
XXII Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Ðåøåíèÿ çàäà÷.

Çàäà÷à 1

Áàðîí Ìþíõãàóçåí çàÿâëÿåò, ÷òî íàðèñîâàë äâà ðàçíûõ è íå ïðîòèâîïîëîæíûõ ëó÷à OA è OB ñ
îáùèì íà÷àëîì O. Íà ëó÷å OA îí îòìåòèë 10 òî÷åê K1, . . ., K5, L1, . . ., L5, à íà ëó÷å OB � 10 òî÷åê
M1, . . ., M5, N1, . . ., N5 òàê, ÷òî âñå 20 òî÷åê ðàçëè÷íû. Áàðîí ãîâîðèò òàêæå, ÷òî KiMj = LiNj ïðè
âñåõ i è j. Ìîãóò ëè ñëîâà áàðîíà îêàçàòüñÿ ïðàâäîé?

Îòâåò. Ìîãóò.

Ðåøåíèå. Ïðåäúÿâèì ïðèìåð ðàñïîëîæåíèÿ òî÷åê, óäîâëåòâîðÿþùåãî âñåì òðåáîâàíèÿì. Íàðèñóåì
ïðÿìîé óãîë AOB. Âûáåðåì 10 ðàçëè÷íûõ ïîëîæèòåëüíûõ ÷èñåë k1, . . . , k5, m1, . . . , m5 è ïîëîæè-
òåëüíîå ÷èñëî c òàêîå, ÷òî âñå ÷èñëà ℓj = kj − c è nj = mj + c ïîëîæèòåëüíû è îòëè÷íû îò ÷èñåë ki
è mi.

Òåïåðü âûáåðåì íà ëó÷å OA òî÷êè Ki è Li òàêèå, ÷òî OKi =
√
ki, OLi =

√
ℓi. Âûáåðåì íà ëó÷å

OB òî÷êè Mi è Ni òàêèå, ÷òî OMi =
√
mi è ONi =

√
ni. Ïî íàøåìó âûáîðó, âñå 20 òî÷åê ðàçëè÷íû.

Êðîìå òîãî, ïîñêîëüêó óãîë AOB ïðÿìîé, èç òåîðåìû Ïèôàãîðà èìååì

LiN
2
j = OL2

i +ON2
j = ℓi + nj = (ki − c) + (mj + c) = ki +mj = OK2

i +OM2
j = KiM

2
j ,

òî åñòü LiNj = KiMj ïðè âñåõ i è j.
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Çàäà÷à 2

Íàòóðàëüíîå ÷èñëî n ìîæíî ïðåäñòàâèòü è â âèäå [a
√
10] ñ íåêîòîðûì íàòóðàëüíûì a, è â âèäå

[b
√
11] ñ íåêîòîðûì íàòóðàëüíûì b. Äîêàæèòå, ÷òî n ìîæíî ïðåäñòàâèòü â âèäå [c(11

√
10− 10

√
11)]

ñ íåêîòîðûì íàòóðàëüíûì c.

Ðåøåíèå. Îáîçíà÷èì α =
√
10, β =

√
11, γ = 11

√
10− 10

√
11. Çàìåòèì, ÷òî

1

γ
=

1√
10 · 11

· 1√
11−

√
10

=

√
11 +

√
10√

10 · 11
=

1

α
+

1

β
.

Óñëîâèå n = [aα] îçíà÷àåò, ÷òî n ⩽ aα < n + 1, òî åñòü a
n+1

< 1
α

⩽ a
n
, è àíàëîãè÷íî èìååì

b
n+1

< 1
β
⩽ b

n
. Ñêëàäûâàÿ ýòè äâà íåðàâåíñòâà, ïîëó÷àåì

a+ b

n+ 1
<

1

α
+

1

β
=

1

γ
⩽

a+ b

n
,

èëè n ⩽ γ(a+ b) < (n+ 1), ÷òî è çíà÷èò, ÷òî c = a+ b óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.
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Çàäà÷à 3

Äàíû íàòóðàëüíûå m > k > 1. Íà äîñêå N × N ðàññòàâëåíû N ôèøåê òàê, ÷òî â êàæäîé ñòðîêå è
â êàæäîì ñòîëáöå åñòü ðîâíî ïî îäíîé ôèøêå. Îêàçàëîñü, ÷òî äîñêó íåëüçÿ ðàçðåçàòü ïî ñòîðîíàì
êëåòîê îäíîé âåðòèêàëüíîé è îäíîé ãîðèçîíòàëüíîé ïðÿìîé íà ÷åòûðå ïðÿìîóãîëüíèêà è âûáðàòü
èç ýòèõ ÷åòûð¼õ ïðÿìîóãîëüíèêîâ äâà òàê, ÷òî

(i) âûáðàííûå ïðÿìîóãîëüíèêè íå èìåþò îáùåé ñòîðîíû, è
(ii) â îäíîì èç íèõ íå ìåíåå m ôèøåê, à â äðóãîì íå ìåíåå k.

Ïðè êàêîì íàèáîëüøåì N ýòî âîçìîæíî?

Îòâåò. Ïðè N = 2(k +m)− 4.

Ðåøåíèå. Îöåíêà. Ïóñòü N ⩾ 2(k+m)−3; äîêàæåì, ÷òî òðåáóåìîå ðàçáèåíèå íà 4 ïðÿìîóãîëüíèêà
âñåãäà íàéä¼òñÿ. Î÷åâèäíî, äîñòàòî÷íî äîêàçàòü ýòî äëÿ N = 2(k +m)− 3: åñëè N áîëüøå, óäàëèì
÷àñòü ôèøåê âìåñòå ñ ñîäåðæàùèìè èõ ñòðîêàìè è ñòîëáöàìè. Åñëè ïîëó÷èâøóþñÿ òàáëèöó óäàñòñÿ
ðàçáèòü òðåáóåììì îáðàçîì, òî óäàñòñÿ è èñõîäíóþ.

Çàìåòèì, ÷òî N = 2(k + m) − 3 ⩾ 2(k + k + 1) − 3 > 2(2k − 1). Ðàññìîòðèì ñðåäíèé (òî åñòü
(k + m − 1)-é) ñòîëáåö äîñêè; òîãäà ëèáî â åãî âåðõíèõ 2k − 1 êëåòêàõ, ëèáî â åãî íèæíèõ 2k − 1
êëåòêàõ íåò ôèøêè. Ïóñòü äëÿ îïðåäåë¼ííîñòè âåðõíèå 2k − 1 êëåòîê ýòîãî ñòîëáöà ïóñòûå. Òîãäà
â âåðõíèõ 2k − 1 ñòðîêàõ äîñêè ñîäåðæàòñÿ ëèáî k ôèøåê ëåâåå ñðåäíåãî ñòîëáöà, ëèáî k ôèøåê
ïðàâåå íåãî; íå óìàëÿÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî â íèõ åñòü k ôèøåê ëåâåå ñðåäíåãî ñòîëáöà.

Ðàçäåëèì äîñêó íà 4 ïðÿìîóãîëüíèêà, îòäåëèâ âåðõíèå 2k − 1 ñòðîêè è ëåâûå k +m− 2 ñòîëáöà.
Äîêàæåì, ÷òî ëåâûé âåðõíèé (A) è ïðàâûé íèæíèé (B) ïðÿìîóãîëüíèêè ðàçáèåíèÿ ïîäõîäÿò. Â A íà-
õîäèòñÿ íå ìåíåå k ôèøåê ïî íàøåìó âûáîðó. Îáîçíà÷èì âåðõíèé ïðàâûé ïðÿìîóãîëüíèê ðàçáèåíèÿ
÷åðåç C, è îáîçíà÷èì ÷åðåçN(X) êîëè÷åñòâî ôèøåê â ïðÿìîóãîëüíèêåX. ÒîãäàN(A)+N(C) = 2k−1
è N(B) + N(C) = N − (k + m − 2) = k + m − 1, ïîñêîëüêó â êàæäîé ñòðîêå è â êàæäîì ñòîëáöå
íàõîäèòñÿ ïî ôèøêå. Çíà÷èò,

N(B) = (N(B) +N(C))− (N(A) +N(C)) +N(A) ⩾ (k +m− 1)− (2k − 1) + k = m,

÷òî è òðåáîâàëîñü.

Ïðèìåð. Îñòàëîñü ïðèâåñòè ïðèìåð ðàññòàíîâêè, â êîòîðîé òðåáóåìîãî ðàçáèåíèÿ íåò ïðè
N = 2(k + m − 2). Ïîëîæèì n = k + m − 2 è ðàçîáü¼ì íàøó äîñêó íà 4 êâàäðàòà n × n. Ïðîíó-
ìåðóåì ñòðîêè ÷èñëàìè 1, 2, . . . , N ñâåðõó âíèç, à ñòîëáöû � ñëåâà íàïðàâî; êëåòêó áóäåì îáîçíà÷àòü
ïàðîé å¼ êîîðäèíàò (r, c), ãäå r � íîìåð å¼ ñòðîêè, à c � íîìåð å¼ ñòîëáöà. Îòìåòèì âñå êëåòêè
äîñêè, ó êîòîðûõ ñóììà êîîðäèíàò ðàâíà n + 1 èëè 3n + 1, èëè ðàçíîñòü êîîðäèíàò ðàâíà ±n (ýòè
êëåòêè îáðàçóþò ¾êà¼ìêó¿, ñîñòîÿùóþ èç äèàãîíàëåé êâàäðàòîâ n×n). Ïðîíóìåðóåì êëåòêè êà¼ìêè
ïî ÷àñîâîé ñòðåëêå, íà÷èíàÿ ñ ïðîèçâîëüíîé êëåòêè, ÷èñëàìè 1, 2, . . . , 4n è ïîñòàâèì ôèøêè â êëåòêè
ñ ÷¼òíûìè íîìåðàìè. Íà ðèñóíêå ïîêàçàíû òàêèå ðàññòàíîâêè ïðè n = 5 è ïðè n = 4.

Íåòðóäíî âèäåòü, ÷òî â êâàäðàòàõ n × n, ñîñåäíèõ ïî ãîðèçîíòàëè, ôèøêè ñòîÿò â ñòðîêàõ ñ
íîìåðàìè ðàçíîé ÷¼òíîñòè; àíàëîãè÷íî, â êâàäðàòàõ, ñîñåäíèõ ïî âåðòèêàëè, ôèøêè ñòîÿò â ñòîëáöàõ
ñ íîìåðàìè ðàçíîé ÷¼òíîñòè. Îòñþäà ïîëó÷àåì, ÷òî äåéñòâèòåëüíî â êàæäîé ñòðîêå è â êàæäîì
ñòîëáöå ñòîèò ðîâíî ïî îäíîé ôèøêå.
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Ïóñòü òåïåðü äîñêà ðàçáèòà ãîðèçîíòàëüíîé è âåðòèêàëüíîé ëèíèÿìè ñåòêè íà 4 ïðÿìîóãîëüíèêà.
Ðàññìîòðèì äâà èç íèõ � ñêàæåì, ëåâûé âåðõíèé (A, ñ a ñòðîêàìè è a′ ñòîëáöàìè) è ïðàâûé íèæíèé
(B, ñ b ñòðîêàìè è b′ ñòîëáöàìè) è ïðåäïîëîæèì, ÷òî A ñîäåðæèò õîòÿ áû m ôèøåê, à B � õîòÿ áû
k ôèøåê. Åñëè A ñîäåðæèò ôèøêó èç ïðàâîãî íèæíåãî êâàäðàòà n × n, òî a + a′ ⩾ 3n + 1, à òîãäà
b + b′ ⩽ n − 1, è B íå ñîäåðæèò ôèøåê âîîáùå, ÷òî íå òàê. Àíàëîãè÷íî, B íå ñîäåðæèò ôèøåê èç
ëåâîãî âåðõíåãî êâàäðàòà n× n.

Ïîñêîëüêó m ⩾ 3, ïðÿìîóãîëüíèê A ñîäåðæèò õîòÿ áû äâå îòìå÷åííûõ êëåòêè â ëåâîì âåðõíåì
êâàäðàòå n × n, òî åñòü ñîäåðæèò ïóñòóþ êëåòêó âèäà (x, n + 1 − x). Ñëåäîâàòåëüíî, A ñîäåðæèò
ïóñòîé ïðÿìîóãîëüíèê x× (n+ 1− x) â âåðõíåì ëåâîì óãëó. Òîãäà âñå ôèøêè â A íàõîäÿòñÿ ëèáî â
ëåâîé ïîëîâèíå äîñêè, ïðè÷¼ì â íèæíèõ a− x ñòðîêàõ ïðÿìîóãîëüíèêà A, ëèáî â âåðõíåé ïîëîâèíå
äîñêè, ïðè÷¼ì â ïðàâûõ a′ − (n + 1 − x) ñòîëáöàõ ïðÿìîóãîëüíèêà A. Ïðè ýòîì â ïåðâîì ñëó÷àå
çàäåéñòâîâàíû ëèøü ñòðîêè, èäóùèå ÷åðåç îäíó, à âî âòîðîì � ëèøü ñòîëáöû, èäóùèå ÷åðåç îäèí.
Çíà÷èò, îáùåå êîëè÷åñòâî ôèøåê â A íå áîëüøå (a−x+1)/2+(a′−(n+1−x)+1)/2 = (a+a′+1−n)/2,
òî åñòü m ⩽ (a+ a′ + 1− n)/2, èëè a+ a′ ⩾ 2m+ n− 1.

Àíàëîãè÷íî, ïðÿìîóãîëüíèê B ñîäåðæèò ïóñòóþ êëåòêó âèäà (n+1+y, 2n+1−y) (ðàñïîëîæåííóþ
íåïîñðåäñòâåííî ïîä äèàãîíàëüþ â ïðàâîì íèæíåì êâàäðàòå), è ïîòîìó k ⩾ (b − (n − y) + 1)/2+
+(b′ − y + 1)/2, òî åñòü b+ b′ ⩾ 2k + n− 2. Èòîãî,

4n = a+ a′ + b+ b′ ⩾ (2m+ n− 1) + (2k + n− 2) = 4n+ 1.

Ïðîòèâîðå÷èå.
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Çàäà÷à 4

Äàíî íàòóðàëüíîå v ⩾ 4. Ïðè êàêîì íàèìåíüøåì e â êàæäîì ñâÿçíîì ãðàôå íà v âåðøèíàõ ñ e ð¼á-
ðàìè ñóùåñòâóåò öèêë, ïîñëå óäàëåíèÿ âñåõ ð¼áåð êîòîðîãî ãðàô îñòà¼òñÿ ñâÿçíûì? (Ïîñëå óäàëåíèÿ
ð¼áåð öèêëà â ãðàôå îñòàþòñÿ âñå åãî âåðøèíû, â òîì ÷èñëå è òå, â êîòîðûõ óäàëåíû âñå ð¼áðà.)

Îòâåò. Ïðè 2v − 2.

Ðåøåíèå. Îöåíêà ñíèçó.

Äîêàæåì, ÷òî e = 2v − 3 ðåáåð íåäîñòàòî÷íî.
Ïóñòü â ãðàôå ñ âåðøèíàìè a1, a2, . . . , av ïðîâåäåíû ðåáðà a1a2, a1ai è a2ai äëÿ âñåõ i = 3, 4, . . . , v.

Êàæäûé öèêë ñîäåðæèò îäíó èç âåðøèí a3, a4, . . . , av, ó êàæäîé èç êîòîðûõ ñòåïåíü ðàâíà 2. Çíà÷èò,
ïîñëå óäàëåíèÿ âñåõ ð¼áåð ýòîãî öèêëà ýòà âåðøèíà ñòàíåò èçîëèðîâàííîé, ñëåäîâàòåëüíî, ãðàô
ïåðåñòàíåò áûòü ñâÿçíûì.

Ïðèìåð äëÿ v ⩽ e ⩽ 2v − 4 ìîæíî ïîëó÷èòü èç ïðèìåðà âûøå, óäàëèâ íåñêîëüêî ð¼áåð âèäà a2ai
ñ i ⩾ 3.

Îöåíêà ñâåðõó.

Âûáåðåì âåðøèíó a1 è ðàññìîòðèì äåðåâî T , ñîäåðæàùåå âñå âåðøèíû ãðàôà (òàêîå äåðåâî íà-
çûâàåòñÿ îñò�îâíûì), â êîòîðîå âõîäÿò âñå ð¼áðà, èñõîäÿùèå èç a1. (Âîò êàê ïîëó÷èòü òàêîå äåðåâî.
Åñëè â ãðàôå åñòü öèêë, óäàëèì èç ýòîãî öèêëà ëþáîå ðåáðî, íå âûõîäÿùåå èç a1. Ñâÿçíîñòü íå
íàðóøèòñÿ, à êîëè÷åñòâî ð¼áåð óìåíüøèòñÿ. Ýòî ìîæíî ïðîäîëæàòü, ïîêà íå îñòàíåòñÿ äåðåâî.)

Ïîêðàñèì âñå v − 1 ð¼áåð äåðåâà T . Åñëè óäàëèòü äàæå âñå íåïîêðàøåííûå ðåáðà, íàø ãðàô
îñòàíåòñÿ ñâÿçíûì. Ïîýòîìó äîñòàòî÷íî íàéòè öèêë èç íåïîêðàøåííûõ ð¼áåð.

Ðàññìîòðèì ãðàô G, â êîòîðîì v−1 âåðøèí � ýòî âñå âåðøèíû äàííîãî ãðàôà, êðîìå âåðøèíû a1,
à ð¼áðà � ýòî âñå íåïîêðàøåííûå ð¼áðà èñõîäíîãî ãðàôà (âñïîìíèì çäåñü, ÷òî âñå ð¼áðà, èñõîäÿùèå
èç a1, ïîêðàøåíû). Êîëè÷åñòâî ýòèõ ð¼áåð ðàâíî e− (v− 1) ⩾ 2v− 2− v+1 = v− 1. Âèäèì, ÷òî â G
êîëè÷åñòâî ð¼áåð íå ìåíüøå êîëè÷åñòâà âåðøèí, ïîýòîìó â íåì íàéä¼òñÿ íåêîòîðûé öèêë.
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Çàäà÷à 5

Òî÷êèO èH � öåíòð îïèñàííîé îêðóæíîñòè è òî÷êà ïåðåñå÷åíèÿ âûñîò íåðàâíîáåäðåííîãî òðåóãîëü-
íèêà ABC. Ïðÿìàÿ OH ïåðåñåêàåò îòðåçêè AB è AC â òî÷êàõ B′ è C ′ ñîîòâåòñòâåííî. Äîïóñòèì,
÷òî îïèñàííûå îêðóæíîñòè Γ è Ω òðåóãîëüíèêîâ AB′C ′ è ABC ñîîòâåòñòâåííî ïåðåñåêàþòñÿ â òî÷êå
S ̸= A.Êàñàòåëüíàÿ, ïðîâåä¼ííàÿ ê Γ â òî÷êå A, ïåðåñåêàåò Ω â òî÷êå K ̸= A. Ïðÿìàÿ AH ïåðåñåêàåò
Ω â òî÷êå M ̸= A. Äîêàæèòå, ÷òî ïðÿìûå KH, BC è SM ïåðåñåêàþòñÿ â îäíîé òî÷êå.

Ðåøåíèå. Çàìåòèì ñïåðâà, ÷òî S � òî÷êà Ìèêåëÿ ÷åòâåðêè ïðÿìûõ B′C ′, AB, BC, AC. Èç ýòîãî

A

B
C

O

H

C ′

B′

A′

S

K

M

K ′

T

ñëåäóåò, ÷òî òðåóãîëüíèê SB′C ′ ïåðåâîäèòñÿ â òðå-
óãîëüíèê SBC íåêîòîðîé ïîâîðîòíîé ãîìîòåòèåé ñ
öåíòðîì â òî÷êå S, êîòîðóþ ìû áóäåì îáîçíà÷àòü áóê-
âîé f (òî åñòü f(C ′) = C è f(B′) = B).

Çàìåòèì òåïåðü, ÷òî

∠KBC = ∠KAC = ∠AB′C ′.

Àíàëîãè÷íî, ∠AC ′B′ = ∠KCB, îòêóäà òðåóãîëü-
íèêè B′AC ′ è BKC ïîäîáíû, òî åñòü f(A) = K.

Òàê êàê f(A) = K è f(C ′) = C, òî òðåóãîëüíèêè
CSC ′ è KSA ïîäîáíû, îòêóäà

∠KSA = ∠CSC ′ = ∠C ′TC,

ãäå ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî òî÷êè C ′,
S, T , C ëåæàò íà îäíîé îêðóæíîñòè.

Ïóñòü A′ � òî÷êà, ñèììåòðè÷íàÿ A îòíîñèòåëüíî
B′C ′. Òàê êàê OA = OA′, A′ ëåæèò íà Ω.

Èìååì

∠C ′TC = ∠ASK = ∠AA′K,

è òàê êàê AA′ ⊥ B′C ′, òî è KA′ ⊥ BC.
Ïóñòü òåïåðü K ′ � òî÷êà ñèììåòðè÷íàÿ K îòíîñè-

òåëüíî BC, òîãäà f(A′) = K ′, òàê êàê f(A) = K.
Â ñâîþ î÷åðåäü ýòî îçíà÷àåò, ÷òî òðåóãîëüíèêè SA′K ′ è SAK ïîäîáíû, îòêóäà

∠K ′SA′ = ∠KSA = ∠MSA′,

òàê êàê AKA′M � ðàâíîáåäðåííàÿ òðàïåöèÿ, îáà îñíîâàíèÿ êîòîðîé ïåðïåíäèêóëÿðíû BC.
Çíà÷èò, S, M , K ′ ëåæàò íà îäíîé ïðÿìîé, êîòîðàÿ ïåðåñåêàåò BC â òîé æå òî÷êå, ÷òî è ïðÿìàÿ,

ñèììåòðè÷íàÿ åé îòíîñèòåëüíî BC.
Ýòî îçíà÷àåò, ÷òî ïðÿìàÿ SM ïåðåñåêàåòñÿ ñ ïðÿìîé KH íà ïðÿìîé BC, ÷òî è òðåáîâàëîñü.
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Çàäà÷à 6

Äëÿ ìíîãî÷ëåíà P (x) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè íàøëèñü ÷åòûðå ðàçëè÷íûõ íåïîñòîÿííûõ
ìíîãî÷ëåíà f1(x), f2(x), f3(x) è f4(x) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè, ñòàðøèå êîýôôèöèåíòû
êîòîðûõ ïîëîæèòåëüíû,

f1(x)f2(x) = f3(x)f4(x) è P (f1(x))P (f2(x)) = P (f3(x))P (f4(x))

ïðè âñåõ âåùåñòâåííûõ x. Íàéäèòå âñå ìíîãî÷ëåíû P (x), äëÿ êîòîðûõ ýòî âîçìîæíî.
Îòâåò: P (x) = axn ïðè âñåõ öåëûõ íåîòðèöàòåëüíûõ n è âñåõ âåùåñòâåííûõ a.
Ðåøåíèå. Î÷åâèäíî, ìíîãî÷ëåíû, óêàçàííûå â îòâåòå, óäîâëåòâîðÿþò óñëîâèþ çàäà÷è. Äîêàæåì,

÷òî åìó óäîâëåòâîðÿþò òîëüêî îíè. Ïîñêîëüêó íàñ íå èíòåðåñóåò ñëó÷àé, êîãäà P (x) � òîæäåñòâåííûé
íîëü, çàìåíèâ, åñëè íóæíî, P (x) íà −P (x) (óñëîâèå çàäà÷è íå íàðóøèòñÿ), ìû ìîæåì ñ÷èòàòü, ÷òî
ñòàðøèé êîýôôèöèåíò P (x) ïîëîæèòåëåí.

Ëåììà. Äëÿ âñåõ ìíîãî÷ëåíîâ P (x) ñ ïîëîæèòåëüíûì ñòàðøèì êîýôôèöèåíòîì, êðîìå ìíîãî-
÷ëåíîâ âèäà P (x) = axn, ôóíêöèÿ q(t) = lnP (et) ëèáî âûïóêëà ïðè âñåõ t > t0, ëèáî âîãíóòà ïðè
âñåõ t > t0 äëÿ íåêîòîðîãî âåùåñòâåííîãî t0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì u(t) = P (et). Ïîñêîëüêó P (x) > 0 ïðè âñåõ äîñòàòî÷íî áîëüøèõ x,

u(t) îïðåäåëåíà ïðè âñåõ äîñòàòî÷íî áîëüøèõ t. Èìååì q(t) = lnP (et), è q′(t) = u′(t)
u(t)

= etP ′(et)
P (et)

�

÷àñòíîå äâóõ ìíîãî÷ëåíîâ îò et. Ñëåäîâàòåëüíî, è q′′(t) ÿâëÿåòñÿ òàêèì ÷àñòíûì. Åñëè ó ìíîãî÷ëåíà
â ÷èñëèòåëå êîíå÷íîå ÷èñëî êîðíåé (òî åñòü îí íå ÿâëÿåòñÿ òîæäåñòâåííûì íóë¼ì), òî ïðè âñåõ t,
áîëüøèõ íåêîòîðîãî t0, ôóíêöèÿ q′′(t) çíàêîïîñòîÿííà (â êà÷åñòâå t0 ìîæíî âçÿòü ëîãàðèôì íàè-
áîëüøåãî èç ïîëîæèòåëüíûõ êîðíåé ìíîãî÷ëåíîâ, ñòîÿùèõ â ÷èñëèòåëå è çíàìåíàòåëå, èëè ëþáîå
ïîëîæèòåëüíîå ÷èñëî, åñëè òàêèõ êîðíåé íåò). Åñëè q′′(t) > 0 ïðè âñåõ t > t0, òî q(t) âûïóêëà ïðè
âñåõ t > t0, â ïðîòèâíîì ñëó÷àå îíà âîãíóòà.

Îñòàëîñü âûÿñíèòü, êîãäà q′′(t) � òîæäåñòâåííûé íîëü ïðè âñåõ äîñòàòî÷íî áîëüøèõ t. Â ýòîì
ñëó÷àå ôóíêöèÿ q′(t) ïîñòîÿííà: q′(t) = C, à ôóíêöèÿ q(t) = Ct+D äëÿ íåêîòîðûõ ïîñòîÿííûõ C èD.
Âîçâðàùàÿñü ê ìíîãî÷ëåíó P (x), íàõîäèì, ÷òî ïðè âñåõ äîñòàòî÷íî áîëüøèõ x èìååò ìåñòî ðàâåíñòâî
P (x) = AxC , ãäå A = eD. Ïðîâåðèì, ÷òî C � öåëîå íåîòðèöàòåëüíîå ÷èñëî. Îòðèöàòåëüíûì îíî áûòü
íå ìîæåò (èíà÷å P (x) ñòðåìèëñÿ áû ê íóëþ íà áåñêîíå÷íîñòè), à åñëè n < C < n+ 1 äëÿ íåêîòîðîãî
öåëîãî íåîòðèöàòåëüíîãî n, òî P (x) ïðè äîñòàòî÷íî áîëüøèõ x áîëüøå ëþáîãî ìíîãî÷ëåíà ñòåïåíè
íå âûøå n è ìåíüøå (ïî ìîäóëþ) ëþáîãî ìíîãî÷ëåíà ñòåïåíè õîòÿ áû n+1, òî åñòü âîîáùå íå ìîæåò
áûòü ìíîãî÷ëåíîì. Ëåììà äîêàçàíà.

Ïóñòü òåïåðü P (x) � óäîâëåòâîðÿþùèé óñëîâèþ çàäà÷è íåïîñòîÿííûé ìíîãî÷ëåí ñ ïîëîæèòåëü-
íûì ñòàðøèì êîýôôèöèåíòîì, íå èìåþùèé âèäà axn. Ïî ëåììå ôóíêöèÿ lnP (et) âûïóêëà ïðè âñåõ
t > t0 èëè âîãíóòà ïðè âñåõ t > t0. Òîãäà äëÿ ÷åòûð¼õ ðàçëè÷íûõ ÷èñåë a, b, c, d, áîëüøèõ x0 = et0 è
óäîâëåòâîðÿþùèõ óñëîâèþ ab = cd, íå ìîæåò âûïîëíÿòüñÿ óñëîâèå P (a)P (b) = P (c)P (d). Äåéñòâè-
òåëüíî, ïóñòü a = ea0 , b = eb0 , c = ec0 , d = ed0 . Îòñþäà ñëåäóåò, ÷òî a0 + b0 = c0 + d0, à, ñ äðóãîé
ñòîðîíû, u(a0)u(b0) = u(c0)u(d0), òî åñòü q(a0) + q(b0) = q(c0) + q(d0). Ñëåäîâàòåëüíî, ñåðåäèíû õîðä
ãðàôèêà ôóíêöèè q(t), ñîåäèíÿùèõ òî÷êó (a0, q(a0)) ñ òî÷êîé (b0, q(b0)) è òî÷êó (c0, q(c0)) ñ òî÷êîé
(d0, q(d0)), ñîâïàäàþò, ÷òî ïðîòèâîðå÷èò âûïóêëîñòè (èëè âîãíóòîñòè) ôóíêöèè q(t).
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XXII International Zhautykov Olympiad in Mathematics. Solutions.

Problem 1

1. Baron M�unchhaisen claimed that he chose two distinct, non-opposite rays OA and OB with common
origin O. On the ray OA he marked 10 points K1, . . ., K5, L1, . . ., L5, and on the ray OB he marked 10
points M1, . . ., M5, N1, . . ., N5, such that all 20 marked points are distinct. He further claimed that for
all i and j, the distances KiMj and LiNj are equal. Can all of the baron's statements be true?

Îòâåò. Yes.

Ðåøåíèå. Here is an example of arrangement of points satifying all the requirements. First we draw a
right angle AOB. Then we choose 10 distinct positive numbers k1, . . . , k5, m1, . . . , m5 and a positive
number c such that all numbers ℓj = kj − c and nj = mj + c are positive and distinct from ki and mi.

Now we choose on the ray OA points Ki and Li so that OKi =
√
ki, OLi =

√
ℓi, and on the ray OB

points Mi and Ni so that OMi =
√
mi and ONi =

√
ni. By virtue of aou choice all 20 points are distinct.

Since the angle AOB is right, it also follows from the Pythagorean theorem that

LiN
2
j = OL2

i +ON2
j = ℓi + nj = (ki − c) + (mj + c) = ki +mj = OK2

i +OM2
j = KiM

2
j ,

that is, LiNj = KiMj for all i è j.
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Problem 2

Let n be a positive integer that can be represented both as
[
a
√
10
]
for some positive integer a and as[

b
√
11
]
for some positive integer b. Prove that n can also be represented as

[
c(11

√
10− 10

√
11)

]
for some

positive integer c.

Solution. Let α =
√
10, β =

√
11, γ = 11

√
10− 10

√
11. Note that

1

γ
=

1√
10 · 11

· 1√
11−

√
10

=

√
11 +

√
10√

10 · 11
=

1

α
+

1

β
.

The equation n = [aα] means that n ⩽ aα < n+ 1, that is, a
n+1

< 1
α
⩽ a

n
, and similarly b

n+1
< 1

β
⩽ b

n
.

Adding up the two inequalities we get

a+ b

n+ 1
<

1

α
+

1

β
=

1

γ
⩽

a+ b

n
,

or n ⩽ γ(a+ b) < (n+ 1), which means that c = a+ b is the number in question.
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Problem 3

Let m > k > 1 be positive integers. Consider an N×N checkered board with N tokens placed so that each
row and each column contains exactly one token. Suppose that for every partition of the board into four
rectangles by one vertical and one horizontal grid line, it is impossible to choose two of those rectangles
such that

1) they do not share a side, and
2) one of them contains at least m tokens while the other contains at least k tokens.

Determine the maximum possible value of N .

Îòâåò. N = 2(k +m)− 4.

Solution. Upper bound. Let N ⩾ 2(k +m)− 3; we prove that a required split always exists. It is clearly
enough to prove it for N = 2(k +m)− 3: if N is greater, we can remove some tokens together with their
rows and columns. If the resulting table admits the desired split, obviously so does the original table.

Note that N = 2(k + m) − 3 ⩾ 2(k + k + 1) − 3 > 2(2k − 1). Consider the central (that is, the
(k +m − 1)-th) column of the bourd; either its upper 2k − 1 squares or its lower 2k − 1 squares do not
contain a token. We may assume that the upper 2k− 1 squares are empty. Then in the upper 2k− 1 rows
of the table there are either k tokens to the left of the central column, or k tokens to the right of it. Again,
we may assume that these rows contain k tokens to the left of the central column.

Now we split the board into 4 rectangles separating upper 2k − 1 rows and left k + m − 2 columns.
We prove that the upper left (A) rectangle and the lower right (B) rectangles of this partition satisfy the
conditions. A contain at least k tokens by virtue of our choice. Let C be the upper right rectangle of the
partition, and N(X) denote the nnumber of tokens in a rectangle X. Then N(A) + N(C) = 2k − 1 and
N(B) + N(C) = N − (k + m − 2) = k + m − 1, since every row and every column contains a token.
Therefore

N(B) = (N(B) +N(C))− (N(A) +N(C)) +N(A) ⩾ (k +m− 1)− (2k − 1) + k = m,

as desired.

Example. It remains to show an example of token placement admitting no desired split for N =
2(k+m− 2). Take n = k+m− 2 and divide the board into four n×n squares. We number the rows with
the numbers 1, 2, . . . , N up to down, and the columns left to right; a square will be denoted by the pair of
its cordinates (r, c), where r is the number of its row and c is the number of its column. Now let us mark
all the squares where either the sum of coordinates is n + 1 or 3n + 1, or the di�erence of coordinates is
±n (these squares form a �border� made of diagonals of the n× n squares). Let us number the squares of
the border by the numbers 1, 2, . . . , 4n clockwise, beginning with arbitrary square, and place tokens in the
squares with even numbers. In the picture, such arrangements for n = 5 and n = 4 are shown.

It is easy to see that in the horizontally adjacent n × n squares tokens are placed in rows of di�erent
parity, and, similarly, in the vertically adjacent squares tokens are placed in columns of di�erent parity. It
follows that, indeed, every row and every column contains exactly one token.

Suppose now that the board is split into four rectangles by one horizontal grid line and one vertical
grid line. Consider two of these triangles, say, the upper left one (A, with a rows and a′ columns) and
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the lower right one (B, with b rows and b′ columns). Suppose that A contains at least m tokens, and B
contains at least k tokens. If A contains a square from the lower right n× n square, then a+ a′ ⩾ 3n+ 1
and therefore b+ b′ ⩽ n− 1, so B does not contain tokens at all, which is not true. Similarly, B does not
contain tokens from the upper left n× n square.

Since m ⩾ 3, the rectangle A contains at least two marked squares in the upper left n×n square, that
is, it contains an empty square of the form (x, n + 1 − x). It follows that A contains an empty rectangle
x× (n+1−x) in the upper left corner. Then all the tokens in A either lie in the left half of the board, and
in a−x lower rows of A, or lie in the upper half of the board, and in a′− (n+1−x) rightmost columns of
A. In the �rst case only rows of one parity are used; in the second case, only columns of one parity. Thus
the total number of tokens in A does not exceed (a−x+1)/2+(a′− (n+1−x)+1)/2 = (a+a′+1−n)/2,
that is, m ⩽ (a+ a′ + 1− n)/2, and a+ a′ ⩾ 2m+ n− 1.

Similarly, B contains an empty square of the form (n+1+y, 2n+1−y) (directly under the diagonal in
the lower right square), and therefore k ⩾ (b− (n− y)+1)/2+ +(b′− y+1)/2, that is, b+ b′ ⩾ 2k+n− 2.
The sum total is

4n = a+ a′ + b+ b′ ⩾ (2m+ n− 1) + (2k + n− 2) = 4n+ 1,

a contradiction.
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Problem 4

Let v ⩾ 4 be a positive integer. Find the minimum e such that every connected graph with v vertices
and e edges contains a cycle with the property that removing all edges of this cycle leaves the graph
connected (After removing the edges of the cycle, all vertices of the graph remain, including those that
became isolated.)

Answer: 2v − 2.
Solution.

I. Lower bound. First we show that e = 2v − 3 edges is not enough.
Let the vertices of the graph be a1, a2, . . . , av, and edges a1a2, a1ai and a2ai for all i = 3, 4, . . . , v. Every

cycle contains one of the vertices 3, 4, . . . , v with degree 2. Removing the edges of the cycle makes this
vertex isolated, and the graph becomes disconnected.

An example for v ⩽ e ⩽ 2v − 4 is obtained from the example above by removing some edges of the
form a2ai with i ⩾ 3.

II. Upper bound. Now let e ⩾ 2v − 2.
We choose a vertex a1 and consider a tree T containing all vertices of the graph (such a tree is called

spanning tree) so that all the edges from a1 are in T . (Here is a way to construct such a tree. If there is
a cycle in the graph, remove any edge of this cycle not incidental to a1; the graph remain connected, and
the number of edges diminishes. In the end we will get the desired tree.)

Let us mark all v − 1 edges of the tree T . The graph remains connected even if we remove all marked
edges. Therefore it is enough to �nd a cycle made of unmarked edges. Consider graph G on all vertices
of the original graph except a1 and all the unmarked edges (we remember here that all the edges from a1
are marked). This graph has v − 1 vertices and e − (v − 1) ⩾ 2v − 2 − v + 1 = v − 1 edges, therefore it
contains a cycle.
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Problem 5

Let O and H be the circumcenter and the orthocenter of a scalene triangle ABC. The line OH intersects
the segments AB and AC at B′ and C ′ respectively. Suppose that the circumcircles Γ and Ω of the triangles
AB′C ′ and ABC respectively, meet at S ̸= A. The line tangent to Γ at A intersects Ω at K ̸= A. The line
AH intersects Ω at M ̸= A. Prove that the lines KH, BC and SM are concurrent.

Solution. First note that S is the Miquel point for the four lines B′C ′, AB, BC, AC. It follows that

A

B
C

O

H

C ′

B′

A′

S

K

M

K ′

T

the triangle SB′C ′ can be transformed to the triangle
SBC by some rotational homothety centred at S; we
denote this transformation by f (thus f(C ′) = C and
f(B′) = B).

We see now that

∠KBC = ∠KAC = ∠AB′C ′.

By the same argument, ∠AC ′B′ = ∠KCB, hence the
triangles B′AC ′ and BKC are similar, that is, f(A) = K.

Since f(A) = K and f(C ′) = C, the triangles CSC ′

and KSA are similar, therefore

∠KSA = ∠CSC ′ = ∠C ′TC

(the last equality is true because C ′, S, T , C are
concyclic).

Let A′ is symmetric to A with repect to B′C ′. Since
OA = OA′, A′ belongs to Ω.

We have

∠C ′TC = ∠ASK = ∠AA′K,

and since AA′ ⊥ B′C ′, KA′ ⊥ BC.
Now let K ′ be symmetric to K with respect to BC.

Then f(A′) = K ′ because f(A) = K.
It follows now that the triangles SA′K ′ and SAK are similar, hence

∠K ′SA′ = ∠KSA = ∠MSA′,

since AKA′M is an isosceles trapezoid with bases perpendicular to BC.
Therefore S, M , K ′ are collinear; the line SM and the line symmetric to it with respect to BC meet

BC at the same point.
This means that the line SM meets the line KH on BC, q.e.d.
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Problem 6

Let P (x) be a real polynomial. Suppose there exist four distinct nonconstant real polynomials f1(x), f2(x),
f3(x), f4(x) with positive leading coe�cients such that

f1(x) · f2(x) = f3(x) · f4(x) and P (f1(x)) · P (f2(x)) = P (f3(x)) · P (f4(x))

for all real x. Determine all polynomials P (x) for which this is possible.
Answer: P (x) = axn for all non-negative integers n and all real a.
Solution. Obviously the polynomials described above satisfy the condition. We will prove now that

they are the only such polynomials. We ignore the case when P (x) is identically zero, and when it is not
we may replace P (x) by −P (x) if necessary, and assume that the leading coe�cient of P (x) is positive.

Lemma. For each polynomial P (x) with positive leading coe�cient, not of the form P (x) = axn, the
function q(t) = lnP (et) is either convex for all t > t0 or concave for all t > t0, where t0 is a real number
depending on P .

Proof. Let u(t) = P (et). Since P (x) > 0 for large enough x, u(t) is de�ned for large enough t. We have

q(t) = lnP (et), and q′(t) = u′(t)
u(t)

= etP ′(et)
P (et)

is a ratio of two polynomials in et. It follow that q′′(t) is also such

a ratio. If the polynomial in the numerator has �nitely many roots (that is, if it is not identically zero),
then for all t greater than some t0 the function q′′(t) has constant sign (for t0 we can take the logarithm
of the greatest positive root of the numerator and the denominator, or any positive number if there are
no such roots). If q′′(t) > 0 for all t > t0 then q(t) is convex for all t > t0, otherwise it is concave.

It remains to determine when q′′(t) is identically zero for all large enough t. In this case q′(t) is constant:
q′(t) = C, and q(t) = Ct+D for some constant C and D. Returning to the polynomial P (x) we �nd that
P (x) = AxC for all large enough x, where A = eD. The exponent C cannot be negative (otherwise P (x)
tends to zero as x tends to in�nity), and if n < C < n+ 1 for some non-negative integer n, then for large
enough x the polynomial P (x) is greater than any polynomial of degree not exceeding n, and less than
any polynomial of degree at least n+ 1, that is, it cannot be a polynomial. The lemma is proved.

Not let P (x) is a polynomial not of the form axn satisfying the condition. By the Lemma, the function
lnP (et) is convex for all t > t0 or concave for all t > t0. Then four distinct numbers a, b, c, d greater
than x0 = et0 and satisfying ab = cd cannot satisfy P (a)P (b) = P (c)P (d). Indeed, let a = ea0 , b = eb0 ,
c = ec0 , d = ed0 . We have a0 + b0 = c0 + d0, and, on the other hand, u(a0)u(b0) = u(c0)u(d0), that is,
q(a0) + q(b0) = q(c0) + q(d0). Thus the midpoints of the chords of the graph of q(t) connecting (a0, q(a0))
with (b0, q(b0)) and (c0, q(c0)) with (d0, q(d0)) coincide, a contradiction with convexity (or concavity) of
q(t).
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