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EXPLICIT FORM OF THE SOLUTIONS OF PELL’S EQUATION
B THE DIFFERENCE EQUATIONS METHOD

Mehmed Nurkanovié, Mirsad Trumi¢

Abstract.We give one interesting method for finding explicit form of solutions of Pell’s
equation. This method is the method of difference equations by using Hamilton-Cayley’s theorem.
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1 Introduction

The Pell’s equation is one of the most interesting equations in the class of Diophantine
equations and for the most part all the important results regarding its set of solutions are known. Let
us remind ourselves of some of them.

Definition 1. Diophantine equation of the form

x? — Dy? =1, (1)
where D is a given positive nonsquare integer, is called Pell’s equation.

If D < 0, then it is obvious that the equation has a finite number in nonnegative integers. When D
is a perfect square (i.e., D = a?), then Pell’s equation has the form (x — ay)(x + ay) = 1 and
has only the following solutions (x,y) = (£1,0). These solutions are known as trivial solutions.
On the other hand, if (x,,yo) is a solution of Pell’s equation, then its solutions are (—xg, yy),
(%9, —Y0) and (—xq, —Yyo), too. Therefore, in the future, we will find solutions of the Pell’s
equation only in positive integers. The fundamental solution of Pell’s equation is the least solution
of Pell’s equation in positive integers. If D is not perfect square, then we have the next result
(Andreescu, 2010).

Theorem 2. Let (xq,y1) be a fundamental solution of Pell’s equation (1). Then all solutions in
positive integers of equation (1) are of the form

%o+ VD = (%, + VD), n=12,... @)
Especially

X = T (2)xn 2y Dk,

y, = Z;lflo (an+1)x{1—2k—1y12k+1Dk.
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Remark 3. As we have seen, if (x,,y,) is a solution of equation (1), then (x,,—y,) is also a
solution of that equation. So,

X, — YoVD = (x; — ylx/ﬁ)n, n=12... (4
From (2) and (4) we obtain:
X, = %((xl +y1VD)" + (x; — ylx/ﬁ)n)
Yn = %((xl + }’1‘/5)n — (% — J’1‘/5)n) '

which are also the exact formulas for all solutions of equation (1), similar to the formulas (3).

()

It is well known that recursive relations exist for solutions of equation (1). Namely, the
following result holds (Andreescu, 2010).

Theorem 4. If D is positive integer that is not perfect square, then equation (1) has infinitely many
solutions in positive integers, and general solution (x,,y,), n = 0 is given by

Xn41 = X1Xp T Dylyn} (6)
Y41 = X1Yn T V1% )

where(xg, ¥o) = (1,0) and (xy,y;) is fundamental solution of (1).

In this paper, our goal is to show how from recursive formulas (6) we can yield explicit
formulas (5) with one different approach. We will do this by method of difference equations
(Elaydi, 2005), (Kelley & Peterson, 2001), (Mickens, 1990), (Kulenovi¢ & Merino, 2002),
(Nurkanovi¢, 2008), (Nurkanovi¢ & Nurkanovi¢, 2016), (Spiegel, 1971) in the next section. But
before that let us briefly describe how we come to a fundamental solution (x;,y;), without which
we cannot have the formulas (5).

It is well known that all very good rational approximations of a real number can be
obtained from its development into a continued fraction. The main method of determining the
fundamental solution to Pell’s equation (1) involves continued fractions (Andreescu, 2010),

(Elaydi, 2005), (Kulenovi¢ & Merino, 2002). It is obtained by writing v/D as a simple continued
fraction:

\/5: a +—1
a; + T
az+

az+

where a, = [\/5] and aq, a,, ... is a periodic sequence of positive integers defined by
VD = a, +i,a1 = ||, = a4 +i,....
aq az

The continued fraction will be denoted by [ag;aq,a;,...], and the kth convergent of
[ag; ay,ay, ... ] is the number
145 1
—=ag+—— = [ag; ay, ..., ai]
qk a + T s
e



with p, and g, relatively prime.
Let us now state the algorithm for determining the numbers aq; a4, ..., a;, where [ is period

for V/D:

s;ita
a; = llt—i

and algorithm stops when the pair (s, t;) repeats.

Theorem 5. Suppose that [ is period of VD. Then the least fundamental solution of Pell’s
equation is
(P11, q1—1)  iflis even
x ) = . -
(1, 71) {(Pzz—pCIzz—O if I is odd

(Andrescu, 2010).

2 Explicit form of the solutions of Pell’s equation

1) Note that recurrent relations can be considered as difference equations. So, system (6) is
a homogeneous system with two first order linear difference equations and we can write it in the
form
Xps1 = AX,,(n=0,1,2,3...,) (7)

_ [*n+1 "%
where X, = [}’n+1]’ = [yl

solution of system (7) is

Dy, I 0 O e . .
x ]andXo = yo] = [O] is initial condition. In this case, the

X, = A"X,,(n=1,2,3 ...). (8)

From (8) we can see that the only problem to find a solution of system (7) is to determine the nth
degree of matrix A. There are several possible ways to calculate the matrix A™. Except the
induction, we can do this in one of the following ways (Elaydi, 2005), (Kelley & Peterson, 2001),
(Nurkanovi¢, 2008), (Nurkanovi¢ & Nurkanovi¢, 2016):

- by using Hamilton-Cayley’s theorem,

- by using binomial formula,

- by using the so-called Putzer’s algorithm.

In this paper, we will use Hamilton-Cayley’s theorem.

Theorem 6, (Hamilton-Cayley) Every square matrix A satisfied its own characteristic equation,
ie.,

k(A) =0,
where 0 is zero matrix.

The characteristic polynomial x(A) of the matrix A is

-1 D
1 Y1_ =A% —2x;A+x} —Dy? =22 - 2x;1 + 1.

A) =det(A— Al =
K@) =det(a—an =1 "7

By using Hamilton-Cayley’s theorem we have



A? —2x;A+1=0 and A"*2 — 2x, A" + A" =0,

which is a second order difference equation with constant coefficients. Since the eigenvalues of the
matrix A are A;, = x; + y;VD, then A" = C{AT + C,A% e,

A" = C(x; + y1VD)" + Cy(x1 — y1VD)™,

where C; and C, constant matrices that we will determine by using the initial condition.
For n = 0:
AO = C1 + Cz = I,

and for n = 1:

A= Ci(x; + y1VD) + C;(x; — y1VD),
from which is

c = L[VD D]C:L[‘/ﬁ -D

Ni) 1 VD '22 T 90D -1 \/5
Now,

__1 [VD(Ga +31VD)" + G =31VD)") D(Ge1 +31VD)" = G =3VD)") |
2VD | (x; + y;VD)" = (x; — y1VD)" \/5((951 +y1VD)" + (x; — Y1\/5)n)

n

Finally, we have

¥ = anx. = %((9@ +y,VD)" + (x; — y1VD)") (=123 .) )
" ’ %((Xl + ¥, VD)™ — (% — 3’1\/5)71) ' B

We can always use the above procedure to solve specific Pell’s equations, since it is sufficient to
remember the general form of the matrix A.
Example 7. Find all solutions of the equation

x?—15y2 =1 (10)

in positive integers by using Hamilton-Cayley’s theorem.

Solution: For equation (10), by using (6), we have the following system of difference
equations
Xn+1 i X1 Xy + 15y1yn}' (11)
Yn+1 = X1¥n T Y1Xn
where (x,vo) = (1,0)and(xq, y;) is afundamental solution of (10). As it is first necessary to find
a fundamental solution (xq,y;), for this purpose we will write /15 as a continuous fraction. For
D =15 we have that « =15 and let s =0 and t, = 1. Then, by using corresponding
algorithm we have: ap =3, s, =3, t; =6, a1 =1, s, =1, t, =1,a, = 6,53 = 3and t3 = 6.
Since (s3,t3) = (s1,t1) = (3,6) we get

\/1_ = [a();al,az] = [B,R],

and we see that the period [ = 2 (i.e., itis even). By Theorem 5 the fundamental solution is



(x1,y1) = (P1, q1) = (apas + 1,a1) = (4,1).
For the system (10) matrix A is of the form

Dyl] 415
A=, '

with the characteristic polynomial

[4/115

k(1) = det(A — AI) = /1] 22 —81+1.

By Hamilton-Cayley’s theorem we have
A>—B8A+1=0,
and
A2 — gAML 4 An = 0, (12)

which is a second order homogeneous difference equation with constant coefficients. The
eigenvalues of A are 4;, = 4 &+ V15, so that the general solution of equation (12) is

A" = C; (4 +V15)" + C,(4 — V15)™. (13)

In doing so, C; and C, are constant matrices that we will determine from the initial conditions
For n =0:
A =1=C +C,,
and for n = 1:
A= Ci(4+V15) + C,(4 —V15),

from which

c L [VI5 15 ] [\/_ —15]

N 1 2\/_

By substituting in (13) we obtain

2 l\/_((4+\/_)"+(4 V15)") —15((4 +V15)" — (4 —V15)")
2V | (4 + VI5)" — (4 - VIB)" VI5((4 +VI5)" + (4 —V15)") |

Now, the solutions of equation (10) is

1 [v_((4+r)n+(4 Vi) ‘15(<4+V1_5>”—<4—v1—5>")]-[1
"l IRy - - VTS VIS((4 +VT5)" + (4 —VI5)) | 10

(4 +VIB) + (4 - VI5)")

Xn
Xn = = = 0,1,2, e )
[Yn] % (4 +VI5)" — (4 —VI5)") (n )

Remark 8. System of difference equations (6) can be reduced to a second-order equation in x,, or
in y,. In this way, the general solution (x,,y,) of Pell’s equation (1) can be expressed exactly



only through x; or/and y;,.

Let us show how the procedure mentioned in Remark 8 is performed.
From the first equation of System (6) by iterating, and then by using the second equation,
we obtain
Xn42 = X1Xni1 + DX1Y1Yn + DY X, (14)

Also from the first equation of System (6) we have Dy;y, = x,,.1 — X1X,, and by substituting into
(14), we get
Xnt2 = 2X1Xp41 + (x12 - Dylz)xn = 0.

Since x? — Dy? = 1, we finally get the second order difference equation in x,,:
Xnt2 = 2X1Xp41 + X, = 0. (15)

The corresponding characteristic equation is of the form A% — 2x;4 4+ 1 = 0 with the roots, , =
x1 ++/x# — 1, so that the general solution of the difference equation (15) is

n n
x, = C; (x1 —Jx? - 1) +C, (x1 + Jx2 — 1) .
By using initial values x, = 1 and x;, we can determine the constants C; and C,. Namely,
Tl=0:X0=1=C1+Cz,

n=1=>x1=Cl(xl—\/xlz—l)+C2(x1+\/x12—1),

from whichis ¢; = C, = % and so on

X, = %[(xl —Jx? - 1)n + (x1 + Jx? — 1)n]. (16)

By an analogous procedure, the following second-order difference equation in y,, is obtained from
System (6):
Yn+2 — leyn+1 + W = 0,

whose the general solution is

n n
y, = C; (xl—\/xlz—l) + C, (x1 +\/xf—1) .
By using the initial values y, = 0 and y;, we can determine the constants C; and C,. Namely,

n=0=y,=0=C +(Cy,
n=1=>y1=Cl(xl—,/xlz—1)+C2(x1+,/x12—1),

V1

from which we obtain ¢; = —C, = — , and so on

2 x%—l

(0 + V7= = (e + =)' ] an

Y

_ 1
In =
2 [x2-1




Remark 9. Of course, if we use the equality x? — Dy? = 1, from (9) immediately the formulas
(16) and (17) follow.

2) Now, consider the equation of the form
ax? — by? =1, (18)
where a and b are natural numbers. We list the following two theorems without the proofs
(Andreescu, 2010).

Theorem 10. If ab = k?, where k is a natural number greater than 1, then the equation
ax? — by? =1 has no solution in N.

The equation of the form
u? —abv? =1 (19)
is called Pell’s resolvent.

The following theorem is a well known result (Andreescu, 2010).

Theorem 11. Suppose that equation (18) has the solutions in set N and that (xg,y,) is the
fundamental solution of (18). The general solution (x,,y,,),n = 0 of equation (18) is given by the
following iterations

X, = XoU, + byovn}

20
Yn = XolUp + ayovp ( )

where (u,,v,),n = 0 is a solution of Pell’s resolvent (19).

Now, our goal is to find an explicit form for general solution of equation (18) by using the
fundamental solution (uq,v;) of (19). By using Theorem 4 the solutions of (19) are given by the
following recursive formulas

Upy1 = WU, + abvlvn}
)

21
Upn+1 = VU, + U1, ( )

where (ug,v9) = (1,0) and (uq,v,) is the fundamental solution of (19). These recursive
formulas (21) can be written in the following matrix form
U1 =AU, (n=0,1,2,...), (22)

u
where U, ,; = [vn+1] A= [u1 abvy

= ] and U, = [uo] = [1] is the initial condition. System of
n+1l’ V1T U Vo 0
difference equations (22) is an initial value problem whose solution is given by
U, =A"Uy,(n=123..).

By using Hamilton-Cayley’s theorem we obtain



1 \/_((u1 + vl\/_)" + (ug — le/_)n) ab((u1 + vl\/_)" —(u — vl\/_)")
2\/_ (uq + le/_)" —(u — le/_)" \/_((ul + vl\/_)" + (ug — le/_)") ’

which implies that

n

%((ul + Ul\/E)n + (u1 - Ul\/a_b)n)

Uy = .
= (1 + viVab)" — (uy — vyVab)")

Now, since we can write system (20) in the following matrix form
=l ol
n 0o aYollln
we have that
Xn] ;/_f((\/axo +Vbyo) (g + viVab)" + (Vaxg — Vbyo) (wy — v1Vab)")
] ) L/_f ((Vbxo + Vaye) (us + vivab)" + (Vbxo + Vayo) (wy — viVab)")

which is the general solution of equation (18).

, (23)

The formulas (23) are complicated and in specific problems it is better to use the procedure
described above.

Example 12. Find all solutions of the equation
6x2 —5y% =1 (24)

in the set of natural numbers.

Solution: The minimal solution in the set of natural numbers of equation (24) is (xq,y,) =
(1,1). Since a = 6 and b =5 the corresponding Pell’s resolvent is of the form

u? —30v% = 1. (25)
Equation (25) corresponds to the system of difference equations

Ups1 = WU, + 30011,
Unt1 = V1lUy + U1y '

where (ug, v9) = (1,0)and(uq, v1) = (11,2) is its fundamental solution. Now, we have
U, = A"Uy(n = 0,1,2,...), (26)

where U, = [1;:] A= [;1 60

polynomial k(A1) of matrix A IS

] and U, = [0] is initial value condition. The characteristic

11-1 60

k(L) = det(A — Al) = [ 1

]:/12—22,1+1.



By using Hamilton-Cayley’s theorem we obtain

A2 —22A+1=0,
and
A2 224"t +1=0, n=0,1,.., (27)
from which
A" = G A% + CA3 = € (11 + 2v/30)" + C, (11 — 2v/30)",

where A;, =11+ 2v30 are the eigenvalues of the matrix A and C; and C, are constant
matrices that we will determine using the initial conditions.

For n =0:
AO =I=Cl+Cz,

and for n = 1:

A= C;(11 + 2v/30) + C,(11 — 2v/30),
from which is

J1 V30 1 —V/30
G=zl | [©@=3|_e |
30 30

So,

1 [v30((11 + 2v30)" + (11 — 2v30)") 30((11 + 2v30)" — (11 — 2v/30)")

 2V30 (11 + 2v30)" — (11 — 24/30)" V30((11 + 2v30)" + (11 — 2V30)")]

By using (26) we obtain the solution of Pell’s resolvent (27) in the following matrix form

n

(@1 +2v30)" + (11 - 2v30)")

U, = .
—= (11 +2V30)" — (11 - 2v30)")

By Theorem 11 we have that

Xp = Uy +5vn}
Vo = U, +61,)

that is
S0 (11 +2v30)" + 22 (11 - 2930)")

12

Xn _ 12
[ 0 (11 + 2v30)" + 220 (11 - 2930)")

3)The negative Pell’s equation
Now, consider so-called the negative Pell’s equation (Andreescu (2010)):
x? —Dy? = —1. (28)

Theorem 13. Assume that equation (28) has the solutions in N and that (4, B) is the minimal
solution of (28). Then the general solution (x,,y,), n = 0 of (28) has the following form



X, = Bu, + DAvn}
Y. = Au, + By, )

where (u,,v,), n = 0 are solutions of Pell’s resolvent u?> — Dv? = 1.

Theorem 14. Let p be a prime number. Equation (28) has the solutions if and only if p = 2 or
p = 1(mod4).

Now, we will demonstrate the method of difference equation in the following example.
Example 15. Find all the pairs (k,m) (k,m € N) such that k < m and that

142434+ 4+k=(k+D+k+2)+-+m (29)

Solution: Equation (29) is equivalent with

21 +2+3+...+k) =1+ 2+..+m,
ie.,
(2m + 1)? = 2(2k + 1)? = —1.

If we introduce the substitutions x = 2m + 1 and y = 2k + 1, we obtain the following negative
Pell’s equation
x% —2y% = -1, (30)

whose the minimal solution is (4, B) = (1,1). The solutions of equation (30) are of the form

xn=un+2vn}
Yo =Up + 1, )

where (u,,v,) are the solutions of Pell’s resolvent u? — 2v? = 1. As we know, the solutions of
this resolvent are given by the following system of difference equations

Upt1 = Uy + zvlvn}
Un+1 = VilUy + U oy

where (ug, v9) = (1,0)and (uq, v1)=(3,2) is its fundamental solution.
u .
Now, we have that U, = A"Up(n = 0,1,2, ..),where U, = [,,"], 4= [3 4] and U, = [1] is
Un 2 3 0
the initial condition. The characteristic polynomial k(1) of the matrix A is

K(A) = det(A — AI) = 3_1 ‘3*_/1

|=2-61+1.
By Hamilton-Cayley’s theorem we obtain
A2 —6A+1=0,
and
A2 —eAMt + =0, n=0,1,..,
from which
A" = G0 + G5 = C(3+ 2V2)" + C,(3 — 2V2)",



where 4;, =3+ 2+/2 are the eigenvalues of the matrix A and C; and C, are constant matrices
that we will determine using the initial conditions.
For n = 0:
AO =] = Cl + Cz,
andforn =1
A=C(3+2V2) +C,(3 —2V2),

which implies that

1 V2
Clz

1

2

V2 o1
4
Then, we have

- Bervar+e-2v2n) L@+ - G-2v2)r)
Z(@+2v2)" - B-2D") HB+2VD"+ B -2vD)") |

soitis
) F((S P2+ G2 GG -G zﬁ)n)\ 18
Z(@E+2vD" - B-2v2") 1@+ +c-22)r) |
ie.,
w1 [3(G+2vD)"+ (3 -2v2)")
[vn] [ ((3 +242)" — (3 — 2\/—),1)]
Since

xn=un+2vn}
Yo =Up + 0, )

finally, we obtain

o U242V + 223 - 2V
Yn Z-H/_(3 +2\/_)n 4\/7 3 —Zﬁ)n .

By using the substitution x =2m+ 1 and y = 2k + 1, we get the required solution in the
following form

1=

My + 2@ -2y -2
2342y + 223 -2y -
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