem 47. Show that the number of ideal classes in Z equals 1 if and only if all ideals in Z are
principal.

Problem 48. Let Iy, I5, Ji, Jo be nonzero ideals in 7 such that I, ~ Iy and J; ~ Jy. Show that
LiJ, ~ IJ,.

Problem 49. Describe the ideal classes of Z[v/—5] and Z[y/—6]. Can you say anything about the
multiplication of these classes?

Problem 50. Let I be a nonzero ideal in Z and pick o € Z. If I C (a) then the set (1/a)I is an
ideal of Z.

In the rest of this section we will discuss one the most fundamental statements of Algebraic
Number Theory. This statement will play a key role in our proof of a version of the fundamental
theorem of arithmetic. The latter proof will be discussed in the subsequent section under the
assumption that Theorem 6 is already proven.

Theorem 6. The number of ideal classes in Z is finite.

Definition. Consider z4,...,z, € @ We say that {z1,...,2,} is a Q-basis of @ if every element
a € QQ can be expressed unigely in the form

mixy + -+ myxy,
where mq,...,m, € Q.
Problem 51. Pick an algebraic number «. Show that Q[a] has a finite Q-basis.
Problem 52. Show that @ has a finite Q-basis.

Problem 53. Pick an algebraic number a.. Show that there exists a nonzero n € Z such that na is
an algebraic integer.

Problem 54. Let I C Z be a nonzero ideal. Show that there exists a finite set ai,...,ay € I such
that every a € I equals myay + moag + ... + myay where my,...,my € Z (such my, ..., my need
not be unique).

Hint: show that, for a fixed Q-basis of @, the coefficients o € I can’t be too small.

Problem 55. Prove that there exists aq,...,a, € [ as in Problem 54 such that the respective
representation is unique. Hint: use induction on the size of basis.

Definition. We say that {aq,...,a,} C I is an integer basis of I if they satisfy the conditions of
Problem 55.



Problem 56. Prove that an integer Q-basis of [ is a (Q-basis of @

Definition. Denote by 7 /I the equivalence classes of the elements of 7 with respect to the equivalence
relation
z71=29 modl] < 2z — 2z €l.

The respective equivalence classes Z/ I are called residue classes modulo I.

Problem 57. Check that residue classes define equivalence classes and that if 7. = 7. the notion of
residue class coincides with congruence classes in modular ariphmetic.

Problem 58. What is the number of elements of Z /I for quadratic extensions?
Problem 59. Prove that every I # {0} contains a nonzero integer.
Problem 60. Prove that the number of elements of Z/[ is finite.

Problem 61. Pick o € Z\{0}. Prove that there are only finitely many ideals I such that a € I.

Fix an integer basis {a1, ..., ay, of (1) = Z}. We attach to every a € Z the sequence of integers
(x1,...,2,) such that & = x10q + ... + Tp.
Definition. We say that such a sequence (z1,...,2,) is a vector. Set ||a|| = |z1] + |x2| + ... + |24].

Problem 62. Prove that there exists M; > 0 such that, for every 5 € Z\{O} there exists an integer
basis {1, ... [, of the ideal ()} such that ||5;|| < M;||B|| for all i.

Problem 63. Fix a, 3 € Z, 3 # 0. Show that there exists ¢ € Z such that ||a — ¢f|| < nM:]|8]].

Problem 64. Fix o, 3 € Z, 8 # 0. Prove that there exists a positive integer m < 2n’M+1)"+1 =
M, and a nonzero ¢ € Z such that ||ma — ¢S] < ||5]]-

Problem 65. Pick a nonzero ideal I C Z. Show that there exists 3 € I such that My!I C (3). In
particular, My! € (1/8)M!1.

Problem 66. Prove that the number of ideal classes in Z is finite.

Fundamental Theorem of Arithmetic
The general case

Theorem 7. The Fundamental Theorem of Arithmetic for algebraic integers.

Let ay,...,a, be a collection of algebraic integers such that Z[ay, ..., a,] coincides with the integers
of Q[ay,...,a,]. Then, for every nonzero ideal I C Z[ay,...,a,], there exists a unique (up to a
permutation of the factors) decomposition of I into the product of prime ideals

I:p1~--pSCZ[a1,...,an].

The proof of Theorem 7 splits into two parts: existence of a decomposition and uniqueness of
the decomposition. The first part will be solved in Problem 71; the second part will be solved in
Problem 76.

Problem 67. Consider o € @ such that ol C I. Show that o € Z.

Hint: use an integer basis of I to reformulate the conditions of the theorem. Then use Gauss’s method
of solving linear equations to construct a monic polynomial f(x) with integer coefficients such that
« is a root of f(x).
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Problem 68. Let I, J C Z be nonzdero ideals such that JI = I. Show that J = (1). Hint: use ideas
of the proof of Problem 67.

Problem 69. a) Let I C Z be a nonzero ideal. Show that there are positive integers m > k such
that % ~ I™.

b) Prove that there exists @ € Z such that ™% = (a).

c¢) Show that for every nonzero ideal I C 7, there exist a nonzero ideal J - 7 and nonzero o € 7
such that I.J = ().

Problem 70. Let I,J C Z be nonzero ideals. Show that J divides I if and only if I is contained in
J.

Problem 71. Show that every nonzero ideal I C Zis a product of finitely many prime ideals in Z.

Problem 72. Let I,.J, H be nonzero ideals in Z such that I and J are relatively prime. Show that
if JH C I then H C I.

Problem 73. Let p,py C 7 be prime ideals and p; # ps. Show that p; and p, are relatively prime.
Problem 74. Let I,J C Z such that I is prime. Show that if I™ C J then J = I* for some k < m.
Problem 75. Show that any two powers of two relatively prime ideals are relatively prime.

Problem 76. Prove that the prime ideal factorisation of I in Problem 71 is unique up to a
permutation of the factors.

Fundamental Theorem of Arithmetic and
Fermat’s Last Theorem

Fix p > 2 and denote by ¢, a complex pth root of unity with ¢, # 1. The goal of this part of the
project is to prove the following theorem.

Theorem 8. Assume nonzero integers x,y, z satisfy z? 4+ y? = zP and the number of ideal classes of
Z[(p) is not divisible by p. Then p divides zyz.

We hope that the participants of the project can prove Theorem 8 if they solve the following
problems.

Exercise 25. Prove that 14+ (, + (> 4 -+ " =0.

Problem 77. a) Provide a monic polynomial f of degree p — 1 with integer coefficients such that
1 — ¢, is a root of f.

b) Show that p divides all the coefficients of this polynomial (except the first one).

c) Prove that f is irreducible in Q[z].

Exercise 26. Consider rational numbers ay, ..., a,-1,bo, ..., b,—1. Show that
SoaiG, = Sbig

if and only if
ao—bozal—bl:-~-:ap_1—bp_1.

We say that vy € Z is invertible if v, 1/vy € Z.

Problem 78. Prove that 11:%3 is invertible if p t n.
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Problem 79. Prove the following equalities of ideals (1 — (,)P = (p).
Exercise 27. Consider o € Z[(,]. Show that if p | @ then (1 — () | a.
Let ag, ..., = ag+ -+ ap_1 (P

Problem 80. Prove that all coefficients of the following polynomial are rational:

P(ag, ... ap-1;2) == ") (o — S0 aiCM).

Recall that P,(x) denotes the monic polynomial of minimal degree with coefficients in R such
that P,(«a) = 0.

Problem 81% Prove that P(ag,...,a, 1;x) = P,(x)? for some positive integer d.

Problem 82. Assume P,(x) has integer coefficients. Then for 1 < k < p — 1 and [ € Z, the sum
DI a; (¥ is an algebraic integer.

Problem 83. Assume P, (z) has integer coeflicients. Prove that p(a; —a;) € Z for all 0 < i,7 <p—1.
Problem 84. Show that 1/(1 — (,) is not an algebraic integer.

Problem 85. Prove that Z[(,] coincides with the set of algebraic integers of Q[(,].
Hint: use Exercise 27.

Problem 86. Show that there exists b € Z such that p | (a? —b).

Problem 87. a) Prove that v/—1 ¢ Z[(,].

b) Consider an odd prime ¢ # p. Denote by ¢, a gth root of unity with ¢ # 1. Show that ¢, ¢ Z[(,].
¢) Denote by (,2 a root of unity of degree p* with ng # 1. Show that (2 ¢ Z[(,].

d) Find all roots of unity in Z[(,|.

Problem 88¥ Prove that for every invertible element u € Z[(,], there exist i € Z and v € R such
that u = (lv.

Let x,y, 2z, p be as in Theorem 8.
Problem 89. Show that ideals (z + (;y), for 0 <1 < p— 1, are relatively prime to each other.
Problem 90. Prove Theorem 8.
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3aMeyaTesibHbIE TOUKH MHOI'OYroJibHUKoOB

A.3acnasckuii, O.3acaasckuii, I1.Koxkesaukos, B.®penkun’

Bown 3amvicen xopous na duso,
Ho poxa we nepexumpuwn.
Pacnopadunca on eaymaugo,
U om 20opvi podusacty mviuus.

A. Beauxuti

XOpoII0 U3BECTHO, YTO KaKJbIil TPEYTOJIbHUK 00JIaJacT MHOXKECTBOM OoJlee 1n
MeHee HHTepeCHBIX cBoiicTB. Hallpumep, KoimuecTBO TaK Ha3bIBAEMbBIX 3AMEYAMEAD-
Nl movek B sunuKIoneun [1] yxe mepesammio 3a 10000. DT TOUKE ONMPEIEISIOT
PAJT IPAMBIX OKPY2KHOCTEH U JIPYTUX CBA3AHHBIX C TPEYTOJLHUKOM 00beKTOB. 1lesrb
poekTa (MedTa NAM0oTa) — HANTH AHAJOIN 9THX 0OBEKTOB B IIPOM3BOILHOM MHO-
royrojpHuke. Pasymeercsa, peann3zoBana oHa OyieT B O9eHb MaJjoOil CTEIIEHH, 3aTO Y
yaacTHuKOB KondepeHniun octaneTcs 3HaUUTE/IbHBII IPOCTOP J1J1s1 COOCTBEHHBIX HC-
CJIeIOBAHUMA.

1 IIeHTpbl TA2keCTU MHOTOYTOJIbHUKOB

[eHTpOM TsIzKECTH TPEyTroJbHUKA IPUHSATO HA3BIBATH TOUKY M TiepecedeHust ero
MejaH. JleficTBUTE/IbHO, €CIM PACIOIOXKUTh B BEPIINHAX TPEYTOJbHUKA PaBHbIE
MaccChl, TO UX MeHTp TaxKkectu My coBnazer ¢ M. B 910ii ke TOUKe HAXOAUTCA IIEHTP
TsiokecTn Mo TPEYroJIbHUKA, BBIPE3AHHOrO, HAlpumep, n3 Kaprtona. OJHAKO, s
TPEYTOIbHUKA, CIACJTAHHOTO M3 MPOBOJIOKH, IIEHTPOM TSXKECTH Oy/eT JIpyrasd TOUKa,
obozuaumm ee M. Haiitu ee MOXKHO, BOCIIOJTb30BABIIKCH CJIELYIOMIMM OOIINUM CBOT-
CTBOM IEHTPOB TSI?KECTH.

OcHoBHoe cBoiicTBo. Ilycts durypa F' gapisgercs oObeIuHEeHHEM JIBYX Helle-
pecekaroruxcess uryp F' u F”. Torma nenrp tsizkectu M dburypst F' jaexxur Ha
orpeske M'M", rne M', M" — nenrpsl Tsaxxectn F’, F” npudem oTHomeHue oT-
peskoB M M'/MM" pasuo ornomenuto mso/m; macc F” u F'. Ilpu srom, ecu B
kagecrse ¢uryp ', F” paccmarpuBaioTcd JOMaHble, TO Macca (PUIYPbl PaBHA ee
JUTHHE, & JIJIS IJIOCKUX (PUTYDP MACChI PABHBI UX ILJIOIIAISIM.

Crporue orpejiesieHnst EHTPOB TS?KECTH IPUBEJIEHBI B IPUIOKEHUN.

1.1. Haitjiure nentp Tszkectu M; MPOBOJIOYHOTO TPEYTOJIbHUKA.

1.2. /lokaxkute, uro Touka M, TouKa nepecedenus meauan My u nentp [ BIm-
cannoit okpyzxuoctu ABC' jexkar Ha onHOil npsivoii (mpsimast Hareuis), npudem
My nemut orpesok [ M, B oTHomenun 2 : 1.

1.3. Jlokazkure, aro M; — pajuKaJbHBIA HEHTP TPEX BHEBIUCAHHBIX OKPYZKHO-
creit ABC, T.e. KacaTte/bHbIE, IPOBeIeHHbIE U3 M7 K 9TUM OKPYKHOCTSIM PaBHBI.

! Apropnr 6maromapar JI.Kpekosa 3a IOMOITb B IIOATOTOBKE IIPOEKTA,



1.4. JJoxaxkure, uro Kazkaas u3 upsambix AqgMy, BoMy, CoMy, vioe Ag, By, Co —
cepequabl cropon BC, C'A, AB CcOOTBETCTBEHHO, JEJIUT IepPUMeTp TPeyTOJbHUKA
ABC' nonosiam.

Wrak 1y TpeyroabHUKa MOXKHO OIPEJIEIUTh JBa menTpa Tsaxkectu Mo u My,
ME2KTy KOTOPBIMU CYIIECTBYET OIPE/Ie/IEHHAS CBA3b. Y TTPOU3BOJIBLHOIO MHOIOYTOJIb-
HUKA MOYKET CYIIECTBOBATH Y2Ke TPH IEHTPa TAXKECTH: IeHTp Tsxkectu My ero Bep-
IIIUH, TIEHTP TakecTu M| niepumMerpa u NeHTp TaxKecTH Mo CIIONTHOTO MHOTOYTOJTb-
Huka (jy1st Tpeyroibauka My = My).

1.5. Jlnsa gersipexyronbauka ABC D naitaure Touku My u M.

1.6. Jdokaxkure, aro M, nexkut Ha orpeske LMs, tine L — Touka mepecedeHus
JIMaroHaJjieil 4eThIpeXyroJbHUKA, U JIEJIUT €ro B OTHOIIeHuu 3 : 1.

1.7. Inga gerpipexyronbauka ABC D naitjaure Touky M.

[Toxoxke, aTo B obIem ciydae Touka M He 00JiajlaeT HUKAKUMU UHTEPECHBIMU
ceoiicrBamu. Ho, ecium B derwipexyroibank ABC D MOXKHO BIUCATH OKPYKHOCTD,
TO CUTYAIMS MEHSIETCS.

1.8.

a) Jdokaxkure, aro My jexxur Ha orpeske [ M, tiae I NeHTp BIUCAHHON OKPYIK-
HOCTH, W JIeJIAT €ro B OTHOIIeHn: 2 : 1.

b) Jlokaxkure, 9T0 9TO CBOWCTBO BEPHO JIsl JIIOOOIO OMUCAHHOTO MHOTOYTOJIHHU-
Ka.

1.9. JTokazkure, 9TO B JIIOOOM YETHIPEXYTOJbLHUKE TOUKA My ABJIsieTCs cepemnoi
orpeska MW, rne W — cepeauna L.

Bynewm Teneps paccMaTpuBaTh 9eTHIPEXYTOIBHIK, KOTOPBII SIBIISIETCS HE TOJTHKO
onmmcaHHbIM, HO U BrucaHHbIM. [lo Teopeme Iloncene moxkHO, 3aduKCHpOBAB ONU-
CAHHYIO U BIUCAHHYIO OKPYKHOCTH, "Bpamarh” 4eThIpexXyrobHUK MEYKTy HUMH.

1.10. Kakue KpuBbIe OIUCHIBAIOT IIPU STOM IEHTPHI TAXKECTH !

HpHJIO}KeHI/Ie. OHpeﬂeJIeHI/Ie HEHTPOB TA2KECTHU

CaBaTh pereHus IPUBEJIEHHbBIX 3/1€Ch YIIPasKHEHUT Heo0A3aTe/IbHO, HO 38 KazK-
JI0€ CJIAHHOE pEIleHNe YYacTHHUK II0JIydaeT OOHYC — IIPpaBO paccKa3aTh PeIIeHue OJI-
HOI U3 3a/1a4 IPOEKTa YCTHO.

Onpepesienne 0. MarepuasibHOM TOYKOM HasbiBaercs napa (X, m), rae X —
TOYKa [JIOCKOCTH, a M — HoJioKuTesibHoe dncio ("macca" Toukn).

Onpepesnenne 1. IlenTpom macc marepuanbubix ToueK (X1, mq), ..., (X, my,)
Ha3bIBAETCs Takasd Touka M, 410

Yupaxkuenue 1. /[okaxkure CymecTBOBaHUE U €IMHCTBEHHOCTD IEHTPa Macc.
Yupaxkuenue 2. /lokaxkure, 9ro st a000i Tourn O

my + -+ My

vecOM =




Yupaxkuenune 3. Jlokaxkure, 9T0 MEHTP MacC MaTepUAIbHBIX To4uek (A, m;) u
(B,msy) nexur Ha oTpeske AB u JIeJuT ero B OTHOIIEHUH My © 1M .

VYupaxuenue 4. /Jokaxkure, 4T0 IMEHTPOM MacC MarepuaabHbIX Todek (A, 1),
(B, 1), (C,1) aBnsiercsa Touka mepecedenns Meuan rpeyroasinka ABC.

Yupakuenune 5. /okaxkure, 9T0 IEHTP MAcC MaTepUajbHbIX TOUeK (X1, m1),. . .
(X, mn), (Xpi1, Mpi1) COBIANACT C IMEHTPOM MACC MaTepUasbHBIX ToUeK (M, my +
<o+ my), (Xpi1, Muy1), te M — HeHTp Mace MaTepuaabHbIX ToYeK (X1, mq),.. .,
(X, mp).

Omnpenenenne 2. IleHTpoM Macc n OTPE3KOB, KarKJIble JBa U3 KOTOPHIX MMe-
10T He 6oJiee OJIHON OOINEel TOYKU HAa3bIBAETCA IEHTDP MACC MaTepUAIbHBIX TOYEK
(M, ly), ..., (M,,1,), tae M; — cepeHa i-ro OTpe3Ka, a l; — ero JyinHa.

Onpenenenne 3. [lycrs purypa F sBisiercs o0ObenHeHnEM 1 TPEYTOJIbHUKOB,
HUKAKNe JIBa U3 KOTOPBIX HE MMEIOT OOIuX BHyTpeHHHX ToueK. IleHTpom macc
dburypel F' HasbiBaeTcsi EHTP Macc MarepuasbHbix Touek (Mi,St), ..., (My,Sy),
rjie M; — Touka nepeceveHms MeUaH i-ro TPeyroJabHUKa, a S; — €ro oA lb.

Yupaxkuenue 6. /[okaxkure, 4TO 1pu JIOOOM pa3OMEHUN MHOTOYTOJILHUKA Ha
TPEYTOJLHUKH IIEHTPOM MacC O0bEeJIMHEHNs] STUX TPEYTOJbHUKOB OyIeT OIHa U Ta
JKe TOYKa (9Ta TOYKA HA3BIBAETCS IEHTPOM MacC MHOIOYTOJIbHUKA).

Yupaxkuenue 7*. [lycrs npsavbie AB u C'D nepecekaiorcs B TOUKe F| a mpsmMble
AD u BC — B touke F'. Jlokaxkure, uro cepejuabl orpeskoB AC, BD u EF jexar
Ha OJTHOlI psimoii (mpsimast Taycca uersipexyrosbauka ABCD).

B upoekre mox nenrpom Tszkectn My muoroyroabuuka Aj ... A, moapasymesa-
eTcs MEeHTP Mace MarepuasbHbIX Touek (Aj,1),..., (A,, 1), mog meHTpoM TsiKecTH
M; — nenrp macc orpe3koB A1 As, ..., A,_1A,, A, Aq, ox nenrpom TszKectu My —
IEHTP MAacC MHOTOYTIOJIbHUKA.



2 IIpambie Ditnepa u Harenas

WzBectHO, 4TO B JIIOOOM TPEYTrOJIHLHUKE IIEHTD OMUCAHHOM OKpyzKHOCTH O, TIEHTD
Tsizkectu My u oprorenTp H jiexkat Ha OIHOI HPsMOIl, KOTOpasi HA3bIBACTCS MPsi-
Mol Diistepa, npuiem M, nesmt orpesok OH B otnomenun 1 : 2. Takxke, eciin Ay,
By, C| — Touknu KacaHus BIUCAHHOI OKpyzkHOCTH cO croporamu BC, CA, AB, a
Touku As, By, Cy cummmerpuanbl Ay, By, C| OTHOCUTENBHO CEPEINH COOTBETCTBYIO-
XX CTOPOH (B THX TOYKAX CTOPOHBI KACAIOTCSI COOTBETCTBYIOIINX BHEBIMCAHHBIX
OKpy2KHOCTE]T), TO psimble AAy, BBy, C'Cy niepecekatorest B 0jiHOIN Touke N, KOTO-
pag nasbiBaeTcad Todkoit Haress. Ilpu stom M, nexur na orpeske IN u jgenmut
ero B orHomennn 1 : 2. OTMeTnM TakxKe, 9T0 KaxKjaasd u3 npambix AAs, BBy, C'Cs
JICJIUT TIEPUMETD TPeyroJibHuKa TmorojaMm. Harma meab — HaifiTy aHajgorn mpsaMoi
Oilsepa JId BIICAHHOINO MHOTOYTOJbHUKA U TpsaAMoit Haresst s omumcanHoro.

2.1. (A.Msxkures, 11 Omnmmmasna um. .. Ilapeiruna) [lycrs gerbipexyroibHIK
ABCD Buucan B okpy)HocTh ¢ nieatpom O; H,, Hy,, H., H; — opTOIEeHTPHI Tpe-
yrombankoB BC'D, CDA, DAB, ABC coorBercrBenno; H — Touka mepecevueHust
npsambix H,H. n HyH,. JTokaxxure, aro meHTp Tszkectn My jgexxkut Ha orpeske OH
I JIeJIUT ero B oTHoImeHun 1 : 2.

2.2. (A Msxures, 11 Omnmmmasna um. .. I1lapeiruna) [lycrs derbipexyroibHIK
ABC'D ommcan okoJio OKpyzkHOCTH ¢ 1ieHTpoM [; touku 1, U, V., W cummerpud-
HBI TOYKaM KacaHusi OKpyzkHOocTu co ctoponamu AB, BC', C'D, DA orHOCUTETHHO
CepeJIH 9TUX CTOPOH.

a) Jlokaxkure, uro Kaxjaas u3 npaMeix TV u UW nenur mepumerp 9eTbipex-
YTOJIbHUKA ITOTIOJIAM.

b) Ilycrb N — Touka nepecedenusi upsmbix 7'V u UW. Hokaxkwure, uro M,
JIEXKUT Ha oTpe3ke [N u jieiuT ero B oTHOIEHnH 1 @ 2.

pyroii moaxo/ K onpejieseHuo mpsiMoit Diiiepa mpesyrokui . Pomanos [4].

OrnpesiesiuM OPTOIEHTP BIUCAHHOTO n-yrojbuuka Aj ... A, no uagykiuu. [lycts
H,,...,H, — oprouenrpsl (n — 1)-yrombuukos As...A,,...,A;... A,_1 coorBer-
CTBEHHO.

2.3. lokaxwure, uro npsambie A1 Hy, ..., A, H, nepecekaroTcs B OJIHOI TOUKE.

2.4. HazoBeM MOJIy4eHHYIO B MPEJbLIyIIeil 3ajade TOUYKY H OpTOIEeHTpOM n-
yroiabanka. Jlokaxkure, 910 nenTp Tsizkectu M, jmexut Ha orpeske OH u jienut ero
B orHomerun (n —2) : 2.

2.5. [lycts ABC' D — 1npou3BOJIbHBIH YETHIPEXYTOTHHUK.

PaccmarpuBaeMm j1Ba 0000IIeHNST OPTOIIEHTPA!

H* — uentp napaJsuiesorpamma, o0pa3oBaHHOIO OPTOIEHTPAMH TPEYTOJIbHUKOB
ABL, BCL, CDL, DAL.

H* = H,H.N HyHy, tjie, kKak obbrano, H, — opronentp tpeyrojbauka BCD,
" T.I..

Hausee obobmaem O kak O** = 0,0.N0,0y, tie O, — HeHTP OIUCAHHONI OKPY K-
HocTu Tpeyroibanka BC' D, u T... (nHade ropopst, O™ — mepecedenne cepenmHHbIX
nepresnKyasapos Kk AC' u BD).

Hoxkazkure, 910

a) My — cepemuna O** H*;



b) (. Tarun, A. Makumes) M, nexut #a orpeske O™ H** u mesmt ero B OTHO-
menun 1 : 2.

c) H* — cepenuna LH*™.

3 KBaz3ulieHTpbl ONUCAHHOI 1 BOUCAHHOI OKPY2KHO-
crei

B s710it wacTu MbI noNbITaEMCs JIJIsi TPOU3BOJILHOIO UETHIPEXYTOJIBHUKA OIPe-
npequth Touku (O, I, objajaroniue CBOWCTBaAMU IIEHTPOB OIMCAHHON U BIHMCAHHOM
OKpyzKHOCTelt. Pagymeercs, 171 BIMCAHHOTO (OMUCAHHOTO) YETBIPEXYTOJbHIKA TOU-
ka O ([) Mo/DKHA COBIAJATE C IEHTPOM OINMCAHHON (BIMCAHHON) OKPY?KHOCTH.

3.1. lokazkure, 9T0 JIJIs1 JITOOOTO BIIMCAHHO-OIIMCAHHOTO YeThIpexyroiabanka A BC D
nenTpsl O, I 1 ToYKa IepecevyeHus AuaroHasieil L jexkar Ha OJIHONW MPSIMOIL.

3.2. llycts nuaronajmm derbipexyroibauka PCQ RS nepecekaiorcs: B Touke [; TOY-
ku A, B, C, D — upoekiuu [ na PQ, QR, RS, SP coorsercrBenno. Jlokaxmure,
ITO

a) deTbipexyroabHuk ABC' D onucaHHbI TOTIA 1 TOJIBKO TOT/A, KOTJIa YeThIPeX-
yrosibHuK PQ RS BIUCaHHBIH;

b) ecin gersipexyronbauk ABCD onucanubiii, To [ — TEHTP €ro BIUCAHHOIT
OKPYKHOCTH;

[Iycts npavete A, IB, IC, 1D nepecekator RS, SP, PQ, QR coorBeTCTBEHHO
B Toukax A, B', C', D'.

3.3. [lokazkure, 9TO

a) derbipexyrojibiuk ABC D BrmcaHHBIN TOrjia ¥ TOJBKO TOrja, Korma PR 1
QS;

b) eciu PR 1 QS, 1o A’B'C'D" — npamoyrosnbauk u touku A, B, C', D, A’, B,
C’, D' nexar Ha OTHON OKPY>KHOCTH.

3.4. Boccranosure dernipexyronbank PQRS no toukam A, B, C, D, ecau us-
BECTHO, YTO TOYKA [ JICXKUT BHYTpU deThipexyroybauka ABCD.

Onpenenenne. Hazosem KBa3MIIEHTPOM BIUCAHHON OKPY2KHOCTH BBIITYK-
joro 1derbipexyroibanka ABC D mocTpoeHHYIO B Hpeblayieit 3agade ToUky [, a
KBa3WIIEHTPOM OITMCAHHOI OKpy»KHOCTH TouKy O nepecedenns: npsambix A'C’
u B'D’'. (Bynem cunrars, uro [ gexur sayrpu ABCD)

3.5. Hokaxkure, uro KBasuieHTpbl (), [ n TouKa mepecevdeHus jauaronaseii L
JiexkKaT Ha OJHOU IIPAMOM.

3.6. [lj1s1 BIMCAHHO-OMIUCAHHOTO Y€THhIPEXYTOJBHUKA BBIPA3UTE PAJIMYCHI OIMMCAH-
HOI U BIIMCAHHON OKpy»KHOCTElH Yepes3 juHbl oTpe3koB O u OL.

[Tocnemnss 3aga4da MO3BOJIAET OMPEICTUTD JIJIA ITPOU3BOJIHLHOTO Y€ThIPEXYTOJIb-
HUKa KBa3sUBIIMCAHHYIO W KBa3WOIMCAHHYIO OKpyxKHOCTH. [Toka Hem3zBecTHO, 00J1a-
JIAIOT JIU 9TU OKPYKHOCTU KAKUMU-JTUO0 UHTEPECHBIMU CBOMCTBAMU.

OrumieM ApyToft MOJIX0/T K OIPEIC/ICHUI0 KBa3UIICHTPOB.

3.7. llycre 1, Iy, I, — TEHTPBHI BHEBIUCAHHBIX OKPYXKHOCTEH TPEYTOJLHUKA
ABC; J — 1eHTp ONUCAHHON OKpyxKHOCTH Tpeyrogbuuka I,[y1.. Jlokaxkure, 910
O — cepemauna orpeska [.J.



3.8. okaxkure, 4TO JIjId IMPOU3BOJIHLHOTO YETHIPEXYTOJILHUKA OUCCEKTPUCHI €TI0
BHYTPEHHIX yTJIOB 00Pa3yIOT BIHCAHHBII YeTBIPEXYTOJBHUK W OMCCEKTPUCHl BHEIII-
HUX YIVIOB TaKKe 00Pa3yIoT BIMCAHHBIA YETHIPEXYTOJIHHUK.

Ob60o3HaYNM TIEHTPLI OKPYKHOCTEH IeThIPEXYTOJILHUKOB, 00PA30BAHHBIX OUCCEK-
TpUCaM BHYTPEHHUX U BHEITHUX YIJIOB 4Yepe3 [ u J cOOTBETCTBEHHO.

3.9. (VII Osmnmmuaza um. 1O Ilapeiruna) JJokaxKuTe, 910 11 9€THIPEXYTOJIb-
HUKa, BIIMCAHHOTO B OKPYZKHOCTH ¢ 1eHTpoM O Touku [ n J cCUMMeTPUIHBI OTHOCH-
TesibHO O.

Teneps B KavuecTBe KBa3UIIEHTPOB BIIMCAHHON U ONMUCAHHON OKPYKHOCTEH MOXKHO
B34Th TOUKY [ u cepenuny O orpeska I.J coorBerctBenno. K coxkasenuio, orpe/ie-
JIeHHasT TaKuM 00pa3oM rpsimMast O MOXKeT He IPOXO/IUTh 9epe3 TOUKY IepecevueHust
nuaronaJjeit L.

Eme oquna moaxo K ornpe/iesleHnio KBa3UIeHTPa OMICAHHOW OKPYZKHOCTHU TPeJI-
JI07KeH B [6].

3.10. Ilycte npsimbie AB u C'D nepecekatorcs B Touke X, AD u BC' — B Touke
Y, AC u BD — B touke Z; Mx — touka Mukesns npsmoix AD, BC', AC' u BD,
My — mouka Mukens npavmeix AB, BD, AC u BD, Mz — touka Mukes mpsMbIx
AD, BC, AB u CD. [lokaxure, 910

a) npsimbie X My, Y My u Z My nepecekaiorcst B OJHON TOUKE;

b) eciim Touku A, B, C', D jexar Ha OJHOW OKPY’KHOCTH, TO TH IIPSMbIE TI€pe-
CEKAIOTCH B ee TEHTPe.

CoOTBETCTBEHHO TOJIYIEHHYIO B ITOC/IE/IHEN 3a/1a9€e TOUKY TaKyKe MOKHO CIUTATD
KBa3UIIEHTPOM OIHMCAHHOW OKPYKHOCTH.

4 JlomosHUTeJIbHbIE 331341

4.1. Illyctb ABC'D — 4eTbIpexyTroJIbHUK, He UMEOIINi MapaJiie/IbHbIX CTOPOH, OIH-
caHHBIII OKOJI0 OKpy:kHOCTH ¢ mieHTpoM [. Toukm X, Y, Z, T — Toukm KacaHus
okpyzkHoctu co croponamu AB, BC', CD, DA coorBercrBenno. Kak Bcerma, L =
ACNBD (arakxke L =XZNYT). X' cummerpnaaa X OTHOCHTEIBHO CEPEIHHDL
M 5 croponnt AB; Y, Z' T" onpenensiiores anajnornano. N = X'Z'NY'T" — rouka
Hareng.

Hoxkaxkure, ato yciaosue My = [ SKBUBAJECHTHO CJICIYIONUM yCJIOBUSIM:

a) AX +CZ = BY + DT;

b) XZ || X'Z' (wmun XZ || MapMep);

c) X', Z' u BC N AD nexar Ha 0JHOII TIPSIMOI;

d) L, 1, N siexxat Ha OJHOIN IPSMOI;

e) (A. Bacnasckuit, M. Vcaes, /1. Ilseros, Beepoccniickast ommvmaza 2005 1)
IA-IC=1IB-ID.

4.2. (A.Msxurme) Tpeyrompaukun ABC u A’ B'C’ Ha3biBaloTCsi OPTOJIOTUIHBI-
MU, €CJIH TIepHeHIuKyspsl, omyiienubie u3 A, B', C' coorsercreenno na BC, C'A,
AB, nepecekatorcst B ojiHoi Touke. Yerbipexyroapauku ABCD u A'B'C’'D’ nasbr-
BaIOTCsl OPTOJIOMMYHBIMU, €CJIM opTosiorndHbl Tpeyroabauku ABC u A'B'C', BC'D
u B'C'D', CDAw C'D'A’", DAB u D'A’B’. Ilycrs uyerbipexyroibiuuku ABC' D u



A'B'C'D’ opronoruansl, guaronanu AC' u BD mnepecekatorcst B touke L, A'C' u
B'D' — 8 touke L. lokaxkure, aro AL : LC = A'L’ : ’'C'uw BL : LD = B'L' : L'D’

(T.e. OPTOJIOrMYHBIE YETHIPEXYTOJLHUKE ad(OUHHO SKBUBAJEHTHDI).
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SaMe‘{aTeJIbeIe TOYKUAN MHOI"OyI‘OJIbHI/IKOB
Pemennga

1 ]_[eHprI TA2KEeCTr MHOI'OYI'OJIbHUKOB

1.1. OrBer. llenTp OKPYZKHOCTH, BIUCAHHON B TpeyroabHuk AgByCy.

HokazareabcTBo. Tak kak Touku Ay, By, Cy ABISIOTCA cepenHaMUi OTPE3-
koB BC', C'A, AB, moMecTuM B HEUX MaCChl, paBHBIE JIJIMHAM 3TUX OTPE3KOB. Toria
IEHTPOM TsIZKeCcTn Macc B Toukax Ay, By Oymer Toduka, jessiiast orpe3ok AgBy B
ornomenuun AC : BC = AgCy : ByCy, T.e. ocHOBaHNE ONCCEKTPUCHI TPEYTOTbHIKA
Ao ByCy. CitetoBaTeIbHO, IEHTP TIKECTH BCEX TPEX MACC JIEXKHUT Ha, 3TOI OUCCEeKTPH-
ce. AHAJIOTMYHO TIOJIy9aeM, 9TO OH JIE?KUT U Ha JPYIUX OMCCEKTPUCAX TPEyTrOJIbHIKA
AgByCy u, 3HAYUT, COBIAJAET C IIEHTPOM BIMCAHHON B 9TOT TPEYTOJbHUK OKPY K-
Hoctu (puc.l).

Puc. 1

1.2. Cenyer u3 npeaplayieii 3a1a9u 1 TOMOTETUIHOCTH TpeyroabHunkos ABC,
AgByCy ornocurenbao 1.



1.3. Ilycts BHeBHUcaHHBIE OKPY2KHOCTH, Kacartoruecs: cropon AC u BC, kaca-
1oTcst ipogioszKeruit cropoubt AB B Toukax X, Y. Torma BX = AY = p (monyne-
pumerp Tpeyrosbuuka) u, saaaut, CoX = CyY . Kpome Toro, jimHust NEHTPOB 3THUX
OKpYyzKHOCTEll nepreHuKy/asipaa obuccekrpuce yria C'; a 3HAYAT, U MapaslIeTbHON
eit upsmoit CoM;. Takum obpazom, M JeKUT Ha PAJIUKATLHON OCH 9TUX OKPYKHO-
creit. AHajgornaHO mnojydaeMm, 9To My JIe;KAT Ha paauKaJbHON ocH JII0OOH APYToit
apbl BHEBIUCAHHBIX OKPYZKHOCTEN.

1.4. Ilycre, manpumep, CoM; nepecekaer cropony AC B Touke X. V3 mpenpr-
JIymieit 3aja4an ciiejryer, 9To X JIeJUT MON0JIaM OTPE30K MeXK/Iy TOYKAMU KacaHus
upsmoit AC' ¢ BHEBIHMCAHHBIMU OKPYKHOCTsMHU, Kacaomumucs cropon AC' u BC
(puc.2). TlockobKy paccTosiHUs OT STUX TOUYEK JIO BEPIIMHBI A pPaBHBI COOTBET-
crBeHHO p — cu p, 10 AX =p—c¢/2u AX + ACy = p.

Puc. 2

1.5. OrBer. M, — nentp nmapasnenorpamma PQRS, e P, ), R, S — cepeauHbl
cropon AB, BC, CD, DA. M; — Touka mepecedeHus MpsiMoii i, coeamHsiionieit
HEeHTPbI TsizkecTu TpeyroabHuKoB ABC u ADC, ¢ npsiMoii Iy, coeIuHSIIONIER TIeHTPhI
TsizkecTu Tpeyroibuukos ABD u BCD.



1.6. Ilycts U, V — cepenunnt quaronaneit AC' u BD, L — Touka mx mepece-
venus. lentp tsxxectn Tpeyrompuuka ABC nexut Ha ero memumane BU u menmt
ee B oTHOIIeHn” 2 : 1. AHAJIOrUYIHO MEHTP TaxKkecTn Tpeyroabanka AC D jrexkur Ha
DU u gemut ee B ToM ke oTHOIeHun. [Ipsamas [y, mpoxosinas depe3 3TU HEeHTPHI,
napaJuiebaa quarosain BD u nepecekaer auaroraib AC B ToUKe, KOTOpas JEJIAT
orpe3ok UL B ornHomennu 1 : 2. Anajgornano My JIEXKHUT Ha IPSIMOIi, IMapasiieib-
noit AC n nensmeit orpe3ok V' L B ornomernn 1 : 2. OTMeTnM, 9TO €CJIM IPOBECTH
npsimble, napasieabasle AC' u BD, uepes My, To onn pazjensar orpesku UL u VL
nonostam. OTcrofia BhITEKaeT yTBEepXK/IeHne 3a/1a4u (puc.3).

[ ]
W)

Puc. 3

1.7. Tak kax P u () — nenTps! Ts2kectn orpe3koB AB u BC', neHTp TskecTn
X obbeuHenHns 5TuX oTpe3kos Jexkut Ha PQ u PX;/QX,; = BC/AB. Iloctpourh
9TY TOYKY MOXKHO CJI/IyIOIIM 00pa30oM: mpoBejieM buccekTpucy BB’ TpeyrojbHuKa
BPQ u HaiijileM TOYKY, CHUMMETPUIHYIO B’ OTHOCHTENBLHO cepenHbl oTpe3ka PQ).
Anajiornyno crposrcs HeHTpbl Tsizkectu Xo, Y7, Yo nomansix CDA, DAB, BCD.
M; — 1o Touka mepecedenus npsaMbix X1 Xo u Y1Ys (puc.d).



[

A®

Puc. 4

1.8.

a) LenTpsl TskecTu (cruiomubix) Tpeyroasaukos [AB, IBC, ICD, IDA, rtae
I — meHTp BHUCAHHON OKPYKHOCTH, jeasaT ux meauansl [P, 1Q), IR, IS B o1-
nomennn 2 : 1, T.e. 0Opa30BaHHBIN MMHU YeTBIPEXYTOJBHUK ToMoTerndeH PQRS ¢
neaTpoMm I u ko3hdurmmenTom % Tax kax mromaau Tpeyroabankos [AB, IBC,
ICD, IDA orHOCATCS TakK ke, KaK cooTBercrByfomue cropoust ABCD, My npu
9TOI FOMOTETHH TePexouT B M.

b) JlokazaTeabCTBO aHAJIOTUIHO.

1.9. Crenyer u3 AByX MPeIbIIYIIIX 3818 U TEOPEMBI O TIEHTPAX TPEX TOMOTETHIA.

1.10. ¥Ykazanwme. Touka My — cepejiuna oTpe3Ka MeEXKJIy CEepeIMHaMU JIaro-
HaJjeil deTbipexyrobauka. Vcmonb3ys ToT dakt, uro npsmas [aycca onmcaHHOTO
YETBIPEXYTOJILHUKA TPOXOIUT UePe3 MEHTP BIUCAHHON OKPYKHOCTU, HETPY/IHO BbI-
BecTHu, 9T0 Tpaektopus My — OKpYyKHOCTB. Tenepb, TPUMEHUB COOTBETCTBYIOIINE
FOMOTETHH, TOJyIaeM, 9TO M TPACKTOPUU JIBYX JIPYTUX IEHTPOB — OKPYKHOCTHU

(puc.5).






2 IIpambie Ditnepa u Harenas

2.1. Ilycte M, u H, — coorBercTBeHHO TeHTpou (Touka My) U OPTOIEHTD
rpeyroabauka BC'D. IleHTponibl 1 OPTOUEHTPHI OCTAJIBLHBIX TPEX TPEYTOJHHUKOB
0003HAYNM aHAJIOTUIHO. Bee TpeyrobHIKY UMEIOT OOIILYIO OIMMCAHHYIO OKPYKHOCTD
¢ nearpoMm B O. PaccmoTrpeB mpsiMblie Diijiepa 9TUX TPEYTOJBHUKOB, 3aMETHUM, ITO
gerbipexyroiabuuk M, My, M. M, nepexoaut B derbipexyroabuuk H, HyH.H; ipu ro-
MoTretuu ¢ neurpom B O un koaddurmentom 3. COOTBETCTBEHHO, TOUYKH IIEPECCUCHUST
JaroHaJieil STUX YeThIPEXYTrOJbHIUKOB IIEPEXOIAT JIPYT B JIPYTa.

2.2.

a) U3 onpenenenns caenyer, uro AT + DV = BC, BT + CV = AD, r.e. TA+
AD+ DV =VC+CB+ BT.

b) Ilycts a, b, ¢, d — IJIMHBL KACATEIbHBIX K BIMCAHHON OKPYKHOCTH U3 BEPIINH
A, B, C, D. OueBuano, 4ro, eciau nomectuth B A, B, C, D maccel a, b, ¢, d,
TO MEHTPOM TSI?KECTH IOJIYIE€HHOU cucTeMbl OyjaeT Touka N, a, ecjiu MOMECTUTh B
BepPIIMHBLI Macchl 2a+b+d, 2b+a+c, 2c+b+d, 2d+c+a, To — Touka M;. Ocranock
oKaz3aTh, 4To I — 1eHTp Taxkectu Macc b+ d, a+ ¢, b+ d, a + ¢ 1 BOCo/Ib30BaThCs
yTBepKeHneM 3a1a9u 1.8.

Touxka I ymoB/ieTBOpsieT COOTHOIIEHUIO Stap — Siec + Step — Sipa = 0. DTomy
2K€ COOTHOIIEHUIO YJIOBJIETBOPSIOT cepeuubl U u V' jimaronaJeil 4eTblpexyroibHu-
ka. CrenoBaTesbHO, 9TH TPU TOYKH JIesKaT Ha OJHOW MpsAMOiil (9TO yTBep:KeHue
HaszbiBaeTcst meopemoti Monorca). Ilycrs reneps X, Y — Toukm KacaHusi BIMCAHHOI
okpy:kHocTu co croponamu BC' u AD. Torga npsmas XY obpasyer paBHBIE YTIJIbI
C 9TUMHU CTOPOHAMHU U 110 TeopeMe Bpuanimona mpoxoauT depe3 TOUKy L 1mepece-
yenus guaronaseit. [Ipumenus Teopemy cumycos K tpeyrosbaukam LX B u LY D,
nostyanm, uto BL/DL = b/d. Ananoruano, AL/CL = a/c. Orcrofia u u3 cOOTHOIIIE-
HUIT SUBC/SUAD = BL/DL, SVBC/SVAD = CL/AL, SIBC/SIAD = (b —+ C)/(CL -+ d)
BeiTeKaeT, 9ro I gequt orpe3ok AC B orHomenun (a+ ¢)/(b+ d), aro u Tpebyercst.

2.3. Ykazanwme. [Ipumennure WHIYKIUIO.

2.4. Ykazanue. [Ipumennre mHIYyKIHIO.

2.5. a) llycte Mac, Mpp — cepenuunl guaronaneit AC, BD. OueBuino, 910
O*Myc L. AC u O*Mpgp L BD. C apyroit cropouabl H*Mye 1. BD uw H*Mpgp L
AC', moromy aro H* — 1eHTp mapaJsiiesiorpaMMa, CTOPOHBI KOTOPOTO TIePITEHINKY-
JIAPHBI JIMArOHAJIAM YeTbIPEXYTOJIbHUKA U IIPOXOIAT 4depe3 ero epinuHbl. Ciejo-
Barebo, H* M cO** Mpp — mapaJjuiesiorpaMM, OTKY/Ia U CJIEJIYeT yTBEp:K/IeHue
3a/1a4 1.

b) VYkazanue. Bocrosb3yiitech yTBepK/iennem 3ajaqn 4.2.

¢) OueBUIHO cJle/lyeT U3 JBYX MPEIbILYIUX [IYHKTOB.

3 KBaz3ulleHTpbl ONUCAHHOI 1 BOUCAHHOI OKPY2KHO-
cren

3.1. Bocriomb3yemcsl cJie1yIomuM Y TBEPK IeHIEM.



Jlemma. Ilycts Touka P jexkut BHyTpHu OKpyKkHOCTH ¢ mienTpoM O. JIBa mep-
MEeHIMKYJISIPHBIX JIyda ¢ HadaJioM P 1epecekaioT OKpyKHOCTh B Toukax X, Y. Torma
reOMeTPUYECKIM MECTOM TOYEK IepeceveHnsi KacaTelbHbIX K OKPYKHOCTH B X U Y
OyIeT OKPY?KHOCTDH C IIeHTpOM, JiezkamuMm Ha OP.

HoxkazareabctBo. [lycTth Z — uerBeprag Bepmmna npsamoyroiabuuka PXZY .
Tax xkax OP? + OZ% = OX? 4+ OY?, Z omuceiBaeT OKpy:KHOCTH ¢ 1entpoM O.
BuaguT, cepenHa oTpe3ka XY ONMCHIBAET OKPYKHOCTH, IEHTPOM KOTOPOI SIBJIsI-
ercd cepequna OP, u WHBepCcHasdg K Hell TOYKa IepecedeHrs] KacaTeTbHBIX TaKzKe
OIMCHIBAET OKPYKHOCTb.

Tenepb yTBepkKICHUE 3329 CJIe/yeT U3 TOro hakTa, 9TO MPIMbIE, COCIUHSI-
IOIUEe TOYKH KACAHUS IMPOTUBOIOJIOKHBIX CTOPOH YETHIPEXYTOJIbHUKA C BIUCAHHOMN
OKPY?KHOCTBIO, TIEPIIEHINKYJIAPHBI U MIPOXOJIST 9epe3 TOUKY IepecevdeHusl ero Iua-
roHaJIei.

3.2. Tak kak uverbipexyroiabuuku [ AQB, I BRC Buucannbie, 1o /IBA = /IQA,
/IBC = /IRC, oTkyjia CJIeJyloT 00a YTBEPKICHUS.

3.3. JlokazaTe/ibcTBO aHAJIOTUIHO IIPEJIbIIYINEH 3a/1ade.

3.4. Bynem cuurtars, uro ayuan PQ u SR mnepecekaorca B Touke X. Torma
/PXS = (PIS — /IPA — /CSI. U3 BuucanHocTu 4eTbipexyroJbHukoB [APD,
IC'SD nonyaaem, aro /IPA + (CSI = /CDA. Kpome Toro, /PIS = /RIQ =
(LPAD + /DCS + /RCB + /BAQ)/2 = (LABC + (CDA)/2. CienosaresbHo,
(AIC =7 —/PXS =mn—(LABC — /CDA)/2 (puc.6). Haiijig aHajoruato yros
BID wmbl cMOXKeM TIOCTPOUTb TOUYKY [ KaK TOYKY IE€pPecevYeHusi COOTBETCTBYIONIUX
JIyT OKPY?KHOCTEH, a 3aTeM U YeTbIpexyroJbHuk PQRS.



Puc. 6

3.5. Ykazanwue. lIpumenure neHTpaabHyO TPOEKINIO, IEPEBOJSIIYIO TOUKN P,
@, R, S B BepIIuHbI Mapa/iielorpaMMa.

3.6. OTBer. R? = %, r? = %.

Yxkazanmue. [lo Teopeme Ilomncesne jgocTaTrovHo paccMOTPETh YETHIPEXYTOJILHUK,
OJIHA M3 JUAroHaJjeil KOTOPOTO SABJISIETCS JTUAMETPOM OIMMCAHHOW OKPYKHOCTH.

3.7. ¥Ykazaunme. [lokaxkure, aro orpe3ku I,.J, IJ, I.J nepnennKyasspHbl COOT-
BETCTBYIONUM cTOpoHaM Tpeyrojbauka ABC.

3.8. JlokasbiBaeTcsl HENOCPEJICTBEHHBIM BBIMUC/IEHUEM YTJIOB.

3.9. Ilycre O6uccekrpucer yriioB A u B nepecekatorcs B Touke K, B u C' — B
touke L, C'u D — B 1ouke M, D u A — B rouke N (puc.9.4). Torna npsvas KM —
buccektpuca yria mexiay AD u BC. O6o3naquB 3TOT yroj 4epe3 ¢, 1Mo Teopeme
0 BHelllHeM yruie mojydaeM, 9to /LKM = /B/2 — ¢/2 = (7 — LA)/2 = /C/2 n,
suaqut, /LIM = /C. C apyroit ctoponsl, nepuerukyasapsl u3 L na BC' u uz M
Ha C'D obpasyior ¢ ML yrisl, pasabe (1 — /C')/2, T.e. TpeyroabHUK, 00pa30BaH-
HBII 9TUMU TepreHuKyagpamu u M L, — paBHOOeIPEHHBIN C yIJIOM IIPU BEPIIUHE,
pasubim yrury C. Tlosromy BepimHa 3TOTO TpeyroybHUKa coBnamaet ¢ [. Takum 00-
pa3oM, MEePIeHINKY/IApPhl, ONYIIeHHble U3 BepIuH deThipexyroabanka K LM N na
coorBercrByiomue cropoubl ABC D, npoxogst depes I (puc.7). Anasornano mosry-
YaeM, UTO HEPIHeHIUKY/ISIPhl U3 BEPIIUH YeThIPEXyTOJbHIKA, 00PA30BAHHOIO BHEIII-



HUMU OMCCEKTPUCAMU, ITPOXOJAT depe3 J.

D

Puc. 7

[Tycrs Teneps K’ — Touka nepecedenust buccekrpuc BaemHux yriaos A u B. Tax
Kak derbipexyroabiuk AK BK' Brnucan B OKpy:KHOCTH ¢ guamerpoM K K’ To mpo-
ek K u K’ na AB cuMMeTpudHbI OTHOCUTENIBHO cepeannbl AB. Orciona u us
yTBEPKICHU, JTOKA3aHHOTO BHBIIIE, CJIeayeT, uTo mnpoekiun [ n J Ha KaxJIyio u3
cropod ABC'D cuMMeTpu9IHBI OTHOCUTE/IBHO CEPEIMHBI 3TO CTOPOHBI, YTO PABHO-
CUJILHO YTBEPKJICHUIO 38/ 1aN.

3.10. Cwm. [6].
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Remarkable points of polygons
A.Zaslavsky, B.Frenkin, P.Kozhevnikov, O.Zaslavsky!

It is well-known that any triangle has many various, more or less remarkable
points. For instance, the number of so-called triangle centers in the encyclopedia
[1] has already exceeded 10000. These points define various lines, circles and other
objects related to the triangle. The aim of this project (our pipe dream) is to
find analogues of these objects in an arbitrary polygon. Of course, it will be realized
in the least, but on the other hand the participants of the Conference will have a
large scope for their own research.

1 Barycenters of polygons

The centroid of a triangle is the point M of concurrence of its medians. Indeed, if
we place equal weights in the vertices of a triangle, their barycenter M, will coincide
with M. The same point is the barycenter Ms of a triangle cut out from cardboard
for example. However the barycenter of a triangle made of wire differs from these
points. Denote it by M. It can be determined using the following general property
of barycenters.

The main property. Suppose some figure F' is a disjoint union of figures F’
and F”. Then the barycenter M of F' lies on the segment M’'M", where M', M" are
the barycenters of F” and F” respectively. Moreover, the ratio MM’ /M M" equals
the ratio msy/m; of masses of I and F’. Here, if the figures F’ and F"” are piecewise
linear curves, then the weight of a figure is proportional to its length, and for plane
figures the weights are proportional to their areas.

1.1. Find the barycenter M; of a triangle made of wire.

1.2. Prove that the point M, the point M, of concurrence of medians and the
incenter I of ABC' are collinear (the Nagel line), moreover M, divides IM; in the
ratio 2 : 1.

1.3. Prove that M; is the radical center of three excircles of ABC, i.e., the
segments of tangents from M; to these circles are equal.

1.4. Prove that each of the lines AgM;, BoM;, CoM;, where Agy, By, Cy are the
middle points of the segments BC', C'A, AB respectively, bisects the perimeter of
ABC.

So, for any triangle we can define two barycenters M, and M;, and they are
somehow connected to each other. An arbitrary polygon can have three barycenters:
the barycenter M of its vertices, the barycenter M; of the union of its sides and the
barycenter M, of the whole polygon (in the degenerate case of a triangle we have
MQ = Mo)

1.5. Determine points M, and M, for a quadrilateral ABCD.

1.6. Prove that M, lies on the segment LM, where L is the intersection point
of the diagonals of the quadrilateral, and M, divides LM in the ratio 3 : 1.

IThe authors are grateful to D.Krekov for the help in the preparing of the project



1.7. Determine point M; for a quadrilateral ABC'D.

It seems that generally the point M; has no remarkable properties. However for
a circumscribed ABC D the situation is different.

1.8.

a) Show that M, lies on the segment M, where [ is the incenter, and divides
it in the ratio 2 : 1.

b) Show that the same is true for any circumscribed polygon.

1.9. Show that in any quadrilateral, M is the midpoint of the segment M; W,
where W is the midpoint of /L.

Now consider a quadrilateral which is not only circumscribed, but inscribed as
well. Poncelet theorem then asserts that one can fix the incircle and the circumcircle
and "rotate" the quadrilateral between them.

1.10. What is the locus of each barycenter of the quadrilateral?

Appendix. Definition of barycenters

It is not obligatory to deliver the solutions of exercises given here, but each
delivered solution gives a bonus to the participant, namely the right to tell the
solution of one problem of the project orally.

Definition 0. Material point is a pair (X, m), where X is a point of the plane,
and m is a positive number ("the mass" of the point).

Definition 1. The mass center of material points (X1, m1),..., (X, m,) is
the point M such that

myMX, + - +m,MX, = 0.

Exercise 1. Prove that there exists a unique mass center.
Exercise 2. Prove that for any point O

7 7
my+ -+ My

Exercise 3. Prove that the mass center of material points (A, m;) and (B, my)
lies on the segment AB and dissects it in the ratio msq : m;.

Exercise 4. Prove that the mass center of material points (A, 1), (B,1), (C,1)
coincides with the centroid of triangle ABC'.

Exercise 5. Prove that the mass center of material points (X1, my),. .., (X,, m,),
(Xna1, Mpe1) coincides with the mass center of material points (M, mq + - - -+ m,),
(Xpnt1, Mps1), where M is the mass center of (Xq,mq),..., (X, m,).

Definition 2. The mass center of n segments having at most one common
point pairwise is the mass center of material points (M, 1), ..., (M,,l,), where M;
is the midpoint of ¢-th segment, and I; is its length.

Definition 3. Let F' be the union of n triangles having no common inner
points pairwise. The mass center of F' is the mass center of material points
(My,S1), ..., (M,,S,), where M; is the centroid of i-th triangle, and S; is its area.



Exercise 6. Prove that for any division of a polygon into triangles, the mass
center of the union of these triangles is the same point (called the mass center of
the polygon).

Exercise 7*. Let lines AB and C'D meet at point F, and lines AD and BC
meet at point F. Prove that the midpoints of segments AC, BD and E'F are on a
line (the Gauss line of quadrilateral ABCD).

In this project the barycenter M, of a polygon A; ... A, denotes the mass center
of material points (A, 1),..., (A, 1), the barycenter M; denotes the mass center of
segments A1 As, ..., A,_1A,, A, A, and the barycenter M; denotes the mass center
of the polygon.



2 Euler and Nagel lines

It is well known that in any triangle the circumcenter O, the centroid M, and
the orthocenter H lie on a line, which is called Euler line. Moreover M, divides the
segment OH in the ratio 1 : 2. Furthermore let A;, By, C} be the points of tangency
of the incircle with the sides BC, C A, AB respectively, and the points A,, By, C
are symmetric to A;, By, C7 with respect to the midpoints of the corresponding sides
(these are the points of tangency of the sides with the corresponding excircles). Then
the lines AA,, BBy, C'Cy concur at the point N which is called Nagel point. One
can show that M lies on the segment I N and divides it in the ratio 1 : 2. Also note
that each of the lines AAy, BBy, C'Cy divides the perimeter of the triangle in two
equal parts. Our goal is to find analogues of the Euler line for an inscribed polygon
and the Nagel line for a circumscribed one.

2.1. (A. Myakishev, IT Sharygin olimpiad) Let ABC'D be an inscribed quadrilateral
and O be its circumcenter. Let H,, H,, H., H; be the orthocenters of triangles BC'D,
CDA, DAB, ABC respectively, and H be the intersection point of the lines H,H,
and H,H,. Show that the barycenter M lies on the segment OH and divides it in
the ratio 1: 2.

2.2. (A. Myakishev, II Sharygin olympiad) Let ABC'D be a circumscribed
quadrilateral, and I be its incenter. Let T, U, V, W be the points which are
symmetric to the points of tangency of the incircle with the sides AB, BC, CD,
D A respectively with respect to their midpoints.

a) Show that any of lines TV and UW divides the perimeter of the quadrilateral
into two equal parts.

b) Let N be the point of intersection of lines T’V and UW. Prove that M, lies
on the segment I N and divides it in the ratio 1 : 2.

Another approach to the definition of the Euler line was proposed by I.Romanov
[4].

Define the orthocenter of an inscribed n-gon A; ... A, inductively. Let Hy, ..., H,
be the orthocenters of (n — 1)-gons As ... A,,...,A;... A,_1 respectively.

2.3. Prove that the lines A1Hy,..., A, H, are concurrent.

2.4. Let us call the corresponding intersection point H the orthocenter of the
n-gon. Show that the barycenter M lies on the segment OH and divides it in the
ratio (n —2) : 2.

2.5. Let ABC'D be an arbitrary quadrilateral.

Consider two generalizations of the orthocenter:

H* is the center of the parallelogram formed by the orthocenters of triangles
ABL, BCL, CDL, DAL,

H* = H,H.N H,H,, where as usual H, is the orthocenter of triangle BC'D, and
SO om.

Furthermore we generalize O as O** = 0,0,.N0O,O4 where O, is the circumcenter
of triangle BC'D, and so on (in other words, O** is the intersection of perpendicular
bisectors to AC' and BD).

Prove that

a) My is the midpoint of O** H*;



b) (Ya. Ganin, A. Myakishev) M, lies on the segment O** H** and divides it as
1:2;
¢) H* is the midpoint of LH**.

3 Quasi-centers of the circumcircle and the incircle

In this section we will try to define the points O and [ for an arbitrary quadrilateral,
which have the properties similar to those of the circumcenter and the incenter. Of
course, for an inscribed (resp. circumscribed) quadrilateral the point O (resp. I)
should coincide with the center of the circumecircle (resp. the incircle).

3.1. Show that for any quadrilateral ABC'D which is both inscribed and circumscribed,
the centers O, I and the intersection point L of diagonals are collinear.

3.2. Let I be the intersection point of the diagonals of a quadrilateral PQRS.
Denote the projections of I to PQ, QR, RS, SP by A, B, C, D respectively. Show
that

a) the quadrilateral ABC'D is circumscribed iff the quadrilateral PQRS is inscribed;

b) if the quadrilateral ABC'D is circumscribed then [ is its incenter.

Let A’, B', C’, D' be the intersection points of lines IA, IB, IC, ID with RS,
SP, PQ, QR respectively.

3.3. Prove that

a) the quadrilateral ABC'D is inscribed iff PR L QS;

b)if PR L @S, then A’B'C'D’ is a rectangle and the points A, B, C, D, A’, B,
C', D' are concyclic.

3.4. Construct a quadrilateral PQRS by the points A, B, C', D if it is known
that I lies inside ABCD.

Definition. Define the quasi-incenter of a convex quadrilateral ABC'D to be
the point I constructed in the previous problem, and the quasi-circumcenter to
be the intersection point O of the lines A’C" and B'D’. (We assume that I lies inside
ABCD)

3.5. Show that the quasi-centers O, I and the intersection point L of the diagonals
are collinear.

3.6. For a quadrilateral which is both inscribed and circumscribed express the
circumradius and the inradius in terms of lengths of the segments O and OL.

The last problem enables us to define the quasi-incircle and the quasi-circumcircle
for an arbitrary quadrilateral. Up to date it is unknown whether these circles have
any interesting properties.

Now let us describe another approach to defining quasi-centers.

3.7. Let 1, Iy, I. be the excenters of the triangle ABC, and J be the circumcenter
of I,11.. Prove that O is the midpoint of the segment I.J.

3.8. Prove that for an arbitrary quadrilateral, its internal angle bisectors form
an inscribed quadrilateral, and so do the external angle bisectors.

Denote by I and J the circumcenters of the quadrilaterals formed by the internal
angle bisectors and the external angle bisectors of ABC' D respectively.



3.9. (VII Sharygin olimpiad) Show that for an inscribed quadrilateral with circumcenter
O, the points [ and J are symmetric with respect to O.

Now we can take I and the midpoint O of the segment I.J to be the quasi-incenter
and the quasi-circumcenter. Unfortunately, with this definition the intersection point
L of the diagonals can be not contained in the line OI.

One more approach to defining the quasi-circumcenter is proposed in [6].

3.10. Let X be the intersection point of lines AB and C'D, Y be the intersection
point of AD and BC, Z be the intersection point of AC and BD. Let My be the
Miquel point of lines AD, BC, AC and BD, Mybe the Miquel point of AB, BD,
AC u BD, and Mz be the Miquel point of AD, BC', AB u C'D. Prove that

a) the lines X Mx, Y My and ZMy are concurrent;

b) if the points A, B, C, D are concyclic then these lines intersect at the
circumcenter of ABC'D.

The obtained point can also be considered as a quasi-circumcenter.

4 Additional problems

4.1. Let ABCD be a quadrilateral without parallel sidelines circumscribed around
a circle centered at I. The sides AB, BC, CD, DA touche the incircle at points X,
Y, Z, T respectively. As usually L = ACNBD (also L = XZNYT). Let X’ be the
reflection of X about the midpoint M4 of side AB; Y', Z', T" are defined similarly;
N = X'Z"0Y'T" is the Nagel point.

Prove that the condition My = I is equivalent to each of the following conditions:

a) AX +CZ = BY + DT;

b) XZ || X'Z' (wiu XZ || MapMcp);

c) X', Z' and BC' N AD are collinear;

d) L, I, N a collinear;

e) (A.Zaslavsky, M.Isaev, D.Tsvetov, All-Russian olympiad 2005 r.) [A - IC' =
IB-ID.

4.2. (A.Myakishev) Triangles ABC and A’B’'C’ are called ortologic, if the
perpendiculars from A’, B’, C' to BC, C A, AB respectively concur. Quadrilaterals
ABCD and A'B'C'D’ are called ortologic, if the triangles ABC' and A’B'C’, BCD
and B'C'D’, CDA and C'D'A’, DAB and D'A’'B’ are ortologic. Let ABCD and
A'B'C'D’ be ortologic, AC' and BD meet at L, A’C’ and B’D’ meet at L'. Prove
that AL : LC = AL’ : ’C"and BL : LD = B'L' : L' D’ (i.e. ortologic quadrilaterals
are affine equivalent).
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Remarkable points of polygons

Solutions

1 Barycenters of polygons

1.1. Answer. The incenter of the triangle AqByCy.

Proof. Note that the points Ay, By, Cy are the midpoints of the segments BC),
CA, AB, so let us place the weights equal to the lengths of these segments in this
points. Then the barycenter of the weights in the points Ay and By is the point,
which divides the segment AgBj in the ratio AC' : BC = AqCy : ByCy, i.e. the base
of the angle bisector in AyByCy, therefore the barycenter of all three weights lies
on this bisector. Analogously, we deduce that it lies on the other angle bisectors of
ApByCy too, hence it coincides with, its incenter (fig.1).

Fig. 1

1.2. Tt follows from the previous problem and the fact that the triangles ABC
and AygByCy are homothetic with the center at I.

1.3. Denote by X and Y the points of tangency of excircles, which are tangent
to the segments AC' and BC, with the line AB. We have BX = AY = p (where p
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is the semiperimeter of the triangle), hence Cy X = CyY. Moreover, the line passing
through the centers of these circles is orthogonal to the angle bisector of ', hence,
it is also orthogonal to the line CyM;. THus we obtain that M; lies on the radical
axis of these teo circles. Arguing in the same way we deduce that M; lies on the
radical axis of any pair of the three excircles.

1.4. Let X be the intersection of CyM; with the segment AC'. It follows from
the previous problem that X is the midpoint of the segment with the ends at the
tangency points of the line AC' with the excircles, which are tangent to the segments
AC and BC' (fig.2). As the distances from these points to A are equal to p — ¢ and
p respectively, we obtain that AX = p — ¢/2 and AX + ACy = p.
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Fig. 2

1.5. Answer. M, is the center of the parallelogram PQRS, where P, ), R,
Sare the midpoints of AB, BC', C'D, DA. Mis the intersection point of the line [y,
passing through the centroids of ABC and ADC', and the line [y, passing through
the centroids of ABD and BC'D.

1.6. Let U, V be the midpoints of the diagonals AC and BD respectively and L
be their intersection point. The centroid of ABC' lies on its median BU and divides
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it in the ratio 2 : 1. Analogously, the centroid of AC'D lies on DU and divides it in
the same ratio. The line [, passing through these centroids, is parallel to BD and
it intersects AC' at the point, which divides the segment UL in the ratio 1 : 2. In
the same way we obtain that M, lies on the line, which is parallel to AC' and which
divides the segment V' L in the ratio 1 : 2. Note that the lines passing through M,
parallel to AC and BD pass through the midpoints of the segments UL and V' L
respectively. The assertion of the problem now follows straightforwardly (fig.3).
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Fig. 3

1.7. As P and @ are the barycenters of the segments AB and BC, we obtain
that the barycenter X; of their union lies on PQ and PX,/QX, = BC/AB. This
point mat be constructed in the following way: construct the angle bisector BB’ of
the triangle BPQ and take a point, which is symmetric to B’ with respect to the
midpoint of PQ. Analogously one can construct the barycenters Xs, Y7, Y5 of the
piecewise linear curves CDA, DAB, BCD. Then M;is the intersection point of the
lines X; X5 and Y1Ys (fig.4).
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1.8.

a) Let I be the incenter. The centroids of the (solid) triangles IAB, IBC, IC'D,
IDA divide their medians I P, IQ), IR, IS in the ratio 2 : 1, i.e. the quadrilateral,
which is formed by them, is homothetical to PQRS with the center in I and the
coefficient % As the ratio of the areas of IAB, IBC', ICD, IDA is the same as the
ratio of the corresponding sides of ABC' D, this homothety maps M; to M.

b) The proof is analogous to the previous one.

1.9. It follows from the previous problems and the theorem about three homothety
centers.

1.10. Hint. M, is the midpoint of the segment, formed by the midpoints of
the diagonals of the quadrilateral. Note that the Gauss line of the circumscribed
quadrilateral contains its incenter. This fact implies that the locus of M, is a circle.
Now one can use the corresponding homotheties to deduce that the loci of two other
centers are also circles (fig.5).






2 Euler and Nagel points

2.1. Let M, and H, be the centroid (the point M) and the orthocenter of
BC D respectively. Denote the centroids and the orthocenters of the other triangles
analogously. All there triangle share a common circumcircle, whose center is O.
By considering the Euler lines of these triangles, we note that the quadrilateral
M, My,M.My is mapped to the quadrilateral H,H,H.H,; under the homothety with
the center in O and the coefficient 3, so the intersection points of the corresponding
diagonals are mapped to each other analogously.

2.2.

a) It follows from the definition that AT + DV = BC, BT + CV = AD, i..
TA+AD+ DV =VC+CB+ BT.

b) Let a, b, ¢, d be the length of tangent segments to the incircle from the vertices
A, B, C, D. It is clear that if one places the weights a, b, ¢, d into the points A, B,
C, D respectively, then the barycenter of the obtained system is the point N, and if
one places the weights 2a+0+d, 2b+a+c, 2c+b+d, 2d+ c+ a into those vertices,
then the barycenter is the point M;. It remains to show that I is the barycenter of
the weights b+ d, a + ¢, b+ d, a + ¢ and apply the assertion of problem 1.8..

The point [ satisfies Sjap — Sigc + Siep — Sipa = 0. The same property holds
for the midpoints U and V' of the diagonals of the quadrilateral, therefore these
points are concurrent (this fact is called the Monge theorem). Now let X and Y be
the tangency points of the incircle with the sides BC' and AD respectively. Then
the angles formed by the line XY and these sides are equal and also XY passes
through the intersection point of the diagonals L by Brianchon’s theorem. Applying
the laws of sines to the triangles LX B and LY D, we obtain that BL/DL = b/d.
Similarly, AL/CL = a/c. These identities and the equalities Sypc/Svap = BL/DL,
Svpc/Svap = CLJ/AL, Sipc/Srap = (b+c¢)/(a+d) imply that I divides the segment
AC in the ratio (a +¢)/(b+ d), QED.

2.3. Hint. Use induction.

2.4. Hint. Use induction.

2.5. a) Let Mac, Mpp be the midpoints of diagonals AC, BD. It is clear that
O*Msc L AC and O*Mpgp 1L BD. On the other hand H*Ms- 1 BD and
H*Mpp 1L AC because H* is the center of the parallelogram having the sidelines
perpendicular to the diagonals of the given quadrilateral and passing through its
vertices. Hence H* M 4cO** Mpp is a parallelogram which yields the required assertion.

b) Hint. Use the assertion of problem 4.2.

c) Clearly follows from two previous assertions.

3 Quasi-centres of the circumcircle and the incircle

3.1. We use the following fact.

Lemma. Suppose the point P lies inside the circle with the center at O. Denote
by X and Y the intersection points of the circle with two orthogonal half-lines with
the initial point at P. Then the locus of the intersection points of the tangent lines



to the circle at X u Y is a circle with the center, lying on OP.

Proof. Let Zbe the fourth vertex of the rectangle PX ZY. We have OP2+0Z?% =
OX? + 0Y?, thus the locus of Z is the circle with the center at O. Hence the locus
of the midpoint of the segment XY is a circle with the center at the midpoint of
OP, so the locus of the intersection of the tangent lines, which is inverse to it, is
also a circle.

Now the assertion follows from the fact that the lines, passing through the
tangency points of the opposite sides of the quadrilateral with the incircle, are
orthogonal and they both pass through the intersection point of its diagonals.

3.2. As the quadrilaterals TAQB and IBRC' are inscribed, we have /IBA =
[IQA, /IBC = /IRC, which imply both assertions.

3.3. The proof is similar to the previous problem.

3.4. Suppose that the half-lines PQ) and SR intersect at X. Then we have
(PXS=/PIS—/IPA—/CSI. The quadrilaterals TAPD and IC'SD are inscribed,
thus we obtain that /IPA+ /CSI = /CDA. Besides, /PIS = /RIQ = (/PAD +
(DCS+/RCB+/BAQ)/2 = (LABC+/CDA)/2. Therefore, /AIC = 1—/PXS =
7 — (LABC — /CDA)/2. Arguing in the same way we can find the angle B/ D and
thus to construct I as the intersection point of the corresponding arcs of the circles,
and then we are able to construct the quadrilateral (fig.6).




Fig. 6

3.5. Hint. Apply the central projection, which maps the points P, @), R, S to
the vertices of a parallelogram.

3.6. Answer. R? = QOOLI'?éQL, r? = %.

Hint. It follows from Poncelet theorem that it is enough to consider the quadrilateral
having a diameter of the circumcircle as one of the diagonals.

3.7. Hint. Prove that the segments 1, .J, I,.J, I.J are orthogonal to the corresponding
sides of the triangle ABC.

3.8. One can prove this by a direct computation of angles.

3.9. Let the angle bisectors of A and B intersect at K, the angle bisectors of
B and C' — at L, the angle bisectors of C' and D — at M, the angle bisectors
of D and A — at N (pic.9.4). Then the line KM is the bisector of the angle,
formed by AD and BC. Denote this angle by ¢, exterior angle theorem implies that
L[LKM = [/B)2 — ¢/2 = (m — LA)/2 = £C/2hence /LIM = /C. On the other
side, the line through L orthogonal to BC and the line through M orthogonal to
CD form with ML the angles, equal to (7 — /(') /2, i.e. the triangle, formed by
these lines and M L is isosceles and its vertex angle is equal to C'. Thus its vertex
coincides with I. Therefore the lines through the vertices of K LM N orthogonal to
the respective sides of ABC'D pass through I (fig.7). Similarly we obtain that the
perpendiculars from the vertices of the quadrilateral formed by the exterior angle
bisectors pass through J.

Fig. 7

Now let K'be the intersection points of the exterior bisectors of A and B. As the
quadrilateral AKX BK' is inscribed in a circle with the diameter K K’, we obtain that
the projections of K and K’ to AB are symmetric with respect to the midpoint of
AB. From this assertion and the one, proved above, it follows that the projections of
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I and J to each of the sides of ABC'D are symmetric with respect to the midpoints
of the corresponding sides, which is equivalent to the assertion of the problem.
3.10. See [6].
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Bokpyr Teopembl Kaan

Sajauay npeacrapisior bypeunan O., Koxacs ., Koxacs K.

Bepcust 0.99

DTOT TMPOEKT TocBsIIeH Teopeme Kamn o uncie nepesbes. JlepeBo — 310 cBa3HbII rpad 6e3 nukiaos. Teopema
YTBEPKJAeT, 9TO YNCJIO NMOMEYEHHBIX JIEPEBLEB C N BEPIIMHAMH DPABHO n™ 2. I3BeCTHO MHOTO [OKA3aTEIbCTB
9TOI TEOpeMbl, HAIIEH METbi0 OyIeT MO3HAKOMHUTHLCA C HEKOTOPBIMH M3 HUX W M3YIUTDh MPUIOXKEHUS PA3THIHBIX
IMOAXOJ0B K 3TOH TeopeMe.

B kax oM mpoekTe ecTb ITOBOJBHO CJOXKHBIE 3a7a49u. [1o mpaBuiaMm KoH(epeHIuy 33139 MOKHO PeIraTh,
O6’b€ﬂHHI/IBLHI/ICb B KOMaH/bI; 3a/la91 PA3HBIX ITPOEKTOB MOXKHO DEIIaTh B COCTaBe€ PAa3HbIX KOMAaH/IL. MbI COBeTyeM
BaM HAWTHU MOMYyTYMKOB, C KOTOPBIMH BaM OBbLIO ObI MHTEPECHO MPOBOIUTH WMCCJICIOBAHUS, OMUCAHHBIE B ITOM
MMPOEKTE.

3adavu 0as Nepeo2o 3HAKOMCMBEa

B onmuMnmaaabix 3a1a9axX 00BIYHO HCITOTB3YIOTCSA TpadBbl ¢ «00e3IMYeHHBIMIY BEPIIMHAMYU — HAIIPUMED, BEP-
[IUHBL — 3TO KaKKe-TO ropojia, a pebpa — I0pOrd MexKy HUMHU, WK BEPIIUHBI — 3TO Jiou (0ObIYHO Ge3bIMSHHbIE),
a pebpa — 3T0 3HAKOMCTBA U T.11. B 3a/1a9ax o mepednciaennu rpadoB IPUHATA APYyras TOIKA 3PEHNsT — BCE BEPIIH-
HBI Tpada J0MKHBI ObITh «HHIABUIYAIbHBI». ITOOBI HE OBLIO AMCCOHAHCA B TEPMHUHOJIOIUH, MBI BBE/IEM ITOHSITHE
«TIOMEYEHHBIH Tpad».

Iycrs [n] = {1,2,...,n}. depeso (nam BoOOIIE MPOU3BOJIBHBIN rpad) HA N BEPIIMHAX, BEPIINHBI KOTOPOTO
IPOHYMEPOBAHBI YUCAaMU OT 1 10 71, HA3BIBAETCH NOMEUEHHbM 0epe6om (COOTBETCTBEHHO TLOMEUEHHBIM 2PAPOM ).
Yro6bI TOCTPOUTH MTOMEYEHHOE JIEPEBO, MOYKHO B3SATh JEPEBO U PACCTABUTH B €0 BEPIIMHAX YUCJIA, WX HA0OOPOT:
MBI MOYKEM CYUTATh, 9TO MHOMKECTBO [N] — 3TO MHOXKECTBO BEDINWH, W MBI PUCYEM Tpad-IepeBo, COeTUHss 3THU
BepmmmHabl pebpamu. MHOXKECTBO MOMEYEHHBIX J€PEBhEB HA 1 BEPIIMHAX 0003HAYNM 4depe3 T,.

IBa (menomeuennnix) rpada G1 u G ¢ MHOKECTBOM BepinuH Vi u Vo HA3BIBAIOTCA U30MOPp@rbimy (UM, TOTIPO-
CTY TOBODsI, CYUTAIOTCS OJJMHAKOBBIMHE), €C/IH CYIIECTBYET TAKOE B3AMMHO OIHO3HAUHOE oTobpaxkenue f: Vi — Vo,
gr0 BepumHbl A, B € V; coenunenst pebpom B G1 TOrga u ToabKo toraa, korga f(A) u f(B) coeaunenbr pebpoM
B G3. Hampumep, s11060€e 1€peBo ¢ 9eThipbMsi BEPIIMHAME H30MOP(MHO JHOO JIePEBY «KypPUHAs JAay, JTUOO IePEBy
«IIyTh JJWHBL TpU». B caydae, korma Gq u Go — momedennwe rpador, Vi = Vo = [n] u B kauectBe [ B 3TOM
ompeiesieHnn 6EPyT TOKIECTBEHHOE OTODPAYKEHME.

Ms1 npeamosiaraeM, 9TO MPU PEIIEHNH 331349 paszesie «3aJadu s MepBOro 3HAKOMCTBay Teopema Kau we
JIOJIKHA MCHOJB30BaThca. B dopMmymupoBkax 3aga4d depe3 T, 0603HAYAETCS] KOJTUIECTBO MOMEUYEHHDBIX JIEPEBLEB
Ha 7 BEpIIUHAX, U BOIMPOC O HAXOXKJEHWW TOU BEJIUYHMHBI He cTaBUTCA. Hymeparus 3a1a4 JaHa B COOTBETCTBUH
C MOCJICYIONMME PA3/EIaAMH.

1.1. I'pad HazpIBAETCS YHUUUKAUYECKUM, €CJIU OH CBSI3HBINH U COAEPZKUAT POBHO OjuH 1uk/1. /oka-
JKHUTE, 9TO MOMEUYEHHBIX JiepeBbeB co 100 BepiunaaMu 00JIbIINE, 9€M MTOMEYEHHBIX YHUITUKINIeCKUX
rpacdoB ¢ 98 BepIImHAMH.

1.2. ITocTpoiiTe B3aMMHO OJTHO3HAYHOE COOTBETCTBHE MEXK/y MHOYKECTBOM, KOTOPOE COCTOUT U3
BCEBO3MOYKHBIX OTOOpaKeHUilI MHOYKECTBa, [n] B cebsi, ¥ MHOXKECTBOM MMOMEYEHHBIX JIEPEBbEB Ha
n BepIIHHAX, B KOTOPBIX OJIHA BepIIHHA CHAOXKEeHA KPaCHOW METKOH M OJHAa — CHHell MeTKOil
(MOZKeT OKa3aThCs, 4TO 00€ METKH TOCTABJICHbI BO3JIE OJIHOI U TOii YKe BEePIITHHBI).

1.3. Cymecrsyer n™ ! pazmuanbix orobpazxenuit u3 muozkecrsa [n — 1] B [n]. Jlokaxure Tox 1e-
CTBO

> Citin = )T = e
j=1

pas3bUB MHOXKECTBO 3TUX OTOOpaKeHuit Ha N JacTeil Tak, YTOOBI j-€ cJaraeMoe 0OKa3ajaoCh PaBHO
KOJIMYeCTBY OTOOpazKeHuit B j-it yacT.
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3.1. /IepeBo ¢ n BepuimHamu, pebpa KOTOPOro MpoHyMepoBaHbl yucjaaMu oT 1 0 n — 1, na3biBa-
eTcst pebepno nomevernnowm. Hanprumep, cymecTByeT 4 pa3indHbIX pebepHO MTOMEYeHHBIX JIepeBa
Ha 4 BepmuHax — cM. puc. 1. /lokaxKure, 9T0 1pu N 2> 3 KOJUIECTBO PA3JIUIHBIX PeOEpHO MoMe-
YeHHBIX JepeBbeB Ha 1 BepIINHAX PABHO %Tn.
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Puc. 1. Pebepro nmomedennbie KypJiamna u MyTHA AJIUHBL 3

Eciu mbl Bbizieum B nepese (IOMEUEHHOM WJIM HET) OAHY W3 BEpIIMH, TO OyJeM Ha3bIBATH TaKoe JIEPEBO
KOPHEGbLM, & CAMY OTMEYEeHHYIO BEepUINHY OyaeM Ha3bIBaTh KopHem. Eciau ke HaM noTpedyeTcs MoJ4epKHYTh, YTO
HU OJ{HA W3 BEPIIMH HAMHU He BbLIeJIeHa, OyJeM Ha3bIBATh TAKOE JEPEBO €80000HbM. Jlucmom nepeBa Ha3bIBAETCA
BEpIINHA CTelleHU 1, 3a UCKIIIOUYEHNEM CJlydasl, KOTJIa /IePeBO KOPHEBOE M KOPEHDb UMeEET CTENeHb 1, B 9TOM CIIydae
KOPEHb JINCTOM He cauTaercs. Jlec — 310 rpad, B KOTOPOM KazK/1asd KOMIIOHEHTA, CBI3HOCTH SIBJISIETCST I€PEBOM.

O6o3nasum vepes ]-',’j MHOKECTBO JIECOB Ha MHOYKECTBE BEDIIWH [n], cocrodmmx u3 k KOPHEBBIX JE€PEBHEB
¢ kKopaamu 1, 2, ..., k, Opu9YeM Takux, y KOTOPBIX BEPIINHA N HAXOAUTCs B nepese ¢ Kopuem 1 (puc. 2).

@@i@ Q@ O
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Puc. 2. MHuox)ecTBO j1€eCOB Fg’ . Mb1 opuerTupoBann pedbpa «oT nepudepun K KOPHIO»

MHoKecTBa MBI 0003HAYAEM «PYKOMUCHBIMI» OyKBaMU. UMCJIO 97I€MEHTOB MHOXKECTBA OO03HAYAETCS TOH K€
OyKBO#1 B KYpCUBHOM HadepTaHuu. Tak YUCIO B MHOKECTBE .F,’f OyzmeMm 0603HAYATH F,’f

1.4. Jlokazkute, urto nipu 2 < k < n — 1 BBINOJIHSIETCS PEKYPPEHTHOE COOTHOIIIEHNE

)

n

1.5. ycre Vi = [r], Vo = {r+1,...,r + s}, V. = V1 UV, = [r + s]. O6osnauum uepes FF,
MHOKECTBO JIECOB, COCTOAIINX W3 k KOPHEBBIX JIePEBbEB ¢ MHOXKECTBOM BepiiuH V' ¢ KopHsaMu 1,
2, ..., k, y KOTOpBIX BepinuHa 1 + 1 HaXOJUTCS B JiepeBe ¢ KOpHEM 1, a y KazK/Ioro pebpa ojHa
BEpINNHA U3 MHOXKeCTBa Vi, a apyras — u3 MHO)KecTBa Va. Ilpmaymaiite pekypenio (1o k) st
BEJIMYUHbI Frks

Baosb ynuiel ¢ OZHOCTOPOHHUM ABH2KEHHEM PACIIOJIOZKEHO N MECT JJjis HapKOBKH apromobmiisa. Ha ymumiy
BbE33KAIOT MOCJEIOBATEILHO 1 aBTOMOOMIEH ¢ HOMepaMu OT 1 J0 m B TMOPsAKe BO3pacTanus. Kaxk il BOIuTenh
eIeT K CBOeMy .HIO6I/IMOMy MeCTy TapKOBKW Y, €CJIM OHO HE 3aHATO, IPUNAPKOBBIBACTCA; B MPOTUBHOM CJIy4dae
OH €IeT OaJibIie 10 II€PBOro CBO60,ZLHOI‘O MeCTa W IIPHUIIaPKOBBIBAECTCA TaM, €C/IH K€ BCe MeCTa JaJibllie 3aHATHI,
oH yezxkaer (HacosceM). Ilocie0BATEIbLHOCTHIO MPEIIOYTEHUI HA30BEM CIHCOK a1, 42, ..., Gy JIOOUMBIX MECT
MMapKOBKU IIEPBOTO, BTOPOTO, . .., N-TO BOIATEIS.

4.1. Jlokaxure, uto cymectsyer (n+ 1)"~! nociegosarenbuocTeil npenouTenuii, 1jisi KOTOPHIX
BCe BOJIUTEIN CyMeIOT IMPUIapPKOBATHCS.

4.2, JlokakuTe, 9TO ycIleX WIH HeycleX MapKOBKH Ha CaMOM Jiejie He 3aBHUCHT OT IOps/IKa,
B KOTOPOM TPHUOBIBAIOT MAIITWHEI.

Cneay}omaﬂ 3a/lava JIE2KUT B CTOPOHE OT HaAlllero CrozKeTa. Ho ona nossossier HOHATH, KaKne 3aTPYyAHEHUA
MOTYT BO3HUKHYTbH, €CJIN MBI CTaHEM TIEPEIUCTATH HEIOMEYEHHBIC JIePEBbhA.

3.2. [Jokazkure, 9TO KOJIUIECTBO PAIUIHBIX (T.€. HeM30MOPMhHBIX JAPYT APYTY) HEMOMeYeHHbBIX
JIepeBBbEB € 71 BepIIMHAMU MeHble 4",
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1 Pexypcuu, mootcdecmasa, buexuyuu

1.6. Jokaxkure npu mOMOLM KOMOMHATOPHBIX PAacCyzKieHuil (uarepuperupys uncjaa T; Kak Ko-
n n—2
JMYeCTBa JepeBben), uro npu n > 1 a) T, = 5 E CF T Thn1;
k=0

b) Ceexnre 31y dopmyty, a Takxke (bopMyﬂbl_ u3 3a7a4 1.3 u 5.1a) apyr K Apyry ajnrebpam-
YEeCKU.

1.7. O6o3naunm [epe3 T (n,k) MHOKECTBO TOMEYEHHBIX KODHEBBIX JIEDEBHEB C 7 BEPIIMHAMHU,
B KOTOPBIX KOpEeHbh — BepinuHa 1 — umeer crenenb k. Jlokaxkure, 4T0

(n—1k-1DT(n,k)=(n—-kT(nk-1).

«TpeyroJabHbIM I€peBOM» HA30BeM Tpad, onpeneaesMbIii 10 MHIAYKIMK CIenyiomuM oopaszom. CaMoe MajieHb-
KOe TPEyTOJIbHOE IEPEBO BOMPEKM CBOEMY HAa3BAHWIO — ITO MOJHBIM rpad Ha JABYX BepiuHax. Ecan yxke 3a7aH0
KaKoe-HUOYIb TPEyroabHOe JIEPEBO, Mbl MOXKEM B3sTh Ji060e pebpo AB B HeM, B3ATH HOBYIO BepimuHy C u moba-
BUTH K JepeBy Bepriuny C u pebpa AC, BC. IlomedeHHBIM TPEYrOIbHBIM JepeBOM OyIeM HA3bIBATH TPEYTOIbHOE
JIEPEBO, Y KOTOPOI'O BEPIINHBI IPOHYMEPOBAHBI YUCJIaMu 0T 1 70 n.

b A s SR an SIS o

Puc. 3. Hemomeuennble TpeyroiabHbIe 1epeBbs HA 2, 3, 4, 5 u 6 BepIImHAX.

Hanpuwmep, fyis n = 5 umeercs 2 HEIIOMEUEHHBIX TPEYTOJAbHBIX aepeBa (puc. 3) u 70 HOMEeYeHHbIX.
Ecsiz HekoTopoe pebpo TpeyrospHOro IepeBa BbIIEIEHO, TO TAKOE IEPEBO OyIeM HA3BIBATH «KOPHEBBHIM».

1.8. O6osnaunm yepe3 A(n, k) 9uc0 KOPHEBBIX MOMEYEHHBIX TPEYTOJIbHBIX JIEPEBBEB HA 1 BEP-
IIMHAX, Y KOTOPBIX KOpHEeBOe peGpo mpuHajiexxur k Tpeyroibrukam. [Ipuaymaiite pexypcuio
(mo k) nayist Bemmauust A(n, k).

2 Kod IlIprogepa

Kod IIprogepa comocraBiser AepeBy € 3aHYMEPOBAHHBIMU BEPITHHAME MOCIEI0BATEIBHOCTH €r0 BEPIIWH CJie-
nytomum obpaszom. Kox [Iprodepa mepeBa ¢ aByMsa BepIInHAMEA — IIyCTOE CJIOBO. EC/iu KOJIMYECTBO BEPIIUH J16-
peBa T GoJibllie ABYX, TO 0O03HAYNM UYepe3 v JINCT ¢ MUHHMAJILHBIM HOMEPOM, a Yepe3 U BEPIIUHY, CMEXHYIO C .
Torna kox Iprodepa mepesa T nosyuaercs u3 koma IIprodepa gepeBa T — v TPUMUCHIBAHUEM CJIEBA, BEPIITUHBI U.

IIposepsnre, uTo BoI y™meere pemars 3ama4dy 2.1, u 3aperucTpupyiiTe IJIIOCUK Y 2KIOPH.

2.1. a) Haiigure kox IIprodepa nepesa ¢ Beprmuamvu 1, 2, ..., 10 u pébpamu (8,9), (8,4), (4,10),
(10,3), (3,5), (10,6), (10,1), (1,7), (1,2).

b) Boccranosure jepeso no kouy [prodepa 1, 1, 2, 5,4, 2, 7.

¢) Hokaxkure, uyro Koz [Iprodepa onpesesnsier B3auMHO OJHO3HAYHOE COOTBETCTBHE MEK/LY
MHOZKECTBOM JI€epeBbEB C JaHHBIMH 71 BEPIMUHAMH W MHOXKECTBOM CJIOB JIJIUHBI 7T — 2 N3 I3TUX
BEpIIIIH.

d) okaxure, uro B Koze IIprodepa Bepuuna crenenu d Berpedaercs d — 1 pas.

2.2. Yemy paBHO KOJINYECTBO KODHEBBIX IOMEUYEHHBIX JIePeBbeB C 7 BepIINHAMHU, Y KOTOPBIX
BEDIIUHA N SIBJISIETCS JTUCTOM (M TeM CaMbIM OHA He KOPeHb)?

2.3. Yemy paBHO KOJIMUECTBO CBOOOIHBIX MOMEUYEHHBIX JiepeBbeB ¢ 1 > 10 BepiimHaMu, y KOTOPbIX
crernenb Bepmuubl 1 pasua 107

2.4. Haiijiure KOJIMYECTBO IMOMEYEHHBIX YHUIMK/INYECKUX I'padoB ¢ 71 BepiImHAMU, UMEIOIIUX
WKJI JJIAHBL K.
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2.5. O6osznaunm uepe3 S(n, k) guciao Crupsimera Broporo poja, 1o OIPEIeJeHUI0 OHO PaBHO
KOJIMYeCTBY pa3bueHuii MHOXKecTBa [n] Ha k HemycThix 4acreii. JlokakuTe, 9T0 KOJUYECTBO T10-

n!
MEYEeHHBIX JIEPEeBbEB C N BePIIMHAMU, POBHO " U3 KOTOPBIX — JINCThs, PABHO —'S(n —2,n—r).
r!

2.6. O6o3znaunm yepes 7(ky, ka, . . ., k) 9UCI0 HOMEYEHHBIX CBOOOIHBIX JIEPEBHEB C 1 BEPITHHAMH,
, n—2)!
y KOTOPBIX CTeleHb i-ii Bepuiunbl paBua k; + 1. Jokaxure, uro 7(ky, ko, ..., k,) = ﬁ
1:R2: ... Rp:

3 Pesyavmamuot

B cremyromux 3a7atuax MOYXKHO CIaBATh HECKOJIBKO PEIIEeHUi, €C/T OHU MPUHIIATTHATILHO OTINIAIOTCS.

3.3. Besegure Teopemy Ko us 3amaw: a) 1.4,  b) 1.6, «¢) 1.7, d) 2.6.

3.4. JTokaxKuTe, 9TO KOJHIECTBO JECOB, ¢ BEPIIHHAME B MHOXKECTBE [n], COCTOANNX n3 k KOpHe-
BBIX fepesben, papno CFlnn=F,

3.5. Jlokakure, UTO KOJMYECTBO JIECOB, ¢ BEPIIMHAMHI B MHOXKECTBE [n], COCTOAMNX U3 IBYX

HEKOPHEBBIX JIePeBbeB, paBHO in™ *(n — 1)(n — 6).

3.6. /lokazkuTe, 9TO KOJUIECTBO OCTOBHBIX JI€PEBBHEB B IIOJTHOM JIBY/IOJILHOM IIOMEYeHHOM I'pade

K, cnonavu Vi = [rju Vo ={r+1,...,r+ s} paguo r* 15"~ 1.

3.7. Ilycre A, — 49HWCJIO TIOMEYEHHBIX TPEYTrOJbHBIX JIEPEBLEB € N BepHIMHAMHU, A, — YHCIO0
KOPHEBBIX TOMETEHHBIX TPEYTOILHBIX JIEPEBLEB C 1 BePITHHAME U KOPHEBBIM peGpom 1-2.
a) okaxure, uto A, = (2n — 3)"73. b) Haiinure A,,.

IIycTs B psifi pACIOIOKEHO N PAJIMYHBIX TPEAMETOB. [Jukauveckas mepecTaHOBKA — ITO IIEPECTAHOBKA, Ie-
peMemnaonas mpeaMeThl T0 HEKOTOPOMY TIHUKJIY: OJWH TPEJIMET CTABUTCA HA MECTO JIPYTOro, 3TOT JAPYToil — Ha
MECTO TPETHEro, U T.J., TOCAEIHUI CTABUTC HA MECTO 1epBoro. Tpancnosuyus (ij) — 9TO NEPECTAHOBKA, MEHsI-
I0I[as MECTAMU [IPEIMEThI Ha 4-M U j-M Mecre. Eciu caurarb, 970 MHOXKECTBO [n] gBJisleTCsl MHOKECTBOM BEPIIUH
HEKOTOPOro rpada, To TPaHCIO3UnuIo (ij) MOXKHO MHTEPIPETUPOBATH KAK PEOpPO, COeNUHSIONIEe BEPIIUHY i C BEp-
LIUHOK j.

Pesynwrar mocse10BaTeIbHOTO BBITOTHEHNS TIEPECTAHOBOK S1, S2, . .., Sp—1 ONPEJENsSeT MePeCTAHOBKY, KOTO-
past Ha3bIBAETCS NPoU3sedenHueMm ITUX TEPECTAHOBOK U 0D03HAYALTCH 152 - . - Sp—1. IIPDON3BEIEHNST, OTINIAIONINECS
MOPSITKOM COMHOYKUTEJIEH, MBI CIUTAEM pa3audHbIiMu. Hanmpumep, eciv mepecTaHoBKa S — 3TO TPAHCIO3UIIUS, Me-
HSIOIAsi MECTaMU IIPEeJMEThl Ha MEePBOM W BTOPOM MECTE, a IePEeCTAHOBKA ¢ — 3TO TPAHCIO3UIINs, MEHSIOIMIAs
MEeCTaMH¥ IIPEJIMEeThl Ha TPEThEM U YeTBEPTOM MeCTe, TO Ipou3BeeHus St u ts OUPEeesdioT OJHY U Ty Ke Iepe-
CTAHOBKY TPEAMETOB, W ITPH STOM CUUTAIOTCSH PA3HBIMU TTPOU3BEICHUSIMHU.

3.8. a) B psiy pacnoiozkeno n npeameroB. JJoKazxkure, 4To Pe3yJbTaT 10CIEI0BATEIHLHOIO Bbl-
HOJIHEHUA TPAHCIO3UIUIA S1, So, .. ., Sp_1 ABIAETCA NUKJIXICCKOH NePEeCTaHOBKONW B TOM M TOJIBLKO
TOM cJIydae, Koraa rpad, B KOTOPOM MHOZKECTBO BEPITHH — 3TO [n]|, a MHOXKeCTBO peGep — 310
S1, 825 « .., Sp_1, ABISETCA JIEPEBOM.

b) JTokazkuTe, 4TO KOJUYECTBO CIOCOGOB, KOTOPBIM IUKJINIECKAs MEPECTAHOBKA MHOKECTBA
[n] MoxkeT ObITh pa3jiozkeHa B npousBejgenue n — 1 rpancuo3unuii, pasuo T,,.
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4 Ilaprosounvie pynruuy

Brosb ynunpr ¢ OJHOCTOPOHHUM JIBUKEHHEM PACIIOJIOKEHO 7 MECT I MapKOBKU aBromobmiisa. Ha ymumiry
BbE3KAIOT MOCJIEI0BATETHLHO N aBTOMOOMIEH ¢ HOMepaMu OoT 1 70 N B MOpsiKe Bo3pacTanusa. Kaxkbiit Boaure s
eZleT K CBOeMy JIIOOUMOMY MECTy TMapKOBKH U, €CJIU OHO HE 3aHATO, MPUIAPKOBLIBAETCS; B IPOTUBHOM CJIydYae OH
eJler JAJIbIIe JI0 TIEPBOrO CBODOIHOIO MECTA U HMPUIAPKOBBIBACTCS TaM, €CJIU YK€ BCEe MECTa JAJIbIIe 3aHATbl, OH
yesxkaer (HacosceMm). I10CIeq0BATEIBHOCTD TIPEAMOYTEHWH, 71 KOTOPOil BCE BOIUTEIN CyMEJIH MPUMAPKOBATHCH,
HA3BIBAETCHA NaAPK080uHOUT Pynryuel. MHOKECTBO TAPKOBOYHBIX QYHKITHI 0003HAYNM Hdepe3 P,.

4.3. CKOJIbKO CYIIeCTBYeT MApKOBOYHBIX (DYHKIMU (a1, ds, . . ., Ay ), JJIsI KOTOPBIX COCEJIHEE BOJIU-
TeJIM UMEIOT PA3HbIE NPEIIOYTeHUs, T. €. a4 7 agpq upu k=1,... ,n—17

4.4. JlomycTuM, 9TO HA YJIUILY, IJe PACIOIOKEHO N MeCT /I MapKOBKH, Bbe3KatoT JUIIb M < N
MarraH. CKOJIBKO B TOM CJIydae CyIIeCTBYET MOCae0BaTeIbHOCTE! MPeMOYTEeHHT, TS KOTOPBIX
BCE BOJUTE/IH CyMEIOT IIPUIAPKOBATHCH !

4.5. JTokazKuTe, 9T0 YUCJI0 HaPKOBOYHBIX (DYHKITHIA, 11s1 KOTOPBIX pOBHO k BoguTesnei (1 < k < n)
NPeNOYNTAI0T MapKOBATHCI Ha MEPBOM MecTe, paBHO C’Sjn"’k.

4.6. s kax10ii mapkoBouHOil dyHKINM @ = (a1, as, ..., a,) OMPEJETUM PA3HOCTHYIO MOCIET0-
BaTEJBHOCTD ¢(a) = (¢1,¢, ..., Cp_1) TO MPABILIY

Ci = Qi1 — Q4 (mod n -+ 1)
ConocraBuM HapKOBO‘{HOfI (i)yHKH‘I/II/I a IIOMEYEHHOE IepeBO t(a) cn+1 BeplIIuHaMM1, KOTOpoOe

3ajiaerca komoM [Iprodepa c(a).
Jlokazkure, 94TO ONUCAHHOE COOTBETCTBHE SABJIACTCS Ouekiyein mexiy P, u Tpi1.

n!
4.7. Jlokaxunre, uro (n+1)""! = E '
— — — — 1ol ol |
0<kn <1 (TL k’g ]{33 k’n)k’gkgk‘n
0<kn—1+kn<2
ngn72+kn71+kn<3

0<ko+kg+...4kn—1+kn<n—1
4.8. ByjeMm HasbBaTh NApKOBOUHYIO (ByHKIUIO @ = (ay,...,a,) Hadescnol, ecin Upu BCex J,
1 <7 <n—1, no kpaitaeit Mmepe j + 1 BojuTe el HPEJANOYUTAIOT TPUTIAPKOBATHCH HA HEPBBIX ]
Mectax. Jlokazkure, 4TO KOJMYECTBO HAJIE?KHBIX MTAPKOBOYHBIX (DYHKIMI J1JIs1 TAPKOBKY JIJIMHBI 7
pasro (n —1)"1.
4.9. /lokaxkute peKyppeHTHOe COOTHOIIEHUS C TOMOIIbI0 KOMOMHATOPHBIX PACCYZK/IEHUI ¢ map-

n
KOBOYHbIMU (DyHKIUAME: P, 1 = Z CSHPk(n — k)",

k=0
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5 MHWneepcuu Ha depesvaxr u Heydobcmea napro8oOUHLT GYHKUUL

5.1. ,ZLOKaH(I/ITe PEKYPPEHTHBIE COOTHOMIEHHSI C IIOMOIIBI0 KOMOMHATOPHBIX PACCY 2K/ ICHUI:
n
Z ok + )T Ty b) Poyi =Y CE(k+ 1)PPyy
k=0

Bossmem momeuentoe aepeso 1 ¢ n + 1 Bepruuoii. Bepmuay n + 1 Ha3HaduM KOpHEM ¥ BBEIEM Ha pedpax
JepeBa HampasiieHne oT mepudepur K KOPHIO. Mbl «CunTaeM MPaBUIbHBIMY, KOT/Ia METKHA BEPIIWH PACTYT IPHU
npub/IMKeHUU K KOPHIO. Byiem roBoputh, 4To BepmuHbL { U j 00pa3yor uxeepcuro, 1 < i < j < n, €ciu BEPIITHA
i JIE)KWT Ha TyTH, BEIYIEM OT BePIMUHBI j K KopHio. ITepeGepem Bce mapwr BepmuH n o6o3HaunM vepe3 inv(T)

CyMMapHOe KOJW4YeCTBO MHBepcuii B aepeBe T. MakcuMmaibHOe BO3MOXKHOE 3HA4YeHMe BeandnHbl inv(7T) paBHO
n( -1

, OHO JIOCTHTaeTcs, Korja I’ — 3To myTh U3 1 3BeHbeB U HyMmeparueil Bepmva n+ 1, 1, 2, ..., n.

HyCTb a = (a1, as,...,a,) — napkoBounas (yukuusg. Ilyctb B pe3ysbrare NapKOBKU NEPBbI BOAUTE b NPHU-
MAPKOBAJICS HA P1-M MECTe, BTOPOH — Ha py-M MecTe u T. 1. HazoBem Besmuuny

n

D(G)ZZ(pi—ai)z n+1 Zaz

i=1

neydobermeom mapkoBouHoit dyukuuu a. Camoe Gosbinoe HeynobcrBo umeer dyukuusa (1,1,...,1), oHo paBHO
n(n—1)
—.

-1
Teopewma. Ilycts n — mpousBobHOE HATYpaTbHOE uncao. Torma mpu Beex k, 0 < k < %, KOJTUTIECTBO
KOPHEBBIX TIOMEUEHHBIX JIEPEBhEB HA 7 + 1 Bepmmue ¢ KOpHEM i + 1, numeronmx k& WHBEPCHii, pABHO KOJIMIECTBY
MapPKOBOYHBIX (PYHKIHI C HEYIOOCTBOM Kk HA YIUIE C M MApPKOBOYHBIMH MECTAMH.

Beenem muorounenst Fy,(z) u Hy (), «<Hymepyioliues WHBEPCUU U HEyH00CTBA:

Foy(x)=1, F,(x)= Z (@, Hyo(z) =1, Hy(x)= Z gP@),

TeETn+1 a€Py

Bynem HazbBaTh UX HYMEPAMOP UHBEPCUT U HYMEPAMOP Heydobcms.

5.2. Ilyctp T* — MHOKECTBO MTOMEYEHHBIX KOPHEBBIX JIEPEBLEB HA N + 3 BepIIHHAX, ¥ KOTOPBIX
KOPeHb HMeeT CTeleHb 2 U MOMedeH YUCTIOM N + 3, a /IBa ChIHA KOPHEBOIl BepIIMHBI TOMeYeHbI
gucjaamu n + 1 u n + 2. Berpa3ure Hymeparop uHBepcuit MHOkecTBa T ¥

Z :L,inv(T)
TeT™

Yepe3 MHOTOWwIeHbl Fj(x).

5.3. Jlokaxknre, 9ro MHOTOWIeHb Fy,(x) u H,(x) ynoBaerBopsior nipu n > 0 OANHAKOBBIM pe-
KYPPEHTHBIM COOTHOIIEHSIM

Fo(z ch (zF + 2" 1+ 1) F(a)Fog(2). (a)

Hyo(z Z CFaF + 2"+ + 1) Hy(2) Hy i (). (b)

Teopema 00 mHBEpPCUAX W HEYAOOCTBAX Cpaly CJIEIyeT W3 MPeIbAyIuX ABYX 331a4d. Ho, BO3MOXKHO, BB CMO-
JKETE TPEJIOKUTH ODUEKTUBHOE JOKA3ATETHCTBO.

5.4. Jlokaxkute TeopeMy 00 MHBEDCUAX U HEYI00CTBAX, MOCTPOUB B3AMMHO OJHO3ZHAYHOE COOT-
BETCTBUE MeXKJy MHOKeCTBAMU 7,1 U P,, IPpH KOTOPOM JIEPEBY C j WHBEPCUSIMU CTABUTCS B CO-
OTBETCTBHUE IMAPKOBOUYHAs (PYHKIMS ¢ HEYTOOCTBOM J.
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6 Ilocae npomestcymourozo purHuwa

Homeuennvim naockum depegom O6y1eM HA3bIBATH KOPHEBOE ITOMEUEHHOE JEPEBO, ¥ KOTOPOI'O CHIHOBbS JIFO00M
BepUIMHLI TUHEHHO ynopsaodensl. O6o3naqnm gepes PF MHOKECTBO J1eCoB, COCTOATTIX 13 k MOMETeHHBIX TLIOCKIX
JlepeBbeB Ha MHOXKecTBe [n| ¢ kopusaMu 1, 2, ..., k, y KOTOPBIX BEPILIUHA 1 HAXOAMUTCs B JE€peBe ¢ KopHeM 1.

1.9. Jlokaxkute, uto npu 2 < k < n — 1 BBINOJIHIETCS PEKYPPEHTHOE COOTHOIIECHUE

P = (2n — k)P~

n

3.9. [lyctb n u k — HarypaJibable yncia, 2 < k < n. Haiiiure KoJimdecTBO IOMEYEHHBIX /IePEBLEB
Ha [n], y KOTOPBIX MepBas U BTOPasi BEPIIUHBI COEMHEHBI MyTeM JIHHbL k — 1.

3.10. /lokakuTe, 9TO KOJIMYIECTBO OCTOBHBIX JIECOB B ITOJIHOM JIBY/IOJIHHOM TOMEYEHHOM rpade
K, s, cocroamux u3 k + ¢ KOpHeBBIX JepeBbeB ¢ KOpHaAMH 1, 2, ..., kur+1,r+2, ..., v+,
papuo (1l + sk — k{)rs—1sr=F=1,

3.11. ,HOK&)KI/ITG, YTO KOJIUYIECTBO OCTOBHBIX J€PE€BbhEB B IMTOJIHOM TPEXAOJIHbHOM NOMEYEHHOM I'pa-
de K, sp c jonsavun Vi = [r], Vo ={r+1,...;r+stuVs={r+s+1,...,7r+ s+ t} pasuo
(r+s+t)(r+s)(s+t)tt+r)

3.12. Yemy paBHO KOJIMYECTBO TJIOCKHX MOMEYEHHBIX KOPHEBBIX JepeBheB HA N + 1 Bepmune?

Tempasdpanrvhoe depe6o ONPENENIeTcsa M0 UHIAYKIUN aHAJIOrMYHO TpeyroabHoMy. IIpocreiiiee Terpasapaib-
HOE JIepeBo (BBIPOXKIEHHOE) — 3TO TPEYrOJbHUK (HOJHBI Tpad HA TPeX BEPIIMHAX ), CJIEILYIOIIEE O CAOKHOCTUH —
Terpasap (momHbIi rpad Ha 9E€THIPEX BEPIIMHAX ). FCam yxKe 33JaH0 TETPasIpaTbHOE JEPEBO, MBI MOXKEM JOOABATH
K HEMY HOBYIO BEpIIUHY, B34B JI00YI0 TPEYTrOJbHYIO TPAHb JIOO0r0 U3 TETPA3IpOB U MIOCTPOUB Ha 3TOM MPaHU KaK
HA OCHOBAHWMM TETPA3AP C HOBOW Bepmmuoii (puc. 4). PopMasbHO ITO 3HAUMT, 4TO MbI j00aBuIM K rpady OjHy
HOBYIO BEDINUHY W TPU HOBBIX peOpa (U, eC/iu XOTUTE, TPH HOBbIE TPEYTOJIbHBIE IPAHN). 3aMETUM, 4TO B TPEXMEp-
HOM TIPOCTPAHCTBE TETPA3IPBI MOTYT IEPECEKATHCS, MOTOOHO TOMY KaK B TPEYTOJbHBIX JEPEBbAX, H300pasKaeMbIX
HA, IJIOCKOCTH, MOIJIM MEPECEKATHCA TPEYTOJbHAKH.

3.13. CKOJIBKO CYIIECTBYET MOMEYEHHBIX TETPAdIPAJILHBIX JEPEBbEB C 1. BepITUHAMEI?

n!

- > Iy S S [T S Bt
o<k, 1<l (n k‘g k‘g PN k’n_l).k’g.kg. c. kn—l-
ngn72+kn71<2
ngn—3+kn—2+kn—1<3

0<ko+ks+...Akn_otkn_1<n—2

4.10. JJoxaxute, uto (n—1)""*

n!
4.11. Jlokaxkure, ato n'" = E :
kylka!. o k!
0<k1<1

0<k1+k2<2
0<ky+ko+k3<3

0<ky +ka+... Fhn_1<n—1

rrer

Puc. 4. Tlocrpoenne TeTpasapanbroro gepesa. K ocHoBHOMY TpeyronbHuky (1, 2, 3) mocmenoBarenbHO T06aBIIs-
I0TCS BepIwHbI 7, 4, 5, 6




Boxpyr Teopemsr Kanu Bepcena 0.99 8

Pemmenunga

1 Pexypcuu, moocdecmasa, buexuyuu

1.1. Mur B3sim 31y 3aga4y B [3]. Orvern™m Ha mukie Bepmuny A ¢ HanbGoJIbIell MeTKON 1 Ty u3
JIBYX COCETHUX C Heii 110 MUKy BepIinH B, rae MeTka KpymnHee. Y0epeM u3 jepeBa pebpo AB,
noaBecuM K A nmer ¢ merkoit 99, m k B — smcr ¢ merkoit 100. MbI mocTponin HHHEKTHBHOE
oToOpazKeHre U3 MHOXKECTBA yHUIIMKJIUIECKUX I'PA(pOB B MHOKECTBO JIEPEBLEB.

1.2. Pemenne 1. Cwm. |6, 3amaqa 8.5| win [1] (raBa 26, nepsoe gokasareabcrso). Pacemorpum
yTh, BeAymuii n3 cuneil Bepmmubl B Kpacuyio. OH 3a/1aeTcs HeKOTOPOii MOC/Ie0BATEIbHOCTHIO
ssieMeHTOB MHOkectBa A C [n|. Ha Bepmmmnax 3Toro myTn pactyT jgepeBbst. Camy mocsieo-
BaTEJILHOCTH MOYKHO IPEJICTaB/IATH KaK MEePECTAHOBKY 3JeMeHTOB MHOxKecTBa A. Bamagumm sTy
MePECTAHOBKY C TIOMOIIBIO TUKJIOB (Ha dgeMeHTax MHOXKecTBa A). Mbl mostyumnan #Habop MUKJIOB,
nprYeM Ha KaskJ0H BEepIIMHE KazKI0r0 MUK/ PACTET JIE€PeBO.

C pyroit cTOPOHBI, 0TOOpaKeHNe MHOXKECTBa, [n] B cebst 33/1aeTCs1 ODHEHTHPOBAHHBIM IpadoM:
13 BEPIHUHBI § PUCYeM CTpeJiKy B Bepinuny f (i) (pasperrensr netsin). Y 31oro rpada Bee BepHimHbI
HIMEIOT UCXOJMAIIYI0 CTeleHb 1, IOTOMY OH IpejcTaBisger coOoil 00beIMHeHne MUKJIOB, IPHYEM
Ha KayKJIO# BepIMHe [UKJIa PACTeT JepeBo (TOoUHee, HAOOOPOT: JIEPEBO «BJIUBALTCA» B KAXKJIYIO
BEPIIUHY IUKJIA).

D10 u ecTh Tpebyemasi OUEKITHSI.

Pemenue 2. Orobpaskenue u3 [n] B [n] 3aaeTcst mM0CIe10BATEIBHOCTBIO H3 N THCET. Bo3bMeM
JIepeBO U3 YCJIOBHS 3a1a4d U BblmuieM ero Ko [Ipiodepa (n — 2 gucia), mocie 9ero BbIIHIIEM
HOMeD KPACHOIi, a 3aTeM HOMep CuHeil BepItuHbl. [0y duiach mocie0BaTeIbHOCTD U3 7 IHCell.
OteBHHO, UTO 3TO OUEKILHSL.

1.3. Mubi B3si1u 910 yrBepxKiaenue B |17, . 3.9|. [IpaBas yactb paBeHCTBA HOJACYUTHIBAET BCEBO3-
MozkHBIe OTOOpaxkenust u3 [n — 1] B [n]. JIioGoe Takoe oTobparkenue MOkKeT ObITH H300pPAZKEHO
B BUJI€ OPUEHTUPOBAHHOTO Tpada Ha 71 BEPIINHAX: U3 KaXKJIOW BEPIIUHBI BLIXOJHUT OJHO pedpo,
[OKa3bIBAIOIIee, Ky/la OTOOPazKaeTcs 9Ta BEPIINHA. ¥ BEPIIUHBI 7 MOT'YT OBITH TOJILKO BXO/IAIINE
pebpa, ¥ KOMIIOHEHTa, CBS3HOCTH BEPIIHHBI N — 3TO JE€PEBO, B KOTOPOM BCE CTPEJKHU <«IIOKa3bI-
BAIOT B CTOPOHY N». JleBast 4acTb paBeHCTBa Lepeduc/sier Takue rpadbl, KJiacCuuiupys ux 1o
BHJLY JIep€eBa, COJEPKAIIEIO BEPIIUHY 1.

1.4. |14, Teopema 2.1|. Ha kopreBoM JiepeBe 3ajaHO HalpaB/eHne oT KOpHs K mnepudepun. [o-
cTpomM oTobpaskerne w3 MHoxecTBa Fr L B FX. Jlng sToro Bospmen Jec ¢ k— 1 mepesom, Haiiem
B HeM BepIIuHy K, OTJIOMaeM ee W BCe, YTO Ha Hell pacTeT, W MOCAJINM B KadecTBe OTIETbLHOTO
KOPHEeBOTO JlepeBa. Kax mpaBujio MOMyduTes JepeBo u3 FF 3a HCKII0UeHHeM OJHOTO CIyYdas: ecli
MbI OTJIOMAJIN BETKY OT IIEPBOrO JePeBa U BEPIIUHA 1 HAXOJIUTCS HA OTJIOMAaHHON BeTke. B 3rom
cydae cjiesiaeM KOPPeKIMIo: oMeHsdeM MeTKu 1 u k Mectamu.

[TocMOTPHUM, CKOIBKO TTPOOOPA30B NMeeT TIPH TaKOM OTOOPasKeHNH TTPOU3BOIBHbIH jec u3 Fr.
Y1o06sI moCTpOUTH TPOOOPA3 Jeca, Hy?KHO B34Th B HEM k-e JepeBO U MPUIENUTH B KAUeCTBE BETKU
K JT000ii BepIuHe MepBOro, BTOPOTO, ..., (k — 1)-ro gepeBa — 3TO ecju MBI IOIpa3yMeBaeM,
49TO He ObLIO KOppekimu. A jijisi 1poobpa30B ¢ KOppeKIueil HyzKHO HePBOe JEPEeBO B KAYeCTBE
BETKHU IPUIEIUTH K JiI000# Bepiiune k-ro jiepeBa u nomeHdaTh Merku 1 u k. Uroro, xaxKias
W3 N BepIMH HMerlnerocst rpada MoKeT ObITh MCIOJb30BaHA JJIsT TOCTPOeHHs! (YHUKAJIBHOTO)
npoobpasa. Taxum obpasom, FF~1 = nFk,

1.5. OTBeT: Ff;l = sF,f‘fs npu 2 < k < r. [14, Crexcreue 3.1]. Pekypcus cTpouTcst Tak ke,
Kak B 3ajade 1.4. [lockobKy BepIimmHa ¢ HOMepoM k JIe?KUT B MHOKeCTBe V), IpHU MOCTPOEHUN
00paTHOTO OTOOPaXKEeHUs MOIJIEPEBO ¢ KOPHEM Kk MOXKET OBITH IOJBEIIEHO K S BEPIIHHAM.

1.6. a) Dro pesyabrar u3 [18]. Obo3naunm yepe3 F, KOJIMIECTBO IIOMEYEHHBIX J€PEBbEB € BEPIIH-
HAMU Ha [n], comepzKaiux onpejeneHnoe pebpo, nanpumep, pedpo 1-2. IlogcaursiBas Bece pebpa
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BO BCEX JIePeBbAX, IPUXOJUM K TOXKJIECTBY

n(n —1)

5 E,=(n—-1)T,.

Takum obpasom, 1), = %nEn Temepsb, urobbl HaiiTu F,, 10CTATOYHO BBIOpATH, CKOJIBKO BEPIINH
COIEPXKUT JIEPEBO, BUCAIIIEe Ha BepIIHHE 1, a CKOJIHKO Ha BepIInHe 2, 1 KAKHe HMEHHO 9TO I€PEBbI.

n—2
Momnyaaem bopmyny T, = 2 3 CF_ Ty i1 Thpo1.
k=0

b) ToxKaecTBO U3 ITOM 339K BHIBOAUTCS W3 TOXKIECTBA 33a4u 5.1a) ¢ HOMOIIBIO «XPECTO-
MaTuiHOrO MeToa [ayccay: HyKHO CI0KUTD JIBA IK3EMILISpa CyMMBI U3 331241 5.1 a), HOMEHSITh
B OJJTHOM U3 HUX MHIACKC CyYMMUPOBaHUA k’ Ha N — 2— k " CJIO2KUTDb 9THU CYMMBbI IIOYJIEHHO.

BriBesiem ToxkmecTBo 3aqaaun 1.3 u3 roxkgectsa 5.1a), JJist 9TOr0 3amuiineM OTIeIbHO Carae-
Moe JIIsT j = n, a B OCTaBIIIeiicsi CyMMe BBeJeM WHJEKC cyMMmupoBanus k, rjae j =k + 1:

n—2
-2 k k+1 —k—1 -1
n" +E Cr o (k+1D)" n—k—-1)" =n""".
k=0
Ilepenecem ciaraemMoe n”"~ 2 B NMpaByIO YacTh, a B JIEBOil 9acTHW MpeobpasyeM OGHHOMHAILHBIIT
koaddumuent o dopmyre C* (n—k—1) = (n—1)Ck_,:

T
[N}

(n—1C ;(n—k—1)(k+1D " n—k—1)""*3 =n"2(n - 1).

i

Cokparus Ha (n — 1), moaygaem dopmysry u3 3agauu 5.1a) ¢ TOYHOCTHIO O 3aMEHBI HHJIEKCA
CYMMUDPOBaHUA.

1.7. [4] TIycts A € T (n, k—1) — oxno U3 mepeBbeB, v — J0bas U3 ero n— k BepIINH, HECMEKHBIX
¢ BepmmHOli 1. 3aMeHnM pebpo, Beaylnee U3 BepUINHBL U K IPEJKY, Ha pebpo, Beaylnee B KOPeHb.
[Tosnyuennoe mepeBo oboznauum B (ouesunno B € T (n,k)), a napy aepesbes (A, B) nazoem
€6A3K01.

[Toacumraem aByMs crocobaMu KOJIMIeCTBO ¢BA30K. C OJHON CTOPOHBI, YACIO CBA30K PABHO
(n—k)T'(n, k—1), HOCKOJIBbKY CBS3KA OJJHO3HAYHO OIPEJIEJISIeTCsI IePeBOM A 1 BEpIIUHOM v, epeBO
MOKHO BbiOpaTh 1'(n, k — 1) cmocobamu, mocse dero Bepmnua v Beibupaercs (n — k) crnocobamu.
C Apyroit CrOpOHbBI, CBA3KY MOXKHO HOJIy4YHTb, e Mbl Bbibepem T'(n, k) crocobamu jepeso B,
[OCJIE ¥ero yAAJUM OJHO U3 pebep, BHIXOAAIINX U3 KOPHHA, W 00pa30BaBIIYIOCS «OTJIOMAHHYIO
BETKY» COEJIMHUM C JII000i1 HEKOpHEBOi BEPITNHON OCTABIIEroCs JepeBa — BCEro MOy INTCs

m—1—-n)+n—-1-ny)+...+(n—1-—ng)=Mn—-1)(k—1)

BAPUAHTOB, 3/1eCh YePe3 Nn; 0003HAYEHO YUC/I0 BEPIIHH B <OTJIOMAHHON BeTKe», 00pa30BaBIIeHCst
IIpH y1ajieHn i-ro pebpa, Borxosinero u3 kopust. toro (n—1)(k—1)T(n, k) Bapnantos. 3naqur,
n—1)(k—-1)T(n,k)=(n—k)T(n,k—1).

1.8. OrBet: (n—Fk—2)A(n, k) = k(2n —4)A(n, k + 1). Dro yrBepxkaenue u3 |9|.

OTtmeTnM, 9TO MOCTPOEHUE TPEYTOJBHOTO JIepeBa, OMUCAHHOE B OMPEIeIeHUN, MOKHO HAYW-
HATb ¢ JII0OOTO pebpa: Bo3bMeM Jio0oe pebpo, J106aBUM K HEMY TPeyroJbHHUKH, KOTOpPbIE ero
coJiepzKaT, MOTOM J00AaBUM TPEYTOJbHUKHU, IPUMBIKAIOIINE K YZKe IMOCTPOEHHBIM pedbpaM H T. 1.
Bosiee Toro, nycrs HadajbHoe peOpPo (DUKCUPOBAHO, a LPH JI00ABJIEHUHM K JIEPEBY O4YepejHOit
Bepruabl C', Mbl pucyem wa pedpax C'A, C'B crpenku, Beixojsinue u3 Bepumuasl C. Torma opu-
eHTUPOBAHHBIN Tpad, N300parKalNIMil TPEYroJbHOEe IePEBO, HE 3aBUCUT OT MOPSIKA, B KOTOPOM
JT00ABJISLTICH BEPINUHDI!

Paccmorpum Tpeyrosibaoe jiepeBo (G, ¥ KOTOPOTO KOpHEBOE pedpo uv NMpHHAIEKHUT k Tpe-
YIOJIbHUKAM, O003HAYUM UX UVW, UVWsa, ..., UVWg, U ITOCTPOUM IO HEMY JepeBo ¢ k + 1 Tpe-
yroibauKamu (puc. 5). BosbMeMm mpou3BOIbHYIO BEPINUHY W, HE COBIAJAIONLYIO HU C OJHOI u3
BEPIUH W;, U PACCMOTPUM MUHUMAJIHLHOE TPEYTOJIHLHOE MOIIEPEBO, COJAEPZKAIee BEPITUHBL U, U



Boxkpyr Teopemsr Kanu Bepcua 0.99 10

O

Puc. 5. CneBa nepeso ¢ k TpeyrosbHuUKamMu Ha KOpHEBOM Dpebpe wuwv, cupasa ¢ k + 1 rpeyrosbaukamu (k = 1).
MunumManbHOE JePeBo, COAEPIKAIIee BEPIIMHBL W, % W U, 3aKPAIIEHO cepbiM 1BeToM. OT KaxKI0# BEPIITHHBI, KPOME
BEPIIMH U U U, BEAYT JIBE CTPEJIKU K pebpy, Ha KOTOpOoe ObLI MOBEIIEH TPEYrOJbHUK, COOTBETCTBYIONIUI 91O
BEpIITNHE

n w. B cuny MUHUMAJIBHOCTH W3 BEPIIHHBI W B 3TOM IOJJIePEBe BBLIXOAAT JiBa pebpa. Yoepem
9Ti pebpa W BMECTO HUX MpOBeIeM pebpa wu u wv. B pesynbrare y KOpHEBOrO pedpa MOsIBUTCS
elre OJUH TpeyroJbHuK. Jactu gepeBa (G, KOTOpbIe BHCEIH HA YyOPAHHBIX peOpax, MepeBecuM Ha
HOBBIe pebpa wu u wv. (IIpu BBIMOJHEHUN STUX JAeHCTBUII MOIJIO CJAYIUTHCS, UTO MBI yOpasu
pebpo, CoeJMHSONIee W ¢ U WK U, U TYT Ke J0OaBU/IM ero CHoBa.) Bbibparsh BepIIMHY W MOXK-
HO N — k — 2 cmocobamu, modromy Mol umeeM (n — k — 2)A(n, k) BADHAHTOB BLIMOTHEHHST ITOH
KOHCTPYKITAN.

Tenepsb omnuireMm 0OpPaTHYIO OMEPAINNIO: IO AEPEBY, Y KOTOPOro KOpHEBOE pebpo uv IPHHA/ITe-
KUT k + 1 TpeyroabHHKaM, IIOCTPOUM JepPeBO, Y KOTOPOro KOpHEBOE pedpo uv MPUHAIIEKAT K
rpeyrojabaukaM. st 31oro BosbMeM 0jHy u3 k + 1 BepLiuH TPEyroJbHUKOB, CBSI3aHHBIX C KOP-
HEM, IYCTh 3TO Oy/1eT BePIIUHA W, U «II€PECaTUMy TPEYTOJbHUK UvWw ¢ pedpa uv Ha KaKoe-HUOY /1b
npyroe pedopo ab. 1o genaercs caeayromuMm obpasom: nycth (G u (Gg — TPeyToJbHBIE MOAAEPe-
Bbsl, pacTyIiue Ha pedpax wu u wv. Beibepem mpons3BosbHOe pedpo ab, He nexamtee B G U Gy
(1 He coBmaalOIIee ¢ uv), U 3aMeHuM pebpa wu u wv Ha pebpa wa u wb. IIpu 3T0M HOTEPeBbst
G1 u Gy, BuceBIIne Ha pedpax wu U wv, HepeBecuM Ha pedpa wa u wb cOOTBETCTBEHHO.

[Tojacuuraem, CKOJBKUMHU CIIOCODAMU MOXKeT ObITH BBINOJHEHA TakKash KOHCTPYKIus. B Ka-
gecTBe ab MoxkeT BuIOMpaThcs J00oe n3 2n — 4 HEKOPHEBBIX pebdep, npudeMm, ecjau pedpo ab
HPUHAJIEZKAT TPEYTOJIbHOMY IOJJIEPEBY, BUCAIIEMY Ha KOPHEBOM TPEYrOJIbHHKE uvw', TO B Ka-
YeCTBE TPEYTIOJbHUKA UUW, KOTOPBI MBI IMEPEBEIINBAEM Ha 3TO pedpo, MOKHO B3ATH JIIOOOH u3
k KOpHEBBIX TPEYTOJIBHUKOB uvw, Tae w # w'. toro k(2n — 4)A(n, k + 1) cmoco6os.

1.9. |14, Cuexcriue 4.1|. ITonpobyem 1ocTpouTh TaKyI0 2Ke PeKypcuio, kak B 3ajade 1.4. Ha sror
pa3 MecT, Kyjia MOYXKHO IOJBECUTD IOJJIEPEBO ¢ KopHeM k, 6osbime. [ KaxKi0if BepIIMHbI OHO
PaBHO 9YHCJIy €e MOTOMKOB MIf0C ofanH. CyMMapHO MO BCEM BEPITHHAM MOJIYYAETCS YHUCI0 BCEX
pebep ILTIoC YUCI0 BeeX BepuminH. A dmcio pebep B jiecy u3 k J1epeBbeB paBHO N — k.

1.10. Orser: Pt = (p+ 1)P},, .. [14, Teopema 4.3]. Pexypcus mourn kak B 3amade 1.4.
B kauecTBe 7-T0 JepeBa GepeM IMOAAepeBo ¢ KopHeM B BepImuHe r. Ha To MecTo, re Oblia BepImm-
HA 7', MOJIBECUM JIUCT. 3aMETHM, YTO €CJIU Obl MbI 9TOI0 HE C/eJIa/11, TO IIPOHYMEPOBAHHbII ITPE/I0K
BEPIIUHBI 7" MOI' OKa3aThCA JIMCTOM, €CJIM Yy Hero He 6bLHO 60JIBIH€ IIOTOMKOB. LII/ICJ'[O JINCTHEB U
o0IIee 9HCJIO BepIIuH 1 yBeanduanch Ha 1. Eciam temeph BepmmHa 1 — p OKa3ajgach B Jepene
¢ KopueM r, mepectaBuM MeTKu 1 u r. ObparHo, youpaem J000i u3 p + 1 JIMCTbeB U BMECTO
HEro MOJBENINBAEM JePeBO ¢ KOPHEM 7" eCJIH JINCT HAXOAUTCA B IPYTOM JI€peBe WIH MOJIBEIINBAeM

JIepeBo ¢ KopHeM 1 u epecraB/isieM MeTKu 1 U 7, eCJid JIMCT HAXOAUTCH B T-M JepeBe.
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2 Kod Ilprogepa

2.1. Dra 3amava 2.2.4 n3 KHWKKH [3| — ympaykHeHHe HA MOHUMAHUE TOTO, UTO MPEICTABIISIET
coboii ko [Iprodepa.

2.2. OrBeTr: (n—1)""1.

Kon IIprodepa HeKOpHEBOTO JiepeBa, y KOTOPOTO BEpIIWHA N ABIAETCS JUCTOM, HE COIEp-
KUT cuMBoJIa «n». [loromy nmeercs (n — 1)"~2 takux Ko10B. BbiGOp KOpHS yBeJMUMBaeT YUCJIO
BapuanTos B (n — 1) pas.

2.3. Orser: C)_,(n —1)""'1 TloroMy 4TO 3TO YMCIO PABHO KOJMYECTBY 3allOJIHEHHIT N sSUeeK
n — 2 pa3/JUYHBIMU IIPeIMETaMU, JJIsi KOTOPBLIX IepBas d4deiiKa colep:KuT 9 mpeaIMeTosB.
2.4. OrBer: 3(n—1)(n—2)...(n—k+1)n"*
. n(n—1)(n—2)...(n—k+1)
JleiicTBUTEILHO, KOJUIECTBO CIOCOOOB BBHIOPATH IHKJ PABHO o — BBIOUpA-
eM TIOCJIeI0BATEIbHO TePBYIO, BTOPYIO U T. J. BEPIIMHBI IUKJIA, IIOCTE Yero yd4TeMm, UYTO HaM He

BAaKHO, KOTODAsl BEPIIMHA B IUKJ/E YUC/JIUTCH MMePBON U KAaKOBO Hampas/eHue muksia. Ocraaoch
MOJICYUTATH KOJIUIECTBO YHUIUKIHIECKHX TpadoB, cogepxkamux mukia (n,n—1,...,n—k+1).
Yoepem pedpo, coemunsitoiniee n u n — k + 1. KoandectBo Bo3MoxKHBIX KO/0B [Iprodepa s
NOJIyYUBIIIETOCH JIepeBa PaBHO knn1k,

JleiicTBuTE/IBHO, TIOCIE N — k MIArOB BHIMKUCHIBaHUA Koja lIpiodepa Hamero jepeBa oT HEro
ocTaHercst Kak pa3 uyrb n, n — 1, ..., n — k + 1. IlepBoie n — k — 1 snementoB Koxa [Iprodepa
pousBoJIbHbL, (N — k)-ii 3j1eMeHT — 310 uncjo or n — k + 1 10 n, a Bce OCTaIbHbIE JIEMEHTHI
JIeTEPMUHUPOBAHHI.

MsI B3si1a 3Ty 337124y B [3].

2.5. Mbl B3suti 910 yTBep:kaenue B [5]. Ecau npucmorperses, ono ects u B [7]. B cBere Koma
[Iprodepa, KazKercst, STO MOUTH TABTOJIOTU.

2.6. |7]. 1o anropurmy IIprodepa kazx/0My TAKOMY JIepeBY B3AUMHO OJHO3HAYHO COOTBETCTBYET

kox IIprodepa — ommounen x;,x;, ...%; ,, KOTOPBIH HOCJ€E «YIPOIIEHNST» MPUBOJNUTCI K BHILY
ek xke (vne ky ko 4. 4k, = n — 2). Takum 06pa3soM KOJHIECTBO PA3HBIX KOJOB PABHO

n
—2)!
MOJTMHOMHUATEHOMY KO3 bumumenTy —klﬁ,’;, )k -
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3 Pesyavmamuvt

3.1. MuI B3siin 910 yTBepKIenue B [17]. st KaxK7I0T0 JepeBa ¢ MOMEYEHHBIMHU BEPITHHAMHU
HA3HAYUM BEpIINHY 7. KOPHEM, TeM CaMbIM MBI 3313 UM HaIpaBJIeHHe OT KOPHS U, KaK CJIe/I-
CTBHE, OTHOIIEHNE «IIPEIOK—IIOTOMOK». Temnepb KaxKJI0My IOMEYEHHOMY JepPeBy C 7 BepIIHHAMUI
IOCTABAM B COOTBETCTBHE PEOEPHO MOMEYEHHOE IEePEBO ¢ N BepIiinHaMmu. /1 3Toro mocraBuM Ha
KazKJI0M pebpe 17, r/e ¢ IOTOMOK J, METKY 1.

[Tosryaennoe pebepHO TTOMEYEHHOE JIEPEBO MO3BO/ISIET BOCCTAHOBUTH UCXOIHYIO PA3METKY Bep-
IIMH, eCJIM Mbl YKazkKeM, KOTOpas M3 BepIInH ObLia KOpDHEM W IPHCBOUM eii MeTKy n. Takum
obpazoM, Kazk/10e pebepHO MOMeUEeHHOe IePeBO MOLJIO HOJYIUTHCS IIPH TOM OTOOPAYKeHUU U3 11
Pa3JIMYHbIX BEPIIUMHHO IIOMEY€HHbIX JI€PpEBbLEB.

3.2. Mui B3si1u 91y 3324y B |3]. Byaem cunrarh unciio KopHeBbix jiepeBbes. Hapucyewm jiepeso Ha
IJIOCKOCTH, y KayKJI0ro pebpa 3a/1a/1uM HallpaB/eHre OT KOpHsi. Ternephb comnocTaBuM JepeBy KOJI:
HAaYMHAs OT KOPHs, OyJeM 00XO/HUTh JIepeBO, KaK Oy/ITO 9TO CUCTeMa, CTeH Ha IiockocTu. Kora
JIBUZKEMCH TI0 cTpesike — nmtreM 1, a mpotus — 0. [Toayunm mocaeoBaTe TbHOCTD U3 21 — 2 HyJTei
u equHUI. HeTpyaHo MOHATH, 9TO KayK/I0i IMOCIeI0BATETHLHOCTH COOTBETCTBYET He DoJiee OHOTO
Jiepesa.

3.3. a) Teopema Kau cpasy ciejyer us 3ajaun 1.4 u pasencrsa F'~! = 1.
¢) A Taxxke u3 3agaun 1.7 u pasencrsa T'(n, k) = C*—3(n — 1)"*~1. Jleiicrureanno, kom-
YeCTBO TIOMEYEHHBIX JI€PEBLEB PABHO CYyMMe

n—1

Tl k) = 3 CEbn — 175 = 3Gy (n— 1) = ((n— 1) + 1)
k=0

1 k=1

i
L

=
Il

b) Yro kacaerca 3amaun 1.6, Teopema Kamm BhiBOmHTCS 13 Hee B [18] ¢ momomibio mpomns-
BoJsiux pyHkiuit u popmyiibl obpanienus Jlarpanzxka. Ho, Bo3aM0xKHO, ecTh U 3jieMeHTapHbI
METO/I.

d) M3 3amaqan 2.6 Teopema Kai BHIBOAUTCS € MOMOIIHIO CYMMUPOBAHUST B JyXe MOJTHHOMU-

aJbHOl TeopeMsl [7]:
—2)!
Z (n—2) -
kylko!. oKy

k14ko+...+kn=n—2

ki =0
3.4. [14, Cnencrrue 2.3|. CymiecTByer Bcero oaut jiec ¢ n— 1 gepeBbsivu. [IpuMeHsist peKypcuBHOe
pasercTBo FF*~ ! = nF* u3 3aga4n 1.4 HeckoabKo pas, mosydnm, uto FF = n"" =1 Yucmno necos,
B KOTOPBIX BEPIIMHA C HOMEPOM N COJEPKHUTCS HE B IIEPBOM, a B JIIOOOM JIpYyTroM (pUKCHPOBAHHOM
nepese, pasio F¥. Crenosarennno, umcyio jiecos Ge3 ycaosus Ha Bepumuy n pasHo kn™ F=1,

Yuco cnocobos BHGpaTh KopHE A1 k gepesbes pasno CF| oTciona nckomoe kKommaecTso necon
pasrao Ckgnpn=h—1 = Ck—lpn-F,

3.5. MsI B3st1 970 yTBep:Kaenue B [17, m. 4.3].

3.6. Pemenue 1. [14, Caencrue 3.1]. Bygem moacuuThiBaTh He TOJBKO YHCIO JE€PEBLEB, HO
U 910 JiecoB (y KOTOpbIX BepuimHa 7 + 1 Haxoaurcs B jiepese ¢ kopHem 1). Bocuosib3yemcs
pekypcuBHOit popmysioit u3 3aaaqu 1.5:

Fr’fs_l = stfs npu 2 < k<.

[Tob3ysich 3T0it hopMyJI0ii, CBEIEM BIOPOC K MOJCYETY YHCJIA JIECOB C T JIEPEBBIMU. JTO THUCJIO
JiecoB pasHo F', = r*71 Tak Kak 4muc/I0 COCOOOB BHIOPATH Cpeju T KOpHeil mpejgkos jaid s — 1
BEepIINH PaBHO 17 1.

Pemenue 2 (kox IIprodepa). Kox IIprodepa Takoro takoro jepesa coaepuT r— 1 mpegkos
OJTHOI1 T0/TM U s— 1 MPEeIKOB JIPYTOii 0N, TAK KAK B KOHIIE BCEIJIa OCTAIOTCS JIBE BEPITUHBI PA3HBIX
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sogteii. Kaxkapiit u3 r — 1 npegikoB MOKeT ObITh BHIOPaH S CIIOCODAMM U aHAJIOTMYHO, KarK/bIil U3
s — 1 mpeIKOB MOKeT OBITH BhIOpaH 1 criocobamu.

3.7. a) Pemrenue 1. YTBepKmenune 3amaun B34T0 B |9|, re OHO JOKA3aHO MATHIO CMIOCOOAMI.
MpbI npuBOMM TpeThe JOKA3ATEABCTBO U3 [9].
Bocmnosb3yemcest pekypceueii u3 pentennst 1.8 u rem, uro A(n, k) = 1 npu k = n — 2. [onygaem

k(k + 1)

A(n,k) = (2n—4) Aln,k+1) = (2n — 4)? Aln,k+2) =

n—2—k m—=2—-kn-2—-(k+1))

o k(k+1)...(n—3) B

=...=(2n—-4) k(n—Q—k)(n—Q—(k+1))---1A(n7n_2)_
= (2n —4)" 27k (n = 3)! A(n,n —2) = (2n — 4)">FCh1.

(k—1Dl(n—-3—(k—1))!

CymMupys 10 BCeM BO3MOXKHBIM k u mpuMensisg ¢opmysay OowHoma HbioToHA, BBIYHCIsSIEM

n—2
KOJIMYECTBO KOPHEBBIX TPEYTO/IbHBIX jepesbes: y. CF3(2n — 4)" =2 = (2n — 3)"~3,
k=1

Pemenue 2 (kox [Iptodepa). 3akoaupyeM moMedeHHOE KOPHEBOE TPEYTOJbHOE JIEPEBO KO-
JIOM, aHAJOTHIHBIM Koy lIprodepa.

[Tocrpoenne koja 1o gepesy. IlycTs gano TpeyrosibHoe IOMeYeHHOE KOPHEBOE JIEPEBO € KOP-
HeBbIM pebpom 1-2. CHavasia 1o 3a/JaHHON pa3MeTKe BEPIIHH JIepeBa OMPEeJIe/ UM CIeNuaJIbHyI0
pazmeTky pebep. st 3T0T0 moctaBuM Ha pedpax CTPEJIKH, KaK 9TO OMUCAHO B HAYAJe PerieHus
3ama4un 3.7. Torma w3 KaK70if BepIIWHBI, He MPUHAJIeZKAIeil KOpHEBOMY peOpY, BLIXOIUT JIBe
crpenku. Eciu Bepmmna nMeeT METKY X, TO MOMETUM BBIXOJdAIINE U3 Hee pebpa xa u xb, rae xa
BE€JIET B BEPINHUHY C MEHbIIel MeTKoil, a xb — c bosbineit. Kopuesoe pebpo Oyaem oboznadars 1-2.
Taxum obpazom, Hale JepeBo copepzKuT 2n — 3 pebpa ¢ «yHuUIUPOBAHHBIMUAY HA3BAHUSMU:

12, 3a, 3b, 4a, 4b, ..., na, nb.

BamnumieM KoJI, TOJIb3ysCh HOBBIMU Ha3BaHUSIMHU pedep. JIMCTbaMu TpeyroJbHOTO JepeBa Oy-
JIeM Ha3bIBaTh BEPIIUHBI cTenmeHn 2. Ha Kaxkaom mmare cMOTPHM Ha BCE BEPIIUHBI, SIBISIONIHECST
JINCTHSIMU TEKYIIEro TPEeyTroJbHOTO JepeBa, BHIONpaeM U3 HUX BEPIINHY C HAUOOALULUM HOMEPOM,
OTPBIBAEM €e OT JIePeBa U 3alnChiBaeM Ha3BaHue ee pebpa-npeaka. Ha moceqnenm mmare orpeiBaeM
BEPIITUHY € OCTABIMUMCST HOMEPOM OT KOPHEBOTO pebpa 1-2, ero MOKHO He 3aluChIBaTh.

Boccranosienue jepeBa 1mo Komay. JIucTbsamu aepeBa gBISIOTCA BEPIIUHBI ¢ HOMEPOM X, €CJIH
oba pebpa xa um xb He comep:KaTcs B KOJe, TaK:Ke JUCThSIMU HE MOTYT OBITh BepIIUHBI 1 1 2.
Boinuniem takue nHomepa Bepiini. B 9Tom crimcke BeprinHa ¢ HauOOJIbIIUM HOMEPOM ObLjla 0TO-
pBaHa TMepBOii, 3HAYNUT, IepBOe PeOPO B KOjIe — ITO ee pedPO-TpeIoK. 3alnuchiBaeM, Kakoe pedpo
SIBJISIETCS TIPEJIKOM JIJIST 3TOW BEpIHINHBI, yOepeM ee M3 CIUCKA JIMCTheB, a pedpo u3 koja. [locie
yaajaeHus pebpa u3 Kojia, MOTYT IOSBUTHCS HOBBIE BEPIIUHBI, KOTOPLIE TeIepb CJIe/IyeT CIUTATh
JIUCTBAMHE, J00ABUM UX B CIIUCOK JTUCTheB. CHOBA HallIeM B 9TOM CIIUCKE BEPIIUHY C HAUOO IBIITIM
HOMEPOM H T. JI.

B pesysbrare BHITIOIHEHUST 3TOTO AJITOPUTMA, MbI ITOJIYy9UM MOC/I€I0BATETLHOCTH BEPIITHH C UX
pebpamu-nipeakavu. B oryimame oT 0OBIYHOTO JiepeBa TPEyTroJIbHOE TPYAHO BOCCTAHOBUTH, MPO-
CMaTpUBag ITY IOCIEI0BATENIBHOCTh C HAaYa/Ia, TaK KaK HEM3BECTEH OJUH M3 HOMEPOB BEPIIUH
pebpa xa wiu xb. 3aT0, HAUKMHAS C XBOCTa, ITO JeJaeTcd Jierko. Pucyem KopHeBoe pedbpo 1-2.
[TepBoii Kk HEMy ObLi1a HPHUCOEIMHEHA BEPIIMHA, KOTOPOW HET B Hoc/eioBarebHoctu. Ha ciey-
IOIEM IIare MPUCOEIUHAETCH BepllinHa Yy K pedpy xa ujiu xb, a 31U pebdpa yzKe HApPUCOBAHbDI,
CJIe/I0BaTeIbHO, W3BECTHBI 00€ WX BEPIUHBHI.

[Touemy B crmcke Bcerjia umeeTcs XoTd Obl oguH JucT? B Tekyiem Kojge n — 3 — k no3unuw,
rje k — 9ucyIo y:Ke pacCMOTPEHHBIX IMO3UIMIA. A 9HCI0 BEPIIMH, MOTYIIIX OKA3aThCA JTUCThIAMH,
paBuo n — 2 — k (csoiaraemoe 2 HPUCYTCTBYET, TaK KaK BepUIMHbI 1 U 2 He JIMCTbs), TO €CTh
BCerjia Ha euHuIly Oosibire. Jlazke ecim Ha BCex MO3UIUSIX KO/ CTOAT pedpa, COOTBETCTBYIOIIHE
PA3JIMIHBIM BEPITHHAM, B CITHCKE JINCTHEB €CTh OJUH JIEMEHT.
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Puc. 6. IIpumep mocrpoeHus Koja Tpeyroabaoro aepesa (7b)(12)(8a)(7b)(8a)(4a).

Kox conepxut n — 3 no3unuu. Beero pebep 2n — 3. Ha Kaxk10it mo3uiiun MoxkeT ObITH J11000€e
pebpo. 3HAUNT, YUCJI0 TAKUX KOJOB PaBHO (21 — 3)”_3. [TockoJibKy KazK/IOMy KOJIy COOTBETCTBYET
POBHO OJHO JIEPeBO, a MO KaXKJIOMY JePeBY CTPOUTCA KOJ, KOPHEBBIX TPEYTOJBLHBIX ePEBhEB
CTOJIBKO 2Ke.

[Tpumep. Ilycrs umeercs 8 Bepmun u kox [Iprodepa (7b, 1-2, 8a, 7b, 8a, 4a).

Howmep mrara | Texkymmit kox, Cnucok auctheB | [loaBerrennast BeprmmHa
1 (7b, 1-2, 8a, 7b, 8a, 4a) | 3, 5,6, 9 9
2 (1-2, 8a, b, 8a, 4a) 3,5,6 6
3 (8a, 7b, 8a, 4a) 3,5 5
4 (7b, 8a, 4a) 3 3
5 (8a, 4a) 7 7
6 (4a) 8 8

He nepeunciena Bepiuna 4, 3Ha4uT, OHa ObLIa mojBenieHa K pedpy 1-2 neproit. Hapucyem
TPeyToJIbHUK Ha BepmuHax 1, 2, 4. Jlajee OplIn mogBentensl BepmuHabl 8, 7, 3, 5, 6, 9 K pedpam
4a, 8a, Tb, 8a, 1-2, 7b coorBercrBenno. [TogBenuBaem Bepiuny 8 K pe6py 4a (T.e. Kk peGpy 2—4)
n T. 1. [lomyuuBireecs TpeyroabHOe TepeBoO TMOKa3aHo Ha puc. 6.

b) Tak kak BbIIeTeHHOE PEGPO TPEYTOJBLHOTO JepeBa MOKET OBITh MOMEYeHO JH000il mapoii
METOK, a He TOIbKO 1-2; a 060e u3 2n — 3 pebep B TPEYTrOILHOM JlepeBe MOXKHO HAa3HAYHUTD
KOpHEM, BBITIOJTHSETCSI COOTHOIIIEHNE

C2A, = (2n — 3)A,,.

3.8. D10t pesysnbrar J. Dénes mbl npusoum o Kuure [11] (memma 3.15 u Teopema 3.16).

a) Ecau rpad, u3obpazkaomuii TpaHCIO3UINA, HECBSI3€H, TO TePEeCTAHOBKA He CMOXKET Mepe-
HECTHU HPEJMET, OTHECEHHBIN K O/IHOI M3 KOMIIOHEHT, HA MECTO HPEeJMETa U3 JAPYTroil KOMIIOHEHTHI.
Taxum obpaszom, rpad cBsizen u B Hem n — 1 pedpo. CiemoBareibHO, 9TO JI€PEBO.

[IpoBepum Temephb, 9TO MPOW3BEIEHNE TPAHCIO3UIINIA, MTOCTPOEHHOE TIO TPOU3BOJTHLHOMY I0-
MEeYEeHHOMY JIePEBY, ABJSETCS IUKIMIeCKON TepecTAHOBKONW MHOYKECTBA er0 BepIINH. JTO YTBEP-
JKJIeHUe JIETKO JIOKA3bIBAeTCs WHIYKIMEH 10 ducay coMmuHoxkuteneii. baza n = 1 TpuBnaibHa.
Jlokazkem mepexoj. 3adukcupyem HpOM3BeJIeHUEe S$1Sg...S,_1. llpu yganenun pebpa, cOOTBeT-
CTBYIOIIEr0 MHOXKHTEJIO S,_1, JEPEBO pacHaJeTcsd Ha jBe KoMioHeHTbl. OcraBiieecs pou3Be-
JIEHUE §1S9 . ..S,_o MEPECTaBJIsIeT 10 MUKy JJeMEeHThl B KaKjaoit m3 kommoHeHT. JlobaByienue
MHOKUTEJIS S, 1 OObEJUHSAET TU J[BA UK B OJUH (CM. DHC).

O—>0—0 O—0—0
Nt A
Sn—li ><
O<—0 o O
Vo Vo
O—0 O—0
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b) Badukcupyem cranmapraoe obo3HaYeHHE — OyIeM 3a/aBaTh [MEPECTAHOBKY JIBYCTPOYHOM
JmarpamMMoii. 3amnmuch (al1 2 a’;) 0003HAYAET TEePecTaHOBKY, KOTOpas IepecTaBjiseT MepPBbIil
mpeMeT Ha MeCTO a1, BTOPOil PeJMeT — Ha MeCTO ag U T. JI. 'Toraa, nampumep, C' = (% g - ”;1 ’f)
9TO OJTHA U3 MUKJINIECKHUX TMepecTaHOBOK. [Ipu HeoOXommMocT CTOIOIBI AUArpaMMbl, 3a/1aI0TIIei
IepecTaHOBKY, MOXKHO MEPECTaBIATh. Toraa MOHITHO, 9TO 0OpaTHAS MePECTAHOBKA 33 TA€TCS Tha-
IpaMMOIl, KOTOpad 110JIy4arcd U3 JuarpaMMbl UCXOAHONI IepecTaHOBKU 11ePEeCTaHOBKON CTPOK.

[TocTpoum OUEKIUIO MeZK/1y MHOKECTBOM TIOMEUEHHBIX JePEBbEB Ha 7 BEPIIMHAX U W MHOYKEe-
CTBOM pazjioxkenwuii mepectanoBku C' B mMpousBejieHne n — 1 TpaHCIO3UIHIA.

BosbMeM mpousBosibHOE TOMedeHHOe JepeBo 1. CHavasia MOCTPOUM TI0 STOMY JIePEBY BCIIOMO-
raTeabHOe TPOU3BeleHne Tpancmozunuii. /lig sroro Hazumaumm Bepruny 1 KopHeM u 3aguKCcH-
pyeMm Ha peOpax HalpaB/ieHHe K KOPHIO. [Ijist KazK/10# BepIinHbl ¢ 0003HAUYUM BBIXO/IAIIEE U3 HEEe
pebpo Yepe3 s; U TeM Ke CHUMBOJIOM Oy/jeM 0003Ha4dYaTh TPAHCIO3MIINIO YUCE HA KOHIAX pebpa.
PaccMOTpUM IUKIHYECKYIO TIEPECTAHOBKY S = Sy ... S, (OHA IUKJIMYeCKas MO MYHKTY a)) 3anu-
mem S B Kauecrse auarpammbl: S = (., % %) 1 paccemorpum nepecranosky F = (12 ).
BamMeTum, ITO

FSF~' =,

MOCKOJIbKY JIJIS BCeX Kk IPeJIMET, CTOANIUNA Ha k-M MecTe, epeMelnaeTcs mojl JeficTBueM mepecTa-
HOBKU F' Ha ag-e mMecTo, moToM S TepecTaB/sieT ero Ha (g,q MECTO, W HAKOHEIl, TlepPeCcTAaHOBKA
F~! ornpasnger stor npeamer na (k + 1)-e mMecto.

PaccMorpuM HaGop Tpancmosunmuii u; = Fs;F~! (B TOM, 4TO MepeCcTaHOBKH U; ABISIOTCH
TPAHCHO3UIUAME, YUTATE]b MOKET JIerKo yoeurbes cam). Torga

Uy Uy = FsoF 1FssF~t . Fs,F ' = Fs9s3...8,F 1 = FSF~' =C.

Takum 06pa3oM, Mbl COLIOCTABU/IN HIPOU3BOJIBHOMY JIEPEBY HAOOP TPAHCIIO3UIUN U;, IIPOU3BE/Ie-
HUEe KOTOPBIX PaBHO mepectanoBke ('

Y1006l JOKA3aTH, 9TO JAHHOE COMOCTAB/IEHNE — OUEKITHsI, MTOKAZKeM, KaK MOYKHO BOCCTAHABUTH
JIEPEBO TI0 TMPOW3BEIEHUI0 TPAHCTIO3UIII ;.

[IycTh Jano NpOU3BEJCHUE Us . . . Uy, HPAYEM IYCTh STOT HAOODP TPAHCIO3UIHUN COOTBETCTBYET
HEKOTOpOMY JepeBy 1, OyaeM cuuTaTh BepimuHy 1 ero KopHeM. IIpeamonoxKum Ha CeKyHIOUKY,
uTo HaM u3BecTHa epecranoska F. Torjga mbi 3naem, uro F~lu; F' = s; (u keraru, F(1) =1, . e.
IepeCTAHOBKA COXPaHseT MeTKY KOPHst). TakuM 06pa3oM, eciin TPAHCIO3UIMS S; MEHsIeT MeCTaMu
i W j, TO TpaHCcHo3uImua u; Mensier Mectamu F (i) m F71(j). 970 3mauuT, 9TO ecqm K MeTKaMm
BepHIMH JepeBa T’ NPUMEHHTH IepecTanoBKy F ~1 mony4mrea B TouHOCTH JiepeBo T

[TockonbKy smepeBo T' HaM M3BECTHO, OCTAIOCH BOCCTAHOBUTH MepecTanoBky F. ITo moctpoe-
Huio Kopetb jiepesa T' B 1. Sadbukcuposas HalpaBjeHue K KOPHIO, Mbl JJIsl KazKJIOT0 & € JIETKOCTBIO
HaiizeM B jepese T’ pebpo u;, IPU STOM COOTBETCTBYIOIIEe PeOPo B jaepese 1 BBHIXOJUT U3 BEPII-
HBI 1, cJleJioBaTe/ b0, ['71(7) paBHO HOMepY BepUIMHBI, U3 KOTOPOil BEIXOAUT pebpo ;.

3.9. Orser: kn" *"1(n —2)(n —3)...(n — k).

Ananornuno 2.4. Cymectsyer (n—2)(n—3)...(n — k) cnoco60B OCTPOUTH MyTh U3 MEPBOi
BepHINHBI BO BTopyo. Kosmuaectso konoB [Ipiodepa f1is nepesa, coaepKaiiero Takoii myTh, pABHO
kn™=*=1 Mpr B3s/m 910 yTBepAIeHue B |5, 3a1a49a 5.93)|.

3.10. B [17, 1. 3.5] 910 yTBepK/IEHUE COBETYIOT JIOKA3BIBATH € MOMOIIBIO PEKYPCHHU, MBI BOCIIOJIb-
3yeMcsl pekypcueil u3 3ajgaqu 1.5.
Kak u B 3amade 3.6, ucnoab3ysa pekypcuio u3 1.5, HaxXoauM, 9T0

1 — — _
Fi, = bEL} = - = ED, =

rae F aq7b — YHCJIO JABYAOJIBHBIX JIECOB C JIOJIAME 10 a U b BepiuuH, cocrogmux u3 ¢ (rae ¢ < a)
KOPHEBBIX JIepeBbeB ¢ KOpHAMHU 1, 2, ..., ¢ U3 IepBOil J01, Y KOTOPBIX BEPITUHA ¢+ 1 HAXOMUTCS
B JjiepeBe ¢ KopHeM 1. Ecjinm Mbl yMHOXKUM 3T0 3HAYEHHUE HA YUCJIO0 KOPHEH ¢, TO HOJyYUM YUCJIO
JiecoB 0€3 yCJIOBHUsI HA TO, I'/ie HAXOJAUTCS BepiminHa a + 1.
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Kpome 3Tux coobparkenuit HaMm 1oHa100sTCs OUHOMHAJIbHBIE TOXK/IECTBA

r—k
Z YT =@y w YOy TR = (= k(e +y)

v=0

[IpucTynuMm K perreHunio 3agadu. BeibepeM B mepBoii J1071e 7y BEPIINH, KOTOpble OVIAYT MO/IBe-
HIEHBl B Ka4eCTBe ChbIHOBeH K ¢ KOpHsM BTOpPOii josm. [logBecuts v Bepuind K ¢ KOPHSIM MOZKHO
7¢ cocobamu. Ilocsie 3Toro ynaimm ¢ KOpHeH BTOPOil 10/, a BEIGPAHHBIC BEPIIMHLI HA3ZHAUHM
KOPHSIMHU. Y HAC TMOJYIUTCS JIBY/IOIBHBIN JIeC ¢ JOJSIMI TI0 7 U S — { BePIUH, KOTOPBIl COCTONT
u3 k -+ vy KOpHEBBLIX JI€PEBbEB C KOPHAMH, IIPUHAIeKAIIUMA 1IepBoil j1ose. KosmmdecTBo Takux

k
iecos pasHoO (k + ) F) :75 CnemoBaTeIbHO, HCKOMOE 3HAUYeHIe PABHO

r—k
2 Ol = ZOT O ) (s — 7
=0

= krﬂ*fflzc:_km(s—ey E ot 12 A0 (s— 0T =

= rsfefl(ks’”’k + (r — k)ﬁs”’kfl) = Ts’g’ls”’kfl(ks + 1l — k).

3.11. [14, Cuencrrue 3.3]. Ilycte Vi = [r], Vo ={r+1,...,r+s}, Vs={r+s+1,...,;r+s+t}
nV =V uUVL,uVs. Oboznaunm depes Ffs’t KOJITYECTBO KOPHEBBIX TPEXI0JIHHBIX JIECOB Ha, MHOYKE-
cTBe BepHiuH V , cocTtosmux u3 k jiepeBbeB ¢ KopHamu 1, 2; ..., k, B KOTOPBIX BEPIIHHA C HOMEPOM
r + 1 gaBasgeTcs MOTOMKOM BepIIUHBI 1, U depe3 F k s+ KOTTMYECTBO KOPHEBBIX TPEXJIOJNBHBIX JIECOB
Ha MHOXKeCTBe BepiiuH V ¢ Kopaamu 2, 3, ..., k+ 1, B KOTOPBIX BEPIINHA C HOMEPOM 1 sBJjIsieTcst
noToMKOM Bepmuubl 7 + 1. Hac mHTEpecyeT Kom4ecTBo 1€PeBheB, T. €. F,},Sjt

Frls = s—l—t’"’lFrTS = (s+t FTS =
Y Y (R A

m (s+t) ' (r+t) E! 5 (s+t)" ' (r+s+t)(r+s)"

(2) ananornuno 3agade 1.5 npu 2 < k < r moiydaeM pekypcuBHYO hOpMyILy
Ff,s_,tl = (8 + t)Ff,s,t

U, LOJIB3YSICh 9T0H GOPMYJIONH HECKOJIBKO Pa3, HEPEXOJAUM K JIECY € T JePEeBbsIMU;
(3) mcnosbzyem pasencrBo F! ., = FI_, (leca B 9THX MHOXKECTBAX OTJIMIAIOTCS TOJBKO BbI-
6OPOM KODHSI JIJIsI JIepeBa, COJIeprKallero Bepumuy 1);

(4) mpu r + 1 < k <7+ s — 1 nonyuaem pexypcuBHyo hopmyry
Ff;tl =(r+ t)Ffsyt

CHOBa aHAJIOTWYHO 3a/1a4e 1.5 m mepexoanMm K Jjecy ¢ r + s — 1 gepeBbsamu; Ilepexom or jecos ¢
KOpHAMH 1, 2, ..., 7 K JIecaM ¢ KOpHIMH 2, 3, ..., r-+ 1 00yC/I0B/IEH TeM, UYTO B 9TOM PEKYpPCUBHOM
pPaBEHCTBE BEPIIHHA C HOMEPOM Kk JOJIZKHA JiesKaTh BO BTOPOii j10.1e.

(5) 4mCI0 J1eCOB ¢ GOIBIIMM KOJIMYECTBOM JIEPEBBEB JIEIKO CYUTACTCH:

Ebt=(r+s) +tr+s)"",

B [IEPBOM CJIaraeMOM BePINHA C HOMePOM 1 dBJISIETCS CBIHOM BEePIUHBI ¢ HOMepoM 7+ 1, a ocTaB-
muecsi ¢ BEPUIMH TPETheil J10J1e MOYKHO COEJIMHUTDH C JIIOOBIMU 7" + S BEPUIMH JPYIUX JI0Jeil, BO
BTOPOM CJIaraeMOM BepIINHA ¢ HOMepOoM 1 SBJISIeTCS CHIHOM HEKOTOPOH BepIIMHBI U3 TpeTbeit
JIoSIH, a ocTaBiiuecsd t — 1 BepIIUH aHAJOTUYIHO PACTPEIETIIOTCI 10 1" + S MeCTaM.
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3.12. Orset: (2n)!/n!. Tem caMbiM KOJMYECTBO IJIOCKHX MOMEYEHHBIX HEKODHEBBIX JIEPEBHEB

na n + 1 Bepmune pasuo wnciy Karamama ——C% . |14, Ciencrsue 4.2|.

n+1-"2n"

3.13. Orser: C3(3n —8)" 5 u3 [17] (pemenne Tam He NPUBOJNTCH).

a) Yucs10 KOPHEBBIX TETPA3IPAJIBHBIX J€PEBbEB MOKET GBITh MOCUYUTAHO C MOMOIIBIO KOJUPO-
BaHHUd, AaHAJTOTHIHO YUCTY KOPHEBBIX TPEYTOJIbHBIX JIePEBhEB.

[Tocrpoenune koja 110 JepeBy. BoibepeM KOpHEBO# TPeyroJibHUK, HAIIPUMEDP, TPEyroJibHUK
(1,2,3). DremMenTaMu KOJOBOI MOCJIEI0BATEIBHOCTH OY/IyT TPEYTOJIBHUKH — TDAHU TETPAIIPOB.
[Tycts Bepimuua x ObLIA MMOJBeINIeHa K IpaHd ¢ HOMEpaMu BepIiuH a, b u ¢, rae a < b < ¢, oyaem
HA3BIBATH 3Ty TPaHb HPeJKOM Bepimmibl x. O603HaYNM Tpadb (r,a,b) depes za, (x,a,c) depes
xf, (z,b, c) aepes x7y. Takum 06pazoM, rpaHu TeTpasipa MOJY I 0003HAYEHUs T, T3, T, TJie
x =4, ..., n,a KOpHeBYy1 KpaHb Mbl 00031nauum (1,2, 3). Beero rpaueii 3n — 8. Hazosewm Jiucrom
TeTPa’dIPaIbHOTO JiepeBa Bepiuny crenenn 3. Ha kaxkom mare orpbiBaeM JIMCT ¢ HAUOOIbITAM
HOMEPOM W 3alMChIBAeM ero rpanb-nipejka. Korma ocraercs mocseanuii Terpasap (4 Bepiimnei),
MBI OCTaHAB/IUBAEMCH.

[TocTpoenne jepeBa 1o Koiay. JIMCTbAMHU ABISIOTCS BEPIIXHBI TETPa’dIaJlbHOTO JIepeBa C Ta-
Kkumu HOMepaMu = € {4,...,n}, 1 KOTOPBIX TEKYUHH KOJ He COAEeP:KUT HU OJHOIl U3 rpaHeil
ra, x5, 7.

[Tpumep. Ilycrs umeercs 7 Bepmmu u kox Iprodepa (45, (1,2,3), Ta).

Howmep mrara | Tekymmit Ko, Cuucok aucreeB | IloaBemennast Bepunaa
1 (48, (1,2,3), 7Ta) | 6, 5 6
2 ((1,2,3), 7a) 0, 4 )
3 (Ta) 4 4
4 () 7 7

YuraeM CHUCOK MOJBENIEHHBIX BEPIIMH B OOPATHOM IIOPSJIKE M IIOJIydaeM, 9TO I0C/IeJ10Ba-
TeJIbHO ObLIN mojBerensbl Bepmuabl 7 K rpanu (1,2,3), 4 k rpann 7o = (7,1,2), 5 K rpanu
(1,2,3), 6 x rpann 45 = (4,1,7).

[TomyauBireecss TeTpasapaabHOe TepeBO MOKA3aHO Ha puc. 4.

Kon comepxut n — 4 rpann. 3HAYHUT, BCErO BO3MOXKHBIX KOJOB (3n — 8)"*4.

b) Tak Kak BbijesieHHOE PEGPO TETPAAPATBLHOTO JEPeBa MOXKeT ObITh IIOMEYEHO JIH000i TPOii-
KO# MeTOK, a He TOJIbKO 1, 2, 3, a J1000it u3 dHn — 8 TPeyroJbHUKOB B TETPad/IpajibHOM JepPeBe
MOKHO Ha3HAYUTh KOPHEM, BBITIOJHSIETCS] COOTHOTIIEHNE

C3A,, = (3n — 8)A,.
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4 Ilaprosounvie pynruuy

4.1. Dra 3HaMeHUTasd 33a49a HocTaBaeHa B [15].

YBenmunM CTOSHKY, 106aBUB (1 + 1)-e MeCTO Jis MAPKOBKHU, M 3aMKHEM YJIUILY B IUKJ TaK,
u100bl ¢ (1 + 1)-ro Mecra ona Besia obparno kK nepsomy. Tenepb umeercs posuo (n + 1)" nocie-
JOBAaTeJIbHOCTEN npenouTenns (KazKAblii 3 n BOAUTEeli HE3ABUCUMO OT JIDYIHX MOKET Ipe/I-
nounraTh 0aHO 3 n—+ 1 mect). TIpueskas Ha KPyroByIO CTOSIHKY 110 OIMCAHHOMY HPABHILY, BCE N
BOJUTEJICHi CMOIYT HPUMAPKOBATHCS HPH JIOOBIX MPEIIOYTEHHSIX, IPHTIEM OHO MECTO MAPKOBKH
ocraneTcs ¢BOOOTHBIM. [TocIe0BATEILHOCTD IPEIIOYTEHHIT YI0BIeTBOPSAET TPEOOBAHUIO HCXO/I-
HOM 331441 TOLJIA U TOJBKO TOIJA, Koraa cBobognbM octaercs (n+ 1)-e mecro. JleficrBuresibHo,
10, uT0 (N + 1)-e MecTo ocraercst CBOGOJAHBIM, O3HAYAELT, YTO OHO HE SBJIAETCs JIOOMMBIM HU JIJIs1
KOI0 M3 BOJMTENeH, M HUKTO U3 BOAUTEIEIl HE IPOE3IKAET MUMO HErO B IMOUCKAX ITAPKOBKU (MHA-
e OH TIPUIAPKOBAJICSA ObI TaM, a He mpoexag MUMO). B Takom ciydae MOXKHO 3akpbiTh (n + 1)-e
MEeCTO TIAPKOBKU W TPHJIETAONIHIl yIaCTOK JOPOrH (TO eCTh BEPHYThCS K HCXOTHON 3ajate), He
HAPYIIas MPOIECCa MOMCKA MaPKOBOK.

Pazo6bem Bee 110C/1e10BaTe/IbHOCTH 1IpeouTennii Kpyrosoit crosguku Ha (n+1)""! rpyun
110 n+ 1 nocsenoBaTeILHOCTEl B KaXKI0Ii: B OJIHY TPYIILY C MOCIEI0BATEIbHOCTBIO (A1, . . ., dy)
OTHECEM Te, KOTOPBIE TOJYIAITCS U3 Hee MUKJINIECKUM CIBHTOM HOMEDOB MECT MApKOBKH, T.e€.
(@ +1,...;a,+1), (a1 +2,...;a,+2), ..., (a1 +n,...,a, +n) (cr0xKeHus M0 MOIYIIO N+ 1).
B KazK/10ii rpyme uMeeTcs pOBHO OJHA MOCJIeI0BATEILHOCTD MPEMOUYTeHNU, YI0BIeTBOPSIONA
TPeGOBAHMIO HCXOIHOM 331241, & MMEHHO, Ta, B KOTOPOil CBOGOJHOMY MECTY COOTBETCTBYET HOME]D
n + 1. 3uaunt, KCKOMOe YUC/I0 MOCIeI0BaTe/IbHOCTell paBHO vucly rpyi, T.e. (n+ 1)"71

4.2. Bojee-MeHee siCHO, 9TO MPOUCXO/IAT, €CJIM MIOMEHSITH MECTAMHU J[Ba COCETHUX aBTOMOOWJIS.

4.3. OrseTr: n" L

HeitcrByst kak n B 3aja4de 4.1, nojiydaeM, 9TO Ha PaCIIMPEHHON HAPKOBOYHON yJ/uIe KO-
JIMYECTBO BCEBO3MOKHBIX 1OC/Ie0BaTe/IbHOCTell penourenus pasio (n + 1)n" ! nockosbky
y TEPBOTO BOJUTEST MOXKET OBITh N + 1 JII00MMOe MecTo, a y BCeX OCTaJbHBIX — 10 n. llpn
TOM B KaxKJI0it rpymie u3 n + 1 mocsaenoBaTebHOCTelH, OTINYIAONUXC ITUKINIeCKAM CIBUTOM,
COJIEPZKUTCS POBHO OJIHA MapKoBowHast pyHKIs. Mbl B3sin 9Ty 3a7a4y u3 Kaura [12].

4.4. Orser: (n+1—m)(n+1)""! uocienosareabuocreii.

Pemenue 1. PaccMoTpuM pacnimpeHnyio HapKOBOYHYIO y/uily, Kak B 3ajade 4.1. [jnsa m
BosuTesielt cymecTByer (n + 1)™ BCEBO3MOKHBIX <«PACITHPEHHBIX» MOCIEI0BATETLHOCTEN Mpei-
nouTeHuil Ha 3Toi ymie. Pazobbem ux Ha rpymmsl mo (n + 1) mocsenoBaTebHOCTEN, KaK B 3a-
naue 4.1, noayunrea (n+1)™ ! rpynn. Ecom B pesynbrate mapkoBku (n + 1)-e MECTO 0Ka3amoch
¢BODO/IHO, TO HUKTO U3 BoJMTE el He JII0OUT (n+1)-e MecTo u pacinpeHHast HOCIe10BATeIbHOCTD
Ha CaMOM JleJIe sBJISleTCsl IIaPKOBOYHOMN 110C/Ie/10BATeIbHOCTBIO JIJIst UCXOAHO yiunbl. O4eBu iHO,
KasKJiasti TPYIIa COAEPKUT B TOYHOCTH N + 1 — m mocJsieoBaTesibHOCTEl, 1711 KOTOPHIX (n + 1)-e
MeCTO OKa3bIBaeTcs cBOOOTHBIM. [loaToMy obImee 1uC/10 TaPKOBOYHBIX IIOCIeI0BATEIbHOCTE! paB-
Ho (n+1—m)(n+1)™"1,

Pemenwue 2 u3 kuuru |2, 3agaqa 96.54].

st kazkgoro neaoro m, 0 < m < n, obozHaunm depe3 N (n, m) KOJHIECTBO MOC/IEI0BATE b
HOCTEH MPeMoYTeH s JJIsl M BOIUTEJI€ll, KOTOPbIe MPUBOJAT K YCIENTHON MapKOBKe (B YaCTHOCTH,
N(n,0) = 1). Tokaxem uaayknueit o n, aro N(n,m) = (n+ 1 —m)(n + 1)™! upu Bcex m.
IIpu n = 1 yTBep:KaeHne TPUBHATIHHO.

[Tepexog or n — 1 Kk n. Ilycrs k Boaureneit qodaT MecTa HAPKOBKH, OTJIMYHBIE OT IIEPBOIO,
a m — k mobar nepsoe mecro (0 < k < m). Oru k Boaureneit MmoryT 6bTh BHGpans CF croco-
6amu. Herpynno ybeaurhest, 4TO IpH 33/IaHHBIX HPEJHOYTEHUSIX yCIeX UM HeyCleX IHapKOBKI
BOJUTeJell He 3aBHCHAT OT TOTO, B KAKOM IOpSJIKe OHH HpHe32KaloT. llosTomy MoxKHO cunTaTh,
9T0 M — k BoamTeseil, KOTOpbIe JIOOAT HepBoe MeCTO MAapKOBKH, IIPUE3’Kal0T CAMBIMU HOCTeI-
HUMH. DTU M — k BoaurTeseil 3aBeJJOMO CyMEIOT IPUIAPKOBATHCA — OHHU 3aliMyT 1epBbie m — k
CBOOO/IHBIX MECT, OCTABIIUXCH 1I0C/Ie HEPBBIX Kk BojuTe ell. SHAYUT, yclexX WM HeycleX I1apKOB-
KU OIPeJIeJIsIeTCsl TOJIBKO IIPEeJIIIOYTEeHUSIMU [EePBBIX Kk BoJuUTeJNeil cpeJil OTBEJeHHbIX UM 1 — 1
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MeCT. 3HAYUT, IIPU 3aJaHHOM BbIOOpe 3rux k Boaureseii umeercs popuo N(n — 1,k) yaadnbix
1oCJIe/IOBATEIbHOCTEN TTpenodyTennii. Takum obpa3om,

m

N(n,k)=> Ck-N(n—1k). (1)

k=0

[TogcTaBuM MHIYKIHOHHOE MPE/INOIOKEHAE U ITpeodpa3yeMm:

N(n,k) = Z CF(n — k)nf! = Z CFn* — Z k- Cknkt = ZCfnnk - Zm SCFphTt =
k=0 k=0 k=1 k=0 k=1
= ZCffznk —m-ZCﬁI_lnk =n+D)"—m-(n+ D" =n+1-m)-(n+ 1),
k=0 k=0

4TO M TPEGOBAIOCH. 3/1eCh HCHOMBb30BAIMCH TpuBHaibiag dopuyta k- Ck =m . Cﬁl__ll u OuHOM

Herorona s pasioxenus (n+ 1)™ u (n+1)™"! no crenensm n.

4.5. I[lycto by, b, ..., b, — moca€10BATEIBHOCTD MIPEIIIOUTEHU, BEITUCAHHAS B IOPA/IKE HEYOBI-
Banuda. Torma by =by = ... =by =1, 2 < bpaq < brao < ... 3aMeTuM, 9TO MOCTETOBATETBHOCTD
upeanoarenuit by 1, byio, ..., b, M03BOJsIeT N — k BOAMTE/SIM NPUMAPKOBATHCS HA YJIUIE, IJIe

nMeercst 1 — 1 MapKOBOYHOE MecTO (9T0 Mecta €O 2-170 1o n-e). Uucao Takux moc/eaoBaTe/ b-
HOCTeil MOJICYUTAHO B Npeblaylieil 3a1ade i pasao k- n" *~1. KoamdectBo crnoco6oB BHIGPATH
cpesi N uesoBeK k KeJalomuX HapKoBaThcda Ha mepBoM MecTe paBHo CF. Taxmm oGpasom, o6-
Imee YUCJI0 MAKOBOUHBIX (DYHKINMA, IS KOTOPHIX K 9UeJI0BeK XOTean Obl MapKOBaThCsS HA IEPBOM
mecre, pasuo CF . k- nn= k-1 = Ch=lpn=k,

«/11g IpoBepKu» MPOCYMMUPYeM Hall/IeHHbIe BbIpakeHus 1o k:

n

d o = (n+ 1)

k=1
(dbopmymna Gunoma). [Momyunsiocs ducao MapkoBouHbIX dbyHKImit. BoT n xoporo.

Kak Bugum, 9uc/io mapkoBOYHBIX (DYHKIUI B 3TOI 3aja4de Takoe yKe, KaK KOJUIECTBO JIECOB
Ha MHOXKECTBOE [n], cocrogmux u3 k KOpHEBBIX JepeBbeB (3amada 3.4).

[Ipusegem Guexiuio u3 [13], garonyr0 KOMGHHATOPHOE JIOKA3ATENLCTBO 9TOro (akra. IlycTh
IaHo mepeBo Ha n + 1 Bepmmuue ¢ kopaeM 0. [TocTponm mo Hemy odepenn momcka B mupuny. CHa-
JaJia J100aBUM B 04epeib KOPeHb JepeBa. Jlajee Ha KayKIOM IIare BBIHUMAEM IEePBYIO B 0Yepen
BEPIIUHY 1 ILO6&BJIH€M B KOHEI[ O4Y€epen BCeX ce CBIHOBENl B IOpsAJKe BO3paCTaHUA UX HOMEPOB.
N Tak masee, moka odepenb He omycreer. [lycth A; — 9T0 MHOXKECTBO BEpINUH, 100aBJIEHHBIX B
ovepeib Ha i-TOM mrare (3TO BCe CBIHOBbs HEKOTOPOIl BEPIIUHBI), a; — YUCI0 3aeMeHToB A;. Ecin
Ha IIare | HUIero He J00aBUIN, TO MHOKeCTBO A; mycto. [I0CKOTBKY IepeBO ABISEeTCS CBA3HBIM
rpadom Ha n + 1 BepiuHe, TO OYepe/ib MOUCKA B IVIYOUHY JIJIS HEIO COJAEPYKHUT XOTd Obl OJUH
9JIEMEHT, 1MOKa He OyjerT BbiHyTa N + 1 BeplmHa, W ONyCTeeT, KOT/Ja BEPIIMHbI 3aKOHYATCS, TO
€CTh @; YIOBJIETBOPSIIOT YCJIOBUSIM:

p
&121

CL1+CL2—1>1

aptas+...+ar—k=>=1
n

ka1+a2+...—|—an+1:

Omnpeenm TapKOBOYHYIO (DYHKIIHIO O CJIEIYIONIEMY TPABUIIY: JIEMEHThI MHOKecTBa A; Oy-
JLyT HOMepaMU MAallliH, KOTOPbIe XOTSAT HPUIIAPKOBATHCS HA MecTe ¢. MOXKHO JIoKa3arb, 4TO 10-
CTPOEHHOE 0TODparKeHUe siBJIeTcs OUeKIueil MexK/1y TapKOBOYHBIMU (DYHKIIUAMU JIJIsi 1 MAIUH
u JepeBbsiMU Ha N + 1 BeprmHe.
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4.6. /TocraTro4uHo onucaTh 0OpaTHOE 0TOOParKeHue, T. €. IPABUJIO, ITO3BOJISIONIEe 10 ITPOU3BOJIbHOM
M0CIeI0BATELHOCTH ¢ = (C1,Ca, ..., Cp_1), TJIE BCE ¢; CYTh OCTATKH 110 MOJYJI0 1+ 1, MOCTPOUTH
MapKoBOUHYIO DYHKIMIO a = (aq,...,ay,), JJst KOTOPOIl ¢ SIBJISIETCST PA3HOCTHOI TTOCTIe0BATe b
HOCTBIO. DTO JIEFKO MOJIYYAeTCs C MMOMOIIBIO perteHus 3a1a4un 4.1.

JeiicTBuTeIbHO, ecu (GUKCHPOBAHBI BCE PA3HOCTH ¢; = a;41 — a; (mod n + 1), cymecTByer
poBHO N+ 1 mocjeoBaTeIbHOCTEN IPEANOYTEHU 1715 KPYTOBOM CTOSHKH C TAKUMHU PA3HOCTSAMMU.
B pemennn 4.1 umenno stu (n+1) nocsegoBaresbHOCTel 00be IMHEHB! B OJHY TPYIIY U JOKA3aHO,
YTO B 9TOU TPYIITIE COAEPYKUTCS POBHO OJHA NMapKOBOYHAs pyHKIMs. OUeBUIHO, OHA-TO HAM U
HYKHA.

4.7. IlpuBeiennasi cymMMa HOJCYATHIBAET BCEBO3MOXKHbBIE NapKOBOUuHbIe byukiuu. /leficTBuresinb-
HO, 4TOOBI 33/]aTh NAPKOBOYHYIO (DYHKIIMIO, CHAYaJ/Ia I KazKJIOr0 HaPKOBOYHOI'O MeCTa i BbiOe-
peM 4ucjo k;, moka3bIBalolee, CKOJIHLKO YeJI0BeK JIIOOUT NapKoBaThcs Ha 3TOM Mecte. Heorpuiia-
TeJIbHBbIE YHCTA k; TOJZKHBI YIOBIETBOPATDH O DAHUYEHUSIM:

k, < 1, Tak KaK IpU HAJTUIUH JIBYX KETAMONINX MaPKOBATLCA Ha MOCJETHEM MeCTe MapKOBKa
HEBO3MOKHA,;

kn—1 + Kk, < 2, Tak Kak 1IpU HAJMYUU TPeX ZKeJAIONIMX IMapKOBATbCd Ha JBYX HOCJIEIHUX
MecTax MapKOBKa HE COCTOUTCS;

" T. 1. 710 HepaBencTBa ko + ...+ k,_1+ k, <n — 1.

[lIocie Toro kak umcna ks, ks, ..., k, BoIOpaHBI, MOJOXKUM ki = n — ko — ks — ... — k, u
HA3HAYUM TOCJETHUX k1 YeTOBEK KEJTAIONIUMHU TapKOBATHCS HA TIEPBOM MeCTe.

Herpyno nousaTh, 40 HOCTPOEHHBIH HAOOP YKCe) peain3yeTcs Kak MapKoBOUHas (DyHKIUS.
[eiicTBuTe ibHo, 1m0 3aja4de 4.2 MopsjaoK, B KOTOPOM HPUOBIBAIOT aBTOMOOWJIN, HAM HEBAXKEH.
Bamyckasi Ha MapKOBKY, CHAJaJIa TeX, KTO XOUeT MapKoBaThCs HA N-M MecTe, moToMm Ha (n — 1)-m
U T.J., MBI IPEKPACHEHBKO BCEX MPUMAPKYEM.

Ocranoch MOHATH, YTO KOJTUYIECTBO CIIOCOOOB DPEATM30BATH BBIOPAHHBIE KOJTUYECTBA IEPCO-
HAJIbHO PABHO CTOMIIEMY B CyMMe HOJMHOMUAJILHOMY KO3hdunuenry.

4.8. Pemenue 1 (3 kuuru [8, 3aga4a 5.49.1]). Ilycts r; — 4nc/ao 971€MeHTOB B MOC/IEA0BATEIHHO-
CTHU @, PABHBIX %, B YaCTHOCTH, r, = 0. Oupesesenne HajiexKHON TAPKOBOYHO YHKIINN SKBHBA-
JIEHTHO YCJIOBHSIM:

1) Bce YaCTHYHBIE CYMMBI TIOCTEI0BATETLHOCTH 71 — 1, 19 — 1, ..., 7,1 — 1 MOJIOKUTETBHBL;
n—1

9 S (r;—1) = 1.

i=1
Jlemma. [ljis m11000i KOHETHOI TIEJIOYMCIEHHON TTOCIeI0BATEILHOCTH ¢ CyMMOit 1 cymecTBy-
eT eINHCTBCHHAA NUKJINYCCKad IePEeCTAHOBKA, Y KOTOPO BCe YaCTUYIHBIE CYMMBI ITOJTO?KATEIBHBI.

OueBu1HO, B HAJIEZKHOIl 110C/I€/I0BATEILHOCTH LIPEJLIOYTEHUH BCe @; — 3TO 4ucjia or 1 Jio
n — 1. Ecau Mbl BO3bMeM Mpou3BOJIbHBIN HAOOD unces u3 [n — 1|, To onpejeeHnbie STuM HabO-
paM 9icIa T; YAOBIETBOPSIOT YCJIOBHIO 2), HO, BOODIIE TOBODSI, HE YIOBIETBOPSIOT yCJIOBUIO 1).
Oxnako mo JjleMMe y 3TOro Habopa 4HCesT CYMeCcTBYeT, I IPH TOM TOJBKO OJHA, IMUKIHIECKasd
IIepeCcTaHOBKA, Y/IOBIETBODPSIONIAS IIEPBOMY YCIOBHIO!

Takum 06pazom, KOJIMYECTBO HAJIEKHBIX HAPKOBOUYHbIX (byHKIuil B n — 1 pa3 Menblie yucia
9JeMeHTOB B [n — 1]".

Permenne 2 (mpsivosiuHedHbI moc9eT). PaccMOTpUM MPOU3BOJIBHYIO HAIEKHYIO MapKOBOY-
Hyto (YHKIHUIO, MYCTh Jiig Hee k Bogureseil XoTaT npumnapkoBarbes Ha 1 mecre (2 < k < n).
Jlagum ogHOMY M3 HUX KPACHYIO KelKy u yaaauM. [IpeamoureHus ocTaBIInxcs oOpa3yoT 0ObI4-
HYIO HapKOBOUYHYIO (DYHKIHUIO HA JOPOre ¢ n — | HApKOBOYHBIM MeCTOM U k — 1 Kejralonium
HPHUIIAPKOBATHCA HA MEPBOM MecTe. Takum 00pa3om, YTOOBI HOIYINTh MAPKOBOUYHYIO (DYHKIMIO,
rie k BofuTesieii XOTAT MPUIAPKOBAThCS HA 1 MecTe, HY?KHO BBIODATH BOJWTEJNsI B KelKke (7 CIio-
cOGOB) HA3HAYHTDH MPEIOYTeHIs OcTAaBIIIMCs (110 3a/1ade 4.5 970 MOXKHO caenarh (n—1)"*Ch2
criocobamn). TIpasjia, MOJydnTCsa He MPOCTO NApKOBOUHAs (DYHKINSA, a MApKOBOYHAs (DYHKIU,
HAJIEJISIONasd 0J0T0 U3 k NPeTeHIeHTOB Ha [EPBOe MECTO KEIKOH. SHAYUT, KOJUIeCTBO HCKOMBIX

n

MapKOBOYHBIX (DYHKIWIT BhIparKaercs cymmoit » 7 - (n — 1)"~*C*2. Ham ocraercsi mpoBepuTh
=2
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TOZXKIECTBO

S(n=1)" PO = (n - 1)

>3

k=2
[Tpeobpazyem JieBy10 9acTh: 3aMeHUM WHIEKC CYMMUPOBaHUs k Ha ¢ = N — k, BOCIIOJIB3YEeMCsI TeM,

uro = - C) ,(n—1) = (n—1—1i)C, nocie 4ero pazobbeM KazJIoe claraeMoe Ha JBe YacTH:

n n—2 n—2
n n— _ n i i . q i—
STt =3 =1 = Y1 —0) G — 1) =
k=2 =0 1=0

—ZUW& Za- i

=0

B nocsienem Boipazkenuu nepsasi cymma 1o popmysie buHoMa paBHa
—Cl'n—-1)"—-Cr ' (n—1)""" (2)

Jlisi BTOpPOI cymmbl 0TGPOCHM HyJ/IeBoe ciaraemoe, cienaem npeobpasosanne C! - = nCl!,
n TOT'Ja OHa TOZKE CHYUTaEeTCA C TOMOIIIBIO 6I/IHOMaZ

Zc;;-i(n— )it —nZC”_ — )t =" = O (n— )" = O (n — 1)"72). (3)

Ocrasoch 3aMeTuTh, 9TO Pa3sHOCTh Bhipazkenuii (2) u (3) pasna (n — 1)" 1.

4.9. Ilycto by, bo, ..., b, — 1OC/IEIOBATE/IHHOCTH HOMEPOB JIIOOMMBIX MECT, BbIIIUCAHHAS B I10-
psiake Bo3pacTtanus. ToT dakT, 9TO BCe CYMEIOT MPUNAPKOBATHCSA, 03HAYAET BHITIOJTHEHHNE Hepa-
Bercts by < 1 (caemoBaresnbro, by = 1), by <2, ..., byyy < n+ L

Bribepem maunbospiree k, 0 < k < n, mrga koroporo by, = k + 1. Torma nocnegoBaren-
HOCTb IpEeANOYTeHuit by, ..., by sgBasgeTcs mapkoBOYHON (byHKIMeH i yaunbl ¢ K HapKOBKaMU,
a 1ocJjej0BaTeibHoCTh b1 — k, bryio — k, ..., byy1 — k — Hajexuas napkoBodHas (DYHKIUs
ngist ymunbl ¢ n 4+ 1 — k napkoskamu. (Hagexknocrs ciaenyer u3 makcnmaaboctn k.) Bepro u
obparHOe: BBIOOp HAPKOBOYHOII moc/ieoBaTebHOCTH by, ..., by U HaAEKHONH HAPKOBOYHOI II0-
caenoBaTenbHOCTA by — k, bgio — k, ..., byy1 — k mO3BOJIET 3aaTh MAPKOBOUHYIO (DYHKITHIO
JIJISE BCE YJIMIIBI.

Takum ob6pazom, 4TOOBI MOCTPOUTH TPOU3BOJILHYIO TAPKOBOYHYIO (DYHKIMIO HA yauie ¢ 1+ 1
IIAPKOBKOil, HY’KHO BBIOGpATh J060e k, Bbioparh CF nt1 TPOM3BOJIbHBIX Kk BoauTe/eil, Ha3HAYUTD
JIJIsI UX HIpeIIodTeHnii ogHy u3 FPj, MapKOBOYHBIX (DYHKIUM, a /I OCTAJbHBIX N+ 1 — k BoauTe e
B KauecTBe NpelodTeHuii Ha3HaYuTh oHy u3 (n — k)" % Haje:KHBIX HapKOBOYHBIX QYHKIHL. DTO
1 eCThb KOMOMHATOPHOE MCTOJIKOBAHUE PACCMATPUBAEMON (hOPMYIIBI.

4.10. Ananorugso 3ajade 4.7 dopmy/ia HOACYATHIBAET KOJUYECTBO HAJIEKHBIX HAPKOBOYHBIX
dbyHKIM HA TAPKOBKE JJIMHBI N.

4.11. B [10] sra dbopmyna gokasaHa ¢ MOMOIIHIO HEIIPOCTOH OUEKITHH ¢ TOMEeYeHHBIMHU J1ePeBbMH.
Mpur1 jiokazkeM ee, TOJIB3YsICh CXOJCTBOM C TPEBIIYIIUMHI 33/ IaTaMHu.

HazoBem MojepHH3UPOBaAHHON HAapKOBOUYHOI (byHKIMeH JT0OYI0 MapKOBOYHYIO IOCJEI0BA-
TeJBHOCTD (a1, . ..,0a,), B KOTOPOW JOMOJHUTETHHO TPOHYMEPOBAHBI BCE SJEMEHTHI, paBHBIE 1.
Haupumep, (%,2,%,3,3) u (%,2,},3, 3) — JiBe pa3J/IMvHbie MOJEPHU3UPOBAHHBIE HAPKOBOYHbBIE

dbyuxmym (s n = 5). KoawdecTBo MOJIEPHU3NPOBAHHBIX MAPKOBOYHHIX (DYHKINIT Ha MapKOBKe
bl N 06o3HaunM N*(n).

Paccyxmaa kak B 3amade 4.7, MBI TOJIy4aeM, 9TO CyMMAa TOJCUYUTHIBAET KOJTMIECTBO MOJEP-
HU3UPOBAHHBIX HAPKOBOUHBIX (yHKuuil. Ocrasocs uposepurh, yro N*(n) = n'".

Pacemorpum MojiepHE3NpOBaHHbIE TAPKOBOYHbIE TIOCJIE/I0BATEILHOCTH, B KOTOPBIX k YeJI0BEK
n0oaT HE nepBoe mecto, a n — k mnpeganodnTaloT napKoBaThcs Ha 1epBoMm Mecte. [loyb3ysich
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0003HAYCHUAME ¥ PACCYKICHUAME 3313491 4.4, 3aK/II09aeM, 9TO YUCI0 TAKAX HOC/IeI0BATE]IbHO-
o |

creit papno N (n — 1,k). 1 Torga cymmaproe KOIMYECTBO MOACPHU3NPOBAHHBIX MaPKOBOYHBIX

dbyuxmit 3amaercst popmysioit, anagornanoii dhopmyse (1):

. " n! " n! _
N(n):E E~N(n—1,k)z§ E(n—k)nk L
k=0 k=0

DTO TeseCKONMYECKask CyMMa, OHA paBHa n'.
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5 MHWneepcuu Ha depesvaxr u Heydobcmea napro8oOUHLT GYHKUUL

5.1. O6a yTBep:Kenus HaBesusl [16].

a) Bo3bMeMm TpPOM3BOIBHOE MOMEYEHHOE JePeBO HA 1 BepIIuHAX. IlycTh n—u — 5TO mepBoe
pebpo Ha I1yTH U3 BepuiuHbl N B Bepuiuny 1 (Bo3MoxkHO, u = 1). Yuanum 310 pebpo, JepeBo
pacmazercs Ha aBa jgepeBa A, u A;. [Ipu sTom B mepeBe A; ecTecTBEHHBIM 00PA30M BbIIe/IEHA
BEPINWHA U, T.€. MOYKHO CYHTATh, 9TO 3TO JepeBo KopHepoe. Ilycth mepeBo A; mmeer k + 1
Beprnny, 0 < k < n — 2. Torma aepeso A, umeer n — k — 1 Bepmuna. O4eBUIHO, TOMEYEHHBIH
nec (Ap, A1) ONHOZHAYHO 3a/12€TCS UCXOTHBIM TIOMEYEHHBIM JIePEBOM HA 71 BePIIHHAX.

[TokazkeM, Kak ycTpoeHo obpaTHOe oTobpazkenune. /g kaxkmoro k, 0 < k < n — 2, BeibepeMm
BepmuHbl s jgepeBa A;. [Tockoabky Bepmimaa 1 10/12KHA HaXOAMThCs B jiepeBe Aq, a Bepiu-
Ha n — B jiepeBe A, Uil 5TOro Hy?KHO BHIOPATH k BEPIINH CPeJM BCeX 3JIeMEHTOB MHOXKeCTBa, [n),
Kpome 1 1 n; 3TO MOYKHO CJIeJ1aTh C’T’ff2 criocobamu. Ocranababie n—k—1 BeprruH OyyT MpUHAITe-
KaTh aepeBy A, . lanee mocrpoum camu jgepeBbst Ay u A,, — 3T0 MOKHO CJIe7aTh COOTBETCTBEHHO
(k4 1)Tyyq u T, g1 cnocobamu. HakomHer, HaM HY’KHO «CKDPEIHUTb» EPEBbsl, JJIsl TOTO HYKHO
npoBecTH pPedpo, COeANHAINEee BEPIIHHY 1 ¢ J000i KopHeMm jaepeBa Aj. Mbl moydnim KoMOu-
HATOPHOE MCTOJKOBAaHUE k-T0 CJIaraeMoro 3 CyMMbBI B IPAaBOil YaCTH JT0KA3bIBAEMOT'O TOXKIECTBA:
OHO PABHO KOJIMYECTBY OCTOBHBIX JIECOB HA MHOZKECTBe [n], COCTOSAMINX PDOBHO W3 JBYX JI€PEBheB,
TaKUX YTO OJIHO JI€PEBO COJEPZXKHUT BEPIIHHY 7 U KpoMe Hee ele k JApyrux BEepIIuH, a Jpyroe
JIEpeBO — KOPHEBOE M COJIEP:KUT BepIIuHy 1.

b) Paccmorpum npon3BOJIbHYIO HAPKOBOYHYIO DYHKIUIO a4 = (@1, ag, ..., Aypy1) JAJIsI YIHIBL C
n + 1 mapkoBouHBIM MecTOM. IlycTh BognTe M Bhexaan Ha yJIUIy B HOPSIKE BO3PACTAHUS HOME-
POB U TOCJIETHEMY M3 HUX JIOCTAJIOCH MeCTO k. 3aduKCUPyeM MpeIITOUTeHNS TIEPBBIX 1 BOJIUTE, el
U [ONBITAEMCS] YBEJNIUTD IIPE/IIOYTeHNe TIOCTEHEr0 BOJIUTE s, HACKOIBKO TO BO3MOXKHO, T. €.
noabepeM MaKCHMAIBHOE 11, /I KOTOPOTO MOCTEIOBATEIBHOCTD (G1, A, . . ., Gpt1) OCTAETCSI
napkoBo4HO#l dynknueir. O4ueBu/HO, STUM MAKCHMAJIbHBIM 3HAYCHUEM SIBJSIETCH (41 = k, IPHU-
4eM HUKTO M3 OCTAJILHBIX BOJUTE/IEH He MPEeTeHI0BaI Ha k- MEeCTO, a TaKKe HHKTO M3 TeX, KTO
He CMOT MPHUMAPKOBATHCS HA JIIOOMMOM MecTe, He Tpoe3rkag MuMo k-ro mecta. OTciona ciesry-
erT, 9TO POBHO k — 1 4eJ0BeK MpeAlovnTaIl HapKoBaThcs Ha Mectax ¢ 1-ro (k — 1)-e m poBHO
n + 1 — k 4e0BeK mpeanovInTasn napkoBarhesa Ha Mectax ¢ (k + 1)-ro mo (n + 1)-e. [Tomoxkmm,

a=(ay,as,...,a,, k) u OyJeM HA3BIBATD 3TY 1IOCIEI0BATEILHOCTD YKPYIHEHUEM I10CIe[0BATE b
HOCTH Q.
flcuo, uro npu JoboM ¢ < k mocienoBaTebHOCTD (a1, g, . . ., Ay, £) SIBIISIETCS] TTADKOBOYHOM

dbyukImeil, n U3 KaxKI0# U3 TUX Kk MAPKOBOUHBIX (DYHKIHUIi (M TOJIBKO U3 HUX) IPH YKPYITHEHUN
noJsiydaercs (pyHIusa a.

Kak ke Ham 3ajarb 1ociegoBareibHocTh af [locieauii BojguTe/ib BbIIEJIEH U3HAYAIBHO.
Hy»xno Buibpars k — 1 Boguress, KoTopbie Oy yT apkoBaThcs Ha nepsbix k — 1 mecrax (CH1
BAPHAHTOB) W HA3HAYWTh UM HapKoBouHYIO dbyHKuuio (P, BapuanTon). Jagee HyKHO 3a1aTh
NapKOBOUHYIO (DYHKIHIO J/Is TeX, KTO MapKyercs Ha MecTax mocie k-ro (P,_(x—1) BApUAHTOB).
Wrak, nas BEIOOpa MOCJIEI0BATEIHLHOCTH (. UMEETCS C’,’flPk_an_(k_l) BapuaHTOB. Bcrnomunag,
YTO TOC/IEIOBATEILHOCTD ¢ SBJISIETCSI YKPYMHEHHEM k DAa3TUIHBIX MAPKOBOTHBIX (DYHKIIHIA, 3a-
KJIIOYaeM, 4TO YUCJIO MaPKOBOUYHBIX (PYHKIMI P11 BbIYUC/IsgeTCs 110 hopMyie

n+1

Puii = Cn kPiot P o)

k=1

5.2. Orser: F(z) = Y CEF(2)F, _i(x).
k=0

5.3. O6a yrBep:kaeHus B3aThl u3 [16]. DTH peKypcun yTOUHSIOT peKypceun u3 3ajgaqu H.1.

a) 3amerum, 4To B oupe/jiejennn Beindunbl inv(7") MOXKHO CYUTATH, 4TO METKU BEPILUH — ITO
JIIoObIe BellecTBeHHbIE Yncia. Kpome Toro, 3adpukcupyemM mpaBujio, YTo0 KOPeHb He HCIIOJIb3YeTCs
IIPU IIOJICYeTe YUCJAa UHBEPCUil jiepesa, U TOrja COBEPIICHHO HeBAYKHO, KAKOW METKO! OH IIOMEYeH.
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Jaaum nosiesnoe ompejesienne. [Iycrs gano nomedenHoe KOpHeBoe JepeBo I’ Ha MHOXKeCTBe
[¢] n dburcnpoBano MHOKeCTBO uncesn S = {sy, Sa, ..., S¢}. Onpegeanm cemeiicTBO, CoCTOsIIIEE U3
¢ xopueBbix gepeBbeB 11, 1o, ..., Ty, BepIIUHBI KOTOPHIX MOMEYEHBI JIeMEHTaMU MHOYKECTBa, S.
Hepeso T; monydaercsa u3 jgepesa 1’ ¢ MOMOIIBIO 3aMEHbI €r0 METOK Ha METKH M3 MHOXKECTBa S
crenyomuM obpa3oM. B Kopenb mepeBa T’ BMeCTO MMeIOMIecsa TaM METKH CTaBUTCSI MeTKa S;.
OcrajibHble 3JIEMEHTBI MHOYXKECTBA S YHOPSAOYUBAIOTCS MO BO3PACTAHUIO W PACCTABJIAIOTCS B
HEKOPHEBBIX BepINMUHAX JiepeBa 1’ Tak, «Kak 3TO CAeJIaHO B jepeBe T's: camasi MajleHbKash METKa,
CTaBUTCA B BEPpHINHY 1, cjaeayroigad 1mo BeJInIYnHe MEeTKa CTaBUTCA B BEPIIUHY 27T . O“IeBI/I,ILHO,
KOJINYECTBO HHBEPCHUIT ¥ BCEX JIEPEBbEB 9TOTO ceMeiicTBa 0JIuHaKOBO. ByieM Ha3bIBATh MHOKECTBO
JIEPEBBEB U3 3TOTO CEMEHCTBA PasHOUHBEPCHBILMU JTPYT IPYTY.

Bepuewmcs k pemenuto 3aauu. JlonojiHuM paccyK/ienus pemenus 5.1 a) no1c4eToM uHBepCHii.
Y100l HEe MeHATH 0003HAYEHUi, J0KayKeM TpedyeMoe COOTHOIIEHHE, B3sB BMECTO IapaMeTpa
n 3HadeHwe n — 2 (HAMOMHHAM, 9TO MHOrOWIeH F,, CTPOMTCS MO MHOXKECTBY JepeBbeB ¢ n + 1
BEPIITHAMI):

i
no

F,1(z) = CF (@ + 2"+ D) Fp(2) Fyp_a().
0

e
I

Urak, B pemiennn 5.1a) BCEBO3MOMKHBIE IIOMEYEHHBIE JIEPEBbsl HAXOAATCS BO B3aUMHO OJI-
HO3HAYHOM cooTBeTcTBUE ¢ Jecamu (A,, Ay). Urober 3agare gnec (A,, A;), HyKHO BHIOpaTh k
BepITHH 1151 Aepesa A; cpejinm Beex 3/eMeHToB MHoxecTBa [n], kpome 1 u n, (momywaerca CF_,
BAPHUAHTOB, OCTAJIbHBIE 1L — k — | BepPIIUH aBTOMATUYECKH MOMAAYT B JepeBo A, ) U mocTpouTh ca-
mu aepesbd A; u A, npu 3ToM gepeBo A; KopHepoe. Jlamee Mbl «CKPEILISgeM» IepeBbs, IIPOBOIL
pedpo, COeaNHAIOINIee BEPIINHY N ¢ KOPHEM JepeBa Aj.

Y100 IOACYUTHIBATH MHBEPCHH, 3aUKCUpPyeM aepeBbst A, n Ay u crpynnupyem B OJUH KJa-
crep k+1 necos Buna (A, A), rae A npoberaer MHOKECTBO KODHEBBIX JI€PEBLEB, PABHOMHBEPCHBIX
nepeBy Aj. Yucno unsepcuii B obpazosasiemcs jgepese T € T, pasuo inv(A,) + inv(A) 4 da,
rJIe IONpaBKa 04 paBHA YUCJIYy HHBEPCHi, KOTOpBIEe oOpasyeT B gepese 1 KOpHeBas BepIIMHA
nepeBa A ¢ apyrumu Bepmmaamu gepesa A (Oyaydu kopHem JepeBa A, OHA HE y4aCTBOBAJIA
B 1ojicuerTe BeJuduHbl inv(A), a mocse cKpeluieHust jaepeBbeB ydactByer). Kak Mbl ormedasn,
inv(A) = inv(A;) mas Beex gepeBbeB A, paBHOMHBEPCHBIX JepeBy A;. HTo ke Kacaercst momnpas-

KH 04, HETPY/IHO MIOHATH, 9TO OHA IO OJHOMY paly mpuHumaer 3Hadenus 0, 1, 2, ..., k, korma A
npoberaer MHOXKECTBO BCEX JePeBLeB, pABHOMHBEPCHBIX JepeBy Aj.
Kaxkpiit Jsiec (A,, A) U3 Hallero kjiacrepa OlPeJesIsier CJIaraeMble g (An) - pinv(4) g HyMe-
inv(Ap)+inv(A)

paropax F,_r_o(z), Fi(z). Ilokazarenb ux npousBejieHus paBeH 4YuCJy MHBEPCHi
B oOpa3soBasiemcs rpade 0e3 yuera nonpasku. [lepebupasi Bce nepeBbsi, paBHOUHBEpPCHBIE Aj,
nosmygaem npomssegenne (xF + 2Pt 4 1)pvADFVA) Txoropoe maeT cyymy oaHOUIEHOB,
C TOYHOCTBIO JI0 MEPECTAHOBKH PABHYIO CJIaraeMbIM HyMepaTopa Fy, () 1Is 1epeBbeB, HOpozK-
NEeHHBIM HAmmM KaacTepoM. CyMMEpPYS IO BCeM KaacTepaM, HOTydeM TpeGyeMyio (hbOpMy.Iy.

b) Jdounosnum paccyxkiaenust pemenust 5.1b) nojcaerom weypoders. B arom pemennu MHOKe-
CTBO NAPKOBOYHBIX (DYHKIMII pa3dUTO Ha KjaacTepbl. B ojun Kjaacrep ¢ NapKOBO4YHOM (hyHKIHE
a = (a1,as,...,a,11) BXOAAT MapKoBo4IHbIe bYHKIMH (a7, as,...,a,, 1), THe 1 < i < k, a de-
pe3 k 0603HAYEHO MAKCHMAJbHOE BO3MOXKHOE Tpeanodrenue (n + 1)-ro BOAUTENs, IPH KOTOPOM
M0CTIEIOBATETLHOCTD (a1, A2, . . ., Ay, k) BCE €Ile OCTAETCS MAPKOBOYHON (hyHKIIHEI.

Jlnst nepedunciienust BCEBO3MOZKHBIX IAPKOBOYHBIX (DYHKIWIT ¢ 33/IJAHHBIM HapamMeTpoM k Mbl
nepebupaeM BceBO3MOKHBIE (yHKIUU a’ I TeX, KTO NapKyercst Ha mepBuix k — 1 mecrax, u
BCeBO3MOXKHBIE (byHKIMN @ Uit Tex, KTo mapkyercss Ha nocjaegaux n — (k — 1) mecrax. ITos-
BOJIIS HEKOTOPYIO BOJIBHOCTb PedH, CKaKeM, 9TO HeyJI0OCTBO 3TUX MapKOBOYHBIX BLIPDHAHTOB
pasuo D(a') u D(a”), a ua a3pike mymeparopos — @) u zP@") Yro xe xacaerca (n + 1)-ro
YeJ0BEeKa, KOTOPLI O HallleMy ILTaHy MapKyeTcs Ha k-M MecTe, TO ero BKJIaJ B obIee Heym00-
CTBO MPUHUMAET J/Isi (DYHKIMIT U3 HAIEro Kjacrepa mo oguomy pasy 3uadenus 0, 1, ..., k — 1.
Taxum obpazomM, cymMmapHOe HEY100CTBO TAPKOBOYHBIX (DYHKIIHMI U3 OJTHOTO KJIaCTepa 3alliChiBa-
ercs Boipazkennem (zF71 4282 4 4 1)2P@) P Cymmupys o Beem KiacTepaM, nosyuaem

Tpebyemyio hopmy.y.
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5.4. TpebGyemas Gueknusi KOporko onucana B [19]. Cienyroliyo KOHCTPYKIHIO, KOTOPas HPU-
BHOCHT B 9TH PaCCyKeHus JOMOJHATE/IbHbIE TOAPOOHOCTH, HaM Jito0e3Ho coobmiui 1. Bormanos.

Paccmorpum mpousBosibHOe moMedenHoe aepeBo 1 ¢ n + 1 Beprunoit 6e3 maBepcuii. Kak
OOBIYHO, MBI CUATAEM BEPIIUHY 7 -+ 1 KOpHEM, BBOJIA T€M CaMbIM OTHOIIEHUE «IIPEJTOK—TIOTOMOK .
[Ipunummem K KaxK 101 BepIinHe, KpoMe KOPHS, IeJ10e HeOTPUIATETHHOe YHUCI0, He TTPEBOCXOIATIIee
qrcsIa 6 HOTOMKOB (MCKJIIoUYast €€ camy); 9T0 9HucIo OyjieM Ha3bIBATh NA0T0Ccmbio Bepiiunbl. [To-
JIy9eHHBIH 00beKT (IOMEeYeHHOe JePeBO ¢ HPUIHCAHHBIME IJIOXOCTSME) HA30BEM OCHAULEHHDIM
depesom (MM KPATKO 0-0epesom), a MHOMKECTBO BCEX OCHAIEHHBIX JepeBheB ¢ n + 1 Beprin-
Hoii obo3HaunM depe3 &, 1. CyMMy Bcex ILIOXOCTeil BepIInH O-JepeBa F Ha30BEM NA0TOCTbIO
o-nmepeBa u obozuauuM bad(F).

Tpebyemast Ouexius sIB/ISIETCS KOMIIO3UIEH JIBYX OMEKIHil, OIMCAHHBIX HUZKE.

(1): Buexyusa mencdy E,11 u T,i1. ToAbKO B paMKax MOCTPOEHUsS TONH OUEKIMH MbI Gyjiem
pa3IUYaTh GEPUIUHY JIEPEBA U YUCAO, KOTOPBIM OHA [OMeYeHa (T.e. MoMEemKy BEepIIUHbI). DTO
10JIe3H0, OO B IPOIEcce NOCTPOECHUST OUEKITUU TTOMETKH OY/LyT HePeCTaBIISATHCS.

HazoBém uneepcrocmbio BEPIIUHBI MOMEUYEHHOTO JIepeBa KOJNYEeCTBO €€ MOTOMKOB, YHC/Ia B
KOTOPBIX 00JIbIIE, YeM YHCJIO B CaMoii BepinuHe. ZIcHO, YTO KOJINYeCTBO HHBEPCHII B JiepeBe PaBHO
CyMMe HHBEPCHOCTEl ero BepIIuH.

Mpr yerpoum Oueknuio cieayionum oopasom. [lo o-gepeBy E € &,11 Mbl OCTPOUM JI€PEBO
T € T,41 Takoe, 9To

(a) T m E cOOTBETCTBYIOT OJHOMY M TOMY K€ HENOMEUEHHOMY JePEeBY, i UX KOPHH COBNAIAIOT;

(b) maoxoctk J060# 6epwuns B E paBHa eé uaBepcHoctd B T

Kaxk caencrsue, bad(E) = inv(T).

JLnst aTOrO B 0-J1epeBe F HaJ0 MmepecTaBUTh IOMETKH BepInuH. Mbl Oy/1eM jJe1aTh 3TO «CBEpXY
BHI3», 00paboTaB CHadvaJjia BCeX CBHIHOBe#l KOpHS, 3aTeM BceX UX CchbliHOBeil u T. 1. [lycth v —
odepejiHas BepIIMHA, KOTOPYIO HaJ0 06paborarh, ¢ — €€ IJIOXOCTh B O-JIepeBe, a ay > dg > ... >
ar — TEeKyIIue MOMEeTKH eé M BCceX eé MOTOMKOB B yObIBAIOIIEM MOpsiJKe (TOrja a; — MOMeTKa
B v, n k > i). IlepecraBuM MeTKH ay, ..., Q;4+1 TAK: HOCTABHM ;i1 B U, & G;4] 3aMEHNM Ha @;
npu Bcex j = 1,2,...,7. HeTpyano moHdaTh, 9TO MHBEPCHOCTL ¥ CTaja PaBHA ¢, HUKAKHE BA
IIOTOMKA ¥ MWHBEPCUH He 00pa3yIoT, U WHBEPCHOCTH OCTAJIbHBIX BEpPIIUH He TMOMEHsUIUCh (100 He
IIOMEHSJIMCh MHOXKECTBAa MX HOTOMKOB). 3HauuT, 06paboraB Takum 0Opa30M BCE BEPUIMHbBI, Mbl
nostyaum jiepeso 1' ¢ TpedyeMbIMU CBOMCTBAMH.

Ha pucynke HuKe MOKa3aH HpUMep JIeHCTBHsI ITOrO ajJropuTMa (MHIEKCHl YKa3bIBAIOT IJI0-
XOCTH BEPIIHH).

Puc. 7. ITocrpoenue T no E (u Haobopor)

Yrobsr mocTpouTsh obpaTHOE oTOOpazkenue u3 7,1 B ,11, 3aMeTUM, UTO ILJIOXOCTH BEPINUH B
E paccraBigiorcs aBroMaTHaecKu, uexoss u3 yesaosust (b). IlepecraHoBKa ¥Ke MOMETOK CTPOUTCS
MOXOKUM 00pa3oM cHu3y BBepX. Korma obpabaTbiBaeTcs BeplIinHa v, HUKAKHE JBa €€ IOTOMKA He
obpasytor uusepcuu. [lycrb a; > ... > a; — nomerku €€ u e€ HOTOMKOB, IIPUYEM B U CTOUT Qjiq.
Torpa jocTaTovHO HIEpeCTaBUTh METKH 10 MUKIY G — G;v1 — a; — ... — a1. B pe3yibrare
9TOrO MPOIECCa MOJYUUTCS TpedyemMoe 0-IepPeBo.
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JIerko BUJIETh, 4YTO MOCTPOEHHbIE OTOOPAZKEeHUsI B3AaUMHO OOPATHDI.

(i1): Buexyusa meoncdy Pp, u Epyq. lyerb a = (aq,...,a,) — HapKoBOYHAs (DYHKIM, a
Pis- .-, Pp — HOMEPA MECT, HA KOTOPBIX [PUIAPKOBAJIKMCH COOTBETCTBYIONIUE BOAUTEIN; TOTJA
p = (p1,...,pn) — mepecraHoBka uuces 1,2, ..., n. Hazosém neydobemeom i-ro BopuTesist Besn-

YUHY P; — @;; CyMMapHOe HeyJI00CTBO BCeX BOANTENEl ecTh Hey100CcTBO (DYHKIUN a.
Mabr yerponm 6uekImio ciaeayomum oopa3om. [1o dyHKnun a MbI mocTpoum o-aepeso F € &£,
TaKoe, ITO

(C) MI0XOCTDH BEPIIMHBI ¢ MOMETKON k paBHA HEyT00CTBY BoauTens k.

Kak cuegcrsue, bad(F) = D(a), a 3Ha4uT, KOMIIO3UIMsL JBYX HAIuX Ouekiuii — rpebyemasi.

Ocranoch, cOOCTBEHHO, NMPEIbABATH BTOPYIO Onmeknnio. Mbl HauHéM ¢ OoJsiee TTPOCTO OHEK-
MU — MeXK/y MepecTaHoBKaMu p = (pi,...,P,) W TOMedeHHBbIME JepeBbsivu 1T € T, Ge3
HHBepCcHii. 3aTeM MblI IPOJIOKUAM 3Ty OHEKIUIO Ha IMapKOBOYHBIE (DYHKIIMH U OCHAIIEHHBIE Jie-
peBbsI.

Illaz 1. Conocmasaerue nepecmanosor depesvam 6e3 uneepcud. [lomoxum p, 1 = n+ 1 u
paccmoTpuM uncaa 1, 2, ..., n+1 KaK BepIIuHBI CTPOSIIETOCs JepeBa; HA30BEM UHUCI0 P; MECTMOM
BepIIUHBI ¢. JI1g KazKI0ii BepIuHbI ¢ < n HaliIéM HauMeHbIee U3 MeCT p; OPH j > %, KOTOpoe
GoJibIe p;, u coeguHuM i ¢ j. Mbl nojydum cBsa3ubiii rpad (Bce BEepUIMHBI COEJUMHEHbBI ILYTEM €
n + 1) ¢ n pé6pamu, T.e. gepeo 1. (IIporecc mosyvenust 3Toro gepesa ymaoOHO HPEJACTABISITH
cebe «cIrpaBa HAJEBO»: MBI 10 OYePe/ I PAcCMaTPUBAEM BepIIUHBI N, n— 1, ..., 1 n nojcoeannsieM
UX K [OJIyYaloNeMycsl ClipaBa JepeBy COLJIACHO MPABHIY. )

Uccneayem norydeHHoe JepeBo. fICHO, ITO B OMUCAHHON BBIIIE CUTYAIlUn ¢ — CHIH j. Boibepem
HPOU3BOJIBHYIO BepimuHy j < n. s 10060ro mnoroMka k BepIIMHbBI j BBIIIOJHEHBI HEPABEHCTBA k <
Jupg < pj (B9acTHoCcTH, B fepese net nnsepcnit). [lycrs s > j — Bepruuna, [ist KOTOPO#t ps < pj,
W ps MAKCHMAJIbHOE BO3MOXKHOE (ecJii Takoro Het, nmojoxuM ps = 0). Torma, paccMoTpes nporiece
MOJTydeHns JiepeBa CIpaBa HaJIeBO, HETPY/IHO BUAETH, YTO BBIMIOJHEHO CJEIYIONIee CBOMCTBO:

(d) mecra Bcex IOTOMKOB BepIIHHBI j GOJIbIIE Py W MEHDIIE Pj,

1 HA000POT — BCe BEPIIUHBI ¢ TAKAMU MECTAMHU SIBJISIOTCS TOTOMKaMU j (MO0 OHU MPUCOEIUHS-
101TCst J1OO0 K j, inbO K €€ HOTOMKaM).

CeoiicrBa (¢) u (d) mo3Bossiior 110 gepeBy T' BOCCTAHOBUTH MEPECTAHOBKY P, JeHCTBYsI OHSATH
’Ke cnpaBa HaseBo. Hauném ¢ BepmmmHbl 1 corsacHo (d), mMecta eé u eé TOTOMKOB B TOYHOCTH
COCTABJAIOT YHUCIO OT 1 JI0 p,; MOITOMY p, €CTb YHCJO e€ MOTOMKOB. /lasee meiicTByeM aHaso-
TUYHO: PACCMATPUBAS OUYEPETHYIO BEPIIUHY j, SBJISIONIYIOCS CBIHOM HEKOTOPOil BepIIUHBI K, MbI
3HAEM, 4TO p; JOJIZKHO JIeZKATh MEXKIY Ds U Pk, Lle Ps — HauboJiblIee yzKe OIpeieaéHHOe MeCTo,
MEHBIIeE Py. SHAYUT, €CJIU y J POBHO d MOTOMKOB, TO OHH OYIyT UMeTh MecTa ps + 1,...,ps + d,
a camo p; paBHO p + d + 1. Takum o6pa3oM, mepecTaHoBKa (p;) BOCCTAHOBJIEHA.

Ha pucynke uHu:ke moxkasana pabora oboux aaropurMon. OKOJI0 BepIIHH JiepeBa CIpaBa yKa-
3aHbI BOCCTAHABJINBAEMble 3HAYEHUS P;, & TAK¥Ke ONpeJedeMblii TUANa30H MeCT UX TOTOMKOB.

Puc. 8. Ilocrpoenune T no p (u Haobopor)
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Teneps HETPYIHO BHJIETH, YTO MIOCTPOCHHBIE OTOOPAYKEHNUSI AEHCTBUTE/IHHO B3AUMHO OOPATHBHI.
[eitcTBuTeibHo, oTobpakenue 1T’ — p CTPOMJIOCH TaK, YTOOBI BOCCTAHOBUTH UCXOJIHYIO TepecTa-
HOBKY, ecan 1’ 6b1710 110 Heit mocTpoeno. Haobopor, mycth Mbl tocTponin p 1o 1. Buibepewm Jiroboe
1 < n, gaBJjsionieecd celHOM k B jiepeBe 1. IlycTb j > ¢ — Ta BepimuHa, K KOTOPOii ¢ MO/ICOeTNHUTCS
B obparHoit nmponeype. Torna p; < p; < pg, To ecTb j — moToMok k mau cama k. C apyroii cro-
POHBI, TI0 TIOCTPOEHUIO P, BCE MOTOMKH k, JierKalue MexK/1y ¢ u k, MoJIyda/in Mecra, MeHbIIne p;.
Buaunt, j = k, 1 10 mepecTaHOBKE P BOCCTAHABINBAETCS MMEHHO 1.

a2z 2: Ocnaugerue. Temepb MOXKHO TMOCTPOUTH Tpedyemyio Omeknuio. Ilycts a — mapko-
BOUHAsi (PYHKIUsI, & P — COOTBETCTBYIOIIAs el mepecTaHoBKa. 1OTaa M0 P MOXKHO HOCTPOUTH
IIOMeYeHHOe JepeBo 1’ i OCHACTUTH €ro COIVIACHO (C), COMOCTABUB BEPIINHE j IUIOXOCTDb Dj — @j;.
Cormacuo (d), 4ncio mOTOMKOB j paBHO p; — ps — 1. C ApyTOif CTOPOHBI, KOT/1a MAITHHA j MOTAIa
Ha MeCTO P;, MECTO P, OBLIO CBOOOJHBIM; 3HAYHUT, G; > Ps, TaK 4TO p; — a; < pj — Ps — 1, T.e.
MJIOXOCTh BEPIMTUHBLI j HE MPEBOCXOAUT YUCTa eé TOTOMKOB. VTOoro, Mbl moaydmwin o-aepeBo F.
Hao6opor, 1o o-gepey E (Tounee, 110 mojjiezkaiemy oMedeHHOMY jepeBy 1') MOXKHO BOCCTa-
HOBHTBH [IEPECTAHOBKY P, a 10 Hell — (YHKIHUIO a, OnsaTh ke corsacHo (c¢). flcHo, 9to ecam 1o
a nccrpouth FE, 1o mo E BoccranoBuTcs MMeHHO (yHKIusA a. OcTajoch MOHITH, YTO, HA00O-
poT, ecyim 1o mpou3BoJbHOMY F € &£,,1 mocTpouTh (DYHKIUIO @, TO 10 Hell 0OpATHO MOCTPOUTCS
nepeso .

Puc. 9. Ocnarmmenne nepesa

st Havaia nokazkeM, 4ro moJiydeHHas pyHknusg a — napkoBodHasi. [lockonbky a; < p;, a
(pi) — mepecTaHOBKa, JIJIst TOTO JOCTATOYHO TOKA3aTh, 9T0 @; > 0. DTO MPOCTO: €CJIn Y BEPIITUHBI
1 ecTh d TMOTOMKOB, BCE OHU MUMEIOT HOMEpa, MEHBbIIUEe p;; 3HAYUT, p; OOJibIIe, deM d — U, Kak
CJIeJICTBHUE, YeM ILJIOXOCTh Bepiiuubl j. OTciona u cjieayer TpedyeMoe.

Ocrajioch MOKa3aTh, 4TO, €CJIU 10 O-JepeBy F IOJydYeHbl MepecTaHoBKa p = (p;) W MApKO-
BouHas (pYHKIUA @, TO, JEHCTBYS 110 3TOW 1HapKOBOYHON (byHKIMU, BojuTe/ M 00Pa3yiOT POBHO
nepecTaHoBKy p. [jis Hadasia BcmoMHmM, 91O coryiacHo (d) MecTa p; BCEX IOTOMKOB j BEPIINHBL
i n eé camoii obpasyror muOo)kecTBo A; = {p; —d,...,p; —1,p;}, tme d — 4nUCI0 MOTOMKOB j.
3naunr, a; € Aj.

Tenepnb HETPYAHO TOKA3aTh, 9YTO BOAUTED ¢ MOMAIET HA MECTO p;, MHAYKIUei mo . [Ipu 7 = 1
9TO BepHO, OO 1 — JIMCT HaIIero gepesBa, TO €CTh p; = ap. LlycTh Bce BogmTenu j < ¢ mMomaan
Ha HpeJlucaHHbie Mecta. B yacTHOCTH, 1IOIIA/IM HA CBOM MECTA BCE IOTOMKH 7; 3HAYUT, BCE MeCTa
pi—d,...,p;—1 yxke 3aHaTHI, a p; — cBoOOmHO. Tak Kak a; € A;, OTCIOIa U CJAEAYeT, YTO BOIUTED
1 MpUMapKyeTcd Ha p;. /loka3aTeabcTBO OKOHYEHO.
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Around Cayley’s theorem

Bursian O., Kokhas D., Kokhas K.

This project is related with Cayley’s theorem about tree counting. Tree is a connected graph without cycles.
The theorem states that the number of labelled trees with n vertices is equal to n™~2. There exist many proofs
of this theorem, our goal is to introduce some of them and to investigate applications of different approaches to
the theorem.

There are rather difficult problems in each project. By the rules of the Summer conference it is allowed to
come together in teams for problems solving; you may join in different teams for different projects. We recommend
you to find companions, and make cooperative investigations of this project.

First acquaintance with labelled trees

In olympiad problems usually graphs with “unnamed” vertices are used. For example, vertices are some towns
and edges are roads between them, or vertices are persons (without names) and edges are acquaintances etc.
Another point of view is taken in problems about graph counting: all graph vertices should be “individual”. To
exclude terminology issues we define a “labelled graph”.

Let [n] = {1,2,...,n}. A tree (or an arbitrary graph as well) with n vertices which are enumerated by
numbers from 1 to n, is called a labelled tree (accordingly, a labelled graph). To construct a labelled tree we can
take a tree and number its vertices, or contrariwise: we can consider the set [n] as a set of vertices and draw a tree
by connecting these vertices by edges. The set of all labelled trees with n vertices is denoted by 7.

Two (unlabelled) graphs G; and G5 with vertex sets Vi and V5 are called isomorphic (or, speaking plainly,
are the same) if there exists a one-to-one mapping f: Vi — V5 such that vertices A, B € V; are connected by an
edge in G if and only if f(A) and f(B) are connected by an edge in G5. For example, any tree with four vertices
is isomorphic to either the tree “Chicken’s feet” or the tree “Path of length three”. In case when G and G, both
are labelled trees, V; = Vo = [n], the identity plays the role of f.

We assume that Cayley’s theorem should not be used in solutions of problems from section “First acquaintance
with labelled trees”. The symbol 7;, in problem statements denotes the number of labelled trees with n vertices,
and the question of finding this value is not stated. Problem numbering is given according to the topics of the
next sections.

1.1. A graph is called unicyclic if it is connected and contains exactly one cycle. Prove that the
number of labelled trees with 100 vertices is greater than the number of labelled unicyclic graphs
with 98 vertices.

1.2. Construct a bijection between the set of all mappings from [n] to itself and the set of labelled
trees with n vertices containing one vertex marked with red stamp and one vertex marked with
blue stamp (it may happens that both stamps mark the same vertex).

1.3. There exist n"~! different mappings from the set [n — 1] to [n]. Prove the identity

" /n—1 N ne
Z(j—1>(”—1) Ty =n"",

j=1

by partitioning the set of these mappings into n parts in such a way that j-th term in the sum
be equal to the number of mappings in j-th part.

3.1. A tree with n vertices and edges enumerated by numbers from 1 to n — 1, is called an edge
labelled tree. For example, there exist 4 different edge labelled trees with 4 vertices — see fig. 1.
Prove that for n > 3 the number of different edge labelled trees with n vertices is equal to %Tn.
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3
W234 1 3 2 2 1 3
o—O0——O0——0 O—O0—O0—0O O0—0O0—C0——=0

Figure 1. Edge labelled chicken’s feet and paths of length 3

If we singled out one of the vertices in a tree (labelled or not) then we call such a tree rooted and the vertex
that has been singled out is called a root. If we need to emphasize that none of the vertices is singled out then we
call such a tree free. A leaf of a tree is a vertex of degree 1, except for the case when the tree is rooted and the
root has degree 1, in this case the root is not considered as a leaf. A forest is a graph in which each connected
component is a tree.

The set of forests on vertex set [n] consisting of k rooted trees with roots 1, 2, ..., k, such that vertex n is in
the tree with root 1 is denoted by FF (fig. 2).

D @ O @ O @
@‘@ @ ®
@ O
® ®

Figure 2. Set of forests F2. We orient each edge towards the root.

We denote sets by “handwritten” letters. Number of set elements is denoted by the same letter in italic font.
For example, the number of elements of set F* we denote by FF¥.

1.4. Prove the recurrent relation for 2 < k <n — 1:

FF1 = nFk.

n

1.5. Let Vi = [r], Vo = {r+1,...,r+s}, V=V1 UV, = [r 4+ s]. Denote by FJ, the set of
forests consisting of k rooted trees on vertex set V' with roots 1, 2, ..., k, such that vertex r + 1
is in the tree with root 1, and each edge connects vertex from V; with vertex from V5. Find the
recurrence relation (by k) for the numbers FY,.

There are n parking spaces available along a one-way street and each of n drivers numbered from 1 to n has
a preferred parking space. The drivers arrive consecutively in increasing order of their numbers. Each driver goes
to his preferred parking place and parks on that place if it’s not occupied; otherwise he goes farther to first free

space and parks there, if all the spaces are occupied he goes away forever. By a preference sequence we call a list
ai, ag, ..., a, of preferred parking places of the first, second, ..., n-th driver.

4.1. Prove that the number of preference sequences in which everyone will find a parking space
is (n+1)"1

4.2. Prove that success or unsuccess of the parking process does not depend on the order in
which the cars arrive.

The next problem is out of the mainstream of our project. But it gives a possibility to understand what
troubles arise in counting of unlabelled trees.

3.2. Prove that the number of different (that is nonisomorphic to each other) unlabelled trees
with n vertices is less than 4".
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1 Recursions, identities, bijections

1.6. Prove by combinatorial reasoning (interpreting numbers 7; as numbers of trees), that for
n>1

n—2
n n—2
a) T, = 5 Z ( i )TkHTnkl;

k=0
b) Reduce this formula and also the formulas from problems 1.3 and 5.1a) to each other

algebraically.

1.7. Denote by T (n,k) the set of labelled rooted trees with n vertices in which the root is
labelled by 1 and has degree k. Prove that

(n—1k-1DT(n,k)=(n—-kT(nk—1).

A “triangle tree” is a graph defined by induction in the following way. The smallest triangle tree is a complete
graph with two vertices (in contrast with its name). If some triangle tree is already given we can take its arbitrary
edge AB, take new vertex C' and add vertex C and edges AC, BC to the tree. By a labelled triangle tree we call
a triangle tree with vertices numbered from 1 to n.

P A i RIS aon SEDE o B

Figure 3. Unlabelled triangle trees on 2, 3, 4, 5 and 6 vertices

For example, for n = 5 there exist 2 unlabelled and 70 labelled triangle trees (fig. 3).
If some edge of a triangle tree is singled out then we call such tree “rooted”.

1.8. Denote by A(n, k) the number of rooted labelled triangle trees with n vertices such that its
rooted edge belongs to k triangles. Find recursion (by k) for the numbers A(n, k).

2 Priifer code

Priifer code corresponds a tree with numbered vertices to the sequence of its vertices in the following way.
Priifer code of a tree with two vertices is an empty word. If the number of vertices of a tree T is more than 2
then denote by v a leaf with smallest number, and by u the vertex adjacent to v. Then Priifer code of tree T is
obtained from Priifer code of tree T — v by appending the vertex u (to the left).

Check that you know how to solve problem 2.1 and come to jury to register your plus.

2.1. a) Find Priifer code of tree with vertices 1, 2, ..., 10 and edges (8,9), (8,4), (4,10), (10,3),
(3,5), (10,6), (10,1), (1,7), (1,2).
b) Reconstruct tree by the Priifer code 1, 1, 2, 5, 4, 2, 7.
c¢) Prove that Priifer code defines one-to-one correspondence between the set of trees on the
given set of n vertices and the set of words of length n — 2 with “letters” from this set.

d) Prove that a vertex of degree d occurs d — 1 times in the Priifer code.

2.2. What is the number of rooted labelled trees with n vertices in which vertex n is a leaf (and
hence it is not root)?

2.3. What is the number of free labelled trees with n > 10 vertices in which the degree of vertex 1
is equal to 107

2.4. Find the number of labelled unicyclic graphs with n vertices having a cycle of length k.

2.5. Denote by S(n, k) Stirling number of the second kind, by definition it is equal to the number
of ways to partition set [n] into k nonempty parts. Prove that the number of labelled trees on n

|
&S(n— 2,n—r).

vertices with exactly r leafs is equal to ‘
7!
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2.6. Denote by 7(ky, ko, ..., k,) the number of free labelled trees with n vertices such that the
(n—2)!

degree of i-th vertex is k; + 1. Prove that 7(ky, ko, ..., k,) = PRTRENE
1:R2:...Kp:

3 Results

You can submit several solutions of the next problems if they are quite different.

3.3. Deduce Cayley’s theorem from problems: a) 1.4, b) 1.6, ¢) 1.7, d) 2.6.

3.4. Prove that the number of forests with vertices from set [n] consisting of k rooted trees is

equal to (7~ )n"k.

3.5. Prove that the number of forests with vertices from set [n] consisting of two free trees is
equal to n"~*(n — 1)(n — 6).

3.6. Prove that the number of spanning trees of complete bipartite labelled graph K, with
parts Vy = [r] and Vo = {r +1,...,r + s} is equal to r*"1s"1,

3.7. Let A, be the number of labelled triangle trees with n vertices, A,, be the number of rooted
labelled triangle trees with n vertices and rooted edge 1-2.

a) Prove that A, = (2n — 3)" 3.

b) Find A,,.

Let n different objects are arranged in the row. A cyclic permutation is a permutation that moves all the
objects along some cycle: it puts the first object on the place of the second one, puts the second one on the
place of the third one and so on, the last object is put on the place of the first one. A transposition (ij) is
a permutation that changes objects on the i-th n j-th place. If we consider [n] as set of vertices of some graph
then the transposition (ij) can be interpreted as an edge connecting vertex ¢ with vertex j.

The result of consecutive applying of permutations si, s2, ..., S,—1 iS a permutation that is called a product
of these permutations and is denoted by s1$2...5s,_1. We consider the products that differ by the order of factors
as different. For example, if permutation s is a transposition changing objects on the first and second places,

permutation ¢ is a transposition changing objects on the third and fourth places, then the products st and ts
determine the same permutations but we consider them as different products.

3.8. a) n objects are arranged in the row. Prove that the result of consecutive applying of
transpositions s, Sa, ..., S,_1 is a cyclic permutation if and only if the graph with vertex set [n]
and edge set s1, So, ..., S,_1 1S a tree.

b) Prove that the number of ways in which a cyclic permutation of set [n] can be represented
as a product of n — 1 transpositions is T,.
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4  Parking functions

There are n parking spaces available along a one-way street and each of n drivers numbered from 1 to n has
a preferred parking space. The drivers arrive consecutively in increasing order of their numbers. Each driver
goes to his preferred parking place and parks on that place if it’s not occupied; otherwise he goes farther to first
free space and parks there, if all the spaces are occupied he goes away forever. A preference sequence for which
everyone finds a parking space is called a parking function. The set of parking functions is denoted by P,.

4.3. Find the number of parking functions (aj,as,...,a,) such that any two consecutive drivers
have different preferences that is ay # agyq for k=1,... ., n— 17

4.4. Let only m < n cars enter the street with n parking spaces. How many preference sequences
exist such that all the drivers find a parking space?

4.5. Prove that the number of parking functions such that exactly k drivers (1 < k < n) prefer
to park in the first place is equal to (§~})n"*.

4.6. For each parking function a = (aq,as,...,a,) define the sequence of differences c(a) =
(c1,¢9,...,Cn1) by the rule

¢; = ai11 —a; (mod n+1).

Let the parking function a correspond to the labelled tree ¢(a) with n + 1 vertices that is given
by Priifer code ¢(a).
Prove that this correspondence is a bijection between P, and 7,.1.

el _ n!
4.7. Prove that (n+1)""" = Z ey Pu— T T R R
0<kn<1

0<kn_1+kn<2
ngn—2+k’n—l+kn§3

0<ko+ks+...+kp_14+kn<n—1

4.8. We call a parking function a = (ay,...,a,) sure if at least j 4+ 1 drivers prefer park in the
first j places for all j, 1 < 7 < n — 1. Prove that the number of sure parking functions in the
street with n parking spaces is equal to (n — 1)"7 1,

. . . " /n+1 B
4.9. Prove by combinatorial arguments the recurrent relation: P, = Z ( I )Pk(n—k)" k.
k=0
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5 Inversions on trees and deficiencies of parking functions

5.1. Prove the recurrent relation by combinatorial arguments:

n—2 n
n—2 n
DT, =Y ( ] )(k )T T b) P =Y (k) (k + )PPy
k=0 k=0

Consider a labelled tree T with n + 1 vertices. Assign vertex n + 1 to be a root and define directions on the
tree edges towards the root. We “accept as correct” that the vertex labels increase when we move towards the
root. We say that vertices ¢ and j form inversion, 1 < i < j < n, if vertex i lies on the path from vertex j to
the root. Check all pairs of vertices and denote by inv(7") the total number of inversions in tree 7. A maximum

n(n—1)
2

value of inv(T") is equal to , it is achieved when T is a path of n edges whose vertices are labelled as n + 1,

1,2,...,n.
Let a = (a1, as,...,a,) be a parking function. Let first driver parked in p;-th place, the second driver parked
in po-th place etc. We call the value

n

D) =Y i —a) =" S,

i=1

. . . . . . s s n(n—1)
the deficiency of parking function a. Function (1,1,...,1) has the largest possible deficiency, it is equal to ==—=.

Theorem. Let n be arbitrary natural number. Then for all £, 0 < k < @, the number of rooted

labelled trees on n + 1 vertices with root n + 1 having k inversions is equal to the number of parking functions
with deficiency k in the street with n parking spaces.

Introduce polynomials F,,(z) and H,(z) that “number” inversions and deficiencies:

Fo(z) =1, Fu(x)= Y a™); Ho(z) =1, Hp(x)= Y _ P,
TeTn+1 a€P,

We call them inversion enumerator u deficiency enumerator.

5.2. Let T* be the set of labelled rooted trees with n + 3 vertices such that its root has degree
2 and is labelled by n + 3, and two sons of the root are labelled by n + 1 and n + 2. Express the
inversion enumerator of the set 7*

F;(x) _ Z xinv(T)
TeT™

in terms of the polynomials F;(x).

5.3. Prove that polynomials F,,(x) and H,(z) satisfy the same recurrent relations for n > 0

Foi(z) = Z (Z) (2 + 2"+ D E(2) (). (a)

k=0

H,q(x) = Z (Z) (2" 4+ 2"+ o+ ) Hy(2) Hyg(2). (b)

k=0

The eheorem about inversions and deficiencies immediately follows from two previous problems. Though you
might suggest a bijective proof.

5.4. Prove the theorem about inversions and dificiencies by constructing one-to-one correspon-
dence between the sets 7,1 and P, such that a parking function with dificiency j corresponds
to the tree with j inversions.
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6 Additional tasks

By a labelled plane tree we call a rooted labelled tree such that the sons of any of its vertex are lineary ordered.
Denote by PF the set of forests consisting of k labelled plane trees on the set [n] with roots 1, 2, ..., k such that
vertex number n is in the tree with root 1.

1.9. Prove that the recurrent relation holds for 2 < k <n —1

P = (2n — k)P~

n n

3.9. Prove that the number of spanning trees in the complete bipartite labelled graph K,
containing k + /¢ trees rooted in vertices 1, 2, ..., kand r+ 1, r+ 2, ..., r + £ is equal to

(rl + sk — kO)rs= s+,

3.10. Prove that the number of spanning trees in complete tripartite labelled graph K, s, with
parts Vi =[r], Vo={r+1,...,r+stand V3 ={r+s+1,...,r+s+t} is equal to

(r+s+t)(r+s) " (s+t) (t+r)

3.11. What is the number of plane labelled rooted trees with n + 1 vertices?

A tetrahedral tree is defined by induction similarly as a triangle one. The simplest tetrahedral tree (degenerate)
is a triangle (complete graph with three vertices), the next simplest is a tetrahedron (complete graph with four
vertices). If some tetrahedral tree is already given then we may add a new vertex by taking any triangle face
in any of tetrahedrons and constructing a new tetrahedron with the new vertex using the chosen face as a base.
Formally it means that we add to the graph one new vertex and three new edges (and three new triangle faces,
if you wish). Note that the tetrahedrons may intersect in the three-dimensional space as well as triangles of a
triangle tree may intersect in the plane.

3.12. How many labelled tetrahedral trees with n vertices exist?

n!
4.10. Prove that (n—1)""! = :
0<I<:Z_:1<1 (n—k:2 —kﬁg - ... —kn_l)!k’g!kfgl...kn_l!
0<kp—a+kn_1<2
ngn—3+kn—2+kn—1§3

0<ko+ks+...+kn_o+kn_1<n—2

n!
4.11. Prove that n" = .
Z kilko! .. k!
0<ki<1

0<k1+k2<2
0<ki+ko+k3<3

0<ki+ko+..+kn_1<n—1

Figure 4. Construction of a tetrahedral tree. We add cosequently vertices 7, 4, 5, 6 to the initital triangle (1, 2,
3)
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Solutions

1 Recursions, identities, bijections

1.1. We took this problem from [3]. Let A be a vertex with the largest label on the cycle, and B
be one of the two adjacent vertices that has larger label. Remove edge AB from the tree, hang
a leaf with label 99 to vertex A and a leaf with label 100 to vertex B. We constructed injective
mapping from the set of unicyclic graphs to the set of trees.

1.2. See |6, problem 8.5] or the first proof in [1, chapter 26]. Consider the path from the blue
vertex to the red one. Let A C [n] be the set of labels of this path. Our tree consists of this
path and several trees that grow on the vertices of this path. The sequence of labels along the
path can be interpreted as a permutation of elements of set A. Draw this permutation as a set
of cycles (with vertices on the elements of set A). We obtain a set of cycles, and several trees
that grow on its vertices.

From the other hand, mapping from set [n] to itself is given by the directed graph: for each
i draw an arrow from vertex i to vertex f(i) (loops are allowed). Since all the vertices of this
graph have outgoing degree 1, the graph is a union of several cycles and several trees that grow
on the vertices of these cycles (speaking more carefully the trees “pour in” the vertices of the
cycles).

This is the required bijection.

1.3. We took this statement from [17, p. 3.9]. The rigth hand side of the equality counts all
possible mappings from [n — 1] to [n]. Any such mapping f can be drawn as a directed graph
with n vertices: each vertex ¢ is a starting point of an arrow that goes to f(i). Vertex n can have
ingoing edges only, and the connected component of vertex n is a tree in which all the arrows
directed “towards n”. The left hand side of the equality counts such graphs classifying them by
the trees containing vertex n.

1.4. [14, theorem 2.1]. The root of a tree determines a direction from the root to the periphery.
Construct a mapping from set F*~! to F*. For this we take an arbitrary forest with k — 1 trees,
find vertex k in it, cut off this vertex together with the branch that grows on it, and put it as
a separate rooted tree. Ususally the result is a tree from .7-"7]: except the case when we cut off
the branch from first tree and this branch contains vertex n. In this case we do a correction:
exchange labels 1 and k.

Now count how many preimages for this mapping has an arbitrary forest from F*. In order
to construct a preimage of a forest, we have to take its k-th tree and attach it as a branch to an
arbitrary vertex of the first, second, ..., (k — 1)-th tree of the forest. This construction imply
that there was no correction. And for preimages with correction, we have to attach the first tree
as a branch to an arbitrary vertex of k-th tree and then exchange labels 1 and k. Thus, each of
n vertices of the graph can be used for construction of a unique preimage. Hence, F*~! = nF*.

1.5. Answer: FF;t = sFF for 2 <k <r. [14, Corollary 3.1]. Recursion can be constructed as
in problem 1.4. Since the vertex k& must belong to set V4, in inverese mapping the subtree with
root k can be attached to any of s vertices of set V5.

1.6. a) This result is from [18]. Denote by E,, the number of labelled trees with vertices on [n]
containing one specified edge, for example, edge 1-2. Counting all the edges in all the trees we
obtain an identity
n(n —1)
2
Thus, T, = %nEn. Now to find E,, we have to choose how many vertices do the tree hanging
on vertex 1 and the tree hanging on vertex 2 contain, and choose trees with these numbers of

E,=(n—-1)T,.

n—2
vertices. We obtain formula 7, = § > (”QZ)TkﬂTn,k,l.
k=0
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b) The equality in this problem can be derived from the equality of problem 5.1 a) by a “Gauss
method”™ sum up two copies of the sum in the problem 5.1 a), change index of the summation &
with n — 2 — k and sum up these sums term by term.

Now derive the identity of problem 1.3 from the identity 5.1a). For this write separately the
summand for 7 = n, and change the summation index in the remaining sum by the rule j = k+1:

n—2
—1
n"2 4 Z (n . )(k + 1)k+1(n ok l)n—k—l .

k=0

Subtract n"~2 from both sides and apply the formula (", ")(n —k —1) = (n —1)(",.?) in the left
hand side:

n

y (n—1) (n ; 2) (n—k—-1DFk+D 0 —k—1)""*3 =n"2(n—-1).

By cancelling (n — 1) we obtain the formula from the problem 5.1a) up to a change of the
summation index.

1.7. [4] Let A € T(n,k—1) be one of the trees, v be any of its n — k vertices adjacent to vertex 1.
Replace the edge connecting vertex v to its ancestor with the edge connecting this vertex and
the root. Denote the obtained tree by B (obviously B € T (n,k)), we will call a pair of trees
(A, B) a bundle.

Count the number of bundles by two different ways. From the one hand, the number of
bundles is equal to (n — k)T'(n,k — 1), because the bundle is uniquely determined by the tree A
with vertex v. The tree can be chosen in T'(n, k — 1) ways, then the vertex v can be choosen in
(n — k) ways. From the other hand, the bundle may be obtained in the following way: choose a
tree B in T'(n, k) ways, remove one edge outgoing from the root, and connect the “broken branch”
obtained with any of non root vertices of the remaining tree. In total we obtain

m—1—-n)+n—-1-ny)+...+(n—1-—ng)=mn—-1)(k—1)

ways where n; is the number of vertices in the “broken branch” formed after removal of the i-th
edge outgoing from the root. So we have (n—1)(k—1)T'(n, k) cases. Thus, (n—1)(k—1)T(n, k) =
(n—k)T(n,k—1).

1.8. Answer: (n—k—2)A(n, k) = k(2n — 4)A(n, k + 1). This statement is from [9].

Note that the construction in the definition of a triangle tree can start from any edge: take
any edge, add the triangles that contain this edge, then add triangles that contain any of the
already constructed edges and so on. Furthermore, let the first edge be fixed, and during the
appending to the tree the next vertex C', we draw arrows on the edges C'A, C'B outgoing from
vertex C. Then the directed graph that represents the triangle tree does not depend on the order
in which the vertices had been added!

Consider a triangle tree G in which the rooted edge uv belongs to k triangles, denote them
by uvwy, uvws, ..., uvwg, and construct a tree with k+ 1 triangles by the following construction
(fig. 5). Take an arbitrary vertex w, coinsiding with no one of the vertices w;, and consider a
minimal triangle subtree containing vertices u, v and w. Vertex w has two outgoing edges in
this subtree since it is minimal one. Remove these edges and draw edges wu and wv instead of
them. As a result of this operation we obtain a rooted tree that has one more triangle. The
parts of tree G that were hunging on the removed edges, hang now on the new edges wu and wwv.
(It may happens that during these actions we remove the edge connecting w with u or v, and
immediately restroe it.) Vertex w may be chosen in n —k — 2 ways, so we have (n—k —2)A(n, k)
ways of implementing this construction.

Now describe the inverse operation: given a tree in which the rooted edge uv belongs to k41
triangles, construct a tree in which the rooted edge uv belongs to k triangles. Take one of the
k + 1 triangle vertices connected to the root, let it be vertex w, and “displant” (move) triangle
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O

Figure 5. A tree with k triangles on the rooted edge uv (left figure) and a tree with &k + 1 triangles (k = 1) (right
figure). The minimal tree containing vertices w, u and v is colored gray. Two arrows go from each vertex except
u and v to the endpoints of the edge on which the triangle corresponding to the vertex had been hunged

uvw from the edge uv to another edge, say, ab. It can be done in the following way: let G
and (GG be triangle trees growing on the edges wu and wv. Choose an arbitrary edge ab, not
belonging to G7 U G5 (and not coinsiding with wwv), and replace edges wu and wv with edges wa
and wb. The subtrees G; and G5, hanging on edges wu and wv, we displant on the edges wa
and wb correspondingly.

Count in how many ways this construction can be implemented. Any of 2n—4 non root edges
can be assigned as ab. If edge ab belongs to the triangle subtree, hanging on the rooted triangle
uvw’, then we can take any of k rooted triangles uvw, where w # w’, as triangle uvw, which we
hang on this edge. In total, k(2n — 4)A(n, k + 1) ways.

1.9. |14, corollary 4.1]. Try to construct a recursion similar to that of in problem 1.4. In this
problem we have more places where the subtree with root k& may be hanged. For each vertex
the number of places is equal to the number of its descendants plus one. In total for all vertices
we obtain the number of all edges plus the number of all vertices. And the number of edges in
forest with k trees is equal to n — k.
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2  Priifer code

2.1. This is problem 2.2.4 from [3], it is just an exercise for understanding what is a Priifer
code.

2.2. Answer: (n—1)""L

Priifer code of unrooted tree in which vertex n is a leaf does not contain symbol “n”. Hence
there are (n — 1)"~2 such codes. The choise of the root increases the number of cases in (n — 1)
times.

2.3. Answer: (";%)(n—1)""! Since this number is equal to the number of fillings of n cells

by n — 2 different objects for which the first cell contains 9 objects.

2.4. Answer: $(n—1)(n—2)...(n—k+ 1)n"F

The number of ways to choose a cycle is equal to "("71)("7212"'("7“1): we choose the first
vertex of cycle, the second one and so on consequently, after that we take into account that it is
not important which vertex of the cycle is the first and what is the cycle direction. It remains
to count the number of unicyclic graphs containing cycle (n,n —1,...,n —k+ 1). Remove the
edge connecting n and n — k 4 1. The number of possible Priifer codes for obtained tree is equal
to kn"~'=*. Indeed, after n — k steps of Priifer encoding the remaining part of the tree is exactly
the path n,n—1, ..., n—k-+1. Then the first n — k — 1 elements of Priifer code can be assigned
arbitrarily, (n — k)-th element is the number from n — k + 1 to n, and all other elements are
determined.

We took this problem from [3].

2.5. We took this problem from [5]. Attentive reader can also find it in [7]. Due to Priifer code,
it seems to be almost a tavtology.

2.6. [7]. Priifer’s algorithm maps labeled trees to monomials z;z;, ...z;, ,, which can be

“reduced” to the form z'x5>...azf (where ky + ky + ... + k, = n — 2). Thus the number of

" (n—2)!

different codes is equal to the polynomial coefficient TRl
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3 Results

3.1. We took this statement in [17]. For each labeled tree assign vertex n to be a root, then the
direction to the root is defined on each edge and the relation “ancestor-descendant’ ’ is given.
Now to each labeled tree with n vertices we put into correspondence an edge-labeled tree with n
vertices. For this we put the label ¢ on each edge ij , where ¢ is a descendant of j.

The obtained edge labeled tree allows us to recover the initial vertex labelling if we indicate
which vertex was a root and label it by n. Hence each edge labeled tree could be obtained in our
mapping from n different labeled trees.

3.2. We took this problem in [3]. Let us count the number of rooted trees. Draw a tree on the
plane and draw an arrow on each edge towards the periphery. Now put a code into correspondence
to the tree: starting from the root move along the tree as if it is a system of walls on the plane.
If we move along the arrow write 1, if against write 0. We obtain a sequence of 2n — 2 zeroes
and ones. It is clear that each sequence determines at most one tree.

3.3. a) Cayleys theorem follows from problem 1.4 and the equality F"~!' = 1.
c¢) Cayley’s theorem follows from problem 1.7 and the equality T'(n, k) = (Z:f) (n — 1)nk-L
Indeed, the number of labeled trees is equal to the sum

n—1 n—1 n—2

S T k) =Y (Z B f) (-1 =Y (” N 2) (n— 1" = (n— 1) + 12,

k=1 k=1 k=0

b) In [18] Cayley’s theorem is drived from problem 1.6 by means of generation functions and
Lagrange inverse formula, but may be elementary method exist.
d) Cayley’s theorem is drived from problem 2.6 by the summation like in the polynomial

theorem
2 : (TL - 2)' _ nan
| Lo | | )
Py N kilko! .. k!
>0

1

3.4. See |14, corollary 2.3].
3.5. We took this problem in [17, m. 4.3].

3.6. See |14, corollary 3.1]. We can prove the statement by means of Priifer code. At the end
of the Priifer encoding we obtain two vertices from different parts of the graph. Therefore the
code contains r — 1 labels from the first part and s — 1 labels from the second part and the total

numbers of codes equals 77151,

3.7. a) Solution 1. The statement is taken from [9] where it is proven by five different ways.
We present the third proof in [9].

Applying the recursion from solution 1.8 and the “initial condition” A(n,k) =1 for k = n—2,
we obtain

An, k) = (2n—4)n_—];_kA(n,k—l—1) = (2n—4)2(n_2_l£git;)_ (k+1))A(n,k‘—l—2) —
L 9l k(k+1)...(n—3) B
=...=(2n—-4) (n—2—k)(n—2—(k+1))-~~1A<n’n_2)_

_ n—2—k (n —3)! . oM —3
= (2n —4) (k_1)!(n_3_(k_1))!A(n,n—2)—(2n—4) (k—l)'

By summing over all possible £ and applying the binomial expansion we compute the number of

rooted triangle trees: > (1-%)(2n — 4)" "2 = (2n — 3)" 3.
k=1

Solution 2 (Priifer code). We encode a labelled rooted triangle tree by a code similar to
Priifer code.
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Figure 6. Example of the construction of code for the triangle tree (7b)(12)(8a)(7b)(8a)(4a).

Construction of the code by a tree. Let a triangle labelled rooted tree with rooted edge 1-2
be given. At first, given labelling of the vertices, define a special labelling of edges. Draw arrows
on the edges by the same way as in solution of problem 3.7. Then each vertex has two outgoing
arrows (except the vertices of the root edge). If a vertex has label x, then label its outgoing edges
as za and xb, where the endpoint of the edge xa has smaller label than the endpoint of the edge
xb. Denote the root edge by 1-2. Thus, our tree contains 2n — 3 edges with “unified” names:

12, 3a, 3b, 4a, 4b, ..., na, nb.

We write the code using new names of edges. Vertices of degree 2 we call leaves. In each step
we choose the leaf of the current triangle tree with maximal label, remove the chosen vertex and
write the name of its ancestor edge. In the last step the last vertex is connected with endpoints
of root edge 1-2, and we skip writing.

Recovering the tree by a code.

All the vertices x for which both edges za and xb do not belong to the code are leaves. (The
vertices 1 and 2 are not the leaves by definition.) So looking at the code we can write the List
of leaves. In this list the vertex z with the largest label has been removed the first. Therefore
the first symbol in the code is the name of the edge-ancestor of z. Write the vertex z and its
edge-ancestor to the second list, call it the “List of triangles”, remove the first symbol from the
code, remove z from the List of leaves. Look at the (shortened) code once again, seek a new
vertices that become leaves and update the List of leaves. Now take the vertex with the largest
label and the first symbol in the code and so on.

At the end of this algorithm we obtain the List of triangles containing the sequence of vertices
with their edge-ancestors. Unlike the usual trees it is not easy to recover the triangle tree by
reading List of triangles from the beginning because the unified name of an edge (za or xb)
“hides” the labels of its endpoints. But if we start to read the List of triangles from the tail, it
can be done easily. Draw the root edge 1-2. And start the construction of the tree like in its
defintion. Vertex which is not contained in List of triangles should be appended to the tree the
first. In the next step the vertex y has the edge-ancestor with the name of the form za or xb,
and since this edge has been already drawn, we know the labels of both its endpoints.

Why does the list always contain at least one leaf? The current code has n — 3 — k positions
where k is the number of already considered positions. And the number of vertices that could
be a leaves is equal to n — 2 — k (we subtract 2 because the vertices 1 and 2 are not leaves), that
is greater by 1.
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The code contains n — 3 positions, the tree contains 2n — 3 edges. Each edge can be written in
any position, so the number of codes is equal to (2n — 3)"~3. Since eaxctly one tree corresponds
to each code, and any tree determines a code, the number of rooted triangle trees coinsides with
the number of codes.

Example. Let n =8 and the code is (7b, 1-2, 8a, 7h, 8a, 4a).

Number of step | Current code List of leaves | List of triangles
1 (7b, 1-2, 8a, 7h, 8a, 4a) | 3, 5,6, 9 9, 7Ta
2 (1-2, 8a, b, 8a, 4a) 3,5,6 6, 1-2
3 (8a, 7b 8a, 4a) 3,5 5, 8a
4 (7b, 8a, 4a) 3 3, 7b
5 (8a, 4a) 7 7, 8a
6 (4a) 8 8, 4a

List of triangles does not contain vertex 4, it implies that this vertex has been hung to the
edge 1-2 at the first step. So we draw the triangle with vertices 1, 2, 4. Then vertices 8, 7, 3, 5,
6, 9 have been hung to the edges 4a, 8a, 7b, 8a, 1-2, 7b correspondingly. Hang vertex 8 to the
edge 4a (i.e. to the edge 2-4) and so on. The obtained triangle tree is depicted in fig. 6.

b) Since the root edge of a triangle tree may be labelled by any pair of labels, not only 1-2,
and any of 2n — 3 edges in triangle tree may be chosen as the root, the relation holds

(Z’) Ay = (20 — 3)A,,.

3.8. This statement of J. Dénes is proven in [11] (lemma 3.15 and theorem 3.16).

3.9. Answer: kn" % t(n—2)(n—3)...(n — k).

Similarly to problem 2.4. We can choose a path from the first vertex to the second in
(n—2)(n—3)...(n—k) ways. The number of Prfer codes for trees that contain this path equals
kn™~*=1 We took this problem in [5, problem 5.93].

3.10. We took this problem in [17, p. 3.5].

3.11. [14, Corollary 3.3]. Let Vi =[r], Vo ={r+1,...,r+s}, Va={r+s+1,...,r + s+ 1t}
and V = V; UV, U V3. Denote by Frkst the number of rooted tripartite forests on the vertex set
V' consisting of k trees with roots 1, 2, ..., k in which the vertex number r + 1 is a descendant
of vertex 1, and by F¥,, the number of rooted tripartite forests on the vertex set 1V with roots
2,3, ..., k+1in whcih the vertex number 1 is a descendant of vertex r 4+ 1. We are interested
in the number of trees, i.e. ', .

FT,ls = (s+t)"* Floo=(s+t F[S =
t5 Bt L A

n (s+t) r+t) FH 5 (s+t) r+s+t)(r+s)'
(2) similarly to problem 1.5 for 2 < k < r we obtain the recurrent formula

F:s_,tl - (S+t)FT{€st
and applying this formula several times we turn to the forest with r trees;
(3) apply the equality F,, = FI_, (forests in these sets differ only by the choise of the root
for the tree containing vertex 1);
(4) for r+1 <k <r+ s — 1 we obtain the recurrent formula
Ef = (r+t)E;

rst_ r,8,t
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and again similarly to problem 1.5 turn to the forest with r» + s — 1 trees; The transition from
forests with roots 1, 2, ..., r to forests with roots 2, 3, ..., r+ 1 is caused by the condition that
in this recurrent equality the vertex number k& has to belong to second part.

(5) the number of forests with large number of trees can be easily computed:

Erte L=(r+s) +t(r+s)

in the first summand the vertex 1 is a son of vertex r+ 1, and the remaining ¢ vertices of the third
part can be connected with any of r + s vertices of the two other parts; in the second summand
the vertex 1 is a son of some vertex from the third part, and the remaining ¢ — 1 vertices similarly
connected with any of r 4+ s vertices.

3.12. Answer: (2n)!/nl. Thus the number of plane labelled unrooted trees with n + 1 vertices
is equal to +1( ™). 14, Corollary 4.2].

3.13. Answer: (3)(3n —8)"7° u3 [17].

a) The number of rooted tetrahedral trees may be counted by encoding similarly to the
number of rooted triangle trees.

Construction of the code by a tree. Choose the rooted triangle of the tree, for example,
triangle (1,2,3). The elements of code sequence are triangles (faces of tetrahedrons). Let vertex
x be hanged to the face with vertex labels a, b and ¢, where a < b < ¢, we call this face ancestor
of vertex z. Denote the face (x,a,b) by za, (x,a,c) by 8, (z,b,¢) by xy. Therefore, the faces
of all tetrahedrons are denoted xa, xf3, xy, where x =4, ..., n, and the root face we denote by
(1,2,3). The tree has 3n — 8 faces. Any vertex of degree 3 we call a leaf of a tetrahedral tree. In
each step we remove the leaf with the largest labelr and write its face-ancestor. When the last
tetrahedron remains (4 vertices), we stop.

Construction of the tree by a code. Leaves are vertices of the tetrahedral tree with those
labels = € {4, ... ,n}, for which the current code does not contain no one of the faces za, z3, x7.

Example. Let n =7 and the code is (45, (1,2,3), Ta).

Number of step | Current code List of leaves | Hanged vertex
1 (48, (1,2 3) 7a) | 6,5 6
2 ((1,2,3), 7a) 5, 4 5
3 (Ta) 4 4
4 () 7 7

We read the list of hanged vertices in the reverse order and obtain that vertex 7 had been
hung to the face (1,2, 3), vertex 4 had been hung to the face 7Ta = (7,1, 2), vertex 5 to the face
(1,2,3), vertex 6 to the face 45 = (4,1,7) consequently.

The obtained tetrahedral tree is depicted in fig. 4.

Since the code contains n — 4 faces, we have in total (3n — 8)"~* possible codes.

b) Since the root tringle of a tetrahedral tree can be labelled by any triple of labels, not only
1, 2, 3, and each of 3n — 8 triangles in a tetrahedral tree can be assigned as the root, the relation
holds:

(g) Ay = (3n — 8)A,.
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4  Parking functions

4.1. This famous problem has been posed in [15].

Enlarge the parking lot by appending the (n + 1)-th parking place, and enclose the street in
a cycle so that it leads from the (n + 1)-th place to the first one. For the enlarged street we
have exactly (n+ 1)" preference sequences (each of the n drivers independently prefers one of the
n+ 1 places). Now, for any preferences all the n drivers park successfully, and one parking place
remains free. The preference sequence satisfies the requirements of the initial problem if and only
if the (n + 1)-th place is remained free. Indeed, the fact that the (n + 1)-th place remains free
means that no one prefers it and no one drives by it seeking the free place for parking (in the
opposite case he had to park there and not to drive by). Therefore, in this case we can remove
the (n 4 1)-th parking place with the adjacent part of the road (i.e. return to initial problem),
without breaking the process of parking.

Partition all preference sequences for the cyclic parking lot into (n + 1)"~! groups consisting
of n + 1 sequences each: along with sequence (ai,...,a,) we group all its cyclic shifts, i.e.
(e +1,...;a,+1), (a1 +2,...;a,+2), ..., (a1 +n,...,a,+n) (sums are taken modulo n+1).
Observe that each group contains exactly one preference sequence satisfying the requirement of
the initial problem, namely the sequence for which the (n + 1)-th parking lot remains free.

Thus, the number of preferennce sequences is equal to the number of groups, i.e. (n+1)""!.

4.2. Tt is more or less evident what happens when two consequitive cars change their order.

4.3. Answer: n" L.

Similarly to the problem 4.1, we obtain that for the extended parking street the number of
all possible preference sequences is equal to (n + 1)n"~!, because the first driver can have n + 1
favourite places, and each next driver can have n favourite places. As in problem 4.1, each group
of n 4 1 sequences that differ by a cyclic shift, contains one parking function only. We took this
problem from book [12].

4.4. Answer: (n+1—m)(n+1)""! sequences.

Solution from book [2, problem 96.54].

For every integer m, 0 < m < n, denote by N(n,m) the number of preference sequences for
m drivers which lead to successful parking (in particular, N(n,0) = 1). We prove by induction
on n that N(n,m) = (n+1—m)(n+ 1) for all m. For n = 1 the statement is trivial.

Induction step (n—1) — n. Let k drivers like parking places greater than 1 and m — k drivers
like the first place (0 < k < m). Those k drivers may be chosen in C* ways. It is easily seen
that, given the preferences, success or unsuccess of parking does not depend on the order the
drivers arrive. So we can assume that the m — k drivers that like the first place arrive the latest.
Those m — k drivers can park for sure — they occupy the first m — k free places remainig after
parking of the first k drivers. Thus, success or unsuccess of the parking process depends only on
the preferences of the first k drivers (on n — 1 places). Therefore, after we have chosen those k
drivers there exist exactly N(n — 1, k) successful preference sequences. Thus,

N(n k) = Em: (7:) CN(n—1,k). (1)

k=0
Apply the hypothesis of induction and transform:

N(n, k) = Zm: @) (n—k)nk=1 = ij (C’Z) nk—kzm;k(z> nkl = Zm: (Z‘) nk_zm:m@__ll)nkl _

:i@)nk_m.nf (mkl)nk(n—l—l)mm-(n—i—l)ml(n+1m)~(n+1)m17

as desired. We use here the trivial formula k- (7)) = m - (T:__ll) and the binomial formulan for

expansions of (n + 1)™ and (n + 1)™! in powers of n.
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4.5. Let by, by, ..., b, be the preference sequence written in nondecreasing order. Then b, =
by = ... =by =1, 2 < bpyy < bpyo < .... Note that preference sequence by, brio, ..., by
allows n— k drivers park in the street with n —1 parking places (from 2-nd to n-th). The number
of such sequences is computed in the previous problem and is equal to k- n""*~!. The number
of ways to choose k drivers that prefer to park at the first place is equal to (Z) Therefore, the
total number of parking functions for which £ drivers want to park in the first place is equal to

()t = (o

“In order to check” this result, sum up the obtained expressions over k:

i (Z B 1) P = (n 4 1)"!

k=1
(binomial expansion). We obtain the number of parking functions. That’s good.

We see that the number of parking functions in this problem is the same as the number of
forests on set [n] consisting of k rooted trees (problem 3.4).

We present the bijection from [13] that gives the combinatorial proof of this fact. Let a tree
with n+1 vertices be given. Construct a queue of the breadth first search by this tree. At first
we add the root to the queue. Then in each step we remove the first vertex in the queue and add
its sons to the queue in increasing order of their numbers. And so on while queue is not empty.
Let A; be the set of vertices added in i-th step (all these vertices are sons of some vertex), a;
be the number of elements of A;. If in step ¢ none of vertices had been added then A; is empty.
Since the tree is a connected graph with n 4 1 vertices, the queue of the breadth first search for
it contains at least one element, while vertex n + 1 is not removed, and the queue will be empty
when we will remove all n + 1 vertices, that means that a; comply with restrictions:

(Cblz]_

a1+a2—121

a1+a2+...—|—ak—k21

\a1+a2+...+an+1:n

We define a parking function in the following way: elements of A; be the numbers of cars that
prefer to park at ¢-th place. It can be proved that the described mapping is a bijection between
parking functions for n cars and trees with n 4 1 vertices.

4.6. It is sufficient to describe the inverse mapping, i.e. the rule that allows, given an arbitrary
sequence ¢ = (c¢1,Ca,...,C,—1) Where all ¢; are remainders modulo n + 1, to construct a parking
function A = (ay, ..., a,) for which ¢ is a sequence of differences. It can be easily obtained from
the solution of problem 4.1.

Ideed, if all the differences ¢; = a;41 — a; (mod n + 1) are fixed, then there exist exactly
n+ 1 preference sequences with those differences for a cyclic parking street. In solution 4.1 those
(n 4+ 1) sequences are united in one group and it is proved that exactly one parking function
belongs to this group. Obviously, that is what we wanted.

4.7. The sum counts all possible parking functions. In fact, to determine a parking function one
may start with choosing, for each parking place i, the number k; which shows how many drivers
like that place. Non negative integer numbers k; should comply with the following restrictions:

k, < 1 since in the opposite case there exist two drivers who wish park in the last place, so
the parking will fail;

kn_1+ Kk, < 2 since in the opposite case there exist three drivers who wish to park in two last
places, so the parking will fail;

and so on till the inequality ko + ...+ k,_1 + k, <n — 1.

After numbers ks, ks, ..., k, had been chosen, let ky =n — ko — ks — ... — k,, and assign the
last k1 drivers to prefer the first place.
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It is easy to understand that the numbers ky, ko, ..., k, satisfying the above restrictions
produce a parking function. Indeed, by problem 4.2 the success of the parking process does not
depend on the order in which cars enter. Let those who want to park in n-th place go first, then
those who want to park in (n — 1)-th place go after them, and so on. They will perfectly park
all cars.

It remains to observe that the number of ways to realize the set ki, ko, ..., k, as a parking
functions is equal to the term under the summation sign.

4.8. Solution 1 (from book [8, problem 5.49.f]). Let k; be the number of elements of sequence a
that are equal to 4, in particular, k£, = 0. The condition on a preference sequence to be a sure
parking function is equivalent to the following restrictions:

1) all partial sums of the sequence ky — 1, ks — 1, ..., k,_; — 1 are positive;
n—1

9 S (ki —1) = 1.

i=1
Lemma. For any finite integer sequence with sum 1 there exists a unique cyclic permutation
such that all its partial sums are positive.
The proof of the lemma is left to the reader.

Obviously, in the sure preference sequence all a; are numbers from 1 to n — 1. If we take an
arbitrary sequence of n numbers from [n — 1], then then numbers k; defined by this sequence
satisfy the condition 2), but, generally speaking, do not satisfy the condition 1). But by the
lemma this sequence has a cyclic permutation (exactly one) satisfying the first condition!

Therefore, the number of sure parking functions is n—1 times less then the number of elements
of [n — 1]™.

Solution 2 (direct computation). Consider an arbitrary sure parking function, let & drivers
want to park at the first place for this function (2 < k < n). We give a red hat to one of them
and remove him. The preferences of the remaining drivers form a usual (not necessarily sure)
parking function in the street with n — 1 parking places and k£ — 1 drivers that prefer to park in
the first place. So, to obtain a parking function for which % drivers want to park in first place,
we have to choose one driver in hat (n ways) and assign prefernces to others (by problem 4.5 it
can be done by (n — 1)’“(2:3) ways). As a result we obtain not just a parking function, but a
parking function such that one of k drivers pretending on the first parking place wears a red hat.

n

Thus, the total number of parking functions is expressed by the sum > 7 - (n — 1)nk (Z:;) It
=2

remains to check the identity

kz:% (n— 1)%’“(2‘ B Z) — (n—1)"",

Transform the left hand side of the expression: replace the summation index k by ¢ = n — k,
apply the equality - - (";*)(n — 1) = (n — 1 —i)(7) and after that split each summand as a
difference of two terms:

By the binomial formula the first sum is equal to

n" — (Z) (n—1)" - (n " 1) (n—1)" L. 2)
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For the second sum observe that the O-th summand vanishes, apply formula (7) 1= n(? 1) and
after that apply the binomial formula:

31 () R ol iy (e e (o L T P [
®)

It remains to note that the difference of expressions (2) and (3) is equal to (n —1)""1.

4.9. Take an arbitrary parking function. Let by, bo, ..., b,41 be a sequence of numbers of
preferred places, written in increasing order. The success of the parking process means that the
following inequalities hold: b; <1 (and hence by = 1), by < 2, ..., b1 <n+ 1.

Choose the largest k, 0 < k < n, such that by,y = k 4+ 1. Then the preference sequence by,

, bx is a parking function for the street with k parking places, and the sequence by, — k,
bgio — Kk, ..., byy1 — k is a sure parking function for the street with n + 1 — k parking places. (It
is a sure function due to maximality of k.)

Thus, in order to construct an arbitrary parking function in the street with n 4+ 1 parking
places, one may choose an arbitrary k, choose arbitrary k drivers (in ("Zl) ways), assign one of the
Py, parking functions for their preferences, and assign one of the (n— k)"* sure parking functions
to determine the preferences of the other n + 1 — k drivers. Thus, we obtain a combinatorial
interpretation of the formula under consideration.

4.10. Similarly to problem 4.7, the formula counts the number of sure parking functions for the
parking lot of length n.

4.11. In [10] this formula is proved by a complicated bijection with the set of labelled trees. We
prove it similarly to the previous problem.

Say that an enchanced parking function is a parking sequence (aq,...,a,) in which all the
elements which equal 1 are numbered. For example, (%, 2, %, 3,3) and (%, 2, }, 3, 3) are two different

enchanced parking functions (for n = 5). We denote by N*(n) the number of enchanced parking
functions for the parking lot of length n.

By arguments as in problem 4.7 we obtain that the sum counts the number of enchanced
parking functions. It remains to check that N*(n) = n".

Consider an enchanced parking sequences in which k drivers like NOT the first place, and
n — k drivers prefer to park in the first place. Similarly to problem 4.5we conclude that the
number of such sequences equals Z—,'N(n — 1,k). Then the total number of enchanced parking
functions is given by the formula similar to formula (1):

" nl " nl B
n):ZH-N(n—l,k):ZE-(n—k)nk L
k=0 k=0

That is a telescoping series, it is equal to n™.

5 Inversions on trees and deficiencies of parking functions

5.1. Both statements are inspired by [16].

a) Consider an arbitrary labelled tree with n vertices. Let n—u be the first edge on the path
from vertex n to vertex 1 (the case u = 1 is possible). Remove this edge, the tree breaks up into
the two trees A, and A;. Vertex u is singled out in tree A; in a natural way, i.e. we consider
this tree as rooted. Let tree A; have k + 1 vertex, 0 < k < n — 2. Then tree A, hasn —k —1
vertices. Obviously, the labelled forest (A,, A;) is uniquely defined by the initial labelled tree
with n vertices.

Now we demonstrate how the inverse mapping is constructed. For all k£, 0 < k < n — 2,
choose vertices for tree A;. Since vertex 1 has to be in tree A;, and vertex n has to be in tree
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A, we need to choose k vertices from the elements of set [n], except 1 and n. This can be done
in (”;2) ways; the other n — k — 1 vertices belong to tree A,. Then construct trees A; and A,
themselves, it can be done in (k + 1)Tj41 and T,,_j_1 ways, respectively. Finally, we need “to
fasten” the trees, so we need to draw an edge connecting vertex n with the root of tree A;. We
obtain a combinatorial interpretation of the k-th summand on the right hand side of the identity:
it is equal to the number of spanning trees on set [n] consisting of exactly two trees such that
one tree contains k + 1 vertices (including vertex n), and the other tree is rooted and contains

vertex 1.

b) Consider an arbitrary parking function a = (ay, as, ..., a,41) for a street with n+1 parking
places. Let drivers enter the street in increasing order of their numbers, and assume that the
last of them parks on place k. Fix the preferences of the first n drivers and try to increase the
preference of the last driver as much as posiible, i.e. find a maximum value of a,; for which
the sequence (aj,as, ..., a,+1) is a parking function. It is clear that:

— this maximum value is a,,1 = k,

— none of the other drivers prefers the k-th place, and

— no one of those who found his favourite place occupied drives by the k-th place.

It follows that exactly k& — 1 drivers prefer the places from 1-st to the (k — 1)-th, and exactly
n+1—k drivers prefer the places from the (k+1)-th to the (n+1)-th. Let a = (a1, ag, - . ., an, k),
call this sequence the enlargement of the sequence a.

Obviously, for any ¢ < k the sequence (aq,as, ..., a,,{) is a parking function, and all k& such
parking functions (and only them) have the same enlargement function a.

How to construct a sequence a? The last driver is singled out from the beginning. We need
to choose k — 1 drivers who will park in the first & — 1 places ((,",) ways) and assign them a
parking function (P,_; ways). Then we need to assign a parking function for those who park
in the places after the k-th (P,_(x—1) ways). So, there are (1:1) Py 1 P,_(x—1) ways to choose a
sequence a. Remembering that a is the enlargement sequence for k different parking functions,
we conclude that the number of parking functions P, is computed by the formula

n+1
n
Py = Z (k B 1) kP 1Py (k1)

k=1

n
5.2. Answer: Ff(z) = > (1) Fi(2)Fpop(x).
k=0
5.3. Both statements are from [16|. These recursions are detailed versions of the recursions from
problem 5.1.

a) Note that in the definition of inv(T") the labels of vertices can be considered as arbitrary
real numbers. Besides that, let us demand that the root has no contribution to the number
inv(7T), therefore the number inv(7") does not depend on the root label.

We give a useful definition. Consider a labelled rooted tree 7" on set [¢] and fix a set of
numbers S = {s1, S2,...,s¢}. Define a collection consisting of ¢ rooted trees Ty, Ty, ..., Ty, such
that the vertices of each of them are labelled by the elements of set S. Tree T; is obtained from
tree T' by replacing its labels by labels from set S in the following way. The root of tree 7" has
some label, replace it by label s;. Arrange the other elements of the set S in increasing order
and place them in unrooted vertices of tree 7" in the same way “as it has been done in tree 7"
the smallest label is put at vertex 1, the next label is put at vertex 2, etc. Is is evident that the
numbers of inversions in all trees in this collection coincide. Call the set of trees of this collection
equally-inversional to each other.

Now return to the solution. Append the inversion counting to the reasonings of solution
5.1a). In order not to change notations, we will prove the required relation with n replaced with
n — 2 (recall that polynomial F,, is generated by the set of forests with n 4 1 vertices):

Foi(z) = Z_: (” . 2) (2F + 251 4+ 1) Fy(2) Fyps(2).
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So in solution 5.14a) all possible labelled trees are in one to one correspondence with forests
(An, Ay). To define forest (A,, A1), we need to choose k vertices for tree A; from all elements of
set [n] except 1 and n, (we have (”;2) ways, the other n — k — 1 vertices automatically belong
to tree A,) and construct trees A; and A, themselves (the tree A; is rooted). Then we “fasten”
trees by drawing an edge that connects vertex n with the root of tree Aj.

To count the inversions, fix trees A, and A; and group in one cluster the k 4 1 forests of the
form (A,, A), where A ranges over the set of rooted trees which are equally-inversional to tree A;.
The number of inversions in each tree T € T,, obtained in this way is equal to inv(A, )+inv(A)+d4,
where the correction term d4 equals the number of inversions of the root vertex of A with other
vertices of A (being the root of tree A, it does not participate in the counting of the value inv(A),
but after fastening the trees it participates). As we noted, inv(A) = inv(A4;) for all trees A that
are equally-inversional to tree A;. As for the term d4, it is clear that it takes each of the values
0, 1, 2, ..., k exactly once, as A runs over the set of all trees that are equally-inversional to
tree A;.

Each forest (A,, A) of our cluster determines summands x , X in the enumerators
Fo__o(z), Fi.(x). The exponent of their product z™(4»)+m(4) equals the number of inversions of
the obtained graph without taking into account the correction term. Summing the contributions
of the trees that are equally-inversional to tree A; we obtain the expression

inv(An) inv(A)

(l’k + xkfl 4.+ 1)xinv(An)+inv(A)’

which equals the sum of monomials of the enumerator F,_;(x) for the trees generated by our
cluster. Summing over all clusters we obtain the required formula.

b) We append the deficiency counting to the reasonings of solution 5.1b). In that solution the
set of parking functions is partitioned into clusters. A cluster generated by a parking function
a = (ay,as,...,a,y1) consists of all parking functions (a1, as, ..., a,,7) where 1 <i <k, and k is
the maximal possible preference of (n 4 1)-th driver for which the sequence (ay,as,...,an, k) is
a parking function.

For counting all possible parking functions with given parameter k£ we consider all possible
functions a’ for those drivers who park in the first £ — 1 places, and all possible functions a” for
those who park in the last n — (k — 1) places. Roughly speaking, the deficiency of these parking
cases is equal to D(a’) and D(a”), and in the language of enumerators it equals z”) and 27",
As for the (n + 1)-th driver who parks in the k-th place for all functions of our cluster, his
contribution to the whole deficiency for functions of our cluster takes each of the values 0, 1, 2,
..., k exactly once. Thus, the total deficiency of parking functions from one cluster is expressed
by (zF '+ 2824 +1)2P@) 2P Summing over all clusters we obtain the required formula.

5.4. See [19].
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3aMoIieHnsd: IIOACTAHOBKI N JIEeKOPAIIUN.
Anekceit bejos-Kanens, [Ibep ['uiton, Winbs Nsanos-Ilorogaes, Usan Murpodanos

DTOT NMPOEKT IOCBSIIIEH 3aMOIIEHUsIM Ha IIocKoCcTH. OOBIYHO, KOIJa IJIMTKAMU HECKOJIBKUX THUIIOB YIaeTcCs
3aMOCTUTD ILIOCKOCTD, PEYb UJIET O 3aMOIINEHUN, CTPYKTYPa KOTOPOr0 NEPUOMIECKN OBTOpsieTcs. Bosee cTporo:
3aMOIIEHIE HA3BIBAECTCS NEePUOIUUECKUM €CITU OHO TIEPEXOIUT B cedsl IIPHU CJIBUre Ha HEHYJIeBOH BekTop. Kuraickuii
mareMaTuk Xao Banr B 1961 roay mocTaBui CIIEIyIONIYIO 3a/1a4y:

Pacemompum eduruunvie £K6adpamol, cmoporv, KOMOPHLT PACKPGUEHDL 8 KOHEUHOE MHONACECTNEO UBEMO8, KAHC-
das 6 odun ysem. Ilycmov 6v6paro HECKOALKO MUN08 Marur keadpamos. Paspewaemcsa npukiadueams keadpamot
dpye K dpyey cmoporamu, NOKPawerHoMYy 6 00ur ueem. Jonycmum, MONCHO UCTLOABI0BAMb HEOZDAHUYEHHOE KO-
AUYECTNBO KBAJPAMO8 8LOPAHHLIT MUN0E. Bepro au, 4mo ecau MOHCHO 3aMOCTMUMD NAOCKOCTG, O MO MOHCHO
cdeaamov nepuoduMeckum cnocobom?

Wsnaganpuo Banr mpejmosaras, 94T0 OTBET IOJIOKUTEJBHBIH, TO €CTh, €CJAU KaKOe-HUOYIb 3aMOIIEHUEe CYIIle-
cTByeT, TO ecThb u mepuogmaeckoe. Ho B 1966 roxy Pobepr Beprep (yuennk Banra) mocrpowms HaGop, cocrosimumii
3 20426 KBaJIpaTOB, KOTOPBIM MOXKHO 3aMOCTUTH ILJIOCKOCTH TOJIBKO Hernepuogundecku. [lozauaee Beprep cokparui
qucyo wnToK 710 104, a 8 1971 roxy Padasias Pobuncon 3HaUnTE/IBHO yIIPOCTHI KOHCTPYKITUIO, TIPEICTABUB HAOOD
3 6 MHOTOYTOJIbHUKOB, KOTOPBIMU MOYKHO 3aMOCTUTH IIJIOCKOCTH TOJBKO HEITEPUOIUIECKH.

& 8 8
o

Puc. 1. Habop minrok Pobuncona.

OTa 3amada umeeT GUIIOCOPCKYIO MOAOILIEKY. Pedsb uaer o ToM, MOXKHO JIH JTOOUTHCS HEKOTOPOTO TJIO0AIBHOTO
cBoiicTBa (HEIEPHOAMYHOCTH) 00JI1aast JIOKAJIbHBIME CPEICTBaME (IIBETOBBIMU [IPABUJIAMHU IPUMbIKaHUs ). Boobiie
110/T00HBIE [TOCTAHOBKYM BO3HUKAIOT YACTO: HAIPUMED, KAK OPraHM30BaTh PabOTy BBIYUCIUTEIHHON CETH, ITOOBI
JIOKaJIbHBIN cOO#l He HapymaJ rjio0ajbHON paboThl. MM Kak JIOKaJbHOE B3aUMOJIEHCTBHE MOJIEKYJI IPUBOJIMUT K
(BOPMUPOBAHIIO KPUCTAJIIOB.

B pamkax sTOro mpoexrta MbI OyjeM IIOCTEIIEHHO OCBAWBATh METObI, YTOOBI PENIaTh TaKue 3aJa4i, B PA3HBIX
nocranoBkax. OCHOBHOI 3ajiadeil IePBOl YacTH TPOEKTa OyIET MOCTPOeHnEe HADOPa MHOTOYTOJBHUKOB, KOTOPBIMEI
MOKHO 3aMOCTHTDH IJIOCKOCTH TOJIbKO HerepuogmdeckuM crocobom (B10). Ilo cyru, sra 3amaga cBopurTcst K 110-
CTPOEHHIO CUCTEMBI JIOKAJIbHBIX MIPABIJI (IPAHUYHBIX YCJIOBUIl, ONPEIEISAIONUX, KOI/Ia MOXKHO CTABUTH KBAPATHBIE
[UIATKH PSIZIOM, & KOTJIa Hedib3st ). IlocTpoeHne Takoro Habopa NCIoIb3yeT HECKOJIBKO IPUEMOB, KOTOPBIM TIOCBSIIIEHbI
IpeJIBapUTESIbHbIE 3aJ1a91.

A. OJIHOMEPHBIN CJIYYAN

Paccmorpum Geckonednyio B 006€ CTOPOHBI JIEHTY, COCTOSIIYIO U3 KJIETOK — OJIMHAKOBBIX KBaIpaTOB. BymeM pac-
CTaB/ISATH OYKBbBI M3 KOHETHOTO ajidaBuTa, O OJHON B KaXKIyIo KIeTKy. KiieTky ¢ 6ykBoit BHyTpu Oy/ieM Ha3bIBATD
nAumMKoU.

3amouweruem HyeM Ha3bIBATH PACCTAHOBKY OyKB asiaBuTa BO BCEX KJIETKHU JIEHTHI. [lepuoduueckumu Oymem
Ha3bIBATH TAKHe 3aMOIIEHUsi, KOTOPhIE IEPEXONAT B cebsi IpU CIBUIe Ha IEJI0e HEHyJieBoe paccrosiaue p. [lpum
9TOM, KaK JIETKO BUIETH, €r0 MOXKHO OIHCATh KaK IEPUOIMIECKOE TIOBTOPEHNE KAKON-TO KOMOWHAIINY U3 P IJINTOK.
KoMmbunanust 13 p minTok — 3T0 HEPUO 3aMOIIEHUS, & YUCJIO P — ITO JJINHA IePHUOIA.

3anpemom W 3anPEUEHHBLM CAOBOM WU AOKAADHDLM NPABUAOM OYIEM HA3BIBATH KOMOMHAIIMIO U3 HECKOJBKUX
COCEJTHUX TINTOK. MbI Oy/IeM HHTEPECOBATHCS 3aMOIEHUSIME, BHYTPH KOTOPBIX HE BCTPEYAETCs HU OJUH U3 3allpe-
TOB. B 3amucu ymo0HO IJIMTKY 3aliChiBaTh OYKBaMU KOHEYHOIO ajidaBUTa, a 3allPeThl — CJIOBAMU. 3aMOIIEHWSs, B
KOTOPBIX HE BCTPEUYAETCs HU OJMH U3 3aIPETOB, HA3BIBAIOTCS PA3peuweHHvimMu. B majipHeiieM Mbl Beerma Oymem
[IPEJIIIoJIaraTh, YTO JIOKAJbHBIX IIPaBUJI KOHEYHOE YUCJIO.

3aMoIreHust, Tepexo/isIye JIPYr B IPyTa MPU CABUre, OyJIeM CIATATH IKGUEAAECHMMHbLMU WA OJMHAKOBBIMU. B
JaJibHeNIeM MbI He Oy/ieM pa3jindaTh TaKue 3aMOIIEHUS.

A1l Paccmorpum andasur {0, 1}, npuaem cioso 01 3anpenieHo. CKOIBKO CYIECTBYET HEIKBUBAJIEHTHBIX PA3PEIIEH-
HBIX 3aMOIIEHUT?



A2 Tlokazkure, 94TO J1axKe JJisl JIByX OYKB CyIIIECTBYET 3aMOIIEHNE, He sIBJISIOIIEECs EPUOIUIECKIIM.

A3 TIpuaymaiite KOHEUHYIO cucTeMy 3anperos B asndasure {a, b, c}, 9T06b pasperieHHbIM OBLIO TOJBKO [ePHOIH-
9eCKOe 3aMOIIEHNE C TIePUOIOM abc.

A4 Cymecrsyer i cucrema 3anperos B ajadasure {0, 1} Takasy, 4T0 paspenieHHbIX HEIKBUBAJIEHTHBIX 3aMOIIEHUT
POBHO €TO?

A5 Ilycte A HekoTOpOe KOHEYHOE CJIOBO. JIOKayKuTe, 9TO CYIIeCTBYeT KOHEYHAsI CHCTEMa 3aIPEeTOB, TaKasl 9To
€JINHCTBEHHBIM Pa3PEIIeHHBIM 3aMOIIEHNEM OyJIeT MEPUOIUIECKOe ¢ eprogoM A.

A6 Tlycth A HEKOTOPOE HEMEePUOIUIECKOe 3aMOINeHre. JJoKakuTe, 9To He CYIIECTBYET KOHEYHON CUCTEMBI 3aIpe-
TOB, JIJIsl KOTOPOH €IMHCTBEHHBIMY PA3PENIeHHBIMU 3aMOIIEHUSIMEI OYIyT A U 9KBUBAJICHTHBIE €MY.

AT Tlyctb nmeercss n 6ykB. IlycTh KarKblii 3aIpenieHHoe CJI0BO UMEET JITMHY 2, U BCEro uX k, MpudeM pa3perneH-
HBIX 3aMOIIeHn He cyIecTByeT. s KaKoro MUHUMAJIBHOTO Kk 9TO BOZMOYXKHO?

B. TI1OCKUIT CJTYYAN: JIOKAJIBHBIE TTPABUJIA U TIOJICTAHOBKU

BeiBoAbI U3 O/ITHOMEPHOTO CJy4asi. 3alpeT B OJJHOMEPHOM CJIydae UIPaeT POJib JIOKAJBLHOTO ycjoBus. Kom-
OMHUPYs JIOKAJBHBIE YCJIOBUSI MBI XOTUM JOOUTHCs TyIoDAIBbHOTO cBoiicTBa. Ho B ofHOMEpHOM CjIydae KOHEIHOE
YHCJIO 3alIPETOB HE JIAeT BO3MOXKHOCTH HOJIYYUTh TOJIBKO HEllePHOIUYecKue 3aMOIICHU.

Ilepeiimem k gByMepHOMY ciry4ato. CHadasa eme pa3 3aduKCHpyeM OCHOBHBIE ITOHATHUS U OIIPE/IEIECHUS .

Paccmorpum KjeTouHy 0 MI0CKOCTD U Oy/IeM 3aIUChIBATH B KAXKIyI0 KJIETKY OJHY U3 OYKB KOHEYHOTO ajihaBuTa
L, 6yem Ha3bIBaTh €ro aagasumom naumok. Ilycrs B KaxK10i# KiileTke 3amnucana ojHa u3 Oyks ajdasura. Torma
3aJjaHa PACcCTAHOBKA OYKB B KJeTKaX. TaKyio pacCTaHOBKY OyIeM HA3bIBATL 3AMOULEHUEM.

HO aHaJIOTUU C OJHOMEPHDBIM CJIydJa€eM, 3aMOIIEHNEe Ha3bIBA€TCA IIEPUOINICCKNM, €CJIN OHO IIEPEeXOJUT B Ce69{ opu
CJ/IBUI'e HA HEHYJIEBOH IeJIOUNCIEHHbIH BeKTOD (a,b).

DKBUBAJIEHTHOCTDh 3amolrienuii. Onpenenenune. PaccmorpuM aBa 3aMolnenns 6€CKOHETHON TIJI0OCKOCTH S
u Sy. Hdomycrum, 0IHO U3 HUX MOXKHO CABUHYTH HA IEJOYNCJIEHHBI BEKTOD W HOJYyYIUTh Apyroe. B sTtom ciaydae
OyzeM cauTaTh, 9T0 S1 U So 9K6uUBaACHMMHYL. Jamevwarue. Bee 3amMorienns KOHETHON (DUTYPBI CUNTAIOTCS HEIKBU-
BaJIEHTHBIMI.

JlokanbHbIe nipaBuia. Onpenenenue. [lycts n — HaTypaabHOE YUCTO, He MeHbIIee 2. PaccMoTpuM MHOMXKe-
CTBO BCEX KBAJIPATOB N X 7, COCTOAIINX U3 HAIMAX OYKB-IIMTOK. HAYTe rOBOpsi, 9TO MHOXKECTBO — "’ (MHO2KECTBO
KOHEIHBIX HabopoB u3 n? Gyks B andapure L). PaccMOTPIM B 9TOM MHOYKECTBE HEKOTOPOE KOHEUHOEe TIOIMHOKe-
crBo M. To ectb, M — 9T0 HECKOJIBKO KBaJIPATOB 7. X 1, COCTABJIEHHBIX U3 OYKB ajipaButa L. DTU KBaapaThl Oy1eMm
HA3bIBATH 3ANPEULLHHBLMU WA AOKAADHBMU NPABUAAMU, TACIO 1 — PadMep JIOKAJHHOrO MpaBUa. 3aMOIIEHUE
HA3bIBAETCS PA3PEULEHHbIM, €CJIU B HEM HE BCTPEUAETCs 3aIIPEIIEHHBIX KB/ [PATOB.

SamaBasi pa3IUIHbIE JIOKAJTbHBIE TPABUJIA, MBI MOXKEM B KAKON-TO CTEIEHU YIIPABJISTH PA3PENIEHHBIMU 3aMOIIE-
HusMu. PaccMoTpuM HECKOJIBKO TIPUMEDOB.

B1 Ilycrs andasut manTok cocTouT u3 AByX OyKB. IlocTpoiiTe JOKAIbHBIE TPABUIA, YTOOBI PA3PENTEHHBIM 3aMO-
IIeHreM ObLTa TOJIBKO MIAXMaTHas PACKPaCcKa.

B2 Ilycrs B andasure nse Gyksbl 0 u 1, Bocemb KBajpaToB 2 X 2 3ampemieHbl (cM. pucyHOK Huxke). CKOJIBKO
CYIIECTBYET PA3PEIIeHHBIX 3aMOIIEHUIT IPSIMOYTOJBHIKA 1711 X 17

1)1 1)1 110 01 110 0|1 00 00
0|1 110 1)1 1)1 00 01]0 0|1 110

B3 Ilycrs B andasure {0,1} 3anpenieHsl Te e KBaIpaThl 2 X 2, 4TO U B IPeAbLAyIIEH 3ajade, a KPOME TOrO
3alperntéH ONH KBAJIpaT C eIUHUIAMI Ha TJIABHOU jquaronaju. Onuinnure Bce HEIKBUBAJEHTHBIE PA3PEIICHHBIE
3aMOIIeHN IIJIOCKOCTH.

11 11 110 011 110 0|1 00 00 110
01 1]0 1|1 1|1 00 00 0|1 110 |0

B4 Ilycrs B asdaBure gernipe OyKBbI, 1 Pa3pPEIIEHHBIME KBaIpATAME 2 X 2 sIBJISIIOTCS KBAJIPATHI ¢ YETHIPHMST Pa3-
ubiMu OykBamu. OcrasbHble KBaJparThl 3amperieHHbie. CKOTbKO CYNMECTBYeT Pa3pPEeIeHHbIX 3aMOIIEHU psi-
MOYTOJIbHUKA M X N7

B5 Ilycrs andaBur mmmTok cocrout u3 aByx 06yks. Ilycrs 3aman0 k 3ampernieHHbix OJIOKOB 2 X 2 Tak, YTO HET HU
OJTHOTO Pa3PEeIeHHOr0 3aMoIeHns. Kakoe MuHnMa bHoe k MOXKeT OBITh?

B6 Ilycrs B mumrounom asdasure {0, 1} 3a5aH0 HEKOTOPOE MHOXKECTBO JIOKAJIBHBIX IIPABUJI, IIPHYEM KAPTHHKA
HA PUCYHKE SIBJISIETCS] Pa3PEIeHHo (0CTabHBIE KIETKH, KPOME JIEBSITH, 3al0JIHeHbI HyasMmu.) JlokaxkuTe, 9T0
CyIIecTByer elne DECKOHEYHOEe MHOYKECTBO HEIKBHBAJIEHTHBIX MEXKYy CODON pa3perleHHbIX 3aMOIIEHUA.
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Sta 3a7a9a MOKA3BIBAET, YTO He BCEr/a | MOTy9IaeTcs ¢ HOMOIIBIO JJOKAIBHBIX IIPABHIT 3a1aTh OJHO KOHKDPET-
Hoe 3amorenne. Ho ecsm Heb3st 3a1aTh 0/1HO, MOXKET OBITH MOYKHO 33J1aTh HEKOTOPOE MHOXKECTBO B Ue€M TO
MOXOXKWX APYT Ha Ipyra 3aMolneHuit? Bymem roBoputh, 9TO MHOMKECTBO 3aMOINEHUHE 3adaemcsa HEeKOMOPuLMU
A0KAANDHOMU NPABUAGMU, €CJITA PA3PEIICHHBIMU 3aMOIIEHUAMU IIPU TaKNX IIPpaBUJIaXxX 6y,}1yT TOJIBKO 3aMOIIIeHUA
U3 9TOTO MHOYKECTBA.

B7 Pamxoti Ha30BéM GuUrypy, COCTOSILYIO JJId HEKOTOPBIX M, > 1 u3 2(m + n) — 4 rpaHUYHBIX KJIETOK IIPAMO-
yroJbHEKa M X 1. Ha30BEM pacKpacKy kpacueol, ecjiu eJUHUIbI CTOAT Ha OObeJIMHEHIN KAKOro-TO (KOHEYHOro
nyi GECKOHEYHOr0) MHOXKECTBA PAMOK, 8 B OCTAJIbHBIX KJIeTKaX CTOAT Hy 1. I1ycThb 33/1aHO0 KOHEUHOE MHOYKECTBO
JIOKAJIBHBIX IIPABIII, U BCE KPACUBBbIE PACKPACKH KJIETIATON IIJIOCKOCTHU SIBJIAIOTCA PA3PeIIéHHbIMA. JloKarKuTe,
YTO €CTh OECKOHEYHO MHOTO HEIKBHBAJIEHTHBIX PA3PEIIEHHBIX PACKPACOK, HE SIBJISIONIMXCS KPACUBBIMH.

B8 Ilycrp 3a/aHbl HEKOTOPBIE JIOKAJIbHBIE IPABUJIA M, B COOTBETCTBUU C STHUME I[PABHJIAMHE, JJIS JIIOOOTO I0JIO-
JKATEJBHOTO I IVIMTKAMH MOXKHO 3aMOCTUTH 00JIACTH, BKJIIOYAIONIYIO KPYTr pajanyca r. Jlokaxkure, 9TO TOrIa
MOKHO 3aMOCTHTH U BCIO IIOCKOCTD.

C moOMOIIBIO JIOKATBHBIX MPABUJI MOXKHO IOJIYYaTh JOBOJBHO CJIOXKHBIE 3aMolneHus. Hampumep, ¢ MOMOIIBIO
HUX MOXKHO JIOOUTLCSI TOrO, YTOOBI BCE pa3pelreHHble 3aMolnennst 6b1mu Herepuogananbl. Cpady 210 3ajady Oyer
PeIluTh CJIOXKHO, Mbl PEKOMEHJIyeM BEPHYThCs K Heil B 1ukJje (', mocjie OCBOEHUsI JIOMOJHUTEIbHBIX METOIOB.

B9* IIpumymaiite JIOKaJbHbLIE IPABUJIA TaKHE, YTOOBI BCE pa3pelieHHble 3aMOIIEHUsT ObLIN HEeIepUOAUIHLL.
B10* IlocTpoiiTe KOHEUHBI HAGOP MHOTOYTOJLHUKOB, KOTOPBIME MOYKHO 3aMOCTHTH ILIOCKOCTH TOJBLKO HEIEePUO/IH-
qecku. MHOTOYTOJBHUKE APYT K JAPYTY MOXKHO MPUKJIAIBIBATE KAK YTOMHO, MOYXKHO ITOBOPAYNBATH U ITEPEBO-
paduBaTh, HO OHU He JIOJIZKHBI IIePEKPbIBATLCH.

Omnpenesenne. [lycth KaxkaIo0My CHIMBOJY aadaBUTa COMOCTABICH KBaApaT k X k M3 CHMBOJIOB TOTO Ke aJjida-
BuTa. Takoe coorBercTBUE Oy/IeM HA3bIBATH NOJCMAHOEKOT.

Eciin ecTb 11071cTaHOBKA 0 1 3aMoIeHne A Kakoit-To obsracTu (KOHETHOH niim 6eCKOHEUHOI), TO MOXKHO MOJIYyIUTh
Hosoe 3amorenue o(A). s 9Toro Kaxkiyio IJIMTKY Mbl 3aMeHseM Ha COOTBeTCTByIomuil kBajapar k X k. Ecin
Ha4YaTh C OJHOU IJINTKHA U IPUMEHSTD IOJICTAHOBKY HECKOJIBKO Pa3, MbI IIOJIyIUM OOJIBIION KBaIPAT.

Onpegenenne. [lycrs 3amana nekoropas k X k mojcranoBka o. Ilycrh Takzke 3aMOIIEHUE TIOCKOCTH MOYKHO
pas3buTh BEPTUKAILHBIMUA W TOPU3OHTAJBHBIMUA MPAMBIMI Ha KBaJApaThbl k X k Tak, 9TO KaxKIablii kBaapar k X k
JexkuT B 06pase o (TO ecTh KaxK/blil KBaapar siBasercs o(A) myst HekoTopoit 6ykebl A). 3amuieMm BMECTO KaxK-
noro keasipata o(A) 6yksy A. Ilomyuennoe samormenue Gyjem obozHauarh Kak o (S). Ecim o~1(S) onpenereno
OJTHOZHAYHO, By/IeM TOBOPUTbL, YTO B 3aMolieHun S BO3MOKEH Iepexol| K mpoobpasy o~ 1(S). Bamormenue Gyjem
HA3BIBATH OECKOHEUHO 0eK0OUPYEMBLM OTHOCUTEJIHLHO TOJCTAHOBKY 0, €CJIA TEePeXo/l K Mpoodpas3y MOYXKHO MPOBECTH
J1000€ 9HCJI0 pas.

111 0o Jo
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B11 PaccMoTpuM mOJICTAHOBKY KakK Ha PUCYHKE. BeCKOHETHO JIeKOInpyeMoe 3aMOTIEHIE /I He€ HA3bIBAETCS KO8POM
Cepnumncrozo.
a) Jlokaxkure, 9T0 €CTh GECKOHEYHO MHOT'O IIONAPHO HEIKBUBAJIEHTHBIX KOBPOB CepIMHCKOrO.
b) Jokaxkure, uro Bce KOBpbI CepIUHCKOr0 KPOMe OJHOT'O SIBJISIIOTCS HENEePUOAUIHBIMUA 3aMOIIEHUSIMU.
¢) Bamaéres m MHOXKeCTBO KOBPOB CepIMHCKOTO JIOKAIBHBIMY IPABUIAMA!

Ecnu MpI X0THM 33/1aTh € HOMOIIBIO JIOKAJIBHBIX IPABUJ OECKOHEYHO JIEKO/INPyeMble 3aMOIIEHNUs, JIOTUYHO 10~
TpeboBaTh, YTOOBI ITOJICTAHOBKA [T€PEBOJIMIIA PA3PEIIEHHbIE 3aMOIIEHNS B Pa3pelIEHHbIE.

Omnpenesnienne. Bynem roBoputhb, 9TO MOJICTAHOBKA CO2AGCO8GHA C AOKGALHULMY NPABUAAGMU Da3Mepa k, e
1) nyist so6oit 6ykser A, kBaapar o(A) aBIsSETCS PA3PEIICHHBIM;
2) ecaim X — paspemieHsblil KBajpar 2 X 2, 1o KBajapar o(X) comepKuUT TOJIbKO pa3pelleHHble KBajparsbl k X k.

B12 Ilycrs 3amanbl JiokaabHbE TIpaBmia R, mpudem k = 2, TO ecTh BCe 3ampelieHHbIE KBaJIPAThl pasMepa 2 X 2.
[Tycrs HekoTopbIit KBajpaT A pasmepa N X N sBJISIeTCS Pa3pEITeHHBIM, TO €CTh HE COMEPXKUT 3AIPEIIEHHBIX
kBaaparos 2 X 2. Ilycrs nozjcranoBka o corsacosana ¢ R. Jlokaxkure, uro kBajpar o(A) Takzxke paspenieHHbLil.

lHa caMOM JeJie, OJisd HeIIePpUOAUICCKUX 3aMOIIEHUH — Hunoeda, ¥ TI032KE€ MBI 3TO JOKaKeM



B13 IlycTp moscTanoBKa ¢ COTVIacOBaHA C JIOKAJHHBIMU TIpaBUWIaMu pa3mepa 2. /lokaxkure, ITO CyMeCcTBYEeT pa3pe-
IIIEHHOE 3aMOIIleHUE.

B14 Paccmorpum mojctaHoBKy o. BepHo Jii, 9To cymecTByer 3amolnenue S, 1jig KOToporo BepHo o (S) sKBUBAJIEHT-
o S? Ilpumymaiite J0CTATOYHbBIE YCJIOBHS HA 0, 9TOOBI TAKOE 3aMOIIEHNE CYIIECTBOBAJIO.

C. TIPUMEPHI HEIIEPUOAVNYHOCTH

Nroru mocae mukiaoB A m B. Mbl xoruM HaliTH TakKoe MHOXKECTBO 3aMOIINEHUI, KOTOPOE C OJHONH CTOPOHBI
3a/1a8TCs JIOKAJIBHBIMU [IPABUJIAMHE, & C IPYTOil CTOPOHBI — COIEPYKUT TOJIHKO HEITEPUOINIHbBIE 3aMOIeHNs. B oxHO-
MEPHOM CJIy4ae TaKoro MHoxKecTBa He ObiBaeT (nodemy?). CaMbie IPOCTbIE U3BECTHBIE HAM JIBYMEPHbIE IPUMEDDI —
9T0 GECKOHEUHO JIEKOINpPYyeMble OTHOCUTEJIHBHO HOJICTAHOBKU 3aMOIIEHUS.

Tlogxomut He Jr0bast OICTAHOBKA.

C1 a) IlpuBenure npumep Takoi MOJCTAHOBKU, YTO BCE GECKOHEYHO JEKOJUPYEMbIE 3aMOIICHUs HEIEPUOJAUIHBI,
HO MHO>KECTBO OECKOHEYHO JEKOIMPYEMBIX 3aMOIIEHIIT He 33Ja8TCsl JIOKAJbHBIME [TPABUAJIAMH.
b) IIpuBeaure puMep Takoil MOICTAHOBKE, YTO BCe DECKOHEYHO JEKOIMPYEMbIE 3aMOIIEHNs [EePHOIUIHBL.

HckaTn IOAXOAANINE TTOJCTAHOBKU MTPOMIIE HE «C HYJISI», & B HEKOTOPOM CMBICJIC yJIydIllasd HE IMOJIXOJIAIINe.

Ilepexon k apyromy amndasury. lexkoparuu. [lycts 3aman andasur mimrok a,b,c.... Mbel MoxxeM BBe-
CTU KOHEYHOE YHCJIO0 AyOauKaToB (OTTEHKOB) JJis KaxKJOi OYKBbI U PACCMOTPETh PACHIMPEHHbIH aadaBUT IIIXTOK
ai,...ap,by,...bg,C1,...Ck,.... Bymem Ternepb BBOAUTH JIOKAJIbHBIE IPABUJIA JJIs pacmupentoro ajidasura. [loce
9TOr0 MOXKHO PACCMOTPETh pa3pelleHHbIe 3aMOIIEeHNs 1 HI'HOPUPOBATH BBEJEHHbIE OTTEHKHU. TaKoil IpueM Ha3bIBa-
ercsi gsedenue dexopayul.

Onpegenenne. [lycrs 3amana nogcranoBka o B ajndasure Ay u oo B andasure As. [logcranoBky oo Oymaem
CYUTATH dekopayuell 0Af% 01, €CJIA BBITIOJTHEHbI CJIEYIONIIe YCIOBHUSI:

1) cymecrsyer dbyukuus f, onpenenennas Ha Ay, co 3HaYeHUsIMHA B Ajp;

2) ecin 03(a) = M — xBajpar, cocrasinenubli u3 6yks andasura Ag, 1o 01(f(a)) = f(M).

Oyuxiuo [ MOXKHO MOHUMATH KakK 3a0blBaHue OTTeHKa y 1BeTa, a f(M) — 970 KBaJpar TOro e pasmepa, 4To
u M, HO U3 OCHOBHBIX IBETOB 6€3 OTTEHKOB.

OcHoBHOIT Hamell 3aa4eil OyIeT J0Ka3aTeTbCTBO TOTO, UTO 3aJaHHYIO MOACTAHOBKY MOXKHO JIEKOPUPOBATH TaK,
9TOObI MHOXKECTBO OCCKOHEYHO JEKOINPYEMbIX 3aMOHLeHI/II71 3a1aBaJIOCh JIOKAJIbHBIMU IIDaBUJIaMH.

Jlis mauasa MBI pa3bepeM HEKOTOPBIE MOJE3HBbIe YacTHhIE ciaydan. IlyCcTh 3ajaHa MOJCTaHOBKa o. Kegm A —
GykBa andasura, 10 0(A) - KBagpar 2 X 2 u3 dersipex Oyks asdasura (Kyia orobpazkaercsa A). Bymem canrars,
9TO pa3Hble CHMBOJIBI OTOOPAKAIOTCS B pa3Hble KBaApaThl 2 X 2.

Paznesienne o6pazoB. Onpenesienune. Onpenennm oToOpaykeHue oy, COMOCTABJISIONIEE CUMBOJIY A JIeBbIii
BepxHUii yroa kBaapara o(A). AHaJIOrHYHO onpeesiuM 0TOOPAKEHUs O DL, OU R, ODR- DY/IEM CUUTATH, YTO IIOJCTa-
HOBKa 00JIaJIa€T CBOMCTBOM pazesieHus 00pa30B, ecyii KayK bl CHMBOJI ajihaBUTa MPUCYTCTBYET B 06pa3e POBHO
OJIHOT'O M3 TUX YeThIPeX OTODParKeHMUIA.

C2 IlpuBenuTe mpuMep MOACTAHOBKHU C pasiejeHneM oO0pa3oB.

CaoiicTBO pasjesieHnsi 00pa30B MOMOraeT HaM [IPU KOHCTPYMPOBAHUY JIOKAIbHBIX IpaBuii. CHadaja mocrapaem-
csl TOOUTBHCST TEJI JIJIsE YACTHOTO CJiydasl — Kakoil HubOymp momacranoBku. [locse sToro, mompobyem pazobparbes ¢
[IOJICTAHOBKAMU C pasjesienneM obpasos. U yxke moTom mepeiizemM K oOIIeMy CJIydaro.

N nes nmocrpoenus. /s nadasa nonpoOyiiTe packpaiuBaTh pebpa KBaJIpaToOB B Pa3nJIHbIE IIBeTa U (POPMY-
JINPOBATH JIOKAJIbHBIE IIPABUIIA, B TEDMUHAX COUeTaHUl 3TuX 11BeToB. OCHOBHAS IEJIb — JOOUTHCS TOrO, YTODBI JII000E
pa3perteHHoe 3aMOIIEHUE TTO3BOJISIIIO Ce0sT IEKOINPOBATD, TO €CTh MEPEXOIUTDh K MPEIbIAYIIEMY YPOBHIO HEPAPXUMN.
Takoit mepexo/r K MpeIblIyIIeMy YPOBHIO U OCYIIECTBIISIET IOACTAHOBKA.

C3 Ilpuaymaiite Kakyro HUOY/Ib TIOJICTAHOBKY 0 H JIOKAJIbHbIE [IPABUJIA, TAKUE, ITO JI0O0E Pa3PEIIeHHOE 3aMOIICHNE
S jomyckaeT mepexos K mpoobpasy o 1(S) n zamomenne o1 (S) Takxke sBasgercsa paspereHHbM. JloKkaxKuTe,
9TO BCSKOE Pa3pereHHoe 3aMOIIEHNe SIBJISIeTCS HeePUOIMIHBIM.

C4 Ilyctp 3amana 2 X 2 MOACTAHOBKA o C pasieneHuneM obpa3os. IlycTh Tak»ke 3a/1aHbI JOKAJIbHBIE MPABUIIA,
410 J1I060€ pasperieHHoe 3aMotienne S JI0NycKaeT mepexos] K mpoobpasy o~ L (S) u samomenne o~ 1(S) Taxxe
SIBJISIETCsI pa3peleHHbiM. J{oKarXKuTe, 9To BCSIKOE Pa3pelleHHoe JaHHBIMU JIOKAIbHBIMU [TPABUJIAMY 3aMOIIEHUEe
SIBJISIETCsI HETIEPUOIMIHBIM.

C5 Ilycrs 3amana 2 X 2 mOJCTAHOBKA 0 ¢ pasieseHneM o0pa3oB. JJokarxkure, 4To Jisi HEKOTOPOH JIEKOPAIUU IO
CTAHOBKYM MHOYKECTBO OECKOHEYHO JIEKOJIMPYEMBIX 3aMOINEHUN OMPeJIesIsieTCsl JIOKAJTbHBIMU TPABUJIAMU.

C6 Ilycrs 3ayiana 3 X 3 MOJICTAHOBKA 0 ¢ pasjiesenneM o0pa3oB. Jlokaxkure, 9TO JJjIsi HEKOTOPOI JIEKOPAITUHU T10/I-
CTaHOBKM MHOXKECTBO OECKOHEUHO JIEKOJMPYEMBIX 3aMOIIEHUI OIPEJIE/ISIETCS JIOKAIbHBIMU ITPABUJIAMUA.



C7 Ilycrs 3ajiana 2 X 2 MOJICTAHOBKA 0, HE 00sI3aTeJIBHO ¢ pasjieenneM obpas3os. Jlokaxkure, 9TO JJIsI HEKOTO-
poil JeKopaIuu MoJACTAHOBKU MHOYKECTBO OECKOHEUHO JIEKOJUPYEMbBIX 3aMOIIEHUN OIpPeeIsieTCs JIOKAJTbHBIMU
[IpaBUJIAMH.

D. PA3JIMYHBIE ®OPMAJIN3MbI U TIEPEBO/I HEIIEPUOANYHOCTU HA JIPYTUE S3BIKU.

Bagaum 0 3aMoreHns MOxKHO (hOPMYIMPOBATh HA PasHBIX s3blkax (dbopmannsmax). MHorga GbIBaeT MOJIE3HO,
MIOJIyYUB IIPO/IBUKEHNE B KAKON-TO OTHOI IIOCTAHOBKE, IIEPEBECTU €€ Ha, JPYTYIO.

Dopmasinam Banra. Kaxnas mimrka — enuananbiii KBaapat. Kaxkias cTOpoHa KBaJpaTa PACKPAIIEHA B OUH
U3 KOHEYHOI'0 MHOXKECTBa I[BeTOB. KBa/paTbl MOXKHO MPUKJIAIBIBATE APYT K APYTY, COBMEIIas CTOPOHBI OHOTO
1BeTa.

b b a b b
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PopMaJIN3M JOMOJHAONINX MBEeTOB. Karkas IINTKa — e IMHUYHBIN KBaipaT. Ha cTopoHax KasKja0ro KBa/I-

paTa HallMCaHbl HEHYJIEBBIC IEJIbIC Y9UCJIa U3 KOHETHOI'O Ha6opa, KOTOpbI€ MO2KHO Ha3BaTb IIBETaMMH. KBaﬂpaTbI
MOZKHO TITPUKJIAJABIBATL JIPYT K APYTY, COBMENIad CTOPOHbI, Ha KOTOPBIX HAIIMCaHblI TPOTUBOIOJIOZKHBIC YHC/Ia.
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WNuorga cuuraror, 9T0 BMECTEe C IIMTKON B Habope ecTb u moBepuyTas Ha 90 rpajycoB mintka. B aTom ciaydae
TOBOPAT, YTO IJIUTKUA MOXKHO IIOBODAYUBATh.
Pacemorpum wintky A ¢ nseramu (aq, ag, as, a4) 1O 9acOBOH cTpesike. [lepeBepHYTO IIMTKOMN Gy1eM HA3BIBATH

IUIATKY € I(BeTaMu (—as, —ag, —a1, —a4) NPOMUS %aco80T cmpeaku. Ecan jyist Kaxk10i nTKu B Habope ecTh U ee
repeBepHyTas IMJIUTKA TO TOBOPST, UTO IJIUTKUA MOXKHO MEPEBOPAINBATD.

Onpepenienne. Byjgem HasbBaTh HAGODP anepuoduueckum (B KAKOM-JIMO0 (hopMaIn3Me), eciii ¢ ero IOMOIIBIO
MOXKHO 3aMOCTHUTD ILJIOCKOCTb TOJBKO HEITePUOUIECKH.

D1 okaxkure, ato dopMaan3Mbl BaHra u JOMOJHSIONIAX [[BETOB SKBUBAJEHTHBI, TO €CTh €CJIU €CTh HEellepPUOIH-
geckuit HaboOp B OJHOM (HOPMAJIN3MeE, TO €CTh COOTBETCTBYIONIUI €My HeIlepuouIeckuii Habop B JIPyTOM.

D2 HazoBeMm MHOTOYTOJBHUK K6a0PAMHO-COCTNABACHHIM, €CIIU OH IIPEJICTaBJsieT coboi (purypy MOTUMIHO, CO-
CTABJICHHYIO M3 €IUHUYHBLIX KBAIPaToB (CBsI3HYIO u 6e3 apip BHyTpH). [locTpoiite anepuopndeckuii Habop u3
KBa/IPATHO-COCTABJIEHHBIX MHOTOYTOJIbHAKOB, KOTOPBIE MOYKHO ITOBOPAYNBATH U II€PEBOPAINBATD.

D3 Paccmorpum hbopMain3M JIOMOTHSIONNX IBETOB, TPUYEM TJIMTKY MOYKHO TIOBOPAYUBATDH U [IEPEBOPAIUBATD.

a) Moxer jiu Habop OLITH AlEPUOAUIHBIM?

b) Ilycth Tenepb MO-IpeKHEMY IJIUTKYU Pa3PEIIAeTCs TPUKJIAIBIBATH 0 TIPABUJIAM JIOTIOJIHSIFONINX IBETOB,
HO IIepeBepHYThbIe IJINTKA HE MOLYT UMeTh OOIIyI0 CTOpPOHY. JlOKarXuTe, UTO CyIIEeCTBYET All€PUOIUIECKU
Habop.



3aMonieHus: IOACTAHOBKM 1 aekoparuu. Penrenus.

A. OOHOMEPHBII CJIYYAW

A1l Omeem: 3. Tlouarno, 9T0 3aMOUIEpHs U3 BCEX OJUHAKOBBIX OYKB (equnui; wiam Hyseil) nogxomar. Ecau B
zamorrennu ectb u 1, u 0, To mo/mKHbI ObITh coceamne 1 u 0, mpuuém 1 crout cieBa. ajee moHaTHO, 9TO JIeBee
€JIMHUITHI MOTYT CTOSITH TOJMBKO €IMHUIIBI, & IIpaBee HyJs — TOJIbBKO HYJIH.

[fafafafufafefafufafefa[  JofofofoJofofofofofofo]o]
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A2 IIpumepos ouens muoro. Hampumep, eciu B onuoil Kiterke crout 0, a B OCTAIBHBIX — €IMHAIBI, TO IIPHU JIIOOOM
CJBUTE 3TOT HOJIb IIEPEHIET B €IUHUILY.

[l ffofufafufufe]n]

A3 Ilpemraraem ybeauThCsi, 9TO €CJIM 3AlPETUTH CJIOBa aa, ac,ba,bb,cb u cc, To y 000 OYyKBBI OTHO3HATHO
OIIPENIEIAIOTC 00a cocella U MOJIyIaeTcsd MMEHHO TO, YTO HaM Hy?KHO.

A4 Omsem: da. Hampumep, MOXHO BBECTH TaKHe 3aIPEThbl, 9TOOBI PA3PENIEHHBIMY OBLIH TEPUOINIECKUE 3aMO-
menust ¢ nepuogamu 01,001, ...,0'°°1, Banperum ciosa 11,0101, a taxske 100 - 99 cios BHIA 1021001 npu
BCEBO3MOKHBIX HepaBHBIX ¢ 1 b or 1 10 100.

IlepBbie nBa 3alpera BBIHYXKIAKOT, 9TOOBI MEXKJIy JIByMs coceaHuMu eauHunamu obiio or 1 go 100 myseii.
OcrajbHbIe 3aIPeThl TAPAHTUPYIOT, UITO CJIEBA U CIPAaBa OT JIFOOOH €IUHUITLI TOAPSIT IYIINX HyJIei TOPOBHY.

A5 HanomuuMm, 9TO NUKJINIECKUAM CIBUTOM CJIOBA G142 . . .0, HA3BIBAETCS JIIOO0E U3 CJIOB Qjt1Ait2 - - . GpG1Qs - . . G;
npu 0 < ¢ < n (TO €CTh TO, UTO MOJYIUTCSI, €CJIU OTPE3ATh HAUAJIO JJIUHBL § U [IEPECTABUTH B KOHEII).
IIycts nnuua ciioBa A papHsieTcss n, a B ajdasure k Oyks. Bcero ectb k™ CJIOB JJIMHBI 1, 3AIPETUM U3 HUX
BCe, He SIBJISIONINECS MUKJINIeCKUMU capuraMu A.
Bo Bcex mukimueckux capurax A mopoBHy OYyKB KaxKIOI'0 BHJA, IOSTOMY B JIIOOOM pa3peléHHOM 3aMOIIECHII
IUINTKHA HA PACCTOSTHUM 1 00138 HbI COBIIAJATD, TO €CTh PA3PEIIEHHOE 3aMOIIEHNE IEPUOANYIHO C JIJIMHOM [1eproia
n. Eciu nepuoiomM siBjIsieTcsi KaKO-To MUKJINYecKuil caBur A, a 3HaUYUT, 1 A TOXKE SBJISIETCS [IEPUOJIOM.

A6 Ilokazkem, 9To 1yist JTFOOOM KOHEUHON CHCTEMBI 3aIlIPETOB, JIJIs KOTOPOW €CTh XOTsl ObI OJIHO PA3PEIEHHOe 3aMO-
IIeHNe [TOJI0CKI, HaliAETCs U epuogmdeckoe 3amorienne. [lycts N — nimHa HanbOJIbIIEro u3 3amperoB. BozbMéM
KaKoe-HUOY/Ib PA3PEIEHHOe 3aMOITeHIe 1 HAlIEM B HIM [Ba HellepeceKamuxcs 6JioKa JnHabl [N, 0003HaIMM
ux U, a gacTtp Mexxy HuMHu obozuHadum W.

| v [ w v__|

Torma 3amorrenne ¢ nmepuogom UW paspemnteno. B camom jiente, Bce MPSMOYTOJBHUKN JIJIMHBI He Gosbite N
BCTPEYAIOTCS U B MCXOJHOM 3aMOIEHNN (a 3HAUUT, He COIEepKAT 3alpeIlEHHbIX ), & 3alperos jrHee N y Hac
HET.

- ow [ v | W v_ | w

AT Omeem: n(n+1)/2.
IIpumep: Ilycts andaBuT cocTOUT U3 Uuces OT 1 10 N U 3ampemniensb! cjaoBa ab npu a > b. Torna He moydIuTCst
3aMOCTUTH KYCOK JInHee 1, MO0 IpHU JBUXKEHUU CJIeBa HAIPABO KaXKjas cjedyroliasi OyKBa JOJIKHA OBbITh
GOJIbIITE TIPEIBITYIIIEI.
Ouenka: 3ampers! JUINHBL 2 — 9TO OrPAHNYIEHUS HA TO, KAKNE IINTKU-0YKBBI MOTYT OBITH cocemanmu. Hapucyem
HOJIHBI OPUEHTUPOBAHHBIN rpad Ha 1 BepPIIUHAX (C HETIIAME):

aa

ab c

bb cc

Kaxaprit 3anper aaunbt 2 youpaer B 3ToM rpade oo pedpo. JIerko moHsaTh, ITO €CJIU OCTAJCA XOTs OBbI
OJIVH IIUKJI, TO OECKOHEYHBIN IIyTh 110 3TOMY IIUKJIY — 9TO pa3peléHHOe IEPUOJUIHOE 3aMOIIEHNUE.
1



Teneps 1mokakeM UHIYKIMER IO 7, 9TO €CJU B OPUEHTHPOBAHHOM I'pade HeT OPUEHTHPOBAHHBIX IUKJIOB, TO
pébep He Gostee n(n — 1)/2. Ilepexos oT n K n + 1: ecm u3 Kaxk/10# BEPIIMHBI BBIXOJUT XOTsi ObI OIHO PeGpo,
TO IUKJI €CTh. Kcm 3 Kako#i-To BepuiuHbI PEOEp HET, TO ¢ Hell cBsg3aHO He Oosiee n pédep, a B moarpade Ha
ocTaBIUXCs BepiiuHax He 6osee n(n — 1)/2 pébep, uro u gaér nepexon. A 6aza n = 1 oueBugna.

B. IIlJ1oCKuil CJIYYAN: JIOKAJIBHBIE ITPABUJIA U TTOJICTAHOBKU

B1 /locTtaTouHo 3ampeTUTh BCE KBAJIPAThl 2 X 2 KpOMe JBYX ITaXMAaTHO pacKpaIleHHBIX. Torga B pa3penéHHOM
3aMOIIEeHNH Oejible OYIyT 'PAHUYUTD TOJBKO C Y6PHBIMU, & YEPHBIE — TOJBKO C OEJIBIMHU.

B2 Omsem: 21"~ MoxKHO 3aMeTHTb, YTO PA3PCHISHHBIC KBAJPATHL 2 X 2 — 3TO T€, B KOTOPLIX YETHOE YHCJIO
eiuHUI. 3HAYUT, KaxKas KJEeTKa eJIUHCTBEHHBIM O0PA30M OIPEJEsIseTCs 110 TPEM COCEIHHUM (CJIeBa, CBEPXY,
csieBa~cBepxy ). IloaroMy st 106010 3am0/IHEHNs JIEBOTO CTOJIOIA U BePXHEH CTPOKU HIPIMOYIOJIbHUKA OCTaB-
muecst KJIeTKU MOYKHO 3aIl0JTHUTH OJTHO3HAYHO.

a2 |as
ai|?

B3 Omeem: samowenus 20pu30HMAAAMU, 3AMOULLHUS GEPMUKAAAMU U 00HO 3AMOULEHUE KEADPAHMAMU.
0|0]0]0 0|00 Oj(1{1]|1|0|0|0O|1 0Ojo0jo|o0|1|1|1]1
1({1{1f1|1|1]1|1 Oj{1|y1(1(0]|0|0]|1 0j0j0|Of1]1|1]1
ojojojo|jo|0|0O|O Oj(1{1]|1|0|0|0O|1 ojo0jojo|1|1|1]1
ojojojo|jojo0|0|O Oj(1{1]|1|/0|0f0O|1 ojojojoj1j1f1|1
1(1(1(1(1]1]1]|1 Oj1{1]|1|0|0f0O|1 1(1(1]1]0j0|0]|0
1(1(1(1]j1]1]1]|1 Oj(1{1]|1|0|0|0|1 1(1(1]1]0]{0]0]0
1(1(1(1]j1]1]1]|1 Oj(1{1|1|0|0|0|1 1(1(1]1]0[{0]0]0
ojojojojojofo0|0 Oj(1{1]|1|0|0|0|1 1(1(1]1]0]{0]0]0

Paszbepém nBa ciiydast: BCTpeYaeTcsl M B 3aMOIIEHAN KBAJPAT ¢ €JMHUIAMA Ha MOGOUHOM auaroHan (Bbl-
JleJIeH YKUPHBIM) UJIA HET.

Bempewaemea. Cradasa 0JJHO3HAYHO 3AIIOJIHSETCH «KPECT» IMUPUHBI 2 C TEHTPOM B 9TOM KBaJIpaTe, TOTOM
OJTHA 3a OJIHOI 3AIIOJIHSIOTCS OCTABINNECH KJETKH U IMOJIyIUM 3aMOIIEHUE KBAIPAHTAMMA.

He scmpewaemca. Jlioboit kBagpar 2 X 2 OO OTHOIBETHBIN, MO0 TPAHUIA MEXKIY HYAIMA U €IHHUIIAMI
JIeJIUT KBaJpaT Ha J[Be JOMUHOIIKH. EC/IM 3aMOIleHne He OJHOIBETHOE, TO B HEM €CTh COCEJIHUE IO CTOPOHE
0 u 1. Jasee OfHO3HATHO 3AIOJHSIETCS COIEPKAIIAsT X MOJOCA MIMPUHBI 2: 3TO MO0 JHOO J[BE TOPU3OHTAJIM,
Jinbo JiBe BEpTHUKAJIU. B mepBoM cirydae HMOJIydaeTcsl, 9TO BCe TOPU30HTAJIN OJIHOIIBETHDIE; BO BTOPOM — UTO BCE
BEPTUKAJIU OIHOIIBETHBIE.

B4 Omsem: 6(2" + 2™ — 4).
B 1Byx JOMUHOIIKAX, PACTIOIOKEHHBIX Y€pe3 OJTHY, OYKBBI MOTYT PACIIOIaraThCs

a a a b
TaK: WJIN TaK:

b b b a

HazoBéM jiaMi0 (rOpU30HTAJL WM BEPTUKAJIL) NoAocamol, ecJiu B Heil 1Ba Tua OyKB U OyKBbI 9€PEYIOTCS.
JIerko BHUJIETDH, UTO €C/IM KaKas-TO JMHUS II0JI0CaTasl, TO BCe IapaJlleJIbHbIe eif TOKe HOJIOCATBIE.

ITokazkem, 4To HaiiIETCA XOTH OBI O/iHA TT0JI0caTas JUHUSA. [IycTh BEepXHAS rOPU30HTAIL TAOJIMIIBI HE TI0JI0-
carasi, TOIJIa B Heil eCTh pasimaHble OyKBbI (ILyCTh @ 1 b) Ha PacCTOSHUA 2.

a
b
a
b

Torga HETPYAHO IIOHATH, 9YTO 9THU KJICTKHN HaXO/JATCA B IIOJIOCATBIX BEPTUKAJIAX.



B5

B6

B7

Paszpemménnbix 3aMoleHnif, B KOTOPBIX BCE MOPU30HTAJH MoJocaTble, 6 - 2" (ojHA MOPU30HTAJIL KPACUTCS B
HIAXMaTHOM TIOpgIKe 1250 criocobamu, a ocTaabHble 2Ms ). 3aMOIIEHU, B KOTOPBIX BCE TOPU30HTAJIHU [OJIOCATHIE,
6 - 2™. JIBaxKJbl MOJACYNTAHO 24 3aMOITEHUs, OHU OIPEJIEJIAIOTCS MEPECTAaHOBKOM IIBETOB B JIEBOM BEPXHEM
KBaJjipare 2 X 2.

Omeem: 7.
Bcero ects 16 xBagparos 2 X 2. OHu pa3dbuBatoTcs Ha 7 TPYII, U JJIsi TOTO 9TOOBI 3AlPETUTH 7 MEPUOITIHBIX
3aMOIIEHU , Hy?KHO 3allPETUTH XOTs ObI 110 OJTHOMY KBaJ[paTy U3 KayKJOW TPYIIIIHL.

1111 |1]1 0(010|0]0]0 1111 |1]1 1{0(1(0|1]0
1111 |1]1 0/0(0]0(0]O0 0(0[0]0(0]0O 110|11]0]|1(0
1111 |1]1 0(010]|0]0]0 1111 |1]1 1{0(1(0|1]0
11111111 0/0[0]|0(0]O 0/0[0]0(0]0O 110|11]0]1(0
111111111 0(010]|0]0]0O 111111111 1{0(1(0|1]0
111111111 0/0[0]0(0]O 0/0[0]|0|0]O 1{0{1(10]1]0
11 00 1|1 00 110 01
1 0|0 0 1 110 0|1
111111111 0/1{0]|1]0|1 0/0[0]|0(0]O
1{0(1(0|1]0 110(1(0]1]0 110|11]0]|1/0
111111111 0/1{0]|1]0|1 0/0[0]|0(0]O
1/0(1(0|1]0 110(1(0]1]0 1{0{1(0]1]0
11111111 O(1j0]1]0]|1 0(010]|0]010
1101110110 1{0|1(0(1]0 110(1]0(110
110 01 110 01 0 00
1)1 1 0|1 00 0
1 00 0|1
0 0 01 0]0
IIpuBeném mpuMep U3 ceMU 3aIPENIEHHBIX KBAIPATOB:
1|1 00 110 1)1 110 110 111
1|1 00 110 0|0 0|1 0|0 01

W3 mocneaunx 4eThIpEX 3aIlPETOB CJIEAYET, UYTO IOJ, €JIMHUIEH He MOXKET CTOATh HOJb. BMmecTe ¢ mepBbIM
3aIpeTOM 3TO JAET, ITO eAUHUAIBI HE MOT'YT HAXOIUTHCS B COCEIHUX CTOJIONAX, & BMECTE CO BTOPBIM — UTO HYJIN
He MOTYT HAXOJUTHCSA B COCETHUX CTOJOMAax. Torma eInHCTBEHHOE BO3MOYKHOE 3aMOIIEHNE — ITO MTEPUOTUTHOE
3aMOIIEHIE YepPeIYIONIUMUCS CTOI0IaMM, HO TPEThe JIOKAJbHOE TMIPABUIIO 3AIIPENIAeT U €To.

IIycts N x N — maubosibIimit pa3Mep JIOKAJIHLHOTO Ipasuia. HeTpyaHo MOHATH, YTO €CJin MBI 3aIl0JHUM BCIO
IUIOCKOCTD HYJISIMHU, & IIOTOM HAPHUCYEeM HECKOJIBKO KAPTUHOK, YTOOBI PACCTOSTHUAE MEXKTY JIIOOBIMU JIBYMsI OBLIO
6osbire N, TO MOJIy9IUTCS PA3PEIEHHOE 3aMOIIEHNE.

HazoséMm secenkoti 66CKOHETHYIO CTYHEHYIATYI0 PUTYPY U3 €TUHUYTEK, MBI HAPUCOBAJIM (PPATMEHT JIECEHKU C
marom 4 (Bce Imycrble KJIETKU 3aIl0JHEHbI HYJISIMA).
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B8

B9
B10

B11

Ecau N — pazmep HanboJIbIIETrO JIOKAJIBHOTO IPABUJIA, TO BCE JIECEHKU C IIaroM OOJIBIIIM 4eM N SIBJISTFOTCSI
Pa3peéHHBIMY, IIOTOMY 9TO BCe KBaJpaThl pasmepa N X N BBINISISIT KAK YaCTH KAKOUW-TO OOJIBIION paMKH.
Tak Kak JeceHKa He COAEPXKUT HU OJHONW paMKM, OHA He SIBJISETCS KPACHBBIM 3aMOIIEHIEM.

Ha IIepBbeI B3IVIAJ KazKeTCd, 9TO AOKa3bIBaTb 3/1€Chb HeYero, TakK KaK IIJIOCKOCTb — 3TO, B HEKOTOPOM DO/Ie,
Kpyr OECKOHEYHOI0 paauyca. Ho na camom Jejie 13 Toro, 9To Mbl ymMeeM IIOKPbIBATh IIJIMTKaAMU CKOAb yZOaHO
6001 KpPyr He cjieJlyeT aBTOMaTUYI€CKU, 9YTO Mbl CMOZKEM ITOKPBITH beckoreuno 60U KDPYT.

JIupudeckoe orcryiuienue. Kareit BeccmepTHblit Ty/Isi 1o jrecy n HAIIET BOJIIIEOHBINT OOMEHHUK BaJIIO-
Thl. B HEM MOXKHO 3a OJIMH pa3 OOMEHSIThb OJIMH CAMOIIBET Ha JII0O0e HATYyPAJbHOE YUCJIO 30JI0THIX MOHET, WU
OJIHY 30JIOTYIO MOHETY Ha JII000e 4mCjIo cepebpsiHbIX, WJIN OJHY CepebpsiHyio Ha Jir0b0e Yucjo MeaHbIx. M3-
nadajpHo y Karmies cro camorseros. st mommepxkanusi 6eccmeprust Karero B feHb TpebyeTcs OHa MeTHAsT
MoHeTKa. CMOKeT JIM OH 2KUTh 38 CYET 0OMEHOB CKOJIb YIOIHO J0Jro? A GECKOHEYHO I0Jro?

Bepuémcst K 3aa4e. ByjgeMm cuuTaTh, YTO B COOTBETCTBUU C JIOKAJIBHBIMU IIPABUJIAMU 3aMOIIAIOTCS KPYIH C
IIEHTPOM B HadaJie KOOpJuHAaT. K K Habopy IJINTOK A MOXKHO /106aBUTH €I1Ié HECKOJIBKO IIJINTOK U MOJIYYUTh
3amorenne B, To OymeM roBoputhb, 9To 3amolnerue A npodoastcaemcs do samowerus B wim siiisiercst ero
Nn003aMOWEHUEM.

Eciin 661 MBI HalLIM OECKOHEYHYIO IIOCIEI0BATEILHOCTE 3aMomennii A1, Az, A3 TaKyio, 4TO KaXKI0€ IIPEIbLIy-
Iee 3aMOIIeHNe IIPOI0JIZKAETC 0 CJIEeAYIONIEero, a sl Jiioboro k 3amomenue Ay IOKpbIBaeT Kpyr paauyca k,
TO 3aJ/1a4a ObLa OBl pernrena — Mbl B3I ObI 00beIMHEHNE TIJIUTOK BO BCEX ITUX 3aAMOIECHUIX.

HazoséM 3aMoIrieHrne KOHEUHOH 00JIACTH TOPOULUM, €CIIA JIJI JTI000ro R ero Mo;KHO IPOJOIKUTE 10 3aMO-
IEHNsT, TIOKPBIBAIOIIEro Kpyr paguyca R. JlocTarouHo moKa3arh, 9TO XOPOoIee 3aMOIIEHNe MOXKHO JIJIsi JTI0OOro
R 1pomomKuTh 0 Topoule20 3aMOILIEHNs, IIOKPBIBAIOIIEro Kpyr paauyca R.

IIycTb ecTh X0Opoliee 3amolerne. PaccMOTpUM Bce BO3MOXKHbBIE CIIOCOOBI IIPOIOJIZKUTD €0 0 TAKOI'0 3aMOIIe-
HUsl, 9TO €ro IJINTKU HMOKPBIBAIOT KPYyT' pajuyca R U mepecekarTcst ¢ 9TUM KPYyroM. DTUX CIIOCODOB KOHEYHOE
uncso. Eciin HE OHO U3 3TUX IPOJOJIXKEHUN He SIBJISETCS XOPOIIUM 3aMOIIEHHEM, TO JJjIs KarXKJIO0r0 U3 HUX
€CThb TaKOil PaJnycC, 10 KOTOPOIrO HEJIb3sl MPOJOJIKATE. BepéM MaKCUMyM W3 9TUX PAIAYCOB U TOJYIAEM, UTO
HCXOJIHOE 3aMOIIEHIe TaK2Ke He XOPOLIee.

Ciremyer u3 3aja4 CJIEIYIOMMX TUKJIOB.
Ciremyer u3 3aj1a4 CJIEIYIOMMUX TUKJIOB.

I[Ipexx e Beero, mapa CJI0B O GECKOHETHO JIEKOJMPYEMBIX 3aMOIIEHUSIX. ECI/I Onepayio noJCTaHOBKU 0 IPHMe-
HUTH K durype A, nomyuurcs x o(A). Ecan npumennts o k o(A), nonyuanrcst o(o(A)), MBI 9T0 0603HATaEM
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a) Haaum perenue, UCIOJIB3YIONIEe HEKOTOPbIE (DAKTHI TEOPUU MHOXKECTB, 8 UMEHHO TO, YTO KOHTUHYYM
6oTbIITe CU8THOrO MHOYKecTBa. OBO3HAYMM TI0/ICTAHOBKY 6yKBOii 5. 3ameTnwm, uro s¥(1) aTo KBajpar pasmepa
3% x 3 cocrapsrennblit m3 BocbMu KBajipaTos s*1(1) m ogHoro ksajpara s€71(0), Bce xKBapaTH BuAa sF(0)
3aI0THEHBI HYJISIMH.

Eciu na KiIeTdaToll IIOCKOCTH BBLIOZKEHO 3aMmorienne 3° x 3% Buma sk(l), TO €r0 MOYKHO TIPOJIOJIZKUTE IO
samommenus s*11(1) BoceMbIo criocobamMu, KasKIblil CIOCO6 COOTBETCTBYET OHOM M3 BOCHMHI KPAifHUX KJIETOK
KBaJIpaTa 3 X 3 U IIPH STOM HOJIyYalOTCs PA3/IMaHble ¢aBura KBajpara 3871 x 381, O6parure BanManme, uTo
MBI PacCMaTpPUBaeM He aDCTPAKTHbIE KBaJIPAThl, & KBAJ[PATHI, PACIIOJOKEHHBIE B IIJIOCKOCTH.

Hauném c kBaumpara A; pasmepa 1 X 1, B KOTOPOM CTOUT €IMHHUIA, U OyJeM KayKJbIil XOJ JieJlaTh OJTHO
U3 TAKWX MPOJIOJIPKEHUIA, YBEeJIMIUBasi 3AII0JTHEHHY0 00,1acTb. MBI MOJIydnM OCIe10BaTEbHOCTD 3aMOIIEHUT
Ay, Ag, As, ...

Takue mocse0BATEIbHOCTH KOAUPYIOTCS PsijioM u3 1udp ot 1 10 8, ux kouTunyyMm. O0beMHeHNe KBAJIPATOB
A; MOxkKeT ObITh WJIN YeTBEPTHIO IIJIOCKOCTH, WU ITOJIYILIOCKOCTBIO, UJIN BCeii IJI0CKOCThI0. Eciin MBI 101y Yn/iu
HE BCIO IIOCKOCTH, 3HAYUT, HAYUMHAS C KAKOT'O-TO MOMEHTA PACIIUPSIN KBaJIPAThI TOJIBLKO B OJHY CTOPOHY.
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HerpynHo moHsITH, 9TO Tex mocsemoparesbHocTel {A;}, 00bejMHEHNEe KOTOPBIX 3aMOIAET BCKO INIOCKOCTh,
TakKe KOHTUHYyM. [losygaronmecs 3aMOeHnsl [JI0CKOCTU OyyM HA3BIBATL NPEJeAbHbLMU.

IMokazkeMm, 4TO pasmble mocsenoBareabHocTu {A;} HaOT pasHble IpejesbHbIe 3aMolleHus (obpaTuTe BHU-
MaHMe, Mbl HE YTBEPKJIAEM, YTO OHU HEe 9KBUBAJEHTHDI, TO €CTh YTO HE HOJIYYAIoTCs JAPYT U3 JPYIa CABUIOM).

PaccMoTpuM B npeesbHoM 3amomennn KBaapaThl (3F 4 2) x (3% 4 2), mo kpasM KOTOPBIX CTOAT eIMHHUIbI,
a BHyTpHu HysH. [IOHATHO, 9TO MEHTPBI BCEX TAKUX KBaJPATOB CABUHYTHI OTHOCHUTEJIHHO IIEHTpa KBajparta Ay
Ha BEKTOD, 06€ KOOPIHHATEI KOTOpPOro KpaTas! 3¥. [Io5ToMYy 10 mpe/ieIbHOMY 3aMOIIEHII0 MOYKHO OIPE/IeHTh
koopauHaThl menTpa A* no momymo 3F. Ho mecoxKHO y6eauThCs, 9TO0 KOOPAMHATHI HeHTpa Aj OTamdarorcs
oT KoopauHAT TieHTpa A; MembIme, deM 3% /2, mMoITOMY OIMHAKOBLIE MpeIeTbHBIC 3aMOMEHNA MOTYT JaBaTh
TOJILKO COBIIQIAIONIHAE TOCJIEI0BATEILHOCTH KBAIPATOB.

JIerko BUJIETD, 9TO KaxkJi0e MPeIe/IbHOE 3aMOIIECHAE OJHO3HAYHO JIEKOAUPYEMO, ITOSTOMY €CTh XOTS Obl KOH-
THHYyM Pa3JndHbIX KoBpoB CepnmHcKoro. A Tak Kak SKBUBAJEHTHBIME JIPYT APYTY MOTYT ObITh JIMIIhL CUETHOE
YHCJI0 KOBPOB, TO KJIACCOB 9KBUBAJEHTHOCTH OECKOHEUHO.

b) Iepuopmunbiii koBép CepHUHCKOrO — TO TOT, KOTOPLIH cocTouT 3 ofHux HyJeh. [okaxkem, uro Bce
octaJibHble KOBPHI CeprmHCKOTO HEIIEPUOUIHBI. 3aMETUM, 9TO ecjii B KoBpe CepruHCKOTrO eCTh XOTsI ObI 0/THA
eJIMHAIA, TO OH JIs JMOGOTO HATYPAaJBbHOrO k cojep:KuT Ksaapar s*(1), B IHEeHTpe KOTOPOro ecTh KBaJpar
3k=1 % 351 u3 Hyseit, obpaMJIEHHBIN KaéMmKoi Tosmuubl 1 u3 eaunun,. [Ipu caBure Ha Ji000# HEHYJIEBO
BEKTOp, 06 KOOPJAMHATHI KOTOPOro MeHbIme 3¥~1. s1a kaémka 6Gyaer IepeceKaTncs ¢ KBaJIpPATOM U3 HYyJCH,
3HAYMT, XOTd OBl OHA U3 KOOPIAMHAT BEKTOPa MepuoamdHocTu Gosbine dem 37! u mak gaa moboro k. A
3HAYUT, BEKTOPOB MIEPUOJUIHOCTH HET.

c) Omsem: nem.

IlycTh ecTh JIOKaJIbHBEIE IpaBUIIa pa3Mepa n, BbioepeM k TaxuMm, uro 3¥ > n. PaccmorpuM 3amornenne A,
cocrosmmee u3 oauux eamnni. OHO He IEeKOIMpyeMoe, o3ToMy n 3amorenne s¥(A) He apageTcs GECKOHEYHO
nexommpyembiM. Ilokazkem, aro s¥(A) gomycrmvoe.

®parment 3amonienns s (A) sE(1) ] sF(0) | s*(1) [ s*(1) | s#(0) | s*(1) | s¥(1) | s¥(0) | s*(1)

skJrl(l)

Buyro, 9o /060i KBapaT co CTOPOHOi He 6osee weM n, Berpedaiommiics B s*(A), BeTpedaercss B KaKOM-
TO GJIOKe, COCTAB/IEHHOM 13 4eThIpéx Kpajparos s°(1). Ho sror 610k comepxxurca suyrpu s¥T1(1), a smaunr
cozlepxKuTCca BHyTpU KOBpoB CeplMHCKOro U He COAEprKUT 3allpelléHHbIX KBaIpaToB.

ITycTsh pasMep MOJACTAHOBKEU 0 paBeH n. 3amorienue o(A) cOCTOUT U3 KBAJIPaTOB N X 1 — 00Pa30B OT ILIUTKO-
oyxB. JI10boit KBagpaT 2 X 2 HAXOAUTCA B KBaJApare 2n X 2n — 00beJUHEHNN IeTHIPEX TAKUX KBAIPATOB, TO €CTh
(as a2). Tak Kak KBaJpPaT g ¢2 PA3PEIISHHBIN M 0 COIVIACOBAHA C JIOKAJIBHBIMU IPABHIAMU, TO 0 ( gf o2 ) He

COJIEPZKUT 3alIPENIEHHBIX KBa/IPATOB.



B13

B14

C1

Pacemorpum Kakyro-HUOYIb MIIMTKO-GYKBY @ U [IOCJIE0BATENHHOCTh KBaIPATOB
Ay =a,A, =0(a),Ay = o?(a)...

B sroii nociienoBarebHOCTh A; uMeeT pasmep n' X n;, a U3 IPeJbLAYINel 3ajaun cjegayer, 94ro Bce A; —
paspemménnnie. 13 3amaun B8 ciesyer, 4To ecTh pa3periénnoe 3aMOIIeHe BCeil TIJIOCKOCTH.

Omeem: nem. Ilokaxem, uro B andasure {0,1} y noxcranosku o(0) = 11, o(1) = 9§ mobo samomenne
[epexouT B HedKBHBasieHTHOe eMy. lIpesmosoxkum nporusnoe: A — 3amoinenue, u o(A) sxBusasenTno A.
HazoBém ompeskom miuunsl k upsimoyroasauk 1 X (k + 2) nim (k 4+ 2) X 1, y Koroporo nse KpaifHue KJIeTKH
OJIHOTO I[BEeTa, a OCTaJbHbIe k KJIETOK — Ipyroro. JIerko moHsTh, 4TO ecju B A eCThb OTpe3Ku U MUHUMAJIbHAST
JUIMHA OTpe3Ka pasHa kg, T0 B 0(A) MuHMMa bHAS JJIMHA OTpe3Ka — 2ko. 3HauuT, B A OTPE3KOB HET BOOOIIE.
IMosTomy KaxKaas Junus (FOPU3OHTAID WM BEPTUKAJID) JIUOO OJMHONBETHASL, MO0 OJHA €6 II0JIOBUHA 3AII0JIHEHA
eMHUTIAMHY, a JIPYTas — HyJIsIMH.

3amorenne A He oHOLBETHOE, 3HAYUT B HEM ecThb cocemnue 1 u 0. He ymaiss obunocru, 1 ciesa ot 0. Torzma
B o(A) ects 0, crosimuii ieBee enmHUIBL. A Tak Kak B A HET OTPE3KOB, TO HANYTCST BEPIIUHBI IPSIMOYTOJIBHUKA,
pacKpalleHHbIe B NIAXMATHOM IIOPsIKe, HAIIPUMEP, TaK:

14 0P

OB 1C

Jlastee mosrygaen, 9TO BCE KJIETKH B TOM 7K€ DSy, 9To i 14 1 jieBee, 3aI0/THenbI e [uHAIIAMH, & BCE KJICTKH B
ToMm ke psy, aro 08 u sesee, 3amonmens: myssvu. Torma npsiMoit yrost ¢ BeprmuHoil B Kiterke 14, eMoTpsimmit
BBEDX U HAJIEBO, 3al0JIHeH enuHunaMu. Ho B Takom ciydae B 0(A) Tak »Ke OPUEHTUPOBAHHBIN YIOJI 3aII0JIHEH
HYJISIMU, 9€r0 He MOXKET OBITh.

Kpurepuii Ha cyuiecTBoBaHme 3aMollleHus. (HAOPOCOK) Y MOACTAHOBKU 0 €CTh HENOABHUXKHAs TOYKA
TOTJIa ¥ TOJIBKO TOT/a, KOT/Ia O/THA OYKBa HAXOIUTCS CTPOTO BHYyTpH cBoero obpaza NJIN nBe 6YKBBI HAXOIATCS
BHYTPH CBOUX 00Pa30B HA IIPOTUBOIIOJIOXKHBIX CTOPOHAX KBAJIPATOB HA OJMHAKOBOM paccTosiHUE OT Kpas VJIN
qeThIpe OyKBBI TOSIBJISIIOTCS B yIJIaX CBOUX 00Pa30B BO BCEX BO3MOXKHBIX MTO3UIIUSIX.

ITycrs o pasmepa k x k. Ilpexze Bcero 3amerum, 9ro TpeboBanue S = o(S) uCHOIBb30BaIO ObI 3ajaHue
CHCTEMBI KOODJIMHAT, €CJIH JKe MbI IIPOCTO TOBOPUM, 4TO S 9KBUBaJIeHTHO 0(S), TO 9T0r0 He HyKHO. KBajparuk
1 x 1 mepexoguT B KBajpar k X k KOMIo3urueii FOMOTETHH U CABUTA. DTO CHOBA TOMOTETHsI, €€ HEIOBUKHAS
TOYKA Tj1e-TO HaxoauTces. OHa MOXKeT OBITh B IEHTPe KJIETKH, Ha TPAHUIE JBYX KJIETOK MU B y3Jie CeTKHU, 9TU
TPH CJIydasi COOTBETCTBYIOT TPEM ONMCAHHBIM CHATYAIIASIM.

C spyroit cTOpOHbI, MycTh 0(a) COMEPKUT a CTPOro BHYTpU cebst, HApUMep B Ho3uIuu i,j. Torna o'(a)
MOYKHO paccMaTpUBaTh KaK KBaJIpaTHBI naTTepH pasMepa k! x k', u Mbl MoxkeM ykazarh ux kak —k'i/(k —
1) k'(k —1—14)/(k — 1) (ananorunvHo mo opjuHATE) TaK, ITO @ TO KjaeTKa ¢ kooppunatamu 0,0. Ksaapar
pacTér BO BCe CTOPOHBI, ¥ B UTOre Jiiobas Kierka (&, Yy) HOKPHITa KAKMM-TO KBajparoM. Kakuplii cieyomuii
KBaJ[PaT COJIEP:KUT IpeIbLIyINui, KBajpar o'(a) BeTpedaects B cepejiuHe ot (a) mpu t' > t. mO3TOMY MOKHO
ompesiesInTh 3aMorenne S B Kietke (x,y) Kak Oyksy o'(a)(z,y) nan nocrarouno Gompmux t. [lo moctpoennto
o(S) 6yner casurom S.

Hpyrue caygaun (1Be OGyKBbI Ha cTOpoHAX U 4 OYKBBL B yIly) pa3sOUpaIOTCs aHAJIOIHYHO.

C. TIPUMEPHI HEINEPUOJMYHOCTHU

a) Hanpumep, Takast 110JICTAHOBKA 0

1[1]1 0JoJo
(1] — [1]o]1 o] — [o]1]0
1[1]1 0jofo

To, uro MHO>XKeCTBO GECKOHEYHO JIEKO/INPYEMBIX 3aMOIIIEHUI He 3a/1a€TCsl JIOKAJbHBIMU IIPABUJIAMH, JIOKA3bI-
BaeTCA TaK 2Ke, KaK U iy KOBPOB CepIINHCKOTO.
Bor takyto durypy (a takzke ecau nomessitb Mectamu 0 u 1) Gyzem Ha3bBaTh 0680UHOU pamKkod.



C2

C3
C4

C5

171 1 1|1
1{0{010}j0]0|1
1(0 0|1
110 0|1
110 0|1
1/0{0]0]0]0]|1
1j1)1(1|1|1]1

ByieM roBOpPHTD, 94TO pa3Mep JIBOIHOI PAMKH Ha, PUCYHKE paBeH 5. Ecim B 3aMOIIEHIN BCTPEYAeTCs IBOHAS
paMKa pa3mepa N, TO y 3aMOIIEHNST He MOXKET GBITh BEKTOPA HEPUOMMIHOCTH C abCOTIOTHBIMU 3HAMEHUSMIE
KoopuHaT Menpmmvu N. Umgykuweit o k moxaseisaerca, uto oF(0) u oF(1) comepskar mBoitHble paMKm
pa3mepa 3F1.

b) Iycrs, Hanpumep, B ajadgasuTe BCero ogHa OyKBa.

[Iycrs B utnrounom asdasure 8 OYyKB a;, by, ¢;, d;, Tyie uHjeKe 4 npuanMaet 3Hadenus 1 u 2. O6passl Bcex OyKB
OymyT gk ZJZ' . Ectp 16 crrocoboB BbIOpATh WHIEKCHI, MOXKHO B3ATh PA3HBIE CITOCODOBI JJIs BCEX BOCHMHU OYKB.
Ciiestyer u3 cjemyIomux 3a1ad.

JlokazkeM HENEepHOJINIHOCTD OECKOHETHO JleKonupyemoro 3amorrnenust A. ITpexxie Bcero 3amernm, 9To U3 CBOI-
CTBa pa3sjiesieHnsi 00Pa30B CJIeIyeT, 9TO 00e KOOPIUHATHI BEKTOPA MEPUOIUIHOCTH U JIOJIXKHBI JIEJINTHCS Ha, 2,
a TOTOM 3aMeTHM, YTO BEKTOP v/2 ABJIAETCS BEKTOPOM IePHOAMIHOCTH s 3amomenns o L (A). Henynesoit
[IEJIOYMCIIEHHBIIT BEKTOP MOXKHO JEJIUTh IOMOJIaM KOHEYHOE YUCJIO Pa3, MOCe 9ero IPUIEM K IIPOTHBOPEIUIO.
Ob6o3nadenust: BieBo — W, Biupaso — E, BBepx — NV, Bau3 — S. BireBo-BBepx Oymem ob6oznadars N W, anasoruano
C JIPYyTUMU MaroHaJIbHBIME HampaBieausiMu. CanraeM, 9T0 y MOJCTAHOBKU CO CBOHCTBOM pa3JieieHns: 00pa30B
KaxKjiast OyKBa a; IIuTOYHOro ajipapura A orHOocuTes K ogHomy u3 tuos NW, NE, SW, SE.

Byxsbl HoBoro ajdasura B (nekopanuu) GyeM pucoBaTh Kak IUIATKU, B IEHTPE KOTOPBIX HAIMCAHBI OyKBbI
u3 A, a HAa CTOPOHAX MPOBEJIEHBI CTPEJIKM U Ha KaXKJI0W CTOpOHEe HamucaHo mo merke — Oykse u3 A. Takum
obpasom, OykBa u3 B 3aJaércsd ylIops0YeHHOl naTepkoil 6yKB u3 A u derbipbMs Ouramu (HAIDPABJICHUS
CTPEJIOK ).

2
201 @

a

B nanbreiimem 6yaeM ropoputh o tuine wmtku (NE, NW,SE,SW), tune cropons! miautku (N, E,S,W B
3aBUCAMOCTHU OT HAIIPABJIEHUs CTPEJIKH), Tuie MeTKu Ha cropone (NE, NW, SE, SW).

TloncranoBka 1 wa andasure B omnpemesnsercs cieayommM odpazoMm. Ecin B MeHTpe IJINTKA 3alncaHa
OyKBa @ U KaKHe-TO METKHU 110 KpaaM, U 0(a) = gi g2 , TO B IEHTPE IINTOK 00pa3a 3alNCAHBI COOTBETCTBEHHBIE
OykBbI ajihaBuTa, Kpaiiune pédopa obpasa 2 X 2 UMEIOT TaKHe »Ke MeTKHU U HAIIPABJIEHUs], ITO U COOTBETCTBYIOITIEe
pebpo mpoobpasa, a eHTpaJibHbIe YeThipe pedpa UCXOIAT U3 [eHTPpa KBajpara 2 X 2 1 Ha HUX METKHU (4, CMOTPHU

PUCYHOK:

aj a; T a
a; a1 ala a2 ag

a; a @ aj L 4 4
a; as aja a4 ap

a a a

CMBICJI TAKOli JIEKOPAIIUHE B CJIE/IyIOMeM: 6ECKOHEYHO JIEKOIMPYeMOe 3aMOIIeHIe COCTONT 3 670koB 28 x 2
a Kaxkeii 6710k 2F x 2F — u3 uernipéx Gokos 271 x 2871y rpammInl MeKIy STUME UeTBHIPbMs GJIOKAMI
00pa3yroT Kpect, Ha pébpax KOTOPOro HAIMCAHA OJHA W Ta K& OyKBa. DTH KPECThl PA3rPAHUIUBAIOT OJIOKU
GOJIBITIOrO pa3Mepa JpyT OT jJpyra. B mpumepe ¢ kopamu CeprIUHCKOrO TAKOW I'DAHUIIBI HE OBLIO, W JIOKAJIb-
HBIMU IIPABUJIAMH HEJIb3s1 OBLJIO OTJIMYUTH I'DAHUILY OOJIBIIOrO OJI0OKA OT €ro cpejiHeil JacTu.

JlokaJibHBIE TIPABUJIA CTPOWJIMCH 10 TAKOMY IIPUHIUILY: U3yYasOoCh, 9TO B OECKOHEYHO JIEKOJIMPYEMOM 3a-
MOIIIEHNH MOYKET HAaXOJIUThCS HA CTHIKE JIBYX W YETHIPEX ILUINTOK, M ITU CBOICTBA 3AlMCHIBAJINCH B IIPABUJIA.
Hy2x#Ho0, ¢ om0l CTOPOHBI, 3aMUCATH JOCTATOYHO MPABUJI, 9TOOBI MOXKHO OBLIO OIPEIEUTH JIEKOINPOBAHUE,
a ¢ JPYroil CTOPOHBI — IIPOBEPUTH, UTO IOCJE AEKOMAMPOBAHUS BCE 3AIMCAHHBIE MPABUJIA BBITOJTHSAIOTCH. 110
9TOI IPUYHHE MBI HE UCIOJIb3YeM OOJIBIINX JIOKAJIBHBIX IIPABUJI, PO JAJIEKNE IJIUTKU: CJI0KHO IIPOBEPATH UX
BBITIOJTHEHUE TI0CJIE JIEKOJIUPOBAHUS.



Bynem ropopurs, uro Hanpassieane N F cHMMETPUYHO OTHOCUTEJIBHO BepTuKaJu Hanpasieanio NW, a SW
CHUMMETPUYHO OTHOCHUTEILHO BepTukaym Hampapjeruto SFE. CumMerpusi OTHOCUTETHFHO TOPU30HTAJM OlPeIe-
JITeTCS aHAJIOTUIHO.

Wrak, n0KaIbHBIE TPABUIIA:

1) Ha cocepnux mimTKax CMeXKHbIE CTOPOHBI UMEIOT OJMHAKOBBIE HAIIPaBJEHHE M MeTKy (TO eCThb MOXKHO
FOBOPHUTH O HAIIPABJIEHNW W MeTKe pebpa BO BCEM 3aMOIIEHUN).

2) T'paHUYATH O BEPTUKAJBHON CTOPOHE MOTYT TOJBKO IJINTKU TUIIOB, CAMMETPHYHBIX OTHOCUTEIHHO BEp-
TUKaJHA. ['DAaHIYIUTH IO TOPU3OHTAJIBLHONW CTOPOHE MOTYT TOJIBKO IJIUTKU THUIOB, CAMMETPHUYHBIX OTHOCH-
TeJTbHO TOPU3OHTAJIH.

3) V3ubl MeXK/y TUIOB MOIYT UMETb TOJILKO TaKUE CTEIeHHU BXOXKJEHHs: 4 MCXOAAT WU 3 BXOIUT M OJHO
HCXOJIUT.

4) Ecym u3 y3na 4 pebpa MCXOST, TO HA HUX JOJKHBI ObITH OJIMHAKOBbIE METKH.

5) Ecuu cieBa-cBepxy oT y3ja Haxogures mmtka Tuna N W Ha3oBéM Takoit yses yernmpaavhoim. [lorpebyem,
9TOGBI M3 EHTPAJIBHOTO y3u1a Bhixoamwio 4 pebpa. Ecin Ha 9Tux pébpax MeTku a, n npu atom o(a) = gk a2,
TO B IIEHTPE IJIUTKUA K CEBEPO-3aIajy OT y3Ja JIO/KHA OBITh OyKBa @1, AHAJOTHYHO PO TPHU JAPYyrue
IUIATKH.

6) B ysue Tuna 3-1 ectb ucxozgiee pebpo, yeHmpasvhoe srodsuwee pebpo, u JBa 60kosur rodswur. Ilo-
TpedyeM, 9TOObI METKU Ha IEHTPAJbHOM BXOJISIIEM U Ha UCXOJSINEM COBIAJAJIN, 8 TAK¥Ke YTOOBI TUIIBI
METOK Ha OOKOBBIX BXO/ISIIIUX OBLIA CHMMETPUIHBI OTHOCUTEIBHO HCXosiero pedbpa. Hampumep Tak:

—a " g

S

7) Iycrs ecrb y3es Tuna 3 — 1, Ha ucxoigieM pebpe v; MeTKa ¢, Ha GOKOBOM BXOZAIIEM pebpe vy MeTKa b
wola) = 452
Ecsn yrost Mexxty Tunom b u HanpassenueM ve paser 135° (nanpumep, vy unér Buus, a b tuna NE), o
YTOJI MEXKJy ¥1 U THIOM b JIOJIZKeH paBHATHCsE 45°, a cama OykBa b JJ0JIKHA BCTpeuaThes B 0(a) HA MecTe,
COOTBETCTBYIOIIEM THUILY b.

b tyna NE

_a _a |

b = as, rne as — npasast Bepxusisa (N E) 6yksa B o(a)

Ananus paspeniéHHbIX 3aMomieHuil. Teneph Hy>KHO IOHSITh, KaKie ObIBAIOT 3aMOIIEHUs] C JTaHHBIMUI
JIOKQJIbHBIMU TipaBuiamu. 3 1) mosydaem, 9T0O MJIOCKOCTH pa3bUBaeTcsd HA KBAaJApaTbhl 2 X 2, B KaXKJIOM U3
KOTOPBIX THIIBI IJIUTOK ng‘/jvv ]g £ Hanee Oyzem ux HasbBaTh 0a306bwmu Oaokamu. U3 5) u 4) cremyer, urto

EeHTPBI 6A30BBIX GJIOKOB — IEHTPAJIBHBIE y3JIbl, U3 HAX BCEX BBIXOJUT IO 4 CTPEJIKHU C OMMHAKOBBIMU OYKBaMU.

NW| NE NW| NE

SWwi SE SW| S&E

NW| NE NW| NE

SWi| S&E SW| SE

Bcee y3ibl pazzennM Ha IeHTPaJbHbe, 60K06bie (Te, B KOTOPble HA KAPTUHKE BBIIIE BELyT 10 2 CTPEJIKU) U
ocrasibuble. 13 3) ciezyer, 4To cepeluHbl CTOPOH 6a30BbIX GJIOKOB (6OKOBbIE y3J/Ibl) UMEIOT THII 3 — 1, a BMecTe
¢ 6) 910 1AdT, YTO Ha KAXKJION CTOpPOHE 6A30BOr0 GJIOKA CTPEJIKH COHAIIPABIIEHBI U Ha HUX OJMHAKOBBIE METKH.

BuMmecte co cBoficTBOM 4) 9TO JaéT, YTO KazKJblil Ga30BbIi GJIOK sIBJISIETCS 0OPA30M KAKON-TO GYKBBI IIPH
MOJCTAHOBKE ), TAKUM 0OPa30M, OJHO3HATHO OMPEIEIEH MEPEX0 OT pa3peniéHHoro 3aMomtenns 1 K ¢‘1(T).
DTO 3aMOIIEHNe MOXKHO MOJy9IUTh U3 1, cTUpasi JMHUN BHYTPHU 6a30BBIX OJIOKOB U 3aIlUCHIBas BHYTpPb OJIOKA
Ty OyKBY, KOTOpas SIBJSETCSI METKOU BCeX PEOEpP, BBIXOMAIINX U3 €0 MEHTPA.

Hyzxuo nposeputs ist ¢~ 1 (T) croitctsa 1) — —7). Cpoiictsa 1), 3), 4) 1 6) BLIIOTHSIOTCS ABTOMATHIECKH,
TaK KaK HOBBIX CHTyaruil B y3iax (Kakue GETKM M CTPEJIKH HAIMCAHBI Ha BXOISIIUX PEOpax) He BOSHUKAET.



Hnst ceoficTBa 2) Ha/IO IPOBEPHUTH, UTO JIFOOBIE J1Ba 6A30BbIX GJIOKA, UMEIOIIHE OOy CTOPOHY, JEKOAUDY-
FOTCsI B OYKBBI CHMMETPUYHBIX TUIOB. HO THir mmocjie JeKoaupoBaHus COBIIAIAET ¢ TUIIOM METKHU, HAIMCAHHON
HA BHYTpPEHHEM Kpecre 6a30Boro 6j10ka. JIokajibHOe IpaBuio 5) rapaHTUPYeT, YTO METKH Y JIBYyX OJIOKOB CHM-
METPUYHBI, U II0CJIE JIEKOJMPOBAHMS BBIIOJIHSIETCS 2).

A 3naxuT, 6as0BbIe GJIOKH 0OBEIUHAIOTCS B 1ETBEPKH, KOTOPBIE IIOC/IE IEKOAUpOBanus uMelor sug oy NF

Paccemorpum onay Takyo 4eTBEpKYy.

Merka a umeer Turt NW, nosromy, coriacuo 6), pebpo v; HAIPABJIEHO BJEBO, & Uy — BBEPX. JHAUUT, U1 U
V2 BBIXOIAT U3 y3J7a, U3 KOToporo 4 Berxomsmux pebpa. U3 4) ciemyer, 9To METKH Ha 3TUX pE6pax COBHAJAIOT.
Taxzke u3z 6) ciemyer, 9T0 B BEPXHEM JIEBOM YIly 00Opas3a 3TOH METKU IPU ¢ CTOUT . AHAJIOMMYHO W IIPO
ocrajibHbIe 6a30Bble BJI0KU, a 3HAYUT, HOCJIE JeKOAUPOBAHUS BBIIOJHACTCS CBOHCTBO b). VTak, nekoaupoBanHoe
3aMOIIEHIE SIBJIAETCS PA3PEIIEHHbIM, a 3HAYUT, BCe PA3PENIEHHbIE 3aMOIIEHUs — OECKOHETHO JIEKOINDYyEeMbIE.

Boobitie rosopst, 3ajiady MbI [I0Ka PeIIMA He J0 KOHIA. Mbl He IoKasaju, 4To Kascdoe DECKOHEUHO Jie-
KOJIUPyeMO€e IIPU [OMOIIU O 3aMOIIEHNE JIOMYCKAaeT Pa3pelIéHHY0 JeKopaluio. MoKHO 1M0Ka3aTh, 9TO TaKasi
JIeKOpaIus CYIIEeCTBYET JJIsi TeX 3aMOIIEHU, Yy KOTOPBIX KaXKJas IJINTKA HAXOAUTCS CTPOrO BHYTPHU HEKOTO-
poro 6oka Buga 0¥ (a;). MOXKHO omucaTh OCTaIbHBIE 3aMOIIEHHS W CJIETKa TIOIIIPABATH HAITY KOHCTPYKITHIO,
OCTaBJISIEM 9TO YUTATEJIO B KAYECTBE YIIPAYKHEHUSI.

C6 D1y 3a7a1y MBI OCTABJISIEM B KadecTBe ynparkuenus. Kak tebe takoe, [Turep Ilombi?

C7 Bocmnosbssyemcest 3agaqeit C5. Ilycrs Hama mojcranoBka o Haj ajidpaButom A. BosbMEM I0JICTAHOBKY T 2 X 2
¢ pasjeneHneM o6pas3oB Haj ajdasuroM B (Takasi cymecrsyer, cMm. 3agady C2). Pacemorpum andasur C
pa3mepa |A| - |B|, 6ykBbl KoToporo — mapsl 6ykB (a;,bj)|a; € A,b; € B. OupenesuM Ha HEM IOACTAHOBKY
pasmepa 2 X 2, 3ajannyo Tak: (a,b) — ((aa;’ii)) ((Zsll:i)), re o(a) = af ab nu7(b) = ll;i ll:i Jlerko BuzeTh, ITO
OHa IBJISIETCH JIeKOpalneil 0 n y Heé ecTh CBOWCTBO pa3jiesieHusi 00pa30B.

D. PABTUYHBIE ®OPMAJIU3MBI U TIEPEBO/I HEITEPUOANYHOCTU HA JIPYIUE A3BIKU.

D1 Homycrum, ects anepuoamdeckuit Habop B hopmasmsme Banra. BBemem s kaxx noit 6yKBbI Ha pebpe MpOTUBO-
MOJTOXKHYT0. Tereph B KaKI0# MINTKE HAOOpa ToMeHsieM OyKBBI BEPXHETO U TIPABOT0O pebpa Ha MTPOTUBOIIOIOXK-
uoie. [Toayuanrcs nabop B apyrom dhopMain3Me, IpudeM KaxKI0MY 3aMOIIEHUIO B OTHOM HADOpPE COOTBETCTBYET
3aMolleHre B JIpyroM. To ecTh alepuojuvIHOCTb COXPAHSIETCs. AHAJOIUYHO B JIPYT'YIO CTOPOHY.

D2 HazoBeM MHOIOYIOJBHUK K6a0pPAMHO-COCNABACHHIM, €CIU OH IIPEJCTaBJseT cobON (Urypy MOTUMEIHO, CO-
CTABJICHHYIO M3 €UHUYHBLIX KBAIPaToB (CBa3HYIO u 6e3 mpip BHyTpH). [locTpoiite anepuopndeckuii nabop us
KBa/IPATHO-COCTABJIEHHBIX MHOTOYTOJIBHAKOB, KOTOPBIE MOYXKHO IOBOPAYUBATH U II€PEBOPAYUBATDL. YKA3AHUE.
Takoit HabOp MOYKHO ITOCTPOUTH, UCTIOJIL3YsT HAbop Pobuncona. CHavasia IpeICTaBUM 9TO KayKJasl IIITUTKA, 9TO
kBagpatr k X k miisa Gosbioro k. PeannsyeM Kaskiyto 3aceduKy Ha CTOPOHe KBajpaTa u3 Hafopa pOOUHCOHA (MX
TPH BHJA) B BUJIE BbIPE3a 110 KOHTYDY W3

D3 a) Omsem: nem.

b) Iycrs Tereps Mo-peKHEMY IUIMTKU Pa3PeNiaeTcs MPUKJIAIbIBATE 110 IPABUIAM JIONOJHAIONINX [[BETOB,
HO TIEPEBEPHYTHIE IJIUTKU HE MOTYT UMETh OOINyi0 CTOpOHY. JlOKaXKuTe, 4TO CYHMIECTBYET AllepUOIUIECKUit
HaOOD.

E. JEKOPALINU

El. a) andasur {a1,as,b}; sanperum {bay, azb, bb, asa; }.
b ay bag

b) Andasur {a,as,b}; 3anpeTnM ropu3oHTAIBHbIE IAPLL {ba1, azd, bb, asai }, BepTUKAILHBIE TAPHI {a b ba
2 1

1, a

TaKKe {Zl @2 }.
2

E2. ITnurkamu 6e3 b (1€KOPUPOBAHHBIMI) MOYKHO 3aMOCTHUTB CKOJIb YTOIHO Goatbinoii kBajapat. CormacHo 3amaue
B8, M0KHO 3aMOCTUTH BCIO IJIOCKOCTH, HE UCIIOJIb3Ys b.



E3.
a) Omeem: nem. JIoIycTUM IIPOTUBHOE, IIyCTh Kk — pa3Mep MAKCUMAaJbHOIO 3alpera. PaccMOTpUM 3aMOIIEHUE, B
KOTOPOM OJTHA KOMIIOHEHTA CBS3HOCTU — MOPU30HTAJIBHBIH Iy Th JUINHBI Kk, U JIPYTO€ 3aMOIIEHNE — Iy Th JJIUHBI k+ 1.
Y 3Tux 3aMOIIeHni OMUHAKOBBIN HAOOP MaTTEPHOB pa3Mepa k X k, T03TOMY OHHU 00a TOJI?KHBI OBITh WK pa3peIieHbl,
WJIN 3aIpPeIeHbl. A JO/KHO OBITh TOJIBKO OJIHO U3 HUX.
b) andasur {a, b, by }; 3anpersr {abs, b1by, babs, bia}.
¢) Habpocok oyiHOTO 13 BO3MOXKHBIX pemntennii. IlycTh jekopanun n300parkaroT OCTOBHBIH JIeC JJIsl CBSI3HON KOMIIO-
HEHTBI, TO eCTh 00'bEIMHEHNE HETIePECEKAIOIIINXCS IEPEBBEB, y KaXKJOr0 JIEPEBa OTMEYEH KOPEHb U KayK/1asl BEPIINHA,
KOMIIOHEHTHI BXOJIUT POBHO B OIHO nepeBo. Hasoxkum yciioBue Ha YETHOCTH YHCJIa BEPITUH B KOMIIOHEHTE: KaXK1as
BEPIIIHA MOXKET CIUTATH 110 MOJYJIIO 2 YUCJIO BEPIIUH Y CBOUX CBHIHOBEH, MPUOABJISATH €JIMHUILY U TepeiaBaTh pe-
3YJIBTAT POJUTENIO (CUUTAEM, UTO JAJbIINE OT KOPHS HAXOJSITCS CHIHOBbsI, a OJinxke K KOPHIO — poauress). C oHoi
CTOPOHBI, B KaXKJIOll CBSI3HOI KOMIIOHEHTE €CTh OCTOBHOE JIEPEBO C YETHBIM YHCJIOM BEPIIUH, KOTOPOE MOXKHO TaK
packpacutb. C Ipyroit — B KaxKJIOM Pa3pEIEHHOM 3aMOIIEHUN KaXK/iasi CBsA3HAST KOMIIOHEHTa, COCTOUT U3 OJHOTO
WA HECKOJIbKUX TAKUX JIEPEBBEB, T.€. COAECPKUT UETHOE UUCJIO BEPIIUH.

E4*. B pasmepnocru 1 aro upocro: andasur {a, by, bs}; 3auperst {aba, b1b1, baba, boa}.

B pasmepnocTu 2 910 TOXKE BO3MOYKHO, HO BECbMa U BECbMa HETPUBUAJIBHO :-)

E5. Ilpumep: Bo3bMEM Takoil HAOOP IUIMTOK, YTOOBI C MX IIOMOIIBIO MOXKHO OBLJIO HAPUCOBATH HA ILJIOCKOCTH
Jioboit rpad. Torma Jekopalyeil MOXKHO 33/1aTh MPABUJIBHYIO PACKpaIInBaeMoCTb rpada B 3 1Bera.

E6. a) Bce kBagparsl 2 X 2 NOABJSIIOTCS WK U TAM W TaM, WA HULJIE.
b) Ilycrs k — pasmep jmexkopupoBanHOro aydasurta. Jlekoparuii TpaHUIBl KBajpaTa n X n He 6ojee deMm kAn—1),
¢) PaceMOTpUM MHOXKECTBO 3aMOIIEHHMIA, TJe ¢-IIKU 00pa3yiorT KoJOHKY. CMOTPUM MHOXKECTBO HATTEPHOB 7 X 1,
KOTOpPBIE MOTYT OBITH CJIeBa OT KOJOHKH. VX XOTsT OBbI on’ (mexopanuu BCeBO3MOXKHBIX 3amomlenuii u3 a u b). [Ipu
JTOCTATOIHO GoubioM . ( mapaMerp k (GUKCHPOBAH) €CTh JiBa TAKUX 3aMOIIEHUS, YTO Y HAX COBIAJAIOT IPAHUILBI,
U 1O IIYHKTY &) OJJHO MOYKHO 3aMEHHUTH Ha BTOpOe. Torja Mbl HOJYyINM Pa3penéHHOe, HO He CUMMETPUIHOE.
d) Eciu S — Takoe MHOXKECTBO 3aMOIIEHU, TO JOJZKHO CYIIECTBOBATH Takoe k, 9TO I JIH0O0r0 1 Cpeiu JIoboro
nabopa m3 k™ 3aMoOINeHuil KBajpara 1 X 1 MOXKHO BBIOPATH 2 W OJMHAKOBO IIPOJOJIKUTH 10 3aMOIIEHUS BCei
ILJIOCKOCTH.



Tilings: substitutions and decorations
Alexei Belov, Pierre Guillon, Ilya Ivanov-Pogodaev, Ivan Mitrofanov

This project is devoted to plane tilings. Usually, if we can tile a plane with some types of tiles, then we use
construction which structure is periodic. Correctly, a tiling is called periodical if it doesn’t change after shift on
non-zero distance. In 1961 chinese mathematician Hao Wang have stated the following problem:

Consider unit squares. Fach square’s side is colored by one color of several possible ones. Consider some types
of these squares. We can attach any square to another side to side if these sides have the same color. Suppose
that we can use unlimited number of each type’s squares. Is it true that if we can tile a plane then we can do it
periodically?

Firstly Wang expected that the answer is positive, namely if there exists some tiling then there is a periodic
one. But in 1966 Robert Berger (student of Wang) have constructed a set consisting of 20426 squares such that
there exist non periodical tilings only. Lately Berger reduced his set to 104 squares, and in 1971 Raphael Robinson
greatly simplified the construction and introduced a set of six poligons such that one can tile a plane using them

only non periodically.

FIGURE 1. Robinson’s tiles.

This problem has some philosophical background. The point is to reach global condition (non periodicity) using
local sources (boundary conditions). There are many such problems. How to organize a computation network such
that any local fault can not violate global processes. Or how interaction of molecules leads to crystals growing.

In this project we will study some ideas and methods to solve such problems in various settings. The main
problem of first half is to construct a set of polygons such that there exist non periodical tilings only (problem
B10). In fact, this problem can be reduced to constuction of local rules: boundary conditions which define when
we can attach tiles to each other. This construction uses some ideas. In B and C we study some tricks that can be
used to construct aperiodic tilesets.

A. ONE DIMENSIONAL CASE

Consider two-side infinite tape which consists of cells (equal squares). We will assign one letter of the finite
alphabet for each cell. A cell with assigned letter is called a tile.

If every cell contains some letter (or the tape is covered by non intersecting tiles) then we say that this is the
tiling. A tiling is called periodical if it doesn’t change after shift on non zero integer p. It is easy to see that
periodical tiling is actually periodical repeat of some combination of p tiles. This combination is called period of
tiling, p is length of period.

A forbidden word or local rule is a combination of several adjacent tiles. We will consider tilings which contain
no forbidden words. In notations we use letters of a finite alphabet to denote tiles and we do words to denote
combinations of tiles. Tilings which contain no forbidden words are called permitted ones. Further we assume that
the number of local rules is finite.

Two tiling which transforms to each other after some shift are called equivalent. Below we consider such tilings
as the same.

A1l Consider an alphabet {0,1}. The word 01 is forbidden. How many non-equivalent tilings exist?

A2 Show that for two letters there exists a non periodical tiling.

A3 Construct a finite set of forbidden words in the alphabet {a, b, c}, such that the periodic tiling with period abe
is the only permitted tiling.

A4 Does there exist a set of local rules such that there are exactly 100 nonequivalent permitted tilings?

A5 Let A be a finite word. Prove that there exists a of forbidden words such that the tiling with period A is the
only permitted one.

A6 Let A be an aperiodic tiling. Prove that there is no a finite set of forbidden words such that A is permitted
and all the permitted tilings are equivalent to A.



A7 Consider an alphabet with size n. Suppose that there are k forbidden words, and each of them has length 2.
Also, there are no permitted tilings. Find the minimal possible k.

B. DIMENSION TWO: LOCAL RULES AND SUBSTITUTIONS

Conclusion from one dimensional case. In one dimensional case forbidden word is some kind of local
condition. Using these conditions we want to obtain some global property. But in one dimensional case finite
number of local rules does not allow us to force non periodical tilings.

Let us proceed to two dimensional case. We will start with basic definitions and notation.

Consider an infinite square grid and a finite alphabet L (alphabet of tiles). We will write letters of L into cells
of an infinite square grid, one letter to one cell. This alignment is called a tiling.

Similarly to one dimensional case, a tiling is called periodic, if it doesn’t change after translation by a non zero
vector (a,b), and is called aperiodic in the opposite case.

Equivalence of tilings. Definition. Consider two tilings S; and S5. Suppose that we can translate S; by
integer vector and obtain S5. In this case we say that S; and S5 are equivalent. Remark. Different tilings of finite
regions are never equivalent.

Local rules. Definition. Let n > 1 be an integer. Consider a set of all squares n xn, compiled from letter-tiles.
Formally, this set is L™ (set of all (n?)—tuples of letters from L). Let R be a subset of this set. So, R is a set of
several squares 2 X 2 compiled by L letters. Let us call these squares as forbidden ones. A tiling is called permitted
by R if there are no forbidden squares in the tiling. The squares from R are also called local rules, the number n
is the size of the local rules.

Using local rules we can force some properties of permitted tilings. Let’s do some practice.

B1 Suppose that the alphabet contains only two letters (black and white squares). Construct local rules such that
the chessboard tiling is the only permitted tiling.

B2 Suppose that the alphabet contains two letters and eight squares 2 x 2 are forbidden (look at the picture). For
given m and n, how many permitted tilings of a m x n rectangle exist?

11 11 110 01 110 0|1 010 010

01 110 1)1 1]1 0|0 00 01 10

B3 Suppose that the alphabet contains two letters. The set of local rules is the same as in the previous problem,
and also the square with 1 on main diagonal (see picture below) is forbidden. Classify all different permitted
tilings of the infinite plane.

1)1 1)1 110 011 110 0|1 010 00 110
01 110 1|1 111 00 00 01 110} |0

B4 Suppose that alphabet contains four letters and a 2 x 2 square is permitted if and only if it consists of four
different letters. How many permitted tilings do exist for the rectangle m x n?

B5 Consider a binary alphabet. Suppose that there are k forbidden squares 2 x 2 and suppose that there are no
permitted tilings. Find the minimal possible k.

B6 Counsider some set of local rules in the alphabet {0,1}. Suppose that the tiling on picture below is permitted
(other cells except these nine contain 0). Prove that there exists infinite number of nonequivalent permitted
tilings.

010
101
111

This problem show that sometimes! it is not possible to determine one precise tiling by local rules. But if
we cannot force one tiling, maybe we can determine some set of similar tilings? We say that some set of tilings
is defined by local rules if tilings from this set are the only permitted tilings according with these local rules.

B7 A frame is a figure consisting of 2(m + n) — 4 boundary cells of a rectangle m x n for some m,n > 1. We call
a {0; 1}-tiling pretty, if union of some (maybe infinite) set of frames is filled with units, and zeroes are placed
in the remaining cells. Suppose we have a finite set of local rules such that all pretty tilings are permitted.
Prove that there are infinitely many non-equivalent permitted not pretty tilings.

B8 Suppose we have a set of local rules, and suppose that for any positive r we can tile an area including circle
of radius r such that there are no forbidden squares. Prove that we can tile the whole plane with the same
condition.

LPurther we will prove that for aperiodic tilings it is never possible.



Using local rules we can obtain really complicated tilings. For example, we can force all the permitted tilings
to be aperiodic. It is hard to solve this problem now and we recommend to return to it in C-part and use some
additional methods.

B9* Construct a set of local rules such that all permitted tilings are non periodic.
B10* Construct a finite set of polygons such that all tilings are non-periodic. All polygons can be rotated and
reflected; they should be arranged without holes or overlaps.

Definition. Suppose that for any letter in the alphabet L corresponds a some square k X k compiled by letters
of this alphabet. This correspondence is called a substitution.

For a given substitution o and a tiling A of some (finite or infinite) region we can construct a new tiling o(A) by
simultaneous replacement of tile-letters by corresponding squares k x k. Starting with one tile and iterating this
procedure, we obtain tilings of bigger and bigger squares.

Definition. Consider a k x k substitution o. Suppose that a tiling S can be uniquely divided by horizontal
and vertical lines to squares k x k such that each square is image of some letter (any square is o(a) for some letter
a). In this case we can write a letter instead of each k x k square (a instead of o(a)). Thus we obtain a new tiling
o~ 1(S). If 071(S) is defined in a unique way, we say that for tiling S we can find an inverse image o=1(S). A
tiling is called infinitely decodable by o if one can find inverse image any number of times.

11 [1 01]oo
i]—hlofi] o]—pllo
11 [1 0o o

B11 Consider the substitution above. An infinitely decodable tiling for this substitution is called a Sierpinski carpet.
a) Prove that there are infinitely many nonequivalent Sierpinski carpets.
b) Prove that all Sierpinski carpets besides one of them are aperiodic tilings.
c) Is the set of all Sierpinski carpets defined by local rules?

If one wants to define infinitely decodable tilings with local rules, it is natural to require that a substitution map
permitted tilings only to permitted tilings.

Definition. We say that a substitution o agrees with local rules R of size k if the following conditions hold:

1) the square o(a) is permitted for every letter a;

2) if X is permitted square then the 2n x 2n square o(X) contains only permitted k x k squares.

B12 Consider some local rules R. Suppose that & = 2 (all forbidden squares are 2 x 2). Also, suppose that a N x N
square A is permitted (it contains no forbidden 2 x 2 squares). Let a substitution o agree with local rules.
Prove that the square o(A) is also permitted.

B13 Suppose that substitution o agrees with the local rules of size 2. Prove that there exists a permitted tiling.

B14 Consider a substitution o. Does there exist a tiling S such that o(S) is equivalent to S? Find sufficient
conditions on o for existence of such a tiling.

C. EXAMPLES OF NON PERIODICITY

Definition. A tileset is aperiodic, if it admits at least one tiling of the plane but doesn’t admit a periodic one.

Conclusions from parts A and B. We want to find a set of tilings such that it is defined by local rules
and contains only aperiodical tilings. There is no such an example in one-dimensional case (why?). The simplest
two-dimensional examples we know are infinitely decodable tilings for some substitutions.

Not any substitution is suitable.

C1 a) Find a substitution such that all infinitely decodable tilings are aperiodical, but the set of them is not
defined by local rules.
b) Find a substitution such that all infinitely decodable tilings are periodical.

It is not easy to find a suitable substitution ”from scratch”, so we’ll “improve” not suitable ones.

Transition to another alphabet. Decorations. Consider a tile alphabet a, b, c.... We can make finite num-
ber of duplicates (shades) for each letter and consider the extended alphabet of tiles a1, ...ag,b1,...bg,c1,. .. Cp, . ..
Now we can set up local rules for this extended alphabet. After that we can take permitted tilings and ignore the
shades. This approach is called setting up decorations.

Definition. Let A; and Ay be two tile alphabets and let o1 and o5 be two substitutions in alphabets A; and
Ag respectively. We call the substitution oo a decoration for oy if the following conditions are satisfied:

1) there exists a mapping f from As to Ay;

2) if o2(a) = M is a square made of letters from As, then o1(f(a)) = f(M).

We consider f as “forgetting the shade”, and f(M) is a square obtained from M by applying f to each letter.



Our main goal is to prove that a given substitution can be decorated in such a way that the set of infinitely
decodable tilings is defined by local rules.

Firstly we deal with some useful special cases. Consider a 2 x 2 substitution o. If a is a letter, then o(a) is a
2 x 2 square which consists of four letters. We assume that different letters correspond to different 2 x 2 squares.

Images separating. Definition. Let us define oy, mapping. It maps letter a to the upper left corner of the
square o(a). Similarly we can define mappings opr, oyr, opr. We say that the substitution separate the images
(or has property of separating images) if every letter occurs exactly at one image of these four mappings.

C2 Construct a substitution with property of separating images.

The property of separating images helps us to construct local rules. Firstly we try to archive the goal for
particular case — some fixed substitution. After this, we will study substitutions with separating images. And
finally we will proceed to the common case.

The idea of construction. Firstly try to color sides of squares in different colors and formulate local rules
in terms of these colors combinations. The main goal is to obtain the property that any permitted tiling can be
decoded that is to proceed to next level of hierarchy. A substitution make this transition.

C3 Find some substitution ¢ and local rules such that any permitted tiling S can be decoded and tiling ¢=1(S) is
also permitted. Prove that any permitted tiling is aperiodical.

C4 Consider a 2 x 2 substitution ¢ with property of separating images. Suppose that there exist local rules R
such that for any permitted tiling S there exists inverse image o~1(S) which is also permitted by the same
local rules R. Prove that any permitted tiling is aperiodic.

C5 Consider a 2 x 2 substitution with property of separating images. Prove that there is a decoration such that
the set of infinitely decodable tilings is defined by local rules.

C6 Consider a 3 x 3 substitution with property of separating images. Prove that there is a decoration such that
the set of infinitely decodable tilings is defined by local rules.

C7 Consider a 2 x 2 substitution (maybe there is no separating images property). Prove that there is a decoration
such that the set of infinitely decodable tilings is defined by local rules.

D. OTHER FORMALISMS AND TRANSITIONS OF NON-PERIODICITY TO OTHER LANGUAGES

In addition to local rules and forbidden squares, there are other formalisms to specify tilings. Sometimes the
interaction of different formalisms is useful.

Wang tiles formalism. There are finitely many colors, a Wang tile is a unit square with a color on each side.
There is a finite set of Wang tiles, colors of common sides should match in tilings of the plane.
abb abbbab ~ bbab L

a a a a @

~ TN

Complementary colors formalism. There is a finite set of non-zero integers (we call them colors). A tile
is a unit square with an integer on each side. There is a finite set of tiles, numbers on common sides should be
opposite.

-2 -2 -2 -2 -2
1X2 122X 2 SNl

1 1 1 1 1
~ N

D1 Prove that Wang’s formalisms and complementary colors formalism are equivalent, i.e. if there is an aperiodic
tileset in one formalism, then there is a corresponding aperiodic tileset in the other.

Sometimes a tileset along with any tile contains the rotated on 90 degree tile. In this case we say that we
can rotate tiles.

Consider a tile A with integers (a1, as, as, a4) written on its sides clockwise. The tile with (—as, —as, —a1, —ay4)
integers written on the same sides is called flipped tile (with respect to A). If a tileset contains the flipped tile
for every tile then we say that we can flip tiles.

D2 We call a polygon square-composed, if it is connected polymino composed of unit squares without holes inside.
Construct an aperiodic set of square-composed polygons such that with every polygon & the tileset contains
all 8 rotations and reflections of ®.

D3 Suppose that a tileset in complementary colors formalism with any tiles contains all its rotated and flipped
tiles. a) Can such a tileset be aperiodic?

b) Add extra rule to the formalism: a tile can not be a side-neighbor of its flipped tile. Prove that such a
tileset can be aperiodic.
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A2

A3

A4

A5

A6
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Tilings: substitutions and decorations. Solutions.

A. ONE DIMENSIONAL CASE

Answer: 3.

It is clear that two tilings with all identical letters (ones or zeros) are permitted. If there are both 1 and 0,
then there must be adjacent 1 and 0, and 1 is on the left. It’s clear that only 1’s can be to the left of 1, and
only 0’s can be to the right of 0.

[fafafafufafefafufafefa[  JofofofoJofofofofofofo]o]

[1[1fe]1][1]1]ofofofofo]0]

There are a lot of examples. For instance, one 0, and the other cells are filled with 1-s. Then for any nonzero

[fafafafufofufafufufe]n]

shift this zero will map to a different one.

See for yourself that if you forbid the words aa, ac, ba, bb, cb, and cc, then any letter uniquely forces both of its
neighbours.
Answer: yes. For example, we can forbid all tilings except 100 periodic sequences with periods 01,001, ..., 01901,

We forbid 11,0'°!, and 100 - 99 words of form 10210°1 for all a # b from 1 to 100.
The first two rules force that the number of zeroes between two neighbouring 1’s is from 1 to 100. The rest of
them guarantee that any two neighbouring blocks of zeroes are equal.

Recall that a cyclic shift of a word ajas ... a, is any one of the words a;41a;42...ana1a2...a; for 0 < i < n.
Let |A| = n, and let k be the size of the alphabet. There are k™ words of length n; we forbid all of them that
are not cyclic shifts of A. In all cyclic shifts of A, the number of letters of each type is the same, so in any
permitted tiling the tiles at the distance n must coincide, that is, the permitted tiling is periodic with period
length n. If some cyclic shift of A is a period, then A is also a period.

We show that for any finite set of local rules that admit at least one permitted tiling of the line, there exists
a permitted periodic tiling. Let IV be the length of the largest of the forbidden words. Consider a permitted
tiling, and by pigeonhole principle, find in it two disjoint occurrences of the same block of length N; we denote
it U, and the part between the two occurrences is denoted by W.

Then the tiling with period UW is permitted. Indeed, all the rectangles of length no greater than N occur in
the original tiling (and therefore do not contain forbidden ones), and we do not have local rules longer than
N.

] W U W | U W

Answer: n(n +1)/2.
example: Let the alphabet consist of numbers from 1 to n and the words ab are forbidden for a > b. Then it
will not be possible to tile a block that is longer than n, because when moving from left to right, each letter
should be larger than the previous one. Fstimate: Forbidden words of length 2 are constraints of adjacent pairs
of letters. Draw a complete directed graph on n vertices (with loops):

aa

ab c

bb cc

Each forbidden word of length 2 removes one edge in this graph. It is easy to understand that if there is
at least one cycle left, then an infinite path along this cycle is a a permitted periodic tiling. Now we show by
induction on n that if there are no oriented cycles in the oriented graph, then the edges are not more than
n(n —1)/2. Step from n to n + 1: if there is at least one edge from each vertex, then there is a cycle. So there
is at least one vertex without outgoing edge; removing it removes at most n (incoming) edges, and leaves us
with a graph with n — 1 vertices, to which we can apply the induction hypothesis, and get n + n(n — 1)/2
edges, which is the wanted value. And the base n = 1 is obvious.

1



B1

B2

B3

B4

B5

B. DIMENSION TWO: LOCAL RULES AND SUBSTITUTIONS

It is enough to forbid all the 2 x 2-squares except for the two chess-colored ones. Then in the permitted
tiling, white cells will border only with black, and black — only with white. Conversely, the chessboard tiling is
permitted.

Answer: 27T"~1 Note that the allowed 2 x 2-squares are those with an even number of 1-s. Hence, each cell
is uniquely determined by its three (left, top, left-top) neighbours. Therefore, for any filling of the left column
and of the top row of the rectangle, the remaining cells can be filled in a unique way. Moreover, all possible
binary (left, top, left-top) triples are extendable, so that every filling of the left column and of the top row is
extendable as a permitted rectangle.

a9 |as
ai|?
Answer: tilings by rows, tiling by columns and one tiling by quadrants.

0jojo0j0|0|0|0O|O Oj[1(1|1|0|0]0|1 0j0jo0|0O|1|1|1]1
1({1{1f1j1|1]1|1 Of1(1]1|]0|10(0|1 0jo0jOjO|1 1|11
0jojojo0|0|0|0O|O O[11|1]|0|0]0|1 0jo0jo|o|1|1|1]1
ojojojo|j0|0|0|O Oj(1(1|1|0|0]0|1 ojojojJoj1j1f1|1
1({1|1f1|1|1]1|1 Oj{1y1(1(0{|0|0]|1 1({1|111J0]0{0|0
1({1{1f1|1|1]1|1 Oj{1|y1(1(0]|0|0]|1 1{1]1(1]0(0]0|0
1({1{1f1|1|1]1|1 Oj{1y1(1(0]|0|0]|1 11111111010 (0]0
ojojojojo0j0f0|0 Oj(1{1|1|0|0|0|1 1(1(1]1]0[{0]0]0

We consider two cases: whether a square with units on the side diagonal (bold) appears in the tiling or not.
It appears. First, the "cross"of width 2 with the center in this square is uniquely filled, then one by one the
remaining cells are filled and we get the tiling by the quadrants.

It does not. Any 2 x 2-square is either monochrome, or the boundary between zeroes and ones divides a
square into two dominoes. If the tiling is not monochrome, then there are neighbours on the side 0 and 1.
Further, the strip of width 2 containing them is uniquely filled: it is either two monochrome rows or columns.
In the first case, it turns out that all the horizontals are monochrome; in the second - that all verticals are
monochrome.

Answer: 6(2™ 4 2™ — 4).
In two vertical dominoes located at distance one, the letters can be located

. a a . a b
in such way: or in such{waf:
b b b a

We call a line (horizontal or vertical) striped, if in it two types of letters alternate. It is easy to see that if a
line is striped, then all the lines parallel to it are also striped.

We show that there is at least one striped line. Suppose the top row of the table is not striped, then it has
different letters (let @ and b) at a distance of 2.

7
b a
a b
b a

Then it is clear that these cells are in striped columns.
There are 6 - 2" tilings with striped columns and 6 - 2™ tilings with striped rows. 24 of them are counted twice.

Answer: 7.



There are 16 squares 2 x 2. They are divided into 7 groups, and in order to prohibit 7 periodic tilings, it is
necessary to ban at least one square from each group (we illustrate for each group a periodic tiling which would
be permitted no square of the group were forbidden).

111111 0/0/0]0]0]0 1(1(1(1(1/|1 1{0(110]|1]0
1(1|1(1]1|1 0j0|o|0|0|O ojojo|ojofo 110(1(0]1]0
111111 0/0/0]0]0]0 1(1(1(1(1/|1 1{0(110]|1]0
1(1(1]1]1]1 0j0|0|0|0|O ojojo|ojofo 1/0(1(0]1]0
1(1(1]1]1]1 0j0|0|0|0|O 1(1(1]1]1]1 110(1(0]1]0
1111|111 0j0|0|0|0|O ojojojojofo 11010110
1]1 00 1]1 0]0 110 0|1
1 0]0 0 1)1 110 01
1(1(1]1]1]|1 oOj1{0|1]|0]|1 0j0|0|0|0|O
1(0[1]0]1]0 1/0(1]0|1]0 110(1(0]1]0
1(1|1(1]1|1 0/1(0|1]0]|1 0j0|0|0|0|O
1/0|(1]0|1|0 1{0{1]0|1|0 1101010
1(1|1(1]1|1 0/1(0|1]0]|1 0j0|0|0|0|O
1/0(1]0]|1(0 1{0{1]0|1]|0 1/0(1]0]1]0
1]0 01 0 0|1 110 00
1]1 1 01 1 0]0 110
1 0]0 0|1
01 110 01 0
Example of 7 forbidden squares:
1)1 0]0 110 1|1 10 1/0 11
1)1 0]0 110 00 0|1 0]0 01

The 4 last local rules force that there is no zero below a one. Together with the first rule, this gives that
ones cannot be in adjacent columns, and together with the second — that zeroes cannot be in adjacent columns.
Then the only possible tiling is a periodic tiling with alternating columns, but the third local rule also prohibits
it.

B6 Let N x N be the size of the largest local rule. It’s clear that if we fill the entire plane with zeroes and draw
several occurrences of the allowed picture so that the distance between any two of them is greater than NV,
then we obtain a permitted tiling.

B7 A ladder is an infinite stepped figure of units, we have drawn a fragment of the ladder with step 4 (all empty
cells are filled with zeros).

111

If N is the size of the largest local rule, then all ladders with a step greater than N are permitted, because
all the N x N patterns already appear in some large frame, so they are permitted.
Since a ladder is not a union of frames, it is not a beautiful tiling.



B8

B9
B10

B11

At first glance it seems that there is nothing to prove here, since the plane is, in some way, a circle of
infinite radius. But in fact, from the fact that we know how to cover arbitrarily large circle it does not follow
automatically that we can cover an infinitely large circle.

Extra problem about types of infinity. Kashchei the Immortal (russian folklore villain) uses a magical
currency exchange. It allows to change one gem for any positive integer number of gold coins, or one gold coin
for any number of silver coins, or one silver coins for any number of copper coins. Initially, Kashchei has one
hundred of gems. To maintain his immortality, Kashchei has to spend one copper coin per day Suppose he has
no any other income. Will he be able to live for a billion of years? A googol of years? For eternity?

Let’s return to the problem. If we add a few more tiles to a tiling A of some finite region and obtain a tiling
B, we say that the tiling A can be extended to B.

If we find an infinite sequence of tilings Ay, Ao, A3 such that each previous tiling can be extended to the next
one, and for any k the tiling Ay covers a circle of radius k with center in (0,0), then we win — we take the
union of these tilings.

We call a tiling of a finite region good if for any R it can be extended to a tiling, covering a disc of radius
R with center at zero. It suffices to show that a good tiling can be extended for any R to a good tiling that
covers a circle of radius R.

Let D be a good tiling. Consider all possible ways to extend it to a tiling that covers a circle of radius R.
There is a finite number of such extensions; if none of these extensions is a good tiling, then for each of them
there is a radius to which you cannot tile. We take the maximum of these radii and find that the original tiling
is also not good.

It follows from the tasks of the following sections.
It follows from the tasks of the following sections..

11 /1|11 |1}]1 |11
1/0/1]j1({0|1]1|0]|1
1/1)1j1j1|1}]1|1|1
1/1/1]j0(0|0]21|1]|1
1/0(1]J0({0|0]J21]|0]|1
1/1(1]0(0|0J21|1]|1
11 /1j1j1|1}]1|1|1
1/{0/1]1j0(1}]1|0|1
1/1j1]j1|1|1]1|1]|1

a) We give a solution that uses some facts of set theory, namely, that the continuum is greater than the
countable set. We denote the substitution by the letter s. Note that s¥(1) is a square of size 3% x 3% consisting
of eight squares s*~1(1) and one square s*71(0); all the squares of form s*(0) are filled with zeroes.

Any 3% x 3F-tiling of form s¥(1) can be extended to the tiling s**1(1) in eight ways; each extension
corresponds to one of the eight external cells of the square 3 x 3 and different shifts of the square 3¥+1 x 3++1
are obtained. Notice that we are interested in squares in the plane, not only in abstract squares.

We start with the square A; of size 1 x 1, in which there is a one, and we will do one of such extensions at
each step; the filled area will expand. We obtain a sequence of tilings A, A, As, ...

Such sequences correspond to sequences of digits from 1 to 8, there is continuum of such sequences. The
union of squares A; can be either a quarter-plane, or a half-plane, or the whole plane. If we did not obtain
the entire plane, then, starting at some point, we expanded the squares at only one direction. It is clear that
there are uncountably many sequences {A;}, the union of which fills the entire plane. The resulting tilings of
the plane will be called limit tilings.

We show that different sequences {A;} lead to different limit tilings (note that we do not claim that they
are not equivalent).

We consider in limit tiling squares (3¥ +2) x (3¥ 4 2), at the boundary of which there are ones, and zeroes
inside. It is clear that the centers of all such squares are shifted relatively to the center of the square A by
a vector, both coordinates of which are multiples of 3*. Therefore, knowing the limit tiling, we can determine
the coordinates of the center A*¥ modulo 3*. But it is easy to see that the coordinates of its center cannot differ
from the coordinates of the center of A; by more than 3% /2, therefore two limit tilings that coincide determine
the same sequence of squares.

It is easy to see that each limit tiling is uniquely decodable, therefore there is at least a continuum of various
Sierpinski carpets. And since only a countable number of carpets can be equivalent to one another, the number
of equivalence classes is infinite.



B12

B13

B14

b) The periodic Sierpinski carpet is one that consists of only zeroes. We show that all the remaining Sierpinski
carpets are non-periodic. We note that if there is at least one 1 in the Sierpinski carpet, then for any natural
number k the carpet contains the square s*(1), in the center of which there is a square of size 3¥=1 x 3*~! filled
with zeroes, and this square is framed by units. If we consider a translation by some nonzero vector whose
coordinates are less than 3~ the image of the border will intersect the square of zeroes, and so for any k.
So, there are no vectors of periodicity.

c¢) Answer: no.

Let n be the size of the largest local rule; take k such that 3* > n. Consider a tiling A of the plane by 1’s.
It is not decodable, so the tiling s¥(A) is not infinitely decodable. We show that the tiling s¥(A) is permitted.

a pattern of s¥(A) sE(1) | s%(0) | s*(1) [ s*(1) | s¥(0) | s*(1) | s*(1) | s*(0) | s*(1)

sk-‘rl(l)

It can be shown that any square with side no more than n that occurs in s¥(A), occurs in some block
composed of four squares s*(1). But this block is located inside s**1(1), and therefore it is a pattern of
Sierpinski carpets and does not contain forbidden squares.

Let n be the size of o. The tiling 0(A) is composed of n X n-squares — images of letters. Any 2 x 2-square is
located inside some 2n x 2n-square (union of 4 such squares), which is of the form o (g} g2 ). Since the square

as o2 is permitted and o agrees with local rules, o (g} 22 ) does not contain forbidden patterns.

Consider a tile with letter a and a sequence of squares
AO = a,A1 = U(G),AQ = 0'2(CL)

In this sequence A; has size n’ x n?, and it follows from the previous problem that A; is permitted for any
1. From B8, it follows that there exists a permitted tiling of the whole plane.

Answer: not always. For alphabet {0,1} and substitution o(0) = 11, o(1) = §9 such a tiling does not exist.

The criterion for the existence of a fixed tiling. o admits a fixed tiling if and only if one letter appears
strictly inside its own image, or two letters appear in their own images in some opposite side of the square,
strictly, or four letters appear in their own images in all possible corners.

Sketch of proof. Let o be a k x k-substitution. First note that requiring S = ¢(.5) would involve the choice
of an origin tile, which is not a problem here: we just want S and o(S) to be equivalent. This means that
there exist integers 7, j such that, in S, the image by o of any cell (z,y) is the pattern appearing at positions
(t+kx-i+kx+k—1,j+ky --j+ky+k—1). We can do a euclidean division of ¢ by 1 — k, and get
i = (1—k)x +4 for some ¢’ with 0 <4’ < k — 1. This = has the property that i + kx <z <i+kx+k— 2.
Similarly, there is some y such that j + ky < y < j + ky + k — 2. We get that the image of the letter a
which appears in cell (z,y) of S contains the letter a itself. A little more precisely, the inequalities give that
the letter appears in its own image, but not on the bottom or right boundary (because we have divided by
k — 1 rather than k). It it appears in the left boundary, then x = i + kx, so that the image of cell (x — 1,y) is



(x+k—1---2,j+ky---j+ky+k—1): again the letter at cell (x — 1,y) appears in its own image. The same
is true if (x,y) was in the top boundary of the square.

Conversely, suppose o admits one letter a which appears stricly inside its own image, say at position i, j.
Then o!(a) can be seen as a square pattern of size k! x k!, that we can index in —k%i/(k—1) - - k*(k—1—i)/(k—1)
(and similary for the vertical coordinate) so that a is in cell 0,0. This square grows on all four sides, so that,
ultimately, every pair (z,y) of integers is mapped to a letter for these large enough squares. Moreover, this
letter is constant, once defined. Indeed, an easy induction allows to show that then the square o!(a) appears
in the middle of any o’ (a), for ¢/ > t. Thus we can define S as holding, in cell (z,y) the letter that appears as
o'(a)(z,y) for large enough t. By construction o(S) will be the shift of S (with respect to i, 7).

If 0 admits two letters that appear in their own images in some side of the square, strictly, or four letters
that appear in their own images in all possible corners, then we can do the same kind of iterations, starting
with the pattern consisting in these two or four letters.

C. EXAMPLES OF NON PERIODICITY

C1 a) For example, such a substitution o:

1[1]1 0JoJo
(1] — [1]o]1 (o] — [o]1]o
1[1]1 0jofo

The fact that the set of infinitely decoded tilings cannot be defined by local rules is proved in the same way
as for Sierpinski carpets.
We call such a figure (and also if we swap 0 and 1) a double frame.

171 1 1|1
1{0{010j0]0|1
110 0|1
110 0|1
110 0|1
1{0{010j0]0|1
1(1]1|1 171

We say that the size of the double frame in the figure above is 5. If a double frame of size N occurs in the
tiling, then the tiling cannot have a vector of periodicity with absolute values of coordinates less than N. By
induction on k, it is shown that ¢*(0) and o*(1) contain a double frame of size 3¥~1.

b) Consider a one-letter alphabet.

C2 Suppose that in there are 8 letters a;, b;, ¢;, d;, for i = 1 or 2. The images of any letter is of form Z; ZJI' . There
are 16 ways to choose indices, so we can choose different images for all eight letters.

C3 1t is a consequence of some following problems.

C4 Let us prove the aperiodicity of any infinitely decodable tiling A. Firstly note that, from the separation images
property, it follows that both coordinates of any periodicity vector v must be divisible by 2, and then note
that the vector v/2 is a periodicity vector for the tiling 0=1(A4). Applying this to a tiling with the smallest
nonzero period, we have a contradiction.

C5 We use notation W for left direction, E for right, N for up, and U for down. We will denote by NW the left-
up direction (and similar notations for other diagonal directions). Our substitution has the image separation
property, so each letter a; of the alphabet A belongs to one of the types NW, NE, SW, SE.

We draw letters of the new (decorated) alphabet B as tiles, in the center of each tile a letter from A is
written, there are arrows on the sides and on each side has a label — a letter of A. Thus, a letter from B is
defined by a 5-tuple of letters of A and four extra bits (arrow directions).

—5
2010
a

We will talk about types of tiles (i.e. NE,NW,SE or SW, types of central letters), types of tile sides
(N, E, S, W depending on the direction of the arrow), types of side labels (NE, NW, SE, SW). The substitution
1 : B — B* is defined as follows. If the letter a is written in the center of a tile and some labels are written on

the edges, and o(a) = gl 2 , then we write the letters aj, as, a3, aq in centers of coresponding tiles, preserve




labels and directions for outer sides of tiles, direct central arrows from the center of 2 x 2-square and draw
labels a on them, see pic.:

a; a;

a; ai aja a2 G
Y a a
a a

a; a3 aja a4 Qg

aj aj

The idea of such a decoration is as follows: an infinitely decoded tiling consists of blocks 2* x 2%, and each
2k % 2k _block consists of four 25— 1 x 281 _blocks, and boundaries between these four blocks form a cross, on
the edges of which the same labels are written. These crosses separate blocks of large size from each other. In
the Sierpinski carpets example, there was no such boundary, and local rules could not distinguish the boundary
of a large block from its middle part.

We say that the direction NE is symmetric to NW with respect to the vertical direction, and SW is
symmetric to SE with respect to the vertical direction. Symmetry relative to the horizontal direction is defined
similarly.

We define the following local rules:

1) On neighbouring tiles, adjacent sides have the same direction and label (that is, one can speak about the
direction and label of edges in the entire tiling).

2) Only tiles of vertically symmetrical types can have a common vertical side. Only tiles of horizontally
symmetrical types can have a common horizontal side.

3) Nodes between tiles can have only such degrees of: outgoing degree 4 OR indegree 3 and outdegree 1.

4) If 4 edges go from one node, their labels coincide.

5) If there is a tile of type NW to the up-left side of a given node, we call this node central. We require that
central nodes have outgoing degree 4. If these edges have labels a, and o(a) = gl o2, then in the center of
the tile to the north-west of the node there should be the letter a;, similarly for the other three tiles.

6) From a node of type 3-1 there is an outgoing arrow, central ingoing arrow and two lateral arrows. We
require that the labels on the central incoming and outgoing arrows coincide, and also that the types of
labels on the lateral arrows are symmetrical with respect to the outgoing edge. For example:

7) For a node of type 3-1, suppose there is a label a on the outgoing v;, and a label b on a lateral ingoing
arrow vg. Let o(a) = gl a2.
If the angle between the type of b and the direction of v, is equal to 135° (for instance, vo goes down, and
b has type NE), then the angle between v; and the type of b must equal to 45°, and the letter b must

occur in o(a) at the position corresponding to the type of b.
b of type NE

‘ b = ag, where as is the NF letter in o(a)

To construct this set of rules, we looked closely at an infinitely decodable tiling, and forbid everything that
did not occur there. It is necessary, on the one hand, to write enough rules so that decoding can be determined,
and on the other hand — to check that after the decoding all the local properties hold. For this reason, we do
not use larger local rules (involving non-neighbouring tiles): it is difficult to verify them after decoding.

Analysis of permitted tilings. Now we want to investigate permitted tilings. From 1) we find that the
plane is divided into 2 X 2-squares, in each of which the tiles have the form ¥}V ¥E. We will call these blocks
basic blocks. From 5) and 4) it follows that the centers of the basic blocks are central nodes; moreover each of
them has 4 outgoing arrows, which have the same labels.



C6
c7

D1
D2

D3

NW| NE NW| NE

SWwi SE SW| SE

NW| NE NW| NE

SWwWi| SE SW| SE

All the nodes are divided into central, lateral (those which have 2 ingoing arrows at the picture above) and
the rest. From 3) it follows that the midpoints of the sides of the basic blocks (lateral nodes) are of the type
3 — 1, and together with 6) it implies that the arrows on each side of the basic block are co-directional and
have the same labels.

Together with property 4) this gives that each base block is a ¥— image of some letter. Thus, the decoding
from a permitted tiling 7' to ¢~ 1(T) is well defined. This tiling can be obtained from 7' by erasing the lines
inside the base blocks and writing inside them the letters which are the labels of arrows, outgoing from its
center.  We need to check for 9)~1(7T') the properties of 1) — 7). Properties 1), 3), 4), and 6) are automatically
satisfied, since no new situation at the nodes (in terms of which labels and arrows are written on the incoming
edges) arises.

For property 2), we must check that any two base blocks having a common side are decoded into symmetric
type of letters. But the type after decoding coincides with the type of the label written on the inner cross of the
basic block. The local rule 5) guarantees that the marks of the two blocks are symmetric, and after decoding,
2) holds. So, the basic blocks are combined into 4 x 4-blocks, which after decoding have the form ¥}V ¥F

Consider a 4-tuple like in the following figure.

(A1

The label a has type NW, therefore, according to 6), the edge vy is directed to the left, and vy to the top.
Hence, v; and vy go out from a central node. From 4) it follows that the labels on these edges coincide. Also,
from 6) it follows that a is in the upper left corner of the image of this label under ¢. Similarly we can speak
about the rest of the basic blocks, and therefore, after decoding, property 5) holds. So, the decoded tiling is
permitted, and therefore all the permitted tilings are infinitely decoded.

Generally speaking, we have not solved the problem yet. We have not shown that each tiling that is infinitely
decodable by o allows a permitted decorations. It can be shown that such a decoration exists for those tilings
for which each tile lies strictly inside some block of form o*(a;). You can describe the rest of the tilings and
slightly modify our decoration; we leave this it to the reader as an exercise.

We leave this task as an exercise.
We'll use C5. Let o be a substitution A — A*. Take 7 2 x 2 with property of separating images B — B*.

Construct a new alphabet C' of size |A| - |B|; its letters are pairs (a;,bj)la; € A,b; € B. We define on it a

(ai,bj) (ar,by) _a; ag __ b b .
(b (an by 2 Where o(a) = ay a, u7(b) =7 " Itis

easy to see that it is a decoration of ¢ and it has the property of separating images.

substitution v of size 2 x 2 given as follows: (a,b) —

D. DIFFERENT FORMALISMS.

Replace letters at up and right sides by opposite ones.
Hint. Use Robinson tilings, divide them by small squares and give local rules that force small tiles to form big
Robinson tiles.
a) Answer: no. It’s easy to construct a periodic tiling repeating a 2 x 2 block made of one tile and all its
reflections.

b) Answer: yes.



E. DECORATIONS.
E1. a) alphabet {a1, aq, b}; forbid {bay, asb, bb, asa; }.
b) alphabet {a1, as,b}; forbid {ba1, asb, bb, asa; } horizontally, {;2, abl, 2, Zi

E2. The set of tiles with decorations, without those labeled b, tiles arbitrarily large squares (in every infinite
tiling). By B8, there is a tiling of the plane using those tiles. It is labeled by only a’s.

E3. a) Answer: no. Assume it could, and let k be the maximal size of the local rules. Consider a tiling with a
single connected component which is a horizontal path of size k, and another tiling, similar but with size k£ + 1.
These two tilings have the same patterns of size k, so they should be either both forbidden or both permitted.
Nevertheless, exactly one of these two is in the wanted set.

b) alphabet {a, by, bs}; forbid {abs,b1b1,babs, bra}.

¢) One possible solution (among many possibilities): Decorations draw a spanning forest for the connected component,
that is the disjoint union of rooted directed trees that cover the whole component. Each tree should have even
cardinality: this can be counted at each node by addition modulo 2 of the value carried by possible son nodes. On
the one hand, every connected component can be decorated by an even spanning tree, hence permitted. On the
other hand, if a tiling is permitted, every connected component is spanned by several trees of even cardinality, so
that it itself has even cardinality.

E4*. In 1D: yes, easy: alphabet {a, b1, by }; forbid {aba, b1b1,baba, baa}.

In 2D: no, it’s much more difficult, because the sum of two odd numbers is not odd. It’s hard to force the
connected component to be spanned by only one tree (rather than a forest). This question is currently the purpose
of ongoing research, on so-called soficity of sets of tilings.

E5. The set of tilings representing 3-colorable planar graphs, for instance.

E6.

a) All 2 x 2 patterns that appear in the new tiling already appeared in one of the two previous permitted tilings.
b) Let k bet the cardinality of the decorated alphabet. The number of possible decorations for the border of n x n
tilings is k4?1,

¢) Consider the set of configurations such that all ¢’s form a column, and consider the set of n X n-squares that

} vertically, and {Zl ag}'
2

appear on the left of this column. They can be any tiling over {a, b}, so there are 2" different ones. If n is big with
respect to k, then by the previous question, two of these tilings have the same decorations within the corresponding
infinite tilings, and by Question a), we can replace one by the other. But then (at least) one of the two does not
have the correct mirror image on the other side of the column.

d) If S is a set of tilings that is defineable by decorations and local rules, then there exists k such that, for every
n, any set of n x n tilings which have nonintersecting pairwise extension sets (set of possible ways to extend as a
tiling of the plane) has cardinality at most k.
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TATOB, CMOXKeT IOpeIaTh 3aja9u st uccaenosanns, cM. [E2, Es, AB,
Kol7, Saf] u ccpinku B 91X paborax.

Ilepen mokazarebCTBAME HEPAZPEIIUMOCTH aIre0pandecKux ypas-
HeHM# MBI pasbepem o0Imii cmocod WX pelreHust — METOJ PEe30JbBEHT
Jlarpamxa. Unea Abens u lanya dpakTraeckn 3aKIH0926TCA B TOM, 9TO
ecJT ypaBHEHUE Pa3PENINMO B PAJIMKAIAX, TO €10 MOXKHO PEIIUTh STUM
METOJOM. DTUM K€ METOJOM CTPOATCH W AJTOPUTMBI — HAIPUMED,
pPaclo3HABAEMOCTH PA3PEIUMOCTA YPABHEHU B PAJIUKAIAX.

st mpakTuku TpubIMKEHHBIE METO bl DEITIeHnsT YpaBHeHul boJtee
TTOJIE3HBI, UM PaINKAJIbHBIE (POPMYIBl. KpoMe TOTO, ypaBHEHUST MOXK-
HO PEIATh IPU TIOMOIITH TPAHCIICHIEHTHBIX hyHKIW (M. MeTos Buera
[ZSS, 1. 4.2] u [PSo|). Oxnako npobiema paspemmmMocTu B pajnkaiax
WHTEpeCHa KakK MpobHas 3a71a4a COBPEMEHHBIX TEOPUN CHMBOJIBHBIX BbI-
YUCJICHUN U CJIOXKHOCTU BBIYUCJICHUN.

O noBusne. llpuBojumbie B pelreHusix JOKa3aTeIbCTBA HE IIpe-
TEHJIyIOT Ha, HOBU3HY (XOTsi, BO3MOXKHO, YUTATENN CyMEIOT MPHUIyMaTh
9TO-TO HOBOE). Bee e B 9TOM TeKCTe MMeeTCss MHOTO METOIMICCKUX
HAX0J0K, cM. [ZSS, 1. 5.2.1, 5.2.2], u joKazareabcrBa OTJUYHbL OT 1IPU-
BEJICHHBIX U TMTUPOBAHHBIX B [ZSS, §5|. Onako, K COXKAIEHUIO, IPH-
BOJMMBIE JOKA3ATETHCTBA MAJION3BECTHRI. Kak ciencreue, MaIoOn3BECT-
HO, YTO HE TOJIHFKO PeIaTh KBaApaTHbIE U KyOUvIecKue ypaBHEHHsI, HO
¥ J0Ka3bIBaTh YKA3aHHBIE TEOPEMBI SIKOHOMHEE, He CTPOs U 3aTeM MpU-
MeHstst Teopuio Lamya (Kak, HATPUMED, B CTAHJAPTHBLIX y4eOHUKAX 110
aqarebpe), a HAIIPAMYIO 2 — HO TIPH 3TOM, KOHEYHO, TIEPEOTKPLIBA H HC-
MoJTb3ys HA30BBIE UIEH YTON TEOPUH.

*Kax, manpumep, B [Dor, §25], [Pr07-2, monosmenue 8], [FT, JTexuus 5], [ZSS,
§5], [Dor, St94, Kol, Ler, T, Sk11, Sk15] u 3mecp. znoxenne B [Al] 6umxke k sTOMY
crumo. Xorsa Gosbnras gacte [Al] mocesimena u310:K€HUIO TEOPHUHU, HE HYKHOU 11t
J0Ka3aTe/IbcTBa 0Caab/IeHHONE Bepcuu TeopeMbl AGeJisi, 00bsIBJIEHHON B KAYECTBE OC-
HoBHOTrO pesysnbrara (cM. [Sk15, konen 3ameuanus 7]), asropy xuuru [Al] ynamocs
n36eKaTh HEMOTUBUPOBAHHOIO U3JI0XKEHUsI YacTu 10N Teopun. JJoKa3areabcTBo u3
[Al] 6osee xopoTkO M HmoHATHO H3M0xKeHO B [FT, Jlekuus 5] u, BosmoxHo, B [Sk11].
3aMeTnM, 9T0 TO0KA3ATENBCTBA B GOIBITUHCTBE STAX HCTOTHUKOB HEITOJHBI, CM. [ZSS,
cnocka 12 ma crp. 113 u xonen §5.5.4], [Sk15, O6cyx nenue]. Hecmorps na 9111 HE10-
CTATKM, BBIIIEYIIOMSIHYThIE 9JIeMEHTAPHBIE M3J/I0KEHUs ObLIH /I HAC MOJIe3Hee, 9eM
dbopmanbabIe n3M0KeHN (B CTAHAAPTHBIX YIeOHUKAX, M3TATAIOINX TEOPHUR ), KOTO-
pbleé HAYMHAIOTCS € HECKOJIbKMX COTEH CTPAHUL| OLPEJEIeHUI U CJIeJCTBUI, POJb
KOTOPBIX B JI0KAa3aTe/IbCTBE TEOPEMbl O HEPAa3PEeIINMOCTH HEesCHAa Ha MOMEHT WX
dopmymuposkn. HemoTnBnpoBaHHOE H3/I0KEHUE CIIYKUT «IJIABHBIM O0OPa3oM st



1.2 Hepa3penimmMocCTh B BEITIECTBEHHBIX PaauKaIax

Beiiecrsennoe uncsio Ha3blBaeTCHd BEIECTBEHHO PaINKAJIBHBIM, €C-
JIX €70 MOZKHO TOJIYYHUTDH U3 YHcaa 1 IpH MOMOIMHN CIOKEHHH, BBITUTA-
HUM, YMHOXKEHUM, JIeJIeHNI Ha HeHyJIeBble Y1CJjla U U3BJICYeHN KOpHeil
TIeJIBIX IIOJIO2KUTEIBHBIX CTelleHeH 13 MoJI0KUTeIbHbIX dncesl. T.e. ecnn
HEKOTOPOE MHOXKECTBO, €r0 CofeprKallee, MOXKHO IOIYYUTL U3 MHOXKE-
cra {1}, ncnonb3ys onepanuu J06aABIEHNA K Y2KE UMEIOMIEMYCs MHO-
xecrBy M C R, comepxarnemy 9uciaa x,y,

qucen +y,x —y,ry, uncaa x/yupuy #£0

u ancaa /o npu x > 0 u memom n > 0.

BeH_LeCTBeHHaH PaInKaAJIbHOCTDH YUC/Jd ¢ PABHOCUJIbHA CYIIIECTBOBAHUIO

TaKWX
® [[e/IbIX IOJIOKUTEJIbHBIX Yuces S, Ky, .. ., ks,
® BEIECTBEHHBIX YNUCeT f1,..., fs 1 MHOTOWIEHOB Pg,P1, - --,Ps OT
0,1,...,5 mepeMeHHBIX, COOTBETCTBEHHO, C PAIMOHAIbHBIMU KO3 dU-
IIMEHTAMHU, ITO
1 =po

52 =pi(fr)

fF=pei(fi,- s foor)
« :ps(fla- . -vfs)

Sameganue 1.1. (a) JIio6oii BemecTBeHHDIN KOPEHb KBaIPATHOTO

YPaBHEHUS C PAIMOHAIBHBIMY KOI(PDUITMEHTAME BEIECTBEHHO PAIUKa-
JIEH.

(b) Ypapuenne 23 + x + 1 = 0 WMeeT POBHO OWH BEIIECTBEHHbIIT
KODeHb, KOTOPBIil BelecTBeHHo pajnkasieH [ZSS, . 4.2], cm. Takke 3a-
nady 2.8(c).

(c) Vpasuemne z* 4+ 4r — 1 = 0 uMeeT /B3 BEIIECTBEHHBIX KOPHSI,
KaXK/IbIil 13 KOTOPBIX BEMIECTBEHHO pajukaier [ZSS, m. 4.2], cM. Takxke
sazady 2.10 (d).

TOTO, UYTOOBI 3aTPYIHUTH HETIOCBAIIEHHBIM OBJIAJEHUE CBOEH HAYKOW M TeM CaMBIM
MOBBICUTE €¢ aBTopureT» [Ar84, crp. 49]. 3amernm, 9TO /I MHOTHX WMEHHO MO-
MUGUPOEAHHOE N3JI0KEHNAE TOBBIIIAET aBTOPUTET MAaTEMATHKH.



(d) JIroboe BemecTsenHo mocrpoumoe uncao [ZSS, n. 5.1.2] semre-
CTBEHHO PaJUKAIBHO.

(e) CymecrByer MHOTOUJIEH 3-fi CTeleHN C PAlOHATBHBIMU KO-
dburmenTavu (Hanpumep, 2° — 3z + 1), HE 0IUH T3 KOpHel KOTOPOro He
SIBJISIETCsI BEIECTBEHHO PaiuKasibHbiM. (1o nokazano B 1. (f).)

(f) Yucso cos(27/9) He ABIAETCS BEIMIECTBEHHO PAJINKATBHBIM.

HeiicrBurebrao, mo GopMyie KOCHHYCA TPOWHOrO yrjaa KaxKioe
u3 ancen cos(2m/9), cos(87/9), cos(147/9) ynoBaeTBOpseT ypaBHEHUIO
8y% — 6y + 1 = 0. Ilo HuKenmpuBeeHHON TeopeMe 1.2 HEM OJHO W3 HUX
HE ABJIACTCA BEIMECTBEHHO PAJUKAJIHLHBIM.

(g) Tpuceknus yrjia HEBO3MOXKHA [IPU IOMOIIU BEIECTBEHHBIX Pa-
JIMKAJIOB, T.e. CyIIECTByeT Takoe o (Hampumep, a = 27/3), 410 9mcyio
COS (¥ BEIIIECTBEHHO PAJMKAJILHO, a unco cos(a/3) — uer. (dro caemyer
u3 . (f).)

Teopema 1.2 (0 paspemumocTy B BEMeCTBeHHbIX pajukanax). Coe-
JIYIOIIUE YCJIOBUS HA MHOTOWIEH [ TPEThe CTENeHr ¢ parmuOHaIbHBIME
KO3 PUITMEHTAMA PABHOCUIBHBI:

(1) maOrOwIeH f umeer yiuboO XOTs Obl OJIMH PAIMOHAJILHBIH KOPEHb,
60 POBHO OJMH BEIECTBEHHBINH KOPEHb;

(il) MHOTOU/IEH f MMeEeT BEIMECTBEHHO PaJNKAIbHBIN KOPEHb;

(iii) Bce BemecTBeHHBIE KOPHU MHOTOUYIECHA f BEIECTBEHHO DaJIv-
KaJIBHBI.

EumcTBeHHOCTD BEIECTBEHHOTO KOPHSA <«YKOPOUEHHOTO» YPaBHEe-
mna 22 + pr + ¢ = 0 paBHOCHIBHA yeaoBHIO «p = ¢ = 0 wm (p/3)% +
(q/2)% > 0» [ZSS, zanaqa 8.1.5.d].

PapuocuibaocTs (44) < (401) oueBMIHA W CJIEIyeT U3 3aMedaHus
1.1.a. Paspemmmocrs B Teopeme 1.2 (r.e. (i) = (ii)) jokasbiBaercs
memodom deav @Peppo  |ZSS, m. 4.2|; cM. npyroe 0Ka3aTeIbCTBO B
m. 2.3. Hepaspemmmocts B Teopeme 1.2 (te. (i7) = (i)) moKaswiBaeT-
ca cokuaee. Bojsiee poCTO TOKA3BIBAETCA AHAJOTUIHBIN PE3YJILTAT O
HEPA3PEWUMOCTU 6 MHOROUAEHAT, CM. . 2.5.

1.3 Hepa3penmmMocTb B KOMILIEKCHBIX PaanKajiax

[epeiiném x bopmysiaM, KOTOPBIE MOTYT COJIEPIKATH KOMILIEKCHBIE UHC-
sta. OxaspiBaercs, Kybuueckoe ypapuenue (mampumep, x> — 3z + 1), me-



Pa3penmmnmMoe B BeIIECTBEeHHBIX PaJuKaJ/IaX, Pa3pPeIInMO B KOMIIJICKCHBIX.

Kowmmekcaoe [ancsio HasbBaeTcst (KOMILIEKCHO) PAAMKAJIBHBIM,
€CJIM €10 MOYKHO TTOJIYIUTh U3 YUCHA | TP TTOMOTITH CJIOXKEHUN, BEIIUTa-
HUM, yMHOXKEHHH, JeJeHUA Ha HeHyJ/IeBble YUCja U U3BJIeYeHU KopHei
IIEJIBIX TOJIOKUTEILHBIX cTermeHeit. T.e. eciin HEKOTOPOEe MHOYXKECTBO, €T
cojieprKaliee, MOXKHO MOJTYIUTh U3 MHOKecTBa {1}, ucnosn3ys onepa-
nuy T00aBJIeHUsT K y2Ke MMerIemMycss MaoxkecTBy M, comeprkaiiemy
qucaa x, Yy,

qucen T+ y,x — y,xry, «mcaa x/y upuy # 0

u Jjioboro Takoro yucaa r € C, uro " = x ans wekoroporo meaoro n > 0.

Hanpuwmep, m060it (KOMILTEKCHBIH) KOPEHh KBAIAPATHOTO yDPABHEHUS
C PAIIOHATBHBIME KO3(MDMUIMEHTAMA SIBISETCA PATAKATBHBIM. AHATO-
TUYHBIE YTBEPKICHUS CIIPABEINBLI JJisi ypaBHenuit 3-it u 4-it cremenu.
Onu jokaseiBatoTcst memodamu deav Peppo u Peppapu [ZSS, n. 4.2];
CM. JIpyroe J0Ka3areabcTBO B 1. 2.3. OHAKO aHAJOT TUX YTBEPKIe-
Huli Jyig 6oJiee BBICOKUX CTEleHell HeBEpEH.

Teopema 1.3 (l'amya). CymiectByer ypaBHeHue 5-if cTemnenu ¢ pa-
IHOHATBHBIME Kodddurmentamu (rampumep, ° —4x+2 = 0), au ogun
M3 KOPHEH KOTOPOro He ABIAECTCH PAJVKAJIHHBIM.

SuaMeHuTY0 MpobyieMy 0 PA3PEIMMOCTH YPABHEHU B PaIHKa/IaX
PEIIIN I0KA3aHHbIE HEMHOTO paHee 6oJiee caabble TeopeMbl Pyddunn—
Abesisi. Teopema Pyddunn 2.7 ciioxuee GopMyaupyeTcs, HO MOTBOIAT
Hac K J0KazaTeabCcTBY Teopembl lanya. Yerkas dbopmysupoBka Teo-
pembl Abessi emie GoJiee CI0KHA M 3j€Ch He npupojurcd, cm. [Sk15,
Bamedanne 7|. DKOHOMHEE PEIIUTH TPOOJIEMY PA3PEIINMOCTH, TOKA3aB
cepytronyto reopemy Lamya (Gosee ciabyro u 6ojiee npocTo JpoKa3bIBa-
emyto, yeM teopema lamya 1.3). Jaa X C C koMmiuiekcHOE 9UCIO Ha-
3b1BaeTCa X -padukasbHoim, €CJIN €r0 MOYKHO TOJYIUTh U3 MHOYKECTBA
X U {1} npu nomommu onepanuii u3 omnpegesenusi pauKahbHOCTH.

Teopema 1.4 (Tanya). Cymectsyror Takue ag,aj,az,as,aq € C,
YTO HUW OJIUH KOPEHb yPAaBHEHUHA 2 +agxt + ...+ ax+ag = 0 me
apsgerca {ag, a, . . ., G4 }-PaJIUKATLHBIM.

Teopema 1.5. CyiiecTByeT ajropuTM, ONPENEISIIONTAN JIJTsT TaH-
HBIX Gp_1,-..,a0 € Q, Bce i Kopru ypaBHenus =" + a, 12" 1+ ... +



a1z + ag = 0 pajuKabHbI.

Teopema 1.5 mokaswiBaeTcd NP MOMOIKH KPUTEPHUST PA3PEITUMOCTH
lasiya 2.13.b u orleHKN HA YUCJIO ONEPAITUi.

1.4 Ilnau

DTOT NPOEKT pacnagaercsa Ha Tpu hOPMaATHLHO HE3ABUCUMBIX KyCKa (B
MEPBBIX JIBYX UCIOJB3YETCS OMPEIeeHIe PATUKATBHOCTH U3 1. 2.2).

(1) B 1. 2.3 obcyxkmaerca merof (pe3osnbBent Jlarpamxka) pemte-
uug ypapuennii. PopMaabHO OH HE WCIONB3YETCH B JTOKA3ATEIBCTBAX
HepasperuMocTu. OTHAKO 3HAKOMCTBO ¢ HUM OyJIeT IO0JIe3HO, [TOCKOTh-
Ky JIOKa3aTebCTBA HEPA3PEITMMOCTH ObLIN TIPUJIYMAHbI TPU aHAIN3Ee
9TOTO MEeTO/a, TOCKOIBKY 9TO 3HAKOMCTBO TTOMOXKET KOHTPOJIUPOBATH
MPAaBUIBHOCTD TTPOMEXKYTOUHBIX THUIOTE3, BOZHUKAMOIIUX HPU JIOKA3a-
TEJbCTBAX HEPABPETTUMOCTH, W TTOCKOTBKY ITOT METOJ| HYKEeH IS JT0-
Ka3aTeabCTBa TeopeMbl 1.5.

(2) JokazarenncTBo Teopembl Pyddunn 2.7 ocHOBAHO HaA ujee crumM-
MeTpuHn B HaMedeHo B 1I. 3.1. K wHemy mogapogut 1. 2.5. I1. 2.4 mogpoguT
n K 1. 2.5, u K JioKazarenbcTBy Teopemsl Lasya 1.4.

(3) JokazarenbcrBo TeopeMbl 1.2 0 paspernuMOoCTH B BEIIECTBEH-
HBIX PA/IMKAIAX OCHOBAHO HA MJEE CONPsKeHUsl (mau aarebpandeckoii
cummerpun). K Hemy nonsoggar . 2.1, 3.2 u 3.3.

Teopewmsbr 1.3 1 1.5 He T0KA3KIBAFOTCS B 3TOM TEKCTE, CM. JOKA3ATEh-
cTBO TIEepBOit B [ZSS, §5], [Sk19, §9]. Teopema lasya 1.4 nokasbiBaeTcs B
JIOTIOJIHATESIbHBIX 33 1a49ax, cp. [Sk15, Sk19|, upu nomomm peaykimn K
reopeme Pydbdunu 2.7, ucnonbyoreit uiewo conpsixkennd (. 2.1, 3.2
u 3.3).

1.5 PekomeHganum yvacTHUKaAM

YuacTHUK (WK MPyONa yIaCTHUKOB) KOHMDEDEHIUH, PeIaoNInii 3a,/1a-
9M TPOEKTA, MOJaydaeTr «000» 3a KaxKI0e 3aNnuceHHoe PermeHue, ore-
HeHHOe B «+» wiau «+.». donosaurebubie 6006 MOIYT BBIIABATHCS
3a KPaCUBbBIE PEITICHNS, PEIIeHNs CI0KHBIX mpobyeM, niu odopmieHme
HEKOTOPBIX periennii B cucreMe TEX. VY )kopu O6ECKOHEYHO MHOTO 00-
6oB. Perrenuns M0XKHO CHABATHL W YCTHO, OTHaBad oxuH 6006 3a Kaxk/bie
[ATh HOTBITOK (HEBAXKHO, YIA9HBIX UJIN HET).



Ecnn 3ama4a BeIIEI€HA CJIOBOM «TeOpeMay («IeMMay, «CIeJCTBHEY
U T.]1.) U JKUPHBIM mpudTOM, TO €€ yTBepxK/aeHue Gosee BaxHoe. Kak
MPABIIIO, MBI IPUBOAMM (B BUJIE 381241 ) (POPMYAUPOSEKY KPACUBOTO WU
BayKHOTO YTBEPKIEHUS neped ero dokaszamesvcmseom. B rakux ciyda-
X JJTs TOKA3aTEIbCTBA YTBEPKIECHUS MOTYT MOTPeb0BATLCH MOCTETY-
rorue 3aa4uu. Ecau Bol 3acTpsann Ha Kakoii-To Apyroil 3ajjade, TaKKe
nepeijiuTe K CJ€IYIONIMM, OHU MOTYT IIOMOYb.

IIpurnamaem Bac obcyzk1aTh ¢ xk10pu BO3HUKAOIIHIE BOIPOckl. Oco-
60 YCIEIHBIM PEeIIATEIIM MBI BBITAEM JONOAHUMEAbHBIE 30004 TSI
MCCTIEOBAHMS.

IToxkamyiicra, coobmuTe HaMm, ecyin Bbl 3HAETE perennst KAKUX-TO U3
TPeTOKEeHHBIX 3a7a49. Kcean Bl moaTeBepanTe cBOM 3HAHWSI, COODIITHB
HaM peIIeHusi HEKOTOPBIX U3 HUX, BaM Oy1eT pasperieHo He moIydaTh
IUIFOCBI IO BCEM 3TUM 3aJa49aM, HO ITOJIb30BAThCA UMM IIPU PEIICHUU
OCTaJbHBIX.

2 3amaum 10 NpoMe>KyTOYHOTO (puHUINA

B sTom TekcTe paBencTsa, BKIOYaone Muorodnen f (wnm f;) osma-
YAIOT PABEHCTBO MHOTOWIEHOB (mokoadgdurnmentrnoe). B m. 2.1, 3.2 u
3.3 «MHOTOUJIEH C PAlMOHAJbHBIMEU KO3 uUImeHTaMmy KOPOTKO HA3bI-
BaeTCd MHOT'OYJICHOM. O603Han/IM

gq :=cos(2m/q) +isin(27/q).

2.1 OpnHO M3BJAEYEHNE KBAJPATHOTO KOPHS

2.1. IlpeacTaBuMo JIH CJIEAYIONIEE YUCTO B BUAE G+ \/5, rie a,b € Q:

@ V3+2V% () Lz (o) VT+5VE  (d) cos(2n/5);

(©) V3. () VZ+ V2 (g) cos(2n/9):

) V2EVE (@) cos2r/T); () V2+ v+ VB,

Jlemma 2.2. Tlycto r €ER -~ Q u 72 € Q.

(a) O menpuogumocTu. Muorowren 22 — r? menpusomum mag Q.

(b) O nuneiinoit nezaBucumoctu. Eciu a,b € Q u a + br = 0,
T0 a=b=0.

(¢) Ec/iu MHOTOYIEH MMEET KOPEHB T, TO 9TOT MHOTOYJIEH JIEJINTC

Ha .172 - 7"2.



(d) O conpsizkenun. Ecim MHOTOUIEH UMEET KOPEHD ', TO KOPHEM
9TOr0 MHOTOYJIEHA SIBJSETCS TAKKE YUCIO —T.

(e) O conpsizkerun. Ecmu a,b € Q m MHOrO4YIEH UMEET KOPEHb
a + br, T0O KOpHEM 3TOT0 MHOTOUJIEHA SIBJSIETCST TAKXKe YUCI0 a — br.

(f) Ecam a,b € Q u kybuueckuili MHOroO4sI€H nMeeT KOpeHb a + br,
TO OH MMEET PAIlMOHAILHBIN KOPEHb.

Teopema 2.3. Ecin MHOroOYJIeH CTelEHU BBINNIE BTOPOU HETPHUBO-
auM Hag Q, To HE OJMH W3 €ro KopHeil He MpeacTaBuM B Buie a + /b,
rae a,b € Q.

Jlemma 2.4 (o pacmmmpenun). TlycTh 9mcio MOXKHO MOTYyYUTH W3
qrcga 1 opu MOMOIMYM HECKOJLKUX OTepannil cA0KeHUH, BLITUTAHUN,
YMHOXKCHUWH, JeJICHUI Ha HEeHYJIeBbIC YUC/IA, U OAHON Olepalnuu HU3BJIe-
YeHUsT KBAPATHOTO KODHS W3 MOJOKUTETBHOTO IHCA, (T.e. JHCIO0 Be-
MIECTBEHHO TIOCTPOUMO C M3BJIEYEHUEM KOPHSI TOJBKO OuH pa3). Toraa
OHO MMEET BHJ a:l:\/g, rine a,b € Qu b > 0.

2.5 Jlns Kakux n aucao cos(2m/n) npejcrasumo B Buge a + Vb,
rae a,b € Q7

ITonckasku k m. 2.1

2 — 2 ppusonum man Q, To on mmeer

panMoOHaILHBIN KOpeHb. IIpoTuBopedne.
(b) Ecmu b # 0, to r = —a/b € Q, uro meBozmoxHO. [Tosromy b = 0,
a 3paunT, a = 0.

2.2. (a) Ecau mMHorousen x

(¢) Hogenum muoOrowneH ¢ ocrarkom® ma 22 — r?:

P(z) = (2* — r*)Q(z) + mz + n.

[Moxpcrasngs © = r, o jeMme o gureiHON Hesasucumoctn (cum. 1. (b))
[OJIy9aeM, 94TO OCTATOK HYJIEBOI.

(d) U3 1. (c) cnenyer, uro eciu R? =7
YJIEHA.

2 10 R eCcTh KOpEHb MHOTO-

Vxasanue % dpyeomy pewenuso. OTobparkenne u +— U MHOMXKECTEA
Q[v2] := {a+bv2: a,b € Q} B ceba KOpPeKTHO opeIeneHo HOPMYIOiL
a+br:=a—0br. Kpome roro, u+v =u+0 uu-0 =u-0 Jjs JIOObIX

u,v € Q[v2].

3STO AeJiIeHne ¢ OCTaTKOM — TO 2Ke CaMO€, 9TO «3aMeHa» 172 Ha 7’2.




(e) O6ozrauum yepes P muorodien u3 ycaosus, u nycrb G(t):=P(a+
bt). Torna G(r) = 0. 3uauur, no nyukry (d) umeem G(—r) = 0.

(f) Ecm b = 0, To yTBEpXKeHME J0KA3aHO. B MPOTMBHOM Cirydae
10 1. (€) MHOTOU/IEH UMeeT (Pa3/IndHble) KOPHU @ £ br, 3HAYMUT TpeTHit
KODEHb DAIMOHAJIEH 1o Teopeme Buera.

2.4. Bb1j10 6bI IOCTATOYHO JIOKA3ATh, 9TO MHOYKECTBO UHCET TAKO-
TO0 BUAd 3aMKHYTO OTHOCUTE/IBHO CJOXKEHUA, BHIYUTAHUA, YMHOXKCHUA
u jestenns. Do, ecrecrBenno, He Tax: (14 v/2) + (14 +/3) me mpexacra-
sumo B Buge a £ Vb, e a,b € Q (gokaxute!).

2.2 OmnpepeneHune paauKaJbHOCTU MHOTOYJIEHA

Perrterne KBagpaTHOTO ypaBHEHU t2 4+ bt + ¢ = 0 MOXKHO BBIPA3UTH
dopmymamu

r+y+(r—y) —b+(z—y)
2 B 2 ’

(l’—y)Q = ($+y)2—4xy =b—dcu x=

OTu HOPMYJIBI MOKA3BIBAT, UTO KOPEHb T KBAaJIPATHOIO YDPABHEHWS

6uIPasuUM 6 padukanar (B CMBICTIE, CTPOTO ONPEIEJIEHHOM HIKE) depe3

ko3 duimenTel —b = x + Y, ¢ = TY KBAJIPATHOTO YPABHEHUS.
O6o3HaunM 31eMEHTApHBIE CUMMETPUYECKNE MHOTOYUJIEHbI

o1(T1, .. xp) =21+ o Ty, ey op(T1, e Tn) =T Ty

Ecim 9ucio m u aprymMeHThl Ty, ..., T, SCHBI W3 KOHTEKCTa, TO OHH
MPOMYCKAKTCA 13 0003HAYUEHUI.

Muorounen p € Clzy,...,x,| HazbBaercss (KOMIIEKCHO) paiu-
KaJbHBIM €C/IH P MOKHO 100aButh B Habop {o1,...,0,} U C muoTO-
YJICHOB IICII0OYKON olepanuil CjaeayIonero BUu/ia.

e J106aBUTH B HADOP CYMMY WJIH TPOW3BEJIECHWUE VIKEe WMEIOTITUXCS
MHOTOYJIEHOB;

e ec/im MHOTOU/IEH 13 Habopa pasex f* 11 vekoropeix f € Clzy, ..., zy]
u 1meqoro k > 1, o mobasuTh B HabOp MHOrOUWIEH f.

Bameuanne 2.6. (a) Hanpumep, x Muorowrenam o2 + 2y u o — y°

OTepAITIAMH TIEPBOTO THITA MOYKHO /106aBHTh MEOTOITeH —5 (2% +2y)? +
3(x? +2y)(z —y*)®. A k muorouneny x2 — 2zy +y? onepanueit BTOporo
THIA MOYKHO JTOOABUTH MHOTOWIEH & — Y (Win y — ).



(b) Onepanuu nepBoro Tuma J06ABISIOT MHOTOYIEH C KOMILTIEKCHBI-
MH KO3(DPUITNEHTAMHA OT YK€ NMEIOITHXCH.
(c) Tlo Teopeme Buera o1, . .., 0, ecTh KO3MDMUIMEATH MHOTOUIEHA

t" — ot (=) "ot 4 (=10, € Clxy, ..., x][t]

C KOPHSAMH T1,...,Tn. 1109TOMY DPaMKAILHOCTH MHOIOYJIEHA T] PaB-
HOCHJTbHA, BLIPA3UMOCTH (B YKA3aHHOM CMBICJIE) depe3 Ko uinenTol
9TOTO MHOTOWJIEHA €0 KOPHS 7.

(d) PaaukapHOCTH MHOTOWIEHA T] PABHOCHJIBHA CYIIECTBOBAHUIO
TAKWX

® [eJIBIX TTOJIOXKUTETbHBIX YHCes S, K1, .. ., ks,
® MHOTOWIEHOB f1,..., fs OT n MepeMeHHBIX U Pg, P1, - - - , Ps OT N, N+
1,...,n + s nmepeMeHHbIX, COOTBETCTBEHHO, C KOMILIEKCHBIMU KO3(hduU-

oueHTaMu, 94TO

(5 = po(o1, ..., 00)

f§2 :pl(o_lr"’a—nafl)

ffs :psfl(a-lv'--ao-nafl""afsfl)
o) :p8(0-17”'70-n7f17'”7f8)

B 9Tux paBeHCTBAX MBI ONYCKAeM NepeMeHHbIe (I, ..., T,) MHOTOYIe-
HOB O1,-.-,0n, f1,--+, [s.

(e) Beerma im MOXKHO, 3HAaSA T + Y ¥ Y, OJHO3HAYHO HAHTH 7

Bot npocreiiniast (hopMaan3aus 3TOro BOIPOCA: CYWECMEYEM AU
omoGpaoicenue f: R? — R, das xomopozo f(x + y,2y) = = npu awo-
bwir x,y € R? Orser: He cymecrByer (AeHCTBUTETBHO, PACCMOTPUTE
napel ¢ = 1,y = 2 u & = 2,y = 1). Urak, pasukajsbHOCTL HE JaeT
«HAXOXKJIEHUS» B YKA3aHHOM BBIIIE CMBICJIE.

Ananoruuno, 3Hast 01 =T+ Yy + 2, 02 = xY + Yz + 2T U 03 = TYZ,
HEBO3MOXKHO OZiHO3HAUHO Hafitn (x —y)(y — z)(z — x) (meficTBUTENbHO,
paccmorpure Tpoiikn . =0,y =1,z = —1lunaz =0,y = -1,z = 1).

Teopema 2.7 (Pyddunn). Hu q1s kaxoro n > 5 MHOTOWIEH 21 He
Da/IIKAJIEH.

13 nokazarenscrBa OyaeT BBITEKATH, 9TO [AayKe MHOTOYUJIEH T1X2 +
Tox3 + X374 + T4x5 + Tsx1 HE PaTUKATIEH I 1 = O.
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2.3 Pemenve ypaBHeHUIT MaJIbIX CcTeNneHeHN

2.8. KaKI/Ie n3 CJaeAYIOIMUX MHOTOYJICHOB PAJANKAJIBHBL JIJIA 7L = 3?

(@) (@ —yly—2)(z—2); ) 2y+y’z+2"2; (c) =

B zagade 2.8 u ganee mcmoib3yiiTe OCHOBHYIO TEOPEMY O CHMMET-
PUYECKUX MHOTOUJIEHAX, CM., HanpuMmep, |ZSS, 4.6.3c|. [lomckaskoii 1.
(¢) smasmoTest cremytonme 3aaaun 2.9.a u 2.11.c.

2.9. Muorounen f € Rluj,ug,...,u,| HA3BBAETCH MUKIJINIECKU
cummMerpudeckuM, ey f(ug, ug, ..., uy) = f(u2, us, ..., Up—1,Un, u1).

(a) Haiigure xorst 661 0y Mapy «, f € C, ayst KOTOPO# MHOTOUIEH
(u+va+wB)? MEKIMTYecKE CHMMeTPIYecKTil, 8 MEOTOWIEH U4 va+ w3
— HEeT.

(b) Iloayuure MHOTOUIECH X123 + X35 + T5T7 + T7Tg + Tox Ole-
palyaMK U3 OlpeJeIeHUs PAAUKAJIbHOCTU U3 HEKOTOPbIX UUKAUMECKU
CHMMETPUIECKAX MHOTOYICHOB OT X1, X2, . - ., L10-

2.10. Kaxkue u3 caefyommux MEOTOUIEHOB PAINKAILHBL st 1 = 47

(a) (z —y)(z—2)(x—t)(y —2)(y —t)(z — 1);

(b) zy+2t; (c)x+y—z—t; (d) .

2.11. Pemure cucremsr ypasuenwuii (z, y, 2, t — HEM3BECTHBIE, A, b, ¢, d
WU3BECTHHI ):

r+y+z+t=a, r+y+z+t=a,
r+y—z—t=0b, T4y —z—it =0,
_ = (b) N i

r—y+z—t=c, r—y+z—t=c,
r—y—z+t=d; r—iy—z+it=d;

(a)

r+y+z2=a,
(¢) ¢x+esy+eiz=0b,
T+ e3y+ezz=c.

Bripaxkennsa n3 3agaun 2.11 maspiBatoTed pezoaveenmams Jlaepan-
orca. OHU «JIydIiey KOPHE, TOCKOJBKY «CHMMETPUIHEE» B CIEAYIOIMEM
CMBICJTE.

Pewenue kybuueckozo ypasHeHUA NPU NOMOULU pesoaveenm Jlazpan-
orca (pewenue sadawu 2.8 (c)). Jlns maxoxenusa KOpHedt T, y, 2 Kybu-
YECKOr0 ypPaBHEHUS JOCTATOYHO HANTH BBIPAXKEHHS a,b,C W3 3aJa9u
2.11 (c). (Bamernm, uro meros gens Peppo us zagaun [ZSS, 4.2.2| dbax-
THaecku npuBoauT K tomy ke.) Ilo reopeme Buera a = a(z,y,z) —
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koaddunment ypasaenusi. [Ipu 3amene x <> y muaorodnen b = b(x,y, z)
TepexonT B €3¢, a ¢ = c(x,y, 2) B €3b (mposepwre!). 3HAUNT, MHOTO-
wnens! be u b3 + ¢ He MemsoTCH pE 9TOI 3aMeHe. AHAJOTHYHO OHM
He MEHSIIOTCsI IIpH 3aMene 2 < y. Ilostomy mmorowienst be u b3 + ¢
cummempuseckue, T.€. He MEHSIOTCS Ipu JOO0N IepecTaHOBKe Tiepe-
MeHHBIX. Torma n3 Teopembr Buerta n TeopeMbl 0 pegcTaBUMOCTH CHUM-
METPpHUYICCKOTO MHOT'OYJICHa B BUAE€ MHOI'OYJICHA OT JJIEMEHTAPHbBIX CHUM-
METPUYECKUX MHOTOWIEHOB (yTBepxKaeHue |ZSS, 4.6.3c|) caemyer, aro
9TH MHOTOUJIEHBI OT X, Y, 2 TPEJCTABISIIOTCS B BUJE MHOTOWIEHOB OT
k03 durinenTor ypapuenus. Temeps, perias KBaApaTHOE ypPaBHEHWE,
MOZKHO Tos1yanThb b2 u ¢, Jlajee j1erko moayunTh caMu b 1 c.

Beugy reopembr Pyddunu 2.7 meron pezonbsent Jlarpanxka, mpo-
ITeMOHCTPHUPOBAHHLIN Ha IpHUMepe PeIlleHns ypaBHeHui 3-if u 4-if creme-
uu (3a1a4n 2.8 (¢) u 2.10 (d)), He paboraer jyist ypaBHeHust 5-i cremnenu.
Coobpasnre, mouemy!

Oboznaumnm uepes Y, MHOKECTBO II€PECTAHOBOK ¢-3JIeMEHTHOI'O MHO-
’kecTBa. For a permutation « € X, denote

Ug 1= (ua(1)¢ cee 7ua(q))'
Omupenennum pesoaveenmy Jlazpanoca Kak
t(ui,...,uq) = ¢equs + 5§u2 + .+ el

Ompenennm pesorveenmy laaya Kak

Qui, ..., ugy) = H (y — t(ta)) € Qleglur, - - ., ug, y).

agly

2.12. (a) Umeem Q(equr, ..., equq,y) = Q(ut, ..., uq, y).
(b) Hns mekoroporo Rg € Qlgyl[z] mmeem Q(uq,...,uqy) =
= Ro(u1,...,uqy?).

(¢) Ecmm x1,. .., 25 — xopam muorounena f € Qx| 5-it crenenn, To
Q(x1,...,25,y) € Qles][y] m name Q(z1,...,25,y) € Qlyl.
Muorounen Rg(z1,...,25,2) € Q[z] HaswsBaercs paspewarousum

MHo20uAEHOM LIS f.
(d)* Bce xopunm paspemrazomero maorodiena At f(z) = x°+ 15z +
11 (a 3HaYMT, ¥ CAMOrO MHOTOYWIEHA f) PajNKAIbHbL.
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Teopema 2.13* (a) TIpu a,b € R Bce xopun ypasuenus x° + ax +

15 + 20c
b = 0 pagmKaJbHBI TOTAA W TOJLKO TOTIA, KOTAA 4 = 2y Mb=
c
44 F 8¢
QL anst Hekoroporo ¢ € Q, ¢ = 0.
cc+1
(b) (Kpurepmnii F'anmya paspermumoctn) Ing mobbix a,_1, . . ., ag

Q Bce xoprm ypaBHenus A(z) := 2" +a, 12" '+ ... +ax+ag =0
PaIUKAIBHBI TOTJA W TOJBKO TOT/A, KOT/a HEKOTOPBIH HADOD MHOTO-
wieHoB crenenn 1 ¢ Koadpdurnmentamu B Q Moxer OBITH TOTydeH W3
{A} npu momomu ciaemyromux oneparmii:

o (daxropusalusa) ecan OJUH W3 MHOTOUICHOB paBeH PP s
HeKoTOpuix Pi, Py € Qx], He aBIsomuxcs KOHCTAHTAMA, TO 3aMEHUM
P1P2 Ha P1 n P2;

e (u3BJIEUEHUE KODHS) €CJIM OJUH U3 HAIIMX MHOTOYJIEHOB DaBeH
P(z29) nns wexkoroporo P € Q[z], ro 3amenum P(z?) na P(x);

e (B3dTHE PE30JILBEHTHI l'ajya) 3aMEHUM OJMH W3 HAIIUX MHOTO-
wrenoB P na muorounen Q(yi,...,Yq,Y), TAE Yi,...,Yq — BCE KOPHH
muorouanena P. (Ilo 3amade 2.12.c Q(y1,...,Yq,y) € Qy].)

YHacrs (a) BeBomurcsa u3z (b) [PSo|. Hacte «rormar» B (b) nporue n
JIOKa3bIBAECTCSL METOJIOM pe3oJibBenT Jlarpan:ka, pa3soOpaHHbIM B 9TOM
nyukTe. JacTs «TosbKO TOTAay B (b) cioxiHee u TOKa3BIBAETCA AHAIO-
ruaro Teopemam lamya 1.3, 1.4.

2.4 EauHCTBEHHOCTH Crioco0a pereHns KBaApaTHOTO ypaBHe-
HUSA

CI/ICTeMbI ypaBHeHI/IfI U3 9TOTO U CJACAYIOIIETO MYHKTOB BO3HUKAIOT TPU
PEIEHNN ypaBHEHH{l B pauKaaax («IpU ITOMOIIH OJHOTO PAJIUKAIA ),
cM. 3amevanue 2.6.d.

2.14. (a,b) Pemmre cucremy ypasmenuit B muorounenax f(z,y),
p(u,v) n q(u,v,w) ¢ BermecTBeHABIMEI KO3(MpUIEHTAMI:

(@) f2(z,y) = p(z +y,zy)

x=q(x+y,zy, fz,y))
k
z,Y) =plx+y,x
(M{f( y) =plz+y,zy)

, vie k > 0 menoe.
v=q(z+y,zy, f(z,y))
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(¢c,d*) Pemmnre anamoru n. (a,b) ¢ 3amenoit muorounena f wa yHK-
mmo f : R? — R (me npeanosaraeMyio HEIpPepLIBHOI).

Cucreme ypapHeHuit u3 2.14.a yJI0BJIETBOPSIOT, HAIIPUMED, MHOTO-
YJICHBI

U+ w

f(xvy) =T —Y, p(u,v) :U2—4’U n Q(U,’L),w>: 9 .

2.15. Ilycrs f, g € Rz, y].

(a) JIemma. Ecim fg =0, o f =0 uwm g = 0.

IIpedocmepestcernus: cymecrsyor dyukmun F,G : R = R, m1g xo-
Topeix FG =0, F # 0, G # 0; cyImecTByIoT ABa PA3HbIX MHOTOYJIEHA, OT
JIBYX MEPEMEHHBIX, PABHBIE B GECKOHEIHOM MHOYKECTBE TOYEK; HE MOJIb-
3yiiTech 0€3 TOKA3ATETHCTBA TEM, YTO €CTU 3HAYCHUS MHOTOUJICHOB OT
JIBYX TIEPEMEHHBIX COBIAIAIOT B JII000 TOUKE, TO 3T MHOIOYIEHB] PaB-
HBI.

(b) Ecm f2 =g% 10 f =g mm f = —g.

(c) Ecom f2+ fg+9?>=0,10 f =0mu g =0.

(d) Ecmu f2 = g%, 10 f = g.

(e) Ecom f5 =g° 10 f = g.

(6) f° = 9" = (f = 9)(f —es59)(f — e39)(f — edg)(f — e39).

Jlns mokazarenbcTBa yrBepxkaenuit 2.14.bd mosnesuwr ciemyromnine
MOHSATHS W JIEMMA.

Muorounen f OT AByX MEPEeMEHHBIX X, Y HA3BIBACTCA CUMMEMPUe-
cxum, ecu f(x,y) = f(y, z), u anmucummempuuecrum, ecau f(x,y) =
_f(ya :1:)

2.16. (a) JIemma. Ecau f € Rz, y] — MHOrOUIEH ¢ BelecTBeHHbI-
M K03ppUIMeHTaM OT NBYX HEPEMEHHBIX ¥ MHOIOWIEH f2 CHMMET-
puueckuii, o f mbo cumMMeTprUecKuil, TuOO0 AHTUCUMMETPUIECKUTA.

(b) Jlemma. Ecrz f € Rz, y] u muorowren f2¢! cummerpmaeckuit,
TO f CHMMEeTPpUYIECKUIA.

(¢) Ecmm f € Rz, y] anTucummerpudecknii, To CymecTByeT CuMMeT-
pudecknit Mmuorounen a € Rz, y], nasa xkoroporo f = (z — y)a.

s nokazaTeJbCTBa TOJe3Ha JeMMa 2.15.a, 0veHDb ToIe3Hast 1 Iph
pelleHny APYyrux 3a4ad.

2.17. Hnga kakux u3 yreepxkaennii 2.15 u 2.16 cnpasemiuBbl aHa-
JIOTH [IJIsi MHOT'OYJIEHOB C KOMILJIEKCHBIMU Ko duiimerTamn?
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Bot 060b6menne yreepxkaenus 2.14 na 060 KOJIMIECTBO MIATOB U3
OTpeJiesIeHnsT paJuKaabHoCTH (1. 2.2).

2.18. Payuonasvnoti pynryuet Ha3bIBaeTCI <«(POPMAJIBHOE OTHO-
HIeHNe MHOTOY/IEHOBY, T.€. napa f/g := (f,g) MHOro4neHoB, B KOTOPOIi
g # 0, ¢ TOYHOCTBIO [0 CaIeytommeit sKpuBatenTaocty: f/g ~ f'/g npn
fg' = f'g. lipu srom muorounen f oroxpecreiasercs ¢ napoii (f,1).

(a) aiiTe ompeneseHusi CYMMBI M IIPOU3BE/ICHUS DPAIMOHATLHBIX
dyuximii. [TpoepbTe UX KOPPEKTHOCTD.

(b) Bosemewm cucremy m3 3amedanus 2.6.(d) aas n = 2, B KOTOpOIt
fj u p; pammonaspHble (YyHKIUN, a He 00g3aTeIbHO MHOTOWIEHBI, U
KOTOPAst MUHUMGAbHA, T.€. HET CHCTEMBI C MEHBITUM S W ff HE TIpe-
CTaBJAeTCA B BUJE PAlMOHAJIBHON QyHKIUH OT T + Y, 2y, f1,..., fj—1
HU Jyig Kakux j = 1,...,s mw k < k;. Torna s = 1, ki = 2 u cymie-
cTByer panuoHasbHad pynknms a € R(u,v), mua xoropoit fi(z,y) =
(z —y)a(z +y, zy).

(¢)* Cdopmymmpyitre u mokaxkurte asasor u. (b) ¢ 3ameHoil pa-
upoHAIBHBIX ByHKIHE f1,. .., fs Ha dyskomm R?2 — R (po, ..., ps mo-
IIPEKHEMY DAIMOHAJIbHBIE (DYHKIINN), I PABEHCTB PANMOHATBHBIX (DYHK-
Wit — Ha paBeHCTBa (YHKIIMI, ONpeIeIeHHBIX 1s Beex (1,y) € R2,

2.5 Hepa3penmmMoCcTh «B BEIIECTBEHHBIX MHOTOYJIEHAX »
B sTOM myHKTE apryMenThl (T,Yy,z) MHOMOWIEHOB B (bOPMYJIAX 9acTo
TTPOITYCKAOTCS.

2.19. He cymecryer muorounenos f(x,y, z), p(u, v, w) u q(u, v, w, T)
C BEIIECTBEHHLIME KO3 DUIMEHTAMH, JIJIsi KOTOPBIX

f(xvya Z)k = p(O’l(.T, Y, Z)? UQ(Ivyv Z)? Ug(l‘,y, z))
T = Q(01($,y7 Z)v 02(x7y7 3)703(337 Y, Z)a f(xa Y, Z))

(a) ma k=1, (b) mnak=3; (c) migk=2;
(d) mis mroboro nesoro k > 0.

Jna nokasaTebeTBa MOIE3HLI CICAYIONAE TOHATHE W yTBEPIK/Ie-
wwe. Muorounen f € Rz, y, 2| nazbBaercs UKJINYECKA CUMMETPU-
ueckum, ecau f(z,y,2) = f(y,z, ).

2.20. Ecoin f € R[z,y, 2] u mHOrOUIEH
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(@) f%  (b) f?

[MAKTHIECKA CUMMETPHIECKU, To f IUKINIeCKH CHMMETPUIECKH.

Sameuanume 2.21 (cp. ¢ permennem 3agaun 2.8.c). He cymecrByer
TaKUX MHOI'OYJIEHOB

fl(xvyvz)v fQ(xayaz)a pO(uvvvw)7 pl(uavvval)a p2(u7vvwv7—177—2)

C BeIecTBeHHbIMU KOIDDUIMEeHTaAME, 19 KOTOPBIX

2 =po(o1,02,03)
fg) :p1(01’0-270-37f1)
z = pa(01,02,03, f1, f2)

O6o01enne 3amedanus 2.21 Ha J000€ KOJUIECTBO MTAroB popmMa-
JIU3YETCsT OMpPEETeHIEM GeUECNEEHHOT PAOUKAABHOCMU, KOTOPOE TI0-
JIy9aercsi n3 ero KOMILIEKCHOrO aHasora (§2.3) 3aMeHOll KOMILIEKCHBIX
KO3(pPUITHEHTOB Ha BEIIECTBEHHBIE.

Qopmysibl B Hadase 0. 2.2 MOKA3BIBAIOT, YTO MHOTOUIEH T BEIle-
CTBEHHO pajnKajeH aasd n = 2. Pemenne 3agaqn 2.8.ab moka3swiBaer,
aT0 068 MHOTOUTIEHA

(=9 —2)(z—2) n 2°y+y’z+2%

BEIECTBEHHO PaIMKAJILHBL 19 N = 3.

Teopema 2.22. MHorou/ieH T He SIBISIETCA BEIECTBEHHO PAINKAIhb-
HBIM IJ1d n = 3.

Teopewma, 2.22 ectb elrie ojiHa (HOPMATIUBAIINAS TOTO, YTO KOPEHD KYOU-
YECK020 YPUBHERUA HE BHIPAZUM 6 BEULCMBENHBIL PAJUKAAGT Hepe3 e2o
Koauyuernmot, cp. c 3ameuanuem 1.1.e. OHa BbITeKaeT U3 cjeayomei
JICMMBI.

JlemMma 2.23 (0 coxpaHeHHH MUKJIXIECKON cuMMeTpuaHocTn). Ec-
m g > 0 nenoe, f € Rlz,y, z] u maorouren f? nukimyeckn CHMMETPH-
qecKuii, T0 f MUKINIeCKH CAMMETPUIECKTI.

2.24. Anajorum KaKWX YTBEPKJIEHHN 3TOTO MYyHKTA CIPABEIIUBHI
JLTsT MHOTOYJIEHOB ¢ KOMILJIEKCHBIMU KO OUITHEHTAMY !
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K ajsropurmam perierus ajredpandecKux ypaBHEHUH

npeacrapigioT b. Bykopena, A. ['1e6oB,
A. Enns, A. Ckonenkos, A. Yuiukos

3 3amaum 1mocjie MPOMexKyTOYHOro (puHHUIIA
3.1 Hepa3pemumMoCcTs «B MHOT'OYJIEHAX»

Onpegenenne paguKaJbHOCTA MHOIOYIEHA IpUBepeHO B 1. 2.2. Pop-
MaJbHO, TeopeMa Pyddunnu 2.7 BeiTekaer u3 jemmbl 3.4. Camoe Tpy-
HOE U MHTEePEeCHOe — MpuayMarh (OPMYIUPOBKY 3TOM jieMMbl. [ 9T0-
ro JiokaxkeMm ciaemytoriue 6ojiee npoctoie dgpaxTbl. Coobpazure, mouemy
MHOI'OYJIEH & HE IBJISIeTCS MHOI'OYJIEHOM OT I + ynxy.

3.1. Muorousien xr He paguKkajeH [jid N = 3 Tak, 9TO BTOPas OIe-
pallis U3 OIpe/leIeHIsT PaIUKAILHOCTH IPUMEHSIETCsS TOJIBKO JIJIst

(a) k = 2 (nodcxasxra: cm. 3anauay 2.24); (b) k= 3.

3.2. Kakue u3 Caeayionmx yTBEP:KIEHNAN BEpPHBI s j1060oro f €
(C[I‘l, ey .’135]?

(a) Ecmm f3 MUKIMIeCKH CHMMETPHYECKHit, TO f IUKIMIECKH CHM-
METPUYCCKAN.

(b) Ecin f° I@KIMYECKH CHMMETPHYECKHI, TO f MUKIMIECKH CHM-
METPUYCCKAN.

(c) Ecrm f3 cummerputecknit, To f cHMMeTpHYECKHiL.

(d) Ecm f? cummerpuueckuii, T0 f cHMMeTpPHUECKMii.

Huxaom daunbe 8 HA3BIBAETCS MEPECTAHOBKA N-3JIEMEHTHOI'O MHO-
2KeCTBa, MEPECTABILIONIAs HEKOTOPBIE 3 3JeMeHTa MO MUKJIY U OCTaB-
JISIONIAS Ha MECTe KasKILIA U3 OCTABIIUXCS 3JIeMEHTOB. Muorounen f €

Clx1,. .., T,] HA3BIBAETCA YETHOCUMMETPUIECCKHAM, €CIIH JTs1 JTI060TO
IMKJIa  «  JJIUHBI 3 MHOTOYJICHBI flz1, 20, xp) u
f(xa(l)vxa@)v s 7$a(n)) PaBHBIL.

3.3. (a) llpuaywmaiite MUKIMYECKT CHMMETPUYECKAN MHOTOWICH, HE
SIBJIAFOIIANACS 9eTHOCUMMETPUYECKIM.

(b) Eciu nmepecranoska mepeBoguT B cebst MHOIOWIEH, MOCTPOEH-
wvbiit Bamu B pemennn 3aygadn 3.2.d, TO OHA UPEJICTABAAETCS B BHUJE
KOMIIO3UIUU IIUKJIOB JIJIMHbL 3.
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Jlemma 3.4 (o coxpanennu werHOCMMMeTpuaHOCTH). Ecam ¢ > 0
nenoe, f € Clxy,...,z5] u muorowien f¢ gernocummerpudeckuii, To f
YEeTHOCUMMETPUYCCKUN.

3.5. Ilycrs f € Clzy, ..., x,] — MHOTOUMEH.

(a) Ecoti Mmuorousen f7 4eTHOCHMMETpPUYECKHIL, TO f 4eTHOCHMMET-
puueckuii.

(b) Ecm n > 5 u muorouten f3 wernocuvverpmaeckuii, To f ger-
HOCUMMETPUIECKUIA.

(¢) Eciu n > 5, 1o 1060# MUK/ JJIMHBL 3 HA N-3/IEMEHTHOM MHOKE-
CTBE pa3jiaraercsl B MpOU3BeJeHNe nepectanoBok suma (ab)(cd) ¢ pas-
JMYHBIMU @, b, ¢, d (T.e. B mpow3BeseHre KOMIO3UIUE TPAHCIIO3UTIHI C
HEIePECEeKAOIINMUCST HOCHTEJTSIMMA ).

3.6. Omnpenesenne payuonasbrotll BEIECTBEHHON (KOMILIEKCHOM) pa-
JIMKAJIBHOCTY aHAJIOIMYHO OIIPEIEJIEHNI0 PA/IMKAIBHOCTH, TOJBKO BMe-
CTO MHOTOWIECHOB 0epyTCs paroHadbHble (PYHKINHA (C COOTBETCTBYIO-
mmmu Kodddunuentamu; cMm. onpejenenue B 3agaqe 2.18). dsngercs
JIL MHOTOYJIEH T]

(a) BEIIECTBEHHO PAIMOHAIBHO PAJUKAJBHBIM I 1 = 37

(b) (kOMTLIEKCHO) PANMOHATHHO PAJAUKANBHBIM It 1 = 57

3.2 OpawHo u3BJgeYeHUE KOPHS TpeTheli cTeneHu

31ech pazBuBatoTcs uaen u3 1. 2.1.

3.7. TIpeacTraBuMo Jii ClIeaytolree dnucio B Buje a+bv/24 cV/4, rae
a,b,ceQ:

(@) V3 () smgsram (0 cos(2r/9); (d) V35 (e) V/3;

(f) mamGo LIl BemecTBEHHbIH KOpeHb MEOTOUIeHa 7° — 47 + 2;

(g)* eMHCTBEHHBIN BEIECTBEHHbIH KOPEHb MHOIOY/IEHA 23 — 62 — 6;

(h)* emMHCTBEHABII BEIECTEEHHBII KOpeHb MHEOTOUIeHa 20 — 91 —127

Jlemma 3.8. Tlycts r e R — Q u 73 € Q.

3 3

(a) O nenpuBogumoctu. Muorowren x° — r° Hermpuoanm wa Q.
(b) O nuneiinoit HezaBucumoctn. Eciu a, b, c € Qu a+br+cr? =
0, toa=b=c=0.

(b") O nuneitnoii nezaBucumocTu Hax Qles]. Ecmu

k,l,m € Qles] :== {u+ veg: u,v € Q}
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nk+lr+mr?=0,tok=1l=m=0.

(¢) Ecimm MHOTOUJIEH UMEET KOPEHbB 7', TO 9TOT MHOTOUJICH JIETUTCS
Ha 3 — 73,

(d) O conpsizkennu. Ecsin MHOTOUIEH HMEET KOPEHb 1, TO KOPHAMHI
9TOTO MHOTOUICHA SIBISIOTCS TAKIKe THCTIA E37 U 37

(e) O coupsxkennu. Eciun a,b, c € Q u MHOrO9/IEH HMeeT KOPeHb
xo = a+ br + c7’2, TO KOPHAMHU 3TOTO0 MHOT'OY/ICHA ABIAIOTCA TAKZKE

qUCJIa
o 2 2 o 2 2
x1:=a+besr +ce3r® um  x9:i=a+ beyr + cear”.

(f) O panmonanbuocru. Ecmm a,b, ¢ € Q, To wmcio a + br + cr?
ABJAETCA KOPHEM HEKOTOPOT0 HEHYJIEBOTO MHOTOYJIEHA CTENEHN 3.

Teopema 3.9. Eciu muorounen nenpusogum Haj Q u umeer xo-
penb Buma a+br+cr? € Q, rner ER—Q u a,b, ¢, 7> € Q, To cremens
MHOTI'OYJIEHA, PABHA 3 M OH MMEET POBHO OJIMH BEMIECTBEHHDBIA KOPEHb.

JIemma 3.10 (o pacmmpennn). Yuc/1o0, BEMECTBEHHO PAJINKATIBHOE
C U3BJIeYeHNEM KOPHS TOJHLKO OJIMH pa3, TPUYIEM TpeThell CTerenn, nMe-
erBug a+br+cr?, tner € Ru a,b,c,m® € Q.

3.3 Ogamno u3BJIeYeHUE KOPHY NPOCTOii cTeneHu

3.11. IlpeacraBuMo U CJeIyIOIee YUCA0 B BHAJE
ao+ a1 V2 + asV22 + ...+ agV/26,

e ag, di, as,...,ag € Q7
. L 27, 11/9. /5.
(a‘) \/ga (b) CObﬁ? (C) \/ga (d) \/37
(e) Kakoii-HUOYIb U3 KOpHel MHOTOWIeHa 1 — 42 + 2.
Omeemui: e npedcmasumos. JloKazare/ibCTBa aHAJOTHYHBI Pellie-
muam 3aaa4 3.7. Vcmonp3yiite chopMyInPOBAHHDBIE HUXKE JIEMMBbI.

Jlemma 3.12. Ilycrs g mpocroe, r e R—Q u r? € Q.

(a) O menpuBogumoctu. Muorounen x? — r? menpusomum nax Q.

(b) O smueiinoit He3aBucumocTu. Eciu A — MHOrOWIeH CTenenn
menbie ¢ u A(r) =0, o A= 0.

(¢) O conpsizkennu. Eciu MHOTOWIEH MMeET KOPEHb 7, TO OH UMEeT
TaKKe KOPHUI reg s Kaxkgoro k=1,2,3,...,q— 1.
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(d) O panmonansuocTu. Ecin A — muorousnen, to ancio A(r) ss-
JIIETCsl KOPHEM HEKOTOPOTO HEHYJIEBOIO MHOTOUYJICHA CTEIIeHH He BBIIIE
q.

Ob6o3naunm

Qleq] :== {ao + a1eq + ageg +...+ aq_253_2 tag,...,aq-2 € Q}.

3.13. Ilycrs ¢ npocroe, r € C — Qgy] n 7?7 € Q[g4].

(a) Muorowren z¢ — r? nenpusoaum Hag Qe ).

(b), (¢) Hokaxkure anasoru myukTos (b), (¢) npeapiayiiei 3amza4un
JUIs MHOTOWIeHa ¢ Koaddunnenramu B Qey].

Jlemma 3.14F ITycrb g npocroe, r € R—Q u r? € Q.

(a) O menpusogumoctu Haz Qle,]. Muorounen 29 — r? Henpuso-
M Ha Qleg].

(b) O nuueiinoit Hezasucumocru Haxg Qle,]. Ecim A — muoro-
wieH cremnenn Menbine ¢ ¢ kodddunnenramn B Qg,] n A(r) = 0, o
A=0.

Teopema 3.15. Ilycts MHOrOWIeH HempuBoanM Hast Q u nmeer up-
panmonaabHblii Koperb A(r) s HekoTopbix MHOTOWwieHa A € Q]
nr € R, npuuém r? € Q anst mekoroporo mpoctoro ¢q. Torma MHOTO-
YJIEH UMEET CTENEeHb ¢ W NMPU ¢ # 2 HE WMEET JPYTUX BEIIECTBEHHBIX
KOpHEH.

JlokazaTeabCTBO aHAJOTHIHO JOKA3ATEILCTBAM TeopeM 2.3, 3.9 u pe-
mennsiv 337134 3.11 (abce). Vcnonp3yiire emmbl 0 conpsizkennn 3.12 (¢),
o pammonansrocTn 3.12(d) w o nuneiinoit nezasucumoctn Hasl Qleg]
3.14 (b).

JIlemma 3.16 (o pacmmpennn). Yuc/10, BEMECTBEHHO PAJINKAIBHOE
C W3BJEYEHWEM KODHS TOJBKO OJuH Pa3, paBHO A(r) mis HEKOTOPBIX
A€ Q[z] ur e R, upuuém r? € Q nys wekoToporo q € 7.

JoxazaTeabcTBO aHajgorwdHo jemMe 3.10 o pacmupennn.

3.17. (a—d) Hokakure anajoru yrBep:xKaeHuii 3aadu 3.12 ¢ 3ame-
vo#t Q Ha npoussosibHOE nopMHOKecTBO F C R, 3amkHyTOE OTHOCH-
TEJIBHO OHepaHI/Iﬁ CJIOZKEHUA, BBIYUTAHUA, YMHOXKEHUA U JICJICHUA Ha
HEHYJIeBOE UMCJIO (M MHOTOUWIEHOB ¢ Ko3dhdurnmenramu B Q Ha MHOTO-
yiennl ¢ kKodddunmentavu B F).
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Pemenns 3a/1a4 10 IpoOMe>KyTOYHOTO (puHUIIIA

2.1. Omsemwi: (a), (b), (c), (d) — ma, (e), (f), (g), (h), (i) — ner.
(a), (c) Umeem V3+2/2=VT7+5/2=1+2.

(b) Nmeem 7+1 = I5V2 7452,

(

(

5v2  72—2.52
d) meem cos(27/5) = (v/5 —1)/4.
e) [Tycth umncao V2 mpeacTaBumMo. Torma

2= (V2)% = (a® + 3ab) + (3a® 4 b)Vb.

Tak kak 3a2+ b # 0, o Vb € Q. Buaunt, /2 € Q — nporusopeune.
Hpyroii ciocob — anasioruaso Teopeme 2.3.
(f) Habpocox nepsozo pewenus. TIpome mokasars cpasy, 4To

\S/i#a—i-p\/g—l-qﬁ—l—r\/%, HE JJId KaKuxX a, b, c,p,q,r € Q.

JIIst 5TOTO HOCTATOYHO JOKA3ATH, UTO V/2 # U + U/C HE JIs KAKHX
amcen u,v,¢ € Q0] := {x + yVb: x,y € Q}. Unes noxasaresscrsa
cocront B ToM, uro unca u3 Q[vb] (¢ duxcuposamEbM b) «HEIYTH
HE Xy2Ke» PaIMOHATBHBIX IHCEJI, T. €. CyMMa, PA3HOCTh, IPOU3BEICHUE
u uacraoe uncen u3 Q[vD] roxe apnsrorcs wncaamu uz Qv (i,
rosopst Hayano, Q[vb] — wucioeoe nose). [109TOMY MOKHO JOKA3BIBATE
YTBEpPKIeHNE aHAIOTHIHO TI. (€).

Hab6pocox emopozo pewerus. Tyt unciao V2 + /2 = a+ /b mpe-
crapumo. OHO sBAgerca KopHem Mmuorounena P(z) = ((x — v/2)% —
2)((x++/2)3 —2) ¢ panponamsusvm Kosddurmernram. Tlo m. () v/2+
V2 ¢ Q. Buauur, Vb ¢ Q. o neame o conpsukennn 2.2 (e) must r = /b,
vuorodaen P nveer kopens a — Vb, Tax kak Vb € Q, o kopun a + /b
pazimanbl. Ho y mMHOrOwIena P TOMBKO JBa BEINECTBEHHLIX KOPHS:
V24321 =24 /2. Mosromy a+vb = 2+ /2 ua—vVb = —/2+ /2.
Orcrona V2 = a € Q. IIporusopeune.

(g) Mycrb aucno cos(2m/9) upexncrasumo. Ilo dopmyne kocunyca
TPOHHOTO yIJIa OHO SABJIAETCH KOPHEM ypapHeHums 445 — 3x = —%. IIo
gemme 2.2 (f) 370 ypaBHEHNE MMeeT paruoHATBHBIN KopeHb. [Iporuso-
peune.

Hpyroii ciocob — anajorudaso Teopeme 2.3.

(h) Kopusimu muoroutena P(z) := (22 — 2)? — 2 apasiorcs uerhipe

yucia £V 2 + \/ﬁ, rie 3Hakd + U — He 0643aTe/IbHO COrvIacoBaHbl. Bee
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STU YUCIA MUPPALMOHAIbLHBL. 3HAYUT, 110 TeopeMe 2.3 J10CTaTO49HO J10-
Ka3aTh, YTO MHOrowieH P He pazjiaraercs B IpOU3BeEHNE IBYX KBaJl-
PATHBIX TPEXUICHOB C PALMOHAILHBIMUA KoM PUIMeHTaMy. DTa Hepas-
JIOXKUMOCTB CJIEJYeT W3 TOTO, UTO [MPOU3BEJEHUE JIOBIX JIBYX KOPHEH
MHOTOUIeHA P upparmmoHaabHo.

(1) (Ucmompzosan rexcr U. Bpayne-3omorapésa.) 113 paBencrsa

cos(2m/7) + cos(4m/T) + cos(6m/7) + ...+ cos(14w/7) = 0

nosy4aaem cos(27/7) 4 cos(4nw/7) +cos(67/7) = —1/2. Ucnonbsys dop-
MyJIBL KOCHHYCA JIBOMHOIO M TPOHHOTO yIa, IOJy4aeM, 4YTO YUC/IO
cos(2m/7) sasiercs KopreM ypasuenust 8t3 + 4t2 — 4t — 1 = 0. Cyienan
sameny u = 2t, mosyanm u® +u? —2u—1 = 0. D10 ypaBHeHUe HE IMeeT
PAIMOHAIBHBIX KOPHEH. 3HaunT, ypasHenue 8t3+4t2 —4t—1 = 0 Toxe He
HMeeT PaIuOHAIbHBIX KOpHei. ITosTomy muorouwnen 8t3+4t2—4t—1 =0
nerpuoauM Hag Q. Temeph HENMPeICTABUMOCTH BBITEKAET M3 JIEMMBI
2.2 (f).
(j) Amasormaso 1. (f).

2.3. llycrs, HApOTHB, AaHHBIN MHOTOWIECH P MMeeT KOpPeHb Ty =
a=+/b. Tlo nenne 2.2 () 0 CONPSKeHNHN 1 AHAJOTHYHO eif, KOPHeM MHO-
rounena P sisisierca Taxxke qucao £, = a F /b, Hpu b =0 yTBEPXK/1e-
une ogepuaHo. Ilosromy cumraem, aro b # 0. Torma xg # z1. 3HauuT,
P(z) nemmres ma (v — a)? — b. Tak xak deg P > 2, To MHorodsen P
npuBoauM. [IporuBopeune.

2.4. O6o3HAYMM [epe3 /¢ InC/I0, MOTyIeHHOE TTPU €UHCTBEHHOM
u3Bjedennn KopHs, Tae ¢ € Q. JMokaxkure, 9TO BCE MOJYUEHHBIE TUCTA
umeroT Buj a + by/c, rue a,b € Q.

2.5. OTser: Torya u ToJabKO Torya, korman € {1,2,3,4,5,6,8,10, 12},
Wnn, sksusasentHo, p(n) € {1,2,4}.

2.8. (a) (z —y)%(y — 2)?(2 — 2)? — cUMMETPIYCCKHUI MHOTOUIEH.

(Iynkr (a) moxHO Takzke ceectu K (b).)

(b) O6o3naunm
M=2+y"2+2% u N=y2+2"%+2%.

Torga muorowrenst M +N u M N cuvmMerpudeckue. 3HAYUT, OHU SBJIsI-
IOTCI MHOTOYJIEHAMH OT JIEMeHTAPHBIX CHMMETPUIECKIX MHOTOWIEHOB
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01,092, 03. Camo ke M Bripaxaercsd gepes M + N u M N no «hopmyie
KOpHell KBaJpaTHOI0 ypaBHeHHsI», M. pOpPMY/ILI B HadaJe 1. 2.2.

2.9. (a) T + yes + 2¢3.

(b) O6o3naunm

M = z123 + 2375 + 507 + T7T9 + T9T1 U

N = wox4 + T4%6 + Texs + TT10 + T10%2-

Hasee anasoruyno 3asaqe 2.8.b.

2.10. (a) Keagpar (z — y)%(z — 2)%(z — )%(y — 2)%(y — t)%(2z — t)?
cUMMeTpruYeH, cM. 2.8.a.

(b) Ilosmozxkum

M=zy+zt, N=zz+yt, K=uzt+yz.
[lIo 2.8.¢c, M «BBIpa3uM B paJuKajax IPU TOMOIIA MHOTOUICHOBY
M+N+K, MN+MK+NK, MNK.

Anamornano permennsM 3a71a4 2.8.c Beimre u 2.10.d mmKe, 9TH MHOTO-
wienbl cummerpudeckue. [lostomy M = xy + 2t pagukajien.
(c) Iomoxkum

M=@x+y—z2—-1t?% N=@+z—y—1t)? K=@+t—y—=2)>.

[lopropss pemtenme myakTa (b), momyanm M = (z+y— 2z —t)2. Teneps
JIETKO TIOJIYYUTbh U & + Y — 2 — L.

Pewenue ypasnenus 4-4 cmenernu npu nomouwyu pesosveenm Jazpar-
orca (pewenue 3adavu 2.10.d). JInst HaX0X IeHUsT KOpHEdt T, Y, 2, ypaB-
Henus 4-it CTemeHu JOCTATOYHO HANWTHU BhIPasKeHud a,b, c,d or KopHei
n3 3amagn 2.11.a. Ilo Teopeme Buera a — kosddurment ypaBHEHNS.
[Ipu 3amMene 2 <+ Y MHOTOWIEHBI ¢2 i d° MEHSIFOTCS MECTAMM, & MHOTO-
uien b? mepexonur B cebs. Ilpn mukamdeckoit 3aMeHe T — Yy — 2 —
t — x mMHOrOWIeHs b? m d? MEHSIOTCS MECTaMH, 3 MHOTOWIEH ¢ Tre-
pexosutT B cebs. 3HAUUT, MHOTOUIEHH! b2, 2, d? mepecTaBiIsioTCs Ipu
JII000H TTepeCTaHOBKE TepeMeHHbIX. [109TOMY BHETOBCKHE MHOTOUJIEHBI
OT HUX, T. €.

V4 +d2, v +02dE+ Ad?, VA,
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cuMmMeTpudeckne. Toraa 9TH MHOTOUIEHBI OT I, Y, 2 TPEACTABIAIOTCST
B BHJIe MHOTOYJIEHOB OT K03pduimenTos ypasHenus. Temepnb, pemas
KyBHYecKoe ypaBHEHHe, MOKHO TOIydnTh camu b2, ¢2, d2. Jlamee erko
MOy 4IuTh b, C, d.

2.11. Hcnoomnn3syiite pasencrsa 1 +e+e2=0mn 1 +4+42 +43 =0.

2.12. ]Iyt HATISIAHOCTH TTPUBEAEM PerTeHust Tpu q = 5.
(a) Unmeem

t(estia) = t(Ua(s)s Ua(1) Ya(2)> Ya(3)s Ya(s)) = H(Uao(54321))-

CrenoBaresibHO,
Q(esut, . .., e5us,y) = H (y — t(esta)) =
a€dls
= H (y = t(Uao(z4321)) = Qlua, - .-, us, ).
Q€
31ech

e (54321) € X5 — 5T0 MUK, KOTOPHBIi ornpasasger 5 B 4, 4B 3, ...,
185.

® TOCTeHEee PABEHCTBO CIIPABEINBO, TTOTOMY UTO KOT/Ia (v pobe-
raer Xs, TO e Jejaer u « o (54321).

(b) Jna kaxgoro k = 0,1,2,...,120 Haiiiércsd 0IHOPOTHBIN MHO-
rounen P € Qles][ui, ..., us] («crenenn» 120 — k) rakoit, aro Ko3dh-
dunment mpu yF B Q pasen P(uy, ..., us), T.e.

120
Qur, ... us,y) =Y Prlur, ..., us)y".
k=0

[To (a) n u3 oHOPOAHOCTH UMEeM
Pk(ul, cee ,'LL5) = Pk(€5u1, oo €5U5) = 6ngk(u1, e ,’LL5).

Eciu k we kpatno 5, 1o Py (ug,...,us) = 0, 970 u TpeboBAIOC.

(¢) Muorounen Q(ui,...,us,y) CAMMETPUYEH TO U7, ..., Us. JHA-
quT, Bce Koadunmentsl (P u3 nynkTa (b)) cOOTBETCTBYOIIET0 MHOTO-
wiena u3 Q[es, uq, . . ., ug)[y] cummerpuanst o U1, . . ., us. Teeps yrBep-
xaeune Q(z1,...,7s5,y) € Qles]ly] caenyer uz ocrnosHON Teopembl 0O

24



CUMMETPUIECKUX MHOTOUIeHAX, popmyt Buera u Toro dgprakra, 910 KO-
s dunuenTo! f panroHaIbLHEL

Teneps yTeepxaenne Q(x1,...,2s5,y) € Q[y] nokaswiBaeTca anamo-
ruaHo [ZSS, ]

2.14. (a) Hokaxewm, uro cymecrByer Takoe « € R, uro f(z,y) =
alz —y).

Tax Kak MHOTOWIEH f2 = P CHMMETPHYECKHIi, TO MOXKHO CIHTATD,
YTO MHOTOYJIEH ¢ JIMHEEH N0 TPEeThbeil IepeMeHHOH, T.e. q(u,v,w) =
a(u,v) + b(u,v)w st wexkoropwix a,b € Rlu,v] (nnave mamenum g,
coxpausg f,p). Torna © = a(x + y, zy) + b(z + y, zy) f(z,y).

Iepsoe sasepuienue pewenus. Honysaem pb? = f2b? = (z — a)? =
(y — a)?. Orcroma no semme 2.15.b £ —a = a — y, Tak Kak CIydail
T —a =y — a nesosmoxen. 3uaunt, a = (v +y)/2. Torga (v —y)? =
4f%h? = 4pb®. Econ MHOrO4UIeH p = f? MOCTOSHHBIHA, TO MHOIOWIEH
b = *+(z — y)/2\/p He cummerpudeckuit — mporuBopeune. ITosromy
MHOTOYJIEH P He TOCTOAHHBIA. Toraa MHOrOWIEH b TOCTOARHBIN. 3Ha4nT,
20 =2q=x+y+2bf, orkynab# 0u f=a(x —y) nua a = 1/2b.

Bmopoe sasepwenue pewenus (HAIMCAHO C UCHOJIb30BAHUEM TEKCTA
U. Bornanosa). Tak Kak MHOTOWIEH & HE CHMMeTpHYIecKnit n © = ¢(z+
y,xy, f(x,y)), To muorounen f we cummerpmaeckmit. Torma mo em-
me 2.16.a f anTucummerpuuecknit. 3uaunut, y = q(x + y, xy, — f(z,y)).
Nraxk,

r=a+bf mw y=a—>bf,

rne a=a(z+yxy), b=blzr+yzxy) u f=f(z,y).

Torma r+y = 2a u xy = a®>—b%f2. Orcriona (r—y)? = 4b% 2. Amanornu-
HO TIEPBOMY 3aBEPIIEHUI) PEIIeHNs MHOTOUJIEH b MOCTOSTHHBIN. 3HAUNT,
f=alr—y) na a = +1/2b.

(b) Hokaxxkem, uaro k uerHo u cymecrByer Takoe o € R, aro f(x,y) =
a(r — y). Unayknua oo k ¢ npumenenueM 1. (a) u 060bIeHUd JeMM
2.15.be, 2.16. Ecnu k nmeuerno, To u3 yrBepxkienus 2.16.b momyua-
eM, 9T0 f CHMMEeTPUYECKHii, 9TO MPOTUBOPEUNT pasencTry & = ¢(x +
y, vy, f(z,y)). Ecm k = 4, To f2 mmbo cmMMeTpuyeckmit, 1u60 am-
tucummerpudecknuii. Tlepsreiit cayuait csogures kK 1. (a). Bo BTOpom
f2(z,y) + f2(y,z) = 0. Amasormano paz6upaercs CIydaii TPOM3BOIh-
HOTO Y4eTHOTO K.
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(c) Anamoruuno 1. (a) nonyaaem = a+bf. Iosromy f — npobro-
pannonasbHas dyaknust. Torga perrenne aHaIOTHIHO 1. (a).

2.15. (a) Onpenenure cmapwuid waen MHOTOUICHA TaK, YTOOBI cTap-
M YIeH TPON3BeeHNd PABHAICH TPOU3BEIEHNAIO CTAPIITNX YJIEHOB CO-
MHOXKUTee.

(b) Caenyer uz . (a).

(c) Umeen f2+ fg+ g2 = (F+2)° + 392 = (f — e39)(f — £29).

(d) Cnenyer us m. (c).

(e) Cnemyer u3 m. (f).

(f) Jokaxure u mpuMeHHTe TeopeMy Besy /st MHOTOUIEHOB OT U
¢ koaddunmentamu B R[v].

2.16. (a) Tax xax f? cummerpuaeckuii, To f(z,y)% = f(y,z)% O1-
croma no yreepxkaennio 2.15.b f(xz,y) = £f(y, x).

(b) Ucnonb3yiire ananor yreepxaennii 2.15.ce.

(c) Cm. yxazanme k 2.15.f.

2.17. Omeem: 2.15.abf, 2.16.abc.

2.22. Tlpm n = 3 MHOXKECTBO BEIECTBEHHO PAIUKAIBHBIX MHOTO-
YJIEHOB COJIEPKUTCA B MHOXKECTBE IMUKJIMYECKH CUMMETPUIECKUX MHO-
TOYJIEHOB. DTO yTBEPKIEHNE TOKA3ZBIBACTCS TIPU MTOMOIIN WHIYKITUU 110
KOJMIECTBY OIepanuit u3 onpenenenns paaukagbHocTu. lar naayK-
MY BBITEKAET M3 JEMMBI 2.23 0 COXpaHEHUH ITMKJINYECKON CUMMeTPUY-
HOCTH.

TlockobKYy MHOTOWIEH X HE SIBASETCS IWKJINYECKH CHMMETPUIe-
CKHUM, TO OH He gBJSeTCd BEIIECTBEHHO Pa/UKaJJIbHBIM.

2.23. Jokaszarenbcreo MoxHO Haittu B [Sk19, m. 9.4.2].

2.24. Omeem: 2.19.abcd, 2.20.b, 2.23 a9 Bcex ¢, He AEASAIIUXCA Ha,
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K ajsropurmam perierus ajredpandecKux ypaBHEHUH

npeacrapigioT b. Bykopena, A. ['1e6oB,
A. Enns, A. Ckonenkos, A. Yuiukos

Pemtenunsg 3aa4 mocjie mpoMe>KyTOYHOTO (DUHUIITIA

3.1. (b) Ucnons3yiite anagor 3agaqau 3.2.c 114 n = 3.

3.2. Omeem: (c) — Bepwuo, (a), (b), (d) — mesepmo.
(a) Cm. 2.9.a.
(b) PaccMoTprTe MHOTOWIEH T1 + £5T2 + E2T3 + €514 + €575
(d) Pacemorpure Mmuorowrer || (z; — ;).
1<J
(c) Tak Kax f3 cHMMeTpHYECKHit, TO

P21, 22, 23, 24, 35) = (22, 31, 3, 24, T5).

N3Brekas KOpeHb TPeThell CTeNeHn, MeeM
_ .9 _ 2q
flz1, 22, 23, 24, x5) = €5 f (22, X1, 23,24, T5) = €3 (21, T2, T3, 4, T5).

2 — -

Orciona 57 = 1, nostomy €4 = 1. Ananoruuno f(Z) = f(Za) mna mo-
60ii TTEPeCTAHOBKHI (v, MEHSIFOIIEH MECTAMMI JBA, SJeMEHTa U3 MHOKECTBA
{1, 22, 23, 24, x5}. [TosTOMY f cuMmeTpuyecKmii.

3.3. (a) 122 + Tows + 324 + T4T5 + T5T1.

(b) Hdokazkure, uro r06asi mepecTaHOBKA, IEPEBOJISIIAS B CeOsT MHO-
rousen n3 3aga9n 3.2.d, ABIAEeTCA 9eTHOH. A TOrIa OHa PECTABIACTCA
B BHJIe KOMITO3UIINY [UKJIOB JTMHEL 3, cM. [ZSS, m. 23.2.4].

3.4. [okazarenpcTBo MOXKHO HaiiT B [Sk15].
3.5. (¢) Oboznauum gepes a, b, ¢, d, € IATH PA3TUIHBIX IJTEMEHTOB
nannoro muoxectsa. (abe) = (ac)(de)(ab)(de).

3.6. Omeem: (a), (b) — Her.
Jlemmbl 2.23 0 cOXpaHeHNN ITUKJINIECKON CHUMMETPUIHOCTH u 3.4 0
COXpaHEHNN YeTHOCUMMETPUIHOCTH BEPHDI U [IJI PAIIHOHAIBHBIX (DYHK-

muit, cu. [Sk15], [Sk19, m. 9.4.2]. Tajiee aHaIOrHYHO PELICHUIO 33 JadH
2.22.
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3.7. Omsemuwi: (a), (c), (d), (e), (f), (h) —mer, (b), (g) — na.
O6o3naunm r := v/2.
(a) MycTs gmceao v/3 mpeacTaBuMo.
Ilepsoe pewenue. Torna

3 = (a® + 4bc) + (2ab + 2¢*) V2 + (2ac + b?) V4.

Tak Kak MHOTOYJEH I°

wermpueoanM Hag Q. Bmaunt, 2ab + 2¢2 = 2ac + b? = 0 (cp. ¢ 3amauein
3.8(b)). Tosromy b = —2abc = 2¢®. Torya /mbo b = ¢ = 0, jmbo
V2 = b/c. Oba cirydas HEBO3MOZKHBL.

Bmopoe pewenue. Q6ozuauny P(x):=x2 —3. Tlo semme 3.8 (e) o co-
npskeHun P umeer Tpu KOpHSL o, L1, T2, BBEJEHHLIX B (DOPMYIUPOB-
Ke jJeMMbl. Tak Kak HW OJWH W3 HUX HE PAIMOHAJEH, TO PABEHCTBO

— 2 He UMeeT PalMOHAJLHLIX KOPHEH, TO OH

b = ¢ = 0 HeBO3MO2KHO. 3HAYUT, 110 JIEMME O JIMHENHO HE3ABUCUMOCTH
nag Qles] 3.8 (b') sru kopuu pazauunst. [Iporusopedne.

(b) Mmeem (14 5v/2+ v4)(3+ /2 —8V/4) = —75. (A0 pasencrso
HECJIOKHO MOJIYYUTh METOJOM HEOMPEIETEHHBIX KO(DDUINESHTOB WIN
pu ToMoIH anroputMa Eskiunsa st MEorowienos x° —2 u x2+5x+1,
cM. pemenne 3agaqau 3.10.) [Tosromy

1 1 1 8 3/5\2
— — - V24+ — - (V2)°.
75 f+75 (\f)

1+5v2+v4 25

(¢) Hycrs aucao cos(27/9) npencrasumo. OHO sIBJISIETCS KOPHEM
ypasrenns 43 — 3z = —%. JlBa ApPyTUX €ro BEIECTBEHHBIX KOPHS €CTh
cos(87/9) u cos(47/9).

Ipumennm sropoe pemenne nynxra (a) aua P(z) := 813 — 6z — 1.
[Tosryaum, 9T0 KOPHH Z(, L1, T2 PA3IUIHBL. TaK Kak €3 = 5%, TO T3 =
x1. 3HAUUT, Ty W T HE MOIYT OLITh BEIIECTBEHHBIMEA U PA3TUIHBIMU.
[TporuBopeune.

(d) Ecnu umcio v/3 mpeacTaBEMO, TO IO JIEMME O DPAI[HOHATBHO-
ctu 3.8 (f') oHO sIBAFETCST KOPHEM HEKOTOPOTO KYOMYECKOr0 MHOTOUIEHA.
[IpoTuBOpeune ¢ HENPHBOIMMOCTEIO MHOrowIeHa =° — 3 Haj Q.

(e) Ananornano 1. (a), (¢) mosyuaem, 9T0 KOMILIEKCHBIE KODHH MHO-
rouseHa 3 — 3 ecTh YHCIA T(, 1, T2, BBEISHHBIC B GOPMYIHPOBKE JIeM-
mbr 3.8 (). Hosromy (a+br+cr?)el = a+breg+cr’e3 mua mekoroporo
s € {1,2}. Orciona no jemme o juHeitnoil HesaBucumoctu Haj Q[es]
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3.8 (V') momyuaem, aro a = 0 u be = 0. osromy 6o /3 = br, mu6o
/3 = er?. Ilporusopeune.

(f) JTokazaresbcTBO aHAJIOIMYHO 1. (C).

(g) D10 ypaBHeHUe MMeeT KopeHb /2 + V/4.

(h) EAUHCTBEHHBIH BEIIECTBEHHBIH KOPEHb 9TOT0 yPABHEHHS — 1/ 3+
V/9. IlycTh, HAIIPOTHB, 5TO YKC/IO BHIpazKaeTcd B TpebyemoM Buje. IIpu-
MenuM Bropoe permenue mynkTa (a) ais P(z) = 23 —9x—12. Tonyunwm,
YTO YHUCHIA T, L1, T2 — BCE KOPHU MHOrOWIeHa P.

C apyToit CTOPOHBI, BCE KOPHU JAHHOTO YDABHEHWS —

yo = V3+ V9, yp = V3eg+ \%55:2% Y2 1= \3/55% + V93,

[MockobKY JAaHHOE YPaBHEHWE MMEET POBHO OJIMH BEIECTBEHHBINH KO-
pEHb, TIOJIyYaeM, 9To Tog = Yo U Jubo T = Y1, T2 = Y2, Jubo, HA0HOPOT,
T2 = Y1, T1 = Y2.

O6o3nauny R(z) := v/3z 4+ V922, a takxe S(z) := a + brz + cr’az?
u S(x) == a+bra?+cr?z auis 1epBoro u BTOPOro Ciiyuast COOTBETCTBEH-
ro. Torya mmorodten R(x) — S(z) mveer 3 pazmmansix KopHs 1, €3, 3.
Ho ero crememns me Boime BTopoit. Ilostomy R = S. Bmaunt, v/3 = br
wm /3 = cr?. TIporusope«ne.

3

‘—7’3

3.8. (a) Ecim muorownen x npusoguM Hax Q, To om mMmeer pa-
IIMOHAIBHBIN KOopeHb. [Ipornsopeune.

(b) TIpemmonoxum mporusnoe. Hogemam 3 — 13 na a + bz + cx?
¢ octatkoM. Ilo 1. (a) octaTox Hemysesoit. O6a MHOTOWTEHA T° 3
i a + bx + cx? mMeroT KopeHb T = 7. 3HAUNT, OCTATOK MMEeT KOPEHb

x = r. CienoBaresibHO, OCTATOK UMEET UPPAIMOHAIBHBIN KOpeHb. 1Ipo-

- T

THUBOPEYME C TEM, UTO CTEIEeHb OCTATKA PaBHa 1.

(b’) PaccMoTpuTE BENECTBEHHYIO W MHUMYT) YACTH.

Jameuarue. ITO YTBEPKIEHIE PABHOCUIBLHO HEITPUBOAUMOCTH MHO-
rourena z° — r3 max Q[ez]. Ecom muorounen 23 — 13 mempusomuM Haz
Q[es], To Muorowten k + lx + max? € Q[es][x] we MoxeT mMeTH KopeHn
7. Ecm muorownen o3 — 3 mpusommy was Q[es], To oxus w3 coMHOMKH-
Teneil maeT AmHeitHyIo 3aBMCHMOCTD wncen 1,7, r2 mam Qles].

3 3. Tloacrasnss © = r,
o JieMMe O JiuHelHol Hezagucumoctu 1. (b) mosydaem, 4To OCTATOK

HYJIeBOI.

(c) Tlomes M MHOTOUIEH C OCTATKOM HA T
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3 10 R ecTh KOpeHb MHO-

(d) To mn. (c) mosyuaem, uro ecin R3 =7
rovJjieHa.

(e) O6ozmauum wepes P muorowmen u3 ycaosus, u nycrsb G(t):=P(a+
bt+ct?). Torma G(r) = 0. 3uaunt, no 11. (d) nmeem G(reg) = 0 = G(re3).

(f) Iepsoe doxasamesvcmso. JIOCTATOUHO IOKA3ATH YTBEPIKIECHIE
g a = 0. g yncna t = br 4 cr? pemosseno pasencrso 2 = b33 +
3r8 + 3berdt.

VHBIMEI CJI0BAME, BBHIY TOTO, uTo 1> + v3 4+ w? — 3uvw merurcs na
U+ v+ w, ancio a + br + cr? sngercs KOpHEM MHOTOYJICHA

(x — a)® — 3berd(z — a) — b*r® — 3.

Bmopoe doxaszamenvcmeo. O6osmaanm xg = a+ br+cr?. Pazmoxnm
quCcsIa :L‘](‘j npu k = 0,1,2,3 o crenensM aucaa 1

a:lg =ap + bpr + cm‘Q.
JlocTaTouHO HAWTU 9UCTIA Ao, A1, A2, A3 € QQ, He Bce U3 KOTOPBIX PaBHBI
HYJTIO, Y/IOBJETBOPAIONIAE YCTOBHIO A + Ao + Aexd + Azxf = 0. s
9TOI'0 HY2KHO, LITO6I)I 9TU YUCJIa YAOBJICTBOPAIU CUCTEME ypaBHeHI/Iﬁ

Aoag + ...+ Azaz =0,
Aobo + ...+ A3b3 =0,
AoCo + ...+ Aze3 = 0.

Kak wm3BecTHO, 0fHOpO/HAS (T. €. ¢ HYJEBLIMA TPABBIMU JACTSIMU) CH-
cTeMa JUHEHHBIX YPABHEHUH C PAIMOHAIbHBIME KO3 PUImenTamu, B KO-
TOPO#i ypaBHEHM MeHbIIle, YEM IIEPEMEHHBIX, UMeeT HETPUBUATBHOE Pa-
IMMOHAJBLHOE PEIIeHne. JHAYNT, TpedyeMble TUCIa HAN Ty TC.

[TosyueHHBIit MHOTOWIEH UMEET CTEIeHb POBHO 3 BBHLY JieMM 3.8 (e,
b).

Tpemwve dokasameavcmeo. Obosnauum A(x) := a+bx+cz?. Tpouns-
segenne (x — A(tg))(z — A(t1))(x — A(t2)) aBasgeTcss CHMMETPUYECKIM
MHOI'OYJIEHOM OT tg,t1,ts. 3HAUUT, OHO SIBJIAETCA MHOTOUJIEHOM OT X
U OT JIEMEHTAPHBIX CUMMETPUYIECKUX MHOTOUJIEHOB OT tq, {1, t2. 3Haqde-
HUA 9TUX IJIEMEHTAPHBIX CUMMETPUYICCKUX MHOTOYJICHOB IIDN tk = ’I”Eé",
k =0,1,2, pasubl Ko3dUIHeHTaM MHOIOUWIEHA &> — 73, KOTOPbIE PaIli-
onasbHbl. [lo3TOMYy paccMoTpeHHOEe IIPOU3BEEHNE ABJIHAETCH UCKOMBIM
MHOT'OUJIEHOM.
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3.9. [Tlo semme o pammonanbrocTr 3.8 (f) cymecrByer MHOTOUIEH CTe-
IIeHW He BHIIIE 3 ¢ KopHeM a + br + cr?. 13 sToro (akra U U3 HEIPUBO-
mumvoctr Has Q mannoro muorodnena P momygaem, uro deg P < 3. Tlo
JeMMe o conpsizkernn 3.8 (e) MHOrOWIeH P uMeer Tpu KOPHS Zg, L1, T2,
BBEIEHHBIX B (DOPMYySIMPOBKE eMMbI. TaK Kak MHOrowiIeH P nenpuso-
auMm #Hag Q, To HE ommH W3 KopHeH He paruoHaseH. [losToMy pasen-
c¢tBO b = ¢ = 0 HEBO3MOKHO. 3HAUUT, 110 JIeMMe O JIMHEHHON He3aBUCHU-
moctr maga Q[es] 3.8 (b') kopunm o, x1, 2 paznmanel. CremoBaTebHO,
deg P = 3.

Tak Kak €§ = €3 k, TO T2 = X1. SHAYUT, T3 U L1 HE MOTYT OLITH BEIIIE-
CTBeHHBIME ¥ pasjuubbiMu. CregoBarenbo, xo,r] € C — R. Tlostomy
P mveer poBHO OMH BEIIECTBEHHBIH KOPEHD.

3.10. Ilycts mpw m3BJIeYeHUN KOPHsS TPEThbel CTelmeHu MOTyIHI0CH
qucsio r. Ecau |r| € Q, o yreepxkjenne ouesngno. Ecau |r| € Q, To
mHorownen z° — 73 menpusonuym mHag Q.

JocTaTouno noKa3aThb, ITO = h(r) ast HEKOTOPOrO MHOTO-

1

a+br+cr? )
wena h. ITo iemMMe 0 HETTPUBOANMOCTH, MHOTOUWIEH 5 — 13 HerrpUBOIIM
uas Q. ITosToMy OH B3aMMHO TIPOCT C @+ b +cr?. 3HAUNT, CYIIECTBYIOT
MHOTOUIeHb g 1 R, a71st Koropwix h(z)(a+bz +cx?)+g(x) (23 —r3) = 1.

Torna h — HCKOMBIT MHOTOUIEH.

3.11. O6ozmaunm 7 := v/2 u A(x) := ag + a1z + asx® + ... + agzb.
(a) HycTs wncao /3 npeacrasuvo. Torma Mo TeMMe O COMPSIKEHHT
3.12 (c) muorownen 22 — 3 mmeer xopuu A(rek) nma k =0,1,2,...,6.
Tak Kax 3TOT MHOTOUJIEH HE WMEET PAIHMOHAJBHBIX KOPHEH, TO M0 TO
o JieMMe o JimHelHo# HezaBucumoctn Hal Qe,] 3.14 (b) s1u KopHE
pazauunbl. [IpoTuBopedne.
(b) O6o3naunm uepes P MHOTOUIEH, JIJIsi KOTOPOro cos 7x = P(cos z)
(Jokaxkure, 910 TAKO#H MHOrO4IEH CymecrByer!).
2” TMpeCTaBuMO. AHATOTHIHO
n. (a) manmbiit MHOTOUTEH P numeer nonapHo pasIuvHble KOPHU Tj :=
A(rek) nns k=0, 1,2, ...,6. Tak kak P(0) >0, P(1) <0 u P(2) >0,
TO MHOTOUIEH P uMeeT BelecTBeHHDIH KOPEHb T, OTIUYHBIA OT .

Nmeem 6’? = 57_k. IlosTtomy x), = T, = x7—. [IpoTHBOpEUnE.

llepsoe pewenue. Ilycrs wmeno cos 57
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Bmopoe pewenue. Kopuavu muorounena 2P(x) + 1 asnsiiorcs Be-
MMEeCTBEHHBIE UNCJIA Yf ‘= COS 2(3];7?” npu k =0,...,6. OgH0 U3 HUX,
a IMEHHO Yo = —1/2, panmoHaIbLHO.

B cremybuiem abzare Mbl [OKa2KeM, 9TO YHUC/IO0 Yo UPPAIUOHAIBHO.

(Inage u3 paBeHcTBa z—:%l —2ype21+1 = 0 cnemyer, 910 €91 = a+ivb
7T HeKoTophIX a,b € Q. Torya u wmeio €7 = €3, TOXKe MMeeT TaKoi
sz, Ho e7 saasiercst Koprem mermpuBouMoro? Muorowena 1+x+. ..+
2%, 410 mpoTHBOPEUNT AHAIOrY TeopeMbl 2.3 IS YHCes BHIA G -+ z\/l;)

Nrak, 4ucio yo MppanuoHAIBLHO U SIBJISETCS KOPHEM MHOIOUYJIEHA
2P (x)+1
2z+1
ueiinoit nesasucumoctn Hajg Qfe,] 3.14 (b) sror MHOrOUWIEH HMeEET ceMb

TIOMIaPHO Pa3/IMYHBIX KOPHEN, 9YTO HEBO3MOXKHO.

crenern 6. Torma mo memmam o conpszkernu 3.12 (¢) n o Ju-

(¢) TIycrs uncno V3 mpepcrasmvo. Torma mo eMMe 0 paroHaIb-
Hocru 3.12(d) cymiecTByeT HEHYIEBON MHOTOYIEH CTEIEHH HE BBIMIE 7
¢ koprem V/3. TIpoTuBOpedne ¢ HOIPUBOANMOCTHI0 MHOTOUIeH 211 — 3
max Q.

(d) Tycrs wmcno +/3 mpeacraBuMo. Amamormdso . (a) Bce KOM-
[UICKCHBIE KOPHE MHOTOWICHA ' — 3 eCTh A(rs’?) mg k=0,1,2,...,6.
[Mosromy A(r)es = A(rer) nast nekoroporo s € {1,2,3,4,5,6}. Orcrona
o JsileMMe o Juueiinoi Hezasucumoctu Hag Qleg] 3.14(b) ap = 0 s
moboro k # s. Ilostomy v/3 = asr®. Ilporusopedne.

(e) MycTsh kakoit-HuOyAb W3 KOpHEH mpeacrasuM. JlaHHBINH MHOTO-
yren P He mMeeT pan@oHaabHBIX Kopmei. Torma mo jemMme o comps-
sxenun 3.12.¢c u gemme o qmueiinoit nesasucumoctu nag Qley| 3.14.b P
HMeeT TIOMapHO pa3amdHble Kopun Ty = A(rek) nma k= 0,1,2,...,6.
Tak kak P(0) > 0, P(1) < 0u P(2) > 0, 10 P umeer BelecTBeHHbL KO-

pPeHb T, OTAWIHBIN oT 9. MMeem 6’? = s;k. MMosromy x = T, = T7_k-

[IpoTmBOpeume.

—1
3.12. (a) Bce xopun muorounena z¢ — r¢ ecrb T, rgq,rag, ceTEG
[Tycts on npusogum wHag Q. Moayas cBOOOIHOTO WIeHa OJHOTO U3 YHU-

TapHBIX COMHOXKHUTeJNEl pa3JioyKeHNus pallMOHaJeH U PaBeH IpPOu3Bejle-

*Herpusommvocts Muoroumena g(xr) = 1+ 2 + ... + 2° moxmo mokazars, Ha-
npuMep, IPUMEHUB Npu3HaK Diizenmreina [ZSS, m. 5.5.2] k maoroweny g(x + 1).
Bripodem, 3/1€Ch TOCTATOMHO MOKA3aTh, 9TO Y HETO HET DAITMOHAJIBHBIX JeTUTE/IelH
crenenu 1 u 2.
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HIIO MOJIYJTell HEKOTOPBIX & 13 91ux KopHeit, 0 < k < ¢. 3uaunr, r* € Q.
Tak Kak ¢ mpocroe, To uMeeM kx 4+ qy = 1 JIJis HEKOTOPBIX NENBIX T, Y.
Torma r = (r*)?(r7)¥ € Q. HporuBopeune.

(b) IIpeanosoxum nporusaoe. Pacemorpum muorourten A(z) nan-
MeHbIIei CTernenu, Ajd KOTOPOTro JieMMa HE€ BBIIMOJTHACTCHA. HOAQ.HI/IM
% —r? ua A(z) ¢ ocrarkom R(z). Torna deg R < deg A, R(r) =0 u 110
1. (a) muorounen R(x) nenynesoii. IIporusopeune ¢ Boibopom A.

(c) HoxazarenncrBo amasormdHo 3agadam 2.2 (¢, d), 3.8(d). Uec-
nosb3yiite 1. (b).

(d) JokazarenncrBa TOBTOPSIIOT BTOPOE W TPETHE JTOKA3ATEIHCTBA
maemumbl 0 parmoraabaocTH 3.8 (f). Hyk#HO0 TO/MIBKO Bese 3aMeHnTh 3 Ha
qu 2 ua q— 1 (mEanpumep, BO BTOPOil CTPOYKE BTOPOTO JOKA3ATENHCTBA

k=0,1,2,...,q).

3.13. (a) Ilycrs muOrounen npusogumM. CBOGOJHBIN WieH OJHOIO u3
YHHTADHBIX COMHOKHUTE el pasmoxkenns sexnt B Qleg] u papen +rFel?
ats mexoroporo m. Hosromy 78 € Qle,]. Manee amamoruuno jemve
3.12 (a) moaygaem 1 € Q[g,]. IIpoTuBopeune.

IIyuxrer (b) u (c) BBIBOAATCS M3 0. (A) AHATOTHIHO COOTBETCTBYIO-

MUM TTYHKTaM 3aja9u 3.12.

3.14. (a) Ilycrb MHOTOWIEH MPUBOANM. AHAJIOTUIHO JTOKA3ATETBCTBY
aemMet o zHenpusoaumocty Hag Qeg] 3.13 (a) umeenm r € Qley]. TTosromy
r2r3, e Qleyl.

B cienybiem abzaie Mbl JOKaXKeM, 9TO UMEETCHd MHOTOYIEH CTere-
HU MEHBIIIE ¢ C KOPHEM 7. DTO OyJ/IeT MPOTUBOPEYUTD HEIMPUBOIUMOCTH
muorogneda x4 — r? wan Q.

PazoxuM auciao r* mo cremensam amcia ggnnak=0,1,...,q—1:

-2
rk = ago+ag1€q+ ...+ agg2ed "

Hocrarouno HaitTu ymucia A, ..., \—1 € Q, He paBHBIE OJHOBPEMEHHO
HYJIFO, JIJIsT KOTOPBIX

Ao@om + -+ Ag—1ag—1,m =0 1pm mobom m=0,1,...,q—2.

Takue unc/a CymecTBYIOT 0 aHAJOTHE C COOTBETCTBYIOIINM PACCY K-
JIEHMEM BO BTOPOM JI0Ka3aTesIbCTBe JIeMMbl O pannonaabHoctn 3.8 (f).
(b) YTBep:keHne BeITEKAET U3 II. ().
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3.15. Ilpegnosoxum nporusHoe. OOO3HAUNM JTAHHBIA MHOTOUJIEH e~
pe3 P. llpu ¢ < deg P monydaeM IpOTHBOpEYHE C JEMMOR O paItuo-
nanpaocTH 3.12 (d). Tpn g > deg P no nemme o conpsizkenun 3.12 (c)
U JTeMMe o JuHelHoil HezasucumocTn Haxa Qleg] 3.14 (b) muorowien P
MMEET IOMAaPHO PA3INYHBIC KOPHE L) = A(’I”Eg) mak=0,1,2,...,¢g—1.
[Ipu q > deg P noaydaem nporusopeune. Illpu ¢ = deg P u3 ycjosuii
q #2uTp = Ty 7 Tp HOILYyYaEM €JUHCTBEHHOCTH BEIIECTBEHHOI'O
KOPHSI.
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4 Additional problems for successful teams

4.1. (a) Let z,y,7 € R, p,g € Q[u,v] and p; € Q[u, v, w] be such
that g(z,y) € Q(z + y,zy) and

r? = p(z +y,zy)
g(x,y) = pi(x +y,zy,7)

(cf. Problem 2.14.c). Then r € Q(z,y).

(b) Let z,y,7 € R, p € Q[v2][u,v], g € Qlu,v] and p1 € Q[v2][u, v, w]
be such that g(x,y) € Q(x + vy, zy, v2) and the equations of (a) hold.
Then there are p € Q(z,y), 7 € Q[v2][u,v] and 71 € Q[V2][u, v, w]
such that the equations of (a) hold with 7, p, p1 replaced by p, m, 7.

(c) Rationalization Lemma. Let x,y,7 € R and F C R a field
containing z + y, zy, 72 but not 7. If F(r) N Q(z,y) ¢ F, then there is
p € Q(x,y) such that p? € F and F(p) = F(r).

4.2. Denote aj = 0j(z1,22,23), j =1,2,3.

(a) Let z1,x9, 23,7 € R, p,g € Q[u1, u2,us] and p1 € Qluy, ug, us, v]
be such that g(z1, z2,23) € Q(a1,a2,as3) and

{TQ = p(a17a27a3)

g(x1, 2, 23) = p1(a1, az,as,r)

Then r € Q(x1, z2,x3).

(b) Rationalization Lemma. Let z1,22,23,7 € Rand ' C R a
field containing ai, ag, as, % but not r. If F(r)NQ(z1,z2,73) ¢ F, then
there is p € Q(z1, 72, x3) such that p* € F and F(p) = F(r).

(¢) Proposition. If z1,x2, 23 € R and z7 is {a1, az, as}-expressible
by quadratic real radicals, then z is {a1, a2, as }-expressible by quadratic
real radicals so that every radical is in Q(x1, 2, x3).

4.3. (a) Let z,y,r € C, p € Q[u,v] and p; € Q[u, v, w| be such that
r® =p(z +y,zy)
r=pi(z+y,zy,r)

(cf. Problem 2.14.d for k = 3). Then r € Q[es3](x, y).
(b) Same as (a) with z = pi(x + y,xy,r) replaced by g(x,y) =
p1(x + y, zy,r) for some g € Qlu, v] such that g(z,y) € Q(x + y, xy).
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(c) Rationalization Lemma. Let x,y,r € C and F C C a field
containing x + vy, xy, £3,7> but not r. If F(r)NQ(x,y) ¢ F, then there
is p € Q(z,y) such that p* € F and F(p) = F(r).

(d) Rationalization Lemma. Same as (c¢) with z,y replaced by
x1,...,2n and x +y, zy replaced by o1(z1,...,2n),...,0n(T1,...,Tp).

(e) Rationalization Lemma. Same as (d) with r®, p? replaced by
r4, p? for a prime g and €3 replaced by &4.

(f) Proposition. If

Ti,...,xon €C, M :={o1(x1,....2n),...,0n(x1,...,2n)}

and x1 is M-expressible by radicals, then 21 is M-expressible by radicals
o0

so that every radical is in |J Q[eg](21,...,zn).
q=3

4.4. There are numbers z,y € R such that if p € Q[u,v] and
p(z,y) =0, then p = 0.

Such numbers are called algebraically independent over Q.

4.5. (a) Hokazxkure mocrarounocTs B Kpurepun 2.13 Iamya paspe-
OIMMOCTU YPDAaBHCHUA.

(b) Jdokaxkure HEOOXOMUMOCTE B Kpurepuu 2.13 aysa n < 4.

(¢) Chopmymupyiire u aokaxkure anaaor kpurepus 2.13 i 1-
PaguKaJILHOCTH (T.e. IJIA PAINKAJIBHOCTU C OJHUM U3BJICYCHUEM KOP-
HS).

(d) CdopmynmpyiiTe u 10KaKUTE BEIMECTBEHHBIN AHAIOT KPUTEPHUs

2.13.

4.6. Ilycte 21, ...,2, € C — Bce Kopuu Muorouwnena A € Q[t] ¢
yaerom Kparuoctu, ¢ npocroe, r € C—Q, r? € Q, U € Q[u],v
U@ €Qr] —Quid e G C %,,.

(a) Bepuo i, uro ecu Y, U(Zy) € Q, to > U(Zar) € Q mua

acG acG
10601 IepecTaHoBKu T € 2y, 7

(b) Bepro sin, uro ecin [ (t—U(Zn)) € Q[t], ro > (t—U(Zar)) €
aclG acCG
QIt] mutst smo6oit IepecTaHOBKU T € X7
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Toward algorithms of solving algebraic equations

presented by A. Enne, A. Chilikov,
A. Glebov, A. Skopenkov, B. Vukorepa *

1 Introduction and statements of results
1.1 What is this collection of problems about

There are famous Ruffini, Abel and Galois Theorems 2.7, 1.3, 1.4! on
insolvability of algebraic equations in radicals. They are classical re-
sults of algebra, which are interesting for the computer science (theory
of symbolic computations). All these theorems are formulated below.

The main content of this text is exposition of deep algebraic ideas
(more precisely, of Galois theory) via simple and beautiful proofs of
these theorems (see [ZSS, §27]). It is the more remarkable that for
these proofs one only needs the abilities to prove irrationality, to divide
polynomials with a remainder, to take the root of a complex number,
to multiply permutations, and to solve systems of linear equations.
Even those who will not arrive to a complete proof of main results
could solve research problems (see [E2, Es, AB, Kol7, Saf] and the
references therein).

*We are grateful to Ya. Abramov, G. Chelnokov, D. Eliseev, A. Kanunnikov, N.
Khoroshavkina, O. Orel, A. Petukhov and the jury of SCTT for useful discussions
and for translation of some parts of the text.

A. Enne: Petrozavodsk State University.

A. Chilikov: Bauman Moscow State Technical University, Moscow Institute of
Physics and Technology.

A. Glebov: Novosibirsk State University.

A. Skopenkov: Moscow Institute of Physics and Technology, Independent University
of Moscow. http://www.mccme.ru/"~skopenko.

B. Vukorepa: University of Zagreb.

'From §1 in what follows we use only §1.5, so you can read that subsection and
start solving problems.



Before proving the insolvability of algebraic equations we consider a
general way for their solution: Lagrange resolvent method . In fact, the
main idea of Abel and Galois is the following: if an equation is solvable
in radicals at all, then it is solvable by Lagrange method. Lagrange
method is used to construct algorithms, e.g. to recognize whether the
equation is solvable by radicals.

For practical purposes approximative methods of solving equa-
tions are more useful than ‘radical formulae’. Besides, the equation
can be solved using transcendental functions (see Vieta method [ZSS,
§ 4.2] and [PSo]; for further development of these ideas see e.g. [Sk10]).
However, the problem of ‘solvability in radicals’ is interesting as a test
problem of the modern theories of symbolic computations and compu-
tational complexity.

On the novelty. Proofs which are provided in solutions are not
assumed to be new (but the reader could find new proofs). However,
this text contains many pedagogical inventions (see [ZSS, §5.2.1, 5.2.2]).
The proofs are different from proofs which are presented and quoted in
[ZSS, §5]. Unfortunately, the proofs presented here are not well-known.
Standard textbooks of algebra first expose Galois theory and then use
its results to prove these theorems. However, it is much more economic
and clearer not only to solve directly quadratic and cubic equations but
also to prove corresponding theorems directly? . Of course, for such
direct proofs, one should re-discover and use key ideas of Galois theory.

2See e.g. [Dor, §25], [Pr07-2, appendix 8], [FT, Lecture 5], [ZSS, §5], [Dor, St94,
Kol, Ler, T, Sk11, Sk15] and this text. Exposition in [Al] is closer to this ‘direct’
style. Large part of [Al] contains theory not required to prove the weak version of
Abel theorem announced as the main result, see [Sk15, end of remark 7]. However,
the author of [Al] succeeded in avoiding unmotivated exposition of the most com-
plicated part of the theory. The proof from [Al] is exposed a shorter and easier way
in [FT, Lecture 5], [Sk11].
Note that proofs in many of these sources are incomplete. See [ZSS, footnote 12 in
p. 113 and end of §5.5.4], [Sk15, Discussion]. In spite of these drawbacks the above
elementary expositions were more useful to us than formal expositions (in standard
textbooks intended for the theory) which start with several hundreds pages of defi-
nitions and results whose role in the proof of the insolvability theorem is not clear
at the moment of their statements.



1.2 Insolvability in real radicals

A real number is called expressible by real radicals if it can be
obtained using number 1 and operations of addition, subtraction, mul-
tiplication, division by a non-zero number, and taking the n-th root
of a positive number, where n is a positive integer. In other words, a
real number a is expressible by real radicals if some set containing this
number can be obtained starting from the set {1} and using the fol-
lowing operations. To a given set M C R containing numbers z,y € M
one can add

numbers z +y,x —y,ry, number x/y when y # 0,

and number {/x for x > 0 and integer n > 0.

A number a is expressible by real radicals if and only if there exist

e positive integers s, k1, ..., ks,
e real numbers f1,..., fs and polynomials pg, p1, ..., ps with ratio-
nal coefficients of 0,1,...,s variables respectively such that
k
it =npo

52 =pi(fr)

f¥ = psa(fisos fo-1)
a:ps(flv"'afs)

Remark 1.1. (a) Any real root of a quadratic equation with ratio-
nal coefficients is expressible by real radicals.

(b) The equation 23 + 2 + 1 = 0 has exactly one real root which is
expressible by real radicals [ZSS, §4.2], see also Problem 2.8 (c).

(c) The equation z* + 4z — 1 = 0 has two real roots; both of them
are expressible by real radicals [ZSS, §4.2], see also Problem 2.10 (d).

(d) Any real constructible number [ZSS, §5.1.2] is expressible by
real radicals.

(e) There exists a cubic polynomial with rational coefficients such
that none of its roots is expressible by real radicals (for example, 2% —
3z + 1). (This statement is proven in Remark (f).)

(f) The number cos(27/9) is not expressible by real radicals.



Let us apply the triple-angle formula for cosine. Then the numbers
cos(27/9), cos(87/9), cos(147/9) are the roots of the polynomial 8y3 —
6y + 1 = 0. By Theorem 1.2 none of these numbers is expressible by
real radicals.

(g) The trisection of an angle is impossible in real radicals. That is,
there exists a number « (for example, o = 27/3) such that the number
cosa is expressible by real radicals and the number cos(a/3) is not
expressible by real radicals. (This statement follows from Remark (f).)

Theorem 1.2 (solvability in real radicals). For a cubic polynomial
with rational coefficients the following conditions are equivalent:

(i) the polynomial has either at least one rational root or exactly
one real root;

(ii) the polynomial has a root which is expressible by real radicals;

(iii) all the real roots of the polynomial are expressible by real
radicals.

The uniqueness of the real root of the ‘shortened’ equation x3 +
pr + q = 0 is equivalent to the following condition: ‘p = ¢ = 0 or
(p/3)3 + (q/2)? > 0’ [ZSS, Problem 8.1.5.d].

Obviously, (i7) < (i4i). This follows from Remark 1.1.a. The solv-
ability in Theorem 1.2 (that is (i) = (i7)) can be proved by del Ferro
method [ZSS, §4.2]; see another proof in §2.3. The insolvability in The-
orem 1.2 (that is (i7) = (7)) has more complicated proof. It is easier
to prove the similar result on insolvability in polynomials, see § 2.5.

1.3 Insolvability in complex radicals

Now consider formulae which involve complex numbers. It turns out
that a cubic equation (for example, 2% — 32 + 1) that is not solvable in
real radicals can be solved in complex radicals.

A complex number is called expressible by radicals if it can
be obtained using number 1 and operations of addition, subtraction,
multiplication, division by a non-zero number and taking the n-th root,
where n is a positive integer.

In other words, a complex number a is expressible by radicals if
some set containing this number can be obtained starting from the
set {1} and using the following operations. To a given set M C C



containing numbers x,y € M one can add
numbers z +y,x —y,ry, number x/y when y # 0,

and any number r € C such that " = x for some integer n > 0.

For example, any (complex) root of a quadratic equation with ra-
tional coefficients is expressible by radicals. Similar assertions hold for
equations of 3-rd and 4-th degree. These assertions can be proved by
del Ferro and Ferrari methods [ZSS, §4.2]; see another proof in §2.3.
However, analogous assertions for equations of higher degrees do not
hold.

Theorem 1.3 (Galois). There exists an equation of 5-th degree
with rational coefficients (for example, 2% — 4z + 2 = 0) neither of
whose roots are expressible by radicals.

The famous problem of solvability in radicals was solved by weaker
Ruffini-Abel theorems proved a little earlier. The Ruffini Theorem
2.7 has more complicated statement. But it leads us to the proof of
Galois theorem. The precise statement of Abel theorem is even more
complicated. It is not presented here, see [Sk15, Remark 7]. An easier
way to solve the solvability problem is to prove the following Galois
Theorem 1.4. This theorem is weaker than Galois Theorem 1.3 and
has an easier proof. For X C C, a complex number a is called X-
expressible by radicals if a can be expressed using the set X U {1} and
the operations from the definition of the expressibility by radicals.

Theorem 1.4 (Galois). There are ag, a1, a9, as,aq4 € C such that
no root of the equation z° +asx*+... +a1x+ag = 0 is {ag, a1, ..., as}-
expressible by radicals.

Theorem 1.5. There is an algorithm to recognize whether all the
roots of the equation 2" +a,_12" ' +...+ a1z +ag = 0 are expressible
by radicals (if a,—1,...,a9 € Q are known).

Theorem 1.5 is proved using Galois Solvability Criterion 2.13.b and
an estimation of the number of operations.

1.4 Plan

This project consists of three formally independent parts. In the first
two parts the definition of ‘expressibility by radicals’ from §2.2 is used.



(1) In §2.3 we discuss Lagrange’s resolvent method used to solve
equations. Formally this method is not used to prove insolvability.
However, familiarity with this method is useful because

e proofs of insolvability were invented during the analysis of this
method,

e this familiarity helps to check intermediate conjectures (which
occur in attempts to prove insolvability), and

e this method is required to prove Theorem 1.5.

(2) The proof of the Ruffini theorem 2.7 is based on the idea of
symmetry and is sketched in §3.1. This proof is prepared by §2.5.
Subsection 2.4 prepares to §2.5 and to the proof of Galois Theorem
1.4.

(3) The proof of Theorem 1.2 on solvability in real radicals is based
on the idea of conjugation (or of algebraic symmetry). This proof is
prepared by §2.1, §3.2 and §3.3.

Theorems 1.3 and 1.5 are not proved here. See the proof of Theorem
1.3 in [ZSS, §5], [Sk19, §9]. Galois Theorem 1.4 is proved in additional
problems, cf. [Sk15], [Sk19, §5]. The proof is based on reduction to
Ruffini Theorem 2.7 using the idea of conjugation (§2.1, §3.2 and §3.3).

1.5 Recommendations for participants

For every solution which has been written down and marked with ei-
ther ‘4’ or ‘4. a student (or a group of students) get a ‘bean’. The
jury may also award extra bean for beautiful solutions, solutions of
hard problems, or solutions typeset in TgX. The jury has infinitely
many beans. One may submit a solution in oral form, but one loses a
bean with each 5 attempts (successful or not).

If a problem is marked by bold and named ‘theorem’ (‘lemma’,
‘corollary’, etc.), then this statement is important. Usually we provide
(as a problem) the formulation of beautiful or important statement
before its proof. In this case to prove this statement one possibly needs
to solve next problems. If you are stuck on a certain problem, try
looking at the next ones. They may turn out to be helpful. We suggest
to all the students working on the project to consult the jury on any
questions on the project. Students who successfully work on the project
will get interesting extra problems.



Please notify us if you already know solutions of several problems.
If you confirm your knowledge by presenting some of them, you will be
allowed not to receive plus-marks for their solutions, but to use them
in solutions of other problems.

2 Problems before the semifinal

In this text equality signs involving polynomial f (or f;) mean equality
of polynomials (i.e. componentwise equality). In §§2.1, 3.2 and 3.3
‘polynomial with rational coefficients’ is called a ‘polynomial’. Denote

gq :=cos(2m/q) +isin(27/q).

2.1 Representability using only one square root

2.1. Can the following number be represented as a + /b with a,b €

Q:
(a) V3+2v2  (b) sE5s (¢) VT+5v2  (d) cos(2m/5);

(e) V2, (f) V2+ V2 (g) cos(2m/9);

(W)* V2+v2 (1)* cos(2m/T); () V2+ V3 + V57

Lemma 2.2. Assume that r ¢ R —Q and r?2 € Q.

(a) Irreducibility. The polynomial 22 — 72 is irreducible over Q.

(b) Linear independence. If a,b € Q and a + br = 0, then
a=b=0.

(C) If r is a root of a polynomial, then this polynomial is divisible
by 22 — r2.

(d) Conjugation. If r is a root of a polynomial, then —r is also
its root.

(e) Conjugation. If a,b € Q and a polynomial has a root a + br,
then a — br is also a root of this polynomial.

(f) If a,b € Q and a cubic polynomial has a root a + br, then this
polynomial has a rational root.

Theorem 2.3. If a polynomial of degree at least 3 is irreducible
over Q, then none of its roots equals to a + v/b for some a,b € Q.

Lemma 2.4 (Extension). Suppose we can obtain a number using
number 1, several operations of addition, subtraction, multiplication,



division by a non-zero number and exactly one operation of taking the
square root of a positive number. Then the number can be represented
as a + /b, where a,b € Q and b > 0.

2.5 Find all n such that the number cos(27/n) can be represented
as a + /b, where a,b € Q.

Hints to §2.1
2.2. (a) If the polynomial 2 — 72 is reducible over Q, then it has a
rational root. This is a contradiction.

(b) If b # 0, then r = —a/b € Q, which is impossible. Hence b = 0,
thus a = 0.

(c) Divide our polynomial with a remainder® by x? — r

P(z) = (2* — r*)Q(x) + mz + n.

2.

Substitute = r. By the Linear independence lemma (see (b)) the
reminder is equal to zero.

(d) By (c) if R? = r?, then R is a root of the polynomial.

(e) Let P be given polynomial, and set G(t) := P(a + bt). Then
G(r) = 0. Hence by (d) we obtain G(—r) = 0.

(f) If b = 0 the assertion is proved. Otherwise by (e) the polynomial
has the roots a + br. These roots are distinct. Hence the third root is
rational by the Vieta theorem.

2.4. It would suffice to prove that the set of all numbers of the form
a £ v/b is closed under operations of addition, subtraction, multiplica-
tion and division. This is obviously false: (1 ++/2) + (1 + +/3) cannot
be represented as a 4 v/b, where a,b € Q (prove this!).

2.2 Definition of the expressibility by radicals for polynomi-
als

The solution of quadratic equation can be expressed by the following
formulae:

T+y+(r—y)
5 .

3The division with a reminder is equivalent to ‘replacing’ z? by 2.

(z—y)?=(x+y)?—4zy and z=




These formulae show that the root x of a quadratic equation is express-
ible by radicals using the coefficients x + y, zy of the equation. The
rigorous definition of expressibility by radicals is given below.

Denote the elementary symmetric polynomials by

o1(xy, ... xp)i=x14 .o+ Ty ooy (X1, Tn) =X Ty

If the number n and the arguments z1, ..., x, are clear from the con-
text, we omit them from the notation.

A polynomial p € C[zy,...,z,] is called expressible by (com-
plex) radicals, if one can add p to the collection {oy,...,0,} UC of
polynomials by a sequence of the following operations:

e if the polynomials f and g are already contained in the collection
one can add their sum f + g and their product fg;

e if the polynomial g is already contained in the collection and
g = f* for some f € C[z1,...,x,] and integer & > 1 one can add f to
the collection.

Remark 2.6. (a) E.g. if a collection contains z? + 2y and x — y3,
then one may apply the first operations and add the polynomial

—5(2? + 29)* + 3(2* + 2y) (z — 3°)°

to the collection; moreover, if a collection already contains x? —2zy+12,
then one may apply the second operation and add x —y (or y — x).
(b) If we use only first operations we can add a polynomial with
complex coefficients of polynomials which are already available.
(c) By Vieta theorem o1, ..., 0, are the coefficients of the polyno-
mial

t" —ot" (=) o gt + (=1)"0, € Clry, . .., 2,][t]

with roots x1,...,x,. Therefore, the expressibility by radicals of the
polynomial x; is equivalent to the expressibility (in the above sense) of
its root x1 in terms of the coefficients of this polynomial.

(d) The polynomial x; is expressible by radicals if and only if there
exist:

e positive integers s, ky, . .., ks,



e polynomials fi,..., fs and pg, p1, ..., ps with complex coefficients
of n and of n,n 4+ 1,...,n + s variables respectively, such that

i =po(o1,...,00)

I — pi(o1,... 00, 1)

ffs :psfl(a-la-'-yo'naflv-“afsfl)
21 =ps(01,y s 0n, f1y-- s fs)

Here we omit the variables (z1, ..., 2, ) of the polynomials o1, ..., 0n, f1,. ..

(e) Given x + y and zy, is it always possible to find =7

A simple formalization of this question is the following: does there
exist a map f : R? — R such that f(z +y,zy) = x for any v,y € R?
The answer is no. Indeed, consider the pairs x = 1,y = 2 and z =
2,y = 1. Therefore, the expressibility by radicals does not allow ‘to
find x’ in the sense described above.

Analogously, given 01 = x+y+ 2, 02 = 2y +yz+ zx and 03 = zyz
is it not always possible to find (z — y)(y — 2)(z — x). Indeed, consider
the triples z =0,y =1,z =—-land z =0,y = -1,z = 1.

Theorem 2.7 (Ruffini). For every positive integer n > 5 the poly-
nomial z1 is not expressible by radicals.

The proof shows that even the polynomial xix9 + xoxs + x3T4 +
r425 + w51 IS not expressible by radicals for n = 5.

2.3 Solution of equations of low degrees

2.8. Which of the following polynomials are expressible by radicals
for n = 37

(@) (z—y)ly—2)(z—x); (b) 2y +y’z+ 2"z (c) @

To solve Problem 2.8 and the following problems, one can use the
fundamental theorem on symmetric polynomials,see for example [Sk19,
4.6.3c|. Hints for part (c) are Problems 2.9.a and 2.11.c.

2.9. A polynomial f € Cluy,ug,...,uy,] is called cyclic symmet-
ric if f(uy,ug,...,up) = f(ug,us, ..., Up—1,Up,u1).

(a) Find at least one pair «, 8 € C such that the polynomial (u +
va 4+ wpB)? is cyclic symmetric, but the polynomial u + va +wp is not.

10
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(b) Express x12x3 + x3x5 + x527 + o729 + T921 by Operations from
the definition of expressibility by radicals starting with some cyclic
symmetric polynomials in z1, s, ..., T1p.

2.10. Which of the following polynomials are expressible by radicals
for n =47

(a) (z—y)(z —2)(x —t)(y — 2)(y — t)(z — 1);

(b) zy+2t; (c)z+y—z—1t; (d) =

2.11. Solve the following systems of equations (z,y,z,t are un-
knowns, a, b, ¢,d are known ):

r+y+z+t=a, r+y+z+t=a,
r+y—z—t=0>o, (b) x+iy—z—it=2>,
r—y+z—1t=c, r—y+z—1=c,
rT—y—z+t=d; r—1y—z+it=d;

(a)

r+y+z=a,
(¢) Q@ +esy+e3z=h,
r+edy+esz=c

Expressions from Problem 2.11 are called Lagrange resolvents. They
are ‘better’ than roots because they are ‘more symmetric’ in the fol-
lowing sense.

Solution of cubic equation using Lagrange resolvents (solution of
Problem 2.8 (c)). To find the roots x,y, z of a cubic equation, it suf-
fices to find the expressions a,b, ¢ from Problem 2.11 (¢). Notice that
the del Ferro method from [Sk19, 4.2.2] leads us to the same expres-
sions. By Vieta theorem, a = a(z, y, z) is the coefficient of the equation.
Under the substitution = <> y, polynomial b = b(z,y, z) goes to e3¢,
and ¢ = ¢(z,y, 2) goes to £3b (check this!). Therefore, the polynomials
be and b3 + ¢ do not change under this substitution. Analogously,
they do not change under substitution z <> y. Therefore the polyno-
mials be and b2 + ¢ are symmetric, i.e., they do not change under any
permutation of variables. From the theorem on representability of a
symmetric polynomial as a polynomial in elementary symmetric poly-
nomials (see e.g. [Sk19, 4.6.3c]) and Vieta theorem it follows that the
be and b3 + ¢ polynomials in z,y, z can be represented as polynomials
in the coefficients of the equation. Hence we can obtain % and ¢ by
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solving certain quadratic equation. Now, by solving certain quadratic
equation we can obtain b® and ¢3.

By Ruffini Theorem 2.7, Lagrange resolvent method demonstrated
by solving equations of degrees 3 and 4 (Problems 2.8 (¢) and 2.10 (d))
does not work for degree 5. Guess why!

Denote by ¥, the set of permutations of the set {1,2,...,¢q}. For
a permutation o € ¥, denote

Define the Lagrange resolvent by
tuy, ... uq) = cqui + couz + . .. + elug.

Define Galois resolvent by

Q(U17~--auqay> = H (y_t(ﬁa)) € Q[gqnula"'vuq’y}'

acdy

2.12. (a) We have Q(equi, ..., equq,y) = Q(u1, ..., uq, y).

(b) For some Rg € Qleg][ut, ..., uq, 2] we have Q(u1,...,uq,y) =
Ro(ui, ..., uq,y?).

(c)Ifzq,...,24 € C are the roots of a polynomial f € Q[x] of degree
¢, then Q(z1,...,24,y) € Qlgglly] and even Q(x1, ..., x4, y) € Qy].

The polynomial Rg(x1,. .., x4, 2) € Q[z] is called the resolvent poly-
nomaal for f.

(d)* All the roots of the resolvent polynomial for f(z) = 2+ 152+
11 (and therefore, all the roots of f) are expressible by radicals.

Theorem 2.13* (a) For a,b € R all the roots of the equation
15 + 20c

x° + ax + b = 0 are expressible by radicals if and only if a = 71
c

and b = w
(b) (Galois Solvability Criterion) For each a,—1,...,a0 € Q all
the roots of the equation A(x) := 2™ + Ap_12" '+ ... +ax+ay=0
are expressible by radicals if and only if a set of degree 1 polynomials
over Q can be obtained from {A} using the following operations:
e (factorization) if one of our polynomials equals to P, P, for some
non-constant Py, P, € Q[z], then replace P; P> by P, and Ps;

for some c € Q, ¢ > 0.

12



e (extracting a root) if one of our polynomials equals to P(x?) for
some P € Q|z], then replace P(x?) by P(x);

e (taking Galois resolvent) replace one of our polynomials P by
the polynomial Q(y1,...,Yq,y), Where y1,...,y, are all the roots of P.
(Analogously to Problem 2.12.c Q(yi,-..,¥q,vy) € Qly].)

Part (a) is derived from (b) [PSo]. Part ‘if’ in (b) is easier. This part
can be proved using Lagrange resolvent method which is considered in
this subsection. Part ‘only if” in (b) is more complicated. This can be
proved similarly to Galois Theorems 1.3, 1.4.

2.4 There is only one way to solve quadratic equation

Systems of equations studied here and in the following subsection arise
when solving equations by radicals (‘using one radical’), see Remark
2.6.d.
2.14. (a,b) Solve the system of equations in polynomials f(z,y),
p(u,v) and q(u, v, w) with real coefficients:
FP(z,y) = pla +y,zy)
(a)
v =q(z+y,zy, f(z,y))
(c,d*) Solve the analogues of (a,b) where the polynomial f is re-
placed by a function f : R? — R (which is not assumed to be continu-
ous).

, where k > 0 is an integer.

The system of equations from 2.14.a is satisfied, for example, by
the polynomials
U+ w

fy)=z—y, plu,v)=v’—4v and q(u,0,w)=——.

2.15. Assume that f,g € R[z, y].

(a) Lemma. If fg =0, then f =0 or g = 0.

Warnings. There exist functions F,G : R — R such that F'G =
0, F # 0 and G # 0. There exist two different polynomials in two
variables which are equal at an infinite set of points. Do not use without
proof the fact that if the values of polynomials in two variables are equal
in any point, then the polynomials are equal.

13



(b) If f2 = g2 then f =gor f = —g.

() If f2+ fg+g?>=0,then f =0o0r g=0.

(d) If f3 = g3, then f =g.

(e) If f5 = g%, then f = g.

(£) 5= g° = (f = 9)(f —es9)(f — ekg)(f — e2g)(f — edg).

To prove the assertions 2.14.bd, the following notions and lemma
are useful.

A polynomial f in two variables z, y is called symmetric, if f(x,y) =
f(y,z). A polynomial f is called antisymmetric, if f(z,y) = —f(y,x).

2.16. (a) Lemma. If f € R[z,y] is a polynomial with real coef-
ficients in two variables such that f? is symmetric, then f is either
symmetric or antisymmetric.

(b) Lemma. If f € R[z,y] is such that f2**! is symmetric, then f
is symmetric.

(c) If f € Rz,y] is antisymmetric, then there exists a symmetric
polynomial a € R[z,y] such that f = (z — y)a.

To prove the assertions above and to solve other problems, Lemma
2.15.a would be useful.

2.17. For which of the statements 2.15 and 2.16 their analogues for
polynomials with complex coefficients hold?

Now we give a generalized form of assertion 2.14 for an arbitrary
number of steps in the definition of the expressibility by radicals.

2.18. A rational fraction is a ‘formal ratio of polynomials’, i.e. a
pair f/g := (f,g) of polynomials with g # 0. We define f/g ~ f'/4’
if and only if f¢’ = f’g. The polynomial f is identified with the pair
(f,1). Denote by R(ui,...,uy) the set of all rational fractions with
real coefficients in variables w1, ..., uy.

(a) Define the sum and the product of rational fractions. Are they
well-defined? Check this!

(b) Consider the system of Remark 2.6.(d) for n = 2, where f;
and p; are rational functions (not necessarily polynomials). Assume
that the system is minimal. This means that there is no system with a
smaller s, and that ff is not a rational fraction of z 4y, xy, f1,..., fi—1
forany j =1,...,s and k < k;. Then s = 1, k; = 2, and there exists
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a rational fraction a € R(u,v) such that

fi(z,y) = (z — y)alz +y, zy).

(c)* State and prove the analogue of (a), where rational fractions
fi,..., fs are replaced by functions R? — R (while py,...,ps are still
rational fractions) and equalities for rational fractions are replaced by
equalities for functions defined for all (z,y) € R2.

2.5 Insolvability ‘in real polynomials’
In this subsection we often omit the arguments (z,y, z) of polynomials
in formulae.

2.19. There are no polynomials f(z,y, z), p(u,v,w) and q(u, v, w, )
with real coefficients such that

{f(ajvyvz)k :p(O’l(l‘,y,Z),O'Q(IE,y,Z)7O'3(JJ,y, Z))
T = Q(Ul(x7yaz)70'2(x7y7 Z)703(x7y72)7 f(xayv Z))

(a) for k=1; (b)for k=3; (c)for k=2
(d) for any integer k > 0.

For the proof the following definition and statement are useful. A
polynomial f € R[z,y, 2| is called cyclic symmetric if f(z,y,z) =
fy, z,2).

2.20. If f € R[z,y, 2] and the polynomial

(a) %5 () f?

is cyclic symmetric, then f is cyclic symmetric.
Remark 2.21 (cf. solution of Problem 2.8.c). There are no poly-
nomials

fl(xvyvz)a fZ(x,ZJ,Z), pO(Uﬂ}aU})a pl(uvvvw77—l)a p2(uavvwv7—lv7—2)
with real coefficients such that

f12 = pO(Ula 02, 03)
fg) = p1(01,0-250-37 fl)
x = pa(01, 02,03, f1, f2)

15



A generalization of Remark 2.21 to an arbitrary number of steps can
be formalized by the definition of expressibility by real radicalswhich is
obtained from its complex analogue (§2.3) by replacing complex coef-
ficients by real coefficients.

The formulae at the beginning of §2.2 show that = is expressible
by real radicals for n = 2. The solution of Problem 2.8.ab shows that
both polynomials

(=9 -2)(z—x) and 2% +y’z+ 2%

are expressible by real radicals for n = 3.

Theorem 2.22. The polynomial = is not expressible by real radi-
cals for n = 3.

Theorem 2.22 is yet another formalization of the fact that a root of

a cubic equation is not expressible by real radicals via its coefficients,
see Remark 1.1.e. Theorem 2.22 is implied by the following lemma.

Lemma 2.23 (keeping cyclic symmetry). If ¢ > 0 is an integer,
f € Rlz,y,z] and the polynomial f? is cyclic symmetric, then f is
cyclic symmetric.

2.24. For which of the statements from this subsection their ana-
logues for polynomials with complex coefficients hold?

16



Toward algorithms of solving algebraic equations

presented by A. Enne, A. Skopenkov,
A. Glebov, A. Chilikov, B. Vukorepa

3 Problems after the semifinal
3.1 Insolvability ‘in polynomials’

The definition of expressibility by radicals for a polynomial is given
in §2.2. Formally, the Ruffini Theorem 2.7 follows from Lemma 3.4.
The most difficult and interesting task is to invent the statement of
this lemma. In order to do that we prove the following simple facts.
Explain why the polynomial x is not a polynomial of x + y and xy.

3.1. The polynomial x; is not expressible by radicals in such a way
that the second operation in the definition of expressibility is applied
only for

(a) k =2 (hint: see Problem 2.24); (b) k= 3.

3.2. Which of the following assertions are true for every f € Clzy,. ..

(a) If f3 is cyclic symmetric, then f is cyclic symmetric.

(b) If f? is cyclic symmetric, then f is cyclic symmetric.

(c) If f3 is symmetric, then f is symmetric.

(d) If f? is symmetric, then f is symmetric.

A cycle of length 8 is a permutation of an m-element set which
moves some 3 elements cyclically and does not change positions of any
other elements. A polynomial f € Clzy,...,z,] is even symmetric
if for any cycle «a of length 3 the polynomials f(z1,x2,...,z,) and
f(:ca(l),:ca@), e ,xa(n)) are equal.

3.3. (a) Find a cyclic symmetric polynomial that is not even sym-
metric.

(b) If a permutation does not change the polynomial from your
solution of Problem 3.2.d, then it can be represented as a composition
of cycles of length 3.

Lemma 3.4 (keeping even symmetry). If ¢ > 0 is an integer, f €
Clx1,...,z5], and the polynomial f? is even symmetric, then f is even
symmetric.
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3.5. Suppose f € Cx1,...,x,] is a polynomial.

(a) If the polynomial f7 is even symmetric, then f is even symmet-
ric.

(b) If n > 5 and the polynomial f3 is even symmetric, then f is
even symmetric.

(c) If n > 5, then any cycle of length 3 on an n-element set can
be written as a product of permutations of the form (ab)(cd), where
a, b, ¢, d are pairwise distinct (i.e. as a product of compositions of trans-
positions with disjoint supports).

3.6. The definition of rational expressibility by real (complex) rad-
icals is analogous to the definition of expressibility by radicals. Polyno-
mials are replaced by rational fractions (with appropriate coefficients;
see the definition in Problem 2.18). Is the polynomial z; rationally
expressible by

(a) real radicals for n = 37

(b) (complex) radicals for n = 57

3.2 Representability using only one cubic root

Here we develop the ideas from § 2.1.
3.7. Can the following number be represented as a + b2 + cv/4
with a,b,c € Q:
(a) V3;  (b) m; (c) cos(2m/9);  (d) V/3;  (e) V/3;
(f) the maximal real root of 23 — 4z + 2 = 0;
(g)* the unique real root of 23 — 6x — 6 = 0;
(h)* the unique real root of x3 — 9x — 12 = 0?

Lemma 3.8. Assume that 7 € R — Q and 7 € Q.

(a) Irreducibility. The polynomial 3 — 72 is irreducible over Q.

(b) Linear independence. If a + br + cr? = 0 with a,b,c € Q,
thena=b=c¢=0.

(b’) Linear independence over Q[es]. If

k,l,m € Qles] := {u+vez: u,v € Q}

and k+r +mr? =0, then k =¢=m = 0.
(c) If r is a root of a polynomial, then this polynomial is divisible
by x3 — 3.
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(d) Conjugation. If r is a root of a polynomial, then the numbers
e3r and e3r are also its roots.

(e) Conjugation. If a,b,c € Q and a polynomial has root xy :=
a + br + cr?, then the numbers

x1:=a+begr +ce2r? and a9 = a + bedr + cezr?

are also its roots.
(f) Rationality. If a,b,c € Q, then the number a + br + cr? is a
root of some cubic polynomial.

Theorem 3.9. If a polynomial is irreducible over Q and has a root
a+br +cr? for some r € R—Q and a, b, ¢, 7> € Q, then this polynomial
is cubic and it has exactly one real root.

Lemma 3.10 (Extension). A number expressible by real radicals
with only one extraction of a cubic root can be represented as a + br +
cr?, where r € R and a,b,¢,r3 € Q.

3.3 Representability using only one root of prime order

3.11. Can the following number be represented in the form
aop + a1 v2 + agV22 4 - + ag V26

with ag, a1, as,...,a6 € Q:

(a) V3;  (b)cosiy; (c) V3 (d) V3

(e) some root of the polynomial 7 — 4z + 27

Answers: no. The arguments are similar to those in the solutions
of problems 3.7. Use lemmas stated below.

Lemma 3.12. Let ¢ be a prime number, r € R — Q and r¢ € Q.

(a) Irreducibility. The polynomial 27 — r? is irreducible over Q.

(b) Linear independence. If r is a root of a polynomial A which
degree is less than ¢, then A = 0.

(c) Conjugation. If r is a root of a polynomial, then all the
numbers rafj, k=1,2,3,...,q — 1, are also roots of this polynomial.

(d) Rationality. If A is a polynomial, then the number A(r) is a
root of some nonzero polynomial which degree is at most ¢.
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Denote
Qleq] := {ao + areq + ageg +...+ aq,geg_Q tag,...,aq-2 € Q}.

3.13. Let ¢ be a prime number, r € C — Q[g,] and 77 € Qg,].

(a) The polynomial 27 — 79 is irreducible over Qg].

(b), (¢) Prove the analogues of parts (b,c) of the previous problem
for a polynomial with coefficients in Qle,].

Lemma 3.14* Let ¢ be a prime number, r € R — Q and r? € Q.

(a) Irreducibility over Q[g,]. The polynomial z? — r? is irre-
ducible over Q[e,].

(b) Linear independence over Q[g,]. If A is a polynomial of
degree less than ¢ with coefficients in Q[e,] and A(r) = 0, then A = 0.

Theorem 3.15. Assume that a polynomial is irreducible over Q
and has an irrational root A(r), where A is a polynomial and r € R is
such that r? € Q for some prime ¢. Then the polynomial has degree ¢
and, if ¢ # 2, has no other real roots.

The proof is analogous to the proofs of Theorems 2.3, 3.9 and to
the solutions of 3.11 (abc). Apply the Conjugation Lemma 3.12.c, the
Rationality Lemma 3.12.d, and the Linear Independence over Qle,]
Lemma 3.14.b.

Lemma 3.16 (Extension). The number expressible by real radicals
with only one root extraction is equal to A(r) for some r € R, q € Z
and A € Q[z], with r? € Q.

The proof is similar to the proof of the Extension Lemma 3.10.

3.17. (a—d) Prove the assertions analogous to Problem 3.12 with Q
replaced by any set F' C R which is closed under operations of addition,
subtraction, multiplication and division by a non-zero number (and
with polynomials over Q replaced by polynomials over F).
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Solutions for problems before the semifinal

2.1. Answers: (a), (b), (c), (d) 7— yes, (e), (f), (g), (h), (i) ”— no.
a), (¢) We have 3+2V2 = m:1+\/§.

(a),

(b) We have ! 7-5v2 = —T7+5V2.
(d)

(

T15v2 1225
d) We have cos(27/5) = (v/5 — 1) /4.
e) Assume that /2 is representable in this form. Then

2 = (V2)® = (a® + 3ab) + (3a% + b)Vb.

Since 3a% + b # 0, we have vb € Q. Thus V/2 € Q, which is a contra-
diction.

Other proofs are similar to the proof of Theorem 2.3.

(f) A sketch for the first solution. It is easier to prove right away
that

\?ﬁ#a—i—p\/l;—i—q\/é—i-r\/%, for any a,b,c,p,q,7 € Q.

It sufficies to show that /2 # u + vy/c for any u,v,c € Q[Vb] :=
{z+yVb: z,y € Q}. The idea of our proof is that numbers from Q[v/b]
(with b fixed) are jjas good as;; rational numbers, that is the sum, the
difference, the product and the quotient of the numbers from Q[\/l;] are
also the numbers from Q[v/b] (or, scientifically speaking, Q[v/b] — is a
number field). Therefore we can prove the assertion simillary to (e).

A sketch for the second solution. Assume that V24+2=a+Vb
for some a,b € Q. This number is a root of the polynomial P(z) =
((x — v2)? = 2)((x + v/2)® — 2) having rational coefficients. From (e)
it follows that v/2 4+ ¥/2 ¢ Q. Hence, vb ¢ Q. By the Conjugation
Lemma 2.2 (e) for r = v/b we have P(a — v/b) = 0. Since Vb ¢ Q,
then roots a + v/b are different. The polynomial P has only two real
roots, namely V2 4+ /2 and —v/2 + V2. Thus a + Vb = V2 + /2 and
a— Vb= —/2+ /2. Therefore V2 =a € Q. This is a contradiction.

(g) Assume that cos(2m/9) is representable in this form. By the
formula for the cosine of a triple angle cos(27/9) is a root of the
equation 423 — 31 = —%. By Lemma 2.2 (f) this equation has a rational
root, which is a contradiction.

Another proof is analogous to Theorem 2.3.
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(h) The roots of the polynomial P(z) = (22 —2)2 — 2 are four num-
bers of the form +1/2 #+ 1/2, where the signs need not agree. All these
numbers are irrational. From Theorem 2.3 it follows that it is sufficient
to prove that the polynomial P cannot be written as a product of two
quadratic trinomials with rational coefficients. This irreducibility fol-
lows from the fact that the product of any two roots of P is irrational.

(i) (Here we use the text by I. Braude-Zolotarev.) The equality

cos(2m/7) + cos(4m/T) + cos(6m/7) + ...+ cos(14w/7) = 0

implies that cos(27/7) + cos(4m/7) + cos(6m/7) = —1/2. Applying the
formulas cos 2o = 2cos?  — 1 and cos 3a = 4 cos® o — 3 cos a, we find
that cos(27/7) is a root of the equation 83 + 4t2 — 4t — 1 = 0.

Substituting u = 2t we get u® + u? — 2u — 1 = 0. This equation
has no rational roots. Hence the same holds for 8¢3 4+ 4t> — 4t —1 = 0.
Thus the polynomial 83 4 4t? — 4t — 1 = 0 is irreducible over Q. Now
the negative answer to the question follows from Lemma 2.2.1.

(j) is similar to (f).

2.3. Suppose on the contrary that the given polynomial P(z) has a
root 2o = a + v/b. By the Conjugation Lemma 2.2.e and analogously
to it, the number z; = a F V/b is also a root of P. If b = 0, then the
statement is obvious. So assume that b # 0. Then zg # x1. Therefore,
P is divisible by (x —a)? —b. Since deg P > 2 then P is reducible. This
is a contradiction.

2.4. Let y/c be a number we get with only one extraction of the root,
where ¢ € Q. Prove that all the obtained numbers have the form
a + by/c with a,b € Q.

2.5. Answer: The number is representable if and only if
n € {1,2,3,4,5,6,8,10,12}. Or, equivalently, p(n) € {1,2,4}.

2.8. (a) The polynomial (z — y)2(y — 2)%(z — z)? is symmetric.
(One may also reduce (a) to (b).)
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(b) Set
M=2%+y"24+22 and N =42+ 22+ 2%.

Then M + N and M N are symmetric polynomials. Therefore they are
polynomials in elementary symmetric polynomials o1, 09, 03. Finally,
M itself now can be expressed via M + N and M N by the ‘formula for
the roots of a quadratic equation’, see beginning of §2.3.

2.9. (a) One possible answer is u + ves + we3.
(b) Set

M = x123 + 2325 + 527 + X7 T9 + T9x1 and

N = wox4 + T4x6 + Texs + TT10 + T10T2-

Now one can argue as in 2.8.b.

2.10. (a) The square (z —y)%(z —2)?(x —t)?(y — 2)2(y — t)*(z — t)?
is symmetric, cf. 2.8.a.

(b) Set

M=zy+2z2t, N=zz+yt, K=uzt+yz.
By 2.8.c, M can be expressed by radicals using the polynomials
M+N+K, MN+MK+NK, MNK.

Analogously to the solutions of Problems 2.8 ¢ above and 2.10 (d) below,
these polynomials are symmetric. Thus M = zy + zt is expressible by
radicals.

(c) Set

M=(@x+y—z2—1t)? N=(x+z-y—1t)? K=@+t—y—2>

Then repeat the solution of part (b) to obtain M = (z +y — z — t)°.
Then it is easy to obtain z +y — z — t.
Alternative solution. We have

(z+y—z—t)? = (2 +y? + 22+ 13) +2(xy +t2) — 2(t +yz) —2(v2 +yt).
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The first summand is symmetric and the other summands are express-
ible by radicals due to part (b). Thus x +y — z — t is expressible by
radicals.

Solution of the equation of fourth degree using Lagrange resolvent
method (solution of the problem 2.10(d)). To find the roots x,y, z,t
of the fourth degree equation it is enough to find the expressions for
a,b, ¢, d from Problem 2.11 (a). By Vieta theorem, a is the coefficient
of the equation. Under substitution z ¢ y, polynomials ¢* and d?
are interchanged, and b? goes to itself. After cyclic permutation z —
y — 2z — t — x, polynomials b and d? are interchanged, and c?
goes to itself. Therefore polynomials b2, ¢?,d? are permuted for every
permutation of variables z,y, z,t. Hence their Vieta polynomials, i.e.

V4 +d? VA4V + A2, vRAEd

are symmetric. Then these polynomials in z,y, 2z can be represented
as polynomials in the coefficients of the equation. Now by solving the
cubic equation we can get b%, ¢?,d?. Then it is easy to obtain b, ¢, d.

2.11. Repeatedly use the identities 14+e+4e? = 0 and 1+i+42+4% =

0.
2.12. Here we show the solution for ¢ = 5.
(a) We have
t(estia) = t(Ua(s)s Ua(1) Ya(2)> Ya(3)s Ya(4)) = H(Uao(54321))-
Hence
Q(esu, - esus,y) = [[ (v — tlesiia)) =
a€Xls
= H (y — t(ﬁao(54321)) = Q(u1, ..., us,Y).
aEds
Here
e (54321) € X5 is the cycle that sends 5 to 4,4 to 3, ..., 1 to 5.

e the last equality holds because when « ranges through X5, so does
a o (54321).

(b) There is a homogeneous polynomial Py € Qles|[u1, ..., us] (of
‘degree’ 120 — k) such that the coefficient of y* in Q is P(u1,...,us),
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i.e.
120

Q(U]_,. . ';US;y) = ZPk(ulv cee )u5)yk‘
k=0

By (a) and by homogeneity we have
Pk(ul, N ,U5) = Pk(55u1, N €5U5) = gngk(ul, e ,U5).

If k£ is not divisible by 5, we obtain Py (u1,...,us) = 0 as required.

(¢) The polynomial Q(uq,...,us,y) is symmetric in u,...,us. So
all the coefficients (Py from (b)) of the corresponding polynomial from
Qles, u1, ..., us][y] are symmetric in wuq,...,us. Now the statement
follows from the fundamental theorem on symmetric polynomials, Vieta
theorem and the fact that the coefficients of f are rational.

2.14. (a) We will prove that there exists a € R such that f(z,y) =
alx —y).

Since the polynomial f? = p is symmetric, we can assume that
the polynomial ¢ is linear in third variable, i.e. q(u,v,w) = a(u,v) +
b(u,v)w for some a,b € Ru,v] (otherwise we can change ¢ while pre-
serving f,p). Then we have = = a(z + y,zy) + b(z + y, zy) f(z,y).

Now we get pb> = f20? = (z — a)? = (y — a)?. By Lemma 2.15.b
we get * —a = a — y, since the case x — a = y — a is impossible. Hence
a = (x +y)/2. Then (z — y)? = 42> = 4pb®. If the polynomial
p = f? is constant, the polynomial b = +(x —y)/2./p is not symmetric.
Therefore p is not constant. Thus b is constant. Hence 2x = 2q =
x4+ y+2bf, from which b # 0 and f = a(z —y) for a = 1/20.

(b) We will prove that k is even and that there exists a € R such
that f(z,y) = a(x—y). We can use induction on k with the application
of part (a) and the generalization of Lemmas 2.15.be, 2.16. If & is odd,
from Lemma 2.16.b we get that f is symmetric. That contradicts the
equality = = q(z + vy, zy, f(z,y)). If k = 4, then f? is either symmetric
or antisymmetric. The first case reduces to part (a). The second one
gives us f2(z,y) + f2(y,x) = 0. We solve the case of arbitrary even k
analogously.

(c) Analogously to part (a) we get * = a + bf. Therefore, f is a
rational fraction. Now the solution is analogous to part (a).
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2.15. (a) Define the leading term of a polynomial so that the leading
term of the product is equal to the product of the leading terms of the
factors.

(b) This follows from part (a).

(c) We have f?+ fg+g* = (f + %)2 +39% = (f —e39)(f — 39).

(d) This follows from part (c).

(e) This follows from part (f).

(f) Prove and apply the Bezout theorem for polynomials in u with
coefficients in R[v].

2.16. (a) Since f2 is symmetric, we have f(z,y)? = f(y,r)?. Now
by the statement 2.15.b we have f(z,y) = £f(y, x).

(b) Use the analogues of statements 2.15.ce.

(c) See the hint for 2.15.f.

2.17. Answer: 2.15.abf, 2.16.abc.

2.22. For n = 3, the set of polynomials expressible by real radicals
is contained in the set of cyclic symmetric polynomials. This state-
ment can be proved by induction on the number of operations from the
definition of expressibility in radicals. The induction step follows from
Lemma 2.23 on the preservation of cyclic symmetry.

Since the polynomial x is not cyclic symmetric, it is also not ex-
pressible in real radicals.

2.23. The proof can be found in [Sk19, p. 9.4.2].

2.24. Answer: 2.19.abcd, 2.20.b, 2.23 for all ¢ which are not divis-
ible by 3.

26



Toward algorithms of solving algebraic equations

presented by A. Enne, A. Skopenkov,
A. Glebov, A. Chilikov, B. Vukorepa

Solutions for problems after the semifinal

3.1. (b) Use the analog of Problem 3.2.c for n = 3.

3.2. Answer: (c) — true, (a), (b), (d) — not true.
(a) See 2.9.a.
(b) Consider the polynomial x1 + e529 + e2x3 + e374 + eix5.
(d) Consider the polynomial [](z; — z;).
1<j
(c) Since f3 is symmetric, we have

(w1, 20, 03,24, 75) = f2(22, 21, T3, T4, T5).

Extracting the third root, we have
2
f(mla T2,T3,T4, $5) = €gf($2, T1,T3,T4, 1'5) = €3qf(fl'1, XT2,T3, T4, .175)-

Thus, e3¢ = 1, and so €} = 1. Similarly, f(Z) = f(&,) for any per-
mutation a exchanging two elements from the set {z1,x2, 23,24, 25}.
Therefore, f is symmetric.

3.3. (a) 1wo + wox3 + X34 + T4T5 + T5X1.

(b) First prove that if a permutation maps the polynomial of Prob-
lem 3.2.d to itself, then the permutation is even. This implies that the

permutation can be represented as a composition of cycles of length 3,
see [ZSS, p. 23.2.4].

3.4. The proof can be found in [Sk15].

3.5. (c) (abc) = (ac)(de)(ab)(de).

3.6. Answer: (a), (b) — no.

Lemmas 2.23 on keeping cyclic symmetry and 3.4 on keeping even

symmetry also hold for rational fractions, see [Sk15], [Sk19, p. 9.4.2].

After that, we can proceed analogously to the solution of Problem
2.22.
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3.7. Answers: (a), (c), (d), (e), (f), (h) ”— no, (b), (g) ”— yes.
Denote r := /2.
(a) Assume that v/3 is representable in this form.
First solution. Then

3 = (a® + 4bc) + (2ab + 2¢*) V2 + (2ac + b?) V4.

Since the polynomial 2 — 2 has no rational roots, it is irreducible
over Q. Thus, 2ab + 2¢? = 2ac +b*> = 0 (cf. 3.8.b). So we have
b = —2abc = 2¢®. Hence either b = ¢ = 0 or v/2 = b/c. Both cases are
impossible.

Second solution. Denote P(x) := x?> — 3. By the Conjugation
Lemma 3.8 (e), P has three roots zg, z1, z2 defined in the statement of
the lemma. Since none of them is rational, the equality b = ¢ = 0 does
not hold. So by the Linear Independence Lemma over Q[es] 3.8 (b)
the three roots are distinct. This is a contradiction.

(b) We have (1+5+/2+ /4)(3+ ¥/2 — 8¥/4) = —75. (This equality
can be easily obtained by the undetermined coefficients method or ap-
plying Euclid algorithm to 23 — 2 and 22 + 5z + 1, see solution of 3.10.)
Therefore,

1 1
1+5¢2+ 94 25

(c) Assume that cos(27/9) is representable in this form. This num-
ber is a root of the equation 423 — 3z = —%. Its other two real roots
are cos(87/9) and cos(47/9).

Repeat the second solution of (a) for P(x) := 823 — 6x — 1. We

obtain that the roots zg,x1,x2 are distinct. Since 6’§ = egk, we have

To = x1. Thus, 1 and x2 can not be both real and distinct. This is a
contradiction.

(d) Assume that +/3 is representable in this form. By the Rational-
ity Lemma 3.8 (), v/3 is a root of a cubic polynomial. This contradicts
to the irreducibility of the polynomial z°> — 3 over Q.

(e) Analogously to (a) and (c), by the Conjugation Lemma 3.8 (e)
it follows that the polynomial 3 — 3 has three roots g, x1, x2 defined
in the statement of the lemma. Thus, (a+br+cr?)e§ = a+bres+cr?e?
for some s € {1,2}. By the Linear Independence Lemma over Qles]

1 8 359
— V24— (V2)%
75 f+75 (V2)
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3.8 (b") we have a = 0 and bc = 0. Hence either /3 = br or V/3 = cr?.
This is a contradiction.

(f) The proof is analogous to (c).

(g) This equation has a root v/2 + /4.

(h) The only real root of this equation is v/3 4+ /9. Assume that
this number is representable in the required form. Repeat the second
solution of (a) for P(x) := 3 — 92 — 12. We obtain that z, v1, 2 are
all roots of P.

On the other hand, all roots of the equation are

yo = V3+ V9, y =33+ \3/‘55:24,7 Y2 1= \3/55:2% + V3.

Since the equation has exactly one real root, we have xg = yo. Then
either 1 = Y1, T2 = Y2, O T2 = Y1, T1 = Y2.

Denote R(x) := v/3z + /922 and let S(z) := a + bra + cr?z? or
S(z) := a+bra?® +cr’x in the first and second case, respectively. Then
the polynomial R(x) — S(z) has three distinct roots 1, 3, and 3. But
the degree of this polynomial is at most 2. Thus, R = S. Hence either
V3 =br or v/3 = cr?. A contradiction.

3.8. (a) Suppose that 23 — 73 is reducible over Q. Then it has a
rational root. This is a contradiction.

(b) Assume the contrary. Divide 2% — r3 by a + bx + cx? with a
remainder. By (a), the remainder is nonzero. Both polynomials 3 — 73
and a + bx + cx? have a root x = r. Hence the remainder has the root
x = r. Thus, the remainder has an irrational root. This is impossible
because the remainder has degree 1.

(b") Consider the real and the imaginary parts separately.

(c) Divide our polynomial by 23 — r3 with a remainder. Taking
x = r and applying Linear Independence Lemma (b), we get that the
remainder is zero.

(d) By (c), if R® =73, then R is a root of our polynomial.

(e) Let P be the given polynomial, and set G(t) := P(a + bt + ct?).
Then G(r) = 0. Hence by (d) we have G(re3) = 0 = G(re3).

(f) First solution. Taking z = y + a we see that it suffices to
prove the assertion for a = 0. The number t = br + cr? satisfies
t3 = b33 4 ¢3r% + 3berdt.
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In other words, since u3 + v3 + w? — 3uvw is divisible by u + v + w,
the number a + br + cr? is a root of the polynomial

(x —a)® = 3berd(z — a) — b3r® — 1P,

Second solution. Denote g := a + br + cr?. Expand the numbers

xlg, k=0,1,2,3, as polynomials in r:
SUIS =ai + bpr + CkTQ.
It suffices to find numbers Ag, A1, A2, A3 € Q, not all zeros, such that
Ao+ Ao+ /\gx% +)\3x8 = 0. So, these numbers must satisfy the system
of equations

Aoag + ...+ Azaz =0,

)\obo—i-...—i-)\gbg :0,

Aoco + ...+ Azeg = 0.

It is known that a homogeneous (i.e. with zero right-hand parts) sys-
tem of linear equations with rational coefficients, where the number
of equations is smaller than the number of variables, has a nontrivial
rational solution. Hence, the required numbers exist.

The obtained polynomial has degree exactly 3 by lemmas 3.8 (e,
b’).

Third solution. Denote A(x) := a + bz + cz®. The product (x —
A(to))(z — A(t1))(x — A(tz)) is a symmetric polynomial in tg, 1, ta.
Hence this product is a polynomial in x and the elementary symmet-
ric polynomials in %g, t1,t2. The values of these elementary symmetric
polynomials at ¢ = rs’?f (k =0,1,2) are the coefficients of the polyno-
mial 23 — 73, and hence are rational. So the considered product is the
required polynomial.

3.9. By the Rationality Lemma 3.8 (f) there exists a cubic polynomial
having a+br+cr? as aroot. Since the given polynomial P is irreducible
over Q and has the same root, we conclude that deg P < 3. By the
Conjugation Lemma 3.8 (e), P has three roots xg, 1, z2 defined in the
statement of the lemma. Since P is irreducible over Q, none of its
roots is rational. So the equality b = ¢ = 0 is impossible. By the
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Linear Independence Lemma over Q[es] 3.8 (b'), o, z1,x2 are distinct.
Hence deg P = 3.
Since 5’§ = sgk, we have T3 = x1. Hence x9 and x1 cannot be real

and distinct. So 9,21 € C — R. Then P has a unique real root.

3.10. Assume that after extracting the third root we get number r.
If |r| € Q, the statement is trivial. If |r| ¢ Q, then the polynomial
x3 3 is irreducible over Q.

It suffices to prove that

—r
= h(r) for some polynomial h.
3

1
a+br+cr?
By the Irreducibility Lemma, the polynomial 2% — 73 is irreducible

over Q. Hence it is coprime with a + bz + ca?. Therefore, there exist
polynomials g and h such that h(x)(a + bz + cx?) + g(x)(z3 —r3) = 1.
Then h is the required polynomial.

3.11. Denote r := v/2 and A(z) := ag + a1z + asx® + ... + agz®.

(a) Assume that /3 is representable in this form. By the Con-
jugation Lemma 3.12 (c), the polynomial 22 — 3 has roots A(re¥) for
k=0,1,2,...,6. Since this polynomial has no rational roots, the Lin-
ear Independence Lemma over Q[e,] 3.14 (b) yields that these roots are
distinct. This is a contradiction.

(b) Assume that cos 27 is representable in this form.

First solution. Analogously to part (a), the given polynomial P
has pairwise distinct roots zy := A(re%) for k = 0, 1, 2, ..., 6. Since
P(0) > 0, P(1) <0, and P(2) > 0, the polynomial P has a real root
xy, different from xg. We have 6’? = 67_k. Hence z, = T, = x7_. A
contradiction.

Second solution. Denote by P the polynomial such that cos 7z =

P(cosx) (prove that it exists!). The roots of the polynomial 2P (z) + 1

2(3k+1
are real numbers y, = cos u with £ = 0,...,6. One of them,

namely y2 = —1/2, is rational.
In the following paragraph we prove that g is irrational.
(Otherwise, the equality 5%1 — 2yoe21 + 1 = 0 implies that €91 =
a + Vb for some a,b € Q. Then the number 7 = £3; also has this
form. But €7 is a root of the irreducible* polynomial 1 + z + - - + x5,

4The irreducibility of the polynomial g(x) = 142 + ...+ 2° can be proved, e.g.,
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which contradicts to the analogue of Theorem 2.3 for numbers of the
form a + Z\/B)

Thus the number yq is an irrational root of the polynomial 2];()2?1
which has degree 6. Then Conjugation Lemma 3.12.c and Linear In-
dependence over Q[e,] Lemma 3.14.b show that this polynomial has
seven distinct roots, which is impossible.

(c) Assume that /3 is representable in this form. Then by the Ra-
tionality Lemma 3.12 (d), there exists a nonzero polynomial of degree
at most 7 having /3 as a root. This contradicts the irreducibility of
the polynomial z!'! — 3 over Q.

(d) Assume that v/3 is representable in this form. Analogously
to (a), all the complex roots of the polynomial 27 —3 are A(rek) for k =
0,1,2,...,6. Therefore, A(r)e? = A(rey) for some s € {1,2,3,4,5,6}.
Hence by the Linear Independence Lemma over Q[e,] 3.14 (b) we have
ar = 0 for each k # s. Therefore, v/3 = agr®. This is a contradiction.

(e) Assume that one of the roots is representable in this form.
The given polynomial P has no rational roots. Then Conjugation
Lemma 3.12.c and Linear Independence over Q[e,] Lemma 3.14.b yield
that P has pairwise distinct roots xj, := A(ref) for k = 0,1,2,...,6.
Since P(0) > 0, P(1) < 0, and P(2) > 0, the polynomial P has a real
root zp distinct from xg. From the equality 6’? =& k it follows that
T = T = T7_p. This is a contradiction.

3.12. (a) All the roots of the polynomial z?—r? are r,req, re2, . .., rsg_l.

Assume that £9—r? is reducible over Q. Then the absolute value of the
constant term of one of its unitary irreducible factors is rational and
equals to the product of absolute values of k of these roots, 0 < k < q.
Therefore, 7% € Q. Since ¢ is prime, we have kx 4+ qy = 1 for some
integers x,y. Thus, r = (r#)*(r7)¥ € Q. This is a contradiction.

(b) Assume the contrary. Take the smallest degree polynomial A(z)
for which the statement is false. Let R(x) be the remainder of z7 — r?
divided by A(z). Then deg R < deg A, R(r) =0, and R(z) # 0 by (a).
This contradicts the choice of A.

by applying the Eisenstein criterion to the polynomial g(x + 1). However, in this
particular case it suffices to prove that g has no divisors of degree 1 and 2 with
rational coefficients.
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(c) The solution is analogous to that of 2.2 (c, d), 3.8 (d). Use (b).

(d) The proofs repeat the second and the third proofs of the Rati-
onality Lemma 3.8 (f). It is only necessary to replace 3 by ¢ and 2
by ¢ — 1 throughout the proofs (for example, in the second line of the
second proof put £k =0,1,2,...,q).

3.13. (a) Assume that our polynomial is reducible. The constant
term of any its unitary factor lies in Q[e,] and equals to irk&“g” for
some m. Then r* € Q[g,]. Now as in the proof of Lemma 3.12.a we
obtain that r € Q[g,]. This is a contradiction.

Parts (b,c) are deduced from (a) analogously to the corresponding
parts of 3.12.bc.

3.14. (a) Suppose that the polynomial is reducible. Analogously to
the proof of the Irreducibility over Q[e,] Lemma 3.13 (a) we have r €
Q[eg]. Thus, 72, 73,... ;1971 € Q[g,].

In the following paragraph we prove that r is a root of some poly-
nomial of degree at most ¢— 1. This would contradict the irreducibility
of 29 — r? over Q.

Expand the numbers 7*

as polynomials in ¢, for £ =0,1,...,¢—1:
k _ q—2
r =ako+ ag1€q+ ...+ Ak,q—2€q -

It suffices to find numbers \g, A1,...,A\q—1 € Q, not all of them zeros,
such that

A0@om + -+ Ag—1ag—1,m =0 for every m=0,1,...,q—2

Such numbers exist analogously to the corresponding assertion in the
second proof of the Rationality Lemma 3.8 (f).
Part (b) follows from (a).

3.15. Assume the contrary. Denote by P the given polynomial. The
assumption ¢ < deg P contradicts to the Rationality Lemma 3.12.d. If
q = deg P, then by the Conjugation Lemma 3.12.c and the Linear In-
dependence Lemma over Q[g,] 3.14 (b), the polynomial P has pairwise
distinct roots zp = A(rs’;) for k =0,1,2,...,q — 1. For ¢ > degP
we get a contradiction. When ¢ = deg P the conditions ¢ # 2 and
Tf = Tq—k 7 Z) yield the uniqueness of the real root.
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4 Additional problems for successful teams

4.1. (a) Let z,y,r € Ra b g € Q[u,v] and P € Q[u,v,w] be such
that g(z,y) € Q(x + y,zy) and

r? = p(z +y,zy)
g(x,y) = p1(z +y,zy,7)

(cf. Problem 2.14.c). Then r € Q(z,y).

(b) Let x,y,7 € R, p € Q[v/2][u, v], g € Q[u,v] and p; € Q[v2][u, v, w]
be such that g(x,y) € Q(z + y, 2y, v2) and the equations of (a) hold.
Then there are p € Q(z,y), 7 € Q[v2][u,v] and m € Q[v2|[u,v, w]
such that the equations of (a) hold with r, p, p; replaced by p, m, 7.

(c) Rationalization Lemma. Let z,y,7 € R and F C R a field
containing = + y, 2y, 72 but not r. If F(r) N Q(z,y) ¢ F, then there is
p € Q(z,y) such that p? € F and F(p) = F(r).

4.2. Denote a; = 0j(x1,22,23), j = 1,2,3.

(a) Let z1, 29, 3,7 € R, p,g € Q[u1, u2,us] and p; € Qluq, ug, us, v]
be such that g(x1,z2,z3) & Q(a1,as,as) and

{72 = p(ala a, a3)

g(x1, 2, 23) = p1(a1, az,as,r)

Then r € Q(x1, 22, x3).

(b) Rationalization Lemma. Let xj,x2,23,7 € R and FF C R
a field containing ay,az, a3, r? but not r. If F(r) N Q(xy,x2,23) ¢ F,
then there is p € Q(x1, 72, 23) such that p? € F and F(p) = F(r).

(c) Proposition. If z1,z2, 23 € R and x; is {a1, ag, ag}-expressible
by quadratic real radicals, then x; is {a1, a2, ag }-expressible by quadratic
real radicals so that every radical is in Q(x1,x2,x3).

4.3. (a) Let x,y,r € C, p € Q[u,v] and p; € Q[u, v, w] be such that
= p(z +y,zy)
z=pi(z+y,zy,r)

(cf. Problem 2.14.d for k = 3). Then r € Qles(x, y).
(b) Same as (a) with z = pi(z + y,xy,r) replaced by g(z,y) =
p1(x +y,zy,r) for some g € Q[u, v] such that g(z,y) € Q(z +y,zy).
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(c) Rationalization Lemma. Let z,y,7 € C and F C C a field
containing x +y, 2y, e3, 7> but not r. If F(r)NQ(z,y) ¢ F, then there
is p € Q(w,y) such that p? € F and F(p) = F(r).

(d) Rationalization Lemma. Same as (¢) with z,y replaced by
Z1,...,2n and z +y, zy replaced by o1(x1,...,Zn), ..., 0n(T1,. .., Tp).

(e) Rationalization Lemma. Same as (d) with 73, p? replaced by
r4, p? for a prime ¢ and €3 replaced by &,.

(f) Proposition. If

Ti,...,2n €C, M :={o1(x1,...,2n),...,00(x1,...,20n)}

and x; is M-expressible by radicals, then x; is M-expressible by radi-
o0
cals so that every radical is in |J Qeg)(z1, ..., 2n).
q=3
4.4. There are numbers z,y € R such that if p € Q[u,v] and
p(z,y) =0, then p = 0.
Such numbers are called algebraically independent over Q.
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