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Samaua 1. Heka (ap)2°, e HM3a 0] MO3UTHBHM peajHH OPOEBH TakBa IMTO @] = 1, ap = 2 u
4
a, . .
Z;{ = 2ap42 — ap41. Jokazkere fexa 3a cexoj npupojen 6poj N > 1 BaXku HepaBeHCTBOTO
N o2
a
y <3,
a
k=1 k+1

3amada 2. Ha egen maxoBCcKku TYPHUD, CEKOU ABAJIIA YICCHUITA NT'PAJIE METIyCeOHO HAjMHOTY €THAIII.
[Mpuroa, 3a cexou maBajia ox Hue, A u B, Kou He urpaJje merycebe Ha TYPHUPOT, TOYHO ABAJIA APYTH
yuecaur, C' u D, urpase u nporus A u nporusB B BoO Tekor Ha TypHuUpoT. Hukom 4 yuecuury He
omurpasie TouHo b nmaprum merycebno. Jlokaxkere jieka CEKOj YUIECHUMK OIMIPAJ MOACTHAKOB OPOj
[MapTUU HA TyPHUPOT.

3anaya 3. Heka ABC' e rpuarosinuk takos mro AB < AC. Toukara D e uzbpana Ha orcedkara
BC, taka mrro BD < CD. Cumerpanure vHa ZADB n Z/ADC ™ ceuar orceuknte AB u AC BO
E u F, coomserno. Heka w e onmmanara xpyxuuna oxoany AAEF n neka M e cpenuna na EF.
Monxynpasara AD ja ceue Kpy:RuUIATa w BO X, J0jeKa MpaBaTa IMTO MOHYBA HU3 X TapaJieaHa
co EF mosropmo ja ceue w Bo Y. Aro Y M ja ceue w Bo T, noxawxere neka AT, EF n BC ce
KOHKYDEHTHH.

3amnaua 4. Heka f e senyira dbyHKIN]a 0/ MHOXKECTBOTO MTO3UTUBHU 11611 GPOEBU BO MHO2KECTBOTO
HEHETaTUBHU IieJin HPOeBU TaKBa IITO 33 CUTE MO3UTUBHU Iiejin 6poeBu a u b Baxkn

2f(ab) = (b+ 1) f(a) + (a+ 1) f(b).

Jlokaxkere jieka 3a cekoj mpoct 6poj p mocTom mpocT OPOj ¢ U MO3UTUBHU [eJU OPOEBU X1, ..., Tp,
KakKo u 1esa 6poj m > 0, TakBu 111TO
f(e")

70 =(pzr1+1)- ... (prp+1)-p™,

Ipu mwro cute 6poeBu pxi + 1,..., pxy + 1 ce npocru.

Bpeme: 4 caamu u 30 munymu.
Cexoja 3adawa spedu 10 noewu.



N3BOPEH TECT 3A BMO 2023
PEIMEHNJA 11 PACITPEAEJIBA HA ITIOEHU

4
a
1. Heka (ap);2; € HA3a O NO3UTUBHE PeasiHi 6POeBU TakBa To a1 = 1, ay =2 u 23l = 20n+2 = Gnl-
n

Jokazkere meka 3a cekoj mpupomern 6poj N > 1 Baxku

N 2
a
k<3,
k=1 Qk+1

Peuienue 1. Ke ja npezanumieme pesarujara BO CJI€HUOT ODJIUK:
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Topnara pekyp3uja MoxKe ja ce 3alunIie KaKo
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Co MHOXKEeme Ha paBeHKuTe 3a k= 1,2,...,n ¥ KOpUCTEjKHU neKka xq = 2 nobuBame
-1 -1 -1 -1 1 2
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Lo KoprCTHMe OYHIVIEIHOTO HEPABEHCTBO 12 +t + 1 > 3t, exsupasentno na (t — 1) > 0, n mobusanme
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3
xn+1=1+2—n-ﬂ(xi+xk+l)>2—n-ﬂxk.

Kopucrejkn nexa zp = 2L 3a k > 1, rOpHOTO HEPABEHCTBO € eKBUBAJEHTHO CO:
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Cay4ajor n =1 ce npoBepyBa JUPEKTHO, JIOJEKa 3a cekoe n > 1 mobuBame
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ap+1 > (—) 0 — In_ o (—) . (3m)
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3a dukcuo N > 1 umame

3 — <1_2=3. (2m)
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Pemtenne 2. Ox gagenara penamuja goduBaMe 1eKa
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Crnenysa jeka Huzara (ap).>; € crporo pacredka. Orramy, a, > 2 3a cekoe n > 2. [To jmeneme Ha
MTOCJIETHAOT U3Pa3 Co a% +1 dobuBaMe:
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4 4 2 2
. ; 2 2 1 : 4 ;
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2. Ha ezien maxoBCKY TYPHUP, CEKOU JBAjIIa YIECHUIIN UTPaJIe MeryceOno HajMuory ennar. [IpuTtoa,
3a cexou f1Bajia on HuB, A w B, kou He urpaJjie merycebe Ha TYPHUDPOT, TOTHO JBAJTIA APYTH YISCHUIH,
C u D, wrpane u nporus A u npotuB B BO TekoT Ha TypHUPOT. Hukou 4 ydecHunm He ogurpaie
Touno b maprum merycedbuo. Jlokakere meka CEKOj YIECHUK ONWTPAJI IMOJEIHAKOB OPOj mapTum Ha
TYPHUPOT.

Permnenne. Heka G e eqnoctaBHIOT rpadd KOj COOABETCTBYBA HA TYPHUPOT: TEMHUILATA, CE€ YIECHUITUTE
a pebpara ce ogurpannte maprtun. CoracHo yCJI0BOT Ha 3aJad9aTa, CEKO] ap HECOCETHN TEMUbA BO
G “MaaT TOYHO [IBA 3a€HUYKN COCENa, ¥ HUTY eJeH WHIyImpaH noarpad ox G wMa pen (6poj Ha
remutba) 4 u rogemuna (6poj Ha pebpa) 5. Bapamero e ma ce mokaxe aeka G e perynaped. (1)

Co oryen meka CEeKOM HECOCETHH TEeMHIba mMaaT OapeM emeH 3aedHuYkn cocen, (G e ¢Bp3aH
(BcymHOCT, HErOBHOT JmjaMerap e HajMuory 2). OTraMmy JIOBOJHO € Jla JOKAyKeMe JIEKa CEKOU JIBe
COCEJIHM TeMWIba U U U uMaarT ejnakeu cremend, (1m) u oBa Ke 1o J0KaxKeMe BOCIOCTABYBajKu
ouexrnmja nomery Muoxkecrsara S = N(u)\N(v) u T = N(v)\N(u). (1)

Heka z € S. Bunejku x <+ v, nocrou y € N(z) n N(v) co y # u. (1u) Umajiku ro npensuj
unyrpaauor noarpad G[{u,v,z,y}], koj ru coapxu pebpara ur,uv,ry am vy, HECOCETHOCTA
Z <> v noBnaekysa neka u <> y. (1m) Bwmaum y € T. (1m) Tlpuroa, 6unejkn v m y ru uMaar 3a
3aeIHUYKY COCEJIN U U L, TEMETO Y HE € MOXKHO JIa Ce TeHepupa Ha OBOj HAYMH TPrHYBAJKU OJ1 JPYTO
reme ' on S. (1m) Buaum x — y gedpunupa wnjexkuuja ox S Bo T. (1m) 3amenyBajkm ru yaorure
Ha v u u aobusame u mnjeknmja ox T Bo S. (1m) Co ornesn neka oBue JBE MHOYKECTBA C€ KOHEIHH,
JobreHnTe MHjeKIwn ce BeyHocT 6ueknun, n orryka deg(u) = deg(v). (1m) O

3. Heka ABC e rpuaronnuk rakos mro AB < AC. Toukara D e uszbpana na orceukara BC,
taka o BD < CD. Cumerpanure va «ADB u 2 ADC ru ceuar orceukure AB u AC B0 F
u F, coouerno. Heka w e onwmmanara kpyxxuuita okosy AAFRF u weka M e cpeauna wa EF.
IMonynpasara AD ja ceue Kpy:RHHUIATa w BO X, J0jeKa MpaBaTa IMITO MUHYBa HU3 X TapaJierHa
co E'F mosropHo ja ceue w Bo Y. Ako Y M ja ceue w B0 T, noraxere naexa AT, EF u BC ce
KOHKYDEHTHH.



Pemenue. Ke ro mogennme J0Ka30T BO HEKOJIKY YEKOPH.

Yekop 1: TF-EX =TE-XF.

Joka3z: Heka E; um F) ce npoeknuute on F n F Ha npasara TY. JacHo e geka TpHAroJHUKOT
AFEME;] e cknanen co Tpuarogaukor AF M Fy. 3aToa Baxu

_EM FEE; Area(TEY) _TE-EY -sin<TEY TE-XF

“FM FF, Area(TFY) TF-YF-sin<TFY TF-EX

kopuctejku gexka EX = YF u FY = XF, miro e nocnenura ua dakror geka KXY F e Terusen
rpamnes.  (3m)

1

Yexkop 2: [lpasara AT ja ceue BC' BO TOukara Z TakBa IITO

BD BZ

CD CZ'
Joxkas: Ke ru soseseme ozuakure 2BAT = o, 2BAD = 8 u 2DAC = ~. Tu umame caegnaure
IPECMETKH:

BD BZ BD-CZ Area(BAD) Area(CAZ)

CD CZ CD-BZ Area(CAD) Area(BAZ)
-AB-AD-sinf8 3-AC-AZ-sin(a+p+7) sinf-sin(a+f+7)
-AC - AD -sinvy %-AB-AZ-Sina - sina -sinvy

N =N —

Heka d e qujamerap na xkpyxuumnara @AFEF. Co nmpuMena Ha CUHYCHa TeopeMa jobuBaMe JeKa
TE =d-sina, EX =d-sinf, FX =d-siny u TF = d-sin(a+ f +). Kopucrejin ro Yekop 1
nobuBaMe:

_TF-EX d-sin(a+B+7)-d-sinf _sinf-sin(a+F+7)
" TE-XF d-sina-d-sinvy - sina -siny

IIITO TO KOMILJIETHPa TOKA30T Ha 0BOj 4ekop.  (3r)



Yekop 3: Toukure F, F u Z ce KoJuHeapHU.

Jokaz: Kopucrejku ja Teopemara 3a cuMmerpaJja Ha aroa 3a AADB nobusame

BE BD
AE  AD’
Cin4HOo, 041 TeopeMara 3a cumerpaJia Ha aroj 3a A ADC pobusame
AF AD
CF CD’

Kombunaupajku co Yexop 2, nmame

BE AF CZ _BD AD CD _,

BakIydIoKOT cera ciemyBa oj TeopeMara Ha Menemaj.  (4i) O

4. Heka f e Henysira (pyHKIM]a 0] MHOXKECTBOTO TIO3UTHUBHHU 11611 OPOEBU BO MHOKECTBOTO HEHETATHBHI
e 6pPoeBr TaKBa IIITO 33 CHTE TTO3WTUBHU 11T OpoeBu a m b BaXn

2f(ab) = (b+1)f(a)+ (a+1)f(b).
JlokaskeTe meka 3a cekoj nmpoct 6poj p mocTtom mpocT 6poj ¢ m MO3UTUBHU Teau OPOEBU L1, ..., Tp,
KakKo u 1es o6poj m > 0, TakBu mrTo

f(qP)
f(q)

mpu mTo cuTe bpoesu pxy + 1,..., pr, + 1 ce mpocTn.

=(pr1+1)-...- (prn +1)-p™,

Pewenue. Jlecno Boouysame neka f(1) =0 crasajku a = b = 1. Ilpso ke mokazkeme jexa f(a) =0
u f(b) = 0 nosnexysa f(ab) = 0. meno, 10koaKy @ u b ce mpecamKyBaaT BO HyJIa, TOTAI

(b+1)f(a)+(a+1)f(b)=(b+1)-0+(a+1)-0=0. (1m)

Heka p e najen npoct 6poj. Pyukimjara f He € MASHTUIHO HY/IA, 1A TIOCTOU HAjMaJ IPUPOEH 6pOj
g Takos mro f(q) # 0. Axo ¢ ue e npocr, roram q = zy (6unejku f(1) = 0), kage mro 1 <z <y <gq.
Meryroa, Toa 6u 3uadeno geka f(xz) = f(y) = 0 3apajgu MuHUMAIHOCTA HA ¢, IITO UCTO Taka Ou
suadeso geka f(g) =0, mro e HeBo3MOXKHO. 3akaydayBaMe jeKa ¢ e npoct u jeka f(q) # 0. (1)

Crenno ke moxazeme (co MaTemarmuka maaykimja) aexa f(q%) = (¥ +... + ¢+ 1) f(q) 3a cure
k> 1. Cnyuajor k = 1 e TpuBmjaen. Ako nmpeTmocTaBuMe JeKa OBa BAXKU 3a Ja1eHo k > 1 u craBuMe
a=¢" ub=q, robusave

2f (") = (g + 1) f(¢") + (" + 1) f(q) =
(g+ 1)+ +q+ 1) f(q) +(*+1)f(q) =
2(qk +..+q+1)f(q).

Toa 3naun gexa f(¢"*') = (¢" + -+ ¢+1)f(q), co mT0 HEIYKTUBHEOT 10Ka3 e 3aBpireH. (211)
Cera moxkeme ma uzbepeme k = p. a 3abenexume neka

(@) = (" + . +q+1)f(q) =Pp(q) - fla),

kagie mto ®,(x) = 2?71 + - + 2 + 1. Ocren Toa, f(gq) #0, ma

f(q) _q)P(q)‘ (2 )



Hexka r e mpoct nemuren na ®,(q). Bunejku (¢ - 1)®,(q) = ¢ — 1, umame mexa r|¢” — 1. Heka
t = ord,(q). Toram t|p, ma wam ¢ =1 wan ¢ = p. Axo ¢ = 1, nmame zgexa rlg —1 n r|®,(q), ma r|p, mro
sHaum geka r = p. Ako t = p, umame p|r — 1 ox manara reopema na Pepma, ma r MOKe /14 CE 3aIUIIE
kako pz + 1. (2m)
f(d?)

Toa 3HaYM JeKa CUTe MPOCTH JIEJTUTENN O] F(q) C© B/ P WK Ce OfF obauk px+1. Cera 3aK/1y40KOT

cJIeyBa O] OCHOBHATA TeOpeMa Ha apuTMeTnka. (2m) O



