JlnodanToBBI YpaBHEHUS

IIpoexT MOJAroTOBUIN U TPE/ICTABJISIOT:
E. Beperennukos, I. Kanmanosa, I1I. Ko3ioB, A. MupoIiiHukos.

AnHoTamug

B sToM 11poeKTe MbI TO3HAKOMUM BaC C HEKOTOPLIMI 3aMedaTe/TLHBIME 38 JadaMy 13 T€O-
pun juodaHTOBbIX ypaBHeHuit. OH COCTONT U3 HECKOJIBKUX Pa3/Ie0B, U Mbl PEKOMEH/IyeM
perraTh 3a/a9i B TOM MOPsiJIKe, B KOTOPOM OHU TIPeJICTaBJIEHbI.

Mg ipe/inosaraeM, 9TO BBI yzKe 3HAKOMBI CO CTPYKTYPOI PEeIennii KJ1acCUIeCKOro ypaB-
nennd Ilenna 22 — Dy? = 1. BoJsiee mHTEPECHBIH BOIIPOC O CTPYKTYPE PEIIeHn T ypaBHCHHS
x? — Dy? = n paccmarpusaercs B pazjese 1. Teopus menunix apobeif MoMoraer onmcaTh
9TU PeIIeHns] MPU MAJBIX MO0 MOJY/IIO 3HAYEHUAX M. BI00aBOK MbI TPEIOKIM MAJJTON3-
BECTHBIN METOJ], KOTOPBIiT TTO3BOJIAET 38 KOHEYHOE KOJTMIECTBO UTEPAIIIT CBECTU ypaBHEHe
2? — Dy? = n K apyromy ypasuenuio t> — Du? = m ¢ m MaJIbIM 110 MOJLYJIIO.

Pazjies1 2 MOCBAIIEH HEKOTOPBIM CIICIMAJBHBIM cIydadM ypasuennii ' — Dy?> = 1 u
2? — Dy* = 1. B nporecce penenns 3a1a4 13 9TOTO pasjiesia MoHaI00HTCs N3y UNTh CTPYK-
TYpy PEIICHUH HEKOTOPBIX KOHKPETHBLIX ypaBHeHnil 2 — Dy? = m ¢ n MaJIbIM 110 MOJYJTIO.
[Tonnmanue 3Toit CTPYKTYpPbI OyIeT TaKKe MOJIe3HO JIJIsT MHOTHX JIPYTUX 3aJ1ad.

B pazjese 3 Mbl yCTAHOBUM CBSI3b MEXK/Iy JIABHUM BOIPOCOM O CYIIIECTBOBAHUN O] aH-
TOBBLIX YeTBEPOK 1 KOJIMYECTBOM Kjaccos pemtennii ypasuenus 2 — (k% + 1)y? = k2

1 VYpasnenus Bujga x> — Dy? = n

[Iycth v — mppanmonasbHoe umcso. Ilpejacrasum o B Buje OECKOHEYHOI IENHO JIpo-
ou [ag; ai,as, ...]. lemnas mpobb, obpazoBanHast U3 [ag; Gy, Gg, .. .| TyTeM yIaJeHUs BCEX
YJICHOB TI0CJIE ONIPEJICJIEHHOrO BLIOPAHHOIO MecTa, HasblBaeTcss nodrodaweti nus o. Ioxxo-
JAIIAst [erHast Ipo0b [ag, - . . , ag| MOKeT ObITH 3anucana B Bije OOBIYHOMN JIPOOH CO B3AUMHO
IPOCTLIMU YUCUTEJIEM P U 3HAMEHATEeJIeM (f. Lak:ke 0003HaYMM OECKOHEYHYIO IICHHYIO
apobb [ag, aki1, - .. Tepes ay.

CBoiicTBa MOIXOISIINX JIPOOeii:

a) Pr = QkPr—1 + Ph—2,  Qk = QkQr—1 + Qp—2;

1 .
6) Prak—1 — Prh—1qk = (=) prge—2 — pr—agr = (1) ay;
B) Pak/Qor — BO3pacTAOIasi MOCIEI0BATEILHOCTD, Pok—1/qok—1 — yObIBAIOIIAS TTIOCTIETO-

BaTEJ/IbHOCTD;
o _
F) o = k+1Pk+DPk L
Ak +1qk+qr—1

Bamaga 1.1. a) /lokaxkure paBeHcTsa:

Prgi1 — e = (=1 prge—o — praqr = (—1)"as.
0) [okaxknre HEpaBeHCTBA:

1 1
— <@ — p| < —.
qk+1 1 gk dk+1



B) JlokakuTe, 4TO 10C/IEI0BATEILHOCTD { |qrer — Pi| 7o, sABJISIETCS CTPOrO yOBIBAIOIIEH.

Pemenne. a) PaccmoTpuM cHavasia mepBoe paBeHCTBO. ByjieM J0Ka3biBaTh €ro 1Mo HHIyK-
. [Iposepum 6a3y. [lockobky pg = ag, qo = 1,p1 = apa; + 1,q1 = aq, TO

Pigo — Poqi = apar + 1 — apay = 1 = (—1)*.

Tenepn gokazkeMm mar uHJAyKIun. IlycTh yTBep2KeHre BepHO JIjisi BCEX MHJIEKCOB MEHb-
mux 1060 paBHbIX k. okaxkem ero misd k + 1, BOCIOJIB30BaBIINCH PEKYPPEHTHBIMHI COOT-
HOIIIEHUAMUI HA Ppiq U Qi1

Pk+10k — PeQit1 = (k41Pk + Pi—1) @k — Pr(@er1qr + Qe—1) =

= Pk—19k — Pkqk—1 = _(pk%—l - pk—le) = (—1)k+2-

[TocieiHee paBeHCTBO BEPHO B CUJIY IIPEAIIOIOXKeHnd MHAyKIun. [lepBoe paBeHCTBO J10Ka-
3aHO.

Tenepnr moKarkeM BTOpoe paBeHCTBO. JIJ1s1 9TOro cHoBa BOCHOJIL3YeMCsl PEKYPPEHTHBIM
COOTHOIIICHUEM Ha P U qf:

PkQk—2 — Dk—2qk = (axPpr—1 + Dr—2)Q—2 — Pr—2(Qxqi—1 + qr—2) =

= ap(Pr1qr—2 — Pr—2qr-1) = (—1)"ay.

[Toceaauii mepexo, CiaeayeT U3 J0KA3aHHOIO PaHee PABEHCTBA.
0) Tax kak
o = Ckr1PE + Dr-1
- ?
41k + qk—1

TO 1O MYHKTY a)

Pr—19k — Pr@i—1|
Qe Qe + Q1

U3 paBencrBa agy1 = apyr1 + 1/Qpio cliejiyer HepaBeHCTBO

groe — pi| =

g1 < gy < apy1 + 1L

CiegoBaTesIbHO,

Qi1 = Q1@ + Q-1 < Q1 + Q-1 < (apr1 + 1)@ + qe—1 = Qet1 + G

n
1 1
— <@ — p| < —.
k1 1 gk Qr+1
B) U3 pesysibrara myHKTa 6) CIeIyer, 9TO BEPHA [EMOYKA HEPABEHCTB
1 1
Q100 — prg1] < < < |qror — pi.

qk+2 h Qk+1 + qk



3agaga 1.2. Jlokakute, 9TO OJHA U3 JIBYX IOCJIEIOBATEIbHBIX MOJXOJANINX Jpobeil K «
VJI0BJIETBOPSIET HEPABEHCTBY:

Pemenne. Byiem jjokasbiBaTh oT npoTuBHOrO. ITycTh 1151 HeKoTOpOro k ode moapsij1 uyime
MOJIXOJISIIIIE POOU Pk /K, Pk+1/Qk+1 HE YIOBIETBOPSIIOT 3TOMY HEPABEHCTBY, TOIJIA

1

= 5 -
2511

‘ Pk
(0

1
> q ‘a Pk
qk+1

3 nppalimoHaJIbHOCTH (v CJIEYeT, UTO HepaBeHCTBa BbIIIE CTPOrHe, TO €CTh

_ Prt
qr+1

Pk 1
oaO——| > — u .
‘ qk 2q; 2ql?:+1

[TockombKy moaxojdime Jpodu ¢ YeTHBLIMI HOMepaMHW MeHbIe v, & C HEYEeTHBIMU —
OOJIbIIIe, TO PASHOCTHU Py /qr — O U O — P11/ qk+1 OJHOTO 3HAKA, & MOTOMY BEDHO PABEHCTBO

dk dk+1 dk dk+1
Torna o 3ajade 1.1

L bk Dre1|  |DPe Pra1|
= |———|=|—""—"at+ta———| =

4rqk+1 dr. gk+1 dk dk+1

1 1
:@—a‘qt‘a—pkﬂ ot
qk Qe+1| 295 2G5

[Tonydennoe nepaBeHCTBO JTOMHOMKIM Ha 2q,%q,% 41, ¥ TOTJIa UMeeM

CIJ%H — 2k Q41 + qi = (Qkt1 — %)2 <0,

YTO HEBEPHO. H

Bagada 1.3. Jlokaxkure, 94TO OHA U3 TPEX MOAPSAJL UIYIIIX IEIHBIX Apobeil K & YIOBIETBO-
psieT HEPaBEHCTBY:

1
V5b?

a- 7 <
b



Pemenne. 11peionokum IpoTUBHOE, TO €CTh JIJIsl HEKOTOPOI'o k BEPHO

S 1 ‘ Dk+1 1 1
= T = & - = T = 5 = .
V5> G+1] ~ VBai Va3,

Touno Tak ke, Kak U B pelieHnn 3ajadn 1.2, 3aMeTuM, 9To ofHa U3 JApobei py/qr u
Pk+1/Qk+1 OOJIBITIE (v, & JApyTasi MEHbIIE. DTO YKe BEPHO U JJIst IPOOEHt Pri1/ Qi1 1 Pr2/Qrro-

[ToaToMy aHaJOrUIHO paccyKIAeHUAM U3 3ajgadn 1.2 morydnm

1 1 1 1 1 1
> + u > + .
k1 VB V5l Gkndrv2 V5, VBEE,,

2 2
Tenepb 0003HAUNM Q1 1/qr d€pe3 1. JJOMHOKIM HepaBeHCTBa Ha \/qu an \/qu 4o COOT-
BETCTBEHHO, a JlaJiee IepeluIeM ¢ yIeTOM BBeJIeHHbIX obo3HaueHuil. [Toryamm

Pk
a__

qk

_ Pr+2
qk+2

v o

T;%—\/grk+1<0 u 7“,?,+1—\/37“k+1+1<0,

JIeBble yacTu 060MX HEPABEHCTB 33/1aI0T Mapado/Iy BETBIMU BBEPX, TOITOMY Tk, Tkl < ¥,

rje = @ — HanboIBIINIT U3 1BYX KOpHeil ypasuenus 2 — v/5z + 1 = 0.
Honemns gri2 = ag+2qk+1 + Gk HA Gr11, TOTYIUM
1
Th41 = k42 + —.
Tk

Hakomner, 3 qokazaHHBIX paHee COOTHOIIECHUI Ha T3 CJEIyeT IPOTHBOPEUNE:

1 1 1 2 V5 +1
O > Tge1 = Gpyo + o + - + - + \/5 1 5 %

3agaga 1.4. HarypaJsibHoe k u 1iejibie p, ¢ TakoBbl, 9T0 ¢ > 0 1
g = p| < lagror — pil.
a) Jlokaxkure, 4TO CyIECTBYIOT U, U TaKUe, 4TO
PrU + Pr41V =P, iU+ GV = g.

0) Hokaxkure, 910 ¢ = Qi1

Pemienue. a) Bosbmenm

w=(=1)"(gper1 — par+1), v = (—1)"(pax — qp).

To, 4To TakmMe 4mc/Ia HOAXOIAT, POBEPSICTCS HMPAMDBIM BBIUHUCICHUEM C HCIOJIL30BAHICM
Bagaqan 1.1.a.
0) Bosbmem uncita u, v u3 mynkTa a). Ilepebopom ciyuaaen mokazem, ato v = 0u v > 1,

U TOTJIA § = QiU + Qrs1V 2 Qr+1V 2 Q+1-



Cnyuan u,v < 0 wn v = 0 HEBO3MOXKHBI IO TPUBUAJILHBIM TPUIHHAM.

OcraJjioch pa3odpaTh cirydaii, KOrJIa U, v Pa3nIHbIX 3HAKOB. 3aMETUM, YTO YUC/Ia ¢, — P
U Q10 — P+l TOXKE PA3IMIHBIX 3HAKOB. SHAUUT, dncia u(qra — pr) U 0(qri1 — Prr1)
ojiHOro 3HaKa. ITosromy

lgqa —p| = |(qru~+ @er1v)a — (pru+ pr1v)| = |ullgra— pr| + 0| | @10 — Prta| = gk —pil,
qTO HpOTI/IBOpe“H/IT yCJIOBI/HO 3ala4dn. .
[Ipu momoru npeaplayneit 3aa4u MOXKHO IIOKa3aTh, UTO IMOAXOIAINNE IPOOH SIBJIAIOTCS

B OHpe,ZLeJIéHHOM CMBICJIE «HaWJIy4IIIUMUI> HpI/I6.HI/DKeHI/IHMI/I K .

Bamaga 1.5. Eciu a/b — parponasbHast Apobb Takasi, ITo
‘O‘ N _‘ = 2b2’
TO OHA SIBJISIETCS MOIXOJSIIEH IPoOBIO K (.

Pemenne. /TocraTouno qokazarh yTBep:KACHUE 3aa91 TOJBLKO JIJIsi B3AUMHO IIPOCTBIX @, b.
Bosbmenm takoe menoe k, ato gy < b < qpi1. Tak kax b < qg11, TO |gree — pi| < |ba — al
o 3ajiaqe 1.4. CrepoBare/bHO,

ba — a 1
'oz _ Pk < ‘ ‘ < .
i Q@ 2bqy,
[Ipenmonoxum, a/b # py / qr. Tormna
1 Dk 1 1
— < ‘——a’—i— a— = <=+ —
bgy, qr|  20%  2bg;’
4TO MPOTUBOPEUNT HepaBeHCTBY ¢ < b. Takum obpasom, a/b = pr/qx. |

HaJiee Bezjie cauraeM, 9ro [ — 6eCKBaIpaTHOE HATYPAJIbHOE YUCIIO.

Bagaua 1.6. LI3BecTHO, 4TO 1PH HEKOTOPOM IEJIOM 7. TakoM, uto |n| < /D, ypasuenue
> — Dy? = n umeeT N0JIOXKUTEIbHOE pernenne (Tg, o) B HeJbIX dnuciax. JJokazKuTe, 4To
1pobb T /Yy ABIsETC noAXOAIIeH K v/ D, ecim
a) N TOJIOKUTETHHOE;
0) n oTpuIATebHOE.

Pemrenwne. a) 113 pasemncrsa
(20 — yoV'D)(w + yov/' D) =

CJIeIyeT, 9To To > YoV D.
SHa4uT,

0 < o VD n - n VD 1

20 _ )

Yo Yo(zo +yovD)  yolyovVD + yov D) 2ygvV D 290
1 TpebyeMoe ciiejlyeT U3 pesysbTaTa 3ajadu 1.5.

6) AH&JIOFHqHO ﬂOKaB&TeﬂbCTBy HYHKTa a) MBI HO.HyLH/H\/I7 qTO yo/l’o ABJIAETCA ITOAXOA-
meit 1pobbio yist 1/4/ D, 0TKy/a JIerKo CIeyer, 9To 1pobb To /Yy ABISETCS MOAXOIAIIeH K

VD. n



Onpenenenme. HazoBéM mppalnmoHabHOE YNCJIO, SIBJISIONICECS KOPHEM KBaJPaTHOIO
ypaBHEHU € MeJIbIMUA KO DUIUEHTAME, K6adpamuuHoti uppayuoHasbHOCMbIO.
Beckoneunas nemnHas JpoOb Ha3bIBACTCS NePUuoduveckoti, ecii OHa TPEJICTaABIAETC B

BUIE [ag; a1, ...a;, b1, ... by Ecim xe ona npejpcraBisercs B Buje [by, ... b,], HazoBEM
eé¢ wucmo nepuoduneckoti. HamMenbliee HaTypaabHOe 9HUCIO M, YIOBJICTBOPAIOIICE ITOMY
COOTHOMLICHNIO, HA3LIBACTCS NEPUuodom PasJIoKeHNsl.

Bamaga 1.7. a) [lycts av — KBaJipaTHaHAsT HPPAIMOHAIBHOCTD, & YUCIA a, b, ¢, d parmoHaib-

HBI, IPUYIEM ¢, d OJIHOBPEMEHHO He paBHBI HYJII0. JJoKaKuTe, 94T0 YnCII0
a + ba
- c+da
JI6O paloHaIbLHO, JINOO0 SIBJIAETCS KBaJIpATUUHON NppaIoHaIbHOCTHIO.
6) Jlokaxkure, 4TO €CJM YUCJIO HPEJCTABJSETCS B BUJjIe OECKOHEUHON IMepHoInIecKoil

IEITHOMN JIPOOK, TO OHO SIBJISIETCH KBAAPATHIHON UPPAINMOHATBHOCTDIO.

Pemienue. a) Jlerko 3amernts, 9T0
a + b
o=——"
C/ ‘l_ d/ﬁ
/ / / / / /
JUUTs HEKOTOPBIX TebIx a', b', ¢, d, mpuieMm ¢, d ojlHOBpeMeHHO He paBHBI HyJf0. [lycTh o

— KOpeHb KBaJIpaTHOro ypasBHeHus kx? + lx +m = 0 ¢ neapivmu kosddunnenramu k, [, m.
Torpa 8 — KopeHb KBaJIpATHOI'O WMJIM JITHEITHOIO ypaBHEHMS

k(' + V) +1(a +b2)(d +dz)+m(d +dr)* =0
¢ TeJIbIMEI KO PUIeHTaMA.
6) [lycrb a = [ag; ay, - - - ag, by, . . . by). Torna
a1 = [bl, .. bm] = [bl, . bm, al+1].
O6o3natnM k-yIo MOJIXOJIAILYIO JIpo0b JIst 9uCIa o4y depe3 py/q).. Toraa
Pyt + Pl
A1 + @y

OTKYJla (11 — KOPEHb CJIEJIYIONIEro KBAIPATHOTO YPABHEHUs C TEJTbIMI KO3MUINEHTaMN:

a1 =

2
Gp” + (@)1 — P)T — Ppy g = 0.
TakumM 06pazoM, TOCKOJIBKY (v 1 HE PAIMOHAJBLHO (€10 pasjioKeHne B IEHyo Jpobb bec-
KOHEUHO), (41 — KBaJIpaTHIHasi HPPAIMOHATBHOCT.
O60o3HaTIM k-yIO TTOJXOISAIIY O JIpOOB ist v depe3 pi/qx. Torma
Q+1P1 + Pi-1
Q11491 + Qi1

I3 nyHkTa a) caeayer, 9To o MO0 PAIMOHAIBHO, OO0 KBAIpaTHIHAS UPPAIHOHATBHOCTD.

[TockobKy paszjioxKeHne 4ucja « B HEHHYI0 ApoOb OCCKOHEYHO, TO v — KBaJIpaTUdHas
UPPAIMOHAJIBHOCTD. |



ObpaTHOe yTBep:K/ieHne TaKyKe BepHO.
3amaga 1.8. a) [lycts @ — jieiicTBUTEIBHBIIT HPPAIMOHAIBHBIIT KOPEHD YDABHEHHs
ar’ +br+c=0
C LEJBIME @, b, ¢ 1 HEeHYJIeBbIM a. JIoKayKuTe, 9T0 vy 1 ABJSETCS KOPHEM YpaBHEHIsT

Ak$2 + ka + Ck = 0,

rie
Ay = apj, + bprqi. + cq;,
By, = 2apgpr—1 + b(Drqr—1 + pr-1qk) + 2¢qkqr—1,
Cy = @pz_l + bpr—1qk—1 + qu_1
u

B — 4A,C, = b* — 4ac.

0) doxaxmure, uro uncia |Ag|, |Bk|, |Ck| orpanndensr KoHcTanToil, He 3aBuUCsIeil oT k.
B) Jlokazkure, 4T0 KaxK/as KBaJpaTHdHasi HPPAI[MOHAJBHOCTh UMEeT MPEeJICTABJICHIE B
BIJIe OECKOHEUHOI IIepUONIeCKOil IEeNHON JIpOoOH.

Permterne. a) BeroMHIM 0THO 13 CBOWCTB MOIXOMSIIIX JAPO6eii:
o = QkH1Dk + Pr—1
Ok4+1Gk + Q-1

[TozcTaBIM 3TO 3HAYEHHE BMECTO (v B PABEHCTBO ac’ + ba + ¢ = 0, meperpymmupyem

KO DUITMEHTHI U TTOJIY UM
AkCVIQH_l + Bragy1 + Cr =0,
riie Ay, By, Cy — BbIpaxkenue u3 ycjioBust 3aj1a4qu. [ gokazareibcTBa BTOPOi 4acT Bbl-
HOJIHUM TIPSIMYIO TIOJICTAHOBKY'
BZ — 4A,Cy = (b2 — 4ac) (Prqr—1 — qkpk_l)Z — b — 4ac.

0) ITo 3amave 1.16
1
lagy — pr| < —,
dk
IIO3TOMY

£
pr=oq+— |g] <1,
4k

(koneuno, € 3aucut ot k ). [logcraBum 910 3HaUeHNE B A, MOy IHM

2

g g

Akza(aqw—) +b(04€Ik+_> G + cqp
gk gk

:(a@2+ba+c)qz+(2aa+b+a—§> ‘€

i
= (2a@+b+a—§> €.
4



Takum odbpazom,
|Ax| < |2ac + b| + |al,

OTKY/Ia cJiejiyeT orpanndeHtocTsb |Ag|. V3 paBencrsa Cy = Ap_1 ciieyer orpaHuIeHHOCTb

|C|. Tax xax
B,% — 44,0 = b* — 4dac,

TO
Bf = [4A,C + b — dac| < 4{|2ac + b] + |a|}* + |b* — 4ac],

1109TOMY Bj Takke orpaHmYeHo 110 MOLYJIIO.

B) Tak Kak KBaJpaTHOE ypaBHeHUe umeeT He GOJIbllle JIBYX KOpPHeil, TO u3 1myHKTa 0)
cJIeJIyeT, UYTO CPell 4UKCe (v HalIyTCs JIBa PaBHBIX. DTO O3HAYAET, YTO Pas3/oKeHUe o B
HEIHYI0 JIPOOb MePUOIUIHO. |

Onpenemenne. Ilycts a = a + by D, rae a,b parnuonasibubl, a v/ D nppamoHaJIbHO.

Yucso o = a — bV D Ha30BEM CONPAANCENHBIM K O

3amaga 1.9. [Iycth o — KBaJipaTudHas UppaIrmoHaIbHOCTb.

a) Jlokaykure, 9T0 €C/IN (v IPEJICTABJISIETCS B BUJIE YHCTO TIEPHOIIMIECKOil MenHoil 1pob,
Toa>1u—-1<d <0.

6) Hdokaxkure, uro eciim o > 1 u —1 < o' < 0, To « npejcTaBisieTcst B BUJE IUCTO
[IEPUOINIECKOI IIEITHON JIPOOH.

Pemrenne. a) Ilycte o = [ay, ..., am) = [a1,...,am,a]. Tak kax a; > 1 maa goboro
HaTypaJIbHOTO 2, TO & > 1.
Ecmu py/qr — k-ast nogxonsias 1pobb K a, TO

_ APy + Pm—1
G + @1’

I[IO3TOMY (X 4ABJIAE€TCA KOPHEM YypaBHEHUA

f(ZL‘) = Qm$2 + (Qm—l — pm)ZU — Pm—1 = 0.

Tak xak
f(=1) = (@ — gm-1) + (Pm — Pm-1) >0
u
f(0) = —pm-1,
TO YHCIO @/, SIBJISTEOIEeCsT JIDYTUM KopHeM ypaBHeHusi f(x) = 0, JieXKUT B WHTEpBaJie
(—1,0).

0) Ilpeamnosoxkum, 9T0 (v — KBaJpaTHIHAs UPPAIMHAILHOCTD, o > 1 1 —1 < o/ < 0.
Ilycth oy = o, opejiesiuM ocTaJIbHBIE (v 110 WHIYKITUN
1

Q-1 = Af—1 + Oz_
k



[Iycts fi(z) = pra® + @ + 7 = 0 ¢ HEKOTOPLIME LIEILIMU P, Gk, Tk — KBaJpaTHOE
ypDaBHEHUe, KOPHEM KOTOPOIO SIBJISIETCSl (. 3aMEeTHM, 9TO 4YUCIO 1/ag = g1 — a1
SIBJISIETCSI KOPHEM YPABHEHUST

feor(ap1 +2) = pr12® + (2pr_1ap-1 + @1)T + fr1(ar_1) = 0.

CiietoBaTesIbHO,

1 1 1 1Y) 2WDp_1ap_1 + G
_+_:_+<_) _ Pk—1ak—1 T gk 1:—2akf1+ozkf1+oz§€_1,

/
R Qg Q' Ak Pr—1

II03TOMY BEPHO PABEHCTBO

, 1
Qp_ 1 = Qg1+ —-
Q.
[To MHAYKIINN HECTIOKHO JT0KA3aTh, UTO

—1<a, <0

TSI BCEX HATYPAJIbHBIX k, OTKY/Ia CJIeIyeT, ITO

=
ag—1 = |——| -
Qg

[To 3amade 1.8 cymiecTByIoT HaTypaJsbhble k 1 [ TaKue, 9TO Qg1 = Qpi¢r]. SHAUUT,

1 1
a = |—— = |7 = Qg+t
Qg Qptt41

1
= At T ———— = Q4.
Qk+1 Xf+t41

HOBTOpHH 9TO PaCCyzKIceHue k pa3, Mbl B KOHEYHOM HUTOTI'€ IIOJIYYUM, 9TO

U II03TOMY

ozk:ak—k

a = a1 = gy,

OTKY/Ia CJICJLYeT, UTO
a=lay,...,a,a] =[ag, .-, a).

Bagaga 1.10. [IpencraBum v/D B BUJIE TIEIHOH apobu [ag; ay, Gg, . . . G, i1

a) Jlokaxkure, 9TO () UMEET YUCTO TEPUOANIECKOE MTPEICTABICHNE TIPH BCEeX HATYPAaJib-
HBIX k.

6) Hokazkure, 9ro jist J11060ro k CymiecTByIOT HATypaJbHble by, ¢ TaKue, 9To

b + VD

Afy1 =

IPUYIEM

I
—~
|
—_
~—
o
_l’_
—_
@)
>~

p; — Dq;
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Pemtenne. a) [Iycrs [ag;aq,...] — nennas apobe uncia v/ D. PaccMoTpuM KBapaTuaHyo
ppannoHaJbHoCcTh v = ag + V' D. Tlockobkry ag = [V D], To —1 < o < 0. Torga mno
Bajade 1.9b 1ennas 1podb ducsa o 9ucTo nepuoandHa. Torma

\/Ezoz—aoz[2a0,a1,...,an]—a0: [ag, a1, ..., an, 2a].

VTBepKIeHne 33/1a91 CJIeyeT U3 3TOT0 HalPIMYIO.

0) ITockosbky
Q _
VD — DPkOk+1 + Dk 17
QrOk+1 T qk—1

st = Qk-1VD — pr1
1= :
PE— VD

Tenepb nzdaBuUMCsI OT UPPAIMOHAJIBLHOCTH B 3HAMEHATEJIE:

G-1VD —pr-1 (@-1VD — pr—1) (o + @x VD)

nMeeM

Qp+1 = = =
pr — 4D pi — Dg;
_ (D@1 — prpi—1) + (orte—1 — pro1ai) VD (Dagrgi—r — prpir) + (=D)*'VD
ri — D pi — Dg

Bosbymen by, = (—1)**Y(Dgrqr_1 — prpr—1). Octanoch mpoBepuTh, UTO by, 1 ¢} TOJOKHTEb-
HBI JIJIsT J1I000r0 K.

Bo-1epBbIX, ¢} TOJOKATENLHO, TOCKOILKY sign(pr—Dg?) = sign (% — \/E) = (—1)k+L,

bk _ /
Bo-BTOpBIX, b MOJIOXKHUTEIBHO, TOCKOJBKY Cf TOJIOYKUTEJIHLHO 1 2& = Qg1 +ag g > 0.
[Tociennee — ciesicrBue nmynkTa a) u 3agadn 1.9.a. [ |

113 npeblLy el 3a1a4n CJIeJlyeT, 9To M0C/IeI0BaTeNbHOCTE pr — Dgi nepuojuina, npu-
qBM e6 TIePHOJ] PABEH WK B [Ba pasa GoJIbIIe Ieproja HerHoil apobu aist v/ D. Dror dhakT
BKYIIE C Pe3yJIibTaToM 3aJa4qn 1.6 1Mo3BoJsgeT s KaxKa0ro [ MOJIHOCTBIO OINCATE PEIIeHIs
ypasuenns 2> — Dy? = n B cayuae |n| < V/D.

. 2 2 _

B nanbHeiiniem Mbl OyjieM paceMaTpUBAThL TOJILKO Te pelleHus ypasHenns r~ — Dy® = n,
JUIs1 KOTOPBIX « + ¥V D > 0. O4eBuHO, 4TO MBI HUYErO He YIIYCTUM, TAK KaK eCJIM 1apa
(x,y) siBsieTCs pereHneM, To 1 mnapa (—x, —y) Toxe.

BameTun, uTo ecin ypasHenue x2 — Dy? = n umeer XoTa ObI 0JHO pemtenue (Zg, o), TO
OHO UMeeT GECKOHEUHOe KOJIMUeCTBO perienuii (T, Y ), 38/1aBAeMbIX CJIEYIONIM CIIOCOOOM:

2 + YV D = (9 + yoVD)(s + tVD)",

riie (s,1) — MUHIMAaJIbLHOE pelleHue CooTBeTCTByIomero ypasaenus [lewis 2 — Dy? = 1.
Onpenemenme. CkaxkeM, 9TO JBa pernennst (r1,y1) u (Ta,Yy2) ypaBHEHUs

w* — Dy* =n
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npunadaedcam 00HoMYy KAGCCY, €CIN CYIECTBYeT 1eoe k TaKoe, uTo
Ty + 3oV D = (21 + y1\/5)(5 + t\/ﬁ)k,

rie (s,t) — MUHIMaJILHOE pelieHue cooTBeTcTByIoero ypastenus [lemwsa 2?2 — Dy? = 1.
B kaxKk/1oM Kj1acce cymiecTByeT pereHue (z,y) Takoe, 9To

1<sc+y\/5<s+t\/5.
Hazosém 370 pernenne MuruMasvHbLM B STOM KJIacce.
Bagaga 1.11. Omnpejenure, CKOJIBKO KJIACCOB peIIeHUil nMeeT ypaBHEHUe
% — (m? —2)y* =2

P KaxKJIoOM 1ejioM m > 1.

Pemenue 1. 3amerum, uro (m2 — 1,m) siBJIsieTCsT MUHUMAJIBHBIM DEIeHIeM COOTBETCTBY-
2 _ (m2

— 2)y? = 2 ¢ MuHUMAJILHBIM pertenueM (u, v). Tlo onpejeneniio

forero ypasuenns [lemnsa x — 2)y? = 1. PaccMOTpUM HEKOTODBIfl Kjlace perieHuii

ypasnenus 2 — (m?

1<a:u+v\/m2—2<B:m2—1+m\/m2—2.

Tak Kak
/2 = u?* — 1 +uvym? — 2,

10 (u? — 1,uv) — Hekoropoe pemienne ypashenns Ilemna 2 — (m? — 2)y* = 1. Orcrona
cremyer, uto o /2 = ! s mexoroporo nesoro . 13 mepasencts 1 < o?/2 < 32/2 < B2
crenyet, uto [ = 1. 3naunt, o = /28 = m + vm? — 2, u ypasnenne x2 — (m? — 2)y* = 2
MMeeT POBHO OJMH KJIACC pelleHnii ¢ MUHUMAJIbLHBIM pernenueM (m, 1).

Pemenne IT (M. JTamunrep). [lycts (x,y) — pemenue ypasnenus 2 — (m? — 2)y? = 2.
SameTnm, 4To
r=22=2+(m*—2)y* = (my)* =my mod 2.

CretoBaTeIbHO, BCE PeIlleHnsi 3Toro ypasHeHus 1Beta m. [lo 3agade 1.13 aByx u 6osee
KJIACCOB ObITH He MOKeT. 3Ha4IuT, perierue (m, 1) mopokiaeT enHCTBeHHbI KIace perie-
HUIT 9TOTO ypaBHEHUS. |

Onpenenenne. Pemenue (zg,yg) ypasuennst z° — Dy? = n HA30BEM NpUuMUmMuUEHbIM,
e/ Xg U Yoy B3AUMHO [POCTHI.

O4eBU/HO, YTO JOCTATOYHO MCCJIEJOBATH TOJIBLKO IPUMUTHBHbBIE DEIIEHNsI, IOTOMY HYTO
eciim HO (2o, y0) = d > 1, 10 (x0/d, 3p/d) — mpuMUTHBHOE peIlleHNe yPABHEHUST

n

xQ—DyZZ E



12

Bamaua 1.12. Ecin (2, y9) — upuMuTHBHOE pemienne ypasuenus x> — Dy? = n, To cye-
cTByeT 1esoe k Takoe, 4To

xo = kyy mod n

k=D mod n.

Pemenne. [TockoyibKy ¢ 1 4y B3aUMHO IIPOCTBI, TO TAKKe B3AMMHO IIPOCTHI U Yy 1 n. Tora
Haiijercsa Takoe 1esoe k, 9To
xo = kyyg mod n.

[Tosromy
x5 — Dyt = k*yi — Dyt = yi(k* — D) mod n,

u3 vero, yunteiass HO(y3, n) = 1, nomyuaem
k*=D mod n.

13 npeapiayieit 3aga4un ciaeyeT, YTo ecan [ — KBaJpaTHdHblil HEBBIYET 110 MOIYJIIO 7,
10 ypasHeHne x> — Dy? = n He UMeeT IPUMUTHBHBIX PEIeHMil.
Onpegenenne. Byiem canrarh, 9T0 NPUMUTHBHOE perieHue (X, Yo) yPABHEHIsI

22— Dy =n
nokpawero 6 usem k, ecin

xo = kyy mod n

k>=D mod n.

Bagaga 1.13. JlokakuTe, 9To J[Ba NPUMHUTHBHBIX pelienns ypasHennda x> — Dy? = n 1pn-
Ha/IJIEZKAT OJIHOMY KJIACCY TOIJIA U TOJIBKO TOTJIa, KOIJIa OHU ITOKPAIIeHbl B OJUH I[BET 110
MO/LYJIIO 7.

Pemrenue. ITycts (21, 1) u (29, Y2) — JiBa IPUMUTHBHLIX pelllenus ypapHenus 2 —Dy? = n
TaKue, 4To

29+ Y2V D = (21 + 11V D)(s + tVD)",

rje (s,t) — MUHUMAJIBHOE [OJIOXKHUTEIbHOE PellleHIe COOTBETCTBYIONIEro ypasHeHust [lesuis.
deno, uro (s+tvD)* = u+vvD, rae (u,v) — apyroe pemenue ypasuenns [lems. Torna

To = x1u + y1vD, Yo = 110 + Y1u.
[Ipeanonoxkum, aro (x1,y;) — pernenne 1pera k. Torya

Yok = r1vk + yyuk = y1kvk + v1u = y1vD + U = X9,
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Taxum o6pasom, (g, ys) TOKE SIBISICTCS PEIIeHneM 1Beta k.
O6parHo, ycTh perierust (x1,y;) u (x9,y2) uBeta k. Torma

v2+ VD <x2 + yz@) (561 - yl\/5> _
v+ VD (931 + y1\/5) ($1 — y1\/5>

_ D _
:$15€2 Y1y2 +sc1y2 5C2y1\/5.

n n
Tak kak
1 =ik, 19 = ok, k=D mod n,
TO
2122 = Y130k’ = y1y2D mod n
"

T1Y2 = Y1yok = x2y;  mod n.

Takum obpaszom,
112y — Y1y D L T2~ T

n ’ n
Il HeKOTOPBIX IeJIbIX U, ¥, U TOrJa

D
ntyvD LB

z1+ VD a
AHaJIormgHo,
— D
n-yvD _ B
T — yl\/ﬁ
[TosTomy

w? —v’D = (u+ v\/ﬁ)(u — v\/ﬁ) =

_ za+ VD xg—yzx/ﬁ_gzl

Cmi+yVD i —yWD n

otkyIa (u,v) saBisgercs perenueM ypasHenus [lemisi. CienoBarenbro, (x1,y1) u (X2, Yo)
— JIBa PEIeHus] OJIHOTO IIBeTa. [ |

3 pesynabrara IpeAbLAyIIei 3aJa4du CIeLyeT, YTO CYIIECTBYET KOHEYHOE KOJIMYECTBO
KJIaccoB perennit ypasuenna x2 — Dy? = n.

Bosbmém pemienne (xg, yo) useta k ypashenus x2 — Dy? = n. U3 onpejesnenns ciejyer,
YTO CYHIECTBYIOT IEJIbIE Ug, 71 TAKNE, YTO

xo = Yok —uon, D = k* — mn.

Bamaga 1.14. Jlokaxkure, 9T0 CyIIECTBYeT 1esoe ty Takoe, 9to (to, Ug) sABISETCS PEIIeHTEM
nsera +k ypasuenns t> — Du? = m. Boipasute xg, vy 4epes to, up.
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Pemenne. Ecyin Mbl 110/[cTaBUM BBIIIEIIPUBE/IEHHBIE BhIparkKeHus st xo u D B :c% — Dyg =n
U YIPOCTHUM, TO IOy IUM

ygm — 2yokug + (u%n — 1) =0,

OTKYyda pemeHueM KBaJIpaTHOI'O YpaBHEHUA CJICAYET

kug £ KR —muin+m kugx\/Du}+m
N m - m '

Yo

Tak Kak Yo Hesaoe, To 3HadeHue pajukaia ty = v/ Dug? + m Jo/KHO OLITh HesabiM. Torma
(to, ug) stBJISIETCST perierHneM AuoGpaHTOBOIO yPABHEHNUST

t> —u’D = m.
Takzke M0JIZKHO BBITOJTHATHCS
kuy+ty =0 mod m,

TO ecThb (tg,uy) — perenne nseta +£k. Hakower, u3

. kUO :|:t0
N m

Yo

CJIEeJIyeT, 4TO

Duo + tok}
xo = Yok — ugn = —.
m

Yucsio m u3 npeaplayiieit 3ajaun 3aBUCUT OoT k. 3aMeTuM, 4TO BbIOOD unciia k He puk-
cupoBaH, (DUKCUPOBAH JIMIIIb €r0 OCTATOK 110 MOJLYJIIO 1.

Bamaga 1.15. [lokaxkure, uro eciu |[n| > /D, 10 4ucyio m Moxer ObITh BBIOPAHO Tak,
YTOOBI BBIIOJIHAIOCH HEPABEHCTBO

Im| < max{V/D, |n|/4}.

Pemenne. BriGepem k taxoe, uto |k| < n/2. Ecim k* < D, to

D
n

Ecmu k%2 > D, to
2

k
m| < < In|/4.

7|
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[Tocie1oBaTeILHO IPUMEHsIS METOI, ONUCAHHBIN B JIBYX HPEABLLYIINX 3a/a4aX, B KaKOii-
TO MOMEHT MBI CBEJIEM HCXOjHOe ypashenne x2 — Dy? = n K KOHeUHOMY YHCJIY ypaBHEeHHil
suja t'2 — Du?> = m/, rie |m/| < V/D, KoTopble, KaK y ke H3BECTHO, MOYT HMETh TOIBKO
TaKNe pelieHus, KOTOPbIe MOIYYaioTCs U3 YUCIuTeNell 1 3HaMeHaTe el IOIXOAAIINX APO-
6eit 1uist v/ D. BrnMarne: npi IPUMEHEHHI METOIA Ha KAsKIOM IIAre MOTYT BLIGHPATHCS
pa3nyHbIe 1IBeTa k.

Bamava 1.16. Haiijure Bce KJiacchl perieHnii cjieyonux ypaBHeHuii:
a) 2% — 82y = 23;
6) ¥? — 23y = 41.

Pemenue. a) 3amernm, 9ro k = +6 — eMHCTBeHHBIE 3HaUeHNs k Ha OTpe3Ke

0 < k < a0

K<

11st KoTophlx k2 = 82 mod 23. Torza

k*— D 36 —82
n 23

m =

Tax kax \/8_2 = [9,1_8], To 110 3ajade 1.6 eJIMHCTBEHHbIC YPABHEHUST BIIA
t?—82u?=n (0<|n|<V82),
UMemnue pemeHudg, — 3TO
t? — 82u® = pf — 82¢7 = +1.

Taknm obpaszoM, ypasrenne t2 — 82u? = m = —2 He uMeeT IeJBbIX perenuii, n 1mo 3ajade
1.14 ypasuenne 22 — 82y? = 23 ToyKe He MMeeT MeJbIX PeIeHmil.
0) EqnncrBennble 3Hadenns k Ha oTpeske
41
111 KOTOpbIX k2 = 23 mod 41, — sto k = £8. Torzna
k*—D _ 64-23
n 41

Vpasrenne t? — 23u? = m = 1 umeer yactHOE pemenue ty = 1,uy = 0. CiemoBaresnb-

1.

m =

Ho, xg = *8,yy = =£1, rue xy HOKHO OBITH PABHO 8, YTOOBI YJIOBJICTBOPATL YCJIOBUIO
T + y0v/23 > 0. BuaunT, ypasuenue x? — 23y? = 41 uMeer JBa Kjacca permeHnil ¢ MUHI-
MasibHBIME perntennsmu (8,1) u (8, —1) coorBercTBeHHO. |

Bamaga 1.17. Jlokaxkure, uto ypasnenne x> — 229y% = 3
a) He UMeeT TeJIbIX PelleHui;
0) mMeeT perleHre Mo MOJIYJTI0 KazKJ0T0 MPOCTOro P.
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Pemtenne. a) [Ipescrasienne ancia v/229 B Buje nentoit gpodbu — sto [15;7,1,1,7,30] ¢
MIepUoJIOM JITMHBI 5. BurancmM mepBble 5 3HaUEHNIT p% — 229q,%:

Py — 2295 = 15* — 229 - 17 = —4,

pi — 229¢7 = 106% — 229 - 7% = 15,
P2 —229¢% = 1212 — 229 . 8% = —15,
p? — 229¢% = 227% — 229 - 15% = 4,
P2 —229¢% = 1710% — 229 - 1132 = —1.

[To Baade 1.10 mocsie10BaTe/ILHOCTD \p% — 229q%\ HepUOJINYIHA C I1epuoioM Jinabl 5. Cle-
J0BaTe/IbHO, 110 3ajade 1.6 eIMHCTBeHHbIE ypaBHEHUsT BIIA

22 — 229y =n (0 < |n| < v229),

MEIIme pemeHudg, — 3TO
z? — 229y% = +£1, +4, £15,

a 3HauNT, £° — 229y = 3 He MMeeT IeJIBIX PeIICHHIl.

6) Herpymno samerutnh, 4ro ypasuenue x> — 229y? = 3 uMeeT pelieHue 10 MOJLYJIIO
2. Tak kak 3 sBisiercd KBaJpaTUIHBIM BBIUYETOM 110 MOy 229, 9TO ypaBHEHUE HMeeT
pemenne 1o momayiio 229. PaccmorpuM mpocToe HeuéTHOE p, ormaHoe oT 229. Kaxknasa ns
byukiuit 2% u 3 + 229y% umeer (p + 1)/2 snadenuii o MoOAY/I0 p. 3HAUUT, 110 TPUHIAILY
JIupuxJjie oHM paBHBI 110 MOJLYJIO P B KaKOil-To Touke n ypasuenue 2 — 229y% = 3 mveer
pelienne 1Mo MOJLYJIIO P. |

2 06 ypasaennsx sujga v — Dy? = 1un 2®> — Dy =1

s pemienus 3ajad U3 9TOro maparpada I10JIe3HO PeliuTh 3aJadid U3 [epBOro pasjie-
Ja, HO He obsi3aTesibHo. st nonmManust bOpMYyJIUPOBOK HEKOTOPBIX 3a/ad HEOOXOIUMO
O3HAKOMUTLCA C OIPEACICHUAMEI «KJIACCA PEIICHU» 1 «MUHUMAJILHOTO PEIIeHus B KJIacCe
perennii» ypasaenus 22 — Dy? = n u3 nepsoro pasjena (nepex sagadeit 1.11).
Onpenenenne. Ilpejnonozxnm, uTo ypasnenue x2 — Dy? = n nMeeT TOJLKO OJIH KJIace

perrennii. Ckaxkem, uro dmucyio o = u + vv' D > 0 3adaém ¢pyndamernmarvroe pewerue
ypasHenns x° — Dy* = n, ecin (u,v) — MUHIMaJIbHOE PelleHne B 3TOM KJlacce.

Bamaga 2.1. Jloxkazknte, uto ecin 22 — Dy? = —1 nMeeT pereHne, To OHO IMeeT POBHO OJHH
kJjacc permennii. Jlokaxkure, uTo eciim o = u + vV D 3a1aéT dyHIaMeHTaJIbHOe pellene
ypasnenns w2 — Dy? = —1, To dyHmaMenTagbHoe pemenne ypasaenusa 2 — Dy? = 1

3aJ1a6Tcs YnciaoM 3 = a’.
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Pemenne. PaccMOTpIM ITPOM3BOMILHBIN KJIace perienuii ypasaenns 2 — Dy? = —1 ¢ mu-
HUMaJIbHBIM pertierneM (u,v). 1o onpeenenuto

1<a:u+v\/5<ﬁ.

Bamerun, uto o = (u4vvD)? = u?+ Dv?+2uvy/D nopox saer permenue (u?+ Dv?, 2uv)
ypasnenns Ilemna 2 — Dy? = 1, noromy 4to

(u? + Dv?)? — D(2uw)? = (u? + Dv? + 2uvV'D)(u? + Dv? — 2uvV'D) =
= (u+vVD)*(u —vVD)? = (W — Dv*)? = (=1)® = 1.

Buaunt, o’ = B' 1 mexkoroporo nesoro . I3 nepasencrs 1 < av < 8 caenyer, uro [ = 1
win [ = 2. Eciim | = 2, To @ = [3, 9TO0 HEBO3MOXKHO, TaK KaK « 1 [3 MOPOXKJIAI0T PyH1a-
MEeHTaJIbHBIC PellleHns pasHbIX ypasHenuil. Takum obpasom, [ = 1 u o = 3. Dro 3HAUMT,

uTo ypasnenue x° — Dy? = —1 nMeeT eMHCTBEHHBII KJIACC PEMIeHuii I o TOPOKAeT ero
dyHIaMeHTaJIbHOE pelleHne. |
Bagaua 2.2. Ilycrb (u,v) — MUHUMAaJbHOE pelleHue ypasHenus Ileana z? — Dy? = 1.
Jlokazkure, uto ypasuenne x> — Dy? = —1 uMeer perieHne TOrjaa 0 TOJBKO TOTTA, KOT/IA

u=—1 mod 2D.

Pemmenne.
[Iycrs ypasuenne x2 — Dy? = —1 mmMeer pemienne, a qucio a 4+ byv/ D 3anaér ero dpyn-
namenTabhoe pertenue. [lo 3agaue 2.1 nmeem u + vv/' D = (a + byv/ D)%, nosromy

u=a’>+ Db =2Db* —1= -1 mod 2D.

Haoboport, mycts © = 2Dk—1, Torna u? = 4D*k?>—4Dk+1 = Dv?41 u, ce10BaTesIbHO,
4Dk? — 4k = v%. Dro 03HaYaET, UTO ¥ YETHO, TO €CTh U = 22 JIJId HEKOTOPOTO IeJI0T0 2, 1
k(Dk—1) = 2% Tak xax uncia k u Dk — 1 B3auMHO IPOCTbI, OHI 004 ABJIAIOTCA TOUHBIMH
kBajpaTami. [lycts k = b> u Dk — 1 = a?, Torna a® — Db? = —1. |

3amaga 2.3. a) [lycts m,n > 1 — HaTypasbHbIe YncIa TaKHe, 9TO M He sIBJISIeTCs TOTHBIM

KBaJpaToM, a ypasHenne max? — ny? = 1 umeer pemenne. Ilyersh (u,v) — MUHIMAJIbHOE

IIOJIOZKUTEJIbHOE pEHICHUE 9TOI'O0 YpaBHEHMI. rZLOK&)KI/ITG7 qTOo dDYH,ZLaMeHTaJH)HOG peaienune

ypasaenus 2 — mny? = 1 3ajaéres YUCIOM ¥ = a2, TJe o = Uy/M + v/N.

6) Ouummure Bee pemenns ypashenns ax? — (a — 1)y? = 1 pus Kaxoro nejaoro a > 1.
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Pemennme. a) 3amerum, uto o = (uy/m + vy/n)?* = u?m + v’n + 2uvy/mn nopoxjiaer
pertenne (u*m + v?n, 2uv) ypasnenus Ileans 22 — mny? = 1, notomy 4to

(w?*m + v*n)?* — mn(2uv)? = (u*m + v’n + 2uvy/mn) (v’m + v*n — 2uvy/mn) =

= (uv/m + vv/n)*(uy/m — vy/n)? = (mu? — nv?)? = 1.

2 = ’yl JIJIST HEKOTOPOIO IeJI0r0 I.

To ectb v
Eciau [ yérno, 1o o = /2 = p +
, =~ = p 4+ g/Mn UIg HEKOTOPHIX HEJBIX P, ¢, 9TO HEBO3MOXKHO,
TakK Kak m,n > 1.

Eciu [ neuétno u | > 1, to f = a(y1=D/2) Tomxe nopoxgaer permenue ma?

—nyP=1mn
1 < B < @, 4TO NPOTUBOPEYUT MUHUMaIbHOCTH pernennd (u,v). Orkyna [ = 1 u v = o2,
6) Ypasuenne ar? — (a — 1)y? = 1 umeer munumasbHoe pemenne (1,1), koTopoe cooT-
BeTCTBYeT uncity o = y/a + v/a — 1. Ilo nynkry a) v = o?
perenneM ypashenns Ileansa 22 — a(a — 1)y? = 1. Ilycrs (u,v) — pelienue ypasHeHus

ar? — (a — 1)y* = 1 u B = uy/a + vv/a — 1. Ananorndno J10Ka3aTeIbLCTBY MyHKTa a)

IOJTy9aeM, 9TO
3 = (uy/m + vy/n)? = u*m + v*n + 2uvy/mn

cooTsercTByeT petiennio (u?m—+v*n, 2uv) ypasuenns [eans 22 —a(a—1)y* = 1. Tlostomy

(% = ! s mexkoroporo HeuérHoro [. Cienosaresbho, 3 = ol u

uva+vva—1=(vVa++va—1)

JlJIsT HEKOTOPOI'O HEYETHOIO [. |

sIBJISIETCsl (DYHIaMEHTAIbHBIM

Bamgaga 2.4. [IpeamosozkuM, 4ro ByHIAMEHTAILHOE pelleHne ypasHenus x> — Dy’ = —4
zajaérest ancioMm 2a = a + by D, rie a u b seuéranl. OupenennTe, Kakie 4nc/ia 3a/ai0T
dyHaMeHTaIbHbIE PEIIeHns CAeIYIONINX YPaBHeH’il:

> — Dy* =4, 2> — Dy* = -1, 2> — Dy* = 1.

Pemenne (B. ITarpymes). amerun, uto a? =b* =1 mod 8 u
D=¥D=ad*+4=5 mod 8.

Tak kak 2a¢ = a4+ bvD > 1,100 < bvD —a < 4, otrkyna a > —1 u b > 1. Ecim
a=—-1,10b=1 D =5u2a =+5—1. B sroum ciyuae HECJIOKHO yOEIUTHCS, ITO
dyHIaMeHTa/IbHbIe PellleHNs JaHHbIX B YCJIOBUU yPABHEHUI MOPOXKIAIOTCI YNCIAMUI

3—1—\/5:2&_2, 2—|—\/5:oz_3, 9+ 4v5=a"

B npasbneiimem mpejnosnaraeM, uro DD > 5, B TakoMm ciaydae a, b > 1, u, ciegoBaTelibHO,
a > 1. HemocpecTBeHHBIMI BBIYHCACHUSME MOYKHO IPOBEPUTH, 4TO umcia 202, o>, al

ABJISIOTCA PEIIeHUSAMN YPaBHEHUI

2> —Dy* =4, 2> —Dy* = -1, 2> —Dy* =1
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cooTBeTcTBenHo. Ilyers dbymmamenTanboe pemenne ypasaennsa w2 — Dy? = —1 nopox-
naerca uuciaom 3 > 1. Torma o = ¥ mig HEKOTOPOro MOJIOKHUTENILHOTO HEeUSTHOTO k.
Bamerum, 9T0 Tak Kak a # 3, To k # 3. llpeanonoxum, aro k > 5. Torma cymecrByer
reaérnoe dncso [, takoe uro k/3 < I < 2k/3. Orkyna

o = ﬁk/?) < Bl < CYQ _ 521@/3.

3aMeTumM, 4To

2072
1 < Y= ? < 2
1 7y IIOPOXKJa€T penieHne ypaBHEHNA l‘2 — Dy2 = —4, YTO HEBO3MOXKHO, TaK KaK 2q0 T10-

poxktaeT pyHIaMEeHTaJIbHOE PellleHne 3TOr0 YPaBHEHUS.

3 mopozktaeT GyHIaMEHTAJIBHOE PEIleHNe yPaBHCHHS

6 IIopozKaaeT (i)yH,D;aMeHTaJIbHOG penaienue

CaenoBaresbho, k = 1 n uncio «
2? — Dy? = —1. Takeke 1o 3agaue 2.1 uncio o
ypasnenns Ilemna a2 — Dy? = 1.

Terepb mpeanoyoxknM, 4to 28 = p 4+ ¢v/' D mopoxgaer byHIaMEHTAIbHOE PEIIeHHe
22 — Dy? = 4. JlokazkeM, 9To § = @ METOJOM OT IIPOTUBHOIO: IYCTh 20 He TOPOKIACT
bynaMenTaabHoe pelienue, Toraa 6 < o,

Ecnu p uérnoe, To D He JeUTCS HA Ha OJIMH KBaJIpAT HATYPAIbHOTO Yuca, 60JbIero 1,
CJIEJIOBATEJIBHO, ¢ TOXKE YETHOE. DTO 3HAUUT, UTO 0 MOPOXK/IAaeT penieHue ypasHenus [less
22 — Dy? = 1, 4T0 HEBO3MOKHO, Tak Kak & < a’.

Ecin p neuérnoe, To ¢ Toxke nedérrnoe. Torga p? = ¢> =1 mod 8. 3ameTnM, 4TO YHUCIIO

52— (P+avD)? _ p(®+3¢°D)  q(3p*+¢*D)
8 8 8
nopozKaeT penienne ypasnenus Ilenna 22 — Dy? = 1, nockonbky p? + 3¢°D n 3p* + ¢*D

nensres Ha 8. CieroBaTenbHo, 6° = ab, 4To mpoTnBOpEUnNT HepaBeHCTBY § < a. A, 3HAYNT,

§ = o2, n 4ncao 2a? nopoxkaeT dpyHgaMeHTaIbHOe perenne 2 — Dy? = 4.
|

Bagaga 2.5. [Jokaxkure, 9TO CaeAyIONIe YpaBHEHHUsI He UMEIOT pPelleHUil B HATypaIbHbIX
qucsax:  a) zt — 824 = 1; ©) — 2y4 = 1.

Pemennme. a) Ilepermmenm ypaphenue B uje (v — 1)(x + 1)(2® + 1) = 82*. Ouesuno,
qyro x > 1 u x He4éTHO, ModToMy & = 2y + 1 IPU HEKOTOPOM HATYpPaJbHOM ¥. 3Ha-
ant, 8y(y + 1)(2y° + 2y + 1) = 82" wm y(y + 1)(2y° + 2y + 1) = 2%, Tax kak uncia
v,y + 1, 2y + 2y + 1 momapHO B3aMMHO IPOCTHI, 3TO O3HAYAECT, YTO Y U Y + 1 JOJZKHBI OBITH
TOYHBIMI 4—MU CTENEeHsAME, YTO HEBO3MOYKHO B CJIydae HaTypPaJbHOTO .

6) Tak xax 2 = 2y* + 1, T0 £ > 1 1 & HeuéTHO, O3TOMY & = 22 + 1 IPHU HEKOTOPOM
HATYypaJbHOM 2. 3HAINT, 22(z + 1) = y*, To ecTb y = 2t IPU HEKOTOPOM HATYPAJBLHOM i,
OTKyJia cyaefyer, 9ro z(z + 1) = 8t*. Yucsa z n 2 + 1 pasHOil Y6THOCTH U B3AIMHO [IPOCTHI.
Ecin z neuérno, 1o z = b*, 2 + 1 = 8¢* u, cienoaresnsno, 8¢* = ¢* 4+ 1, 4T0 HEBO3MOMKHO

4

o Moyio 4. Ecin z uérHo, To 2z = 8b*, 2z + 1 = ¢* u, ciaeposarensho, ¢t — 8b* = 1. Do,

B CBOIO 04epejib, HEBO3MOYKHO 110 IYHKTY &). |
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OtcyTcTBHE HEIbIX PEIIeHniT Y HEeKOTOPBIX YPaBHEHUI, IPEIIOYKEeHHBIX TAJIbIIe, MOXKHO
JIOKa3bIBATH 1PU IIOMOIIK MeTOojia Oeckoneyurozo cnycka. OH 3aKII0YAETCS B CJISIYIONIEM:
1ycTb P — HEKOTOpoe CBONCTBO, KOTOPHIM BCe HATypaJibHbIe UKCJia MOIYT JIM0O 00J1a/1aTh,
oo HeT. IIpenrnosoKmM, 9To Mbl yMeeM JI0Ka3bIBaTh, YTO €CJIM HATypaJbHOE Ny 00J1a1aeT
cBOiicTBOM P, TO CylecTByeT MeHbIllee HaTypaJibHOe 71, TaK»Ke ITUM CBOICTBOM 00.1a/1a~
toriee. Ecim Mbl IpUMEHUM TIOJIOOHBIH apryMeHT K YUCJIY M1, TO HAWJIEM THCIO Ng < Ny,
obsiajgatoiee cpoiicreom P. Eciun cyimiecTByeT XOTh OJIHO HATypPaJibHOE YHCJI0, 00J1a/a0-
mee cBoiicTBoM P, TO IPOIecC MOXKET ObITh IOBTOPEH OECKOHEUHOE KOJIMYECTBO pa3. ITO
IPOTUBOPEYNUT TOMY, UTO HE CYIIECTBYeT ODECKOHEUHO yObIBaloOIIeil 110c/Ie/10BaTe/IbHOCTH 13
HATYPaJbHBIX YUCENT; CJIeJI0BATEILHO, HE CYIIECTBYET HI OJHOI0 HATYPAJILHOIO YUCIA, Y10~
BJIETBOPATONIETO CBOMCTBY F.

Bagada 2.6. [Joxkarkure, 4To Cjepyione ypapHeHus He UMEIOT PEIIeHUH B HaTypaJbHbIX
ucnax:  a) ot +yt=2% 6) 2t -2 =1; B) 2t +9? =24

r) ot — 2y? = —1 3a uckmouennem (z,y) = (1,1).

Pemenue. a) Eciu npocroe ancio p gent x u y, To p* gemmt 2%, a snadut, p? JeauT 2.
Ho torna (2,4, 2') = (x/p,y/p, z/p*) — nonoxurenbhoe pemtenue ¢ 2’ < 2z, TO €CTh Mb
MOZKEM COBEPIINTD Iar CIIyCKa.

I[Iyctb Tenepb x,y Bzaumuo npoctbl. Torma (z2,y%, z) — upuMuTubHas mudaroposa
TPOiiKa, 1 CYHIECTBYIOT B3aUMHO IIPOCTBIE IeJIble TOJIOKUTEIbHbIE 1M, N PA3HON YETHOCTH,
aist kotopbix {22, y?} = {m? — n? 2mn} n z = m? + n?. Bes orpannuenns oGIIHOCTH,
22 = m? —n? n y? = 2mn. BaMeTnM, 9To T HEUETHOE, a y IETHOE.

Hanee 22 + n? = m?2. O6mmil IPocToil Ae/nTedb T W N JOKEH JISIUTh m, HO m 1
N B3aUMHO MPOCTBI. 3HAYUT, T,7 TOXKE B3ANMHO MPOCTHI, U (T,7M, M) — IPUMHTHBHASI
midparopoBa TPoitKa. DTO 3HAYUT, YTO CYIIECTBYIOT B3aUMHO IPOCTbHIE MOJIOKHUTEIbLHBIE
nenble a,b, pis kKoropeix {a? — b2 2ab} = {z,n} u a® + * = m. Taxk xax x HeuérHOe,
nMeeM T = a® — b? u n = 2ab.

Hanee y?> = 2mn = 2(a® + v*)(2ab) = 4(a® + b*)ab. Ho HO/l(a,b) = 1, T0 ectnb
9JIeMEHTBI MHOXKecTBa {a, b, a® + b?} nonapHo B3auMHO HPOCTHI 1 X npoussejenne (y/2)>
— TOYHBIl KBaJIpaT. SHAYNT, KaskKj0e U3 4nces a,b, a® + b? apadercs TOUHBIM KBaJIPaToOM
1 CYIIECTBYIOT TIOJOKUTEIbHBIE Tebe d, e, f, Ui KoTophiX a = d?, b = €2, a® + b? = f2.
Orcrona

fP=ad® 4+ =d" + e
Ho
fP=d+P=m<m?+n®=z

10 ecThb f < f2 < z. CHOBa MBI MOYKEM cjieIaTh Iar cirycka. OTciona ciejlyer, 4To ypas-
nenne o 4 y* = 22 He uMeeT perenuil B 1EJIBIX TOJOKITEIBHBIX.

6) DTo ypasHenne MoxkHO neperucaTh Kaxk xt + y* = (y? + 1)2, To ecTh oHO He HMeeT
EJTBIX TTOJIOZKUTETBHBIX PeIleHuii 10 MyHKTY a).

B) Ilycts (79, Yo, 20) — HANMEHbBIIIEe HETPUBHAJILHOE PEIIeHIe ¢ MUHUMAJbHBIM 2o > 1.

Ecin HO(zo0, y0, 20) = d > 1, To (%, %, 2) ToxKe AB/IgETCA PELIEHHEM, UTO IPUBOJUT K
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IIPOTUBOPEUNIO ¢ MIUHIMAJIbHOCTHIO. 3HAUUT, aHAJOTUYIHO CYIIECTBYIOT B3aMMHO IIPOCTHIE
1eJIble MTOJIOXKUTEIbHBIE @, b ¢ pa3Hoil YETHOCTHIO, JIJIsI KOTOPBIX

22 =a®+ b 22 = a® + b
2 =a2—b> wm 2% = 2ab
y = 2ab y = a® — b
[lepsuiit cayuait Bueuér (x2)? = a' — b, uTo HeBO3MOXKHO, Tak Kak a = V22 — b2 < 2.

Bropoit ciaydgait: a,b B3anMHO HpoCThI. VX yIBOEHHOE NMPOU3BEJIEHUE SBJISIETCS TOTHBIM
KBaJIPATOM, TO €CTh OHI pas3Hoit yérHoctu. [lycts a uérHoe. Torma cymecrByeT mapa moJio-
JKUTEJIBHBIX HEbIX o, 3, Takux 4ro a = 2a?,b = 2. Otciona 22 = 4a* + B*. Ouesnno,
YTO z HEYETHOE U CYIIECTBYET Iapa MOJIOKUTEIbHBIX HEJIbIX 1M, 1, JIJIsT KOTOPbIX

z=m?+n?
B2=m?—n?.

202 = 2mn

CroBa cymecTByioT 7,0 € N, g KoTopeix m = ~2,n = §2, 9To IPUBOIUT K IIPOTHBOPE-
IO, TAK KaK
F=m-n’=+"-dy<a<2®=0a< 2z

Ciayuait uéraoro b cuMMeTpudeH.
r) Ilpubasum K obenM cropoHaM paseHcTBa Bbipazkenne y* + 1. [Tosryunm

ot + (y* — 1) =yt

Tpusnasbaomy pemiennto (1,0, 1) ypaBHeHHsI IYHKTA B) COOTBETCTBYET €JIMHCTBEHHOE De-
menne (1,1) B HATYpaJbHBIX YNCIAX TTOJIYIEHHOTO BBIIIE YPABHEHHUS. |

Bagaga 2.7. Haiijure Bce pereHust CJiejlyiomux ypaBHEHUI B HATYDAJIbHBIX YUCIIAX:
a) 2 =8t — 812 +1; 6) 22 =2"+ 412 + 1.

Pemenne. a) [lepenumen ypasuenne kak 8t = (442 —1)? — 2 = (44> — 1 —2) (4> — 1 + ).
Tak xkax 8t?, 4> — 1 B3auMHO IPOCTbIe, TO HAMOOJIBIINI 06l HeimTens 42 — 1 — x u
4t — 1 + x pasen 2. [eiictsuTensno, 4t> — 1 1 o B3aHMHO HPOCTHI (TaK KakK WHate ObLI
OBI OOIIHIT JTeINTEND C 8752), pUYIEM OHM 00a HEYETHBI, OTKYy/Ia 1 cjeayer Tpedyemoe. Tora
CYIIECTBYIOT B3aMMHO IIPOCTBIE IIOJIOXKUTEIbHBIE @, b, 17151 KOTOPBIX t = ab u

{4t — 1 — 2, 4¢> — 1 + 2} = {4a*, 2b"}.

To ecTn
4(ab)? =1 =41 — 1 = 2a* + ' = b* —2(a* - b*)* = 1.

I[To Bazgate 2.66 310 BO3MOXKHO TOIBLKO pn ¢ = b = 1, 10 ectp (2,t) = (1,1) —
e/IMHCTBEHHOE OJIOZKHUTEIbHOE DEIlleHne JJAHHOTO YPABHEHUSI.
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0) AHaJIOrm4HO,
2t = (22 + 1) —2? = 22 + 1 —2)(2* + 1 + 2)

u HOI(2t? + 1 — z, 2t + 1 + ) = 2. Torya CymecTBYIOT 1eJible TOJIOKUTebHbIE a, b, 11
KOTOpBIX t = 2ab n
{2t> + 1 —2,2t> + 1 + 2} = {16a", 20"}.

To ecTb
2(2ab)* + 1 =2t +1=8a* + b* = b* —2(2a* — b*)* = —1.
[To Bamaue 2.6r nmeem a = b = 1. Bnaunr, (x,t) = (7,2) — eIUHCTBEHHOE TOJIOKN-
TEJBHOE PEIIeHNe JIAHHOIO yPaBHEHHSI. |

4 2

— 6y° = 1. MunumaabubiM pertenneM ypaHenus [less

22 — 6y = 1 asngercsa napa (5,2), n03TOMy Bee pertenust (i, vy,) 9TOr0 ypaBHeHUs OlN-

Paccmorpum ypaBHeHue x

ChIBAIOTCS cjeaytolieil hopmyJioii:
Up + Uk\/g = (5 + 2\/6)k

B gacTrHOCTH,
1
w =3 ((5+2v6)" + (5 - 2v6)").

Takum obpasoM, ecii ypasrenne o4 — 6% = 1 nMeeT pelenne B HATYPAJBHBIX UHCJIaX, TO

ZE’2 = U} JJId HEKOTOPOI'0 HATypPaJIbHOI'O k.

3agada 2.8.
a) Jokaxure, uro k uéTHO.
0) Boipasure uy Kak MHOTOUWIEH OT 1.
B) [lokaxkure, aro k He jeuTcsa Ha 4.
r) JlokayKkuTe, 9TO 9UCIO Ugyq — 1 SBISIETCS TOTHBIM KBaIPATOM.
1) Haiigure Bece pemtenus ypasnenns z# — 63> = 1 B HaTypaJbHBIX YHCTIAX.

Penienne.
a) up, = —1 mod 3 npn HEIETHDIX k.
6) uy = 2u? — 1.

B) Ecim k = 41 11t HeKOTOPOro HATYPAJIBLHOTO [, TO O MyHKTY 0)
wy = 2us — 1 =2(2u — 1) — 1 = 8uj — 8u? + 1.

[To 3amade 2.7a 3T0 BO3MOXKHO JINIIb B cjydae #; = 1, 9T0 NPOTUBOPEYUT HATYPATIbHOCTI

L.
r) Bamernn, uro 5 + 2v/6 = $(2 4+ v/6)2. CiegosarennHo,

Ul = % <(5 4 2\/6)21“ (5 2\/6)2”1) 1 ((2 4 \/6)2l+1 T2 \/6)2l+1>2+1 _

o 92142

_ ((2 + \/6)21+1 + (2 — \/6)21+1> 2 L

2l+1
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1) Ocrasoch paceMoTpeTh ciyuait k = 4142, 3 myHKTa I') MBI 3HACM, 9TO Uy, = c>+1
JIsl HEKOTOPOI'o HaTypaJsbHoro ¢. B TakoMm ciydae:

2% = Uy = 2(F+ 1) =1 =2¢" +4¢* + 1.

[To Bagade 2.76 Takoe BosMoxkHO Jmmib npu = 7. Ciuemosaresnso, (z,y) = (7,20) —
eJIMHCTBEHHOE pertenne ypashennd ' — 6y? = 1 B HaTypaJIbHbLIX YHC/IAX. |

Bagaua 2.9. a) JlokazkuTe, uTo eciiu ypapHenue 2 — Dy? = 2 umeer pelleHue, TO OHO
IMEET POBHO OJHMH KJIACC pemrenmit. Jokazkure, 9To ecin 4neio o = u + vy/D 3a1aér
bynaMenTanabuoe perenne ypasuenns w2 — Dy? = 2, To byHjaMenTaabHoe peleHne
ypasnenus x? — Dy? = 1 zagaéres unciom 3 = o?/2.
6) Jokaxure, uro ypasHenue x° + 1 = 2(t> — 1)? He umeer pelienuii B HEJIBbIX YUCIAX.
B) Jokazkure, 4to eciu ypasHenne x> — Dy? = 2 umeeT pelleHue, TO ypaBHEHHE
2t — Dy? = 1 ne uMeer pemeHnil B HATYPaJbHBIX THCIIAX.

Pemmenne. a) PaccMoTpuM HEKOTOPBIHT KJlace perieHuil ypaBHeHNs r? — Dy2 = 2 ¢ MUHU-
MaJibHBIM pererneM (u, v). 1o onpesesnenuio,

l<a=u+vvD <0,
e yepes 3 oboznaveno gpyHaMeHTaIbHoe penenne ypasienns 2 — Dy? = 1. [TocKo/IbKy
a?/2 =u® —1+uwVD,

10 (u? — 1,uv) ABastercs pemtenueM ypasuenus Ilemnsa 22 — Dy? = 1. 3naunr, o?/2 = 3
JL1s1 HekoToporo nejoro [. s nepasencrs 1 < o?/2 < 82/2 < 32 caeayer, uro [ = 1.
0) [TockosbKy JieBas 4acTh paBeHCTBa He jesuTest Ha 4, To t derno. Ho Torma

?—-1=3 mod4

1 22 4 1 uMmeer jemTens p Bujga p = 3 mod 4, 9T0 HEBO3ZMOXKHO.

B) YpaBHeHIe 2t — 2y? = 1 He UMeeT HeaBIX perienuil o 3ajade 2.66, MO3TOMY HIpe-
MOJIOYKUM, uTO [ > 2.

O6oznaunm uepes o gpyHpaMenTagbHoe perenne ypasnenus x> — Dy? = 2. Torma 1o
MyHKTY a) (DyHJIAMEHTAJIbHBIM PEIIeHneM COOTBETCTBYIONero ypasuenust [lesist sisiercst
B = a?/2. Toatomy, ecin (x,1y) — pemtenue ypashenus x4 — Dy? = 1, To

- Bn+6/n - a2n+0/2n
= 9 o on+1

Orkyza

) B 2" -I-O/2n +2(aa/)n B (&n _|_a/n)2
"+ I = 2n+1 o 2n+1

Yucao o + o™ nesoe, a moroMy OO IpY HEYETHOM 7 IIOJIydaeM PEelIeHie ypaBHeHust
2> +1 = §%, orkyna = 0, 4TO HEBOBMOXKHO; MO0 N = 2m YeTHO, OTKYJa MOJIydaeM
pelenne ypaBHeHUsI

22 +1=25%
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rie

Torna

Ecmm s =t? — 1, o

9TO HEBO3MOXKHO IO IYHKTY b).
Hakowner, ecim s = 2t2 — 1, To

w2 =8t — 82 + 1,

oTKy/la 1o 3ajade 2.7a umeeM r = 1, Ho B TakoM cirydae y = 0 U He ABJIIeTCA HATYPaIbHbBIM.
|

Bamaga 2.10. Jlokaxkure, uTo ecin ypasHeHne x> — Dy? = —2 IMeeT pelenne, To ypaBHeHne
x* — Dy? = 1 ne nMeer pentennii B HATYpaJIbHBIX YHCIAX 34 HCKJIOUeHeM ciaydad D = 6.

Pemenne. Kak u B npepiayimeit 3aga4e, OyaeM cauTarh, 970 D > 2. AHAJIOIMYIHO PEeIIeHnIo
IyHKTa a) 3aja4m 2.9 MOXKHO MOKa3aTh, 9T0 ypasHeHne 12 — Dy? = —2 poBHO OIUH KJIACC
pelennii n ecan ducao o = u 4+ vV D 331867 DyHIAMEHTAIBHOE PEIICHIe YPABHEHNS
2? — Dy? = 2, To dyHaMenTagbHoe perenne ypasuenns x> — Dy? = 1 3ajgaéres qnciom

B =a?/2.
B stoMm cayuae o’ = —2. Snaunt, ecom 2 — Dy? =1, 10
- ﬁn+ﬁ/n B a2n+a/2n
= 2 o on+l 7
TO €CTh )

2

Ecin n meuérno, moayunm, uto 2 — 1 = s, otkyga ¢ = 1 u y pasHo 0 1 He ABJIACTCH

HaTypaJbHbIM. Ecin ke n 9éTHoe m uMeeT BUA N = 2m, TO
2?41 =25

rie

a?m + a/2m

§ = om+1

Taxum obpaszom,
( a™ + a'm)2
om+1.

s+ (—-1)" =
Eciu m uérno, To s + 1 = 2t> un

22 =8t — 8t 41,
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YTO HEBO3MOXKHO 110 3ajiade 2.7a.
Ecin m neuérno, To s — 1 = 2 u mostomy

=2 +1)° —1 =26 442+ 1.
[To Bajate 2.76 910 BO3MOKHO TOJIBKO ecin (x,t) = (7,2). CiemoBaresbHo,

Dy? =2 —1=2400=2°-3- 5%

Tak Kax ypasnenne x> — Dy~ — 2 umeer perenye, To D He jeinTca Ha 4 u na 5. 3HaunT,
D =6, u (z,y) = (7,20) — eauucTBeHHOE perieHne 10 3ajade 2.8. |
Ipumeaanne: 113 pemennit 3agaq 2.9 u 2.10 caexyer, uto ypasaenus 2 — Dy? = —2

1 a? — Db? = 2 He MOTYT OJHOBPEMEHHO MMETh IICJIOUNCICHHbBIC PEIICHHS, KPOME CIyHdast
D = 2. JTokaxkeM 9TO paccyzKeHHeM OT IPOTUBHOTO. [lycTh HEKOTOpPBIE perreHust Cyie-
cTBYIOT. BozbMeMm dyHIaMeHTaIbHBIE pellieHns « U [ 9TUX ypaBHEHHT COOTBETCTBEHHO.
Torna o?/2 u $%/2 pasubl Kak QyHIaMeHTaIbHBe pemtenns ypasaenns Ilems. Orcrona
CJIeJIyeT, YTo v = [3, 4TO HEBEepHO.

3 O muodaHTOBBIX MHOXKecTBaX u ypasHeHnax suga x> — (k% + 1)y? = k?

Onpenenenme. PaccMoTpuM 1iejioe 9ucyo n. MHOXKeECTBO U3 m pas3IudHbIX HATYPaJJbHbBIX

qpcesT HA3BIBACTCS JUOPanmosvim m-mHoocecmeom co ceoticmeom D(n) i, mpoiie ro-
Bops, D(n) - m-muoorcecmeom, ecm npon3se/ieHne JIOOBbIX JBYX 9JIEMEHTOB MHOZKECTBA,
VBEJIMUEHHOE Ha M, SIBJAACTCA TOTHBIM KBaJIPATOM.

B sajauax Hmzke OyayT 4acTO PACCMATPUBATHCS MHOXKECTBA C ONPEICTEHHBIM KO-
TeCTBOM 9JIEMEHTOB, TIO9TOMY [JIsl TTIPOCTOTHI, HanpumMep, D(n) - 3-MHOKecTBa MBI Oyiem
na3biBaTh D(n)-Tpoitkamu, D(n) - 4-muoKecTBa — D(N)-1eTBEPKAME 1 T./I.

Bamaga 3.1. Jlokaxkure, uto He cymmectByer D(n)-4eTBEPOK HE Tpu KakoM n = 2 mod 4.

Pemterme. [lpe/mosioxkmm, 910 MHOXKECTBO {1, T2, X3, T4} siBisiercss D(n)-daeTBEpKoil ¢
n =2 mod 4. Torna
rirxj+n=0wmwml mod 4,

TO €CTh
rix; =2 wmwm 3 mod 4.

CuretoBaTesibHO, He D0JIee OJIHOTO X; MOYKET ObITh YETHBIM; He HAPyIIas OOITHOCTH, IIyCTh
X1, To U X3 HEYETHBI. VI3 9TOrO Cciiemayer, 4To

rix; =3 (mod4) s l<i##j<3.

CienoBaTesibHO, X1,T2, T3 UMEIOT pa3/ndHble HEeYETHBbIE OCTATKU 110 MOIY/I0 4, 9To
HEBO3MOZKHO. [ |
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B ciyuae n = 1 npobiiema cyinecTBoBaHUs JUOMAHTOBBIX 1M-MHOYKECTB BIIEPBbIE Obl-

Ja 3aTponyTa JInodanTom; oH HAIIET MHOXKECTBO {1—16, %, %, %} C IOJIOOHBIM CBOMCTBOM,

cocrosiiee, TpaBja, n3 panuoHagbHbix qduces. [lepas D(1)-1eTBépka, a UMEHHO MHOKe-
creo {1,3,8,120}, 6puto maitgeno Pepma. Cuamraercs, aro He cymectByer D(1)-marépok,
HO I[IOKA HUKTO 3TO YTBEpyKJEeHUe JoKasaTh He cMor. Hemasno [yesura nokasas, 4To He
cymecrByer D(1)-1mecTépok u cyiecTByer Jiniib KoHedHoe KojmdectBo D (1)-nsarépok.

Bamaga 3.2. Jlokaxkure, aro yobyio D(1)-asoiiky MoxKHO pactuuputs 10 D(1)-Tpoiiku.

Pemrenne. Jliobas D(1)-aBoiika {a, b} MoxKeT ObITH pacImpeHa TuCIOM

c=a+b+2vab+1

10 D(1)-Tpoiixm. |

Bamaga 3.3. [lokaxkem, uro yitodyto D(1)-rpoiiky {a, b, ¢} MOKHO pacHIUPUTH:
a) Jlokaxkure, 4TO KBaJIpATHOE ypaBHEHUE

P +a*+ b2+ —2ta+tb+tc+ ab+be+ ca) — dabet —4 =0

OTHOCUTEJILHO ¢ UMeeT 110 KpaliHeil Mepe OJIHO HaTypaJibHOe pelleHue ty.
0) Hoxaxxure, aro MuokectBo {a,b, ¢, to} saisercs D(1)-aeTBEpKOoii.

Pemienue. a) [Ipsmoii mogcTaHOBKOM MOXKHO TPOBEPUTH, UTO

to = a+ b+ c+ 2abc+ 2/ (ab+ 1)(be + 1)(ca + 1)

SIBJISIETCS TIEJIBIM TIOJIOYKUTETbHBIM PEIIeHNEM 3a/[aHHOTO YPaBHEHMUS.
6) Hasio mpoBeputsh, ato ancia aty+ 1, btg+ 1, ¢ty + 1 SBISIOTCS TOTHBIME KBAIPATAMI.
DTO BBITEKACT U3 CJICIYIOMNX TOXKJIECTB:

(a+b—c—ty)*=4(ab+1)(ctyg+ 1),
4(ca+ 1)(bty + 1),
4

(be + 1)(ato + 1).

(c+a—0b—ty)?
(b+c—a—ty)?

B 1969 roxy Baiikep u Jlssennopr jgokasanu, uro D(1)-uersépky Pepma {1,3,8,120}
HeJIb3st pacupuTh 10 D(1)-narépku.

[To onpenenenuto, qist D(1)-tpoiiku {a,b,c} cymecrByer HaTypasbHbIe U, v, W TaKue,
970

ab+1=w? be+1=1u% ca+1=12%

Tak Kax
bw? — au® = blac +1) —albc+1) = b —a,

T0 ypasnenue bz? — ay? = b — a umeer HaTypasbHoe pentenue (v, u). 3aMeTHM TaKzKe, 9To
(w, 1) sBnsieTcs: pernennenM ypasuenus Ilemrs #2 — aby? = 1. Iyers a = vvV/b + uy/a

ﬁ:w—k\/%.
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Bamaya 3.4. a) Jloxaxkure, uTo 115 J11060r0 1es0ro | unciao o umeer Buj
uVb + w/a,

rie (v, u;) — Lleoe pemenne ypasenns br? — ay® = b — a.
6) Hokaxkure, aro ecym ¢ > |b — al, To u_1,v_1 > 0.
B) Jlokaxkure, 9To CyIIECTBYET HEOTPHUIATEIHHOE 11eJI0e ¢ Takoe, YTo

b +1=nu>,, ad +1=1%,.

r) Hokazkure, uro jirodyto D(1)-1Boiiky {a1, as} MOXKHO €JIUHCTBEHHBIM OOPA30OM pPac-
mputh 110 D(1)-rpoiiku {ay, az,ag} ¢ ycaoBuem

max{ay, as} < ag < 4ajas.

Pemterne. a) [TpsiMbiM BbIUHC/IEHIEM MOYKHO MOJIYIUTh, ITO a8 muaeer g vVb + w/a c
HEeJTBIME U7, V7. OTKyZa cIeyeT, ITo

(Vb — u/a) (w — Vab) = vV — u/a.
[Tepemuoxkasi 0ba TOKJIECTBA, MOJIYIUM
b} — aul = (bv* — au®)(w? — ab)! = b — a.

6) 3amerum, 4ro
v_1 =vw —au, uU_1=uw — bv,

a 9TOr0 JIOCTATOYHO JIJIsI JIOKA3ATEJIHLCTBA CJICLYIONUX HEPABCHCTB:
vw > au, uww > bv.
BosBojist B KBajIpaT mepBoe, MOy dnM
(ac + 1)(ac+ 1) > a*(bc + 1),

N
a’be + ac + ab+ 1 > a®be + @,

YTO BEPHO IPH € + b > a. AHAJIOrTYIHO, BTOPOE BEPHO 1IpH ¢ + a = b.
B) Hucso
d =2abc+a+ b+ c— 2wuv

YAOBJIETBOPACT BbIIICIIPUBEACHHBIM YCJIOBUAM. Taxke

r) [Iycrs @ = min{ay,as}, b = max{ay,as},c = as, Torna a < b < c¢. 3 nyuxra 0)
MOZKHO 3aMETHTh, UTO U_1 M U_1 — [OJIOKUTEJbHbIE I

v=wv_1+au_1, uU=wu_1+bv_q.
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CiegoBaTesIbHO,

ac+1=v"= (wv_y +au_)*=

= (ab+1)(ac + 1)+ a*(bd’ + 1) + 2awv_ju_; =
= ((ab+ D)a + a®b)c + a® 4+ ab + 1 + 2wav_ju_;.
Borunrag 1 u je1s Ha a, noydaem
c=(2ab+ 1) +a+ b+ 2wv_qu_y.
Ecmd =0, rTov_1=u1=1ub<c=a+b+2w < 4ab. Ecim ¢ > 1, 1o
¢>2ab+1+a+ b+ 2VabVad Vbe > 4ab.
|

Bamaga 3.5. a) Jlokaxkure, 910 CyIecTByeT GECKOHETHO MHOIO apiuMETHIECKIX TTPOrpec-
cuit JymHbl 3, KOTOpbIe sBjstorest D(1)-Tpoitkamu.

6) Jokazkure, aro He cyiecrByer D(1)-4eTBEPOK, KOTOPBIE 00PA3yIOT apuhMETUIECKY IO
IIPOTPECCHUIO JJINHBI 4.

Pemrenmue. a) [Tycrs (I, k) — pemenne ypasnenns e 22 — 3y® = 1, u nycrb
a=2k—1,b=2k,c=2k+1
(MOKHO TTPOBEPUTH, 9TO a, b, ¢ > 0). Torna
ab+1=4k> =2kl +1 =K +1>—-1-2kl+1=(k—1)%,
be+1 =4k +2kl+ 1=K+ —1+2kl+1=(k+1)
ca+1=4k* —1*+1=Fk.

CiiesioBaTe/ibHO, MHOZKECTBO {a, b, ¢} yJI0BI€TBOPSIET YCIOBUSIM 3a/1a4H.
0) Ilycte {a,b,c,d} — nckomas D(1)-uerBépra c a < b < ¢ < d.
Crmocob I: o 3agaue 3.3r 970 BO3MOXKHO TOJILKO 11pu d > 4ab. Ho

d=a+3(b—a) < 3b< 4ab,

YTO NPUBOAUT K IPOTUBOPEUMIO.

Cnoco6 IT (M. devmaxun, T. Kocrmpm): Yucia (db+1)(de+1) u d?(be+ 1) sapistiores
MOJIHBIMEI KBajipataMu ¢ pasuoctbio d(b+ ¢ — d) + 1 = ad + 1. C apyroii cropoHb! 9Ta,
pPa3HOCTDb JIOJIXKHA ObITH He MeHbIe 2dv/ bc + 1+ 1. Ho

2dvVbc+14+1>2da+1>ad+1,

YTO TIPUBOJUT K MIPOTUBOPEUMIO. |

IlnTepecHo paccMOTpeTh Takzke caydail n = —1. Hecsio:kHO IpuBecT HeKOTOpLIe MPH-
mepbl D(—1)-Tpoek, nanpumep, {1,2,5}, {1,5,10}, {1,26,37}.
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Bamaga 3.6. a) lokaxkure, aro Jjiodas D(—1)-nBoiika {ai, as} MOXKeT OBITH PACIIPEHA 10
D(—1)-rpoiiku {ay, as, as}.
0) [dokaxkure, 9T0 9TO MOYKHO CJIEJIATH €MHCTBEHHBIM 0O6PA30M C YCJIOBHEM

max{ai,as} < ag < 3ajas.

Pemenne. a) Jliobas D(—1)-aBoiika {a1, as} MoxkKeT ObITH PACIIIPEHA THCIOM

a3 = a; + as + 2v/ajas — 1
10 D(—1)-Tpoiikn.
0) [Monoxkum a = min{ay, as}, b = max{ay, as},c = as. Tormaa <b<cmu

ab—1=w? be—1=u? ca—1=20"

JIJI1 HEKOTOPBIX TIEJIBIX MOJOKUTENBHBIX U, U, W. [I0CKOIbKY
b? —au® = blac + 1) —a(bc+ 1) = a — b,

T0 ypasuenue bx? — ay? = a — b uMeer nesoe HoJOKUTEbHOE perenne (U, u). 3aMeTuM,
aro 22 — aby? = —1 umeer pentenne (w, 1). Iyers a = vvb + uy/a u B = w + Vab.

Anasornuno 3ajade 3.4 MOXKHO 10Ka3aTh, 4TO Jyls J11060ro mesoro [ uncio afl umeer
Bunt vV b + uy/a, e (vy, ;) — peleHne ypaBHeHUst

ba? — ay® = (—=1)'(a — b).

AHAJIOrTIHO HECJIOXKHO IPOBEPUTD, ITO U_1,v_1 > 0 n

ad +1 =22, bd+1=u?,

/
JIJIs HEOTPUILIATE/IBHBIX HEJIbIX ¢, TAaKUX 9TO
/ /
c=2abc +a+b—c +2u_qv_qw.

Ecmmd =0, tob<c=a-+b+2vVab—1<3ab, unaue ¢ > 1 u ¢ > 3ab. [ |

PasimanbiMu uccreoBaTeaMu ObLIO JOKa3aHo, 9TO HekoTopble D(—1)-Tpoiiku, Ha-
npumep, {1,2,5}, wesnbss pacmupurs j1o D(—1)-uersépok. Bosee Toro, dyesia u Bpayn
JIOKA3aJIi, 9TO CYIIECTBYIOT Iejibie cemeiictBa D(—1)-Tpoek, KOTopble He MOI'YT ObITh Pac-
mupensr 10 D(—1)-1eTBépok.

Bamaua 3.7. Joxazkure, uro D(—1)-tpoiika {n*+ 1, (n+1)2+1, (2n+ 1)? + 4} ne moxer
ObITh pactmpena 10 D(—1)-ueTBépku, ecim

a)n =1 mod 4,

6) n =2 mod 4;

B) n = 4.
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Pemenne. [Ipenonoknm, uro {n*+1, (n+1)?+1,(2n+1)>+4,d} — nexoropas D(—1)-

yeTBEpKa. Tora
(n*+1)d — 1 = 27,

(n+1*+1)d—1=1y
(2n+1)?+4)d—1 =2~
Uckmrodas d, MBI IIOJIyYUM CJI€JIYIOIINE DABEHCTBA!
(n*+ Dy* — ((n+ 1) + 1) = 2n + 1,
(n? 4+ 1)2% — ((2n + 1)* + 4)2° = 3n* + 4n + 4,
(n+1)7+1)2% = (2n+1)* + 4)y* = 3n* + 2n + 3.
a) Ecin n = 4k + 1, 1o u3 (1) nosytmm
2y — 2> = —1 mod 4,
oTkysia r 9€THo. [TockombKy
n’+1=8k+2 mod 16,
(n+1)>4+1=5 mod 16,
(2n+1)2+4 =13 mod 16,

TO U3 (3) MOy INM
522 — 13y =8 mod 16.

CrenoBatesbho, y u z oba Hedérubl. Torna (2) gaért:
(8k 4 2)2* — 132 = 8k + 11 mod 16,
2+322=11 mod 16,
2> =3 mod 16,

4TO HEBO3MOKHO.
0) Ipennosoxkum, aro n = 2k ¢ weuéranim k. Torga u3 (1) mosyaum

> — 222 =1 mod 4,
TO eCTh Y HeuéTHoe, a r YéTHoe. Jlasee paBeHcTBO (3) naéT cpaBHEHME

222 — 52 =3 mod 8,

10 ecTh z 4érHoe. [lojarast z = 2u u x = 2v B (2), HOJYYIUM CJIEJIYIOIIEe PABEHCTBO

(4k* + 1) v* — (16K + 8k + 5) v* = 3k* + 2k + 1.
Taxk kax k HeuyéTHOEe, 9TO IPUBOIUT K CPABHEHUIO

u? — 502 =42 mod 8,
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YTO HEBO3MOZKHO.
B) Ecyin m = 4, 1o nepBble J[Ba pABEHCTBaA MPEBPAIIAIOTCS B

17y* — 262> = 9,

22— 5x% = 4.

[lepBoe m3 HUX HAET
> — 222 =1 mod 8,

orkyJa x détnoe. CjegoBaTe/IbHO, 2 TOXKe YETHOE; ToJiarast z = 2u U & = 20, MOJIyIIM
17y? — 1040* = 9,
u? — 50 = 1.
Bce narypasbubie pemennsa ypasnenns [lemna 22 — 5y? = 1 3a1a10Tca uepes TOXKIECTBO
Up + v,V5 = (94 4V5)"
¢ HaTypaJbHBIM n. Bepna ciefytorias peKyppenTHas hopMyia;
v=0, v1=4, v, =18y, —v,_1.

13 sToro caenyer, aro v = 0,4 uian 13 mod 17.
Paccmorpum pasencrso 17y — 104v? = 9 1o mosymo 17:

—202=9 mod 17,
T
v>=4 mod 17,
qT0 HeBO3MOXKHO pu v = 0,4 min 13 mod 17. |

Pacemorpum D(—1)-tpoiiky {a,b, c}, 11 Heé cylecTBYIOT IeJible HEOTPUIIATEIbHBIE
r,S,t TaKue, 9TO
ab—1=71% ac—1=s> bc—1=1

[Ipenmonokum, 9T0 CyIMIECTBYeT HaTypaJsbHOe d, KOTOpoe mpomposkaer sty D(—1)-
Tpoiiky 10 D(—1)-uerBépku. Toraa
ad—1=2"7 bd—1=vy? cd—1=2"

IPK HEKOTOPBIX HEOTpUIATEILHBIX HeabixX o',y 2.
Ncekmouas d w3 OpeAbLIyIIX PABEHCTB, HoJaydnM, uro 2,1/, 2/ aBisiores penienunem
CJIeJIYIONIel CuCTeMbl YpaBHEHUII:
ay’ — bz’ =b—a,

az’ —cx’ =c—a,

bz? — cy* = ¢ —b.
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3amaga 3.8. [lycrs nana D(—1)-verBépka {a,b,c,d}, tie 2 < a <b<c<d.
a) Jlokaxkure, 4To CyIeCTBYIOT TieJible perenust (2, o) U (21, Y1) ypaBHeHui

a’ —ct*=c—a u b —cyf=c—1b

COOTBETCTBEHHO TaKHe, 9TO
lzo] <5, 0< 2z <e,
lyi| <t, 0<z <cg,
Va4 ' = (20va+ xv/e)(s + Vac)",
Vh+y' Ve = (2vVb+ Vo)t + Vie)"

JIJIsT HEKOTOPBIX TIeJIBIX HEOTPUIIATETbHBIX 1, 1.

0) Hokaxkure, 910 25 = 21.

B) Jlokaxkure, 4To CyIiecTByeT HaTypajibHOoe dy < ¢ Takoe, 4t0o {a,b,c,dy} siBisiercs
D(—1)-1erBépkoii.

Pemenne. a) /loctatouno jpokazaTh yTBEpZK/IEHIE TOJBKO JIJIS PEIIEHNsT Y PABHEHUs

az? — ca® = ¢ — a. 3aMeTnM, UTO @ = 5 + \J/ac nopoKaaeT GyHIAMEHTAILHOE pPelleHIe
ypaBrenus x> — acy’? = —1 u no 3agade 2.1 o? nopoxknaer GyHIaAMEHTAILHOE DPeIleHne

2

ypasuennsa Ilemnsa a2 — acy? = 1. Torma ajma mo6oro nenoro [ wncna (2'v/a + 2'v/c)a®

HOPOZKIAIOT pellleHusl ypasHeHus az2 — cx? = ¢ — a, 1 cymecTByeT Takoe perienue (2, Tg),
qTO
a e —a <y = zv/a+ xv/c < ave— a.
Tak kak
, c—a
Y= ZO\/a - LU()\/E = )
Zov/a + xor/c
TO
a We—a < =zn/a—x9v/e < ave—a.
Orkyna

2lzolve =y =7 < la—a™|=2svc —a.
[Tosromy |zo] < sv/c —a/y/c < s. Takxe
207 < v — 4 = 220V/a,

a 9TO 3HAYUT, 4TO 2o > 0. HpezLHOﬂmKI/IM, qTO Z9 = . Tak Kak |x0\ < S, TO Mbl UM€eEM

c—a=az —cr) > ac’ —cs* = clac — s*) = ¢ > c —a,

YTO HEBO3MOZKHO.
0) HerpyaHo 3amernts, 910

Z=(-1)"2=(-1)"2 mod 2c.

13 nmynkTa a) cienyet, uTo 0 < 29+ 21 < 2¢, TO €CTb 2y = 2] — €JIMHCTBEHHbI BO3MOXKHbBII
BapuaHT.
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B) Tak Kak 25 = 2> = —1 mod ¢, To cymecTByeT Hejoe ToJ0KITETLHOe
Z+1
do = < C.
C

Jlerko nposeputhb, uto adg — 1 = x3 u bdy — 1 = y}, orkyna ady — 1,bdy — 1,cdy — 1
SIBJISTIOTCSI TOYHBIMI KBaIPATAMI. |

[Ipu momomy Hpeabiiyineli 3ajadi HECJI0XKHO BBISICHSIETCS METOJIOM CIIYCKa, YTO U3
mo6oit D(—1)-49eTBEPKN 3a KOHETHOE KOJMYECTBO HTEPAIUil MOYKHO MOJYIUTH JIPYTYIO
D(—1)-4eTBépKy, KOTOpast COMEPKUT 1.

OkasbiBaercst, 4To cyinecrBoBanne D(—1)-4eTBEPOK HEMOCPEICTBEHHO CBSI3aHO ¢ YUCJIOM
KJ1accoB pemrenuii ypapuenus 2 — (k* 4+ 1)y* = k%

Bamaga 3.9. a) [okaxure, 910 Jj1s1 JTFOO0TO TIE0T0 Kk > 1 KasKplil Kjace perienuii ypas-
nenns x2 — (k% + 1)y? = k? comepkuT poBHO o1HO perennue (g, yo) Takoe, 4to |yo| < k.
6) JlokayknuTe, 9TO 9TO ypaBHEHHE UMeeT 10 KpaiiHeil Mepe TpH KJacca PeIieHnii.

Pemnienne. a) 3amernm, 1To qucno a = 2k +1+2kVk? + 1 nopoxgaer dbyHIaMEHTAILHOE
perenne ypaphenust ewns 22 — (k% + ) 2 =1, auncno B = k + vk + 1 nopoxknaer
(byH,ZLaMeHTaJIbHOG pemenus ypashenus 2 — (k2 +1)y? = —1. B kaxKj10M KJacce perieHuii
ypasnenns 2 — (k% + 1)y? = k? cymecTsyer posHO ojHO pemienue (2o, 4y) TaKoe, 4TO

kbt <y =a0+yoVEE+1 < kp,

tak Kak k3/(kB7 ') = 8% = a 1o 3anaue 2.1. Hepasencrsa, HalicaHHble BblIIe — CTPOrHE,
TaK KaK 4ic/ia vy U kS HOopoxKIaloT PelieHs Pas/InuibiX ypaBHeHuii.
Tak xax

20yol VA2 +1= |y —~| = |y — k7Y < kB — kA7 = 2kV/R2 + 1,

10 |y0| < k. Amasorumuno nmosydaem, 4to yo > k npu y > kﬁ nyy < —kupuy < kBf7L.
DTo o3HauaeT, uTO KaKjplil Kiacc pemennit ypasuenus x2 — (k% 4+ 1)y? = k? comeprut
POBHO OJIHO peliienne (g, 3p) Takoe, 9To |yo| < k.

6) Pemenus (k,0), (k*—k+1,k—1) (usera —1) u (k> —k+1,1—k) (upera 1) asisiorcs
IPEJICTABUTE/ISIMI PA3TUIHBIX KJIACCOB 10 TMYHKTY &). |

Ompenenenne. Hasosém pemenue (g, yo) ypasaenus x2 — (k2 + 1)y? = k? uckaouu-
meAvbHbLM, €CJIA BBIIOJIHSIIOTCs HepaBeHcTBa xg > 0un 0 < yy < k — 1.

3amaga 3.10. Pacemorpum D(— 1) JeTBEPKY { 1,a,b,c}. lokaxkure, 9TO CyIIECTBYET TIETI0€
k > 1 Takoe, uto ypasnenne x> — (k* + 1)y? = k? umeer 1o xpaiiteii Mepe jBa HCKJIIOYH-
TeJIbHBIX pellieHust (KK, 9T0 TO ¥Ke caMoe, 0ojiee 5 KJIaCCOB PellleHHit ).
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Pemeane. He ymastsas obiiHocTn, mpeInooyKumM, 91o a < b < ¢ u
a=i"+1,b=32+1,c=k+1

1P HEKOTOPBIX HATYPAJIBHBIX 7, ], k.

13 pemennst 3agaun 3.6 ciaemyer, uro jubo ¢ = a + b + 2v/ab — 1, 1ubo ¢ > 3ab. B
KarKJIOM 13 ciaydaeB j < k — 1.

Paccmorpum ypaBHeHne (y2 + 1) (k:2 + 1) =22+ 1, wm

z? — (k2+ 1) v = k2

9T0 ypaBHEHUE UMeeT 110 KpaiiHeil mepe JiBa pemiennsi ¢ 0 < y < k—1, a uMeHHO ¢y = 1
ncy=7j. |

Bagaga 3.11. [lokarkute, 9TO ypaBHEHUE
33'2 . (k2 4 1)y2 — k2

a) He IMeeT MCKJIIOYNTe/IbHBIX permennit, ecin k? + 1 mpocroe umciio;

0) He MMeeT MCK/IOYUTENbHBIX periennii npu k = p', rie p — HeuéTHoe 1IpocToe, a i —
HATypaJIbHOE YHICIIO;

B) nMeet He 6oJ1ee OIHOTrO UCKJIIOUUTETHLHOTO PEIlleHnst Ip k = pq, T p, ¢ — Pa3InTHbIe
HEYETHBIEC MIPOCTHIE YUCTIA;

r) umeeT He GoJiee 0JHOI0 UCKJIIOYUTENLHOIO pellienns upu k = p'q’, rue p, ¢ — pasiuy-
Hble HEUETHBIE TIPOCTHIE, ¢, J — HATypPaJbHBIC YUCIA.

Pemenue. a) Samernm, uto 22 — k* = (x — k)(x + k) gemurca na k% + 1, nosromy = — k
win o + k pemurea na k? 4+ 1. Orciona caeayer, uro x > (k> +1) —ku

o P —k? N (K* +1)(k* — 2k + 1)

k2417 k241
DTO HEPABEHCTBO O3HAYACT, UTO JAHHOE YDABHEHHE HE NMEET UCKJIOUNTETBHBIX PeNeHuil.
6) Ilycrb (z9,%0) — Hekoropoe perenue ypashenust 22 — (k% + 1)y* = k*. O6oznaunm

HO/I(xg, yo) 1epes n, Torjga cymecrByer HaTypajibHoe | Takoe, 9To k = [n. B 9T0M ciyuae
ypaBHEHUe

y = (k—1)%

l‘Q . (l2n2 4 1)y2 — 12
MMeeT MPUMHUTUBHOE pertierne (xg/n, yo/n).
Eciu | < n, To 2 < VI2n2 + 1 n no 3ajaue 1.6 Bce peneHns ypaBHCHHS

= (P’ +1)y* =1

UMEtOT BUJ (D, @), TIE D/ Qm — TOIXOJIsIIIAs JIpobb K wuciy v/ I12n? + 1.

Tak xak V/I2n2 + 1 = [In, 2In], To no 3ajade 1.10 nociaemosareasnocts p2, — (12n?+1)¢2,
neprojnydna ¢ nepuojom 1 mianm 2. Jlerko mpoBepuTsh, 91O Py — (l2n2 + 1)q%1 = +1, moaTomy
[l =1un=k. B rakoMm ciaydae moaydaercs, 9ro ¥y JeauTcs Ha k, u pernenue (g, 1) He
MOYKeT OBITh MCKJIIOUNTETbHBIM.
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Ecmn ke | > n, o | = p’ 1pu HEKOTOPOM I[ETIOM § > i /2. JIerko BuIETh, 9TO PEIICHUSIMU
cpasnenns s = p* +1 mod p¥ asnatorcs Toabko s = +£1 mod p*. Crenosaresnio, Bee
peleHns ypaBHeHHsI

? — (Pn® +1)y* =17
nmetor et —1 mwim 1. Ilo Sagade 1.14 npn
2 2,2
s*— (I"'n*+1
i — (Fn*+1) _ 2

[2

ypasnenue 2 — (I?n? + 1)u® = m umeer permenne (g, ug) usera &1,
Tax kak | — n?| < VI[?n2 + 1, o no 3ajade 1.6 Bee pelenus ypapHeHus

22 — (I’n® + 1)y* = —n?

UMeIOT BULL (P, G ). Patee 6bLI0 J0KazaHo, uTo p, — (I°n? + 1)¢2, = £1, oTKya ciejyer,
uto n = 1. CriejlopaTesibho, B ciaydae | > n Bee pemtenust ypasnenns 22 — (k% + 1)y? = k2
npumuTuBHbie 1 uMeroT 1nBer 1. [lo Bajage 1.13 y aToro ypaBHeHHUsI eCTh JiBa KJIACCA
IIPUMUTHBHBIX PeIleHnii, IpuuéM Mbl 3HaeM ux npejcrasureneii: (k> —k+1, —k+1) npera
lu(k*—k+1,k—1) nsera —1. Tax Kax y 06oux IpejcTaBuTe/eil BTopas KOOPIUHATA MO
MoyJTio pasha k— 1, To 110 3asade 3.9 y ypasuenns 22 — (k? 4+ 1)y? = k? uck/ounTeIbHBIX
perienuii HeT.

B) (B. Iarpymres): [Iycrs (0, yg) — UCKIOUUTE/ILHOE DEIleHIe YDABHEHUSI

2= ¢+ )y =P

Beeném caemytomne 0603HaYCHUST

d_ = ged(zo — yo, p°q*), dy = ged(zo + vo, P°q%).

Tax kax (zo — yo)(zo + o) = 3 — Y3 aemures Ha p°q*, ro d_d, = p*q®. Paccmorpum Tpu
BO3MOYKHBIX CJIyUast:

1) d_ = p* dy = ¢* Toraa uncna g, yo B3aUMHO POCTHI, U petienne (Tg, yo) sBJseTcs
IPUMATHBHBIM. IlycTh OHO mokpamieno B nser k, Torma

k=1 modp* k=-1 modd.

[To KTO cymecTByeT euHCTBEHHOE TaKoe k IO MOJLYIIO p2q-.

2) d_ = ¢ d, = p* Anajormyno npeiplIylieMy cjydaio pertenue (xg,yo) ABJseTcs
npUMUTHBHBIM. [TycTh OHO MOKpaleHo B 1BeT [, Toraa

l=—-1 mod¢® [=1 mod ¢

[To KTO cymecTByeT euncTBenHoe Taxoe k 1o Moyo p>q?, 6onee Toro, | = —k mod p?¢?®.

3) Jlubo d_, mubo d, menutest Ha pq. llyers r = xy — pqyo, Torma r = +y, mod pq.
Hecnoxkuo nokazarh HepaencTBo 0 < r < pq. Tak kKak yy < pg, TO OO 7 = 1y, JIUOO
r=pr—7uyop.
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Ecin r = g, To 2pqy3 = p*q?, uro HeBo3MOKHO 10 Mojy/o 2. Eciu 7 = pg — iy, To
Yo = pq — 1, 9T0 IPOTUBOPEUUT UCKJIOUUTEILHOCTH pererust (g, 3o ).

CiiesioBaTe/IbHO, CYIECTBYeT He Gojiee JBYX MCKJIIOUUTEIBHBIX perneruii: (x1,y;) 1pera
k u (z9,ys) uBera —k. Tak kax perenne (x2, —y2) MOKpatieHo B uset k, a |y1|, | —y2| < pq,
TO 110 3a1ade 3.9a y; = —Yyo, ITO HIPOTUBOPEUNT HEPABEHCTBAM Y1, Y2 > (. DTO 3HAUUT, ITO
ypasnenne 2 — (p2q®> + 1)y? = p*¢® umeer He GoJlee OJHOIO UCK/IIOUUTEILHOIO PEIIeHHUSI.

r) Cmorpu crarsio [11]. |

Bamava 3.12. CymiectByer Jin 1esioe k > 1 Takoe, 9T0 ypaBHEHHE
2? — (K + L)y* = &’

IMeeT XOTsl Obl JBa MCKJ/IIOYUTCJIbHBIX peLHGHI/IH?

Pemreane. 91o oTKkphIiTas mpodieMa, n3BeCTHas B aHIVIOS3bIYHOM JuTeparype Kak Dujella’s
unicity conjecture. |

BaaropaprocTn.
Apropnl nmpoekTa Osarojgapar b, @penkuna nu M. Cypkosa 3a 110J/i€3HbIE KOMMEHTAPUH,
KOTOpbIE IIOMOIJIN Y/IYUIINTh KAUeCTBO U3JI0KEeHUs] MaTepuaJia.
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Diophantine equations

Project is prepared and presented by:
I. Klimanova, P. Kozlov, A. Miroshnikov, E. Veretennikov.

Abstract

In this project you can get acquainted with some remarkable equations and problems
arising from the theory of Diophantine equations. This project consists of several sections
and it is highly recommended to solve problems step by step.

In section 1 we consider the Diophantine equation 22 — Dy? = n and we suggest that
you are already familiar with the structure of solutions of equation 2> — Dy? = 1. The
theory of continued fractions helps to solve the given equation with a small n. Also, we
provide a relatively little-known method that reduces equation 2> — Dy? = n to another
one t? — Du? = m with a smaller m.

Section 2 is devoted to special cases of the equations * — Dy? = 1 and 2? — Dy* = 1.
While solving problems in this section, you will learn the structure of solutions to some
equations 2 — Dy? = n with a small n. Understanding this structure is also quite useful
for many other problems.

In section 3 we show the connection between the old problem on existence of Diophantine
quadruples and the number of classes of solutions to equation 22 — (k? + 1)y? = k2.

1 On the diophantine equation 2> — Dy? = n

Let a be an irrational number. We can represent « as an infinite continued fraction
[ag; a1, as, . ..]. A continued fraction formed from [ag; ay, as, . ..] by neglecting all terms after
a given term is called a convergent to a. We can represent k—th convergent |ay, ..., ax]
as an irreducible fraction with a numerator p; and a denominator ¢;. Denote a continued
fraction by [ag, ars1, - -] by .

Properties of convergents:

a) Pk = QkPk—1 + Pk—2,  Qk = QkQr—1 + Qr—2.
Pr@r—1 — Pre—1qk = (—D)F prgr—s — proqr = (—1)Fay..
C) pok/qor 18 an increasing sequence, por_1/qok—1 is a decreasing sequence.
d) o = Qk+1Pk+PE—1
Qk+19k+qr—1"

o

Problem 1.1. a) Prove the equalities:

PrGi-1 — Peaqk = (=)™ prgr_o — proaqr = (—1)Fay..

b) Prove the inequalities:
1 1
— < |gra —pi| < —.
Qr+1 + Gk Tk+1

c) Prove that a sequence {|gra — pr|}72, is strictly decreasing.



Solution. a) These equations can be easily proved by induction.
b) Since

o = Q1D + Pr—1
Qhp1Qe + Qr1’
we have by a)
Pr-19k — Prqi—1]
Qpi1Qk + Qe-1
As g1 = ag1 + 1/, the following inequality is true:

\qroe — pi| =

apq1 < Qpg1 < Ay + 1
Therefore

Qi1 = Q1@ + Q-1 < Q1 + Q-1 < (ap11 + 1)@ + qe—1 = Qet1 + G

and
1 1
— <@ — p| < —.
qr+1 + qk dk+1
c) By b)
1 1
‘Qk+104 - pk+1| < < < |Qk04 - pk‘-

dk+2 h k41 + gk
[ |

Problem 1.2. Prove that of any two consecutive convergents to «, at least one satisfies the

inequality
‘ a - 1
a _ — —_—
b 202
Solution. Suppose
1 1
a_]ﬁ>_2 and ‘ _ Pkt > —5.
qk 2qk qr+1 2qk+1
As « is irrational, we have
1 1
oz—]£>—2 and ‘a—pkH 5
gk 2qk qr+1 QQk_H
Since the convergents are alternately less or greater than «, by Problem 1.1
L bk Det1| _ |Dk Pre1|
=l — =+ a——| =
Akqk+1 4k qrk+1 dk dk+1
1 1
:@—a|+ o — ZhtL s .
dk dk+1 2q;  2¢.4,4

From this inequality we see that

QI%—H — 2qkQr41 + qz = (qu — qk)Q <0

which is impossible. [ |



Problem 1.3. Prove that of any three consecutive convergents to «, at least one satisfies
the inequality

L

f 0
Solution. Suppose
Pk 1 ‘ Pk+1 1 ‘ Pk+2 1
o — — > and o — > )
‘ \/_ g} G| VBl Gr+2| ~ V5GE

The convergents py/qr and pri1/qr+1 are alternately less or greater than «, as well as
Pr+1/qrr1 and prio/qrr2. As in the solution of the previous problem we get that

1 1 1 1 1 1
and

> + > + :
@kqkv1  VOGE VDG Qk+19k+2 \/ng+1 \/3q%+2

Denote q11/qr by 71 It follows from the previous inequalities that
—\/grk—i—1<0 and 7’/%+1—\/ng+1+1<0

then 7, rr11 < ¢, where ¢ = \fH is the largest root of equation 22 — v/5z + 1 = 0.
After dividing the equality qk+2 = ap1oqQri1 + qr by qraq1 we get

1
Th41 = Qk42 + —.
Tk
Now a contradiction follows:
1 1 1 2 V5 +1
> = —21l+—>14+4—-—=1 = = .
® > Tyl ak+2+rk/ +T’k +go +\/5+1 9 Y

Problem 1.4. Consider a positive integer k£ and integers p, g with ¢ > 0 such that
g — p| < |gra — pyl-
a) Prove that there are integers u, v such that
DU+ D1V =D, QRU T+ Qr1¥ = (.

b) Prove that ¢ > qp41.



Solution. a) Choose

w=(=1)"qprr1 — pars1), v = (=1)"(pgr — apr).
These integers are valid by Problem 1.1.a.
b) Take the integers u,v from a). If u > 0,v > 1 then
q = qrU + Qr41V 2 Qr1V 2 Gyl

The cases u,v < 0 or v = 0 are trivially impossible.

It remains to check the case when u,v are of different signs. Notice that the numbers
qra— pi and g1 — pi4q are also of different signs. It means that the numbers u(gra — py,)
and v(qgry1 — pry1) are of the same sign. Hence

lqa — p| = |(@ru + @r10) — (pru + pera1v)| = |ul|gee — pe| + ]| @err0c — Peta| = |qeoe — pi]

which contradicts the condition of the problem. |

Using the previous problem one can show that the convergents form a sequence of «best»
approximations to c.

Problem 1.5. If a/b is a rational number such that
=il <z
a _— = [
bl 2b?
then a/b is one of the convergents to a.

Solution. It is enough to prove the statement of the problem only for coprime a, b.
Let k be an integer such that ¢ < b < gri1. As b < g1 inequality |gra — pi| < [ba—al
is true by Problem 1.4. It follows that

bor — 1
'@ o faza L
12 1] 2bgqy,
Suppose, a/b # py/qi. Hence
1 a P ’a ‘ Dk 1 1
R - —_ - < R -
bae S0l ST T T ] T T g
which contradicts to inequality g < b. It means a/b = py/qy. |

Further, throughout the project, D is a squarefree positive integer number.

Problem 1.6. Let n be an integer that is less than VD in absolute value. Assume that
equation 22 — Dy? = n has a solution zg, yy in positive integers. Prove that xq/yo is one of
convergents to v/ D if:

a) m is positive;

b) n is negative.



Solution. a) The equality
(zo — %oV D)(xo + YoV D) = n,

implies that xy > QO\/E.
Therefore

o n n v D 1
0<—=—-+vD= < <——==
Yo vo(zo +yovVD)  wyo(yovVD +yovD) 2y5vVD  2y;

it follows from Problem 1.5 that x(/y is a convergent to v/D.
b) Analogously to the proof of a), we find that 1o/x is a convergent to 1/v/D. Hence
xo/yo is a convergent to VD. |

Definition. A real irrational number which is a root of a quadratic equation with integral
coefficients is called a quadratic irrational.

An infinite continued fraction is said to be periodic if it is of form [ag; a1, ... a;, by, ... by).
If it is of the form [by,...b,,] it is said to be purely periodic. The smallest positive integer
m satisfying the above relationship is called the period of the expansion.

Problem 1.7. a) Prove that if « is a quadratic irrational and a, b, ¢, d are rational with not

both ¢ and d zero then number
a + ba

c+ da

b=

is either rational or a quadratic irrational.
b) Prove that each periodic continued fraction is a quadratic irrational.

Solution. a) It is easy to see that
a + b
o =
cd+dp
for some integers a’, v/, ¢/, d’, and not both ¢’ and d’ are zero. Let « be a root of the quadratic
equation kz?+lx+m = 0 with integer coefficients k, [, m. Then 3 is a root of the quadratic
or linear equation

k(d +b2)*+1(d +b2)(d +dz)+m(d +dx)*=0

with integer coefficients.
b) Let o = [ag; aq, . ..a, by, ...by]. Then

a1 = [bla <. bm] = [bla <. bm7 Oél—l—l]-
If p)./q; is the k—th convergent to a;. then

/ /
P41 + Dy
/
g1 +q,

a1 =

so that

@1 + (@1 — Pl)ausr — phy_y = 0.



Thus, since aqy1 is not rational (the continued fraction expansion is infinite), a1 is a
quadratic irrational.
If pr/qr is the k—th convergent to « then

_ Qi + pr-1
Q4191 + qi—1

It follows from a) that « is either rational or a quadratic irrational. Since « is an infinite
simple continued fraction, « is a quadratic irrational. |

The converse to previous problem is also true.

Problem 1.8. a) Suppose « is a real, irrational root of az? + bz + ¢ = 0, where a, b, ¢ are
integers and a # 0. Prove that aj1 is a root of the polynomial

Akﬂfz + Brx + C = 0,

where
Ay, = apj, + bprqr + cqj,
By, = 2apipr—1 + b(Prqr—1 + Pr—1qx) + 2cqrqr-1,
Cy = api_l + bpr-1qr—1 + qu%_1
and

B} — 4A,C, = V* — 4ac.

b) Prove that there is a number M such that | Ag|, | Bx|, |Ck| < M for any positive integer
k.

c¢) Prove that each quadratic irrational has a periodic expansion as a continued fraction.

Solution. a) It follows from properties of continued fractions that

o — Q1P + Pr-1
Qp1qr + qr—1

If we substitute this value of o into aa? + ba + ¢ = 0 and rearrange the coefficients, we
obtain
Aka,%ﬂ + Bragy1 + Cp = 0,

where Ay, By, C}. are as given in the statement of the problem. By direct computation we

obtain
B,% — 4Aka = (b2 — 4ac) (pqu,l — qkpkfl)Q = 52 — 4ac.

b) By Problem 1.1.b we have
1
laqr, — pr| < —
qk
SO we can write -
P =ogq+— el <1,
qk



where ¢, of course, depends on k. Substituting this into the expression for A, we obtain

2

g g

Ak=a<aqk+—) +b(aqk+—> Q. + cq;
qr gk

(aa2—|—boz—|—c)q,%+ <2a0z—|—b+a—§> ‘€

P
(2aa+b+a—§> - €.
P

Thus,
|Ax| < |2ac + b| + |a

which implies that all of the A must come from a finite set of integers. As Cy = Ax_1, a
similar result is true for the C}. Since

B? — 44,0, = b* — 4ac,

we have
B = [44,Cy 4+ b° — dac| < 4{[2ac + b| + |a|}* + |b* — dac]

and B} is also bounded.
¢) Since a quadratic equation can have at most two distinct roots, it follows from b) that
there are at least two equal numbers in the sequence of ay. It means « is periodic. |

Definition. Let o = a+bv/D, where a, b are rational and v/D is irrational. The conjugate
of o, denoted by o, is the number a — bv/D.

Problem 1.9. Let a be a quadratic irrational.
a) Prove that if the continued fraction of «v is purely periodic then a > 1 and —1 < o/ < 0.
b) Prove that if « > 1 and —1 < o < 0 then the continued fraction of « is purely
periodic.

Solution. a) Let o = [ay, .-, Gm) = [a1,. .., am, . Since a; > 1 for any positive integer i,
we obtain o > 1.
If pr/qr is the k-th convergent to o then

o = apPm + Pm—1
adm, + dm—1

so that « is a root of

f(ZL‘) = Qm$2 + (Qm—l — pm)ZU — Pm—1 = 0.
Since
f(_l) = (Qm - Qm—l) + (pm —pm_l) >0

and
f(O) = —Pm-1,



we obtain that o/, the other root of f(z) = 0, must be between —1 and 0.
b) Suppose « is a quadratic irrational, & > 1 and —1 < o/ < 0. Let a1 = « and define

oy inductively
1
Q-1 = A—1 + —.
093

We know that ay is a root of equation fi(z) = ppx® + qrx + 7 = 0 for some integer
Dk, Qk, k- Note that 1/ay1 = o — ay, is a root of equation

fr—1(ar—1 + ) = pro1w? + (2pp—1ak-1 + @e-1)x + fr—1(ar—1) = 0.

It follows that
1 1 1 1\’ 2Dk 1ap_1 + G
i +<>:_pk1k1%1

/

!/
— = —2ap-1 + ap—1 + ap_q,
(075 Oék 0753

Qg Pk—1
and
, 1
Q1 = ap—1+ 04_2'
It can be proved by mathematical induction that
—1<a,<0

for any positive k and, as a consequence,

X
ap—1 — - |-
Qp,

Since a = [aq,...,ag, apy1] and « is a quadratic irrational, by Problem 1.8 there exist
positive integers k£ and [ such that ap,1 = ag¢11. Thus,

1 1
ap = | — / — | T = Qg+t
Q1 AR |

and |
ap = ag + = Qf4t T = Qg+t
k41 Qf+t+1
If we apply this process k times, we obtain
=01 = Oy
Finally,
a=lay,...,a, 0] = [ag .., @l

Problem 1.10. Write the continued fraction [ag; a1, as, . . . ax, api1] of VD.
a) Prove that ay is purely periodic for any positive integer k.
b) Prove that there exist positive integers by, ¢t such that

bk+\/ﬁ

Xp+1 =

and



Solution. a) Let [ag; ay,...] be the continued fraction of v/D. Consider the quadratic irra-
tional o« = ag + V/D. Since ag = [\/E], it follows that o’ is in bounds —1 < &/ < 0. Then
by Problem 1.9.b the continued fraction of « is purely periodic. Thus,

\/Ezoz—a():[2a0,a1,...,an]—a0: [ag, a1, ..., an, 2a].

The statement of the problem follows.
b) Since
VD = PE + Pr—1
QrOk+1 + Qr1’

we have

Qpry = -1V D — pr—1
+1 = :
Pr — @V D

Now we rationalize the denominator:

G-1VD —pr—1 (@-1VD — pi1)(pr + VD)

Qp+1 = = =
Pk — @V D p; — D}
_ (DQkaq - kak—l) + (kak—l - il?k—l%)\/E _ (DQka—l - pkpk—l) -+ (—1>k+1\/5
ri — D pi — Dg

Take by, = (—1)*"(Dqrqr—1 — prpr_1). To complete the proof, it’s enough to check that by,
and ¢ are positive for any k.

First, ¢y is positive since sign(p: — Dgq?) = sign <% — @) = (—1)F1

Secondly, by, is positive because ¢ is positive and 2b;/c, = ap + aj, > 0. The latter
follows from a) and the Problem 1.9.a. |

It follows from the previous problem that sequence p? — Dz is periodic with a period
equal to or twice as large as the period of continued fraction for v/D. This fact together with
result of Problem 1.6 describes all the solutions to equation 2> — Dy? = n with |n| < V/D.

In the sequel, we consider only solutions to equation z2 — Dy? = n with = + yv/D > 0,
because (—z, —y) is also a solution whenever (x,y) is a solution.

It is easy to see that if the equation x> — Dy? = n has an integer solution (zg, yo) then
it has an infinite number of such solutions (xy, yx) defined by

2p + V' D = (20 + yoVD) (s + tVD)F,

where (s,t) is the minimal positive solution to the corresponding Pell’s equation.
Definition. Two solutions (x1, 1) and (x9,42) to equation 2> — Dy? = n are said to be
in the same class if there is an integer n such that

2y + 4oV D = (21 + 11V D)(s + tVD)",

where (s,t) is the minimal positive solution to the corresponding Pell’s equation.
We say that (z,y) is the minimal solution in the class if 1 < z + yv/D < s + t/D.
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Problem 1.11. How many classes of solutions does an equation
2 — (m? = 2)y* =2

have for any integer m > 17

Solution. Notice that (m? —1,m) is the minimal solution to the corresponding Pell’s equa-
tion 22 — (m? — 2)y? = 1. Consider some class of solutions to equation 2% — (m? — 2)y? = 2
with minimal solution (u,v). By definition,

1<a:u+v\/m2—2<B:m2—1+m\/m2—2.

Since
/2 =u* — 1 +uvym? — 2,

(u? — 1,uw) is another solution to Pell’s equation 22 — (m? — 2)y* = 1. It means that
a?/2 = ! for some integer I. From the inequalities 1 < o?/2 < $%2/2 < (2 it follows that
[ = 1. Hence a = /28 = m + v/m?2 — 2 and equation z? — (m? — 2)y? = 2 has the only
one class of solutions with the minimal solution (m, 1). |

Definition. A solution (xg, o) of 22 — Dy? = n is said to be primitive if zq and gy are
relatively prime.

[t is obviously sufficient to find only primitive solutions, because if ged(xg, yo) = d > 1
then (z¢/d,yo/d) is a primitive solution to

n
xQ—DyQZ ﬁ

Problem 1.12. If (g, o) is a primitive solution to equation 2> — Dy? = n then there exists
an integer k£ such that

xo = kyy mod n

and
k>=D mod n.

Solution. Since x(y and yy are relatively prime, so are yy and n. Thus, there exists an integer
k such that
xo = kyy mod n

Therefore
x5 — Dyt = k*yi — Dyt = yj(k* — D) mod n

which in view of ged(y2,n) = 1 implies that
k*=D mod n.
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It follows from the previous problem that if D is a quadratic nonresidue modulo n then
the Diophantine equation
> — Dy* =n
has no primitive solutions.
Definition. We say that a primitive solution (zg,yy) to the equation 2? — Dy? = n
belongs to the integer k if
xo = kyy mod n
and
k*=D mod n.

2

Problem 1.13. Prove that two primitive solutions to equation 22 — Dy? = n are in the same

class if and only if they belong to the same integer.

Solution. Suppose (1, y1) and (2, y2) are two primitive solutions to equation 22— Dy? = n
such that

Ty + 1oV D = (x1 + VD) (s + tvVD)F,

where (s, t) is the minimal positive solution to the corresponding Pell’s equation. Of course,
(s +tv/D)* = u + vV/D, where (u,v) is another solution to Pell’s equation. Then

To = x1u + y1vD, Yo = 110 + Y1u.
Assume that the solution (x1,%;) belongs to the integer k. Then
Yok = r1vk + yuk = y1kvk + v1u = y1vD + U = X9,

Thus the solution (z9,19) belongs to the same integer k.
Conversely, let solutions (x1, ;) and (x2,y2) belong to an integer k. Then

29 + Y2/ D _ (xz + ?J2\/5> (561 - yl\/ﬁ) _
1+ 1V D (5’31 + y1\/5> (371 — yl\/5>

_ D _
_ L1T2 — Y1Y2 n T1Y2 — T2Y1 \/5
n

n
Since

T = ylk, To = ygk‘, /{32 =D mod n,
we have

T1%9 = y1yek” = y1y2 D mod n
and
T1Y2 = Y1yek = woy1 mod n.

Thus

122 — Y1y2 D . Y2~ Tap
n ’ n
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for some integers u, v and so

D
x2+y2\/_—u+v\/5.

T+ y1\/5 N
Similarly
nowb_ B
y1\/_
Therefore

u? —v*D = (u+vVD)(u — vVD) =
x2+y2\/5 zo— VD n

R

T ntyVD m—yV/D 7

which means that (u,v) is a solution to Pell’s equation. Hence (x1,y1) and (x2, y2) are two
solutions lying in the same class. |

It follows from the previous problem that there exists only a finite number of classes for
any Diophantine equation 2% — Dy? = n.

Let (z9,%0) be a solution to equation 22 — Dy? = n that belongs to some integer k. It
follows from definition that there are integers ug, m such that

xo = Yok —ugn, D = k* — mn.

Problem 1.14. Prove that there is an integer ¢y such that (¢, ug) is a solution to equation
t> — Du® = m belonging to the integer +k. Express zg, 1o in terms of ¢y, uo.

Solution. If we substitute the above expressions for xyp and D into 22 — Dy2 = n and
simplify, we obtain

yem — 2yokug + (ugn —1)=0
which implies that

kuo £ /k2ud — mun+m  kug £ /Dul +m

m B m '
Since yo is an integer, the value of the radical v/Dug? + m must be an integer, say to,
implying that (¢o, ug) is a solution to the Diophantine equation

2 —u’D = m.

Yo =

For the same reason we must have
kuy £ty =0 mod m,
o (to, up) is the solution belonging to the integer +k. Finally, from

]CU() + t()
m

Yo =

it follows that
DUO + t()k

m

Ty = Yok — ugn =
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The number m from the previous problem depends on k. Notice that the choice of k is
not fixed, it is fixed only modulo n.

Problem 1.15. If |n| > +/D, the number m (from the previous problem) can be chosen to
satisfy inequality |m| < max{v/D, |n|/4}.

Solution. Choose k such that |k| < n/2. If k> < D then

If k2 > D then

By applying the method from the previous two problems repeatedly, we eventually obtain
equations

/ / /
t? — Du? =m/,

where |m/| < v/ D, which have only those integer solutions that we obtain from the numer-
ators and denominators of convergents to v/ D. A word of caution: in applying the method
repeatedly we can pick different values of k at each step.

Problem 1.16. Determine all the classes of solutions to the following equations:
a) x° — 82y? = 23,
b) 22 — 23y* = 41.

Solution. a) We find that & = +6 are the only values of k in the range
0 < k < )
K<

such that k? = 82 mod 23. Thus

Since v/82 = [9, 18], by Problem 1.6 the only equations of form
t?—82u?=n (0<|n|<V82)

that have solutions are
t* — 82u® = pi — 82¢7 = +1.

Thus, the equation t? — 82u? = m = —2 has no integer solutions, and, by Problem 1.14,
the equation 22 — 82y? = 23 has no integer solutions too.
b) The only values of k in the range

41
0< |kl < —
K <5
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such that k? = 23 mod 41 are k = +8. Thus

k*— D _ 64-23
n 41

The equation t*> — 23u?> = m = 1 has a particular solution t; = 1,ug = 0. Hence

xo = £8,y9 = *1, where x( should be equal to 8 to satisfy xy + yo\/ﬁ > (. So the

equation 22 — 23y* = 41 has two classes of solutions with minimal solutions (8,1) and

(8, —1) respectively. |

1.

m =

Problem 1.17. Prove that equation x> — 229y% = 3
a) has no integer solutions,
b) has a solution modulo every prime p.

Solution. a) The continued fraction expansion of 1/229 is [15;7,1, 1,7, 30] with the period
equal to 5. Calculate the first five values of p? — 229¢>:

PE—229¢F = 15% — 229 - 1% = —4,
pr —229¢7 = 106 — 229 - 7% = 15,
p3 — 229¢5 = 121% — 229 - 8* = —15,
p3 — 229¢5 = 227% — 229 - 15% = 4,
P —229¢% = 1710 — 229 - 113%* = —1.

By Problem 1.10 the sequence |p? — 229¢2| is periodic with the period equal to 5. Hence
by Problem 1.6 the only equations of form

22 — 229y =n (0 < |n| < V/229)

that have solutions are
z? — 229y = +1, +4, +15,
thus equation 22 — 229y? = 3 has no integer solutions.

b) It is easy to see that equation x? — 229y? = 3 has a solution modulo 2. As 3 is a
quadratic residue modulo 229, this equation has a solution modulo 229. Consider an odd
prime p distinct from 229. Each of functions 2% and 3 + 229y has (p+ 1)/2 values modulo
p. Hence by Dirichlet’s principle they are equal modulo p at some point and the equation
22 — 229y? = 3 has a solution modulo p. |

2 On the equations 2* — Dy? = 1 and 22 — Dy* =1

To solve the problems in this section, it is helpful to solve the problems from the first section,
though not mandatory. To understand the formulation of some problems, it is necessary
to get acquainted with the definition of «class of solutions» and «minimal solutions» in the
class of solutions to equation x? — Dy? = n from the first section (before Problem 1.11).

Definition. Suppose equation 22 — Dy? = n has a single class of solutions. We say that
a number a = u + vV D > 0 generates the fundamental solution to z*> — Dy? = n if (u,v)
is the minimal solution in this class.
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Problem 2.1. Prove that if equation 22— Dy? = —1 has a solution then it has a single class of
solutions. Prove that if & = u—+wvv/D generates the fundamental solution to 22> — Dy? = —1
then the fundamental solution to 2?2 — Dy? = 1 is given by 3 = o?.

Solution. Consider some class of solutions to equation 2> — Dy? = —1 with minimal solution
(u,v). By definition,
l<a=u+vVD< s.

Notice that a? = (u+vv/D)? = u? + Dv? 4 2uvy/D generates a solution (u®+ Dv?, 2uv)
to Pell’s equation 22 — Dy? = 1 because

(u? + D*)’ = D(2uv)’ = (u + Do’ + 2uV/D)(u” + Do — 2u0v/D) =
= (u+vVD)(u—vVD)? = (u’ = Dv*)* = (-1)* = L.

It means that o> = /' for some integer . From the inequalities 1 < o < S it follows
that [ = 1 or 2. If [ = 2 then a@ = [ which is impossible because o and S generate

fundamental solutions to different equations. Thus [ = 1 and o®> = S. It means that
equation z? — Dy? = —1 has a single class of solutions and a generates the fundamental
solution to it. |

Problem 2.2. Let (u,v) be the fundamental solution to Pell’s equation 22 — Dy? = 1. Prove
that equation 22 — Dy? = —1 has a solution if and only if u = —1 mod 2D.

Solution. By Problem 2.1, if a + bv/D is the fundamental solution to 22 — Dy? = —1 then
u +vvD = (a + bv/D)?. Hence

u=a’>+ Db =2Db> —1= -1 mod 2D.

Conversely, if u = 2Dk—1 then v? = 4D?k>—4Dk+1 = Dv?+1. Hence 4Dk*—4k = v2.
Therefore v is even, v = 2z, and k(Dk — 1) = 22. Since k and Dk — 1 are relatively prime,
both are perfect squares, k = b> and Dk — 1 = a? which gives a® — Db? = —1. |

Problem 2.3. a) Consider coprime positive integers m,n > 1 such that mn is not a perfect
square and equation max? — ny? = 1 has a solution. Let (u,v) be the minimal positive
solution to this equation. Prove that the fundamental solution to 2?> — mny? = 1 is given

by v = o?, where a = uy/m + v/n.
b) For any integer a > 2, describe all the integer solutions to az? — (a — 1)y* = 1.

Solution. a) Notice that o = (uy/m+v+/n)* = u?m +v*n+ 2uv\/mn generates a solution
(u?m + v*n, 2uv) to Pell’s equation x? — mny? = 1 because

(w?*m + v*n)?* — mn(2uv)? = (u*m + v’n + 2uvy/mn) (v’m + v*n — 2uvy/mn) =

= (/i + o/ — o/ = (e = ) = 1

It means that o® =~/ for some integer [.
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If 1 is even then o = 4"/? = p+ gy/mn for some integers p, ¢ which is impossible because
m,n > 1.
If I is odd and I > 1 then 8 = a(y('79/2) also generates a solution to equation

ma? —ny? = 1 and 1 < B < « which contradicts minimality of u,v. This means that

| =1and v = o’

b) Equation az® — (a — 1)y* = 1 has the minimal solution (1,1) which is generated by

a = a++va—1. By a), v = o generates the fundamental solution to Pell’s equation
22 —a(a — 1)y?> = 1. Let (u,v) be a solution to equation ax? — (a — 1)y*> = 1, and let
B = uy/a+vy/a — 1. Proceeding in the same way as in the proof of a), we see that

B3 = (uy/m + vy/n)? = u?m + v’n + 2uvy/mn

generates a solution (u?m + v’n,2uv) to Pell’s equation ? — a(a — 1)y? = 1. Therefore
3% = ~! with an odd L. It follows that 8 = o/ and

uva+vva—1=(va++va—1)
for an odd [. [ |

Problem 2.4. Suppose that the fundamental solution to 22 — Dy? = —4 is 2a = a + b\/D,
where a and b are odd integers. Find the fundamental solutions to equations

22— Dy? =4, 2> — Dy* = -1, 22 — Dy?* = 1.

Solution (by V. Patrushev). Notice that
a?>=0b"=1 mod 8
and
D=0D=d"+4=5 modS8.

Since 2o = a + bV D > 1, we have 0 < bv/'D — a < 4. Therefore a > —1 and b > 1. If
a=—1then b=1, D =5, and 2a = v/5 — 1. It is easy to check that the fundamental
solutions to given equations are given by

3—1—\/5:2@_2, 2—|—\/5:a_3, 9+ 4v5=a"

Suppose further D > 5, then a,b > 1 and a > 1. One may check by direct computation

that numbers 202, a3, a® are solutions to equations

2> —Dy* =4, 2> —Dy*=—1, 2* —Dy* =1

respectively. Suppose /3 generates the fundamental solution to equation 2> — Dy? = —1,
then o® = B* for some odd positive k. Since o # 3, we have k # 3. Suppose k£ > 5. Then
there is an odd [ such that k/3 <1 < 2k/3. It follows that

o = ﬁk/?) < Bl < 062 _ 62k/3'
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Notice that

20/
1< Y= F < 2
and v generates a solution to equation 2> — Dy? = —4 which is impossible because 2a
generates the fundamental solution to this equation.
Hence ¥ = 1 and the number o® generates the fundamental solution to equation
x?> — Dy? = —1. Furthermore by Problem 2.1 the number a® generates the fundamen-

tal solution to Pell’s equation 22 — Dy? = 1.

Suppose now that 28 = p + ¢v/D generates the fundamental solution to equation
22 — Dy? = 4. Let us prove that § = 2. If it is false then § < o?.

If p is even then, as D is squarefree, ¢ is even too. It means that ¢ generates a solution
to Pell’s equation 22 — Dy? = 1 which is impossible because § < ab.

If p is odd then ¢ is odd too. Hence p?> = ¢> =1 mod 8. Notice that the number

53— PHaVD) _ p(r?+3¢°D) | q(3p*+¢*D)
8 8 8

generates a solution to Pell’s equation 22 — Dy? = 1 as p? + 3¢°D and 3p? + ¢*D are
divisible by 8. It follows that 6% > a% which contradicts to the inequality 6 < a?. Hence

d = o and the number 202 generates the fundamental solution to equation 2% — Dy? = 4.
|

Problem 2.5. Prove that the following equations have no solutions in positive integers:
a)xt —8z1=1; b)az?—-2yt=1.

Solution. a) Let us rewrite the equation as (x—1)(z+1)(2?+1) = 821 It is clear that z > 1
and z is odd, so 2 = 2y + 1 for some positive integer y. Then Sy(y +1)(2y? +2y +1) = 82*
or y(y +1)(2y2 + 2y + 1) = 2% As y,y +1,2y% + 2y + 1 are pairwise coprime, numbers ¥
and y + 1 should be both perfect 4—th powers, but it is impossible for positive integer .
b) Since 22 = 2y* + 1, we have x is odd and z = 2z + 1 for some positive integer z. Then
22(z + 1) = y*, so y = 2t for some positive integer ¢, and z(z + 1) = 8t*. The numbers
z and z + 1 are coprime and have different parity. If z is odd then z = b*, 2z + 1 = 8¢,
so 8¢* = ¢* + 1 but it is impossible modulo 4. If z is even then z = 8b* 2 + 1 = ¢* and
¢t — 8b* = 1. It is impossible by a). H

It is convenient for some problems provided below to use the method of infinite descent:
Let P be a property such that integers may or may not possess. If an assumption that
a positive integer ny has property P leads to the existence of a smaller positive integer
ny < ng that also satisfies P then no positive integer has that property. This is so because
the reasoning that led from ng to ny, if applied to the latter will produce no < n; that has
property P too. Since the process could be repeated thus leading to an infinitely decreasing
sequence of positive integers - which is impossible - the assumption that P is satisfied by a
positive integer implies a contradiction and, hence, is false.
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Problem 2.6. Prove that the following equations have no solutions in positive integers:
a)attyt =22 ) at—22 =1 B)att+y?=2t
r) 2t — 2y* = —1, except (x,y) = (1,1).

Solution. a) If a prime p divides x and y then p* divides 22, so p? divides 2. But then
(2,9, 2") = (x/p,y/p, 2/p?) is a positive solution with 2’ < z, so we can make a step of
descent.

Suppose x, y are coprime. So (22,42, 2) is a fundamental Pythagorean triplet, and there
exist coprime positive integers m,n, not both odd, with {z2,y?} = {m? — n? 2mn} and
z = m? 4+ n?. Without loss of generality 22 = m? — n? and y?> = 2mn.. Note that z is odd
and y is even.

Now 22 +n* = m?. A prime divisor of both x and n must divide m, but ged(m,n) = 1.
So x,n are coprime and (z,n,m) is a fundamental Pythagorean triplet. This means that
there are coprime positive integers a, b with {a® — 0?, 2ab} = {x,n} and a? +b? = m. Since
z is odd, we have = = a®> — b and n = 2ab.

Now 32 = 2mn = 2(a® + b*)(2ab) = 4(a® + b*)ab. But ged(a,b) = 1, so the members of
{a,b,a® + b*} are pairwise coprime and their product (y/2)? is a square. Therefore each of
a, b, a®+b? is a square and there are positive integers d, e, f with a = d?, b = €2, a®+b* = f2.
Hence

fP=ad® 4+ =d + e
But
fP=d>+b*=m<m?+n*=z,

so f < f? < z. Again we are able to make a step of descent. It follows that equation
x* 4+ y* = 22 has no solutions in positive integers.

b) This equation can be rewritten as 2% + y* = (y* + 1)?, so it has no positive integer
solutions because equation z* 4+ y* = 22 has no positive integer solutions.

¢) Similarly to a) we suppose that x, y are coprime. Thus, there exist two coprime positive
integers a, b with different parity, such that

22 =a?+ b 22 =a’ + b
2 =a?—0b% or x2 = 2ab
y:2ab y:az_bQ.

The first case implies
(z2)* = a* — b

which let us make a step of descent since a = v/22 — b? < z. In the second case there exist
two coprime positive integers o, 3 such that a = 2a?,b = 5% and 22 = 4a* + B*. Clearly 2
must be odd and there exist two coprime positive integers m, n such that

2 =m?+n?
82 = m? — n?

202 = 2mn.
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Again, there exist positive integers v, § such that m = 72, n = 62 which let us make a step
of descent since

62=m2—n2:74—54

and vy < a<2a®=a< 2.
d) Square the equation 2y? = % + 1:

dyt = (2 + 1) = 2 + 22" + 1.

Rearranging and dividing by 2 gives

2 2
4 z”—1 4
y—( 5 )+:1:.

By b), 2 = 1. Therefore (z,y) = (1,1) is the only possible solution to equation z*—2y? = —1
in positive integers. |

Problem 2.7. Find all the solutions to the following equations in positive integers:
a) 1?2 =8t — 82+ 1; b) 2? =21+ 442 + 1.

Solution. a) Rewrite this equation as 8t* = (42 — 1)? — 2% = (4> — 1 — x)(4t*> — 1 + x).
As 8t*, 4> — 1 are coprime, the greatest common divisor of 4t> — 1 — z and 4t> — 1 + x is
equal to 2. Then there exist coprime positive a, b such that ¢ = ab and

{48 — 1 — n,4t* — 1 +n} = {4a*, 20"}.
It means that
4(ab)? —1=4t* —1=2a" +b* = b* —2(a* — b*)* = 1.

By Problem 2.6.b this is possible only if a = b = 1, so (z,t) = (1, 1) is the only positive
integer solution to given equation.
b) Similarly,
2t = (22 + 1) —2? = (28 + 1 —2)(2* + 1 + )

and
ged(2t2 +1 — 2,28 + 1+ ) = 2.

Then there exist positive integers a, b such that ¢ = 2ab and
{2t> + 1 —n,2t> + 1 +n} = {164, 20"}.
[t means that
2(2ab)* +1=2t>+1=8a* +b* = b* —2(2a* — b*)* = —1.

By Problem 2.6.d it follows that a = b = 1, so (z,t) = (7,2) is the only positive integer
solution to given equation. |
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Consider the equation z* —6y? = 1. The minimal solution to Pell’s equation 2 —6y? = 1
is (5,2), so all the solutions (ug, vy) are described by

Uk + Uk\/é — (5 + 2\/6)k

Particularly,
1
ur = 5 ((5 +2V6)" + (5 — 2\/6)k) :

Note that if equation 2* — 63> = 1 has a positive integer solution then x> = u; for some
positive integer k.

Problem 2.8.
a) Prove that k is even.
b) Express ug as a polynomial in ;.
c¢) Prove that k is not divisible by 4.
d) Prove that ug; 11 — 1 is a square of an integer.
e) Find all the solutions to equation ! — 6y? = 1 in positive integers.

Solution. a) u;, = —1 mod 3 for odd k, so ux never is a perfect square.
b) ug = 2ul — 1.
c¢) If k = 4l for some positive integer [ then by b)

wy = 2usy — 1 =2(2u? — 1) — 1 = 8uj — 8u? + 1.

By Problem 2.7.a it follows that w; = 1, this is impossible for positive [.
d) Note that 5+ 2v/6 = (2 + v/6). Hence

<(5 I 2\/6)%“ (5 2\/6)2l+1) 1

o 92142

((2 VB2 (2 - \/6)2l+1>2+1 _

1
Ugl+1 = 5

_ ((2 + \/6)2l+1 + (2 — \/6)21+1> 2 L

2l+1

e) It remains to consider the case k = 4l 4+ 2. By d) we know that ug 1 = ® + 1 for
some positive integer c¢. Furthermore 22 = uy4 0 = 2(c2 + 1)2 —1 =244+ 1. Tt follows
from Problem 2.7.b that x = 7. Hence (z,y) = (7,20) is the only positive integer solution
to equation * — 6y% = 1. |

Problem 2.9. a) Prove that if equation 22 — Dy? = 2 has a solution then it has a single class
of solutions. Also, if & = u 4+ vv/D generates the fundamental solution to z? — Dy? = 2
then the fundamental solution to 22 — Dy? = 1 is given by 8 = a?/2.

b) Prove that equation 2 + 1 = 2(¢* — 1)? has no solutions in positive integers.

¢) Prove that if equation 22— Dy? = 2 has an integer solution then equation z*—Dy? = 1
has no solutions in positive integers.
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Solution. a) Consider some class of solutions to equation z? — Dy? = 2 with minimal
solution (u,v). By definition,

l<a=u+vVD< B,
where 3 generates the fundamental solution to 22 — Dy? = 1. Since
a?/2 =u® — 1+ uvVD,

we have that (u? — 1,uwv) is another solution to Pell’s equation 2?> — Dy? = 1. It means
that o?/2 = B for some integer [. From the inequalities 1 < o?/2 < 32/2 < 32 it follows
that [ = 1.

b) Since the left side of equation is not divisible by 4, we obtain that ¢ is even. Then

?—-1=3 mod4

and z2 + 1 has a prime divisor p = 3 mod 4 which is impossible.

¢) The equation 2* — 2y? = 1 has no positive integer solutions by Problem 2.6.b, so we
assume that D > 2.

If @ = u4vv/D generates the fundamental solution to 22— Dy? = 2 then the fundamental
solution to the corresponding Pell’s equation is given by 8 = a?/2 in view of a). Thus if
z* — Dy? =1 then

) Bn +6m QQn T O/Qn
= 2 - on+1 ’

le.,

) B a2n —I—O/2" +2(aa/)n B (&n _|_O/n)2
T+ 1= on+1 - on+1

Now o™ + o/" is an integer, and so either n is odd yielding 2> + 1 = s? whence z = 0
which is impossible or n = 2m is even whence

2 4+1= 232,
where
a2m + O/2m
§= 2m+1
Then

2m+1

s+1= =t or 2t

If s =2 — 1 then
2 41=2(-1)°
which is impossible by b).
Finally, if s = 2¢> — 1 then
a? =8t — 8" + 1

and x = 1 by Problem 2.7.a. It follows that y = 0 which is a contradiction.
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Problem 2.10. Prove that if equation 2> — Dy? = —2 has a solution then equation
z* — Dy? = 1 has no solutions in positive integers with the sole exception D = 6.

Solution. As in the previous problem, we may suppose that D > 2. In the same way as

in Problem 2.9.a we obtain that equation > — Dy? = —2 has a single class of solutions
and if @« = u + vV/D is the fundamental solution then the fundamental solution to the
corresponding Pell’s equation is 3 = a?/2. In this case of course ae/ = —2. If z* — Dy? = 1
then n m 2n 2n
2 g+ B _a"+a
2 on+1 ’
le.,
( a + a/n)2
()" = g

Thus if n is odd we obtain 22 — 1 = s? whence = = 1, i.e. y = 0, while if n = 2m is even
then

22 +1=2s%

where
a?m + a/2m
§ = ~ omt+l

Thus

(@m + O/m)Q
2m+1_

s+ (=1)" =
Now if m is even then s + 1 = 2¢2 and
=8t — 8t +1

which is impossible by Problem 2.7.a.
If m is odd then s — 1 = ¢? and so

=2 +1)° =1 =26 4> + 1.
By Problem 2.7.b this is possible only if (x,t) = (7,2). Hence
Dy? = 2% —1=2400=2°-3- 5%

Since equation x2 — Dy~ — 2 has a solution, we get D is not divisible by 4 and 5. Thus we
must have D = 6 and there is the only solution (z,y) = (7,20) by Problem 2.8.
|

3 On the diophantine m-tuples and the equation x> — (k* + 1)y? = k?

Definition. Let n be an integer. A set of m different positive integers is called a Diophantine
m-tuple with the property D(n) or simply D(n) - m-tuple if the product of any two of them
increased by n is a perfect square.
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Problem 3.1. Prove that there does not exist a D(n)-quadruple for any n =2 mod 4.

Solution. Suppose that {1, x9, x3, 24} is a D(n)-quadruple with n =2 mod 4. Then
zixj+n=0or1 mod4
so that
rir;j =2or3 mod 4.

Hence at most one of the x; can be even; without loss of generality, we may assume that
x1, To and x3 are odd. This implies that

rix; =3 (mod4) forl<i#j<3
Thus x1, x9, x3 have different odd residues modulo 4 which is impossible. |

For the case n = 1, the problem of existence of such m-tuples was first studied
by Diophantus, and he found a set of four positive rationals with the above property:

{1—16,%,1?7,%}. However the first D(1)-quadruple, the set {1,3,8,120}, was found by

Fermat. The folklore conjecture is that there does not exist a D(1)-quintuple. Recently,
Dujella proved that there there is no D(1)-sextuple and there are only finitely many D(1)-
quintuples.

Problem 3.2. Prove that every D(1)-couple can be extended to a D(1)-triple.

Solution. Let {a, b} be a D(1)-couple. The number
c=a+b+2vab+1

extends this D(1)-couple to D(1)-triple. |
Problem 3.3. Show that every D(1)-triple {a, b, c} can be extended to a D(1)-quadruple:
a) Prove that quadratic equation
t* +a> + b* 4+ — 2(ta+th + tc + ab + be + ca) — 4abct —4 =0
has at least one positive integer solution .

b) Prove that {a,b,c,to} is a D(1)-quadruple.

Solution. a) Direct computation shows that
to = a+ b+ c+ 2abc+ 2/ (ab+ 1)(bc + 1)(ca + 1)

is a positive integer solution to the given equation.
b) It remains to check that numbers aty + 1, bty + 1, ¢ty + 1 are perfect squares. This is
true because of the following identities:

(a+b—c—ty)?
(c+a—0b—ty)?
(b+c—a—ty)?

4(ab+ 1)(cto+ 1),
4(0@ + 1)(bt0 + 1),
4(bC + 1)(CLt0 + 1).
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In 1969, Baker and Davenport proved that the Fermat set cannot be extended to a
D(1)-quintuple.
By definition, if {a, b, c} is a D(1)-triple then there exist positive integers u, v, w such
that
ab+1=w? be+1=u% ca+1=12%

Since
b? — au® = blac +1) —albc +1) = b — a,

the equation bz? — ay? = b — a has a positive integer solution (v,u). Notice that Pell’s
equation 22 — aby? = 1 has a solution (w, 1). Let o = vVb + uy/a and 8 = w + ab.

Problem 3.4. a) Prove that for any integer [ the number a3’ is of the form
uVb +w/a,
where (v, u;) is a solution to equation
be? —ay  =b—a.

b) Prove that if ¢ > |b — a| then u_y,v_1 > 0.

¢) Prove that there exists a nonnegative integer ¢ such that
b +1=u%,, acd+1=1%,.

d) Prove that every D(1)-couple {ai,as} has exactly one extension to D(1)-triple
{ay, a9, az} such that
max{ay, as} < ag < 4dajas.

Solution. a) By direct computation we see that o3 is of the form v;v/b+ u;/a with integer
ug, v;. It follows that

(Uz\/g — ul\/a)(w - \/%) = "Ul\/g - ul\/ﬁ.
Multiplying both identities, we get
b} — au? = (W? — au®)(w? — ab)' = b — a.

b) Notice that
v =vw —au, U1 =uw—bv

so it is enough to prove the following inequalities:
vw > au, uww > bv.
Squaring the first inequality we get

(ac+ 1)(ac + 1) > a*(be + 1)
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or
a’be + ac + ab+ 1 > a’be + a®

which is true when ¢ 4+ b > a. Similarly we get that the second inequality is true when
c+a=b.
¢) The number
¢ =2abc+a+ b+ c— 2wuv

satisfies the above conditions. Also

d) Let @ = min{ay, as},b = max{aj,as},c = ag then a < b < ¢. By b) we see that u_4
and v_q are positive and

v=wv_1+au_1, u=wu_1+bv_q.

Hence
ac+1=v"= (wv_y +au_)* =

= (ab+ 1)(acd + 1) 4 a*(bd + 1) + 2awv_ju_; =
= ((ab+ 1)a + a®b)c’ + a® 4+ ab + 1 + 2wav_ju_;.
Subtracting 1 and dividing by a, we get

c=(2ab+ 1) +a+ b+ 2wv_qu_.
fd=0thenv1=u_1=1landb<c=a-+b+ 2w < 4ab. If ¢ > 1 then
¢ > 2ab+ 1+ a+ b+ 2VabVadVoc > 4ab.
|

Problem 3.5. a) Prove that there are infinitely many arithmetic progressions of length 3
that are also D(1)-triples.

b) Prove that there are no arithmetic progressions of length 4 that are also D(1)-
quadruples.

Solution. a) Let (I, k) be a solution to Pell’s equation 2% — 3y? = 1. Let
a=2k—1,b=2kc=2k+1
(one can check that a,b,c > 0), then
ab+1 =4k =2kl + 1=K +1*—1-2kl+ 1= (k—1)?

be+1=4k> +2kl+ 1=K+ —1+2kl+1=(k+1)%
ca+1=4k*—1?+1=Fk%
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Hence the set {a, b, ¢} satisfies the conditions of the problem.
b) Let {a, b, c,d} be such a D(1)-quadruple with a < b < ¢ < d.
Solution I: By Problem 3.3.d this is possible only if d > 4ab. But

d=a+3(b—a) < 3b< 4ab,

that’s a contradiction.
Solution IT (by M. Demidkin, G. Kostitsyn): Numbers (db + 1)(dc + 1) and d*(bc + 1)

are perfect squares with the difference that is equal to d(b+ ¢ —d) + 1 = ad + 1. On the
other hand, this difference should be at least 2dv/bc + 1 + 1. But

2dvVbe+14+1>2da+1>ad+1
[ |

which is a contradiction.

Consider the case n = —1. It is easy to find some D(—1)-triples, for example, {1, 2,5},

{1,5,10}, {1,26,37).
Problem 3.6. a) Prove that every D(—1)-couple {aq,as} can be extended to a D(—1)-triple

{ala as, a’3}'
b) Prove that there exists exactly one extension such that

max{ay, as} < az < 3ajas.
Solution. Let @ = min{ay, as}, b = max{ay, as},c = as, then a < b < ¢ and
2

ab—1=w? be—1=u? ca—1=v

for some positive integers u, v, w. Since
b? — au® = blac + 1) —a(bc+ 1) = a — b,

we obtain that equation bx? —ay? = a — b has a positive integer solution (v, u). Notice that
equation 22 — aby? = —1 has a solution (w, 1). Let a = vv/b + uy/a and § = w + /ab.

In the same way as in Problem 3.4 one can show that for any integer I the number a5’

is of the form v;v/b + uy/a, where (v, u;) is a solution to equation

bz — ay® = (=1)'(a — b).

Similarly it is easy to check that u_q,v_1; > 0 and

ad +1 =22, bd+1=u?,

for a nonnegative integer ¢’ such that
c=2abd +a+b—c +2u_jv_qw.

Ifd =0thenb<c=a-+b+2vab—1 < 3ab otherwise ¢ > 1 and ¢ > 3ab.
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[t is known that some particular D(—1)-triples, for example, {1,2,5}, cannot be ex-
tended to D(—1)-quadruples. Moreover, Dujella and Brown proved that some infinite
families of D(—1)-triples cannot be extended to quadruples.

Problem 3.7. Prove that D(—1)-triple {n?> + 1,(n + 1)2 + 1,(2n + 1)2 + 4} cannot be
extended to a D(—1)-quadruple if

a)n =1 mod 4,

b) n =2 mod 4;

c)n=4.

Solution. Suppose {n? +1,(n+ 1)+ 1,(2n + 1)> + 4,d} is a D(—1)-quadruple. Then
(n*+1)d —1 = 2%,

(n4+1)* 4+ 1)d — 1 =,
(2n+1)?+4)d— 1=z~

After eliminating d we get the following system of equations:

(> +1Dy* — (n+1)? + D =2n + 1, (1)
(n*+1)2% — (2n 4+ 1)* + 4)2? = 3n® + 4n + 4, (2)
(n+1)*+1)2* = ((2n + 1)* + 4)y* = 3n* + 2n + 3. (3)

a) If n =4k + 1 then (1) becomes
20> — 22 =—1 mod 4
so that x is odd. Further,
n*+1=8k+2 mod 16,
(n+1)*+1=5 mod 16,
(2n4+1)*4+4 =13 mod 16.

Hence (3) becomes
522 — 13y =8 mod 16

so that y and z are both odd. Then (2) yields
(8k 4 2)2* — 132 = 8k + 11 mod 16,

2+3z2=11 mod 16,
22=3 mod 16

which is a contradiction.
b) Next, suppose that n = 2k with odd k. Then (1) becomes

> —22° =1 mod 4



so that y is odd and z is even. Now (3) becomes
222 — 5y =3 mod 8
so that z is even. Putting z = 2u and x = 2v in (2) leads to the equation
(4k* + 1) u® — (16K + 8k +5) v* = 3k” + 2k + 1.
As k is odd this leads to the congruence
w? —50* = £2 mod 8

which is impossible.
¢) If n = 4 then equations (1) and (2) become

17y* — 262° = 9,

22— 5x% = 4.

The first equation gives that
> —22°=1 mod 8

which implies that x is even. Hence z is also even; putting z = 2u and x = 2v yields
17y* — 1040°* = 9,
u? — 50 = 1.
All the solutions to Pell’s equation 22 — 5y? = 1 are given by
Up 4 v, V5 = (9 + 4V/5)"
with integer n. The following recurrence is true:
v=0, vi=4, v, =18v, —v, 1

so it follows that v = 0,4 or 13 mod 17.
Now look at equation 17y? — 104v? = 9 modulo 17:

—20°=9 mod 17

or
v> =4 mod 17

which is impossible when v = 0,4 or 13 mod 17.

28
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Let {a, b, c} be a D(—1)-triple and let r, s, ¢ be nonnegative integers defined by
ab—1=71% ac—1=3s> bc—1=1>

Assume that there exists a positive integer d that extends this D(—1)-triple to a D(—1)-
quadruple. We have

ad—1=2"7 bd—1=vy? cd—1=2"

with nonnegative integers z’, ¢/, 2’
Eliminating d from previous equalities, we obtain that 2,4/, 2z’ form a solution to the
following system of equations:

ay’ — bz’ =b—a,

az’ —cx’ =c—a,

bz* — cy* = ¢ —b.

Problem 3.8. Suppose 2 < a < b <c<d.
a) Prove that there exist integer solutions (zg, x¢) and (21,¥1) to equations

a? —cxt=c—a and b2 —cyt =c—1b
respectively such that
lzo] <5, 0< 2z <cg,

|y1|<t, O<21<C,

ZVa+ '\ = (zv/a+ zo\/c) (s + Vac),
Vb4 y've = (2Vh + Ve (t 4+ Vbe)

with nonnegative integers m, n.

b) Prove that zy = 2.

c¢) Prove that there exists dy < ¢ such that {a, b, c,dy} is also a D(—1)-quadruple.
Solution. a) It is enough to prove the statement only for equation az? — cz? = ¢ —a. Notice
that o = s + y/ac generates the fundamental solution to equation 22 — acy? = —1 and by
Problem 2.1 o generates the fundamental solution to Pell’s equation 2> — acy? = 1. Thus
for any integer [ numbers (z'v/a+2'y/c)a? generate solutions to equation az? —ca? = c—a

and there is a solution (zy, z¢) such that

a NWe—a<y=zva+zp/e < ave—a.

Since
c—a

Zo\/a—Fxo\/E’
a c—a < = zna—x9v/c < ave—a.

V' = 2va —zov/c =

we have
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It follows that
2|zolVe= |y =7 <la-a™l|=2svc—a
Therefore |xy| < sv/e — a//c < s. Also
207" <y —+ =2z,

it means that zgp > 0. Suppose 2y > ¢. Since |zy| < s, we have

2 2 2 2 2
c—a=az;—crj=ac”—cs =clac—s*)=c>c—a

which is a contradiction.
b) It is easy to see that

2= (-1)"z=(-1)"z; mod 2c.

[t follows from a) that 0 < zg + 21 < 2¢ S0 29 = 21 is the only possible option.

¢) Since 25 = 2> = —1 mod c, there is a positive integer

2 +1
c

do = < C.
It is easy to check that ady—1 = 23 and bdy—1 = 32 which shows that ady—1, bdy—1, cdy—1
are perfect squares.

Suppose there exists at least one D(—1)-quadruple that does not contain number 1. It
follows from the previous problem and from the method of infinite descent that there is
another D(—1)-quadruple that contains 1.

Existence of D(—1)- quadruples is closely related to the number of classes of solutions
to Diophantine equation z? — (k* + 1)y? = k2.

Problem 3.9. a) Prove that for any integer k£ > 1 every class of solutions to the equation
2? — (k* + 1)y* = k?* contains exactly one solution zg, yo with |yo| < k.
b) Prove that this equation has at least three different classes of solutions.

Solution. a) Note that a = 2k*+1+2kv/k? + 1 generates the fundamental solution to Pell’s
equation 22 — (k2 +1)y? = 1 and 3 = k + vk + 1 generates the fundamental solution to
equation 22 — (k% +1)y? = —1. Take any class of solutions to equation z2 — (k? +1)y? = k?
and consider solution (xg, %) in this class such that

kBl <y =0 +yoVk2+ 1 < k.

There is exactly one such solution because kf/(k8™!) = %2 = a by Problem 2.1. The
inequalities are sharp because v and k3 generate solutions to different equations.
Since

2| VE2+1= |y =+ =]y = k77| < |kB — kB~ = 2k\V/k? + 1,



31

we have |yo| < k. Similarly we get that yy > k for v > kB and yy < —k for v < k3~1. This
means that every class of solutions to the equation z* — (k? + 1)y? = k? contains exactly
one solution (xg, yo) with |yo| < k.
b) Solutions (k,0), (k* —k+1,k—1) (belongs to the integer —1) and (k* —k+1,1—k)
(belongs to the integer 1) represent different classes by a). H
Definition. We call a solution (g, yo) to 22 — (k* 4+ 1)y* = k? with k > 1 an exceptional
solution if xg > 0and 0 < yp < k — 1.

Problem 3.10. Suppose {1, a, b, ¢} is a D(—1)-quadruple. Prove that there exists k > 1 such
that equation 2 — (k* + 1)y? = k? has at least two exceptional solutions (or, equivalently,
more than 5 classes of solutions).

Solution. Without loss of generality, a < b < ¢ and
a=i"+1,b=3>+1,c=k+1

for some positive integers 1, 7, k.

From the solution to Problem 3.6 it follows that either ¢ = a4+ b+ 2v/ab — 1 or ¢ > 3ab.
Hence 5 < k — 1.

Now consider the equation (y2 + 1) (k2 + 1) =241, 1ie.,

z? — (k2+ 1) y* = k2.

This equation has at least two solutions with 0 < y < k — 1, namely, y =7 and y = J.
|

Problem 3.11. Prove that equation
2 — (K 4+ 1)y* = k*

a) has no exceptional solutions if k% + 1 is a prime;

b) has no exceptional solutions if k = p’ for any odd prime p and positive integer i;

¢) has at most one exceptional solution if k& = pq for any distinct odd primes p, ¢;

d) has at most one exceptional solution if & = p'q’ for any distinct odd primes p, ¢ and
positive integers 1, j.

Solution.
a) Notice that 2 — k? = (x — k)(x + k) is divisible by prime k? + 1. This means that
either x — k or & + k is divisible by k% 4+ 1. Hence = > (k* + 1) — k and

s at— kK - (K* +1)(k* — 2k + 1)
k241 7 k241
By definition, it follows that this equation has no exceptional solutions.

b) Let (o, 90) be a solution to equation x> — (k? + 1)y* = k%. Denote gcd(xg,yo) by n,
then k = In for some positive integer [. Then equation

1'2 o (l2n2 + 1)y2 — l2

= (k- 1)

Y
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has a primitive solution (x¢/n,yo/n).
If | < nthen I2 < VI2n? + 1 and by Problem 1.6 all the solutions to equation

2 — (Pn?+ 1)y =12

should be of the form (p,, ¢m), where p,,/qn is a convergent to VI?n? + 1.

Since v/I2n? + 1 = [In, 2In], we get by Problem 1.10 that a sequence p?, — (>n? + 1)¢?,
has a period 1 or 2. It is easy to check that p,, — (I?n? + 1)¢?, = &1. Hence [ = 1 and
n = k. As yp is divisible by k, the solution (zg, o) could not be exceptional.

If I > n then [ = p/ for some j > i/2. A congruence s*> = p* +1 mod p¥ has the only
solutions s = £1 mod p#. Hence all the solutions to equation

.’,UZ o (l2n2 + 1)y2 — l?
belong to either —1 or 1. By Problem 1.14 equation t* — (I?n® + 1)u® = m with

2 _ (I2n2 11
m:S (n+):—n2

l2

has a solution (tg,ug) that belongs to £1. As | — n?| < v/[2n2 + 1, by Problem 1.6 all the
solutions to equation

? — (Pn* + 1)y* = —n?

should be of the form (py, ¢n)- Since pm — (Pn?* + 1)¢?, = £1, we have n = 1. Hence for
[ > n all the solutions to equation z* — (k% + 1)y?> = k? are primitive and belong to 1.
The solution (k* — k + 1, —k + 1) belongs to 1 and the solution (k* — k + 1,k — 1) belongs
to —1. By Problem 1.13 any solution to equation 22 — (k* + 1)y* = k? is in the same class
with one of solutions (k* — k+1,£(k —1)). It follows from Problem 3.9 that this equation
has no exceptional solutions.

c) (by V. Patrushev): Let (zg,yy) be an exceptional solution to equation

2 — (PP + 1)y =’
Denote
d- = ged(zo — yo,p°q*), dy = ged(zo + o, p2q2)-
Since (2o —yo) (w0 +yo) = 3 — y3 is divisible by p?¢?, we have d_d, = p?’q*. Consider three
cases:
1) d_ = p?,dy = ¢* Then xg, 1y are coprime and solution (g, o) is primitive and it

belongs to the integer £ such that
k=1 mod p? =—1 mod ¢

By CRT there exists exactly one such integer & modulo p?¢?®.
2) d_ = ¢*,d, = p?. Similarly (zo,30) is a primitive solution and it belongs to the
integer [ such that
=—-1 mod¢® [I=1 mod ¢
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By CRT there exists exactly one such integer [ modulo p?¢?, moreover, | = —k mod p?q>.

3) Either d_ or d, is divisible by pq. Let r = xo — pqyo, then r = +yy mod pgq. It is
easy to see that 0 < r < pq. Since yy < pq, we have either r = yy or r = pr — yp.

If r = yo then 2pqy3 = p2q¢® which is impossible modulo 2. If = pg—yo then yg = pg—1
which could not be a second coordinate of an exceptional solution.

It follows that there exist at most two exceptional solutions: (x1,y;) that belongs to the
integer k and (x4, y2) that belongs to the integer —k. Since (x2, —y2) belongs to the integer
k and |y1|,| — yo| < pg, by Problem 3.9.a we have y; = —y, which contradicts inequalities
y1,y2 > 0. Hence there exists at most one exceptional solution.

d) See [11].
|
Problem 3.12. Is it possible to find an integer k£ > 1 such that equation
’ — (K 4+ 1)y* = k*
has at least two exceptional solutions?
Solution. It is an open question known as Dujella’s unicity conjecture. |

Acknowledgements.
Authors would like to thank B. Frenkin and M. Surkov for their helpful comments, which
improved the exposition.

References.

1. J. E. Shockley, Introduction to Number Theory, Holt, Rinehart and Winston, Inc.,
New York-Toronto, Ont.-London (1967).

2. M. Waldschmidt, Continued fractions, Ecole de recherche CIMPA-Oujda, Théorie des
Nombres et ses Applications, 18 - 29 mai 2015: Oujda (Maroc).

3. JHE Cohn, The Diophantine equation z* — Dy? = 1, Quart. J. Math. Oxford (2) 26
pp. 279-281 (1975).

4. JHE Cohn, Some quartic Diophantine equations, Pacific J. Math. 26(2): 233-243
(1968).

5. A. Dujella, On the size of Diophantine m-tuples. Mathematical Proceedings of the
Cambridge Philosophical Society, 132, pp. 23-33 (2002).

6. E. Brown, Sets in which xy + k is always a square. Math. Comp. 45, pp. 613-620
(1985).



10.

11.

12.
13.
14.
15.
16.
17.
18.

34

B. W. Jones, A second variation on a problem of Diophantus and Davenport, Fibonacci
Quart. 16 pp. 155-165(1978).

. A. Dujella, C. Fuchs, Complete solution of a problem of Diophantus and Euler. J.

London Math. Soc. 71, pp. 33-52 (2005).

. K. Matthews, J. Robertson, J. White, On a diophantine equation of Andrej Dujella,

Math. Glasnik, 48, number 2, pp. 265-289 (2013).

A. Srinivasan, D(-1) quadruples and products of two primes, Glas. Mat. Ser. III 50,
pp. 261-268 (2015).

M. Le, A. Srinivasan, Note on Dujella’s unicity conjecture, Glas. Mat. Vol. 58(78), pp.
59 — 65 (2023).

https:/ /artofproblemsolving.com /community /c6h1186131p5767378
https:/ /artofproblemsolving.com /community /c6h577945p3408321
https://artofproblemsolving.com /community /c6h1849278p12466367
https://artofproblemsolving.com /community /c6h2183565p16353210
https:/ /artofproblemsolving.com /community /c146h150369p849188
https:/ /artofproblemsolving.com /community /c146t383f146h 150370

https:/ /artofproblemsolving.com/community /c6h553573p3216004



JInHeitHbIe XapaKTepucTuK rpados

M. Hdumauu, A. Cysopos, . Borganos, O. Bypcunan, K. Koxach

Yacte 1

VY nac ectb rpad. Cremyoriue Tpu ducjia (HO He TOJBKO UX) Oy/IeM HA3bIBATH €ro JUHEHHBIME XapaK-
TEPUCTUKAMU:

(a) wmcso BepmH — N,

(b) umcso pébep — m,

(¢) umesio He3aBUCUMOCTH — (¢ (MAKCUMAJILHBI pazMep He3aBHCMOTO MHOXKECTBA).

WurepecHo, a kKakue 3HaUYEHMsI OHU MOTYT IIpUHUMATh? MOoKHO Jit 110 Tpoiike (1, m, o) TOHSITh, Cy-
IeCTBYeT Takoi rpad uin HeT? DTO JOBOJBHO H3BECTHAS 3a/1a1a, HO Y Heé eCTh HHTEPECHbIC BapUAIINN,
B TOM 4YHCJIE, HeJaBHUE PE3YJIbTaThbl U JazK€ OTKPBLIThHIE HpO6.HeMBI.

OjtHO m3 HampaBJIeHWI — 3aJlaTh ITOT BOIPOC JIJIsT HEKOTOPOTO ceMeiicTBa rpadoB, Hampumep,
JIJIS TTAHAPHBIX, WM JIMCTAHIIMOHHBIX, UK TPadOB, HE COJEPKAIINX ONPEIeTIEHHBIX MoArpadoB. DTu
3a/a91 UMEIOT MHOTO OOIIEro, HallpuMep, ¢ 3aJa9aMi O XPOMaTHIECKIM YHCJIe TIJIOCKOCTH, ITPODIeMOoi
Bopcyka u jnaxke ¢ ynakoBkoit cpep. Ho Jtytrie Bcero BbI, CKOpee BCEro, 3HaKOMbI ¢ PACCTaHOBKOi He
ObIOMUX JIPYT JApyra GUryp Ha KJIeT4aToi JIOCKe.

[Iycts mmeeTcs kierdartas JIocKa u HekKoTopasd ¢urypa X. Bygaem cuntarh KJIETKH JOCKH BeEp-
muHamMu rpada, a BceBo3MoxKHbIe X016l purypbl X — pédbpamu rpada. [locrpoennsrit rpad Haz30BEM
wazxmamuvm. Harpumep, mj1s 1ocku 2 X 2 1 KOPOJist 3TO MOJHBII rpad Ky, a J1j1st 10cKu 2 X 2 U JIaIbu —
k1 Ha 4 BeprmHax Cl.

Konnenmmusa juinaero pedopa

Pebpo nasbiBaeTcs auwHuM, €C/IN €ro yjiajleHrne He n3MeHseT YhcJI0 HeaBucuMmocTu rpada. I'pad, ne
COJICP2KAINUI JIUITHIX PEOED, HABBIBACTCI (-KPUMUYECKUM, & JIIOOOH -KpuTudecKuii rpad, Moy anB-
muiicss U3 MPOou3BOILHOTO Tpada G ¢ IMCIOM HE3aBUCUMOCTHU (v TIOCIEI0BATE/ILHBIM BbIOPACHIBAHIEM
JUIIHUX pédep, naspiBaercd Adpom rpada G. CBA3HbIil a-Kpurtndeckuii rpad Ha30BEM MYpaHoECKUM.

Banaya 1 Haiiaure kakoe-HUOY/Ib s1/IPO MAXMAaTHOTO rpada Jiis:

1) mpsIMOYTOJIBHOM JIOCKU M X M U JIaJibu,
2) mocku 3 X 3 u depss,

3) MMIMHAPUYECKOH JTocKU M X n (MepBbIil cTOJIGEI CKJIeeH ¢ TOCETHUM) U KOPOJIS.

4) ®urypa remnap/i U3 MPOU3BOJILHON KJIETKU T ObET BCe KJleTKH KBajpara 19 X 19 ¢ nenrpaibHoil
KJIETKON X 3a UCKJIIOYEHUEM KJIETOK, HAXOJSAIIUXCdA C T B OJIHOM CTOJIONE MJIM OJHOM CTPOKe.
Kakoe nanboJibIiee KOJIMIECTBO rernapaoB, He ObIOIIUX JIPYT JIpyTra, MOKHO PaCCTABUTH HA JIOCKE
1000 x 10007 Haiiaure Kakoe-HHOYIb SAPO IMAXMaTHOTO rpada Jjis remapja W 9TOH JTOCKH.
(Permonasbusrit stam, 2018, 10.8.)

5) Hapucyiite Ha KJIeT4aToii MJI0CKOCTH KaKyI0-HUOY/Ib CBSI3HYIO OTHOCUTEBLHO XO/a KOPOJIs JOCKY,
HA KOTOPYIO HEBO3MOXKHO IOCTABUTH 4 KOPOJIsA, He ObIOINMX JAPYT JAPYyra, U KOTOPYIO HEJIb3s
MOKPBITH TPeMs KJIeTIaThIMI KBaipaTamu 2 X 2. Haiiinre siipo COOTBETCTBYIOIIETO MIaXMATHOTO

rpada.
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6) Bepmmnsl rpada G — 3ro Touku mwiockoctu (z,y), 0 < z,y < 100, rje oaHO U3 uucesn T, y
1esioe, a Bropoe — moJyiiesoe. (Beprmay rpada MOKHO MHTEPIPETHPOBATH KAK JIEXKAIIYIO HA
KJIETYATON IJIOCKOCTU JIOMHUHOIIKY.) Pebpo coepuHsgeT JBe BEpIIUHBI, €CJIU PACCTOSHUE MEXKLY
BepIIMHAMI DaBHO 1 (IIPH 9TOM TIOJIYIEJIbIe KOODJMHATHI JIOJIZKHBI COBIAJATH, & IeJIble KOOp-
JIMHATHI OTJIMYAIOTCS Ha 1), MO0 eC/in PAcCTOsTHUEe MeXKJIy BepIInHAMU PaBHO V2 /2. Haiigure
YUCJIO0 HE3aBUCUMOCTHU U KaKOoe-HUOY/Ib sJIpO 3TOTO Ipada.

Kak mnoxkaseiBaior rpadbl u3 3aja4un 1, crupanue JIUMIHAX PEOGED B €CTECTBEHHBIX KOHCTPYKIUSIX
JacTO NPUBOJIUT K HECBA3HOMY sJIPY, COCTOSIIEMY W3 HECKOJIBKUX KJuK. [losToMy BO3HUMKaeT ecte-
CTBEHHBIN BOIIPOC: TIPU KAKUX 1 U (¢ BOOOIIE CYIIECTBYET XOTs Obl OJINH TYPaHOBCKMiI rpad?

3agaya 2
1) s mo6oro HaTypaJbHOTO (v MOCTPONTE TYpPaHOBCKHi rpad ¢ n = 2a + 1.
2*) st TypaHoBCKOro rpada JOKayKuTe HepaBeHCTBO 1 > 2« + 1.

Yrasanue. Bo3aMOKHO, BbI He CMOXKeTe cpa3y pemurh TyHKT 2. Ho K HeMy MOXKHO BEpHYTbCS B
gactu 11, ucrosb3ys 6osiee MOITHYIO TEXHUKY.

Y100BI CTPOUTH JAPyrue TPUMEPHI, MMOJE3HO YMeTh J00aBIATh B rpad BepmiuHbl. Kionuposarue
sepwuHbL * — J100aBJIEHIe HOBOM BEPIIMHBI, COEIMHEHHON C & U BCEMH €€ COCEIAMU.

3amaya 3
1) Jlokazkure, 9TO KJIOHUPOBAHKE BEPIIUHBI HE MEHSIET YUCJIO HE3aBUCUMOCTH (V.
2) JlokakuTe, 9TO KJIOHHPOBAHKE BEPIINHBI (-KPUTHIECKOTO Tpada OCTaBIISIET €r0 (-KPUTHIECKUM.
3) Ilpusemure nmpuMep TypaHOBCKOrO rpada ¢ 3aJaHHbiMu « U n = 2 + 1.

Nrak, y HAC €cTh Ccrocod KOPPEKTHO JI00AaBIATH BEPIIUHBI B I'Pad, OTCICKUBAsS UX CTEICHbD.

Bamadya 4 Kaxkoe HanboJibIee 9ucaI0 BePIINH MOXKeET UMeTh rpad ¢ YUC/JIOM He3aBUCUMOCTHU (v, B KO-
TOPOM
1) crenensb Jii00OOI BepHIIMHBI He TIpeBbIIaeT k7
2%*) crenenb JIE00O0i BEPIMHBI He MPEBBIMIAET k, U KOTOPBI He COIep:KUT KK Ha k + 1 Bepriuune?

Bagaua 5 (Teopema Typana)

[Iycts k = L%J Ob6o3HaTIM
1
T(n,a):k-n—@a.

1) JokaxknTe, 9T0 HanMEHbIIIEE 9UCIO PEGEp y rpada Ha 1 BEePIIMHAX C YHCIOM HE3aBUCHMOCTH (

pasuo T'(n, ).

2*%) Jlokazkure, 9TO HAUMEHBIIEe YUCII0 PEGep y CBA3HOIO rpada Ha n BEpIIMHAX C YUCJIOM He3a-
BucuMocT « pauo 1'(n, o) +a — 1

3*) Jlokazkure, 9TO HAMMEHbIIee YnCJI0 pébep y rpada HA n BEPIIMHAX C YUCIOM HE3aBHCUMOCTH (¢
¥ P KOMIIOHEHTaMU CBs3HOCTH pasHo T'(n, ) +a — p

4*) Jlokazkure, 9TO HauMeHbIIIee Yncao pébep y TYPAHOBCKOI'O rpada Ha n BEepIIMHAX € THCJIOM
Hezasucumoct « pasuo T'(n +a —1,a) — a + 1.

ITodckasku. Tonpobyiite B myHKTe 1) 10Ka3aTh ONEHKY 110 MHIYKIUH, CPDABHUBAS YUCIO PEGED B JIBYX
rpadax U Ha KayKJOM Ilare BbIOpachiBas U3 HUX IO BEPIIHHE HanOOJbIIeil crernenun. YToObl pemmTh
IYHKTHI 2) U 3), MOJIE3HO BLIOpACHIBATE JIMIIHIE PEOPA, ecyii OHK ecTh. lckaTh jiniiHue pédpa moMozKeT
sagada 6. [IyHKT 4) gBJIsieTcs JOBOJIBHO TPYHBIM, K €r0 PEIeHUI0 BeJIyT UJIEH, PA3BUTBIE BO BTOPOIi
U TpeTbheil 4acTUu IIPOEKTA.

Kasasoch 6b1, uem omsimaatorcst myHKTHE 2) 1 4)? CuTyaliust, KOrjia 3apeT JUITHIX pEdep yCHInBaer
KaKyI0-TM00 HUKHIOIO OIEHKY Ha YHCJIO PEDep, MOoHAvYaTy KarXKeTcs Mapa/oKCaIbHOI.
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Bagada 6 Jlokaxkure, 4T0 B TypaHOBCKOM rpade (Ipu n > 2) HeT BUCIYIUX BEPIIMH, ¥ TOUEK COUJIe-
HeHUs (BEpINNH, YIaJeHine KOTOPBIX YBEJMINBAET YUCJI0 KOMIOHEHT CBSI3HOCTH).

Bagaga 7 [lokaxkure KaKylO-HHOY/Jb OIEHKY CHU3Y I 9ucIa pedep rpada, BEPHYIO I 3ajadu
5.4 m HeBepHYIO JJId 331a9u H.2. MoxkeTe orpaHUYINThLCA cydaeM o = 2, n = 7.

HoBas xapakTepucTuka u npaBUJIbHbIE IIpeoOpa3oBaHuda rpadoB

Mot 3naeM, 9To sjpo rpada G He onpeiesieHo OHO3HATHO. MaKkcuMaIbHOe BO3MOXKHOE IHC/I0 KOMIIO-
HEHT CBSI3HOCTH sijipa OyjieM Ha3bIBATh Adephvim wucaom rpada G u obosnadars p(G) wim mpocro p.
OOGHOBUM CITNCOK JIMHEHHBIX XapaKTEPUCTUK.

(a) wmcso BepmuH — N,

(b) uwmcio pébep — m,

(¢) 9mCII0 HE3ABUCUMOCTH — «,

(d) smepHOe umCIO — P.
VIuBUTENHHO, HO H00aBICHIE YETBEPTOH XapaKTEPUCTUKHU TIOMOTAET Je/IaTh HETPUBUABHBIE OIEHKH
Ha [epBble Tpu!

YTo6bI JTOKA3BIBATH OIEHKU CHU3Y Ha YUCJIO pEGEp B (-KPUTHYIECKOM rpade (B MEpBYIO 0Yepe/b,

B 3ajiaue 5.4) U CTPOUTH NPUMEPHI TaKUX rpadoB, HAM MOTPEOYIOTCS Pa3/IMYHbIe TPEOOPA3OBAHIS
rpadoB — jobaBjieHns / yIaaeHns BEPIIUH, COXPAHAIOIINE HyKHbIe HaM XapakTepucTuku. Jo6aBisiTh
BEPIIIUHBI MBI YK€ yMeeM. Termeppb MmompodoyeM HaydIuTbCsi KOPPEKTHO VIAAJIsITh BEPITUHBI U3 rpada.
Beprmna x a-gkpurudeckoro rpada G HazbiBaercs cmabuavhol, ecau giaepHoe ducio rpada G\ x
paBuo sijiepromy unciay G. (Hepes G \ x obosnauen rpad, noiaydaromuiics usz rpada G yranennem
BEPIIKMHBL T U BCEX BBIXOJAIINX U3 Hee pebep.)

3anaga 8 Ilycts B Typanockom rpade G ¢ o > 1 Bce BEpIIMHBI CTAOUIBHBI.
1) Ilycrs rpad G He sBisiercs peryssipbiM. Kak mocTpouTh TypaHOBCKHIA rpad ¢ TaKUMU Ke 7,
(v ¥ MEHBIINM YUCIOM pédep?
2) Ilycrs rpad G perymsipbiii. Kak mocrponTs HeperyaspHblii TypaHOBCKHUii rpad ¢ TaKuMu e 1,
« 1 He DOJIBIINM YUCJIOM pEdep?

Nrak, perienne 3aja4uu 8 MO3BOJISET TPEOOPA30BBIBATH I'PAdbl €O CTAOUIBHBIMUA BEPIINHAMU, CO-
XpaHsisd N, (, p U He yBeJudIuBasi 4nucjaio pedep m. Ho 4ro menars, eciim Mbl XOTUM yIaJIUTh BEPIITHHY
rpacda, a oHa okasajach HecrabmibHOI? HazoBéM mpeobpasoBaHne q-KpUTHIECKOrO I'pada npasunb-
HYLM, €CTTH TIPA HEKOTOPOM t € 7, BBIIIOJHAIOTCSI CJIEIYIONINE YeThIPe YCIOBHSI.

1) Yucso HE3aBUCHMOCTH COXPAHSAETCSI.

2) I'pad ocraérest q-KPUTHIECKIM.
3) Hwmcsio BepIMH N U YUCJI0 KOMIIOHEHT CBSI3HOCTH P CTAHOBSITCS PAaBHBI COOTBETCTBEHHO N + t U
p+t.
4) Yucso pébep y npeobpazosanuoro rpada we 6osbiie m + t.
Hamnpumep, npeobpasoBanus u3 IpeabLayIneil 3aadu siBJASIOTCA TpaBUIbHbIME ¢ t = 0.

Bagaga 9 [lIpumymaiite mpaBuibHOe IpeobpaszoBanue ¢ t = —1, paboraroiee 115 rpada, COCTOAIIETO
u3 JIBYX KOMITOHEHT CBsi3HOCTH (G 1 Gy, KaxKjasi U3 KOTOPBIX COJEPKUT HE MEHee TPeX BEepIUH, IJe
1) Gy u Gy — ximKN (HaIpUMep, IIOCTPOTEe JBa Pa3HBIX TYPAHOBCKHX rpada ¢ n = 8, a = 2,
m = 15 u3 KUK Ha 4 BepIMHAX U KJIUKH HA D BepIINHaX);
2) G1 — rypanosckuii rpad, Gy — KIHKa;
3) G u Gy — TypaHoBcKue rpadoi.

[IpaBusibHoe peobpazoBanue ¢ t > () MbI HA30BEM PACKOAOM.
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Teopema 1 (Teopema o packosie). ITycmov © — Hecmabuavhas eepuuna mypanosckozo epada G.
Tozda % kascdot kKomnonenme ceasnocmu adpa 2pagda G \ x moocno dobasumv no eepuwiune, 4moobw.
NOAYHUAOCH NPABUNLHOE Npeobpasosanue 2pagpa (.

Teopema 2 (Ocuosnasi Teopema). Ilyemv G — npoussoavrwill a-kpumuueckuds epag. Tozda cyuse-
cmeyem npagunvroe npeobpazosanue, nepesodauwee G 6 dussronkmmuoe obsedunenue KAuk.

Omnpenenenune. Accoyuuposarnoiti epag Typara 1iist a-Kputudeckoro rpada G Ha n BepImHax ¢ Iuc-
JIOM HE3aBHUCHUMOCTU (v U P KOMIIOHEHTAMHU CBSI3HOCTU — AUIBIOHKTHOE OObEIMHEHUEe (v KJIUK, COIEeP-
JKaIlIX B COBOKYIIHOCTH POBHO 1 + (v — p BEPIINH U 10 pa3Mepy OTIHYAIOIIIXCsS He Oojiee ueM Ha 1.

BaMeTuM, 94TO OCHOBHas TeOopeMa I03BOJIAET IepeBecTu JIFOOH TYpaHOBCKHII rpad B €ro accoru-
upoBaHublii rpacd Typana npaBuibHBIM IpeodbpazoBarueM. C JIpyroit CTOPOHBI, MHOIOKPATHO IIPUMeE-
HEHHOE TTpeodpa3oBanme U3 337291 9 — 3TO MpaBUIbHOE IIpeodPa30oBaHme, MEPEBOJIAIIEE TUIBIOHKTHOE
obbeIMHEHNE KUK, COJEprKallluX He MeHee 3 BepIINH KaxkKjad, B TypaHoBcKuil rpad. Hazosém Typa-
HOBCKUIT rpad, MOJTyIeHHBIN TAKUM CIIOCOO0M, mpusuasvtum. VITak, orieHKa Ha 9YUCIo PEGep

m>=2Tn+aoa—pa)—a+p,

BLITEKAIONAsl U3 OCHOBHOII TeopeMbl, TouHasg. Hampumep, ona oGpalnaercss B paBeHCTBO HA TPUBH-
aJbHBIX I'padax, MoJyUIeHHBIX cepHueil npeobpasoBanuii u3 3a1a49u 9 U3 JIU3bIOHKTHOIO 00beMHeHNs
KJIMK, OTJIMYAIONIUXCA 110 pa3Mepy He 6osee yem Ha 1. Hazoém a-kpurudecknii rpad ¢ MUHIMAILHBIM
BO3MOZKHBIM IIPH 3aJ[aHHBIX N, P, (v IUCIOM pébep m = T'(n + o — p, &) — o + p becnaammoim.

3agaga 10
1) Hapucyiite 4 pa3juyHbIX TPUBUAJIBHBIX TypaHOBCKUX rpada ¢ n = 10, « = 3, m = 16.
2*) B kakoM ciydae cepuio IpeobpasoBaHuil u3 3agadn 9.3 MOXKHO HPOBOIUTH B MPOM3BOIHHOM
nopsiiKe?
3**) Tlpumymaiire yao6Hy10 KIacCH(DUKAIIIO TPUBHAIBHBIX TYPAHOBCKUX I'PadOB € 33 JaHHBIMUI 1 U (V.

Samaua 11 BeiBeure OCHOBHYIO TEOPEMY U3 TEOPEMbBI O PACKOJIE.

Teopema 3 (O Gecatubix rpadax). [Tyemv G — nempusuasvhvili becnaamuod epad. Tozda ezo
accoyuuposarnoili 2pad Typara codeporcum KOMMOHEHMY C8AZHOCTIU U3 3 EPUIUH.

3amaua 12 Ha miockocTn orMeTHIN 4r TOYEK, TIOCJIE Y€ro COCTMHUIN OTPE3KAME BCE IMapbl TOYEK,
paccTosHIe MeXKJTy KOTOPbIMEU paBHO 1 cM. OKazasoch, 9To cpen JoObiX « + 1 TodeK 0bsi3aTe/IbHO
€CTb JIBe, COEJIMHEHHBIE OTPE3KOM.

1) Jlokazkure, 9TO BCErO MPOBEJIEHO He MeHee 7o 0Tpe3KoB. (A. M. Paiiropoackuii, MMO 2010, 10.6)

2) VYiydiure ONEHKY J10 7.5 OTPE3KOB.

3) IlycTb KOIMYECTBO TOYEK PABHO N, & YHCIO OTPE3KOB paBHO m. [{okazkure omeHky m > bn—12a.

Yrasanue. MoXHO MCIIOSIb30BaTh 0€3 JI0KA3aTE/IbCTBA OCHOBHYIO TEOPEMY U TEOPEMY O pacKoJIe.
Ecmm onenka m3 1.3 mokasajgach CJIUIIKOM IIPOCTOM, U BO3HUKJIO KeJIaHUE €€ CYIIEeCTBEHHO YCUJINTH
(manpumep, 710 9«), Oy/yT BbLIAHBI JOIOJHUTEIbHBIE 3349l HA 9Ty TeMy. B HHUX [OMOXKeT Teopema
o Oecrtarubix rpadax. Ha stom gacts I 3akonvena. /lasee Bbl MOXKeTe MPUCTYIHUTH HA BBIOOD JIMOO
K gactu 11, mubo k gactu I11. Obe qacTn IpUBOAAT K JO0KA3ATETHLCTBY TEOPEMBI O PACKOJIE, HO COIePrKAT
u apyrue pe3yabrarsl. Jacth I Takke BeJAET K J0Ka3aTEILCTBY TEOPEMbI O OECILIATHBIX Irpadax.
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Yacrs 11

JIlemma XoJia u JunrHue peodpa

JIemma (Xosur). Eemv n ronowet u neckoavko desywek. HMaeecmno, wmo kaxur 6v, k ronowet Hu
8HOPAMB, CYMMAPHOE KOAUYECTNEO 3HAKOMBIT UM desywer ne mervuwe k. Tozda ece ronowu mozym
8HOPAMD NO HEBECTNE U3 YUCAG CEOUT 3HAKOMDBLL.

Jlemma XoJuta mMeeT HECKOJIBKO JIOKA3aTEIbCTB, Mbl BBIOEPEM TO, KOTOPOE IOMOXKET B PEIIeHUN
JMaTbHEHIX 3a/a9 mpoekTa. HazoBeM MHOXKeCcTBO m3 Kk IOHOIIEH Kpumuveckum, €CIn COBOKYITHOE
KOJIMYECTBO 3HAKOMBIX MM JIEBYIIIEK B TOYHOCTU PABHO k.

3amaua 13
1) TIpeamosioxkum, 9T0 KPUTHIECKOE MHOXKECTBO IOHOIIIEN HE COEPXKUT MEHBIINX KPUTHIECKUX TI0/T-
MHOXKeCTB. JlokaxkuTe, 9TO HUKaKas CBaJb0a IOHOIIM U3 9TOr0 MHOXKECTBA HE HCIIOPTHT JIJIs
OCTAJILHBIX YCJIOBUE JIEMMbI XOJLIa.
2) JlokakuTe, 9TO €CJIU YAAJIUTh KPUTHIECKOE MHOMKECTBO IOHOIIEH BMECTE C UX 3HAKOMBIMH JIe-
BYIIIKAMU, TO JIjI OCTABIIUXCA OY/IET BBIIOJHEHO YCJIOBUE JIEMMbBI XOJLIa.
3) Jokaxure jgemmy XoJuia HHIYKIEd 0 Yucyly BepinnH rpada.

[Tycrs U — npousBosibHOE He3aBUCHMOE MHOXKeCTBO B rpade G. O6o3uaunm uepes N (U) MHOKECTBO
cocegieit U (BepiiH, COCEIHUX XOTh ¢ Kakoi-uuOy b Bepumuoii u3z U). O6benunenne U = U U N(U)
OyJileM Ha3bIBaTh OKpecmHocmyvlo MHOKecTBa U.

Bagaua 14 Yucio mesaBucuMocTH TypaHosckoro rpada G Ha n BepmmHax pasHo «, U — mpous-
BOJILHOE HE3aBUCHMOE MHOYXKECTBO BepInH. JloKazKure, 4To:
1) ecrm n > 1, To okpecTHOCTL U COMEP:KAT He3aBHCHMOE MHOZKeCTBO MorHocTH |U|, He coBmaa-
foree ¢ U,
2) ecmn |U| < «, To okpecTHOCTL U COJEP:KHUT HE3aBUCHMOE MHOYKECTBO, COflepyKalee He MeHee
|U| + 1 Bepurumsr,

3) ecsm n > 1, To MHOXKeCTBO coceieit MuoKecTBa U cofep:xut He Menee |U| BepriuH,

4) ecom n > 1, 7o MHOXKecTBO U BXOIUT B HEKOTOPOE MAPOCOYETAHHE,

5) ecam n > 2, To MHOXKecTBO coceneit U comepxur e Menee |U| + 1 Bepumssl.

6) ecim n > 2 u x — npousBoJbHAs BepriuHa B MHOXKecTBe coceneit N (U), To muoxecrBo U BxomuT

B HEKOTOPOE TIapOCOYeTaHre, He COJIepKaIlee .

7*) eciu |[N(U)| = |U| 4 1, To Bce Bepuuabl MHOKecTBa U UMEIOT CTElEHD 2.

8%) ecam rpad G He CONEPXKUT BEPIIUH CTEICHH MeHee 3, TO J0boe pebpo MOXKHO JIOMOTHUTE 10
ImapocodeTanns pasmepa o + 1.

Ykazanue. Kak yuecrs, 4ro pébpa, Bbrxozdume us U, He ABJIAIOTCS sumanMu’ A pébpa, BBIXOIs-
e u3 U Hapyxy?

Banava 15 Jlan typanoBckuit rpad G Ha n BeplInHAX.
1) Ilycrs n > 2. Jlokaxkure HepaBeHCTBO 1 > 2 + 1.
2) Ilycrs BeinosHeHo pasencTBo n = 2« + 1. Jlokaxkure, uro G — HEYETHBIH UK.
3*) Ilycrb BbIIOJIHEHO paBeHCTBO N = 2 + 2, npuuém « > 2. Jlokaxwure, uro B rpade G ecrb
BEpPIIIUHA CTEIIEHH 2.
4*) B mexkoropoii rpyrre u3 12 gesioBeK Cpejii KazK/IbIX JAeBATH HAMIyTCS MTh TONAPHO 3HAKOMBIX.
JlokaxkuTe, 9TO B 3TOI I'PyIIe HAIYTCsS MEeCTh NOMapHO 3HAKOMBIX. (B.JI.Joapaukos, 1999, 3a-
knounrenbubiii sran, 10.8). Kak obobiaercs sra 3a1a4a’
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3amgauda 16
1) Ilycrs TypanoBckwmii rpad ¢ n > 3 comepxutr Bepimny crenenn 2. [Ipumymaiite npasuibaoe
npeobpazoBanue 3Toro rpada ¢ t = 1, B pe3ysbrare KOTOPOro oopasyercst KOMIIOHEHTa, CBSI3HOCTH,
SIBJISIONIASICS. TPEYTOJILHUKOM.
2*) Ilycrb B TypanoBckoM rpade GG BBINOJHEHO paBeHCTBO n = 2a + 2. Jlokaxure, uto rpad G —
TPUBUAJILHBIN.
3*) Omnummnre Bee TypaHOBCKHE Ipadbl, B KOTOPHIX BBINOJHEHO PABEHCTBO N = 2av + 2.
4**) CymecTByeT Jin HETPUBUAJIBHBII TypaHoBcKuil rpad ¢ n = 2« + 37
5%%%) Tlpu a = 3k + 1,k > 1 umeerca cepusi 3-peryJisipHbIX HETPUBUAIBHBIX TYDPAHOBCKHUX IpacoB ¢
n = 8k + 4. C apyroit cTOPOHBI, UMEETCsT ONEHKa 1 > 2(v + 2 Ha YHUCJIO BEPIINH B TYPAHOBCKOM
rpade, He cojiepKaIleM BepIUH crerenn 2, mpu « > 1. Mozkere Jin BbI COKPATUTD 3230 MEKLY
OIIEHKON 1 TIpUMepoM?

Hazosém karouesvim wucsom k(G) rpada G MUHUMAJBHYIO BO3MOXKHYIO CTEIEHb BEPIIUHBI, KO-
TOPYIO MOXKHO 106aBuTh K (G, coxpaHuB 4ducyio HesapucumocTr. Ouepanus KJIOHIPOBAHUS BEPIIUHLL
(amava 3) mokaseiBaeT, UTo ecau B rpade G ectb Bepmuna crernenu d, To £(G) < d + 1.

Bamaya 17 B s70it 3a/1a1e BCIOY CJI0BO «Iorpad» 03HAYAET «UH/IYyITUPOBAHHBIN TTOAIpad».
1) Ilycrs Gy — moarpad typanosckoro rpada G. Jlokazure, 910 KOJIUIECTBO PEGED, COETUHSIONIAX
G ¢ ocranbHOit YacThio Tpada, He Menbiie K(Gy).
2%) Ilycrb k > 1, a Gy, Go, . . ., G, — Habop HenepeceKaronmxcs noarpados Typanosckoro rpada G.
Jlokaxkure, 94T0 KOJMIECTBO pEdep, coemunsiomux Gy, Go, ..., Gy MexXKIy coboit U ¢ OCTaJIbLHOI
JacThio rpada, 0obIlne Yem

k(G1) — 14+ k(Ge) =14 ... + k(Gy) — L.

3*) BeiBesure U3 IpeBIIYINEro MyHKTa TEOPEMY O PACKOJIE.

4*) Ilycrs Gy — noarpad typanoBckoro rpada GG, Takoit, 9ro KoamdecTBo pébep, coeauustomux G
¢ ocrasbHOI gacThio rpada, paBao k(Gg). [lpumymaiite nmpaBuabHOE TpeobpazoBanme rpada ¢
t = 1. Ogna u3 yacreit Mmoxker crarh runeprpadom (em. gacts I11).

5%) Tlycrs Gy, Go, . .., G), — nabop Henepecekaomuxcs noArpados TypaHoBckoro rpada G, npudém
rpad G\ (G1UGLU...UG}) comepKuT He MeHee JBYX BepinuH. M3BecTHO, 94T0 KOmiecTBO pébep,
coequustionux Gy, Ga, ..., Gy Mexay coboit u ¢ ocraibHON dacThio rpada, pasao 1 + k(Gy) —

1+ k(Gy) —1+4...4+ k(Gg) — 1. lpugymaiive npaBusibHoe npeobpasosanue rpada ¢ t = 1. Ozxna
U3 JacTeil MOXKeT cTaTh rureprpadom.
6*) O6obImuTe pe3yIbTaThl MPEJAbIILYIIUX IIyHKTOB HA TUIeprpadbl.
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Yacro 111

I'uneprpadbr

st pacimpenns BO3MOXKHOCTEN TPABUIBHBIX [IPe00Pa30oBanmii, Mbl 00001IaeM TTOHITHE rpada J10 ru-
neprpada, Jonyckas peéopa, cojepkaliue Jr0boe HellycToe MHOKecTBO BepiinH. PopMaabHO TOBOPH,
runieprpad — 1o mapa (V) E), rae V' — nponsBoiibHOe MHOKECTBO (MHOKECTBO BepIinH), F — mpo-
M3BOJILHOE MHOYKECTBO HEIYCTBIX MOJMHOKeCTB V' (MHOXKecTBO pebep). Obbranblii rpad cTaHOBUTCSH
YACTHBIM CJIy9daeM, KOrja KarxKaoe pedpo COIEPKUT POBHO JIBE BEPIIUHBI.

Omnpenenenue. Cmenens eepuiunv, B TUIEPTpade — 9T0 KOJTUIECTBO pebep, COePKAIX 9Ty BEPIIIH-
ny. ['pad HaswIBaeTCs pe2yaapHvim, €CJIM BCe ero BEPITNHBI IMEIOT OJNHAKOBYIO cTelieHb. Heaasucumoe
MHO2CECME0 B TUIEprpade — 9TO0 MHOXKECTBO BEPIINNH, HE CojeprKalliee HU OIHOTO pedpa IEJIMKOM.
Yucao nezasucumocmu oG) — MaKCHMAJBHBIN pa3Mep HE3aBHCHMOTO MHOXKeCTBa. JIoboe He3aBm-
cuMoe MHOKeCTBO 13 «v((G) BepINH HA3BIBAETCH MAKCUMAALHBM HE3AGUCUMbBIM MHOHCECTEoM. Ecim
JIBe BEepINUHBI T U Y MPpUHAJIE)RKAT pedpy A, MBI TOBOPUM, UTO U3 T MOHCHO npolimu 6 Yy no pebpy A.
JIBurasich 110 pebpam OT OHOI BEPIIUHBI K JAPYTOii, MBI ITOJIy4daeM nyms. ['uneprpad HazbBaeTcs c643-
HbLM, €CJIA JIIOOBIE JBE €ro BEPIINHBI MOXKHO COCIUHUTH IyTeM WJIH, IO APYTOMY, €CJIH €I0 BePITHHbI
HeJIb3s pa3bUTh HA MHOXKECTBA (KOMNOHENMbL CEAZHOCTU) TAK, ITO KaXKJI0e PeOpO MEJIUKOM JIEZKUT B
OJTHOM M3 MHOKECTB.

OnpeeneHnst a-KpUTHIECKOro rpada, TypaHOBKCKOTO rpada, IpaBUILHOIO IPeodpa30BAHUST OCTa-
I0TCA B CIJIE, C YIeTOM M3MEHUBIIEIOCs CMbBIC/IA BXOISIINX B HUX TepMHUHOB. IIpaBuibHoe mpeobpaso-
BaHUE C [apaMeTpoM t HA30BEM MOYHBIM €CJIN KOJIMIeCTBO pebep B mpeobpa3oBaHHOM rpade paBHO
m +t (a He MeHbIe OO PABHO, KaK TpeOyeTcst B 00IIEeM OIPeIeIeHIN ).

Oka3sbIBaeTcs, 9TO TeopeMa O PacKoje U OCHOBHas TeopeMa paboTaioT u s runeprpadon. OHO
U3 JI0Ka3aTeJIbCTB TEOPEMBI O pacKoJ/ie, KOTOPOe Bbl MOKETe IMOJIyInTh n3 3aga4un 16 gactu 11, Hukax
HE UCIOJIb3YeT TOT (aKT, YTO B KarKJIOM pebpe POBHO JIBe BEPIIMHBI U, TAKUM 00pa30M, O0€3 n3MeHeHmit
nepeHocuTcs Ha runeprpadbl. [lomarosoe 1oka3aTebCTBO TEOPEMBI O PACKOJE, KOTOPOE BBl MOXKETe
MOJIYIUTh U3 PEIIeHud STOH JacTh, TpeOyeT M3MEHEeHUs YUC/Ia BEPIIUH B peOpe Ha MPOMEXKYTOTHBIX
sranax npeodpasoBaHuil (HAIpUMEp, TPU MPABUILHOM IIPEOOPA30BAHUN IMKJIa HAa 5 BepIIMHAX B 2
TPEYTOJIbHUKA ), TEM CaMbIM HCIOJIb3Yysl TUieprpadbl Jaxe B cydae, KOTJa UX He OBLIO B UCXOJHOI
dopmyauposke. Ilockonbky moHsiTHE ruieprpada MoHaYaay HEIPUBBITHO, MBI HAUHEM 3Ty YacTb C
HECKOJIBKUX JIETKUX YIIParKHEHMIA.

3agaga 18
1) Ilycrs omno U3 pédep BioKeHO B Apyroe. Jlokazkure, 4ro Gosbiiee pebpo sBISIeTCs JTUITHUM.
2) Jlokaxure, 910 BCe nemau (T.e. OJJHOIIeMEHTHbIe pebpa) B q-KPUTUIECKOM rureprpade mpej-
CTaBJIIOT COOOI OT/IeTbHbIE KOMIOHEHTHI CBAZHOCTH.
3) okaxkure, 9T0 j1j1st JIIOOON HEM30JIMPOBAHHOI BEPIITUHBI (-KPUTUIECKOTO Tutieprpada Haiercs
MaKCHUMaJTbHOE HE3aBUCHUMOE MHOYKECTBO, HE COJIEPIKAIIEe 3Ty BEPIITUHY.

OueBnHO, 4TO J0baBIeHre K rpady BepIIMHBI ¢ HeTaell (MM yJajeHne TAKOH BEPIIUHBI) eCTh
TOYHOE IIpeoOpa3oBaHue.

Samauda 19
1) Haitaure MuHIMAIBLHOE BO3MOXKHOE IHCIO PEéGep B runeprpade Ha n BepIIHHAX C YUCIOM He3a-
BUCHUMOCTH (.
2) Haiinre MakcuMaIbHOE BOBMOYKHOE IHCJIO PEGEP B (-KPUTUIECKOM ruiieprpade Ha 1 BepIInHAX
C YUCJIOM HE3aBUCHUMOCTH (V.
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IIpaBusbHBIE TIpeoOpa3oBaHUd rureprpadoB

Onpenenenne. Ilycrs U — pebpo runeprpada G, He spisiomeecs jymmanM. Kaovwom pebpa U na-
3BIBAETCS MAaKCHMaJIbHOE He3aBucHMoe MHOkecTBO B rumeprpade G\ U (rak obosnadaercst rpad,
noytyaeHHbIl 13 G ynaseruem pedbpa U, T.e. 3170 pebpo MPOCTO «BBIYEPKUBAETCS» M3 CIHCKA pedep
rpaca). Onepanus 3ameHbl pebpa Ha IepecevdeHre BCeX ero KIIoueil HasblBAeTCs pacuiuperuem peopa,
ecJiu OHa m3MeHsieT rpad.

Kak merpyamo nousrs, ecian U— paciupenune peopa U, To U C U.

3amaua 20 B s7oit 3a/1a4e MbI U3ydaeM, YTO IMPOUCXOIUT, €CJIU MbI PacHiupsieM B rpade Kakoe-TO
HeJINITHEee Pedpo.
1) JlokazkuTe, 9TO OIepallis pacinpenne pedbpa COXpaHsaeT YUCI0 HE3aBUCHMOCTH.
2) JlokaxkuTe, 94TO0 oleparus paciinpenre pebpa cCoXpaHsieT CBOUCTBO a-KPUTHIHOCTHU Turieprpada.
3) C momoIipio pacimpennsi pédbep IpeBpaTuTe MMPOU3BOJILHBIN HEYETHBI MUK ¢ KJIOHOM OIHOI
BEPINUHBI B 3-PETYJIsIPHBINI TYPAHOBCKHII rurieprpad.
4) YkaxkuTe yCJIOBHE, IIPU KOTOPOM pacIIupeHne pebpa yMeHbIAeT YUCJ0 KOMIOHEHT CBSI3HOCTU
Q-KPUTUIECKOTO THreprpada.
5) Ilycrs a-kpurndeckuii rutieprpad, cojepzkariuii He MeHee 3 BEPINUH, COJEPXKUT BEPIIUHY T
crertenn 1. [Ipuaymaiite mpaBuibHOe MpeobpazoBanue 3TOro rutieprpada ¢ t = 1, oTmdHoe oT
J100aBJIeHUsT OJIHOM BEPIIUHBI C ITETJIEMH.

Onpenenenne. Muoxectso Bepumd S runeprpada G Ha3bIBACTCH KANOUEEbIM, €CJIU BBIIOIHIIOTCS
CJICJIYIOIIUE JIBA CBOMCTBA.

(a) S ImepeceKaeTcCd C KazKAbIM MaKCUMaJIbHBIM HE3aBUCHUMBIM MHO2KCCTBOM.

(b) Huxakoe coberBennoe mogMuOKecTBO S He 06/1a12€T CBOMCTBOM (a).
Kmouesoe wucao k(G) — 910 HAMMEHBIHI pa3Mep KJII0YeBOro MHOXKecTBa B runeprpade G.

BaMeTI/HVI, Y9TO BCE BEPIINHBI JHO6OFO KJIIOYE€BOI'O MHO2KECTBa IIpUHaJAJ/JIe2KaT O,[[HOﬁ KOMIIOHEHTE CBA3-
HOCTH ruieprpada.

3amaua 21

1) B a-kpurndeckuii runeprpad 1o6aBuIn HOBYIO BEPIIMHY, COSIMHUB €€ pEOpaMu U3 2 BEPIIUH CO
BCEMU BePIIUHAMHU HEKOTOPOT'O KJII0YEBOIO MHOXKecTBa. JloKaxKuTe, 9TO YUC/IO HE3ABUCHUMOCTH
HE U3MEHUJIOCh, U ruteprpad ocTascs a-KPUTHICCKIM.

2) K rypanosckomy rpady G mobaBuii HOBYIO BEpIINHY T M HECKOJBKO COJIEPKAIUX ee pebep
MOIITHOCTHU HE MEHBIIE 2, TaK YTO YUCJI0 HE3aBUCUMOCTHU He U3MEHUJIOCh. /loKaxKuTe, 9T0 CTeleHb
BepIINHbI © He MeHble £(G).

3) O6obiwTe KIOHNPOBAHNE BEPIINHBI Ha TUIEPrpadbl Tak, 9TOOBI 9Ta OMEPAIUs COXPAHSIIA TUCIIO
HE3aBUCUMOCTH, (-KPUTUYHOCTH M YUCJIO0 KOMIIOHEHT CBSI3HOCTH.

Onpeaenenne. Onepaliis 3aMeHbl pedpa q-KPUTHIECKOTO rurieprpada Ha BIOXKEHHOE B HETO pedpPo
¢ yJaJeHueM BO3HUKAIOIIUX JUITHUX PEOEp Ha3bIBAETCS Cotcamuem pebpa, eCiau OHa He MEHsIeT THCJIO0
KOMIIOHEHT CBSI3HOCTH.

B cuny yrBepxKaeHus 3agaqn 18.3 cxkaTne pebpa coXpaHseT 9ic/I0 HE3aBUCUMOCTH U TIOITOMY sIBJIsI-
eTCsl IPaBUJILHBIM IIpeoOpas3oBaHueM. Ternepsb Mbl H3yIUM IIPpABUIbLHBIE IPeOOPa30BAHMS, YBEININBAIO-
117e KOJMIeCTBO HETPUBUATIBHBIX KOMIIOHEHT CBSI3HOCTH (KOMIIOHEHT, He SIBJISTOIIIXCST H30JMPOBAHHOMN
BEPIINHON C HeTﬂéﬁ) B Q-KPUTHUYIECKOM rureprpade.
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I'unteprpadbr 1 Teopema o packoJie

Onpenenenune. Muoxectso Bepiud U a-kputudeckoro runeprpada G Ha3bIBACTCs HECMAOUAOHBIM,
€CJIM BBITIOJIHAIOTCS CJIELYIONIUE JIBA CBOMCTBA.

(a) Ilpu mobasmennn pebpa U ypemmaupaercs siieproe ducyo p(G).

(b) Ecsu |U| = 1, T0 yBemmuenue p(G) cocrasiser Gosee 1.

Corutacho 3aj1ate 18.3 ipu job6aB/ieHnn HectabuabHOro pedpa U 9uc/io He3aBUCUMOCTH HE MEHSETCSI.

Onpenenenune. Packorom a-gKpurudeckoro rumeprpada (G Ha3bBaeTcs 1peodpaszoBaHme, Mpu KOTO-
POM TIOCJIE/IOBATE/ILHO TPOU3BOIATCS CIISAYIONIE JeCTBUSI.
1) Hobassenue mosoro pebpa U.
2) Tlepexon K siipy moJydeHHOro runeprpada, uMerremMy OoJblile HETPUBHAJILHBIX KOMIIOHEHT
cBa3HoCTH, YeM G.
3) ns kaxoit HOBoOI KOMITOHEHTHI cBsizHocTH C;, He comepzKamieir U, nmobaBjieHre BepIIuHbl CTe-
nern £(C;) (KI09eBOe 9HCI0 KOMIIOHEHTBI) JIIOOBIM CIIOCOO0M, COXPAHSIONIIM HHCIO HE3ABUCH-
MOCTH.

3ameuanwue. Eciu muoxkectBo U cOCTOUT U3 OJIHON BEPIIMHBI, TO B pe3y/braTe 00s3aTe/IbHO MMOsIBIIs-
eTcs KOMIIoHeHTa ¢ retiéit ma U. Ecian Takag KOMIIOHEHTa OKa3bIBACTCA €JIMHCTBEHHON HOBOM KOMITO-
HEHTOI, TO BEPIINHA CINTACTCH CTAOUIBHOM, a rureprpad MOKeT KaK COXPAHUTbHCS, TAK U U3MEHUTHCH,
HO MBI He OyJIeM CYUTaTh ITOT Caydail packoaom (cM. 3ajady 8).

Teopema 4 (Teopema o packose 1o pebpy). Packoa Asasemcea npasusvorvim npeobpasosanuem sunep-
epada.

Onpeaenenne. Ilycrs V' — HekoTOpOE HECTAOMIBHOE MHOYKECTBO BEPIIUH TYPAHOBCKOI'O THIIEPIPa-
da G. I'mmeprpad G Oymem HA3bIBATD V-aaeMeHMapHbiLmM 2unepzpagom, eciam Kaxk,i0e pedpo, CTaHOBSI-
Iuecsd JIMIIHUMUA TIpU J1o0aBieHun V', cojiepKuT V' 1 POBHO OJIHY JIONOJTHUTE/ILHYIO BEPIIHHY.

Banmaga 22 B typanoBckom rumeprpade G ectb HecTabmabHoe MHOXKecTBO U. Jlokaxkure, 9TO Ce-
pueil 10c/Ie/IoBaTe/IbHbIX pacIIupeHnii U ckartuii pédep MokHO mnpeBpatuTh G B V-3jeMeHTapHbIN
runeprpad c¢ mekoropoiM V O U.

Yxazanue. Cuadasa momnpoOyiiTe 910 cae1arh /i MATHYTOJbHUKA WU JIPYTOro HEYETHOTO IUKJIA,
HadaB ¢ MHOxKecTBa U u3 o/iHOI BepruHbI. /[y HEYETHBIX UKJIOB, COJIEpXKAIUX 7 1 Oojiee BEPIINH,
MOXKET€e TOJIYUYUTh BAPUAHTHI C PA3HBIM Pa3MepoM MHOKecTBa V.

Banaua 23 Ilycts Typanosckuii runieprpad G spisiercs V-smementapuabiv. [lycts W — MuOXKeECTBO
BepinH x, Takux, aro V U{x} — pebpo rpada G. [Iycre G’ — runeprpad, nosyuennsiii u3 G 3aMeHo
Bcex pédbep, comepzkamux V, Ha pedbpo V.

1) Hokaxkure, aro MHOKecTBO W KitoueBoe B runeprpade G'.

2) okaxKure, 9T0 MHOXKECTBO V' cofiepKuT 60Jjiee OJ[HOI BEPIIUHbI.

3) Hoxkaxure, aro nepexoq or G kK G’ ¢ gobaBjieHneM HOBOI BEPINUHBI, COCIMHEHHON By XBEPIIINTH-

HBIMU peOpaMu co BceMu BepimHaMmu W, sBjisieTcs MpaBUIbHBIM TPe0OPA30BAHIEM.
4) BagepIuTe J0KA3aTETHCTBO TEOPEMbI O PACKOJIE.

Harma ciieryromas mesib — Teopema 0 OeciiaTHBIX rpadax u ee 0000IeHne Ha runeprpadmbl.
Onpenenenue. Mol HA30BEM couneHeHuem TTapy BEPIIUH X, i TYPAHOBCKOTO ruieprpada, pasdmBao-

1yt 5ToT runeprpad Ha e dactu G, Go. To ecrs, 060it myTh n3 G; B (G 110 pébpam rurneprpada
LPOXOJIUT Yepe3 T UK .
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Bagada 24 Ilycrs Typanosckuii runeprpad G copeputr cousenenue (x,y).

)

Hokazkure, aro B runeprpade G wer pebpa {x,y}.

2) JlokakuTe, 9TO MHOXKECTBO {z,y} HecTabuiIbHOE.

3) Ilpumymaiite npaBusbHOe peobpasoBaHme Takoro ruteprpada ¢ t = 1.
Onpenenenne. Mol HA30BEM MpPETCcA3HbILM TYPAHOBCKHUI runeprpad, He cojep:Kaliuii Hu OHOIO
COYJICHCHUI.
agaga 25

1)
2)

Jlokaxxkure, 4TO pacimmpenue pedpa IMepeBo/IUT TPEXCBA3HBIN runeprpad B TPEXCBA3HBIII.

[IycTs Tpéxcrsi3ubIil TypaHoBcKuit runeprpad G sapiaserca V-smementapabiM. JlokaxkuTe, 910
OJTHA W3 YacTell, MOJyUYeHHBIX TIOCTIe PacKoJia o pedbpy V', TakKe TPEXCBsI3HAs, IPUIEM HE sIB-
JIgeTcd KJIMKOM.

O6001UTE MOHATHE TPUBUAJHLHOTO TYPAHOBCKOIO rpada 10 TPUBUAILHOTO TYPAHOBCKOI'O THUIIED-
rpada.

[TokazkuTe, 9TO TPUBUAJIBLHBII TypaHOBCKUI runieprpad, OTJINYHbIi OT KJIUKH, HE ABJISIETCI TPEX-
CBSI3HBIM.

lokazknure, 9T0 HETPUBUATILHDBIN TYPAHOBCKHIT Tureprpad MOXKHO MPABUIBHBIM TPe0dpa30BaHu-
eMm ¢ t > ( IpeBpaTUTh B (-KPUTUUIECKUIT rurieprpad, o/Ha U3 KOMIIOHEHT CBA3HOCTH KOTOPOTO
SABJIAETCH TPEXCBA3HBIM TUlleprpadoM, OTJINYHBIM OT KJIMKH.

WNrak, eqnHCTBEHHBIN IIAr JI0KA3aTE/BCTBA TEOPEMbI O PACKOJIe, KOTOPBII MOYXKET MPUBOIUTH K
oTepe TPEXCBA3HOCTHU, — cxKaTue pedbpa. Ecyim runeprpad 6611 OeciiaTHbIM, HA 9TOM Iare KOJTHIeCTBO
pédep He M3MEHUIOCh. Terephb JI0Ka3aTeIbCTBO TEOPeMbl O OecIIaTHBIX Truneprpadax, hakTuIecKH,
pas3buBaeTcs Ha JIBe cojeprKaTe/IbHble YaCTH.

3amaua 26

1*)

2%)

3)

[Ipeamonoxkum, 4To TpuBUAILHDIN rueprpad G MOXKHO IPEBPATUTD B TPEXCBA3HDIN rureprpad,
OTJIMYHBIN OT KJIUKH, C IOMOIIBIO PACIIUPEHMs OJHOro U3 pébep. [lokaxkure, 9T0 acconuupoBaH-
ueiii rpacd Typana comep:KuT KOMIIOHEHTY CBSI3HOCTU U3 3 BEPIIHH.

[Iycts G — pery/sipubIii TypaHOBCKHIT Turieprpad, Bce BEPIIMHBI KOTOPOro crabmibHbL. [lycTh
€T0 BePIINHA @ UMeeT JIBYX He3aBUCUMBIX cocefieil b u c. [lokaxkure, 9To yrnajienue b BMecTe ¢ BO3-
HUKAIONUMU JIMIITHUME PEOPAMU U TIOCJIeyIollee KJIOHNPOBAHUE @ BEJET JUO0 K YMEHbIIEHUIO
KoJImgecTBa pédep, b0 K 00pa30BaHMIO HETPUBHUAJILHOTO THIIEprpada.

BaBepIuTe 10Ka3aTEILCTBO TEOPEMbI O OECIIATHBIX ruieprpadax.
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YHacrs IV

IIpumepsr u rpadbl ¢ 3anpeToM KJINK

B stom pasznene Hac MHTEPECYIOT METOMBI MOCTPOEHUS CEPUUHBIX IMPUMEPOB TYPAHOBCKUX I'pacdoB
¢ HeOOJIBIITMM YuCJIOM PEGep u/uim 6e3 KUK Ha k BepiiuHax. [[jist 9Tux 1eseil MOXKHO MCIHOJIb30BaThH
zajgady 9.3. Tak:ke HAM PUTOIUTCA CJeyolee eé 00o0IeHne it Tueprpados.

[Iycts TypanoBckuii runieprpad G cojep:kut pebpo U, a Typanosckuit runeprpad Go cojeput
BEPIUHY W, He SIBJIAIONLYIOcA eanHcTBeHHOM. [Iyerh runeprpad G cocTouT n3 ABYX KOMIIOHEHT CBSI3-
Hoctu Gy u G, Oymem obosHadaTh 910 Tak: G = G U G9. B runeprpade G nposenem cieayromnine
peobpazoBanusi. PaccMoTpuM pon3BoJibHOE peOPo KOMIIOHEHTHI (Go, COJIEpKaIlee BEPIINHY W, U 3a-
MEHIM B HEM W Ha OJIHY UJIN HECKOJIBKO BEPIIUH U3 MHO)KeCTBa U. DTy omeparinio mpoBeieM ¢ KasK IbIM
pedbpoM, coepzKaIuM w, mocye dero corpeM pedpo U u Bepruny w. [lycTs B mosryuennom runeprpade
KazK1asi BepinHa MHOXKecTBa U BoIILIa X0Tst ObI 0JIHO U3 HOBBIX pébep. HazoséMm Takoe mpeobpasoBanme
pexombunayuets 2unepepagpos G u G no pebpy U u sepuune w.

Hazosém pebpo U runeprpada G c60600HbiMm, ecin HaAETCS MaKCUIMAJIbHOE HE3aBUCHUMOE MHOYKE-
crBo B (5, He comep:kalnee HU oxHOM BepmuHabl U. Jlerko BuaeTh, aro npu n > 2 jroboe pedpo u3 2
BePIIUH CBOOOITHOE.

Banaga 27 Ilycre G = G U Gy, tne G u G5 — TypanoBckue rumneprpadbl, npudeMm (G COIEPKUT
pebpo U, a Typanosckuii runeprpad Go COAEPIKUT BEPIIUHY W, HE SIBJIAIONLYIOCA €IMHCTBEHHOM.
1) JlokaxkuTe, 9TO YUCJIO HE3aBUCHMOCTHU Tuiieprpacda, moJydeHHOro pekoMouHarmeil mo pebpy U
u Bepruae w, paBao o(G).
2) Jlokaxkure, 9TO HU OJHO PEOPO KOMIOHEHTHI (G HE CTAJIO JIMIITHUM TI0CTIe PEKOMOMHAIIAN.
3) IlpemmomozkuM, 9T0 IpU PEKOMOWHAIIMI B KayKJIOM pebpe BEPIIMHA w 3aMeHeHa Ha BCE MHOKe-
crBo U. /lokaxkure, 970 HU OJHO peOpO KOMIOHEHTHI (G5 HE CTAJIO JIUIITHUM.
4) Tpenmonoxum, aro pedbpo U cBobognoe B Gy. [Jokaxkure, aro Hu ogHO pebpo u3 Go He CTAJO
JIVTITHHM.
5) Ipeanosoxkum, uro Bce pédbpa B G u B Go cBoboaHbIe. JloKaxkure, 9TO MOC/IE PEKOMOMHAINN
BCce pEOpa B IOJIydeHHOM TI'pade cBOOOTHBIE.
6) IIpuBenure npuMep PeKOMOHHAIMN JABYX TYPAHOBCKUX TUIEprpadoB, IpU KOTOPOI KazK 1ast Bep-
muHa peopa U B runeprpade G umesa crernenb 6osiee 1, Ho XoTs ObI 0J1HO U3 pédbep B Gy BCE-TaKh
CTAJIO JINIITHUM.

Samada 28

1) Tlocrpoiire mpuMep TPEXCBIZHOIO 3-PEryJIsipHOrO TyPaHOBCKOTO rpada ¢ n = 12, a = 4.
2) Jlyist Bcex HATYPAJIbHBIX k MOCTPOATE MPUMEPHI TPEXCBI3HBIX 3-DETY/ISPHBIX TYPAHOBCKHUX I'Da-
doB ca=3k+1,n =8k + 4.
3) TMocrpoiite mpuMepbl TPEXCBAZHBIX HGECIIATHBIX TYPaHOBCKUX IpadoB npu o > 4,n € [8"‘; 1. 3q].
4) s Beex « = 1, n > 3a+ 1 nmocTpoiire npuMepbl TPEXCBA3HBIX TYPAHOBCKUX I'PadOB, B KOTOPHIX
qncjao pédep Ha 1 6oJibIlle MUHUMAJIBLHOIO BO3MOXKHOT'O TP JAaHHBIX 7, (1.
5**%) Ilycrb mano « > 2. Ilpu kakux n € [2a+ 3, 3| cymecTByer GeciiaTHbIl TPEXCBI3HBIN TYpPaHOB-
cKkmit rpad ¢ JaHHBIMEA N, 7
6***) IIpasja i 910 BCe GecliaTHbIe TPEXCBA3HBIE TYPAHOBCKUE rpadbl ¢ @ > 1 MOXKHO MOy YUTh Pe-
KOMOMHAIME TPEXCBA3ZHBIX 3-peryJIspHBIX TyPaHOBCKHUX ruieprpados u3 3aga4un 20.3, a Takzke

KUK Ha 3 u 4 BepmuHax?!

Nrak, MONbITKY YyCUJIUTH OCHOBHYIO TE€OPEMY JIIfd BCEX TYPAHOBCKUX I'padOB yHUPAIOTCsd B MHO-
rormapamMeTpuieckue cepun decraTHbIxX rpados. [losTomy mastee Mbl OyjieM u3ydaTh pe3yabTaThl J1JIsd
OT/IEJIBHBIX KJIACCOB TYPAHOBCKUX I'PaOB.
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Samauda 29

1) st o = 2, 3,4 nocrpoiite mpuMepbl TYPAHOBCKUX I'PpaOB ¢ MAKCUMAJIBHON CTEIEHbI0 BEPIIH-
Hbl 3 U 4yucjioM Bepmud n = 3Ja. [locTpoiiTe Geckoneunyio cepuio HGeCIUIATHBIX TYPAHOBCKUX
3-peryJigpHbIX rpadoB.

2) Jlyist = 2,3 mocTpoiiTe IPUMEPbI TYPAHOBCKUX IpadOB ¢ MAKCUMAJILHOl CTENeHbIO BePIIUHbI 4
u uncjoMm Bepiud n = 4a. [locTpoiiTe Heckoneunyio cepuio OeCIUIATHBIX TYPAHOBCKUX 4-pery-
JISIPHBIX rpadoB.

3*) st ¢ = 2 mocTpoiiTe MpUMephbl TYPAHOBCKUX IpaOB ¢ MAKCUMAJBHOM CTEIIeHbIO BEPIINHBL 5 1
qucyioM BeptuH 1 = 10. /lokaxkuTe, 9TO OECIIATHBIX TYPAHOBCKUX D-PEry/IsipHBIX I'padoB Ipu
« > 1 He cymiecTByer.

4) Hokakure, uto ipu k > 2 m « > 1 Ipyrux IpuMepoB TYPAHOBCKUX I'PaOB ¢ MaKCHUMAJILHOIL
CTEINEHBIO BEPIINHBI k£ U YUCJIOM BepiuH n = ko HeT.

5) [okaxkure, 910 GECILIATHBIX TYPAHOBCKUX k-pery/spHbIX rpadoB ¢ k > 6 He CyIIecTByer.

6***) VYiydmmre OIEHKY U3 OCHOBHON TeOpeMbl Ha BEJIMYMHY TOPSJIKA (v JJIsl TYPAHOBCKUX TpadoB ¢
MaKCHUMAJIbHOI CTENeHbIO BEPIIUHBI He Oosiee k mpu KakoM-HuOy b k > 6.

Emé oaun BaxkHbINl Kitacc rpadoB ¢ 3alperaMu — rpadbl ¢ 3alpeTOM OIPEIeJEHHOTO O/Trpa-
da. Ilporme Bcero m3ydarh rpadbl ¢ 3alpeToM KJIHMK Ha k BepmmuHax. MHOTHe oreHku i rpados
¢ 3amperamu obobdmaroTes s runieprpados. B runeprpade kaura — 3ro noarpad Ha k BeprinHax,
JIIOObIe JIBEé M3 KOTOPBIX BXOJAT B pebpo Ha 2 BepmuHax. ['0BOpd o rureprpadax ¢ 3alpeToM KJIHK,
MBI TIOJIpa3yMeBaeM, UTO IMET/IU TOXKe 3ampenienbl. K coxanenuio, npu k = 2, T.e. jjd runeprpadon
6e3 meresib 1 péGep U3 JIByX BepINUH, TOYHAsI OlleHKa Ha m(n, ) HemsBecTHa. A jijisg k > 3 MbI 1Ipu-
BOJIM B 3aJla¥aX HUKE CJIOKHBIE (M HEe OYeHb) OIeHKH jyist rpadoB u runeprpados 6e3 KIuK Ha k
BepIINHAX. 3alpeT KUK BO3HUKAET KaK OJIMH M3 MHOI'MX 3allPETOB B 3a/ladax Mpo Oojiee y3Kue KJiac-
¢l rpadoB, HAIIpUMED, B 3aJ1a4e 12 npo gucranimonnbie rpadbl. Ho Bee oneHkn g a-KpUTUYIECKIX
rpaoB U3 p KOMIIOHEHT CBA3HOCTH C 3AIIPETOM OIPEJIEIEHHBIX TOJArpadoB JUHENHHBIE, TO €CTh, UMEIOT
BusL m > an — ba — ¢p. Yacro yno6HO paccmarpuBaTh ciydail TypaHosckoro rpada (p = 1), B cury
JIMTHEITHOCTHU SKBUBAJIEHTHBIN OOIIEMY CJIydalo.

Bamaua 30 IlepedopmynupyiiTe OCHOBHYIO T€OpPEMY I (-KPUTHIECKOTO Tpada ¢ p KOMIIOHEHTaMU
CBA3HOCTH KaK OECKOHEUHYIO CEPUIO JIMHENHBIX OIEHOK Bujia m > an—ba—cp. Kak cBga3aHo 3HaUYEHUE A,
1P KOTOPOM OIleHKa Jijist rpada GG HanboJiee CUIbHAsI, ¢ PasMepaMi KJINK B aCCOIMUPOBAHHOM r'pade
Typana?

Yro06b! 3ampeT KJAUKHK Ha k BepIINHAX XOPOIIO CTHIKOBAJICA C PACKOJIOM M peKOMOWHAIUel, y100HO0
0000muTH 33a4y. [lycTh B rpade ecTb ny KpacHBIX BEPINUH U Ny CUHUX BepimuH. [Ipu sTOM, 3amperre-
HbI TOJIBKO KJIMKU Ha k CHHUX BepIIUHAX U JioOble meTyin. [IBeT BepiiuH He BJIMSET Ha HE3aBUCUMbIC
MHOKECTBA U YUCJIO0 HE3ABUCUMOCTH (v. T pebyercst ONeHUTh CHU3Y ducyio péobep m(ny, ng, ). oy amr-
cd JUHENHasd OlleHKa BUJA

m = ainy + asng — ba — cp.

JlobaBjienne KpPacHBbIX BEPINUH MTO3BOJISICT IPOBOJMTL PACKOJIBI, JIaXKe €CJIU TOJIyUYeHHbIE TIPU PACKO-
Jie BEPIINHBI BXOJAT B 3alpelniéHHbIil mojarpad. HYacto ymobHO Hapsijly ¢ KpaCHBIMU BEPITUHAMU HUC-
[I0JIb30BaTh M KpacHble pédpa — péOpa, KOTOPHIM MO3BOJIEHO BXOJUTH B 3allpelIEHHbIE KIUKA. 1TOOBI
peKoMOMHAIINS MUHUMU3UPOBaJIa pa3HOCTDb JIEBOH W IPaBOil YacTh, OHA JOJIKHA YHUUTOXKATH Kpac-
HYIO BEpIINHY U KpacHoe pebpo M He CO3/laBaTh HOBBIX KPAaCHBIX OOBEKTOB. Takas peKoMOWHAITUs
[IO3BOJIAET CTPOUTH OECKOHEUHbIE cepun rpadoB ¢ 3alperaMu, Ha KOTOPBIX JIMHEHHBIE OIEHKU BHUJIA
m = ainq + asng — ba — ¢p obpalarTca B PaBEHCTBO.

OueBuHO, 9TO 6€3 JOMOJHUTEIBHBIX YCJIOBHUIT Ha CBA3HOCTD 3AIPET KJIUK Ha k BEpITHHAX [TPOSIBJIs-
ercg ipu n > (k—1)a+ 1, Korya onTuMasbHBIH puMep 13 TeopeMbl TypaHa coJepKUT 3alpeniéHHy 0
KJIUKY.



JIuneiinble XapaKTepPUCTUKH rpadoB 13

Samaua 31

1) Hns Beex k > 3, a > 1, n € [2a + 1, ka — 1] nocrpoiite Gecriarupiil TypaHoBekuii rpad, He
cojiepzKaIuii KJIuK Ha k BepiiuHax, ¢ JJaHHBIMU 1, (.

2) Hnst Becex k > 4, o > 1, n > ka jgokaxkuTe, 9T0 He CYIIECTBYeT OECIIATHOTO TYPaHOBCKOIO
runeprpada, He Cofep:KaIero Kjank Ha k BepInHax, ¢ JTaHHBIMUA 7, (.

3) st a > 1, n > 3a + 1 gokazKuTe, 9T0 He CYIIECTBYET OECIIATHOINO TYPAHOBCKOrO rurneprpada
6e3 TPEeyroJbHUKOB C JAHHBIMU N, (V.

4*) Jlokaxkure, 9TO He CylecTByer OeciuiarHoro rpada 6e3 rpeyrosbukos ¢ n = 3a. [locrpoiire

KaKoi-HuOY Ib GecIiaTHbIN ruteprpad 0e3 TPEyroJbHUKOB ¢ n = 3.

Ecin amcsio cunux BepiiH B rpade mpeBocXoIuT olleHKy u3 3ajaqu 31 (n > ka), BO3HHKAIOT 6oJiee
CUJIbHBIE, YeM B OCHOBHOI TeopeMe, OIeHKHU Ha Incjio pédep. Takme omeHKN nMeroT BUI m = an—ba—c
JJ1s1 OOBIIHBIX T'PadoB 1 ainq + asny — ba — ¢ 11t rpadoB ¢ Ny KPaCHBIMU U N9 CUHUMU BEPITTHAMU.
TyT MBI OrpaHUYNMCS ONEHKAME, OJIM3KUME K OCHOBHOiI Teopeme (Tam Oyjer obIasi cepusi CJIydaeB
paBeHCTBa ¢ N = ka — 1).

Bamaga 32 Jlna TypanoBcKux rpadoB pacCMOTPUM OIEHKY

B+ k+2
R 8 4

m > kny + (k+ 1)ng — 5

— (k—2).
1) TlocrpoiiTe cepuro mpuMepoB, Ha KOTOPBHIX YKa3aHHasl OlEHKa oOparnaercst B paBeHCTBO. Joka-
JKHATE, YTO OHU MOTYT COJIEpKaTh He Oojiee JIByX KPACHBIX BEPIINH.
2*) Jlokazkure OlleHKY npu k = 3.
3) [lokaxKkure, 9TO €CJIM BCE BEPINUHBI CHHUE W WX CTEIeHN He TPEeBBIAaoT k, To oleHka npu k > 4
CJIeJIyeT U3 TeOPEMbI O OeCIIaTHBIX Ipadax.
4) JlokazkuTe OIEHKY Ipu Beex k > 4.
5) Ilpu k = 4 u k = 5 nupueaute npuMepsl ¢ « = 2, n = 2k, Korjia oneHKa 06paIaeTcs B pABeHCTBO.
6) Jlokaxkure OlleHKY mpu Beex k > 4 jisg TypaHOBCKHUX runeprpados 6e3 meresb U KIUK Ha k
BepIIMHAX, IIOIAPHO COeINHEHHBIX PEOpaMu Ha 2 BepiuHaX. [Ipu k = 3 mocTpoiite KOHTPIpUMEp.

Bamaua 33 lig TypaHOBCKUX IpapOB PACCMOTPUM OIEHKY

2
m>kn1+(k+2)n2—#a—(k—3).

1) TlocTpoiiTe cepuio IPUMEPOB, Ha KOTOPBIX YKa3aHHasl OIEHKa OOPAIaeTcsi B PABEHCTBO.

2) Ilpu k = 6 moctpoiite npumep rpada ¢ o = 2,n = 12, 11 KOTOPOro OIEHKa TOYHAS.
3*) Pasbepure cayuaii k + 1-perymnsipaoro rpada.
4*) Pasbepure ciydaii, Korja UMeOTCs BepInuHbl crenenn k u k + 1.
5*) Pasbepure ciaydaii k-peryssipaoro rpada.
6*) Hokaxkure onenky npu Beex k = 6.
7*) O6obmraercs i olleHKa npu Beex k > 6 jyist TypaHOBCKUX rurieprpados 0e3 meresib 1 KUK Ha

k BepmmHax, MOMAPHO COEIMHEHHBIX pEOpaMU Ha 2 BepITUHAX

[IyHKTBI 3-5 Oy/IyT 3a9TEHBI, €CTN OHU OYIYT YacThi0 YETKO c(HOPMYITMPOBAHHOTO WH/LYKITMOHHOTO
nepexo/ia, a JOKa3aHbI 110 MOJYJIIO MpenoIoKenns WHAyKnnn. [logckaska: MOXKHO yIaauTh CHHIOIO
BepIuHy creneHu k + 1, ecim B pe3y/bTaTe STOTO MOSIBUTCA HecTaOWJIbHAsl BepIInHa. Y XY/IIeHNe
OLIEHKM Ha 1 MOXKHO KOMIIEHCUPOBATD, €CJIM JIETAJBHO U3YYUTh CJIy4ail, KOIr/ia 3TOT PACKOJ ABJIAETCS
TOYHBIM, JINOO HUCIIOJIB30BaTh TeopeMy o OeciutaTHbIXx rpadax. [losesHo Tak:ke mpeobpazoBaHue U3
3aja4un 8, ecJii OHO He BeJAET K 00pa30oBaHMIO KJAUKU Ha k Beprunax. Ecim cunss BepimHa v BXOJIUT
B HECKOJIbKO KWK Ha k — 1 BepinnHe, MOJIE3HO M3YUNUTH Il€peceveHre BceX ITUX Kauk. s sroro
MIOMOYKET IePeX0JT K JIOMOJTHUTETLHOMY rpady B MHOMXKECTBE COCEJEN v.
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3amaua 34
1) I TypanoBckux rpados 6e3 KUK Ha 4 BepIInHAX JOKayKuUTe OleHKy m > 7n — 19a — 2.
2***) Bepna Ji 9Ta OllEHKa JIJIsi TYPAHOBCKUX Turieprpados 6e3 meresib 1 KUK Ha 4 BepIIMHAX !

3) Haiigure cronMocTh KpACHON BEPINUHBI U3 YCJIOBUSI, YTO 0DOOIIEHIE ONEHKH U3 .1 KOPPEKTHO
B3aUMO/IEHICTBYeT ¢ JIFOOBIM PACKOJIOM U TIPABUJILHO 110/100panHoil pekombunatmeii. [Toctpoiite 6
PA3JIMYHBIX KPACHO-CUHUX TYPAHOBCKUX I'padoB ¢ o < 2, Ha KOTOPHIX OlleHKa n3 1.1 obparmaercs
B PABEHCTBO.

4) Ilpu npousBoibHbIX @ > 3, n € [4a + 1,4.5a — 1] mocrpoiite npumep TypaHoBcKoro rpada 6e3
KJIMK Ha 4 BepmmHax, Korjga m = (n — 19« — 2.

5) Ilocrpoiite MHOTOIIApaMETPUYIECKHE CEPUN TYPAHOBCKUX I'padoB u runeprpados 6e3 KK Ha 4
BepIMHAX C ycjaoBueM m = 7Tn — 19a — 2.
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PEIITEHN A

Bamauya 1 Byzgem cumrarh, 9TO BEPIINHBI MAXMATHOTO rpada HAXOIATCA B IIEHTPAX COOTBETCTBYIO-
IIX KJIETOK.

1. IIycts m < n. Ha maxmaTHOM $3bIKe BBIOOP HE3ABUCHUMOI'O MHOXKECTBA — 3TO PaCCTAHOBKA
HeObIOmuX Jiajieit. Jlerckue BOCIIOMUHAHUS IIO/ICKA3BIBAIOT HAM, UTO Ha TaKOW JIOCKE yJIacTCs pa3me-
CTUTb MAKCUMYM M HEOBIOIIUX JIa Iell, ITOCKOJIBKY B KaxKJI0i 13 1M TOPU30HTAJIEl ToMeIaeTcs He boJee
OJIHOM JIaIb1. DTO KOJUIECTBO HE M3MEHUTCSI, JarKe €CJU MbI «IIOJIOMUM» JIaJIbd, 3alIPETUB UM OUTH
KJIETKH B CBOMX BEPTHKAJSIX. DTO 3HAUYUT, 9TO KarKJI0€ BepTUKAJILHOE peOpo B HalmeM rpade, u JaxKe
BCe OHH, BMecTe B3aThie, — jumraue! [locmemoBarensHo youpast 3 Hamero rpada BepTuKaabHbIE Pedpa
(04eBHIHO, UTO TIPU STOM HeyOpaHHbIe BEPTHKAJbHBIE pebpa MO-TPesKHEMY OCTAIOTCS JIUIITHUMHE ), MbI
nostyauM rpad, cocrosimuit u3 m kimk K, (KaxKjas KJIuKa — KOMIOHeHTa CBs3HOCTH). O4ueBHjiHO,
9TO B KJnKe K, jmmanx pedbep HeT. Tak, B 9TOM ciydae siapo — 9T0 I'pad, COCTOSIIIA 13 1M KOIUi
rpada K,.

2. Ha mocky 3 X 3 momerraercst MakcuMyM 2 epast, mpudeM 00s3aTeIbHO OJUH U3 HUX HAXOIUTCS
B YIVIOBOil KJIETKe, a JIPYroii — B IeHTpabHOM KpecTe (00be/INHeHNe CPeJHeil TOPU30HTAN U CPeJI-
Heil Beprukasn). Orpanuans criocobHOCTH (hep3eil — ¢ KazKIo# yIIoBOil KJIeTKH paspermM (hepsio
OUTH TOJIBKO YIJIOBBIE, & C KaXKIO0il «KPECTOBOII» — TOJBKO KPECTOBBIE KJIETKHU, MBI IIOJIYIUM rpad,
cocTodIuit n3 AByxX Kauk — Ky u Kj.

3. Jl1g HagaJia 3aMeTHM, 9TO HAUOOJIbIIIEE YUCIO HE OBIOIIUX JPYT JAPyra KOopoJeil Ha TaKoil JTocKe
paBHo [%] - |5] — peKeM JIOCKY Ha FOPH30HTAILHLIC HOJIOCHI-KOJIBIA MUPHHE 2 (IIPU HEYETHOM M
OJTHa KpaifHss M0JI0Ca MMeeT IMMPHHY 1), B KazK[yIo MOJI0Cy TOMeIIaloTes JHihb | 4 | Koposeit. Boomy-
IIEBUBIIUCH STUM IIPUMEPOM, MbI BHJIUM, UTO peOpa rpada, rmepecekaroriiue Hallu pa3pe3bl, ABISIOTC
JIUITHAMHA HE3A6UCUMO Opye om dpyea (3TO 3HAYUT, YTO IPU yOMpPAHUH JIIOOOrO MHOYKECTBA, ITUX pebep
OCTaJIbHBIE MO-TIPEXKHEMY OCTAIOTCS JIMITHUMIE). YbepeM Bce stu jmrinue pebpa. ['pad pacmajgercs na
KOMITOHEHTBI BUJIa «JIBOWHON IUK/I» (cM. puc. 1, mpu HeYeTHOM m KpaifHeill MOJIOCKe COOTBETCTBYET
oberanblit ks Cy, ).

Eciu n geTHO, TO Bee pebpa JIBOIHOrO nuKJIa JuinHre (HO Teleph yzKe He He3aBucuMO). Y6pas 40 %
pebep, Mbl JIerko cejieM rpad K oobeaunennio 4-kiavk (em. puc. 2). Ecim ke n = 2k + 1 neuerHo,
TO JIBOWHOW NMHKJ SIBJIAETCA TYyPaHOBCKHM rpacdom. B 3TOM MOXKHO yOeIuThCs KakK HEIOCPeICTBEeH-
HO, IIPOBEPHUB, UTO YIAJeHHEe KaKJOro pedpa yBeJIudnBaeT JUCI0 HE3aBUCHUMOCTH, TaK U KOCBEHHO:
JIBOIHOMN MUKJI TOJIyvdaeTcs u3 mpoctoro mukia Copyq (TOXKe TypaHOBCKHiT rpad) mocIe 0BaTeIbHBIM
JIyOJIMpOBaHUEM BEPIITHH.

4. Ha nocky 1000 x 1000 Biezaer 100 - 1000 remap/ioB, eciu MOJTHOCTHIO 3AIIOJTHUTD KaXKJIbIN J1eCsI-
TBII BEPTUKAJIbHBIA PsiJi KJIETOK. BoJibliiee KOJIMIeCTBO rernapaoB He IOMECTUTCH, ITOCKOJIbKY B JIIOOOM
kBajpare 10 X 10 moxker ObITH He Gosiee 10 remap/oB: Ha KaxKJ10ii 000OIIEHHOI JuaroHa/im He DoJjiee
ojtoro. Pazous jmocky 1000 x 1000 wa kBasparsr 10 X 10, a Te, B cBOI0 o4depe/ib, Ha 10 06001EeHHBIX JTna-
roHaJieil KaxKJIblii, TIO3BOJINM TeIeph rernapiaam, Ky/a Obl UX HUA IOCTaBUIN, OUTH TOJBKO KJIETKU CBOUX
0000ITIeHHBIX guaroHaJieit. Mbr moctpouin sjapo Haiero rpada, ono cocrout u3 100000 ki K.

Puc. 1. Tlomocka ma muanHIpe. Puc. 2. Penyknus k 4-kaukam. Puc. 3. Cemb Ki1eTOK.
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5. Ilomoitjer BoT Takoe oxkepesbe 3 7 KieTok (puc. 3). JIoboit KBajpar 2 X 2 HAKPHIBAET B HEM
He OoJiee JIByX KJIeTOK. flapo rpada — 31o cam stot rpad Cf.

6. Bepmmuna — 310 1ieHTp Jexkareir Ha Kiaerdaroir jgocke 100 x 100 momunommku. Kak merpyiHo
BHUJIETh, JIBE JIOMUHOIIKNA COEJUHEHbI peOPOM, €CJIi OHU HAKPBIBAIOT OOIIYIO KJIETKY. SHAUUT, HE3aBH-
CUMO€ MHOKECTBO B HaIlleM rpade MOKHO HHTEPIPETUPOBATH KaK HAOOP HEIePeCeKAOIINXCsI JJOMUHO-
mieK, a MaKCUMaJIbHOE€ HE€3aBUCUMOE€ MHOXKECTBO — KakK pa36I/IeHI/Ie JOCKHU Ha JOMMHO. HOSTOMY HUCJIO
nesasucnMocTu pasao 1002 /2.

[Tokpacum jiocky B maxMaTHOM ropsijike. Ecim yopaTh Bce pebpa, jeKaliue B YepHbIX KJIeTKaxX, TO
IIPU TIOCTPOEHNH HE3aBHCUMOI'O MHOYKECTBa MBI KaK ObI paspernaeM JIBYM JOMHHOIIKAM MMeTh OOIILYIO
qepHyio KieTky. Ho kakmass Gejrast KjaeTKa OCTaeTcss HAKPBITOW He OoJiee UeM OJHON JIOMUHOIIKOM,
IIO3TOMY Y IIOJIyIE€HHOI'0 I'pada TaKoe Ke UHC/I0 He3aBUCHMOCTH, KaK y ucxoaHoro. Maade roBops, Bce
pebpa, JieXKaliye B 9epHbIX KJeTKax, juiiane. OCcTaaoch 3aMeTHTh, ITO MbI OJIYIMid rpad, KOTOPbIi
B KayKJIoi GeJsioil KJleTKe uMeeT KOMIIOHEHTY CBsisHocTH Ky (Hy W 1O KpasiM JIOCKH BCTpedaroTcs Ko
u K3). B rakoMm rpade Her jmimHuX pebep, 3HAYUT, 3TO AIPO.

Bamaua 2 1. [logoiiger mukia Coqyg. 2. Cm. pemenne 3agaun 15.1.

Bamaua 3 O6o3HaYUM KJIOH BEPIIMHBI ¢ Yepe3 a’, ucxXoaHblil rpad depes G, a HOBbIH rpad depes G'.
1. [Ipn KJIOHUPOBAHUN BEPIMTUHBI YUCJIO HE3aBUCHMOCTH HE MOYKET YMEHBIITUTCS, TOCKOJIbKY He3a-
BUCKHMBIe MHOXKecTBa rpada G cojepxkarcsa Takxke u B rpade G
[Tycrs E — neszaBucumoe MHO)KecTBO B rpade G'. Ecmu o' ¢ E, 1o 310 XKe camoe MHOXKeCTBO F
nmveercs 1 B rpade G. Ecn o’ € E, 1o a ¢ F u, 3amMenns B MHOXKecTBe F BepImHy ' Ha @, MbI TOJIY THM
B rpacde (G HE3aBHCHMOE MHOYKECTBO TOMW ke MorHocTH, 9To n F. Ilosromy umesiao mezaBucummocTn
rpada G’ He MoxKeT OBITH DOJIbIIE Yncia HesaBucuMocTu rpada G.

2. Jomyctum, uro B rpacde G’ obHapyzkuiaocsk juiiHee pebpo. Ilocie ero ynanenuss B rpade G’
MOXKHO OTBICKATh HE3aBHCHMOe MHO:KecTBO | comepxkainee oG) + 1 BepuiuHy. 9TO MHOXKECTBO He
MOYKET IEJTUKOM JieyKaTh B rpade G, MOCKOJIbKY OHO CJIMIITKOM OOJIbIIOe. SHAYUT, OHO JIOJIZKHO COJIED-
JKaTh BEPIIMHY @’ ¥ TOrJa OHO aBTOMATUYECKH HE COJEPKUT BEPIIMHY . 3aMEHUB B 9TOM MHOXKECTBE
BepIInHY @' HA BEPIIMHY @, [OJYYIMM HE3aBHCHMOE MHOXKecTBO pasmepa «(G) + 1 B rpade G, urto
HEBO3MOKHO. 3HauuT, rpad G’ He coep:KUT JUIIHUX pebep.

3. Heuernprit nuxyi — 310 TypanoBckuit rpad, riae n = 2« + 1. Yrobbl yBen4IuTh N, HE MEHss «,
BBITIOJIHIM HY2KHOE KOJIMYECTBO Pa3 OIePAINIO KJIOHUPOBAHUSA BEPITHHBI.

Bamaua 4 1. OrseT: Haubosbiee unc/io BepimH pasHo (k+ 1) - a.

[Ipumep. I'pad, npeacrapigroniuii codboit odObeuHenne o Kiauk Ky .

Onenka. [lycrs E — MakcuMasibHOE HE3aBHCHMOE MHOXKECTBO (COCTOsIIIee M3 « BepIiinH). B cuty
MaKCUMaJIbHOCTH KaxkJas Bepinuna rpada gmbo jgexur B E, mmbo cocenusss ¢ KaKOH-TO BEPIIMHON
u3 E. Ho y kaxoii Bepimubl u3 E (1 BooOuie y kax1o0if Bepiuiunbl) He Gosee k coceneit. TToaromy
BepinH BHe E He Gosbine ko, a Bcero BepimH He 6osbire (k + 1) - a.

2. OrBeT: HaubobINIEE YNUCIO BEPIINH PaBHO ko ipu k > 2, [ga] npu k = 2 u, HaKOHell, 2« TIPH
k=1.

[Ipumep. Ilpu k > 2 paccmorpum rpad, npejcrasisdonmii coboit oobeunenne o Kk K. [Ipu
k = 2 nmoaxomuT rpad COCTOSIIUNE 13 [%] k0B Cy M, €CIM (v HEYETHO, eIle OJHON KOMIIOHEHTHI K.
IIpu k = 1 310 @ KOMIIOHEHT K5.

Onenka. Mbl npuMeHNM <«TS2KEJIyIO0 apTH/Iepuio» — TeopeMmy DBpykca. Ona yTBepKIaeT, UTO
ecyi B CBA3HOM Tpade GG crereHn BEPIIUMH HE MPEBOCXOAAT k, TO BepIIUHBI rpada MOXKHO IOKPACUTD
B k 1BETOB TIpaBUILHBIM 00pa3oM, KpoMme ciaydaes, korjga G = Ky, 1 (upu Beex k) win korjga G ectb
HeYeTHBIH UK (pu k = 2) — B 9TUX UCKJIIOYUTEIbHBIX CiIydasx Tpebyercs k + 1 mser.

[Iyctes £ > 2 u B rpade Gosbine ka pebdep. Ilockosibky Haln rpad He COMEPXKUT KJUK, OH He
OTHOCUTCS K HMCKJIIOUHTETbHBIM CJIyUasM TeopeMbl Bpykca, U 3HAYUT, MMeeT PAcKpacKy B Kk I[BETOB.
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Tora Haiijiercs He MeHbIIe v+ 1 BEPIIUHBI OJIMHAKOBOT'O I[BETA, YTO HEBO3MOYKHO, IIOCKOJIBKY BEPIITUHbI
OJIHOTO IIBeTa 00Pa3yioT HE3aBUCUMOE MHOXKECTBO.

HyCTb k’ = 2. TOF,[La KOMIIOHEHTBI CBA3HOCTU — 39TO H30JIMPOBaHHbIC BEPHINHDBI, IIYTU WJIN IMHUKJIBI
(derHbIe WK HeYeTHBIE). /711 KazK0r0 n3 9THX Ipad OB BHIMTOJHEHO COOTHOIIEHUE N < goz. Pasencrso
JIOCTUTAETCST JJTst H-1TUKJIa, (HATIOMHIM, 9TO 3-TIMKJIbI 3IIPEIIEHbl YCIOBUEM ).

[Ipu & = 1 Tpebyemas orenka n < 20 OUEBHTHA.

Bamada 5 1, 2, 3. Ml cunraem, 9ro n > « + 1 (B myHkTe 1 MOXKHO cuuTaTh, 910 n > «). Takke
MBI CUnTaeM, 910 p < «, uHaue TpebyeMbIx rpacoB HET BOBCE.
[Tpusesém npunmepbl TpadoB, Ha KOTOPHIX JOCTUTAETC TPEOYEeMoe KOJIMIECTBO PEbep.
Bamerum cradana, ato T'(n +1,«) — T'(n,a) = |2|; 910 0ueBnapo, ecmn n + 1 ne gemnrces Ha o,
nnade xe umeeM n+ 1 = (k+ 1)a u

(k+ 1)(k +2)
2

k(k+1)
2

Tn+1,a) = (k+1)(n+1)— -a:(k—l—l)oz-g:k(n—l—l)— ca=T(n,a)+k.

Jna mpumepa B 3ajiade 5.1 pazobbEM HAIM BEPIIMHBI Ha (v TPYIIT TaK, YTOOBI PasMephl JIFOObIX
JIBYX OTJINYAJINCh He Oojiee veM Ha 1, W Ha KaXKJOH T'pyIie opraHn3yeM KJIHUKy. ZlcHO, 9TO «uciio
HE3aBUCHUMOCTHU IOJIy9eHHOTo rpada paBHO «; OCTAJOCh MOCYUTATH KOJIMYecTBO PEGep B HEM. [lira
9TOT'O BBISICHUM, KaK OHO pacTéT ¢ pocroM n. [Ipu n = ka aucsio pédep pasHo @a = T(n, a); nocie
storo ¢ yseaundenueMm n < (k + 1)a Ha exuauity ogaa u3 k-xkiuk cranosurcs (k + 1)-KJIuKoii, TO ecThb
nobasigercd k pédep. V3 cooTHOIEHNs BbINIE CJIEyeT, YTO I'pad MMeeT HYKHOE YUCJ0 PEdep mpu
KaKJIOM 7.

Y100BI MOTYyYUTHh TPUMEDP B IIyHKTE 3, JOCTATOYHO OJHY W3 KJIMK COEJIWHHUTH ¢ kK — D JIPyruMU

(omHuM pebpom ¢ Kaxkoit). [lpu p = 1 nosydaercst npumep Jyjisi MyHKTa 2.

O1meHKYy JOKaxKeM cpasy JJIsl IyHKTa 3 (oueHKI/I JJ1s1 OCTAJIbHBIX ITYHKTOB — €€ YacTHbIEe Cﬂyqaﬂ).
[Ipeamosarast TpoTUBHOE, BBIOEPEM HAWMEHBINIEe 7, JIJIsi KOTOPOTO €CTh KOHTPIIPUMED, a JJIsg ITOro
n — HaubosibIee p (pazymeercs, p < «). [lycrb G — KOHTpIPUMED ¢ HAUMEHBITUM YHUCJIOM PEGEp JIist
s1ux 3HadeHuil n u p. Ecim n < 2a, 1o T'(n, ) + o — p = n — p, u B rpade 3aBEIOMO UMEETCST TAKOE
KOJINYIECTBO PEGEep, nbo B HEM BCETO p KOMIIOHEHT; IPOTUBOPEYNE. SHAYTUT, N > 2.

Ecmu B G ecth uiaee pebpo, yaaanM ero; moayduM Ipad ¢ n BepIImHAME, B KOTOPOM He Gojiee p
KOMITOHEHT CBSI3HOCTH. Ecm mx p, MbI TOJIYININ KOHTPIPUMED ¢ MEHBIITUM YuCIoM pédep. Ecam xe
ux crajo p+ 1, To B nosyuentom rpade menbie, gem 1'(n, a) + a — (p+ 1) pébep, 9T0 NpOTUBOPEUUT
BBIOODY P.

Buauut, rpad G sBisercs a-KputudeckuM. Boibepem B HEM Bepinuny V' naubosibIieil crerenu d.
Bamernm, aro d > £ = L"T’lj, nHade 10 3a7a4e 4.1 B rpade Oyaer He 6osee o < n— 1 < n BepIuH,
qT0 He Tak. Jobas KommonenTa ceasnocTu rpada G — TypaHoBeKuii rpad, Tak 9To 1o 3amade 6 (cM.
HUYKE) BEPIIMHA ¥ — He TOYKa CoujieHeHusl. 3HauuT, B rpade G\ v poBHO 1 — 1 BepUIMHA U P KOMIIOHEHT
cBsI3HOCTH, a noroMy (u3 BbiGOpa n) B HéM xors 661 T'(n — 1, ) + o« — p pébep. 3HAUUT, KOJTUIECTBO
pédep B (G OllEHMBAETCsT KaK

mz2d+Tn—-1lLa)+a—p=2l+Tn—1,a)+a—p=T(n,a)+a—p.

QuHaabHOE TPOTUBOPEYHE.

Bamaua 6. Jlomycrum, uro TypaHoBcKuil rpad G coiep:KuUT TOUKYy codseHeHus: v. [lycrs npu yiaa-
Jlennu BepminHbl v rpad G pacrnagaercs Ha KOMIIOHEHTBI CBSI3HOCTH L1, ..., Ly, OyaeM Ha3bIBATH X
aenecmramu. OIEeBUIHO, ITO

(@) = a(Ly) + ... + a(Ly). (1)

Bribepem B rpade G MakcmMmasbHOE HE3aBUCHMOE MHOXKeCTBO F, cojepikainee BeprinHy v (OHO Cy-
MECTBYeT B CHJIy TypaHoBocTH). Torja Xxors 6bl onuH u3 JienecTkoB L; comepxkutr «(L;) Todek u3
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MHO)KecTBa F — mHaue He cjioKuTcesi HepaBeHCTBO (1) — u 9Tu TouKM 06pasyior B Jjiernecrke L; Mak-
cuMaJIbHOE HEe3aBHUCHUMOE MHOXKECTBO, He cMmexkHoe ¢ v. Otcioma ciemyer, 9Tro B rpade G Bce pébpa,
BeJyIue U3 U B JlenecTok L;, jummue. JleiicrBuTebHO, B JI000M HE3aBUCUMOM MHOXKecTBe F’, 110-
JIyYaIoIIneMcs IIPY yAaJIeHuu Takoro peobpa us rpada G, MOXKHO 3aMeHuThb Yactb £ N L; na E N L;,
B pe3yJibTaTe 9ero Mbl TOJIydnM He3aBUCHMOe MHOXKecTBO MorHocTd |E'| B rpade G. Takum obpasom,
|E'| < a(G). Nnave rosopsi, npu yaajaeHnn Takoro pebpa B rpade G He MOXKeT TOSIBUThCS HE3aBUCUMOE
MHOKeCTBO MorHocTH 6ostbire aG).

I'pad G HE comep:kuUT BepIIUH cTeleHn 1, TaK KaK COCeJl BUCSIUIeH BEPIINHBI — 9TO TOYKA COUICHE-
HUSI.

Bamada 7. Ilpu a = 2,n = 7 reopema Typana naér onenky m > T'(n,a) = 9. 3agaua 5.2 no3BoJsger
yerIuThb 3Ty orenky 1o m > 10. Ilpumep cBsasnoro rpada ¢ a« = 2,n = 7,m = 10 cocTouT U3 KJINK HA
3 u 4 BepmmHaX, COeIMHEHHBIX JinmHuM pebpom. Harma mies — joKasarh Jijist TypaHOBCKOro rpada ¢
a=2,n="7oneaky m = 11.

Jlemma 1. Ilycts B rpade ectb BepimHa v, JitoOble JiBa cocejia KOTopoil coeinnennl peopom. Toraa
Bce pEOpa, CoeMHSIONINE KIUKY, COCTOSIIYIO U3 ¥ U €€ cocesieil, ¢ OCTaabHOI JacThio Ipada, JUITHAE.

Hoxasamenvcmeo. Ilpennonoxkum mporusHoe. [lycts pebpo ww, rne BepiinHa « PAHUYUAT C U,
a w — Her, He gBjsercsd jumHauM. COTpéM 3TO pedpo, MOTYyINB HE3aBUCUMOE MHOXKECTBO Ha « + 1
BEpININHE, Co/leprKaIee U 1 w. 3aMEHUB B 9TOM MHOYKECTBE U Ha U, MOJIYINM HE3aBUCUMOE MHOXKECTBO
Ha o + 1 BepmmHe B ucxogHOM rpade, npotuBopeyune. Jlemma 1 mokasaHa.

Jlemma 2. [Iycrs B TypanoBckoMm rpade ¢ a = 2,n = 7 ecTb BepiuHa v crenienn 2. Torna B HEM
He MeHee 12 pébep.

oxasamenavcmeo. OdeBuHO, 9TO 4 BEpIUHBI, HE3aBUCUMBIE ¢ v, 00pa3yoT Kiauky. [lo gemme 1,
13 KayKJI0# BEPIIUHBI 3TOM KJINKHM BBIXOIUT XOTd ObI 0JIHO pebpo K cocensm v. Torma B rpade nmeroTces
caejytone pédpa: 2 pebpa BBIXOJAT u3 v, 6 pédep cojepKarcs B KiuKe, 4 pebpa IMpoBeIeHbl MEXK Ty
KJINKOI U cocesisimu v. VItoro 12 pébep. Jlemma 2 jiokazana.

Bepuémcsa k 3ajade. B TypanoBckom rpade ¢ a > 1 HeT M30JMPOBAHHBIX U BUCAYIUX BEPIIUH.
Cirydait Ham9us BepIIUHBI CTeNeHn 2 ykKe pa3obpaH. Kcim Bce BepITUHBI NMEIOT CTeleHb XOTs Obl 3,
TO M > 37" = 10.5, cnemoBaTenbHo, m = 11.

Bagaua 8. 1, 2. Beibepem Bepiinny u, y KOTOPORl €CTh COCEJl U MEHbIIeil crenenn (B cIydae pery-
JISIPHOTO Tpada MPocTo JII0OYIO), yIaIuM €€, Ioc/e 9TOro yAaJIuM JUIHIe péopa (IOCKOJIbKY BepIInHA
u 6bL1a crabuiibHa, rpad He pacrnajerces) u KJIOHUpyeM BepiiuHy v. Torya unciio pébep yMeHbITHTCs
(B cilydae peryssipHOrO He YBEJMYUTCS), & YUCJIO HE3aBUCUMOCTU HE M3MEHHUTCS.

Taxxke B cirydae peryssspHOro Hy»KHO yOeINThCs, YTO OH He CTAHeT CHOBA pery/spHbiM. OnucanHast
KOHCTPYKIIUS JIA€T PEryJIdpHbIi rpad, eciu y BRIOPAHHBIX BEPIINH U U ¥ ObLIN OJIMHAKOBBIE OKPECT-
HOoCcTH (CM. ompenesienne nepes 3ajadeit 14). Ilonmpobyem BBIOpATh APYIyIO mapy BepIINH. 3aMETHM,
YTO MEXKIy JIIOOBIMU JIByMs BeprmmHaMu B rpade GG ecTb MyTh, U ecyit Obl y JIFOOBIX JABYX COCETHHIX
BEPIIMH OKPECTHOCTU OBLIN OJIMHAKOBBIME, TO BOOOIIE Y BCEX BEPINMH OKPECTHOCTU OBLIN OBbI OJMHA-
KOBbIE. 3HAYWT, B 9TOM CJIydae Jiobas BEPIINHA COeUHEeHa JINOO CO BCEMU, JINOO HU ¢ KeM. A 3HAYUT,
9TO KJIUKA.

3anada 9. locraToyHO MOKa3aTh MyHKT 3.

Ormumem TpebyeMyto omeparnyio it AByX TypaHoBckux rpados G7 n G,. Beibepem B rpade G
Jioboe pebpo uv, a B Gy J1I0OYI0 BEpIIUHY w, U yaaauM ux, Péopa, koropoie B rpade Gy Beu B Bep-
IINHY W, HepeHanpaBuM B BEPIIUHBI U U U KaK yroJHO, HO He Bce B oiny (cM. puc. 4). [omyuennbrit
rpacd oboznaunm depe3 (. IlpoBepum, 9TO MOJIYIHIOCH IIPABUILHOE IIPeoOpaA30BAHIE ¢ ITapaMeTPOM
t = —1. JToctaTo9HO yOEIUTHCSA, ITO YUC/I0 HE3ABUCUMOCTHA HE M3MEHU/IOCH U UTO HE MOSTBUJIOCH JIUTI-
HUX pedep (T. e. rpad G TypaHOBCKUIT), TOCKOJIBKY B 9TOM CJIydae OYeBUIHO, 9TO IUCJIO pebep U 9uciIo
KOMITOHEHT CBSI3HOCTH YMEHBIIUINCH Ha 1, TIOCKOJbKY BEpIINHA W He ObLIa TOYKONW COUIEHEHUS.
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g
G

Puc. 4. CknenBaem jBa rpada. Puc. 5. Ilepssrit criocod. Puc. 6. Bropoit crrocob.

Hna rpada G Bemonmnserca mepasenctso «(G) = a(Gy) + a(Gs). HeitcrBurenbHo, MOCKOIBKY
pebpo xy He 6buto smmHM B rpade G, B rpade G \ £y MOXKHO HallTH HE3aBUCHMOE MHOKECTBO Fj
mortaocTH oo(G1) + 1, comepzKariee obe BepImHbL T U Y, a B rpade Go, B CHILy €10 TYPAHOBOCTH, MOXKHO
BBIOPATh MaKCHMaJIbHOE HE3aBUCHMOE MHOXKeCTBO b, cojepxkariee Bepmmny w. Torja MHOKeCTBO
Ey; U By \ {w} — nesaBucumoe muoxkectBo B rpade G mommoctu aGy) + a(Ga).

C apyroit croponsr, HepasencTBo a(G) < a(Gy) + a(Gy) Toxke BepHo. [leiicrBuresbHo, mycth E —
MaKCHMaJIbHOE HE3aBUCHMOe MHOXKeCTBO B rpade G. Eciin ono e comepkut cpasy obe BEpIIUHBI U 1 U,
oHO pasbuBaercs Ha yactu ) = EN Gy u By = E N Gy, ABASAIONHECcs He3aBUCUMbBIMI MHOZKECTBAMI
B rpacdax G; u G coorBercrBento. Ecmm xke {u, v} C E, To MHOXKECTBa

Ei=EnG \{u} u E=(ENGy)U{uw) 2)

CyTh He3aBuCHMble MHOXKecTBa B Trpadax Gi u Ga, umeromue cymmapao |FE| smementos. B obonx
crydasax

a(G) = |E| = |Ey| + | Ea| < a(Gh) + a(Ga).

Conocrapiss JoKa3aHHbIC HEPABEHCTBA, JejaeM BB, 9To o(G) = a(Gh U Ga), T. e. 9uCiI0 He3a-
BUCHUMOCTHU He U3MEHU/IOCH.

Ocrasiocs mokas3aTh, 910 B (G HET JUITHUX PEGEP, TO eCTh IMOCTPOUTD JIjIst JII0O0Tro pebpa ry rpada
G mesapucumoe MHOXKecTBO B G\ 2y MomaocT o(G) + 1. Omuiem BKpatiie, Kak 9TO JIeJaeTCsl.

Pebpo xy coorBercrByer pebpy B ojoM u3 rpados G u Gy (Ha30BEéM ero (), OC/IE BBIKH/ILIBAHUST
KOTOPOT'O B 9TOM rpade obpasyercs HezaBucumoe MaO)KecTBO U n3 a(G;)+1 BepmuHbL. TO MHOKECTBO
nepeHocutcst B rpad G (Ipu 9TOM, ecjim OHO COAEPKUT w, TO B rpade G BbiIe/seM 06 BEePIIUHbBI U U V).
[Tocte 5TOr0 OCTAETCS JTOMOTHUATE €0 JI0 He3aBUCUMOTO MHOXKeCTBa 13 () + 1 BepIIHHBI MHOKECTBOM
u3 (G3_;. DTO JestaeTcs Mpu TOMOIIU OJIHOTO U3 CJEIYIONUX MHOYKECTB:

e B rpade Gy — HezaBucuMoro Muoxkectsa u3 «(Gq) + 1 Beprun rpada Go \ wt, e t — cocen w;
a TakKe He3aBUCUMOro MHOXKecTBa u3 (G3) BEPINWUH, He COJepKAaIIero w;

e B rpade (G; — HezaBucuMoro MHoxkectBa u3 «(G1) + 1 Bepmun rpada G \ uv, a Tak:ke He3a-
sucumoro MuoxkecrBa V' u3 «(G1) Bepumn rpada G, He comepxKarero Hu w, Hu v. MuoxkecrBo V/
CyIIIeCTBYET, MHa1Ie B JIIOOOM MaKCHMAJIbHOM HE3aBUCUMOM MHOXKecTBe I'pada (G1 COmepKUTCS UIn U,
WA v, a TOT/Ia JIETKO TOHATDH, YTO BCe JIpyrue pébpa U3 u U v — JINIITHHE.

JL1s mocTpoenus JIByX HNPUMEPOB TYPAHOBCKUX IpadOB U3 MyHKTa 1 JOCTATOYHO 110 PA3HOMY pac-
peaessaThb MezKJy BepIIMHaMU ¥ U U coceJieit BepIINHbL W, CM. puc. H, 6.

Bamgaua 10. 1. [Ipumenss oneparuio u3 3aja4u 9, cHada a 00beuHuM JBe 4-Kjmku (puc. 7), mocie
9ero pasHbIMu criocobamu j106aBuM erne oy 4-kiauky (puc. 8-11). Pesynbrarsl sBistiorcss TypaHOB-
CKUMHU rpadaMu 110 CBOMCTBAM OIIEPAITIH.

3amaua 11. Iloab3yemca merosom criycka. Eciu rpad He mMmeeT HecTaOMIBHBIX BEPIINWH, TPUME-
HUM K HEMY 3aJiady 8 U TepeiiieM K MeHbIleMy rpady. Hatue mponsBeiéM packos U MPOCyMMUPYeM
JIOKa3bIBAEMOE HEPABEHCTBO /I BCEX MOJTYyYUBIIUXCS TacTell.
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Puc. 7. Crpoum Bepereno Moszepa.

Puc. 8. Ilpu ymamenun Puc. 9. Ilpu ynanenun Bep-

BepIIUH cTenenn 4 ocra- MIUH CTereHn 4 OCTAIoTCs
FOTCSl KOMIIOHEHTHI U3 2 KOMIIOHEHTHI u3 3 u 4 Bep- Puc. 10. Ectp Bepruna Puc. 11. Bepmuas! crenenn
¥ 5 BEpIIUH. TTVH. CcTereHu 5. 4 coeMHEHBI.

Bamaua 12. locrarouno jgokazarh myHKT 3. JlokarkeM MHIYKIUEH 110 9HUC/Iy BEPHIIUH N, YTO €CJIN
n < 4a, TO
f=m-=>5n+12a > 0.

locTaTouno 1oKa3aTh 3TO HEPABEHCTBO LI CBI3HBIX I'PadOB, TaK KaK /Il HECBA3HBIX OHO IOy 9aeTCs
CYMMUPOBAHUEM 10 KOMIIOHEHTAM.
Baza unpyknuu n = « (MeHbIIIe 3HAYEHUST 1 HEBO3MOXKHBI) TpUBHAIbHA. JloKaxKeM Iepexo/r.
[Iycte A — Bepmwmna nHammenbineit crenenu . Ecan x < 2, To BeiOpocuMm u3 rpada BeprmHy A
BMECTE CO BCEMU COCeJIAMU. UMC/I0 He3aBUCUMOCTH YMEHLITUTCH KaK MUHUMYM Ha 1, 9HCJIO BEPITUH
YMEHBIINTCA HA T+ 1, & 9nucio pédep YMEeHbBIIUTCS XOTs ObI Ha @ (moTomy 9TO CyMMapHast CTeleHb
YJIAJEHHBIX BEPIIMH HE MEHbIIe YHCJIUTENS STOM JIPOOH, a KayKJI0e YIaJIEHHOe PeOPO JTaéT B HEE BKIIA/L

He Oosiee 2). B urore f ymeHbIINTCSI KAK MUHUMYM Ha

x(x+1)

1
5 —5(x+1)+12:§(x2—9x+14), (3)

anpu r = 0, 1, 2 sra BequunHa HeorpurnarenbHa. [Ipm srom s nomydennoro rpada f = 0 1o
[IPEJIITOIOKEHUIO UHIYKInd, a 3ua4dnT, f > 0 u JiIg UCXOIHOTO.

SHaAYNT, jajiee Mbl MOXKEM CUHTATh, YTO HAUMEHbIIasg CTelleHb BepIINHbI B rpade He MeHbIne 3.
Pazbepem HeckosbKO ciiydaes.

1) Eciu B rpade ectb BepimHa crenenn 5 ujm 60JibIne, T0 BoiopocuM e€. B pesysbrare ucuesner
OJ/lHA BepInHa U He MeHee b pébep. Bemuumua f mpwm 9TOM He yBEJIUYUTCS W MbI ONATH HTPUMEHUM
IIPE/IITOJIOZKEHNE UH/TYKIIAHN.

2) Ecim rpad 3- wiam 4-perynsipubiit st 4-peryssipuoro rpada umeeM m = 2n, U IOCKOJIBKY
n < 4o, oxydaeM

f=2n—->5n+12a =12a — 3n > 0.

g 3-perynsipuoro rpacda umeem 2m = 3n u n < 3q, B pe3y/bTaTe UMeeM aHAJOTUYHYIO OICHKY.

3) Ocrasicst cirydail, Korja Bee BepIinHbl uMetoT crenenu 3 wim 4. B sTom ciryuae moaudurmpyem
paccy:KJIeHus U3 HadasIa PelreHns, 9T0Obl IPH T0JICUeTe YHC/Ia BRIOPOIIEHHBIX pebep, Kak B (opmy-
je (3) mpu x = 3, 0Ka3aJI0Ch OBI, YTO BBIOPOIIIEHO HE @ = 6, a Kak MUHEMMYM 8 pebep. Bosbmem
B KaJdecTBe BepPINHBI A BepINuHYy CTeleHu 3, y KOTOPOW ecThb cocej crerenun 4. Yiaagum u3 rpada
Bepuay A u eé coceneit B, C' u D. CymMma creneHeil yaaJleHHBIX BepiinH He MeHbIne 13. Hapyxy,
r.e. Brpad G\ {A, B,C, D}, Bener He Menbllie Tpex 3 pebep, Tak Kak unade sepmunabl A, B, C'u D

13-2

COeJIMHEHbI XOTA Obl 5= = 6 péOpamu, 1 TOT/la 3TO K/IMKa Ha 4 BepIIMHaX, KOTOPOH B JUCTAHIMOHHOM
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rpade OBITH He MOXKET. A 3HAYUT, CyYMMapHO yaajeHo He MeHee 13 + 3 = 16 mosrypebep, T.e. XOTs ObI
8 pébep. DTOro JI0CTATOIHO.

Bagada 13. 1-2. [lycrb B KpUTHYECKOM MHOXKECTBE M IOHOIIEl, U OJuH U3 HuX, [lerpyxa, *KeHuicst
Ha [fopbaaraii. OcTaJbHBIX IOHOIIEH 13 KPUTHIECKOTO MHOYKECTBa OyjieM Ha3biBaTh JApy3bsimu [lerpy-
XU, IOHOIIEH He U3 KPUTUIECKOI'0 MHOXKECTBA — MaCCOBKOIl, a BceX JIeBYIIEK, 3HAKOMbIX [leTpyxe u ero
Jpy3baM, — rapeMoM. /[j1sg mokazaTebeTBa 060X yTBEPKIECHUH 3a/1a91 JIOCTATOYHO ITPOBEPUTH, YTO:

— mobeie ¢ apyseit [Terpyxu (rae 1 < £ < m — 1) cymmapHO 3HAKOMBI ¢ { JIEBYIITKAME, HE CUUTAs
[Mosibaaraii, — 9T0 TakK, MOCKOJIBKY 110 YCJIOBHIO HET MEHBITNX KPUTUIECKUX MHOYKECTB ¥, 3HAIUT, ITU
JIPY3bsl B CyMMe 3HAKOMbI KaK MUHUMYM ¢ £+ 1 JIeByIIKOii (cpe/i KOTOpbIX MOXKeT O6bITh 1 ['tosbaaTail).

— srobble ¢ ronoreit u3 maccoBku (rae 1 < £ < n — m) 3HAKOMbBI KaK MUHUMYM ¢ { JIeByIIKAMU He
u3 rapeMa, — 3TO TakK, MOCKOJIbKY Ilerpyxa ¢ japysbsimu u 9Tu £ 1OHOIIEH B CyMMe 3HAKOMBI ¢ M + £
win GoJiee JEBYITKAMIE, M 13 KOTOPBIX (B TOM uncie, ['fosibuaraii) HaxoaTcst B rapeme.

3. YTBepkenue cpa3y CjaeyeT U3 NPeJIblIyIuX IMyHKTOB. g jloKka3aTenbcTBa WHTYKITMOHHOTO
repexo/ia Cae/yer Ipu HeoOXOINMOCTH «PacCOPUTh» HEKOTOPHIX IOHOIIEH 1 HEKOTOPBIX JIEBYIIEK (UTO-
ObI OHU [IEPECTAJIN CIUTATH CebsT 3HAKOMBIMH ), 9TOObI MOSBUIOCH KPUTHIECKOE MHOXKeCTBO. U1 yaaimTh
[Terpyxy ¢ ['ombaataii.

Bamaga 14. 1. Ilycre u € U — npousBosibHas BepmnHa. B TypaHoBckoMm Tpade G cymiecTByer
MaKCIMAJIbHOE HE3aBUCHMOe MHOXKeCTBO [, He comepikariee u. Torma nepecedenue £ NU comepsKuT He
menee |U| Bepima (910 1 ecTh TpebyemMoe HaM MHOYKECTBO) — ecJi Obl 9TO OBLIO HE Tak, TO, 3aMEHUB
B MHO)KecTBe F ero wacte F N U wa U, Mbl notyanan 661 60/iee KPYIHOE HE3ABHCHMOE MHOMKECTBO,
YTO HEBO3MOZKHO.

2. Ilycts u € U — npousBoJ/ibHas Bepiinna, v — cocefnss ¢ Heit. [lockobky pebpo uv ne Jmminee,
B rpade G\ uv cyriecTByeT He3aBICHMOe MHOKeCTBO F, copepzkarree a+1 Beprmuny. Tora nepecedenue
ENU conepxxur ue Menee |U| + 1 Bepimnsl (Kak HaM 1 TpeGyeTcs) — ecim 6Bl 9T0 OBLIO He Tak, To,
3aMenuB B MHOZKeCTBe F ero wacts £NU Ha U, MbI oty dmmn ObI He3aBICHMOE MHOXKecTBO B rpade G,
cojiepzKaliee He MeHee o + 1 BEpIITHHEL.

3. Homycrum, aro 910 He Tak. PaccMoTpuM TypaHoBeKuii rpad ¢ HANMEHDLIINM HE3aBUCHMBIM MHO-
xkectBoM U, s koroporo |N(U)| < |U| — 1. OueBunno, aro |U| > 1. Ilycrs w € U — npousBosibHasd
BepImHa, v — cocejuss ¢ Heil. [lycrs E — MakcMMasIbHOE HE3aBUCHMOE MHOKECTBO, COJCPIKAIIEE .
HAcno, aro u ¢ E. Homoxum ¢ = [ENU|, r = |ENN(U)|. B cuny munnmansaoctn U BepImHb 13
muoxxecrsa £ NU umeror ne menbiie ¢ coceneit uz N(U) u 9tu cocenu He IpUHAIEKAT MHOKECTBY F.
Crnemosarensno, {+r < |[N(U)| < |U| — 1. Torna, samerns B MaoxecTse E ero acts £ENU wa U, MbrI
IOJIy9UM HE3aBUCHMOe MHOKeCTBO B rpade (G, cojeprkairee He MeHee o+ 1 Beprmuubl. [Iporusopetne.

4. Ceyer u3 JeMMbl X0J171a, YCJIOBHE KOTOPOil obecrieunBaeT IMyHKT 3: BepIINHBbI MHOXKecTBa U —
foHorm, Beprmabl MHOKecTBa N (U) — neBymik.

5. Homycrum, aro 910 He Tak. PaccMoTpuM TypaHOBCKUiL rpad ¢ HANMEHDLIINM HE3aBUCUMBIM MHO-
sxkectBoM U, gy koroporo |N(U)| = |U| (mo mynkry 4 menbinee qucito snementos muoxectso N (U)
mMeTh He MozkeT ). Tora 1o myHKTY 5 BeprmuHbl MHOKecTBa U pasbuBaloTCst Ha Maphl HEKOTOPBIM TTa-
pocoueTanueM, u 3uaduT, 6osbime |U| Hesapncnmbix Beprmms noarpad U HMeTh He MOKeT. DTO 3HAUHT,
uTO Bee pebpa, yxofsmnme u3 U B ocTapmrytocs yacth rpacda G, jmmmiue. [Iporusopedne.

6. ITo yrBepxkenmio myukTa 5 soboe mogmuoxkectBo A C U mmeer ne menbine |A| + 1 coceseit B
N(U). Torma ycroBust stemMMbl XoJuta J/Ist MHOKeCTBa U BBIIOJHEHBI «C 3allaCOM»: OHO YJIOBJIETBOPSET
YCJIOBHAM JIeMMbI XO0JLIa, JjazKe eCJIM Mbl HCKJIIOUNM u3 MHO)kecTBa N (U) Bepumuny z. Torma semma
Xouma cpa3y paer Ham TpebyeMoe yTBEpIKIeHHe.

7. locraTouno jokasaTh, 910 B U He MOXKeT ObITH BEPIIUH CTEIEHN XOTd OBl 3.
Ot nporuBHOro, IycTh HEKOTOPas Bepinua u € U numeer 3 cocena a, b, c. [1o yrBepK1eHmio myHnkra
6, MO2KHO IIOCTPOUTDH ITapoCOoYeTaHrue, B KOTOPOE BXOJAT BCE BEPIINHBI U3 MHOXKECTBa U, HO HE€ BXOIUT
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BepmuHa ¢. M0oXKHO cunTaTh, 9T0 pedpa ua u vb, rae v — HeKoTopad BepiuHa u3 U, npuHajexar
9TOMY TapocovdeTanuio. MbI MOJIyUUM U3 UCXOHOTO MPEJIIOJIOXKEHUs TPOTUBOPEYNE, €CIU JTOKAXKEM,
ITO pebpo ub — JmiiHee.

Jormycrnm, 9T0 9T0 He TaK, ¥ HAIIIOCh HE3aBUCUMOe MHOZKeCTBO F, cofepakariee «(G)+ 1 Bepimmy,
npudem u, b € E. Torga muoxecrso N(U) N E 3aBeJioMO He COAEP:KUT BEPIIUHY €, & BCE OCTAJIbHBIM
BEPIITUHBI 9TOTO MHOXKECTBa BBIOpAHHOE MapocoveTaHne MHHbEKTHBHO COMOCTaBJsAeT BeprmHaM u3 U.
Bamenus B MuokectBe E Bepruabl u3 N (U)N E Ha napHble UM BepIIUHbLI u3 U, MOy IUM HE3aBUCHMOE
MHOKecTBO B rpade G u3 a(G) + 1 BepiiuH, 9T0 HEBO3MOYKHO.

8. 3adwukcupyeMm Mpou3BOILHOE PEOPO TY U PACCMOTPUM MAKCUMAJIHLHOE HE3aBUCUMOE MHOXKE-
crBo U, He cozepzaliee 3Toro pebpa (OHO cyiiecTByeT Giaroiapsi TypaHOBOCTH). Torjga aBTOMATH-
geckn z,y € N(U). Ilo yTBepKIeHNIO TIyHKTa b KayKJi0e HEeIyCToe MoJMHOXKecTBO B C F umeer He
menbine |B| 4 1 cocennux Bepumn. Ecoin npu srom |N(B)| = |B| + 1, T0 110 yTBepXKJIeHUIO IyHKTa 7
B MHOYKECTBE B Hali/leTcst BepIInHA CTEIeHN 2. 3HAYUT, HAM OCTAeTCs PACCMOTPETH CJIydail, Koriaa Jijis
MHOKecTBa U yC/10BuUs JIeMMbI XOJ1JIa BBITTOJTHEHBI ¢ U30BITKOM 2, T. €. KaXK10€ HEeIyCTOe MOJIMHOXKECTBO
B C E umeer ne menbiie |B| 4 2 coceanux Bepumu. Torma mo semme Xosma 3aK/I09aeM, 9TO Bep-
mmHsr MEOKecTBa U \ {7, y} paséupaiorca Ha maphl mapocodeTanneM u3 o pebep. JJoGaBaasa K 3ToMy
MAPOCOYETAHUIO PeOPO Ty, ToJIydaeM TpedyeMoe.

Bamaga 15. 1. D1o ciaemayer u3 3agaun 14.5.

2. 970 cienyer u3 3aymaan 14.7. Kaxkaas BeprninHa BXOJUT B MAKCUMAJIBLHOE HE3aBUCUMOE MHOYKE-
CTBO U TIOTOMY HMeeT CTelleHb 2. 3HAYUT, HAIll TyPAHOBCKUil (CBsI3HBI!) Tpad sBIIseTCs UKIOM.

3. Ilpemnonoxxkum nporuBHoe. Torma 1o 3ajade 14.7 s 100010 He3aBUCUMOIo MHOXKecTBa U
mveem |N(U)| > |U| + 2. Hokaxem, aro crernenu Bcex BeprimH pasbl 3. [lycts 910 HE Tak, u y
BePIIUHBI U €CTh cocean a, b, ¢, d. Beibepem makcuMmaibHOe He3aBUCHMOe MHOxKecTBO U, comepzkariee
BepmHy u. /leiicTByss Kak B pemrennu 14.8, Haiijiém InapocodeTranue u3 « peédep, He cojieprKaliee
BEpIIH @ U b; TOTIa OHO COAEPKUT pédbpa uc u vd mpu Hekoropoit v € U. Ho Torga pedpo ud sBiisiercs
JIIITHUM, n00 B JIFOOOM He3aBHCHMOM MHOXKecTBe B G \ ud, comepzaiieM u u d, MOXKHO «CILyCTUTH»
sepruabl u3 N(U) B U, n0JIy9nB HE3aBUCHMOE MHOXKECTBO TOM Ke MOIHOCTH B (.

Urak, rpad G 3-perymnsapen. [lo 3amgade 14.8, B HéM ecTh mapocoderanune n3 « + 1 pebpa; okpacum
91U pébpa B cuHuii 1BeT. Ilocie BriOpachiBanns cuHUX pédep rpad paciagaeTcs: Ha IMUKJIbL;, eCJIU CPEIn
HUX €CTh HEYETHBIE, TO UX UX HE MEHbIIE JIBYX, U YMUCJIO HE3aBUCUMOCTH yKe rpada, o0pa3soBaHHOIO
9TUMHU [UKJIAMU, He DOJIBIIE (v, TO €CTh BCe cuHue pEdpa JimiHue. 3HAYUT, BCe MUKJIbL YéTHbIe. OKpacuM
péOpa KaxKI0ro UX HUX MOTIEPEMEHHO B KPACHBIH 1 3€JIEHBII 1BETA, MOJIYIUM PABUIBHYIO 3-PACKPaCKY
pébep rpada (1 KazKplil BT 06pasyeT COBEPIEHHOe MapOCOIeTAHNe).

Bribepem si000e pebpo E — ckaxkeM, KpacHoe. [TocKOJIbKY OHO He JIIIHee, TO0C/e ero yAaJeHHs
MOZKHO HafiTu HezaBucumoe Muozkectso U momntaoctn o + 1. ITyers U’ — MHOKECTBO BCEX OCTABIIUXCS
sepimH rpada. V3 U B U’ Boixomgar 1o « + 1 cMHEX U 3€JIEHLIX pébep n o — 1 KpacHoe, HOCKOILKY
u3 BepunH ObiBIiero pebpa F (mexamux B U) HIKAKUX KPACHBIX pebep Terepb He BBIXOJIUT. SHAUMUT,
Ha MHOXKecTBe U’ ecTb poBHO OHO pebpo, u ono KpacHoe. ComocrasuMm ero pebpy E u obosHaunM
yepes E'.

Paccmorpum Tertepsb J1100yio Bepriuny u u myctb R, G, B — COOTBETCTBEHHO KpacHOE, 3e/16H0e U
cunee pébpa us ueé, R', G’ u B’ — conocrasientsle uM pédpa, a Uy, Uy, U, — He3aBHCHMbIE MHOXKECTBA,
moJiyuaemMbie 1ocse BoikujibiBanusg R, G u B coorBercTBenno. Torja Bce BepHnHbI pa30UBaIOTCS Ha
8 muoxects Uy, 0,7,k € {0,1}, rme ¢ = 1 o3nadaer, uto Bepumusl jtexxut B U,, ungexcsl j u k
UTPAIOT TaKHe Ke POJIN JIjIsl OCTaJbHBIX IBeToB. B wactHocTu, u € Ujp;. Takxke obo3HavImM dUepes
Utx 00bemunenne Beex Uy, ¢ @ = 1, aHaJIord4HO BBOJATCA JIpyTHe 10J00HbIe obo3Hadenusd. B arux
0003HAYEHUSIX MOXKHO OICAaTh U YK€ 3HAKOMbIe HaM MHOxKecTBa, Hanpumep, Uy, = U, u T.11.

[MockombKY Ut = |Usis] = |Upus| = |Usox| = a + 1, nomyaaem, aro |Uiyi| = |Upos|. IIpu smom
BCe pébpa, kpoMme pédep R, G, R' u G', coenuusior Uiy, ¢ Uygs mmu Uygy ¢ Upry. 3HAYUT, MHOXKECTBO
U = Ui, \ u wesasucumoe, u N(U) C Uy, 10 ectb [N(U)| < |U| + 1. D10 nporusopeunt 3ajavdam
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14.5 u 14.7, ecom U nenycro. 3uaunt, Uy, = {u}, To ectb Uy = {u} u Uyyp = . AHajiorudso,
Uior = Upi1 = 9.

Bribpocum tenepn pébpa R, G, B, R', G', B’ u3 namero rpada. Tenepn Kaxkjaoe U3 OCTaBIIIXCSA
pédep Jo/KHO coequHATh 9acTh Usj, ¢ Uy—j1—j1—k; oaHako, nockoiabky Uiy = Uior = Upii = 9,
a ejumHCTBeHHasd BepmuHa u3 Uy, He coemunena ¢ Uy, B moydeHHOM rpade pédep Her. SHAYUT, UX
obL10 Beero 6, a Bepmun — 4, u o = 1. [IporuBopeune.

4. Tlpeamnonoxum nporusuoe. CoeuHnuM pedpoM Heanakomvir deaoBek. Torma HaM U3BECTHO, UTO
n =12, a =5, 1o ectb n = 2 + 2. CobcTBEHHO, 3TO HAOIOEHNE U JTaeT HaM ODOOIIEHHYIO 3a/1aty:

B rpyme u3 2+ 2 wesnoBek cpen ji006b1X 20 — 1 4es10BeK HaHIyTCS (v TIOITapHO
3HaAKOMBIX. J[OKaXKuTe, 9TO B 3TOH rpyiiie HaljyTcsa o + 1 monapHo 3HaKOMBIX.

Yro0B! IPUIITH K IIPOTUBOPEYNIO, HAM HaJI0 BEIOPDOCUTH 3 BEPIIMHBI TaK, YTOOBI y IIOJIyYeHHOro rpada
YUCJI0 HE3aBUCUMOCTU YMEHBIIUIOCH.

Brikunem pébpa Tak, 4ToObI ocTasicd a-kKpurudeckuii rpad. [Iycts on necsazen. Torja B HEM ecTb
KOMIIOHEHTa CBA3HOCTH C UHCJIOM BEDPIIMH 1/ ¥ YHCIOM He3aBHCHUMOCTH ¢ Takmmu, 9ro n' < 2a/ + 1
— TO eCTh JIMOO KOMIIOHEHTa Ha He Gojiee yeM 2 BepuiMHaX, Jiub0 HEeUETHbIH UKL (110 myHKTaM 1-2).
B smobom citydae U3 9T0#l KOMIIOHEHTBI MOXKHO BBIKUHYTH He 0Oojiee TPEX BEPIINH, YMEHBIINB YHCIIO
HE3aBUCUMOCTHU.

B nporuBHOM cilydae ocTasics TYPAHOBCKHII rpad, B KOTOPOM IO IIYHKTY 3 €CThb BEpIINHA U CTe-
nern 2. Bokunys eé BMecTe ¢ eé coCelsMU, Mbl YMEHBIINM 9HCJIO HE3aBHCHMOCTH (OO K JII000MY
HE3aBHCHUMOMY MHOYKECTBY B OCTaBIIEMCs rpade MOXKHO J00aBUTD ).

Banmaga 16. 1. [lycts a — Bepmmaa crenenn 2 B rpade G, b u ¢ — eé coceau, W — MHOXKECTBO
cocejieit b u ¢, kpome a, cM. puc. 12. Eciiu Bepmunb! b 1 ¢ coeIMHEHBI pedPOM, TO TI0 JeMMe U3 3aa4un
7 Bce pébpa, BelyIIne U3 TpeyroJbHUKa abc HaApyKy, JUIITHNAE, YTO HEBO3MOXKHO.

Terteps BeIKUHEM Bce pEOpa, miayinue u3 Bepmud b u ¢ B W, coequnum b u ¢, a Takx)e jJJ00aBUM
BEpIINHY ¥, COeJIMHEHHYIO CO BceMu BepinmuHaMu u3 W (I0JIy9InB KOMIOHEHTY, KOTOPYIO MbI 0003HAa~
qum G'), cm. puc. 13. Ilo cyru, Mbl coBeprmim mpeobpasoBanue, ob6paTHOE B IIPeoOpPa30BAHUIO U3
zajaqan 9.3. [IpoBepka TOTO, YTO OHO IPABUIBHOE, OCYIIECTB/ISAETCs TTOXOKUM 00pa30M.

a

a
bAc
b c v
Y
w w

Puc. 12. Bruiro. Puc. 13. Crago.

Umenno, Haio nmpoBeputh, 110 a(G') = av— 1 m 9ro rpad G’ a-xkpurndeckuii. Ecim makncmanbaoe
HE3aBUCHMOE MHOXKeCTBO B rpade G’ He COIepKUT BEPIIMHY v, TO B Tpade G K HeEMY MOXKHO J0OaBUTH
elle U BEPINUHY @, & €CJIU COJIEPXKUT, TO BEPIIUHY ¥ MOYKHO 3aMEHHUTD Ha b U ¢. A pe3ysbrare moJIydaem
oneky «(G') < a — 1. C apyroif cTOpoHBI, MaKCHUMAIbHOE HE3aBUCHMOE MHOXKeCTBO B rpade G,
cojiepzKaliiee BEPIINHY @, HeMeJIeHHO JaéT orneHky a(G') > o — 1.

Ecin n3 G’ BRIKHHYTH pebPO 2y, MOXKHO BBIKUHYTE 13 (G TO Ke pebpo (¢ 3aMeHoit v Ha b uin ¢, ecim
HeOOXOIMMO), HANTH HE3aBHCHMOE MHOXKECTBO U3 (v + 1 BEPINUHBI U MOJYyYUTh M3 HErO HE3aBHCHMOE
MHOKeCTBO B rpade G\ xy — 1160 MPOCTO BHIKUIbIBAHUEM BEPIIUHBL @, b UK ¢, TUOO 3aMEHON BEPIITHH
b u ¢ (ecau oHn 06e mpucyTCTBYIOT) Ha v. [IpoBepKa 3aKOHYEHA.

st TasibHERIIero CTOUT emié 3aMeTUTh, YTO Hallle IPpeodPa30BaHue He MIPOCTO MPABUILHOE C Iapa-
MeTpoM t = 1, a TOUHOe, TO eCTh YuC/I0 PEdep yBeaudunBaeTcs poBHO Ha 1. JIj1s 9TOr0 HyKHO TIOKa3aTh,
4T0 B MHOKecTBe W He OBbLI0 BepIIMHBI, COeMHENHON U ¢ b, u ¢ c. [leficTBUTE/IbHO, ITyCTh TaKas Bep-
IIMHA W HaILIach. 1orja mpu BBIKKAIBIBAaHUU pebpa wb TOZKHO MOSBUTHCA HE3ABUCHIMOE MHOXKECTBO
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U u3 « + 1 Bepumnbl, cojepxkaiiee w u b (1, 3HaunT, He cojep:Kaiiee a u ¢). Ho Torja MHOXKeCTBO
UU{a}\ {b} — nezaBucumoe yxe B G, u B uém « + 1 Bepmmna. [Tporusopeune.

2. Nupyknus no «. IIpu o = 1 rpad — kiuka Ha 4 BepIImHax, U yTBEP:K/IEHUE BEPHO.

[Iycts o > 1. Torma o 3ajade 15.3 B HameMm rpade G ecTb BepIInHA CTEIEHN 2 U MOYXKHO COBEp-
IIUTH PACKOJI U3 IMyHKTa 1 (910 nmpeobpasoBatie, 06paTHOe K IpeodpasoBaHmIo 13 3a1a49u 9.3), Moy anB
TpeyroabHuK u MeHbimii Tpad G'. Ilpu s3rom G’ — TypanoBckuii rpad, y KOTOPOTO YUC/IO HE3aBUCH-
MOCTH Ha 1, & YMCJIO BepIIMH — Ha 2 MeHbIne, yeM y (G, TO €CTb 110 MPEIIOJOKEHIIO WHIYKIIUNA OH
rpuBnasied. Ho G nostydaercs uz G’ u TpeyrosibHUKa onepaleil u3 9.3, 3HAYUT, OH TOXKE TPUBUAJIEH,
YTO U TPeDOBAJIOCH.

3. OrBet Bce 3tu rpadsr umeroT Takoit Bua: 4 BEpIIUHBL @, b, ¢, d, TOMApHO COEIUHEHHBIE HE
repecekamuMucs (10 BHYTPEHHUM BEPIITHMHAM ) HEIETHBIME My TsiMu. Hampumep, Ba caMbIX MaJieHb-
KUX [pHMepa — 9TO KJIMKa Ha 4 BepuimHax U rpad, MOJIyUYeHHbI 13 Heé 3aMeHoi pebpa Ha IMyTh U3
3 pébep (C ByMsI HOBBIMH BEPIITMHAM ).

JokarkeM WHIyKIHEH 1Mo (v, 9T0 Bee Halm rpadbl UMEIOT BUJ, YKa3aHHBIH B oTBeTe. U3 perennst
[PeJIBLIYIIEro MyHKTa CIeYeT, YTO OHU BCE TIOIYyIar0OTCsa U3 KJINKU Ha 4 BEPITMHAX [TOC/Ie0BATE ThHBIM
«BKJIenBaHueM» (onepartueii n3 9.3) TpeyroJbHUKOB (IIPU 9TOM U3 TPEyTroJbHIKA YIAIseTcst pebpo, a u3
Harero rpaga — Bepiuna). [109ToMy J0CTATOYHO TOKA3aTh, YTO MIPHU TAKUX Oleparusx u3 rpados B
OTBeTe TOJIyYAlOTCA TaKHe YKe.

D10 HeTPYIHO cearh. Ecim n3 Hamrero rpada 6epércst BepinHa CTelleHn 2, TO IPOCTO HeUETHBIM
IyTh, B KOTOPOM OHAa JIEJKUT, Y/JINHSIETCsl Ha 2 BepIiuHbl. ECau »Ke OHa CTeleHW 3, TO CTeleHb 3
[OJTy9aeT OJfHa W3 BEPIINH TPEYTOJbHUKA, U OISITh YKe MOJIy9IaeTcs Hall rpad, B KOTOPOM OJIUH ITyTh
YJUTHHAJICS Ha 2 BEPIITHHBIL.

Bagada 17. 6. Humke nanmcanst perenust myHKToB 1-5 i rpados. [lokasaresibecTBa aHATOIMTIHBIX
YTBEPKICHAI PO runeprpadbl MOy IaioTcs HECTOKHOM IEPE/IEIKOM; B TeX MECTax, IJIe PACCy 7K ICHNUST
HY2XK/Tal0TCd B IIepeae/IKe, Mbl JeJlaeM CHOCKH, B KOTOPBIX OIIMCbIBa€TCA COOTBETCTBYIOIIEEC N3MEHCHUCE.
[Ipu mepBOM TPOYTEHUM STH CHOCKU MOXKHO UTHOPUPOBATD.

BameTnM cpasy, 910 dnciio £(G) paBHO HAMMEHBIIEH MOITHOCTH MHOXKeCTBa BepinH U, KoTopoe Ie-
peceKaeTest Co BCeMU MaKCHMAaJIbHBIMI HE3aBUCHMBIMEI MHO)KecTBamu B (. (st runeprpados 510 Tak
110 OIPEJIEIEHNIO, a JTOKA3aTEeIbCTBO 9TOTO HECTOKHOTO yTBEPXKIACHUS I IPagOB MOKHO YCMOTPETH
B 3ajad1e 21.)

1. llyers k = k(Gy), G' — unmynupoBanHBIl moarpad Ha BeeX BepuInHaX, He Jexkammx B G,
a = a(Gy) u f = a(G). dcuo, aro a(G) < « + (. Bosee Toro, ecau 6bI B 9TOM HepaBeHCTBe
JIOCTHUTAJIOCh PABEHCTBO, TO YHUCJIO He3aBUCUMOCTH rpada (G cOXpaHUI0Ch ObI IPU BHIOPACHIBAHUN BCEX
pédep mexy Gy u G, To ectb Hamt rpad He Obu1 ObI TypanoBckuM. Utak, a(G) < a + 5.

[Tycts V — MuoxkecTBo Bepiiun B G, 13 KoTopbix! BegyT pébpa B G. Tlokaxkewm, uto |V| > k(Gy);
orcioga oyaer cienoBarh Tpedyemoe. IIpemamonoxkum nporusHoe. Torma B GGy Hail€Tcst HE3aBUCHMOE
MHOXKECTBO MOIITHOCTH v, He Tiepecekaoreecs ¢ V. 9T0 MHOXKECTBO B OObEIMHEHNN ¢ MAKCUMaTbHBIM
HEe3aBUCUMbBIM MHOKeCTBOM B (' obpasyer HezaBucHMOe MHOKecTBO B (G MomHocTu « + (3. IIporuso-
pedre.

2. IIpeamnonoxum nporusHoe. Beibepem B rpade G Hanmenbiee k > 1, 1j1s1 KOTOPOTO CYIIECTBYET
KOHTPIIPUMED, U BIOEPEM COOTBETCTBYIONINE UHyTUpoBaHHbie oarpadst G, G, . . ., Gy; nycts Gy —
WH/TY [[MPOBAHHBIN TT0rpad Ha BCEX BEPINMHAX, HE BXOMSIMX HU B OJHO U3 MHOXKeCTB (G; (OH MOXKET
okazaThbest mycTbiM). O6o3HadNM depe3 F' MHOXKeCTBO pébep, He JiesKalluX HU B OJHOM u3 HoArpados
Go, Gy, ..., Gy. Oboznaunm «; = a(G;), k; = k(G;). Tlo HaleMy TIPeIIoIOKEHHUIO,

k

[FI<) (i = 1). (4)

=1

! Ing rumeprpados 37ech Hy»KHO BLIOHPATH MHOYXKECTBO BepInuH I3 (o HaIMeHbIIeH MOITHOCTH, IepeceKalomee BCe
pébpa, nepecekatomuecsa kak ¢ Go, Tak u ¢ G'; cm. pemenne 21.2.
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k
Haima riesib — noctpouts B G He3aBUCHMOE MHOZKECTBO MOIITHOCTH Y | «v;. Kak U B peIbIy e myHKTe,
i=0
9TO OyJIeT O3HAYATh, UTO Bce pébpa B F' — jumraue, TO ecTh (G HE TYPaHOBCKMHIA.
st 9TOTO TOCTATOYHO B KaxKJIOM pebpe n3 F' oKpacuTh 10 BepIimHe Tak, 9To0bl B (G OKpaIleH-

HBIX BEpIIMH He ObLI0, a B KaxkjaoMm G; (i = 1,2,... k) Obuto okpaiieno we 6osee k; — 1 BepruH.
JleficTBUTEILHO, €CJIN 9TO cleaTh, TO B (Gy MOXKHO BbIOPATh HE3aBUCUMOE MHOXKECTBO U3 (vg BEPIINH,
a B KaxkjioM (; — He3aBHCHMOE MHOXKECTBO M3 (v; BEPIIUH, HU OJHA M3 KOTOPBIX He okparreHa. Ilo-

CKOJIbKY B KaxKJ0M pebpe u3 F' okpallleHHas BepIINHA OCTAHETCs HEBBIOpAHHON, 00beMHEeHNe BCeX
9TUX MHOYKECTB OyJIeT He3aBUCUMBIM BO BCEM Tpade.

Y100bI OKpacuTh HYKHbIE BEPIIUHDBI, BOCIOIL3YyEMCs JIEMMON XO0J1/1a, ITIOCTPOUB CJIEYIONIN BCIIO-
MoraTe/IbHbIN JIBYI0bHBI Tpad H. OmgHolt ero jgoseit OygeT MHOXKeECTBO F'; B IPYTyIO JIjIs KazKI0I0
i =1,2,...,k momecTuM K; — 1 BEpPIIUH V1, . .., V., —1. e pebpo e € F' comepxxut Bepmuny u3 G,
coexuHUM e B rpade H co BceMH BepIIHHAME BHUJA U;; (37€ch He Tpedyercs, 9To0bI pebpo € CoIeprKao
XOTe OBl OJIHY U3 9TUX BEPIINH V;j, — JOCTATOYHO TOTrO, 9TO B (7; CyIIECTBYeT BepIInHa, KOTOPYIO ped-
po e cozep:kut). Mbl cobupaemcest HaiiTu B 3T0M rpade mapocoueTanue, IOKPbIBAOIIee BCIO 100 F.
Torma, ecmum B 3TOM HapocodeTaHnu pebpo e € [ colocTaBIeHO BEPIIMHE V;j, MOKHO B 9TOM pebpe
oKpacuTb Bepiuny u3 (G;; MoayduTcs TpedyeMas OKpacKa BEpIIUH. 3HAYUT, JIOCTATOYHO ITPOBEPUTH
ycJI0BHUE JIeMMbl XoJuia Jitd rpada H.

[Iycrs E' — Hemycroe mojMHOXKeCTBO B F'; 6€3 orpaHumdeHnst OOIHOCTH MOYKHO CUUTAThH, YTO BEp-
mHBI pEdep u3 E' jexkar posao B noarpadax Goi1, Grya, ..., Gy 1, BO3MOXKHO, B (Fg IpU HEKOTOPOM /£,
e 0 < ¢ < k. Ilpeamnonokum, 9TO yCJa0BUE JIEMMbI XOJJIa HE BBIIIOJHEHO JIJIS 9TOT'O MHOYXKECTBA, TO

eCTh
k
|E'| > E (k; — 1).
=041
Cornocrapiisist 9T0 HEPABEHCTBO ¢ HepaBeHCTBOM (4), 3akimodaem, aro £ > 1. Torna moarpadst Gy, . .., Gy

coesiHeHb! pyT ¢ apyrom u ¢ G\ (G U --- U Gy) Toabpko pébpamu u3 F'\ E', nprmaém

k l

\F\E’IZIFI—IE'I<Z(&—1)— Yo (k=1 = (ki —1)

i=0+1 =1

Eciu ¢ > 1, mb1 nmomydaem nporuBopeune ¢ BbibopoM k. Eciu xe ¢ = 1, momydaeM mpoTuBOpetne
C TIPEeJIBLIYIIUM IIYHKTOM 3a/Ia4u.

WNrak, MBI MOJyYM/iv, 9TO YCJIOBUE JIeMMbI XOJIJIa BBIIIOJTHEHO, TO €CTh TpedyeMasi OKpacKa BO3-
MOYKHA.

3. Teopemy o packoJjie yao0HO JOKa3bIBaTh, €CJIM ODOOIIUTH YTBEP:K/IEHUE IPEIbIIYIIEro IIyHKTa
CJIEIYIOIIUM 0OPa30M.

Ilycre G1,Gy, ..., Gy (k > 1) — He obsizare/ibHO HHIyIHPOBAHHBIE IHOAIPachObl Ha
MI0IAapHO HEHEePEeCEeKaIUXcst MHOXKecTBax BepiruH, G — HHJIYITHPOBAHHBIH MTOITPagd

Ha Bcex ocrapuinxcs BepimHax (Go moxer 6brTh 1mycr). Torga KosmdecTBo pébep, He
k
coneprkamuxcss ou B oquoM u3 G; (1 =0, ..., k), crporo 6oibme dem Yy (k(G;) — 1).
i=1
JloKa3aTeIbCTBO TOr0 yTBEPKJIEHHs! JIOCTIOBHO [OBTOPSIET JIOKA3aTe/ILCTBO MyHKTa 2. IIpocTo reneps,

ecin B F' ecth pebpo ¢ kormamu B ogHoM G, 10 B rpade H oHO Oyjer nMmersb creneHb k; — 1.
[lepeiiaém K Teopeme.

Teopema o packodie. [fycmv x — necmabuavhas sepuura myparosckoezo epaga G. Tozda x wasrc-
dotli Komnonenme cesaznocmu adpa epaga G\ x mooxcro dobasumv no BepuwuHe, 4Mobbl NOAYHUAOCH
npasusvroe npeobpasosanue epaga G.

Hoxasamenvcmeo. 1lycrs © — mecrabuiibaast BepmmHa, a G, Ga, ..., Gy — KOMIIOHEHTBI CBI3HOCTH
siipa rpada G\ z; OHU yJIOBJIETBOPSIOT YCJIOBHUSIM YTBEPK/EHHUs BbIlle. SHAYUT, €CJIU Mbl BBIKIHEM
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BepimHy = u3 rpada (G, a 3aTeM yJIaauM Bce HeHyKHbIe peopa (ITOObI MOy IUTh HECBA3HOE 0ObE/TH-

k
nenue rpados G;), Mbl BeiOpocuM He Menee 1 — k + Y k(G;) pébep. I'padbr G; — rypaHoBcKue, u
i=1
1o 3ajade 21.1, ecim K KazKJI0My M3 HUX J00ABUTHL BEpIIMHY, COCIUMHEHHYIO C ero KJIOYeBbIM MHOZKe-

CTBOM, TO TOJIyduTCcs TypaHoBcKuii rpad. CrenaB 3T0 ¢ KaxKI0if KOMIIOHEHTOW HAIIEro HECBI3HOIO
OO'be/IMHEHUsI, Mbl TIOJIyIUM -KPUTHYECKUii Tpad, yBesnduB (10 CPaBHEHHIO C MCXOJAHBIM rpadom)
YUCJIO BepIuH Ha ¢ = k — 1, 9ucI0 KOMIIOHEHT Takxke Ha t. Hucsao xke pédep yBemanTcs He 6ojee yemM

Ha
k k

E—1-Y w(G)+ Y rk(G)=t
=1 =1
SHaYNUT, MbI COBEPIIIIN [IPABUILHOE IIPeodpa30BaHUE.

4. MbI 110JIb3yeMCcsT TEPMUHOJIOTHE U3 pellieHns MyHKTa 1.

[Tycrs £ — mMHOXKecTBO pédep, nepecekaiomux kak Go, tak u G'. s pebpa e € E 0603Ha4UM
eg =eNGyue =enG'. Cornacno pemenuio nmyukra 1, Bee £ = r(Go) BepIIUH BUIA € PA3TUIHBL.
[Iycts V' — MHOXKECTBO BCeX BepITHH® BHUja €', M. puc. 14.

Beikunem u3 rpada G Bce pébpa mHokecTBa E. Jlobaum k G Bepinuny u 1 pébpa Buja eg U {u}

(mostyuus rpad Ggg), a Kk G’ nobaum (runep)pebpo V' (nmosyuus rpad G”), cm. puc. 15.

G//
\
| Vv
[\
E

Puc. 14. Brouro. Puc. 15. Crauto.

\V4
S

[Tycrb o m  — umcna wesaBucumoctu rpados Gy u G'. Torya, Kak Mbl yyKe BHJIEIM B PEIICHUSIX
IpebLIymuX myHKToB, o(G) < « + (; 3HAYUT, KAK Mbl BUJEIN B PEIeHuN MmyHKTa 1, MHOXKecTBO U
BCeX BEPIIMH BUJA € JOJZKHO OBITh KmodesbiM? ma Gy. Torma MoxkHO BhIOpaTh B Gy He3aBUCHMOE
MHOKECTBO MOIIHOCTH (v, cOojepzKaliee JIMMb o/Hy BepmuHy u3 U. BoIKMHYB €€ u J100aBUB K 9TOMY
MHOXKECTBY MaKCHMaJIbHOe HEe3aBHCHMOe MHOXKeCTBO B (') MOJIyIMM He3aBHCHMOe MHOXKeCTBO B (.
[Tosromy a(G) = o+ f — 1.

Ecim B3sTh J1100BI€ MakcuMaJibHble He3aBucuMble MHOKecTBa Wy u W' B rpadax Gy u G’ coorser-
CTBEHHO, OHU He OY/yT 00pa30BbIBATH HE3aBUCUMOI'O MHOXKeCcTBa B (7, TO €CTh UX 00beuHeHne Oyaer
cojiepaKaTh HeKoTopoe pebpo e € E. Ho npu BeIKugpiBaHuM JIFOOOro pebpa e € E 310 cBO#CTBO Ha-
pPYIIATCA — 3HAYUT, cymiecTByeT Wy, comeprKaliee JIMITb OJTHO HAIIEPE]T 3aJJaHHOE MHOXKECTBO BUJIA €.
Yr00bI CBOMCTBO BBIIIE BBIMOJIHSIIOCH, JTI000e MHOXKeCTBO Buja W' H0/KHO COMEepKaTh COOTBETCTBY-
foree MHOXKecTBO €. UTak, moboe muoxkectso W’ comepxkur Beé V', u notomy a(G”) = — 1.

N3 tex xe coobpaxkenuii mosryuaem, ato rpad Goy He MOXKET CO/IEPKATH HE3aBUCUMOI'O MHOXKECTBA
u3 « + 1 Bepmuabl, oTKyIa aGoo) = a.

Teneps 11 TPOBEPKH TOTO, ITO MBI COBEPIIIIN MPABUIBHOE Mpeodpa3oBaHme, JOCTATOIHO MPO-
BEPUTD, UTO IMOJIyUInIcd a-Kputudeckuii rpad, Ecin Boikunyts u3 Goy o100 u3 pédep rpacda Gy, 1O
yKe B 9TOM rpade Haiijiércs Oosibliee He3aBUCUMOe MHOXKecTBO. Feym BeikunyTh u3 (o pedbpo BuIa
f =eoU{u}, To moxxHO BEIKHHYTH U3 G pebpo €; Torga B G HAIETCA HE3aBUCHMOE MHOYKECTBO MOIII-
HOCTH (v + (3, mepecekaroriee (G TI0 MHOYKECTBY MOIIHOCTHU (¥, ¥ €r0 MOYKHO JIOMOJIHUTD BEPIITHHON U 10
He3aBUCHMOro MHOX)KecTBa rpada Gog \ f.

’B caytae runeprpadoB — BCE STH MHOXKECTBA BEPIIUH IOMAPHO HE TePEeCceKaroTC .

3 obbeuHe e BCeX MHOKECTB BHIA €.

4A s runeprpadoB — CyIIecTByeT KJodeBoe MHOXKecTBO U B rpade GG, nepecekaromnieecsi ¢ KaxKIbIM MHOXKECTBOM
BUJA €9 IO OJJHON BepIIUHE — CBOEU JIj1d KazKJOI'0 €q.
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Ecim BeikunyTh u3 G pebpo V', TO Mbl y2Ke 3HAeM, 9TO YHC/I0 HE3aBHCUMOCTH YBEJIUIUTCS Ha 1.
Ecin ke BoikunyTh pebpo f rpada G, to B rpade G\ f HAlIETCS HE3ABUCHMOE MHOXKECTBO, [IepeceKa-
iomee G’ o 8 Bepmmnam, a G 110 v BepimHaMm. Bropoe ¢BoicTBO rOBOPUT O TOM, UTO 9TO MHOXKECTBO
HEe MOXKET colepzKarTh V, To ecTh ero nepecedenue ¢ G’ 6yuer nezapucuMmbiM 1 B G

5. Kak u B nynkre 2, obozaaunm udepes Gy rpad, HHAYIUPOBAHHLIN Ha MHOXKECTBE BEPIIUH, HE
Bxopsamux B G;, n BBeJéM obosnavenus «; = «(G;), k; = k(G;). Ilyers E — MHO)KeCTBO Beex pébep,
He cojiepxkamnmxcss Hu B ofgaoM u3 G (i = 0,1,... k). O6osnaunm depe3 G’ rpad, WHIYIIMPOBAH-
HBII Ha MHOXKeCTBe BepImnH Bcex rpados G, Ga, ..., G, a gepe3 ' — MHOXKeCTBO Beex peébep u3 F,

coequusionux Gy u G', eMm. puc. 16.
k
Eciin BoikunyTh pebpo f € F, To B MuoxkectBe E ocranercs » . (k; — 1) pébep. Ilo pokazannomy
i=1
k
B IYHKTE 2, B HOJIydeHHOM rpade MOXKHO BBIOpPATH HE3ABHCHMOE MHOXKECTBO Xf U3 Y | (v BEPIIHH.
i=0
fcro, 910 MHOXKECTBO X CONEPKHUT POBHO «v; BepmnH u3 (;, U OOJIBIIEr0 HE3aBUCUMOI'O MHOXKECTBA

k
BeIOpaTh Hesb3sd. [TockosbKy rpad G 6bLT TYPAaHOBCKHMM, 5TO 03HavaeT, uto o == o(G) = =1+ > .
i=0

BamMeruMm cpasy, 9To U3 JOKA3aHHOTO B IIYHKTE 2 Cjejyer, 4To Jjioboe pebpo f' € F, otmimdnoe ot f,
cozepkuT BepiuHy x ¢ X, He yexanryio B Gy.

[Iycts V' — muOkKecTBO Bepiua B (G, cojepKaIuxcs XoTsd Obl B OTHOM pebpe u3 F'; paccMoTpum
v € V u pebpo f € F, conepxkaree v. Ipenmonoxkum, uro B Gy €cTb MaKCHMAJIbHOE HE3aBUCUMOE
mHOKecTBO U, ne cozep:kamiee v. Torma B MuHoxkecTBe Xy MOXKHO 3aMeHUTb dacTb Xy M Gy Ha U,
U MHOYKECTBO OCTAHETCHA HE3aBUCUMBIM — OHO He COAECPKUT HU OmHoro pebpa f' € F', orauanoro ot f.
Bosiee Toro, pebpa f OHO TOKe He COHEPXKUT, a 3HAUUT, OHO OKaXKeTCcsd He3aBUCHUMBIM U B (G, 49TO
HEBO3MOKHO, 100 B HEM v+ 1 BepmmHa. 3HAYUT, JTF0O0E MAKCUMATHLHOE HE3ABUCUMOE MHOXKeCTBO B (G
COJIEPKUT BCE MHOXKECTBO V.

Teneps MoXKHO ommcaTh Tpebyemoe npeobpasoBanue. YiaagnMm u3 G Bce pébpa, coepunsionue G/
u Go; nobasum K G runeppedbpo V. K rpade G’ nobasum Bepiuny v, u st jaoboro f € F jpobaBum
pebpo f\ V U {v}, em. puc. 16. Kak u panee, 0603HaINM Oy I€HHBIE KOMIIOHEHTBI CBSI3HOCTH Yepe3
Goo 1 G". VI3 ckazanHOrO BbIIIe Jerko BbiTeKaer, 910 a(Goy) = g — 1 1 a(G”) = a(G') (s moka-
3aTeJIbCTBA BTOPOIO JIOCTATOYHO 3aMETHTh. UTO JII000e MaKCHUMaIbHOE HE3aBUCHMOE MHOXKeCTBO B G
comepxkut fNG' ais wekoroporo f € F'). Ocraioch noHATH, uTo 00a runeprpada G u Gog saBasgoTces

Q-KPUTHIECKUMU.
aQ Goo
e
= |V
>

Puc. 16. Brouro. Puc. 17. Crasno.

Ecmu u3 Gog BeIKHHYTH rutieppedpo V', To, KaK MbI 3HAEM, YUCI0 HE3aBUCUMOCTH yBEJIMIUTCS Ha, 1
(¢ ap — 1 10 ). Ecom BeIKuHYTH Apyroe pebpo e, o B G \ e Haiiércsa He3aBUCHMOe MHOXKeCTBO U
MOIIHOCTU « + 1; ecim 0HO comepKuT «y + 1 BepruHa u3 (g, TO, BRIKMHYB M3 HEro BepmimHy us3 V,
HoJTIyIrM TpebyeMoe He3aBHCHMOe MHOKecTBO B (g \ e. Uuaue B U 10/KHO OBITH (v BEpIIUH W3
Kaxkgoro (G;; IpHU 9TOM OHO HE MOXKeT cojep:KaThb V/, mbo Torjga OHO He MOIJIO COAepxKaTh & — Qg
sepine 13 G'; snaunt, U N Gy — Tpebyemoe He3aBucuMoe MHOKeECTBO B G \ €.

Ecau BeikunayTs 13 G pebpo e, He cozmepxaiiee v, To B rpade G \ e HANIETCS HE3aBUCHMOE MHO-
skectBo U u3 o BepimH. Eciin oHO comepkut o — ag + 1 Bepuun u3 G, 70 oHO 2Ke 6y1eT He3aBUCHMbIM
B G”. lnave, Kak MblI JIOKa3aJii, OHO O0S3aHO colep:karh V, a moromy npu pobasiaennn kK U N G’
BEPIIUHBI U OHO OCTAHETCs He3aBUCUMbIM. B j1ro6oM ciydae umcsio nHesaucumoctu G yBemauTes.
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Ecin ke BoikunyTh u3 G” pebpo f\ V U {v} npu wekoropom f € F, to, ousith ke, B G\ f ecThb
HE3aBUCUMOE MHOYKECTBO U3 (v BEPIIUH, IO (y; BepHIMH 13 Kaxkaoro (. Ono obaszano comep:karh V u
noromy B G” 6e3 namero pebpa oHO, ¢ J00aBJICHUEM U, TOXKE OYIeT HEe3aBUCUMBIM.

Samava 18. 1. [Ipemnonoxkum mporusHoe, mycTh A C B u pebpo B 0Ka3aJoCh JIMIITHUAM, T. €. I10-
cie ynaneHnns pebpa B 49nc/io He3aBUCUMOCTH (¢ YBEJIHYIUIOCh. 3aMETHM, UTO €CJIM HEKOTOpOe pedbpo
FI/IHepracba ABJIAETCA JIMIIHUM, TO IIOCJI€ €r'o yJaJIeHUA BCEe MaKCHUMaJIbHbIE HE3aBUCHUMbIE MHO2KECTBA
OysieT cojepxKaTh Bce ero BepmuHbl. OTCIOa TMOJIYy9IUM, 9TO IOC/e yiaajeHus: pedbpa B Bce BepIIMHBI
pebpa A npuHajIexRar JF000MYy MaKCHUMaJbHOMY HE3aBHCHMOMY MHOXKecTBY E B HOBOM rpade. Ho
9TO POTUBOPEYUT HE3aBUCUMOCTU MHOXKeCTBa, F .

2. Ecim BepmmmHa v He sBJISETCS U30JUPOBAHHON, TO CYNIECTBYET HEKOTOPOE OTJIMYHOE OT IETJIH
pebpo B, koTopoe cojiepkut v. Ecin 661 pebpo B oKa3aJI0Cch HEJIUITHAM, [IPU €r0 yIaJeHUN yBeJIMIu-
JIOCH OBI IUCJI0 HE3ABUCUMOCTH 38 CUET TOI'0, ITO MOSBUIOCH Obl HE3aBUCUMOE MHOXKECTBO, CoeprKaliee
Bce Bepmuubl n3 B. Ho BepmmHa v ¢ metsieil He MOYXKET MTPUHAJIEXKATH HUKAKOMY HEe3aBUCUMOMY MHO-
JKeCTBY TIO oripejiesieHnto Hesasucumoctu. CiretoBareibuo, B — JuInHee.

3. PaccmoTpuM 1IpoM3BOIBHYIO HEM30IMPOBAHHYIO BepinuHy v. OHa TPUHAJIEKUT HEKOTOPOMY
pebpy A, Koropoe He siBiserca netriieii. [lockonbky pebpo A — He JuIIHee, TO MOCTE €ro yIaJeHus
BCe MaKCHMAaJIbHbIe HE3aBUCUMbIE MHOXKECTBa, Oy/IyT UMeTh pa3dMep « + 1. BeibepeM oJiHO U3 HUX, OHO
COJIEPXKUT BCe BepIIMHBI pebpa A. 3HAUNT, ec/iin MbI YJIAJUM U3 9TOTO HE3aBUCHMOTO MHOYKECTBA Bep-
IIUHY ¥, MBI HaliJIeM MaKCHMaJ/IbHOE HE3aBUCUMOE MHOXKECTBO pa3Mepa (v B HallleM UCX0IHOM rpade G,
KaK U XOTEJIH.

Bagaga 19. 1. OTBeT: N — a pebdep.

[Ipumep. T'uneprpad, cocrodmuit U3 o M30JUPOBAHHBIX BEPIIWH U 7 — (¢ BEPIIUH, UMEIOITUX
HETJTIO.

Onenka. Tak Kak Mbl MUHIMHU3UPYEM YHUCJIO pedep, MOXKHO CUUTATH, YTO I'Pad -KPUTUIECKUI.
3aMeTuM, UTO €C/Id B -KPUTUIECKOM Tuieprpade 3aMeHUThL pedpo Ha JTI000€e ero 0IHOIEMEHTHOE 101
MHOKECTBO (T. €. Ha IETJI0), TO YUCI0 HE3aBIUCHMOCTH He n3MeHUTCst. JleficTBUTE/IbHO, YnC/I0 He3aBU-
CUMOCTH HE YMEHBIIUTC, TOCKOJILKY 110 3a1a4e 18.3 B MCX0IHOM rurieprpade nMeroTcsi MaKCUMaJTbHbIE
HEe3aBHCHUMbIe MHOXKECTBA U3 (v 9JIEMEHTOB, He COJEpXKalllie TON BEPIUHBI, HA KOTOPYIO Mbl HAKHUIbI-
BaeM MeT/I0. A ¢ IPyroif CTOPOHBI, U YBEJTHIUTHLCA OHO HE CMOXKET, TIOCKOJIBKY 3Ta 3aMeHa JaeT boJiee
JKECTKOEe OrpaHUYeHre Ha CYIEeCTBOBAHME HE3aBUCUMbBIX MHOXKecCTB. [lociieioBaTeibHO BBITIOIHSAS Ta-
KIe 3aMeHbI U yJlajidsd BO3HUKAIONINE JIMIIHue pedpa, Mbl CBeJleM Jio0oil rureprpad K rureprpady,
OITMCAHHOMY B IIPUMEDPE.

2. Orser: CoM! pebep (pu n = o cumraeM 3710 BhIpazkenue pasHbIM ().

Omnenka. llockosbky runeprpad He COJEpPXKUT JUIIHUX pedep, IpHu yajaeHun Jodoro peopa F
HOSABJIAETCS HE3ABUCUMOE MHOYKECTBO U3 v+ 1 BepIIUHbI, cojiepzkailiee pedpo E u He cojeprkaiiee 1mesin-
KOM HUKaKWX Jpyrux pedep. CrenoBaresibHO, KOJIMIEeCTBO pebep He OO0JIbINe YeM 9nUCI0 BCEBO3MOXKHDBIX
(a + 1)-3/1€MEHTHBIX MOIMHOKECTE MHOKECTBa BepHIMH runeprpada, T.e. ne Gosbime CH

[MIpumep. Bosbmem rumeprpacd Ha n BeprimHax, B KOTOPOM pebpamu spistorcs Bce (a + 1)-
dJIEMEHTHbBIE ITOJIMHOXKECTBa MHO2KECTBa BEPIIIHH.

3amaua 20. 1. fAcno, uTo npu 3amene TPou3BOILHOTO pedbpa E Ha Oojiee KpyIHOE MHOXKECTBO HUHC-
JIO HEe3aBUCUMOCTH Tulieprpada MOKeT pasBe JIMIb YBeTUINThCst. OJHAKO TPU BBITIOJTHEHUN OITEPATTHH
paciupenust (korja pebpo E HeuiHee) OHO OCTaHeTCs TpexkHuM. JeficTBUTEILHO, e/l [OCIe Bbl-
[IOJTHEHUST PACIIMPEHUsT B Tpade HAILIOCh He3aBUCHMOe MHOXKeCTBO A u3 a+ 1 Beprun, o £ C A ; E.
910 3HauuT, 9o A — KJto41 pebpa . Ho Torna EC A, 94T0 IPOTUBOPEYUT IPEIbILYIIEMY BKIIOUYEHHUIO.

2. Ilycrb G— runeprpad, IoJyueHHbI nocte pacimupenns pebpa. Ecim us nero BHIKMHYTH pac-
mupennoe pebpo E| nosyunrest runieprpad G\ E, y KOTOPOro YHCI0 HE3aBUCHUMOCTE PAaBHO « + 1.
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Ecin ke u3 Hero BHIKUHYTH Jpyroe pebpo E’', To nosyunres runeprpad G\ E’, B Kotopom pebpo E
PaCIIMPEHO, TO €CTh €r0 YUCJI0 HE3aBUCUMOCTH He MeHbIne, 4eM y G\ E’, 1o ecTb He MeHbIne o + 1.

3. IlycTb v1vs . . . Ugg 1 — HEUETHBIH IUKJI; KJIOHUPYEM €0 BEPIIUHY vy, TOJIYUUB Bepmuny u. [locse
BBIKHJIbIBaHUsT PeOpa v1vVy €IMHCTBEHHBIM HE3aBUCUMbBIM MHOYKECTBOM MoIHOCTH k + 1 Oyer MHOXKe-

crBo By = {v1, 09,0y, ..., 09 }. To ecThb 1ipu pacmmpenun pebpa v1vy nosryantes ruteppedpo Ey. [locse
STOrO IPH yAaJIeHun pebpa uvs eAMHCTBeHHBIM HE3aBUCUMBIM MHOXKECTBOM MOIMHOCTH K+ 1 6ymer MHO-
xkectBo B3 = {u,v3,vs,. .., U1} 3aMeHsass pebpo uvs Ha Es, moiaydaeM Tpebyemblii 3-pery/ispHblii

runieprpad. OH BBINVISIAT KaK YEMHbill UK U1UV2V3 . . . Uggy1, B KOTOPBIH TOOABIEHBI 1B THIIEpPED-
pa — KarKJI0€ COJIEP?KUT IOJIOBUHY BCEX BEPIIUH, WYX Yepe3 OJIHY.

4. OTBeT: 9T0 MPOU30IIET, ecyin B runeprpade ecTh H30JUpOBaHHast BepinHa 6e3 meran (pebpa,
COJIepZKAIIEro JIUIIb OJIHY Ty BEPIIUHY ).

Hamomuum, uto i1 J11000ro TypaHOBCKOTO rurieprpada 0oJiee deM u3 OJHONW BEPIINHBI JTI0Oast
€ro BepIImHa He JIEKUT B HEKOTOPOM MaKCHMAaJbHOM He3aBHCHMOM MHOKecTBe. [losToMy B KOMITO-
HEHTEe CBI3HOCTHU, HE COJlepKalleil pedpa e, HU OJiHAa U3 BEPIINH HE MOXKET BXOJUThH CPa3y BO BCe
MaKCHMaJIbHbIE He3aBUCHMbIe MHOXKeCTBa rMiperpada G\ e, KpoMme cirydasi, KOrjia KOMIOHEHTa — 9TO
M30JIMPOBaHHAsT BepIlinHa 0e3 rmeTyin. Ecm Takoit n301npoBaHHON BEPIINHBI B Tuiieprpade HeT, TO J1st
J10boro pebpa e Bce ero KJIo9u OY/IyT COAep:KaThCs B KOMIIOHEHTE CBSI3HOCTH, COJIEpIKAIIeil €, a eCcIu
€CTh, TO 3Ta BepIIHHA OYIeT IMPUCYTCTBOBATH BO BCEX KJOUaxX pedpa €, TO €CTh OHA HMPUCOETUHUTCS
K KOMIIOHEHTE CBA3HOCTH pedpa € IPU ero PacIIupeHnH.

5. [lycrb BepuinHa & cojepkuTcst b B pebpe E runeprpada G (Mbl canraeMm, uro E comepxkut
emé BepiinHy, Kpome x). BoikuHeM 5Ty BTOpyIO BepimHy u3 pebpa F, mosydus pebpo F', a Takke
J06aBuM K Tpady HOBYIO BEPIIMHY Y U HOBOE pebpo xy; 0O603HAUNM Oy YeHHbIH runeprpad depes G'.

SameTnM, 9TO B JIIOOOM HE3aBUCHMMOM MHOXKecTBe B (G, He cojiepKallleM T, MOYKHO 3aMEHUTDb OJTHY
u3 BepimH pebpa E Ha x (mm mpocro mobasuth x maade). Orcioma BeiTekaer, uro o(G') > «a(G).
C npyroit cTopoHbl, ecyin B3aTh B G’ MaKCHMaJIbHOE HE3aBUCHMOE MHOXKECTBO U 3aMEHHUTH B HEM, €CJIN
HaJ10, Y Ha X, TO MOJIYIATCA He3aBucHMoe MHOKecTBO B G. Ilostomy o(G') = a(G).

Eciu w3 runeprpada G’ BeikunyTh J1i060e pebpo F' runieprpacda G, T0 B HEM HOSBUTCS HE3aBUCH-
MO€ MHOZKECTBO MOIIIHOCTH (v + 1; IIpOJiesiaB ¢ HIUM OIEPAIUIO 3aMEHbI Ha, X, MbI [IOJIyYIM HE3aBUCHMOE
muO)kecTBO B G\ F', Tak uro pebpo F' mesminnee B G'. Eciu BeIGpocuTh pedpo Xy, 9UCI0 HE3aBUCH-
MOCTH YBEJIMYUTCsT O4eBUIHBIM oOpa3oM. Hakorer, MakcuMaabHOe He3aBUCHMOe MHOXKecTBO B G\ E
(momaOCTH (v + 1) TakzKe siBisgercs HesaBucuMbiM B G\ E'.

Bameuanue. I'pad uz sroro nynkra gpjisgercs V-snementapubiM s Vo= E’. Tlostomy npuse-
JIéHHOe TTpeobpa3oBaHre — YacTHBIN cydail peoOpa3oBaHus u3 3ajgadn 23.3.

Bagada 21. 1. Ilycrs runeprpad G’ nosyden jgobasienunem K runeprpady G BepIIUHBI U, COEIH-
HEHHOI pEéOpaMu C BepIIMHAMH KJIIOYEBOIO MHOXKecTBa, V. flcHO, 9TO 4YMC/IO HE3aBUCUMOCTU (v He
yMenbImiock. C apyroit croponbl, ecin B G7 eCcTh HE3aBUCHMOE MHOYKECTBO MOIIHOCTH « + 1, OHO
MOJTyY€eHO JT0OaBIeHNeM K MaKCUMaJIbHOMY HE3aBUCHMOMY MHOKecTBY X rumneprpada G BEPIIUHBI U;
9TOTO He MOYKeT ObIThb, u6o X M V' comep:KuUT HEKOTOPYIO BEPIINHY T, & B HOBOM Ipade ecTb pedpo
{z,u}.

OcraJjioch nokasarh, 9ro G a-kpurndeckuii. Eciiu u3 Hero yopars o0 u3 pébep rpada G, To yxe
B (G 6e3 3T0ro pebpa OBLIO HE3aBUCHMOE MHOYXKECTBO MOIITHOCTH v+ 1, M OHO K€ OCTAHETCsI HE3aBUCHMbIM
B HOBOM Tpade. Ilycrs Mbl youpaem uz G’ pebpo uv npu v € V. B ¢ty MUHUMAJIBHOCTH KJIFOUEBOTO
MHOXKeCTBa, B G cymiecTByeT HezaBucuMoe MHOKecTBO X Takoe, uro X NV = {v}. Torma X U {u} —
HE3aBUCUMOE MHOXKeCTBO MomHocT o + 1 B G\ wv.

2. JlokazkeM OoJtee cuiibHOE yTBep:KieHne: Feau 6 eunepzpage G evibpamv mHooxcecmso sepuiun V.
makoe, wmo kascdoe pebpo, codeporcawee x, nepecexaemces ¢V, mo |V| = k(G). VI3 Hero nemeijieHHO
caegyer Tpebyemoe, nO60 HAOpaTh TaKoe MHOXKeCTBO V' MOXKHO, BBIOpaB M3 KaxKJI0T0 pebpa, copeprKa-
MEero r, 10 BEPIIUHE.
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[TpesmnoaozKuM, 9TO HAILIOCH TAKOe MHOXKeCTBO V' MomHocTH, MeHbIel £(G). Torna B G Haiigércs
MaKcHUMaJIbHOEe He3aBucuMoe MHOxKecTBO U, He mepecekaroreecs ¢ V. Torga B KaxkIoM pedbpe, comep-
JKalleM ©, HaiiAéTcs BepIInHa, OTJIHYHAg OT T W He Jiexkalmas B U. DTo o3Had9aeT, 9T0 MHOXKECTBO
U U {z} okazxercsi He3aBUCUMBIM B HOBOM rurieprpade, To eCTh P J0OABICHUN T THCJIO HE3aBHCH-
MOCTHI yBeJII/IqI/IJIOCb.

3. Ilycts u — mekoropast BepmuHa G. Jlobasum kK G HOBYIO BepImHy x'; JJisT KaxK10ro pebpa E,
cofiepxkairero z, gobasum pedbpo EU{x'}\ {z}, a takke nobasum pebpo {x, z’'}. TokazarenbcTso Toro,
4TO 3Ta KOHCTPYKIMs paboTaeT, aHAJOTUIHO PEIICHHUIO 3a1a49d 3.

3amaua 22. Ilycrs npu jpobasienun pebpa U u mepexosa K giapy rpada HekoTopbie pébpa cTaHo-
BaATCs jmHAMEA. O49eBUIHO, 9TO JTF000# KJII0Y TaKuxX pEGEp COJIep:KUT BCe BepIIUHBI MHOXKecTBa U.
Hazosém ux U -avwnumu. HazoBéMm cummempusayueti HectabuabHOro MHOYXKecTBa U paciimpenne Bcex
U-numiaunx pédep. 3amerum, 9to K U-auimHuM péOpaM IpHU pacIIupeHnn JT00aBISIOTCS BCe BEPITHHbI
MmHOKecTBa U. fdcHo, uro Bce U-nuimraue pébpa Tak m ocranyrcd U-JIuIIHEMU, & Spo rpada, mosy-
YeHHOro 1pu Jobasennu U U cTUpaHUU JIUITHUX PEGED, OMPeIesIeHO OTHOZHATHO.

Tenepnb 3ammycTuM cepuio MPaBUIbHBIX TPeoOpa30BaHmii, B X0e KOTOPO pasMep pacCMaTpPUBAEMO-
ro HecTabUJIbHOrO MHOXKecTBa U HecTporo Bospactaer, a npu ¢dbukcupoBanHoM |U| cymma cremneneit
BepinH B rpade crporo yoniBaer. Ha kazkmom 1mare Mol Boioupaem U-yuiraee pedpo W, comepzkariee
xoTst ObI 1Be BepuiuHbl, He jexkamux B U. Hazosém ogny n3 nux . Ecou muoxecrso U = U U {z}
HecTabusbHo, cummMerpusyeMm U’ u zamennm U Ha U'. Ecin ke muokecrBo U’ = U U {z} crabusbHo,
cxxumaeM pedbpo W o U'. U3-3a Ham4ust OJyMHBApUAHTA, IIPOIECC KOHEYEH U BEJIET K 00pa30BaHUIO
V-sstemenTapuoro rpadea.

Bagada 23 1. I[lycrs npu gobasienun pebpa V' runeprpad pacnasgaercs wa gactu G (comepxur V)
u jipyrue (Ha3oBéM ux oObequnenne G1). [TocKOIbKY YHCIO HE3aBUCHMMOCTH HE M3MEHUJIOCH, JIFOOOM
KJI09 pedbpa V' comep:kut xorda Obl onHy Bepiiuny u3 W. C apyroit cTOpOHBI, IIOCKOJIBKY KayKJI0e 13
pédep, comepakamux V', B ucxomHoM rpade He JiiiHee, s 00l BepIuHbl w MHOYXKecTBa W B HOBOM
rpade HaIETCs KoY pedpa v, cojiepKarimii n3 Mmuoxkecrsa W ennacTBeHHY10 BepimuHy w. [locko/ibKy
UCXOJIHBIN TuIeprpad CBA3HBIH, X0Tsa ObI O/Ha U3 BepmuH w MHOXKecTBa W stexkut B Gp. [lockonmbky
JacTh KJjto4da V', cojepzKallero w u He cojepxkariero Jpyrux Bepmma W, jexaryio B GGp, HeJIb3s
3aMEHUTh Ha HE3aBHCHMOE MHOXKECTBO B (1 TaKoro ke pasmepa, W comepKuT KJIF0UeBOE MHOXKECTBO
B (1. Ilockosibky tipm yrasienun jroboro V-juimaero pedbpa 910 coiicTBo Hapyturces, W aBisgercs
KJIIO9eBbIM MHOKecTBOM B (1. OTcroma, B yacTHOCTH ciemyer, 9ro W C G u uro (G7 ¢Bs3HO.

2. Ecin V' cocrouT u3 o/inoit Bepiuabl, 7O (Gy COCTOUT U3 OJIHOI Bepiuubl ¢ neTsiéit. Ho mockombky
MHO2KeCTBO V' HecTabuibHO, rpad (G; HECBA3HBIN, UTO IIPOTUBOPEYUUT MIyHKTY 1.

3. I[Tockosibky W — kimoueBoe MHOXKecTBO B (G, HOBBIe péOpa He OyiayT Jjumuumu. [Iycrs pebpo
U C G crano qumuauM B G’ ¢ HoBoit Bepmmuoii z. Ilyers X — kimou pebpa U B G. Ecim X ne
coepxkut V' nemukom, To X — kiod pebpa U B G'. Nnaue Boibpocum u3 X Kakyio-HUOYIb BEPIITHY
V' u nobaum x, nmoyuns K04 pedbpa U B G'. B oboux ciydasx, mpoTuBOpedne.

4. Ilycrs U — mecrabuiibHOe MHOXKECTBO B rpade G, a sypo rpada GUU cocrout u3 kommnoneHT Gy
(comepxareit U), G1, Gy, ..., Gy. [Tocie cummerpuzanuu U, siipo rpadba GUU ompe/iesieHo 0THO3HAYHO.
Bamernm, 91O B mporecce u3 3aja4an 22 Bce U-jurmame pédbpa ocrarorca U-jummHuMu, a HOBBIX U-
JIMITHUX pédep He obpasdyercd. Torma B mporecce n3 3ajaqu 23 OyJIeT OTJe/eHa OJHA U3 MCXOTHBIX
komronenT siipa (HYO, Gy). Pebpo V' 6ymer comepxkars U. Ilpu t > 1 muoxkectBo U mO-TIpeKHEMY
OyaeT HecTaOWJIBHBIM, & KOMIIOHEHTBI sIpa OCTaHyTCs TeMH ke, 3a uckiaodenuem (. [Ipomecc us
3aj1a49 22, 23 Oy/IeT IPoJIoJIzKaThCs 10 TeX MOop, MoKa MHOXKecTBO U He cTaHeT CTaOUIbHBIM.

Y100Bl JOKa3aTh Teopemy O packose Jyist ruteprpados npu |U| > 1, 10cTaToqHO CXKATh UTOrO-
Boe pebpo V' 1o U. Urobsl 1oKa3aTh TeopeMy o packose jjis runeprpados npu |U| = 1, mocratodno
JI06ABUTH BEPINUHY ¢ eTiéli. ITobbl JoKa3aTh TeopeMy 0 packoJie jijisd rpados (110 BepiuHe x), 3ame-
THUM, UTO BCE€ KOMIIOHEHTBI, KPOMe KOMIIOHEHTBI, COJEPKAIIEil X, TI0 MTOCTPOCHUIO SIBJIAIOTCS IpadaMH.
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B ocrasmeiics gacTi MOYKHO BBIOPOCUTD X, TIOCJIE Y€r0 OHa IIPEBPATUTCSA B TYPAHOBCKUI I'pad ¢ KIIrove-
BBIM YHUCJIOM, HE TIPEBOCXOIANINM cTelieHb . [Tocse aToro, mobaBuM BepIIUHY, COEINHEHHYO ITPOCTHIMU
péOpaMu ¢ BepIIMHAME KJIIOYEBOI'O MHOXKECTBA HAUMEHBIIIETO pa3Mepa.

Bamaua 24. O6osnaunMm depe3 H oy u3 KoMIoHeHT cBsisHocTH runeprpada G\ {z,y}, a yepes Hy
— obbenuHenne Beex ocranbubix. Yepes HY, HY | XY Gynem o603HaMaTh MHJLYIMIPOBAHHBIE OJIHUIIED-
rpadsl Ha Muoxecrse H; U{z}, H;U{y} u H;U{x,y}, coorsercreenno. To, uro {z,y} — cowrenennue,

O3HAYaeT, YTO KazK/0e pebpo JiexkuT B oxHoM u3 runeprpados H;Y. O6osnaunm o; = o H;).

1. IIpeanonoxkum, aro B G ectb pebpo xy (U, 3HAUUT, HET JPYTUX PEOEP, COMEPIKAIIUX L U Y OJHO-
BpeMeHHO). Torjia B G eCTh MaKCHMAJbHOE HEe3aBHCHMOE MHOXKECTBO, HE COJlepIKalliee T W Y; 3HAUUT,
a(G) = aq + as.

[Tycrs e — pebpo B HY | conepxaiiee x (oo ectn!). B rpade G\ e ecTb He3aBUCHMOE MHOXKECTBO
MOIIHOCTH (v + (v + 1; OHO 06si3aHO cojiepKaTh x (U, 3HAYUT, He COJEPXKATh YY), U COJEPKATh 10 (;
Bepimn u3 H;. B nepeceuennu ¢ Hy ono gaér He3aBHCHMOE MHOYKECTBO pasdmepa as+1. Anasoorndno, B
rpacde H{ Hail1€TCs HE3ABUCUMOE MHOXKECTBO MOIIHOCTHU (v1 + 1. OObequHss UX, 0Ty YUM HE3aBUCUMOE
MHOXKeCTBO B (G MOIITHOCTHU (1 + g + 1, 970 HEBO3MOXKHO. 3HAYUT, pebpa ry B G HET.

Bameuanue. [loxoxxumu MeTogaM MOXKHO JIOKa3aTh OoJiee 001Iee yTBepKIeHne: B myparosckom
eunepepage nurarxaa kiuka (u3 pééep mowsnocmu 2) ne AGAAECMCA COUNEHEHUEM.

2. N3 cranmaprabix coobpazkenuit ciaeayer, uto a(G) < a1 + ag + 1, WHAYE MOXKHO YIaJUTh BCE
pébpa mexy Hy, Hy, {x} u {y}. lpeanonoxum, uro a(G) = a1 + as + 1. Torga mMoxkuO npoBectTu
paccyzK/IeHne, aHAJOTUIHOE TIPebIIyIeMy nyHKTy. Boikunys uz G pebpo, cojepxaineecst B HY u
cojiepyKalliee T, moJjydaeM He3aBUCUMOe MHOXKECTBO MOIIHOCTH (v + (ip + 2, HEOOXOMMO cojleprKaliee .,
Y, a TaKKe He3aBUCUMbIe MHOXKeCTBa B H; MomHoCTedt ov;. 3naunt, B H,” ecTb HE3aBUCHMOE MHOMKECTBO
MOIIHOCTHU (g + 2, comepxkamiee = u y. OObeuHAs ero ¢ aHAJOTUIHBIM MHOKecTBOM B HYY | mosry1aem
CJIMIIIKOM OOJIBINIOE HE3aBUCUMOE MHOXKECTBO B (.

Urax, a(G) = o + . Ckaxewm, uro Bepmuna = (y) nosesna das H;, ecom oz(Hf(y)) > a(H;).
Ecnu Bepmmaa x mosie3na i obonx H;, 10, 00beinHsAsT COOTBETCTBYIOIINE HE3aBUCHMbIE MHOXKECTBA,
OIISATH HOJIYYaeM CJIMITKOM OOJIBINOE HEe3aBUCUMOE MHOXKECTBO B (G. 3HAUNT, KarK/1asd BEPIIUHA IOJIe3HA
MakCcuMyM st ojHoro u3 H;. C npyroit cTOpoHBI, ecyin, cKaxKeM, x Oecriosiesna st Hy, a y — jia
Hy, T0 MOXKHO yJaiuTh Bee pébpa mMexkay HY u Hy Ge3 yBesmueHns 9uc/ia He3aBUCUMOCTH, UTO TOXKE
HEeBO3MOXKHO. [osrydaercs, 4TO €IMHCTBEHHBI OCTABIIUIICS BApUAHT — KOILJAA T U Y IOJIE3HBI I
Kakoro-to H; (ckaxkewm, myis Hy) u Gecriosesust s apyroro (Hs).

[Iycrs HY) — rpad, moaydenusiii u3z Hy mobasiaenuem pebpa e = {x,y}. Torma mo mokazanHOMY
a(H)) = aw, 10 ectb mocse mobaBieHns € K (G CTAHOBATCSA GECHOIE3HBIMEI BCe PEOPA, COEMHSIONIIE
HyY ¢ Hy. Urak, {z,y} HecrabuibHo.

3. [IpoBossi paccy K jieHnsl aHAJOTMYHbIE IPEIbLIYIIEMY IyHKTY, nosiydaeM, aro «(H;Y) > a; + 1,
MHaYe MOXKHO ObLIO yiaauTh Bee pébpa Mexiy H; Y u Hy. 3naunr, o HyY) = ag + 1. Tlokaxkewm, uro u
a(HYY) = a1+ 1. Eciu 910 He Tak, TO 9TO YUCJIO PaBHO o + 2, u B H{Y ecTb HE3aBUCUMOE MHOKECTBO
sugia U U{z,y}, [U| = a1, U C Hy. Ho npu Boikugpsanun u3 G yoboro pebpa f, sexamero B HY u
cofepxkaiiero , B G\ f naiiigresa HezaBucuMoe MHOKECTBO, COJIepIKalee &, MOIHOCTH o1+ s+ 1, Ono
coziepxkuT He 6oJiee vy BepmuH u3 Hi. 3aMenss 3Tu BepuiHabl Ha U, MOy IuM HE3aBUCKMOE MHOXKECTBO
B GG He MeHbINel MOITHOCTH, YTO HeBo3MoxkHO. Urtak, o HY) = a; + 1.

Tenepb BuiHO, KaK OCTPOUTD Hallle IpeodbpazoBanue. [lycts F' — MHOXKeCTBO PEGEp, COEIMHSAIONTUX
H, ¢ H;Y. Beikunewm Bee 3tu pébpa, nobasum pebpo e = {z,y} k HyY, a k H; nobasuM Bepmumy v u
Bee pébpa Buga f\{x,y}U{v} qua f € F. O6o3naunm HOBbIE KOMIIOHEHTHI Yepe3 H u H} oueBuHbIM
obpazomM.

U3 ckazanHOrO BbIIIE JIeTKO cienyet, 910 o H]) = «; (ecou 661 B H| HaIioch 60JIbIee He3aBUCHMOEe
MHOZKECTBO, 3aMEHMB B HEM v Ha {x, Y}, Mbl oty aum 661, ato a H{Y) = a1 +2). Ocranocs npoBeputh,
410 rpadbl H, ABAAIOTCS (-KPUTUIECKUMU; 9TO JIEPKO CJIeJyeT U3 JOKA3aHHOTO BBIIIE.
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Bamaua 27. 1. l'uneprpad, nmonydennsiii B pesysubrare pekoMOuHaimu, oboznadnM depes G, s
runieprpada G’ Bornosagercs HepaBenctso a(G') > a(Gy) +a(Ge). HeiictBuresnbho, mycts Fy — K041
pebpa U B runieprpade G1. B runeprpade Gy, B ity ero TypaHOBOCTH, MOYKHO BBIOpaTh MaKCHMAaJIbHOE
He3aBUCHMOE MHOYKECTBO Fy, cofepairee Bepimuy w. Torma muoxectso EyU Ey\ {w} — nezaBucnmoe
MHOXKeCTBO B runeprpade G’ montnoctn o(Gy) + a(Ga).

C apyroit croponsl, HepaBercTBo o(G') < a(G1) + a(Gy) Toxke BepHo. [leiicTBurensHo, mycrb F —
MaKCUMAaJIbHOE HE3aBUCUMOE MHOXKeCTBO B rutieprpade G'. Eciin ono He comepKuT cpasy Bce BePIINHI
MHOKecTBa U, To oHO pasdbuBaercs Ha dactu ) = ENG, u By = ENG,, apidgioniuecs He3aBUCHMbIMU
MHOKecTBaMu B runieprpadax G u Gy coorBercrBenno. Eciu xxe U C E, To B 9actu F; MOXKeT ObITH
oy + 1 Bepmmna, HO 9acTh Foy MOXKeT ObITH JOIOIHEHA BEPIIUHON w 10 HE3aBUCUMOIO MHOXKeCTBa B (y.
CuiesroBarenbho, Ey comepkut He GoJiee cig — 1 BepiuHbl, 1 Beero B F He 6osiee o + (rp BEPIIHH.

2, 3, 4. [lokaxKeM, 4TO IPOU3BOJILHOE HOBoe pebpo V', mosyuennoe us pebpa V' runeprpada Go,
He JsinmiHee. To ecTh, MOCTPONM He3aBHCHMOe MHOXKecTBO B runeprpade G\ V'’ momuoctn aG) + 1.
9T0 MOXKHO caenaTh Tak. [lycrs By — ko pebpa U B runeprpade G1. [lycrs Ey — ko pebpa V/
B runeprpade Gs. Torma vam noaxoaur MHOXKecTBO Fy U ) \ w.

HokaxkeM Ternepb, uro B (G HET JIMIITHUX pEOEP, TO ecTh st Jroboro pedbpa V' # U runeprpada G
[IOCTPOKMM He3aBHCHUMOe MHOKecTBO B runieprpade G\ V momuoctn a G)+1. [lycrs Ey — kiod pebpa V/
B runieprpade G. Ilycrs x — Bepmmna pedbpa U, He Bxomsmas B . [lo yenosuto, B runeprpacde Go
Ob110 pebpo W, KoTopoe Mbl paCTAHYJIN Ha BepInuHy = (1, BO3MOXKHO, Ha Kakue-To ere). [lycts By —
kiou pebpa W B runeprpade Gy. Torga nHam noaxogut MuoKecTBO Fy U Eo \ w. IlyHKT 2 n0Ka3aH.

JlokazkeMm Ternepb, YTO MIPU BBIMOJTHEHUH YCI0BUIT 3-10 min 4-ro nyHkTa rutneprpad G He COepKUT
JIMIITHUX PEOEP, TO ecThb i Jar0boro pedbpa V' B runeprpade Go, He cofepzKaliero BEpIINHY W, IOCTPOUM
He3aBUCHMOe MHOXKeCTBO B runeprpade G\ V momuoct oG) + 1.

[Iycts Fy — kuttoa pebpa V' B runeprpade Gs. B mynkTe 3 Bo3bMEM 3a F; 11060€ MaKCHMAaJbHOE
He3aBHCUMOe MHOXKecTBO B (5. B mynkTe 4 Bo3bMéM 3a F] MakcnmMabHOE HE3aBHCUMOE MHOYKECTBO B
(1, He niepecekaoriee U (rakoe Haiinércs, eciau U ¢cBOGOIHO).

Nrak, MBI y2Ke Jg0Ka3a/M, 9TO IPU BBIIOJHEHUN OJIHOTO U3 yCJIOBUN 3, 4 peKOMOMHAINS SIBJISETCS
MIPABUJIbHBIM TPEOOPA3OBAHUEM.

5. Teneps Hy2KHO J1I0Ka3aTh, 4T0 ecyin B (71, G5 Bce pébpa cBoboinbie, T0 1 B G Bce pédpa cBOOOIHbIE.
[Iycrs Ey — makcumasbHOe HezaBucuMmoe MHOXKecTBO B G \ U. Ilycrs V' — npomssosbhoe pebpo G,
cojiepzkalree w, a By — MakcuMaJbHOe He3aBucHMoe MHOXKecTBO B G \ V. Torma muO)kecTBO By U Fy —
MaKCHMaJbHOe He3aBUCHMOe MHOXKeCTBO B (5, He cofep:kaliee pebpa, moyryueHHoro u3 V. Anajgorunaso
neiicrByeM Jiist pebep m3 (9, He comepzKalmx w, K09 KOTOPBIX He TaKyKe COolep:KuT w. Ecim ke
pebpo V u3 Gy He comepxkur w, a ero kiawod Fy comep:xkur w, gomnogHuMm Es/w kiodom pebpa U
B (1. Ocrasiock paszobpars ciaydait peopa V # U u3 Gp. Kioa Ey pebpa V' He cojep:KuT HEKOTOPYTO
Bepummay x € U. Ilo ycioBuio, B rpade G5 6b110 pedbpo W, KOTOpoe Mbl PACTSHY/IN Ha BEPIIUHY X
(1, Bo3MOXKHO, emé 4To-10). Ilycth Ey — witou pebpa W B runeprpade Go. Torma mam moixomut
muO)KecTBO Fy U Fy \ w. TlyskT 5 oka3aH.

6. Jls mocTpoeHust ABYX IPUMEPOB TYPAHOBCKUX THIeprpadoOB JI0CTATOYHO B3ATH rumeprpad,
coziepzarmii o;iHO pebpo A B1C u KJIIoHUpOBaTh OJHY U3 ero Bepuint (A;), moayuus runeprpad Gi.
Torma Bepmunbr By, C 06pa3yior KiaroueBoe MHOXKecTBO. B KadectBe (Go Bo3bMEM KIHKY AgByCyDs.
[Ipoeeném pekomburanmio o pedpy A B1Ch u Bepmmae Do, ipoBest pébpa Dy As, B1Bs, C1Cs. Pebpo
ByCy crasio JMmmHuM, TOCKOJIBKY OHO COBIAJIAET CO CBOMM KJIIOYOM B (Go U «OJIOKHpYyeT» KJIOUEeBOe
MHO)KecTBO Bi, (' B runeprpade G, cMm. puc. 18.

Samaua 28. lrak, y Hac yxke ecTb cepus OeciiaTHbIX runeprpados u3 3ajaun 20.3. x accornm-
upoBaHHubliii rpad Typana cocTOUT M3 HECKOJBLKUX KJWK Ha 3 BEpIIMHAX M KJIUKUA Ha 4 BepIImHaX.
Hecnoxuo ybeanTbest, 9T0 UX HEJIb3s PACKOJIOTH HU 110 OJHOI BepIIUHE, C/IeI0BaTe/IbHO, OHU HE ITOJIy-
qaroTcst pekombuHanueir. Hectoxkuo yoeauThesa TakxKe, 9TO Bee UX peOpa cBOOOIHBI. SHAYUT, MOXKHO
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Puc. 18. Pekombunariusi.

3aIyCTUTh TPOU3BOIBHYIO PEKOMOMHAIINIO, TTOJIYYUB HEOOO3PUMYIO Ceprio OeCIIATHBIX IUIleprpadoB.
Crenytoruii mmar — mpeBpaleHne 9Toi cepun B cepuio OecIiaTHBIX rpadoB.

H36vmounocms pebpa U mbl onpesienum Kak |U| — 2. Habwmownocms runeprpada — cyMMapHast
n30LITOYHOCTE ero pédep. B wacruocTu, runeprpad 6e3 neresb ¢ n30bITOYHOCTHIO () siBJIsieTcs Tpad oM.
Hazosém pexkombunaruio rutieprpados GGp u G 1o ceoboanomy pedbpy U u BepuinHe w MUHUMANHOU,
eci Kaxkasi BepruHa U BXOJUT POBHO B OJHO HOBOE peOpo. 3aMeTuM, YTO MUHUMAJIbHAST PEKOMOW-
HAIlMs BO3MOYKHA TOTJIA M TOJBKO TOTJIA, KOIJIa CTelleHb BepIinHbl w He npeBocxogut |U|. OueBun/Ho,
YTO MUHUMAJIbHAs PEKOMOWHAINS He MeHSeT CTelleHH BEePIINH.

Jlemma. Ilyctb crenenns Beprmunbl w paBHa d. Torjga MuHUMaJIbHAS PEKOMOMHAIS KOMIIOHEHT
cesizHocT (G, G5 TypaHOBCKOTO Tureprpada yMeHBIAeT ero n30bITOYHOCTh Ha d — 2.

HokazareabcTBo. CyMMapHast n30BITOTHOCTh U3MEHSIIONIUXCS TIPU peKoMOmHaIuu pédbep Gy yBen-
qurest Ha |U| — d, a cymmapsast u3bbIroaHocTh pébep G ymenbinutcs Ha |U| — 2 3a cuér ncyesnose-
uust U. CrenoBaTeibHO, N30BITOYHOCTD TUIeprpada YMEHbIMNTCT Ha d — 2, 91.T.]1.

BameruM, 9T0 3-perysgpHbie npuMepbl 3 3aa49n 20.3 uMerorT n = 2« + 2 BePIIMHBI, UX N30BITOY-
HOCTDb paBHa ¥ = 2a— 2. Kiinka Ha 4 BepinHax TOXKe BXOJIHUT B 3Ty cepuio. /In3bioHkTHOE 00be/InHeHne
p TaKuX dacTeit 1aér n = 2a+2p u x = 2a—2p. Yrobsl mocse p— 1 mara MUHIMAJILHON PEKOMOMHAIIAN
noJtyunsics rpad, Tpedyercs ycioBue x = p— 1, caepoBaresibio, 2a = 3p — 1. [lpu p = 2k + 1 nosryunm
a =3k+1un = 8k + 4. JIna mocrpoennst MOIOMAET J1i00asd MOCIEI0BATENHHOCTE MUHUMAIbHBIX
peKOMOMHAIINIT, HAIIpUMED, TaKasd, KaK Ha pucyHke 19.

Puc. 19. Pekombunariusi.

Y1066l TOCTPOUTH MPUMEPHI HecIuIaTHBIX rpadoB ¢ n > 80‘; 4 MOMKHO Ha HEKOTODBIX INArax pe-

KOMOWHAIINK JOTOJTHATEILHO PACHIUPATh pEOpa, yBeanduBasg n30bITOYHOCTD runeprpada. Takue ru-
neprpadsl yxke He OyayT 3-peryisapHbiMu. MakcuMasibHOe 3HaUeHne n pu (PUKCUPOBAHHOM (v B 9TOM
cepuu paBHO N = 3 U JIOCTUTAETCS IIPU PEKOMOMHAIMH 3-PeryJIspHOro npuMepa ¢ o = 2,n = 6,m = 8
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n o — 2 KUK Ha 4 BepInHax. 3aMeTHM, 9TO accounpoBanublii rpad Typana s Bcex OCTPOEHHBIX
MIPUMEPOB COCTOUT U3 KJIMK Ha 3 U 4 BepIIuHaX.

Cremytonuit «Io4TU OYEBUJIHbBINY AT — O0DOCHOBATH TPEXCBA3HOCTH MOCTPOEHHBIX IpadOB U I'ii-
neprpados. [Ipomomkenue ciemyer.
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6 UuBapmaHT JJIs IIJIOCKOCTH 0€3 JIBYyX TO4YeK 9
7 Kuanaccudukanus Ha mJI0CKoCcTu 6€3 JIByX TOYEK 10
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9 Penienuss HEKOTOPBIX 33124 14

1 Bsenenme

Mper uznaraem (B Buje IOCIE0BATELHOCTH 33/1a1) Ga30BbIe CJIydan HEKOTOPBIX (byHIaMeH-
TaJIbHBIX WJIell U MeTOJ0B MaTeMaTuku (romoronuu, cremnenu, dbyHIaMEHTAJIbHON TPYIIIIb,
HAKPBITHs, MHBAPHAHTA YalTXega U T.J1.). DTO JeJaeTcs Ha OCHOBE JIEMEHTAPHOIO IIPHMe-
pa: 3aMKHYTBIE JIOMAHbIE B IIOJIMHOXKECTBE IIJIOCKOCTU. XOTS 3TH UJEH U METOJbI SIBJISTIOTCSI
YaCTbhIO TOIIOJIOTUU, OHU UCIIOJIb3YIOTCS BO MHOIUX JIPYTUX OOJIACTSAX, BKIIOUasd NHPOPMATH-
Ky [DDM+]. 3agaqan ecth Kak ouenb mpoctblie (1.1), Tak u odens ciaoxkuble (1.7).

OpUEeHTUPOBAHHON NUKJIMYECKOU IMOCJIeI0BATEILHOCTHIO HA3BIBAETCHA YIIOPSIO-
YeHHBIH HAOOP ¢ TOYHOCTDHIO JIO IMUKIMIECKOTrO CABUTA. 3AMKHYTOMW OpUEHTUPOBAHHON JIO-
MAaHOM Ha3bIBAETCsl OPUEHTUPOBAHHAS UKIMYECKasl [IOCIIe[0BATEIbHOCTh TOYEK TLIIOCKOCTH
(ne obazarebHO pazMIHbIX). laee CIOBO «OpPUEHTHPOBAHHAST» IPOIyCKaeTcs.!

*9. Ankun, A. CkomnenkoB: MockoBckuit ®@uzuko-Texundeckuit WUucruryr. O. Huxwnrenko: Asraii-
ckuii rexumdeckuit yHusepcurer (Bapuayn). A. Ckonenkos: Hesasucumblii MOCKOBCKHMH YHUBEPCHTET,
https://users.mccme.ru/skopenko. F0. Xpomun: @usnko-maremarndeckas mkoaa N 146 (Ilepms). Bia-
ronapuM A. MupormHukoBa 3a 1moJie3Hble 00CYKI€HNSI U HOATOTOBKY HEKOTOPBIX PUCYHKOB.

!Takum o6pazom, 3aMKHyTas JoMaHast (Olpe/ie/IeHHAs 371eCh) He ABJISeTCs MOJMHOMKECTBOM MJIOCKOCTH.
Tem He MeHee, nHOTJa MBI paboTaeM ¢ 3aMKHYTOI jomManoit A; . .. A, Kak ¢ obbegunenneM orpe3koB A; A, 41,
HAIIPUMEP, MBI IIHUIIEM <JIOMaHasI, He IIPOXOAAIIas Yepe3 TOUKY ».
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Puc. 1.1: DnemenTapHOE COKpaIeHne

[Iycte N — mopmHOXKecTBO 110cKocTH. HedpopmasibHO TOBOps, JIBE 3aMKHYTBIE JIOMAHBIC
B N Ha3bIBAIOTCHA 20MOMONHBLMU, €CTH OHA MOYKET ObITH Ipeodpa3oBaHa B JIPYIYIO «HEIpe-
poiBHOI Hedopmarmeit> B N. Bor cTtporoe omnpesenenue. Saemermapruim coxpauseruem B N
3aMKHYTOW JIoMaHO# B N Ha3bIBAETCS Y/AJEHHE TaKOil ee BEpIIUHBI B, UTO JJIsd COCETHUX
¢ B Bepumn A, C' (KoTopble He 06s13aTeIbHO Pa3/INdHbl) BhITyKJIas obosrouka sepiua A, B, C
codeporcumes ¢ N (em. pucynok 1.1). Tomoronueit B N (KycouHo-mHeiiHoit) Ha3bIBACTCS
KOHEYHAas MOCJIeI0BATEIbHOCTD 3aMKHYTBIX JIOMAHBIX, JIJIs JIIOOBIX JIBYX ITOCJIEI0BATEIbHBIX
JIOMaHBIX KOTOPOH OJiHA TMOJIyYeHa U3 JIPyToil sjeMeHTapHbiM coKpatennem B N. JIBe 3a-
MKHYTBI€ JIOMaHbIe HA3bIBAIOTCsI (KYCOYHO-JIMHEIHO) TOMOTOMHBIME B [V | €CJIU CyIIeCTByeT
romoTomust B IV, mepBasi M MOCJIEIHSSA JJOMAHbIE B KOTOPOI COBIAJIAIOT C 33 IaHHBIMU.

Aanee, Ko2da mor nuwem 0 A0MaHOT 68 HEKOMOPOM NOOMHOHCECTNEE NAOCKOCTAU, Mbl PAC-
CMAMPUBLEM 20MOMONHOCTNG (U INEMEHMAPHBIE COKPAULEHUA) 6 TOM HCE NOOMHONCECTMEE.

Bagaua 1.1. (b) Jliobbie nBe ofHOTOUEUHBIE 3aMKHYTHIE JIOMAHbIE Ha IJIOCKOCTH 03
TOYKHN T'OMOTOITHHI.

Pewenue. Ilycte manbr Touku A m B. Bozbmem Touxky C, He JeKalllyl0o HE Ha O
HOM W3 IpAMBIX, coeauusionux A u B ¢ BbIKoIOTO# TouKoil. Torma HyKHas TOMOTONNS —
A AC,C,CB, B.

BOHpOC (6] KﬂaCCI/ICbI/IKaI_H/H/I 3aMKHYTbBIX JIOMaHbIX Ha IIJIOCKOCTHU C TOYHOCTBIO 10 I'OMOTO-
Iy TpUBUAJICH.

Bagaua 1.1. (a) Jliobbie jBe 3aMKHYTBIE JIOMAHbIE HA [IJIOCKOCTH TOMOTOIIHBIL.

Puc. 1.2: /IBe 3aMKHyTBIE JIOMaHbIE Ha ILJI0CKOCTH 6€3 Touku O

Bamaua 1.2. CymecTByl0T HETOMOTOIIHBIE 3aMKHYTBIE JIOMAHbIE HA IJIOCKOCTH 0€3 TOY-
K.

Cwm., namnpumep, pucynok 1.2. IlompobyiiTe mpuaymMarh MHBAPUAHTHI, KOTOPbIE Pa3jiu-
YaroT 3aMKHYTBHIe JloMaHble B 3ajadax 1.2-1.5 u 1.7 (B wactHOCTH, Ha pucyHKax 1.2-1.6).
Ormpeiesienne MHBAPUAHTOB M MX CBONCTBA COCTABJISIIOT TEOPHIO, IPE/ICTABICHHYIO B §§3-7
OTa Teopud Hy:KHa TakxKe Jijisg Teopembr 1.6.

Bapaya 1.3. Yernipe 3aMKHYThIE JJOMAHbIE HA PUCYHKE 1.3, MOMApHO HE TOMOTOITHBI HA
IJIOCKOCTH 0€3 JIByX TOYEK.

Bama4a 1.4 (napajgokce [Tyankape). (a) Kak #a 1ByX rBO3/IX, BOUTBIX B IJIOCKYIO CTEHY,
O/IBECUTH 3aMKHYTYIO BEPEBKY (C TsI2KeJIoif MeaJibio), 9ToObI BepeBKa He I1a/[asa, HO HOoC/Ie
BBIHUMAHUA JIIOOOTO TBO3/IS Hatasa’?

Boutee crporo, mpuseauTe npuMep ABYX Touek P, () u 3aMKHyTol tomanoit B R2 — P —Q,
rOMOTOIHO# oHOTOoYeqHoi JoManoit B R2 — P u B R? — Q, no ne B R? — P — Q.

(b) To ke ¢ 3ameHOil JBYX TBO3jI€i Ha TPU.

2



Puc. 1.4: Ilpumep 3aMKHYTOI JToMaHO# Ha IJIOCKOCTH Oe3 JIByx Todek P, () Kk 3amaqde 1.4.a

Drtu npumMepsl (1 mpuMep K 1.7.a) MOXKHO CHadasa IPUBOJUTE 6€3 JTOKA3aTEIbCTBA MX
cpoiictB. CM. HarsgaHy0 nHTepnperanuio B [Zil0], [DDM+|.

Bamada 1.5. * 3aMkHyTHIE JIOMaHble Ha pUCyHKe 1.6 He rOMOTOIHBI Ha IJIOCKOCTH (€3
TPeX TOYEK.

M3yuasi HACTOAIIMIA TEKCT, YUTATEIb OCBOUT II0JIE3HBIE U BayKHbIe Ujen U MeTobl. OHI
HOJIE3HBI ¥ BaXKHBI, TIOCKOJIbKY JIAI0T CJIEYIONHMHA IPKUil pe3y/ibTar, (hopMyJInpoBKa KOTOPO-
ro JIOCTYIIHA HECIHEIUATUCTY (M MHOIHE JPYrHe Pe3yJbTaThl, CM. YIeOHUKHU 110 TOIOJIOTUH,
narpumep, [Sk20]).

Teopema 1.6. /laa a06020 n cyuecmayem an20pumm pacno3HasaHus 20MOMONHOCTU 30~
MEHYMBLT AOMAHBLT HA NAOCKOCTU 03 N OYEX.

DTO KOHeYHasl TOYKA OCHOBHBIX PE3YJIBTATOB 10 NOMOTOINNYIECKON K/acCupUKaIuu Ha
iockocT 6e3 n Touek (Mbl HauuHaeM ¢ n = 1,2, cM. yrBepxkenus 4.2, 7.6 u 3aga4y 7.8).

Puc. 1.5: [loce BeiHnManms JiroO0TO U3 T'BO3JIEH BepeBKa I1aaeT



Puc. 1.6: /Ie 3aMKHYyTBIE JJOMaHble HA ILIOCKOCTH 0€3 TPEX TOYEK

Pemas 3aaan, Bol yBuanTe, Kak roMoTonndeckas KaaccuUKAIAs CBA3AHA C KOMOUHA-
mopukoti cA06. ECTeCTBEHHO MOSIBUTCS I'PYIIIOBasi CTPYKTYPa, XOTd U HA HECKOJBKO MHOM
MHOYKECTBE OMMEUEHHHIT 3AMKHYTBIX JIOMAHBIX C TOYHOCTBIO JIO 0MmMmeuerHot TOMOTOIITHO-
cTh. DTO MPOJUBAET CBET Ha CBS3b MIPEJICTABICHHON KJIACCU(PUKAIIIH C KOMOUHAMOPHOT Meo-
pueti epynn. Baarogapst 9Toil CBA3U TOMOJIOTMIECKHE METObI MOT'YT OBITh MCIIOJIBL30BAHBI B
TEOPUU TPYIIL. DTO OTIPaBHAsI TOUKaA 2eomempuieckol meopuu 2pynn |GG

O &

Puc. 1.7: Hezaneniennble n 3aleljieHHbIE KOJIbIA

Bagaua 1.7 (3arajka). * B TpexmepHOM MPOCTPAHCTBE JIaHbI JBA

(a) mezanertenmbrx;  (b) 3aremienubx

KOJIbIIQ, KaK MOKa3aHo Ha pucyHke 1.7. MOKHO Jin HAMOTATh U 3aMKHYTh BEPEBKY TaK,
9TOOBI 3AMKHYTYIO BEPEBKY HEJIb3sl ObLIO OTTAIUTH JIAJIEKO OT JBYX KOJIEIl, HO MOXKHO ObLIO
ObI OTTAIUTD JAJIEKO OT OJHOIO KOJIBIIA, Pa3pe3aB JpPyroe KOJbIo?

2 O cTmje 3TOro Tekcra

OcHOBHBIE HJIEU TIPEJICTABICHBI HA <«OJUMIINATHBIX» IPUMepax: Ha MPOCTEHINNX YaCTHBIX
Caydasax, CBOOOJHBIX OT TEXHUYECKHUX JeTaJieil, U CO CBEJIEeHNEeM K HeOOXOIUMOMY MUHUMY-
MY HAy9HOI'O SI3bIKa. 3a CYeT 9TOr0 U TEeKCT CTAHOBHUTCS JIOCTYIIHBIM JIjIs HAYHHAIOIIUX, U
yaaeTcst ObICTPO J00paThbCst 0 MHTEPECHBIX CJIOXKHBIX M BasKHBIX PE3YJIbTATOB, METOJIOB U
TEOPETUICCKUX UACH.

Takum obpaszoM, MHOIME U3 HPUBEJICHHBIX HJieil paboTaioT i 0oJiee OOIUX CJIYIaeB.
MpbI He TpaTHM BpeMsi IUTATe Isi Ha HeCJIOXKHbIe 0000menns. VX jJerko npuaymMaTb Win Haii-
™1 B juTeparype. TPyIHO UMEHHO NpuMeHumMmb ODIILYI0 TEOPHUIO i SPKUX pPe3y/IbTaToB,
cOpMYINPOBAHHBIX BHE 3TOI TEOPHH, KOIJa HEM3BECTHO 3apaHee, KaKyl0 TEOPHUIO HYZKHO
IPUMEHATD (1 BOOOIIE, MOYKHO JIK XOTh KaKyH0-TO T€OPUIO TIPUMEHUTB ).

BoJtee ipocToit MmaTepuaJs MpUBOIUTCS, YTOOBI CJAEIATH €CTECTBEHHBIM U JIOCTYITHBIM 00-
nee cioxubiii. [lonbiTka HaunHATH ¢ GoJIee TPOCTOrO (HAIPUMED, € YACTHBIX CJIYYAeB) TO-
BBIIIAET CAMOCTOATEIbHOCTh — &, 3HAYHUT, IJIyOMHY W HaJIeXKHOCTh — OCBOEGHHS MaTepHAJIA.
[Iporie camomy JT0Ka3aTh YACTHBIH CIydail, cCAaMOMY TTPOJIyMATh IIEPEXO] OT YACTHOTO K 00IIIe-
My, YeM CaMOMY Cpa3y JoKa3aTh obmmmii caydait. CaMOCTOsITeIbHO TPUIyMAaHHOE HaJeXKHee
3allOMUHAETCA U Jjerde mojudunupyercs. Kpome Toro, 06bIMHO Ha YaCTHOM CJIydae IIPOIIe
OTJIOBUTD U ucHpaBuTh omubku. [Togpobuee cm. [ZSS, §11.2].
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Kaxk mpaBujio, Mbl TPUBOUM (HOPMYAUPOSKY KPACUBOTO MU BAYKHOTO YTBEPKICHUSA Ne-
ped ToCIe0BATEILHOCTDIO ONPEIETICHIN U PE3Y/IbTATOB, COCTABJSIONINX €r0 JoKa3amens-
cmeo. B Takux ciydasix sl JIOKA3aTeIbCTBA YTBEPXKJIEHUsT TPEOYeTCsT YacTh JIAJIbHENIIero
marepuasia. O6 3ToM yKazaHO mocsie (hOpMyJIMPOBKU yTBEpK/IeHUs. Hc/m K yTBep:KIeHUIO
(nm 3aj1at€e) He TPUBEJIEHO HU JIOKA3ATEIbCTBO, HU CChLIKA Ha HEro, TO OHO HecJ0xkHO. Oc-
HOBHBIE PE3YJIBTATHI HA3BIBAIOTCS «TEOPEMaMUy», MEHee BarKHbIE PE3YJIbTaThl — «YTBEPK/Ie-
HUSIMI», BA2KHbIE€ BCIIOMOTATEIbHbIE PE3YILTATHI — «JeMMaMiy. Fciim He oroBopeHo nmpoTus-
HOE, TO BCe 9TO (& TakzKe IMPUMePhI) — 3aJ[a9u JIJIs PEIIeHs.

Nzyuenne myTeM perenns 3a/1a4 XapaKTePHO JJIsi CEPbe3HOT0 00y IeHUST MATEMATUKE, CM.
[HC19, §1.1], |ZSS, §1.2] u manuble Tam ccbuikn. OHO MPOIOJIKAET JIPEBHIOK KYJIBTYDHYTO
TPaJIAIIAIO.

Ecnu yenoBue 3ajaun siByisiercss OPMYTUPOBKON YTBEPXKIEHUSA, TO B 3ajia4de TpedyeTcs
9TO YTBEPXKJIEHUE JI0KA3aTh (M TOT/a B CChLIKAX MBI HA3BIBAEM 9TO YTBEPKICHUE YTBEPKIE-
HEEM, a He 3ajadeii). 3aezadkotll Ha3biBaeTcsd He cHOPMYJIUPOBAHHBII YE€TKO BOIIPOC; 3/1EChH
HYKHO TIPUIyMaTh U 9eTKYI0 (hOPMYJIUPOBKY, U JIOKA3ATEIHCTBO.

OrmpejiesieHns BayKHBIX TOHATHN JIAHBI >KUPHBIM IIPUEATOM, ITOOBI UX OBLIO TIPOIIE
HajiTH.

Mbr mpuraiaeM MKOJILHUKOB MTPEJICTaB/ISITh CBOU IMUCbMEHHBIE PENIeHrs Ha KOH(pEPEeH-
[USIX IKOJIbHUKOB, cM., Hampumep, [MMKS].

3 Ywmciao obopoToB: onpejaeseHne U o0CyKJIeHne

Besne paccmarpuBaeMble TOYKH U JIOMAHBIE PACIIOJIOXKEHDBI Ha IIOCKOCTH.

[Iycts O, A, B—rouku, npudem A # O u B # O (Ho, Bosmoxkuo, A = B). Opuenmu-
posarnvim (uau nanpasaennvim) yeaom LAOB HaspiBaercs uncio t € (—m, 7|, Takoe 9To
BekTOp OB coHalpaBjieH BEKTOPY, Oy YeHHOMY U3 OA BpallleHneM Ha yroJl ¢ IPOTUB 9aco-
Boit crpesiku. (Ecau Ber Moxkere paceMarpuBaTh BEKTOPBI Ha IJIOCKOCTH KAK KOMILIEKCHBIE

qucjia, TO MOXKeTe IeperucaTb 9TO yCJIOBHE Kak O? il eitO—zzl.) Jlatee paccMaTpuBarOTCS
OPMEHTUPOBAHHBIE YIJIbI U CJIOBO «OPUEHTHPOBAHHBIN» MPOITYCKAETCS.

[Ipu pemennn 31811 MOYKHO UCIIOJIb30BATh 6€3 JI0KA3aTeILCTBA CJIEIYIOIIee YTBEPK ICHIE
(6stm3koe K akcuomaM): Jas 06wz movex A, B, C na naockocmu u mouku O, ne aesicauets
Ha obsedunenuu ompesxos AB, BC,CA,

e /OAB + ZOBC + ZOCA = 27, ecau O qescum 6 6uinykroti 0b60s0uKe mouex
A B,C,

e /OAB+ Z0OBC + ZOCA =0, unavue.

Yucsiom o6oporoB w(l, O) zamkuyTOil JoMaHoit [ = A; ... A, BOKpyr He Jiexareil Ha
Heit Toukn O HA3BIBAETCSA KOJUIECTBO 0OOPOTOB IIPH BPAIEHUN BEKTOPA, HAYAIO KOTOPOTO
HaxoauTcst B Touke O, a KOHeIl 06xoauT | B 3aaHHOM Topsijike BepiuH. CTporo roBopst,

27 - w(l, O) = ZAlOAQ + AAQOA:), + ...+ éAmflOAm + AAmOAl
1
Hanpuwmep, na pucynke 3.1 w(ABC,0) = gy (LAOB + ZBOC + ZCOA) =41 n
T

21 - w(ABCD,0) = ZAOB + /BOC + /COD + /DOA = /BOD + /DOB = 0.

Bamaua 3.1. (a) Ilycts ABC — npasuibHblii Tpeyroabauk u O — ero nenrp. Haiijaure
w(ABCABC,0).

(b) Ilpuseaure npuMep 3aMKHYTOI JIOMaHOM [ Ha UIOCKOCTH, Takoi 1To w(l, O) = 0 mis
mo6oit Toukn O € R? — [,



Puc. 3.1: w(ABC,0) = +1 u w(ABCD,0) =0

Hoof

Puc. 3.2: Yucna oboporos pasubr 0, +1, —1, +2

Pezynbrar 3ayaun 3.1.a moka3pIBaeT, 9TO 9ucCIa 000POTOB JJIsI PA3HBIX JIOMAHBIX C OJIH-
HAKOBBIM OObEIMHEHUEM UX OTPE3KOB MOT'YT OBITH Pa3HBIMU.

YrBepxkaenue 3.2. Yucao obopomos
(a) 106020 KOHWMYPA 6LINYKA020 MHO20Y2ONOHUKA;
(b) 0600 3amrnymot aomanot 6e3 camonepecevenu
8oKpye 110000 Mmouky u3 enewnocmu (enympennocmu) pasno 0 (£1). Cm. pucynor 3.2.

[Iyukr (b) mokasbiBaTh HE TpeOYeTCs; B 3aBUCHMOCTH OT W3JIOKEHUST OH SIBJISIETCs JIHOO
caencrBueM meopemv, Aopdana [Sk20, §1.4], mubo semMmoii B ee oKa3aTEIbCTRE.

Bamaua 3.3. [l1s 006X 11e10r0 drciaa n 1 To9ku () CyIecTBYeT 3aMKHyTasl JJOMaHasd,
91CJI0 000POTOB KOTOPOi BOKpyTr () paBHO M.

YrBepxkaeuune 3.4. Hucao 060pomos w(Aj ... Ay, O) AGAACMCA UEABIM HUCAOM.
Vrasanue: coryiacHO CBOMCTBaM, OTMEUYEHHBIM MapKepOM B HadaJje 3Toro naparpada,

LAm_lOAm + 4AmOA1 = éAm_lOAl mod 27.

Cwm. Hekoropbie ykaszanus u pemtenust B [ABM+, §1|. IToxpobree o uuncie 060poToB u
CBSI3aHHBIX ¢ HUM TIOHATUSIX ¢M. [ABM+| u cebuiku B 91001 padore.

4 Kuaaccudukanmsa HA IIJIOCKOCTU 0€3 TOYKU

B srom maparpade paccMaTpuBaioTCsa 3aMKHYTBIE JIOMaHble U UX TOMOTOIIHOCTH Ha NAOCKO-
cmu 6e3 mowxku O.



Bamaga 4.1. (a) Yucso o60poroB BoKpyr O sIBJISIeTCs] MHBAPHAHTOM T'OMOTOITHOCTH.
VHBIMI CI0BAMHU, 3aMKHYTBLIC JIOMAHBIE C Pa3HBIM YUCJIOM 060pOoTOB BOKpYr () HE TOMO-
TOIIHBI.

(b) BamknyTasi jjoMaHasi [ TOMOTOIIHA OJHOTOYEYHON JIOMAHOW TOTJa U TOJBKO TOTJIA,
koryia w(l, 0) = 0.

(c) Bozbmem kouTyp OA Tpeyrosbauka A, cofepzkaiiero BHyTpu cebst rouky O. Jlobas
3aMKHYyTast jomanas [ romoronna |w(l, O)|-kparHoMy o6xomy KoHTypa 0A

e poTuB 4acoBoii crpeku pu w(l, O) > 0,

e 110 1acoBoii crpeske pu w(l, O) < 0.

(3HAUNT, 3aMKHYTBIE JIOMAHbIE C OJMHAKOBBIM YHCIOM 000POTOB BOKPYT () TOMOTOIIHBL. )

Yreepxkaenane 4.2. Cacdyrowee omobpascenue AGAACMCA 63AUMHO 00HOZHAMHBLM COOM-

GENCMEUEM MENCAY MHOHCECTNEOM 20MOTMONUYECKUT KAACCOE 3AMKHYMBLL JOMAHDLT HA MAOC-

Kocmu 6e3 MOMKU U MHOHCECTNEOM Ueabix wucea. Omobpasicerue nepecooum 3amKHymiy0

AOMAHYIO (Mounee, ee 20MOMONUUECKUT KAACC) 6 ee YUucA0 060POTO6 B0KPY2 MOUKU.
(Ymeeporcoenue 4.2 dokasaro 6 sadavar 3.3 u 4.1.)

JIyd Ha IJIOCKOCTH Ha3BbIBACTCH AYUOM 00ULE20 NOAOIHCEHUL OMHOCUMEALHO |, €eCITh OH He
IIPOXO/IUT Y€epPE3 ee BEPITUHBI.

Bamaua 4.3. BosbMeM 3aMKHYTYIO JJOMaHyO [ 1 jyd obirero mosoxerns OP oTHOCH-
TEJIBHO [.

(a) BepHo J1u, 9TO KOJIMYECTBO TOYEK Iepecedenus joManoii [ u jayda OP umeer Ty ke
qeTrHOCTD, uTo 1 w(l, O0)?

(b)* KosmmuectBo 3BeHbeB JioMaHoil [, nepecekatomux jyd OP, umeer Ty »Ke YeTHOCTb,
gro u w(l, 0).

[To1e3H0 MOHATH, YTO OIMKMCAHHOE BBIIIE ABYMEPHOE yTBEpKIeHNE 4.2 10 CyTH SBIAETCS
OJTHOMEPHBIM.

Puc. 4.1: Dnementaproe cokpaiienue 006xXo/a

Bamaua 4.4. * HazoseMm 002:000M OpUEHTHPOBAHHYIO UKJIMYIECKYTO OCIEI0BATEIHHOCTD
To4ek ((bUKCUPOBAHHON) OKPY’KHOCTH, B KOTOPOI HUKAKHE JIBE TOYKU HE ABJIAIOTCS THAMET-
PAJIbHO IIPOTUBOIOJIOKHBIME. IAEMEHMAPHLILM COKPAUEHUEM 0DXOIa HA3bIBAETCH yIAJIeHIe
Takoil ero Touku B, 9ro jist coceauux ¢ B Touek A, C Boinykiias obosiouka Trouek A, B, C' ne
COJIEPZKUT TIEHTPa OKPYZKHOCTH (cM. pucyHOK 4.1). JIBa 06x0/1a HA3BIBAIOTCS 20MOMONHbLMU,
€CJTU OHU MOTYT OBITh COEIMHEHBI ITOC/Ie/I0BATETBHOCTHIO 00X0/I0B, B KOTOPO# OJTMH U3 JIIOOBIX
JIBYX TIOCIEJIOBATEIHHBIX 00XO0/I0B TOJIyYeH U3 APYTOTO 3JIEMEHTapHBIM COKPAIEHUEM.

(a) O6xos1 [ rOMOTOIIEH OJJHOTOUEUHOMY OOXOJLY TOIJIa U TOJILKO Tora, kKorga w(l,0) =0
it neaTpa O OKPY2KHOCTH.

(b) (3arazka) OnmmmuTe 0OX0OIBI ¢ TOYHOCTHIO JI0 TOMOTOITHOCTH.



5 «Pa3zpemenne» mnapagokca Ilyankape

OueBniHO, 9TO YKCIa 0OOPOTOB B IpuMepe K 3ayade 1.4.a, TPUBEIEHHOM B IIPE3CHTAINN,
BOKpyT Touek P u () paBubl Hym0. Heromoromrocts B 3aade 1.4.a ciaeayer us 3amadn 5.3
(nm 3ama4u 6.3). Vest 3ak109aeTcst B HCHOIb30BAHUI OJTHOTO U3 CJIYIOIINX NHBAPHAHTOB
TOMOTOITHOCTH.

Puc. 5.1: lukangeckoe cioso Ilyankape no mozyio 2: abab (ciesa), abaabb (cripasa)

B §§5-7

e [ —3aMKHyTasd JIOMaHas Ha IJIOCKOCTU 0e3 JIByX Todek P, ();

e PP’ u Q@) — HenepeceKalomuecst Jiydu OOIIero moJIoyKeHnst OTHOCUTEIBHO (.

Byaem gsurarbes 1o [ u BbiuchbiBaTh OYKBY ¢ (OyKBY b) IpU KazKJOM II€PECEeUeHUn JIyda
PP’ (nyga QQ'). IlomyuenHoe opreHTHPOBAHHOE TIUKJINIECKOE CJIOBO HA3BIBACTCS UUKAUYE-
cxum caosom ITyankape no modyao 2 (cM. pucyHok 5.1).

Bamaga 5.1. (a) Jloboe nukimaeckoe cioBo u3 OYKB a 1 b ABISETCS IUKJITIECKIM CJI0-
BoM [lyaHKape 10 MOJYJIIO 2 HEKOTOPOH 3aMKHYTOMH JIOMAHO! Ha IJIOCKOCTH 6e3 JBYX TOYEK
(st HekoTOpBIX Jyueir PP, QQ)').

(b)* YernocTh 4ncaa 060POTOB 3aMKHYTOMN JIoMaHOH | BOKpYT Touku P (Touku ()) ecTb
YETHOCTH KoJmdecTBa OyKB a (OyKB b) B rukinaeckoM ciose [lyankape 1o Mojtysto 2 JoMaHoii
[ (mis ro6bix siyaeit PP, QQ').

Q) U

Puc. 5.2: JIpa pasbuennst Ha mapbl 9eThIpeX KPACHBIX TOYEK (MaJeHbKUEe KPYXKOUKH) U e~
THIPEX CHHUX TOYeK (MajleHbKUe KBaJpaThl) Ha OKPYKHOCTU



[IycTh Ha OKPYKHOCTH JIAHO YETHOE YHCJIO KPACHBIX TOYEK W YeTHOE YUCIIO CUHUX TOYEK,
[pUYeM BCe 3TU TOYKH IOTAPHO pa3/MJHbl. Pa3obbeM KpacHble TOYKN Ha Tapbl, U CUHUE
Touky Ha napbl. COeMHIM TOYKH B KayKJ0# KpacHO /cuHell mape KpacHO /cuHell Xopioii
(eMm. pucyHOK 5.2). MHOXKeCTBa KDACHBIX TOUEK U CHHUX TOYEK HA3BIBAIOTCS 3GUENACHHbLMU,
€CJIN KOJIMYECTBO IIap IIePEeCceKaIoNXCa KPAacHON U cuHeil Xopa HEe4YeTHO.

Bagaua 5.2. 3anenjieHHOCTh HE 3aBUCHT OT BbIOOpa pasbuenHuil Ha mnapbl (CM. pucy-
HOK 5.2).

Hazosem unmepecroti 3aMKHYTYIO JIOMaHyIO | B IJIOCKOCTH 6€3 ToueK P, (), Ji/isi KOTOPOii
w(l, P) m w(l,Q) wernsl. Ilo yrBepxkuennio 4.1.a HHTEPECHOCTH COXPAHSAETCS [IPH 3aMEHe
JloMaHoir Ha roMoromnnyio. [lo yrBepxkiaenuio 5.1.b jyig mHTEpecHO! 3aMKHYTOM JIOMAHOMN
B IUKJIMYecKOM cjoBe [lyamkape 1mo Mojysio 2 KOJIMYECTBO OYKB @ YE€THO M KOJHYECTBO
oykB b gerno. HazoBem mHTEpecHYIO 3aMKHYTYIO JIOMAHYIO 3auennennoti, eciii OyKBbI a U b
3alleIlJIEHbI.

Bagaua 5.3. 3anemieHHOCTh HHTEPECHOH 3aMKHYTON JIOMAHO He MEHSETCs 11pU
(a) usmenenun ayveit PP u QQ);
(b) 3amene 3aMKHYTOI JIOMaHO [ HA TOMOTOIHYO.

ITodckaska: n. (b) BoITekaeT u3 1. (a).

B 1. (b) nukindeckoe cyioo Ilyankape mo Mojyso 2 MOxkKeT He ObITh OIPEJIeIeHO JIJIst
HEKOTOPBIX ITPOMEXKYTOUHBIX JJOMAHBIX TOMOTONINU. [ToaTOMY Cciieyroriuii pe3yapbTaT moJie3eH
JUTSL TIPSIMOTO JTIOKA3aTeIbCTBA yTBep:KIeHus 5.3.b.

3amaua 5.4. [lycts janbl jiBe 3aMKHYThIE JIOMaHble, FOMOTOITHBIE Ha, IIJIOCKOCTH 0€3 JIBYX
rouek P, (). Bo3bMmeM Henepecekalomuecs Jiydu odmero nojoxkenns PP u QQ) ornocureib-
HO KazkKJIOf U3 3TUX JIOMaHbIX. Toraa 3Tu JIOMaHble MOI'YT ObITh COEIMHEHBI TOMOTOIINEN,
OTHOCUTEJILHO KaxKJI0i M3 JIOMaHbIX KoTopoii ayun PP’ u QQ) sapisaiorcsa jaydaMu oOIIero
ITOJIOXKEHUSI.

Vrasanue npenodasamento. BolbIIMHCTBY HAUNHAIOIIUX YI00EH BBINIEYITOMSIHYTHIA 101~
XOJ[ K JI0KazaTeabcTBy mnapajokca [lyankape. OgHako, ecin MIKOJbHUK TPUIYMAET UJIE0
perenns 3a/1a9u 7.7.a, pa3yMHO OOCY/INTh, CMOYKET JIN OH Pa3BUTh ee JI0 CTPOroro J0Ka3a-
TeJIbCTBA.

6 HMuBapuaHT AJis IIJIOCKOCTH 0€3 JIBYyX TOYeEK

Harmomumm, aro B §§5-7
e [ —3aMKHyTasd JIOMaHas Ha IJIOCKOCTU Oe3 Touek P, (),
e PP u Q@) — HenepeceKalomuecs: Jiydu OOIIero moJIoKeHnst OTHOCUTEILHO (.

Bamada 6.1. Cymecrsyer jiomanas [, takast aro w(l, P) = w(l,Q) = 0, jomanas [ ne
3alelieta, HO [ He POMOTOITHA OJHOTOYETHON JIOMAHOI.

PacemorpinM MHO)KECTBO BeeX (KOHEUHBIX) MUKJINIECKUX CJIOB (BKJIFOYasl IIYCTOE CJIOBO)
u3 OykB a,b. [l Takoro cjioBa asemenmaproe cokpaulenue — 3aMeHa JII00Oro U3 TOJIC/I0B
aa, bb mycThiM T0/ICTI0BOM. Takoe C/I0BO HA3bIBAETCA IKOHOMHDBLM, €CJIA B HEM HET HHU OJIHOTO
U3 IIOJCIOB aa u bb.

Bamaua 6.2. [{ukimmyeckoe cjioBo U3 OYKB a, b TOCPEICTBOM 3JIeMEHTAPHBIX COKPAICHU
JlaeT eJIMHCTBEHHOE SKOHOMHOE CJIOBO.

Okxonomnan gopma (o HOpMasbHast GoOpMa) IUKIXIECKOTO ¢IoBa w u3 OYyKB a,b —
9TO 9KOHOMHOE CJIOBO, MOJyIEHHOE U3 W HJIEMEHTAPHBIMU cOKparienusamu. Obo3nadanM qepes
Es 5. MHOXKECTBO BCeX S9KOHOMHBIX ¢J10B. O6o3HaunM depes es(l) € Ey o . 9KOHOMHYIO hopMy



muKJmgeckoro cyosa I[lyankape mo momysto 2 jomanoit [. Anpuopn ey(l) 3aBucur or jrydeii
PP u QQ'.

Bamaua 6.3. CioBo es(l) He n3Mensercs mpn

(a) usmenenun aydeit PP u QQ);

(b) 3amene 3aMKHYTOI JIOMaHOl | HA TOMOTOITHYO.

Banaya 6.4. CymectByer JioMaHast [, He TOMOTOITHAsT OJITHOTOYETHON JIOMAHO, HO I
KOTOPOIi ¢J10BO e3(l) mycro.

JIBa IUKJINYIECKUX CJIOBa U3 OYKB a,b HA3BIBAIOTCS IKGUBANAECHIMMHDIMU, €CITU UX MOXK-
HO COEJIMHUTDH IOCJIEI0BATE/THHOCTBIO MUK/JIMYECKUX CJIOB, B KOTOPO# OJIHO M3 JIIOOBIX JIBYX
[IOCJICIOBATEIbHBIX IUKJIMIECKUX CJIOB MOXKET OBITh IOJIYYEHO M3 JIPYIOTO 3JIeMEHTAPHBIM
cokparmenneM. Obo3HauuM depes Fj 9 . MHOKECTBO BCEX KJIACCOB SKBUBAJEHTHOCTH.

Bama4da 6.5. * (a) CioBo abab He SKBUBAJEHTHO IYCTOMY CJIOBY.

(b) CymiecTByIOT Ji11 JIBA HEIKBUBAJIEHTHBIX UKJIMYECKHUX CJIOBA, 06a COCTOSIIIIE U3 HEeUeT-
HOTO 4YucJia OYKB @ ¥ 9eTHOrO 4yucja Oyks b7

(c) (3arazgka) IlocTpoiiTe «ecTecTBEHHOE» B3AMMHO OJHO3HAYHOE COOTBETCTBHE [y, —
F2,2,c'

(d) (zaragxa) Onnmmmre Fs o . nim, 910 TO XKe camoe, Foo .

Bagaua 6.6. * Kiacc sKBUBaJEHTHOCTH IMKJIMYECKOTO CI0Ba IlyaHKape 1o MOI/IO 2
HE MEHSICTCS IPH

(a) usmenenun ayveit PP u QQ);

(b) 3amene 3aMKHYTOI JIOMaHOl [ HA TOMOTOIHYO.

7 Kiaaccudukamnus Ha MJIOCKOCTH 0e3 ABYX TO4YeK

[IpuBeieHHBIE BBIIIE TOMOTOIIMYECKIE MHBAPUAHTHI HE SIBJISTFOTCS MOJTHBIME (cM. 3ajaqn 1.4, 1.5,
6.1, 6.4). Terepb MBI FOTOBBI BBECTH TIOJIHbIII MHBAPUAHT.

B sTom maparpade paccMaTpuBaloTcst 3aMKHYTBIE JIOMAHbBIE I UX TOMOTOIUS Ha NAOCKO-
cmu 6e3 deyxr mouex P u Q).

[Iycts A, B,C, D — ToYKHU Ha IJIOCKOCTH, HUKAKWE TPU U3 KOTOPBIX HE JIeXKAT Ha OJTHO
npsiMOii. 3HAKOM TOYKHU IepPecevdeHns OPUEHTUPOBAHHBIX OTPE3KOB zﬁ u C@ Ha, TLJIOCKOCTH
HazoBeM +1, ecsim 06x0;1 ABC TPOUCXOIUT 110 9acOBOil cTpesike, 1 —1 B IPOTUBHOM CJIydae
(cm. pucynok 7.1).

+1 —1
A D

Puc. 7.1: 3HaKk TOUYKH r1epecevdeHmst

Bamaga 7.1 (cp. ¢ 3amadeit 4.3). * BosbMeM 3aMKHYTYIO JIOMAHYIO 1 Ha IIJIOCKOCTH 0€3
roukn O u jyd OR obimero mosioxkenus: oTHocuTebHo m. Torma w(m, Q) paBHO cymMe 110
3BEHBbSIM I JIOMAHOI m 3HAKOB TOYEK IepecedeHust 3BeHa & u jay4da OR.

Hint. /lokazaTebCcTBO aHAJOIUYIHO 3aja4ue 4.3.

Bamada 7.2. (a) (3arajaka) Amasoruuno §5 ompejennre yukauveckoe caoso Ilyankape
u3 6ykB a,b,a” !, b7t
(Iomckaszka: ucmosb3yiTe OpeieIeHne 3HAKA. )
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(b) (cp. ¢ 3amaueii 5.1.a) Jlio6oe nuKMIecKoe ¢10Bo u3 OyKB a,b, a ', b~ aBagerca muk-

JmdecknM cjaoBoM Ilyankape HeKOTOpO# 3aMKHYTO# JTIOMAHOM.
(Ioxckaska: ncnosb3yiite puc. 7.2.)

P1 Qa

Puc. 7.2: «Bocbmepkay u jiydu oOIEro moJiozKeHust

PacemorpunM MHO)KeCTBO BeeX (KOHEUHBIX) MUKJINIECKUX CJIOB (BKJIFOYasl IIYCTOE CJIOBO)
u3 6ykB a,a ', b,b7t. [Iaa TaKoro cjIoBa sAeMenmaproe cokpauerue — 3aMeHa, JI000ro us3
noscsos aa” ', a"ta,bb=t, b~ 1b mycTeiM 1OCIOBOM. Takoe CJI0BO HA3LIBACTCA IKOHOMMHbIM,
ecIM y Hero HeT HU OJIHOTO U3 IIOJCIOB aa ', a ta,bb=t b~ 1b.

Bagada 7.3. [ukindeckoe c10Bo U3 6yKB a,b, a1, b~! mocpe1cTBOM 3/1eMEeHTAPHBIX CO-
KpallleHuil JaeT eJMHCTBEHHOE SKOHOMHOE CJIOBO.

Oxonomman gopma (wmm HopmaibHas GopMa) IUKITIECKOro ¢loBa w U3 OyKe a, b, a~!, b1
— 9T0 YKOHOMHOE CJIOBO, MOJIyUYEeHHOE U3 W 3JIEMEHTapHBIMU cokparnenusiMu. O603HaINM e~
pe3 Ej . MHOXKECTBO BCEX IUKJIMYECKHX SKOHOMHBIX cj10B. Obosmauum uepes e(l) € Es.
9KOHOMHYIO opMmy muKjmdeckoro ciosa llyankape jomanoii [. Aupuopu e(l) 3aBucur or
nyaeit PP u QQ)'.

Bama4da 7.4 (cp. ¢ 3amaqeii 6.3). Cioo e(l) He n3aMensercs upn

(a) usmenennn aydeit PP u QQ);

(b) 3amene 3aMKHYTOI JJOMaHOl | HA TOMOTOIHYO.

Bama4da 7.5 (cp. ¢ 3amaqeit 6.4). Eciu e(l) = e(m) 1yis 3aMKHYTBIX JIOMaHBIX [ 1 m, TO
[ 1 m roMOTOIHBI.

Vrasanue: JlokazareabcTBO aHajorndno 3aaa4de 6.4. Cum. puc. 7.3.

Puc. 7.3: Jonoyinure/ibHOE TIOCTPOEHNE U «IBOMCTBEHHAI» BOCHMEPKA Ha, IJIOCKOCTU 0€3 JIBYX
touek P, ()
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YrBepxkaenune 7.6. Caecdyrouee omobpasicenue ABAALMCA 63GUMHO OOHOZHAYHBLM COOM-
BEMCMBUEM MENHCAY MHOHCECTNEOM 20MOTMONUMECKUT KAACCOE 3AMKHYMBIT SOMAHBIL HA NAOC-
Kocmu be3 deyr mouex u muoscecmeom Ey .. Omobpasicerue nepecodum 3amxnymyro Ao-
MAHYIO 8 IKOHOMMHYIO POopMY ee yukAuveckozo crosa Ilyarxape.

(Ymeeporcdenue 7.6 dokasano 6 zadave 7.2.b, 7.4 u 7.5.)

N3 sroro yrBepxkienus BbiTekaeT Teopema 1.6 g n = 2.

Bamauga 7.7. * (3arazka) Onpejesure roMOTONHOCT OPUEHTUPOBAHHBIX IIUKJIOB B I'Da-
de «BocbMepKes. [TocTpoiiTe B3anMHO OHO3HATHOE COOTBETCTBHE MEK/Ly TOMOTOIMIECKIMU
KJIACCAMM 3aMKHYTBIX JIOMAHBIX Ha IJIOCKOCTH 06€3 JIBYX TOYEK U TOMOTOIMYECKIMU KJIacCar-
MH OPUEHTHUPOBAHHBIX IUKJIOB B I'pade «BOCHMEPKE».

W3 sroro yTBep:k/ieHns BbITEKAET aHAJOr yTBepxkJeHus 7.6 s rpada «BOCHMEPKH»
BMECTO ILJIOCKOCTH 0€3 JIBYX TOUEK.

Puc. 7.4: I'pad «Oyker Tpex OKpyKHOCTEii»

Bama4a 7.8. (a) To xke, uro u B yrBepKAeHuN 7.6, ¢ 3aMeHOiT JIOCKOCTH 6€3 JIBYX TOYEK
HAa, IIOCKOCTH 0€3 1 TOYeK.

(b)* To ke, uto u B 3aja4e 7.7, ¢ 3aMeHOII IIOCKOCTH 63 JIByX TOYEK Ha IJIOCKOCTH 6e3
n Touek, a rpada «BocbMepKay — Ha rpad «GyKer n OKpyKHOCTei» (CM. pucyHok 7.4).

(c) Bepen sin anasor yreepxiaenus 7.4.a qjs n = 37

8  VMHOXKeEeHHue JIOMAaHbIX

OTMedeHHOIT 3aMKHYTOI OpUEeHTUPOBAHHOI JIomaHoii A; . .. A,, Ha3blBaeTcs 10CIe0Ba-
TeJIbHOCTD (yropsodeHnblii Habop) (Ay, . .., A,,) Todek mwiockocTH (He 06s3aTeIbHO PA3II-
HbIX). [lasiee, cJloBO «OpHeHTUPOBAHHBII» TIporyckaercsi. Touka A Ha3bIBAETCS 0OMMEUEeHHOT
mouKot.

O6o3HauNM Yepe3 |1 oTMedenHyI0 3aMKHYTYIO JoManyio AjA,, ... Ay g oTMedeHHoit
3aMKHYTOI JoMaHoi [ := A1 Ay ... A,,.

B sTom naparpade [y, ls — ormMedeHHbIE 3aMKHYTBIE JIOMaHbIe ¢ O0Ieil OTMEeIeHHO TOY-
Koit X.

IIpousBenenuneM (KoHKaTEHAIMEH, COCIMHEHNEM) OTMEUYEHHBIX 3aMKHYTBIX JIOMAHBIX
L=XM,...M,, unly, =XN;...N, c obieil 0oTMEYEHHOI TOYKON HA3BIBAETCA OTMEUYCHHAA
3aMKHyTas JoMaHas l1ly := XMy ... M, XNy ... N, (cm. puc. 8.1).

Bameuanme. Ha miockoctu 6e3 jaByx Touek P, () (puc. 7.2) BO3bMeM OTMEYEHHBIE 3a-
MKHYTBIe JioMaHble a := OP; Py u b := OQ)1()2, orpaHuvueHHble KOTOPBIMUA YACTHU ILJIOCKOCTU
nepecekaor {P,Q} mo P u 1o (), COOTBETCTBEHHO. B 9TOM 3aMeYaHUM MbI COKDAIAEM «3a-
MKHyTas JJOMaHasd, MOJIyIeHHasd U3 OTMEUEHHOI 3aMKHYTON JJIOMaHO# = 3a0bIBAHUEM OTMe-
YEHHON TOYKU» JI0 «3aMKHYyTas JJOMaHas T».

[TpumepoMm K 3ajade 1.4.a gBiasgercs 3aMKHyTas JoMaHas, [a,b] := aba~1b~'. Ha sTom
A3bIKe IpuMepoM K 3amade 1.4.b Gyner [a,blc[a,b] " 'c™! (cnemaiite 910 cTpOrUM camocTos-
TEJIBHO).
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Puc. 8.1: IlpousBejsenne OTMEUEHHBIX 3aMKHYTBIX JIOMaHbIX [ = OM;... M, u I =

ON;...N,

Bor Bepcus napagokca Ilyankape. amxnymoie aomanvie aba™t u b 2omomonnwi, 1o sa-
mErymole aomanvie aba b~ u bb! ne comomonmw, (nomanas bb= 2omomonna odnomouen-
Hot 3aMKENHYMOT AOMAHOT,).

Bagaua 8.1. (a) (ammuruBHOCTH) Hucao 060poToB npousseenust lils BOKpyr Touku O
BHE [1, [y paBHO cymMMe 1nces 000pOTOB JIOMaHbIX [ 1 [y BOKpyr O.

(b) * Ilycts AgA; Ay — mpaBwibHBI TpeyroiabHuK, a Touka O —ero menrp. lus j =
0,1,2 Bo3bMeM JIOMaHyIO §;, He mHepecekaromyto ayd OA; n coenunaronyio A, ¢ Ajio,
rje Hymeparus 6epercst mo mouyiio 3. Torma w(sgsise, O) = +1. (Ilpoussenenue s¢s;S2
ONPEJIEIISAETCS AHAJIOTUIHO IPOU3BEICHUI0 OTMEIEHHBIX 3aMKHYTBIX JIOMAHBIX. )

3agada 8.2. YMHOXKeEHNE OTMEYEHHBIX 3aMKHYTHIX JIOMAHBIX C OOIIENl OTMEeUeHHON TOY-
Koit X

(a) acconuaTUBHO, HO HE UMEET eJMHUIHOTO JIEMEHTA;

(b) (3arajka) He MOPOXKJIAET KOPPEKTHO ONPEIETEHHOIO YMHOKEHUS Ha KJIACCAX TOMO-
TOIIHOCTH.

OTMeueHHbIE 3aMKHYThIE JIOMaHbIE ¢ O0IIel OTMEUEeHHON TOYKOM HA3LIBAIOTCS OMMEYEHHO
20MOMONHBLMU, €CJIT OHU «TOMOTOITHBI ¢ COXPAHEHHEM OTMEYEHHOW TOUKM» (ciesaiire 310
CTPOIMM CAMOCTOSITEIIHHO).

Bagaua 8.3. (a) Eciiu ormedenHbIe JIOMaHBIE TOMOTOIHBI B IJIOCKOCTH Oe3 Touku (O, TO
OHM TaKKe OTMEYeHHO TOMOTOITHBI B IIJI0CKOCTH 6e3 Touku (.

(b) CyrmecTByroT OTMEUEHHBIE JIOMaHBIE, TOMOTOIHBIE B IJIOCKOCTH 6€3 JIBYX TOUYEK, He
SIBJIATONINECT OTMEYEHHO TOMOTOITHBIMY B IIJIOCKOCTH 0€3 JIBYX TOYEK.

Bamada 8.4. (a) YMHOXKeHHE KJIACCOB OTMEUEHHO TOMOTOITHOCTH OTMEYEHHBIX 3aMKHY-
TBIX JIOMaHBbIX KOPPEKTHO OIIPeJesIeHO, aCCOIMATUBHO U UMeeT eJMHUIHbBIN 3JIeMeHT.
(b) st 9TOr0 yMHOXKEHHS KazK/IbIil KJIace MMeeT 0OpaTHBII.

Takum 0Opa3oM, ecTecTBeHHaAsI IPYIIIOBas CTPYKTYpa CyIIEeCTBYeT He Ha NWHTEPECyIOIeM
HAC MHOXKeCTBe (MHOYKECTBO 3aMKHYTBIX JIOMAHBIX C TOYHOCTBIO JIO TOMOTOITHOCTH), a Ha
MHOKECTBE, KOTOPOE B JIAHHBI MOMEHT KasKeTCsl MEeHee eCTECTBEHHBIM (MHOMKECTBO OTMe-
YEHHBIX 3aMKHYTBIX JIOMAHBIX C TOYHOCTBIO JI0 OTMEYEHHON TOMOTOITHOCTH).

JleiicTBUTE/ILHO, YTOOBI OIPE/IEINTH ITPOU3BE/ICHUE, HYZKHBI 0MMeYeHHble 3aMKHYThIE JIO-
MaHbIe; YTOOBI MOIYIUTh KOPPEKTHO OIPEIEIeHHOe YMHOXKEHNE HA TOMOTOIMIECKUX KJIac-
cax, Hy’KH& OMMeweHHas TOMOTOIHOCTD (3aa4n 8.2.b u 8.4).

Hamnee, orMedeHHbIe 3aMKHYTHIE JIOMAHBIE H MX OTMEYEHHAsT TOMOTOIINS PACCMATPUBAIOT-
cd ma naockocmu 6e3 deyx movex P u Q).

Caoso Ilyankape 0OTMEUEHHON 3aMKHYTOM JIOMAHOM X OIPEIEISIETCsS AHAJIOIMTIHO TTUKJTH-
qeckoMy cjioBy llyankape, TOJIBKO JIBUXKEHUE BJIOJIb & HAYUHAETCS U 3aKAHIUBAETCS B OT-
MeUeHHOI ToUKe. PaccMOTpUM MHOXKECTBO BCeX (KOHEUHBIX) CJIOB (BKJIIOUAs IyCTOE CJIOBO)
u3 6ykB a,b,a” !, b~!. Jljg TaKoTO CI0BA IAEMEHMAPHOE COKPAUEHUe — STO 3aMeHa JTI060ro
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u3 nozcsos aa”t,a ta, bb~!, b~1b mycThIM TOACTOBOM. JIBa TAKWX CJIOBA HA3LIBAIOTCH IKGU-

BANENTMHVLMU, €CITH UX MOYKHO COEJUHATH HOCIIEIOBATEILHOCTBIO CJIOB, B KOTOPOIl OZHO U3
JOOBIX JIBYX IOC/IE0BATEIBHBIX CJIOB MOXKET OBITH HOJIYYIEHO U3 JAPYIOro ¢ HOMOIIBIO dJIe-
MeHTapHOro cokparenus. Obo3nadnMm depe3 Fh MHOKECTBO BCEX KJIACCOB SKBUBAJIEHTHOCTH
(crammaprroe obosnatenue: (a,b)).

Bagaua 8.5. * (a) Bepno s, uro kiacc sksuBasenTHoct B Fy cioBa [lyankape orme-
YeHHOI 3aMKHYTOI JIOMaHOI He MeHsieTcs pu u3Menenuu Jjydeit PP u QQ'?

(b) To ke, mpu 3aMeHe OTMEYEHHON 3aMKHYTOI JIOMAHO# | HA OTMEYEHHO TOMOTOIHYO 1
dukcupoBanubix aydax PP u QQ)'.

(c) YMHOXKeHUE CJIOB TIOPOXK/IaeT onepanuto Ha Fy u npespamaer Fy B rpyiy.

(sTa rpymma HasbBaeTCs c600600HOT 2pynnotl ¢ 06YMA 00PA3YOUUMU).

(d) (cp. ¢ 3amaqeit 7.5) Ecim ciosa Ilyankape 1ByX OTMEYEHHBIX 3aMKHYTBIX JIOMAHBIX
l1, [y sKBUBaJIEHTHBI, TO [ U [y OTMEYEHHO TOMOTOITHBI.

VYrBepxkaenue 8.6 (cp. ¢ yreepxaenuem 7.6). Caedyrouwee omobpasicerue ABAACMCA U30-
MOPPHUBMOM MeHCDY 2PYNNoti KAGCCO8 OMMEYEHHOT 20MOMONHOCTNY OMMEYEHHBLT 3GMKHY-
MOIT NOMAHBLT HG NAOCKocY 6e3 dsyr mouex u epynnoti Fy. Omobpascenue nepesodum
OMMEUEHHYIO 3AMKHYMYIO AoMany1o 6 ee croso Llyanxape.

(Omo dokaszano 6 3adaue 8.5.)

Teopema 8.7 (3arajka). (a) Jlas mobozo epaga G ¢ ommeuennot moukotl cywecmeyem
AN20PUMM, PACTLOSHAIOWUT OMMEYEHHYIO 20MOMONHOCTG OMMEYEHHVLT OPUCHMUPOBAHH LT
yuka086 6 (3.

(b) asa aobozo epada G cywecmeyem anzopumm, pacnodnaousul 20 MOMONHOCMb OPU-
EHMUPOBAHHBIT UUKA06 6 G.

(¢) Jnas mobox deyx 2pagos cywecmsyem ai20pumm, pacnodHaouwut 20MOMonHoCmb
CHMILIUIUATIBHBIX 0TOOpazkeHuit meocdy numu. (Cm. onpedeaenue 6 [Sk, §9 «omomonume-
ckaa Kaaccugurayua omobpascenuis [, [Sk20e].)

Amnajiorn 5Toit TeopeMbl J1jis 2-TuneprpadgoB HeBepHbI! DTO ciielyer u3 aaropuTMUIECKOl
HEPa3PENIMMOCTH TPOOIEMbI TPUBUATBLHOCTHA B HEKOTOPOI T'PYIITE, OIPEIe/IIeMOil KOHEYHBIM
qrcsiom obpasyiontux u coorromrennii. Cm. [Sk20, Teopemy 14.3.1] u ee 0606mienne B [Sk20e.

9 PenieHus HEKOTOPbBIX 3aJia4

Jlokasameavcmso ymeeporcdenus 1.1.a (A. Muses). Bor HyKHas TOMOTOIHS:
AlAQ . An—lAn — AlAQ . An—l — ... AlAg — Al.
[

Jlokasamenvcmeo ymeeporcdenus 1.2 (A. Muses). Ha pucynke 1.2 nzobparkeHbl JiBe JIOMa-
HbIE C Pa3HBIM YUCIOM 060poToB (y JieBoii +1, y npaBoii 0 1o yTBepK/IeHuo B Hadase §3).
[To yrBepxkaenuio 4.1.a 9Tn JBe JOMaHbIe HE TOMOTOITHBI. ]

IIpumepwv, x 3adave 1.4. Cm. pucynkn 9.1, 1.5, 1.4.

Habpocok doxazamesvcmea ymeepocdenus 1.4.a (noaywen pedaxmuposaruem mexcma A. Musesa).
Bosbmewm jiomanyto Ha pucyHke 1.4 (cm. takxe pucynku 9.1 (ciaesa) u 1.5).

JIerko mpoBepuTh, 9TO Ha IJIOCKOCTH O€3 OJHOI U3 JaHHBIX TOUEK, IIOCTPOEHHAs JJOMAaHAas
TOMOTOITHA, OJTHOTOYEYHON.

Huxmaeckoe ciaoBo Ilyankape 1mo mMoaysro 2 mOCTPOEHHOM JioMaHOi paBHO abab. DTo
CJIOBO 3alleTJIEHO, 3HAYNT, TI0 YTBEPKAEHUIO 5.3, JoMaHasd He TOMOTOITHA OJHOTOYeTIHOM. [
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Puc. 9.1: Bepeska ma aByx (ciieBa) un Tpex (CIpaBa) IBO3JIX

Vrasanus x 3adave 4.1. (a) JIocTaTOuHO IOKA3aTh, 9TO €CAU AOMAHAA |1 NOAYUEHA U3 A0~
manot ly snemenmaproim coxpaweruem, mo w(ly, O) = w(ly, O).

Hoxazkem sro. O6oznaunm uepes A, B, C' nociegoBaTe/IbHbIe TOYKH JIOMAHOM ly, TaKue
YTO «COKpallleHue» BepIuHbl B jlaeT jjomanato ;. Torma

21(w(ly, 0) — w(ly, 0)) = LAOB + /BOC — Z/AOC =0,

IJIe BTOPOE PABEHCTBO CIIPABE/IMBO [0 BTOPOMY CBOWCTBY OPHEHTUPOBAHHBIX YIJIOB B §3 (CM.
pHCYHOK 9.2).

Puc. 9.2: Dnementapaoe cokpalieHue Bepiuinubl B

(b) Hactb «T0s1bKO TOTIa» BhiTeKaeT u3 (a). st jjoka3aTeibcTBa YacTh «TOrJIa» J0CTa-
TOYHO JIOKA3ATh, 9TO €CAU AOMAHGA UMeem boaee 00HOT BEPULUHDL U UMEET HYAL 000POMOS,
Mo K HET MONCHO NPUMEHUMD IAEMEHMAPHOE COKPAULEHUE.

Z[OK&)KQI\/I 9TO. ECJH/I B JIOMaHOI HEKOTODPLIC JAB€ II0CJIC0BaTC/IbHbIEC BEPIITWHBLI COBIIaJal0T,
TO MOYKHO OJ[HY M3 HUX JIEMEHTApHO COKPATUTh. [IycTh Temeps Jiobble JaBe TOoC/Ie0BATe b
HbIe BEPINUHBI PA3JIUIHBL. Tak Kak CyMMa yIJIOB paBHA HYJII0, TO HAWIyTCA JBA COCETHUX
yriaa ZAOB u ZBOC pasubix 3aakoB. Torga Toukn A u C' jiexkaT B OJIHO TOJTYILIOCKOCTH
ornocuTebHO mpsaMoit BO. 3uaunt, tpeyroapauk ABC ue cogepxkut Touky O. Ilostomy
MOKHO CJIEJIATH 9JIEMEHTaAPHOE COKPAIICHNE BEPIUHBL B.

/

Puc. 9.3: JlonoyiHuTe/IbHBIE JIYYN U «IBONCTBEHHBIN» TPEYTOJBLHUK Ha IJIOCKOCTH 0€3 TOYKU
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(¢) locTaTogHO I0KA3ATh, YTO 41008 AOMAHAA 20MOMONHA AOMAHOT, COOEPHCAULET MONL-
KO GEPUWUHDL MPEY20ALHUKG L.

HokazkeMm 310. O603HAUNM BepIIUHBI Tpeyroiabauka A depe3 By, Bs, Bs.

Bo-niepBrix, B ab3are mocste (*) MbI JJOKa3bIBaeM, 9TO JI0Oasd 3aMKHYyTas JoMaHas [ 1o-
MOTOIIHA, 3aMKHYTO# JioMaHoii I, KoTopas

(*) codepotcum no xkpatinet mepe o0y eepwuny A, u 0as A06UT MPex Nocaedosamens-
nor sepwun X, B,Y us ! aubo B aeasemcea eepuwunoti A, aubo mouku X, B,Y aescam 6
£B;OB; das nexomopuix i, j.

[Tapa {XY, B}, cocrosimas u3 orpeska XY TpeyroiabHuUKa [ U BepIIuHbI B TPEyrosb-
HUKa A, Ha3biBaeTCs Nn.a0xol napot das l, ecmu B ¢ {X, Y} u B nexur 8 ZXOY. Moxuo
[PEJIIOIOKHUTD, 9TO CBOICTBO (*) He BbINOHAETCS J7Ts1 [, U | COMEPIKUT BEPIIUHY TPEyTOJIh-
nuka A. Torga cymecrsyer ioxast napa { XY, B} mia [. Jobasum B k | mexay X n'Y,
HCIIOJIB3Ys OOPATHYIO OIEPAIMIO K 3JIeMEHTapHOMY COKpalleHuio. KoanJecTBo IJIOXUX Iap
JJTsT TIOJTy I€HHOM 3aMKHYTOM JIOMaHON MeHbIire, yeM jiisd [. C OMOIIbI0 KOHEIHOI'O YUCIIa Ta-
KUX OIeparii MOYKHO MOy IUTh 3aMKHYTYIO JJOMaHY0, TOMOTOITHYIO [ ¥ Y/I0BJIETBOPSIOILY O
yesoBuio ().

[Iycrs I! — 3aMKHYyTas JJoMaHasi, yJaoBIeTBopsitoias yciaopuio (*). Torma obyio BepimHy
JnoManoit I, ormmanyio ot By, By, B3, MOXKHO yIalUTh SJIeMEeHTapHbIM coKparenuem. [loy-
JeHHas 3aMKHyTas JIOMaHas Takxke obsajaer cBoiicrBom (*). CiemoBaTesibHO, € TOMOIIBIO
KOHETHOT'O YHUCJIa TAKUX SJEMEHTAPHBIX COKPAIIEHUH Mbl ITOJIy4aeM 3aMKHYTYIO JIOMaHYIO,
COJIEPZKAIIYIO TOJIBKO BEPIIMHBI TPEYroJbHUKA . ]

Habpocox dpyeozo doxazamenvcmea ymeepocoenus 4.1.c (A. Absanunos). Beibepem Beprim
ny A nomanoii [. O6o3naunm uepes | (He IMUK/IMYECKYIO) TIOCIEI0BATEILHOCTE TOUEK, HAM-
Haromyiocs ¢ A coorBercTByIonyto jgoMmanoit [. Obo3HadInM depes d = B,B5B; (He 1UKIIH-
YECKYI0) TI0C/Ie/I0BATE/IbHOCT BEPIIIH TPEYToIbHUKA A, OPUEHTUPOBAHHYIO TaK, 9TO YUCIIA
w(d,0) n w(l,0) uMeIoT oINHAKOBHI 3HaK. MoxKHO cumTaTh, uTo O He JeKUT Ha IPAMOIL
AB;. Obo3naunm

n = |w(l,O)], = B3ByBy, d = d'..d u 2:=IABd "A.

n

—=n - —n
Amnajornuno onpenenuMm d . Tenepsb Hy:KHasE TOMOTONIUSI OT | K M-KpaTHOMY 00OXOIy d KOH-
Typa OA CTpOUTCS Tak:

I — ZA — ZABl — ZABlBl — ZABlBgB3Bl —

lABlBgBQBQBgBl — lABlBgBQBlBlBQBgBl —
H ——n—n 5 ——n —n —n —n —n —n
BJech Bce 3/ileMeHTapHbIe COKpAIeHusT ‘—’ BO3MOXKHBI (TaK Kak Touka () He JIEXKUT Ha OT-
peske AB; u O ¢ 0A), a romoronus ‘=’ crpourcs tak. [lockombky w(z, O) = 0, momaHast
£ TOMOTOITHA OJTHOTOYEYHOI JIOMaHOi. BoJjiee TOro, CyIecTByeT TOMOTONNSA MEXKLy & U OJl-
HOTOYEYHOH JIoMaHOl A y KaxKJI0#f IMPOME:KyTOYHON JIOMAHON KOTOPOW ecTh BepIimmHa A.

- - “ —n
[Ipunuiem K KazKkJI0il JIoMaHO# B 3TOil romoTonuu mocjeaoBarebHocTh d Bi. loxydaum
rOMOTONNIO ‘=>". OJ

Habpocox doxasameavcmea ymeseporcdenus 5.4 (A. Muses). PaceMoTpuM HEKOTOPYIO TOMO-
TOTIMIO MEXKJTy 3a/JaHHBIMU JIOMAHBIMU 1, ls. Fcm Hr Oj1HA U3 BepIIUH JIOMAHBIX TOMOTOIIHN
He JiexkuT B oobeuaenun U sydeit PP u QQ), To yTBepxKieHue jokasano. Vuade 0603Ha-
qnM depe3 Az € U takyto BepmmHy. B ciieytomem ab3are JoKaxKeM, 9TO CYIIeCTBYeT TOUKA
AL € U, takasi, 910
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(*) a1 smoboro «TpeyrosbHUKa cokparenus» A; Ay Az, Tpeyroasank Ay As Al He conep-
KuT HE P, " ().

Wcnonb3yeM ciepyiomee yrpep:kaenue. Ilycms wexomopoiti mpeyeorvnur ABC e co-
deporcum nexomopyro mouky O. Tozda cywecmeyem € > 0 maxoe, wmo das 410001 MOUKY
B, ydanrennoti om B we boaee, wem na €, mpeyzosvhur AB'C we codeporcum O. Tlpumennm
ero K KaxKJOMYy <«TPeyroJbHUKY COKpalleHus», B kKotopom B = A3, m k O = P u O = Q.
Bosbmem €; > 0, MeHbIiee Bcex mosydeHHBIX € B. Jliobas Touka Aj, ynanennas or As me
6osiee uem Ha €1, umeer cBoiicTBo (*). B €j-okpecrHocTH TOUKM A3 CyliecTByeT TOUKa, He
nexaras B U. Ona u OyjeT uCKOMOii.

B kaxk /10t ;ToMaHOi romoTomnm, cojepzkaiieil Az, 3aMeHnM Kazkyto eprmnay Az ma Aj.
[To cBoiicTBy (*) mostyarmM romoTonuio Mexk ity [1 u ly. Tak MbI yMEHBIIIM KOJMYECTBO BEPIITHH
B JIOMaHBIX TOMOTONNH, jexkamux B U. BygeMm mOBTOPATH 9TO, MMOKa CYIIECTBYET BEPIIIHA
OJIHO¥ 13 JIOMAaHBIX TOMOTOINN, JexKalas B U. B urore mosydnm Hy»KHYIO TOMOTOIIIIO MEXK Ty
ll n 12. ]

Habpocox doxazamesvcmea ymeepocdenus 5.5.b. (Dror HABPOCOK MOTYyUEH DPeIaKTUPOBa-
uuem rekcra A. A6zammiosa.) JlocraTodHo j0Ka3aTh, YTO 3aIENJIEHHOCTH 110 MOJYJIO 2 He
MEeHsIeTCsl IpH djieMeHTapHoM cokparrennn. [1o . (a) moxkuo B3a1h jiyun PP’ u Q@' obiero
ITOJIOZKEHHUsI ¢ JIOMAHOM 10 9JIEMEHTAPHOI'O COKpAIeHHsI, TaK 9TOObI OHU HE IIepPeceKasIn JIPyr
Jpyra, U HU OJINH M3 HUX He IepecekaJl «TPeyroJibHUKa COKpallleHus ». Torma sjieMeHTapHoe
COKpallleHre He MeHsIeT IUK/Indeckoe ¢aoBo Ilyarkape mo Mojystto 2. 3HAYUT OHO HE MEHSIET
1 3aleIJIEHHOCTH 110 MOJLYJTIO 2. ]

Habpocox doxasameavcmea ymseporcdenus 6.2 (E. Boaosuw). Ilyctb, HanipoTus, CyImecTBy-
eT IUKJIUIECKOe CJI0BO A, M3 KOTOPOTO 3/IeMEHTAPHBIMEU COKPAIIEHUSIMI MOXKHO ITOJIYIUTh
JIBa, Pa3HBIX SKOHOMHBIX cjioBa Fy m Fs.

Dpazy «CJIOBO Y TOJIyYEeHO HEKOTOPBIM JIEMEHTAPHBIM COKDPAIleHuEM CJIOBa X » COKpa-
maeM 710 X — Y a dpazy «cioBo Y MOIydeHO HECKOJbKUME JIEMEHTAPHBIMU COKPAICHI-
saMmu cjoBa X » cokparraem o X = Y.

[Toka cymecTByeT c0BO B, U3 KOTOPOrO 3JIEMEHTAPHBIMI COKPAIEHUSIMHI MOYKHO TOJIY-
YUTh JIBA PA3HBIX IKOHOMHBIX CoBa, 1 A = B, Oymem 3amensts A Ha B. DTOT mnporecc
KOHEYEH, TaK KaK ¢ KayKJOW 3aMeHOil JiyinHa cioBa A yMeHbIIaeTcs.

[Tocse sToro mst ¢ = 1,2 obosuauum 4depe3 B; ciopo, takoe uto A — B; u B; = F;.
Torma By # Bs. IlosTomy mapst OyKB B A, cokpallieHrneM KOTOPBIX HoJydaiorcs By u By, He
[IEPECEKAIOTCS. 3HAYUT, €CJIN COKPATUTH 00€ Maphl MOCJIEI0BATETLHO, TO MOJYIUTCA TaKOe
cimoso C', uro By — C u By — C.

Tak kak A = C, 1o u3 C 37eMEHTAPHBIMU COKPAIIEHUSIMI MOXKHO TOJIYIUTH TOJBKO
0J1HO 3KoHomHoe cjioBo I, Tak kak A — By, By = E1 u By = FE, ro E = E;. Anajnoruano
E = F,. IIpotuBopeune. O

Habpocox doxazamesvcmea ymeepocdenus 6.4 (noaywen pedaxmuposaruem mekema A. Ab63arunosa).
Ormeay na miockoctn Touku O, Py, Py Tak, arobsr O OblLita cepeinHoil oTpe3ka P(), HUKaKne
13 OTMEYEHHBIX TOYEK He JIesKaJId Ha OJHOM MpsIMOii, 1 TouKa P jiexkajia BHYTPU TPEyTroOJib-
nuka OP; P;. KonTpnpumepom sBjisercsa 3aMKHyTas JoManas [ := (OP; Py)%.

Moyib KostmtaecTBa ee 000POTOB BOKPYT TouKM P pasen 2. 3HauuT, JioMaHas | HE TOMO-
TOIHA OJJHOTOYEYHOM.

Hamnpasmo jiya Q@) tak, 9To0bI OH He Iepecekall KOHTypa Tpeyroibauka O P, P,. Torna
UKJImIeckoe ¢jioBo Ilyankape 1o Moyt 2 pasho aa. [Tostomy ciioBo ey(l) mycro. m

Habpocox doxasamervcmea ymeeporcdenus 7.8.a (A. Abzarunos). OBO3HATIM BBIKOJIOTHIE TOU-
ku depe3 Py, P, ..., P,. Boibepem Touky X, He JieKallyo Ha OJIHON MPsAMON HU ¢ KAKHUMU
JIByMSI U3 HEX.
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BysieM JBUTAThCS 1O JTOMAHON M BBITICHIBATEL OYKBY p; (OyKBY p; ') TIPH KasKJIOM Tepe-
CEeUYEHMH 3BeHa JIOMAHOM ¢ Jiydom P; P/, eciu 3HaK TOYKM WX Tepecedenust paser +1 (—1).
(Eciim BepuinHa JIeXKUT Ha Jiyde, TO BBIIHUCHIBAHUE ONPEJEISIeTCsl HEMHOTO 6oJiee CII0ZKHO. )
[Tosryvennoe opueHTHPOBAHHOE IUKJIMIECKOE CJIOBO HA3BIBACTCI UUKAUYECKUM CA080M [1y-
anKape.

IKOHOMMDBLE YUKAUYECKUE CAOBG T IKOHOMNAA POPMA TTUKITICCKOTO CJIOBA U3 OYKB P1, - . . , Dn,
prt, ..., p; ! olpeenIoTea aHAIOTMYHO CIyHalo n = 2.

YrBepxkaenue. Caedyrouee omobpascenue ABAACMCA G3aAUMHO 00HOZHAUHHLM COOM-
BEMCMBUEM MENHCAY MHOHCECTVBOM 20MOMONUMECKUL KAACCOE 3AMKEHYMOIL SOMAHDIT HA NAOC-
Kocmu 6e3 1 Movex U MHOHCECMEOM ), . IKOHOMHBIT YUKAUNECKUT CA06 U3 OYKE D1, . . ., Pp,
pit, ... o7t Omobpasicenue nepesodum samxmymyro aomanyro | 6 sxornommyro gopmy e(l)
ee yukauveckozo caosa Ilyanxape.

Awnayornano yreepxkiuenuio 7.4.b, e(l) me MeHsiercst Tpu 3aMeHe JIOMAHOI [ Ha TOMO-
torayto. [losTomy orobparkeHne u3 yTBEPKICHUS KOPPEKMMHO onpedeseHo Ha MHOXKECTBE
FOMOTOIUYIECKUX KJIACCOB.

AnajiornvaHo yTBep:KIeHn0 7.2.b 9T0 0TOOparKeHne CropsexmusHo.

OcraeTcs j0Ka3aTh €ro uHseKMUSHOCMY. [ KayK10ro 9KOHOMHOTO IMTUKJIHIECKOTO CJI0-
Ba o U3 GYKB D1, .., Pny PLs- -, D, " mocTpouM jloManyio k(a) u joKazkeM, 4To | TOMOTOII-
Ha k(e(l)). Ormernm Ha 1wiockoctu touku S; u 17 tak, urodsr S1,T) u X He jexkaau Ha
OJTHO#I TIpsIMOit, BHYyTpu TpeyrojbauKa 5177 X u3 BBIKOJIOTHIX JiezKaJja TOJbKO TOYka Py, u
w(X STy, P1) = +1. Anamornaso onpegenum touku S; u T; miag Kaxmgoro ¢ = 1,...,n.
Ectb Tos1bKO OfiHa JlomaHasi k(«), COOTBETCTBYIOIIAsT (v, 3BEHbsI KOTOPOIl — CTOPOHBI Tpe-
yroibHukoB S;T; X " HUKaKWe JBa COCETHUX pedpa He HAIPABJICHBI B IPOTUBOIOJIOKHBIE
CTOPOHBI.

[Toctponm romoromnuto, nepesogsiyio [ B k(e(l)). Obosnaunm coceneit BepmmHbl B j10-
MaHo# [ yepes B_ un B,.

[IycTp HEKOTOpaAs BepumHa B TeKyIIeit JOMaHoi JeXKUT Ha oxHoM u3 aydeir PP/, Otme-
TUM Ha orpeske BB, Touky B’ tak, urobbl Tpeyroibuuk BB'B_ He cojeprKa BHIKOJIOTHIX
rouek. 3amenum B_ BB’ na B_ B’ snementapubiM cokpartienueM. [Tocie Takux onepanuit Hu
00na sepwuna mexywet somanot He bydem sexcamv nu na 00Hom u3 ayvet PP

Yoaunernuem HA30BEM OIEpAINio, OOPATHYIO JIEMEHTAPHOMY COKPAIEHUTO.

[Iycts HekoTOpOE 3BeHO B_ B TeKyImeil JJoManoit mepecekaeT HecKoIbKo ayteir PP/, ITo-
6aBUM YITMHEHUEM TOYKHU Ha OTpe3ke B_ B, 9ToObl HUKAKWE U3 MOJIYIUBIIIXCH 3BEHHEB HE
nepecekasn 6ostee oxmoro Jyda P;P/. Ilocie takux oneparmit xasicdoe 36eno mexyuwseti a0~
manot nepecexaem e boaee odnozo ayua PP

ITycts mekoTopoe 3Beno B_B rekyteit somamnoii mepecekaer ogun ay4d PP/, Bes orpa-
audenns oomuoct w(X B_B, P;) = +1. Cnenaem ynaunenns B_B — B_S;B — B_S,T;B.
[Tocste Takux omeparuii kastcdoe 36eH0 MeKywets AOMAHOT AUOO HE NEPeceraem nu 001020
us ayuets PP}, aubo cosnadaem ¢ ompeskom S;Tj.

I[Iycrs mekoropoe 3Beno B_ B Tekyieil JoMaHoil He mepecekaeT HU OfuH u3 Jjyueir PP
Crnenaem yannaenne B_B — B_X B. Ilocie Takux omeparmii kaostcdoe 36eno mexywet ao0-
Manot 6ydem udmu no cmoponam 001020 u3 mpeyzorvruros S;T; X .

Yoepem cocesinne pébpa, HallpaBJIeHHbIE B pa3Hblie croponbl: B_BB_B,, — B_B_B,, —
B_B, ., tne By, — BepmmHa, cieiyiomas 3a B, = B_. [lonyunrca omanas k(e(l)).

Buaunt [, u k(e(l)) roMOTOIHBI. O

Habpocox doxazamesvcmea ymeepocdenus 8.1.b (A. Absanrunos). Jnus i = 0,1,2 obosna-
YUM Yepe3 m; 3aMKHYTYIO JIOMaHYIO0 ¢ TEMU K€ BEPIIUHAMU, KaK B S; B TAKOM YK€ ITOPsJIKE.
PacemorpuM 1mpousseieHue mgmyme, TAE I IPOU3BEICHU My B Ka4eCTBe OTMEYEHHO
TouKn BiOpaHa Ag, a 1y (memy)msy BbiOpana Aj. O603HAYNM [Yepe3 S MPOU3BEIEHUE JIO-
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MaHBIX SgS189 U Ay A1 Ag, Ile B KauecTBe OTMEUEHHOI TOYKK BhiOpaHa As. B sToM perennn
MbI TIporryckaeM () B 0003HAYEHHUH I 9ucjia 00opoTos. Torma

2
1 2 3 4
w(s05152) + w(Az A1 Ag) S w(s) @ w(momyms) ® E w(my;) Do,

j=0

=

Pagencrsa (1) u (3) Bepus! 1o 1. (a) (a/IUTHBHOCTD ).

PaBencTBo (2) BEpHO, MOCKOJIBKY Y JIOMAHON § T€ YK€ OPUEHTUPOBAHHBIE 3BEHbs, YTO U Y
JOMaHOU 1mgm1ms.

Pasencrso (4) BepHo, 6o ya OA; He mepecekaercss HU C OJHUM U3 3BEHbEB JIOMAHOIL
m;, OTKyia 1o yTBepxaenuo 7.1 w(m;, O) = 0.

[Tosromy w(sps182,0) = —w(AzA1 A, O) = £1. O

Hpyroe nokazaresbcrBo yrBepkienus 8.1.b npusegeno B [ABM+, konerr §1].
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Homotopy classification of closed polygonal lines
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1 Introduction

In this text we expose (as a sequence of problems) basic cases of some fundamental ideas
and methods of mathematics. (Namely, of homotopy, degree, fundamental group, covering,
Whitehead invariant, etc.) This is done by considering the elementary example: closed
polygonal lines in a subset of the plane. Although these ideas and methods are parts of
topology, they are used in many other areas including computer science [DDM+]. The are
both simple (1.1), and complicated (1.7) problems.

An oriented cyclic sequence is an ordered set up to a cyclic shift. A closed oriented
polygonal line is an oriented cyclic sequence of points in the plane (the points need not be
distinct). Below, the word ‘oriented’ is omitted.

Let N be a subset of the plane. Informally speaking, two closed polygonal lines in N are
said to be homotopic, if one can be transformed to the other by a ‘continuous deformation’ in

*E. Alkin, A. Skopenkov: Moscow Institute of Physics and Technology. O. Nikitenko: Altay Technical
University (Barnaul). Yu. Khromin: Physical and Mathematical School Ne146 (Perm). A. Skopenkov:
Independent University of Moscow, https://users.mccme.ru/skopenko. We are grateful A. Miroshnikov
for useful discussions and preparation of some figures.

!Thus, a polygonal line (defined here) is not a subset of the plane. Still, we sometimes work with a closed
polygonal line A; ... A,, as with the union of segments A;A;,1, e.g. we write ‘a polygonal line, not passing
through a point’.



Figure 1.1: An elementary cancellation

N. Let us give a rigorous definition. An elementary cancellation in N of a closed polygonal
line in N is the removal of a vertex B such that for vertices A, C' (that need not be distinct)
adjacent to B the convex hull of vertices A, B,C is contained in N (see Figure 1.1). A
(piecewise linear) homotopy in N is a finite sequence of closed polygonal lines in which
for any two consecutive polygonal lines one is obtained from the other by an elementary
cancellation in N. Two closed polygonal lines are said to be (piecewise linearly) homotopic
in N, if there exists a homotopy in N, whose first and last polygonal lines coincide with the
given ones.

Below, when we write about a closed polygonal line in some subset of the plane, we
consider the property of being homotopic (and elementary cancellations) in this very subset.

Problem 1.1. (b) Any two one-point closed polygonal lines in the plane minus a point
are homotopic.

Proof. Assume that points A and B are given. Take a point C' that does not lie on any
of the lines connecting A and B with the deleted point. Then A, AC,C,CB, B is a sequence
of elementary homotopic closed polygonal lines.

The problem of classifying closed polygonal lines in the plane up to homotopy is trivial.

Problem 1.1. (a) Any two closed polygonal lines in the plane are homotopic.

Figure 1.2: Two closed polygonal lines in the plane minus a point O
Problem 1.2. There are non-homotopic closed polygonal lines in the plane minus a point

See, e.g.,Figure 1.2. Try to invent invariants that distinguish the closed polygonal lines
of Problems 1.2-1.5, 1.7 (in particular, in Figures 1.2-1.6). The definition of the invariants,
and their properties form the theory presented in §§3-7. This theory is also required for
Theorem 1.6.

Problem 1.3. The four closed polygonal lines in Figure 1.3 are pairwise not homotopic
in the plane minus two points.

Problem 1.4 (the Poincaré paradox). (a) How can you hang a closed rope (with a
heavy medal) around the two nails (driven into a flat wall) so that the rope does not fall,
but removing either nail causes the rope to fall?

More rigorously, give an example of two points P,Q and a closed polygonal line in R? —
P — @, that is homotopic to a one-point closed polygonal line in R? — P, and in R? — @, but
not in R2 — P — Q.

(b) The same problem for three nails.



Figure 1.3: The four closed polygonal lines in the plane minus two points P, )

&

Figure 1.4: To Problem 1.4.a: a closed polygonal line in the plane minus two points P, ()

These examples (and the example in 1.7.a) can be given without proof of their properties.
For visualization, see [Zi10], [DDM+].

Problem 1.5. * The closed polygonal lines in Figure 1.6 are not homotopic in the plane
minus three points.

By studying this text, the reader will learn useful and important ideas and methods. They
are useful and important, because they give the following bright result, whose statement is
accessible to a non-specialist (and many other results, see textbooks on topology, e.g. [Sk20]).

Theorem 1.6. For any n, there is an algorithm recognizing homotopy of closed polygonal
lines in the plane minus n points.

This is an endpoint of the main results on homotopy classification in the plane minus n
points (starting from n = 1,2, see Propositions 4.2, 7.6, and Assertion 7.8.a).

Figure 1.5: Removing either nail causes the rope to fall



V \C/
Figure 1.6: Two closed polygonal line in the plane minus three points

By solving the problems, you will see how homotopy classification is related to combina-
torics of words. A group structure will naturally appear, although on a slightly different set
of based closed polygonal lines up to based homotopy. This illuminates the relation of the ex-
posed classification to combinatorial group theory. Due to this relation, topological methods
can be used in group theory. This is the starting point of geometric group theory [GG].

OO &

Figure 1.7: Unlinked and linked rings

Problem 1.7 (Riddle). * In 3-space there are two

(a) unlinked; (b) linked

rings as in Figure 1.7. Can you wind and close a rope so that the closed rope cannot be
pulled far away from the two rings, but can be pulled far away from one ring after cutting
the other ring?

2 On the style of this text

In this text we expose a theory as a sequence of problems, see e.g. [HC19], [Sk21m, Intro-
duction, Learning by doing problems| and the references therein. Most problems are useful
theoretical facts. So this text could in principle be read even without solving problems or
looking to §9. If a mathematical statement is formulated as a problem, then the objective
is to prove this statement. Open-ended questions are called riddles; here one must come
up with a clear wording, and a proof. If a problem is named ‘theorem’ (‘lemma’, ‘corollary’,
etc.), then this statement is considered to be more important. Usually we formulate beauti-
ful or important statement before giving a sequence of results (lemmas, Propositions, etc.)
which constitute its proof. We give hints on that after the statements but we do not want to
deprive you of the pleasure of finding the right moment when you finally are ready to prove
the statement. In general, if you are stuck on a certain problem, try looking at the next
ones; they may turn out to be helpful. Problems marked by star and Remarks are not used
in the sequel; although they are not necessarily complicated, they can be omitted during
the first round of problem solving. Important definitions are highlighted in bold for easy
navigation.



3 Winding number: definition and discussion

In this text, all points and polygonal lines are considered in the plane.
Let O, A, B be points such that A # O and B # O (but possibly A = B). The oriented

(a.k.a. directed) angle ZAOB is the number ¢ € (—n, 7] such that the vector OB is codirected
to the vector obtained from OA by the rotation through ¢. (If you can treat vectors in the

plane as complex numbers, then you can rewrite this condition as O? m eit0—1>4.) Below,
oriented angles are considered and the word ‘oriented’ is omitted.

When solving problems, the following statement (close to axioms) can be used without
proof: For any points A, B, C' in the plane and a point O not lying on the union of segments
AB,BC,CA

e /OAB+ Z0OBC + ZOCA = £27, if O lies in the convex hull of points,

e /OAB+ ZOBC + ZOCA = 0, otherwise.

Let | := A;...A,, be a closed polygonal line not passing through O. The winding
number w(l, O) of [ around O is said to be the number of revolutions during the rotation of
the vector whose origin is O, and whose endpoint goes along the polygonal line in a positive
direction. Rigorously,

2 - ’U}(l, O) = 41410142 + ZAQOAQ, + ...+ éAm_lOAm + ZAmOAl

Figure 3.1: w(ABC,0) = +1 and w(ABCD,0) =0

1
E.g. in Figure 3.1 w(ABC,0) = 5

™

(LAOB + £ZBOC + ZCOA) = +1 and

27 - w(ABCD,0) = ZAOB + /BOC + /COD + /DOA = Z/BOD + /DOB = 0.

Problem 3.1. (a) Let ABC be a regular triangle and O its center. Find w(ABCABC, O).
(b) Give an example of a closed polygonal line [ in the plane such that w(l,0) = 0 for
any point O € R? —[.

The result of Problem 3.1.a shows that winding numbers for distinct polygonal lines with
the same union of their segments can be distinct.

Proposition 3.2. The winding number of

(a) the outline of any convex polygon;

(b) any closed polygonal line without self-intersections

around any point in its exterior (respectively interior) is 0 (respectively £1). See Fig-
ure 3.2.

You need not prove item (b); depending on the exposition, item (b) is either a corollary
of the Jordan Curve Theorem [Sk20, §1.4], or a lemma in its proof.



Figure 3.2: The winding numbers equal 0, +1, —1, +2

Problem 3.3. For any integer n and any point O there is a closed polygonal line whose
winding number around O is n.

Proposition 3.4. The winding number w(A; ... A, O) is an integer.

Hint: by the bullet point properties at the beginning of this section,
ZAm_lOAm + éAmOAl = éAm_lOAl mod 2.

See some hints and solutions in [ABM+r, §1], [ABM+e, §1, §8]. For more on wind-
ing number and related notions see [ABM+-¢], or [ABM+r| (in English) and the references
therein.

4 Homotopy classification in the plane minus a point

In this section, closed polygonal lines and their homotopy are considered in the plane minus
a point O.

Problem 4.1. (a) Closed polygonal lines with distinct winding numbers around O are
not homotopic.

(b) A closed polygonal line [ is homotopic to a one-point polygonal line if and only if
w(l,0) = 0.

(c) Let us take the outline 0A of a triangle A such that a point O is inside the triangle.
Any closed polygonal line is homotopic to |w(l, O)|-times bypass of the outline of A, the
bypass made

e counterclockwise if w(l,0) > 0,

e clockwise if w(l,0) < 0.

(Then closed polygonal lines with the same winding numbers around O are homotopic.)

Proposition 4.2. The following map between the set of homotopy classes of closed polygonal
lines in the plane minus a point, and the set of integers is a 1-1 correspondence. The
mapping transforms a closed polygonal line (more precisely, its homotopy class) into its
winding number round a point.

(Proposition 4.2 is proved in Problems 3.3 and 4.1.)

A ray in the plane is said to be in general position w.r.t. a polygonal line [ if the ray does
not pass through the vertices of [.

Problem 4.3. * Take a closed polygonal line [, and a ray OP in general position w.r.t. [.
(a) Is it true that the number of intersection points of [ and OP has the same parity as

w(l, 0)?
(b) The number of segments of [ that intersect OP has the same parity as w(l, O).

6



It is useful to understand that the ‘2-dimensional’ Proposition 4.2 is in essence ‘1-
dimensional’.

Figure 4.1: An elementary cancellation of a traversal

Problem 4.4. * Let us call a traversal an oriented cyclic sequence of points lying on
a (fixed) circle such that no two points from the sequence are diametrically opposite. An
elementary cancellation of a traversal is the removal of a point B such that for points A, C
(which need not be distinct) adjacent to B the convex hull of points A, B, C' does not contain
the center of the circle (see Figure 4.1). Two traversals are said to be homotopic, if there
is a sequence of traversals, in which one of any two consecutive traversals can be obtained
from the other by an elementary cancellation.

(a) A traversal [ is homotopic to a one-point traversal if and only if w(l,0) = 0 for the
center O of the circle.

(b) (Riddle) Describe traversals up to homotopy.

5 ‘Resolution’ of the Poincaré paradox

Obviously, the winding numbers of the example to Problem 1.4.a given in the presentation,
around P, and around () are zeros. Being not homotopic in Problem 1.4.a follows from
Problem 5.3 (or Problem 6.3). The idea is to use one of the following homotopy invariants.

Figure 5.1: Poincaré cyclic word modulo 2: abab (left), abaabb (right)

In §85-7
e [ is a closed polygonal line in the plane minus the points P, Q);

7



e PP and QQ)' are disjoint rays PP’ and Q@) in general position w.r.t. [.

Moving along [ write out the letter a (letter b) at every intersection with the ray PP’
(the ray QQ’). The resulting oriented cyclic word is called Poincaré cyclic word modulo 2
(see Figure 5.1).

Problem 5.1. (a) Any cyclic word in letters a and b is the cyclic Poincaré word modulo
2 of some closed polygonal line (for some rays PP’ QQ)).

(b)* The parity of the winding number of a closed holygonal line [ around P (Q) is the
parity of the number of letters a (letters b) in the cyclic Poincaré word modulo 2 of [ (for

any rays PP, QQ").

Figure 5.2: Two splittings into pairs of four red points (small circles) and four blue points
(small squares) on a circle

Assume that there are an even number of red points, and an even number of blue points
on a circle, and all these points are pairwise distinct. Split the red points into pairs, and
the blue points into pairs. Join the points in every red/blue pair by a red/blue chord (see
Figure 5.2). The sets of red and blue points are said to be linked, if the number of pairs of
intersecting red and blue chords is odd.

Problem 5.2. The property of being linked does not depend on the choice of partitions
into pairs (see Figure 5.2).

We call interesting a closed polygonal line [ in the plane minus points P, (), for which
w(l, P) and w(l,Q) are even. By statement 4.1.a, the interestingness is preserved when
replacing the polygonal line with a homotopic one. By statement 5.1.b, for an interesting
closed polygonal line in a cyclic Poincaré word modulo 2, the number of letters a is even
and the number of letters b is even. We call an interesting closed polygonal line linked if the
letters a and b are linked.

Problem 5.3. The linking of an interesting closed polygonal line does not change when

(a) changing the rays PP’ and QQ’;

(b) replacing a closed polygonal line [ by a homotopic one.

Hint: part (b) follows from part (a).

In Assertion 5.3.b, the cyclic Poincaré word modulo 2 may not be defined for some
intermediate intermediate polygonal lines of homotopy. Therefore, the following result is
useful for a direct proof of Assertion 5.3.b.

Problem 5.4. Take two closed polygonal lines [, m homotopic in the plane minus two
points P, ). Take disjoint rays PP" and Q@' in general position w.r.t. [ and m. Then there
is a homotopy between [ and m such that the rays PP’ and Q@ are in general position
w.r.t. every polygonal line of the homotopy.



6 A homotopy invariant in the plane minus two points

Recall that in §§5-7
e [ is a closed polygonal line in the plane minus two points P, @),
e PP and Q@) are disjoint rays in general position w.r.t. [.

Problem 6.1. There is [ such that w(l, P) = w(l,Q) = 0, [ is not linked, but [ is not
homotopic to a one-point polygonal line.

Consider the set of all (finite) cyclic words (including the empty word) in letters a, b. For
such a word, an elementary cancellation is the replacement of any of the subwords aa, bb by
the empty subword. Such a word is said to be economical if it has no subwords aa and bb.

Problem 6.2. A cyclic word in letters a, b yields by elementary cancellations the unique
economical word.

An economical form (or normal form) of a cyclic word w in letters a, b is the economical
word obtained from w by elementary cancellations. Denote by Fs s . the set of all economical
words. Denote by ey(l) € Esa,. the economical form of the cyclic Poincaré word modulo 2
of 1. A priori ey(l) depends on rays PP’ and QQ'.

Problem 6.3. The word e5(l) does not change under

(a) changing the rays PP’ and QQ’;

(b) replacing a closed polygonal line [ by a homotopic one.

Problem 6.4. There is [ such that ey(l) is the empty word, but [ is not homotopic to a
one-point polygonal line.

Two cyclic words in letters a, b are said to be equivalent, if they can be connected by a
sequence of cyclic words, in which one of any two consecutive cyclic words can be obtained
from the other by an elementary cancellation. Denote by F,,. the set of all equivalence
classes.

Problem 6.5. * (a) The word abab is not equivalent in Fy 5. to the empty word.

(b) Are there two non-equivalent cyclic words, both consisting of an odd number of a’s,
and an even number of b’s?

(c) (Riddle) Construct a ‘natural’ 1-1 correspondence Eso . — Fho,.

(d) (Riddle) Describe Es 5 . or, equivalently, Fb .

Problem 6.6. * The equivalence class in Fys,. of the cyclic Poincaré word modulo 2
does not change under

(a) changing the rays PP’ and QQ);

(b) replacing a closed polygonal line | by a homotopic one.

7 Homotopy classification in the plane minus two points

The above homotopy invariants are not complete (see Problems 1.4, 1.5, 6.1, 6.4). Now we
are ready to introduce a complete invariant.

In this section, closed polygonal lines and their homotopy are considered in the plane
minus two points P and Q).

Let A, B,C, D be points in the plane, of which no three belong to a line. The sign of
the intersection point of oriented segments AB and @ is +1, if ABC is oriented clockwise,
and is —1 otherwise (see Figure 7.1).

Problem 7.1 (cf. Problem 4.3). * Take a closed polygonal line m in the plane minus a
point O, and a ray OR in general position w.r.t. m. Then w(m, O) equals the sum over the
oriented segments of m of the signs of intersection points of x and OR.



+1 —1

A c A D

Figure 7.1: The sign of intersection point

Hint. Problem 7.1 is proved analogously to Problem 4.3.

Problem 7.2. (a) (Riddle) Analogously to §5 define a cyclic Poincaré word in letters
a,b,a”t bt

(Hint: use the definition of the sign.)

(b) (cf. Problem 5.1.a) Any cyclic word in letters a,b,a™, b~ is the cyclic Poincaré word
of some closed polygonal line.

(Hint: use Figure 7.2.)

Figure 7.2: Figure ‘eight’ and general position rays

Consider the set of all (finite) cyclic words (including the empty word) in letters a,a™*, b, b7
For such a word an elementary cancellation is the replacement of any of the subwords
aa"t, a ta,bb=!, b~ 'b by the empty subword. Such a word is said to be economical if it
has no subwords aa=*,a"'a,bb=t, b= 1b.

1

Problem 7.3. A cyclic word in letters a,b,a!,b~! yields by elementary cancellations

the unique economical word.

An economical form (or normal form) of a cyclic word w in letters a,b,a™!, b~ is the
economical word obtained from w by elementary cancellations. Denote by Es . the set of all
economical words. Denote by e(l) € Es . the economical form of the cyclic Poincaré word of
[. A priori e(l) depends on rays PP’ and QQ'.

Problem 7.4 (cf. Problem 6.3). The word e(l) does not change under

(a) changing the rays PP’ and QQ)’;

(b) replacing a closed polygonal line [ by a homotopic one.

Problem 7.5 (cf. Problem 6.4). If e(l) = e(m) for closed polygonal lines [ and m, then
[ and m are homotopic.

Hint: The proof is analogous to Problem 6.4. See Figure 7.3.

Proposition 7.6. The following map between the set of homotopy classes of closed polygonal
lines in the plane minus two points, and Ey . s a 1-1 correspondence. The image of a closed
polygonal line | is the economical form of the Poincaré cyclic word of [.

(Proposition 7.6 is proved in Problems 7.2.b, 7.4 and 7.5.)
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Figure 7.3: Additional rays and ‘dual’ triangle in the plane minus two point

This proposition implies Theorem 1.6 for n = 2.

Problem 7.7. * (Riddle) Define the property of being homotopic for oriented cycles in
the figure-eight graph. Construct a 1-1 correspondence between homotopy classes of closed
polygonal lines in the plane minus two points, and homotopy classes of oriented cycles in
the figure-eight graph.

This assertion implies the analogue of Proposition 7.6 for the figure-eight graph instead
of the plane minus two points.

Figure 7.4: The ‘wedge of 3 cycles’ graph

Problem 7.8. (a) The same as in Proposition 7.6 replacing the plane minus two points
by a plane minus n points.

(b)* The same as in Problem 7.7 replacing the plane minus two points by a plane minus
n points, and the figure-eight graph by the ‘wedge of n cycles’ graph (see Figure 7.4).

8 Multiplication of polygonal lines

A based closed oriented polygonal line A; ... A,, is a sequence (ordered set) (A41,...,A)
of points in the plane (the points need not be distinct). Below, the word ‘oriented’ is omitted.
The point A; is called a basepoint.

Denote by [=! the based closed polygonal line A;A4,, ... A, for a based closed polygonal
linel:= AjAy... A,

In this section, [y, [y are based closed polygonal lines with a common basepoint X.

The product (concatenation, joining) of based closed polygonal lines I} = X M; ... M,
and [y = X N; ... N, with a common basepoint is the based closed polygonal line

lllg = XMleXNl Nn

(see Figure 8.1).

Remark. In the plane minus two points P, Q (Figure 7.2) take based closed polygonal
lines a := OP P, and b := OQ1Q2 whose convex hulls intersect {P,Q} at P and at Q,
respectively. In this remark, we shorten ‘the closed polygonal line obtained from a based
closed polygonal line x by forgetting basepoint’ to ‘a closed polygonal line x’.

11



Mm Nn

Figure 8.1: The product of based closed polygonal lines Iy = OM;...M,, and I, =
ON; ... N,

An example to Problem 1.4.a is the closed polygonal line [a,b] := aba='b~'. In this
language, an example to Problem 1.4.b is the closed polygonal line [a, b]c[a,b]"'c™! (make
this rigorous by yourself).

A version of Poincaré paradox is as follows. The closed polygonal lines aba™' and b
are homotopic, but the closed polygonal lines aba™'b=" and bb™! are not homotopic (bb~' is
homotopic to a one-point polygonal line).

Problem 8.1. (a) (additivity) The winding number of the product /;ls around a point
O outside [y, [ is equal to the sum of the winding numbers of /; and /5 around O.

(b) * Let AgA; Ay be a regular triangle and O its center. For j = 0,1,2 let s; be a
polygonal line disjoint with the ray OA; and joining A;i; to A;;2, where the numbering
is modulo 3. Then w(sgs152,0) = £1. (The product sgs;ss is defined analogously to the
product of based closed polygonal lines.)

Problem 8.2. The multiplication of based closed polygonal lines with a common base-
point X

(a) is associative, but has no identity element;

(b) (Riddle) does not generate a well-defined product on homotopy classes.

Based closed polygonal lines with a common basepoint are said to be based homotopic if
they are ‘homotopic preserving basepoint’ (give a rigorous definition yourself).

Problem 8.3. (a) If [y, I are homotopic in the plane minus a point O, then they are
also based homotopic in the plane minus the point O.
(b) The analogue of item (a) is false for the plane minus two points.

Problem 8.4. (a) The multiplication of based homotopy classes of based closed polyg-
onal lines is well-defined, is associative, and has an identity element.
(b) For this multiplication, every class has an inverse.

So a natural group structure exists not on the set we are interested in (the set of closed
polygonal lines, up to homotopy) but on the set that currently seems less natural (the set of
based closed polygonal lines, up to based homotopy).

Indeed, to define product, we need based closed polygonal lines; to obtain a well-defined
operation on homotopy classes we need based homotopy (Problems 8.2.b and 8.4).

Below, based closed polygonal lines and their based homotopy are considered in the plane
minus two points P and Q).

The Poincaré word of a based closed polygonal line x is defined analogously to the cyclic
Poincaré word, only the movement along x begins and ends at the basepoint. Consider the
set of all (finite) words (including the empty word) in letters a,b,a™!,b~!. For such a word,
an elementary cancellation is the replacement of any of the subwords aa™',a ta,bb=t, b=1b
by the empty subword. Two such words are said to be equivalent, if they can be connected
by a sequence of words, in which one of any two consecutive words can be obtained from

12



the other by an elementary cancellation. Denote by F, the set of all the equivalence classes
(standard notation: (a,b)).

Problem 8.5. * (a) Is it true that the equivalence class in F, of the Poincaré word of a
based closed polygonal line does not change under changing rays PP’ and QQ'?

(b) The same, if we replace the based closed polygonal line [ with a based homotopic one
and fix rays PP" and QQ'.

(c¢) The multiplication of words generates an operation on Fy, and turns F; into a group

(this group is called the free group on two generators).

(d) (cf. problem 7.5) If the Poincaré words of two based closed polygonal lines Iy, [y are
equivalent, then [; and [y are based homotopic.

Proposition 8.6 (cf. Proposition 7.6). The following map between the set of based ho-
motopy classes of based closed polygonal lines in the plane minus two points, and Fy is an
1somorphism of groups. The image of a based closed polygonal line x is the equivalence class
of the Poincaré word of x.

(This is proved in Problem 8.5.)

Theorem 8.7 (riddle). (a) For any graph G with a basepoint, there is an algorithm recog-
nizing whether based oriented cycles in G are based homotopic.

(b) For any graph G, there is an algorithm recognizing whether oriented cycles in G are
homotopic.

(¢) For any two graphs, there is an algorithm recognizing whether simplicial mappings
between the graphs are homotopic. (See definitions in [Sk, §9 ‘Homotopy classification of
maps’], [Sk20e].)

Analogues of this theorem for 2-hypergraphs are false! This follows from the algorithmic
unsolvability of the triviality problem in some group defined by a finite number of generators
and relations. See [Sk20, Theorem 14.3.1] and the generalization in [Sk20e].

9 Solutions of some problems

Examples to Problem 1.4. See Figures 9.1, 1.5, 1.4.

Figure 9.1: A rope hanging on two (left) and three (right) nails

Hints to Problem 4.1. (a) It is sufficient to prove that if a closed polygonal line l; is obtained
from a closed polygonal line ly by an elementary cancellation, then w(ly, O) = w(ly, O).

Let us prove this. Let A, B,C be consecutive points of ls such that ‘cancellation’ of B
gives a closed polygonal line /. Then

21 (w(ly, 0) — w(ly, 0)) = LAOB + ZBOC — ZAOC = 0,

where the second equality holds by the second property of oriented angles in §3 (see Fig-
ure 9.2).
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Figure 9.2: An elementary cancellation of the vertex B

(b) The ‘only if’ part follows from (a). To prove the ‘if” part, it is sufficient to prove that
if a closed polygonal line has more than one vertexr, and the winding number is zero, then an
elementary cancellation can be applied.

Let us prove this. If some two consecutive vertices in the closed polygonal line coincide,
one of them can be removed by an elementary cancellation. Now assume that every two
consecutive vertices are distinct. Since the sum of the angles is zero, there are two adjacent
angles ZAOB and ZBOC of different signs. Then points A and C' lie in the same half-
plane with respect to the line BO. Hence, the triangle ABC does not contain the point O.
Therefore, we can make an elementary cancellation of the vertex B.

A

Figure 9.3: Additional rays and ‘dual’ triangle in the plane minus a point

(c) Tt suffices to prove that any closed polygonal line is homotopic to a one that contains
only vertices of the triangle A (Figure 9.3).

Let us prove this. Denote the vertices of A by By, Bs, B3.

First, in the paragraph after (*) we prove that any closed polygonal line [ is homotopic
to a closed polygonal line [” that

(*) contains at least one vertex of A, and for any three consecutive vertices X, B,Y of I
either B is a vertex of A, or points X, B,Y lie in ZB;0OB; for some 1, j.

A pair {XVY, B} of a segment XY of [, and a vertex B of A is called a bad pair for |
if B¢ {X,Y} and B lies in ZXOY. We may assume that the property (*) does not hold
for I, and [ contains a vertex of A. Then there is a bad pair {XY, B} for [. Add B to [
between X and Y by inverse operation to an elementary cancellation. The number of bad
pairs for the obtained closed polygonal line is smaller than for [. By a finite number of such
operations, we can obtain a closed polygonal line homotopic to [ and satisfying (*).

Let I' be a closed polygonal line satisfying (*). Then any vertex of I’ distinct from
By, By, B3 can be removed by an elementary cancellation. The obtained closed polygonal
line also has the property (*). Hence by a finite number of such elementary cancellations,
we obtain a closed polygonal line containing only vertices of the triangle A O]

14
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BBenenue

ITopuswm IToucene (uau Teopema IToHCeAE) SIBASIETCST KAACCUYECKUM (PAKTOM IPOEKTUBHOM anred-
pariecKoil TeOMETPHU. ITa 3HAMEHUTAsI TEOPeMa SIBASIETCS IPUMEPOM TaK HA3BIBAEMON TEOPEMBI O
3aMBIKAQHUM, KOTAA HEKOTOPHIZ IIPOIIECC IIOCTPOEHUST HOBBIX TOYEK B PE3YABTATE IIPOBEAECHUS TEX UAU
WHBIX AMHIHA 3aIMKAXBAETCS Y€Pe3 HEKOTOPOE KOAXYECTBO IIIaroB. Y IIOPXU3Ma €CTh MHOMKECTBO Pa3HbBIX
AOKa3aTEeABCTB, Pa3HOBUAHOCTeH 1 obobmienuit. OH, HECMOTPS Ha CBOIO M3BECTHOCTD, SIBASIETCSI YpPE3-
BBIYANHO TPYAHBIM (PaKTOM, OOAAAAIOIINIM MHOMKECTBOM PA3AUYHBIX COAEPKATEABHBIX AOKA3aATEABCTB.
Hawnbonee n3BECTHEI T€OMETPUIECKOE PACCYIKAECHUE UEPE3 IIYIKKU OKPYKHOCTEN, KOTOPOE MOYKHO IIPO-
YUTATh B KHUTE [1], ¥ aHAAUTHIECKOEe AOKA3aTEABCTBO YePe3 (DYHKIUIO IIAOTHOCTH, C KOTOPBIM MOXKHO
O3HAKOMUTLCS B CTaThe [7].

O nopu3sme [ToHcene XOTsI OBI pa3 CABIIIIAAY IPAKTUYECKY BCE IPOABUHYTHIE ITKOABHUKU-TEOMETPHI.
HexoToprle pa’ke 3HAIOT KAaKUE-TO AOKA3aTEABCTBA, & COBCEM IIPOABUHYTBIE — pPa3Hble MHBAPUAHTEI,
BO3HUKaroIre npu Bpamenuu [loncene. Hanpumep, To, 9To B yeThIp€éXyroabHUKe [loHCEAe TOUKA ITe-
pecedeHusT AMAarOHAAEN (PUKCHpPOBaHa... [lopuaM obrapsaeT oueHb TAYOOKON KOHCTPYKIMEN, B KOTOPOH
¥ IIO Cell A€Hb HAaXOAST HOBEIE PE3YABTATHI, IIOPOY AOBOABHO CAOKHBIE U COAEPKAaTEeAbHEIE. K opAHOMY
TaKOMY Pe3yAbTaTy, OOHAPY KEHHOMY ¥ AOKa3aHHOMY aBTOPaMM IIPOEKTAa, MBI OYAEM IIAABHO IIOABO-
AUTB CKBO3b Ka3aA0OCh OBI COBEPIIEHHO HE CBSI3aHHBIE C IIOPU3MOM CIOKETBHI. OTMETHM TaK>Ke, 4TO, K
CO’KaNEHUIO, MHOI'ME AOKa3aTeAbCTBA [loHcene 06AAAAIOT TEM HEAOCTATKOM, UTO CUABHO UCIOABL3YIOT
€BKAMAOBOCTL — T.€. TOT (PaKT, YTO OIPEAEAEHBI IIOHATUS OTPE3KOB U YI'AOB. B IIPOEKTE MBI 3aTPOHEM
KaK €BKAMAOBBI, TaK ¥ IIPOEKTUBHO-aATEOpandYecKre PaCCy>KAEHUS, U C PA3HBIX CTOPOH IIOAOMAEM K
VHBapWaHTaM, BOSHUKAIOIIUM B IIOPU3ME.

Kazanocw 6BI, COBEPIIIEHHO HECBSI3aHHOM ¢ TeopeMoii [IoHCeAe BeIbio BEICTYIIAET TaKOM EBKAUAOB
MHCTPYMEHT, Kak cool ratio lemma, uau CRL. Buepsrie reMMa 6B1Aa cOpPMyArpPOBaHa B cTaThe [11],
onybaukoBagHOK B 2020 ropy Ha M3BECTHOM MATEMATHYECKOM CaWTe aops.com. YCHAUSIME aBTOPOB
IIPOeKTa B IIOCAEAHUE IIOATOPA I'OAd A€MMa Habpana IOIYASIPHOCTH M B PYCCKOSI3BIYHOM I'€OMETPU-
veckoM coobmiecTBe. Ha mepBBI B3rASA Ka>XE€TCSI, UTO 3TO IIPOCTO €INE€ OAWH CUETHBIA MHCTPYMEHT.
Ho npu aertarpHOM paccmorpernu y CRL BEISBASIIOTCST HEKOTOPHIE IPOEKTUBHLIE CBOMCTBA, a TaK>Ke
CBS3b CO CAOKEHUMEM ToueK Ha Kybumke. OkasbiBaeTcs, uTo CRL ckopee HanmoMuHaeT ABOMHEBIE OTHO-
IIEHMsI, a KPOME TOI'0 MMEET eIre u bonee TAYOOKYIO IPUPOAY, CBSI3AHHYIO C IOHATHEM Ou6U30pa Ha
pallMOHAABHOM KpuBO#. A MMEHHO, ecAr X — pallMoHAAbHAsI KpPUBasi ¥ a4, b — ABE TOYKK Ha HEH, TO
parmoHanbHasi QyHKIus f Ha KpuBoil X, Takasi, 94To a — b = (f), siBasieTcst cool ratio dpyHKIueR Ha
KpuBo#t X. MuI moutu He 6yAeM IOTPY’KAaThbCS B TEOPUIO, HO UCKYINEHHBIE YUTATEAN MOTYT OOAyMAaTh
bonee Hayunoe onucanue CRL B TepMmHaxX AWBU30POB.

OTaAeABHO OTMETHM, UTO B IIEPBEIX IISITA Pa3peAaX IIPOEKTa MBI He HyaeM paboTaThb C HEBBIPOXK-
ACHHBIMU KyOWYIECKUMY KPUBBIMY, IIO3TOMY HUKAKUX 3HAHUYM B 9TOM 0OAACTY OT YIACTHUKOB HE IIPEA-
IIOAATAETCSI.

Ho camoe raaBHOe — B IIpoItecce pa3MbIIIAEHUST Hah OAHOM 3aAadell, TIOCTaBAEHHOHN 11 AeT Ha3ap 1



PEIIeHHO! He TaK AABHO aBTOPaMU IIPOEKTA, aBTOpPaMu ObIAa IPUAYMaHa CAOKHAS M OYEHb KpPacUBas
TeopeMa, cBs3biBaomasi CRL u mopusm Iloncene.

B npoekTe MBI y3HaeM, uTo ke Takoe CRL u Kak e€ mcrnoan3oBaTh, poKakeM nopusM [lomcene, a
TaK>Xe OOCYAMM MX 3araA0YHYIO CBsI3b. [[OMEMO 3TOro, MbI I'AYDOKO IIOTPY3UMCSI B MUP €BKAUAOBOIO

Tloucene:

e CHOPMYAUPYEM U AOKA’KEM HOBBIE UAUM MAAOU3BECTHBIE MHBAPUAHTHI,
® UCCAEAyeEM CBsI3b mopu3Ma [IoHcene ¢ HAOUPAIOIIUM IIOIYASIPHOCTL COIpsiKeHneM KAoyCcoHa;
e IprAyMaeM (IPeAIIOAOKUTEABHO) HOBOE AOKA3aTEABCTBO U3BECTHON TeopeMbl Aliepa;

[ O6CYAI/IM, KaK MOJXHO DPE€IIIaTb HEKOTOPEIE 3aAd49M IIPU IIOMOIINY IIOPM3Ma, 'A€ €0, Ka3aAO0Ch 6]31,

HET,

® [IPEACTABUM HOBELY METOA PEINEHUS 33AaY C IOMOIIBIO CKPBITOro [IoHCEAE, OCHOBAHHEIA Ha Bpa-
IIEHUY TPEYTOABHUKA BOKPYT KOHUKY, KOTOPOI M3HAYAABHO B 3aAa9€ HET, ¥ KOTOPHIA [I03BOASIET
peIaTh CAOKHEBIE IIPOOAEMBL C PEaAbHBIX oamMmnuap (Hampumep, 10.4 Oamvmumaasr [lapeirusa
2025 ropa);

® I MHOI'OE APYTOE...

[Iopu3sm IloHcene He BIEPBBIE NOSIBASIETCS Ha AETHEW KOH(EPEHIWK TYpHEPa ropoproB. B 2014
TOAY €My OBIA IIOCBSIIIEH IIEABIN IPOeKT [4]. Haml IpoeKT IIOAHOCTBIO HE3ABHCHUM, IIO3TOMY AAS yda-
CTUSI B HEM 3HAKOMCTBO C MaTepHaAaMHU IIPEABIAYIIETO IIpoeKTa He Tpebyercs. Tem He meHee, ocobo
MOTWBHPOBAHHLIE YYACTHUKKA MOT'YT IPOYUTATh IPoeKT 2014 ropa GerAbIM B3TASAOM, YTOOBI IAyOiKe

IIOTPY3UTHCS B aTMOCeEpPY IIopu3Ma.

CTpyKTypa HAIllero NpoeKTa TaKOoBa:

Pazaenrr 1, 2 u 3 BEIAQIOTCS B HadaAe KOH(EPEHIINHU, PA3AEABI 4 U 5 — IIOCAE ITPOMEKYTOIHOTO
duHHAIIA.

B paspene 1 cobpana Bcst HeobxopuMasi AASI IIPOEKTa TeopeTudeckasi 6a3a. [IoCKOABKY HAIll IIPOEKT
COCTOUT U3 HECKOABKUX PA3AUYAIOIIAXCS MEXAY CobOl wacTeill, TO X MaTepHaAbl B pa3pene 1 CHAB-
HO Pa3AMYAIOTCA KaK II0 TEMATHKE, TaK ¥ II0 CAOKHOCTH. DTO HE AOAYKHO BaC IIyraTb. BB MoyKeTe
IIPOIIYCTUTH Pa3sAeA IIPEPEKBU3UTOB U BO3BPAIATLCS K HEMY IIO0 Mepe Hap0DOHOCTH.

B pasaene 2 MBI TOAPOOHO IIOTOBOPUM IIPO COOl ratio AeMMy u €€ IpUMEHEHWE B OAMMIIMAAHBIX
3ajavax, a B pa3pene 4 ocozHaeM IpoeKTuBHYIO mpupodry CRL um obcyauM €€ CBSI3b CO CAOKEHUEM
TOYEK Ha BBIPOKAEHHON KybmKe. DT ABa pa3jena HUKAK He CBSI3aHBI C IOpU3MOM [lomcene, mosToMy
BBl MOJKETE PELIATh UX, AAKE €CAM HE 3aUHTEPECOBAHBI B paboTe Hap OCTAABHBIMU YaCTSIMHK HAIIIETO
IIPOEKTA.

Pazapen 3 mocBsimmeH caMBIM Pa3sHOOOpPA3HBIM KMHBapMaHTaM Hopu3Ma lIoHceae M IpuMepaMm ero

IIPDEUMEHCHUS B OAMMIIMAAHBIX 3daAadaX.



B paspene b MBI mepekrHEM MOCT MeXAY nopu3MoM [lomcene u cool ratio lemm’oit. Mer cdopmy-
AMPYEM U AOKAKEM CAOKHBIA X OYEHb KPACUBLIM PE3YABTAT, CTOSIIUA HA CTHIKE 3TUX ABYX MUPOB, a
TaK>Xe pa3bepeM HECKOABKO IIPHMEPOB €T'0 IPUMEHEHUS.

Haxkonel, B AOTIOAHUTEABHOM Pa3A€A€ MBI IPEACTABAM TPU MAAOU3BECTHHIX AOKAa3aTEALCTBA TEO-
pemsbl IToHcene. ABa U3 HUX HCIOAB3YIOT CAOKEHWE TOUEK Ha KyOUKe U/WUAU BBIXOA B IIPOCTPAHCTBO.
ANST CaMBIX MCKYIIEHHBIX YATATEAEN MBI BRIAQAVIM B BUAE 33734 TPEThE, bonee aarebpamdeckoe pOKa-

3aTEABCTBO IIOPHM3Ma U CBA3AHHBIX C HUM Cl)aKTOB.



HEOBXOAVMEIE CBEAEHUS

1 HeobxonuMmble cBeIeHUA

B 3TOM paspene mpuBeAeHBI HEOOXOAMMEIE ONPEAEAEHUS TeX IOHSITUM, KOTOPBIMU MBI OyAeM ax-
TUBHO IIOAB30BAThLCS B AAABHEHNINIEM, a TaK>Ke Ba’KHbIE (PAKTHI, CBSI3aHHBIE C STUMU IOHATUAMU. MEI
COCPEAOTOUUMCST Ha YTBEPKAEHUSIX U KOHCTPYKIIUSX U3 IIPOEKTUBHON IeOMETPHHU, IIOCKOABKY SI3BIK
IIPOEKTUBHOY reoMeTpuu OyAeT UTPaTh OOABIIYIO POAL B AANBHEMNITIEM U3AOKEHUU. Y TBEPKAECHUSIMU
73 AAQHHOTO Pa3pena MOKHO IIOAB30BAThCS Oe3 AOKa3aTEAbCTBA, OAHAKO, €CAU KaKue-TO hakThl Bam

HE 3HAaKOMBI, IX MOJXHO O6CYAI/ITI: C IIPEIIoAABATENASAMU.

1.1 IIpoekTuBHasi reoMeTpus

B sToM pazaene MBI mpuBeAeM HEOOXOAMMEIE (PAKTHI U3 IPOEKTUBHOM IreOMeTPHU. MBI OrpaHIYIUM-

CsI IPOEKTUBHOM TeOMeTpUEN B pa3MepHOCTSX 1 u 2.

Onpenenenne 1.1. [Iycts O — npousBOAbHAS TOYKA IAOCKOCTH. [[yukom npamwuixr Lo C LeH-
TpoM B Touke O Ha3BIBAETCS MHOKECTBO BCEBO3MOKHBIX EBKAUAOBLIX IIPSIMEIX, IIPOXOASIIIAX YEPES

Touky O.

PaccvorpuM mydok mpssMbIXx Lo ¥ IPOM3BOABHYIO IPsIMYIO {, He IPOXOASAIIyio depe3 Touky O.
Torpa Bce npsiMble nydka Lo, KpOMe OAHOM, mepecekaioT npssMmyio (. Takum obpaszom, MBI IIOAyYa-
€M COOTBETCTBUE MEXKAY TOUKaMU IpsMoi { m mpsaMeiMu OydKa Lo. OTO HabOAIOAEHWE MOTUBUPYET

CAEAYIolIee

Onpenenenue 1.2. [Tpoexmuserol npAamotl, Ha3BIBAETCS IPOU3BOABHBIE IyYOK IPSAMBIX LQ.
[IpsiMast #3 9TOro mMydYKa Ha3BIBAETCS npoexmusHol moukol. Ecau { — mpom3BoAbHAS €BKAUAO-
Ba IIpsMasi, He IPOXoAsItasi depe3 Touky O, To mpoekTmBHast Touka J € L, COOTBETCTBYIOIIAS
IpsIMO¥, TapasAeAbHOR (, Ha3bIBaeTCsa beckoHeuHo yoanerHolt moxkol mpssmoi {.

JAonyckasi BOABHOCTb PedH, MbI OyAEM I'OBOPUTE, YTO EBKAMAOBA IpsiMasi { nonoarera beckoHewHo

yoanernrot mouxot J.

OmnpepenuM Telephb NOHSTHE 080UHO020 OMHOWEHUA “EMDBIPEL NPOEKMUBHHLIT MOoueK IPOeK-
TuBHON npsMoi. Ilycts ¢, {,, {3 u {4 — dYeTbIpe IPOEKTWBHBIE TOYKY, COOTBETCTBYIOIIVE YETHIPEM

€BKAVAOBEIM IIPAMEBIM B IIYYKE Lo.

Onpegenenne 1.3. AgotiHbiM omHoweHUEM UYETBEPKU IIPOEKTUBHBIX TodeK {1, &, {3 u {4 Ha-
sin 4(21,63) sin Z(f],&;)

sin Z(£y,€3) “sin Z(€, 44)"

3uIBaeTCst YuCAO0 ({1, {o; €3, €] =

Ecam mepeceunr mydok Lo mpsmoit {, To gwerwipe mpsimble {1, ¢, {3 u {; BrICeKyT Ha mpsmoi {

AC AD
—— : ——. 9T0 0BCTOSATEABCTBO IIO3BOASIET
. . _BC BD
OIIPEAEAUTH ABOMHOE OTHOIIEHNE HAa OOBIYHON EBKAMAOBON IIPSIMOIA.

Touru A, B, C m D coorsercTBenno. Torpa [{1, {y; {3, {4] =
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Onpenenenune 1.4. Asotinvim omroweruem deTBEPKE Touek A, B, C, D, rexxamux Ha IpsiMoi,

AC AD
HasblBaeTcs 4ucAo (A, B;C,D] = == : =
Yereépka Touek A, B, C, D HaseiBaeTcsi 2apmoruyeckol wemeépkol, ecau [A,B;C,D] = —1.

Ya00HO paccMaTpuBaTh IPOEKTUBHYIO IPAMYIO KaK OOBIYHYIO €EBKAMAOBY IPSIMYIO, IIOIOAHEHHYIO
beckoHeuHO ypaneHHOHM Toukoi J. Torpa, HampuMep, deTBEPKa TodeK A, B, M, J saBasieTcss rapMOHU-

Jeckoit, ecau Touka M — cepepuHa oTpeska AB.

Ba’>KHBIM CBOMCTBOM ABOMHOI'O OTHOIIEHWS SIBASIETCSI CAEAYIOINUA (PaKT: ECAM BBIIOAHEHO PABEH-
cteo [A,B;C,D;] = [A,B;C,D;], To D; = D,. VHaue roBopsi, ABOMHOE OTHOIIEHWE — 3TO AHAAOT
DPaCcCTOSIHUSI B €BKAUAOBON ME€OMETPHUY, TOABKO B IIPOEKTUBHOM MUPE ITO «PACCTOSIHUEY H3MEPSIETCS

OTHOCHUTEABHO TpéX TOYEK.

Onpeaenenne 1.5. ITycts ¢ u {, — npoekTuBHLIE MpsiMble. OTobparkenue f: {; — {, Ha3bIBaeTCsS
NPOEKMUBHDBILM, ECAU OHO COXPAHSIET ABOMHEIE OTHOIIEHUS, T.€. AASI ATODOI YeTBEPKY To4eK A, B,
C, D umeet mecTo pasenctso (A, B; C, D] = [f(A), f(B);f(C), f(D)].

Teopema 1.6. N1060e IPOEKTUBHOE OTOOPa KeHNE IPSIMOY B CebsT OAHO3HAYHO 33aAa€TCsI 0bpa3aMu
Tpéx Todek. VHade roBopsi, pArst AOOBIX Touek A, B, C, A/, B’ u C’ cymecTByeT eAMHCTBEHHOE

IpoekTuBHOE oTobpakenue f, Takoe, uro f(A) = A’, f(B) =B’ u f(C) = C".

Temeph HAIIOMHUM TOHSITHE IIPOEKTUBHOM IIAOCKOCTH. AASI 3TOI'O PACCMOTPUM IIYYOK IPSIMBIX B
TPEXMEPHOM IIPOCTPAHCTBE, T.€. MHOYKECTBO IIPSIMBIX, IIPOXOASIINX depe3 PUKCUPOBaHHYIO TOUKy O.
Taroe MHOXECTBO IPSIMBIX HA3BIBAETCH NPOEKMUSHOU NnaocKocmbro. Kaxkaast mpsiMasi, IPOXOASIIIIAst
Yyepe3 OTMEYEHHYIO TOYKY, Ha3bIBAETCA NPOEKMUSHOU MOoYKoU, a Ka*kAas IIAOCKOCTD, IIPOXOASAIAS
Yepe3 BEIAEAEHHYIO TOUKY — MpoexmusHoltl npAmot. OTMETHM, ITO 3TO OIPEAEAECHUE COTAACYETCS C
OIIPEAEAEHHBIM PaHee IMOHSITAEM IPOEKTUBHOMN IPSIMOM KaK IIyYKa IPSIMBIX Ha IIAOCKOCTH. HCAM B3STH
Tenepb OOBIYHYIO IIAOCKOCTD X, HE IIPOXOASIIIYIO Yepes 1eHTp O myuKa, To Ha Hell KaXKAasl IPOeKTUBHAS
TOYKa BBICEYET OOBIYHYIO €EBKAMAOBY TOUKY, a KaXKAAs IPOEKTUBHAS IIPsIMasi — OOBIYHYIO €BKAUAOBY
npsaMyio. Bce IpoeKTUBHBIE TOYKM, KOTOPLIE HE IIEPECEKAIOTCSI C IIAOCKOCTBHIO X, Ha3bIBAIOTCS bOecko-

HEUHO YOaNeHHBIMU U AEXKAT Ha OAHOM beckoHeuwHO YoaneHHoUl npoexmusHot NPAMOU Ku.

B HeKOTOPHIX CHTyauusx HaM OyAeT IOAE3€H aHAAUTUYECKUN B3TASA Ha IPOEKTUBHLIE TOYKU U
npsiMble. AAsT 3TOro 3abUKCUPYEM B IIPOCTPAHCTBe cucTeMy KoopauHaT Oxyz ¢ HagaaoM B IeHTpe O
HAIIIeTo IIy4YKa IpsiMbIX. KaXkKA0# IPOEKTUBHOR TOYKE MOKHO COIIOCTABUTh TPOUKY KOOPAUHAT HaIlpaB-
ASIIOITIETO BEKTOPA €BKAKAOBOM IIPSIMOM, COOTBETCTBYIOUIEN 3TOM TouKe. HO IOCKOABKY 3TOT BEKTOD
OIIPEAEAEH AUIIHL C TOYHOCTHIO A0 YMHOXXEHUS Ha HEHYAEBYIO KOHCTAHTY, KOOPAWHATHI IIPOEKTUBHOMN
TOYKH TaK>XE€ OIIPEAENACHBI C TOYHOCTBIO AO YMHOJKECHUS Ha HEHYAEBYIO KOHCTAHTY. Ta.KI/IG KOOpPAMHATEIL
HA3BIBAIOTCSI 00HOPOOHBLIMU X 0DO3HAYAIOTCS CAEAYIOUEM obpasoM: (x @y : z). Ecam B cucTeme Koop-
prHAT OXYyz €BKAMAOBA IIAOCKOCTD (X 33AAETCS YPaBHEHWEM z = |, TO IPOEKTUBHAS TO4YKa (X : Y : z)

BEICEYET Ha HEW TOYKY C KOOpPAMHATaMZ (X,Y), a OECKOHEYHO ypaAeHHAS MPOEKTUBHAS IPSIMAST (Koo
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3apaeTrcs ypaBHeHueM z = 0.

AnanoruuHo, Ka>kpasi IPOEKTUBHAS IIPsIMasi 33AaeTcs ypaBHeHueM ax+ by+cz = 0 u MoxxeT OBITH
oIpeAeAeHa YucAaMu a, b u ¢. Ho u Habop sTux ducen (paKTUIECKU 3TO KOOPAMHATH BEKTOPA HOPMaAX
AQHHOM IIAOCKOCTH ) OLIPEAEAEH C TOYHOCTHIO A0 YMHOXKEHUSI Ha HEHYAEBYIO KOHCTAHTY. [loaToMy Hamrei
IIAOCKOCTH (¥, KaK CAEACTBUE, IIPOEKTUBHOMN IIPSIMOi) MOXKET OBITH COIIOCTABAEHA TPOMKA OAHOPOAHBIX
KoopAuHAT (a:b:c). Touka (X :y :z) AEKUT Ha IAOCKOCTH (a : b :C) TOrAa ¥ TOABKO TOTAQ, KOTAQ
ax + by +cz =0.

Obparmaer Ha cebst paBHOIPaBUE B KOOPAMHATHOM ONKUCAHUY IIPOEKTUBHLIX TOYEK U IPSIMBIX. Pop-
MaAU3YETCSI 9TO PABHOIIPABUE CAEAYIOITUM YTBEPKAEHTEM, KOTOPOE HA3BIBAETCS NPoeKkmueHol 0801-

cmeerHHoCmdvho.

Teopema 1.7 (IIpoekTuBHAasT ABOMCTBEHHOCTE). EcAM HEKOTOPOE yTBEPKAEHNE, CHOPMYAUPOBAH-
HO€ B TepMUHAX IIPOEKTWBHON T'€OMETPUM, CIIPABEAAMBO, TO CIPABEAAMBO TaK>Xe ABOWCTBEHHOE
YTBEPKAEHUE, KOTOPOE IIOAYYAETCSI U3 MCXOAHOT'O 3aMeHOM CAOBa «TOYKay Ha CAOBO «IIpSIMasy U

CAOBa «IIPSIMasi» Ha CAOBO «TOYUKAY.
Tenepp HaTOMHUM IIOHSITVE IIPOEKTUBHOIO IIPe0bpPa30BaHMsI IPOEKTUBHON IIAOCKOCTH.

Onpenenenne 1.8. ITpoexmusHvim npeobpadosaruem npoexmusHot NAoCKOCMU Ha3bIBAETCS

TaKoe€ HpeO6paBOBaHI/Ie, KOTOPOE IIEPEBOAUT IIPOEKTUBHEIE IIPSAMBIE B IIPOEKTUBHEIE IIPSIMEIE.

[IpoexkTuBHBIE IPe0bpa30BaHUST MOKHO 33AaBaTh B OAHOPOAHBIX KOOPAMHATAX CAEAyIOmIUM obpa-
3oM. M= paccMoTpuM auHeliHoe npeobpa3ogaHue TPEXMEPHOTO IPOCTPAHCTBA, T.e. IpeobpasoBaHue,

KOTOPOE MEHSIET KOOPAMHATEI Ka>kKAOM TOYKM AMHENHBIM 06Pa30M:
(x,Y,2z) — (anx + any + a3z, axnx + axy + axsz, azx + any + asz),

TA€ 9HCAQ (4 — HEKOTOPEIE BEMIECTBEHHBIE YHMCAQ. TOI‘Aa 9TO HpeO6pa30BaHI/Ie MHAYIOUPYET IIPOEKTUB-

HOe mpeobpa3oBaHue, KOTAA OAHOPOAHBIE KOOPAMHATEI MEHSIIOTCS CAEAYIOIIUIM 00pa3oM:
(x:y:z) = (anx+ anpy + a3z anx + any + a3z azx + apy + assz).

C TOYKE 3peHVsT KOOPAMHAT Ha €BKAUAOBOM IIAOCKOCTK (X IIPOEKTUBHOE IIpeobpa3oBaHme, KakK U B

CAydae IPOEKTUBHON IPSIMOM, 3aAa€TCsT APOOHO-AMHERHEIMY (POPMYAAMU:

(x y) . (ClnX-f— apy + a3 azx + apy + (123>
) b *

azx + azxy + az az;x + az;y + ass
AAST TPOEKTUBHON IIAOCKOCTH TaK’XKe ECTh TEOPeMa, IIO3BOASIOIIASI 3aAaBaTh IPOEKTUBHOE IPE0h-

pasoBaHme 0bpa3zaMy HEKOTOPBIX TOYEK.
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Teopema 1.9. Aas ATobBIX ABYX 4eTBEpPOK Touek (A,B,C,D) u (A’,B’,C’,D’) obuiero moaoxe-
HHUsI CYIIECTBYET €AMHCTBEHHOE IIPOEKTUBHOE IIPeobpa3oBaHMe, KOTOPOE IEPEBOAUT MIEPBYIO UeT-

BEPKY BO BTOPYIO.

1.2 Kounukn

B sTomMm paspene MBI HAaIOMHUM OCHOBHBIE IIOHSITHS, CBSI3aHHBIE C KOHUKAMU. Ba’XHO OTMETUTD,
YTO AASI HAC OCHOBHBIM IIOAEM AASI PAbGOTHI OYAET MMEHHO IIPOEKTUBHAS IIAOCKOCTH (XOTsI B 3aAadax
HaM BCTPETSITCS ¥ KOHUKY Ha €BKAUAOBOM IIAOCKOCTH), & IIOTOMY HaM IOTPEeBGYETCsT TaKOE ONPEAEAEHUE
KOHUK, KOTOPOe OBIAO OBI COTAACOBAHO C IPOEKTUBHON IeOMETPUEN, a C APYIO#l CTOPOHBI, MOTAO OBI

O6BITE CHOPMYAUPOBAHO 6€3 AOIIOAHUTEABHON IIOATOTOBKU. TaKOe OIPEAEAEHNE MBI X IIPEAAATAEM.

Omnpenenenne 1.10. Konuxot € Ha maockocmu HA3BIBAETCS MHOKECTBO HYAEH MHOTOYAEHA

F € R[x, y] cTenenu 2 oT mepeMeHHBIX X X .

B 3aBHCHMOCTH OT BIAA MHOTOYA€EHA F OBIBAIOT 8bipoorcOerHble KOHUKY (COOTBETCTBYIONINE IIPUBO-
AMMBIM MHOTOYAEHAM U SIBASIOIIUECS IIAPOH IIPSIMBIX ) X HEBBIPOHCOEHHbLE KOHUKYU (COOTBETCTBYIOLTNE
HENIPUBOAMMEIM MHOTOYAEHAM U SIBASIIOLTWECS SAAUIICOM, IUIepOoAod mAm mapabonaoit). B paabreit-
IIIEM, ECAM HE OTOBOPEHO IIPOTUBHOE, MBI OYAEM PAaCCMaTPUBATHL AUIIL HEBHIPOXKAECHHBIE KOHUKI.

KoHMKZ MOXXHO pacCMaTpUBaTh HE TOABKO Ha OOBIYHOM IMAOCKOCTM, HO M HA IIAOCKOCTH IIPOEK-
TUBHOHM. ['EOMETPUYECKH 5TO 03HAYAET, YTO HAM HYKHO BBIATH C HAIEl IIAOCKOCTH B TPEXMEPHOE
IIPOCTPAHCTBO U IIPOBECTU BCEBO3MOXKHBIE IIPSIMBIE UYEPE3 OTMEUEHHYIO TOYKY ¥ TOYKHU HAIell KOHU-
KU. B pesyabTaTe MBI MIOAYYUM NMPOEKMUEHYN KOHUKY @, KOTOpAsi IO CYTH SIBASIETCS KOHYCOM Hap,
KOHUKOM. SICHO, 4TO C TaKUM OOBLEKTOM He OYeHBL-TO YAOOHO paboraTh (CMOXKeTe BIUCATH B TaKYIO KO-
HUKY TPEYTrOABHEK?..). [loaTOMy y>Ke 3A€Ch aHAAUTUIECKUN SI3BIK, HE TPEOYIOMU HATASIAHOTO IPEA-
cTaBAEHUsI O6bEKTA, OKAYKETCST HAaM MOA€3€H. [I0OCKOABKY Ha OOBIYHOM IIAOCKOCTM YPaBHEHNE KOHUKHI
F(x,y) = 0 HakAaABIBAaET YCAOBUE HAa KOOPAMHATEL TOYKH (X,Y), TO B IPOEKTUBHOM MUPE HAM HYKHO
HAAOXXKUTDH YCAOBHE Ha OAHOPOAHBIE KOOPAMHATEL (X : Y @ Z) IPOEKTUBHOM TOUKU. AEeAaeTCs 3TO CAEAY-
formuM obpasoM. [IycTs Hama koHrKa C 6bIna 3apaHa MHOrodAeHOM F(x,y), T.e. C = (x,y) : F(x,y) = 0.
SaMeHUM MHOrTO4YA€H F(X,y) Ha OAHOPOAHEBIA MHOTOYAEH /F\(x,y,z) = 2z’F(x/z,y/z) or Tpéx mepe-

-~

MEHHBIX. MHOXXeCTBO HyAell OAHOPOAHOTO MHOrOdYAeHA F(X,Y,z) u OyAET IPOEKTWBHON KOHUKOU C:

~

¢ ={(x,y,2) # (0,0,0) : F(x,y,z) =0}
B panbmeiineM AAST KPATKOCTXA MBI HyA€M OAMHAKOBO 0DO3HAYATh KOHUKY U €€ IIPOEKTUBU3AIIUIO.
W3 xorTekcTa Bcerpa OYAET IIOHSITHO, pAaCCMAaTPUBAEM MBI KOHHKY B PaMKaX €BKAMAOBOM TeOMETPUU

WA B paMKaX I'€OMETPHUU IIPOEKTUBHOM.

OTMeTUM TaK>Xe CAEAYIOIIee VTBEP KAECHUE!

YrBepxkaenue 1.11. [IpoeKTUBHLIN 06pa3 OKPYKHOCTU IBASETCS KOHUKON. VI obparHO, Atobast

KOHMKA MOKET OBITH IIOAYYE€HAa U3 OKPYXKHOCTHU IIOAXOAAIIVM IITPOCKTHUBHBIM Hpeo6pa303aHMeM.
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[TepBast 4acCTb YTBEP>KAEHUSI OYEBMAHA, TaK KaK IIPOEKTUBHOE IIpeobpa3oBaHUE HE YBEAUYUBAET
CTelleHb MHOT'OYAEHA IIPU 3aMeHEe IIEPEMEHHBLIX. BTOpOe YTBEpP’KAEHUE TAK>Ke MOXKET OBITH AOKA3aHO
anTebpaudecKu.

Tak>Xe B HEKOTOPHIX CUTYallsIX HaM OYAET BaKHO PACIOAOXKEHUE KOHUKU OTHOCUTEABHO HecKo-

HEYHO yAAAEHHOU mpsiMmoit .

Onpenesnienue 1.12. Sanuncom Ha3BIBAETCS KOHWKA, KOTOpPasi HE IIepeceKaeT ODECKOHEYHO yAa-
AEHHO# mpsiMoii. ['unepboaoli Ha3bIBAETCS KOHUKA, IIepeceKarolnast HeCKOHEYHO YAAAEHHYIO IIPSsi-
MYIO B ABYX Pa3AMYHBIX TOYKaX. HakoHel, napaboaol, Ha3bIBAETCS KOHUKA, Kacaolasicst b6ecko-

HEYHO yAAAEHHOU IIPSIMOM.

Teopema 1.13. Arobble ISTh TOYEK ODOIIETO ITOAOKEHUS 33AAI0T EAWHCTBEHHYIO KOHUKY, IIPOXO-
ASITYIO dYepe3 HuX. J\1obble b IPSIMBIX 0DOIIEro IOAOKEeHNS 3aAal0T EAVHCTBEHHYIO KOHUKY, Kacalo-

ITYIOCS UX.
Oxa3sbIiBaeTcs1, Ha KOHUKE TaK’Ke MOKHO BBECTH IIOHSATUE ABONHOI'O OTHOIIEHUS.

Onpenenenne 1.14. IIycte A, B, C, D — werripe Touky Ha komHuKe C. A60UHbIM OmHowe-
nuem [A, B; C, D] HaswpiBaeTcs aABoiHOe oTHOIIeHNe YeTBEPKHU mpsiMbIx [XA, XB; XC, XD], rae X —

IIPOM3BOABHASI TOYKA KOHMKY, oTAMYHas oT A, B, C u D.

A oKazaTb KOPPEKTHOCTb ITOT'O OIPEAEAECHUST MOXKHO CAEAYyIomUM obpasoM. [loaxopsamium mpoex-
TUBHBIM IIpeobpa3oBaHMEM IIEPEBEAEM HAIY KOHUKY C B OKPY>KHOCTE. [IOCKOABKY IIPOEKTUBHOE IIPE0D-
pa30BaHUE COXPAHSIET ABOMHBIE OTHOIIEHUSI, AOCTATOYHO IIPOBEPUTL KOPPEKTHOCTDH OIMPEAEAEHUST AAS
CAydYasi OKPYKHOCTH. A 3TO y>Ke COBCEM HECAOXKHO (MOXXHO AMO0 BOCIIOAB30BATHCSI PABEHCTBOM BIIW-

CaHHBIX yT'AOB, .AI/I60, CAENAB MHBEPCHUIO, CBECTH 3aAad49y K rA‘BOI';IHOMY OTHOIIIEHNIO TOYEK Ha HpﬂMOfI).

OTcropa CAEAYET CAEAYIOIIEE Ba*KHOE YTBEP)KACHUE.

Teopema 1.15 (Aemma Coanepruackoro). ITycts Lo — Oy9oK OpsMBIX U f — IPOEKTUBHOE
npeobpazoBanue nmaockocTu. ObosHauuM yepes Lo/ 0bpas myuka Lo npu mpeobpasoBanuu f. Aas
KaXxxpo# mpsimoit { € L paccMOTpuM TOUKY Iepecedenust mpsaMbix { u f(£). Toraa Bce 3TH TOYKH

0b6pa3yioT KOHMKY, IPOXoAsryio depe3 Touku O u O'.

Sameuanne. Ecau f(O0O’) = O0’, xouuka pacmapaercs B obbepuuenue mpsmoit OO’ u emé
OAHOM IIPsIMOH.

[TocKOABKY Ha KOHMKAaX KOPPEKTHO OIIPEAEAEHO ABOMHOE OTHOIIEHUE YETBEPKU TOYEK, TO AASI KO-
HUK CIIPaBEAAUBBI BCE (DAKTHI, CBSI3aHHEIE C ABOMHBIMU OTHOIIEHUSIME, KOTOPBIE MBI PaHEe OTMEYAAU
AAST IPSIMBIX. Tak, AASI KOHMK BEPHA TEOPEMa, YTBEPKAAIOIIAS, YTO IPOEKTUBHOE OTOOparkKeHNe KOHU-
KU B cebs OAHO3HAYHO 33aAAETCsI 0bpa3aMu TPEX TOYEK.

Temeps PacCMOTPUM IIOHSITHUSI IIOAIOCA M MOASIPBI OTHOCHTEABHO KOHUKHW. BHOBBL MEI BO3BMEM 3a

OCHOBY aHAAUTHYECKOeE onpepeneHye. (MbI IOHIMaeM, YTO TaKOE ONPEAEAEHNE, CKOPEE BCET'O, OKAYKETCSI
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AAsT Bac HEIPUBEIYHBIM, IIO3TOMY AOIYCTUMO IIOHMMATD ITOASIPBI ¥ ITIOAIOCE TaK, KaK BBl UX IIOHUMAAX
B KypPCaX IIPOEKTUBHON '€OMETPUM: YEPE3 TOAHBIN YETHIPEXCTOPOHHNK, KACATEABHEBIE ¥ TAPMOHUYIECKUE
YeTBEPKU. TeM He MeHee aHAAUTUIECKOE OIIPEAEAEHNE ODAAAAET PSIAOM CBOMX IIPEMMYIIECTB, IIO3TOMY

O3HAKOMHUTBCSA C HUM TaKXKe CTOI/IT).

Ounpenesienne 1.16. [Iycte konuka C 3apamHa ypaBHeHWEM ((v) = 0 m U — BEKTOpP, CO-

OTBETCTBYIOUINY IIPOM3BOALHON TouKe. Temepb PacCMOTPUM CAEAVIOMIYIO OUAUHEUHYMO HOpMY

qu+v) —qu) —qv)

Qu,v) = > (B 9TO CTpaHHOM Ha MEPBBIX B3rASIA (DOPMYAE HA CAMOM AEAE

CKpBIBaeTcst popMyAa KBaApaTa CyMMEI ABYX CAAraeMblX). BeKTOpPHI U # U HA3BIBAIOTCS COMPA-
orcerHHbiMU omHocumenvHo konuku C, ecam Q(u,u’) = 0. AAg PUKCUPOBAHHOTO BEKTOpPA U
MHOYKECTBO BCEX BEKTOPOB W', COMPSIKEHHBIX C U, HA3LIBAETCS NOAAPOU TOYKU, COOTBETCTBYIOIIEH

BEKTODPY U.

SameTuM, 9TO ypaBHEeHUE IOASIPEL uMeeT BuA Q(u,Vv) = 0, rae Beanuussl Q u u dpurcuposBassl. Ho
TOTAA OHO AMHEWHO IIO V, T.e. IOASIPO# SIBASIETCSI HeKOTOpas IpsiMasi (mpoekTuBHas1). Haobopor, mycTsb
{ — HekoTOpasi IPOEKTUBHAsI IpsiMasi. BeibepeM Ha HEXl ABa AMHENHO HE3ABUCUMEBIX BEKTOPA Vi U V)
(T.e. MBI OTMETUAY HA IPOEKTUBHOM IPSIMOY ABE PA3AWYHEBIE IIPOEKTUBHEIE TOUKY). Toraa cymecTByer
€AMHCTBEHHBIN C TOYHOCTHIO AO IPONIOPIIMOHAABHOCTH BEKTOP U, Tako#, uro Q(u,v) = Q(u,v;) = 0:
BEKTOP UL COOTBETCTBYET TOYKE IIEPECEUEHUST ABYX IIOASIP BEKTOPOB Vi X V;. COOTBETCTBYIOIIAS TOYKA

Ha3BIBA€TCA 710AMOCOM npfuvtoil L.

Tarum o6pa30M, MBI IIOAYYa€M COOTBETCTBUE MEXXKAY IIPOEKTUBHBIMU TOYKaAMHU M IIPOEKTUBHBIMU
IIPSIMBIMUE, OIIPEAEANASIEMOE KOHIKOM (‘3, Koraa Ka)KAOf;I TOYKE CTAaBHUTCsI B COOTBETCTBHE €€ IIOASIDA, a

KaoKAOM IIPsIMO — €€ IIOAIOC. 'TaKoe COOTBETCTBUE HA3LIBAETCS TMOAADPHDIM.

ObpasoMm 6eCKOHEYHO yAANEHHOM IpsiMoit {, IPU IOASIPHOM COOTBETCTBUU, BBIIIOAHEHHOM OTHO-

cuTeAbHO KOHUKE C, 6yAET TOUKa, KOTOpPasi HAa3bIBAETCA UeHmMpom xoruku C.

OTMeTUM CAEAVIOMINE KAACCUIECKUNA (PAKT.

Teopema 1.17 (IIpunmun aoiicrBerHocTH). [IycTs C — IpomsBoAbHAsT KOHUKA, A ¥ B — mpous-
BOADBHEBIE TOUKH, 0 ¥ b — uX moASpHL. Toraa TouKa A AEKUT Ha OPSIMOR b TOrAa ¥ TOABKO TOTAQ,

KOraa TO4YKa B aAexuT Ha HpﬂMOfI a.

STO yTBEPXKAECHUE OYEBUAHO B CUAY cuMMeTpryaHOoCcTH popMel Q: Q(u,v) = Q(v,u).

O KoMmILIeKCHOM Mupe. Bce BhINIeIEpeYnCAEHHEBIE ITIOHSATHAS aHAAOTUYHO BBOASITCSA HaA KOMIIAEKC-
HBIMEU 9MCAaMu (Ha CaMoM AeAe, Hap, AfobbiM moaeM). KoMmaekcHyio mpoexTuBHyIo npsmyio CP') a
TaK’ke KOMIIAEKCHYIO IIPOEKTUBHYIO IAOCKOCTh CP? MBI OIpeseAsieM aHAAOTMYHO, KaK U IOHSTHS KO-
HUK, IIOASIP, IPOEKTUBHEIX IPe0bpa30oBaHuil 1 OTOOPa’KEHUHE U T.A.; BOIIPOC, KaK ONPEAEAUTDH ABONWHEIE
oTHOmeHusI. MBI He O6yAeM BAABATBCS B IIOAPOOHOCTH 3TOM TEMBI — >KEAAIOIIWE MOTYT IIOYUTATHL 00
5ToM B [3]. Hap0 MBICAUTE ABOWHEIE OTHOIIEHUS KaK (OYHKIUIO OT YETHIPEX TOYEK, KOTOPAsT MEHSIETCS

IIPY IIEPECTAHOBKE KaK U B BEIECTBEHHOM CAyYae X KOTOPAS COXPAHSIETCS IIPU IIPOEKIIUSIX, a TaAKIKe
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IIPOEKTUBHEIX Tpeobpa3oBanusix/oTobpaskenusx. [Ipu arom CP' Mo>xHO MEICAWTE Kak chepy (Pumana)
— BeAb MBI, II0 CYTH, AODABUAY K IIAOCKOCTH OAHY TOYKY, a 3HAYUT, IPU CTepeorpadudecKoit IpoeK-
Iuu cephl Ha IIAOCKOCTH IIOAYYUTCS KaK pa3 Hallla KOMIIAEKCHAs IIPOEKTUBHAS IpsiMasi. Ham 6yaeT
yAODHO IIEPEXOAUTH K KOMIIAEKCHOM IIPOEKTUBHON IIAOCKOCTH, TaK KaK HA TAaKOW IIAOCKOCTH AIODBIE 2
KOHUWIKY II€PeCeKaroTcs o 4 TouKaM, Afobast KOHUKA IlepeceKaeT A0OYI0 IPsIMYIo IO 2 TOYKaM, a KaXK-
Aasl OKPY’KHOCTb IIPOXOAUT depes3 2 PUKCUPOBAHHBIE TOYKU IIAOCKOCTH C OAHOPOAHBIMY KOOPAVHATaMU
d,(1:1:0)mJ_(1:—1i:0), HasbIBaeMbIE KpY208viMU. [IpH 9TOM, FEOMETPUIECKY HAAO IIPEACTABASITD
cebe 3TO Kak 06bIgHO. HemHOrO moppobHee MOXKHO IPOYUTATE B IPOEKTE [2].

Caepyromas TeopeMa IIO3BOASIET B HEKOTOPBIX CAYYasIX CBOAUTH IIPOEKTUBHBIE YTBEPIKACHUS AAST

KOHUIK K CAYYaio ABYX OKPY XHOCTEN:

Teopema 1.18.
(a) Awobeie pABe KoruKE Hap, CP? MOXKHO [IEPEBECTH B ABE OKPYKHOCTH KOMIIAEKCHEIM IIPOEK-
TUBHBIM IIPeoOpa30BaHUEM.
(b) Ecau aBe koHuKE Hap RP? uMetoT He 60Aee ABYX 06MIUX TOYeK (C yIETOM KPATHOCTH ), TO

X MOJXHO IIEPEBECTU B ABE€ OKPY>XHOCTHU BEIIECTBEHHBIM IIPOCKTUBHLBIM npeo6pa3OBaHMeM.

1.3 EBKJIMI0OB B3rJiga Ha KOHUKH

B HEKOTOPBIX CUTyallNsX OBIBAET IIOAE3HO CMOTPETE Ha KOHMKH HE C HpOGKTHBHOfI, ac eBKAI/IAOBOﬁ
TOYKH 3pPECHUA. KpaTKO O6CYAI/IM 9TOT B3TAMA. Bonee HOApO6HYIO I/IH(bOpMaU;I/IIO MO>XHO IIOAYYUTHE B

kuure [1] (pasaeas: 1 u 3.2).

Onpenenenne 1.19. Aaubr Touku P, Q u BemecTBeHHOE YucAo k > [PQ|. Saaunc ¢ gokycamu

P z Q — sTo reoMeTpudeckoe MecTo TakKux TodeK A, uytro AP + AQ = k.
)

Omnpepesienne 1.20. Aauer Toukz P, Q u BemecTBernoe uucao k € (0,[PQ|). I'unepboaa c

poxycamu P m Q — 3TO reoMeTpUIECKOE MECTO TaKuX Touek A, uro [AP — AQ| = k.

Onpenenenune 1.21. Aanwl Touka F u npsamas {. Ilapaboaa ¢ goxycom F u dupexmpucot { —

3TO FeOMETPUUECKOE MECTO TakKuX TouekK A, uro AF = dist(A, {).

B xakoM-TO CMBICAE MOKHO VTBEPXKAATH, UTO ¥ IapaboAbl eCTb BTOPOM, HECKOHEYHO YAANEHHBIN,
doryc. MoXXHO IIPOBEPUTH, YTO IIPUBEAEHHBIE OIIPEAECAEHUST KOHUK COBIIAAAIOT C ONPEAEACHUSIMU U3
noapasaeaa (1.2). Mul He 6yaeM IOAPOGHO Ha 3TOM OCTaHABAMBATECS. CAEAYIOIINE IPOCThIE CBOUCTBA
oueHb Ba’kHBEI. ObOpaTwTe BHUMAaHWE Ha CAydYay mapaboabl — Hamre HeOPMaAbHOE PACCY>KAEHUE O

BTOPOM, BECKOHEYHO YAANEHHOM, (POKYCE IIOAYIAET HOBOE Pa3BUTHUE.

VYrBepxkaenue 1.22 (OnTudeckoe cBOHCTBO KOHUKH).

(a) Toura A aexxuT Ha KoHUKE ¢ pokycamu F; u F,. Toraa KacaTeabHasi K KOHEKE B TOUKe A
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SIBASIETCS (BHEIIHEN AAST S9AAUIICA, BHYTPEHHEN AAST TuepboAnl) buccekTpucoit yraa FrAF,;.

(b) Touka A aexxuT Ha napaboae ¢ pokycoM F u auperTpucoi {. [IpsiMast m IPOXOAUT Yepe3
A U HEPIEeHAUKYASPHA AUPEKTpPHCE. Torapa KacaTeAbHas K Imapaboae B TOUKe A SIBASIETCS

bucceKTpucoit yraa MeXxAy npsaMbeiMu AF @ m.

VYrBepxkaenue 1.23 (VsoronaabHoe CBOMCTBO KOHUKH).
(a) Tourka A AexuT BHe KOHUKE C pokycamu F; m F,. Toraa xacaTeabpHBlE M3 A K KOHUKE

U30TOHAABHBI OTHOCUTEABHO yTrAa FAF,;.

(b) Touka A aexxut BHe mapaboasl ¢ porycoMm F u puperTpurcoit . IIpsmasi m IPOXOAUT Yepes
A ¥ IEPIEHAUKYASIPHA AupeKTpumce. Toraa KacaTeAbHBIE M3 A K ITapaboae M30TOHAABHEL

OTHOCUTEABHO YI'AQ, 0bpa3oBaHHOrO mpsaMbIMZ AF m m.

CaencrBue 1.24.
(a) Konuka c dorycamu Fy u F, Kacaercst cTopoH TpeyroabHuKa ABC IAM X IPOAONSKEHUI.

Torpa Touku Fy u F, u30roHanbHO CONPSIKEHBI OTHOCUTEABHO TpeyroabHuKa ABC.

(b) ITapaboaa c dorycom F u auperTpumcoit { KacaeTcst cTOpoH TpeyroabHuka ABC mam ux
npopoAskeHuii. Toraa F AesXuT Ha onmcaHHON OKPY>KHOCTE TpeyroabHuKa ABC, a { mpoxoauT

Yepe3 ero OPTOLEHTD.

[IycTe (@ — HEKOTOpPOE MOASIPHOe IIpeobpa3oBaHUe, a Y — HEBBIPOXKAEHHAsS KOHUKA. PaccMoTpum
MHOKECTBO KacaTEeABHEIX K Y. Vx obpas mop AeACTBUEM ( — 3TO MHOXKECTBO TOUEK, KOTOPOE Ha3bIBa-
eTcst 06pa3om KOHUKU IPU IOASIPHOM IIpeobpa3oBaHuu. Boaee TOUHO onmcaTh 06pa3 KOHUKY IIOMOTaeT

CACAYIOIMasi TEOpPEMaA:

Teopema 1.25. Aanbl Touka O u OKpy>XHOCTE Y. Toraa obpas y Ipu IOAIPHOM IIpeobpa3oBaHuy
OTHOCHUTEABHO IIPOU3BOABHON OKPYKHOCTH C IleHTpoM O — 9T0 KOHKKA, OAMH U3 (POKYCOB KOTOPOH
coBmapaer ¢ O. Ecam O aexxur BHyTpu Y, TO 0bpa3s HYAET 3AAUIICOM, eCAM BHe — I'UIepbonoi,
eCAM Ha Y — mnapabonoit. ObpaTHOEe yTBEP)KAEHUE TOXXKe BEPHO: ecAu F — doryc xoHuKZ I, TO

obpas ' mpu moastpEOM IIpeobpa3’oBaHUM C LIIEHTPOM F — 3TO OKPY>XHOCTD.

1.4 IN3oroHajbHOEe COIpPsi?>KeHNE B YETHIPEXYTOJIbHUKE

Omnpenenenne 1.26. Touku P u () Ha3bIBAIOTCS U3020HANDHO CONPAHCEHHBIMU 8 MHO20Y204b-
Huxe A1A; ... A, eCAU HalIpaBAEHUS U3 Ka>XAOM BEPIIVHBI MHOTOYT'OABHUKA Ha 3TU TOYKU U30-

I'OHAaABHEBEI B COOTBETCTBYIOIIIEM YI'A€ 3TOI'O MHOI'OYT'OABHHKA.

Teopema 1.27. NaHBI 4eTHIPEXYTOABHUK (BoAee 0OIIO — 3aMKHYyTas YeTHIPEX3BEHHAST AOMAHAs)
ABCD u Touka P. Caepyiomue yTBEPKAEHNS SKBUBAACHTHEL:

(a) CymecTByeT Touka ), M30TOHAABHO CONPSKEHHAS P OTHOCHTEABHO UETHIPEXYTOABHUKA
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ABCD.
(b) LAPB = £DPC

(c) Ilpoekiuu P Ha CTOPOHEI YETHIPEXYTOABHWKA HUAM UX IPOAONKEHUS AeXKAT Ha OAHOM

OKPY>KHOCTU UAY IIPSIMOH.

(d) CymecTByeT KoHEKA C POKYCOM P, KacaroImasicsi CTOPOH YETHIPEXYTOABHUKA UAYU UX [IPO-

AONKEHUM.

Bamevanue. ObpaTuTe BHUMaHUE, B IYHKTe (C) IOMUMO OKPY>XKHOCTH YIOMsIHyTa mpsiMasi. Cy-
IIIECTBYET POBHO OAHA TOYKA, IIPOEKITNY KOTOPOH Ha CTOPOHEI YETEIPEXYTOABHIAKA AEXKAT Ha OAHON
npsiMo#t — Touka Mukensi. @opMarbHO HEKAKOI'O IPOTUBOPEYUNS HET: HECAOXKHBEIM CUETOM YIAOB
MOXXHO YOEAUTHCS, UYTO V TOUKY MUKeAs CyIIeCTBYeT M30TOHAABHO COIPSIKEHHASI TOYUKA, IIPOCTO

oHa byaeT beckoHeuHO ypaneHHOM. Kak HallTy HampaBAeHUE Ha 3Ty TOuKy? OTBeT AAET CAEAYIO-

IIasi TeopeMa:

Teopema 1.28. Touka MuKenss ©30TOHAABHO COIPSIKEHA B YETBIPEXYTOABHUKE HECKOHEYHO yAa-

AEHHOI TOouKe ero nmpsmoi ['aycca.

[TpounTaTh AOKa3aTEABCTBO TeopeMEl (1.27) u moapobHee 03HAKOMUTHCS C W30TOHAABHEIM COIIPSI-

JKEHUEM B YeTHIPEXYTOABHUKE MOXKHO B CTaThe [9].

1.5 IIpoekTuBHBIE MHBOJIIOINNI

Onpenenenune 1.29. neonroyuet, HasbiBaeTcss oTobpakenue f : M — M m3 IpOU3BOABHOTO
MHOXXecTBa M B cebsi, AASI KOTOPOT'o CIipaBeAAnBO cooTHomeHne fof = id. MHaue roeops, f(f(x)) =

X AASI Afoboro saeMenTa x € M.

Onpeaenenne 1.30. [IpeaAnonoXKuM, YTO Ha HEKOTOPOM MHOXXEeCTBE M OIpEAEAEHBI ABOMHEIE
OTHOIIEHUs (HAIpUMeED, eCAX M — 3TO IPOEKTUBHAS IPsSIMasi, IIyYOK IPSIMBIX UAU KOHUKA). By-

AeM roBopuTh, uTo f: M — M — mpoexmueraa uHeosrouus, ecAr f sIBASIETCI OAHOBPEMEHHO

I/IHBOAIOLII/Ieﬁ 1 IIPOEKTUBHBIM npeo6pa303aHI/IeM.

Yr1BepKaenue 1.31. Ecau ABe IPOEKTUBHBIE MHBOAIOIIAY OAMHAKOBO AEHCTBYIOT Ha ABYX IIapax

OAEMEHTOB, TO OHHU TOXXAECTBCHHO DPABHEI.

HokazareabcTBo. IIycTts ¢ u \p — mpoexkTuBHBIE HHBOAOIUA, @(a) =P(a) =Db, @(c) =VP(c) =
d, o(x) =y, ¥(x) = z. Toraa [a,b;c,yl £ [b, a;d, x] v [a, b;c, z], OTKyAQ CAEAYET COBIAAEHUE Y U
z. ]

YrBepxkaenue 1.32.
(a) Aobast IPOEKTUBHASI WHBOAIOIUS HA IIPOEKTUBHOM NPSIMOY — 3TO MHBEPCUSI UAU IEH-

TpaAbHAasi CHMMETPHUSA.
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(b) Arobast TPOEKTUBHAS UHBOAIOINS Ha OKPY>KHOCTY — 3TO I[eHTPAAbHASI IPOEKIIAS.

HokazareabcTBo. HeTpyaHo ybeawThCsl, YTO BEIMIEYIOMSIHYTHIE IIPEOOPA30BAHUS SBASIOTCS

IIPOEKTUBHBEIMY MHBOAIOIIUAMU, IIOCAE 9E€T'O YTBEPKACHNE CACAYET N3 CANHCTBEHHOCTU (131) O

1.6 Conpsixkeane Kiioycona

Mp1 HayHEM TTOAPA3AEA C DOAee YHUBEPCAABHOTO, YEM CTAaHAAPTHOE, OIIPEAEAEHNUST TOUKY MUKeAs,

KOTOpO€e PaboTaeT AAST BEIPOKAEHHBIX JETHLIPEXYTOABHUKOB.

Onpenenenune 1.33. Ha nnrockoctu pawmbl Touku A, B, C, D. Ilu 3ToM HeKOTOpEHIE TOYKU MOTYT
A€XXaTh Ha OAHOM IIPSIMOM, a TaK>Ke AOIIYCKAETCsI COBIIAAEHKE TOYEK B OAHOM u3 map (A, C), (B, D).
Touxol Muxeas ynopadouerrol wemeépku modex (A,B,C,D) Mmpl 6yaeM Ha3BIBAaTh IIEHTP
IIOBOPOTHOY "OMOTETHH, ITEPEBOASIIEHR 0Tpe30K AB B oTpe3ok DC — maAm, 9TO paBHOCUABHO, IIEHTP
IIOBOPOTHOI roMoTeTuu, mepeBopsiieir oTpe3ok AD B orpesok BC. [lo3Boasisi cebe HEKOTOPYIO
BOABHOCTB PEYM, MHOT'AA MBI OYAEM HA3BIBATh TOYKY Mukeast ueTBEpKu Touek (A, B, C, D) «Toukoit

Mukens: geTsipéxyroabauka ABCD».

3ameuanue. Ecau Touku A, B, C, D pa3zauYHBEl ¥ HaXOASITCST B OOIIIEM IIOAOXKEHUM, TO AAHHOE
OIIPEAENEHUE COBIAAAET C TPAAUIIMOHHBIM.

3ameuanme. HanmomuuM, uTo B-Toukoi#t BoaTas Tpeyroabauka ABC HasbIBaeTCsI IPOEKIIUS IIEH-
Tpa OIMCAHHON OKPY>KHOCTKH Ha CHMEAMAHY u3 BepmmHEI B. Mo>XHO AOKasaTh, 9TO ecAum S —

B-rouka BoaTas, To ZSAB = ZSBC u ZSCB = ZSBA. CaepoBaTenbHo, B-Touka BoaTasst — 310 B

TOYHOCTH TouKa MuKens: «deThIpéxyroabuuKay ABCB.

Ha mnaockoctu pamwr Touku A, B, C, D obmero monoxxenus. [Ipsimeie AB u CD mepecekaroTcst B
Touke E, mpssmere BC u AD — B Touke F, npsimeie AC u BD — B Touke G. ITycts M — Touka Mukens
yerBépKu (A, B, C,D). /13 BCcero BEHINIECKA3aHHOI'O HECAOXKHO BhIBeCTH, 4TO0 MA - MC = MB - MD =
ME - MF, u 6uccexktpucer yraoB ZAMC, Z/ZBMD u ZEMF coBnaparor. CarepoBaTEABHO, CYIIECTBYET
VHBEPCCUMMETPHS € IeHTpoM B M, Merstomas mectamu A u C, B u D, E u F. Aarnoe npeobpasoBanue

Ha3BIBAETCSI conpastceruem KaoycoHa orHOocumTeAabHO ABCD.

Bameuanwue. Ecau BC || AD, To M coBmapaet ¢ E, u conpsikerue KaoycoHa — 3TO IPOCTO

VHBEPCCUMMETPUS OTHOCUTEABHO Tpanenuu ABCD.

YrBepxkaenue 1.34. Ilycte Touku P u QQ conpsxens! 1o Kaoycory oraocurearEo ABCD. Toraa
£LAPB = LADQ + £QCB.

JokazareabcTBo. Tak kak nmpu coupsixeruun Kaoycoma A mepexoaut B C, a P — B Q, To Tpe-
yroabHUKZ MAP 1 MQC noapobrbl. AHanrorryno, nop0b6HEI TpeyroabHUKZ MBP 1 MQD. Cae-
poBatenbHo, LAPB = LAPM + AMPB = LQCM + AMDQ = (£LQCB + £BCM) + ({ MDA +
£ADQ) = LADQ + £QCB. Ilocrepuuit mepexon CAepyeT U3 OA0OUS TpeyroabHUKOB MBC u
MAD. [
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VrBepxaerue (1.34) MOYKHO HCIIOAB30BATH AASI IIPOBEPKHU COIPSIKEHHOCTH TOYeK 10 Kaoycowny.
AAST 9TOT'O AOCTATOYHO IIPOBEPHUTDH, YTO PABEHCTBO BBIITOAHEHO AAS ABYX COCEAHUX CTOPOH. OTMETHM

Ba’>XHOE€ CAEACTBUE:

CaencrBue 1.35. Conpsxkenre KaoycoHa MeHSIET MeCTaMU M30T'OHAABHO COIIPSIKEHHBIE TOYKH

B YeTBIPEXYTOABHUKE.

HokazareabcTBo. IlycTe P u Q m3oroHanbHO compsikeHEI B deThIpexyroabHIKe ABCD. Toraa
LAPB = ADPC = 4PDC + £DCP = LADQ + £QCB. Anaroruysele paBeHCTBa BEPHBI U AAS

APYTZX CTOPOH, a Toraa P u Q conpskeHbl 1o KaoycoHy. ]

Vreepsxaenne 1.36. Conpsixerne KaoycoHa — 3T0 mpoeKTuBHas uHBOAomus Ha CP!.

JlokazaTresbCcTBO. V/HBOAIOTMBHOCTL OYEBUAHA, AOKA)KEM IIPOEKTHBHOCTH. [lyCcTh M — KOM-
IIAEKCHasE KooppuHATa Touku Mukeas. Ecau compsixenme KaoycoHa oTmpaBasier Touky P(p) B
Touky Q(q), To (m—a)(m—c) = (m—p)(m—q). CrepoBaTeABHO, OTOOPaA>KEHNE P — ( APOOHO-
AMHENHO, a TOTAd OHO COXPSIHET ABONHBIE OTHOIIEHUS. ]

V3 mpeapiayInero yTBepykAeHUsT U yTBepkAeHUs (1.31) caeayer, uro conpsixeHume KaoycomHa —
3T0 edurcmeerras nHBoAIonus Ha CP', MeHsIOmAas MecTaMy IPOTUBOIOACKHEIE BEPIINHEl YETEIPEX-
YT'OABHUKA.

[Iycts Teneps ueThIpeéxyroabHUK ABCD Bmucam B okpy»kHOCTE ¢ meHTpoM O. Teopema Bpoxkapa
yTBep>RAaeT, uTo O — oprToueHTp TpeyroabHuKa EFG, a M — ocHOBaHme mepmeHAUKYyAsIpa u3 O Ha
EF. CaepoBarennno, mpsimat MO coBmapaer ¢ ochio cuMMmerpuu, a G npu coupsikeHum Kaoycona
nepexoputT B O.

Boaee moapobHO IO3HAKOMUTHCS C COIpsiKeHNEM KAOyCcOHa MOYKHO B CTaThe 8]

1.7 Kiunaccuyeckoe moka3aTesibcTBO TeopeMbl IIoHcesie

3)eCh U panee CEMBOAAME POW,, (X) MBI 0003HaUaEM CTENEHDL TOYKY X OTHOCUTEABHO OKPY>KHOCTH

Teopema 1.37 (/AeMMa O COOCHEIX OKPY’KHOCTSIX). AaHEI OKPY>KHOCTH (V] ¥ (V) ¥ BEIECTBEHHOE
uucaro k. Toraa reomerpumyueckoe MecTo Takux Todek P, wro pow,, (P) = k- pow,, (P) — aro

OKPYXHOCTH (AAst k = 1 — mpsiMasi), COOCHasI C Wy U W;.

Teopema 1.38. [Iycts A1A,A; ... — TpaekTopus [ToHceAe, T.€. TOYKY OKPY>KHOCTH (MAY KOHUKH )
Q TaxoBEI, 94TO AyIu A1A;, AsA3 ... KacalOTCS OKPY>KHOCTY (MAY KOHUKH) . AHAAOTHYIHO, IYCTh
B1B;B; ... — Apyras TpaekTopus [louceae. Torpa nmpsmeie A1Bq, A;B; ... KacaroTcss OKPY>KHOCTH

(uAu KOHUKM), COOCHOR ¢ Q U w.

Knaaccuueckoe TEOMETPUUIECKOE AOKA3aTEABCTBO TEOPEMBL IloHCcene OCHOBAHO Kak Pa3 Ha Teope-

Me (1.38), KoTopast AOKa3BEIBAETCS YEPE3 AEMMY O COOCHBIX OKPYIKHOCTSIX. BEI MOYKeTe IIPOYUTATh €ro,
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HAIIPUMED, B 3aMedaTeAbHON KHure [1].

OTMeTHM Tak>Xe ABa IIPOCTHIX, HO Ba’KHBIX CAEACTBUSI TeopeMsbl (1.38):

Teopema 1.39. MHoroyroasHuk AjA; ... A, BOIUCAaH B OKPY>XHOCTbL (MAM KOHUKY) () u onucau
BOKPYT OKPY>XHOCTH (MAM KOHUWKE) w. Toraa aast Afoboro HaTypaabHOrO K < T BCe NpSIMBIE

AiAi ., KacaroTCs OKPY>XHOCTY (MAM KOHUKH), COOCHOM ¢ () u w.

Sameuanue. Pasymeercsi, yCAOBME 3aMBIKaHUSI 3AECh HE HY’KHO, X BEPHO HOAee CUABHOE YTBED-
JKAEHUE: €CAKM HE3aMKHYTasi AoMaHast AjA; ... Ay BPAIlaeTcs MEXAY ABYMsI OKPYKHOCTSIMU (MAZ
KoHMKaMu) QO U w, To mpsiMasi Aj Ay BCE BPEMSI KaCaeTCsi OKPY>KHOCTY (MAU KOHUKY), COOCHOHR C

Qnw.

Teopema 1.40. MHOroyroasHuK AjA;...A;, BINCAH B OKPY>KHOCTE (MAK KOHZKY) () ¥ OIHMCaH
BOKDYT OKPY>XKHOCTH (XAU KOHUKHZ) (V.
(a) I'naBHBIe pAmaroHaAU A;A;,, IEPECEKAIOTCS B OAHON TOUKE, KOTOPASI IBASIETCS IIPEAEABHOM

TOYKOM IIyduKa, IOpoxkA€HHOro () U w.

(b) Ilycts mpsimast AjAi;; KacaeTcs BIMCAHHON KOHUWKYZ B Touke X;. Toraa mpsiMmble X;iXiin

TIEPECEKAIOTCSI B TOM XK€ IIPEAEABHOU TOUKE.

B HammeM IIPOEKTE IPEANOKEH APYToii, bonee arrebpandecKuil IOAXOA K AOKA3aTEABCTBY TEOPEMBL
[Torcene u Teopem (1.39) u (1.40), ocHOBaHHBL! Ha 2 — 2-COOTBETCTBUSIX. MEI TOAPOOHO IIOrOBOPUM 00

93TOM B AOIIOAHUTEABHOM PA3AEAE.
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2 Cool ratio lemma

[Ipesxpe, 9eM BBl IPUCTYIUTE K PEIIEHUIO 33Aa4 IPOEKTA, YCAOBUMCSI 06 obo3HAUYeHUSIX. 3aAadH,
TIOMEYEHHBIE 3BE3A0YKOM, II0 YyTh MEHEE, YEM IIOAHOCTBHIO CYObEKTUBHOMY MHEHUIO aBTOPOB IIPOEKTA,
UMEIOT IIOBBIIIEHHYIO OTHOCUTEABHYIO CAOKHOCTB. EICAM 33Aada COCTOUT U3 HECKOABKUX IIYHKTOB, TO
3BE3AOYKY CTABSITCSI IMEHHO OKOAO ITYHKTOB. PeIeHust 3aAa4, KOTOPEIE OTMEYEHBI ABYMSI 3BE3A0YKAMHU,

aBTOpaM IIPOEKTa HEM3BECTHEI. Aa npe6yAeT c Bamu cuAaal

2.1 Omnpepenennsa n nepBasg CRL

HauHeM ¢ KaaccudIecKoro YTBEPXXKACHUSL, U3BECTHOI'O MHOI'MM KaK /e€MMma OOHG/KZOGG, aAemma 06

OMHOWEHUYU CUHYCO8 AU boring ratio lemma.

Teopema 2.1 (Boring ratio lemma). ITycte apar Tpeyroabruk AXY u Touka C Ha cropore XY.

XC _ AX:sin(ZXAC)
Toraa V& = Ayam(vac)
BD _ Sasp . AB-BD:sin(/BAD) _ AB:sin(£BAD)
| HoKa3aTesbCTBO. & = $32° = FEED n(/DAC) — ACsm(ZDAC)" [

Temepb IIOCMOTPUM Ha OTHOIIEHWE CHHYCOB B IIpaBoit cTopoHe. [lycth mpsimast AC mepecekaer

sin(£XAC) _ BX

moBTOPHO OKpPY>XHOCTEL (AXY) B Touke B. [To Teopeme cuHyCOB m(ZYAG) = BY

YTO Cpa3y AAET HaM

CAEAYIOUIYIO TEOPEMY.

Teopema 2.2 (Cool ratio lemma). Aauer okpy>xHocTh u xopaa XY. Touku A um B aexxar Ha

XA | XB _ XC

okpy>xHocTu. [Ipsimbie AB u XY nepecekatorcs B Toure C. Torpa 55 - 4y = &

XC __ XAsin(£XAC)
HoxazarenscTso. Ilo Teopeme (2.1) umeem &y = AVsin(ZCAy) - HO Kak DBIAO 3aMeYeHO BBIIIE,

XA-sin(ZXAC) XA-XB ]

AY-sin(£CAY) AY-BY "’

HepnocTaTok paHHOE POPMYAMPOBKE B TOM, YTO A€MMa He paboTaeT B OOpaTHYIO CTOPOHY: €CAU

roukz C 1 D Aesxar obe Aub0 Ha OKPY’KHOCTH, AM60 Ha IpsiMoi XY, TO U3 PaBeHCTBA OTHOIIEHMI 3o
u 3D He caepyer comapenue Todek C u D. Mcmpasum sTo.

Onpenenenune 2.3. SadpurcupyeMm Touky X u Y. [Ipsgmas XY AeAUT IAOCKOCTD Ha ABE IIOAYIIAOC-

xoctu. HasoBeM opHY 13 HuUX eepxrHel, a APyryio HuocHel. Cool-ratio pynruyued no basucy XY

HazoBeM byrKIuio fxy(T) 3 R?\ Y B R, paBHYIO IO MOAYAIO XWT, CO 3HAKOM —, ECAY | AEXKUT Ha

oTpe3ke XY MAU B HUKHEN IOAYIIAOCKOCTH ¥ CO 3HAKOM -+ MHAYE.

| 3Bameuanme. ObpatuTre BEuMaHue, 4To fxy u fyx — 3TO He 0AHO U TO Xe!

3ameyanme. HacTo B 33pagax MBI 6yaeM OIpeAeAsiThb cool-ratio-pyHKIIWIO TOABKO AASI OAHO-

'O OTpPE3Ka. C IOEABIO YIIPOIICHUSI BEIKAAAOK, B TaKOM CAYYa€ MEL 6YAeM OIIyCKaThb HMHAEKC XY,

IIpEABAaPUTEABHO OOBSIBUB, KaKO! OTPEe30K MBI OepéM B KauecTBe Hasuca.

18



CoOL RATIO LEMMA Onpedenerus u nepsas CRL 19

YrBepxkaenue 2.4. [Iycts W — OKPY>KHOCTDH MAU IpsiMasi, Ipoxoasimias depe3 X u Y. Toraa fxy

— buekTuUBHOE oTObpa>kenume u3 w \ Y B R.

HokazareabctBo. [Iycts T — HeroTopas Touka w\Y, A = fxy(T). IlocTpouM okpy>kHOCTE ATOA-
AOHUS IO OoTpe3Ky XY c oTHomeHUEM A. [IOCKOABKY IIEHTP OKPY>KHOCTHA AIIOANOHUS AEKUT Ha
oTpe3ke XY — TOUKU IIEPECEUEHUST (U C OKPYKHOCTHIO ATIOANOHUS A€XKAT II0 Pa3HbIE CTOPOHEI OT
orpe3ka XY ¥, CAeAOBaTEABHO, UMEIOT pa3Hble 3HAYEHUS II0 3HAKY, 3HAUUT, CYIIECTBYET AUIIb
OAHA TOYKA C 33AAHHBIM OTHOIIEHUEM, YTO O3HaUaeT WHBEKTUBHOCTb. HO MOCKOABKY OKPYKHOCTH

ATIOANOHUS MMEET TOYKU KaK BHYTPH OTPE3KaA, TaK X CHAPYXXH, CYIDECTBYIOT TOYKHU II€EPECETCHNUS

3TO¥ OKPY’KHOCTH C (U, a 3HAYUT, QYHKIIUA CIOPBHEKTUBHA. SHAUUT, OHA OUEKTUBHA. ]

Temneps, pasobpaB caydau, MOKHO CHOPMYAUPOBATE CAEAYIONIYVIO TEOPEMY.

Teopema 2.5 (Cool ratio lemma). IIycTb aaHa okpy>kHOCTE w u €€ xopaa XY. Toukuz A u B
AEJKAT Ha OKPY XHOCTH, a Touka C — ma npsmoit XY. Toraa A, B, C AexxaT Ha opHOM IpsiMoii, ecan

7 TOABKO eca: fxy(A) - fxy(B) = fxy(C).

OpHako MO>XHO oboiiTuchk 1 6e3 pazbopa caydaes.

HokazareabcTBo. [lycts T mepeceuenuwe KacaTeabHOM B Touke A K w ¢ XY. KoarureapHOCTD

rouek A, B u C pasHocuabHa paserctsy [X,Y;A,B] = [X,Y;T,C] & % = % = % =
2
& & f(A)-f(B) = f(C). O

3ToT PE3YABTAT YK€ IIO3BOASIET AOKA3BIBATh BECbMa HETPUBUAABHBIE YTBEPIKACHUSA.

ITpumep (Teopema o 6abouxre). Touku A, B, C,D aexar Ha okpy>xHOCTE W. IlycTh P — TOuKa
nepecegenuss AC u BD. Xopaa XY okpy>xHOCTEI (W TakKoBa, 94TO P AexxuT Ha XY u PX = PY. IlycTb

AD mnepecekaer XY B Touke M, a BC B Touke N. Aokaxute, ayro PM = PN.

okazareabcTtBo. OmpeaeauMm cool-ratio-dyrkmnuio f oTHocuTeAabHO oTpeska XY. Toraa
f(M)f(N) = f(A)f(D)f(B)f(C) = f2(P) = (=1)2 = 1, 94TO B TOYHOCTH ¥ O3HAYaeT CHMMETPHIY-
HoCcTb ToueK M u N oTHOCUTEeABHO cepeAmHELI XOpAEL XY. ]
ITpumep (YHacrubii caydait Teopemsl [lackanast). Touku A, B, C,D, E,F Ae>xaT Ha OKPY>XKHOCTH
w. Xoppa XY oxpyxxuocT w TakoBa, 9To AD u BC, CF u DE mepecekarorcs Ha XY. Aokaxure,

uyro AF u BE mepecekarorcst Ha XY.

okazareabcTtBo. OmnpeaeauMm cool-ratio-dyukmuio f orHOCHTEABHO oTpe3ka XY. Ilycte AD u

BC mepecekatorcss 8 M, a CF u DE 8 N. Toraa f(A) - f(F) = FAVHRLAC)FD) _ fIM)-FIN)

f(C)-f(D) f(C)-f(D)
f(B)'iEE))'.ff((CD))'”D) = f(B) - f(E). CaepoBaTennbno, npssmeie AF u BE Tak>xe mepecekatorcst ma XY. [

Kak mbicauts npo CRL? VYV muorux atopeir CRL cpasy BBI3BIBAaET OTTOPKEHME, TaK KaK TaM
AQHBI KAKME-TO PABEHCTBA HA OTPE3KU — IIPUYEeM MHTYUTUBHO HE IOHSITHLIE, a TAKIKE CAaM METOA, YXUCTO
cuérueii. Ho Ha caMoM Aene MOKHO BCIIOMHUTE, 9TO B ABOMHBIX OTHOIIEHUSIX (B EBKAUAOBOM CMBICAE)

Tak>Xe PUIYPUPYIOT OTPE3KU U CUHYCHL. 1eM He MeHee, ABOMHBIE OTHOIIEHUS HE CYUTAIOTCS HECUHTE-
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TUYECKOM TeOMeTpuel, ¥ MHOTHE aKTHUBHO MCIOAB3YIOT UX B 3apadax. [louemy >xe Tak? Aeno B TOM,
YTO ABOMHEBIE OTHOIIEHUS AOIIYCKAIOT 0000IIIEHEe Ha IPOU3BOABHEIE IPOEKTUBHEIE IIAOCKOCTH; HO CAMOE
TAABHOE — ABOMHOE OTHOIIIEHNE MBICASIT KaK MHBAPUAHT IIPX IPOEKIINSIX, CAMMETPUSIX U IPOEKTUBHEIX
npeobpazoBaHusIX. VHEIMU CAOBaMU, ABOMHEIE OTHOIIEHUS — 3TO TO, YTO MBI IEPEKUALIBAEM, U B UTOTE,
HCIIOAB3YSI UX OCHOBHBIE CBOMCTBA, PEIaeM 3aAady, AA’Ke He 3aAYMBIBAsICh O TOM, YTO B OIIPEAEAEHUN
ABOMHEIX OTHOIIEHUH IPUCYTCTBYIOT OTPE3KU AU CHHYCHI. Tak BOT, mpo CRL MOXHO MBICAUTEH TaK

re!

Bamava 1. Tpanenus ABCD c ocuoBarusivu BC m AD Bmucara B OKpy>kHOCTbL w. Touka S —
cepepuna e€ ayru AD, He copepxameyt Touky B. Ha mpoponxemuum orpe3ka AD 3a Touky A
BbIOpara Touka E. OTpesku CE u SE moBTOpHO mepecekaioT w B Toukax X ¥ Y COOTBETCTBEHHO.

Aokaxxute, uro AD, SX u BY mepecekaioTcss B OAHO#M TOYKE.

JTokazaTeabCcTBO. IlonoskuM aAst KpaTKocTH f := fap. Tak Kak S - cepeamsa pyru AD, o f(S)? =

1. Kpowme Toro, Tak xak BC || AD, o f(B(-f(C) = 1. CaepoBaTenbHO,

CuoBa npumenss CRL, 3akaiodaeMm, 4To TOUKH IepecedeHus npsaMblix BY um SX c mpsmoinn AD

COBIIaAQIOT, YTO U TPebOBaAOCE. O

3amayga 2. Aau TpeyroabEuk ABC u Touku E, F Ha ero croporax AB u AC. Touka M — mpoeknus
IIEHTPpa ONMCAHHON OKpYy>XHocTu Ha EF. AM mepecekaer omucarHyi0 0KoA0 ABC okpy>XHOCTH B
Touke D. Orazanock, uro EF, BC 1 KacaTeabHast K OImCaHHON B TouKe D mepecekaroTcss B OAHOM

Touke. AokaxuTe, uyTo M — cepeauna EF.

JokazareabcTBO. IlycTe npsaMas EF nepecekaer onmcaHHyo OKPY>KHOCTb B ToukKax P u Q. Ilo-
AoKEM AAsT KpaTkocTu f = fpg. Toraa yTBepKAeHWE U3 YyCAOBUS MOXKHO IEPeOPMYyAMPOBATH
Tak: «Touky mnepecedenHus npsmblx BC m DD c¢ npsawmoi#t EF coBmaparoTy — u 3aTeM 3amucaTh B
TepMuHax cool-ratio-dyukmuu B Bupe f(D)? = f(B)f(C). 3amerum, uro PM = QM, a, 3HauuT,

AOCTATOYHO AOKa3bIBaTh paBeHcTBO f(E) - f(F) = 1.

4TO U TpeboBaAOCH. ]

3asmaya 3. Aaubl TpeyroabHUK ABC u ero 6uccexTpuca AD. Touru P u Q Ha okpy>xaocT: (ABC)
TakoBel, 4To /BPD = ZDQC = 90°. IIpamele PQ u BC nepecekatorcsa B Touke . AoKa>xkuTe, 9TO

npsimasi AT xacaercs okpy>xaocTu (ABC).

20



CoOL RATIO LEMMA Onpedenernua u nepsas CRL 21

HokazareabcTBo. [Toroskum anst kpatrocTu f = fpe. Ilycte npsimele PD u QD moBTOpHO Iepe-
CEKAIOT ONMMCAHHYIO OKPY>XHOCTE B Toukax X u Y. Touky X # Y pAmaMeTpasbHO IPOTUBOIOAOKHEI
roukaM B u C coorBercrBerHo, a Toraa XY|BC, uro paBHOcmAbHO paBernctsy f(X) - f(Y) = 1.

[Ipumenum CRL:
cee f(D) f(D)
f(P)-f(Q) = ] = f2(D).

CaepoBaTenbHO, npsaMast PQ, kacareabHast u3 A u npsimasi BC mepecekaroTcst B opHOR Touke. [

3amaya 4.
(a) (Teopema 06 OKPY>KHOCTHO-YEBHAHHOM IIMHT-IIOHTe) B OKpy’>XHOCTH W IpOBEAEHA XOPAA
XY. Ha npsmoit XY Beibpanse! hukcupoBasHbe TouKz P, Q u R, a Ha w — mepeMeHHAas TOYKa
A. Ilpssmass AP HOBTOPHO IlepecekaeT w B Touke A;, mpsMas A;() IOBTOPHO IlepeceKaeT
w B Touke A;, npsiMasi A;R IOBTOPHO IepecekaeT w B TO4YKe Ajz. AOKa>XuTe, UTO TOUKA

nepecedyeHus IpsMbIx AA3 m XY He 3aBUCUT OT Bblbopa ToOuku A.

(b) AaHBI OKPY>XKHOCTb M 2N NPSIMBIX, IIEPECEKAIOIIUXCS B OAHOM Touke P, aekamieir BHe
okpy>kHOCTH. Ha mepBo#t mpsiMoil BEIOMpPaEeTCs IPOou3BOAbHASI ToUKa A;. VI3 He€ mpoBoaUTCS
KacaTeAbHasI K KOHUKE AO IIEPECEYUEHUsI CO BTOPOR IpsaMoit B Touke A;. VI3 Touku A, mpoBo-
AUTCSI KacaTeAbHAsI K KOHUKE AO IIepPECeUeHNsI C TPEThel IPSIMOM B TOUKe A3 U TaK AaNee II0
IUKAY. NOKaXKUTe, YTO ECAU MBI CIIYCTS k IOAHEIX 0OOPOTOB 3aMKHYAUCE (T.€. A1 = A1),

TO ¥ AASI AIODOM APYTro#l TOUKM Aq MBI TOXKE 3aMKHEMCSI 3a k 060pOTOB.

Jloka3zaTeabCcTBO.
(a) AoxaxkeM cpasy boaee obiiee yTBEpKAEHUE: eCAr Ha npsiMoit XY urcupoBaHb! He 06si-
3aTeABHO pa3AMuHble TOuKu Pq, Py, ...P,,, nepemennas Touka A = Ay AEKUT Ha W, Ay —
BTOpas TouKa nepecedeHuss P;A; 1 ¢ w, u Ay, = Ay AAS OAHOTO IIONAOXKEHUS TOYKU A, TO

Aon = Ap Bceraa.

[Toaroxum anst KpatrocTu f := fyy. [To CRL, aast atoboro 1 < 1 < 2n BepHBI paBEHCTBA
f(Ai_1) - f(Ay) = f(P;). IlepeMHOXXasT OTAEABHO PAaBEHCTBA AASI YETHBIX 1 M AASI HEYETHHIX,

3aKAI0YaEM, UTO

n n
f(Ao) Hf(Ai) =f(P1) x -+ x f(Pyn_1), m Hf(/\i) “f(Ang1) = f(P2) x -+« X f(P2y).
. i1
TaxuM 06pa3oM, YCAOBUS 3aMbIKAHUS AOMAHON PAaBHOCAABLHO PAaBEHCTBY
f(P1) x - X f(Pon—1) = f(P2) x -+ x f(P2n),

T.€. HE 3aBHCHUT OT BbI60pa TOYKHT A.

(b) Ilocae moasipHOroO mpeobpa3’0BaHUSI OTHOCUTEABHO AQHHOM OKPY>KHOCTH 3aAada IIpeBpa-

IIMa€TCsA B YTBEPKACHNE U3 IIPEABIAYIIIET'O IIYHKTA.



CoOL RATIO LEMMA CRL nomozaem 00kasvleams KORUUKAUMHOCTS 22
| O]

2.2 CRL nomoraer JoKa3bIBaTh KOHIIMKJINYHOCTDH

PaccMmoTpuM Tenmepbh HEMHOTO APYTOM CIOKET.

Teopema 2.6 (Bropas cool ratio lemma). Aamer okpy>xHOCTE W 1 xopaa XY. Touku A u B aexxar
Ha w, a Toukux C u D — mHa npamoit XY. Touku A, B, C, D aAexxaT Ha 0AHOU OKPY>XHOCTH TOTAA U

TOABKO Toraa, Koraa fxy(A) - fxy(B) = fxy(C) - fxy(D).

HokazareabcTBo. Ilycts mpsvele AC u BD nmoBTopHO mepecekaroT w B Toukax b, u F coorset-
crBerHO. [To remme Dycca, kKormurATIHOCTE A, B, C 1 D paBHOCHMABHA IapaANEABHOCTH IPSIMBIX

EF uz XY, xoTopas, B CBOIO 04YepPEAD, PABHOCUABHA ToMY, U4TO Touku E, F, X, Y obpasyioT paBHOOO-

Kyio Tpamenuio ¢ ocHoBanusmu EF u XY, T.e. Tomy, uro f(E) - f(F) = 1. Ho f(E) = %, f(F) = %
3 CRL, 9To BA€UYET pPaBHOCUABHOCTD ¢ paBeHcTBOM f(A) - f(B) = f(C) - f(D). Il

ITpumep. Touku M, Q rexxat Ha npsamoit BC, a Touku P, N — Ha onucauHzoi okpy>xaocTt ABC.
UzBectro, uto, AP m AQ, AM m AN cuMMeTpPHYHBI OTHOCUTEABHO buccekTpuchl yraa BAC.
Aoxaxkure, uro npsmble PM u QN mepecekaroTcs Ha OIMCAHHOM OKPYKHOCTH, IIPUIEM 3Ta TOUKA

AEXKUT Ha ONUCAHHON oKpy>xkHOCTE AQM.

HokazareabcTBo. Oupeaeaum cool-ratio-dyukiuio f orHocuTeabHO oTpeska BC. [lycTe npsimast

AM mepecekaeT ONUCAHHYIO OKPY>XHOCTE B Touke K, mpssmast AQ — B Touke L, a npsimass PM — B
f(A)

f(M my f
rouke X. Toraa f(X) = f((P)) = iizi = fES ;, OTKYyAQ IIOAYYAEM, YTO TOUKA X AEXKUT Ha IPSIMOU
f(Q)
f f(M) - f
QN. Ho f(X) = % =f(M)-f(L) = % CaepoBatearHo, f(A) - f(X) = f(M) - f(Q), T.e.
Touku A, X, M, Q aeXxaT Ha OAHOM OKPY>XHOCTH. ]

A MOXXHO AM 3aMEHUTH OKPYKHOCTBH+IIPSIMYIO Ha ABE OKPY>XHOCTH? [TONOKUTEABLHBIN OTBET Ha

3TOT BOIIPOC AAET CAEAYVIOIIEE YTBEPKAEHUE.

Teopema 2.7 (Tperbs cool ratio lemma). IIycTs AQHBEI OKPY’KHOCTH (W] U (U7, [IEPECEKAOIINECST
mo ToukaM X u Y. Touku A u B aexxar Ha w;, a Touku C u D aexar Ha w;. Touku A,B,C,D

AE’KAT Ha OAHOM OKPY’KHOCTH TOTAA M TOABKO TOrAA, Koraa fxy(A) - fxy(B) = fxy(C) - fxy(D).

JlokazareabcTBO. /3 TeOpeMEbl O PaAWKAABHOM IEHTPEe KOHIUKAXYHOCTE ABCD paBHOCHABHA
Tomy, uTo mpsimble AB, CD, XY mepecekatorcst B opHoi#t Touke. Torpa m3 CRL 3T0 paBHOCMABHO
pasencty f(A) - f(B) = f(C) - f(D). Il

OTMmeTuM €l1I€ OAHY MHTEPECHYIO UAEIO.

YrBepxkaenue 2.8. [Ipu nHBEPCUY OTHOCUTEABHO OKPY KHOCTH, IPOXOAsIei yepe3 X u Y, |fxyl

COXPaHSIETCSI.
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JlokazaTeabCcTBO. AeiCTBUTEABLHO IIyCTh HEKOTOPAsi Touka | mepemaa B T'. ITocTpouM OKpy»xK-
HOCTB Amnoanonus mo oTpe3ky XY uepes A. OHa OPTOTrOHAABHA OKPYKHOCTY MHBEPCUH, & IIOTOMY

meperna B cebss. CaepoBaTenbHo, |fxy(A')| = [fxy(A)l. ]

EcAu 11eHTp OKPY>KHOCTY MHBEPCUU AEKUT Ha OTPe3Ke XY, TO OH COBIIAAAET C CEPEAUHON OTPE3KA, a

HMHBEPCHUS MEHSIET MECTaMM BHYTPEHHOCTD U BHEIIIHOCTD OTPE3KA. HOAY‘-IaeM CAEAYIOIIIEE YTBEPIKAECHUE!

CrnencrBue 2.9. Ha npsimoit XY ormedensr Touku A u B. Touka M — cepepuna orpeska XY.

Caepyroline yTBEPKAEHUS SKBUBAACHTHEI:

o fxy(A) = —fxy(B) (uam, uro paBHOCHABHO, [X,Y;A, Bl =—1);

e MA - MB = MX? (T.e. A u B uHBEpCHBI OTHOCUTEABHO OKPYXHOCTH C AuameTpoM XY).

3amaga 5. Tpeyroavauk ABC Bnucam B oKpy>XHOCTBL (). Tak>Xe paHa IPOU3BOAbHAS IpsiMast {,
IIepeceKaloIasi OKPY>KHOCTh B pa3sAMYHBIX TouKax X # Y. Ilycte M — Touka Mukeass IpsMbIX
AB, BC, AC u (. IIycts f = fxy. Aokaxure, uro f(M) = f(A) - f(B) - f(C).

HoxkazareabcTtBo. [lonrowum ans KpatrocTu f = fxy. IlycTb mpsimas XY mepecekaeT IpsiMble
AC u AB B Toukax B Toukax K u L coorBercTBeHHO. Touka M AexxkuT Ha okpy>xHOCTSX (ABC) 1

(AKL). CaepoBaTenbHO,

Coxkpalrasi AeBYIO ¥ IIPaBYIO YacTU paBeHCTBA Ha f(A) # 0, moAydaeM TpebyeMmoe. 0

3amagya 6. ABCD — paBmobokas Tpanernusi. HekoTopast oKpy>KHOCTbH IIPOXOAUT depe3 A U Ka-
caercst ocHoBaHus BC B Touke E. ITycTs X — BTOpasi TOYKa IEpPECEUEHUST STOU OKPY>XHOCTH C
OIIMCAHHOI OKPY>XKHOCTbHIO Tpamnenuu. [Ipsmas XE mepecekaeT onrcaHHYIO OKPY’KHOCTDL B TOYKeE Y,

a mpsimas DY mepecekaer npsimyio BC B Touke F. Aoxaxxkute, uro CF = BE.

HokazareabcTBo. [TonoxkuMm Anst KpaTkocTH f = fgc. AocTaTouHo pokasaTs, uro f(F) - f(E) =1.

B camom agne,

4TO ¥ TPeboBaNOCE. O

3agaua 7. NaHBI ABe OKPY’KHOCTH (W] U W;, Iepecekaomuecss B Toukax P u Q. Touku A u B
aexar Ha PQ, Toukm K,L — Ha w;, u Touku M, N — Ha w,;. M3BecTHO, uTO mpsimble AK, BL
KacaioTcst wq, a npsmele AM, BN racatorcs w,, IpriéM ¢ KaXXA0# CTOPOHEI 0T XY POBHO IIO ABE

Touky u3 K, L, M, N. Aokarkure, uro Touku K, [, M z N Ae>kaT Ha OAHOM OKPY>KHOCTH.

HokazarenabcrBo. Iloroxum arst kpaTtkocTu f = fpg. [Ipumenss CRL, sakatogaem, uto f (K)? =
f(A) = f(M)?, f(L)? = f(B) = f(N)?, orkyaa |f(K)f(L)] = [f(N)f(M)|. 3HaK® IOAMOAYABHBIX
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Bpra)KeHPIf;I COBIIQAQIOT B CHUAY IIPOIIMCAHHOI'O B YCAOBHHU PACIIOAOKEHUSA TOYEK, 1 YTBEP)KACHUE

3apauu caepyetr u3 Tperbeir CRL. ]

amaua 8. Touku B, C,D,E,F aexar ma opno#t okpy>kuoctu. [Ipsmeie DE u DF nmepecekaior
npsimyio BC B Toukax X u Y. Onucanusie okpy>XHOCTY TpeyroabHUKOB XYD u BCD mepecekaroTcs
B Touke Z. Noka>kuTe, uTo TouKu E, F, Touka, cuMmMeTpryHas D OTHOCUTEABHO CEPEAMHEL OTPE3Ka

BC, u Touka, cumMeTpuyHasi Z OTHOCUTEABHO IpsiMoii BC, aekaT Ha OAHON OKPY>XKHOCTH.

! I
HokazareabcTBo. IIycTh Touku D, Z cumMmerpuusbl D oTHOCHTEABHO cepeAnHE oTpe3ka BC u
- ’ l
Z otrHOCUTeABHO IpsiMoit BC coorBeTcTBeHHO. 3aMeTuM, uTo £ BD C = LCDB = LCZB = LBZ C,

’ ’ -
T.e. Touku B, C, Z u D aexxaT Ha opHO#I OKpy>XHOCTHU. [TonrokuM aAst KpaTkocTu f := fgc. Toraa

f(Z)f(D) 2nd cru f(X)F(Y) cro
f(D)? —  f(D)?

HZ)F(D') = (—F(2)) (— 1 ):

Temeps yTBep>KAeHME 3apaun CAepyeT u3 TpeTbeit CRL aast okpysxuocteit (BCDEFZ) u (BCD'Z).
O

amaua 9. B Tpeyroarauk ABC mnposepaenbl BeicOTHI AA;, BBy u CC;. Ilpsmeie AC u A;Cq
IIepeceKaroTcs B ToUKe B,. [Tpsimasi, mpoxoasimas depes By mapaanreabro A;Cy, IepeceKaeT IpsiMbIe
AB u BC B Toukax X u Y. Aoka>xuTe, 94To TOUKH X, Y, B, u cepepuna orpeska AC Ae>kaT Ha OAHOMK

OKPY>KHOCTH.

HokazareabcTBO. [Toroxxum anst xkpatroctu f = fac. BEcaw M — cepepuna croporsr AC, To
f(X) - F(Y) = f(By) = —f(Bz) = f(B2) - f(M).

Touku X, Y, A, C AekaT Ha OAHOM OKPY>XHOCTH, M a TOTAA YTBEPKAEHUE 33Aa4UU CAEAYET U3

BTopoit CRL anst aToit oxkpys>xuHOCTH 1 Ipsimoit AC. O]

Saga4da 10* (VcrHast ropoacKasi reoMeTpudeckast oauMnuaaa 2025 10.5). Aax HepaBHOOEAPEHHBIH
ocTpoyroAbHBIZ TpeyroAbHUK ABC. CepepunHEBIM nepneHAUKYASIp K cTopoHe BC u npsmere AB,
AC obpazyror TpeyroabHuK A. ITycTs X — TOuKa mepecedeHMs: KacaTeAbHBIX B Todkax B u C
K OKPY>XHOCTH, OIMcaHHO# okono TpeyroabuHumka ABC. Ilpsmas AX IOBTOPHO IEpECEKAET ITY
OKPY>XHOCTb B Touke G, a M — cepeputa cropoHbl BC. AoKa>XuTe, YTO OIMCAHHBIE OKPY KHOCTH

TpeyroabHUKOB XGM u A KacaioTcs.

HokazareabctBo. IlycTh cepepuuHbIN nepneHAUKYASP K BC mepecekaer (ABC) B Toukax P, Q,
a AB,AC B rourax K, T. ITycts f = fpg. Ilycte (A) mepecekaer (ABC) B Touke S. Torpa mo
Bropoit crl f(A)f(S) = f(K)f(T). ITokaxxem, uro S aexxur Ha (XGM). Xorum urobsr f(S)f(G) =
f(M)f(X), T. e. mposepsiem, uro f(K)f(T)f(G) = f(M)f(X)f(A). ITo crl umeem f(A)f(G) = f(X),
xorum f(K)F(T) = f(M)f(A)?. TIo crl f(A)f(B) = f(K),f(A)f(C) = f(T), T. e. XOTUM IIPOBEPUTH
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f(B)f(C) = f(M), uro Bepro u3 crl. OueBuano, uro (A) L (ABC),(XGM) L (ABC). Orciopa

CAEAYET KaCaHUE. O]

Bazgauya 11*. B rpeyroabauke ABC meamara AM mepecekaeT ONMMCAHHYIO OKPY>XKHOCTBH B TOUKE
F. Boucannas B Tpeyroabuk ABC mapaboaa ¢ doxycom F xacaercs mpsameix BC, AC u AB B

Toukax P, Q u R. Aokaxxure, uro Touku P, Q, R, M AeXaT Ha OAHOI OKPY>KHOCTH.

JlokazaTeabcTBO. AOKa>keM CHadaaa, uTo Touku B, R, Q um C aekaT Ha OAHON OKDPY>XHOCTH.
Tax xaxk F aexxur Ha AM, u DOKYCHI KOHUKY, BINCAHHON B TPEYTOABHUK, M30IOHAABHO COIIPSI-
>KEHBI, TO DECKOHEYHO yAAAEHHASI TOYKa Iapaboabl COBIIAAAET C OECKOHEYHO YAANEHHOM TOUKOM
CUMeAVaHbl TPeYTOABHUKA 13 BepmuHEl A. [IycTs K — moaloc cuMepvaHbl U3 BEPIIUHBEI A OTHOCH-
TeAbHO ITapaboasl. Torpa ¢ opHo# croponsl, K Aexxut Ha QR, a ¢ APyro#l CTOPOHEL Ha HECKOHETHO
yAaneHHOM mpsimoit. ITo rapMoOHMYECKOMY CBOMCTBY NOASDPHI, CUMeAMAaHA U3 BEPIIWHBEI A AEAUT
QR nomonaam — 3HauuT, orpe3ku BC u QR amTUIApasreAbHB OTHOCUTEABHO yraa A, X MCKOMas
KOHIIUKAMYHOCTb AOKa3aHa.

[Tonoxxum ans kparroctu f = fpc. [Ipamele AP, BQ u CR mepecekaroTcss B OAHOM TOYKE — 3TO
MO>XHO IIOHSTBH AMO0 U3 TeopeMbl BpuaHINOHa AAST BEIPOXKAEHHOTrO IrectuyroabHuka ARBPCQ,
AMOO CAEAaB IIPOEKTUBHOE IIpeobpa3oBaHME, IIEPEBOASAINEE KOHUKY B OKPY’KHOCTL. 10TAd €CAU
npsiMble QR u BC mepecekatorcs B Touke X, To [B, C; P, X] = —1, a Toraa f(X) = —f(P). CaepoBa-

TEABHO,

U yTBEPXKAEHUE 3apauu caepyeT u3 Bropo#t CRL ans oxpysxuoctu (BCQR) z mpsmoit BC. ]

2.3 Generalized Cool Ratio Lemma

Teopema 2.10 (Generalized Cool Ratio lemma). IIycTb paHa okpy>xHOCTE W u xopAa XY. Touru
A, B, C u D aexar Ha w. Ha npsamoi XY Bribpansl Touka E u F. Toraa A, B, C,D, E, F AexxaT Ha

OAHOfI KOHUKE TOI'Aa M1 TOABKO TOr'Aa, KOTr'Aa

fxy(A) - fxy(B) - fxy(C) - fxy(D) = fxy(E) - fxy(F).

HokazareabcTBo. [Iyctb AB nepecekaer XY B Touke P, a CD B Touke Q. Ilo Teopeme Aesapra o6
naBOAIOIIUE AAS ABCD cylecTByeT IpoeKTWBHAS MHBOAIOIUS, KOTOPasi MEHSIET MeCTaMU I1aphl
rouek Pu Q, X u Y, E u F. CaepoBarearno, [XY;PE] = [YX; QF] = [XY;FQ]. Suauur, % = %
A Torpa f(E) - f(F) = f(P) - f(Q) = f(A) - f(B) - f(C) - f(D). [
Samaya 12. OKpy>XHOCTDL U IpsIMast IEPECEKAIOTCT B ABYX TOUKaX. KOHUWKaA IIepeceKaeT OKPYK-
HOCTb B Toukax X, Y, Z u T, a mpsmyio — B Toukax A u B. IIpsamere AX, AY, BZ u BT nosropzo
[IEPECEKAIOT OKPY>KHOCTE B Toukax X', Y/, Z' u T’'. Aokaxkure, uyro Touku X', Y/, Z/, T, Au B

AEKaT Ha OAHOM KOHUKE.

25
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JokazaresabcTBo. [IycTh mcxopHas IpsiMasi IePeceKaeT OKPY KHOCTE B TouKax P u Q. [Toroxxkum

Anst kpaTtkocTu f = fpg. Torpa

CRL 2(X) - (V) cer

FAD B -F(C)- D) = By D)

[Ipnmenernue GCRL B obpaTHYIO CTOPOHY 3aBepIIaeT AOKa3aTEeAbCTBO. ]

2.4 Ca3b CRL c kjlaccmyecKuMu MeTPUIECKUMH TeopeMaMu

Vreepxkenue 2.11 (CBsi3b ¢ moBopoTHOU romorerueir). Aar Tpeyroabruk ABC u Touku E u F
Ha npsaMeix AB u AC coorBercTBeHHO. [IycTh M — TOUKa IepecedeHus: ONUCAHHBIX OKPYKHOCTEN
TpeyroabHrKoB ABC u AEF. Toraa [fgc(M)| = [fegr(M)] = 4£.

B nmpeapiaymux 3apadax Mbl PEUKCUPOBAAU OAHY 6a30ByI0 XOpAYy 1 mcuoab3oBaAu CRL anst Hee.
OpHako mHOrJa OBbIBAEeT II0JIE3HO BBECTU HECKOJIBKO cool-ratio-dyukiiuii u nepenucarb Tpe-
OyeMoe yTBepxKJieHHe ¢ mx nomoiibio! B KagecTBe mpumMepa MoO>XHO mpuBecTu TeopeMbl Paneca,
Yesbl u Menenass. B panbmeiimeM, ecan B 3apade AaH TPeyroAabHUK ABC, MBI peKOMEHAYEM CAEAY-
fomyto Hotaruio: p(T) = fee(T), q(T) = fea(T), r(T) = fap(T), mpugem p(A), q(B),r(C) > 0 (uxEIMEZ

caroBaMu, BHYTpH TpeyroabHuKa ABC Bce Tpu OYHKINN ITOAOKUTEABHEL. )

VrBepxkaenune 2.12 (Teopema Paneca). Aau TpeyroabEuk ABC u Touku E u F ma AB u AC

coorBeTcTBeHHO. [Ipsimble EF m BC mapaaneabHBI TOrpa ¥ TOABKO TOraa, Koraa r(E) - q(F) = 1.

VrBepxkaenue 2.13 (Teopema Yeser). Aau Tpeyroabauk ABC u Trouku D, E u Fra BC, ABu AC
coorBeTcTBeHHO. [Ipsimeie AD, BE, CF mepecekaioTcs B OAHOM TOYKE MAU IIOIAPHO ITaPAANEABHBI

TOTAA ¥ TOABKO TOTAR, koraa p(D) - q(E) - r(F) = —1.

VrBepxkaenune 2.14 (Teopema Menenast). Aan TpeyroabrHuk ABC u Toukz D, E u F ma BC,

AB u AC coorBercTBernHo. Touku D, E, F Ae>kaT Ha opAHOM IPsSMOM TOTAA X TOABKO TOTAQ, KOTAA
p(D)-q(E)-r(F) =1.

VYreepxkaeune 2.15 (TpuroHomerprdeckasi Teopema Uesnl). AaH TpeyroabHuK ABC u Toukm
D, E u F va (ABC). IIpsimere AD, BE, CF mepecekatoTcss B OAHOM TOYKE TOTAA X TOABKO TOTAQ,
rkorpa p(D) - q(E) - v(F) = —1.

Taxk>xe XO4eTCSI OTMETHUTD emé HECKOADBKO IIPOCTEBIX, HO IIOAE3HEBIX CBOMCTB:

YrBepxkKaeHue 2.16.
(a) p(T)-q(T)-r(T) ==+1, rae 3HaK + B GeABIX CEKTOPaxX (CM. KAPTUHKY ).

(b) p(A)-q(B)-r(C) =1
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Samaua 13. Aar TpeyroabauK ABC. Bricorsr AA;, BBy, CC; mepecekaioT ONUCaHHYIO OKPYX-
HOCTb B ToUKax A, B,, C,. B,A; moBTOpHO IepeceKkaeT OKPYKHOCTL B ToUKe X, a B,C; moBTOpHO
IIepeceKaeT OKPY KHOCTE B TouKe Y;.OKPY’KHOCTDL ONUCaHHAT OKOAO A1A ;X IIEpeceKaeT IIOBTOPHO
cropory BC B Touke X;, a OKpy>kHOCTB omucanHasi okoao C;C,Y; mepecekaeT IOBTOPHO CTOPOHY

AB B Touke Y;. Aokaxkure, aTo X,Y;||AC.

HokazareabcTBo. Ham Hapo mpoBepsaTs, uTo 1(X3) - p(Ya) = 1.

T(Ca) - (Y1) - p(A2) - p(X4) _ (Y1) - p(Xy) _ T(Cy) - p(A1) - q(B)
T(Cy) - p(AY) T(C) - p(A) p(B2) - 7(B2)
T(Cy) - p(A1) - q(B) T(Cy) - p(A1) - q(B)

p(B) (B q(B)) = —p(A1) - q(By) - 7(C) = 1.

p(X2) - r(Y2) =

Samaya 14. Aau Tpeyroabruk ABC. Touka D - mpousBoAbHas Ha €ro onucaHHON, M - cepepuHa
BC. Oxpy»xuocts AMD nosropzo nepecekaet npsmyto BC B Touke X. BD nepecekaer AC B Touke
Y. Kacareanusle K onucarHoi B B u C nepecekatorcs B T. Aokaxxute, 4To Touku X, Y u T AexxaT

Ha OAHOY IIPSIMOIA.

HoxkazareabctBo. Ilycts Z — Touka mnepeceuenuss CD um AB. Ilo Teopeme Ilackars ans
ABBDCC rouku Z,T,Y roanmueapssl. [To Bropoit crl umeem p(M)p(X) = p(A)p(D), p(M) =
—1 u p(X) = —p(A)p(D). Tarxe q(Y) = q(B)q(D) u r(Z) = r(C)r(D). r(Z)p(X)q(Y) =
—p(A)p(D)q(B)q(D)r(C)r(D) = p(A)q(B)r(C) = 1. Toraa mo Teopeme Menenrass Touru X, Y,

Z ne>KaT Ha OAHOU IIPSIMOH. ]
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3amaya 15.
(a) Tpeyroavrurz ABC u DEF Buucans: B okpy>xuOCTb (). [Ipsimast BC mepecekaer mpsiMere
DE uz DF B Toukax X u Y. Orpy>xxHocTb (DXY) mepecekaer () B Touke D;. AHanrormyzHO
ompepenstiorcs Touku E; um Fy. Aokaskute, uTo npsmblie AD;, BE; u CF mepecekaiorcs B

OAHOI TOYKE.

(b*) (I'pob m3 JCG). Tpeyroasauxu ABC u A'B'C’ uMeroT obIIyto ONMCaHHYI0 OKPY’KHOCTE,
a npssmeie AA’, BB’ u CC’ nepecekatorcss B opHO# Touke. Touka A; Ha (ABC) TakoBa, 4TO
OHa AeXaT Ha OKPY’KHOCTH, IIPOXOASIeit uepes A u Touku mepecederus B'C ¢ AB,AC.
AHaNOTUYHO OIPEAEAVIM TOYKU B1,C1,A;,B;,C;. Aoka>kuTe, 4TO IIPSIMEBIE A1A;, B1B; u

/ o
C;C, nepecekaroTcsi B OAHOHI TOYKE.

HokazareabctBo 1.
(a) Tlo TpurYese xorum mposepsats p(Di)q(Eq)r(F;) = —1. U3 szapaum (5) wussect-
Ho, uTo p(D;) = p(D)p(E)p(F). CarepoBaTenbHO, AOCTATOYHO IIPOBEPUTL PABEHCTBO
p(D)p(E)p(F)q(D)q(E)q(FIr(DIr(E)r(F) = —1. Ho p(P)q(P)r(P) = —1 ans amboit Touxn
P Ha (ABC), mobepa.

(b) ChopMyArupyeM HECAOKHYIO AEMMY:

JIlemma 2.17. Tpeyroabuurku ABC, DEF Bnucans! B KoUKy K u mepcreKTuBHEL. [1ycTb
/ (3
Q — Touka naockocTy, ¥ X — obpas Touku X Ha KoHUKe K IIPU IPOEKIUM 3TOH KOHUKA

Ha cebs ¢ merTpoM Q. Torpa TPEyroabHUKU A'B'C' u D'E'F mepcrexTHBHEL

,Z[OKaBElTeJIbCTBO. CAeAyeT 3 TEOPEMBL ob OKPY>XKHOCTHO-YEBMAaHHOM IIMHI-IIOHT'E€: €C-
AN KOMIIO3UITUSA n HpOGKHMﬁ KOHUKH Ha cebst c OEHTPaMHU, ACKAIIVMU Ha 0AHOI71 IIpsi-
MOfI, IMEET HEIIOABU>XHYIO TOYKY, TO 3Ta KOMIIO3UIIXA TOXXKACCTBEHHA. HpI/IMeHFIeM KOM-

- [y
mos3unuio ¢ meHTpoM P, 3arem Q, 3aTeM c Toukoit nepeceuenust PQ ¢ A'D u cHoBa c
Q. O

’ ’ ’ -
ITo nymkty (a), mpsimble AA,,BB,,CC, mepecekaioTcsi B OAHON TO4YKe P, um IIpsiMbIe

’ ’ ’ -
A Ay, B By, C C; nepecerarorcsa B opHo# Touke . [lokarkem, uro P = Q; oTciopa, o AeMMe,

6yaeT caepoBaTh TpebyeMoe.
AanbHellmue paccyXxAeHUS TpuHapAexaT Baapumupy Korbvimesy. AoKa>keM AEMMY:
Jlemma 2.18. Tpeyroavauxk ABC Boucan B oKpy>XHOCTE () ¥ OIMCAH BOKPYT KOHUKY

v. IIpsimas { xacaercs y. Ilycte M — Touka MuKeass CTOPOH TPEYTOAbHUKA U IPsIMOii {.

Aocrpoum Tpeyroabruk MXY, BrnucanHbId B () u onucaHHEIM BOKPYT Y. Toraa XY || £.
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okazareabcTBo. Comnpst>xkerme Kaoycona ¢ meHTpoM B M BKAIOYAET B CeDS CUMMET-
PUIO OTHOCUTEABHO buccekTpuckl yraa FiMF; (F; — doKycel v) u MeHsieT MeCTaMu TOYKY
K, L mepeceuenus { u Q. CarepoBaTenbHo, npsimble MX 1 MY u30roHaAbHBEL OTHOCATENAD-

Ho yraa KML, a toraa XY || KL, uTo u TpeboBarocs. ]

[TepeitpéM K permenuio 3aaa4u. Tak Kak y TpeyroabHukoB ABC u A’B’C’ cymmecrByer ob1mast
OIIMCaHHAasl KOHUKA, TO II0 TeopeMe [IoHCceAe ¥ HUX CYIIECTBYET U 0bIIasi BIUCAHHAS KOHUKA Y.
I[Tycte npsamast BC kacaetcs y B Touke Kg; Touku Ky, K¢, K/, K{, K! onpeaeanm anaroruyso.
3 Teopemsul [IoHCEAE TAaKIKE CAEAYET, YTO MOYKHO AOCTPOUTH A; AO BIMCAHHO-OIIMCAHHOI'O
tpeyroabruKa A1XY. Obo3HauuMm TouKy Kacauus Yy u XY cumBoaamu L,; Toukm Ly, L., L/,
L;, L. ompeaeamM aHanormyHo. VI3 AeMMBI M3BECTHO, 4TO Touku K/ u L, cuMMeTpmIHEBI
OTHOCUTEABHO LEHTPA Y. B cuay romorpaduu [Tomcene (cum. (46)), orobparkerus Aj — L,
m A’ — K/ mpoektuBHHI, a Toraa kommosunus A’ — K! +— L, — A; ToXXe NPOEKTUBHO H,
OYEBUAHO, SIBASIETCSI MHBOAIOIIMEH. \100Oasi MHBOAIOIINSI Ha OKPYKHOCTK — 3TO IEHTPaAbHAS
cuMmmerpusi. CaepoBaTeABHO, TpsiMast A’A| IPOXOAUT Yepe3 (PUKCUPOBAHHYIO TOUKY. depes

Ty K€ TOYKY IIPOXOAST OCTAABHBIE IISATE IIPSIMBIX.

]

VIOMsIHEM €IlE OAHY TeOPEMY, KOTOpasi B HEKOTOPOM CMEBICAE SIBASIETCSI aHAAOTOM TeopeMel (2.10)

AASI CAyYasi, KOTAQ OKPYKHOCTb-+IIPsIMasi 3aMEHEHBI Ha TPU IPSIMbIE ODIIETO ITOAOKEHMSI.

Teopema 2.19 (Teopema Kapuo). Aau Tpeyroavrur ABC, Touru Ay, A; Ha BC, Touku By, B, Ha
AC, touku C;,C,; Ha AB. Touku A;, Ay, By, By, C;, C, Ae>kaT Ha OAHON KOHUKE TOTAQ, X TOABKO
TOrAQ, KOTAQ

p(A1) - p(A2) - q(B1) - q(B2) - 7(Cqy) - 7(Cy) = 1.

HoxkazareabctBo. [lycts npsmele B,C; u BC mepecekatorcst B Touke Aj, npsmble CoA u AC —
B Touke B3, a mpsimbie A;B; m AB — B Touke C;. ITo Teopeme [Tackansi, mpuHaANEKHOCTD TOUEK
A1, Ay, By, By, Cq, C; opHOM KOHMKE PaBHOCUABHA KOAAMHEAPHOCTH TOo4UeK Aj, B3, C3. I3 TeopeMbr
Menenast 3To paBHOCHABHO paBeHCTBY R(C;)-P(A3)-Q(B3) = 1, uTo, B cBOIO 04epeAb, PABHOCUABHO

pasercTBy p(A1) - p(Az) - q(B1) - q(B2) - v(Cy) - 7(Cy) = 1 (MBI npEMeHUAR TPH TeopeMbl MeHeaast

Anst Tpeyroabruka ABC u mpsimeix B,Cy, C;Aq, A;By). ]
Hoxkazareascrso. p(P)p(Q) = p(Ci)p(Ca), q(P)q(Q) = q(A1)q(A),r(P)r(Q) = r(By)r(B2).
Xorum mpoBepuTb  Pp(Ci)p(Ca)q(Ar)q(AL)r(By)r(B2) = 1. Orciopa XOTHM IIPOBEPUTH

(p(P)p(Q)q(P)q(Q)r(P)r(Q))* =1 — mo p(P)q(P)r(P) = —1,p(Q)q(Q)r(Q) = —1, mobeaa. [l

Bagada 16* (MockoBckast MaTeMaTrdeckasi onuMmnuasa 2006, 10.6). Ha ommcanHON OKPY>XHOCTH
tpeyroabHUKa ABC Beibpaner Touku P m Q. Touka A; Brlbpana Ha npsmoi# BC Tak, 4uTo mps-

Mele PA; u QA; cumMmerpuunsl orHOcuTeABHO BC. Touku By m C; onmpeaensioTcss aHAAOTMYHO.

Aoxraxxute, aro Aq, By u C; Ae’KaT Ha OAHOW IIPSIMOI.
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HokazarenbcTBo. Pa3bepéM cHavana caydail, KOTaa OAHA U3 CTOPOH TPEyroAbHUKA (6e3 orpaHu-
yeHust oburHOCTE BC) SIBASIETCSI CEPEAMHHBIM IIEPIEHAUKYASIPOM K PQ (KOTOpHI# MBI 0603HAYUM
6yxBoit m). B TakoM caywae Touka A; HE ONpPEAEAEHA OAHO3HAYHO, HO HETPYAHO IOHSITH, UTO
B; = C; = A, T.e. yTBEp>)KAEHUE 3apa4uU BCE paBHO BepHO. Aanee, ecau m || BC, To Touku A He
cymecTByeT. [loaToMy panee MBI curTaeM, 94To M Inepecekaercs ¢ npsMmbiMu BC, AC u AB posrO
II0 OAHOW TOYKe, KOTOPEI# MBI 0b03HaumM cuMBoAaMu A;, B, u C,. Tak Kak A; — IepecedeHme
CEPEAMHHOTrO IepIeHANKYAsIpa K PQ u 6uccekTpuck! (BHyTpeHHEN nAu BHemHEH) yraa PA;Q, To
Touku P, Q, Ay 1 A, KOHIIUKAWYHBEL. AHaAOTMYHO, Ha OAHOM OKPY’KHOCTH AeKaT Touku P, Q, By, B,
n P,Q,C1, Co. Toraa p(A1)p(Az) = p(P)p(Q), q(B1)q(B2) = q(P)q(Q), T(C1)r(C2) = r(P)r(Q) mo
BTOpOi#t crl. Tak Kak Touku A,, B, u C; xoanrureapss! u p(P)q(P)r(P) =p(Q)q(Q)r(Q) =—1, To

o Teopeme Menenas Touku A, By, C; Tak)Ke KOANMHEAPHEL. O]

Samaya 17. Aau tpeyroavrrurk ABC, Ay, A; Ha BC, B;,B; ma AC, C;,C, ma AB, TakoBeI, 4TO
A1A;B1B,CC;, ra opnoit koruke. Touku Az, A4, Bz, By, C3, C; Ha onmcanHOR OKPY>XHOCTH TpeE-
yroapHuKa ABC TakoBEI, 9TO YeTBEPKE ToueK A1AA3A4, B1B;B3B4, C1C,C53C4 AesxaT Ha opHOM
OKPY>KHOCTH. J\OKa>kKUTE, UTO:

(a) TpeyroabHUK 06pasoBaHHEBIN IpsMeME A3Ay, B3Bs u C3C4, mepcrieKTUBEH TPEYTOABHUKY

ABC.

(b) ecam mpsimeie AAj3, BB; u CC; mepeceraroTcst B OAHOM TOUKe, To mpsimble AA4, BB, u CCy

TaK>X€ IIEPECECKAIOTCSA B OAHOfI TOYKE.

JlokazaTeabCcTBO.

(a) Ilycts A3A, mepecekaer BC B As, Bs, Cs ompeaenensr ananroruuso. Toraa

P(A3)q(Bs)r(Cs) L p(A3)q(B3)r(C)p(Ad)q(By)r(Cy) 2

P(A1)q(B1)r(Ci)p(Az)q(B2)r(Cy) = Kapro 1

CaepoBaTenbHO, TOUKE Ajs, Bs u Cs aeskaT Ha opHOM IpsiMoii mo Teopeme MeHeaasi, a 9TO u

O3Ha4Ya€T IIEPCIICKTUBHOCTD PaCCMAaTPUBAEMBIX TPEYI'OABHUKOB.

(b) Tak kak mpsimble AAj3, BB3;, CC; mepecekatoTcst B opHO# Touke, To p(A3)q(Bs)r(Cs) = —1.

CaepoBaTeEABHO,

p(A4)q(B4)T(Cs) = —p(A3)q(B3)r(C3)p(Ad)q(Ba)r(Cy) 2
—p(A1)q(B1)T(C1)p(A2)q(By)r(Cy) ™ ™ 1,

a Toraa npsimeie AA4, BBy u CC4 Tak>Xe ImepeceKaroTCsi B OAHOM TOUKE.

O]
Opmo u3 npeumytnectB CRL — 6oaee KOMIIaKTHAS 3alIMCh OTHOIIEHU OTPE3KOB, IIOITOMY OOBIYHO

MBI CTPEMUMCSI IIEPEBECTH KaK MOXXHO OOABIITYIO YacTh BEIKAAAOK Ha SI3BIK cool-ratio-dyukuuit. Opza-



EBKAMAOBEI MTHBAPUAHTEI [TOPU3MA [IOHCEAE

KO MHOTAQ AASI IPOBEPKY (PUHANABHOTO PABEHCTBA OBIBAET IOAE3HO BEPHYTHCT K CTAHAAPTHOMN 3aIIUCU

OTPE3KOB. HpI/I 3TOM Ba’KHO He 3a0BLITH IIPOBEPUTDL COBIIaACHNUE 3HAKOB. CAGAYIOMHG 3aAa49H IIPO 3TO.

Bagada 18 (FOMT-2019). B Tpeyroabauke ABC c onucaHHON OKPYKHOCTBIO (U IPOBEAEHBI UEBH-
ansl AD, BE u CF, nmepecekatomuecss B opHOM Touke. Touka M — cepeauna croporsl BC. Orpy»x-
HocT W U (AEF) moBTOpHO mepecekaiorcsi B Touke X. IIpsimass XD IOBTOPHO IIE€pecekaeT w B
Touke Y. [Ipsimass YM moBTOpHO IlepecekaeT w B Touke Z. Aoka>kuTe, uTo npsaMass AZ KacaeTcs
(AEF).

HokazareabctBo. [Toaoxxum f := fgc. Toraa f(X)f(Y) = f(D) u f(Y)f(Z) = f(M), otkyaa f(Z) =
—ff((—é)). Ho mmo yreepsxaeruio (2.11) [f(X)| = E—E, a Toraa E—% = E—E : E—B = Q—E. YUTobBI yTBEPKAATE, UTO
TpeyroabHUKY AEF u ZCB nmopobHBI, Hapo pa3obpaThbcsa ¢ pacnorokeHueM TodeK. Ho, mpocaepuB
3a 3HakamMu CR-pyHKIUHA, MOKHO 3aMETUTDH, YTO TOYKK X X A HAXOASTCS IO OAHY CTOPOHY OT
npsimoit EF Toraa um TOABKO TOTAQ, KOTAA IIO OAHY CTOpPOHY OT mpsiMo#t BC HaxopsiTcsa Touku X I
Z. T.e. mopobue u B camoMm Aene ecTb. CaepoBaTenbo, £ ZAE = LZBC = LAFE, T.e. mpsimast AZ

KaCaeTCs ONMCAHHON OKPYKHOCTK TpeyroabHuKa AEF. O

Samaga 19. Aan tpeyroarauk ABC. Touku D u E ma croporax AB u AC cooTBeTcTBEHHO Ta-
koBbI, 9To BDEC Bnucammsrit. OkKazanock, 9To Ha cropoHe BC cymiecTByeT Takasi Touka |, 9TO
BT = BD, CT = CE. Aoka)xuTe, 9TO OIIMCAHHASI OKPY>XHOCTD TpeyroabHuKa DET mpoxoauT depes

OCHOBaHUE BHYTpeHHefI 6I/ICC6KTpI/ICLI U3 BEPIINHDBL A.

HoxkazareabcTBo. Beepém CR-dyHKIIMIO OTHOCHTEABHO OTpe3Ka BC Taku obpazoM, YTOOBI BHYT-

Pu TpeyroabHEKA ObIA 3HaAK «+». [Ilycte /BDC = Z/BEC = ¢. /13 TeopeMbl CHHYCOB %—18 = :I:((g%,

% = % SHa4uUT % = % = % = %, rae L - ocuoBamue 6buccekTpuckl u3 A. Toraa
f(D) - f(E) = &g¢¢ = f(T) - f(L) O

3 EBkimaoBbl nHBapuaHThI mopu3sma llomcele

JaHHBI pa3aen MOCBSIIEH Pa3HOOOpa3HBIM MHBapuaHTaM nopusMa l[IoHceae, a Tak>Xe IpuMeHe-
HUSM IIOpU3Ma B OAMMIMAAHBIX 3ajadax. [loapasaens! o 6oablelt wacTy HE3aBUCUMEI, TaK YTO He
00s13aTENBHO PEIaTh 3374y II0 IIOPSAKY. TeM He MeHee, IPU PELIEHUN HEKOTOPHIX 33aAaY MOKET OBITH
IIOAE3HO BEPHYTHCS Ha3al U INOAUEPIHYTH KAaKYIO-HUOYADL IIOAE3HYIO UAEI0 OTTYAQA.

Paszywmeercst, 60ABIIMHCTBO 33234 HE SIBASIIOTCS OPUTMHAABHBIMU: OHY B3SITHI U3 CTATEH MAU OAUM-
nuap, B TOM 4YUCAe HepAaBHUX. [[03TOMy HeT HWYEro CTPAIIHOI'O, ECAM BAPYT BBl BUAEAU UAU AAYKE
yMeeTe PelIaTh Ty UAYM UHYIO 33Aa4y. 33734 B Pa3peAe MHOIO (BO3MOXKHO, AAYKE CAUIIKOM MHOTO), TaK

YTO BaM B AIOOOM CAydae He HYAET CKYUHO.
ITpaBuna urpser:

e Bo Bcex 3apagax CAOBOCOUETAHUE «TPEYTOABHUK BPAIIAETCS MEXKAY OKPYKHOCTSIMU / KOHUKAMU»

O3Ha4Ya€T BpPalll€HUE B CMBICAE TCOPEMEIL [Toncene.
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e ChoBocodeTaHmMe «BIMCAHHAsT KOHUKA» O3HAYa€T, 9YTO KOHUKAa KaCa€TCAa CTOPOH MHOI'OYI'OABHHUKA
AN UX HpOAOA?KeHI/If;I — B 9aCTHOCTH, MOJKET ACKATDb BHE TPEYT'OABHHUKA. OAHaKO BIIMCAHHYIO 1

BHEBIIMCAHHYIO OKPY>XHOCTH MBI Pa3AUYaEM.

e Hcau Bac mpocsaT A0Ka3aTh CYIIeCTBOBaHME (PUKCUPOBAHHON OKPY KHOCTY C KaKUMU-TO CBOMCTBa-
Mu (TOYKA ABVIKETCS IO Hell, IepeMeHHasi OKPY>KHOCTh BCE BPeMsi €€ KacaeTcsi U T.A.), TO 3Ta
OKPY’KHOCTH BIIOAHE MOJKET BEIPOAUTHLCS B TOYUKY UAU IPSIMYI0. AHANAOTWYHO, B YTBEPKAECHUUN
«IIPSIMBIE IIPOXOASIT Yepe3 (PUKCUPOBAHHYIO TOYKY» TOUKE pa3pemraeTcs OBITH OECKOHEYHO yAa-
AEHHOHE. A IIOA CAOBOM «UHBEPCUS» MOXKET CKPBIBATHCSI He TOABKO OOBIYHAsT WHBEPCUS, HO U
KOMIIO3UIINS NHBEPCUY U IIEHTPAABHOM CHMMeTPUY C OOIIuM IIeHTPOM (TaK Ha3bIBaeMasi «MHBED-
CHsI C OTPUIATEABHBIM PaArycoMs ). CINCOK MOXKHO IPOAOAXKUTE. ObIree IIPaBUAO TAKOBO: €CAK
BaM Ka’KeTCs, YTO YTBEP)KAEHWE KaKON-TO 33AadM B CBOell TeKyInel hOpMyAMPOBKe HEBEPHO,

obparmaiiTech K aBTOpaM IIPOEKTA.

e HekoTOphle 3aAa4Yi COCTOSIT U3 HECKOALKUX IIYHKTOB. [ [pUHIUIILI IPYIIMPOBKY YTBEPKACHUHA B
OAHY 3aAady MOTYT OBITH pasHBIMU. VIHOTAA MPEABIAYIINE IIYHKTHI IIOMOTalOT B PEIIEHUU CAE-
AYIOIINX — TaK IIPOMCXOAUT B AOKA3aTEABCTBE TeopeMEI Jareppa. B Apyrux cAy4asix MbI 06b-
eAVHSIEM YTBEP)KAEHUE U ero obobuienue (cM., HaupuMep, 3apady (53)), pasHele cBoiCcTBa 0bImei
KOHCTPYKLZY UAY IIPOCTO IIOXOXKUE YTBEPIKAEHUsI, KaK B 3apade (45). B UCKAIOUATEABHBIX CAY-

qadaXx IIPUHIIUII O6'beAI/IHeHI/IH MOXXET OBITH 3arap04€H U IIPOSCHUTCS IIO37KE.

3.1 Conpskenune Kiioycona n jjemma CKyTHHA

3amaga 20. Yersipéxyroabruk ABCD BpamaeTcs MeXAY ONKUCAHHON OKPY>XHOCTBHIO () M BIU-

CaHHOM KOHUKOM Yy ¢ dorycamu P u Q.

(a) AoxaxkuTe, uTO conpspKeHUE KAOYCOHA, COOTBETCTBYIOIIEE YETHIPEXYTOABHUKY, OCTAETCS

IIOCTOSAHHBIM.

(b) IlycTs BIMCaHHAS KOHUKA — 9TO OKPY>KHOCTH, a npsiMble AB u CD nmepecekatoTcst B ToUKe

E. Aokaxkure, uTo BCce oKpy>xHOCTH (BCE) KacatoTcsi PUKCHPOBAHHON OKPY>KHOCTH.

(c) Bepuémcs K cayuato saaumnca. Aokaxkute, uro cyMmma L ABP + LCDP mocrosiHHa.

JlokazaTeabCcTBO.
(a) Touka P mepeceueHus: AMaroHaAel UETHLIPEXYTOABHUKA SIBASIETCSI [IPEAEABHON TOYKOM
IIy4YKa, MopoxAEHHOro () u 7y, a moTroMy mocrostHHa. ComnpsikeHue KAOycOHa MEHSIET Me-
cTaMu PUKCUPOBAaHHBIE (POKYCHI SAAUIICA, A TaK)Ke puKcupoBaHHBIEe Touku P u O, a Toraa

7 CaMO OHO (PMKCHPOBAHO.

(b) Oxpy>xxuocts (BCE) mpoxoaut depes Touky Mukeass M, a moTomy mnpu (urcupoBaH-
HOM) compsikeHuu KnoycoHa mepexopuT B npsiMmyio AD, KoTopast KacaeTcsi PUKCUPOBAHHOM

BIUCaHHOM oKpy>xHOCTU. CArepoBaTenbHO, (BCE) Kacaercst obpasa BIMCAHHON OKPY>KHOCTH.

(c) Ilycrs mpsimeie AD u BC mepecekatorcst B Touke F. Tak kak Tpeyroasaurkz MBP u MQD
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IIOAODHEL, TO
£ABP + LCDP = ({ABM 4+ £LMBP) + LCDP = LAFM 4+ £LMQD + £QDA =
= 4£(AD,FM) 4+ £(MQ, DA) = £(MQ, MF) = const .

[TocaepHee paBEHCTBO CAEAYET U3 TOTrO, UTO IpsMasi EF saBasieTcs moasspoir P oTHOCUTEABHO OIIM-

CAHHO! OKPY>XHOCTH ¥ IIOTOMY (PHUKCHPOBAHA. ]

Caeayroliasi TeopeMa MHTEPECHA caMa IO cebe m MOKeT OBITh AOKa3aHa C IIOMOIILIO CONPSIPKEHUS
KnoycoHa, opAHaKO He MMEeT IIPSIMOT'O OTHOIIEHUS K IOpu3My IIoHCeAe, TIO3TOMY MBI HE BEIAEASIEM €€

B OTAEADBHYIO 3apAa4y.

Teopema 3.1 (Teopema Mukreasi 06 u3oroHaAbHOM conpsi>keHuu). AaH TpeyroabHuK ABC u aABe
mapsl (P, P’), (Q, Q') HM30roHaABHO CONPSIKEHHBIX OTHOCUTEABHO HEro TodeK. Toraa Touka Mukeas

geTHIPEXYroabHEKA PQP’Q’ AeXUT Ha OIMCAHHOM OKPY>XHOCTK TpeyroabHuKa ABC.

TeMm He MEHEE, 3Ta TEOpEMa IIOAE3HA IIPHU AOKA3aATEABCTBE AECMMEL CKYTI/IHa — OAHOI'O M3 CaMBIX

Ba’>XHBIX YTBep}KAeHI/Iﬁ Paspena C EBKAUAOBBIMU MHBAPUAHTAMMU.

Teopema 3.2 (Aemma CkytuHa). Tpeyroabuur ABC Boumcas B OKPY>XHOCTB () ¥ OIUCAH BOKPYT
SAAUIICA Y W BPAIAeTCs MEXXAY HUMU B CMBICAEe TeopeMbl [loHcene. PUKCHUpOBaHHAST TOYKa P
He npuHaarexuT (). Toraa Touka (), ¥30rOHAABHO COIPSIKEHHAST P OTHOCUTEABHO TPEYTOABHUKA

ABC, ABUYKETCSI II0 OKPY>KHOCTH.

3amaya 21. IIycte Fy u F, — dokycsl aarunca, a M — Touka Mukeast geTerpéxyroabauka F1PF,Q.
(a) 3ammuIuTe B KOMIIAEKCHBIX KOOPAMHATaxX oTobparkerume M — Q u pokaxkuTe reMMy CKy-

THHa.

(b) PaccMorprTe KOMIO3UINIO NHBEPCUU C IeHTpoM P u papuycom +/PFy - PF, u cummerpun

OTHOCUTEABHO brccekTpuchl yraa FPF, u pokaxure remmy CKyTHHA.

Jloka3aTeabCTBO.

(a) IIyctb M — Toura Muxreas: gernipéxyroabuuka FiPF,Q. Ilo Teopeme (3.1) oma aAexuT Ha
Q. Ilycts m, p, q, f1 # f, — KOMIIAEKCHBIE KOOPAMHATEL COOTBETCTBYIOIINX TOYEK. 1 PEYTOABHUKYA
MF;P u MQF, nopobsEL, a Toraa ‘;L;;: = {JTT“, OTKYAa CAEAYET, UTO OTObpa>keHue m — g APobHO-
AVHENHO, T.e. ( ABUJKETCS IO OKPY’XHOCTZ MAM IpsMmoi. Tak kak P ¢ (), To 3HaMeHATEAD 3TOTO
APOBHO-AMHENHOTO O0TOOPakeHUsT (ECAM He MOAEHUTHCS €r0 BLINKUCATE) HUKOTAA He 0bpalnaercs B
HOAB, T.e. 06pa3 () — 3TO MMEHHO OKPY>KHOCTE.

(b) Pasbepém cayuait, xkoraa Fy # F,; caydait BIMCAHHOM OKPY>KHOCTH IIOAYYAETCS HESHAYUTEAD-
HBIM M3MeHeHUeM AoKa3aTeAbcTBa. [lycTs mpsmele QF; u PF, mepecekarorcs B Touke X, a IpsMbIE
QF; u FP; — B Touke Y. Ecau mpu paccMmaTpuBaeMoi mHBepccuMMeTpruu X IepexopautT B X', a
YBY, o XF, | QF, Y'F || QF, z M = (PKX) N (PRY) — M’ = X'F, N Y'F,. Tloaygaercs,

uyro M’ z Q CHMMETPUYHEI OTHOCUTEABLHO CepeAMHEL oTpe3ka FiF;. [Tockoasky M’ aABEXXeTCs IO
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| orpy>xzOCTH, TO 1 Q TOXE. [

BruMaTeAbHO IIPUTAAAEBIINCE K AIO6OMY I3 ABYX AOKa3aTEABCTB AEMMEL CKYTI/IHB., MO>XHO 5IBHO

OIINCATh TPACKTOPHUIO ABUJKEHUSI OPTOICHTPA!

CJIe,I[CTBI/Ie 3.3. OpTOIJ;eHTp TPEYTI'OABHUKA ITorcene ABUJKETCA II0 OKPY>XKHOCTH, IIEHTP KOTOpOf;I
OF;-0OF,

cumMeTpudeH O OTHOCUTEABHO IEHTPA BIKCAHHOTO 3AAUICA, & PAAUYC PAaBEH Rinsc)

Bamaga 22. [IycTrh BoumcaHHasi KOHUKA TOXKE SIBASIETCSI OKPYKHOCTBIO C PaAUycoM T. AOKa’kuTe,

yTO TOouKa Hareast Tpeyroabruka ABC ABUYKETCS IO OKPY>KXHOCTH C IeHTpoM O 1 papumycoMm R—2r.

okazareabcTBo. [IycThb [ — 11eHTp BImcanHO# OKpy>XkHOCTH, H — opToneHTp, M — TOYKa Iiepe-

ceuenusi MepraH, a Touka X cummMerprura O orHocuTenbHo [. Touku O, M z H aexkaT Ha npsMoit

Diinepa, a Toukn N, M u | — Ha mpsimoit Hareass, mpuaém L8 = DM

BbIBeCcTH, 4TO oTpe3sku XH u ON paBHEI 1 mapaareabHBl. Ho u3 caeacTBus (3.3) W3BECTHO, UTO

= 2. Orciopa HECAOKHO

XH = ole = R — 2r (MBI BOCIIOAB30BaAUCH POPMYAOH Ditrepa), OTKYAA U CAEAYeT Tpebyemoe. [

3amaya 23. Tpeyroasaux ABC BpallaeTcs Me>XAY ABYMS OKPY KHOCTIMU. PUKCHPOBAHHAS IIPsI-
Mas { KacaeTcsi BIMCAHHOW OKPY>KHOCTH.

(a) Aoxaxkute, uTo Touka Mukeas npsaMbix AB, BC, AC u { ocTaéTcst HEIOABU>KHOIA.

(b) HamoMHUM, YTO €CAM AQHBI YETBHIPE IIPSIMBIE, TO YETHIPE OPTOLEHTPA TPEYTOABHUKOB,
06pa30BaHHBIX BCEBO3MOXKHBEIMU TPOMKAMHU IPSMEIX, AEXKAT Ha OAHON IIPSIMOM, KOTOpasi Ha-
3bIBaeTCs npamoti Obepa. Aokaxxute, 4To mpsiMasi Obepa IPsIMBIX U3 IYHKTA (&) IIPOXOAUT

yepe3 (PUKCUPOBAHHYIO TOUKY.

(c*) IlycTb Wy — OKPY’KHOCTD, IO KOTOPOY ABUIKETCSI OPTOLEHTP Tpeyroabruka ABC. Ao-

Ka’>XKUTE, 9TO CbI/IKCI/IpOBaHHaH TOYKa M3 IIPEABIAYIIIETO IIYHKTA ACKUT Had WH.

Bamevanue. CpaBrute IyHKT (b) ¢ 3apageit 6 u3 npoekTa «Bokpyr Teopemer [Torceney ¢ AKTT-
2014:

YrBepkaeane 3.4. Tpeyroabauk ABC BpaimaeTcs Me>XAY ABYMSI OKPY>XHOCTSIMU, a P — duk-
CIpOBaHHAs TOYKa Ha ONMCAHHON OKPYXHOCTH. AoKa>kuTe, 4To Bce mpsiMble CuMmcoHa TOuKu P

OTHOCUTEABHO TpeyroabHuKa ABC mpoxopsaT uepe3 pUKCUPOBAHHYIO TOUKY.

JlokazaTeabCcTBO.
(a) Compsixkenne KaoycoHa OTHOCHTEABHO YETHIPEXYTOABHUKA, OOPA30BAHHOTO NPSIMBIMU
AB, BC, CA u {, ocraBasieT 1eHTp | BOucaHHO! OKPY’KHOCTH Ha MECTe U MEHSET MeCTa-
MU TOYKHU II€PECEUEHUsI OIMCAHHON OKPY’KHOCTX ¥ IpsiMoil { (BO3MOYKHO, KOMIIAEKCHEIE).

Bce BrimenepeuncaeHHble 00BEKTE (PUKCUPOBAHEL, a TOTAA U COIpsikeHre KAOyCOHA TOXKeE.

(b) IIpsimast Obepa 4YeTHIpEXyroabHUKA — 370 mpsiMasi Lllreitnepa ero Touku Mukeass M.

CaepoBaTenbHO, BCe mpsiMble Obepa IIPOXOASIT depe3 TOUKY (Ha30BEM €€ S), CHMMETPUIHYIO
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M otHOCUTEABHO £.

(c) Ilycts X cummerpuuna O orHocmTeabHO 1. Torpa mo caeacrsuio (3.3), XH = const npu
BpAIlleHUY TPEYTOAbHUKA. [I03TOMY AOCTAaTOYHO IPOBEPUTDL paBeHCTBO XH = XS anst opHOTO
ITONOKEeHUSI. B KadecTBE MCKOMOT'O IIOAOKEHUS HAAO B3SITh CAydYal, Korpa { KacaeTcs BIIU-
CAHHOTO B TPEYTOABHUK 3aAuIca ¢ pokycamu O u H (4To paBHOCHABHO TOMY, ITO P — ToUKa
Muxkenst gersipéxyroapruka OIHI). B srom caygae S = H, Tak kKak obe TOYKHU MEPERAYT B

O npu compsixeruu Kaoycona.

O
HokazarenbcTBo 2. Apyroe peinerne IyHKTOB (b) u (¢) MOYXHO HafiT B KOMMEHTAPUU K 3aAa-
ge (55*%). O

3amauga 24.
(a) (Telv Cohl*, 2014) Aau Tpeyroabrurk ABC. I[IycTs { — mepeMeHHasi KacaTeAbHASI K €TO
BIIMCAHHOM OKPY>XHOCTH. [Ipsimasi { ¥ Tpu IpsIMble, CUMMETPHAYHEIE €l OTHOCUTEABHO CTOPOH
TpeyroabHUKa ABC, 06pasyioT HOAHBIA YETEIPEXCTOPOHHUK. AOKA>KUTE, YTO ToUKa MuKeas

3TOr'0 YEeTHLIPEXCTOPOHHMKA ABUIKETCS II0 OKPYKHOCTH UAU IIPSIMOH.

(b) AokaXkuTe TO Ke YTBEP>KAEHUE IIPU YCAOBUY, ITO IpsiMasi { PUKCUPOBaHA, & TPEYIOABHUK

ABC Bpaiaercss Me>XAY ABYMSI OKPY KHOCTSIMU.

Jloka3aTeabCTBO.
(a) HemocpeacTBeHHEIM C4éTOM yraoB 1 KpuTepueM (1.34) mpoBepsieTcsi, 4To Touka Mukens
S paccMaTpuBaeMOro 4eThLIPEXCTOPOHHUKA U OopToleHTP H Tpeyroabruka ABC conmpsikeHEBI
10 KAOyCOHY OTHOCUTEABHO UEeTHIPEXYTOABHUKA, obpasoBanuoro npsMmeiMu AB, BC, CA u
(. Tlycts M — Touka Mukeas sTux mpsiMbIX. Tak Kak compsixeHue KAoycoHa oCTaBASET
vHIEHTP | Ha MecTe, TO TpeyroabHUKE MSI m MIH moaobHEI. Temeph HECAOXKHBIM CYETOM
B KOMIIAEKCHBIX YXCAAX (QHAAOTMYHO AOKA3aTEABCTBY AeMMbI CKyTHHA) MOXKHO IIOKa3aTh,

YTO KOoraa M ABUIKETCS IO OKPY’KHOCTH, TO S ABUIKETCS IO OKPY’KHOCTU UAY IIPSIMOI.

(b) Ilyctb Temepsb mpsiMasi { puKCEpoOBaHa, a TPEYTOABHUK Bpamiaercs. V3 3apauu (23) ms-
BECTHO, YTO TOYKa compsikeHume KaoycoHa moctosiHHo. Ho oHo mepeBopuT H B S, a H aABu®-
SKETCS 110 OKPYKHOCTZ 110 AeMMe CkyTmHa. CAeAOBATEABHO, S ABUIKETCS IO OKPY’KHOCTH
WA IPSIMOH.

]

Samaua 25. Tpeyroarauk ABC BpamaeTcs MeXXAY ABYMSI OKPY>KHOCTSIMU. PUKCUPOBAHHAS IIPSI-
Mas { KacaeTcst BIUCAHHON OKPY>KHOCTH 1 nepecekaeT npsimble BC u AC B Toukax D u E cooTBeT-
crBeHHO. [Ipsimas (' mpoxopauT yepe3 ToukM, cuMMeTpruHble D 1 E OTHOCHTEABHO CEPEAUH CTOPOH

BC u AC cooTBeTCTBEHHO.

!Telv Cohl — usBecTHBIN TallBaHLCKUI TeOMETD U 3aAAYHBI KOMIIO3UTOD, aBTOP IeOMeTpPUIecKoro 6aora [12].
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(a*) (SAGF? 2024, P3) Nokaxkure, 94To {’ IPOXOAUT depe3 (PUKCUPOBAHHYIO TOUKY.

(b*) IlycTb wyN — OKPYIKHOCTD, II0 KOTOPOY ABMIKETCsI Touka Hareast Tpeyroabauka ABC.

AOK&?KI/ITG, 9TOo C_bI/IKCI/IpOBaHHaﬂ TOYKa M3 IIPEABIAYIIIETO IIVHKTA ACKUT Ha Wy.

HoxkazareabcTBo 1. AokakeM oba myHKTa opHOBpeMeHHO. [IycTs O u | — 1meHTphl onmcanHoOR 1
BIIMCAHHOM OKpy>kHOCTel, H — opTorenTp, M — TouKa nepeceuerus Mepuat, N — Touka Hareas.
Touka Oy cuMmmerpuyna O oTHocuTeAbHO I, a Touku D’ u B/ cummerpuunsr D 1 E oTHOCHUTEABHO
cepepus cropoH BC u AC coorBercTBeHHO. VI3 3apaum (23) m3BecTHO, uTo mpsiMble Obepa deTkH-
péxyroabauKa AEDB mpoxopsaT wepes pUKCHPOBAHHYIO TOUKY Sy, A€XKaNIyI0 Ha PUKCIPOBAHHOMN
okpy>xHOCTE Wy ¢ ueHTpoM Oy, mpuuéMm H € wy. B To >xe BpeMmsi, coraacHo 3apave (22), Touka
Hareas: ane>xuT Ha GUKCEPOBAHHON OKPY>XHOCTH Wy C IeHTpoM O ¥ TaKUM >Xe PaprycoM, UTO
7 Wy. [Iycts Toukm Sy um T cuMmmerpmyunbl Sy m N oTHocuTeabHO I. V3 BEINIECKA3aHHOTO CAe-
AYET, 4TO Wy ¥ Wy CUMMETPUYHBI OTHOCUTEABHO I, a Toraa S, € wyn, T € wy. Kpome Toro,
(m = oT\i = —ﬁ, T.e. ToukZ H u T AraMeTpasbHO IPOTUBOIOAOKHEI B (Wy. Tak Kak HSy —
aTo upsimast Obepa dereipéxyroabHuUKa AEDB, TOo nmpsmere TSy 1 NSy mapaanreAbHBI €T0 IPSIMO#
laycca.

IIycts K m L — cepepunnsl pmaronane#r AD m BE coorBercrBerHo. HeTpyano mousars, uto M
— TouYKa IepecedeHuss MeAuaH TpeyroabHUKOB ADD’ u BEE’. CaepoBaTeAbHO, IPH TOMOTETHUM
c meraTpoM B M u koadpdpummerntom —2 mpsimasi KL mepexopmt B mpsimyio D’E’. Ilpm aToit >xe
romoreruu | mepexoput B N. Tak kKak | aexxut Ha npsimoit ['aycca KL, To N aexxut Ha D'E’.

Cobupast BCE BEINIECKAa3aHHOE BMECTe, 3aKAIO4aeM, 4To npsiMble NSy u { mapannenbHBI IpsiMoi

laycca ugeTblpéxyroabrrka AEDB u mmeror obmryro Touky N, T.e. COBIIaAAIOT. ]
| HdokazarenbcTBo 2. CM. KoMMeHTapui K 3apade (55%*). O
3amaya 26.

(a) (Teopema Mopau) B Tpeyroasrure ABC OoTMeEU€EHE! X30TOHAABHO CONPSIKEHHBIE TOYKY P
7 Q. PaccMOTpIM KOMIIAEKCHYIO CHCTEMY KOOPAMHAT, B KOTOPOi OKPY>KHOCTE (ABC) gBAS-
€TCsI EAMHWYHON, 1 0603HaYMM KOOPAMHATEI TOYEK COOTBETCTBYIOIIMMY CTPOYHBIMU OyKBa-
Mu. N\OKa>kKUTe, YTO

P+qg+abcpg=a+b+c.

(b) TpeyronbHUK A BpamiaeTcs MEXXKAY OIUCAHHON OKPYXHOCTHIO U BINCAHHON KOHUKOM.
Tax>xe Ha naockocTy dukcrpoBasbl Touky P u Q. Kak usBecTHO 13 AeMMbl CKyTHHA, TOUKHT
P’ u Q’, m3ororanpHO conpsik€nHEble P u Q OTHOCHTEABHO A, ABUXKYTCSI II0 OKPY>KHOCTSIM.

A OKa>XuTe, YTO YTAOBBIE CKOPOCTH 3TUX TOYEK PABHHI.

2SAGF — omAafiH-OAMMIZaAa IO [eOMETPHY, OpraHW3OBaHHAS KupuanroM BeabckuM. ABa AHS IO YeThIpe 33padM,
CAOKHOCTb KOTOPHIX IPUMEPHO COOTBETCTBYeT 33padaM G3-G8 mopraucta IMO.
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lokazaTesbCcTBO.
(a) 3ammmrem paserncTBa LBAP = L{QAC 1 LABP = {QBC B KOMIAEKCHBIX KOOPAWHATAX U

noayguTe TpebyeMoe.

(b) U3 reopembl Mopam caeayeT, 9To 1) IpW BpaIIEHUM TPEYTOABHUKA MEXKAY OIUCAHHOM
EAMHUYHON OKPY’KHOCTBIO M BIIMCAHHON KOHUMKOR ¢ hokycamu P u Q BeamuumHEI A+ b +c 1
ab + bc + ca aumeitHO 3aBUCAT OT abce; 2) npm dukrcupoaHHbx A, B, C u P roopauHaTa

M30TOHAABHO COIPSIKEHHON TOUKM () MOXeT OBITH BRIpa’keHa II0 (hOPMYAE

(a+b+c)—(ab+bec+ca)p+abcp’—p.
1—pp ’

B YaCTHOCTH, ( AMHE!HO 3aBUCHUT OT a + b + ¢, ab 4+ bc 4 ca u abc. CaepoBaTenrnro, npn
BpPallleHUU TPeyTroAbHUKA [loHCene q AMHERHO 3aBUCUT OT BEAMYUHBI abc, KOTopasi IPUHAA-
AEKUT EAUHAYIHON OKPYKHOCTH. TakKuM 06pa3oM, MBI €II1€ OAHUM CIIOCODOM AOKA3aAAU AEMMY
CkyTuHa (TpaekTopust Q — obpa3 onucaHHO! OKPY>KHOCTH IIPY HEKOTOPOM IIpeobpa3oBaHuA

nopo6usi. OTCIopa >Ke Cpasy CAEAYeT YTBEP)KAEHUE IIYHKTA b).

O]
3.2 CBga3b Cc NOJIIPHBIM Npeodpa3oBaHUEM.

Chaepyromias 3apava nmpuHapAexkuT E. AwmommpaoBy m B. KanammwkoBy u 6bInra Ipepno’KeHA B
2014 ropy umraTeasim xypHana «Journal of Classical Geometryy B KagecTBe OTKPHITOM IIPOOAEMEI.

HackonbKO M3BECTHO aBTOpaM IIPOEKTA, 3ahada OCTaBaAACh HEPEIIEHHON KaK MUHUMYM AOATOE BPEMSI.

Yr1BepKaeHne 3.5. TpeyroanbHMK A BpalaeTcs MeXAY OIMCAHHON OKPY’XHOCTBIO () .
(BHE)BIIMCAHHON OKPY’XHOCTBIO Y. Toraa TpuAuHEHHasr moAsipa (PUKCHPOBaHHOM Toukum P € Q

OTHOCUTEABHO A IPOXOAUT depe3 (PUKCHPOBAHHYIO TOUKY.

MeHee ropa Hazaa aBTOPAM IIPOEKTA YAAAOCH IPUAYMATEH KOPOTKOE U IAETAHTHOE AOKA3ATEABCTBO.

Caepyiomas 3apa9a IBASIETCS KAIOYUEBOH:

Samaua 27. TpeyroabHUK A BpAIlaeTCsi MEKAY OIMCAHHON KOHWKOM M BIIMCAHHOW ITapaboaoii.
A OKa>kuTe, YTO TOYKA IIEPECEUEHUST MEANAH TPEYTOABHUKA A ABUYKETCS IO IIPSIMOM, ECAYM OIIUCAH-
Hasl KOHMKA — 3TO:

(a) aanmmc;

(b) rumepboaa;

(c*) mapaboaa.
JlokazarTejbCcTBO.

(a) ITepeBepéM adbduUHHBIM Ipeobpa30BaHUEM IAAUIC B OKPYKHOCTH. Toraa umerTp O 3TOi

OKPY>XHOCTU (PUKCUPOBAH, & OPTOIEHTP TPEYTOABHUKA A NEKUT Ha AUPEKTPUCE BIMCAHHON

napaboasl. B cuay npsmoit Ditaepa, TOUKE llepecedeHuss MeAVAH OYAYT Ae>XaTh Ha IPSIMOH,
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1
3

TOMOTETUYHON AMPEKTprce OTHOCUTEALHO O ¢ KO3 DUIIIEHTOM
(b) IlepeBepéM adbdUHHEIM IIpeobpasoBaHUEM IUIEPOOAY B IPSIMOYTOAbHYIO runepboay. Op-
TOIeHTP H TpeyroanbHmKa A AEKUT OAHOBPEMEHHO Ha OIKUCAHHON IUIIepbose ¥ AMPEKTPUCE
BIIMCAHHOK mapaboarl. TakuM obpa3oM, OH MOKET HaXOAWTHCS B OAHOM M3 ABYX Todek. Ho
B CUAY HEIPEPHEIBHOCTY OPTOILEHTP HE MOJKET «II€PecKouuThy. CAEeAOBATEABHO, OH IIOCTO-
sHeH. [1o aHaAOTHM C IPEABIAYIIUM IIYHKTOM AOCTATOYHO IIOKA3aTh, YTO LEHTP OIKXCAHHON
OKPY>KHOCTH ABUIKETCS II0 IpsiMoii. Ho B camoM Aene, onmcaHHas OKPY>KHOCTD IIPOXOAUT de-
pe3 ABe PUKCUPOBAHHBIE TOYKY: POKYC ITapaboAbl M TOYKY, CAMMETPAYHYIO H OTHOCHTEABHO
IleHTpa runepboAbl (OHa K€ YeTBEPTAS TOYKA [IEPECEYEHUs OMUCAHHON OKPY>XHOCTH U T'H-
niepboasr). CAepAOBaTEABHO, ONUCAHHBIE OKPYKHOCTU BCEX TPEYT'OABHUKOB A IPHHAAAEKAT

OAHOMY IIVYKY, & TOTAA MX IIEHTPBI A€XKaT Ha OAHOM IIpsIMOi.

(c) YTBep>KAEHUE 3TOTO IYHKTA CAEAYET U3 IPEABIAYIIUX NPEAEABHBIM IIEPEXOAOM.

O
V3 mpeABIAyIel 3apa9yl YKE HECAOXKHO BEIBECTH 3apady AwmomumaoBa v KanamHukoBa (XOTsI BHI,

KOHEYHO, BIIPaBE PeIIaTh e€ HE3aBUCUMO).

Saga4da 28. Aokakure yTBep>kaeHuUe (3.5) AAsS cAyUas, Koraa P AesxuT:
(a) BHyTpH .
(b) cuapyxu v.
(c*) Ha .
(d**) MorxHO AOKa3aTh (CIET B GaPULIEHTPUIECKUAX KOOPAKHATAX IIPUBEAEH B CTaThe [5]), 9TO0

Touka J\eMmyaHa TpeyroabHuKa ABC ABUYKETCST IO SAAUICY. AOKa>XUTe, YTO (PUKCHPOBAHHAS

TOYKa M3 IIPEABIAYIINX IIYHKTOB ACKUT Ha 3TOM SANANUIICE.

HokazareabcTBO. [lonsipHOe mpeobpasoBanme COXpaHSET OTHOIIEHWE (TPUAMHENHLBIR ITOAIOC —
TPUAMHENHAS IoAspay. [Ipu nmoasspHOM npeobpasoBauuu C IeHTpoM B P Touka P mepexoput B
HbeckoHEYHO yAANEHEYIO IpaMyto. CaepOBaTEABHO, €€ TPUAWHENHAST ITOASIPA P IIepeXOAUT B TOUKY
mepecedeHUs MepauaH. Tereph YTBEPXAECHUE CAEAYET U3 IPEABIAYIIEN 3apadl.

l'eomeTpuyeckoe pemenue nyHKTa (d) 6B1M0 mpuAyMano PomanoMm KpaBueHKO BO BpeMst KOHe-

pPeHIuY, CM. KOMMeHTapui K 3apade (55%%*) O

CAe,AyIOI.TlaSI 3aAa4a SABASIETCA eAPIHCTBeHHOfI B pa3pene, TA€ B YCAOBHUU IIOSIBASIETCSI KOMIIAEKCHASA
IIPOEKTUBHAA IIAOCKOCTE. A UNMEHHO, MBI 6YA6M pa6OTaTI: C IIPEAEADPHBEIMY TOYKaMMU IIYy9Ka ABYX KOHUK

(B TO BPEMS KaK IIATUYI'OABHUK U KOHMKM MOJXKHO IIO-IIPDEJKHEMY CYHUTATH BeHIeCTBeHHBIMI/I).

Bagava 29* (. Hunos). [Iaruyroasruk ABCDE Bmucas B KOHUKY ' ¥ onucaH BOKPYT KOHUKY
Y. AMaroHaAu ISTUYTOABHEKA 06pasyioT naTtuyroabruk A1B;C;D1E; (A =BDNCE u T.2.), Ko-

TOPBIY BIIUCAH B KOHUKY |7 ¥ onmcaH BOKPYT KOHUKY Yi. AOKa’*XUTe, UYTO Y IIYYKOB, IOPOKAEHHBIX
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mapamu (I',y) u (I7,7;), COBIIapAAIOT IPEAEABHEIE TOUKM.

HokazarenbcrBo. Coraacuoe Teopeme (1.39), xoHuku I, Yy u y; IPUHAAAEXKAT OAHOMY IYUKY.
Ecau caenaTh IpOU3BOABHOE IOASIPHOE IPeobpa3oBaHue (, TO BIUCAHHOCTD X ONKUCAHHOCTD IIOMeE-
HSIFOTCSI POASIMU, ¥ MBI TOAY4YuM, 4T0 KOHUKZ @ ('), @(I7) u @(y1) IprHapAERAT OAHOMY IIYUKY,
a 9TO 3HAYWUT, YTO KOHWKH [, [ ¥ y; IpuHAANEKAT OAHOMY ABOMCTBEHHOMY NydYKy (T.e. Kaca-
IOTCSI 9ETBIPEX OOIIMX IPSIMBIX). AAST 3aBEpINEHUS AOKA3aTEABCTBA OCTAAOCh BOCIOAB30BATHCS
CAEAYIOITUM (DAaKTOM: ECAU ABE KOHUKU IIOPOXKAQIOT IIYYOK ¥ ABONCTBEHHBIN IIYYOK, TO IIPEAEAD-
Hble TOYKY [IyYKa COBIIAAAIOT C TOUKAMMU IIEPECEYEHUSI AMATOHAAEN YeTHIPEXCTOPOHHUKA, 0bpazo-

BaHHOI'O «IIPEAEADBHBIMU IIPAMBIMMI» rABOI'/JICTBGHHOI‘O IIy49Ka (BaAa‘Ia 11.1.17 us3 IIEPBOI'O M3AaHUSA

«['eoMeTpuy B KapTUHKAX> ). 0
3.3 Teopema Jlareppa

Teopema 3.6 (Popmyaa Oitaepa). TpeyroabHUK A BIUCAH B OKPY>XHOCTD € IeHTpoM O u papu-

ycoM R m ommcaH BOKPYT OKPY’KHOCTHZ C IeHTpoM | u papmycom r. Torpa

R* — OI* = 2Rr. (3.1)

EcTrecTBeHHO 33AaTh Bomrpoc 06 060b1mmeHu PopMyAEl DifAepa Ha CAydUall IPOU3BOABHBIX BIMCAH-

HBIX KOHUK. OTBeT Ha 3TOT BOIIPOC AAET TeopeMa J\areppa:

Teopema 3.7 (Teopema Aareppa, 1879). Tpeyroapruk ABC BImcaH B OKPY>KHOCTB C IIEHTPOM

O u papuycoMm R u ommcaH BOKPYT 3AAumIca ¢ pokycamu Fi, F, m anmsoi Manroit ocu L. Toraa

(R — OF)(R? — OF%) = R?1%. (3.2)

Bameuanue. YTBEPKACHNE TEOPEMEI OCTASTCS BEPHBIM, €CAM 3aMEHWTEH JAAUIC Ha TUIEPOOAY,
a mop, 1? moapasyMeBaTh KBaApaT €8 MHUMOH ocu (KOTODEI MOXXeT BHITH BhIpPaXkeH (POpMyAOi
1> = a? — d?%, rae d — paccrossHEE MeXAy (POKycaMU T'MIEpOOABI, a 0 — PACCTOSHUE MEXKAY

TOYKAMU II€PECEUEHUs TUIEPOONEL U IPSIMOM depe3 e€ POKYCEI).

3ameuanue. 13 TEOPEMEI J\areppa ACET'KO BBEIBECTHU O6paTH08 YTBEPXKACHHUE: €CAU BEIIIOAHEHO

cooTHoIEeHYE (3.2), TO CYIIECTBYET TPEYTOABHUK, BIMCAHHEIN B OKPY>KHOCTD U ONXCAHHLIN BOKPYT

KOHUKMN.

Teneps MBI F'OTOBBI AOKa3aTh TeOpPeMY J\areppa.

3amaua 30.
(a) Aau sanmnc ¢ dokycamu Fy z F, u aamHOE Manoit ocu 2b, a m — IpPOM3BOABHAST Kaca-
TeAbHas K aaanmcy. Toraa dist(Fy, m) - dist(F,, m) = b
(b) O606mIeHne sTemMbl 0 Tpe3ybue. IlycTs L u [, — TOYKEM IIOBTOPHOTO IIEpECEYUEHNUS

orpyxxuoct (ABC) ¢ aywamu AF; u AF,. Aokaxure, uro FiL; - F,L, = BL; - BL,.

39
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(c) BoiBepuTe TeopeMmy JNareppa U3 IPEABIAYIIUX IYHKTOB.

Joka3aTeqbCcTBO. JABa AOKAa3aTEALCTBA: I'€OMETPUYECKOE X KOMIIAEKCHOE — MOXXHO IIPOYUTATDL B
BrIycKe Ne21 cbopHmMKa «MaTeMaTruIecKoe IIPOCBEIEHNEY, PAa3AeA «Pelnerns: 3apad U3 IPOIIIABIX
BBIITYCKOBY. 3HATOKX (PPAHIIY3CKOT'O SI3bIKA MOTYT M3YYUTL OPUTMHAABHOE AOKA3aTEALCTBO J\a-
reppa, IpoumTaB cTaThio «Sur la relation qui existe entre un cercle circonscrit a un triangle et les

éléments d'une conique inscrite dans ce triangley — HaCKOABKO CMOTAM IIOHSTHL aBTOPHI IIPOEKTA,

OHO OAM3KO K I'eOMETPUYECKOMY AOKasaTeAbCTBY 13 Matllpoca. O]

Teopema 3.8 (Teopema o 3-mapax [Torceae). Ccepsr Q1 u ), KacaroTCcst IIAOCKOCTH & C PA3HBIX
cropoH. Cdepa () KacaeTcst 3TuX ABYX chep OAMHAKOBLIM 06Pa30M U IIEPECEKAET X IO OKPY KHOCTH
w. Obmue BHemHNEe KacaTeAbHBIE K ()7 u ()); IepeceKaroT & IO SAAUICY Y. Toraa CyIIeCTBYET

TPEYTOABHUK, BIIMCAHHBINA B (U ¥ OIMCAHHLIA BOKPYT V.

Teopema 3.9 (Teopema I'peiica). IlycTb w u wa — BOuCaHHAsI U A-BHEBIIUCAHHASI CPEPEHI TETPaA-
sapa ABCD. Toraa cymectByeT cdepa, mpoxopdias depes Bepmuusl B, C, D u xacaromasica w

I Wa.

Samaua 31.

(a*) AokaxkuTe TeopeMmy o 3-mapax IloHcene.

(b) BriBepuTe Teopemy I'peiica u3 Teopemsl o 3-mapax [Tomcene.

JlokazaTeabCTBO.

(a) BpyTaabHBIH CIET B OTpe3Kax. AAS KPaTKOCTH pa3bepéM TOABKO CAydail, koraa () Kaca-
eTcs1 BEyTpeHHUM obpazoM. [Iycte Oq, O, u O — nentpsr cdep i, O, u () COOTBETCTBEHHO,
T, T m v — umx papuycel, d = 00, F; w F, — Tourm Kacarms (); u (); C IAOCKOCTEBIO
(aka dokycer v), X — mpoeknus O Ha naockocTh (aka menTp w). He ymansis obmzoCTH
6yaem cumraTh, 4To Toukm O m O; AeXaT B OAHOM IIOAYIPOCTPAHCTBE OTHOCUTEABHO K.
Torpa 00, =1— T, 00; =1— T, F]F% = dz — (T] + Tz)z, XF% = (T — T'])Z — (T] — OX)Z,
XF2 = (r —13)% — (1, + OX)?. AAuHa a 6OABIIOH OCKH 3AAWICA PaBeH AAMHE obImeil BHeII-
Heil KacaTeabHOM K Q, Q,, Te. a’> = d> — (11 — 12)%. CAepOBaTEABHO, €CAM b — MaAas ochb
sanmnca, To b2 = a? — FiF = (11 + 1) — (1) — 12)? = 4r7,. Ilyers R — paamyc w. Toraa
R? = 12 — OX?, oTkypa MoxxHO BhIpaszuTh OX. Temepb 0CTAAOCH IOACTABUTL BCE B (POPMYAY
JAareppa u moAy4YuTE TpebyeMoe.

Sameuanne. [eoMeTPUYECKOE AOKA3aTEALCTBO C BEIXopoM B CP? MOXXHO mpounTaTh B
cratbe BE. ABrcenTneBa «Feuerbach’s and Poncelet’s theorems meet in spaces.

(b) IIpoBepém ccpepy I" uepes Touku B u C, KoTopast KacaeTcst w U Wa. IlycTh OHa Iepeceka-

eT naockocTb BCD 1mmo oKpy>XHOCTH , a KOHYC C IIEHTPOM A, OIKCAHHLIE BOKPYT W ¥ Wa,

IIEPECEKAET ATy K€ IIAOCKOCTH II0 dAAUICY [3. [Io Teopeme o 3-mmapax IloHcene, cyliecTByeT
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TPEYTOABHUK, BIIUCAHHBIN B X ¥ ONIUCAHHLIZ BOKPYT [3, IPUYUEM TaKUX TPEYTOABHUKOB HecKo-
HeuHo MHOro. Tak xak BC Kacaercs [3, TO CyIIecTByeT NCKOMBI# TPEYTOABHUK, ABE BEPIIMHEI

KoToporo — 3to B um C. Ho Torpa Tperbs BepminHa — 3T0 B TouHocT D, Te. D €  C T
[

3.4 Ckpeoithiil IToncesne. Hacts 1

UcnoanpzoBanme TeopeMbl [loHCEAe B OAMMNOMAAHBIX 3ajadax He BCETAA IIOAPA3YMEBAET IIPOIIECC
BpallleHUs TPeyroAbHUKA. JacTo KapTUHKA CTaTU4HA, a TeopeMa [loHcene mosBAseTCss B OOAMKE CAe-

AVIOIIUAX IIPOCTHIX CAEACTBUM:

CaencrBue 3.10. Tpeyroaprur ABC BOmcan B OKpy>KHOCTE () U OIMCAH BOKPYT OKPY KHOCTHI (.
[TpowsBoabHast Touka D aexxuT Ha (). Kacareabrele u3 D K w (eCAM OHU CYIIECTBYIOT), IOBTOPHO

nepecekatoT () B Toukax E u F. Toraa mpsimast EF Tak>ke KacaeTcst w.

CaencrBue 3.11. Tpeyroabuauk ABC Boucas B OKPY>XHOCTBH () U OIKCAH BOKPYT OKPYKHOCTHU
w. [IpomzBoabHas xopaa EF okpyxuocTm () Kacaercs w. Toraa BTophle KacaTeabHBIE U3 E u F K

w mepecekaroTcs Ha ().

CaencrBue 3.12. Tpeyroavauku ABC u DEF Bnucambr B 0b11yio KOHEKY. Toraa OHM OIIMCAHEL
BOKPYT oOIe#t KOHWKM; B YAaCTHOCTH, I'AABHBLIE AMATOHAAW IIECTUYT'OABHUKA, 0Opa30BAaHHOI'O B
IIepecedYe N TPEYTOABHUKOB, IIEPECEKAIOTCS B OAHOM TO4YKe. B 06paTHYIO CTOPOHY YTBEPKAEHUE,

Pa3yMeETCsI, TOXKE BEPHO.

Samaua 32. Obo3HauMM CHUMBOAOM (U, BHEBIKCAHHYIO OKPY>XHOCTH TpeyroabuHuka ABC, raca-
fornytocst orpe3ka BC. Oxpysxuoctu (ABC) um w, mepecekatorcst B Toukax X u Y. KacaTeAbHEIE,
IIPOBEAEHHEIE B TOYKaxX X ¥ Y K W,, IOBTOPHO IIepeceKaioT oKpy>xHocTb (ABC) B Toukax P u Q.
Doxraxkure, 9To mpsiMble, Kacatomuecsi (ABC) B Toukax P u Q, Tak>Ke KacaloTCsI X OKPY>XKHOCTH

Wy.

JlokazaTeabcTBO. PaccMOTpuUM BBIPOKAEHHEIN TpeyroabHuUK PPX, Buumcamunii B8 (ABC). Ero
croporbl PX u PX kacaroTcst w,, a TOoraa TpeThbs: cTopora PP (T.e. kacareavHast Kk (ABC) B Touke

P) Taxk>xe Kacaercst w,. C Touramu Q u Y cuTyarusi aHaAOTHYHA. O

3amaga 33. I[lycte | — menTp Bnucanuo# okpy>xHOCTH TpeyroabHuka ABC. Touku X, Y Ha onm-
CaHHOM OKPY>XHOCTH TakoBbI, 4To Al = AX = AY. AokaxkuTe, uTo XY KacaeTcs BIMCAHHON B

TpeyroAabHUK ABC OKpy>XKHOCTH.

JokaszareabcTBo. [Iycth npsimass Al moBTopHo nepecekaer (ABC) B Touke W, a KacaTeAbHEIE U3
W K BIHCaHHO# OKPY>KHOCTH IOBTOPHO nepecekaioT (ABC) B Toukax X' u Y'. ITo caeacTsuro (3.10)

u3 TeopeMbl [loHceae, mpsiMasi X'Y’ Tak>Ke KacaeTcsi BIMCAHHON B TpeyroAbHUK ABC okpy>xHOCTH.

ITo remme o Tpesybre, AX' = AY' = Al, t.e. Touru X', Y’ coBmapator ¢ Toukamu X, Y. O
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Bagaya 34 (Maiickue cbopsr 2022, P2/3). Aan BnucanHbI! 4eTEIPEXYroAbHUK ABCD. OKpy>XHO-
CTH Wa U W C nernTpamu (4 u ¢ Boucansl B TpeyroabEuKZ DAB 1 BCD coorBercTBerHO. ObI1as
BHEIIIHSISI KaCaTeAbHAsI K (WA U W IepecekaeT okpyXHocTh (ABCD) B Toukax X u Y. AoKaXkute,

9T0 TOUKHU [A, Ic, X 1 Y AeKaT Ha OAHON OKPY KHOCTH.

HoxkazareabctBo. llycts W — cepepumra Toit Ayru XY, KOTOpasi A€KUT B APYTOH IIOAYIIAOCKOCTH
C OKPY>KHOCTSIME (WA ¥ W¢ OTHOCUTEABHO mpsiMoit XY. ITo caepctsuio (3.11) 3 Teopems! IToHcene,
cymecTBytoT Takue Touku P u Q Ha okpyxHOoCcTE (ABCD), 9TO WA M W — BIUCAHHEIE OKPYIK-
HOCTH TPeyroabHUKOB PXY m QXY coorBercTBeHHO. Teneph MOXHO 3aBEPIIUTDL PEIIEHUE 334U
AeMmoit o Tpesybie: WX = WY = Wiy = Wie. [l

Bagauya 35 (IGO-2019, Advanced, P5). Aana mapaboaa ¢ doxycom F. PaccMaTpuBaroTcs: BCEBO3-
MO>XKHBIE BIIMCAHHBIE B I1apaboAy TPEYTOABHUKY, OPTOLEHTP KOTOPHIX CoBIapaeT ¢ F. Aokakure,

YTO Yy BCEX TaKUX TPEYI'ONABHVKOB O6HJ;8.5I BIIMCaHHAsA OKPY>XHOCTDb.

HokazareabcTBo. [Iycte ABC — opME m3 paccMaTpUBaeMBIX TPEYTOABHUKOB. OKPYKHOCTH C
neHTpamu A, B, C, npoxoasmiue depes F, KacaioTcst AMpeKTpUCHL. [Ipn mHBEpCcUU (1, BO3SMOXKHO,
IIEHTPAaABHOM CHUMMETPHY) C IeHTpoM B F, coxpausitomteit (ABC), BBIIIEYIOMSHYTEE OKPY>KHOCTH
nepeiiayT B npsimble BC, AC u AB, a AupekTpuca — B OKPY>XHOCTb (U, KaCAIOUIYIOCS ITUX IPSIMBIX.
Kpowme Toro, w mpoxopuT depes opTOIEHTD F, a moToMy 6YAET MMEHHO BIXCAHHON OKPY>XHOCTHIO
TpeyroarbHuKa ABC, a He BHEBIMCAHHOH; OTCIOAA TaK>Xe CAEAYeT, UTO TpeyroabHumK ABC oct-
POYTOABHBIN, X MBI A€ACTBUTEALHO AEAAAW WHBEPCUIO + IIEHTPAABHYIO CHMMeTpPuio. V3 Bcero
BBIIIECKA3aHHOI'O CAEAYET, UTO IIEHTP W AEKUT Ha OCU CUMMETPUU Iapaboasl, a F — bAMXHAS K
AUPEKTPUCE TOYKA IIEPECEUEHUST (U U OCK ITapabonbl. AokakeM, 4TO W IocTosHHA. KacateabHas B
F K w mepecekaer mapaboay B Toukax X u Y. ITo caeactsuio (3.11) us Teopemsr [ToHcene, BTOphIe
KacaTeAbHBIe U3 X U Y K (U IIEPECEKAIOTCSI B TOUKE, A€XKallel Ha mapabone (0003HAYUM 3Ty TOUKY
6ykBoit Z). /I3 cuMMeTpuu cAepyeT, YTO Z AEKUT Ha ocu Iapaboasl. Ho w u BepumHa mapaboab!
A€KAT B PA3HBIX IIOAYIIAOCKOCTSIX OTHOCHUTEABHO XY, T.e. Z He COBIAAAET C BEPIIMHON mapabo-
ABL. 3HAuUT, Z — GECKOHEYHO yAAAEHHASI TOYKA Iapaboabl, I (U KACAETCS TPEX PUKCUPOBAHHBIX

IIPSAMBIX OAHO3HAYHO OHpeAeAéHHBIM o6pa30M, T.€. IIOCTOsIHHA. O

3amaua 36. B Tpeyroabauke ABC Touku O u H — I1eHTp OnIMCaHHOE OKPY>KHOCTHY ¥ OPTOIEHTP
coorBeTcTBeHHO. [Ipsimass AH moBTopHO nepecekaeT (ABC) B Touke Aq, a CEpeAUHHBIN IIEPIEHAN-
KyAsip K oTpe3ky AH mepecekaer (ABC) B Toukax A, u Az. Touru B;, B, B3, Cy, C;, C; ompe-
AEASIIOTCS aHAAOTHYHO. AoKaXkuTe, 4To Touku NAeMyana TpeyroabHuKoB ABC, A1A,A3, BiB,Bs

C1C,C3 aevxaT Ha OAHOM OKPY>KHOCTH, IIEHTP KOTOPOR ImpuHaaAeXuT mpsmoit OH.

HoxkazareabcTBo. Touka H nesKuT Ha eprneHAUKYASIpe U3 A K AyA3 U IPU OTPasXeHUU OTHOCHU-

TEABHO A2A3 IIOIIaAQ€T Ha OIIMCAHHYIO OKPY>XHOCTL — T.€. SABASIETCsS OPTOLIEHTPOM TPEYI'OABHUKA

A1A,A3. Takum obpasom, cToporbl TpeyroabHUKOB ABC, A1AA3, B1B,B;s u C;C,C; racarorcsa
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durcupoBarHoro sarunca ¢ ¢porycamuz O, H. Kpome Toro, B cuay mpsiMoit Diinepa y BBIIIEIE-
PEYUCAEHHBEIX TPEYTOABHUKOB ODOINasi TOYKa II€PecedeHus MeAruaH. Teleph YTBEPKAEHUE 33Aa4UU

crepyeT u3 AeMMbl CKyTHHA. ]
3.5 Ckpsoithiil [loacese. CBsA3b ¢ N30rOHAJIBHBIM COIIPS>KEHUEM

Anst ATOOO Taphl M30TOHAABHO COIPSIKEHHBIX TOYEK CYIINECTBYET KOHUKA C (POKYCAMHU B ITUX
TOYKaX, KacalolasiCsi CTOPOH TPEYTOAbHUKA UAM UX IPOAOAKeHUE. [loaToMy OBIBaeT mOAE3HO HadaTh
BpaIllaTh TPEYTOABHUK MEXXAY OIMCAHHON OKPY>KHOCTBIO M AAHHOW KOHUKOW. Tak>kXe MOryT OBITH IIO-
Ae3HBL AeMMa CKyTrHa u TeopeMa J\areppa, 0COOEHHO €CAU B YCAOBHUHZ 3apad (PUIYPUPYIOT KaKUE-TO
ApPyTr7e 3aMedaTeAbHbIE TOYKHU.

[Tycts paw saaunc ¢ dokycamu P u Q u pnuHO#M 60ABIIONR Ocu 2a. [Ipsmas { KacaeTcs ero B TOUKe
X, a rouka P’ cummerpuuna P orHOCuTEABHO {. B cuAy onTuyeckoro cBoiicTBa saAmmca, Touku P/, X u
Q aexxaT Ha opHOM mpsimoi, a Toraa P’'Q = PX+ QX = 2a. B xauecTBe CAEACTBUS IIOAYTAEM IIPOCTOE,

HO O4YE€HDb IIONAE3HOE H&6AIOA€HI/IGI

YrBepxkaenne 3.13. Darunc ¢ dorycamu P, Q u AAMHOM 60ABIIOR OCK 20 BIUCAH B TPEYTOABHUK

A. Toraa papuyc obmieit mepaAbHOM OKPY>KHOCTZ TodeK P um ) oTHOCMTeAbHO A paBeH a.

,Z[OKaSaTeJIbCTBO. TOT-IKI/I, CIMMETPHUYIHBIE P oTHocuTEABHO CTOPOH TPEYI'OABHMNKA, AEXAT Ha
OKPY>XHOCTH I c IOCHTPOM Q I papmryCcoM 2(1, a II€pAaADBHasT OKPY>XXHOCTE TOYKHU P IIOAYYa€TCA

u3 ' romoTeTuit ¢ neHTpoM P u KoadpdpuimeHTOM % O

Bagada 37 (Tperwbs Teopema PouTere). Touky P 1 Q M30roHAABHO COIPSIKEHEL B TPEYTOABHUKE
ABC.

(a) AoxaxkuTe, 9TO ecar PQ IIPOXOAUT Uepes IEHTP ONUCAHHON OKPYKHOCTU TPEYTOABHUKA

ABC, To mepanbHasE OKPY’KHOCTE TodeK P um (Q KacaeTcs OKPY>KHOCTH AEBSITH TOYEK Tpe-

yroabauka ABC.

(b) Aoxa)kuTe 0OpaTHOE YTBEPKAEHIUE.

3ameuaHue. ['eoMeTpUIeCKOE MHOKECTBO TOYEK P 13 IPEABIAYIIEN 3334l HA3bIBAETCA KYOUKOU
MaxKes.
lokazaTeabCcTBO.
(a) PaccmorpuMm saaumnc y ¢ dorycamu P u Q. Papuyc mepanbHON OKPY>KHOCTH TOUEK P u
Q paBeH AAMHE OOABIION IIOAYOCH SAAWIICA, a IIEHTDP COBIIAAAET C CepeAMHOI orpeska PQ
— mo yTBepkAeHuUIO (3.13). CaepoBaTEABHO, IeAAABHAS OKPYKHOCTb OCTA€TCs IIOCTOSIHHOM
IIPY BPAIIEHUX TPEYTOABHUKA MEXKAY OIKUCAHHON OKPY>KHOCTBIO ¥ BIMCAHHBIM SAAUIICOM Y.
ITo caepcTBuio (3.3), LEHTP OKPY’KHOCTH AEBSITH TOYEK ABIDKETCS II0 OKPY’KHOCTH, IEHTD
KOTOPO# COBIIAAAET C CepeAMHOM oTpe3ka PQ; paaryc ’Ke OKPYKHOCTD AEBSATH TOUEK IIOCTOSI-

HeH. [[09TOMYy AOCTATOYHO AOKA3aTh KACAHUE AAS OAHOTO IIOAOXKEHUS. VI3 yCAOBUSI CAEAYET,

9TO OKPYXHOCTE KU ISAAUIIC CUMMETPHUYIHEL OTHOCUTEADBHO HpﬂMOﬁ PQ TOI‘Aa B Ka4€CTBE
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HCKOMOTI'O TIOAOXKEHUSI ITOAOHAET PaBHOOEADPEHHEIY TPEYTOABHUK, OCHOBAaHME KOTOPOTO IIEP-
neHAUKYASpHO PQ.

(b) Ilycrb 2a u 2b — AAMEBL HOABIION ¥ MaAOi Ocelt saAUIICa, R — PaAUyC OIUCAHHON OKPY K-
rHocty, OP = p, OQ = q. Touka X — cepepuna PQ, N — IIeHTD OKPY>KHOCTH AEBSTU TOYEK.
VYCAOBUE KaCaHUs MEPEIUIIEM B BUAE A = \% + NX|. CaeacrBue (3.3) Aa€T HaM paBEHCTBO
NX = B, a reopema Aareppa — (R? — p?)(R? — %) = 4b*R%. Kpowme Toro, PQ? = 4a? — 4b%.
Cobepém Bcé BMmecTe:

R CR-pIR - )
2 2 2
PQ? =4a’ —4b :4(EiNX> — o —

2
4 <Eip_q) (R =pIR* —7q%)

T = = (p£q)-

HepaBercTBO TpeyroabHUKa 06paTUAOCH B PaBeHCTBO, moaToMy Touku O, P u Q aexxaT Ha
OAHOM IIPSIMOIA.
]

Baga4da 38 (SAGF-2024, P7, nepedpopmyarupoBano). TpeyroabHuk ABC BIECaH B OKPY>KHOCTb C
neaTpoM O um papmycoM R m ommca® BOKPYT dAAUICA C IeHTpoM X ¥ AAMHOM Manroi ocu L. Touka
N — IIeHTp OKPYKHOCTU AEBSITH TOUeK Tpeyroabuuka ABC.

(a) Aoxaxkute, uTo ecar O AeXUT Ha Maroi ocu saammca, To 2NX =R — 1.

(b) Aokaxkute, 9TO B OOIIEM CAydae BBIIOAHEHO HepaBeHCTBO 2NX < R —1.

JlokazaTeabCcTBO.

(a) PaBeHCTBO 03HAYAET, YTO OKPY>KHOCTH AEBSITH TOYEK KACAETCSI OKPY>KHOCTH, ITOCTPOEH-
HOY Ha Maao¥ ocH, KakK Ha Awamerpe. [lo aHarormum ¢ nyHKTOM (a) IPEABIAYIIEH 3apaduu,
AOCTATOYHO AOKA3aTh YTBEPKAECHUE AASI OAHOTO IIOAOXKEHKS. TaK KaK OKPYKHOCTDb U SAAUIIC
CHMMETPUYHEI OTHOCUTEABHO MAaAOM OCH, TO B Ka4eCTBE MCKOMOT'O IIOAOXKEHUSI AOCTATOYHO
B35IThb PaBHOOEADPEHHBIN TPEYTOABHUK, OAHA U3 CTOPOH KOTOPOI'O MMapaAAeAbHasl BOABIION

OCH 3NAHUIICA.

(b) BOCHOALBYGMCﬂ YK€ U3BECTHBIMHU HaM TOXXAECTBAMU U HEPABEHCTBOM Kormn:

(Rz_pZ)(Rz_qz) pq 1 Rz_pz Rz_qz p2+q2
R_L_2NX=R_ _PAo g ! _ _0.
L= 2NX \/ R2 R A R T

O
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3.5.1 Jlemma o cTeneHM OpPTOIIEHTPa

Bagaya 39 (NAemma o crememm oproueHTpa). AaH TpeyroabHEUK ABC c IeHTpoM onucaHHOM
okpy>xrocTt O u opronerTpoM H. Touku P u Q m3oroHaAbHO COIPsIKeHEI B TpeyroabHuKe ABC,

a p — paaumyc obimeit nepanbHOR okpy>kHOCTH ToueK P um Q. Toraa
4p*> — HP? — HQ? = —pow(H, (ABC)).

Wapivm chroBamu, ecau Touku Py, Py, P. cuMmMeTrpuynbl P OTHOCHTEABHO CTOPOH TPEYTOABLHUKA
ABC, To
pow(H, (P,PyP.)) + HP? = pow(H, (ABC)).

Hoka3zareabcTBo. BeepéM craspaprrble obosraueruss OP = p, OQ = q, 2a u 2b — AAuEHE
BoABLION ¥ MaAOl ocell BImcaHHON KoHUKE C orycamu P m Q (B wactHocTH, p = a). IlycTs
Touka Y cuMMeTpryHa O OTHOCUTEABHO IIEHTPa X BIMCAHHON KOHMKY. KaK MBI YK€ 3allOMHUAH,

YH = 24, Bocmoab3yeMcst U3BECTHBIM VTBEDPKAEHUEM:
R

YrBepxkKkaenue 3.14. Ilycts A4, ... A,, — TOYKM HA IIAOCKOCTHU C BEIECTBEHHBLIMY MacCaMu
my, ... My, TAE My + - -+ my = 1. [Iycte M — ux 1eHTp Macc, a X — IPOU3BOABHAS TOYKA.
Torpa

PM? + myMAZ + .- + m,MAZ = m;PA? + ... + m, PAZ.

[IpuMeHsIs 3TO yTBep)XAeHME K TpeyroabHuky OPQ u Toure H, sakatowaem, uro HP? + HQ? —
HO? = HY? 4+ YP? + YQ? — YO? = HY? + PQ? — p? — q* (mocrepHuit mepexop — 3TO TOXKAECTBO
mapaaneaorpaMma). AAsi 3aBepIIEHUsI AOKA3aTEAbCTBA OCTAAOCh IPOBEPUTH, YTO IIPaBasi d4acThb

paBHa 4a’ — R%. Ho a0 caeayer u3 Teopemsl Aareppa u dopmya PQ? =4a? —4b?, HY = EL. Mt

omyckaeM (pUHAAbBHBIE BEIYUCAECHUS. ]

CaencrBue 3.15. Touku P u Q u3oronaabHO conpsikeHbl B Tpeyroabruke ABC. Touku P, Py, P,

cuMmMeTpuyHbl P orHOCcHTeAbHO BC, AC, AB. Ananroruuno onpepeauM Qg, Qu, Q.. OpromernTp H
rpeyroabauka ABC aexxur Ha papumraabHOi ocu (P,PyP.) u (Q.QpQ.) Toraa u ToabKO TOTAQ,
rorpa HP = HQ.

3amauga 40.
(a) Tpeyroavuuruz ABC u DEF umeroT o6miuil OpTOLEHTD ¥ OIKUCAHEI BOKPYT OAHOM mapabo-

ABI. AOKa}KHTe, YTO BEPIINWHEBI 3TUX TPEYI'OABHHMKOB AEXAT Ha paBHOCTOpOHHeﬁ rnnep60Ae.

(b) (Telv Cohl, 2019) Touku A, B, C, D, E u F aexaT Ha KOHUKE, KOTOPAs HE SIBASIETCS
paBHOCTOPOHHEY runepbonroit. V3BecTHO, 4To opTOIeHTPH! TpeyroabHuKoB ABC u DEF cos-
naparoT (0b6o3HauMM 3Ty TOUKY 6ykBoit H). Aoka)kute, uTo H A€KUT Ha papAUKaAbHON oCH
(ABC) u (DEF).
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lokazaTesbCcTBO.

(a) Oboznauum mapaboary u3 ycaoBusi 6ykBoit A. IIpoBepeM paBHOCTOPOHHIOK rumepbony I
gepe3 Touku A, B, C, D. Toraa I'y A — 3-mapa Ilonceae. IIycts H — obmuit opToieHTp Tpe-
yroapuukoB ABC, DEF. IIpu Bpamenun ABC no Ilonceae, Touka H Bcerpa 6yaer Ha AexXaThb
u Ha [ ¥ Ha AuperTpuce A. 3HAYUT, B CUAY HelpepbIBHOCTE H dukcupoBar (popManbHO,
npsimass AH 6yaeT ABUTaTbCS IOAMHOMMAABHO CO CTEIeHBLIO He BBIINle 3 KaK IpsMasi Ipo-
€KTUBHOI'O HAIIPABAEHUS IIPOXOASINASI YEPE3 IIPOEKTUBHO ABUIKYIIVIOCS II0 KOHWKE TOUKY.
Torpa IOHATHO, YTO €CAY B OECKOHEYHOM YUCAE IIOAOKEHUN OHA IIPOXOAUT Yepe3 HEKOTOPYIO

TOYKY, TO OHA BCETAA Uepe3 He€ IIPOXOAUT). 3aaBurasi A B D, nmobexxpaeM.

(b) IIo caepcrBuio (3.12) w3 Teopemsl IloHCene, cymecTByeT KOHUMKA D, BIMCAHHAS B Tpe-
yroapaukz ABC u DEF. Ilo mpeamiaymmeMy IyHKTY, OHa He SIBASIETCS ITapabonoif, mosToMy
y Heé ecTb ABa dokyca P u Q. BcmomuuwM, 9o o yrBepRAeHUO (3.13) papuyc p mepaabHOM
okpy>kxHOCTK ToueK P, Q durcuposan. Toraa mo neMMme o0 CTEEHU OPTOIEHTPA BBIIIOAHEHBI

pPaBeHCTBa
—pow(H, (ABC)) = 4p — HP? — HQ? = — pow(H, (DEF)),

4TO 1 TPeboBaNOCh.

3.5.2 Teopema Aiiepa

3angaya 41. Tpeyroabuuk ABC BparmaeTcsi MeXXAYy ONMCAHHOR OKPY KHOCTBIO () ¥ BIMCAHHOMN
KoHUKOH ¢ dpoxycamu P u Q. Touka M, — Touka Mukreas gerbipéxyroapruka BPCQ. Hecaoxxuo
IIPOBEPUTH CUYETOM YIAOB, 9uTo M, € (). AokaxxuTe, uTo oTobparkeHue A — M, — IpOeKTUBHAS

MHBOAIOITWSA.

HokazareabcTBO. [lycTh KacaTeabHble M3 M K KOHUKE IIOBTOPHO Iepecekaior () B Toukax S u T.
Uz paBerctBa £ BMP = £QMC 1 n30roHaABHOT'O CBOMCTBA KOHUKY CAeAyeT, 4To £ BMS = LTMC,
T.e. mpssmele ST BC, a Toraa OHM CHMMETPUYHBI OTHOCUTEABHO IIeHTpa X KOHUKU. Hcam ST m
BC kacatorcst koHuku B Toukax M’ m A’ coorBeTcTBeHHO, TO X — cepeama M'A’. Ilyctb ¢
— romorpadusi [loHCeAe C OMMCAHHOW OKPY>KHOCTM Ha BIMCAHHYIO KOHHUKY, Toraa ¢@(A) = A/,

@(M) = M. Kommosurust @ ' oZxo @ oTmpaBAsieT A B M 1 SIBASIETCSI IPOEKTUBHOM MHBOAIOIHAEH.
[

CrnencrBue 3.16. Bce npsimbie AM, IPOXOAST depe3 (PUKCUPOBAHHYIO TOYKY WAU IIONIAPHO IIa-

PanANCABHEIL.

Sagaua 42*. Tpeyroabauk ABC Bpalaercss MeXXAY ONMCAHHONW OKPY>XKHOCTBIO ¥ BIIMCAHHOMN KO-
HuKO# ¢ dorycamu P u Q. Aoxaxkure, uTo LABP 4+ £LBCP + LCAP = const.
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HokazareabcTBo. [Iyctb M, — Touka Mukeas gerbipexyroabruka BPCQ, S € AM, — duxk-
CHPOBAHHAS TOYKA U3 IPEABIAYINEH 3aaauu. HeCAOKHBIM CIETOM YTAOB IoAydaeM, uTo £ ABP +
£BCP = £QM,C. Ilyctb npsmble M,Q uz AP moBropuO mepecekaior (ABC) B Toukax K m T
coorBercTBeHHO. Toraa L QM,C = LKAC, u pocraTouno pokazaTh, 94TO yroa L KAT = LKAP =
£KAC+ £CAP dpurcupoBar. OTobpaxenue T — K MOXHO IPEACTAaBUTH B BUAE KOMIIO3UIUY II€H-
TPaAbHBIX IIPOEKITNH C OKPY>XHOCTH Ha cebs u3 Touek P, S u Q. MEI XoTUM ITOKa3aTh, YTO Ha CAMOM
AEAE ITO OTOOpa’KeHUe SIBASETCS IIOBOPOTOM Ha (PUKCHPOBAHHBIA yroa. AOCTATOYHO HAWUTH TPU
monoxenusi. 3adurcupyeM AyByCy — opumu u3 TpeyroapuukoB [lomcene. Toraa A € {Ao, By, Co}

— HMCKOMBIE€ IIONOKEHUA. ]

Sanaua 43 (Teopema Attepa). Aausl TpeyroabHuK ABC u Touka P. [Tycts PP, P, — €€ mepanbHBLR
TPEYTOABHUK, & (g — OKPYKHOCTb AEBATU TOoueK TpeyroabHuka ABC. AokKa>kuTe, 9YTO HaIpas-

AEHHBI yTOA MEXXAY KacaTeAbHBEIMY, IPOBEAEHHBIMU K OKpY>RKHOCTIMY (P PyP.) 1 Qo B ux obmiei
Touke, paBeH + (90° — LABP — ABCP — LCAP).

HokazareabcTBo. [Iycts Q m3oroHanbHO coupsikeHa K P. Kak yrke He pa3s yIOMUHAAOCE, PaAU-
yC OKPY>KHOCTH AEBSITH TOYEK IIOCTOSIHEH, a IIEHTP ABUYKETCSI IO OKPY’KHOCTHU C IIEHTPOM B CEPE-
auHe PQ. IlepanbHast ke OKPY’KHOCTD ITOCTOSTHHA. [[03TOMY yTroa MEXKAY 3TUMU OKPY>XHOCTSIMU
durcupoBar. Kpome Toro, LABP + LBCP + LCAP = const mo nmpearipymeit 3apade. [TosTomy
AOCTATOYHO IIPOBEPUTDH, YTO PABEHCTBO U3 YCAOBHUSI BEPHO AAS OAHOTO IIOAOXKEHUSI TPEYTOABHU-
kKa ABC. B KadecTBe MCKOMOTI'O IIOAOKEHUS MOYKHO B3STh TPEYTroAbHEUK, B koropom BC 1 OP
— B 3TOM CAy4Yae IeAAAbHAsT OKPYKHOCTH IIPOXOAUT YEPE3 CEPEAUHY CTOPOHBI, M YTABI MEXAY

KaCaTeAbHBIMI B 3TOM TOYKE MOXXHO HECAOKHO IIOCUUTATE. TeXHUYIECKUE A€TaAl MBI OCTaBASIEM

3aUHTEPECOBAHHBIM YUTATEASTIM. O
3.5.3 3amaua 10.4 c nmocienuero duHama oaummnuagabl uM. Ilapsirnaa

Bagaga 44 (ITopusm Bpokapa). TpeyroavrEurk ABC Bpalmaercs MeXXAy ONUCAHHON OKPYIKHO-
CTBIO M BIIMCAHHBIM 3AAUICOM € dokrycamu P u Q. IIpeanmoroskuM, 9TO AAST OAHOTO IIOAOKEHUS
TpeyroabHUKa Touku P m Q siBAstoTcss ToukaMmu Bpokapa ¢ yraom @. AOKa>XuUTe, 9ITO AASL BCEX

ADPYTHUX IIOAOKEHUN TpeyroAbHUKA TOUKM P 1 () Tak>kKe sIBASIIOTCS TOYKaMu Bpokapa ¢ yraoMm @.

HoxkazareabctBo 1. [lycte ABC — TpeyroAabHUK C BOMCAHHBIM IAAUICOM Bpokapa I', KoTopsri
Kacaerca BC,AC,BA B Toukax K, Ky, K.. Kak usBectno, K, Ky, K. — ocHOBaHUSI cuMepmaH u3
A, B, C. Tak>xe u3BecTHO, 4TO Touku P u Q AexxaT Ha okpy>xkHOCTZ ¢ pmameTpoM OL («OKpy»k-
HOCTH Bpoxkapay ), mosromy L durcupoBaHa (A0Ka3aTeABCTBA ITUX ABYX (PAKTOB €CTh B IIPOEKTE
AKTT 2013 ropa o Toukax Bpokapa uau B peme6auKe AKomnsiHa: 555 geometry problems). Orcioaa

moaydaeM, 94To v ' puKCHpoBaH IEPCIEKTOp IpHX BpalerHuu 1o [loHcene.

Jlemma 3.17. Ecau tpeyroasauk ABC Bpamaercs no ITorcene MesxAy ABYyMSI KOHUKAMU, U

IIEPCIIEKTOP BIMCAaHHON KOHUKU (bI/IKCI/IpOBaH, TO 3T KOHMKH KaCalOTCsa B ABYX TOYKaX.
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HoxkazarenabcTrBo. Hy>xHO 3aABuHYTH ToukE A, B, C B TOUKK epecedeHNsT KOHUK (BO3MOK-

HO, KOMIIAEKCHBIE) ¥ IIPOCAEAUTH 33 IIEPCIEKTOPOM. [

Tax>Ke U3BECTHO (CM. MUCTAYECKUA AOTIOAHUTEABHBIA PAa3A€A), 9TO BEPIIUHLL TPEYTOAbHUKA [10H-
CeAe IIPOEKTUBHO 3aBUCAT APYT OT APYra, €ECAU ¥ TOABKO €CAW BIMCAHHAST ¥ ONUCAHHAS KOHUKU
ABaYXABI KacatoTcs. [IpuMeHss sToT daKT K Hamlelr 3apade, 3aKA0YaeM, UTO CYIIECTBYET IIPOEK-
TUBHAasI 3aBUCHMOCTb Mexxpay A, B, C. Ilycte AP mepeceknaa (ABC) B Toure D, xoTuM mOKasaTsh,
uTo pyra DB umeeT puKCUpOBaHHYIO OPUEHTHPOBAHEYIO IPAAYCHYIO MepPY, T. €. uTo D, B oTAmya-
IOTCSI IIOBOPOTOM Ha (PUKCUPOBAHHEIY yToA BOKPYT IeHTpa (ABC). 9T0 BEPHO B TPEX IOAOXKEHUSIX

— 3HAYUT, BEPHO BCETAA. [

HokazareabcTBo 2. IIycTh v — Hekui#l saaunc ¢ dporycamu X # Y, a { — mpomsBoAbHAS Ka-
caTeAbHast K HeMy. PaccMoTpuM Takyio TOYky L, € {, uro HampaBaeHHBIR yroa £ (XLy,{) = «
(o € (0,7)). VI3 paccy>xaeHust nepen yrBeprrAeHreM (3.13) M3BECTHO, YTO FEOMETPUIECKOE MECTO
TO4eK Lz — 3TO OKPY>KHOCTH (c meaTpoM B cepepune XY) — obozHawuM e€ 6ykBoit w. Toraa Ans
AIOBOT'O APYTOTO (X T€OMETPUUECKOE MECTO TOUEK L, — 3TO TOXKe OKPY>KHOCTD, IIOAYYAIONIASICS U3
(W TTOBOPOTHOM IOMOTETHEN C IIEHTPOM B X.

[Tepeiipém x pemrenuio 3apadu. [[prMeHUM IOAYYEHHOE YTBEPKAEHUE AAS BIMCAHHOTO DAAUIICA
u yraa o = +@ (3Hak BHIOMpaeTCss B 3aBUCHMOCTE OT PacCIOAOXKeHUs: Todek). Toraa I'MT L,
— 3TO OKPY’KHOCTDB, IIEPECEKAIOIASICA C OMKMCAHHOM OKPY’KHOCTBIO B TPEX TOYKAX. JHAYUUT, ITHU

OKPY>KHOCTHU COBIIAAAIOT, 9YTO 3aBEPIIAET AOKA3aTEABCTBO. O

3amaua 45. B Tpeyroabauke ABC oTMedeHE TOUKaA IlepecedeHust Mepua M, oprorerTp H, meHTp
omnucasHOK oKpy>kHOCTH O m TouKa JAemyana L.
(a*) (Oa. Llapsiruaa 2025, dunan, 10.4) Touka S sBAsiercss Toukoit 11lanTast TpeyroabHUKA
LHM co croporsr Bepmuubl L, a L* mEBepcHa L OTHOCHTEABHO ONMCAHHON OKPY KHOCTH.
Toraa SL* || MH.

(b*) Touka T siBastercss Touroit [lantast TpeyroabHuka LOM co cTOpoHEB! BepmuHbl M, a

M* mHBepcHa M OTHOCHTEABHO ONUCAHHON OKpy>kHOCTH. Toraa TM* || OL.

Sameyanue. YTBep>kAeHUe NYyHKTA (b) PaBHOCUABHO TOMY, 4TO 06pa3s M Ipu MHBEPCHH OTHO-
CUTEABHO OKPY>XHOCTZ Cc AmamerpoM OL momapaeT Ha ONMCAHHYIO OKPY’KHOCTBH TPEYTOABHUKA
ABC.

Jloka3aTeabCTBO.
(a) Ilycts I' — sanunc ¢ dokrycamu O, H, Buucauusiit B ABC. Byaem Bpamars ABC mo onu-
caHHO! OKpy>kHOCTZ BOKPYT ['. ITpu sTom, H Bceraa 6yaer ocraBarhest oprorerTpoM ABC
KaK M30rOHAABHBIN 0bpa3 meHTpa (ABC) — rouku O, u meHTpoma M (PUKCHPOBAH B CUAY
npsmoit Ditaepa. [lo remme CryTumHa, L 6yAeT ABUTaTLCS IO OKPY>XHOCTH A, IEHTP KOTO-

poit AexxuT Ha MH. DTy OKpPY>XHOCTb MBI OTPa’kaeM OTHOCUTEABHO OKpy XHOCTH (ABC) 1

okpyxHOCTH C AmamerpoM MH. TloayduuM ABe OKPY>XKHOCTH, LIEHTPHl KOTOPBIX A€XXaT Ha
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MH; HecAOXKHBIM cueToM depe3 AeMMy CKyTuHa yOeXKAaeMcs, 9TO UX PaAUyChl PaBHHI (U
PaBHBI %, rae R papuyc (ABC)). Sicuo, uTo mpu 3ToM yraoBBIE CKOpocTH S, L* mpu sTOM Tax-
>Ke OYAyT cOBIapaTh — M TaK Kak B moaoxkeHuu, Korpa ABC paBrobeapennsrit, SL* = MH,

TO B APyruXx noaoxkeHusx SL* || MH — mobeaa.

(b) Byaem poKasbIBaTh yTBEPKAEHUE U3 3aMEYaHUS; €T0 PABHOCUABHOCTH 33Aade HETPYAHO
IOHSATH. ByAeM BpamaTh TPeyrOABHUK II0 OIIMCAHHON OKPY’KHOCTH BOKPYT aaaumIca Bpoka-
pa. IIpu satom Touku O, L durcupoBansl, kak 1 Touku Bpokapa P, Q. Ilo remme CkyTuHa,
ToYKa M ABUIKETCSI IT0 HEKOTOPOI (pUKCHPOBaHHON okpy>)kHOCcTH. OHa moaydaercst u3 (ABC)
KOMITIO3uITe# nHBepcuu ¢ 1eHTpoM L u papumycom LP = LQ, cummerpun orHOCUTeABHO OL 1
CUMMETPUY OTHOCUTEABHO CEPEAMHEI oTpe3Ka PQ. MBI XoTuM moKasaTh, YTO IPU WHBEPCUN
OTHOCHUTEABHO OKpY>XKHOCTZ ¢ amamerpoM OL sTa okpy>xHOCTb mepeiiper B (ABC). ScHo,
YTO IIEHTP 3TOM OKpy>kHOCTU AexkuT Ha OL. 3apsuras A B Touknu nepeceuenust OL ¢ (ABC),
IIOAYYUM PaBHOOEAPEHHBIN TPeyroAbHUK; mpu 3ToM M momaaer Ha OL. ITpocTeiM cueTom
OTPE3KOB UAY IIEPEKUABIBAHNEM ABOMHBIX OTHOIIEHUY MOXKHO YOEAUTHCS, ITO IIPY NHBEPCUU
OTHOCUTEABHO OKPY>XHOCTH ¢ ArameTpoM OL B aToMm nmoaosxeruu ob6pa3 M coBmap€T c A, T.e.
IIOIIAAET Ha OIMCAHHYIO OKPY>XHOCTD, & TOTAQ TPAEKTOPUS TOUKY M COBIAAET C OIKUCAHHOMN

OKPY>KHOCTBIO.

]

3.6 Bokpyr kjaccuveckoro goka3zarejbcTBa TeopeMbl IloHcese

B sToMm moppasaene cobpaHbl 3aAa4H, CBI3aHHBIE C AEMMOR O COOCHBIX OKPYKHOCTSX U KAACCHUe-

ckuMu PaKTaMu IIPO MHOrOyroAbHUKY [ToHcene (moapobHOCTZ B moapasaeae (1.7)).

Teopema 3.18. Aamo HaTypaabHOe IUCAO0 2 < K < (%1 MuoroyroabHuK AjA; ... A, Bpamaer-
CsI MEXXAY ABYMsI OKpy>kHocTsiMu. VI3 Teopemer (1.39) caeayeT, 9To mpsiMast AyA, )y Kacaercs

PUKCUPOBAHHOK OKPY>XHOCTH. Toraa TOYKa KaCaHUS IIPOEKTUBHO 3aBUCUT OT Aj.

3ameuyanue. Ha MHO>KXeCTBe KacaTeABHBIX K KOHUKE €CTECTBEHHBIM 06Pa3soM MOKHO OIIPEAEAUTH
ABoIHOe oTHoueHue. CAeA0BaTEABHO, MOYKHO CKa3aTh, UYTO ¥ CaMU IpsMble AyA, 2 | IPOEKTUBHO

3aBUCSIT OT A;.

CaencrBue 3.19. MHOroyroabHuUK AjA; ... Ay, 1 BPAIaeTCI MEXAY ABYMS OKPYKHOCTIMHU. To-

TAa TOYKa KaCaHWsi CTOPOHEIL AS+]AS+2 CO BIIMCAHHOH OKDPY>XKHOCTDBIO IIPOEKTUBHO 3aBUCHUT OT A] 5

Sameuanue. CaeacTre (3.19) 6BIAO IPEANOIKEHO HA AETHEH KOHMEPEHIUM TYyPHUPA OPOAOB
B 2022 ropy (mpoext [2], 3apaua Ne25). Toraa HMKTO M3 YYaCTHHKOB IIPOEKTA €rO HE OCUAMA,
a COCTaBUTEAH IIPOEKTa 0OAAAAAM TOABKO CAOKHBIM aArebpaldecKUM AOKa3aTeAbCTBOM. J\MIIb

HEKOTOPOE BPEMsA CIIYyCTS OBIAO HaﬁAeHO IIPOCTOE I'€COMETPUIECKOE AOKA3dATEABCTBO, KOTOPOE MEIL 1

IIpeEpAaTra€M BaM IIPOAEAATD.
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3amaya 46.
(a) (O6obinénnas romorpacdust [Torceae). Aansl okpy>xuocT () # Y. VI3 IPOU3BOABHOM TOU-
K A € () IPOBOASITCSI KacaTeAbHbIE (ECAM OHU CYIIECTBYIOT) K Y, IIOBTOPHO II€PECEKAIOITHE
Q B roukax B u C. U3 Teopemer (1.39) caeayer, uro Bce mpsimele BC KacaroTcst PUKCHIPO-

BaHHOM OKPY>KHOCTH. AOKa}KHTe, YTO TOYKaA KaCaHUs IIPOEKTUBHO 3aBUCUT OT A.

(b) Aoxaxkure Teopemy (3.18).

Bameuanue. /I3 Teopemsr (1.18) caeayer, uTo obbruHast u obobménHas romorpaduu Iloncene
TaK>Xe BEPHBI U AASI KOHUK, II€pPeCeKaloIuxcsi He Ooaee, YeM B ABYX TO4YKax (C y4ETOM KpaT-
HocTH). TeM He MeHee, Pa3pEIIAETCSI TOAB30BATHCS ITUMU YTBEPKACHUSIMU AAST IPOU3BOABHOM
IIapbl KOHUK: OOBIYHON romorpadueit Iloncene — Bcerpa, a 3apadveit (46) — mocae TOro, Kak pe-
muTe e€. Ecau BBI JKenaeTe y3HATh MaKCUMaABHO 0DIlee AOKa3aTEABCTBO 3TUX (PAKTOB, TO MBI

YJAOBAETBOPHUM BaIlle AFOOOIBITCTBO B AOIOAHUTEABHOM Paspene (ECAU AO HETO AOMAET AENO).

Sagaya 47 (A. Bpoackuit). OKpy>XHOCTb (U HAXOAUTCS BHY TP oKpy>kHOCTH I Ilycth X € w, Y €
[" — ABa BEAOCHUIIEAMICTA, CTAPTYIOMUX B OAMIKAUIINX TOYKAX OKPYKHOCTER w, [, U €3AAMUX IO
HUM B OAHOM HAIIPaBAEHUU C OAWHAKOBBIMU YTAOBBEIME cKOpocTsMu. Touku P, Q Ha OKpy>XKHOCTH

w TakoBel, 4To PX = QX = XY. Aokaxxure, uro PQ Kacaercss pUKCIPOBAHHON OKPY>XKHOCTH.

3amada 48. BHyTpu okpy>kHOCTZ () PACIOAOXKEHA OKPY KHOCTH (V. PacCMOTpPUM 3aMKHYTYIO IIe-
IIOYKY OKPY>XHOCTER V1,7V2, .- .. Yn. OKPY>KHOCTE V; ¢ meHTpoM O; KacaeTcs BHEITHEM obpasoM w,
BHYTPEHHUM 06pa3oM () ¥ OKPY>KHOCTER Vi | ¥ Yiy1 (KaK ODOBIYHO, Yiton = Vi). AOKaKUTeE, ITO
Bce npsiMble O;0;,, IEPECEKAIOTCS B OAHOM TOYKE, KOTOPAS 3aBUCUT TOABKO OT W (), HO HE OT

BBIOOpA IIETIOYKM.

Sagaga 49 (IOMT 2024, obobrmenue). MHOTOYTOABHUK AjA;...A;, BPAIIAETCsI MEXAY ABYMS

" AGA;
M IIOCTOSTHHA.

1eAn

OKPY>KHOCTAMU. AOKa}KI/ITe, 49TO BEANYMHA

Samaua 50.
(a*) MuoroyroabHuK AjA; ... A, BpalaeTcs MEXAY ABYMs OKpyXHOCTIME. [IpsiMast AjA
KaCaeTCs BIIMCAHHOM OKPY KHOCTH B TO4UKe X;. AOKa’KUTe, YTO LIEHTP MacC To4eK Xi, Xz, ... Xn

IIOCTOSAHEH.

(b) MuoroyroasHuK AjA;...A, BpAaIIaeTcs MEXAY ABYMsI OKPY>KHOCTSAME, a P — durcu-
pOBaHHAsI TOYKA IAOCKOCTH. [Ipsimast AjAi, KacaeTcs BIMCAHHON OKPY>XHOCTU B TOYKE Xj.

A OKa>kuTe, UYTO BEAUYIUHA Z?:] PXi2 IIOCTOSTHHA.

2m AiAigr

(c) IlycTb Temepp N = 2m. AOKa)kuTe, UTO BEAWUIMHA ) i, A —
- mHi/ v mti+

IIOCTOsTHHA.

OTAeAbeIfI NHTEPEC BBI3BIBAET (He)B03M07KHOCTI:> IIOCTPOEHU A BIIMCAHHO-OIINCAaHHBIX MHOI'OYI'OADB-
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HUKOB IVPKYAEM M AMHEHKO#. Mbl mpakTudecku He OyAEM 3aTparuBaTh ITOT BOIPOC B IIPOEKTE U
IIPUBEAEM TOABKO CAEAYIOIIYIO 33Aa4y, KOTOPAs YTBEPKAAET, YTO AOCTATOYHO HAYIUTHCS CTPOUTD

He‘-IéTHOYI‘OABHI/IKI/I .

3amaga 51. OKPY’>KHOCTH [3 AEXUT BHYTPU OKPYKHOCTH . VI3BecTHO, YTO CyIIeCTBYET mN-
YTOABHUK, BIMCAHHBLIN B (¢ ¥ OIMCAHHLIY BOKPYT [3. C IOMOIILI0 MUPKYAS X AMHERKY IIOCTPOURTE

2N-yrOABHUK, BIMCAHHLIA B (X ¥ OIKXCAHHBIA BOKPYT HEKOTOPOM OKPYKHOCTH [3’, COOCHOM ¢ & 1 f3.

3.7 Pasnoe

B paspene eBRAUAOBBEIX MHBAPUAHTOB MBI He CTPEMUMCS K MaKCHMAABHON OBIITHOCTY PE3YALTATOB.
Mmuorue 3apaum pa3aesa OCTAIOTCS BEPHBIMU IIPU 3aMeHe BIMCAHHON OKPY>XHOCTU Ha IIPOU3BOABHYIO
ABYX(MOKYCHYIO KOHUKY. Hcau pa3sHuIla KakeTCs HaM CYIIeCTBEHHOU, MBI DOPMyAUpPyeM obe Bepcuu
(cM., HanpuMep, 3apa4y (53)). Ho 3agacTyio pelleHne IpaKTUYeCKU He MEHSIETCS (KOHEYHO, ECAU BBI

IPUAYMaAK «IIPAaBAABHOE» peleHue). IIpeanraraeM BaM yOEAUTHCS B 3TOM.

Sanmaua 52. Pemmute 3apaun (23), (24), (25), (28), (32) u (56a) Anst caydas, kKorpa (BHE)BIXCAHHAST

OKPY’KHOCTb 3aMeHeHa Ha ABYX(OKYCHYIO KOHUKY.

3amaga 53. Tpeyroavauk ABC BpamlaeTcs MeXXAy ONMCAHHON OKPY’KHOCTHIO M BIIMCAHHOMN

(a) (OamMnuapa um. Ilapeirmaa, 2023, dunar, 10.4) OKPY>KHOCTHIO

(b*) (Xiuyi Chen, aka LoloChen, 2024) AByXdOKYCHON KOHUKON
c neaTpoMm X. Touka A; cuMMeTpUdYHA A OTHOCUTEABHO X. J\OKa’KUTE, YTO TOYKA, X30TOHAABHO

COIIPSTKEHHAS A OTHOCUTEABHO TpeyroabHuKa ABC, ABUIKETCS 11O IPSIMOIA.

CAe,A,yIOI.TlaSI 3aAad4d9a B KaKOM-TO CMBICAE SABASETCSA O6paTHOfI K AEMME CKYTI/IHa.

Bagaga 54* (Xinchen Yu, 2024). Tpeyroavrrux ABC BpamaeTcs Me>XAY OIMCAHHON OKPYIKHO-
CTBIO ¥ BIIMCAHHOM KOHUMKOM C meHTpoM X. Touka G — meHTp Macc Tpeyroabaumka ABC, Touka Y

— —3 B
TakoBa, 4To GY = —2GX. AoKa>kuTe, YTO TOYKA, U30IOHAABHO CONPSIKEHHAsT Y, PUKCUPOBaHA.

3ameuaHue. EcAau KOHEKA SIBASIETCS OKPY>XKHOCTBIO, TO Y — 3TO Touka Hareasi, a m30roHaAbHO
COIIPSTKEHHAS K HEW — IEHTP IIOAOKUTEABHON T'OMOTETUY BIIMCAHHOMN U OIIMCAHHOM OKPY XHOCTEH,

KOTOPBIY ¥ B CaMOM AeAe (PUKCUPOBAH NP BPAIEHUY TPEYTOABHUKA.

Bamaua 55**. CxoacTBo MexxAy 3apadamu (23), (25) z (28) BUAHO HEBOOPYKEHHBIM T'AA30M.

[IpumaymaiiTe yTBEp>RKAEHUE, 0b0bIIAIOMIEE UX.

Poman KpaBueHKO IPeANOKUA BO3MOXKHBIT ITOAXOA K obobmenuio. OB chopMyAUPOBaAA CAEAYIO-

ITYI0 AEMMY:
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JIlemma 3.20 (BasoBast remma). T'peyroasrur ABC Bnmcar B okpy>xHOCTb (). B TpeyroabHuKe
orMmedens! ABe mapsl (P, P’), (Q, Q') nsoronaabHO comps>KEHHBIX TodeK. ObosHauuM gepes Dpgp/
(uaz mpocTo @) orobpaskeHue u3 3apauu (21a), npumenénHoe K Tpoiike PQP’, T.e. 06pa3oM TOUKH
T € Q 6yaer Takast Touka O(T), uro T — Touka Murens gersipéxyroabrura PQP’®(T). [Torosxum
wqr = O(Q). Pasymeercs, Q' € wgq. Ilycrs npamere BQ' u CQ’ mosropHO mnepecekator () B
Toukax B; u C;, mpsimere TB; m AC mepecekaioTcs B Touke Iy, npsimble 1C; u AB — B TOuKe
T.. Touru Q’, Ty, T. AeKaT Ha opHOM IpsiMoit IO TeopeMe Ilackansi; Ha30BEM 3Ty HNpsSMyo Lr.

HerpuBuanbHoe yTBepRAeHME cocTouT B ToM, 4o O(T) € 1t.

JoxkazarenbcTBo. Ecam asurars T 10 onmcanHOM OKPY>XHOCTH, TO TouKa Q' € @/ HEIOABMIKHA,
arouru T, € AC m @(T) € wq IPOEKTUBHO 3aBUCAT OT |, IO3TOMY AOCTATOYHO IIPOBEPHUTH

KoAAmHeapHOCTh Q', Ty, @(T) B Tpéx monoxkenusx. Caygau T € {A, B, C} oueBUAHEL. Il
JOKa>keM C IIOMOIIBIO 9TOM AeMMEL 3apauun (23), (25) u (28).

HokazarenbcrBo 3agaun (23). Kax usBecTHo u3 3apaun (52), BIMCAHHYIO OKPY>XHOCTH MOYKHO
3aMEHUTH Ha KOHUKY ¢ dpokycamu P, P/, caenaem sto. ITorosxum B 6asoBoit aemme Q = O, Toraa
Q’ = H, Touxku B; u C; npeBpaTsATCs B OTPA’KEHUSI OPTOLEHTPA OTHOCATEABHO CTOPOH, & IPsIMast
It — B npsuyio Lllrefinepa Touku T (aAa, BBl IpaBbl, MBI Ceff¥ac AOKA3aAU C IIOMOIIBIO TEOPEMEL
[Tackans, uro mpsimast [llTeliHepa mpoxoaAUT depe3 opTomeHTD). [Tockoabky oTobparkenue O He
3aBUCUT OT BhIOOpa TpeyroabHuKa [IoHCceae, TO mpu ¢durcupoBaHHOU | Bce mpsmble [llTelirnepa

IIPOXOASIT depe3 (puKcupoBaHHY Touky @ (T), Aexxamyo Ha wy. [

HokazarenbcTtBo 3amaum (25). IlycTs X — LEHTP NOAOKUTEABHOM TOMOTETHY BIIMICAHHON U
omucauHOM okpy>xHocTel. [Toroxkum B 6asoBoit aemme P = P/ =1, Q = X, roraa Q' = N —
Touka Hareas. Ilycts mpsimas {, Kacalomasics BIXCAHHOM OKPY>XKHOCTH, IIEPECEKAET OIMCAHHYIO
OKPY>XHOCTb B Toukax R u S. AocTpoum xoppay RS po Tpeyroanbmuka Ilomceae RST. B ycaroBum
3apaum ckasauo, uyro { N BC = D, { N AC = E. IIycre Touku D’ u B’ cummerpuynsr D u E
orHOCUTeABbHO cepeput cropoH BC u AC (t.e. D'E’ = {’). UsBectHo, uro D', B’ m N aAexxar Ha
OAHOM IIPSIMO# — 3TO MOKHO IIOHSTH C IIOMOIIBIO IIPOEKTUBHOI'O ABYIKEHUS { A IIPOIUTAB BTOPOH
ab3al; IPeANOSKEHHOTO aBTOPAaMU IIPOEKTA PelleHus 3apadu (25). AHAAOTMYHO AOKa3aTEABCTBY
6a30BO# NEMMEI, MOXXHO HadaThb ABUTATH |, Toraa B cuAy romorpaduu Ilomcene | mpoeKTMBHO
3aBuUCHT OT I, B Toraa u D’ Toxxe. CAep0BaTEABHO, AOCTATOYHO ITPOBEPUATEH KOAAMHEAPHOCTD TOYEK

N, D’ u @4 (T) B Tpéx monroxxerusix. Caygau T € {A, B, C} oueBUAHEL O]

HokazarenbcTBo 3aa4u (28). BrucaHHy0 OKPY>XHOCTH CHOBA MOYKHO 3aMEHUTDH Ha KOHUKY Y

¢ dorycamu P u P’. IToroxxum B 6azoBoit remme Q = M, Toraa Q' = L — Touka NemyaHna.

Jlemma 3.21. Ilpamas I — sTo TpuaumHeiinas moasipa T orHocuTeabHo AABC.

| oxkazaresbcTBo 1. CYET B HAPHUIIEHTPUIECKAX KOOPAMHATAX. [
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Joka3zareabcTBo 2. [IpoBepéM KacaTeabHYIO K (ABC) B Touke T u yBepéM €€ Ha HeckoHEU-
HOCTb IIPOEKTUBHBIM IIpeobpas3oBaHueM. OnucaHHas OKPY’KHOCTb IIPEBPATUTCS B ITapaboay,

a AAABIIE PEIIAET CUET B ACKapPTOBBIX KOOpPpAMHATAX. OJ

HokazareabcTBo 3. [lycTh uyeBraHbl yepe3 | IepeceKaroT IIPOTUBOIOAOKHBIE CTOPOHEL TPe-
VTOABHMKA B To4ukKax Aj, Bo, Co, a mpsimbie BoCy m BC mepecekatorcs B Touke X. Toraa
[Ag, X;B,C] = —1, T.e. X IpoeKTUBHO 3aBUCUT OT Ay, a Toraa u or | Toxxe. CAepOBaTEND-
HO, AOCTATOYHO IIPOBEPUTH KOAAMHEAPHOCTH ToueK X, Ty u L B Tpéx moaoxeHusx. Caydau
T € {A, B, C} oueBUAHEL H
dokazareabcTBo 4. Vcrioab3yeM 0003HAUEHUS U3 IPEABIAYIIETO AOKA3aTEABCTBA U BBEAEM
cool ratio dyskIUY P, q, T CTaHAAPTHBIM obpasoM. Ilo Teopeme MeHenast, AOCTATOYHO IIPO-
BepuThb, 4T0 P(X) - q(Tp) - v(T.) = 1. Ilpumenum CRL: q(Ty) = q(B1)q(T), v(Te) = r(Cqy)r(T).
Kpowme Toro, p(X) = —p(Ao) = —p(B)p(T) = p(A1)p(T) (A; — Touka IOBTOPHOrO Iepecede-

Husi AL u (ABC)). IlepeMHuOKasi, moAydaeM TpebyeMoe. [

BepuémMmcs k ucxopsoi 3apade. IToroxxum () = (ABC). Aast Havaaa 3aMmeTuM, 4To 6a3oBasi AeM-
Ma UCIOAB3YET AUIIL IPOEKTUBHOE ABU>KeHUe, TeopeMy llackanst u mopobue. IlepBeie ABa dakTa
IIPOEKTHUBHEL, a AASL YTAOB CYIIECTBYET IPOeKTUBHEIA anaror Hap CP? (cu. (5.6)). CaepoBaTeABHO,
AeMMa BepHa U Ha KOMIIAEKCHOR IIPOeKTWBHOM NAOCKOCTH. Hamra meab — caenaThb IPOEKTUBHOE
npeobpazoBanme, Ipu KOoTopoM () mepe#A€T B OKPY’KHOCTH, a BIKCAHHAS KOHUKA Y — B TaKyIiO
KOHUKY, 4TO IeHTp () SABASIETCS OAHUM U3 €€ (POKYCOB. Toraa B CUAY IpsMoit Diaepa Touka M
6yaeT dpurcupoBaHa y BCeX TPEYTOABHUKOB IIOAYYUBIIET'OCS IIOPU3Ma, a TOraa 1o AemMe CKyTrUHA
L 6yaeT aBUraTHCS IO OKpYy KHOCTU. [0 6a30BOit AeMMe, Bce TPUAUHENHEBIE TOASIPEL OYAYT IIPOXO-
AUTH Yepe3 (PUKCUPOBAHHYIO TOUKY ITOX OKPYKHOCTU. CAepOBaTEABHO, M3HAYAABHO L ABUTaAaCh
II0 KOHUWKE, ¥ BCe TPUAVWHENHBIE IIOASDPHI IIePeCeKaAl ITY KOHUKY B (PUKCUPOBAHHOM TOYKE, UTO
u TpeboBanrock. [locTporMm Takoe mpeobpasoBanme. IIpoBepéM aABe obmue KacaTeabHBIE K () U Y.
IIycts onm kacaiorcs () B Toukax X; u X; u mepecekaitorcs B Touke K. IlepeBepéM 3Tu TOUKU B
KPYTOBBle IIPOEKTUBHEIM IIpeobpasoBanveM ¢. VI3BECTHO, YTO KacaTeAbHBIE U3 KPYT'OBBIX TOYEK
IIPOXOAST Yepe3 POKyC, a Toraa K mepeiiAeT OAHOBPEMEHHO B IIEHTP OKPY>XHOCTH () 1 doKyc

@(v), 9To u TpeboBaNOCE. H

3amaya 56.
(a*) Ilecruyroasrur ABCDEF Bpamaercst MeXXAY ABYMsi OKpy>XHOCTsiMU. Touka P — dux-
cupoBaHHas1, a Touku Q # R ©30TroHAABHO COIPS>KEHEI P oTHOCUTEABHO TpeyroabHUKOB ACE
uz BDF. Aokaxkute, uTo Bce mpsiMble QR mepecekaroTcs B OAHOM TOYKe MAM IIONIApHO IIapaj-

NAENABHEI.

(b**) Illecruyronrruk ABCDEF Bpamjaercs MeXAy ABYMsI MPOU3BOJIBHBIMU KOHUKAMIU.
Onucanuble OKPY>XHOCTY TPeyroAbHUKOB ACE u BDF weTBEpTHIf pas mepeceKaioT OmIuCaH-

HYIO KOHUKY B Toukax X Z Y. AoKa>kuTe, 4YTO BCce IpsiMble XY II€pPECEKalOTCsI B OAHOM TOUKE
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HUAN IIOIIapPHO IIapaAA€ADBHEL.

BsepéMm ompepenenue. ByaeM roBOPUTB, UTO CEMENCTBO OKPY>XHOCTER npuradaesrcum o00HOU
c6s3Ke, ECAU IIEHTPHI BCEX 3TUX OKPY>KHOCTEM AE€XKAT Ha OAHOM IPsIMOM, MAM CYIIECTBYET TOYKA,

IMECIOIIasd OAMHAKOBYIO CTEIIEHD OTHOCUTEABHO BCEX OKpY)KHOCTGfI ceMelicTBa.

Samaua 57. TpeyroabHUK A BpaIaeTcss MESKAY ABYMSI IPOU3BOJIbHBIMU KOHUKAMU. J\OKa>KUTe,
9TO €ro

(a*) ommcaHHast OKPY>XHOCTD

(b**) OKpY>XHOCTb AEBSITU TOYEK

IPUHAANEKUAT (PUKCAPOBAHHON CBS3KE.

3.7.1 Jlomausle Iloucese

HezamruyThle AoMaHEBle [IoHCEAE YIKE CTAaHOBUAUCH IIPEAMETOM U3yUEeHUS IeOMeTpPoB. B KadecTBe
IpUMepa MO>XHO BCIIOMHUTD 3aAa4uu 7 ¥ 10 u3 mpeanbIAyIero npoekTa npo [lorcene. B panmoMm paspene
MBI U3Y4YUM HUX IIOAPOOHEe M AOKa>XeM HECKOABKO YTBEPKAEHUH, 06006IIaromux y’ke W3BECTHBIE HaM
aKTBI IPO 3aMKHYThHIE MHOTOYT'OABHUKY.

Anst Hagana chOpPMYAUPYEM HECAOKHOE YTBEPIKAEHUE, KOTOPOE KaK MHTEPECHO caMo IIo cebe, Tak

¥ MOYKET OBITHL IIOAE3HO B HEKOTOPHBIX 3apAa49aX AAHHOI'O O.AOKa.

YrBepxkaenue 3.22. [Iycts { — papuKanbHAs OChb OKPYXXHOCTER Wi, w; ¢ nerTpamu O u O,.

Aoxraxure, aro |pow,, (P)—pow,, (P)| = 20,0, - dist(P,¢).

AOKaBaTeAbCTBO MBI HE IIPUBOAUM; BBl MOXXETE CAMOCTOSITEABHO €TI0 IIPOAEAATE, OIIYCTUB IIEPIICH-
AUKYASAD Ha AMHWIO IIEHTPOB U IIOCYUTAaB OTPE3KMU.

[lepeiianéM HemOCPEeACTBEHHO K TeMe baoka. HauHéM ¢ OAHO3BEHHBIX AOMAHEIX.

Samaua 58. Xopaa AB aBwxeTcst o puKCmpoBaHHOR OKpy>XHOCTE W € meHTpoM O. BHyTpm w

OoTMeYeHa Touyka P. AOK&)KPITG, 9TO CACAYIOIIMVE YTBEP)KACHUSI PDABHOCUABHDBIL!

e [Ipsmas AB racaeTcsi GUKCHUPOBAHHON KOHUKY, OAMH 13 (POKYCOB KOTOPOM CoBIapaeT ¢ P.
e Ileratp O; okpyxuoctu (PAB) ABUXXETCS IO OKPY’KHOCTY UAU IIPSIMOM.

e [Ipoexmus P Ha AB ABUIKETCS 11O OKPY>XHOCTH UAM IIPSIMOM.

Samaua 59. HezaMKHyTas TpEX3BEHHASI AOMaHAST BPAIAETCS MEXKAY ONMCAHHON OKPY KHOCTBHIO U
BIIXCAHHOM KOHUKOM. Obo3HauMM OYKBO# (U OIMKMCAHHYIO OKPY’KHOCTH TPEYTOABHUKA, 0Opa3oBaH-
HOT'O 3BEHBLSIMM AOMAHOI.

(a) IIpeAmOAOXKUM, YTO BIMCAHHASI KOHUKA — 9TO OKPYKHOCTb. \OKa’KUTE, YTO (U KACAETCS

ABYX (PUKCHPOBAHHBLIX OKPY>XHOCTEH.

(b*) Aoxa)kuTe, 9TO B OOIIEM CAydUae (W IPUHAANEKUT DUKCUPOBAHHON CBSI3KE.
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Bameuanue. NaHHas 3apada obobmiaer nyHKTH (a) u (b) 3apaun (20). ABTopaM IpoeKTa HEWs-

BECTHO, MOT'YT A OKPYXHOCTK U3 IIYHKTA (a) BEIPOAUTHCSI B IIPSIMEILE.

Sameuanue. Poman KpaBueHKO moKaszan, 4TO B MyHKTE (a) IEHTP OAHON U3 ABYX (DUKCUPOBAH-

HBIX Opr7KHOCT€I71 COBIIaAQ€T C IIEHTPOM OIIMCaHHOM OKPY>KHOCTH.

3amada 60. Aawmbl oOKpy>XHOCTB () u KoHUKA ¢ pokycamu P u Q. VI3 mpousBoabHOM Touku A € ()
IIPOBOASTCSI KaCaTEABHEIE (€CAK OHU CYIIECTBYIOT) K KOHUKE, IOBTOPHO IIepeceKatommue () B TOUKaxX
BuC.

(a) Aora>kuTe, YTO TOYKA, X30TOHAABHO COLIPSIKEHHAsI P OTHOCUTEABHO TpeyroabHuka ABC,

ABYDKETCA II0 OKPYXXHOCTU UAN HPHMOfI.

(b*) Aoka)kuTe, 4TO meAaAbHAST OKPY’KHOCTH TOYKE P OTHOCHTEABHO TpeyroabHumKa ABC

NIPUIHAANEKUAT (PUKCAPOBAHHOMN CBSI3KE.

(c*) Ilycte M — Touka Muxreast deTsIpéxyroabHuka BPCQ. AoOKa>kKuTe, 4TO CYIIECTBYET

dUKCUPOBaHHAS MHBEPCUS UAU OCEBas CUMMETPHU, IepeBopamast A B M.

Bameuvanue. /I3 myHKTa (C) CAEAyeT, YTO TOYKa M IPOEKTUBHO 3aBUCUT OT A U ABUIKETCS IIO
OKPY’KHOCTU HAM IPSIMO, a BCe IpsiMble AM IPOXOASAT depe3 (PUKCUPOBAHHYIO TOUKY. 1e€M ca-

MBIM, AQHHAs 3apada obobimaer 3apagy (41).

3amaua 61. HezamkuyTast Tpex3serHas aoMaHass ABCD BpaiaeTcs MeXXAY ABYMSI OKPY KHOCTS-

Mu. [Tpsimasi { — BTopasi BHEIIHsIST KaCaTeAbHAsI K BIMCAHHBIM OKPY>XKHOCTSIM TPeyroAbHUKOB ABC
u BCD.

(a*) AokaxkuTe, 9TO TOUKaA IepecedeHusi IpsiMbix { u BC ABMI>KeTCs IO IIPsiMOI.

(b*) AoxaxkuTe, uTo mpsiMasi { KacaeTcsi GPUKCUPOBAHHON OKPY>KHOCTH UAU IIPOXOAUT UEPES

UKCIPOBAHHYIO TOYKY.

4 IIpoekrmBuzarus CRL

4.1 CioxkeHne TO4YeK Ha BBIPOXKJIEHHOII KyOuKe

[Ipu BBepeHUU COOl ratio pyHKIUM, MBI IOAB30BAAUCH TAKUM IIOHATHEM, KaK OTPE30K. IDTO IIOHS-
THE — YUCTO €BKAMAOBO; IIO3TOMY, Ka>XeTCs, YTO cool ratio lemma — 4YmMCTO €BKAMAOB MHCTPYMEHT,
U €ro HEAB3sI IPUMEHSTH B 00IIell MPOEKTUBHOM reoMerpuu (T. €. Ha IPOEKTUBHEIX IIAOCKOCTSIX HaA
IIPOM3BOABHBIMHE OASIME; B YacTHOCTH, Ha CP?). OpHaK0, OKa3bIBaeTCs, YTO 3TO COBCeM He Tak, u CRL
MO>KHO aAANITAPOBATH 1102 IPOEKTUBHYIO I'€OMETPHUIO, IPUUEM AAAITAINS OYAET CBsi3aHa C KyOuIecKu-

MW KPUBBIMU. AASI Ha4daaa, HaIlOMHUM, 9YTO 3TO.

B AaABHefILTIeM — Ha4YHMHasd C 3TOI'O MOMEHTa, X A0 KOHIIA (KpOMe HECKOABKUX I/ICKAIO‘{GHI/Iﬁ, (6}

KOTOPBIX OYAET OTAEABHO CKA3aHO), MBI CIMTAEM, YTO BCE IPOMUCXOAUT HA KOMIIAEKCHOM IIPOEKTUBHON
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naockoctu CP? (#a camom aene C MOKHO 3aMEHUTDb Ha aATebpaldecKu 3aMKHYTOE TOAE XapaKTepH-

cruxu 0).

Ounpenesnienne 4.1. Kybuueckot xpusgol, uru xkyburot 6yAeM Ha3BIBAThL MHOXKECTBO {[X : Y : z] |

P(x,y,z) = 0}, rae P — 0AHODOAHEIY MHOT'OYAEH CTEIEHU 3.

O6mias Teopust KyOMYeCKMX KPUBBIX U IIOHSTHE CAOXKEHUS TOUEK Ha Kybmke HaMm mnoTpebyercs
TOABKO B CaMOM KOHIIE IIPOeKTa. TeM He MeHee, yJacCTHUKAM, 3aMHTEPECOBAHHLIM B Honee TayboroM

M3y4EeHUU TEMEI, MBI COBETYEM IIOYUTATH, HAIIPUMED, KHUTY [6].
YAUBUTEABHO, HO HaCc B IIEPBYIO O0YePEAb OYAYT UHTEPeCOBATh BHIPOKAEHHBIE KYOUKHU.

Onpenenenne 4.2. ITlyctes K = C U { — pacnaBmasics kybuka. Breibepem Ha mpsimoit { mpowms-
BOABHYIO TouKy O, He A€XKaIyIo Ha KOHUKE; €€ OYAEM CUYUTATH HYAEBON TOUKON CAOXKEHUSI TOYEK.
OmnpeaeauMm Touky T € { caeayiommum obpasom: ecaum X # Y ({ mepecekaer C B pa3yiMIHBIX
TOoYKax), To T TakoBa, uTo [0, T; X, Y] = —1; ecam 5xe X =Y (T.e. £ kacaercs C), To T = X.
Beeaem omepamnmio +: K\{X, Y} x K\{X, Y} = K\{X, Y} caeayromum obpazom.

e ecam A € @, B € (. Ilycts npsamast AB moBTopHO nepecekaet € B Touke C. Torpa Touka A + B

SIBASIETCSI IOBTOPHLIM ItepecedenueM npsmoir OC u C;

e ecru A, B € {, To A+ B — 370 Takas ToYKa, YTO CYIIECTBYET IPOEKTWBHASI MHBOAIOIUS,

KOTOpasi MeHsieT MecTaMu mapel Touek: (A + B, 0), (A, B), (X,Y);

e ecru A, B € C. Tlycts C — mepeceuenue npsimbix AB u (. Toraa Touka A + B — 3T0 Takas
Touka, uro [A + B, C;0,T] = —1.

OK&SBIB&GTCH, YTO TaKOE€ OIIPEAEANECHUE AGfICTBPITeAbHO SIBASIETCSA aHAAOI'OM CAOXKEHHUS TOYEK Ha

KybuKe, HO AASI pacuaBIneiics KyOuKu. A UMEHHO, BEPHBI CAEAYIOITNE YTBEPKAEHU.

YrBepxKaenue 4.3. Ilycts C — roHUKA, a { — mpsimass. Toraa TOABKO YTO BBEAEHUSI OIIEPAIINST

caoxxeHusT KoppeKTHO 3apaeT Ha K\{X, Y} cTpykTypy abeaeBoii IpymImL.

OcTaBuM ero 6es AOKa3aTEABCTBaA (COAGP?K&TCABH&H 9aCTb AOKA3aTEABCTBa — IIPOBEPKa acCCOoIlva-

TUBHOCTHX, OCTaABHOE OYEBUAHO,; €€ MEI OIIYCTI/IM). OTMeTHM BaskKHOE CAEACTBHE:

CrnenctBue 4.4. Ilycts K = C UL — BrIpokaeHHaS Kybuka. Touku A, B aexar Ha €, a Toukra C

— Ha {. Touku A, B u C aAeXXaT Ha OAHOM IPSIMOI TOTAA M TOABKO TOraa, koraa A + B+ C = O.
Caepyromast TeopeMa siBAsieTCsT 0bobrnenunem TeopeMs! (2.10):

Teopema 4.5. Kornuxka I' nepecekaer C B Toukax A, B, C u D, a npsamyro { — B Toukax E u F,
IIPUYEM HUKAKWE U3 3TUX TodeK He AexkaT B mepecevenuu C u {. Torna A+ B+ C+D+E+F=0.
[Ipu sToMm, BepHO u obpatHoe: ecar Ha C Bribpansl Touku A, B, C u D, a Ha { Touku E u F, To

ecrmM A+ B+ C+D+E+F=0, To 3Tu I1€CTh TOYEK AEKAT HA OAHON KOHUKE.
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HoxkazareabcTBo. IIycts { mepeceraer C B Toukax X, Y; OHU HEOOSA3aTEABHO Pa3AUYHEI. [[0HSITHO,
YTO AOCTATOYHO AOKa3aTh IIPSIMOE YTBEP>KAeHIUE (160 AAABIIE MOKHO BOCIIOAB30BATHCS OOPATHEIM
XOAOM: IIPOBECTU KOHUKY HYepPe3 IISITh TOUEK U BOCIOAB30BATHCS €AMHCTBEHHOCTHIO 0OPaTHOIO dA€-
menTa). [Iycte AB, CD nepecekatot { B Toukax U, V. Toraa, A+B+C+D+P+Q =P+Q—-U-V,
¥ MBI XOTUM IpoBepuThb, 4To P + Q = U + V. Ilo Teopeme Ae3zapra o6 MHBOAIOIUU AAS IIy4YKa
Oa,c,p ¥ IpsMOi# { CyIIecTByeT IPOEKTUBHAS MHBOAOIOIMS Ha {, MEHSIOIMAs MeCTaMU TOYKH B

nmapax (X,Y), (P,Q), (U,V), oTkyaa u crepyeT Tpebyemoe. ]

3ama4ua 62.
(a) OGobménnas Teopema Menessi. Anrebpamdeckass KpuBass W crenenu d mepeceKaer
—
. d q q .
npsmere AB, BC, CA B Tourax Ci, A, Bi pazi=1,...,d. Aoraxure, aTo [ [, %%% =
i i i

(=D

(b*) OGobienue crl. Aarebpamueckast kpuast W creneru d mepeceKaeT OKPY>XHOCTH B

Toukax Aj,...,A,q, a ee xopay XY B Toukax Bj,...,B4. Aoraxure, uro f(A)...f(Ay) =

f(By)...f(Bg), rae f — cool-ratio-doyurmus aast orpesra XY.

JlokazaTeabCcTBO.
(a) BBepémM bapureHTpIYIeCcKrE KOOPAXHATEL. I1ycTh KpUBasi 3apa€Tcst ypaBHeHUEM (X, y,z) =
—

0, rae f = oaxd+ Byt +vyz¢+..., Toraa sHaueHUST % — 9T0 KOpHU ypaBHeHus f(x,y,0) = 0.
I B d AC, BA; CB, _ 1148 l]dv Nde) — (—1)d
o Teopeme Buera, [ i, e = (=) ((=1) S04 ) = (=14

Y
(b) CHoBa BBepEM bapuIleHTPUIECKTE KOOPANHATEL. V3HaYaABHEIN TPEYTOABHUK 3aA2€M PaB-

HobeaperHbIM. CRL OT TOUKZ Ha OKPY>XHOCTZ 3TO OTHOIIEHUE Y/z B bapukax (X COOTBET-
CTBYET OCHOBAHUIO TPEYTOABHUKA). XOTUM HaiTy pemenust ypasaenus P(0,y,z) = 0, a Tak-

2 2 2 o
xe cucTeMsl P(x,y,z) =0u “7-1—%4—% = 0. Y 1epBOro ypaBHEHUS IPOU3BEAECHNUE OTHOIIIEHMH

n

¥ y xopreit — aT0 KoapunuenT npu L, mo Teopeme Buera. B BTOpO#t cucTeme x BhIpaxkaeMm
__a’yz
b2(y+z)?

AHaAOI‘I/I‘-IHO, XOTUM HaWTHI IIPOU3BEACHUE OTHOIIIEH U }gj B KOpPHsX. AHaAOI‘I/I‘-IHO, IIO0 Teope-

yepe3 Y U z o popMyre X = T.K. b = C, IOACTaBAsIEM, AOMHOXXaeM Ha (y + z)™.

Me Buera 3To oTHomeHue KoadbduIneHToB Ipy Y’n u z’n. OTHOINIEHNe TaKoe Xe, T.K. Y-"
MOJKeT IIOSIBUTCSI TOABKO Ipu (y +z)™ - y™.

O]
Bameuanue. 3apada (62) oCTaéTCst BEPHOM, €CAM 3aMEHUTD BEIPOKAEHHYIO KYOUKY (TpU IpsiMble

B ImyHKTe (a) U IPSIMy0+OKpYy>XXHOCTh B ImyHKTe (b)) Ha mpomssoabHyo. Ho €€ poKasaTeAbCTBO

CTQHOBUTCSI 3HAYUTEABHO CAOKHEE.
Ecau xormKa € SBASIETCS OKPY KHOCTBIO, TO B KAUECTBE HYAEBOH TOUYKY OOBIYHO OepyT HECKOHEYHO
yAAAEHHYIO TOUKYy IpssMoit {. Mer HyaeM IpUAEPRKUBATHCS STOTO IIPaBUAQ, €CAY SBHO HE OTOBOPEHO

HOE.

[Tpeanmonosxum, uro K = QO U{ — pacnaBmasicsa Kybuka, u () — 3T0 OKPYXHOCTb. Apyrasi oKpy»X-

HOCTB Y nepecekaer { B Toukax A, B u ) B Toukax C, D. Kpyrosrie Touku J, # J_ SBASIOTCS ABYMS
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OCTaBIIMMUCSA ToukKaMu Iepecedenuss K u vy, a upsaMas J,J_ IPOXOAUT dYepe3 HYAEBYIO TOUKY KyOUKH.
CaepoBarenabHo, J +J_ = O, u paBeHCTBO U3 TeopeMsl (4.5) MOXXHO yIPOCTUATh. B 0bpaTHyIO CTOPOHY

PaCCy>XAECHUE TOXXE BEPHO. B uTore IIOAYYa€M CACAVIOIIEE YTBEPIKACHUE!

CrnenctBue 4.6. IIycts K = Q U{ — pacnasmmasics KybuKa «OKPY>XHOCTb + IpsiMasiy. Touru A,
B aexxar Ha £, a C, D —ua Q). Touku A, B, C u D AexxaT Ha OAHOI OKPY>XKHOCTH TOTAQ ¥ TOABKO

Torpa, koraa A+ B+ C+ D = 0.

OTMeTuM, YTO IO HEKOTOPEIM NIPHYKWHAM (IIONMEM B AAAbHENIIEM) HaM yAOOHO CUXTATh, UTO €CAK

A Ha npsawmoit { oranynsa ot Y, To X+ A = X. AHarorugHO ¢ Touko#t Y. Cymma X+ Y Ke He oIpeAeAeHa.

4.2 IIpoektuBHOe 0600mIeHNe CRL

Urax noitmem nouemy CRL AeficTBUTEABHO IPOEKTUBHELM 06beKT. PacCMOTPUM HEKOTOPYIO KOHUKY

¥ IPsIMYI0, He KaCaloUIYIOCs e€.

Onpenenenne 4.7. SadpurcupyeMm Ha kKoHUKe C Touku X, Y, Z; nycTh KacaTeabHas K C B Touke Z

nepecekaeT XY B Touke I. [Iycte K — BEIpO’KAEHHAST KybmKa, cocTosimiasi n3 KoHuku C 1 npsmoi
(. Obobwerrol cool ratio-gpynxyued c ocHoBHOU mpsimoit XY u ¢ merTpoMm Z 6yaeM HA3BIBATH
dyrrmuo fxy.z = f: K — C U {00}, koropoe paboraer carepyromum obpasom: ecaum P € C, To
f(P) =[X,Y;P, Z], a ecau P ma XY, to f(P) = [X,Y;T,P].

Cpasy 3aMeTuM, YTO IPU AAHHOM C €CThb POBHO OAHA Takasl Touka A Ha C uto f(A) = ¢ u POBHO
OAHa Takas Touka B Ha {, yto f(B) =c.

AAsT Hadana, IPOBEAEM MOCT MEXKAY STUM OIPEAEAECHUEM U IPUBLIYHLIM HaM OIIPEAEAEHUEM COOI
ratio pyuxum.

IIycte XY — xoppa okpy>xHOCTH W. IIycTh N — cepeamHa OAHOM M3 AYT, COeAMHSIIOIMIUX X, Y Ha
w. Paccmorpum obobimernyo cool-ratio pymkmuio aast orpeska XY u neaTpa N. Toraa, 3ameTuM, 9To
IIOAYYUTCS B TOYHOCTH OOBIYHAs cool-ratio dpymrmus fyx AAST TOUeK Ha IpsIMO#M U fxy AASI TOUEK Ha
KoHuKe. TakuM obpa3oM, MBI IIOAYYaeM IPOeKTUBHOE 0bobienue cool-ratio pyukiuu. Boobie rosopsi,
BBIOpATH CEPEAUHY AYTH — KakK ¥ cool-ratio dymkuuio anst orpeska XY — MOKHO AByMsI criocobamy,
HO OHU OTAMYAIOTCS TOABKO 3HaKOM. Ka>kaoil cepeprHe AYTY OTBEYAET CBOY CIIOCOD BBECTU (DYHKIIUIO
AAST oTpe3ka XY.

Caepyroliass 3apada SIBASIETCSI KAIOUEBOH B paspene. OHa mokasbiBaeT, 4To cool ratio lemma u

CANAOJKEHHME TOYEK Ha BprO?KAeHHOfI Ky'6I/IKe — 9TO IIPAaKTHUYECKX OAHO M TO JKe€.

3amaga 63. Ilycts npsimas { nepecekaer C B ABYX pa3AMYHBIX TouKax X, Y. Ha xoHuke BribepeMm
Tak>Xe TOuKy Z; mycTb | Touka Ha XY Takas uro ZI xacaerca C. [lyctb f — obobmerHast cool
ratio dyukmus arsg orpeska XY u nenTpa Z. Beepem Ha K = C U L CTPYKTYPY CAOKEHUST TOYEK C

HavaAbHOU Toukoi B Touke |. [Iycte A, B € K — aBe Touku. Toraa f(A + B) = f(A)f(B).
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JlokazaTeabcTBO. MOKaXkeM, AAS Hadaaa, 4To f(—A) = f(]—A). [Tycte A aexxur Ha {. MBI XOTHM,
grobml [X,Y;T,AllX,Y;T,—A] = 1, a 3HaeM, YTO eCTb IPOEKTUBHAS WHBOAOIIASI, MEHSIIOIIAST MECTa-
Mz Touku B mapax (X,Y), (A,—A),(T,T). Orciopa [X,Y;T,Al = 1Y, X;T,—A] = m — mmobepa.

[IycTe Teneps A Ha C. Toraa —AA npoxopuT depes 1. U3 npoekiuu C Ha cebst ¢ neHTpoM | moayda-
€M, UTO €CTb IIPOEKTUBHAS MHBOAIOLNS, MEHSIIOIIAsI MecTaMu Touku B mapax (X, Y), (A,—A), (T, T)
— AaAee aHAAOTUYHO.

JoOKaXkeM Hallle YTBEP)KAEHUE B CAydae, Koraa A, B aexar ma {. f(A + B) = f(A)f(B) — xoTum
IIPOBEPUTH. DTO MOKHO IIOCYUTATH: BBeAeM Ha { KOOpAMHATHI Tak, 4Tobel Y = 0,X = oo, T = 1.
Torpa ecaw A =x,B =y, To A + B = xy — ybepurecy B aToMm. OcTanroch 3aMeTUTh, 4TO f(X) = X
— COIIOCTaBASIET TOUKE ee KoOopAuHATy. OTCiopa caepyeT Tpebyemoe.

[IycTte Temepb mpsiMasi v mepecekaeT C B Toukax U,V, a { B Touke W. IlokarkeMm, 4TO TOraa
f(LF(V)f(W) = 1. Ororo 6yaeT AOCTATOYHO AASI PEIIEHUSI 3aAAYUM U3 YK€ IMOAYIYEHHBIX PE3YAB-

1

raToB. M mpaBaa: mycts ZU, ZV mepecekator { B Tourax S, L. Toraa f(U) = 5T f(VvV) = f(]_L) Shie)

CAEAYET U3 TOro coobpaskeHusi, 4To ecau Z, M, N KoaamHeapHs! To f(M) = f(]_N) meeMm Takxe
W4+U4+V=T,U+Z+S=T,V4+L+Z=T,otkypa S=T—-U—-Z,L =T—-V —Z orryaa
S+L=T-U—-2Z—V=T—-U-—V =W. Uz npeasipymero f(W) = f(S)f(L) — mobepa. H

[IpeanraraeM BaM pPeIIUThH CAEAYIOIIVIO 33Aa4y, YTOOLI AYUIIE IIPOYYBCTBOBATE CBsA3b MeXXAY CRL

U CAOKEHUEM TOYEK Ha BBHIPOKAECHHOM KYOUKE.
Sanaua 64. IlepeBepuTe pemenus 3apad (1), (3), (4), (5), (6) u (12) Ha I3BIK CAOXKEHUST TOUEK.

JlokazarenbcTBO. [IpuBepEM pemeHnsT HEKOTOPHIX 33aAd4d, OCTAABHOE AEAAETCS AHAAOTHUYHO.
O6o03HaueHrsT COXpPaHEHEL.

Samaua 1: Paccmorpum kybuky w U AD. KacareapHass K w B Touke S u npsiMmast BC mpoxopsar
Jepe3 GECKOHEYHO YAAAEHHYIO TOUKy mpsMmoit AD ( = HyaeByio TOUKy Kybuku), mosToMy 2S =
B + C = O. Ussectro, yTro X+ C+E =Y + S+ E = O. Ham >xe Hy>XHO ITOKa3aThb, YTO TOYUKH
nepecevenus npaMeix SX u BY ¢ npsamoit AD coBmapator, T.e. uTo —S — X = —B — Y. D10 Aerko
CAEAYET U3 BBIIIEHATIXCAHHLIX PAaBEHCTB.

Bagada 4: AokasbIBaeM 0blee yTBEP>KAeHME 13 MyHKTA (a). Tak Kak Touku A;_ 7, Pi, A; Aexxar
Ha opHOM mpsimoit, To A; 1 + P; + A; = O. CraaaBIBasi OTAEABHO PaBEHCTBA AAS YETHHIX 1 U

HEUETHEIX, 3aKAIOYaeM, ITO
Ac+Ar+-+Am=P1+Ps+ - +Pyp g, A1+ +Am+ Ay =P2+Ps+ -+ P
Taxum 06pa3oM, yCAOBUE 3aMBIKAHUS AOMaHOM PaBHOCUABLHO PaBEHCTBY

Pi+Ps+-+Pum =P+ Ps+-+ Py,

T.€. HE 3aBUCHUT OT BI:I60pa TOYKHT A.
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Samaua 5: [Iycts npssmas { mepecekaer npssmble AB u AC B Toukax C; u By cooTBeTcTBEHHO.
Paccvorpum xybuxky Q U L. Torna A+B+C; =A+C+B; =A+B;+C; +M =0, orkyaa
3akAtogaeM, o M = A + B + C. O
3ameuyanue. [[OCKOABKY B PEIIEHUN Yepe3 CAOKEHUE TOYEK He TPEOYeTCsl, YTOOBI OKPY KHOCTD
U TIpsIMasi IIePECEKAANCh B BEIIECTBEHHBIX TOYKAX, TO B YCAOBHU IYHKTa (a) 3apauu (4) mpsmas
P — Q — R MOXXeT U He IIepeceKaThb OKPY’KHOCTb. AHAaAOI'MYHO, B yCAoBuM IyHKTa (b) Toi ke
337Q4YM MOXXHO M30ABUTHCSI OT YCAOBUSI Ha B3aMMHOE PACIIOAOKEHNE OKPY>KHOCTH U TOYKHU P.
Tak>xe, TIOCKOABKY 0ba IyHKTa 06AaAQIOT IPOEKTUBHON (POPMYAUPOBKOM, B UX YCAOBHSIX MOXKHO

3aMEHUTH OKPY KHOCTD Ha IIPOU3BOABHYIO KOHUKY. [lop0bHEIM 06pa3oM 0600IIIatoTCS ¥ OCTAABHBIE

33)a4U.

[TepedopmyarmpoBka 3apaun (5) HACTOABKO SAETAHTHA, YTO 3aCAY>KUBAET OBITH BHIHECEHHOW B OT-

AEABHOE YTBEPIKACHUE:

YrBepxkKaenue 4.8. Tpeyroabuauk ABC Bnuca B oxkpy>XHOCTE (). Tak>Xe AaHa IPOU3BOALHAS
npsimas {. Paccmorpum xkybuky € = Q U (. [Iycts M — Touka Mukeas npsmeix AB, BC, AC u {.
Torna M=A+ B+ C.

5 Awesome Ratio lemma

5.1 ®opmMyJaupoOBKa M JIOKA3aTEJIbCTBO

Teopema 5.1 (Awesome ratio lemma). Muoroyroasaux A; ... A, Ha CP? onucan 0oKoAO KOHUKE
D m Bnucas B kKoHUKY C. PurcupoBanHast xopaa XY komuku C Kacaercs koHuku D. PaccmoTpum

ky6uxy K = CUXY. Toraa ) i ; A; = const npu Bpamenuu A; ... A, mo [Toncenae.

3ameuanmne. Ha camom apene HekoTopwI# 4dacTHEBEIM cayuait ARL MBI y>Ke AOKa3aAUM B IIPEABI-
AYIIZX paspenax. A MMEHHO TOT, TA€ BCE OOBEKTHI BEIIECTBEHHEI, N = 3, a ONMCAHHAsT KOHUKA
SIBASIETCSI OKPY>KHOCTBIO. \efCTBATEABHO, U3 3aaaun (23) m3BecTHO, 4TO Touka Mukeass M mpsi-
merx AB, BC, CA u XY HenmoaBM>XHa IIPY BPAIIeHUU TPeyroAbHUKa. C APYTO#l CTOPOHBI, B CHUAY
yTBepxxAeHus (4.8), M =A + B+ C.

[IpuBep€M TaK>Xe aAbTEPHATUBHYIO (POPMYAUPOBKY Ha s3bIKe obobmenunsix Cool Ratio dyukIumi.

Teopema 5.2 (ARL Ha si3pike obobménnerx CR-dymkmumit). MEOroyroabHuUK A;...A, Ha CP?
OomImMCcaH OKOAO KOHUKY D u Brucar B KoHUKY C. PurcupoBanHas xopaa XY xouuku C, rae X # Y,
racaercsi KorukE D. [Tycrs W — Touka Ha €, oramusas ot X u Y. Toraa [ [1;[Ai, W; X, Y] = const

npu Bpamenuu A; ... A, no IIoHceae.

Orcropa cpasy moaydaeMm Heboabinoe obobmernue ARL.
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CaencrBue 5.3. [IycTh He3aMKHyTass AoMaHass X;X;...X, ommcaHa okoao D m Bmmucana B C.

Torpa B dpopmyrupoBke ARL mecto xopabr XY, Kacarormeiicst D, MOXXHO B3SITh XOPAY XiXk.
[Tepea AOKa3aTEABCTBOM HaM ITIOHAAODKUTCSI TAKOE IIOHSITHE, KaK IIOAMHOMUAABHOE ABUYKEHNE TOYEK.

Omnpegenenne 5.4. [TycTs T — HEKOTOpasi MPOEKTUBHAS MIPsiMasi C BBEACHHBIMY Ha HEW OAHOPOA-
. 5 _ 4

HBEIMU KOOpAmMHaTaMu (to : t7); ee MbI 6yAeM MEICAUTDL Kak BpeMsi, t = i+ — adduHHAST KOOPAMHATA

Ha 3TO# mpsiMoii. ByaeM rOBOPUTE, UTO IIEPEMEHHAST TOUKa A 08UIHCEMCA CO cmeneHbto d, eCAl

€e OAHOPOAHBIE KOOPAMHATEI MOXKHO 3amucaTh Kak (¢o(to, t1) @ ¢1(to, t1) : d2(to, t1)), rae by — oa-

HOPOAHEIE MHOTOYAEHEI CTEeHN d OT ABYX IEPEMEHHBLIX C KOMIIAEKCHBIMU KO3(DUIIMEHTaMH, HE

MMEOIUX OBIIEr0 AEAUTEAS B COBOKYIIHOCTH (9TO AQE€T KOPPEKTHOCTD OLIPEAEAEHNS ). AHANOTUIHO

BBOAUTCA IIOHATHE TOI'O, 9YTO IIPAMAasd ABUXKXETCSA CO CTEIICHBIO d.

[IoHATHO, YTO IlepeceYeHNe ABYX IIPIMBIX CTEIEHeH a, b uMeeT cTelleHb He BRIIIE A+b, a IpsiMas de-
€3 TOYKHU CO CTENEHSIMY (, b TaK>Ke UMEET CTEIEeHDb He BRIIIE a+b. VI3 panuoHanbHON IapaMeTpr3auy
KOHUKY IIOHMMAaeM, YTO IIPY IIapaMeTpu3anuy, obpa3 TOYKU C IPsSMO#, oToOpa>keHNeM IIapaMeTpu3a-
MY U3 KOTOPO# MBI ObeM B KOHUKY, IMeEET CTelleHb 2. Touka cTemeHr | BCerAa ABUYKETCS IIO IIPSIMOIA,
IIpUYeM ABUPKEHUE IIPOUCXOAUT C COXPAHEHNEM ABOWHBIX OTHOIIEHUH, T. €. AAS AIOOBIX YETBHIPEX TOYUEK
Ha T X ABOWHOE OTHOIIEHWE COBIIAAAET C ABONHEIM OTHONIEHWEM IIOAOXKEHWH Toukum cremeHu 1. To
ke (IIPO COXpaHeHWE ABOMHBLIX OTHOIIEHU) BEPHO AASI TOYKY CTEIEHU 2, ABUIKYIIENCS IO KOHUKE —
ub0 panuoHaAbHAS IlapaMeTpu3anysi (HalpUMep, IPOEKINsT KOHUKY Ha IPSIMYI0) COXPAHSIET ABOMHEIE

orHomeHus. IToapobHee 06 5TOM MOXKHO IIPOYUTATH B [2].

Tak>ke OTMETHM, YTO B IIPOIECCE AOKA3aTEABCTBA MBI OyAeM MOAB30BaThCsi TeopeMmamu (1.40)
7 (3.18). M1 ux dopMyAupoBaAru (& BTOPYIO TEOPEMY €IE U AOKA3BIBAAU) AASI CAydYasi BEIIECTBEHHON

nmaockocT:, opHako B ARL mur umeem aeao ¢ CP2. BoaMoKHEI ABa crocoba paspelteHns IpobAeME:

e Ecam Bac IIyIra€T CAOBOCOYETAHNE «KOMIIAEKCHAs IIPOCKTUBHAA IINOCKOCTE», BEL MOJXETE be3 yuiep-
ba AN o6mer‘o IIOHMMaHUs IIPOUCXOALAIIETO IIPEACTABASTD, 9TO BCE 06BEKTEI BEIIIECTBEHHEBI — B

YacTHOCTH, TOUKY X 1 Y.

e Ecau BEI )KenaeTe y3HATH AOKA3aTEABCTBO B MAaKCUMAABHO ODIIIEM CAydYae, HO HE BEPUTE aBTOpaM
Ha CAOBO, UTO BBIIIEYIOMSHYTEIE TeOPeMEl BepHb! 1 Hap CP?, mpounTaiiTe AOIOAHUTEALHEIH pas-

AEA (eC.AI/I OH 6YACT BbIAO?KeH), B KOTOPOM 3TH TE€OPEMEI AOKa3aHbI B MaKCUMaAbHOM’ O6I_T_IHOCTI/I.

JlokazaTeabcTBO. B mepBBIX AByX IyHKTax MEBI cumTaeM, 94To X # Y, T. e. XY HE xacaercs C.

1. Haumém co caydas n = 2k + 1. IIycte O — nmpomsBoabHast Touka Ha XY, oramuHas or X, Y;
carokeHre Touek byaeM Bectu ¢ HagaaoM B O. ITycte AjA, 2 i mepecekaeT XY B Touke P;. Byaem
BpalllaTh BEPINWHY A II0 KOHUKE IPOEKTUBHO (T.e. co cremenbio 2). [To Teopeme (3.18), mpsiMble
AiA 12 IPOEKTUBHO 3aBUCAT OT A;. Kak caepcTBue, npu i # k+ 1 crenens P; paBHa 2, a cTeneHb

Pi1 paBHa 1 (Tak Kak 0TOOpa’keHNe, COOCTABASIOIIEE TOUKe Ha KOHUKE IIEPeCEeUeHNEe KaCATEABHOM

() o (Y] o /
B HEU C HEKOTOPOHU (i)I/IKCI/IpOBaHHOI/I KaCaTE€ABHOM K KOHUKE l'IpOGKTI/IBHO). HYCTB Touka O TaKOBa,

61
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gro [0, 0;X, Y] = —1; nycte Q; Tarosa, uro [Q;, P;;0,0] = —1. Toraa, A; + Anyzi = Q;. Ilpm
9TOM, KaK U paHblle, Ipu i # k + 1 crenens Q; paBHa 2, a crenesb Qy.; paBHa 1.

AokaxkeMm, uTo crenerb Q = Q, + - -+ + Qy1 paBHa 1.

Breapem mHa XY addunHble KOOPAWHATEL TaK, 4Tobwl X, Y uMmeau rooppumHaThl 0,00, a O mMmena
KooparHaTy 1. Toraa, ssBHBIM BEIYUCAEHUEM AETKO YOEAUTHCSI, YTO CyMMa TOYEK C KOOPAVHATAMY

X U Y UMeeT KoopAMHATY XYy. [IycTh Tenmeps Touku U, V ABUXXYTCS IO 3TOR NIPSIMOM CO CTENEHBIO
P(t
2. 910 o3Havaer, 4To addpuHHAsT KoopauHaTa U — 3TO pamumoHaabHas QyHKImUS w(t) = ﬁ,
R(t
rae P,Q — B3auMHO-IIPOCTEIE MHOTOYAEHBI CcTemeHu 2. AHanormdHo c V: v(t) = % 3HauuT,

U + V umeer adpdpunnyo koopauHaTy U(t)v(t) = %, IIO3TOMY OHA SIBASIETCSI TOYKOW CTerneHu 4.
A Temepb 3apaAMMCSI BOIIPOCOM: MOYKET AM CTerneHb Touku U + V 6BITH MeHbIe 4, 1 €CAU AQ, TO
Kak? VHBIME CAOBaMH, KaK IIOHSITb, YTO B BEIPA’KEHUU % YTO-TO COKPATUAOCH, X B YUCAUTENE U

3HAMEHATeA€E CTOSIT MHOTOYAEHBI CTENIEHN MeHbIe, 4eM 47 3ameTuM caepyiomee. Ecau U momana
B X, a Touka V HE nomana B Y, To U+ V =X, amanroruuso ecaw U =Y, aV#X, To U+V =Y,
aganoruyHO ecau V momana B X uau B Y, a U HE nonana B Y uam X. Ho uro, ecam Bapyr U = X,
V = Y? Uro B TakoMm cayuae mpomcxopuT ¢ U + V7?7 Beab ee xoopauHaTa A0AKHA OBITH paBHA
000 — a 370 HeNOHATHO YTO0. OKa3bIBAETCSI, UMEHHO B 9TOT MOMEHT cTemneHb U+ V cbpacwiBaercs!

AefcTBUTENBHO: IIYCTh B MOMEHT BpeMeHU t, Touka U momana B X, a Touka V momanaa B Y. 91O

3HawuT, 9T0 P(ty)) = S(tp) = 0 (T. K. ty — 3TO KOpeHb PAIMOHAABHON (DYHKIWUU % ¥ TIOAIOC

palroOHAABHON PYHKIUT %) Suauut, P u S KpaTHEL t —t) 10 Teopeme Be3y; HO 3TO ¥ 3HAYUT, YTO B

PR
QS
CTCIIEHb TOYKU C6paCBIBaeTC5I. SaMeTBTe, Y9TO 3TO pacCCy’>XApCHUE pa60TaeT U C TOYKaMM CTeIeHen

pPaIMoHaAABHOY PYHKIIUN ¢ B YUCAUTENE U 3HAMEHATEAE COKPAIIAETCS AUHEHHEBIN MHOMKUTEAD, T.€.
N ¥ M; HAAO TOABKO aKKYPaTHO CAEAUTH 3a KPATHOCTSIMU ¥ IIOHMMATh, YTO 3HAYUT, YTO TOUKA
B MOMEHT BPEMEHU ty IOCeTHAA TOUKY X C KPaTHOCTBIO k (3TO 3HAYWT, UTO CTENEHDb BXOXKAEHUS
t — t) B MHOTOYAEH B YHCAUTEAE PaBHA K).

[TompobyeM Temnepb OCO3HATH YTBEPKAEHUE IIPEANOKEHUS IIPU IIOMOIY MHAYKIUM. PaccMoTpuyM,
MM Hadana, cyMMmy Qz; = Q2+ Q3. B MoMeHT Bpemenu, korpa npsiMast A;Aj coBnana ¢ upsamoi XY,
TO opHA u3 Todek (Q,, Q3 cranra X, a Apyrast — Y. 3Ha4uT, B 3TOT MOMEHT cTeneHb ()3 cOpocuaacs.
AnanormyHOe IIPOUCXOAUT, Koraa A, A, 1 coBmapaer ¢ XY. 3Ha4uT, creneHb (),3 IOIPOCTY paBHA
2. Temeps paccmorpuM Qr + Q3 + Q4 = Q3 + Q4 = Q234 — Touka creneru 4. Xo4eTcs OIATH
IIOIIBITATECS COPOCUTD CTENEHD 9TOM TOUKY Ha 2. AAS 3TOrO 3aMETHUM, UTO KOrAa A3A, COBIAAAET
¢ XY, To opHa m3 Touek Qs3, Q4 3aeszkaer B X, a Apyras B Y; KpoMe Toro, Q, — HekoTopas
Apyrast Todka IpsMoi XY. OTo o3HadaeT, 4TO opHa u3 ToueK (3, Q4 HaxopumrTcs B X, a Apyras
B Y. B sror MoMmeHT cTeneHb Q34 cOpackiBaeTcs. AHaAOTMYHOE IIPOMCXOAUT, Koraa A, 1A, 2
coBnapaer ¢ XY. Takum obpasoM, crenerb ,3y Takke paBHa 2. Hy a aaawmre, mpocto 6yaem
IIPOAOATKATE PACCY KAEHUE II0 MHAYKIIMY AO TeX IIOpP, IIoKa He poiaeM A0 ToukE Qr+ -+ Qi =

Q2.x + Qre1 = Q. Ilo npeapnonrosKeHUIO MHAYKIIMY, cTenleHb ()3 paBHa 2. Cremerb Qi 1 Ke

paBHa 1. Hy u omsaTh >Xe, IpoCTO 3aMed¥aeM, 9TO Koraa AyAx,1 UAE Ay 2Ay 3 CoBIapaer c XY,
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To mapa (Qy, Qx41) coBmapaer ¢ mapoit (X, Y); 3HauuT, # mapa (Qas. x, Qxi1) coBIapaeT ¢ mapoit
(X,Y), a 3HauuT cTeneHb cOpackiBaeTcs. 3HAYUT, cTeneHb () paBHA 1 — 9TO ¥ TPeHOBAAOCH.

OTcropa OYTH Cpas3y CAEAYeT YTBEPKAEHUe TeopeMbl. U mpasaa:
Q=Q+ +Quur=A2+A3+---+ A,

mMeeT creneHb 1. Kpome Toro, HeTpyaHO 3aMeTuTh, 9To npu A; = X umeem Q = X (ubo B sToM
caydae opHa u3 ToueK Q) m Qi 3aexana B Touky X, a Bce ocTaabHble HE 3aexanm B TOUKY
Y; mostromy Q = X), a mpu A; = Y umeem Q = Y. IIyctb A;Q B KakOH-TO MOMEHT BPEMEHU
nepecekaeT C B Touke S. Toraa, u3 npoeknuu C Ha XY moaydaeMm, uTo Touka SA; N XY coBmapaeT
¢ Q B Tpex monroxkeHUAX, OTKyAa A(Q mepecekaer C B purcupoBanHo# Touke. OTCIOAA U CAEAYET
3aKAIOUEHUE TEOPEMEL.

2. Teneps nycTb n = 2k. Ha camoMm aene pacCyXpeHUsSI OYAYT IIOYTH aHAAOTHYHBIMU CO CAYYAEM
n = 2k + 1. Ousts 6yaeMm Bpamars A; no C npoexTusHO. OusaTh Xe, 1m0 TeopeMe (3.18), mpsi-
Mast AjAn 2 IPoeKTUBHO 3aBuCUT oT Aj. Ilycts AjA, ;i nepecekaer XY B Toure Q;. B cuay
reopeMsl (1.40), oTobparkerue Aq — Ay, — IPOEKTUBHAS UHBOAIIWS, II03TOMY Ay | TaKXe ABU-
JKeTCsI TPoeKTUBHO. PaccmorpuM cymmy R = Q,+- - -+ Qy. M=l 3HaeM, uTo Q; UMeeT cTeneHs 2; o
PaCCY>KAEHUSIM, IOAHOCTBIO aHAAOTHYHEIM CAy4aio N = 2k+1 (Hy’>XHO IT0CAeAO0BaTEABHO PacCMaT-
puBaTb ToukH Qz, Q2+ Q3, Q2+Q3+Qy4, ..., R ¥ 1pu noMomu coobpa keHu# CKAEHKY AOKa3bIBATD,
YTO KaXKAAsl IMeEET CTEIEHb 2 — TOYHO TaK JKe, KaK MBI AeAdAM B cAydae n = 2k + 1), moaydaeM,
yTo R Tak>ke mmeeT creneHb 2. Tak Kak AjAy,; IIPOXOAUT Yepe3 (PUKCUPOBAHHYIO TOUKY, a Aj,
Ay 1 IPOEKTUBHO ABHUratorcs 1o €, To A = A + Ay, | uMeeT creneHb 2; umeeM A + R =Y " [ A;,
¥ XOTUM II0Ka3aTh, YTO 3Ta TOUKa (PUKCHpoBaHa. Touku A, R mmeior cremens 2, mosTomy A + R
umeet crenesb 4. I[Iycts A; = X. Toraa sicio, 9o A =Y, a R=X (T. k. R = Zfzz(Ai +Ani2-i),
¥ POBHO OAHA 13 3TuX 2k — 2 TodeK 3ae3kaeT B Y, a ocraarbHble HE 3aessxaitor B X), # mosToMy B
3TOT MOMEHT creneHb (Q cbpaceiBaeTcss. TakuMm obpazom, B moaoxkeHusIXx A = X;Y, Ay = XY,
creneHb (Q cbpaceiBaercs; 3Ha4uT, (Q — Touka creneru 0, 4To m TPeHOBAAOCH.

3. Ocranoch pasobpars cayuait, koraa X =Y =T, T. e. XY Kacaerca € B Touke 1. Brepem adhdpun-
Hble KOOpAMHATEL Ha XY Tak, uTobnl T,0 umenru acdpdpunHbIEe KOOPAUHATEL 0, 0O COOTBETCTBEHHO.
Toraa, cymMma Touek ¢ adPUHHBEIMU KOOPAWHATAMU X, Y PaBHA % — 9TO HECAOKHO IIPOBEPHUTD
IPSIMBIM BBIYUCAECHUEM.

A renepsb 3ameTuMm caepyiomee. OusaTh ke, mycTb Touku U = u(t), V = v(t) ABUXKyTCsI 110 IpsiMOi

XY co crenensimu 2, T. e. u(t) = %, v(t) = %, rae P, Q,R,S — MHOrOuA€HEI cTeneHU 2, IpUdIeM
(P,Q) = (R,S) = 1. Toraa U + V mMeeT KOOPAMHATY 5 -, TO €CThb CTeneHb 4. U omsaTs moiimem,

PS+QR?
rorpa crenesb U + V cbpaceiBaeTcsi. AerKo BHAETH, YTO €CAKM 00€ TOYKM 3a€3’KaioT B | B OAUMH

MOMEHT BPEMEHHN, TO CTEIICHDL UX CYMMEL C6paCbIBaeTC5I. ,A,am:me YK€ HECAOKHO AOBECTHU DEIIICHNE

— 9TO AENAETCS TaK ’Ke, KaK U B IPEABIAYIIUX ABYX CAyYasX: PaCCMOTPUM, K IPUMEDPY, CAyUai

n = 2k + 1; BBepeM obosHaueHUS u3 I. 1. OnsaTe 6yAeM IIOCAEAOBATEABHO PAaCcCMATPHUBATH TOYKH
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Q2,Q+0Q;3,...,Q =0Q2+ -+ Q1. Ha xa>xpoM miare 6yaem AOKa3BIBaTh, YTO CTENEHU IIOAY-
YUBIIE}CST TOYKY PaBHA 2, a Ha IIOCAEAHEM Illare — YTO OHA paBHA |. AeMCTBATEABHO, IOKaXKEM,
uyro creneHb ; + Q3, cTeneHb KoTOPOi paBHa 4, cbpackiBaeTcs, 1 B UTOre paBHa 2. Vl mpaBaa: BBI-
b6epem MomeHT, Korpaa AyAz = XY, m MomeHT, Korpa A, A, 1 = XY. AcHo, uTo B 06a 3T MOMEHTa

CTeIleHb cOpackIBaeTCs; MosToMy, cTeneHb Q; + Q3 paBHa 2. Aaabllle IPOAOAIKAEM aHAAOTUYHBIE

PaCCY>KAEHUS 110 WHAYKIIUY, X OISITh IIPUXOAUM K Tpebyemomy. Caydait n = 2k aHanrorudeH. [

Ecam nepeBectu ARL c si3bIKa BEIpOXKAEHHOM Kybuky Ha 236k CRL, moayumMm caepyromiee yTBep-

KAEHUE, KpalHe HETPUBUAABHOE C TOYKY 3PEHUS €BKAUAOBOM I'€OMETPUM.

CrnencrBue 5.5. MHOrOYTOABHUK A; ... A, BINCAaH B OKPYXHOCTBH () M OIIXCAH OKOAO KOHUKM
v. Xopaa XY oxpy>xuoctu () racaercs y. Toraa Beamuusa [ i ; fxy(Ai) = const mpm Bpamesun

Aj...A, o IToHcene.

O6cyaum apyroit moaxoa K ARL. IlycTs nmpsimele a, b, ¢ Haa, CP? mepecekatorcst B Touke P. SameTu,

9TO
[a,b;P].,PJ_]-[b,c;P]4,P]_] =la,c;P];, PJ_]

Taxum o6pa30M, pacCMaTpUBAEMBIE ABOfIHLIG OTHOIIICHNS MOI'YyT BBEICTYIIATh aHAAOI'OM HaIIPpaBACHHDBIX

YTAOB. CXOACTBO YCUANBACTCA CACAYIOIIMUM KPUTEPUEM KOHIUKAWYIHOCTHM:

VrBepxkaenne 5.6. Touxnu A, B, C,D € CP? aAexxaT Ha 0OAHOI OKPY’XKHOCTY MAM IIPSIMO# TOrAa 1
TOABKO TOraa, koraa [BC,BD;BJ,,B] | =[AC,AD;AJ,AJ_]

HoxkazareabctBo. Ilycts npsmele AC, AD, BC, BD mepecekaioT 6ecCKOHEYHO YAANEHHYIO IIpPSi-
My10 lo B Toukax X, Y, Z, T coorBercTBenHO. KoHnmukamgrnocTh Touek A, B, C, D paBHOCHABHA
ToMy, 4To Touku A, B, C, D, J,, ] aAexxaT Ha opHOM KOHWKe, UTO IO TeopeMe Ae3apra ob uH-

BOAOIIIY PABHOCUABHO CYIIECTBOBAHUIO MHBOAIOIIUY Ha lo,, MeHstomei mectamu (X, T), (Y,Z) n
(J+,J-). Torpa

>k

[BC) BDvBI-HB]—] = [Z) T;I-HI— = Y X ]—7J+ [X)Y;J-HJ—] = [AC)ADvA]-HAI—

rA€e PaBeHCTBO (*) PaBHOCHABHO CYIIECTBOBAHUIO BBIMIEYIIOMSIHYTON MHBOAIWM. ]

KoMIAeKCHBIM IIPOEKTUBHBIM IIpeobpa3oBaHueM IepeBeAEM TOUKZ X U Y B KPYTOBBIE TOUKM | U
J_. Ilycte P — HekoTopast Touka Ha C. Bocmoabsyemcst yrBepxaeHUEM (5.6) U IOAYYEM CAEAYIOIIZE

paBHOCUABHEBIE ITepedopMmyarpoBru ARL:

Teopema 5.7 (ARL B dopme HanpaBaeHnit). MHOTOYTOABHEUK A . .. A, Ha CP? BpamaeTcs MeXAy
ONIMCAHHOM OKPY>XHOCTBIO () M BImcaHHO#M mapabonaoii I'. Toraa:
(a) cymma HanpaBaeHuit » ., PA; = const.

(b) cymma HampaBaeHmit ) . ; AjA;i;; = const.
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YUT06BI 0CO3HATH PAaBHOCUABHOCTHL NYHKTOB (a) u (b), pocTaTowyro 3aMeTuTh, 94To PA; 4+ PA ; =
AiAii1 +t, rae t — HanpaBaeHue KacaTeAabHON K () B Touke P.

Ho u 310 emé He Bcé. [IpuMenuM noasspHoe npeobpasoBanue ¢ 1eHTPoM B P. Brimcanuas mapabonaa
IIEPENAET B ONMCAHHYIO KOHUKY, IIPOXOASIIYIO depe3 P, a OmMCaHHAS OKPY’KHOCTH — BO BIIMCAHHYIO

mapaboay ¢ doxycom P. [Toaryuum carepyronive yTBEPKACHUS:

Teopema 5.8 (Emé ARL). MuoroyroabsuK A; ... A, Ha CP? BpamaeTcs MeXXAy OMMCAHHOM Ko-
Huko# C m BnucaHHOM napaboaoit I', mpuueM dokyc P mapaboanl aexxut Ha C. Torpa:

(a) cymma HanpaBaeHuit » ., PA; = const.

(b) cymma HampaBaeHwmit ) . ; AjAi = const.

Bopouewm, B yTBep>RAeHZH (5.7) MOXKHO CAEAATH IOASIPHOE TpeobpasoBanue u B POKyCe IapaboAbL.

[Toay4uum em€ opHY pPaBHOCHABHYIO HepedopMyAupoBKy ARL:

Teopema 5.9 (Boabme ARL 6ory ARL). MuoroyroasHuk A;...A, Ha CP? BpamaeTcs MeXAY
BIIMCAHHON KOHWKOX D U onmcaHHON OKPY>XHOCTHIO (), IpruéM opuH u3 (okycoB D (HazoBEM ero
P) aexut Ha Q. Toraa

(a) cymma HampasaeHmit ) ;. ; PA; = const.

(b) cymma HampaBaeHmit ) . ; AjA;;; = const.

5.2 Ilpunoxenus ARL

3ama4da 65.

(a) Tpeyroavruk ABC BpamaeTcss Me>KAY ONMNCAHHOM KOHEKOM C ¥ BIMCAHHON KOHUKON D.
Touku X m Y TaroBel, uTo mpsiMasi XY Kacaercs D. Aokaykure, uTo Bce KoHuKU (ABCXY)
[IPUHAAAEXKAT OAHOMY IIYYKY, OAHA W3 BEPIIMH KOTOPOro AeKWUT Ha C.

(b) BriBeauTe B OAHY CTPOYKY U3 IIyHKTA (&) caepyiomiee yTep>kaeHuUe: Tpeyroasrur ABC
BPAII[AETCST MEXKAY ONMCAHHOM KOHWKOW ¥ BIIMCAHHON mapaboaoi. Toraa omucaHHBIE OKPY K-

HOCTH BCeX TPeyroAbHUKOB ABC mpuHaane>XaT OAHOMY IIYUKY.

JlokazaTeabCTBO.
(a) Ilycrs xacareannsble u3 X, Y Kk D, oranunsie or XY, mepecekatorcst B Touke Z. Toraa, Tak
Kak TpeyroabHuKE ABC, XYZ onucansr okoao D, To o TeopeMe [loHCEAE ANST TPEYTOABHUKA,
A,B,C,X,Y,Z aexxar Ha opmoii KoHmKe. VTak, xkoumka (ABCXY) Bceraa mpoxopnT depes

PUKCIPOBAHHYIO TOYKY Z.

ITo ARL cymma A + B + C durcupoBara Ha kybuke K = C U XY. 3maunrt, cymma A + B +
C + X + Y Takyxe puKCUpOBaHa; CAepOBaTeAbHO, KoHUKA (ABCXY) mepecekaer kouHuky C B

(PUKCUPOBAHHOY TOYKE, OTKYAA U CAEAYET TpebyeMoe.

(b) Bo3bméMm B KagecTBe X Y KPYTrOBbIE TOUKH.

65
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Sameuyanue. [Tonpobyem aokazaTh 3apady (65b) aApyrum cnocoboMm. BpocaeTcs B raasa cXOACTBO
c 3apaueit AmoMuaoBa u KanammHuKoBa — BEpPHEE, €€ 00pa3oM IOCAE IOASIPHOTO Ipeobpa3oBaHUsI
B Touke P. TaM mo mpsiMoO#l ABHYKETCSI TOYKA IIEPECEUYEHUST MEAVAH, a 3A€Ch — IIEHTP ONMCAHHOMN
OKPY>KHOCTH.

[Tockonbky oKpy>xHOCTH (ABC) mpoxoauT depe3 ¢pokyc F mapaboabl, TO IPUHAANEIKHOCTD IIYUKY
PaBHOCHABHA TOMY, UTO IIEHTP OKPY’KHOCTH (= IlepecedeHNe CEPEANHHEBIX IIEPIIEHANKYASPOB K FA,
FB u FC) aBurkeTcs mo mpsiMoit. AaBaiiTe IOCTYyNIXM TaK >Ke, Kak B 3apade AuvoMuaoBa 1 Kanarr-
HUKOBA, ¥ CAEAAEM IIOASIPHOE IpeobpasoBaHue C IeHTPoM B F. Brimcannas mapaboabl mepeipeT B
OIIMCAHHYIO OKPY>XKHOCTb ¥ HaobopoT. EcAum BHMMAaTEABHO IPOCAEAUTEL 3a oOpa3aMy BBIIIEYIIOMSI-
HYTBHIX CEPIIEPOB, TO YBUAKM, 4TO 3aAada (65b) mpeBpaIiaeTcsi B TOYHOCTH B YK€ YIOMUHABIIYIOCS

Ha HallleM IIPOeKTe 3aAauy 6 u3 mpoekTa «Bokpyr Teopemsl [lornceney ¢ AKTI-2014:

VrBepxkaenue 5.10 (3apaga 6 u3 mpoekTa «Bokpyr Teopemer Iloncenes ¢ AKTI-2014).
TpeyroabHUK A BpaIaeTcs MEXAY OIMCAHHON OKPYXHOCTBHIO () ¥ BIMCAHHON KOHUKOM 7.
AoxkaxkuTe, gTo npssMasi CumcoHa purcupoBaHHON Touku P € () OTHOCHTEABHO A IIPOXOAUT

yepe3 PUKCUPOBAHHYIO TOUKY.
Bor BaM emé opHa IpUYMHA MOAYMATh Ha AOCYTe Hap 3apadeit (55%*).

3amaua 66. [lectuyrorpruk ABCDEF BpaimaeTcs MeXXAy OIMCAaHHOE OKPYKHOCTBIO X BIIMCAH-
HOM KOHWKON. PUKCHPOBAHHAS MPSIMAsi M KACAETCS BIMCAHHOW KOHHUKU U IIEPECEKAET IIPSIMBIE
AF, AB, DC, DE B Toukax X, Y, Z, T coorBercTBerHo. Orpy>xuoctu (AXY) u (DZT) moBTop-
HO IIepeceKaloT OIIMCAHHYIO OKPYKHOCTb B ToukKax P m Q. Toraa mpsmas PQ mpoxoauT uepes

DUKCIPOBAHHYIO TOYKY, AEKAIIYIO Ha IPSIMOME m.

Joka3zaTeabcTBO. PaccMoTpuM KyOuKYy «OIMCaHHAs OKPYXHOCTH + mIpsMas my. Coraacuo

yrBep>xaeruio (4.8), X+Y+A+P=2Z+T+ D + Q = O. CaepoBaTenbHO,

P+Q=-(X+Y+Z+T+A+D)=(A+F)+(A+B)+(C+D)+(D+E)—A—D =
A+B+C+D+E+F "2 const,

a Torpa TOdKa IlepecedeHus IpsMblx PQ u m dukrcuposaHa. O]

3amaua 67. [Iyctb ABCD — ugernipexyroabHuk [loHcene, BOIUCAHHBIY B KOHUKY C M ONMCAaHHBIN
okoA0 KoHUKHZ D. IIycTh X — mpou3BOAbHAS TOYKA IIAOCKOCTH. AoKaXkuTe, 4To KOHUKE (ABCDX)

06pas3yIoT IyYOK.

HokazareabcTBo. I[Iycth {;,{, — xacareapnsle u3 X K D. Toraa mo ARL cymma A+B+C+D+X
Ha kybukax K; = CU¥{;, K; = CU {; durcupoBana. 3HAYUT, CYIIECTBYIOT TaKue TOUYKY Y Ha {; u

Z ua {,, uto A,B,C,D, X,Y,Z — opra koHUKa. OCTaAOCh IOHSITH, YTO €CAY BTOPHLIE KaCATEABHBIE

ux Y u Z K D nepecekarorcs B Touke |, To T aexxuT Ha KoHEKE (ABCDXYZ) no Teopeme Ilorcene
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| AAS 9EeTHIPEXYTOABHUKA. O

Bamaua 68* (Oa. llaprirmua 2025, dumran, 10.9). Herripexyroabruk ABCD ommcad oxono
okpy>xHOCTE C 1eHTpoM [. ITycTs L — Touka mepeceuenus: AvaroHanell YeTHIPEXYTOABHUKA a X, Y
Takue Touky, 4To LI = LX = LY, ZXLI = ZYLI = 90°. Aokakure, uro Toukuz A, B, C, D, Xu Y

AEXKaT Ha OAHOM paBHOOOKOI rumepbone.

JokazareabcTtBo 1. [locTpouMm paBHOCTOpOoHHIOI runepbory ABCD um 6yaem BpallaThb YeTHI-
pexyroabHUK 110 [loHCcene MeXXAY HeWt ¥ BIMCAHHOM OKpy>XHOCThIO. Touku L, I, X, Y npu saTom He
MEHSIOTCSI, TaK YTO AOCTATOYHO AOKAa3aTh YTBEPKAEHUE 33Aa4UU AAS KaKOT'O-TO OAHOI'O IIOAOKE-
Hus. Korpa A momapaeT B TOUKY IIepecedeHusI OKPYKHOCTY U runepboasl, C momapaer B APYTYIO
obmryio Touky, a B u D coBmapator, mpuuem BA u BC xacaroTcs oKpy>XHOCTH, a €€ IIeHTP CUMMET-
puueH oproueHTPy H Tpeyroanamka ABC orHocuTeabHo AC. Ecam aBurats Touky L mo AC, To
X 1 Y ABUKYTCS IO ABYM IIPSIMBIM, IIPOXOASITUM depe3 H ¥ HaXOASITCS Ha PaBHOM PacCTOSTHUY
or AC. AokaxkeM, uTo npu AtoboM mx monoxxeHuu ABCXY —- paBHOCTOpOHHSS runepbonra. STo
MOKHO CAeAaThb TeopeMoit [lackansi, HO mpolle paccMoTpeTh nydok runepbor ABCH u BTOpEBIE
TOYKU KX IIEPECEUEHUS C IPSIMBIMU, II0 KOTOPHEIM ABUXKYTCI X, Y. O4eBUAHO, YTO COOTBETCTBUE
MEXXAY 3TUMU TOYKAMU IIPOEKTUBHO U AAS TPEX BBIPOXKAEHHBIX MMIIEPOOA TOYKU A€XXKaT Ha paB-
HOM paccrossaum oT AC. 3HAYUT, 5TO BBIIIOAHEHO BCETAA. AHANOTHYHO IIOAYYIaeM, UTO Ipsimas BL

KaCa€Tcsa rnnep6om:1, KaK 1 AOAJKHA. O

okazareabcTBo 2. [IpoBepéM nmpomsBoabHYI0 KOHUKY I wepe3 A, B, C u D. Ilycte npsamas XY
IIepeceKaeT 3Ty KOHUKY B Toukax P u R. B cuny mopusma [loHceae CyIecTByeT YeTHLIPEXYTOABHUK
PQRS, BrnucanHslil B ' ¥ OIUCAHHEIR BOKPYT OKPY>KHOCTY (HA30BEM €€ w), mpu4éM L — ero Touxa
nepecevyenus: amaroHaneit. [Ipumensss TAU aast nmyuka xouuk (I, w, L), 3ararogaem, uro L —
cepepuHa orpeska PR. Oro 3mauwut, uro PQRS — aeabromp, u I aexxur Ha QS. Kak MBI 3HaeM,
Bce KoHUKHU (ABCDX) mpoxoasiT moMumo X eIré dyepe3 Tpu (PUKCHPOBAHHBIE TOYKU. ABe U3 HUX
CTPOSITCSI TaK: IIPOBOASITCSI KacaTeAbHEIE U3 X K () U IIEPECEKAIOTCS C IPOU3BOABHOM KOHUKOMN (MBI
BbIOepeM BEIPOKAEHHYIO KOHUKY PQRSX). HerBépras >ke Touka AOHOAHsSeT X U HallAeHHBIE ABeE
A0 JeTHIpEXyTroabHUKA [loHCene. VI3 BhIIECKa3aHHOI'O ¥ COOOPaskeHM CUMMETPUU CAEAYET, ITO Y
7 6yAeT MCKOMOM 4eTBEPTOY (PUKCUPOBAHHOM Touko# Bcex KoHUK ABCDX.

Temnepb ocTaAOCh ITOKA3aTh, UYTO 3TY KOHUKY SIBASIIOTCS PaBHOCTOPOHHUMY runepboramu. AAst 3To-

T'0 AOCTaTOYHO IIPOBEPUTE, YTO YeTHIPe PUKCHPOBAHHBIE TOUKY U3 IIPEABIAYIIETO ab3alia 06pas3yoT

OPTOIIEHTPUUECKYIO YETBEPKY. DTO AOKAZLIBAETCSI HECAOXKHBIM CYETOM YTAOB. O]
Caepyromuit dpakT, obobrmarormuit 3aaa4dy (42*), 661a 0OHAPYIKEH U AOKA3aH yYIaCTHUKAMU KOH(e-

permnuu. ObpaTuTe BHUMaHVEe Ha SIBHOE CXOACTBO C YTAOBHIME IlepedpopmyaurpoBKamu ARL.

Sagaua 69. MHOroyroabHUK A ... A, BpaIaeTcs Me>XAY BIMCAHHON KOHUKOH Yy c¢ dpokrycamu P,

Q uz onumcaHHOR OKPY>XHOCTBIO (). \OKa>kuTe, YTO:
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(a*) (TI. Kuwm, P. KpaBuerko) ) I ; £PA;A;,; = const.

(b*) (TI. Kum) T % = const.

Jloka3zaTeabCcTBO.
(a) AamHOe pemeHue HpuHaAAEXUT Pomany Kpasuernko. Baoxkum Hamry maockocts B CP2.
IIycte npsmseie |, P, J_P u A;P noBropHO mepecekator () B Toukax X,, X_ u K; coorBet-
crBeHHO, a W € () — mpousBoabHas ToukKa. Bbyaem numcate obobmernusle CR-dyHKIIMM OT-

HOCUTeABHO Toukyu W (U pasubIx 6a3ucHEIX xopa ). CoraacHo mpoektusHo# CRL,

const -}, x, (A)) 2 - f x_(A)? = f,x, (A) - fx (A - fx, (K) -y x (K) ' =
[Ki) Al) ]—0—) X+] : [Ai: Kl) ]—) X—] = [Ki) Alv J+) I—] ' [Ai7 KU X—H X—] ; [Ki) Au J+) ]—]2'

U3 ARL caepyeT, 9TO IPOM3BEAECHUE AEBBIX YacTeR IIO0 BCEM i IIOCTOSTHHO; CAEAOBATEABHO,
H?:] [Ki, A T4, ]_]2 = const, a Toraa um 6e3 KBaApPaTOB TOXKE B CUAY HEIPEPHIBHOCTH. Bcrro-

muHast aemmy (5.6), 3akarogaeM, 9To > 1, LA; 1A;P = const.

(b) AauHoe pemenue npuHaaneXuT [lerpy Kumy. AokaskeMm oba myHKTa cpasy. VHTepnperu-
PYeM MCXOAHYIO IAOCKOCTBL ¢ KaK IPOEKTUBHYIO IAOCKOCTL RP? m 6yaeM cumTaTh, UTO OHA
eCTeCTBEHHEIM 06pa30M BAOXKEHA B IPOEKTUBHOE mpocTpancTBo CP? ¢ moMomsio oTobpaske-
Hus i. Tak>kKe paccMOTpuM IpoeKTuBHYI0 mpsMyto 3 ~ CP!, sapatomrytocs ypasHerneM Y = 0.
Paccmorpum orobparkerue f: Q — 3, ompeaenérnoe popmyaoit [x :y:z] — [x+1iy:0: z].
Herpyazo mpoBeputs, uTo TOUKY |, A u f(A) Ae>XaT Ha OAHOM IPSIMOR AAST ATOOOY TOU-
Ku A € QO C «, T.e. Hallle OTOOpPaskeHUEe SIBASIETCS IIEHTPAaAbHON IIPOEKIueR U3 KPYroBOK
TOYKM; B YACTHOCTH, OHO COXPAHSIET ABONHEBIE OTHOIIEHWS. KpoMe TOro, IOCKOABKY () —
BeIlleCTBEHHAsI OKPY>XHOCTD, TO KoMmo3uIusi foi: o« — 3, HedpopMarbHO BEIPAKAsICh, «TOX-
AECTBEHHO» Ha KOHEYHOW YacTH, IIO3TOMY B AAABHEHUINEM MBI IIO3BOAMM cebe BOABHOCTDL U
6yAeM OTOXXAECTBASTH 3TH TO4YKHU. [IycTb Py, Qp € (O — mpoobpaswl Touek P,Q € 3 mpu
orobpaskeruu f. [Ipsmeie | Py u J Qo Kacatorcsa y. Takum obpasom, xopaa PyQo siBASIET-
cs1 koMImo3unye AByx maros [Tomceae, a Toraa mo caepctsuio (5.3) u3 ARL mpousseperue
[T, [Ai, W;P, Q] = const (W — npousBoabHast Touka Ha ()). Ecau Temepsb cnpoenupoBaTh

n a;—fy

Bcé obpaTHO Ha 3, To moayumM, arto | [, [Ay, f(W);F, Fa] = const, Te. [, = const
= =l ai—f;
(cTpouneiMu GykBaMu OBO3HAYEHBE! KOMIIAEKCHBIE KOOPAMHATHI COOTBETCTBYIOIIAX TOUYEK ),

OTKyAa CAeAyeT Tpebyemoe.

[]

[Tpurnantaem Bac HatiTu HOBBIE HpuaokeHust ARL.
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Introduction

The Poncelet theorem is one of facts of projective algebraic geometry. This famous theorem is
an example of closing theorems, when some process of constructing of new points by drawing several
lines is periodic. The theorem has many different proofs, variants, and generalizations. In spite of its
notoriety, this theorem presents a very difficult fact, which can be proved by many different substantial
ways. The most known synthetic proof using the pencils of circles can be found in [1], and the analythic
proof using the density function in [8].

All scholars advanced in geometry hear about the Poncelet theorem at least one time. Some of them
know several proofs of the theorem, and the most advanced know the different invariants appeairing in
Poncelet rotation. For example the common point of diagonals of the Poncelet quadrilateral is fixed...
The construction of the theorem is very deep, and allows to found new results, some of them are very
complicated and substantial. One of such results was found and proved by the authors of the project,
and we will lead to it through the subjects which seem not connecting with the project. Note also
that many proofs of the Poncelet theorem have one defect — they use euclidean notions of segments
and angles. In the project we will use euclidean, projective, and algebraic reasoning, and consider the
Poncelet invariants on the different hands.

Such euclidean instrument as cool ratio lemma (CRL) doesn’t seem connecting with the Poncelet
theorem. This lemma was formulated for the first time in the paper [11], published in 2020 on the
known site aops.com. At first sight this is a simple calculating instrument. But the detail considering
allows to discover some projective properties of CRL and its liaison with the addition of points on a
cubic curve. It is shown that CRL remember the cross-ratios and has a deep nature connecting with
the notion of divisor of the cubic, or, more exactly, its analog for the degenerated cubic. We will not
submerge in this theory, but the advanced readers can think about the description of CRL in the terms
of the analog of the divisor.

Also note that in the first five paragraphs of the project we will not work with non-degenerated
cubics, hence we don’t suppose any knowledge in this region from the participants.

But the main — in process of thinking about one problem formulated 11 years ago and solved
recently by the authors, a complicated, nice theorem connecting connecting CRL and the Poncelet
theorem was found.

In the project we will understand, what is CRL and how use it , prove the Poncelet theorem, and

discuss their mysterious liaison. Also we will make a deep submerge in the world of euclidean Poncelet:

e formulate and prove new or few known invariants;
e educate the connection of the Poncelet theorem with the Clawson conjugation;
e find the (probably) new proof of the known Aiyer theorem;

e discuss the using of the Poncelet theorem in the problems which seem not connecting with it;



e present the new method of solving some problems using the latent Poncelet and basing on the
rotation of the triangle around some conic, not given in the problem. This method allows to solve

many difficult olympiad problems (for example 10.4 of Sharygin olympiad, 2025);

e and many other...

This is not the first appearing of the Poncelet theorem in the Summer conference. The project
was dedicated to it in 2014 [4]. Our project is completely independent, hence the knowledge of the
previous project is not necessary. But the most motivated participants can see the 2014 year project
for the deep submerge into the atmosphere of the Poncelet theorem.

The structure of the project is the following:

The parts 1, 2, and 3 are given at the beginning of the Conference, and the parts 4, 5 after the
intermediate finish.

The part 1 contains all necessary theoretic base. Since the project contains several different parts,
the materials of paragraph 1 are also different by the themes and the difficulty. This has not to fright
you. You can miss this paragraph and return to it when it is necessary.

In the part 2 we discuss in detail the cool ratio lemma and its applying in the olympiad problems,
and in the pert 4 we consider the projective nature of CRL and its liaison with the addition of points
on the degenerated cubic. These two paragraphs are not connected with the Poncelet theorem, hence
you can solve them, even if you are not interested to think about the remaining parts of the project.

The part 3 is dedicated to different invariants of the Poncelet theorem and its applying in the
olympiad problems.

In the part 5 we demonstrate the liaison between the cool ratio lemma and the Poncelet theorem.
We formulate and prove a complicated and very nice result at the joint of these two worlds, and consider
several examples of its using.

Finally, in the additional paragraph we present three few known proofs of the Poncelet theorem.
Two of them use the addition of points on the cubic and/or the exit into the space. The third, more
algebraic proof of the theorem and some connected facts will be presented as the sequence of problems

for the most advanced readers.



NECESSARY INFORMATION

1 Necessary information

This paragraph contains necessary definitions of notions which will be used and important facts
about these notions. We concentrate on the assertions and the constructions of the projective geometry,
because the projective language will be actively used later. The assertions of these paragraph may be

used without proof, but you may discuss with the tutor the facts which are not known to you.

1.1 Projective geometry

There we cite necessary facts of projective geometry. We restrict by the dimensions 1 and 2.

Definition 1.1. Let O be an arbitrary point of the plane. The pencil of lines L centered at O

is the set of all euclidean lines passing through O.

Consider the pencil £y and an arbitrary line {, not passing through O. Then all lines of pencil
Lo, except one, intersect . Thus we obtain the correspondence between the points of { and the lines

of L. This motivates the following

Definition 1.2. The projective line is an arbitrary pencil of lines L. Any line of this pencil
is called a projective point. If £ is an arbitrary euclidean line, not passing through O, then the
projective point J € Ly, corresponding to the line parallel to {, is called the infinite point of {.

Allowing some liberty we will say that the euclidean line { 1s completed by the infinite point J.

Now define the cross-ratio of four projective points on a projective line. Let {;, {,, {3, and {4 be

four projective points corresponding to four euclidean lines of the pencil Lg.

Definition 1.3. The cross-ratio of the quadruple of projective points {;, {,, {3 u {; is the number
SiIl 4(81,83) SiIl 4(21,&1)

[, £2; 03, &a] = — — )

sSin 4(82,63) Sin 4(€2,€4)

If the pencil Lo is intersected by a line {, then the lines {;, £, {3, and {4 strike on { points A, B,
C, and D respectively. We obtain that [{;, {;{3, ] =

on the euclidean line.

: % This allows to define the cross-ratio

|| >
A&

Definition 1.4. The cross-ratio of four collinear points A, B, C, D is the number [A, B;C, D] =
AC AD

>

BC BD’
The quadruple A, B, C, D is called a harmonic quadruple, if [A,B;C,D] = —1.
It is convenient to consider a projective line as a usual euclidean line completed by the infinite
point J. Then for example a quadruple A, B, M, J is harmonic, if M is the midpoint of segment AB.
The following fact is an important property of cross-ratio: if [A,B;C,D;] = [A, B;C, D3], then
D; = D,. Thus the cross-ratio is the analog of the euclidean distance, but this projective «distance» is

measured with respect to three points.
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Definition 1.5. Let ¢; and {, be projective lines. A map f: {; — {, is called projective,
if it conserves cross-ratios, i.e. for any quadruple A, B, C, D we have [A,B;C,D] =
[f(A), £(B); £(C), f(D)].

Theorem 1.1. Any projective map of a line to itself is uniquely defined by the images of three

points. L.e., for any points A, B, C, A/, B/, and C’ there exists a unique projective map f, such
that f(A) =A’, f(B) =B’ u f(C) =C".

Now remember the notion of the projective plane. Consider a pencil of lines in the space, i.e. the
set of lines passing through the fixed point O. Such set of lines is called the projective plane. Each
line passing through the fixed point is called a projective point, and each plane passing through this
point is called a projective line. Not that this definition is concorded with the definition given above
of the projective line as a pencil of lines on the plane. If we take an usual plane « not passing through
the center O of the pencil, then each projective point and projective line strike an usual point and a n
usual line respectively on it. All projective points not intersecting « are called nfinite and lie on the

infinite projective line .

Sometimes the analytic view to the projective points and lines can be useful. Fix on the space
a coordinates system Oxyz with the origin at the center O of our pencil. Compare each projective
point with the direction vector of the corresponding euclidean line. Since this vector is defined with
exactness to a non-zero coefficient, The coordinates of a projective point are also defined with exactness
to multiplying into a non-zero constant. Such coordinates are called homogeneous and are denoted
by (x :y: z). If the plane « are defined in the coordinates system Oxyz by the equation z = 1, then
the projective point (x : y: z) strike on it the point with euclidean coordinates (x,y), and the infinite

projective line «, is defined by the equation z = 0.

Similarly each projective line is defined by an equation ax + by + cz = 0 and can be given by
the numbers a, b, and c. But this triplet of numbers (Which are the coordinates of the normal vector
of this plane) is also defined with exactness to a non-zero coefficient. Hence our plane (and therefore
projective line) corresponds to the triplet of homogeneous coordinates (a: b : ¢). The point (x:y: z)

lies on the plane (a:b:c) if and only if ax + by + cz = 0.

Note the equivalency of coordinate descriptions of projective points and lines. This equivalency

can be formalized by the following assertion (the projective duality).

Theorem 1.2 (The projective duality). If some assertion of the projective geometry is correct,
then the dual assertion obtained the replacing of any word «point» to «liney and any word «lines

to «point» is also correct.

Remember now the notion of projective map of the projective plane.
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Definition 1.6. A projective map of the projective plane is a map transforming all projective

lines to projective lines.

Projective maps can be defined in the homogeneous coordinates by the following way. Consider a

litnear map of the space, i.e. a map transforming the coordinates of each point linearly:
(x,Y,2) = (anx+ any + a3z, anx + any + ax;z, azx + axpy + asz),

where a;; are some real numbers. This map generates the projective map transforming the homogeneous

coordinates by the following way:
(x:y:z) = (anx+ any + ai3z: axnx + axpy + azsz: azx + asy + azz).

The euclidean coordinates on the plane « are transformed, similarly to the case of the projective line,

by fractionally linear formulas:

- <anx+ anpy + a3 azx -+ apy + a23>

(x,y) ,
az1x + azy + asz az;x + azy + ass

There exists also the theorem allowing to define a projective map of the projective plane by the

images of several points.

Theorem 1.3. For any two quadruples of points in general position (A,B,C,D) and
(A’,B’,C’,D’) there exists a unique projective map transforming the first quadruple to the second

one.

1.2 Conics

We remember in this paragraph the main notions connected with the conics. It is important
that our main object is the projective plane (although the conics on the euclidean plane can also
be considered in the problems), hence we need to give the definition of conics connected with the
projective geometry, on the other hand it has to be formulated without previous preparation. Such

definition is the following.

Definition 1.7. A conic C on the plane is the set of zeros of a polynomial F € R[x,y] with

degree 2 on variables x and y.

Depending on the polynomial F we can obtain degenerated conics (corresponding to reducible
polynomials and presented by pairs of lines) and non-degenerated conics (corresponding to irreducible
polynomials, which can be ellipses, hyperbolas, or parabolas). Later, if the converse is not indicated,
we consider only non-degenerated conics.

Conics can be considered not only on the usual plane, but on the projective one. On the geometrical

point of view this means, that we have to exit into the plane and to pass the line through a fixed point

7
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and all points of the given conic. As a result we obtain the projective conic é, which is in fact the cone
generated by the given conic. It is not convenient to work with such object (Can you inscribe a triangle
into such conic?..). Hence the analytic language, not demanding a geometric description will be useful
here. Since an equation F(x,y) = 0 on the usual plane give some condition for the coordinates (x,y),
we have to obtain the condition for the homogeneous coordinates (x : y : z) on the projective plane.
We obtain this by the following way. Let the conic C is defined by the polynomial F(x,y), i.e. C =
(x,y) : F(x,y) = 0. Replace F(x,y) to the homogeneous polynomial /lf(x,y,z) = z’F(x/z,y/z) on three
variables. The set of zeros of f(x,y,z) is the projective conic C:C= {(x,y,2) # (0,0,0) :?(x,y,z) = 0}.

Later we will use the same designation for euclidean and corresponding projective conics. It will

be clear from the context, do we consider the conic in the euclidean or the projective geometry.

Not also the following assertion:

Statement 1.8. A projective map of a circle is a conic, conversely, an arbitrary conic can be

obtained as a projective map of a circle.

The first part is clear because a projective map do not increase the degree of the polynomial. The

second one can also be proved by algebraic methods.

Sometimes the disposition of the conic with respect to the infinite line {,, will be important.

Definition 1.9. An ellipse not intersecting the infinite line. A hyperbola is a conic meeting the

infinite line at two different points. Finally, a parabola touching the infinite line.

Theorem 1.4. Any five points in general position define a unique conic passing through them.

Any 5 lines in general position define a unique conic touching them.

The notion of cross-ratio also can be defined on the conic.

Definition 1.10. Let A, B, C, D be four points on the conic €. The cross-ratio [A,B;C, D] is
the cross-ratio of lines [XA, XB; XC, XD], where X is an arbitrary point of the conic, distinct from
A, B, C, and D.

The correctness of this definition can de proved by the following way. Transform the conic € into
a circle by some projective map. This map conserve the cross-ratio, hence it is sufficient to prove the
correctness for circles. And this is simple (we can use the equalities of inscribed angles or, applying an

inversion, reduce the problem to the cross-ratio of collinear points).

This yields the following important assertion.

Theorem 1.5 (The Sollertinsky lemma). Let £ be a pencil of lines, and f be the projective map
of the plane. Denote by Lo/ the image of Ly about f. Consider for each line { € Ly the common

point of ¢ and f(£). Then the locus of these points is a conic passing through O and O'.

| Remark. If f(OO’) = O0’, the conic is the union of the line OO’ and some other line.

8



NECESSARY INFORMATION Conics 9

Since the cross-ratio of four points is correctly defined on the conic, all facts about cross-ratios
formulated above for lines are also correct for conics. For example a projective map of a conic to itself
is uniquely defined by the images of three points. Really a conic is isomorphic to a line as a projective

manifold.

Consider now the notions of pole and polar with respect to the conic. Again we will use an analytic
definition. (This definition can be unusual for you, hence you can consider the poles and the polars
applying the standard approach: using complete quadrilaterals, tangents and harmonic quadruples.

But the analytical definition has several advances, thus it is useful to know it).

Definition 1.11. Let € be the conic defined by the equation q(v) = 0, and u de an arbitrary
qu+v) —qu) —q(v) (

vector. Consider the bilinear form Q(u,v) =

in fact this strange formula
contains the formula of square of sum). Two vectors u and u’ are called conjugated with respect

to C, if Q(u,u’) = 0. For any fixed vector u the set of all conjugated vectors u’ is called the polar

of the point corresponding to u.

Note that the equation of the polar is Q(u,v) = 0, where Q and u are fixed. Thus it is linear on
v, i.e. the polar is some projective line. Conversely, let { be an arbitrary projective line. Choose two
non-collinear vectors v and v, on it (i.e. two different projective points). Then there exists a unique
(with exactness to the non-zero coefficient) vector u, such that Q(u,v;) = Q(u,v;) = 0: vector u

corresponds to the common point of the polars of v; and v,. This point is called the pole of line L.

Thus the conic C define the correspondence between the points and the lines: each point corresponds

to its polar, and each line corresponds to its pole. Such correspondence is called polar.

The image of the infinite line {., about the polar correspondence with respect C, is the point called

the center of the conic C.

Note the following classical fact.

Theorem 1.6 (The duality principle). Let € be an arbitrary conic, A and B be arbitrary points,
a and b be their polars. Then A lies on b if and only if B lies on a.

This assertion clearly follows from the symmetry of Q: Q(u,v) = Q(v,u).

About the complex word. All notions considered above can be defined similarly for the complex
numbers (really for an arbitrary field). We can define the complex projective line CP', the complex
projective plane CP?, the notions of conics, polars, projective maps, etc; the question is, how define the
cross-ratio. We will not give the details of this theme — you can find them in [3]. We have to understand
the cross-ratio as a function on four variables, which change similarly to the real case when the variable
are rearranged, and is conserved by the projective maps and polar transformations. Also CP' can be
considered as a sphere — in fact we completed the plane by one point, thus the complex projective line
can be obtained as the stereographic projection of the sphere to the plane. It is convenient to consider

the complex projective plane because any 2 conics on it have 4 common points, any conic has 2 points
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with any line, and any circle passes through 2 fixed points with homogeneous coordinates J, (1:1:0)
and J_(1:—1:0), they are called circular points. And we can present this as usually. You can see the
details in [2].

The following theorem allows to reduce some assertion about conics to the case of two circles:

Theorem 1.7.

(a) Any two conics on CP? may be transformed into two circles by some projective map.

(b) If two conics on RP? have at most two common point (calculating their divisibility), they

can be transformed into two circles by some real projective map.

1.3 Euclidean opinion about the conics

Sometimes it is useful to consider the conics from euclidean point of view. Discuss briefly this

opinion. Detailed information can be found in [1] (chapters 1 and 3.2).

Definition 1.12. Let points P, Q and a real number k > [PQ| be given. Ellipse with foci P and
Q is the locus of points A, such that AP + AQ = k.

Definition 1.13. Let points P, Q and a real number k € (0, |[PQ|) be given. Hyperbola with foc:
P and Q is the locus of points A, such that [AP — AQ| = k.

Definition 1.14. Let a point F and a line { be given. Parabola with focus F and directriz { is
the locus of points A, such that AF = dist(A, {).

In some sense we can think, that the parabola has second infinite focus. It is not difficult to prove
that these definitions are equivalent to the given in subsection (1.2) ones. We will not to consider the
details.

The following simple properties are very important. Tare an attention to the case of the parabola

— our non-formal reasoning about its second infinite focus obtains there a new development.

Statement 1.15 (Optical property of conics).
(a) Let a point A lie on the conic with foci F; and F,. Then the tangent to the conic at A is
the bisector (external for the ellipse, internal for the hyperbola) of angle F;AF,.

(b) Let a point A lie on the parabola with focus F and directrix . The line m passes through
A and is perpendicular to the directrix. Then the tangent to the parabola at A bisects the

angle between AF and m.

Statement 1.16 (Isogonal property of conics).
(a) Let a point A lie outside the conic with foci F; and F,. Then the tangents from A to the

conic are isogonals with respect to the angle F;AF,.

10



NECESSARY INFORMATION Isogonal conjugation in the quadrilateral 11

(b) Let a point A lie outside the parabola with focus F and directrix . The line m passes
through A and is perpendicular to the directrix. Then the tangents from A to the parabola

are isogonals with respect to the angle between AF and m.

Corollary 1.17.
(a) Let the conic with foci Fy and F, touche the sidelines of the triangle ABC. Then F; and
F, are isogonally conjugated with respect to the triangle ABC.

(b) Let the parabola with focus F and directrix { touche the sidelines of the triangle ABC.

Then F lies on the circumcircle of the triangle ABC, and { passes through its orthocenter.
Discuss the liaison of the conics and the polar correspondence.

Theorem 1.8. Let a point O and a circle v be given. Then the image of y with respect to the
polar correspondence about an arbitrary circle centered at O is a conic with one of foci coinciding
with O. If O lies inside vy, this conic an ellipse, If O lies outside vy it is a hyperbola, and if O lies
on v, it is a parabola. Conversely: if F is the focus of a conic I', then the image of I' with respect

to a polar correspondence centered at F is a circle.

1.4 Isogonal conjugation in the quadrilateral

Definition 1.18. The points P and Q are called tsogonally conjugated with respect to the
polygon A A;...A,, if the directions from each vertex of the polygon to these points are isogonal

with respect to the corresponding angle.

Theorem 1.9. Let a quadrilateral (or, generally, closed quadrilateral broken line) ABCD and a
point P be given. Then the following assertion are equivalent:

(a) There exists a point Q, isogonally conjugated to P with respect to ABCD.
b) LAPB = £DPC
c

(
(c) The projections of P to the sidelines of the quadrilateral are concyclic or collinear.

(d) There exists a conic with focus P, touching the sidelines of the quadrilateral.

Remark. Take an attention, in (c) the projections can be not only concyclic, but collinear. There
exists exactly one point, such that its projections are collinear — the Miquel point. Formally this is
not a contradiction: using the simple count of angles we can see, that there exists a point isogonally

conjugated to the Miquel point, this point is infinite. How find the direction to this point? We

obtain the answer from the following theorem:

Theorem 1.10. The Miquel point of the quadrilateral is isogonally conjugated to the infinite

point of its Gauss line.
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You can read the proof of the theorem (1.9) and to make a detailed acquaintance with the isogonal

conjugation in the quadrilateral in [9].

1.5 Projective involutions

Definition 1.19. The wnvolution is a map f : M — M from an arbitrary set M to itself, such
that fof =1id. L.e, f(f(x)) = x for any x € M. If the cross-ratio is defined on M (for example, if M
is a projective line, a pencil of lines, or a conic), then it is possible that f conserves the cross-ratios
(i.e. for any different a, b, c,d € M we have [a, b;c,d] = [@(a), (b); @(c), ®(d)]). In this case f is

called the projective involution.

Statement 1.20. Two projective involutions coinciding on two pairs of elements are equal.

Proof. Let ¢ and { be projective involutions, ¢(a) = P(a) = b, @(c) = P(c) = d, ¢(x) =y,
P(x) = z. Then [a,b;c,y]l £ [b, a;d, x] L4 [a, b;c, z], which yields that y and z coincide. O]

Statement 1.21.

(a) Any projective involution of the projective line is an inversion or a central symmetry.

(b) Any projective involution of the circle is a central projection.

Proof. It is clear that all mentioned maps are projective involutions, now the assertion follows
from (1.20). O

1.6 The Clawson conjugation

We begin this subsection by a new definition of the Miquel point. It is most universal than the

standard one because it works for degenerated quadrilaterals

Definition 1.22. Let points A, B, C, D be given on the plane. Some of them can be collinear,
also the points in one of pairs (A, C), (B, D) can coincide. The Mziquel point of the quadruple
(A, B, C,D) is the center of the spiral similarity, mapping the segment AB to the segment DC, or,
which is equivalent, the center of the spiral similarity, mapping the segment AD to the segment
BC. Sometimes, allowing some liberty we will call the Miquel point of the quadruple (A, B, C, D)
«the Miquel point of the quadrilateral ABCD».

Remark. If A, B, C, D are different points in general position, this definition coincides with the
standard one.

Remark. Remember that the B-Dumpty point of the triangle ABC is the projection of its
circumcenter to the symmedian from B. It is easy to prove that if S is the B-Dumpty point,
then Z/SAB = ZSBC and ZSCB = ZSBA. Therefore the B-Dumpty point is the Miquel point of
«the quadrilaterals ABCB.
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Let A, B, C, D be points in general position on the plane. The lines AB and CD meet at point E,
the lines BC and AD meet at point F, the lines AC and BD meet at point G. Let M be the Miquel
point of (A, B, C,D). All talked above yields that MA - MC = MB - MD = ME - MF, and the bisectors
of angles ZAMC, ZBMD, and ZEMF coincide. Therefore there exists an inversymmetry centered at
M, which swaps A and C, B and D, E and F. This map is called the Clawson conjugation with respect
to ABCD.

Remark. If BC || AD, then M coincides with E, and the Clawson conjugation is the

inversymmetry about the trapezoid ABCD.

Statement 1.23. Let points P and Q be conjugated by Clawson with respect to ABCD. Then
£APB = LADQ + £QCB.

Proof. Since the Clawson conjugation maps A to C and P to Q, the triangles MAP and MQC
are similar. Also the triangles MBP and M QD are similar. Therefore {/APB = LAAPM 4+ £AMPB =
£QCM+4AMDQ = (£LQCB+4BCM)+ (LMDA+£ADQ) = LADQ+ £QCB. The last equality
follows from the similarity of triangles MBC and MAD. [

The assertion (1.23) can be used for the control of the Clawson conjugation. For this it is sufficient

to examine that the equality is correct for two adjacent sides. Note now an important corollary:

Corollary 1.24. The Clawson conjugation swaps the points isogonally conjugated with respect

to the quadrilateral.

Proof. Let P and Q be isogonally conjugated with respect to ABCD. Then {APB = LDPC =
APDC+4ADCP = LADQ+ £QCB. Similar equalities are correct for the remaining sides, therefore
P and Q are conjugated by Clawson. ]

Statement 1.25. The Clawson conjugation is a projective involution on CP'.

Proof. Clearly it is an involution, prove the projectivity. Let m be the complex coordinate of
the Miquel point. If the conjugation maps P(p) to Q(q), then (m —a)(m—c) = (m—p)(m—q).
Therefore the map p — ( is fractionally-linear, thus it conserves the cross-ratios. O
The previous assertion and the assertion (1.20) yield, that the Clawson conjugation is a unique
involution on CP', swapping the opposite vertices of the quadrilateral.
Now let ABCD be a cyclic quadrilateral with circumcenter O. From the Brocard theorem we have
that O is the orthocenter of triangle EFG, and M be the projection of O to EF. Therefore MO coincides
with the symmetry axis, and the Clawson conjugation maps G to O.

To make more detailed education of the Clawson conjugation see [6]

1.7 Classical proof of the Poncelet theorem

Here and later we denote by pow, ,(X) the power of the point X with respect to the circle w.

13
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Theorem 1.11 (Coaxial circles lemma). Let circles w; and w; and a real number k be given.
Then the locus of points P, such that pow,, (P) = k-pow,,, (P) is a circle (a line for k = 1), coaxial

with w; and w,.

Theorem 1.12. Let AjA,A;... be a Poncelet trajectory, i.e. points of the circle (or the conic)
Q such that the rays A;A;, A,As ... touche the circle (or the conic) w. Let B1B;Bs... be another
Poncelet trajectory. Then the lines A;Bq, A;B; ...touche some circle (or conic) coaxial with Q

and w.

The classical synthetic proof of the Poncelet theorem is based on the theorem (1.12), which follows
from the coaxial circles lemma. You can read it for example in citeZasl.

Note also two simple, but important corollaries of the theorem (1.12):

Theorem 1.13. Let A;A,...A, be a polygon inscribed into a circle (or a conic) QO and
circumscribed around a circle (or a conic) w. Then for any natural k < n all lines A;A;,, touch

some circle (or conic), coaxial with QO and w.

Remark. Of course the assumption of closing can be omitted, and the general assertion is correct:
if the broken line AjA; ... Ay rotates between two circles (or conics) Q and w, then the line A;Ay

touches for any time some circle (or conic), coaxial with Q) and w.

Theorem 1.14. Let AjA;... A, be a polygon inscribed into a circle (or a conic) Q and
circumscribed around a circle (or a conic) w.

(a) The main diagonals A;A;,, concur at the limit point of the pencil containing Q and w.

(b) Let AiAi1 touche the inconic at point X;. Then the lines X;X;,, concur at the same limit

point.

Our project propose another, more algebraic approach for the proof of the Poncelet theorem, the
theorem (1.13), and the theorem (1.14), it is based on 2 — 2—correspondences. We give its detailed

description in the additional section.

14
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2 Cool ratio lemma

Before solving the problems make acquaintance with the designations. The problems marked by
one asterisk have (in the subjective opinion of the authors) relatively high difficulty. If the problem
contains several points, some of them can be marked by the asterisk. The solutions of problems marked

by two asterisks are unknown to the authors. May the force be with you!

2.1 Definitions and first CRL

We begin by a classical assertion known as the Odnakov lemma, the sines ratio lemma, or boring
ratio lemma.

Theorem 2.1 (Boring ratio lemma). Let a triangle AXY and a point C on the sideline XY be

. XC __ AXsin(£XAC)
given. Then V& = 3550 A0

Consider now the sines ratio in the right part Let AC meet for the second time the circumcircle

of (AXY) at point B. By the sines law % = BY, which yields the following theorem.

Theorem 2.2 (Cool ratio lemma). Let a circle and its chord XY be given. Points A and B lie on

XA  XB _ XC
the circle. The lines AB and XY meet at point C. Then 55 - 3y = &

This formulating has one defect, the lemma can not be used conversely: if both points C and D
lie on the circle or on the line XY, then the equality of ratlos and XD does not yield that C and D

coincide. Let us correct this.

Omnpenenenne 2.1. Fix points X and Y. The line XY divides the plane into two semiplanes. Call
one of them the upper, and the remaining one the lower. C’ool—mtio function about the base XY
is the function fxy(T) from R?\ Y to R, with an absolute value I having a sign —, if T lies on the

segment XY or the lower semiplane, and a sign + otherwise.

| Remark. Take an attention, that fyy and fyx are not the same!

Remark. In the problems we will often define the cool-ratio-function for a unique segment.
To simplify the exposition we will omit in this case the index XY, announcing previously which

segment is used as a base.

Statement 2.2. Let w be a circle or a line passing through X and Y. Then fxy is a bijective map
from w \ 'Y to R.

Now, considering different cases, we can formulate the following theorem.

Theorem 2.3 (Cool ratio lemma). Let a circle w and its chord XY be given. Points A and B

lie on the circle, and a point C lies on the line XY. Then A,B,C are collinear if and only if
fxy(A) - fxy(B) = fxy(C).

15
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But it is not necessary to the consider the cases.

Proof. Let T be the common point of the tangent at A to w and XY. The collinearity of A, B, and
C is equivalent to the equality [X,V;A,B] = [X,V;T,C] = A = 0 — 10 - T

f(A) - f(B) = f(C). []

This result allows to prove very non-trivial facts.

Example (The butterfly theorem). Let points A, B, C, D lie on a circle w. Let P be the common
point of AC and BD. Let XY be a chord of w such that P lies on XY, and PX = PY. Let XY meet
AD and BC at points M and N respectively. Prove that PM = PN.

Proof. Define the cool-ratio-function f with the base XY. Then f(M)f(N) = f(A)f(D)f(B)f(C) =
f2(P) = (—1)? = 1, which is equivalent to the symmetry of M and N about the midpoint of XY. O

Example (Partial case of the Pascal theorem). Let points A, B,C,D,E,F lie on a circle w, and
XY be a chord of w, such that AD and BC, CF and DE meet on XY. Prove that AF and BE meet
on XY.

Proof. Define the cool-ratio-function f with the base XY. Let AD and BC meet at M, and CF
and DE meet at N. Then f(A) - f(F) = "5y = Ty = ricyoy = 1(B) - f(E).
Therefore AF and BE also meet on XY. O

What is CRL? Many people do not accept CRL, because it uses some relations between segments,

which are not clear intuitively, and seems to be a pure calculative method. But we can remember, that
the cross-ratio (from euclidean point of view) also uses the segments and the sines. Although this the
cross-ratio is not considered as a non-synthetic geometry and is actively used in the problems. Why?
The reason is that the cross-ratio can be generalized for projective planes; but the main — the cross-
ratio is considered as an invariant with respect to the projections, the symmetries, and the projective
maps. In the other words, we upset the cross-ratios and solve the problems using their properties, but
not thinking that the segments and the sines are used in their definition. And we can understand CRL

similarly!

Problem 1. Let ABCD be a trapezoid with bases BC and AD inscribed into a circle w. Let S be
the midpoint of the arc AD, not containing B. A point E lie on the extension of AD beyond A.
The segments CE and SE meet for the second time w at points X and Y respectively. Prove that
AD, SX, and BY concur.

Problem 2. A triangle ABC and points E, F on the sides AB and AC respectively are given. The
point M is is the projection of the circumcenter to EF, AM meets the circumcircle of ABC at
point D. Let EF, BC, to the circumcircle at D concur. Prove that M is the midpoint of EF.

Problem 3. A triangle ABC and its bisector AD are given. Let P and Q lie on the circumcircle
(ABC) in such a way that ZBPD = ZDQC = 90°. The lines PQ and BC meet at point T. Prove
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that the line AT touches the circle (ABC).

Problem 4.

(a) (The circumcevian ping-pong theorem) A chord XY of a circle w is drawn. Points P, Q,
and R are fixed on the line XY, and A is an arbitrary point of w. Let AP meet w for the
second time at A;, A;Q meet w at A,, AR meet w at Aj;. Prove that the common point of
AA; and XY do not depend on A.

(b) Let a circle and 2n lines passing through a point P, lying outside the circle be given.
Choose an arbitrary point A; on the first line. Let the tangent from this point to the circle
meet the second line at A,, the tangent from A, meet the third line at A;, etc (cyclically).

Prove that if this process will close after k circulations (i.e. Aynxi1 = Ay), then this will de

true for any other point A;.

2.2 CRL helps to prove the concyclicity
Consider now another subject.

Theorem 2.4 (Second cool ratio lemma). Let a circle w and its chord XY be given. Points A and
B lie on w, and points C and D lie on the line XY. Then A, B, C, D are concyclic if and only if
fxv(A) - fxy(B) = fxy(C) - fxy(D).

Example. Let M, Q lie on the sideline BC, and P, N on the circumcircle of triangle ABC. It is
known that AP and AQ, AM and AN are symmetric about the bisector of angle BAC. Prove that
the lines PM and QN concur at the circumcircle, and their common point lies on the circumcircle

of triangle AQM.
Proof. Define the cool-ratio-function f with the base BC. Let AM, AQ, and PM meet the

f(A)
f(M ™) f
circumcircle at points K, L, and X respectively. Then f(X) = (M) = N (Q), from this
f(P) % f(N)
f(M f(M) - f
we obtain that X lies on the line QN. But f(X) = f((—P)) =f(M) - f(L) = ( f)(A)(Q)' Therefore
f(A) - f(X) =f(M) - f(Q), i.e. A, X, M, Q are concyclic. H

And can we replace a circle+a line into two circles? The following assertion gives a positive answer

to this question.

Theorem 2.5 (Third cool ratio lemma). Let circles w; and w, meeting at points X and Y be
given. Points A and B lie on w7, and points C and D lie on w,. Then A, B, C,D are concyclic if
and only if fxy(A) o fxy(B) = fxy(C) o fxy(D)

Now note the following interesting idea.

Statement 2.3. An inversion about a circle passing through X and Y conserves |fxy|.
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If the center of the inversion circle lies on XY, it coincides with the midpoint of this segment, and

the inversion swaps points lying inside and outside the segment. This yields the following assertion:

Corollary 2.4. Points A and B are marked on the line XY. Let M be the midpoint of XY. Then

the following assertions are equivalent:
o fxy(A) = —fxy(B) (or [X,Y;A,B] = —1);
e MA -MB = MX? (i.e. A and B are inverse about the circle with diameter XY).

Problem 5. Let Q be the circumcircle of triangle ABC. An arbitrary line { meets this circumcircle
at different points X and Y. Let M be the Miquel point of lines AB, BC, AC, and {. Denote f = fxy.
Prove that f(M) = f(A) - f(B) - f(C).

Problem 6. Let ABCD de an isosceles trapezoid. Some circle passing through A touches the
base BC at point E. Let X be the second common point of this circle with the circumcircle of the
trapezoid. The line XE meets the circumcircle at point Y, and the line DY meets BC at point F.
Prove that CF = BE.

Problem 7. Two circles w; and w; meeting at points P and Q are given. Points A and B lie on
PQ, points K, L lie on w;, and points M, N lie on w;. It is known that the lines AK, BL touche
wi, and the lines AM, BN touche w, in such a way that exactly two of points K,L, M, N lie on
each side from SY. Prove that K, L, M, and N are concyclic.

Problem 8. Let B, C, D, E, F be concyclic points. The lines DE and DF meet BC at points X and
Y respectively. The circumcircles of triangles XYD and BCD meet for the second time at point Z.
Prove that E, F, the reflection of D about the midpoint of BC, and the reflection of Z about BC

are concyclic.

Problem 9. Let AA;, BBy, and CC; be the altitudes of triangle ABC. The lines AC and A;C;
meet at point B,. The line passing through B; and parallel to A;C; meets AB and BC at points X
and Y respectively. Prove that X, Y, B,, and the midpoint of AC are concyclic.

Problem 10* (Oral Moscow geometric olympiad 2025 10.5). Let ABC be an acute-angled scalene
triangle. The perpendicular bisector to BC and the sidelines AB, AC form a triangle A. Let X be
the common point of the tangents at B and C to the circumcircle of ABC. The line AX meets this
circle for the second time at point G, and M is the midpoint of BC. Prove that the circumcircles

of the triangles XGM and A are tangent.
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Problem 11*. The median AM of triangle ABC meets its circumcircle at point F. The inscribed
parabola with focus F touches BC, AC, and AB at points P, Q, and R respectively. Prove that P,
Q, R, M are concyclic.

2.3 Generalized Cool Ratio Lemma

Theorem 2.6 (Generalized Cool Ratio lemma). Let a circle w and its chord XY be given. Points
A, B, C, and D lie on w, and points E, F lie on the line XY. Then A, B, C, D, E, F lie on a conic if
and only if

fxy(A) - fxy(B) - fxy(C) - fxy(D) = fxy(E) - fxy(F).

Problem 12. Let a circle and a line meeting at two points be given. Some conic meets the circle
at points X, Y, Z, and T, and meets the line at points A and B. The lines AX, AY, BZ, and BT
meet the circle for the second time at points X', Y/, Z’, and T’ respectively. Prove that X', Y’, Z/,

T/, A, and B lie on a conic.

2.4 The liaison of CRL with classical metric theorems

Statement 2.5 (Liaison with spiral similarity). A triangle ABC and points E, F lying on its
sidelines AB and AC respectively are given. Let M be the common point of the circumcircles of
triangles ABC and AEF. Then [fag(M)| = [fer(M)| = 4t

In the previous problems we fixed one chord and use it as the base for CRL. But sometimes it
is useful to introduce several cool-ratio-functions and use them to reformulate the required
assertion! We can take as example the Thales, Ceva, and Menelaos theorems. Later, if a triangle ABC
is given, we recommend to use the designations: p(T) = fgc(T), q(T) = fca(T), 7(T) = fas(T), in such

a way that p(A), q(B),r(C) > 0 (i.e, all three functions are positive inside the triangle ABC.)

Statement 2.6 (The Thales theorem). Let a triangle ABC and points E, F lying on its sidelines
AB and AC respectively be given. Then the lines EF and BC are parallel if and only if r(E)-q(F) = 1.

Statement 2.7 (The Ceva theorem). Let D, E, and F be points lying on the sidelines BC, AB,
and AC respectively of a triangle ABC. Then the line AD, BE, CF concur or are parallel if and
only if p(D) - q(E) - v(F) = —1.

Statement 2.8 (The Menelaos theorem). Let points D, E, and F lie on the sidelines BC, AB, and
AC respectively of a triangle ABC. Then D, E, F are collinear if and only if p(D) - q(E) - r(F) = 1.

Statement 2.9 (The trigonometric Ceva theorem). Let a triangle ABC and points D, E, and F
lying on (ABC) be given. Then the lines AD, BE, CF concur if and only if p(D) - q(E) - r(F) = —1.

Note also several simple but important properties:
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Statement 2.10.
(a) p(T)-q(T)-r(T) ==+1, with a sign + in gray sectors (see. the figure).

(b) p(A)-q(B) - r(C) =1

Problem 13. A triangle ABC is given. The altitudes AA;, BB;, CC; meet the circumcircle for
the second time at points A,, B,, C, respectively. The line B,A; meets the circumcircle at X;, and
B,C; meets it at point Y;. The circumcircle of the triangle A;A,X; meets for the second time BC
at point X,, and the circumcircle of the triangle C;C,Y; meets AB at Y. Prove that X,;Y;||AC.

Problem 14. Let D be an arbitrary point on the circumcircle of a triangle ABC, and M be the
midpoint of BC. The circle AMD meets for the second time the line BC at point X. The line BD
meets AC at point Y. The tangents to the circumcircle at B and C meet at point T. Prove that X,

Y, and T are collinear.

Problem 15.
(a) Triangles ABC and DEF are inscribed into a circle Q. The line BC meets DE and DF
at points X and Y respectively. The circle (DXY) meets Q) for the second time at point D;.
Points E; and F; are defined similarly. Prove that the lines AD;, BE;, and CF; concur.
(b*) (Difficult problem from JCG). The triangles ABC and A'B'C’ are inscribed into the

same circumcircle, and the lines AA’, BB/, and CC’ concur. Let A; be a common point of
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(ABC) and the circle passing through A and the meeting points of B'C’ with AB, AC. Points
By, Cy,A;, By, C; are defined similarly. Prove that the lines AjA;, B1B;, and C;C; concur.

Note another theorem which can be considered as analog of the theorem (2.6) for the case, when

a circle+a line a replaced into three lines in general position.

Theorem 2.7 (The Carno theorem). Let a triangle ABC be given, points A4, A; lie on BC, points
B4, B, lie on AC, points C;, C; lie on AB. Then A4, A;, By, B,, C;, C; lie on a conic if and only if

P(A1) - p(Az) - q(B1) - q(B2) - 7(Cy) - 7(Cy) = 1.

Problem 16* (Moscow mathematical olympiad 2006, 10.6). Points P and Q lie on the circumcircle
of a triangle ABC. Let A; be a point on the line BC such that the lines PA; and QA; are symmetric
about BC. Points B; and C; are defined similarly. Prove that A;, By, and C; are collinear.

Problem 17. Let a triangle ABC be given, points A;, A, lie BC, points By, B, lie on AC, points
Cy,C; lie on AB in such a way that A{A,B1B,C;C; lie on a conic. Let Az, A4, B3, B4, C3, C4
lie on the circumcircle of ABC in such a way that A;AA3A4, B1B;B3B4, C;C,C3C,4 are concyclic
quadruples. Prove that:

(a) the triangle formed by the lines A3A4, B3B4, and C3Cy, is perspective to ABC.

(b) If AAs, BB;, and CC; concur, then AA,, BB4, and CC, also concur.

Compact record of ratios of segments is one of advantages of CRL, Hence we usually tend to
translate the calculations into the cool-ratio-functions language. But sometimes to verify the final
equality it is useful to return to the standard record of segments. In this way it is important not forget

to verify the coincidence of the signs. The following problems are devoted to this subject.

Problem 18 (SMT'-2019). Let AD, BE, and CF be concurrent cevians in a triangle ABC with
circumcircle w, and M be the midpoint of BC. The circles w and (AEF) meet for the second time
at point X. The line XD meets w at point Y. The line YM meets w at point Z. Prove that the line
AZ touches (AEF).

Problem 19. A triangle ABC is given. Let D and E lie on the sidelines AB and BC respectively,
in such a way that ADEC is cyclic. Let there exist a point T on the sideline AC, such that
BT = BD, CT = CE. Prove that the circumcircle of the triangle DET passes through the foot of

the internal bisector of angle B.

1Southern Mathematical Tournament is the Russian team tournament of mathematical battles.
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3 Euclidean invariants of the Poncelet theorem

This section is devoted to different invariants of the Poncelet theorem and the using of this theorem
in the olympiad problems. the subsections are independent, thus it is not necessary to solve the
problems in the proposed order. But it can be useful solving several problems to return back and
scoop some useful idea.

Of course many problems are not original: they are taken from the papers and the olympiads
including the recent ones. Hence you can see some problems or even know their solutions. This is not
dreadful: there are many problems in this sections (may be too many), Thus you in all cases will not
be bored.

The rules of the game:

e In all problems «the triangle rotates between two circles / conics» denotes the rotation in sense

of the Poncelet theorem.

e «Inscribed conicy denotes that the conic touches the sidelines of the polygon — partially it can

lie outside the triangle. But we differ the incircle and the excircle.

e If the existence of the circle having some properties has to be proved (a point moves around it, a
variable circle touches it, etc.), the required circle can degenerate to a point or a line. Similarly,
the assertion «the lines pass through a fixed point» allows that this point is infinite. And the
term «inversion» may denote not only a usual inversion, but the composition of an inversion
and the reflection about its center (so called «antiinversions). This list can be prolonged. The
general rule is: if it seems to you, that the formulating of some problem is not correct, turn to

the authors.

e Some problems contain several points. The reasons to group several assertions to one problem can
be different. Sometimes the previous points help to prove the following ones — see for example
the proof of the Laguerre theorem. Or we join an assertion and its generalization (for example in
problem (53)), different properties of a common construction, or similar assertions, for example
in problem (45). As an exception the principle of joining can be not evident and will be clear

later.

3.1 The Clawson conjugation and the Skutin lemma
Problem 20. Let a quadrilateral ABCD rotate between a circumcircle ) and an inconic y with
foci P and Q.

(a) Prove that the Clawson conjugation related with the quadrilateral is constant.

(b) Let the inconic be a circle, and AB and CD meet at point E. Prove that all circles (BCE)

touche some fixed circle.

(c) Return to the case of an inellipse. Prove that the sum £ABP + £CDP is constant.
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The following interesting theorem can be proved using the Clawson conjugation, but it is not

immediately coherent with the Poncelet theorem, hence we do not formulate it as a problem.

Theorem 3.1 (The Miquel theorem about isogonal conjugation). Let a triangle ABC and two
pairs (P,P’), (Q,Q’) of isogonally conjugated points be given. Then the Miquel point of the
quadrilateral PQP’Q’ lies on the circumcircle of ABC.

This theorem is useful for the proof of the Skutin lemma — one of the most important results of

this section.

Theorem 3.2 (The Skutin lemma). Let a triangle ABC rotate between a circumcircle Q and an
inellipse y. A fixed point P does not lie on (). Then the point Q isogonally conjugated to P with

respect to ABC moves around some circle.

Problem 21. Let F; and F, be the foci of the ellipse, and M be the Miquel point of F;PF,Q.

(a) Record the map M — Q in complex numbers and prove the Skutin lemma.

(b) Consider a composition of the inversion with center P and radius /PF; - PF, and the

reflection about the bisector of angle F;PF, and prove the Skutin lemma.

Considering with attention any of two proofs of the Skutin lemma we can describe the trajectory
of the orthocenter:

Corollary 3.1. The orthocenter of the Poncelet triangle moves around the circle centered at the

OF;-OF,

reflection of O about the center of inellipse with radius RorsC,

Problem 22. Let the inconic be a circle with radius r. Prove that the Nagel point of ABC moves

around the circle centered at O with radius R — 2r.

Problem 23. Let a triangle ABC rotate between two circles, and { be a fixed tangent to the
incircle.
(a) Prove that the Miquel point of lines AB, BC, AC, and { is constant.

(b) Remember that the orthocenters of four triangles formed by four given lines are collinear
on the Aubert line. Prove that the Aubert line of four lines from p.(a) passes through a fixed

point.

(c*) Let wy be the trajectory of the orthocenter of ABC. Prove that the fixed point obtained

in in the previous point lies on Q.

Remark. Compare p.(b) with the problem 6 from the project «On the Poncelet theorems from

Summer Conference-2014:
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Statement 3.2. Let ABC rotate between two circles, and P be a fixed point on the circumcircle.

Prove that all Simson lines of P with respect to ABC pass through a fixed point.

Problem 24.
(a) (Telv Cohl?, 2014) A triangle ABC is given. Let { be a variable tangent to its incircle.
The line { and their reflections about the sidelines of ABC form a complete quadrilateral.

Prove that its Miquel point moves around a circle or a line.

(b) Prove the same assertion when the line { is fixed, and the triangle ABC rotates between

two circles.

Problem 25. Let ABC rotate between two circles. A fixed line £ touching the incircle meets BC
and AC at points D and E respectively. Let £’ be a line passing through the reflections of D and
E about the midpoints of BC and AC respectively.

(a*) (SAGF?® 2024, P3) Prove that £’ passes through a fixed point.
(b*) Let wy be the trajectory of the Nagel point of ABC. Prove that the fixed point from

the previous assertion lies on wy.

Problem 26.
(a) (The Morley theorem) Let points P and Q be isogonally conjugated with respect to a
triangle ABC. Choose a complex coordinate system such that (ABC) is a unit circle and

denote the complex coordinates of all points by the corresponding small letters . Prove that
p+q+abcpg=a+b+ec.

(b) Let a triangle A rotate between a circumcircle and an inconic, and P, Q be fixed points.

By the Skutin lemma the points P/, Q’ isogonally conjugated to P and Q with respect to A

move around two circles. Prove that their angle velocities are equal.

3.2 Liaison with polar correspondence

The following fact was proposed by E.Diomidov and V.Kalashnikov in 2014 to the readers of
«Journal of Classical Geometry» as an open problem. As is known to the authors, the problem was

not solved during a long time.

Statement 3.3. Let a triangle A rotate between its circumcircle Q and (ex)incircle y. Then the

trilinear polar of a fixed point P € () with respect to A passes through a fixed point.

2Telv Cohl is a known Taiwan geometer and problems compositor, author of blog [12].
3SAGF — geometric online-olympiad organized by K.Belsky. Four problems in each of two days, the complexity
corresponds to the problems G3-G8 of IMO shortlist.
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The short and nice proof was found by the authors less than one year ago. The following problem

is the key one:

Problem 27. Let a triangle A rotate between a circumconic and an inparabola. Prove that the
centroid of A moves along a line, if the circumconic is:

(a) an ellipse;

(b) a hyperbola;

(c*) a parabola.

It is not difficult to prove that the problem of Diomidov and Calashnikov follows from the previous

one (but you can solve it independently).

Problem 28. Prove the assertion (3.3) if P lies:
(a) inside .
(b) outside .
(c*) on .
(d**) It may be proved (see the calculation in barycentric coordinates in [5]), that the Lemoine

point of ABC moves around an ellipse. Prove that the fixed point in the last case lies on this

ellipse.

The following problem is the unique one in this section considering the complex projective plane.
Namely, we will work with the limit points of a pencil of conics (the pentagon and the conics may be

considered as real).

Problem 29* (F.Nilov). Let a pentagon ABCDE be inscribed into a conic I and circumscribed
around a conic y. Its diagonals form a pentagon A;B;C;D;E; (A; = BD N CE etc.), inscribed into
a conic 7 and circumscribed around a conic y;. Prove that the pencils generated by pairs (T',v)

and (I7,7v;) have the same limit points.

3.3 The Laguerre theorem

Theorem 3.3 (The Euler formula). Let a triangle A be inscribed into a circle with center O and

radius R and circumscribed around a circle with center I and radius r. Then

R? — OI” = 2Rr. (3.1)

There is a natural question about the generalization of the Euler formula for an arbitrary inconic.

The Laguerre theorem give the answer:

Theorem 3.4 (The Laguerre theorem, 1879). Let a triangle ABC be inscribed into a circle

centered at O with radius R and circumscribed around an ellipse with foci F;, F, and minor axis
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1. Then
(R* — OF)(R? — OF3) = R?1. (3.2)

Remark. The theorem is also correct, if we replace an ellipse to a hyperbola, and consider 1 as
the square of the imaginary axis (equal to 1* = a? — d?, where d is the distance between the foci
of the hyperbola, and a is the distance between the common points of the hyperbola with the line
passing through its foci).

Remark. The Laguerre theorem yields a converse assertion: if the equality (3.2) holds, then there

exists a triangle inscribed into the circle and circumscribed around the conic.

Prove now the Laguerre theorem.

Problem 30.
(a) Let m be an arbitrary tangent to the ellipse with foci F;, F, and minor axis 2b. Then
dist(F;, m) - dist(F,, m) = b

(b) General trident lemma. Let [; and L, be the second points of the circumcircle (ABC)
with the rays AF, and AF,. Prove that F;L; - F,L, = BL; - BL,.

(c) Obtain the Laguerre theorem from the pp. (a), (b).

Theorem 3.5 (3-Poncelet pairs theorem). Let spheres (O; and Q, touche a plane « on the different
hands. A sphere Q touches these two sphere by the same manner and meets « by a circle w. The
common external tangents to (3; and Q; meet « by an ellipse y. Then there exists a triangle with

circumcircle w and inellipse vy.

Theorem 3.6 (The Grace theorem). Let w and wa be the insphere and the A-exsphere of a
tetrahedron ABCD. Then there exists a sphere passing through B, C, D and touching w, wa.

Problem 31.

(a*) Prove the 3-Poncelet pairs theorem.

(b) Obtain the Grace theorem from the 3-Poncelet pairs theorem.

3.4 Latent Poncelet. Part 1

The using of the Poncelet theorem in olympiad problems do not necessary mean the process
of rotation. Sometimes the configuration is static, and the Poncelet theorem appears in face of the

following simple corollaries:

Corollary 3.4. Let ABC be a triangle with circumcircle O and incircle w. Take an arbitrary
point D on Q. The tangents from D to w (if they exist) meet Q for the second time at E and F.
Then EF touches w.
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Corollary 3.5. Let ABC be a triangle with circumcircle QO and incircle w. An arbitrary chord

EF of Q) touches w. Then the second tangents from E and F to w meet on Q.

Corollary 3.6. Let the triangles ABC and DEF are inscribed into the same conic. Then they are
circumscribed around a common conic; in partial the main diagonals of the hexagon formed in the

intersection of the triangles concur. Of course the converse assertion is also correct.

Problem 32. Denote by w, the excircle of triangle ABC touching the side BC. The circles (ABC)
and w, meet at points X and Y. The tangents at X and Y to w, meet for the second time the
circumcircle (ABC) at points P and Q. Prove that the tangents to (ABC) at points P and Q are

also the tangents to w,.

Problem 33. Let I be the incenter of a triangle ABC, and X,Y be the points on its circumcirle
such that Al = AX = AY. Prove that XY touches the incircle of ABC.

Problem 34 (Preparations, May 2022, P2/3). A cyclic quadrilateral ABCD is given. Let wa and
wc be the incircles of triangles DAB and BCD centered at [4 and I¢ respectively. The common
external tangent to wa and wc meets the circumcircle (ABCD) at points X and Y. Prove that I,

I¢, X, and Y are concyclic.

Problem 35 (IGO-2019, Advanced, P5). A parabola with focus F is given. Consider all triangles
inscribed into the parabola having the orthocenter at F. Prove that all such triangles have a

common circumcircle.

Problem 36. Let O and H be the circumcenter and the orthocenter of a triangle ABC. The line
AH meets for the second time the circumcircle (ABC) at point A;, and the perpendicular bisector
to AH meets (ABC) at points A, and Aj. Points By, B,, B3, C;, C,, C; are defined similarly. Prove
that the Lemoine points of the triangles ABC, A;AA3, B1B;B3, and C;C,C; lie on a circle with
the center on the line OH.

3.5 The latent Poncelet. Liaison with isogonal conjugation

For any pair of isogonally conjugated points there exists an inconic with foci at these points. Hence
it may be useful to rotate the triangle between the circumcircle and this conic. The Skutin lemma and
the Laguerre theorem also can be useful, especially if some other remarkable points are mentioned in
the problem.

Let an ellipse with foci P and Q and the major axis 2a be given. Let a line { touche it at point
X, and P’ be the reflection of P about (. The optical property yields that P’, X, are collinear Q, thus
P’Q = PX + QX = 2a. From this we obtain a simple but very useful result:
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Statement 3.7. Let an ellipse with foci P, Q and major axis 2a is inscribed into a triangle A.

Then the radius of the pedal circle of P and Q with respect to A equals a.

Problem 37 (The third Fontené theorem). Let P and Q be isogonally conjugated with respect to
a triangle ABC.
(a) Prove that if PQ passes through the circumcenter of ABC, then the pedal circle of P and
Q the nine-points circle of ABC.

(b) Prove the converse assertion.
| Remark. The locus of points P from the previous problem is called the Mac-Key cubic.

Problem 38 (SAGF-2024, P7, reformulated). Let a triangle ABC be inscribed into a circle
centered at O with radius R and circumscribed around an ellipse centered at X with minor axis 1.
A point N is the center of the nine-point circle of ABC.

(a) Prove that if the circumcenter O lies on the minor axis, then 2NX =R — L.

(b) Prove that in general case 2NX < R— L.

3.5.1 The orthocenter power lemma

Problem 39 (The orthocenter power lemma). Let O and H be the circumcenter and the
orthocenter of a triangle ABC. Points P and Q are isogonally conjugated with respect to ABC,
and p is the radius of the pedal circle of P and Q. Then

4p*> — HP? — HQ? = —pow(H, (ABC)).
In other words if P, Py, P. are the reflections of P about the sidelines of ABC, then

pow(H, (P.PyP.)) + HP? = pow(H, (ABC)).

Corollary 3.8. Let P and Q be isogonally conjugated with respect to a triangle ABC. The points
P4, Py, P are the reflections of P about BC, AC, AB. Define similarly Q,, Qv, Q.. The orthocenter
H of ABC lies on the radical axis of circles (P,PyP.) and (Q.Q,»Q.) if and only if HP = HQ.

Problem 40.
(a) Let triangles ABC and DEF have a common circumcenter and be circumscribed around

the same parabola. Prove that their vertices lie on an equilateral hyperbola.

(b) (Telv Cohl, 2019) Let A, B, C, D, E, and F lie on a conic which is not an equilateral
hyperbola. It is known that the triangles ABC and DEF have a common orthocenter H. Prove
that H lies on the radical axis of circles (ABC) and (DEF).
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3.5.2 The Aiyer theorem

Problem 41. Let a triangle ABC rotate between a circumcircle ) and an inconic with foci P and
Q. Let M, be the Miquel point of BPCQ. It is easy to see that M, € Q. Prove that the map

A — M, is a projective involution.
Corollary 3.9. All lines AM, pass through a fixed point or are parallel.

Problem 42*. Let a triangle ABC rotate between a circumcircle and an inconic with foci P and
Q. Prove that KABP + £BCP 4 LCAP = const.

Problem 43 (The Aiyer theorem). A triangle ABC and a point P are given. Let P,P,P. be
the pedal triangle of P, and (¢ be the nine-points circle of ABC. Prove that the directed

angle between the tangents to the circles (P,PyP.) and Qo at its common point equals
=+ (90° — LABP — KBCP — LCAP).

3.5.3 Problem 10.4 from the last Sharygin olympiad

Problem 44 (The Brocard porism). Let a triangle ABC rotate between a circumcircle and an
inellipse with foci P and Q. Suppose that for one position P and Q are the Brocard points with

angle @. Prove that for all positions P and Q are also the Brocard points with angle .

Problem 45. Let M, H, O, and L be the centroid, the orthocenter, the circumcenter, and the
Lemoine point of a triangle ABC.
(a*) (Sharygin olympiad 2025, final, 10.4) Let S be the L-Humpty point of the triangle LHM,
and L* be the inverse map of L about the circumcircle. Prove that SL* || MH.
(b*) Let T be the M-Humpty point of ALOM, and M* the inverse map of M about the
circumcircle. Prove that TM* || OL.

Remark. The assertion (b) can be reformulated: the inverse map of M about the circle with

diameter OL lies on the circumcircle of ABC.

3.6 Around classical proof of the Poncelet theorem

This subsection contains problems about the coaxial circles lemma and classical properties of the

Poncelet polygons (see the details in subsection (1.7)).

Theorem 3.7. Let a natural number 2 < k < [5] be given. A polygon AjA;...A, rotates
between two circles. By the theorem (1.13) the line A A, , i touches some fixed circle. Then the

touching point projectively depends on A;.

Remark. Define in a natural way the cross-ratio of tangents to a conic. Then we can say that

the line A A, ;2 projectively depends on A;.
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Corollary 3.10. Let a polygon A;A;...Aj 1 rotate between two circles. Then the touching

point of the sideline A, ;A ., with the incircle projectively depends on A;.

Remark. The corollary (3.10) was proposed on the Summer conference in 2022 (project [2],
problem 25). Any of participants could not solve it, and the authors of the project had then only

a complicated algebraic proof. A simple synthetic proof which we propose to do was found later.

Problem 46.

(a) (Generalized Poncelet homography). Let circles Q and y be given. The tangents from an
arbitrary point A € Q (if they exist) to y meet Q for the second time at points B and C. By
the theorem (1.13) all lines BC touche some fixed circle. Let K be the touching point. Prove
that K projectively depend on A.

(b) Prove the theorem (3.7).

Remark. The theorem (1.7) yields that the standard and the generalized Poncelet homographies
hold also for conics having at most two common points. But we allow to use these assertions for an
arbitrary pair of conics: you always may use the standard homography, and use the problem (46)
— after solving it. If you want to know the general proof of these facts we will give it in the

additional section.

Problem 47 (D. Brodskiy). Let a circle w lie inside a circle I'. Let X € w,Y € T be two cyclists
starting from two closest points of w, " and moving along these circles in the same direction with
equal angle velocities. Let P, Q be points on w such that PX = QX = XY. Prove that PQ touches

a fixed circle.

Problem 48. A circle w lies inside a circle w. Consider a closed chain of circles vi,v2,.-- Vo
such that y; centered at O; touches externally w, touches internally Q, and touches y; 1, vi.1 (as
usual, Yi+on = vi). Prove that all lines O;0;,, concur, and their common point depend only on

w and Q, but not on the chain.

Problem 49 (SMT 2024, generalization). A polygon A;A;...A;, rotates between two circles.

> i1 AiAin

: is constant.
A

Prove that the value "
| An

Problem 50.
(a*) A polygon AjA;...A, rotates between two circles. The line A;A;,; touches the incircle

at point X;. Prove that the mass-center of X;, X5, ...X,, is fixed.
(b) A polygon A A;...A, rotates between two circles, and a point P is fixed. The line A;A;
touches the incircle at point X;. Prove that ) [, PX? is constant.

2 A :
(c) Let now n = 2m. Prove that > " /\/\Tﬁ—l*“] is constant.
- m-+i/tm+i+
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The (im)possibility of construction of bicentral polygons using a compass and a ruler is very
interesting. We practically do not touche it in the project and give only the following problem, which

yields that it is .sufficient to construct polygons with odd number of sides

Problem 51. A circle 3 lies inside a circle «. It is known that there exists a n-gon inscribed into
« and circumscribed around 3. Using a compass and a ruler construct a 2n-gon inscribed into «

and circumscribed around some circle 3’ coaxial with « and f3.

3.7 Different

We do not tend to the maximal generality of results in this section. In many problems a circle may
pe replaced to an arbitrary conic with two foci. If the difference seems essential, we formulate both
version (see for example the problem (53)). But often the solution is practically the same (of course if

your solutions is appropriate). We propose to you to verify this.

Problem 52. Solve the problems (23), (24), (25), (28), (32) z (56a) if the (ex)incircle is replaced

to a conic with two foci.

Problem 53. Let a triangle ABC rotate between a circumcircle and an inscribed
(a) (Sharygin olympiad, 2023, final, 10.4) circle
(b*) (Xiuyi Chen, aka LoloChen, 2024) conic
centered at X. Let A; be the reflection of A about X. Prove that the point isogonally conjugated

to Ay with respect to ABC moves along a line.
The following problem is in some sense the converse to the Skutin lemma.

Problem 54* (Xinchen Yu, 2024). A triangle ABC rotates between a circumcircle and an inconic
centered at X. Let G be the centroid of ABC, and a point Y be such that G—Y> = —ZG—)>(. Prove that

Y is isogonally conjugated to a fixed point.

Remark. If the conic is the incircle, then Y is the Nagel point isogonally conjugated to the center

of the positive homothety of the incircle and the circumcircle, which is clearly fixed.

Problem 55**. It is easy to see the similarity of the problems (23), (25), and (28). Formulate a

general assertion including them.

Problem 56.
(a*) A hexagon ABCDEF rotates between two circles. Let P be a fixed point, and points Q,
R be isogonally conjugated to P with respect to the triangles ACE and BDF respectively.

Prove that all lines QR are concurrent or parallel.

(b**) Let a hexagon ABCDEF rotate between two arbitrary conics. The circumcircles of

triangles ACE and BDF meet for the fourth time the circumconic at points X and Y. Prove
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that all lines XY are concurrent or parallel.

We will call a family of circles a copula, if the centers of all these circles are collinear, or there

exists a point having the same power with respect all circles.

Problem 57. Let the triangle A rotate between two arbitrary conics. Prove that its

(a*) circumcircle

(b**) nine-point circle

lies on a fixed copula.

3.7.1 The Poncelet broken lines

The inclosed Poncelet broken lines were educated by the geometers. For example see the problems
7 and 10 from the previous project about Poncelet. In this subsection we educate them more detaily
and prove several assertions generalizing the known facts concerning the Poncelet polygons.

Formulate firstly a simple assertion which is interesting itself and can be useful in several problems

of this subsection.
Statement 3.11. Let { be the radical axis of circles w;, w;, centered at O; and O, respectively.

Prove that | pow,, (P) — pow,,, (P)| = 20,0 - dist(P, ¢).

We do not give the proof, you can obtain it projecting the point to the centerline and counting
the segments.

Return to the subject. Consider firstly the broken lines with one link

Problem 58. Let AB be a moving chord of a fixed circle w centered at O, and P be a fixed point

inside w. Prove that the following assertion are equivalent:

e The line AB touches a fixed conic with focus P.
e The circumcenter O of (PAB) moves along a circle or a line.

e The projection of P to AB moves along a circle or a line.

Problem 59. An inclosed three-links broken line rotate between a circumcircle and an inconic.
Let w be the circumcircle of the triangle formed by the links of the broken line.

(a) Suppose that the inconic is a circle. prove that w touches two fixed circles.

(b*) Prove that in general case w lies in a fixed copula.

Remark. This problem generalizes the points (a) and (b) of the problem (20). The authors do

not known is it possible that the circles from p.(a) degenerate to lines.

Problem 60. A circle Q) and a conic with foci P and Q are given. The tangents from an arbitrary

point A € Q to the conic (if they exist) meet for the second time Q at points B and C.
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(a) Prove that the point isogonally conjugated to P with respect to ABC moves along a circle

or a line.
(b*) Prove that the pedal circle of P with respect to ABC lies on a fixed copula.

(c*) Let M be the Miquel point of BPCQ. Prove that there exists a fixed inversion or
symmetry mapping A to M.

Remark. The p.(c) yields that M projectively depends on A and moves along a circle or a line,

and all lines AM concur. Thus this problem generalizes the problem (41).

Problem 61. An unclosed three-links broken line ABCD rotates between two circles. Let £ be the
second common external tangent to the incircles of triangles ABC and BCD.

(a*) Prove that the common point of { and BC moves along a line.

(b*) (G.Zabaznov) Prove that { touches a fixed circle or passes through a fixed point.
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Opuramu

ITpoekT mpeacTaBJIsIIOT:
Kanenb-Bemos A. 4., Koprees C.A., Humos ®.K.,
Ononpuenko A.A., I[lepuaunkuit J1.J1,
[Tosnozkos C.C., Pomanosa I1.C.,
Amenko 11.B.

Besiuknii poccuiickuit maremarnk B./. ApHoJib cchopmMympoBasl MHOXKECTBO KPACHBBIX
3aJiad. B yactaOocTH, B 1956 romy oH chopMympoBa CASAYIONYIO 3aa9y 0 MITOM pyo.ie.

ITpo6siema 1. MoKHO Jit CJIOXKUTH [TPSIMOYTOJIBHBII JnCT OyMaru (KyIopy) Ha IIOCKOCTH
TaK, 4YTO MEPUMETP MOJIyUICHHON (DUTYPBI IPEBLICUT [IEPUMETD MCXOJHOTO JINCTA?

Cpazy BO3HHKAET BOIPOC: UTO 3HAYUT “caooicums’” B popmyaupoBke? B 3aBucumocT ot
Pa3HBIX OIpPeJIe/IEHHUIT 1T0JTyIal0TCs pa3HbIe OTBETHI.

Yupaxkuenue. [Ipon3BosibHBIIT MHOTOYTOJBHUK M COrHYJIM BJIOJIB TIEpeceKaromieil ero
psIMOit 1 noJyunan Muoroyroabuuk M'. Jlokazkure, 9T0 €ro nepumMerp He yBeIHUNICs.

13 ynpaykeHust BbIlle HEMEIJIEHHO CJIEJIYeT, 4TO IHPH JIFOOOM UHC/Ie I0C/e0BaTeIbHbIX
neperndb0oB HEBO3MOYKHO YBEJIMYNTh IIEPUMETP JaHHOI'0 MHOIOyroJibHIKa. Ha pucynke HiKe
IIOMUMO TIepernda n3obparkeHa Jipyras olepals, KOTOpyI Ha30BEM 0m2ubom.

OueBnIHO, YTO OHA YBEJIMINBAET HMEPUMETP, OJHAKO 0 CHUX ITOP OCTAETCS OTKPBITOI CJIe-
JIYIOIIIAS

IIpobaema 2. Mooicto au ysesusums nepumemp MHO20Y20AbHUKE, NOCACIOBAMENLHO Gbi-
NOAHASA NEPE2UODL U 0M2UODL?

Bo3MoKHO, y BAC TMOJYIUTCA €€ PENnTh.
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[Ton craadviearuem MOXKHO ITOHUMATDH eIné OoJiee OOIIYIO OIEepaIio: IpejcTaBbTe cede,
YTO Mbl pa3METHIN CKJIAJIKK 3apaHee M CrubaeM JIUCT MEJIMKOM, TakK, UTO Bce 00JiacTh, Ha
KOTOpbIe Pa30UT JIUCT CKJIAKAMI, OCTAIOTCS TIJIOCKIMU, & ITepernOanme mponcxouT TOJIHKO
o ckjajgKkaM. Ha kapTunke Huzke m300parkena cCOOTBETCTBYIONIAS PA3BEPTKA U CJIOYKEHHBIIH
13 Heé SMOHCKUI YKy paBauK. ToUedHbIM YHKTHPOM 0003HAYEHBI CKJIA K, KOTOPhIe T00aB-
JISTIOTCSI TIPU PACIIPAB/IEHUE KPBLIbEB, 3arnOaHIN TIIer, XBOCTA, 1 TOJIOBBI (I0JI0Ba — IPaBbIil
HUZKHUN YT'0JI, KPbLJIbs — JIEBBI HUXKHUNI U IIPaBblil BEPXHUI, XBOCT — JIEBLII BerHI/If/’I).

TakuM ke 00pa3zoM, MOYKHO PACCMOTPETH JIIOYIO abcmpakmuyto cremy opuramiu (pasome-
HUE JIAHHOTO MTPSIMOYTO/ILHIKA HA MHOTOYTOJTLHUKH, T/Ie 110 CTOPOHAM MHOTOYTOJTLHUKOB, He
JIEYKAIIX Ha TPAHUIE UCXOHOTO MPSIMOYTOJIbHIKA, MOTEHIINAIBHO TIPOBOUTCS CrUbAHNE).
BecbMa HeTpUBHAIBLHBIM BOITPOCOM SIBJISETCS HAAUYUE PEAAU3AUUL daHHOT abCmparm.-
HOT CTEMBL (M. €. MOHCHO AU NPOBECTNU COOMBEMCMEYIOULEE U32UOAHUE NO HAPUCOBAHHBLM
craadkam). Bbiio Obl IHTEPECHO TOJIYUUTh B HEM NpojiBrzKeHnst. Harmeii 1iesbio Oyier pe-
[IeHNe CJeIYIONNX JIBYX 3a/1ad.

aga4da 1. Jlokaoicume wmo cywecmsyem abcmpaxmman CTrema opu2amu, 1YGeAUUUBaI0-
wWas nepumemp.

Bamaua 2. Moowcro au nepumemp cdesamnv ckoav y200Ho bosvULUM Y

IIpaBmia nmocTpoeHust opuramMm

Mpbr HauHéM ¢ POPMYJIMPOBKU 7 TIPABII, KOTOPBIMU MOJIB3YIOTCS OpUraMucThbl. 11010010
IIOCTPOEHUIO C TTOMOIIBIO IUPKYJAS U JIMHEHKU, OPUTaMU-IIOCTPOCHUE COCTOUT U3 MOCJE/I0-
BATEJIbHOI'O CKJIAJIBIBAHUS JIMCTA 110 IIPAaBUJIaM U3 39TOrO CIIICKA.

1. JIuct MOXKHO CJIOKUTH TaK, 9TO JBE OTMEUYeHHbIC TOUKN OyayT Ha ckiaajke. (Puc (a)).

2. JInct MOXKHO CJIOKUTH Tak, 9TO OJJHA OTMEUYEHHAs TOUKA TEPefieT B JIPYTyI0 OTMEYeH-
ayto Touky. (Puc (b)).

3. JIncT MOXKHO CJIOKHUTD Tak, ITO OTMEUEHHAS TOYKA IOMAJIET Ha CKIAJKY, & OTMEUeHHA
psiMast TIepeiiIeT B cebst (TO eCcThb, JTMHUS CKIAIKN Oy/er ei neprenukysapaa). (Puc (¢)).
4. JIuer MOXKHO CJIOXKHUTH Tak, 4TO OTMeYeHHasl [psMasl MepeiéT B APYry0 OTMEUeHHYTO
npsmyto. (Puc (d)).

5. Ilycrs ormedensr mpsivast p u e Toukn A u B. Torma gt MOXKHO CJIOKUTH Tak, UTO
Touka B nonaaét na ckiaaky, a A ma npsamyio p. (Puc (e)).

6. [Iycrn ormedenn! jiBe npambie p u ¢ u ase Touku A u B. Torpa JucT MOXKHO CJI0KUTD
Tak, 9TO TOYKa A momagéT Ha mpsiMyto p, a Touka B monaaér wa npsvyto ¢. (Puc (f)).

7. Ilycrb ormedens jiBe mpsivble p 1 ¢ 1 Touka A. Toryia JmeT MOXKHO CJIOKHUTH TaK, UTO
Touka A MOMaIET Ha MPIMYI0 p, a psgMas ¢ nepeiiiér B cebs (To ecThb, JMHUS CKJIAJIKH
oymer eit neprennukynsipua). (Puc (g)).
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Bamaua 1. [an kBajipaTHblil jucT Oymaru co croponoit 1. OTMmepbTe Ha 9TOM JINCTE pac-

CTOAHNIE %

Bazaua 2. Ha sincre 6ymarn orMedennsl Tpy BepIinHbl Tpeyrosbinka. [Iposennre opuramn-
IOCTPOEHIUE ero MEHTPa OMUCAHHOM OKPYKHOCTH, OPTOIEHTPA 1 TOUKH [IePECeTCHUsT Me/THAH
1 yOeUTech, 9TO OHME JIEXKAT Ha OJIHOM mpsiMoii (Ditrepa).

3asma4ga 3. [IpoBennTe opuraMu-mocTpoeHne MpaBUJILHOTO TPEYTOJIbHUKA.

Bamaua 4. Qejs orMeTs Ha jucte Oymaru Tpu Touku. CmorkeT ju JlaHuma cCorayTh JINCT
110 HEKOTOPOI MPsiMOil Tak, 4TOOBI 9TH TOYKHM OKa3aJIICh B BEPIIMHAX PABHOCTOPOHHEIO
TpeyroJbHIKa?

3amada 5. [IposeuTe opuraMu-rnocTpoeHne mpaBuibHOIO MSATHYTOJIHLHUKA.

3amada 6. [IposeuTe opuraMu-mocTpoeHne MpoM3BOJIHLHOIO MTPABUILHOTO HEUETHOYTOThb-
HUKA.

Bagada 7. MoxKHO Jin TPOBECTH OPUTAMU-TIOCTPOEHUE TIPOU3BOJILHOTO IIPABUILHOTO YET-
HOYTOJIbHUKA?

Banaua 8. (Tpuceknus yria). Pasbuts JaHHBIA yros Ha TPU PABHBIC YaCTH, MCIOJIb3YSI
KapTUHKY (

A
Bagaua 9. (Vasoenne Ky6a) [TocTponTh j1Ba 0TpPe3Ka ¢ OTHOMIEHIEM JITHH /2, HCIOJIb3Ys
kapTuHky (B
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3amaga 10. JIémura Bbipe3as u3 OymMaru KBaJipaTHbI JiucT co ctopoHoi 2024. CmorxkeT Jin
oH, cjiesiaB He Oosiee 20 cruboB, IOCTPOUTH OTPE3OK JTUHBI 17

Bamaua 11. Qejis BoIpe3as u3 OymMarn KajpaTHblil et co croponoit 2016. Cmoxker Jin
OH, ¢JieJiaB He DoJiee JIecsT CruboB, MOCTPOUTH OTPE30K JJIMHBI 17

Baga4a 12. [locrpoiiTe cKOIb YIOJHO MHOIO CIHOOB, KACAIOIINXCA HEKOTOPOI HapadoJIbl.
Bagada 13. [locrpoiiTe cKoIb YIOJHO MHOIO CIUOOB, KACAIOMINXCA HEKOTOPOIrO SJIJIAIICA.
Baga4a 14. [TocrpoiiTe CKOJIb YIOZHO MHOIO CI'EOOB, KACAIOIINXCA HEKOTOPO IUIIepOOJIbL.

Baga4a 15. [lokaxkure, 4TO I JIFOOYIO TOUKY, KOTOPYIO MOXKHO IIOCTPOUTH C IOMOIIBIO
IUPKYJIST U JIMHEHKH, MOYKHO IIOCTPOUTH CIrUOAHUSIMIA.

Sama4da 16. /laH 1eHTp OKPYKHOCTHU, TOUKA Ha OKPYKHOCTU U IIPOU3BOJIbHAA TouKa M,
oTIMm4YHaA oT 1eHTpa. llposennrte opuramu-nocrpoenns Toukn M’ mnsepcnoii Touke M
OTHOCHUTEJIbHO OKPYZKHOCTH.

3aga4ga 17. MoxKHO i1 OpUraMu-1rocTPOEHNEM pPa3/Ie/IuTh JIaHHbINH YTOoJ1 Ha 5 PaBHBIX Ya-
creit?

Samga4da 18. MoxKHO Jin OpUraMu-IIOCTPOEHNEM pPa3/Ie/IuTh JaHHbI Yo/ Ha 7 PaBHBIX Ya-
creii?

3amada 19. MoxKHO /i IOCTPOUTH JIBa OTPE3Ka ¢ OTHOIICHUEM JIJTNH 77!

Cepus B: KOHCTPYKIINH, YBEeJINYNBAIONINE TePUMETP

Cuenyromuii npuMmep ocHoBaH Ha ujee Bana flienko, oH Tak:ke JaéT JIUIIb HE3HAUN-
TeJIbHOE YBeJIMUeHne [IepruMeTpa, HO COCTOUT B II0CJIe0BATEILHOM IIPUMEHEHUN OJHOIO U
TOIO »Ke IMPOCTOro jeiicTBust. Ecjim MOBTOPUTH €ro J0CTaTOYHO MHOI'O pa3, TO IOJIYIUM
urypy ckoJib yrojHo 6JiM3Ky0 K (urype cipana, y He¢ epuMeTp cjerka 0oJjbiie deM y
KBa/[paTa.

3amada 1. Pazbepurech B 3TOM MOCTPOCHUN U JIOKAXKHUTE, YTO STOT MPOIIECC JIeHCTBUTE b
HO JIa€T yBesmdeHue rnepumerpa. OLeHUTe YKucJIO IOBTOPEHHil, 110ce KOTOPhIX IEePUMETP
CTAHOBHUTCSI OOJIBIIIE TIEPUMETPa UCXOIHOr0 KBaJjipaTa. Haitiure KoJimaecTBo CJIOEB B caMOM
TOJICTOM MeCT€ IOJTyYeHHO! (PUTYPHI.

[IpeamooxKmM, KBapaT CJI0XKEH B BUJIE TI0CKOH purypbl. OTMeTHUM BCe ero CKJIA KU 1
pasBepuéMm. CKJIaJIKK JIaloT pa3dneHne KBaJpaTa Ha MHOIOYTOJILHUKHI, KaK, HAllpuUMep, Ha
JIEBOIT KApTUHKE B PUCYHKE BbIIE. ITO pa3dueHne Ha3bIBACTCsI CETKOM CKJIaJI0K.
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Sagaua 2. [okaxkure, 9T0:

a) MHOIOYTOJIbHUKH B CETKe CKJIQJ0K MOXKHO PACKPACUTH B YEpHBIH 1 GeJiblil 1BeTa Tak,
4TO COCEJIHUE 110 CTOPOHE MHOIOYTOJbHUKHM UMEIOT Pa3HbIil 11BET;

b) 1pu 3moM cyMMa YEPHBIX YIJIOB, CXOJSIIUXCST B OJ[HON BHYTPEHHEil BepIInHe CETKH PABHA
180°;

c) nocrpoiite pasbreHne KBajipaTa Ha MHOIOYTOJTBHUKN TAKOe, 4TO JIJIsk HEIO BBITOJTHSIIOTCSI
ycaoBus 1 1 2, HO 1IPU 3TOM OHO He SIBJISIETCs CETKOM CKJIAJIOK.

Bamaua 3. [Ipe/os0:KiM, BBITYKJbIE MHOTOYTOJMBHUK M MOYXKHO CJIOXKHTH Ha, ILJIOCKO-
CTU B BHUJIE JIDYTOTO BBITYKJIOrO MHOroyrojbuunka M. /lokaxkure, uro nepumerp M, ne
npeBocxoaut nepumerpa M. (B gactrocTH, U3 KBajpaTa HeJIb3sl CJIOKUTh BBIMTYKJIbI MHO-
TOYTOJIbHUK C OOJIBIITIM TTEPUMETPOM ).

HazoséMm durypy F' BKIAIBIIIEM, €C/IN OHA YIOBIETBOPSIET CJIEIYIONEMY YCJIOBUIO: JIIOOYIO
IJIOCKYTO (pUTYPY, KOTOPYIO MOYKHO CJIOYKUTH U3 F', MOYKHO MOJTHOCTBIO HAKPBITH Komneit F'.
Hpyrumu ciosamu, ecin gurypa F” cioxena us F', o F' KoHrpysHTHA NOAMHOKeCTBY F.

3ama4a 4. BepHo Jin, YTO KPYI'M U TOJIBKO OHU SIBJISTIOTCST BKJIQIBIIITIAME !

Cepus B: usrubaembie u >KECTKHEe MHOTOIPDAHHUKM, X 00bEMBI

[ITupoko uzBecTHa hopmyJia ['epoHa, BeIpazKarolas 10 b S TPEyTroJbHUKA Yepes JIJI1-
HBI €r0 CTOPOH a, b, c¢:

S=+p®—a)(p—b)(p—rc)

Eé moxxmo IepelncaTb B BUJEC:

1
S? — E(2a2b2 + 2a%c® + 2b%c? — a* — bt — c4)

K coxkajenuto, 9ra popMysia He pacipoCTPaHAeTCd Ha IPOU3BOJIbHbIE MHOIOYTOJIbHIKHN.
O1HaKO, MOYKHO IIBITAThCS PACCMATPUBATH MHOTOYT'OJIBHUKI HEKOTOPOI'O CIIEIIa/IbHOIO BH-
Jla, HAIIlpUMep, BIIMCAHHBIE.

3asma4ga 1. BeiBejiure aHAJIOINUHYIO0 (DOPMYJTY, BBIPAYKAIONIYIO ILJIOMA b Yepe3 JJINHBI CTO-
POH, JIJISI BIUCAHHOI'O YeTbIPEXYTOJIbHUKA.

Samaua 2. CymiecTByeT Jin aHaJoTTIHass (POPMYJIa, BhIpazKalolasl II0Ma b 9epe3 JIJINHbBI
CTOPOH, JIJIT BIIMCAHHOIO MHOTOYTOJIbHIKA !
A 9TO IPOUCXOAUT B MpOCTpaHCTBE?

3asa4ga 3. BeiBejiure ciie1yontyo (hopMyJry, BEIparKarolyo 00beM TeTpasjipa depe3 JI/I1-
HBI ero pedep:

Vie BRG4GB - )
HHEQ B G+ E -G -0+ BURG + 5+ B+ -1 — 1)
— LlylG — Llgls — Liglg — Ll
Hazopém uszubaruem mHo20y2000HUKe HEIIPEPHIBHYIO 1eOPMAIIIIO Ha, IIJIOCKOCTH, IIPU

KOTOPOIl M3MEHsIeTCsI XOTsI Obl OJIUH U3 YIJIOB, HO pEOPa OCTAIOTCsl PABHBIMH HCXOIHBIM.
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JIerko MoHSITH, YTO TPEYTOJILHUK SBJISETCS HCECMKOU (uzypoli, T.e. OH He JIOIMYCKaeT
n3rudbanuii. B To ke BpeMs NpPOU3BOJIbHBII MHOIMOYTOJBHUK C OOJILIITMM YUCJIOM BEPIINH
yKe sIBJisieTcst u3rudaeMbiM. A 9TO TPOUCXOAUT B rpocTpancTBe? HamoMHuM HeKOTOpBIE
Ol pe/IeJICHNS.

MHOZOZpCLHHU,’K}OM MbI Ha3bIBa€M TaKyIO COBOKYIIHOCTb KOHE€YHOI'O YUCJIa IIJIOCKUX MHOI'O-
YI'OJIbHUKOB B TpéXMepHOM €BKJIMJOBOM IIPOCTPpaHCTBE, 4YTO:

a) Kaxkjiasi CTOpOHa JII0O0ro M3 HUX $BJISETCS CTOPOHOH B TOYHOCTH eIlé OJJHOIO MHOIO-
YIOJIbHUKA;

b) or 06010 U3 MHOTOYTOJHHIKOB MOYKHO MEPEiTH K JTI0OOMY JIDYTOMY MO TEIOYKE MHO-
rOyTOJIbHIKOB, B KOTOPOI TOC/Ie/[0BATE/IbHbIE MHOTOYTOJIbHUKI NMEIOT OOIIYIO CTOPOHY;

C) ecJIu JiBa MHOTOYTOJIbHIKA UMEIOT ODIIY 0 BEPIIIHY, TO COCJINHSIIONLYTO MX [EMOYKY MOK-
HO COCTaBUTH U3 MHOT'OYI'OJIbHUKOB, KOTOPbIE BCE UMEIOT 3Ty BEPIIUHY.

OTMeTHM, YTO MHOIOTPAHHUK MOYKET UMETb CAMONEPECEYEHUA, T.e. 00Pa3yIOIIne ero MHO-
TrOYTOJILHUKN MOTYT TIePeceKaThCs.

HazoséM uzeubanuem mrozo2partuka HEIPEPHIBHYIO J1epOPMAIIIO B IPOCTPAHCTBE, MTPH
KOTOPOIT M3MEHAeTCsI XOTsI OBbI OJIUH U3 JIBYTPAHHBIX YIJIOB TPHU PEOpax, HO IPAHN OCTAIOTCS
PaBHBIMU UCXO/IHBIM.

Bamaua 4. [lycts B npocrpancTse jaH 9eTbIpéxyroibHnk ABCD ¢ paBHBIMU IIPOTHBO-
noJsioxkHbiME cTopoHamu AB = CD, AD = B(C', BepmuHbl KOTOPOI'O HE JIeXKAT B OJIHOI
miockocT. Obo3HauInM Yepes | IpsiMyIo, IPOXOISINYIo depe3 cepeannnl auaronasieir AC n
BD. Ilycrs N — mpounsBojibHast TOUKa IpocTpancTBa, omanas ot A, B, C', D u He jexa-
mast Ha ocu [. [Tycts Touka S, cummerpudna Touke N oTHOocuTe bHO [. CoenHUM TOUYKE S
u N orpeskamu ¢ BepiimHamu deTbipéxyrosbanka ABCD. Pacemorpum obpaszoBaBiiniics
oktasp ABCDSN. Jlokaxkure, 9T0 OH JIOIyCKaeT N3IHOaHMUsI.

Bana4a 5. [lycrs B npocrpancTBe gaH deThIpéxyroibHuk ABCD ¢ monmapHO paBHBIME
croponanut AB = AD, CB = CD. PaceMorpuM ILJIOCKOCTB P, TPOXOIAIILYIO depe3 JIna-
ronajib AC nepnenjiukysasprao guaronasn BD. Bosbméwm j00yio Touky N, He JIeXKAallyto
Ha IIJIOCKOCTH P U OTJIMYHYIO OT BepinuH deTbipéxyronbHuka ABCD. Ilycts S — Touka,
cummerpudHast N oTHOocuTeIbHO TIocKocTH p. CoejiunuMm Touku S u N oTpe3kaMu ¢ Bep-
mmHamMu derbipexyroyibianka ABC D. Paccemorpum obpasosasimiics oktasap ABCDSN.
JlokazknTre, 9TO OH JIOIyCKAET N3rNOAHUSI.

OTMeTuM, YTO OKTa’/IPhl U3 MPEJbLIYINNX 3a/lad UMEI0T caMornepecederus. CyiecTByer
eI1é POBHO OJIUH TUIT H3ruHAeMOro OKTadIpa (TakKe ¢ caMoIlepecedeHusiMI ). DTH OKTAIPhI
ObLT OOHApYKeHbI OestbrufickuM nHxKkeHepom Pere Bpukapom B 1897 romy. A cyIiecTByioT
JIn m3rnbaeMble MHOMOTPpAHHUKHI 0e3 camoliepecedeHnii?

B 1975 roxy amepukanckuii maremaruk Pobepr Konuesum npujgymasi, Kak n3daBUTbCsI
OT mepecevenrsi (Tak HasbiBaeMble «3apyOkn KoHHE M ), 1 MOSABUINCH «HACTOSIIIIEY U3-
rudaembie MHOrorpanuuku. B 1978 r. aemenkum maremarukom Kiaycom Ilreddenom ObLi
HaflJleH MHOIOIpaHHUK 0e3 camoliepecedeHnii, nMmerommuii Bcero 9 Bepiun u 14 rpaneii.

Bamaua 6. Ckieiite muororpannuk [lteddena coracHo pa3seprke HIZKe U yOeUTeCh B
TOM, 9TO OH JIOIyCKAaeT M3TnOaHNUs.
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omonaenne: Teopema Konm, koncrpyknusa TapacoBa

Bama4a 1. [lycTb Ha HEKOTOPBIX pedpax BBIIYKJIOIO MHOTOIPAHHUKA PacCTaB/IeHbl 3HAKI
“+ “u “— “ Torma Haiijercs BeplIrHa, IIpHU 00X0jie BOKPYT KOTOPOI IIPOUCXOIUT MeHee 4
1epeMeH 3HaKa.

[Tycts Ay, Ag, ... A, — coBoKymHOCTH TOUeK Ha cepe. CoBoKymHOCTD ayT A1 As, As Az, ...
A, 1A, A, A 6onbIux KpPyroB Ha cdepe HA3bIBAETCA CHEPUMECKUM MHO20Y20ADHUKOM.
Kazkmast 13 ayr COBOKYIHOCTH HA3BIBAETCS CMOPOHOt ¢chepuniecKkoro MHOIOyTroJbHIKA. Ve-
AOM CPEPIIECKOI0 MHOTOYTOJIbHIKA HA3BIBAETCS YIOJ MEXKIY KacaTeIbHBIMU, IIPOBEIEH-
HBIM K CMEXKHBIM KacaTeJbHbIM B ux obmieit Bepmune. Cdepudeckuii MHOIOYTrOJIbBHIK Ha-
3BIBACTCS BVINYKAbLM, €CTU OH JIEZKUT II0 OJHY CTOPOHY OT KarKI0i OOJIBIION OKPY?KHOCTI,
cojiepxkaleil cropony. Karkjiblii BBITYKJIbIII MHOIOI'PAHHBIN yIroJ ¢ BepHInHOI S Bbipe3a-
eT Ha cdepe ¢ HeHTPOM S BBIYKJIbIH chepuIecKnii MHOIOYTOJbHAK. 3aMETHM IIPU 9TOM,
9TO PaBHBIM ILJIOCKHM YTJIaM MHOTOI'DAHHOI'O yIJIa COOTBETCTBYIOT paBHbIE CTOPOHBI Che-
PUIECKOr0 MHOT'OYTOJIBHUKA, 8 PABHBIM JIBYIPAHHBIM YIJIaM - PaBHBIE YIUIBI C(hepuIecKoro
MHOTOYTOJIbHUKA.

Ilycts A1As ... A, u B1Bsy ... B, - 1Ba cdeprnieckux MHOTOYTOJbHUKA ¢ COOTBETCTBEHHO
paBabiMu cTopoHamu A;A; 1 = B;B;y1. llpunumem kaxkaoii Bepmnbe A; 3HaK + W -
B 3aBUCUMOCTU OT TOI'O, OOJIBbIIE MJIM MeHbIe OH yrjia npu BepiinHe B;. Eciau aTu yribl
PaBHBI, TO BEPIINHA OCTACTCA HEUTPAJJIbHOI.

Bamada 2. [lycTb y JIBYX BBIIYKJIBIX MHOIOYT'OJILHUKOB Ha cepe COOTBECTBEHHbBIE CTOPO-
HbI DABHBI, & CPEJIN COOTBETCTBEHHBIX YIJIOB €CTh HepaBHble. OTMETUM 3HAKOM «-f» (Win
«-» ) BEPIIIHBI TEX YTJIOB IEPBOTO MHOIOYTOJTbHIKA, KOTOPbIE CTPOro OOJIbIIE (/I MEHBIIIE )
COOTBETCTBYIOIINX YTIJIOB BTOPOTO MHOTOYTOJIbHUKA. /loKazKuTe, 9T0 4YnCJ/Io IMepeMeH 3HaKa
1pu 00X0Jie BEPIINH ITePBOTO MHOTOYTOJILHUKA He MeHbIIe 4.

3aMeTuM, UTO yTBEpKJeHue IpeblayIieil 3a1adu jjisi HEeBbIIYKJIbIX MHOI'OYT'OJBHUKOB
ABJISIETCS HEBEPHBIM.

Bamaua 3. [lycrb gBa BBITYKJIBIX MHOIOIPDAHHBIX YIVIa HMEIOT COOTBETCTBEHHO DaBHBbIE
miockue yribl. [Ipummimem kazkgoMmy pedpy MepBoro MHOTOTDAHHOIO YIUia 3HAK «+» (miin
«-») B 3aBHCUMOCTH OT TOTrO, OOJIbINe (MJIM MEHbBINE) OH COOTBETCTBYIOIIETO JIBYTPAHHOIO
yIJIa JIpyroro MHOrorpaHHoro yriia. Toraa 9uc/io mepeMen 3Haka mpu 00xojie pebep mepBoro
MHOIOI'DAHHOTO YIJIa He MeHbIIe 4.

3ama4ga 4. Teopema Kormm. /[Ba BHITYKJIBIX MHOTOT'DAHHIKA C COOTBETCTBEHHO PABHBIMUI
IPaHAMU, UMEIOINe OJINHAKOBBIIT KOMOMHATOPHBIN THUII, PABHBI.

[lepeiieM K KOHCTPYKIINN yBEINIEHUSI IIEPIMETPa MATOrO PyOJIst, IPUAYMaHHOI AjTeKkce-
em TapacoBbiM. AHUMAIINIO MOYKHO [TOCMOTPETD Ha 3aMevdaTesbHOM cafite https://etudes.
ru/etudes/napkin-folding-problem/

BosbMméMm KBajparHbIil et Oymarn u pasodbéMm ero Ha KjieTku, Hainpumep, 4 X 4. Pac-
KpacuM KJETKH B IMAXMaTHOM IIOPSAJKE B JBe KPAaCKH W B KaxKJIOM KBajpaTe H3 IeHTPa
IIyCTUM OIIpEJIe/IEHHOEe KOJIMYEeCTBO Jiyueil. PaccTaBuM B KpacHBIX KBaJIpaTaX 3eJIEHbIE 3BE3-
JIOUKHU TaK, 9TO0bI UX Pa3Mep YBeJUUNBAJICS IPU XOXKIEHUU 110 CHUPAaJId. Ternepb CJI0XKUM
JicT OymMaru B IIOJIOCKY, 3aTeM B IIPSIMOYTOJIbHUK, U B CAMOM KOHIIE — B TPEYT'OJIbHUK. DTa
CJIOMKa, yCTPOEHa CJIeIYIONIUM 00pa3oM. EcTh HECKOJIBKO CHHUX CJIOEB B OJIHOM ITOJIOBUHE,
a B JIpyroil mojoBuHe — KpacHble cjion. Crocod MocTpoeHns 3e/IEHBIX 3BE30UEK OblLI Ta-
KOB, 4TO IIOCJI€ IIPOBEIEHHOIO CJIOXKEHUS OHU YMEHBIIAITCs K CepenHe MHOIOCJIOMHOIO
TpeyrojbHIKa, KaK Obl BJIOXKEHBI Jpyr B aApyra. Hauném cMuHAThH CJIOHKY TakK, YTOOBI CH-
HUe CJION IIJIA BBIIYKJIbBIM 00pa30M Hapy»Ky M KpaCHO-3eJIEHbIe cjion ToyKe. MbI 1mosrydaem
IIOBEPXHOCTh, KOTOPAasi, B KOHIIE KOHIIOB, CKJIAIbIBACTCA B IJIOCKNIT MHOTOYTOJIbHIUK.

Y [OJIy IUBIIErOCst MHOIOYTOJIBHIKA €CTh KPACHOE OCHOBAHHE (CUHIE TPEYTOJIHbHUKH HAXO-
JISITCST TaM 2Ke, BHYTPH CJIONKN ) 1 3ejiéHast rpebéHka. [Ipu 931oM y rpeGEHKE UTOJI0K CTOIBKO

’Ke, CKOJIbKO OBILIO 3eJIEHBIX 3BE304EK, T. €. KPACHbIX KBaJIPATOB.
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A yBesimumiics Jin mepuMeTp OTHOCUTE/ILHO M3HAYaIbHOTO KBajipaTa’ Perena i nocras-
JenHas 3ajada’ Ecam cpaBHUTL GUTYPBI, TO BUIHO, 9TO TEPUMETP CUIBHO YMEHBITUICH.
3aueM 2Ke Torjia CKJIaJIbIBAIN TAKUM CJIOXKHBIM CIIOCOOOM?!

Ha konkpeTHOM IpumMepe ObLIT paccMoTpen oonuil aaroputm. M B 9TOM ajiropur™e ecThb
JIBa, ITapaMeTpa — KOJMIEeCTBO KJIETOK B pa30MeHNN N3HAYAILHOTO KBajIpaTa U KOJTIMIeCTBO
Jaydeil B KaxKjoM kBajpare. [locmorpum, aTo OyeT, ecjin MEHATH 9T MapaMeTphl.

[Ipm ToMm ke paszduenun 4 X 4 OyjaeM yBeJINUnBaTh KojndecTBO N Jiydeil BHyTpH KazKI0i
KJICTKN. DTO MPUBEJET K YTOHBIICHUIO UT0JI0UEK IPEOEHKU, UX MEHbIIEMY [1ePeCceUeHIIO U,
COOTBETCTBEHHO, HEOOBIIOMY YBEIUIECHUIO TIEPUMETPA.

Ectb emé Bropoit mapameTp k — KOJNYIECTBO KJIETOK pa3dueHnsi n3HAYAJILHOIO KBaJIpaTa.
Ecan yBemauBaTh 3TOT apaMeTp, TO 110 TOCTPOCHUIO OYIeT YBEIUINBATHCS U KOJINIECTBO
UTOJIOK B IpebEHKe.

CoBmMmecTHOE yBemdeHne oboux mnapamMerpoB N,k — 1 KOJMIECTBa KJIETOK, U KOJIUICCTBA
Jydeil B KakJIoil KJleTKe — JaéT yBejnmdeHue nepumerpa. HackosibKo ke OH MOXKeT yBe-
JnanBaThes? OKasbiBaeTcs, 10 OECKOHEUHOCTH. A 9TO 3HAYUT, YTO B KAKOH-TO MOMEHT OH
cTaHeT 0OJIbIIle, YeM IIepuMeTp M3HavaIbHOrO KBajpartal

Bajiata 0 MATOM py0OJIe — MOCKJ/IAIbIBATH HPSIMOYTOJbHIK U YBEJIUINTE IIEPUMETP — pe-
mera. Ho cKoJIbKO 2Ke pa3 HaJ0 CKJIaIbIBATDH !

Bamada 5. Onennre napamerpbl Nk, KOTOpbIe JAIOT YyBEJUYEHUE TEPUMETPA CMITOIO
KBaJpaTa.
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Origami

The project is presented by:
Kanel-Belov A.Ya., Korneev S.A., Nilov F.K.,
Onoprienko A.A., Pevnitskiy D.L.,
Polozkov S.S., Romanova P.S.

The great Russian mathematician V.I. Arnold formulated many beautiful problems. In
particular, in 1956 he formulated the following problem about a crumpled ruble.

Problem 1. Is it possible to fold a rectangular sheet of paper (a banknote) on a plane so
that the perimeter of the resulting figure exceeds the perimeter of the original sheet?

The question immediately arises: what does “fold” mean in the formulation? Depending
on the different definitions, different answers are obtained.

Exercise. An arbitrary polygon M is bent along a line intersecting it and the result is
polygon M’. Prove that its perimeter has not increased.

From the exercise above it immediately follows that it is impossible to increase the
perimeter of a given polygon with any number of successive folds. In the figure below,
in addition to folds, another operation is shown, which we will call folding.

It is obvious that it increases the perimeter, but the following question still remains open

Problem 2. Is it possible to increase the perimeter of a polygon by successively bending
and unbending it?

Perhaps you will be able to solve it.

Page 1



By folding we can understand an even more general operation: imagine that we have
marked the folds in advance and fold the sheet as a whole, so that all the areas into which
the sheet is divided by folds remain flat, and the folding occurs only along the folds. The
picture below shows the corresponding pattern and a Japanese crane folded from it. The
dotted line indicates the folds that are added when straightening the wings, bending the
neck, tail and head (the head is the lower right corner, the wings are the lower left and
upper right, the tail is the upper left).

In the same way, one can consider any abstract scheme of origami (dividing a given
rectangle into polygons, where bending is potentially carried out along the sides of the
polygons that do not lie on the boundary of the original rectangle). A very non-trivial
question is the existence of a realization of this abstract scheme (i.e., is it possible to
perform the corresponding bending along the drawn folds). It would be interesting to make
progress in it. Our goal will be to solve the following two problems.

Problem 1. Prove that there exists an abstract origami scheme that increases the perimeter.

Problem 2. Is it possible to make the perimeter arbitrarily large?

Origami Construction Rules

We will begin by formulating the 7 rules that origami artists use. Like compass and
ruler construction, origami construction consists of successive folding of a sheet of paper
according to the rules in this list.

1. The sheet can be folded so that the two marked points are on the fold. (Fig. (a)).
2. The sheet can be folded so that one marked point goes into another marked point. (Fig.

(b))-
3. The sheet can be folded so that the marked point falls on the fold, and the marked line
goes into itself (that is, the fold line will be perpendicular to it). (Fig. (c)).

4. The sheet can be folded so that the marked line passes into another marked line. (Fig.
(d)).

5. Let a line p and two points A and B be marked. Then the sheet can be folded so that
point B falls on the fold, and A on line p. (Fig. (e)).

6. Let two lines p and ¢ and two points A and B be marked. Then the sheet can be folded
so that point A falls on line p, and point B falls on line ¢. (Fig. (f)).

7. Let two lines p and ¢ and a point A be marked. Then the sheet can be folded so that
point A falls on line p, and line ¢ goes into itself (that is, the fold line will be perpendicular

to it). (Fig. (g)).
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Problem 1. A square sheet of paper with a side of 1 is given. Measure the distance 2 on

6
this sheet.

Problem 2. Three vertices of a triangle are marked on a sheet of paper. Make an origami
construction of its circumscribed circle center, orthocenter, and median intersection point
and make sure that they lie on one straight line (Euler).

Problem 3. Make an origami construction of a regular triangle.

Problem 4. Fedya marked three points on a sheet of paper. Will Daniil be able to bend the
sheet along a certain straight line so that these points are at the vertices of an equilateral
triangle?

Problem 5. Make an origami construction of a regular pentagon.
Problem 6. Make an origami construction of an arbitrary regular odd-sided polygon.

Problem 7. Is it possible to make an origami construction of an arbitrary regular even-
sided polygon?

Problem 8. (Trisection of an angle) Divide the given angle into three equal parts using
the picture (A).

Problem 9. (Doubling the cube) Construct two segments with length ratio v/2 using
picture (B).

Problem 10. Lesha cut out a square sheet of paper with a side of 2024. Will he be able

to construct a segment of length 1 by making no more than 20 folds?
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Problem 11. Fedya cut out a square sheet of paper with a side of 2016. Will he be able
to construct a segment of length 1 by making no more than ten folds?

Problem 12. Construct as many folds as you like that are tangent to some parabola.
Problem 13. Construct as many folds as you like that are tangent to some ellipse.
Problem 14. Construct as many folds as you like that are tangent to some hyperbola.

Problem 15. Prove that for any point that can be constructed using a compass and ruler,
it can be constructed by folds.

Problem 16. Given the center of a circle, a point on the circle, and an arbitrary point M
different from the center, make an origami construction of the point M’, the inverse of the
point M relative to the circle.

Problem 17. Is it possible to divide this angle into 5 equal parts using origami construction?
Problem 18. Is it possible to divide this angle into 7 equal parts using origami construction?

Problem 19. Is it possible to construct two segments with a length ratio of 77

Series B: structures that increase the perimeter

The following example is based on Ivan Yashchenko’s idea, it also gives only a slight
increase in perimeter, but consists of the consistent application of the same simple action.
If you repeat it enough times, you will get a figure as close as you like to the figure on the
right, its perimeter is slightly larger than that of a square.

Problem 1. Understand this construction and prove that this process does indeed increase
the perimeter. Estimate the number of repetitions after which the perimeter becomes greater
than the perimeter of the original square. Find the number of layers in the thickest place
of the resulting figure.

Let’s assume that a square is folded into a flat figure. Let’s mark all its folds and unfold
it. The folds give a partition of the square into polygons, as, for example, in the left picture
in the figure above. This partition is called a fold grid.

Problem 2. Prove that:

a) the polygons in the fold grid can be colored black and white so that adjacent polygons
on the side have different colors:;

b) in this case, the sum of the black angles converging at one internal vertex of the grid is

equal to 180°;
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c) construct a partition of the square into polygons such that conditions 1 and 2 are
satisfied, but at the same time it is not a a fold grid.

Problem 3. Suppose a convex polygon M can be folded on the plane to form another
convex polygon M. Prove that the perimeter of M, does not exceed the perimeter of M.
(In particular, a square cannot be folded to form a convex polygon with a larger perimeter.)

Let us call a figure I’ an insert if it satisfies the following condition: any plane figure that
can be folded from F' can be completely covered by a copy of F'. In other words, if a figure
F' is folded from F', then F’ is congruent to a subset of F.

Problem 4. Is it true that circles and only they are inserts?

Series B: flexible and rigid polyhedrons, their volumes

Heron’s formula is widely known, expressing the area S of a triangle through the lengths
of its sides a, b, c:

S=vVp®—a)(p—b)(p—rc)

It can be rewritten as:

1
S? = E(Zazb2 + 2a%c® + 2b%c? — a* — bt — c4)

Unfortunately, this formula does not apply to arbitrary polygons. However, one can try
to consider polygons of some special type, for example, inscribed ones.

Problem 1. Derive a similar formula expressing the area through the lengths of the sides
for an inscribed quadrilateral.

Problem 2. Is there a similar formula expressing the area in terms of the lengths of the
sides for an inscribed polygon?
And what happens in space?

Problem 3. Derive the following formula expressing the volume of a tetrahedron through
the lengths of its edges:

1
Vis S EGHEHE+HE -6 - 1)+
H BT+ GG+ - —08) + BUOQ+ 5+ 5+ 15— 15— 1)

— 15 — Lgls — Ll5lg — 1L]

Let us call bending of a polygon a continuous deformation on a plane in which at least
one of the angles changes, but the edges remain equal to the original ones.

It is easy to understand that a triangle is a rigid figure, i.e. it does not allow bending. At
the same time, an arbitrary polygon with a large number of vertices is already bendable.
And what happens in space? Let us recall some definitions.

A polyhedron is a set of a finite number of flat polygons in three-dimensional Euclidean
space such that:
a) each side of any of them is a side of exactly one more polygon;
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b) from any of the polygons one can move to any other along a chain of polygons in which
successive polygons have a common side;

c) if two polygons have a common vertex, then the chain connecting them can be composed
of polygons that all have this vertex.

Note that a polyhedron can have self-intersections, i.e. the polygons that form it can
intersect.

Let us call bending of a polyhedron a continuous deformation in space in which at least
one of the dihedral angles at the edges changes, but the faces remain equal to the original
ones.

Problem 4. Let ABCD be a quadrilateral in space with equal opposite sides AB = CD,
AD = BC, whose vertices do not lie in the same plane. Let [ denote the line passing
through the midpoints of the diagonals AC' and BD. Let N be an arbitrary point in space
different from A, B, C, D and not lying on the [ axis. Let .S be a point symmetric to N
with respect to [. Connect S and N with segments with the vertices of the quadrilateral
ABCD. Consider the resulting octahedron ABCDSN. Prove that it admits bending.

Problem 5. Let a quadrilateral ABC'D be given in space with pairwise equal sides AB =
AD, CB = CD. Consider a plane p passing through the diagonal AC' perpendicular to the
diagonal BD. Take any point N not lying on the plane p and different from the vertices of
the quadrilateral ABC'D. Let S be a point symmetrical to N with respect to the plane p.
Connect the points S and N with segments with the vertices of the quadrilateral ABCD.
Consider the resulting octahedron ABC'DSN. Prove that it admits bending.

Note that the octahedra from the previous problems have self-intersections. There is
exactly one more type of flexible octahedron (also with self-intersections). These octahedra
were discovered by the Belgian engineer René Bricard in 1897. Are there flexible polyhedra
without self-intersections?

In 1975, American mathematician Robert Connelly figured out how to get rid of the
intersection (the so-called "Connelly notches"), and "true"flexible polyhedra appeared. In
1978, German mathematician Klaus Steffen found a polyhedron without self-intersections,
with only 9 vertices and 14 faces.

Problem 6. Glue the Steffen polyhedron according to the pattern below and make sure it
allows for bending.
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