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SUNSHINE COAST Macedonian (mac), day 1

66th International Mathematical Olympiad 2025

emopHuxk, 15. jynu 2025

3agaua 1. [IpaBa Bo paMHMHATa ce HApPEKyBa COHYe6a aKo He € MapajeliHa Ha X-0CKaTa, y-ocKara, HUTY
Ha npaBara r + y = 0.

HNanen e mpupoaen O6poj n > 3. Omnpenenu ru CUTE HEHETAaTHBHU 11e7M OpOeBU & TaKBH IIITO MOCTOjatT 7
pa3IMYHM PaBU BO paMHUHATA KOH TH 33J]0BOJTyBaaT CIICIHUTE TBP/ICHA!

* 3a CEeKOM MO3UTUBHHU 1ieu OpoeBH a 1 b 3a kou a + b < n + 1, Toukara (a, b) 1exu Ha Gapem enHa o1
IIPAaBUTE; U

* TOYHO k O] n-TC NpaBu C€ COHYCBU.

3amaua 2. Heka () u I ce kpyxaunu co rieHTpu M u N, COOBETHO, Taka IITO PaInycoT Ha () € momat
o paauycot Ha I'. Kpyxuunure 2 u [" ce cedar Bo nBe pasinuunu Touku A u B. IIpaBata M N ja ceue (2
Bo (', a I' Bo D, Taka mro toukute C, M, N u D ce Bo 0BOj peaocinen Ha npaBata. Heka P e 1eHTapoT
Ha ONHMIIAHaTa KpyXHHUIA okoiy TpuaromHukor AC'D. ITlpaBara AP ja ceue ) mo Brop mar Bo F # A.
ITpaBara AP ja ceue I' mo BTOp mat Bo [’ # A. Heka H e opToreHTapoT Ha Tpuaroinukor PM N.

Jlokaxxu fieka npaBata Hu3 H koja e nmapasienHa Ha A P e TaHreHTa Ha OINUIIIaHaTa KPY)KHHUIA OKOJTy TPHAroJi-
"ukotr BEF'.

(Opmoueﬂmap Ha TPpHUAroJHHUK € MMPECCYHATa TOYKAa Ha HCTOBUTC BI/ICI/IHI/I.)

3agaya 3. Co N ro o3HauyBamMe MHOXECTBOTO O] MO3UTHUBHHU Iiesin OpoeBu. Dynkmuja f: N — N ce

HapeKyBa OOH3d aKO
f(a) e nemuren na b — f(b)/@

3a CEKOM MO3UTHBHU 1IeNT OpoeBH a U b.

Ormpesienu ja HajManara peaiHa KOHCTaHTa ¢ TakBa mTo f(n) < cn 3a cute 60H3a GyHKIUH f U CUTE MO3H-
TUBHM 1IEJIH OPOEBH N.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.
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66th International Mathematical Olympiad 2025

cpeoa, 16. jyru 2025

3apaua 4. Bucmuncku oenumen Ha MO3UTHUBEH 1es1 Opoj /N € ceKoj MO3UTHUBEH JenuTen Ha N pa3nuueH
on N.

beckoneunara Hu3a ayp, ag, . . . C€ COCTOM O[] IO3UTUBHU 11eJI1 OPOEBH, KOU UMaaT HajMaJIKy TP BUCTUHCKH
JENUTeNd. 3a cekojn = 1, HenuoT 6poj a,, 1 € EAHAKOB Ha 30MPOT O] TPUTE HAJTOJIEMH BUCTUHCKH JICTTUTEIIH
HA @,.

Onpez[em/l ' CUTC MOXXHHU BPCAHOCTH HA ag.

3anaua 5. Amna u bnaxe ja urpaar uepama na xoanama - Urpa co JIBa UTPav4d UMM MPaBUJIA 3aBUCAT O]
TMO3UTHUBEH peajieH Opoj A, IITO TO 3HAAT JABara Urpadd. Bo n-THOT Kpyr of urpara (MO4YHyBajKu co n = 1)
ce urpa:

* Ako n e HemapeH, AHa o10upa HEHETaTUBEH peajieH Opoj x,, TAKOB IITO

561+.T2+"‘+13n<)\n.

* Ako n e mapeH, biaxxe on10upa HeHeraTUBEH peasieH O0poj &, TAKOB IITO

x}+xy+ a2l < n.

AKO HEKOj UTpad He MOKe J1a o10epe Opoj T, KOj TO 3310BOTyBa COOABETHOTO HEPABEHCTBO, UT'PATa 3aBPIIyBa
U IpyTHOT Urpad nodeaysa. AKo Wrpara ce urpa A0 OECKOHEYHOCT, HUKO] He mobemyBa. Cure ogOpaHu
OpoeBU ce M03HATH Ha JBaTa Urpayu.

Ormpenenu T CUTE BPETHOCTH Ha A 32 KOM AHa UMa MOOETHUYKA CTpaTervja U CUTE BPETHOCTH Ha \ 32 KOU
bnaxe nma mobenHUYKa cTpareruja.

3apaua 6. PasmiemyBame mpexa ox 2025 x 2025 enuHeYHHM KBajpaTyuma. Maruiga caka J1a MOCTaBH
MIPaBOAroJIHMU IJIOUYKHU Ha MpeXaTa, MOXKe CO pa3IMYHU IMMEH3HH, Taka IITO CeKoja CTpaHa o] CeKoja IIouKa
JIKU HAa JIMHU]a Off Mpe)KaTa U CeKOe eIMHEYHO KBaJiparye € MOKPHUEeHO CO HAjMHOTY €Ha IJI0YKa.

Omnpeneny ro MUHUMAIIHUOT OpOj Ha TUIOUKH KoM Maruiia Tpeba Ja r'd MOCTaBH Taka IITO BO CEKOj peld U
CEeKOja KOJIOHA OJT MpeKaTa OCTaHyBa M0 TOYHO €IHO €AUHEYHO KBapaTie KOe He € MOKPUEHO O]l HUTY €IHa
IJI0YKA.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja moyno pewena 3a0aua ce dobusaam 7 NOeHU.
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Problem 1. A line in the plane is called sunny if it is not parallel to any of the z-axis, the y-axis,
and the line x +y = 0.

Let n > 3 be a given integer. Determine all nonnegative integers k such that there exist n distinct
lines in the plane satisfying both of the following:

o for all positive integers a and b with a + b < n + 1, the point (a,b) is on at least one of the
lines; and

» exactly k of the n lines are sunny.

Problem 2. Let €2 and I' be circles with centres M and N, respectively, such that the radius of
Q) is less than the radius of I'. Suppose circles Q2 and I' intersect at two distinct points A and B.
Line M N intersects {2 at C' and I" at D, such that points C', M, N and D lie on the line in that
order. Let P be the circumcentre of triangle ACD. Line AP intersects (2 again at F # A. Line AP
intersects I' again at F' # A. Let H be the orthocentre of triangle PM N.

Prove that the line through H parallel to AP is tangent to the circumcircle of triangle BEF.

(The orthocentre of a triangle is the point of intersection of its altitudes.)

Problem 3. Let N denote the set of positive integers. A function f: N — N is said to be bonza if
f(a) divides b* — f(b)®

for all positive integers a and b.

Determine the smallest real constant ¢ such that f(n) < ¢n for all bonza functions f and all positive
integers n.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.
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Problem 4. A proper divisor of a positive integer N is a positive divisor of N other than N itself.

The infinite sequence aq, as, ... consists of positive integers, each of which has at least three proper
divisors. For each n > 1, the integer a,,, is the sum of the three largest proper divisors of a,,.

Determine all possible values of a;.

Problem 5. Alice and Bazza are playing the inekoalaty game, a two-player game whose rules
depend on a positive real number A which is known to both players. On the n'" turn of the game
(starting with n = 1) the following happens:

o If nis odd, Alice chooses a nonnegative real number z,, such that

T+ To+ -+, < An.

o If n is even, Bazza chooses a nonnegative real number z,, such that

i+ x4 a2l < n.

If a player cannot choose a suitable number z,, the game ends and the other player wins. If the
game goes on forever, neither player wins. All chosen numbers are known to both players.

Determine all values of A for which Alice has a winning strategy and all those for which Bazza has
a winning strategy.

Problem 6. Consider a 2025 x 2025 grid of unit squares. Matilda wishes to place on the grid some
rectangular tiles, possibly of different sizes, such that each side of every tile lies on a grid line and
every unit square is covered by at most one tile.

Determine the minimum number of tiles Matilda needs to place so that each row and each column
of the grid has exactly one unit square that is not covered by any tile.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



