XXII Meotcdynapoonas 2Kaymuikosckas osumnuada no mamemamuxe. Pewenusa sadau.

3amaua 1
Bapor Mronxraysen 3asBjisteT, 9TO HAPUCOBAJI JBa PAa3HBIX W He MPOTUBOMONOKHBIX jJyda OA u OB c
obmum Hagasom O. Ha syae OA on ormernn 10 Touek K1, ..., K5, Ly, ..., Ly, a Ha gyge OB — 10 Touek
M, ..., Ms, Ny, ..., N5 Tak, 9To BCe 20 To4ek pasaum4nbl. bapon ropopur Takzxe, 9yro K;M; = L;N; npn

Bcex ¢ 1 j. MoryT jim c/ioBa GapoHa OKa3aThCs MpaBIOi?
OtBet. Moryrt.

Pemienmne. [IpeabaBuM npumep pacioyioKeHHs TOYEK, YIOBJICTBOPAIONIEro BceM Tpedbopanusm. Hapucyem
npsamoit yron AOB. Beibepem 10 pa3audHbIX MOJOKUTEIBHBIX 9uces ki, ..., ks, M1, ..., M5 U TOJOKHA-
TeJIbHOE YUCJIO ¢ TaKoe, 4To Bee uucia {; = k; — ¢ 1 nj = m; + ¢ HOJOXKUTeJbHBl U OTJUYHBL OT duces k;
u m;.

Teneps seibepem na jyue OA roukn K; u L; taxue, uro OK; = v/k;, OL; = \/;. Buibepem ua syde
OB touku M; nu N; takue, uro OM; = \/m; u ON; = /n;. Ilo namemy Bnibopy, Bce 20 TOUEK pa3IHIHEL.
Kpowme Toro, mockosibky yroa AOB upsmoit, u3 teopemsr [ludaropa nmeem

To ecthb L;N; = K;M; npu Bcex i u j.



Samaua 2

HarypasibHoe 9HCIO0 1 MOYKHO TpeJACTaBUTh W B Buje [ay/10] ¢ HEKOTOPBIM HATYDAIbHBIM a, W B BUJE

[bv/11] ¢ HekOTOPBIM HATYpaTbHBIM b. JIoKazkuTe, 9T0 N MOXKHO mpeAcTaBuTh B Buje [¢(114/10 — 10/11)]
C HEKOTOPBIM HATYDAJIbHBIM C.

Pemenne. O6o3naunm o = /10, § = /11, v = 1110 — 104/11. amernm, 110
1 1 1 V1l +v10 1

—_ = . — — + —_
v V10-11 V11-v10 V10-11 o f
Venosue n = [aa] osmauaer, uro n < ac < n 41, 10 ecth 5 < L < %, W AHAJOTHYHO HMeEeM

HLH < % < % CxaJipIBast 9TH JIBa HEPABEHCTBA, IOJIYIaeM

a+b 1 1 1<a+b

<_+ — AN P
n+l o [ 7 n

wi n < y(a+b) < (n+ 1), 9ro u 3HAYUT, ITO ¢ = a + b YIOBIETBOPsiET YCJIOBUIO 33/1a4H.



Samada 3

Hanbr Harypaabubie m > k > 1. Ha gocke N X N paccrasienbl N (UIeK Tak, 9TO B KaxKJI0i CTPOKE U
B KaxKJIOM CTOJIOIe ecTh POBHO 10 ojiHOM dumike. OKa3aa0Cch, YTO JOCKY HeIb3s pas3pe3aThb 10 CTOPOHAM
KJIETOK OJHOM BEPTUKAJILHON W OAHON TOPpH30HTAILHON IPAMON Ha YeThIpe MPAMOYIOJbHHKA U BHIOpATH
U3 9TUX YETHIPEX MPSIMOYTOJIbHUKOB JIBA TaK, UTO

(i) BbIOpaHHbBIE TIPSIMOYTOJIBHUKHN He UMEIOT 001eil CTOPOHBI, 1

(ii) B omHOM 13 HEX He MeHee m (DUIIEK, a B PYTOM He MeHee k.
[Tpu kakom HambosibrieM N 3TO BO3MOYKHO?

Otrser. Ilpu N =2(k +m) — 4.

Pewmenne. Ouenka. Ilycrs N > 2(k+m) — 3; mokaxkem, uro Tpedyemoe paszbueHue Ha 4 IpAMOyTroJbHUKA
Beerga Haiinércsa. OueBHHO, 10CTATOUHO MoKa3aTh 310 mig N = 2(k +m) — 3: ecim N Gosbine, yaaaum
JacTh (DUITEK BMECTE € COAECPIKAIIMME UX CTPOKAMU H CTOJIONaMu. Kcym nmosryausiyocs TabJIuiy yaacTcs
pasbuTh TpebyeMMM 00pa30M, TO yIACTCSI H MCXOIHYIO.

Bamerum, uro N = 2(k+m) —3 > 2(k+ k+ 1) — 3 > 2(2k — 1). Pacemorpum cpeuuii (To ectb
(k + m — 1)-it) cronber nocku; Torga jaubo B ero Bepxuux 2k — 1 kjaerkax, mubo B ero HuKHUX 2k — 1
kJjerkax Her dummku. [lycts g onpegenéanoctn Bepxuane 2k — 1 KJaeToK 3Toro crosdia mycroie. Torma
B BepxHux 2k — 1 cTpoKax JIOCKK cojep:karcd Jiubo k uilek JeBee cpemHero croJodma, jubo k duirek
npaBee HEro; He yMaJisgd OOIIHOCTH, OVIeM CUUTATh, YTO B HUX €CTh k (pUIlleK JieBee cpeHero croJidIa.

Pazaenmum gocky Ha 4 MpgMOYTOIBHUKA, OTIETUB BepxHue 2k — 1 cTpoku u JieBbie k + m — 2 cToa0mna.
Jokazkem, 4To JieBblit Bepxuuit (A) n npasbiit Huzkauii (B) npsimoyrosbHuKN pazbuenus moaxoaar. B A na-
xXomnuTcs He Meree k (uriek mo mHarreMmy BeiOopy. OD03HAUNM BEPXHMIT TIPABBIN MIPSIMOYTOTLHUK Pa30neHuUsT
aepes C, u o6o3naunm depe3 N (X)) kommdectso dumniek B npamoyronbhuke X . Torna N(A)+N(C) = 2k—1
u N(B)+ N(C) =N —(k+m—2) =k +m — 1, HOCKOJIbKY B Kax/J0{l CTPOKe U B KarKJIOM CTOJIOIE
HAXOJIMUTCs 10 pumike. SHAYUT,

N(B) = (N(B) + N(C)) = (N(A) + N(C)) + N(4) = (k+m —1) — 2k — 1) + k = m,

4TO U TPeDOBAJIOCH.

Ipumep. Ocranoch TpUBECTH NPUMED PACCTAHOBKH, B KOTOPOil Tpebyemoro pasOueHuss HET TpH
N = 2(k +m — 2). Illonoxkum n = k + m — 2 u pa3obpéM Halry J0CKy Ha 4 kBajpara n X n. [Ipony-
MepyeM CTPoKH gucjaamu 1,2, ..., N cBepxXy BHE3, a CTOJIOIBI — CJeBa HAIIPABO; KJIETKY OyaeM 0003HAYaTh
napoii eé koopauuar (r,c), rjae r — HOMep €€ CTPOKHU, a ¢ — HOoMep eé croybia. OTMeTuM BCe KJIeTKH
JOCKH, y KOTOPHIX CyMMa KOOpJAMHAT paBHa 1 + 1 wian 3n + 1, win pasHOCTh KOOPAHHAT paBHA £n (3TH
KJIETKH 00Pa3yoT «KaéMKY», COCTOSIILY IO U3 AUAroHageil KBaapaToB n X n). [IponymMepyem KaeTKu KaéMKH
10 YaCOBO# CTpeJIKe, HAYMHAasA ¢ IPOU3BOJIbHON KJIETKH, YucjaaMu 1,2, ..., 4n u nocTaBuM (PUIIKH B KJIETKA
¢ YETHRIMH HOMepamu. Ha pucyHke moka3aHbI TakKnde pAaCCTAHOBKHW NMPH N = 5 W mpu n = 4.

Herpyano BujeTh, 4To B KBaJparax n X 7, COCEJHUX 10 TOPU30HTAIU, (DUITKU CTOAT B CTPOKAX C
HOMEpaMH Pa3Hoil YETHOCTH; AHAJIOTUIHO, B KBAPATaX, COCEIHUX 110 BEPTUKAJH, (DUIIIKH CTOAT B CTOJIOIAX
¢ HOMepaM#u pasHoil dérHoctu. OTCIOjA IOJydYaeM, 4TO JIEHCTBUTEIbHO B KaKJIO CTPOKE U B KaxKJIOM
cToJIOIEe CTOUT POBHO IIO OJHOU DHUIIKE.



[TycTh Temephb j0cKa pa3duTa TOPUIOHTATIHLHON U BEPTUKATBHON JUHUSIME CeTKN Ha 4 MPSAMOYTOJTHHUKA.
PacemorpuM fBa u3 HUX — CKazkeM, JieBblii BepxHuii (A, ¢ a crpokamu u @' cTosbuamu) u npaBblil HUKHUI
(B, ¢ b crpokamu u b/ croabiaMn) u peanonokuM, 9ro A cogep:kut xors 661 m duriek, a B — xors 6b1
k dpumek. Ecin A comepzkuT (GUIIKY U3 NpaBOro HUXKHEro KBajpara n X n, To a +a’ > 3n + 1, a Toraa
b+b <n—1,u B He comepxur duirek BoodIne, 9To He Tak. AHAJOTHYHO, B He cojep:KuT (puiex us3
JIEBOTO BEPXHETrO KBaJpaTa n X 1n.

[Mockoabky m > 3, npsgmoyrojbHuK A copep:kuT XOTst Obl JIBé OTMEUYEHHBIX KJIETKH B JIEBOM BEPXHEM
KBajpare n X n, TO €CTh COMEPKUT IMycTyto KaeTky Buga (z,n + 1 — x). CrenoBarenbro, A COmepKuT
ycToil npaMoyrobHuK = X (n + 1 — x) B Bepxuewm jesom yruy. Torga Bee dburmku B A Haxoagarca gubo B
JIEBOM TIOJIOBHHE JIOCKH, IPHIEM B HUXKHUX ¢ — & CTPOKAX HpAMOyroJbHUKa A, nbo B BepxHeil moioBuHe
JIOCKH, mpuaéM B mpasbix @’ — (n + 1 — z) cronbuax mpsmoyroabauka A. [lpum sTom B mepBoMm ciayuae
3a1eiCTBOBAHDI JIUIIL CTPOKH, WYIHE Yepe3 OJHY, & BO BTOPOM — JIUIIb CTOJIONbBI, UYIIHE 9€DPe3 OJIH.
3uaqur, obree KoanaectBo durrek B A He 6osbire (a—x+1)/24 (a'—(n+1—2)+1)/2 = (a+d +1—n)/2,
Toectb m< (a+ad +1—n)/2, wma+ad >2m+n— 1.

AHAIOTHYHO, TPSIMOYTOJBHUK B COIEPKUT MyCTYI0 KIeTKy Buaa (n+ 14y, 2n+1—y) (pacnoiokeHnyo
HEIOCPEICTBEHHO MMOJI, JIMATOHAJIBIO B TIPABOM HHKHEM KBajpare), u noromy k > (b— (n —y) + 1)/2+
+(' —y+1)/2, r0 ectb b+ b0 > 2k +n — 2. Uroro,

dn=a+d+b+V >0C2m+n—-1)+2k+n—2)=4n+1.

[Iporusopeune.



Samaua 4

Hano narypaabnoe v > 4. [Ilpu kKakoM HaMMEHBIIIEM € B KaXKJIOM CBI3HOM Tpade Ha v BepIInHax ¢ € ped-
paMu CyIiecTByeT UKL, TOCTIe yaaleHus Beex pébep Kkoroporo rpad ocraéres ceasubiM? (Ilocre ynanenus
pébep nukJIa B rpade OCTAIOTCs BCe ero BepIIUHbI, B TOM YHCJIE U Te, B KOTOPBIX YIaJeHbl Bee pébpa.)
Otet. llpu 2v — 2.

Pemenne. Ouenka cHu3y.

Jokaxkem, 4To € = 2v — 3 pebep HEIOCTATOTHO.

ITycTs B rpade ¢ BepmunamMu aq, as, . . . , G, TPOBEJEHBI pedpa a1as, A1G; U Goa; JIJI BCeX ¢ = 3,4, ..., v.
Kazkiplii 1TUKJT COAEPXKUT OJHY U3 BEPIIUH A3, Ay, - - . , Ay, Y KAXKJI0H U3 KOTOPBHIX CTEIIeHb paBHA 2. 3HAYHT,
nocje yaajaeHus BceX pédbep 3TOro IHUKJ/A 3Ta BepIIMHa CTaHeT M30JUPOBAHHON, cjegoBaTe/]bHO, I'pad
nepecTafeT OBITH CBA3HBIM.

ITpumep mst v < e < 20 — 4 MOXKHO TOJIYYUTh U3 IIPUMEpPA BHIIIE, y/IAJUB HECKOJBbKO peébep BUIA Aoa;
ct > 3.

OreHka cBepxy.

Bribepem BeprmmHy a; u paceMorpuM JepeBo 1) copeprkaiiee Bce BepimuHbl rpada (Takoe JepeBo Ha-
3BIBAETCST OCMJBHBIM), B KOTOPOE BXOJIST Bce pEOpa, nexosmme u3 ai. (Bor Kak moydnTh Takoe IepeBo.
Eciim B rpade ectb MUK, YIQJIUM U3 9TOrO IHUKJA JI000e pedpo, He BbIXojdIiee u3 a;. CUBA3HOCTH He
HAPYIIUTCS, & KOJIUIECTBO PEOGEP YMEHBIMUTCA. DTO MOKHO MPOJIOJIZKATH, TIOKA He OCTAHETCsI JePeBo. )

[Tokpacum Bce v — 1 pébep mepeBa 1. Ecam ymaauTh Jaxke Bce HeMOKpallleHHBIe peOpa, Haml rpad
oCTaHeTCs CBA3HBIM. [[09TOMY JOCTATOYHO HAITH UK/ W3 HEMOKPAIIEHHBIX PEdep.

Paccvorpum rpad G, B KoTopoMm v — 1 BEpITIUH — 9TO BCE BEPIUHBI TAHHOTO rpada, KPOMe BEPITHHBL (1,
a pébpa — 3TO BCe HemOKpalleHHbie Pé6pa UCXOMHOTO rpada (BCIIOMHUM 3/1eCh, UTO BCe PEOPA, HCXOISIIIe
u3 ap, mokpamiensbl ). KonmnuecrBo srux pébep papuo e — (v —1) > 20 —2 —v+ 1 =v — 1. Bugum, ato B G
KOJITYEeCTBO pEOGep He MeHbINe KOJTHYECTBa BEPIINH, IIO9TOMY B HeM HalléTcs HEKOTOPBIH UK.



3ama4da 5

Touku O u H — neHTp OMuCcaHHoil OKPYKHOCTH U TOUKA TEPECEUEHIS BHICOT HEPABHOOEIPEHHOTO TPEYTOIhb-
nuka ABC. llpamaga OH nepecekaer orpesku AB u AC B Toukax B’ u C’ coorBercrBenHo. Jlomycrum,
410 onucaHuble okpyzKHOCTH ' 1 € TpeyroasaukoB AB'C’' 1 ABC cOOTBETCTBEHHO IEPECEKAIOTCH B TOUKE
S # A.Kacarenbnas, mpoBeaénnas K I' B Touke A, mepecekaet €) B Touke K # A. [Ipsmas AH nepecekaer
Q B rouke M # A. Jlokaxkure, aro nupsimeie K H, BC' u SM nepecekaiorcs B OIHON TOYKE.

Pemenne. 3amernMm crepsa, 4ro S — Touka Mukens dersepku npsmeix B'C’, AB, BC, AC. U3 sToro
clenyer, 4ro TpeyroabHuk SB'C’ mepeBomuTcs B Tpe-
yroabuuk SBC' HEKOTOPO# MOBOPOTHOW TOMOTETHEH C

A
IEHTPOM B TOUKe S, KOTOPYIO MbI Oya1eM 0003HaYaTh OYK-
Boit f (to ectnp f(C') = C u f(B') = B).
3aMeTuM Terepb, YTO
/KBC =/KAC = ZAB'C".
Ananornuno, ZAC'B" = ZKCB, 0TKyla TpeyroJb-
uukn B’AC’ u BKC nonobusl, 1o ecth f(A) = K.
Tak kak f(A) = K u f(C') = C, 1o TpeyroJbHuKu
CSC" n KSA nonobubi, 0TKy1a, S
B/
/KSA=/CS5C" = AC’TC’, T BK

1€ TOCJIe/IHee PABEHCTBO CJeAyeT u3 Toro, uro Touku C,
S, T, C' nexkar Ha OTHON OKPY’KHOCTH.
Ilycrs A’ — Touka, cumMeTpudHasg A OTHOCHTEIHHO

B'C'. Tak xak OA = OA’, A" nexur Ha €.

Nnmeem

/0'TC = LASK = ZAA'K,

n rak kKak AA" 1 B'C’', rou KA 1| BC.
ITycts Teneps K’ — Touka cuMMerpudnas K oTHOCH- )
reasno BC, torna f(A') = K', tak kak f(A) = K. K
B cBoto ouepenp 310 03Hauaer, yro Tpeyroibauk SA' K’ u SAK 1momobHbl, OTKYa

/K'SA = /KSA=/MSA,

rak Kak AK A’M — paBHOOeIpeHHas Tpamenus, 06a OCHOBaHHs KOTOPOi nepuesaukyasapasl BC.

Buauut, S, M, K' nexar Ha oxHOI IpaMoii, KoTopas nepecekaer BC' B TOi XKe TOYKe, UTO M HpsIMasi,
cummMmeTpudnas et ornocuresnbno BC.

D10 o3nagaer, uTo npsmas SM mnepecekaercs ¢ npsmoit K H va npavoit BC', uTo u TpeboBaIoCh.



3ama4da 6

st muorowtena P(z) ¢ BemecTBeHHBIMI KOIMMUITMEHTAME HAIILIUCH Y9eThIPe PA3IHIHbIX HEMOCTOSTHHBIX
muorowiena fi(x), fo(x), fs(z) u fi(x) ¢ BemecrBenubiMu Koddhdunuentamu, crapime KodhOuUIEEHTH
KOTOPBIX MOJIOZKUTEJbHBI,

@) fa(x) = fa(x) falz) w P(fi(x)P(fa(x)) = P(f3(2))P(fa(x))

IpU Bcex BelecTBeHHBIX x. Haiinure Bece MuOrOwIenbr P (), st KOTOPBIX 9TO BO3MOXKHO.

Otrser: P(r) = axr™ npu BceX MeJIBIX HEOTPUIATEIBHBIX 7 U BCEX BEIECTBEHHBIX A.

Pemenne. OueBnHo, MHOIOYICHBI, YKA3aHHBIC B OTBETE, YOBJIETBOPSIOT YCJAOBUIO 3a1a491. JJokazkeM,
9TO My YIOBJIETBOPSIOT TOJLKO OHU. [T0CKOIBKY HAC He mHTepecyeT caydaii, Korga P(x) — ToXK 1eCTBeHHbI
HOJIb, 3aMeHUB, ecyin HyxkHO, P(r) Ha —P(x) (ycioBne 3ajaun He HAPYITUTCS), MbI MOXKEM CYHTATh, YTO
crapmuii kKoaddunuent P(x) HOT0KUTEEH.

JIemma. [ns Bcex muorowieHos P(x) ¢ HOTOKUTENBHBIM CTAPIIAM KOIDPUIIEHTOM, KPOMe MHOTO-
wnenos suga P(x) = az™, dynknua ¢(t) = In P(e') mubo Beimykaa npu Beex t > to, ubO BOrHYTa 1MpHU
Bcex t > ty JJIsI HEKOTOPOT'O BEIEeCTBEHHOIO .

Joxkasaresberso. O6osnaunm u(t) = P(e'). Tlockonbky P(z) > 0 npm Bcex J0CTaTO4HO GOJIBIINX T,
u(t) ompesesena mpu Bcex JocTaTouHo Gosbmmx t. Umeem ¢(t) = In P(e!), u ¢'(t) = % = % -
qacTHOE BYX MHOrO41eHOB OT €. Crenoparensno, u ¢”(t) apagercda TaKuM 9acTHBIM. Ecin y MHOTOWIeHA
B YHCJIATE]e KOHEYHOE YHCJI0 KODHEHl (TO eCTh OH He sIBJISIeTCSl TOXKJECTBEHHBIM HYJIEM), TO IIDH BCeX f,
Gosbiux HeKOTOpOro to, dyHknua ¢”(t) 3makonocrosHHa (B KauecTBe ty MOXKHO B3STh JorapudM Han-
OOJIBIIIET0 M3 IOJIOKHUTENbHBIX KOPHEH MHOTOYIEHOB, CTOSAINIUX B YHCJUTEIe W 3HAMeHaTese, WIn J0oe
MOJIOYKUTEJLHOE THUCII0, eCii TakuxX KopHeil Her). Ecaum ¢”(t) > 0 npu Beex ¢t > tg, To ¢(t) BBIIYKIA TpH
BCeX ¢ > tp, B IPOTUBHOM CJIy4dae OHa BOTHYTA.

Ocrajoch BbisCHUTD, Korja ¢ (t) — TOXKIECTBEHHBI HOJIb IPH BCEX JOCTATOYHO Gojbiiux t. B s1om
cayqae dyukius ¢'(t) mocrosiwna: ¢'(t) = C, a byukuus q(t) = Ct+ D st HerkoTopbix moctosaabix C' 1 D.
BosBpariasich K MEOrOWIeHy P(x), HaX0InM, 9TO TIPH BCEX JOCTATOTHO GOJIBITUX & HMEET MECTO PABEHCTBO
P(z) = Az“, tne A = eP. Ilposepum, aro C' — nesoe HeoTpunare bHoe 9ucao. OTPHIATEIHHBIM OHO OBITD
He Moxker (uHaue P(z) cTpemuiicst 66 K HYJIIO Ha GeCKOHEYHOCTH), a eciu n < C' < n+ 1 JJIs1 HEKOTOPOTO
1EJIOr0 HEOTPULATEILHOTO 1, TO P(x) upu jocrarouno 60sibiiux = 6oJiblie jii060ro MHONOUY/IEHA CTEIeHH
HE BBIIIE N 1 MeHbIe (10 MOYJ/Ii0) JA1060r0 MHOTOUIeHa CTeNeH: X0Tst Obl 1+ 1, TO ecTh BOOOIIE He MOKeT
OBLITHL MHOPOUJCHOM. JIleMMa jJoKa3aHa.

ITyctb Tenmepb P() — yI0BIETBOPSAIONIHA YCIOBHIO 339l HEITOCTOSIHHBI MHOTOUJIEH € MOJIOKHTEb-
HBIM cTapimuM KodbdunuenroM, He nmerwomuii Buga az”. [lo semme dpynkuua In P(e!) Boimykiia mpu Beex
t > to wam BoruyTa upu Beex t > to. Torya i yeTblpéx pasjmuHbIX Yuce] a, b, ¢, d, Gosbuux ro = €' u
YAOBJIETBOPSIONINX YCJI0BUIO ab = cd, He Moxker BoinonHATHCs yeaosue P(a)P(b) = P(c)P(d). Jeiicru-
TeJILHO, NYCTh @ = €%, b = e’ ¢ = e, d = e®. Orciona ciemyer, aro ag + by = ¢y + dy, a, ¢ aApyroii
croponsl, u(ag)u(by) = u(co)u(dy), To ects g(ag) + q(bo) = q(co) + ¢(dp). CnemoBarensHoO, cepeauHBI XOP,
rpaduka byuknun ¢(t), coequnsimux ToUKy (ag, q(ag)) ¢ Toukoit (bg, q(b)) u ToUKy (co,q(cp)) ¢ TOUKOI
(do, q(dp)), cOBIAIAIOT, YTO MPOTUBOPETUT BBHIMYKIOCTH (MU BOTHYTOCTH) byHKIMH ¢(1).



XXII International Zhautykov Olympiad in Mathematics. Solutions.

Problem 1

1. Baron Miinchhaisen claimed that he chose two distinct, non-opposite rays OA and OB with common
origin O. On the ray OA he marked 10 points Ky, ..., K5, Ly, ..., Ls, and on the ray OB he marked 10
points My, ..., M5, Ny, ..., N5, such that all 20 marked points are distinct. He further claimed that for
all ¢ and 7, the distances K;M; and L;N; are equal. Can all of the baron’s statements be true?

OTBer. Yes.

Pemtenne. Here is an example of arrangement of points satifying all the requirements. First we draw a

right angle AOB. Then we choose 10 distinct positive numbers ky, ..., ks, mqy, ..., ms and a positive

number ¢ such that all numbers ¢; = k; — ¢ and n; = m; + ¢ are positive and distinct from k; and m,.
Now we choose on the ray OA points K; and L; so that OK; = \/k;, OL; = \/¢;, and on the ray OB

points M; and N; so that OM; = \/m; and ON; = \/n;. By virtue of aou choice all 20 points are distinct.

Since the angle AOB is right, it also follows from the Pythagorean theorem that

LiN? = OL? + ON} = l; +n; = (ki — ¢) + (mj + ¢) = ki + m; = OK} + OM? = K;M?,

that iS, LZNJ = KZM] for all 7 n j



Problem 2

Let n be a positive integer that can be represented both as [a\/ 10} for some positive integer a and as

[b\/ll} for some positive integer b. Prove that n can also be represented as [0(11\/ 10 — 10\/11)} for some
positive integer c.

Solution. Let a = /10, = /11, v = 11/10 — 10y/11. Note that

11 1 _\/ﬁ+\/1_0_1+1
v V10-11 VII—-+v10 Vi0-11 a8

The equation n = [aa] means that n < aa < n + 1, that is,
Adding up the two inequalities we get

a
n+1

N

1~ a L . L
< 5 < 7, and similarly 55 < 5 <.

a+b 1 1 1 _a+bd
<—+5=-< ;
n+l1 o [ 7 n
orn < y(a+0b) < (n+ 1), which means that ¢ = a + b is the number in question.



Problem 3

Let m > k > 1 be positive integers. Consider an N x N checkered board with N tokens placed so that each
row and each column contains exactly one token. Suppose that for every partition of the board into four
rectangles by one vertical and one horizontal grid line, it is impossible to choose two of those rectangles
such that

1) they do not share a side, and

2) one of them contains at least m tokens while the other contains at least k tokens.
Determine the maximum possible value of V.

OrBer. N =2(k+m) — 4.

Solution. Upper bound. Let N > 2(k +m) — 3; we prove that a required split always exists. It is clearly
enough to prove it for N = 2(k +m) — 3: if N is greater, we can remove some tokens together with their
rows and columns. If the resulting table admits the desired split, obviously so does the original table.

Note that N = 2(k+m) —3 > 2(k+ k+ 1) —3 > 2(2k — 1). Consider the central (that is, the
(k +m — 1)-th) column of the bourd; either its upper 2k — 1 squares or its lower 2k — 1 squares do not
contain a token. We may assume that the upper 2k — 1 squares are empty. Then in the upper 2k — 1 rows
of the table there are either k tokens to the left of the central column, or k tokens to the right of it. Again,
we may assume that these rows contain k tokens to the left of the central column.

Now we split the board into 4 rectangles separating upper 2k — 1 rows and left £ + m — 2 columns.
We prove that the upper left (A) rectangle and the lower right (B) rectangles of this partition satisfy the
conditions. A contain at least k tokens by virtue of our choice. Let C' be the upper right rectangle of the
partition, and N(X) denote the nnumber of tokens in a rectangle X. Then N(A) 4+ N(C) = 2k — 1 and
N(B)+ N(C) = N —(k+m —2) = k+ m — 1, since every row and every column contains a token.
Therefore

N(B) = (N(B)+ N(C)) = (N(A)+ N(C)+NA) = (k+m—1)— 2k —1)+ k =m,

as desired.

Example. Tt remains to show an example of token placement admitting no desired split for N =
2(k+m —2). Take n = k+m — 2 and divide the board into four n x n squares. We number the rows with
the numbers 1,2,..., N up to down, and the columns left to right; a square will be denoted by the pair of
its cordinates (r,c), where r is the number of its row and c¢ is the number of its column. Now let us mark
all the squares where either the sum of coordinates is n + 1 or 3n + 1, or the difference of coordinates is
+n (these squares form a “border” made of diagonals of the n x n squares). Let us number the squares of

the border by the numbers 1,2, ..., 4n clockwise, beginning with arbitrary square, and place tokens in the
squares with even numbers. In the picture, such arrangements for n = 5 and n = 4 are shown.
o
®
® o
[ [
[ ) [
o ©
[ [
[ [
[ [
[ ) [ )

It is easy to see that in the horizontally adjacent n x n squares tokens are placed in rows of different
parity, and, similarly, in the vertically adjacent squares tokens are placed in columns of different parity. It
follows that, indeed, every row and every column contains exactly one token.

Suppose now that the board is split into four rectangles by one horizontal grid line and one vertical
grid line. Consider two of these triangles, say, the upper left one (A, with a rows and a’ columns) and
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the lower right one (B, with b rows and b columns). Suppose that A contains at least m tokens, and B
contains at least k& tokens. If A contains a square from the lower right n x n square, then a +a’ > 3n+ 1
and therefore b+ < n — 1, so B does not contain tokens at all, which is not true. Similarly, B does not
contain tokens from the upper left n X n square.

Since m > 3, the rectangle A contains at least two marked squares in the upper left n x n square, that
is, it contains an empty square of the form (z,n + 1 — z). It follows that A contains an empty rectangle
x X (n+1—x) in the upper left corner. Then all the tokens in A either lie in the left half of the board, and
in a — x lower rows of A, or lie in the upper half of the board, and in @' — (n+ 1 — ) rightmost columns of
A. In the first case only rows of one parity are used; in the second case, only columns of one parity. Thus
the total number of tokens in A does not exceed (a —z+1)/2+ (' —(n+1—2z)+1)/2 = (a+d +1—n)/2,
thatis, m < (a+d +1—-n)/2,and a+a > 2m+n — 1.

Similarly, B contains an empty square of the form (n+1+y,2n+1—1y) (directly under the diagonal in
the lower right square), and therefore k > (b— (n—y)+1)/2+ +(V' —y+1)/2, that is, b+ b > 2k+n —2.
The sum total is

dn=a+d+b+0 >0 2m+n—-1)4+2k+n—-2)=4n+1,

a contradiction.
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Problem 4

Let v > 4 be a positive integer. Find the minimum e such that every connected graph with v vertices
and e edges contains a cycle with the property that removing all edges of this cycle leaves the graph
connected (After removing the edges of the cycle, all vertices of the graph remain, including those that
became isolated.)

Answer: 2v — 2.

Solution.

I. Lower bound. First we show that e = 2v — 3 edges is not enough.

Let the vertices of the graph be aq, ao, ..., a,, and edges a;as, aya; and asa; for all t = 3,4,...,v. Every
cycle contains one of the vertices 3,4,...,v with degree 2. Removing the edges of the cycle makes this

vertex isolated, and the graph becomes disconnected.

An example for v < e < 2v — 4 is obtained from the example above by removing some edges of the
form aqa; with 7 > 3.

II. Upper bound. Now let e > 2v — 2.

We choose a vertex a; and consider a tree T' containing all vertices of the graph (such a tree is called
spanning tree) so that all the edges from a; are in T. (Here is a way to construct such a tree. If there is
a cycle in the graph, remove any edge of this cycle not incidental to ay; the graph remain connected, and
the number of edges diminishes. In the end we will get the desired tree.)

Let us mark all v — 1 edges of the tree T'. The graph remains connected even if we remove all marked
edges. Therefore it is enough to find a cycle made of unmarked edges. Consider graph G on all vertices
of the original graph except a; and all the unmarked edges (we remember here that all the edges from a;
are marked). This graph has v — 1 vertices and e — (v — 1) > 2v — 2 —v + 1 = v — 1 edges, therefore it
contains a cycle.
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Problem 5

Let O and H be the circumcenter and the orthocenter of a scalene triangle ABC. The line OH intersects
the segments AB and AC at B" and C' respectively. Suppose that the circumcircles I' and €2 of the triangles
AB'C" and ABC respectively, meet at S # A. The line tangent to I' at A intersects Q2 at K # A. The line

AH intersects Q at M # A. Prove that the lines KH, BC and SM are concurrent.

Solution. First note that S is the Miquel point for the four lines B'C’', AB, BC, AC. It follows that

the triangle SB'C’ can be transformed to the triangle
SBC by some rotational homothety centred at S; we
denote this transformation by f (thus f(C') = C and
f(B') = B).

We see now that
/KBC = /KAC = ZAB'C".

By the same argument, ZAC'B’ = ZKCB, hence the
triangles B’AC" and BKC' are similar, that is, f(A) = K.

Since f(A) = K and f(C") = C, the triangles C'SC’
and KSA are similar, therefore

LKSA=/058C"=/C'TC

K

(the last equality is true because C’, S, T, C are
concyclic).

Let A’ is symmetric to A with repect to B'C’. Since
OA = OA', A’ belongs to (.

We have

/C'TC = /ASK = /AAK,

and since AA" 1 B'C', KA' | BC.

Now let K’ be symmetric to K with respect to BC.
Then f(A’) = K’ because f(A) = K.

It follows now that the triangles SA'K’ and SAK are similar, hence

/K'SA = /KSA=/MSA,

since AKA’M is an isosceles trapezoid with bases perpendicular to BC'.

Therefore S, M, K’ are collinear; the line SM and the line symmetric to it with respect to BC meet

BC' at the same point.
This means that the line SM meets the line KH on BC, q.e.d.
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Problem 6

Let P(x) be a real polynomial. Suppose there exist four distinct nonconstant real polynomials fi(z), fo(z),
fs(z), fi(x) with positive leading coefficients such that

fi(x) - o) = fa(x) - fax) and  P(fi(x)) - P(f2(2)) = P(f3(x)) - P(fa(z))

for all real x. Determine all polynomials P(x) for which this is possible.

Answer: P(z) = az” for all non-negative integers n and all real a.

Solution. Obviously the polynomials described above satisfy the condition. We will prove now that
they are the only such polynomials. We ignore the case when P(z) is identically zero, and when it is not
we may replace P(x) by —P(z) if necessary, and assume that the leading coefficient of P(z) is positive.

Lemma. For each polynomial P(z) with positive leading coefficient, not of the form P(z) = ax”, the
function ¢(t) = In P(e') is either convex for all ¢ > t, or concave for all ¢t > ¢, where {; is a real number
depending on P.

Proof. Let u(t) = P(e"). Since P(x) > 0 for large enough x, u(t) is defined for large enough ¢. We have
q(t) =In P(e'), and ¢/(t) = Zl((tt)) = %e(f;) is a ratio of two polynomials in e’. Tt follow that ¢”(¢) is also such
a ratio. If the polynomial in the numerator has finitely many roots (that is, if it is not identically zero),
then for all ¢ greater than some ¢, the function ¢”(¢) has constant sign (for ¢y we can take the logarithm
of the greatest positive root of the numerator and the denominator, or any positive number if there are
no such roots). If ¢”(t) > 0 for all ¢t > ¢, then ¢(t) is convex for all ¢ > t,, otherwise it is concave.

It remains to determine when ¢”(t) is identically zero for all large enough ¢. In this case ¢/(t) is constant:
¢ (t) = C, and ¢(t) = Ct+ D for some constant C' and D. Returning to the polynomial P(x) we find that
P(z) = AzC for all large enough z, where A = e”. The exponent C cannot be negative (otherwise P(x)
tends to zero as x tends to infinity), and if n < C' < n + 1 for some non-negative integer n, then for large
enough = the polynomial P(z) is greater than any polynomial of degree not exceeding n, and less than
any polynomial of degree at least n + 1, that is, it cannot be a polynomial. The lemma is proved.

Not let P(z) is a polynomial not of the form az™ satisfying the condition. By the Lemma, the function
In P(e') is convex for all ¢t > ¢, or concave for all ¢ > 5. Then four distinct numbers a, b, ¢, d greater
than zo = e’ and satisfying ab = cd cannot satisfy P(a)P(b) = P(c)P(d). Indeed, let a = %, b = e%,
c=e* d= e We have ag + by = ¢y + dy, and, on the other hand, u(ag)u(by) = u(co)u(dy), that is,
q(ao) + q(bo) = q(co) + q(dp). Thus the midpoints of the chords of the graph of ¢(t) connecting (ao, g(ao))
with (bo, q(by)) and (co, q(co)) with (dy, q(dp)) coincide, a contradiction with convexity (or concavity) of

q(t).
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