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MNPEATOBOP

OBaa KHUTa € NMPOJlOJIKEeHNe Ha KHUraTa MartemaTtnyka aHanu3a | u e
HamuIlaHa Bp3 OCHOBa Ha COMPXHWHM Of] MpeMeToT MaTeMaTuka |l Koj nmoBeke
TOIMHY IO TpefiaBaB Ha CTYAEHTUTE Off IpBa roguHa Ha ENeKTpoTeXHUYKHOT
dakynrer, MammuHckuoT ¢akynarer, Ha MHTepOUCUUIUIMHAPDHUTE CTYJUH IO
NOJIUTEXHUYKO OoOpa3oBaHue pu YHusBep3uteToT ,,CB. Kupun u Meropuj “ u
Ha Boenara Axkapnemuja “I'enepan Muxajno Anocroncku “ Bo Ckomje.

CoppknHaTa Ha oBaa KHWTa ofaka cTaHJapHa MaTepHja Koja ce u3y-
4YyBa BO MpEAMETUTE O MaTeMaTHKa Ha CUTEe TeXHUYKH (PaKyJITETH U NPBEH-
CTBEHO € HaMEHEeTa 3a CTYICHTUTE Ha Tue (paKkyITeTH.

KHuurara e nopeneHa Bo 4eTHpHU IWIaBU coO fAeBeT maparpacu. Ilpsara
riaBa ro omndgaka UHTETpaJIHOTO CMETahe Ha peajHu (DyHKIUH Off €Ha peaHa
IIPOMEHNMBA CO IIOUMUTE HEOIIPENIENIEH U OIpENieNIeH uHTerpan. Bo Bropara u
TpeTaTa IiaBa ce oOpa0OTyBaaT I'PaHMYHM IPOLIECM M HUBHATa IMpPUMEHa BO
nu(epeHLujaTHOTO CMeTamke Kaj peanHu (PYHKIMHU Off MOBeKe peallHi MPOMeEH-
nuBH. YeTBpTara riaBa € MOCBETEHA Ha MHTETPATHOTO CMETame Kaj peajiHu
(pyHKIIMM O NOBEKE peallHd MPOMEHIINBH, CO IOUMHUTE IBOjHH, TPOjHU, KPHUBO-
JIMHUCKY ¥ NOBPIIMHCKY MHTETpainu 1 HUBHA npumeHa. Co men fa ce goobjac-
HaT U WIYCTPUpaAaT COONBETHU INOUMH, TBpACHa U CBOjCTBA, BO KHHUraTa ce
IafeHu 1orojieM 0poj pelieHd IpUMEpPH.

3a 0BOj fen of MaTeMaTHyKaTa aHallu3a MpeTcTaByBa IpobaeM CTpo-
raTa MaTeMaTH4Ka MPEU3HOCT BO HEj3UHOTO M3JI0XKYyBawe. Bo Hekou ciaydan
3a CTPOro MaTeMaTHhyka popMylialidja 1 aKCHOMATCKO Jie(pUHUPamke Ha HEKOU
MOMMH IITO HEe € INpeAMeT Ha OBaa KHUTa W H3JIeTyBa Off KOHIENujaTa,
YUTATENIOT Ce yhaTyBa Ha coofiBeTHa JuTepatypa [5, 8, 14]. Bo Bpcka co
FEOMETPUCKO NPETCTABYyBalkhe Ha HEKOU CHELjalHU NMOBPIIMHY YUTATEJIOT ce
yImaTyBa Ha COOIBETHA JuTeparypa [2, 19].

Co 0co0eHO 3aloBOJICTBO M3pa3yBaM jja0oKa OJaroflapHocT Ha pe-
neHseHTure A-p Jlazo [IuMoB, BoHpeneH npodecop Ha MaluHCKUOT (haKkyJITeT
u 1-p Mapuja KyjympumeBa Hukomnocka, BoHpeneH npocgecop Ha Enexrtpo-
TEXHUUIKUOT (pakyaTeT Bo CKOIje KOU CO CBOUTE NOOPOHAMEPHU CYreCTUH U
3a0eJIeky MpU0Hecoa BO TojiemMa Mepa jia ce opopMu OBOj YICOHUK.

Cexoj y4eOHUK, I1a ¥ OBOj, ©IMa M CBOM HEJOCTATOLM KOU ce OOMAYyBaB
Ja T¥ cBeflaM Ha MMHMManHO HuBO. OpHampep Ke OnpaMm OjarofapeH Ha CUTE
YUTaTeN KOU CO CBOM 3a0eJIelIK! 1 CyrecTUN Ke NpUoHecaT 3a Of00pYyBambe
Ha KBaJUTETOT IPU EBEHTYATHO NPEeN3/laBamke Ha OBOj YUYEOHHUK.
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Tr'TABA IIPBA

NHTEI'PAJIHO CMETAILE HA PEA/THA
OYHKINJA O EAHA PEA/THA ITPOMEHJ/INBA

§1. HEOITPEJAEJEH UHTET'PAJI

Bo mHOry npo6nemu ofi pa3Hu O0NacTu Ha HayKaTa, KaKo U BO
IpUMeHaTa, ce cpeKaBaMe CO HeNpEeKMHATH IPOLECH Yhe OINUIIyBambe
BCYIIHOCT IOBEJIO U 10 e(puHUpake Ha MaTeMaTHUKy onepanuu. Taka,
Ha NpHMep, aKo € TMO3HaTa paBeHKaTa Ha ABIKEHE Ha eJHO TeJo, T..
3aKOHOT Ha IIpOMEHAaTa Ha HATOT BO 3aBHCHOCT OJf IIPOMEHAaTa Ha
BpemeTo S = S(t), Toram co omepanujaTa AudepeHIupame ce Haofa
3aKOHOT Ha Op3MHATa Ha ABMXKEHETO HAa TOA TEJO BO 3aBUCHOCT O

ds
nmpomMeHata Ha BpemeTo V() =—. AKO MHak ce MocTaBd OOpaTHUOT

dt
mpo6iyieM, T.e. aKo € mo3HaTa Op3mHaTa V(t), a ce 6apa martot S(t), ce
foara 0 OMMOT 3a HOBa OIlepalyja BO MaTeMaTHKaTa, CIPOTHBHA Ha
onepanujata quepeHIupamne.

1.1. IToumuTe NpUMATHBHA (PYHKIIMja ¥ HeoNpeaeIeH HATErpa

Hegunuyuja 1.1. Heka e nanena ¢pyukiyja f , necpuanpana Ha [a,
b]. Oudepenumjabunnarta ¢ynkuuja F Beaume fgeka € TpUMHUTUBHA
¢yuknmja Ha ysknmjaTa f Ha [a, b] ako Ha TOj cermenT dynkumjara f e
HEj3MHa U3BOfHA (PYHKIMja WIH, IITO € UCTO, aKO Ha TOj CETMEHT H3pa-
30T f(x)dx e Hej3uH mudepenuyjan npu wro F'.(a) = f(a), F'_(b) = f(b).
3uaum, F'(x) = f(x), omrocuo dF(x) = f(x)dx, ¥xe[a,b].

OunrnenHo e aeka 6apambeTo MPUMUTUBHA (PYHKIM]jA 32 [AajieHa
¢yHKIIMja KaKO olepanyja € CIpOTHBHO Ha olepanujaTa Oapame W3-
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BOJIHA (PYHKIIMja, OMHOCHO Ha omnepanujaTta audepeHnupame. OBaa HOBa
omnepalyja ce BUKa MHTErprpame.

Bunejkn %[F(x) + C] = F'(x) (C e xoncranTa, CeR), 3a6enexy-

BaMe Jieka ako F e mpuvmuTuBHA (pyHKIMja Ha pyHKIUjaTa f Ha cerMeH-
ToT [a, b], Toram u F(x) + C ucto Taka e npuMuTHBHA (pyHKIKja Ha f HA
UCTHOT CETMEHT.

Heka F e enna nmpumuTuBHa (yHKIWja Ha ¢yHKumjata f Ha
cerMeHTOT [a, b]. Ke mokaskeme fieka co MHOXKECTBOTO

{F(x) + C| CeR}

ce MajfieHu cuTe NpuMHUTUBHE (PyHKIWU. [lepuHupame HOBa (pyHKIMja
G(x) = @(x) — F(x), xe[a, b], kayre mTo @ e KOja GUIIO Apyra NPUMUTHBHA
¢yaknmja Ha dyaknmjara f Ha cermeHTor [a, b]. Bunejku G'(X) = @'(x) —
F'(x) = f(x) — f(x) = 0, Vxe[a, b], kako mocieauia Ha TeopeMara Ha Jla-
rpaux ce moomBa G(x) = C, kage mto C e koHcTaHTa, CeR, C = &(a) —
F(a), om kage @(X) = F(X) + C, Vxe[a, b].

Crnopep Toa, o MPOM3BOJIHOCTA HA M300POT HAa MPUMHUTHBHATA
¢yHkumja @ MoxkeMme Aa 3aKJIydnMMe JieKa € JOBOJIHO 3a JajieHa (yH-
kiyja f ga ce Hajme camo egHa mpuMHUTHBHA (pyHKUMja. ['eomeTpuckn
rJIeflaHo, Toa € (paMUiIrja NHTETPAITHA KPUBU MOMECTEHH 32 KOHCTAHTA
BO HacoKa Ha ockara y.

Hepunuyuja 1.2. Heka e panena ¢pynkiuja f pgedpuHmpana Ha
cermeHToT [a, b]. Tlog Heompenenen mHTerpan Ha ¢yHkumjara f Ha
CerMEeHTOT [a, b] ce nmogpazbupa MHOXKECTBOTO Off CUTE HEj3UHU IPUMHU-

TUBHU (DYHKIUH U CE O3HAUyBa CO I f(x)dx, kage mto f e moguHTErpaIHa

¢yuknmja, f(X)dx mogmHTETpaNeH n3pas3, X MOJUHTErpajiHa TIPOMEHIINBA,
a [a, b] cermenT Ha mHTEpramnyja.

Ilpumep 1.1. Axo f(x) = 3x%, xeR, Toram f Adx=x*+C,Ce
KOHCTaHTa, MpH IITO PAaBEHCTBOTO C€ MOJpa3dupa KakKO PaBEHCTBO Ha
MHO3KECTBaA.

[MonmuTe MpruMUTHUBHA (DYHKIHja ¥ HEOMPEEeTIeH HHTErPal MO-
kaT fa ce pedurmpaar Ha (@, b), (a, b], [a, b), kako u Ha mpyrm MHO-
3KeCTBa CO COOABETHU MOIN(PUKATIVH.

Hocera He ro MOCTaBUBME MpallakeToO 3a KjlacaTa Ha (PyHK-
nuute f, 3a Kon mocTou npumuTHBHA (pyHKIHWja. be3 moka3 Ke HaBefeMe
JieKa 3a CUTe HenpeKWHaTH (PYHKIMH HA HEKOE MHOXKECTBO MOCTOjaT
NPUMUTUBHU  (PYHKIMH, T.6. CATE HENpPEeKWHATH (QYHKIMHA ce

2



§1. HeoiipeOeaen unitiezpan

MHTErpaOuIHu Ha TOoa MHOXecTBO. Kiacara mHTerpaGWiHM (PyHKIMH
cemak € morojiema, 6uaejKu mocrojaT (PyHKIMHM KOW MMaaT NMPEKUH BO
HEKOM TOYKHU Of] pas3ryief[yBaHOTO MHOXKECTBO, a CelaK Ce WCTO Taka
WHTErpaOuITHA.

Jpyro e mpamameTo Aadi MOXKe Jla ce Hajie aHAJTUTUIKU U3pa3
(dpopMyrna) 3a MHOXKECTBO NMPUMHUTHBHH (PyHKIMH. VIMEHO, mocTojaT
IypH U eJIeMeHTapH! (PYHKIIUYU 32 KOW HE MOXKe Jla ce Hajie aHAJIUTUIKU
n3pa3 (popmyia) 3a COOABETHO MHOXKECTBO MPUMHUTHBHY (PYHKIUH, HA

2 sinx 1 .5
npumep 3a QyHkummre e, ——, —, SinX® u gapyru. Bo
X Inx
IuTepaTypaTa ce HO3HATH M CIeJHUTE HHTETPaJIH:

. dx . sin x
L|x=j|—,x>0,x¢1, Six= [——dx,x=0,
nx X

Hape4yeHW UHTErpajleH JIoOrapuTaM M MHTerpajneH cunyc. OBue mpuMH-
TUBHM (PYHKIUH, KOM CHUTYPHO IOCTOjaT OWAEJKU COOJABETHHUTE IIO-
MHTErpaNHd (PYHKIUU ce HENPEKMHATH (PYHKIWHU, c€ HOBU (DYHKIUHU
febUHUpaAHHU CO ONepalnyjaTa UHTErpupame (MHTerpajHa Ipe3eHTallu-
ja), HapeueHN TpaHClefleHTHH (pyHKIuN. Bo oBaa kiaca cmafaat u He-

2 .
elieMeHTapHuTe (pyHKUMKU neUuHUPAHU CO _[ e dx, _[ sin x?dx, Kako u
HEPEUUTMBY UHTETPAIIN Of] UPAMOHAITHYN (PYHKIIH
dx x2dx

I¢(1—x2)(1—k2x2) ’ '[\/(1— x2)(L—k2x?)

, O0<k<1,

MO3HATHU KaKO ENUNTHYKA UHTETPaAU Of] IPB U BTOp pen. Bo Tue cnyuan
NPUMHATUBHATE (PYHKIUU ce crenujasHu (QyHKIUN JeUuHUpaHd BO
UHTerpajHa ¢opMa U CHOpeJ Toa MOXe fa ce 3aKJIyuu feKa co
NpOLIECOT MHTErpupame ce fAeduHApa W HOoBa Kiaca QyHkuuu. [la
3abenexnMe AeKa € MHOTY BakeH M MHTEpBaJOT Kaje MITO IOCTOojaT
WJIY HE NT0CTOjaT MPUMUTUBHU (PyHKIUH.

HaoramweTo HeompepienieH MHTErpaj € CBP3aHO CO IOroJIeMHU
TEIIKOTHH BO cropefda co HaofameTO Ha M3BOMHA (pyHKIMja. Pemna-
BamkETO HA HEONPEJEJIeH NHTErpajl, OTHOCHO WHTETPUPAKETO, Ce BPIIH
Bp3 OCHOBa Ha TabeyaTa Ha MHTerpaju JooueHa off TabenaTa Ha U3BOAN
O]l eleMeHTapHu (PYHKIUN, OCOOMHUTE HA HEOMNPEJEICHUTE UHTETPaH
U JBaTa METOfla — METOAOT Ha 3aMe€Ha W METOJOT Ha MNaplujasiHa
WHTEeTpalnja, Co COOABETHI KOMOMHAINH.
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fodx=cC, Jt1dx=x+C,
a+l

f x%dx = X
a+1

+C, (o #-1, aeR),

f %-dx = In|x| + C, (x # 0),
X
[e*dx = e“+C,

[ a%dx = a
Ina

[ sinx dx = —cosx + C,

+C,(a>0,a=1),

f cosx dx = sinx + C,

) d); :tgx+C,(x¢£+k7r,keZ),
COs“ X 2

dx
[ ——=—ctgx + C, (x = kz, keZ),
sin“ x

dx 2
Imz In(x+\/x —1) £ C, (K> 1),

dx
) = arctgx + C,
1+ x? J

dx
Vi-x?
f shxdx = chx + C,
[ chxdx = shx + C,

J

=arcsinx + C, (|x| < 1),

[ d’z( — thx + C,

ch<x

) d>2< = —cthx + C, (x = 0),
sh“x

dx
| = In(x+\/1+x2) +C,
V1+x2

j_dx _£|P|1+x|
1-x2 2 [1-x|

+C, (X #1),



§1. HeoiipeOeaen unitiezpan

Op camarta fiecpuHNIMja HA HEONPENIeTeH UHTErpall HEMOCPEAHO
clefyBaat CJIeHUTE OCOOMHM:

Ocobuna 1.1. Heka f u F' ce uHTerpabuiaHm (yHKIUM Ha
cerMeHToT [a, b]. Toramm BaskaT paBeHCTBaTa:

10 1[! f(x)dx] = f(x).
dx

2% d[ ] f(x)dx] = f(x)dx.
3° [F(x)dx = F(x) + C.
£° [dF(x) = | F'(x)dx = F(x) + C.

Ocob6una 1.2. Hexa ce nanenn pyuakuyu f u g. Ako pyaknuute f
U § CC MHTETpaOUTHA HAa UCTO MHOXKeCTBO, Toramr u ¢pyakiuure K f (K
e KoHcTaHTa), f+ ¢, f — g ce MHTErpaGUIHM HA MCTOTO MHOXKECTBO W
BaxkaT paBeHCTBATa:

19 | Kf(x)dx = K [ f(x)dx,

20 [Tf(x) + g(Jdx = [ f(x)dx + [ g(x)dx.
3a KOHKpETHO NMpecMeTyBame Ha HEONpefieJIeHUTe WHTEerpaliu

OBHUC PaBC€HCTBA JICCHO CC MOKaXyBaaT U OGOHI.HTYBaaT.

Xll

HMpumep 1.2. [ 2x° dx = 2] x'%dx = 27 *C

Mpumep 1.3. [ 4e¥dx =4[ e dx =4 ¢+ C.

4

Mpumep 1.4. | (¢ —e)dx = [ dx - [ e dx = XT _e'+C,
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1.2. MeTopn Ha 3aMeHa 1 METO]] Ha MAPIHjaJIHA MHTErpanuja

PemaBameTo Ha WHTETpPaNoOT | f(x)dx mMoxke ma ce ympocTu 3a-
MEHYBajKU ja MOAUHTErpajHaTa MPOMEHJIUBA X CO HOBA MPOMEHJIHBA t.

Heka e majgen mHTErpanor | f(x)dx, kame ¢ynkuujata f e unre-
rpabunHa Ha [a, b] u Heka e nafgeHa yHKIUja @ AeduHNpaHa Ha [, f].
Axo ¢ynkiyjaTa f e HempekuHaTa Ha cerMeHTOT [a, b] m ako x = ¢(t),
Kajie WTo (PyHKIMjaTa ¢ U HEj3MHAaTa W3BOAHA (PYHKIM]ja Ce HENMpEKu-
HaTH Ha (¢, f), npu mTo a < ¢(t) < b u ¢'(t) # 0 3a Vte(e, f), Toram Baxu
PaBEHCTBOTO:

Jdx = [ (o) # Ot |t = ().

HaBuctuna, Heka co F e o3HaueHa mopuHTeTpaiHaTa (PyHKIH]a
Ha HOBO JToOneHnoT uHTerpad, T.e. F(t) = f(p(t)) ¢/ (t), m Heka mo HeroBoTo
pelaBame ce fobue npumMuTHBHaTA (pyHkuuja G(t), mpu mro G'(t) = F(t),
te(e, ). Toram:

0 = 19 601 1o 1607 = G0 L = Ry L =
—(GO¢ )0) = [ GOl Lo (I =CG'() 20 F(t) o0

flp®) /(1) T = f(p(1)) = (%),

CO INTO ce TIOKaXa JieKa clokeHaTa pynKknmja Gog e efHa IPUMHUTHB-
Ha ¢yaknumja Ha f. Co 3amenaTa X = ¢(t), dx = ¢'(t)dt ce mo6mBa GapaHOTO
PaBEHCTBO.

N36opor Ha dyHKUMjaTa ¢ € OUTEeH, OufiejKu MOXe f1a ce Jooue
¥ MOTENIKO PelUINB WIM HepellTuB nuHTerpai. [lo pemraBameTo Ha HO-
BHOT WHTETpaJl OJf IECHaTa CTpaHa, OMHOCHO Haofame Ha MHOXKECTBO
NPUMHUTHBHU (DYHKIWU, OUTHO € J1a ce BpaTUMe Ha MPOMEHJIMBATa X CO

t = ¢ *(X) BO Taka JOOMEHNTE NPUMUTHBHHA (DYHKIIIL.

OBOj HauMH Ha pellaBake HEONpPEAEsIeH HHTErpaj ce BHKa
METOJI Ha 3aMEHa.

ITpumep 1.5. 3a unTerpanor [ (x + 4)%dx co 3amena x +4 =t,

(x+4)’
7

;
dx = dt, ce mobuBa [ ¥t = t7 +Cu | (x + 4)°%dx = +C.
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IIpumep 1.6. 3a uHTErpanor [ (4x + 5)°%dx 3amenara e gecwHN-

4
paHaco4x+5=t,dx:%H I(4X+5)3dx= (4X1+E—35) +C.

IIpumep 1.7. TTokaxu iexa | f(ax + b)dx = i F(ax + b) + C, kape
mro F'(x) = f(X) (3amena ax + b = t).
IIpumep 1.8. Petiu To mHTETPAIOT [ V1-x2 dx, X <1.

. T .
Co 3amenara X = sint, dx = costdt (3a |t| < > t = arcsinx), ce moouBa

[ V1=x2 dx= ] v1-sin?t costdt = | cos?dt = lt+ 1 sin2t+C =
2 4
% [arcsinx + xy/1-x? ]+ C.

Kaj HeompepneneHuTe MHTETrpaln MHOTY € OMTEeH (PakTOT feKa
CeKoja MpUMUTHUBHA (PyHKIMja € AudepeHnnjabuitaa, a co Toa U Helpe-
KWHATa Ha UHTEPBAJIOT Ha KOj ce pasriefyBa. Beke kaj Hekou nnpuMmepu
3a0esexkaBMe JieKa € ONTEH M MHTEPBAaJIOT Ha MHTETpaluja.

IIpumep 1.9. Pemu ro unrerpanor | = [eMdx.
Pewernue: 3ax>0,1=—-¢e "+ Cyaszax<0,l= €& +C. Bugejkn cure
NPUMUTUBHU (PYHKIMU Tpeba fa ce HempeKWHaTh Ha R, oy Hempeku-
HaTocTa Bo Toukara X = 0 qo6uBame €° + C; = —e° + C,, ognocrHo C, = 2 +

C;. Cnopep toa,3a x>0, = - *+2+C,a3ax<0,|=¢"+C, kage mro
C, = C. Hanpraj rpacguk Ha npuMuTuBHa (pyHKIuja3a C=-2 .
X
Hpumep 1.10. I—;dx =72 Co3amena 2° + 2% =1t (t > 0) ce
mob6wusa | = % ﬂzi[ln(Zx +27)]+C.
ezxdx — X — 42 X —
Hpumep 1.11. | =? Co 3amena e” +1 = t°, e "dx = 2tdt ce
e +1

no6usa | =2 [ (t* —1)dt = %(ex ~2}We* +1 +C.
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Ilpumep 1.12. I & =7
Vx? +a’
Co 3ameHa x = asht ce jo6msa | = | dt =t + C. Oy popmymara X =
t_ 4t
€ ¢ ce nobusa t = In(x + v/x* +a®) — Ina (uckopucrero €' > 0) u

cope toa | =In(x+ vx* +a®)+C.

Hpumep 1.13. | sin’xcos’xdx = ?

a

Co 3amena sinx = t ce moouBa
=] (-2t"+t%dt = %singx - %sinsx + %sin7x +C.

Hpunep 114, [-2X%_ 5

4 +sin? x

iarctg( sin x

Co 3amena sinx = t ce jo6usa | = | 5
+1 2

)+C.

Ipumep 1.15. Hajuu [sin®™ xdx = [(L—cos? x)" sin xdx .
Co 3amena u = cost, du = —sintdt ce goousa

=—[@-u?)"du = —i(—l)k(:]ju“du =
k=0

Z( )k+1[nj 2k1 1c052"+1x +C.

1-cos2x 2

Ipumep 1.16. [sin® xdx = j( 5 j dx = %x—%sin2x+

Ex + isin4x +C.
8 3

Ipumep 1.17. [tg° xdx =?

Co 3amena cosx = t, dt = —sinxdx ce moOuBa:
J. @a- t? ) (—dt) _ 1 4

 4cos*x  cos?x

—In(cosx) + C, T ex<Z,
2 2
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Bo pemaBameTo Ha HEOINpPENENEHN MHTETPaAIu Off TPUTOHOME-
TPUCKH (PYHKIUM HAjuecTO ce ynoTpeOyBaaT CIENHUTE TPUTOHOME-
pucku popMyJIn:

2, 1-cos2x 2, 1+cos2x

sin x=——"/_ COS* X=—"—"—"""7|,
2 2

sinax cospx = % [sin(a + P)x + sin(a — P)x],
CoSax COSpX = % [cos(a + P)x + cos(a — P)X],

sinax sinpx = % [cos(a— p)x — cos(a + P)X],

Heka ce pmamenu nBe ¢dynHkuum f m g geduHUpaHu Ha HEKO]
cermeHT [a, b]. Ako fu g ce nudepenumjadbunun pynkuuum Ha (a, b) u
f(x)g'(x) e maTerpabmiaHa pyHkumja Ha [a, b], Toram f(x)g(xX) e mHTE-
rpabunHa pyHKIHja Ha [a, b] 1 Baxkn paBeHCcTBOTO

J()g'()dx = f(x)g(x) — | gOF (x)dx.

3a a c€ NOKaxXe TOa paB€HCTBO, CE€ TPTHYBa O paBEHCTBOTO

d[f()g(x)] = g(x)df(x) + f(x)dg(x),

OJ] Koe ce foOuBa

f(x)dg(x) = d[f()g(x)] — g(x)df(x).

3a u3pazor d[f(x)g(x)] enna npumuTuBHa pyHKuMja € f(X)g(X), on
KOja CO WHTErpupame Ha TMOCIEeTHOTO PaBEHCTBO M KOPUCTEHE Ha
oco6uHara 1.1 u ocobunara 1.2 ce fo6uBa 6apaHaTa penanuja.

OBOj HaYMH Ha pelaBamke HEOINpeNelieH MHTerpajl ce BhKa
METOJ] Ha MaplyjajaHa MHTerpanyja, Koj ce ynorpedyBa BO ciyyaj Kora
IIpH cOOAiBETEeH M360p Ha (PyHKIWHK f M § HHTErpaNoT Off AeCHaTa CTpaHa
Ha PaBEHCTBOTO MOJIECHO CE PelllaBa Off MHTErPAOT Off JIeBaTa CTpaHa.

Axo 3a aBetre ynkumm f m g rm ymorpebume o3HakuTe U(X) U
V(X), OTHOCHO U | V, TOTaIll pABEHCTBOTO €

JuE)Vv'(x)dx = u)v(x) — [ v(x)u'(x)dx,
WM HOeTHOCTaBHO Harmmaxo | udv = uv — | vdu.

Ha 3a0enexuMe fexka MHOTY € OUTeH U300pOT Ha (pyHKIUUTE U U
V Ha KOM ce pa3loxkyBa caMaTa MOJUHTErpanHa (PyHKIMja HA HMHTeE-
rpajioT KOj Tpeba Aa ce peuI.
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Hpumep 1.18. | Inxdx = xInx — x + C, ipu mrro u = Inx, dv = dx.

Hpumep 1.19. Hajnu ja pexypenTHata popMyia 3a UHTETPAIOT

=T

(x* +a )
. ) 1
Pewenue: Co napumjanHa uaTerpagymja U = — o dv = dx,
(x“+a%)
—2nX
du = de,v = X, ce moOuBa:
X°+a
_ X i x? _ X
(X2+a2)n (X2+a2)n+l (X2+a2)n
2 2 2
X“+a“—a _ X )
+2n.[ (X2 +a2)n+1 - (XZ +a2)n +2n(ln_a In+1)'
X
3uayu, I, = m + 2n(l, - a2|n+1), O]l Kajie ce JoOmBa
pekypeHTHa popmyna lnyg = 1 X + 2n—1|
1= .
™ ona? (x*+a?)"  2na’ "
1 1 X 1 X
KonkpetHo, I, = j 5 dx = > > + —garctg— +C.
(x“+a“) 2a° X +a 2a a

Hpumep 1.20. | (2 - 3x)cosxdx = ? Co m36opor U = 2 — 3x, dv =
cosxdx, ce mobmBa:

I = (2 - 3x)sinx + 3 sinxdx = (2 — 3x)sinx — 3cosx + C.

Hpumep 1.21. [va® —x*dx =? Cou = ya’-x*,dv=dx, uco

HEKOM TpaHcgopManuu ce JoonuBa

T 2dx S a?-(a? —x?)dx
I = x a.z—X2 +I X = X a2_x2 + J'
\/a _X [aZ_XZ
xva? -x2 +a

2 — [va? —x%dx =xva?-x% +a’ arcsm——l
fVa —x? /

1 . X
on kape | = E[x\/a2 —x? +a’arcsin=]+C.
a

Hpumep 1.22. | x* 2* dx = ? Co jBe TOCIENOBATETHN TIAPITjaTHA
mHTerpanyn U = X2, dv = 2%dx 1 u = x, dv = 2*dx, ce jo6uBa:

10
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22" 2
In2 In2

, 2% 2 2% X
_ (X _
In2 In2 In2 In%2

[x2%dx = x ) +C.

IIpumep 1.23. ) cos(Inx)dx = ? Co fiBe mocnenoBaTEHN NapLnjall-
HU uHTerpanuu U = cos(Inx), dv = dx u u = sin(Inx), dv = dx, ce gfoousa:

I = xcos(Inx) + xsin(Inx) — I, ox kage | = %[cos(lnx) + sin(Inx)] + C.

IIpumep 1.24. [ e cosf xdx = ? Co mBe mocaemoBaTeIHA MapIif-

jamHu wHTerpanum U = e®, dv = cosgxdx u u = e*, dv = sing xdx, ce go-
1 a a’®

ouBa | = E e”sinfx+ — e”cosfx — —-I. 3naum:

B B

ea’X

I = m [acosfx + Bsingx] + C.

AHaAJIOrHO MOKe JIa ce OKaxe faeKa

[ e”singxdx = %(asinﬂx — pcospx) + C.

a +

1.3. UnTerpupame Ha panuoHaIHu PyHKIUA

EnHa op knacute Ha DYHKIMU KOM MOXKAT CEKOTralll fla ce UHTe-
rpupaat € Kjacara paguoHanHu ¢pyHKuuua. OBae Ke uckaxeme 0e3 J0-
Ka3 HEKOJIKY (PyHJJaMEHTaJH! TEOPEMU Of anreodpara.

Teopema 1.1. Cexoj momuHOM P,(X) MOXe Ha €IMHCTBEH HAaUWMH
Mla ce IMpeTCTaBH KaKo MPOM3BOJ| Off MHOKUTEIH Off B (X — &) m (X2 + px
+q)°, kage mTo p°—4q<0,a,p,qe R,k seN.

P, (%)

n

b
Qn(X)
kaje mTo Py(X), Qn(X) ce moMmHOMM Off CTEMEeHW N | M COOABETHO, BEJIH-
Me JieKa € MpaBmUiIHa ako N < m.

Hecunuyuja 1.3. 3a paumonanHarta ¢ysknmja R(x) =

P, (x
Teopema 1.2. Axo R(X) = () € MPOW3BOJIHA palMOHAIIHA
Qn (%)
¢ynkumja Koja He e mpaBwiIHA (N > M), TOraml Ha €IWHCTBEH HAYMH

11
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MO2KE JJa C€ 3alluIIec KakKo 36I/Ip O]l IOJIMHOM U NpaBUJIHA pallMOHAJIHa
P (x P, (x

n( ) :Tn-m(X)"' k( )
Qn(X) Qn(X)

IMonunomot T, n(X) ce moOWBa cO TMoOcTamkaTa Jejiekhe Ha
MOJUHOMOT Pj(X) co MONMMHOMOT Qm(X).

¢ynkumja, T.e. R(X) = Jk<m.

5

Ilpumep 1.25. 3a panmonanHarta (yHKIHja 2)(—+ co moc-

X°+X-2
x> +1 3 11x -9
TalKara Jellekhe ce moOuBa 5 =X —-X" +3x-5+ -~
X5+ X-2 X°+X-2

Hegunuyuja 1.4. EneMeHTapHU panyioHaTHN (PYHKIMA Ce Tpa-
BWJIHATE PALMOHAJIHU (DYHKIUY Off CJIE[IHATE JBA BHJIA:

A an Mx + N
(x—a)* ’ (x> + px+q)°

k,seN; A, a, M, NeR.

(M p>—4q<0,

Enementapaure panmoHanuu ¢yHkuuu of BuaoT (l) ce mHTe-
rpupaar co 3aMEHa Ha CJI€JHUOT Ha4YWH:

A dx =Alnjx —a| + C.
(x—a)

AkdX:—A 1k—1+C
—-a) k-1 (x-a)

3ak =1 ce mobmaa: |

Hexka k> 1. Toramr j (
X

3a uHTerpupame Ha €JeMEHTAapHUTE PaliOHAIHHA (PYHKIUH Of

BupoT (1) ce mpumenyBa 3amMenara X + g = t. [IpuToa ce mo6usa dx = dt,

2

p

X2+ px +q=t*+a° kage mTo a’ = q — e (> 0 ciopen ycnoBor).

3a s =1 ce gobusa:

pM
Mt+N - —
Mx+ N 2 M 2t
JX2+ dX I 2 2 t 2[2 2 t+
px+q t“+a t*+a
pM dt M s a1 pM t
N-—— =—Intt+a)+ = (N-—)arctg—+C =
( 2)It2+a2 5 ( ) a( 2) 97

12



§1. HeoiipeOenen unitiezpan

%In(x2+px+q)+§(N ) ctgzx+p +C,
Heka s > 1. Toram
pM
Mx + N ME+N-=2 2t
.[ 2 dX:I 2 2 :_.[ 2 ssdt +
(X + px+q)° (t°+a“)® 2 " (t*+a“)’
pM dt
+ —
(N7 )J(t2+a2)s

TIpBHOT MHTErpaN ce pelaBa co HOBa 3aMeHa t* + a’ = z, lofieka
3a BTOPHOT HHTErpan ce IpHMEHyBa pPEKypeHTHaTa opMmyna of
npumep 1.19.

IToBTOpHO fa 3a0eneXknMe fieKa IO pelIaBalkbeTo Ha Heolpefe-
JIEHUTE WMHTErpalu 3a0JKUTETHO IMpeKy 3aMeHuTe ce Bpakame Ha
IIPOMEHNINBATA X .

Teopema 1.3. Cekoja mpaBuiHa panvoHadHa (YHKIKja Ha
eIMHCTBEH HAUYMH MOKE Jla Ce MPETCTaBM KaKO cyMa Ofl KOHe4YeH Opoj
eJIeMeHTapH! panuoHanHu (yHKouu. [IpuToa Ha ceKOj MHOXKHUTEN Off
BUIOT (X — a)k, a € R, k € N, o mOIMHOMOT BO MMEHHUTEJIOT Ha paluo-
HayHaTa (PyHKIMja My OfiroBapa 30MpoT o] K eleMeHTapHW pamymoHal-
U pyHKIIA off Bunot (I):

Ay B A
(x-a) (x-a) (x-a)"’
a Ha CEKOj MHOXUTEN OJf BUIOT (x*+px +0q)°, kage mTo p,q € R, s € N,
p>—4q <0, of IOJIMHOMOT BO UIMEHUTENOT HA palOHATHATA (hYHKIH]a
My OfirOBapa 30MpOT Off S eJIeMEHTapH! palMoHaTHU (DYHKIWH OJf BH-
mort (I1):

M, x+ N, M,x+N, M X+ N
+ + o+
(X®+px+q) (X% + px+0Q)? (X2 + px+Qq)°

Kage mTo A, Ag,..., Ay, M1, My,..., Mg, Ny Na,..., Ng ce peannu koedu-
IUEHTHU KOM ce HaofaaT co METOMIOT Ha HeoNpefieIeH! KOe(PUINEHTH.
MeTonoT Ha HeomnpeaeJeHn KOe(UIMEHTH Ce COCTOU Off U3efl-
HauyBam€ HA TOJMHOMOT BO OpOMTENIOT Ha MpaBUIHATA palMOHAIHA
¢yHKIIja €O TOIMHOMOT AOOMEH BO OpPOWTENOT Off panroHaTHATa
¢yHKIIMja TO CBEAyBAaHETO HA 3a€[HUYKUM HUMEHHTEN Ha 30UpOT Off
elleMeHTapHuTe pamnuoHanHu ¢yskuuu. [Toroa co m3egHauvyBame Ha
KOe(UIMEHTHUTE MpeJT COOMBETHUTE CTETEHH Of] IBaTa MOJMHOMA M CO

13
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pelIaBambe Ha Taka JOOMEHUOT JIMHEApEH CUCTEM PaBeHKU ce JoOuBaat
OapaHUTE KOES(ULUEHTH.

Crnopep; Toa, HHTETPUPAKHETO pPallMOHATHN (DYHKIIUHU Ce CBEAyBa
Ha MHTErpupame eJIeMeHTapHU paliOHATHU (DYHKIWUN.

IIpumep 1.26. Peim ro uHTErpasioT f w .
X®—2x-3
Pewenue:
X+ 2 _ X+ 2 _ A N B :A(x—3)+B(x+1):
x?-2x-3  (x+D)(x-3) x+1 x-3 (x+1)(x—23)
(A+B)x-3A+B
(x+1(x-3)

OJ Kajie ce moOuBa

X+2=(A+B)x-3A+B :1=A+B,2=—3A+B:A=_71,B=%.

3Haun:
.[ (X +2)dx :J' A dx+J'idx:__1|n|x+1|+§|n|x—3|+C.
x> —2x-3 " x+1 x—3 4 4

1.4. UnTerpupame Ha HEKOH HPANHOHATHA (PYHKIMH

NHuTrerpanyujaTa Ha MpalMOHAIHN (PYHKIMU HE € CeKOTralll MOXKHA
3a pa3/iMKa oj MHTerpanyja Ha Kjacata paquoHanau pyHkuun. OBre Ke
ce 3a[[pXKUMe Ha HEKOJIKY MOTKJIACH UPalMOHAIHU (DYHKINU Kaj KO CO
HOTOJIHO M30paHa 3aMeHa Ha IPOMEH/IMBATa HHTETPUPABETO CE CBEAYBa
Ha UHTETrpUpamke pallOHAIHU (DYHKIUN.

r

ax+b)n (ax+b

I. UaTerpanuTe off BUAOT ) R(X,
cx+d cx+d

js )dx, kayie mTo

ax+an [ax+b

js uad-bc =0, co
cx+d cx+d

R e panuonaneH m3pas of X, (

ax+b .
3aMeHara —d: t*, Kajle ITO P € HajMall 3aeHUYKM COAPXKATEN Ha
CX+

m r
MMCHUTEJIUTE Ha OPONKUTE —,...,—, C€ CBEAyBaaT Ha HUHTErpaJIn Of
n S

panoOHAIHU (DYHKIWH.

14
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- t12

? Co 3aMeHa X = ce moouBa:

IlIpumep 1.27. j \/_( \/_ \/_)

t*dt

dt = 43/x —12%/x +12arctg¥/x +C,
) g

_12ja 1+

3ax>0.
Ilpumep 1.28. J' 1+x dx =?

Y1+x

Co 3amena 1 + x = t° ce qo6usa:
|:6h%ﬁ-1+€mp:§Wa+xf°—gVa+xf +$V@+xﬂ-+o

2 ]2-x
(2-x)2V2+x

Ipumep 1.29. | dx =?

2-% 3. (2+x)°
Co 3amMeHa =t° ce mobuBa l = —3 + C.
2+X 4 \\ 2-x

Il. UuTerpanu of BUIOT ) R(x, vax? +bx+c )dx, kaze mTo R e

panuoHaneH u3pas off X, 1 yax’ +bx +C ce cBeflyBaaT Ha HHTETpaNu Off
paunonanuu pyukuyun co OjnepoBu 3aMeHu:

a) vax?+bx+c =t+x+a,akoa>0,
6) Vax?+bx+c =tx+ yJc,akoc>0,

B) vax?+bx+c = (X— ) t, ako a e peaneH KOpPeH Ha KBajjpaT-
HaTa paBeHKa ax’ + bx + ¢ = 0.

3HAKOT + UJIH — ce I/I36I/Ipa NPOU3BOJTHO BO 3aBUCHOCT O] TOA
JaJid UHTETpaJoT IITO CE I[OGI/IBa € IIOEAHOCTABCH 3a pelllaBakbe.

IIpumep 1.30. _[ o =7?

1+4Xx% +2x+2

Bupnejkun a=1 >0, co 3ameHa VX% +2x+2 =t—2 ce qobusa:

2
= trat? dt =Inx+ 1+ VX% +2x+2 |+ 2

(L+t)(t? +4t +4) X+ 24+4x2 4+ 2x+2
+C.

15
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IIpumep 1.31. ?

] dx
Vx? —k?
Bupnejkn a=1>0, co3amena vx? —k? =t-x ce fobuna:

I=Injx+ Vx%> —k? |+ C 3a|x|>|K]|.

Ipumep 1.32. J X =7?

J(7x-10-x?)3

Bunejkma=—-1<0,c=-10<0, co3amenaTta V7x-10—x? = (x-2)tce

Jo0uBa:
10 x-2 447x-10-x*

C.
9 J7x-10-x* 9 x-2

I11. MaTerpamure of BupoT | R(x"(a + bx")")dx, xame mTo R e
panponainen uspas o X"(@+ bx")’ mum, n, p € Q, ce uHTErpaM Off OUHO-
MeH udepenIpjan i CO 3aMEHN Ce CBElyBaaT Ha MHTETPAH Off PALHO-
HaJHU (PYHKIUK €UHCTBEHO BO CIIEHUTE CIIyJaHu:

a) ako p € Z, Toraii X = tk, Kajie mTo K € HajMaTuoT 3aeTHNIKI
cofpKaTes Ha M u N,

6) ako e Z, roram a + bx" = t% kage mWTO @ € UMeHUTE-
n
JI0T Ha P,
B) ako +p e Z, Toram a + bx" =t*x", kage mWTO @ € UMe-

HUTEJIOT Ha P.
1
Ilpumep 1.33. IX‘“ 1+ x*) 2dx =?

Bugejku m=-11,n=4, p= - %, m+1 +p=-3 € Z, co 3ameHa
n

1+ x* = x*t* ce nooOusa:
I_[1+x4_(1+x4)2_1] 1+x* iC
3x* 10x® 27 X2 '

16
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IlIpumep 1.34.

I—de =9
i/x_z

. m+1
Bupejku m = —E, n= 1, p = i, —— =1 e Z, co 3ameHa
3 3 2 n
1
1+ x3 = t? ce qoGuBa:
13
=6/t dt=2(1+x3)2 +C.

Ha 3abenexnme fieka MOCTOjaT W APYTH BUJOBH MHTETPAIU Off
upanroHa Hu (PYHKIMHA KOM HE Ce Of] OBOj BHJI M KOM MOXKAT Jla ce MHTe-
rpupaaT Cco COOJIBETHO TIIOrOAHO U30paHM 3aMEHM M COO[IBETHA
TpaHcgopMalyja.

3
IIpumep 1.35. Ix—dx =?

1+3x* +2
Co 3amena x* + 2 = (t — 1) ce qo6usa:
3.t°-2t+1

1= 2 "2 gt =
4 t

%E(lﬁ/x“ +2)2-2@+3x* +2)+In@+¥x* +2 )} +C.

dx _
X2y x% +1
Co 3amena x = sht ce qoousa:
dt V14 x2

I:Jshzt:_ X *e

Ipumep 1.36. |

1.5. UnTerpupame Ha HEKOH NOEHOCTABHH TPUTOHOMETPHCKH
byakun

WaTerpanute off BUROT | R(sinX, cosx) dx, kaze mro R e pamuo-
HaIleH U3pa3 Off SiNX M COSX, ce CBelyBaaT HA MHTETPAIH Off PAIOHATHH

X
¢pynkumu co 3ameHa t = tg— co orpanuuyBame —7 < X < 7. Ilpuroa, BO
2
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COINIACHOCT CO TPUTOHOMETPHUCKUTE BPCKH, CC I[OGI/IBE[ sinx = 1—2 ,
+t

1-t2
1+1?

2dt
1+t

udx =

COSX

- Cekako ¥ Kaj OBHe MHTETPaJIi Ce MOKHHU U IPYrH

¢dopMu Ha 3aMeHM BO 3aBHCHOCT OJf KOHKpETHAa TMOAMHTETpPAHA
¢yHKIIFja, IpH TITO MOXE Jja ce J0OKe MOEeJHOCTAaBEH NHTETpall.

18

IIpumep 1.37. J' =7
sin X

Co 3aMenarat = th ce goouBa:

= ﬂ—In|tg—|+C

ITpumep 1.38. [(5sinx — 2sin3 x +1)cosxdx =?
Co 3amena Sinx = U ce noOuBa:

I = [(5u—2u®+1)du = gsin2 x—%sin4 X+sinx+C.

dx

Ilpumep 1.39. =7
pHsep Itgzx
Vs T
CozameHat=1tgx,3a —— <X< =, dx = , ce qoouBa
2 2 t?
=0 oo ya=- 1 xsc
t? (1+t )

t2 1+4t2 tg X



§2. ONPEJEJEH UHTETPAJ

Henpekunature npouecu ce mpegMeT Ha U3y4uyBawme BO MaTe-
MaTuukaTa aHanuza. ['ogem 6poj mpobiaemMu BO TEXHMKAaTa W BO JApYyru
o0macTi, BO KOM MOXaT fa ce AeuHrpaaT (PyHKIMOHAIHU BPCKU Mefy
pa3Hu BENMYMHU, MOXKAT Jla ceé U3ydyBaaT CO MOMOII Ha HENpPEKWHATH
nporecu. [Tputoa of roiema BaxXHOCT ce OpOjUeHUTE U APYTH KapaKTe-
PUCTHKH CO TIOMOII Ha KOM C€ pa3pelryBaaT COOJJBETHUTE MTPOOIEMH.

TakBu OpojueHM KapaKTEpPHCTHKU ce€, Ha MNpPUMEp, W3BOAOT,
omnpefielieH MHTerpaji, ABOEH WHTerpaj, KPHUBOJMHHUCKU WMHTErpad,
MOBPIIMHCKM WHTETpajl W JpYyrd, KOU HMaaT CBOE€ 3HAaueHme BO
cooflBeTHaTa oOOJlacT, Ha TMpuUMep, Op3WHA, IUIOIITHHA, BOJIYMEH,
KOOPAMHATHU Ha TeXUIITE, (pIyKe, jaurHa Ha CTpyja, paboTa, MOMEHT Ha
MHEpIYja, paguyc Ha KpUBUHA, €(peKT, MOKHOCT U PYTro.

2.1. IToumuTe MHTErPaTHA CyMa, cyMH Ha [lapOy u onpefesieH HHTErpaJ
€O COOJIBETHH OCOOMHH

Hecpunuyuja 2.1. Heka e gameH cerment [a, b]|cR. Cekoe KoHEU-

HO MHOXKECTBO TOYKH Xy, X1, ..., X, € [a, b], IpA WTO a = xp < x; <..< x,= b,
necunupa egHa nopgenda z, Ha CErMEHTOT [a, b]. Bpojor d,= max Ax,,
0<i<n-1

Kajie mTo Ax; = xis — X, i = 0, n — 1, ce BHUKa AWjaMeTap Ha COOJBETHATa
nofenba. Huzata Ha nopmenodu {7,} Ha CErMEHTOT [a, b] ce BUKa OCHOBHaA
aKo HHU3aTa Off COOIBETHUTE AUjaMeTpH {d,} € HyJTa Hu3a. JacHO e feka
[BE pa3JIMYHU MOAeI0N MOXKaT Jla UMaaT efieH AujameTap.

Hecunuyuja 2.2. Heka e nagena ¢yHkuymja [ geduHNpana Ha
CEerMEHTOT [a, b] 1 HEeKa e 7, efHa Mofesiba Ha CeTMEHTOT [a, b]. Cymara

n—1
on BUOT o(7,) = Y. f(&)Ax; ,xafe mto & € [x;, x;1), i =0, n — 1, ce BUKa
i=0

UHTEerpajiHa cyMa Ha (pyHKIHjaTa f BO OIHOC Ha nopendara 7,.

Opn camara fiecpuHuUIMja € jacHO Jeka MHTerpajHaTa cyMa Ha
eqHa (yHKIHUja 3aBUCH Kako Off nmojendara 7z, Taka U off u300poT Ha
Toukute &. MIMeHo, 3a ucra nopenda ce MOXKHU pa3inyHU UHTETPAIIHA
CyMH 3a pa3iinueH u300p Ha TOUKUTE &; .

Hecunuyuja 2.3. Heka e napgena ¢yHkiymja [ qeduHNpana Ha
CEerMEeHTOT [a, b]. AKO HU3aTa MHTErPaJIHU CyMU o(7,) Ha (pyHKIHjaTa f,
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KOW OfIrOBapaaTt Ha Koja OMJI0 OCHOBHA HU3a {7} OJ MOMEJON Ha ceT-
MEHTOT [a, b], IMaaT KOHeYHa rpaHuna / kora d,—0, HE3aBUCHO Off
n300pOT HA TOUKHTE &, TOrall OpojoT I ce BUKA OMpefiesieH MHTerpal

b
of1 pyHKIMjaTa f Ha CETMEHTOT [a, b] U ce O3HaUyBa CO f f(x)dx .

a

Heunuyuja 2.3°. (Puman) Heka e nanena dynkuuja f nedu-
HUpaHa Ha [a, b]. KoHeuHnot Opoj / e rpaHulla HA UHTETPATHATE CYyMHU
o(m,) ako Ve >0, 36> 0, Taka mTo 3a cuTe nopendu z, Ha [a, b] co nu-
jameTpu A4,, 3a Kou 4, < J, BasKu HEPaBEHCTBOTO |o(7,) — I | < &£ He3aBuUC-
HO o M300pOoT Ha ToukuTe &. BpojoT / ce BUKa ompefiesieH UHTeTpall

b
of (pyHKIMjaTa f Ha CETMEHTOT [a, b] 1 ce 0O3HaUyBa CO I f(x)dx .

a

Bo Toj cnyuaj BenmMme jdeka moguHTerpainHaTta QyHKuuja f e
WHTEerpaOuiiHa Ha CETMEHTOT [a, b] ciopen PumaH, a ce BuKka fgonHa, a b
ropHa rpaHuIa.

ITonatamy 3a yHKIMja Koja € uHTerpaduina cnopen Puman ke
BEJIMMe KpaTKoO fieKa € uHrerpadbmnna. O4eBUiHO € jeka NoTpeOeH yc-
J0B f na Oupge mHTEerpabuiHA € YCIOBOT Taa ja Owje OorpaHMyueHa Ha
CEerMeHTOoT [a, b].

Moxe fa ce mokaxe fneka paedunumunte 2.3 u 2.3° ce exBuBa-
JICHTHH.

Ilpumep 2.1. ®yukumjata Ha dupuxmie f{x) = 0, ako x e upanuo-
HajieH Opoj u flx) = 1, aKo x € pauuoHalieH Opoj, € fe(puHUpaHa U orpa-
HHAYeHa Ha cerMeHTOT [0, 1], HO He e uHTerpabuIHa.

3a ma ro nokaxkeme Toa, n30MpaMe OCHOBHA HU3a NOAENON {7}
CO COOJIBETHA HU3a off AujameTpu {d,}. PopMupame nBe HU3W, {a*(zzn)},
{c (7,)} MHTETpalHU CyMH KOHM OAroBapaaT HAa MCTH MOAENGH, HO pa3-
NmdeH u360p Ha TOUKHATE &, TaKa IITO Kaj HU3aTa {o (7,)} COOIBETHHTE
TOYKH f,-* ce MpaluoHalHi OpOeBH, a Kaj HU3aTa {0**(75,)} COOJBETHHTE
TOYKHA f,-** ce panroHanHu Opoesu. Toramn

n-1 " - n-1 o n-1
o(m) = 2 f(§)Ax=0,0 (m)= 2 f(& A, = 2 1-Ax; = 1.
i=0 i=0 i=0
Co Toa goOuBMe [iBe HU3M MHTerpanHu cymu {0} u {1}, kou ce
OYCBUJHO KOHBEPreHTHM (KOHCTAHTHM HHW3M) KOra JIMjaMETPUTE ce

crpeMat KoH 0, co rpanunu 0 u 1, coogeTHO. 3HauM, IpH UCTa OCHOBHA
HH3a nofenon {z,}, HO MpU pazandeH nu300p Ha TOUKHUTE &, Kaj COOM-
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BETHUTE MHTETPAJIHU CyMH TOOMBME pa3/INuyHU TPAHUIU HA COOIBETHUTE
HU3M UHTETPAJIHUA CYyMHU, IITO 3HAYM f HE € MHTerpaObuiIHa (PyHKIH]A.

Hegunuyuja 2.4. Heka 7, e enna nopen6a Ha [a, b], pyHKIMjaTa
f neduHupaHa u orpaHuueHa Ha [a, b]. Cymure off BUOT:

n—1 n—1
s(m) =Y mAx, , S(m) =Y M,Ax, ,
i=0 i=0
Kaje IITO:
m= inf f(x), M= suwp f(x),i=0n-1,
XELX; X 41 XG[X‘ Xi ]

i+l

ce BUKAaaT JIoJHa U TopHa cyMa Ha [JapOy 3a yHKIMjaTa f Ha CErMEHTOT
[a, b] BO ogHOC Ha mofendaTa 7.

On neduHumjaTa € jacHo feka oBue cymu Ha [lapOy 3aBucat
caMo off nofienOara 7,. [lopagn HepaBeHcTBaTa

m; < A& M;,i=0,n—1,

3a e[JHa McTa nopenda 7, U MPOU3BOJIEH U300p Ha TOUKHUTE & Ke BaXu
HepaBeHCTBOTO s(7,) < o(m,) < S(m,), kage mwro s(w,), o(m), S(m) ce,
COOJIBETHO, OTHA cymMa Ha [lapOy, MHTerpajgHa cymMa U ropHa cyMa Ha
HapOy. Ymre noBeke, npu (ukcHa mofenda z, cymure Ha [lapoy s(7,),
S(7m,) ce BCYINIHOCT CyNpEMyM OJHOCHO WH(UMYM Ha MHOXKECTBOTO
MHTETpaATHA cyMH (TIpH (PUKCHA TOfe0a WHTETPATHATE CYMH 3aBUCAT
camo off u360pot Ha Toukute &). Cymure Ha [lapOy rm mMmaar u cief-
HUTE OCOOWHM:

Ocoouna 2.1. Heka 7, e egna nopen6a u 7, Apyra noaenda Ha
CEerMEHTOT [a, b], IpH ITO Kaj 7, OCBEH ieI0eHITE TOUKY Ha mojenadaTa
7, IMa ¥ Ipyru fenbenn Touky (nmoguna nopentda). Toramr

8(7,) < 8(7); S(7y) < S(m).

Ocobuna 2.2. 3a xou OUI0 NONENOH 7, U 7, Ha [a, b] BaxKu He-
paBeHcTBOTO $(7,) < S(7z,).

Heka {s(m,)} e MHOXecTBO off cuTe AOJHU cyMu Ha [{apOy 3a
¢yHKIIjaTa f BO OAHOC HA CUTE NMOJENION 7, HAa CErMEHTOT [a, b]. Criopen
ocoOMHaTa 2.2 TOa MHOXECTBO € OrPaHMYEHO OArOpe, Ha MpUMEpP CO
Opoj elHaKOB Ha ropHa cyma Ha JlapOy Bo oJJHOC Ha KOHKpeTHa nofenda
Ha [a, b], m cnopep akcuomaTa 6 3a HENPEKUHATOCT Kaj pEalHUTE
OpoeBu Ke MOCTOU CYNIPEMYM KOj K& TO 03HaYUMe CO /+.

Heka {S(7,)} e MHOXecTBO off cuTe ropHu cyM: Ha [{apOy 3a
¢yHKIIjaTa f BO OTHOC Ha CUTE MOAEON 7, Ha CErMEHTOT [a, b]. [Topaau
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ucTaTa 0coOMHa 2.2 ToOa MHOXECTBO € OTPAHMYEHO OfI0Jy, Ha MPUMEP
co Opoj efmHAaKOB Ha AoiHa cyMa Ha [lapOy BO OlHOC Ha KOHKpETHa
nofenda Ha [a, b], m cnopep mociaeAnaTa Ha akcuoMarta 6 3a HelmpeKu-
HATOCT Ke MOCTOU MH(UMYM KOj Ke TO 03HaummMe co / .

Ke mokaxkeMe fieka 3a KoOja 6wiio mofenda 7, Ha [a, b] Baxku s(7,)
< I. < I < S(m,). HepaBencrsara s(7,) < I+ m I < S(7,) ce Tounn, 6upejku
Lul ce CYIIPEMYM OJHOCHO MH(PMMYM Ha MHOXECTBATa OJff CUTE AOJIHU
OflHOCHO TopHM cymHu Ha [lapOy 3a ¢yHKIHUjaTa f BO OJHOC Ha CUTE
MOKHU TIOAeN0u 7, Ha CETMEHTOT [a, b].

Jla mpeTnocraBuMe fieka Basku 0O0paTHOTO HEPABEHCTBO, OIHOC-
HO fieka | < I.. Bupiejku I e KOHKpeTeH peajieH Opoj, cropef fedpuHu-
jaTa 3a cynpeMmyM 3a I+ Ke NOCTOM KOHKpeTHa JoJIHa cyMa Ha [{apOy
s(m,), Taka mro I < s(z,") < I.. Bupejkn mak s(7, ) e KOHKpeTeH 0poj,
criopen necduHmIMjaTa 3a nHGUMYM 3a I Ke IOCTOM KOHKPETHA TOPHA
cyma Ha [apOy S(m,), Taka wro I < S(z,) < s(z,"), mTo e KOHTPAJIAK-
TOpHOCT Ha ocobuHaTa 2.2. Criopey| Toa Baky HepaBeHCTBOTO [+ < I .

Teopema 2.1. Heka e pageHa ¢pyHKumja f, nepuHupaHa u orpa-
HUYeHa Ha [a, b]. PyHKIKjaTa /'€ UHTerpabUIIHa Ha [, b] aKO U caMO aKo
dlimO[S(ﬂn) —s(z,)] =0, Kage mro d, € iujameTap Ha nopendara 7z, .

n=>

Loxa3: [1a mpeTnocraBuMe fieka / nocrou crnopen Puman. Toram
Ve> 0,36 > 0, Taka mTo 3a cute nofenou z, Ha [a, b] co nujameTpu d,,
3a Kom d, < O, BaXXW HEPABEHCTBOTO |o(7m,) — I | < & OOHOCHO He-
paBeHcTBOTO [ — £ < o(7m,) < [ + & HE3aBUCHO Off U300POT HA TOUKUTE &
Kaj MHTeTpasHUTe cyMu o(7,) (POPMUpPAHH BO OTHOC HA COOJ[BETHHUTE
nofieI0u co ujaMeTpH d,,.

Heka 7, e nogen6a Ha cerMeHTOT [a, b] co aujameTap d, < 0.
Toram Baxat HepaBeHcTBaTa [ — £ < s(m,) < o(m,) < S(m,) <1+ & Kapue
o s(7,) u S(7m,) ce moyHaTa ¥ ropHaTta cyma Ha [lapOy Bo offHOC Ha TO-
nenbata 7, Opn HepaBeHcTBata [ — £ < s(m,) < I + & ciaefyBa HepaBeH-
ctBOTO | I — $(m,)| < & Op mpou3BOJIHOCTAa Ha U300pOT Ha nojendara 7,
co nujameTap d, < 6 chefyBa jeka 3a CUTe MoJeliOn 7, cO NujaMeTpu
d, < J ke Baxu |l - s(m,)| < & 1ITO MOBJIEKYBa dliglos(ﬂ'n) =]

Ha ucr HauuH, TpruyBajku off HepaBeHcTBaTa [ — < S(7m,) <1+ ¢,
ce goouBa lim S(rz,)= 1. Cnopen Toa, lim S(rz,)= lim s(z,), o mTO
d,—0 d,—0 d,—0

n

cienyBa }imO[S(ﬂn) -s(7,)]=0.
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Heka cera Baxkn }imo[S(yrn) -s(7,)]=0 mHeka I~ n I ce cympe-

MYyM OJHOCHO MH(PMMYM Ha MHOXKECTBATa Of] CUTE JJOJTHH OJTHOCHO TOPHUI

cymu Ha [[apOy 3a pyHKIMjaTa f BO OQHOC Ha CUTE MOKHHM MOJIENI0N 7, Ha

CEerMeHToT [a, b]. On dlimO[S(zzn) —s(z,)] =0 caepysa nexa Ve>0,30> 0,
n >

Taka IITO 3a CUTe Nojendu 7, Ha [a, b] co nujameTpu d, 3a Kou d, < &
BaXKM HEPABEHCTBOTO S(7,) — s(7,) < & OMHOCHO S(71,) < s(7,) + &

Heka 7z, e mogen6a co nujameTap d, < 6. Torau 3a cooiBeTHUTE
JOJTHA ¥ TOpHA cyMma Ha JlapOy BaxkaT cJeJHUTe HepaBeHCTBRA:

s(m) — e<s(m) <L <I <S(m) < s(m)+ &
On oBue HepaBeHcTBa cneftyBa s(7m,) — €< I+ < s(m,) + & OTHOCHO
I+ — s(m,)| < & O mpon3BOJIHOCTA Ha U300POT Ha nofendara 7, co Auja-
Merap d, < 0 crieflyBa fieKa 3a CUTe NOJesIOn 7, co aAujameTpu d, < JdKe
Baxu |I+—s(m,) | < & IITO MOBIEKYBA }iTOS(ﬂn) = [

n

., *
Ha wcr HauwH, TprayBajku o HepaBeHcTBaTa s(7m,) — € < [ <
* . Ed
s(m,) + & omHocHO | — s(m,)| < & ce poOuBa dhil}) s(z,)= 1. Iopanu

€THO3HAYHOCTa Ha TpaHWI[aTa Ha KOHBEPEHTHA HW3a OJf MOCJICHUTE
rpaHulld ce nobuBa [+ = I*, T.e. €r3UCTeHlMjaTa U eJUHCTBEHOCTa Ha
6pojor I=1L.=1 .

Heka cera o(7,) e uaTerpanna cyma 3a (pyHKI#jaTa f BO OHOC
Ha nofienbaTta 7, co gujamerap d, < o. Torai 3a goyHaTa U ropHaTa cy-
ma Ha [IapOy Bo ogHOC Ha ucraTa nopenda 7z, Ke BakaT HepaBeHCTBATa
s(m,) £ o(m,) < S(m,) 3a kKoj 6umo M360p Ha ToukUTe & . 3a Taa moaeada
Ke BaxkaT HepaBeHcTBaTa S(7,) <s(7,) + e u s(m,) <1, O Kajie WTO ce J0-
O6uBaaT HepaBeHCTBaTa o 7,) < S(7,) < s(m,) + €< 1+ & Op npyra crpana,
3a ucraTa nojesbda 7z, Ke Basku HEPaBEHCTBOTO o 7,) > s(7,) 3a KOj OUIIO
n360p Ha TOUKHTE &;, KAKO M HepaBeHcTBaTa s(7,) > S(7,) — e u S(m,) > 1,
OJ] KO ce oO0uBaaT HepaBeHCcTBaTa o 7,) > s(7,) > S(m,) — €> I — & 3Ha-
un, o(m,) <I+en o(m)>1—-¢& T.e. |o(m)— 1 < &3aKoj 6mIo u36op Ha
TOYKHUTE &;.

Op npou3BoJIHOCTa Ha M300POT Ha mofendara 7z, clefyBa feka
Ve > 0,36 > 0, Taka IITO 3a CUTE NMOAENOU 7, HA CETMEHTOT [a, b] co
aujameTpu d,, 3a Kou d, < O, BaXu HEPaBEHCTBOTO |o(m) — [ | < &
HE3aBHCHO Of M300POT HA TOUKUTE &, IITO 3HAYM fIeKa (PyHKIMjaTa f €

b
uHTerpabunna u [ = _[ f(x)dx.

a
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Hexka S(7,) n s(7,) ce cymn Ha [lapOy 3a ¢pyHKIHjaTa f BO OfHOC
Ha eflHa ucTa nopenba m, Ha CeTMEHTOT [a, b] co aujameTap d, U HEKa

n-1
w;=M; —my, i =0,n— 1. Toram S(7z,) — s(m) = D>, ®;Ax; . 3Ha4n, ciopen
i=0
nocnengHata teopeMa 2.1 ¢yHkumjaTa f e uHTErpabuiIHa Ha CETMEHTOT
n—1
[a, b] akO 1 caMo aKko Baxku lim D w,Ax; =0.
d,—0 i=0

Teopema 2.2. Axo [ e pyHKIMja HEIpEKUHATa Ha [a, b], Torami e
MHTETrpaOuiIHa HA MICTHOT CETMEHT.

Hoxas: Op teopeMmaTa Ha Bajepuitpac 3a HelpeKUHATH (PyHK-
LMY Ha CETMEHT clieflyBa Jieka f € 1 paMHOMEPHO HENPEKHUHATA, T.€. IO
“Ma CBOjCTBOTO 3a IPOM3BOJIEH peajieH O0poj € > 0 ma mOoCToM pealieH
6poj 6> 0, Taka mITO 3a KOU OUJIO X|, X, Off [a, b] 3a KOU |x| — X,| < § Baxku
HEPABEHCTBOTO |f{(x)) — flxy)| < &.

Hexka 7z, e mogen6a Ha cerMeHTOT [a, b] co mujamerap d, < §. Of
BTOpaTa Teopema Ha Bajepiirpac 3a HenmpekuHaTH (pyHKIIUU Ha CETMEHT
clefyBa fieKa mocrojat &, & € [x, xi]3akou & — & | <8 (& &<
d,< o, oupejkn d,= max Ax;), Taka IITO

0<i<n-1

M= sup f(x) =f&),  m= inf S (X)=A&), Vi=0,n~1.

el ] el

Bo cornacHoct co mperxogHaTa ocoOuHa (é*, & e [a, b]) ke Baku He-
paBEHCTBOTO ]f(é‘[**) - j(éj*)| < & OJJHOCHO HEpAaBEHCTBATAa

;=M —mi=fi&) A& <& Vi=0,n-1

3Haun, Ve > 0, 36 > 0, Taka mMITO 3a cekoja of] MOAeIONTE 7,, 3a YU
AMjaMeTpu BaxH d, < o, Ke BaXu

n—1 n—1
0<S(m)—s(m)= Y w,Ax; <€) Ax,=¢e(b - a).
i=0 i=0

n—1
Cnopen TOa, lim Za)l.Axl. =0 u BO cormacHocCT co COOIBETHATaA TE€OpE-
d,>0;20

Ma 2.1 ¢pyHKImjaTa f* e uHTerpabminHa yHKIHja.
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Hocera a < b, Ouziejku Oelle fgajieH cerMeHT [a, b]. Ako a > b,
b a
TOrail cnopep feuHuIMja ce 3eMa j Sf(x)dx = —j f(x)dx,aakoa=05b

a

TOTall criope neduHuImja ce 3eMa I f(x)dx =0.

a

b
IIpumep 2.2. [Tokaxu geka Idx =b—a.

Pewenue: bupejku nopunTerpannata ¢yHkiuja fix) = 1 e He-
MpeKuHaTa Ha CEerMEHTOT [a, b], ITO 3HAuUM JeKa € U MHTerpaduiHa,
MoOxXeMe fla n30epeMe MOrojHa clieljajlHa OCHOBHA HU3a Off Mofenou,
Taka HITO JIECHO MOXKE Jla Cc€ Hajie T'paHMIaTa Off HU3aTa COOJBETHU
cymn (OWJIO MHTETpaNHU NMPH KOHKpETeH M300p Ha TOukHTe & OMIo
cymu Ha [{apGy), a co Toa U OnmpefeIeHuOT NHTErpa Kako Opoj.

Jla n3bepeme crelyjaiHa OCHOBHA HU3a Off MOMIENON 7, MaieHu

. a
co n + | menbGeHn TOYKH Ha €[HAKBO pacTojaHue Ax;= = Ax. 3Hauu,

n

b—
xi=a+iAx, d, =
n

a u, n3bupajku & = x;, i = 0, n, oobuBame o(z,) =

n—1

ZAx => Ax=b —a. Cnopep Toa hmo(n) jdx—b a.

i=0 i=0

b
Ilpumep 2.3. Kaj I xdx , fix) = x e pyHKIMja HEMpEeKUHATa Ha

CEerMEHTOT [a, b], ITO 3HauM JieKa e 1 uHterpadunna. Heka nopenbara
7, € JajgeHa co n + 1 genOeHW TOYKM X; Ha €JHAKBO pacTojaHue Ax; =
b-a

n

= Ax, Taka mTo x;= a + iAx, i =0, n.

bunejku dynkiujaTa f{x) = x € cTpOro MOHOTOHO pacTeyka He-
npeKuHaTa (pyHKImja, m; = 1nf f(x) =fx)) = x;, coonBeTHATa [OJTHA

€LX; 5 t+1]
CcyMa Ha Hap6y 3a HOHCH6aTa T, Ke 6I/IH€ pag€Ha Co (bOpMyJIaTa:
n—1

s(m,) = ZxAx AxY (a+iAx) =Ax[na+ Ax(1 +2+ ...+ (n—1))] =

i=0 i=0

b—a.n—l

).
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.. a
bupejku d,= Ax = , aKo d,—0, ToraI n—oc, I1a 3Ha4M aeKa

n
b—a.n—l): b? —a?
2

dlimos(ﬂn )= lim (b —a)(a +
2 2

b J—
Crnopep Toa, j'xdx = a

IIpecMeTyBameTO Ha ONpeeNeH HHTErpal OOMYHO HE ce BPIIH
HETNOCPENIHO cropef neduHuIjaTa, OuiejKi € TOBP3aHO CO TEIIKOTHUH,
a TMOHEKoralll € U Heu3BO[IuBO. [la 3abenexume yuiTe feka onpepene-
HUOT WHTETrpajl MOHEeKOorall ce KOPUCTH M 3a Haolfame TpaHmIla Ha He-
KOja mocjokeHa 6pojueHa Hu3a.

Ilpumep 2.4. [la ce Hajue

. | .o . 27 . (n-Drx
lim<{ —| sin — + sin — +... + sin ————
n—>wo| p n n n

Pewenue: 3a pynkumjaTta fx) = sinx u 3a nofgendara 7z, Ha Cer-

¥4 V4
meHTOT [0, 7] nepuHUpaHa co Aen0eHnuTe TOUKU X; = —, Ax = — =d, ,
n n
¢dopMupamMe cooBeTHA MHTErpaHa cyma
n—1 n—1 ir.T
o(m) = Zf(fz)sz = Z(Sln_)_ )
i=0 i=0 n n
Kaze mro & = x;, i = 0, n — 1. bugejkn pynkumjaTta f{x) = sinx e Henpe-

Vs
KUHaTa Ha cerMeHToT [0, 7], Ke nocrou limo(r,) = j sinxdx = 2. [Ipu
n—>0
0

T
TOa KaKo MO3HAT Pe3yNTaT € KOPUCTEHO JeKa .[sin xdx =2. 3Haun,
0

. \7| .o . 27 . (n—-hOrx
lim<{ —| sin— +sin— +... + sin ————
no» | p n n n

=2.
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§2. Otipeoenen unitiezpan

Ke HaBEIEME HEKOJIKY OCOOMHU Ha OIIpEACJICHNOT NHTETrpall.

Ocobuna 2.3. Ako yHKIIMUTE f M ¢ ce MHTErpaOWITHN Ha Ccer-
MEHTOT [a, b], Toram u pysknuute Kf (K € KOHCTaHTa) U f + g ce
MHTETpaOuiIHu Ha [a, b], IpU IITO BaXKU

IKf(x)dx = Kff(x)dx , I[f(x) + g(x)]dx = jf(x)dx + jg(x)dx .

OBaa oco6uHa MOXe fia ce IPOLINPU 1 Ha KOHEUEeH Opoj (PyHKIUH.

Ocobuna 2.4. Axo yHkumjaTa /'€ nHTerpabuiiHa Ha CETMEHTOT
[a, b] u ce(a, b), Toram f e uHTErpaObWIIHA HA CETMEHTHUTE [a, c] ¥ [c, b],
TIpY WITO BaXKu

If(X)dx = ]f(x)dx + If(x)dx

Baxku n o6paTHOTO TBpjeHe: ako (pyHKIMjaTa /'€ HHTerpabuiIHa
Ha cerMeHTuTe [a, c] u [c, b], Torail f e UHTerpabuIHa Ha CETMEHTOT [a,
b], mpM 1ITO BaxkKN UCTOTO PABEHCTBO.

Ocobuna 2.5. Axo f e nHTerpabuinHa ¢yHKIHja HA [a, b], TpH
mrto Vxe[a, b], fix) =0 (f(x) <0), Torau Baxxu

]Zf(x)dx >0 (Ijzf(x)dx <0).

Hocaeouya 2.1. Axo fn g ce nHTerpabuiaHu (PYHKIUU Ha Cer-
MEHTOT [a, b] u ako Vx€[a, b], fix) < g(x), TOram Baxxu

b b
_ff(x)dx < J'g(x)dx.
IIpu pmokasoTt, ocoOuHaTa 2.5 ce MpUMeHyBa Ha HOBa (pyHKIHja
F(x) = g(x) — f{x) m mpuTOa ce KOpUcTU ocobuHa 2.3.

Hoka3ute Ha ocobunute 2.3, 2.4 u 2.5 mpousnerypaar HeIo-
CpeHO Off feuHUNMjaTa Ha OINpPEAEJIEH WHTErpajl U OCOOMHUTE HaA
OpojueHN HU3H.

Ocobuna 2.6. Axo ¢yHKkumjata f e mHTerpabuinHa Ha [a, b],
Torai u pyHKIMjaTa | /| e uHTerpadusiHa Ha [a, b], mpu mTo

b b
[ f0dx | < [If (x)ldx.
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Hoka3s: Heka S(7,) u s(7,) ce cymu Ha J[lapOy 3a pyHKumjata f u
S'(7,), s'(%,) cymn Ha ap6y 3a dysknmjata | £ | Ha [a, b] BO ofjHOC Ha
eqHa mcra nopenba 7z, Crmopep HepaBeHCTBOTO |la| — |b|| < |a — b| ke
BaXKaT HEpPABEHCTBATA M,»* — m,»* <M;—m;, Vi=0,n —1, Kage mITO

*

m;= inf f(x) M;= sup f(x), m; = inf ]f(x)]

relx; ] xelx; xi ] xelxi v

M= sup | f(x)|, i=0,n-1,

xe[ XX, ]
OJHOCHO HEpaBeHCTBOTO 0 < S*(ﬂ'n) - S*(ﬂ'n) <S(m) —s(m).
Criopeji Toa, ako }irr%) [S(m,) — s(m,)] = 0, Toram u }in}) [(S"(m,) —

n

*® .
s (m,)] = 0, mrTo 3Hauu | f| e MHTErpabuIHa (PYHKIH]a.
On nppyra crTpaHa, 3a COOJBETHHTE WHTETPANHU CyMH O(7,),
*
o (7,) BO OTHOC Ha eJiHa UcTa nofenda 7, ToouBaMme

e |"2(:f<§,- ax, | < S 7E) | Ax, = o'(m)
i= i=0

u npu (pukcHo u3bpanu &, i = 0, n — 1 (BeKe e okaxaHo fexa | f |
uHTerpabuiaHa (yHKIHja), co rpaHndeH nponec d,—0 ce gobusa Hapa-
HOTO HEpaBEHCTBO (0cOOWMHA Kaj KOHBEPTreHTHH OpOjUeH HU3M).

Ocobuna 2.7. Axo fe naTerpabuina yHKIMja Ha [a, b] 1 aKo m
= 1{1fb f(x), M= sup f(x), Torarm Baxu oneHara
xela x€la,b]
m(b —a) < j f(x)dx <M(b —a).
loka3s: 3a HOBO flecpuHMpanaTa pyHkuyuja Fi(x) = M — f(x) BaxKu
b

Fi(x) 2 0, Vx € [a, b], 1 o ocobunara 2.5 cnegysa [[M — f{x)ldx >0, on

b
KaJie IITO CO KOPUCTEeWmhe Ha ocobuHaTta 2.3 u J'dx = b — a (mpumep 2.2)

b
ce nobuBa M(b —a) > jf(x)dx.

Ha uct Haunn 3a HOBa pyHKIMja FH(x) = m —f(x), Vx€[a, b], ce

b
n06MBa ¥ BTOPOTO HEPABEHCTBO m(b —a) < j f(x)dx.
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§2. Otipeoenen unitiezpan

Ocob6una 2.8. (Teopema 3a cpegHa BpegHOCT.) AKO (DyHKIMjaTa

f e unTerpabuiaHa Ha [a, b] u akO m = il[’lfb]f(x), M= sup f(x), Toram
xela, xela,b]

noctou Opoj 1 € R, m < y< M, Taka ITO Ba>kKh paBEHCTBOTO
b
[ f(x)dx=(b-a)u.
Hoxka3s: Cniopen ocobunata 2.7 Ke Baxku HEpaBEHCTBOTO

l b
m< dx <M
b—a {f(x) *

1 b
W TOTAI i = " I f(x)dx e Touno GapaHuoT Gpoj.
—a

Hocaeouya 2.2. Axo fe n HenpeknHaTa (PyHKIMja Ha [a, b], TO-
ramr nocrou ¢ € [a, b], Taka MITO Bask PAaBEHCTBOTO

[ /()= (b - ).

Beymnocer ¢ = f(£), mto mpousieryBa o ocoOMHAaTa Ha HENMPEKUHATH
¢yHKIIMU 32 OPOjOT L, TpH WITO m W M ce HajMaiaTa W HajrojieMara
BpeaHOCT Ha pyHKIMjaTa fHa [a, blum <y <M .

Ocoouna 2.9. (O6omniTeHa TeopeMa 3a cpefiHa BPEIHOCT.) AKO
g u fg ce uHTerpabWIHN (PYHKIMKA HA CETMEHTOT [a, b], ako Vxe[a, b]
Baxkun m < f{x) < M (f e orpannuena ¢yHkiyja Ha [a, b]) U aKo g HE TO
MEHyBa 3HAKOT Ha [a, b] (cexorai e Wi HeHeraTUBHA WM HEMO3UTHUB-
Ha), Toraul noctoun 6poj ueR, m < u < M, 3a KOj BaxKu:

b b
[ F()gx)dx =u [g(x)dx.

Iokas: Heka Vxe[a, b] g(x) = 0. Toram 3a Vxe[a, b] BaxkaT He-
paBeHcTBaTa mg(x) < f(x)g(x) < Mg(x), om Kaze mTo cnopey cBojcTBaTa Ke
BaskaT M HepaBeHCTBATa

m Ijzg(x)dx < Ijzf(x)g(x)dx <M Ijzg(x)dx.
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b b
AKkoO fg(x)dx = 0, Torar ff(x)g(x)dx =0 u u MOXe Jja Oujie

KOj 6uno 6poj mery m u M.

b
AKo mak j g(x)dx> 0, Toramr on mocnenHUTE HEpaBEHCTBA Ce

a

[ /() (x)dx [ £ (x)g(x)dx

nobusa m < “—; <M , on Kafie WTO i = “b— € TOYHO

_[ g(x)dx I g(x)dx

6apaHuoT 6pOj.
b
Caygajor f g(x)dx <0 e e MmoxeH, ounejku g(x) > 0, Vxela, b].

Ha wmct HaumH ce goOuBa 6apaHOTO PaBEHCTBO M BO CIYy4YajoOT
g(x) <0, Vxela, b).

2.2. Ibyrn-Jlajonunosa popmyna

Ke mokaxeMe JieKa MOCTOM TeCHa BpCKa Mefy ONpejieleH 1
HeoTpefieieH MHTerpasi, co IITO BO TrojemMa Mepa Ke ce OJIeCHH
IPECMETYBAKETO HA ONpPEfeJIEHUOT UHTErpajl KOPUCTEjKU IO anapaToT
3a IpecMeTyBambe Ha HEONpPe/ieNIeH NHTEerpall.

IIpen na mpeMuHEeMe Ha HapeJHUTE OCOOMHM CO KOU Ke Oupie ja-
JieHa BpckaTa Mefy oIpefeNeH M HeoNpefeseH WUHTerpan MpeKky
TakaHapedeHaTa IbyTH-JIajOHnnOBaTa hopmyna, Ke pasriefaMe HEKOH
acCIeKTH 3a ONpefeeHnoT uHTerpan. ViMeHo, Kaj onpefeeHnoT UHTe-
rpaj, Koj € KOHeueH Opoj, O3HaKaTa 3a NMOJUHTEerpajHaTa NPpOMEHINBA
He ¢ 6uTHa. Toa 3HauM eka

T J(x)dx = f f()dr = T f(2)dz

T.e. ONPEJIeNIEHNOT WHTETrpajl 3aBUCH caMoO OJf camaTa (PyHKIHja f ¥ Off

CErMEHTOT Ha MHTerpaInyja [a, b], OTHOCHO Off HETOBUTE KPajHH TOUKH.
Heka f e wHTerpabmnna ¢ysknuja Ha [a, b] m HeKa xe[a, b].

Toram f e wHTerpabuiaHa W Ha CETMEHTOT [a, x] W mocTom GpojoT
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§2. Otipeoenen unitiezpan

X
j f(¢)dt . Bnaum, o MPOU3BOTHOCTA HA X MOXKEME JIa 3aKIyInMe JleKa 3a

a

cekoe x€[a, b] mocTon efHO3HAYHO Ae(PUHUPAH OPOj I f()dr.

a

3aroa Moxe fia ce aeduHupa HoBa (pyHKIMja D: x—>] f(®)dt ua

a
CeTMEHTOT [a, b], KOja ce HapeKyBa ONpefeseH HHTETpajl cO MPOMEHIIH-
Ba rOpHa TPaHMILA.

Ocob6una 2.10. Axo f e mHTerpabmiHa ¢yHknuja Ha [a, b], TO-
ram yrkumjata @ gedpurnpana co @(x) = [ f(f)dt e Henpexmuara

¢yukuuja Ha [a, b].

Jloxa3: Heka h # 0 e HapacHyBawbe Ha MPOMEHIUBATA X BO TOY-
KaTa xo€(a, b) Taka mTo xo+ he(a, b). Toram co Kopucreme Ha OCOOMHA-
Ta 2.4 ce mobuBa

xo+h Xo+h

D(xo+ h) = jf(t)dt = onf(t)dt + jf(z)dt,

v, Dlxo+ h)— D)= | 0.

X0

Op ocobunara 2.8 3a cekoe /4 #0 nocrou Opoj i € R, mg < 1 < My,
Kaje IITO

mo= inf f(t), My= sup f(¢),

te[xq,xo+h] te[xq,xq+h]
3ah>0,u

mo= inf  f(z), My= sup f(2),

te[xg+h,xy] te[xg+h,xq]
3a h <0, Taka mto D(xo+ h) — P(xo) = u (xo+ h — xo) = h.

bupejkn p 3aBucH o & 1 € OrpaHUYEH, IPU TPAHUYHHUOT NIPOIIEC
h—0 mobuBame limuh = 0 (Teopema 3a MPOM3BOJI HAa OrpaHUYCHA U
h—0

O6eckOHeYHO Majia (pyHKIHja), OTHOCHO Ling[@(xo +h) - D(x,)]=0, mro
—
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3HauM fieka @ e HempekWHaTa (PyHKIHja BO TOo4KaTa xo. Op mpowus-
BOJIHOCTA Ha M300pOT Ha TOYKATa Xp 3aKiIydyBaMe fieka @ € HEeNpeKu-
HaTa Ha (a, b). Ha cooBeTeH HauMH ce MOKa)KyBa M HEMPEKUHATOCT
OJJIEBO BO TOYKaTa b M HEMPEKMHATOCT OAJECHO BO TOYKATA d.

Ocobuna 2.11. Axo f e uaTerpabmina Ha [a, b] n HempeKWHaATa
¢ynkumja Bo Toukata xo€(a, b), Toram ynkuujata @ necpuHEpaHa BO
ocobuHata 2.10 uma u3Boj] BO TOUKATA Xg, IPH MITO D’ (x0) = fxo).

llokas: Hexka f e HenpekuHaTta yHkiuja Bo xo€(a, b). Cnopen
ocobuHnara 2.10 3a cekoe HapacHyBamwe & # 0 3a Koe Baxu xo + he(a, b)
nocrou 6poj peR (3Hauwm, 1 3aBHUCH O /1 ) CO CBOJCTBO my < < My, Taka
mto D(xo+ h) — D(xo) = ph.

On HempeknHATOCTa Ha (PyHKIHjaTa f BO TOUKATA X, CIEeyBa Jie-
Ka Ve > 0 ke mocrom 8 > 0, Taka mTO 3a V7 3a KOHU | t —Xxo | < & BaxKu
HepaBeHCTBOTO | f(f) — flxo) | < & T.e. Vi € V(x, 9), ff) € V(f{x), ¢),
ofHOCHO f{(xo) — &, f(xo) + £ ce MUHOpaHTa W MajOpaHTa 3a MHOKECTBOTO
) [11-x| < o}

3eMajku HapacHyBame & # 0 Taka mITO ¢ = xo + h, JoOUBaMe JieKa
Vh 3a Koe | h | < 6 Ke Baxku HepaBEHCTBOTO f(xo) — € < flxo + /) < flxo) + &,
OJTHOCHO HEPaBEHCTBOTO f(xo) — £ < mo< Mo < flxo) + & (mg u My ce unpu-
MyM U cynpeMyM jedunnpanu Bo ocoouna 2.10, a flxg) — e u flxg) + € ce
MUHOpaHTa U MajopanTa). [Topamm mg < u < M, cnenyBa flxg) — € < u <
flxo) + & ogHOCHO |1t — f{o)| < &

3Hauy, 3a Ve > 0 HajpoBMe O (er3ucTeHnrjaTa e IpeKky HelpeKu-
HATOCTa), Taka mTo 3a VA, 3a koe | h — 0| < &, Baxku |u — f{xg) | < & mTO
3Ha4| JeKa [TOCTON LILT(} 1 = f{xo) omHOCHO

i P +h2—®(x0) ).

h—0

Crnopep Toa @' (xo) = f(xo).

On mpom3BonHOCTa Ha M360pOT Ha xoe(a, b) cmemyBa feka 3a
Vxe(a, b) ke Baxku @' (x) = f(x), ma MOKeMe J1a 3akiyunMe neka @ e egHa
MpuMUTHUBHA (PyHKIH]A 3a pyHKIHjaTa fHa (a, b).

Hexka ce 3agoBosienu ycnosute o ocoonna 2.11 u F e koja 6uno
Apyra npuMuTUBHA (pyHKIM]ja Ha f. Toram Ke nmocron KoHcTaHTa C, Taka
mTo P(x) = F(x) + C. 3a onpenenyBame Ha KOHcTaHTaTa C ce KOPUCTH
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neka @(a) = Tf(t)dt = 0 u ce goousa C = @(a) — F(a) = —F(a), mro

3HauM feka D(x) = F(x) — F(a) Vxela, b).
3a x = b ce fobuBa koHeuHata IbyTH-JIajoHuII0OBa hopmyna

b
[ f(x)dx=F(b) - F(a) = F(x) |.”,

Kajie mTO F € KOHKPeTHAa MPUMHTHBHA (PYHKIMja HAa MOAMHTETpaIHATa
¢yskumja f.

Ha 3akiay4ynMe eKa 3a IpecMeTyBambe Ha ONpe/iesIeH HHTEerpal e
JIOBOJTHO Jla Ce Hajje eHa MPUMHUTHBHA (PYHKIMja HA MOJUHTETpaHATA
¢yHkumja, T.€. a ce pelIn HeoNpeeIeHNOT UHTErpall U 1a ce IPUMEHH
Ibyru-JlajonunoBara popmyna.

IIpumep 2.5. Co Ibyta-JlajonnnoBara gopMyna fa ce pemn
1
UHTETPaJoT Idex.
0

.., xG . . 5
BI/II[C]KI/I ? € €IHa NMpUMUTUBHA (pyHKHI/I]a Ha CI)YHKI_[I/I]aTa X,

611
KCHOGI/ICMCIZx— = 1 -0= 1
60 6 6

IlIpumep 2. Co byta-JlajonnnoBaTa popMyiia fa ce peuu

a
UHTErpasoT jsin xdx .
0

Bupnejku —cosx e eqHa MpUMUATHBHA (PYHKIM]ja HAa PyHKIU]jaTa
sinx, ke moodueme I = (—cosx)|o" = —-(-1-1) = 2.

2.3. MeTop Ha 3aMeHa M METOJ HA NAPUHjaTHA HHTerpanuja
Kaj onpe/eeHnOT HHTerpaji

b
Teopema 2.3. Hexa e najen j f(x)dx, xane mTo f e HeMpeKuHAa-

a
Ta ¢yHKnmja Ha [a, b]. Heka ¢ e pyHKIMja Ha 3aMeHa Ha MOUHTETpall-
HaTa MPOMEHJIMBA X CO HOBa MOAMHTErpaliHa MPOMEHJNBA ¢, TaKa IITO
x = ¢ (), u HeKa @ T'¥ 3a[JOBOJIyBa CJIEHUTE YCIOBHU:

a) @ e HempeKWHaTa Ha CeTMEHTOT [¢, f], Taka mTo Vie[e, A,
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p()ela, b],
6) p(@)=a, p(f=bump(a)=b, ¢(h)=a,
B) mocCTOUW HempekuHaT u3Bop ¢' (1) # 0, Vie(a, p).

b B
Torarn Basku paBeHCTBOTO I f(x)dx = j f(o(t)p'(t)dt wnu pa-

a

b o
BEHCTBOTO .[ f(x)dx = _[ f(e())e'()dt .
a B
Hoxas: Axo F e eflHa IpUMUTUBHA (pyHKIM]ja HA (DyHKLIKjaTa f HA
CerMeHTOT [a, b], Toram @(f) = F(¢ (f)) e eqna npuMUTUBHA (PYHKIIM]jA HA

dyukuujata f{p(f))¢" () Ha cermeHToT [, f] (MOKaxkaHO Kaj He-
OTPEeNICICHUOT UHTETPAIT).
Cnopepn Toa, co npumeHa Ha HbyTtH-JIajoHunoBaTa hopmyna ce

no6uBa jzf(x)dx = F(b) — F(a) n
B
[ flp@)g'(0)dt = &(B) — P(a) = F(p (B) - F(p (a)) = F(b) — F(a)

3a p(@) =a, o(f) = b, ¢'(t) >0, co mITO € TOKasKaHO PAaBEHCTBOTO.

Ocoobuna 2.12. Hexa e panena ¢yHKumja f mHTerpabuiaHa Ha
CerMeHTOT [—a, a]. Ako f e mapHa (yHKOWja Ha [—a, a], Toram Baxku

j f(x)dx = 2[ f(x)dx,aako f e nemapHa pyHkmuja Ha [—a, a], Toramr
—a 0

BasKu ]if(x)dx =0.

lokas: Heka f e napHa ¢pyHkiuja Ha [—a, a]. Cnopen ocobuna 2.4
a 0 a
If(x)dx = Jf(x)dx + jf(x)dx .
-a —a 0
Co 3aMeHaTa x = —f BO IPBHOT UHTETPAJI Ce TOOMBa

[reae=—f e + [ reax =2 rgas.
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IMpuToa e kKopucrena penanujata f(—f) = f(¢) (f e mapHa yHKIHja) 1 Ae-
0 a
unnmpjara [ f(x)dx =—[ f(x)dx .
a 0
Hexka f e Henapna ¢ynkuyuja Ha [-a, a]. Cnopeny ocobunara 2.4

a 0 a
I f(x)dx = I f(x)dx + I f(x)dx. Co 3amenata x = —f BO TPBUOT
_a Za 0

a 0 a

HHTETpaJ ce Jo0uBa If(x)dx: —jf(—t)dt + jf(x)dx = 0. IIpuroa e
—a a 0

KopucteHa penanumjata f(—f) = —f(¢) (f e HenapHa ¢yHKIMja) U NeUHH-

ujaTa ])'f(x)dx = —]if(x)dx .

Hexka ce nagenn aBe pyHkuun u(x) u v(x) fepuHApaHn Ha cer-
MEHTOT [a, b]. AKO u(x) u v(x) 3aeHO cO CBOMTE U3BOJHU (PYHKIUU CE
HENpeKWHATH Ha [a, b], TOram Baxku paBeHCTBOTO:

Tu(x)dv(x) = [l — [v(x)du(x)

Hasuctuna of paBeHCTBOTO
u(x)dv(x) = dlu(x)v(x)] — v(x)du(x)

CO MHTETpUPAmE M KOPUCTEHE HA OCOOMHHUTE Ha ONpPENEIECHUOT WH-
terpan u Ibytn-JlajOHunoBaTta ¢opmyna ce goo6uBa 6apaHOTO paBEH-
CTBO.

OBo0j HauWH Ha pelllaBalke Ha ONPEJIEJIEH NHTETPAJl CE HapeKyBa
METOJI Ha NaplyjajlHa WHTETrpaldja Kaj OINpPENEIEHNOT HMHTErpal H

b b
CKpaTeHO ce CBeflyBa Ha (hopMyaTa judv = ). - j vdu , co 3abeneni-
a a

Ka JICKa TOoa € BCYIIHOCT paBE€HCTBO Ha 6p06BI/I, a HC Ha q)YHKHI/II/I

IIpumep 2.6. Co MeToy1 Ha NaplyjaiHa UHTErpanyja fia ce pelu

1
Ixexdx.
0

1 1
jxexdx:xex;—jexdx=e—e+1=1.
0 0

ITpuroa u = x, dv = €'dx.
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1 (-)¥ (n
IlIpumep 2.7. [la ce npecMeTa cymaTa 3, T .
=0+ ilk

Pewenue: Co nmapuujaiiHa uHTErpanuja ce JoOnBa peKypeHTHaTa
dopmyna
(a® —x?)" . 2na’
2n+1 2n+1

Co kopucreme Ha oBaa popmyna ce JoOouBa

I(az—xz)"dxzx J(az—xz)"_ldx.

2na’

f 2 2\n
a“—x)'dx=
'([( ) 2n+1

J'(aZ _x2)nfldx7

0

¥ CO MaTeMaTHiKa MHAyKIHja ce JoOnBa

]I‘(aZ _x2)ndx — a2n+l (2]’[)“
5 @n+lt
1 1
3Haun, j(l—xz)"dx = ﬂ
0 2n+1)N
Op npyra cTpaHa,

t 2yn _ln_ank _n(_l)kn
g(l—x )" dx —.ELZ_;‘)( 1) (ij }dx— k§02k+1(k}

n (—Dk(nJ_ (2n)!

Cnopep Toa, . = .

2.4. [Tonapen KOOPAUHATEH CHCTEM

Bo noceramninuTte u3narama 3a onpefelyBame Ha ojoxoaTa Ha
llajieHa TOYKa BO paMHHMHA, KaKo M 3a NMpUKaxKyBame Ipauk Ha HEKOH
¢yskuuu, ce kopucreme J[lekapTOBHOT NpaBOArolieH KOOpAWHATEH
cucrteM Bo pamMHHHa. Ho MHOry mpoOiemu ojf reoMeTpujaTa, MeXaHUKa-
Ta U APYru o6JIACTU MOJIECHO CE pelllaBaaT aKO ce KOPUCTH €eH ApYr
cHCTeM HapedeH IOoJIapeH KOOpAMHATEH CHCTeM BO paMHuHa. ITomoxk-
O6aTa Ha efHa TOYkKa M BO paMHHHaTa BO [leKapTOB mpaBoarojeH
KOOpJIMHATEH CHCTeM Oellle IEeJIOCHO OmpefiesieHa cO MOfpe/ieH map of
[BE KOOPAMHATH, alfcuyca 1 OpuHaTa, KOU BCYIIHOCT Oea MPOEKIMKA Ha
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pajyc-BeKTOPOT Ha Taa TOYKa Bp3 JIBE HOPMAIIHM MelyceOHO OpHEH-
THpaHU NPAaBU HapeUEeHN KOOPANHATHN OCKH.

ITonox6ara Ha efmHa TOYKa M BO paMHUHATa € IEJIOCHO
olpefielieHa U BO MOJIAPHUOT KOOPAUHATEH CHCTEM HCTO TaKa CO JIBe
KOOP/IUHATH, Off KOM €fIHaTa € pacTOjaHHeTO o Ha Taa TOYKa Off €fHa
¢pukchna Touka 0, HapeyeHa IOJ, a BTOpaTa € arojoT ¢ Mery efHa
(pukcHa opreHTHpaHa MOJyIpaBa co MOYETOK BO Toukara (), HapedeHa
HoJlapHa OCKa, W CO BEKTOPOT €O MOYETOK BO Toukara 0 m Kpaj BO
tToukaTta M. KoopamHaTaTa p ce BHKa IOJIapHO pacTojaHMe, a KOOPAH-
HaTaTa ¢ € TIOJIapeH arojl KOj ce Mephu BO MO3WTHBHA HAacoKa
(cIpOTUBHO Off ABIKEHETO Ha CTPEJIKUTE Ha YAaCOBHUKOT). 3a fma ce
nobujat BpckuTe Mefy JlekapTOBHTE KOOPAMHATH X, y W TOJApHUTE
KOOP/IMHATH p, ¢ Ha €J{Ha UCTa TOYKa M BO paMHMHATA, K& MPETIOCTa-
BUME JIeKa KOOPIMHATHHOT MOYETOK Ce MOKJIONYyBa CO MOJIOT, a alCIH-
caTa co nmojlapHaTa ocka (Iprex 1).

Lpitexc 1

Toram of mpaBoaroJHUOT TpuarodHuk 0MN ce poOuBaaT BPCKH-
Te X = pCoSy, y = psing. Heka f'e (pyHkumja nageHa co paBeHkara p = f{g),
ulj rpauK MOXe F€OMETPHUCKU fla ce€ MHTEPIpPETHpa KaKO MHOXKECTBO
TOYKH Off paMHHHATa (KpHBa) BO MoJlapeH KOOpAMHATeH cucreM. Mcra-
Ta (pyHKIMja FEOMETPUCKU MOXKE Jla ce pa3rieayBsa u Bo [lekapTos Ipa-
BOAroJieH KOOPAMHATEH CHCTEM.

Ha 3abenexume geka Ha rpauny Ha UCTH (PYHKIUH MOXKAT J1a
OAroBapaaT COCeMa pa3JW4YHM KPUBU BO IPABOArojeH U BO IOJIAPEH
KOOPAUHATEH CHUCTEM. Hcro Taka u nctu KpUBH MOXKAT J1a 6I/IHaT reo-
MEeTpUCKAa HMHTEpIpeTanuja Ha rpacdunm Ha pasanyHu ¢yHkuun. Ha
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npuMep, BO MOJIAPEH KOOPAWHATEH CHCTEeM TIpaduKOT Ha (PyHKIHUjaTa
A@) = p =R (R e KOHCTaHTa) € KPYXXHHUIIA CO pajuyc R M LEHTap BO
nonot O, a rpacdukoT Ha (yHKumjaTta g(p) = ¢ = @ (@ € KOHCTaHTa) e
MOJIyTpaBa co MovyeTok Bo nmoiot O, fofeka Bo [lekapToB mpaBoaroieH
KOOpJIMHATeH cucTeM rpadunure Ha uctute GpyHkmyu flx) = y = b,
OHOCHO g(y) = x = a (a, b ce KOHCTaHTH), c€ XOPU3OHTAJHA OJHOCHO
BepTHKaJHa npasa (IpTex 2).

Lpitiex 2

Op pgpyra crpaHa, XOpM3OHTajHaTa MpaBa, Koja € rpaduk Ha
¢ynkumjaTa f 3agageHa co paBeHkarta fx) = y = b (b e KOHCTaHTa) BO
JexapToB NMpaBoarojieH KOOpAMHATEH CHCTeM, € rpaduk u Ha Jgpyra

¢yHkuMja 4 3amajieHa co paBeHKara pSing = b, unm p = , BO ToJa-

sing
PEH KOOpAWHATEH CUCTEM, IIPU IITO 3a AOOMBaWke Ha (PyHKIMOHAJIHATA
BpcKa /& ce KOPUCTEHU BPCKUTE Mely nmosjapHuTe U JlekapToBuTe KOOp-
JAVHATH.

OueBHIHO € JleKa BO BTOPHOT ciydaj (pyHKIMjaTa h € pocra
noclioKeHa. AKO Mak ce pasriiefja NOIyKpyKHunaTa Koja e rpauk Ha
(byHKIMjaTa 3afafeHa UMIUTMIATHO CO paBeHKaTa x° + )° = R? | y > 0,
TOrall CO KOpPUCTE€HE€ Ha BpckuUTe Mefy mnojapHuTe u [lexkapToBute
KOOpAMHATHU ce JoOMBa fieka Taa e rpaduk Ha (pyHKIHjaTa 3aajieHa co
paBeHKaTa p = R, 0 < ¢ < 7, BO mojlapeH KOOPJIMHATEH CUCTEM, KOja Ma
JocTa MOEAHOCTABEH aHATUTUYKY U3pa3s .
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Heka e magena ¢ynkuujata p = f(@) nepuHupaHa Ha MHOKEC-
TBO D, 1 HEKA @ U p ce TonapHu KoopanHaTu. Co KOpHUCTEHE Ha BpC-
KUTe Mely mojapHuTe u JleKkapToBuTe KOOPAMHATH ce A00uBa (PyHK-
I[1ja Koja MOKe Jla ce 3alMile BO NapaMeTapcKu BHJ 3eMajK! ja KOop-
AMHATaTa ¢ 3a mapameTap: x = f(p)cosg, y = f{p)sing, Kaje MTO x Ny ce
JlexapToBH KOOpAUHATH.

IIputoa Tpeba fa ce MMa MpeiBHUA AeKa BO OMINT ciydaj Aedu-
HUIIMOHATa o6nacT Ha (pyHKIHjaTa f He Mopa fa O6uje ucra co aeuHu-
MOHAaTa 00JacT Ha foOneHaTa (pyHKIHja JafiecHa BO TapaMeTapcKy BU.

Ha 3abenexxnMe feka cekoram Tpeba jla ce mMa IpeaBuj eKa
(pyHKIMjaTa € aHANUTUYKYU IOUM 3ae[HO CO HEj3MHUOT rpacuk aedu-
HUPaH KaKO MHOXKECTBO Of] NOJIpE/IeHN MapoBH, I0fleKa KpHUBaTa € reo-
METPUCKO MECTO Off TOYKH BO OIpeJielIeH KOOPAWHATEH CUCTEM, YU
KOOpJIMHATH MMaaT HEKOe 3aeHUYKO CBOjCTBO (BpCKa), Ha HpHUMEp
(pyHKIIMOHATHA BpcKa Kaj rpauKoT Ha (PyHKIUja U CII.

IIputoa rpaukoT MOXKe Jla COAp>KHU M MOApPE/IeH Map co Hera-
TUBHH OpoeBH (xo, Vo), Xo < 0, ¥ < 0, mITO HE MpeTcTaByBa MpobIIeM 3a
reOMETPHUCKO MHTEpPIpETUpamke KaKo TO4YKa A(xo, Vo) BO IMpaBOAroJjieH
JexapToB KOOpAMHATEH cucTeM. BO MONapHUOT KOOpAMHATEH CHCTEM
ce jaByBa npo0iuem, Ousiejku criopef AeUHUIMjaTa BTOpaTa KOOP/XHA-
Ta p Ha HEeKOja Touka M( ¢, p) cekoraill e MO3UTUBEH Opoj (pacTojaHue).
3a ma ce paspem oBoOj MpoOIIeM BO TOJapeH KOOPAWHATEH CHCTEM,
noapenernoT nap (¢, py), Kage mro p, < 0, ce WHAEHTU(UKYBA CO
ToukaTa M(¢, + 7, —p).

2.5. IIpumena Ha onpefe/ieH HHTErpai 3a NnpecMeTyBame
IUIOLITHHA HA PAMHUHCKA (PUTypa, NOJKIHA HA PAMHHHCKA KpHBa
H BOJIyMeH H IUIOIITHHA HA NPOCTOPHO TeJI0, KAKO U MPHMEHA
BO (PU3HMKATA U €JIEKTPOTEXHAKATA

Heka e pagena ¢yHknyja f HenmpekuHaTa U HEHEraTUBHA HA CET-
MeHTOT [a, b]. Hej3unmnot rpacuxk ga ro pasriegame Kako KpuBa Bo [le-
KapTOB IIPaBOArojieH KOOPAMHATEH CHUCTEM M Jla F'O IOCTaBUMe IpooIie-
MOT 32 Haofamwe IUIOIITHHA Ha KPUBOJIMHUCKHU Tpane3 Kako reoMeTpu-
CKa clIMKa orpaHudeHa co npasure y = 0, x = g, x = b ¥ KpuBaTa Koja ro
npeTcTaByBa rpapuKOT Ha (PyHKUHjaTa f KaKO MHOXKECTBO TOYKH Off
pamuuHaTta. [la u3Gepeme enqHa nopenda 7z, Ha [a, b] co nenbenn Touku

) . b—a
a=x9<x3<x;<..<x,= b, Ha efHaKBH pacTojaHuja Ax = —— . Heka m,
n
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u M; ce HajMallaTa W HajrojieMaTa BpeJHOCT Ha (pyHKIHjaTa f Ha MOT-
CerMeHTuTe [x;, x;+1], i =0, n— 1 (uprex 3).

Crnopen ¢opMyniata 3a IJIOMITHHA HA MPaBOAroJHUK, TJIOLITH-
HUTE Ha IMPAaBOArOJIHULIUTE CO OCHOBA Ax W BUCHUHU m;, OFHOCHO M, ce
nageHu co opmynute Ax-m; oqHOCHO Ax-M;, i = 0, n — 1. O6pa3zyBame
n-1
CyMH Off IUIOIITHHHTE HA CUTE€ TAaKBU IPABOATONHUIU Y m;AxH
i=0
n-1
D" M ;Ax, xou BcymHOCT ce cyMu Ha JapOy s(z,) u S(7,) 3a dpyHKIUjaTa
i=0
3a mopienfara 7, Ha CETMEHTOT [a, b].
Cnopeni ycnoBoT (yHKIMjaTa f € HempeKuHaTa, IITO 3HAYM

b
MHTErpabuiiHa, W 3a Hea MOCTOU ONPEeICHHOT WHTErpal j f(x)dx 3a
a
b
KOj Bax s(7,) < jf(x)dx < S(m,).
a
On apyra crpana, s(z,) u S(z,) ce cyMu Ha IUIOIITHHH Off Npa-
BOArOJIHUIM U IUIOLITAHATA Ha KPUBOJIMHUCKUOT Tpamne3 ce Haofa Mmefy
HUB 3a cekoja mojenba Ha cerMeHToT [a, b]. Cnopen Toa, 3eMajku o
npefiBU/] TPaAaHUYHUOT TIpollec Kaj AepUHUIFjaTa 3a ONpefielieH MHTe-
rpajg, MoxXeMe fa KaxkeMmMe JieKa IUIOIITHHATa Ha KPUBOJIWHUCKHOT

b
Tpamne3 e OpojoT KOj ce JoOHuBa KaKo OIpEJeJIeH MHTEerpaln I f(x)dx,

a
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HITO € BO COTJIaCHOCT CO TeOoMeTpHcKaTa MpeTcTaBa 3a IJIOLITHHA (Ha
IpuMep IUTOLITHHA Ha TPaBOATONIHUK).

Hecunuyuja 2.5. Heka e panena ¢ynkumja f gecpuanpana n He-
b
npekuHara Ha [a, b] u 3a Vxe[a, b] Heka f(x) > 0. Bpojor f f(x)dx ce

BUKA IUIOLITHHA Ha KPUBOJMHUCKYU Tpame3 o0pa3yBaH co rpaukoT Ha
Taa (PyHKIHja.

Ha cnudyen HaumH ce foara u 1o ¢opMynaTta 3a IpeCMETYBabe
IUTOIITAHA HAa KPHWBOJMHUCKYU Tpame3 W BO CIIy4aj Kora (pyHKImjaTa e
HEMO3WTUBHA Ha [a, b], MpM MITO 3a TUIOIMITHHA CE 3eMa arcoJyTHaTa
BpEHOCT Ha mobueHnoT 6poj. Bo cornmacHocT co oBaa KOHCTaTanuja ce
MOKaXKyBa CIIETHOTO TBPJICHE:

Teopema 2.4. Heka f'e HenpeknHata ¢pyHKImja Ha [a, b]. [Tmom-
THHATa Ha TEOMETPUCKATa CIMKa OIpaHUYEHA CO MPaBUTE X = d, X = b U
KpHBaTa Koja ofroeapa Ha rpadukoT Ha ¢yHkuujata f Ha [a, b] ce
npecMeTyBa cO KOPUCTeHe Ha OCOOMHATA 32 aJUTHBHOCT HA OINpefesIcH
MHTErpall OTKAaKO MPETXOHO CEITMEHTOT [a, b] Ke ce nmojenu Ha MoTcer-
MEHTH BO KOM (pyHKIHUjaTa f € WIM caMO HEHEraTHMBHA WJIM CaMO HETo-
3uTuBHA. CyMUpPamETO Ce BPIIM KaKO CyMa Ha allCOyTHU BPEIHOCTH.

Ilpumep 2.8. Jla ce Hajie MIOLITHHA HAa TE€OMETPHUCKA CIHMKA
OorpaHWYeHa cO oOcKaTa x u rpadukoT Ha pyHKIHjaTa f(x) = Sinx nedmu-

HUpaHa Ha cerMeHTOT [0, 27].
2

AKO TO mpecMeTamMe HHTETrpanoT J sinxdx, Ke gobueMe Kako
0

pe3yatat 0. Ho ako cakame fa ja mpecMeTame IJIOIITHHATA, TOTAII
T 2n
P = [sinxdx + | [sinxdx | =—(-2) +|-2| = 4.
0 T

Teopema 2.5. Heka f, g ce Be HeNMpeKWHATH (PYHKIMH HA Cer-
MEHTOT [a, b] u 3a Vxe([a, b] Heka f(x) < g(x). [InomTrHaTa Ha reOMeET-
puckaTa ciuMKa orpaHWyeHa co NMpaBUTE X = a4, X = b U KPUBUTE KOU
ofroBapaat Ha rpacgunute Ha pyHKuuuTe f U g Ha [a, b] (upTex 4) ce

b
nmpecMeTyBa co popmynata P = j [g(x) — fIx)]dx.

41



Inasa iipsa

Lpitiexc 4

lokas: [1a npeTnocraBuMe fieka 3a Vxela, b], f{x) > 0. Bo cormnac-

HOCT CO HG(I)I/IHI/IHI/IjaTa, IJIOMITAHATAa Ha KPUBOJUHUCKUOT Tpare3
b

MNCD e papmena co 6pojoT jg(x)dx , @ IUIOLITAHATA HAa KPUBOJVHUC-

a

b
KHOT Tpane3 MNBA co 6pojot j f(x)dx (uprex 5).

C

Lpiuexc 5

I'eomeTpucky € jacHO fAeKa IUIOMITMHATAa Ha TeOMeTpHcKaTa

b b
cmmka ABCD ke Gunie majieHa co 6pojoT I g(x)dx —I f(x)dx , on xame BO
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COTJIAaCHOCT CO OCOOMHATa 3a auTHBHOCT Kaj ONpeJeeHN WHTErpasu
ce qobusa OapaHara popmya.

AKO mak He e 3aJ0BoJIeH ycaoBoT Vxe(a, b], f{x) > 0, Toram ce-
Korall TocTon KoHcraHnTa K, Taka mto Vxe[a, b], fix) + K > 0, u goka-
30T € UCT co Toa mTo 3a f{x) ce 3ema f{x) + K , 3a g(x) ce 3ema g(x) + Kun
Ha KpajoT ce fobmBa ucrata popMmyJia.

Ilpumep 2.9. [1a ce Hajje IIIOLITHHA HA FEOMETPUCKA CIIMKA Orpa-

2
X

HHYEeHa CO KpHUBHUTe Kom ce rpacdumm Ha ¢yHKIunTe f{x) =2—,

glx)= 2px, p>0 (upTex 6).

g Gy
2]9 ----------------- \ Gé.
0 2p x
Lpitenc 6

Pewenue: Bo cornacnoct co popmynaTta ce mobmBa

2p x2 4 )
P= [ (J2px ———)dx = —p°.
0 2p 3

Heka e masien moilapeH KOOpAWHATEH CHCTEM W HeKa € JajieHa
¢dyukumja p = f(¢), HeNpeKuHaTa HEHeTaTHBHA HA CETMEHTOT [a, [, unj
rpauk Moxke T€OMETPHCKH Jla ce MHTepIpeTupa Kako KpuBa BO TO-
JApHUOT KOOPAMHATEH CHCTEM.

Bupnejku ciopep ycioBoT f e yHKIUja, KpUBaTa ja uMa 0codu-
HaTa Vo, g€, fl, 3a Kou Baxku ¢, # ¢, na cnenyBa Mi(¢p, A@)) #
My(¢,, A@,)). Heka 7, e enHa nopenba Ha cerMeHTOT [, f] co menbenn
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_ . p-a
TOYKH & = @y < ¢y < @, <...< @, = S Ha e[HAKBU pacTojanuja Ap = =
n

d,. Heka m; u M, ce HajManaTa 1 HajrojeMaTa BpeJHOCT Ha (pyHKIHjaTa
fHa norcermenTuTe (@1, ¢, i=1,n.

Op reoMeTpUCKH acmekT Ke ro pasriefnamMe KpPHUBOJIMHUCKHOT
cekTop 04B, orpannyen co orceukute 04, 0B u KpuBaTa AB Koja Ofro-
Bapa Ha jeJ off rpacukoT Ha pyHKumjaTa p = fl@), npu mwro A(e, fa)),
B(B.AP) (uprex 7).

Cnopen ¢gopmysara 3a IJIOMITHHA HA KPY>KEeH UCEUOK, IIOIITHU-
HHATE Ha KPY>KHUTE UCEYON OTPAHUYEHN CO MOJIYIIPABUTE @ = (1 , ¢ =
@; ¥ IeJI Off KpyKHuUllaTa p = m;, OJHOCHO Kpy>XXHUNaTa p = M;, ce fnajae-

mZAg MZAp

HU O (POPMYJIHTE p; = , OTHOCHO P; =

,i=1n.

2 2
1 A LoMTA
OOpasyBame cymu Y, m,Tgo u oy ’T(p KOM Ce CyMH HA
= =

)

Hapoy s(z,) u S(7,) 3a pyHKIUjaTa “—"*= Ha CErMEeHTOT [, ] BO OfHOC

2
. fe)
Ha nofienbara 7,. Criopey] yclnoBoT (pyHKIHUjaTa — € HenmpeKnHaTa,
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IITO 3HA4YW U I/IHTGFpaGI/IJIHa, Ha CCEIrMCHTOT [0!, ﬂ] n 3a HCa IIOCTOn

B
OnpefieIeHHOT HHTErpa %j i (@)do.
o
Ogp ppyra cTpaHa, IJIOMITHHATA HA KPUBOJIMHUCKHUOT ceKTop 04B
ce Haofa cekoraiml Mefy cymure Ha [apOy BO OgHOC Ha Koja OwWio
nofiesiba Ha cerMeHTOT [, f]. Cnopen Toa, 3eMajku rO TPEABU Tr'pa-
HUYHUOT mpouec d,—0, MoxeMme Ja KaxkeMme JieKa M BO OBOj Cly4aj
IJIOIITUHATA HAa KPUBOJMHUCKUOT cekTop 04B e eqHaKkBa Ha omnpefese-

B
HUOT WHTETrpal %J 1 (p)do.

Co oBaa ¢opmyina ce geuHMpa IVIOIITAHA Ha KPUBOJIUHUCKHU
CEeKTOp.

IIpumep 2.10. [1a ce Hajie MIOITAHA HA KPUBOJIMHUCKHI CEKTOP
neduHEpaH co pyHKIHjaTa p=ag, pe[0, 27],a >0 (ApxumenoBa ciu-
pana, mprex 8).

2aﬂ/

Lpitex 8

Cnopen ¢opmynara ce o0uBa

lﬁ 2 12” 2 4 2_3
==y == | d'pdo=—d’x°.
2) 23 3
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Ilpumep 2.11. [la ce Hajie IUIOLITHHA HA FEOMETPUCKA CIIMKA
BO TIOJIapeH KOOPJIMHATEH CHCTEM OTpaHWuYeHa CO KpWBa Kako Trpaduk
Ha pynkuujaTa p = a(l + cose), a > 0, pe[0, 2] (kapauounsa, upTex 9).

Lpiuexc 9

2

lﬁ ) aZ 2 ) 3
Pewenue: P= — dp = — | (1+cos dp = —a .
2{/} (0o = = {( v)dp =

Heka ¢ynkuyjara f, nepuanpana Ha cerMeHTOT [a, b], € nafeHa
BO IIapaMeTapcKy BUJ] CO paBeHKUTeE x = ¢ (1), v = w (), te[e, fl, npu mto
a<@{)<b, w() 20, Vte[e, fl. Heka ¢, ¢'u y ce HenpeKnHaTH (PYHK-
i Ha (o, f). [lnomTuHaTa Ha KPUBOJMHUCKHU Tpame3 OrpaHUYEH CO
MpaBUTe X = @, X = b ¥ KpUBaTa KOja OfiroBapa Ha rpadukoT Ha (PyHK-
njata f Bo JlekapToOB IpaBOarojeH KOOPAMHATEH CHCTEM CE IpecMe-

B
TyBa CO ONPENEJIECHUOT WHTErpall Il//(l‘)¢)’(l‘)dl‘. (Tyka dx = ¢'(f)dt, y =

fx) = y(f) u ce kopucTu coofBeTHaTa (hopMyJia 3a MJIOMITHHA HA KPUBO-
JUHKUCKY Tpare3.)

IlIpumep 2.12. J[1a ce Hajae MIOIITHHA HA KPUBOJIWHUCKYU Tpares
necdunUpan co pyakumjaTta x = a(t —sins), y = a(1 — cost) , te[0, 27],a > 0
(muknounpa, nprex 10).

) 2
P= [y()p'(dt = [ a*(1 - cosi)idt=
a 0

2 2
=a2[27r—25int| (;[Jr jwdt} =3d°r.

0
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2a

0 ar 2ar X

Lipitexc 10

IlIpumep 2.13. ]la ce Hajfie IIIOLITAHA HA TEOMETPHUCKA CIIUKA BO
JlekapTOB mpaBOarojieH KOOPAWHATEH CUCTEM, OrpaHMYeHa CO KPWBH
Kako rpacunm Ha pyHKIUUTE f: x = aCost, y = bsint, te[0, 7] u g: x = acost,
y = bsint, te[n, 27] (enumnca) .

INopangu cumeTpuja U COOABETHH YCIOBH HAJIIPBUH CE MPECMETY-
Ba ONpeJeJIEHNOT NHTerpasi Ha cerMeHTor [0, 7]:

B 0 -
Py= J.l//(t)(/)'(t)dt = Jbsint-a(—sin 1)dt = ab 1 020521‘ di = al;;r.
o T 0

Buaun, P = 2P, = abr.

Joxkonky popmyiaTa 3a MIpecMETYBalkhe Ha IJIOLITHHA HE MOXKE
Jla ce IpUMEHU TIOpajii He3aI0BOJyBakhe Ha HEKOM YCIIOBY (HEMpeKnHa-
TOCT, HEHETaTHBHOCT ¥ CJI.), TOTAlll BO THE CIydaum ce KOPUCTH OCOOHU-
HaTa 3a aiuTUBHOCT Kaj ONpe/ieJIeH HHTErPan.

Ha pasrimegame TeJI0 BO IPOCTOP BO KOj € AajeH NPOCTOPEH
JlexapToB IpaBoarojeH KOOPAMHATEH CUCTEM, KO ce Haofa Mery pam-
HUHHM JIa[IEHA CO PABEHKHUTE x = ¢ U x = b. [la pasriegaMe mpou3BOIEH
IpeceKk Ha Toa TEJI0 CO paMHMHA MapalielIHa CO TUE PAMHUHU U AajieHa
co paBeHKaTa x = t, a < ¢t < b. [IpecekoT Ke uMma miomTuHa P Koja ove-
BHJIHO K€ 3aBHCH €JUHCTBEHO Off /. Heka Taa (pyHKIMOHAIHA BpcKa Ha
IUIOLITHHATA P O NpOMeHNMBaTa ¢ € HelnpekuHaTa (yHKIHUja Ha
cerMeHToT [a, b] co o3Haka P(f) (uprex 11).

Hexka 7, e eqna mofiennba Ha CErMEHTOT [a, b] co AenbeHr TOYKY a

b—a

= xo < x1 < x2<..< X, = b Ha €IHaKBU pacTojaHuja Ax = = d, 1 HeKa

n
Ha MOTCerMeHTHuTe [x,1, X;] PpyHKIMjaTa P(f) ”Ma HajrOJIeMH BPETHOCTH
M, v HajManu BpeTHOCTH m;, i = 1, n.
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CoonBeTHO Ha Taa mojenda TEJIOTO € MHOMEeJEeHO Ha CIOSBHU CO
paMHUHU X = X;, i = O,n. Jla pa3sriepgame nMpou3BOJIEH cI0j Mef'y paMHH-
HUTE X = X;4 U X = X; U COOJIBETHU UUJIMHPH CO IUIOIITHHA HA OCHOBUTE
m; OMHOCHO M, 1 BucuHa Ax. BonymMeHuTe Ha Tue UMIMHApPU Ke Oupgat
eIHaKBM Ha m;Ax OfHOCHO M;Ax (Ha upTex 11 ce majgeHu camo IeNOBH
on munuHapuTe). Co cymMuparme Ha CUTE BOJyMeHHM 3a i = 1, n ce noou-

BaaT cymmTe ). m;Ax, OMHOCHO Y, M;Ax, KOW BCYIIHOCT Ce CyMHUTE Ha
i ]

Hap6y s(z,) n S(7,) 3a pyakumjata P(f) Bo ogHOC Ha mopenbaTa 7, Ha

cerMeHToT [a, b]. bunejkn P(f) e HenmpeknHaTa (PyHKIHja, K& MOCTOU

b
opojor jP(t)dt.

Op napyra crpaHa, BOJIYMEHOT Ha TEJIOTO Ke Ouje Mefy cymuTe
Ha [lapOy npu Koja 6mio nopenda Ha CETMEHTOT [a, b], ma cropep Toa,
3eMajKu ro NpejBHjl FPAHUYHUOT MPOLEC NPU AEPUHUPAKETO HA OIpe-
NEIEHNOT MHTETPAJT, MOXKEME Jia 3aKJIy4UMe JJeKa BOIYMEHOT € €JHAKOB

b
Ha 6pojoT j' P(9)dt.
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IIpumep 2.14. Jla ce mnpecmeTra BOJYMEHOT Ha EJIUNCOUOT
2 2 2

feUHUpaH CO paBeHKaTa —2+y—2+z—2:1 BO JlekapTOB IpPOCTOpPEH
a® b c
KOOPAUHATEH CUCTEM.
Pewenue: Heka npecekoT Ha TEJOTO € AOOMEH CO paMHHHA
HOpMaJiHa Ha ockata x. [Ipecexor e geduHupan Kako ejmIca co mojy-
2

X
n c 1——2, Kagme —a < x < q. IlmomTwHara Ha Taa
a

X
OCKH b 1——2
a

eJIuIca e jajieHa co hopmyiiata

2 2 2
P() = b [1- " e [1-T = mbe(1- 25).
a a a

Cnopen cooaBeTHaTa (hopMyia 3a BOJyMeH ce 1o0uBa

2 3
_ < x _ X « _ 4
V= 7zbc£ 1- p3 )dx = 2 7be(x — 27 )Mo = Eﬁabc.

Crnennmjanes ciayvaj Ke Oujie poTallMOHO TeJI0 TOOMEHO CO poTa-
ja Ha KPUBOJIMHUCKYU Tpare3 OKOJy OcKaTa X. AKO KPUBOJIMHUCKHOT
Tpamne3 e o0pa3yBaH co KpuBa kKoja e rpaduk Ha (PyHKIHja f ajjeHa co
paBeHKa y = f(x), HeMpeKWHATa W HEHEraTWBHA Ha CETMEHTOT [a, b],
TOraul IJIOIITHHATA HA MPECeKOT Ha POTAHOHOTO TEJIO CO PaMHMHA
HOpMaJiHa Ha OCKaTa x Ke Oujie IUIOMITHHA Ha KPYT cO paguyc y = f(x),
x€la, b], T.e. P(x) = Af(x)] = »/°, ma BO COTACHOCT CO TPETXOJHO JOOH-
eHara ¢popMmysa BOJIYMEHOT Ha POTAlMOHOTO TeJO Ke Ouje AajieH co

b b
dopmynara V= nj Yedx = ﬂj F(x)dx (uprex 12).

Lpiuexnc 12
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Hokonky ¢yHkumjaTa f e gajgeHa co napaMeTapcku paBeHKU x =
x(?), y = y(¢), te[e, P, Toram BOTYMEHOT V' Ha COOABETHOTO POTAIMOHO
Teno Ke ouje mayieH co opmynara

B
V= 7rj[y(t)]2 x'(t)dt .

ITpumep 2.15. [la ce mpecMeTa BOJIYMEHOT Ha TEIOTO (TOPYC)
ITO ce JoOMBa CO poTalja Ha KpHWBaTa cocTaBeHa of] rpaduiy Ha
¢pyHKIIIUTE

ffx)=b+Va®-x*, g g)=b-Aa*-x*, -a<x<a, b>a

(KpysKHHUIIA), OKOJTy OCKaTa X.

V= n} (b+Va? - x? )de—ﬂ'T (b—Va?—x? )zdx=27rff [(b+
-a -a 0
Va® =x* )2 —(b—a? —x? )Z]dx=87rbf Va? —x% dx =
0

= 87ba® [cos? tdt = 2a°b7*

o Ny

(3ameHa x = asing).

Ilpumep 2.16. [1a ce mpecMeTa BOJIYMEHOT Ha TEJIOTO IITO CE
No6¥Ba CO pOTAlyja HA JIell Off ACTPOMJA X = aCos’t, y = a sin’t, t€[0, ],
>0, okoJly ocKara x.

Pewenue: Cnopen cooBeTHaTa popMmyiia

0
V=2rx[a’sin®t(-3acos® tsint)dt = %a%.

2
Ha cnamyen HaumH ce poOmBa M popmynaTa 3a NPECMETYBakbE

IUTOIITHHA Ha pOTAlMOHO TEJIO, IPETXOAHO He(pHHHpaHO, 0e3 IIOIITH-
HaTa Ha OCHOBUTE, CO

P= 2n[f LN+ (0] dx.
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Hegunuyuja 2.6. Heka ce mafgenu aBe peaidHu QYHKIUA @ A Y/
Of] €lHa peaTHa MPOMEHJINBA /, le(PUHUPAHN HAa CETMEHTOT [¢, f]. MHO-
sKecTBOTO ToukM M(¢(f), y(t)) Bo [lekapTOB mMpaBoaroyieH KOOpANHATEH
CHCTeM ce BUKa paMHMHCKa KpHBa 3aj1ajieHa co paBeHKuTe x = ¢ (1), y =
v (t) m co mouetHa Touka A(¢ (@), v (@) u kpajaa Touka B(¢ (£), v ().
AKo (pyHKIMHATE @ U ¥ ce HeNpeKWHaTH Ha [¢, f], Toram KpuBaTa ce
BUKa HETIpEKWHATa KPHBa.

IMon KopnmanoBa mpocta KpuBa ce mofpa3dmpa HempeKuHaTa
KpHBa 3a KOja BaXu YCIOBOT 3a V#, t; €[a, f] na Baxu

h#th = Ml((p(tl), W(Zl)) * Mz((D(lz), l//(tg)).

Axo A(p(a), (@) = B(p(f), w(p)), Toram Beaume neka Koppaa-
HOBaTa KpHMBa € 3aTBOPEHA, a aKO (PYHKIUUTE @ U | Ce HEeNMPEeKWHATO
nuepennujaburan (¢’ (7), ' (f) ce HempeKuHATH (PYHKIMN) HA UHTEP-
Basor (a, B) u [¢ (O + [w' () # 0 3a Vie(a, ), Toram XKopraroBaTa
KpHBa ce BUKa IiaTka 2KoppraHoBa mpocra Kpusa. [I0KOJIKY TOj yCJIOB €
3a/I0BOJIEH Ha KOHEUYeH Opoj moguHTepBanu, Toram 2KoppaHoBata Kpu-
Ba ce BMKa IO JIeJIOBY TJIaTKa KpuBa.

Ce mocraByBa nmpo0ieMm fia ce Hajae opMya 3a MPecMeTyBambe
JOJDKMHA Ha efHa rinatka ’KoppgaHoBa KpuBa 3ajiajieHa CO PaBEHKHUTE
x=¢n), y = wl0), tela, fl.

Heka 7, e egna mpousBoiHa mojenada Ha cerMeHTOT [, f] co
fenbeHn TOUKU o = fh< t; < t; <...< t, = fu qujameTrap d, = max At¢,. Ha

1<i<n
THE TOYKH UM OAroBapaaT TOYKM Off KpuBata 4 = My, My, M,..., M, = B,

kane mro M(g(t:), y(t)), i = 0,n, ipu mro A(¢ (@), v (@), B(e (B), v (B).
Co Toa gobuBame efHa UCKpIeHa IuHuja AMiM,...M, 1B (pTex 13).

y M)
M;a(ti42)

Ala)
B(B)

Lpivexc 13
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HomkuHUTE HA OTCeUKHUTE M; 1M; ce JafieHu co

M, M, = \|Ax? +Ay?
Kajie WTo Ax; = X; — Xi1, AV; = Vi — Vi1, IPU IOTO X; = 1), ¥i = Y1), Xi1 =
Atia), yia = Wtia), i=1,n.

Cnopep JlarpanxoBaTa TeopeMa NpuMeHeTa 3a (PYHKIUUATE @ U
¥ Ha CeTMEHTOT [f:4, ;] Ke mocTojar c¢;, ¢ e(tiq, ), Taka WTO Ke Baku
Ax; = ¢ (c,»)At,-, Ay; = y/’(ci*)Ati, npu mto At; = ¢, — ;1 > 0, i = 1, n. Cnopep
TOA,

MM, = \[¢'(c,)F +Iv'(c] )P A, i = L.

Co coOupame Ha JIOJKMHUTE Ha CHUTE OTCEYKHU OJf UCKpIIeHaTa JIMHH]ja
Ke ce mobue Hej3uHaTa JIOIKIHA

p= ilJ[w'(c,-)]z Iy, A

AKo BO IMOCIIENHOTO PaBEHCTBO CTaBUME ¢; = C;, i =1, n, Torau

Ke mobmemMe cyma Z\/[¢"(Ci)]2 +[l//'(ci)]2Atl., KOja € e[lHa WHTerpajHa
i=1

cyMma o7,) 3a pyHKIHjaTa \/[(p’(t)]2 +[w'()]* ma cermenrot [, f] npu
nofienibaTa 7, U COOBETEH KOHKpeTeH m300p Ha ¢; € (41, 1), i = 1, n.
Bunejku cnopen ycimoBoT Taa (pyHKIMja € HempekuWHaTa Ha [, f], Ke

B
MIOCTOM ONpENEIEH MHTErpal I\/[¢'(t)]2 +[w'(H))?dt, xoj ke Gune rpa-

HULA HA MHTErPAJIHUTE CyMU IIPU IPaHUYHUOT nporec kora d,—0. Mo-
JKe J1a ce JoKaxe fAeKa Toram u max M, M,; —0.

1<i<n
Hagucruna, copey ycinoBOT ¢ 'u ' ce orpaHnyeHu (PyHKIUU
Ha [, f] u Ke nocrojaT KoHcTanTh K; > 0 u K, > 0, Taka mTo 3a

Viela, f] lo'OI<Ki, |y'()I<K,
Op paBeHcTBaTa

MM, = ')l +Iy'(e) I A,
cjieijyBaaT HEpAaBEHCTBATa

M, M, <K-A;<K-d, ¥i=1n,
kane K = yK,” + K, . CiopeJ Toa BaXi HEPABEHCTBOTO
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max M, .M, <K-d,

1<i<n

CO IITO € JOKAXKaHO TBPACHECTO.

Ha cnuyen HaumH MoOXe ja ce foKaxe U OOpaTHOTO, T.e. aKO
max M, ,M,; —0, roraum d, —0.

1<i<n

ITpu TOj rpaHMYeH NpoleC U AOKMHATA Ha UCKPIIIeHaTa JINHTja
p UMa TpaHMIla eJHaKBa Ha TOj ONpefesieH UHTerpai. 3a jla ce mokKaxe
TOa TBPJIEHE, TIOBOJIHO € Jla Ce TOKaxke fleKa MpH TOj TPaHWYEH MPOIec
pasnukaTa p — o(z,) ce CTpeMu KOH Hysla. 3a Taa el ce WCIHTYBa
oreHaTta

|p— o(m)] < ?J{co’(a»]z Iy (O — o) +Iy' (e 1A

" CO KOPUCTEHE Ha HEPABECHCTBOTO

|Ja? +bZ —\a? +b? | <|b1—b|, Va, b, bieR,

ce qoomBa

p—o(m)l< 2ly'(c; ) —w'(c;) A .

i=1

ITonatamy

Z| l//l(ci ) — l//'(ci) | At; < S(”n) - S(”n)

i=1
kaje mro S(z,) u s(7,) ce TopHa U TOTHA cyMa Ha [{apOy 3a ¢yHKumjaTa
v'. bunejku ' e uHTerpabmiIHa (hyHKIMjA HA CETMEHTOT [, f], cnopen
Teopema 2.1 3a Ve > 0 ke mocrou ¢ > 0, Taka mITO 32 CUTE MOAENON 7, CO
nujameTpu d, < & Baxku HepaBeHCTBOTO S(7,) — s(7,) < & Cnopen Toa
BaXXM W HEPABEHCTBOTO | p — o(m,)| < & Of Kajie IITO IPOM3JIETyBa
TBPAECHETO.

3Haun, MOXeMe fla 3aKiyduMe feka MOJDKMHATa Ha TiaTkaTa
KpUBa MOKe Ja ce TlpecMeTa co popMyraTa

B
L=[ lg'OF +Iy'OF d

Co oBaa copmyna MoxkeMe fa fiepuHIpaMe JOJKMHA Ha ri1aTKa
KpHBa.

Ilpumep 2.17. [1a ce mpecMeTa JOJXKUHATA HA NMPBHUOT JIaK Off
nukaouna x = a(t — sing), y = a(1 — cost), t€[0, 27], a > 0.
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L= Zf Jlo'OF +Iw' ) dt = ZaT sinédt = 8a.
0 0

Heka cera kpuBarta e 3ajmajieHa co paBeHKaTa y = f(x), xe[a, b],
npu wro f U f' ce HeNpeKUHaTH (PYHKUUU Ha MHTepBanor (a, b). 3e-
MajKu ro x 3a mapameTrap U KOPHUCTEjKHM ja mociegHaTa opmyna 3a
JOJIXHMHA Ha paMHUHCKA KpUBa, ce oOuBa popmyiara

L= } 1+ (%)) dx .

AKo mak KpuBaTa € 3ajjajieHa co paBeHkarta p = f(¢), p<la, f] BO
noJjlapeH KOOPAMHATEH CHCTEM, TOTalll BO COTJIaCHOCT CO BPCKUTE Mefy
noyapHuTe U [leKapToBUTE KOOPAMHATH ce MOOMBaaT MmapamMeTapCcKuTe
paBeHKH Ha KpuBata x = f(¢)cos@, y = f{p)Sing. 3eMajku ro ¢ 3a mapame-
Tap M KOpPUCTEjKM ja mobueHaTa opMmyia 3a JOIKWHA HA PaAaMHHHCKA
KpuBa, ce mo6uBa popMynaTa

B
L= [p*(9)+p" (9)do.

Ilpumep 2.18. [la ce Hajue AOJKMHATA Ha JAKOT KOj € rpaduk
BO TMOJIapeH KOOPIMHATEH CUCTeM Ha (pyHKimjaTa p = a(l + cos¢), a > 0,
<0, 27] (kapauounsna).

ﬂ a
L= ,[ p2(¢)+p!2(¢))d¢ :4GJ‘ COSZ%d(p = 8a.
¢ 0

Hexka e magena mpocra rinartka 2KoppranoBa KpuBa AB co paBeH-
kute x = (1), vy = Y1), tele, Fl, npu mro ce A(p(a), y(a)), B(xL), w(p)).
Axo Ha KpuBaTa AB ce 3eMe Touka M Koja ofroBapa Ha MPOM3BOJIHA
BPETHOCT HA TMapaMeTapoT f{, TOTaml BO COTJIACHOCT cO AoOuWeHaTa
¢opmyia 3a HOMKKMHA HAa KpUBa OJKMHATA Ha JIAaKOT AM e fgafeHa co
¢dopmyrnara

L) = [ o' @F +ly' @] du.

3Hauu, Ofi MPOM3BOJIHOCTA HA f MOXe Ja ce fAeduHuUpa HOBa
¢yukuyja s(f) Ha cerMeHTOT [¢, f] co paBeHKaTa
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50 = [ [0 @T + Iy @7 du,

KOja € CTPOro MOHOTOHO pacTeduka (JOJKMHATA Ha JIAKOT € TMOorojema
CO 3rojieMyBakh¢ Ha f) W HempekumHaTa (crmopen ocobmHata 2.12 Kaj
BytH-JlajoHunoBaTa (opMmyia, Opu INTO CHOPE] YCIOBOT TMOJHHTE-
rpanHaTta (OyHKIUja € HEMPEKMHATA).

Taka ce moara o penanujata s’ (f) = \/[go’(t)]2 +[w' ()] > 0, on
kage s'°(0) = [@ 0P + [v' () u co mEOXeme co dt > # 0, 3eMajkn TH
npenByuy] paBeHKUTE x = ¢(f), y = y(f) u nepuHUNIKjaTa 32 TPBUOT mue-
peHnmjan, ce fo6uBa penanujaTa

ds® = dx*+ dy* (s'(tdt=ds, @ (O)dt=dx, w'()dt=dy).

NHurepecHa e reomerpuckara uHTepnperanuja. Mimeno, 3a Ha-
pacHyBamara Ax, Ay, As He BaxKi Ha HeKoj HauuH [Iuraropunara teope-
Ma, TYKY 3a HUBHUTE IJIaBHHU JIeJIOBY — Audepennujamute (uprex 14).

M,
As
4 M as W
N
Ax
A B
0 X x+Ax X
Lpinexc 14

dyukiymjaTa s(f) € HempeKWHaTa CTPOrO MOHOTOHO pacTeyka
¢yHKIWja, Ma crmopen TOa WMa CBOja WHBEp3Ha (yHKIHUja ¢ = w(s),
necpunupana Ha [0, L], kaje mTo L e JoKuHaTa Ha KpuBaTa AB. AKO BO
napaMeTapcKuTe paBeHKM Ha KpuBaTa ce CTaBu ¢ = w(s), Ke ce mobujaT
paBeHkuTe x = @(w(s)) = F(s), y = w(w(s)) = G(s) kaj kou mapamerap e
camara jjo;kuHa s€ [0, L] (mpupogHu paBeHKn ).

Ha 3abenexxnMe AeKa 3a KOHKPETHHOT Cy4aj Kaj KpuBaTa AB,
BCYIITHOCT 3a MapameTapoT f€[q, f] Baku CBOjCTBOTO MPH HETOBO pac-
Tewe jJla ce 3rojieMyBa (pacTe) W AOJKMHATA s OJHOCHO s(f), CO IITO
KpuBaTa AB € OpUeHTUpPaHA CO TOYETHA TOYKa A. AKO MaK BO Imapame-

TapCKUTE paBEeHKM Ce BOBee HOB MapaMmeTap 7 cO paBeHKara ¢ = y(7),
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pu ITO y € HempeKWHaTo AudepeHnujabuiaHa (yHKIUja Ha [c, d],

x'(1)#0,Vzele, dln a= yc), f= d) ako y'(z) >0, opHocHo a = (d),
B=y(c) ako y'(7) <0, Toram

% - %% - % 2@ = o' GEE +ly' () .

OFTHOCHO ds = ++/dx® + dy® , mpn mTo 3HAKOT “+” ce 3eMa ako y'(7) > 0,

a 3HaKoT “—” ce 3eMa aKko y'(7) < 0.

MaTeMaTHIKkoTO JeUHUpame Ha ONpPENesICHNOT MHTerpal e
nocjenlia Ha norpebaTa fa ce OOOMHINTH TPETHPAHETO Ha INOBEKe
npobnemn of npumeHata. [lokpaj BeKe pasriefgaHuTe NpoOIeMU Off
reoMerpujaTa (IUIOIITHHA, BOJYMEH, TOJKMHA Ha PaMHHMHCKA KpUBA),
COOJIBETHM MPOOJIeMH TPETHUPAaHU BO fuepeHjaHaTa TeOMeTprja
MpuUMeHaTa BO reojie3njaTa, Ke HaBeJleMe YIITe TPU Of] HUB.

Ilpumep 2.19. Heka e nanena ¢pynkiuja v(f) Koja ja maBa 3a-
KOHHTOCTAa Ha MEHYBaWkE€TO Ha Op3MHaTa Ha eHa MaTepHjaiHa TOUYKA BO
3aBUCHOCT Of] BpeMETO W Heka Taa € HemnpekuHata ¢yHKiuja. Ce
MmocTaByBa NpoOJieM Jla ce Hajie AOJKMHATa S Ha MaToOT WITO Ke ro
NOMMHE Taa TOYKa 32 HEKOj BPEMEHCKW MHTEpBAN Of [ = a 0 t = b.
IIpermocraByBame fieka v(¢f) € HeHeTaTUBHA (PYHKIIM]jA HA TOj MHTEPBAJI.

CermeHTOT [a, b] TO AeauMe co mopentda 7z, CO eKBUIMHCTAHTHU
nen0eHu TOYKM a = fh < t; < ... < t, = b. Bo cexoj BpeMeHcKU Mal
uHTEepBan (CerMeHT) [f4, #+1] 3emame Op3uHaATa fa € KOHCTaHTHA W
enHakBa Ha v(&), &€l tisal, £ = 0, n— 1. On mo3naraTta gopmyna s = vt
3a MPEeCMETyBakke MOJKAHA HA MaT Kora Op3WHaTa ¢ KOHCTaHTHA (mpa-
BOJIMHUCKO PaMHOMEPHO JIBUXKeHe) Ke mooueme AS, = v(&)At , Kaue
ITO Aty = tiep — 1 = Af, a AS; e IoJKMHATa Ha MaTOT IITO MaTepHjaaHa-

-1
Ta TOYKa ro nmomuHaina 3a Bpeme At. Co Toa 1obuBMe cyma nZv(fk )At
k=0
KOja € BCYIIHOCT e[[Ha MHTerpajHa cyma o(z,) 3a ¢yHkiujata v(f) 3a
COOJIBETHA Tofiesiba 7, Ha CeTMEHTOT [a, b] m coonBeTeH M360p HA TOY-
kute &elt, i), k=0, n—1.

JacHo e feka BUCTHMHCKAaTa HOJIKMHA S HA MATOT Ke ja JoOueme

npu rpannyeH npouec At—0. Op gpyra cTpaHa, OnpefeIeHuOT HHTETpall

nocrou, ouejku v(f) e HenpekuHaTta (pyHKIja. 3HAUH,
b

§= limo(x,) = [v(O)d.

a
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IIpumep 2.20. Heka martepujanna Touka M ce JBUXKHU MPaBOJIU-
HUCKHM BJIOJIK TpaBa IMoJ JIejcTBO Ha nMpoMenuBa cuia F. Ce mocraByBa
npobiieM fia ce Hajae paboTaTa W Koja ja BpIIU Taa cuja Kora Toykarta
M ce nBmXuM off monoxo6ara A 1o monoxobara B, T.e. TIOMUHYBA MaT CO
TOJIKUHA S.

Heka npaBata e ockata x co ¢pukceH nouyetok 0, co Touka 4 Koja
e Ha pactojanue a of 0 u Touka B Koja e Ha pacTojaHue b o Toukata 0,
a < b. Heka roremMmHaTa OJHOCHO jauMHaTa Ha cujarta F ce MeHyBa BO
3aBHCHOCT Of] MecTomosioxoOaTa Ha TouykaTa M Koja ce Haora Mefy
TOUKUTE 4 M B 1 HEKa Taa MpOMEHa € ajieHa co HellpeKuHaTa (PyHKIja
F(x), kape wto x €la, b).

CermeHTOT [a, b] TO nenume co mopienba 7z, CO eKBUMUCTAHTHU
nenbeHn TOUKHU a = xp < x1 < ... < x, = b. Bo cekoj manm unTepBan (cer-
MEHT) [x;, x4+1] 36MaMe cmjaTa Jla € KOHCTaHTHA W eHaKBa Ha F(&),
&elxr, xe41], £ = 0, n—1. O MexaHuWKa e MO3HATO Aeka padorata AW,
IITO ja BpPIIM KOHCTaHTHaTa cuia F(&) Ha CEerMeHTOT [x;, X1,
k =0, n-1, ce npecMeTyBa co popmynarta AW, = F(&) Ax, Kajie To Ax =
AX = Xpr1 — X

n-1
Co Toa go6uBMe cyma Y v(&,)Ax, Koja e, BCYIIHOCT, e[Ha MHTe-
k=0

rpanHa cyma o(7,) 3a ¢yHKHHjaTta F(x) 3a coogBeTHa mopenda Ha cer-
MEHTOT [a, b] U coogBeTeH W300p HA ToukutTe &elty, tiei], £ = 0, n—1.
JacHo e pmeka BucTHMHCKaTa pabora W Ke ja gobueme Npu TpaHUYeH
nporec Ax—0. Op fapyra cTpaHa, ONPEAENeHHOT HMHTerpayl IOCTOH,

b
o6unejku F(x) e HenpeknHata pyHkiuja. 3naun, W = _[ F(x)dx .

Ilpumep 2.21. Heka ce fgafeHu iBa TOYKECTH IMOJHEXKA CO KO-
nr4decTBa enekTpuuuteT ¢;> 01 g, > 0 Kom ce HaofaaT BO TOUKUTE M
u M, , coonBeTHo, u r = M;M, . Ce nocraByBa Ipo0JIeM fia ce Hajje pa-
6oTaTa Koja ja BpIIM HEKOja cuja KOra KOJMYECTBOTO €NEKTPUIMTET g1
e MPUIBMKEHO Of] ToukaTa M; BOo ToukaTa M.

Crnopep, Coulomb-oB 3akoH cunara e fgajeHa co popmynara F =

k@ , Kajie WTOo 7 € pacTojaHrne Mefy iBaTa MOJHeXKa U k € KOHCTaHTa.

Toram co kopucremwe Ha popmysiaTa off MpeTXOgHuOT npumep 2.19, 3e-
MajKu pacTojaHujaTa o mo4yeTokoT O fo ToukuTe M; OgHOCHO M, na
OHuaT 1 OMHOCHO 77, ce obuBa opmyiarTa
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2.6. HecBojcTBeHn onpeneeHd HHTErpain

IIpu neduHEpameTO Ha ONpefeeH UHTErpall NMPETIIOCTaBUBME
JieKa UHTEpBAJIOT Ha MHTErpalyja € KOHEUeH U IeKa NOJUHTEerpalHaTa
(¢pyHKIMja HAa TO] MHTEpBal € orpaHuyeHa. Mefyroa, BO IpHMeHa ce
cpeKkaBaaT OIpeJieIeHn MHTEerpaju Kaj Kou OapeM efieH Of OBHE JiBa
OTpaHMYyBauyKyW YCJIOBa HE € 3a[0BOJIEH. THhe WHTerpajam ce BUKaaT
CHHTYJIApHU HJIV HECBOJCTBCHH MHTETPAJIHL.

Ke pasrnename gBa OCHOBHH BHJia.

I. Heka ¢ynkiujaTa f(x) e geduHupana Ha O€CKpajHUOT IMOJY-
CerMeHT [a, +oc) M MHTerpabMIIHA Ha KOj OUJIO CETMEHT [a, f], a < t < +oc.

+00
Torari HECBOjCTBEHHOT WHTETPA I f(x)dx mocrou, OTHOCHO KOHBEP-

a

t
rupa, ako mocrou lim j f(x)dx uBO TOj cryuaj
t—>+0
a

T/ = tim [ £ (o).

Axo TpaHn4YHaTa BPEOIHOCT HE MNOCTOH, TOTall HeCBOjCTBeHI/IOT HUHTE-
T'pajl HE ITOCTOMU, OJHOCHO JUBEPrupa.

AmHanorso ce I[eq)I/IHI/IpaaT 1 CJICMHUTE UHTErpaIn:

T f(x)dx = MILrEO .b[ f(x)dx ; (u<b),

Tf(X)dx = Iirn0 ];f(x)dx + tlirﬂo jff(x)dx,

Kajie MITO ¢ € KOj OMIIO KOHeUeH pealieH Opoj.
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t
Axo mocton lim j f(x)dx , Toram Taa rpaHuYHA BPEJHOCT Ce
t—>+0
-t

+00

BUKA TJIaBHA BPEMHOCT HA CHHTYJIAPHUOT WHTErpaj .[ f(x)dxu ce
-00
OeJIeXHu co:

vp. [ f(x)dx = lim [ f(x)dx  (v.p. = valeur principal).

Bo T0j cnyuaj ce Benu feka ¢yHkuujaTa f e uHTeTpabuiHa Ha R criopep
Kommm.

+00

d
Ilpumep 2.22. Hajon j _)zc

1 X
. . 1, .1 . 1

I=lim jd—f = lim (-9)] = lim(-=+1)=1.
t—>+0 1X t—>+0 X 1 t—>+o0 t

Ilpumep 2.23. Hexka Sy, Sy, ... S, , ... € HU3a Of TUIOIITUHYU HA JIU-
KOBHM OTPaHMYEHH CO OCKaTa X U MOJyOpaHOBUTE Ha KpuBaTa fAajeHa
KakKo rpauk Ha ¢yHKOHjaTa y = ¢ “singx, x > 0. [la ce mokaxke feka

ar

Taa HMU3a € reOMETPUCKA CO KOJIMYHUK g = € P

OJI HEOIIPEACJICH NHTCIpall € MO3HATO JC€Ka

—0xX

jef'”‘ sin fxdx = — ze—ﬁz(asinﬂx +pcosfx) + C.
a® +

Co kopucreme Ha 0BOj mMHTerpan u Ha HbyTH-JIajOoHuIIOBaTa
¢opmyna ce fob6uBa

(n+)x

(n+l)m o
onw
R v e _ B s 5
S, j|e sin x| dx =(-1) Je sinpxdx=————e¢ 7 (I+e 7),
m m a”+p
B B
S _oar
oy Kafie ce joo6mBa —— = ¢ 7 .

n-1
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b
1. Heka e majeH mHTErpan ox BUAOT .[ f(x)dx , kage mTo Mop-

a

uHTerpanHara (pyHKIyja BO x = g fo0uBa BpegHocT o, T.e. lim f(x) =
x—a+0

oc, @ BO IPYrUTE TOUKHU Off CETMEHTOT [a, b] € orpaHnyeHa. AKO 3a CeKOj
NO3UTUBEH peajieH Opoj & pyHKIMjaTa € MHTerpaOUIHA Ha KOHEYHHUOT

b
CerMeHT [a + & b] M aKO MOCTOM TpaHMYHATA BPETHOCT Iirrg I f(x)dx,
Poad

a+e

b
TOraul BeJIUME JIeKa HECBOjCTBEHUOT MHTErpall j f(x)dx xoHBeprupa u

a
€ e[[HaKOB Ha Taa T'PaHUYHA BPEJHOCT.
Amnanorso ce jgeduHApa KOHBEpPreHIUjaTa Ha HECBOJCTBEH WH-

Terpan Kora (yHKIujaTa foOMBa BPEJHOCT o« BO TOYKaTa x = b T.e.
b-e

lim f(x) =, co ersucrennyuja Ha TpaHMIHATA BpeaHOCT lim j f(x)dx.
x—>b-0 &0 o

Bo cnyuaj kora ¢pyHkujaTa Jo61MBa BpeJHOCT o« BO TOUKATA X = ¢,

Kajie mTo a < ¢ < b T.e. lim f(x) = oc, a BO ApyruTe TOUKU Off CECTMEHTOT
X—>C

[a, b] e orpannyena, Toramt 3a KOHBEpreHIMja Ha HECBOjCTBEHUOT MHTE-
rpai ce 6apa er3ucTeHIyja Ha TPAHIIHATE BPEJHOCTH

c—¢ b
lim {f (x)dx , [;Iggjﬁf (x)dx,
kazie mro £> 0, 0> 0, u Bo TOj ciyuaj
b c—¢ b
{f(x)dx = Isl_rp) !f(x)dx + me;fof(x)dx.

IIpurtoa 3a Ve > 0 u 3a Vo> 0 e noTpeGHO (pyHKIHMjaTa [ 1a € uHTerpa-
OWTHA ¥ Ha cerMeHTHTe [a, ¢ — &, [c + J, b].

ITocTojaT moBeKe KpUTEpUyMH 3a €r3UCTEHIja Ha HECBOjCTBEHU
WHTETpaj, OTHOCHO 32 UCIIMTYBakhe Ha HUBHA KOHBEPTCHIIN]A.
Enen op moBaxuuTe HecBojcTBeHM uHTerpanu e Ojnep-Iloa-

+00
— 2 . .
COHOBHOT MHTETpall I e " dx, KOj UMa BaxKHO MECTO BO TeopwHjaTa Ha
-00
BepojaTHOCTa M Ke Ouje mpecMeTaH MoHaTaMy CO MOMOII Ha JBOjHU
MHTETrPaJIH.
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r'TABA BTOPA

PEAJIHA ®YHKIIMJA OJ1 IBE M IIOBEKE PEAJIHU
MNPOMEH/IMBU. TPAHUYHUA ITPOLLECHA

§3. TPAHUYHU ITPOLECH

3.1 EBknoBu npocTopu

He¢unuyuja 3.1. Heka e pamen [lekapToB mpomsBojg R" =
{(x1, X2, ..., X,) | x;€R, i = 1,n}. MHOXKecTBOTO mopipeicHn n-Topku R”, BO
Koe ce JlepuHupaHn ONepalunuTe COOMpame U MHOXEHE CO CKajap Ha
CIIETHUOT HAYNH:

X+ty=@ ty,x2tys, ., Xat 1), cx= (cxy, cxa,..., CXy), VX, yeR”,

KaJie WTO X = (X1, X2,eeer Xp)s ¥ = V1, V2, V), Xi€R, vi€R, ceR, i = 1,n, ce
BHKa n-TUMEH3MOHAIEH BEKTOpPCKH mpoctop. [lpuroa (x|, x, ..., X,) =
Vs Vageers Vi) € X1 = Y1y X2 = Y2geees Xy = V. BIGMEHTUTE Off TOA MHOXKECTBO
K€ TM BHKaME€ TOYKH, & COOJBETHUTE pealHNu OpOEBU Ofi n-TOPKHTE
KOOPJMHATH HAa TUE TOYKH.

OueByupiHA € aHAJOrujaTa co PEalHuOT MPOCTOP R%, co necpuHm-
paH MpoCcTOpeH NpaBoaroyieH [JekapToB KOOPAUHATEH CUCTEM .

Hecunuyuja 3.2. Heka e nangeH n-muMeH3MOHAICH KOOPAMHATEH
BEeKTOpcKHU TpocTop R” n Heka neduHmpame npecnukyBame d: R"xR"—
R co paBeHcTBOTO

dx, )= (% =3P + (6 = 3,) et (x, = )

3a cekoja MofApefieHa ABOjKa (x, y) o MUPEeKTHUOT [lekapToB Mpou3BOJ
R"xR" Ha eNeMEeHTH X = (X1, X2, ... , X), ¥ = (V1, V2, ... , ¥,)€R". Toram BOj-
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kata (R", d) ce Buka n-mfumen3noHaneH EBKIumoB mpocrop, a mpeciu-
KYBameTO d € pacTojaHue Mef'y TOUKUTE X 1 ) .

U oBfie e OueBMIHA aHANOTHjaTa CO PealHHOT mpocTop R°, co
IIPOCTOPEH MpaBoarojieH JlekapToB KOOPAUHATEH CUCTEM, I1a AYPHU U CO
R kora pacrojanueTo e ancoayTHa BPeIHOCT.

Teopema 3.1. (Kommwu-IlIBapioBo HepaBeHCTBO.) 3a KoW OWMIIO
peanuu OpoeBH ai, a,..., Ay, by, by,..., b, € 32JOBOJICHO CIEIHOTO HEpa-
BEHCTBO:

[ ab T < ["Zaf][il b2,

i=l =

n
Hokas: 3a kKoe 6ui10 AR Baxku HEPABEHCTBOTO Y (a4 + b)) >0
i=l
(KaKo cyMa Off HCHETaTHBHU OPOEBH ), OMHOCHO HEPABEHCTBOTO

[Y a2 +2[ X ab]A+ X b7 >0.
= = 1

Bunejkn neBara crpaHa € KBajipaTeH TPUHOM BO OIHOC Ha A, HETOBaTa
IMCKPUMHUHAHTA € CeKOoTalll HeMO3UTUBHA. 3HAUM,

(S ab -3 a2 X b <0,
= = =

n
of1 Kajie ce To6uBa 6apaHoTo HEpaBeHCTBO (Y. a > 0).
i=1

Teopema 3.2. 3a xou 6ui0O peanHu Opoesu ay, ... , d,, by, ..., b,
€ 3aJI0BOJICHO CIIeJHOTO HEPABEHCTBO:

Y(arb) <[[>al + [>b T
= i=1 i=1

Hoxa3: Ako HepaBeHcTBOTO Ha Komm - IlIBapr ro nomMHoX1MMeE

n n
CO 2 ¥ MOTOA HA IBETE CTPAHU TO JOofajeMe 30UpoT Y a’ + Zb,-z, Ke
= =

Jooueme

n n n n n
ZI: (l,‘z + 221 aib,« + Zl bl‘z < ZI: (l,‘z +2 Zlal.z
i= i=] i=] i= i=

o7 kajie ce nobuBa 6apaHOTO HEPABEHCTBO.
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Co moMorI Ha OBHE JIBE TEOPEMH ce TMOKaxKyBa jieka u Bo R” 3a
n > 3 UCTO TaKa BaXX! TaKaHAPEUEHOTO HEPABEHCTBO HA TPHUATOJIHUK,
T.e. ieka d(x, y) < d(x, z) + d(z, y) 3a Vx, y, zeR".

HMeHO, aKO X = (X1, X2yeees X0)s ¥ = (V15 V2serer Va)» Z = (21, 2250, Z0) ER" T
ako CTaBUME X; — z; = a;, z; — y; = b;, Toramt a; + b; = x; — y;, i = 1,n, co
3aMeHa BO MOCIIETHOTO HEPABEHCTBO ce Jo0nBa

i(x,-—yi)z <[ Z”;,(x,- _Zi)z + anl(zi _yi)2 ]2

=1

wn [d(x, y)]* < [d(x, z) + d(z, y)]*, on Kaje cnefyBa 0apaHOTO HEpaBEH-
CTBO.

Yure ga 3abenexxkuMe feka Taka Ae(pMHUPAHOTO pacTojaHue d
T'Y M U CIIe[JHUTE CBOjCTBRA:

a) d(x,y)>0,3ax#y,udx, x)=0; 0) d(x,y)=d(y, x),
KOM BeJ{Halll IPOM3JIeryBaaT Off camara Je(UHULY]a.

Hegunuyuja 3.3. MuoxectBoto {x | xeR", d(x, a) < r}, Kaje mTO
a=(ay, ay, ..., a,) € R" mr> 0, ce BUKa OTBOpeHa Tomka Bo R" co mieHTap
BO a W paguyc r. AKO NaK BaxkW HEPABEHCTBOTO d(x, @) < r, TOTall TOA
MHO>KECTBO C€ BUKa 3aTBOPEHA TOIKa.

Hecpunuyuja 3.4. Heka a = (ay, a,..., a,), 6 = (A, &,..., )eR”,
0;>0,i=1, n. MHOXeCTBOTO {x = (X1, X2,..., X,) | XxeR", |x; —a)| < &;,i=
l,n} ce BMKa OTBOpEH Mapajeyionumnes Bo mpoctopoT R”. Ako mak
BaxkaT HEpaBeHCTBaTa |x; — a; < 04, i = 1,n, TOram Toa MHOXECTBO C€
BMKA 3aTBOPEH NMapaseIONuIe] .

Hecpunuyuja 3.5. Hexa a = (a1, a3 ,..., a,), b = (by, by ..., b,)eR" n
a; < b;, i = 1,n. MHOXeCTBOTO {x = (X1, X2,..., X,) |x€R", a;<x;<b;, i= 1,n}
ce BUKa OTBOPEH MapalieIONuIe]] BO MpocTopoT R” . AKO mak Baxkar
HepaBeHcTBaTa a; < x; < b;, i = 1,n, TOTAII TOA MHOKECTBO CE BUKA 3aTBO-
PEH Mmapaesonumesn .

Hegunuyuja 3.6. OTBOpeHa TONKa CO PaUyC & W IIEHTap BO a
ce BUKa &OKOJIMHA Ha TOYKaTa a U ce O3Ha4dyBa co V(a, ¢€).

Hegunuyuja 3.7. OTBOpeH napanenonumnen neduHAPaH CO TOU-
KUTE a U 6, OMHOCHO CO TOYKHTE a U b, ce BUKa MapaJieIONUIeTHA OKO-
JINHA, co 03HaKa V(a, 0) oqHOCHO V(a, b).

Hepunuyuja 3.8. Heka A > 0. A-OKOJIMHA ce BUKAa MHOXKECTBOTO
{x |xeR", d(x, 0) > A}.
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Hepunuyuja 3.9. Hexka ECR". ToukaTa xeR" ce BuKa BHaTpeIlIHa
TOYKa Ha E ako MOCTOM Hej3MHA OKOJMHA V(X, J) KOja € MOAMHOXKECTBO
Ha E.

Hegunuyuja 3.10. Hexka ECR". ToukaTta xeR" ce Buka rpannyHa
TOYKa Ha E aKko ceKkoja Hej3MHa OKOJIMHA COIpKH O6apeM eHa TOYKa Off
E m GapeM eflHa TOYKa KOja He npurnara Ha E.

Hecgunuyuja 3.11. MuoxectBoto ECR" ce BUKa OTBOPEHO MHO-
>KECTBO aKO CHTE HErOBM TOYKHM CE€ BHATPEIIHN TOUKH.

Hecunuyuja 3.12. MHOXKeCTBOTO Off CUT€ TPAaHUYHH TOUYKH Ha
eIHO MHOKecTBO ECR” ce BMKa Heroma rpaHMIia. YHHjaTa Ol MHOXeC-
TBOTO E M HEroBaTa paHMIa Ce BUKA 3aTBOPEHO MHOXKECTBO.

Hegunuyuja 3.13. Heka x, yeR". MHOXecTBOTO {Ax + (1 — A)y |
x,yeR", 0 < A< 1} ce BUKa OTCeyKa.

Hepunuyuja 3.14. MaOKecTBOTO ECR” ce BIKa KOHBEKCHO aKO
3acekoe x,yeEn 0< A< 1 Baxu Ax + (1 — A)yekE.

Hegunuyuja 3.15. MaoxxectBoTo ECR” ce BUKa €THOCTaBHO CBP3-
TUBO (€THOCBP3HO, CBP3JMBO, €JHOCTABHO) aKO KOW OWJIO IBE HETOBHU
TOYKHM MOXKaT Jla ce MOBP3aT CO HENPEeKMHATa KpHBa Koja mpunara Ha E.
Ha 3abenexume ieKa MOCTOjaT ¥ MOBEKECBP3HI MHOKECTBA.

Hegunuyuja 3.16. MuoxectBoro ECR” ce BHKa OrpaHUYEHO
axko nocron KeR", Taka 1mto 3a cexon x, ye E Baxu d(x, y) < K.

Hecpunuyuja 3.17. Cekoe OTBOPEHO €THOCTABHO CBP3IIMBO MHO-
skectBo ECR” ce Buka obmact. OGnacTa 3aeJHO CO CBOjaTa TpaHUIA Ce
BHKa 3aTBOpeHa 00JIacT.

ITopagu ouurnegHaTa ILEJIOCHA aHaJOrdja CO TeOMeTpHCKaTa
uHTepnpetanuja Toukata 0(0, 0 ,..., 0)eR” Ke ja BUKaMe KOOpAUHATEH
TMOYETOK, a MHOXKECTBOTO TOoUku {¢; = (0, 0,..., x;,..., 0) | x;,eR, i = 1,n} Ke
ro BIUKaMe i-Ta KOOpAWHATHA OCKa.

3.2. Hu3u o Touku Bo EBKinios npocrop
Hecpunuyuja 3.18. Heka e pageH m-guMmeH3noHaned EBKangoB

npoctop R”. AKo crnopep HeKOe MPaBWIIO HA CeKOj NPUPOJEH Opoj n My
ofiroBapa efHa Touka M, og R”, Toramr BenmMe fieKa e 3ajiajieHa Hu3a of
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Touku BO R", co o3Haka {M,}, Kajle mITO M, ce BUKa OMNINT YICH Ha
HHU3aTa.

Hepunuyuja 3.19. Huzata {M,} e KOHBEpreHTHa aKO IOCTOU
Touka A€R”, HapedyeHa rpaHuIa Ha HHM3aTa, TakBa IITO 3a KOj OWJIO
MPOU3BOJICH MO3UTUBEH pealieH Opoj £ MOXe Jia ce Hajje NpUpojeH Opoj
no(€) TaKOB IITO Vr > ny € 3aI0OBOJIEHO HEPABEHCTBOTO d(M,, A) < &
ITpurtoa mumyBame M,—>A Kora n—oc, uin limM, = 4.

n—»00

Teopema 3.3. Huzara {M,}, M,(x\", x,",..., x,)') KOHBEeprupa KOH
toukarta A(a; , a; ,..., @,) AKO W CaMO aKO HU3UTE Ofi peajHu OpoeBU
{x1"}, {x2"},..., {x,'} KOHBEeprupaat COOIBETHO KOH peajHuTe OpOeBH a,
Argeeey Ay

lokas: Heka M,—A xora n—oc. Toa 3Haum feka 3a Koj OWiIo
MPOU3BOJIEH TO3UTHUBEH peajieH Opoj £ MOKe Ja ce Hajiae NpHUpojieH
6poj ny(€) TakOB WITO V7 > ny € 3aJOBOJIEHO HEPABEHCTBOTO d(M,, A) < &,
OJTHOCHO

\/(xl" —a])2 + (x) —a2)2 +o+(x) —am)2 <g.
bupejku

| x" —a;| < \/(xl” —al)2 + (x5 —a2)2 o+ (x) —am)2 <eg,Vi=1n,

Ke OumaT 3aJJOBOJICHW HepaBeHCTBaTa |x;' — a| < ¢ Vi = 1,n, o mTo
3aKjydyBame ieka Hu3ute{x,"}, {x,"}, ..., {x,'} KOHBeprupaart coojBET-
HO KOH TPaHULUTE a1, dy,..., Q.

OG6patHo, Heka HusuTe {x," }, {x;"},..., {x, }KOHBeprupaatr KOH
ai, az,..., Ay, COOABETHO. Toram 3a npon3BoJIHO ¢ > () MOXAT f1a ce HajaaT
NpUpPOAHN OpOEeBU 7n&) TaKBU IITO 3a Va > n(g) Ke BakaT COOJBETHO

€ . .
HepaBeHCcTBaTa |x/" — | < T , 1 =1,m. 3emajku ny = max{ny, ny, ... , By},
m

NOCIIEJHUTE HEPABEHCTBA K€ BaXKaT UCTOBPEMEHO Vn > ny. buuejku

Vn > ng

dM,, A) = \/(xl” —al)2 +(x; —a2)2 +.o.+(x) —am)2 <

82 82 82 82

—t— .t =, m— =g,
m m m m
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CO er3uCTeHIIMjaTa Ha ny oKaXKaBMe Jieka Hu3aTa {M,} KOHBeprupa KOH
TOYKaTa 4.

ITocnennata TeopemMa OBO3MOXKYBa CUTE CBOjCTBA HA HU3UTE O]
peannu OpoeBu, Kako u mouMoT KommeBa Hu3a, 1a MOKAT f1a ce Tmpe-
HecaT 1 Kaj Hu3m off Touku Bo R”. Cenak Ke HaBefieMe efjHa ie(puHUIMja
¥ eHa TeopeMa.

Hepunuyuja 3.20. Huzata {M,} e orpaHmueHa ako TOCTOHU
peasieH O6poj a > 0 TaKOB LITO 3a CEKOj MPUPOJeH Opoj n € 3aJJOBOJIEHO
HepaBeHCTBOTO d(M,, 0) < a, kaze mTo 0(0, 0,..., 0)eR" e KOOpTUHATHUOT
IMOYeTOK BO R”.

Teopema 3.4. On cexoja orpaHnyueHa HHM3a MOKE J1a ce M3JBOU
KOHBEpPreHTHA TOTHM3A.

HedununmjaTa Ha MOAHU3A € UJEHTUYHA CO COO/IBETHATa Aeu-
HUIIMja Ha NTOIHNA3a Kaj HU3UTE Off pEaIHA OPOEBU.

I'eoMeTpuckara mHTEepnpeTanuja Ha AedUHANAjaTa HA KOHBEP-
reHTHa HU3a MCTO TaKa € CIWYHa CO COOJBETHATa reOMEeTpUCKa MHTEp-
nperanyja Ha fAedUHUIMjaTa Ha KOHBEPreHTHAa HM3a Kaj HU3UTE Off
peasHn GpoeBH, CO TOA IITO OBJle OKOJIMHATA € OTBOPEHA TOTKA.

Hegunuyuja 3.21. Huzara {M,} ce ctpeMn KOH GECKOHEUHOCT
Kora n—o ako VYA>(0 noctou nyeN, Taka mTo Vn > ny Baxu d(M,, 0) > A.

3.3. Peanna ¢ynkumja o1 ABe U NOBeKe peajiHd NMPOMEHINBI

Hepunuyuja 3.22. Heka ECR" e o6nact. AKO Ha cekoja TOUYKa
oy obacra E ciopey HeKOe MPaBUIIO W OirOBapa eANHCTBEH COO/IBETECH
peasieH Opoj, Torain BeJuMe JieKa € 3ajjajieHa peajHa (pyHKIHUja Of n
peayHu MPOMEHIIMBU Off MHOKECTBOTO R” Bo MHOXecTBOTO R. O6Gmacra
E ce BuKa necuHAIMOHA 06JacT (TOMEH), 8 MHOKECTBOTO

AE)={u|ueR, u=[f[x), x = (x1, x2,..., x,)€E, x;eR} c R

ce BIKa MHOXECTBO Of BPETHOCTHTE Ha (pyHKIH]jaTa f (KOTOMEH) .

Bpennocra Ha ¢dyHKuHjaTa f Bo Toukata xeR” ce Genexu co f{x)
unm co f{xi, xXa,..., X), Kafie mWTO X = (X1, X2,..., X;). AKO ce pabOTH CO O3Ha-
Kata M(x,, xa,..., x,)€R" 3a Touka x = (x|, xa,..., X,), TOTAIIl BPEHOCTA CE
Oenesku u co f(M). 3a n =2 BooOWJaeHa € O3HaKaTa z = f(x, y).
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Hepunuyuja 3.23. Heka f'e peanna ¢pyHKIHja O n peajHu MPo-
MeHJuBH feduHupaHa Ha obmacra ECR”. Toram MHOXKeCTBOTO Off TO-
apeneHu ABojku {(x, f{x))|xeE}ce Buka rpacduk Ha pyHKIMjaTA f.

Jla 3abenexuMe feka rpaMKOT BCYIIHOCT € MHOXKECTBO Off
noapeaeHu (n+1)-Topku o peaqHu OpOEBH, T.e. € MOAMHONKECTBO Off
R™!, 6upmejku (x;, X2, ... X, fX1, X2, .. X ))ER™.

AKko n = 2, Toram rpaukOT MOXe '€OMETPUCKH Jla ce UHTEp-
npeTupa KakKo MHOXKECTBO TOUKM M(x, y, z), z = fix, ), BO pEaTHUOT
npocrop R’, Taka mro 3a Hekom (yHKIMM (THMHeapHa (PyHKIHja) rpa-
¢puKOT OM OUJ paMHMHA WX, OTIITO, HEKOja MOBPIIMHA BO IPOCTOPOT.

Kako m c¢yHKumjaTa Off egHa pealiHa NPOMEHIIMBa, Taka U
¢yHKIHjaTa o NOBEKE peaHu IPOMEHINBY MOXKeE Jja Ouje 3aajicHa Ha
noBeKe HAYMHM (QHATUTHYKH CO (popMyJa EKCIUIMIUTHO WM WM-
IUTMIATHO, TaGeJapHO, ONMUCHO U cl. ). Bo ciydaj kora ¢yHKIjaTa €
nazgeHa co opmyina 0e3 ogHampeq 3aajgeHa geuHUIoHa o0yacT, To-
raii fiepuHUIIMOHATa O0JACT ce OlpefenyBa KakKo MHOXKECTBO Off OHUE
TOYKH Of] COOJIBETHHOT MPOCTOpP 3a KOM Taa popmysa OBO3MOXKYBa fia
ce Jo0Ke cOOfIBETHA BPEHOCT Ha (pyHKIIMjaTa BO THE TOUYKH.

306upoT, pa3nuKaTa, MPOU3BOAOT U KOJUYHUKOT Ha JBe (PYyHK-
Uy ce AedUHUpaaT Ha UCT HAYMH KAKO W Kaj peajHuTe (PyHKIUU Off
eiHa peanHa npomennauBa. O nocebeH NHTepecC ce KiacaTa KOHBEKCHI
¢yHKIMYU, KiacaTa NOJNMHOMHM (YHKIMH, a MOCEOHO KBaJpaTHUTE

dopmu.

Hecgunuyuja 3.24. Hexa f e peanna pyHKuHja Off n peajHu Mpo-
MEHIIUBH, lepuHrpaHa Ha obnacta ECR”. 3a ¢yHkuujaTa f Benume fnexa
€ OrpaHNYeHa aKo € OrpaHUYEHO MHOXKECTBOTO f(E).

Hepunuyuja 3.25. Heka na ob6macra E,cR* ce 3amagesn m peai-
HU (pyHKIMA @, i = 1,m, o7 k peanHu MpOMEHNNBH ¢, j = 1,k. Hexa nona-
TaMy f e peanHa yHKIMja Off m peajHu MPOMEHIUBH X;, | = 1,m, nedu-
HUpaHa Ha oOnacra E, 3ajjafiecHa cO paBeHKaTa u = f(x|, Xa,..., X,,), Kajie
mTo x; = @(t, b,..., t). Toram BenuMme fgeka e geUHUpPAHA CIOXKEHA
peanHa ¢yHKIMja w, O k peallHn NIPOMEHJIUBH ¢, j = 1.k, 3agajgeHa co
paBeHKaTa

w(ty, tay..., ty) :f(wl(l‘l, Byeves 1)y @2 (1 Eagerey 1) oy @ (L1, bageees h))s

neduHUpaHa Ha obacra E; .

Hedunnmonara obnact Ha (yHKumjata f e obmacra E < R”,
E = {(x1, x25..., X)) €R™ | x; = (1, toy..., ty), i = 1,m, (t, ta,..., ty)€E}. 3HAUN,
clioXeHaTa (pyHKIMja BCYLUIHOCT € 3ajiafieHa co m pPeayHu (PyHKIUU off k
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peayHu IPOMEHNIMBYU U €[JHa peanHa (hyHKIMja Off m PeaTHu IPOMEHIIHN-
BH.

Hepunuyuja 3.26. Heka f e pyHKumMja majieHa co paBeHKaTa
u = f(x, x2,..., Xn), AepUHEpPaHa Ha obnacta ECR", n Heka A(ay, ay,..., a,) €
BHATpelllHa Tovka off £. dyHKumjaTa f MMa JOKAJIeH MaKCUMyM (MUHH-
MyM) BO TOUYKaTa 4 aKO MOCTOM OKOJIMHA (MapajesIoNuIlelHa) Ha TOY-
KaTa A BO Koja mpumafaat ToYku M(x,, xp,..., X,;), Ie(PUHUPAHU CO He-
paBeHcTBaTa |x; — af < &, & > 0, j = 1,m (unm okonuHa V(4, ) BO Koja
npunaraatT TouykuTe M 3a Kou d(M, A) < ), Taka IITO 3a CUTE TOYKU M
OJ] Taa OKOJIMHA BakK HepaBeHCTBOTO f(M) < f(A) (AAM) = f(A)).

Hepunuyuja 3.27. Heka f e pyHKIMja HajieHa cO paBeHKaTa
u = fix1, X2,..., Xn), NepuHUpPaHa Ha ob6nacTta ECR” u Heka f(E)cR e Hej3u-
HUOT JlIoMeH. AKO noctou Touka A,€E (4,€E) TakBa mto inf AE) = f(4;)
(sup fIE) = f(4,)), Toram 6pojot f(4;) (f(4,)) ce HapeKkyBa HajMmauna (Haj-
rojiemMa) BpeHOCT Ha (yHKIMjaTa f Bo obmacra E (rimobajiHu eKcTpe-

Ilpumep 3.1. dynkuyjata

f(x,y)= NE'S —y2 %rln()c2 er2 -1)

nMa epuHIIIOHA ob6nacT fehMHApPaHa CO HepaBeHCTBaTa x° — y° > 0 U
X+ —1>0.

Hpumep 3.2. ®dynkumjata f(x,y)=+R> —x* -y>*,R>0, uma

necduHAIOHa 061acT lepUHApaHa cO HEPaBEHCTBOTO R — x° — y* > 0.

3.4. TpannyHa BPEJHOCT M HENPEKNHATOCT HA PeaTHH (PYHKIUH
O] IB€ M MOBEKe peaiHl MPOMEHINBH

Hepunuyuja 3.28 (Xajue). Heka e ganena peanna pyHkumja f o
m peajHi MPOMEHJIUBU CO paBeHKarta u = flxi, Xa,..., X,) WA u = M),
M(xy, xa,..., X)), HecpuHEpaHa Ha obaact ECR”, u Heka A(a,, aa,..., an)€R”
€ TOYKa KOja MOXe, HO He MOpa, fia npunafa Ha £ co CBOJCTBO BO KOja
OWJI0 HEj3MHA OKOJIMHA []a MMa OapeM e[lHa TO4Ka off £ pa3nuyHa of 4.

Koneunnor peaneH Opoj b ce BHKa IpaHMYHA BPENHOCT Ha
¢pyHkumjaTa f Bo Toukata 4 ako 3a Koja OMJIO KOHBEPI€HTHA HM3a Off
Touku {M,}, M,eE, M, # A, VneN, co rpannna 4, cCoofBeTHaTa HU3a Off
peannu 6poeBu {f(M,)} € KOHBEpreHTHa CO FpaHuna b.
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Hecpunuyuja 3.28* (Komm). Heka e magena peanHa ¢pyHKImja [
Of] m peajHi IPOMEHJIUBY CO PaBEHKaTa u = f{x, Xa,..., X,,) UK u = f(M),
M(xy, xa,..., X), HecpuHEpaHa Ha obaact ECR”, u Heka A(a,, aa,..., an)€R”
€ TOYKa Koja MOXe, HO He MOopa, fia punara Ha £ cO CBOjCTBO BO KoOja
OWII0 Hej3MHA OKOJNIMHA Jla MMa OapeM efiHa To4Ka off £ pa3nuyHa of 4.

Koneunnor peanen 0poj b ce BUKa rpaHUYHA BPENHOCT HA (PyH-
Kimjara f Bo Toukata 4 (mnm Kora M ce cTpeMu KOH A) ako 3a KOj OUIIo
MO3UTUBEH peasieH Opoj £ MOXKe fla ce Hajae peasneH 6poj o > 0, Taka
ITO 3a Koja Omino ToukKa MeE Koja TO 3aJJoBOJyBa YCIOBOT
0 < d(M, A) < 6 na Baxku HepaBeHCTBOTO |({M) — b| < &.

Kako o3Haku ce kopucrart

li M) = li =b.
M1inAf( )=b, x]gn; f(x,x,,...x,)=b
x24)112

xm _>am
HOKa?)OT 3a €CKBUBAJICHTHOCTA Ha ABCTC He(bI/IHI/IHI/II/I Cc CIIpOBeE-
AyBa Ha UCT HA4YMH KaKO 1 Kaj q)YHKI_[I/II/ITC CO €JHa IPpOMCHJINBA.

JlecHo ce JOKaXyBa U CJIIEJHOTO TBPACHC.

Teopema 3.5. Hexka pynkuunte fu g, nepMHUpaHA HA UCTO MHO-
kecTBO ECR” nMaat Bo ToukaTa A KOHEUHH I'PaHUYHU BPEHOCTH b U c,

coonBeTHo. Toram u pynkuunte f+ g, f— g, fg u i, nepuHUpPaHU Ha
g

HCT HA4YWH KaKoO Kaj (pYHKHHHTC CO €Ha NpOMCHJINBA, MMaaT BO

b
TOuYKaTa A rpaHWYyHu BpepHoctu b + ¢, b — ¢, be, — , coonpBeTHO. [Tputoa
c

JTOMNOJHUTEJICH YCIOB 3a IIOCIEAHOTO TBPACKE € ¢ # 0.

Hepunuyuja 3.29. Heka e pgameHa peamna ¢yHKIwja [/ o m
peanHu TPOMEHIIMBU CO paBeHKaTa u = flx;, Xa,..., X,) WU u = M),
M(xy, x2,..., X), HepuHUpaHa Ha obaacT ECR”. Hexka oGmnacra E Ha Koja
e necuHupana yHkumjaTa fja uMa ocoomHara 3a koe 6mio A > 0 cexo-
rai jia mocton Touka MeFE koja ce Haofa HaJBOp Off TOMKAa CO paguyc
A n nentap Bo 0(0,0,...,0)eR™ .

Koneunnor peanen Opoj b ce BUKa I'paHMYHA BPEAHOCT Ha
¢yakumjaTta f kora M—oc ako 3a KOj OWJIO MO3UTHBEH peajieH Opoj &
MOXe Ja ce Hajae peajeH Opoj A > (, Taka mITO 3a KOja OUJIO TOYKA
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M eE, xoja ro 3aoBoiyBa ycinoBoT d(M, 0) > A, fa Baskil HEpaBEHCTBOTO
[AM) — b| < & Toram ce KOPAUCTH O3HAKA Agim f(M)=b.
—0

Hecgunuyuja 3.30. Pynkuujara f ce HapeKyBa OECKOHEYHO Malia
¢pynkumja kora M—A, ako Al4imA J(M)=0.

Axo ¢yHKIFjaTa f UMa rpaHUYHA BpegHocT b Kora M—A, To-
ram pyHKIujaTa o fepuHupana co M) = (M) — b Ke Oupie 6ECKOHEUHO
Mana kora M—A. 3Hauu, Moxeme fia 3ammiieme (M) = b + (M), kaje

mTo lim a(M)=0.
M—A4

Axo a(M) e GeckoHeuHO Maja (yHKIHUja Kora M—A, f(M) e
orpaHuyeHa (PyHKIKja BO HEKOja OKOJMHA Ha TOYKaTta A, Torai
(- P)(M) e 6eckoneuHo Mana pyHKIMja Kora M—A, T.e.

lim a(M)- B(M) =0.

CumOonute Ha Jlangay ce geduHHIpaaT Ha UCT HAUMH KaKoO Kaj
¢dyHKIHja Off eqHa TPOMEHIINBA.

Hecunuyuja 3.31. Heka m = 2 n Heka yHKumjara z = f(x, y) e
feuHUpaHa BO HEKOja MpaBOarojiHa OKOJWHA Ha To4ykaTa Moy(xo, Vo)
3a7ajieHa co HepaBeHCTBaTa |x — Xo| < d, |y — yo| < d,, IpH ITO f MOKE, HO
He Mopa, fa Omjie nedurnpana n Bo M,. Heka y' To 3ajoBonyBa Hepa-
BeHCTBOTO 0 < |y — yo| < db. [lepunmpame HoBa pyHKUHja f; Off efHA
IIPOMEHIMBA X CO PaBeHKaTa fi(x) = f{x, y’) Ha MHOXKECTBOTO 3a[jaJicHO CO
HEPaBEHCTBOTO |x — xo| < d; (ocBeH MOXkeOu BO x;). Heka mocrou rpa-

HAYHA BpefgHOCT lim f,(x)Koja e mcra co TrpaHMYHATa Bpef-
X—)XU

Hoct lim f(x,y"). Heka momaramMy TmocTojaT Baka pAepWHEpAHHUTE
y—eomst
IrPaHUYHM BPEJHOCTH 3a CUTE BPEAHOCTH y KOU IO 3a/I0BOJIyBaaT Hepa-
BEHCTBOTO 0 < |y — yg| < d, cO WITO MOXeMe fa JiepuHupamMe HOBa
¢ynk1mja @ co paBeHCTBOTO ¢(y) = lim f(x,y).
y—const

Heka nocron u rpannyuHa BpegHocT lim ¢(y) = b.
Y=o

Toramr BenauMe JeKa IMOCTOM CyKIeCHMBHa (TOCIIEOBATEITHA)
rpaHMyYHa BpegHOCT b 3a (pyHKIMjaTa f BO TOo4yKaTa M, cO O3HaKa

lim lim f(x, ).

Y=2Yo XX

70



§3. ['panuunu ipoyecu

AHaNOrHO ce Ae(puHupa U CyKIeCUBHATa I'PAHNYHA BPEIHOCT CO
o3Haka lim lim f(x,y).
X—=>Xg Y=o
Teopema 3.6. Heka dynkumjara z = f(x, y) e nedpuHupaHa BO He-
KOja MpaBoaroHa OKOJIMHA Ha ToukaTa Mo(Xo, yo) 3aJajiecHa CO HEpaBeH-
cTBata |[x — xo| < di, [y — yo| < dp, Ipu WTO f MOKE, HO HE MOpa, 1a Ouje
necgunupana u Bo M,. Heka f uma rpanuyna BpepgHoct b = lim f(x,y)
Yo
BO Toukara M,. AKO OCTOjaT FPAaHUYHUTE BPETHOCTH xligl f(x,y) 3a
0

y—const

KOoe OWJIO y KOe r'0o 3aloBOJyBa HepaBeHCTBOTO 0 < |y — y| < d, u rpa-
HUYHUTE BpegHocTu lim f(x,y)3a Koe OMIIO X KOE IO 33aJ0BOJIyBa HE-
Y=Y

x—const

paBeHCTBOTO 0 < |x — xo| < d}, TOraI NOCTOjaT CyKIEeCUBHA T'PAHULU U CE
enHaKBH Ha b.

AKxo HamecTo flepMHAIMOHAaTa 00JacT E 3eMeMe NMOAMHOXKECTBO
E\c E Taka mto Toukara M, ia TO uMa CBOjCTBOTO BO KOja OWIIO HEj3WHA
OKOJIMHA Jla uMa OapeMm efHa Touyka off £, pas3iauuyHa of M,, Torail
ciopen neduHUIUjaTa 3a TpaHmuHa BpemHocT (Komm) moxkeme ma
3akiyunmMe feka pyHKygjaTa f Ke ja uMa ucrata rpaHuvyHa BPETHOCT BO
ToukaTra M,.

Op 0BOj 3aKJIy4OK MPOU3JEryBa JieKa, aKo He NMOCTOM FPaHUyYHA
BPEHOCT BO TOUKaTa M, Kora ce 3eMe HeKoe NMOMHOXecTBO E; of E,
Toram 3a (pyHKIHjaTa f He MOCTOM I'PaHMYHATa BPEJHOCT BO TOYKATa
M,. AKO mak nocrojaT rpaHuYHU BPEJHOCTH BO TOYKaTa M, Ha JBE MOA-
MHOXecTBa £, u E, o E, HO THe ce pas3jIMyHM, TOraul UCTO Taka 3a
¢yHKIIKjaTa f HE TOCTOU T'PaHIUYHA BPEJHOCT BO TOUKaTa M,.

2
IIpumep 3.3. Hexa f(x, y) = %,E = R*\{(0, 0)}. Heka E, =
X +y
{(x, y)eR* [x =, y = , teR\{0} }. Toram rpaHnuHaTa BPeIHOCT Ha (PyHK-

nujaTa f Bo Toukara (0, 0) Ha MHOXecTBOTO E| Ke Oujie
2

. . t°t
lim Ax,y)=lim—— =0.
(XaY)%(O,O)ﬂ y) t—0 1‘4 +t2
(x,y)eE,

Axo E,= {(x, y)eR*|y = x?, xeR\{0} }, Toram
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. X 1
X, lim———=—.
(x, y>a<0 O)f( = =0 x4y x* 2
(x.y)eE,
3Haun,
X,
(x, y)—>(0 O)f( ) * (vy)e(o 0>f( Y-
(x,y)ek, (x,y)ek,
x’y
na cnopef Toa lim——=—- He nocromu.
x—0 x4 + y
y—0
Ja ce moKaske 1 co HU3H {— } { }

Ha oBoj mpumep MoKe fa ce ToKaske ieKa He € TOYHO TBpJICHe-
TO JieKa TpaHNYHATa BPETHOCT MOCTOM aKO TIOCTOW BO CUTE MPaBIH (BO
MOJIAPHU KOOPJMHATH, HE 3aBUCH Of] ) U € €THAKBA.

Cekako fieka OBOj KpUTEpUYM MOKE caMmo Jla TO UCKIY4Yd MO-
CTOEHETO Ha TpaHMYHATA BPETHOCT. AKO NMaK TPAaHUYIHUTE BPETHOCTH
Ha JIBe MHOKECTBa Ce eJHAaKBH, TOA HE MOpa jla 3Ha4M JieKa MOCTOM rpa-
HUYHATa BpemHocT. OBJle MOXKAT jla ce ynmoTpeOyBaaT M CyKI[CCHBHUTE
FpaHI/I‘-IHI/I BpeHHOCTI/I. AKO ITaK ImocToun FpaHI/I‘-IHaTa BpeHHOCT BO TOY-
kata M, (cnopey neduHUIMjaTa), TOrall HE MOpa Jia TOCTOjaT U CUTE
TPAaHUYHHU BPEHOCTH BO OJHOC Ha MOJMHOXKECTBA, a CHECIHUjaIHO U He
MOpa Jia TOCTOjaT U CYKIIECUBHATE TPAHWYHU BPETHOCTH.

. 11
IIpumep 3.4. Tlokaxu fieka mocrou lmé(x+ y)sin—sin—, a He
X—> X y
y—0
MOCTOjaT CYKIECUBHUTE FPAHUYHUA BPETHOCTH.

ITpumep 3.5. Co xopucreme Ha MOJapHU KOOPAMHATH (IO TpaB-

X
1) TIOKaX! ieKa lim—2— He NOCTOH.
x—0 xz + yz
y—0
x4
Ilpumep 3.6. lim———-=7?
x—0 x° + y
y—0
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4
. X 2
Pewenue: On vHepaBeHCTBOTO 0 <S———<x, 32 (x, y) = (0, 0),

¥ +y

4

, . X L

ke nmame lim———— =0, oupejku limx* = 0.
x—0 x2 + y2 x—0

=0 =0

Beymmoct, 3a ¢yskmmjata fix, y) = x°, & :\/E , IITO 3HAYM JieKa
[AM) — 0] = * = 0] = |x| [¥| < Ve e = ke Basku 3a cexoja Touka M(x, )
3aKoja x—0/|<o, [y—0]|<0.

Hecunuyuja 3.32. Heka ynkumjara f e nepuHupana Ha oGJa-
cra ECR" n Heka A€E. ®yHKuymjaTa /€ HelmpeKnHaTa BO ToUukaTa 4 ako
IIOCTOM I'PaHMYHA BPEAHOCT BO TOYKaTa 4 eHaKBa Ha f(4) .

Bunejku 4 = Allinh M , MOxXeMe fa 3aKiIy4yuMe JIeKa 3a Hempe-

-
KUHATU (pyHKIUH Ke Baxku cuMOomukaTta lim f(M) =f lim M ) = f(4).
M4 M—A

CoopseTHHTE e(DMHUIIMN HA TPAHUYHA BPEAHOCT cropen XajHe
n Komm Moxat necHo jja ce npedopMyaupaaT U 3a HENPEKUHATOCT CO
TOa LITO HAMECTO IPaHMYHA BPEHOCT b Tpeba ja ce CTaBH BPEJHOCTA
f(4), u na ce ucnymraat orpannyyBamwarta M, # A kaj Xajue u d(M,, 4)>0
kaj Komm.

Hecunuyuja 3.33. dyukuujata f nepuraupana Ha ECR” e He-
NpeKknHaTa Ha E ako e HenmpeKnHaTa BO ceKoja Touka of E.

Hexka e gagena peanna ¢yHKIyja f of m peaqHu TPOMEHINBYU CO
paBeHkaTa u = f(xy, Xa,..., X»), le(pUHUpPaHA BO HEKOja OKOJIMHA HAa TOY-
KaTa 4 ¥ HeKa ToukaTa M mpumnafa Ha Taa okonuHa. Paznukara M) —
f(4), co o3HaKa Au, ce BUKa HapacHyBawme Ha (yHKumjata u = M) BO
ToukaTta A. Ako A(ay, a,..., a,) 1 M(x1, x3,..., X»), CO O3HAKUTE X| — a; = Axy,
v X — Ay = Ax,, K& mobueme Au = fla, + Axy, ar + Axy,..., @y + Ax,,) — flay,
A2ye.ny Apy)-

JlecHo MOXe fa ce MoKaxe Jieka (pyHKIujaTa f € HempeKuHaTa
BO A aKO M caMO aKO HapacHyBameTO Au € 6ECKOHeUHO MaJja (PyHKIHja

kora Ax;—0, i = 1,m, T.e. Kora lim Au=0.
(Axy,...,Ax, )—>(0,.,0)
M oBpe BaxkaT apuUTMETHUYKUTE ONEpaldyd Haj HENPEKUHATH
¢yHKIUY, KaKO ¥ TeopemaTa 3a 3ala3yBame Ha 3HAKOT U JAPYTU CBOj-

CTBa KaKo Kaj peajHa (pyHKIUja Of] €[Ha peaJlHa IPOMEHIINBA.
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Teopema 3.7. Heka co pynakuunre ¢, i = 1,m, u pyHkiyujara f e

3ajaieHa ciuoxena yakuuja w. Ako pyHKIUATE @), i = 1,m, ce Hemnpe-
KWHATU BO Toukarta A(ai, a,..., a;), a PyHKIHK]jaTa / € HENpeKuHaTa BO
toukara B(b,, b,,..., b,), Kage mro b; = @; (a,, as,..., a;), i = 1,m, Toram

croxeHaTa (PyHKIMja w € HelTpeKuHaTa BO ToUKaTa A.

Hokas: Hexka ¢ > 0. Toram nopagu HenmpeknHaTocTa Ha (DYHK-
ngjata f BO Toukata B Ke moctom o > (, Taka IITO 3a CeKoja TOYKa
M(x1, X2,.., Xm), 32 YAU KOOPAWMHATH BaXKaT HEpaBEeHCTBaTa |x; — b;| < 6, i =
1,m, Baxkxu HepaBeHCTBOTO [fiM) — f(B)| < &.

INonatamy, 6unejku ¢, i = 1,m ce HenmpeKWHATH (PYHKIMH BO
TOukaTa 4, ciefiyBa ieka 3a Toa ¢ > (0 mocrou 7 > 0, Taka IITO 3a ceKoja
Touka I(t, b,..., t), 3@ YA KOOPAMHATHU BaXKaT HEPABEHCTBATA |f; — a;| <
1, j = l,k, Baxku HepaBeHCTBOTO |@{T) — ¢ (A)] < &, ogHOCHO |x; — b} < &,
kagie mto i = 1l.m (@A T) = x;, p(A) = b)).

3Hauu, 3a Npou3BONHO ¢ > () mocrou 7 > 0 (IpeKy er3ucTeHIn-
jaTa Ha J), Taka WTO 3a cekoja Touka 1(t, t,..., t;), 32 YN KOOPIAUHATH
BaxkaT HEpaBEHCTBATAa |f; — a)| < 7, j = 1.k, BaxXu HepaBeHCTBOTO | f{M) —
A(B)| <&, opHOCHO HepaBeHCTBOTO |fx1(7),..., X,(T)) — fx1(A),..., xu(A))| < &,
opHOCHO [W(T) —w(4)| < &, cO ITO € JOKaKaHO TBPAECHETO.

Teopema 3.8. Axo ¢yHKIHjaTa /'€ HENMPEeKNHATa Ha HEKOja 3a-
TBOPEHA M OrpaHnyeHa obmnact Ec R”, Toraur e orpaHnyeHa Ha E.

Teopema 3.9. Axo dyHKIHjaTa f € HEMpEeKWHATAa HAa HEKOja 3a-
TBOpEHa M orpaHmyeHa obmact ECR” n f(E) e Hej3uH KOOMeH (MHOXKe-
CTBO BPEIHOCTH ), TOTAII Taa ja JOCTUTHYBa CBOjaTa HajroiemMa M HajMa-
J1a BpeHOCT Ha E, T.e. MOCTOjaT TOYKH A4, A,€E Taka IITO

fA4)) = max f(E), f4,) =min AE).

Hecunuyuja 3.34. Dynkuujata f € paMHOMEPHO HEMTPEKMHATA BO
3aTBOpeHaTa obmnact ECR” ako 3a cekoe ¢ > 0 moctou ¢ > 0, Taka IITO
3a Kou Ouio maBe Touku M, M, 3a kou d(M,, M,) < & cunenyBa d(f(M,),
Sih)) < e

Teopema 3.10. Axo ¢dyHKiyjaTa f € HempeKuHaTa Ha HEKOja
3aTBOpeHa M orpaHumyeHa obmact EcR”, Toram Taa € paMHOMEpPHO
HelnpeKkuHaTa Ha E.

74



§4. Iapyujarru uzsoou u ougheperyujan 00 upe peo

r'TABA TPETA

ANPEPEHIINIJATHO CMETAIBE HA PEAJTHU
OYHKIMU O ABE N ITOBEKE PEAJ/IHA
MNPOMEH/INBUA CO HEKOU TPUMEHU

§4. TAPIIMJAJTTHU U3BOIN NN
JUOEPEHIIMJAJ O ITPB PE{

4.1. IlpBu napuujajaHan U3BOAU U NPB AU epeHnuja Ha peaaHn
¢ yHKIuH 01 1Be 1 NOBEKe peaHi MPOMEHIHBA

Hegunuyuja 4.1. Heka e magena ¢dynHkiymja f mepmHnpaHa Ha
obmacta ECR’ co paBeHKaTa z = fx, y) 1 Heka A(x,, yo)eE e Touka co
ocoOMHa fja MOCTOM HeKOja Hej3MHa oKoJuHa V(4, ) Koja ce COfip>Ku BO
E. Heka Ax # 0 e HapacHyBale Ha MMPOMEHJIMBATA X TaKa IITO TOYKUTE
M (xo+ Ax, yp) cexoraill fia mpunara BO COOJJBETHaTa OKOJuHa V(4, o).

AKoO mocrou rpaHIYHa BPEAHOCT Ha (pyHKUMjaTa F, 3a/1ajieHa co
S Gro + A%, ¥o) = f (%0, 1)

Ax
e/lHa pealjiHa MPOMeHNInBa Ax euHUpaHa 3a CUTEe BpEAHOCTH Ha Ax # 0
(e e nedpuHMpana Bo Ax = 0) 3a Kou ToukuTe M(X) + Ax, yo) mpunaraar
BO COOfilBeTHaTa okKojaumHa V(4, o), kora Ax—0, Toram BeluMe JekKa
¢yHKImjaTa f MUMa NpB NaplyjaleH U3BOJ BO OHOC HA IPOMEHINBATA X
BO TOYKaTa 4, EAHAKOB Ha Taa rpaHUYHa BPEHOCT, CO O3HAKU

g % U (x0,¥0) 9 (A)
ox’ ox’ ox ’ Ox

paBeHkara F(Ax) = Kako peajnHa (pyHKIHja Off

o fi(x0s¥0), fi(A) .
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Ha wcr naumn ce gedmHMpa W NPBUOT TNaplyjajlieH W3BOJ Ha
¢yHKIIKjaTa £ BO OTHOC Ha MPOMEHJIMBATa y BO TOUKaTa A, T.e. KaKo rpa-
HIYHA BpeAHOCT (aKo TocTom) Ha ¢yHKImjaTa F , 3a7afieHa cO paBeH-
S (xg, 30 +AY) = f (X0, 10)

Ay
pearHa mpoMeHimBa Ay nepuHEpaHa 3a CUTE BpeTHOCTH Ha Ay # 0 (He e
nedunupana Bo Ay = 0) 3a kou Toukute M(x, yo + Ay) npunafaat BO
coofiBeTHaTa oKoJuHa V(4, 0), kora Ay—0, co 03HaKH

o 0z 9 (x,¥0) If(4)
v ooy oy oy
Hepunuyuja 4.1° (omura). Heka e gagena ¢ynkuuja f nedpunn-
paHa Ha obmacta ECR"™ co paBeHKara u = f(x, xa,..., X,,) ¥ HeKa A(ay, ay,...,
an)€E e Touka co CBOjCTBO fla MOCTOM HEKOja Hej3MHa OKoJmHa V(4, J)
Koja ce copipku Bo E. Heka Ax; # 0 e HapacHyBame Ha IPOMEHIMBATA Xy,
k= 1,m, Taka WITO cekoram Toukara M(a,, a,..., ap+ Axy,..., a,) Aa IpHAIa-
fa BO coofiBeTHaTa OKonuHa V(4, o).
AKO mocTou rpaHlyYHa BpeHOCT Ha pyHKIMjaTa F, 3aiajieHa co

papenkara F(Av) = f(a,,a,,....a, + Ax,...,a,)— f(a,,a,,...,a,) <AKo
Axk

peanHa (yHKIMja Of] €lHa peanHa NpoMeHuBa Ax; fepuHupaHa 3a CuTe
BpenHOCTH Ha Ax; # 0 (He e gepmHUpaHa Bo Ax, = 0) 32 KOM TOUKHTE
M(ay, ay,..., ap + Axy,..., a,) IpunaraaT BO COOfIBETHATa OKOJMHA V(4, ),
Kora Ax;—0, Toraii BenumMe feka (pyHKIjaTa f uMa MpB NMaplujajieH u3-
BOJI BO OIHOC Ha MPOMEHJIMBATA X; BO TOUYKaTa 4, €JHAKOB Ha Taa rpa-
HUYHA BPETHOCT, CO O3HAKHU

of ou f(ay.dy.a,) (A

ox, ox, Ox;, Ox,

Kara I *(Ay) = Kako peayiHa (pyHKIHja Off eqHa

Sy (o5 p0) [3(A), 2

o Sy @rsenay), [ (A ug

Ogp camarta feuHNIM]ja € JaCHO [ieKa MPBUTE NMAPLUjATHA U3BOAN
Ha (pYHKIUH Off TOBEKe peaslHi NIPOMEHIINBY BCYIIHOCT Ce NPBU U3BOAU
Ha (PYHKIUM Ofi €eHa peaslHa IIPOMEHJINBA, CMETajKu I'M ApYruTe Mpo-
MEHJIMBU 3a KOHcTaHTu. VIMeHo, flxo, ¥), fix, yo) u Aai,..., Xpye.., ) CE€
(pyHKIIMM Off €HA pealiHa IPOMEHJINBA Y, X, Xk, COOJIBETHO.

Ipumep 4.1. Axo z = arctg(x)?), Toran
0z 1 ) 0z 1

=——y°, —=——2y.
Ox 1+x2y4y oy 1+x’y* 4
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Ha 3abenexnme feKa O3HaKUTE 3a MaplUyjaJTHATE U3BOAN HE Tpe-
6a ma ce cMeTaaT 3a APOINKHN KaKO O3HAKUTE 3a MPBHU U3BOAM Kaj (PyHK-
UNUTE Off elHa peanHa nmpomeHnuBa. [lofonHa Ke Guje jacHO W 30IITO.
Hcro Taka fa 3a0enexnme eka kaj PyHKIUUTE Off €IHa peajHa mpome-
HJIMBA €T3UCTEHIjaTa Ha MPBUOT M3BOJ] MOBJIEKYBa MTUPEKTHO HEj3MHA
HEMPEKMHATOCT BO COOJIBETHAaTAa TOYKa (Ta 1 MucepeHIjabuIHOCT), 0-
lieKa Kaj (PyHKIUUTE Off MOBEKe pealHl MPOMEHIINBU TOA HE € CITyJaj.

IlIpumep 4.2. Heka e naniena Mendeleev-Clapeyron-oBaTa paBeHKa
pv = RT, xage p, v, T ce OIpOMEHIUBU KOU UMAaT CBOE 3HAUYEHE BO

. dp ov oT
TepMoHaMuKkara. [la ce Hajie mpou3BogOT — - — - —.
ov oT op
. R or 1% T
BHHC]KH a—p:——RT ﬁ:— a—:l ,ce HOGI/IBa _pﬁa_ =-1.
ov v: or p op R ov oT op
OBoj npou3Boj MMa BasKHa MPUMEHA BO TEPMOIMHAMMKATA.
xy 2 2
————,3ax" +y° #0,
Ipumep 4.3. ®ynxupmjata z= 4 x* + y? Y
0 , 3ax’ + y2 =0,

BO Toukata A4(0, 0) “Ma NpBU NaplyjaTHA U3BOAM, HO HE € HEIpeKnHaTa
BO A. HaBucTuHa,

A0
3 2 2
0z(0,0) — lim S(0+Ax,0) - f(0,0) = lim M =1lim0=0,
Ox Av—>0 Ax Ax>0 Ax A0

=(00) _ . fO0+AY)
6)/ Ay—0 Ay

ca limlim——2Y_ —1im0=0.

x—0 y—0 x2 + y2 x—0

b

Jofeka lim—2r 1
=0y 4 x2 2
y=x

Hegunuyuja 4.2. Heka e nageHa ¢pyHKImja / cO paBeHKaTa z =
fix, ¥), nepouHMpaHa Ha obyacTa EcR® u Heka A(x0, vo), 32€THO CO HEKOja
cBOja okonuHa V(4, o) npunara Ha E.

AKO 3a cuTe HapacHyBama & 1 k Ha IPOMEHIUBHUTE x U y, h*+k*#0,
3a Kou ToukutTe M(xo~+ h, yo+ k) npunaraat Bo V(4, J), mocTojaT peaqHu
OpoeBu 4; U A, Taka ITO COOBETHUTE HapacHyBawa Az= fixo+ h, yo+ k)—
Sfxo, ¥o) HA pyHKIMjaTa BO TOUKaTa 4 MOXaT fia ce MPEeTCTaBaT BO BHJ
Az = A1h +A4; k + o(p) unu Bo BUA Az = A1h +A4; k+on h +op k, Kaie To p=

Vh* + k%, a oy = au(h, k), oo = an(h, k) ce GecKOHEUHO Many peanHu yH-
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KIHAH Of IBE peallHi MPOMEeHAUBH /1 1 k xora (h, k)—(0, 0) (o(p) — cumbon

.«

Ha Jlangay nedpunupan co « = o(f) < }}H&E =(0), Toram BemMe ieka f
—
k—0

e mupepeHnrjadbunna PyHKIja Bo Toukarta 4 .
JIBeTe paBeHCTBa MOXKAT /la c€ MPETCTaBaT U CO Er3UCTEHIMja Ha
TPaHUYHUTE BPEJHOCTH:

i A2 = A=Ak [ Az Ah = Ak

p—0 p ]’:*g o h+ o,k
-

b

Kaje IITo }}_I)I(}(Xl- (hk)=0,i=1,2, }}_I)rép =0.
k—0 k—0

Ha 3abenexume aeka OpoeBuTe 4; U A, HE 3aBUCAT Off HApacHy-
Bamwara h u k. Cymara A,h+ A,k ce BUKa IJ1aBeH i€ HA HAPACHYBAKETO
Ha audepeHyjabuIHaTa (PyHKIHja f BO TOUKaTa 4 U € JInHeapHa XOMO-
reHa (pyHKIFja BO OfTHOC Ha IPOMEHJIUBUTE / U k.

Ha wucr HaunH ce necdunupa u audepeHnujabmIHOCT Ha (PyHK-
L[1K Off m IPOMEHIIUBHU.

Hegunuyuja 4.3. Heka f'e pyHknmja 3agaieHa co paBeHKara z =
flx, ¥), necburmpana Ha o6aacta ECR’, 4ui TOUKM TO MMaaT CBOjCTBOTO
lla MOCTOM OKOJIMHA Koja mpumara Bo E (OTBOpEHO MHOXKECTBO, BHa-
TpelrHu Toukn). Heka fmMa npB napuujaneH u3Boj BO OJHOC Ha X BO ce-
Koja Touka of E. Toram pgeduHupaMe Ha E HOBa (PyHKIMja HapeuyeHa
F (x,»)

ox

u3BoAHa pyHKumMja [ €O f i (x, y) = , V(x,y)eE.

Ha wcr HaumH ce peduHmpa m m3BogHaTa yHKmmja [ ', co

o )
Sx ) oy

TapIyjajTHu U3BOJIA BO OTHOC HA y BO ceKoja Touka off E.

, V(x, y)eE, cekako MOJ yCJIOB Jia MOCTOjaT MPBUTE

Teopema 4.1. Heka f e (yHKIuja 3agajieHa co paBeHKara u =
Sfx1, x2,..., Xn), epuHUpaHa Ha obmacta ECR”. Axo f e mucdepeHnyja-
6unHa BO Toukata A(ay, as,..., a,)€E, TOTAII BO Taa TOYKa MOCTOjaT CUTE
of (4
TA _ g i=1m
ox;

1

HEj3MHU NIPBU NapLUjaIHU U3BOJIM, IIPH LITO

llokas: Heka m =2, z = f(x, y), A(xo, o). Toram
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AZ:A1h+A2k +a1h+(12k, ;iil(}al.(h,k)zo,i=l,2.
k—0

Axo k=0, h # 0 (cnopen geduHNINja paBEHCTBOTO BaXK 3a CUTE BPEN-
HOCTH Ha /1 1 k KOM HE ce ICTOBPEMEHO €JHAKBM Ha HYyJa, T.€. P+ 0),
Toraiil Az = A h + ayh, oMHOCHO fixo+ A, yo) — f(Xo, yo) = A1h + o h unm

S (Gxo +hyo) = f(x0.0)
h
Bunejku mocron }gr& a,(hk) = }111’1’(} a,(h0)=0, Ke mocTom M TrpaHUYHA

-4, =q.

k—0
BPEMHOCT Of1 JiI€BaTa CTpaHa, T.€.

1im[f(x0 +hyo)— f(x.50)
h—0 h

-4,1=0,

PAG))

ITO 3HAYM ficKa 6— = A4, (4, He 3aBHCHU OFf & U k, a TOA 3HAYM JieKa NIPH
X

OBOj TpPaHWYEH MPOIeC € KOHCTAHTA).

I _

Ha ncr vaunn 3a 7 =0, k # 0, ce moOuBa 8— =
Y

Hoxka3zor 3a m > 2 e ugeHtnueH. OOpaTHOTO HE MOpa Jja BaxXMU.

Teopema 4.2. Heka f e ¢yHKIHUja 3aajleHa CO paBeHKaTa u =
Sfxy, x2,..., Xn), HecpuHUpaHa HA O6nacTa ECR”. AKo f'e qudepennnjadbu-
Ha yHKIMja BO ToukKaTta A(a, as,..., a,)€E, TOram Taa € HeMpeKuHaTa
BO A.

Hokaz: On ycrnoBoT 3a AudepeHnnjabuiHOCT ce AoOuBa IeKa
Au :ﬂM) —f(A) :Alel + AzAXz + ...+ A,,,Axm+ alel + (ZzAX2+ ..t amAxm,

Kaje IITO lim a,;(Ax,,Ax,,...,Ax, ) =0, 3a VAx;, Taka mro
(Ax;,Ax, ... Ax,, )—(0,0,...,0)

M(a,+ Axy, a + Axs,..., ayt+ Ax,)eV(A,0)CE,i = 1,m.
bupnejkun nmocrou rpaHmyHa BpEJHOCT Off JeCHaTa CTpaHa Kora
(Axy, Axy,..., Ax,)—(0, 0,..., 0), Ke TOCTON ¥ TPAaHUYHA BPETHOCT M OJf Jie-

BaTa CTpaHa, T.e. lim Au =0, 1ITO € U ycIIOB f 1a 6ue He-
(Ax,,Ax, ,...Ax,,)—(0,0.,...,0)

MpeKnHaTa BO ToYKaTa 4.

Teopema 4.3 (JToBonHu yciaoBu 3a qudepeniujadbuatoct). Heka
fe pyHKkuMja 3aafeHa co paBeHKaTa u = fxy, xa,..., X)), Ae(PUHUPaAHA HA
obmacra EcR"”. Ako f ©Ma npBH mapuyujadHA M3BOAM BO OIHOC Ha CUTE
MPOMEHJIUBA BO CHTE€ TOYKHM Off HEKoja okonmHa V(4, J) Ha Todkara
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A(ai, ay,..., ay)€E M aKO CUTE NPBU U3BOJAHU (PYHKIUU CE HENMPEKUHATH
¢yHKIIMU BO Toukata A, Torail f e audepeHnujabuiHa pyHKIHja BO
TOYKarTa 4.

Loxas: Hexka m =2, z = f(x, ), A(xo, y9). Heka h u k ce HapacHy-
Bamka Ha NMPOMEHIMBHATE X U y TaKa IITO TOYKUTE M(xy + h, yo + k) ma
npunaraaT BO COOABETHaTa oKojuHa V(4, d) Ha ToukaTa A BO Koja ce
necduHnpany u3BopHuTe PyHkuun /', u f', . Toram coogsBeTHOTO Hapac-
HyBame Ha (pyHKIMjaTa MOXKE Jla ce 3alullle BO BUJ

Az = [flxo+ h, yo+ k) — fxo, yot+ k)] + [fxo, yo+ k) — flxo, o)l

N3zpazot fixg+ h, yo+ k) — fixo, yo + k) IpeTcTaByBa BCYyIIITHOCT Ha-
pacHyBame Ha HOBa (PyHKIIMja ¢ Off efHa MPOMEHIINBA X Jie(puHUpaHa Ha
CEerMEHT CO KpajHu TOYKH Xy U Xo + k co paBeHKaTa ¢(x) = flx, yo + k).
Bunejkun f uma npBU mapuujadHu U3BOAM, W (PyHKIHMjaTa @ K& UMa TPB
U3BOJ] BO COOIBETHUOT MHTEPBAJI, ONHOCHO Ke Oupie iudepeHIjabuiHa
BO TOj UHTEpBAJI.

Toram, npuMeHyBajku ja TeopemaTa Ha Jlarpanx, 3a ¢pyHKuyja-
Ta @ Ha TOj CETMEHT Ke MOCTOU ToUKa ¢ =X+ 6ih, 0 < 6, < 1, Koja npumna-
fa Ha TOj MHTEpBaJ, Taka ITO Ke BaxXu @(xo+ h) — p(xo) = ¢'s(c1)h, oqHOC-
HO fixo + h, yo + k) — fixe, yo + k) = f ' (c1, yo + k) h (Bunejkn ¢'y(x) =
f,x(x’ J/0+ k))

AHaJOTHO 3a U3pa3oT BO BTOpara 3arpapa fixo, yo + k) — fixo, Vo)
ce noOuBa er3ucTeHIja Ha ToUKa ¢; = Yo+ 0, k, 0 < #,< 1, Koja mpumnara
Ha MHTEPBaJ CO KpajHU TOUKH ) 1 Yo+ k, Taka MITO Ke BaxXku fxg, yo+k) —
Sxo, yo) =" y(x0, C2)k.

bupejkn ciopep ycioBoT u3BogHUTE (PyHKIMU /' M [, ce HEnpe-
KUHATH BO TOUYKaTa A, K& BaxKu

S e, yot k) =f"x0, y0) + ou(h, k),  f' (X0, 2) =" (X0, o) T aa(h, k),
Kaje IITO }lilraa[ (hk)=0,i=1,2.
k—0
3Haum, HA KPajoT JOOMBME

Az = f"(x0, yo)h + f " y(x0, yo)k + en(h, k)l + en(h, Kk,

OJl LITO cleflyBa fieka f e nudepeHnmjabuina GyHKIMja BO ToUKaTa 4.
BceymHocT ja jo6uBMe er3ucTeHIjaTa Ha A; U A, W paBEHCTBOTO, IPH
IITO HeMallle OTpaHNYyBame 3a 7 U k (OCBEH NMPUMAHOCTA HA TOUKUTE
BO COOJIBETHAaTa OKOJIMHA).
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IlIpumep 4.4. dynxkuyjara f najieHa CO paBEHKUTE

2
x
foon=—2—, sax+)y 20w f0,0)=0
X 4y
He e audepeHnmjabmiHa Bo ToukaTta A(0, 0), 6Guymejku, nako mocrojaT
NPBUTE NapuUyjaJHd U3BOAHN (PyHKUUH f ', ', BO HEKOja OKOJIMHA Ha
TOYKaTa A, THE HE Ce U HENpEeKUHATH (PYHKIMH BO Taa OKOJIMHA.

Hasuctuna,

Sxy) =

2xy3 X (x _J’) 2, .2
m, S, y)—m, 3ax ) #0,

U criopeft fieuHunmjaTa 3a U3BOJ

h*-0
f(0+h0) /(0,0) B +0> : _
f V(O 0) - }l—)() h - 07 f }’(07 0) 0.
. , 2x-x° 1
I'panmunara BpegHoct lim f)(x,y)= hm—“:— € pasiInyHa of
x—0 x—0 (x +x ) 2

y=x
BpeHOCTa Ha u3BOIHATa PyHKIHMja f ' BO ToukarTa 4, koja e f',(0, 0) =0,
IITO 3HA4YHU JIeKa U3BOJIHAaTa (pyHKIMja f ', IMa IPEKUH BO TOYKara 4.

Ha cnuuen HauymMH ce moKaxyBa JieKa U3BofgHaTa (yHKumja f',
nMa NpekuH Bo Toukata A(0, 0).

Hecunuyuja 4.4. Heka f'e dpyHKIMja 3a1ajieHa cO paBeHKATa u =
Sfx1, X250, Xm), AepuHUpaHa HA OOmacra ECR”, audepeHnmjabmiHa BO
TOouKara A(a, .. ., am)€E M Heka Ax;, i = 1,m ce HapacHyBama Ha IIpO-
MEHJIUBUTE X;, i 1 ,m BO TOYKaTa A.

['maBHMOT nWHEapeH fen Off COOABETHOTO HapacHyBame Ha
¢dyHKIFjaTa BO Taa TOYKa ce BUKa NMpB AudepeHrjan Ha pyHkuujaTa f

BO OJIHOC Ha HapacHyBamwaTta Ax;, i = 1,m, BO Toukara A, cCO O3HaK# du,
daf(4), df, dflai, as,..., a,,). 3Ha4n,

SECCIDN 1 P ()

X1 X5 X

du= Alel + AQAX'z +..+ AmAxm

Axo A4; =0, i = 1,m, Toram Benume feka audepengjaioT € 0 Bo Taa
TOYKA.

Ha uct HaunH Kako Kaj pyHKIUUTE Off €JHA MPOMEHIINBA U OBJIe
MOXKe Jla ce OompaBja paBeHCTBOTO Ax; = dx;, i = 1,m, Taka 1ITO ja OOUBa-
Me KOHeYHaTa pejainuja:
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du(4) = M dx; + Ma’xz +..+ Ma’xm.
Ox, Ox, 0ox,,

4.2. IlpBu napuujanTau W3BOAHU O] CJIOKeHA (PyHKIHja

Teopema 4.4. Hexa e nafeHa yHkuyja f co paBeHkara z = f{x, y),
neduHupana Ha obmacta ECR’, mudepeHnmjabmiHa BO ceKoja TOUKa Ha
E (mudpepennujabmiHa Ha OTBOPEHO MHOXKeCTBO E). Heka monatamy ¢ n
w ce afieHn peaHu (PyHKIMH Off e[Ha peajiHa MPOMEHIINBA ¢ CO PaBEeH-
Kkute x = (1), y = y(¢) n nudpepeHnnjabuiIHm Ha WHTepBanoT (&, f), co
ocoouna Vie(ea, ), (¢(t), y(t))eE. Heka w e cnokeHna dyHkuuja aedu-
HupaHa Ha (a, f) co paBenkata w(f) = fle(t), y(f)). Heka A(xo, yo)e E n

HeKa xo= ¢to), Vo= Wty), Kajie mTo fHe(a, ).
Toram w e pudepeHnujabunHa (PyHKIMja BO TOYKATA fy) U BaXK1

dw(ty) oz(A) 0z(A)
dt o

lloxas: Heka At # 0 € HapacHyBamwe Ha IPOMEHJIMBATA ¢ BO TOY-
KaTa f) CO CBOjCTBO fy+ Ate(a, f) m HeKa Ax u Ay ce COOJIBETHUTE Hapac-
HYBamwa Ha QYHKIUUTE @ U Y, T.e. Ax = @ty + Af) — (o), Ay = ylty+ Af) —
wt).

@ (ty) + v, (ty).

Bunejku ciopep ycnoBor f e udpepennujadbmiHa Bo A4, Ke BaXu

A(A) = Az(A4) = % Ax + % Ay + o Ax + oAy,

4
Kaje mTo Alirn0 a,(Ax,Ay)=0,i=1,2. Co genemwe Ha MOCIEAHOTO PaBEH-
X
Ay—0

cTBO co At # 0 Ke mobueMe
De(d) () Ax (A Ay ANy
At ox At oy At At At

Axko At—0, Toram u Ax—0, Ay—0, Ounejku ¢ u i ce HempeKuHa-
TN (PYHKIUU U K€ MOCTOM I'paHWYHA BPEJHOCT Off IeCHaTa CTpaHa, Off
IITO MPOU3IIETYBa W €T3MCTEHIMja Ha TPaHWYHA BPEJHOCT U Of JieBaTa
crpaHa. busiejku

Az(A) = fixo + Ax, yo+ Ay) — flxo, yo) = (@t + A1),
Wt + AD)) — flplto), Wlto)) = w(to+ AL) — w(ko),

qoouBaMe
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AWty az(4) oz(A)
Al}ino N~ o @ (t)) + W (t,)+0+0
I/IOTTyKa
dw(t,)  dz(A) dz(A)

"t +——ywl(t,).
dt 6)6 ¢t(0) ay ‘//z(o)

3Haum, MOKeMe Jla 3aKkiyunuMe fieka M cioxkeHaTta (pyHKIHja e
nugepeHnujabuTHa BO TOYKaTa f) (MOpajn er3ucTeHnyjaTa Ha COOfBET-
Ha rpaHW4YHa BpEJHOCT, T.€. HA IIPBUOT I/I3BOII), IITO 3HA4YM I€Ka € U HE-
MpeKruHaTa BO Taa TOYKa.

Teopema 4.5. Hexa e nafeHa yHkuyja f co paBeHkara z = f{x, y),
nedpuHupana Ha obmacta ECR’, mudepeHnmjabuiHa Bo ceKoja TOUKa Ha
E (mudepeninujabuina Ha OTBOpeHO MHOKecTBO FE). Heka A(xo, yo)eE
nMa ocoOWHA J]a TOCTOU Hej3uHa okonuHa V(4, 6)cE.

Heka cera ¢ m y ce nageHn peanHu (pyHKIUU Off JIBE pEATHH
TMIPOMEHJIUBY ¥ U vV CO PaBEHKHUTE x = ¢u, v), ¥ = y(u, v) 1 fudepeninja-
OWITHU Ha HEeKoja okonmHa V(B, &) Ha ToukaTta B(ug, Vo) , X0 = @(uo, Vo),
Vo= W(uo, Vo), co ocobmHa V(u, v)eV(B, &) = (¢p(u, v), y(u,v))eV(4, o).

Heka w e cnoxkena ¢ynkuyja necpunupana Ha V(B, &,) co paBeH-
kata w(u, v) = flgu, v), y(u, v)). Toram w e qudpepennujadunna GpyHKuu-
ja Bo ToukarTa B u Baxu

ow(B) _ 0z(4) Op(B) N 0z(A4) Oy(B)
ou Ox Ou oy Ou

ow(B) _ 0z(4) Op(B) N 0z(4) oy(B)
ov Ox ov oy ov

loka3: [1a mpeTnocTaBiuMe ieKa v € KOHCTAaHTa M 3a ClIoXeHaTa
¢yHKIHIja W, cera Kako (pyHKIMja Of] elHa POMEHJIUBA i, fla ja TpUMe-
HUMe BeKe foOMeHaTa penalnyja off MpeTXogHaTa TeopeMa 3a MpB U3BOJ
Bo ToukaTta B. Ilputoa ga 3abenexume fieka U (PyHKUUUTE @ U ¥ Ke
OuaaT TpeTUpaHu Kako (PyHKIUY Off €jHa IPOMEHIINABA U.

Toram Ke mocTou NpB MapluyjaleH U3BOJ Ha CIIOXKeHaTa (PYHK-
ja w BO OJJHOC Ha IPOMEHJIMBAaTa u BO TOYKaTa B U Ke ja gjoOueme
clefiHaTa penanyja:

OW(B) _ 0z(4) Op(B) N 0z(A4) Oy(B)
ou  ox Ou oy ou

2
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3a u = KOHCTaHTa Ha UCT HayWH ce AoOuBa M pejanujaTta 3a
NPBHUOT MaplyjaleH U3BOJ Ha CIOXKEHaTa (PyHKIMja w BO OTHOC Ha NpO-
MEHJIMBATA v BO TOYKaTa B:

ow(B) _ 0z(A4) Op(B) N 0z(A4) Oy(B)
ov Ox ov oy ov
On 3a0enenikaTa Kaj IpBUOT Clly4aj ClIeyBa ieKa U IpBUTE Hap-
I[jaJTHU U3BOJM HA (PYHKIMUTE @ M | C€ HENPEKWHATH BO B, ma cropes

coofiBeTHaTa TeopeMa 4.3 u ciioxkeHaTa (pyHKIMja € fudepeHIjaduIHa
BO TOYKaTa B (6upiejKu nMa HepeKUHATH MPBYU NapIliyjaTHA U3BOH).

OsBue pejlannun 4€CTO CE€ KOPUCTAT BO CJICTHUOT CKPATCH BUI:

62_82_6x 82'8)/ 62_82'6)6 %G_y

ou o ou Oy ou’ dv ox v dy v

Bo onmt ciyyaj Ke ja uckaxxeMe ciefiHaTa TeopemMa:

Teopema 4.6. Heka e namena ¢yHKiuja f co paBeHKaTta u =
Sx1. x2,... , X)), AepuHUpPaHa HA o6nacTa ECR”, nudepennujabuiina Bo ce-
Koja Touka Ha E (qudepeHnmjabiiiHa Ha OTBOPEHO MHOXKecTBO E). Heka
Aay, as,..., ay)eE e Touka co ocoOWHA fla TMOCTOM HEj3WHA OKOJIMHA
V(4, &)cE.

Heka ¢; ce magenu peannu (pyHKIUU Off kK peaqHu MPOMEHIUBU
CO paBEHKUTE X; = @ (1, toy..., ), i = 1,m, 1 AupepeHjaONITHA Ha HEKOja
okonuHa V(B, &) Ha Toukata B(by, b,,..., by), a; = @by, ba,..., by ), i = 1,m,
co ocobuHa

Y (tyeerr tr JEV(B, &) = (@1(t1yeees 1)y Po(t1yeres t)seves Oty 8))EV(A, O)).

Hexka w e cnoxena dynkimja nepuanpana Ha V(B, &) co paBeH-
KaTa

W(tla tZa'-'a tk ) :f((ol(tla tZr"a tk)’ {Dz(tb t27"'7 tk)5 ceey ¢n1(tl> tZa'-'a tk))

Toram w e qudepeHnnjadbmTHa BO TOYKaTa B 1 HEj3UHUTE TPBU
MapIUjajHu U3BOJIM CE ONpeeNIEeHN cO POPMYJIIUTE:

ow(B) _ ou(4) op(B)  ou(d) 0¢,(B) — ou(d) 0¢,(B) .
ot ox, ot ox, o, o,

1 1 1 m 1

OJTHOCHO

= 17m?

ou_ou dy, fu By o &

or. ox, o ox, of ox, of
CO COOIBETHN 3a0€eNelIKHy.
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4.3. InBapujanTHOCT HA hopmMaTa Ha NPBHOT Au(epeHnujal

Heka w e cnoxena ¢yHkuyja gepuHupana co (pyHkuuure f, ¢;,
i=1,m, npu WTO u = f(X1, X2, , Xi), Xi = @ L1, boy..., ), 1= 1,m.

Heka f e nqudepennujadbunna Bo Toukata A(ai, da,..., Ay) 1 @,
i = 1,m, ce nudpepeHnjabuIHu Bo Toukara B(by, b,..., by), Kajge mWTO @; =
(Di(bl, bz,..., bk), i= l,m.

Toram, cnopen aeduHUIMjaTa, TPBUOT AudepeHnrjal Ha CIIO-
>KeHaTa (pyHKIIHja w, MajieHa co paBeHKaTa

W(f], b,..., Zk) :f(wl(ﬁ, t,..., tk), (Dz(l], t,..., tk),..., ¢m(tl, t,..., tk)),
nudepeHjabuiIHa BO TOUKaTa B, € fajeH co ¢opmynara:
WB) 4y + By o L OMB)

ot A 4
On nmpyra crpaHa, OpBUTE NMaplyjaJHU U3BOAM Ha CJIOXeHaTa

¢yHKIKja w ce afgeHu co opMyIuTe

OW(B) _ou(4) 0g(B)  du(d) Og,(B)  ou(A) 09, (B)
ot ox, ot 0ox, ot ox ot

1 1 1 m 1

dw =

dty.

nim

ow(B)  ou(A) . ox,(B) N ou(A) ‘ 0x,(B) - ou(A) ‘ ox,,(B) ;o
o, o, o o, o, o,

1 1 1 m 1

1.k,

¥ CO HUBHA 3aM€Ha BO (popMyJiaTa 3a MPBHUOT AU(EpEHIHjall CO CPeay-
Bam€ ce 100MBa penanyujaTa:

dw = ou(4) [axl(B ) dt, + O (B) dty+..+ (B) dt] +..+
8xl atl t2 tk
Lo 05, (B) o, (B L (B
ox,, o, o, o,

N3pasute Bo cpegHUTE 3arpajyl BCYIITHOCT ce MPBU Au(epeHIN-
janu Ha (PyHKUMUTE @;, i = 1,m, BO TOUKaTa B, co mITO ce JoOMBa KOHEY-
HaTa opmyna:

ou(A ou(A ou(A
dw = u(A) dx;+ u(A) dx,+..+ o)

ox, ox, Ox

dx,,

m

OJJHOCHO
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dw = ACY dx, + ZAC) dxy+..+
Ox, Ox, X

mos

y,,
m
Koja e co ucra popMa Kako u npBUOT AucpepeHuyjan of pyHkuujata f
BO TOYKaTa 4 aKo Xi, X,..., X, C€ CMETaaT 32 He3aBUCHO IIPOMEHJINBH (a
He PYHKUUHU @;, 0= 1,m).

OBa ocoOMHa Ha MHBAPHUJAaHTHOCT Ha (popMara Ha IpB AudepeH-

. ow 0z 0z Ox 0Oz Oy .
[yjaja ro omnpasjyBa ¥ 3allUCOT — =— =—+—+—+——, BO KOj ClIIO-
Oou Ou Ox Ou Oy Ou

’KeHaTa (PyHKIHja w ce UIeHTU(UKYBa co (PyHKIHjaTa z KAKO €JHa Of
¢yHKIMUTE O KOM camaTa € cocraBeHa. Cenak Tpeba cekoraul 3a Toa
la ce BOJAW CMETKa, OufiejKu BO CYLITHHA ce pabOTH 3a pa3iuyHu PyHK-
1007078

Ha 3abenexume yuITe feka OBHE IIpaBUla 3a MaplLyjalHA U3BO-
1 Off CIOXeHa (pyHKIHWja (KaKo W MpaBUjaTa 3a W3BOJM BOOIIIITO) Ce
npuMeHyBaaT OOMYHO BO MPOM3BOJIHA TOYKA, CO IMITO KAaKO pe3yJiTaT ce
nobmBa MoBTOpHO (pyHKIMja, a He Opoj. Cekoramn cemak Tpeba fa ce
¥“Ma MpeBH/ JleKa NMpaBuiiaTa ce U3BEICHU Ha HAUuH Kaj KOj U3BOJUTE
ce 6poeBu (TpaHUYHU BPEJHOCTH ) U TOa Tpeba a ce TMOBp3€e CO M3BOJIHU-
Te (DYHKIMK U HUBHA €T3UCTEHIIMja BO MHOXECTBO.

IIpumep 4.5. Ja ce Hajie dz ako z=e *~ ¥ BO cIlyuaj Kora x U y
Ce HE3aBHCHU IPOMEHIIMBHM U BO Clly4aj Kora Mely HUB IOCTOM (PyHK-
IMOHANTHA BPCKA Y = X .

Eo @D, T @D, dm e Mdr-20 Yy,
ox oy

dz =— e (1 + 4x)dx.

x—2x?

Ospie popMaiiHoO criokeHaTa (PyHKIHja € z(x) = w(x) = e~

. 2 2 .
Hpumep 4.6. [la ce Hajue dz ako z = ¢* ™7 BO CJIy4aj Kora x u y
Ce HE3aBHMCHU IPOMEHJIMBY U BO cjIy4aj Kora ce (DyHKIMH Of €Ha peal-
Ha TIPOMEHTNBA ¢ lepUHAPAHH CO PABEHKHUTE X =1,y = 1.

dz = %der%dy =2 dx + 2yex2+y2 dy,
Ox oy
OJIHOCHO

2, .4 2, .4
dz= (Qte" ™" +4r’e" " )dt .

OBjie popManHo coxkenata hyuknmja e z(f) = w(t) = ¢’ " .
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Ocobuna 4.1. Heka u v v ce nBe peasHn (DYHKINH JaicHA CO pa-
BEHKHUTE U = fi(X1, X2yeees Xi), V = fo(X1, X2peeny Xp), MUPEPEHINjAOUITHU BO
Toukata A(a,, a,..., a,). Toram Baxku d(cu) = cdu, ¢ € KOHCTaHTa;

du £ v) =du £ dv; dluv) = udv + vdu; d( )—M MpU LITO CHUTE
v

nudpepeHIrjaIn ce 3eMEeHN BO TOUKaTa A.

JHoxa3oT ce cBefyBa Ha fAepUHUIMjaTa HA IPBUOT AUPEpEHIjaT
U COOJIBETHUTE OCOOMHU Ha NMpBUTE NapuyjaiHu uzBogu. Cenak, npaBu-
n10TO 32 uepeHIjan Off IPOU3BOJ Ke O JOKaKeMe U CO KOPHUCTCHe
Ha MHBapujaHTHOCTa Ha (popmara Ha npeuot audepenuujai. Ke nedu-
HUpaMme peaiHa (PyHKIMja w Off ABE PEallHu MPOMEHJIUBH i, V CO PaBEH-
kata w(u, v) = u-. Toram

W) g+ S 4 (—v+u—)d +(—v+u—)dy =
Ox oy ox ox oy

(_d +2—ud W+ (—dx+?dy)u = vdu + udv.

d(uv)=

., ow
Hcroro MOXe fa ce MOKaxXe W Ha CIEJHHOT HAYUH. leme]Kna—: v,
u

=u, 3a IPBUOT AUepeHnyujan Ke gooueme:
v

dw = a—WdLH— + 6—dv = vdu + udv.
ou ov

3uaun, d(uv)=vdu + udv.
[IpBuoT gudpepeniujan ce BUKa u TOTalleH AU epeHIujat.

Teopema 4.7. Heka e najena paBenkara F(x, y) = 0. AKo yHK-
njata F' e qudepeHunjabuiHa BO HeKOja OKonMHa V(4, J) Ha ToukaTa

A(xo, o), Kafie IMITO Z—F # 0 u F(xop, yo) = 0, TOram nocTou MpaBoaroJHuK
4

A ={(x, Y) Ik = xol <a, [y = yol <b}cV(4, 6) ko] pedpunupa pysKumja fco
paBeHKaTa y = f(x), nudepeHujabuirHa Ha MHOXKECTBOTO {x | |x — xo| < a}
Ha Koe F(x, f(x)) = 0.

Ipumep 4.7. (3B0op o MMIUTUIIATHO 3aiafieHa pyHknyja.) Heka
peanHaTa (pyHKIH]ja f O €HAa pealHa MPOMEHIIMBA € 3ajajficHa UMIUIH-
IUTHO cO paBeHkarta F(x, y) = 0, Kajie ITo y = f{x), 0pu WTO PyHKIUjaTa
F, xako peanHa (pyHKIMja Of ABE peasHu MPOMEHIINBH, € AudepeHnja-
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OusHa BO TouKaTa A(xg, o), Kafe WTo Yy = fixo), F \(xo, yo) # 0 1 f'e nu-
¢epeHnmjabuiIHa BO TOUKATA X).

Toramm cnopes MpaBUIOTO 3a U3BOJ OJ CJIOKeHaTa (pyHKIHja w,
neduHMpaHa co paBeHkaTa w(x) = F(x, f(x)), w(x) = 0, Ke Baxku

dw(x,) _ OF(A) dx(x))  OF(4) dy(xy)
dx dx oy dx
(ToBosHO € BO penarnmjaTa 3a U3BOJI Of] CJI0XKeHa (PYHKIAja J1a ce 3eMe
x=t=¢t),y=ft) = y(¢t).) 3uaun,
_OF(A) | OF(4) dy(x)
ox oy dx

Of] KaJie ITO ce JoOMBa MPBUOT U3BOJ

0

OF (A4)
oy () a
f (x0)= dxo - = anCA) N
oy

Heka cera f'e peanna yHKIMja Of] IB€ pPealHd TPOMEHIIUBH X, ¥
3ajiaficHa UMIUTUIUTHO CO paBeHKaTa F(x, y, z) = 0, Kajie To z = f{x, ).
Hexka peannara ¢yHknumja F o Tpu peasHn TPOMEHIINBH X, ), z € aude-
peHnujadunHa BO TodkaTta A(xo, )o, Zo), a pyHKUIHjaTa f € qudepeHu-
jabunmHa BO TOYKata B(xy, ), pu mTo F '(xo, yo, z0) # 0, zo = flxo, Vo).
Toramm ce go6uBa

_ow(B)  OF(A) dx(x,) N OF (A) dy(x,) N OF (A) 0z(B)
o ox dx oy dx oz Ox

0

_ ow(B) _ OF (A) dx(x,) N OF (A4) dy(x,) N OF(A) 0z(B)
oy ox dy oy dy Oz oy
of Kajie ce oOuBa

0

b

OF (A) OF (4)
=B) _ o oz(B) _ @y
ox or(4)”° dy oF(4)”°
oz oz

npu mTo w(x, y) = F(x, y, f{x, ¥)), w(x, y) = 0. (JIoBoJHO € BO penanujaTa
3a WM3BOJ Off CiIoKeHa (pyHKIHWja ma ce 3emMe x = u = @(u, v), y = v =

y(u, v).)
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4.4.I'eomeTpuCKO TOJIKYBamke HA NPBUATE NAPUUjaTHA U3BOJH .
HM3Bop no npasen.

Hepunuyuja 4.5. Hexa f e dyHKumja majgeHa co paBeHKara z =
f(x, y), nedpuaupana Ha obmacra EcR? Axkofe nudepeHnjabunHa Ha E,
TOraml Hej3uHUOT rpaduk G BO peanHHoT mpocrop co JlekapTos mpa-
BOAroJieH KOOPAANHATEH CHCTEM Ce BHKa TiIaTKa MOBPIINHA.

Hecpunuyuja 4.6. Hexa e napena ¢pynkumja F(X, y, z) Koja e He-
NpeKuHaTa 3aeJHO CO CBOMTE MPBM TMapIyjajHU M3BOAM Ha objacra
Q2 c R®. Heka co pasenkara F(x, ¥ , z) = 0 e ge(bMHIpaHO MHOXKECTBO
S={(x,y,2)e ]| F(x,y, z) = 0}. Ako 3a cekoe (X, Y, z)€S # & Baxn

(6FJZ (GFJZ [8Fj2
— | +| = +|—]| >0,
OX oy 0z

TOrai S ce BUKa rjiaTka MoBpIIrHa.

Heka f e ¢pynkumja gagena co paBenkara z = f(X, y), nudepeHuu-
jabmiHa Bo Hekoja okonuHa V(Ao ) Ha ToukaTa Ag(Xo, Yo). Heka Hej3u-
HUOT rpacuk Gf MOKE T€OMETPHUCKH Jia Ce MPETCTaBH KaKO reOMETpH-
cko Mecto o Touku M(X, Y, f(X, y)) (moBpIMHAa) BO peaiHuOT MPOCTOP CO
JlexapToB mpaBOarojieH KOOPJAMHATEH CUCTEM.

Heka Ao(Xo, Yo) € HOpMaHa TpoekIja Ha Toukata A(Xo, Yo, Zo),
Zo = f(Xo, Yo), Bp3 pamamuaaTta X0Y. [la mocTaBuMe JJBe paMHUHH CO paBeH-
KU Y = Yo, X = Xo, HOpMaJHU Ha pamMHUHaTa X0Y, KOM MUHYBaaT HU3 TOY-
kata A(Xo, Yo, Zo). HuBHUTE Tpecenyu co moBpIIMHATa K€ MPEeTCTaByBaaT
kpuBH PQ 1 RS Kou iexkaT BO THE paMHMHU COOJBETHO (TpTexXK 15).

z=f(x,Yo)

z=f(Xo,y)
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AHATUTUYIKY THE KPUBH ce Tpaduiy Ha QYHKIMHA @ U Y/, 3a/1ajie-
HU co paBeHKUTE @(X) = f(X, Yo), YY) = f(Xo, ¥). Criopen neduauIjaTa HA
IIpBUTE NMapliyjaTHu U3BOAM Ha pyHKIHjaTa f Ke Baxku
oA(A) _ oy OF(A) _
— =9 X)), —— = 0)-
- ) Y v (Yo)
3Hauu, Ciopesi reOMETPUCKOTO TOJIKYBakh¢ Ha MPBUOT U3BOJ Kaj
(yHKIME Of elHAa peallHa MPOMEHJINBA NMPBUTE MapIMjalHu U3BOM Ha
¢yaknmjara f Bo ToukaTa Ao TEOMETPUCKH MTPETCTaByBaaT arioB Koedu-
IIMEHT Ha TaHTEHTUTE TOBJIeYeHN Ha KpuBuTe PQ u RS coomBeTHO BO
ToukaTta A(Xo, Yo, Zo), T.€.

ot (A) _ of (Ay)
OX

tg«, ——= =1gp,
oy

Kajie MTO o U B ce arjuTe Mery MO3UTUBHUTE HACOKHM HAa OCKUTE X OfI-
HOCHO Y ¥ COOJIBETHUTE TaHT€HTH.

Bo cormacHOCT cO TeOMETPUCKOTO TOJKYBAhE Ha TIPBUATE TTAPIH-
jalTHu M3BOMIM Ha (DYHKIMH OJf BE PEATHU MPOMEHIABA W COOBETHOTO
reOMETPHUCKO TOJIKYBam€ Ha MPBUOT M3BOJ| Kaj (PYHKIMK OJf €J{HA peall-
Ha MPOMEHJINBA, BEKTOPUTE HAa TAHTEHTUTE Ha COOIBETHUTE KpuBH PQ 1
RS (uprex 15) Ke 6GunaT gajieHu co CIEHUTE KOOPAUHATH:

t, :(1,0,%), t, =01, 2

N
Ha 3abeNneskuMe J€Ka HOpMAaJHAOT BEKTOp N Ha paMHHHAaTa
- -

KOja MUHYBa HM3 TOYKaTa A, OlpejielieHa co Bekropure t, , t, , ce fo-

OMBa Kako BEKTOPCKH IPOU3BON

oo oz(Ay)  0z(Ay)
n=t, xt =(- x Py , 1).

Kaj peamnuTe (yHKIUN Of €HAa peayHa MPOMEHINBA MOXeMe
la KOHCTaTUpaMe JieKa U3BOJOT BO TOYKA MOXKeE Jla ce pasriiefyBa ! Ka-
KO Op3MHA Ha MpOMeHaTa Ha BPETHOCTUTE Ha (PyHKIMjaTa BO Taa TOYKa
(MomeHTanHa O6p3uHa). Toa 3HauM morojeM u3BOjA Kako Opoj, morojaemMa
MpoOMeHa Ha BpeJHOCTUTE Ha (pyHKIMjaTa 1 OOPaTHO.

AHalorHo, u IpBUTe NaplMjaTHU U3BOJM Ka] peasiHa (pyHKIM]ja
Of /B peaslH! MPOMEHJIMBH MOXKAT /la ce pa3riefyBaaT Kako Op3MHa Ha
npoMeHaTa Ha BPEIHOCTHTE Ha (PyHKIMjaTa BO OHOC Ha eHATa WIH
Apyrata MpoMeH/InBa (MM BO HAcOKaTa Ha COOJABETHUTE KOOPIUHATHU
OCKU WJIM BO HACOKHUTE Ha OPTOBUTE Ha KOOPUHATHUTE OCKU KaKO BEK-
Topu). OBOj MOMM 3a M3BOJ] MO3KE Jia ce OOOMIITH Ha CICIHUOT HAUH.
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Hepunuyuja 4.7. Hexa f e dyHKuuja mageHa co paBeHkarta z =
f(x, y), mucepennmjabuHa BO HeKoja okonmHa V(A J) Ha TOYKaTa
Ao(Xo, Yo). Heka Bo [IekapToB mpaBoarojieH KOOpMHATEH CHUCTEM € Ja-
lieH mpasel (OpueHTHpaHa TOJyIMpaBa) co MOYETOK BO TOUYKaTa Ao, Je-

IN
¢uHUpaH co egMHMYEH BEKTOp € = (Cose, Sine, 0). Heka A(Xo, Yo, Zo),
Zo = f(Xo, Yo), € Touka ox rpacukoT Gy (MOBpIIMHATA) U HEKa AX U Ay ce
HapacHyBamka Ha MPOMEHJIMBUTE X M Y BO TOYKaTa Ay CO CBOjCTBO TOY-

kuTe Mo(Xo + AX, Yo+ Ay)eV(Ag, 6) na ce TOUKHM Off moJynpaBaTa neduHu-
-
paHa co eUHUIHUOT BEKTOP € , IaJileHa CO MapaMeTapCKUTe PaBEHKH X =

Xo + tCOSer, y = Yo + tSine, z = 0, t e mapameTap. [IpuTtoa Ax = tcosa , Ay =
tsina (uprex 16).

JedunnpamMe HOBa cinoxkeHa pyHkuMja F of efHa peanHa npo-
MeHmBa co paBeHkata F(t) = f(X, + tcose, Yo + tSina) Bo HeKoja oKoIMHA
Ha ToukaTa t = 0 co ocobmna M(Xo + tcose, Yo + tsina)eV (Ao, ), F(0) =
f(Xo, Yo). PyHKuMjaTa F Kako cioxkeHa (pyHKIMja e AucepeHnmjadurHa
BO Toukara t = 0 (cmopep ycimoBot f e nupepennujabuiina, a MOMOIIIHUTE
ynkuun @(t) = Xo+ tcosa u y(t) = yo+ tsina ce gudepeHnnjabUIHA KaKo
JTMHEApHU (PYHKIIHN).

Toram nocrou npB u3Bop F'(0), koj ce BuKa U3BOJ Ha (PyHKIM]ja-

- dz dz
Ta f Bo ToukaTa Ao o nmpaseqn € CO O3HakKa fjf()) nim 520) . HpI/ITOEl
lim F{)-FO) _ lim f(x, +tcosa,y, +tsina) — f(Xy,Y,) _ Iimg.
t—0 t-0 t—0 t -0 At
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- o
Axo a=0, Toram t = AX, Ay =0, e =i u ce JoOMBa MPBHUOT Tap-
ujajieH u3Boj Ha pyHKIMjaTa f BOo ogHOC Ha MpOMEHIMBaTa X BO TOY-

T - 7
KaTa Ag, a aKo o = E , Toram t=Ay, AX=0, e = | , u ce ;oOuBa NPBUOT

napuyjajes u3Boj Ha (pyHKuMjaTa f BO OfHOC Ha MpOMEHJuBaTa Yy BO
Toukarta Ay.

OBoj U3BOJ MOXE Jia ce pa3rieflyBa Kako Op3KMHa Ha IIpOMeHaTa
-
Ha BpeHOCTUTE Ha (pyHKuHjaTa f BO mpaBelr Ha BEKTOPOT € .

Co KOPHUCTEHE HA IPABUJIOTO 3a U3BOJ OJf CJIOKEHA q)YHKHI/Ija ce

nob6uBa
dz(Ay) _ G2(Ay) Ox(0) | Ge(A) dy(0) _ Ge(A) o, (A
dt ox dt oy dt X oy '
Hepunuyuja 4.8. Bektopor 62((3,:0) _i)+ 822,;0) —; ce BHKa

rpagueHT Ha pyHKuujaTa f Bo ToukaTa Ay co o3Haka grad f(Ag).

dz(Ay)

e (grad f(Ao), g) (ckanapen

IIpu oBa Baxku penanujara
NPOU3BOJ] HA JIBA BEKTOPA).

Heka ¢ e aromor mery Bektopure grad f(A;) m e . Toram
dz(Ay) _
dt

(gradf(Ao), € ) =| grad f(Ag) || e | cosg = | grad f(Ag) [cOS ¢, ma 3Haun

| grad f(Ap) | cos .

3a ¢ =0 u3BOAOT MO Npasel Ke UMa HajrojieMa BPEeJHOCT, IITO
3HAYM JieKa HajrojieMaTa MpOMEeHa Ha CBOjaTa BPEHOCT (pyHKIHjaTa ja
“Ma BO HacoKaTa Ha CBOjOT TpajiieHT (BO Taa HacOKa HajOp30 pacre Wiu
omara). Toj pakT ce KOpUCTU BO METOJUTE 3a pelllaBambe Ha MPOOIeMH
Ha ONTUMU3aIK]ja.

4.5. TanreHTHA pAMHIHA 1 HOPMAJIa HA NIOBPIINHA.
I'eoMeTpHCKO TOIKYBambe HA TOTATHUOT Au(pepeHnujan

Hexka f e ¢ynknuja nagena co pasenkara z = f(X, y), audpepennu-
jabmiHa Bo Hekoja okonuHa V(Ao ) Ha ToukaTa Ag(Xo, Yo). Heka Hej3u-
HHUOT rpauK MOXKe reOMETPHUCKH Jja Ce NMPETCTaBH KakKO T€OMETPUCKO
Mecto ox Touku M(X, y, f(X, y)) (moBpimHa) BO peallHHOT MPOCTOP CO
JlexapToB IpaBOarojeH KOOPANHATEH CUCTEM.
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Heka A, e HOpmanHa mpoeknmja Ha Toukata A(Xo, Yo, Zo)eGy,
Zo = f(Xo, Yo), Bp3 pamuunaTa X0Y. [la mocTaBuMe JJBe€ paMHUHM CO paBeH-
KA Y = Yo, X = Xo, HOpManHi Ha paMHuHaTa X0Y, KoM MHHyBaaT HH3
toukaTa A. HuBHHTE mpecemy co mMoBpIIMHATA K€ TPETCTaByBaaT KPUBU
PQ u RS (uprex 17) Kou nekat BO TUE paMHUHU COOJ[BETHO.

Bo cormacHOCT co reoOMeTprUCKOTO TOJNKYBaHk€ Ha MPBUTE MaPIH-
jaTHU W3BOAM COOJBETHUTE TAHTeHTH Ha KpuBuTe PQ m RS Ke Ompar
MpaBy JJaJIeHU CO PaBEHKUTE

t, 1z2—20=f"x(Xo, Yo)(X = X0), Y =Vo; b, 1Z—20=1"y(Xo, Yo)(¥ — Y0), X = Xo.
Hegunuyuja 4.9. PamannaTa onpefeseHa co MpaBuTe t, ut, ce

BUKa TaHT€HTHA paMHHMHA Ha moBpimHaTa G Bo Toukara A(Xo, Yo, Zo) € Gt
U Hej3MHaTa paBeHKa Ke Oupie
z = 29=f'x(Xo, Yo)(X = Xo) + f'y(Xo, Yo)(Y — ¥o)-

Moske fja ce oKaxke JieKa ceKoja TaHTeHTa Ha MPOU3BOTHA KPH-
Ba KOja MMHYBa HU3 TOYKaTa A M W mpunara Ha MOBPIIUHATA, JIEXKH BO
TaHTeHTHAaTa paMHUHA.

HecHata cTpaHa Off paBeHKaTa Ha TaHT€HTHaTa paMHMHA MOKe
la ce pasriieflyBa Kako TOTalleH AudepeHInjal ako ce 3eMe X — Xo = dX,
Y — Yo = dy (KakO HapacHyBama Ha MpoMeHNuBHTE X 1 Y ). Toramn paBeH-
KaTa Ha TAaHTEHTHATa paMHUHA MOXKE Jla Ce 3amuile BO BUJ Z — Zp =
dz(Ao), kage mTo AUepeHIHjaIoT ce 3eMa BO ToukaTa Ag(Xo, Yo) BO
OJTHOC Ha HapacHyBamara dx u dy.

Co Toa ce moO6MBa TE€OMETPUCKOTO TOJKYBalke€ Ha TOTAJTHUOT
nudepeHIjan Kako pasliika Ha TpeTaTa KOOpJuHaTa Zy Ha TOYKaTa
AeG¢ u TpeTaTa KOOpAMHATA Ha TOYKAa M OJf TAHT€HTHATa paMHHMHA YHja
npBa KOOpAMHATA € Xo + dX m BTOpa KoopauHata Yo + dy, T.e. dz(Ag) =
im , Kajie mro
M(xo + dx, Yo+ dy, Zo + T «(Xo, Yo)dX + " y(Xo, Yo)dy),  N(xo + dx, yo+ dy, 7).

Axo f e 3agajmeHa UMIIIMIATHO cO paBeHKata F(X, y, z) = 0,
z = f(x, y), nupepennujadbunna Bo Ag(Xo, Yo), Ipu 1mTO pyHKIMjaTa F e
muacdepenmjabmTHa Bo ToukaTa A(Xo, Yo, Zo) 1 F'; (A) # 0, Torarmn paBeHKa-
Ta Ha TAHT€HTHATa paMHWHA Ke TJIaCH:

F'«(Xo, Yo, Z0) (X = Xo) + F'y(Xo, Yo, Z0)(Y — Yo) + F 'z (X0, Yo, Z0)(Z — 20) = 0.

PaBenkure Ha HOpMaJjiaTa Ha TaHI'€HTHAaTa paMHWHA Ha MOBPIIN-
HaTa BO TOUYKaTa A, a CO TOa U Ha MoBpIIXHATa, CE€ TaJ€HU CO
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X=Xo _ Y=Y _2-7 . X=Xo _¥Y~=Yo_2-1
oz(A,)  0z(A) -1 Fi(A) F(A) F/(A)
OX oy

Lpivexc 17

3a peannuTe PYHKINHU Off €EAHA peajiHa MpoMeHuBa Oemle ¢op-
myaupana JlarpanskoBaTa Teopema, OJHOCHO TeopemaTa 3a CpeJiHa
BpenHoct. CimyHa Teopema Ke ouje hopMynupana u 3a peaiau (pyHK-
UM Off ABE pEallHd NMPOMEHIIMBH, KOja K& MOXKe f1a ce OOOMIITH W 3a
peanHu (yHKIMH Of] TOBEKE peaTHi NPOMEHIIUBH.

Teopema 4.8. Heka e nanena pynkiuja f co paBenkara z = f(x, y),
necdpuHpaHa Ha ob6jacT E Ha Koja MMa HeMpeKWHATH NMPBU MapIdjaTHI
u3BO/M (3HauM, Taa ¢ audpepeHnujadmina Ha E). Heka A(Xo, Yo) 1 B(Xo + h,
Yo + k) ce aBe ToukM o E co ocobunaTa m orceukara AB, KakO MHO-
skecTBO TOUKA {(X, ) [ X=Xo+th, y=yo+tk 0<t<1}, nma mpunara Ha E.
Toram mocrou Touka C (Xo+ €h, yo+ 6K) 3a Hekoe 6,0 < < 1 o oTcey-

o€, , &€,
Ox oy

kaTa AB TakBa mTo Baxu f(Xo + h, yo+ k) — f(Xo, Yo) =

OBaa Teopema nokaxysa ieKa Kaj fuepeHnujaduiHn (pyHKIuu
MOXKe Jla ce U3BPIIU allpOKCUMalyja Ha (PyHKIMjaTa co JIMHeapHa (pyHK-
oyja BO JOBOJIHO Maja OKOJIMHA Ha KOHKPETHA TOYKA, IITO € MHOTY
BaKeH (PaKT.
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§5. HAPIIMJAJIHU N3BOIA U JUO®EPEHIINJAJIN O BTOP U
MNOBUCOK PE[J

5.1. ITapumjannan u3Boau 1 qudepeHnujaan o BTOP U NOBHCOK pejy Ha
peann (PYHKIHH OJf ABE U MOBEKe PeaHi NMPOMeHINBH

Hecpunuyuja 5.1. Heka f e ¢pyHkuuja majeHa co paBeHkarta Z =
f(x, y), necpunupana Ha ob6nact E, u Heka mocrojat Hej3MHM NPBU Maplu-
januu u3BopHu yukuuu f 'y, f'y, nedunupanu Ha E. AKo mocrou nps
napijajgeH u3Boa o pyHknmjaTa f', BO OJHOC Ha TPOMEHJIMBATA X BO
toukaTta A(Xo, Yo)€E, Toram Benmmme fieka e neduHMpaH BTOp Mapuu-
janeH u3BOJ Ha (pyHkiyjaTa f BO ToukaTa A BO OIHOC Ha MPOMEHJIUBATa
X, €[IHaKOB Ha MPBUOT NapuyjajeH u3Boy o pyHkuujaTa f'; Bo Toukara
A BO OJTHOC Ha IPOMEHJIMBATA X, CO O3HAKaTa

of
2ty oty )y YGIW

2

o ,of " "
P &(&)(A)7 1:xx (A)’ fXZ (A)

ox? ox oX
Ha uct HauuH ce fepuHUpaat yuITe Tpu BTOPH NaplyjaIHU U3BOJM:
of
) , o()(A)
o2f(A)  o(fy )(A) oy o of .,

ayZ ay 8y ’ 5(5)(A)’ fyy (A) ’ f;z' (A)5

KakKo BTOp MaplujajieH u3Boj Ha pyHKuujaTa f Bo Toukara A BO OffHOC
Ha IPOMEH/IMUBATA Y ;

b b

of
ot o mw Ny My, A
oxoy ox x o ooaxey T ’

KaKo BTOp NapIujajieH u3Boj Ha pyHkumjaTta f Bo ToukaTta A BO OffHOC
Ha IPOMEHJIMBUTE Y U X;

of
GRIC I UDTO R AN SR PR
o a0 e
KaKO BTOp NapuujajieH u3Bof Ha ¢ynkumjata f Bo ToukaTa A Bo ofHOC
Ha IpOMEHJ/IMBUTE Xun y.

0%z 0%z 0%z 8%z

ox% oy? oxdy  oyox

Yecto ce ynOTpCGYBaaT " CICOHUTEC O3HAKM :
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ITocnepHuTe ABA MapuyjalHA W3BOAA CE€ BUKAaT M BTOPU MeEIla-
HU napuyjanHu u3Bopu. CuTe 4eTHpH M3BOAM CE€ BUKAAT NapIWjaIHU
U3BOJM Off BTOP pef.

Amnanorso ce pgeduHUpaaT U NapUUjalHU U3BOAM Off MOBHCOK
pen. Ha uct HaumH ce nedpuHupaat U napiyjajaHu U3BOAM Off BTOP U IO-
BHCOK peJl Kaj peanHu (PyHKIUU Off NOBEKE pPEANHU IMPOMEHIIUBHU.
IIputoa e BaxkHO Aa 3a0ejeXXUMe JIeKa CUTE M3BOJYU CE BO OIpeENesIeHa
TOYKa, MAKO PEYNMCH IO NPABUJIO C€ HAOraaT KaKO MU3BOJAHU (DYHKLIUHU
0e3 J1a ce Ha3Ha4M OIpefiesieHaTa TOUKa.

IlIpumep 5.1. [1anena e ¢pyukuujata z = f(x, y) = arctgl co nedu-
X

armona obnact RA{(0, 0)}. Hajau ri cuTe BTOpH TIapIyjaHi H3BOMIHL.

x  xX*+y?l oy x2+y? X (x2 +y?)?’
0%z _ x*-y? %z _ x?-y? %z 2xy

xy  (C+yd)? ayax (C+yR)? oy (xXP+yh)?

Cure nmapumjanau u3Boau ce Bo Touku (X, y) # (0, 0).

o’z 8%z
J1a 3abemeskuMe leka —— = ———.
OXoy  Oyox
2 2
X -y 2 2
Xy ———, X
IlIpumep 5.2. Hexka 7 = y X% +y? Ty Toram

0 ,x*+y?=0
o | Y -yiaadyt)
o (x2+y2)2
OX 2 2
0 , X°+y =0

2

BropuoT mapuujaneH u3Boj

Bo Toukarta (0, 0) ce Haora

criopef AepUHUIIjaTa KaKO TPaHUYHA BPEHOCT:

0z(0,Ay) 0z(0,0)

2
o2 0,0)= 2 (Z)00) = lim— X __q
OyoX oy OX Ay—0 Ay
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Ha ucrt Hauun ce 11061/1}321 BTOPHUOT MCIIaH HapunjaneH n3BOJ BO

0%z
toukara (0,0), —— (0, 0) = 1.
OXoy

0%z 0%z
Bo oBoj npumep —— (0, 0) = —— (0, 0).
Oxoy 0yox

3abesexyBame Jleka BO OIIIT ClIy4aj HE MOpPa MEIIAHUTE BTOPH
napuujagTHu U3BOJU Jla OUiaT eJHAKBH.

Hegunuyuja 5.2. Heka f e pynkiumja gageHa co paBeHkara u =
f(X1, X2,..., Xm). Benmume peka ¢pynkuumjata f e n-matu gudpepenujabunHa
Bo ToukaTta A(a;, ..., &m) aKO CUTE HEj3MHU TNAPLHjaIHU U3BOAU Off
(n—1)-BuoT pef, Kako (PYHKIHMH, ce AuepeHInjabuTHA BO TOUKaTa A,

JacHO e fexka cmnopej coofBEeTHaTa TeOpeMa JOBOJIEH YCIIOB 3a
mudepeHujabuITHOCT Off N-TU pef] € YCIOBOT CUTE MaplujaTHu U3BOIA
oJ1 N-THU pef] KaKo (PYHKIUY Jla Ce HETIPEKWHATH BO TOUKaTta A.

Teopema 5.1. Axo dyukuumjarta f, jagena co paBenkara z = f(x, y)

e nBa matu pudepeHnjabminHa Bo Toukata A(Xo, Yo), TOramr Baxku

2 0%z

0OyoX

Jloxas: Heka V(A, 6) e okoJimHa Ha TOYKaTta A BO KOja ce 33JJ0BO-
JIGHN cUTe ycloBHM Ha TeopemaTta. Heka h # 0 e HapacHyBame Ha mpo-
MEHJIMBUTE X M Y CO CBOjCTBO 3a cekowm h;, h,, 3a kxom Baku 0 < |hy| < |h],
0 < |hy < |h|, pa Baskm M(Xo + hy, Yo + h)eV(A,0). Heka co @ e o3HaueH
u3pasor f(xo+ h, yo+ h) — f(xo + h, yo) — f(Xo, Yo+ h) + f(Xo, o).

Hedunupame HOBa pyHKIHja @ co paBeHKaTa ¢(X) = f(X, yo+ h) —
f(X, Yo), KOja e mudpepeHIjabMITHA HA WHTEPBAJ CO KpajHU TOUYKHU Xo M
Xo + h m HempekMHaTa Ha CErMEHT CO KpajHH TOYKH Xo M Xo + h (mopaam
muacdpepenimjabmrHocTa Ha f ). Toram @ =A@ = o(X, +h) — ¢(Xo), a copen
JlarpankoBaTa TeopeMa, IpUMeHeTa 3a (PYHKIHjaTa ¢ Ha COOBETHUOT
CErMEHT, Ke ToCcTo! C = Xg + & h of coogBeTHMOT MHTEpBai, 0 < 6 < 1,
Taka IITo

D = p(Xo+ h) — plxo) = ¢ (€)-h = [f"(C, Yo+ h) —f",(C, yo)I'h =
{[f 'x(C, Yo+ h) = (X0, Yo)] = [f "«(C, Yo) = T "x(Xo, Yo)I}-h.

Bunejku ' e mupepennmjabmraa pyHKnmja BO ToUKaTa A CIio-
pen yCIoBoT, K& nMame:

0“2
f")( A :f" XA7 X, .
y(A) w(A), opHOCHO X0 (Xo0,Yo)

(Xo.Yo) =
Yy
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f'y(Xo+8h, yo+h)—f " (X0, Yo) = f " xx(X0, Yo)-@h +T " (X0, Yo)-h+en-0h +41-h

71
f'x(Xo+ @h, yo) — f'x(Xo, Yo) = f " xx(Xo, Yo)-Oh + -0,
kage mwro lime, = lima, = limpB, =0, Te. &1, % u f ce 6eCKOHEIHO
h—0 h—0 h—0
Mamu QyHKIEE npu rpaHngHEOT Tpomec h—0. Cnopem Toa, @ =
[f" «(Xo, Yo) + a]-hz, Kaje mTo o = o6+ i+ wf e 6ecKoHeuHO Maja
¢yakumja npu rpaHnIHUOT mporec h—0.

Co pmedumHmpame Ha Jpyra HoBa (PYHKIHja ¥ CO paBEeHKaTa
wy) = f(xo + h, y) — f(Xo, y) Ha CETMEHTOT CO KpajHU TOUKH Yo U Yo + h, Ha
UCT Ha4uH ce foousa @ = [f" x(Xo, Yo) + /ﬂ-hz, Kajie mTo £ e 6ECKOHEUYHO
MaJjia (pyHKIIHja pU rpaHunyHUOT npouec h—0.

Bunejku h =0, ox iBeTe paBeHCTBa ce J0OMBa

f "xy(XOa YO) ta= f IIyx(XOa yO) + ﬂ’

OJ1 Kajie pu rpaHunyHNoT npouec h—0 ce fobusa

f "Xy(XOa Yo) = f "yx(XOy Yo)-

Ha 3abenexume aeka of AU epeHIjabuIHOCTa HA (DYHKIMUTE
f'xuf'y cmepgyBa ersucTeHnyuja 1 HENMPEKUHATOCT HA CUTE MApLUjaTHU
U3BOAHM (pyHKIMU Off BTOp pefi Ha dyHkuyjaTa f Bo Toukara A. Cenak,
PaBEHCTBOTO HAa MEILIAHUTE NMAPLUUJATTHA U3BOAH Of BTOP PEJl BaXKH U CO
Oocl1a0eHu yCJIOBH, OJHOCHO CaMO CO E€r3HMCTEHIHja U HENPEKUHATOCT
caMo Ha MellaHUTe BTOpU NapuujanHu u3BogHu ¢pyukuuu ', nf" Bo
TOuKara A.

Teopema 5.2. Heka f e pynkuuja gagena co paBenkara z = f(x, y)
U HeKa nocrojat napuujansu uzsopu f 'y, f'y "y u " Bo Hekoja oKo-
muHa V(A, 9) Ha Toukara A(Xo, Yo). Ako f "y, uf ", Kako pyHkum ge-
¢punupanu Ha V(A, 0), ce HEPEeKUHATH BO A, TOralll Ba’Kil paBEHCTBOTO
£ (0. Y0) = £ (%0 Yo).

oka3: Cera MOBTOPHO fia TO pasriiefjaMme UCTUOT u3pas3 @ of fo-
Ka30T Ha MpeTXOfHaTa TeopeMa U jia ro 3eMeMe NPBUOT TpaHchOpMu-
pan u3pa3z @ = [f'(Xo+ €h, yo+ h) — ' (X0 + @h, yo)]-h, Koj BeymHOCT
MpeTcTaByBa pa3jinKa Ha BpeJHOCTHTe Ha (yHKmmjaTa f', Bo ToukmTe
(X0t €h, yo+ h) u (Xo+ @h, yo) noMHOKEHA co h (BO 3aBUCHOCT Off 3HAKOT
Ha h mHTepBanuTe Ke 6uaat u co oOpaTHHU KpajHH TOUKH).

[Tonatamy pecdunupame HOBa (PyHKIHMja H cOo paBEeHCTBOTO
H(y) = f'«(Xo + € h, y), Koja cnopep ycnoBoT e nudepeHIrjabmiHa Ha
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WHTEPBAJIOT CO KPajHN TOYKH Yo U Yo + h M HempeKnHaTa Ha CErMEHTOT
CO KpajHU TOYKM Yo U Yo+ h. Bo cormacHocT co Teopemara Ha Jlarpanx
Ke TIOCTOH C; Of] TOj MHTEpBaN: C1 = Yo+ #1h, 0 < ;< 1, Taka mto

D= H(y0+ h) - H(yo) =f "Xy(X0+ ¢9h, Yot th)hz

Cnopen ycnoBot ¢ynknmjarta f ", e HenmpeknHaTa Bo Toukara A
u ke Baxu f " (Xo+ h, yo+ 8:1h) =1 " (X0, Yo) + &, Lir‘raal = 0, ma ce mo6u-
-

Ba @ = [f " (X0, Yo) + a]-h’.

Ha uct HaumH, co KopucTeme Ha TPAaHC(OPMUPAHUOT U3pa3 J0-
OMeH BO JIOKa30T Ha MPETXOJIHAaTa TeopeMa co Je(pUHApamhe Ha BTOpaTa
¢ynkumja y, ke fooueme D = [f" x(Xo, Yo) + /ﬂ-hz, OJ1 Kajie Ipyu rpaHuyeH
npouec h—0 ce fo6uBa 6apaHOTO PaBEHCTBO.

OBue TBpAewa MoXaT jja ce OOOMNIITAT U Kaj peanHu (pyHKIUU
O]l OBEKe peatHi MPOMEHJINBY, KaKO U 3a MaplfjaTHi U3BOJU Of] OBU-
COK pef.

Heka f e ¢pynkumja nagena co papenkara z = f(x, y), iBa natu au-
¢epenumjadbunna Bo Toukata A(Xo, Yo), 1 HeKa HEj3MHUOT IPB AU(EPEH-

8Za(XA) dx + G dy Bo

1yjan Bo Toukara A e flafieH co u3pasot dz(A) =

OJIHOC Ha HapacHyBamaTa OHOCHO AucepeHuujanute dx u dy Ha mpo-
MEHJIMBUTE X Uy BO TOYKaTa A.

Cera fia ja pasriefaMme fiecHaTa CTpaHa Oj U3pa3oT KaKo (PpyHK-
yja of /iB€ NPOMEHJUBU X W Y, 3eMajKu T'M NapUyjaTHUTE W3BOJHU
(pyHKIIMU KOM CE CHOpe]] YCI0BOT Au(pepeHnnjaObuang BO Toukara A Ha-
MECTO NaplyjaJHUTe U3BOAU BO ToukaTa A Kako OpoeBu. Toj u3pas ke
6une nupepennujabuna pyHknmja Bo Toukara A (dx u dy He 3aBucar of
X ¥ Y ¥ BO OBOJj CJIy4aj ce TpeTupaaT KaKo KOHCTAHTH).

Hepunuyuja 5.3. Ipeuor pudepennmjamr of Taka neduHUpa-
HUOT fudepeHnrjaeH u3pa3, Kako (OyHKIHja Off IPOMEHIIMBUTE X U Y,
BO OJIHOC Ha MCTUTE HApacHyBama OJHOCHO fudepeHnyjanu dx u dy Bo
ToukaTta A, ce BUKa BTOp Aucepennnjan Ha pyHkuujata f Bo Toukarta A
1 ce o3HauyBa co d?z, df, d?z(A), d2f(A).

Ha ucr HaumH ce peduHupaar u AudepeHnnjaan ofi MOBUCOK
pen. Taka ce nedunupaat u nucepeHyjanu oy MOBUCOK PeJ 3a peaHu
(pyHKIIUU Of] MOBEKE pealHU IPOMEHIIUBH.

3a fma gojaeMe 10 U3pas3oT 3a BTOp AUEpeHIujal Kaj peajHa
¢yHKIIKja Of] ABE peayHU IPOMEHIINBY, K€ pa3riefjaMe fiBa ciydaja.
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Heka HajnpBuH X Uy ce He3aBUCHU NMpoMeHnuBH. Toram dXx u
dy He 3aBHcaT Ofi X M Y U K€ BaxKu:

d22(A) = d(dz(M))(A) = d( az(g)'\(") ax+ ZM) g =
0 oz(M) 0z(M) 0 oz(M) az(M) _
ax( x dx + Y dy)(A)dx + % (—8 ——2dy)(A)dy =
822(2/-\) dxz+2622(A) dX‘dy+aZZ(2A) dy2.
OX X0y
ITpuToa idX = idy = idx = idy =0m *z(A) = *z(A)
OX Ox oy oy OyOoX oxoy

cropeqi yciaoBOT, a Toukata M mpumarfa BO cOOofBeTHaTa OKOJWHA Ha
TOukaTa A corjlacHO co ycioBOT f 1a e agBa maTu audpepeHnujaduIHa BO
Toukara A.

Heka cera x n y ce peannu (pyHKIMU Of] IBE€ pEeaTHU IPOMEHIIUBU
UMV JafgeHd co paBeHKUTe X = ¢(U, V), Y = w(u, V), nBa natu nuce-
peHnujabuTHu BO TouKaTa B(Ug, Vo), Kae mTo Xo = ¢(Uo, Vo), Yo = AU, Vo).

Toramdx = ZXdu+ Xav.dy= DLau+ Pavmmdx= 22 adu+ 22 ay,
ou oV ou ov ou ov

dy = aa—ll/:du + %//dv) ce nupepeHIjaTHA U3pa3u Kako (PYHKIUH Off /IBE

npoMeHnuBy U 1 V (du u dv He 3aBHcaT Of U M V U ce TpeTHpaaT Kako
KOHCTaHTH) U K& BaxKu:

a%2(m) = aca)@) = (0D e FMD gy -
aZ(M) )(A)-dx(B) + aZ(A) -d(dx)(B) + (aZ(M) )(A)-dy(B) +
P2 ey )(B)—(a Z(A) dx(B) + aazx) dy(B))-dx(B) +

ZB ey + (XD o) + X ayepeyce) + ) 0y -
o aZX(A) WX(B) + 2 azé;\) AX(B)dy(B) + azy(A) dy*(B) +
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PR 42y + 2B 42y,
OX oy
Co cnopefyBame Ha Taka JOOMEHUTE M3pas3y 3a BTOPUOT Aude-
pEeHIIFjall BO ABaTa ciydyaja BCYIIHOCT JOKaXaBMe JieKa BTOPUOT Aude-
peHIIjan To HeMa CBOjCTBOTO MHBAPHMjaHTHOCT Ha popmara.
Cemnak, JJeCHO MOXKe Jla ce TTOKasKe JleKa Toa CBOjCTBO € TOYHO BO

cryuaj Kora (yHKImnATE @, Y ce muHeapHn dpykomn (d x(B)= d y(B)= 0).

IlIpumep 5.3. [la ce u3BpIIM 3aME€Ha HA IPOMEHJIUBUATE X U Y CO

HOBY IPOMEHJIVBY p U ¢ AeWHUPAHA CO paBEHKUTE X = pCOS®, Y = pSing
2 2
7 0°12
(TTomapHU KOOPIMHATHU ) BO U3Pa30T 8_2 + y , Kayie mTo z = z(X, Y).
X

Pewenue: On paBeHKHUTE Ha 3aMeHa CO IIOCTanKaTa 3a Oapame
mudpepenimjan ce mobuBa dx = cospdp — psingde, dy = singdp + pcosed
on kayie mto do = singdy+ cosgdx, dg = 1 (=singdx + cosgdy). [Tonatamy

Yo,

d?p= l(—COS(pdx —singdy)dg — (-singdx + COS(pdy)d—'? = —ZM ,
P P P

d?p = (=singdx + cosedy)de = p(d@)’.
bupejku

2 2 2
d2= 2L 4p2 420 % dpdp+ CLdpis Lazpr Z
opoy op

o 2

cO 3aMeHa Ha u3pasute 3a gucdepenmujanute dp, dp, d’pu d’pu co
KOMIIapanuja co u3pa3oT
0’1

dz= 2 gx242 92
ox? OXoy

ce mobuBaaT 6apaHWTe NapUXjaTHI U3BOAU. 3HAYHN

0%z 9%z 0%z 1 0%z 1 oz
2t o2 < 2 T T 2 T A
oxt oy op°  p~O0p°  pOp
CO KOpI/ICTeHae Ha ucrarTa I1mocTalika 3a J1061/IBaI-L€ Ha I/I3paSOT 3a
BTOp AudepeHiyjal 1 co MaTeMaTHIKa MHAYKIHja MOXe fla ce fooue
cnepHata popmyna 3a fudpepeHIjaau Off MOBUCOK pef:
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d"z(A) = é(ﬂgﬂf—%{mx) " (dy) " mm d”z(A)z(%dx+%dy) Z2(A) .

Ha ro pasriegame nudepeHIyjaTHIOT U3pas

P(x, y)dx + Q(x, y)dy,

kasie mTo P, Q ce Be peanHu (pyHKIMK Of IBE pEaslHU MPOMEHIIUBH, a
dx, dy ce coonBeTHH AU epeHIMjaTu OTHOCHO HapacHyBama. Ce mocra-
ByBa Er3WUCTEHIMjAJIHO TIpaliame: KOW YCIOBUM Tpeba fa TW 3a0BO-
nyBaaT ¢yukuunTe P, Q 0Boj nudepeHnmjaseH u3pas ga Moxke na ouje
ToTaJieH Audepenujan o Hekoja peanHa ¢yskiyja f. [Iputoa Benmmme
neka u3paszor P(x, y)dx + Q(X, y)dy e ToTaneH aucepeHnujan ako mocTon
¢yukumja z = f(X, y) unj ToTaneH audepeHnrjan € UAEHTUYEH CO TOj
m3pa3 Ha HeKoja o6uacrt, T.e. dz = P(X, y)dx + Q(X, y)dy.

BTopo npamame e Kako f1a ce Hajae Taa PyHKIHMja aKo JAajleHuTe
¢yskuuu P, Q ru 3a0BOIyBaaT THE YCIOBH.

Teopema 5.3. (Ilorpeben ycnoB) Heka e majen qudepeHnmjaieH
u3pas P(x, y)dx + Q(x, y)dy u Heka pynkuuute P, Q uMaaT HepeKUHATH
IPBY NMAPIUjaTHE U3BOAM Ha o6macta DcR% Ako P(x, y)dx + Q(x, y)dy e

) oP 0Q
ToTajeH gugepennnjan Ha D, Toram Baxku paBeHCTBOTO > :& Ha D.
y

Hoxa3: Cnopen ycnosure nocrou ¢ynknuja f Taka mro dz =
674
%y

P _ 9z 0

Co mudpepeHnmpame Ha TUE paBeHCTBA ce JoOuBa — = u X =

oy oxoy OX

df(x) = P(x, y)dx + Q(x, y)dy, om xame ciemyBa P(X, y) = %, Q% y) =

2

Oyox
IPBU NaplyjaTHu U3BOAM Ha oOrnacta D, ox TeopeMara 5.2 3a efHaKBOCT

Q

oP
Ha MEIIAHNUTE U3BOJM Ce JOOUBA PAaBEHCTBOTO E = % Ha D.
X

Ha oOnacra D. bupejku ¢ynkuuute P, Q MMaaT HempeKHHATH

Kaj dynkuum of egHa peaiHa NTPOMEHJIMBA MaleHUOT aude-
peHuyjanen uzpas f(x)dx, kage f e HenmpeknHaTa (pyHKIMja HA CETMEHTOT
[a, b], cexoram e ToTanen gudepennujan. [Ipuroa Gapanarta gyHKIHTja
€ Koja OMyIo MpUMUTUBHA (PYHKIMja TOOMEHa Of HEONPeeIEHUOT UHTe-

rpan j f(x)dx.
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Ilpumep 5.4. Heka P(x, y)dx + Q(X, y)dy = ydx — xdy.

BI/IJ:[ejKI/IZ—P =1#-1= 2—Q, HE IOCTOM COOAIBETHA (PYHKIHja.
Y X

Teopema 5.4. (HoBonen ycnoB) Heka e majgeH audepeHnujaieH
u3pa3z P(x, y)dx + Q(x, y)dy, u Heka ¢ynkuuute P, Q uMaaT HempeKuHa-
TH TpPBU TApIWjalHW M3BOAM Ha ob6nacta DcR® AKO paBeHCTBOTO

P 0Q
— = —— BaXM1 BO CUTC TOYKHU OJF €THOCTAaBHO CBp3JII/IBa obJiacTt D, TO-

oy OX

rail IOoCTOM elMHCTBEHa peanHa yHKiuja f 1o KoHcTaHTa, fajeHa co
paBenkara z = f(X, y), nepunupana Ha D, uuj ToTaneH pudepeHuyujan e
nudpepenjaTHIoT u3pas P(x, y)dx + Q(x, y)dy .

MeTofoT 3a Haofame Ha (pyHKIMjaTa (IpHM AOKa3 Ha HEj3MHA
er3UCTEeHIMja) Ke TO WIyCTpUpaMe Ha CIeTHUOT HaUKH:
oz _ _ f ,
8x =P=z= dex+¢(y):> j X+(oy(y):>
%

¢ oP , X
Q= ,{ Edﬁ 2y (¥) = oY) =yfo [Q_Ex{ Pdx]dy =
X y a X
= | Pdx+ | [Q - — | Pdx]dy .
ey

oz
Mozke n Ha J:[pyI‘ Ha4YMH, aKO CE Tere on paBeHCTBOTO — = Q

Ilpumep 5.5. 1a ce Hajue ¢pynkumja z = f(x, y) Taka mro dz =
(&7 +x)dx + (xe’ — 2y)dy.

oP

Pewenue: Bupejku P(X, y) = ¢/ + x, Q(x, y) = x&’ — 2y, — i — ¢,

aQ
OX
WHTErpupame BO OJHOC HA MPOMEHIMBATA X ce IoOuBa Z = f(ey +Xx)dx =

. oz
= ¢’, moTpeGHMOT yCIIoB € 3af0BosieH. O penanujaTa x =¢'+xco

2
xe’ + X7 + oY), kaze ¢(y) e HeonpeneneHa ¢yukuyja. Toram a =xe'+
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@y (y) m on penanujara % = Q(xy) ce nobusa ¢y (y) = —2y OfHOCHO

2
@y) = -y + C. 3Haun, 6apanaTa pysknymja e 2 = xe’ + X? -y

Bo cnyuaj Ha mudpepennmjanen uzpas P(X, Y, z)dx + Q(X, y, z)dy +
R(x, y, z)dz, kage mwto P, Q, R ce peanHu pyHKIMU Of TpU peaHu Mpo-
MEHJIMBYU, TOTPEOHUTE YCIOBH U3pa3oT Aa Ouje ToTaneH audepeHyjan
of] efHa peasHa (PyHKIUja Off TPU peajiHi IPOMEHIINBHU Ce JaJIeHu CO pe-

oP Q OR 0Q oR oP ,

naguure: — = —, — = —, — = — . [locTankaTa 3a Haofame Ha
oy oX oy oz oOX 0z
Taa (PyHKIMja € aHAJIOTHA Ha MPETXOMIHO Aa/leHaTa MOCTanKa.

5.2. Tajnoposa ¢gopmyna

Kaj ¢yHknuuTe of egHa peanHa NpPOMEHINBA 3a (pyHKIHUjaTa
F(t) Baxkeme TajnopoBaTa popmyna

F'(ty)
1

F(t) = F(to) + +E§ﬁ

(t—to) (t—to)? +..+

(n) (n+1)
FTI(tO)('[—'[O)n‘F %1(;)@—'[0)%1, C=t+O(t-1), 0<0O<1,

3a cexoe t o okommHata V(lp, ), OA YCIIOB J1a TOCTOjaT HEj3WHUTE
M3BOIM 3aKJy4yHO N0 (N+1)-BHOT BO Toukata ty m (n+1l)-Bata m3BOMHA
¢yHK1IIHja, HeMpeKNHaTa Bo Taa okoauHa V(ty, o).

Axo craBume t — t; = At = dt, cormacHo co AedwmHUIMjaTa 32
mudpepeHnyjan, Ke gooueme

F(to + At) — F(tp) = AF(tp) = %dF(to) + %dZF(to) +..+ ilan(tO) +
: n!

1

(n+1)! d"F(E)

Ke nokaxeme aeka nocnegHata ¢opma Ha Tajaoposata popMyia Mo-
K€ J1a ce MPOIIMPH U Ha (PYHKIUH Off M pEeaHN IIPOMEHITHBH.

Teopema 5.5. Heka f e pynknmja majiena co paBenkara z = f(x, y),
(n+1)-matu aucpepennujadbunHa Bo ToukaTa A(Xo, Yo). Toramr 3a koja 6u-
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70 TOuYKa off coosiBeTHaTa okoimHa V(A, 6) Baxku TajmopoBata dopmy-
na:

1 1
Af(Xo, Yo) = f(Xo + AX, Yo + Ay) — f(Xo, Yo) = 7 d f(Xo, Yo) + Ed 2f(Xo, Yo) + ...t

L 4" (%, yo) + R
n!

Kajie To R, € OCTaTOK fafieH co hopmyaTa
L g f(xo+ OAX, Yo+ OAy), 0<6<1,
(n+1)!
BO Jlarpamxos Buj. OcraTokoT Bo Buj Ha IleaHo e majgen co opmyiia-

Ta R, =0(p"), Kazie mTo p = +/(AX)? + (Ay)” . TIpuToa AX, Ay ce HapacHy-
Bama e[[HakBM Ha coofBeTHUTe nudpepenujanu dx, dy, co ocoOuHa Tou-
kuTe M(Xo + AX, Yo + Ay) ma mpunarat Bo okoiuHaTa V(A, 6) 1 BO OJHOC
Ha KOU ce coofiBeTHUTe audepeHnujann Ha pynknumjara f.

Jlokas: Heka AX u Ay ce HapacHyBalba Ha MPOMEHJIUBUTE X U Y,
coonBeTHO. [la BoBefieMe HOBU (DYHKIMU ¢, | Off HOBAa peajiHa MPOMEH-
nuBa t, gajeHn co paBeHKUTE X = @t) = Xo + tAX, y = y(t) = yo + tAY,
necpunupann Ha cermeHTOT [0, 1]. Co Toa BecymHOCT lepHIpaMe HOBA
croxkeHa ¢ynkumja F o efHa peanHa mpoMeHuBa t, jafieHa co paBeH-
kata F(t) = f(xo + tAX, yo + tAy), nepunupana Ha cermeHTOT [0, 1].

T'eoMeTpucKy TiIefaHo, CO PABEHKUTE X = Xg+ AX, Y = Yo+ tAy 3a
Koe 6mo t of cermeHTOT [0, 1] ce ;o6MBaaT KOOPAMHATUTE HA CUTE TOY-
KH off oTceukaTa AM , kaze to M(Xo+ AX, Yo+ Ay).

Toram Af(Xg, Yo) = f(Xo + AX, Yo + Ay) — (X0, Yo) = F(1) — F(0) = AF(0).
Op ycrmoBOT Ha Teopemarta ciefyBa feka u ¢yHKumjata F, kako cio-
>KeHa (pyHKIMja, UMa U3BOAU 3aKJIy4HO co (N+1)-BuoT Bo Toukarta t = 0
(pm w ce nuueapunu pyHkummn) u 3a Hea TajmopoBaTa (MakiopeHoBaTa)
dopmynazat=1uty=0 Ke Oune gageHa co

AF(0) = %dF(O) T %

npumTo dt=At=1-0=1.

Bunejku ¢ u v ce nuHeapHu (PyHKIMK, CBOjCTBOTO 3a MHBAapHja-
HTHOCT Ha popmaTa Ha AudepeHujaIoT Ke To uMaaT u audepenHnyja-
JuTE O NOBUCOK pefl. bes ga ro mokaxysame TOj pakT, K€ TO HCKOPHUC-
TUME U Ke fo0ueme:

n=

d°F(0) +..+ lld "F(0) + 1y "F(@), 0<0 <1,
n!

(n+1)!
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dF(0) = F'(0)dt = [af(XOv Yo) de(0) + of (Xo, ¥o) dw(0) Jdt =

OX dt oy dt
[8f (%o, ¥o) dx(0) " of (X0, o) dy(0) Jdt = of (X0, ¥o) dx + of (X0, Yo) dy =
OX dt oy dt OX oy
df(xo,Yo) ;

d*F(0) = F"(0)dt’ =

2 2 2
0 f(xo’yO)dX+28 f(xo’yO)dxdy+a féxoza)’o)

o dy? = d*f(xo,Yo);

WUTH.;
d™F() = d "H(xe+ OAX, Yo+ OAY), 0< O <1.
IIpuroa cnopen fedpunnnmjaTa 3a gudepeHnnjaa iMaMme KOpUCTEHO
dx = ¢/ (0) -dt = (Xo + tAX)'(0) -dt = Ax-dt = Ax-1 = Ax,
dy =y (0) -dt = (yo + tAy)'«(0) -dt = Ay-dt = Ay-1 = Ay.

Co 3amena Ha gudepennmjanute Bo TajmopoBaTta (MaknopeHo-
Bara) ¢opmyna 3a pyHkiujata F ce nobuBa 6apanara Tajmopoa ¢op-
MyJa 3a ¢pyHknmjara f .

Tajnoposara ¢opmyna 3a pyHKIEja O M IPOMEHIIUBU MOXKE Ja
ce 3amuiie Bo ciefHaTa opma:

f(M) = f(A) + 1d f(A) + ld2 f(A) +..+ ldn f(A) +R,,
1 2! n!
Kazie mTo M e Koja 6mito TouKa off cooyiBeTHaTa okoauHa V(A,J).

5.3. Ekcrpemu Ha peaiinn (h)yHKIMH 071 IBe H OBEKe peaiHn
npomenanBu. Bp3ann (ycioBun) ekcrpemu. Inodanan ekcrpemu

Teopema 5.6. Heka f e ¢yHKIHMja majgeHa co paBeHKaTa U =
f(X1, X2,..., Xm), MepuHUpana Ha obmacta ECR™ u meka A(ay, ay,..., ay) €
BHATpeIllHA TOYKAa OJ MHOXKecTBOTO E. Ako f mma jokaneH ekcTpem
(JTokaJleH MakKCUMyM WJIM MUHHMYM) BO TOYKaTa A M akO BO Taa TOYKa
MOCTOjaT CUTE MPBU MapIMjaIHA W3BOJIU, TOTAIl THE CE €THAKBH Ha HyJa
(moTpebeH yclloB 3a er3uCTeHIUja Ha JJOKAJIEH EKCTPEM).
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Hoxas: Heka f uma nokaneH MakcUMyM BO ToukaTa A U Heka
NOCTOjaT CUTE HEj3MHM NPBU MaplyjalHA U3BOAU BO ToukaTa A. [ledu-
HUpaMe HOBa (pyHKIMja ¢ Ofl €Ha peajlHa MPOMEHJIUBA X; CO PaBEH-
cTBOTO ¢(X1) = f(Xy, @z,..., &)

Hexka Ax; # 0 e HapacHyBalke Ha NPOMEHIMBATa X; BO TOUYKaTa
A(ai, az,..., @m), Taka mWTo ToukuTe Mi(a; + Axy, ay,..., an) Ipunaraat BO
coopiBeTHaTa oKojauHa. O paBeHCTBOTO

o(a, + Ax)) —op(ay) _ f(a, + A%y, a,,....,a,)— f(a,,a,,....,a,)

AXy AX,
3aKiydyyBaMe JieKa Npu TpaHudeH mnponec Ax;—(0 mocrom mpB H3BOA
of (A)

¢'(a1), eTHAKOB HA MMPBUOT NapIAjajeH N3BOJ P
1
Op npyra cTpana, criopeqi yciaoBOT f mMa JIoKalleH MaKCUMYM BO
Toukara A, ma criopef] neduHUIMjaTa cileayBa ieka MOCTOM OKOJIMHA Ha
To4KkaTta A fepuHIpaHa co HepaBeHCcTBaTa [Xj — aj| < Jj, 0;> 0, j = 1,m, Ta-
Ka MTO 3a cekoja Touka M(Xy, Xp,..., Xm) Ol Taa OKOJIMHA BaXku Hepa-
BeHCcTBOTO f(M) < f(A), omHOCHO (X4, Xa,..., Xm) < f(a1, a2,..., am)-
Crnopen Toa, MOXXeMe Jla KOHCTaTHpaMme JeKa MOCTOM OKOJIMHA
Ha ToYKaTa aj, V(a;, 6)cR, Taka mTO 3a ceKoe X; Off Taa OKOJIMHA Ke Ba-
KX ¢o(X;) < ¢(a;), OMHOCHO ¢(a;) € JIOKaJieH MaKCUMyM Ha (pyHKIHjaTa ¢
(emHOCTABHO Off COOAIBETHATA OKOJIMHA HA TOYKaTa A 3eMaMme MOAMHO-
JKeCTBO TOUKU My(Xy, ay,..., 8m) 32 KOU BaXH |X; — ay|< Ay, |8 — 8| =0< 5}, ] =
2,m, ma 1 3a HUB Ke Baxku f(Xy, @y,..., am) < f(ay, az,..., @m), T.€. @¢X1) < p(ay)).
Cnopen teopemarta Ha ®epMa npumeHeTa Ha (pyHKIHjaTa ¢ Ba-
xu ¢ (a;) = 0, o Kajie ce J0OMBa yCIOBOT @ =0
1

of (A) .
Ha uct HaumH ce mokaxkyBa jieka Baxku o =0,j=2m.
X
j
MoxkeMe fla 3aKiIyunMe JieKa TOYKUTE BO KO (PYHKIUUTE KOU
uMaaT MPBYU MapIUjaiHi U3BOMM BO HEKOE MHOKECTBO MOXKAT Jla ©MaatT
JIOKAJIHU €KCTPEMHU, c€ TOUKUTEe M YMHIITO KOOPAMHATH Ce pellleHrnja Ha

of (M) .
CACTEMOT paBEHKU 8— =0,j=1m. Toukure M UnuIITO KOOPANHA-
X .
j
. of (M) .
TH C€ pEllIeH’ja Ha CUCTEMOT PaBEHKHU 6— =0, ) = 1,m, ce BuKaar
X .
]
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CTAI[IOHAPHM TOYKH U c€ TOTEHIINjaTHA TOYKH KaHAUAATH BO KOU (PyHK-
nujata f Moxke (HO He MOpa ) 1a UMa JIOKAJTHA €KCTPEMH.

Op nedununMjaTa 3a NpB AudepeHIrjan MoKeMe Ja 3aKIydyume
leka noTpeOeH ycaoB HeKoja Touka A f1a 6uje Touka BO Koja (pyHKIHja-
Ta UMa JIOKAJIeH eKCTPEM € MPBUOT Hej3uH AudepeHIjali BO Taa TOYKa
(ako mocTom), BO OHOC Ha KOW OWMJIO HapacHYBama, a Ouje eHaKOB Ha
HyJa, T.C.

df(A) = @dxl+ ag(A) dx, + a;)fA) d

1 X, m

Xm = 0.

Ilpumep 5.6. 3a pyukuujara z = Xy Toukata A(0, 0) e cranmonap-

., 0oz oz .
Ha TOYKa, OufiejKu x =y, 5 = X. Bo Taa Touka ¢yHKIMjaTa HEMA JIO-

KaJleH eKcTpeM, OufiejKu 3a Kou 6miio HapacHyBawa h > 0, k > 0 Ha npo-
MEHJIUBHTE X, Y, COOABEeTHO, BOo ToukaTa A, fO + h,0 + k) =hk >0, a 3a
Kom 6uio HapacHyBawa h <0,k>0,f(0+h,0+k)=hk<0.

3Haum, BO Koja OWJIO OKOJWHA (IOBOJTHO Majia) Ha ToukaTa A
cekoraml Ke uMa Touku M BO KoM BpefJHOCTa Ha (pyHKIHjaTa Ke Oupe u
NMO3UTHBHA U HeraTtusHa, T.e. f{(M) > 0 = f(A) u f(M) < 0 = f(A) .

Teopema 5.7. ([1oBOJIHM YCIIOBM 3a JIOKAJIEH €KCTpEeM 3a M = 2.)

Heka e magena cdynkimja z = f(X, y), iudepeHnujadbuiina BO HeKOja OKO-

nuHa Ha ToukaTa A(Xo, Yo) ¥ 1Ba MaTu AudepeHnunjabuiina Bo ToukaTa A.
Heka Toukarta A e cranoHapHa Touka 3a pyHkuujata f u Heka

O’f(A) . _ 0% f(A) . _ 0*f(A).

7= An= —/——

oxdy & A = apay, — an’.

ap =

Toramr:

a) 3a A >0 ¢ynkupmjara f Ma 10KaneH eKCTpeM BO Toukara A, 1
TOA JIOKaJeH MaKCUMYM 3a a;; < 0 ¥ JTIOKaJieH MUHUMYM 3a
ai >0;

6) 3a A <0 ¢yskiyjaTa f HeMa JToKaseH eKcTpeM BO ToUkaTa A;

B) 3a A =0 ce mOTpeOHM TONOIHUTETHN UCTIUTYBAha.

lokas: 3a ¢yukuymjaTa f ce 3aJOBOJIEHU CUTE YCIOBH 3a HEj3H-
nata Tajmoposa dopmymna f(M) = f(A) + %df(A) + %d %(A) + 0(0), Koja

BaXKM 3a ceKoja Touka M off coofiBeTHaTa OKOJIMHA Ha TOYKaTa A BO Koja
ce 3amoBosienn ycaosute. bunejku df(A) = 0 (A e cramoHapHa TOYKa),

co 3ameHa h = dx = Ax, k =dy = Ay, p= Vh? +k? # 0 ce fo6usa:
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(M) — (A) = %[auh% 2a,h k + azk? + afh, K)p2,

2
. . .

npu mTo lima(h,k)= 0 (lim P - lima(h,k) = 0, ma 3Haum pexa
h—0 h—0 2 h—0
k—0 k—0 k—0

a(h, k) p? = 0(p?) — cum6Gon Ha Jlarmay). HapacuyBamara h, k Ha He3aBwc-
HO TIPOMEHIIMBUTE X, Y BO TOUKaTa A ce co ycaoB ToukuTe M(Xo+ h, Yo + K)
Jla mpuraraat BO COOf[BETHATa OKOJIMHA Ha TOYKaTa A.

Tecdnrnpame dyukumja F co paBenkaTa F(h, k) = a;;h®+ 2a, hk +
ax k“ om nBe peamnn npomennuBy h u K, BO HEKOja OKOJIMHA HA TOYKATa
0(0, 0) (xBappaTHa popma).

a) Heka A >0, a;; > 0. Co Tpancopmaimja noouBame

2
F(h,K) = all(h +a£k] NN
11 an
3a kou 6mito h, k. Cienmjanuao op F(0, K) = a,; K? ciemyBa az > 0. Ke moka-
3KeMe JieKa MMOCTOM TMO3UTHBEH pealieH Opoj & Taka mTo 3a Kou 6mito h, k
ke Baxu F(h, k) > gh®+ k).
Co tpancdopmaryja JecHo ce JoOuBaaT cleJHUTEe HePaBEeHCTBRA:

E(h, k) > 2k2: F(h, k) > -2 h2,
11 az
Heka m = min{i,i} >0 (ay > 0, ap > 0). Toram F(h, k) > mAK?,
a;; Ay

F(h, k) > mAh? 1 co coGupame Ha J{BeTe HepaBEeHCTBA ce JoOmBa Oapa-
HOTO HepaBeHcTBO F(h, K) > %A(h2 + k%), Kage mTo &= %A.

ITonaTtamy, 3a Toa ¢ Ke MOCTOM MO3UTHBEH peajieH Opoj J, Taka
HITO 3a CEKO] pealleH MO3UTUBEH Opoj p < J ke Baxu |a (h, K) p?| < % Voa

(om Linga(h, k) = 0 cnemyBa feka 3a cekoe & Ke MOCTOU &, Taka IITO 3a
-

k—0
cekoja Touka (h, k)eV(0, o) ke Baxu |a(h, k) — 0| < %, a oupejku p =

vh? +k? , ke Baxu U 3a cekoe p < 9). Crnopen Toa, 1OOMBME OKOJIMHA

V (A, 6), Taka WITO 3a CEKOj pealieH MO3UTHBEH OpOj p < &, OHOCHO 3a
ceKoja TO4Ka Off Taa OKOJINHA, K& BasKu:
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f(M) — f(A) = %F(h, K) + @ (h, K)p?> %F(h, K) — | (h, K)p? >

1 2,y € 2 1 5 e 5, 1
2g(h+k) 4,0—28,0 4p—4ep > 0.
3Haum, ToukaTa A e Touka BO Koja pyHKuMjaTa f uma jgokaneH
MUHUMYM.
Hedunupajkn HOBa (pyHKuH]a =, ce 11061/IBa U J0Ka30T 3a
JIOKaNeH MaKCUMyM ( a1 = —8y1, 812 = —81, @y = —ap u f (M) — f(A) >0,
na f(M) — f(A) <0) .

6) Heka A <0, a;; # 0. [la u36epeme npasery L; co moyeTHa TOY-

k
Ka A, co Touku M(Xp+ h, Yo+ k) 1 co koedunmeHT Ha npaser m =——

Taka mTo a;;h+a;p k =0 u roram F(h, k) :Akz . bunejkn p:\/h2 +k? =

11

—~JaZ +a’ k, ox TajmopoBaTta dopmyna 3a cekoja Touka Mely,

|ay, |
OJTHOCHO 3a cekoe h u k 3a Ko Baxku Bpckara a;;h + a;p k = 0, Ke moou-
eMe:
1 2 2
f(M) — f(A) = _E A +af(h, k)M k? = [ +a(h, k)w K%
a a,

11 an 11 ayy

.1 A
3a pasznukara f(M) — f(A) 7a MOKe fa UMa UCT 3HaK co OpojoT — —,
11
OYMTJIIETHO € fieKa e moBoirHO 3a « (h, k) ma ce m36epe TakBa BpeTHOCT 3a
KOja Ke BaxKu

| aj + a12 anA

1 A
o K< =12 me. |ath K< |—oul
4 a, 4(aj; +2a5,)

11

a;; A
4(aj; +ag)
peanen 6poj J,, Taka mTO 3a cekoja Touka (h, k)eV(0, J,) 3a koja Baxu
BpckaTa a1 h + a;p k = 0, oqHOCHO 3a cekoe p < O Ke BaxKu:

a;A
4(af, +ah)|

Bunejkn Linga(h, k) =0,3a ¢= CUTYPHO OCTOM NMO3UTUBEH
—

k—0

la (h,K) - 0] <
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Toa 3Haum fieka HajnoBMe okoymHa V (A, J,), Taka mTO 3a ceKoe
p < J, OMHOCHO 3a ceKoja Touka M off Taa OKOJIMHA KOja My Tpunara Ha

npaBenoT L,, pa3znukara f(M) — f(A) ke ro nma 3HaKOT Ha 6p0j0T1 A
11

Ha m3bepeme apyr mpaser L, co modyeTHa Touka A, CO TOUYKH
M(Xo + h, yo) u co kKoedurmenT Ha nipaser 0, Taka mTo Kk = 0. Toram

F(h, 0) = auh? (M) - f(A) = %anh2+ ofh, K)p?= [%a11+ a(h, K)]h?

(6upejku p = h) 3a Toukure M oxn nmpasenot L,. Criopef UCTOTO pa3Muc-

nyBame ro m3bupame « (h, k) Taka mro |a (h, k)| < |%a11| 3a pas3iauKaTa

.1 .
Jla O ©Ma 3HAKOT Ha OPOjoT Ean. Toa e 0OBO3MOIKEHO CO Lm&a(h, k) =0,
—

k—0
1
Taka IITO 32 KOHKPETHO & = |Ea11| CUTYPHO TIOCTOU TO3UTUBEH pealieH
6poj J,, a 3a cekoja Touka T(h, 0)eV(0, J,), omHOCHO 3a cexoe p=h < &,
1
ke Baxku |a(h, 0) — 0] < |Ea11|.

Toa nak 3Haum ieka HajmoBMe okoymHa V (A, J,), Taka MTO 3a
cekoja Touka M o Taa oKojMHA, KOja My Ipunara X Ha OpasenorT Lo,

pasznukara f(M) — f(A) Ke ro uma 3HaKOT Ha OpOjOT %all.

Hexka 6= min{d,, §,} u Heka a;; >0. Toramr 3a cekoja Touka M ofg
okommHaTa V(A, 6) Koja mpunara Ha npaBenoT L; ke Baxku f(M) —f(A) < 0,
lofeka 3a cekoja Touka M oj mcrata okonuHa V(A, ) Koja mpumnara Ha
mpaBenoT L, ke Baxku f(M) — f(A) > 0, mTo 3Haum meKa BO Toukara A
¢ynkumjara f He MOXe fja UMa JIOKAJIEH EKCTPEM.

AHaJIOTHO ce 3aKy4yBa W BO CIy4ajoT Kora ay; < 0.

Axko nak aj; = 0, ax # 0, Toram nopagu cMMEeTpUYHOCTA Ha KBa-
apaTHaTa hopMa BO OTHOC Ha 831 M @y, CE fjoara 10 UCTHOT 3aKJITYUOK.

Axo a;;= 0, a = 0, ycnoBoT A = — a122 < 0 e 3a/I0BOJIEH 3a KOja
6m1o BpegHocT Ha a;p. Toram F(h, K) = 2a;, hk m moBTopHO n3bupame nBa
TpasIa.

Axko 3a L; u3bepeMe Jpyr mpaBel] cO MOYETHA TOYKa A, TOUKHU
M(xo + h, yo + h) 1 koedunuenT Ha mpasern; 1 Taka mTo h = K, Toram
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f(M) — f(A) = (ax + a2 2, (p =2 h). TloBTOpHO TO WCTa MOCTamNKa
MOXKe fa ce uzbepe okonuna V(A, §,) Taka 3a cekoja Touka M o Taa
OKOJIMHA KOja My npunara Ha nmpaBenot L; pasmnukarta f(M) — f(A) na ro
“Ma 3HaKOT Ha OpOjoT aj,.

IToroa u3zbupame fipyr mpasern L, co modeTHa Touka A, TOYKHU
M(Xo + h, Yo — h) m koedunmenT Ha npaser —1, Taka mrto h = —k. Toram
f(M) — f(A) = [a. + a(h, k) x/E]h 2 (p= V2 h) m moBTOpHO MO WCTa MOC-
Tamnka Moxe jia ce n3bepe okommHa V' (A, §,) Taka 3a cexoja Touka M of
Taa OKOJIMHA KOja My Ipumnara Ha npaBeloT L, paznukata f(M) — f(A) na
ro ¥Ma 3HaKOT Ha OpOjoT —aj,.

Co 6= min{5,, 5,} ce nobusa okomuua V' (A,d) 3a Koja 3a TOU-
kuTe M off Taa OKOJIMHA, KO MpuMaraaT BO iBaTa W30paHu npasna Ly u
L,, paznukara f(M) — f(A) Ke Guae u morojema u momajna oOff HyJia U BO
[BaTa ciaydaja — kora aj; > 0 oqHOCHO a3, < 0, moopaaenHo. Toa nak 3Hauu
mexa Bo Toukara A ¢pyHKIjaTa f He MOXKe 1a uMa JIOKajieH eKCTPEM.

B) Heka A =0, a;; # 0. Ako ce u3zbepe mpasern L; co moueTHa

K a
Touka A, Touku M(Xo + h, Yo + k) 1 co KoecuneHT Ha mpaBer| i -1
a1,

Taka mTo a1 h + a;, k = 0, ke ce go6me F(h, k) = 0, ma Toram f(M) —f(A) =
a (h, K)p? 3a cute TOUKM Off MpaBenoT Ly, TO 3HaYM €Ka CO CHI'yPHOCT
HE MOXe Jla ce YTBPJX Jajii MMOCTOM OKOJIMHA BO UMM TOYKHU pa3juKaTa
f(M) — f(A) Xe Oupe WM caMoO TMO3WTHBHA WM CaMO HeTaTWBHA (3aBHCH
on 3HakoT Ha « (h, k).

Ako a;; = 0, ap # 0, Toram nopagy CMMETPUYHOCT Ha KBajgpar-
HaTa hopMa BO OJHOC Ha 8j; U 8y, T'O JOOMBaMeE UCTUOT 3aKIIYYOK.

AKO MaK a3, = ax» = 0, Toram u a;, = 0 u 3aToa d *f(A) = 0, f(M) —
f(A) = o(p ?), ma cnopeq Toa MOTPEOHH Ce JONOJHUTENHN UCIUTYBaHa
(mocroeme Ha TpeT audepeHIHja 1 CI.).

Ilpumep 5.7. ]la ce mokaxe feka (pyHKIHjaTa Z = X + y? uma
muaIMYM Bo A(0, 0) .
oz 674

On = 2X, 5 = 2y ce poOuBa cranmoHapHa Touka A(0, 0).
Bbupejku
2 2 2
an = L(ZA) =2>0;a;= m =0;an= L(ZA) =2,

OX OXoy

A=apay - ap’=4>0,
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crniopeq TeopeMata 5.7 pyHKijaTa uma MUHUMYM Z(A) = 0.

3a ¢yHKIUU Of] MOBEKe Off IB€ pealiHd MPOMEHJIMBYU ce YIOTpe-
OyBa TakaHape4eHUOT KputepuyMm Ha CuiiBecrep, KOj € MOBP3aH CO MOu-
MU 3a KBajpaTHH (opmH (CHeldjaTHa Kilaca NOJMHOMHH (DYHKIWN).
BceymHocr noBTopHO ce Tpruysa op Tajmoposata ¢opmyana f(M) = f(A) +

%d 2f(A) + 0(p?), ipu mro d? f(A) e coonBeTHaTa KBajpaTHA (hOpMa, T.E.

crelyjaiHa MoJIMHOMHA (DYHKIIMja Off BTOP CTENEH Off MPOMEHIIUBA KOU
ce BCYIIHOCT COOIBETHM HapacHyBama Ha HE3aBHCHO NPOMEHJIMBUATE HA
¢ynkumjara f . [Joka3oT e peuyncu UeHTUYEH, IIpU IITO ce ynoTpeOyBa
MOWMOT JIe(pMHUTHOCT (TIO3WTHBHA WM HETaTMBHA) Ha KBaJ[paTHHUTE
¢opmu 1 nouMUTE MaTpula U A€TEPMUHAHTA.

Bo maTtemarmkaTa, a 0coGe€HO BO NpHMeHaTa BO TrolieM Opoj
o0JyacTy, ce cpeKaBaaT ¥ 3aJjaud ¥ NpobieMu BO KOH ce Oapaar ekcTpe-
MU Ha (DYHKLMH, IIPU LITO IPOMEHIIUBUATE CE BP3aHU CO HEKOU [JONIOIHU-
TeJHu ycnoBu (pesanum). EKCTpeMu O TaKOB BHJI C€ BUKAaT YCIOBHH
(Bp3anm) ekcrpemu. Co oBue mpodIeMu ce 3aHIMMaBa TeopHja BO Koja ce
n3ydyBaaT METOIM HAa ONTHMUpPAbE.

Ipumep 5.8. Heka e najena dynakumja f co paBenkaTa z = x 2+ y 2
U HeKa € JlafieH JonoJHuTeNaeH ycioB ¢(X, y) =X +y —1 = 0. Ce Oapa
yCIIOBeH ekcTpeM Ha ¢yHkumjaTta f. OBpe oueBugHO ce Gapa TOYKA Off
TOYKHUTE KOM ce HaofaaT Ha mpasaTa X +y —1 = 0, Bo Koja pyHKIHjaTa
Ke uma excrpeM. Criopey Toa, co IUPEKTHA 3aMeHa Ha €JJHa IPOMEHJIN-
Ba Of] YCIOBOT BO paBeHKaTa Ha (pyHKIHjaTa MpoOIEMOT ce CBeAyBa Ha
npobJyeM 3a Haorame TOYKa BO Koja (pyHKIMjaTa Of eHa pealiHa Mpo-

1
MEHJIMBA UMa eKcTpeM. 3Hauu, Z = X 2+ 1-x 2 7v=4x—-2=0,x= 2

Z".x = 4 > 0 u ToukaTta A(%, %) € Touka BO KoOja (pyHKIMjaTa HUMa

YCIOBEH €KCTPEM MUHUMYM CO BpEJHOCT E

JIOKOJIKY OJf YCIIOBOT HE € MOKHO JIa C€ U3Pa3u eKCIUTMIUTHO efI-
Ha Of] MPOMEH/IMBUTE, c€ KOPUCTH TaKaHapeueHaTa (yHKIHUja Ha Jla-
rpamx. 3a fa ro aeguHupaMe U o0jacCHUME BOBEyBaHmETO HAa OBaa
dyHKIHja, Ke ce 3aip:KkuMe Ha pealiHa (PYHKIUja Off IBE€ peajiHu Mpo-
MEHJIMBH JIafileHa co paBeHKara z = f(X, y) co 6apame ycIOBEeH eKCTPEM o
ycIioB fiafgeH co ¢(X, y) = 0.
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Toram dz = gdx+ gdy, T.€. dz _ @ + — oz dy .01 o(x,y)=0
OX oy dx X oy dx
co (popmyraTa 3a Gapame U3BOJ] O UMILTUIIMTHO 3ajiaicHa (pyHKIHja ce
noGuBa g—y = (px , O] Kajie co 3aMeHa ce To0uBa
X
y
dz oz (29
S22y

dx ax v o
Bupejku BO coofBeTHaTa TOYKa KaHAWJAAT 3a TOYKa BO KoOja

¢yukuujara f Ke uma ekcrpeM Baxku dz = 0, omHOCHO :—Z =0, ce goOuBa
X

oz

ox

oz

oy

BO TOYKM KOW CE€ KaHAWIATH 3a TOYKU BO Kou f Ke mMa ekcTpem) mop

/
= ¢—f (kako omgHOC Ha OpoeBH, OUEjKM Toa ce MapuujaTHi N3BOAN
y

\ oz .
ycioB ¢y #0n 5 # (. Ja ro o3HauuMe TOj ogHOC cO —A. 3Hauu,

oz @
X X g
oy @y
OIHOCHO
oz oz

Axo necduHEpaMe HOBa (DYHKIUja Off TP MPOMEHIINBH, Hapeyde-
Ha ¢yHkuyja Ha Jlarpanxk, co paBenkata F(X, y, 4) = f(x, y) + 1¢(X, y), To-
raii moTpeOHNUTE yCIOBU 3a JOOMBame KOOPANHATH HA TOYKa BO Koja F
Ou MMayia eKCTpeM ce TPBUTE MapIujaliHi U3BOAM Ja ce emHakByu Ha 0.
3Haun,

, oz . , Oz , '
FXE&+A¢X=O,FyEE+ﬂ¢y: 0,F%=¢lx.y) =0,

KOM C€ BCYIIHOCT BeKe JOOMEeHNTEe paBeHKH 1 ycIoBOT ¢(X, Y) = 0 (6upej-
Ku caMo Mef'y TOUKUTE KOU IO 33/10BOJyBaaT TOj YCIOB ce 0apaaT TOYKHU
BO KOU € MOKEH eKcTpeM 3a pyHkuujaTa f).

Bupejku d *f = d °F BO cTanMoOHapHUTE TOYKH BO KO BAXKM yCIO-
BOT ¢(X, y) = 0, cinegyBa feka JJOBOJIHUTE YCIOBU 3a JIOKAJEH €KCTpPeM
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Kaj pyHKIMjaTa F ce ucTu co JOBOJHUTE YCIOBHU 3a YCIOBEH €KCTPeM
kaj ¢yukuujata f. UmeHo, 3a cekoja Touka M 3a KOja Baxkdl yCIOBOT
(M) = 0 ke umame f(M) — f(A) = F(M) — F(A), ounejku F(M) = f(M) +
Ap(M) = f(M), xage mTo A e MOXHa TOYKa BO Koja (pyHkuujara f 6u
uMaja yCIIOBEH EKCTPEM.

Jla 3abenexume feka MpoOJIEeMOT MOXKe fa ce OOOMIITH W Ha
(pyHKIIMU CcO MOBEKE Of] ABE PEAHU IPOMEHIINBH, KAKO U CO MOBEKE Off
€/IEH YCIIOB.

IIpumep 5.9. [la ce Hajue ycnOBeH eKCTpeM Ha (pyHKIMjaTa Z =
x12+ X22 +...+ an o1 yCIOB fiepUHUPAH cO X3+ Xz +...+ X, — 1 = 0.

dynkumjaTta Ha Jlanrpanx e:
F(X1, Xareey Xy A) = X2 + X2+t X2 + A (Xq + Xg .o X — 1),

Cucremor PaBE€HKHU €:

a—F52xi+/1:0,i:1,n; X1+ Xo +..+ X, —1=0,
0X;
9uu pelieHuja ce A :%, Xi =—%, i = 1,n, a Toukara e A(—%,—%,...,

—% ). bupejku d 2F = 2(dx 2+ dx 2 +..+ dx,2) >0 d°F = 0, clefyBa jieka Z

1
MMa yCJIOBEH eKCTpEM MUHUMYM BO ToukaTa A mipu mto z(A) = —.
n

Hexka f e ¢ynkuuja gepuHupana u HempeknHaTa Ha 3aTBOpPEHA
ob6nacr E. Cnopeni Teopemara Ha BajepuiTpac ke mocton Touka A off 3a-
TBOpeHaTa obnact E Bo Koja ¢pyHKIMjaTa uMa riobajeH ekcrpeM. bapa-
HBETO Ha TOYKa BO KOja eiHa (pyHKI1ja uMa rnobaleH eKCTpeM ce Oas3u-
pa Ha ciaefHnOT npuHIuN. HajmpeuH ce 6apaaT cuTe CTallMOHAPHU TOY-
KM BO KOM (pyHKIIMjaTa MOXKe fia UMa JIOKajaHu ekctpeMu. [Toroa ce Oa-
paat Touku Mefy rpaHUYHUTE TOUYKM Ha 3aTBOpeHaTa obnact E, Bo kou
(pyHKIMjaTa MMa JIOKAJIHM €KCTPEMH U CO CIOpefda Ha CUTE JIOKAJTHH
eKCTpeMH ce Haofa TOdYKaTa BO Koja (pyHKIMjaTa MMa TioOaleH eKc-
TpeM.

Ilpumep 5.10. [1a ce HajpaT rao0aqHUTE EKCTPEMU Ha (PYHKIU-
jata f mamena co paBeHKaTa z = SinX + Siny — sSin(x + y) Ha 3aTBOpeHa
o0JacT gajfieHa co HepaBeHKUTe X +Yy <2z, x>0,y >0.

CranoHapHHUTe TOYKM KOM MpHIafraaT BO BHATPEIIHOCTA Ha fja-
AeHaTa o0JacT ce foOMBaaT CO pelllaBalke¢ Ha CUCTEMOT
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Q =cosx —cos(x +Yy) =0, g =cosy — cos(x +y) = 0.
X oy

EIII/IHCTBCHOTO peuieHue Koe an/IHafa BO BHATPCIIHOCTA Ha Ja-

2 2 2r 2
aeHaTa obyacT e X = ?ﬁ , Y= ?ﬁ, T.e. TOUKaTa Ml(?ﬁ, ?ﬂ) u f(My) =

%. ITonaTamy 3a Taa TOuKa ce fjo0uBa ay; = —3<0,a,=-+3 <0,
3
2

¢yaknmjara f Bo ToukaTa M; mMa JTOKaieH MAaKCUMYM.
3a ToukuTe Off TpaHUIMTE Ha o0JacTa foOuBame:

ap = , A= 2 > 0, of Kajie cniopefl BeKe JOKaXKaHUOT KPUTEPUYM

OP: y =0, f(x,0) =0;
0Q: x=0, f(0,y) =0;
PQ: X+y=2r, f(x,y) =f(x, 2z—x) = 0.

Bupejkn Bo BHaTpemrHocTa Ha oOjacra (TPHArOJIHUKOT) HeMa
TOYKa BO KoOja (pyHKIHMjaTa OM MMaa JIOKAJIEeH MUHIUMYM, 3aKjydyBaMe
fieka riobajHa MUHUMAaJHA BPEJHOCT (pyHKIHUjaTa UMa BO CUTE TOUYKHU
O]l TpaHMIaTa M Taa e efHakBa Ha (), JofeKka JOKajgHATa MaKCHMAllHA

33

BpE€OHOCT Ke 61/1):[6 U riiodajiHa MakcuMaJlHa BpE€AHOCT €JHAKBa HA ——

BO TOYKaTa Ml(z?ﬁ : 2?7[) (pTexk 18).
y
2r
273
X
0
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Fr'TABA YETBPTA

UHTEIPAJTHO CMETAIBE HA PEATHN @ YHKIINN
O ABE N INIOBEKE PEA/IHU TPOMEHJ/INBU
CO HEKOM TPUMEHMU

§6. IBOJHU U TPOJHU UHTETPAJIN

6.1. HBOCH HHTErpajg BO OJHOC Ha NMPpaBoOaroJTHUK

Hecunuyuja 6.1. Heka e gaieHo0 MHOXKECTBO TOUYKH (3aTBOPEH
npaBoaroiuuk) D = [a, b]x[c, d] = {(x, y)|xe[a, b], yelc, d]}. Heka =, 7,
ce mojeniou Ha cerMeHTHTE [a, b] U [c, d] coonBeTHO, CO MeaAOCHA TOYKHI
a=x0<x1<.<x,=b,c=yo<<.<y,=d.

Co MHOXeCTBOTO 3aTBOPEHH MPAaBOATOIHUIA

D?/ = [)C,;l, )C,‘]X[y_’j,l, yj]a i= l,l’l,j = 1,]’]’!,
BeJMMe JieKa e euHrpaHa nopenda 7,, Ha IpaBOAroJIHUKOT D.

Bpojot d,, = max J(AX)?+(Ay,)? ., kage wTO Ax; = X; — X4,
1= j<m

Ay; =y, =y, i = Ln,j = 1,m, ce BUKa AujaMeTap Ha NoAen0aTa 7, .

Hegunuyuja 6.2. Heka e nmagena peannHa ¢yHKIuja f Of IBe
pealHi POMEHIIMBH CO paBeHKaTa z = f(x, y), AepUHUpaHA W OTPAHU-
YeHa Ha IpaBoaroJHuKoT D = [a, b]x[c, d], u HEKa 7, € eqHa mofenba.

n m
Cymara o(7,,)= 33" f(&.¢,)Ax, Ay, ,xage mrro (&, ¢) ce mpoms-
i=1 j=1
BOJIHU TOYKHM Off MHOXecTBaTa Dy = [xi1, x)|x[yi1, ¥j], i = 1,n, j = 1,m, ce
BHMKA MHTETpaJIHA cyMa Ha (pyHKIHUjaTa f Ha MpaBOAaroJHUKOT D BO Ofi-
HOC Ha Tofiejioara s,y,.
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Hegunuyuja 6.3. Axo nocrou peanen 6poj / co cBOjCTBO 3a ce-
KOj TIO3UTHBEH peajieH Opoj & Ia MOCTOM MO3UTHBEH pealieH 6poj &&),
Taka LITO 3a CUTE MOAENOH 7, Ha MPAaBOATOJHUKOT D 3a KOW Aujame-
TpuTe d,);, < O A BaKA HEPABEHCTBOTO |0(7,,) — I| < & HE3aBUCHO Off M3-
6opor Ha ToukmTe (&, ¢;), Toram OpojoT / ce BuKa ABoeH (PmmanoB)
MHTErpall Ha (pyHKIHMjaTa / BO OJHOC Ha MPABOATOJIHUKOT D CO O3HaKa
”f(x, y)dxdy .
D

dyHKIMjaTa f ce BUKa NOJMHTErpajiHa (PpyHKIHja, X U Y TOUHTE-
rpajiHu IPOMEHJIUBH, a D € o6Jy1acT Ha UHTerpanyja.

Bo T0j cniyuaj Benume fieka pyHKIMjaTa /'€ nHTerpadbuiana Ha D.

Hecunuyuja 6.4. Heka e napmena peanna ¢yHKIMja f O JiBE
peaHu MPOMEHJIMBH CO paBeHKata z = f(x, y), AepuHUpaHa u orpaHnye-
Ha Ha mpaBoaroimHukotr D = [a, b]x[c, d], u Heka x,, € elHa mopenoda.
Toram cymure

n.om nom

S(m) = 20 mA Ay S(Tm) = DD M A Ay

i=1 j=1 i=1j=1

Kaje 1mTo
my=inf flx,y), M; = sup flx,y),i=1n,j=1m,
(x,y)eD,»/ (x,y)eD,»/

ce BUKaaT JIoJIHa U ropHa cyma Ha [{apOy Ha (pyHKIHjaTa f BO OJHOC Ha
nopiendara 7,, Ha IpaBOaroJIHUKOT D.

Bupejku ¢yHkuujaTa f € orpaHMYeHa Ha NPABOArOJHUKOT D,
oCTojaT peanHu OpoeBu M W m, Taka IITO 3a ceKoja Touka (x, y)eD
BaxkW HepaBeHCTBOTO m < f(x, y) < M. Criopeq Toa Ke BaXKaT U HepaBeH-
cTBaTa

n m m

mb—a)d—c)= > mAxAy; <> mAAy, <> M A Ay, <
i1

i=1 j=1 =1 i=1 j=1

>3 MAx,Ay, = M(b—a)(d - c).

i1 j-
OJTHOCHO HEpaBeHCTBaTa
m(b —a)(d—c) < s(mm) < S(7m) < M(b — a)(d - ).

Hcro Taka BaxkaT m HepaBeHCTBATa S(7y) < () < S(7m), Kayie mTo
CHTE CyMH Ce 3eMEeHH BO OJTHOC Ha e[{Ha McTa noyjenbda 7, Ha IpaBoaroJ-
HHUKOT D, HO 3a KOj 6mio n36op Ha ToukuTe (&, ¢;) Kaj HHTErpagHarTa

cyma (m; < f(&, £j) < M)).
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On cuTe OBHE HEPABEHCTBA MOXKEME Jla 3aKJIy4ynuMe eKa U OBJE,
KAaKO M Kaj ONpeelIeHHOT MHTerpal, cymure Ha [lapOy ce mHPuUMyM
OJHOCHO CyNIpEMyM Ha MHOXKECTBOTO HMHTETpalHH CyMH BO OJ[HOC Ha
e[lHa UCTa MofieJI0a Ha NMPaBOArOJHUKOT D ¥ BO OJIHOC Ha IPOM3BOJIEH
n360p Ha Toukure (&, ¢ )).

Teopema 6.1. Peannara ¢yHKIHja f, orpaHnyeHa Ha 3aTBOpe-
HUOT TIPaBOAroJHUK D, € MHTerpabuiIiHa TOTall W caMO TOrall Kora 3a
KOj OMJIO TIO3UTUBEH peasieH Opoj £ MOCTOM peajicH MO3UTHBEH Opoj & &),
Taka MITO 3a CUTe MOAeNOu 7,, Ha MIPaBOAroOJHUKOT D, 3a KOW jujame-
tpute d,, < O, BaXXu HEpaBeHCTBOTO S(7,,) — s(7%m) < & T.e. Kora

dlimo [S(7,) — s(7,,)] = 0.

IMpuroa lim S(7,,) = dlim (7)) = 1= J‘J.f(x, y)dxdy .

—0 —0

nm nm

3abenexxyBaMe JieKa jocera € 3ama3eHa aHajlormjata co jaedu-
HUIIFjaTa Ha ONpefielieH HHTEerpal, Koj ce HapeKyBa U eJHOKpaTeH onpe-
JleJIeH MHTETpaj 3a Jla ce pas3luKyBa Off IBOCH, TPOEH M MOBEKEKpaTeH
ompeyeneH uHTerpa. VMcro Taka u cBojcTBaTa MCKaXkKaHM 3a €JHOKpAT-
HHOT OIpefieIeH MHTerpall Ke BaskaT U 3a ABOJHUOT MHTETPaJl.

Ocob6una 6.1. Axo peamauTe (PYHKINK f ¥ g O IBE pPEaTHH TPO-
MEHJIUBU C€ MHTETPAaOWITHU Ha 3aTBOPEHHMOT MPABOATOJHUK D, TOTall

¢yakouute f + g, Kf (K e KoHCTaHTa), | /|, ce mHTEerpabuiIHN HA D, IpH
IITO BaXKu:

[TLf (e y) + g(x, p)dxdy = [[ f(x,y)dxdy + [[g(x, y)dxdy;

[[Kf (x, y)dxdy = K [[ £ (x, y)dxdy ;

D

|[[f G, y)dxdy | <[] f (x, ) | dxdy.

Ocobuna 6.2. Axo peamnHara ¢yHKIHUja f Of JIBE peajHU TPO-
MEHJIMBY € WHTerpabuiiHa U HEHeTaTHBHA HAa 3aTBOPEHUOT MPaBOATOJI-

HUK D, TOrai BaxKu HepaBEHCTBOTO H f(x,y)dxdy >0.
D

Teopema 6.2. (IlpecMeTyBame Ha IBOCH MHTErPall BO OJHOC Ha
npaBoaronnuk.) Heka peannara ¢yHKImja f* off 1Be peajHu MPOMEHIIHN-
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BH, JaJIcHa CO paBeHKaTa z = f(x, y), € MHTeTpaOuIHa Ha 3aTBOPEH MPaBO-
aronuuk D = [a, b]x[c, d].

Heka 3a cekoe x o [a, b] peannaTa yHKIHja @ Off €[HA peaHa
NpOMEHJINBa y, fepunupana co ¢(y) = f(x, y) (x e KOHCTaHTa), € HHTEerpa-
OWJIHA HA CETMEHTOT [c, d], T.e. IOCTOU €HOKPATHUOT ONpPE/CICH UHTE-

d d
rpan jgo( y)dy = j f(x,y)dy (x e KOHCTaHTA).
Toram ¢yskujata / fepuHrpana Ha CETMEHTOT [a, b] co paBeH-

d
Karta I(x) = j f(x,y)dy, e uarerpabunHa Ha [a, b], IpH MITO BasKK

c

b
”f(x, y)dxdy = J[(x)dx.
D a

IMocaemHUOT MHTErpas ce BUKA CYKIIECUBEH M CE O3HAUYyBa CO

Idxjf(x, y)dy .

llokas: Heka 7, e MpOnu3BOJIHA MOJEN0a HA 3aTBOPEHUOT NPaBO-
aroJIHuK D n HeKa

&elxia, xi], D= [xi1, xf]X[)/_/fl, y_,~],
m;; = inf  flx, ), M;;= sup flx,y),i=1n,j=1m.

(X’Y)ED!'/ (x,y)eD”
Toram Ke BaxkaT HepaBeHCTBaTa
Vi
mi Ay < [ f(& 0y SM;Ay,  i=1n,j=Lm.
Vi1
Co cymupame BO OJHOC Ha j Off MOCIEIHIUTE HEpPaBEeHCTBa ce oOuBaaT
HEPpaBCHCTBATAa

YomyAy; < I(&) < Y MyAy; i=1n,
j=1 J=1
ounejku

S [1E 0y = [£E )y =1(E).

A Vi c

MHoKejK1 T NOCTIeJHUTEe HEPAaBEHCTBAa COOABETHO O Ax;, i = 1,1, u cy-
MupajKu 1o i, ce JoOuBa:
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ZAxi Z‘imijij < Z;AX" 1(&) < Z;AX" ;Myij ,
i= Jj= i= i= J=
T.C.
Zmi/‘AxiAy/ < Zn:Axi I(x;) < Z ZMi/‘Axiij’
i=1 j=1 ' =1 =1 =1 '
OTHOCHO

() € L IEAY, < ST,

Kasie mrto S(7,,) u S(7,,) ce cymu Ha [lapOy BO OTHOC Ha mofienbaTa 7.
Bupiejku mocnegHOTO HEpaBEHCTBO BaXkKH 3a Koja OMIIO mopeioa
Ha 3aTBOPEHUOT NMPABOATOJHUK D HE3aBHCHO Of M300POT HA TOUKUTE &

(D.I(¢,)Ax; e mATeTpanHa cymMa Ha (pyHKuMjaTa / BO OGHOC Ha mojierbaTa
i=1

7, Ha CeTMEHTOT [a, b] co nujameTap d, = lmax Ax; ), Of yCIIOBOT fieKa f €
<i<n
uHTerpabunHa ¢yukuuja (3Hauw, S(7,) — s(7.)—0 Kora d,,—0) Ke

n b
MOCTON dIimO D I(E)Ax, = II (x)dx , ucTo Taka HE3aBUCHO Off U300POT Ha
n> 1

a
TOUYKHUTE &, IITO 3HAYM JleKa (pyHKUHjaTa / € nHTerpaOuHa Ha CErMEH-
TOT [a, b]. IIpuToa Ke Baxku u

b b d
[1(x)dx = [dx[ f(x,y)dy = [[ f(x,y)dxdy

(lim S(zw) = lim s(zw) = [[ £ (x, y)dxdy).

— dyn—

nm nm

b
AXO BO yCIIOBOT c€ MPETNOCTaB! er3UCTeHIN]ja Ha j f(x,y)dx 3a

a
CeKOoe y Of] CETMEHTOT [c¢, d], Toram Ha UCT HAUMH ce MOKaxKyBa jieka Ba-
KM (popmyara

[[.f e, y)dxdy = [dy] f(x, y)dx.

Ako mnak f e HenpeknHaTa (PyHKIHja HA D, TOram MOCTOjaT CH-
TYPHO ¥ IBaTa CYKIECUBHYU WHTErpasia Off TeopeMara u 3abeJenkara, mna
BaXKH:

b d d b
[[f G, y)dxdy = [dx[ f(x,y)dy = [dy[ f(x,y)dx.
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3abesekyBaMe JleKa MPEeCMETYBamhEeTO Ha JIBOJHUOT ONpENiesieH
HHTErpa co oBue (pOpPMYJIH BCYIITHOCT Ce CBE/lyBa Ha MPEeCMETyBambe Ha
IBa €THOKPATHU OmpefiesieHn naTerpaia. CrnenmjasiHo MOXKe Jia ce oKa-
ke eka ako f(x, y) = f1(x) f2(y), Kame mTO fi M f, ce HEMpeKNWHATH (PyHK-
un Ha [a, b] oqHOCHO [¢, d] coonBeTHO, Toram Ke Baxku opmyiiaTa

[[f e y)dxdy = [ f,()ax] ] £ (v ]

6.2. /IBoeH HHTErpaJl BO OJHOC Ha 00J1aCT

ecpunuyuja 6.5. Heka e majgena 3aTBOpeHa M OrpaHWyYeHa 00-
nact DcR? 1 Heka e fafieHa (hyHKIMjaTa f fe(pUHNpaHa i OTpaHWYEHA HA
D. Hexa D ce copKu BO 3aTBOPEHUAOT MPABOATOTHUK D= [a, b]x[c, d] n
Heka JlepuHupaMe HoBa (yHKuuja F co paBeHkute F(x, y) = flx, y), 3a
(x,y)eD", F(x, ) =0, 3a (x, y)eD \D.

BenuMme nexka ¢pyHkuujaTa f'e nuHTEerpabuiHa BO OAHOC Ha obJac-
Ta D ako (pyHKImjaTa F e uHTerpaduiIHa BO OHOC Ha 3aTBOPEHUOT Mpa-
BOAroJTHNUK D .

HuTerpanor ”F (x,y)dxdy ce BuKa ABOEH MHTErpaj Ha PyHKIHU-

D
jata f BO ofHOC Ha oGnacta D u nma o3Haka [ f(x, y)dxdy . ®ynkumjara
D
/ ce BHKa MOAMHTErpaiHa (pyHKIHja, X U Y e MOAUHTErPaJHU IPOMEH-
nuBH, a D e obGjacT Ha MHTerpanyja.

Hegpunuyuja 6.6. MuoxecTBoTo DR’ ce BEKa IpaBUIHA 06IACT
ako € o0JlacT orpaHM4eHa co KOHe4YeH Opoj KpUBHU KOU ce rpaduuy Ha
HENpeKMHATH (PYHKIMHU Of] €[Ha IPOMEHIIMBA.

Teopema 6.3. Heka 3aTBopenara o6mact DcR? e yHmja off fiBe
npaBuiaHu obnactu Dy u D,. AKO peanHaTa (pyHKIHja f O JBE peaHu
MPOMEHJIUBU € MHTerpabmiIHa BO OTHOC Ha obmnactute D; u D,, Toramt
Taa e UHTerpaduiiHa ¥ BO OfIHOC Ha o6rnacta D = D;UD,, Ipu WITO BaXKu
PaBEHCTBOTO

[[f G, y)dxdy = [[ f(x,y)dxdy + [[ f(x,y)dxdy.
D Dy D,

OBa TBpeHe MOXe J1a ce MPOIIUPH U Ha ciydaj Kora obmacra D

€ KOHEYHa YHH]ja Of] IIPaBWJIHU OOJIACTH.
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Hegunuyuja 6.7. bpojor j _[ dxdy ce BUKa TIJIONITHHA HA TPaBUII-
D

HaTa obiact D.

OuurnenHo e fieka oBaa feduHANMja € TeHepalu3alyja Ha Mou-
MOT IJTOLITHHA Ha PaMHUHCKA (purypa Bo reomeTpujata, OUejKu Moxe
JIECHO JIa ce TTOKaxke JieKa, BO ciydaj D jja e mpaBoaroJiHuK, Off TeopeMa-
Ta 3a MpecMeTyBake Ha ABOCH MHTETPAJ BO OIHOC HAa MPABOATOJHNK Ce

b d
nob6usa J'dxj dy = (b—a)(d - ¢). I[Ipuroa ce 3ema pynkuujarta f(x, y) = 1.
a C
JlecHo ce mokaxkyBa Jieka OCOOMHUTE KOM BakaT 3a [IBOjHU UHTE-
rpaim BO OIHOC Ha TMPaBOAroJIHMK BaxkaT M 32 JIBOjHU MHTETPAd BO
OJIHOC Ha MpaBMUJIHA 00IACT.

Ocob6una 6.3. Heka e gafena ¢pyHKIuja f HelpeKWHATa Ha 3aTBO-
peHa mpasuiHa obsact D M Heka m, M ce HajMallaTa W Hajrojemara
BpeHOCT Ha (yHKHMjaTa f Bo obnacrta D, a P(D) niomTuHa Ha D.

Torarmm BaskaT HepaBeHcTBaTa mP(D) < ” f(x,y)dxdy < MP(D).
D

Ocoouna 6.4. (Teopema 3a cpefiHa BpeIHOCT.) AKO (pyHKIHjaTa
/e HelpeKWHATA HA 3aTBOPEHA NpaBmUIHA o6mact DcR?, a P(D) e mmomi-
THUHA Ha D, TOraml moCcToN To4Ka (xo, yo) €D, TaKa MITO BakKl PaBEHCTBO-

to [[ f(x,y)dxdy = fxo, yo)P(D).

Jloka3: Bo cornacHocT co HEpaBEHCTBO Of] ocoOuHaTa 6.3, 03Ha-

[[ £ (x, y)dxdy

D

YyBajKM CO u = , ce foouBa m < u < M. bupnejku f e Henpe-

P(D)
KMHAaTa (PyHKIM]ja, BO COTJIACHOCT CO TeopeMaTa 3a HelpeKuHATh (PyHK-
MK Ke TTOCTO! ToYKa (Xo, yo) €D, TaKa MTO f(Xo, Vo) = AL

Hegpunuyuja 6.8. 3a obnacra DcR? BenuMe Jieka e eleMeHTapHa
BO OJIHOC Ha OCKaTa X aKko

D ={(x, y)eR2 |a<x<b, pi(x) <y < pa(x)},

Kajie MTO ¢, U ¢, ce HeNpeKWHATH (PYHKIMH HA [a, b] 1 ¢(x) < ¢,(x) 32
cekoe xe(a, b).

3a obmacta DR’ BenmMe JieKa e eleMeHTapHa BO OJJHOC Ha
ockaTa y ako

D={(x,y)eR?|c<y<d, y1(y) <x < (1)}
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Kajie MTo ¥, W |/, Ce HEMPEeKNHATH (PYHKINK Ha [c, d] u w,(y) < w,(y) 3a
cekoe ye(c, d).

Mozke fa ce mokaxe jJeka cekoja IMpaBWJIHAa 00JIacT MOXKe fia ce
IpeTcTaBu KaKo KOHEYHa YHHja Off eJIeMEHTapHHU O0JIacTd BO OHOC HA
OCKUTE X U y.

Teopema 6.4. (IlpecmeTyBame Ha IBOCH MHTETpaj BO OTHOC Ha
o6nact.) AKo f'e MHTerpaOWIIHA Ha eJleMeHTapHaTa 00J1acT

D={(x,y)eR*|a<x<b, pi(x) <y < po(x)}

?2(x)
BO OJJHOC Ha OCKaTa x M aKo 3a ceKoe x of [a, b] mocTon f f(x, )y,
o1 (x)
b ®5(x)
TOrail MoCTOH jdx _[ f(x,y)dy nBaxkn
a o (x)
b @2 (x)
[[f e y)dxdy = [dx [ f(x,y)dy.
D a o1 (x)

lokas: Opn peduHUIEjaTa 3a ABOEH MHTErpajl BO OJHOC Ha 00-
nact Ke mocron ¢yHknuja F(x, y) m mpaBoaroiHuk ABMN BO KOj ce co-

apxu obnacrta D, Taka IITO ”F (x, y)dxdy = ” f(x,y)dxdy (uprex 19).
ABMN D

y
N M
d — G
//\// v
——
. \J N o
A B [Z]
0 a Xo b *
Lpitexn 19

124



§6. sojuu u iipojHu uHitiezpaiu

Crnopen ¢gopMyiiaTta 3a IpecMeTyBambhe Ha IBOEH MHTErpaj BO OTHOC Ha

b d d

MPABOATOJIHUK BaXKHU: HF (x,y)dxdy = I dx J F(x,y)dy . Kaj j F(x,y)dy
ABMN a c c

na ro pukcupame x = xo€la, b]. Toram

@ (x) ?2(xo)
IF(xo.y)dy = IF(xo,y)dy +  [F(xq,y)dy +
?1(xo)
®5(xo)
IF(xo,y)dy— [/ Cxor )y,
9, (xq) ?1(x0)

o6uejku 3a MHOXecTBOTO {(x0, ¥) | ye[c, @1(xo)]Ul@2(xo), d1}, Fl(xo, ¥) =0

d

IMopanu mpou3BoHOCTA HA M300POT HA Xy PABEHCTBOTO IF (xg,y)dy =
c

©2(xo)

j f(xy,y)dy Ke Baxu 3a cexoe xo€[a, b], co mTo ja nokaxkasme pop-
»1(xo)
MyJiaTa.
Hcrara Teopema BaXku 1 3a eJIeMEHTapHa 00J1acT

D={(x,y)eR?|c<y<d, y1(y) <x < yo(»)}

BO OJHOC Ha OCKaTa y, IpHu HITO BaXX paBEHCTBOTO

Hf(x y)dxdy = Idy If()C y)dx .

¢ v ()

Axko dyHKIEjaTa f € HempeKknHaTa Ha obJjacta D, eleMeHTapHa
BO OJJHOC Ha OCKWTE X ¥ y, TOTAIIl BaXKH

b @5(x) va2(y)
Hf(x Vdxdy = [dx [ f(x,y)dy = Idy [/ (x, y)dx.

a  p(x) c )

IIpumep 6.1. [1a ce npecmeTa ” (1—x— y)dxdy ako obmacra D =
D

{(x,»)eR*|0<x<1,0<y<1-x}
Ob6nacra D e eneMeHTapHa BO OfIHOC Ha Ockarta x, )yHKIHjaTa
flx,») =1 —-x—ye HenpekuHaTa Ha D u cnopefi (popmyiaTa Ke foobueme:

[[@-x—y)dvdy = [dv [@-x-y)dy =
D 0 0
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(1_x)2]dx = 1

2 6

Jli[l—x—x(l—x) -
0

Ipumep 6.2. Jla ce npecmera ”(x— y)dxdy ako obmacra D e
D

OrpaHMyeHa cO KpUBM KOM ce rpaduuu Ha pyHKuuuTe y = x — 4, x =

2
y? (upTex 20).

Yy
4,
02 i
i 8 x
21"~
Lpitexc 20

Bunejku D He e eneMeHTapHa BO OJHOC Ha OcKaTa x, Ke ja moje-
JMMe Ha JIBe eJIeMeHTapHH NOoA00IacT!

D1 ={(x,y)eR*|0<x<2,—4/2x <y<+2x},
DZZ{(x,y)eR2|2SxS8, x—4<y<2x}.
Crnopen ocob6MHaTa 3a afluTUBHOCT U (popMyJaTa 3a mpecMeTyBa-
e ce ToOMBa JBOCH MHTErpa:

2 Az g o 122
I= Idx f(x—y)dy + jdx j(x—y)dy = o
0 *\/Z 2 x—4

OJI Apyra ctpana, obnacraDe CJIEMCHTAapHa BO OJHOC Ha OCKaTa
2

y,1e. D={(x,y)eR*| 2<y<4, yTS x <y + 4} u cnopey hopmynara
Ke Jooneme:

J[e=)dsdy = [ [(x- ) =

2
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122

O
i ( :

2 2
y
- +4)+y—I]dy = -
5 5 ZJ (v )yz]y

JlocTa 4ecTo mpu MpecMeTYBalkETO HA JBOCH UHTETPAJI € JlaficHa
camo o0JlacTa WM MaK ce JaficH! TpaHUIUTe Ha MHTerpanuja. Toram e
noTpe6HO fla ce creluduiupa pefocaeoT Ha UHTerpanrja co TOMOII
Ha KOj HajJIeCHO U Haje[THOCTABHO MOXeE Jla ce IpecMeTa JJBOJHUOT UHTE-
rpa’.

Hegunuyuja 6.9. Heka f'e naTerpabmiina (pyHKIMja Ha 3aTBOpE-
Ha TIpaBmIHA o6macT DcR? u Heka GCR® e mpocTopHa 3aTBOpeHa 06-
nact gedunupana co G = {(x, y, 2)eR?®| (x, y)eD, 0 < z< flx, y)}. Toram
opojor ” f(x, y)dxdy ce BuKa BoyMeH Ha TeJ0TO G.

D

Teopema 6.5. Hexka fu g ce nHTerpaOunHu (hyHKIMU Ha 3aTBO-

pera mpaBmiaHa o6mact DcR? m Heka GCR® e mpocTopHa 3aTBOpeHa
obnacr neduHupana co

G ={(x,»2)eR’| (x,»)eD, flx,») < z< g(x, )}-

Toramr BOJIYMEHOT Ha TE€JIOTO Ge €IHAaKOB Ha 6pOjOT
”.[g(xv y) - f(xv y)]dXdy .
D

U oBpe Ke HaBefeMe efieH MpuMep cnopes KOj MoXKe f1a ce Kaxke
lieKa oBaa AedUHUIMja HAa BOJYMEH HA NMPOCTOPHO TEJIO HE € BO CIpPO-
THBHOCT CO MO3HATUTE (POPMYJIM BO FeOMETpHjaTa 3a BOJIyMEH Ha TeJja-
Ta BO MPOCTOP.

IlIpumep 6.3. Heka e gafeH quiauHAAp cO OCHOBA KPYT CO pafinyc
r v BucuHa H. Bo JlekapToB nmpaBoaroyieH mpocTOpeH KOOPAUHATEH CHC-
TeM ro AedUuHUpaMe HUINHAAPOT CO MHOKECTBOTO
G={(x,y,2)eR®| (x,y)eD, D: x* + y*<r?, 0<z < H}.

Bunejkn G e 3aTBOpeHa mpaBmiTHa o6iacT, pyHknujata f(x, y) = H e He-

npekuHata Ha D, cnopef ¢popMyiaTa 3a pecMeTyBambe Ha JBOCH MHTe-

rpaj BO OJHOC Ha NpaBWJIHA 00JacT ce fodusa V = ” Hdxdy=H ﬂ dxdy =
D D

Hr* 7. TIpuToa, BO COTNACHOCT cO epMHANMjaTa HA MUIONITHHA HA PaM-
HUHCKa (urypa, dedy = .
D
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6.3. lncgepennupame 1 HHTErpApame BO OHOC HA MapaMeTap
MO 3HAKOT HA MHTErpaja

Teopema 6.6. Heka fu ', ce HenpeKnHaTH (PYHKIUU Of TPOMEH-
JWBHTE X, y HA 3aTBOPEHNOT MPAaBOATrOIHIUK [a, b]x[c, d]. Toramr Baxu:

d K
E{f(x,y)dy = {af(x,y)dy-

d
Hokaz: Popmupame HOBa pyHKIHja F(x) = j f(x,y)dy, nedpunnu-

paHa Ha [a, b]. Heka & # 0 e HapacHyBambe Ha MPOMEHJIMBATA X CO OCOOH-
Ha x + hela, b]. Toram

Fx+h)-F(x) _ ff(Hh,y)—f(x,y)
h g h

d
dy = [ fl(x+6hy)dy,0< 6<1

(cnopen Teopemata Ha Jlarpamx 3a (pyHKIMja Off eHa peasHa IPOMEeH-
nuBa). [Tpu rpannuen nporec 2—0 ce foduBa
. F -
i PG+ = ()
h—0 h

d
= Llﬂgff (x+0h,y)dy =

d d
o, _ 0
U‘L‘}}f (x+0h, y)dy = {—ax S (x,p)dy .

IIputoa e KopucTeHa HEIPEKMHATOCTA HA (pyHKUuUTEe f' U F .

Teopema 6.7. Heka f, f. u f), ce HenmpeKWHATU (PYHKIUU Of
IPOMEHJINBHTE X, y HA TPABOATOJIHUKOT [a, b]x[c, d]cR* u ¢, v, @', v
ce HeMmpeKWHATH (PYHKIMM O MPOMEHJWBaATa x Ha [a, b], mpu mTO 3a
cekoe xela, b] Baxku ¢(x) < y(x), p(x), y(x)<[c, d]. Toram Baxku

dvw v() 5
— [y = flx, p(@)) ' () —flx, )@’ @) + | — f(x,»)dy.
dx o) o(x) O
w(x) Pl
Lokaz: ®opmupame HoBa QyHKIMja F(x) = f — f(x,y)dy,
o(x)

x€la, b], n BOBemyBamMe HOBM peasH! MPOMEHIIMBH # U V CO PABEHKHUTE U

= ¢x), v = y(x). Co @(x, u, v) = If(x,y)dy ce necuHMpa HOBA (PYHKIIMja
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@ opi Tpu peaNHHu MPOMEHJIMBU KaKO ONPEAESIeH NHTETPall CO MPOMEH-
nuBy rpanuny. Ilpuroa BeymHOCT pyHKIMjaTa F Ke IMpeTcTaByBa Cllo-
keHa ¢yHKuMja neduHupaHa co pyHkuuutre D, @, y, nageHa co pa-
BeHKaTa F(x) = @(x, ¢(x), y(x)) u cnopep ¢opmyiaTa 3a U3BOJ Off CIIO-
keHa (pyHKIFja ce jodnBa

8@ 0D du 8@ ov
(*) Fi(x) = —

ox  ou 6x v ox

On npyra crpaHa, CMETajKi TM u M v KaKO KOHCTAaHTH, CIIOpEe]

IpeTXofHaTa Teopema 6.6 Baxu:

oD ¢
o —Jf(x y)dy = I ACTII
Heka G(x, y) e emHa mpuMHATHBHA (pyHKL[I/IJa 3a f(x, y) BO cMHuca
oG _
o f(x, ¥), pu mITO X ce cMeTa 3a KoHcTaHTa. Torarn
Y
D, u,v) = [ [(x,0)dy = G, Y’ = Glx, v) = Glx, u),
Taka IITo
oD 0G(xu) _ oD 6G(x V)
—=0-—= -0
ou P =)
Co 3ameHa Bo (*) ce mo6uBa 6apaHOTO PaBEHCTBO.
Ilpumep 6.4. [ = .[Md
0 1+x
LIn(L+ mx)
Ha ro gedpunnpame uHTErpanot I(m) = j—d Kajie 1To m e ma-

0 1+x
pameTap. Bo cormacHocT co TeopeMa 6.6 ce fo6uBa:

d i |n(1+mx) _ x B
dml(m) - gﬁm( 1+x i J.(1+x )(1+mx)
1

1+m

1 Vs
5 [HIn(1 +m) + EIn2 +mz].

ITonatamy
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1

1 T
—In2+m—1}¥dm =
o N2+ m7 Iydm

7Z'1m
Z!l

0

_[ In@+m) m)

0 1+m

CormnacHo co Toa ce moomBa paBenkata (1) — /(0) = /(1) + %InZ, on

kame I(1)=17= InTZ

3a uHTEerpupame Mmoj 3HaKOT Ha MHTErpaj ce KOPUCTH OCOOUHA-
Ta 3a HempekwWHaTa ¢yHKomja f(x, y) Ha 3aTBOpPEH MPaBOATOJHUK
[a, b]x[c, d], 3a kOja Baxkn

b d d b
Idx If(x,y)dy = Idx If(x,y)dx.

1. b _ _a
Hpumep 6.5.1= j"l—xdx =2a>0,b>0.
0

nx
b xb _,a
Bunejkn j xVdy = I , BO COTJIaCHOCT CO OcoOMHaTa
’ nx
1 b b1
d. ’ b+1
1= _[—x Inxjx)dy = _[dy jxydx = In .
oInx ’ 50 a+l

6.4. Tpojun unTerpamm
JecduHnpameTo Ha TPOEH MHTErpaj ce BPIIM Ha aHAJIOreH Ha-
YHMH KaKO U Ae(PUHUPAKHETO HA IBOCH UHTETpal.

Hegunuyuja 6.10. Hexa e jaieH0 MHOKECTBO TOUKH (3aTBOPEH
napaJesonunep):

P = [a, b]x[c, d]x[e, h] = {(x, , 2) | x[a, b, yelc, d], ze[e, h]}cR®.

Hexa 7,, m,, m, ce nogendu Ha cermenrture [a, b, [c, d], [e, A],
COOTBETHO, CO JIEIOCHN TOUKH a = Xq< X1 <...<X,= b, c = yo<y1 <..<y,=d,
e =29<z;<..<z,= h. Co MHOXECTBOTO 3aTBOPEHH NapajeIONuNnean

Piji = [, xIxi-n yIx[zec1, 2z, i = Ln, j = 1Lm, k= 1p,

e geduHupana noaendara 7,,, Ha napanenonunegoT P. bpojor
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G = MaX 3[(AX)? +(8y)7 +(AZ,)7 |
1<j<m
1<k<p

Kajle WTO AX; = Xj — Xi-1, AYj = Vj — Vju, AZc = Zx — Zg, 1 = 10, j = 1,m,

k=1, p, ce BUKa gujaMeTap Ha NOAeN0aTa mp -

Hecpunuyuja 6.11. Heka e nagena peanna ¢yukuuja f og Tpu
pealHi MPOMEHJINBH cO paBeHKaTa U = f(X, Yy, z), iepuHrpana U orpaHu-
yeHa Ha napanenonunegorT P m Heka 7z, € €Ha Herosa mnojenoda.

Cymara
n m p

o(Tomp) = D0 f(&, &5k )AXAY Az

i1 j=1k=1
kajie mto (&, {j, Sk) ce MPOU3BOJIHU TOUKH Off MHOXKECTBATa

Piik = [Xic1, Xilx[Yj-1, Vilx[zk1, 2], 1 = 1,0, j=1,m, k=1, p,

ce BHKAa MHTerpajHa cyMma Ha ¢pyHkinujata f Ha mapanenonunenor P Bo
OJHOC Ha MOAEI0aTa hmp.

Hepunuyuja 6.12. Heka e nanena peanna ¢yHkuuja f om tpu
peasHu IPOMEHJINBH cO paBeHkata U = f(X, y, z), nepuHupana u orpasu-
YyeHa Ha napasenonuneqor P.

Axko noctou peaiieH 6poj | co cBOjcTBO 3a ceKoj MO3UTHBEH pea-
7eH 6poj £ 1a MOXe Jla ce Hajie MO3UTUBEH peasleH 0poj i g), Taka LITOo
3a cuTe NOAeNnOU 7y, Ha HapajesjonunefoT P, 3a Kou gujameTpure
dnmp < 6, 1a BaxKN HEPABEHCTBOTO |0(mp) — | | < € HE3aBUCHO Off U360OPOT
Ha Toukute (&, &j, k), Toram 6pojot | ce Buka TpoeH (PumanoB) unTe-
rpan Ha pyHKIHjaTa f Bo ogHOC Ha napasnenonunefoT P, co o3Haka

[[] £ (x,y,z)dxdydz.
P

Bo T0j cnyuaj BenuMme feka pynkiyjarta f e unTerpabunna Ha P, f
e ToMHTeTrpaHa (PyHKIH]ja, X, Y, Z ce TOAUHTErpaTH TPOMEHINBH, a P
e obJacT Ha MHTerpanyja .

Ha wct HaumH ce nepuHupaat u cymure Ha [1apOy u BaskaT UCTH-
Te OCOOMHM U TeOpeMHU KaKo Kaj IBOJHHOT uHTerpail. Teopemara 3a npe-
CMeTyBambe Ha TPOEH MHTErpajl MpH YCIOB Ha HEMPEKUHATOCT Ha (PyHK-
nyjara f Bo ogHOC Ha napanenonunenot P Ke ja nage popmynara

[[] f (x, y, z)dxdydz = dedjdyT f(x,y,2)dz = ?dy?dx} f(x,y,2)dz =

c e c a
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h b d b h d d h b
[dz[dx[ f(x,y,z)dy = [dx[dz[ f(x,y,2)dy = [dy[dz[ f(x,y,2)dx =

a c e c e

h d b
[dz[dy[ f(x,y,z)dx.

c a

Ha coopseTeH HauuH ce npomupysa U fAeduHULKjaTa 32 TPOEH
MHTErpajl BO OJHOC Ha 00JIacT, KaKo U COOfIBETHATa popmyJa 3a npec-
METYBameE.

Hegunuyuja 6.13. O6nacra G ce BUKa IpaBUiIHA aKO € OIpaHu-
YEeHa CO MOBPIINHYA KOU ce rpapUliy Ha HENPEKUHATH (DYHKIIUH.

Hecgunuyuja 6.14. O6Gnacta G ce BUKa eJleMEHTapHA BO OJJHOC
Ha pamHuHaTa X0Y ako € off BULOT

G = {(Xv y’ Z)ERa | (Xv Y)Eny ’ (ol(x’ y) <z< ¢2(X1 y)}’

Kange mTo ¢ u ¢, €€ HENPEKUHATHU Q)YHKI_[I/II/I Ha IIpaBUJIHATa obJiacT
Dy,cR?.

Hegunuyuja 6.15. O6nacra G ce BUKa ejleMeHTapHa BO OIHOC
Ha pamHuHaTa X0Z ako € off BULOT

G= {(Xv Y, Z)ER3 | (X! Z)EDXZ? l/ll(xv Z) < y < VIZ(X! Z)}’

Kajge aITo W nu Vo ce HereKI/IHaTI/I q)yHKI_II/II/I Ha HpaBI/IJIHaTa O6JIaCT
D,,cR?.

Hecgunuyuja 6.16. O6macra G ce BUKa ejleMeHTapHa BO OIHOC
Ha pamHuHaTa YOZ ako € off BUOT

G ={(x,y,2)eR’| (V. 2)Dy. 1(y, 2) <x< 2(y, )},
Kajie MTO y; M ), Ce HENMpeKWHATH (PYHKIMU Ha MpaBUIIHATA OOIacT
D,.cR?.
Hecpunuyuja 6.17. bpojot ”jdxdydz ce BUKa BOJYMEH Ha mpa-
G

BrIHATa ooiact G.

dopmynuTe 3a MpecMeTyBamke Ha TPOEH MHTErPall C€ aHAJIOTHU
Ha COOMIBETHUTE (POPMYJIM Kaj ABOEH MHTETPAN U MPECMETYBAKETO CE
CBEJlyBa Ha [IBOEH OJHOCHO €HOKpATEH omnpefeseH uarerpan. Ha npu-
Mep, popMyJiaTa 3a IPECMETYBalkhe Ha TPOEH UHTETpall 3a eleMEHTapHa
o6nacrt G Bo offHOc Ha pamHuHaTa X0Y Ke riacu:

132



§6. [sojuu u itipojHu unitiezpanu

2 (X,Y)
mf(x, y, z)dxdydz = fjdxdyw ﬁ(x, y,2)dz.
G D,y o (xy)

Jlokonky oGnacra Ha uHTerpauuja G He e mpaBUiIHA, TOraul ce
Jle7Id Ha TIOBeKe MPaBUITHA O0JIACTH, a MPaBIIIHATE OOIACTH ce JiesiaT Ha
eJIeMEHTapHU, CO IITO Ce OBO3MOXKYyBa IPECMETYBamhe HA TPOJHUOT
MHTETpall KaKo CyMa Of] CUTe MHTErpajy IpecMeTaHu BO OJHOC Ha eJe-
MeHTapHU o0acTu (0OCOOMHA HA aIUTUBHOCT).

dxdydz
IIpumep 6.6. m'—g
¢ @+x+y+2)
G={(x,y,2)eR®| (x,y)eDy,0<z<1-x~-V},

Dy = {(x,y)eR?|0<x<1,0<y<1-x}

=? aKko

=y dz
Pewenue: 1= ﬂdxdy .f —=
5 0 A+x+y+2)

Xy

1 5
w==(n2-=).
2( 8)

6.5. MeTon Ha 3aMeHa HA IPOMEHJIMBH Kaj JBOjHATE M TPOjHUTE
HHTerpaiu

Hocera paboTeBME NMPETEKHO CO peaiHu (PyHKIUH, T.€. PYHK-
M 41U BpeHOCTH Oea peanHu OpoeBu. Cera Ke geduHUpaMe Npecin-
KyBame oy R Bo R,

Hegunuyuja 6.18. Heka f u g ce nBe peanmHu (yHKIHUM Off ABE
peanHu TPOMEHNINBY U U V, lePUHUPAHU HA MHOXECTBO E.cR2 Hedu-
HEpaMe TIpecnuKyBame (omepatop) h = (f, g) ox E,, Bo R® co penanujaTa
h(u, v) = (f(u, v), g(u, v)) 3a cekoja Touka (u, v) ox E,,. Axko fu g ce qude-
peHnyjabunan pyHKIMK Ha E,, TOram geTepMmuHaHTaTA

o o
ou ov
99 99
ou ov

ce BMKa jakoOWjaH Ha MpEeCIuKyBambeTo h, a MpeclnuKyBameTO ce BUKA
HEeMpeKnHaTo AudepeHnujaduaHo. AKo BoBefieMe o3Haku X = f(u, v), y =
o(x,y)
o(u,v)

g(u, v), Toram jakoOHWjaHOT ce O3HauyBa co J =
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Hpumep 6.7. TIpecinkysameTo h: R°->R?, 3aganeHo co ¢yHKIM-
ure fu g, f(u, v) = e'cosv, g(u, v) = e'sinv nMa jako6ujan eHaKoB Ha €

Ipumep 6.8. Kaj npecnukysameTo h: R°—R?, 3aaieno co ¢pyHK-
muute fu g, x = f(p, @) = pcose, y = g(o, @) = pSing (MpecauKyBame Of
HekapToB BO MoJIapeH KOOPAMHATEH CHCTEM), jaKOOWjaHOT € eJHAKOB
Ha p.

Teopema 6.8. (Meton Ha 3ameHa.) Heka Dy, nych ce IMpaBuII-
HI OTBOPCHH o6racTy M HeKa co npeciaukyBameTo h = (f, g) 3aTBopenara

o6mact Du ce IpeciuKyBa BO 3aTBOpeHaTa 006JacT Dy . Heka npeciu-
KyBambeTo h e o0paTHOeJHO3HAYHO, HEMPEKNHATO AU epeHInjabnuiIHO

Ha Dy, u Henpekunato va Duw . Heka x = f(u, v), y = g(u, v) u Heka J =

o(x,y)
o(u,v)

JBC pc€aIHi IPOMEHJIMBH X U Y, HEIIPCKWHATa Ha D xy , TOT'Alll BaKu :

o(x,y)
o(u,v)

3a pa3nuka off METOIOT Ha 3aMeHa Kaj eJHOKPAaTHUTE OIpefieie-
HYU MHTErpajy, KOj UMaIlle 3a 1eJ Jla ja YIpOCTH MOANHTerpajsHaTa yH-
KIFja, Kaj JBOJHATE Ta W TPOJHUTE MHTETPAM BO MOBEKETO CIIydyan Me-
TOIOT Ha 3aMeHa MMa 3a el YOpOoCTyBame Ha objacTa Ha MHTETpH-
pame. 3a METOIOT Ha 3aMeHa Kaj TPOJHHOT MHTErpajl COOIBETHO ce fie-
curEpa npecmukyBame of R® Bo R® co Tpu peamHu ¢hyHKIMH Off TpHU
peaHu MPOMEHIINBY | jaKOOWjaHOT ce iepuHIpa CO IeTePMUHAHTATA

# 0 3a cekoe (U, v)eD,,. Ako e mageHa peanHa ¢yaknuja F o

H F(x, y)dxdy = ij(f(u V), g (U)X gugy |

ou ov ow
Y oy, )
u v ow a(u,v,w)’
@ o a
ou ov ow

npu mro X = f(u, v, w), y = g(u, v, w), z = h(u, v, w) ce nudepeHIujacuTHI
(pyHKIIMT HA MHOXKECTBOTO Eu\,WCR3 . Toram coopBeTHaTa Teopema, mof
JaJ€HU aHAJIOTHHU YCJIOBH, I'O 1aBa paBCHCTBOTO

[[[F(x,y, z)dxdydz _mF(f(u v, W), g(u,v,w),h(u,v,w))| J | dudvdw.

Xyz Viw
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OcBeH [1eKapTOBHOT TNPOCTOPEH MPaBOAroylieH KOOpAWHATEH
CHCTEM ce KOPHUCTAT U IIINHPUICH U chepeH NIPOCTOPEH KOOPAUHATEH
cucreM. AKO CO X, Y, Z ce 0O3HauYeH! KOOPAMHATHTE HA TOYKA BO IPaBO-
aroJieH MPOCTOPEH KOOPJWHATEH CHUCTEM, CO @, p, Z C& O3HAUYEHU KOOP-
AVHATHATE HA WCTaTa TOYKAa BO LWIMHAPUYEH MPOCTOPEH KOOPAMHATEH
cHcTeM, Kajie ITO @ U O rO UMaaT UCTOTO 3HaueHe KaKo MOJIApHUTE
KooppimHaTu Bo pamHuHaTa X0Y, Toram Bpckute Mef'y HUB ce AajleHU CO
PaBEHKUTE X = pCoSy, Y = psing, z = z. Co Tue paBeHKH € Ae(PUHUPAHO
TpecluKyBame U] jakoOnjaH e emHakoB Ha p. OBJie yiaorata Ha U, V, W ja
uMaar @, pu Z.

Co paBeHKHUTE X = pCOS@COSH, Y = pSingcosk, z = psing ce maneHn
BpckuTe Mery JlekapTOBUTE KOOPAMHATH M KOOpPAUHATUTE @, p, € Off
cepeH mpocTOpeH KOOPAMHATEH CHCTEM, Kajie IITO o € pacTojaHhe Off
KOOPIMHATHUOT MOYETOK JI0 TOUKaTa, # € aroi Mery pajgnyc-BeKTOPOT
Ha TOYKaTa W HeromaTa Mmpoeknuja Ha pamHuHaTa X0Y u ¢ e aronor me-
f'y MO3UTHBHATA HACOKA Ha OcKaTa X 1 Taa npoekiuja. Co Tre paBeHKH e
nedIHIpPaHO IPeCIMKYBakhe YHjIITO jAKOOHjaH € eHAKOB Ha pSing.

N Bo fBaTa cinyuaja ¢pynkuuure f, g u h, co kou e nedpunupaHo
IPECIUKYBalbETO, T 33/J0BOJIyBaaT cOOABEeTHUTE ycnoBu. OBfie ynorara

Ha U,V,Wjanmaar @, pu 6, mpumro 0 < p<27,0< p< o, —g SHSE.

2
Ipumep 6.9. Hajou ”e(xz+y2)dxdy ,Kage mro D: 0 < x*+y*<R?,
D

Co 3aMeHa BO TIOJIapHHM KOOPAMHATH X = pCOS@, Y = pSing, Kajie
IITO jaKOOMjaHOT € eJHAKOB Ha p, ce Jo0uBa

2z R )
[[e*dxdy = [dp[e” pdp = a(e® —1).
D 0 0

6.6. HecBojcTBeHN 1BOjHI HHTETPAIH

AKO Kaj IBOJHHOT MHTerpaj (pyHKIFjaTa UMa TOUYKa Ha MPEKUH
OJ1 BTOp pefl WM ako o0jacTa Ha UHTeTpalyja He € KOHeUHa, Torall TOj
ce BUKa HECBOjCTBeH (cuHTYlapeH). McnuryBameTo Ha HeroBaTa KOH-
BEpreHIyja ce BPIIM HAa UCT HAYMH KaKO U UCIUTYBAakHETO Kaj eTHOKPAT-
HUOT ONpefesieH HECBOjCTBEH MHTErpas (Co rpaHMYHA BPETHOCT).
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+00 400

Ipumep 6.10. TTokaxu aexa .[ J' e’("z*yz)dxdy = %
0 0

Ia ru pasriiefiaMe HHTETPAUTE

”e’(xz*yz)dxdy , ”e"xz*yz)dxdy , ”e‘“z*yz)dxdy
D D, D

BO OJHOC Ha obJacTuTe
D:={(x,y)|x>0,y>0,0<x*+y*<R?},
D,={(x,y)|x>0,y>0,0<x+y’<2R%

D={(x,y)|0<x<R,0<y<R} (uprex 21).

RV2
D,

D:

R R\V2

Lpitexc 21

Co 3ameHa BO IIOoJIapHU KOOPIAUHATH CE JIOGI/IBaZ

T

J'je‘("z”z’dxdy = ngpTe‘Pzpdp = %(1 —e ™),
0 0

D,

s

(+y?) 2 Ry2 2 /a —2R?
[Je ™ dxdy = [dp [ e pdp = —(1-e™").
D, 0 0 4

Bunejkn f(x, y) = e ™) 5 0y D;cDeD,, ce mobuBa HEpaBeH-
CTBOTO
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~(x*+y%) -(x*+y?) ~(x*+y?)
[fe dxdy < [[e dxdy < [[e dxdy ,
D, D D,
OJIHOCHO HEPABEHCTBOTO
V4 _R? V4 _2R?
Z@-e )< f[e ™ dxdy < < (1- 7).
4 D 4
IIpu rpannyeH nponec R—oc ce podusa

i ~(+y?) i
lim ge dxdy 7

R—0
OJTHOCHO
+00 400 B T
[ Je Y axdy = 2
0 0 4
Op npyra cTpaHa,

R R R R R
[[e " dxdy = [dx[e™ e dy = (e dx)([e™ dy) = (Je™ dx)?
0 0 0 0 0

D

+00 " T
U ce qoOuBa j e dx =

0

(Ojnep—IToacoHoB uHTETpA).

~[8

[To3HaTH cnenyjaHu HeCBOjCTBEHN HHTerpanu (pyHKImN):
[(a) = [x*'e™dx, xe(0, +),0<a<1, I(n+1)=nl,
0
(Ojnepos uaTerpan op | pex, rama (pyHKIHja);

B(a, b) = }xa-l(l— x)"tdx
0

I'(@)I'(b)

3aa,b>0.
I'(a+b)

(6era ¢pynkumja). 3a HuB Baxku B(a, b) =

Cekako JieKa OBJIE COIJIACHOCTA CO COOJIBETHUTE (POPMYIH BO
reoMeTpujaTa He ce o0jacHyBaa MOJI€TaHO KaKo Kaj IJIOIITHHA Ha KPHU-
BOJIMHHUCKH Tpane3. MHaKy, cuTe TeOMEeTpUCKM PaMHUHCKM WU TPOC-
TOpHU (UTYpH (CIUKH, Tesla U CI.), 32 YUU OpOjueHH KapaKTEepUCTHUKH
ce KOPUCTAT MHTErpajauTe, OONYHO AHAIUTUYKY NOJIETAIHO ce 1e(PUHU-
paaT Kako KBafipaTypHU (pUrypu, ITo MOXKe Ja ce BUAU BO JUTEpaTypa-
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Ta [5, 8, 14]. Tlocrou mena Teopuja 3a aKCHOMATCKO Je(PUHUPamE HA
IMOMMHUTE IUIOIITHUHA, BOJYMEH Ha CpI/IprI/I KO C€ niIm HE CE KBa-
ApaTypHu. MHaKy nOMMOT KBafipaTypHU (PUTYpU NOTEKHyBa YIITE Of
aHTHKara. [la ce moTceTnMe fieKa ymre ApxXuMes ja IpoydyBaj KBajpa-
TypaTa Ha Kpyror.

JIBOjHUTE M TPOjHUTE MHTETpaNM HaofaaT MpUMEHa BO IpecMe-
TyBam€ Ha BaXKHU OpOjueHH KapaKTEPUCTUKH M BO IPYT'H OOJIACTH.

Ha npumep, ako e fgajieHa rycTHHATa Ha pacrpefendara Ha Ma-
cata Ha egHO Teno GcR® co dymkumjata xX, y, z), Toram 6pojoT
[[[7(x,y,2)dxdydz ja naBa BKymmaTa mMaca m Ha Toa Teno. Bpoesute
G

[[[zy(x,y,z2)dxdydz =My,  [[[yy(x,y,z)dxdydz = My,
G G

[[[xr(x,y,2)dxdydz =M,
G

ce CTaTUYKUTE MOMEHTH Ha TEJOTO BO OJHOC Ha COOIBETHUTE KOOPAU-
HaTHU pamMHUHN. KoopnuHaTuTe Ha TeXXUmTeTo T(Xc, Ve, Zc) HA TOA TEIO
ce majiean co popMynuTe

a MOMEHTOT Ha WHEPIHja BO OJHOC HA KOOPIUHATHUOT MOYETOK € JAaJieH
co OpojoT

lo= [[[(x* +y? +2%)y(x, y, z)dxdydz .
G
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§7. KPUBOJMHUNCKUN UHTET'PAJIN

Bo anmanuTnukaTta reomMeTpuja ce CpeTHaBMe CO MpaBa BO MPOC-
top. Co KpuBa BO paMHMHA ce CPeTHaBME Kaj peajHa (pyHKIHja Off eHa
peasiHa TpOMEHJINBA NMpeKy Hej3MHuOT rpacuk. [Toroa Kaj mpumeHarta
Ha olpefiesieH HHTeTpall ce CpeTHaBMe cO KpuBa BO paMHUHa Bo [lekap-
TOB TMPaBOAroJieH KOOPAMHATEH cucTeM W AeduHrpaBMe 2KoppmaHoBa
MMpOCTa KpUBa CO TIOMOIII Ha JiBe (PYHKIUHU @ M i CO TapaMeTapCKUTe pa-
BeHKH x = ¢(f), y = Y1), te[e, f], co modeTHa Touka 4A(x(«), y()) n Kpajua
Touka B(x(f), y(f), kKage mTO (YHKIHUATE 3aTOBOJIyBaa COOJBETHU
ycioBU. 3a MOeTHOCTaBHO NUIIyBame Ke I'M ynmoTpebyBaMe paBEHKHUTE
x = x(#), y = y(f), OTHOCHO BeKTOpcKaTa paBeHKa 7 (t)= x()i + y(t)],
Kazie To 7(¢) e paguyc-BeKTOp Ha TOUKMUTE Of] Taa KpuBa BO JlekapToB
MpaBOarojieH pPaMHUHCKM KOOPAMHATEH CUCTeM (CO OBa BCYIIHOCT €
neuHUpaHa BEKTOpcKa (PyHKIUja Of €lHA peajiHa MPOMEHIINBA ).

AXo 3a mapamMeTap ce 3eMe JTOJKMHATa Ha JIAKOT s, TOTAIll pa-
BEHKHTE X = x(s5), ¥ = y(s), s€[0, L] ce BUKaaT npupoHU paBEHKH, Kajie
mTO L e MoiKrHa Ha KpuBaTa co moueTHa Touka A4(x(0), y(0)) m kpajua
Touka B(x(L), y(L)). [lokonky kpuBaTa e rpaguk Ha peanHa yHKuuja f
O]l eJIHa peallHa MPOMEHIINBA JlaJieHa co paBeHKaTa y = f(x), Toramr Bek-
TOpcKaTa paBeHKa € jjaieHa co

Fx)=xi+fx) ], xeD; ((x./x)eGy).

Jokonky kpuBaTa ¢ 2KopaHoBa riaTka KpuBa ajieHa cO paBeH-
kata 7(t) =x(6)i + y(f) j, ce medpmHUpa M BEKTOPCKU W3BOA cO 7 (t) =
()i +y (t)j , a aKO € JajieHa co paBeHKaTa 7 (x) =xi + f(x)] , ce nedu-
HEpa BEKTOPCKH M3BOJ cO 7(x)= i + f'(x) j . BeymHoCT, BEKTOPOT CO

KOj ¢ aedmHMpaHa TaHreHTaTa Ha KpHUBaTa BO ONpeEJiesieHa TOYKa MMa
koopauHaTu X (f) m y (), onHOocHO 1 m f'(x), Kako mITO M Gelre mokaxa-

HO Kaj T€OMETPUCKOTO TOJKYBame Ha MPBUOT u3BoA. I1purtoa 7(¢)# 0.

AKO Ax e HapacHyBame Ha IPOMEHJIMBATa X BO TOYKAaTa X, TOTAll
COOJIBETHOTO HAapacHyBame Ha PafinyCc-BEKTOPOT, OAHOCHO Ha BEKTOP-
ckaTa ¢yHknmja 7(x), e

AF(x,) = Fxy +Ax) — F(xy) = Axi +Ay] =
Axi + [flxg+ Ax) = flxo)] J -
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ITouMOT paMHUHCKA KpHMBa ce OOOMIITYBa M BO MPOCTOpP, TaKa
IITO BO JIaficH MpocTopeH J[leKapToB mpaBoarojieH CUCTEM MPOCTOpHATA
KpuBa Ke Ouje 3ajajieHa co Tpu (PYHKIUH [aJeHA CO MapaMeTapCKuTe
paBeHKH x = x(t), y = y(£), z = z(f), OMHOCHO CO BEKTOPCKaTa paBeHKA

Ft) =x(0i +y(@O) ] +z()k, tela, A,

co nouetHa TouKa A(x(), y(a), z()) u kpajua Touka B(x(f), v(p), z(L)).
AKO KaKo mapameTap ce 3eMe JJOJKMHATA Ha JIAKOT §, TOTalll pAaBEeHKUTE
x = x(s), y = ¥(s), z = z(s), s€[0, L], ce BuUKaaT NpupogHN paBEHKH, Kaje
mTo L e moJKWHa Ha KpuBaTa co mouyeTHa Touka A(x(0), y(0), z(0)) u
KpajHa Touka B(x(L), y(L), z(L)).

I[Tonatamy Ke paboTume co pamMHUHCKa mnpocTta ZKoppaHoBa
riaTka KpuBa, MPU MITO OOOMIITYBAaHK-ETO HAa MPOCTOPHA KpWBa Ke TO
WIyCTpUpaMe KaKo KOHEUeH pe3yITar.

7.1. KpuBOIMHUCKYI HHTETPaJ] BO OIHOC HA JIAK

Hecpunuyuja 7.1. Hexa e nagena pamaunHcka npocra 2Koppranosa
rJaTKa KpUBa co paBeHKuTe x = x(s), v = y(s), s€[0, L], co moyeTHa Touka
A(x(0), »(0)) u kpajua Touka B(x(L), y(L)). Heka 7, e enna nonenba Ha
cermeHTOT [0, L] co gendenn Touku 0 = 5o < 51 <...< 5, = L Ha KOU OJJTOBa-
paat menOeH:M TOYKM Off KpuBata A = My, Mi,..., M, = B 1 HeKa As; =
§; — Si_1 € JOJKUHA Ha JakoT M, M, ,i=1n (uprex 22). Bpojor

d,= maxAs,

1<i<n

ce BHKa JujaMeTap Ha nojenodara.
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Hexka nonaramy e pajgeHa ¢pyHKIUja f O JBE peallHu IPOMEHIIN-
BU CO paBeHKaTa z = f(x, y), lepuHrpaHa BO obmacT D Koja ja COApKH
kpuBata 4B. [leunnupame cyma co opmynara o(z) = Y. f(&,,¢,)As; ,

i=1
Kajie mTo Toukata (&;, ;) € MpON3BOIHA TOYKA Off JaKoT M, M, pu
wro &;=x(17:), &i=y(n.), ni€lsie, si],i=1,n.

Hecpunuyuja 7.2. Hexa e nanena ¢pyHKIyja f Oy IB€ peaHu Mpo-
MEHIIMBH CO paBeHKaTa z = f(x, y), lepmHIpana Bo obiact D Koja ja co-
apxu KpuBata AB. AKO MocTou peajieH Opoj / co CBOJCTBO 3a MPOU3-
BOJICH peaJieH MIO3UTHBEH OPOoj £/1a IOCTON peajieH MO3UTUBEH Opoj & &),
Taka IITO 3a cekoja mopenda 7, Ha KpuBaTa AB, 4nj pujamerap d, < o,
Baxu |o(7,) — I | < &3a cekoj m360p Ha Toukute (&, &), i = 1,n, TOram
Opojot / ce BUKa KPUBOJIMHUCKH UHTETpall off (pyHKIHjaTa f BO OJHOC Ha
KpuBaTa AB (KpUBOJIMHUCKY MHTETPAJ 110 JIaK WU KPUBOJIMHUCKA UHTE-

rpaJt off IPB TUI) CO O3HAKA J f(x,y)ds .
AB

Teopema 7.1. Heka e pajeHa pamHuHCKa npocra KoppaHoBa
riaTka KpuBa AB co paBeHKuTe x = x(s), y = y(s), s€[0, L], co moueTHa
touka A(x(0), »(0)) u kpajua Touka B(x(L), y(L)). Ako cdyHkimjaTa f e
HeNpeKWHaTa BO HEeKoja OOJacT Koja ja CONpsKM KpuBaTa 4B, Toramr
Baxku (popMmysaTa

[ £(x.p)ds = [£(x(s),y(s))ds
4B 0

Iokas: bunejkn pynkuuute x(s), ¥(s), fx, y) ce HeMpeKNHATH, U
cnoxeHata yHkumja fx(s), ¥(s)), Kako pyHKIH]ja Ol €IHA peayHa Mpo-
MeHJuBA s flepuHrpana Ha cermMeHTOT [0, L], € HempekuHaTa Ha TOj cer-
MeHT. Heka 7, e enna mopen6a nHa cermentoT [0, L]. Toram cymara
o(m) = Y f(x(n,), y(n,))As; , Kage wto 7;€[s:1, 5], i = 1,n, Ke npeTcrasy-

i=1l
Ba MHTETpAJIHA cyMa 3a cioxkeHaTta gyHkimja f(x(s), ¥(s)) 3a Koja, 6u-
nejku e HempekmHaTta Ha cermeHToT [0,L], Ke mocTom ompeneneH

L
MHTErpai J f(x(s),y(s))ds, emHakOB Ha KPHUBOJMHHUCKHUOT WHTErpaj
0

j f(x,y)ds (mcr rpanmuyeH mpomec maxAs,—>0 W WCTH WHTETPATHA
1<i<n
AB

CYMH).
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Heka e gamena oTBopeHa riaTtka 2KopjilanoBa KpuBa €O TlapamMe-
TapckuTe paBeHKH x = x(f), y = y(f), tele, P, co moyeTHa TOUKA
A(x(), y(@)) n xpajua Touka B(x(f), y(f) n nomxkuna L. [ledpuanmmjaTta
Ha KPUBOJIMHUCKUOT MHTErpajl BO OJHOC Ha KpuBaTa AB € HaIOJIHO
WCTa, CO TOA ITO ce 3eMaaT NMoJeJIoNTe Ha CErMEHTOT [«, f].

Kaj mpumenara Ha ompepiesieH WHTerpan Oemre neduHUpaHa

t
dyukuyja s(f) = J'\/)'cz(t)Jrj/Z(t)dt, Vtela, fl, KOja € CTpOro MOHOTOHO

pacTeuka, IpH IITO BAXK ds = ++/x°(¢) + y*(f)dt . Ako f e HempeKWHATA

¢pyHKIM]ja BO cUTE TOUKM Off KpuBaTa 4B, Toramr co MeTOJIOT Ha 3aMeHa
L

BO OMpENIeJICHNOT MHTErpas j f(x(s),y(s))ds , co 3ameHa geduHUpaHa CO
0

paBeHkarta s = s(f), te[e, A, s(a) =0, s(f) = L, ce nobusa popMynara
B
[ £ p)ds = [ £(e(e), p(e)NE° @) + 3% (2)elr

AKo mak KpuBaTa 4B e 3ajajieHa Kako rpauk Ha HeMpeKnHaTa
nudepenjabunHa pyHKIHUja @ fafgeHa co paBeHkaTa y = ¢(x), xela, b],
A(a, ¢(a)), B(b, ¢(b)), Toram, n3dupajku ro x Kako mapamerap, of Io-
cregHaTa popMyiia ce JoouBa:

[FGp)ds = [ £ o)L+ @2 (0)dx, (x=1, y= o), tela, b]).

AKoO mak KpuBaTa 4B e 3ajjajieHa Kako rpauk Ha HeTpeKnHaTa
nudepenjabunHa (pyHKIHja i fajieHa co paBeHkaTta x = y(y), y€(c, d],
A(y(c), ¢), B(y(d), d), Toram, n3bmpajku ro y Kako napamerap, off Imno-
cregHaTa popMyiia ce moOuBa:

d
[7Ga)ds = [ fy oW1+ 2 (dy, (= w(d),y =1, te[e, d)).

Ha 3a0enexxuMe ieKa BO CUTE CIIy4yad Ha IPECMETYBAKE HA KPU-
BOJIMHUCKM MHTErpai off IpB THIl IPEKY MPECMETYBalke Ha OINpEfieNIeH
€HOKpATEH MHTETpall KpuBaTa AB € OpHEHTHpaHa KpHUBa CO IOYETHA
TOYKa A ¥ KpajHa TOYKa B, IpU LITO CO pacTelhe Ha COOBETHUOT Mapa-
MeTap pacTe U JOJLKUHATA s, T.€.

ds = ++/%2(t)+ p2(t)dt .
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Crnopen pedunnnMjaTa Ha KPUBOJIMHUACKYM MHTETPAI Off IPB THUI
BaXu

ff(an’)dS = ff(x,y)ds )

3a ja ro mokaxeme Toa, HeKa efjHa ncra 2KopyaHoBa riaTtka Kpu-
Ba [’ co moykuHa L e 3ajjajieHa co J[Ba mapa pa3jnvyHd NPUPOHI paBeH-
K, m Toa x = ¢s), vy = y(s), s€[0, L], ux= (L —s),y= (L —s),s<[0, L],
IIPH IITO ¥ BO IBaTa Ciiyvaja (DYHKIUUTE @ U i ce UCTH (Ja 3abesieskumMe
lieKa Kaj BTOPUOT map (pyHKIMK CO KOM € 3ajiajiecHa KpuBaTa BCYITHOCT
ce paboTu 3a cnoxeHu (PYHKIUU ¢ OA, OMHOCHO W 04, Kaje mTo A e
nuHeapHa (pyHKIMja majeHa co A(s) =L —s ).

Hexka co 4 e o3HaueHa ToukaTa off KpuBarta /I Koja ce qobuBa 3a
BPEHOCT Ha mapaMeTapoT s = 0 BO MPBUOT Map MPUPOJHU PaBEHKH, T.€.
A(¢(0), ¥(0)), m HeKa co B e 03HaUYeHa ToukaTa ojf KpuBaTta I Koja ce Jo-
OuWBa 3a BPETHOCT HA MapaMeTapoT s = L BO MPBUOT Hap MPUPOJHU pa-
BeHKH, T.e. B(¢(L), y(L)). OunrinegHo e Aeka UCTUTE TOUKHU Ke ce MoOu-
jaT aKo BO BTOPUOT Tap MPUPOJIHU PABEHKH 32 BPEIHOCTH HA TapameTa-
poT ce 3emat BpefgHocTuTe s = L 3a Toukata 4 U s = 0 3a Toukarta B.
[IpuToa BO MpBHOT ciyyaj TOuKaTa 4 € MOYeTHA TOYKa, a BO BTOPHUOT
Clly4aj MOYeTHA TOYKA € TOUKaTa B (OpUeHTHpPaHU KPUBH).

Crnopen fepuHnIgjaTa 32 KPUBOJIUHUCKU UHTETPAN U popmyma-
Ta 32 HETOBO MPECMETyBame, 32 KPUBOJIMHICKY MHTETPaJl BIOIK KpUBa-
Ta I” 3ajiajieHa co MPBHUOT Nap NPUPOTHA PAaBEHKH K& MMaMe:

[fGy)ds = [ f(@(s).y(s)ds,
AB 0

a 3a KPUBOJIMHUCKU MHTErpajl BAOJIK KpuBaTa [ 3ajajicHa cO BTOPUOT
nap NPUPOJIHU PAaBEHKHU Ke UMaMme:

[fGy)ds = [ f(p(L—s),w(L—s))ds.
BA 0

Co enHOCTaBHa 3aMeHa Ha IOAMHTErpajHaTa IIPOMEHJIMBA BO
OIIpe/ieIeH MHTErpai Off jecHaTa CTpaHa Ha MOCIEJHOTO PaBEHCTBO
(L — s =) ce o6MBa TOYHO ONpefieieH MHTErpaj Koj (purypupa Ha
JlecCHaTa CTpaHa Off MPETHOCAEAHOTO PAaBEHCTBO, CO IITO € JOKasKaHO pa-
BEHCTBOTO (f1a 3abesekuMe JeKa Kaj ONpeleJCHUOT MHTErpaj, Koj e
Opoj, He € OUTHA O3HAKaTa Ha MOMHTETrpaIHaTa TPOMEHIINBA).
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Ipumep 7.1. Jyzds = ? kajie mto I x = a(t — sing), y = a(1 — cost),
r

te[0, 27] (uuknouna).

L 9 256 ,
1= [a*(1-cos)®\/2a(l-cost)dt = =
0

Hpumep 17.2. j(x+y)ds =? ako I p = a°cos2e, (pe[—%, %].
r
(meMHUMCKaTA).

s

n
1= [(a®cosgcos2¢p +a® cos 2¢psin (/J)\/a4 cos? 2¢p +a* sin® 2p - 2dg =

4
22 .

3Ha‘H/I, MPpECMETYBAKLETO HAa KPUBOJIMHUCKU UHTErpPAJI CE€ CBEY-
Ba Ha IPpECMETYBAKEC Ha €JHOKPATCH ONPECJICH UHTETpall.

Hecunuyuja 7.3. Hexa e najena orsopeHa riaatka 2Koppanosa

KpuBa AB. bpojor _fds ce BHKa JOJIKMHA Ha KpuBaTa AB.
AB

OBgaa neuHMLIAja € BO COTIIACHOCT CO COOfIBETHATa hopmyJa 3a
pecMeTyBame Ha OJKWHATA Ha JIaK, JoOMeHa Kaj MpruMeHaTa Ha orpe-
[ENEHNOT MHTETPall, M COOABETHATAa (pOpMyJIa 3a pacTojaHue Mery JiBe
TOYKH BO paMHUHA OJf aHAJTUTHYKATa FTeOMETpHja.

Teopema 7.2. Hexa e panena rnatka KopagaHoBa KpuBa 4B co
paBeHKHUTE x = x(5), v = y(s), s€[0, L], kage mTo L e OIKMUHA HA KpUBaTa
co nmouetHa Touka A(x(0), ¥(0)) m kpajua Touka B(x(L), y(L)). Heka f e
¢yHK1Mja gageHa co paBeHkara z = f(x, y), HEelIlpeKMHAaTa BO TOUYKHUTE Off
KpuBaTa, co ocoomna f(x, y) > 0 3a cexoe (x, y)eA4B.

Toram I f(x,y)ds e enHaKOB Ha IUIOIITHHATA Ha JEJOT Of IH-

AB
JUHpUYHATA TOBPIIMHA YWja UPEKTpUca € KpuBaTa 4B, TeHepaTpucu
MpaBy MapalieIHA CO OcKaTa z U Koja € orpaHnyeHa co pamuuHaTa X0Y u
nospiuHaTa Gy.

OBa TBpeHE MOXKe fla ce oKaXke cO MOMOIII Ha MHTETPATHA Cy-
MU U cO fedUHUIMjaTa Ha KPUBOJIMHUCKA WHTETPAN, Ha CIWYEH HAYWH
KaKo Kaj onpefelieH MHTerpas 3a noouBame popmya 3a MpecMeTyBambe
IJIOIITHHA Ha KPUBOJIIMHUCKY Tparne3 (IpTex 23).
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AY

Lpitex 23

Co momol Ha COOABETHUTE OCOOMHHU Ha OIPENEIIEHUTE €JHO-
KpaTHHU MHTETPaJi U BpCcKaTa cO KPUBOJIMHUCKUTE MHTETPaJH JIECHO ce
JIOKaxXKyBaaT CJIEJHUTE OCOOMHHU:

Ocobuna 17.1.
[fGry)ds = [ fGey)ds + [ f(x,y)ds. CedB.

Ocoouna 1.2.
[/ y)+g(x)lds = [ f(x,y)ds + [g(x,y)ds;

J'Kf(x, y)ds =K jf(x,y)ds (K e KOHCTaHTa).

Ocoouna 7.3. Axko f(x,y) > 0 3a cekoe (x, y)€AB, Toraur

If(x,y)ds >0.

AB

Ocoouna 7.4. (Teopema 3a cpegna BpemnHocT.) [TocTom TOUKa
(& )eAdB raksamro Baxu | f(x,y)ds =Lf (& Q).
AB

Ocobuna 7.5. mL < jf(x,y)ds < ML, kasie mito m < f{x, y) < M 3a
AB

cekoe (x, y)eAB.
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Bo cute ocobunu kpuBaTa 4B e rnaTka npocra 2KopraHoBa Kpu-
Ba co nomkuHa L u f(x, ), g(x, y) ce HenpeknHaTH (pyHKIUN BO TOUKHUTE
o kpuBata AB. Hexou o HUB BaxkaT ¥ BO TIOOMIIT CIIyYaj.

Axo kpuBata AB e npocropHa riatka 2KoppasnoBa KpuBa jjajficHa
CO MPUPOJHUTE paBeHKU x = x(s), ¥ = y(s), z = z(s), s€[0, L], kage o L e
IOJKMHA Ha KpuBaTa co nodyetHa Touka A(x(0), y(0), z(0)) m kpajHa Tou-
Ka B(x(L), y(L), z(L)), n ako e fafgeHa (pyHKUH]ja f O TPU peasHH Mpo-
MEHIIMBH CO paBeHKaTa u = f(x, y, z) lepmHApana Bo o6JIacT Koja ja co-

Ap>KU KpuBaTa AB, Toram KpUBOJIMHUCKUOT UHTETPAll J' f(x,y,2)ds ce
AB

neguHpa HA UCT HAYUH.
IIpuToa, ako f e HempeKUHaTa (PYHKIHMja BO CUTE TOYKH Of] KpH-
BaTa AB, Baxu opmyrara

[ £Gey,2)ds = [ F(x(s), 9(s),2(s))ds .
AB 0

AKO TIaK MpoCcTOpHAaTa KPUBA € laJicHa CO MapaMeTapCKUTE paBeH-
k1 x =x(2), y=y(f), z=z(?), te[e, ], co moueTna Touka A(x(a), y(), z(a)) n
KpajHa Touka B(x(f), v(f), z(f)), Toram popmynaTa 3a mpecMETyBambE €:

B
ff(x,y,z)ds = .ff(x(t),y(t),z(t))w/)'cz +y+z22dr.

L B
ITputoa Baxkat ucture OCOOMHMN U CO fds = Iw/xz +y2+z2%dt =L
0 a

ce nedpuHrIpa NOKUHATa Ha IPOCTOpPHATA KpUBa AB.

Bo cnyuaj kpuBarta fa He e rnatka 2KoppgaHoBa, Toraiml Taa ce
lienn Ha JIeJIOBH KoM ce rinaTku ’KopiaHoBu KpusH (IO IENOBH TiIaTKa
KpUBa) ¥ MPECMETYBAbETO CE€ BPILU CIOpE] OCOOMHATA 3a aJUTUBHOCT.
Axo kpuBaTa AB = K (4 = B) e 3aTBOpeHa, Torail 3a KpUBOJUHUCKUOT

MHTErpas ce ynorpedyBa o3HaKaTa § f(x,»).
K

7.2. KPHBOJII/IHI/ICKI/I HHTErpajJ BO OJHOC HA KOOPAMHATHH OCKHA

Hegunuyuja 7.4. Hexa e gagena paMmHuHCKA npocTta 2KopnaHoBa
riaTka KpuBa AB Koja e rpauk Ha pyHKIMjaTa f JajeHa cO paBeHKaTa
vy =fx), x€[a, b], co moueTHa Touka 4(a, fa)) u Kpajua Touka B(b, (b)).

Hexka 7, e efgna nofen6a Ha ceTMeHTOT [a,h] co AenbGeHn TOYKH
a = xp < x1 <..< x, = b Ha KoM ofjroBapaar feJ0CHA TOYKHU Ofi KpuBaTa
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A= My, Mi,..., M,= B nHeKa Ax; = x; — xi1, i = 1,n. BpojoT d, = max Ax; ce

1<i<n
BUKa AMjaMeTap Ha nopendara.
Hexka nonatamy e nageHa pyHkuuja P o ABE peaaHu IPOMEHIIN-
BU CO paBeHKaTa z = P(x, y), fepunnpana Bo o6mact DcR? Koja ja copp-
k1 KpuBaTta AB. [ledpuaupame cyma co popmyiiata

o@»=§P@¢nmw

KaJae mTo To4YKara (éﬁy éji) € IIPpOU3BOJIHA TOYKA 01[J131(01‘[kﬂ,11kﬂq npu
IITO é,i Zf(é:[) nu M(X,‘,ﬂxi)), 1= 1,7’[.

Hegunuyuja 7.5. Heka e magena ¢dyHkmja P Of IBe peallHA
IPOMEHJINBY CO paBeHKaTa z = P(x, y), AeduHupana Bo obmact DcR?
KOja ja coflp>Ku KpuBata AB. AKO IIOCTOU peajieH Opoj /, co CBOJCTBO 32
MPOU3BOJIEH peajieH MO3UTHBEH OpOj & a MOCTOM peasieH MO3UTHUBEH
6poj &) Taka mMTO 3a ceKoja mopenda 7z, Ha CETMEHTOT [a, b], unj nuja-
meTap d, < 6, Baxu |o(z,) — I | < &3a cexoj uzbop Ha Toukure (&, ), i =
1,n, Toram OpojoT / ce BUKa KPUBOJMWHUCKYU MHTErpan of PyHkuujata P
BJIOJIK KpHUBaTa 4B BO OTHOC Ha KOOpAWHATaTa x (KPUBOJIMHUCKY WHTE-
rpall mo KOOPAMHATATA X, WJIM KPUBOJIWHUCKU MHTETPAJ Off BTOP THII) CO
O3HaKa I P(x, y)dx.

AB

Axo ¢yHKIFjaTa P € HenmpeKnHaTa BO CUTE TOYKHM OJf KpuBaTa

AB, Toram Baxu popmynaTa

[PCx,y)dx = [ P(x, f(x))dx.

Joka3oT Ha mocnegHaTa (opMmyna ce W3BelyBa Ha MCT HAUYMH
npeky aeduHupame cinoxeHa yHkiuja P(x, f{x)) koja e HempeKkuHaTa
Ha CErMEHTOT [a, b] .

AKoO mak KpuBata 4B e pamMHHMHCKa npocra XKopaaHoBa riaTka
KpHBa, 1aJieHa CO MapaMeTapcKy paBeHKu x = ¢(f), y = y(t), tele, f], npu
wto @' (f) # 0 Ha cerMeHTOT [, f], Torau KpuBOJIMHUCKUOT MHTErpal
BJIOJIK KpHUBaTa AB ce AeMHIpPa HA UCT HAYMH, CTaBajKu f(x) = y(¢ (x)),
a= ¢(a), b= ¢(f). Ako nak ¢yHkuujata P e HeNmpeKnHaTa BO TOUKUTE
oJ1 KpuBaTa 4B, Toraiil Baxu opmyiarTa

B
[ PG )dx = [ Plo(e)w (0)p' ()
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Hegunuyuja 7.6. Hexa e pagena pamauHcka npocra 2KoprnaHoBa
riaTka KpuBa AB, Koja e rpauk Ha (pyHKIMjaTa g AajieHa CO paBeHKaTa
x =g(), yelc, d], co nouetna Touka A(g(c), ¢) u Kpajua Touka B(g(d), d).

Heka 7, e eqna mopen6a Ha CeTMEHTOT [c, d] co nenbeHn TOUKu
¢ =y < y1<..< y,= d Ha KOM OfroBapaar J|eJIOEH! TOUYKM Ofi KpUBaTa
A =My, Mi,..., M,= BuHeka Ay; = y; — yi1, i = 1,n. BpojoT d,= max Ay, ce

1<i<n

BHUKa JujaMeTap Ha nojenbara.

Heka nonatamy e gagena pyHkumja Q o ABe peaiHi IPOMEHIIH-
BU cO paBeHKaTa z = Q(, y), AecuHupana Bo obmact DcR? xoja ja co-
ApXu KpusaTa AB.

Hedunmpame cyma co dopmynara o(z,) = Y 0(&;,<,)Ay, , Kaae

i=1

mTo Toukata (&£, ;) € mMpoM3BONIHA TOYKA OJf JAaKOT M, ; M;, TIpu IITO

&i=g(g)m Mi(g(y), y),i=1n.

Hecpunuyuja 7.7. Heka e nanena gynkuuja Q o JiBe peajiHu
IIPOMEHIINBY cO paBeHKaTa z = Q(x, y), AeduHnpana Bo obmact DcR?
KOja ja colp>Ku KpuBaTa AB.

Axo mocron peajnieH O6poj / co ocoOMHa 3a MPOW3BOJIEH pealieH
NO3UTHUBEH OpPOj & la TIOCTOU peasieH MO3UTUBEH O6poj J (&), Taka MITO 3a
cekoja mopenba 7z, Ha CErMEHTOT [c, d], uuj mujamerap d, < J, Baxu
|o(7,) — | < &3a cexoj nu3bop Ha toukure (&, ¢;), i = 1,n, Toram 6pojot /
ce BMKa KPUBOJIMHUCKYU MHTErpan of (pyHKImjata Q BAOIXK KpuBaTa AB
BO OJIHOC Ha KOOpAMHATATA ¥ (KPUBOJIMHUCKY MHTETPAJl 10 KOOpAWHATA-
Ta y, WM KPUBOJIMHICKY MHTETPAI O] BTOP THUII) CO O3HAKA j O(x,y)dy .

AB

Axo ¢yHK1MjaTa Q € HEeNpeKUHaTa BO CUTE TOYKHU Off KpuBaTa

AB, Toram Baxu ¢popMyiarta

d
[0, y)dy = [0(g(»), »)dy .

Joka3oT Ha mocnegHaTa (opMmyna ce W3BelyBa Ha MCT HAUYMH
npeky neduHupame cioxena pyakmmja Q(g(v), ¥) Koja e HempeKnHATa
Ha CerMeHTOT [c, d].

Axo mak KpuBaTta AB € paMHHMHCKa TpocTa KopjgaHoBa TiiaTka
KpHBa, flaJicHa CO TapaMeTapcKu paBeHKH x = ¢(f), v = y(t), te[e, p], npu
mTo ¥ '(f) # 0 Ha cerMeHTOT [e, f], TOTall KPUBOJIMHUCKUOT MHTETPAI
B/IOJIX KpuBaTa AB BO OIHOC Ha KOOpAMHATaTa y ce feuHUpa HA UCT
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HaumH ctaBajku g(y) = oy '(Y)), ¢ = @), d = Y(f). Ako dyrKImjaTa Q
€ HelpeKrnHaTa BO TOUKUTE off KpuBaTa AB, Torai Basku (popmysiata

B
JQ(x )dy = [Qe®).w O M)t

Hokonky npocrata 2KopgaHoBa riaTka kpuBa AB e pameHa co
MPUPOTHUTE paBeHKH X = ¢S), Y = yAS), s€[0, L], Toramr 3a geduanpame
Ha KPUBOJIMHUCKUOT MHTETPAJ Off BTOP TUI BO OHOC Ha KOOpAUHATATA
X e motrpebeH u ycnoBoT ¢ (S) # 0 Ha cermenTor [0, L]. I1puroa f(x) =
W@ (X)), a = ¢(0), b = ¢L). Ako nmak ¢ynkuHEjaTta P e HempeKknHaTa BO
cUTe TOYKM Off KpuBata AB, Toram Ke Baxku popmynaTa

[P, y)dx = [P(e(s), w(s)e'(s)ds .
AB 0

Iokonky mpocrata 2KopmaHoBa rnatka KpuBa AB e maseHa co
IPUPOTHUTE paBeHKU X = ¢S), Y = yAS), s€[0, L], Toramr 3a neduanpame
Ha KPUBOJIMHUCKUOT MHTETPAJ OfI BTOP TUM BO OHOC Ha KOOPAUHATATA
y e moTpe6eH u ycnoBot ' (S) # 0 Ha cermenTOT [0, L]. KpuBonuHaucknoT
MHTETpall BIOIK KpuBaTa AB ce fepmHIpa Ha MCT HAYMH cTaBajku g(y) =
oy (), ¢ = Y0), d = y(L). Ako nak ¢ysknHjaTa Q € HempeKHHATa BO
cuUTe TOYKH of] KpuBata AB, Toram Ke Baxku popMmyniaTa

[Qx y)dy = [Q(e(s), w(s)y'(s)ds.
AB 0

Hexka xpuBara AB He e rpacduk Ha Hekoja ¢yHKImja f 1 HeKa Mo-
Ke Jla ce TOfIeIN Ha KOHeYeH Opoj 1eJI0BU KO ce rpaduiy Ha (pyHKIUH
KOU MMaaT HeTpeKHHaT U3BOJ (3a Aa 6upat npoctu 2KopaaHoBY IIaTKH
KpuBH). Toram KpUBOIMHICKHOT HHTETPAJ Off BTOP THUII BIOJLK KpUBaTa
AB BO ofiHOC Ha €/IHa MicTa KOOpANHAaTa ce AepUHIpa CO cyMa Ha KPHUBO-
JUHUCKUTE UHTETPAJH Off BTOP THII BJOJIK CUTE JICTIOBH .

Bo cormacHocT co nepuHUIMNATE 3a KPUBOJIMHUCKU WHTETPaJH
BIIOJLK KpuBaTa AB BO OfHOC Ha KOOpAMHATHUTE X U Y MOKeE fla ce IMOoKa-
Ke JleKka

[P(x, y)dx == [P(x,y)dx, [Q(x,y)dy =— [Q(x,y)dy,
AB BA AB BA

LITO 3HA4M fIeKa € OMTHO KOja TOUYKa Off KpUBaTa € I0YeTHA, a Koja Kpaj-
Ha (3a pa3nuKa off KpUBOIMHUCKUOT UHTETPAJ Off IPB THII).
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ITonatamy Ke obenexxyBame

[ P(x,y)dx+Q(x,y)dy = [P(x,y)dx + [O(x,y)dy,

AB

aKo TOCTOjaT J{BaTa MHTErpasa of IecHaTa CTpaHa BIOJIK UCTaTa KPHBA.

Axko XKoppaHoBara npocTta riaTka KpuBa AB e fjajeHa co mnapa-
MeTapcKu paBeHKH x = ¢(t), v = Y1), te[a, f], npu mro @' (1) =0 u w'()=0
Ha CeTMeHTOT [a, f], n ako pyHKIEATEe P 1 Q Cce HENMPEKWHATH BO CHTE
TOYKHM Off KpuBata 4B, Torami Baxu opmyiaTa

s
J PCx,v)dx+Q0(x, y)dy = [[P(p(0),w ()¢ (1) + Qo (0), y (1))y' (£))dt .

AB

IIpumep 7.3. [1a ce mpecMeTaaT MHTETPATUTE

L= j(2x2 +4xy)dx m I, = j(2x2—y2)dy,

4B 4B
kaje mTo AB:y =x° A(1, 1), B(2, 4).
G 2 3 59 f 2 4
11=I(2X +4x )dx=?; 12=I(2x —x")2xdx =-6.
1 1

IIpumep 7.4. [1a ce npecMeTa HHTErPaJIOT

@D
f(xz +y?)dx + 2xydy,
(0,0

BIOJIK KpUBaTa a) y =x; 6) y =x% B) x =)~

1 1
a) I(xz +x%)dx + 2x%dx = %; 0) J.()c2 +xM)dx + 2x32xdx = %;
0 0

1
4
B) [(v* +y?)2ydy+2y°ydy = 3
0

Jla 3aGenexknMe JIeKa IMOCTON TeCHAa BPCKa Mefy KPUBOJIMHUCKH-
Te MHTETPaJIU Off IBaTa THIIA.

Kaj mpuMeHaTa Ha ONpeleNeHNOT MHTETpajl 3a MPecMeTyBame
OJKWHA Ha KpWBa jlafieHa co paBeHKHUTE x = x(¢), y = y(¢) e nobueHa pe-
namujata ds’ = dx® + dy®. AKo a e aronot mMef'y MO3UTHBHATa HACOKA HA

d
OocKaTa x M TaHFeHTaTa Ha KpuBaTa, Toraul tgo = d_y = f"(x) u cnopepn Toa
X

150



§7. Kpusoaunucku unitiezpaau
. dy dx .
sina = s cosa = Pl on Kaje ce poomBa dx = dscosa, dy = dssinc.
S S

Toram necHo ce goOuBaaT BPCKUTE Mey KPUBOJIUHUCKUTE MHTErpajn
Of ABaTa TUIA, NaficHHU CO (popMyNInTE:

1
cosa

[fOoy)ds = [ F(0y)——dx = [ fF(x,y)———dy.
AB AB AB SIna

[P(x,y)dx = [P(x,y)cosads, [Q(x,y)dy = [Q(x,y)sinads,

[P(x, y)dx+Q(x,y)dy = [[P(x,y)cosa +Q(x,y)sina]ds .

Bo Bpckute € OuTeH pegociefoT Ha ToukuTe A u B kaj kpuBonu-
HUCKHUTE MHTErpajy O BTOp TUN, OHWJEJKM BO Clydaj Ha MPOMEHA, T.€.
HaMecTo BIoK AB na e Bromxk BA, TpebGa fa ce 3eMe —Sin@ OHOCHO
—COS¢ (CIpOTMBHA HAaCOKa Ha BEKTOPOT HA TAaHTEHTAaTa OJHOCHO Hera-
TUBHATAa OpHMEHTAallja HAa KpWBaTa), JOJeKa KPUBOJIMHUCKU WHTETPAIH
OJ] IPB TUII HE ja MEHYBaaT cBOjaTa BpefHOCT. McTo Taka € OUTHO J1a ce
Harjacu jieka ako ¢gynkmnujata f(X, y) e dpyHKImja BO OMHOC Ha Koja ce
npecMeTyBa KPUBOJIMHUACKM MHTErpajl Off IpB THI, Toraml (yHKIujaTa

f(x, y) L , onHOCHO (pyHKumjaTa f(X, y) —
Cosa Sino

Ha KOM ce TpecMeTyBaaT KPHUBOJWHHUCKUTE WHTETpajd Off BTOP THIIL.
HctoTo Baxku 3a pyakiuute P(X, y), Q(X, y) Kaj KpUBOJIMHUCKUTE WHTE-
rpanu of BTop Tun u ¢gyHkuuute P(X, y)cosa u Q(X, y)Sina kaj KpuBo-
JUHUCKUTE WHTETPAH Of PB THIL.

ce (PyHKIMUTE BO OJHOC

Hecunuyuja 7.8. Heka e nagena 3aTBopeHa npocra 2KoppaHosa
rnaTtka KpuBa K Koja orpanmaysa obnact D Bo JlekapToB mpaBoarojeH
KOOp/IMHaTeH cucteM. BenuMme feka 3a kpuBata K e n30paHa mo3uTuBHA
HacoKa aKo KpuBaTa € HacOYeHa CIPOTUBHO Off CTPEJIKATE HA YaCOBHU-
KOT (ieceH Tpuenap) Wik ako NpH OOMKoJIKaTa Ha objacta D BOMK
KpuBaTa obisacta D ocraHyBa ofi 1eBa cTpaHa.

oP oQ
dy ~ ox
ce HempekWHaTH (PYHKIMKM BO OOJACT KoOja ja COApKM MpaBUIHATA
ob6nact D koja e enreMeHTapHa BO OHOC HA OCKHUTE X U Y U OrpaHUYEHa
co 3aTBopeHa npocra ’KoppgaHoBa riaaTka Kpua (KoHTypa K). Heka Ha
KoHTypaTa K e m30paHa MO3WTHBHA Hacoka (ob6macta D ocranyBa on

Teopema 7.3. (I'punosa dopmyna.) Heka P(x, y), Q(X, y),
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JieBa CTpaHa Kora ce ABIKHM TOYKa BIOJXK KOHTyparta). Toramr e TouHa
¢dopmymnara

I (@—@)dxdy =~ P00~ )y

(Bpcka Mery IBO€H U KPUBOJIMHUCKY HHTETPAT).

Lloka3: Heka A u B ce Touku off KOHTypaTa K CO EKCTPEMHH aIic-

mucu u C u E Toukm o KoHTypaTa K CO €eKCTpeMHHU OpfuHaTh (IpTexk
24).

Lipitexc 24

Heka AEB e xpuBa koja e rpacduk Ha dyHkuuja f,(x), xe[a, b],
ACB kpuBa koja e rpaduk Ha ¢yukuyja f;(X), xe[a, b], CAE kpusa Koja e
rpacuk Ha PpyHkumja gi(y), ye[c, d], a CBE kpuBa koja e rpacduk Ha
dyskumja g,(y), ye[c, d], mpu mrro

Aa, fi(a)). B(b, fu(b)), C(gu(c),c), E(g:(d), d),
fi(@) =faa), fub)=F(b), 0Gic)=ga(c).  9u(d) =g2(d),
fi(x) < fa(x) 3axefa, bl 9u(y) <g2(y) 3aye[c, d].
Toram

b f(x) oP
”—dxdy = [dx | oY= j[P(x, £,(0)) = P(x, f,00)]dx =

a f1(x)

[P(x, y)dx — [P(x,y)dx =— [P(x,y)dx — [P(x,y)dx _—§P(x y)dx.

AEB ACB BEA ACB
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ITonatamy

d
”5‘? xy = Joy | 22 S = [1Q(0 (), ) - Q(g: (). y)ldy =

¢ ax

[Qx,y)dy — [Q(x,y)dy = [Q(x,y)dy + [Q(x,y)dy = §Q(x y)dy.

CBE CAE CBE EAC
3Haun,

I (a—P—@)dxdy——gﬁP(x y)dx -+ Q(x, y)dy .

Co npumeHna Ha ['puHOBaTa popMyna JecHO MOXe Jia ce flodue
popmynaTa 3a mpecMeTyBame Ha IUIOIITHHA HA NPAaBWJIHA PAMHUHCKA
¢urypa D, orpannuena co 3arBopeHa Kpusa K. MIMeHO, mmomTuHaTa €

eJHaKBa Ha %ﬂxdy — ydx], 3emajku Bo I'punoBata opmyna P(x, y) =,
K

Q(X, y) = —X m KopucTejKH ieKa IUIOIITHHATA Ha paMHMHCKaTa durypa D
€ eJHaKBa Ha ” dxdy .
D
Kaj dynkuuure o nmoBeke NpoMeHIUBH 3a Au(EPEHINjATHUOT
u3pas P(X, y)dx + Q(X, y)dy co Teopemute 5.3 u 5.4 Gemie nokKaxaHo Clef-

P 0
HOTO TBpAewme. AKo P(X, y), Q(X, ), % , 6_Q ce HenpeKnHAaTU (PYHKIUU
X
BO 3aTBOpEHa ejeMeHTapHa obiact D, Toram nocrou ¢dyakiyja F name-

Ha co paBeHkaTta z = F(X, y) co oco6una Z—I; =P(x, y), % = Q(x,y), T.e.

mudepenjaTHoT uspas P(X, y)dx + Q(X, y)dy e Hej3uH TOTaneH gude-

. oP _ AQ
pEeHIMjall aKo U CaMO aKo E = x BO CUTE TOYKHM of oOnacra D.

Teopema 7.4. (He3aBucHOoCT Ha KPHUBOJMHUCKU HHTETPAT Of

KkpuBara.) Heka P(X, y), Q(X, y), Z—P, Z—ch ¢pyHKINU e(PUHUPAHN U HE-
y O

TMPEKWHATHA BO POCTa eMHOCBp3Ha o0macT D m Heka ABcD e nmpoussou-

oP _ dQ
Ha npocCTa XOpHaHOBa TJIaTKa KpuBa. AKo E = a— BO CUTC TOYKMU O]
X
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o6macta D, Toram KpWBOJIWHUCKAOT WHTETPa I P(x, y)dx + Q(x, y)dy
AB

HE 3aBUCH Ol KpUBaTa Koja 'l ToBp3yBa ToukuTe A u B.

Hoxa3: HajupBuH Ke JoKaXeMe fleKa KPHUBOJMWHUCKHOT WHTE-
rpaji BOJX Koja OMIo 3aTBOpeHa npocrta 2KopjaHoBa riaTka KpuBa €
€[IHAKOB Ha HYyJIa.

Heka AEBcD u ACBcD ce fBe IpOWM3BOJHU pa3iIUM4YHUA KPUBU
KOM HE ce cevaT OCBeH BO ToukuTe A u B (prex 25).

y

Lipiuexc 25

Cnopenr ¢opmynara Ha I'puH Bo opmHoc Ha obOmacta D;cD
orpannyena co kpusute AEB u ACB ke Baxu:

oP 0Q
— ——)dxdy =— ¢ P(x, y)dx+Q(X, y)dy.
.I,;-l[ oy ox ACiEA
Bunejku Baxu g—P = % BO cuTe TOYKH of obnacra D, of
Yy

MOCJIICAHOTO PaBEHCTBO CC JIOGI/IBai

§P(x, y)dx+Q(x, y)dy = 0.

ACBEA

Cnopen TOa BaX paBEHCTBOTO

[P(x, y)dx+Q(x, y)dy + [P(x,y)dx+Q(x,y)dy =0,

ACB BEA

OJHOCHO paBE€HCTBOTO

[P, y)dx+Q(x,y)dy = [P(x,y)dx+Q(x,y)dy.

ACB AEB
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Jla 3a0enexume ieKa € TOYHO U OOpaTHOTO TBPAEHE, T.€. aKO
KPUBOJIMHUCKUOT MHTETPANl BAOJIK Koja Omuno 2KoppgaHoBa KpuBa Koja
npunafa Ha D He 3aBucm o KpuBaTa, TOrall BakKH PaBEHCTBOTO

oP _ aQ
a— = a— HOKE[?)OT CC CITpOBCIyBa Bp3 OCHOBA HA KOHTPAAUKTOPHOCT.
Y X

Axo kpuBaTa AB e pasieHa co mapaMeTapcKu paBeHKH X = X(t),

y = y(t), te[e, A, AX(a), y(@)), B(X(H), y(/)), ciopen ycaoBuTe Ha Teope-
Mata 7.4 nocrou ¢yukuuja F taksa mro dF(X, y) = P(x, y)dx + Q(X, y)dy.
Toram

jP(x, y)dx + Q(x, y)dy = J'dF(x, y) = f%t -
AB a

AB

Fx(B), Y(P) - F(x(), y(@)) = F(B) — F(A),

IITO 3HAYM JIeKa KPUBOJIMHUCKUOT WHTETpaAJl ce JOOMBa KaKoO pa3iiuKa
O]l BpegHOCTHTE Ha (pyHKUMjaTa F BO moueTHaTa M KpajHaTa TOYKa Ha
KpHBara.

Axko kpuBata AB e npocropHa ZKopgaHoBa npocTa rinaTtka Kph-
Ba JlajicHa CO MapaMeTapCKUTE PaBEHKH

x=x(0),y=y(0),z2=2(0), tela, fl, Alx(a),y(a), 2(a)), BX(H), (D), z(A)

Torall KpUBOJIUHUCKUTE UHTETrpaId O BTOP TUII

[P(x,y,2)dx,  [Q(x,y,2)dy,  [R(x,y,2)dz

BO OJIHOC Ha KOOPIMHATHUTE X, Y U Z ce flepuHUpaaT Ha UCT HAUUH.

ITop ycnos pynkuunte P, Q, R o Tpu peanHn NpOMEHIIUBH fia ce
HEMpEeKWHATH BO CUTE TOYKM Off KpuBaTa AB, ¢opmynauTe 3a HUBHO
TpecMeTyBame Ke OupiaT fajleHu co

B

jP(x, y,z)dx = jP(x(t), y(t), z(t))x(t)dt,
B

[QMxy, 2)dy = [Qx(t), y(1), (1) y(t)dt,

p
[ROG Y, 2)dz = [R(x(1), y(t), z(t))2(t)dt .
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IoKONKY BIOJK ucTa KpuBa AB mocTojaT TpuTe KPUBOIMHUCKH
marerpamn [P(x,y,2)dx, [Q(x,y,2)dy, [R(x,y,2)dz, ce necpunupa n
AB AB AB

KPUBOJIMHUCKUOT UHTETPAJI:

[P(x,y,2)dx+Q(x,y,2)dy + R(x,y,2)dz = [P(x,y,z)dx +

AB AB

[Q(x.y,2)dy + [R(x,y,2)dz.

IIpumep 1.5. [a ce mpecmera
$P(x,y, 2)dx+Q(x, y,2)dy + R(x, y, z)dz,
K

kafe mto P(X, ¥, 2) = X2+ Y, QX, ¥, 2) =yz - X, R(X, y,2) =X+ y*u K e
3aTBOpEHa IPOCTOPHA KPUBA ajieHa co paBeHKuTe X° +y> = 1,7 = 3,
Pewenue: Ilapamerapckure paBeHKH Ha KpuBaTa K ce X = Cost,

y =sint, z = 3, te[0, 27] u cnopep popmynaTa
2z 2

= [ (-Bsintcost — sin’t + 3sintcost — cos’t)dt = — [dt = 2.
0 0
Ako P PR RRR ce HeNMpeKUHATH (PYHKIUH BO CUTE

oy oz ox oz ox oy

TOUKHM Of IPaBIJIHATA TIPOcTOpHa obmact GER® Bo Koja mpumara mpoc-
TOopHaTa KpuBa AB 1 ako BaxkaT yCIIOBUTE

Q_oP P _oR R _Q

OX 8y oz x| ay oz
BO CHTe TOYKH Off obJjacta G, Torau qucepeHujaaTHiuoT u3pas
P(x, y, z)dx + Q(x, y, z)dy + R(x, y, z)dz
e ToTalieH audepeHIujal Ha HeKoja dyakuyja F, npu mro
=Py, & = Q2. T =Rey.D)

Bo T0j cny4aj KpUBOTMHUCKHOT MHTETPAT

[P(x,y,2)dx+Q(x,y,2)dy + R(x, y,z)dz

AB

He 3aBucu of KpuBata ABcG, Tyky caMoO o modeTHaTa Todyka A u
KpajHaTa Touka B u e egnakoB Ha F(B) — F(A) .
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§88. NOBPIIMHCKUN UHTETPAJIN

Co nopprman Bo npoctop R®, Bo Koj e gazen npasoaronen [e-
KapTOB KOOPAUHATEH CUCTEM Je(UHUPAH CO IECEH TPUEAap, ce CpeT-
HaBMe BO aHAJIIMTHYKaTa FeOMETpHja BO MPOCTOp M Kaj peanHa (PyHK-
1¥ja of] BE€ pealHi NPOMEHIIMBHI KaKO reOMeTpHUCcKa HHTepIpeTalyja Ha
Hej3uH rpacguk. PamHuHaTa Oellle aHATUTUYKU fIafleHa CO paBeHKaTa
Ax + By + Cz + D = 0, ogHOCHO Kako rpaduK Ha JIUHeapHa peansHa pyHK-
1[4ja of] B peaHi IPOMEHIIMBH.

PaBenkarta Ha ToBpHIMHA Bo TpocTop R%, Bo K0oj e fafen mpaso-
arosieH [lekapTOB KOOpAMHATEH CUCTEM, Oellle aHAJUTUYKH J1aJileHa CO
paBeHkara z = f(X, y), Ipu IITO MOBPIIMHATA T€OMETPUCKH ja HAeUHHU-
paBMe KaKO MHOKECTBO TOYKHU CO

{(x,y, eR*[2=f(x, ), (x, Y)eDycR},

Kaje mro Dy e gecdununmonara obmnacr Ha dynkuujara f. IIpuroa fa
3a0enexXuMe JieKa MOCTOM 3a€MHO €JHO3HAYHO IpECINKyBame Mery
TOUYKHTE Off obnacra Dy U TOUKHUTE Off MOBPIIMHATA (BO COTIIACHOCT CO
neduHUITjaTa HA (DYHKIH]A).

Axko ¢yHkiygjaTa f ©Ma HEMpeKNHATU NPBU NaplyjaTHA U3BOAU
BO obOnacra Dy, Toram coopBeTHaTa MOBpIIMHA CE€ BHKA IJaTKa MOBP-
IIUHA.

Co reoMmeTpucka MHTEpIpeTanyja Kako TJIaTKUd MOBPIIUHU BO
npaBoarojieH [lekapToB KOOpAMHATEH CHCTEM MOXKAT f1a ce pasriiefy-
BaaT U rpacgunure Ha (PYHKLIUHU JaieHu co paBeHKute X = g(y, z), y =
h(z, x), co geduHUIOHM OOJACTU KOM NpunaraaT BO KOOPAMHATHUTE
pamunnan YOZ ogrocHo Z0X.

[ToBpmmmua X Bo mpaBoarojieH [{ekapToB KOOpPAUHATEH CHCTEM

MOKE Jla € lajicHa M CO BEKTOpCKa paBeHka I (X, y) =xi +yj +f(x, y)k ,
Kaje mTo T (X, ) ce paguyc-BeKTOPUTE HAa TOUYKHUTE Of] MOBPIIUHATA.
[MpuToa, ako X'e riaTKa MOBPIIUHA, MOKAT jia ce Jie(pMHUpAAT U3BOIUTE

- = af e

r,=1+—Kk,
OX

BeKTOpa (] BCyHIHOCT HOpMaJIHI/IOT BeKTOp Ha TaHTCHTHAaATa paMHI/IHa Ha

NOoBpHIMHATa BO COOIBCTHA TOYKaA. 3Ha‘-II/I,

ry =] + 6_ k. BCKTOpCKI/IOT IIpOU3BOJ Ha OBHUE [IBa

ﬁ:FXxF =—-—1i-—]+Kk
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noneKa|ﬁ|2=IFxxFy|2:1+(Z_f)2 oG
X

oy

)% >0 3a cekoe (X, y)eDyy
(F., Fy He ce KOJIMHEAPHHN).

Hegunuyuja 8.1. Hexka ce magenn JlekapToB MPOCTOPEH MPaBO-
aroned KoopiuHaTeH cucteM Bo R® = {(X, Y, z) | X, y, zeR} u pamumra W
CO J1aJieH mpaBoarosieH [lekapToB KOOpAMHATEM CHCTEM CO KOOPAMHAT-
HU OCKM U M V. Heka ce fgajeHu Tpu peanHu (QYHKIUM Of ABE peajiHu
IPOMEHJIMBY CO PaBeHKHTE X = ¢(U, V), Y = y(Uu, V), Z = x(u, V), nepunupa-
HU BO oOnacra D,,cW. 'eoMeTprcKOTO MECTO TOUKH

2={(x Yy, 2) [ x= (U, v),y = p(u, V), 2= x(u, v), (U, v)€Du}

ce BUKa NOBpIINHA AepuHUpaHa co PyHKIUUTE @, ¥, y. [IpuToa nocton
00paTHOEIHO3HAYHO NpecauKkyBame Mefy Dy, u 2. Ako pyHKImnTe ¢, v,
¥ UMaaT HenpeKWHaTW NPBU NaplyjalHu W3BOAM Ha obnacta Dy, m ako

BaXu
2 2 2
Dxy) | , |B.2)| | D2 | _,
D(u,v) D(u,v) D(u,v)
Ha oOnacra Dy, , Kajie IITO BO CpEIHUTE 3arpajii ce COOABETHUTE jaKo-
OujaHu, Toram 2'ce BUKa riiaTKa NOBPIIMHA.

ITapameTapckuTe paBeHKHU Ha NOBpIIMHATA 2 MOXKaT fa Ce 3a-
IUIIAT ¥ CO BEKTOPCKA PaBEHKa

F(uv)=ou V)i +uuv) ] + 2u vk,

a COOABETHUTE U3BOAU U HOPMAJITHAOT BEKTOP CO

AL L7 SN S SNCUA S
u ou ou ov ov ov
v oxl |9 2x| |0p Oy
A_rfof = |OU oOu|ly_|ou ou|75 4lou ouli
N 7 R V| R A
v ol v v w

_Dlv2) - D(x2z) + DXy ¢
D(u,V) D(u,V) D(u,v)
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Crnopep; Toa, YCIOBOT 3a IJ1aTKa MOBPIINHA BCYITHOCT € YCIIOBOT
|f,xF,|> >0,V(U,Vv)e Dy.

3a MNOCKpPAaTECHO O3HAYYyBaAKC obmYyHO ce KOpHUCTAT U CIICTHUTC
napaMe€TapCK paB€HKHU 3a MMOBPIINHA:

x=x(u,v), y=y(u,v), z=z(u,v), (u,v)eDuncR?
HJIN CO BEKTOpPCKAaTa paBE€HKa
F(uv)=xU V)i +y@uv)] +z(u vk .

Hocra yecto ce ynorpeOyBaaT CKpaTeHH O3HAKM 3a COOJIBETHU
n3pas3u. MimeHo, ako

(3] (3] )

G_ax.ax+g‘ 0z oz

¥y, a
N U v

T ou v au ’

Toram |f,xF,|?=EF-G?2

BekTopoT N € HOpMaJleH BEKTOpP Ha IOBpIIMHATA X' W MOXEME
la fecpMHIpaMe COO[IBETEH €AMHNYEH HOPMaJIeH BEKTOP CO

=

_ X
A, =+

<-1- 1 <-‘. }

C-" 1

X

Ha ce morcetuMme fieka riaaTka MOBpIIMHA 2 ce fAeHUHUpa U CO
paBeHkara F(X, y, z) = 0, kage mTo F e peanHa yHKIHja Off TPU peasiHu
NPOMEHIIUBY, KOja MMa HENpeKWHATH NPBU TNaplyjajHu U3BOAU Ha
ob6mact DcR®, Bo mpocropen JleKapTOB NpaBoarojieH KOOPJMHATEH
CHCTEM KaKo MHOXecTBO Touku X = {(X, ¥, 2)eR®| F(x, y, z) = 0}, npu

IITO BaXu
2 2 2
(EJ + * + (ﬁj >0,V(xY,z)el
OX oy oz

Hecunuyuja 8.2. Hexa X e rinaTka MOBpIIMHA BO TPOCTOPEH
JexapToB mpaBoarojieH KOOPAUHATEH CUCTEM, 3a/jajicHa CO PaBEHKaTa
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F(u, V)= U V)i +u(u,v)] +2u v)K, (u,v)eDy.
AKO BO CeKOja TOYKa O] HOBpIJ_II/IHaTa 2 CO €AMHUYHUOT HOpMaJIeH

. r, xr .
BEKTOp My =+———- MOXe ja ce AeuHupa HempeKnHaTa (PyHKIH]a,

r, xT,

TOorau BEJINME JE€Ka 2e OPpUCHTHPpaHa NOBpUINHA CO IBE CTPaHU.

Crpanara 3a Koja BaXu 3HAKOT “+” ce BHMKa IO3UTHBHA, a
Apyrara cTpaHa € HeraTHuBHa — O3HaK# 2" OTHOCHO 2~ .

IIpumep 8.1. Kako kapakTepucTHieH NMpUMEp 3a 3aTBOPEHA
OpHMEeHTHpaHa IJaTKa MOBPIIMHA Ke ja pasriefame cdepaTa X 3afajieHa
co paBenkaTa F(x, y, z) =x? +y*+2° ~R?=0 (R > 0). HaBucruna,

2 2 2
(ﬁj P +(ﬁj =4(x*+y®+2%) =4R?>0.
OX oy 0z

Axo mak cdepaTa € 3afafeHa co IapamMeTapcka BEKTOpCKa
paBeHKa

T (@, 6) = Rcosgeosd i + Rsingcosd | + Rsind k,

0<p< 27, -Z<o<Z,
2 2

Toram |f,xT, |2 =R%0s%0 >0.
Kaj chepara, kako u Kaj cekoja 3aTBOpEHa TliaTKa OprueHTUpaHa
MOBpPIIMHA, KAaKO MO3WTHWBHA CTpaHa ce jeduHUpa HaABOPEIIHATA

CTpaHa, T.e. CTpaHaTa Ae(UHUpAHA CO E€JUHMYHU HOPMAJIHU BEKTOPHU
OPHMEHTHpAHU BO HACOKa HaJBOp off cepara.

Hpumep 8.2. TloepimmaaTa (TOpyc) AepuHIUpPaHA CO paBEHKATa
2
F(x,y,2) = [\/xz +12° —bj +y?-a’=0

€ TJIaTKa NOBpIINHA, OufejKu
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2 2 2 2
(aFj + F + [6!3) :4(\/x2+zz—bJ +4y% >0.

ox oy o
AKo TOPYCOT € 3a[JaiIcH CO IMapaMeTapCKa BEKTOPCKa paB€HKa
F (¢ 0) = (b+acosd)cosp i +asind | + (b+acosd)sing k,0< p<2r,

0< <2z roram |F,xF,|*=a’(b +acosd) > 0.

Heka X' e rmaTtka noBpuirHa gepuHrpana Bo [lekapToB mpocTo-
peH mpaBoaroyieH KOOpAnHaTeH cucteM co rpadukot Gt Ha pyHKIUjaTa
z = f(x, y), neduanpana Bo o6macta DycR?. Toram X e cHTYpHO OpHEH-
THpaHa NOBpILIMHA cO ABe cTpaHu. Cnopep AeduHUIMjaTa NO3UTHBHATA
CTpaHa € ompejelieHa cO eJUHUNYHA HOPMAJIHU BEKTOpPU KoM 3adakaatr
OCTap aroJl co ockara Z.

Kaxko npumep paa ja pasriaegame kooppauHaTHaTa pamHuHa XOY.
I'opHara cTpaHna, T.e. cTpaHaTa Koja ce riiefja o IO3UTUBHATA HacOKa Ha
ockara z, € MO3UTUBHA CTpaHa, OufiejKi CeKOj HOpMaJieH eIMHIYEH BeK-

TOp Ha KoopauHaTHaTa pamHuHa X0Y e KOJMHeapeH co BEKTOpOT K
(3acpaka aromn 0).

Ommro 3eMeHO, Toa BaXKM M 3a CeKoja TylaTKa MOBpIINHA X BO
JlekapTOB MPOCTOPEH MpPaBOArojieH KOOPAUHATEH cucTeM, neduHupaHa
co rpacukoT Gt Ha pyHkumjaTa z = f(X, y), OujejKu HOPMATHUOT BEKTOP

of - of

emagen co N =— — I — — ] + K, 1mto npupojiHo 3Ha4M IeKa arojaoT
OX oy
y Ha N co ockara z e ocrap. HaBucruna,
1
CoSy = > 0.

( oz Jz ( oz JZ
1+ —| +| —
OX oy

Hokonky X'e rnaTka noBpiuHa fepuHupana Bo [ekapTos mnpo-
CTOPEH IIPAaBOArOJIEH KOOPAUHATEH CACTEM CO rpaduuuTe Ha (PyHKIHU-
ute X = g(y, z) ogHocHO Y = h(z, X), TOraul coogBeTHa MO3UTHBHA CTpaHa €
OHaa KoOja € oIlpefieJieHa CO eIMHNYHU HOpMAJHU BEKTOPHU Ha MOBPIIU-
HaTa 2 Kou 3acpakaaT ocTap aroj co ockaTa X OfHOCHO €O OcKaTa Y.

Bo oBue cnyyan fa 3a0enexxume feka Taka fie(puHUpaHaTa OpH-
eHTallFja ce OJJHECYBa CaMO Ha INIaTKH MOBPIIMHYU BO JleKkapToB mpocTo-

pEeH IIPaBOaroJieH KOOPAWHATEH CHUCTEM (JIeCeH TpHenap), 3ajgajgeHu co
rpaduuy Ha PYHKIMH.
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Bo oBaa rimaBa ke ce pasriiefiyBaaT caMO OpMEHTUPAHU TOBPIIIH-
Hu. I[loctojaT m Apyru NOBPIIMHU KOW HE C€ OPUEHTUPAHU, HANIPUMEP
MoO6OunycoBHOT JIHCT.

Heka e pagena rmatka noBpimHa 2 koja Bo JlekapToB mpocTo-
PEH KOOpIMHATEH CUCTEM € reOMEeTpHCKa MHTepIpeTalyja Ha rpaduk
Ha (pyHKIHja AajieHa co paBeHKara z = f(X, y), nepmampana Bo mpaBoa-
ronHuKoT Dy, = [a, b]x[c, e] u HempeknHaTa 3aeHO cO CBOUTE NPBHU Nap-
LUjalTHu U3BOAM BO Dy (uprek 26). Heka mn € enHa mopen6a Ha D,y co
nen6enu Touku Aij (Xi, ¥j), 1 = 0,n, j = 0,m, mpu mWTO & = X < X1 <...< X, = b,
C=Yo<V1<..<Yp=€ W MjaMeTap Ha nojenbdara:

— 2 2
Anm = ggiaé],mxi +AYS .

0<j<m

IIpaBoaromuunute Djj = [Xi, Xi+1]x[Y;, Yj+1], co Temuma Bo ToukuTe
Aij, Aiv1j, Aivej+1, Aij+1, IMaaT womTuHa APjj = AX; Ayj, Kajie TO AX; =
Xis1 — Xi, AY; = Yj+1—Yj, 1=0,n-1,j =0,m-1.

Hexka Bij (Xi, ¥, f(Xi, ¥j)) ce Touku of nmoBpimmHaTa 2 4Yuu MpOEK-
nuu Ha pamHrHaTa X0Y ce Toukure A;j. @opmupame npaBoaronHuny I7;
CO €e[lHO TeMe BO ToukuTe Bj M cTpaHM napanenHu coO BEKTOpPUTE
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t, =/01 o (Ay) t, =10 o (Ay) OJIHOCHO TIPaBOArOJHUIHU Jeu-
yj - ] ay B X - 1 ax R H p H H

HUPaHU cO BeKTOpUTE AXit, 1 Ayj tyv co moueTHa Touka B;j (Tue ce gemno-
1 J

BU O] TAHT€HTHUTE PaMHMHU Ha NOBPIINHATA 2'BO TOUKHUTE Bi j).
I1nomTuHuTEe HA OBHE [IpaBOaroJIHuIu ce fajicHu co:

ASij = |AXi fX. Xij fyj | = |in Xfyj |AXiij = | ﬁij (Bij) | APij =

2 2
1+{5f (A;)J +[5f (qu)] AP,

OX oy !

CyMmara ofi BUgOT

n-1m-1 n-1m-1 of (A. 2 of (A. 2
2 2ASy = 1+£ é’:“‘)J +£ é’;“)J AX;AY

BCYIIIHOCT € MHTerpaHa cymMa o(mnm) Ha (PyHKIMjaTa

2 2
of of
1+ — | +|—
OX oy
BO OJIHOC Ha TofienbaTa 7, Ha NMPaBOAroJHUKOT Dy, mpu crenujanex
n300p Ha TOuKa off npaBoarojaHunuTe Dij (eqHOTO Teme A;j).

=0 j=0 i=0 j:O

» . of N\ (of )
bupejkn  ¢dyskomjata |1+ o + E criopeyi yCIOBOT €
X

HenpekuHata Ha Dy, mpu rpanmueHn npomec d,, —0 Ke mocrou ABOEH

HHTErpa
2 2
I} 1+(ij +(ﬂJ dxdy .
Dyy OX oy

I'eoMeTpucku riefano, MHTErpajHaTa cyMa € cyma Of IUIOUI-
THHY Ha JICJIOBU Of] TAHTCHTHU PAMHUHM (IUIOYKH) CO KO € TOINIOYeHA
nospimmHaTa. Criopef Toa, IpU T'PaHWYEH NPOLEC Taa cyMa Ke HMa
rpaHMlla Koja MPUPOJHO MOXKeE f1a AeuHMpa IUIOLITUHA Ha JEJOT Of
NOBPIIMHATA 2 HaJ] IPABOATOIHUKOT Dyy .
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Hegunuyuja 8.3. Heka e magena nmospmuHa 2 Bo JlekapToB mpa-
BOAaroJieH KOOpJIMHATEH CHCTeM, Kako rpaduk Ha ¢yHKimja f majena co
paBeHkarta Z = f(X, y), necdunupana Ha nmpaBoaroaHukoT Dy, = [a, b]x[c, €],
npu mTo (PYHKIUjaTa U HEj3WHUTE MPBU MapIUjaTHI W3BOJU CE HElpe-
kuHaTH pyHkmu Ha Dy, . Co Gpojor

2 2
of of
s= ] 1+[—) +(—J dxdy
Dy X oy
ce nepUHMpa ITOMITHHA HA JIET Off OPUEHTHPAHATA TTATKA TOBPIINHA X
HaJl IPaBOATOMHUKOT Dy, .

Hokonky o6nacra Dy, e npaBuiHa 0651acT U He € IPaBOAroJIHUK,
TOTrall BO fie(pMHUIMjaTa ce 3eMa MPaBOATOIHUK BO KOj CE€ COPXKU Taa
obsact u co fofiepuHUpame Ha HOBA (pyHKIHMja, KOja K& UMa BPEJHOCT
HyJIa BO TOYKHUTE Off IPABOArOJIHUKOT KOU HE IpuIaraaTt Bo o0iacra, co
ucrata opmyna ce aeduHupa IUIOMITHHA HA €N Off MOBPIIMHATA Haj
npaBuaHaTa 00acT Dyy .

AKO moBpuIMHaTa X e JjafieHa co MapaMeTapcKW paBeHKU X =
X(u, v), y = y(u, v), z = z(u, v) Bo [IlekapTOB MmpaBoarojeH KOOpAuHaTeH
cucreM, Kajge mTo X(u, V), y(u, V), z(u, V) ce peamHu (pyHKIUU Of JBE
peajHy NMPOMEHJIMBUA U M V, HENpPEeKWHATH 3ae[HO CO CBOUTE IPBHU
TapIyjaTHE W3BOAM BO MpaBWiiHAaTa obmact DycR?, Toram nedurmpa-
HETO Ha IJIOLITHHA Ha JIe] Off MoBpluuHaTa 2 Haj obmnacra Dy, e aHa-
JIOTHO Ha BeKe Ka>KaHOTo.

IIpuroa, kora D, € MpaBOaroiHuK, Npu COOABETHA NMOAEN0A 7
Ke nMaMe npaBoaronHuny D;j co TeMumba BO TOUKUTE

Aij(Ui,Vj), Ay, i (Ui, Vj), Ai+l,j+1 (Ujea, Vj+1), A, j+1 (u;, Vj+1),

co mnomtuHu APj = Au; Avj, kage TTto  AU; = Uisp — Ui, AV = Vi — Vj,
i =0,n-1, j = 0,m-1, ToukureB; j (x(ui ,vj), y(ui, vj), z(ui, vj)) ce Touku of
noBpuIMHaTa 2, u napanenorpamu /1;; co eqHo TeMe BO TOYKHUTE Bij u
CTpaHU MapajieJIHA CO BEKTOPUTE:

P ox(u;,v;) oy(u;,v;) oz(u;,v;)

U ou ou ou ’
P ox(u;,vy) oy(u;,v;) oz(u;,vy)
R YV VY Y

CO NJIOLITHHU JafeHu CO
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AS;= |Au; £, xAvj ), |—|t ><t |AuAvj |ni].(Bz.].)|AP,-j=

— a(y,z)(Ay.) + 8(z,x)(Ai/) N O(x, y)(4;) ’ AP
o(u,v) o(u,v) ou,v) i

Toram npu rpaHnYeH npouec

dum= rr<1a<x,lAu +Av —0

0<j<m

IUTOIITAHATA Ha JIeN Off MoBpIImMHaTa X Haj obmacra D, Ke oune aedu-
HHpaHa co OpojoT

2 2
— J’J’ a(yaz) 6(z,x) + a(xay) dudv .
o(u,v) 8(u, V) o(u,v)
AKO noBpIIMHaTa X' € fajieHa co BEKTOpcKaTa paBeHKa

Fuy)=xi +y ] +fank,

TOoraml

X, ‘dxdy ,

a aKo € tafeHa CO BEKTOpCKaTa paB€HKa

7 (u,v) = (u, V); + u, v)] + yu, v)/g,

TOoramr

r, Xr,

Ilpumep 8.3. [1a ce Hajie MIIOLITAHA Ha cepa co paauyc R.

Pewenue: Cnopen npumep 8.1 1 coopseTHaTa popMyia ce 1oOH-

Ba
FoxF, = [[ |7, %7 |dpd0 = R? [[|cos0|dgpd0 = 4R*7.
D, Dy
IlIpumep 8.4. [1a ce Hajie TUIOIITUHA HA TOPYC.
Pewenue: Cnopen npumep 8.2 u coofiBeTHaTa (hopMysia ce foou-
Ba

r ><r ‘dudv —IHr xrg‘d(pdﬁ = ”a(b+acos€)d¢d€ 4abr’.

1/70
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AKO y; € aroJ mro ro 3aaka HOPMAIHUOT BEKTOp 71 (B;;) CO TO-
3UTUBHATA HACOKAa Ha OCKaTa z, TOTalll
1

1 (@/’(A,-,-)jz [aﬂAi,)jZ’
+| 2 4|
Ox oy

COS)ij =

O] KaJi€ CO 3aM€Ha BO BpCKaTa

2

2
g5~ [ Z8T (24T s,

ox oy

ce II06I/IBa AP,‘J' = C08Y;; AS,'J'. CTaBajIéI/I AX,' = dx, ij = dy, AS,'j = dS, Cce N1o-
O6uBa BpcKaTa dxdy = cosy dS, OMHOCHO

as= \/1 + [gj + [gJ dxdy .
ox oy

AKO mak moBpHIIMHATa € flafieHa cO MapaMeTapcky paBeHKH, TO-
raii ce foOuBa Bpckata dudv = cosy dS, OMHOCHO

ds = \/(6(”)}2 +(a(2’x)j2 +(a(x’y)j2 dudy .
o(u,v) o(u,v) o(u,v)

8.1. IloBpmMHCKN HHTETPAJl BO OJHOC HA NOBPUIMHA

Heka ce gagenu opueHTHMpaHa riaTka NOBpIIMHA X, Koja € rpa-
¢uk Ha pyHKIMja / gafeHa co paBeHKarTa z = f{x, y) Bo [lekapToB npaso-
aroJieH MPOCTOPEH KOOPIMHATEH CUCTEM, U MpaBoaromHuk D,,cR” Koj e
MpoeKIja Ha MoBpIIMHaTa 2 Bp3 pamanHaTa X0Y, npu mito pyHKIHjaTa
Jf'e nedpuHMpaHa U UMa HENPEKUHATHU IPBY NApLHjaIHA U3BOAH Ha D,

Hexka 7,, € eqna nopenda Ha D,, co fujaMeTap

d,,»= max ,le? +Ay?
o 0<i<n ! y‘]
0<j<m
¥ HeKa AS;; ce IIJIOIITHHU Ha IpaBOarojaHunu /1;; necpuHupaHu co

BEKTOPHUTE Ax; fxl_ u Ay, f, €O IOYETHA TOKA Bijel.

Heka e nagena peanna ¢gpynkuuja P(x, y, z) O TPU peaHu Mpo-
MEHJIUBH, fehUHHpPaHA Ha MHOKECTBO GcR’ taka mrto =G, u Heka
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(&i ), A&4, m;)) € IpOU3BOIHA TOYKA Off IPABOATONHUKOT [, ;, IPY 1ITO
X; < 5,’ Sx,ﬂ,yj < 771 Syjﬂ, i= O,H—I,j: O,m—l.
dopmMmrpaMe UHTETpATHA CyMa Off BUOT

n—1m-1

O'(7Z',,m): zzp(fz’njaf(gnn]))ASl]

i=0 j=0
3a (pyHKIHjaTa P BO OHOC Ha MOBpIIMHATA X 3a nofendara 7, u u300-
poT Ha TouKHTe (&) 7, NS0 17)))-
Hecpunuyuja 8.4. Axo nocrou rpanuna / o MHTErpasHUTE CyMI

n—=1m-1

G(Enm): Zzp(ézanj’f(é:z’nj))ASy

i=0 j=0
Kora d,, — 0, Koja He 3aBHCH Off n300poT Ha Toukute (&, 17, A< 1)),
TOralll BeJInMe fieKa MOCTOU MOBPIIMHCKY UHTETpal ofi pyHKIHUjaTa P BO
OJJHOC Ha TIO3UTUBHATA CTPAaHA Ha MOBpPIIMHATA X" (MIOBPIIMHCKYA WHTE-
rpalt of] IPB THIT) €THAKOB Ha Taa rPaHMIlA CO O3HAKa j I P(x,y,z)dS .
Z+
Teopema 8.1. (Dopmyna 3a mpecMeTyBame MOBPIINHCKA WHTE-
rpan of mpB Tum.) AKo ¢yHKuujaTa P(x, y, z) € HelIpeKnHaTa BO CHTE
TOYKH Of] MOBpIIIMHATA X' KOja e rpacduk Ha PyHKIHjaTa z = flx, y) 1 uhja

npoeknyja Ha paMHuHaTa X0Y € npaBoaroiHukoT Dy, Torau Baxu op-
MynaTa

I[P 3,205 = [[ PG5 30) 1+[6f j [@; J dvdy.

OBa TBpfieHmE JIECHO Ce NMOKaXKyBa, OUfiejKH MHTErPaTHUTE CYMHI
o(7t,,) C€ MHTETPAIIHU CYMHU U 3a CJIOXKEeHaTa (PyHKIHja

2
PGr, y. fix, ) 1+[ af; j [%J ,

KOja e HellpeKuHaTa Ha D,

Hokonky o6nacra D,, € IpaBuiHa 00JIacT U HEe € IPaBOArOJIHUK,
TOTrall BO fie(pMHUIMjaTa ce 3eMa MPaBOATOIHUK BO KOj CE€ COPXKU Taa
obsact u co fofiepuHUpame Ha HOBA (pyHKIHMja, KOja K& UMa BPEJHOCT
HyJIa BO TOYKHUTE Off IPABOArOJHUKOT KOU HE IpumnaraaT Bo odyacra, ce
nobuBa ucrarta opmyna.
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Axo moBpmmHaTa 2 € flajieHa cO MapaMeTapCcKu PaBEeHKU X =
x(u, v), y = y(u, v), z = z(u, v), Kage wro x(u, v), ¥(u, v), z(u, v) ce peaaHu
(pyHKIME Of JIBe peaHi MPOMEHJIMBHU u W v, HENPEKWHATH 3aeHO CO
CBOUTE IPBU U3BOAM BO MPABOATrOJIHUKOT DR, IPH LITO BaXKN

(ul, V]) * (ug, Vz) =
(x(u1, v1), Y(ur, v1), 2(u1, v1)) # (x(u, v2), Y(u2, v2), (142, v2)),

TOTaIlll NMPU TPAHWYEH MPONEC d,,, = max ,/Au 12 + Av? — 0 kaj coonBeT-

0<i<n
0<j<m

HU mofendou Ha D, 3a ¢yHKumjata P(x, y, z) aHAJOTHO ce fAeduHupa

TMIOBPIIAHCKYA UHTETPAI j j P(x,y,z)dS .
P

Axo nak ¢yHkumjata P(x, y, z) € HEIPeKHHATa BO TOYKUTE Of
noBpIIrHaTa X, Toram hopMysaTa 3a IPECMETYBAE € IafieHa Co

J'J.P(x,y,z)dS =

X

2 2 2
0(y,z) N 0(z,x) N o(x,y) dudv

L{f P2 500 ) awn) awn

uv

Hokonky o6nacra D,, € mIpaBuJIHa OOJACT U HE € MPaBOAroHUK,
TOoraul BO fle(pMHNUIMjaTa ce 3eMa MMPABOArOJIHUK BO KOj C€ COAPXKH Taa
ob6nacT u co fpofeduHUpame Ha HOBa (PyHKIIM]ja, KOja K€ UMa BPETHOCT
HyJla BO TOUKUTE Off IPAaBOAroJIHUKOT KOU He IpunaraaT Bo o0JjacTa, ce
npoOuBa ucrara popmya.

OBue NOBPIIMHCKY UHTErpaju ce Ne(PUHUPAHU BO OJHOC Ha IO-
3UTUBHATa CTpPaHa Ha MOBpIIMHATa 2 co o3Haka 2 '. JIoKojiKy ce Oapa
NOBPIIMHCKY MHTETPAJ BO OJJHOC HAa HETaTHBHATA CTpaHa Ha MOBPIIUHA-
Ta Co O3HaKa 2, Torau cnopef ieuHuImjaTa ce 3emMa H =— j j .

z z*

Axo X orpaHmuyBa IpaBUJIHA NPOCTOpHA 3aTBOpeHa OO0JacT,
TOraml 3a Hej3uHa NO3UTHBHA CTPaHa ce 3eMa HajIBopelIHaTa CTpaHa.

AKoO moBpuIgHaTa 2 € JajieHa CO PaBEeHKH IpPeKYy COOJBETHU
(pyHKIIMM KOU HE T'M 3a[J0BOJIyBaaT yCJIOBUTE AaJ€HU CO fepuHMULHMjaTa,
TOrail 3a KOpHCTeHe Ha (POPMYyINTE 3a NMpecMeTyBamhe Ha MOBPIIUH-
CKHMOT MHTErpaj MpeKy ABOCH MHTETpall MOBPIIMHATA CE [EIH Ha KOHe-
yeH Opoj 1eJIOBU KOM T'M 3a[0BOJIyBaaT YCIOBUTE U MOTOA C& KOPUCTH
ocoOMHaTa 32 aiUTUBHOCT.
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IlIpumep 8.5. szS =22 x+ty+z=1,x,y,z20.
P

bupejku D, = {(x») |0<x<1,0<y<1-x}uz=1-x-y,
Cropest coofiBeTHaTa popMyiia ce JoouBa

I= [[A=x=yWI+1+1 dxdy = \/5%.
D,

8.2. HOBP]J.[I(IHCKI/I HHTErpa BO OJHOC HA KOOPAUHATHUA PAaMHUHHA

Hecpunuyuja 8.5. Heka e pagena nospmmHa 2 Bo JlekapToB mpa-
BOAroJieH KOOPAMHATEH CUCTEM Kako rpaduk Ha yHKIHja f fafgeHa co
paBeHKara z = f(x, y) co Ie(PMHUIMOHA O0IACT MPAaBOAroNHuK D, 1 HEKA
e majieHa peanHa (pyHkuyja R(x, y, z) Of TpU peajiHu IPOMEHINBH, ieu-
HUpaHa BO oOjacra GcR® Koja ja coppxu 2. Heka r,, € nopen6a Ha D,

. _ 2 2
co gujameTap dy, = max JAX] + ij )

0<j<m
AKO 1pu rpaHudeH npouec d,, — 0 Kaj COOIBETHU TOAENON 7T,
Ha D,, TOCTOM I'PAHMIA HA HHTETPAHU CyMHU Off BUIOT

n—=1m-1

o 7o) = ZZR(‘fivnjaf(é:i»ﬂj))Axiij' )
i=0 j=0
fe(UHApaHU CO COOABETHU MOAENOM Ha D,, HE3aBUCHO Off M300POT Ha
toukure (&, 7, A&, 1))€2, Toraiul BeluMe fieKa IOCTOU IOBPIIMHCKA
uHTEerpan of pyHkumjaTa R(x, y, z) 3a MOBpIIKHATa 2 BO OJHOC HAa KOOP-
nuHaTHaTa paMHUHA X0Y (MOBPIIMHCKY WHTETPAI Off BTOP THIT) THAKOB
Ha Taa rpaHuiia co 03HaKa HR(x, v,z)dxdy . IlpuToa T0j € neduHupaH BO
z

OJIHOC Ha MO3UTHBHATA CTPAHA Ha MOBPIIMHATA 2 M OCKaTa Z.

Axko dynkimjata R(x, y, z) € HeMpeKnHaTa (PyHKIHja BO CUTE
TOYKH Off MOBpIIMHATA 2, TOraul JIECHO ce JOKaXyBa COOABETHaTa (pop-
MyJla 32 IpecMeTyBambhe Ha MOBPIIMHCKUOT UHTETPAJL:

[[RGx,y,2)dxdy = [[R(x,y, f(x,y))dxdy ,
px D,,

Kajie IITO IPaBOArojHUKOT D,, € MpoeKlxja Ha MOBpIIMHATa X Bp3
KOOpAMHaTHaTa paMHuHa X0Y.

Hokonky obnacra Dy, € npaBUJIHA O0JIACT U HE € MPAaBOAroJIHuUK,
Toraiml Bo AepMHUIMjaTa ce 3eMa MPaBOaroJHUK BO KOj Ce COAPXKHU Taa
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obnact u co goneduHUpame HAa HOBa (pyHKIMja, KOja K& MMa BPETHOCT
HyJIa BO TOYKHUTE Of] IPABOArOJHUKOT KOM HE MpumaraaTt Bo obnacra, ce
noOuBa ucrara popmya.

Bo cnyuyamTe kora moppummHaTa X € fajieHa cO PaBEHKHTE ) =
g(x, z), omHOCHO Xx = h(y, z), Kajie TO (PYHKIUUATE g OMHOCHO k& ce edu-
HUPAHU BO NIPAaBUITHUATE 00nacTu D,. OMHOCHO D,. (00JaCcTH Off pAMHHHU-
Te X0Z ogHOCHO Y0Z KOM ce MpOeKIMK Ha TOBpINUHATa X Bp3 HUB), TO-
raimi co moMouI Ha peannure pyHkuun Q(x, y, z), P(x, y, z), nepuaupann
BO 00JIaCT KOja ja coip>kKu MOBpIIMHATA 2, HA aHAJIOTeH HAaYuH ce fnedu-
HUpaaT ¥ MOBPIIMHCKUTE UHTETPATU BO OJHOC Ha KOOPAMHATHATA PaM-
HuHa X0Z, ONHOCHO KOOpAMHaTHaTa pamHuHa Y0Z, co O3HaKu

”Q(x, v,z)dxdz OIRHOCHO ”P(x, v,z)dydz . Tlputoa NO3WTHBHA CTpaHa
x x

Ha MOBpPIIMHATA 2 ce OmpeieyBa BO OJHOC Ha OCKaTa y OJHOCHO X.

AKxo nak coopsetHuTe pynkunu QO(x, y, z), P(x, y, z) ce HepeKu-
HaTHU BO CUTE TOUYKHM Of] MOBPIIIMHATA 2, TOTAIIl JIECHO ce TTOKaXKyBa JieKa
coofiBeTHUTE (POPMYJIN 332 IPECMETYBaKkhE Ha COOJBETHUTE TMOBPIIINHCKI
WHTETrpaJv cO ABOjHU MHTETPa Ke OUaT nafieHu co

[[0Gx,y,2)dxdz = [[O(x,g(x,2),2))dxdz,
2 sz

[[P(x,y,2)dydz = [[P(h(y,z),y,2))dydz .

CymMmara

[[P(x,y,2)dydz + [[O(x, y,z)dxdz + [[R(x,y,z)dxdy,
P z i

IOf] YCIOB Ja MOCTOjaT CUTE TPH MOBPIIMHCKU WMHTErpajd Haj MCTa
MOBpIINHA 2, c€ O3HaYyBa CO

[[P(x,y,2)dydz + O(x, y, z)dxdz + R(x, y, z)dxdy .
X

OBue NOBPUIMHCKY MHTErpalu ce Ae(MHUPAHU BO OHOC Ha IO-
3UTHUBHATA CTpaHa Ha MOBpIIMHATa 2 co O3HaKa X', 3eMeHa 3a TpuUTe
UHTeTpatu noce6Ho. [IoOKONKy ce 6apa NOBPIINHCKYA UHTETPall BO OTHOC
Ha HeraTMBHATa CTpaHa Ha MOBPIIMHATA CO O3HaKa X', TOTall CIOpE]
neuHnnMjaTa ce 3ema j j = - ” . AKO moBpIIMHATa € 3aTBOpPEHa, TO-

z z
rail Kako NO3UTUBHA CTpaHa ce le(puHIpa HaIBOPEIIHATa CTPaHa.
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Ako moBpmmHaATa 2 e fmajieHa cO PaBeHKW MPEKy COOJBETHU
(pyHKIIMU KOM HE TW 33/I0BOJIyBaaT YCIOBUTE JafieHu co neduHHNNjaTa,
TOraiml 3a KOpucTeme Ha POpMyJIuTe 32 MpecMeTyBamke Ha TOBPIIMHCKI
MHTETpall MpeKy IBOEH MHTETpall MOBPIINHATA CE IeIN Ha KOHEUYEH Opoj
[IEJIOBY KOM TH 33JJOBOJIyBaaT YCIOBHUTE U MOTOA C€ KOPUCTH OCOOMHATA
3a aJUTUBHOCT.

IIpumep 8.6. [1a ce pemun nyzdxdy, S x*+y*+z*=1,B0 ogHOC
z

Ha:
a) HaJBOpEIIHATa CTpaHa Ha cepara;
6) HaJBOpEIIHATa CTpaHa Ha YeTBpTHHA of] cpeparta, x > 0,y >0,
z2>0.

Pewenue: a) 3a ma ce ymorpebu popmyiaTa 3a MpecMeTyBambe,
NOBpLIMHATA X ce MPETCTaByBa KaKo YHHja Off ABE MOBPILIMHH:

Sixt+yitzi=1,2z20, Syxt4yi+zi=1,z<0.

BHHe]IéH ny: {(xay) |X2+y2 S l}a

” xyzdxdy = ” xyzdxdy + ” xyzdxdy = ” xyzdxdy — ” xyzdxdy =

z i x5 z i

.nywll—xz —y? dxdy - J.J.xy(—qll—x2 -y dxdy =
D, D,,
=2 J.J.xywll—xz —y? dxdy =0.
D

Xy

6) AKO MOBpPIIMHATA € YETBPTHUHA Of] chepaTa co OrpaHNIyBahE
x2>20,y20,z2>0, Toram

Dy={(x,»)|x>+y*<1,x20,y>0}

1= J‘J-Xyﬂl—xz_yz dxdy: j.d(Dj[pCOS(DSinqo }l_pz pd :%.
D, 0 0
3Haun, nyzdxdy: i
5 15
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IToctou TecHa BpCKa Mef‘y NOBPHIMHCKUTEC UHTETpAIX O IIPB U
BTOp THUII JaJ€Ha CO peJlaluuTe:

[[P(x,y,2)dydz = [[ P(x,y,z) cosadS
J.J. O(x,y,z)dxdz = J.J. O(x,y,z)cos AdS ,

[[R(x,y,z)dxdy = [[R(x,y,z)cos S,
P

z

J I P(x,y,2)dydz + O(x, y,z)dxdz + R(x, y,z)dxdy =
>

[[[P(x, y,z)cosa + O(x, y,z) cos B + R(x, y,z)cos y1dS ,
z
Kajie ITO ¢, f U yce ariau KoM ru 3aakaaT HOpMAJIUTE HA MOBpPLIMHATA
2 CO MO3UTUBHUTE HACOKH HA OCKUTE X, y ¥ Z COOJIBETHO.
3a NOBPIIMHCKUTE UHTETpaId BO OAHOC Ha 3aTBOpPEHa MOBPIIU-
Ha 2'ce KOpUCTH U O3HaKaTa ﬁ .
z
Amnanorso Ha TeopeMara Ha ['puH 3a BpckaTa Mef'y KpUBOJIMHH-
CKHUTE MHTETpaju U JBOJHUTE UHTETPAJIN, Kaj NOBPUIMHCKUTE UHTETPAIH
MIOCTOM BpCKa Mery NMOBPIIMHCKUTE MHTErpaju U TPOjHUTE UHTETpalI,
nazfeHa npeky reopemara Ha ["ayc-Ocrporpajcku.

Teopema 8.2. (Tayc-Octporpancku) Heka GcR® e mpocropHa
3aTBOpeHa 00JIacT OrpaHMYEHa CO 3aTBOpPEeHa noppmmnHa 2. Heka 27 e
NO3UTHBHA CTpaHa Ha 2. AKO ce jajieHu peanHu yHkuuu P(x, y, z),
O(x, v, 2), R(x, ¥, z), HEIPEKUHATH CO CBOUTE MPBHU MaplUjaIHU U3BOAU BO
obnacra G (ceKako M BO TOUKHUTE Of X), TOrall € TOYHO PaBEHCTBOTO:

oP 00 OR
I oP 90 | OR\ iy =
c\lox oy oz

[[P(x,y,2)dydz + Q(x, y, z)dxdz + R(x, y, z)dxdy ,

2+
KaJie IITO MOBPIINHCKIOT UHTETPAJ € BO OAHOC Ha HaJBOpEIIHATA CTpa-
Ha Ha 3aTBOpeHaTa MOBpIINHA 2.

Hokas: Heka G e nmpaBuiiHa o0acT eJeMeHTapHa BO OJHOC Ha

TpUTEe KOOPAMHATHU PAMHUHM (MIpaBHM Tapajie]lHu CO KOOPAMHATHHUTE
OCKM ja ceyaT 2 HajMHOTY BO JIBE€ TOUKH).
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Heka D,, e npoeknuja Ha 2 Bp3 pamMHuHaTa X0Y 1 Heka 2 u 2,
ce Ba eja Ha X, mpu mTo X'= XU, Kou ce rpacduny Ha PYHKIUY f; 1
/> 4nm paBeHKH ce z = fi(x, ), z = f2(x, ¥), TaKka IITO

V(x,y)€Dy,  filx,y) <falx, y)
(uprex 27). Torarm

OR
| i [ = vz =

S2(x.)
jj{ jy g—Rdz}dxdy =

Dy| fitx,y) 9%

[[IRGe, v, f(x, ) = R(x, », £, (x, ) |dxdy = [[R(x,,z)dxdy —
D, 2

Xy

”R(x,y,z)dxdy = ”R(x,y, z)dxdy —[— ”R(x,y,z)dxdy] =
x, pS

2T

”R(x, v, z)dxdy .

z

3HaKOT MUHYC Ce jaByBa 3aTOa IITO NOBPLUIMHCKUOT UHTErpal ce
IIpecMeTyBa BO OJJHOC Ha HaJBOpEIIHAaTa CTpaHa Off 3aTBOpeHaTa MOBp-
myHa 2 ¥ BO TOj ClIy4yaj HOpMajauTe Ha MOBpIIMHATa 2 3acpakaaT Tan
aroJi co MO3UTUBHATa HACOKA HAa OCKATa Z.

Lpiuexc 27
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Ha uct HaumH ce mokaxyBa aeKa
i1 P ixdydz = [[P(x,y,2)dydz, [[[ 9@ ivdyds = [[OCx, y, 2)dxdz,
G Ox z G oy X
Of1 Kajie co cobnpame ce 1oOuBa 6apaHOTO PABEHCTBO.

Co kopucreme Ha BpCKATE Mely BaTa THIIA MOBPIIMHCKY UHTE-
rpanu, (hopMyJiaTa MOXKe Jja Ce 3aluIlIe ¥ BO CIEAHUOT BUJ;

i1 [ap + 2 +Z—Rdedydz_

H (P(x, y,z)cosa +Q(x,y,z)cos f + R(x,y,z)cos 7)dS .

P
IlIpumep 8.7. ”xydydz + yzdxdz + yzdxdy =? 2 x? er2 +z%2=¢g 2,
5

HaJBOpeEIIHa CTpaHa Ha cepara.
Crnopep Teopemata Ha ['ayc-Octporpascku ce fo6uBa:

1= [[[3ydxdydz :32fsin2¢d(pfcos0 d@j‘ﬁdp = %a47l'.
G 0 _z 0

2

IMputoa G e Tonkata x>+ y°+z”<a’ a TPOjHHOT UHTETPAJ € PEleH CO
3aMeHa BO c(pepHU KOOPAMHATH.

Iocaeouya 8.1. Axo Bo opmynara Ha ['ayc-OcTporpajcku ce
3eMarT CIIelfjaTHA CIyJan

P(x,y,z2)=x, Qx,y,2)=R(x,y,2)=0;
P(x,y,2)=0(x,y,2) =0, R(x,y,z)=z;
P(x,y,2)=0, O, y,2)=y, R(x,y,2)=0,
Ke ce gooune
[[[dxdydz = [[xdydz = [[ ydxdz = [[zdxdy,
G pX P pX

ofl Kasie ce JobuBa popMmyiaTa 3a MIPpecCMETyBambe Ha BOJIyMEH V Ha Te-
JIOTO OrpaHMyeHo co obnacra G:
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V= % I I xdydz + ydxdz + zdxdy ,
x

CO MTOMOIII HA MOBPITUHCKY UHTETpaJ.
IIpumep 8.8. [1a ce npecmeTa
” (x cosa + ycos f+ zcos 7/)dS = ” zdxdy + xdydz + ydxdz ,
z z

Kajie mTOo X e HaJBOpEeIIHaTa CTpaHa Ha cpepara x +y?+z7=R"
Pewenue: Cnopen ¢opmynata op nocneguna 8.1 ce poOusa

4
=13V, kane wro V= EIZR3 € BOJIYMEHOT Ha TOIIKa CO paguyc R, cO MWITO

I =4nR>.
MHuaky BOTyMEHOT Ha TOINKa MOXKeE fia ce JoOue co JJBOCH MHTE-
rpai:

2z R 4
V=2 ”dedy =2 .[ dgoj.p\le —pldp = §7Z'R3,
D,, 0o 0
Kaje mro D,, = {(x,y) X2+ y2<R?},z=R* —x* —y? .

[ToBpIIMHCKMOT MHTErpal MOXe Jla ce MpecMeTa U HEMOCPEeHO
co (popmynaTa 3a IpecMeTyBambe IPeKy ABOEH UHTerpai. Mimeno,

”zdxdy = ”z dxdy + ”Z dxdy = ”z dxdy — Hz dxdy =

Zy

J.J.\/Rz — y*dxdy — j( —JR? —x? = y*)dxdy =
2 [[YR? = x* — y*dxdy =22fd(p1fp«/R2 - pldp = §ER3,
D,, 0 0

Kaje 1ITo
Dy, ={(x,) |x2+y2£R2}, Z1= \/R2 —x? —y2 , Zp=-— \IRZ —x? —y2 ,

2}, 2, ce ropHaTa M JonHaTa noaycpepa. bunejkn

L=5~= ”xdydz =5L= ”ydxdz = i7ZR3,
P P 3
cemoouBa [=1,+ 1, +1;=4nR". 3
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IIpumep 8.9. [1a ce Hajue .[J' yzdxdy + xzdydz + xydxdz , 3 x*+y*=
P

R*x=0,y=0,z=0,z=H.
Cnopen Teopemata Ha ['ayc-OcTporpajcku ce moomBa:

R AR-x* H
1= [[[(z+x+y)dxdydz = [dx | dy[(x+y+z)dz =
G 0 0 0

3k . 2R H
Hfd(pf(pCOS(p + psing +£)pdp =HR2(—+—7[).
o 0 2 3 8
IIputoa G e mpocTropHa OOJIaCT OrpaHMYeHa co 2, a TPOjHHUOT
MHTETpall € pelleH co 3aMeHa BO WIMHAPUYHU KOOPAUHATH.

ITocTou TecHa Bpcka Mely MOBPIIMHCKUTE UHTErpald U KPUBO-
JIMHUCKUTE UHTErPaj BIOJIK 3aTBOPEHA IPOCTOPHA KPUBA, KAKO 000II-
mTyBamwe Ha popmynarta Ha I'pun. Taa Bpcka e nckaxana co CTokcoBa-
Ta popMyia AajeHa co CIeHaTa TEOpeMa:

Teopema 8.3. (Ctokc) Heka e nmajgeHa efHOCTaBHa 3aTBOpEHA
ob6mact GCR’, eneMeHTapHa BO OJHOC HAa TPUTE KOOPAMHATHI PAMHIHN,
HEeKa € JlaJicHa e[IHOCTaBHa MpaBWIHA TOBpIMHA X (IpaBy MapajieHu CO
KOOpJIMHATHUTE OCKM ja ceyaT X HajMHOTY BO JIBE TOYKM), OTpaHUYCHA
CO 3aTBOpEHa MpPOCTOpHa Npocrta raatka ZKopganoBa Kpusa [, gajieHa
CO MMapaMeTapcKUTe paBeHKH x = x(¢), v = W(¢), z = z(1), t[a, F], npu WTO
2cG. Heka X" e mo3uTUBHATA CTpaHa Ha MOBPIIMHATA X' U HEKa @, 3,
ce aryinTe KoM HOpMaJIUTe Ha MOBpIIMHATa 2 ru 3acakaaT co MO3UTUB-
HUATE HACOKYW HAa OCKWTE X, Y, Z.

Hexka P(x, y, z), O(x, v, z), R(x, v, z) ce najieHn peanHu GyHKIUH O]
TPpU pealiHi TPOMEHJIMBY KOU ce Ae(pruHupanu Ha G U UMaaT HelpeKnHa-
TH TIPBY NapLxjaiHu n3BoAu Bo G. Toram e TouHa popmynara:

[ P(x, . 2)dx + O(x, y, 2)dy + R(x, y, z)dz =
r

= j R _%Q cosa+(a—P—a—chos,B+ Q _op
>\ 0y Oz 0z Ox ox Oy

OJTHOCHO (popMyJIaTa:

N———

cos 7}15 ,
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[ PCx, y,2)dx + O(x,y,2)dy + R(x, y,z)dz =
r

” R_Q dydz+(a—P—a—Rdedz+ P _op dxdy | .
|\ oy oz 0z Ox ox Oy

Hoxas: Heka noBpmmuHata 2 e rpacuk Ha (pyHKIMjaTa f JafieHa
co paBeHKaTa z = f(x, y), Kafie WTO f e (pyHKIHuja AeuHUpaHa Ha MHO-
xecTBo D,,cR’>. Heka 3aTBopeHaTa KpuBa L € MpOeKIHja Ha 3aTBOpE-
HaTa MpocTopHa Kpusa /' Bp3 pamanHaTa X0Y (pTex 28.).

Lpitexc 28

. E]
Hedunupame HOBa (pyHKIUja P Off [BE pealHu IPOMEHIUBUA CO
3k
paseHkarta P (x, y) = P(x, y, f(x, ¥)), Ha MHOXeCTBOTO D,,, KO€ € BCYLIHOCT
mpoekiyja Ha mnoBpmmHaTta 2 Bp3 pamHumHata X0Y. Toram

fP(x, V,z)dx = fP*(x, v)dx , 6unejku kpuBata I e jajieHa CO paBEHKHUTE
r L

x = x(t), y = y(1), z = fix(1), ¥(1)), te[a, fl, {cX), a xpuBata L, KaKo
PaMHUHCKA, € JafieHa co paBeHKuTe x = x(f), y = ¥(¢), te[a, f).

CHOpC,T_I (I)OpMy.HaTa 3a IpECMETYBambE Ha KPUBOJIMHUCKU UHTE-
T'paj BO OJHOC Ha paMHWHCKA U MTPOCTOpHA KpuBa Ke BaXu:

B
[P(x,y,2)dx = [ P(x(1), y(1), f(x(1), p(1))) X(t)dt ,
r o

B
[P*(x,p)dx = [P(x,y, f(x,y)dx = [ POi(o), y(0), £ (x(0), y(1))) 5(0)d
L L a

Ol KajJie, mopajam €JHaKBOCTAa Ha NCCHUTC CTpaHHu, CJIICAyBa GapaHOTO pa-
BCHCTBO.
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Cnopen I'puHoBaTa opmyra Ke BaxKu:
[P (x, p)dx = - jjaidxdy :
L D,, oy

a criopefi MpaBWJIOTO 3a U3BOJI Off CloXeHa (pyHKIUja ce JoOuBa

o+ _op ape:
dy oy oz oy’

O] Kajie maK ce Jo0rBa

J P2 = - ff(a—P+g—P%d i

Op ppyra crpaHa, BEKTOPUTE (Z—Z,g—z,—l)ﬂ (cosa, cosp, cosy) ce mapa-
X ay

Oz
JIEJTHU ¥ Of] YCIIOBOT 3a MapalieJTHOCT CIIeTyBa . :(=1) =cosf: cosy, off
Y

19 cos
Kajie ce qoouBa “Z__ s

oy cosy
ITopano Oelie gageHa Bpckara dxdy = cosy dS 1 cO KOPUCTEHE Ha
CHUTE peJlalluy ce JOOUBa:

IP(X y,z)dx = — ”(—Cosy—g—Pcosﬂ) dxdy =
/4

cosy
H(a—Pcosy —a—Pcos £)dS.
S Oy 0z

Ha coceMa ucT HaYnH ce JOOHUBA :

iQ(X,y,Z)dx g(aa—fcosy—Z—gcosa)dS ;

OR OR
R(x,y,z)d —cosa ——cos 3)dS,
; (x, ,2)dx g(ay . A)

IIpH WITO NPETIOCTaByBaMe JieKa ce 3al0BOJIEHH COOJBETHUTE YCIIOBU.
CoOupajku ru cuTe Tpu JOOMEHM paBeHCTBa, ce nodbuBa CTOKcoBaTa
dopmya.
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IIpumep 8.10. J.xzy3dx +dy+zdz, [ x*+y*=a’z=0.
r
Co CrokcoBata ¢opMmyna ce JoOuBa

1= [[(0—0)dydz +(0—0)dxdz + (0 —3x" y* )dxdy ,
P

kajle mTo X'e ropHaTa nomycdepa x>+ y>+z? =a?, z > 0. Cnopen dop-
MyJiaTa 3a pecMeTyBame Ha MOBPIIMHCKY MHTETPall ce JoOuBa:

6
VA

2z a
=-3 ”xzyzdxdy =-3 J'sin2 @ cos’ (odgojdep -4 ,
D, 0 0

8

y

Kajie o D,, e KpyroT x>+ y°< a’, ¥ IBOjHUOT UHTETPAJ € PEIIeH CO 3a-
ME€Ha BO ITOJIapHU KOOPANHATH.

Teopema 8.4. (He3aBucHOCT Ha TOBPIIMHCKUOT WHTETpPAll O
noBpmmHaTa.) Heka ce majgeHn aBe eqHOCTABHY MPABWIHU MOBPIIMHA X
u %, (IpaBu mapajeaHu cO KOOPAMHATHATE OCKH ja cedaT 2y OMHOCHO 2
HajMHOTY BO JIB€ TOUYKH), Yhja 3a€lHNIKA KOHTypa € MPOCTOPHA KpHBa
I', u Heka ce napenu pyukuuu P(x, v, z), O(x, v, z), R(x, y, z), nepuHUpaHU
BO MpocTopHa o6mact DCR?, Koja i cofpsku MOBPIIMHATE, H KOW NMAaT
HENPEeKMHATH MTPBU NaplyjaTHi U3BOU BO Taa obnact. Toram Baxu:

”R(x, v, z)dxdy + Q(x, y,z)dxdz + P(x, y,z)dydz =
21
”R(x, v, z)dxdy + Q(x, y, z)dxdz + P(x, y, z)dydz
2,

oP 00 OR
aKoO U caMO akKO — + — +— = ( BO cUTE TOYKH on 06JIaCTa D.

ox oy Oz

Hoxas: JIoka3oT ce u3BelAyBa CO KOPUCTEHE Ha (popMysaTa Ha
l'ayc-OcTporpartcku, CorjlacHO €O pejaluuTe

[[R(x,y,2)dxdy + Q(x, y, 2)dxdz + P(x, y, z)dydz

2

[[R(x,y,2)dxdy + Q(x, y, z)dxdz + P(x, y, z)dydz
2

[[R(x,y,2)dxdy + Q(x, y, z)dxdz + P(x, y, z)dydz

2

”R(x, v, z)dxdy + Q(x, y,z)dxdz + P(x, y,z)dydz

2y

+
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j I} (aP aQ aR)dxdydz

Kage mTo GCD e MpocTOopHa 3aTBOpeHa OOJIaCT OrpaHMYeHa CO MOBP-
mmmauTe 2y 1 5, (uprex 29).

Lpiuex 29

3Hauu, Mpu [aIECHUOT YCIOB MoxXeMme Jla u3depeMe Koja Ouio
MOBPIIKHA, TI0 IPABUJIO TIOETHOCTABHA, 3a JIa TO IpecMeTaMe MOBPIINH-
CKHMOT MHTErpaj Koj Ke 3aBHUCH CaMO OJff 3aef[HMYKaTa KOHTypa Koja e
npocTopHa Kpusa /.

Kako nmocnenuna of oBaa TeopeMa Kaj mpuMeHaTa Ha (popmy-
nata Ha CTOKC BO pelllaBame 3ajlaud, OJHOCHO IIpU IPEeCMETyBambe Ha
IIPOCTOPEH KPUBOJIMHUCKM MHTETPAN, MOKEME a u30epeMe Koja Ouino
MOBPIIIMHA CO COOABETHA KOHTYpa I. OBa JIeCHO ce TOKaxKyBa, OujejKu
kaj popmynara Ha CTokc

[ P(x,y,2)dx + Q(x, y,z)dy + R(x, y,z)dz =
r

I] Ha—R - a—Q]a’ya’z * (Z—P - a—Rjd dz + (Z—Q - Z—Pdedy}

oy Oz z  Ox X )y
nMaMe
OR 0O oP OR o oP
Pl(X,y’Z :___Q Ql(x y,Z)————, Rl(x,y’z)z _Q__
oy ox ox Oy

1 BaKH YCIOBOT
OR , 00,  OR, _ ’R 2°Q 62P_82R+62Q_62P:
ox Oy 0z OyOx 0zOx  0zO0y OxOy  Ox0z Oyoz
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89. HEKOUM EJJEMEHTU O TEOPNUJATA HA BEKTOPCKA
AHAJIN3A 1 OO TEOPUJATA HA BEKTOPCKU ITOJIMIHA
CO ITIPUMEHA

IIpn mapen [exapToB mpaBOarojeH KOOPAMHATEH CUCTEM Kaj
KPUBOJIMHUCKUTE MHTErpanu Oelle AeduHUpaHa BEKTOpcKa (PyHKIH]ja

oJ] eHa peasiHa mpomeHnmBa co I (1) = x(t)T+ y(t) ] +z()k , te[a, A, a
Kaj MOBPIIMHCKUTE WHTErpainu Oelle Ae(pMHUpaHa BEeKTOpcKa (PyHKIIHja
Of IB€ peayiHi MPOMEHJIMBYU CO paBeHKAaTa

r (u, v) =x(u, V)T +y(u,v)j +z(u,v)l2, (u, v)eDuchZ,

kazge mrto X(t), y(t), z(t) 6ea gameHm Kako peanHu (PyHKIUHU Off €HA
peanna npomennuBa u X(U, V), y(u, v), z(u, v) 6ea majieHn Kako peajHu
¢pyHKIIUU Of] ABE PEaHU MPOMEHIIBH.

Cekako fieka € MOXHa o0OomIlTeHa Ae(uHULMja HA BEKTOPCKU
(pyHKIIMM cO MOMOUI Ha peajHu (PYHKLIUU Off IOBEKE peajHu IPOMEH-
JIUBH, HO OBJIe C€ 3a/ip>KyBaMe Ha BEKTOPCKU (DYHKIWHU Jle(PUHUPAHUA BO
peaien npocrop R® co cooseren JIekapToB IIpaBoaroieH KOOpANHATEH
CHCTEM, CO TIOMOII Ha peanHu (PYHKIHUHU Of HAJMHOTY TPU pPeasHu MpPo-
MeHIuBH. MI3BOfIUTE Ha BEKTOPCKUTE (PYHKIMH ce flepuHUpaaT MpeKy
U3BOJIUTE HA pealHuTe (PYHKIMK CO KOU ce iepuHIUpaH.

Hegunuyuja 9.1. Hexa ce magenn tpu peannn pyakuun P(X, Y, ),
Q(X, Y, 2), R(x, y, ) o Tpu peaTHI MPOMEHJINBHY ie(pUHUPAHN HA obacTa
GcR?®. dynkuujata gecuHIpaHa co paBeHKATa
%y, 2)= Py, DT +QMx,,2) ] +R(xy, 2k

npu jafeH [lekapToB NmpaBoarojieH KOOPAWHATEH CHCTEM Ce BHKa BEK-
TOpcKa (PyHKIMja Off TPH PEAHU IPOMEHIINBH, leprHUpaHa Ha G.

Hegunuyuja 9.2. Heka e majena peaiqHa (pyHKIUja Off TPH pea-
HU TIPOMEHJIMBU CO paBeHKarta U = U(X, Y, z), fepuHupaHa BO obJjacra
GcR®. ®dynkmmjaTa U 3aegHO co oGiacta G ce BMKA CKalapHO TOIE.

BexkTopoTt
ou ou ou ou- OuU- Ourp
——— | =—i+—]+—Kk
ox oy oz OX oy oz

ce BUKa IPaJMeHT Ha CKAJIaPHOTO TOoJjIe (aKO MOCTOjaT mapifjaaIHi U3BO-
1n), co 03HaKa gradu.
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Hepunuyuja 9.3. Heka e mageHo ckamapHo moie U(x, y, z) u
npasel | jepuHrpan co eAMHUYHUOT BEKTOP

fi = (cosa, cosf, cosy) = cosal + cosf ] +cosyk .
Toramr co paBE€HKaTa

dux.y.2) = du(x,ﬁy, 2) = a—ucow +a—ucosﬂ+a—uc05y
di dn OX oy oz

ce AeduHUpa U3BOJ HA CKAIapHOTO moJe U(X, Y, z) Bo Hacoka | , mpu mto
du(x,y,z) ~
@ - (gradu)- N, Kako ckajlapeH MPOU3BOJI Ha /IBa BEKTOpa.

Hegunuyuja 9.4. Hexa e majgena BeKTopcka (GyHKIMja CO paBeH-
kara a(x,y,z) =Py, 2)i +Q(x, Y, 2) ] +R(X, Y, 2) K , ilepuHUpaHa Ha
GcR®. ®ynknumjaTa 3aemHO co obnacta G ce BMKA BEKTOPCKO MOIE.

P aQ oR .
CKa.TIapOT & + — + —— C€ BUKa JUBEPTE€HIM]a HA BEKTOPCKOTO IIOJIE

oy 0z
(o ycIoB [a MOCTOjaT MapyjalHUTEe W3BOAM BO COOBETHA TOYKA Off
G) u ce o3nauysa diva.
Hegunuyuja 9.5. Hexa e gajeHo BEKTOPCKO TOJIE CO paBeHKaTa
ay,2)=PX Y, 2)i +Q(XY,2) ] +R(X Y, 2)K coobmact GeR®,
Bekropor

R_Q) (2 H)j (R
oy oz 0z 0OX ox oy
ce BHKA POTOP Ha BEKTOPCKOTO Tojie a (MOJT yCIIOB jja MOCTOjaT MapIii-
jasTHUTE M3BOJIM ) M CE O3HauyBa rotd.
Hecunuyuja 9.6. Heka e majgeHo BEeKTOPCKO MOJIe CO paBeHKATa
a(% Y, 2)=PX Yy, 2)i +Q(X Y, 2)] +RX Y, 2)k coobmacr GeR®. Ako
nocrou peanHa (yHknuja F(X, Y, z) Koja IMa HEPEeKWHATH MPBH MaPIIH-

januu u3Bonu Ha G, 3a KOU Baxku

oF oF oF
_:F)Xa yza_: X! 125_:RX! 1Z
o~y 2) Y QW ¥, 2), — =R ¥,2)

182



89. Hekou eaemenitiu 00 Wieopujailia Ha 8eKMIOPCKA AHAAUIA U ...

BO ob6nacta G, Toram BeJiuMe JieKa BEKTOPCKOTO ToJie € MOTEHIUjaTHO
none. ®ynkumjara F, koja co G meduHUpa cKalmapHO MoJje, ce BUKa IMo-
TeHnujanHa QpyHKImja, npu mro gradF = a.

Jla 3a0enexuMe ieKa yCcIOBUTE 3a €r3UCTEHIMja Ha (PyHKIHjaTa
F Oea pamenm Kaj pasriefgyBameTo Ha HAU(EPEHINjaTHUOT H3pa3
P(x, y, 2)dx + Q(x, y, z)dy + R(x, y, z)dz. cTo Taka e jacHO feKa 3a Ho-
TEeHIUjaaHo mosie Baxu yciaoBoT rotd = 0, Koj Hekaje ce 3ema u 3a
neduHIIMja Ha TOTEHIIM]jaTTHO TOJIE.

Heka e majeHo BEKTOPCKO MOJie co paBeHkaTta a(X, Yy, z) =
P(x, v, Z)T + QX Y, 2) ] + R(X, Y, 2) K co obnact GCR® n Heka POuR

UMaaT HENPEKWHATH NpBU napuujanHu u3Boau Ha G. Toramr cnegHuTe
TBPJEHAa Ce EKBUBAJICHTHU:

a) Ilocrom Ha o6nacta G egHO3HauyHa pyHKIHja F(X, Y, Z) Koja
uMa HenpeKWHATH MPBHU NapuujadHd u3Boaum Ha G 3a Kom
Baku paBeHcTBoTO gradF = &.

6) KpHBOJIMHUCKMOT WHTETpaj BIOJIK KOja OWMJIO 3aTBOpEHA
HEeINpeKnHaTa 10 JIeJIOBH IiaTka npocra 2KopjaHoBa KpuBa
I'cG emnyna, T.c.

[a-ds =o0.
r

B) AkoAp € G Toram KpuBOJIMHUCKAOT HHTETPaJ BIOIXK KO-
ja 6uio opreHTHpaHa 1o JeJIOBH riaatka npocta 2KoppaHo-
Ba KpuBa AjA — G 3aBucu camo off A 1 A.

Jloka3oT 3a eKBHBAJIEHTHOCTA Ha OBHME TBpEHa ce Ao0uBa cO
KopucTemwe Ha Teopemute 5.3,54u7.4 .

Hegunuyuja 9.7. Hexa e gajmeHo BEKTOPCKO TOJIE CO paBeHKaTa
axy,2) =Py, 21 +Qx Y, 2] +RX Y, 2)k coobmacr GER®. Ako
diva =0 na G, Toraii moJjietTo ce BUKa COJICHOUJAITHO.

Bo nurepaTtypata ce mo3HaTH NoBeKe O3HAKM 3a MOKPATKO O3Ha-

yyBame. TakBu ce, Ha MpuMep, XaMIIITOHOBHOT onepatop V (Habma) u
JTammmacoBmoT oneparop A (menra), fepuHUPAHU CO

— 2 2 2
Vf=ﬁf+ﬂj+ik, A= OF OF TR
OX oy oz ox? oyt ozt
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kane wro f(X, y, z), F(X, y, z) ce peanHu (pyHKIUH Off TPU peajHU Npo-
MEHIIUBH. 3a OBHUE ONEPATOPH ce yNOTPeOyBaaT U CIEJHUTE O3HAKN:

0> o 8

97,20 + +
ox?  oy? oz’

|+—J?+£IZ; A=
oX oy 0z

V=

CO coofBeTHA Bpcka A = V-V (yCIIOBHO KaKO cKallapeH MTPOU3BON).

Co oBue O3HAKH TIPH JIAJIeHO BEKTOPCKO mone d, diva = V-a
(ckamapen mpou3Bon) u rotd = Vxa (BEKTOPCKH MPOU3BON), a MpPH Jia-
neHo ckanaphHo noje F, gradF = VF.

epunuyuja 9.8. Heka e najieHo BEKTOPCKO TOJIE CO paBeHKAaTa
a(x,y,2) =P y,2)1 +Q(X Y, 2)] +RX Y, 2)k coobmact GER®. Ako
MOJIETO € MOTEHIjaIHO W COJICHOUIATHO NCTOBPEMEHO, TOTalll ce BIKA
xapMoHucko mnone. Ilpuroa, noreHuujanHara gyHkuuja F TakBa mro
gradF = &, ja 3ajoBOJIyBa penalujaTa

0*F 0°F 0°F
= + + =

VF
ox? oyt ozt

0,

T.e. paBeHkara div(gradF) = 0 na G.

dyukiuuTe KOU ja 3a70BOJyBaaT MOClIegHaTa penalnuja, mo3Ha-
Ta Kako JlamnacoBa paBeHKa, ce BUKaaT XapMOHUCKH (PyHKIIUN.

Hedpunuyuja 9.9. Heka e nageHO BEKTOPCKO MOJIE CO paBeHKaTa
a% Y, 2) =Py, )i +Q(X Y, 2] +RX Yy 2)k co obmacr GeR® n
npocropHa mpocra KoppmanoBa kpuBa AB = [cG. KpuBoanHucKH

HUHTErpal O] BEKTOPCKOTO ITOJIE BAOJI2K OPUEHTUpPAaHA KpHUBa I ce BUKa
KPUBOJIMHUCKUOT UHTErpaJI

J' P(x,y,2)dx+Q(X, Y, z)dy + R(x, y, z)dz
r

CO O3HaKa
[a-ds = [(a-7)ds,
r r

Kajie mTo T = cosai + CosfB | +cosyK e egmHmucH BEKTOp Ha TaHTeH-
TaTa Ha KpuBaTa /.
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Axo kpuBaTta AB = I e rnmatka 2KoppanoBa KpuBa co JoKuHa L
u ¢pyskuuute P, Q, R ce HenpeknHaTu (pyHKun Ha G, Toram KpuBOJIu-

L
HUCKHMOT WHTETpas jé -05 e emHakoB Ha f(é -7)ds. Ako AB=T, A=B,
r 0

T.e. aKO KpuBaTa [ e 3aTBOpeHa KpWBA, TOTAIl OBOj KPUBOJIWHHUCKH
MHTETpaj ce BUKA HUPKYJaluja Ha BEKTOPCKOTO MOJIe BAOJXK 3aTBO-
peHara kpusa /.

AKO TIOJIETO € MOTEHIWjaJIHO, TOTalll KPUBOJUHUCKUOT WHTE-
rpaJj BJOJIXK Koja OUJI0 3aTBOpPEHa KpHBa € elHaKoB Ha (.

Hegunuyuja 9.10. Heka e gageHo BEKTOPCKO MOJe CO paBeHKa-
Ta A(X, Y,2) = P(X,y,2)i +Q(X Y, 2)] +R(X Y, 2)k co obmacr GeR® u
noBpinrHa 2=G.

TTOBpIIMHCKY HMHTETpal Ha BEKTOPCKOTO moje a(x, y, z) BO
OJHOC Ha MOBpIIMHATA X ce ie(pMHUpPA CO MOBPIIMHCKUOT HHTETPal

[[P(x,y,2)dydz +Q(x, y, z)dxdz + R(x, y, z)dxdy =

P

[[[P(x,y,z)cosar +Q(x,y,z)cos B+ R(X, y,z) cos y]dS

n CC O3HAYyBa

[[a-ds = [[(a-A)ds,
) 2
Kajge mTo N = cosai + cosp ] + COS]/lZ € €IMHNYECH HOpMaJIeH BEKTOP

Ha 2!

AKo moBpmmHaTa 2 e 3aTBOpeHa (OrpaHmyyBa ea of MpOCTO-
pot R®), Toram mOBPIIMHCKEOT MHTETPAJ ce BEKa (Iykc (IPOTOK) Ha
BEKTOPCKOTO mouie a (X, Y, Z) H|u3 moBpIimMHaTa .

Co oBue pepununum copmynara Ha [ayc-Octporpajcku Ke
Oune mageHa co

[[@-m)ds = [[[divadxdydz,
p> G

nopexa CtokcoBara popMyna co

[a-ds = [[(A-rota)ds.

r z
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TepMuHuTEe KOM ce ynorpeOyBaaT BO TeopHjaTa Ha MOJIHIbA MO-
KaT f1a ce o0jacHAT CO MPAaKTHYHA NPHMEHa BO M3yUyBakETO Ha MOjaBU
Kaj ¢ayupute. [la pasrienaMe efHa CUTyaldja co MPOTOK HA TEYHOCT
HU3 HEKOja MOBpIIMHA BO peasieH npocrop. Heka Op3uHaTa Ha Tedyeme-
TO 3aBHCH CaMO Of TOJIOK0aTa Ha caMaTa TOYKa Off TEYHOCTA U He 3aBH-
cH Off BpeMeTo (cTanmoHapeH mpoTok). Toramr mpoTokoT Ha Op3mHAaTa
Ha TeyHocTa ((uymgoT) HHM3 OpMEHTHpaHa IOBpIIMHA X BO JajieH
JekapToB mpaBOarojieH MPOCTOPEH KOOPAMHATEH CHUCTEM € KOoJmdec-
TBOTO Ha TEYHOCT KO€ MWHYBa BO €JMHHIA BpeMe HU3 OpHEHTHpaHaTa
NOBpIIMHA X BO MO3WTUBHA HACOKa, OJTHOCHO BO HACOKa BO KOja € OpH-
eHTHpaHa MOBpIIMHATA (BO HACOKA Ha HOpMalHuTe BekTopu). Taa 6poj-
YCHA KapaKTEPpUCTUKA € faJlcHa CO NOBPHIMHCKUOT MHTETrpall

[[@n)ds = [[P(x,y,z)dydz+Q(x, y, z)dxdz + R(x, y, z)dxdy =

[[(P(x,y,2)cosar +Q(X, y,2)cos B+ R(x, Y, z)cos y]dS ,

Kajie mTo CO

a(xy,2)=P(x Y, )T +Qxy.2) ] +R(x Y, 2k
e JlajieHa TMpoMeHaTa Ha Op3WHaTa Ha MPOTOKOT HAa TEYHOCTA BO CEKoja
Touka (X, Y, z) of payunoT.

Op npuMmeHaTa Ke pasriefiame eieH IpHUMeEp Ofi TeopujaTa Ha
€JIEeKTPOMarHeTHH MOJNbA.

Heka e pgafeH TOUKecT NMONHEXK ( KOj ce Haofa BO KOOpPAUHAT-
ot novyeTok 0(0, 0, 0) Bo [IlekapToB mpaBoarojieH KOOpAUHATEH CHC-

teM. Toraur E e CHITOBO 1OJIe TEHEPUPAHO CO TOUKECTHOT MOMHEXK, [ie-
¢unmIpano cnopes Coulomb-oB 3akow (| E | = riz) CO BEKTOpcKaTa (PyHK-
nuja

E(xVY,2)= LA q—] + q—:IZ,

r? r3 r

kaje mTo M(X, Y, Z) e Touka o mpoctropot R® Ha Koja fejeTByBa nonero,

ar= w/xz + y2 +72% e pacrojanue ofi KOOPAMHATHUOT MOYETOK IO TOYU-
Karta M.
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Hagsucruna, 6uniejkn HacokaTa Ha BEKTOPOT

E(XY,2)=Pxy2)i +Q(xv,2)] +RXy, 2k

_—

€ hcTa co HacokaTa Ha paguyc-Bekropor OM =x1 +y | +zK ,op

COSazé,COSﬂ=l,COS}/=£
r r r
ce moonBa
P(X’y’z)zlélcosa:%ia Q(X,yyz):|E|COSﬂ:izl,
rer rer
R(x,y,z)=||§|cosy=%£.
rer

ITonaTamy, Oupejku

P_ %y _Q R_RQ  R_P

oy ro ox' oy ol ox o
IIOCTOU peaiiHa (PyHKIMja Off TPU pEeaJlHu IMPOMEHINBH U(X, Y, Z) TakBa
oITo

du(x, y, z) = P(x, y, 2)dx + Q(x, y, 2)dy + R(x, y, 2)dz.

Taa ¢pyHKIMja ce BUKa MOTeHIMjamHa (PyHKIMjAa U ce To0uBa of
penaunujaTa

P(x,y, z)dx + Q(x, y, z)dy + R(x, y, z)dz =

or or or

d d d a—dx+@dy+a—dz d
xdx + + zdz X z r
q ysy =q 5 =q— —d-y,
r r r r
3Haun, u(x,y, z) = —%. IIputoa ce kopuctu
ox a_y oz
ox r’ oy r’oror’

187



Inasa ueiuspiva

CHOpe)I TOa, IOJIETO € HOTCHHI/IjaHHO, pu IITo
E (x,y, z) = grad u(x, y, 2).

HHBepreHunjaTa Ha IIOJIETO €

r 3xar

—3X—— 2 2

divE:@+@+a—R:q x 4 qf 3y°
oy oz ré re

r’ -3z°
—% - rit_)[3r2—3(x2 +y? + z9]=0.

Ipumep 9.1. [1a ce npecmeTa (iyKcoT (MPOTOKOT) HA CHIIOBO
nosie HU3 cpepara X co paguyc R m meHTap BO KOj ce Haofa TOYKECT
nonaex (. [Toroa ma ce mpecmeTa paboraTa of ToukaTa Mo(Xo, Yo, Zo) AO
toukata M(X, y, z) .

Co kopucremwe Ha opmynata Ha ['ayc-Octporpajicku paykcoT
€ €JHAKOB Ha

Q(E'ﬁ)ds = Ii 3%dxdydz = 3%%;;1?3 = 4qr,

HITO 3HauM Aeka (PIyKCOT He 3aBUCH Off paguycoT Ha cdeparta. [Ipuroa
G e Tonka iepurmpana co x> +y? + 22 <R?,

Mozxe f1a ce moKake jieka UcT 6poj Ke ce podue 3a PIyKCOT U 3a
KOja 6WMJI0 3aTBOpEeHa MOBPIINHA KOja € TpPaHuIa Ha MPOCTOPHO TENO BO
YKja BHATPEIIHOCT C€ HAOra MOTHEXKOT.

bupnejkn paborarta A ce neduHMpa cO KPUBOJIUHUCKUOT UHTE-
rpan

J' P(x,y,2)dx+Q(x,y, z)dy + R(x, y,z)dz,
r

Kajie mwrto /' e KpuBa Koja I'm noBp3yBa Toukute My u M, mopagu Toa
LITO

P(x,y, 2)dx + Q(x, y, 2)dy + R(X, y, 2)dz = du(x, v, 2),

Ke MMame

_ M__a_ 4 v Sy
A—u(x,y,z)'vI ==——+ — ,kagemrto r=|0M |, rp=|0My].

0 r fo
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§3. ['panuunu ipoyecu

r'TABA BTOPA

PEAJIHA ®YHKIIMJA OJ1 IBE M IIOBEKE PEAJIHU
MNPOMEH/IMBU. TPAHUYHUA ITPOLLECHA

§3. TPAHUYHU ITPOLECH

3.1 EBknoBu npocTopu

He¢unuyuja 3.1. Heka e pamen [lekapToB mpomsBojg R" =
{(x1, X2, ..., X,) | x;€R, i = 1,n}. MHOXKecTBOTO mopipeicHn n-Topku R”, BO
Koe ce JlepuHupaHn ONepalunuTe COOMpame U MHOXEHE CO CKajap Ha
CIIETHUOT HAYNH:

X+ty=@ ty,x2tys, ., Xat 1), cx= (cxy, cxa,..., CXy), VX, yeR”,

KaJie WTO X = (X1, X2,eeer Xp)s ¥ = V1, V2, V), Xi€R, vi€R, ceR, i = 1,n, ce
BHKa n-TUMEH3MOHAIEH BEKTOpPCKH mpoctop. [lpuroa (x|, x, ..., X,) =
Vs Vageers Vi) € X1 = Y1y X2 = Y2geees Xy = V. BIGMEHTUTE Off TOA MHOXKECTBO
K€ TM BHKaME€ TOYKH, & COOJBETHUTE pealHNu OpOEBU Ofi n-TOPKHTE
KOOPJMHATH HAa TUE TOYKH.

OueByupiHA € aHAJOrujaTa co PEalHuOT MPOCTOP R%, co necpuHm-
paH MpoCcTOpeH NpaBoaroyieH [JekapToB KOOPAUHATEH CUCTEM .

Hecunuyuja 3.2. Heka e nangeH n-muMeH3MOHAICH KOOPAMHATEH
BEeKTOpcKHU TpocTop R” n Heka neduHmpame npecnukyBame d: R"xR"—
R co paBeHcTBOTO

dx, )= (% =3P + (6 = 3,) et (x, = )

3a cekoja MofApefieHa ABOjKa (x, y) o MUPEeKTHUOT [lekapToB Mpou3BOJ
R"xR" Ha eNeMEeHTH X = (X1, X2, ... , X), ¥ = (V1, V2, ... , ¥,)€R". Toram BOj-
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kata (R", d) ce Buka n-mfumen3noHaneH EBKIumoB mpocrop, a mpeciu-
KYBameTO d € pacTojaHue Mef'y TOUKUTE X 1 ) .

U oBfie e OueBMIHA aHANOTHjaTa CO PealHHOT mpocTop R°, co
IIPOCTOPEH MpaBoarojieH JlekapToB KOOPAUHATEH CUCTEM, I1a AYPHU U CO
R kora pacrojanueTo e ancoayTHa BPeIHOCT.

Teopema 3.1. (Kommwu-IlIBapioBo HepaBeHCTBO.) 3a KoW OWMIIO
peanuu OpoeBH ai, a,..., Ay, by, by,..., b, € 32JOBOJICHO CIEIHOTO HEpa-
BEHCTBO:

[ ab T < ["Zaf][il b2,

i=l =

n
Hokas: 3a kKoe 6ui10 AR Baxku HEPABEHCTBOTO Y (a4 + b)) >0
i=l
(KaKo cyMa Off HCHETaTHBHU OPOEBH ), OMHOCHO HEPABEHCTBOTO

[Y a2 +2[ X ab]A+ X b7 >0.
= = 1

Bunejkn neBara crpaHa € KBajipaTeH TPUHOM BO OIHOC Ha A, HETOBaTa
IMCKPUMHUHAHTA € CeKOoTalll HeMO3UTUBHA. 3HAUM,

(S ab -3 a2 X b <0,
= = =

n
of1 Kajie ce To6uBa 6apaHoTo HEpaBeHCTBO (Y. a > 0).
i=1

Teopema 3.2. 3a xou 6ui0O peanHu Opoesu ay, ... , d,, by, ..., b,
€ 3aJI0BOJICHO CIIeJHOTO HEPABEHCTBO:

Y(arb) <[[>al + [>b T
= i=1 i=1

Hoxa3: Ako HepaBeHcTBOTO Ha Komm - IlIBapr ro nomMHoX1MMeE

n n
CO 2 ¥ MOTOA HA IBETE CTPAHU TO JOofajeMe 30UpoT Y a’ + Zb,-z, Ke
= =

Jooueme

n n n n n
ZI: (l,‘z + 221 aib,« + Zl bl‘z < ZI: (l,‘z +2 Zlal.z
i= i=] i=] i= i=

o7 kajie ce nobuBa 6apaHOTO HEPABEHCTBO.
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Co moMorI Ha OBHE JIBE TEOPEMH ce TMOKaxKyBa jieka u Bo R” 3a
n > 3 UCTO TaKa BaXX! TaKaHAPEUEHOTO HEPABEHCTBO HA TPHUATOJIHUK,
T.e. ieka d(x, y) < d(x, z) + d(z, y) 3a Vx, y, zeR".

HMeHO, aKO X = (X1, X2yeees X0)s ¥ = (V15 V2serer Va)» Z = (21, 2250, Z0) ER" T
ako CTaBUME X; — z; = a;, z; — y; = b;, Toramt a; + b; = x; — y;, i = 1,n, co
3aMeHa BO MOCIIETHOTO HEPABEHCTBO ce Jo0nBa

i(x,-—yi)z <[ Z”;,(x,- _Zi)z + anl(zi _yi)2 ]2

=1

wn [d(x, y)]* < [d(x, z) + d(z, y)]*, on Kaje cnefyBa 0apaHOTO HEpaBEH-
CTBO.

Yure ga 3abenexxkuMe feka Taka Ae(pMHUPAHOTO pacTojaHue d
T'Y M U CIIe[JHUTE CBOjCTBRA:

a) d(x,y)>0,3ax#y,udx, x)=0; 0) d(x,y)=d(y, x),
KOM BeJ{Halll IPOM3JIeryBaaT Off camara Je(UHULY]a.

Hegunuyuja 3.3. MuoxectBoto {x | xeR", d(x, a) < r}, Kaje mTO
a=(ay, ay, ..., a,) € R" mr> 0, ce BUKa OTBOpeHa Tomka Bo R" co mieHTap
BO a W paguyc r. AKO NaK BaxkW HEPABEHCTBOTO d(x, @) < r, TOTall TOA
MHO>KECTBO C€ BUKa 3aTBOPEHA TOIKa.

Hecpunuyuja 3.4. Heka a = (ay, a,..., a,), 6 = (A, &,..., )eR”,
0;>0,i=1, n. MHOXeCTBOTO {x = (X1, X2,..., X,) | XxeR", |x; —a)| < &;,i=
l,n} ce BMKa OTBOpEH Mapajeyionumnes Bo mpoctopoT R”. Ako mak
BaxkaT HEpaBeHCTBaTa |x; — a; < 04, i = 1,n, TOram Toa MHOXECTBO C€
BMKA 3aTBOPEH NMapaseIONuIe] .

Hecpunuyuja 3.5. Hexa a = (a1, a3 ,..., a,), b = (by, by ..., b,)eR" n
a; < b;, i = 1,n. MHOXeCTBOTO {x = (X1, X2,..., X,) |x€R", a;<x;<b;, i= 1,n}
ce BUKa OTBOPEH MapalieIONuIe]] BO MpocTopoT R” . AKO mak Baxkar
HepaBeHcTBaTa a; < x; < b;, i = 1,n, TOTAII TOA MHOKECTBO CE BUKA 3aTBO-
PEH Mmapaesonumesn .

Hegunuyuja 3.6. OTBOpeHa TONKa CO PaUyC & W IIEHTap BO a
ce BUKa &OKOJIMHA Ha TOYKaTa a U ce O3Ha4dyBa co V(a, ¢€).

Hegunuyuja 3.7. OTBOpeH napanenonumnen neduHAPaH CO TOU-
KUTE a U 6, OMHOCHO CO TOYKHTE a U b, ce BUKa MapaJieIONUIeTHA OKO-
JINHA, co 03HaKa V(a, 0) oqHOCHO V(a, b).

Hepunuyuja 3.8. Heka A > 0. A-OKOJIMHA ce BUKAa MHOXKECTBOTO
{x |xeR", d(x, 0) > A}.
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Hepunuyuja 3.9. Hexka ECR". ToukaTa xeR" ce BuKa BHaTpeIlIHa
TOYKa Ha E ako MOCTOM Hej3MHA OKOJMHA V(X, J) KOja € MOAMHOXKECTBO
Ha E.

Hegunuyuja 3.10. Hexka ECR". ToukaTta xeR" ce Buka rpannyHa
TOYKa Ha E aKko ceKkoja Hej3MHa OKOJIMHA COIpKH O6apeM eHa TOYKa Off
E m GapeM eflHa TOYKa KOja He npurnara Ha E.

Hecgunuyuja 3.11. MuoxectBoto ECR" ce BUKa OTBOPEHO MHO-
>KECTBO aKO CHTE HErOBM TOYKHM CE€ BHATPEIIHN TOUKH.

Hecunuyuja 3.12. MHOXKeCTBOTO Off CUT€ TPAaHUYHH TOUYKH Ha
eIHO MHOKecTBO ECR” ce BMKa Heroma rpaHMIia. YHHjaTa Ol MHOXeC-
TBOTO E M HEroBaTa paHMIa Ce BUKA 3aTBOPEHO MHOXKECTBO.

Hegunuyuja 3.13. Heka x, yeR". MHOXecTBOTO {Ax + (1 — A)y |
x,yeR", 0 < A< 1} ce BUKa OTCeyKa.

Hepunuyuja 3.14. MaOKecTBOTO ECR” ce BIKa KOHBEKCHO aKO
3acekoe x,yeEn 0< A< 1 Baxu Ax + (1 — A)yekE.

Hegunuyuja 3.15. MaoxxectBoTo ECR” ce BUKa €THOCTaBHO CBP3-
TUBO (€THOCBP3HO, CBP3JMBO, €JHOCTABHO) aKO KOW OWJIO IBE HETOBHU
TOYKHM MOXKaT Jla ce MOBP3aT CO HENPEeKMHATa KpHBa Koja mpunara Ha E.
Ha 3abenexume ieKa MOCTOjaT ¥ MOBEKECBP3HI MHOKECTBA.

Hegunuyuja 3.16. MuoxectBoro ECR” ce BHKa OrpaHUYEHO
axko nocron KeR", Taka 1mto 3a cexon x, ye E Baxu d(x, y) < K.

Hecpunuyuja 3.17. Cekoe OTBOPEHO €THOCTABHO CBP3IIMBO MHO-
skectBo ECR” ce Buka obmact. OGnacTa 3aeJHO CO CBOjaTa TpaHUIA Ce
BHKa 3aTBOpeHa 00JIacT.

ITopagu ouurnegHaTa ILEJIOCHA aHaJOrdja CO TeOMeTpHCKaTa
uHTepnpetanuja Toukata 0(0, 0 ,..., 0)eR” Ke ja BUKaMe KOOpAUHATEH
TMOYETOK, a MHOXKECTBOTO TOoUku {¢; = (0, 0,..., x;,..., 0) | x;,eR, i = 1,n} Ke
ro BIUKaMe i-Ta KOOpAWHATHA OCKa.

3.2. Hu3u o Touku Bo EBKinios npocrop
Hecpunuyuja 3.18. Heka e pageH m-guMmeH3noHaned EBKangoB

npoctop R”. AKo crnopep HeKOe MPaBWIIO HA CeKOj NPUPOJEH Opoj n My
ofiroBapa efHa Touka M, og R”, Toramr BenmMe fieKa e 3ajiajieHa Hu3a of
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Touku BO R", co o3Haka {M,}, Kajle mITO M, ce BUKa OMNINT YICH Ha
HHU3aTa.

Hepunuyuja 3.19. Huzata {M,} e KOHBEpreHTHa aKO IOCTOU
Touka A€R”, HapedyeHa rpaHuIa Ha HHM3aTa, TakBa IITO 3a KOj OWJIO
MPOU3BOJICH MO3UTUBEH pealieH Opoj £ MOXe Jia ce Hajje NpUpojeH Opoj
no(€) TaKOB IITO Vr > ny € 3aI0OBOJIEHO HEPABEHCTBOTO d(M,, A) < &
ITpurtoa mumyBame M,—>A Kora n—oc, uin limM, = 4.

n—»00

Teopema 3.3. Huzara {M,}, M,(x\", x,",..., x,)') KOHBEeprupa KOH
toukarta A(a; , a; ,..., @,) AKO W CaMO aKO HU3UTE Ofi peajHu OpoeBU
{x1"}, {x2"},..., {x,'} KOHBEeprupaat COOIBETHO KOH peajHuTe OpOeBH a,
Argeeey Ay

lokas: Heka M,—A xora n—oc. Toa 3Haum feka 3a Koj OWiIo
MPOU3BOJIEH TO3UTHUBEH peajieH Opoj £ MOKe Ja ce Hajiae NpHUpojieH
6poj ny(€) TakOB WITO V7 > ny € 3aJOBOJIEHO HEPABEHCTBOTO d(M,, A) < &,
OJTHOCHO

\/(xl" —a])2 + (x) —a2)2 +o+(x) —am)2 <g.
bupejku

| x" —a;| < \/(xl” —al)2 + (x5 —a2)2 o+ (x) —am)2 <eg,Vi=1n,

Ke OumaT 3aJJOBOJICHW HepaBeHCTBaTa |x;' — a| < ¢ Vi = 1,n, o mTo
3aKjydyBame ieka Hu3ute{x,"}, {x,"}, ..., {x,'} KOHBeprupaart coojBET-
HO KOH TPaHULUTE a1, dy,..., Q.

OG6patHo, Heka HusuTe {x," }, {x;"},..., {x, }KOHBeprupaatr KOH
ai, az,..., Ay, COOABETHO. Toram 3a npon3BoJIHO ¢ > () MOXAT f1a ce HajaaT
NpUpPOAHN OpOEeBU 7n&) TaKBU IITO 3a Va > n(g) Ke BakaT COOJBETHO

€ . .
HepaBeHCcTBaTa |x/" — | < T , 1 =1,m. 3emajku ny = max{ny, ny, ... , By},
m

NOCIIEJHUTE HEPABEHCTBA K€ BaXKaT UCTOBPEMEHO Vn > ny. buuejku

Vn > ng

dM,, A) = \/(xl” —al)2 +(x; —a2)2 +.o.+(x) —am)2 <

82 82 82 82

—t— .t =, m— =g,
m m m m
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CO er3uCTeHIIMjaTa Ha ny oKaXKaBMe Jieka Hu3aTa {M,} KOHBeprupa KOH
TOYKaTa 4.

ITocnennata TeopemMa OBO3MOXKYBa CUTE CBOjCTBA HA HU3UTE O]
peannu OpoeBu, Kako u mouMoT KommeBa Hu3a, 1a MOKAT f1a ce Tmpe-
HecaT 1 Kaj Hu3m off Touku Bo R”. Cenak Ke HaBefieMe efjHa ie(puHUIMja
¥ eHa TeopeMa.

Hepunuyuja 3.20. Huzata {M,} e orpaHmueHa ako TOCTOHU
peasieH O6poj a > 0 TaKOB LITO 3a CEKOj MPUPOJeH Opoj n € 3aJJOBOJIEHO
HepaBeHCTBOTO d(M,, 0) < a, kaze mTo 0(0, 0,..., 0)eR" e KOOpTUHATHUOT
IMOYeTOK BO R”.

Teopema 3.4. On cexoja orpaHnyueHa HHM3a MOKE J1a ce M3JBOU
KOHBEpPreHTHA TOTHM3A.

HedununmjaTa Ha MOAHU3A € UJEHTUYHA CO COO/IBETHATa Aeu-
HUIIMja Ha NTOIHNA3a Kaj HU3UTE Off pEaIHA OPOEBU.

I'eoMeTpuckara mHTEepnpeTanuja Ha AedUHANAjaTa HA KOHBEP-
reHTHa HU3a MCTO TaKa € CIWYHa CO COOJBETHATa reOMEeTpUCKa MHTEp-
nperanyja Ha fAedUHUIMjaTa Ha KOHBEPreHTHAa HM3a Kaj HU3UTE Off
peasHn GpoeBH, CO TOA IITO OBJle OKOJIMHATA € OTBOPEHA TOTKA.

Hegunuyuja 3.21. Huzara {M,} ce ctpeMn KOH GECKOHEUHOCT
Kora n—o ako VYA>(0 noctou nyeN, Taka mTo Vn > ny Baxu d(M,, 0) > A.

3.3. Peanna ¢ynkumja o1 ABe U NOBeKe peajiHd NMPOMEHINBI

Hepunuyuja 3.22. Heka ECR" e o6nact. AKO Ha cekoja TOUYKa
oy obacra E ciopey HeKOe MPaBUIIO W OirOBapa eANHCTBEH COO/IBETECH
peasieH Opoj, Torain BeJuMe JieKa € 3ajjajieHa peajHa (pyHKIHUja Of n
peayHu MPOMEHIIMBU Off MHOKECTBOTO R” Bo MHOXecTBOTO R. O6Gmacra
E ce BuKa necuHAIMOHA 06JacT (TOMEH), 8 MHOKECTBOTO

AE)={u|ueR, u=[f[x), x = (x1, x2,..., x,)€E, x;eR} c R

ce BIKa MHOXECTBO Of BPETHOCTHTE Ha (pyHKIH]jaTa f (KOTOMEH) .

Bpennocra Ha ¢dyHKuHjaTa f Bo Toukata xeR” ce Genexu co f{x)
unm co f{xi, xXa,..., X), Kafie mWTO X = (X1, X2,..., X;). AKO ce pabOTH CO O3Ha-
Kata M(x,, xa,..., x,)€R" 3a Touka x = (x|, xa,..., X,), TOTAIIl BPEHOCTA CE
Oenesku u co f(M). 3a n =2 BooOWJaeHa € O3HaKaTa z = f(x, y).

66





§3. ['panuunu ipoyecu

Hepunuyuja 3.23. Heka f'e peanna ¢pyHKIHja O n peajHu MPo-
MeHJuBH feduHupaHa Ha obmacra ECR”. Toram MHOXKeCTBOTO Off TO-
apeneHu ABojku {(x, f{x))|xeE}ce Buka rpacduk Ha pyHKIMjaTA f.

Jla 3abenexuMe feka rpaMKOT BCYIIHOCT € MHOXKECTBO Off
noapeaeHu (n+1)-Topku o peaqHu OpOEBH, T.e. € MOAMHONKECTBO Off
R™!, 6upmejku (x;, X2, ... X, fX1, X2, .. X ))ER™.

AKko n = 2, Toram rpaukOT MOXe '€OMETPUCKH Jla ce UHTEp-
npeTupa KakKo MHOXKECTBO TOUKM M(x, y, z), z = fix, ), BO pEaTHUOT
npocrop R’, Taka mro 3a Hekom (yHKIMM (THMHeapHa (PyHKIHja) rpa-
¢puKOT OM OUJ paMHMHA WX, OTIITO, HEKOja MOBPIIMHA BO IPOCTOPOT.

Kako m c¢yHKumjaTa Off egHa pealiHa NPOMEHIIMBa, Taka U
¢yHKIHjaTa o NOBEKE peaHu IPOMEHINBY MOXKeE Jja Ouje 3aajicHa Ha
noBeKe HAYMHM (QHATUTHYKH CO (popMyJa EKCIUIMIUTHO WM WM-
IUTMIATHO, TaGeJapHO, ONMUCHO U cl. ). Bo ciydaj kora ¢yHKIjaTa €
nazgeHa co opmyina 0e3 ogHampeq 3aajgeHa geuHUIoHa o0yacT, To-
raii fiepuHUIIMOHATa O0JACT ce OlpefenyBa KakKo MHOXKECTBO Off OHUE
TOYKH Of] COOJIBETHHOT MPOCTOpP 3a KOM Taa popmysa OBO3MOXKYBa fia
ce Jo0Ke cOOfIBETHA BPEHOCT Ha (pyHKIIMjaTa BO THE TOUYKH.

306upoT, pa3nuKaTa, MPOU3BOAOT U KOJUYHUKOT Ha JBe (PYyHK-
Uy ce AedUHUpaaT Ha UCT HAYMH KAKO W Kaj peajHuTe (PyHKIUU Off
eiHa peanHa npomennauBa. O nocebeH NHTepecC ce KiacaTa KOHBEKCHI
¢yHKIMYU, KiacaTa NOJNMHOMHM (YHKIMH, a MOCEOHO KBaJpaTHUTE

dopmu.

Hecgunuyuja 3.24. Hexa f e peanna pyHKuHja Off n peajHu Mpo-
MEHIIUBH, lepuHrpaHa Ha obnacta ECR”. 3a ¢yHkuujaTa f Benume fnexa
€ OrpaHNYeHa aKo € OrpaHUYEHO MHOXKECTBOTO f(E).

Hepunuyuja 3.25. Heka na ob6macra E,cR* ce 3amagesn m peai-
HU (pyHKIMA @, i = 1,m, o7 k peanHu MpOMEHNNBH ¢, j = 1,k. Hexa nona-
TaMy f e peanHa yHKIMja Off m peajHu MPOMEHIUBH X;, | = 1,m, nedu-
HUpaHa Ha oOnacra E, 3ajjafiecHa cO paBeHKaTa u = f(x|, Xa,..., X,,), Kajie
mTo x; = @(t, b,..., t). Toram BenuMme fgeka e geUHUpPAHA CIOXKEHA
peanHa ¢yHKIMja w, O k peallHn NIPOMEHJIUBH ¢, j = 1.k, 3agajgeHa co
paBeHKaTa

w(ty, tay..., ty) :f(wl(l‘l, Byeves 1)y @2 (1 Eagerey 1) oy @ (L1, bageees h))s

neduHUpaHa Ha obacra E; .

Hedunnmonara obnact Ha (yHKumjata f e obmacra E < R”,
E = {(x1, x25..., X)) €R™ | x; = (1, toy..., ty), i = 1,m, (t, ta,..., ty)€E}. 3HAUN,
clioXeHaTa (pyHKIMja BCYLUIHOCT € 3ajiafieHa co m pPeayHu (PyHKIUU off k
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peayHu IPOMEHNIMBYU U €[JHa peanHa (hyHKIMja Off m PeaTHu IPOMEHIIHN-
BH.

Hepunuyuja 3.26. Heka f e pyHKumMja majieHa co paBeHKaTa
u = f(x, x2,..., Xn), AepUHEpPaHa Ha obnacta ECR", n Heka A(ay, ay,..., a,) €
BHATpelllHa Tovka off £. dyHKumjaTa f MMa JOKAJIeH MaKCUMyM (MUHH-
MyM) BO TOUYKaTa 4 aKO MOCTOM OKOJIMHA (MapajesIoNuIlelHa) Ha TOY-
KaTa A BO Koja mpumafaat ToYku M(x,, xp,..., X,;), Ie(PUHUPAHU CO He-
paBeHcTBaTa |x; — af < &, & > 0, j = 1,m (unm okonuHa V(4, ) BO Koja
npunaraatT TouykuTe M 3a Kou d(M, A) < ), Taka IITO 3a CUTE TOYKU M
OJ] Taa OKOJIMHA BakK HepaBeHCTBOTO f(M) < f(A) (AAM) = f(A)).

Hepunuyuja 3.27. Heka f e pyHKIMja HajieHa cO paBeHKaTa
u = fix1, X2,..., Xn), NepuHUpPaHa Ha ob6nacTta ECR” u Heka f(E)cR e Hej3u-
HUOT JlIoMeH. AKO noctou Touka A,€E (4,€E) TakBa mto inf AE) = f(4;)
(sup fIE) = f(4,)), Toram 6pojot f(4;) (f(4,)) ce HapeKkyBa HajMmauna (Haj-
rojiemMa) BpeHOCT Ha (yHKIMjaTa f Bo obmacra E (rimobajiHu eKcTpe-

Ilpumep 3.1. dynkuyjata

f(x,y)= NE'S —y2 %rln()c2 er2 -1)

nMa epuHIIIOHA ob6nacT fehMHApPaHa CO HepaBeHCTBaTa x° — y° > 0 U
X+ —1>0.

Hpumep 3.2. ®dynkumjata f(x,y)=+R> —x* -y>*,R>0, uma

necduHAIOHa 061acT lepUHApaHa cO HEPaBEHCTBOTO R — x° — y* > 0.

3.4. TpannyHa BPEJHOCT M HENPEKNHATOCT HA PeaTHH (PYHKIUH
O] IB€ M MOBEKe peaiHl MPOMEHINBH

Hepunuyuja 3.28 (Xajue). Heka e ganena peanna pyHkumja f o
m peajHi MPOMEHJIUBU CO paBeHKarta u = flxi, Xa,..., X,) WA u = M),
M(xy, xa,..., X)), HecpuHEpaHa Ha obaact ECR”, u Heka A(a,, aa,..., an)€R”
€ TOYKa KOja MOXe, HO He MOpa, fia npunafa Ha £ co CBOJCTBO BO KOja
OWJI0 HEj3MHA OKOJIMHA []a MMa OapeM e[lHa TO4Ka off £ pa3nuyHa of 4.

Koneunnor peaneH Opoj b ce BHKa IpaHMYHA BPENHOCT Ha
¢pyHkumjaTa f Bo Toukata 4 ako 3a Koja OMJIO KOHBEPI€HTHA HM3a Off
Touku {M,}, M,eE, M, # A, VneN, co rpannna 4, cCoofBeTHaTa HU3a Off
peannu 6poeBu {f(M,)} € KOHBEpreHTHa CO FpaHuna b.
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Hecpunuyuja 3.28* (Komm). Heka e magena peanHa ¢pyHKImja [
Of] m peajHi IPOMEHJIUBY CO PaBEHKaTa u = f{x, Xa,..., X,,) UK u = f(M),
M(xy, xa,..., X), HecpuHEpaHa Ha obaact ECR”, u Heka A(a,, aa,..., an)€R”
€ TOYKa Koja MOXe, HO He MOopa, fia punara Ha £ cO CBOjCTBO BO KoOja
OWII0 Hej3MHA OKOJNIMHA Jla MMa OapeM efiHa To4Ka off £ pa3nuyHa of 4.

Koneunnor peanen 0poj b ce BUKa rpaHUYHA BPENHOCT HA (PyH-
Kimjara f Bo Toukata 4 (mnm Kora M ce cTpeMu KOH A) ako 3a KOj OUIIo
MO3UTUBEH peasieH Opoj £ MOXKe fla ce Hajae peasneH 6poj o > 0, Taka
ITO 3a Koja Omino ToukKa MeE Koja TO 3aJJoBOJyBa YCIOBOT
0 < d(M, A) < 6 na Baxku HepaBeHCTBOTO |({M) — b| < &.

Kako o3Haku ce kopucrart

li M) = li =b.
M1inAf( )=b, x]gn; f(x,x,,...x,)=b
x24)112

xm _>am
HOKa?)OT 3a €CKBUBAJICHTHOCTA Ha ABCTC He(bI/IHI/IHI/II/I Cc CIIpOBeE-
AyBa Ha UCT HA4YMH KaKO 1 Kaj q)YHKI_[I/II/ITC CO €JHa IPpOMCHJINBA.

JlecHo ce JOKaXyBa U CJIIEJHOTO TBPACHC.

Teopema 3.5. Hexka pynkuunte fu g, nepMHUpaHA HA UCTO MHO-
kecTBO ECR” nMaat Bo ToukaTa A KOHEUHH I'PaHUYHU BPEHOCTH b U c,

coonBeTHo. Toram u pynkuunte f+ g, f— g, fg u i, nepuHUpPaHU Ha
g

HCT HA4YWH KaKoO Kaj (pYHKHHHTC CO €Ha NpOMCHJINBA, MMaaT BO

b
TOuYKaTa A rpaHWYyHu BpepHoctu b + ¢, b — ¢, be, — , coonpBeTHO. [Tputoa
c

JTOMNOJHUTEJICH YCIOB 3a IIOCIEAHOTO TBPACKE € ¢ # 0.

Hepunuyuja 3.29. Heka e pgameHa peamna ¢yHKIwja [/ o m
peanHu TPOMEHIIMBU CO paBeHKaTa u = flx;, Xa,..., X,) WU u = M),
M(xy, x2,..., X), HepuHUpaHa Ha obaacT ECR”. Hexka oGmnacra E Ha Koja
e necuHupana yHkumjaTa fja uMa ocoomHara 3a koe 6mio A > 0 cexo-
rai jia mocton Touka MeFE koja ce Haofa HaJBOp Off TOMKAa CO paguyc
A n nentap Bo 0(0,0,...,0)eR™ .

Koneunnor peanen Opoj b ce BUKa I'paHMYHA BPEAHOCT Ha
¢yakumjaTta f kora M—oc ako 3a KOj OWJIO MO3UTHBEH peajieH Opoj &
MOXe Ja ce Hajae peajeH Opoj A > (, Taka mITO 3a KOja OUJIO TOYKA
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M eE, xoja ro 3aoBoiyBa ycinoBoT d(M, 0) > A, fa Baskil HEpaBEHCTBOTO
[AM) — b| < & Toram ce KOPAUCTH O3HAKA Agim f(M)=b.
—0

Hecgunuyuja 3.30. Pynkuujara f ce HapeKyBa OECKOHEYHO Malia
¢pynkumja kora M—A, ako Al4imA J(M)=0.

Axo ¢yHKIFjaTa f UMa rpaHUYHA BpegHocT b Kora M—A, To-
ram pyHKIujaTa o fepuHupana co M) = (M) — b Ke Oupie 6ECKOHEUHO
Mana kora M—A. 3Hauu, Moxeme fia 3ammiieme (M) = b + (M), kaje

mTo lim a(M)=0.
M—A4

Axo a(M) e GeckoHeuHO Maja (yHKIHUja Kora M—A, f(M) e
orpaHuyeHa (PyHKIKja BO HEKOja OKOJMHA Ha TOYKaTta A, Torai
(- P)(M) e 6eckoneuHo Mana pyHKIMja Kora M—A, T.e.

lim a(M)- B(M) =0.

CumOonute Ha Jlangay ce geduHHIpaaT Ha UCT HAUMH KaKoO Kaj
¢dyHKIHja Off eqHa TPOMEHIINBA.

Hecunuyuja 3.31. Heka m = 2 n Heka yHKumjara z = f(x, y) e
feuHUpaHa BO HEKOja MpaBOarojiHa OKOJWHA Ha To4ykaTa Moy(xo, Vo)
3a7ajieHa co HepaBeHCTBaTa |x — Xo| < d, |y — yo| < d,, IpH ITO f MOKE, HO
He Mopa, fa Omjie nedurnpana n Bo M,. Heka y' To 3ajoBonyBa Hepa-
BeHCTBOTO 0 < |y — yo| < db. [lepunmpame HoBa pyHKUHja f; Off efHA
IIPOMEHIMBA X CO PaBeHKaTa fi(x) = f{x, y’) Ha MHOXKECTBOTO 3a[jaJicHO CO
HEPaBEHCTBOTO |x — xo| < d; (ocBeH MOXkeOu BO x;). Heka mocrou rpa-

HAYHA BpefgHOCT lim f,(x)Koja e mcra co TrpaHMYHATa Bpef-
X—)XU

Hoct lim f(x,y"). Heka momaramMy TmocTojaT Baka pAepWHEpAHHUTE
y—eomst
IrPaHUYHM BPEJHOCTH 3a CUTE BPEAHOCTH y KOU IO 3a/I0BOJIyBaaT Hepa-
BEHCTBOTO 0 < |y — yg| < d, cO WITO MOXeMe fa JiepuHupamMe HOBa
¢ynk1mja @ co paBeHCTBOTO ¢(y) = lim f(x,y).
y—const

Heka nocron u rpannyuHa BpegHocT lim ¢(y) = b.
Y=o

Toramr BenauMe JeKa IMOCTOM CyKIeCHMBHa (TOCIIEOBATEITHA)
rpaHMyYHa BpegHOCT b 3a (pyHKIMjaTa f BO TOo4yKaTa M, cO O3HaKa

lim lim f(x, ).

Y=2Yo XX
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AHaNOrHO ce Ae(puHupa U CyKIeCUBHATa I'PAHNYHA BPEIHOCT CO
o3Haka lim lim f(x,y).
X—=>Xg Y=o
Teopema 3.6. Heka dynkumjara z = f(x, y) e nedpuHupaHa BO He-
KOja MpaBoaroHa OKOJIMHA Ha ToukaTa Mo(Xo, yo) 3aJajiecHa CO HEpaBeH-
cTBata |[x — xo| < di, [y — yo| < dp, Ipu WTO f MOKE, HO HE MOpa, 1a Ouje
necgunupana u Bo M,. Heka f uma rpanuyna BpepgHoct b = lim f(x,y)
Yo
BO Toukara M,. AKO OCTOjaT FPAaHUYHUTE BPETHOCTH xligl f(x,y) 3a
0

y—const

KOoe OWJIO y KOe r'0o 3aloBOJyBa HepaBeHCTBOTO 0 < |y — y| < d, u rpa-
HUYHUTE BpegHocTu lim f(x,y)3a Koe OMIIO X KOE IO 33aJ0BOJIyBa HE-
Y=Y

x—const

paBeHCTBOTO 0 < |x — xo| < d}, TOraI NOCTOjaT CyKIEeCUBHA T'PAHULU U CE
enHaKBH Ha b.

AKxo HamecTo flepMHAIMOHAaTa 00JacT E 3eMeMe NMOAMHOXKECTBO
E\c E Taka mto Toukara M, ia TO uMa CBOjCTBOTO BO KOja OWIIO HEj3WHA
OKOJIMHA Jla uMa OapeMm efHa Touyka off £, pas3iauuyHa of M,, Torail
ciopen neduHUIUjaTa 3a TpaHmuHa BpemHocT (Komm) moxkeme ma
3akiyunmMe feka pyHKygjaTa f Ke ja uMa ucrata rpaHuvyHa BPETHOCT BO
ToukaTra M,.

Op 0BOj 3aKJIy4OK MPOU3JEryBa JieKa, aKo He NMOCTOM FPaHUyYHA
BPEHOCT BO TOUKaTa M, Kora ce 3eMe HeKoe NMOMHOXecTBO E; of E,
Toram 3a (pyHKIHjaTa f He MOCTOM I'PaHMYHATa BPEJHOCT BO TOYKATa
M,. AKO mak nocrojaT rpaHuYHU BPEJHOCTH BO TOYKaTa M, Ha JBE MOA-
MHOXecTBa £, u E, o E, HO THe ce pas3jIMyHM, TOraul UCTO Taka 3a
¢yHKIIKjaTa f HE TOCTOU T'PaHIUYHA BPEJHOCT BO TOUKaTa M,.

2
IIpumep 3.3. Hexa f(x, y) = %,E = R*\{(0, 0)}. Heka E, =
X +y
{(x, y)eR* [x =, y = , teR\{0} }. Toram rpaHnuHaTa BPeIHOCT Ha (PyHK-

nujaTa f Bo Toukara (0, 0) Ha MHOXecTBOTO E| Ke Oujie
2

. . t°t
lim Ax,y)=lim—— =0.
(XaY)%(O,O)ﬂ y) t—0 1‘4 +t2
(x,y)eE,

Axo E,= {(x, y)eR*|y = x?, xeR\{0} }, Toram
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. X 1
X, lim———=—.
(x, y>a<0 O)f( = =0 x4y x* 2
(x.y)eE,
3Haun,
X,
(x, y)—>(0 O)f( ) * (vy)e(o 0>f( Y-
(x,y)ek, (x,y)ek,
x’y
na cnopef Toa lim——=—- He nocromu.
x—0 x4 + y
y—0
Ja ce moKaske 1 co HU3H {— } { }

Ha oBoj mpumep MoKe fa ce ToKaske ieKa He € TOYHO TBpJICHe-
TO JieKa TpaHNYHATa BPETHOCT MOCTOM aKO TIOCTOW BO CUTE MPaBIH (BO
MOJIAPHU KOOPJMHATH, HE 3aBUCH Of] ) U € €THAKBA.

Cekako fieka OBOj KpUTEpUYM MOKE caMmo Jla TO UCKIY4Yd MO-
CTOEHETO Ha TpaHMYHATA BPETHOCT. AKO NMaK TPAaHUYIHUTE BPETHOCTH
Ha JIBe MHOKECTBa Ce eJHAaKBH, TOA HE MOpa jla 3Ha4M JieKa MOCTOM rpa-
HUYHATa BpemHocT. OBJle MOXKAT jla ce ynmoTpeOyBaaT M CyKI[CCHBHUTE
FpaHI/I‘-IHI/I BpeHHOCTI/I. AKO ITaK ImocToun FpaHI/I‘-IHaTa BpeHHOCT BO TOY-
kata M, (cnopey neduHUIMjaTa), TOrall HE MOpa Jia TOCTOjaT U CUTE
TPAaHUYHHU BPEHOCTH BO OJHOC Ha MOJMHOXKECTBA, a CHECIHUjaIHO U He
MOpa Jia TOCTOjaT U CYKIIECUBHATE TPAHWYHU BPETHOCTH.

. 11
IIpumep 3.4. Tlokaxu fieka mocrou lmé(x+ y)sin—sin—, a He
X—> X y
y—0
MOCTOjaT CYKIECUBHUTE FPAHUYHUA BPETHOCTH.

ITpumep 3.5. Co xopucreme Ha MOJapHU KOOPAMHATH (IO TpaB-

X
1) TIOKaX! ieKa lim—2— He NOCTOH.
x—0 xz + yz
y—0
x4
Ilpumep 3.6. lim———-=7?
x—0 x° + y
y—0
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4
. X 2
Pewenue: On vHepaBeHCTBOTO 0 <S———<x, 32 (x, y) = (0, 0),

¥ +y

4

, . X L

ke nmame lim———— =0, oupejku limx* = 0.
x—0 x2 + y2 x—0

=0 =0

Beymmoct, 3a ¢yskmmjata fix, y) = x°, & :\/E , IITO 3HAYM JieKa
[AM) — 0] = * = 0] = |x| [¥| < Ve e = ke Basku 3a cexoja Touka M(x, )
3aKoja x—0/|<o, [y—0]|<0.

Hecunuyuja 3.32. Heka ynkumjara f e nepuHupana Ha oGJa-
cra ECR" n Heka A€E. ®yHKuymjaTa /€ HelmpeKnHaTa BO ToUukaTa 4 ako
IIOCTOM I'PaHMYHA BPEAHOCT BO TOYKaTa 4 eHaKBa Ha f(4) .

Bunejku 4 = Allinh M , MOxXeMe fa 3aKiIy4yuMe JIeKa 3a Hempe-

-
KUHATU (pyHKIUH Ke Baxku cuMOomukaTta lim f(M) =f lim M ) = f(4).
M4 M—A

CoopseTHHTE e(DMHUIIMN HA TPAHUYHA BPEAHOCT cropen XajHe
n Komm Moxat necHo jja ce npedopMyaupaaT U 3a HENPEKUHATOCT CO
TOa LITO HAMECTO IPaHMYHA BPEHOCT b Tpeba ja ce CTaBH BPEJHOCTA
f(4), u na ce ucnymraat orpannyyBamwarta M, # A kaj Xajue u d(M,, 4)>0
kaj Komm.

Hecunuyuja 3.33. dyukuujata f nepuraupana Ha ECR” e He-
NpeKknHaTa Ha E ako e HenmpeKnHaTa BO ceKoja Touka of E.

Hexka e gagena peanna ¢yHKIyja f of m peaqHu TPOMEHINBYU CO
paBeHkaTa u = f(xy, Xa,..., X»), le(pUHUpPaHA BO HEKOja OKOJIMHA HAa TOY-
KaTa 4 ¥ HeKa ToukaTa M mpumnafa Ha Taa okonuHa. Paznukara M) —
f(4), co o3HaKa Au, ce BUKa HapacHyBawme Ha (yHKumjata u = M) BO
ToukaTta A. Ako A(ay, a,..., a,) 1 M(x1, x3,..., X»), CO O3HAKUTE X| — a; = Axy,
v X — Ay = Ax,, K& mobueme Au = fla, + Axy, ar + Axy,..., @y + Ax,,) — flay,
A2ye.ny Apy)-

JlecHo MOXe fa ce MoKaxe Jieka (pyHKIujaTa f € HempeKuHaTa
BO A aKO M caMO aKO HapacHyBameTO Au € 6ECKOHeUHO MaJja (PyHKIHja

kora Ax;—0, i = 1,m, T.e. Kora lim Au=0.
(Axy,...,Ax, )—>(0,.,0)
M oBpe BaxkaT apuUTMETHUYKUTE ONEpaldyd Haj HENPEKUHATH
¢yHKIUY, KaKO ¥ TeopemaTa 3a 3ala3yBame Ha 3HAKOT U JAPYTU CBOj-

CTBa KaKo Kaj peajHa (pyHKIUja Of] €[Ha peaJlHa IPOMEHIINBA.
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Teopema 3.7. Heka co pynakuunre ¢, i = 1,m, u pyHkiyujara f e

3ajaieHa ciuoxena yakuuja w. Ako pyHKIUATE @), i = 1,m, ce Hemnpe-
KWHATU BO Toukarta A(ai, a,..., a;), a PyHKIHK]jaTa / € HENpeKuHaTa BO
toukara B(b,, b,,..., b,), Kage mro b; = @; (a,, as,..., a;), i = 1,m, Toram

croxeHaTa (PyHKIMja w € HelTpeKuHaTa BO ToUKaTa A.

Hokas: Hexka ¢ > 0. Toram nopagu HenmpeknHaTocTa Ha (DYHK-
ngjata f BO Toukata B Ke moctom o > (, Taka IITO 3a CeKoja TOYKa
M(x1, X2,.., Xm), 32 YAU KOOPAWMHATH BaXKaT HEpaBEeHCTBaTa |x; — b;| < 6, i =
1,m, Baxkxu HepaBeHCTBOTO [fiM) — f(B)| < &.

INonatamy, 6unejku ¢, i = 1,m ce HenmpeKWHATH (PYHKIMH BO
TOukaTa 4, ciefiyBa ieka 3a Toa ¢ > (0 mocrou 7 > 0, Taka IITO 3a ceKoja
Touka I(t, b,..., t), 3@ YA KOOPAMHATHU BaXKaT HEPABEHCTBATA |f; — a;| <
1, j = l,k, Baxku HepaBeHCTBOTO |@{T) — ¢ (A)] < &, ogHOCHO |x; — b} < &,
kagie mto i = 1l.m (@A T) = x;, p(A) = b)).

3Hauu, 3a Npou3BONHO ¢ > () mocrou 7 > 0 (IpeKy er3ucTeHIn-
jaTa Ha J), Taka WTO 3a cekoja Touka 1(t, t,..., t;), 32 YN KOOPIAUHATH
BaxkaT HEpaBEHCTBATAa |f; — a)| < 7, j = 1.k, BaxXu HepaBeHCTBOTO | f{M) —
A(B)| <&, opHOCHO HepaBeHCTBOTO |fx1(7),..., X,(T)) — fx1(A),..., xu(A))| < &,
opHOCHO [W(T) —w(4)| < &, cO ITO € JOKaKaHO TBPAECHETO.

Teopema 3.8. Axo ¢yHKIHjaTa /'€ HENMPEeKNHATa Ha HEKOja 3a-
TBOPEHA M OrpaHnyeHa obmnact Ec R”, Toraur e orpaHnyeHa Ha E.

Teopema 3.9. Axo dyHKIHjaTa f € HEMpEeKWHATAa HAa HEKOja 3a-
TBOpEHa M orpaHmyeHa obmact ECR” n f(E) e Hej3uH KOOMeH (MHOXKe-
CTBO BPEIHOCTH ), TOTAII Taa ja JOCTUTHYBa CBOjaTa HajroiemMa M HajMa-
J1a BpeHOCT Ha E, T.e. MOCTOjaT TOYKH A4, A,€E Taka IITO

fA4)) = max f(E), f4,) =min AE).

Hecunuyuja 3.34. Dynkuujata f € paMHOMEPHO HEMTPEKMHATA BO
3aTBOpeHaTa obmnact ECR” ako 3a cekoe ¢ > 0 moctou ¢ > 0, Taka IITO
3a Kou Ouio maBe Touku M, M, 3a kou d(M,, M,) < & cunenyBa d(f(M,),
Sih)) < e

Teopema 3.10. Axo ¢dyHKiyjaTa f € HempeKuHaTa Ha HEKOja
3aTBOpeHa M orpaHumyeHa obmact EcR”, Toram Taa € paMHOMEpPHO
HelnpeKkuHaTa Ha E.
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