Sagaua 1.

IMosoxKuTeabHEIE THCIA ¢ B b TakoBLI, uTo a® + b® = ab + 1. JlokazkuTe, ITO

(a—b*+a+b>2.

IlepBoe pertenne. 3aMeTHM, UTO PaBEHCTBO a° + b3 = ab + 1 SKBUBAJIEHTHO PABEHCTBY
(a® + b)(b? +a) = (ab+ 1),
Bocnosibayemest HepaBeHCTBOM T + ¥ > 2./TY JI/Is TIOJOKUTEIbHBIX T = A+buy=b+a
(a® +b) + (b* + a) > 2/ (a? +b)(b% 4 a) = 2(ab + 1).

Honyquﬁoe HEpaBEHCTBO

(a® +b) + (b +a) > 2(ab+1)
pasrocmibHO (a — b)2 +a+b > 2.

Bropoe pemenne. Cueraem 3ameny m = a — b un = a + b. Torma

2

2 2 _ 2
a3+b3:(a+b)((a—b)2+ab):n(m2+n 4m>:n 4m +1=ab+1.

Crenosarensno, S = m2(3n + 1) +n3 —n? — 4 = 0. Ecoim m? + n < 2, To, BO-NepBLIX, N < 2, a8 BO-BTOPbIX,
S<(2-n)Bn+1)+n*—n?—4=(n-2)(n-1)*<0,
4TO IIpoTHBOpednT paBeHcTBY S = 0. 3HaunT, m? + n > 2, 4TO PABHOCH/IBHO TPeGYEMOMY HEPABEHCTBY.

Tpetbe pernienue. Crenaem 3ameny p = a+b u ¢ = ab. Torma paBeHCTBO U3 yCIOBUS PABHOCUILHO PABEHCTBY
p® — 3pg = ¢ + 1. Berpasum u3 Hero q:
31
P
3p+1°
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ITozcTaBiiss 5TO 3HAUEHHE B HEPABEHCTBO p° > 4¢, HoayuaeM HepaseHcTBo p° < p?+4, orkyna p < 2. I[logcrasum
Terepb 3Hadenue ¢ u3 (1) B HEpaBeHCTBO

(a—b2+a+b>2 < p>+p>2+4q.
PaBHocuiibHBIM 1Tpe0OpPA30BAHUSAME TPUXOIUM K
p* —4p® +5p—2<0,

KOTOpOe BEpHO, TaK Kak OHO pasHOcHIbHO (p — 1)%(p — 2) < 0.

Problem 1.

Positive numbers a and b satisfy a® + b = ab + 1. Prove that

(a—b2+a+b>2.

First solution. Note that the equality a® + b3 = ab + 1 is equivalent to
(a® +b)(b* 4+ a) = (ab + 1)2.
Consider the inequality = +y > 2,/zy for positive © = a’+bandy=b%+a:
(a® +b) + (b* +a) > 2/(a? + b)(b2 + a) = 2(ab+ 1).

Thus,
(a®> +b) + (b +a) > 2(ab + 1),



which is equivalent to the required (a — b)? +a +b > 2.

Second solution. Denote m = a — b and n = a + b. Then

n2 — m2 2 2
a3+b3:(a+b)((a—b)2+ab):n(m2+ 1 ): +1=ab+1.

Hence S = m?(3n + 1) + n® —n? — 4 = 0. Suppose m? + n < 2, then n < 2 and
S<(2-n)Bn+1)+n*—n>—4=(n-2)(n-1)>2<0,
which contradicts S = 0. So, m? 4+ n > 2, which is equivalent to the required inequality.

Third solution. Let p = a + b and ¢ = ab. The equality from the problem condition is equivalent to the
equality p? — 3pg = ¢ + 1, whence
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o 3p+1

After substitution of (1) to p? > 4q, we obtain p* < p? + 4, whence p < 2. Now substitute (1) to

q (1)
(a—b2+a+b>2 «— p>+p>2+4q

By equivalent transformations we get
p* —4p* +5p -2 <0,

which is true since it is equivalent to (p — 1)%(p — 2) < 0.

agaua 2.

Maia u Butsa urpator B urpy na mocke, nmerorieii (hopmy npasmibaoro 1001-yronsunka. Bragase Bce Beprimabt
JoCKM Oesible W B OIHOI u3 HuxX cTouT dumnka. Ha kaxaom xomy Maira Ha3bIBaeT MPOU3BOILHOE HATYPAIbLHOE
qncyio k, 3arem Butsd BbIOMpaeT HaIpaB/IeHHE 0 WM IPOTUB XOJa YACOBOI CTPEJNIKH U CABUTAET (DUIIKY B
BBIOPAHHOM HalpaBjieHny Ha k BepriuH. Kcjin B KOHIE X0/1a (PUITKa OKa3bIBaeTCs B 6€J10# BepIlinHe, 3Ta BePIINHA,
3aKpalImBaeTcs: B KpacHbiil 1iBer. Haiinre HanboJibiee KOJUIeCTBO KPACHBIX BepIInH, KoToporo Marma moxker
IOOUTHCS BHE 3aBUCHUMOCTH OT JeiicTBuil Butu, ecjim KOJIMYIeCTBO XOJ0B HE OrPAHUYIEHO.

Pemrenue. OrBer: 858.

Tax kak uncio 1001 Hew€THO, TO 15t JIHOOBIX IBYX BepiinH A u B JJ0CKU CyInecTByeT POBHO OJIHA BEPIIUHA,
PABHOYIAJEHHAS OT HUX (OHA JIEXKUT Ha OJHON U3 JABYX JIyT, HA KOTOPbIE OHU PA30UBAIOT OLKMCAHHYIO OKPYKHOCTh
1001-yrosbarka), 3Ty Bepruuny OyaeMm HasbBaTh cpenuedt g A u B. Cuenaem Tpu 3aMedanus: 1) eciau dumka
crour B cpemneil it A u B Bepmmse, To Mama mMoxkeT BbIOpaTh 4YUCAO k TakK, YTO IOCJE IIepeMelleHus
Buru dumka oxkaxkercst B siubo B A, smbo B B; 2) eciaum Mama moxkeT BbIOpaTh 4HCIO K Tak, 4TO IOCJIE
nepemertienns Buru duinka okaxkercs: B inbo B A, inbo B B, TO B JJaHHBIN MOMEHT (DUIIIKA HAXOIUTCS B CPEIHEH
st A u B Bepinuae; 3) eC/id HEKOTOPOE MHOXKECTBO M BEPINUH COBIAAET ¢ MHOYKECTBO BEPIIHMH IIPABUIHLHOIO
MHOTOYTOJIbHUKA, TO JJIst JIIOOBIX JBYX BepinuH u3 M uX cpeiHsis BepIIUHA TOXKE HTpuHatekuT M.

Crparerust Buru. Ilycrs Burs Beibeper npounssosibable 143 BepIInHbI, SBIISIIONUIECS BEPITUHAMY IPABAIIb-
Horo 143-yrosipHuKa u Takue, 4To (DUIIKA M3HAYAJIBHO HE CTOUT HU B OfHOM n3 Hux. [lokaxkeMm, 4T0 OH MOKeT
JleJIaTh XOJIbI TaK, YTO HU OJIHA U3 ITUX BEPIINH He CTaHeT KPacHOil. JleficTBUTEIbHO, eC/ii B HEKOTOPbII MOMEHT
BCe 9TU BEPIIUHBI Oejible, TO (DUITKA He HAXOJIUTCS HU B OJHON M3 9TUX BEPIIWH, HE HAXOJIUTCS B CEPeJUHE HIU-
KaKWX JIBYX BHIODAHHBIN BEPIIUH, CIeI0BATEIbHO, Kakoe Obl uncao Marma Hu BeiOpasa, Burs cmoxer ciBuHyTH
UKy TaK, ITO OHa He MOMAIET HU B OJHY W3 BHIOPAHHBIX UM BepmmH. Takum obpazom, Burs moxkeT mo0uThCs
TOrO, 4TO IO KpaiiHeit Mepe 143 BepIUHBI OCTAHYTCs OesibiMu, T.e. Mara He MoyKeT rapaHTUPOBAHHO 3aKPACUTH
6oJree 858 BepIInH.

HesaBuas crparernst Mamm. [lycrs Marma rocsie/1oBaTe IbHO ITOBTOPSIET CJISIYIOIINE JIEHCTBY: IpOBEpKa :
OHA BBIFACHAET, CYIIECTBYET JIX &JITOPUTM, IIO3BOJIAIOIINNA eif 3aKpacuTh 110 KpaiiHeil Mepe OJHy BepIInHY, OKpacKa :
€CJIN TAKOU aJITOPUTM CYIIECTBYET, TO OHA IPUIEPXKUBAETCS €ro, ITOKa He 3aKPAacuT OnHy Bepinuny. [Ipemmoso-
2KWM, 9TO €l He yIACTCS TAKUMU JIEHCTBUSIMHU 3aKPACUTh BCE BEPINUHBI. 10r/1a B HEKOTOPBIII MOMEHT BpEMEHH ¢
ecThb MHOXKecTBO W 6e/IbIX BEpIIuH, /I KOTOPOro IPOBEPKa TaéT OTPHUIATEIbHBII oTBeT. PaccMoTpuM HanbOIH-
1ee 10 BKJIIOYEHWIO MHOXKEeCTBO V' BepImH, cojepzxkaiiee W u obiajaroiiee ciemyromuM cBoiicrBoM: y Maru
HET aJI'OPUTMAa, ITO3BOJISIFOIIETO 38 KOHEYHOE UHCJIO XOJO0B IIOC/I€ MOMEHTA ¢ MOMECTUTh (DUIIKY B XOTs ObI OJHY
Bepmnay u3 V. Takoe MHOXKECTBO CyIIECTBYET, IOCKOJIbKY camo W obsamaer STuM CBORCTBOM, KPOME TOT'O, JIJIst
KaXKJION mapbl BepIMUH U3 V UX CpeHsis BePIINHA IPUHAIEKAT V.



. HAYNM BEPIITHBI -yIOJIbHUKA, I 1 ... A1000 ¥ IJISI IPOUBBOJILHOT
OxkonuyaHue pemteHnsi. O603Ha e 1001-yro a gepe3 AgA A1000 OU3BOJILHOTO
1IEJIOTO YKCJIa 1 IO/, BEPIIUHON A,, Oy1eM noHuMaTh Bepuiuny A,., rje r — ocTaToK duciia n npu jgejaeanu Ha 1001.
O6o3HaYNM

V={Ai, A, .., A},

rme 0 <1y <ig < ... <1, <1000, a mox iy4j, j € {1,2}, Mb1 Oymem mompasymesats ¢; + 1001. ITo onpeznerenmio

1s + 1s+1
2

MHOXKecTBa V, 11 Kaxkaoro s € {1,..., v} uucio JIpobHOoe, B dacTHOCTH, v HedéTHO. Ho Torma umciio

1 1
s +2 s5+2 BepIIMHa coBlajaer ¢ A;

IeJI0€e, CIIeIOBATEIHHO, cpeausisa aid A; u A; OTKY/la BBITEKAET, YTO

s+2 s+19
MHOKECTBO V' SIBJISETCA MHOXKECTBOM BEPIIUH TPABUJIHLHOTO MHOTOYTOJIbHIKA. HanMEHBIN TPOCTOM JeINTED
qucia 1001 pasen cemu, mosromy, |V| < Qg—l = 143. Tak xkak W C V, To Mama K 3ToMy MOMEHTY 3aKPaCUJIa
o kpaitaeit mepe 1001 — 143 = 858 BeprmH.

fdBuast crpaterusd Mairu. Bynem Bmecte ¢ Marmeit moc/ie10BaTe/IbHO CTPOUTH MHOYKECTBA BEPIITHH CITEITH-
aJBbHOTO BUJA, BCET/A MIPEJIIoJaras, ITo, eCJan 3a HECKOJIbKO X0/10B Mailla MOKeT rapaHTHPOBAHHO YBEJIUYIUTD
YUCJIO KPACHBIX BEPIIUH, TO OHA CIEJIAeT 3TU XObl HE3AMEJINTE/IBHO, 8 IOTOM HAYHET CTPOUTH BCE MHOXKECTBA,
3aHOBO. B /1106011 MOMeHT BpeMenu, ecyin W — Ipon3BoJIbHOE MHOYKECTBO BepIiuH U Maiira MOXKeT BIOPATH YUCIIO
k Tak, aro mocste capura Butu durka nomaaér B Bepmnay u3 W, HE3aBUCHMO OT BBIOPAHHOTO MM HAIIPABJICHUS,
TO Takoe 9ucyio k HazoBéM W -nodrodaujum.

O6o3HauuM vepe3 V) MHOXKeCTBO Oesibix BepiiuH. Eciiu ecTh XOTh OHO Vj-IIoAxosiiiee Yucio, To Maiia ero
BBIOEDET U I10CJIe CABUTa BUTH KOJIMYECTBO KPACHBIX BEPIIUH YBEJIUIUTCs. [IpeoioskKumM 4To HeT HU OHOro Vo-
nosxosrero unciaa. ObozHaunM yepes V) MHOXKECTBO BCEX BEPIIUH, SIBJISIFOIIUXCSI CPEIHUMU IJIsl AP BEPIIUH
u3 Vy. Eciu ecthb xoTa 661 omuao Vo U Vi-ttonxongmee uncyio, To Maia BeIOGepeT ero u mocie casura Butu dumka
b0 3aKpaCUT HOBYIO BEPIIHHY, JIHOO MOMAIET B KaKyO-TO u3 BepmiuH V. Bo BTopom ciydae Ha ciemyromem
xomy Marma cMoxKeT BBIOpPATh TaKoe YUC/I0 k, UTO MOcje c¢apura BuTwm 3akpacuTcst ojHa m3 BEpIUH. TakuMm
06pa3oM, TOCJIe OJIHOTO WK JIBYX XOJIOB KOJTHYIECTBO KPACHBIX BEPIIUH yBEJIMIUTCS.

IIycts MBI yoke mocTpouan MHOXKecTBa Vo, Vi, ..., V, u HeT uu oxnoro Vo UVi U. ..UV, -tonxomsgiiero quciia.
AnanornaHo TpeaBIIyIeMy, depe3 V11 0003HAYMM MHOXKECTBO BCEX CPEIHUX BEPINUH JJIsl AP BEPIINH U3
VouViU...UV,. Eciu ectp xors 661 ogu0 Vo U Vi U ... UV, 1-nogxoasinee aucio, To Mara BbibepeT ero,
nocyte capura Butu duinka momnaaéT B KAKOe-TO MHOXKECTBO V; 1 3a Mocjeayionme He 6ojee 9eM ¢ XOmoB Oymer
3aKpallleHa M0 KpaifHeit Mepe ofHa HOBas BEpPINUHA, TaK Kak Marma MoKeT Ha KaXKJIOM XO/y TapaHTHPOBAHHO
YMEHBIIIATh HOMEP MHOXKECTBA, B KOTOPOM JIEXKHUT (pUIIIKA.

[Ipeamonoxkum, 9To TakuMmu TocTpoeHustMu Martra He CMOXKeT JOOUTBCS TOrO, 9TO BCE BEPIIUHBI OYIyT
zakparensl. Torga mocsemoBaresbaocTsb Vo C VoUVy C VoUVIUV, C ... crabunmsupyercs, T.e. JJist HEKOTOPOT'O
HEOTPUIATEILHOTO N HeT Hu omuoro Vo U Vi U ... UV, -moaxonsmmero uncaa u V41 C VoUWV U...UV, =V.
Ocrajoch 3aMeTUThb, YTO JJjIs MHOXKECTBa V BEDPHBI BCE PACCYKIEHUS U3 IIYHKTA «OKOHUYAHHE PEIIeHUSI>.

Problem 2.

Mary and Victor play the game on the board shaped like a regular 1001-gon. Initially, all vertices of the board
are white, and there is a chip at one of them. On each turn, Mary chooses an arbitrary positive integer k,
then Victor chooses a direction: clockwise or counterclockwise, and moves the chip in the chosen direction by k
vertices. If at the end of the turn the chip stands at a white vertex, this vertex is painted red. Find the greatest
number of vertices that Mary can make red regardless of Victor’s actions, if the number of turns is not limited.

Solution. Answer: 858.

Since 1001 is odd, for each pair (A, B) of vertices there exists exactly one vertex equidistant from them (the
midpoint of one of the two arcs into which they divide the circumcircle of the 1001-gon), we call this vertex the
middle A and B. Let us make three observations: 1) if the chip is in the middle of A and B, Mary can choose
k such that after Victor’s move the chip will end up in either A or B; 2) if Mary can choose k such that after
Victor’s move the chip will end up in either A or B, then at this moment the chip is in the middle of A and B;
3) if a set M of vertices coincides with the set of vertices of a regular polygon, then for each pair of vertices of
M their middle also belongs to M.

Victor’s strategy. Let Victor choose an arbitrary set of 143 vertices which coincide with the vertices of a
regular 143-gon and the chip isn’t placed at any of them. We will show that he can make his moves so that all
these vertices will remain white forever. Indeed, if at some moment all chosen vertices are white then the chip
isn’t placed at any of them, it isn’t placed at any middle of two chosen vertices, hence no matter what k& Mary
will choose, Victor can move the chip so that it will end up at an unchosen vertex. Thus, Victor can guarantee
that at least 143 vertices will remain white and Mary will paint red at most 858 vertices.

Mary’s implicit strategy. Let Mary repeat the following actions: check: she finds out whether there is
an algorithm that allows her to paint red at least one new vertex, coloring: if such an algorithm exists, she
follows it until paint red a new vertex. Suppose she cannot paint red all vertices. Then at some moment ¢ there



exists a set W of white vertices for which the check gives a negative answer. Consider the maximal set of vertices
V such that it contains W and satisfy the following condition: Mary has no algorithm that allows her to place
the chip at at least one vertex from V in a finite number of turns after ¢. Such a set exists since the set W itself
satisfy this condition, moreover for every pair of vertices of V' thein middle belongs to V.

End of the solution. Denote the vertices of the board by AgA; ... Ajggo and for any integer n by A, we
denote the vertexA,., where r is the remainder of n modulo 1001. Let

V= {AiﬂAin"'vAiu}v

where 0 < 41 < iy < ... < i, <1000, and by i,1j, j € {1,2}, we will mean i; + 1001. By the definition of V,

for each s € {1,...,v} the number Zs—'—% is not integer, in particular, v is odd. But then H# is integer

whence the middle of 4;, and A Therefore, V' coincides with the
set of vertices of a regular polygon. The least prime factor of 1001 is seven, hence |V| < m70—1 = 143. Since
W C V, Mary has painted red at least 1001 — 143 = 858 vertices.

Mary’s explicit strategy. Let Mary construct a set of special type and we will assume that if she can
increase the number of red vertices (using the property of the constructed set) with by a several moves, she will
make such moves and then begin to construct the set anew. At any moment if W is an arbitrary set of vertices
and Mary can choose a positive integer k such that after Victor’s move, regardless of his choice, the chip will
end up at some vertex of W, then we will say that k is W -suitable.

Denote by Vj the set of all white vertices. If there exists a Vj-suitable number, Mary will choose it and after
the Victor’s move the number of red vertices will increase. Suppose no Vy-suitable number exist. Denote by V;
the set of all middles of the pairs of vertices of Vj. If there exists a Vy U V;-suitable number, Mary will choose
it and after the Victor’s move the chip will paint some vertex red of will end up at some vertex of V. In the
second case Mary can choose k on her next move so that after the Victor’s move some vertex of V will become
red. Thus, in one or two moves the number of red vertices will increase.

Assume that May has already constructed the sets Vg, Vi,...,V,, and no Vo U Vj U. ..U V,,-suitable number
exist. Similarly to the previous, by V;, 11 we denote the set of all middles of pairs of vertices of VoUViU...UV,,.
It there exists a Vo U Vi U... U V,,41-suitable number, Mary will choose it and and after the Victor’s move the
chip will end up at the vertex of some V; and in the next no more than ¢ turns the number of red vertices will
increase since on each turn Mary can decrease the number of the set at the vertex of which the chip ended up.

Suppose using this strategy Mary cannot paint red all vertices. Then the sequence Vo C VouV; C VouViuV, C

. eventually stabilise, i.e. for some nonnegative integer n there exists no Vo U Vj U ... U V,-suitable numbers
and V41 C VyuViU...UV, = V. It remains to note that for V' holds true all arguments of the point «end of
the solutions.

is40 Delongs to V, ie. it coincides with A; .

3agaua 3.

[Mapy HaTypaJbHBIX Ynces (X, ) HA30BeM Topoweli, €CJIU T U Y He JAeJATCA APYT Ha IPYTa, a MHOKECTBA, IPOCTHIX
JeTATeNIel T W Yy COBMAMaoT. JIaHbl pasaudHble B3aMMHO ITPOCTHIE HATYpaJbHbIE Yrucaa a u b. JlokaxkuTe, 9TO
CYIIECTBYET DECKOHEIHO MHOTO HATYDPAJBHBIX 71, JJIs KAXKJIOTO M3 KOTOPBIX HAWJIETCS HATYPAJBHOE 1M TAKOE,
uqro napa (a” + bm, b"™ + am) xopormasi.

IlepBoe pemtenume. He orpannumBasi obrmaocTr, mycts a > b. VI3BecTHO, 9TO HAiIyTCs HATYpPaJbHBIE X,y
Takue, uto ax — by = 1. Ilo KuTaiikoit Teopeme 06 ocTaTKax HaiieTCs HATYypaJbHOE ¢ TAKOE, UTO

11—y _1-z

t=—— (modb) m t= mod a).

Y (amod b L (mod a)

O6osnaanm v =2 + bt > 1 uu=1y+at > 1. Torma av —bu =1 u (u,v) = (ab,uwv) = 1. Haitnérca Geckonedrno
MHOTO HATYPAJIBHBIX N TakKuX, 910 uv | a1 — "1 (nocrarouno 6pars n = —1 (mod ¢(uv))) u ua™ — vb™ > 0
(mpu n > log% %) Torma npu m = ua™ — vb™ > 0 BepHO PaBEHCTBO

u(a™ +bm) =v(b" + am)

U cpaBHeHHe
a" +bm = a" + b(ua™ — vb") = v(a" T = ") =0 (mod u).

Awnagornuno, b + am =0 (mod v). Cienosarensho, mapa (a™ + bm, b™ + am) xopoma.

Bropoe pemenue. He orpannausas obmmocts, mycrs a > b. Tlogcrasum m = 4= Z +ab(a™t — b7 roe

qucio n Beibepem mozxke. Torma

an+1 _ bn+1

a”—l—bm:ib(l—i—abQ(a—b)) nu b'+am=
o —

a7z+1 _ b7L+1

p— (1+ a®b(a — b)).



Tax kak uncaa x = 1+ab?(a—b) uy = 1+a?b(a—b) B3amMHO TIPOCTHI C @, b 1 a — b, TO CyMECTBYeT GECKOHETHO

n+l _ pn+l
MHOTO HATYPAJBHBIX YHCEJI 1 TAKHX, UTO % JICJIUTCA Ha KazKJ0€ M3 HUX, HAIIPUMEP, JTOCTATOTHO
Boibupars n = —1 (mod ¢(xy)). s kaxaoro uz stux n napa (a™ + bm, b"™ + am) xopormas.

Problem 3.

We call a pair (z,y) of positive integers good, if x and y do not divide each other, and the sets of prime divisors
of x and y coincide. Given distinct coprime positive integers a and b. Prove that there exist infinitely many
positive integers n for each of which there is a positive integer m such that the pair (a™ + bm, b™ + am) is good.

First solution. Without loss of generality, suppose a > b. It’s well-known that there exist positive integers x,y
such that ax — by = 1. Chinese remainder theorem implies that there exists positive integer ¢t such that

1- 1-—
Y (mod b) and t= *

t=
a b

(mod a).

(ab,uv) = 1. There exist infinitely

Denote v =z + bt > 1 and u =y +at > 1. Then av —bu = 1 and (u,v) =
= —1 (mod ¢(uv))) and ua™ — vb™ > 0

many positive integers n such that uv | a"*t! — b"*+1 (whenever n
(whenever n > loga Z). Thus for m = ua™ — vb™ > 0 we have
u(a™ 4+ bm) = v(d" + am)
and
a” 4+ bm = a" + b(ua”™ — vb") = v(a" Tt — ") =0 (mod u).

Similarly, ™ 4+ am = 0 (mod v). These equality and congruences implies that the pair (a™ + bm, b™ 4+ am) is
good.

Second solution. Without loss of generality, suppose a > b. Let m = aZ — Zn + ab(a™*! — b"*t1)) where the

value of n will be chosen later. Then

an+1 _ bn+1 an+1 _ bn+1
a™ +bm = — (1+ab*(a—10b)) and b" +am = — (1+ a®*b(a —b)).

Since x = 1+ab?*(a—0b) and y = 1+ a?b(a — b) are coprime to a, b and a — b, there exist infinitely many positive
n+l _ bn+1

integers n such that aafb is a multiple of both of them (choose n = —1 (mod ¢(zy))). For each such n

the pair (a™ + bm, b™ + am) is good.



3amaua 4.

Y Bacu ecth nocka, Ha KOTOpOit Hamncano 999 mocse10BaTeIbHBIX HATYPAIBHBIX YHCeT, & Takke 999 Oymarkek
C HAQAMUCAMHA "DTO IUCI0 HE AEIUTCA Ha 2 "ITO umcyio He aemuted Ha 3. .., "dT1o uncao He memmrcd wHa 1000".
Bacs npuksenT 1o oaHOi n3 cBOMX OyMazkeK K KayKJIOMY M3 UHCET Ha JOCKe, a 3aTeM eMy JAJIyT 10 KoHdeTe 3a
KaKIyio OyMazkKy, Ha KOTOPO# OKazKeTcs BepHoe yTBepxkaerne. Kakoe Hanbosbimee KomndecTBO KoHdeT Bacsa
CMOKET 3apaboTaTh, KAKOBBI ObI HU OBIIN YKCIIa HA T0CKe?

IlepBoe perienne. Oteer: 998.

Ecnu cpemau uucen ecrs kparaoe 1000!, To, oueBUIHO, yTBEpKIAEHUE 00 3TOM YUC]IE HE OYIeT BEPHBIM.

ITokazkem, kak Bacs moxer momyants 998 kouder. Ing 5T0ro oH Kaxkaplii pa3 OyIeT NPUKJIenBaTh OyMaXK-
Ky ¢ Haamuceio "910 umcno #He genurcd Ha kriae k — KOaudecTBO 4duces 6e3 OyMarkeK, K HAuOOIbIIEMY WIIH
HAUMEHbIIeMy u3 3tux duces. [Ipu srom, oueBuaHO, ducaa 6e3 OyMarkek Mmocse Kaxkaoro xoma Bacu mocieno-
BaTeJIbHBIE, W €CJIH UX k, TO OJHO W3 ABYyX Kpaitnwx He menurcd Ha k. Takwm obpasom Bacs mobbércs, aToObI
BCe Haamucu Buaa "Ir1o uucio e meautcd Ha k'"mpu 2 < k < 999 Obutn BepubI. K mociennemy ocraBiemycst
9UCJTy OH MPUKJIEHUT MOCJIEIHIOI OyMAaXKKYy.

Bropoe pemierne. To, uro Baca moxker momyduts 998 koHdeT, MOXKHO [10KA3aTh MO-APYTOMY, UCIIOJIb3YS
gemmy Xosuta 0 napocoderanusix. Corpém ¢ Jocku 4ducio, koropoe geaurca Ha 1000, ecam OHO TaMm ecTb, U
JII060e 4ETHOE YMCJIO B POTUBHOM ciiydae. VI3 MuOkecTBa OyMarKeK yJajiuM OyMaKKy "OTo 4ucso He JeauTcst
ua 2". JIja J0Ka3aTeabCTBA YTBEPXKICHUS 33/Ia9¥ JOCTATOYHO MPOBEPUTH, UTO [JIs KAXKIBIX k 9uCes OT 3 10
1000 Ha mOCKe ecTh He MeHee k JHCeJI, KaXK/I0e W3 KOTOPBIX He KPATHO XOTs Obl omHOoMy u3 HuX. [Ipm k < 500
9TO OYEBHUIHO, IIOTOMY YTO y KaXKIOTO 9ucia, bonbirnero 1, Ha mocke ne bosree 499 kparubix; npu 500 < k < 996
— mOTOMY, 4TO y 4mcJia, e Merbinero 500, Ha mocke He Oosiee ABYX KPaTHBIX; Ipu k = 997 — moTromy, 94TO IUCIIO0,
koropoe genurcd Ha 997 gucen or 3 mo 1000, Ha mocke MOxkeT ObITH TOJIBKO OJHO; HaKoHer, npu k = 998 —
MMOTOMY YTO HA JOCKE BOOOIIE HeT duces, KpaTHbix 1000.

Tperbe perntenue. Bacs MoxkeT MOCIeI0BATEILHO BHIOMpATh YHUCIIA, KOTOpPBIE HE JeaaTca Ha 2, 3, ..., 999.
Korma on Beibupaer umciio, He KparHoe k, yzke BoIOpanbl k — 2 ducia, To ectb ocranock 1001 — k. Kparabix k
CpeIn HUX MEHBIIE, IeM 9%9 + 1, m mocrarodro npoBeputh, gto 1001 — k > % + 1, To ectb k + % < 1000,

qt0 BepHO mpu 2 < k < 999.

Problem 4.

Vasya has a board with 999 consecutive postive integers and 999 pieces of paper with texts "This number is not
divisible by 2 "This number is not divisible by 3..., "This number is not divisible by 1000". Vasya sticks one
piece of paper to each number on the board and gets one candy for each correct statement. What maximum
number of candies can he earn, irrespective of the numbers on the board?

First solution. Answer: 998.

If one of the numbers is divisible by 1000!, the statement about this number is assuredly not correct.

We will show now how Vasya can get 998 candies. To that end, he should at every step use the paper
inscribed "This number is not divisible by k where k is the number still without papers. This paper he should
stick to the smallest or to the greatest number. In this way, after each Vasya’s move the numbers still without
papers are consecutive, and if their number is k, the smallest and the largest number cannot be both divisible
by k. In this way Vasya makes correct all statements "This number is not divisible by k"for 2 < k < 999. The
last paper goes to the last remaining number.

Second solution. Another proof that Vasya can get 998 candies uses Hall’s marriage lemma. Let us remove
the number divisible by 1000 if present on the board; otherwise, we remove any even number. We also remove
the paper saying "This number is not divisible by 2". To prove the problem statement, it is enough now to
check that for every k numbers from 3 to 1000 there are at least k£ numbers on the board not divisible by all of
them. If k£ < 500, this is obvious because every number greater than 1 has at most 499 multiples on the board;
if 500 < k < 996, one of k numbers is at least 500 and therefore has at most two multiples on the board; if
k =997, there can be only one number on the board divisible by 997 numbers between 3 and 1000; finally, for
k = 998 we note that now there are no numbers divisible by 1000 on the board.

Third solution. Vasya can choose numbers not divisible by 2, 3, ..., 999 consecutively. When he wants a
number not divisible by &, he has already used k& — 2 numbers, i.e., he still has 1001 — k£ numbers. The number
of multiples of k among them is less than % + 1 numbers, so it is enough to check that 1001 — k& > % +1,

that is, k + 22 < 1000, which is true for 2 < k < 999.




3amaua 5.

B okpyxuocrs ) ¢ nearpom O Bumcad BbIyKJblil mectuyroibHuk A;CoBi1BoCiAs. Jlyun A1 By u As By ne-
pecekaiorca B Touke P, a orpesku A1Cy u A;Cs — B rouke (). Oxpyxuocrs I'; kacaercs upsimbix OB u
OC; B Toukax By m C] COOTBETCTBEHHO, & OKPYKHOCTH [y Kacaercs mpsambix OBy u OCsy B Toukax By u Cy
COOTBETCTBEHHO. JlOKaKUTe, ITO CYIECTBYET TOMOTETHUs C IIEHTPOM Ha npsimoit P(Q), mepesossimas [’y B ['s.

IlepBoe permenne. 3amerum, uro ayuu CyBs u Co By mepecekaioTcss B HEKOTOpOit Touke T', nexkaieit BHyTpu
rpeyrosbauKa By B P. Ilpumensis teopemy Ilackans k Ay B1CoAs BoCh, nonydaem, 94ro Todka 1 jlexkuT Ha
npsvoit PQ.

Paccmorpum wnBepcuio ¢ tiearpom T u paguycom /1By - TCy. Oua nepeBoauT OKpy:KHOCTH 2 B cebs,
a Takyke MeHsger mectamu Todka By m Cg, takke Kak u rouku C7 U By. 3HAYWMT, 314 UHBEPCHUS HEPEBOJUAT
OKPYKHOCTH ['1 (Mepnenaukyasapuyio 1) B OKPYKHOCTh, TPOXOIAILYIO uepe3 Bs u Cy v meprneH ukyaapayo {2
— TO ecTb B ['9, MOCKOJIbKY TaKasg OKPYKHOCTH €TWHCTBEHHA.

Urak, namra naBepcusd Menser mectamu 'y u 'y, 1 moTomy eé nienTp 1’ aBsieTcs TakKe IEHTPOM TOMOTETHH,
nepeposgieii 'y B I'y, 9T0o u TpeboBaIoCh.

Bropoe pertenue. Yepe3 O u Oy 0603HaunM MeHTPHI OKpyHOCTEl ['1 n 'y, a yepes Ry u Ry mX paguych
coorBercTBeHHO. [lycTh npsimbie C By u Cy By mepecekaiorcst B Touke 1.

U3 reopembr Tlackajs, npumenénnoit k Ay B1Co Ay BoCly, cienyer, aro touka T jexur Ha mpsimoi PQ).
Hanee, mpumensist reopemy Ilackansa k By B1CoC1Cy B, monydaem, aro Touku O1, T u B1Cy N ByCy nexkat Ha,
osHOI npsmoii. Ananoruaso, Touku Oo, T u B1C N BoCy TakKe jexkar Ha oaHO# npsamoii. Ciemosarenbuo, T’
gexut Ha npsamoit O105. N3 nocrpoenuit nonsitao, uro 1" jiexkur Ha orpeske O10s.

Tenepb AOlBlT = 4BQBlT — 4323101 = ZBQAQCQ — ABQAQB]_ = 4310202. 3H&‘~II/IT,

0202 sin ZOQTCQ sin ABlTOl OlBl Rl OlBl OlT

= = = — — = = .
02T sin ZTCQOQ sin 401 BlT 01T R2 OQCQ 02T

CuenoBaresnbHo, T’ sBJ€TCS LEHTPOM IoMOTeTHH, nepepoisiieii ['1 B I's.

Problem 5.

A convex hexagon A;CyB1B2C1 A is inscribed in a circle § centered at a point O. The rays A1 B; and A3 B,
intersect at P, and the segments A;Cy and A5Cy intersect at Q. A circle I'; is tangent to the lines OB; and OC}
at points By and (1, respectively; similarly, a circle I's is tangent to the lines OBy and OC at points B and Cs,
respectively. Prove that there exists a homothety centered at a point on the line P@, and turning I'y into I's.

First solution. Notice that the rays C1 By and CyB; meet at some point T inside the triangle B; BsP. By
Pascal’s theorem applied to A1 B1C5A5BsC1, the point T lies on the line PQ.



Q

Consider the inversion with center T" with radius /1" B; - T'Cs. It preserves the circle {2; moreover, it swaps By
and Cy, as well as C; and By. Hence the inversion maps the circle T'; (which is perpendicular to ) to a circle
through Bs and C5 perpendicular to €, that is — to I's, since such circle is unique.

Hence the inversion swaps I'y and I's, and .thus its center T is also a center of a homothety mappint I'y
into I's, as desired.

Second solution. We denote the centres of the circles I'y, I's by O1, O2, and their radii R;, Ro, respectively.
Let T be the point of intersection of the lines C; By and CyBj.

Applying Pascal’s theorem to A; B1C5AsBoCy we see that T lies on the line PQ. Then, applying Pascal’s
theorem to By B1CC1C1 By we see that Oy, T', and B1C1NByCy are collinear. Similarly, Os, T', and B;C1NByCs
are also collinear. Therefore T lies on the line O105. It is seen from the way T is constructed that it belongs to
the segment O10;.

Now ZOlBlT = ABgBlT — ABgBlOl = ZBQAQOQ - 4B2A2B1 = ABlcQOQ. Hence

OQCQ sin ZOQTCQ Sil’léBlTOl OlBl R1 o OlBl o 01T

OoT _ sinZTCa05  sinZOBiT ~ OT Ry  OsCh  OJT

Therefore, T' is the centre of the homothety mapping I'; to I's.

3amaua 6.
s nenoro n > 1 obo3Hadmm depes S, MHOXKECTBO BCEX MEPECTAHOBOK umces 1,2, ..., n, TO €CTh MHOXKECTBO
BCEX B3aMMHO OJHO3HAYHBIX oToOpazxkenwii o: {1,2,...,n} — {1,2,...,n}. lapy nenpix uucen (a,b), rae 1 <

a < b < n, HA30BEM pacwupArouetica IJis TIEPECTAaHOBKY o € Sy, ecan |o(a) — o (b)| = |a — b|.

(a) BepHo sin, uTO TIpW JI0GOM TestoM n > 1 Halimercs mepecTaHoBka o € Sy, M7 KOTOPOH KOJIUYECTBO
pacrmupsrommxcs nap Menbrme, weM 1000n/n? (2 Gasna)

(6) CymecrBytor qu menoe n > 1 u mepectaHoBKa ¢ € S, Takue, ITO KOJHIECTBO PACIIMPSIONIUXCS [ap
JUls 0 MeHblIe, deM 1og51y/n? (5 Gasios)

Otser. (a) [a, cymecrsyer. (6) Her, ne cymecrsyior.

Pemenne. (a) Ilpu Kax10M 1 > 1 MBI IPEAbABAM MIEPECTAHOBKY, YIOBIETBOPSIOILYIO0 TPEOYEMBIM YCIOBHSIM.
[Mycrs k = |/n]; Toraa n — k? < 2k. Tonoxum o(a) = a npu Beex a > k2. Kaxoe a < k? eauHcTBeHHBIM
obpazom npejacrasisercs B Buse a = 1 +1+kj, roe 0 < ¢, 7 < k— 1. Ucnons3ys 310 npe/icTaBieHne, OmpeaeInM

I1+i+(k—-1)j, ifi<k-—1;

14+ kj) =
oL +it ki) {1+Mk—D+L ifi=k— L

JIerko mpoBepuTh, UTO TTOCTPOEHHOE OTOOPAIKEHNE SBJIACTCS MEPECTAHOBKOM.



Teneps, ecm uncia 1 < a < b < k? npejcrasnsaiorca Kak a = 1+ i+ kj u b =1+ £+ km, nupuuém j < m,
a ¢t u ¢ orsmunbl or k — 1, TO

o(a) = o (b)] = o(b) —o(a) = (£ —i) + (k= 1)(m —j) < (£ —i) + k(m —j) = |a—b],

TaK 4To napa (a,b) — He pacmmpsiomasicsi. TakuM o6pa3om, obast pacimpsitorasics napa (a, b) y1oBieTBopsier
omromy U3 Tpéx yenosuit: (1) a umm b 6onbime k25 (2) a =1+ i+ kj u b =1+ £+ km, rae xorsa Gbl 0JHO U3
qucen i u { pasao k—1; (3) a=14+i+kjub=14+L+ km, tae j =m.

Urak, obimee KOJUIECTBO PACIIUPATONIUXCS AP HE IPEBOCXOIUT

3
2(n—k2)n+k~k2+k<§> <4kn—|—k3+% < 10nv/n,

9TO U TPEOOBAJIOCH.

(6) MbI nokazkem, uro Jisi Ji060ro nesoro n > 1 u n0boit o € S, KOIMYECTBO PACHIUPIONIMXCA Tap JJisd
Heé Oouibiie, Yem TIOOR\/E Bamerum, 4To Bee napbl Buga (4,7 + 1) pacmmpsomuecs, Tak 9T0 9TO KOJIUIECTBO
He MeHbIe N — 1, a 370 umcyo Oosibime ﬁn\/ﬁ, ckaxkem, pu Bcex n < 1000. Urak, nasee Mbl canTaem, 4T0
n > 1000. ITomoxxkum m = RTH

Ounpegnenum pane nenoro ducna 1 < a < n kak R(a) = |a — m|. Oboznauum gepes C(a) = R(o(a)) — R(a)
U3MEeHEeHUE Patea TUCIA ¢ IO feiicTereM o. JlambHeiiniee permrenne pa30oMBaeTCs Ha ABA CIyYast, B 3aBUCUMOCTH
OT 3HAYEHUS CYMMBI

E:Z|C(a)|=Z++Z,, rge X4 = Z Cla) n X_= Z |C(a)].

a: C(a)=0 a: C(a)<0

Bamerum cpasy, aro cymma Beex umcen suga C(a) mynesasi, To ectb 0 = X — X _, w motomy X4 = X_ = %Z.

Cayuati 1: X > %n\/ﬁ B sToMm caydae Bocmob3yeMcs ClIeAyIONIe HeCTOKHOM JTeMMOii.

JIemma. Ilpennonoxum, aro C(a) > 0, Torma uncio a ygactsyer xorst 661 B C(a) paCHIMPSIONIUXCS TTapax.

Joxazamesvemeo. 3amerum, uro |a — b| < |a — m| + [b — m| < R(a) + (m — 1) npu nobbix a u b. Bes
OrpaHuveHusi OOIIHOCTH, MOXKHO cUnuTarh, 910 o(a) < m, 10 ectb R(o(a)) = m — o(a). Teneps npu mo6om b
rakoM, uto o(b) = n — C(a), nmeem

|o(b) = o(a)| = 0(b) —o(a) = n—C(a) —m+ R(o(a)) = R(a) + (m — 1) = |a — b,

TO €CcTb 4Yuciaa @ u b 06pa3yoT paclUpsIONyOcsd Hapy, eciau Tojabko b # a. Konudecrso b takux, uro o(b) >
n — C(a), pasuo C(a) + 1, nosromy mbt Hauwiu xorst 661 C'(a) paciMPAOLIUXC 1AP, COAEPKAILUX . O

[TockoabKy KaxK/1ast pacIHupsIOmAasacs mapa COCTONT W3 JABYX UHCEJI, COTJIACHO JIEMMe MOIy9IaeM, 9TO KOJIH-
YECTBO PACIIUPSIOMINXCS AP HE MEHbINE, YeM %Z+ =1X > %n\/ﬁ, 9TO U TPEOOBAJIOCH.

Cayuad 2: ¥ < %n\/ﬁ O6o3Ha1IM
D;={a:|C(a)|=4} u d;=|Dy|.

3amMernm, 9TO

%\/H>E:Zidi>\/52di, OTKyZa n’::Zdi>g.

i>yn i<y
Hasnee, nast moboro a € D; umeeM |o(a) — m| = |a — m| £ i, nam
o(a) e {a+i,a—14,2m —a+1i,2m—a—i}. (1)
Pazobném mMHOXKecTBO D; Ha deThIpe moaMHOXKecTBa, D; = D; 1 U D; o L D; 3 U D; 4, Tak, 9TO 3HaYeHUA 0 Ha

YHUCIaX U3 OJHOIO MOJAMHOXKECTBE YIOBJIETBOPAIOT OHON U Toil ke dbopmysie B (2), TO ecTb

a€D;y=0(a)=a+i; a€Ds=0(a)=a—71;
a€D;s=0(a)=2m—a+1i; a€D;y=o0(a)=2m—a—i.

Takum o6pasoM, ecam aBa uuciaa ¢ < b jmexkar B ogHoit gactu D; ;, 10 |o(a) — o(b)| = |a — b|, Tak uro mapa
(a,b) pacmmpsromaACcs.



O6oznauum d; ; = |D; ;| u k = [y/n]. Torma xonudecTBO HAfIEHHBIX PACIIUPSIOMKXCS IAD €CTh

2

L /d; 1 ! 1 ! 1 - -
SDICOEEDID SIS b WIETEH Do) ot) IEp v 918

i<ymJ=1 i<ymJj=1 i<ymi=1 i<y/nJj=1 i<ymJ=1
_n? i’_n’(n’—4k)>n/2-n/4>nﬁ
- 8k B 8k ~ 16y/n T 1287
970 U TPEOOBAJIOCH.
Problem 6.
For an integer n > 1, let S,, denote the set of permutations of the numbers 1,2, ..., n, i.e., the set of all one-to-

one maps o: {1,2,...,n} — {1,2,...,n}. We say that a pair of integers (a,b) with 1 < a < b < n is expanding
for a permutation o € S, if |o(a) — o(b)| > |a — b|.

(a) Determine whether for every integer n > 1 there exists a permutation o € S,, such that the number of
expanding pairs for ¢ is smaller than 1000n/n. (2 points)

(b) Do there exist an integer n > 1 and a permutation o € S,, such that the number of expanding pairs for
o is smaller than 1go5ny/n? (5 points)

Answer. (a) Yes, it exists. (b) No, they do not exist.

Solution. (a) For every n > 1, we present a permutation satisfying the required conditions.
Put k = |\/n]; then n — k* < 2k. Set o(a) = a for all a > k?. Every a < k? is uniquely represented as
a=1+4+1i+kj, where 0 <1i,j <k — 1. Using this notation, we define

L+it+(k—1)j, ifi<k-1;

140+ k) =
o(l+i+kj) {1+k(k1)+j, ifi=k— 1.

It is easy to see that the defined map o is indeed a permutation.
Now, if numbers 1 < a < b < k? have representations ¢ = 1 +4 + kj and b = 1 + £ + km with j < m, then

o(a) —a(b)] = o(b) —o(a) = (£ —i) + (k= 1)(m —j) < (£ —i) + k(m —j) = |a—b],

so the pair (a,b) is not expanding. Hence a pair (a,b) with 1 < a < b < n may happen to be expanding only in
the following three cases: (1) b > k2; (2) a = 1+i+kj and b = 1 + £+ km, where either i or £ equals k — 1; (3)
a=14+1+kjand b=1+ £+ km, where j = m.

So the total number of expanding pairs does not exceed

3
(n—kz)n—l—k-k‘Q—I—k(g) §2kn+k3+%<10n\/ﬁ,

as desired.
(b) We show that for every n > 1 and every o € S,, the number of expanding pairs is at larger than
ﬁn\/ﬁ Notice that all pairs of the form (i,7 + 1) are expanding, so this number is at least n — 1 which is

larger than Tl()()n‘/ﬁ’ say, for all n < 1000. So we may assume that n > 1000. Set m = ”TH

For an integer 1 < a < n define its rank as R(a) = |a — m|. Let C(a) = R(o(a)) — R(a) denote the rank
change of a under o. The further argument is split into two cases, according to the value of the sum

n

$=)|Cla)|=%4+%_, where N,= Y C(a) and Z_= Y  [C(a)l.

a=1 a: C(a)>0 a: C(a)<0

Notice here that the sum of all the C(a) vanishes, i.e., 0 =X, —¥_ so X, =X_ = %Z.

Case 1: ¥ > %n\/ﬁ In this case, we implement the following simple

Lemma. Assume that C(a) > 0, Then a is a member of at least C'(a) expanding pairs.

Proof. Notice that |a —b| < |a —m|+ |b—m| < R(a) + (m — 1) for every a and b. Without loss of generality,
we may assume that o(a) < m, so R(c(a)) = m — o(a). Then for every b with o(b) > n — C(a) we have

lo(b) —o(a)| > o(b) —o(a) >n—C(a) —m+ R(c(a)) = R(a) + (m —1) > |a — b,



so the numbers a and b form an expanding pair whenever b # a. There are C'(a) + 1 values of b with o(b) >
n — C(a), hence at least C'(a) expanding pairs containing a have been found. O
Due to the Lemma, since each expanding pair consists of two numbers, the number of expanding pairs is at

least %EJF = %E > %n\/ﬁ, as desired.
Case 2: ¥ < %n\/ﬁ Denote

D; ={a: |C(a)| =14} and d; =|D,|.
Notice that

#>E:Zidi2\/ﬁ S di whence n'= Y di>g.
i i>\/n i<y/n

Next, for every a € D; we have |o(a) — m| = |a — m| £, so
o(a) e {a+i,a—1i,2m—a+1i,2m—a—i}. (2)

Split the set D; into four parts, D; = D; 1 U D; o U D; 3 U D, 4, so that the values of o on all numbers in one
part satisfy the same choice in (2), i.e.,

a€D;y=>0(a)=a+1i a€D;s=0(a) i

= a—
a€D;3=0(a)=2m—a+1i; a€D;y=o0(a)=2m—a—i.

Thus, if two numbers a < b belong to the same part D, ;, then |o(a) — o(b)| = |a — b|, so the pair (a,b) is
expanding.
Denote d; ; = |D; ;| and k = [\/n]. Then the number of expanding pairs we have found is

2
: d; ; 1 ! 1 . 1 - -
PN CIEEDIPWIEED IPWIETT S DIP I IEDIP P

i<ymj=1 i<ymj=1 i<ym j=1 i<ymj=1 i<ymj=1
B nf’2 ' n'(n —4k) S n/2-n/4 < ny/n
8k 2 8k - 16yn 128"
as desired.



