/ Macedonian (mac), day 1

nonedennux, 19. jynu 2021

3amaya 1. Hekan > 100 e uen 6poj. VBan ru 3anuman 6poeBure n,n + 1,...,2n cexkoj Ha pa3anyHa
kapra. [loroa ru u3meman opue n + 1 KapTH U TY TOACTHI BO JIBE Kymunmba. Jlokaxu faexa 6apem BO eIHO
Ol OBH€ JIB€ KyITUMEba ITOCTOjaT /B KapTH TaKBH IITO 30MPOT HA HUBHUTE OPOEBH € TIOJIH KBa/IpaTr.

3agaua 2. Jlokaxku leka HEPaABEHCTBOTO
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BaXH 3a CCKOU pCajilHU 6pOCBI/I T1yevoy Ty

3agaua 3. Heka D e BHarpemiHa Touka BO octpoarojieH Tpuarorsink ABC 3a xoj AB > AC, Taka mTo
/DAB = ZCAD. 3a toukara F Ha orceukara AC Baxu LADFE = /BCD, 3a toukara F' Ha oTceukaTa
AB Baxu /FDA = ZDBC wn3artoukara X HanpaBara AC Baxu C'X = BX. Heka O; u O, ce neHTpure
Ha ONUIIAHUTE KpyXHUIM Ha Tpuaroaauiure ADC u EX D, cooaerHo. Jlokaxu neka npasure BC,
EF u O,0, ce ceyarT BO €/1Ha TOYKA.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.



/ Macedonian (mac), day 2

emopHuxk, 20. jynu 2021

3anaua 4. Heka [' e kpyxnuna co uenrap / u ABC'D e KOHBEKCEH YeTHPHATOJTHUK TaKa IITO CEKOja O
orceukute AB, BC, C'D u DA e tanrenta Ha ['. Heka () e onumranata Kpy»HHIIA OKOJTy TPHATOJTHUKOT
AIC'. Tlpomomxenueto Ha B A npexy A ja ceue () Bo Toukara X u nponoinkeHuero Ha BC mpeky C' ja
ceue ) Bo Toukara Z. [Ipomomxenujara Ha AD u C'D nipeky D ja ceuar 2 Bo Toukute Y u 1', COOBETHO.
Jlokaxxu gexa

AD+DT+TX+XA=CD+DY +YZ+ ZC.

3agauaS. [IBe BepBepuuki, bymasko u Ckokainko, cobpane 2021 opeBu 3a 3umata. CKOKaJIKO TH HyMepHpal
opeBute on 1 mo 2021 u uckonan 2021 aynmuumba HapeIeHU BO KpyKHa opMa OKOIY HETOBOTO OMHIICHO
apBo. Crennoro yrpo Ckokanko 3a0enexan Aeka byiiaBko cTaBumi MO €€H OpeB BO CEKoe JyIie, HO
HE BHUMAaBaJ Ha Hymepupamero. HeszanoBosieH ox Toa, CKOKaJIKO OATy4Yni J1a TH IpPEepelnd OpPEBUTE CO
oMo Ha Hu3a of 2021 yexopu Taka mITO BO k-THOT uyekop, CKOKaJIKoO I'M 3aMeHyBa MO3UIMUTE Ha JBaTa
OpEBU COCEIIHU JI0 OPEBOT HyMepupaH co k. Jlokaxku aeka mocTou k Taka mTo BO k-THOT yekop, CKOKaJIKo
3aMeHyBa HEKOM OPEBH HyMepUpaHH co a U b3akou a < k < b.

3agaya 6. Hexa m > 2 e nen Opoj, A € KOHEUHO MHOXKECTBO OJ1 IIeTK OpoeBH (KoM HEe Mopa aa Oumar
MO3UTUBHU) U By, By, Bs, . .., B,, cenommuoxecTtBa o A. [la mpernocraBume nexka3acexkojk = 1,2,...,m
30MpOT Ha eneMeHTUTe 01 By, € m”. Jlokaxu nexa A compxu 6apem 1m /2 eTeMeHTH.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.



( /Q English (eng), day 1

Monday, 19. July 2021

Problem 1. Let n > 100 be an integer. Ivan writes the numbers n,n + 1, ..., 2n each on different
cards. He then shuffles these n + 1 cards, and divides them into two piles. Prove that at least one of
the piles contains two cards such that the sum of their numbers is a perfect square.

Problem 2. Show that the inequality
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holds for all real numbers x4, ..., z,.

Problem 3. Let D be an interior point of the acute triangle ABC with AB > AC'so that ZDAB =
ZCAD. The point E on the segment AC satisfies ZADE = ZBCD, the point F on the segment
AB satisties /ZFDA = ZDBC, and the point X on the line AC' satisfies CX = BX. Let O; and O,
be the circumcentres of the triangles ADC' and EX D, respectively. Prove that the lines BC, E'F,
and 0,0, are concurrent.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



( /Q English (eng), day 2

Tuesday, 20. July 2021

Problem 4. Let I' be a circle with centre I, and ABCD a convex quadrilateral such that each of
the segments AB, BC, CD and DA is tangent to I'. Let €2 be the circumcircle of the triangle AIC.
The extension of BA beyond A meets €2 at X, and the extension of BC' beyond C' meets €2 at Z.
The extensions of AD and C'D beyond D meet € at Y and T, respectively. Prove that

AD+ DT +TX+XA=CD+DY +YZ+ ZC.

Problem 5. Two squirrels, Bushy and Jumpy, have collected 2021 walnuts for the winter. Jumpy
numbers the walnuts from 1 through 2021, and digs 2021 little holes in a circular pattern in the
ground around their favourite tree. The next morning Jumpy notices that Bushy had placed one
walnut into each hole, but had paid no attention to the numbering. Unhappy, Jumpy decides to
reorder the walnuts by performing a sequence of 2021 moves. In the k-th move, Jumpy swaps the
positions of the two walnuts adjacent to walnut k.

Prove that there exists a value of k such that, on the k-th move, Jumpy swaps some walnuts a
and b such that a < k < b.

Problem 6. Let m > 2 be an integer, A be a finite set of (not necessarily positive) integers, and
B1, By, Bs, ..., B, be subsets of A. Assume that for each kK = 1,2,...,m the sum of the elements of
By, is m*. Prove that A contains at least m /2 elements.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



