
Дистанционные графы и теорема Турана

А. М.Райгородский

Задачу представляют Л. Неустроева, А.М. Райгородский, О.В. Бурсиан, К. П. Кохась

1 Базовые определения
Пусть G = (V,E) — граф без петель, кратных ребер и ориентации. Назовем кликой в этом графе

любой его полный подграф. Одна вершина и одно ребро — это тоже клики. Назовем, далее, кликовым
числом графа G величину ω(G), равную максимальному такому k, что в графе G есть клика на k
вершинах. В то же время назовем независимым множеством такое множество вершин графа G, что
ни одна пара вершин в нем не образует ребра. В своем роде это “антиклика”. Одна вершина является
не только кликой, но и независимым множеством вершин. Соответственно, число независимости
графа G — это максимальное k, при котором в G есть независимое множество вершин мощности
k. Обозначается это число α(G). Наконец, хроматическое число графа G — это минимальное число
χ(G) цветов, в которые можно так покрасить все вершины графа, чтобы концы каждого ребра имели
разные цвета.

2 Задачи до промежуточного финиша

2.1 Простые упражнения

Задача 1. Докажите, что χ(G) > ω(G).

Задача 2. Докажите, что χ(G) > |V |
α(G)

.

Задача 3. Пусть ∆(G) — максимальная степень вершины графаG. Докажите, что χ(G) 6 ∆(G)+1.

Теорема Брукса (без доказательства). Если граф G связен и не является ни полным графом,
ни простым (несамопересекающимся) циклом нечетной длины, то χ(G) 6 ∆(G).

2.2 Теорема Турана

Задача 4. Пусть G = (V,E) и |V | = n. Докажите, что если ω(G) < 3 (или, иначе говоря, в графе
нет треугольников), то число ребер в G не больше, чем

⌊
n
2

⌋
·
⌈
n
2

⌉
. Докажите также, что эта оценка

неулучшаема.

Задача 5. Докажите, что утверждение задачи 4 равносильно следующему: пусть G = (V,E) и
|V | = n; если α(G) < 3, то число ребер в G не меньше, чем

C2
n −

⌊n
2

⌋
·
⌈n

2

⌉
,

и эта оценка неулучшаема.

Задача 6 (теорема Турана). Пусть G = (V,E) и |V | = n. Докажите, что если α(G) 6 k, то число
ребер в G не меньше, чем

n ·
[n
k

]
− k ·

[
n
k

] ([
n
k

]
+ 1
)

2
,

и эта оценка неулучшаема.
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2.3 Дистанционные графы на плоскости

Назовем дистанционным графом на плоскости (или графом расстояний на плоскости) такой
граф, вершины которого — это точки плоскости, а ребра — все пары точек, расстояние между кото-
рыми равно 1.

Задача 7. Докажите, что в дистанционном графе нет подграфов K4 (полных графов на 4-х вер-
шинах).

Задача 8. Докажите, что в дистанционном графе нет подграфов K2,3 (полных двудольных графов
с долями размера 2 и 3).

Задача 9. Докажите, что в дистанционном графе нет подграфов W = .

Задача 10. Дистанционный граф не стоит путать с планарным графом (графом, который можно
так изобразить на плоскости, чтобы ребра на рисунке пересекались только по вершинам). Приве-
дите пример непланарного графа расстояний и планарного графа, не являющегося дистанционным.
(Критерий Куратовского можно использовать без доказательства. Я его напомню.)

2.4 Теорема Турана для дистанционных графов на плоскости

Задача 11. Пусть в дистанционном графе G = (V,E) на плоскости 4n вершин, а α(G) 6 n. Со-
гласно теореме Турана |E| > 6n. Докажите, что в текущем случае (когда граф G дистанционный)
имеет место более сильная оценка |E| > 7n. Воспользуйтесь результатом задачи 7.

Дальнейшая серия задач посвящена уточнению результата задачи 11. При этом по-прежнему мы
используем только задачу 7.

Задача 12. Докажите, что если у графа G = (V,E) (не обязательно дистанционного!) 4n вершин,
α(G) 6 n, ω(G) 6 3 (граф не содержит K4) и минимальная степень вершины G не больше трех,
то из графа можно так удалить не более четырех вершин со всеми примыкающими к ним ребрами,
чтобы в новом графе G′ = (V ′, E ′) было α(G′) 6 α(G) − 1, |E ′| 6 |E| − 8 (удалив не более четырех
вершин, избавимся от не менее восьми ребер).

Для решения задачи 12 можно действовать так. Пусть A — вершина минимальной степени в
G. Рассмотрите по отдельности все 4 случая значения степени от 0 до 3. В первых трех случаях
удаляйте вершину A со всеми соседями и используйте задачу 2 в сочетании с теоремой Брукса для
доказательства существования вершины большой степени в остающемся графе. В последнем случае
проведите небольшой перебор возможных ситуаций.

Задача 13. С помощью индукции выведите из задачи 12 оценку |E| > 8n в условиях задачи 11.

Задача 14. Докажите, что для графов (не обязательно дистанционных!), у которых 4n вершин,
α(G) 6 n и ω(G) 6 3, оценка |E| > 8n неулучшаема.

И еще большие усиления за счет дополнительных “запрещенных” подграфов.

Задача 15∗. С помощью результатов задач 7, 8 и 9 докажите, что если у дистанционного графа
на плоскости 4n вершин и α(G) 6 n, то |E| > 26

3
n.

Задача 16 (открытая проблема). Улучшите оценку задачи 15.
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2.5 Дистанционные графы в пространствах большей размерности

Если Вы знаете, что такое n-мерное пространство, обозначаемое традиционно Rn, то Вы молодец,
но прямо сейчас это знание не является обязательным. Позже мы дадим определения, достаточные
для решения соответствующих задач. Однако пока можно обойтись без слова “пространство”. Рас-
смотрим граф G(n, 3, 1). Его вершинами служат все возможные C3

n трехэлементные подмножества
множества {1, 2, . . . , n}. А ребрами в нем соединяются те и только те вершины, которым отвечают
трехэлементные подмножества, пересекающиеся ровно по одному элементу. На рисунке 2 изображен
пример графа G(5, 3, 1).

Задача 17. Найдите число ребер в графе G(n, 3, 1).

Задача 18. Найдите число треугольников в графе G(n, 3, 1).

Задача 19. Докажите, что α(G(n, 3, 1)) = n, n− 1 или n− 2 в зависимости от величины остатка от
деления числа n на 4.

Задача 20. Найдите ω(G(n, 3, 1)).

Задача 21∗. Докажите, что если n = 2k, то χ(G) = |V |
α(G)

= (n−1)(n−2)
6

.

Напомним, что две функции f и g натурального аргумента n, не принимающие нулевых значений,
называются асимптотически равными (или эквивалентными), если f(n)

g(n)
→ 1 при n→∞. Например,

асимптотически равны функции n4 и n4 + 100n2. Пишут f ∼ g. Далее, функция f бесконечно мала
по сравнению с g, если f(n)

g(n)
→ 0 при n→∞. В этом случае пишут f = o(g). Например, n3 = o(n4).

Задача 22. ПустьWn — произвольное подмножество множества вершин графа G(n, 3, 1) (для каж-
дого n рассматриваем свое множествоWn). Обозначим r(Wn) число ребер, оба конца которых принад-
лежатWn. Пусть n = o(|Wn|) при n→∞. Докажите, что обычная теорема Турана гарантирует тогда,
что r(Wn) > f(n), где f — некоторая функция, асимптотически равная величине |Wn|2

2α(G(n,3,1))
∼ |Wn|2

2n
.

Вот теперь дадим формальное определение пространства Rn. Это просто множество всех “то-
чек” x, каждая из которых есть последовательность, состоящая из n действительных чисел: x =
(x1, . . . , xn). При этом между любыми двумя точками x = (x1, . . . , xn) и y = (y1, . . . , yn) можно
померить расстояние по формуле

|x− y| =
√

(x1 − y1)2 + . . .+ (xn − yn)2.

В частности, при n = 1 получаем обычную прямую, при n = 2 — обычную плоскость, при n = 3 —
обычное пространство.

Далее, скалярное произведение векторов x = (x1, . . . , xn),y = (y1, . . . , yn) в Rn — это выражение

(x,y) = x1y1 + . . .+ xnyn.

Нетрудно проверить, что всегда

|x− y|2 = (x,x) + (y,y)− 2(x,y).

Задача 23. Докажите, что граф G(n, 3, 1) изоморфен следующему графу в Rn:

V = {x = (x1, . . . , xn) : xi ∈ {0, 1}, x1 + . . .+ xn = 3}, E = {{x,y} : (x,y) = 1}.

Таким образом, этот граф дистанционный, т.е. его вершины — точки в пространстве, а ребра — пары
точек на заданном наперед расстоянии.

Задача 24. Пусть Kl1,...,lr — полный r-дольный граф с размерами долей l1, . . . , lr. Докажите, что
дистанционный граф в Rn не содержит в качестве подграфа граф K3,...,3 с числом долей [n/2] + 1.

3



3 Задачи после промежуточного финиша
Задача 25. Докажите, что если в условиях задачи 22 дополнительно потребовать выполнение
условия |Wn| = o(n2), то оценка из задачи 22 (т.е. обычная турановская оценка) асимптотически
неулучшаема. Иными словами, для любой функции g, удовлетворяющей условиям g(n) = o(n2) и
h = o(g(n)) при n→ +∞, существует последовательность Wn, такая что |Wn| ∼ g(n) и r(Wn) ∼ |Wn|2

2n
.

Задача 26-27. Назовем вершинами правильного симплекса в Rn любой набор из k точек, попарные
расстояния между которыми равны 1. Докажите, что такие множества существуют при всех k 6 n+1
(задача 26) и не существуют ни при каких k > n+ 2 (задача 27).

Задача 28. Пусть Gn = (Vn, En), n = 1, 2, . . . , — дистанционные графы в Rn. Обозначим их числа
независимости αn. Пусть Wn — произвольное подмножество множества вершин графа Gn (как обыч-
но, для каждого n рассматриваем свое множество Wn). Обозначим r(Wn) число ребер, оба конца
которых принадлежат Wn. Пусть nαn = o(|Wn|) при n→∞. С помощью задачи 26-27 докажите, что
r(Wn) > f(n), где f — некоторая функция, асимптотически равная величине |Wn|2

αn
.

Применив утверждение задачи 28 к последовательности графов Gn = G(n, 3, 1) мы получим
оценку примерно в 2 раза лучше, чем в задачах 22 и 25 (вдвое лучшая турановской). Здесь нет
противоречия, потому что в этих задачах сформулированы разные (практически противоположные)
требования к числу вершин |Wn|: |Wn| = o(n2) в задаче 25 и (проверьте!) n2 = o(|Wn|) в задаче 28.
Оказывается, для графов G(n, 3, 1), как ни странно, можно получить еще более сильные оценки ту-
рановского типа, временно отказавшись от использования в них числа независимости. Идея состоит
в том, чтобы посмотреть вершины, содержащие тот или иной элемент множества {1, . . . , n}, оценить
соответствующие количества ребер и воспользоваться некоторыми стандартными неравенствами.

Задача 29. Пусть Wn — произвольное подмножество множества вершин графа G(n, 3, 1). Пусть
n2 = o(|Wn|) при n→∞. Докажите, что r(Wn) > f(n), где f — некоторая функция, асимптотически
равная величине 4.5 · |Wn|2

n
. Иными словами, получается примерно в 4.5 раза лучшая оценка, чем в

задаче 28!

Задача 30. Докажите, что оценка из задачи 29 в стандартном смысле асимптотически неулучша-
ема.

Само обозначение “G(n, 3, 1)” подсказывает, что у этого графа есть обобщение. Это граф G(n, r, s).
У него вершинами служат все r-элементные подмножества множества {1, . . . , n}, а ребрами сединя-
ются две вершины, если и только если соответствующие множества пересекаются ровно по s эле-
ментам. Иными словами, вершины — n-мерные точки с “координатами” 0 или 1, причем в каждой
точке ровно r единиц. Ребро проводится тогда и только тогда, когда скалярное произведение вершин
равно s. Графы G(n, r, s) называются графами Джонсона, а их частный случай — графы G(n, r, 0)
— называются кнезеровскими графами.

Задача 31. Найдите число ребер в графе G(n, r, s).

Задача 32. Найдите число треугольников в графе G(n, r, s).

Задача 33∗. Докажите, что аналогом результатов из задач 29 и 30 служит асимптотически неулуч-
шаемая оценка величиной |Wn|2

ns · Cs
r ·r!

2·(r−s)! . Здесь надо требовать, чтобы nr−1 = o(|Wn|).

Следующий результат можно использовать без доказательства.

Теорема Эрдеша, Ко и Радо. Пусть n > 2r. Тогда α(G(n, r, 0)) = Cr−1
n−1.
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Задача 34. Докажите, что если Wn — произвольное подмножество множества вершин графа
G(n, r, 0) и l = |Wn| > α(G(n, r, 0)), то

r(Wn) >
l
(
l −
(
Cr
n − Cr

n−r
))

2
.
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Distance graphs and Turán’s theorem

A. Raigorodsky

The project is proposed by O. Bursian, K. Kokhas, L. Neustroeva, A. Raigorodsky

1 Definitions
Let G = (V,E) be a graph without loops, multiple edges and orientation. A clique in G is any complete

subgraph. Single vertex or single edge are also cliques. The clique number of graph G denoted by ω(G) is
the maximal integer k such that G contains a clique on k vertices. An independent set is a set of vertices
in G such that no two of the vertices form an edge. It is an “anticlique” in a sense. Single vertex is not
only a clique but an independent set too. Accordingly, an independence number of graph G is the maximal
integer k such that G contains an independent set of k vertices. It is denoted by α(G). And finally, the
chromatic number of graph G is the minimal number χ(G) of colors for which one can color vertices of
graph in these colors so that the endpoints of any edge have different colors.

2 Problems, I

2.1 Exercises

Problem 1. Prove that χ(G) > ω(G).

Problem 2. Prove that χ(G) > |V |
α(G)

.

Problem 3. Let ∆(G) be the maximum degree of vertices of graph G. Prove that χ(G) 6 ∆(G) + 1.

Brooks’ theorem (without proof). If connected graph G is neither a complete graph nor a simple
cycle (non self-intersecting) of odd length, then χ(G) 6 ∆(G).

2.2 Turán’s theorem

Problem 4. Let G = (V,E)and |V | = n. Prove that if ω(G) < 3 (in other words, the graph does not
contain triangles) then the number of edges in G is at most

⌊
n
2

⌋
·
⌈
n
2

⌉
. Prove that this upper bound is

sharp (i.e. can not be increased).

Problem 5. Prove that problem 4 is equivalent to the following statement. Let G = (V,E) and |V | = n.
Prove that if α(G) < 3 then the number of edges in G is at least

C2
n −

⌊n
2

⌋
·
⌈n

2

⌉
,

and this lower bound is sharp.

Problem 6 (Turán’s theorem). Let G = (V,E) and |V | = n. Prove that if α(G) 6 k then the number
of edges in G is at least

n ·
[n
k

]
− k ·

[
n
k

] ([
n
k

]
+ 1
)

2
,

and this lower bound is sharp.

1



2.3 Distance graphs in the palne

A distance graph on the plane or graph of distances on the plane is a graph such that its vertices are
some points of the plane and edges are all pairs of points at distance 1.

Problem 7. Prove that distance graphs do not contain subgraphs K4 (complete graphs on 4 vertices).

Problem 8. Prove that distance graphs do not contain subgraphs K2,3 (complete bipartite graphs with
parts of 2 and 3 vertices).

Problem 9. Prove that distance graphs do not contain subgraphs W = .

Problem 10. Do note confuse distance graphs and planar graphs (the latter can be drawn on the plane
in such a way that its edges intersect only at their endpoints). Give examples of non-planar distance graph
and planar but non-distance graph. You may use Kuratowski’s criterion without proof.

2.4 Turán’s theorem for distance graphs on the plane

Problem 11. Let G = (V,E) have 4n vertices and α(G) 6 n. In this case |E| > 6n by Turán’s theorem.
Prove that if G is a distance graph on the plane then the stronger inequality |E| > 7n holds. Use the result
of problem 7.

Next problems strengthen the inequality of problem 11 by applying the result of problem 7 only.

Problem 12. Let graph G = (V,E) (not necessarily being a distance graph) has 4n vertices. Assume
that α(G) 6 n, ω(G) 6 3 (that means G does not contain K4) and mimimum vertex degree in G is at
most 3. Prove that it is possible to remove at most 4 vertices with all its edges from G in such a way that
in the new graph G′ = (V ′, E ′) we have α(G′) 6 α(G) − 1 and |E ′| 6 |E| − 8 (by removing of at most 4
vertices we delete at least 8 edges).

You may use the following approach to problem 12. Let A be a vertex of minimal degree in G. The
possible the values of this degree are from 0 to 3. For the first three values apply problem 2 plus Brooks’
theorem in order to prove that the remaining graph has a vertex of big degree. For the last value investigate
possible cases.

Problem 13. Let G = (V,E) be a distance graphs on the plane, |V | = 4n and α(G) 6 n. Using induction
and problem 12 prove that |E| > 8n.

Problem 14. Let graph G = (V,E) (not necessarily being a distance graph) have 4n vertices, α(G) 6 n
and ω(G) 6 3. Prove that the estimation |E| > 8n can not be strengthened.

We can improve the bound better by using additional “forbidden” subgraphs.

Problem 15∗. Applying results of problems 7, 8 and 9 prove that if a distance graph has 4n vertices
and α(G) 6 n, then |E| > 26

3
n.

Problem 16 (open problem). Improve the bound of problem 15.
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2.5 Distance graphs in high-dimensional spaces

If you already know what is n-dimensional space usually denoted by Rn, you are extremely smart,
but this knowledge is not obligatory right now. We will give all necessary definitions later. And now we
tend to avoid the word “’space”. Consider graph G(n, 3, 1). Its vertices are all 3-element subsets of the set
{1, 2, . . . , n}, so it has

(
n
3

)
vertices. And the edges correspond to the pairs of subsets which has 1-element

intersection. See example of graph G(5, 3, 1) in fig. 2.

Problem 17. Find the number of edges in graph G(n, 3, 1).

Problem 18. Find the number of triangles in graph G(n, 3, 1).

Problem 19. Prove that α(G(n, 3, 1)) = n, n− 1 or n− 2 depending on the remainder n mod 4.

Problem 20. Find ω(G(n, 3, 1)).

Problem 21∗. Prove that if n = 2k, then χ(G) = |V |
α(G)

= (n−1)(n−2)
6

.

Let f and g be two functions defined on the set of non negative integers and having no zero values. We
remind that f and g are called asymptotically equal (or equivalent) if f(n)

g(n)
→ 1 for n→∞. It is written as

f ∼ g. For example n4 ∼ n4 + 100n2. Function f is said to be infinitesimal with respect to g if f(n)
g(n)
→ 0

for n→∞. It is denoted as f = o(g). For example n3 = o(n4).

Problem 22. For each integer n ≥ 3 let Wn be a subset of the set of vertices of graph G(n, 3, 1).
Denote by r(Wn) the number of edges with both endpoints in Wn. Let n = o(|Wn|) for n → ∞. Prove
that Turán’s theorem implies that r(Wn) > f(n), where f is a function that is asymptotically equal to
|Wn|2

2α(G(n,3,1))
∼ |Wn|2

2n
.

Now we will give a formal definition of the space Rn. It is just a set of “points” x, where each of points
is a sequence of n real numbers: x = (x1, . . . , xn). For any two points x = (x1, . . . , xn) and y = (y1, . . . , yn)
we define a distance between them by formula

|x− y| =
√

(x1 − y1)2 + . . .+ (xn − yn)2.

In particular, for n = 1 this definition gives us the usual line, for n = 2 the usual plane and for n = 3 the
usual space.

Further, the scalar product of vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in Rn is the expression

(x,y) = x1y1 + . . .+ xnyn.

It easy to check that for all x,y ∈ Rn

|x− y|2 = (x,x) + (y,y)− 2(x,y).

Problem 23. Prove that graph G(n, 3, 1) is isomorphic to graph (V,E)

V = {x = (x1, . . . , xn) : xi ∈ {0, 1}, x1 + . . .+ xn = 3}, E = {{x,y} : (x,y) = 1}.

Thus, this is a distance graph in Rn: its vertices are points in Rn, and edges are the pairs of points at
distance 2.

Problem 24. Let Kl1,...,lr be the complete r-partite graphs, with parts of sizes l1, . . . , lr. Prove that
distance graphs in Rn do not contain subgraphs of the form K3, . . . , 3︸ ︷︷ ︸

[n/2]+1

.
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3 Problems after intermediate finish
Problem 25. Prove that if in the statement of problem 22 to impose additionally the condition |Wn| =
o(n2), then the estimation of problem 22 (i. e. usual Turán’s estimation) cannot be asymptotically improved.
In other words, for every function g such that g(n) = o(n2), h = o(g(n)) there exists sequence Wn such
that |Wn| ∼ g(n) and r(Wn) ∼ |Wn|2

2n
.

Problem 26-27. We say that any k points in Rn are the vertices of right simplex, if all the pairwise
distances between them are equal to 1. Prove such sets exist for all k 6 n + 1 (problem 26) and do not
exist for all k > n+ 2 (problem 27).

Problem 28. Let Gn = (Vn, En), n = 1, 2, . . . be unit distance graphs in Rn. Denote their independence
numbers by αn. Let Wn be an arbitrary subset of the set of vertices of graph Gn (as usual, for each n we
consider its own set Wn). Denote by r(Wn) the number of the edges, both ends of which belong to Wn.
Let nαn = o(|Wn|) as n→∞. With the help of problem 26-27 prove that r(Wn) > f(n), where f is some
function asymptotically equal to the value |Wn|2

αn
.

For sequence Gn = G(n, 3, 1) problem 28 give the estimation that is approximately 2 times better than
the estimation in problems 22 and 25 (twise better than Turán’s estimation). There are no contradiction
here, because these problems have different (in fact opposite) limitations for the number of vertices |Wn|:
in problem 25 |Wn| = o(n2) and in problem 28 (check!) n2 = o(|Wn|). It turns out that for graphs
G(n, 3, 1) even stronger estimations of Turán’s kind can be obtained, by temporary refuse of using the
independence number. The idea is to consider the vertices containing an element of set {1, . . . , n}, to
estimate the corresponding numbers of edges and to apply some standard inequalities.

Problem 29. Let Wn be an arbitrary subset of the set vertices of graph G(n, 3, 1). Let n2 = o(|Wn|) as
n→∞. Prove that r(Wn) > f(n), where f is some function asymptotically equal to the value 4.5 · |Wn|2

n
.

By the other words, we have obtained the estimation, approximately 4.5 times better than in problem 28!

Problem 30. Prove that the estimation of problem 29 in the standard sense cannot be asymptotically
improved.

The notation “G(n, 3, 1)” itself prompts that this graph has the generalization. It is graph G(n, r, s).
Its vertices are all r-element subsets of set {1, . . . , n}, and two vertices are connected by edge, if and only
if the intersection of the corresponding sets contains exactly s elements. In other words, the vertices are
n-dimensional points with “coordinates” 0 or 1, where the number of 1’s is exactly r. Edge is drawn if and
only if the scalar product of the vertices equals s. Graphs G(n, r, s) are called Johnson graphs, and the
particular case of them, graphs G(n, r, 0), are called Kneser graph.

Problem 31. Find the number of the edges of graph G(n, r, s).

Problem 32. Find the number of the triangles of graph G(n, r, s).

Problem 33∗. Prove that the analogue for the results from problems 29 and 30 is the estimation of the
form |Wn|2

ns · Cs
r ·r!

2·(r−s)! that asymptotically cannot be improved. Here we have to demand nr−1 = o(|Wn|).

The following result you can apply without proof.

Erdős–Ko–Rado theorem. Let n > 2r. Then α(G(n, r, 0)) = Cr−1
n−1.

4



Problem 34. Prove that if Wn is an arbitrary subset of the set of vertices of graph G(n, r, 0) and
l = |Wn| > α(G(n, r, 0)), then

r(Wn) >
l
(
l −
(
Cr
n − Cr

n−r
))

2
.
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Tur�an type results for distance graphs∗L.E. Shabanov†, A.M. Raigorodskii‡AbstractThe classical Tur�an theorem determines the minimum number of edges in a graph on n verticeswith independence number �. We consider unit-distance graphs on the Euclidean plane, i.e., graphsG = (V;E) with V ⊂ R
2 and E = {{x;y} : |x−y| = 1}, and show that the minimum number of edgesin a unit-distance graph on n vertices with independence number � 6 �n, � ∈

[14 ; 27], is boundedfrom below by the quantity 19−50�3 n, which is several times larger than the general Tur�an bound andis tight at least for � = 27 .Key words: Tur�an theorem, independence number, distance graphs.1 IntroductionThe classical Tur�an theorem proved in [8] can be formulated as follows.Theorem 1. The minimum number of edges in a graph on n vertices with independence number � isattained on a graph consisting of � pairwise disjoint cliques whose sizes di�er at most by one.One of the most important classes of graphs arising from combinatorial geometry is that consisting ofdistance graphs G = (V;E), whereV ⊂ R
n; E = {{x;y} : |x− y| = 1}:On the one hand, distance graphs are naturally related to the famous Nelson{Hadwiger problem onthe chromatic numbers of spaces, and so their chromatic numbers and their independence numbers areintensively studied (see [1], [6], [7]). On the other hand, multiple questions concerning the edge numbersin distance graphs go back to Erd}os (see [1], [3], [6]).In this paper, we study distance graphs on the plane. Our main goal is to prove a Tur�an type resultfor such graphs, that is to �nd a lower bound for the minimum number of edges in a distance graph in R

2given a number n of vertices and an independence number �. Before stating our main result it is worthnoting that for distance graphs with n vertices, � cannot be arbitrary. It is de�nitely at least 0:2293n(see [2], [4], [5]). Moreover, a strong belief is that it is greater than or equal to 0:25n. Anyway, given asequence of graphs with growing sets of vertices, the independence numbers of these graphs are quite farfrom being constant: they are proportional to the numbers of vertices.One of the main results of our paper is as follows.
∗This work is done under the �nancial support of the following grants: the grant 15-01-00350 of Russian Foundation forBasic Research, the grant NSh-2964.2014.1 supporting Leading scienti�c schools of Russia.
†Higher School of Economics, Mathematics Faculty.
‡Moscow State University, Mechanics and Mathematics Faculty, Department of Mathematical Statistics and RandomProcesses; Moscow Institute of Physics and Technology, Faculty of Innovations and High Technology, Department of DataAnalysis; Buryat State University, Institute of Mathematics and Informatics.1



Theorem 2. The minimum number of edges in a distance graph on n vertices with independence number� 6 �n, � ∈
[14 ; 27], is bounded from below by the quantity 19−50�3 n.The result of Theorem 2 is much stronger than that of Theorem 1. If, for example, � = 14 , thenTheorem 1 gives 1:5n edges. In the same case, Theorem 2 gives at least 136 n edges. If, in turn, � = 27and n is divisible by 7, then the classical bound is equal to 97n, and our bound equals 117 n. Moreover, inthis case, our bound is tight, since one can take disjoint copies of the so-called Moser spindle, which has7 vertices, 11 edges and independence number 2 (see �g. 1).

Figure 1: Moser's spindleFinally, for � >
13 , Tur�an's bound is trivially tight, since cliques on at most 3 vertices are distancegraphs.The paper is organized as follows. In Section 2, we give a more general setting of the problem andformulate another main result of the paper. In Section 3, we prove a \key lemma". In Section 4, we proveboth main theorems of the paper. In Section 5, we give some discussion.2 More general settingConsider a graph � = (W;E). We call the con�guration of � the vector (|W |; �(�); |E|) and we denoteit by Con�g(�).Let V be a set of vectors (a; b; c) with non-negative integer coordinates a; b; c. Then we call an extensionof the set V the set of vectors (a; b+n; c+ k), where (a; b; c) ∈ V and n; k are again non-negative integers.We say that a vector (a; b; c) is good, if it belongs to the extension of the set of all linear combinationswith non-negative integer coeÆcients of the following vectors: (1; 1; 0), (2; 1; 1), (3; 1; 3), (4; 1; 9), (5; 1; 15),(6; 1; 22), (7; 2; 11), (n+ 1; 1; n(n− 1)), where n > 6.

Figure 2: Semi-star graph2



We call the graph, which is drawn on Figure 2, semi-star graph with center X and top vertex Y .The following proposition is quite simple, and we omit its proof here.Proposition 1. Any distance graph is free of K4 (complete graphs with four vertices), K3;2 (completebipartite graphs with part sizes 2 and 3), and semi-star graphs.We say that a graph is correct, if it does not contain eitherK4 orK3;2, or a semi-star graph as subgraphs.In particular, as we have just mentioned, every distance graph is correct. The second main result of ourpaper is given below.Theorem 3. The con�guration of a correct graph is a good vector.The proof of Theorem 3 is based onKey Lemma. From any correct graph �, one can delete several vertices together with all the adjacentedges in such a way that for the remaining graph �′, the vector Con�g(�)− Con�g(�′) is good.In the next section, we prove Key Lemma. In Section 4, we deduce Theorems 2 and 3 from Key Lemma.3 Proof of Key Lemma3.1 Some preliminariesWe say that a vector v = (v1; v2; v3) exceeds a vector w = (w1; w2; w3), if v1 = w1; v2 > w2; v3 > w3,and we denote this relation by v � w.Proposition 2. If u; v are vectors of dimension 3 such that u � v and v is good, then u is also good.The proposition is straightforward, and thus we prove Key Lemma, provided we show that the vectorCon�g(�)− Con�g(�′), with an appropriate �′, exceeds some good vector.Proposition 3. The vectors (1; 1; 0), (2; 1; 1), (3; 1; 3), (4; 1; 9), (5; 1; 15), (7; 2; 11), (8; 2; 18), (6; 1; 22),(12; 3; 26), (6; 2; 9), (10; 2; 30), (4n; n; 10n), (4m+1; m; 10m+3), (k+1; 1; k(k−1)) (n;m; k ∈ Z; n;m > 3;k > 6) are good.Proof. The vectors(1; 1; 0); (2; 1; 1); (3; 1; 3); (4; 1; 9); (5; 1; 15); (7; 2; 11); (6; 1; 22); (k + 1; 1; k(k − 1)) for k > 6are good by de�nition. Now, we briey explain what happens with the other vectors:
• (8; 2; 18) = 2(4; 1; 9);
• (12; 3; 26) = (5; 1; 15) + (7; 2; 11);
• (6; 2; 9) � (6; 2; 6) = 2(3; 1; 3);
• (10; 2; 30) = 2(5; 1; 15);
• (4n; n; 10n) � (4n; n; 9n) = n(4; 1; 9);
• (4m+ 1; m; 10m+ 3) � (4m+ 1; m; 9m+ 6) = (m− 1)(4; 1; 9) + (5; 1; 15) for m > 3.Let A be a vertex of the minimum degree in �. Consider several cases depending on the value of degA.3



3.2 Case of degA = 0Remove the vertex A from �. Since A had no neighbours, we get Con�g(�)− Con�g(�′) = (1; 1; 0).3.3 Case of degA = 1Remove from � the vertex A and its unique neighbour B. Obviously the independence number isreduced by 1 and the number of edges is reduced at least by 1. Therefore, Con�g(�)−Con�g(�′) � (2; 1; 1).3.4 Case of degA = 2Remove from � the vertex A and both its neighbours B and C. Note that the number of edges isreduced at least by 3, since AB, AC are removed and also some edge adjacent to B and di�erent from ABis removed (2 is the minimum degree in this case). Now it is clear that Con�g(�)−Con�g(�′) � (3; 1; 3).3.5 Case of degA = 33.5.1 PreliminariesLet B;C;D be the neighbours of A. Since G does not contain K4, we may assume that the vertices Band D are not adjacent. Below we consider several variants of subgraphs induced on A;B;C;D:

Figure 3: First variant Figure 4: Second variant Figure 5: Third variant3.5.2 Graph from Figure 3Let us calculate possible total numbers of edges adjacent to B or D. If the number of such edges is 6or 7, then we remove the vertices B and D and all the vertices adjacent to them. Since the vertices B andD are not adjacent and also they are not adjacent to any of the vertices of the remaining graph �′, theindependence number is reduced at least by 2. Moreover, since � is free of K3;2, the vertices B and D donot have common neighbours di�erent from A and C. Therefore, the number of vertices that have beenremoved is 6 or 7. Finally, since the degree of each vertex is at least 3, the total number of edges adjacentto the removed vertices is not less than 9 or 11, respectively. Thus, the vector Con�g(�) − Con�g(�′)exceeds the vectors (6; 2; 9); (7; 2; 11), respectively.If the number of edges adjacent to B or D is at least 8, then we remove the vertices A;B;C;D. Theindependence number is reduced at least by 1, since the vertex A is not adjacent to any of the remainingvertices. The number of edges is reduced, in turn, at least by 9, for at least 8 edges adjacent to B or Dare removed and also the edge AC is deleted. Thus, Con�g(�)− Con�g(�′) � (4; 1; 9).4



3.5.3 Graph from Figure 4Let us look at possible total numbers of edges adjacent to B or D. If the number of such edges is6, then we remove the vertices B and D and all the vertices adjacent to them. Since the vertices B andD are not adjacent and also they are not adjacent to any of the vertices of the remaining graph �′, theindependence number is reduced at least by 2. The number of vertices that have been removed is 6 or 7.Since the degree of any vertex is at least 3, the total number of edges adjacent to the removed vertices is atleast 9 or 11, respectively. Thus, the vector Con�g(�)− Con�g(�′) exceeds the vectors (6; 2; 9); (7; 2; 11),respectively.If the number of edges adjacent to B or D is 7 or larger, then we remove the vertices A;B;C;D. Theindependence number is reduced at least by 1, since the vertex A is not adjacent to any of the remainingvertices. The number of edges is reduced, in turn, at least by 9, for at least 7 edges adjacent to B or Dare removed and also at least two more edges adjacent to C are deleted. Thus, Con�g(�)− Con�g(�′) �(4; 1; 9).3.5.4 Graph from Figure 5Just remove the vertices A;B;C;D. Since the degree of each vertex B;C;D is at least 3 and thesevertices are pairwise non-adjacent, the number of removed edges is at least 9. As usual, the independencenumber is reduced at least by 1, and therefore Con�g(�)− Con�g(�′) � (4; 1; 9).3.6 Case of degA = 43.6.1 PreliminariesLet B;C;D;E be the vertices adjacent to A. Consider a subgraph induced on B;C;D;E. Note that itcannot have a vertex of degree 3, since otherwise by adding the vertex A we get K3;2, which is forbidden.Also, the absence of K3;2 yields that among B;C;D;E, there are no 4-cycles. Finally, the absence ofK4 yields, in turn, that among B;C;D;E, there are no 3-cycles (triangles). Thus, only the following 5variants are possible for a graph on the vertices A;B;C;D;E (see �g. 6{10).

Figure 6: First variant Figure 7: Second variant Figure 8: Third variant3.6.2 Graphs from Figures 6 and 7Remove the vertices A;B;C;D;E. The independence number is reduced at least by 1. The number ofedges is reduced at least by 15, since any vertex among B;C;D;E is of degree at least 4 and at most 1edge is calculated twice. Therefore, Con�g(�)− Con�g(�′) � (5; 1; 15).5



Figure 9: Fourth variant Figure 10: Fifth variant3.6.3 Graph from Figure 8

Figure 11: Figure 12: Figure 13:First, assume that the vertices B;D are both of degree 4. Denote by F;G the vertices adjacent to Band di�erent from A and C. Also, denote by H the fourth vertex adjacent to D. The vertex H does notcoincide either with F or with G, since otherwise B and D share three neighbours and we obtain a K3;2.Remove the 8 vertices A,B,C,D,E,F ,G,H (see �g. 11). The independence number is reduced at least by2, since the vertices B and D are neither adjacent one to the other, nor adjacent to any of the remainingvertices.Let us prove that the number of removed edges is greater than or equal to 18. The sum of the degreesof the vertices A,B,C,D,E,F ,G,H is at least 32. If we show that the number of edges in a subgraph onthe vertices A,B,C,D,E,F ,G,H is at most 14, then we are done.Some 10 edges are drawn on �g. 11. Moreover, all the edges adjacent to A;B;D are indicated there.Let us prove that among the vertices C;E; F;G;H, there are at most 4 edges. Since the vertices B;Chave no more than 2 common neighbours, the edges CF;CG cannot appear simultaneously. Without lossof generality, assume that there is no CG.Since C and E have at most 2 common neighbours, the edges CH and EH cannot appear simultane-ously.If the edge EF (EG) is present as on �g. 12, then the vertices A;B;C;D;E; F (G) form a semi-stargraph with center A and top vertex F (G). Therefore, the graph � does not have edges EF and EG.If in �, the edges CF and FH appear simultaneously (see �g. 13), then the vertices A;B;C;D; F;Hform a semi-star graph with center C and top vertex H.The edge CE is absent due to the construction of the subgraph on the vertices A;B;C;D;E. So onlythe pairs of vertices (F;G); (G;H) remain, which can form the third and the fourth edges of the subgraph6



on the vertices C;E; F;G;H. Thus, we really get the bound 14 for the number of edges in the subgraphon the vertices A;B;C;D;E; F;G;H, and we eventually have that Con�g(�)− Con�g(�′) � (8; 2; 18).Recall that we assumed that the vertices B;D were both of degree 4. Of course, if the same is true forC;E, then again Con�g(�)− Con�g(�′) � (8; 2; 18).Thus, assume that there exists a vertex of degree at least 5 both among B;D and C;E. In this case,remove the vertices A;B;C;D;E. The independence number is reduced at least by 1. The number ofedges is, in turn, reduced at least by 15, since the sum of the degrees of the vertices B;C;D;E is at least18 and there are only 3 edges between these vertices. Finally, Con�g(�)− Con�g(�′) � (5; 1; 15).3.6.4 Graph from Figure 9Divide the argument into two parts roughly in the same way as it was done in the previous case.Namely, either the degrees of both B and D equal 4, or at least one among B;D has at least 5 neighbours.The second situation is much simpler, as before, so let us start here with it. Indeed, remove the verticesA;B;C;D;E. The independence number is reduced at least by 1. The number of edges is, in turn, reducedat least by 15, since the total number of edges adjacent to the vertices B;C;D;E is not less than 17 andonly 2 of them were calculated twice. Thus, Con�g(�)− Con�g(�′) � (5; 1; 15).Now, assume that both B;D are of degree 4. We proceed like in Subsection 3.6.3. Since the vertices Band D cannot have 3 common neighbours (due to the absence of K3;2), they have exactly 2 such neighbours| A and C. So we can denote by F;G the two other vertices adjacent to B and by H; I | the two othervertices adjacent to D (see �g. 14).

Figure 14:Let us prove, as in Subsection 3.6.3, that removing some 8 vertices (namely, A;B;C;D; F;G;H; I)gives us the bound Con�g(�)−Con�g(�′) � (8; 2; 18). Of course, we just need to show that here again thenumber of edges is reduced at least by 18, and to this end we need to analize the structure of a subgraphon the vertices A;B;C;D; F;G;H; I and to see that the number of edges in this subgraph is at most 14.This seems to be very similar to what was done earlier. However, there are important subtleties: actually,either that is true, or we come back to a previously considered situation.Since the graph � is free of K3;2, among CF;CG as well as among CH;CI, at most one edge is presentin �. Without loss of generality, assume that the edges CG;CI are absent.If among CF; FG both edges are drawn, then we come back to the situation from �g. 8 with the verticesB;A;C; F;G. Analogously, if among CH;HI both edges are drawn, then we come back to the situationfrom �g. 8 with the vertices D;A;C;H; I. Therefore, we may assume that among CF; FG;CH;HI atmost two edges are present.Furthermore, � is free of K3;2 and thus among FH; FI;GH;GI we have at most 3 edges.Summing up all the above inequalities, we see that a subgraph on the vertices C; F;G;H; I has at most5 edges, which means that we do really have the bound by 14 for the number of edges in a subgraph onthe vertices A;B;C;D; F;G;H; I. The case is complete.7



3.6.5 Graph from Figure 10If the degree of a vertex among B;C;D;E is at least 5, then we remove A;B;C;D;E. It is alreadyclear that Con�g(�)− Con�g(�′) � (5; 1; 15). Let us discuss the opposite case.We need some new de�nitions. Let a vertex of a graph satisfy the three following conditions: it is ofdegree 4; each of its neighbours is of degree 4; the con�guration of the neighbours is the same as the oneof the vertex A on �g. 10. We call such vertex a key vertex. If all the vertices of a graph are key vertices,then we call key graph the graph itself.Proposition 4. If in a connected graph, there is a vertex of degree 4 and all the vertices of degree 4 arekey ones, then the graph is key.All the cases, in which a graph � has a non-key vertex of degree 4, are already considered. Thus, itremains to analize the case of a key graph.Lemma 1. Any key graph contains a cycle of length at least 4.Proof. Take a vertex A in a key graph and suspend the graph on A. Let the level of A be 0. Let U be avertex of the maximum level and V be a vertex of the previous level adjacent to U . Let W be a commonneighbour of U and V . Let X be a vertex adjacent to V and di�erent from U andW . Consider paths fromU to A and from X to A, in which the level of any vertex is by 1 smaller than the level of the preceedingvertex. Since obviously the level of V is greater than 1, the vertices U and X do not coincide with A. LetB be the �rst common point of the paths UA, XA. Then since U and X are not adjacent and their levelsdi�er at most by 1, they do not coincide with B. Therefore, the cycle UBXV (UB;BX denote paths,whereas UV; V X denote edges) consists of at least 4 edges, which completes the proof.Take a key graph �. Consider its shortest cycle of length greater than 3. Note that if two vertices inthe cycle are not consecutive, then they cannot be adjacent. Indeed, otherwise, if the length of the cycleexceeds 4, then we would get a cycle, which is shorter than the initial one, although its length would bestill greater than 3; if the length of the initial cycle is, in turn, exactly 4, then the existence of an edgeinside the cycle would contradict our assumption that all the vertices are key ones.

Figure 15: A minimum cycle of length greater than 3 in a key graphLet us analize the vertices, which are adjacent to the cycle. Let P be a vertex of the cycle. Denote byQ and R its neighbours in the cycle. Let S; T be the two other neighbours of P . Clearly among Q;R; S; Twe have two pairs of adjacent vertices and they are not among (Q;R); (S; T ). Without loss of generality,we assume that they are (Q; S); (R; T ). Now, consider the vertices adjacent to Q. These are of courseP; S and two more vertices that are also adjacent one to the other, but not adjacent to P; S: one of thesevertices belongs to the cycle. Taking the next vertex of the cycle and proceeding the same way we see thatall the edges coming out from the vertices of the cycle look like on �g, 15 (an example with 8 vertices).Here any two vertices adjacent to some two di�erent vertices of the cycle do not coincide, since otherwiseeither they are not key ones, or there is a shorter cycle of lenght exceeding 3.Consider di�erent cases as on �g. 16{19. 8



Figure 16: Figure 17: Figure 18: Figure 19:Cycle of length 4 (�g. 16) Among the edges, which are not drawn on the picture, only the edgesEG and FH might belong to the graph �. Therefore, the number of edges in a subgraph on the verticesA;B;C;D;E; F;G;H is at most 14. Remove the vertices A;B;C;D;E; F;G;H. The number of edges isreduced at least by 18, since, as usual, the total number of edges adjacent to the removed vertices is 32and at most 14 edges are counted twice. The independence number is reduced at least by 2, since thevertices A and C are not adjacent one to the other as well as they are not adjacent to any of the remainingvertices. Thus, Con�g(�)− Con�g(�′) � (8; 2; 18).Cycle of length 5 (�g. 17) Among the edges, which are not drawn on the picture, only some twoedges from K and some two edges from L may belong to the graph, since otherwise a cycle of length 4appears. Remove the 12 vertices A;B;C;D;E; F;G;H; I; J;K; L. The number of removed edges is at least48 − 22 = 26. The independence number is reduced at least by three due to the vertices A;C; J . Thus,Con�g(�)− Con�g(�′) � (12; 3; 26).Cycle of length 2n, n > 3 (�g. 18) Let the cycle consist of vertices A1; : : : ; A2n, and let B1; : : : ; B2nbe the vertices outside the cycle adjacent to the vertices of the cycle. Note that all possible edges aredrawn on the picture, since otherwise there is a cycle of length strictly greater than 3, but strictly smallerthan 2n. Remove the vertices A1; : : : ; A2n; B1; : : : ; B2n. The independence number is reduced at least byn due to the vertices A2; A4; : : : ; A2n. The number of edges is reduced at least by 16n− 6n = 10n. Thus,Con�g(�)− Con�g(�′) � (4n; n; 10n).Cycle of length 2n + 1, n > 3 (�g. 19) Let the cycle consist of vertices A1; : : : ; A2n+1, and letB1; : : : ; B2n+1 be the vertices outside the cycle adjacent to the vertices of the cycle. Note that, as in theprevious case, all possible edges are drawn on the picture. Remove the vertices A1,: : :,A2n+1,B1,: : : ;B2n.The independence number is reduced at least by n due to the vertices A2; A4; : : : ; A2n. The number of edgesis reduced at least by (16n+4)− (6n+1) = 10n+3. Thus, Con�g(�)−Con�g(�′) � (4n+1; n; 10n+3).3.7 Case of degA = 5Let B;C;D;E; F be the vertices adjacent to A. If a subgraph on the vertices B;C;D;E; F contains a3-cycle, then, with the addition of the vertex A, a K4 appears. In case of a 4-cycle, we get a K3;2. Finally,with a 5-cycle, we obtain a semi-star graph. Therefore, there are no cycles on the vertices B;C;D;E; F ,which means that the number of edges in this subgraph is at most 4. Also, the absence of K3;2 yieldsthat in the subgraph on the vertices B;C;D;E; F there are no vertices of degree 3. Thus, 4 edges can bedrawn only as on �g. 20.If the number of edges in a graph on the vertices B;C;D;E; F is bounded by 3, then the subgraphon the vertices A;B;C;D;E; F has at most 8 edges. Remove these vertices. As usual, the number of theremoved edges is at least 30− 8 = 22. Thus, Con�g(�)− Con�g(�′) � (6; 1; 22).9



Figure 20:If the number of edges in a graph on the vertices B;C;D;E; F is exactly 4, then the subgraph on thevertices A;B;C;D;E; F has 9 edges (see �g. 20). Call the vertex A a support vertex, if each of the verticesB;C;D;E; F is of degree 5.If A is not a support vertex, then remove the vertices A;B;C;D;E; F . Clearly in this case, the sumof the degrees of the removed vertices is at least 31. Thus, the number of the removed edges is not lessthan 22 and we have Con�g(�)− Con�g(�′) � (6; 1; 22).Let A be support. Since � is K3;2-free, the vertices C and E have no other common neighbours thanA and D. Since the vertices C;E are of degree 5, let G;H be the vertices adjacent to C and let I; J bethe vertices adjacent to E (see �g. 21).
Figure 21:Let us prove that the number of edges in a subgraph on the vertices on �g. 21 does not exceed 20.On Figure 21, 13 edges are drawn. Moreover, for the vertices A;C;E, all the adjacent edges areindicated there. So it remains to show that a subgraph on the vertices B;D; F;G;H; I; J has at most 7edges.Since in the graph on �g. 20 all the edges between the vertices A;B;C;D;E; F are present, the edgesBD;BF;DF do not belong to �. Furthermore, since � does not contain a semi-star, it does not have anyof the edges BI;BJ; FG; FH. Also � is K3;2-free, which means, in particular, that � cannot contain morethan one edge in each of the following pairs: (BG;BH); (DG;DH); (DI;DJ); (FI; FJ). Since the edgesBG;DG cannot be present in � simaltaneously, we may assume without loss of generality that � does notcontain the edges BH and DG. Similarly, let us assume that � does not contain the edges DJ and FI.
Figure 22:Only 10 edges remain that are colored red on �g. 22. Suppose that, in contrast to what we want to10



prove, one can keep some 8 red edges in such a way that the subgraph on the verticesA;B;C;D;E; F;G;H; I; Jstay correct. Since � does not contain a semi-star graph, among the edges BG;GH;DH, only at most 2can be drawn. Also, at most 2 edges are among DI; IJ; FJ . Therefore, if among the red edges, at least 8are in �, then � contains the edge HI. If � contains the edge DH, then the vertices A;C;D;E;H; I forma semi-star graph with center D and top vertex I. Similarly, the edge DI is not in �. Once again, sincewe have at least 8 edges in �, we have in � the edges GH;GI;GJ;HJ; IJ . This eventually gives us a K4on the vertices G;H; I; J leading to a contradiction.Thus, we have �nally shown that the number of edges on the vertices A;B;C;D;E; F;G;H; I; J isat most 20. Remove these vertices. The number of the removed edges is at least 50 − 20 = 30. Theindependence number is reduced at least by 2, since the vertices C;E are not adjacent one to the other.So Con�g(�)− Con�g(�′) � (10; 2; 30).3.8 Case of degA = n > 6Let B1; : : : ; Bn be the vertices adjacent to A. If in a subgraph on the vertices B1; : : : ; Bn, there is avertex of degree at least 3, then we obtain a K3;2. Therefore, the maximum degree of a vertex in thissubgraph is bounded by 2. So this subgraph has at most n edges. Then the number of edges in thesubgraph on the vertices A;B1; : : : ; Bn does not exceed 2n.Remove the vertices A;B1; : : : ; Bn. Clearly the independence number is reduced at least by 1 andthe number of edges is reduced at least by (n + 1)n − 2n = n(n − 1). Thus, Con�g(�) − Con�g(�′) �(n+ 1; 1; n(n− 1)).4 Proofs of the two main theorems4.1 Proof of Theorem 3Let us proceed by induction in the number of vertices.Base of induction. Note that in cases 3.6{3.8 of Key Lemma de�nitely not all the vertices were beingremoved from the corresponding graphs �. And in cases 3.2{3.5 at most 7 vertices were being removed.So we may consider here all the graphs on at most 7 vertices.Let us call the graph from Theorem 1 the �; n-Tur�an graph. Note that for � >
13n, the �; n-Tur�angraph is the disjoint union of K3; K2 and K1, and so it is correct and its con�guration is good.Consider all possible pairs (�; n), where � 6 n 6 7. For all such pairs, but(1; 4); (1; 5); (1; 6); (1; 7); (2; 7);we have � > n=3, which has been just discussed. For the pairs (1; 4); (1; 5); (1; 6); (1; 7), the only corre-sponding graphs are the complete graphs on 4,5,6,7 vertices. They are of course not correct.Only one case of � = 2; n = 7 remains. Consider a vertex of the minimum degree in any such correctgraph. Remove it and all its neighbours. The new graph is correct, and its independence number is atmost 1. Therefore, it has no more than 3 vertices. This means that at least 4 vertices were removed,and so the above-considered vertex had at least 3 neighbours. Thus, each vertex in the graph has degreegreater than or equal to 3, and consequently the number of edges is bounded from below by 7·32 , that is,it is at least 11.The base of induction is proved. 11



Inductive step. Apply Key Lemma and remove from graph � some of its vertices in such a way that thevector Con�g(�) − Con�g(�′) is good. Then by the induction hypothesis, the vector Con�g(�′) is good.Since the sum of good vectors is good, the vector Con�g(�) = (Con�g(�) − Con�g(�′)) + Con�g(�′) isgood, too.4.2 Proof of Theorem 2Lemma 2. If a vector (u; v; w) is good, then it exceeds the vector (u; v; 193 u− 503 v)Proof. Let us check the lemma for the \basis" vectors:(1; 1; 0) � (1; 1;−31=3); (2; 1; 1) � (2; 1;−12=3); (3; 1; 3) � (3; 1; 7=3);(4; 1; 9) � (4; 1; 26=3); (5; 1; 15) � (5; 1; 15); (6; 1; 22) � (6; 1; 64=3);(7; 2; 11) � (7; 2; 11); (n+ 1; 1; n(n− 1)) � (n+ 1; 1; 19=3n− 31=3); n > 6:The last series of inequalities holds true, since for n = 6, we have (7; 1; 30) � (7; 1; 83=3) and if n increasesby 1, then the third coordinate in the left-hand side increases by 2n and the third coordinate in theright-hand side increases by 19=3.Suppose the lemma is true for some vectors u, v. Of course the relations a � c; b � d yield the relationa + b � c + d. Then for u + v, the lemma is also true. The same type of argument can be used for any�u, where � is a positive constant. Finally, the relation \�" is transitive. Thus, the lemma is true for allgood vectors.It follows from the lemma that the con�guration of our graph � exceeds the vector (n; �n; 19−50�3 n),and, therefore, the number of edges in our graph is really greater than or equal to 19−50�3 n.5 Some commentsIn order to prove the main results, we used the fact that in any distance graph on the plane, thereare no K4, K3;2 and semi-stars. A natural question arises: maybe one could use only one or two of theseforbidden graphs and get the same result?First, assume that only K4 and semi-stars are forbidden. In this case, one can prove the followingresult.Theorem 4. The minimum number of edges in a graph on n vertices with independence number � 6 �n,� ∈
[14 ; 27], and without K4 and semi-stars is bounded from below by the quantity 17−43�3 n.This result is a bit worse than the one of Theorem 2. For example, if � = 14 , then Theorem 4 gives thebound by 2512n instead of 2612n following from Theorem 2.The proof of Theorem 4 is very close to the proof of Theorem 2. We do not present it in this paperbecause of its complete similarity to the above-given argument. We only list here a set of \good" vectors,which plays, in a proof, the same role as it was in Proposition 3:(1; 1; 0); (2; 1; 1); (3; 1; 3); (4; 1; 9); (5; 1; 14); (6; 1; 20); (7; 2; 11); (8; 2; 17); (n+ 1; 1; 3n24 ); n > 6;(5; 2; 8); (6; 2; 9); (6; 2; 12); (7; 2; 14); (7; 3; 14); (8; 3; 16); (9; 3; 18); (10; 3; 20); (11; 3; 22):Note that we do not claim that Theorem 4 cannot be improved further. However, for our proofs, K3;2appears to be important. 12



Now, assume that only K4 is exluded. For simplicity, consider again the illustrative case of � 6 n=4.We claim that in this case, the bound for the number of edges is 2n and this bound is tight for n ≡ 0(mod 4). If we are right, then of course semi-stars appear to be important as well: 2n is smaller than 2512n.So let us prove the claim. On the one hand, the graphs on �g. 23 show that 2n is the best possible boundunder the current conditions.
Figure 23: Graphs for the 2n boundIt is worth noting that the graphs on �g. 23 are not only K4-free, but also K3;2-free. Thus, K3;2 isimportant only together with both K4 and the semi-star graph. Of course, we see a semi-star graph on�g. 23.On the other hand, let us show that the lower bound for the number of edges in a K4-free graph withindependence number at most one fourth of the number n of vertices is indeed 2n. For more transparence,let us switch to the case when the number of vertices is 4n and the independence number is at most n. Inthis notation, we have to show that the number of edges is at least 8n. As usual, we proceed by inductionon n.The case of n = 1 is obviously impossible: there are no graphs on 4 vertices without K4, but with� = 1. So let n = 2. Either each of the 8 vertices of a given graph is of degree at least 4, in which casethe number of edges is indeed at least 16 (and thus the base of induction is proved), or there is a vertexof degree at most 3, and we will show below that in this case, one can remove 4 vertices from the graphreducing the independence number at least by 1 and the number of edges at least by 8: for n = 2, thatis impossible, as we would again obtain a graph on 4 vertices without K4, but with independence number1. Therefore, we get the base of induction. To make this argument complete and to provide the inductionstep, we need the following lemma.Lemma 3. Let � be a graph with 4n vertices (n > 2), without K4 and with �(�) 6 n. Let A be a vertexof the minimum degree in �. Suppose degA 6 3. Then one can remove 4 vertices from the graph reducingthe independence number at least by 1 and the number of edges at least by 8.The induction step is obvious, so that it remains to prove the lemma.Proof. Let us consider all possible values of degA.Case of degA = 0. Remove the vertex A from �. Obviously in the new graph �′ the independencenumber is smaller. However, we have not yet removed 8 or more edges. Consider �′. It has 4n−1 verticesand �(�′) 6 n − 1. Consequently, the chromatic number �(�′) is bounded from below by 4n−1n−1 > 4. Inother words, �(�′) > 5. Of course this means that the maximum degree of a vertex in �′ is greater than3. It cannot be exactly equal to 4, since by Brook's theorem (we do not forget that �′ is K4-free) thechromatic number would be bounded by 4 from above. Thus, we have a vertex B of degree at least 5 in�′. Remove it. In the new graph �′′, the number of vertices is 4n−2, the independence number is at mostn − 1, and the number of edges is by at least 5 smaller than in the initial graph �. Since 4n−2n−1 > 4, weapply once again the above argument and �nd a vertex C of degree at least 5. Removing C, we alreadyget even more than we needed: the number of vertices is reduced by 3 (we promised 4). The number ofedges is reduced by 10 (we promised 8). The independence number is reduced by 1 or more. The case iscomplete. 13



Cases of degA ∈ {1; 2}. Here the same procedure as in the �rst case applies. Let us consider only thecase of degree 2. Remove the vertex A and both its neighbours B;C. We removed 3 vertices and at least3 edges (2 is the minimum degree of a vertex). The independence number is already reduced. In the newgraph, we have 4n− 3 vertices, and since 4n−3n−1 > 4, we �nd a vertex D of degree 5. We remove it, and weare done.Case of degA = 3. Let B;C;D be the neighbours of A. We do not forget that the degrees of thesevertices are at least 3 each. Since K4 is forbidden, we may assume that BD is not in our graph. One caneasily check that if in addition some of the edges BC;CD is absent or the degree of at least one vertexamong B;C;D is strictly greater than 3, then the total amount of edges adjacent to A;B;C;D is at least8. Thus, it suÆces to remove the vertices A;B;C;D.It remains to consider the case when the degrees of the vertices B;C;D are all exactly equal to 3 andboth edges BC and CD are in the graph. In this case, the vertex B has one more neighbour E. Removefrom the graph the vertices A;B;C;E, and we are done.References[1] P. Brass, W. Moser, J. Pach, Research problems in discrete geometry, Springer, 2005.[2] H.T. Croft, Incident incidents, Eureka (Cambridge), 30 (1967), 22 - 26.[3] P. Erd}os, On sets of distances of n points, Amer. Math. Monthly, 53 (1946), 248 - 250.[4] A.A. Kokotkin, On large subgraphs of a distance graph which have small chromatic number, Math.Notes, 96 (2014), N2, 298 - 300.[5] D.G. Larman, C.A. Rogers, The realization of distances within sets in Euclidean space, Mathematika,19 (1972), 1 - 24.[6] A.M. Raigorodskii, Cliques and cycles in distance graphs and graphs of diameters, \Discrete Geometryand Algebraic Combinatorics", AMS, Contemporary Mathematics, 625 (2014), 93 - 109.[7] A.M. Raigorodskii, Coloring Distance Graphs and Graphs of Diameters, Thirty Essays on GeometricGraph Theory, J. Pach ed., Springer, 2013, 429 - 460.[8] P. Tur�an, On an extremal problem in graph theory, Matematikai Fizikai Lapok, 48 (1941), 436 - 452(in Hungarian).
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Некоторые свойства конструкций Микеля.

Проект представляет Константин Иванов при деятельном участии Ивана Фролова. Идея: Павел
Долгирев. Отдельная благодарность Александру Скутину за формулировку задач 20-23.

При поддержке Алексея и Олега Заславских, а также Павла Кожевникова.

Значком � обозначены некоторые общеизвестные факты, без которых, однако, решение дальней-
ших задач будет затруднительно. Звёздочкой? обозначены предположительно сложные задачи.

Часть 1

1� (Òåîðåìà Ìèêåëÿ) В треугольнике ABC на сторонахAB; BC; CA взяты точки C1; A1; B1

соответственно. Докажите, что окружности, описанные около4 AB 1C1; 4 A1BC1; 4 A1B1C, имеют
общую точку.

2� (Ëåììà î âîðîáüÿõ) Дан угол ABC . По прямым AB; BC перемещаются с постояннымы
(необязательно равными) скоростями точкиC1; A1 соответственно. Докажите, что все окружности
BC1A1 проходят через другую точку, отличную отB . В каком случае это неверно?

3� (Òåîðåìà ×åâû â ôîðìå ñèíóñîâ) В треугольникеABC на сторонахAB; BC; CA взяты точки
C1; A1; B1 соответственно. Докажите, что прямыеAA 1; BB 1; CC1 пересекаются в одной точке или все
три параллельны тогда и только тогда, когда

sin∠
����!
ABB 1 � sin∠

���!
BCC1 � sin∠

���!
CAA 1

sin∠
����!
B1BC � sin∠

���!
C1CA � sin∠

���!
A1AB

= 1

4� (Òî÷êà Ìèêåëÿ) Пусть даны четыре прямые общего положения. Исключением одной прямой
можно получить три прямые, образующие треугольник, всего четыре треугольника. Докажите, что
описанные окружности этих четырёх треугольников пересекаются в одной точке.

5� (Îêðóæíîñòü Ìèêåëÿ) Пусть даны 5 прямых общего положения. Докажите, что точки
Микеля всех пяти возможных четвёрок прямых лежат на одной окружности.

6� Даны две окружности A; B . Докажите, что ГМТ точек X таких, что

степень X относительноA
степень X относительноB

= const

является окружностью, в случае
a) когда A; B пересекаются
b) для произвольного положенияA и B .

7� В треугольнике ABC педальные окружности двух точек совпадают. Докажите, что точки
изогонально сопряжены в4 ABC .

8. Внутри треугольника ABC выбрана точка M , а на сторонахAB; BC; CA взяты точки
C1; A1; B1 соответственно. ПрямыеAM; BM; CM пересекают окружности, описанные около тре-
угольников AB 1C1, A1BC1, A1B1C в точках M a; Mb; M c соответственно. Докажите, что точкиM;
M a; Mb; M c лежат на одной окружности (в дальнейшем будем называть её окружностьюM ).

9. Пусть в обозначениях предыдущей задачиP – точка пересечения окружностейAB 1C1, A1BC1,
A1B1C. Пусть прямая PA1 пересекаетM в точке A0. Докажите, что MA 0 k BC .

10. Докажите, что прямые M aA0, M bB 0, M cC0 пересекаются в одной точке или параллельны.
11? Докажите, что окружности, описанные около треугольниковAM aA0, BM bB 0, CMcC0, соосны.
12? Пусть есть четыре прямыеa; b; c; dобщего положения и их точки пересеченияX ab, X ac, X ad,

X bc, X bd, X cd. Есть окружность K с выделенной точкойK на ней. ПустьYi – точка пересеченияX i K
c K . Докажите, что прямые YabYcd; YacYbd; YadYbc пересекаются в одной точке или параллельны.

13. В треугольникеABC выбираются произвольно точкиC1; C2 на сторонеAB , точки A1; A2 на
сторонеBC , точки B1; B2 на сторонеCA. Пара прямых A1B1 и A2B2 пересекается в точкеL c, точки
La; Lb определяются аналогично. Окружности, описанные около4 A1A2L c и 4 B1B2L c пересекаются
в точках L c и Nc, точки Nb, и Na определяются аналогично.
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