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43rd Balkan Mathematical Olympiad
May 3-8, 2026 Thessaloniki — Hellas

Language: English

Tuesday, May 5, 2026

Problem 1. A set S of positive real numbers is called Aristotelian if for any x,y,z € S satisfying

x <y < z, we have
z—x

Y
Find all integers n > 4 for which there exists an Aristotelian set with exactly n elements.

es.

Problem 2. Let n be a positive integer. A 2n x 2n board is tiled with 2 x 1 and 1 x 2 dominoes. To
pivot a domino is to select one of its two unit squares and rotate the entire domino by 90° clockwise,
90° anticlockwise, or 180° about the centre of that unit square. Prove that it is always possible to
simultaneously pivot every domino such that, after all pivots have been performed, the dominoes still
tile the board.

Problem 3. Let ABCD be a parallelogram with ZDAB < 90° and AB < AD. Let H be the
orthocentre of ABCD and H' be the reflection of H over line BD. Line AH intersects the lines
BD,CD and BC at E, F and G respectively. Prove that the circumcircles of AHEH' and ACFG
are tangent.

Problem 4. Let n > 2 be an integer. Initially, the number 1 is written n times on a blackboard. An
operation consists of choosing two numbers a and b currently on the blackboard, not both zero, and

replacing them with the numbers

— b)? 4ab
(a=b)* 4 4ab
a-+b a-+t+b

Determine all integers n for which it is possible, after a finite number of operations, for the number n
to appear on the blackboard.

Language: English Time: 4 hours and 30 minutes
FEach problem is worth 10 points
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Language: Macedonian

43rd Balkan Mathematical Olympiad
May 3-8, 2026 Thessaloniki — Hellas

Bmopnux, 5. maj 2026

Sagaua 1. 3a MHOXKeCcTBO S O] MO3UTUBHU peasiHi OpOeBH BeuMe JieKa € Apucmomenoscko
aKo 3a CEKOW X, ¥,z € S, TaKBHU MTO T < Y < 2, BAXKN

Z—x
Y

€s.

Hajnere ru cure npupogan 6poesu n > 4 3a Kou MocTon APHUCTOTETOBCKO MHOXKECTBO CO TOIHO
N eJIeMEeHTH.

3amaua 2. Heka n e mosutuBen nen 6poj. Tabma co mumensun 2n X 2n e mapKeTHpaHa Cco
jgomuaa 2 X 1 mw 1 X 2. [lusomupare Ha JOMHUHO Ce COCTOU OJ MU30Uparbe Ha €JIHO HEroBO
€JINHEYHO KBaJpaTde U POTUparbe Ha JJOMUHOTO 3a 90° BO HacOKa Ha JIBUKEHETO Ha, CTPEJIKUTE
Ha JacOBHUK, wian 3a 90° BO HacOKa CIPOTUBHA Ha JIBUXKEIHETO Ha CTPEJKHTE Ha JaCcOBHUK,
mwim 3a 180° BO oaHOC Ha IEHTApPOT Ha M30paHOTO €IMHEIHO KBajparde. Jlokakere jeka
IIOCTOM €THOBPEMEHO IMUBOTHPAIbe Ha CHUTE JJOMHHA TAaKBO IIITO, ITOCTE M3BEIYBAMHETO Ha CUTE
MBOTHUpama, ce Mo0NBa HOBO MapKeTHpakme Ha Tab/arTa.

Bamagya 3. /lamen e mapanemorpam ABCD co /DAB < 90° u AB < AD. Heka H e
opronenTap Ha ABCD u H' e Toukara cumerpudna Ha H Bo oxnoc Ha npasarta BD. Ilpasara
AH rtu cede npasure BD,C'D u BC Bo E,F u G, coonserno. Jlokazkere jieKa ONMUIIAHITE
kpyxkuumm va AHEH' v ACFG ce nonupaar.

3amaua 4. Heka n > 2 e npupogen 6poj. Ha moderokor, Ha Tabsa e 3anuinan 6pojor 1 TOIHO
n natu. Onepanuja ce cocrou off M3bHparme Ha JBa (HE3aI0JKUTEHO pasandHn) 6poja a u
b 1TO BO MOMEHTOT ce Ha TabjaTa W He ce obaTa eJHAKBM Ha HYJa, U HUBHO 3aMEHYBalbe CO
opoeBuTE
(a —b)? 4ab
a+b 13 +b

Hajnere ru cute n 3a Kou e MOXKHO, II0CJIe KOHEYeH OPoj onepaluu, OpojoT n jia ce 1MojaBu Ha
TabJaTa.

Bpeme: 4 caamu u 30 munymu.
Cexoja 3adava epedu 10 noeru.
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43rd Balkan Mathematical Olympiad
Thessaloniki, May 3 — 8, 2026
Official Problems and Solutions

Problem 1.

Find all integers n > 4 for which there exists a set .S of n positive real numbers such that, for any
x,y,z € S satisfying © < y < z, we have % eSs.
Proposed by Romania

Solution 1

We show that n = 4 is the only possibility. For n = 4, the set

52 11
=221 =
S {9’3”9}

works, since

5 11 5
-5 _2 995 _
2 - 3’ 2 =1,
3 3
and 11 5 11 2
9 "9 _2 9 -3_9
1 3’ 1 9

From now on, assume n > 5.
Let
S={x1 <z <+ <xp}.

From the hypothesis, the following numbers belong to .S:

Tpn — Tn-2 Tpn — Tn-3 In — X1 Tpn — X1 In — X1
< <l /< K < .
Tn—1 Tn—1 Ln—1 T3 T2

There are 2n — 5 numbers here, hence
2n—95 < n,

which gives n < 5. Therefore, no such sets exist with at least 6 elements.

It remains to exclude the case n = 5. In this case, we have 2n — 5 = n, so the numbers above are exactly
the elements of S. Hence

_ac5—x3 _ac5—m2 _x5—:c1 _$5—I‘1 _.1'5—.%‘1
xr1 = ’ €T2 = 3 €T3 = ) Ty = ) T5 = .
Tq Tq Tq L3 T2

From the first and the fourth equations, we obtain
T5 = T1T4 + XT3 = T3T4 + 27

Thus
(x3 —x1)(zga — 1) = 0.
Since x1 # x3, it follows that

xy = 1.

Let
t:=xz9 > 0.
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Using the equations above, we get

x1 =2t(1 —t), T3 = 2t2, x5 = 2t.
Since x3 < x4, we get 2t2 < 1, and hence
1
t< —.
V2
Now note that
Tr3 — 1 :L‘4—$1<l‘5—£61
T2 T2

= Ts.
T2
All three numbers belong to .S, and the last one is x5. Therefore, the first one cannot be x4 or x5, so

r3 — I1

7 S {.rl,.fbg,xg}.
Since

— 2 _ —
T3 I _ 2t Qt(l t) — 4t — 2,
i) t
we obtain
4t — 2 € {2t(1 —t),t,2t%}.
The three cases give respectively
5—1 2
t= V5 ) t=_, t=1
2 3
But t < % so only
2 5—1
t=—- or t= V5
3 2
can occur.
If t = 2, then
428 4
S=49-,-,=,1,-¢.
{9’ 3’9’ 3}
However,

3
T3 = % = ¢ S,
a contradiction.
If ¢ = Y51 then 2 = 1 — ¢. Thus
T4 — X9 1—1t 1
I3 N 2t2 - 5
Also,

1
rp=2t(1 —t) =263 < = <t =1y,
so % ¢ S, again a contradiction.

Therefore, n = 5 is impossible. Hence, the only possible value is

n = 4.

Remark. In fact, all sets of 4 elements with the given property can be characterized. These are

{a7b717a+b}7
with 0 <a < b<1and
2 1
a=1—-b° or a=——.
b+1
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For example, the choice b = % anda=1-0b*= % gives

which is the example used above.

Problem 2.

Let n be a positive integer. A 2n X 2n board is tiled with 2 X 1 and 1 X 2 dominoes. To pivot
a domino is to select one of its two unit squares and rotate the entire domino by 90° clockwise,
90° anticlockwise, or 180° about the centre of that unit square. Prove that it is always possible to
simultaneously pivot every domino such that, after all pivots have been performed, the dominoes
still tile the board. Proposed by the U.K.

Solution 1

Claim: For any given domino tiling of the 2n x 2n board, there exists another domino tiling in which
no domino is common to both tilings.

Proof of the claim. Divide the board into 2 x 2 squares. We can tile each of these 2 x 2 squares either with
two vertical or two horizontal dominoes. The original tiling cannot have both a vertical and horizontal
domino fully contained in the 2 x 2 square (as they would overlap). Hence, at least one choice (for each
2 x 2 square) will lead to a tiling with no domino in common with the original tiling. O

Now consider a bipartite graph G with vertex sets X = {x1,...,29,2} and Y = {y1, ..., ¥Y9,2} where z;
represent the dominoes in the original tiling and ¥; represent the dominoes from the tiling in the Claim.
Draw an edge between z; and y; if they have a square in common (by the Claim, they will either have
0 or 1 squares in common).

Each vertex will have degree 2 so we can decompose G into disjoint cycles, and since G is bipartite
these cycles have even length. These cycles imply a perfect matching on G with say x; € X paired with

ya(i)(1)'
The dominoes z; and y,(;) will share exactly one square so it is possiblem to pivot Z; to Y, (;). Doing

this for all dominoes in the original tiling gives a way of simultaneously pivoting them to get a new tiling
of the board.

Remark: If we do not allow 180° domino rotations, then it is no longer always possible to pivot dominoes
to make another tiling (aside from the trivial n = 1 case).

2@
@ @

a b c

Indeed, in the figure, to cover a1, we are forced to rotate domino 1 to squares aj, b;. Then, we are forced
to rotate domino 2 to squares cg, c2. Then, we are forced to rotate domino 3 to squares bz, b3. But then
there is no way to rotate the dominoes by 90° to cover square as.

Comment: On each cycle 2122 ... 2z, match 21, 22 and 23, 24 and z5.26... Since G is bipartite, the vertices 21, 23, 25 . . . lie
in X, whereas 22, 24, 26, ... liein Y.
' Recall that Ti, Yo (i) Are not the same domino, so such a suitable pivoting exists.
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Problem 3.

Let ABCD be a parallelogram with ZDAB < 90° and AB < AD. Let H be the orthocentre of
ABCD and H' be the reflection of H over line BD. Line AH intersects lines BD,CD, BC at
E, F, G respectively. Prove the circumcircles of AHEH' and ACFG are tangent.

Proposed by the U.K.

Solution 1

Convention. Throughout this solution we use ordinary, non-directed angles, with the order of points and
rays as in the figure.

Setup. Let P be the Miquel point of the lines BC, CD, DB, AH. By definition,
P e (BCD), P e (DEF), P e (CFG). (D

We also use two standard facts: H' € (BCD) (the reflection of the orthocentre of ABCD across the
side BD lies on the circumcircle), and C, H, H' are collinear (all three lie on the altitude from C, which
is perpendicular to BD).

We will produce a line through P that is simultaneously tangent to (HEH') and to (CFG) at P; this
proves the two circles are tangent at P.

Claim 1. P € (HEH").

Proof. Using (1), the fact that H' € (BCD), and the collinearity of C, H, H':

/H'PE =/EPD - /H'PD

= /EFD — /H'CD (P,E, D, F concyclic and P, H',C, D concyclic)
=/ZCHF (angles of ACHF, with E, H on line AH)
=/H'HE (C,H, H' collinear).

Hence P, E, H, H' are concyclic. O

Claim 2. A, B, H, D are concyclic.

Proof. Since H is the orthocentre of ABCD, BH 1 CD and DH L BC. Combined with AB || CD
and AD || BC, this gives ZABH = ZADH = 90°, so A, B, H, D lie on the circle of diameter AH. [J
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Claim 3. /ZHEB = ZCDH'.

Proof. Note that ZBHD = 180° — ZBCD = 180° — ZDAB (angles of the parallelogram ABCD
together with the fact that H is the orthocentre of ABCD); this re-derives Claim 2 and shows that
A, B, H, D form a cyclic quadrilateral.

Now we compute, using that B, E/, D are collinear and A, E, H are collinear:

/HEB =180° - /DBH — /BHE
=180° - Z/DBH — /BHA (A, E, H collinear)
=180° - ZH'BD — Z/BDA (H, H' reflections over BD; A, B, H, D concyclic)
=180° — ZH'BD — Z/DBC (AD || BC,so ZBDA = Z/DBC)
=180° — LH'BC
= /CDH' (B,H', D, C concyclic).

O

Claim 4. Let X be a point on the tangent line to (H' EHP) at P lying on the opposite side of the line C'H
from P. Then ZXPC = /ZPGC.

Proof. By the tangent—chord criterion in (H'EHP) at P, with X on the indicated side,
/H'PX =180° — ZPEH'.

Combining this with the cyclic quadrilateral PCH'D on (BCD) (which gives /ZH'PC = Z/CDH’), we
compute:

/XPC=/HPC-/HPX
= /CDH' — (180° — ZPEH')
= /CDH' —180° + (360° — ZPEB — /ZBEH') (angles around E sum to 360°)
=180° — LZPEB + Z/CDH' — ZBEH'
=180° - LZPEB + /CDH' — ZHEB (H, H' reflections over BD, with B, E € BD)
= 180° — ZPEB (Claim 3).

Now using the collinearities B, E, D and D, F,C together with P, E, D, F' concyclic on (DEF') and
P, F,C,G concyclic on (CFG):

180° - /PEB = /PED = /PFD = 180° — ZPFC = ZPGC.
Hence /X PC = ZPGC. O

Conclusion. By Claim 4, the equality ZXPC = ZPGC is precisely the tangent—chord criterion for
(CFG@G) at P: it says that the line X P is tangent to (CF'G) at P. But X P was defined to be tangent to
(HEH') at P (Claim 1 ensures P € (HEH')). Hence X P is a common tangent of (HEH') and (CFG)

at the common point P, so

the circumcircles of AHEH' and ACFG are tangent at P.

O

Remark (alternative final step). The conclusion of Solution 1 can also be reached by reversing the
direction of the angle chase: instead of starting from the tangent to (HEH') at P and showing it is
tangent to (CF'G), one may start from the tangent to (CF'G) at P and show it is tangent to (HEH’).
We sketch this alternative below; it uses the same hypotheses on P as Solution 1 (that P is the Miquel
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point of the lines BC,CD, DB, AH, so P € (BCD),(DEF),(CFG), and P € (HEH') by Claim 1 of

Solution 1).

Let ¢ be the tangent to w = (CFG) at P. By the tangent—chord theorem for w, the angle between ¢ and
PC'is
LPGC.

Thus it is enough to prove

/CPH' = /PGC + (180° — ZPEH'), ()

because then the remaining angle between ¢t and PH’ is 180° — ZPFEH’, which is exactly the tangent—
chord criterion for I' = (HEH') at P.

We now prove (). Since P,C, D, H' are concyclic, /CPH' = ZCDH'. By Claim 3, ZCDH' = ZHEB.
Since H, H' are symmetric with respect to BD and B, E, D are collinear, ZHEB = /BEH'. Hence

/CPH' = /BEH'. €))

On the other hand, using B, E, D collinear, D, F,C' collinear, and the cyclic quadrilaterals P, £, D, F’
on (DEF) and P, F,C,G on (CFG),

/PGC =180° — LPFC = /PFD = /PED = 180° — ZPEB.

Therefore

ZPGC + (180° — ZPEH') = 360° — (LPEB + ZPEH’).

In the configuration, the rays EB, EP, EH' are arranged so that /PEB + /PFEH’ = 360° — /BEH',
whence

/PGC + (180° — ZPEH') = Z/BEH'.

Together with (1), this proves (x), so ¢ is a common tangent of I" and w at their common point P. [

Solution 2

Notation. All angles are taken as directed angles mod 180° and denoted by £. Products of collinear
segments used in power-of-a-point arguments are understood as directed products. Set

I'=(HEH'), w=(CFG), Q= (BCD),

and let O, Oy denote the centres of (), w respectively. Let P be the Miquel point of the four lines
BC, CD, DB, AH. By definition of the Miquel point,

Pe(BCD)=Q, Pe(CFG)=w, Pe(BEG), Pec(DEF). (2)
We will prove that P is the common tangency point of I' and w.

Claim 1. AH || OC.

Proof. Since H is the orthocentre of ABCD, BH 1 CD and DH 1 BC. Since AB || CD and
AD || BC, this gives
BH | AB, DH 1 AD,

so ZABH = ZADH = 90°, and hence A, B, H,D are concyclic (on the circle of diameter AH).
Therefore {HAB = {HDB. Since DH | BC, we have

£LHDB =90° — £DBC.

By the tangent—chord angle applied to €2 at C, if 7 is the tangent to 2 at C, then

£(CD,7) = £DBC.
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Since OC' L T,

£0OCD =90° — L(CD,7) =90° — {DBC = {HAB.
Because AB || CD, the equality {HAB = £OCD forces AH || OC. O

Claim 2. The line C'H is tangent to w at C. In particular, O2C || BD.

Proof. Since G, F, H, A are collinear and CG || AD, we have
LCGF = {DAH.
Since A, B, H, D are concyclic, we have
£DAH = {DBH.

Since BH L CD, we get
£DBH =90° — LCDB.

On the other hand, since CH L BD and CF || CD, we have
LHCF =90° — LCDB.
Therefore
LCGF = LHCF.
By the tangent—chord theorem, C'H is tangent to the circle (CFG) at C. O

Claim 3. The Miquel point P lies on I’ = (HEH').

Proof. Recall two standard facts: H' € Q (the reflection of the orthocentre over a side of the triangle lies
on the circumcircle), and C, H, H' are collinear (all lie on the altitude from C, which is perpendicular
to BD).

Using (2) and the listed collinearities, we compute the following chain of directed-angle equalities:

APEH = £PEF (E, F, H collinear)

= APDF (P,E, D, F concyclic on (DEF))
= APDC (D, F, C collinear)

= APH'C (P,C,D, H' concyclic on )

= 4APH'H (C,H, H' collinear).
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Hence {PEH = APH'H, so P,E, H, H' are concyclic, i.e., P € T O

Claim 4. LEPC = 90°.
Proof. Since P, E, D, F are concyclic, we have

LEPF = {EDF.
Since P, F',G, C are concyclic, we have

LFPC = LFGC.
Moreover, by the previous claim,

LFGC = £FCH.

Therefore

LFEPC = L{EPF + {FPC
= AEDF + LFGC
=AFEDF + {FCH
=90°.

Claim 5. Let L be the antipode of C' on w. Then E, P, L are collinear.

Proof. Since C'L is a diameter of w and P € w, LCPL = 90°. By Claim 4, L EPC = 90°. Thus the lines
PE and PL are both perpendicular to PC' at P; therefore they coincide, i.e., E, P, L are collinear. [

Claim 6. EA%2 = EF - EG.

Proof. Since A, E, F,G are collinear (all on AH) and B, E, D are collinear:

(i) NAADE ~ AGBE. Indeed, {AED = £GEB, and since AD || BC' with transversal AG, { DAE =

A BGE. Hence
AE DE

GE BE
(i) NANABE ~ AFDE. Indeed, {AEB = LFED, and since AB || CD with transversal AF, { BAE =
ADFE. Hence

— AF-BE = DFE -GE. ()

AE _BE

ﬁ_ﬁ:>AE-DE:BE-FE. (ii)

Multiplying (i) and (i) and cancelling the factor BE - DE, AE? = FE -GE, ie., EA?= EF-EG. O

Claim 7. The inversion v centred at E with radius E A preserves the circle w, that is 1(w) = w.

Proof. The points F, G lie on w and E, F, G are collinear, so the power of E with respect to w equals
EF - EG, which by Claim 6 equals EA2. This is exactly the square of the radius of ¢. It is a standard
fact that a circle not passing through the centre of an inversion is preserved by it precisely when the
power of the centre with respect to the circle equals r2. Hence ((w) = w. O

Claim 8. The image ¢ := (I") is a line perpendicular to BD passing through L; specifically, it is the tangent
tow at L.

Proof. The circle I' = (HEH') passes through E (the centre of ¢), so its image is a line . Since P, L, F, G
all lie on w, and since F, P, L and E, F, G are collinear, the power of E with respect to w gives

EP-FEL=FEF-EG.

By Claim 6,
EP-EL=EF-EG=EA?,
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so ((P) = L. Since P €T, this gives L € {.

Because H, H' are symmetric across BD, the circle I" is symmetric across BD, and since £ € I' N BD,
the centre of I' lies on BD. Therefore the tangent to I' at E is perpendicular to BD. It is a standard
fact that the image of a circle through the centre of an inversion is a line parallel to the tangent to the
circle at that centre. Hence ¢ 1 BD.

By Claim 2, O2C' || BD, so the diameter C'L is parallel to BD, and the tangent to w at L is perpendicular
to C'L, i.e., perpendicular to BD. Thus ¢ and the tangent to w at L are two lines through the same point
L that are both perpendicular to BD. Therefore they coincide. O

Conclusion. By Claim 8, the line ¢ = «(I") is tangent to w at L. Applying the inversion ¢ (which is
involutive, :~! = 1) and using Claim 7 (:(w) = w), we deduce that +(¢) = T is tangent to t(w) = w at
t(L) = P. That is,

I' and w are tangent at the Miquel point P. ‘

Solution 3

We use directed angles modulo 180°, denoted by £. Products of collinear segments, when used implicitly
in cyclic or power arguments, are understood as directed products. We write

I'=(EHH'), w=(CFG), Q= (BCD).

Recall the standard facts that H' € Q and that C, H, H' are collinear.

Define
P:(EHH')Q(DH'BC), P#H’.

Since H' € (BCD), the circle (DH'BC) is just = (BCD). Thus
Perl and PcqQ.
We shall prove that P € w and that I' and w are tangent at P.

Lemma. We have

AH'EB = £H'DC.
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Proof of the lemma. Since H is the orthocentre of ABCD,
BH 1 CD, DH 1 BC.
Together with AB || CD and AD || BC, this gives
ZABH = ZADH = 90°.
Hence A, B, H, D are concyclic, and therefore
£(AH,AB) = £(DH,DB).
Using AB || DC' and the fact that H' is the reflection of H in BD, we obtain

£(AH,BD) = £(AH, AB) + £(AB, BD)

DH,DB) + £(DC, DB)
DB,DH') + £(DC, DB)
DC,DH').

£
£
£

~—~~ ~~ —~

This is
{HEB = £CDH'.
Reflecting in the line BD and using E, B, D collinear gives
{H'EB = —{HEB, LH'DC = —LCDH'.
Together with {HEB = LCDH’, this proves the Lemma. O

Claim 1. The points E, B, P, G are concyclic.
Proof. Since P, E, H, H' are concyclic, we have

AEPH = A{FEHH'
Since P, H', B, C are concyclic, we also have

AH'PB = {H'CB.

Therefore
AEPB = {EPH' + {H'PB
=«FEHH' + £H'CB
= «A(EH,HH') + £(H'C,CB)
= L(EH,CB).

But E, H, G are collinear and B, C, G are collinear, so
£L(EH,CB) = LEGB.
Thus {EPB = £FEGB, and hence E, B, P, G are concyclic. O

Claim 2. The points P, F,C, G are concyclic. In particular, P € w.

Proof. From P,B,C,D concyclic, we have LCPB = £CDB. From Claim 1, namely E, B, P,G
concyclic, we have L BPG = £ BEG. Therefore

£CPG = £CPB + £BPG
= LCDB + {BEG
= L(DC,DB) + £(DB, AH)
= £(DC, AH)
= LCFG,

10
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because D, B, F are collinear, while C, D, F' and E, F', G are collinear. Therefore P, F',C, G are concyclic,
so P ew=(CFQG). O

Claim 3. The circles I' and w are tangent at P.

Proof. Let t be the tangent to w = (PFCG) at P, and let T be any point on ¢ with 7" # P. We prove
that ¢ is also tangent to I' = (PEHH’) at P.

By the tangent—chord theorem applied to w at P, for the chord PC, we have
LCPT = LCGP. (D

Since P, H', D, C' are concyclic,
LH'PC = £H'DC. (2)

Moreover, B, C, G are collinear and E, B, P, G are concyclic, so
ACGP = ABGP = £{BEP. 3
Using (1), (2), (3), and the Lemma ({H'DC = {H'EB):

AH'PT = L{H'PC + L£CPT
=AH'DC + LCGP
= {H'EB+ {BEP
= {H'EP.

By the tangent—chord theorem applied to I' = (PEH H'), this means that t is tangent to I" at P.

But t was already tangent to w at P. Therefore I' and w have a common tangent at their common point
P, and hence they are tangent at P.

Thus

the circumcircles of AHEH' and ACFG are tangent.

Solution 4

We use the following notation. Let
a=/BDC = ZABD, B =4DBC = /ZBDA.

Let
O =CH'nBD.

Recall that H' € (BCD), since H' is the reflection of the orthocentre H of ABCD across BD, and that
C,H,O, H' are collinear with
CO 1 BD.

Let P # E be the second intersection of the two circles

(EOC) and (EHH').
We shall prove that P is the tangency point of the circles (HEH') and (CFG).
Preliminary facts. Since H is the orthocentre of ABCD, we have

BH LCD, DH L BC.

11
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Together with

AB || CD, AD || BC,
this gives ZABH = ZADH = 90°, so

A, B, H, D are concyclic.

Therefore

/DAH = Z/DBH =90° — a, /BAH = /BDH =90° — .

Since F € BD and H, H' are symmetric with respect to BD, we have FH = EH’, and

/DEH = /BDA + /DAH = § + (90° — a).
Since HH' | BD, it follows that
/EHH =90°— /DEH = o — 5.

Hence

/EHH = /EH'H = o — §.
Since P € (EOC) and ZEOC = 90°, we have

LEPC =90°.

Claim 1. P, H', B, C are concyclic.

Proof. Since P, E, H, H' are concyclic, by (2),
/H'PE=/HHE = o — 3.
Using also (3), we obtain
/H'PC = /H'PE+ /EPC = (a — f3) + 90°.
Since H' is the reflection of H across BD, and BH 1 CD,

/H'BD = /ZHBD = 90° — q,

12
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/H'BC = Z/H'BD + /DBC = (90° — ) + . (5)
From (4) and (5), /ZH'PC + /H'BC = 180°, so P, H', B, C are concyclic. 0O

Claim 2. P, E, B, G are concyclic.

Proof. By Claim 1, /BPH' = /BCH'. Since CH' | BD, /BCH' = 90° — 3. By (2), ZEPH' =
/EHH' = o — 3. Hence

/BPE = /BPH' — ZEPH' = (90° — B) — (a — B) = 90° — .
By (1), ZBGE = Z/DAH =90° — o, so ZBPE = /BGFE and P, E, B,G are concyclic. O

Claim 3. P,C, F, G are concyclic.

Proof. Since P, E, B, G are concyclic,

/EPG =180° — ZEBG = 180° — B.

Using (3),

/CPG = /ZEPG — ZEPC = (180° — 3) — 90° = 90° — 5. (6)
Since C, F, D and F,G, A, H are collinear, /CFG = /BAH = 90° — 8 by (1). From (6), ZCPG =
LCFG, so P,C, F,G are concyclic. O

Claim 4. The tangent to (CFQG) at P is also tangent to (HEH') at P.

Proof. Let t be the tangent to (PFCG) at P. We prove

/HPF =/HEP + ZFGP. @)

By (2), ZEPH = /EH'H =  — 8. By Claim 3, ZCPF = /CGF = /BGE = 90° — .. Using (3),

/HPF =90° — ZEPH — ZCPF = 90° — (o — 8) — (90° — o) = 8. )

Since F/, H, F, G are collinear, in triangle E PG,
/HEP+ /FGP = /GEP + ZEGP = 180° — ZEPG = 180° — (180° — ) = 3. 9

From (8) and (9) we have (7). By the tangent—chord theorem for (PFCG), Z(t, PF) = ZFGP, so
the angle between t and PH is ZH E P, which by the tangent—chord theorem for (PEH H') means t is
tangent to (PEHH') at P.

Thus ¢ is a common tangent to (PFCG) = (CFG) and (PEHH') = (HEH') at P. O

Therefore

the circumcircles of AHEH' and ACFG are tangent.

Observation. Once Claims 1, 2 and 3 are known, P also lies on (DEF') by the Miquel theorem applied
to the four lines BD, BC, CD, AH. O

13
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Problem 4.

Let n > 2 be an integer. Initially, the number 1 is written 7 times on a blackboard. An operation
consists of choosing two numbers a and b currently on the blackboard, not both zero, and replacing
them with two new numbers
(a —b)? 4ab
——— and .
a+b a+b

Determine all integers n for which it is possible, after a finite number of operations, for the number

n to appear on the blackboard.
Proposed by Malaysia.

Solution 1

The answer is precisely the powers of 2.

The sum of the numbers is invariant. Initially, the sum is n, and the target state is to have the number
n on the board, which means the configuration must be {n,0,...,0}.

For a rational number z and an odd prime p, let v,(z) denote the exponent of p in the prime factorization

of . For a multiset S of rationals, define

Vp(S) == ISIIGIg vp(s).
s#0

Claim 1. If a state S satisfies V},(.S) < 0 for some odd prime p, then every state S’ reachable from S also
satisfies V,(S’) < 0.

Proof. Let u,v € S be the pair replaced by v/, v’, and set k = V,,(S) < 0. If one of u, v is zero, then the
multiset is unchanged, so there is nothing to prove. Thus assume u, v are both nonzero.

We show that min(v, ('), vp(v")) < k whenever the corresponding value is nonzero, or that the minimum
is still attained elsewhere in S.

o If v,(u) # vp(v), by symmetry assume v,(u) < vp(v). Then v,(u + v) = v,y(u), hence
up(u') = 2vp(u — v) = vp(u +v) = 2vy(u) — vp(u) = vy(u).
Thus an element with valuation v,(u) persists.
o If vp(u) = vp(v) = j. then vy(u+v) > 4, so
0p() = wp(4uv) — vyl + v) = 2 — vy(u+0) < j.

In particular, if u,v were the only elements with minimal valuation j = k, then v’ has valuation
< k, and the minimum is still < k£ in 5’.

In all cases the minimum valuation does not increase, so the property V,(S) < 0 is preserved. O

The target state ' = {n,0, ..., 0} satisfies V},(T') = v,(n) > 0 for every odd prime p. Hence, by Claim 1,
no configuration occurring in a successful sequence can satisfy V,, < 0 for any odd prime p; equivalently,
along a successful sequence every operation must yield only numbers with non-negative v,, for every odd
prime.

We now analyse the permissible operations along such a successful sequence, starting from the initial
configuration, where every nonzero number is a power of 2. Suppose that, before an operation, every
nonzero number is a power of 2. Let a, b be the two chosen numbers.

14
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e One of a,b is zero. If a = 0, b = 2¥, the operation produces (2¥,0); the multiset is unchanged.

e a=b=2F Then
(2k . 2k)2 4. 22k k1
ok+l ok+l 27,

so {2F,2F} is replaced by {0,251}, All nonzero numbers remain powers of 2.

e a=2"+#b=2" with k < m. Then a + b = 2¥(1 4+ 2™%), where 1 + 2™ % is an odd integer
greater than 1. Pick any odd prime divisor p of 1+ 2™~¥. Then v,(a +b) > 0, while v,(4ab) = 0,
hence the new value

, 4ab

b = > satisfies v, (V') = —v,(a +b) < 0.

This is forbidden in a successful sequence by Claim 1.

Hence, along a successful sequence, the only effective operation we may perform is {2¥, 2%} — {0,2¢+1}.
Starting from n copies of 1 = 2°, we successively pair equal powers of 2, and the process terminates when
all nonzero numbers are distinct powers of 2. For the final state to contain a single nonzero number, n
must be a power of 2.

Conversely, if n = 27, then the number 7 can be obtained. Indeed, repeatedly apply the operation to two

equal nonzero numbers:
(28, 2F) i (0, 28+h).

Starting with 2" copies of 1 = 2°, pair them to obtain 2" ! copies of 2, then 2”2 copies of 4, and so on.
Eventually we obtain one copy of 2" = n and all other entries are 0.

Therefore, the required integers are exactly the powers of 2.

Solution 2

The answer is precisely the powers of 2.

Notice that the sum of the numbers stays constant, equal to n. Suppose first that it is possible to
obtain 1 on the board. Since the numbers are always non-negative, the final configuration must then be

(n,0,0,...,0).

We work backwards. We claim that, in every configuration encountered while rolling back the operations,
every number on the board is of the form nm/2’ for some integers m, j € Z>o.

This holds for the final configuration (n,0, ..., 0), where each entry is either 0 or n = n-1/2°. Suppose
it holds for the current board, and let x,y on it come from a pair a > b via the operation. Set s :=
a+b=x+y. Then (a —b)? = xs, so

S+ yxs b_s—\/sns
2 2
Since s = = 4 y is a sum of two numbers of the form nm/ 27 , S itself is of that form. Moreover,

a,b are rational because we are rolling back an actual successful sequence: all numbers in the forward
sequence are rational, since the operation preserves rationality from the initial rational configuration.

Hence /xs € Q.

We now show that 1/Zs is also of the form nm/2/. Write = nm1 /27t and s = nms/272; then

n2 m1Mmsy mi1ms9
Erar— SO rs=n - —.
2j1+j2 271+J2

rs =

Since /zs € Q and n € Z, the quantity \/mimg /271172 is rational; write it as p/q in lowest terms.
Then mims - ¢> = p? - 271152 and because ged(p, ¢) = 1 we obtain ¢° | 271172, so ¢ is a power of 2, say

15
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q = 2%. Hence \/zs = np/2%, which is of the form nm/2/. Combining with the form of s, both a and b
are of the form nm/27.

By induction, every number that appears in the rollback sequence is of the form nm/27. In particular,
the initial configuration consists of 1’s, so 1 = nm/2’ for some m,j > 0, i.e., nm = 27. Hence n | 27, so
n is a power of 2.

Conversely, if n = 27, then the number 7 can be obtained. Indeed, repeatedly apply the operation to two

equal nonzero numbers:
(2%, 2F) > (0,27F1).

Starting with 2" copies of 1 = 2°, pair them to obtain 2" ! copies of 2, then 2”2 copies of 4, and so on.
Eventually we obtain one copy of 2" = n and all other entries are 0.

Therefore, the required integers are exactly the powers of 2.
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