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1 bBbuaok 1

1.1 Cuayqaiinbiii rpad Dpaenia-Penbnu

Onpepenenne. ['pap G = (V, E) cocront m3 MHOXKeCTBa BepIH V' 1 MHOXKeCTBa pebep E, e 1o

pebpom MBI TIOHUMAaEM HEYIIOPAJI0UYEHHYIO TIapy Pa3/IMYHbIX BepiuH. Jlerko BujeTh, 9T0 B rpade MoxKeT

n) _ n(n

OBITH MAKCUMYyM (2 TA) pebep.

Onpepenenne. 3abukcupyem p € (0,1) u HazoBeM gepoamuocmovio rpada (B MOJEIHN, WU B BEPO-

SITHOCTHOM TIpoCTpaHcTBe, dpjema-Penbn) ¢ n epmunamu {1, 2, ... ,n} u e pébpamu uucio P(G) =
e n(n—1) e - I

P,(G) :==p°(1 —p) 2z ~°. Bepoammnocmuvio cemeiicTBa (WK, 9TO TO ¥)Ke caMoe, CBOiicTBa) rpados ¢ Bep-

muHamMa 1, 2, ..., n Ha3bIBAETCS CyMMa BEPOATHOCTEH BXOISAIMUX B HETO IrPadoB.

Eciu 2 — muO)ecTBO Beex rpados ¢ n Bepriunaamu, To P(2) = 1.
[Ipu BoIIEnTPUBEEeHHOM (DOPMATIBLHOM OIpPEIeIeHIN 3TO TeopeMma. BoT ee jmokazaTebcTBO:

P(©) = ((2))19'%1 ~pE =+ a-p)E =1

k
k=0

Onpenenenne. Cayuatinoti seauquHoti Ha3bIBAETCS (DYHKIUS, ONpeIeIeHHasT Ha MHOXKeCTBe rpadon

¢ BepmuHamu 1, 2, ..., n.
Hanpumep, kommdectBo pédep rpada — ciaydaiiHas BeJTUINHA.
[IycTe cayuaitnas Bequyunna Y npuHUMAaeT k Pa3/jndHbIX 3HAYEHUN Y, ..., Y. Loraa

Onpepesienne. mamemamuieckum ocrcudanuem (MaT. OKUTAHAEM) CJIydaifHON BeJnanHbl Y Ha3biBa-
eTcd e€ «B3BeIllleHHOe CPejiHees

EY = 5P(Y ().

e Y 1 (y,) — muoxkecTBo Beex rpacdos G, s Kotophix Y (G) = y,. Iloc/eiion BeposTHOCTh 0603HaYaI0T
P(Y = vys).

Onpenesienne. /Isa ciydaiinbix cobbitust A u B HazbiBatorcst nedasucumvimu, ecin P(A N B) (Be-
posiTHOCTDL ozHoBpeMenHoro Hacryiienus A u B) = P(A) - P(B) (upoussegemnne Beposgriocreit A u B).
Cityvaiinble BeJTMYMHBI [ U ¢ HE3aBUCUMBI, €CJIU COOBITHA f = & U g = Y HE3aBUCHMBI JIJIs BCEX T W Y.
Kommenmaputi: 2mo onpedesenue cnpasiedisuso mosvko OAs QOUCKPEMHBIL CAYUATHDIT BEAUNUH, MO ECTMb
NPUHUMAIOULUL HE DONEE UM CHETHOE YUCAO 3HAUEHUT.

Bamaua 1. [Tycrs rpad H cocrour u3 n Bepums u m pebep. Kakosa BepositHocTs, uro G(n,p) = H,
T.e. IIPU FeHepaIun CIydaifHOro rpada COrIacHO OIPeIeIeHIIO BhIIIe MOJIYIUTCsI B TOYHOCTH I'pad H7

Bagada 2. Kakosa BeposTHOCTD, uTO B rpade G(n,p) 6ymer posro m pebep?

Bagada 3. Kakosa BeposiTHOCTD, 9TO B rpade G(n, p) He Oy/eT N30 TMPOBAHHBIX BEPIIHUH (T.€. BEPIIHUH,
He COEJINHEHHBIX PeOPOM HU ¢ KaKoil JApyroil BepIiuHoii)?



[Tycts cayvaiinas Besmania f IPUHAMAET YUCICHHbIE 3HAYEHU, 1 BEPOATHOCTH TOTO, 9TO f = I paBHa
Pz. Mamemamuueckum oorcudanuem (TaKKe MamosrcudaHuem WIn cpedrum 3navenuem) [ Ha3BIBAETCS
4UCIo Y, X - P,. Bynem obo3HauaTh MaTokugaHue eudnnbl f kax Ef.
3amaua 4. /lokaxkure popMyJIbL:
a) E[c- f] = c¢-Ef, eciu ¢ — xoHCTaHTA;
b) E[f + g| = Ef + Eg (B Tom uucie u s 3asucumbix f u gl);
c) ecm f u g HesaBucumbl, 10 E[f - g] = Ef - Eg;
Sazma4da 5. Haiigure MaToxkuganue ceayoNyux BeJnIIH:

a) uwucisio pebep rpada G(n,p);

b) crenensb Bepmuubl G(n,p) (mockosbky omnpejenenne G(n,p) CHMMETPUYIHO, TO BBIOOD KOHKDPETHOI
BEPINNHBI HEBAYKEH );

€) KOJIMYIEeCTBO TPeyroJabHUKoB B G(n,p);

d) KOJIMYECTBO IaMIJIBTOHOBBIX IyTeil n 1mukiaoB B G(n,p) (raMHIBTOHOB IIyTh/IMKJ — IIyTh/IUKII,
[POXOJISIIINI Yepe3 KazK/[yio BepIINHY PDOBHO OJIUH Pa3);

e) KK (HOJTHBIX HoArpadoB) Ha Kk BepIIMHAX.

Omnpegenenne. JJucnepcueti Df ciyuaitnoit Beuannbl f Hasbisator semunny E[(f — Ef)?].
Samaua 6. /loxkaxkure popMyJIbL:

a) D[c- f] = c®-Df, eciu ¢ — KoHcTanta,;

b) Df =E[f’] — (Ef)%
c) eciu f u g wesasucumbl, 10 D[f + g = Df + Dg.

Bagada 7. Haiinure nucnepcuio crenenu Bepiuabl G(n, p).
Bagada 8. Haiijure nucnepcuto ancsa tpeyroabHukoB G(n, p) (Gy/pre akKypaTHBI ¢ HE3aBUCUMOCTHIO
colydaiiHbIX BeJimduH!).

1.2 Aaropurmbl Ha Trpadax M UX CJIOXKHOCTH

[TycTp y Hac ecTb omnmcanune HeKOTOPOro rpada 1 Mbl XOTHM [IPOBEPUTH KAaKOe-TO €ro CBOHCTBO, HAIIPH-
MeD, CBA3HOCTB. BOCIOIb3yeMes CIIe YoM aaropUTMOM:
O6xox B ranyouny (DFS, depth-first search).
npouexnypa dfs(Bepumza v):
used, :=1
IV KaXZo¥ BepmMHH % - cocela v:
ecmu used, = 0, sanycturs dfs(uw)

¢pyuruus is_connected(rpap G):
used, = 0 Ons BCeX BepUUH U
dfs (mpousBosbHas Bepumaa ()
ecmu used, = 1 gna Bcex Bepum v € (G, BepHyTH [JA
nHade BepHyTb HET

Orncanne aaropuTMa IpuBeieHO B hopMaTe TceBIoKo 1. st sy dinero moHnMaHust TOro, Kaxk pabora-
€T aJITOPUTM, PEKOMEH/IyeTCA IPOIMYJIMPOBATH PAOOTY ITOT0 KO/Ia MBIC/IEHHO WU Ha OyMare Ha HEKOTOPBIX
HECJIOZKHBIX BXOJHBIX JaHHbIX. OOpaTuTe BHUMAaHUE, YTO Mporeaypa dfs gBsgeTcs PeKypCUBHOM, T.e. ee
3AIlyCKU MOTYT BKJI&JIBIBATHC JIPYT B JIPYTra, IIPU 3TOM 3aBepIIeHne OJHOIO 3allyCcKa BO3BpalaeT padboTy
[IPOrPpaMMBbl B IIPEJIbITYIIHI.

Bamaga 9. /lokaxkure, UTO JaHHBII aJrOPUTM BEPHO POBEpsieT Ipad HA CBA3HOCTD.



Bagaua 10. Jlokaxkure, 910 jlanublii aaropursm cosepinaer O(n+m) aeitcrsuii (T.e. He 6oiee c(n+m)
JIJIS HEKOTOPOI KOHCTAHTBI ¢, HE 3aBHUCAINEH 0T BXOIHOrO Tpada) Ha rpade ¢ 1 BepIIMHAMI U M PedpaMu.
Bamaga 11. Momudurupyiite gaHHbI aJropuT™ JIJisl TOUCKA KOJUYIECTBA KOMIIOHEHT CBSI3HOCTH.

Omnpenenenune. Mocmom B rpade G Oynem Ha3bpIBATH pedPO, yIaJIeHNe KOTOPOrO MPUBOIUT K YBeJIH-
YEeHUIO KOJTMYECTBa KOMIIOHEHT CBSI3HOCTH.

3amadga 12. [locTpoiiTe aaropurm, 1o onucanuio rpada ONpeIesIsonuil Bce ero MOCTbI, KOJIMYeCTBA
JEHCTBUNl KOTOPOI'O COCTaBJIAECT:

a) O((n+m)2);
b) O(n(n +m));
¢) (*) Ofn+m).

Pacemorpum sipyroit MeTost Jiis TOM Ke 3a/1avun:
ITouck B mmmpuny (bfs, breadth-first search). Ilcesnokon;
npouexnypa bfs(Bepuura v):
queue = {v} // odeperns BepuuH
used, :=1
moka queue # J:
BeplKHA W = HA4Yajlo queue
yOAQIUTh W U3 Hadazma queue
IUisi KaXZO¥ BepWHHE U - COoCela w:
eciu used, = O:
used, =1
Io6aBUTH ¥ B KOHEI, queue

¢pyuruus is_connected(rpap G):
used, = O gna Bcex BepmmH v // used mMeeT pasMep n
bfs (mpousBonbuas Bepumza ()
ecimu used, = 1 gna Bcex Bepum v € (G, BepHyTH [JA
vHade BepHyTb HET

3amaga 13. J/lokaxxkute, 9TO aJropuT™M KOPPEKTEH, W HAUTE aCUMITOTUKY BPEMEHU ero pabOThI.

3amaua 14. Mojudurupyiite aJropuT™ Jijid MOUCKA, JIJIMH KpaTIafuxX 1myTeil OT BBIOpaHHON BepIu-
HBI U JIO0 BCEX OCTAJIbHBIX.

Samaua 15. [lycts g kaxkjjoro pedbpa e rpacda G onpejiesieHa ero daura — HEOTPHUIATEIBHOE THCIIO
w(e). IlocrpoiiTe aaropuT™, HAXOAAIOIMIN JJIMHBI KPATIANIINX MyTell OT BEIOPAHHON BEPIIMHBL U JI0 BCEX
OCTaJIbHBIX CO BpeMeHeM pabOoThI:

a) O(n*+m);
b) (*) O(n + mlogn).

1.3 3agadya o6 mzomopdusme rpacdon

Onpegnesnienne. I'padet G = (V, Eg) u H = (Vy, Ey) Ha3bBaoTCA U30MOPPHHOIMU, €CITH CYIIECTBYET
oueknus 7 : Vg — Vi, Takas 4ro HeymnopsiJloYeHHasl apa BepIIMH v IPUCYTCTBYET B Fg TOrjia 1 TOJbLKO
Torjia, Koryia mapa m(v)m(u) npucyrcTByer B Ey. m HasbBaercsa uzomopgusmom rpados G u H.

Bamaga 16. Hapucyiite Bce monapuo HenzoMopdHbe Tpadbl ¢ 3 1 4 BEpPITHHAMA.

Omnpenenenne. Bynem nasbiBaTh uneapuarmom GyHKIHUO f, COMOCTABIAIONIYIO0 Kaxk oMy rpady G
nekoropoe 3uavenue f(G), takywo uro f(G) = f(H) maa moboit napsl usomopdubix rpados G u H.
Ouesngno, uro u3 f(G) # f(H) ciaemyer, uro G u H nHem3oMOpdHBI, OJHAKO 00paTHOE MOXKET OBITh
uesepHo (T.e. f(G) = f(H) MOXKeT BBINOJHATHCS U JJisi HeH30MOPGhHBIX TpadoB).



Onpenenenune. OnpenesinM aexcukozpaguieckoe W asPasumHoe CpasHeERUE IBYX IOCIEI0BATE /b
HOCTEl CJIeYIOMUM 00pa3oM:

e IycTas IOCJIEI0BATEILHOCTh MEHBIIIE JII00O0 HeIyCTol I0CIeA0BATeILHOCTH;

® €CJIM NIEPBBIN JIEMEHT MOCJIeI0BATEIbHOCTH A MEHbIIIE [IEPBOIO 3JIEMEHT TI0C/IeJ0BATEILHOCTH 3, TO
A< B;

e eCJIM IIEPBBIE 3JIEMEHTHI IoceI0BaTeIbHocTell A 1 B coBlagaoT, 0oTOpOCHM UX U BEpHEM Pe3y/IbTaT
CpaBHEHUsI OCTATKOB.

Bamaga 17. g kaxKJi0il U3 CaeAyomuxX XapaKTepUCcTuK rpada MOKaKUTe, 9TO OHA sBJIIETCS MHBA-
PUAHTOM, & TaKXKe IPeIbABUTE APy HEM30MOP(MHBIX IpadoB, Y KOTOPHIX JIaHHasd XapaKTePUCTUKA COBIIA-
JACT:

a) YHIOPSJIOYEHHBIN 110 BO3PACTAHMIO CIIMCOK CTeneHeil BepiinH rpada;

b) sekcukorpaduIecKn yrnopsiJIO9eHHBIN CIUCOK, COJEPZKAIIHii YIIOPsI0UeHHbIE CIINCKU CTeIeHel coce-
Jelt JiJ1s KarKJI0ll BEPIIUHbBI V;

¢) JiekcukorpaduIeckn yropsiIOUeHHbINH CIMCOK, COJEPXKAIUN YIOPSI0YeHHbIe CIIMCKHA KpaTdaiiimx
DPACCTOSIHUIT OT KarKJI0l BEPIIUHBI ¥ JI0 BCEX OCTAJIbHBIX BEPIINH I'pada.

3amauya 18.

a) Ilpexbssure rpad G = (Vg, Eg) ¢ nBymst uim 60Jiee BEPIIMHAMHE, JIJI KOTOPOTO CYIIECTBYET POBHO
ofuH m30Mopdu3M ¢ camuM coboit m @ Vg — Vi — ToxgecTBeHHOE OTOOparkeHune (M30MophusM
rpada ¢ camMuM coboil TaKyKe HA3BIBAIOT AGMOMOPHUMOM TPadA).

b) (*) [IpeabsBure rpad, yIoBIETBOPSIONIIA TIPEIBIIYIIEMY IIyHKTY, CTEIIEHH BCEX BEPIIHH KOTOPOTO
OJIMHAKOBBI.

Ha nmanaBIil MOMEHT HEM3BECTHO HU OJHOTO &JITOPUTMa, KOTOPBIN MTPOBepsyT OBl /IBa JaHHBIX rpada Ha
n30MOpPGU3M 3a BpeMs, HOJUHOMUAILHOE OT KOJUYIECTBa BEPIUH U pedep Janubix rpados. Hammyurmmit
pesynbrar npuaaiexut Jlaciao Babau, B 2015 rogy omy6smkosasiiemy (¢ uctipasienusimu ot 2017 roma)
AJITOPUTM, UMEIONTUN BpeMsi pabOThI O(e(log ”)C) JIJIsT HEKOTOPO# KOHCTAHTHI ¢ > 1. OJiHaKO, CYIECTBYIOT
OBICTpBIE AJITOPUTMBI JIJId ITPOBEPKU n30MopdusMa rpadoB B Psijie YaCTHBIX CJIyYaeB.

Bagada 19. [Ipeabssure anropurs, npoepsoniuii uzomopdusm rpados 3a spems O(n + m) B ciie-
JIYIOIUX CITydasix:

a) crermeHu BepuirH rpadoB He MPEBOCXOIAT 2;
b) rpadsl He cojepKaT IUKIIOB;
¢) (*) xaxpiit u3 rpadoB COAEPKUT POBHO OJIUH TPOCTOR UKL

Ecyim ipeinoniarats, 9To BX0o/HbIE TPadbI I 3a/1a91 B30MOP(MU3Ma CreHEPUPOBAHBI CJTyYailHO, MOXK-
HO TBITATHCS MTOTB30BATHCA MTPOCTBIMU aJTOPUTMAMU JIJIS MPOBEPKU X U30MOP@U3Ma U OIEHUBATH BEPO-
ATHOCTH TOTO, YTO OHU MOI'YT cpaboTarTh HelpaBumjbHO. Hama 1enb — npoanagn3upoBaTh BEpOATHOCTH
0TKa3a CJIEJAYIOIIEro IPOCTOI0 aJIl'OPUTMA:

¢yuruus invariant(rpap G):
Iy Kaxzgoi Bepmwmusl v rpada G:
IOCTPOUTH [, - YIOPALOYEHHHHN CIMCOK CTeleHell cocemeit v
ecnu cpenmu [, eCTb OOWHAKOBHE CIMCKHM, BepHyTb OTKA3
MHaYe BEPHYTH JIEKCUKOTpaduIeCKH OTCOPTUPOBAHHHN Habop [,

¢ymrmus are_isomorphic(rpads G, H):
ecnu invariant((G) mnm invariant (/) Bepryn OTKA3, BepmyTsr O0TKA3

mHavYe BepHyThb invariant(() = invariant(H)

Bagada 20. Onumure crocob peasmsanuu JAHHOTO ajroputma 3a Bpemsa O(n + m).
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Bagaua 21. Paccmorpum napy Bepmu a u b. Jlokaxkure, ato [, = [, TOrjia u TOJBKO TOIjIa, KOTJIA
nocJie yraJienus a u b u3 rpada nadop cremneneit ObIBITIX coceieil a COBIAIACT ¢ HADOPOM CTereHeit ObIBIITIX
coceeit b.

Bagaua 22. JlokaxKure, 4TO BePOATHOCTb OTKa3a He mpesocxoiut n? - P(l, = Ip).

Takum obpasom, ecaun Mbl okazeMm, 9to P(l, = [,) masa, To Masa OyJer u BeposTHOCTH oTKaza. U3
zagiaan 21 cieyer, 9To0 HEOOXOMMO OIEHUTh BEPOSTHOCTDH TAKOTO COOBITHS: IPU HE3ABHUCUMOM BBIOODE
JIBYX cJIydaiiHbix Habopos BepimH N, u N, (KaxKjas BepiimHa Boionpaercs u3 {1, ..., n— 2} nesaBucumo
C BEPOATHOCTBIO p) HAOOPHI crerneneit Bepimun u3 N, u N, B ciydaitnom rpade G = G(n — 2,p) coBma Iy

2 bBbuok 2

2.1 KombunaropHble BeJIUYNHBI U UX aCUMIITOTHKA

Onpenenenus. Byjaem rosoputhb, 4TO:

f(n)

o fn) = olg(n)), ecan lim 5 <.

e f(n) = O(g(n)), e lim % < 00 (T.€. OTHOIICHIE OrPAHIUCHO CBEPXY HEKOTOPHIM KOHEHHEIM
anciom).

o f(n)= i}(g(n)), ccin JE&% ~

o f(n) = Q(g(n)), ecin 711520% > 0.

o f(n) =0O(g(n)), ecmn 0 < T}E&% < o0.

o f(n) ~ g(n), ccim g&% ~1.

B HEKOTOpBIX U3 CJIeAYIONMX 3aad Hal0 OyJeT «HalTH aCUMITOTHKY» /I HEKOTOPBIX (byHKIHUil. 1o
3HAYUT, YTO JJIsi KAXKJION U3 MpeIoxKeHHbIX dyHKiwmii f(n) Hago Haiitn QYHKIUIO B «IBHOM» BHjE g(n)
(rpy6o roBopst, B 3amnmcu 1o (byHKIMA TPUCYTCTBYIOT TOJBKO CJIOKEHUE, BBIUNTAHUE, YMHOXKEHHE, Jese-
HU€, BO3BEJICHUE B CTEIEHb, & TaKyKe (PYHKIUA B 3aMKHYTOI (popMe, TO €CTh, He COJIEPKUT 3HAKOB . .."
“¥7 T, aro f(n) ~ g(n).

2TL
Bamaua 23. Jlokaxkure, 9T0 < Z < 2™
n+1 L J

2

n
Samaga 24. Haiijure acuMITOTUKY JJIsd { (\_n ) Vkazanue: K 4emy cmpemumcs cesuduna ) ——
)

n+1
npun — oo?
3n 3n
Bamaua 25. Jlokaxkure, 9TO Bl S 2”( ) < 3%, Vkasanue: natioume xKomMOUHAGMOPHYIO UHMED-
n n
npemayuio dan wucen 3% u 2% (°").
. 1 (3n
Samaua 26. Haiture acuMITOTHKY J1J1s .
n
n
Bagada 27. Ilycrs 0 < o < 1. Jlokazkute, 910 ( ) = (a1 —-a)* " +0(1))".
an
Bes jokazarenbcTBa IpuBeIeM CJISIYIONLYIO BaXKHYIO (hOpMYyIIy:
ny\" 1\"
®opmyna Crupaunra. n! ~ 27wn (—) (3mech e = lim (1 + —) — BTOPOU 3aMedaTesIbHBIN
(& n—00 n



npeJied).

Samaua 28. Haiiaure acUMITOTHKY J1JIsT (2:)

3amaua 29. Haiiiure acUMITOTHKY JIJIs (’f)

Banmaua 30. Haiiure acuvnroruky st (2n — D)!=1-3-...- (2n —1).
Bamaua 31. [Jokaxkure, 4TO KOJIMIECTBO PA3IMIHBIX HEM30MOPMhHBIX rpad OB Ha N BEPIINHAX COCTAB-

(= (7))
JdeT )
2mn n

npeaeseHne. BepHysiuesa eAu UG ¢ NAPGMEMPOM P — BEJIUINHA, paBHas 1 ¢ BEPOATHOCTHIO P,
n paBHada 0 ¢ BepogTHOCTBIO 1 — p.

O6oznaunm b(k,n,p) BEpOATHOCTH TOTO, YTO CPEJIM N HE3ABHCHUMBIX B COBOKYIIHOCTH BepHY/meBbIx
BEJIMYUH C ITApaMeTPOM p POBHO k OyayT paBHBI 1.

Bamaua 32. Haiiaure dopmymy mis b(k, n, p).

Bagada 33. Haiiure acumnroruky Besmanabl maxy b(k,n,p) upu yeaosun p = w(l/n). Vkasanue:
npu kaxom k docmueaemes marcumym b(k,n,p)?

Bagada 34. Ilycts p = w(1/n). Jokaxkure, 970 BEpOATHOCTH COBIAJIEHNsI CTEEHEH JBYX BHIODAHHBIX
sapanee Bepumn G(n,p) cocrasiger O(1/,/pn).

Ouenka Yepuosa. Ecm X — cymma n He3aBuCHMBIX BepHY/IINEBBIX BEIUYUH C IAPAMETPOM P, TO
P(|X — pn| > pnd) < 2e~0p)?/3m — 9=0"p/3 (3ameuanme: cromr oGpATUTH BHIMAHIE Ha TO, UTO
EX =pn.)

Bagaua 35. IIpu ycaosun p = w(l/n) mokaxure, uro |b(k,n,p) — b(k —1,n — 1,p)| = O(v/Inn/pn).

a) Barmummre Y = b(k,n,p) —b(k — 1,n — 1,p) B Buze 0b(k,n,p), rae § — HEKOTOpas BEJIUIHHA.

b) Ouennre |Y| HEOCPEICTBEHHO Jisi MAJEHBKUX 3HAUECHWUiT |§| U mpu momoru omneHkn JepHoBa Jiist
Gosbimx 3Hauvenuit |§|. Haifaure onTumanbHyo TpaHMIy MEXKJY <«MAJEHBKAMU» U «GOJIBIIAMU»
3HaYeHUsIMHU |d].

Banmaua 36. Ilpu yciaosun p = w(1/n) nokazxkure, 4To:

a) 16k, n,p) — b(k,n — 1,p)| = O(/Ian/pn).
b) [b(k —1,n—1,p) = b(k,n — 1,p)| = O(vInn/pn).

Bagaua 37. Ilycrs p = w(lnn/n), |k — pn| = o(y/pn/Inn). Jokaxkure, aro b(k,n,p) = ©(1/,/pn).

2.2 PebOepHblili MAapTUHTaJI 1 NHTEPBAJIbI, COAEPKaIllie CTENeHU CJIydaiiHOro
rpada

Omnpegnenenue. Ycao6Hol eepoamnocmvio cobvimus A omuocumenvho cobvimus B Ha3bBaeTcs Be-
mmanna P(A|B) = P(AN B)/P(B). Yeaosrvim mamootcudanuem caywatinots eesuuumnse [ oOmHocumensHo
coovimus B nasbiBaerca sesmauna E[F|B] = Y x-P(A = z|B). Hedopmaibho, XapaKTepUCTHKH, YCJIOB-
Hble OTHOCUTEIBHO COOBITHs B, fBJISIOTCA yCPeIHEHUIMU IO MCXO/[aM, IPUHAJIEXKAIIIM COObITUIO B.

[Iycte f u g — caydvaiiable BeauauHbl. Torjua ycaogHum mamoocudaruem [ omuocumensvro g Ha-
3bIBacTCA ciydaiinas BesuuamHa E[f|g], npurnmaromas 3uadenue ¢ BepOATHOCTHIO Z Plg = z].

Elflg==]==
JpyrumMu cioBamMu, yCJIOBHOE MATOKUIaHUE f OTHOCHTEJILHO § — 9TO BeIMUNHA A, KOTOPYIO MOYKHO «CreHe-
PUPOBaTb» TaK: CPeHEPUPOBATH 2 — 3HAUEHHE ¢, [IOCJIE Yero B3sTh YCJIOBHOE MATOKUIaHUE f OTHOCUTEHHO
COOBITHS g = 2z U BEepPHYTb B KadecTBe 3HAYCHUS h.

Banmaua 38. Jlokaxmure, 9ro eciu ¢ — KoHcTanTa, 10 E[f|c] = Ef.

Bagada 39. Yro takoe E[f|f]?

Bamaua 40. lokaxwure, uro E[f + g|h] = E[f|h] + E[g|h]. Vrazanue: obpamume snumanue, wmo c
00€UT CMOPOH 0M PAGEHCMEA CINOAM. CAYUATHDIE BEAUNUNDL, NOIMOMY OOKAZAMb HYICHO UL DAGEHCMEO
npu Kasrcdom ucxode.



Bagaua 41. Jlokaxure, uro E[E[f|g]] = Ef.

Pamnee Mbl XOT€/IN OIIEHUTH BEPOSITHOCTD TOTO, 9TO [, = [,. Hamomuum: N, u N, — ciaydaiiibie HAOOPHI
Beprue rpada G = G(n — 2, p). Ecan mabopsr crenereii Bepua N, u Nj, COBIIAJIAIOT, TO BHYTPH JIOOOTO
HHTEpBaJIa CTEleHel KOJMIeCTBO MpeJcTaBUTe el STUX HaOOPOB COBIIAIAET.

Pacemorpum wnrepsan I = [Dy, Dy + R — 1]. O6o3naunm f xommdectso Bepina G(n,p), cremeHn
KOTOPBIX IMOTAIAI0T B HHTEPBAJ .

[Tponymepyem BceBO3MOXKHBIE pebpa rpada Ha n BepuimHax oT 1 10 (Z) B mopsizike {1,2}, {1,3}, ...,
{2,3}, .... Ilyctp f — mekoropas xapakrepucruka rpada G(n,p) (Hampumep, Ta, KoTopas olpejeacHa
Boie). O6oznadnm C; caydaiiHyI0 BeJmvnHy, paBHYIO 1, ecam pebpo ¢ mpucyrcrsyer B G(n,p), u 0 B
[POTUBHOM CJIydae.

Onpenenenue. Pebeprvim mapmunzanom, omeevarouwyum f, OyaeM Ha3bIBaTh IOCTIEI0BATETHHOCTD
CJydaflHbIX BeJIUIUH fo, ..., f@), rie f; = E[f|Cy, ..., C;]. Hedopmaibho, 3Hauenue f; nbiraercs «yra-

JaThy» 3HavYeHne [, MMest JIMITb THPOPMAIINIO O HAJMIUU WX OTCYTCTBUU IEPBBIX ¢ pebep rpada.

Ha camomMm jiestle MapTUHTa bl MOYKHO OIPEJIC/IMTDL B TOpas3io 6ojee obImeM cirydae.

Onpenenenue. Mapmunean — 310 JTI0Oas MOCIEI0BATE/ILHOCTD CIyYaHBIX BeJIUYIUH fo, . . ., fn, Takas
9TO JIJIsT KazKJI0r0 ¢ BBIITOJIHEHO:

fier = Elfil fier, -, fol.

Bamayga 42. [Tycts Yy, ..., Y, — He3aBucuMbIe CIydaliHble BeTMIHHBI, KAXK/1as U3 KOTOPBIX IPUHUMAET
snadenns +1,—1 c paBabiMu BepositHOCcTAMU. [lotoxkum X; = Y) + ...+ Y. Hokaxure, uto Xy, ..., X,
00pa3yoT MapTHHIAJI.

Bagauga 43. JlokazkuTe, 9TO MaTeMATHUCCKHE OXKHJIAHIA BCEX CIIydaiiHbIX BYlemann B 1060M Map-
THHTAJIe COBIAJIAIOT.

Bamaua 44. (*) Jlokaxkure, 4T0 pebGEpHBI MAPTUHTAJ SIBJISETCS MAPTUHTAIOM.

HepaBenctBo A3sywmsr. [lycts Xy, ..., X, — maprunrain. [Iycrs Takxke | X; — X;_ 1| He npeBocxomut

¢; Ipu JiroboMm mucxoze. Torma
n

—t2/22:cl2

PIX, - Xo > <e i=1

Pacemorpum pebpo @ = {a, b}, u nycrs a < b. Takxe Berony nanee f — xommdectso Bepiusa G(n, p),
CTeleHn KOTOPBIX II0IIaIa0T B MHTepBaJ I.

Bamaua 45. [Jokaxure, uro | f; — fi—1| < |E[XL|CL, ..., Ci]—E[X,|C, ..., Cioa]|+|E[X|C, ..., Ci]—
E[Xy|C1, ..., Ci—1]|, toe X, — cTeneHb BepuIuHbI v.

Samaua 46. Ilycrb w u y — KoamuecTBO pebep, CMEXKHBLIX b cpeau pebep ¢ HOMEpaMH MeHbIIE i
u Gosblne i coorBercrBenno. Jokaxkure, uro B = |E[X,|Cy, ..., Ci] — E[X3|Cy, ..., Ciq]| < b(Dy —
w—1,y,p) — b(Dy —w — 1 + R,y,p) mesaBucumo ot ucxoga G(n,p). llomyunre aHAIOrHIHYIO OIEHKY
st A = |[E[X,|Ch, ..., C] — E[X,|C, ..., Ci4]| Yrasanue: socnoavsyiimecs npedecmasaenuem f; u fi_q
6 6ude cymmovl, BEPHYANUESHIT CAYHATHBT BEAUNUHN U GHINOAHUME COKPAUWEHUE OOULUT INEMEHMOE IMUL
cymm. Obpamume sHuMaHUe, ¥MO HYAHCHO paccmompems caydau C; =0 u C; = 1.

Samaua 47. B obo3HaveHuAX MpeablayIeil 3a1adn IPUMEHNTe OIEeHKN n3 3a7ad 33—36, 9T00bI JoKa-
sath A+ B < ¢; = C'/min(1,1/y/p(n — b+ 1)) mna mekoropoii abcorornoit koHcrautel C. Ykasanue:
paccmompume caywau y +1 < 1/puy+1>1/p.

Bamaua 48. okaxure, wro 3 c; = O(% In (pn)).

Bagaua 49. ITycrs p = w(In®n/n), |Dy —pn| = o(\/pn/Inn), R = o(y/pn/Inn), R = w(lnnln (pn))).
Jlokazkure, 4TO BepOATHOCTH Toro, ¥to f > +/(n/p)Ilnnln(pn), cocrapaser 1 — O(n™") mua o6oro
HOJIOZKUTEILHOTO 49HCIa w. Yrazanue: ouyenume Ef cnusy, nocae wezo socnosvsyiimeco nepaserncmeom
Asymu, smecme ¢ npedvidyuumy 3a0a4amu 0A8 OUEHKY 6EPOATNHOCTIU HOALUW020 OMKAOHEHUA 3HAYEHUSA
f om cpednezo.




Bamaua 50. [lokaxkure, 9TO MpHU JOCTATOYHO MejjIeHHOM crpemyeHnn p = p(n) = o(l) K Hymo
MOXKHO BBIOpATh & HerepeceKaronmxcsa HHTepBaioB [Dy, Do+ R — 1], B KaK/Iblit 13 KOTOPBIX C JOCTATOTHO
OOJIBIIION BEPOSITHOCTHIO momageT K cremeneil Bepmna. OleHNTe BEPOATHOCTH TOTO, UTO B KarKIbIi 13
9TUX MHTEPBAJIOB IIOMAeT OJNHAKOBOE KOJINIecTBO npeacTtasuteneit N, u N,. [lonbepure Takue 3HaeHUS
x n K, 9T00bI BepodTHOCTH coBniajienns N, u [N, cTpeMuiach K HyJi0 Obictpee n~ " i Jjiodoro w > 0.

Bagauya 51. (**) [Ipuseaure anropur™ nposepku uzomopdusma rpados dpenia-PeHbr ¢ TOJHHOMY-
aJIbHBIM BpeMeHeM PabOThl M IKCIOHEHINAJIBHO MAJEHBKON BEPOSTHOCTBHIO OTKa3a I HETPUBHAJIHLHOTO
JIMaIa30Ha BEPOSITHOCTU pedpa p.



Bamaua 1. Bee pebpa, kotopsie ectb B H, joskubl 66iTh u B Tpade G = G(n,p), upudeMm Ha Tex
JKe MecTax, a pebep, KoTopbix HeT B rpade H, He mo/nkHO 0bITh U B (G. BeposgTHocTh TOTO, 9TO ™M pebdep

—1
ectb B rpade G HA HYXKHBIX MecTaX — pP"', & BEPOSATHOCTH OTCYTCTBUS % — m pebep Ha OCTAJILHBIX
n(n—l)_m
MecTax ectb (1 —p)~ 2 . Tak Kak cOOBITHST HE3aBUCUMBI, TO BEPOSITHOCTH TOro, uto G = H, paBHa
m n(n—1) —m
pr(l—p T

n
Bagada 2. Cnepsa Boibepem Te pebapa, KoTopble OyayT npucyrcroBath B G = G(n,p) (Bcero ((ﬁ))
crioco6oB). BeposTHOCTH TOro, 4To OHU BCe OY/LyT HPUCYTCTBOBATHL €CTh P'™, & TOr0, YTO OCTAJBHBIE OTCYT-

cBoBatb — (1 — p)(g)fm, 3HAYUT OOIas BEPOATHOCTH PaBHA ((r%)) P (1 — p)@b)*m.
Bamaua 3. Coming soon...
3amaua 4.
a) Ilycrs f npunumaer k pasimunbix suadenuii fi, ..., fr. Torma Elc - f] = > cfP(f71(fs)) =

s=1

CZfs (f7H(fo) =c-Ef;

b) HyCTb f n g ma rpadax Gy,...,Gg HpI/IHI/IMaIOT 3Haqu1/1$1 fi, -, fx @™ g1, ..., gr COOTBETCTBEHHO.

Torsa ELf + ] = i<f5+gs>< G) = 35 FP(G) + 3 P(G) = Ef + Eg

c) E[f-g] = Z(fk9m> (f = 10 = Gm) = Zka(f fk) > 2mP(g = gm) = Ef - Eg.

k,m
3amaua 5.
a) Ilycrs amcio pebep — a (ciayuaiinas Beqmanna). MoxKHO 3aMeTUTDb, 9T0 @ = a1 + ...+ @(ny, TAC @i —

(3) (2)

MHIKATOP HaJIn4dus i-ro pebpa (ciaydaiinas seamanna). Torma E[a] = [Z i = Z Ea; = () - p;
=1

b) AHAJOrUYHO MYHKTY @), TOJBKO @ = a1 + ...+ a,_1. U 3naunt Efa] = (n —1)-p
¢) Ilycrs amciio TpeyrosbHIKOB — a (ciydaiinas Besmanna). MOXKHO 3aMeTHTD, 9TO @ = a1 +. ..+ am;
3
(5)
rJe a; — WHIUKATOD HAJIMYH (-I'0 TpeyrosbHuka (ciaydaiinasg seamauna). Torma E[a] = E[Y a;] =
i=1
@
. n! n! n—1

d) Tax kax KoamdecTBo myTeii ecTh % . To MaTeMaTHIecKoe OXKHJAHHUSA UX KOJ-Ba — & - p" '

(1! (1t

5 - To maremarmdeckoe O2KJaHud NX KOJI-Ba — B

e) Tak Kak KOJIMYECTBO IUKJIOB €CTh
3amada 6.

a) Dlc- f] =E[(cf — E[cf])’] = E[(cf —c-Ef)*] = - E[(f —Ef)’] = - Ef;

b) Df = E[(f — (Ef)?] = E[f? — 2 - Ef + (Ef)?) = E[f*] — 2(Ef)* + (Ef)* = E[f?] — (Ef)*:

¢) DIf +g) = E[(f +9)2] — (ELf + g))* = E[f*+ 2/ - g + ¢*| — (Ef)* — 2E[ - Eg — (Eg)? = DJ — Dy.
Bagada 7. Ilycrb crenens Bepinabl —a (corydaiitas Beaundansa). MOXKHO IPEICTABUTE @ KAK CYMMY

n—1 —
ai + ...+ a,_1, A€ a; — UHAMKATOp HaJauuus i-ro ucxojsuro pedpa. Torga Da = D[Y a;] = > Da; =

i=1
(n—1)(p—p°).
Bagada 8. Ilycrs umcio tpeyronpankos G(n,p) — f (cayvaiinas sesuuanna). [Ipegcrasum f B Buje
CYMMBI WHINKATOPOB HAJUYHUS i-TO TpeyroibHuka: f = fi + ...+ f(n> Torna Df = E[f?] — (Ef)?. Tak
3

(5) (5) () ()
Kak MbI 3HaeM Ef = (g) -p?, maitnem E[f?] = E[(D] fi)?] = E[D_ fA+2- o fiil=ED fi+2-

i=1

i=1 i=1 i=1,j=1,il=j
(5) (5) (5)
> fifil=Ef+2- > E[fifj]- Ocranoce nogcumrare Y,  E[fif;]:

i=1,j=1,il=j i=1,j=1,il=j i=1,j=1,l=j



1. Ecam rak okaszajoch, 4to f; u f; He3aBUCHMBI (MM COOTBETCTBYIOT PEOEPHO HE IEPECeKaIONINecs
Tpeyronbuukn), 1o E[f; f;] = Ef; - Ef; = p°. Beero raknx nap tpeyroasmnkos % - (3) - ((ngg') +("%);
2. Nuaue TpeyroabHukyu cobbIThil f;, f; mepecekarorcs mo ogHoMmy pebpy, snauut E[f;f;] = p°. U unx

KOJIMYECTBO PaBHO % . (75‘) . (g)

Buamr Bf = (3) - p° + (3) - (("3°) + (7)) 2° + (5) - (5) - ° = ((3) - P))

Samaga 9. Dfs Bcerna naiiger myTh 710 BEPIIUHBI, €CJIU OH CYIIECTBYET.
Hoxka3zarenabcTtBo: /15 npousBoabHOoro rpada G:
Baza. Ilytu u3 me Gostee, yem 1 BepIIMHBI ATOPUTM HAXOAUT BEpHO (IIyTh OT HAYATIBHON BEPIIUHBI JIO
Hee XKe).
ITpennosoxxkenue: AJIropuTM mocemaeT Bce BEPUINHDI, HAXOSIIIecs: Ha pacCTosHUN He OoJtee, yeM k — 1,
OT HA4YAJILHO.
HTar: PaccmorpuMm /r00yI0 BepIinHy v, HAXOISAILYIOCS HA PACCTOSHUU k OT HavdabHOW. OHA, OYeBU/IHO,
coeJIMHEHa PeOPOM € KAKO-TO BEPIIUHOM, HaxoJsdIelica Ha paccTroduun k — 1 oT HavaIbHOI —— Ha30BEM
ee w. 3HAYUT, MBI TIepeiileM B BEPIUHY ¥ IIPHU ITPOCMOTPE BEPIITUHBI W.

3amada 10. AropuT™ IpOCMaTPUBaeT Kazk10e pedpo OIUH Pa3, U BBIIOJIHAET JIJIg KaXK 0! BePIINHbBI
KOHCTAHTHOE 4uc/io seficTBuii. Ob0o3Ha"as 9uC/I0 BEPIIUH KaK 71, a pedep — Kak 1M, MOJIyIaeM, ITO BPeMs
paborsr — O(n + m).

3amaua 11. /locrarouno mpolTHCH IO BCEM BEPIIUHAM U 3AIlyCTHTLCA OT HUX, ecau used, = 0, u
YBEJIMUNTH OTBET. DTOT AJTOPUTM KOPPEKTEH, TaK KakK IMpHu 00X0/1e TOCeIaeTcs BCsl KOMIIOHEHTA.

Sagaua 12. amycruM 006X0/] B IVIyOUHY U3 IIPOU3BOJILHOM BepIINHBI I'pada; 0003HATNM €€ depe3 1oot.
BameTum crieyrornimii hakT:

[IycTts MBI HaxouMced B 00XOJle B TUIyOMHY, ITpOCMATpuUBas ceitdac Bce péOpa u3 BepmwuHbl v. Torma,
ecan Tekyinee pebpo (v,to) TaKoBO, YTO W3 BEPIIMHBL t0 U W3 JIIOOOTO €€ MOTOMKA B jepeBe 00Xoja B
rIyOuHy HeT oOpaTHOro pebpa B BEPIINHY ¥ WK KAKOTO-TUO0 €€ IPeJIKa, TO 3TO PedPO SABJIAETCA MOCTOM.
B nporuBHOM cilydae OHO MOCTOM He siBjigeTcd. Tenepb oCTajoch HAyIUTHCA HPOBEPATH STOT (hakT st
KaxK 10 BepIuHbI 3hdeKTuBHO. J1j1s1 9TOTr0 BOCIO/Ib3yeMcs "BpeMeHaMu BXO/1a B BEPIIMHY BBIUHC/ITEMbIMU
AJITOPUTMOM TIOUCKA B TJIyOUHY.

Urak, myctsb tin[v] — 970 BpeMms 3axoja moucka B ruiyOuHYy B BeprimHy v. Temepb BBegéM MaccuB
fuplv], KOTOPBIIT U TO3BOIUT HAM OTBEYATH Ha BBIIEONNCAHHBIE 3aIIPOCHI. Bpemst fup|v] paBHO MUHUMY MY
U3 BPEMEHM 3aX0jla B CaMy BepIIMHY tin[v], BpeMEH 3axojia B KaxKJYIO BEPIIUHY P, ABJIAIONLYIOCS KOH-
[IOM HEKOTOPOro o0paTHoro pebpa (v,p), a TakKe U3 Beex 3HaueHuit fuplto] /st Kaxkjioit BepmHbl to,
SABJIAIONIENCS HEIIOCPEICTBEHHBIM CHIHOM U B JIepeBe TOUCKa:

tin[v],
fuplv] = min < tin[p], naa Beex (v, p) — obpaTHOE PEGpO,

fuplto], nst Becex (v,to) — pebpo nepera, TJe to He MPEJIOK

Torna, U3 BEpPIINHLI ¥ WK €€ IIOTOMKA eCTh 00paTHOe Pedpo B €€ IIpeKa TOrIa 1 TOJbLKO TOTIa, KOIa
HaiiIéTcs Takoii ceiH to, uro fuplto] < tin[v].

Takum 06pazom, ecyiu Jyist TeKyIero pebpa (v,to) (IpUHAIEKAIIETO JIEPEBY MOUCKA) BBIIOJIHAETCS
fuplto] > tin[v], T0 910 PEOPO ABJIETCS MOCTOM; B IIPOTUBHOM CJIy9ae OHO MOCTOM HE SIBJISICTCS.

Bamaua 13. /lokasare/jbCcTBO KOPPEKTHOCTH IPOBOIUTCS Kak U st DFS mpu OMOIMM WHIYKITU.
JokazkeMm BpeMst pabOThI JAHHOTO aJIOPUTMA:

B ouepenp 106aBISIOTCA TOIBLKO HEIIOCEIIEHHBIE BEPIINHLI, II03TOMY KaskKJas BEPIINHA, TOCEINIACTCA He
6osiee ogHOro paza. Oneparyu BHECEHUS B 0Yepeb U yiaadenus u3 nee tpedyior O(1) Bpemenu, Tak 4ro
obiree Bpemsi paboTel ¢ ovepejibio cocrasisier O(|V|) omepanmit. [liist KaxK10il BEPIIUHBI ¥ pACCMATPUBA-

ercsa He Gosiee deg(v) pebep, nHnuaeHTHBIX eif. Tak kak Y deg(v) = 2|E|, To Bpewms, ucnosibp3yemoe Ha
veV
paboty ¢ pebpamu, cocrasiger O(|E|). Ilosromy obiee Bpemsi pabGoThl aJropuTMa MOUCKa B IMUPUHY —



O(V|+|E)).

Samaua 14. [Jocrarodno mOACYATATL BCIOMOTATEIbHYIO BeInduHy d[v] = Kpardaiilllee pacTosdHUE
10 craproBoii Bepumubl. [Tonoxkum d[s] = 0 (s — craprosasg Bepmumna). W eciam Mbl xoTuM 1006aBUTH
HEIOCEIEeHHY O BEPIIMHY U B OU€peib, TO MOJOKUM d[v] = d[u] + 1, rie BepmnHa u — MpeOK BEPITHHBL V.

Bamada 15. Ilycrs s — BepmmHa 0T KOTOPOi MbI XOTUM HOCIATATH PACCTOAHMS. 3aBegéM MaccuB d|],
B KOTOPOM [Isl KaKJI0#i BepIIMHLI v OyIeM XPaHuTh TEKYILyIo JInuHy d[v] KpaTdaiiiero myTH u3 s B v.
Nsnavansio d[s| = 0, a 1/Ist BceX OCTaIbHBIX BEPIINH Ta JJINHA PABHA OECKOHEYHOCTH:

dlv] = 00,0 # s

Kpome Toro, jij1s KaxKjioi BEpPIIUHBL v OyJ/IeM XPAHUTL, IIOMeYeHa OHa eIIé WM HeT, T.e. 3aBeJéM Oy-
JeBcKuil MaccuB u[|. VI3Ha9aIbHO BCe BEPINUHBI HE IOMEYEHbI, T.€.

ufv] = false

Cam anroputym Jleftkerpsr coctouT u3 n ureparuii. Ha ouepegaoit nrepanun BeIOUpaeTcs: BEPIITHHA ¥ C
HaMMeHbIIell BeJmanHoi d[v] cpe/iu erné He TIOMeYeHHBIX, T.e.:

dlv]= min d[p]
p: ulp]=false
Bribpannas takuMm oOpa3oM BepInHa ¥ OTMedYaeTcs rmoMedeHHoit. Jlajee, Ha Tekylei nrepamnuu, u3
BEPIIMHBL U MPOU3BOJISTCS PEJIAKCAIIUI: [TPOCMATPUBAIOTCs Bee pébpa (v, o), NCXOJIdINIe U3 BEPIIUHBL U,
U JUIsT KagKI0i TaKoil BEPIIMHBL 0 AJITOPUTM IIBITACTCS YUy UIIUTh 3HadeHue d[to]. IlycTs qymua Tekyrmero
pebpa paBHa len, Torma B BUE KOJia PelaKcallis BbITJIAIUT Kak:

d[to] = min(d[to], d[v] + len)

Ha sTOM Tekymas nrepanus 3aKaHInBaeTCsl, aIrOPUTM IIEPEXOIUT K caeaytomeil ureparun. [Tpu sTom
B KOHIIe KOHIIOB, IIOCJIE€ N UTepaIyii, BCe BEPIIUHBI I'pada CTaHyT IOMEYEHHBIMH, U aJIlOPUTM CBOIO paboTy
3aBepIaer. Y TBepK/IAeTcs, ITO HafijleHHble 3Ha'ueHus d[v] U ecTh HCKOMBIE JITMHBI KPATYafIuX My Tel n3
S B .

BpeMst paboThl aJropuTMa 3aBHCUT OT JIBYX OlEpallnii: n3BjIedenne MUHIMYyMa ¥ U3MEeHEHNe 3HATEeHIs
d[v]. TIpu npocreiitieii peanusaruu 31 onepaiuu orpedytor coorserctBerno O(n) u O(1) Bpemenu. Yuu-
ThIBas, YTO IEpBas olepaius Bcero Beinosasercs O(n) pas, a Bropas — O(m), mojaydaeM aCUMITOTUKY
npocreiimeii peanuzanuu aaropurma Jeitkerpor: O(n? + m). Eciu ke UCIob30BaTh CTPYKTYPY Kyda, TO
BpeMms paborsl Gyger O(n + nlogn + mlogn) = O(n + mlogn).

3ama4ya 16.
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Samauya 17.
3amaya 18.

Bamaua 19. [{ina navuasa wHaydauMmcs pasandarh gsa gepesa G u H. Haiinem mnentpsl (BepiimHa, Ko-
TOpasi UMeeT HAUMEHBIIIee MAaKCUMAJIbLHOE PACCTOSTHUE JIO BCEX OCTAJIbHBIX) 9THUX JIEPEBbEB U CIEJIAEM UX
KOpHsAMIE. Eciii Tak 0Ka3aJ10ch, 9TO MEHTPA JIBa, TO HMOIBECHM UX 33 GUKTHBHYO (HOBYIO) BepimHy. lasee
HAM HY>KHO CPaBHUTB J[Ba IOJBENIEHHBIX JepeBa Ha n30Mopdu3M (Tak, 9To0bl KOPEHb OJJHOIO Teperest
B KOpeHb Jpyroro). Temepb HayduMcst KOJAUPOBATH TOJBeIeHHOe jiepeBo. [list aroro Gymem HyMepoBaTh
BepirHbI. CortocTaBuM BceM BucssanM Bepiuaam uncio —0. [asee Mbl OyaemM KoupoBaTh BEPIINHBI Yepe3
YIOPSOYEHHBIN CIUCOK KOJIMPOBOK IOTOMKOB. Kc/im Takoil CIMCOK y2Ke 3aKOJIMPOBaH, TO NMPOHYMUPYEM
BEPIIIMHY COOTBETCTBYIOIIUM YUCJIOM, NUHAYE COIIOCTABUM BEPIIIUHE U CIIUCKY CJIeIYIOIIEee YUCIO.

W, 3raquT, 111 TOro, 9Todhl cpaBHUTh G 1 H 10CTATOYHO CPAaBHUTH KOJUPOBKU WX KOPHEIL.

Ecim ke B rpade ecTb MUK, TO MBI MOXKEM 3aKOJIMPOBATh BCE BEPIINHBI HA HEM, €CJIU CUUTATh, UTO
TeKyIlas BepIInHa KOPEHb OJIepeBa. jgajiee MPOCTO HY?KHO ObICTPO CPABHUTH HA PABEHCTBO JIBa IIPOHY-
MEPOBAHHBIX ITUKJIA.

s mocrukennst meobxomumoit acuMuToTuku O(n + m) Hy?KHO HCIIOIB30BATH CTPYKTYPY, KOTOpas 3a
JUTMHY CIUCKa JO0ABJISIET €ro U 3a JJINHY IIPOBEPAET €ro HAJIUYne, a TaKzKe HY2KHO YMEeTh CDABHUBATD JIBE

3aHYMEPOBaHHBIE OKPY2KHOCTHU Ha PaBEHCTBO 3a KOJIMYECTBO 4YMUCEJI Ha HUX. 9T10 npeajaraercd caejiaTb
CaMOCTOATEJIbHO.



Erdos-Renyi random graphs and Graph Isomorphism
problem

A. M. Raigorodsky, M. Tikhomirov, A. Golovanov

1 Block #1

1.1 Erdos-Renyi random graph

A graph G = (V, E) consists of a set of vertices V' together with a set of edges E, where each edge

represents an unordered pair of vertices. One can easily see that any graph can contain no more than
D = o g

Fix an arbitrary number p € (0, 1) and denote by a probability of a graph (in the Erdés-Renyi probability
space) with n vertices {1,2,...,n} and e edges the value of the following expression

n(n—=1)

P(G) =P,(G) =p(1-p) =

A probability of a family (or of a property, which is the same) of graphs with vertices numbers 1,2,... ,n
is a sum of probabilities of all graphs of this family.

If Q stands for the set of all graphs with n vertices then P(€Q) = 1.

According to the definition above, this is a theorem which is to be proved, and here is the proof:

B n n
Py =Y (W) -p®* = a-m® -1
k=0

We say that a random wvariable is any function defined on the set of all graphs with vertices numbered
1,2,...,n.

For example, the number of edges in a graph is a random variable.

Let a random variable Y take k distinct values 1, ..., yx. Define a mathematical expectation of Y as
its “weighted average”

k
EY ==Y u.P(Y (1),

where Y 7! (y,) stands for the set of all graphs G with Y (G) = y, hold. The last probability in the expression
above is denoted by P(Y = y;).

We call tow events A and B independent (of each other) if P(AN B) (the probability that both A and
B happen) = P(A) - P(B). We call that two random variables f and g are independent (of each other)
if events f = x and g = y are independent for every pair of x and y. NB: this definition is correct only
for discrete random variables, that is, for random variables which take no more than countable number of
values.

Problem 1. Let a graph H consist of n vertices and m edges. What is the probability that G(n,p) = H,
i.e. after generating a random graph according to the definition above the exact copy of H is obtained?

Problem 2. What is the probability of G(n,p) having exactly m edges?



Problem 3. What is the probability of the event that G(n,p) contains no isolated vertices (that is,
vertices which are not connected with any other vertices by any edge)?

Let a random variable f take reals (maybe a countable number of them), and the probability of the
event f = x equals p,. We say that the mathematical expectation of f is the value of the expression
> .. % - py. We denote the expectation of f by Ef.

Problem 4. Prove the following:

a) E[c- f] = ¢- Ef if ¢ is constant;

b) E[f +g] = Ef + Eg (even if f and g are not independent!);
c) if variables f and g are independent then E[f - g] = Ef - Eg;
Problem 5. Find the expectation of the following variables:

a) the number of edges of G(n, p);

b) the degree of any vertex of G(n,p) (since the definition of G(n,p) is symmetric, one can choose any
arbitrary vertex);

c¢) the number of triangles of G(n, p);

d) the number of Hamilton paths and cycles of G(n,p) (a Hamilton path/cycle is any path/cycle which
visits each vertex exactly once);

e) the number of cliques (that is, complete subgraphs) of k vertices.

A wariance Df of a random variable f is E[(f — Ef)?].
Problem 6. Prove the following:

a) D[c- f] = ¢® - Df if ¢ is constant;

b) Df = E[f*] - (Ef)*
c) if f and g are independent then D[f + g] = Df + Dg.

Problem 7. Find the variance of the degree of any vertex of G(n,p).
Problem 8. Find the variance of the number of triangles G(n,p) (be careful with the dependence of
random variables!).

1.2 Algorithms on graphs and their complexities

Assume that we have a description of any graph and we want to check if one of its properties (for
example, connectivity) is hold. Consider the following algorithm:
Depth-first search (DFS).
procedure dfs(vertex v):
used, :=1
for each vertex u - a neighbor of v:
if used, = O then call dfs(u)

function is_connected(graph G):
used, = 0 for all vertices v
dfs(arbitrary vertex of ()
if used, = 1 holds for all v € G, return YES
otherwise return NO

The description above is represented by a pseudocode. For the better explanation of the algorithm we
recommend you to run it in your mind or on paper for some small input. Please notice that the procedure
dfs is recursive, that is, it can be called from itself, and once the last call is finished, the workflow returns
to the previous call.

Problem 9. Prove that DFS checks connectivity correctly.



Problem 10. Prove that the algorithm performs O(n + m) operations (no more than c¢(n + m) for
some constant ¢ which doesn’t depend on the input graph) for a graph with n vertices and m edges.

Problem 11. Modify this algorithm for obtaining the number of connected components of a graph.

Problem 12. An edge of a graph is called a bridge if its removal increases the number of connected
components. Describe an algorithm of obtaining all bridges in a graph with the following number of actions
performed:

a) O((n+m)?);
b) O(n(n+m));
c) (*) O(n+m).

Consider another solution of the initial problem:
Breadth-first search (BFS). Pseudocode:
procedure bfs(vertex v):
queue = {v} // a queue of vertices
used, :=1
while queue # O:
vertex w = the first element of queue
remove w from the beginning of queue
for each vertex u which is a neighbor of w:
if used, = 0:
used, := 1
add v to the end of queue

function is_connected(graph G):
used, := 0 for all vertices v // used is of size n
bfs(arbitrary vertex of ()
if used, = 1 for all vertices v € (G then return YES
otherwise return NO

Problem 13. Prove that the algorithm is correct and find its complexity.

Problem 14. Modify the algorithm for obtaining the lengths of the shortest paths from a fixed vertex
v to each other.

Problem 15. Assume that each edge e of a graph G has its own length which is a nonnegative real
and is denoted by w(e). Build an algoritm of obtaining the lengths of all shortest paths from v to each
other vertex with the following number of actions performed:

a) O(n®+m);
b) (*) O(n+ mlogn).

1.3 Graph Isomorphism problem

Two graphs G = (Vg, E¢) and H = (Vi, Ey) are called isomorphic (to each other) once there is such
bijection 7 : Vi — Vi between the sets of their vertices that every unordered pair of vertices vu occurs in
E¢ iff m(v)m(u) occurs in Ep. Such bijection 7 is called an isomorphism of graphs G and H.

Problem 16. Draw all possible graphs (modulo isomorphism) with 3 or 4 vertices.

Define an invariant as any function f which for every graph G returns some value f(G) in such a way
that f(G) = f(H) for any isomorphic graphs G and H. It’s obvious that f(G) # f(H) implies that G
and H are not isomorphic, while the inverse doesn’t have to hold (that is, f(G) = f(H) can be true for
non-isomorphic graphs).

Define a lexicographic or alphabetical comparison of two sequences as follows:



e the empty sequence is the least;
e if the first element of A is less than the first element of B then A < B;
o if the first elements of A and B coincide, ignore them and return the result of tails comparison.

Problem 17. For each of the following show that it’s an invariant and provide an example of non-
isomorphic pair of graphs where the function takes the same value:

a) the list of degrees of graph’s vertices in ascending order;
b) the lexicographically sorted list of sorted lists of neighbors’ degrees for each vertex;
c¢) the lexicographically sorted list of sorted lists of shortest paths to all vertices for each vertex.

Problem 18.

a) Provide an example of a graph G = (Vi, Eg) with two or more vertices for which there is only one
isomorphism 7 : Vg — Vi with itself (any isomorphism between two equal graphs is also called an
automorphism of the graph).

b) (*) Provide a regular graph with the property described above (a graph is called regular if each of
its vertices has the same degree).

There is no known algorithm of checking if two graphs are isomorphic for a polynomial time over the
number of their vertices and edges. The best result belongs to Laszlé6 Babai and was first published in 2015
(with some fixes in 2017, though); the algorithm works for O(e(°8™°) for some constant ¢ > 1. However,
there are fast algorithms to the GI problem for a variety of cases.

Problem 19. Provide algorithms with O(n + m) time complexity to the problem for the following
cases:

a) all degrees are no more than 2;
b) graphs don’t contain cycles;
c¢) (*) each of the graphs contains exactly one simple cycle.

In assumption that graphs are generated randomly it makes sense to use some simple algorithms and
estimate the probability of error. Our current goal is to analyze such probability for the following algorithm:

function invariant(rpap G):
for each vertex v of a graph G:
build [, - the sorted list of v’s neighbors’ degrees
if there are equal lists among [,, return DECLINE
else return all [,’s, sorted lexicographically

function are_isomorphic(rpa¢s G, H):
if any of invariant(() and invariant (/) returned DECLINE then return DECLINE
otherwise return invariant((G) = invariant(H)

Problem 20. Describe how to implement the algorithm above for O(n + m).

Problem 21. Consider a pair of vertices a and b. Prove that [, = [, holds iff after a’s and b’s removal the
list of a’s ex-neighbors’ degrees and the list of b’s ex-neighbors’ degrees are the same (modulo permutation).

Problem 22. Prove that the decline probability doesn’t exceed n? - P(l, = 1;).

Thus, once we show that P(l, = [,) is small, the decline probability will be small as well. It follows
from the 21-st problem that the following probability is to be estimated: generate G = G(n — 2,p) and
pick two sets N, and Ny, including each vertex of GG independently with probability p, then the set N, of
degrees coincides with /NV,.



2 Block #2

2.1 Combinatorial values and their asymptotics

Definitions. We say that

o Fl) = olg(n). if fim T 0

e f(n)=0(g(n)), if lim % < 0o (that is, the ratio is upper-bounded by some real number).
o Jlm) = (gl it Jim T4 —

o Fm) = g, i im T >0

e f(n) = O(g(n)), it 0 < 7}%% -

o f(n)~g(n), if JLHJO% =1.

In some of following problems you’ll be offered to “find an asymptotic” for several functions. That means
that for each of the functions f(n) you are asked to find any function g(n) is its closed form (informally,
there are only additions, subtractions, multiplications, divisions, powers which occur in the definition of
this function, and it also doesn’t contain skipped parts behind “...” “¥” “II” etc.) such that f(n) ~ g(n).

Problem 23. Prove that 2— < " < 2",
n+1 L”J

2
n

)

3n
< 22"( ) < 3%, Hint: find a combinatorial meaning for 3** and
n

Problem 24. Fund an asymptotic for { (L ) Hint what does { n+r1 tend to forn — oco?

33n
n+1

Problem 25. Show that 3
22n (%1

n

3
Problem 26. Find an asymptotic for { ( n)
n

Problem 27. Let 0 < o < 1. Show that < " > = (a1 -a)* " +0(1))".

an
The following important formula is given without a proof:

n 1 n
Stirling’s formula. n! ~ v27mn <E> (here e = lim <1 + —) — the second great limit).
(& n—oo n
Problem 28. Find an asymptotic for 27?)

Problem 29. Find an asymptotic for (’f)
Problem 30. Find an asymptotic for (2n — 1)l =1-3-...- (2n —1).

1 2(7171)/2
Problem 31. Show that the number of non-isomorphic graphs with n vertices equals €2 ( 5 ¢ )

™ n
Definition. A Bernoulli random variable with parameter p is a variable which equals 1 with probability

p and 0 with the remaining probability 1 — p.

Denote by b(k,n,p) the probability that among n independent Bernoulli random variables of p exactly
k equal 1.

Problem 32. Find the formula for b(k, n, p).

Problem 33. Find an asymptotic for maxy, b(k, n, p) under the condition that p = w(1/n). Hint: what
is the optimal value of k?



Problem 34. Let p = w(1/n). Show that the probability that the degrees of two fixed vertices of
G(n,p) coincide is O(1/,/pn).

Chernoff’s bound. If X is the sum of n independent Bernoulli random variables of p then P(| X —pn| >
pnd) < 2eP/3,

Problem 35. Under the condition that p = w(1/n) show that |b(k,n,p) — b(k — 1,n — 1,p)| =

O(v/Inn/pn).

a) Represent Y = b(k,n,p) —b(k — 1,n — 1,p) as db(k,n,p) where 4 is finite.
b) Estimate |Y| straightforwardly for small values of |§| and using Chernoff’s bound for a bigger values
of |0|. Find an optimal value between “small” and “big” values of |d].

Problem 36. Under the condition of p = w(1/n) prove that:

a) |b(k,n,p) —b(k,n—1,p)| = O(vInn/pn).
b) [b(k —1,n—1,p) — b(k,n —1,p)| = O(v/Inn/pn).

Problem 37. Let p =w(Inn/n), |k —pn| = o(y/pn/Inn). Show that b(k,n,p) = ©(1/,/pn).

2.2 Edge martingale and intervals containing the degrees of a random graph

Call a conditional probability of an event A with respect to the event B the value of P(AN B)/P(B).
A conditional expectation of f wrt the event B is the value of E[F|B] = )z -P(A = z|B). Informally,
characteristics which are conditional under Bare just averages over the outcomes of B.

Let f and g be random variables. Then call a conditional expectation of f wrt g (and denote it by
E[f|g]) the random variable which equals x with the probability of Z Plg = z]. In other words,

E =z|=x
the conditional expectation of f wrt g is such variable h that can be[fg|gen(]erated in the following way:
generate the value z of g then getting the expectation of f wrt the event g = z and return as h’s outcome.

Problem 38. Prove that is ¢ is constant then E[f|c] = Ef.

Problem 39. Find E[f|f]?

Problem 40. Show that E[f + g|h] = E[f|h] + E[g|h]. Hint: note that both left hand side and right
hand side contain random variables, so they have to be proved to be equal to each other for each outcome.

Problem 41. Show that E[E[f|g]] = Ef.

Return to the event we aim to estimate (the end of the block #1). If degrees of N, coincide with degrees
of N, then inside every interval the numbers of N,’s and N,’s representers coincide as well.

Consider an arbitrary interval I = [Dy, Dy + R — 1]. Denote by f the number of vertices of G(n,p)
with degree from 1.

Enumerate all possible edges of a graph with n vertices from 1 to (g) in the following order: {1, 2},
{1,3}, ..., {2,3}, .... Let f be any characteristic of a graph G(n,p) (for example, the above defined f).
Denote by C; the random variable being equal to 1 if the i-th edge occurs in G(n,p) and 0 otherwise.

Call an edge martingale f the sequence of random variables fy, ..., f@), where f; = E[f|C},...,Ci].

Informally saying, the value of f; tries to “guess” the value of f using the information of presences/absences
of the first ¢ edges.

Actually we can define martingales in common case.

Martingale is any sequence of random variables fy, ..., fn, such that f;_; = E[f|fi_1,..., fo] for each
i

Problem 42. Let Y7,...,Y,, be independent random variables and each of them takes values +1, —1
with the equal probabilities. Let X; = Y; + - -+Y;. Show that the sequence of X7, ..., X,, is a martingale.

Problem 43. Show that in any martingale expectations of all random variables are the same.

Problem 44. (*) Show that the edge martingale is a martingale.



Azuma’s inequality. Let X, ..., X, be a martingale. Let | X; — X;_1| be no more than ¢; for each

outcome. Then .
—t%/2 Z c?
i=1

Consider an edge i = {a,b} (and a < b). So from now on let f be the number of vertices of G(n,p)
with degree from [.

Problem 45. Show that |f; — fi_1| < |E[X.|Ch,...,Ci] — E[X,|Cy,...,Ciq]| + |E[X|Ch, ..., Ci] —
E[Xy|Ch, ..., Ci_1]|, where X, stands for the degree of vertex of v.

Problem 46. Let w and y be the numbers of edges incident to b among all edges with numbers
above and below i, respectively. Prove that B = |E[X,|CY,...,Ci] — E[X,|Cy,...,Ci1]| < b(Dy — w —
1,y,p) — b(Dg —w — 1+ R,y,p) imdependently on the outcome of G(n,p). Obtain a similar estimate for
A = |E[X,|C,....C] — E[X,|Cy,...,Ci1]| Hint: represent f; and f;_1 as the sum of Bernoulli random
variables and eliminate the common additors. Notice that cases of C; =0 and C; = 1 take place.

Problem 47. In the denotations of the previous problem apply the estimations from tasks 33-36 to
prove that A+ B < ¢; = C'/min(1,1/y/p(n — b+ 1)) for some constant C. Hint: consider cases y+1 < 1/p
andy+1>1/p.

Problem 48. Show that 3_ ¢} = O(2In (pn)).

Problem 49. Let p = w(In®n/n), |Dy — pn| = o(y/pn/Inn), R = o(r/pn/Inn), R = w(Innln (pn))).
Provethat the probability that f > +/(n/p) Innln(pn) is 1 — O(n~") for any arbitrary positive w. Hint:
find a lower bound for Ef, then use Azuma’s inequality together with the previous tasks to estimate the
probability of a big deviation of f.

Problem 50. Show that is p = p(n) = o(1) tends to zero sufficiently slowly then one can pick x
non-intersectoin intervals [Dy, Dy + R — 1], each including at least K degrees pretty likely. Estimate the
probability that each of the intervals contains the same number of representers of N, and N,. Find such
values of x and K that the probability of the coincidence of N, and N, tends to zero faster than n=" for
every w > 0.

Problem 51. (**) Provide an algorithm to the GI problem for Erdés-Renyi graphs with the polynomial
time complexity (over the number of vertices and edges) and an exponentially small decline probability
for some non-trivial interval of p-s.







Toukn Pepma, npsaMble Jiljiepa U KOe-UTO elle

H.Beayxos, A.3aciaBckmnii
O.3acnasckmii, II.KoxxeBaukos, /1. Kpekos!

Ha cyodvby nosazasco dosepuuso,
Abconromno ne cywyro cymo

A nenueoti pyKoro 6viuepuuean
Bes npemensuti na 4wmo-nubyoo.
A. Beauxufi

Ob6o3navenns m BBOAHbIE (DAKTHI

Jl1st TaHHOTO HEpaBHOCTOPOHHEro TpeyrobanKa ABC OymeMm 0603HAYATE depe3
M, H,O,I, I, I, I. 1eHTp TAKeCTu, OPTOIEHTP, IEHTP OIMMCAHHON OKPYKHOCTH,
IEHTP BIUCAHHON OKPYKHOCTH, IIEHTPhI BHEBIIUCAHHBIX OKPYZKHOCTEH, KaCAIONNXC s
cropon BC', CA, AB cOOTBETCTBEHHO.

Touku O, M, H nexkat Ha OJHOII IIPSIMOii, KOTOpasi HA3bIBACTCA NPAMot Jisepa,
npudeM M menut orpe3ok OH B orHomenun 1 : 2.

CepeinHbI CTOPOH TPEYTOJbHUKA, OCHOBAHUS €r0 BBICOT U CEPEJIMHBI OTPE3KOB
AH, BH, CH nexar Ha OJIHOIl OKPYKHOCTH, KOTOPas HA3BIBAETCA OKPYHCHOCTHIO
Diisepa wn oxpyscrocmuio desamu moyex. LleHTpOM 3TOi OKPYKHOCTHU SIBJISIETCS
cepeunaa F orpeska OH.

st soboit Touku X npsimblie, cumMerpudabie npsimbiM AX ) BX, CX orHOCH-
Tespno ouccektpuc yrioB A, B, C' cOOTBETCTBEHHO, EPECEKAIOTCS B OJIHOM TOYKE
X* (w1 mapasiesbHbL ), KOTOpas Ha3bIBAETCH U3020HAAbHO conpascernnot X . Touka
L = M* nazwiBaercda moukot Jlemyana.

JI1000it TpeyroabHuK MOXKHO adPUHHBIM Tpeodpa30BaHUEeM IIEePEBECTH B IIpa-
BUJIbHGBIN. [Ipu obpaTHOM TNpeobpa3oBaHMy ONKMCAHHAd W BIUCAHHAS OKPYKHOCTU
[IPABUJILHOT'O TPEYTOJBHUKA TEPEXO/IAT B SJIIUICHI, KOTOPbIE HA3BIBAIOTCS OITUCAH-
HBIM ¥ BIUCAHHBIM saauncamu [[Imetinepa.

1 Touku Toppuuennamn, Hanosieona n ArnoJiionus

IIycte ABT,., BCT,, CAT, — npaBujibHble TPEYrOJHHUKHU, MOCTPOEHHBIE BO
BrHemHO0 o1 AABC cropony, N,, Ny, N. — IeHTpPbI 9THX TPEyroJbHUKOB. AHa-
goruuano, ycte ABT!., BCT!, C AT} — npaBuwibHble TPEYTOJbHUKH, TOCTPOCHHBIE
Bo BHyTpenHuio or AABC cropony, N., N{, N/ — 1neHTpbl 9STHX TPEyroJbHUKOB.

1.1. Jokaxkure, uro® upsambie AT, BTy, CT, nepecekaioTca B OJHOH TOYKe 1
upsmbie AT, BT}, C'T. nepecekaioTcsi B OHON TOUKE.

MIpoekr mnonrorossen H.Bemyxoseim u  A.3acaasckuM. Ilpencrasien Ha Komdepenmun
A 3acmasckum, O.3acnasckum, [1.Koxesaukosbim u JI. KpekoBbiM.
2B panbHeiimeM B GOPMYIHPOBKAX 3a1ad caoBa "Jlokaxkure, aTo” GyIyT OMyCKATHCS.



[Tosrydennble TOYKN HA3BIBAIOTCS mouwkamyu Toppuvesnru wim movkamu Pepma n
0003HATAIOTCSA COOTBETCTBEHHO 1] 1 1.

1.2. Ipsamere AN,, BNy, CN, nepecekaiorcss B onHOil Touke u npsmbie AN,
BNj, C' N nepecekarorcst B 0ZHOII TOUKe.

[Tosydennble TOUKM Ha3BIBAIOTCA Mmouwkamy Hanoseona m 0603HATAIOTCS COOT-
BercTBeHHO N1 1 Ns.

1.3.

a) Tpeyrombuuku N,N,N. u N!N/N! — npasuibubie.

b) LleHTpbl 9THX TPEYrOJIHHUKOB coBHaIaoT ¢ M.

c¢) Pasnocts ux mwromaseit pasua miormaan AABC.

1.4. Illycte yrost AABC menbine 120°.

a) Cropoubl AABC BuHbl n3 TOUKH 17 MO PABHBIME YTJIAMIL.

b) Cymma paccrosiauii or Beprima AABC 1o Touku T) MeHblle, deM Jio Jo6oit
JIPYTO#l TOYKH ILJIOCKOCTH.

s AABC' ¢ yrinamu, He ipeBocxosituvu 120°, cymMMa pacCTOsSTHI OT BEPITHH
J1o Touku 1) HaswiBaeTcs paccmoanuem Depma.

1.5. Ecmu AABC u AA’B'C’ ynosnersopsttor ycinopusim LA+ /A" = /B+/B' =

/C + /C" = 120°, To orHOIIeHust ux paccrosuuii Pepma K pajuycaM OMUCAHHBIX
OKPY2KHOCTEl COBIIQAIOT.
1.6.

a) Touknu Ty, N, Ny, N. jezkar Ha OHOII OKPY?KHOCTH.

b) Touku nepecevenust 310it okpy:kuOCTH ¢ oTpeskamu AT,, BTy, C'T,, otimaHbie
or ', mesdaT 3TH OTPe3KU B oTHomeHuu 1 : 2.

¢) Chopmymupyiite 1 J0KaXKUTE aHAJIOIMYIHOE YTBEPXKIeHue Jijisd ToueK 1o, Ny,
Ny, N..

1.7.

a) CT) L NyN.

b) CNy L T,T,.

¢) Cdopmynupyiite n J0KaXKUTe aHAJOTUIHbIE YTBEPKIEHUsT JiJi ToueK Ty, Nj.

1.8.

a) Ilpoekrmuu Touek 17, Ty ua croporst AABC 06pa3yor IpaBWIbHBIE Tpe-
YTOJTbHUKH.

b) TFA-BC =T:B-CA=T;C-AB,i=1,2.

Toukn, obsrajarone yKa3aHHBIMEI CBOCTBAMU, HA3BIBAIOTCA MOYKaMU Anoaio-
Hus. Takum obpasom Toukn Toppudesm n Ao/IIOHES N30MOHAIBHO COIPAZKEHBI.

1.9. Ilycte Touka T nexut Bayrpu AABC. Torjga Tpu OUIbsSPIHBIX MIAPA, BbI-
IIYIIEHHBIX U3 Hee OJJTHOBPEMEHHO C PABHBIMU CKOPOCTSIMU B HAIIPABJICHUX, IPOTUBO-
MIOJIOZKHBIX BEPIITUHAM, TI0C/I€ OTPAXKEHUs OT COOTBETCTBYIOIIMX CTOPOH CTOJIKHYTCS
B OJHOI TOYKeE.

1.10. Ipsamag 17Ty npoxomut depes O.

1.11. IIpamste 17Ty, T 15, N1 Ny niepecekatorcd B ToUKe L.

1.12. Ipameie T1 Ny, T5 Ny niepecekatorcst B Touke O.

1.13. Ilpsameie T Ny, T5 N, nepecekarorcss B Touke F.

1.14. Ipamere 11Ty, 15T} nepecekatorcs B Touke M.

1.15. Cepemauna M orpeska 11T, 1eKUT Ha OKPY:KHOCTH Diijiepa.



2 IIpsimble Diinepa u siuncel Iteitnepa’

2.1. psambie ditnepa AABT, ABCT,, ACAT,, NABT,, ABCT5, ANCAT, ue-
pecekatoTcst B Touke M.

[Iycte My, Mg u Mc — cepequnbt BC, CA u AB COOTBETCTBEHHO, & l4, g 1
lc — npsamble Ditnepa NAT Ty, ABTTy u ACTTs.

2.2. llpsivbre [ 4, I, lc mapamieabubl coorBeTcTBeHHO MMy, MMy, McMr.

2.3. [Ipsamble Ditepa Beex IeCITH TPEYTOJbHUKOB, BEPIINHBI KOTOPHIX TPUHAI-
nexar muoxectBy {A, B, C, T}, Ty}, nepecekatorcs B M.

2.4. Ilycre Ty — makas Touka, aro AT T;T3 — mpasunbhbil. Torma mpsmbre,
npoxozsmue depe3 A, B, C' u napaienbibie coorBercrBenno BTy, CTy, ATz, te-
pPeceKaroTCsT B OJHOM TOYKE.

[Tycrs P — makast Touka, uro ATTy P — npaBu/ibHbIi, OpUEHTHPOBAHHBIH TTPO-
tusoroioxkao NABC'. Ilycts () — Takas touka, aro AT T5() — npaBuibHbI, Opu-
eHTUPOBaHHBIN Tak ke, Kak NABC.

2.5. Ilpsamas 14 mapamtenpaa C'P u BQ), npavas [g napamaensiaa AP u CQ),
upsimas o napasienbia BP u AQ.

2.6. Haiture reoMerpudeckoe MECTO TaKUX TOUEK X, UTO HPSMBbIE, IIPOXO/ISIIIE
qepe3 A, B, C' u napautensabie BX, CX, AX cooTBeTCTBEHHO, IepeceKarTcst B
OJHOI TOYKe.

2.7. Touku P u () ysexxar Ha onmcannom sjummrce [Teitnepa.

2.8.

a) [Ipsambre, npoxomsmire uepes A, B, C' u napajuiejibHble COOTBETCTBEHHO [ 4,
B, lc, IepecekatoTCss B HEKOTOPOIi Touke K.

b) R nexur Ha onucanuom ssumice [Ireiinepa.

2.9. YV AABC nu APQR miomaan paBHbBI, & MEHTPHI TIKECTH COBIIAIATOT.

2.10. My nexwut na BrmcanHoMm sjurce [Ilreitnepa.

2.11. IIpamas 1175 aBisierca HopMaJbio K BuucannoMy ajuiuticy [lreitnepa.

33amaun 2.2-2.11 3TOro pasjena U UX pelleHHs B3ATH U3 HEOIyOIMKOoBaHHON paborsl H.Bey-
xoBa [2].



3 T'mmepb6ona Kumepa

[Iycrs ABC', BCA', CAB’' — 1nomobubie, 0JJMHAKOBO OPUEHTUPOBAHHBLIE PABHO-
6eipernble TPeyroabHuKu ¢ ocHoBaruavu AB, BC, C'A.

3.1.

a) [Ipsimbie AA’, BB', C'C’ nepecekatorcsi B OJTHOI TOUKe.

b) FeomerpryecKiM MECTOM TOYEK IepecevdeHlsl siBIAeTCS PABHOCTOPOHHSIST TH-
nepboia, mpoxojsiias depe3 A, B, C', M, H. Ona HasbiBaercsa zunepboroti Kunepa.

O6o3naunm 1yepe3 X () Touky rutnepbosibl Kumepa, cooTBETCTBYIONIYIO YUy
[P OCHOBAHUH PaBHOOEIPEHHBIX TPEyroJbHUKOB. IIpudem yros ¢ Oyaem caurarh
[TOJIOYKUTEIBHBIM, €CJIN TPEYTOJBHUKHI TOCTPOeHb BO BHeImHIOI 0T AABC' cTopowny,
U OTPUIATELHBIM B IIPOTUBHOM CJIyUae.

3.2. Touka X*(yp) smexkur na upsmoit OL.

3.3.

a) Bee npsambie X ()X (—¢) npoxomagar depes L.

b) Bee npamsie X ()X (7/2 — ¢) npoxogar wepes O.

c¢) Bee mpsvbie X ()X (7/2 + ¢) npoxonar udepes E.

3.4. Toukn X (1), X(p2), X*(p3) Jexkar Ha OAHOI HPAMOIl TOrJAa U TOJBKO
Torjia, Korjua ¢ + po + w3 = 0 (mod ).
3.5.

a) Ilepmenukyssapsl u3 Touek A, B, C' ua npsamsie B'C’, C'A’, A’B’ coorset-
CTBEHHO IIepeceKaloTcd B OJHON TOYKe.
b) Dra rouka sexut Ha runepboie Kunepa.

4 Kybuka Heiibepra

4.1. Ilycte AUVW — npaBuibHbIil, X — IpOU3BOJIbHAST TOYKA IJIOCKOCTH, X,
Xy, Xy — Toukmu, cuMMeTpudHble X oTHOcuTebHO TpaMbix VW, WU, UV coot-
BETCTBEHHO.

a) Ipambie UX,, VX,, WX, nepecekatorcst B OJIHOIT TOUKe.

b) Ipsmeie Ditnepa AXUV, AXVW u AXWU nepecekarorcsi B OJJHON TOUKE.

4.2. Ina Toukn X, He jexKkarneii Ha onmcanHoi okpyxuoctu NAABC', yTBepK Ie-
HUS TIPEIbIIYIIEH 38/1a91 BBITOJIHAIOTCS TOTJIa U TOJIBKO TOT/a, Korja npamas X X
napaJuiesbHa npaMoit ditiepa.

[Feomerputeckum MecToM Takux Touek X, uro mpsimas X X* napaJsuiesba mnps-
MOit Dilyiepa, sIBISEeTCsT KPUBasi TPETHEro MOPsJIKa, KOTOpas Ha3bIBAETCS KYyOuKol
Hetibepaa.

4.3. Kyouka Heiibepra npoxomur wepes A, B, C, O, H, I, 1,, I, I., Ty, Ty, T,
T5.

4.4.

a) Ecin kybuka Heitbepra comepKuT HEKOTOPYIO MPIMYIO, TO OHA TaKKe COJep-
JKUT HEKOTOPYIO OKPYKHOCTb.

b) Ecim AC = BC, 1o xybuka Heiibepra cocrour u3 6uccekrpucsl yria C' u
okpyzkHOCTH ¢ 1eHTpoM C' u pagmycom AB.



c) Ecmu /C = 60°, o kybuka Heiibepra coctonT u3 BHelHel GUCCEKTPUCH YIIIa
C' m OKpYyKHOCTH, CHUMMETPUIHON onmcanHoit okpykuHocTH AABC OTHOCHTETHHO
npsimoit AB.

d) Ecim /C = 120°, To kybuka Heiibepra coctont u3 BHyTpeHHEH OHCCEKTPHUCHI
yriaa C' u OKPY:KHOCTH, CUMMETPUIHON omnucanHoit okpyxuoctu AABC oTHOCH-
TeJIbHO TpsaMoit AB.

e) CBOiiCcTBO U3 11.a) BBIMOJIHSIETCS TOTJIA ¥ TOJBKO TOIJIA, KOT/Ia MpsiMasi Ditrepa
napaJijie/ibHa OJJHON U3 GUCCEKTPHUC TPeyroJibHUKa (BHyTpeHHeil uiu BuemnrHeii). B
9TOM CJIydae COOTBETCTBYIOMNIAsi OUCCEKTPUCA METUKOM IIPpUHA IeKUT Kyonke Heii-
Hepra.

f) CaoiicTBa u3 mI1. ) 1 €) BBIIOJHSIIOTCS TOJBKO B CJIydasiX, EPEIUCICHHBIX B
um. b), ¢), d).

4.5. Ecu Touka D nexut na Kyouke Heitbepra AABC, To A nexut Ha Kybuke
Heiitbepra ABC' D n anajorudibie CBOCTBa BBIIOJJIHEHDI j11d Bepmud B, C.
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Toukn Pepma, npgaMmble Jiljiepa U KOe-UTO eIle

H.Beaxyxon, A.3aciaaBcKmii,
O.3acnaBcknii, II.KoxxeBaukoB, /I.Kpekon!

Pertenns

1 Toukm Toppunuenmu, Hanoneona n ArmnoJsioHugd

1.1. IlepBoe pemnitenue. IIpumenss teopemy cunycos K Tpeyroiabuukam AT, B
u AT,C, noy4daem

sin /BAT, : sin /ABT, = BT, : AT, =CT, : AT, = sin /C AT, : sin LACT,.

Crenosarensuo, sin ZBAT, : sin LCAT, = sin(/B + w/3) : sin(LC + 7/3). Anaio-
rnano nosyvaeM, 9to sin ZACT, : sin ZBCT, = sin(LA+ 7/3) : sin(/B+ 7/3) u
sin ZCBTy, : sin LABT, = sin(/C + 7/3) : sin(LA + 7/3). 3uaunt, o reopeme HeBor
AT,, BT, u CT, nepecekaiorcs B 0JHOIi ToUKe. Bropoe yTBep:KaeHne J10Ka3bIBaeTCst
AQHAJIOITIHO.

Bropoe pentenune. Tak kak moBopot Ha 60° Bokpyr Toukn A mepesomur AABT,
B AAT,.C', npsimbie BT, u C'T,. mpoxoAdaT depe3 OOIILYI0 TOUKY OKPYKHOCTeH, OIcaH-
Hbrx ok0J10 NABT, u ACAT,. Vcionb30BaB aHAIOTUIHOE PACCYKIEHNE IS TOUEK
B u C, nonyuyaem, uro npsmoie AT,, BTy, CT, n onucanubie okpyzxkuoctu ANABT,,
ABCT,, ACAT, nupoxoadar depe3 ojgHy To4Ky (puc.l).

AHaJIOrUIHO JTOKA3BIBAETCSA BTOpAs 9aCTh 3a/1a4M.

1.2. /Tokazare/ibCTBO aHAJIOTMIHO TIEPBOMY PEIeHnIO PEeIbIIYIei 3a 1a4n.

1.3. IlepBoe pemnieHune.

a) IIpumensist Teopemy KocuuycoB K TpeyroibHuky C'N,N,, mosrydaem

CA? (CB? CA-CB CA? 4+ CB?>+ AB?  2Supc
3 + 3 -2 3 cos(/C'+m/3) = 5 + 73

OueBuIHO, JIJIs IPYIUX CTOPOH ITOJIydaeM TaKue ¥Ke Bbipaykenus. st Broporo Tpe-
YIOJIbHUKA JI0KA3aTeIbCTBO aHAJIOITIHO.

b) Creyer u3 JIerko npoBepsieMbIX BEKTOPHBIX PABEHCTB ANy+BN,+CN, =0
u AN} + BN + CN! = 0.

c) Cremyer u3 TOJIyYeHHBIX B I1.a) BBIPaXKEHWH 1T CTOPOH MPABIJILHBIX TPe-
yroiabaukoB N, NyN. u N, N{N..

Bropoe pernenwue.

a) Tak kak AT} — obmas xopaa okpyxkuocreit AT, BT, u AT,CT), ona neprieH-
JIKyJIsipHa JuHUA MeHTpoB NN, 3tux okpyxKHocreit. Anajgornano BT, 1 N.N, n
CT. L N,Ny. Bnaunt AN, N, N, — npasmibnbrit, 1ua AN N)N! nokazareascTBo
AHAJIOTIIHO.

N,N2 =

Mpoexr mnomrorosmen H.Bemyxosbim u  A.3acmasckuMm. IlpencraBien Ha Kondepenmuu
A . 3acmasckuMm, O.3acinasckuM, [1.KoxepraukosbiM u JI. KpekoBbim.



1y

T.
Puc. 1

c¢) 3amerum, uro AAN,N. ~ ANTyN,N., ABN.N, ~ AT{N.N, u ACN,N, ~
AT N,N,. CnegoBaTeabHo,

1
SN, NN, = §(SABC + Sagn, + Seen, + Scan,)-

Ananormano

1
SNiNNL = 5(—5,4130 + Sasn; + Speng, + Scany)-

1.4.

a) Cuestyer w3 BTOporo pertenns 3ajgaan 1.1.

b) Ilycre X — mpousBosibHAsT TOYKA IJIOCKOCTH, a 1MoBOpoT Ha 60° BOKpyr A,
nepesopganuiit AABT, B8 ANAT,.C, nepesomur 77 u X B 7" 1 Y €OOTBETCTBEHHO.
Torna (puc.2)

AX+BX+CX =CX+XY+YT,>CT.=CT)+TYT'+T'T. = ATy + BT, +CT,.

PaBencrtBo jocturaercs Tosbko npu X = 17.



T

Puc. 2

(Hepagerncteo X A+ X B > XT, MOXKHO TaKkzKe MOJIy9IUTh 13 TeopeMbl [ITosemest
nytst gerbipexyroibanka ABT, X .)

1.5. Ilycts ATy, BTy m C'T} moBTOpHO TlepecekatoT onmcanuyo okogo AABC
okpyzxkHocTb k B Toukax A”, B” u C” coorsercreenno. Torma AA”B”"C” nonoben
NA'B'C" n ocraercs jokazaTh, uro paccrosaus Pepma aiss NABC u ANA"B"C”
PaBHBI.

ITepBoe pemtenue. [lycte AB”C"T) — npaBmIbHBIN U TOCTPOCHHBIN BO BHEII-
Hioto cropory ot AA”B"C”. 13 pemenns npeapiylneil 3ajadm CIeayer, 9To pac-
crosanst Pepma pasust AT, u A"T! (puc.3).

[Iycrs BT,, CT,, B"T! u C"T! nosropuo nepecekator k B Toukax Bj, C, BY
u C7. Cuerom yrios noydaem, aro BCY||CBY||B"Cy||C" By. CrenoBatensho, gep-
TeK CUMMETPUYEH OTHOCHUTEIBHO CEPEIMHHOTO IMEPIEHIUKYIAPA Saar K OTPE3KY
AA". Buaunt, orpesku AT, n AT ciMMeTPUIHBI OTHOCUTETHHO SAA7, & UX JJIHHBI
pPaBHBI.

Bropoe pemnenne. Ilycrs okpyxxnocrs k', npoxoisinas depe3 1] ¥ KOHIIEH-
rpudHas ¢ k, nopropuo nepecekaer upsimbie AA”, BB" u CC” B roukax K,, K, u
K. coorBercTBenno. Pacemorpum ciywait, korma touku A, Ty, K,, A”; B, Ty, K,
B"uC, K., Ty, C" nexart Ha COOTBETCTBYIOIIUX MIPSMBIX UMEHHO B TAKOM TIOPSJIKE,
OCTaJIbHBIE CJIydan pa3sOUparoTcs aHAJOTUIHO.

B cuny cummerpun AT, = K, A", BT, = KyB" u CK, = T\C". Ocranocn
nokazatb, uro 11K, + T1 K, = T1 K., HO 3T0 cieayer u3 TeopeMmbl [ITomemes s
gerwipexyrobunka 1) K, Ky K.



1.6.

a) OueBnzno, N! JIeXKUT HA ONUCAHHONW OKDY:KHOCTH k., Tpeyrojbhuka ABT,,
npudem N!T. — nmamerp sroit okpyxHoctu. Tak kKax 1] TOXKe JIeXKUT HA Ko, TO
/N!T\C = w/2. C apyroit cropoubt, McM : McC = McN,. : McT, = 1 : 3,
re. N.M || CT.. Crenosarensuo, N .M — cepeaunnblii neprenukynsap Kk N1, u
MN! = MT, (puc.4).

b) Tak xak rearpom okpyzxuoctu N) Ny N! asasgercsa touka M u (N/T\C = 7/2,
BTOpas TouKa nepecedenns okpyxuoctu N, N{N! ¢ upamoit CT, cummerpuana N
orunocurenbro M (puc.4). ockonbky npsimast C'M pemur orpesok N.T,. B oTHOIIE-
Hun 1 : 3, yrBepKaeHne 3a/1a9u caeayeT u3 TeopeMbl Menesas.

1.7.

a) CM. Bropoe perenne 3a1aan 1.3a).

b) IIpumenus Teopemy Kocunycos K Tpeyroibaukam AT, N, u BT, N, noaydaem,
N.T? — N/ T? = CT? — CT2, 4ro, 04eBHU/IHO, PABHOCUIBHO YTBEPZAKJICHUIO 32, a4H.

1.8.

a) Toukn, cummerpuansie 1) ornocuresnsno AB, BC, C'A, 06pa3yior Tpeyrosb-
HUK, Ji7is1 KoToporo upsamMble T1A, Th B, T1C' aBasiioTcst cepeIMHHBIMA TIEPITEHINKY-
Jagpamu K croponaM. CiieloBaTeIbHO, YIJIBI 9TOI0 TPpeyroJbHIKa paBHbl 60° (puc.5).

b) Ilycre X, Y — mpoekrun 17 wa AC, BC' coorercrBento. Toryma derbipex-
yroaeuuk C' XT7Y Brnucan B okpyzkuocTb ¢ quamerpom C17, e, XY = CTY -sin /C
U MCKOMOE YTBEPXKIEHHE CJICAYET U3 IIPEIBIIYIINEro IIyHKTA.

1.9. Ilpamete ATy, BTi, C'I} npoxoJdr 4epe3 TOYKH, CUMMeTpH4YHble 1} OTHO-
curenbao BC, C A, AB coorBercTBenno. [losToMmy mocse oTpazkeHust OT CTOPOH BCe
TpU miapa monajyT B Touky T, mpudeM 3a ojuHakoBoe Bpems (puc.b). (Crencrsue
u3 3TOH 3a/aum npejaragochk nHa 28 Typrupe ropomos, Becna, 10-11.7. IIpambre,
cummerpuanbie ATy, BTy, C'T} 0OTHOCHTEILHO IPOTHBOIIOIOKHBIX CTOPOH TPEYIOJIb-
HUKA, [IEPECEKAIOTCsI B OJJHON TOYKE. )



Puc. 5

1.10. Teomerpuyeckum mecToM TOYeK X, yJIOBJIETBOpSIOMuUx ycjosuio AX
BX = AC : BC, aBasiercst OKPYKHOCTb {2, MEPIIEHIUKY/ISPHAS OMUCAHHON OKPY K-
HocTu Tpeyrojbauka ABC. Tak kak Touku 17, T3 ABISIOTCH OOIIUMEI TOYKAMHI ITOI
U JIBYX aHAJIOTUYIHBIX OKPY2KHOCTEH (), ()., OHM HHBEPCHBI OTHOCUTEIBHO OIIMCAHHOM
OKPYZKHOCTH TPEYTOJIbHUKA.

1.11. Touxn 717, T nexkar Ha OKPYKHOCTAX (24, {1, (2., IEeHTpaMH KOTOPBIX
ABJIAIOTCA TOYKU Sg, Sp, S. IEPECEUEHUs CTOPOH TPEYTOJLHUKA C KacaTeTbHbIMU



K €ro OIMCAHHOW OKPY’KHOCTH B IIPOTUBOIOJIOXKHBIX BepriuHax. IIpsmast S,S5,S,
SIBJISIETCS TTOJISIPOi TOUKHU L, OTHOCHTE/IHLHO OITUCAHHON OKPY2KHOCTH, CJIeI0BATEIbHO,
oHa nepuenuKysspaa npsamoit O L. Ho npoxojgmias gepe3 O npamas 1775 Takxe
HEPIEHINKY/IIpHa JIMHUA [EeHTPoB. JIBa Apyrux yTBep:KIeHUS 3a/adu sIBJISSIOTCS
JaCTHBIMU CJyvdasdMU 3ajia4u 3.3.

1.12. Yacrusriit ciryyait 3agaan 3.3.

1.13. Yacrubrii ciydait 3agaqn 3.3.

1.14. YacrHblii ciaydaii TeopeMbl O Tpex Mapax W30rOHAIBHBIX Touek (cM. [1]).

1.15. Caenyer u3 3ama4 3.1, 3.2.



2 IIpsambie Ditnepa u samickl ITeitnepa

Bo Bcex perrenusix 3Toro pasjiesia Mbl paccMaTpuBaeM Ciydait, Korjga 17 JIeKuT
BuyTpu NABC, a gersipexyroibuuk ABCT, — BoinykJbiii. JIpyrue ciaydan pa3ou-
paroTcs aHaJIOTHTIHO.

2.1. ITokazkem, aro npsmas Ditaepa A BCT) npoxoaut gepe3 M. JIis ocTaabHBIX
TPEyTOJbHUKOB JOKA3aTeThCTBO AHAJIOTUIHO.

[Iycres M, — nentp tsizkectu ABCT;. Tak kak N, — HEHTD OIMUCAHHON OKPY K-
nocru ABCT), upsmas Ditiepa 5Toro tpeyroyibuuka cosmnagaer ¢ M, N, (puc.6).

Puc. 6

Taxk kax Toukm A, T} m T, nexkar Ha ommoii mpsimoii, a M, M, u N, mensr
orpesku M A, M1y u M 4T, cOOTBETCTBEHHO B OTHOIIEHUN 1 : 2, 3TH TOYKH TaK¥Ke
JexkaT Ha OJIHON HPAMOIA.

2.2. llycte M, u O, — TEHTD TAKECTH U TEHTP OMMCAHHON OKPYKHOCTU COOTBET-
crBerro AATT;. Tlockonbky Ny N, — cepeuHHBIN TepIeHnKyIsap K orpe3ky ATh,
a N{N! — cepenunubiii neprergukyssip Kk ATy, npsimbie N, N, u Ny N! nepecekarorcs
B Touke O, (puc.7).

O6o3HaunM depe3 & OCTphIil yroa Mexkity upsaMbiMua MO, u N{N!.

Tax xkak M — obmuit nentp AN, NN, u AN, N{N!, to /M N.N, = /M N]|N/ =

30°. Buaunt, gersipexyronbuuk MO, N N; — Buncanmoiit u
/NyN.N| = {O,N.N] =180° — /N, MO, = . MO,N, + {O,N|M = x + 30°.

Bamermm, aro AANT,, AAN.B u AAN]C' — 110106HBI 1 OAUHAKOBO OPUEHTHU-
poBambl. [lostomy A — mentp momobus, nepesoggmiero AN,N.N; 8 AT, BC'. Cie-

JIOBATEJIHHO,
/TYBC = /T,BC = /N,N.N; = x + 30°.

[Tycts Touka T" cummerpuuna 17 ornocurensuo My. Torma (BT'C = [BT\C
= 120°. Ilostomy uerwipexyronbuuk BT'CT, BumcaHHbBIN 1

ZBTQT/ = ZBCT/ = ZTlBC =x+ 30°.



-
~S~_____- Nc

Puc. 7

Tak kak npsimble BTy u N, N! meprienaukyisipabl, yro Mexty npsimbivu BT
u N{N! pasen 30°. Orciona, ¢ yaerom pasemncrsa /BTyT' = x + 30° mosygaem, 410
MO,||T'T,.

Tax kak M u Mp — cepemunnt 11T u 11Ty coorBercrBento, 10 My My|| T Ts.

Tax kak M u M, nenar orpesku AMy nu AMp cOOTBETCTBEHHO B OTHOIIEHUN
2:1, 7o MM, ||MaMr.

Takum o6pazom, MO, || T Ty|| M4 Mr|| M M,. Crenosarensuo, M, M, n O, nexar
Ha ojiHOM tpsimoit, M nexut ua [ u 4| MaMr.

2.3. IlepBoe perenmne. Cremyer u3 3aja4u 2.1 u pemienns 3aja4qu 2.2.

Bropoe pemenne. [Ipumenus yreepxienne sagaun 4.4d) k AABT] u Touke
T, nosryunm, 4910 l4, lp u upamas ditnepa AABT, nepecekaloTcst B OJHONE TOYKE.
Ananornano 4, [ g n npsamast Ditstepa A A BT iepecekatoTes B o/iH0# Touke. OTcrona
o 3aja4e 2.1 mosrydaem, 49to 4 u [ nepecekaiorcs B Touke M.

2.4. B zaBucumoctn ot opumentaruu AT1T57T5 cymectByor jgBe Touku 13, yio-
BJIeTBOPsIONUX ycjaoBuio: 13 = P wmn T3 = (). OOBIMHO B T€OMETPUYECKUX 3a/1a9ax
opueHTaIsI HecymecTBenHa. OHAKO, B JAHHON 3ajiade JJ0Ka3aTeJIbCTBA s JBYX
MOJIOXKEHUT TOYKY 13 TPUHITUITNAIBHO PA3TNIHBL.

Cayuati 1. T3 = P.

[Tycrs Touka A’ mzoronasbHo comnpsizkeHa A oraocuresnbHo AT1THP, a A” cum-
merprana A’ ornocurensuo 11T, (puc.8).

Torma /A", = /ToTHA" = 180° — /PT1A = (rak xak /ATIC' = 120° u



(PT\Ty = 60°) = /CTVTs.

Cuenosarensuo Ty, A” n C nexar na oxnoii npsamoit. Ananornano Ty, A” u C
Jiexkar Ha ojHoi npamoii. Suaqur, A” = C.

Kowmmozunust cummerpuii oTHOCUTENIBHO BHYTpeHHei OuccekTpucol /TPy n
npsimoit 71 Ty nepesout npsmyo AP B CQ, snaunt, AP||CQ. Ananornano BP||AQ
u C'P|BQ.

Takum obpaszom, eciim T3 = P, To Tpu IpsSIMbIE IIEPECEKAIOTCS B TOUKE (.

Cayuat 2. T3 = Q.

[Tycts npsmbie AP u B(Q) nepecekatorcst B Touke X, a ARY B u AZCP saBns-
forcs obpazamu AAQX Tpu COOTBETCTBYIONINX Hapa/lIebHbIX epeHocax (puc.9).

Puc. 9

Torna rouku C, Y, Z u R nexar na oxnoit npsmoit, AR||BQ|CP, AP||BR||CQ
u AQ|BP||CR.



CaenoBaresbio, ecin T3 = (), TO TPU MPIMBIX TIepeceKaloTcs B ToUke R.

2.5. IlepBoe pemenne. [lo zamade 2.2 npambie [, u My Myp mapaJiie/bHbBL.
[To 3amate 2.4 npsmbie C'P u B napasienpubl. Tak kak Mp — cepeanna PQ),
nostydaeMm, uto MaMyp cpenuss jmuaus nosiockl Mexay CP u BQ), T.e. 3Tu Tpn
psIMbIE MTapaJsiie/IbHbI .

Bropoe pemenne. [lo 3amaue 4.1b) P jnexur na kyouke Heiibepra AATT,.
Tak kak P n C' u30roHasbHO COpSZKEHbI, TO 10 3azate 4.2 14 || CP.

2.6. [Iycte X — Takast TOUKa, 9TO MpsiMble, mTpoxossmue depe3 A, B, C' u ma-
paJutesbable coorBeTcTBeHHO BX, C'X | AX | nmepecekaiorcss B HEKOTOPOi TOUKe Y .

Pacemorpum addunnoe mpeobpaszosanue «, iepepojisiiee AABC B paBUIbHBII
NA'B'C'. Ilyers a(X) = X' u o(Y) = Y'. Torga npsamsie, npoxomsmue depes A’
B’ C" n napannenbusie coorsercreernno B’ X' C' X', A’ X' nepecekarorcs B Y.

Pacemorpum ioBopor p, nepesoasituii A’ B B, B's C'u C' 8 A'.

[Iycrs p(Y') = Z'. Torpa kaxeiit u3 yromos / X' A'Z' / X'B'Z' w / X'C'Z' pasen
6o 60°, 6o 120°. Cuenosarensuo, Touku X', Z', A', B’ u C' nexar na ogHoit
OKPY?KHOCTH.

Takum obpaszom, X' jieskuT Ha OKpyzKHOCTH, onucanHoil okoio AA'B'C'. Coor-
BeTcTBEeHHO, X JIeXKUT Ha onucanaoM 3jumrce [lreitnepa AABC.

2.7. Cnemyer u3 3a7a1 2.4 n 2.6.

2.8. Cienyer u3 3ajaun 2.5 u ciaydas 2 3agaqu 2.4.

2.9-2.11. Omupenenum addunnoe npeobpazosanune o u AA'B'C’ anajmornano
perennto 3agaun 2.6. [lycrs a( APQR) = AP'Q'R'.

Amnasornuno pemenuto 3agadn 2.6 nmoaydaeMm, uro ANA'B'C' u AP'QQ'R' — pas-
HbIe TIPABUJIBHBIE TPEYTOJIHHUKH ¢ OOIIMM MEHTPOM. SHAYHUT, UX ILIOMIA/IM PABHDI, a
IEeHTPBI TsizkecTr coBaaoT. Crenas obpaTHoe peobpa3oBaHue, MOy InuM, 9TO 06a
9TUX cBoficTBa coxpansitorcs st ANABC u APQR.

Tak kak cepemuna P'(Q) nexxut na okpyxkuoctu €, snucannoit B AA'B'C' n
AP'Q'R', cepequna P(Q) nexxur Ha obmiem srucanaoM sjunce [reitnepa e AABC
u APQR.

Tak xkak P'Q)' xacaercs €' u Kacanue coxpansiercst npu ahb@UHHOM Ipeodpaso-
Banuu, 70 P() kacaercsd e B Touke M. [lockonbky npsimast 1115 — nepreHuKyisp
K PQ B Touke My, oHa SIBJISIETCSI HOPMAJIBIO K €.

3 T'unepbosa Kunepa

3.1.

a) Anamornano 3amadam 1.1 u 1.2.

b) Bocmosbayemest ciie Iy oM, JIErKo IIPOBEPSeMbIM YTBEPK IeHneM (opobHee
em. [1], [3])-

JIemMma. Ilycrs ganer e Toukun A, B u orobpazkenue [, KOTOpoe HEPEBOIUT
KaKJLy1o IpaMyIio [, npoxojsinyio depe3 A, B upamyio (1), npoxousmiyio depe3 B,
cOXpaHsd ABOMHBIC OTHOIICHUS YeTBEPOK IPSAMBIX. TOrIa reoOMeTpUIecKUM MECTOM
Touyek mepecedenns [ u f(l) saBiasercs KoOHUKa, Tpoxosiias depes A u B (ecau
f(AB) = AB, konuka pacnajaercs Ha AB u ere ojiHy mpsimMyo).
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Jlerko Bugern, uTo orobpazkenue, nepesoasinee npamyio AA’ 8 BB, ynosierso-
pger ycsoBuio JiemMbl. CJie1oBaTeIbHO, TEOMETPUIECKIM MECTOM TOUYEK Iepecede-
HUS 9TUX NPAMBIX Oyzer npoxojsiias depe3 A u B konuka. Ecim TpeyrosbHuKNA
AB'C u CA’'B ¢ yryiamu nipu ocHOBaHu#, paBHbIMEU /'), IOCTPOEHBI BO BHY TPEHHIOIO
cropony, To npsambie AA" u BB’ cosnagaior ¢ AC' u BC' cOOTBETCTBEHHO, TIO3TOMY
Touka C' TakzKe JIeKUT Ha 9TOi KoHMKe. Kpome TOro, KOHUKA, OUYE€BUJIHO, IIPOXO/IUT
qepes Touku M u H u, ciemoBaTebHO, SIBJISIETCST PABHOCTOPOHHEN TuiepOoIoii.

ITpumeuanme. [locko/bKY KOHUKA OJHO3HAYHO OMPEIEIICTCS MATHIO TOTKAMHI,
reOMeTPUIECKUM MeCTOM ToueK rnepecederuss npsambix AA" u CC’ byzmer Ta x)e ru-
nepbosia. OTCio/1a MOXKHO MOJIYIUTh €I1e OJ[HO JOKA3aTeJIbCTBO I1.a).

3.2. Ilpu u30rOHAJILHOM COIPSIYKEHUN OIHMCAHHAsl OKOJIO TPEYTOJIbHUKA KOHUKA
nepexoauT B npamyio. [lockombky runepbosia Kurepa mpoxoaut depes M u H, co-
psizKeHHas mpsMast coBiagaeT ¢ upsamoit OL.

SameruM, 9TO UHBEPCHBIE OTHOCUTEILHO ONUCAHHOM OKpyKHOCTH TouKN 17, T
[IPU U30TOHAJIBHOM COIPSI?KEHUN TIEPEXOJISIT B IPOTUBOIIOIOXKHBIE TOYKHU TUIEPOOJIBI.
Cnenosarenbho, Touka My saBiisieTcs eHTpoM rutiepboJibl Kunepa u, 3HaMUT, JIEXKUT
Ha OKpyKHOCTH Ditsiepa. Orciofa n 3 3aga4dn 2.9 mnoaydaeM, 4To To4Uka R jgexunT
Ha onucanuoit okpyxunoctu AABC.

O6oznaunm depes A'(¢), B'(y), C’'(y) BepmuHbl paBHOOEIPEHHBIX TPEYTOIbHI-
KOB C yIVIOM IIPH OCHOBAaHUU ¢ Tak, 4ro npsambie AA'(p), BB'(¢) u CC'(yp) nepece-
KaloTcs B Touke X ().

3.3. IlepBoe perneHue.

a) Eciu npoenmposars runepboy Kumepa w3 Toukn A Ha cepeMHHBIN Iep-
nenukyaap K BC, to roukn X (¢) n X(—¢) nepeiinyr B Toukn A'(p) n A'(—yp),
cumMerpuinble orHocuTe b0 BC'. [losTomy orobparkenue rurtiepbosibl Ha cebs, 1e-
pesogsmee X (¢) B X(—p), coxpaHsier JABOMHBIC OTHOIICHUS.

Takke coxpaHseT JIBOMHBIC OTHONIEHUsT OTOOpazKeHue, epeBoIdInee TOUKy X BO
BTOPYIO TOUKY Iepecevdenns: Tunepbosibl ¢ npsamoit X L. [lostomy njsa jokazaTesib-
CTBa YTBEPKJCHUS JOCTATOYHO HANTU TPU 3HAYEHUS , IPU KOTOPBIX 3TH OTOOPa-
JKCHUST COBIAJIAIOT.

IIpu ¢ = /A Touka X (—¢) coBunagaer ¢ A, a X (p) mexur na cumennane n3 A.
AnajornaHo moJrydaeM coBlajienne orobpazkenuit ipu ¢ = /B u ¢ = /C.

JIBa Apyrux MyHKTA JOKA3BIBAIOTCS aHAJIOTHIHO.

Bropoe pemenwne. a), b) Cuenyer uz samaan 3.4. ¢) AHaAJIOIMIHO MEPBOMY
pertennio 3a1a4au 3.4. Bocnosbsyemest Tem, uro AE npoxogut uepes A'(90° — /A) u
AHAJIOTUIHBIMU yTBepKAeHusavu i BE u CE.

HacTHbIME CIy9YasgMu 9TOH 3a1a4un npu ¢ = 7/3 u ¢ = 7/6 ABIAIOTCST yTBEP-
Kiaenus 3asad 1.11-1.13.

3.4. IlepBoe pemenne. (H. Benyxos) Vcnonbsyem cienyoriyio gemMmy.

Jlemma. Ilycrs 1 + o = LA. Torma npsimbie AA' (1) 1 AA'(pg) ciMMeTprIHBL
OTHOCUTEJILHO OuccekTpuc yria A.

HoxkazarensctBo. [lycts Ly u L)y — cepemunnr coorBercTBento jayru BC, ne
comepxareit A, u nyru BAC okpyxuoctu k, omucannoit Bokpyr AABC (puc.10).
Torna BL 4 u BL'y 6uccekrpucst ZA'(p1)BA (p2) 8 ABA'(¢1)A'(p2). CrieroBaresnb-
HO, OKPY?KHOCTD k, ommcannast BOKpYr ABLy L', saBasgercs oKpyKHOCTBIO ATIOJIIO-
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Hus, cooTBeTcTByoMeit Bepiuae B, st ABA (o)A’ (¢2). llosromy ALy uw ALy —
ouccektpucnt LA (p1)AA (¢2).

Ly

A'(p1)

Puc. 10

[Tycrs Teneps X (1) X (p2) nepecekaer AB B Touke Y.

HeoOX0ouMBIM U JIOCTATOYHBIM YCJIOBUEM TOIO, 4TO TOYKa X *(p3) JIEXKUT Ha
upsimoit X (1) X (9) Oymer coBmasenue Touek mepecedennss AX*(¢3) m BX*(p3)
¢ X(¢1)X(p2). DTO PaBHOCHIBLHO TOMY, UTO JBOiHOE OTHOIICHHE NpaMbIX AY',
AX(p1), AX(p2) u AX*(p3) paBro nsoitaomy otHomenuio BY | BX (¢1), BX (p2)
u BX*(p3).

[psmvbie AY, AX (1), AX(p2) 1 AX*(p3) mEepecekaloT CepenHHBIA TepIeH-
mukynap K AC B toukax A'(—/A), A'(p1), A'(2) u (o memme) A'(/B — ¢3) =
A (LB + p1 + p2). CiieoBaTesibHO, YIVIBI MEXK/IY STUMU MPIMBIME PaBHBL /A + 1,
Y2 —p1 U LB+ 1.

Ananornyno nosydaem, aro upsmMbie BY, BX (1), BX(p2) 1 BX*(p3) obpa-
3yIOT MexKJly coBoil Te JKe yIJIbl, HO B IIPOTUBOIIOJIOKHOM OPSJIKE.

Bropoe pemnteane. O603HaTNM CYMMY (01 + (g depe3 2¢g.

Paccyxas Takzke, Kak B HPEJIBLAYIICH 3a7ate, MOIydaeM, 9T0 YeTHIPEXyTroJIb-
oK X (1) X (o) X (p2) X (7/2 + ¢o) — rapmonmdeckuii, T.e upamas X (¢1)X (¢2)
npoxoauT 4depe3 mosroc npamoit X (o) X (/2 + ¢p).

Ho nocsiensist npsiMast pu JIFo60M g IpoxoauT depes3 Touky E. CiienoBaresibHO
Bee npsimble X (¢1)X (¢2) IpoxoadaT Yepes HeKOTOpyto ToUKy X 1oJspsl F, Koropast
0 TIpeIBLIYIIell 3aatde coBmagaer ¢ npsamoit O L.
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[Tockombky rumepbosia Kumepa sBisiercs m3oroHa bHbBIM 00pasom mpsamoit O L,
MOJTydeHHas BBIIIE TOYKa X OyJIeT TOYKOM, N30rOHAJILHO COIPSZKEHHON HEKOTOPOit
touke X (¢3) rumnepbossl. IToObl yCTAHOBUTH CBI3b MEXKIY @3 U (1, g, BOCIOIb3Y-
eMCsl TeOPEMOIl 0 JIBYX MapaxX U30TOHAJBHO COINPSIZKEHHBIX TOYEK.

[Iycrs X (1), X(¢2) — ase Toukn rumepbossr Kumepa, X* (1), X*(p2) — uzo-
TOHAJILHO compsizkeHHble uM Touky mpsiMoii O L. Ilo Teopeme o 1ByX mapax m30ro-
HAJIbHO CONPSZKEHHBIX ToueK TpsaMble X (1) X *(p2) 1 X*(¢1)X (¢2) mepecekarorcs
Ha runepbose Kumepa.

[Tapamerp, COOTBETCTBYIOIIHIT 9TON TOYKE PABEH € OJHON CTOPOHBI f(p1) — g, &
¢ apyroit — f(y2) — @1, THe f — HekoTopasi, MoKa HensBecTHas pyHKius. OTcroa
noiygaeM f(¢1) + o1 = f(p2) + wo =const, u mojcraBuB, Hampumep, @y = 0,
nostydaeM f () = —, 9T0 PABHOCHILHO YTBEPK/ICHUIO 3a/a4H.

3.5.

a) IockosbKy mepreHauKysipbl 13 BepimuH Tpeyroibauka A’ B'C’ Ha cTopoHbI
tpeyrosbauKa ABC' mepecekaiorcss B Touke O, TMEPIEHIUKYJISIPDBI U3 BEPIIHH Tpe-
yrosibanka ABC' Ha cropons! Tpeyroibauka A’ B'C’ TakxKe 1epeceKaioTcs B OJHOM
TOYKE.

C'(m/2 =)

Puc. 11

b) Bocmosb3yemest ciieyomnieit JeMMoi.
JIemma. IIpsnvbie A'(p)B'(p) u CC'(7/2 — ) nepiesnKyIsapHBbL.
JeficTBATEIBHO, M3 JIEMMBI CJIE/YET, ITO IEHTPOM OPTOJIOTMIHOCTH TPEYTOJIbHH-

koB ABC u A'B'C" asnsercsa touka X (7/2 — ¢).
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HoxkazareabcrBo 1. Ilycrs Toukun A” m B” cummerpunansr C' OTHOCHTEH-
Ho A'(¢) u B'(¢) coorsercrenno. Torma /CAB” = (CBA” = n/2 u A"B" ||
A'(p)B'(¢) (puc.11).

O6oznaunm gepes C” npoekimio C' ma npsimyio A” B”. Tak Kak 9eThIpexyroIbHIK
CC"BA" Bnucan B okpyx)uoctb ¢ guamerpom CA” to /BC"A" = /BCA" = .
Awnayornano /AC"B" = .

Takum obpasom, dersipexyroipuuk AC!(w/2 — ¢)BC” sumcanusiii. Crenosa-
tesbro, LAC"C' (1/2—¢) = LABC'(1/2—¢) =71/2—p nroukn C, C", C'(7/2— )
JIeZKAT Ha OJIHOM IpsAMOii, uro u Tpedyercs.

HoxkazareasctBo 2. [lycts Touka A” cummerpuuna A ornocurensuao CB ().
Torna ACA(p)B u ACB'(p)A” nomobubl 1 0IMHAKOBO OPUEHTHPOBAHBI. 3HAYHT,
ACA (p)B'(¢) 1 ACBA" takke OJ0OHBI 1 OJMHAKOBO OPHEHTUPOBAMBI, T.€ YIOJI
mezxk ity npambivu A'(9)B'(¢) u BA” pasen . (puc.12)

A//

C

N\

V A(p)

()2 =)
Puc. 12
Ananornyno AAC'(1/2 — ¢)B u AACA” 10106HBI 1 OMHAKOBO OPHEHTHPOBA~

ubl. CienoBarensno, AACC! (/2 — ¢) u AAA” B 10106HBI 1 OTUHAKOBO OPHEHTH-
poBambl, a yros Mexay upambivu CC'(m/2 — ¢) n A" B pasen 7/2 — .



4 Kyobuka Heiibepra

4.1.

a) Bce Tpu npsimble mpoxofsT depes ojHy u3 Todek Hamosieona TpeyrosibHHKa
XX Xy

b) (13 [2|) IIepBoe pemienme. /IBa TpeyroibHUKA, 0OPA30BAHHBIX IIEHTPAMI
TSIKECTH W TeHTpaMu onucanubix okpy:xkuocteit AXUV, AXVW u AXWU op-
TOJIOTUYHBI, IpUYeM 00a HEHTDP OPTOJOIMYHOCTH coBIagaioT ¢ mnearpom AUV,
Cire1oBaTeILHO, ST TPEYTOJLHUKHA [IEPCIICKTUBHEDIL.

Bropoe pemenue. Vkazarue. Bee Tpu npsiMble IPOXOAAT 4Yepe3 OAHY U3 TO-
yek Hamosieona TpeyrobHuka, 06pa3oBaHHOIO IEHTPAMU OKPYKHOCTEH, OIIMCAHHBIX
okomo AXUV, AXVW u AXWU.

4.2. Cm. [4].

4.3. (U3 [2]|) Ilpusemem sstemeHTapHOE JIOKA3ATEIHCTBO TOTO, UTO IIPSAMBbIe Ditiepa
ANABX, ABCX nu ACAX mnepecekaiorcst B oanoit Touke, eciu X = I, I,, I, 1.,
1Y, mm T5. Bocnosib3yeMcsl CIe/TyIOINUM yTBEPK IEHUEM.

Jlemma. I[Iycts Touka X He TeKUT Ha OKPYKHOCTH k, onncannoit okoao AABC),
a npsaMble AX, BX u C'X nosropuo nepecekator k B toukax A’, B’ u C’' coorser-
crBerHo. Torma npsimbie Dittepa ANABX, ABCX u ACAX niepecekatorcst B OJIHOI
TOYKE TOIIa U TOJLKO TOraa, Koria mnpsmblie Ditnepa AA'B'X, AB'C'X u AC'A'X
LEPECEKAIOTC B OJIHOM TOUKE.

HokazareabcTBo. [lycts O, — 1neHTp OKpyKHOCTH, onucannoit okoyio ABCX
amastornano oupeaeanm Oy, O., O, O; u O,

[Tpemmosoxum, aro npsambie Ditiepa AA'B'X, AB'C'X u AC'A’X nepece-
kaiorca B Touke Y. Ilyers Touka Y msoronanbao conpszkena Y’ OTHOCHTEILHO
ANO! 0,0, a Y — makag Touka, 1ro derbipexyroiasaukn O,0,0.Y n O)0;0LY" no-
nobubl. Torma npsmbie Dittepa AABX, ABCX n ACAX mepecekaiorcss B TOUKe
Y.

Bepuemest k 3amade.

Ecm X cosmagaer ¢ I, I,, I, win I, To X — OpPTOIEHTP COOTBETCTBYIOIIETO
ANA'B'C' u yrBepxKieHue 3aja4n CJIeyerT U3 JEeMMBbI.

Ecin X cosnagaer ¢ T} wim T, to AA’B'C' — npaBuIbHBI 1 yTBEPZKICHIE
cyiestyer u3 JleMMbl 1 3a1a9u 4.1b).

4.4.

a) Tak kak xkybuka Heiibepra nepexoaur B cebsi Mpu M30IOHAJIBHOM COIPSIZKE-
HUU, OHA COJIEPYKUT TOUKH (MHUMBIE) MepecevdeHus GECKOHETHON TIPSIMO C OIMCAH-
HOI OKPY?KHOCTBIO TpeyroJjibHuKa. JIr0bas KOHUKa, IIPOXO/sIast Yepe3 9TU TOYKH,
SIBJISIETCST OKPYKHOCTBIO.

b) Kyb6uka Heiibepra, ouesunno, comepxkut, ouccekrpucy yria C. Kpome Toro,
oHa conepKut A, B U TOYKH, CUMMETPUYHDLIC UM OTHOCUTEILHO IIPOTUBOIIOIOKHDBIX
CTOPOH.

c) Ilo zamade 4.1b) xkybmka Heitbepra npoxomut 1epe3 toukn 1,, T, u 7. Ilo-
CKOJIBKY OHa MPOXoauT Takzxke depe3 C, mojydaeM, 9To BHelHsist buccekrpuca /C
nepecekaeT KyOUKy B YeThIPEX PA3IUIHBIX TOYKAX W, SHAUUT, IIETUKOM COAEPIKUTCS
B neii. [Tockonbky A, B, O u H jiexar Ha OKPY?KHOCTH, CAMMETPUIHON OIIMCAHHO
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OKPY?KHOCTH TPEYTOJIbHUKA OTHOCUTEILHO TIPsiMoit A B, 9Ta OKPYKHOCTD TaKKe T1e-
JINKOM COJIEPXKUTCSA B KyOUKe.

d) JTokazaTeabcTBO AaHAJIOTUIHO TIPE/IBIIYIIEMY TYHKTY.

e) Ilpemmosoxkum, uro kybuka Heiibepra pacnajaercs Ha MpaMyo | 1 OKpy#K-
HOCTH S. ITOCKOJIbKY § HE MOXKET COBIAJIATh C OMHMCAHHOW OKpyKHOCThIO NABC,
MOYKHO 6€3 OorpaHudYeHust OOIIHOCTHU MPEIIOI0KUTL, 9To [ cojep:kut C. Tak Kax
Kyouka Heitbepra m3oronaabHO CONpsizKeHa caMoii cebe, mpsiMast [/, H30rOHAJIBHO CO-
HpsizKeHHas [, TakzKe [eJTMKOM cojepkuTces B Kyouke. SHauut [ = ['. Ilo 3amaqe 4.2,
[ mapaJienbHa npsmoit ditiepa.

f) (U3 [2]) Bocmosbsyemes yrBepxkaenueM 1.e). Ilycts Lo — cepenmua yru
AC B okpyxuoctu k, omucarnoit okoiao AABC. Ilpenmnonoxum, auro AC' # BC u
npsiMast Ditnepa napasiensaa C'Le. Torma CLoOH — napaJsiiesiorpaMm, CaeaoBa-

tesapno C'H pasno pajmycy onmcannoit okpyxuoctu AABC u /C = 60°.
4.5. Cm. [4].
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Fermat Points and Euler Lines

N. Beluhov, A. Zaslavsky,
P. Kozhevnikov, D. Krekov, O. Zaslavsky!

Preliminaries

Given a nonequilateral AABC, we write M, H, O, I, I,, I, and I, for its
medicenter, orthocenter, circumcenter, incenter, and excenters opposite A, B, and
C.

The points O, M, and H lie on a line known as the Euler line. The point M
divides the segment OH in ratio 1 : 2.

The midpoints of the sides of AABC, the feet of its altitudes, and the midpoints
of the segments AH, BH, and C'H lie on a circle known as the Fuler circle (or the
nine-point circle). Its center is the midpoint E of the segment OH.

Let X be an arbitrary point in the plane of AABC'. Then the reflections of the
lines AX, BX, and C'X in the bisectors of /A, /B, and /C meet at a point X* (or
are parallel, in which case X* is a point at infinity) known as the isogonal conjugate
of X. The point L = M* is known as Lemoine’s point.

For every triangle there exists an affine transformation mapping it onto an equi-
lateral triangle. The inverse transformation maps the circumcircle and the incircle of
that equilateral triangle onto two ellipses known as the circumscribed and inscribed
Steiner ellipses.

1 The Fermat, Napoleon, and Apollonius points

Let AABT,, ABCT,, and AC AT, be equilateral triangles constructed externally
on the sides of AABC and let N,, N,, and N, be their centers. Analogously, let
AABT!, ABCT!, and ACAT] be equilateral triangles constructed internally on the
sides of AABC and let N/, N;, and N/ be their centers.

1.1. Show that? the lines AT,, BT}, and C'T, are concurrent, and that so are the
lines AT, BT;, and CT,.

The concurrency points thus obtained are known as the two Fermat points (or
as the two Torricelli points). We denote them by 77 and Ts.

1.2. The lines AN,, BNy, and C'N, are concurrent, as are the lines AN!, BN},
and CN_.

The concurrency points thus obtained are known as the two Napoleon points.
We denote them by Ny and N,.

1.3.

a) Both of AN,N,N,. and AN!N/N! are equilateral.

!Problems and solutions by N. Beluhov and A. Zaslavsky. Conference presentation by A.
Zaslavsky, P. Kozhevnikov, D. Krekov, and O. Zaslavsky.

2In all problems of the form “Show that so-and-so holds” to follow, the words “Show that” are
omitted.



b) The centers of both of those triangles coincide with M.

c¢) The difference of the areas of those triangles equals the area of AABC.

1.4. Let all angles of AABC be less than 120°.

a) The point T} sees all sides of AABC' at equal angles.

b) The sum of the distances from 7; to the vertices of AABC does not exceed
the analogous sum for any other point in the plane.

When all angles of AABC are less than 120°, the sum of the distances from T}
to its vertices is known as the Fermat length.

1.5. Let AABC and ANA'B'C" satisty /A+ /A" =/B+/B' = /C+ /C" = 120°.
Then the ratio of the Fermat length to the circumradius is the same in both triangles.

1.6.

a) The points 77, N/, N}, and N/ lie on a circle.

b) The second intersection points of that circle with the segments AT,, BTy, and
CT, divide those segments in ratio 1 : 2.

c¢) Formulate and prove analogous statements for the points 75, N,, Ny, and N..

1.7.

a) CT) L NyN.

b) CNy L T,T,.

¢) Formulate and prove analogous statements for the points 75 and Nj.

1.8.

a) The projections of T} and T3 onto the sides of AABC are the vertices of two
equilateral triangles.

b) TfA-BC =T;B-CA=T;C-AB for i =1 and 2.

The two points possessing properties a) and b) are known as the Apollonius
points. Thus the points of Fermat and Apollonius are isogonal conjugates.

1.9. Let T} lie inside AABC. Then three billiard balls starting from 7} simul-
taneously and traveling with equal speed in directions opposite the three vertices
meet again after reflecting in the three sides.

1.10. O lies on 1775 .

1.11. The lines 17Ty, T1T,, and N1 N, meet at L.

1.12. The lines T7N; and T5 N5 meet at O.

1.13. The lines T7 N5 and T5N; meet at F.

1.14. The lines 1775 and 157} meet at M.

1.15. The midpoint My of 1T, lies on the Euler circle.

2 Euler lines and Steiner ellipses®

2.1. The Euler lines of AABT,, ABCT,, ANCAT,, ANABT;, ABCT;, and
ACAT, meet at M.

Let M4, Mg, and Mg be the midpoints of BC', C A, and AB and let 4, I, and
lc be the Euler lines of AAT\T5, ABTT5, and ACT\T5.

3Problems 2.2-2.11 in this section and their solutions from N. Beluhov’s unpublished manuscript

[2].



2.2. The line [, is parallel to MMy, the line g is parallel to MMy, and the
line [ is parallel to Mo M.

2.3. The Euler lines of all ten triangles with vertices in the set {A, B,C, Ty, Ty}
meet at M.

2.4. Let T3 be such a point that AT T5T5 is equilateral. Then the line through A
parallel to BTj, the line through B parallel to C'T3, and the line through C parallel
to AT3 are concurrent.

Let P be such a point that AT T3P is equilateral and oriented oppositely to
NABC. Let @ be such a point that AT T,@Q) is equilateral and oriented identically
to AABC.

2.5. The line 4 is parallel to CP and B(Q), the line [ is parallel to AP and CQ),
and the line [ is parallel to BP and AQ.

2.6. Find the locus of points X such that the line through A parallel to BX, the
line through B parallel to C' X, and the line through C parallel to AX are concurrent.

2.7. The points P and @ lie on the circumscribed Steiner ellipse.

2.8.

a) The line through A parallel to 14, the line through B parallel to [z, and the
line through C' parallel to Ic meet at a point R.

b) R lies on the circumscribed Steiner ellipse.

2.9. AABC and APQR have equal area and a common medicenter.

2.10. M lies on the inscribed Steiner ellipse.

2.11. The line T1T5 is a normal to the inscribed Steiner ellipse.



3 The Kiepert hyperbola

Let AABC’, ABCA’, and ACAB'’ be similar, identically oriented isosceles tri-
angles of bases AB, BC', and C' A.

3.1.

a) The lines AA’, BB’, and C'C" are concurrent.

b) The locus of the intersection of AA’, BB’, and C'C" is a rectangular hyperbola
containing A, B, C, M, and H.

This hyperbola is known as the Kiepert hyperbola.

Let X(¢) be the point on the Kiepert hyperbola corresponding to angle ¢ at
the bases of the three isosceles triangles. We consider ¢ to be positive when all
isosceles triangles are constructed externally to AABC, and negative when they are
constructed internally.

3.2. The point X*(¢) lies on OL.

3.3.

a) All lines X (¢)X

b) All lines X (¢) X (7/2 — ¢) meet at O.

c) All lines X ()X (7/2 + ¢) meet at F.

3.4. The points X (¢1), X(p2), and X*(¢3) are collinear if and only if @1 + @9 +
w3 = 0 (mod 7).

3.5.

a) The perpendiculars from A, B, and C onto the lines B'C", C'A’, and A’B’ are
concurrent.

b) Their point of concurrence lies on the Kiepert hyperbola.

(—p) meet at L.

4 The Neuberg cubic

4.1. Let AUVW be equilateral, let X be an arbitrary point in the plane, and
let X,, X,, and X, be the reflections of X in the lines VW, WU, and UV.

a) The lines UX,, VX,, and WX, are concurrent.

b) The Euler lines of AXUV, AXVW and AXWU are concurrent.

4.2. Let X be any point in the plane not on the circumcircle of AABC. Then
X possesses properties a) and b) above if and only if X X* is parallel to the Euler
line.

The locus of the points X such that X X™ is parallel to the Euler line is a cubic
known as the Neuberg cubic.

4.3. The Neuberg cubic contains A, B, C, O, H, I, 1,, I, I., Ty, Ty, T}, and T5.

4.4.

a) If the Neuberg cubic contains a straight line, then it also contains a circle.

b) If AC' = BC, then the Neuberg cubic consists of the internal bisector of /C
and the circle of center C' and radius AB.

c) If /C = 60°, then the Neuberg cubic consists of the external bisector of /C
and the reflection of the circumcircle of AABC in the line AB.



d) If /C' = 120°, then the Neuberg cubic consists of the internal bisector of /C
and the reflection of the circumcircle of AABC in the line AB.

e) Part a) holds if and only if an angle bisector (internal or external) is parallel
to the Euler line. In that case, that angle bisector is the straight-line part of the
Neuberg cubic.

f) Parts a) and e) hold only in the cases listed in parts b), ¢), and d).

4.5. If D lies on the Neuberg cubic for AABC, then A lies on the Neuberg cubic
for ABC'D, and analogously for B and C.
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Fermat Points and Euler Lines

N. Beluhov, A. Zaslavsky,
P. Kozhevnikov, D. Krekov, O. Zaslavsky!

Solutions

1 The Fermat, Napoleon, and Apollonius points

1.1. Solution 1. By the sine theorem for AAT, B and AAT,C,
sin /BAT, : sin /ABT, = BT, : AT, = CT, : AT, = sin /C AT, : sin /ACT,.

Therefore, sin /BAT, : sin /CAT, = sin(/B + 7/3) : sin(LC + 7/3).

Analogously, sin /ACT, : sin/BCT, = sin(/A + n/3) : sin(/B + 7/3) and
sin /CBT, : sin /ABT}, = sin(/C + 7/3) : sin(/A+ 7/3).

By the sine Ceva theorem, the statement of the problem follows.

The second part of the problem is resolved analogously.

Solution 2. Since a 60° rotation about A maps AABT, onto AAT,.C, the lines
BT, and CT, and the circumcircles of AABT, and ACAT, meet at a point. By
reasoning analogously about B and C, we obtain that AT,, BT,, CT., and the
circumcircles of AABT,, ABCT,, and AC AT, all meet at a point. (Figure 1)

The second part of the problem is resolved analogously.

1.2. The solution is analogous to the first solution of the previous problem.

1.3. Solution 1.

a) By the cosine theorem for ACN, Ny, we obtain

CA? (OB? CA-CB AB? + BC?* + CA*  2Sapc
-2 / = .
3 + 3 3 cos(/C + 7m/3) 5 + 3

Since the right-hand side is symmetric, we obtain identical expressions for the
two remaining sides of AN,N,N.,.

The proof for AN/ N;N! is analogous.

b) By the easily verified identities AN, +BN,+CN, = 0 and AN]+BN!+CN! =

N N} =

ol

c¢) By the expressions for the sides of AN, N, N, and AN, N]N/ obtained in a).

Solution 2.

a) Since AT} is a common chord of the circumcircles of AT, BT} and AT,CTy, it is
perpendicular to the line N, N, connecting the centers of those circles. Analogously,
BT, 1 N.N, and CT, L. N,N,. Thus AN,N,N, is equilateral, and AN, N;N! is
handled analogously.

¢) We have that AAN,N, ~ ATy NyN,., ABN.N, ~ AT\ N.N,, and ACN,N; ~
AT N,N,. Therefore,

1
SN.N,N. = §(SABC + Sapn, + Seen, + Scan,)-

!Problems and solutions by N. Beluhov and A. Zaslavsky. Conference presentation by A.
Zaslavsky, P. Kozhevnikov, D. Krekov, and O. Zaslavsky.
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Figure 1

Analogously,
1
SNgNgNg = 5(_SABC + Sapn; + Spen: + SCANé)-

The claim follows.

1.4.

a) By the second solution of Problem 1.1.

b) Let X be any point in the plane. Let the 60° rotation about A mapping
ANABT, onto AAT.C also map T; and X onto 7" and Y. Then (Figure 2)

AX+BX+CX =CX+XY+YT,.>CT.=CTh+ThVT'+T'T. = ATy + BT, +CT,.

Equality is attained if and only if X = T7.

(That XA+ X B > XT, also follows by Ptolemy’s theorem for the quadrilateral
ABT.X.)

1.5. Let ATy, BTy, and C'Ty meet the circumcircle k of AABC for the second
time at A”, B”, and C”. Then AA”"B"C" is similar to AA’B'C" and we are left to
show that the Fermat lengths of AABC and AA”B"C" are equal.



T

Figure 2

Solution 1. Let AB"C"T! be equilateral and external to AA”B"C". By the
solution of the previous problem, the Fermat lengths of the two triangles equal AT,
and A"T). (Figure 3)

"
Ta

"
&

Figure 3

Let BT,, CT,, B"T), and C"T! meet k for the second time at By, C;, B}, and

3



CY. By an angle chase, BCY||CBY||B"C4||C"B;. Therefore, the figure is symmetric
with respect to the perpendicular bisector s44» of AA”. It follows that the segments
AT, and A"T! are reflections of each other in s44~ and that their lengths are equal,
as needed.

Solution 2. Let k' be the circle through T concentric with k, and let &’ meet the
lines AA”, BB”, and CC" for the second time at K,, K;, and K.. We consider the
configuration when the points A, 71, K,, A”; B, T}, K, B"”; and C, K., T}, C" lie
in this order on the corresponding lines, and all other configurations are analogous.

By symmetry, AT, = K,A", BT, = K;B", and CK,. = T'C". We are left to
prove that 11 K,+711 K, = T1 K., and this holds by Ptolemy’s theorem for T} K, K, K..

1.6.

a) The point N/ lies on the circumcircle k. of AABT,, with N/T, being a diameter
of k.. Since T; also lies on k., /N/T;C' = 7/2. On the other hand, McM : McC =
McN, : McT. =1:3, so N.M||CT,. Therefore, N.M is the perpendicular bisector
of N/Ty and M N, = MT;. (Figure 4)

C
N/
c T1
Mc
A B
Ne
T,
Figure 4

b) Since M is the circumcenter of AN,N{N! and /N!T\C = m/2, the second
intersection point of the circumcircle of AN, N/ N! and the line CT, is the reflection
of N/ in M. (Figure 4) Since the line C'M divides the segment N/T, in ratio 1 : 3,
the claim follows by Menelaus’ theorem.

1.7.

a) See the second solution to problem 1.3 a).



b) By the cosine theorem for AAT, N, and ABT,N,, we have that N, T?— N, T? =
CT? — CT? and the claim follows.

1.8.

a) The reflections of 77 in the sides of AABC form a triangle § such that the
lines T1A, T1 B, and TC are the perpendicular bisectors of its sides. (Figure 5)
Therefore, all of §’s angles equal 60°.

Figure 5

b) Let X and Y be the projections of 7} onto AC' and BC'. Then the quadrilat-
eral CXT7Y is inscribed in a circle on diameter C'T}". Therefore, XY = CTY -sin ZC
and the claim follows by a).

1.9. The lines ATy, BTy, and C'T; contain the reflections of 77 in the sides of
ANABC. (Figure 5) Therefore, all three billiard balls eventually arrive at 77}, and
at the same moment. (A corollary of this problem was on the 28th Tournament of
Towns, Spring, 10-11.7: The reflections of ATy, BT}, and C'T} in the opposite sides
of AABC' are concurrent.)

1.10. The locus of the points X such that AX : BX = AC : BC'is a circle (),
perpendicular to the circumcircle k& of AABC'. Since T} and T3 are the intersection
points of €, €, and €2, they are mutually inverse with respect to k.

1.11. The centers S,, Sy, and S, of Q,, €, and (). are the intersections of the
sides of AABC with the tangents to k at the opposite vertices. Since the line S,.5,S.
is the polar of L with respect to k, it is perpendicular to OL. Since the line 1775
contains O and is perpendicular to S,S,S., it coincides with OL.

The two remaining parts of the problem are special cases of Problem 3.3.

1.12. A special case of Problem 3.3.

1.13. A special case of Problem 3.3.

1.14. A special case of the three pairs of isogonal conjugates theorem (see [1]).

1.15. By Problems 3.1 and 3.2.



2 Euler lines and Steiner ellipses

In all solutions for this section, we only consider the configuration when 77 lies
inside AABC' and the quadrilateral ABCT; is convex. All other configurations are
handled analogously.

2.1. We show that the Euler line of ABCT) passes through M. All other lines
in the problem are handled analogously.

Let M, be the medicenter of ABCT;. Since N, is the circumcenter of ABCT7,
the Euler line of ABCT) is M,N,. (Figure 6)

C

Figure 6

Since the points A, T7, and T, are collinear and the points M, M,, and N, divide
the segments M4 A, M 4T, and M4T, in the same ratio 1 : 2, they are collinear as
well.

2.2. Let M, and O, be the medicenter and circumcenter of AAT,T,. Since NN,
is the perpendicular bisector of AT} and N{N/ is the perpendicular bisector of AT5,
the lines NV, N. and N{N! meet at O,. (Figure 7)

Let x be the acute angle between the lines MO, and N;N_.

Since M is the common center of AN, N,N. and AN,N;N!, / MN.N, = /M N]N!
= 30°. Consequently, the quadrilateral MO,N.Nj] is cyclic and

[NyN.N| = LO,N.N} = 180° = /N|MO, = LMO,N, + LON|M = z + 30°.

Notice that AAN,T,, AAN.B, and AAN;C are similar and identically oriented.
It follows that similitude of center A maps AN,N.N; onto AT,BC. Thus

/TY'BC = [T,BC = /N,N_.N, = z + 30°.

Let T" be the reflection of 77 in M. Then /BT'C = /BT,C = 120°. Con-
sequently, the quadrilateral BT'C'T5 is cyclic and

ZBTQT/ = ZBCT/ = ZTlBC =+ 30°.

Since the lines BT, and N!N! are perpendicular, the lines BT, and N]N. make
a 30° angle. Thus from /BT,T" = x + 30° it follows that MO, ||T"T5.

6
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Figure 7

Since M4 and My are midpoints of 777" and T1Ty, MMy |T"Ts.

Since M and M, divide the segments AM, and AMry in the same ratio 2 : 1,
MM, ||MaMr.

Consequently, MO, ||T"Ts||MaMrp|| M M,. It follows that the points M, M,, and
O, are collinear, M lies on l4, and [ 4||MaMr.

2.3. Solution 1. By Problem 2.1 and the solution to Problem 2.2.

Solution 2. By Problem 4.4 d) applied to AABT; and the point T5, 14, 5, and
the Euler line of AABT; are concurrent. Analogously, 4, I5, and the Euler line of
AABT; are concurrent. By Problem 2.1, it follows that [, and [g meet at M.

2.4. There exist two distinct points T3 satisfying the conditions of the problem,
corresponding to the two possible orientations of AT\ 1573, namely T3 = P and T3 =
. Ordinarily, orientation does not matter much in geometry problems. However,
in this problem the two cases for T3 need to be handled very differently.

Case 1. T3 = P.

Let A’ be the isogonal conjugate of A in AT|T5P and let A” be the reflection of
A’ in the line T1T». (Figure 8)

Then (A"IVTy, = ([TyT1 A = 180° — /PT1A = (since /ATIC = 120° and
ZPTlTQ == 600> - ZCTng

It follows that the points 77, A”, and C are collinear. Analogously, the points
Ty, A”, and C are collinear. Thus A” = C.

Reflection in the internal bisector of /T PT, followed by reflection in 777, maps



Figure 8

the line AP onto the line C'Q, so AP||CQ. Analogously, BP||AQ and C'P||BQ.
Therefore, when T3 = P, the three lines in the problem meet at Q).
Case 2. T5 = Q.
Let X be the intersection point of AP and B(@), and let ARY B and AZCP be
translation copies of AAQX. (Figure 9)

Figure 9

Then the points C, Y, Z, and R are collinear, AR||BQ||CP, AP|BR||CQ, and
AQ||BPJ||CR.

Therefore, when T35 = (), the three lines in the problem meet at R.

2.5. Solution 1. By Problem 2.2, [ 4 is parallel to M Mr. By Problem 2.4, CP
and B() are parallel. Since My is the midpoint of P(Q), this means that M Mr is
the midline of the two parallel lines CP and B(), and is thus parallel to both of
them.



Solution 2. By Problem 4.1 b), P lies on the Neuberg cubic for AAT|T5. Since
the isogonal conjugate of P with respect to that triangle is C, by Problem 4.2 [, is
parallel to C'P.

2.6. Let X be such that the line through A parallel to BX, the line through B
parallel to C X, and the line through C parallel to AX are concurrent at Y.

Let a be an affine transformation mapping AABC' to an equilateral AA’B'C".
Let a(X) = X" and a(Y) = Y’. Then the line through A" parallel to B’X’, the line
through B’ parallel to C'X’, and the line through C” parallel to A’X" are concurrent
at Y.

Consider a rotation p concentric with AA’B’C” such that p maps A’ onto B’, B’
onto ¢, and C’" onto A'.

Let p(Y’) = Z'. Then each of / X'A'Z', tX'B'Z’, and /X'C'Z' equals either 60°
or 120°. Consequently, the points X', 7', A’ B’, and C' are concyclic.

It follows that X’ lies on the circumcircle of AA’B’C’. Therefore, X lies on the
circumscribed Steiner ellipse of AABC.

2.7. By Problems 2.4 and 2.6.

2.8. By Problem 2.5 and Case 2 of the solution to Problem 2.4.

2.9-2.11. Define the affine transformation o and AA’B’'C” as in the solution to
Problem 2.6. Let a(APQR) = AP'Q'R.

As in the solution to Problem 2.6, AA'B’'C" and AP'Q’'R’ are concentric and
equal equilateral triangles. Thus they have the same area and a common medicenter.
Since both of those properties are preserved by affine transformations, so do AABC
and APQR.

Since the midpoint of P'Q)’ lies on the common incircle ¢ of AA’B'C’ and
AP'Q'R', the midpoint of PQ lies on the common inscribed Steiner ellipse e of
ANABC and APQR.

Since P'Q)" is tangent to €' at its midpoint and tangency is preserved by affine
transformations, P() is tangent to e at Mp. Since T;T5 is perpendicular to P(Q) at
M, it is a normal to e.

3 The Kiepert hyperbola

3.1.

a) Similarly to Problems 1.1 and 1.2.

b) We are going to need the following easily verified claim (see [1] and [3] for
details).

Lemma. Let A and B be two points in the plane, and let f be a transformation
mapping every line through A onto a line f(I) through B in such a way that cross-
ratios are preserved. Then the locus of the intersection points of I and f(l) as [
varies is a conic through A and B. (When f(AB) = AB, that conic degenerates
into the union of the line AB and one more straight line.)

The transformation f defined by f(AA’) = BB’ satisfies the conditions of the
Lemma. Therefore, the required locus is a conic through A and B.



When AAB'C and ABA'C are constructed internally and their base angles
equal ZC, the lines AA" and BB’ coincide with AC and BC, and we obtain that C
also lies on this conic.

Since the required locus also contains M and H (corresponding to setting the
base angles of the three isosceles triangles to 0° and to letting them tend to 90°), it
is a rectangular hyperbola.

Note. Since five points uniquely determine a conic, the locus of the intersection
of AA” and C'C’ is the same hyperbola. This gives us a second proof of part a).

3.2. Isogonal conjugation with respect to a triangle maps a circumscribed conic
onto a straight line. Since the Kiepert hyperbola contains M and H, its isogonal
conjugate is the line OL.

Since the points 77 and 75 are mutually inverse with respect to the circumcircle,
isogonal conjugation maps them onto opposite points on the Kiepert hyperbola.
Therefore, Mr is the center of the Kiepert hyperbola and thus lies on the Euler
circle. By Problem 2.9, we obtain also that the point R lies on the circumcircle of
NABC.

Let A'(¢), B'(¢), and C'(p) be the third vertices of the isosceles triangles cor-
responding to base angle ¢, so that AA' (), BB'(¢), and CC'(p) meet at X (p).

3.3. Solution 1.

a) When the Kiepert hyperbola is projected from A onto the perpendicular
bisector of BC, the points X (¢) and X(—¢) are mapped onto the points A’(p)
and A’'(—p) symmetric with respect to BC. Therefore, the transformation from the
Kiepert hyperbola onto itself mapping X (¢) onto X (—¢) preserves cross-ratios.

The transformation mapping X onto the second intersection point of the Kiepert
hyperbola with the line X L also preserves cross-ratios. Therefore, to establish the
claim it suffices to find three values of ¢ such that the two transformations coincide.

When ¢ = /A, X (—¢p) coincides with A and X () lies on the symmedian through
A. Analogously, the two transformations coincide when ¢ = /B and ¢ = /C.

b), ¢) Similarly to part a).

Solution 2. a), b) By Problem 3.4. ¢) Similarly to the first solution of Problem
3.4. Use the fact that AE contains A’(90° — /A) and analogously for BE and CE.

The special cases ¢ = /3 and ¢ = 7/6 of this problem yield Problems 1.11-1.13.

3.4. Solution 1. (N. Beluhov) We use the following lemma.

Lemma. Let ¢1 + @9 = LA. Then the lines AA’ (1) and AA'(yy) are symmetric
with respect to the bisectors of /A.

Proof. Let Ly and L', be the midpoints of the arcs BC' not containing A and
BAC of the circumcircle k& of AABC. (Figure 10) Then BL, and BL/, are the
bisectors of /A" (¢1)BA (¢2) in ABA'(¢1)A’(ps). It follows that the circumcircle k
of ABL 4L, is the Apollonius circle for B in ABA'(¢1)A’(p2). Therefore, AL, and
AL, are the bisectors of ZA'(¢1)AA (¢2).

Let the line X (¢1)X (p2) meet AB at Y.

For X*(p3) to lie on X (¢1)X (¢2), it is necessary and sufficient that AX*(¢3)
and BX*(p3) meet the line X (1) X (p2) at the same point. This holds if and only
if the cross-ratio of the four lines AY', AX(¢1), AX(¢2), and AX*(p3) equals the
cross-ratio of the four lines BY, BX (1), BX(¢2), and BX*(¢3).
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A1)

Figure 10

The lines AY, AX (1), AX(¢2), and AX™*(p3) meet the perpendicular bisector of
AC at A'(—LA), A'(¢1), A'(p2), and, by the Lemma, A'(/B—y3) = A’ (/B+p1+¥2).
It follows that the angles between successive lines equal ZA+y1, po—1, and ZB+;.

Analogously, the angles between successive lines in the sequence BY', BX (1),
BX(¢3), and BX*(p3) are the same, only ordered in reverse.

Solution 2. Let ¢1 + @2 = 2pg. Reasoning as in the previous problem, we
obtain that the quadrilateral X (1)X (¢0)X (¢2)X (7/2 4 o) is harmonic, i.e., the
line X (¢1)X (¢2) contains the pole of the line X (¢q)X (7/2 + ¢o).

However, for all ¢q the line X (¢¢) X (7/2+ ¢o) contains E. It follows that when
1 and @y vary so that ¢1 + @9 remains equal to 2¢y, all lines X (1) X (¢2) meet at
a point X on the polar of F/, which by the previous problem coincides with the line
OL.

Since the Kiepert hyperbola and the line OL are isogonal conjugates, X is the
isogonal conjugate of some point X (¢3) on the Kiepert hyperbola. To work out the
relation between ¢ and ¢, on the one hand, and ¢3 on the other hand, we are going
to use the two pairs of isogonal conjugates theorem.

Let X(¢1) and X () be two points on the Kiepert hyperbola and let X*(¢1)
and X*(y9) be their isogonal conjugates on the line OL. By the two pairs of isogonal
conjugates theorem, the lines X (1) X*(¢2) and X*(¢1)X (¢2) meet in a point on
the Kiepert hyperbola.

The value of ¢ corresponding to that point equals, on the one hand, f(p1) — @2,
and, on the other hand, f(y2) — 1, where f is some (as of yet unknown) function.
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It follows that f(p1) + w1 = f(p2) + @2 = const. Substituting, say, po = 0, we
obtain f(¢) = —¢, completing the solution.

3.5.

a) Since the perpendiculars from the vertices of A A’B’'C” onto the sides of AABC
are concurrent (being the perpendicular bisectors of the sides of AABC), the per-
pendiculars from the vertices of AABC onto the sides of AA’B'C’ are concurrent
as well.

b) We use the following lemma.

Lemma. The lines A'(¢)B’'(¢) and CC'(7/2 — ¢) are perpendicular.

Indeed, it follows from the Lemma that the orthologic center of AABC and
ANA'B'C" is the point X (7/2 — ¢).

Proof 1. Let A” and B” be the reflections of C' in A’(¢) and B'(¢). Then
LCAB" = (CBA" =r/2 and A"B"||A'(¢)B'(p). (Figure 11)

(/2 =)

Figure 11

Let C” be the projection of C' onto the line A”B”. Since the quadrilater-
al CC"BA" is inscribed in a circle of diameter CA”, we obtain that /BC"A" =
/BCA" = ¢. Analogously, /AC"B" = ¢.

It follows that the quadrilateral AC'(7w/2—¢)BC" is cyclic. Thus ZAC"C'(7/2—
) =LABC'(1/2—¢) =7/2—¢ and C, C", and C’'(7/2—y) are collinear, as needed.

Proof 2. Let A” be the reflection of A in the line CB’(yp). Then ACA'(¢)B and
ACB'(p)A” are similar and identically oriented. Therefore, so are ACA'(¢)B'(y)
and ACBA" and the lines A'(¢)B'(p) and BA” make an angle of ¢. (Figure 12)

12
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(/2 =)

Figure 12

Analogously, AAC"(7/2—¢)B and AAC A" are similar and identically oriented.
Therefore, so are AACC'(w/2 — ) and AAA”B and the lines CC'(7w/2 — ¢) and
A" B make an angle of 7/2 — .

4 The Neuberg cubic

4.1.

a) All three lines meet at one of the two Napoleon points of AX,X,X,,.

b) (From [2]) Solution 1. The two triangles formed by the medicenters and
circumcenters of AXUV, AXVW , and AXWU are orthologic, and both orthologic
centers coincide with the center of AUV W . However, two orthologic triangles with
coinciding orthologic centers are always perspective.

Solution 2. Hint. All three lines meet at one of the two Napoleon points of the
triangle formed by the circumcenters of AXUV, AXVW, and AXWU.

4.2. See [4].

4.3. (From [2]) We give an elementary proof that the Euler lines of AABX,
ABCX, and ACAX are concurrent when X =1, I, I, I., T}, and T;;. We use
the following lemma.
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Lemma. Let X be a point not on the circumcircle k of AABC, and let AX,
BX, and CX meet k for the second time at A’, B’, and C’. Then the Euler lines
of NABX, ABCX, and ACAX are concurrent if and only if the Euler lines of
NA'B'X, AB'C'X, and AC'A’X are concurrent.

Proof. Let O, be the circumcenter of ABCX, and define Oy, O,, O, O}, and
O!, analogously.

Suppose that the Euler lines of AA'B’X, AB'C'X, and AC’A’X are concurrent
at Y'. Let Y” be the isogonal conjugate of Y’ in AO; 0,0’ and let Y be such that
the quadrilaterals 0,0,0.Y and O,0;0.Y" are similar. Then the Euler lines of
ANABX, ABCX, and ACAX are concurrent at Y.

When X coincides with I, I, I,, or I., X is the orthocenter of AA’B'C” and the
claim follows by the Lemma.

When X coincides with 77 or T3y, AA'B'C" is equilateral and the claim follows
by the Lemma and Problem 4.1 b).

4.4.

a) Since the Neuberg cubic is its own isogonal conjugate, it contains the (imagi-
nary) intersection points of the line at infinity and the circumcircle. Every conic
through this pair of points is a circle.

b) The Neuberg cubic contains the internal bisector of /C. Furthermore, it
contains A, B and their reflections in the opposite sides.

c) By Problem 4.1 b), the Neuberg cubic contains T}, T, and 7. Since it also
contains C, it meets the external bisector of Z/C' at four distinct points and therefore
contains it. Since A, B, O, and H all lie on the reflection of the circumcircle in the
line AB, the circle part of the Neuberg cubic coincides with this circle.

d) Similarly to part c).

e) Suppose that the Neuberg cubic consists of a straight line [ and a circle s.
Since s cannot contain all vertices of AABC, without loss of generality [ contains
C. Since the Neuberg cubic is its own isogonal conjugate, the isogonal conjugate
I of [ also belongs to the Neuberg cubic. Thus [ = [’. By Problem 4.2, [ is then
parallel to the Euler line.

f) (From [2]) We are going to use e). Let Lo be the midpoint of the arc ACB
of the circumcircle k of AABC. Suppose that AC' # BC and the Euler line is
parallel to C'Le. Then C'LoOH is a parallelogram, so C'H equals the circumradius
of AABC and /C = 60°.

4.5. See [4].
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Urpa «z6eranune aunniis — 1

Bajaay npenacrasisiior bypenan O., Koxacs /., Koxacs K.

1 IIpedsapumenvHovie 3adavu

Mebr GyneM paccMaTpuBaTh UTPbI, B KOTOPBIX JBa urpoka — llers u Baca (ouu ke Asnca u Bob, onn xe
Iepsbiii u Bropoii, #y, niu noupocry P1 u P2) — no-ouepesu cosepmaror xoapl. B Hammx urpax onu OyyT
4TO-HUOY/Ib KPACUTH, IPUYEM KayK/bIl UTPOK Oy/IeT MCIOJIB30BATh CBOH <«JINYHBIN» IBET: MJIs ONPEIEJEHHOCTH
nycrs Ilerst Bce KpacuT B My pIlypHBIH 1(BeT (a JIydIne, He B MyPIIYyPHBIH, a B epBbIii), a Bacst mycrs kpacur, 999...,
B BaCUJIbKOBGLIN (a Jsiydrie, Bropoii)! Bo Bcex urpax Ilers xomur nepsbim. «A Baca?» — cupocure Bol. A Bacs
XOIMUT BTOPBIM!

OO6BIYHO 32 OJMH XOJ| PA3PEIIAeTCs IIOKPACUTH OJMH ellle HEOKPAINEHHBIN 00beKT (ec/iu B yCJIOBUU $IBHO He
YKa3aHO IPOTUBOIIOJIOXKHOE). Hero oHu XOTAT JO0OUTHCA CBOUME DACKPAIIMBAHUSAMY, YKA3AHO B YCJIOBUSX 3a/ad,
HO CTOUT MMETh B BUJLY, UTO, BOOOIIE IOBOPS, UM, OBITH MOXKET, U HE y/IACTCs JTOOUTHCS 2KEJIAeMOI'o, TOI/ia UI'pa
OKOHYHUTbCsI HUIbeil. [loaromy Ha Borpoc «Kto BbIUrpaer?s BioJiHe Bo3MOXKeH orBeT «Hukro!s.

1.1. Ilera u Bacsa nmo-ouepein KpacaT BepIIUHBI J0jeKasapa. Urpok, mocie xojia KOTOPOro JiBe
BEPIINHBI KAKOTO-TO pedpa OKaxKyTCsl OKPAIIEeHHBIMU B OJIUH IIBET, IIPOUTPhiBaeT. KTo BhIUrpaer
[IpU IPaBUILHON Urpe?

1.2. Ilera u Bacsa no-ovuepejin KpacsT BEpIIMHbI KAKOIO-TO MHOrorpaHHuKa. VTpok, mocse xojia
KOTOPOI'O BCE BEPIIUHBI KAKOH-TO 'paHi OKaXKyTCsl OKPAIIIEHHBIME B OJIMH IIBET, BRIUTI'PbIBaeT. KTo
BBINI'PAET IIPH IIPABUIBHON urpe?

1.3. Ha okpyxkuoctu nocrasseno 99 rouek. [lera u Bacs mo-odepenu kpacat stu Touku. Vrpok,
II0CJIe X0Ja KOTOPOTO JIBE COCETHHE TOUYKHM OKAXKyTCsl OKPAITEHHBIMHU OJHMHAKOBO, IIPOUTPHIBAET.
Kro BhIMrpaer mpu mpaBuiIbHOM urpe?

1.4. Ha okpyxkuoctu croar n todek. llers n Bacsa mo-odepenm, KaxKiapiii — cBouM dJiomacre-
POM, IPOBOJIAT XOP/IbI, B TOM YHCJIE, MOYKHO COEIUHATEL COCEIHME TOUYKM. 3a OJUH XOJ MOXKHO
IIPOBECTH CPa3y HECKOJIbKO XOopj. Mrpok, rmociie xoga KOTOporo oopasyercs TPEyroJbHUK C Bep-
HIMHAMU Ha UCXOJIHON OKPYKHOCTH, BCE€ CTOPOHBI KOTOPOI'0 OKPAIICHbI OJUHAKOBO, IIPDOUTDbIBACT.
Kro Bemrpaer npu npasuibnoit urpe? JloctaToqHO BBISICHUTH BOIIPOC JJI JOCTATOTHO OOJIBITNAX
3HAYEHUN 7.

2 /locku c nepecekarowuMucs AUHUAMU

HYCTB Ha IIJIOCKOCTHU WJIN ellle I‘ﬂe—HI/I6yﬂb OTMEY€HO ITPOU3BOJIbHOE KOHEYHOE MHO2KECTBO TOYEK — 6yﬂ61\1 Ha-
3bIBATh 9TU TOYKHU y3JIaMH — U IIPOBEIACHO HECKOJIbKO JIAHUN: KazK/iad JIMHUS IIPOXOIUT 9€pPe3 HECKOJIbKO Y3JI0B.
JIMHUIO MOXKHO IIPEICTABIISITh cebe, KAK «KPUBYIO ITPOM3BOJIBHON (DOPMBI», MIPOXOISIILYIO depe3 y3ibl. [lycrs mis
J'IIO6I)IX JABYX JUHANA MHOXKECTBA y3J10B, IIpUHa/JIC2KaluX 3TUM JIMHUAM, HE COBIIAIAIOT. DakTUIeCKNA JUHUNA Ipo-
CTO 3a/1aX0T IIOAMHOZKECTBa B MHO2KECTBE yY3JI0B. ByﬂeM TOBOPUTDH, ITO JIBE€ JIMHUU I1€PECEKAIOTCA, €CJIN OHU UMEIOT
x0TsI ObI o oOTIHil y3es. [eomeTprutieckue Mo ipoOHOCTHA PACIIONOKEHUs JIUHUHI, B TOM YUCJIE, UX ME€PECEeICHUT
HE B y3JIaX, HaM HECYIICCTBECHHBDI. IToszke MBI 6yﬂ€M HCIIOJIB30BaThb KOH(bHpraLLI/IIO u3 y3JIOB U JIMHUU KaK UT'PO-
BYIO JIOCKY W BBeJIEM JIOIIOJTHUTE/JIHLHOEe Tpe6OBaHI/I$I7 KOTOPOMY IOJIZKHa YJI0OBJIETBOPATH JOCKA. A II0Ka HECKOJIBKO
IIpeJIBapUTEIbHBIX YTBEPXKICHUM.

2.1. Ha mocke n y3s0B. Bee jimHuM momnapHo 1epecekaroTes.

a) JlokaxKuTe, 9TO KOJMIECTBO JIMHMUI He Gosbire 271,

b) Ilycrs KommvecTBo jiunuil pasuo 2" 1. JTokasKuTe, 9TO €C/M K JIMHUE JI0OABUTH Y3€JI, TO
CHOBA IIOJIyYNUTCH JINHUS.

2.2. Ha nocke n yznoB. Bece munum nonapHo mepecekatorcs. lokazkure, 9T0 MOXKHO JT00ABUTH
HECKOJILKO JIMHU{L TaK, YTOOBI UX KOJIMYIECTBO CTAJI0 PABHO 21 1 4T00bI O-TIpesKHeMy Bee JTMHUI
[IEPECEKAJTICh.

2.3. Ha mocke n y3710B m HecKOIbKO juHUI. [lycTh HanMeHbImasg JUHUS COJMEPKUT Kk Y3JI0B.
Jokaxxure, 4ro ecu Jiobble k + 1 juHUil MMEI0T XOTd ObI OJMH OOIIUI y3es, TO U BCE JITHUU
BOOOIIE TOXKE IePeCeKaoTCs B KAKOM-TO y3JI€.

2.4. Jlan xyouk 3 x 3 x 3. Ilycth ero eguamaabie KyOUKU OYAyT y3/7aMi JOCKU, MOYKHO CUATATD,
9TO 9TO TPOHKH IEJIbIX quces (21, Ta, x3), 0 < o1, x9, 3 < 2. [lycTh Bee mHMN Ha JTOCKe cojlepzKaT
POBHO TIO 3 y3J1a, a UMEHHO, Oy/IeM CYUTaTh, YTO JUHUS, IPOXO/ISAINasd depe3 y3iubl (T, Lo, T3) U
(Y1, Y2, y3), IPOXOJUT TaKKe uepes y3eil (—r1 —yi, —Ta—Yz, —T3—Y3) (BBIUUCIEHUS 110 MOJLYIIIO 3).
Kro Bemurpaer ua 31oit 1ocke?
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3  Obwut sapuarm uepv, «M3bezanue auruli»

IIycTp sana urpoBas JOCKa C y3JlaMU U JIMHUSMHU, KaK B IpeabliyiieM paszene. Ilers u Bacs no-
odepean KpacdaT y3abl. Irpok, mocse Xoa KOTOPOro Bee y3JIbl KAKONH-TO JIMHUK OKAXKYTCsI OKPAIIEHHBIMK
OJIMHAKOBO, MIPOUTPHIBAET. K/ 9TOT0 He IPOU30ILIO K TOMY BPEMEHH, KOT/Ia BCE Y3JIbl Ha JOCKE OKa3a-
JINCH TTOKPAIIEHHBIMU, O0bSIBJISIETCS HUIbS.

Hamomuum, 9T0 1epectaHoOBKa — 3TO B3AMMHO OJHO3HAYHOE OTOOPAXKEHHE KOHEYHOI'O MHOXKECTBA
Ha cebs. Mbl OyZieM paccMaTpuUBaTh MEPECTAHOBKU MHOXKECTBA y3JI0B JOCKU. ByjaeM roBoputh, 4To Iie-
PeCTaHOBKA Y3JIOB JOCKU COXPAHSIET JIMHUU, €CJIU JJisi JitoOo#l inauu obpa3 Habopa y3JI0B, U3 KOTOPHIX

COCTOUT dTa JINHUs, — TO2Ke JuHusA. Mbl OyjieM paccMaTpUBaTh TOJIBKO JOCKHU, 00JIaaI0NINe CBOWCTBOM
TPaH3UTUBHOCTH: JIUIsl JIIOOBIX JIBYX Y3JIOB U U U CYIIECTBYET IIEPECTAHOBKA 0 Y3JIOB JIOCKH, COXPAHAIONIA
JIMHUH, Takas 910 o(u) = v.

IIpumep. Urpa Cum. Ha okpyzxkuoctu crosat n touek. [lers u Bacsi, mo-ouepesu mpoBOJIsiT XOP/IbI,
KaXK/JIblil — cBOMM (DJIOMACTEPOM, B TOM HUHCJIE, MOYKHO COEJIMHSATHL COCEJIHNE TOUYKU. B oTymdue oT 3a1a-
un 1.4, 3a 0JIUH X0/ MOXKHO IIPOBECTHU OJHY XOp/y. VIrPOK, 1mociie Xojja KOTOPOTro 06pa3yercss TPeyTroJbHUK
C BEPIIMHAMU HA UCXO/IHOM OKPY2KHOCTHU, BCE CTOPOHBI KOTOPOI'O OKPAIIEHbI OJIMHAKOBO, IIPOUTDHIBAET.

Yrob6sr npeBpaTuTh CUM B TPAH3UTUBHYIO UTPY ¢ M30eranneM JUHUN, 0003HAYNM UCXOTHBIE TOUKT A1,
A, ..., A, ¥ PACCMOTPHUM JIOCKY, Ha KOTOPOIt 3a1aubl y3ibl N;j, 1 < i < j < n (ysexn Nj; coorBeTcTByeT
xopae A;Aj). Ilycrb [yist KayKII0ro TpexsaeMeHTHOro MHoxkecTBa {i,7,k} (cumraem, uro i < j < k)
3a/laHa JIMHUA, TpoXo/sias yepes Tpu y3aa N;j, N, Njj. llonyunnack TpansuTusHas Jocka. Vrpa na
91Ol jtocke sKkBuBajenTHa urpe Cum. IIpoBejierne Xopapl — 9T0 3aKpallluBaHue y3Ja, a TPEYroJIbHUK —
9TO JInHUsI!

MozkeT mokazaTbcst, 9T0 urpa «V3beranue JinHU» Ha TPAH3UTUBHON JOCKEe HEOJIATONPUSATHA JIJIst
IIepBOI'0 UI'DOKA: B CHJIy TPAH3UTUBHOCTU BCE TOUYKU Ha JIOCKE <OJMHAKOBBLI», YeM DaHbllle HadHeIllb
KPacuTh, TeM paHblile cobepelb JuHuo0. Ha 70CKe ¢ HEYeTHBIM YUCJIOM Y3JI0B IEPBBI MIPOK (ec/iu
JIeJIO JIOHJIeT JI0 CaMOro KOHIIA) 3aKpacuT GoJibllle TOYEK, YeM BTOPOii, K TOMY Ke Ha IMOCJIeJHEM XOJLy
Yy BTOPOr0O UT'POKa OyJeT BBIOOD, a y IEePBOTO — HET.

OcuoBHO#t Bompoc. Ilpu Kakux n cyIecTByeT TpaH3UTUBHAS JIOCKA C 7 y3JIaMHU, HA KOTOPOI
ITerst BeIUTpBIBaET?

3.1. [Iyctb Bce iunum Ha JIOCKE COCTOAT JIUITH U3 ABYX y3J0B. [lokaxkure, uro [leTsa e Bemrpaer.

3.2. PaccMoTpuM «2Ka IHBIIT» BapuaHT UTPbl. B HEM Ha CBOEM XOJ/Iy UTPOK MOXKET MOKPACUTh He
OJIVH y3eJI, a JII0D0e HEIyCTOe MHOXKECTBO y3JI0B 110 CBOeMy BBIOODY. JlokazkuTe, 9TO HI Ha KaKOii
jocke IleTs He MOXKET BBIUTPATH YKAHYIO UTPY.

3.3. CymectByer ju jtocka n3 6 y3/10B, Ha KoTopoii [lerst BeimrpeBaer?

3.4. Ilyctb n — HevyeTHOE cOCTaBHOE YUCJIO. /lOKaxKuTe, 4TO CYyIIECTBYET JOCKA C N y3JIaMu, Ha
KoTopoii IleTss BbIMI'PHIBAET.

3.5. g n = 12k 4+ 6 cymiecTByeTr JI0CKa, Ha KOTOPOi BCe JIMHUM cojiepzKaT 1o 3 y3iua u llers
BBIUTPHIBAET.

3.6. J/lokaxxure, 4TO JIJIsd JIIOOOTO YUCJIA " CYIIECTBYIOT CKOJIb YIOJIHO KPYIIHBIE N, JIJIT KOTOPBIX
MOKHO MOCTPOUTH JIOCKY C 1 y3JIaMU U JIMHUSIME, COJEPXKAIUMUA POBHO I10 7 Y3JIOB, Ha KOTOPOI
IIers BBIITpAET.

3.7. a) oraxure, 9ro Jyisi n = 2b, rje b — HEUETHO, CyNIECTByeT J0CKa, Ha Koropoil [lers
BBIUT'DBIBAECT.

b) Hokaxure, aro mig n = 2*b, rime b — HedeTHO, @ > 1, cylecTByer JI0CKa, Ha KOTOPOIi
[Iers BoIMTpBIBaeT. Bbl MOKeTe pa3dupaTh OT/Ie/IbHbIE YACTHBIE CIy9Yal 3TOIO BOIIPOCA.

3.8. okaxwure, uro llerss He cmoxKeT BbIMUTpaTh HU Ha KaKOW JIOCKE, cojiepzKalieir poBHo 2™
y3JI0B.

3.9. OTKpeITHII Boipoc. JJist KaKMX MPOCTBIX YUCEI 1 CYIIECTBYET JIOCKa C N y3JIaMu, Ha KOTOPO
[lerst BoIUrpbIBaET?
Hamnpumep, 9To BB MOXKeTe cKa3aTh 0 HEOOIbIINX 3HaUYeHuaAx n: n =3, 5, 7, 11, 137
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4 ChneuuaavHvie docku

Bce nmocku, paccmaTpuBaeMbie B 3TOM cepuu 3aat, MPE/IIOJIATalOTCsd TPAH3UTUBHBIMU.

O6ozHaunM depe3 A MHOKECTBO TaKUX N, IJIsT KOTOPBIX CYIIECTBYET TPAH3UTUBHAS JIOCKA C 11 Y3JIaMH,
Ha KOTOPOii JTI00bIe JIBe JIMHUN IIepeceKaioTCsl M KOJIMYeCTBO JnHmii pasHo 2" 1. Bompoc o ToM, Kakie
HATYpAJIbHBIE YHCIa TPUHAJJIEXKAT MHOKECTBY A, a Kakue HeT, O KOHIA HE BBLISICHEH.

[TepecranoBka T TO4YeK MHOXKeCTBa X HA3BIBAETCsI IIPOU3BEJICHUEM [IEPECTAHOBOK p U 0, ecyu T(k) =

p(o(k)) nmpu Beex k € X, 1.e. eciim 7 — 9T0 KOMIO3UIUST OTOOPaXKEHUH p U 0. YMHOXKEHUE IePeCTAHO-
BOK, BOOOIIE TOBOps, HeKOMMyTaruBHO. Habop mepecranoBok G Ha3BIBAIOT I'PYIIION, €CIM OH 3aMKHYT
OTHOCHTEJIBHO OllepaIii [IPOU3BE/ICHHsI IePECTAaHOBOK. B sTOoM citydae G 00s3aTE/IBHO COIEPIKAT TOXK-
JIECTBEHHYTO IIEDECTAHOBKY €, a TakKe Jyisi Kaxkzaoro o € G B Habope G COHEPKUTCs [IEePECTAHOBKA,
obpaTHast K 0, T. €. TaKasl IIEPECTAHOBKA 0, 9TO 00 = 00 = €.

Hazosem nepecranoBky uiunom, eciii oHa pa3buBaeT BCe TOUKHM MHOXKECTBA HA [apbl U MEHSET Me-
cTaMy TOYKH B Kaxkjoil mape. HasoBem mepectaHOBKY hJIOIIOM, €Ciin JUIMHA KasKJOrO ee IMKJIA DaBHA
crenenn 2. [Tycrb B — MHOXKeCTBO TeX N, Jisi KOTOPBIX MOXKHO HOCTPOMTDH IPYIILY [I€PECTAHOBOK MHO-

xkecrBa [n] = {1,2,...,n}, Koropas JefcTByeT Ha MHOYKECTBE [n] TPAH3UTUBHO U He COJEPKUT (DJIOTIOB.

4.1. a) Ilycrs nyis manHoit gocKu cytiecTByer (i, coxpanstomuii muann. JJokaxkure, aro [Ters
HE CMO2KET BbBIUT'DATH Ha TaKOI JOCKe.

b) B marasune urpyuiek npojaercs J0cKa, Ha KOTOPOi n y3JI0B, Ijie N 9eTHOe, BCe JIMHUU
IOTIAPHO IepeceKaroTcs W UX KOoJImdecTBO paBHO 27 1. JlokKasKWTe, UTO CyIIeCTBYeT JOCKa, Ha

KOTOpOfI N y3J10B, BbIMI'DbIIITHAA JIJIA IIEPBOIO.

4.2. [Tycrs TpansurusHas rpynna G epecTaHOBOK MHOXKecTBa [2k| cOIepKUT 11epecTaHoBKY T,
KOTOpast 0TobpazkaeT HeKoTopoe k-3meMenTHOe MHOXKecTBO X Ha ero monosnenue [2k] \ X. Jlo-

Kaxkute, 4To rpymmna G comepkut ¢Jioi.

4.3. Ha nocke n y30B. Bee jtmann nonapuo nepecekatorcst. [Ipu sTom aukakoit dhJior He siBjisieTcst
[IepecTaHOBKOM, coxpaHsiomeil Juanu. Jlokazkure, 4T0 MOXKHO JI0OABUTH HECKOJIBKO JIMHUI TaK,
4TOOLI UX KOJMYIECTBO CTAI0 paBHo 2" 1, ocKa ocTalach TPaH3UTHBHOM, a (bJIOIILI HO-IPEsKHEMY

He COXpaHAIn OBl JIMHUM.

4.4. llyctb n = 2% - b, tne b > 1 nederno. lokaxkure, 9TO CyIIECTBYeT JIOCKa C N y3JaMd, Ha

KOTOPOIl HET (hJIUTIOB.
4.5. lokaxure, uro A = B.

4.6. Jlokaxxure, 9TO0 MHOXKeCTBO A 3aMKHYTO OTHOCHTE/ILHO YMHOXKeHusi: eciu k,n € A, to

kn € A.
4.7. Jokazkure, 9yro ecau b > 1 — HeyeTHoe 4ucyo, To 2b € A.

4.8. Jokazkure, 94To eciau b > 3 — HedeTHOE YuCyI0, TO 4b € A.



5 Hexomopuvie paxmot u3 meopuu 2pynn

MBI IPUBOAUM HECKOJBKO TEOPEM U3 TEOPHH I'PYIII, OHM TPeOyloTcsa B pelleHud 3aga4du 3.8 OTHO-
CUTEJIbHO dJIEMEHTapHAs MOCTAHOBKA BOIIPOCA U €r0 CBeJIeHUE C MOMOIIbIo 3aga4u 4.1 ¥ dakry Jlobas
TPAH3UTHUBHAA I'PYIIIa IEePECTAHOBOK MHOXKECTBA U3 2™ 3JIEMEHTOB COIEPYKUT (PJIMI OCTABJIAET IIAHC Ha
TO, UTO CYIIECTBYET pellleHne, He TpelyIoiee BCeil 9TONH TeXHUKMU.

5.1. Teopema Jlarpam:xa.
a) Ilycre G — koneunas rpymma, H — ee noarpymmna. Torma |G| @ |H].

k::

b) Ilycte & € G, 06o3HaIMM Yepe3 k HANMEHbIIee HATYPATLHOE THCIIO0, JJIsl KOTOPOTo T e.

DTO YUCI0 HA3BBIBAETCH MOPSIKOM 3eMenTa . Torga |G| @ k.

5.2. [lycts G — komeunas rpymma. Torga jjs jiroboro ssiementa h € G IUCTIO 9JIEMEHTOB B €10
KJIACCE COTPSAKEHHBIX 3JIEMEHTOB, T.e. B MHOkecTBe (), = {aha™!, a € G} avngerca nenmrenem
qucsa |G|. Bonee rouno: nyere N, = {x € G : hx = zh}. Torga muOXKecTBO N}, TIpeICTABIISET
coboit rpynmy u |Gyl - |Nu| = |G|.

5.3. Ilycrb G — KoneuHas TpyIia mepectaHoBoK MuoxectBa M. g kaxapix ¢ € M, g € G
06o3HAUNM Yepe3 gx 00pas TOUKU = 1o jaefictBueM nepecranoku g. Muoxkecrso O, = {gz, g €

G} nasbiBaercs opbuToii ssmementa x, a MHOXKecTBO S, = {9 € G : gr = x} — cTabHWIN3aTOPOM

touku . Torma mia joboit touku © € M |O,| - |S.| = |G].

5.4. Ilycre G — koneunas rpynna. Muoxkecrso C' = {c € G : Vg € G gc = cg} HasbiBaercst
neaTpoM rpymnsl G. OHO Hemycro, OCKOIBKY Beerma e € C. Torma ecnm |G| = p", rne p —
npocroe uncio, To C # {e}.

5.5. Teopema Cusosa. [Iycts G — rpyi1ia u3 n 371eMeHTOB, p* — MaKCUMaJIbHas CTEIIeHb IIPOCTOIO
qncia, Ha KOTOpyio jgenutcs n. Torma rpymma G comepxkut moarpyumny H, cocrosityio n3 p®

AJIEMEHTOB.



Perntennga

1 IIpedsapumeavHvie 3adaxu

1.1. OrBeT: BeIrpeBaeT Bacsa. OH MOXKeT MOJIB30BATHCA TEHTPATBLHO-CUMMETPUYIHON cTpaTe-
rueit u Torja He npourpaeT. IIpu 3TOM HIpa He MOXKET OKOHUYUTHCS HUYBEH, MOCKOJbKY €CJIH
BEPIIMHBI ISATHYTOJbHON I'paHU JI0jeKad/Ipa MMOKpaIlleHbl B JIBa IBeTa, 00A3aTeIbHO HAM Iy TC
JIBE COCeTHUE BEPIIUHBI, OKPAIlIEHHbIE OJIMHAKOBO.

1.2. OTBeT: BO3MOXKHO JIBa UCX0/1a: BhIUTpbIBaeT IletTsi, 1ub0 HUUIbS.

[lepBoIit BapraHT BO3MOXKEH, HAIIpUMEpP, Ha OKTa’3Jpe, BTOPoil — Ha TeTpa’ape. Hu Ha Ka-
KOM MHOTorpaHHuke Bacg He MOXKeT BBIUTpaTh, IMOTOMY YTO €C/ld y Bacu ecTh BBIUTDBINTHAS
crparerud, To Ilera moxer ee yKpacThb.

1.3. OrBeT: BoiUrpeiBaer Bacsg. CBouM 1mepBbIM XOIOM OH OTMETUT TOUKY uepe3 oiun ot lle-
TUHOW U JlajIbie Oy/IeT T0/Ib30BATbhCS CUMMETPUYHON CTpaTerueii.

Jpyras Bo3MmoxkHag crpaterud g Bacum — KaxKJIbIM XOJ0M KPacCUTh TOYKY, COCEJIHIOIO 10
JacoBOH CTpesIKe ¢ TOYKOM, KOTOPYIO TOJIBKO 9TO 3akpacui llers.

1.4. OrBeT: mpu n > 6 BerpbBaer Baca. Dro cieacrsue 5 u3 [2]. Ilo zanaue 3.2 Ilers me
MOzKeT BbIUrparh. [Ipu n > 6 urpa He MOKeT 3aKOHUUTLCA HUYbEH, TaK KaK PaMCEEeBCKOe YUCIIO

R(3,3) = 6.

2 locku c nepecekaruwuMUcCs AUHUSMU

2.1. a) MHO)KeCTBO U €ro JIONOJHEeHNe He MOIYT OJHOBPEMEHHO OKa3arbcs JuHusgMu. Kerarw,
ecl KOJMYeCTBO JIMHHN pasno 2" ! s mo6oit maphl B3aUMHO JIOIOJHHTEILHBIX MHOMKECTB
OJIHO SIBJIsIETCs JIMHUEH, a Jpyroe HeT.

b) Eciu F' — sunns, F C G, ro FN (X \ G) = @. Crenosarensuo, X \ G — ne qmnus. Torga
10 pemtenuio 1. a) G — JuHusL.

2.2. 9ro [1, memma 2.2|. ITycrs X — MHOXKeCTBO y3510B 10CKH, £ — MHOXKECTBO JIMHUIA. 1O YCJIO-
BUIO JIIOOBIE JIBE JIMHUU TIepeceKaroTcst. MHOKeCTBO JIMHMI, KOTOPOE MBI XOTUM HOCTPOUTD, JOJI7K-
HO YJIOBJIETBODATH yTBep:KjeHuio 2.1 b), Bo3bMeM Ha 3aMeTKy BCe MHOXKECTBa Y3JI0B, KOTODBIE
COJIEPXKAT JIMHUIO: TTOJIOZKUM

L1={BC X:AC B nua nekoropoii juanu A € L}.

B wacraoctu, £ C L;. Eciu naitiercs MHOXKeCTBO B, KOTOpOe IIepeceKaeTcst ¢ KazK /101 JInHuei, Ho
HII OJTHY JIMHHUIO HE COJIEPYKUT (3TO 3HAYHT, YTO €ro JIONOTHeHre B ToxKe TlepeceKaeTcs ¢ KasKIoi
JMHEEH W HU OJHY M3 HUX HE COJEPIKUT), TO OJHO M3 MHOXKECTB B, B Toxe CTONT Ha3HAYHTh
qunueil. Beibepem TO u3 HUX, B KOTOPOM OOJIbllle y3JI0B (B CIydae PABEHCTBA YHCTIa Y3JI0B —
BeIOepeM Jsit060e). Ilyctb Lo — COBOKYITHOCTH MHOXKECTB, BHIODAHHBIX TAKUM 00PA30M.
[IposepumM, uTo L1 ULy — ceMelicTBO IOMapHO IePeceKaIoMuXcs JIHHUI, B KOTOPOM POBHO 271
sseMenToB. To, 4TO JII0ObIE JIBe JIMHUU B HEM II€PECEKAIOTCs, siCHO 10 rocTtpoenuio. [lycrts Y —
IIPOU3BOJILHOE HOJAMHOZKECTBO X, Y — ero jonosHenue. B Y COAEPKHUT KAKyIO-TO JIMHHUIO, TO
Y € L£;; eciin Y He mepecekaeTcs Kakoi-HUOYIb jmHueit, T0 Y € L1; ecin Ke U TO, U APYIroe He

BBITIOJTHEHO, TO Y mym Y JiekuT B Lo.

2.3. D10 yrBepxaenne Ph. Zumstein. Ecan L = {1, x9,..., 2y} — MUHUMAJIbHAS JIMHWS, U HU
OJTHA U3 ee TOUYeK He dABJIgeTcs oOIell TOUKOH IepecedeHns] BCeX MHOXKECTB, TO JIJIsSI KaxKI0To i,
1 <i < k cymecrByer qunus L;, nyst koropoit x; ¢ L;. Ho Torma mepeceuenne LN Ly N ... N Ly
IIyCTO.



2.4. OrBeT: BoiUrpbiBaeT llers.

CrenaemM HeCKOJIBKO 3aMedanuii 00 ycTpoiicTBe urpopoit jocku. [Ipexe Bcero, jobbie aBa
PasIMIHBIX KyOUKa JIEHCTBUTEIHHO OIPEIeISIIOT JIMHUIO, COCTOSINYI0 U3 TpeX KYOUKOB (B TOM
CMBICJIE, UTO TpeTuil KyOUK, HailIEHHBIH 110 PElenTy U3 YCI0BUs 3a/iad9u, He COBIIAJIAeT C MCXOJI-
HBIME JIBYMsI ). [lajiee, mpaBuio, onuchiBaomiee JIMHIN, BeChbMa CUMMETPHYIHO: €CJIU 10 KyOnKaM
A u B KOHCTpyKIUS U3 ycjioBus 3aja9u 3a7aer Kyouk C') o nmo kybukam A u C' s1a Ke KOH-
cTpyKIums Jaet Kyouk B, a o kybukam B u C' 9ra KoHncTpyKIwus jaet Kyouk A. Takrke HETPYIHO
IIPOBEPUTD, UTO Uepe3 KazK/Iblii KYOUK IPOXOIUT 13 pas3IudIHbIX JTUHUIL.

Bamerum, 9T0 BCe KyOuKM Ha 3710ii jocke, kpome Kybuka (0,0,0), MOXKHO pa3buTh Ha Iapbl
¢ moMoInkio otobpazxkenus: & — —z. [Tycrs [lers nepseiM xozom 3akpacut ky6uk (0,0, 0), mocse
Jero KaxkKJIbIM XOJ0M OH OyJ/IeT 3aKpallluBaTh KyOWK, MapHbIi K MPEJIbIIYIIEMY XOIy COIEPHUKA.
[Tosb3ysich 9Tolt crparerueii, [leTst He mpourpaert.

OcraJiocs J10Ka3aTh, YTO MO3UIUS, KOTOPAs MOJIYIUTCs B KOHIIE UTPbI, HE MOYXKET ObITh HUIel-
Hoii. JlommycTum, 910 HUYeHAS TO3UIMA BCe-TAKU IMOJIy4dniach. B duHambHoil mo3unun 14 Kyou-
koB 3akpaineno Ilereit. imeerca C3, = 7 - 13 BceBo3MOKHBIX Nap [leTHHBIX KyOUKOB, U KazKas
napa A, B 3ajaer JUHUIO, COAePKaILy0 HeKOTOpbIi Tperuii Kyouk C'. [TocKoIbKY MO3UIUS HE-
JeitHas, 9TOT KyOukK 3akparien Baceii. [lepedbupast Bce 7 - 13 map, Mbl oOHapyKuM 7 - 13 KyOUKOB,
zakpamennbix Baceit. Ho Baca 3akpacun Bcero 13 KyOMKOB, 3HAYUT, KAKOW-TO M3 THX KyOH-
KOB MbI «O0HADYKU/IM» He MeHee 7 pa3. Takum obpazom, Mbl obHapyzxkum 7 gunuii (A, By, C),
(A9, By, C), ..., (A7, B7,C), npoxogsimux depe3 Bacun kyouk C. Y srux jmuuii Kyouku A;, B;
3akpariensl [lereit, u Hukakue jBa KyOuka cpeju 3tux 14 KyOMKOB HE MOT'YT COBIJIaTh. SHAUMNT,
9TH JINHUM COJIEPKAT Bce 14 KyOMKOB, 3akpalineHHbiX [lereil, a octaibubie 6 JIMHUII, TPOXOIAIIIIE
gepe3 Touky C', meimkoM coctodaT u3 Bacunbix Kyoukos. [Iporusopedne.

3  Obwut sapuarm uepsvt C AUHUIMU

3.1. D10 Teopema 3 u3 [2]. Bacs moxker ykpacth crpareruto. [eficturensbro, mycts [lets nme-
€T BBIUTPBINIHYIO CTPATEruio S,, COIJIACHO KOTOPOM IMEPBbIM XOJIOM CJIEJIYET HOKPACUTH Y3€s T.
[Iycrs {z,y} — xakasg-aubGy/ b JUHUA. B cHuly TPaH3UTHBHOCTH CYIECTBYET BBIUTDBIIHAS (/15
[IEPBOTIO MI'POKA) CTPATErust Sy, HaunmHaromasdca ¢ xofa B yses y. Torma Baca moxker urnHopn-
poBaTh TOT (baKT UTO y3es T 3aKpalleH U UrpaTh Kak ObI 3a IEePBOTO II0 CTPATErHH S,. ITa
cTpaTerus HUKOTIa He TIOTpedyeT OT Hero, 9To0bl OH MOXOAUI B y3e/I &, TaK KaK 3TO POUTPHIII-
HBII X071, ToToMy Bacs Bcerja 6yeT nMeTb BO3MOXKHOCTD XOJUTH 10 CTPATETHH.

3.2. Do Teopema 4 u3 [2]. Baca moxker ykpacthb crpareruto. [lycts cymmecrtyer crparerus mnep-
BOT'O MI'DOKA, KOTOPasi PEKOMEH/IyeT MEPBLIM XOJIOM 3aKPaCUTh MHOYKECTBO y3Ji0B S. JlokaxeM,
uro y Bacu umeercs criocob ne mpourparhb, KakuM Obl HU ObLT 1epBbiit xo [leTn.

[Iycts nepsbiM xos10M [letda 3akpacuin muoxkectso U. Eciu U — 310 BCE 11071€, TO UTPa y2Ke 3a-
KOHYMJIach U Bacsa He mpourpaJsi. B nporuBHOM citydae Ha JOCKe UMeeTCs HEOKPAIIEHHDIN y3e T .
B cumy TpaH3UTHBHOCTH CYIIECTBYET BBIUTDBLINTHAS CTPATErWs MEPBOTO MIPOKA, HATMHAIOIIA-
csl ¢ 3aKpallliBaHUsl MHOYKeCTBa y3Ji0B S’ cojepxxkamiero x. Ilycrs Torya Bacst 3akpacut y3en x
U OCTAJIbHBIC HEOKPAIIEHHBIE Y3JIbI U3 S’ , €CJIM TAKOBbIE UMEIOTCs, TIOCIe Iero Oy/IeT jajiee urpaTh
B COOTBETCTBHUU C 3TON BBIUIPHINHON cTparerneil. Hasmuane Iletnnbix y3108 B S’ MOXKeT TOJIb-
KO 00JIErYUTh BBIMIPBIII, B TO BpeMsl Kak y3Jbl, 3aKkpaiiernble [lereit 3a npemenamu S’ MOKHO
MBICJIEHHO IIPUYNACIUTH K €r0 BTOPOMY XOJIy.

3.3. OrBet: ma. [Ipumvep u3 [2|. Pactosoxkum 6 y3/10B B Bujie ABYX PSJIOB 110 TPH Y3J1a, JINHAN —
9TO TPEXTOYEUHbIE MHOYKECTBA OJTHOIO U3 JIBYX BUJIOB: JIHOO 3TO MHOYKECTBO COJICPXKHUT IO OJTHOMY
y3J1y U3 KaXKJOW IMaphl, IPUYIEM B BEPXHEM DsJIy Y€THOE YUCJIO Y3JI0B, JUOO COJAEPXKUT J[BE TOUKU
U3 OJIHOI Mapbl U OJIHY TOYKY W3 CJIEJYIONIEN 110 MUKITY Hapbl. 10, 94TO 3Ta JJOCKa TPaH3UTUBHAS
U TIEPBBII BBINTPBIBAET, ITPOBEPAETCS HETIOCPEICTBEHHO.



3.4. Dro reopema 6 uz [2|. [Tycrs n = pq. Byjem caurarh, 9T0 HA JOCKE HAPUCOBAHO ¢ HEllepece-
KAIOIUXCsT KPYTOB, B KAXKJIOM Kpyre Haxonutcs p y37oB. [lonoxum p' = (p+1)/2, ¢ = (¢+1)/2.
Pacemorpum cemeiictBo W, comeprkariiee Bce MHOKecTBa U3 p'q' y3710B, KaxKJi0e U3 KOTOPBIX
cojiepKuT 1o P’ y370B M3 KaKux-To ¢ Kpyros. B KaudecTBe MHOXKeCTBa JIMHUI L BO3bMEM BCe
MHOXKecTBa U3 p'q’ y350B, He BXojdmue B W. TpaHsuTuBHOCTH TaKoO JOCKKM TPUBUAJIbHA, €CJIN
MbI OI'DAHIYUM ceDsi ITepecTaHOBKAMU, KOTOPbIE MEPEeCTABIAIOT KPYT'U IEJIMKOM, a TaKXKe TOUYKH
B HUX.

Tak Kak Kakjas napa MHOXKecTB U3 W repecekaeTcs, Jjisd JI0Ka3aTeJbcTBa TOro, uro I[lep-
BbIil BBIUI'PBIBAET, JIOCTATOYHO IIPOBEPHUTH, YTO 3a IepBble p'q’ CBOMX XOJ0B OH CMOXKET IIOCTPO-
uTh MHOXKecTBO m3 W (rorma Bropoit caemyromum xomom moctpout JuHUo0). HasoBem Kpyr
AKTUBHBIM, eciiu [lepBbIil 3aKpacu B HEM He MeHee OJIHOIO y3ja, HO Menee, deM p’. Hazosem
KPYT 3amo/IHeHHbIM, eciu [lepeoiit 3akpacut B Hem p’ y3ios. Crparerus I[lepsoro coctour B TOM,
YTO OH IPUMEHSET MEPBOE U3 CJIECIYIONUX IIPABUJI, KOTOPOE Y/IaeTCs TPUMEHUTD.

1) Eca Bropoii To1bKO 9TO XOAMI B aKTUBHBI KpyT, TO [lepBblii XomuT Tyma xKe.

2) Eciu MmenbIe ¢ KpyroB sIBJISIIOTCS aKTUBHBIME UJIM 3allOJHEHHBIMU, [lepBblii xoauT B
IyCTO! KPYT.

3) [lepBeriit XoquT B JFOOOW AKTUBHBIH KPYT.

[IpaBuio 1 ozmadaer, 4To mocje xoia [lepBblit 3aKpacusi B 9TOM aKTUBHOM KpyTre OOJIbIIe
y370B, ueMm Bropoii. [IpaBuio 2 o3nadaet, uro nocse xoma IlepBoro 60see mMoOBUHBI HEITYCTHIX
KPYIOB aKTUBHBI UJIH HOJIHBL. B pesyibrare nocie p'q’ xonos [lepsbiit 3aKkpacuT poBHO 110 p’ y3J10B
B TOYHOCTH B ¢’ KpyTrax.

3.5. 910 Teopema 24 u3 [2]. Hyzxkuo B3a1h 2k+ 1 Konmit ocku u3 perenns 3aga4n 3.3 (a JHHASIME
Oy/leM CYMTaTh MHOXKECTBA M3 TPEX Y3JI0B B KayKJOW M3 KOIWi, KOTOPble paHee TaM CUYUTAJINCH
muausivu). TpansurusrocTh ovdeBnaHa. OuH sKx3emmap Ilerst octaBuT i cojeprKaTeIbHOI
urpsl (B Heil OH BHIMTPHIBAET 1O 3a/1a4€e 3.3), & OCTaJbHbIe pa300beT Ha Iaphl 1 OyIeT COBEPIIATH
B HUX CHMMETDPHYHBIE XO/bI (M TYT OH HE IPOUTPAET).

3.6. Do caencrsue 25 u3 2]. Jocrarouno moudunuposars npumep u3 3agaqdu 3.5. [lycrs k& > 2r
U TIPU 3TOM HACTOJIBKO KPYITHOE, HACKOJBLKO HaMm xodercd. BosbMeM n = 2k + 1 9K3eMILIAPOB
JIOCKM U3 pernenns 3aga4qn 3.3. [lycts L — MHOXKeCTBO JIMHUI JIJIMHBL 3 Ha 9TOM JT0cKe. 3a auM
JIMHUU JIJTUHBI 7' TIyCTh

L'={lecn)": ¢ > nnanexoroporo (€ L}

[leTtnna crparerusa Ta e, 9To B 3aja4e 3.5: Ha epBoit gocke [leTs noiepkuBaer urpy n3 3aj1a4n
3.3, Ha ocTaJILHBIX Mmapax Jocok [lers xoaut cummerpuyno. B kakoit-to momenT Bacs moctpout
muanio ¢ aymabl 3 u3 MHOXKecTBa L (a [lerst K 9TOMy MOMEHTY elie He MOCTPOUJ TAKOMN JIMHUM).
Eciin k aTOMY Bpemenu cjesiano r map XoJioB, To Baca nmpourpait: unus ¢ 1II0C OCTaJIbHBIE €0
XOJIbI OIIPEJIEJISIIOT JIMHUIO u3 MHOKecTBa L. Ecu »xe r xo/108B emie He cjenano, To [lers naunnaer
IIPOCTO TAHYTb BpeMsl, Jlejlasi KazK/Iblil CBOI X0JI HA HOBYIO JIOCKY.

3.7. a) Dro npemoxkenne 10 u3 [2]. [Iycrs n = 2b, b’ = (b — 1)/2. Bynem caurarb, 9ro mocka —
9TO KJIeTYaThIfl MuanHAp b X 2, s KoToporo (bUKCHUPOBAHO HallpaBjeHne 00X0oja W KJIETKH
KOTOPOTO — 39TO y3JIbl. Byem 0603Ha4aTh KJIETKH napaMu (x, €), Tae £ — OCTaTOK 0 MOJLYJIIO b,
e=0wnm 1.

MHoxkecTBO U3 b KJIeTOK Oy/eM Ha3blBaTh BBIUTPBIITHBIM, €CJIU OHO

— WJIM COJIEPYKUT 110 OJTHO# KJIETKE B KaXKJOM CTOJIOIE M IPU STOM HEYETHOE UUCJIO KJIETOK
B BepXHeil CTPOKe

— WIN COJIEPKUT POBHO OJIMH <IOJIHBI» cTojI0en (B KOTOPOM 00€ KJIETKH IIPUHAJJIEZKAT

MHOKECTBY) ¥ IIDH 9TOM <ILyCTOi» croJiber] (He CcOmepKaIuii KIeTOK MHOXKECTBA) OTCTOUT OT
IIOJIHOT'O He Jlajiee 4eM Ha b’ KJIeTOK B HallpaBJeHUU 00X0a.

O6o3naunm gepe3 W ceMeicTBO BCeX BBIUTPBIIIHLIX MHOKeCTB. OYeBU/IHO, BHIUTPHIIIIHOE MHO-
JKECTBO COJEPXKUT IOJIOBUHY BCEX KJETOK JIOCKU U JIONOJHEHUE BBIUTPBLIIHOIO MHOYXKECTBa HE

7



SIBJISETCS BBIMTPBIIIHBIM, TaK 9TO B ceMeiicTBe W jmro0ble 1Ba MHOXKECTBa repecekarorcs. J1omoi-
HeHue JII0O0ro BBIMIPHINIHONO MHOXKeCTBa Oyjaem cumrarh Jguaueil. [losydennas jgocka TpaHsu-
TUBHA, TIOCKOJIbKY [MOBOPOTHI IMJINHJIPA, & TAKKe OJHOBPEMEHHBIE [IEPECTAHOBKY y3JI0B B JIBYX
CTOJIONAX COXPAHSAIOT JINHUM.

[TpoBepuM, 9TO TEpBBI BHIMIPHIBAET Ha Takoii jocke. Eciu A — 5T0 MHOXKECTBO KJIETOK,
cozlepzKaliee He Gosiee OTHOI KIIETKH B KasKJIOM CTOJIONE, 0603HAYINM depe3 A MHOKECTBO, CO-
JlepzKalliee BTOpble KJIETKHM M3 TeX CTOJIONOB, Tje uMerorcs Kietku A. [losuiuu B urpe Oyiaem
obozHavaTh Kak mapbl (A, B), rje A — MHOXKECTBO KJIETOK, 3aKPAIIIEHHBIX K JJAHHOMY MOMEHTY
[IEePBBIM UI'POKOM, & B — MHOXKECTBO KJIETOK, 3aKPAIIEeHHBIX BTOPHIM.

Bamernm, uto B nosuiuax suaa (AU (z,€), AU (2,0)), re 1 < z —x < V', y iepBoro urpoka
eCThb TPOCTOi (POPCUPOBAHHBIN BHIUTPHIII: OH JIOJZKEH 3aKPAaCUTh KJIeTKy (x, 1 — €) u mocJie 31oro
UrpaTh Tak, YTOOLI 3aKPACATD 0 OJHON KJIETKE B KaxKIOM CTOJIONE, 38 UCKJIIOUEHIEM CTOJIONA 2.
Biiarogapst ycjIoBUIO Ha & U Z, B KOHIIE UI'PBI NEPBBIN 3aKPACUT BHIMIPBINTHOE MHOKECTBO BTOPOI'O
BUJIa (& BTOPOil UI'POK 3aKPACHUT JINHHUIO).

OmnwieM Ternepb CTpaTeruio nepBoro urpoka. OHa COCTOMT B TOM, YTO €CJIM HET IIPOCTOIO
bopcupoBaHHOrO BBHIUIPHIIIA, TO MEPBBIA TOJKEH OCTAB/IATH MOCIE CBOEIO XOJa IO3UIINI0 BHIA
(AU(x,€), A) ams Kakoro-HUGY/Ib MHOMKeCTBa A, coslepzKaliero He 6ojee OIHOM KIETKH B KazKJIOM
crosibIie 1 ere oJ{HOM KJeTKu (z, €). JJomycrum, 9ro B BTOPOit HTPOK 3aKpAaIllBaeT B OTBET KJIETKY
(z,0). Bosmokubl cieyromue cirydan.

1) Ecm 1 < z—a2 < U/, To nepBblii BbIMTpaer Jlajiee ¢ HOMOIIbIO (DOPCUPOBAHHOTO BBIMIPHIIIIA.

2) Eciu (z,0) # (x,1 —€), TO 1IepBbIit OTBETHUT Ha 9TO 3aKpalllnBaHueM KJIeTKu (z, 1 —J), gem
00ECIIETUT ITOCTIE CBOETO XOJIa TPEOYEMbIi BU/I TTO3UITHH.

3) Ecn (2,0) = (z,1 — €), To mocie xo/a BTOPoro noyuniach nosunus (B, B), B KoTopoit
BCe CTOJIONBI b0 1oJIHbe (00e KJIeTKH PAaCKpalleHbl), 0o 1ycrbie. Boibepem caMbliil mepBbii
mycroit croaber ' u ecim 2’ < ') T mycTh TEPBBIil UTPOK 3aKkpacut KaeTky (z,0) (1 KeraT 510
O3HAYAaeT, 4TO caMblil epsbiil xo1 mepsoro 6611 (0,0)).

Ecin ke ' > b/, T0 nepsblii J0MKEH TPOABUTL HEKOTOPYIO aKKYPATHOCTD, IIOCKOJIBKY JIEJI0
HONAXUBAET OCTPOEHUEM BBLIUTPLIITHOIO MHOXKECTBA [IEPBOIO THIIA, & JJId 9TOr0 TPedyeTcs KOH-
TPOJMPOBATH YeTHOCTh. Korma 3ToT cirydail mpou30Iesn BlepBble, Bee CTOJ0NbI ¢ HoMepaMu ot ()
10 b yxke 3akpariensl, a ctojber b mycT, Tak Kak MepBBIi HIPOK B HETO He XOJMJI, & BTOPOH HUI'POK
HE MOI' TyJIa XOIUTb, IOCKOJILKY TOrIa Obl OH IPEJOCTABIII IIEpBOMY (DOPCUPOBAHHBIN BHIUTPHIILL.
Haumnast ¢ 9T0r0 MOMEHTA, HepBbIii MO-TpexKHeMY OyieT 3aKpalliBaTh OJHY KJIETKY (B CaMOM
[IEPBOM) IIyCTOM CTOJIOIE, a BTOPOIi, ec OH He XO4eT, YTOObI MepBblii (DOPCHPOBAHHO BBHIUT-
paJi, JoJKeH OyeT 3aKpacuTh BTOPYIO KJIETKY B TOM ke cTojone. Ha nocieanem xoLy mepBbiit
JIOJIZKEH BBIOPATH TY HE3aKPAIIEHHYIO KJIETKY, KOTOpas 0DeCIIeYnBAeT HYyKHYIO YeTHOCTD.

b) 1o Teopema 13 u3 [2|. Crpourcst mpumMep JTOCKU. Y KaCHO.

3.8. D10 Teopema 9 u3 [2]. MbI IpHBOINM €€ TOKA3ATEIBCTBO B KAUECTBE PEIIEHUsT «Ha BBIPOCT».
[To yrBepxaennio 3ajgaqdu 4.1a) JA0CTATOYHO MPOBEPUTH, YTO HA JIOCKe, cocrosieil uz 2"
y3JI0B, Bcerja ectb yuil. JTo o0muii pakT o0 Irpymniax, TPAH3UTUBHO JIEHCTBYIOMNUX HA MHO-
xkKectBax. Keraru, 1o yrepxkenuio 3ajaun 4.4 Jjyid Jio00ro 4uciia y3JI0B, HE sABJIFIONIEr0Cs
CTEIEHBIO JIBOWKM, CYIIECTBYET TPAH3UTUBHAA JIOCKA 6e3 (JIMIIOB.
Tak Kak y KaxKJIOro y3ja OpOUTOl SABJIAETCA BCA JOCKA, TO IO YTBEPXKJIEHUIO 5.3 3aKJII0UaeM,
qro |G| 1 2" u i r000T0 y3s1a x U ero crabminsaropa S, BBIIOJIHEHO PaBEHCTBO

Gl _
.|

o, (1)

Torma mo yTBep:kaennto 5.5 3akar09aeM, 9T0 B rpymie GG MOKHO Haiitu moarpytiy Hs, coctos-
myto u3 2F snemenTos, rie k > n — mambosbINmit IOKa3aTeNlb CTEIEHH 2, Ha KOTOPYIO JIeIHTCS
|G|. Ppynnia Hy jfieiicTByeT mepecTaHOBKAMHU Y3JI0B Ha TO Ke jocke. OUATh 10 yTBEPIKICHUIO
5.3 B rpymre Hy mist jioboro y3ia x, ero crabunuzaropa 1, B rpymmne Hy u ero opoutsr O,



OTHOCHUTEJILHO TI'DYIIIIBL H2 BBIIIOJITHEHO aHAJIOT'MIHOE€ PaBEHCTBO
2k
| T

= [Oxl. (2)

Ho oueBunno T, — moarpymmna B S,., ciaegoBaresnbHo, |S,| 1 |T,|. Torma mbr momydaem, 9to aBoiika
BXOJIUT B OJIMHAKOBO{ cremenn B uncaurenn B dhopmynax (1) u (2), a B 3namenarensb Gopmy-
Jbl (2) OHA BXOJUT B CcTeneHu He Oosiblieii, YeM B 3HaMenaresb gopmyisl (1). CremnoBaresbho,
npasasi dactb (Gopmyisl (2) gemuresa Ha 2". Ho opbura O, He MOXKeT cojep:karh Gosbiine 2"
touek. 3uaqnt, |O,| = 2". Takum obpasom, rpynma Hy jneficTByer mepecTaHOBKAME Y3JI0B JIOCKH
TPaAH3UTUBHO.

ITo yrBepxkaenuto 5.4 B rpynmne Hy cOIepKUTCS HEIOCTOSHHAA [I€PECTAHOBKA, 0, KOMMYTUDY-
forras co BceMu octasbHbIMU. 1o Teopeme Jlarpamzxa | Ha| mesmrest Ha TOPSJIOK IEPECTAHOBKH 0,
mycThb 10T nopsiiok pasen 2¢. Torna ¢ = 0%? — mepecranoBKa BTOPOTrO IOPSIIKA, TOXKE JIeyKa-
mas B HeHTpe rpynusl Hy. 3HaunT, ona npeacTraBiIgeT coboii Ipou3BeaeHne HECKOJIbKIX He3aBH-
CHMBIX TpaHcHnosunuii. [IpoBepuM, 4TO IIepecTaHOBKa 0 HE MOXKET UMETh HENOJBUKHBIX TOYCK.
JleiicTBUTENIBHO, IIYCTh MePECTAHOBKA, 0 MEHSICT MECTAMU y3JIbl & W i U IIPU 9TOM OCTaB/ISeT Ha,
Mecre y3es z. B cuny TpamsuTuBHocTH rpynna Hy COIEp:KUT IIEPecTaHOBKY T, OTOOParKAOLY IO
z B x. Torma x = 76(2) # 67(2) = y, T.e. nepecraHoBKu & u T He KommyTupyior! IIporusopeuue.

Takum obpaszoM, & 1 €CTh UCKOMBIH (DJINII.

3.9. Huckyccus ma crp. 24 B [2]. Ilpu n = 3, 5, 7 takoit mocku He cymecrsyer. [Tpu n = 11, 13
cytmectByer (HalijieHa Ha KOMIILIOTEpe).

4 CneuuaavHovie docku

4.1. a) Dro semma 8 uz [2|. C momorpio dJumna Mbl MOKEM OINPEJIETUTh CUMMETPUYHYIO CTPa-
TETUIO.

b) Dro npemnoxenue 7 u3z [2]. Kynum jJocky B Marasune u MOJEPHU3UPYEM €€: OCTABUM Ha Heil
TOJILKO JIMHUY U3 N/2 y3710B. AHTUIMHUS — 9TO JonojHerne jguHun. OueBujHO 1 0OpaTHOE Bep-
HO: JIOTIOJIHeHWe aHTuInHun — 3710 jiuHusd. [lycrs [leta urpaer B urpy «IlocTpoit aHTHIMHIIOS.
OH MOXKeT BBIUTPATh B 9Ty WUIPY, YKPaB, €CJIU HaJI0, CTPATErui0. BBIUIPHINT B 9TOH UI'Pe OIHO-
BPEMEHHO $IBJISIETCS M BBIUTPBIIIEM B UTPY ¢ M30eraHueM JIMHHIA.

4.2. Bce 1UKJIBI IEPECTAHOBKH T UMEIOT YE€THYIO JIIMHY, IIyCThb UX JJINHBI paBHBI 2101, 27%2by, . ..
2%h,, rie Bce uncia b; nederHsl. IlosoxkuM b = byb, . .. by. Torna 7° — durom.

Y

4.3. 1o npemnoxenue 2.3 [1]. Kak 910 HU cTpaHHO, TEKCT, HAIIMCAHHBIN HUKE, SBJISETCS PEIIie-
HUEM 33JI1a91, B TOM YHUCJIe, U JIJIT HEYETHBIX 7, XOTd €ro COJAePKaTe/TbHOCTh B 9TOM CJIydae B
KazKJIbIil MOMEHT KazKeTCd KpalHe COMHUTE/IbHOMN.

[Iycte G — rpyiina 1mepecTaHoOBOK, COXpaHdomux Juauu. [lo pe3ynbrary npeablayieii 3a-
JIadu, ecJii Obl KaKoe-HUOY/Ib MHOYKECTBO MOXKHO OBLIO «II€PECTaBUTb» C €r0 JOIOJTHEHUEM C I10-
MOTIBIO TIepecTaHOBKN T € (3, TO HEKOTOpas CTeNeHb MepPecTaHOBKH T OKa3ajach Obl (DJIormoM,
410 3anpenieno. Takum o6pazom, opbuTsl rpymnibl G B ceMeiicTBe MHOXKECTB pasmepa n/2 pac-
[aJIAI0TCS Ha «B3aUMOJIONONHSAONTe» Hapel: ecn {Fy, Fy, ..., Fy} — opburta mHO)KecTBa F, TO
{F, F, ..., F,} — opbura MHOxecTBa F).

Bocnonibayemest Tora koncrpyknumeit 3aga4an 2.2. OdepuaHo, 9To rpynmna (G orobpazkaer Jiu-
HUW U3 MHOXKeCTBa L1 B JIMHUM U3 3TOTO KEe MHOXKECTBa. UTO Ke KacaeTcs JIUHUN U3 MHOXKe-
crBa Ly, caM TecT Ha IMPHHA/IEXKHOCTH STOMY MHOXKECTBY (MHOxKecTBa B n B I0JIKHBI Iepece-
KaTbCs ¢ KayKJIoil JimHnell n3 L) WHBAPHAHTEH 110 OTHOINEHUIO K JeficTBuio rpymibl G (T.e. mpu
7 € G muoxkectBa 7B u 7B Toxe GyIyT MepeceKaThes ¢ Kaykioi uHmeit). A saMedanne o B3au-
MOJIOIIOJIHSAIONNX apax OpouT, mo3BoJigeT (G-MHBaApUAHTHBIM CIIOCOOOM BBIOpATh, KAKOE U3 MHO-
sects B wmn B cieyer ornectu K Ls.



4.4. D70 gacrb Teopembr 3.2 [1]. JIocTaTOMHO OCTPOUTDH TPYIILY EPECTAHOBOK, TPAH3UTUBHO
JIEWCTBYIOILYIO HA MHOYKECTBE Y3JI0B U He cojiepxKantyio (haumnoB. llycTb y3/bl pacrnosiozkeHbt
B BHJIe IpsiMOyTosibHUKA 2% X b. Obo3Hadmm 1depes s;, ¢ = 1, ..., b, MIKINIecKuil ¢ABUT y3JI0B HA
-1 TOPU30HTAN, & Yepe3 t — IePeCcTaHOBKY, KOTOpasl IUKJIMYECKHN IePecTaBIsgeT BCe TOPU30H-
Tasu (B KasKJOM BEPTUKAJIBHOM PsJly Y3JIbl IEPECTABJISIIOTCS OJIHUM U TeM Ke criocobom). Torma
MHOKECTBO TI€PECTAHOBOK BHJIA

sIfISSQ...sf”tk, rie ki + ko + ...+ k29 (%)

SIBJISIETCsT TPYIIIOH (T. e. POCTO 3aMKHYTO OTHOCHTEIHHO Kommosuiwii). [lockonbky b HedeTHO,
.. k

dun B TaKOoil rpyl1iie JI0/XKEeH UMETh BH/T s]fl ng ...5.2t% te k = 0, a nokasarenn k; MOryT GbITH

pasubl jumb 0 1 2971, B cuny nedernocTu b XoTd ObI OJIMH 13 IHOKazaTeseil k; JIOMKEH OLITH

HYJIEBBIM.

4.5. [Iposepnm mmmmukanuio (k € B) = (k € A). Ecim G — rpymma mepecTaHOBOK MHOXKECTBA
[n], He comepxkamag diona, BO3bMEM B KaueCcTBe HAYAJbLHOTO IIyCTOE MHOXKeCTBO JmHmit. ITo
YTBEPIKJIeHHIO 3a/1a41 4.3 ero MOKHO JIOIOJHUTD JI0 TlepeceKarolerocs cemeiicTpa us 2! unnii.

s nokazarenbcrBa nminkaimn (kK € A) = (k € A) 3ameTnm, 9T0 TpyIIIa HepeCTAHOBOK,
JeficTByIOIAs Ha TPAH3UTUBHON JocKe ¢ 2"~ 1 IuHuAMHU, He MOXKeT IIOMeHATh MeCTaMH HUKAKOe
MHOKECTBO € €ero JOmoJiHeHreM. Torga, Kak Mbl 3aMETHIN B PelleHnr 3aja4dn 4.3, sra rpyiia
[IEPECTAHOBOK HE COJEPIKUT (DJIOIIOB.

4.6. Jlyumie mpoBepsiTh 3TO CBOMCTBO Jjist MHOKecTBa, B. Eciu rpynmna (G geiictByer Ha Jocke X
¢ k y3mamu 1 He cojiepKuT (JIonoB, a rpynmna Gy JeficTByer Ha jjocKe X C N y3/J1aMU U TOXKE He
cojiep:kuT (Jronos, To rpymma Gy X Gy jgefictByer Ha jgocke X; X Xy ¢ kn y31amMu U, O9€BU/IHO,
TOXKe HE COJEPKUT (DJIOIOB.

4.7. B pemenun 3aj1auu 4.4 1mocrpoeHa TpaH3UTUBHAS IPYIIIa IePecTaHOBOK Ha, JIocke ¢ 2% y3ia-
MH, He cojiepxkammad duma. [Ipu a = 1 3Ta rpynmna He MoxKeT cojiepzkaTh dJiona. /leficTBure/bHo,
9JIEMEHT BIJIA (*) HE MOXKeT OKa3aThCst (PJIOMoM, MOCKOJIbKY TpH k # () ero mopsiioK JeuTest Ha b,
a upu k = 0 9T0 3/IeMeHT BTOPOI'O MOPsIKa, T.€. TOrJa 3TO (hJIUI, 9TO HEBO3MOXKHO.

4.8. HyxHo ciierka 0606muTh KoHCTpYKImio perrernst 4.4. Cm. oapobroctr B 1], mokazaresb-
CTBO TeopeMbl 2.4.
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“Line avoidance” game — 1
Bursian O., Kokhas D., Kokhas K.

1 Preliminary problems

We consider games where two players Alica and Bob (aka First and Second, or simply, P1 and P2)
move alternatively. In our games they color some objects (uncolored yet) with their own colors. For
convenience, let Alice use an amber (or first) color and Bob use blue (or second) color. In all games
Alice makes the first move. “And what about Bob?” you could ask. And Bob makes the second move.

Usually a move consists of coloring of one uncolored object (if the problem statement does not define
another rule). What do they want to achieve by their colorings is formulated in the problem statement.
But keep in mind that, generally speaking, it may happens that they will not reach their aims in coloring
during the game. In this case a draw is declared. So a question “Who wins?” can be answered “Nobody!”.

1.1. Alica and Bob alternatively color the vertices of a dodecahedron. A player who colors two
vertices of the same edge for the first time loses. Who wins if both players are playing with an
optimal strategy?

1.2. Alice and Bob alternatively color vertices of some polyhedron. A player who colors all the
vertices of some face for the first time wins. Who wins if both players are playing with an optimal
strategy?

1.3. 99 points are marked on the circle. Alice and Bob alternatively color these points. A player
who colors two neighbour points for the first time loses. Who wins if both players are playing
with an optimal strategy?

1.4. There are n points marked on the circle. Alice and Bob, alternatively, draw chords by their
own markers (connecting of neighbour points is allowed too). In a move they can draw several
chords. A player who colors all sides of a triangle with vertices on the initial circle, loses. Who
wins if both players are playing with an optimal strategy? You may investigate the question for
sufficiently large n only.

2 Boards with intersecting lines

Let a finite number of points are marked on the plane (or elsewhere). We call these points nodes.
Let several lines are passes through the nodes. You may think that a line is a «curve of an arbitrary
shapes that passes through nodes. Let for any two lines the sets of nodes belonginig to the lines do not
coincide. In fact, the lines are just the subsets of the set of nodes. We say that two lines intersect, if they
pass through at least one common node. Geometrical arrangement of lines, including their intersections
not in the nodes are inessential. Later we will use the configuration of lines and nodes as a board for a
game and put some additional requirements for boards.

2.1. A board consists of n nodes. All the lines are pairwise intersecting.

a) Prove that the number of lines does not exceed 2"~1.

b) Let the number of lines be equal to 2”1 Prove that if we add a node to any line we will
obtain a line again.
2.2. A board consists of n nodes. All the lines are pairwise intersecting. Prove that it is possible
to add several lines so that the number of lines is equal to 2"~! and the whole set of lines is
pairwise intersecting.
2.3. A board consists of n nodes and several lines. Let the minimal line contains &£ nodes. Prove
that if any k£ + 1 lines have a common node then all the lines have a common node.
2.4. Consider a cube 3 x 3 x 3. Let its unit cubes be nodes of the board. We may consider them
as a triples (x1, 9, 23), 0 < 21, 29, 23 < 2. Let all the lines of the board contain exactly 3 nodes:
a line containing nodes (x1, 22, x3) u (Y1, Ys, y3) contains also node (—x1 — y1, —xo — Y2, —T3 — Y3)
(calculations modulo 3). Who wins on this board?



“Line avoidance” game — 2
Bursian O., Kokhas D., Kokhas K.

3 The general case of “Line avoidance” game

Consider a game board with nodes and lines as in the previous section. Alice and Bob alternatively
color nodes. A player who colors all the nodes of some line for the first time, loses. If this situation does
not happen until all the nodes on the board have been colored a draw is declared.

Remind that a permutation is a one-to-one mapping from a finite set onto itself. We will consider
permutations of the set of the board nodes. We say that a permutation of the board nodes preserves
lines if the image of the set of nodes of any line is a line, too. We will consider transitive boards only
that means that for any two nodes u and v there exists a permutation o of the board nodes preserving
lines such that o(u) = v.

Example. Sim (pencil game). n points are drawn on the circle. Two players take turns drawing
chords by their own markers (it is allowed to connect neighbour points too). In contrast to the problem
1.4, drawing of one chord in a move is allowed only. A player who colors all sides of a triangle with the
vertices belonging to the initial circle, loses.

In order to interpret Sim as a transitive game we denote the initial points by Ay, Ao, ..., A, and
consider a board with nodes Nj;, 1 < i < j < n (the node N;; corresponds to the chord A;A;). For each
set of three elements {7, j, k} (where i < j < k) define a line that consists of three nodes N;;, Nix, Njp.
We obtain a transitive board. The game on this board is equivalent to Sim. A chord drawing turns to
a node coloring and a triangle turns to a line!

At first glance it looks as the first player has a disadvantage in “Line avoidance” game on a transitive
board. Since all the points on the board are “the same” due to transitivity, the earlier coloring starts
the earlier line constructing happens. Also the first player colors more points than the second one on
the board with odd number of points (if the game continues till the end), besides that the second player
has a choice in the last move and the first player does not.

The main question. For which n does a transitive board with n nodes exist such that Alice
wins?

3.1. Let all the lines on the board consist of two nodes only. Prove that Alice does not win.
3.2. Consider a “greedy” game in which a player in a move can color any non empty set of nodes
by his choice. Prove that there does not exist a board for which Alice can win greedy game.
3.3. Does a board with 6 nodes exist for which Alice wins?

3.4. Let n be an odd composite number. Prove that there exists a board with n nodes such that
Alice wins on it.

3.5. Prove that for n = 12k + 6 there exists a board such that all its lines contain exactly 3
nodes and Alice wins.

3.6. Prove that for any number r there exist an arbitrary large number n and a board with n
nodes such that each line contains exactly r nodes and Alice wins on this board.

3.7. a) Prove that for n = 2b where b is odd, there exists a board such that Alice wins on it.
b) Prove that for n = 2%b where b is odd, a > 1, there exists a board such that Alice wins.
You may suggest solutions for partial cases of this question.

3.8. Prove that Alice can not win on any board that contains exactly 2" nodes.

3.9. Open question. For which prime numbers n there exists a board with n nodes for which
Alice wins?
For example, what can you say about small prime numbers: n =3, 5, 7, 11, 137



“Line avoidance” game — 3
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4 Spectal boards

We assume that all the boards under consideration are transitive.

Denote by A a set of numbers n for which a transitive board with n nodes exists such that any its
two lines are intersecting and the number of lines equals 2"~'. What integers n belong to the set A is
an open question.

Remind that a permutation is a one-to-one mapping of the set [n] = {1,2,...,n} onto itself. A per-
mutation 7 is called a product of permutations p and o if 7(k) = p(o(k)) for all k € [n] i.e. if 7 is a
composition of the mappings p and . Multiplication of permutations is non commutative in the general
case. A set G of permutations is called a group if it closed under taking the operation of permutation
product. In this case G necessarily contains the identical permutation e and for any o € G the set G
contains permutation &, which is inverse to o, i.e. 60 = 06 = e.

We say that a permutation is a flip if it partitions the points of the set [n] onto pairs and maps each
point to the point of its pair. We call a permutation a flop if the length of any of its cycles equals a
power of 2. Let B be a set of numbers n for which there exists a group of permutations of the set [n]
that does not contain a flop and such that this group acts transitively on the set [n].

4.1. a) If a flip preserving lines exists for the given board then Alice can not win on that board.
b) In the toys shop they sale a board with n nodes where n is even, all the lines are pairwise
intersecting and their number is 2"71. Prove that there exists a board with n nodes such that

Alice wins on it.

4.2. Let a transitive group G of permutations of the set [2k] contain a permutation 7 that maps

some k-element set X to its complement [2k] \ X. Prove that group G contains a flop.

4.3. Let a board contain n nodes and all the lines be pairwise intersecting. Let there is no a
flop that preserves lines on this board. Prove that we can add several lines so that the number

of lines is 2”71, the board remains to be transitive and there is no a flop preserving lines.

4.4. Let n = 2%-b where b > 1 is odd. Prove that there exists a board with n nodes such that
any flip does not preserve the lines.

4.5. Prove that A = B.

4.6. Prove that the set A is closed under multiplication i.e. k,n € A implies that kn € A.
4.7. Prove that if b > 1 is an odd number then 2b € A.

4.8. Prove that if b > 3 is an odd number then 4b € A.



Solutions

1 Preliminary problems

1.1. Answer: the first player wins.

If all the vertices of dodecahedron are colored in two colors then each face of the dodecahedron
contains 2 neighbor vertices colored in the same color. So a draw is impossible in this game. The
first player does not lose when uses central symmetry strategy.

1.2. Answer: two possible results of the game are either a draw or the first player wins

For a tetrahedron the result is a draw. For octahedron it is easy to see that the first player
wins. For any polyhedron the second player can not win because the first player can steal his
winning strategy.

1.3. Answer: the second player wins.

Enumerate points along the circle. Let the first player color point 1 at his first move. Then
the second player colors point 98 in his first move and after that uses symmetrical (with respect
to a symmetry k <> 99 — k) strategy.

1.4. Answer: the second player wins for n > 6.
The first player can not win due to problem 3.2. A draw is impossible for n > 6 because
Ramsey number R(3,3) = 6.

2 Boards with intersecting lines

2.1. a) A set and its complement can not both be lines. And just in case, if the number of lines
is 27! then in any pair of the complementary sets exactly one is a line.

b) Let X be a set of the board nodes, G be an arbitrary subset of X. If F'is a line, F' C G, then
FN(X\G)=@. Therefore X \ G is not a line. Then G is a line by p. a).

2.2. [1, lemma 2.2|. Let X be a set of the board nodes and £ be a set of the lines. We know
that any two lines intersect. The set of lines that we want to construct should satisfy 2.1 b).
Consider all the sets of nodes that contain line, let

L1 ={BCX:ACB forsomeline A € L}.

Particularly, £ C L£,. If there exists a set B that intersects any line and in the same moment does
not contain any line (it means that its complement B intersects any line and does not contain
any line, too) then it’s worth to assign one of the sets B, B to be a “new” line. Choose one of
the two sets that contains more nodes (in the case of equality of the numbers of nodes we can
choose any of them). Let £, be a family of sets that we choose by the described way.

Check that £;UL, is a family of pairwise intersecting lines that contains exactly 2! elements.
It’s clear by the construction that any two lines in this family are intersecting.

Let Y be an arbitrary subset of X and Y be its complement. If Y contains a line then Y € £;
else if Y does not intersect any line then Y € £;; in all other cases Y or Y is contained in L.

2.3. It’s the proposition of Ph. Zumstein. If L = {x1, x5, ..., 2} is a minimal line and no one of
its points is a common point of the intersection of all sets then for any i, 1 <1 < k, there exists
a line L; for which z; ¢ L;. But then the intersection L N Ly N ... N Ly is empty.

2.4. Answer: Alice wins.

We make some notes about construction of the game board. First of all any two distinct cubes
indeed define a line consisting of 3 cubes (in the sense that the third cube found by the receipt
of problem statement does not coincide with the two initial ones). Further, the rule describing
lines is very symmetrical: if construction from the problem statement gives the cube C by the



cubes A and B then the same construction gives the cube B by the cubes A and C' and the cube
A by the cubes B and C. It is not hard to check also that each cube belongs to 13 different lines.

Note that all cubes on this board except the cube (0,0,0) can be partitioned into pairs by
the mapping x — —x. Let Alice color the cube (0,0, 0) at her first move. After that let she color
at each move the cube corresponding to the cube colored by her opponent at the previous move.
Alice can not lose using this strategy.

It remains to prove that the final position of the game can not be a draw. Assume that we
have a draw in the end of the game (no matter what strategy the players used). 14 cubes in
this position are colored by Alice. Each of (124) = 7 - 13 pairs of these cubes defines a line that
contains a third cube C. Since we have a draw here this cube is colored by Bob. So for each
7 - 13 pairs we detect a cube colored by Bob. But Bob has colored 13 cubes totally, therefore
we detect one of his cubes at least 7 times. Thus, we find 7 lines (A, By, C), (Ag, By, C), ...,
(A7, B7,C'), that contain Bob’s cube C. All the 14 cubes A;, B; here are colored by Alice and
no two of them coincide. Hence these lines contain all Alice’s cubes and then other 6 lines that
pass trough C' consist of Bob’s cubes. A contradiction.

3 The general case of “Line avoidance” game

3.1. [2, theorem 3|. If a winning strategy for the first player exists, it can start by coloring of
an arbitrary node. Denote by S, the strategy that starts from the coloring of node z.

Let Alice use a winning strategy S,. We will prove that Bob can steal Alice’s strategy. Let
{x,y} be an arbitrary line that contains node x. Then Bob can ignore the fact that the node z
has been already colored and plays as the first player according to the strategy S,. Since Alice
has colored node « she will never color it again. As to Bob his strategy S, never requires to color
node x because he loses in that case. Therefore Bob can always move according to the strategy
Sy. So he will not lose.

3.2. |2, theorem 4]. Let a winning strategy for Alice exist, assume that the first move of Alice
according to this strategy is a coloring of a set of nodes S.

We will prove that for each Alice’s first move Bob has an answer that allows him do not lose.
Let Alice color a set U at the first move. If U is the whole board then the game is already finished
and Bob has not lost. In the opposite case there exists node z in the board that has not been
colored yet. The game is transitive, so there exists a winning strategy F' for the first player that
begins from coloring of a set S’ containing x. Let Bob color node z and those nodes of S’ that
are not colored yet. Let he play after that according to the strategy F.

There are 2 obstacles in this way.

1) In fact some nodes in S’ were possibly colored by Alice. It is not a disadvantage for Bob,
and does not prevent him to use strategy I’ due to avoidance nature of the game.

2) Several nodes outside the set S’ (namely, the nodes in U \ S’) have been colored by Alice
before Bob’s first move. Then consider Alice’s second move, let she color set V. Now Bob can
think that the game begins from coloring of S’ by him at the first move and continues with
coloring of U \ S and V' by Alice at the second move.

3.3. Answer: yes. Example from [2|. Arrange 6 nodes in 2 rows, 3 nodes in a row, let lines be
the sets containing 3 points of one of two kinds: either this set contains exactly one of two nodes
from each column and even number of nodes in the upper row or it contains two points from one
column and one point from the next column in cyclic order. It is now verified directly that this
board is transitive and the first player wins.

3.4. [2, theorem 6|. Let n = pg. We assume that ¢ non intersecting circles are drawn on the
board, each circle contains p nodes. Let p’ = (p+1)/2, ¢ = (¢ + 1)/2. Choose an arbitrary ¢’
circles and choose p’ nodes in each of these circles. Consider a family of all sets W consisting of
p'¢’ nodes that can be obtained by this way for all choices. Let lines be sets of p'¢’ nodes that do



not belong to W. Transitivity of this board is provided by permutations that permute all nodes
in each circle only or permute the whole circles only and by compositions of these permutations.

It is clear that any two sets of W are intersecting. So if we want to prove that Alice wins
it is sufficient to check that she can construct a set from W after her p'¢’ moves (then Bob on
his next move will construct a line). We call a circle active if Alice has colored in it at least one
node but less than p’ nodes. We call a circle full if Alice has colored p’ nodes in it. The winning
strategy for Alice is to apply the first rule from the list below that could be applied.

1) If the last move of Bob was in active circle then Alice chooses any node in this active circle.

2) If less than ¢’ circles are active or full then Alice chooses any node in empty circle.

3) Alice chooses any node in any active circle.

The first rule guarantees that Alice always has colored more nodes than Bob in any active
circle. The second rule guarantees that more than one half of non empty circles are active or full
after Alice’s move.

According to this strategy after p’q’ Alice will color exactly p’ nodes in exactly ¢’ circles.

3.5. |2, theorem 24|. Let a board consist of 2k + 1 copies of the 6-node board from solution 3.3
(and lines are sets of 3 nodes, belonging to the same copy and forming a line in it in a sense of
solution 3.3). The transitivity of this board is clear.

Now let Alice play on the first board as in the solution 3.3. All other boards she splits onto
pairs and plays symmetrically on them.

3.6. |2, corollary 25]. We modify the example of the solution 3.5. Let k > 2r and k be as big as
we will need. Consider the 6-node board from solution 3.3, let L be the set of lines on this board
as in solution 3.3, each line contains 3 nodes. Consider a big board consisting of n = 2k + 1
copies of 6-node board. Define a set of lines in it (each lines contains r nodes) as

L' ={l"is a set of r nodes : ¢’ D ¢ for some ¢ € L}

Alise’s strategy looks like that in the problem 3.5: Alice plays the game from the problem 3.3 on
the first board, and plays symmetrically on others. Then at some moment of time Bob constructs
a 3-node line ¢ € L (and Alice has constructed no lines from L yet). If r pairs of moves have
been made till this moment, Bob loses because line ¢ plus all other his moves form a line from
the set L'. If less than r pairs of moves have been made, then Alice begins just to wait making
each move on a new board.

3.7. a) |2, proposition 10]. Let n = 2b, ¥’ = (b —1)/2. We may think that the board is a square
cylinder b x 2, for which we fix the (cyclic) direction of its long side and the nodes are the cells
of the cylinder. Denote nodes by pairs (z, €), where z is a residue modulo b, ¢ = 0 or 1.

We call a set of b cells winning if

— either it contains one cell in each column and the total number of cells in the upper row is
odd;

— or it contains the unique “full” column (i.e. both cells of this column belong to the set)
and the “empty” column (without cells of the set) is situated at most " cells later in the chosen
direction.

Denote by W the set of all winning sets. It is clear that a winning set contains one half of all
cells of the board and that the complement of the winning set is not a winning set. Therefore
any 2 sets in W intersect. We call a set a line if it is the complement of a winning set. The
obtained board is transitive because the rotations of the cylinder along the long side and along
the short side preserve lines.

Check that Alice wins on this board. For a set A that contains at most one cell in each
column denote by A a set that contains the second cells of those columns which contain cell of
A. In each moment denote positions of a game by pair (A, B) where A is the set that has been
colored by Alice and B is the set that has been colored by Bob.

Observe that for positions of the form (AU (z,¢€), AU (z,0)), where 1 < z — 2 < ¥/, Alice has
a simple forced victory: she just should color cell (z,1— ¢€) and then continue a game by coloring




one cell in each column except column z. Due to the restrictions on x and z Alice will color a
winning set of the second type at the end of the game (and hence Bob will color a line).

Now describe the strategy of Alice. If there are no simple forced victory, Alice should leave
to Bob after her move a position of the form (A U (z,¢), A), where set A contains at most one
cell in each column, and (z,€) is an arbitrary additional cell. Look at this strategy in details.
Assume that Bob colors cell (z,0) in his next move. Then the following cases are possible.

1) 1 < z—2x < V. Then Alice has a forced victory.

2) (2,0) # (z,1 —¢€). Then Alice colors cell (2,1 — 0) and obtains a position in agreement
with her strategy.

3) (2,0) = (x,1—¢). Here we have after Bob’s move a position of the form (B, B), in which all
columns are either full (both cells are colored) or empty. Then choose the first empty column z’.
If 2" < b’ then Alice colors cell (2/,0) and obtains a position in agreement with the strategy. (We
believe also that this case corresponds to the initial position of the game and the first move of
Alice was (0,0).)

If 2/ > ¥, then Alice should play carefully on order to construct a winning set of the first
type, for this she should trace the parity. In the very first occurrence of this case all the columns
from 0 to b’ have been already colored and the column b’ is empty because Alice has not made a
move in this column yet and if Bob has colored a cell there than he provides the forced victory
for Alice. Starting from that moment Alice colors one cell in the first empty column as before.
Bob should color the second cell in the same column because otherwise he presents Alice the
forced victory. On the last move Alice should chooses the cell that provides desired parity.

b) See |2, theorem 13|. The construction is too big. Looking forward to find shorter one.
3.8. [2, theorem 9]. Non elementary proof uses serious group theory technique.

3.9. [2]. For n = 3, 5, 7 this board does not exist. For n = 11, 13 examples are found by
computer.

4  Special boards

4.1. a) [2, lemma 8]. Flip allows to define symmetric strategy.

b) |2, proposition 7|. Buy the board in the shop and remove all its lines except those that have
n/2 nodes. Let antiline be the complement of a line. Then the complement of each antiline is a
line. Let Alice play a game “Construct an antiline”. She can win this game by stealing a strategy
if necessary. Victory in this game is a victory in Line avoidance game also.

4.2. All the cycles of the permutation 7 have even length, let their lengths equal 2%1b;, 292b,,
..., 2%b, where all the numbers b; are odd. Let b = b;by...b,. Then 7° is a flop.

4.3. |1, proposition 2.3|. Not paying attention to how weird it seems, the text below is the
problem solution suitable for odd n also, nevertheless its sense in this case seems so doubtful at
each moment of time.

Let G be a permutation group preserving lines. By the result of the previous problem, we
know that if a permutation 7 € G permutes some set with its complement then some power of
the permutation 7 is a flop but it’s prohibited . Thus the orbits of the group G on the family of
sets of size n/2 are split into “mutually complement” pairs: if {F}, F, ..., Fy} is an orbit of the
set [} then {F}, Fy,..., F},} is an orbit of the set F}.

Then we can use the construction of the problem 2.2. It’s evident that the group G maps
the lines of the set £; onto lines of the same set. As to lines from the set £, the test checking
whether a set belongs to £, (the sets B and B have to intersect with each line of £) is invariant
with respect to the action of the group G (i.e. for 7 € G the sets 7B and 75 intersect with any
line too). So the remark above about complement pairs of orbits allows to choose which of the
sets B, B should be included in £y by G-invariant way.



4.4. [1, theorem 3.2]. Tt is sufficient to construct a group of permutations that acts transitively
on the set of nodes and does not contain flops. Let nodes be a lattice points of the rectangle
2% x b. Denote by s;, i = 1, ..., b, a cyclic shift of the nodes on the i-th horizontal, and by
t a permutation that cyclically permutes all the horizontals (in each vertical row the nodes are
permuted by the same way). Then the set of permutations of the form

siishe sth . where ky ko 4 .. A kp 120 (%)
is a group (this set is closed under compositions). Since b is odd a flip in that group must be of
the form sisk> . slgbtk where k£ = 0 and the exponents k; could be equal to 0 or 27! only. Since

b is odd at least one of exponents k; has to be equal to zero.

4.5. Verify the implication (k € B) = (k € A). If G is a group of permutations of the set [n]
that does not contain a flop take an empty set of lines as beginning set. Then by the assertion
of the problem 4.3 it can be enlarged to intersecting family of 2"~ lines.

To prove implication (k € A) = (k € A) note that the group of permutations acting on the
transitive board with 277! lines can not exchange any set with its complement. Then this group
does not contain flops as we see in the solution of problem 4.3.

4.6. We will better check this property for the set B. If a group G acts on a board X; with
k nodes and does not contain flops and a group G, acts on a board X, with n nodes and does
not contain flops also then the group G; x Gy acts on the board X; x X, with kn nodes and,
trivially, does not contain flops.

4.7. In the solution 4.4 we construct a transitive permutation group on the board with 2?b nodes,
that does not contain a flip. For @ = 1 this group can not contain a flop. Indeed, an element of
the form (*) can not be a flop because for k # 0 its order is divisible by b, and for k = 0 this is
an element of the second order, but a flop of the second order is a flip that is impossible.

4.8. The construction of the solution 4.4 can be generalized. See details in [1, theorem 2.4].
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Intersecting Families of Finite Sets and Fixed-point-Free 2-Elements

P. J. CAMERON, P. FRANKL AND W. M. KANTOR

We study the maximum cardinality of a pairwise-intersecting family of subsets of an n-set, or
the size of the smallest set in such a family, under either of the assumptions that it is regular
(as a hypergraph) or that it admits a transitive permutation group. Not surprisingly, results under
the second assumption are stronger. We also give some results for 4-wise intersecting families
under the same assumptions.

1. INTRODUCTION AND STATEMENT OF RESULTS

There is a large collection of results in extremal set theory, concerning families # of
subsets of an n-element set X: typically, these are bounds on the cardinality of %, and
characterisations of families attaining the bounds, subject to assumptions about cardi-
nalities of intersections, closure conditions, or exclusion of solutions of various relations
suchas F, € F,.

In many cases, it is interesting to ask for similar results under a global hypothesis on &.
We consider two such hypotheses. We say that & is regular if the number of members of
& containing an element x is a constant (called the degree of #); and & is transitive if it
is invariant under a transitive group of permutations of X. Obviously, transitivity implies
regularity, but not conversely.

Our main concern is with intersecting families (containing no two disjoint sets). It is trivial
that the cardinality of an intersecting family is at most 2"~'. This bound is realised, for any
n, by the (non-regular) family consisting of all sets containing a fixed x € X. However, there
are many other families attaining the bound. (We give a general construction in section 2.)
If nis odd, the family of sets of cardinality greater than 1 is intersecting and has cardinality
2"-' and is transitive (it admits the symmetric group S, ). However, for n even, there may
be a regular family but no transitive one of size 2"~! (this holds for n = 12), or there
may be no regular family of this size (this holds for n = 4). We investigate the set

A = {ne N: there is a transitive intersecting family &
of subsets of an n-set, with | #| = 2"~'}.

It was shown by Isbell [10] that

A = {ne N: there is a transitive permutation group of
degree n containing no fixed-point-free 2-element}.

The main results on this set are summarised in Theorems 1 and 2.

THEOREM 1. (i) 2°¢ A foralla > 1.
(iiy32°¢ A foralla > 2.

THEOREM 2. (i) A is multiplicatively closed,
(ii) A contains all odd numbers.
(i) If bis odd and b > 1, then 2b € A.
(iv)if bisodd and b > 3, then 4b € A.
(v) A has density 1.
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The pioneering work on this question was done by Isbell in the 1960s. He conjectured [10]
the existence of a function m such that, if b is odd and a > m(b), then2° . b ¢ A. He claimed
to have proved this statement in [11], but the proof is incorrect, and the question is still
open. In this direction, Theorem 1(i) is straightforward, and (ii) is established in [4].
However, the obvious conjecture, that 2°.b ¢ 4 if b is odd and 2* > b, is false: Peter
Neumann (personal communication) showed that 56 € 4, and his construction easily
extends to give two infinite families of examples. We give a variety of constructions in
section 4,

We also give lower bounds for the size of a set in such a family.

THEOREM 3. Let F be an intersecting family of size 2" ' and F e & .
(i) If # is transitive, then |F| > n'?.
(@) If # is regular, then |F| > Llog,(nn/2).

The first inequality is essentially best possible; but we have no examples remotely near
the second.
We also investigate the function f(n) defined by

27! — f(n) = max {|F|: & is a transitive intersecting family of subsets of an n-set}.
(Another interpretation of f(n) will be given later.) Clearly f(n) = 0iff n € A; we evaluate

f(n) in some other cases:

THEOREM 4. (i) f(2°) = Z202% fora > 1.
(@) £(12) = 48.

We also consider ¢-wise intersecting families with ¢ > 2, that is, families in which any ¢
sets have non-empty intersection. The family of all sets containing x is ¢-wise intersecting
for all ¢ and has cardinality 2"~'. But with our global assumptions, 4-wise intersecting
families are smaller:

THEOREM 5. (i) If F is 4-wise intersecting and transitive, then |F| < 2" .exp(— (n1n 2/2)').
(@) If F is 4-wise intersecting and regular and closed under taking supersets, then
|9’l < 2n .n~0-347.

PrROBLEM. Isit true that a 3-wise intersecting transitive (or regular) family # must have
|F| = o2

The method of proof of Theorem 5 gives a result which is of independent interest.

THEOREM 6. Let G be a transitive permutation group on an n-set X, and T a t-subset of
X. let
F = {FFFSX,Fng(T) # & foralgeG)}.
Then |F| < (2' — 1),

Equality holds, for example, if T is a block of imprimitivity for G.

REMARK. By analogy with the alternative characterisation of the set 4 given before
Theorem 1, we could define, for any prime p, the set

A, = {ne N: there is a transitive permutation group of
degree n containing no fixed-point-free p-element}
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and conjecture the existence of a function m, suc that, if n = p*.b withp ¥ band a > m,(b),
thenn ¢ A4,. It is trivial thatif n = p*.b witha > 1and b < p, thenn ¢ A,; but we have
no further results on this problem. The question is partly motivated by a theorem of [6]
according to which any transitive permutation group of degree n > 1 contains a fixed-
point-free p-element for some prime p.

We always use log to denote logarithms to base 2, and in for natural logarithms.
We are grateful to Roy Meshulam and Peter Neumann for helpful discussions.

2. TRANSITIVE INTERSECTING FAMILIES

For the remainder of the paper, X denotes a set of cardinality #, and % a family of subsets
of X.

LEMMA 2.1. Let & be an intersecting family. Then |#| < 2" '; equality holds if and
only if # contains one of each complementary pair of subsets of X. If |#| = 2" !, then
& is closed under taking supersets.

PrOOF. All but the last sentence follows from the observation that # contains at most
one of each complementary pair of subsets. If |#| = 2!, Fe #, and G 2 F, then
Fn(X\G)=g,50X\G¢ F,and Ge £.

A set B is called a blocking set for the family % if it meets every member of # and
contains none; that is, F n B # ¢ and F n (X\B) # (J for all F e #. Obviously, the
complement of a blocking set is a blocking set.

LEMMA 2.2. Let & be an intersecting family. Let
F = {G < X:F < G for some Fe ¥},

and let &, consist of one of each complementary pair of blocking sets of &, chosen according
to the rule that if | B| # |X\B| then the larger set is chosen. Then %, U %, is an interesting
Jfamily of cardinality 2"~" containing F .

ProoF. Itis clear that #, U %, is intersecting. Let Y be any subset of X. If Y contains
a member of &, then Y € &,; if Y is disjoint from a member of #, then X\Y € %,; and
if neither holds, then Y is an % -blocking set, so eit