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Bamaua 1. Heka a, b, ¢ ce mo3utuBHA peajHu OPOEBU TaKBH IIITO
a?+b+E >3
JHoxazku mexa
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Bazaua 2. Oxpenn ru cure naposu (a,b) o HO3UTUBHE Tie/ M GPOEBH TAKBH IIITO

(a+1) e nemuren na (b+2) u b e gemuren ua 2a?.

3anauga 3. Heka n > 3 e nupupogen 6poj. Bo kpyr ce pacrnopeienu n jiambu Bo 00ja.
Co esiHO pUTHCKAHE Ha JIyTMETO Ha JaMbaTra ce MeHyBa Hej3umHaTa 60ja Ha CJIeITHHOB
HAYWH:

3€JIEHO — IIPBEHO, I[PBEHO — TLJIABO, ILJIABO — 3€JIEHO.

Ha nouerok, cure jsaMmbu ce oboenn Bo 1ipBeHa 6oja. Alle paBu morer Ha OBUE JIaMOH.
Cexkoj moTer ce COCTOH O] CJIETHUBE TPHU YEKOPH:

e u3bmpa jgamdba L, 6e3 j1a 1o IpuTUCKa HEJ3UHOTO JIYTME;

e IPUTHCKa eJHAIl Ha JIyrMeTo Ha JiambaTa Koja e cocelHa Ha Jjambara L Bo
HACOKa Ha, CTPEJIKUTE Ha JaCOBHUKOT;

e JBa IIATU I'O IPUTHUCKA JYIMETO Ha coceJHaTa jiamba Ha L, Koja e BO ClipoTHBHA
HACOKa Ha CTPEJIKUTE Ha YaCOBHUKOT.

3a cekoj n, ofpe/n ro MAKCUMAJTHUOT MOXKeH Opoj Ha JaMOU KOM HCTOBPEMEHO Ce
000€eHN 3€eJIeHO, 110 KOHEYHO MHOI'Y MOTE3H.

Bagaua 4. Heka ABC e tpuarosnuk co AB # AC u Heka [ e neHTapoT Ha BIUITAHATA
kpyxuuia B0 AABC. Heka P u () ce Touku o BHaTpemniHocra Ha AABC TakBu 1mTo
PB = PC > QC = @B. Ilpasute BP u C'() ce cegar Bo Toukata X . /la mpermnocraBume
neka Al e TanrenTa Ha onumanaTa Kpykuuma okoiay Al PQ). lokaxKu geka OnuIannTe
KpyKHUIM okoj1y Tpuarogaunure ABQ, ACP n PQX mMmaar 3aeHUIKA TOYKA.

Bpewme 3a padowia: 4 waca u 30 munywiu
Cexoja 3agaua ce epegnysa co 10 uoenu
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Problem 1. Let a, b, ¢ be positive real numbers such that
a?+b+E >3

Prove that
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Problem 2. Determine all pairs (a, b) of positive integers such that
(a+1) divides (b+2) and b divides 2a?.

Problem 3. Let n > 3 be an integer. There are n colored lamps arranged in a circle.
Pressing the button of a lamp once changes its color as follows:

green — red, red — blue, blue — green.

Initially, all lamps are colored red. Aladdin makes moves on these lamps. Each move
consists of the following three steps:

e he chooses a lamp L, without pressing its button;
e he presses the button of the clockwise neighbor of L once;
e he presses the button of the counterclockwise neighbor of L twice.

For each n, determine the maximum possible number of lamps that are colored green
simultaneously, after finitely many moves.

Problem 4. Let ABC be a triangle with AB # AC and let I be its incenter. Let P
and @) be points inside triangle ABC such that PB = PC > QC = ()B. Lines BP and
C'Q meet at X. Suppose that line Al is tangent to the circumcircle of triangle I PQ).
Prove that the circumcircles of triangles ABQ, AC'P and PQX have a common point.

Time: 4 hours and 30 minutes
Every problem is worth 10 points



Problem 1. Let a, b, ¢ be positive real numbers such that a® + b + ¢ > 3. Prove that

Z
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SERBIA

Let a, b, ¢ be positive real numbers such that a® + b* + ¢ > 3. Prove that
a’ bt ct 3

- + > —.
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Solution 1. Using 2% + 1 > 22 and QM-AM, we have

at+ot et (a2 + 0% + 2)°
a2 +b024+c2+27 3(a2+ b2+ c2+2)

LHS >

Denote a? + b? + ¢ = t. Then the given condition yields ¢t > 3, and for the conclusion, it suffices
to prove that

12 3
> — 5t2—-9t—18>0.
3t+2) 7 5

V1. One way to finish is to factor the above into
(t—3)(5t+6) >0,

which is true since 5t +6 > 0 and ¢t > 3.

V2. Another way to see this is by noting that since ¢ > 3, we have 3t? > 9t and 2t*> > 18. Adding
these two inequalities up yields the desired result.

Solution 2. By Cauchy-Schwarz (in Titu form) and by the given condition, we have

(a2 + 0% + 2)° . 3(a® + b2+ )
a2+ +2+4(a+btc)” a2+ +2+4(a+b+c)

LHS >

so the desired inequality reduces to showing that
A+ +>a+b+e

By QM-AM and the given condition

at+bt+c<3(@+b+c2)<a?+b+
which is precisely what we wanted.
Solution 3. Denote a? + b*> + ¢ = t. By QM-AM, we have a+ b+ ¢ < v/3t.
By Cauchy-Schwarz (in Titu form), it follows that

(a? 4+ b? + %)? t2 t/t

LHS > > — .
2+ +c24+12a+b+c) T t+43  Vi+4V3




Therefore, it suffices to show that

w
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Then f has increasing positive numerator and decreasing positive denominator. This shows that
f is increasing, so f(t) > f(3) = 3/5, as desired.



Problem 2. Determine all pairs (a, b) of positive integers such that

(a+1) divides (b+2) and b divides 2a?.

KAZAKHSTAN

Answer: (2,1), (3,2), (3,18), and (a, 2a), where a is a positive integer.
In all of the solutions, a pair (a, b) satisfying the given properties will be called good.

Solution 1. If b < a, then b+ 2 < a + 1 which, combined with the condition a + 1 | b+ 2, implies
b+2=a+1, hence b = a — 1. Substituting this into the second condition gives a — 1 | 2a®. Since
2a® = 2(a*—1)+2 = 2(a—1)(a+1)+2, thisreduces toa—1 | 2 = a—1€{1,2} = a € {2,3}.
This yields the pairs (2,1) and (3,2), both of which are good pairs.

If b > a, let k € N* such that 2a®> = kb. From a+ 1| b+ 2, it follows that a + 1 | k(b + 2) =
kb+ 2k = 2a® + 2k. Since 2a® = 2(a* — 1) +2 =2(a—1)(a+ 1) + 2, we have 2a* = 2 (mod a+1).
Therefore a + 1 | 2k + 2. Let p € N* such that 2k + 2 = p(a + 1). Since b > a, we have

2k+2  4a—+2

<20 = p= < <4
S 24 P="51 S ux1
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b b
Thus, p € {1,2,3}. We analyze each subcase:

I. If p = 1, then 2k +2 = a+ 1, so 2k = a — 1. This gives 4a* = 2kb = (a — 1)b. Since
ged(a—1,a*) = ged(a—1,1) = 1, a— 1 must be a divisor of 4. On the other hand a — 1 = 2k
is an even number, so a € {3,5}.
e For a = 3, we get b = 18, giving the good pair (3, 18).
e For a =5, we get b = 25, but the pair (5,25) is not good because 5+ 1125 + 2.
I1. If p = 2, then 2k + 2 = 2(a + 1) = k = a. Substituting this into 2a® = kb gives 2a* = ab,
which implies b = 2a.

This yields the family of good pairs (a, 2a) for any a € N*.

III. If p= 3, then 2k +2 = 3(a+1) = 2k = 3a + L.

This yields 4a* = 2kb = (3a+ 1)b. Since ged(3a+1,a?) = ged(1,a?) = 1, 3a+ 1 must divide
4. Since a € N*, we have 3a + 1 > 4, which leaves only 3a+1=4 — a = 1.

If a =1, then b = 1, but the pair (1,1) is not a good because 1+ 141+ 2.

Solution 2. Write b + 2 = t(a + 1) and 2a* = kb, with ¢, k positive integers. Then 2a* — kta —
kt + 2k = 0. The discriminant of this quadratic equation in a € Z is

A = E** + 8kt — 16k = (kt +4)* — 16k — 16

and must be a perfect square. Note that A < (kt +4)?, and A and kt + 4 have the same parity,
so the only possible cases are the following.



I. A = (kt+ 2)% This gives k(t —4) = 1, whence k = 1, t = 5, yielding the good pair (3,18).

IT1. A = (kt)?. This gives k(t —2) = 0, whence ¢t = 2, yielding the good pairs (a, 2a), with a any
positive integer.

III. A < (kt —2)% This gives k(3t — 4) < 1, which is possible only for ¢ = 1. In this case
A=k —-8k=s* < (k—4+s)(k—4—s)=16.

Since the two factors have the same parity, this leads to k —4+s =8k —4—5s =2 or
k—4+4s=k—4—s=4. The first subcase yields k = 9, leading to the good pair (3,2) and
the second subcase yields leads k = 8, leading to the good pair (2,1).
Solution 3. Let b+ 2 = ¢ (a + 1), where c is a positive integer. We observe that
2ac = (2a* +2a) c=2a(b+2) =4a (mod b),
so b 2a(c—2).
e If c =1, then we find the good pairs (2,1) and (3, 2).

e If ¢ =2, then we find the infinite family (a, 2a), where a is a positive integer.

So we can assume that ¢ > 3 and now proceed in one of the following two ways.

V1. Let 2a(c — 2) = bd, where d is a positive integer.

i) If d = 1, then we find that b = 2a (¢ — 2) and that b+ 2 = (a + 1) c. Combining these two
relations gives that

ac—4a—c+2=0 <= (a—1)(c—4) =2,
yielding only the good pair (a,b) = (3, 18).
ii) If d > 2, then we have 2a (¢ — 2) > 2b. However,
b=ac+c—2<a(c—2).

Combining these inequalities gives that ¢ + 2a < 2, a contradiction.
V2. Use that 20 = 2¢(a+1)—4 and so notice that b | 2a(c—2)—2b, which means that b | 4—2a—2c.

As 2a +2¢ —4 > 2¢ — 4 > 0, this implies that ¢c(a +1) — 2 < 2a + 2¢ — 4.

This can be rearranged into (a —1)(c—4) < 2 and now we finish by analysing the remaining cases.



Problem 3. Let n > 3 be an integer. There are n colored lamps arranged in a circle. Pressing
the button of a lamp once changes its color as follows:

green — red, red — blue, blue — green.

Initially, all lamps are colored red. Aladdin makes moves on these lamps. Each move consists of
the following three steps:

e he chooses a lamp L, without pressing its button;
e he presses the button of the clockwise neighbor of L once;

e he presses the button of the counterclockwise neighbor of L twice.

For each n, determine the maximum possible number of lamps that are colored green simultane-
ously, after finitely many moves.
ALBANIA

Answer:
n, 3| n,
M(n)=<n—1, 3tnandnis odd,

n—2, 31n and n is even.

Solution 1. Assign to each color a remainder modulo 3 as follows: red = 0, blue = 1, green = 2.
Then pressing the button once means adding 1 modulo 3, while pressing it twice means adding 2,
which is the same as subtracting 1 modulo 3.

When n is odd, the sequence 0,2,4,...,2(n—1) (mod n) visits all the lamps exactly once. Thus,
we may label the lamps wy, ws, ..., w, in this order. A move then changes two neighboring lamps
modulo 3 by wy — wy — 1, wiy1 — wiyq + 1, hence the sum S := wy + wq + - - - + w,, is invariant
mod 3. Since all lamps are initially red, we have S = 0 (mod 3), which holds for all configurations.
This condition is also sufficient since using moves of the form (wy, wgy1) — (W — 1, w1 + 1), we
can transfer 1’s around the circle. Therefore, every configuration with S = 0 (mod 3) is reachable.
It remains to maximize the number of green lamps. If all n lamps are green, then the total sum
is 2n, which is 0 mod 3 when 3 | n. Hence, if 3 | n, then all lamps can be green, otherwise we can

only achieve n — 1 green lamps by picking the n'® one to be red or blue, according to n mod 3. It
follows for odd n that M (n) =n when 3 | n and M(n) =n—1if 3{n.

When n is even, further mark the lamps alternately with black and white. Observe that if Aladdin
chooses a black lamp, then its affected neighbors are white and vice-versa. This shows that the
black and white lamps form two groups evolving independently, each containing m := n/2 lamps.
In each of these groups the total sum is invariant mod 3 and 0 initially, and the same argument as
above applies. As a result, in each group of m lamps we get m green lamps when 3 | n and m — 1
otherwise. It follows for even n that M(n) =n when 3 | n and M(n) =n —2if 31 n.



Solution 2. If n > 6, Aladdin picks a group of 6 consecutive lamps — label them from 1 to 6.
Then he performs moves, in order, on lamps 2, 3, 4, 4, 5, 5. As a result, all 6 lamps will increase
their status by 1 modulo 3, and the others’ status will remain unchanged. Call such a sequence
of moves a smart move.

Let n = 6k + r, with integers £ > 0 and 0 < r < 5. Then applying appropriate smart moves 2k
times brings the first 6k lamps to status 2 and the last 2r (mod 6) lamps to status 1. If r = 0
then all lamps are green, while if r = 3 we are left with 6 lamps, on which we perform a final
smart move. Therefore, in this case Aladdin can turn green all the lamps, so the answer is n.

This also shows that if = 1 or » = 5, Aladdin can turn green all the lamps but one (if r = 5,
Aladdin must make one more smart move). The argument that the sum of the statuses of the
lamps is constant (mod 3) proves that in the case r = 1 or r = 5 the maximum is n — 1.

Finally, when » = 2 or r = 4, Aladdin can turn green n — 2 lamps and the final argument in
Solution 1 proves that n — 2 is indeed the maximum in this case.



Problem 4. Let ABC be a triangle with AB # AC and let I be its incenter. Let P and @ be
points inside triangle ABC such that PB = PC' > QC = QB. Lines BP and C( meet at X.
Suppose that line Al is tangent to the circumcircle of triangle I PQ. Prove that the circumcircles
of triangles ABQ, ACP and PQX have a common point.

BULGARIA

Solution. Without loss of generality, assume that AB < AC.

Step 1. First, we translate Al being tangent to (I PQ) into an angle condition. Let M be the
second intersection of AI and (ABC'). Since M B = MC, it follows that M lies on PQ. Using the

incenter-excenter lemma and the given tangency, we have
MB? = MI*=MP - MQ,

so M B is tangent to (BPQ) (or equivalently, the triangles APMB and ABM(Q are similar).
This gives that

/MBQ = /MPB <> /MBC + /QBC = 90° — ZPBC

1
— ZQBC+ £ZPBC =90° — iéBAC. (*)

Step 2. We now show that the circle concurrency reduces to the same angle equality. Let (AQDB)
and (APC') meet a second time at R # A.

Observe that
/PXQ =/PBC+ ZQCB = ZPBC + ZQBC.



On the other hand,

/PRQ = /ARQ — Z/ARP
— (180° — ZABQ) — ZACP
— 180° — (LABC — ZQBC) — (LACB — /PCB)
— /BAC + LQBC + /PBC.

Finally, X lies on (PQR) if and only if
ZPRQ =180° — LPX(Q < /ZPBC+ ZQBC =90° — %ABAC,

which is the same as condition (*) found at Step 1.

Our proof is complete.



