Macedonian (mac), day 1

nonedennux, 11. jynu 2022

3anaya 1. bBankara Bo OcIio KOBa JiBa TUIIOBU O] MOHETH: allyMHHUYMCKH (00enexyBame A) 1 OpOH3eHH
(obenexxyBame B). Mapujana uMa n aTyMHHHYMCKH MOHETH U 1. OPOH3EHH MOHETH, TIOAPENIECHH BO PEl
BO HEKO] NIPOU3BOJIEH NoueTeH pegocien. Cunyup € Mpou3BOIHA TOJHHU3A O IOCIEI0BATEIIHU MOHETH OJ
UCT TUN. 3a JaJieH MO3UTHBEH Len Opoj £ < 2n, MapujaHa ja moBTOpyBa cieJHara IOCTanKa: Taa ro
Haol'a HajJJOITHOT CUHIIUP KOj ja COIpPKH k-TaTa MOHETA IVIeJJaHO O JIEBO, U T'M IIOMECTYBa CUTE MapUUKU
071 OBOj CHHIIMp Ha JieBaTa cTpaHa oj penoT. Ha mpumep 3a n = 4 u k = 4, mocrankara MoYHyBajKu 0]
noapenysamero AABBBABA ke bune

AABBBABA — BBBAAABA — AAABBBBA — BBBBAAAA — BBBBAAAA — .- . .

Hajau ru cute mapoBu (n, k) kage 1 < k& < 2n TakBW WITO 32 CEKOE MOYETHO MOIPEIYBambE, BO HEKOj
MOMCHT BO MOCTAIIKara, MpBUTEC 17 MOHETHU O[] JICBO Ke 6I/II[aT CHUTEC O UCT THII.

3agaua 2. Heka RT 1o 03HauyBa MHOKECTBOTO Ha TIO3UTHBHHU peainu OpoeBu. Hajau ru cure QyHKImMN
f: RT — RT taku mro 3a cexoj x € RT, mocrou TouHo een y € RT 3a koj Baxku

zf(y) +yf(z) <2

3apgauya 3. Heka k e mo3uTHBeH 1ei 6poj U .S € KOHEUHO MHOXKECTBO OJ] HEMapHU NPoCTU OpoeBH. Jlokaku
JieKa MOCTOM HajMHOTY €JIeH HauuH (10 poTallfja i OCHAa CUMETpHja) J1a Ce MOCTaBaT EJIEMEHTUTE 071 S OKOITY
KPY’KHHIIA TaKa IITO MPOU3BOIOT OJl OMJIO KOM JIBA COCEM HAa KPYXKHHMIIATA € 01 00IHK 2 + 7 + k 33 HEKO]
MMO3UTUBEH 111 OpOj .

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.



Macedonian (mac), day 2

emopHuux, 12. jyiu 2022

3anaya 4. Hexa ABCDFE e KOHBEKCEH meTaroiHuk TakoB mro BC' = DE. IlpernocraByBaMe Jieka
noctou Touka 7' Bo BHarpemHocTa Ha ABCDE 3axojaTB =TD,TC =TEwn LZABT = /TFEA. Heka
npaBara AB tu cede npaBute C'D u C'T" Bo Touku P u (), coonBetHo. [IpermocraByBaMe jJeka TOYKUTE
P, B, A, () ce mocTaBeHHU Ha IpaBaTa Bo 0B0j penociien. Heka npaBara AF ru cede npasute C'D u DT Bo
toukn R u S, coonaserHo. [IpernocraByBame neka toukure R, F/; A, S ce mocraBeHH Ha MpaBara BO OBO]
penocnen. [Jokaxu aeka toukute P, S, (), R nexar Ha Kpy>KHHIIA.

3agaua 5. Hajau ru cute Tpojku (a, b, p) o1 NO3UTHBHHU 1IETK OPOEBH, KaJie p € MPOCT OpPOj U BakKH

a? = bl + p.

3agaua 6. Heka n e mo3utuBeH men 6poj. Hopoucku keadpam € n. X n Tabja Ha KOja c€ HAIUIIIAHU CUTE
uemu 6poeBu o 1 10 n? Taka MITO Ha CEKOE TI0JIE € HAMMIIAH TOYHO eeH 6poj. JBe MOIUma Ce COCEIHH
aKo MMaar 3aelHu4YKa crpaHa. Cekoe 1moJie Koe € COCEIHO CaMo CO TOJIMa Ha KO C€ HAITUIIIAHK MTOTOJIEMHU
OpoeBHU TO HapeKyBaMme Komaura. Hazopnuya € HA3a oJ1 €HO WU MOBEKE MOJINEba TaKBa IITO:

(1) mpBOTO MOJEe BO HU3aTa € KOTJIMHA,
(i1) cexoe CIEIHO MOJIe BO HU3aTa € COCETHO CO MPETXOAHOTO TOJIE, U
(iil)) OpoeBUTE KO CE HANHIIIAaHU BO MOJMEH-ATA O]l HU3aTa C€ BO PACTEUKU PEIOCIIE].

Hajnu ro, xako gyHkm#ja ox n, HajMaIMOT MOKEH BKYIIeH Opoj Ha HaropHUIM Bo Hopaucku kBaspar.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.



English (eng), day 1

Monday, 11. July 2022

Problem 1. The Bank of Oslo issues two types of coin: aluminium (denoted A) and bronze
(denoted B). Marianne has n aluminium coins and n bronze coins, arranged in a row in some
arbitrary initial order. A chain is any subsequence of consecutive coins of the same type. Given a
fixed positive integer £ < 2n, Marianne repeatedly performs the following operation: she identifies
the longest chain containing the k" coin from the left, and moves all coins in that chain to the left end
of the row. For example, if n = 4 and k& = 4, the process starting from the ordering AABBBABA
would be

AABBBABA - BBBAAABA - AAABBBBA - BBBBAAAA — BBBBAAAA — ---.

Find all pairs (n, k) with 1 < k& < 2n such that for every initial ordering, at some moment during
the process, the leftmost n coins will all be of the same type.

Problem 2. Let R" denote the set of positive real numbers. Find all functions f: RT — R* such
that for each x € R™, there is exactly one y € RT satisfying

zf(y) +yf(r) <2

Problem 3. Let k be a positive integer and let S be a finite set of odd prime numbers. Prove that
there is at most one way (up to rotation and reflection) to place the elements of S around a circle
such that the product of any two neighbours is of the form 2% 4+ z + k for some positive integer x.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



English (eng), day 2

Tuesday, 12. July 2022

Problem 4. Let ABCDE be a convex pentagon such that BC' = DE. Assume that there is a
point T inside ABCDFE with TB =TD, TC = TFE and ZABT = /TFEA. Let line AB intersect
lines C'D and C'T at points P and @), respectively. Assume that the points P, B, A, () occur on their
line in that order. Let line AFE intersect lines C'D and DT at points R and S, respectively. Assume
that the points R, E, A, S occur on their line in that order. Prove that the points P, S, (), R lie on
a circle.

Problem 5. Find all triples (a, b, p) of positive integers with p prime and

a? = bl + p.

Problem 6. Let n be a positive integer. A Nordic square is an nxXn board containing all the integers
from 1 to n? so that each cell contains exactly one number. Two different cells are considered adjacent
if they share a common side. Every cell that is adjacent only to cells containing larger numbers is
called a valley. An uphill path is a sequence of one or more cells such that:

(i) the first cell in the sequence is a valley,
(ii) each subsequent cell in the sequence is adjacent to the previous cell, and
(iii) the numbers written in the cells in the sequence are in increasing order.

Find, as a function of n, the smallest possible total number of uphill paths in a Nordic square.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



