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AHOHC

I. PASPE3AHNSA TPEVI'OJIbBHUKA.

Omnpepesienne. /IBa 0g00HBIX TPEYTOJBHUKA HA IJIOCKOCTH HA3BIBAIOTCS NPOMUBOTOAONHCHO OPUEHMUPOBIHHBIMU, €CIT
Y OJIHOTO M3 HUX YTJIBL (v, (3, 'Y PACIIOJIOKEHBI B YKA3aHHOM IMOPSIKE 110 IaCOBOI CTPEJIKE, & ¥ JAPYyroro — IIPOTUB YaCOBOM
crpesku (pucyHok 1, yrisl v, 3, v IpeAnoaaraoTcs pa3IudHbIMHY).

Pucynoxk 1.

3amaga A. Topr umeer ¢popmy TpeyroJibauKa. Kopobka Jijist TopTa uMeer (pOpMY TPeyroJibHUKA, PABHOI'O JAHHOMY, HO
[IPOTHUBOIIOJIOZKHO OPHEHTUPOBAaHHOTO. Beerya ju TopT paspesaercs Ha JIBe YaCTH, KOTOPbIE MOXKHO, He II€peBOpadnBasi,
VJIOKUTH B JAHHYIO KOPOOKY?

Samaua B. Besikuii i1 TpeyroJbHUK MOYKHO paspe3arh Ha MOJ00HBIE eMy, HO OPUEHTHPOBAHHbBIE TPOTUBOIIOIOXKHO TPe-
YroJIbHUKU?

O603HaUNM yTJIBI TPEYTOJHHUKOB B 9THX 3aJa9ax depe3 «, [ U 7y. DTU 3a/Ja9i UHTEPECHBI [IPEXKJIe BCErO0 KOHKPETHBIMU
npumepamu pazpesanunii. Hanpumep, npu o = 90°, o = 25 win « = 383 Topr B 3agaue A moxHO pa3pesars. (Paspexbre!).

Hazoeewm uucia «, 8 u 7y cousmepumvimu, eciaa ko + I3 + m~y = 0 upu HEKOTOPBIX LEJbIX k, [ 1 m, He BCce U3 KOTOPBIX
paBubl 0. OcHOBHAS 11€JIb IEPBOI YACTH TPOEKTa — JIOKA3aTh CJIEIYIONIEe YTBEPXK ICHUE:

YrBepxkaenune I. Eciu «, 0 u 7y Hecomsmepumbl, TO TOPT B 3aja49e A u TpeyroibHUK B 3ajade B HeJib3sl pa3spe3aTh.

II. PASPE3AHUA ITPAMOVYI'OJIBHUKA.

Bagaua C. (3-a IIPOBJIEMA TNJIBBEPTA) okaxutre, 9T0 IPABWILHBIA TETPAdIP HEJIb3sl Pa3pe3aTh HA KOHEU-
HOE YHCJI0O MHOTOIPAHHUKOB, U3 KOTOPBIX CKJIAJIBIBAECTCS KYO.

3ama4ya D. Komuara nmeer popmy mpsMOyTroJIbHUKA C OTHOIIIEHIEM CTOPOH . [10J1 B KOMHATE BBLIOXKEH ITPSIMOYTOTHHBIMEA
IUIMTKAMUA C TAKAM K€ OTHOIIEHUEM CTOPOH, IIPUIEM XOTs ObI OJHA IJINTKA OPUEHTUPOBAHA MOIIEPEK KOMHATHI, & HE BIOJIb
Hee (pucyHOK 2). JlokaxKuTe, 9TO & SIBJISIETCS KOPHEM MHOTOWIEHA C TeJIbIMA Kodddurmentamn.

T

Pucynox 2.

VIuBHUTENBHO, YTO PEIUTD 3-10 1pobiemy ['uabbepra MOXKHO, U3y dasi TOJIBKO Pa3pe3aHus IPsIMOYTOJbHAKOB, a HE MHOI'O-
rpannukoB! B 3ajadax mocie mpoMexkyToaHoro buHuIna OyaerT mpejioXKeH HOBbIA BAPDUAHT 3JIEMEHTAPHOIO PEIleHust 3-i
mpobstembr ['mrbbepra, OCHOBAHHBIN Ha ITOU HIEe.

Yro kacaercsa 3amadn D, TO, OKa3bIBAETCS, €6 MOYKHO PEIIUTH € MOMOMIBIO... (hbu3ndeckoii narepnperanuu! A nUMeHHO,

KasKJIOMY Pa3pe3aHuIo IIPSIMOYTOJbHUKA MBI COIIOCTABJIAEM JIEKTPUUECKYIO CXEMY, COCTABJIECHHYIO U3 COIPOTUBJICHUI.

Bce paccmaTpuBaemble 3amaun 00beIMHSIET OOMINI TTOAXO K UX PEIEHUI0, OCHOBAHHBIN HA UCIIOJb30BAHUU UHBAPUGHITLO8
MHO20Y20ADHUKOS.



I. PASPE3AHNS TPEVI'OJIBHUKA.

Koucrpykiuu.

1. PaspexxbTe HY>KHBIM 00pa30M Ha 2 9aCTH TOPTHI YKa3aHHOH (bopMBI (pUCyHOK 3):
(a) «=90° (b) a=38; (¢) a=28<90° (d) a=28>90° (e)* « =30°, 8 =20° v =130°

(£)* o=t 3 n — nenoe. (g) Paspexkbre NPOU3BONIBHBIA TOPT HyKHBIM 00pa30M Ha 3 aCTH.
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Pucynoxk 3.

2. PazpexbTe TpEyroJbHUK C yriaMu «, (3, 7y Ha n 10I00HBIX eMy:

(a) «=90°, n=2; (b) a =30° 8=30°~=120° n=>5; (c) a, [, v HpousBoOJIbHBI, 1 > 4, 1 # 5.
3. Ilycre «, (B, v pasmuassl u orymmdsbl or 90°. Torga TpeyroibHUK B 3ajiade B Heib3s pa3pesaTh Ha:
(a) 2 wactu; (b) 3 wacry; (c¢) 4 gacrn.

NuaBapuaHThI.

IIycte M — mpousBosbHBINE MHOrOyTroJibHUK. Ha KaxK7oit ero cTOpoHE OTMETHM CTPEJIKOIl TaKOe HAIPABJIEHUE, UTO,
WIS 1O 9TOI CTOPOHE B YKAa3aHHOM HAIPABJIEHUU, MbI OyjeM BOJU3U STON CTOPOHBI CA€6a BUIETHh TOYKHU, IPUHAIJICKA~
e PACCMATPUBAEMOMY MHOIOYIOJIbHUKY, 8 CIpaBa — TOYKHU, He HpuHajyiexkaiue emy (pucyHok 4). Boibepewm, nasee,
HEKOTOPYIO HANPABAEHHYO NPAMYIO |, TO eCTh NPAMYIO, Ha KOTOPOI CTPEJIKON OTMEYEHO HEKOTOPOe HAIIPABJIEHNE.

O6oznaunm vepes J;(M) anrebpandeckyro cyMMy JUIMH BCeX CTOPOH MHOTOYTOJbHUKA M, MapajulelbHbIX TPsAMOi [,
[PUYEM Te CTOPOHBI, KOTOpPBIE 00uHak060 HampasieHbl ¢ npsmoi | (cropoubt AB, DE u FG Ha pucyHke 5), BO3bMEM
CO 3HAKOM +, & Te CTOPOHBI, KOTOPbIE UMEIOT IIPOTUBOIOJIOXKHOe HalpaBsienue (cropona K L Ha pucyHke 5), BO3bMEM €O
3HakoM —. Eciin e CTOPOH, IapaliyIebHbIX IPAMOit [, y MuOroyroibauka M He okazasock, 1o uucio Jj(M) canraercs
pasubIM Hyimo. Hucio J;(M) 6yaeM Ha3bBATh a0JUMUBHHIM UHBADUAGHITIOM.

Pucynok 4. Pucynoxk 5.

4. (a) Omumure Bee BbILyKJble MEOTOYroabHuKE M, Takue aro J;(M) = 0 mjisa 10600 HAIPABIEHHON NPAMOIA .
(b) Muoroyronbauk M paspesaH Ha HECKOJBKO MHOTOYTOJBHUKOB My, ..., M. Torma J; (M) = J(My) + - - - + J(My).
(c) Muoroyrossauk M paspesanyu Ha HECKOJIBKO MHOTOYTOJHHUKOB M CJIOXKWJIN M3 HUX HOBBIH MHOrOyroasHuk M’ nc-
0JIb3Ysl TOJIBKO MapaJiienbHble nepeHockl dacreit. Torga Ji(M) = J;(M').
(d) Boemyksmrii Muoroyronsauk M paspesanm Ha HECKOJILKO MHOTOYTOJIGHUKOB U CJIOKWJIN W3 HAX KBAJPAT, UCTIOIL3YsT
TOJIBKO MapaJiIeIbHbIE TlepeHocH Jacteit. Torma M IeHTpaIbHO-CHMMETPUYEH.

ITycts ¢ — mexoTopetit yrou. Obosmatum depes J; 4 (M) cymmy Bemmaun Jp (M) mo BceM pas3IH<IHBIM IpaMBIM [/, KOTO-

pble TIOJIyYaIOTCs U3 HAIIPABJIEHHO IPAMOii | IOBOPOTOM HA yTJIbl, KPATHBIE YIUIy ¢ (KPATHOCTH IIOHUMAETCH C TOUHOCTHIO
10 27). Berpaxenue J; (M) mMeeT CMBICII, TOCKOJIBKY B 9TOI CyMMe JINIIb KOHETHOE IUCIIO CIAraeMbIX OTJINTHO OT HyJIs.



5.(a) Muoroyrosbauk M paspesasy Ha HECKOJLKO MHOIOYTOJHHUKOB U CJIOXKUJIA U3 HUX MHOIOYrosibHUK M’, 1oBepHyB
KasKJIy10 9acTh HA HEKOTODBIN yroi, KparHseiil yriuy ¢. Torga J; 4(M) = J; »(M').

(b) Husa samaunbix [ u ¢ onummre Bee Tpeyronpauku M, takue aro Ji (M) = 0.

(c) Iycre yroa ¢ He comsmepum ¢ m. Ilycre M u M’ — nBa HepaBHOGEIPEHHBIX PABHBIX TPEYTOJbHUKA, TAKUX UTO JJIsI
so6oii HanpasyeHHON npAMOit | BboHeHO paBeHCTBO Ji (M) = J;»(M'). Torga cTOpOHBI 9TUX TPEYTOJLHUKOB MOXKHO
3aHyMEPOBATh TAKUM 00pa30M, 9TOOBI YIJIBI MEXK Iy CTOPOHAMU C OJMHAKOBBLIMU HOMEPAMU ObLIM KPATHBI .

(d) IIycrs Topr B 3ajade A paspesaju Ha JBe 9aCTU, KOTOPbIE YJIOXKUJIU B KOPOOKY, IOBEPHYB OJHY U3 HUX HA yroJ ¢,
a Bropyio — Ha yrou . [Ipennosoxum, 9ro yrou ¢ — 1 mecousmepum ¢ m. Hokaxkure, uyro yrubl 2(a — 3), 2(8 — ) u
2(y — «) KpaTHBI yriy ¢ — ).

(e)* Hoxaxxure Yreepxkaernue I qyst 3amaun A.

Iycrs ka0l HanpasieHHoil nupamoit XY Ha IUIOCKOCTH mocTaBieHo B coorsercrBue uuciao f(XY), upuuem 310
YHUCJIO MeHsIeT 3HaK Ipu cMeHe HanpasieHus npsmoit: f(XY) = —f(YX). Ilycte M = X1 X3 ... X,, — OpOU3BOJIbHBIIL
MHOTOYTOJIbHUK, BEPITUHBI KOTOPOTO 32HYMEPOBAHBI IIPOTUB YacoBO cTpesku. OBo3HATIM

Jp(M) = f(X1X2)[ X1 Xa| + f(X2X3)[XoX3| + - + f(XnX1)[ X0 X4,

rie | X1 Xo|, | X2X5],...,|XnX1| — mamEBl cTOpoH MHOrOyrosbHUKa, a X1 X2, XoX3,..., X, X1 — coorBercTByOIMe Ha-
[IpaBJIeHHLIE TIPsIMbIe.

6. (a) Muoroyrossauk M paspesan Ha HECKOJIBKO MHOIOYTOILHUKOB My, ..., M,,. Torpa Jp(M) = Jy(Mq)+- -+ Jr(M,,).
(b) IycTs Tpeyromsauk ABC paspeszan ma Tpeyronbauku A; B;C;, Nomo6HbIE eMy U OPHEHTHPOBAHHBIE TIPOTHBOTIOJIOYKHO.
JloKazKuTe, 9TO JJI JIIOOOTO 4 YIoJI ME2K Ly HalpaBJIeHHBIME NpaMbIMA A; B; 1 A B MOXKHO IpeICTaBuTh B Buae ka+18+my,
rae unciaa k, [, m — 1esbie.

(c) IIycrs yromt Tpeyronbuuka ABC mecomsmepumbl. ITocrpoiire takyio dyukmmio f(XY), arobs Jr(ABC) # 0, HO
Jr(A;B;C;) = 0 pa moboro tpeyroabuuka A; B;C;, nogobuoro ABC', HO OPHEHTHPOBAHHOIO [IPOTUBOLIOJIOXKHO.

(d) Hokaxure Yreepxaenue I mus 3amaun B.

(e)* CymecTByeT it HENPAMOYTOILHBIN, HEPABHOOEIPEHHBIN TPEYTOIBHAK, KOTOPBI MOYKHO Pa3pe3aTh Ha TOJO0HLIE €My,
HO OPHEHTUPOBAHHLIEC IPOTUBOIOJIOZKHO TPEYTOILHUKU?

7. MoxkHo Jin Kpyr paspe3aTh Ha KOHEYHOE YHCJIO YaCTel 10 OTPEe3KaM HPSMbBIX U JIyraM OKPYKHOCTE U COCTABUTDH U3
HEUX KBaJIpaT?



II. PASPE3AHUA ITPAMOVYI'OJIBHUKA.

Koucrpykiuu.
8. Pazpexbre Kyb Ha 6 paBHBIX TETPAIIPOB.

9. Bpuroxknre mimTKaMu KOMHATHI ¢ YKa3aHHBIM OTHOIIIEHIEM CTOPOH, KakK 3T0 Tpebyercs B 3ajate D:

(a) z=V2; (b) = \/p/q, pu ¢ — neavie; (c) x = v/2; (d)* © = /7, rae r — uepuoMUeCKas LeNHAS JIPOOD;
(e)* z = /s, Tae s — KOpeHb KyOMIeCKOr0 MHOTOWIEHA C TEIbBIMI KodddunmenTamu 663 pannoHaIbHBIX KOPHEIT;
(Tpebyercst IOCTPOUTH 3aMOIIEHUE JJId KAKOTO-HUOYIIb OJHOIO 3HAYEHUS S, YOBIETBOPLIOIIETO yCIOBUIO. )

(f) BBLIOXKUTE TIPOU3BOJILHYIO KOMHATY 7 IJIMTKAMH, OPUEHTHPOBAHHBIMU BJIOJIb KOMHATBL, Ipu 1 > 4, n # 5.

3-s1 mpobsiema I'mibbepTa: cBeieHNE K TJIAHUMETPUYECKOI 3aade.

IIycts M — muororpannuk. Ilyers Iy, 1, . .., 1, — aaunbt ero pebep, a1, aa, . . . , &, — JABYTPAHHBIE YIJIBI IIPU COOTBET-
crByfomux pebpax. CormocraBuM MHOrOrpaHHUKY M HaOOp NPSIMOYIOJIBHUKOB [; X (v; Ha IUIOCKOCTH, Y KOTOPBIX CTOPOHBI
l; TOPU3OHTAJILHBI, & CTOPOHBI (v; BEPTUKAJILHBI (PUCYHOK 6).

Hazosem siBa Takux HAOOPA NPAMOY20AbHO Ppasrococmasaertbimy ([-pashococmasaenibimu,), eciu TpsaMOyIOJIbHA-
KI OJHOTO HAOOpa MOXKHO Pa3pe3arh Ha HECKOJBKO MEHBINNX MPAMOYTOJbHUKOB, U3 KOTOPBIX MOXKHO CJIOXKHTH BTOPOIA
HabOP, UCHOJIB3YS TOJBKO MapaJlIebHbIE TIEPEHOCH YacTeli (pucyHoK 7). HazoBeM 1Ba MHOTOIDAHHUKA PA6HOCOCMABAEH-
HOLMU, €CJIN OJIMH W3 HUX Pa3pPe3aeTcs HAa HECKOJHKO MEHBIINX MHOTOTPAHHUKOB, M3 KOTOPBIX MOYKHO CJIOYKHUTH BTODPOI
MHOI'OTDAHHUK, KAK YIOJHO MIOBOPAYUBasl YACTH.
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Pucynox 6. Pucymnox 7.

. Ecimm nBa MHOTOrpaHHUK BH TaBJIEHBI, T TBETCTB e UM H bl [IPSIMOYTOJIbHUKOB T -
JIlemmMma I. Ec a MHOTIOTPa a PaBHOCOCTABJIEHBI, TO COOTBETCTBYIOIIIE abo 0yTO 0B 0 O
PABHOCOCTABJIEHBI TIOCJIE JOOABJIEHIS K HUM IOAXOSNINX IPSIMOYTOJIBHUKOB BUIA | X .

Jloka3aTeIbCTBO 3TOU JIeMMBI COIEpXKUTC B 3a1ade 10.
IIpeamosmokuM, 9TO BBITYKJIbIH MHOrOrpanHuk M paszpesan na muororpauuuku My, Mo, ..., M.

10. (a) IIycrs e — pebpo muororpannuka M, [ — ero mauna, a o« — JABYIPAHHBII yroJ npu 3ToM pebpe. O6oznadunm uepes
l1,12,.. .1, nouHBI Bcex pebep MHOTOTpaHHUKOB M, jexkamux Ha pebpe e, a 9epe3 aq, g, . . . , Ay, — JABYTDAHHBIE YTJIBI IIPU
cooTBeTCTBYIOMUX pebpax. Torma mpaMOyToJbHUK | X (v MOXKHO Pa3pe3aTh HA N MPSAMOYTOJBHUKOB l1 X 1, ..., 1y X Q.
(b) IycTs £ — npsimast B IPOCTPAHCTBE, He cosieprKamast pebep muororpannauka M. Ilycrs Iy, la, . . . I, — jayiuHBL Beex pebep
MHOTOI'DAHHUKOB M, JiezKamux Ha TpsaMoit £, a oy, (g, . . . , (i, — JABYTPAHHBIE YTJIBI IPA COOTBETCTBYIOMUX pebpax. Torma
HabOP N MPSIMOYTOJIBHUKOB 1 X v, ..., 1, X a, [J-paBHOCOCTaB/IEH HEKOTOPOMY IPAMOYTOJBHUKY BUIa | X .

(c) Hoxaxure Jlemmy 1.

(d) Hokaxure, 94To ABYTpaHHBIH yrou 6 npu pebpe IPaBUIILHOTO TETPA3Ipa HECOM3MEPUM C T.

3-s1 mpobsiema I'mnbpbepTa: perlieHne MJIAHUMETPUYECKON 3aa9n.

Jlemma II. Eciu 6 u m HecomsMepuMbl, TO IPHU JIFOOBIX G U b NpssMOYyroJibHUKU a X § u b X m He [J-paBHOCOCTaBJIEHBI.
Bosee Toro, onn ocrarorcs He [-paBHOCOCTaBJIEHHBIMU MTOCIE JOOABICHNS K HUM JIIOOBIX TIPIMOYTOJHLHUKOB BUIa [ X 7.

Jloka3aTe/IbCTBO ITOM JeMMBI COJIEp2KUTC B 3aade 11.
IIycre man HEKOTODBIH HAOOD HMPAMOYTOJIHHUKOB. M0OXKHO MOJIy4YnTh HOBBIN HAOOP, pa3pe3aB OJIMH U3 JAHHBIX [IPIMO-
YTOJIPHUKOB HA J[Ba HOBBIX. TaKyI0 OMEPAINIO0 HAZ0BEM IAEMEHMAPHbIM NPe0bPa3osaHuem HADODA.

11. (a) Ecau nsa HabGopa mpsiMOyTOJIBHUKOB [J-paBHOCOCTABJIEHBI, TO OJUH M3 HUX MOYKHO MOJIyYUTh U3 JAPYTOTO IIOCTIE-
JIOBATEJBHOCTHIO 3JIEMEHTAPHBIX IIPe0Opa30BaHUl 1 OOPATHBIX K HUM.

Iycts 6 u 7 HecousmepuMbl. IIpeAmoIoKUM, YTO U3 MPAMOYTOJIBHAKA ¢ X 6 MOJIYYIM/IU IIPAMOYTOJIBHEK b X T IIOCIE10-
BATEILHOCTDHIO 3JIEMEHTAPHBIX [TPeo0pa3oBanuii u o6paTubix K HuM. Ilycts 6, 7,91, Y2, Y3, - - - , YN — JJIMHBI BEPTUKAJILHBIX
CTOPOH BCEX IPSIMOYTOJLHUKOB, KOTOPBIE BOSHUKAJN B JAHHOM IOCJIE0BATEILHOCTH JIEMEHTAPHBIX Tpeobpasosanuii. O60-
suaaanm Y = {6, 7, y1,...,yn}-

(b) MozkHO BBIGPATH TaKUE IUCIA Y], Yh, - - -, Y, C Y, ITOOBI Jr060€ IucsIio y € Y eMMHCTBEHHBIM 00PA30M IIPEJICTABIIAIOCH
B BuJe Y = pl + qm + p1y] + p2yh + - - + Dnyl,, T GUCTA P, ¢, D1, D2, - - -, Pn, — DAIMOHAJIBHBIE.

Badurcupyem HAGOP TAKUX TUCEIT Y, . . ., Y. dis ancna y € Y obosnauum f(y) = p, rae p — xoadbdunuent upu 6 B
npejcraBieHun y = ph + qm + plyi + -+ pny;l. Ecimm M — #Habop IpsAMOYTOJIBHUKOB X1 X Y1, T2 X Y2, ..., Ty X Yp, TOE
Bce Y; € Y, TO TOJIOKHIM

J(M) =21 f(y1) +z2f(y2) + - + 20 f(yn)-

(¢) Beamuuna J(M) ne MeHgeTcsi IpU JeMEHTAPHOM [peobpazoBanun Habopa M.
(d) Hokaxkure Jlemmy II.
(e) Hoxaxure Teopemy JleHa: IPABIILHBIA TETPasAp U KyO HE PABHOCOCTABJIEHBI.

12. (a) Joxaxkure apyryio Teopemy Jlema: ecim npAMOYTOIBHEK @ X b pa3pe3aH Ha KBaJPATbI, TO ¢ PAIHOHAJLHO.

(b) Hokaxkure, 9TO NPABUIBHBII TETPA3/P HEIb3sl PA3PE3aTh HA HECKOJIBKO (Gosbie 1) NpaBUIbHBIX TETPA3IPOB.



PaBpeBaHI/IH IIpPpAMOYTOJIbHUKA 1 dJIEKTpUYeCKHne CxeMbl.

Pazpezanuio npsaMoyrospHuKa Ha IPAMOYTOJIBHUKH MOXKHO COIIOCTABUTH JIEKTPUYECKYIO CXeMY, KaK II0Ka3aHO Ha PU-
cynke 8. KaxkioMy IpsIMOYrOJbHUKY COOTBETCTBYET PE3UCTOD, & KAXKJIOW BEPTUKAJIBHON JUHUK pa3pe3a (a TakKe BepTHU-
KaJIbHBIM CTOPOHAM MCXOJIHOI'O IIPAMOYTOJIBHAKA ) — Y3€JI, B KOTOPOM COEIUHSIOTCA HECKOJILKO pe3ucTopos. ColpoTusienue
KazKJIOTO PE3UCTOPa PABHO OTHOIIEHHUIO I'OPU30HTAJJIBLHON CTOPOHBI COOTBETCTBYIOIIETO IIPAMOYTOJIbHUKA K BEPTUKAJIBHOMN.
MozxHO 1TOKa3aTh, 9YTO 00Ilee COIPOTUBJIEHNE TAHHOW CXEMbI PABHO OTHOIIIEHUIO CTOPOH Pa3pe3aeMoro MpsSMOYTOJIbHUKA.

Ry Ry

T3 =
1 - 3
5
4 —
R3
Pucynox 8. Pucymnoxk 9.

TTokaxkeMm, KaK UCKaTh 00IIEE COMPOTUBIIEHUE YJIEKTPUIECKON CXEMBI.

Pacemorpum asekTpudeckyo cxemy u3 pe3ucTopoB. IlycTs 1y KaxKI0To pe3ncTropa 3aJaHo ero conpomusaenue Ry.
BadukcupyeM HaUaIo0 M KOHEI[ CXeMbl, a TakxKe uncyao U > 0 (HampsikeHne cxembl). KasKIoMy y3iIy COMOCTABUM JIeii-
crBuTenbHOe uncyio U;, KoTopoe OyaeM HA3bIBATH HANPAHCEHUEM B JTAHHOM y3Jie, CJeAylomuM obpa3om. B HagambHOM

y3JIe HAIPSIZKEHHE MTOJI0XKUM PABHBIM HYJIIO, 8 B KOHEIHOM — paBHBIM U. B ocTasbHBIX y3/1ax BbIOEpEM HAIPsI?KEHUs TaK,
9TOOBI CyMMa BEJIMIUH (Ag—’f 0 BCeM pesucropaM Obuia MUHHMaJbHA, e AU, — pa3HOCTb HANIPSIKEHUN Ha KOHIAX
k-oro pesucropa. O603Ha4YMM 5Ty CyMMy 4epe3 P, oHa Ha3bIBAETCH 00UWUM 6DIOEAEHUEM TENAG CXEMBI.

Obwum conpomueaenuem CXeMbl Ha3bIBACTCHA BeandnHa R = UTf.

Bynem cunrarh M3BECTHBIM, 9TO paCIpe/ie/IeHIe HAIPSXKEHUIT ¢ MUHUMAJIbHBIM BBIJEJIEHUEM TEILIa CYIIeCTBYET.
IIpumep 1. Paccmorpum cxemy u3 ByX pe3uctopoB IR1 n Rs, coeMHEHHBIX MapaJsiienbHo. [1o onpenenenuio P = %—j + %—z

_ U2 _ RiRo
1 oblee conpoTusjienue pagio R = & = R
IIpumep 2. Paccmorpum cxemy u3 aByX pe3uctopoB Ry u Ro, coenHEHHBIX TTocaeoBaTenbHO. [lycTts U — Hampsizkenne
Ui | (U=Up)?
B ux obmem ysie. Bemruuna 7 + =

monyanMm R = Ry + Rs.

JOJIKHA OBITh MUHUMAJIBHONR. DTO KBAIPATHBIA TPEXWIEH OTHOCATETHHO U7.

U
Ha,XO,HSI U 1= m,
daemermaprvim NPeodbpasosaHUem FTEKTPUIECKON CXeMbl HA3bIBAETCS OJIHA U3 CJIELYIONTUX OIEPAIHil:
1) 3aMeHa OIHOrO PE3UCTOPA € COIPOTUBICHUEM % Ha JBa NapaJlIeJIbHO COeTMHEHHBIX pe3ucTopa Ry n Ro;

2) 3aMeHa OJ[HOTO PE3UCTOpa ¢ couporusieHueM Ry + Ro Ha JiBa HOC/IEI0BATELHO COSUHEHHBIX pe3uctopa Ry u Ro;

3) obbenuHeHre ABYX Y3JI0B C OJUHAKOBBIM HAIIPSYKEHUEM.

13. Haiizure obmiee cOMpOTUBIICHAE U COOTBETCTBYIONMECE pa3bUeHIe IPAMOYTOJIbHUKA, JIJIST CXEM

(a) ma pucynke 8 mpu Ry = Ry = R3 = R4 = Rs; (b) na pucyske 9.

14. (a) IIycTnb KBagpPAT pa3pe3aH HA KBAJIPATHI U MIPAMOYTOJBHAKH, OTHOIIIEHNE TOPUZOHTAIBHON CTOPOHDI K BEPTHKAILHOM
y KOTOpbIX paBHO R. Torjga cOOTBETCTBYIOMAS 3JIEKTPUIECKAS CXEMa COCTOMT U3 PE3UCTOPOB CONPOTHBJeHHeM 1 u R u
“MeeT o0ITee compoTuBeHue 1.

(b)* Drexrpuueckast cxeMa COCTOUT U3 PE3UCTOPOB conporusiaenneM 1 u R. JlokaxkuTe, 9TO COMPOTUBIIEHUE BCEH CXEMBI
BBIDAYKAETCS B BUJIE %, rye P(x) u Q(x) — MHOrO4IeHBI ¢ HeJbiMu KOdDDUImenTamu.

(c) TycTh HANpSKEHUS B IBYX y3J1aX, COEJIUHEHHBIX C HEKOTOPBIM PE3UCTOPOM, pas3andHbl. JlokaxkuTre, 4To 00IIee compo-
TUBJIEHUE CXEMBI PACTET C POCTOM R.

(d) Pemure 3anmaay D.

3amMmeuanue.

Cus01i moka Ha Pe3UCTOPE HA3BIBACTCS BemanHa [, = ARZ’“ , oie AUy — pa3HOCTb HANPSIZKEHUH MeXK Ty Y3JIaMU, COeJIu-

HEHHBIMU ¢ pe3ucTopoM. [lokazkeM, ITO cymMMa CHJI TOKa Ha PE3UCTOPAX, BHIXOAANINX U3 HEKOHIIEBOTO y3J1a, PABHA HYJIIO.

SadurcupyeMm HEKOTOPBIN HEKOHIIEBOH y3ei. [lepeHymepyem y3ibl Tak, 9TOOBI STOT y3€s1 ObLI MEPBBIM, & COIMPOTUBJICHUST

PE3UCTOPOB, BBIXOJSIINX U3 ITOTO y3Ja, 0blu Ry, Ro, ..., R,. IlocMoTpuM, Kak 3aBUCUT 00IIee BbIJAEJICHUE TEILIa CXEMbI
n

or U;. O61riee BblJIe/ICHIE TEIIA PABHO » % + C, roe C' — KomHcTaHTa, He 3aBucdiiaa or U;. MurnMyM mocTuraercs
i=1

B BEpIIMHE NapaboJibl, TO ecTh npu U = 52 ll WA, 9TO TO Ke caMoe, IIpu Y Ui%iUl =0.

o =1
i=1""
W3 Hamux onpejesennii ciaeayor sakons, Kupraoga:
1) cymMa cuii TOKOB Ha PE3UCTOPAX, BHIXOJLAIINX U3 OJHOIO y3JIa, PABHA HYJIIO;
2) 1Ry + IRy + - -+ I,R,, = U ma yuoboro nytu 1,2, ...,n oT HaYasa K KoHILy, rye U — obliee HaUpsizKenue, He
3aBHUCSIIEe OT IIyTH.
O6patHo, u3 3akoH0B Kupxroda cieiyer, YTo0 TOKHM PaCIIPEJIEIsIIOTC TaK, YTOObI 00Iee BhbljieJIEHAE TellIa ObLIO MU-

HUMaJIbHBIM.



PEIITEHUAI: YACTD 1.

la. Paspexem TpeyroapHHK 1O MeamMaHe, TPOBEJEHHON 3 BepmuHbl npsamoro yria (Pucynok 10a).

1b. Pa3pexkeM TpeyroJbHUK IO MPsIMOIL, KOTOpast 1euT yrou « B orHomenun 2 : 1 (Pucynok 10b).

lc. PaspekeM TpeyrosbHUK IO IPSIMOii, KOTOpasi oTceKaer or yruia vy yroi, pasusli G (Pucynok 10c).

1d. PazpekeM TPeyroabHUK IO MPSMO, KOTOPasi CHMMETPUYHA CTOPOHE, TPOTHUBOIIOIOXKHOMN YTJIY 7Y, OTHOCUTEIHHO OMCCEKTPUCH
storo yria (Pucynox 10d).

le. Ilepswiii cnoco6. Bospmem 4-3BenHyio jiomannyio ABCDE ¢ paBHBIMU 3BEHbsSIMA M PaBHBIMU yriiamMu 130° MexK/y 3BEHbsIMHU.
IIpononxum 3Benbs AB, BC u DE. Ilyctrs BFG — TpeyrojibHUK, 0Opa30BAHHBIN JAHHBIMU MPIMBIMHA. TOTIa yIJIbl TPEYTOJbHUKA
BFG pasubr 30°, 20° u 130°. TeMm caMbIM ITOCTPOEHO UCKOMOE pa3pe3aHue TpeyTroJbHUKa: TPeyroJbHuK BF G Hy»KHO paspe3aThb 110
snomanuoit BC'D.

Bmopoti cnocob. Ilycrs § = 10°. Bosbmewm 5-3ennyio gomanyio ABCDEF ¢ paBHbIMA 3B€HbSIMUA U PaBHbIME yrtamu 180° — & mexmay
3BenbsiMu. CoennHuB ee KOHIBI A n F') morydnM CUMMETPUYHBIN I1ecTUyTroNbHUK ¢ yriaamu A = F = 26§. Iloctpoum TpeyrosbHIK
AFG c yrnamu GAF = 26 u GF A = 36 tak, urobs! 38eH0 A B nexaio na AG. lllecruyronbauk BCDEFG — ToXe CUMMETPUYHbIIA,
MMOCKOJIBLKY yriibl B m F' paBubI §. Tem caMbIM MCKOMOE paspesaHue IMOCTPOEHO, MOCKOJIBKY YTkl Tpeyroabauka AFG pasabr 30°,
20° u 130° coorBercTBeHHO: Tpeyroabuuk AFG Hy»)HO paspesarsb 10 Jjiomanoit ABCDEF.

Tpemuii cnoco6 (Pucynok 10e). Tpeyrompauk ABC paspesaerca no 3-3sennoit somanoit KLMN, rne K € BC, N € AB, BK =
KL=LM =MN =NA, /BKL=/LMN =7—q«a, ZKLM = /MNA =7 — (3.

1f. Paspes cTpouTcs aHAJIOTMYHO BTOPOMY HJIM TPEThEMy CHOCODy pelreHus 3anaqdu le.

1g. Pa3zpekem TpeyTOIBHUK IO TPEM IEPIIEHINKYIISIPAM, OIIYIIIEHHBIM U3 IEHTPA BIIMCAHHON OKPY?KHOCTH Ha CTOPOHBI TPEYTOJIHHUKA.

28 28 g

Pucynox 10.

2a. OmycTuM BBICOTY M3 BEPINUHBI IIPSIMOTO yIJIA.

2b. Uz Bepmmnab yria B 120° mposeném paszpessl mox yrioM B 30° K CTOpOHaM. 3aTeM pas3peskeM IOJIy9eHHBIH PABHOCTOPOHHUMA
TPEYrOJIbHUK, COEJJUHUB €ro IEHTD C BEPIIHHAMU.

2c. Eciin n > 4 wérHo, pa3zennM OfHy U3 CTOPOH TpeyrosbHuKa (06o3HaduM €€ a) Ha n/2 paBHBIX dacTeil. Jepe3 TOUKHU [ejIeHus
MPOBEIEM BCEBO3MOXKHBIE OTPE3KH, MapaJLIe/IbHBIE JIPYTUM CTOPOHAM TPEYTOJBHUKA, IO MEPBOrO MEPECECYEHUsT MEXKIY COOOU min
co croponamu. HeTpyaHo BHAETH, YTO BCE IOJIyY€HHBbIE TOUYKHU IIEPECEYEHUsI JIEXKAT Ha OJHOM MPSIMOI, apaJlyIeJIbHOM CTOPOHE a.
IIpoBesst 3Ty HPsIMYyIO, MOy YUM UCKOMOE pa3pe3aHue.

Ecmu n > 7 HeuérHO, pa3pexkeM TPEyroJbHUK BBINTEONMCAHHBIM CIIOCOOOM Ha N — 3 YaCTH, a 3aTE€M OJINH U3 MOJIYI€HHBIX TPEYTOJIb-
HYKOB pa3pexkeM Ha 4 4acTu TeM ke criocoboM (T.e. IPOBEJsl CPEIHUE JINHUIHY).

3ameuarnue. EcrecrBennniii Borpoc: a uro Oyner Juisg n = 57 OkasblBaercs, NpUMephl B 3aja4ax 2a u 2b uc4YepubIBaloT BCe Tpe-
YTOIBHUKY, KOTOPBIE MOXKHO pa3pe3aTh Ha 5 MOMOOHBIX MCXOMHOMY. /loKa3zaTeIbcTBO 9TOr0 KpacuBoro ¢akrta Oy/ierT omyOJIMKOBAHO
B OJTHOM M3 OJIM2KAUIIMX HOMEPOB KypHaJsa "KBaut”.

3a. Pa3pes o0s13aTesIbHO COeMHSIET BEPIINHY TPEYTOJbHUKA C TOYKOW Ha IIPOTHBOIIOJIOXKHOI cTopone. Eciu yribl npu 9Toit ToOUKe
Pa3/IUYHBI, TO UX CYMMa MEHBIIE 7, MOCKOJIbKY OHM PABHBI ABYM YTJIAM HCXOJHOTO TPEYTOJBbHUKA. SHAYHUT, YIJIbI PABHBI, U TOTIA
OHM IIPSIMBIE.

ITonyTHO MBI yCTaHOBHJIM IIPOCTOM, HO IIOJIE3HBIH (PAaKT, KOTOPBIM Oy/I€M II0JIb30BATHCS B OCTAJIbHBIX ITyHKTAX JIAHHON 3a/1adu.
@Daxm 1. Ecan Kk HEKOTOpOMY y3J1y pa30MeHnsi MPUMBIKAIOT TOJIBKO JBa MAaJjbIX TPEYTOJBHUKA, TO B JIEHCTBUTEIHHOCTH MCXOTHBIN
TPEYroJIbHUK - IPsSIMOYTOJIbHBIM. Ecian BosHukIa curyanus n3 dakra 1, GyaeM roBOPUTH JJisi KPATKOCTH, UTO “HOJIyYeHa MPSIMO-
YTOJIHOCTD .

3b. Ilycrs TpeyronmbHUK pa3pe3aH Ha Tpu HOMOOHBIX emy. HanMeHbImit u3 ero yriioB He MOXKET ObITh pa3pe3aH. Y MaJIOro TPEyrojb-
HUKa, KOTOPBIA COJEPXKUT ITOT YIroJI, BCe BEPIIMHBI — HA CTOPOHAX ucxomuHoro. JIubo omna, jubo JiBe U3 9TUX BEPIIUH COBIAIAIOT
C BEPIIIMHAMH HCXOHOTO TPEYTOJHLHUKA. B mMepBOM Cirydae OCTAETCS BBIMYKJIBIA 9E€TBIPEXYTOJIHHUK, & BO BTOPOM — TPEYTOJBHUK.
B obonx ciyuasx ybexkmaemMcst HECTIOKHBIM TEPEOOPOM, UITO TIPU JATHHEAIIIEM PAa3PE3aHUN Ha JIBA TPEYTOJHHUKA MOJIYIaeM IIPSIMO-
YIOJIBHOCTD.

Mpr ycranoBuin €mmié OfuH MOJIE3HbIN (haKT.

Daxm 2. llycrs ucxonubiit TpeyrosbHuk nMeer yriasl o < 3 < v . Torma yrosm a He MoxkeT ObITH pa3pesaH. Bce BepruHbl Ma-
JIOrO TPEYTOJIbHUKA, KOTOPBIN €ro HAKPBIBAET, JIeXKAT Ha IPAHUIE MCXOJHOIO TPEYTOJIbHUKA. DTOT MAaJblii TPEYTOJIbHUK MbI OyIeM
HA3BIBATDb (-TPEYTOJIBHUKOM.

3c. Yuopsamouum yriibl KICXOAHOTO TpeyrobHuka: o < 3 < 7y, coorBercTByomue Bepmuabl obo3uadnm A, B, C. [lycts Tpeyroabuuk
paspesaH Ha YeTbIpe II0JI00HBIX €My, HO OPMEHTMPOBAHHBIX IIPOTHUBOIOJIOXKHO. PaccMOTpuM OTpE30K, KOTOPBINl OTCEKAET OT HEro
Q-TPEYTOJIbHUK.



IIpeamonoxum BHAYAJIE, UTO OCTABIIASICA 9aCTh — YETHIPEXyTroJabHUK. Torma 4epes KOHIBI JAHHOTO OTPE3Ka JOJIKHBI IIPOXOUTD EI11e
KaKNe-TO Pa3pe3bl, HHAYE CPA3y IOJIYy9IAEM IPAMOYTOJIHHOCTD. UTOOBI MOJIYYMIOCh POBHO 4 MAJIBIX TPEYTOJIbHUKA, TAKUX PA3PE30B
JIOJ2KHO OBITH POBHO JIBa, IIPUYEM OHU JOJIKHBI MMeTh OOIIYI0 TOYKY Ha CTOPOHE, IPOTUBOIOJIOXKHOM yIily «. 3aMeTHM Telephb,
YTO B IOJIyUEHHONW CXeMe pa3pe3aHus YTJIbl BCEX MAaJjIbIX TPEYTOJbHUKOB ONPEIEIAIOTCA OJHO3HAYHO. JlefiCTBUTENbHO, U3 YCIOBUS
IIPOTUBOIIOJIOKHON OPUEHTUPOBAHHOCTH MbI HAXOUM BCE YTJIbI TPEX TPEYTOJILHUKOB, HAKPBIBAIONIUX YIJIbI HCXOIHOIO TPEYTOJIHLHUKA.
ITocsie 3TOrO OHO3HAYHO HAXOJSATCS YIJIBI 'IEHTPAJIHLHOIO” TPEYrOJbHUKA: OHU OKA3bIBAIOTCS PAaBHBI T — 2a, ™ — 23 u m — 2. Tak
Kak T — 20 > 7w — 2B > 71— 2y, 10 m — 200 = 7. Otrcioga 3 =7 — a — v = a. Tem cambIM 10Ty 1a€M, ITO UCXOLHBIH TPEYTOIBHUK —
PaBHOOEIPEHHDIN, BOIIPEKU YCJIOBUIO.

IIycTh Temeps ocTaBIIasicsl 9aCTh — TPEYTOJIBHUK, U IIyCTh [) — BepIInHA yIiia Y B a-Tpeyrojbauke. Eciin Kakoif-sm1m60 yroJ Tpeyroyib-
uuka BDC' He pa3pe3aH, TO OYE€BHIHBIN 11epebOp MPUBOAUT K MPSMOYTOJTBHOCTU. 3HAYUT, Bce Tpu Bepmuubl B, D, C' coennHeHb
¢ HekoTopoil Toukoit O BHyTpu TpeyroibHuka. Ouesunuo, LABC > /OBC u noromy ZOBC = «. Torma B cmiiy ycjioBusi Ha
opuentanyio ZOCB = v = ZACB — nporusopedue.

4a. Muoroyronbauk M momKeH ObITh HEHTPAILHO-CUMMETPUYEHBIM. B caMOM fiejie, y BBITYKJIONO MHOTOYTOJBLHUKA MOXKET OBbIThH
He GoJiee IByX CTOPOH, IapaJsuleIbHBIX JAHHOMY HampasieHuto l. Ilosromy ecnm J;(M) = 0 mist so60it HanpaBiIeHHON IPsIMOIi [,
TO CTOPOHBI MHOrOyrojbHuKa M pasbuBaroTcs Ha Mapbl PaBHBIX U MapasulesbHbIX. [lycrs muOroyromsuuk M = A1As ... Asy. U3
BBIITyKJIOCTH MHOTOYTOJIbHUKA M citeyeT, 9To e JuHCTBeHHAs BOSMOXKHOCTD — A1 Az || Ant1Anto, A2As || Ant2Anys, ...y AnAnta ||

An Ay, MMostomy A1Ax = —Ant1Antk g kaxgaoro k = 2,3,...,n. 3uaunr, cepemuna orpeska AjA,41 — LEHTPp cUMMeTpUU
MHOrOyroJibHuKa M.

4b. IIpuseneM J0Ka3aTeIbCTBO U3 KHUTH [1].

Paccmorpum Bece oTpesku, sBiasONIECs CTOpPOHAME MHOTOYTOMBHUKOB M, M1, Mo, ..., Mj. OTMeTnM Ha 3THX OTPE3KAX BCE TOUKH,
SIBJISIIOIMECS] BEPIIUHAMU MHOTrOyroiabHukoB M, My, Ma, ..., M. Torma Mbl mOJIyduM KOHEYHOE YHCJIO 0OJIee MEJIKMX OTPE3KOB,
KOTOpBIe OyeM Ha3bIBaTh 3BeHbsIMH. Karkjasi cTopoHa KarKJI0ro u3 MHOroyrosbHuKoB M, M1, Ms, ..., M} cocTrout m3 OIHOIO Wiin
HECKOJIbKNX 3BeHbeB. Ha puc. 11 mzobpaxkeHo pasbmeHme MHOTOYTOJbHUKA Ha Oosiee Menkue gactu. CTOPOHA COCTOUT U3 TPEX
3sperbeB AM, M N, N B; u3 Tpex 3B€HbEB COCTOUT TaKxKe cTopoHa N P 3alITpUXOBAHHOIO Ha YepTEeXKe MHOIOYTOJIbHUKA.

3amMeTuM, 9TO AJId BIYHCIeHus nuBapuanTa Ji; (M) muoroyronpuuka M (nau a:060ro u3 MHOTOYyroabHUKOB M1, Mo, . .., M) MOxKHO
B34Th aJare0panvdecKyio CyMMy HE CTOPOH, a 3BEHbEB, MApPAJUIEJbHBIX MPAMON [, TaK KaK JJIMHA KAaXKJOW CTOPOHBI PABHA CyMMe
JUIMH COCTABJISIIOIIUX €e 3BEHBEB. 1109TOMY J1UIsl BBIMMCJIEHUSI CYMMBI, CTOSIIIEN B IIPaBOil YacTHU COOTHOIIeHUs 3amadm 4b, HyKHO
COCTaBUTD aredpamvecKyro CyMMY [UIMH BCEX 3BEHLEB, aPAJIEJIbHBIX MIPAMOi [, IPUYEM 9TH 3BEHbsl HY>KHO yYIUTHLIBATDH 110 BCEM
muOTOyrobHUKAaM My, Mo, ... M.

PaccMOTpUM HEKOTOpPOE 3BEHO, KOTOPOE ILEJINKOM (KPOMe, MOXKET OBbIThb, KOHIIOB) PACIIONIOXKEHO BHYTPU MHOroyrosbHuka M (3Be-
Ho EF Ha pucynke 11). Torma X HeMy HIPUMBIKAIOT [Ba MHOIOYTOJIBHHMKA M3 THCIa MHOIOYLOJNBHUKOB Mi, My, ..., My, npudeMm
OHU TIPAMBIKAIOT K PACCMATPUBAEMOMY 3BEHY C Pa3HBIX CTOPOH (OIMH — CIpaBa, APyroi — ciesa). [losToMmy mpu BbramcIeHUN
MHBapHaHTa OHOIO0 MHOIOYTOJIbHUKA PAcCCMaTPUBAEMOE 3BEHO BONJET C OJHMM 3HAKOM, a IIPU BBIYUCJICHUM WHBAPHUAHTA JIPYTOrO
MHOTOYTOJIBHUKA — € ITPOTUBOIIOJIOKHBIM 3HAKOM, U B 001l aarebpandeckoil cyMMe 3BEHbEB 9THU JBA UJIEHA B3AMMHO yHUITOKATCS.
Mpbl BUUM, 9TO MPU BBIYUCJIEHUN TPABOM YaCTU COOTHOIIEHUs 3a7a9u 4b MOXKHO COBCEM HE yYUTHIBATL 3BEHLEB, PACIIOJIOKEHHBIX
BHYTPH MHOrOyroJibHuKa M.

PaccmoTpuM Teneph HEKOTOPOE 3BEHO, PACIIONOKEHHOE HA KOHType MHOroyronbHuka M m napasutenbnoe npsamoii [ (3seno AM na
pucynke 11). K meMy npuMbIKaeT TOJIBKO OMH U3 MHOTOYTOMBHUKOB M1, M2, . .., M}, IpudeM ¢ TOI 2Ke CTOPOHBI, ¢ KAKOW IPUMBIKAET
K paccMaTpuBaeMoMy 3BeHy MHoroyrosbHuk M. CiemoBarenbHO, 9T0O 3BeHO Boiaer B cymmy Ji (M) + Ji(Ma) + -+ - + Ji(My) ¢ Tem
JKe 3HAKOM, 4TO U B uHBapuant Ji(M).

Urak, npaBast 9acTh cOOTHOImEHUs B 3amade 4b pasua J;(M), yTBepKIeHne JTOKA3aHO.

Pucynok 11.

4c. Ilycts MHOrOyroapbHuK M paspesanu Ha MHOTOYTOJMbHUKU Mi, Ma, ..., M} W CIOXKUIN U3 HUX MHOTOYTOabHUK M, mcnoibsys
TOJIBKO TTAPAJIJIEJIbHBIE IEPEHOCH YacTeil. 3aMeTnm, 9To Beanaunsl J; (M;) He MEHAIOTCS IPU MAapaJUIEIbHBIX TIEPEHOCAX MHOTOYTOJIb-
aukoB M;. [losromy mo 3amade 4b

Ju(M) = Ji(My) + -+ + Ji(Mi) = J(M"),

49TO U TpebBOBAJIOCH.

4d. Jlas moboro xeagpata M’ u moboit nanpasienHoit npamoii [ umeem J;(M') = 0. Ilosromy no zagaue 4c J; (M) = J,(M') = 0.
Torna no 3amade 4a MHOrOyroibHUK M 1EHTPAIbLHO CUMMETPUYEH.

5a. Cnexyer u3 4b.

5b. Eciu yros nm KpaTeH ¢ IpU HEKOTOPOM HeIeTHOM N, TO Ji,4(M) = 0 aBromaTrmdecku. [Ipennosnokum ajiee, 9TO N HE KPATeH
¢ HU IPU KAaKOM HEYETHOM 7. $ICHO, UTO e€Cc/ii HU OJWH W3 yIJIOB MEXKy MpsiMOil | m cToponamu TpeyronbHuka M He KpaTeH ¢, TO
Ji,6(M) = 0. IIpeanosnoxxkum Tenepb, 4ro Ji (M) = 0 u yros Mexxy HeKOTOpOii cropoHoit AB u npsmoii [ kparer ¢. Torma cropona
AB BHOCuT HeHyseBoil BKuaz B Jyo(M). IlosToMy ee BKJaJ JOJXKEH COKPATUTBCS CO BKJIAJAMH OCTAJIbHBIX CTOPOH. 3HAYUT, Y
TPEYTOJbHUKA JOJIZKHA OBITH €Ille O/IHa CTOPOHA, cKaxkeM BC', obpasyromas ¢ | yros, KpaTHbIi ¢. Bce Tpu CTOPOHBI 3a€ifiCTBOBaHbI



ObITH HE MOTYT, MOCKOJILKY AB + BC' 4+ C A # 0 0 HEpaBeHCTBY TPEyroJibHUKA. SHAUUT, TPEYTOJIbLHUK paBHOOenpenubiit, AB = BC),
n /B = n¢ mua vekoroporo nemoro n. HaoGopor, s mo6oro Takoro rpeyronbauka Ji (M) = 0, npu yCIoBHH, 9TO YTOT MEXKILY
AB u | xparen ¢, a yros mexxay AC u | He kpaTeH ¢. Mbl nepedncinam Bce BO3MOXKHOCTH.

5¢c. PaccmoTpuM HAIpaBIeHHYIO TPAMYIO [, COMEPKAINYI0 HEKOTOPYI0 cTopony s. Torma J; (M) # 0 mo 3amade 5b. 3naqwt, n
Ji.o(M") # 0. Orciona cienyer, 4ro Hafiferca ctopona s’ Tpeyrombauka M’ Taxas aTo yroa Mexay s u s’ kparen ¢. U3 aToro Bce
CIIe/TyeT.

5d. Mokno cunTaTh, uto 1) = 0. W3 3amaam 5a ciremyeT, uTo mBa Tpeyroiabauka M m M’ — TOpT um KOpoOKa — JOKHLI HMEThb
OZIMHAKOBBIE MHBAPUAHTHI Ji ¢ (M) 1y1s1 jio6oit HanpasiaeHHO# npamoii [. V13 3amaun 5¢ nostydaeM, 9To CTOPOHBI TPEYrOJILHUKOB M
u M’ MOXKHO 3aHyMepOBaTh TAKMM 00Pa30M, YTO YIJIBI MEK/Ly CTOPOHAMH C OJMHAKOBLIMHM HOMEpaMu KpaTHbI ¢. IlycTh, HanpuMep,
COOTBETCTBEHHBIE CTOPOHLI Tpeyronbaukos M u M’ mmeroT pasable HoMepa. OBO3HAMIM Yepe3 a1, (2, i3, O), (5, s YIIIBI, KOTOPLIE
06pa3yIOT 3TH CTOPOHBI ¢ HEKOTOPOii (pUKcrpoBanHoit mpamoit. Torna a; — of = ki¢ 1y1s HeKOTOpbIX Henbx k; n i = 1,2, 3. C apyroit
CTOPOHBI, (v — Qi+1 = Q1 — & st ¢ = 1,2, 3, T/ie MBI CIMTAEM TI0 ONIPEIENICHHIO (4 = 1. VI3 MOTy9eHHO# crcTeMbl 6 TrHEHHbIX
yPaBHEHWUI JIETKO MOJIydaeM Hy>KHOe Ce[cTBre. B yacTHOCTH, HAlIyTCa 1esible yucya k, [, m, He paBHbIE HYJIIO OJIHOBPEMEHHO, JJIst
KOTOpBIX k(a1 — o) + (e — a3) + m(as — a1) = 0.

5e. [lokazaTeabcTBo YTBepxkaeHuda 1 qus 3amayuu A. /locTaTovHO PACCMOTPETH CIydail HEPABHOOEIPEHHOTO TPEYTOIbHUKA.
MozkHO cunTaTh, YTO IPHU CKJIAJIBIBAHUU YacTeil B KOPOOKY OfHA M3 HUX OCTABAJIACh HEIOBUKHON, & BTOPYIO NPUJIOXKUIIN K Heil,
TOBEPHYB HA HEKOTOPBIN YTOJ ¢ BOKPYT HEKOTOpoi Touku O. Boamoxkubl 2 caydasi.

(1) Yrom ¢ mecomsmepum ¢ w. Torma u3 3anaan 5d mosydaem TpeGyeMoe yTBEPXK/ICHHUE.

(2) Yros ¢ comsamepum c .

st mr060it HATpaBJIeHHON TpsMOit | 0003HaYMM Yepe3 L MHOXKECTBO MPSIMBIX, MOJIYYAIONAXCS U3 MPsIMOit | moBOpoTaMu 60Kpye
mowku O Ha yTJIbl, KpaTHBIE ¢. BBemeM HA MHOXKECTBE HAIPABJIECHHBIX NPAMBIX dyHKIUIO f 110 caemyiomemMy npasuay: f(XY) =1,
ecmu XY €L, f(XY)=—-1l,ecmYX € L, u f(XY) =0 — unaue.

Ilycrs BHAauasne Touka O He gBisercsd BepinuHoil Tpeyroibauka M. Torma maiigyTcsa nBe cTOpoHBbI Tpeyroabauka M, ckaxem, AB
u BC, ne comepxamue touku O. s upsmoit I, comepxameii croporny AB, Jp(M) = +|AB| (unade cpasdy mojydaeM, 4TO OLUH
U3 yIJI0B TpeyroibHuKa M KpaTeH ¢, To ecTb comamepuM ¢ 7). Ilycts M’ — TpeyroibHWK, KOTODBIH mosyuuscs us M mocie
nepekaapIBanms dacreil. Paccyskmas aHAJIOrmIHO 3a1a4¢e ba, momydaeM, aro Jp(M') = Jy(M) = +|AB|. 3naqnT, cTOpOHA JIIHHBL
|AB| Tpeyronsauka M’ o6pasyet co croponoit AB yros, kpaTubrit ¢. Anasorudmo, cropora myunet | BC| Tpeyromsauka M’ o6pasyer
co croponoit BC' tpeyrosbuuka M yros, kpaTHblii ¢. Torna, mojab3ysich TeM, 9TO yrojl ¢ COM3MEPHUM C T, AHAJIOIMYIHO PEIIEHUIO
3agaqan 5d momydaem cootnornenue ko + I3 + my = 0 11 HeKOTOPBIX TEebIX k, [, m, He PaBHBIX HYJIIO OJHOBPEMEHHO.

Hawm ocTasocs pacemorpers ciydait, Korga Touka O coBnasia ¢ OHON M3 BepinuH Tpeyroibauka M. Beemem ere ommH nHBapUaHT.
ITycte OX — nHexoropblii ayw ¢ HadagoM O. s mo60oro HampasieHHOro orpeska AB obosunauuMm 4yepes Jo x (AB) miuny nepecede-
nusgt ABNOX, npudem ona 6epercs co 3HakoM +, eciiu AB conanpasiien ¢ gydaom OX, a uHade — co 3HakoM —. {1t mpon3BoILHOTO
MHOroyrosisHuKa P o6o3naunmM depes Jo x ¢ (P) cymmy Bemuuann Joy (AB), rne AB npoberaer Bce BEKTOPBI CTOPOH MHOIOYTOJIbHUKA
P, a OY — Bce ayun, koropble noiydatorcs u3 OX moBoporaMy Ha YIJIbl, KpaTHbe yrioy ¢. Torga JaHHBI WHBADUAHT HE PaBEH
HYJIIO JJIsi CTOPOH Tpeyroabauka M, conepxkamux Bepiuny O. Paccykmas anaaornaHo perrenuto 3amadu bd, mosrydaem Tpebyemoe
cootnorenne ka + 13 + my = 0 nj1s HEKOTOPBIX 1eIbIX k, [, M, He paBHBIX HYJIIO OJTHOBPEMEHHO.

6a. /lokazaTeIbCTBO aHAJIOTUYHO PENIEHUIO 3amadu 4b.

6b. JTo6oit rpeyroabuuk A; B;C; MOXKHO cOeIUHUTL cO cTOpoHOi AB nenoukoii tpeyroabuukoB A1 B1C1, A2B2Co,. .., A;B;C;, B
KOTOPO¥ COCEIHIE TPEYTOJILHUKY UMEIOT 01l 0Tpe3oK rpanuisl, npudeM A By conepxkurcs B AB. [losromy nocrarodno nokasaTs,
YTO €CJIN OJIHA U3 CTOPOH Tpeyrosbauka A; B;Cj obpasyer ¢ npsimoit AB yron Buja ka+I13+m-y, To u nBe npyrue — toxe. [lociennee
YTBEPKIEHUE OUEBUITHO.

6¢. 3amaua 6b momckasbIBaeT, YTO pasobaauarowyro byHknuio [ ciieayer uckarh B Buje GyHKIUU oT k, [ u m.

Urak, mycts f(XY) = f(k,1,m), tae nensie uncaa k, [, m TAKOBBI, 9TO yTOJ MKy OPUEHTHPOBAHHBIMU NpsaMbiMu X Y u AB pasen
ka+ 18+ m~. o onpenesieHnio, yroa Mex Iy OpUEeHTUPOBAHHBIMYU TpaAMbiMUA X Y u AB — 3T0 yroJi, Ha KOTOPbIHA HY>KHO IIOBEPHYThH
npsmyio AB, 4Tobbl oHa coBnaja ¢ upsAMoil XY, ¢ y4eToM HalpaBJIeHUs. Y TOJI MEXKy OPUEHTHPOBAHHBIMHE IIPSIMBIMY OITPEJIEJIEH C
TOYHOCTBIO 70 27. [losromy menwie uncia k + 2, [ + 2, m + 2 onpenensroT TOT 2Ke yroj, 9to u uucaa k, [, m. 3HAUAT, MBI TTOTYIa€M
ycIoBue, KOTOpoMy obs3aHa yaoBaeTBopaTh nHama dynknus: f(k + 2,1+ 2, m + 2) = f(k,l,m). Ilockonbky «, 3,7 HECON3MEPHUMBI,
TO C TOYHOCTBIO 110 3aMeHbl k,l,m — k4 2,1+ 2,m + 2 uucna k, [, m OTHO3HATHO ONPEIEJISIOTCS OPUEHTUPOBAHHOMN TIpsiMoit XY .
Takum o6pasom, mobas dynkums, yaosiaersopsiomas yeaosuto f(k+ 2,1+ 2, m+2) = f(k,l, m), koppekTHO onpegenser GyHKIUIO
HA MHOYKECTBE OPMEHTHPOBAHHBIX NPpAMbIX. (Mbr mosaraem f(XY) = 0, ecim XY ommvna OT JIMHWAA paspe3oB. )

HaitzieM, KaKUM ele yCIOBHAM JOJKHA yrosiaeTBopaTh dyukuus f(k,l,m). Bo-nepsoix, f(XY) = —f(Y X), nostomy

Fle+ 1,1+ 1,m+1)=—f(kL,m). (1)

W3 storo ycnosus ciexyer takxke f(k+ 2,14+ 2,m+2) = f(k,l,m).

Paccmorpum teneps yciosue Jy(A;B;C;) = 0. Ilpennonoxum, uro y Tpeyronbauka ABC BEPIIMHBI PACIOJIOMKEHBL B yKA3AHHOM
MOPsAJIKE TI0 YaCOBO# cTpesike, a y Tpeyrojbuuka A; B;C; — nporus 4acoBoii cTpenku. IlycTh yros MexKIy OpUEHTHPOBAHHBIMU
npameiMu A; B; u AB pasen ko + 13+ m~y. Torga yron mexny npsMbivu A;C; u AB 6yner paset (k—1)a+15+m~y, a yroa mexay
npsameivu C; B; m AB Gyger pasen ka + (I + 1) + my. Ilostomy

Jr(AiBiCy) = f(k,l,m)|AiB;i| — f(k,l +1,m)|B;C;i| — f(k —1,1,m)|C; A4
ITockonbky Tpeyronsuuku A; B;C; u ABC nonobusbi, To yciosue Jf(A;B;C;) = 0 MOXKHO Iepenucarb B BUIE
flk,I,m)|AB| — f(k,l +1,m)|BC| — f(k —1,1,m)|CA| = 0. (2)
Paccy»xnas ananoruano, yciaosue Jy(ABC) # 0 MOXKHO IepenucaTb B BHIE
F(0,0,0)|AB| - £(0,~1,0)[BC| - f(1,0,0)|CA| £0.  (3)

Wrak, Ham gocrarouno Haiitu dyuxuuio f(k, [, m), yrorersopsionyio ycaosusM (1)—(3). 3aMeTm, 9T0 BTOpoe COOTHOIIIEHUE 3a,1a€T
orpannvenus va dbyuknuio f(k, [, m) npu dukcuposannom m. [losromy onpemenmum dyrkmmio qyst m = 0, & IPU OCTATLHBIX 1711 OHA



OIPEJIE/TUTCS U3 TIEPBOTO COOTHOIIEHUS. YCMOTPEB OrPOMHBIH ipon3sost, Bo3bMéM f(k, 0,0) = 1 nys Beex k. Torma f(k, 1,0) = (|JCA|—
|AB|)/|BC| nnst Beex k. Jlanee, moxno mpunsts f(k,1,0) = ((|CA| — |AB|)/|BC|), a nenas monpasky Ha TepBOE COOTHOIIEHHME,
HOJTy YaeM

F(k, Lm) = (—1)™ - (%) o

Hoa naunoit dbyukuuu f(k, 1, m) coornomenus (1)—(3) mposepaioTca HENOCPEACTBEHHO.

6d. JokasarenabcTBo YTBepxKaeuus 1 aasa 3amauu B. Hemocpeacreenno cieayer us 3amad 6a u 6¢.

6e. OrTBeT aBTOpaM HEU3BECTEH.

7. Kaxxtomy KpuBOJIMHERHOMY MHOTOYTOIBHUKY M conocrasum umcito J(M): cymma JTMH TPAHUYHBIX YT, K KOTOPBIM MHOTOYTOJIb-
HUK IIPUMBIKAET C "BOCHYTOI’ CTOPOHBI, MUHYC CyMMa JIJIMH JIYT, JIjIsi KOTOPBIX MHOT'OYTOJIbHUK ITPUMBIKAET C "BBITYKJION CTOPOHBI.
Jlerko nmpoBepuTh, uro uHBApUaHT J(M) ONMHAKOB st KPUBOJIMHEHHBIX MHOIOYTOJIBHUKOB, OJUH U3 KOTOPBIX IIOJIy9aeTCsd U3 APY-
rOro paspe3aHreM IO OTPE3KAM M JyTraM OKPYXKHOCTEH M CKJIQIbIBAHUEM ITOJIy Y9eHHBIX JacTei. B 1o xe Bpems g kpyra J(M) # 0,

a misa kBagpata J(M) = 0.

PEIITEHUA: YACTD II.
8. I'eomempuneckoe pewerue. Ky6 ABCDA’'B'C' D’ paspesaerca na 6 rerpasapos AC'BB’, AC'B'A’, AC'A'D’, AC'D’'D, AC’' DC,

AC’C B mecTbio IIOCKOCTSIMHE, IPOXOAAIIMME Uepe3 Mapy TPOTHBOIOM0KHEX BepumH A, C’ Ky6a u OJHy M3 OCTABIINXCA BEPIINH.
PaBeHCTBO TaHHBIX TETPA3/IPOB CIIe/IyeT U3 coobparkeHuii cummerpun (Harnpumep, Terpasap AC’ BB’ nepexoqut B Terpasap AC' A’ D’
npu oBopoTe Ky6a Ha 120° BokpyT npamoit AC").

Auanzebpauueckoe pewenue. Kyb 0 < z,y,z < 1 moxkuo paspesarb Ha 6 TerpasgpoB 0 < z < y <2< 1, 0<z<z<y<l,
O0<y<r<z<]l, 0<y<z<rz<l, 0<z<z<y<]l, 0<zg<y<r< L.

9a. IIpoBeneM JIMHUIO, COEUHANIYIO CEPEIUHBI OOJIBIINX CTOPOH IPSMOYTOJbHUKA.

9b. Pazmennm aBe GosbIlime CTOPOHBI MPSIMOYTOJBHUKA Ha ¢ PABHBIX YacTell, a JBe MEHbIINEe — Ha p paBHBIX dacreit. [IpoBemem
Jepe3 COOTBETCTBEHHbIE TOYKHU JI€JIEHUS JINHUY, [IapaJlyIeJIbHbIe CTOPOHAM IIPSIMOYTOJBbHUKA.

9c. Ilycrs man mpsiMoyrosbHEK 1 X o, £ = v/2. OTpekeM OT HEro IpsIMOYTOIbLHUK 1 X % Ot nostygyennoit mosiocku 1 X (3:0 — %)

oTperkeM 1Ba npaMoyrobHuKa (z° — 1) X (z—1). Ot noBoit noockn (3—2z7) X (z— 1) oTpezkem npamoyromsank (3—2z7) x (£ —2z).

V nosydennoro npsamoyronsauka (3 — 22) x (3z — %) OTHOIITEHHE CTOPOH TAKKe PABHO &, TOCKOILKY &t = 2.
9d. Ilyctb

x

r=a;+
az +
as +

1

a4+ ...
— IIepuoguveckKasl IelrHast ,Hp06b. Tak Kaxk II0CJIe10BATEJIBHOCTD Qf IIepuoJguvdeckKasa, TO JIJjigd HEKOTOPOIo 1

1

r=ai+

az + ...
? 1

azp + —
r

OrTankuBasich OT JAaHHOIO PABEHCTBA, HETPYIHO IIOCTPOUTH Pa3pe3aHue NMPSIMOYIOJbHHUKA 1 X r HA HECKOJIBKO KBaJPATOB U OJIUH
MPSMOYTOJIBHUK C OTHOIIIEHUEM CTOPOH 7. JleficTBUTEIbHO, OTpeKeM BHAUAJE OT MPsAMOYTOJbHUKA 1 X 1 KBagpaTsl 1 X 1 B KoimdecTBe
a1 mryk. ITosyunm nomocky 1 X (r — a1) ¢ OTHOIIEHHEM CTOPOH

— =a2+
r—al 1
as+ ... 1

azn + —
T

OT maHHOM IIOJIOCKU OTPEXKEM OTpeXKeM a2 KBaaparos (r — ai) X (r — a1) u 1. A. IIpomoszkas 9TOT IPOIECC, MBI IOJIYYUM B UTOTE
MPSMOYTOJILHUK C OTHOIIIEHUEM CTOPOH T

3 NOCTPOEHHOTO pa3pe3aHust MPSMOYTOJbHUKA 1 X T HETPY/HO TIOJy9InTh TpebyeMoe paspe3aHue NpsAMOYyTOJIbHUKA 1 X +/T: Hy»KHO
CKaThb MPSIMOYTOJBHUK 1 X T B /T pa3 BJIOJIb CTOPOHBI T.

9e. [IpsaMOyToOIBHUK C OTHOITIEHUEM CTOPOH ¢ pa3pe3aH Ha 3 BEPTUKAJIBHBIX ITOJOCKU. B TepBoil MOI0CKe CBEPXY BHU3: MPSIMOYTOIb-

L 1 TeiicrBuTenbHO:
a

HUKH C OTHOIIEHNEM CTOPOH a, %; BO BTODOIL: a,a, %; B TpeTheil: a, -,

=T+ Tt T —

(a® +1)(2a®> + D(a? +2) = (a®> + D (a® +2) + (a® + 1)(2a® + 1) + (2a% + 1)(a® + 2);

2a° + 2a* — 4a*> — 3 = 0.
Meuorounen 223 4+ 222 — 4z — 3 He WMeeT paIMOHAIBLHBIX KOpHeil. JleiiCTBUTENIBHO, ecim % — HecokpaTuMasi JIpobb UM KOpPEHb
MHOTOYJIEHA, TO P JEJUT CBOOOJHBIN UjieH, a q JAequT crapiiuii. Jlerko npoepuTsh mepebopom, uro +3,+1, :i:%7 :t% He SIBJISIIOTCS
KOPHSIMHU JAHHOTO MHOTOYJIECHA.
9f. Jlerko mocTpouTh mpuMepsbl paspe3anuii Ha 4, 6 u 8 gacreit. [lo pa3spesanuio Ha n gacreil crpouTcss paspesanue Ha N + 3 YACTH.
10a. IlycTs e; - coorBercTByIOIIEe PeOPO HeKOTOporo MuororpanuHuka M. Pacemorpum nunusap C ¢ ocsio e u paguycom 1. JIBy-
TPAHHBIA YyTOJ Ipu pedpe e BhICEKAET Ha MOBEPXHOCTH IMUINHIPA JIeHTy L amuuoit o u mmpwuaoit [. Ha moBepxHOCTH mOAIIMIMHIPA
C'; ¢ ocwio e; u paguycom 1 munuaapa C' IBYTPAHHBINA YOI IPY €; BBICEKAET JIEHTY L; IMUPHUHBI o; 1 JIuHb [;. Tak Kak MHOTOTpaH-
HUKU pa3pe3aHus He IIePEeCeKaIOTCsl M MOKPLIBAIOT BeCh MHOrorpanHuk M, jgenra L paspesaercs Ha jieHTsl L1, Lo, . .., Ly. Ocramoch
YCTAHOBUTb €CTECTBEHHOE COOTBETCTBUE MEXKY TOYKAMU JIEHTHI L M MPSIMOYTOJBHUKA | X (v, ITOOBI MOJYYIUTh €0 pPa3pe3anue Ha
IPSAMOYTOJBHUKHA [; X uj.
10b. Jlobas obmast Touka mpsimoit £ n mMHOrorpanuuka M sBisiercss b0 BHYTpPEHHEH TOYKOI HEKOTOPOro MHororpanuuka M,
b0 JIEKUT Ha TPAHUIE HECKOJIbKUX MHOTOIDAHHWKOB paspe3anusd. llycts eq,ea,...,e, — pébpa MHOTOIDAHHUKOB pPa3pE3aHUs,



KOTOpBIE JiezKarT Ha npamoii £ (ux mmwnst l1,ls, ..., 1n). lycts f1, f2,..., fm — [JIMHBI BCEBO3SMOXKHBIX II€pECEUCHUi HE MO pebpy
mpsmoit £ ¢ rpansmu MHOTOrpanankoB M. Utak, pébpa e, ea, . . ., €, 00pa3yIOT CEMECTBO OTPE3KOB Ha mpsiMoit £. Be3 orpanndenns
OOIIHOCTH €1, €2, . .., es — BCe PEOpa, JieXKalye Ha OJTHOM U3 TakuX oTpe3koB I. JlokaxkeMm, 4To HAGOp MPSIMOYTOJILHUKOB €1 X (1, €2 X
Q2,...,es X as [-paBHOCOCTaBIEH NPAMOYTONBHUKY | X 7. IlpoBesst moKa3aTeIbCTBO /I BCEX TAKUX OTPE3KOB W MPUJIOKUB JPYT
K JIpYTY TOJIyI€HHbIE MPSMOYTOJBHUKA TITHPUHBL T, TOJIYIUM YTBEPKICHNE 3aTa19H.

IIycts C' - noBepxHOCTb IuIHHAPA ¢ Oocbio I n paguycom 1 6e3 "kpsoimek". /IByrpannbe yribl Ipu €1, €g,. .., ey BbicekaioT Ha C
JIeHTHI l; X «; (IpaMol IMHBL [; 1 OKPY?KHOCTHOH MIMPHUHBI ;). TaK KAk MHOTOIDAHHUKH HE MEPECEKAIOTCS U MOKPBIBAIOT BECh
muororpanuuk M, o C' pa3pesaercst Ha JeHTHI [; X a; U f; X 7. [Ipomosmkum Bce okpykHOCTHBIE pa3pe3nl. Torma C' pa3pe3aercsd Ha
KOJIbIIA. BEIGPOCHM 13 BCeX KOJIEL] JIEHTHI ITUPUHBI 7 (MaCTH JIUIIHUX JIEHT C IPSIMOi JUINHOIA f;), & HETPOHY ThIE KOJIbIIA PA3PerKeM Ha 2
JIEHTBI OKPY2KHOCTHOI TIpUHBI 7. V13 BCEro 0CTaBIerocsi MOXKHO CJIOXKUTD JIEHTY OKPY?KHOCTHOM IMITUPUHBI 7, KOTOPOIl COOTBETCTBYET
[IPSIMOYTOJIBHUAK HIMPHUHBI 7, PA3PE3aHHbI HA YaCcTH IPSIMOYTOJBHUKOB [1 X a1,la X aa,...,ls X ag, HOJyYeHHbIE TaPAJIIEIbHBIMA
[I€PEHOCaMU, BEPTUKAJIBHBIMI ¥ MOPU30HTAIBLHBIMI Da3pe3aMH.

10c. Habop mpsiMOyTrOJIbHUKOB, COOTBETCTBYIONINII TEPBOMY MHOTOTPAHHUKY, OObEINHEHHBIN ¢ HEKOTOPBIM HAOOPOM IIPSMOYTOJIb-
HukoB mmpuHb! T, 110 10a n 10b [-paBHOCOCTaBIEH 00bEINHEHNIO HAGOPOB MIPSIMOYTOJIBHUKOB, COOTBETCTBYIOIIMX MHOIOIDAHHUKAM
pasbuenns. Takxke u st Broporo. OJHAKO OYEBHIHO, YTO OTHOIIEHWE [J-paBHOCOCTABIEHHOCTH TPAH3UTUBHO U CUMMETPUYHO.
ITonygaem Tpebyemoe.

10d. IIycte M — cepenuna C'D. AM u BM nepuengukynspubl C' D, mostomy BenununHa yria ZAM B ecTb BeJIMduHA IBYTPAHHOIO
yruia upu pebpe C'D rerpasgpa. I[lycrs mimna pebpa Terpasipa paBHaA a, TOTJA II0 (1)op2MyJIe [BBICOTHI TIPABHJILHOIO TPEYTOJIbHIKA
AM24BM2-AB? _ 1

AM = BM = ga. ITo Teopeme kKocunycoB ast Tpeyroibauka AM B nmeem cosf = SANTEN 3

HoxaxkeM 1o MHAYKIMY, 9TO cosnf) = S, Tae an - 1ejioe U He geuTca Ha 3. Basa muayknmm qyia n = 0 u n = 1 oyebuna.

ITar nexykoun. @opMysa ajist CyMMBL KOCHHYCOB 1pu 1 > 1: cos(n + 1)8 + cos(n — 1) = 2cosnfcosf, orkyna cos(n + 1)6 =
2cosnbfcosld — cos(n — 1)0 = 2“"&# JeiicTrBuTeNEHO, 20, — 3A8—1 HE JEIATCA Ha 3.

Buaunt, coskd # 1, orciona k0 # 2mn, Te. 6 # L.

11a. ITycTs mepBblit HAOOP pa3pe3asu Ha IPSIMOYTOJILHUKH, IEPEHECIN UX, CJIOXKUB BTOPOi Habop. JlopaspekeM HpsIMOYTOIbHUKU:
MIPOJIOJIPKUM BCE BEPTUKAJIbHBIE PA3pe3bl B PA3PE3aHUU IEPBOro HAOOPa U BCe TOPU30HTAJbHBIE - Y BToporo. [losydyennoe paspesa-
HHME MOXKHO BBITIOJHUTD 3JIEMEHTAPHBIMU Pa3pe3aMU: CHAYAJIa Pa3pe3aeM IePBbI HAOOp M0 BCEM BEPTUKAJIBHBIM Pa3pe3aM, 3aTeM
paspesaeM KarK/yIo BEPTUKAJIBHYIO IIOJIOCKY ropn3oHTa bHbIME. CobupaeM ropu30HTAJIbHBIE CTPOKH PAa3pe3HMs BTOPOro HAbopa, a
3aTeM O0beIUuHSIeM HX.

11b. Beeném oneparuio ng Habopa 0, T, Yi, , Yis, - - -, Yi,, | U3 UIPEKOB yOUPAETCA ¢ HAHOOJIBIIMM HOMEPOM s TaKoi , uro pf + qm +
M1Yiy + p2Yi, + - + puryi, = 0, rie Bce KoaddUIMEHTH pannuoHaIbHbIle U s 7 0. IlpuMennM sTy onepanuio K HauaIbHOMY HabOpy
CKOJIBKO MOKHO pa3. Iomyunm Habop 0,7, Y, , Yjs s ---Yj,. . SAMETHM, UITO IJIsI JIIOOOTO djIeMeHTa & U3 Y CYIIECTBYIOT PaIlMOHAJILHBIE
Dy Qs 11, 25 - - 5 fory, ITO T = PO + T + pyyy + p2ys, + o+ ey Hyers pif + qum + pnyyy + poys, + o+ peys, = @ = p2f +
@+ &y + &y + 0+ &y, Torma (pr— p2)0 + (0 — g2)m + (p — &)y + o+ (s — &)Yy = 0. Eem pe # &, To s
nabopa 0,7, Y, Yjs, ---Yj, MOXKHO €II€ Pa3 IPUMEHUTH OIUCAHHYIO OIEPAINIO — IPOTUBOpeUINe. SHAUUT [ = &; A1 Beex t. OpHako
0 v T HeCOU3MEPUMBI U HE PABHBI HYJIIO, 3HAYUAT P1 = P2 U ¢1 = @2, T-€. JJIs JIIOOOTO 3JIeMeHTa & U3 Y CYyHIIECTBYIOT eIUHCTBEHHBIE
PallMOHABHBIE D, ¢, [i1, U2, - - -, fr, ITO T = pO + qm + p1yj, + p2yj, + -+ pryj,..

11c. ITycTs mosydeH HOBBIM HAGOp paspe3aHueM MPAMOYTOJILHUKA T X Y.

Paspes BepTuKasbHBIN: nBapuanT nomensicst Ha o1 f(y) + z2f(y) — zf(y) = 0.

Pa3pes ropusonTanbHblil: nEBapranT momensics Ha T f(y1) + zf(y2) — zf(y).

Iyers y1 = f(y1)0 + qum + pays + pays + -+ + pnyn 1 Y2 = f(y2)0 + @2m + &yt + &2y2 + -+ + oy Torna y = y1 +y2 =
(F(y1) + f(y2))0+ (@1 +a2)m+ (1 +&)y1 + (2 +&2)ya+ -+ + (i +&n)yn- To ectp f(y) = f(y1) + f(y2) n nHBaPHAnT He OMEHATCH.
11d. Tak Kak MBapHMaHT COXPAHSETCs IIPU JIEMEHTAPHOM Ipeobpasosanuu Habopa (llc), To mo 1la muBapumants! [l-paBHOCOCTAB-
JIEHHBIX HAOOpOB paBHbI. OMHAKO MHBApUAHT i Habopa (a X 0,1 X ) paseH a, a mua b X 7 - mymo. CrenoBarenbHo, 9T HAGOPBI
e [J-paBHOCOCTaBIIEHBI.

11e. Ilpemmonoxxum obparnoe. Torma mo Jlemme I maboper 6 pas a x 6, [1 X 7 u 8 pas b X 7, l2 x 7 [J - paBHOCOCTaBJIEHBI.
Opnrako nepsbiit HaOop U-paBHOCocTaBimen Habopy 6a X 0, [y X m, a Bropoit — HabOPY (% + l2) X 7, 3HAUMT mocnemaue 2 HAGOpA
O-pasuococrtasienst, HO 10 Jlemme 11 onn [-ne paBrHococTasiens: B cuay 10d. [IporuBopedne.

12a. Jlo6osoe pewenue. Ilokaykem, 9TO OTHOIIEHNE CTOPOH Pa3pe3aeMOro IpPsIMOYTOJIbHUKA panuoHaibHo. Ilycrs x1, T2, ..., Ty —
JIJIMHBI BEPTUKAJIBHBIX CTOPOH KBaApaToB. CTOPOHBI KBAJIPATOB MOTYT O0LEIUHATHC B OTPE3KH. JIMO0 TaKol OTPE30K — ITO CTOPOHA
GOJIBIIIOrO IPSIMOYTOJIbHUKA, U OTCIONA Ti, + iy + -+ + Tiy = @ WA T4, + Tiy + - -+ + X4, = b, b0 K 3TOMY OTPE3KY C ABYX CTOPOH
[IPUJIETaOT KBAJIPATOB Pa3pe3aHUs, JIJIsi CTOPOH KOTOPBIX MBI MOXKEM 3aIMCATb T + Tip, + -+« + iy, = &j; + Tjp + -+ + x5, WK
Tiy + Tig + -+ X4, = Tj; +Tjy, + -+ Tj,, 30€Chb T4y, Tiy, ..., Ti, - CTOPOHBI KBAJAPATOB C OJHON CTOPOHBI M Lj;, Ljg,-++,Lj, — C
JAPYTOA.

3anumrem Bce Takue ypasHeHUs (IepeMeHHBIMU GyIyT UKChl, ¢ u b). Byxem BbIpazkaThb II0 OdYepenn IepeMeHHbIe, KpoMe b, M moj-
CTaBJIATH UX B OCTajibHbIe ypaBHeHus. Haauém ¢ a. [Tocsie Becex UCIIONb30BaHHBIX BOZMOXKHOCTEH MOJIYYUM, YTO KaXKas epeMeHHAs
epBoit rpynnsl (B Heil a) BbIpaXKaeTcsl depe3 IIepeMeHHble Apyroii rpynnsl (B Heil b) nHeiHOH KoMOMHAIMENH ¢ palnOHAILHBIMU
koadurmentamu: a = £1x1 + 222 + - - - + Enxn + Eb

T = pinT1 + pie®a + -+ fin®n + b (1 =1,2,...n)

IlepemenHbie B JIeBOI YacTH BBIPAXKAIOTCS YPABHEHUSIMY, B KOTOPBIX KO3(MMUIMEHTHI HEHYJIEBbIE TOJIBLKO IPHU IIEPEMEHHBIX BTOPOIT
rpynns! (JJ1s IepeMeHHBIX BTOPO# IpyNnbl 106aBI€Hbl YPABHEHUS T = I;).

HoxkazkeMm, 9TO BO BTOPOIi rpymme ToabKo b. Ilycrs me Tak. Ilycrs x, Bo BTOpoil rpymnme. 3aMeTuM, 9TO €CJIU MPUIATIAM 3HATCHUS
[IEPEMEHHBIM BTOPOI I'DYMNIBI TaK, 9TOObI BCE PABEHCTBA BBINOJIHSIINCH M BCE IIEPEMEHHBbIE ObLIN ITOJIOXKUTEJIbHBIE, TO IOJIYYNM
COOTBETCTBYIOIIEE pa3pe3aHue NPsIMOYTOJIbHUKA (JoKakuTe). Bo3bMéM IepBOHAUAIBLHOE Pa3pe3aHne, YBEIUIUM Ly HA € TAK, YTOObI
BCE UKCBHI ¥ @ OCTAJIUACH MOJIOXKUATEIbHBIMY. [0y arM GOIBINON NPSIMOYTOIBHUK CO CTOPOHAMY 4+ &, € U b, pa3pe3aHHbIil Ha KBAJPATHI
CO CTOPOHAMHU X1 + UInE, T2 + U2n€, ..., Tn—1 T bn—1nE, Tn + €.

Banumem paBeHCcTBO mwomaaeit: (a+ &ne)b = (z1+ /J,1n6)2 + (z2 + uzns)2 + (T + un,msf + (zn+ 5)2 = (/ﬁn + ugn +-- 4
fn—1n + 1)e” + (281110 + 2T2p12n + -+ + 2Tp—1fin—1n + 285 — Exb)e =0

Msr1 BuuM, 9T0 He GOJIBIIE ABYX € YAOBJIETBOPSIIOT 9TOMY PABEHCTBY, OJHAKO IEPBOHAYAIBLHO MBI MOIJIM B35Th JII000E € U3 HEKOTOPOIA
MaJIOfl OKPECTHOCTH HYJIsI. SHAYUT BCE-TAKM BO BTOPOIi IpyIIe HeT UKCOB, ToiIbKo b. Hy a kak y»ke 6GbLI0 0OTMEdeHO, BCe IepeMeHHbIe
IEPBOI TPYIIIBI BHIPAKAIOTCSH JIMHEHHON KOMOMHAIMEH depe3 mepeMeHHbIE BTOPOii TPYIIIBI, TO €CTh a = pb, T/ie p PAIMOHAIBLHO.

10



Pewenue, ochosarroe na ceedernuu x Jlemme I1. Ecan mpsMoyroabHUK a X b MOXKHO pa3pe3aTh Ha KBaIPAThI, TO OH []-paBHOCOCTABICH
HIPAMOYTOIBHEKY b X ¢ (ITOCKOIbKY KBapar nepexomut B ceba npu mosopore Ha 90°.) Torza mo Jlemme IT oTHOmenme § panumoHaIbHO.
"Pusuneckoe” pewenue. JlanHoe yTBepyKeHUe ClIeLyeT Takxke u3 3agadu 13b maa R = 1.

12b. IIpeamomoxum nporusuoe. Ilycts a1, a2, ..., a, — pébpa TeTpasAPOB, HA KOTOPBIE pa3pe3aH TeTpadap ¢ pebpom a. Torma mo
3agade 10 mabop 6a1 X0, 6a2 X0, ..., 6a, x0 O-paBHococtaBiaeH Habopy 6a x 6, I X w. CaemoBarenbro, o 3agade 11 a1 +as+- - -+an = a.
PasencrBo 06béMOB: a3 +a3 +- - -+ a3 = a®. Bossoaum nepsoe paBeHcTBo B Ky6: a3 +a3+---+a3 + A =a®, roe A > 0 — npuxomum
K IPOTUBOPEYUIO CO BTOPLIM PABEHCTBOM.

Hdes zeomempuneckozo pewenus. Y TBEpKIACHUE 38291 MOXKHO JIOKA3aTh TAK¥Ke, PACCMOTPEB PeOPO OJIHOTO U3 MEHBIIUX TeTPadJl-
POB, ILIEJINKOM JIEXKalllee Ha IpaHu HOJIBIIEro Terpa’japa. 1orjga B 9ToM pebpe CXOIHUTCs HECKOJIBKO JBYI'DAHHBIX YIJIOB, PABHBIX 0, a
UX CyMMa JIOJI?KHA OBITH DaBHA 7.

13a. Ilycrs U; u Uz — HanpsizkeHusI B BepXHEM ¥ HUXKHEM HEKOHIIEBBIX y3JsiaxX. Ecii BblJesleHre Telia Ha 2-OM U 3-eM pPe3UCTOpe
OoJsibllle BbIIesIeHns Tensa Ha 4-oM u 5-oM, 3amenuM U; Ha Us. Ilosmyunm ymeHblmeHne oOIero BbIIEJIEHUs Telsia. ECan TenaoTh
PaBHBI, TO CJIeJIaB TO K€ CaMOe, IOJIyIUM YMEHBIIIeHHEe OOINEro BIJAEICHUS TeIljIa. SHAYAT, MUHIMYM BBIJICJICHUS TEILIa JOCTUTACTCS
npu Uy = Us. lasee cxema 09€BHIHO CBOJMTCS SJIEMEHTAPHBIMU IIPEOOPA30BAHUSAMUI K CXEME U3 OJJHOI'O PE3UCTOPA.

13b. Cxema 04Y€BUIHO CBOJUTCS JIEMEHTAPHBIME [IPEOOPA30BAHUSME K CXEMe U3 OJIHOIO PE3UCTOPA.

14a. [eomempuueckoe pewenue. Ilo 3amade 11a manmnoe paszpesanre TPSIMOYTOTbHAKA MOXKHO MOy IATH [TOCTIEI0BATEIHHOCTHIO dJTe-
MEHTapHBIX IPeobpa3oBaHuil (M OOPATHBIX K HUM). 3aMETUM, YTO ODIIee COIPOTUBIIEHUE CXEMbI IIPH 9JIEMEHTAPHOM IIPE00Pa30OBAHIN
HE MEHsIeTCs.

"Dusuueckoe pewenue”. Ilpeamonoxum, 9T0 IPAMOYTOIBHAS JIACTUHKA C/IEJIAHA U3 OJHOPOIHOTO MIPOBOLIINEro MaTepuaia. Bymsem
CYUTATH €0 yJeJbHOe conpoTuBiieHne paBHbiM 1. COeQMHIM IPOTHBOIIOJIOXKHBIE BEPTUKAJIbHBIE CTOPOHBI IJIACTUHKHU C IOJIOCAMHU
HUCTOYHMKA [TOCTOAHHOIO TOKa. COmpoTrBIiIeHrEe TIIIACTUHKY OyJIeT PAaBHO OTHOIIEHUIO T'OPU30HTAJBHON CTOPOHBI K BEPTHUKAJILHOMN.
IIycts Temeph mpsIMOYTOJBHUK Pa3pe3aH HA MEHBIHE TPSMOYyTOoJIbHUKH. HaHeceM Ha IUIACTUHKY BCe JIMHUU pa3pe3a. 3aMeTHM,
YTO TOK IO IUIACTHHKE UJET B TOPU30HTAJLHOM HarpasieHuu. [losToMy eciim MBI padpekeM IIACTMHKY IO BCEM I'OPU30HTAJILHBIM
JINHUSIM, TO €e COIPOTUBJIEHUE HE M3MEHUTCS.

Temepb MOXKHO pa3pe3aTh MJIACTUHKY IO BCEM BEPTUKAIHHBIM JIMHUSM, COSIMHUB IIPU 9TOM ITPOBOIAMU APl BEPTUKAIBHBIX CTOPOH
MEHBIIUX [PSIMOYTOJIBHUKOB, KOTOPbIE COBMEIIAJINCH B UCXOIHOM IIPSIMOYTOJIbHUAKE. $ICHO, YTO CONPOTHUBIIEHHE BCEHl LIENU IIPU STOM
HE M3MEHUTCS.

Kaxxmasa u3 MeHBIMUX MPSMOYTOJNBHBIX IJIACTUHOK B ITOJIYYEHHON IEMU MPEICTABIsIeT COOOU PE3UCTOP, COMPOTUBIIEHHE KOTOPOTO
PaBHO OTHOIIIEHUIO TOPU30HTAJIBHON CTOPOHBI COOTBETCTBYIONIEN NIACTUHKN K BEPTUKAJILHOM.

Tem caMbIM MBI ITOKa3aJIH, YTO 0DIIEE CONPOTUBJIEHHUE IIEIH, IOCTPOEHHOM 10 Pa3pe3aHuio IPSMOYTOJILHUKA, PABHO OTHOIIEHUIO €r0
cropon. U3 storo ciemyer yrBepxkaenue 3ama4dn 14a.

14b. Anasumuuecxoe pewenue. Ilycrs U = 1. IlycTe MuHUMYM BBIIEIeHUsT Teria gocturaercss upu Ui, Us, ..., U,. 3adukcupy-
em Uz, Us,..., U, n Oyiem paccmMaTpuBaTh BblIesieHue Teria Kak Gy or Ui. IlockombKy 3Ta (DyHKIMs sIBIASI€TCA CYyMMO
KBaJ[PATOB JINHEHHBIX (DYHKIWMIA I HEe OCTOSHHA, TI0CJIe PACKPBITHSI CKOBOK Koaddumuent npu U? nosoxunrenen. MUHIMYM KBaJl-
paTudHON (YHKIMH JOCTUraeTcsl B BepimmHe mapabosbl, nosroMmy Ur = a2(R)Uz + a3(R)Us + -+ + an(R)Uyn + a1(R), rme ai(R)
— OTHOIIIEHNE MHOI'OYIEHOB oT R ¢ nesbiMu Kodddurmentamu. IlogcraBum Boipaxkenue juist Uy B Hallly KBaJPATHIHYIO QPYHKIUIO.
Homyuanm dynkmmio ot (n — 1)-oit nepemennoii. ra dbyuaknua kak Gyakmms o Uz He MOXKET ObITh MOCTOSHHOM (paccMOTpUTE, Kak

.. P, (R
BenéT ceba TeroTa npu Gosbmux Us ). PaccyKmas aHagmoruano npeasaymemy, noayaam Uy = Q"—((R)) Ilepexons obpaTHO, HAXOAUM
n
Pi(R 2 P(R
U; = QI-(( R)). OTcrona ofIree COTPOTUBIIEHNE PABHO U? = ﬁ.
; 3
T'eomempuneckoe pewenue. IlokazkeM, ITO OTHOIIEHNE CTOPOH PA3PE3aeMOr0 MPSMOYTOJTHLHAKA €CTh OTHOIIIEHNE MHOTOYJIEHOB C
1eJIBIMA KO3 PUITMEHTAME OT OTHOIIEHWI CTOPOH NMPsIMOYTOJBHUKOB. IlycTh X1, T2,..., T, — IJUHBI BEPTUKAJIBLHBIX CTOPOH IIPsi-
MOYTOJIBHUKOB, & Ri, R2,..., R, — WX OTHOIIEHUS CTOPOH TOPU3OHTAJIBHON K BepTUKAJILHON. CTOPOHBI MPSIMOYTOJBHUKOB MOTYT

00beuHATbCS B OTpe3Ku. JInbo Taxkoit OTpe30K — 3TO CTOPOHA OOJIBIIOrO IPSIMOYTOJIBHUKA, X OTCIONA Ti, + Tiy + -+ + T3, = @ nin
iy Riy + @iy Riy +- - -+, Ri, = b, mub0 K 9TOMY OTPE3KY C JIByX CTOPOH IIPHUJIEralOT IPSIMOYTOJIbHUKY Pa3pe3aHusl, JJIs CTOPOH KOTO-
PBIX MBI MOXKEM 3AIIUCATD Xiy +Tip 4+ -+ Ti, = Tjy +Tjo 4+ -+ 5, W T4y, Ry + 24, Riy +- -+ a0, Ri, = x5, Ry, +a5, R0+ -+, Ry, ,
311€CD Ti, , Tig, - - - , Liy, - CTOPOHBI IPSAMOYTOJIBLHUKOB C OJHONW CTOPOHBI U Tj, , Ljg, - - - , Lj, — C APYTOMH.

3anumrem Bce Takue ypasHeHUs (IepeMeHHBIME GyIyT uKCchl, ¢ u b). Byxem BbIpazkaThb II0 OdYepenn IepeMeHHbIe, KpoMe b, M Ioj-
CTaBJISAITh UX B OCTaJbHBbIE ypaBHenus. Hauném c a. Ilocae ncnonb3oBanust Bcex BO3MOXKHOCTEH MOy INM, ITO KarKIasl TePEeMEeHHAs
epBoii rpynnbl (B Hell a) BBIPAXKAETCA HUepe3 MepEeMeHHbIE APyroil rpynnsl (B Hell b) jmueinoil kombuuaammeil, kosbdUIUueHThI
KOTOPOH — OTHOIIIEHUSI MHOTOWIEHOB OT R1, Ra, ..., Ry:

a=~&21+ &zt +&nan + &b

T = pin 1 + pie®a + -+ fin®n + b (1 =1,2,...n)

Ilepemennbie B JIeBOI YacTH BBIPAXKAIOTCS YPABHEHUSIMY, B KOTOPBIX KO3(MMUIMEHTHI HEHYJIEBbIE TOJIBLKO IIPHU [TEPEMEHHBIX BTOPOIT
rpymmbl (7151 IEPEMEHHBIX BTOPO# IPyTIbI JOGABIECHBI YPABHEHUS T = I;).

Hoxkarkem, 9TO BO BTOpO#t rpyimme Toabko b. IlycTs He Tak, u x, BO BTOpOi rpymme. 3aMETHM, UTO €CJIU TMPUAATAM 3HATCHUS
[I€PEMEHHBIM BTOPOIl IPYIIBLI TakK, YTOObI BCe PABEHCTBA BBITOJIHSJIACH U BCE II€PEMEHHBIE OBLIHM TOJIOXKUTEILHBIMY, TO ITOJLYYUM
COOTBETCTBYIOIIEE Pa3pe3aHue NPAMOYTrONbHUKA (fmokaxkuTe). Bo3bMéM mepBOHAYAIBLHOE DA3pe3aHue, YBEJIMIUM Tpn HA € TaK, 9TO-
OBl BCe MKCHI W ( OCTAJIUCH IMOJOXKUTENbHBIMU. [losrydnm GOJIBIION MPSIMOYTOIBHUK CO CTOPOHAMU a + £,€ u b, pa3pe3aHHbIl Ha
[IPSIMOYTOJIBHUKN C BEPTUKAJIBHBIMA CTOPOHAMU T1 + U1n€, T2 + [2nEy - .y Tn—1 + fn—1nE, Tn + E.

Barmmenm pasenctso mwiomagei: (a + €ne)b = Ri(x1 + p1ne)? + Ra(z2 4 pone)® + -+ + Roc1(Tn-1 + ftn-10n6)? + Ru(zn +€)* =

(RLUE,L + Rz,u%n + -+ Rnflui,ln + 1)62 + (2Riz1p1n + 2R2x2pion + - + 2Rn—1Zn—1fin—1n + 2RnTn — €xb)e =0
Msr1 BuuM, 9TO He GOJIBIIE ABYX € YAOBJIETBOPSIIOT 9TOMY PABEHCTBY, OJHAKO IEPBOHAYAIBLHO MBI MOIJIHM B35Th JIIO00E € U3 HEKOTOPOIA
MaJIoi OKPECTHOCTH HYJIsl. SHAYUT, BCE-TAKU BO BTOPOIl I'PyIIIe HET UKCOB, TobKO b. Hy a Kak y2Kke ObL10 0TMEU€EHO, BCE TIEPEMEHHBIE
IePBOIl TPYIIBI BHIPAXKAIOTCS JIMHEIHHOW KOMOWHAIMEH Tepe3 MepeMeHHbIe BTOPO T'PYIIBI, TO €CTb a = pb, T/ie p — OTHOIIEHNE
MHOTO4IEHOB OT Ri, Ra, ..., Rn.
14c. Omeem: HET, HE MOXKET. Y BEJIMIUM COIMIPOTUBJIEHNE STOTO PE3UCTOPA, OCTABUB HAIIPSI?KEHNE HEM3MEHHBIM Ha BCeX y3iax. lorma
BBIJICJICHUE TEIJIa YMEHBIIUTCS, a MOCTIe TePEePACIPE/I/IEHNsI CTAHET €Ié MEHBIIe, 3HAYUT O0Iee COMPOTUBIICHUE YBEJTUINTCS.

14d. IlycTs mpsaMOyTOIBHUK C OTHOIIIEHHEM CTOPOH R pa3pe3aH Ha IPAMOYTOJIBHUKH C OTHOIIIEHHEM CTOPOH R u %, OPUIEM €CTb XOTS
Obl OZMH IIPSIMOYTOJIBLHUK BTOpOro Buaa. Craenas pacrsikenne ¢ KoadduimenroM R, moxydnM KBaapaT, pa3pe3aHHblil Ha KBaJ[PATHI
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U IPAMOYTOJBHUKHU C OTHOIIEHHEM CTOPOH % Ilo 3amade 14a mmeeMm JIEKTPUUECKYIO IEMb C COMPOTUBJICHHEM 1 M3 PE3UCTOPOB

conporusyieHus 1 u % Ilo 3amage 14b, obiree cOMPOTUBIIEHNE €CTH OTHOIIEHNE MHOTOYJIEHOB C IEIBIMU KOd(ddurmeHTamu or K.
IIpupaBHuBaeM K enuHUIIE.

1) Eciim oTHOmEHNE MHOTOYIEHOB HE TOXKJIECTBEHHO 1, TO R sBIsS€TCA KOpHEM MHOTOWIEHA € MEeJabIMu KodbduImenTamm.

2) Ecsin MHOTOWIEHBI DABHBI, TO €CJIN YBEIMIUTH R, 06IIee COMPOTUBIIEHIE OCTAHETC s eauHuIeii. Torma conpoTuBienne pe3sucTopos ¢
COIIPOTUBJIEHUEM % yMenbmuTcs. Ecim yMeHbIIATE UX 110 0Yepe/in, TO IO PEIIeHUIo 3312491 14¢ o1y uM, 9To o0Iiiee COIPOTUBIICHIE

YMEHBIIUJIOCH - IIPOTUBOPEYINE.

SAKJIFOUYEHUE: ITOJIHBIE NMTHBAPNAHTDBI.

B maunoit 3aate 6puH TOCTPOEHBI IPUMEPHI THBAPUAHTOB, KOTOPbBIE IIO3BOJISIOT JI0KA3bIBATH HEBO3MOXKHOCTb HEKOTOPBIX pa3pe-
3anwmii. EcrecTBeHHBIN BOIpOC: KaKHe U3 9TUX MHBAPUAHTOB SIBJISIOTCS NOANDLMU, TO €CTh B KAKUX CJIy4asiX COBIIAJ/IEHUE HHBAPUAHTOB
JIJIsI IBYX MHOTOYTOJIBHUKOB BJIEYET CYIIECTBOBaHMe TpebyeMoro paspesanusi? OKa3blBaeTCs, OGOIBIIMHCTBO U3 MOCTPOECHHBIX HAMU
WHBapHAHTOB B JEHCTBUTEILHOCTH SIBJISIIOTCS [TOJIHBIMU.

Haunem ¢ npocreitmero uasapuanta — Ji(M) (unsapuanma Xadsuezepa). Kak Mbl [IOKa3aJI¥, €CM MHOIOYTOIBHUK M MOXK-
HO paspe3aTh Ha HECKOJLKO MHOTOYTOJLHUKOB M CIOKHThL U3 HUX HOBLIM MHOTOYTONLHUK M’ MCIOML3ys TOIBKO HapaslIelbHLIe
nepenockl dacreit, To J; (M) = J;(M') (samada 4c). OkasbiBaeTcsi, B HEKOTODOM CMBICJIe BEPHO W 0OpaTHOE yTBEPIKICHHUE:

Teopema Xansurepa—Imopa. [1] Muoroyronpauk M MOXKHO pa3pe3aTh HA HECKOJIBKO MHOTOYTOJLHUKOB W CJIOKHUTHh U3 HHUX
MHOTOYTOJNBHUK M’ UCronb3yst TONBLKO NMapaJlie/ibHble epeHoChl YacTeil, ec/id 1 TOJBKO eciIi ILIOMa U MHOroyToabHuKoB M u M’
paBHEI, U JIJIs1 JI060# HATIpABJIEHHOH TpsAMOit | BeIosTHEHO pasercTso J; (M) = J,(M").

Mpb1 He 3HAEM, BEPHO JIM AHAJOTMYHOE YyTBEPXKICHUE Jyid nHBapuanta J; 4(M) (cpaBHu ¢ 3amageit 5a). VIzBectHo, 9T0 OHO cripa-
BEJJINBO B YaCTHOM ciydae ¢ = w. B arom ciaygae J; 4(M) = 0, u apyraa reopema Xansurepa—Lmopa yrBepzkiaer: obbie 18a
MHOI'OYTOJIbHIKA PABHOMN IJIOIIAIM Ha IJIOCKOCTH MOXKHO pa3pe3aTh Ha MHOTOYTOJIbHUKYU C COOTBETCTBEHHO MapaJliIeJIbHBIMU CTOPO-
namu. Ha miepBblii B3MUIsL B 9TO YTBEPXK IEHNAE TPYIHO IIOBEPUTH — HAIIPUMED, PACCMOTPUTE Ha, IJIOCKOCTH J[BA PABHBIX TPEYTOJILHUKA,
IOBEPHYTBIE APYT OTHOCUTEILHO JPYTa HA MAJIBIA yrOJI.

Temeps mepeitnem Kk MmuHOrorpanankaM. Habop mpsaMOyroIbHUKOB, KOTOPBIA MbI COTIOCTABIISIEM MHOTOTDAHHUKY, HA3BIBAETCS €O
unsapuarmom /ena (3TO OIpeJesieHNe SKBUBAJEHTHO OOLIENIPUHITOMY aJrebpanvdecKoMy ONpeleseHuo [2|). YauBuTesbHO, 9TO
yTBepKJeHre, B HEKOTOPOM cMbIcyie obpaTHoe Jlemme I, Tak>ke crnpasenuso:

Teopema Cupagepa. (1] Ecau nsa MHOrorpaHHMKa MMEOT paBHble 00bEMBI M COOTBETCTBYIOUIME UM HAOOPHI NPSIMOYIOJBHUKOB
craHOBATCH [J-paBHOCOCTABICHHBIMU TIOCJIE AO0OABICHUS K HUM MOAXOIANINX TPIMOYTOJIBHUKOB BUAa [ X 7, TO ABA MCXOIHBIX MHO-
FOTPAHHUKA PABHOCOCTABJIEHBL.

IlocTpoennsiit HamMu wHBapUAHT [J-paBHOCOCTABIEHHOCTH HAOOPOB MPSMOYTOJIBHUKOB HA IIJIOCKOCTH HE SIBJISETCHA MOJTHBIM, HO
AHAJIOPMYHBIM 0OPa30M MOYKHO [IOCTPOUTH HOJIHBIA nHBapuaHT (uneapuanm Kenvéna [4]).

B zakmouenue obcyuM [0CTATOYHOCTD ITOJIyY€HHBIX HAMM YCJIOBHN Ha duciaa «, B, v u = B 3agadax A, B, D. Mbr ne 3naewm,
MOXKET JIU 9UCJI0 & B 3amade D ObITH KOPHEM NPou360AbH020 MHOTOUJIEHA C IeabiMu Kodddumumerntamu. Oauako B 61nu3KoM 3a1a4e
0 pa3pe3aHnuu KBaJIpaTa Ha MOJOOHBIE MPSMOYTOJBHUKNA OTBET OTPUIATETHHBIHA:

Teopema JlackoBuua—Cekkepema—Ppaitnuara—Punna. (3, 5] Jiaa kaxmoro z > 0 9KBUBAJIECHTHDBI yCIOBUSI:
(1) xBagpPaT MOXKHO pa3pe3aTb Ha IIOJOOHBIE MIPSIMOYTOIBHUKHA C OTHOIIEHUEM CTOPOH I;
(2) umcno x — anrebpamdeckoe U BCe KOMIUIEKCHBIE YHCTIa, €My COIPSI?KEHHBIE, MMEIOT HOJIOXKUTEJIbHYIO JeHCTBUTENbHYIO YaCTh;

(3) CYILIECTBYIOT IOJIOXKUTEJIbHBIE PAallMOHAJIbHBIE YHUCIA C1, €2, . . . , Cn, TAKHAE 9TO
1
car+ ——=1.
1
cox +
1
CnT

Takum obpazom, KBajpaT MOKHO pa3pe3arTh Ha MOJOOHBbIE MPSIMOYTOJIBHUKHM C OTHOIIEHUEM CTOPOH 2 + V2, HO Henb3s — Ha
IPSIMOYTOJIBHUKE C OTHOIIIEHHEM CTOPOH 1 + /2.

Hawm mensBecTHO mosnHOe onmcanve yrios «, [3, -y, [jisl KOTOPBIX TpeyroiabHuKU B 3azadax A n B moxuo paspesars. Heussecrro
Jayke, CYIIEeCTBYET JIM HEIPSMOYTOJIbHbIN, HEPABHOOEIPEHHBIN TPEYTOJBHUK, KOTOPBI MOXKHO pa3pe3aTh Ha HECKOJBKO MOIOOHBIX
€My, HO IIPOTUBOIIOJIO?KHO OPUEHTHPOBAHHBIX TPEYTOJILHUKOB.
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Invariants of polygons

The project is proposed by M.Prasolov, M. Skopenkov and B.Frenkin

ANNOUNCEMENT

I. DISSECTIONS OF A TRIANGLE.

Definition. Two similar triangles in a plane are called oriented oppositely if one of them includes angles «a, G, v
clockwise, and another one counterclockwise (Fig. 1, angles a, 3, v are supposed to be mutually unequal).

Fig. 1.

Problem A. A cake is of triangular shape. The box for the cake has shape of a triangle equal to the given one but
oriented oppositely. Is it always possible to dissect the cake into two parts such that they can be put into the box
without flipping?

Problem B. Is it valid that any triangle can be dissected into triangles similar to it but oriented oppositely?

Denote the angles of the triangles in the above problems as «, # and . The most interesting in these problems are
the specific instances of dissections. For example, in the cases a« = 90°, a = 23 or a = 30 the cake in Problem A can
be dissected. (Dissect it!).

Call the numbers «, 8 and v commensurable if ka + I3 + my = 0 for some integers k, [ and m, not vanishing
simultaneously. The main purpose in the first part of the project is to prove the following statement:

Statement I. If a, 3 and 7 are incommensurable then the cake in Problem A and the triangle in Problem B cannot
be dissected.

II. DISSECTIONS OF A RECTANGLE.

Problem C. (HILBERT’S THIRD PROBLEM) Prove that a regular tetrahedron cannot be dissected into a
finite number of polyhedrons which can be combined into a cube.

Problem D. A room is of rectangular shape with side ratio z. The floor of the room is covered by rectangular tiles
with the same side ratio. Furthermore, some tile is oriented crosswise, not lengthwise (Fig. 2). Prove that z is a root
of a polynomial with integer coefficients.

X

Fig. 2.

Surprisingly, Hilbert’s third problem can be solved by considering dissections of rectangles only, not of polyhedrons!
In the problems following the preliminary finish, a new version of elementary solution of Hilbert’s third problem is
proposed which is based on this idea.

As regards Problem D, it occurs to be possible to solve it by means of... physical interpretation! Specifically, to every
dissection of a rectangle we attach a circuit formed of resistors.

All the problems concerned admit a common approach based on using of invariants of polygons.



I. DISSECTIONS OF A TRIANGLE.

Constructions

1. Dissect the cakes of the indicated form (Fig.3) into two parts in the described mode:
(a) «=90° (b) a=38; (c) a =28 <90°% (d) o =28 > 90° (e)* o = 30°, 8 =20° v=130%
H)* a= "Tﬂﬁ, n integer. (g) Dissect an arbitrary cake into 3 parts in the described mode.

Y
B 35 B
a b C
130°
N N 20° 30° mELs 3
d e f
Fig. 3.

2. Dissect a triangle having angles «, 3, 7 into n triangles similar to it:

(a) «=90°, n=2; (b) a=30° 8 =230°~v=120° n =5; (c) a, B, v arbitrary, n > 4, n # 5.

3. Let «, 3, v be distinct and different from 90°. Then the triangle from Problem B cannot be dissected into:
(a) 2 parts; (b) 3 parts; (c) 4 parts.

Invariants.

Let M be an arbitrary polygon. At each its side, let an arrow mark the direction such that points close to this
side from the left belong to the polygon, and those from the right do not (Fig. 4). Now choose some directed line [,
that is, a line and a direction on it marked by an arrow.

Let J;(M) denote the algebraic sum of lengths for all sides of M parallel to [, such that those sides having the
same direction as [ (sides AB, DE and FG at Fig. 5), are taken with + sign, and those having the opposite direction
(side KL at Fig. 5) are taken with — sign. If M has no sides parallel to [, we set J;(M) = 0. The number J;(M) is
called the additive invariant.

Fig. 4. Fig. 5.

4. (a) Describe all convex polygons M such that J;(M) = 0 for any directed line .
(b) A polygon M is dissected into several polygons Mj, ..., My. Then J,(M) = J(My) + - -+ + J(My).
(¢) A polygon M is dissected into several polygons, and they were combined to form a new polygon M’ using only
parallel translations of the parts. Then J;(M) = J,(M’).
(d) A convex polygon M is dissected into several polygons, and they were combined to form a square using only
parallel translations of the parts. Then M is central symmetrical.

Let ¢ be some angle. Let J; 4(M) denote the sum of J; (M) for all distinct lines I’ obtained from some directed

line [ by rotations through angles divisible by ¢ (divisibility is up to 27). The expression J; 4(M) makes sense since
only a finite number of terms does not equal zero in this sum.



5.(a) A polygon M is dissected into several polygons, and theys are combined to form a polygon M’ by rotating each
part through some angle divisible by ¢. Then J; (M) = J; 4(M’).

(b) Given [ and ¢, describe all triangles M such that J; 4(M) = 0.

(c) Let an angle ¢ be incommensurable with 7. Let M and M’ be two equal non-isosceles triangles such that for any
directed line | we have J; 4(M) = J; 4(M'). Then the sides of these triangles can be numbered so that the angles
between sides with equal numbers are divisible by ¢.

(d) Let the cake from Problem A be dissected into two parts which are packed into a box, being rotated: one part
through some angle ¢, and another part through some angle ¥. Suppose the angle ¢ — ¢ is incommensurable with .
Prove that the angles 2(a — ), 2(6 — ) and 2(y — «) are divisible by ¢ — ).

(e)* Prove Statement I for Problem A.

To every directed line XY in the plane, attach a number f(XY') so that it changes sign when the direction of the
line is changed: f(XY) = —f(YX). Let M = X;X5...X,, be an arbitrary polygon whose vertices are numbered
counterclockwise. Set

Jr(M) = f(X1X2)| X1 Xo| + f(XoX3)| X X3| + -+ + f(XnX1)| Xn X1,

where | X1 Xo|, | X2X3],...,|X,X1| are side lengths of the polygon, and X7 Xs, XoX3,..., X, X are the corresponding
directed lines.

6. (a) A polygon M is dissected into several polygons Mi, ..., M,. Then Jp(M) = Js(M1) + - - -+ Jp(M,).

(b) Let triangle ABC' be dissected into triangles A; B;C; similar to it and oriented oppositely. Prove that for any ¢
the angle between directed lines A; B; and AB can be represented in the form ka + 16+ m~y, where k, [, m are integers.
(c) Suppose the angles of triangle ABC are incommensurable. Construct a function f(XY) such that J;(ABC) # 0
but J(A;B;C;) = 0 for any triangle A;B;C; similar to ABC' and oriented oppositely.

(d) Prove Statement I for Problem B.

(e)* Does there exist a non-right non-isosceles triangle which can be dissected into triangles similar to it but oriented
oppositely?

7. Is it possible to dissect a circle into a finite number parts by segments and arcs so that the parts can form a square?



II. DISSECTIONS OF A RECTANGLE.

Constructions.
8. Dissect a cube into 6 equal tetrahedrons.

9. Tile as required in Problem D the rooms with the following side ratio:

(a) z =v2; (b) z = /p/q, p and g integer; (c) = = v/2; (d)* = = \/r where r is a periodic continued fraction;
(e)* = = /s where s is a root of a cubic polynomial with integer coefficients having no rational roots;

(It is asked to construct such a tiling only for a single value of s, not for any s satisfying this property.)

(f) Tile an arbitrary room by n bars oriened lengthwise, for n > 4, n # 5.

Hilbert’s Third Problem: reduction to a planimetric problem.

Let M be a polyhedron. Let l1,ls,...,l, be lengths of its edges, aj,as,...,a, be dihedral angles between the
corresponding edges. Attach to M a set of rectangles I; X «; in a plane, such that sides [; are horizontal and sides «;
are vertical (Fig. 6).

Call two such sets rectangular-scissor-congruent (O-scissor-congruent) if each rectangular from some set can be
dissected into several rectangles which can be combined to form the other set using only parallel translations of parts
(Fig. 7). Two polyhedrons are scissor-congruent if some of them can be dissected into several polyhedrons which can
be combined to form the other polyhedron.

I - AN § B | 3 2 5 | 4 |

l
l N> [ g ol
| — 4
Fig. 6. Fig. 7.

Lemma I. If two polyhedrons are scissor-congruent then the corresponding sets of rectangles become [J-scissor-
congruent after adding appropriate rectangles of the form ! x 7.

The proof of this lemma is contained in Problem 10.
Suppose a convex polyhedron M is dissected into polyhedrons My, M, ..., My.

10. (a) Let e be an edge of a plyhedrons M, [ is its length, and « is the dihedral angle at this edge. Denote by
1,12, .. .1, the lengths of the edges in M;, belonging to e, and by oy, s, . .., a,, the dihedral angles at the corresponding
edges. Then the rectangle [ x o can be dissected into n rectangles l1 X aq,..., 1, X ay.

(b) Let £ be a line in the space not containing the edges of a polyhedron M. Denote by l1,1ls, .. .1, the lengths of the
edges in polyhedrons M;, belonging to ¢, and by a1, s, ..., ay the dihedral angles at the corresponding edges. Then
the set of n rectangles I X aq,...,l, X ay is (-scissor-congruent to some rectangle of the form [ x 7.

(¢) Prove Lemma 1.

(d) Prove that the dihedral angle 6 at an edge of the regular tetrahedron is incommensurable with 7.

Hilbert’s Third Problem: solution of the planimetric problem.

Lemma II. If § and 7 are incommensurable, then rectangles a x 6 and b x 7 are not U-scissor-congruent for any a
and b. Moreover they remain not [J-scissor-congruent after adding any rectangles of the form ! x 7.

The proof of this lemma is contained in Problem 11.
Let some set of rectangles be given. We may obtain a new set by dissecting one of the given rectangles into two
rectangles. This operation is called an elementary transformation of the set.

11. (a) Two sets of rectangles are [J-scissor-congruent then one of them can be obtained from the other one by a
sequence of elementary and inverse to them transformations.

Assume that 6 and 7 are incommensurable. Suppose that the rectangle b x 7 is obtained from the rectangle a x
by a sequence of elementary and inverse to them transformations. Let 6,7, y1,y2,¥s, ..., yn be the lengths of vertical
sides of all the rectangles occuring in this sequence of transfornations. Set Y = {6, m,y1,...,yn}.

(b) There exist numbers y},45,...,y, C Y such that any number y € Y is uniquely represented in the form y =
PO+ qm + pryt + pays + - - + pny;, with rational p, ¢,p1,p2, ..., pn.

Fix some set of such numbers y},...,y,. For y € Y set f(y) = p, where p is the coefficient in the representation
y=p0+qm +p1y] + -+ pny,. If M is the set of rectangles x1 X y1, 22 X y2,...,Tn X Y, where all y; € Y then put

J(M) = x1f(y1) +x2f(y2) + - + 20 f (yn)-

(c) The value of J(M) is invariant under an elementary transformation of the set M.
(d) Prove Lemma II.
(e) Prove Dehn’s theorem: regular tetrahedron and cube are not scissor-congruent.

12. (a) Prove another Dehn’s theorem: if a rectangle a x b is dissected into squares then § is rational.

(b) Prove that a regular tetrahedron cannot be dissected into several (more than 1) regular tetrahedrons.



Dissections of a rectangle and electrical circuits.

To a dissection of a rectangle into rectangles we can attach an electrical circuit as shown at Fig. 8. To every
rectangle there corresponds a resistor, and to every vertical line in the dissection (as well as to every vertical side of
the original rectangle) there corresponds a node where several resistors connect. The resistance of every resistor equals
the ratio of the horizontal side of the corresponding rectangle and the vertical one. It can be shown that the total

resistance of the circuit equals the ratio of sides of the initial triangle.
Ry Ry

T =
! — -
1 5
R3
Fig. 8. Fig. 9.

Let us show how to find the total resistance of an electrical circuit.

Consider an electrical circuit consisting of resistors. Let the resistance Rj be given for each resistor. Fix the
beginning and the end of the circuit, and a real number U > 0 (voltage of the circuit). To each node we are going to
assign a real number U; called the voltage at the node as follows. For the beginning of the circuit we define the voltage
to be equal to zero, and for the end of the circuit we define it to be equal to U. Choose the voltages at the remaining
nodes in such a way that the sum of the values (AU:)2 over all the resistors is minimal, where AUy, is the difference
between the voltages at the ends of the k-th resistor. Denote this sum by P, it is called the total calorification.

The total resistance is R = U?f.

Further it is allowed to use that the distribution of the voltages with the minimal calorification exists.

Example 1. Consider a circuit consisting of two parallel resistors R; and Ry. By definition P = %—j + %—z and the

: : _U? _ RiR
total resistance is R = 5= ﬁ.
Example 2. Consider a circuit consisting of two subsequent resistors R; and Rs. Let U; be the voltage at their

2 2
common node. The value %—11 + % should be minimal possible. This is a quadratic function with respect to Uj.

Evaluating U; = we get R = Ry + Rs.

U
R2(%1+%2)
An elementary transformation of an electrical circuit is one of the following operations:

1) replacing a resistor of resistance }I;IJ'F};% by two parallel resistors of resistances R; and Rp;

2) replacing a resistor of resistance Ry + Rp by two subsequent resistors of resistances Ry and Ra;

3) joining two nodes with the same voltage.

13. Find the total resistance and corresponding rectangle dissections for the following circuits:
(a) the circuit in Fig. 8 for Ry = Ry = R3 = R4 = Rs; (b) the circuit in Fig. 9.

14. (a) Suppose a square is dissected into squares and rectangles with the ratio of the horizontal and the vertical
sides equal to R. Then the corresponding electrical circuit consists of resistors with resistance 1 and R and has total
resistance 1.

(b)* A circuit consists of resistors with resistance 1 or R. Prove that the total resistance of the circuit can be expressed
as % where P(z) and Q(z) are polynomials with integer coefficients.

(c) Suppose that the voltages at the two nodes connected with a resistor of resistance R are distinct. Prove that the

total resistance of the circuit increases if R increases.
(d) Solve Problem D.

Remark.

The current strength at a resistor I, = ARU", where AUy is the difference between the voltages of the two nodes

connected with the resistor. Let us show that the sum of the current strengths at all the resistors having a common

node (distinet from the beginning and the end of the circuit) equals zero. Fix such a node. Renumber the nodes so

that this node is first, and the resistances of the resistors connected with this node are R1, Ro, ..., R,. Let us see how

(Us—Uy)?
R;

n
the total resistance of the circuit depends on U;. The total calorification is > + C, where C' is a constant
i=1

Ms
e

i

not depending on U;. The minimum attends at the vertex of the parabola, so U; = = which is equivalent to

3
i

.4
Il

i
A

Ui=Ui _
R; -

-

1
Our definition imply also the Kirchgoff laws:

1) the sum of current strengths at all the resistors having a common node (distinct from the beginning and the
end of the circuit) equals zero;

2) 1Ry + IRy + -+ 1, R, =U for any path 1,2,...,n going from the beginning of the circuit to the end, where
U is the total voltage not depending on the path.

Vice versa, the Kirchgoff laws imply that the current strength distribute so that the total calorification is minimal.

K2



SOLUTIONS: PART 1.

la. Dissect the triangle by the median from the vertex of the right angle (Fig. 10a).

1b. Dissect the triangle by the line which divides the angle o as 2 : 1 (Fig. 10b).

1c. Dissect the triangle by the line which separates angle of size 8 from the angle v (Fig. 10c).

1d. Dissect the triangle by the line symmetrical to the side opposite to v relative the bisector of this angle (Fig. 10d).

le. First method. Take an open polygon ABCDE with 4 equal edges and equal angles 130° between them. Extend the edges
AB, BC and DE. Denote by BFG the triangle formed by these lines. Then the angles of triangle BFG are equal to 30°, 20°
and 130°. Thus we constructed the required dissection of the triangle: dissect triangle BF'G by open polygon BCD.

Second method. Let 6 = 10°. Take an open polygon ABCDEF with 5 equal edges and equal angles 180° — § between them.
Connecting its endpoints A and F we obtain a symmetrical hexagon with angles A = F = 2§. Construct triangle AFG with
angles GAF = 2§ and GF A = 36 such that edge AB lies on AG. Hexagon BCDEFG is symmetrical as well because angles
B and F are equal to 6. Thus we have obtained the required dissection since the angles of triangle AF'G are equal to 30°, 20°
and 130° respectively: dissect triangle AFG by open polygon ABCDEF.

Third method. (Fig. 10e) Dissect triangle ABC by open polygon K LM N with 3 edges where K € BC, N € AB, BK = KL =
LM =MN =NA, /BKL=/LMN =7 —a, ZKLM = /ZMNA =7 — (3.

1f. Dissection is constructed similarly to the second or third method in the solution of Problem 1le.

1g. Dissect the triangle by three perpendiculars from the incenter to the sides of the triangle.

B
(>
o g D8 B 28 28 8
a b

C

Fig. 10.

2a. Draw the altitude from the vertex of the right angle.

2b. Draw slits from the vertex of the angle equal to 120°, having angle 30° with its sides. Then dissect the obtained regular
triangle connecting its center with its vertices.

2c. For n > 4 even, divide some side of the triangle (demote it by a) into n/2 equal parts. Through the dividing points, draw
various segments parallel to the remaining sides of the triangle, up to the nearest meet with itself or with another side of the
triangle. It is easily seen that all obtained points of meet belong to the same line parallel to a. Draw this line to obtain the
required dissection.

For n > 7 odd, dissect the triangle by the above method into n — 3 parts, then dissect one of the obtained triangles into 4 parts
by the same method (i.e., draw midlines).

Remark. A natural question arises: what is the situation for n = 5?7 It turns out that examples in Problems 2a and 2b exhaust
triangles allowing dissection into 5 triangles similar to the original one. The proof of this nice fact will be published in one of
the next few issues of the journal ”Kvant”.

3a. A slit has to connect some vertex of the triangle with a point at the opposite side. If the angles to this point are not equal
then their sum is < m, since they are equal to two angles of the original triangle. Hence the angles are equal and thus are right.
By the way, we have established a simple but useful fact which will be used in the rest of this problem.

Fact 1. If some node of the dissection has only two adjacent small triangles then the original triangle is in fact right. If such a
situation occurs, we say for brevity that ”we have obtained rectangularity”.

3b. Let a triangle be dissected into three triangles similar to it. The smallest of its angles cannot be dissected. The small
triangle including this angle has all its vertices at the sides of the original triangle. Either one or two of these vertices coincide
with the vertices of the original triangle. In the first case, the remaining part is a convex quadrangle, and in the second
case, a triangle. In both cases, an easy examination of cases shows that the subsequent dissection into two triangles yields
rectangularity.

We have established a new useful fact.

Fact 2. Let the original triangle have angles « < 8 < = . Then the angle a may not be dissected. Each vertex of the small
triangle containing it belongs to the boundary of the original triangle. We will call this small triangle a-triangle.

3c. Suppose a triangle is dissected into 4 triangles similar to it but oriented oppositely. Consider the segment separated by the
a-triangle.

Suppose this segment dissects the triangle into the a-triangle and a quadrangle. Then the endpoints of this segment belong to
some other slits, for otherwise we have rectangularity. To obtain just 4 small triangles, we need 2 such slits having a common
point at the side opposite to the angle . Note that in the obtained layout for dissection, angles of all the small triangles are
uniquely determined. Indeed, the condition of opposite orientation determines all angles of three triangles containing the angles



of the original triangle. Then the angles of the ”central” triangle are uniquely determined: they equal to @ — 2, m — 203 and
m — 2. Order the angles of the original triangle: o < 8 <. Then 7 — 2a > 7 — 28 > w — 2y. Thus m — 2o = . Hence
B =7 —a—v=a. Thus we see that the original triangle is isosceles, contrary to our assumption.

Now assume that the remaining part is a triangle. Order the angles of the original triangle: a < 8 < ~, denote by A, B, C
the corresponding vertices. Denote by D the vertex of the angle ~ in the a-triangle. If some angle of the triangle BC'D is not
dissected then we obviously obtain rectangularity. So all three its vertices are connected with some point O inside the triangle.
Clearly, ZABC > ZOBC and thus ZOBC = «a. Now the orientation condition implies ZOCB = v = LZACB, a contradiction.
4a. Polygon M has to be central symmetrical. In fact, a convex polygon can have not more than two sides parallel to the
direction [. Thus if J;(M) = 0 for any directed line [ then the sides of M divide into pairs of equal and parallel sides. Suppose
M = A1 Ay ... Ay, Its convexity implies that the only possible case is A1As || Ant1Ant2, A2As || Ant2lnts, ..., AnAni1 ||

A2, A1. Hence A1Ax = —An+1Anyk for each kK = 2,3,...,n. Thus the midpoint of the segment A;A,+1 is the center of
symmetry for M.

4b. We present the proof from [1].

Consider all segments which are sides of M, M1, Ma, ..., M. Mark all points on them which are vertices of M, M1, Ma, ..., M.
Then we obtain a finite number of smaller segments which we will call links. Each side of each polygon M, My, Mo, ..., My
consists of one or more links. Fig. 11 shows a dissection of a polygon into smaller parts. Side consists of three links AM, M N,
N B; side NP of the shaded polygon in the figure consists of three links as well.

Note that in calculating the invariant J;(M) of the polygon M (or of any polygon Mi, Ma, ..., My) we may use the algebraic
sum of links parallel to [, instead of sides, since the length of each side equals the sum of length of links contained in it. So
for calculating the sum in the right side of the relation in Problem 4b, we have to form the algebraic sum of lengths of all links
parallel to [ and counted over all polygons M1, M, ..., M.

Consider a link which is entirely (excluding endpoints, possibly) situated inside M (link E'F at Fig. 11). Then it is adjacent for
two polygons among M, M2, ..., M} which adjoin the link from opposite sides (right and left). So in calculating the invariant
of one of these polygons, the link will take plus sign, and for the other polygon it will take minus sign, so that in the total
algebraic sum these two links cancel. We see that in calculating of the right-hand side in the relation from Problem 4b, we may
ignore links situated inside M.

Now consider a link which belongs to the outline of M and is parallel to the line I (link AM at Fig. 11). To this link, there
adjoins only one of polygons Mi, Ma, ..., My, and from the same side as M. Hence this link has the same sign in the sum
Ji(M1) + Ji(M2) + - - - + Ji(My) as in the invariant J;(M).

Thus the right-hand side of the relation in Problem 4b equals J;(M), and our assertion is proven.

Fig. 11.

4c. Suppose a polygon M’ is dissected into polygons M, Ma, ..., M} which are combined into a polygon M’ using only parallel
shifts of parts. Note that the values of J;(M;) are invariant under shifts of M;. Thus the result of Problem 4b implies

Jl(M) = JL(M1) + o+ Jl(Mk) = Jl(M),

as required.

4d. For any square M’ and any directed line | we have J;(M’) = 0. Hence by Problem 4c, J;(M) = J;(M') = 0. Then by
Problem 4a the polygon M is central symmetrical.

5a. Follows from 4b.

5b. If the angle n is divisible by ¢ for some odd n then obviously J;,4(M) = 0. In the sequel suppose that nr is not divisible by
¢ for any odd n. Clearly, if no angle between [ and the sides of triangle M is divisible by ¢ then J;.4(M) = 0. Suppose now that
Ji,(M) = 0, and the angle between some side AB and the line [ is divisible by ¢. Then side AB has nonzero contribution to
Ji,6(M). Hence its contribution has to cancel with contributions of the remaining sides. Consequently, the triangle has another
side, say BC, whose angle with [ is divisible by ¢. All three sides cannot be in use because AB + BC + CA # 0 by triangle
inequality. Hence the triangle is isosceles, AB = BC, and ZB = n¢ for some integer n. Conversely, for any such triangle we
have J;, (M) = 0, provided the angle between AB and [ is divisible by ¢ and the angle between AC and [ is not. These are all
the possible cases.

5c. Consider a directed line [ containing some side s. Then J;,4(M) # 0 by Problem 5b. Thus J; 4(M’) # 0. Hence there exists
a side s’ of triangle M’ such that the angle between s and s’ is divisible by ¢. This implies what is required.

5d. We may assume ¢ = 0. The result of Problem 5a implies that two triangles M and M’, the cake and the box, must
have the same invariant .J; 4(M) for any directed line . From Problem 5c we see that the sides of triangles M and M’ can be
enumerated so that the angle between sides with the same numbers are divisible by ¢. For instance, let the corresponding sides
of triangles M and M’ have the same number. Denote by a1, as, as, of, ab, o the angle between these sides and some fixed



line. Then a; — aj = ki for some integer k; and ¢ = 1,2,3. On the other hand, a; — i1 = af — «; for ¢ = 1,2, 3, where we
set s = a1 by definition. The resulting system of 6 linear equations easily leads to the required consequence. In particular,
there exist integers k,l, m such that some of them is not zero and k(a1 — a2) + l(a2 — a3) + m(asz —a1) = 0.

5e. Proof of Statement I for Problem A. It suffices to consider the case of a non-isosceles triangle. We may assume that
while packing the parts into the box, one of them remains fixed, and the other one is joined to it being rotated through an angle
¢ around some point O. T'wo cases are possible.

(1) The angle ¢ is incommensurable with 7. Then the result of Problem 5 implies our assertion.

(2) The angle ¢ is commensurable with 7.

For any directed line [, denote by L the set of lines obtained from [ by rotations around point O through angles divisible by
¢. On the set of directed lines, introduce the following function f: f(XY) =1if XY € L, f(XY) = -1if YX € L, and
f(XY) =0 otherwise.

First let the point O be distinct from the vertices of the triangle M. Then there exist two sides of M, say AB and BC, not
containing the point O. For the line [ containing the side AB, Jy(M) = £|AB| (otherwise one of the angles of the triangle M
immediately is divisible by ¢, thus commensurable with 7. Let M’ be the triangle obtained from M after moving the parts.
Arguing similarly to Problem 5a we obtain that Jg(M') = Js(M) = +£|AB|. Thus the side of length |AB| in the triangle M’
and the side AB of M form an angle divisible by ¢. Similarly, the side of length |BC| in M’ and the side BC' of M form an
angle divisible by ¢. Then using commensurability of ¢ and 7, and arguing as in Problem 5d we obtain ka + I3 + m~y = 0 for
some integers k, [, m, not vanishing simultaneously.

It remains to consider the case when the point O coincides with one of the vertices of the triangle M. Let us introduce one more
invariant. Let OX be some ray starting at O. For any directed segment AB, denote by Jox (AB) the length of the intersection
AB N OX taken with + sign if AB has the same direction as OX, and with — sign otherwise. For any polygon P denote by
Jox,s(P) the sum of values Joy (AB), where AB runs over all directed sides of P, and OY runs over all rays obtained from OX
by rotations through angles divisible by ¢. Then the given invariant is not zero for the sides of the triangle M containing O.
Arguing as in Problem 5d we get the required relation ka+ 13+ m~y = 0 for some integers k, [, m, not vanishing simultaneously.

6a. The proof is similar to the solution of Problem 4b.

6b. Any triangle A;B;C; can be connected with side AB by a chain of triangles A1B1C1, A2B2Cs, ..., A;B;C; such that
consecutive triangles have a common part of the boundary, and A;B; is contained in AB. Hence it suffices to prove that if
some side of triangle A;B;C; and the line AB form an angle of the form ka + I3 + m~ then this is true for two other sides.
The latter statement is obvious.

6¢c. Problem 6b suggests that the revealing function f is to be some function in &, [ and m.

Thus let f(XY) = f(k,1,m) where integers k, [, m are such that the angle between directed lines XY and AB equals ka+15+m-.
By definition, the angle between directed lines XY and AB is the angle of the rotation which maps AB into XY as directed
lines. The angle between directed lines is determined up to 27. Hence integers k + 2, | 4+ 2, m + 2 define the same angle as
k, I, m. Thus we obtain a condition for our function: f(k+ 2,1+ 2,m + 2) = f(k,l,m). Since «, 3, are incommensurable,
integers k, [, m are uniquely determined by directed line XY up to substitution k,l,m — k42,142, m + 2. Hence any function
subject to f(k + 2,14+ 2,m + 2) = f(k,l,m) correctly defines a function on the set of directed lines. (We set f(XY) =0 if XY
is distinct from dissecting lines.)

Now we determine the other conditions on f(k,I,m). First, f(XY) = —f(Y X), hence

Fe+ 1,1+ 1,m+1)=—f(kLm). (1)

This condition also implies f(k + 2,14+ 2,m +2) = f(k,l,m).

Consider now the condition Jy (A;B;C;) = 0. Suppose the vertices of triangle ABC are situated in the above order clockwise,
and the vertices of triangle A; B;C; counterclockwise. Let the angle between directed lines A; B; and AB be equal to ka + 5 +
m~y. Then the angle between lines A;C; and AB equals (k — 1)a + I3 + m~, and the angle between lines C;B; AB equals
ka+ (14 1)8 4+ m~y. Hence

Jr(AiBiCy) = f(k,l,m)|AiBi| — f(k,l +1,m)|B;C;i| — f(k —1,1,m)|C; A4
Since triangles A; B;C; and ABC' are similar, the condition J;(A;B;C;) = 0 may be rewritten in the form
f(k,l,m)|AB| — f(k,l+1,m)|BC| — f(k—1,l,m)|CA| = 0. (2)
The same argument shows that the condition J¢(ABC') # 0 may be rewritten in the form
£(0,0,0)|AB| — f(0,—-1,0)|BC| — f(1,0,0)|CA| # 0. (3)

Thus it suffices to find a function f(k,,m) satisfying (1)—(3). Note that the second relation determines some restrictions on
f(k,1,m) for m fixed. Thus it suffices to define the function for m = 0, and then the first relation will determine it for all other
m. In view of utter arbitrariness, put f(k,0,0) =1 for all k. Then f(k,1,0) = (|CA| — |AB|)/|BC]| for all k. Furthermore we
may assume f(k,1,0) = ((|CA| — |AB|)/|BC|)", and correction for the first relation gives

|CA| — |AB|)“"

fktom) = (- - (195

For this function f(k, [, m) relations (1)—(3) are verified immediately.

6d. Proof of Statement I for Problem B. Straightforward from Problems 6a and 6c¢.

6e. The answer is unknown to the authors.

7. To any curvilinear polygon M, attach an integer J(M) equal to the length sum of boundary arcs such that the polygon
adjoins them from the ”concave” side, minus the length sum of arcs such that the polygon adjoins them from the ”convex”



side. It is easy to check that J(M) has equal values for two polygons such that one of them is obtained from the other one but
dissection by segments and arcs and combining the obtained parts. On the other hand, a circle has J(M) # 0, and a square
has J(M) = 0.

SOLUTIONS: PART II.

8. Geometric solution. The cube ABCDA’'B’C’'D’ can be dissected into 6 tetrahedrons AC'BB’, AC'B’A’, AC'A’D’', AC'D'D,
AC'DC, AC’'CB by six planes passing through the pair of the opposite vertices A, C’ and one of the remaining vertices of the
cube. The congruence of the tetrahedrons follows from symmetry (for instance, tetrahedron AC’BB’ maps onto tetrahedron
AC' A’ D’ under rotation of the cube through 120° around the line AC").

Algebraic solution. The cube 0 < z,y,z < 1 can be dissected into 6 tetrahedrons 0 < z < y<z2<1, 0<z<z<y<l1,
O0y<z<z<l, O0<y<zse<]l, 0<z<zsy<l, O0<szsysao<l

9a. Draw the line joining the midpoints of two long sides of the rectangle.

9b. Divide two long sides of the rectangle into ¢ equal parts, and two short sides into p equal parts. Through the corresponding
division points, draw lines parallel to the sides of the rectangle.

9c. Let a rectangle 1 x z, £ = v/2 be given. Cut off a rectangle 1 x % From the obtained strip 1 x (z — %), cut off two
rectangles (z° —1) x (z —1). From the strip (3 —22°) x (z — 1), cut off a rectangle (3 —2x%) x (£ —2z). The obtained rectangle

T

(3 —22%) x (3z — 2) has side ratio equal to z as well since z* = 2.

9d. Let
1
r=ai+
1 L 1
a
? 1
az + ———
aq + ...
is a periodic continuous fraction. Since the sequence ay is periodic, for some n we have
N 1
r=a
! 1
az + ...
aop + —
r

Starting from this equality, we easily construct a dissection of the rectangle 1 x r into several squares and a single rectangle
with side ratio r. In fact, cut off a1 squares 1 x 1 first. We obtain the strip 1 X (r — a1) with side ratio

. 1
r—ar 2 1
as+ ...

1
Qaop + —
T

Now cut off a2 squares (r — a1) X (r — a1) etc. Proceeding in such a way, we obtain a rectangle with side ratio r.

The constructed dissection of the rectangle 1 x r leads easily to the required dissection of the rectangle 1 x /r: contract the
rectangle 1 X r in /7 times along side r.

9e. The rectangle with side ratio a is dissected into 3 vertical strips. First strip includes top-down rectangles with side ratio
a, %; the second one, respectively: a,a, %; the third one: a, %, % In fact,

(@®> +1)(2a% + 1)(a® + 2) = (a® + 1)(a® +2) + (a®> + 1)(2a* + 1) + (2a® + 1)(a® + 2);

2a° + 24" — 4a*> — 3 = 0.
The polynomial 2z® + 22° — 4z — 3 has no rational roots. Indeed, if % is a fraction in its lowest terms then p divides the
intercept, and ¢ divides the leading coefficient. The examination of cases shows easily that £3, +1, i%, i% are not roots of the
given polynomial.
9f. It is easy to dissect the rectangle into 4, 6 and 8 parts. Given the dissection into n parts it is easy to construct the dissection
into n + 3 parts.
10a. Let e; be the corresponding edge of some polyhedron M;. Consider a cylinder C' having axis e and radius 1. The dihedral
angle at edge e cuts off in the cylinder surface a band L having length o and width [. In the surface of the sub-cylinder C;
having axis e; and radius 1, the dihedral angle at edge e; cuts off a band L; having «; and length [;. Since the dissection
polyhedrons are disjoint and coverM, the band L is dissected into bands Li, L2,...,Ly,. It remains to establish the natural
correspondence between points of L and of the rectangle [ X o to obtain its dissection into rectangles I; X «;.
10b. Any common point of the line ¢ and of polyhedron M is either an internal point of some polyhedron M; or belongs
to the boundary of several dissection polyhedrons. Let ei,es2,...,e, be the edges of dissection polyhedrons belonging to the
line ¢ (and having length [1,l2,...,l, resp.). Let fi, f2,..., fm be the lengths of various intersections of ¢ with faces of M,
not coinciding with edges. Thus edges e1,es,...,e, form a family of segments on ¢. Without loss of generality, ei1,ea, ..., es
is the set of edges belonging to such a segment I. We will prove that the set of rectangles e;1 X a1,e2 X azg,...,es X as [ is
scissor-congruent to the rectangle | x 7. Having proved this for every such segment and joining together the obtained rectangles
of width 7, we get the assertion of the problem.
Let C be the surface of a cylinder having axis I and radius 1 without heads. The dihedral angles at e, ez,..., e, cut off from
C bands l; x a;(having line length /; and circle width «;). Since the polyhedrons are disjoint and cover the whole polyhedron
M, C is dissected into bands I; X a; and f; X m. Extend all circular slits. Then C'is dissected into rings. Remove from rings
all bands having width 7 (parts of redundant bands having line length f;), and dissect not changed rings into 2 bands having
circular width 7. All the remaining can be combined into a band of circular width 7« which corresponds to the rectangle of
width 7 dissected into parts of rectangles i1 X a1,l2 X azg,...,ls X as, obtained by shifts, vertical and horizontal slits.



10c. The set of rectangles corresponding to the first polyhedron, being combined with some set of rectangles having width 7,
is by 10a and 10b [-scissor-congruent to the join of sets of rectangles corresponding to the dissection polyhedrons. The same
is true for the second polyhedron. But obviously the [J-scissors-congruence relation is transitive and symmetrical, and we are
done.

10d. Let M be the midpoint of CD. Since AM and BM are perpendicular to C'D, the value of ZAM B equals the value
of the dihedral angle at edge CD of the tetrahedron. Suppose the length of the edge of the tetrahedron equals a, then the

formula for the altitude of the regular triangle gives AM = BM = ga.

cosl) — AM?+BM?_AB? _ 1
2AMBM 3

Let us prove by induction that cosn = 32 where a,, is an integer not divisible by 3. For initial values n = 0 and n = 1, the
fact is obvious.

The induction step. Formula for the sum of cosines for n > 1: cos(n + 1)8 + cos(n — 1)0 = 2cosnfcosh, so cos(n + 1)0 =
2cosnfcosf — cos(n — 1)0 = % Indeed, 2a, — 3an—1 is not divisible by 3.

Hence coskf # 1, then k6 # 27mn, i.e. 6 # %71'.

11a. Suppose the first set is dissected into rectangles which are shifted are combined into the second set.Extend all the vertical
slits in the dissection of the first set and horizontal slits in the dissection of the second one. The obtained dissection can be
fulfilled by elementary dissections: first dissect the first set through all vertical slits, then dissect each vertical strip by horizontal
slits. Collect all horizontal strips in the dissection of the the second set and join them.

11b. Introduce the following operation for the set 8,7, vi,,¥i,,...,¥i,: remove y; with the greatest is such that pd + qm +
M1Yi, + H2Yi, + - - + pryi, = 0 where all coefficients are rational and ps # 0. Apply this operation to the initial set repeatedly
until possible. We obtain a set 0, 7,y;,,¥j,,...y;.. Note that for any x € Y there exist rational p,q, pt1, 2, .. ., pr such that
T = p+qm+pays +peys, ey, Suppose prf+ @+ pays, + ey, + ey, = @ = p2b+@em+&iys, 6y o+ 4y,
then (p1—p2)0+(q1 —q2)m+ (1 —&1)ys, +- - -+ (s —&s)yj, = 0. If py # & then the set 0, 7, y;,, Yj,, -.-Yj, allows to apply the above
operation once more — a contradiction. Hence u; = & for all ¢t. But 6 and 7w are incommensurable and nonzero, hence p1 = p2
and ¢1 = g2, i.e. for any « from Y there exist unique rational p, g, p1, p2, . . ., tr such that x = pd+qm+p1y;, +p2yi, +- - -+ iry;, -
11c. Suppose a new set is obtained by dissecting the rectangle x x y.
The slit is vertical: the invariant becomes z1 f(y) + z2f(y) — 2 f(y) = 0.

The slit is horizontal: the invariant becomes x f(y1) + xf(y2) — xf(y).

Suppose y1 = f(y1)0 + @7 + payi + pays + 0+ paYn Y2 = f(y2)0 + qam + &yt + Eyr + -+ &ayn. Theny =y1 +y2 =
(f(ya) + F(@2))0 + (@1 + @2)7 + (2 + &)y1 + (p2 + &2)y2 + - + (4n + &n)yn- That is, f(y) = f(y1) + f(y2) and the invariant
has not changed.

11d. Since the invariant does not change under elementary transformation of the set (11lc), by 1la invariants of O-scissor-
congruentsets are equal. However the invariant of the set (a x 6,1 X 7) equals a, and that of b x 7 is zero. Hence these sets are
not [J-scissor-congruent. 1le. Suppose the contrary. Then by Lemma I the sets of 6 copies of a X 6, 1 x m and of 8 copies of
b x g are lo X w [ - scissor-congruent. However the first set is O-scissor-congruent to the set 6a x 0, l1 X 7, and the second one
to the set (% + l2) x w. Hence two latter sets are [J-scissor-congruent, but this is impossible by Lemma II in view of 10d. A
contradiction.

12a. Solution based on reduction to Lemma II. If the rectangle a X b can be dissected into squares, then it is [J-scissor-congruent
to the rectangle b X a (since the square maps onto itself under rotation through 90°.) Then by Lemma II the relation % is
rational.

Straightforward solution. We also show that side ratio of a rectangle is uniquely determined by the arrangement of squares.
Fix b. Let x1,x2,...,z, be the side lengths of squares. The sides of squares may join into segments which are either sides of
a rectangle, and hence x;; + i, +--- + i, = a or s, + iy + -+ + x5, = b, or from both sides they side with squares whose
sides satisfy a1 + a2+ --- + as = b1 + b2 + - -+ 4 b¢, here a1, a2,...,as are sides of squares, say, from the left and b1, b2,...,b:
from the right.
Write down all these equations. Express the variables subsequently and substitute them in the remaining equations starting
from a. Eventually, the variables of the group containing a are expressed through the variables of another group by linear
combinations with rational coefficients. Prove that the second group contains only b. Note that if the values of variables in the
second group are such that all variables are positive then we obtain the required dissection of the rectangle into squares.
a ==&z + w2+ -+ Enxn + 6D
Ti = pir®1 + pie®2 + 0+ Win®n + pibd
Naturally, the coefficients are nonzero only at variables of the second group. Let x, be in the second group. Take the
original dissection, replace z, by € so that each x and a remain positive. We obtain another dissection into squares of sizes
T1 4+ Pin€, T2 + U2nEy ...y Tn—1 + n—1nE,Tn + € and a rectangle a + e X b.

Write down the equation for areas: (a + &ne)b = (z1 + u1n5)2 + (2 + u2n5)2 + o+ (zn-1 + un,1n5)2 + (xn + 5)2 =
(pan® + p2n® + -+ pne1n® + 1)e% 4+ (22110 + 2%2pizn + - + 2Tn—1fin—1n + 22Tn — Enb)e = 0

We see that not more than two €’s satisfy this equation but we could start with any e from some neighborhood of zero. Thus the
second group contains only b and no x. As already mentioned, all variables are expressible as linear combinations of variables
from the second group, so a = pb where p is rational.

”Physical” solution. Our assertion also follows from the result of Problem 13b with R = 1.

12b. Suppose the contrary. Let a1, a2, ..., a, be the edges of tetrahedrons in a dissection of a tetrahedron having edge a. Then
the result of Problem 10 implies that the set 6a1 x 0,6a2 X 0, ..., 6a, X 6 is [J-scissor-congruent to the set 6a x 0, [ x w. Hence
by Problem 11 we have a1 + a2 + - - + an = a. The volumes are equal: a? + a3 + --- + a2 = a®. Cube the first equation:
al+ad+---+ a2+ A=a®where A >0 — a contradiction with the second equation.

Sketch of a geometric solution. Take an edge of a smaller tetrahedron completely contained in a face of a larger tetrahedron.
Then all the dihedral angles at this edge are equal to €, but their sum should be 7. Since 6§ and 7 are incommensurable, we
obtain a contradiction.

13a. Let U; and Us be voltage in the upper and the lower non-boundary nodes. If the calorification at the 2nd and 3nd resistors
is greater than at the 4th and 5th ones then replace Uy by Uz. The total calorification will decrease. If the calorification is equal

By cosine theorem applied to triangle AM B,
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then we decrease the total calorification by the same way. Hence the minimum calorification is obtained at U; = Uz. Now the
circuit is reduced by obvious elementary transformations to a circuit consisting of a single resistor.

13b. The circuit is reduced by obvious elementary transformations to a circuit consisting of a single resistor.

14a. Geometrical solution. By problem 11, the given dissection of the rectangle can be obtained as a sequence of elementary
(and inverse to them) transformations. Now note that the total resistance of the circuit does not change under an elementary
transformation.

” Physical solution”. Suppose that a rectangular plate is made of a homogeneous conductive material. Assume its specific
resistance to be equal to 1. Connect the vertical sides of the plate with poles of a direct current source. Then the resistance of
the plate equals the ratio of horizontal and vertical sides. Now suppose that the rectangle is dissected into smaller rectangles.
Mark all slits on the plate. Note that the sense of current on the plate is horizontal. So if we dissect the plate through all
horizontal slits then its resistance does not change.

Now we may dissect the plate through all vertical slits and connect by wires those pairs of vertical sides of small rectangles
which did coincide in the original rectangle. Clearly total resistance of the circuit does not change.

Each of small rectangular plates in the circuit obtained is a resistor with resistance equal to the ratio of the horizontal and the
vertical sides of the corresponding plate.

Thus we have shown that total resistance of the circuit corresponding to a dissection of a rectangle equals its side ratio. This
implies the assertion of Problem 14a.

14b. Analytical solution. Suppose U = 1. Suppose the minimum calorification corresponds to U1, Us, ..., U,. Fix Uz, Us, ..., Uy
and consider the calorification as a function of U;. Since this function is a sum of squares of linear functions and is not constant,
after grouping coefficients we get a positive coefficient at UZ. The minimum of a square function is achieved at the vertex of a
parabola, hence Uy = az(R)Uz+ az(R)Us+- - - + an(R)Un + a1 (R) where a;(R) is a ratio of two polynomials in R having integer
coefficients. Substitute the expression for U; into our square function to get a function in (n — 1) variables. As a function
in Us, it cannot be constant (consider the behavior of calorification for large Uz). Arguing as above, we obtain U, = S:((I;))

Returning, we find U; = P,(R) Thus the total calorification equals =5 vz _ PE%

Geometrical solution. We will show that the side ratio of the dlssected rectangle is the ratio of some polynomials with integer

coefficients in side ratios of rectangles. Let x1,x2,...,z, be the lengths of vertical sides of rectangles, and R, Ra,..., R,
be the ratios of their horizontal and vertical sides. The sides of the rectangles may be united into segments. Either such
a segment is a side of the initial rectangle, hence x;;, + i, + -+ + @i, = a or xy, Ry + i, Riy, + -+ + @i, Ri, = b, or this
segment is situated between two dissection rectangles whose sides satisfy x;, + zi, + -+ + i, = xj, + xj, + -+ + x4, Or
i, Riy + @iy Riy ++ -+ 2, Ri, =5, Rj, + x5, Ry, +-- -+ x5, R;,, here xy,, x4y, ..., 2, are sides of the rectangles from one side,
and zj,,%j,,...,2;, from the other.

Write down all these equations (in variables x’s, a and b). Express the variables except b subsequently and substitute to the
remaining equations, starting with a. After using all possibilities we obtain that each variable from the first group (containing
a) is expressed through the variables from the second group (containing b) as a linear combination whose coefficients are ratios
of polynomials in Ri, Ra, ..., Rx:
a=2§x1+ &2+ +E{nxn +Eb
i = pin®1 + fie®e + -+ fin®n + b (0 =1,2,...0)

The left-hand variables are expressed by equations which have nonzero coefficients only at the variables from the second group
(for these variables we add equations z; = x;).

Let us prove that the second group consists of b only. Suppose the contrary. Let x, belong to the second group. Note
that if the variables from the second group have such values that all equations are valid and the values are positive then
we obtain the required dissection of the rectangle (prove this). Take the original dissection, increase x, by € so that all z’s
and a remain positive. We obtain a large rectangle with sides a 4+ &,e and b dissected into rectangles with vertical sides
T1 + H1n€, T2 + H2n€, ..., Tn—1 + Un—1nE,Tn + E.

The equality of areas has the form (a+&,€)b = Ri(z:1 —l—ulns)z + Ra(z2 —l—uzns)z + -+ Ro1(zn-1 —l—un,lns)z + Rn(zn —|—5)2

(Ripdn + Ropt3y + -+ + Ro—1p_1n + 1)e2 4+ (2R1z1 10 + 2Rox2pion + - + 2Rp—1Tn—1fin—1n + 2Rnxn — Exb)e = 0
We see that not more than two €’s satisfy this equation, but originally we can take any € from some neighborhood of zero. Hence
the second group in fact does not contain any x but b only. As was already noted above, all variables of the first group can be
expressed as linear combinations of the variables from the second group, that is, a = pb, where p is a ratio of polynomials in
Ri,Ra,...,Rn.
14c. Answer: no, it is impossible. Increase the resistance of this resistor keeping the voltage at all nodes the same. Then the
calorification will decrease, and after redistribution it will decrease once more, hence the total resistance will increase.

14d. Suppose a rectangle with side ratio R is dissected into rectangles with side ratio R and %7 and there exists some rectangle
of the second form. After dilation with factor R we obtain a square dissected into squares and rectangles having side ratio %
By Problem 14a, we have a circuit with resistance 1, which consists of resistors with resistance 1 and R2 By Problem 14b,
total resistance is a ratio of polynomials in R with integer coefficients. Assign the value 1 to it.

1) If the ratio of the polynomials is not 1 identically then R is a root of a polynomial with integer coefficients.

2) If both polynomials are equal then under increasing R, total resistance remains equal to 1. Then if some resistor has resistance
L then its resistance decreases. If we decrease these resistance one after another then the solution of Problem 14 shows that

R
total resistance decreases, a contradiction.

SUMMARY: COMPLETE INVARIANTS.

In the present project, we have constructed examples of invariants which make it possible to prove impossibility of some
dissections. A natural question arises, what invariants among them are complete, that is, in which cases equality of invariants
for two polygons implies existence of the required dissection?

It turns out that most of the constructed invariants are in fact complete.
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Start with the simplest example, J;(M) (Hadwiger invariant). As shown above, if a polygon M can be dissected into several
polygons which can be combined using only parallel shifts of parts to form a new polygon M’ then J;(M) = J;(M') (Problem
4c). In some sense, the converse turns out to be true as well:

Hadwiger—Gluer Theorem. [1] A polygon M can be dissected into several polygons which can be combined into a polygon
M’ by parallel shifts of parts only, if and only if the areas of M and M’ are equal and any directed line [ satisfies J; (M) = J;(M’).

We do not know whether the similar assertion is valid for the invariant J; 4(M) (cf. Problem 5a). It is known to be true
in the particular case ¢ = w. Then J; (M) = 0, and another Hadwiger—Gluer theorem states that any two polygons in the
plane, having equal area can be dissected into polygons whose corresponding sides are parallel. At first sight, this is improbable:
consider, for instance, two congruent triangles in the plane such that one of them is obtained from the other one by rotation
through a small angle.

Now consider polyhedrons. The set of rectangles which we attach to polyhedron is called its Dehn invariant (this definition
is equivalent to the usual algebraic definition [2]). Surprisingly, some converse for Lemma I is true as well:
Sidler theorem [1] If two polyhedrons have equal volume and the corresponding sets of rectangles become [-scissor-congruent
after adding appropriate rectangles of the form [ x 7 then two original polyhedrons are scissor-congruent.

The above constructed invariant of [-scissor-congruence of sets of rectangles in the plane is not complete but an analogous
procedure leads to a complete invariant (Kenyon invariant [4]).

To conclude, let us discuss sufficiency of the obtained conditions for the numbers «, (3, v and x in Problems A, B, D. We
don’t know whether the number = in Problem D be a root of an arbitrary polynomial having integer coefficients. However a
similar problem on dissection a square into similar rectangles has negative answer:

Laszkovich—Szekeres—Freiling—Rinne theorem. [3, 5] For any = > 0 the following conditions are equivalent:
(1) a square can be dissected into similar rectangles with side ratio x;

(2) the number z is algebraic, and all complex numbers conjugate to it have positive real part;

(3) there exist positive rational numbers c1, ¢z, . .., ¢, such that

cr+————=1.

Cco +

Thus a square can be dissected into similar rectangles with side ratio 2 4+ v/2 but cannot be dissected into rectangles with
side ratio 1 + /2.

We don’t possess a complete description of angles «, 3, v such that triangles in Problems A and B can be dissected. It is
not even known whether a triangle exists which is not right but can be dissected into several triangles similar to it but oriented
oppositely.
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“a3pe3aHng MeTannn4eckoro
NPAMOYrOfibHMKa

M.CKOITEHKOB, M.[TIPACOJIOB, C.AOPUYHYEHKO

ATAYM HA PASPE3AHUE HATJIA/IHBI 1 KPACU-

BbI, HO MHOT/Ia UX COBCEM He TPOCTO pemuth. C

JIAaBHUX TIOP OHU BJIOXHOBJISLJIN IU3ANHEPOB U apXU-
TEKTOPOB. YueHble OOpaTH/IM HA HUX BHUMaHHUE, KOT/a
OOHAPYKUIACh UX HEOKUJAHHAsA CBI3b ¢ (DU3UKOH u
Teopueit BeposiTHOcTell. OO0 OAHONW W3 TaKUX 3a7ad |
MO¥i/IeT peub B ATOI CTaThe.

Kakne NPAMOYroJibHUKN MOXXHO pa3pe3aTb
Ha KBagpaTtbl

a [IpamoyronpbHuk pas-
MepoM axXb ,rneaunb —
LieJible YucJa, Jerko pas-
pesaercss Ha a-b onu-

b HakoBBHIX KBaApPaTOB
(puc.1). Tak ke J€rko
paspesaTb Ha paBHbIE
KBa/[paTbl TIPSIMOYTOJIb-

Puc.T. [pamoyrofibHyK a X b pas- HHUK C palMOHAJIbHbIM OT-

jpesaerci Ha a-b O[MHAKOBBIX HOLIEHWEM CTOPOH.

KBagparos EcrectBennblii Bonpoc:

Kakue IPAIMOYTOJbHUKH

MOKHO paspesaTb Ha KBaIpaThl He 00513aTeTbHO OHOTO U

TOTO ke pasmepa? OxasbiBaeTcs, OTBET TOT K€ CaMbIil:
Teopema /lena o pazpe3anuu npsAMOyroJbHHKa. Ecu

NPAMOY2OIGHUK MOXKHO paspesamv Ha keaopamol (e

006513amebHO PasgHbLe ), MO OMHOULEHUE OJUH €20 CIROPOH

PAUUOHATILHO.

Ity teopemy oTkpbli Makce [len B 1903 romy.

Ero nokasatesbcTBO GBLIO JOBOJBHO CJIOKHBIM. Brioc-
JICZICTBUY TTOSIBUJINCH O0Jiee TIPOCTbie. Mbl IIPUBE/IEM OTHO
n3 Hux, npuHaagaexaimee P.JI.Bpykcy, K.A.B.Cmury,
A.T.Croyny u ¥Y.T.Tarry. Ouu npuaymanau ero, eie
Gysyun cryaenTamMu. | DTo J0Ka3aTeqbCTBO OCHOBAHO Ha
(usnveckoil MHTEPIIPETAIINH, NCIOJb3YIOMEH 2JeKTpH-
yeckue 1enu. IIpu atom usmyeckne cooOpaskeHus cJry-
JKaT OTIIPABHOM TOUKOW, a caMO [I0OKa3aTesbCTBO YUCTO
MaTeMaTuyecKoe.

Wrtak, myctb TpsSIMOYTOJTBHUK Pa3pe3aH Ha KBaJpPaThl.
Uto6bl HAUTH OTHOIIEHWE €r0 CTOPOH, JOCTATOYHO HANTH
CTOPOHBI 3TUX KBA/JPATOB C TOYHOCTHIO /IO MPOIMOPIINO-
HambHOCTH. [lokaxkeM Ha mpuMepe, Kak 3TO MOKHO CJie-
JIaTh.

! Verexamenvnwii paccxas 06 3MoM MOKHO NPOUUMATNL 6 21AGe
«Keaopuposanue xeadpamas xnueu M. Taponepa «Mamemamu-
ueckue 20106010MmKu u paseaeuenus> (M.: Mup, 1999).

Kak HanTn cTopoHbl KBagpaToB

Ha pucynke 2 uzo6paxeno (orto? mpsMoyroabHOro

IJ_[Ka(ba C KBa/I[paTHbIMH ITIOJIKaMH. Hpe]lCTaBI/IM ce6e, qTo
MbI XOTUM U3TFOTOBUTH TAKOM JKe H.[Ka(l). I[.HH 9TOI'o HaM B

Puc.2. [lpamoyronibHbivi LKagp ¢ KBagpatHbIMM MOIKaM1

TIepBYIO 0Yepe/b HY>KHO y3HATh pasMepbl MosIoK. IIpocto
U3MEPUTD 9TH BeJIMYUHbI Ha (hotorpaduu He yIacTest, Tak
KaK Mbl BUUM TIKA(d «I0/] YIIOM»>, & 3HAYUT, HCTHHHBIE
JUTUHDBI UCKAKEHBI.

Jlast Toro, 4toGbl HAWTH 9TH pasMepbl, 3aHyMepyeM
kBazpatbl (MOJIKK), KakK MoKaszaHo Ha pucyHke 3. Bymem
CYMTATD, YTO TOPU3OHTAJIbHASI CTOPOHA MIPSIMOYTOJBHUKA
(mkada) pasna 1, a BepTukaiphyio cropony (6e3 ydera
HOKeK) 0603HaunM yepes x. CTOpoHy KBajpata k 0603Ha-
YUM Yepe3 Xp .

2 Domo ¢ caiima http: / /www.mynl.com/ww /project1.html



K neBoit cTopone mpsiMo-
YTOJIbHUKA TPUMbDIKAIOT KB/~
9 partel 2, 3 m 8, OTKyna
5 X =Xy + x5 +xg. K mpaBoii
2 CTOpPOHE KBajpata 3 TpHU-

6 MbIKAIOT KBajipatbl 1 u 4:
X3 =X; +x;. AHaJIOrU4HO,
8 x6+x8=x'7, X1+x2=
=X5+ X5, X4 +X5 = xg. Pa-
BEHCTBO JIJISI TPABOI CTOPOHBI
TIPSIMOYTOJIbHUKA MBI He 3a-
MINCBIBAEM, TIOCKOJBKY OHO
CJIe/lyeT U3 IPebliLy-
~F mux (mosrywaercs caio-
JKEHHEM BCeX BBITINCAH-
s HbIx pasencts). Cdop-
MyJIMpyeM Hallle Ha-
x, 6monenue, (puc. 4):
YcaoBue BepTH-
T KaJbHOIl CTBIKOBKH.
s kaxdozo eepmu-
KabH020 paspesa cym-
Ma cmopon Keaopa-
MO8, NPUMBIKAIOWUX K
paspesy ciesd, pasud cymme cmopoH Keaopamos, npu-
MulKaowux cnpasa. Bepmuxanvnas cmopona npamoy-
20/IDHUKA PABHA CYMME CMOPOH NPUMBIKAIOWUX K Hell
keadpamos. >
3aMeHssl CJIOBO <«BEPTH-
KaJIbHDIIT» HA «TOPU30HTAIID-
HbIll», a CJIOBa <CJeBa» U

Puc.3. Hymepauyms kBaapa-
708

Xy

Puc4. YcrioBue BepTvKaibHOM CTbl-
KOBKU: X7+ X, = X5 1 Xg

X5

Yo

Puc.5. YcrioBue ropr3oHTass -
HOV CTBIKOBKU. X5 1 Xg =
=Xt X,

Puc6. B 1akom paspesaHum
OfMH FOPU30HTASIbHBIN U ABa
BEPTUKA/IbHBIX PA3PE3A

«cnpaBa» — Ha «CBery» 141 <<CHI/13y>>, MbI HOJIy‘{aeM
ycaosue 20pu3oHmarviot cmokoexku, (puc. 5).

3 s paspesanuil, y KOmopvlx 6 HEKOMOPbIX MOUKAX CXOOUMC
cpasy 4 xeadpama (xax na pucynxax 1 uau 6), nado ymounumo
nonsmue paspesa. ITokpacum éce eopu3onmaivHvie CMoPoHsl K8ao-
pamos, ne Jjexaujue na nepuMempe npaMoyzoibHuKd, 6 3e/eHvill
usem. Onu 006e0UHAMCS 6 HECKOILKO 3€JeHbIX OMPE3KOS, KOMO-
pole Mol U HA306eM TOPU3OHTAIbHBIMU paspesaMu. Bepmuxaivivie
CMOPOHBL K6AOPAMOG, He Jexawue na nepumempe, NOKPACUM &
opanxeeviii uysem. Ilonyuennvie opanikesvie ompeskiu OeNSMCA
20PUIOHMANLHOIMU PAIPEIAMU HA UACTU, UMEHHO MU UACTNU MbL U
naszoeem BepTUKAIbHBIME paspesamu (puc. 6).

W3 sroro ycnaosusa B HameM IIpuMepe co mkadom
moayanM: l=x3+x, +Xy, X, =X +X5, X +X3=2%,
X5+ X9 =Xg + X7, Xy+Xg=Xg. YCJIOBUE 1A HUMKHEN
CTOPOHBI NPSIMOYTOIbHUKA MbI HE 3aIIUCBIBAEM, TOCKOJIb-
Ky OHO CJIe/lyeT U3 OCTaJIbHBIX.

Wrak, ocTajoch pemmnTb CUCTEMY ypaBHEHUI

x=x2+X3+x8, X3=x1+JC4, x6+x8=x'7,
x1+x2=x5+x6, X4+x5=X9,
X3+x,+% =1, Xy =x1+2%5, X +x3 =25,
xS+XQ=x6+X7, X2+x6=x8.
Takue YpaBHCHUA HA3bIBAIOTCA JIUHETIHBIMU.

Kak pewuTb cuctemMy NUHENHbIX ypaBHeHUN *

BYZICM rmocJjieJoBaTeJIbHO BbIpayKaTb HEW3BECTHDIE. B
TIEPBOM ypPAaBHEHUUN HEU3BECTHAA X BbIpasK€Ha YEPE3 /IPYy-
rue Hen3BecTHbIe. Bobliie x HuT/1e He Y4acCTBYET, IO3TOMY
IepexXoJMM KO BTOPOMY ypaBHEHUIO. B nem nemnsBecTHas
X3 BbIpa’K€HaA 9€PE3 Xy U Xy . HO,Z[CTaBI/IM 9TO BbIpasKE€HNE
B Apyrue ypaBHEHHUA CUCTEMbI, CO/IE€PIKallln€ HEN3BECTHY IO
X3 — B IIEPBOE, IECTOE N BOCbMOE. HOJIy‘-II/IM CUCTEMY

x=x2+x1+X4+x8, X3 ZX1+x4, x6+x8 =x7,
X1+X2 =x5 +x6, X4 +x5 =XQ,
Xy +2x;+x9 =1, x4 =%+ x5, 2x1+x_4 =x,
x5+x9 = Xg +x7, X9 +x6 = Xg -
Ona PaBHOCHUJIbHA HCXOﬂHOﬁ. Ho TEIEPb HEU3BECTHAA X3
y4acTBYE€T TOJIbBKO BO BTOPOM YypaBHCHHUN. HepeﬁﬂeM K
TPETbEMY YPaBHEHUIO. HOHCTaBH}IH BbIpasKeHUe

X7 = Xg+Xg B JEBSATOE YPaBHEHUE, IOJIYYHM CHCTEMY,
COJIEPIKAIYIO X7 TOJBKO B TPETbEM YPaBHEHUU:

x=x2+x1+X4+x8, X3=x1+X4, x6+x8=x7,

X1+X2 =x5 +x6, X4 +x5 =XQ,
X +2x5+x9 =1, x5 =21+ x5, 22, +x4 =2y,
X5+ X9 = 225 +Xg, Xy + X = Ay
Bynem npojosmkarh TakuM ske 06paszoM jadibiie. B urore
MBI TIOJIYYUM CUCTEMY «ypPaBHEHUI»
x=33/32, x3=9/32, x; =1/2, x,=1/32,
x, =14, xg =15/32, x5 =7/32, x, =5/16,
Perrernine ncxoaHon cucteMbl HailjieHO! 3HaueHUsT HEen3-
BECTHBIX X{,...,Xg — 3TO U €CTb CTOPOHBI KBaJpatoB. B

HalleM IIpuMepe IPSAMOYIOJIbHUK OKasascs pa3pe3an Ha
MIOTIAPHO Pa3JInYHbIE KBA/[PATHI.

3amava 1. JIoKaxuTe, YTO ILIOCKOCTb MOYKHO 3aMOCTUTD
HOMApPHO Pa3JMUHBIMU KBaJpaTaMi, JJHHBI CTOPOH KOTOPBIX:
a) panmoHasbHbIe; 6) TeJble YHuCIa.

A MOXHO J1 K6adpam paspes3arb HA TIONAPHO Pa3JIiy-
HbIe KBa/IpaThl? 3ajiaua aTa MOsIBUJIACH B HAYaAJIE TIPOILIO-
O BeKa U OKasaJlachb OYeHb CJIOJKHOI. Pelnau ee TOJIbKO

4 Ioopobno 06 amom pacckaswsaemcs ¢ cmamoe B.Iymen-
maxepa <«Cucmemvl Junelnvlx ypasnenui> 6 <Keanme» Nol 3a
1984 200.




CILyCTSI HECKOJIbKO €CATUJIETUN yoKe U3BECTHDIe HaM YeTbl-
pe cryaenTta n HesaBucumo ot Hux P.IInpar. Ho ecin
P.Illmpar ucnosb3oBast CAOXKHBIN TepeGop, TO HAIIUM
CTYJICHTaM HalTU peleHre moMorJa (puandeckas WHTEP-
nperaiusg. [lotom 6b110 Hali/IEHO MHOTO Pa3HbBIX IIpUMe-
pPOB, IIpUMEP € HAUMEHBIIUM KOJMYECTBOM KBAJPAaTOB
n3o6paskeH HA PUCYHKe 7.

\ I/

Puc/. KB&,H,O&THO@ OLEAJIO, CLUNTOE U3 KB3LPAaTHbIX JIOCKYTKOB

3anxava 2*. MoxHO Jii Ky6 pa3pesaTh Ha HECKOJIbKO MOMAPHO-
Pa3JIMYHBIX KyOUKOB?

Korpa Haw meTop, pabotaet

Wrak, aag mkadga Mbl HAIJIM BCe MHTEpECYIONne Hac
pasmepnl. Ho Oyzer mm Tak m ajag Ji060r0 IPYTOTO
paspesanusa? fcHo, 4To ecsu pelieHnue CUCTeMbl, IOCTPO-
€HHOH II0 YCJOBHSM CTBIKOBKM, €IMHCTBEHHO, TO Mbl
HaliJileM ero HammM MeTo/ioM. U, KOHEeYHO Ke, OHO 6yjer
PAIMOHAJIBHBIM: Be/lb KOA(M(MUIIUEHTBI CUCTEMbI paIlio-
HAJIbHBI, & Mbl, BbIPa)Kast HEU3BECTHDIE, UCIOIb3yeM TOJIb-
KO CJIOKEHWe, BbIYNTAHWE, YMHOKEHWE U JIeJIeHuEe. ITO
IpocToe HAOMIOIeHNEe Mbl HA30BEM TaK:

Teopema o pemienuu cucteMsl. [1ycmo cucmema iuneti-
HOLX  YPASHEHUT ¢ PAYUOHATLHLIMU KOIPPuuuenmamu
umeem eduncmeennoe peutenue. Tozda amo pewenue
COCMOUM U3 PAUUOHAILHBLY YUCEL.

BoiBaloT cucrembl JuHEHHBIX ypaBHEHHI, Yy KOTOPBIX
pelienue He euHcTBeHHo. Hampumep, cucrema

X1+xZ:0, X1+X3:1

nMeeT 6GECKOHEUYHO MHOTO PEIeHuil: B KauecTBe Xy MOKHO
B3sTb JI060€ 4MCJI0 t, B KayecTBe X, YUCJIO —f, a B
KauecTBe x3 uncyao 1 —¢. Y Hee ecTb U UppalluoHaIbHbIE
pemenus (korga ¢ UppaMOHAIbHO).

CoBepIlieHHO HE OYEBW/IHO, UYTO YCJOBUH CTBIKOBKH
JIOCTaTOYHO, 4TOObI HAWTH CTOPOHBI KBAJPaToOB, T.€. 4TO

cucremMa, TOCTPOEHHAS 110 PeaJIbHOMY Pa3pe3annio, nMeeT
eIMHCTBeHHOE perierre. OKa3bIBAeTCs, YTO 3TO BCET/A
TaK: HAIl METOJI I03BOJISIET 00HO3HAUHO BOCCTAHOBUTH BCE
pasmepsl 1o ororpadun paspesanus (ecau Mbl cauTaeM
TOPU30HTAJIBHYIO CTOPOHY
NPSAMOYTOJbHUKA PABHOM 1).
MpbI JoKaxkeM 3TO € TIOMO-
IbI0 (PU3MIECKOI MHTEPIIpe-
tarmu. A teopema /lena o
pa3pe3aHuy MPSIMOYTOJIbHU-
Ka OTCIOJIa Cpa3y cJeiyeT 1Mo
TeopeMe O pelleHNH CHCTe-
MBI.

3anmava 3. Apxurekrop Ha-
pucoBas ILIaH KBapTupbl. Ha
miare (puc. 8) nokasano, kak PMC8E. [1naH kBapTvps!
JIOJIKHBI IPUMBIKATh KOMHATBI
JPYT K APYTY, HO MX PazMepbl MCKakeHbl. MOKHO JIN C/IeaTh
BCe KOMHATDI KBaJPaTHBIMI?

Ddusnyeckas nHTEepnpetTauna

OxasbIBaeTcsd, KaXK/0MY pa3pe3aHuio MPsMOYTOJIbHUKA
Ha KBaJPaTbl MOKHO COIOCTABUTD AJIEKTPUYECKYIO TETIb.
Ecau MbI HaiizieM TOKY B 3TOM 3JIEKTPUYECKOM 1[e1H, TO MbI
HaiizieM u cToponbl KBajparos. Ho 060 BceM 110 TTOPSIAKY .

Mpr 6yieM paccMaTpUBATb MAMEMAMUUECKY0 MOOeab
5JIEKTPHUECKOil 1enu. ° BMecto (pU3HUECKUX 3aKOHOB U
OTBITHBIX (DAKTOB y
Hac OyyT onpejene- ;)
HHUSI, aKCUOMBI, T€O-
pPEMBI.

C mareMaTuuyecKoit
TOYKHU 3PEHUS d1eK M-
puyecKkas uenv — sTo
CBA3HBIN IIJOCKUI
rpad, KaxaoMmy peoé-

Py KOTOpOTro COIOC-
TaBJIEHO HEKOTOPOe + \
TOJIOKUTEIbHOE YHC-
JIO, TIPUYEM KOHIIBI
OJIHOTO U3 pebep OT-
MeUYeHbl 3HaKaMu’ «+»

u «—». PeGpo ¢ orme-
YCHHDIMH KOHIIAMHU )
HasbIBaeTCca Oama-
petixoil, ocTaabHble —
pesucmopamu. UYuc-
JI0, COIIOCTaBJIEHHOE
Garapeiike, Ha3bIBaeT-
cs1 Hanpsikenuem 6a-
Tapenku, a ynucJsa, co-
MTOCTaBJIEHHbIE PEe3U-
cTOpaM, — UX Conpo-

Puc.9. a) lMocrpoervie snekTpuyeckor
muenenusmu. Bep-  yems no PAa3PE3AHMIO.
mmHbl rpada Ha3bl-  6) ObuenpuHaToe u306paxeHue
BAIOTCSA Y3AAMU, OT-  S/IEKTPUHECKON el

5 XKerarouun n00po6HO paszobpamvcs 6 husure nNPOUcXo0sUez0
pexomendyem, nanpumep, cmamuio <Ipasura Kupxeopas ¢ «Kean-
me» Nel 3a 1985 200.



MedeHHbBIE Y3JIbI 6aTapeiiKu — n010KUMEAbHOU T OMPULA-
MeNvHOU KAeMMAMU.

ITo paspesanuto 1enb crpourcss tak (puc. 9,a). Ha
Ka)X/10H BePTUKAIbHON JIMHAU Pa3pe3a OTMETUM I10 TOUKe
— 3T0 OYIyT y3Jbl aJleKTpHUecKoil menu. Ha Beprukain-
HBIX CTOPOHAX INIPSIMOYTOJIbHUKA BbIGEPEM II0 KJEMMe,
OTMETHM MX 3HakKaMu «+» (Ha J1eBoii cropone) u «—» (Ha
IpaBoil CTOPOHE) M COeMHUM ¢ GaTapeiKoii.

Kasxaprii kBagpar orpaHWYeH cJeBa W CIIpaBa IByMs
BEPTUKAJBbHBIMU pazpe3aMu. B ajeKTpuyecKkoil 1enu ero
n306pakeHneM CITy>KHUT PE3UCTOP, COEIMHSIONINI 1Ba y3J1a
Ha ThX paspes3ax (y3Jbl MOIYT OKa3aThCsl HA MPOJOJIKE-
HUSAX CTOPOH KBajipaTta). CONpOTHBIIEHHE KasKI0TO Pe3n-
cropa moJioxkuM pasubiM 1.6 Hanpsskenne Gartapeiiku
Takske HOoJ0KUM paBHBbIM 1. Hysknas HaM ssieKTpudeckast
ens nocrpoena (puc. 9, 6).

Kak HanTu TOKU B 3N1eKTpUYeckon Lenu

Ternepb 00BSICHUM, YTO TaKOE€ MOKU B IJIEKTPUUECKOU
e U KaK UX MOYKHO HAWTH.

3aHyMepyeM pe3ucTopbl, Kak MoKazaHo Ha pucynke 10
(T.e. TaK e, KaK COOTBETCTBYIOMIME KBajparhl). Hapucy-
€M Ha Ka)K/IOM PEe3UCTOpe CTPEJIKy CJeBa HalpaBo, a Ha
GaTapeiike — crpaBa
HAJIEBO, T.€. OT OTPU-
1aTEJTbHON KJIEMMBI K
HOJOKUTETbHOI. 7
OJeKTpUIecKas IeMb
JIEJIUT TLIOCKOCTD Ha
gacti. O6X0/1s TpaHm-
1y JioGoi YacTtu 10
YacoBOU CTpeJiKe, T0-
JIy4UM 3aMKHYTYIO Tie-
movKy pebep, Ha3bIBa-
emyio xonmypom. 8

Cuna moka depes
k-l pesumcTop — 9TO
IPOCTO HEKOTOPOE JIeii-
CTBHUTEJHHOE YUCJIO
I, , conocrasiennoe
pesucropy. Cuzra moxa yepe3 6atapeiiky — 3T0 HEKOTOpOe
JeiicrBuresnbuoe uucao . Hanpsxenue na pesucrope —
3TO TIPON3BE/ICHIE CHUJIBI TOKA HA CONTPOTUBJICHUE PE3UCTO-
pa. (A mg Garapeiikn Hanpsikenne BOOGIIe OT TOKa He
3aBucut. Takas 6aTapeiika B (pusnke Ha3bIBAETCS Uded.ib-
#noti.) CHJIbI TOKa OTPEAESIOTCS CIIe/YIONMMH aKCHOMA-
Mu (IIpaBUIaMu ), TIPOMJLTIOCTPUPOBAHHBIME HA PUCYHKAX
12, 13, 14.

Puc10. Hymepaumsa pesncropos u
BbIOOP HArpaB/ieHu Ha pPe3ncro-
pax v barapevike

6 Mur pas u nascezda guxcupyem eouHUbL USMEPEHUS: CONPO-
mugenus. 6yoem usmMepsmo 6 Kui00Max, HANPsKenus — 6 60J1b-
max, moxKu — 6 Muaiuamnepax. B oaivneiuen eOunulbl usmepenus
He YKaA3blearmesl.

7 M napucosanu npednoazaemvie nanpasienus moxa. Suma-
MeJist MOKEM CMYMUMy, 4mo 6 00HOM u3 pedep mox Hanpag.ien om
«munyca» x <naocy». Ho amo Oelicmeumenvruo max: mox 6
pesucmopax udem om <naOCa» K <MUHycys>, a 60m ¢ bamapeiixe —
nao6opom.

8 Jias npocmomoL Oydem Cuumamy, 4mo KOHmMYpP He npoxooum
nu uepes xaxoe pebpo 0saxov. Imo ne ecezda max (puc. 11).
O0naxo 6 darvretuem Mol YGUOUM, UMO MO MAax 0is 1000U yenu,
NOCMPOEHHOU NO PAZPEIANHUIO NPAMOYZOTOHUKA.

Puc12. [lepsoe rnpasuio

Puc.11. KoHTYp, mpoxosaLmv rno
Kupxroga.: h+1 =I5+ g

pebpy ABaXAb!

IlepBoe npasuio Kupx-
roda. B kaxdom ysne cym-
MA BXOOAUUX MOKOE PAGHA
CYMMe BbLXOOSAUGUX.

Jlns Hamrero mpumepa (cM.
puc.10) mosnyuaem Takue
yPaBHEHWUS:

I'=15+13+1g, Puc.13. Bropoe rpasuio Kupx-
Lo=I+1,, I, +1, =I,, ’opa and KoHrypa be3 bara-
3T T6 I8 T pevikut s +ly —lg =1, =0 (yy-
L+1, =15+ 1, TEeHO, 4T0 BCe CONpPOTUB/IEHMS B

14 + IS = 19

Halem rpumepe pasHsl 1)

(Mpbl He 3ammcbiBaeM ypaBHEHHE /IS [TPABOH KJIEMMBbI,
[OCKOJIBKY OHO HEITOCPEICTBEHHO CJIE/LYET U3 OCTAIbHBIX. )

Bropoe mpasuno Kupxroda. /s nobozo xonmypa
cymma nanpsxenuil na pesucmopax (¢ coomeememsyio-
WuMu 3naxamu) pasna
Hanpsikenuo 6amapei-
xku (¢ coomsemcmeyio-
WUM 3HAKOM ), €CIIU KOH-
myp codepxum Gama-
peliKy, a unaue — pasua
nyo. Hanpsixenue na
pesucmope bepemcsi co
3HAKOM <+>», ecau Hd-
npasaenue cmpexu na
peaucmope cognadaem
¢ Hanpasienuem 00xo-

Puc.14. Bropoe npasuio Kupxrogpa

_ 717 KOHTYpa ¢ barapevikod: —I3 —
da xonmyp a,_a Z;f“me — 1y — lg = —1 (y4reHo, yro Hanps-
CO SHARKOM <=>. LaK XK€ yorys0 barapesiku 8 Halem rprme-
onpedensemcs sHax 01 pe pasto 1)

bamapetixu.
[TockoabKy y Hac HanpsikeHue 6atapeiiku paBHo 1 u Bce
COITPOTUBJIEHUA PAaBHDbI 1, ToJiy4aeM ypaBHEHUA

_13_14_.[92_1, 14—.[1—.[5=0,

(MbI He 3anMChIBAEM ypaBHEHHUE [/ KOHTYPa BOKPYT Beeii
1IelH, TTOCKOJbKY OHO HEIOCPEICTBEHHO CJeyeT U3 OC-
TaJMbHbIX.) Pelast moyyeHHyIo CUcTeMy YpaBHEHUI, Ha-
XO/IUM BCE CHJIbI TOKOB:

1=33/32, I,=9/32, I, =1/2, I, =1/32, I, =1/4,
Iy=15/32, I;=7/32, I, =5/16, Iy =7/16, Iy =1/8 .




VY wnac ectb akcuombl (npasmia Kupxroda), Kotopbie
MBI 3aMMCTBOBAIM U3 (PUBUKH, a BCE OCTAJbHbBIE YTBEPIK-
JAeHUuA 06 IJIEKTPUYECKUX IEeNAX MblI BbIBOAUM N3 HUX
YUCTO MaTeMaTHU4eCKN.

3anmava 4. BoiBequre 13 Broporo npasuiaa Kupxroda 6osee
of111ee IMPaBUJIO, KOTOPOE MOJIYIAeTCsI, €I 3aMEHUTD B (hOpMYy-
JIMPOBKE KOHTYP Ha JIOOYI0 3aMKHYTYIO Ienouky peGep (me
HPOXOJISILYIO HU 9€Pe3 KaKyl0 BEPIINHY JBAKIbI).

NMpaBuna Kupxrodga cosnagatot
C YCITOBUSIMM CTbIKOBKU

Y nuBuTenbHbIM 06pasoM mpasuiia Kupxroda gaort nHam
Ty K€ caMyl0 CUCTEMY yPaBHEHWII Ha CHUJIBI TOKOB, 4TO U
YCJIOBUSI CTBIKOBKM Ha JIJIMHBI CTOPOH KBajpartoB! Jloka-
JKeM 3TO.

Pacemorpum niepsoe mipaBusio Kupxroda. 3adukcnpy-
€M BepTHKaJbHDBIN pa3pe3 U COOTBETCTBYIOMINI eMy y3eJ.
Bxopagiue B y3es TOKH
COOTBETCTBYIOT CTOPO-
HaM KBaJIpaToB, IIpU-
1, MBIKAIOIIUM K paspesy
] cJeBa, a BBIXOJLIINE
3 y3Ja — CTOPOHaM
I KBaJpaToB cIpaBa
(puc. 15). 3mauur,
riepBoe rpasuyio Kupx-
roda B 3TOM y3Je s
TOKOB COBITQ/IACT C TIpa-
BIJIOM BePTUKATbHOU
CTBIKOBKH.

Paccmorpum BTOpOE
npasusio Kupxroda.
Bosbmem 10601 ropu-

Puc.15. [lepsoe ripasmnno KupXropa 3oHTaJbHBIA paspes.
1 yCI10Bmre BEPTUKA/IbHOM CTIKOBKM  S[cHO. UTO Pe3NCTOPbI
) )

/

COOTBETCTBYIOIIME TPUMBIKAIONIMM K HEMY KBaJlpaTaM,
o6pasyior koutyp (puc. 16). Kagparsr cBepxy o6pasyior
BEPXHIOIO YaCTh KOHTYPA, a KBaAPaThl CHU3Y — HUKHIOIO.
[TockosbKy BCe COTPOTUBJICHUS €JMHUYHDI, HANIPSLKEHUE
Ha Ka)K/JIOM PEe3UCTOpe PaBHO CUJIe TOKA HA HeM. 3HAYUT,
MIPABUJIO TOPU3OHTAIBHOM CTBIKOBKH JIJIST HATIETO pa3pesa

COBIIAJIA€T CO BTOPHIM IIPaBU-
A
Iy
Is

som Kupxroda.

Hao6opot, Bo3dbMeM 0601
KOoHTYp. Ero cambrii JieBbrit
y3eJl COOTBETCTBYET HEKOTO-
pOMY BepTHKAJbHOMY paspe-
3y. K paspesy mpuMbIKaoT

crpaBa /[Ba KBajpaTa, COOT-
\ BETCTBYIOIINE JABYM BBIXO/IS-
]6\ UM U3 y3J1a PE3UCTOPaM KOH-

I; typa. PaccMorpum ropuson-

TAJIbHDII Pa3pes3, K KOTOPOMY
MIPUMBIKAIOT 5TH KBaJPAaThl.
CHoOBa, BCce KBaJpaTbl, MPHU-
MBIKAIOIIIEe K PA3Pe3y CBEPXY,
06pasyIoT BEpXHIOIO YacTh Ha-
Puc.16. Bropoe npasuso METO KOHTypa, a BCC IIPUMBI-

/(M,OX/'OQb& u yaiosue ropuy- Karolmue CHU3y — HHKHIOKO.
30HTa/IbHOW CTbIKOBKM 3Ha‘H/IT, BTOpO€ IIpaBuUJIO

Kupxroda 115 Halero KOHTypa COBIAAeT C MPaBUJIOM
TOPUBOHTAJIBHON CTBIKOBKH.

Wrak, mpaBuna Kupxroda coBmagaooT ¢ yCIOBUSIMU
CTBIKOBKHU. 3HAYUT JIN 3TO, YTO TOKHU COBIAJAIOT C JTTMHAMUI
CTOPOH KBazpaToB? [la, HO TOJBKO €CJaW Hallla CUCTEMAa
ypaBHEHUIT UMeET Juulb 00HO pellienne. B atom ciydae,
U3TOTOBUB TI0 PAa3Pe3aHUIO JIEKTPUIECKYIO 1€Tb, IJIUHbBI
CTOPOH KBAJ[PATOB MOXHO ObLIO Obl HAWTH... TPOCTO
n3MepuB TOKH!

EAnHCTBEHHOCTDb pacnpeneneHna TOKOB
B 3HEKTpI/I'-leCKOI7I uenu

Teopema eauncTBeHHOCTH. [1ycmb conpomus.ienus 6cex
pe3ucmopos yenu nosoxumevHul. Tozda cucmema ypaes-
Henuil, nocmpoennas no npasuiam Kupxezogpa, ¢ xomo-
POUL CUNLL MOKA — Heu3eecmivie, d HAnpsxenue bamaperi-
KU U CONPOMUBSECHUS PE3UCTNOPOE U3BECNHDL, UMEeM He
bonee 001020 peuenus..

Ha «dusnveckom ypoBHE CTPOTOCTH» 3Ta TeOpeMa Io-
ytu oueBuaHa. Ilyctb pemienuii aBa. Bbrutem ogHo 13
npyroro. Torma HanpsikeHne 6aTapeiiku CTaHeT HyJIEBBIM,
a TOK He Be3zie Oy/JeT paBeH HYJIO, Yero He ObIBaeT.

C TOUKM 3pEHMsT MaTeMaTUKH 3TO OODBSICHEHWE HeJb3s
CUNTATb JI0Ka3aTeJabCTBOM. Hesb3s MCKIIOUNTD BO3MOIK-
HOCTb, UYTO HAllla CHCTEMa YPAaBHEHWI WMMeeT KaKue-TO
«TIOCTOPOHHUE» PEIIeHNUsI, KOTOPBIX He ObIBAET B «Peasib-
HOU» asleKTpuueckol uenu. /la u B HallleM paccy kAeHuu
MBI HUT/IE HEe WCIIOJb30BaIN, YTO COIPOTUBJEHNS BCEX
PE3UCTOPOB CTPOTO TTOJIOKUTETHHBI. A 6€3 9TOTO MPEJTOo-
JIOKEHUS TeopeMa HeBEepHA: B KOJIbIIE M3 CBEPXIIPOBO/IHU-
ka (T.e. pesrcTopa ¢ HYJEBBIM COTPOTUBICHUEM) MOKET
TeYb HEHYJICBOW TOK IPU HYJIEBOM HaIpPsKeHUH!

BoT kak MOKHO MareMaTHU4YeCKHU CTPOTo J0Ka3aThb Teope-
MY €JIMHCTBEHHOCTHU:

[doxa3aTeabCcTBO TeopeMbl eAMHCTBeHHOCTH. IlycTb
ectp aBa perrenus. Ilepsoe 6ynem o6osHauath Iy, [,,...,
Bropoe Jy,J,,... Hamra mesp — mokasaTh, 4TO NX pasHOCTb
L—-J, I,-J,,... HyJaesas.

Paccmotpum smio60e ypaBHenue Haieii cucreMbl. [1yctp,
HaTpuMep, OHO 3aMICaHO IS y3Ja, N306paskeHHOTO Ha
pucynke 12. IlojcraBuB B HEro InepBoe pellieHue, MoJy-
ynMm: I, +1, =I5+ I5. IloxcraBuB BTOpPOE, TOJIYyYUM

Ji+J, =J5+Jg. Borurem onHO paBeHCTBO U3 JPYroro:

(ILi=J)+(I,=Jy)=(I5-Js5)+(Isg = Jg). Tlomyuaercs,
YTO PA3HOCTb HAIMX PEIIEHUIl YIOBJETBOPSIET TOMY K€
camoMy ypasuenuio. Tak 6yner u [ ypaBHEHUs, 3allu-
CAHHOTO /7 TI060T0 APYTOTO y3J1a WK JI060T0 KOHTYPa,
He cojiepsKarero 6atapeiky.

[TycTb Tenepb ypaBHEHME 3aMTUCAHO 1T KOHTYPA, CO/lEpP-
JKarero 6atapeiiky, HalpuMep IS KOHTYpa Ha PUCYHKE
14. TloncTaBisia B 3TO ypaBHEHNE HAIW PeNIeHus, TOJIy-
yuM pasenctBa Iz + 1, +1g=1u J3+J;+Jg =1. Bbiu-
TeM ofHO paseHcTBo u3 apyroro: (I3 —J3)+ (I, —J,)+
+(Iy — Jg) =0 . [omyuaercs, 4TO Pa3HOCTb HAIIMX PeIle-
HUH YJIOBJIETBOPSET TOMY K€ CAMOMY YPAaBHEHUIO, TOJHKO
¢ HyJIeBOH 1paBoii yacTbio. Ho B mpaBoii vacTu HCX0/1HOTO
YpaBHEHMS CTOsJI0 Hampsbkenue Oatapeiiku. [lomydaem,
YTO Pa3HOCTb HAIUX PEIIeHUNl MOAYMHIETCS MPaBIIAM



Kupxroda /7151 Toii 3ke 1emnu, TOJIbKO ¢ HyJIeBbIM HAIPsiKe-
HUeM OGaTapeiiku.

Teopema eIUHCTBEHHOCTH CBEJIACH K TAKOMY YTBEDPIK/Ie-
HUIO:

Ipunmun Texuuku 6e3onacHocT. Ecau Hanpsxkenue
bamapetxu pasno Hy110, Mo U 6ce CULbL MOKA 8 IJeKM-
puneckoll yenu ny.Jiesvle.

JoxkazareabctBo. [IycTb B 11€M1 €CTh HEHYJIEBbIE TOKH.
Ecim cmma Toka Ha Kakmx-To pe6pax OTpHIIATEJNbHA, TO
TTOMeHsieM Ha KaKJI0M 13 HUX HallpaBJIeHNe CTPEJIKH, 3HAK
CIJIBI TOKA W 3HAK HaNpsDKeHWS. SIcHO, 4To TpaBmia
Kupxroda no-tipesxHeMy Oy IyT BBITTOTHATHCS, & BCE CHJIBI
TOKA CTaHyT HeoTpHulaTe bHbl. Haunem jBiskenue ¢ pe6-
pa, Ha KOTOPOM CHJIA TOKA HEHYJIeBast, U OyeM IBUTATHCS
B HaIlpaBJieHUN cTpeJiok. VI3 mepBoro npasuia Kupxroda
CJIe[IyeT, 4TO Mbl MOKEM HEOTPAHUYEHHO IIPOIOJIKATH
aBukenne (Beib €M y BEPHIMHBI €CTh MOJIOKUTEIbHbIN
BXO/ISIINIA TOK, TO €CTh U BBIXOASANINIA). PaHO 111 M03/1HO
MBI BIIEDBbIE BEPHEMCSI B BEPIIUHY, B KOTOPOIl yiKe
nmo6bIBAMN. 3HAYUT, MBI TOJYYNM 3aMKHYTYIO IETTOYKY
pebep, Ha KOTOPBIX CHJIA TOKA HEOTPHIATEJbHA, TPUIEM
XO0Tst OBl Ha OJTHOM M3 HUX OHa GoJbiie HyJs. [lo 3anaue
4 rosrygaeM MpoTHUBOPeYNe CO BTOPBIM TpaBmjioM Kupxro-
da, moroMy 4TO HampspKeHue Gatapeiiku paBHO HY.JIIO.
[Tpuniun Texuuku 6Ge30MIACHOCTH, a BMECTe C HUM U
TeopeMa eAMHCTBEHHOCTU [TOKA3AHBI.

3amava 5*. BoiBeaure u3 npaBmwa Kupxroda, uro ecim
HampsoKerre GaTapeiiky TMOJOKUTEIbHO, TO CHJAa TOKA Yepes3
Hee: a) He paBHA HyJ0; 6) TOJOKATEIbHA.

3apava 6. Hanpsoxenue OGarapeiikii yBEeJWYUIM B 1 Pas.
Jlokaskute, 4TO BCE CHJIBI TOKA B IEIH TAKXKe YBEJUYUJIUCH B 1
pas.

Joka3aTenbcTBO TeopemMbl [leHa
0 paspe3aHuu NMpPSMOYroJfibHUKa

[IycTb TpSAMOYTOJIBHUK pa3pesan Ha KBaJpathbl. Pacrio-
JIOJKUM €0 TaK, YTOODI IBe er0 CTOPOHbI OBLIN BEPTUKAIDb-
HBI, a J[BE IpyTHe — TOPU30HTAJbHbBI. By/ileM cuuTarh, 4yTo
JUIMHA TOPU30HTAJbHOU cTOpoHbl paBHa 1. fcHo, uro
CTOPOHBI BCEX KBAJPATOB JHOO BEPTHKAJIBHBI, NGO TOPH-
30HTAJbHbI. PaccMOTPUM 9JIEKTPUYECKYIO 1Iellb, COOTBET-
CTBYIOILYIO pa3pe3anuio. CucremMa ypaBHeHMI, IOCTPOEH-
Hasg 1o mpaBuiam Kupxroda s aToit 1enu, mMeer
pellleHyie — B KayecTBe CHJI TOKOB MOJKHO B34Tb JIJIMHbI
CTOPOH KBajipatoB. [1o Teopeme eMHCTBEHHOCTH JAPYTUX
pelieHwii y aToil cucteMbl HeT. 3HAYUT, 10 TeopeMe O
PEIIEeHUH CUCTEMBI OHO COCTOUT U3 PAITMOHATHHBIX YHUCET.
[ToaToMy AMHBI CTOPOH BCEX KBAIPATOB, a CJIEI0BATEb-
HO, W OTHOIIIEHUE CTOPOH ITPSIMOYTOJIbHUKA PAIlMOHAJIbHBI.
Teopema /lena gokasana.

3agaua 7. Iloxaskmre, 4TO KBaJpar HeJb3sl pa3pe3arb Ha
noao6ubie (HO HE 06S3aTENBHO PABHBIC) TPSMOYTOJIBHUKU C
OTHOIICHHEM CTOPOH ~/2 .

Hdecept

MBI OTBETHJIN Ha BCE BOIIPOCHI, IOCTABJIEHHBIE B CTATHE,
HO ee HaszBaHMe OCTaJoCh 3arajkoil. OObacHeHne Ha3Ba-
HUS MBI OCTaBWJIM Ha JecepT: 3TO OyJeT HarJsHas
KapTUHKA JIEKTPUYECKOI TIeTTH, TIOCTPOEHHOI 110 pa3pesa-
Huto. Panbiie ¢dusnveckas WHTEPIPETAIMS BbITJSIEIA

KaK HEKOTOPDIH TPIOK, TENePb HAUld Uelb — NOKA3AMb, KaK
00 Hee MOXKHO 000YMamovcs.

[TycTb GoJIbIIOI TPAMOYTOJBHUK pa3pe3aH Ha MEHbIITHe
(e 06s13aTeIBHO KBA/IPATDIL) , 1 TPEGYETCS BBIPA3UTH OTHO-
IIEHIE CTOPOH GOJIBIIOTO MPSIMOYTOJIBHIKA Yepes OTHOIIIe-
HUSI CTOPOH MeHbInX. Pacrosioskum GOJIbIION TPSIMOY-
TOJIBHUK TaK, YTOODI /[BE €0 CTOPOHDI ObLITY BEPTUKATIBHBI,
a [IBe ApyTHe — TOPHU3OHTATbHbI. OmHoulenuem Cmopon
MPSIMOYTOJTBbHUKA JOTOBOPHUMCST CYMTATh OTHOIIEHNE [IJTH-
HBI ero TOPU30HTAJIbHON CTOPOHBI K JIJTNHE BEPTUKATHHON.

pumep 1. IIpAMOYTOJHHUK € OTHONIEHUEM CTOPOH R
pas/iesieH BepTHKAJbHBIM pa3pe3oM Ha JBa TPSMOYTOJIb-
HUKA C OTHOIIEHWsIMH CTOpoH R, u R, (puc.17,a).
IMokaxxkem, yto R = R + R, . JleficTBUTENbHO, IIyCTh BEp-
THKaJIbHAs CTOPOHA GOJIBIIOTO MPSAMOYTOJbHUKA PaBHA X.
Torpa ropnzoHTa bHbIE CTOPOHBI MEHDBIIHX HMPSIMOYTOb-

HUKOB PaBHbl Rix u Ryx . 3naunt, R = (R + sz)/x =
= R1 + R2 .

Yy
6)
a) R,
X R, R,
RZ

Puc.17. PazpesaHus rnpsamoyrosibHuKa Ha 2 rpsmoyrosisHUKa

Ipumep 2. IIpsSAMOYTOJHBHUK € OTHONIEHUEM CTOPOH R
pas/ie/IeH TOPU3OHTAIbHBIM Pa3Pe30M Ha /[BA [IPSIMOYTOJIb-
HUKA C OTHOIIeHWsiIMU cTOpoH Ry u R, (puc.17,6).

RiR,
R+ R,
PU3OHTAJIbHASL CTOPOHA GOJIBIIOTO HPSIMOYTOJIBHUKA PaB-
Ha y. Torga BepTHKa/IbHBIE CTOPOHBI MEHDIINX IIPSIMO-
YTOJBHUKOB paBhbl y/R; u y/R, . 3nauur,

_ Y _ RiR,
Y/R+ty/Ry R +Ry’

IToxkasxkem, uto R = . [eficTBuTeIBHO, TyCTH TO-

[la 310 ke hOPMYJIbI COTIPOTUBJIEHNUS TIeTIEl U3 TIOCIE/10-
BaTeJbHO W TApalJIeTbHO COEAMHEHHBIX PpEe3NCTOPOB!
O6psacuenne ouenp mpoctoe (puc. 18, 19).

IIpencraBum ceGe, 4TO y HAC €CTb HPIMOYTOJIbHASI
MeTasandeckas naactuaka. CoelMHUM ee BEPTHKAJIbHBIE
CTOPOHBI ¢ KJeMMaMu Gatapeiiku (Tounee, K Kaska0il n3
BEPTUKAJBHBIX CTOPOH T10 BCEH JTMHE MTPUJIOKUM TTPOBO/I-
HUK, COeIMHEHHbII ¢ COOTBETCTBY O KaemMoii). Torza
Yyepes IJIACTUHKY TIOI/IET TOK B TOPU30HTATBHOM HAIIPAB-
sernu. [lmactiaka urpaer poJib peanucropa. Kax nssectHo
n3 (U3NKHU, ee COMPOTHBIEHNE MTPOMOPIIOHATIBHO OTHO-
MIEHUTO JITMHBI K IO BEPTUKATIBHOTO MOMEPeYHOTO
ceyeHUs. VIHBIMH CJIOBaMM, COTIPOTHBJIEHNE ILJIACTHHKHI
TIPOTOPITOHAIBHO OTHOTIIEHHUIO ee CTOPOH. [LJIs1 TPOCTOThI
6yzseM cuutaTh KO3(DDUIMEHT TPOITOPIIHOHATIBHOCTH PaB-
HbIM 1.

[lns npumepa 1 mpucTaBuM ApyT K APYTY /IBE MPSIMOY-
rOJIbHbIE MJIACTHHKI OJUHAKOBBIMU BEPTUKAJIBHBIME CTO-




6)

R=R*R,

a

1
Puc.18. @opmyribl 47159 OTHOLLEHMS CTOPOH TakKMe Xe, Kak M /15
conpornsiers

pouamu. OcraBuinecss BEPTHKAJIbHbIE CTOPOHBI COE/U-
HUM ¢ moJiocamu Garapeiiku. [loydum 1enb U3 ABYX
10CJIe/I0BATENbHO COCAMHEHHBIX pesucTopoB (puc.19,a).
Ecsn oTHOMIEHHST CTOPOH 3THX NJIACTMHOK Ry m R, , TO
X COIpOoTUBJeHHS — Toxke R; u R, . ConporusieHue
GOJILIION TIJIACTMHKHU, COCTaBJIEHHON W3 JBYX, PaBHO
R, + R, xax conpoTuBJjieHHE /IBYX IOCJIe0BATEJbHO CO-
e/IMHEHHBIX Pe3ncTopoB. Bor «dusndeckoes oObsicHeHNE
TOTO, 4TO OTHOIIEHHE CTOPOH OOJIBIION IJIACTUHKU PaB-
o Rj+R,.

6)

a

)

Puc.19. Snektpudeckue Lernu 13 MeTaiyin4eckux MmiacTimHoOK

[Tepeiinem k mpumepy 2. IlpucraBuM JBe TMJIACTHHKA
JIPYT K JIPYTY OJIMHAKOBBIMU TOPU30HTAJIBHBIMEI CTOPOHA-
MU, a BEepPTUKAJbHbIE CTOPOHBI COEJMHUM C IOJIOCAMHU
Gatapeiiku (puc.19,6). ITOCKOIBKY TOK TE€YET B TOPU3OH-
TaJIbHOM HAIPABJIEHUHU, TO YePe3 JIUHUIO CTBIKOBKU TOK He
uger. M3onmpyeM MJIACTUHKU JApPYT OT Jpyra: TOK U
CONIPOTUBJIEHUE TIETN He U3MEHATCsI. Mbl TOJyduM mapy
apaJiJie ThHO COeIMHEHHBIX PE3UCTOPOB, 3HAUNT, OTHOTITE-
HIle CTOPOH GOJIBIIIOrO IPSIMOYTOJbHUKA HAXOUTCS TI0
dbopmy.e ﬂ
R+ R,

ITO K€ TOCTPOEHUE MOKHO TIPUMEHWTD IS JII0O0TO
pas3pe3aHus MpsSMOYTOJbHIUKA HA MPSMOYTOJbHUKH, CKa-
JKeM JIJIst u300paskeHHOTo Ha pucyHKe 3. [IpegcraBum cebe
GOJIBIITYTO TPSIMOYTOJIBHYTO IJIACTUHKY, PA30UTYIO HA MEHb-
me. BepTukasabHble CTOPOHBI GOJIBIION TLTACTUHKHA CO-
eIMHUM C TToJTIocaMu GaTapeiku. Boib ropn3oHTaIbHBIX
JINHUN pa3pe3a U30MpyeM MeHbIINe IJIACTUHKU JAPYT OT
JIpyTa, a B/IOJIb BEPTUKAIbHBIX JUHUIT pa3pe3a IIyCcTb OHI
CTBIKYIOTCSI. MBI MOJIyYUM 3JIEKTPUYECKYIO IIeTlb, COMPO-
TUBJIEHNE KOTOPOW PAaBHO OTHOIIEHHWIO CTOPOH OGOJIBINONM
mnactunku (puc.19,6). Ha camom jgene 210 Ta ke camast
3JIEKTPUYECKAS 1€, KOTOPYIO MBI TIOCTPOUJIA PaHbIIIE.

Taxum o6pa3om, 4ToObI HAUTH OTHOIIEHWE CTOPOH IPsi-
MOYTOJIBHUKA, IOCTATOYHO H3MEPUTH COTIPOTUBJICHIE HJTEK-
TPUYECKOII 1eMHn, TTOCTPOEHHOI 110 paspe3anuio! O6 aTom
MBI TIOJIPOOHO PACCKAZKEM B OJTHOM W3 CJEAYIONIMX HOME-
POB KypHaJIa.

3agaua 8. [IpsaMOyTOJIBHUK pa3/iesieH Ha TSATh IPSIMOYTOJTbHI-
KOB C OTHOIIEHUSIMH CTOPOH R; =R, =R3=1, R, =R;=3
Tak, Kak Mokaszano Ha pucyHke 20. HaiiguTte oTHOIIEHNE CTOPOH
6OJIBIIOTO TPSAMOYTOJIb-
HUKA.

3agava 9**. Ha moc-
KOCTH JlaHA 3JIEKTpUYeC- R,
Kasl Lellb U3 Pe3UCTOPOB R,
conporuBienveM 1 u 6a-
Tapeiikn HanpskenueM 1.
[TpeamomoKmM, BCe CHUJIBI Ry
TOKOB B I[eIl HEHYyJIeBbIe,

R,

Ry

a BCe KOHTYPbBI — Tpey-
rospubie ? . IlompoGyiiTe
JI0Ka3aTb, 4TO TOT/IAa 3Ta
Llellb IIOJTyYaeTcsl U3 HEeKOTOPOro pa3pe3aHus MPsIMOYyTOJIbHUKA
Ha KBAJPATHI.

Puc. 20. PaspesaHue rnpsamoyross-
HUKA Ha 5 1psmoyrosibHUKOB

Aemopul 61azodapnovr Eezenuio Boipodosy, Cepeero Mapre-
z108y, Eszenuio Mozunesckomy, Baadumupy IIpomacosy, Anex-
candpy IIpoxoposy, Cessmocaasy Deavdweposy u Lopucy
Dpenxuny 3a yenuvle 3aMeUaAnUs.

M. Cronenxog 6.1azodapen 3a nomowp Hncmumymy npob.aem
nepedauu ungpopmavuu PAH u Ynusepcumemy nayxu u mex-
nuxu xkopoas A6dyanv (Caydosckas Apasus).

9 Ha camon desie, QOCMAMOUHO NPEONOLOKEHUS, UMO 8 KAKOOM
KOHMype TIOTEHINAIBI 6ePUU NONAPHO PASTUUHDL.



Cobepu kBagpaT

M.CKOIEHKOB, O.MAJIMHOBCKAA, C.AOPUYEHKO

bIBAIOT OYEHDL IMTPOCTBIE BOIIPOCHI, OTBETbI
Ha KOTOpPbIe HAWTH COBCEM He TIPOCTO. BOT o 13 HUX:
K020a U3 NPAMOYZOILHUKOE, NOOOOHBIX AHHOMY,
MOKHO CJOKUMb Keadpam?
MapiMu cioBamu,
npu KAKUX ¥ U3 NPAMOYZOJLHUKOE C OMHOUEHUEM
CMOPOI T MOXKHO CJAOKUMY Keadpam?
Xorute y3Hatb orBer? Torga B myTh!

HarnsapgHble paspe3aHus

Ecmu r palliOHaJIbHO, TO KBaJApaT CJOXKHUTb MOKHO. B
9TOM HECJIO0KHO }766[[I/ITbCSI, T Ha PUCYHOK 1. 3IIECb

OTHOIIEHWA CTOPOH BCEX MTPAMOYTOJIbHUKOB PaBHbI — , TI€
p U g — LEJbIE. q

plq plq plq

P
Puc. 1. PaspesaHue KBagpara co CTOPOHOU p
A MOXET JIu OTHOIEHUE CTOPOH ObITh WUPPAIMOHATH-
HbIM? Mosker. PaccMoTpuM paszbuenne Ha S MOJ0OHBIX
MPSIMOYTOJBHNKOB HAa PUCYHKE 2 — JBa BEPXHUX JexKaT
TOPU30HTAIBHO, OCTaBININECS — BEePTUKAIbHO. Pa3 Bepx-
¥ ¥
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Puc. 2. PaspesaHue Ha 5 rpAamoyrosibHNKOB

HUe MPSMOYTOJbHUKN MOAOOHBI U JIE)KAT TOPU3OHTAIBHO,
To oHU paBHbl. IlycTh nx pasmepnr 1X 7, Torza cTopoHa
KBaJpaTa paBHa 2r. Haxomaum [JMHDBI CTOPOH HMKHUX
2r
npsAMOyroabHUKOB (eMm. puc. 2): 2r — 1 u 5 Tak kak
HUDKHUE TIPSIMOYTOJIbHUKY 1TO0/JOOHBI BEPXHIM U PACIIOJIO-
2r—1
=2r.

JKE€HbI BEPTUKAJIbHO, TO ITOJIy1a€M YpaBHEHNE 3
r

Permrast ero, naxoaum JiBa KOpHS: 7 =

3+43
T, KOTOpbIE

nppannoHaJIbHbI. I[JISI KasK/I0T0 U3 HUX CTPOUTCA pa3pesa-
HUE — pa3MeEpbl BCEX IPAMOYTOJbHUKOB YK€ BbIPDAKE€HDI
4epes 7, OCTaJOCh TOJIBKO ITO/ICTaBUTb 3HaAUY€HUE.

3anava 1. /[usaiinepy 3aka-
3aJ1 paMy JUId KBaJpPaTHOTO
okna (puc. 3). Moxkuo au cue-
JIATb BCe CTEKJA B pame mo/jo6-
HBIMH TIPSIMOYTOJIbHUKAMH ?

3amaua 2. MoskHO Ju paspe-
3aTh KBAJIparT Ha 3 HepaBHbBIX
MOZOGHBIX TIPSIMOYTOJTbHUKA?

3azava 3. MoxxHo 1 paspe-
3aThb KBa/IpaT Ha S KBa/[PaTOB?

3azava 4. MoxxHo Jin paspe-
3aTh KBA/IPAT HA HECKOJIBKO IPsi-
MOYTOJIbHIKOB C OTHOIIECHUSIMH
cropon 2 ++/2 ? Tot ke Borpoc
IIJIsT 2—\/§,JIJI$[ 3+2\/§ U 115
3-22.

e

Puc. 3. [TpoekT okHa

WNurepecto, kakue UMEHHO UPPALMOHAJIbHbIE 3HAYCHUS
MOJKeT IpUHMMaTb 7. [lyg oTBeTa Ha 3TOT BOIPOC HaM
moTpe6yIOTCST pa3pe3aHusi MTPOU3BOJIHHOTO TIPSMOYTOJIb-
HUKa, a He TOJIbKO KBaJlparTa.

NctnHa B NneKTpunyecree

[Tyctb 60sBIM0I TPSMOYTOTBHUK pa3pe3aH HAa MaJeHb-
kue. Kax BbIpakaercs OTHOIIEHHE CTOPOH GOJIBIIOTO
IPSIMOYTOJIbHUKA Yepe3 OTHOIIEHUSI CTOPOH MAJIEeHbKUX ?

HavneM ¢ ABYX IPOCTBIX (POPMY.T 11T TOPU3OHTAJIBHOTO
U BEPTUKAJLHOTO Pa30MeHuil Ha [JBa MPsIMOYTOJbHHKA
(puc.4). [Tokaxure UX CaMOCTOATENBHO. 3/1€Chb OTHOIIE-
HUSI TOPU30HTAJIbHBIX CTOPOH IIPSIMOYTOJIBHUKOB K BepTH-
KaJbHBIM 0603HAueHbl yepe3 R, R, R, .

He kasxercs s BaM, 4TO 3TH (POPMYJIBI BBI YK€ BCTpe-
yann? Koneuno, ato ke OpMyJIbI IS CONPOTUBJICHI
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Puc. 4. @opmysibl 4715 OTHOLLEHVISI CTOPOH [TPSMOYIO/IbHIKA



KBAAPAT

1ere 13 MocJIeI0BaTeIbHO U MapaJlie TbHO COeINHEHHBIX
pesncTopos!

Ha camom siesie, Kax/10My pa3pesanuio MO>KHO COIIOCTa-
BUTD 2JIEKTPUYECKYIO IeTh U UCI0Jb30BaTh (hU3ndecKue
3aKOHBI JIJISI PEIeHus Halllell 33/1aun. DTUM Mbl ceifuac u
3aliMeMCSl.

Puc. 5. YaioBUMCcS CYnTate, 4170 B TAKOM
PA3pe3aHumn OfauH roPU3OHTANIbHbLIA U [Ba
BEPTUKASIbHBIX PA3PE3A

Crauajsia moctpouM 1o pazpesanuio rpad. Ha Beptu-
KaJbHbIX paspesax' (Ha pucynkax 5 u 6 OHE OKpalieHbl
B OPaH’KEBbI 1IBET) U HA BEPTUKAJIBHBIX CTOPOHAX (0JIb-

™~

Puc. 6. [1oCTpOEHME S1EKTPUYECKON LeMn 10 PAa3pPe3aHMIo

IOTO MPSMOYTOJBHUKA OTMETUM IO KPACHOH TOUKe. ITO
GyyT Bepinuibl rpada. J[Js Kask10ro MajeHbKOTo MPsMO-
YrOJbHUKA COEMHUM PeOPOM JIB€ KpPacHbIe BEpIIMHbI,
KOTOpbIE JIesKaT Ha paspe3ax, COAEPKAIIUX CTOPOHBI
NPAMOYTOJIbHUKA. Pebep MOTyduTCsS CTOJIBKO, CKOJIBKO
MaJIeHbKUX MPSAMOYTOJbHUKOB.

Taxsxe coeguauM pe6poM Kpaitame (ciaeBa m crpaBa)
BepmmHbl. ['pad moctpoeH.

Brosb kaxaoro pebpa, KpoMe IOCTIeIHET0, MPUIIaseM
PE3UCTOP, CONMPOTUBJEHHE KOTOPOTO PABHO OTHONIEHUIO
FOPU30HTATBHON CTOPOHBI COOTBETCTBYIOIIETO IMPAMOY-
roJbHUKA K BepPTHKAIbHOIL.

[IpunuineM KOHLAM IIOCIEAHEr0 pebpa 3HAKU ILIOC K
MUHYC 1 BJI0JIb 5TOr0 pebpa npurasem 6atapeiiky. Hamps-

I agum tounoe onpenenenue paspesa. Ilokpacum Bee ropu-
30HTA/IbHBIE CTOPOHDI MAICHbKUX IIPAMOYTOJIbHIKOB, He JIexKa-
IIMe Ha TIepuMeTpe GOJIBIIOr0, B 3e/IeHbIi 1BeT. OHH 06be IHAT-
€ B HECKOJBKO 3€JeHBIX OTPE3KOB, KOTOpbIe MBI Ha30BEM
20PU3ONMATLILIMU  PA3pe3aMmi. BepTukaibHble CTOPOHBI Ma-
JIEHbKUX IPAMOYTOJIbHUKOB, He JeKallie Ha IepuMeTpe 60JIb-
1I0T0, MOKPACHM B OpPaIyKeBblii 1Bet. IToyuerible opaikesble
OTPE3KH JIeIATCS TOPH3OHTAMLHBIMY PA3pe3aMyl Ha YACTH, HMEH-
HO 5TU YaCTH Mbl U HA30BEM Gepmuxaiviioimu paspesamu (oM.
puc. 5).

2 KomneuHo, OTHOIIEHHE CTOPOH — BeJIHUMiHa Ge3pasMepHasi, a
COTIPOTHB.ICHTIE TMeeT Pa3MepPHOCTD. 1109TOMy, UTO6bI TOBOPHTD
O PaBEHCTBE, MBI Pa3 M HaBcerga (PUKCHPYeM CHCTEMY eiHMIIL:
JUMHbL GyeM H3MepATb B CAHTUMETPaX, CONPOTHBJICHHS — B
KILJIOOMAX, HATIPSKEHNS — B BOJIBTAX, TOKM — B MIULTHAMIIEPAX.
B nabHelieM eMHIITHI N3MEPEHNs YKa3bIBaTh He GyeM.

JKeHne Gatapeiiki BO3bMEM PaBHBIM JIJIMHE TOPU30HTATH-
HOMl CTOPOHBI GOJIBIIOTO MPAMOYTOJIbHIKA (moueMy —
CTaHET SICHO TMO33Ke).

DJIEKTPUIECKAST [IEITh MOCTPOEHA.

OKa3bIBaeTcst, OTHOIIEHNe CTOPOH GOJIBIIOTr0 MPSIMOY-
TOJIbHUKA BCETJA MOXKHO BBIPA3UTH Yepe3 OTHOIIEHS
CTOPOH MaJeHbKUX. B aTOM HaM MOMOMKET Takast Teopema.

TeopeMa 0 CONPOTHBJIEHUH €U U OTHOIIEHUH CTOPOH
npsMoyroJbHuKa. Conpomus.ienue 31eKmpudeckoll yenu,
nOCMPOEHHOl NO PaA3pPe3anuio, PasHo OMHOULEHUIO 20PU-
30HMAILHOU CMOPOHBL 6OILULOZO NPAMOYZOTLHUKA K GEP-
MUKAILHOU.

Hama 6mkaiimas 1mesab — gokasath 3Ty Teopemy. Ho
KaK 3TO CleJaTh, ecJau B ee (GOPMYJUPOBKE YUACTBYIOT
(pusuueckue, a He MaTeMaTnveckue oHATHA? Beb pera-
€M-TO MbI MATEMATHYECKYIO 33/]a4y O pa3pe3anun!

[Tpumercst gaTh CTpPOTOE MaTeMaTHYECKOE OIPeeeHre
9JIEKTPUYECKON 1IN U ee CONMPOTUBIeHns. A ¢pusudeckas
uHTYUIMsS Gy/IeT MOMOraTh HaM.

MaTtemaTnyeckaa mopenb 3neKTpI/|'-IeCKOl7I uenun

Onpenesenne. IieKmpuueckoi yenvio Mbl Ha3bIBAEM
CBSI3HBIN TI0CKMi Tpad (BO3MOKHO, ¢ KpaTHbIMU pebpa-
MU, HO Ge3 MeTesb), B KOTOPOM:

* KayKZI0MY PeOpy COTIOCTABJIEHO MTOJIOKUTETBHOE YNCJIO;

+ omHo u3 pebep BBIIETEHO, €r0 KOHI[bI OTMEYEHBI
3HAKaAMU «+» U «—»;

* IPU y1ajieHnn JiIo60ro pebpa rpad 0cTaeTcsi CBIA3HBIM.

Tpe6oBanue CBSI3HOCTU MOCJE yaageHus peGpa HyKHO
JIJISE TOTO, YTOGBI B TIETHN He ObLIO «JIUITHUX» y4acTKOB (110
KOTOPBIM TOK HE TEYer).

MoskeT BOBHUKHYTH BOIPOC, TT0YeMY MbI TpeOyeM, 4TO-
6b1 Tpad ObLT ILUIOCKUET — Beb 3JIEKTPUYECKYIO IIEIb
MOKHO CIIAsiTh M3 IPOBOJIOB, KAK YTOHO PACIIOJIOKEHHBIX
B mpocrpanctBe. OObsiICHEHNE TaKoe: [IJIs Halllell 3a/auu
HaM JIOCTATOYHO IJIOCKUX 3JIEKTPUYECKUX Ierel, a st
HUX HEKOTOPBIE ompeseneHnst (GOpMyJIUPYIOTCS TPOTIIE.

Omnpeaenenune. Boigenrernoe pe6po HasbiBaeTcs Oama-
petikotl, ocrajabuble — pesucmopamu. ducmio, conocras-
JileHHoe GaTapeiike, Ha3bIBaeTCS Hanpskenuem Gartapeii-
KH, a YMUCJA, CONOCTABJIEHHbIE PE3UCTOPAaM, — UX CONPO-
mueeHusimu. BepinuHbl, OTMeYeHHbIe 3HAKaMU <«+» U
«—», HA3BIBAIOTCST KAeMMamu GaTapeitku.

M306pasumM 1ieb Ha ILJIOCKOCTH Tak, 4TOObI OTpHIIA-
TesbHas KjaeMMa Gatapeiiku Obljia IpaBee II0JIOKHTEb-
HOM ¥ KOHIIBI KaKAoro pebpa He JiesKajad Ha OJHON
BepTUKAIbHOW mpsiMoii. Hapucyem Ha KasKaoM pesnucrope
CTPEJIKY CJIeBa HAlpaBo, a Ha Garapeiike — clipaBa HaJie-
BO, T.e. OT OTPUIATETBHON KJEMMBI K IMOJOKUTEJbHON
(puc. 7).

Onpepaexenne. Cuivl moKo6 4epe3 pe3ucTopbl U OaTa-
peliky — aTo uncsa Ha pedpax rpada, KOTOpbie YIOBJIET-
Bopstor npasuiaM Kupxroda® (puc.8, 9 u 10).

CripaBelUTMBBI TPU Ba’KHbIE TEOPEMBI.

3 Ux (opMyIHPOBKY MOXXHO HAllTH, HampuMmep, B CTaTbe
«Paspesanus MeTasMuecKoro mnpsMoyroJbHuKa> B «KBaHTe»
Ne3 3a 2011 rox. JKemnaionm moapo6Ho pazodparbes B pusmke
MIPOUCXO/IAIIET0 PeKoMeHyeM ere craTtbio «IIpaBuna Kupxro-
¢a» B Kpanrte Nel 3a 1985 rog.




8 KBAHT

Puc. 8. lNepBoe ripasu-
710 Kupxroga: l + h =

Puc. 7. Hymepauma pe3ncropos 1
BbIOOP HANpPaBieHu Ha pe3nc-
Topax v barapevike

Iy

I 7
+ [—
Puc. 9. Bropoe rpasuio
Kupxroga a5 KoHTypa 6e3
barapeviku: Rsls + Rylg —
—Rylg —R,1; =0

Puc. 10. Bropoe ripasuio Kupx-
ro@a 4719 KOHTypa ¢ barapesi-

KOUT: —Ryly — Ry, — Ryly = =&

Teopema cymecTBOBaHUS M €JIWHCTBEHHOCTH. /[/15
J000T  INEKMPUUECKOU Uenu HAidemcs paccmanogra
yucez (cun moxog) na pebpax, yoogiemeopsouds 6cem
npasunram Kupxezogha, u npumom mosvko oona.

3ameuanue. Cuya TOKa 4epe3 pPe3nCTop MOXKeT ObITh U
orpunare/bia (¢ TOUKY 3peHust PU3MKK 5TO 03HAYAET, YTO
TOK Te4eT IIPOTUB HAIIPABJIEHUS CTPEJIKH).

Teopema nonoxureabuoctu. Cuia moxa uepes 6ama-
petiky e6cezda nonoxumeavia (UnvIMU CIOGAMU, MOK
uepes Gamapeiixy e6cezda meuem OmM OMPUUAMETLHOL
KJeMMDL K NOJLOKUMELLHOU).

Teopema 0 cuyax TOKa M JJIMHAX CTOPOH. /][5 ueni,
NOCMPOEHHOU NO PA3PEIAHUIO, CUIbL TNOKOE UePe3 Pe3uc-
MopuvL PaGHLL OJUNAM BEPIMUKAILHBLX CIOPOH COOMEEm-
CMBYIOUUX MATCHOKUX NPAMOY2ZOIbHUKO8, d uepe3 bama-
peiiKy — 0aune 6epmuKdaIvHol CIMOPOHLL 60LULOZO.

3ameuanue. VImeHHO B 11ocjie (el TeopeMe HeoOX0MMO
yCJIOBHE O TOM, YTO HampsiKeHne 6atapeiiku paBHO rOpH-
30HTAJIbHON CTOPOHE GOJIBIIOTO MPSMOYTOJTHHHUKA.

OTH TPU TEOPEMBI JIOKA3aHbI HAMU B ITPE/IbI/IYIIEl cTaThe
«Paspe3anns MeTanmmaeckoro mpsiMoyroabHIKa» B « KBaH-
te» Ne3 3a 2011 rox g pa3pesanuii Ha KBaaparbl. Ho fis
paspesaHnii Ha MPSMOYTOJbHUKH JOKA3aTeJTbCTBO COBEP-
MeHHo aHajormyHo. [IpaBna, mosoBUHA TEOpPEMBI CyTie-
CTBOBAHMS W €IMHCTBEHHOCTH, a WMEHHO YTBEPIKICHUE O
CyIIeCTBOBAaHUH, ObLIa I0KAa3aHa TOJDbKO /I TIelu, TOCT-
POEHHOII TI0 pa3pe3aHuio, HO UMEHHO B TaKoil (hopmy.iu-
POBKe OHA HaM U MOTPeOyeTcs.

ConpoTuBneHue uenu

Onpeaenenne. Conpomue.ienue yenu — 910 OTHOMIEHHE
HanpskeHus: 6aTapeilku K cuje ToKa yepes Hee.

DusnyecKuii CMBIC/I 9TOTO OIPEIEIEHIs TAKOB: €C/IM BCe
PE3UCTOPBI LeMH 3aMEHUTh Ha OJMH PE3UCTOP C TaKUM
CONPOTHBJIEHUEM, TO TOK Yepe3 6aTapeiiky He M3MEeHUTCS
(puc. 11).

2015/Ne?2

Mpr BBesInt Bce HEOOXOINMBIE nr
MTOHSTHS ¥ TOTOBBI TIPUBECTH

/loka3aTebCTBO TEOPEMBI O
CONPOTHBJICHHH IIeH U OTHO-

HIEHHH CTOPOH NPSMOYTOJIb-
HuKa. [lo Teopeme o cumax Toka
U JIIMHAX CTOPOH, CHUJAa TOKa
4yepe3 GaTapeiiky paBHA BEPTHU-
KaJbHOI CTOpOHE G6OJIBIIOTO
npsaMoyrosbiuka. Ilo onpene- Illl
JIEHUIO, COIIPOTUBJICHUE I[eIH
PABHO OTHOIIIECHUIO HATIPSYKCHUS
6atapeiikim K cmJje TOKa 4epes
Hee, YTO PaBHO OTHOIIEHHIO —
TOPHU30HTAIBHOI CTOPOHBI 00JIb-
IIOTO TPSIMOYTOJIBHUKA K Bep-
THKAJIBHOI, YTO ¥ TPEGOBAIOCH.

[lokazanHasi TeopeMa CBOJIUT
BBIYKCJICHIE OTHOIICHUSI CTOPOH TPSIMOYTOJbHUKA K BBI-
YICJIEHUIO COIIPOTUBJIEHUS dJieKTpuyecKkoil nernu. Ho kax
HAXO/IUTh 3TO colpoTuByeHne? TyT HaM OYeHb IPUTO/UT-
cs TaKkoe yTBepsK/eHue:

Jlemma o conporuBienuu uenu. Cuivl moka 6 31exm-
PUUECKOUL yenu U ee CONPOMUBIECHUE MOXKHO BbPA3UMND
yepes COnPOMUGLEHUSL PEIUCTROPOS U HaAnpsKenue 6ama-
PEUKU C NOMOWBIO CAOKEHUS, BLIMUMANUSL, YMHOKEHUL U
deJienusi.

[oxka3aTeabcTBo. Mbl JOKaKeM 3Ty JIEMMY TOJIBKO JIJIsI
IIETH, TIOCTPOEHHOI 110 pa3pe3anuio. 3aluieM Bee TTPaBy-
ga Kupxroda ams nee. Bo3uukaer cucremMa ypaBHEHUI,
rlle HeM3BeCcTHble — 3TO CHUJIbI TOKOB uepe3 pebpa, a
KoaddurrenTs! — 910 *1, a TaKKE CONPOTUBIEHMS PE3U-
cTOpoB U Hampspkenue 6arapeiiku. llernb mocTpoena 1o
pa3pesaHulo, 3HAYUT, y Halllell CUCTEeMbl 3aBEIOMO €CTb
peliieHe — JJINHbI BEPTUKAJIbHBIX CTOPOH IIPSMOYTOJIbHY-
KOB. A ZIpDyTUX pellleHHii 1 HeT — 10 TeopeMe CYIIeCTBOBA-
HUS W eIMHCTBEHHOCTH. ECJIN penienne cucTeMbl OHO, TO
OHO BBIpaykaeTcs uepes Koa(hUIINEHTHI ¢ TOMOTIHIO YeThI-
pex apudmernyeckux onepanuii (1moymaiite camu, moyve-
MY, UJIH TIOCMOTPHUTE T0KA3aTeIbCTBO TEOPEMBI O PETeHNN
CUCTEMbI M3 Hallell npebiayleiil crarbu). 3HAYUT, BCe
CUJIBI TOKA, a TaKKe CONPOTUBJICHUE TIETN BBIPAXKAIOTCS
yepe3 +1, Hampsokenne Gatapeiiku W COMPOTHUBJIEHMS
pesucropos. [Ipu atom oT unces +1 B HaleM BbIpaKeHUN

Puc. 1. 3ameHa Bcex pe3u-
CTOPOB ey Ha equH-
CTBEHHBIN Pe3nCTop

JIETKO n30aBUTHCS: HampuMmep, 3aMeHHB 1 Ha ;, rie
¥ — CONPOTHBJIEHWE OJHOTO U3 PE3UCTOPOB. JleMMa /0Ka-
3aHa.

Ha camom gene, ectdb siBHast (hopMyIa JJIsI COTTPOTHBIIE-
HUS JTI060H 3JeKTPUIECKO IeTN Yepe3 COMPOTHBJICHUS
pesucTopoB. Jta dopmy.a paercs meopemoi Kupxeogpa
0 depe6vsix, HO HaM OHA He MOHA/O0OUTCS.

Temnepb MBI MOKEM TOBOPUTH O pa3pe3aHusx MpsiMOY-
rojbHUKAa Ha s3bike (usuku. Bce coorBercTBUS — B
Caosapuke (c. 9).

HeBo3MoOXHbIe pa3pe3aHus

C 1OMOIIBIO 3JIEKTPUYECKUX TIeTIell MBI TOJyYUM HEKO-
TOpbIe TPEOGOBAHUS K YUCJIAM 7, [IJIT KOTOPBIX U3 TIPSIMOY-
TOJbHUKOB C OTHOIIEHWEM CTOPOH 7 MOXHO CJIOKHUTD
KBaJ[part.



COBEPHU KBAJAPAT

Cnosapunk

PaspesaHI/Ie GOJIBIIOTO IIPpAMOYTOJIbHUKA Ha MAJICHPKIE

BJIEKTPI/I‘IECKaH oernb

Bepruraabubrit paspes

Vaen

MaieHbK I TPAMOYTONBHUK

Pesncrop

JlmHa eTo BepTUKATBHON CTOPOHBI

Cuia Toka 4epes pe3ucTop

OTHOLIEHNE €T0 TOPU3OHTAIBHON CTOPOHBI K BePTUKANBHOI | ColpoTHBICHHE PE3NCTOPA

BepTI/IKaJIbeIe CTOPOHDI GOIBIIOTO IIPAMOYTOJTbHUKA

Kuaemmbr 6arapeitku

JlmHa eTo BepTUKATBHON CTOPOHBI

Cuia Toka yepes Garapeiiky

JlmimHa eTo TOPU30HTATBHON CTOPOHBI

Hanpskenne 6arapeiikn

OTHOILIIEHNE ero I‘OpI/IBOHT&JIbHOﬁ CTOPOHBI K BepTHKaJIbHOfI COHpOTI/IBJIeHI/Ie SJIBKTPH‘IBCKoﬁ memnmn

Teopema. ITycmo xeadpam paspesan nHa npsmoy2z0.iv-
HuKu ¢ omuowenuem cmopon r. Tozda r — Kopenv neny.ie-
8020 MHO20UJIeHA C UCAbIMU KOAPPuyuenmamu.

[oxka3areabctBo. [IpuMeHUM Takoil TPIOK: pacTsiHEM
KBaJIpaT B 7 pa3 1o ropu3oHTau. [loaydnm mpsaMoyrosb-
HUK C OTHOIIIEHWEM CTOPOH 7, PA3PE3aHHBIN Ha KBA[PaTh
1 TIPSIMOYTOJIBHUKY C OTHOIIEHWEM cTOpoH #~ . ComocTa-
BUM Pa3pe3aHmio 3JIeKTPHUECKyIo Ienb. OHa COCTOUT W3
PesncTopoB compoTruBieHHeM 1 1 r*, a caMa uMeer
conporusyienne v. Ilo seMMe O CONPOTHBJICHUU €T,
YHCII0 7 MOKHO BBIPA3HTD depe3 uncaa 1 i 72 ¢ MOMOIIbIO
4yeTbIipeX apudmMeTndeckux AeHcTBUN. 3HAYNUT, HAWLYTCA

JBa HeHyJeBbix Muorouena p(x) u q(x) ¢ ueabivMu

koaddbunuenrtammu, Takme UYTO ¥ = 5V, T.€.
a(r*)
2 2\ _ _
qglr|-r=plr ) =0. loxyunau, uTO ¥ — KOPEHb MHOTO-
2 2
unena g(x”)-x—pl(x”) ¢ ueapiMu KoapPUIUEHTAMMU.
ITOT MHOTOYJIEH HE PaBEH TOXK/ECTBEHHO HYJIO, TaK KaK

MHOTI'O4JICHbI p(JCZ) n q(xz) — HEHYJIEBbIC, IIpDUYEM X
2 o
BXOJUT B MHOT'OYJIEH Q(x ) +X TOJIbBKO B HEUETHOU CTeIe-

HM, a B MHOI'OYJIECH p(xZ) — TOJIBKO B UETHOI. TeopeMa

JTOKa3aHa.
B o6patayio ctopoHy Teopema HeBepHa. Hampumep,
KBa/[paT HeJIb3sI pa3pe3arhb Ha MIPSAMOYTOJbHUKH C OTHOTIIE-

HHEM CTOPOH \/5 (Z[OKa)KI/ITe!), XOTA 9TO YUCJIO — KOPEHb

MHOTOUJIEHA X2 — 2 .

PaspesaHusa gns rBupa a+ b2

[Toripo6yem HaiiT Bee ymcaa ¥ Buga d + b2 ,rneaunb
— palUOHAJIbHbI, JII1 KOTOPbIX KBaJpaT paspe3aercs Ha
[IPSIMOYTOJIBHUKY ¢ OTHOIIEHUEM CTOPOH 7.

Yucsa Buga v = a + b2 ¢ PaIMOHATBHBIMEI d U b MBI
OyleM HaspiBaThb xopowumu. ducio ¥ =a —bJ2 maso-
BEM CONPSIKEHHLIM K XOPOIEMY YHCHYy ¥ = a+by2.
CompsiKeHHOE YHCJIO OMPEAETICHO OAHO3HAYHO, TOTOMY
YTO XOPOLIEe YUCJIO0 eJUHCTBEHHBIM 00Pa3oM IIPe/ICTaBIs-
ercs B BUAE 7 = a+b2 ¢ panuonaabibiMu @ u b (rpo-
Bepbre!).

Jlemma 06 onepauusix Haj XOPOUHMHU YHcaaMu. Eciu

xu y+0 — xopowue, moux+y x—y, Xy, xfy —

xopowue, npuuem XxX+y=x+y,
X-y=x-Yy, x/y:j‘/y
[MoxazareascrBo. Ilyctp x =a+ b2, y=c+ d\2 |
rie a, b, ¢, d patmonasnbupl. Torga cpasy BUAUM, 4TO
x+y=(a+c)+(b+d)«/§,
x—y:(a—c)+(b—d)«/§,
x-y = (ac +2bd) + (ad + be) N2

— XOopomiue. IIJIFI JaCTHOTI'O X/y HYXHO €111€ IPUMEHUTD
OOBIYHBII npueM — «JIOMHOKUTDH Ha COIPAKEHHOE» !

x a+b2 ~ (a+bx/§)(c—d\/§) ~

yoctdV2 (c+dV2)(c-dv2)
:(ac-zbd]+(bc_ad)@

¢ - 24? ¢? = 2d?
Bupum, uto u ono — xopomee (c? — 2d? He paBHO HYy.IIO,
TaK Kak y He PaBHO HYJI0). Tak e Jerko BbIMUCISIOTCS
COTIPSIKEHHbIe, HaIlpuMep,

x-y = (ac +2bd) — (ad +be)N2 =
= (a—b\/i)(c—d\/i)=f-y.

X-y=x-y,

Jlemma oxasana.

3agava 5. Moxno Ju mpeactaButh 1+ «/5 B BUJIC CYMMbI
KBAaJ[PATOB HECKOJbKUX XOPOIIUX YHCEJ?

[TpuBenem npunmep pas-
pesamusi KBajapara Ha
MPSIMOYTOJbHUKI C OT-
HOIIEHUEM CTOPOH
r=a+bJ2 B cayuae,
KOT/Ia COTPSIKEHHOE K
HeMy TOJMOXUTENTbHO.
BosbmeM IpsAMOYTOJIbHUK
co crtopomamum 1 u
a+b\2 . Hasosem ero
amanonnviM. YMHOKIM
CTOPOHDBI ATAJIOHHOTO TIPSI-
MOYTOJIbHIKA Ha YNCJIO 7 .
[TosryunM 1pAMOYTOJIbHUK
€O CTOpOHAMU @ — b2 u
a’ —2b%, u o momoGen
TAJTOHHOMY. 3amuiieM
a® = 2b B Buge k/I s

a+ by2 a—b\/E

a* —2b°

a* —2b°

Puc. 12. Bot 1ak U3 rpsamoyrosis-
HUKOB C XOPOLUMM OTHOLLIEHNEM
CTOPOH MOXHO COCTaBUTL [1Ps-
MOYrO/IbHUK C PaLMOHaITb HbIMU
CTOpOHaMm




10 KBAHT

HEKOTOPBIX HaTypasbHbIX uncesa k u [. Croxum [ Komuit
ATOTO MPSIMOYTOJBHUKA U R KOMHUI 3TaJOHHOTO, KaK Ha
pucynke 12. Mpl 10oydyuM OPSMOYTOJbHUK 2ad Xk ¢
paIMOHAbHBIME CTOPOHAMM, A U3 €r0 KOTHUI yKe HETPY/I-
HO CJIOKHTH KBaJpar.

3agava 6. Ha upsimoyrosbhHoMm Jicte GymMaru HapHCOBAHO
paszbuenne Ha MPSIMOYTOJbHUKHN. Pasperaercs paspesarnb JIHCT
BJIOJIb JIIOGOTO OTPE3Ka Ha JiBa MPSIMOYTOJIbHUKA, TOTOM MTPOU3-
BECTH TaKHe ONEPAINi MO OTAEJSBHOCTH C KaXKIOW 13 MOJIyInB-
muxesl vacreif, u tak gajnee. Eciau Takum 06paszoM MOKHO
peasm30BaTh NCXOHOE pa3bheHue, TO Ha30BeM ero Mmpusud.iv-
nown (em. puc.1, 2). TlompoGyiiTe onmcaTh Bce XOPOUINE YHCTA
7, JIJIsI KOTOPBIX CYIECTBYET TPUBHAJIBHOE Pa3pe3aniie KBajipaTa
Ha TIPSIMOYTOJLHUKHI C OTHOIIEHUEM CTOPOH 7.

W3 npumepa BUIHO, UTO €CJIU COTPSIKEHHOE K XOPOIIeMY
YHCJIY 7 TIOJIOJKUTEJIBHO, TO Pa3pe3aHiie BCera BO3MOKHO.
Ecnn sxe conpsiskeHHOE YHCJI0 OTPHUIIATENbHO, TO HE TIOHST-
HO, YTO JeJIaTh.

Ham cnoBa momosker ¢usuka! [laBaiite paccMoTpum
AJIEKTPUYECKYIO TI€TMb, B KOTOPOW COMPOTUBJICHUS BCEX
PE3UCTOPOB — TIOJIOKUTETHHBIE XOPOIITHE YHCaa, TTPHIeM
COTPSKEHHbIE K HUM TOKE TOJIOKUTETbHBDI.

YUrto npom3oii/ileT ¢ CONPOTHBJEHUEM IelH, eCJUu CO-
MIPOTHUBJIEHNS] BCEX PE3UCTOPOB 3aMEHUTH HA COIPSIKEH-
Hble?

3aMeTuM, 4TO CONPOTHUBJEHUE IENU OT HAMPSIKEHMs
6arapeiikil He 3aBUCHUT: €CJIU HANPSUKEHUE YBEJIUYUTb B
KaKoe-TO KOJIMYECTBO Pa3, TO TOK Yepe3 Hee YBEJUIUTCS B
Takoe >Xe KOJUYECTBO Pa3, W MX OTHOIIEHHE OCTAHETCS
MPEKHUM. A pa3 Tak, TO HaNpsDKeHNe 6aTapeiiki MOXKHO
BBIOPATD JIIOOBIM. Y IOOHO CUNTATh HANpsKeHue Gatapeii-
KU eIMHIYHBIM. [1o leMMe 0 cOTTpOTHBJICHIH TIETTH 1 JIEMME
06 orepanusax HajJ XOPONIMMU YHUCJIaMU TIOJydaeM, 4To
CUJIBI TOKA B MCXO/IHOM TIeNN — XOPOIITHe YHCJIA.

3aMeHUM Bce CONPOTUBJIEHUS PE3UCTOPOB U CHJIBI TOKA
na coupsikenublte. ITocae Takoil 3aMenbl 1 01O IIPABUJIO
Kupxroda we napymmrces. Hanpumep, 1/ KOHTypa Ha
pucyske 9

Rsls + Ryly — Rl
[Tocsie 3aMeHbI HA COIPSI)KEHHDIE TIOTYYUM

&E+%E—&E—EL=

—R7I7=0.

= RI5 + Ryl

= R5[5 +R9[9_R616_R7I7 :6:0,

T.e. mpaBusio Kupxroda mo-npexHeMy BbITTOJTHSIETCS.

Bce HOBbBIE CONMPOTHUBJEHUST TOXKE MOJOMKUTEJIbHBI, a
3HAYNUT, BBITIOJTHEHA TeopeMa CYIEeCTBOBAHUS W €J1H-
ctBeHHocTH. [ToaToMy uncsa, conpssKeHHbIE K CUJIaM TOKA
B UCXO/IHOM IIeIIi, — 9TO M €CTh HACTOMIINE CHJIbI TOKAa B
HOBOI 1enn. Kakme-To cuJIbl TOKa Yepe3 pe3anCTOPhI MOTJIN
CTaTh OTPUTIATEABHBIMA — 3TO O3HAYAET JIUIID, YTO HATIPAB-
JIeHNe TOKa TOMEHSJIOCh Ha ITPOTUBOMOJOXKHOe. Ho 1o
TeopeMe TOJIOKUTETbHOCTH CUJIa TOKa vepe3 OaTapeiky
3aBe/IOMO OCTAJIACh TOJOKUTEbHOI (T.e. 1Mo GaTapelike
TOK BCET/Ia TEYET OT OTPHUIATETHHOTO MOJI0CA K TTOJIOKHU-
TEJIBHOMY ).

Pa3 Tok uepes 6aTapeiiky 3aMeHUJICS Ha CONPSKEHHDIH,

— Relg — R;17 =

2015/Ne?2

TO W CONIPOTUBJICHUE TIETTA 3aMEHIJIOCh Ha COTIPSIKEHHOE.
MpbI JoKa3aT¥ CJAEAYIONYIO JIEMMY.

Jlemma o conpskeHHH. Paccmompum aaekmpuueckyio
uenv, 6 KOmMopoi CONPOMUBACHUS BCEX PE3UCMOPOE —
NOJOXKUMENLHBLE XOPOULUE YUCAA, NPULEM CONPSKEHNbLE
K HUM moxe nonoxumenvuvl. Tozda ecau 3amenumo
CONPOMUBTIEHUS PEIUCMOPOS HA CONPSKENHHBLE K HUM, MO
conpomusienue yent maKKe 3amMeHUumcs Ha CONPsiKem-
Hoe.

VIMeHHO 5TO TIOMOKET HaM /I0Ka3aThb OCHOBHYIO TEOpEMY
3TO CTATHHU.

Teopema o xoponmx uncaax. [Tycmo ¥ =a+ b2 >0
— xopowee uucsao. Tozda u3 npsamoyz01bHUKOS ¢ OMHOULE-
HUeM CMOPOH ¥ MOKHO COCMASUMb Keadpam, ecau u
MovKo ecau wucio ¥ = a —by2 noroxumenvio.

[loka3zareabcTBo. MBI yrkKe MOKA3aau BbINIE, YTO TIPU
7 =a—b\2 >0 caoxurs kBazpar MoxkHO. [TokaseM, 4To

ecan ¥ =a— b«/§ <0, TO CJTOXUTDL KBaJIpaT Hesb3s. [lo-
IIyCTUM, YTO MOKHO. PacTsHyB KBa/ipar B a + b2 pas 1o
TOPU3OHTAJN, TOJYYUM MPSMOYTOJIBHUK C OTHOIIEHUEM
CTOPOH a + b2 , pa3pe3aHHbH/I Ha MPSIMOYTOJBHUKHU C

OTHOIICHUEM CTOPOH (a+b«/7 ) u xBajparel. Comocra-
BUM 3TOMY Pa3OGUEHUIO AJIEKTPUYECKYIO T1ETTb. OHa COCTOHT

13 PE3UCTOPOB COMPOTUBJICHUAME 1 1 (a +b\2 ) Compo-
TUBJICHHE IIeNId PaBHO a+by2 . [Tpumenum JseMMy 0
compsbkeHnN. Tora BO3HMKHET 3JEeKTpHUECKas Ielb, B

KOTOPOH COIPOTUBJICHNS PE3UCTOPOB PaBHbI 1 1 (a b2 )

— YucJa I1o0JOKUTeJIbHbIE, a oémee COIIpOTUBJICHUE ad — b\/_
— YUCJIO OTpUIaTEJbHOE. OI[HB.KO, CONTPOTUBJICHNE TN
Bcerga IoJIOKUTEJIbHO. HonyquHoe IIpOTUBOpEYMNE JOKaA-
3bIBAE€T HEBO3MOJKHOCTD pa3pe3aHu:d.

3amaua 7 (ansa uccaenoBaHusa). /laHo xopoiiee 4HUCIO 7.
Kaxkwne mpsAMOyTOJbHUKI MOYKHO CJIOXKUTD U3 TPSIMOYTOJIbHUKOB
C OTHOIIIEHUEM CTOPOH 77

CKoBaHHble OfHON ApPOobbI0

A 4TO ’Xe BepHO [IJIsl IPOU3BOJIbHBIX 7, He 00513aTEJTbHO
xopommx? /laguM TOJIbKO OTBET 6e3 TTOJTHOTO JJOKa3aTeb-
crBa. Ero mosyunmm Jlackosuyu, Punn, Cekepemn n dpaii-
gunr B 1994 rony.

Teopema o0 paspe3aHun KBajpaTa Ha NMOA00HbIE NPS-
MOYTOJIbHUKH. /[151 uucaa v > 0 caedyiouue mpu ycio6ust
IKEUBATCHMHDL:

1) Keadpam mosxno paspesamv na npamoyzoioHuUKu ¢
omuoweHueM Cmopou. r.

2) /st HeKomopvlx NOJOKUMENLHOIX PAUUOHAILHLY
uucen ¢,...,C, BbINOJHEHO PABEHCMEO

or + ! =1.
cyr +
C3r + ...

1
+ J—
C,¥

3) Yucao r saeasemcs KOPHEM HEKOMOpOzZo MHOZ0UIeHd
C pavuoOHaIbHbIMU K03¢¢UMU6HWMZMU, Y Komopozo ece

4 O KOMILTEKCHBIX YHCIAX MOKHO mpounTath B crathe C. Jlo-
puuenko «Komiuiekcubie uncia» B «Kante» Ne 5 3a 2008 rog.



COBEPHU KBAJAPAT

Komnaexcuole ! kopnu umerom noioxumenvnyio deticmeu-
MeALHYI0 UaAcmb.

[lokazareabcTBo caeactBusi 2) = 1). llennas 1po6n u3
yCJIOBUSL 2) JlaeT ajaroput™ paspesanusi. [lis Havana
BO3bMeM HEKOTOPbIi KBajpar. [IpoBeeM BepTHKAIBHYIO
JINHUIO TakK, 4TOObI OHA OTCEKAJa OT KBAJApaTa IMpsMOY-
TOJIBHUK C OTHOIIEHUEM 20pU30HMAIbHOU CTOPOHBI K
BEPTUKAJBHOM, paBHBIM €7 . OcCTaHeTCs MPSIMOYTOJIbHUK
¢ oTHOIIeHNeM cTOpoH 1 — ¢7 . OTresuM OT Hero TOpU30H-
TAJTBHBIM OTPE3KOM TIPSIMOYTOJBHUK C OTHOIIEHWEM 6ep-
MUKAALHOU CTOPOHBI K TOPH3OHTAJTIBHON, PaBHBIM Cyf .
OcTtaneTcss TPSAMOYTOJBHUK C OTHOIIEHWEM CTOPOH
Toor o7 . IIPOJI0/DKUM 3TOT HIPOLeCe, Yepeyst BepTH-
KATBHbIE I rOPHU30HTAJIbHBIE pa3pe3bl. B city paBencTBa
B YCJIOBUM 2), HA N-M IIATe MbI TTOJYYUM IPSAMOYTOJBHUK
C OTHOIIIEHUEM CTOPOH ¢,7 . Tem cambIM, KBajipaT oKasaJi-
cs1 pa3buT Ha MPSIMOYTOJBHUKHU C OTHOIIEHUSMU CTOPOH
Cr, Cof, C3¥, ..., C,r. PazpesaB Kax/plil M3 HUX Ha
MPSIMOYTOJIBHUKH C OTHOIIIEHUEM CTOPOH 7, MbI IOCTPOUM
HY>KHOe pasbueHue.

HNpes noxkasarteabcTBa caeactsus 3) = 2). [lokakem
Ha TIpUMepe, KaK TI0 MHOTOYJIEHY IIOCTPOHUTDL IIEMTHYIO
apo6b. IIycts 7 =1+%2. DT0 KOpeHb MHOrOYJICHA
f(x)=(x- 1)3 — 2, yioBJeTBopsiioniero yeaosuio 3) (1ipo-
Bepbre!). PaceMorpum GyHKIUIO

B f(=x)-f(x) B 2+ 3x
RO = 70~ 3+s

Omna paBua 1 mpnm r=1+32 , TaK KaK 3TO KOPEHb

muorousiena [ (x) . Pasnosxkum gynkimio R(x) B nenuyio
ApoGb, MOCIE/I0BATENBHO BBIIEJISAS [EIYI0 YacTh:

R(x)—x3+3x—lx 2x B
32243 37 3x%+3
1o, to. 1
* 3 tr3 1
—X+— SEt5—
27 2y 272,
3

IMpu x =1+ P [OJIy4aeM PaBEHCTBO U3 yCJIOBUS 2).

OxkasbIBaercs, /I JI060ro MHOTO4JIeHa [ (x) , YIIOBJIET-
BOPSIONIETO yCJIOBUIO 3), Bce K02 PUITHEHTBI TAKOU 11eTl-
HOIT Ipo6u Gy YT TTOJOKUTETBHBI. [lOKa3bIBATh ATOTO Mbl
He Oy/ieM.

3anava 8. TlonpoOyiite caenath TO Ke caMoe ISt TTOJIOXKH-
TeJIbHOro KopHst 7 Muorounena [ (x) = x° — 1% + 2x — 1. HysHo
JIM JIJIS 3TOTO 3TOT KOpeHb HaxoauTh? Hapucyiite paspesanue
KBa/[pata Ha MPSIMOYTOJbHUKH C OTHOIIIEHHEM CTOPOH, PABHBIM
9TOMY KOPHIO 7.

[lokazareabcTBO caeactBusa 1) = 3) Aisa Xxopomux
MBI Ha CaMOM JieJie yake npojiesiain. Ecim KBajpar paspe-
3a€TCsI Ha IPSIMOYTOJIBHUKN € OTHOIIEHHEM CTOPOH # > 0,
TO IO TEOPEME O XOPOIIHX Yncjax mosydaeM 7 > 0. Torga
muorouten f(x)=(x—7)(x—7) ynosiersopser ycio-
BUIO 3).

JlokaszareIbeTBO caeacTBuii 1) = 3) = 2) /1 1pous-
BOJIBHBIX 7 BBIXOAUT 3a PaMKM Hacrosuleil cratbu. OHO

JTOBOJIbHO 0OBEMHO W TPeOYeT Cephe3HbIX HABBIKOB pabo-
TBI ¢ KOMILJIEKCHBIMI uncaamMu. OTMeTUM TOJIBKO, YTO 3TO
paccy’keHre uIeiHo MoX0xKe Ha [0OKA3aTeTbCTBO TEOpe-
MBI O XOPOIIMX YUCJIAX, HO UCIIOJIb3YET el nepemMenio-
20 Toka ® (puc. 13).

| I S—

©

Puc. 13. [Toctpoervie yerv nepemeHHoro Toka ro paspesa-
HUIO

3amaua 9. IIpAMOYTOTBHUK pa3pe3aH Ha HECKOJBKO MPSIMO-
YTOJBHUKOB, yV KaKIOTO M3 KOTOPBIX [JIMHA XOTS ObI OIHOMN
CTOPOHBI — 1eJI0e YKCI0. [[oKasarb, 4TO ¥ y MCXOHOTO MPSIMO-
YrOJIbHUKA JIJIMHA XOTsI ObI O/[HOI CTOPOHBI — I1esioe uncJio. °

3anava 10. [Tycts A u B — nBa npsiMoyroJibHUKA. 3 mpsiMo-
YTOJIBHUKOB, PABHBIX A, CJIOKHUJIN MPSIMOYTOJBHUK, TTOOGHBII
B. Jlokaxure, 4TO U3 HPSIMOYTOJbHUKOB, PABHBIX B, MOKHO
CJIOKHUTD TIPAMOYTOJIBHUK, MOA0OHBIH A. 7

3anava 11. Haiiure HeoGX0MMbIE U JIOCTATOYHbBIE YCJIOBUSI,
KOTOPBIM TOJUKHBI YIOBJIETBOPATh 4ucaa d, b, ¢, d, 4To6BI
IPSIMOYTOJIBHUK @ X b MOKHO ObLIO Pa3pe3arb HA HECKOJIbKO
NPAMOYTOJNBHUKOB ¢ X d . 8

3ameuanue. B nameii npenpbinyuieii cratbe «Paspesa-
HUSI METAJITTYECKOTO MPSIMOYToJbHIKa> B «KBante» No3
3a 2011 roj 3aMeveHbl CJaeAyIONNe ONeYaTKu:

«B pemenun cucrempr Ha crpanuie 11 10/DKHO OBITH
x; =9/16 .

. B ompenenennu anexTpuyeckoi 1enu Ha ctpanutel?2
HYKHO [00aBUTH YCJIOBUE, UTO Tpad OCTAeTCs CBSI3HBIM
mocJie yaajaenus ao6oro pe6pa. B wactHoct, 910 HCKJIIO-
vaer curyanuio Ha pucynke 11 (c. 13), Kora oiuH KOHTYD
MIPOXO/IUT TI0 Pe6PY ITBaXK/IBI.

ABTOpBI 6s1aroapHb 3a omMorb HAY Beiciiast mkosia
sKoHOMUKH U Mucturyty npobisem mepenaun mHgopma-
nmun PAH, a taxke mkospbHnkam Cante AHOXWHY, AJimHe
N6paeroii u Jlene JIprgarnHoi 3a noJie3Hble 3aMeYaHust 1
MPEJIOJKEHMS .

> M.Prasolov, M.Skopenkov. Tiling by rectangles and
alternating current. J. Combin. Theory Ser. A 118:3 (2011),
920-937; http:/ /arxiv.org/abs,/1002.1356

6910 Teopema fe bpéitna. Bl MoskeTe HaliTH JOKA3aTETHCTBO
B crarbe C. Tabaunukosa u /[. Mykca «HeBo3zmokHbIE 3aMOTIIe-
nusg» B «Kpanre» Ne 2 3a 2011 rox (c. 25, Teopema 4).

7 A. IlTanosanos. XX VI Typrup roposios; http: / /turgor.ru /
26 /index.php

8 A.Koromos. O6 oguOM pasGUEHHH PSMOYTOIBHIKA.
«KBanr» Net 3a 1973 rop.







Hecarasa npobiema I'manbepra

FO. B. MarusiceBuu, 4. Abpamos, A. f. Benos-Kauesnn,
N. A. NUBaunos-Iloromaes, A. C. Majaucros

B maremaruke wacTo BeTpedaroTcs ypaBHEHHUsI, 00€ 9aCTU KOTOPBIX MPEJICTABIAIOT CODO MHOTOUJIEHBI C
MeTBIME KO DUIMEHTAMHI, a pelteHus TpedyeTcs HANTH B IMeJbIX Ihcaax. |akne ypaBHEHUs Ha3BIBAIOTCS
duoParmosviLMU.

Ha Bropom Mexaynapoasnom kourpecce maremarukos B [lapuxke [1900] Hasux uasbepr caenan cBoii
3HaMEHUTBIH MoK «Maremarmdeckue mpoOIeMbl», cojepzKammuii 23 mpodIeMbl Wind, TouHee, 23 T'PYIIIIbI
POJICTBEHHBIX 11pobJIeM, KoTopbie 19-if Bek octasiisiii B Hacseaue 20-my. [Ipobiiema 1o HoMepoM fecsaTh ObLia
HocBgIena Muo(paHTOBbIM YPABHEHUSIM.

10. 3agaga o pa3pemumMoCcTu An0(PAHTOBA YPAaBHEHN T

Ilycrpb 3a1aH0 JHOGAaHTOBO ypaBHEHHE C IIPOU3BOJIbHBIMHA HEH3BECTHBIMH U IICJIBIMH DPAIIHOHAIb-
HBIMH KO3 pHImeHTaMi. YKa3aTh CIIOCOD, IIPH MOMOIIH KOTOPOTO BO3MOXKHO ITOCJIE KOHETHOTO
quc/1a onepamii yCTaHOBUTE, PA3PEIINMO JIH 9TO yPABHEHHE B IICJIbIX PAIHOHAILHBIX JHC/IAX.

Ilon «cmocobomy, Koropsblii pemiaraer Haiitu JI. I'minbept, B HacTosiee BpeMs MOIPa3yMeEBaIOT «aJIro-
putMm». B magase Beka, kormaa npobsieMbl (hOPMYINPOBAJINCD, €Ie He OBbLIO0 MATEMATUIECKA CTPOrOTO 00U,e20
noHsATUs aaropurMa. OTCYyTCTBHE TAKOI'O MOHATHSI HE MOIJIO CaMo IO cebe CIIy?KUTh MPEeNsITCTBAEM K I10JIO-
kuTenbHOMy perennto 10-it mpobsaembl I'miabbepra, MOCKOIBKY PO KOHKPEMHbie AJITOPUTMbI BCErIa ObLIO
sICHO, ITO OHU JEHCTBUTEHLHO JAIOT TPeOyeMblil o0l criocod perneHnsi COOTBETCTBYIONINX TPODJIEM.

B 30-e romer B paborax K. I'emenst, A. Yapua, A.M. Teropusra u Apyrux JOIHKOB OBLIO BBIPAOOTAHO
cTporoe obliee MOHSTHE aJIrOPUTMAa, KOTOPOE MIajI0 IPUHININAILHYIO BO3MOMXKHOCTD YCTAHABIUBATDL (A20-
PUMMUMECKYH0 HEPA3PEULUMOCTNL, TO €CTh TOKA3bIBATH HEBO3MOXKHOCTD aJINOPUTMa ¢ TpeOyeMbIMHU CBOCTBa~
mu. Torma ke ObLIN HaiiIeHbl IepBble IPUMEPDLI AJITOPUTMUYECKI HEpa3pelInMbIX IIpob/ieM,cHadaa B caMOil
MaTeMaTHIeCKOl JIOrUKe, a 3aTeM M B JPYyIUX pasjejiaX MaTeMaTUuKH.

Taxum ob6pazom, Teopusi AJITOPUTMOB CO3/IaJIa HEOOXOINMBbIE TTPEJIIOCHIIIKH JIJIs ITOIBITOK JIOKAa3aTh Hepas3-
pemumocts 10-it ipobstemsr I'mitbbepTa. IlepBbie paboThl B 9TOM HallpaB/IeHNH ObLIN OIyOJTMKOBAHDI B HAYAJIE
50-x romoB, a B 1970 romy mccieIoBaHUs 3aBEPIIUINCH «OTPUIATEIbHBIM perieHueM» 10-it mpobiembr ['njib-
Oepra, noayuerasiM FO. B. Marusiceuaem.

B nacrosiiiem mukJie 3a1ad MbI cileyeM IyTu jgokasaresnbcra FO. B. Marusicepuya.

A. /InodaHTOBBI MHO>KECTBA

B sroit 3aa1e, pemas ypaBaenusi, Mbl Oy/IeM HCKATh TOJLKO IIe/Ible HEOTPHUIATEIbHBIE PEITeHUs.

Paccmorpum paBencTBo Bua

D(alv"'aanyxlw"axm) = 07
rae D — MHOTOWIEH C ME/IbIMU KOI(MDDUIUEHTAMI OTHOCUTEIBHO MEPEMEHHBIX A1, - .., Gp, L1, - - -, Lm. Dy-
JIeM CUYHMTaTbh, 9TO II€pEMEHHbIE PasdUThI Ha JIBE YacTH: NapaMempov. ai, . .., 0, U HEU3BECTHBIC I1,...,Tn.

[Ipu dbukcupoBaHHBIX IEJbIX 3HAYEHUAX [1apPaAMETPOB II0JYyYalOTCsd KOHKDPETHbIE JNOMaHTOBBI yPaBHEHNUS,
cocrapiisiforue cemeiicTBo. (3amernm, K03 MUIMEHTHI y HAC IPOCTO IeJIble, a PEIIeHNs] Mbl HIIEM Iesble
neorpunaTenbubie). Hampumep, ecin D(ag,az, ) = a12? + az®, To B ceMeiicTBO AHOMDAHTOBBIX ypPaBHEHMI
BoiiyT ypasnernss x2 = 0, 222 + 62 = 0, 322 — 172 = 0 u T.11. B nepBoM ciydae 3HAUEHHs TAPAMETPOB
BBIOpanbl a1 = 1, as = 0, Bo BropoMm — a1 = 2, as = 6, B TpeTheM — a1 = 3, ag = —17.

CewmeiicrBo nuodanToBbix ypasuenuit D(ay, ..., a0y, T1,...,Ty) = 0 onpejesser HEKOTOPOE MHOXKECTBO
M, cocrositiiee n3 Bcex Takux HaOOPOB 3HAUEHUI MAPAMETPOB A1, . . . , Gy, /IS KOTOPBIX CYIIECTBYIOT IIe/Ible
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HEOTpHUIIATEIbHbIE 3HAYEHNS HEM3BECTHBIX T1,. .., Tm, YAOBICTBOPSIOIINE YpaBHEHUIO. B 3TOM cirydae ToBO-
psT, 9TO MHOXKeCTBO M umeer duogarmoso npedcmasaernue. Uucao n Ha3BIBAIOT PA3MEPHOCTIHI0 MHOXKECTBA.
MHuozkecTBa, UMeoIIne TUO0MaHTOBbI IIPeICTaB/IeHusI, OyIeM HA3bIBATh JUOPAHMOBHLILMU.

MuozKecTBO YYTHDBIX YHCEeJI ,ZH/IOCbaHTOBOZ YpaBHenue 2x = a uMmeeT IEJIOYUCJICHHOE pelIeHne TOJIBKO IIPpn
YYTHBIX 3HAYCHUAX IIapaMeTpa a. Amnajiormano ,H,I/IO(baHTOBbIM ABJIFAETCA MHOXKECTBO IIap ((I, b), TaKUX, 9TO

a — HeIYTHOoe, a b — wurHOe, Oosbimee 2. [Ias1 moKazaTelbCcTBa JOCTATOYHO PACCMOTPETDH IIPeACTABIIEHIE
2(2z + 1) = a?(b> — 14).

¢ Al. Ycramosure AHOaHTOBOCTE CJICAYIOMIHX MHOMKECTB:
a) MHOYKECTBO BCEX IOJIOKHTEIBHBIX TYTHBIX THCEJI;

b) MHOKeCTBO Bcex HETYTHBIX THCEJ;

€) MHOXKECTBO BCEX UHCEJI, SIBJISIOIIHXCS KBaPATAMU;

d) MHOKeCTBO BCeX THCEJI, SIBIISIOIIXCS KyOaMHI.

¢ A2. Jlokaxkure, 4TO cucTeMa JJHODAHTOBBIX YpABHEHHI SKBHBAJEHTHA HEKOTOPOMY JHOMAHTOBY ypaB-
HeHuto (T. e. MHOXKECTBA DEIIeHHH y HUX COBIAJAIOT).

¢ A3. Jlokaxkure, ur0 0ObEAHHEHNE H IIepeCceUeHHe JBYX JHOMPAHTOBBIX MHOYKECTB OIHHAKOBOH pasMep-
HOCTH TOXKE JHO(DAHTOBO.

¢ Ad4. Jlokaxkure, 4T0 ecjimi MHOXKECTBO M-0K I 1HOAHTOBO, TO MHOXKECTBO M-0K (a1, ..., Gy, ) TaKHX,
9TO CYHIECTBYIOT Qi1 - - - 5 Ap, 9TO (G1, ..., an) € M, TOXKE AHODAHTOBO.

B namboeiinreM MOXKHO TOBOPUTH He O AHO(MAHTOBOCTU KAKUX-JIMOO MHOXKECTB, & O IUOMAHTOBOCTU
cBOiicTB 1 oTHOIeHuil. Hamprumep, MO:KHO TOBOPUTH He O MPUHAJIEXKHOCTH K TUO(MAHTOBY MHOXKECTBY TT-
HBIX YUCEJI, & O JUO(MraHTOBOCTH CBOMCTBA, 6bIMb YYMHBLM YUCAOM. AHATIOTMIHO, BMECTO TOTO YTOOBI TOBOPUTD
0 oaHTOBOCTH MHOYKECTBa, C TIPeCTaBIeHueM (a1 — ag)? = x + 1, MOKHO TOBOPHTD O THOBAHTOBOCTH OT-
wotrenusi #. GopmasibHO, OyIeM HA3bIBATH CBOWCTBO P HATYPAIbHBIX TUCEJT IMOMDAHTOBBIM, €CJI MHOYXKECTBO
BCeX 4mce1, 0bJIaganux cBoiictBoM P, nuodaHToBO. AHAJIOIMYIHO, OTHOIIeHHe R MeXK/1y N HATYpaIbHBIMI
YHCIAME HA3BIBAETCs JIMOMAHTOBBIM, €C/IH IHOMAHTOBBIM SIBJISIETCST MHOYKECTBO N-0K (II0C/II0BATEIbHOCTEH

U3 1 9JIEMEHTOB) HATYPAJbHBIX 4HCesl, Haxousmuxcst B orHomenun R. Pyukuuio a = F(by,...bg) Gyzem
HA3bIBATH JMOMAHTOBOI, €C/Ii MHOYXKECTBO TI0C/Ie[0BaTebHocTel u3 k + 1 ssementa [a, by, ..., bk|, yaosie-
TBOpsioIUX paBeHCTBY a = F'(by, ... by), sBisiercst 1uodaHTOBBIM.

¢ AS5. Jlokaxkure, 9TO CcjeAyIOIAe OTHOIICHHS JTHODAHTOBDL:

a) orHomenue «bosbiie» (a > b);
b) orHommeHne «enumocTHy (@ JAeaut b).

¢) Jokaxure, 9r0 r0GaHTOBBIM SIBJIACTCH MHOXKECTBO TPOEK 1uces (a,b, ¢), TaKuX 9TO @ — OCTATOK OT
nesienusi b Ha ¢ (obo3navenme: a = b (mod c));

d) Hokaxkure, 910 quODAHTOBBIM SIBJISIETCS MHOMKECTBO TpOeK uucesa (a,b,c), takux uro a = min{b
(mod ¢), (¢ = b) (mod ¢)} (o6o3nayenme: a = b (amod c))
(T.e. paccrosiaue 110 GrmzKaiiero qucia, JAeJserocs Ha c);
b

e) okaxkure, 4T0 1UOMAHTOBBIM SIBJISIETCSI MHOXKECTBO TPOeK (a, b, ¢), Takux 4ro a = [2]5

¢ AG6. Jlokaxkure, 4TO OTHOIIEHHE «B3aHMHOI MpocToThly a takyke ¢pyukinun HOK u HOJI muochaHTOBBL.
¢ AT7. Jlokaxkure, 9T0 JUOAHTOBBIM SIBJISIETCSI:

a) MHOXKECTBO BCEX UHCEJI, HE SIBJISIOIHXCS KBAJPATAMIE;
6) muO)kecTBO 1map (a,b), Takux ITO a — He cTereHs b.



YpaBuenue Ilenns

Omnpenenenne. Ypasrernuem Ileanrs naspisaercs ypasaenne suga r2 — dy®> = 1,d € N.

¢ AS8. VYpasuenme Ilemis.

a) Pemrenne (x,y) Haz’oBYM Hempusuasvrovim, ecan y # 0. ITycrs d — kBajgpar. /[okaxkure, 910 HET HETPH-
BHAJIBHBIX DEIICHUH.

6) Hycrs (u1,v1) u (ug,v9) — pemenns ypasuenns Ilemns x° — dy? = 1. Jdokaxure, uro ecm uz + v/ dvs =
= (uy+Vdvy) - (ug+Vdvs), 10 (u3,v3) — Taxxe pemenne. B gacrnocrn, ecin (x,y) — permrerme, 0 (2, yn) —
perrieHue, rae T, + \/ayn = (z+ \/ay)"

B) Perenne Ha30BYM MUHUMAADHYLM, €CJTH OHO HETPHUBHAJIBHO, H CPEJH HETPHBHAJIBHBIX | T+ 1| MUHHMAJIBHO.
JlokazkuTe, ITO JIF0OOOE pEIeHHe — CTeleHb MHHHUMAJIBHOTO.

WspectHO, 9TO eciu d HE KBaJparT, TO CYIIECTBYET HETPUBUAJIBHOE PEIIeHHe. DTO JOCTATOTHO CJIOKHOE
yTBEPKJIEHNE, [T09TOMY MbI He IIPUBOIMM €I'0 J0Ka3aTeJLCTBO M HE BKJIIOYAeM €ro B CIUCOK 3ajad. Jlokasza-
TeJIbCTBO CM., Hampumep, B Kaure B. O. Byraeako «Ypasuenue Iless».

¢ A9. Cremnmajphbiii ciaydait ypaBaerust Ileist

a) d = k? — 1. Jlokazkure, wro (k,1) — MEEIMAaIBHOE peleHHe.

6) d =k?—1, (x1,y1) — Muammambnoe pemenue, (T, yn) = (z1,y1)". dokaxkure, uro y, = n (mod (k—1)).
¢) Jpyrne sunsl ypasuenns Ilemrsa. Pemmre ypasuenne x2 — (% —1y?=1

nodaHTOBOCTH CTENEHN’

Ceitvac MbI Oy/1IeM paccMaTpUBAaTH PEIIEHUs CIEIUATBHOIO ceMeiicTBa JTuOMAHTOBBIX ypAaBHEHUIT, HA3bI-
BaeMbIX ypasHenusiMu [lesisa. Perenust srux ypaBHeHU 10IydaoTcd U3 9acTHONO UX PEIIEHHs C OMOIIHIO
[IOCJIE/IOBATEILHOTO MHOTOKPATHOTO TTPUMEHEHUST OJIHOTO U TOTO Ke Mpeo0pa30BaHUsl ILJIOCKOCTH.

Pacemorpum nocienoBarenbHocTh, 3a0auny0 Tak: ag(b) = 0, aq(b) = 1, apt2(b) = bay4+1(b) — ay(b),
roe b > 2.

¢ A10. Jlokaxkure, aro x> — bxy + 4> = 1,2,y > 0, TOra I TOIBKO TOI/A, KOIJA

r = amy1(b), o x = ap(b),

JI60
Yy = am(b)a Yy = am+1(b)7

JJIsI HEKOTOPOIro m.

¢ All. Jlokaxure, 910 00y (2) = n;
A12. Jlokaxmure, uro agyp(b) = () - apy1(b) — ag—1(b) - cp(b).

B

A13. Jlokazkure, 9r0o aipy(b) = apytam(b) (mod v), nae v = ayy1(b) — ay—1(b);

A14. Jokaxmure, uro eciam by = by (mod q), 10 ay(b1) = (b)) (mod q).

® & o o

A15. Jlokaxkure, 4T0 HAUMEHBIIUM YHCJIOM k, TAKHM 9TO IPH (PUKCHPOBAHHOM N,
ap(w)  (amod v) = ayyp(w) (amod v),

me w=b (modv), v=ami1(b)— am-1(b),

SABJISIETCS 2m.



¢ A16. /lokaxkure, 4rTo ecim
w=b (modv), w=2 (mod u), e v > 2a(b), u > 2k,
TO mepBbie k TIeHOB MOCIEA0BATEIHHOCTH

(ao(b),O), e (an(b),n), ..

COBITaZar0T C IIePBBIMIA k wienamu rocJjie1oBaTeJIbHOCTH

(ao(w) (amod v), ap(w) (amod u)) e <ozn(w) (amod v), i, (w) (amod u)), e

A17. Jlokaxnte, aTo ecam oy, (b) aemrres ma (ag(b))?, To m pemures ma oy (b).
A18. Jlokazkure, uro ecim 2a(b) < u, 1o 2k < u.

A19. Jlokaxmure, aro muoxectso {(a, b, ¢) | a = a.(b), b > 3} guodanroso.
A20. Joxkaxure, aro (k —1)" < apy1(k) < E™;

~
A21. Jlokaxmure, uro (14 s)" > 1+ns npu s € R, s > —1, n — nesoe HeOTpHIIATETBHOE;

bn + 4
A22. Jlokaxkure, uro b = lim M.

® © & & o o o

A23. Jlokaxkure quohaHTOBOCTH MHOXKECTBA {(a, b, c) ‘ a= bc}.

B. KoaupoBanue

,Z[aHHOG KaHTOpOM KJIaCCHYI€eCKOE JOKa3aTe/IbCTBO CHYTHOCTHU CHYTHOI'O O6’be,HI/IHeHI/IH CYYTHBIX MHOXKECTB
HCIIOJIB3YET CJIEAYIOIee JIMHETHOE YIIOPsAJ0YIMBaHNE MHOXKECTBa BCEX ITap HATYPaJIbHBIX THCEJI:

(0,0),(0,1),(1,0),(0,2),(1,1),(2,0),(0,3) ...

BamernM, 9T0 HOMEp Hapsl (@, b) B yKa3aHHOM [10CJIE/[0BATEILHOCTH OJIMHOMUAILHO BBIPAYKACTCST Iepe3 @
u b, a mmenno, on pasen Cantor(a,b) = ((a+b)?+3a+b)/2. CoorercTBenHO, TMOBAHTOBLIMI OKA3BIBAIOTCS
dbyuxuu ElemA (¢) u ElemB(c), naomue mo HoMepy napbl ee [epBblil 1 BTOPOii 3J1eMeHThI:

a=ElemA(c) <= 3Jy:[(a+y)*+3a+y=2;
b=ElemB(c) <= 3z:[(z+b)?+3z+b=2

Hywmeparnuro map jierko o000muTh Ha HyMEPAIUI TPOEK, IeTBIPOK U T.;. MOXKHO, HAIIPUMED, TOJIOKUTD

Cantor;(a1) = aq, Cantor,i(aq,...a,4+1) = Cantory,(ay,...a,—1, Cantor(a,, a,+1))

u HazbiBaTh unciao Cantory,(ay,...a,) KaHMOPOSLLM HOMEPOM KOPTEXKA (A1, . .. Gyp). AHATIOIMYHO, DYHKIHS
Elem,, ,,,(¢), maomas o 49uCILy ¢, pacCMaTpUBaeMOMY KaK HOMED N-KH HATYDAJIbHBIX UHCEN, 3HAYCHHE ee
M~-0if KOMIIOHEHTBI, OyJAeT An0odaHTOBOI:

a=Elem,, ,,(¢c) <= 3r1...Zm-1Tmi1...Ty: [22n Cantor, (z1,... Tm—1,0, Tymt1 - .- Ty) = 22nc]

n
(nostBenne muoxuTess 22" ceazano ¢ Tem, uto Cantor,, He ABISETCS TOJTTHOMOM C HEILIMI KoddbbuTmen-
TaMHU).

SaMeTuM OHAKO, 9TO BBeIeHHas TaKMM 0Opa30M HyMepallusl KOpTexkeil HaTypasbHBIX duces objalaer
OJIHIM CYIIECTBEHHBIM HepocTaTKoM: obparnas dynkius Elem,, ,,(c) sBisercs muodanroBoii dyHKImeit
OJIHOM TIEpEMEHHOI TP JII0ObIX (PUKCHPOBAHHBIX 3HAYEHUSIX 70 U 177, HO HE BUJIHO IIyTH YCTAHOBUTH JuOhaH-
topocte Elem,, ,,,(c) kak QyHKIME Tpex apryMeHTOB ¢, m, n. Jljst paboThl ¢ KOpTeXKaMu, JIJINHA KOTOPBIX
He (buKCHpoOBaHa 3apaHee, HAM MIPUJIETCS UCIIOIB30BAThH JIPYTHe METOJbI.
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IlosunmmonubIii Koa

[Iycrs (aq,...,a,) — HOCIEI0BATENHLHOCTH HATYPAJBHBIX ucea (Koprex). Beibepem b > a;, jiist Beex i.
ITycTn
a=apb" "+ a,_ 10" 2+ +a b’

WNuaye rosops, aq,...,dy — 3T0 MU@PPHI B 3alIMCH YUCIa ¢ B NO3UIMOHHONR CUCTEME CYUCICHUs] ¢ OCHOBAHUEM

1 3HA4YUT, KOpTExXK (d1,...,Q OJTHO3HAYHO BOCCTAHABJIMBAECTCA 110 TPOlike (a n). OUNK a n €M
b, ) 1, s Un ) ba T ) ba 0
HA3bIBATH NO3UUUOHHBIM KOOOM KOPTEXKA (A1, . . . , Gy ). IJO3UIMOHHBIM KOJIOM IIyCTOrO KOpTeXKa OyjieT TPOHKa
(0,b,0). BameruMm, 9TO HE KaxKJasi TPOIKa sIBJSETCs TTO3UIUOHHBIM KOJIOM KaKOro-HHOY/b KOpTexkKa. Jlerko
YCTAHOBUTDH JUOMAHTOBOCTH OTHOIICHUS «OblMb NOZUUUOHHBLM KOOOM> :

b> 2,
Code(a,b,c) <=
a < b

¢ B1. Jokaxure guoanroBocrb MHOMKeCTBa deTBepok (a, b, k, c), Takux 4ro ¢ paBen k-My wieHy Hocjie-
JI0BATEIbHOCTH, 3aJaHHOH a 1 b.

¢ B2. a) 3akogupyiiTe H0oC/I€10BATEIBHOCTD ¢ = (Z) = C!' u JJOKasKHTe, ITO MHOMKECTBO TPOEK (C,m,n),
TAKHX 9TO C = (7;:) = C, mnohanToBo.
6) lokazkure, 4TO

) m
m’:,}L“;o@

U 9TO MHOXKECTBO YHCEJI, SIBJISIOIIHXCS (baKToOpHAaJIaMI, JTHOMAHTOBO.
¢ B3. Jlokaxkure quophaHTOBOCTD MHOXKECTBA IIPOCTHIX YHCEL.

¢ B4. Jlokaxwure, uro ypasaenue D(a,x1,...,%y) = 0 uMeer perieHne B HEH3BECTHBIX X1, . .., Ty, TOLJA
H TOJIBKO TOIJ[a, KOIJla HMeeT pellleHUe B HeU3BECTHDBIX X(, X1, ..., LTy YPaBHCHHE

a= (:EO + 1)(1 _D(:E(]vwlv"'axm)z) -1

¢ Bb5. Jlokarkure, 4TO CyIecTByeT MHOIOYJIEH C IeJbIMH KO3(h(UIIHEHTaAMH, HOJOXKHTEIbHbIE 3HATCHHUSI
KOTOPOI'O CYTbh BCE IIPOCTBIE YHC/IA.

Jlajiee MBI yCTAaHOBUM BO3MOKHOCTDL OOBLEIUHATH JIBE MTOCIeI0BATEILHOCTH B OJHY, CPABHUBATL UX I10-
3JIEMEHTHO, TIPOBEPATH, KOJAUPYIOT JIX JIB€ TPOUKMW YHCe] OJIHY W Ty K€ IOCJIeI0BaTEILHOCTh, — U BCE 9TO
[IPY TIOMOIIU PEIIeHnsI COOTBETCTBYIONIET0 IO aHTOBa yPABHEHUSI.

¢ B6. (reopema Kymmepa) a) Joxaxure, aro uucio k, Takoe aro n! gemrres na p*, Ho ne pemurcs na
pFt1, pasmo

n n n

|:—:| + [—2:| + [—3:| + ...

p p p

0) [okakure, aro gmcio l, takoe 9TO (m:") senmres Ha pl, HO He genmrcs Ha p'Tl, paBHO KomuecTBy

IIepEeHOCOB U3 pa3psja B pa3ps/l IIPpU CJIO2KCHHUHW YUCEJI T U N B p-H‘IHOﬁ CHCTeMEe CUHCJICHHU:.

I+1

¢ B7. Mcramosure qmohanToBOCTE MHOMXKECTBA TPOCK (a1, ag,p), e p — npocroe, a napbl (a1, p) u (ag,p)
3a4a10T IIOCAELOBATCIbHOCTH, TakKhe 4TO k-H 3/eMeHT HepBoil He IPpeBOCXOMUT k-ro sjaeMeHTa BTOPOH I
Jroboro k.

IMoackaszka. Yo Oyner, ecyii CJIOXKATHh a1 H g — G717

¢ B8. Mcranosure jmogaHTOBOCTH MHOMKECTBa 1e€TBEpoK (a,p,n,e), rje p — mnpocroe, u Tpoiika (a,p,n)
3aJ1a€T ITOCICI0BATCIBHOCTD, KasKAbIH 9JIeMEeHT KOTOPOil He IPEeBOCXOAAT JHCJIA €.
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¢ B9. Jlokaxure, uro ecm (a1,b1,n) u (ag,be,n) KOAUPYIOT OJHY H Ty Ke MOCTEJI0BATEIBHOCTD, IPHIEM
b1 < bg, TO a1 = a9 (HlOd b2 — bl)

¢ BI10. Jlokaxkure, 4TO ecyim B yCJIOBHSX HpedbLaymieii 3ajga4dn by < be — by, To 4mcso a1 ogHO3HAYHO
OIpeneasseTcsT o IHCIaM ao, by, by, n.

¢ B11. Veranosure, nuocpanroBocts MHOMKecTBa (a1,by,az,by), Takux uro (ai,by) u (ag,bs) Komupyror
OJIHY U Ty K€ MOCJIe]0BaTe/IbHOCTb.

¢ B12. Jlokaxkure jquoghaHTOBOCTH MHOXKECTBA 1eTBEpoK (a1, by, az, by), rakux uro naper (ai,by) u (ag,bs)
KOIUPYIOT IIOCACL0BATCABHOCTH, IpHdeM k-if 4ieH neppoii He 6o/bme k-ro 4jaeHa BTOpo s o6oro k.

¢ B13. Jlokaxure quohaHToBOCTD MHOXKECTBa 4eTBEpoK (a,b,n,e), e rpoiika (a,b,n) 3amaer mocieno-
BaTeJILHOCTD, BCE 4JICHbI KOTOPOI He IIPEBOCXOJAT 4YHCJIa €.

¢ B14. Jlokaxure muocanrtoBoctb MHO}KecTBa BocbMepok (A, Byaj,by,ni,as,be,ng) Takmx, 4ro mapa
(A, B) Koqupyer I10CJI€[0BATEIbHOCTD, HOJIYYEHHYIO U3 HOCIEJ0BATEILHOCTH, KOTOPYIO KOJUPYET TPOHKA
(a1,b1,n1), AomucbIBaHHEM HOCJE HEe MOCJEI0BATEILHOCTH, KOTOPYIO KOJAUPYeT Tpoika (az, by, ng).

¢ B15. llokaxkure, Kak 110 KOJaM MOCTIEABATETBHOCTEH D1, . . .y P H 1, - - - , G 3AKOJUPOBATH P1+q1, P1+q2,
e Pt Qm, D2+ q1, P2+G, -, P2t Gmy ooy Pt Qm T P1G1, PL Q2,5 PLGms P20 41, P20 Q2.
P2 -Am,---5 Pn - qm-



Hecarasa npobiema I'manbepra

FO. MarusiceBuu, ¢I. Abpamon, A. Besos-Kaneinb,
. NBanos-IloromaeB, A. MaaucrtoB, 1. Heraii

C. Manmusr ThiopuHTa

Paspurast TeopeTHKO-IHCIOBas TEXHUKA Ja9T BO3MOXKHOCTH IPHUCTYIUTh K JI0KA3aTE/IbCTBY OTCYTCTBUS
YHUBEPCAJILHOTO cnocoba perenns muodanToBbix ypasHenuit. Ho cnagasta Ha10 onpeneimTbest, 9To MBI Oy1em
[MOHUMATh IIOJ ITUM <«CIIOCOOOM». st 9TOro HeoOXOAMMO yTOYHHUTb, B KAKOM CJIydae MbI CUHTAEM, 9YTO
obJrajiaeM memodom JJisd pelieHnsl KaKoro-aubo THIla 3a1a4.

OcHoBHast ujest JIF0OOI0 TAKOTO YTOTHEHUsT COCTOUT B CjIeAyomeM. Mbl MOXKeM CIUTATH, ITO IMEEM MeTO]T
JIJIsI PEIleHrsT KaKOro-Jm00 THUIIa 3a/1ad9, eCJIM Mbl MOYKEM HaXOMIUTh pelleHue Joboil 3a1a49u 9Toro Tuma 6e3
MIPUJIOZKEHUST TBOPUYECKNX YCUJINI, KaK T'OBOPSAT, MEXaHNIECKN, C TIOMOIIHIO0 KOMITBIOTEPA.

C KOMITBIOTEPOM MBI CTaJIKUBaeMCda He TOJHBKO B peaanoﬁ KN3HMU, HO U1 B MaTeMaTUKe. Hamma nejab —
(bOpMaJII/ISOBaTb IIoHdATIme MeEeTOda C IIOMOIIILIO a,6CTpaKTHOfI MaHlInHbI, HOSBOJIHIOIILeﬁ pemaTb BCE 3a/av9n
JaHHOI'O THUIIa aBTOMAaTHUYCCKH.

Terieps HAM TIPEJICTOUT PA300PATHCs, KAK yCTpoeHa Mmawuna Toropunea. Malnna nuMeeT naMsiTh B BUJIE
JIEHTBI, pa3J/ieJIeHHON Ha KJeTKH. JleHTa mMmeeT OJuH KOHEIl, OyJeM CcYuTaTh, YTO JieBblil. Bupaso Jienra sB-
JISIETCST MOTEHITUAJIBHO OecKoHeuHO#. To ecTh, B OTIMYHE OT peaJibHbIX MAIIWH, MalluHa ThIOpUHTa BCeria
00J1a/1aeT JOCTATOYHBIM KOJMYECTBOM HaMsaTH. B To 2Ke Bpems, Jiio00oe KOHKPETHOE BBLIYUCJIEHIE NUCIIOJIB3YeT
JIMITb KOHEYHBIN OTPE30K JICHTHI.

Kaxmas kirerka MoxKeT OBITH JIMOO IIyCTOMH, JIMOO COMEPXKaTh OJWH CHMBOJI U3 HEKOTOPOIO KOHEYHOI'O
MHOXKeCTBa, cuMBoioB A = {aq, ag, ...a,}, HA3BIBAEMOrO aadiasumonm. PasHbie MaIIMHBI UMEIOT, BOOOIIE
roBopsi, pastble ajdapuTbl. OIUH CUMBOJI UI'PAET BBLIEJIEHHYIO POJIb — UM BCerja OyIeT IMoMeveHa caMast
JleBas KJIeTKAa U TOJILKO OHa. B KauecTBe TAKoro MapkKepa MLl OyZeM HCIOIb30BATL CUMBOJ «*». Kpome
TOrO, yI0OHO UCIIOJIB30BATh CIIEIUAJBHBI CHIMBOJI IS 0O0O3HAYEHHS IIYCTOH KJETKHU, 110 TPAJAUINKA MBI Oy1eM
HCIIOJIb30BaTh JIJIsl 9TOM 1en OYKBY A.

Mairrnuna cHaOXKeHa CIIEIUATBHBIM CIUTHIBAIOIIINM U ITUATITY M YCTPONCTBOM — 20.406%K01, KOTOPask B KaXK-
JIBIE MOMEHT JUCKPETHOI'O BpEMEHU 0003peBaeT OJHY U3 KJIETOK JIEHTHI. [ 0JI0BKa MOYKET IIepeMeIaThCs BIOJIb
JIEHTHI HAJIEBO U HAIPaBO. B KaKJblii MOMEHT BPEMEHU T'OJIOBKA HAXOJUTCH B OJHOM U3 KOHEYHOI'O UUCIIA
cocrosiHuii. ByjeM 0003HAYMATH 9TU COCTOSHUS (1, . - . , (. BOODIIIE, «COCTOSTHUE MAIMHbI» OyJIeT 3HAYUTH TO
JKe CaMoe, ITO U «COCTOSTHME TOJOBKN». OJIHO M3 COCTOSHUH OODABISETCT HAUAALHDLM, Y HAC 9TO BCETIA
oyzaer q1. Kpome Toro, oJiHO mjin HECKOTBKO COCTOSHUN OOBSABIISIIOTCS 3AKANUUMEALHOLMU.

OuepenHoe AeificTBIE MAIUHDBI IOJHOCTBIO OIPEIE/IAETCA COCTOSIHIEM, B KOTOPOM OHA HAXOMUTCS, M CUM-
BOJIOM, KOTOPBII «BHINT» IOJIOBKA. 3a OJWH Al MalllMHa MOXKET U3MEHUTH CHMBOJI B KJIETKE, IIePEMECTUTh
POJIOBKY BJIEBO WJIM BIIPABO U IEPEiTH B Apyroe cocrosiaue. [Ipu sToMm, Bee a1 geiicTBust (M3MEHUTH CUMBOJI
B KJIETKE, IIEPEMECTUTH TOJIOBKY, IEPEHTH B JPYroe COCTOSHIE) MAIIUHA JIeJIaeT 6 3a6UCUMOCTNU OT TEeKYIIEro
coCTOsIHUsT TOJIOBKHU. To ecTh, AeificTBUSI MAIIMHBI IIOJTHOCTBIO OIPEAEISIOTCs HabOpOM MHCTPYKIMA BUIa

«cocrosame ¢; + cuMmBosI aj — Left(Right, Stop) + g + ap».

Takas UHCTPYKINs O3HATAELT CJIEIYIOIIEEe «ECJIU IOJOBKA HAXOIUTCS B COCTOSIHUU (; HAJI KJIETKOW B KO-
TOPOIi 3alKMcal CUMBOJI ¢j, TO MalIMHA IPOU30IUT CICAYIOMHUe JAeiHcTBIA: 1) cumBost @j MEHSIeTCSA Ha (g, 2)
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POJIOBKA CJIBUTAETCsl HAJICBO (HAIPABO WJIM OCTAETCS Ha MeCTe), 3) COCTOSTHUE TOJIOBKU MEHsIeTCs Ha qi». 1a-
KM€ MHCTPYKIUH JOJIKHBI ObITh BBIIMCAHDI JJ1s BCEBO3MOXKHBIX COUETaHUIl CUMBOJIA @j 1 COCTOSHUS MAIIMHBI
¢;- Becb mabop Takux WHCTPYKIINN HA3BIBACTCS NPO2PaMMOT, MAITAHDI.

Bce Mammunbl, KOTOpbIe MbI OyjI€M CTPOUTD, OyIyT UMeTh OauH 1 TOT XKe ajdasur {*,0,1,2,3, \}.

Kpowme Toro, Oymer mBa 3aK/IIOUYNTEILHBIX COCTOSHHUSA (o M ¢3 W MblI OyIeM MHTEPIPETHPOBATL (o KakK
orBer «/IA», a g3 kak orBer «HET». Kiterku, comep:kartiue cuMBos A OyayT UrparTh pojb Ay0aepoB MyCThIX
KJIETOK, a UMEHHO: CIIpaBa OT KJIETKH C CUMBOJIOM «A» MOXKET HAXOIMTHCSI TOJIBKO KJIETKA C CHUMBOJIOM «A»
00 TycTas KAeTKa; JJIS TI000T0 COCTOAHNS ¢;, Y MHCTPYKITHI C JICBBIMI YacTAMI ¢; A 1 ¢;\ OyIyT COBIaIaTh
[IpaBLle TacTH.

IIpumep npocreiinieit mamuubl. Mammaa LEFT ¢ nHCTPYKIIAsIMEI
g1* — *S5q2
q10 — OLg>
Q11 — ]_LQ2
q12 — 2Lg>
13 — 3Lq2
@A — ALg2
@i\ — ALgz
CIBUTAET IOJIOBKY Ha OJHY KJETKY BJIEBO, €CJIM KOHEYHO, TOJIOBKA HE HAXOJIWJIacCh Ha CAMOM JIEBOI KJIETKE,
[IOMEYEHHOI CHUMBOJIOM <%,

Marmmmua WRITE(O) ¢ uHCTPYKIHSIMT
q1* — *Sq2
10 — 0Sq;
q11 — 0Sq;
q12 — 0Sq
13 — 0Sq;
@A — 0Sq:
@\ — 0Sqz

BIINCLIBAET B KJIETKY, TJe HAXOIUTCS IOJIOBKA, cUMBOJ «0», €ci, KOHEYHO, 3TO He caMas JeBas KJIETKa C
MapKepoOM «#». $ICHO, YTO AaHAJIOIUIHO MOYKHO 1ocTponTh Mantuubl WRITE(1), WRITE(2), WRITE(3) uncrpyKiuu
KOTOPBIX ITOJIyYalOTCA 3aMEHOH BCIOAY B IIPABBIX 9acTAX cUMBOJa «0» Ha «1», «2» U «3» COOTBETCTBEHHO.

Marmuaa READ(0) ¢ HHCTPYKIUSIME
q1x — *Sqs
10 — 0Sq2
q11 — 1S5qs
Q12 — 25qs3
@13 — 3S5qs
@A — ASqs
QN — ASQ3
PACIIO3HACT, 3aIlCaH JIM B KJIETKe, [Jie HAXOAUTCS TOJI0BKa, cuMBoi «0» min Her. B 3aBucmmocTn ot 910r0

OHA 3aKaHUYUBAET PabOTy B COCTOSIHUY (o WU ¢3. AHAJOIMIHO MOYKHO TIOCTPOUTH Marnuabl READ(1), READ(2),
READ(3), READ(x).

¢ CO0. a) Iocrpoiite mammuy Twropunra STOP, KoTopasi He CABHTas TOJOBKH CPa3y MEPEXOAUT B 3aKJIIO-
YUTEJIBHOE COCTOSHHE.
b) Iocrpoiite mammumy Teiopurra READNOT(x), KoTopasi paciio3HaeT OTCTYTCTBHE CHMBOJIA «I» B KJICTKE.

JIBa criocoba KOMITO3UITAY MAIIIUH.

Ilepsoiit cioco6 mocrpoenus o aByM mammuaam Teopunra M; m My noBoit mammasl M cocTOUT B
CJIeTY FOIIEM:
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1. Bo Bcex mHCTpyKIusx Mammuabl M| 3aKIIOUUTETBHOE COCTOSHUE @9 3aMEHSIETCS Ha (yy1, THE U —
KOJINYECTBO COCTOsIHUN Mammuubl M. (3aK/II0UnTEe/IbHBIE COCTOSIHESI MOI'YT CTOSITH TOJIBKO B IIPABBIX YACTSIX
UHCTPYKIHIA );

2. Bo Bcex mHCTpYKIuAx Mamuubl My KaxK10e HE3aKJIOUATETHHOE COCTOSTHIE ¢; 3aMEHSIeTC Ha ¢yti. (B
YACTHOCTH, ¢1 3AMEHSIETCSI HA (yt1)

3. MomndunnpoBattble HHCTPYKIME 00EUX MAaIlUH OObEIMHAIOTCSI W 00Pa3yloT CUCTEMY WHCTPYKIU
HOBOHN Marmuubsl M .

M

M1 M2
) [ w [
q3 q3

@
43|

=

HetictBue mamuubl M, TOCTPOEHHON OMMCAHHBIM BBIIIE CIIOCOOOM, COCTOUT B IOCJIETOBATEIHLHOM BBITIOJ-

wenuu jevicreuii marua My u Ms tipu ycjioBuu, 9to Maimnaa M 3akaHauBaeT paboTy B COCTOSTHUM 3. Jitst
obosHatennst Marmuubl M Mbl OyjieM HCIOb30BATH OJHY U3 TpeX (POPM 3aIucu

Ml;MQ M1 and M2 N if Ml then Mg.

Bropoii ciocob nocrpoenns mo asym mamunaMm Toioputra My n My HOBOI Marmuubl M I1I03BOJIsIET KOH-
crpynpoBaTh MUKJIbI Tuta FOR i=1 TO N mym WHILE ¢ KOTOPBIMH BBl BCTPEYAJMCh IIPA HPOrPAMMUPOBAHUH.
Takune nuKJIBI BCTpedaloTcest U B MaTeMaruke. Hanpumep, 9robbl BeraucanTb dbyukimo f(n) = 22" HY2KHO
9HUCJI0 2 TIOCTIE/IOBATEIHHO BO3BECTH B KBAJIPAT 1 PAa3.

DTOT Cr1ocod COCTOUT B CJIEYIOIIEM:

1. Bo Bcex mucTpykimax Mamunabl M7 3aKII0YUTETBHOE COCTOSHHUE @ 3aMEHSeTCH Ha (yii, e U —
KOJIMYECTBO COCTOSIHMIT MamuHbl M7, a 3aKJIIOYUTEIHLHOE COCTOAHUE (3 3aMEHSIETCS Ha (2]

2. Bo Bcex MHCTPYKIUAX MamuHbl Mo Kazk/i0e HE3aK/IIOUUTE/ILHOe COCTOAHHE (j 3aMEHSeTCd Ha (ytq, &
3aK/II0YNTEIbHOE COCTOSAHUE (2 3aMEHseTCs Ha (1]

3. MomundunnpoBattble HHCTPYKIME 00EUX MAaIlUH OObLEIMHAIOTCSI W 00Pa3yloT CUCTEMY WHCTPYKIU
HOBOHN Marmmuubsl M .

M
M1 M2
0w [ e
q3 q3 193]

HetictBue Mammuuabl M, TOCTPOEHHOI OMMCAHHBIM BBIIIE CIIOCOOOM, COCTOUT B MOOYEPETHOM BBITTOTHEHUN
npeticreuil Mammna My u My 10 Tex mop, IIOKa OIHa U3 MAIIUH He Iepeiiger B cocrodnue ¢z. IlocTpoennyro
TakuM OOpa30M MAIWHY MBI Oy/ieM 0003HAYATD TOCPEICTBOM

while M; do M5 od.

BBenumanbie HamMu 00O3HAYEHHSI BBINJISIIAT KAK HEKOTOPBIA HPUMHTHUBHBINA sI3BIK MTPOIPAMMUPOBAHUSI.
(Cuiestyer oTMETUTD, OJJHAKO, UTO KaXK/asl «IIPOrPAMMay sIBJISIETCsI HA CAMOM Jiejie 0003HaYeHIeM KOHKPETHOI
maruibl Thiopunra.) OHAKO, 9TOT S3bIK HE CTOJIb IPUMHUTHBEH, Kak Kaxkercsi. OH MO3BOJIsIeT SMYJIMPOBATD
JIIO0O KOMIIBIOTED, ¢ KOTOPBIM BbI HMEJIN JIeJI0. SHAMEHUTHIH mesuc depua TracuT, 9To JI0O0H ajaropuTM
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MOKET OBITh peaju30BaH Ha MalluHe TbIOpUHra. DTO MOHSTHE aJIEKBATHO (DOPMAJIM3YET HMOHATHE MEXAHU-
qeckoif paboThl. B masibHeileM 1Mo, cyImecTBOBaHUEM aJIlOPUTMOB MbI IIOHUMAEM CYIIECTBOBAHUE MAITHHbI
Toeiopunra. To ecTh, 9TH MOHITUST OTOXKECTBJIISIFOTCSI.

Marmumna
STAR = while READNOT(*) do LEFT od

yYCTaHaB/INBacT I'OJIOBKY Ha JIEBBIL KOHe€Il, JICHTDbI (HOMG‘IGHHbeI CHIMBOJIOM <<>k>>).

Mamuna
VACANT = STAR; while READNDT()\) do RIGHT od

YCTAHABJIMBACT IOJIOBKY HA CAMYIO JIEBYIO MYCTYIO KJIETKY WIH ee Jybjepa - KJIeTKY ¢ CUMBOJIOM <A» ).

¢ C1. a) Ilocrpoiite mammmy JUMP, mepeBHTAIONLyIO TOJOBKY J0 OJKaiIed KIeTK ¢ cHMBOIOM «0».
b) Hocrpoiire ceputo mamun Treiopunra FIND(k), ycranaB/mmBaroniux rojoBky Ha k-biii OT jieBOro Kpasi CHM-
BOJT «0».

Ha snenre mammunbl ThropuHra MOXKHO 3allOMUHATH HAOODPBI (KOPTEXKHU) UHCEN: I 3allUCU KOPTeXKa
(a1,...,ay) UCIONB3YIOTCSI CUMBOJIBI 1, pasjesenubie cumBosiamu (. Hanpumep, koprex (3,1, 2,0, 2) 3anucs-
Baercs kak *0111010110011\. ... Takum obpasom, marmuia ThIOpUHTA MOMKET IMOIYIATh HA BXOJE KAKOH-TO
KOPTEXK U OCYIIECTBJISITH €ro peodpa3oBaHue.

¢ C2. Ilocrpoiire mammunbl Thropunra, npeobpasyrornue Koprexk (aj, ... ,a,) B KOPTEXK:
a) (a1, ..., an,0);
b) (a1,...,an +1);
¢ C3. a) [ocrpoiire manmny Thropunra, mpeobpa3yonryo Koprex (ai, .. ., a,) B Koprex (aq,...,a, —1),
ecin ay > 0, AIM OCTaHABIUBAIONIYTOCS B COCTOSTHUU (3, €CJIH ap = 0.
b) Iocrpoiite mamuny ThropuHra, yceKaromyo KOpTex (ai, ... ,a,) 40 Koprexka (a1, ..., 0n—1).
¢ C4. Iocrpoiite mammunbr Tropunra, npeobpa3syrorue KopTex (ay,. .. ,a,) B KOPTEXK:
a) (ay,...,an,ar + ap), st 3aganabix 1 < k, [ < n;
b) (a1,...,an,ar x ap), wist 3aganabix 1 < k, [ < n;
¢ C5. Ilocrpoiite mammay NOTGREATER(k, ), cpaBHHBAIOUIYIO SJIEMEHTHI G U () KOPTEkKa (a1,...,Gn) H

OCTAHABJ/IMBAIOILYIOCS B COCTOSIHHH (9 HJIM (3, B COOTBETCTBHH C T€M, KOTODPOE M3 HEPABEHCTB (f < (; HJIH
ap > a; IMeeT MeCTO.

¢ C6. Ilocrpoiite mammunbr Triopunra, npeobpa3syrorie KopTexk (ay, ... ,a,) B KOPTEXK:

a) (ay,...,an,b,c), rme (b, c) mapa uuces, ciaenyromasi 3a mapoi (a,—1,a,) B KAHTOPOBOI HyMEPAIUI;

b) (ai,...,an,b,c), rme (b, c) mapa 4mces, numeromnias HOMeP @, B KAHTOPOBOI HYMEPAIHH;

¢ C7. Ilycre nmeercs ypasuenne D(aq,. .., ap, o1, ... Tymy1) = 0. [Tocrpoiite mamnny Triopunra, Koropast
1m0 Koprexky (ai,...,an,Yo) HPOBEPSIET, SIBJSETCS JIA 1y KAHTOPOBBIM HOMEDPOM KOPTEXKa (T1,...,Tm41),

JIafOIero pereHne ypaBHEHHUS.

¢ C8. Ilycrb umeercst ypasaerue D(aq,...,an, 21, ... Tymy1) = 0. Hocrpoiite mammuny Treiopunra, moJy-
qaoOIIYI0 Ha BX0OJe KOpTeX (a1, ... ,ay,) U 3aKAHIHBAIOIILYIO CBOIO pabOTy B TOM H TOJIBKO TOM CJLydae, KOIJa
ypasraernne D = (0 pasperrnMo OTHOCHTENBHO T, . . .y Tmt1-

ByjeMm HaszbiBaTh MHOXKECTBO w, COCTOsIIIEE U3 YIOPSIJIOUYEHHBIX HAOOPOB U3 M HATYDAIbHBIX 4duces (n-
oK) noaypaspewumvim no Teropurey, ecim cymecrByer mMamuua Toiopunra M, Koropas HadaB paboTy Hajl
KAHOHUYECKUM H300payKeHueM Koprexka (ai,...,G,) B COCTOSHUU ¢ ¥ TOJIOBKOIi, YCTAHOBJIEHHOW B JIEBOM
KOHIIE JICHTBI, OKOHYUT CBOIO PabOTy B TOM U TOJILKO TOM CIydae, Koraa (ai,...,a,) € w. (Ognako Moxker
He ObITh HMKAKOTO CIOC0Oa OIEHUTH BpeMsi PabOThl U PACIO3HATH CUTYAIMIO, Korja (ay, ..., a,) ¢ w).
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Wrak, u3 pesysnbrarta 3agadaun C7 ciieyeT, ITO BCAKOE JTMOMAHTOBO MHOXKECTBO SIBJISIETCS TIOJTIY PA3PEIIn-
MbIM 110 Tbropuary. Lesbio cireytonux 3amad OyIeT J0Ka3aTeIbCTBO 0OPATHOIO, TO €CTh TOTO UTO KayKJ0e
oJIypaspeninMoe 1o ThIOPUHTY MHOXKECTBO SBJILAETCHA JTNMOMDAHTOBBIM.

IIycrs mama mamuna Toiopunra M, mosypaspemnraionias HeKOTOPOe MHOYKECTBO W, COCTOsINee U3 7 Ha-
rTypasnbibix dncest. Ilycrs {aq, ..., qn} — andasur sroit mammuel. Ha kaxaom mare paborsr Mammabr M
3aII0JIHEH TOJIBKO KOHEUHBI OTPE30K JIEHTHI, CKaykeM, JJIAHBI [. MBI MOXKEM IIPeJICTaBUTh €ro KOPTerXKeM
(S1,82y -+ Smy--+»81-1,81), LJIe $; — HOMED CHUMBOJIA 3allUCAHHOIO B siYelKe 1.

TekyImee cocTOsiHUE ¢; MAIITUHBI U TTOJIOYKEHUE TOJIOBKU MOYKHO ITPEJICTABISATH KOPTEXKEM TaKOi »Ke JIIu-
wel (0,...,0,7,0,...,0), Bce 3JeMEHTBI KOTOPOrO, KPOME OJ[HOIO, PABHBI HYJIIO, €MHCTBEHHBIN HEHYJIeBOil
3JIEMEHT YKa3bIBAET ITOJIOYKEHUE MOJIOBKH U PABEH HOMEPY COCTOSHUSI MAITHHBI.

Tpoiiky, COCTOAINIYIO U3 TEKYIIEro COAEPKUMOIrO JIEHTDI, COCTOSTHUST MAITUHBI W ITOJIOYKEHUsT TOJIOBKH, Oy-
JIeM Ha3blBaTh kKongpuzypayuet. Konduryparus onpenessiercs By Mst KOPTeXKAME (81,82, -« Sy« -« 5 S|—1, S1)
u (0,...,0,7,0,...,0). Jnga upencrapieHusi KopTexeil Mbl OyeM HCIOJIb30BATH MO3UIMOHHYIO CUCTEMY KO-
JUPOBAHMA C KaKUM JUO0 (PUKCHPOBAHHBIM OCHOBaHueM (3 > v,w. Kodom xondueypayuu 6yaeM Ha3bIBATh
napy (p,t), rae p u t — mmdpsel 10 OCHOBAHUIO (3 YKA3AHHBIX KOPTEXKEHl.

Urak, Heobxoaumo mnoctpouTs auodantoso ypasaenne D(p,t, 21, ..., xy,) = 0, Takoe 4ro, ecau (p,t) —
KOJ HEKOTOPOil KOH(MDUIypallul, TO YPAaBHEHUE PA3PEIINMO OTHOCUTEILHO X1, . .., Ly, TOLAA U TOJLKO TOrZA,
Korma maruna M HadaB paboTy B 9TOi KOHMUTYpaIun, OCTAHOBUTCS Yepe3 KOHETHOe YUC/IO Maros. Bormpoc
0 Pa3pelMMOCTH ypaBHEHUsI B Cjydae, Korja (p,t) He siBJISeTCsl KOJOM HHUKAKON KOHMUrypalwu, HacC He
HUHTEpPeCcyer.

¢ C9. Ilycrs uz korgurypanmu ¢ kogoM (p,t) mammaa M HEIoCpeacTBeHHO IEPEXOIUT B KOH(DUTY DAITUIO
¢ koztom [NextP (p,t), NextT (p,t)]. Jokaxkure, uro ¢pyurumn NextP u NextT guodanToBsr.

¢ C10. Ilycrs u3 koudurypamun ¢ kogoMm (p,t) mammua M 3a k miaros mepexoinT B KOH(PHTYDAIHIO C
kozom [AfterP (p,t, k), AfterT (p,t, k)]. Hokaxkure, uro pyurmun AfterP u AfterT muocanrosbr.

. TPOHTE JHOPAHTOB BHEHIE C IapaMeTpaMu IITIMOe B TeX W TOJIBKO TeX
¢ C11. Iocrpoiite quoanToBO ypaBHEHHE C MAPAMETPAME (1, . . . , Ay, PA3Pe oe e OJIBKO Te
caydasix, Korja Janaast mamiuia Teopuara M, HauaB paboTy Ha KOPTEXKE A1, . .., Gy, OCTAHABIABACTCSI.

D. YuuBepcaJjsibHasg mamnimHa ThlopuHTA

B undopmaruke (Computer Science) Bbl BeTpeuasuch ¢ onepaimonabivu cucreMamu (Windows, Dos,
Unix), HO3BOJISIIOIIMME 3aIIyCKATh IPOU3BOJIbHBIE UCIIOJHsIIoMIHE (aiiabl (To ecTh paboTaTh ¢ IPOU3BOJILHbI-
Mu ajiropur™Mamu). [Ipu 9roM, oneparonHasi cucTeMa caMa sIBJIsieTCsl Iporpammoii. B mMaremaruke aHasio-
TUYHBIM IIOHSATHUEM BJIAeTCs IOHATHE YHUBEPCAALHO20 AA20PUMMA.

Jlo cux 1op MBI KOHCTPYHPOBAJIU CBOIO MaruHy Tbopunra i Kaxkjaoro ajaropurma. Ho mMoxkHO 110-
CTYIHUTb U I[O-JIPYTOMY: NPHJyMaTh sI3bIK, HA KOTOPOM OIMCHIBAETCs, UTO HYXKHO CIEJATh (AJITOPUTM), U
3aucaTh 9Ty HHAOPMAIINIO ¢ IOMOIIBIO KAKOH-TO KOAUPOBKU Ha JieHTe MammnHbl Thiopunra. Paboratormast ¢
9TOM JIEHTON MaIllMHA «Pa3apXUBUPYET» C JICHTHI aJITOPUTM U peajuldyeT ero. lIpm sToMm, y JaHHON MaITHHbBI
cBOsI (PUKCHPOBaHHAasI IPOrpaMMa, KOTOpas He MEHIETCS OT TOIO, KAKOH aJropuTM 3allicaH Ha jeHTe. Takas
MAIINHa, HA3BIBAETCS YHUBEPCAALHOUT Mawunotl Thropuneaa.

SIcHO, 9TO MBI MOXKEM IIPOHYMEPOBATH BCE aJropuTMbl (Mamuabl THIOPHHTa) ¥ TOBOPHTH O aJlOPHTME
(Mammmuee) ¢ HoMEpoM n.

¢ D1. Koguposka. [Ipugymaiite criocob zamucu ajgroputva (Mammuabl ThlopuHTa) Ha JICHTE.

¢ D2. Jlokaxkure, uro cymiecTByer Mamuaa TblOpHHTa, CIUTHIBAIONIAS C JICHTBI apy duces (1m,n) u Bbl-
MOJTHSTIONIAsT aJTOPATM C HOMEDPOM T, HOJIyYaIONHIl Ha BXOJE THCJIO M.
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¢ D3. Camomnpumenenune anropurma. J[okaxkurte, 4TO cyiecTByer Takas Mainuaa 1propuara U KoTO-
pasi Ha Jucjie n paboTaeT Takxke KakK N-blii aJropuTM Ha 9HCJIE 1.

¢ D4. IIpo6Gisema ocranoBa. a) IIpeamosoxkumM, 9T0 CyHIeCTBYET yHUBepCaJbHasi MalluHa 1blopuHra,
U(n,m) mposepsitoriasi, ocTaHaBIHBACTCs Jii n-as Mammaa Treiopunra #a qnciae m. /lokaxkunre, 9ro Torjga
cymecrByer aaropurM V (n), ycraHaB/IMBaIOIIUI, OCTAHABIHBACTCS U PabOTaeT OECKOHETHO N-bIif a/INOPHTM
Ha gmcsae n. Jlokaxkure Takxke, 9ro cymiectByer aaropurm 1(n), Koropelii ocranasiuBaercs, ecau V(n)
paboraer b6eckonedHo, n paboraer 6eckoHedHo ecyn V (n) oCcTaHABIHBACTCS.

b) Ilycrp k — momep airopurma T'. Ocranasiamsaercs s T(k)?

E. YauBepcajsbHabie TO(PAHTOBHI ypaBHEHUS

Pacemorpum cemeiictBo ypasuennit U(aq, ..., an, k1, .. ke, Y1, ..., Yp) = 0. Bynem Boiaenars B Hem jBe
IPYIIILI IAPAMETPOB: IIaPaAMETPhI-3JIEMEHTEL 1, . .., G, U IapaMeTPbl-KoIbl k1, ..., ky. ByseM HasbiBaTh Ta-
KO€ ypaBHEHHE YHUBEPCAJIbHBIM, €CJIH JIJIs JII060r0 InohaHTOBOTrO ypaBHeHus ¢ n napamerpamu: D(ay, .. ., ay,
Z1,...,Tmy) = 0 MOXKHO Tak BbIOpaTh 3HAUEHUsT napamerpos KouoB ki(D), ..., k,(D), uro ypasuenune D = 0
PA3PEIINMO OTHOCUTENBHO 1, . . . Ty IIPU TEX U TOJIBKO TeX HAOOpax MapaMeTpoB a1, . . . , (y,, IPH KOTOPLIX pa3-
pemunmo ypasuenue U(aq, ..., an, k1(D), ..., k¢(D),y1,...,Y) = 0 OTHOCUTEIBHO Y1, . . . Y. MOXKHO CKa3aTh,
KazKJ0e YHUBEpcaIbHOe NMOo(aHTOBO YpaBHEHNE IIOPOXKIACT KOQUPOBAHUE NUO(DAHTOBLIX MHOXKECTB JanHotll
PA3MEPHOCTIU, W JIJIsT TAHHOTO ypaBHenusi D = 0 9TuM KOJOM MOXKHO cuutaTh Koprexk [ki(D),..., ke(D)].

¢ E1. [lokaxknre, 4TO 1MeHOH yBeIHTICHUS KOJTHICCTBA HEU3BECTHBIX JI000€ YHUBEPCATIHHOE YPABHEHIE MO-
JKeT ObITh MTPpeodPA30BAHO B YPaBHEHHE C TEM K€ KOJIHIEeCTBOM IapaMeTPOB-3JIEMEHTOB, HO BCEIrO C OJHUM
napamMeTpoM-KOJIOM.

¢ E2. [lokaxure, 4T0 ecjm CymecTByeT yHUBEPCAJIbHOE AHO(DAHTOBO ypPaBHEHUE, KOJIUPYIOIee OJHOMED-
HbIE JIHOGAHTOBBI MHOXKECTBa (TO ecTh, Jisi n = 1), TO cyIecTByeT KOHCTAHTA M, TaKasi, 4T0 04 4106020 N
HMeeTcsT YHUBEPCaJIbHOE JHO(haHTOBO ypaBHeHne ¢ u = 1 u v = m.

¢ E3. Iipuaymaiite cmocobd KOJMPOBKH ypaBHEHHS H IIOTEHIIHAJIHLHOIO PEIIeHHs] ¢ MOMOIIbI0 HECKOJIbKHX
HATYPaJIbHBIX YHCEJ, TAKOH, 4TO (DYHKIIHS IPOBEPKH, SIBJISCTCS JIH JAHHBIH KOPTEXK PEIIeHHEM JaHHOI'O
ypaBHeHUsI, ObLIa JHODAHTOBOM.

¢ E4. [locrpoiite yanBEpCaabHOE JHOGPAHTOBO ypaBHEHHE.

¢ E5. Ilocrpoiite amoganroBo muoxkectso M ¢ HemmopanToBbiM jononnenneM (To ecTh TakKoe, 9TO JO-
mosienne M o muoxkecrBa N He siBjsiercst juohaHTOBBIM).

¢ E6. Jlokakmre, 4TO MHOXKECTBO KOJOB JAHOMDAHTOBBIX YpaBHEHHI 06e3 IMapaMeTpoB, HMEIOIIHX DEIIeHHs],
SIBJISIETCST MHOXKeCTBOM 13 E5.

F. 3akaounrenabHas 3aada

¢ F1. Jlokakure, uro HE/Ib3sT HOCTpOUTH MainHy TblOpHHIa, KOTOpasi, HauaB paboTy HaJ[ H300pakeHuEM
yucsa k, ocranapinBaJiach ObI Yepe3 KOHEYHOe GHCJIO ITaroB B COCTOSIHUH (o HJIH (3 B COOTBETCTBHHU C TEM,
PA3PEIIIMO UJIH HEPa3PEIuMO JHO(DAHTOBO ypaBHEHHE ¢ KOJOM k.



IToackasku u peirenus 3aaad OyHKTOB A u B
¢ Al a)z=2q

b) 22 = (2a — 1)?;

c) x = a?
d) z = a3
¢ A 2. Ilycrb cucrema ypasHenuii takosa: D1 = 0,..., D, = 0. Ona skBuBa-

JIeHTHA OJTHOMY ypasHenuto DF + --- + D2 = 0.

¢ A 3. Yro6sbI nepeceds aBa in0paHTOBBIX MHOXKECTBA, O0bEINHAM yPABHEHUSI
IIEPBOr0 U BTOPOTO B CHCTEMY, KOTOpasi, KAK Mbl 3HAEM, SKBUBAJEHTHA, OTHOMY
ypaBHeHuI0. IT06bI 00LEUHUTH JIBA MHOYKECTBA, IPOCTO TIEPEMHOKIM YPABHE-
HUS.

¢ A 4. Y1005l I0KA3ATH, YTO 9TO MHOXKECTBO JUOMAHTOBO, PACCMOTPHUM TO K€
caMoe ypaBHEHHE, HO YK€ OTHOCUTEJIBHO TAPAMETPOB G1, . . ., Gy -

¢AS5 a)a-b=z+1,;
b) a = bx;
c) (a—b?=c%r,0<a<c

d) Bocmosb3ayemcst IpeapIy UMy IyHKTAMA: @

= min{z,y}, * = bmod(c),
y = (c — b)mod(c). Peammzyem muanmym: a < z, a < ¥,

(a—)(a—y) = 0.
e)ac<b<(a+1)ec.

¢ A 6. OrHomeHMe B3aUMHON MPOCTOTHI U3 ajropuTMa EBKIMIa BhIparXKaeTcst
ypasHenueM a(z1 — x2) + b(y1 — y2) = 1. a = (b,¢), ec;m b = azx, ¢ = ay, x
u y B3auMHO 1pocThl. d1obsl nmosyunts HOK, Bocmosib3yemMcst TeM, 910 yMeeM

seipasuts HOJ, u a - b = (a,b) - (a,b).
¢AT. )2 <a<(z+1)>2

¢ A 8. a) 22 —n?y? = 1. Torya Hesble YUCAA X + NY U T — NY PABHBI, HOTOMY
y = 0, mosToMy x = £1.

b) IMosyvaem O OUpENENEHNIO Us = Uius + dvve, U3 = UiV + usvy. Hogcra-

BUM B ypaBHenue: usu3 + d?vv3 + 2duiugvi vy — duivi — duivi — 2duiugvivg =
20,2 2 20,2 2\ _ -

uz(uf — dvy) — dvi(uz — dvs) = 0;

¢) 3ameruM, 4TO HA PEIIeHMe YPABHEHHs MOXKHO HE TOJIBKO YMHOXKATDH, KAK B
MIPEJIBIIYIIEM IIYHKTE, HO U JEJINTh. JTO JIETKO mpoBepuTh. Eciun paccMoTpersb
ypaBHEHHUE Ha BCeil IJIOCKOCTHU, TO MbI IOJIYYUM THIIEPOOJLY, TJIe HAIIN PeNIeHus



— eY T[eJIble TOYKN. 3aMEeTUM, YTO YMHOXKEHUE, a IOTOMY U JIeJIEHUE Ha COXPAHSI-
0T TOPSIZOK TOYEK Ha rumepbosie. PaccMoTpum TOIBKO MPaByIO BETKY, TOJBKO
ITOJIOXKUTEJIBHYIO YaCTh, 100 MOXKHO CUNTATH IIEPEMEHHbIE HEOTPHUIATETHHBIMU.
IIycTo ecThb perenne, KOTOpOe He CTElleHb MIHIMAaJILHOTO. Bynem nesmts Ha Mu-
HuMaJsbHOe. 1o 1pe/oI02KeHnio Mbl He [TOJIyYUM TPUBHAJIBHOE PEIlleHne, TOIIa
MOJIyYUM HETPHUBHUAJIBLHOE PeIeHne, M0 MOJYII0 MEHbIee, YeM MHHUMAJIbHOE.
IIporuBopeune.

¢ A 9. a) Ecim ysesmuuth 1, T0 v k yBeIMIUTCS, TO €CTh HE HOJLY YUTCA MEHb-
IIee pellleHne, a YMEHBIINB €IUHUILY, MBI IIOJIyIuM JIAMb 0.

b) Ionyuaem uaayKIUei 10 N, 160 =, = lmod(k — 1).

c)3ajaua cBoguTCs K cieyiomeit 3a neit: 1 = 22 — (% —1)y* = (z + 2y)% -
b(z + 5y)y + v

4 A 10. Paccmorpum orobpaxenue (z,y) — (y,by — x). OHO yBesnuusaer
CYMMy KOODJIHUHAT. ByJeM IpUMHUHATL 00paTHOE 0TOOParKeHne, KOTOPOe TaKKe
1eJI09UCIeHHO. [TOCKOJIbKY PeIleHnst MeJI0UUC/IeHHB], GECKOHETHO yMEHBIIATC
CyMMa MOJIyJIell KOODJMHAT He MOKET. JIErKO IIPOBEPUTDH, YTO, €CJAM OHA HE
yMenbinaercst, To y = 0,z = 1, Tak YTO pelmeHue IOJIyIaeTCa HAIIMM IIPe-
00pa3oBaHUEM U3 TPUBUAILHOTO.

4 A 11. Do nosydaercst o UHAYKIMA, 160 N + 2 = 2(n — 1) — n.

¢ A 12. Dro nposepsiercsa uuayknueit no . s [ = 0 970 TpUBHAIBLHO CJie-
Jgyer u3 Toro, 4to g = 0, ay = 1, myma [ = 1 910 ciemyer u3 peKyppeHTHOTO
OIIPEJIEJIHUS TIOCTIEI0BATENIHHOCTH (Y.

¢ A 13. Ucnonsayercss agm(b) = am(b)(am+1(b) — qm—1(D)), aum—1(b) =
a2m—1(b)(agm (b) — agm—2(b)) 1 TO, 9TO Qgp, (b) mesUTCS HA Qi (D).

4 A 14. IlpoBepsieTcst HHIAYKIEH U3 PEKYPPEHTHOTO ONPEJIEJIEHUST TIOCIEI0BA~
TEeJIbHOCTH.

¢ A 15. Bes koMmMeHTapues

¢ A 16. Jlerko nousith, 910 vy (b)(amodv) = a,(w)(amod v) u n(amod u) =
ap(w)(amod u)(u3 3amaan 14). T.x. 1o, uTo cTout mozx amod B IPaBBIX YACTSIX
MEHbIIle, YeM ¥ U U COOTBETCTBEHHO (T.K. IIOCJIEJ0BATEILHOCTD (v, (b) Bo3pacTa-
er), 10 ap(b) = ay(b)(amodv) u n = n(amod u), OTKyna U CIeAyeT yTBEPIKIE-
HUE 3a/1a41.

¢ A 17. Bes koMMeHTapues

4 A 18. D710 paBHOCWIBHO TOMY, 4TO TpocTo ag(b) > k, To ectb uto ay(b)
CTPOrO BO3PACTAET, UTO OUEBHUIHO.

¢ A 19. Bes koMMeHTapuUeB.



¢ A 20. Unanykmusa mo n. [pu n = 0,1 Bepuo. Ilycts Bepuo mist n. [Tokaxkem
s n+ 1. apa1(k) = kay (k) — alphay, 1 (k) < kay (k) < k"L

an+1(k) = kay (k) — alphan—1(k) = (k — Dan (k) + (an(k) — an—1(k)) >
(k—Dan(k) = (k—1)"

¢ A 21. Unaykiust o n. s 0 BepHO. mycThb BepHO st 1. [IpoBepum jist n+1.
(1+8)" ™ = (1+5)"(1+s) = (1+ns)(1+s)=1+(n+1)s+ns®> > 1+ (n+1)s

act1(bn+4) (bn+4)¢ __ bn+4 ¢ nooo .
¢ A 22 =N S e = (17—1) > b%
acei(bntd) o (Bnt3)° _ o (bnad)C n—co
;Cl+1(n) > nnc =0b° ( nn ) be.

¢B 1l c=[z%] (moddk)

¢B 2 a)b=2" a=(2"+1)
b)

4 B 3. p — upocroe Torzpa u rosbko Toraa, korga GCD(p, (p — 1)) =1

¢ B 4. (20 +1)(1 — D(xo,21,---,2m)?) — 1 > 0 eciu u TosbKo ecu 1 —
D(z0,21,-..,7m)? > 0, Te. D(xg,1,...,2m) = 0. [lostomy a = (29 + 1)(1 —
0) —1= Zo-

¢ B 5. cienyer u3 aByX HpeibLAyIIuX 3aa4

4 B 6. a) IlepBoe ciaraemoe 3T0if CyMMBbI DABHO YUCJIy MHOYKHUTEJIENl, J1eis-
IEXCs Ha P, BTOpOe — Ha p? 1 TaK jaJee.

b) E([mp—t"} — {pﬂk} - [p%}) paBHA HCKOMOMY TIHCJLY.

n—1
Tnp +...+z1pt+x0
¢BT (ynp"*1+...+y1p+yo
TakKoe ITO T; < Y;.

) JeJUTCd Ha P €CJId U TOJbKO €CJI CYIIECTBYET 1,

p"—1
¢BS8. a<e- T

‘ B 9. (ynb?il—i- . .—|—y1b1 —|—y0) — (ynb72171 —+ .. +y1b2—|—y0) =0 (HlOd bQ —bl)
¢ B 10. a; =ay (InOd by — bl) (I/I6O a; < b;’ll < by — bl)



M CUUTATD, 4T JIU J1JId HEKOTOPOIT HayasIbHOH IIaphl 1 TOAHUSA MaIIUHBI T bIOPUHTa U CUMBOJIA B KJIETK
Bynem cuurars, uTo, ec €KOTOPOii Ha4yaJIbHOI 1 3 COCTO a Tri0 aucC oJ1a eTKe
HE YKA3aHO, YTO JIeJIATh, TO OHA 3aIl0JTHEHA ITPOU3BOJIBHBIM 00Pa30M, IJjIs ONPEIEIEHHOCTH OCTAHOBKA B COCTOSIHUU

q2.

Cla C1lb
10 — 0S¢z ¢l — 1Rg;
@1l — 1Rq ¢i2 — 2Rg;
@12 — 2Rq ¢i3 — 3Rgq;
@13 — 3Rq: @GN — ARg;
g\ — ARq; g\ — NRq;, 1 <i<k+2
G — NRqp 10 — 0Rqy

QjO—>ORQj+1, 4<] <k+2
qx+3a — aLqs

C2a C2b C3a C3b
qa — aRq, a # A qa — aRq1, a # A qa — aRq1, a # A qa — aRqy, a # A
@A — ORgy @A — 1Rqy @A — ALqy @A — ALqy
qsb — ASqe qsb — ASq2 q40 — 0Sq3 qsb — ALqq, b # 0
qal — ASqo q40 — ASqo
¢ C4. (a)

@b — bRq1, b # A

@A — O0Rga

gac — ASq3 VanuuauMm Ha 1 KOPTEXK U BEPHEMCS Ha, MECTO
q3d — dLq3, d # *

-

rie—eRr;, 1<i<k+2,e#0
T10—>ORT4
Tj0—>0RTj+1,4<j<k+2
T3S = [LTkya

Teyral — 2Rrgys gonw 10 k-oro HyJisd, gajiee HAUMHAEM KOIUPOBAThH €ANHUYKNA B KOHEI.
Tkt59 — gRTE45, a # A

Tk+5A — 1Rri4e UIEM JI0 KOHIIA, CTABUM €INHIIKY,

Tkr6h — ASTR 7 He 3a0bIBast PO A

Teyrt — tLrgyr, i #£ 2 " WM

Th+72 — 2Rrpys 0 TocJieIHeit TBOMKY Ha3a/l.

rryrsl — 157114 CIEJIYIOIINIA TIEPEHOC €IUHIYKY, €CJIU OHA €CTh, MHaYe

7180 — 0STr10 cTUpaHue JIBOeK 110 *

Th02 — 1Lrpqg
Th+ol — 1L7g4g
k490 — OL7k49
Thyo* — *x5851 KOI'JIa JIOW/IEM, Iepefi/IéM K BBIIIOJIHEHHUIO TOH yKe OlepaIu ¢ a;

sie —eRs;, 1 <i<l+2,e#0
810—>0RS4
SJOHORSJ+1,4<]§Z+2
sip3f — fLsia

Si+41 — 2Rsi45 Jonum J10 1-oro Hysis, Jajee HAUUHAEM KOIMUPOBATH €IUNHUIKI
B KOHEII.

s1459 — gRsi15, a # A

Si+5A — 1RS¢ UIEM IO KOHIIA, CTABUM €IMHUIKY,

Si46h — ASspy7 He 3a0bIBast IPo A

Siq7t — iLsy17, 1 #£ 2 " WM

Si+72 — 2Rsi43 J10 IIOCJIeIHEl JIBOMKY Ha3a,1.

S48l — 158144 CJIEIY IO TIEPEHOC €IMHUYKHU, €CJIM OHA €CTh, MHAYe

81480 — 058549 CTUpaHue IBOEK 10 *

S1+92 — 1Ls;49
Si+9l — 1Ls;49



51490 — 0Lsi49
Si+9% — *5q2

(b)

q1b — bRq1, b # A
@1 A — ORgo
q2¢ — ASq3
Q3d — dLQ3, d 7é *
gsx — *S’I‘l

emé ¥ 3aKOHYHNJIN B HaYdaJie JICHTBI

VanuaauM Ha 1 KOPTeXK U BEepHEMCS Ha MECTO

rie »eRr;, 1<i<k+2,e#0

r10 — ORry

Tj0—>0RTj+1,4<j<k+2

Thtsf — [LTkya
Tpral — 2Rrpys

Tkysg — gRTiys, 9 F A

Tk4sA — 1Rriy6
Tryeh — ASTR 7

Thyrt — iLrgy7, 1 # 2

Tpi72 — 2Rriys
Te+8l — 15Tk44
TkJrgO - OSTk+9
Th+92 — 1L7g19
Trt9l — 1Lrg g
7190 — 0Lrp 49
Tktok — *Sq1

q~1b i qu~1, b 7£ )\
@1 A — ORg2
g2c — ASq3
Gzd — dLq3, d # *
gz* — *Ss71

Jonutm 10 k-oro Hy/Is, fagee HaUnHAEM KOIMUPOBATD €IUHUYKH B KOHEII.

UM 710 KOHIA, CTABUM €IMHUYIKY,

He 3a0bIBas IPO A

1 UJIEM

J10 ITocJiegHeit TBOMKM Ha3a/1.

CJIEITYFOTIMIA TTEPEHOC eIMHNYIKN, €CJIU OHA €CTh, MHAYE
CTHpaHne IBOEeK 10 *

Takwum 06pa3oM, aj CKONMMPOBAHO B KOHEI], Mbl B HAYAJIE.

VanuunuM Ha 1 KOPTEXK U BEPHEMCS Ha, MECTO

sie —eRs;, 1 <i<l+2,e#0

810 — ORS4

Sj0—>0RSj+1,4<j<l+2

sip3f — fLsigq
Sl+41 — 2RSZ+5

1459 — gRsis, a £ A

Si45A — 1Rs;16
si16h — ASsi7

Sl+7i — iLSl+7, ) 75 2

S1472 — 2Rsiy8
si481 — 18514
51480 — 085149
81492 — 1Lsj49
si491 — 1Lsj49
51490 — OLsj49
S|49*% — *Swl

wlb - qul, b 75 A
wiA — 0Rwsq
wac — ALt

tll — 1Lt1
t10 — OLtg

gonun j10 l-oro Hysts1, najiee HAYMHAEM KOIMPOBATDH €IMHUYKHA B KOHEII.

UIEM JI0 KOHIIA, CTABUM €JINHUIKY,

He 3a0bIBast IPO A

u UOEM

JIO TIOCJIEJIHENR JIBOMKU Ha3aJl.

CJIEJTYFOTIMIA TTEPEHOC eIMHNYIKN, €CJIU OHA €CTh, MHAYE
cTUpaHue JIBOeK 110 *

Takum 06pa3oM, a; CKOMMPOBAHO B KOHET 1OCIe a. OCTaéTcs IepeMHOXKUTD
JBa IIOCJIeTHUX

YanunnuMm Ha 1 KOpTeXK W He BepHEMCH Ha MeCcTO. Temepb HAYHETCH YMHOYKEHUE. ..

9TO MBI €€ B IIPEJIIOCIeTHEM TUCTIE
9TO YHCJIO 3aKOHYUJIOCh. HAWIEM €JMHUYKY, 3aMEHIUM Ha TPOEUKY, IPHUOaBUM



K COBCEeM IIocCJIe/THEMY YHUCJIY IIPpeAIIoc/ieiHee

tod — 3Lts MBI UITEM eIMHUYKY B TPETHEM C KOHIIA TNCJIe

tol — 3Lty OO HAIILIH,

to0 — ORuq JbO He HAaILIN

ty] — jRty, j#0 BBIOMpPAEMCs U3 TOTO YUCTIA, ITOOBI KOIMMUPOBATD CJEIYIOIIee B KOHEIT

t40 — ORts BBIOpPAJIMCH. 3aiiMEMCsI KOIIMPOBAHUEM IIPEJIITOCIIEIHEIO YUCTIA

ts2 — 2Rty €CJIU He JIONIJIN JI0 OYEPEJIHON € IMHUYKU I TIEPEHOCca, UJIEM K Hell

ts1 — 2Rtg JOILIN U UAEM CTaBUTH B KOHEI]

tej — jRts, j # A nJEM K KOHILY.

tsA — 1Rt; npurma. [locraBum,

trj — ALtg He 3a0b1B 11po A. Temepb uiém 3a caeayromeit e uHuIeit.

tsl — 1Ltg 3TO MBI B TOM K€ YHCJIE

ts0 — 0Ltg 9TO MBI IIEPENLIN B KOIIUPYEMOE YUCJIO

tol — 1Ltg MBI YBEPEHHO JIBU2KEMCS K MECTY KOIIMPOBAaHUS, HO €II€ He IIPUILIN

tg2 — 2St5 OTCIOZIa MBI HAYMHAEM OISITh UCKATh €IMHUIKY JJIs KOITMPOBAHUS B
MIPEIIOC/IETHEM THUCTIE

ts0 — O0Ltqg MbI CKOITUPOBAJIM BCE IIPEJIIIOCTIE/THEE THCIIO.

t102 — 1Ltq19 MIYCTH OIATDH MPEJIOCIeHee OYIyT HAITUCAHO eTUHUIKAMU

t100 — OLto OHO 3aKOHYMJIOCh, M MBI HINEM CJIEAYIONIYI0 €IMHUYKY B TPETHEM C KOHIIA UUCJIE

13 — 2Ruq HaKOHEI| Mbl €€ He HalllJIi, TaK 9TO OCTaéTCsl cTepeTh JiniHee. Hauném xke!

%10 — 2Ruo 3aKOHYMJIOCH TPETHE C KOHIIA YHCJIO.

usl — 2Rus He 3aKOHYHJIOCH IIPEJIIOCTIE/THEE YUCIIO

u20 — 2Rus HO BOT M OHO 3aKOHYMJIOCH. Temepb HaJI0 IBUTATDH HAIE A - 4], CTAPAs
JBOUKHU Ha CBOEM IIyTH

ugj — jRus, j # A JBUTa€MCs B KOHEIT

usA — ALuy jonutu. Temepb Hala 1e/Ibh — MEPEIBUTATD.

ugl — ALus B3I €UHUILY U TOTAIIIT

us1 — 1Lus ...TAIIUM...

u52 — 1Lug MPUTAIWIN U MOocTaBWIA. lymMmaem, ITO Ae1aTh...

ug2 — 2Rus OIIATH XOTUM TaCKaTh €IUHUIIHI. ..

ugj — jSvi, j # 2 [IePeTACKUBATE 0OJIbIlle Hedero! 3HAUNT, JIEJI0 CeJIaHO.

vi1j — jLvy, j # * UAEM B HAYAJIO JIEHTDI, YTOOBI 3aKOHIUTH TaM

vk — %S¢ IporpaMMa, 3aBepIeHA.

¢ C9. Mur HaunéM ¢ MOJENUPOBAHUS OJHOTO Imara MamuHabl Tboopuara. IlycTh u3 koudwurypamum ¢ kogom (p,t)
paccMarpuBaeMas MammHa M IepexoJuT HermocpeIcTBeHHO B KoHburypamnuio ¢ kogoMm (NextP(p,t), NextT (p,t)).
IIposepum, aro NextP u NextT — quodaHTOBBI DYHKITUN.

D70 yTBEpKIEHIE HYKIAeTCsl B cieayoomeM yrounernnn. Mol onpenenunu Gyukiuu NextP u NextT noka ToJIbKO
B ciydae, Korga (p,t) — Koz Koudurypauu, npudéM KOH(MUIYPAIUU ¢ HE3aKJIIOUYUTEIbHBIM cOCTOsgHIeM. 110/102KuM

NextP(p,t) =0,

NextT(p,t) =t

ecan (p,t) — KOs KOHDUIYPAIUY ¢ 3aKIIOUUTENBHBIM COCTOsTHUEM. Y TBepKaeHue o auodanrosoctu NextP u NextT
cJIelyeT IOHNMATh KaK CyIeCTBOBaHUE MMO(MAHTOBBIX QYHKITNN, Beaymux cebsi ONMMCAHHBIM BbIITEe 00PAa30M Ha KOIAX
KOHMUTrYpAaIuil 1 TPOU3BOJIBHBIM 00PA30M, €CJIN 3HAYCHUS KOJIOB OTJIUYIHBI OT KOJOB KOHMUIY PAIH.

Oyuknun NextP u NextT, oueBUIHO, JOKHBI 3aBuceTb or dyHkiuit A, D, @Q, 3aga0nux BoIOOP UHCTPYKIUN
mammabl M. Pacimmpum stu byHKIME, canrast, 9T0 €Cau ¢; — 3aKJI0UATENbHOE cocTostHue, 10 A(i, ) = j, D(i,5) = 5,
Q(i.j) = 0.

Huodanrosocts hyrkmu NextT mouTH 09€BUIHA, IOCKOJIBKY KasK Il 31eMeHT Koprexka ¢ mudpom NextT (p,t)
OJIHO3HAYHO OTIPEJIEJIAETCS IJIEMEHTAMU ¢ TEMU YK€ HOMEepaMu Koprexkeil ¢ mudpamu p u t. A UMEHHO, OIpeae/ UM
dyukuio A cieayomum 06pa3om:

. A(Z,5), ecm0<i<v, 0<j<w
AGi,g) = { 40T

J B IIPOTUBHOM CJIydae



(HATIOMHMM, 9TO ¥ M W — 9TO KOJUYECTBA COCTOstHUI m cuMBoJoB Mammubl M ). Torga Next MOXKHO OIpenenTh
SKBUBAJCHTHOCTHIO
t' = NextT(p,t) & Jw t' = AlB](p,t,w),

rue A[S] — pacmupenue hysriun A HA KOPTEXKU.

Huodanrosocts dynkinun NextP MeHee oueBujiHA, MOCKOJIBKY k-biif emeHT Koprexka ¢ mudpom NextP(p,t)
OJTHO3HAYHO OIPeJIesIsieTCs UMb deMenTamu ¢ Homepamu k — 1, k, k + 1 xoprexeit ¢ mudpamu p u t. OyHriun
PACIIUPSITH MbI yMeeM Ha KOPTEXKU JIUIIb TO3JIEMEHTHO, OJJHAKO 9Ta TPYIAHOCTH JIETKO Ipeogosmma. [Tomoxum

pF=pB, pl=pdivp

th =13, th=pdivp

OueBnsHo, uTo ecou t — mudp Koprexa (1, ..., Sm, - - -, 51), To t u t& — mmdpr koprexeit
(0,815 -y Sm—1y---,81)
n
(525 sy SmAtly .- .,SZ,O)-
(B KOpTeyKax BBIIETCHBI M-ble 3JeMeHThl ). Anagormano, ecm p — mmdp koprexa (0,...,0,4,0,...,0), To pf* u pF -

mudpbl KOpTexKeit

(0,...,4,0,0,...)

, B KOTOPBIX HEHYJIEBOI 9JIEMEHT CIABUHYT Ha OJIHY IO3UIUIO BIPABO WJIU BJIEBO.

Kaxpiit amement koprexa ¢ mubdpom NextP(p,t) onpemessieTcst 3JeMEHTAMI C TeM YKe HOMEPOM KOPTexKeil ¢
mudpanmu pr, p, pf, t¥, ¢, 7. Dra xe 3aBucumocTs, ouesuHO, onpenengerca dbynkmuavu D u Q. 3anaanuM eé aBHO,
BBeJst QyHKIMA D) ciiey oM 06pa3oM:

QGit, i), ecm it >0,i=i®=0wu D", j*) =L
Q(i, j), ecm il =0,i>0,i>0,if=0u D(i,j) =S
QG j1), ecrm it =i =0,i® >0wu D", %) =R

0, B IPOTUBHOM CJIydae

DQ(it,i,i%, j5, 3,37 =

L

(x "IpOTHBHBI cirydasM" OTHOCATCS U CITydau, KOT/la Kakoe-To u3 uuces i’ i, iff Gosbime v nm xaxoe-To u3 1mcesn

gt 4, i 6ombme w, 6o Torma Q u D He onpesesens). Ternepb Mbl MOXKeM yKazaTh AHOMDAHTOBO MpeICTABICHHE JIIsT
NextP:
p' = NextP(p,t) & Jw DQI[b](pb, p,p div b, th, t,t + b,w)

¢ C10. Oyukuuu NextP, NextT onuchBaior oguH mar paboThl paccMarpuBaeMoil Mamuabl Thopunra. Hama
ouYepejiHasl [1€JIb — YCTAHOBUTH JUO(MaHTOBOCTb TpéxMecTHbIX GyHKIuil AfterP, AfterT, KoTopble MMOIyY9alOTCs KaK
ureparun pyuxmuit NextP, NetxT":

AfterP(0,p,t) =p

AfterT(0,p,t) =t
AfterP(k+1,p,t) = NextP(k, AfterP(k,p,t), AfterT (k,p,t))
AfterT(k+ 1,p,t) = NextT(k, AfterP(k,p,t), AfterT(k,p,t))

Scuo, uro 3a k maros mammua u3 M uz koudurypanuu (p, t) nepenuia B koudurypammio (p', t'), rop’ = AfetrP(k,p,t),
t' = AfterT(k,p,t).

Paccvorpum Bce mpomerkyToUHbIE KOH(MDUTYPAITAT
(pOa to), ceey (pk; tk)a

re
(p07t0) = (p7 t)
(Pit1,tit1) = (NextP(pi,ti), NextT (p;, t;))
(plvtl) = (pkvtk)'



IIycTn [ cTosib BeJIMKO, ITO

p< 6l7k72, t < 6l72
Do osHauaer, uro B KoHUrypanuu (p,t) He Gosee uem I — k — 2 mepBBIX KJIETOK JIEHTHI 3aHATHI CAMBOJaMu. 3a k
maros paboTsl MammHa M cMOXKeT 3aoJHUTE He Gosiee 1eM k HOBBIX KJIETOK, u notomy mpu i € {0,..., k}

pi <P ti< B2
B YaCTHOCTH,
p/ < ﬁl72, t/ < ﬁl72
Iocrpounm e cynepkoudurypamuu (pr,,tr), (Pr,tr) Ipu mOMOIM KOHKaTeHamn Kondurypanmit (p;,t;) (Hamom-
HUM, 9TO Iu0(DAHTOBOCTH KOHKATEHAIMI KOPTEXKel ¢ PABHBIME OCHOBAHUSIME ObLIA yCTAHOBJIEHA):

(pLu 67 kl) = (pou ﬁ?l) +---+ (pk—luﬁJ)
(tLuﬁ7kl) = (t0767l) + -+ (tk—luﬁ7l)
(PR, B,kl) = (p1, B, 1) + -+ + (p, B;1)
(tRaﬁa kl) = (tlaﬁal) + -+ (tkuﬁ7l)
Cynepkoudurypaiu (pr,tr) u (pr,tr) KOHGUIYPAIMSIMA He SIBISIOTCS, IOCKOJIBKY KOPTEXKH ¢ mudpaMu pr, U PR
coziepkaT 1Mo k HeHyJIEBBIX 3JIEMEHTOB, a KOPTexKH ¢ mudpamu t7, 1 tg COOTBETCTBYIOT JICHTAM, Ha KOTOPBIX Ak KJIETOK
IIOMEY€HO CUMBOJIOM <«*».
Cynepkondurypamnmum cOOTBETCTBYIOT CyII€pMAIUHE, JIEHTa KOTOPOH pa3/eieHa CAMBOJIAMUA «*» HA Kk y9aCTKOB,
Ha KaKJI0M U3 KOTOPBIX pa6OTaeT CBO4 T'OJIOBKa B COOTBETCTBUU C UHCTPYKIUAMN I/ICXOILHOIL/'I manmibsl M. Bmecro k
maros paboTel MamuHbl M MBI MOXKEM PACCMOTPETH OJIMH Iar paboThl CyIIEPMAIIUHBI, IIPH KOTOPOM KazKJast TOJOBKA
HE3aBUCUMO OT APYIHUX BBIIOJIHSAET COOTBETCTBYIONLYIO NHCTPYKIHIO.

Takum obpasom, cynepkoudurypaius (pr,tr) OSHO3HAYHO olpejesiercs cynepkondwuryparweil (pr,,tr); 6oiee
Toro, BBegéunabie hyukiuu NextP u NextT 6e3 Kakoil-mmbo MOIUMUKAIINN OMUCHIBAIOT PAOOTy CyHepMAITUHbL:

pr = NextP(pp,t1), tr= NextT(pr,tr)
PaccmorpuM TakKe cynepkoudurypanuio (par, tas), ONPenesseMy0 PABEHCTBAMI
(par, B, (k= 1)1) = (p1,8,1) + -+ + (pr—1, 8,1)

(tae, B, (k= D1) = (t1,8,0) + - + (tk—1, 8, 1)

Omnpegenenus pr, t7, MOXKHO II€PENUCATH B HOBBIX ODO3HAYEHUAX TAK:

(vaﬁv kl) = (paﬁal) + (vaﬁv (k - l)l)

(tLvﬁv kl) = (ta 65 Z) + (tMvﬂv (k - l)l)

(pRaﬁa kl) = (p7 67 (k - 1)1) + (p/u ﬁu l)

(tRaﬁa kl) = (t767 (k - 1)1) + (tlu ﬁu l)
Mber Bugesn, 9ro Jyist jio6oit koudurypanuu (p,t) 1 joboro moaoKuUTeabHOro k mpu Jio6om ! 10ctarodto 60JIbImoM
HalimyTcs aucna pr, tr, pa, tar, PR, tr, P’y t', YIOBIETBOPSIONITE BHIIIENIEPEYNCICHHBIM YCJIOBUAM. II0KasKeM Temeph,
9TO BBIOOD 3TUX YHCEJ OJIHO3HAYHO ompejessercs 1o k, I, p, t.

HeficTBuTesbHO, IEpBbIe | 31€eMeHTOB Koprexedt (pr, 3, kl) u (t1, B, kl) onpenenens ogaosnauno. @yukunu NextP
u NextT 6oL OlpeesieHbl SKBUBAJIEHTHOCTSIMU TaK, YTO IEPBBIE 1M 3JIEMEHTOB KopTexkeil ¢ mudpamu NextP(z,y),
NextT (x,y) 0qHO3HAYHO ONPEIESIOTCA IepBbiME M + 1 ajieMentaMu kKoprexkeil ¢ mudpamu x, y. Takum obpazom,
nepsbie | — 1 ajemenToikoprexeil ¢ kogamu (pr, 3, kl) u (tgr, 3, kl) oupeiesnenbl 0JHO3HAYHO. 3HAYUT OJHOZHAYHO
omnpeiesiensl iepseie | — 1 aemeHTsl Koprexeit ¢ komamu (par, 3, (k — 1)), (tar, B, (k — 1)1).

Mgl BUsuM, UTO OJJHO3HAYHO ONpeZeeHbl mepsble 20 — 1 s1emenTa Koprexei ¢ komamu (pr,[.kl), (tr, S, kl),
CJIETOBATENIBHO, TIepBbIe 2] — 2 31eMeHTa KopTexKeil ¢ kogamu (pg, 3, kl), (tg, 8, kl), u nepsbie 2] —2 smenenTa Koprexeit
¢ komamu (par, B, (k — )1), (tar, B, (k — 1)).

IToBTOpPUB 3TO paccyKIEHHE JOCTATOTHOE YNCJIO, Pa3, MbI MOJYHYUM, 9TO OJHO3HATHO OIPEIEIEHBI BCE 3JIeMEHTBI
Koprexeit ¢ kogamu (pr, 5, kl), (tr, B, kl), (par, B, (k—=1)1), (tar, B, (k—1)l) u BCe, KpOMe, OBITH MOXKET, CAMBIX TIOCIIE]I-
HUX, 9JIEMEHTBI KOopTexel ¢ komamu (pg, 3, kl), (tgr, 8, kl), (p',]beta,l), (t',3,1). Ho u3 BbIIEyKA3aHHBIX HEPABEHCTB
CJIeJTyeT, UTO IMOCJeHIe JeMeHThl Koprexei ¢ komamu (p’, 3,1), (¢',3,1) paBHBI Hy/I0, U TOITOMY PaBHBI HYJIO H
[OCJIe/IHUE JIEMEHThI Koprexkeil ¢ konamu (pr, 3, kl), (tr, 5, kl).

Takum 00pa3zoM, MBI yCTAHOBHUJIM, YTO CHUCTEMa JIUOMAHTOBBIX YCJIOBWIl i JIOOOH KOHMUryparuu u JIO0ro
HOJIOXKUTEILHOr0 k IIpH JII0O0M | JOCTATOYHO GOJIBIIOM HMEET OTHOCHTEIBHO pr, tr, P, tar, PR, tr, P/, t' poBHO
OJIHO peIlleHne, U B 9TOM efuHcTBeHHOM perennn p' = AfterP(k,p,t), t' = AfterT (k,p,t). OTcioga Mbl HEMEJIEHHO
rojrygaeM juodganToBocTh MyHkiwmit AfterP u AfterT.



¢ C11. [Insnocrpoenus TpebyeMoro quodgaHToBa ypaBHEHUs] HAM OCTAJIOCH CejiaTh Hebo,1bInoii mar. Ilycrs wy, ..., w,
— HOMepa COCTOSTHU MaIuHbl M | 00bIBIIEHHBIX 3aK/II0OUYATEIbHBIMA. Torma ycamoBue

Ik, r | [Elem(After(k,p,t) = w1, B,7) unn ... umu Elem(After(k,p,t),5,r) = w.]

Brimosaero gy KouduUrypanuu (p,t) B TOM U TOJIBKO B TOM CJIydae, KOrja, HadaB paboTy B 5TOH KOHbUrypamy,
MaIIiHA OCTAHOBUTCS POBHO Yepe3 k IraroB. DTO YCJIOBHUE SBJISIETCs AMO(PAHTOBBIM U IIOTOMY MOXKET OBITH IIpeodpa-
30BAHO B UCKOMOE JTMO(AHTOBO ypPABHEHUE.

Tlostyuennoe muodhaHTOBO ypaBHEHHE — €Ile He COBCEM TO, UYTO HAM Tpebyercs Ijisd YCTaHOBJICHUS ITUOMAHTOBO-
cTu MHOXKecTBa I, IOJIypa3peniaeMoro paccMarpuBaeMoil Maruuoit M (napamerpsl 9TOro ypaBHeHUus — p u &, a
He ay,...,an, KaK Tpebyercs B An0haHTOBOM MPEJICTABIEHNN MHOXKeCTBa). OIHAKO JIErKO MOHSITh, 9TO B HAYAJIBHOM
koHburypanuu p = 1 (MammHa HAXOJUTCSI B COCTOSIHUM (1, & TOJIOBKA PACIIOJIOXKeHA B KpaifHell JIeBOH KileTKe) u

<t767a> = <%7671> + <:uﬂﬁa1> + <Repeat(u,6,a1),ﬁ,a1> +...F <,U,6,1> + (Repeat(l/,ﬁ,al),ﬁ,cn},

rje a =aj;+...+a,+n+1— KOJIMIECTBO HEIYCTHIX KJIETOK HA JIEHTE, i, [L U V — HOMEPA CUMBOJIOB «*», «0», 1 «1»
B jente u3 C10, re. a,, = *, a, = 1. O6beuusAa M0JIyYeHHOe HAME JAUOMAHTOBO yPABHEHHE M BBIINCAHHYIO CTPOUKY
c TeM, 4To p = 1, u cuurad aj,...,a, MapaMeTpPaMU, a BCE OCTAJIbHbIE IIEPMEHHbIE — HEU3BECTHBIMU, MBI IIOJIy4aeM
Tpebyemoe modaHToBO TIpeacTaBieane 1.

¢ E3. Ilycrs w — Goubinoe ymcsio (TO9HOE HEpaBeHCTBO Oyuer Bbimmcano Huxke). C momonipio Fqual Mbl MOXKeM
nepeiTu OT KOJOB € OCHOBaHUAMH b 1 g K HOBbIM KojaMm (w, s, d, e, f) u (d, e, f,w,t) Toro xe nosuaoma C' u TOro xe
MOTEHIUAJIBHOIO perieHus. PaccMOTpUM 9UCIIO

_ 0 1 m _ d - 1 ; ; ; ;70 4 s m
(I4+aw+t) = (1+aw?” + 20"+ + 2w ) = E < i >amx111...:1:§,?w1°d+ Fimd
io...1
ot tim<d N0
3ameTuM, 9TO B 9TOH CyMMe BCe IIOKA3aTe/Id CTENEHN Y W PA3JIddHbl, II09TOMY, €CJIH W JAOCTATOYHO BEJIEKO, TO T

dopmyra sBisercs mudPOM 0 OCHOBAHUIO W HEKOTOPOI'O KOPTEXKA, COJEPIKAIINEro BCE OJHOUJICHBI, COCTABIIAIONIIE
C, O ¢ apyruvmurodddunmentamu. IToObI MOAIPABUTH KOI(DMUIUEHTHI, YMHOXKIM (DOPYILy HA

. . . . m—+1_ 0_..._s m
s= E il i (d =1 —ig — -+ — i) eig. i, W fod tmd
tot+im <d

u CcIrpynmnupyeM BMecTe 9JIEHbl C OAMHAKOBBIMU CTEIICHAMU W:

2d™t1 -1
(1+aw+t) s = E Cruw® (1)
k=0
3necy C) — HEKOTODBIE BhIpaskeHus, cogepxkamue Ciy 4, G, T1,...,Ty. HeTpyIHO BUIETH, 4TO
Cerrz 1 Vol i ! (d—1—i im!Cig.. iy a0l i =(d—1)!C )
=Y iot. . im<d (iomim)m-»»»zm-( —1—ig——im!Ciy...iy a0zt . =(d—1)!C(a,x1,...,2m))
Takum obpazom, ecim w npeBocxomut Cy, . .., Cogm+1_1, TO

Cla,z1,...,Tm) = Elem((1 + aw + )" 1s,w,dt +1)/(d - 1)!

Ocraércs HallTH KaKyIO-HUOYIb SIBHYIO HI2KHIOIO I'PAHMUILY JIJIsi W, TAPAHTUPYIONLYIO CIPABEIIMBOCTD MOCIeIHEN hOop-
mysibl. HeTpyaHo mpoBepuTh, UTO JIJIst 9TOTO JOCTATOYHO MTOTPEOOBATH, YTOOBI

w> (1+a+h)% e

OnpenenanM Tenepb JeBATHMECTHOE COOTHOIICHUE

Solution(a,b,cp,cr,d,e, f,g,h) < SCod(d, e, f,g,h)AIsr, sr, t,w(w > (1+a+h)¥ " (c+cr)AEqual(cp, b, dT1 +
1,51, w,d*T ' +1)AEqual(cr, b, d*1 41, sg, w, d*T +1)AEqual (h, g, d*+1,t, w, d*+1)AElem((1+aw+t)?tsp, w, dH1 +
1) = Elem((1+ aw + )4 sp,w,d*t! +1)). Kak cieayer us peimenammcannoit bopmyinst, ECode(b, cr, cr,d, e, f) =
dg,h SCode(d, e, f,g,h) A Solution(a,b,cr,cr,d,e, f,g,h)) < 3x1,...,Tm Docy cnde. (@, 21, ..., Zm) =0.

Otrnomenue Solution(a,b, cr,cr,d, e, f,g,h), BBenéHHOE HAMM, OUYEBUIHO SIBJIAETCS AUOMAHTOBBIM, U Mbl MOXKE
HOCTPOUTD IUOMAHTOBO ypaBHEHUEE

U(aubacLacRudueuf7g7h7y97'"7ym) = 07



3aJ1aro1iee 3To OTHOIIeHne. HeTpyiHO MOHATH, 4TO OTHeCHd ¢ M h K HEM3BECTHBIM, MBI IIOJIyIUM Tpebyemoe yHUBED-
caJIbHOe YDaBHEHUE.

Mpr MokeM Temepb MOCTPOUTH I8 KarKJIOTO 71 yHUBEPCAJBHBIN nosumHoM U, ¢ OJHAM MapaMeTpPOM-KOIOM U M
nensBecTHBIMU. [lommnom Uy MBI onmpesiesiiM paBeHCTBOM

Ul(ﬂ:, kvyla <. aym) = UQ(aﬂylv s 7ym) + (k - 2260ant0T6(y15 e 'ayﬁ))Q'

Cootrsercreenno, eciu (b, cr,cr,e,d, f) — pacimumpensbiii kKojx Hekoroporo ypasaenus D(a,x1,...,Zy,) = 0, T0 B
HOBOM KOJIMPOBKE KOJIOM YPABHEHUSIOYIET IO OIMPE/ICIEHUIO TUCTIO 92° Cantorg(b,cr, cr, d, e, f).

IIpu TaxoM ompeje/leHUNHE KaXKJOH HATYPAIbHOE YHCIO OKA3bIBAETCS KOJOM KaKOro-HUOY/b ypPABHEHUs. DTOT
«HEJIOCTATOK» JIErKO MOYKHO YCTPAHHUTH CJIEAYIOIUM 00pa3oM. SICHO, 9TO 1Mo KasKJA0My KOHKPETHOMY GHCIY K MOXKHO
y3HaTh, npejcraBumo Jju oHo B Buge (1), rae (b, cr, cr,d, e, f) — pacmmpenubiit Ko kakoro-iubo ypasuenus. Eciu k
He TPEJCTABUMO B TAKOM BHJE, TO OYIEM IO ONPEIEICHAI0 CIUTATD IHCIO0 k KOJOM ypaBHEHUST

Ui(a,k,z1,...,2,) =0

C €JIMHCTBEHHBIM [IAPAMETPOM GH 7 HEU3BECTHBIMU X1, . . . , Tpy. OUEBUIHO, YTO, KAKOBBI ObI HA OBbLIN 3HAYMEHU @ U K,
yPaBHEHHE UMeeT PellleHre TOT/Ia U TOJIBKO TOIJia, KOTJa PellleHre NMeeT YpaBHEHUE C KOJOM Kk He3aBHUCHUMO OT TOTO,
Apngercs ju k KOJOM B IEPBOHAYAJBLHOM CMbIcse (1) WiIn KOIOM CJIeYIONEro 3a HUM yPaBHEHHUS.

st n > 1 auBepcasbabiii mosmHOM U, OIpeaesseTcs CJIeLyIuM 00pa3oM:

n
Unlat, ... an, k,y1,-..,ym) = U1 (2"Cantor,, (a1, . .., an, k, Y1, .- Ym)
Hakomnern, onpemesnM yHUBEPCAIbHDIH T0JuHOM U, PABEHCTBOM

Uo(kuyla"'aym) = Ul(oukaylu' "7ym)7

cunTas 000 KO ypaBHEHHUs HA $ TAKXKe KOJOM ypaBHeHust 6e3 napamerpoB D(0,z1, ..., %y, ) = 0.

YuusepcaabHoe 1nohaHTOBO yPaBHEHUE TO3BOJISIET HAM JIETKOIIOCTPOUTD IIpUMED JHO(MAHTOBA MHOYKECTBA C HEJHO-
danToBbiM jomnosHeHHEM. CyIecTBOBAHAE TAKUX MHOYKECTB IOKA3BIBAET, YTO MbI HE MOYKEM IIONOJIHATH HU OTPHUIA-
HUEM, HA KBAHTOPOM BCEODITHOCTH IOIMOJIHUTH HAII APCEHAJ JIOTUYECKUX CPEJICTB JJIsi MMOCTPOEHUsT TUOMAHTOBBIX
MHOKECTB (B JJaHHBIH MOMEHT 3TO O'beJIMHEHNe, IlepecevdeHre, KBAHTOD CYIIECTBOBAHMUSI ), HOO JIONOJIHeHNE An0dhaHTO-
Ba MHOYKECTBA, OIPeIesisieMoro ypasHenueM D(a, 1, . .., &y, ) = 0 3anaéres hopmynamu

=321, .., T D(a,21,. .., 2ym) =0 u  Vai,...xm D(a,21,...,25) #0.

ITocTpoenne npoBonUTC 1O KJIACCUYeCKO JraroHaabHOl cxeme. PaccMoTpuM yHUBepcaabHOe 1uodaHTOBO ypaBHEHUE
Ui(p,q,y1,---,Ym) = 0 u nocraBum Ha MecTO 0fOUX HApaMeTpoB mapamerp-sjaement a: Ui(a,a,yi,...,Ym) = O.
TlostyuuBieecs: ypaBHeHue onpeeisier HEKOTOpoe THO(MaHTOBO MHOXKECTBO §)1 HATYpPaJIbHBIX duces. [IpoBepum, 9To
$1 — JOHO/HEHNE §) — HEe ABJIACTCH THOMAHTOBLIM.
MHozkecTBO §)1 ABJIsIeTCH HECKOJIbKO MCKYCCTBEHHBIM IPHUMEPOM. DoJiee MHTEPECHBIM fABJISETCH MHOXKECTBO g,
OIIpesiesIsieMOe yPaBHEHIEM
Uo(t,yl, .o ,ym) =0.
Kak BuHO u3 onpejiesienus, $y — MHOXKECTBO KOJOB 1u0(DaHTOBOr0 ypaBHeHus (6e3 mapaMerpa), UMEIOUX PelleHus.
B s7oit TepmunOIOTHIN SecsTas mpobdsema ['nibbepTa — Bompoc ¢ criocobe pacro3HaBaHUs MPUHAIIEXKHOCTHA JAHHOTO
9UCJIa G K MHOXKECTBY $)g.
Tosunom Uy 6bL1 onpeieiéH TakuM 00pa3oM, 9To pelienne ypaBaenus (7) CBOJUTCS K PENICHUIO yDABHEHUS IIPU
p =0, g =t dusa Toro, 9Tobbl JOKa3aTh, 4TO §)) — JOUOJHEHHE §)) — He ABjsgeTcs AUohaHTOBBIM. MbI yCTAHOBIM
00OpaTHYIO CBsi3b, & MMEHHO, IIOKAXKEM, UTO PEIeHNEe YpPaBHEHUsI IPU TPOU3BOJIbHBIX 3HAYCHUX [APAMETPOB P U ¢
CBOIMTCH K PelIeHnIo ypaBHeHus (7) Ipu moaxoasiieM 3uadennu ¢. HemocpejcrBeHHO B TAKOM BHUJIE 9TO yTBEDXKICHUE
04eBUIHO, 16O pU (PUKCUPOBAHHBIX 3HAUEHUAX P M ¢ MOYKHO B3siTh B KadecTBe ¢ Kof ypasHenus: (1), paccmarpusae-
MOTo0 KakK ypaBHeHune 6e3 mapamerpoB. CyneCTBEHHBIM JJjIsl HAC SABJISETCS TO OOCTOSITEIBCTBO, YTO TAKOHM KOJ MOXKET
OBITH 3aJIaH TOJTMHOMOM C IEJIBIMU KO3(bdUImeHTaMu OT P u q.
Wrak, paccMaTpuBaeM ypaBHEHUE
Wp7q(y1a . 7ym) = 07

[OYYHUBILIEeCs [I0JCTAHOBKOI KOHKPETHBIX 3HaueHuil p u ¢ u3 ypasuernus (1). CHadasia MbI IOCTPOMM PACIINPEHHBIN
kox (b, cr, cr,d, e, ) aroro ypasuenus. [Touarno, 94to d u € a cjiegoBaTebHO U f MOXKHO B34Th (DUKCUPOBAHHBIMU He
BaBUCSIIUMU OT P U (.

B urore nmosygyaem ciemyronyto cBsS3b MHOXKECTB:

a€ 9 & K(a,a) € Ho

, tie K — nosmeoM ¢ nesbivu Koddduupnentamu. Ecin Obl Jono/nHenne 1epeoro 66110 AM0(haHTOBbIM, TO TAKOBbIM
0Ka3aJI0Ch OBl U JIOMIOJIHEHUE BTOPOrO, 9TO HE TaK, TaK 4TO fy He JTuohaHTOBO.
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Equations both parts of which are polynomial functions with integer coefficients, and the solutions
are to be expressed in integer numbers are quite common in mathemetics.

In 1900 David Hilbert [1900] delivered his famous lecture entitled ”Mathematische Probleme”
before the Second International Congress of Mathematicians. This paper contains 23 problems, or,
more precisely, 23 groups of related problems, that the nineteenth century left for the twentieth
century to solve. Problem number ten is about Diophantine equations:

10. Determination of the solvability of a Diophantine equation

Given a diophantine equation with any number of unknown quantities and with rational
integral numerical coefficients: To devise a process according to which it can be determined
by a finite number of operations whether the equation is solvable in rational integers.

Today we read the words “devise a process” to mean “find an algorithm.” When Hilbert’s
Problems were posed, there was no mathematically rigorous general notion of algorithm available.
The lack of such a notion was not in itself an obstacle to a positive solution of Hilbert’s Tenth
Problem, because for any particular algorithm it was always clear that it actually gave the desired
general method for solving the corresponding problem.

During the 1930’s, Kurt Godel, Alonzo Church, Alan Turing, and other logicians provided a
rigorous formulation of the notion of computability; this made it possible to establish algorithmic
unsolvability, i.e., the impossibility of the existence of an algorithm with certain properties. Soon
afterwards the first examples of algorithmically unsolvable problems were found, first in mathematical
logic itself and then in other branches of mathematics.

Computability theory produced all the necessary tools for tackling the unsolvability of Hilbert’s
Tenth Problem. The first in a series of papers in this direction appeared at the beginning of the
1950’s. The continuing effort culminated in a “negative solution” of Hilbert’s Tenth Problem in 1970
by Yury Matiyasevich.

We will follow that proof.

A. Diophantine Sets

We will seek only nonnegative integer solutions of the equations in this problem.

Consider an equality D(ay,...,a,,Z1,...,Zy) = 0, where D is a polynomial with integer coef-
ficients with respect to all the variables ay, ..., a,, 1, ..., x,,. Suppose that the variables are
separated into parameters aq, . ..a, and unknowns x1, ...z, .Fixing values of the parameters results

in the particular Diophantine equations that comprise the family. (Note: we consider integer param-
eters and coefficients and seek nonnegative integer solutions).

For example, consider D(ay, as, ) = a;x*+asx. The equations (for example) 2? = 0, 22%+6x = 0,
322 — 172 = 0 are in the family. In the first case we choose a; = 1, ay = 0. In the second case we do

a1 = 2, as = 6, in the third case we do a; = 3, ay = —17.
The family of Diophantine equations D(ay,...,a,, x1,...,%,) = 0 deines a set M consisting of
the n-tuples (aq,...,a,) of values of the parameters ay,...,a, for which there are values of the

unknowns 1, ...z, satisfying the equality D(aq,...,an,, z1,...,2,) = 0. The number n is called
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the dimension of the set M and equivalence D(ay,...,a,,x1,...,x,) = 0 is called a Diophantine
representation of M. Sets having Diophantine representations are also called Diophantine.

The set of even numbers is Diophantine: the equation 2z = a has an integer solution if and only
if a is even. Also, consider the set of pairs (a, b) such that a is odd and b is even and b > 2. To prove
that this set is Diophantine we should consider the representation 2(2x + 1) = a?(b* — 14).

¢ A1l. Prove that the following number sets are Diophantine:
a) the set of even positive numbers;

b) the set of odd numbers;

c) the set of squares;

d) the set of cubes.

¢ A2. Prove that any system of Diophantine equations are equivalent to some unique Diophantine
equation. (i.e. the sets of solutions are the same.)

¢ A3. Prove that the union and intersection of two Diophantine sets of the same dimension is also
Diophantine.

¢ Ad4. Suppose that the n-tuples set 9 are Diophantine. Consider the m-tuples set (ay, ..., ay)
such that there exist a1, .. .,a, with (aq,...,a,) € M. Prove that this m-tuples set (ay, ..., ay)
is Diophantine.

It is often more convenient to use, instead of the language of sets, an essentially equivalent
language of properties and relations. For example, instead of saying that the set of even numbers
is Diophantine, one can say that the property is an even number is Diophantine. Similarly, instead
of considering the set with the representation (a; — a)? = z + 1, one can say that the relation # is
Diophantine. More formally, we say that a property P of natural numbers is a Diophantine property
if the set of numbers having this property is Diophantine. Correspondingly, an equivalence of the
form P(a) < Jz1...2,[D(a, 21, ..., 2,) = 0] is called a Diophantine representation of property P.

Similarly, a relation R among n natural numbers is called a Diophantine relation if the set of all
n-tuples for which the relation holds is Diophantine. Correspondingly, an equivalence of the form

R(ay,...,a,) < 3xy .. .xn[D(ay, ..., Gn, 21, .. Ty) = 0]

is called a Diophantine representation of relation R.

At last, function a = F'(by,...bx) is called a Diophantine function if the set of all k& + 1-tuples
la, by, ..., b for which the equality a = F'(by, . ..by) holds is Diophantine.

¢ AS5. Prove that the following relations are Diophantine: a) “greater” relation (a > b);

b) “divisibility” relation (a divide b).
c¢) Consider the set of triples (a, b, ¢) such that a is a remainder of division b with ¢. (notation:
a=b (mod c)) Prove that this set is Diophantine.

d) Consider the set of triples (a,b,c¢) such that ¢ = min{b (mod ¢),(c — b) (mod c)}
(notation: a=b (amod c)) (This is the distance to the nearest integer number dividing by c.)

e) Prove that the set of triples (a, b, ¢) such that a = [g] is Diophantine.
¢ AG6. Prove that the ‘“relative primality” relation and GC'D and LCM functions are Diophantine.

¢ A7. Prove that the following sets are Diophantine:
a) the set of all integer numbers which are not squares;
b) the set of pairs (a,b) such that a is not power of b.



07
EIEEEHI

Pell equation

Definition. Equation 22 — dy? = 1,d € N s called Pell Equation.

¢ AS. Pell Equation.

a) Solution (z,y) is called nontrivial, if y # 0. Let d be a square. Prove that Pell equation has
no nontrivial solution.

b) Let (uy,v1) and (ug, v2) be the solutions of the Pell equation 22 — dy? = 1. So if ug + Vidvs =
(w1 +V/dvy) - (ug +V/duvy) then (ug, v3) is solution too. In particular, if (z,y) is a solution then (z,, y,)
is solution with x,, + Vdy, = (z + V/dy)".

c¢) The solution is called minimal if it is nontrivial and |z+y| is minimum. Prove that any solution
is a minimal one in some degree.

It is known that for any d which is not a square some solution does exist. It is a hard problem so
we do not include it into this list. You can find a proof e.g. in Bugayenko ”Pell Equation”

¢ A9. Special case of Pell equation. a) d = k* —1 = (k,1) is a minimal solution.

b) d = k? — 1, (z1,y1) is a minimal solution, (z,,y,) = (z1,y1)". Prove that y, = nmod(k — 1).

¢) Another case of Pell equation. Find the solutions of 2 — (& — 1)y? = 1.

Consider the following sequence: ag(b) =0, a1(b) = 1, ayyo(b) = bav,1(b) — (b)), b= 2.
¢ A10. Prove that 2% — bxy +y*> = 1,2,y > 0, if and only if

T = i1 (D) T = o (b)
{ y=an® 7 { ¥ = i (h)

for some integer m.
A11. Prove that a,(2) = n;
A12. Prove that ayyy(b) = ag(b) - apr1(b) — agp_1(b) - ay(b).
A13. Prove that oy, (b) = apiam(b) (mod v), where v = a1 1(b) — n_1(b);
A14. Suppose that by = by (mod q). Prove that a,,(by) = a,(bs) (mod q).

¢ A15. Prove that 2m is the value of the number k such that for fixed n the following statement
holds: o, (w) (amod v) = a,yx(w) (amod v), where w = b (mod v), v = A1 (b) — apm_1(b).

¢ A16. Suppose that w =b (mod v), w =2 (mod u), where v > 2ay(b), u > 2k. Prove that the
first k elements of the sequence

< & o o

(ao(b),O), c (an(b),n), .

are coincide with the first k elements of the sequence
(ao(w) (amod v), ag(w) (amod u)), o <ozn(w) (amod v), an(w)  (amod u)), .

A17. Suppose that (o (b))? divides a,(b). Prove that ay(b) divides m.
A18. Prove that 204 (b) < u = 2k < u.

A19. Prove that the set {(a, b, ¢) | a= a.(b), b > 3} is Diophantine.

A20. Prove that (k—1)" < a1 (k) < k™

A21. Prove that (14+s)" > 1+4+ns s € R, s> —1, n — nonnegative integer.

A22. Prove that b = lim,,_, %W

A23. Prove that the set {(a,b,c) | a ="} is Diophantine.

® & & ¢ o oo



B. Coding

Consider the following regulation of the natural numbers pairs:
(0,0),(0,1),(1,0),(0,2),(1,1),(2,0),(0,3) ...

Note that the number of the pair (a,b) in this sequence can be represented in the polynomial
form: Cantor(a,b) = ((a + b)? + 3a + b)/2. The functions ElemA (c) and ElemB(c) which are
represent the first and the second elements of the pair are also Diophantine:

a=ElemA(c) <= 3Jy:[(a+y)*+3a+y=2;
b=FElemB(c) <= 3r:[(z+b)*+32+b=2]

This numeration can be easily generalized for triples, fours, etc. For example, we can assign:
Cantor;(a;) = a1, Cantor,,1(a,...a,+1) = Cantor, (a4, ...a,_1, Cantor(a,, a,+1))
Further, the number Cantor,(ay,...a,) is called cantor number of the tuple (a,...a,). Let ¢

be the cantor number of the n-tuple. Suppose that Elem,, ,,(c) is the value of m-component of that
n-tuple with number c. The function Elem,, ,,(c) is Diophantine:

a=Elem,,(c) <= 3r1...Tm_1Tpmi1... Tyt [22" Cantor,,(T1,...Tp_1,0, Tpi1 .- Tp) = 22"0]

(Cantor, is not a polinomial with integer coefficients so we add 22" factor.)

We should note that this numeration has one serious defect: if n and m are fixed then function
Elem,, ,,(c) is Diophantine. However, it is hard to prove that three arguments function Elem,, ,,(c)
is Diophantine. To deal with tuples with non fixed lenght we should use some different methods.

Positional Code

Suppose that (ai,...,a,) is a sequence of integer numbers (n-tuple). Let us choose b > a; for
all 7. Suppose that
a=a,b" ' +a, 0"+ 4+ ab.

In other words, aq,...,a, are the digits in the positional notation of a with base b. So, using the
triple (a,b,n) we can restore the n-tuple (ay,...,a,). The triple (a,b,n) is called positional code of
the n-tuple (ay,...,a,). (0,b,0) is the positional code of the empty tuple. Note that there are some
triples which are not codes of any tuple. But, we can easily prove that the relation “to be positionsal
code” is Diophantine:

b> 2,

Code(a, b, =
ode(a,b,c) {a<bc.

¢ B1. Prove that the set of qudruples (a, b, k, ¢), such that the pair (a,b) encode the sequence and
¢ equals to the k-th member of this sequence.

¢ B2. a) Encode the sequence ¢; = (TZL) and show that the set of triples (¢, m,n), such that ¢ = (’:),
is diophantine.
b) Prove that m! = lim m

¢ B3. Prove that the set of prime numbers is diophantine.

m
and that the set of numbers, that are factorials, is diophantine.
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¢ B4. Prove that equation D(a,xy,...,r,) = 0 has a solution in variables of x1,...,x,, if and
only if then equation
a=(zo+1)(1 = D(zg,x1,...,2,)%) —1

has a solution in variables of xg,x1,...,Tp,.

¢ B5. Prove that there exists such a polynomial with integer coefficients, such that the set of its
positive values is the set of prime numbers.

Further we will get the skill to unite two sequence into one, to compare their corresponding
elements, to check if two triples encode the same sequence, — and all this by solving the corresponding
diophantine equation.

¢ B6. (Kummer theorem) a) Prove that the number k, such that n! divides on p*, but doesn’t
divide on p**!, equals

n n n

El+ 5]+ 5]+

p p p

b) Prove that the number [, such that (m:;") divides on p', but doesn’t divide on p'*', is equal to
the number of carries over the next columns in p-positional sistem of countering, if we add together

numbers m and n

¢ B7. Consider the set of triples (a1, a9, p), where p is prime and pairs (ay,p) and (as,p) encode
the sequences such that for any k the k-th element of the first sequence not greater than the k-th
element of the second sequence. Prove that this set is diophantine.
Prompt. What will you get, if you add together a; and ay — a,?

¢ B8. Consider the set of quadruples (a,p,n,e), where p is prime and triple (a,p,n) encode the
sequence, such that each element of this sequence not greater than e. Prove that this set is diophan-
tine.

¢ B9. Let (ay,b1,n) and (ag,bs,n) encode the same sequence and by < by. Prove that a; = as
(mod bg — bl)

¢ B10. Let, in the proposes of the previous problem, bf < by —b;. Prove that a, is defined uniquely
by the numbers as, by, ba, n.

¢ B11. Prove that the set of quadruples (a, by, as,by), such that (ai,b;) and (ag,by) encode the
same sequence, is diophantine.

¢ B12. Consider the set of quadruples (aq, by, as,bs), such that pairs (ai,by) and (ag,by) encode
the sequences and for any k the k-th member of the first sequence not greater than the k-th member
of the second sequence. Prove that this set is diophantine.

¢ B13. Consider the set of quadruples (a,b,n,e), where triple (a,b,n) encode the sequence, such
that each element of this sequence not greater than e. Prove that this set is diophantine.

¢ B14. Consider the set of octoples (A, B,ay, by, ny,as, by, ng), such that the pair (A, B) encode
the sequence, that can be constructed from the sequence, encodable by the triple (ay,b1,n1), by
continuing it by the sequence, encodable by the triple (as, by, ns). Prove that this set is diophantine.

¢ B15. Show how to encode the sequences p1 +q1, p1+q2y .., P14+ Gm, P2+ q1, P2+ G2, ..., D2+

+Gmy- -y PntGmand pr-qi, PGy oy D1 Gms P2 Qs P27 G2s -y P2 Gms - - -5 Pn - @m by using the
codes of p1,...,pp, and q1, ..., Gm.
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C. Turing machines

The number-theoretic techniques developed in the previous chapters will permit us to tackle Hilbert’s
Tenth Problem from the point of view of computability theory. But first we must clarify what is to be
understood by the word “process” when Hilbert speaks of “a process according to which it can be determined
by a finite number of operations whether the equation is solvable in rational integers”. There are many ways
in which this needed clarification can be provided, but the fundamental idea is always the same. We are able
to convince ourselves that we have a general method for solving problems of a particular kind if, by using
this method, we can solve any individual problem of that kind without employing our creative abilities, that
is, so to speak, mechanically.

We deal with computers not only in real life, but also in mathematics. Notion of abstruct machine allows
us to formalize idea of general method for some class of problems.

Now let us describe Turing machines. A Turing machine has memory in the form of a tape divided into
cells. The tape has a single end: to make matters definite, we assume it to be on the left. To the right, the
tape is potentially infinite. This means that, in contrast with actual physical computers, a computation by
a Turing machine will never lead to an abnormal termination with the diagnostic “insufficient memory” On
the other hand, any particular computation will require only finitely many cells.

Each cell will either be empty or will contain a single symbol from a finite set of symbols A = {ay, ag, ... ay}
called an alphabet. Different machines may have different alphabets. One of the symbols will play a special
role in that it will always mark the left-most cell and appear nowhere else. We use the symbol “*” for this
marker. In addition, we need a symbol to denote an empty cell, and we follow tradition in using the letter
“A” for this purpose.

Symbols on the tape are read and written by a head, which at each moment of discrete time scans one of
the cells. The head can move along the tape to the left and to the right.

At each moment, the machine is in one of finitely many states that, following tradition, we will denote by
q1,---,qy- One of the states is declared to be initial, and we shall always suppose that this is g;. In addition,
one or more states are declared to be final.

The next action of a machine is totally determined by its current state and the symbol scanned by the
head. In a single step, the machine can change the symbol in the cell, move the head one cell to the left or
to the right, and pass into another state. The actions are defined by a set of instructions of the form:

«state ¢; + symbol a; — Left(Right, Stop) + g + ap».

This instruction means the the following «if ¢; is the current state of the head which are situated in the
cell with simbol a;, then the machine do the following: 1. Symbol a; must be changed for the symbol a; 2.
Head moves to the left (L), right (R) or stand (S); 3. Head changes its state for gj».

These instructions must be written for all possible combinations of symbol g and state g;. The whole
pack of these instructions is called the program of the machine.

All the machines that we are going to construct will have the same alphabet {x,0,1,2,3, \}.

There will be two final states: g2 and g3 and we shall interpret reaching ¢o as the answer «yes» and
reaching ¢3 as the answer «no». The cells containing the symbol «A» will play the role of proxies for empty
cells, in the following sense: only empty cells and cells containing the symbol A may be situated to the right
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of a cell containing the symbol A and for any state ¢; the instructions with left-hand sides ¢; A and ¢; A\ will
have identical right-hand sides.

Example of the simpliest machine. Machine LEFT with the following instructions
q1* — *5q2
q10 — OLg>
Q11 — ]_LQ2
q12 — 2Lg>
q13 — 3Lg2
qiA — ALgz
@1\ — ALg2
moves the head one cell to the left unless it was already scanning the leftmost cell marked by the symbol «x».
Machine WRITE(0) with instructions
q1*
a0

*SQ2
OSQ2
q11 0Sq2
q12 0Sq>
q13 — 0Sq2
@A — 0Sq2
@i\ — 0Sqz

[—
—
[—
—

writes the symbol «0» to the cell scanned by the head unless it is the leftmost cell containing the marker «x».
Similar actions are performed by the machines WRITE(1), WRITE(2), WRITE(3) and WRITE()) the instructions
for which can be obtained from written instructions by replacing the symbol «0» in the right-hand sides of
the instructions by «1», «2» «3» and «\» respectively.

Machine READ(0) with instructions

qi1*
q10

*SQ3
OSQQ
q11 1Sqs
q12 2Sq3
13 — 3S5q3
@A — ASq3
q1/\ — ASQ3

—
[—
—
[—

determines whether the cell scanned by the head contains the symbol «0» or not and then halts in state
g2 or q3, accordingly; by our convention these correspond respectively to “yes” or “no” answers. In a similar
manner, machines READ(1), READ(2), READ(3), READ(x) determine the presence of symbols «1», «2», «3», «x».

¢ CO0. a) Construct the machine STOP, which goes directly into the final state g3 from the state q;.
b) Construct the machine READNOT(x) which recognizes the absence of the symbol x in the cell observed by
the head.

Composition of machines: two ways

The First method for constructing a new Turing machine M from two given machines M; and M, is as
follows:

1. In all instructions of machine Mj, the final state g9 is replaced by ¢,+1 where v is the number of states
of machine M; (it should be recalled that final states can occur only in the right-hand sides of instructions).

2. In all instructions of machine M every non-final state g; is replaced by ¢,; (in particular, ¢; is replaced
by qu+1.

3. The set of instructions of the new machine M consists of the instructions of both of the given machines,
modified as described above.



M1 M2
q3 q3
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The action of machine M clearly consists of the consecutive execution of the actions of machines M; and
My as originally constituted, provided that machine M7 halted in state go. To denote machine M, we shall
use any one of the three notations:

Ml;Mg M1 and M2 njin if M1 then MQ.

The second method for constructing a new Turing machine M from two given machines M; and My
allows us to construct cycles of the following types: FOR i=1 TO N or WHILE. Such type cycles appears not
only in programming but in mathematics as well. For example, in order to calculate function f(n) = 22" the
number 2 needs to be squared n times.

This method is as follows:

1. In all instructions of machine M the final state g9 is replaced by g,11, where v is the number of states
of machine M; and the final state g3 is replaced by g¢o.

2. In all instructions of machine M every non-final state ¢; is replaced by ¢,1; and the final state ¢o is
replaced by q;.

3. The set of instructions of the new machine M consists of the instructions of both of the given machines,
modified as described above.

M

@—L@ e ol EJ»@

143]

The action of this machine consists in performing in turn the actions of machines My and Ms as originally
constituted until one of them enters the final state g3

The Turing machine constructed in this way will be denoted by

while M, do M5 od.

The notation introduced above resembles a primitive programming language. (In fact, every such “program”
denotes a particular Turing machine.) However, this language is not so stupid as it looks like. It is powerful
enouth to emulate any computer. Famous Church thesis claims that any algorithm can be realized on the
Turing machine. The notion of Turing machine formalizes the notion of mechanical work in completely
adecuate way. In the sequel, we identify Turing machines and algorithms.

Machine

STAR = while READNOT(*) do LEFT od

puts the head into the leftmost cell (marked by «x»)

Machine
VACANT = STAR; while READNDT()\) do RIGHT od

puts the head into the leftmost cell containing the symbol «A» if such exists; otherwise it puts the head into
the leftmost empty cell.
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¢ C1. a) Construct the machine JUMP, which moves the head to the right until the first cell containing the
symbol «0»; is reached; if all cells containing «0» are to the left of the head, then the machine will never
halt.

b) Construct the sequence of machines FIND(k), which move head to the cell containing the symbol «0» with
number k from the left.

We can store tuples of numbers on the tape of a Turing machine: for storing the tuple (ai,...,a,) we
should use the symbols 1, separated by the symbols 0. For example, the tuple (3,1,2,0,2) can be written
by the following way: 0111010110011\ . ... So, Turing machine recieve some tuple and make transformation
with it.

¢ C2. Construct the Turing machines for transforming the tuple (aq,...,a,) into the tuple:
a) (at,...,an,0);
b) (a1,...,an +1);

¢ C3. a) Construct the Turing machine which transorms the tuple (ay, ..., ay) into the tuple (ai, ..., an—1),
(if a,, = 0 then the machine must stop in the state gs3.)
b) Construct the Turing machine which trancates the tuple (a1, ...,ay), yielding the tuple (ai,...,an—1).

¢ C4. Construct the Turing machines which transforms the tuple (ay,...,ay) into the tuple:
a) (a1,...,an,a + ap), for fixed 1 < k, 1 < n;
b) (ai,...,an,ar X ap), for fixed 1 < k, [ < n;

¢ C5. Construct the machine NOTGREATER(k, [) which compares the elements ay, u a; of the tuple (ay, ..., ay,)
and stops in state gy or q3 depending on which of the two inequalities a, < a; or ai > a; holds.

¢ C6. Construct the machine which transform the tuple (aq,...,ay,) into the tuple:

a) (a,...,an,b,c), where (b,c) is the pair that follows immediately after the pair (a,—1,ay,) in Cantor
numeration;

b) (ai,...,an,b,c), where (b, c) is the pair with Cantor number a,,.

¢ C7. Consider the equation D(aq,...,an,*1,...Tm+1) = 0. Construct the Turing machine which uses
the the tuple (ay,...,an,yo) and determines whether yo is the Cantor number of the tuple (z1,...,Zm11)
that satisfy the equation.

¢ C8. Consider the equation D(aq,...,an,x1,...Tymy1) = 0. Construct the Turing machine that will
eventually halt, beginning with a representation of the tuple (ay,...,a,) if and only if the equation is
solvable in the unknowns x1, ..., Tmi1.

We shall say that a set w of n-tuples of natural numbers is Turing semidecidable if there is a Turing
machine M that, beginning in state ¢; with a tape containing the canonical representation of the tuple

(ai,...,a,) and with its head scanning the leftmost cell on the tape, will eventually halt if and only if
(a1,...,a,) € w. In this case we say that M semidecides M. (However, there may be no way to estimate
working time or recognize the situation (a1, ...,a,) ¢ w).

Using the result C7 we prove that every Diophantine set is Turing semidecidable. The aim of the following
problems is to establish the converse implication: every Turing semidecidable set is Diophantine.

Let M be a Turing machine that semidecides a set w consisting of n-tuples of natural numbers. Let

{aq,...,ay} be the alphabet of M. As the machine M carries out its operations, at each moment the symbols
of {a1,...,ay} occupy only a finite initial segment of the tape of length, say, I, and we can therefore represent
the tape by the tuple (s1,82,...,8m,...,S_1,8;) consisting of the subscripts of the symbols occurring in the
cells.

The current state ¢; and the position of the head can be represented by a tuple of the same length
0,...,0,7,0,...,0), in which all elements but one are zero; the only non-zero element is equal to the subscript
of the state, and its position corresponds to the position of the head.



10

The triple consisting of the current contents of the tape, the state, and the position of the head will
be called the configuration. Clearly, tuples (s1,82,...,8m,...,8-1,5) and (0,...,0,7,0,...,0) uniquely
determine the configuration. To represent these tuples, we shall use positional coding with a fixed base
[ that must be no less than 3 greater than v the number of states of machine M and greater than w, the
number of symbols in the alphabet. The pair (p,t), is called a configuration code if p and t are ciphers of the
tuples above respectively, to the base .

So, our first goal will be to construct a Diophantine equation D(p,t,z1,...,x,,) = 0, such that if (p,t) —
is the code of a configuration, then the equation is solvable in z1, ..., z,, if and only if machine M beginning
in this configuration, eventually halts. We shall not be concerned about whether or not the equation is
solvable when (p,t) is not a configuration code.

¢ C9. Let machine M proceed directly from the configuration with code (p,t) to the configuration with
code [NextP (p,t), NextT (p,t)]. Prove that the functions NextP and NextT is Diophantine.

¢ C10. Let machine M proceed in k steps from the configuration with code (p,t) to the configuration with
code [AfterP (p,t, k), AfterT (p,t, k)]. Prove that the functions AfterP and AfterT is Diophantine.

¢ C11. Consider a Turing machine M . Construct an equation with parameters ay, . . ., a, which is decideable
if and only if the M starts with the tuple a1,...,a, and halts.

D. Universal Turing machine

In computer science we have met with different operational systems such as Windows, Dos, Unix which
allows to work with any algorithms. But operational system is also a program. In mathematics we have a
similar term: univeral algorithm. In previous problems we constructed special Turing machine for any new
algorithm. But there is an another way. We can construct a new language for writing that Turing machine
will do. Turing machine will read algorithm from the tape and follow it. This machine has the same program
for different kind of algorithms on the tape. This machine is called the universal Turing machine. It is obvious
that we can number all algorithms (Turing machines) and say something about Turing machine with number
n.

¢ D1. Coding. Invent a method for writing an algorithm (Turing machine) on the tape.

¢ D2. Prove that there exists a Turing machine which read from its tape numbers n and m and follows
the n-numbered algorithm which works with number m.

¢ D3. Algorithm uses itself. Prove that there exists a Turing machine which read number n and follows
n-th algorithm which works with number n.

¢ D4. Halting problem. a) Assume that there exists a universal Turing machine U(m,n) which check
that n-tn Turing machine starts with number m and stops after several steps. Prove that exists a algorithm
V(n) which show that n-th algorithm starts with n and stops. Prove that there exists an algorithm T(n)
which and stops if and only if V(n) does not stop.

b) Let k be the number of the algorithm T'. Does T'(k) stop?

E. Universal Diophantine equations

Consider the set of equations U(ay,...,an,k1,..., ke, y1,-..,yp) = 0. Suppose that there are two groups
of parameters: parameters-elements aq, ..., a, and parameters-codes k1, ..., ky.

Consider some Diophantine equation with n parameters D(aq,...,an,Z1,...,Zy) = 0. Let us fix the
parameters combinations such that this equation is decidable. Suppose that we can choose the values
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of the codes ki,...,k such that the equation Ul(ay,...,an,k1,...,ke,y1,...,yy) = 0 is decidable with
the same parameters combinations. If we can choose the codes such way for any equation D(aq,...,a,,
Z1,...,T,m) = 0, then the equation U(ay,...,an,k1,...,ke,y1,...,yp) = 0 is called universal. We can say
that every universal equation provides coding of Diophantine equations with fixed dimension. We can consider
the n-tuple [k1(D), ..., k¢(D)] as the code for the equation D = 0.

¢ E1. Consider a universal Diophantine equation. Suppose that we can increase the number of unknowns.
Prove that we can transorm the equation to the form with one code and the same number of parameters.

¢ E2. Suppose that there exists a universal Diophantine equation which is coding one-dimension Diophantine
sets. (n = 1.) Prove that there exists a constant m such that for any n there exists an universal Diophantine
equation with u =1 mv = m.

¢ E3. Invent the coding (several natural numbers) for equation and potential solution such that there
exists a Diophantine function to determine that this is the solution for this equations.

¢ E4. Construct a universal Diophantine equation.
¢ E5. Construct a Diophantine set M such that M is not Diophantine (M N M = @ and M U M = N).

¢ E6. Consider the set M of decidable Diophantine equations without parameters. Prove that M is not
Diophantine.
F. Final problem

¢ F1. Prove that there are no Turing machine that starts with number k and stops in the state gy or g3
in complience with that the Diophantine equation with number k decidable or not.



Hints and solutions to the problems from sections A and B

¢Al a)a—-22=0

b)a—2x—-1=0

c)a—z2=0

d)a—-22=0
@1(,@1,...7,%”):0

¢ A2, = D1(21,. . Tn) 2+ D21, .., 10)2 =0
@m(Il,...,iEn):O

¢ A 3. If the sets A = {F(z1,...,2,) =0} and B = {&(xy,...,2,) = 0} then
ANB = {F(21,...,20)B(x1,...,7,) = 0and AUB = F(z1,...,2,)% + &(x1,...,2,)% = 0.

¢ A 4.
¢A5 a)a=bt+a+1
b)a=b-zx

c)a=c-z+band b<c
a=c-x+b
b<c—b

a=c-z—D>b
b<c—b

e)b=c-at+zand z <c

d)

¢ A 6. a(ry — x2) + b(y1 — y2) = 1 if and only if then a and b co-prime.
a=kt,b=1t, GCD(k,l) =1 if and only if then ¢t = GCD(a,b).

LCM(a,b) = g g§a7b)

¢AT. a)rP<a< (z+1)2
¢AB a)d=k = (z—ky)(z+ky)=1=z—-dy=a+dy=y=0= 2=+l

b) Since uz —v3Vd = (uy —v1Vd) - (ug —v2V/d), then ui —v3d = (u? —vid)(u3 —
2
vid) =1

c) |2'| = V1+y2d = |2'| + V| = v1+y2d + || is monotonic by |y’|. Let
(z+yVd)" <2/ +yVd < (x +yVd)" (x >0, y >0, 2/ >0, 9y >0).
Multiplying it by (z — yvd)* > 0 we get 1 < a + bv/d < = + y\/d, such that
a?—b%d = 1. Since 0 < a+bv/d, then a—bv/d > 0. Since a—bVd < 1 < a+bVd,
then b > 0. Since a —bv/d > 0, then a > 0. So, since while ||+ |y| is increasing,
|y| is increasing, |x| + |y|v/d is increasing, then (z,y) is not a minimal solution.

4 A 9. a) See the previous solution.



b) This statement (and that is z, = 1 (mod k — 1)) can be proved by in-
duction on n.

¢) It can be solved as the particular case of the next problem: 1 = 2% — (% -
— 1)y = (z+39)* — bz + gy)y + 3

4 A 10. Consider the minimal solution and prove that every other solution can
be constructed as the iteration of

¢ A 11. This can be proved by induction of n.
¢ A 12. This can be proved by induction of {.

4 A 13. This can be proved by using the previous problem (since aym (b)
divides on @, (b), am-1(b) = aom—1(0)(a2m(b) — agm—2(b)) and ag;,(b) =
m (b) (atm+1(b) — cm—1(b)))-

¢ A 14. This can be proved by induction on n.
4 A 15. No comments

4 A 16. It is obvious that ay,(b)(amodv) = a,(w)(amod v) and n(amod u) =
ap(w)(amod u). Therefore, since v > 2a(b) > 2w, (b) and u > 2k > 2n, then
we get the statement we need

4 A 17. No comments

4 A 18. The inequality k¥ < a(b) can be proved by induction on k
4 A 19. No comments

4 A 20. This can be proved by induction on k

¢ A 21. This can be proved by induction on n

¢ A 22. ((lzljf)): > O‘Coflﬁ?:;l) > (bn;rcg)c. The left and right parts of this

inequality tend to b°.
4 A 23. No comments
¢B 1l c=[z%] (moddF)

¢B2 a)b=2" a=(2"+1)
b)

¢ B 3. pis prime if and only if then GCD(p,(p — 1)!) =1

¢ B 4. (z0 + 1)(1 — D(xg,71,...,2m)%) — 1 > 0 if and only if then 1 —
D(xg,71,...,0m)% > 0,ie. D(zg,71,...,7m) =0. So,a = (vg+1)(1-0)—1=
Zo.

¢ B 5. It follows from the two previous problems



¢ B 6. a) The first addendum in this sum equals to the number of the factors
divisible by p, the second — by p? etc.

p p

b) >( [m—tn} - {ﬂk} - [pﬂk}) is equal to the demanded number.

n—1
¢BT. @mefliiiﬁiﬁiﬁ) divides on p if and only if then there exists 7, such

that z; < y;.

p"—=1
¢BS8 a<e- =)

‘ B 9. (ynb?_l —+ ... +y1b1 +y0) - (ynbg_l —+.. .—|—y1b2 —|—y0) =0 (HlOd bQ _bl)
(since bf — b = (b = ba) (01" + 01 "ba .+ 0571))

¢ B 10. a; =ay (InOd by — bl) (since a; < b? < by — bl)






[Toxperrnsg kneraarsivi purypkamu. (Kapscon seera
YKUBOM-5 CHOBA MPUJICTE. .. )

1. Borganos, I'. Yesmokos

9 asrycta 2007 r.

1 (O630p 1esaeit 1 UCHOJIb3yeMasi TEPMUHOJIOTHSI.

Mper paccmaTpuBaeM GeCKOHEUHYIO B 0Oe CTOPOHBI KJIETYATYIO MOJOCKY MUPHHBL 1 (MbI ee Gyiem
HA3bIBATH KACMUAMOU NPAMOTL), a TAK:Ke KIeTIATYIO TUIOCKOCTh U KaeTdaToe (T.e. pa3duroe cTaH-
JAPTHBIM 06pa30M Ha KyOuKM) IIpocTpaHcTBo. Te, KTo 3HAIOT, 9TO TaKoe n-MepHoe (KJIeT4aToe) mpo-
CTPAHCTBO, MOT'YT PACCMATPUBATL Takke U ero. OJIHAKO, YKeJIAIOIIIe MOI'YT OIPAHUYUTHCA TOJIBKO
KJIETYATBIMU TPAMOI U IJIOCKOCTBIO — JIJIsE BCEX CYIIECTBEHHBIX BOIPOCOB UX JOCTATOYHO.

Onpepesierne 1. Qurypka ecmsv npoussosbHOE KOHEUWHOE MHOHCECTNEO KAEMOK (He 00A3aMeabHO
ceaznoe!); owesudno, WIOMAIL Pueypku — MO Koauwecmeo ee kaemok. TpaHcasaToM (UrypKu
HA3VL8AEMCA e 00pa3 NPU NAPaAIEAbHOM neperoce (Hna yeavit sexmop). Cemelicmeo mpancasmos
Pueypku F, Pueypku komopozo codepicam 6ce KAEMKU NOAOCKU (NAOCKOCU, ... ) HA3b6AeMCA
HOKPBITHEM NOAOCKU (naockocmu, . .. ) dueyprot F.

BanymMepoBaB KJIETKHU II0JIOCKH, II0JIydaeM, 4TO €€ MOKHO OTOZKJIECTBUTH C MHOYKECTBOM Z I1€JIBbIX
ancesl. AHATIOTIYHO, KJIETYATYIO MJIOCKOCTD MOYKHO OTOXKIECTBUTH ¢ Z2 u T. 1. IIpu 3TOM Tpancis-
TOM ojHOMepHOiT duryprn F (npm capure na t) 6yger nmpocro muoxkectso F+t={z+t |z e F}.
Torna mokpsitie {F +t;} 3amaerca muoxecrBoMm 1 = {t;}. Moxkno ckazarh, 910 MHOXKeCTBO 1’ 3a-
nmaer nokpeirue, ecan Z=T+F(={t+f|teT, f€ F}). Eciu 0 € F, T0 MOXKHO IIPOCTO CKA3aTh,
410 T' — 9TO MHOXKECTBO KJIETOK, B KOTOpBIE moma/aer 0 Ipy HAIINX ITapaJlIe/IbHBIX [ePEHOCaX.

Bce ckazannoe NpaKTHIeCKU JOCIOBHO TiepeHocuTes Ha ZF (¢ 3aMenoit uncest Ha 1e/104uc/IeHHbIe
BEKTODBI).

JlanHas cepus MOCBSIIEHA CJIeIYIOMEMY BOIPOCY.

Bompoc. Jlana ¢ueypra F. Hackorvko “oxonommoim” moorcem bvimo nokpuimue dueyproti F ¢

[IepBbIM J1€7I0M, €CTECTBEHHO, HYKHO OIPEJIEIUTD, YTO TaKoe “9KOHOMHOE  TOoKpbITHe. Ecimm oT-
pe3ok [1,N] mokpbIT d TpaHCIsATaMA N-KiaeTodHol durypku F, 10 afipexmusnocmnpio TaKoro Imo-
KPBITHS €CTeCTBEHHO Ha3Barh oTHomenue N/(dn). s 6eCKOHETHOI MOJIOCKU IIPUXOJUTCS TIEPERTH
K IIpeJIey.

Onpepesienne 2. Paccmompum mnooicecmeo S C Z. Jlas npoussosvrozo ompeska [—N,N| o6o-
anavum Sy =SN[—N,N|. Ecau nocaedosamenvrocms Sy /(2N) umeem npedea p(S), mo nasosem
€20 TIJIOTHOCTBIO MHOIHCECTNEA S .

ITyemv mmoorcecmeo T 3adaem nokpuimue noaocku guzyprot F, |F|=n. HeadbdekruBHOCTHIO
noxpumus 6ydem nazveamv wucao p(T)n (Koneuno, ecau ono cywecmeyem,).

[IpencraBum cebe, 9TO KaxKjaasd KJjaeTKa PUTYPKH — 9TO KuUpud. Torjga npu MOKpbITHH (Uryp-
KaMW TIPSMOI Ha KayKJI0# KJIeTKe MOYKeT JIeXKaTh CTOIKa W3 HeCKoJIbKu3 Kuprmieir. Hedopmaabho
roBopsi, Hea(pHEKTUBHOCTH — ITO CPE/IHsIsI BBICOTA TAKO CTONKN, UJIN, HHAYE TOBOPSI, CPEJIHEE TUCIIO
CJIOEB HAIIErO IMOKPBITHSI.

VYipakHeHne Ha noHuMaHwue. /laiite crporoe onpeeseHne MOHITHIO “‘CpeiHee IUC/IO CJI0eB”
1 JIOKaYKUTe, YTO OHO paBHO He3(hHEKTUBHOCTH.



[To/1e3H0 MOHMMATL, YTO €CJIM MHOXKECTBO S HMeeT ILIOTHOCTL, TO S + 7 TaKxKe ee MMeeT, IPU
sroM p(S+n) = p(S). Anamormdnble ompeeenus BBOIATCA U B ZF, TOIBKO TaM, eCTECTBEHHO,
Hy?KHO GpaTh mepecedenne MHOxKecTBa ¢ Kybom [—N, N|*.

B menTpe Haniero BHUMaHMs HAXOJATCA CJISIYIONIAE MOHSATHS.

Onpenenenne 3. HespdeKTuBHOCTBIO huzypku Ha3vi8aemcs

v(F)=_ _inf _|Flo(T)

T:T+F=1k
(ungumym bepemes no ecem noxpumuam gueypkot F ). Obosnavum

aj(n)= sup v(F), ax(n)= sup v(F),
FCZ:|Fl=n FCZ2:|F|=n

Taxkum obpazoM, HedPHEKTUBHOCTD (DUTYPKH — ITO “MUHUMATIbHAS HEIDMEKTUBHOCTD TOKPHI-
U €10, a ai(n) — MakcuMaibHas He3((EKTUBHOCTD (DUTYPKH M3 1 KJIETOK HA KJIETIATOMH TPSIMOii
(az(n) — TO Ke JJIS TIOCKOCTH U T. J1.)

2 Pazorpes.

2.1. HesddekTuBnocts J10060it burypku miomaim 2 ectb 1.

2.2. (i)  Haiigure nespdbekruprnocrs durypku HECM.
(#1)  Omnenure meapdexruprocTs Gurypku EOROCOCOECM:
(¢¢7) w HOROOORORCOOOOOO0O0OROECO0OECN;
(7v) v HEERCOOOERCOOERCOCOECOECOECEC;

(v)  u eme 9TO-HUOYID.

2.3. okaxure, ato a;(n) < aq(2n)

2.4. Jlokaxwure, 910 3PEeKTUBHOCTL PUTYPKH PaBHA 1 TOI/Ia W TOJBLKO TOIJIA, KOTJAa OHA
apKeTHa:

(7)  wa mpsivoi;

(#¢)  ma mIOCKOCTH.

2.5. PaccmarpuBarorcs (pUTrypKu IJIOMAANA 3 HA TPSIMOI.
(¢)  Haiinure rakyio durypky neadderrunoctu 6/5.
(#1)  Hokaxwure, uro HeahdeKTHBHOCTH Takoil durypku we Gosbiie 6/5.

2.6. Ilycrs F — durypka us 4 KIeTOK.

(¢)  Hokaxwure, ato v(F) < 8/5.

(#¢) Touna sim 5Ta oreHka?

(#2%) Ilpeawsasure durypry F u3 4 xierok ¢ v(F) > 3/2.

3 OcHoBHBIE Pe3yJabTATHI

3.1. Ha npamoit nana durypka ¢ HeahHEeKTUBOCTHIO (.
(7)  Hokaxkure, 94TO €CTh MOKPBITHE ¢ HEIDDEKTUBHOCTHIO (.
(#1) Hokaxkure, 9TO €CTh MEPUOJUIECKOE MOKPHITHE € TAKOH Ke HeahhEeKTUBHOCTHIO (I03TO-
MY (v DAIMOHAJIBHO).

3.2. (i)  JHokaxkure, 9r0 a1(n) =az(n). (Tak uro renepb Mol ee Oymem obozHauaTh a(n).)
(1) --=azg(n)=as(n)=....

B nasmbHediemM pe3ysibTaToM IpeIblIyIeii 3a/1a4u MOKHO MOJIb30BAThCA 0€3 JT0KA3aTeIbCTBA.
3.3. Joxkaxwure, 9To a(n)— 00 Upu n — oo.



3.4. (2) [Iycrs N(n) — makcumasbaast HeIhHEKTUBHOCTD TIOKPBITHSI TTOJIOCKH (DUTYPKOIT
u3 n, JUaMeTp KOTopoil He npeBocxout 2n. JJokaxure, aro X(n) < clnn st HEKOTOPO KOHCTAHTHI
c

(#1) dokaxkuTe aHAJOTUYHO yTBEp:KIeHUE Jijist (DUTYPOK, JUAMETD KOTOPBIX He ITPEBOCXOJUT
kn nast pUKCHPOBAHON KOHCTAHTHI k.

(#47) Kak BugnOo u3 cieayromei 3a1a4m, JorapudmMudeckas orneHka Hea(h(HEKTUBHOCTU Bep-
Ha JIJIs BceX PUTYpOK, Oe3 orpaHndenns Ha guameTp. MoxKHO Ju s GUTYPOK ¢ OrpaHUICHHBIM
JITAMETPOM TOJIYYUTh OIEHKY Jiydiie Jjiorapudmuaeckoii? (OTBer aBropaM He usBecten!)

3.5. (i)  Hokaxwure, uto a(n)/n— 0 upu n— 0o. Asmopam He u36ecmmo peweHus, npoule
wem
(#¢) Hoxkaxwure, uto a(n) < clnn s HEKOTOPO KOHCTAHTEI C.

3.6. Ilosyunre BO3MOYXKHO JIYUIIIyI0 HUXKHIOIO ONEHKY HA a(n). ABTODPBI JIyMaOT, UYTO YMEIOT
JokasbiBaTh a(n) = clnn/Inlnn 1jst HEKOTOPOH KOHCTAHTHI C.

4 OTKpBITbIE BOIIPOCHI

Usbeenem au mon 20406a
€e 02PoMH020 3000,

U ecau 0a — KaKorw ueHot,
a ecau Hem — novemy?

M. Iepbaxos

B sTom pasgene ceiidac cobpaHbl JaiabHEHIIE BOIPOCH, KOTOPBIE MOXKHO ITOMCCJICIOBATD.
4.1. Ilpama jm, aro a(n) HeyObIBaecT?

4.2. Ilycrs b(F) — mMakcumasibHas IJIOTHOCTH Habopa Herepecekarormuxcst (urypox. Ilosy-
quTe KaKne-HUOY/Ib coBMecTHbIe orleHKu Ha V(F) u b(F). Hanpumep, Bepro s, aro v(F)b(F) <17

Cremyroras 3a7a9a MOKET OKa3aThCsl TIOJIE3HOM TIPH HAXOXKIEHUN BepxHeil oneHku Ha V(F).
4.3. Haiigure (nmm ornenunre) Makcumasbaoe k = k(n) Takoe, 910 u3 j1t060i GUrypKU MLIOMIA-
JI N MOXKHO BBIPE3aTh MapKeTHYIO (DUTYPKY ILIOMAIN k.

4.4. Kakyo nmapkernyo GuUrypky HamOOJIbIIeH ILIOMA il MOXKHO BhIPe3aTh U3 (DUTYPKHU ILI0-
maan n?

4.5. OueHnTh He cpeHee, a MAKCUMANLHOE TACTO CJI0EB B MOKPBITUN JTAHHON (DUTYPKOI.



[TokpbiTus KieTyaTbIMI (DUTYPKAMMA.
Pelenng.

2 Pazorpes.

2.1. Ilycrp mama ¢durypka F cocrout u3 kjaeTok ¢ nomepamu 0 m n. Ilokpoem Bce Kirer-
KN C HOMepaMM, KPaTHBIMU 7, TpaHC/JIdTaMu (pUTYypKH Ha ducia, KpaTHble 2n. HajoxkeHuit mnpwu
9TOM He 0OpazoBaJioch. TaknMm ke 00pa3zoM MOXKHO IOKPBITh BCE KJIETKH, HOMEpa KOTOPBIX JAI0T
pUKCUPOBAHHBIN OCTATOK TPH JICJIEHUN Ha M.

[TockosibKy KazK/ias KJIeTKa MOKPbITa POBHO OJMH pa3, HeaddekTuBHoCTh paBHa eauaue. (C.
perierne 2.4.)

2.2. (7) PaccmoTpuM mipon3BOIbHBIN TpaHCIAT B MOKPHITAA. OTCYyTCTBYIONASA CPETHSS
KJIETKA B HEM IIOKPBITa KAKUM-TO JIPYTUM TPAHCISITOM; HETPYIHO MOHATH, UTO 9TH JIBa TPAHCIATA
nepecekaroTced. TakuM 06pa3oM, KaxKIblil TPAHC/IAT HOKPBITUS IEePECEKAeTCsI ¢ KAKUM-TO JIPYTHM.

Ecim na xaerke jexkat k UIypoK, TO MbI OyJIeM TOBOPUTDb, YTO 3HAYUMOCMSH ITON KJIETKU
pasra 1/k. 3nawumocmoio TpaHC/IsITa TOKPBITHS HA30BEM CyMMY 3HAUYMMOCTell ero Kiaerok. Torma
3HAYUMOCTD KayKJIOTO TPAHCIISATA He TIPEBOCXOIUT 5/2.

Pacemorpum Teneps J11000i 0Tpe30K AauHbl 1. CyMMa 3HAIUMOCTeH PUTYPOK, ITePEeCeKaIOIIIXCS
C 9THM OTPE3KOM, He MEHbIIEe N, TaK KaK Ha KjeTke 3Hadnmoctu 1/k jexar k durypok. [Tosromy
pUTYPOK UCIOIB30BAHO HE MEHDIIIE %n, 1 He3(PEKTUBHOCTD HE MOXKeT ObITh MEHbIIE g.

JlByMs1 TpaHCagTaMu Haimeil (GUTYPKH JIETKO TOKPBITH OTPEe30K JJIMHBI 5. 3aMOIasi TaKIMHI
6

OTPE3KAMH NPAMYIO, MOJIy9aeM TOKPhITHE Hed(DPEKTUBHOCTH <.
(47) IlockosbKy HOMEpa BCEX KJIETOK (DUIYPKH YETHBI, MBI MOXKEM OTJIEJIbHO PACCMATPUBATH
[IOKPBITUE YeTHBIX KjIeToK rojiocku. Ha stux kierkax ¢dpurypka oirisguT Tak: HECEE. /Iymsa
TaKuMU (BUTYPKAME JIETKO HOKPBITH OTPE30K JIHHBI 7, oaromy v(F) <4 - % = %.
PaccmoTpuM mponsBosrbHOE TOKPHITHE. KazKIbIil €ro TPaHCIAT mepeceKaeTcs: ¢ TPAHCISATOM, CO-
JIEPZKAIIUM €T0 TeHTPAIbHYIO KJIETKY. AHAJIOTUYHO MPEIBIIYIIEeMy MYHKTY MOJIyYaeM, ITO 3HAYN-

MOCTB KazK/I0I0 TPAHC/ISITa B IOKPBITHU HE IPEBOCXOIUT %, a 3Ha9IUT, HeA(DDEKTUBHOCTD HE MEHbIIIE
=7

(#42) IlockoubKy 9Ta bUTypPKa COCTOUT U3 JIBYX 9K3EMILIAPOB MPEIBIIYIIEil, TO J1060€ TOKPHI-
THE 9TON PUTYPKOI ABJIsSIeTCS TaKzKe MOKpbITHeM Ipeabiayiieii. HesddekruBHoCTH 9THX MOKPHI-
THit coBIagaoT, mosromy v(F) = %. C apyroit CTOPOHBI, JIETKO BUJIETH, YTO MHOXKeCTBO 1 =77 =
{...,—14,-7,0,7,14,...} 3amaer nokpbITHEe Harel GUrypkoit, n HeahHEKTUBHOCTD ITOrO TTOKPHITHS

8
paBHa KakK pas =.

2.3. Ilycrs durypka F rakosa, uto v(F) = ai(n) —e aasa wekoroporo ¢ > (0. Pacemorpum
dburypky F', cocTosIyio u3 AByX HEMEePeCeKAIOIUXCsl TpaHcasToB durypkun F (ckaxem, F; = F +
{0,d+1}, tne d — nuamerp F). Torma 060e nokpbiTie Gurypkoit F' gBJisiercss TakzKe TOKPBITHEM
durypkoit F, n ux Hea(PEKTUBHOCTH COBIAIAIOT. SHAYNT, HEIDDEKTUBHOCTD JTFOOOTO MOKPBITHS
dburypkoit F’ rakxe He Menblne ay(n)—¢, a suaaut v(F') = ai(n) —e u mosromy a1(2n) = ai(n)—e.
B cuty npousBosibHOCTH £ > () TOJTydaeM Tpebyemoe HepaBeHCTBO ai(2n) = aj(n).

2.4. (2 Ecim durypka napkerta, o ee 3(hpeKTUBHOCTH, 0YEBUIHO, PaBHa 1.
[Iycts apdexkTuBHOCTD (burypku pasaa 1. Torma mis jiroboro € > 0 cyIecTByeT MOKpPLITHE Hedh-
dekTuBHOCTH < 1+¢€. Eciin B HaIeM MOKPBITHH JII000M OTPE30K JTHHBI N COJIEPYKUT KJIETKY, IO-



1.
N

1

~> TO

KPBITYIO JBasKIbl, TO ero HeadPEeKTUBHOCTL He MeHbe 1+
Haiigercss oTpe3oK JuHbL N, HOKPLITBHIA POBHO OIUH pas.

[Iycts muamerp dburypkn pasen d. Boibepem N >2¢+d, ¢ <1/N. Ilycers orpesok [1,N] mokpbiT
POBHO OIMH Pas.

[TpencraBum cebe, 9TO MBI BBIKIAABIBACM Ha HMPAMYIO TPAHCIATHI HAIIEIO IOKPLITUS CJICBA
Hanpago. IIycTh B HEKOTOPBIi MOMEHT BBLIOMKEHBI Y7K€ BCE TPAHCIATHI, Y KOTOPBIX JIEBLIE KJIET-
KI JIe’KaT He IpaBee dncia n. Takoe “mosynokpertue’ 3agaercs MHOXKecTBoM 1, =T N (—o00,n).
Pacemorpum muoxkectBo Z, =T, +F KJIETOK, MOKPBITBIX K 3TOMY MOMeHTY. Torja, o4deBHIHO,
(—o0,n] C Z,, C (—00,n+d]. IToro, Mbl He 3HaEM TOJIBKO TOrO, KaK MOKPBIT WHTEpBaJ (n,n+d).

Hazosem z60cmom Hammero moaynoKpeITHs y30p, 0Opa3yeMblii HOKPBITHIMEA KJIETKAMHI 9TOIO MH-
repBasa. Popmasbho, XBocT — 910 MHOKeCTBO H,, ={d|n+d € Z,} C(0,n]. fcHo, aro pazgmnaubx
XBOCTOB MOKET OBITH He GoJbIe, den 27,

[TocMOTPHM Ha IPOLECC BLIKIAABIBAHUS, HAUMHAS C TOMO MECTa, KOTa BCE KJIETKHU C HEIOJIOKHI-
TeJBHBIMI HOMEpaMH yzKe TOKPHITEL. Torma cpen nepsouix 2%+ 1 XBOCTOB HaiiyTcs IBa OMHAKO-
BBIX — IIYCTB 9T0 XBOCTHI H,, u H,, (n <m). Torna nazosem y4actox nokpsirus 1'(n,m| =170 (n,m]
MEXK/JIy HUMH %4UK.AOM, COOTBETCTBYIOIIUM XBocTy H,,. flcHO, 9T0 MHO)KECTBO TpaHCIATOB Z(n,m| =
T'(n,m]+F, zagaBaemoe T'(n,m|, moKpbIBaeT Bech MHTEPBA (n,m|, KpoMe KJIETOK XBocTa H,, +n;
TaKzKe OHO IOKPbIBAeT BTOPOii XxBocT H,, +m. Kpome Toro, TpaHc/IsThl 3TOr0 MHOXKECTBa He Iepece-
KatoTcst, MO0 OHNU Jiekar B orpeske [1, N]. BHaUuT, ecin Mbl pACIPOCTPAHUM STOT TUKJI C EPHOIOM
m—mn, To nosydennoe Muoxkectso 1" =T (n,m|+ (m—n)Z 3amact mapker Ha BCEH IPSMOiL.

(#¢) Paccmorpum sepeso (cBsi3HbIi Tpad 6e3 MUKIIOB), HA30BEM IPOU3BOJIBHYIO €r0 BEPIIHHY
KOPHEBOi1 1 OpreHTUpyeM Bee pebpa B HAIIPABJICHAN OT 3TOH BepIIMHLL. 110/IydeHHyI0 KOHCTPYKIIO
Oy/leM HA3BIBATD OPUEHMUPOSAHBIM OEPEGOM.

Jlemma 1 (JIemma Kénura). Ecin B opreHTHPOBAHOM JiepeBe IHUCJIO BepIINH GECKOHETHO, a
CTeNeHb KazKI0il BEPIINHBLI KOHEYHA, TO CYIIECTBYEeT OECKOHEUHBIH My Th 10 CTPEIKAM.

JlokazareabLeTBO OCTABICHO YUTATEIIO B KAYECTBE YIIPArKHCHUS.

PaceMoTpuM IponsBosbayio GUurypky F Ha miockoctu. Pocmkom Ha30BeM MHOKECTBO TPAHCIA-
TOB, IIEPECEKAIONIMX HEKOTOPLIH KBaJIparT ¢ IEHTPOM B Havaje KOOPAMHAT, IPUYEM KazKl1asd KIeTKa
KBaJIpaTa IIOKpbLITa poBHO 1 pa3. Pasmep MOKpLITOro KBajpaTa eCTECTBEHHO HA3BIBATDH DA3MEDOM
POCTKA.

BamernmM, uro ecim masg urypku I cymecrByeT pocTok pasmepa N, TO CyIIeCTBYIOT U POCTKA
pasmepoB n upu Beex n < N.

[Tycrs neadpdexrusnocTs dhurypku pasaa 1. Torma cymmecrByer HOKpPLITHE 3TOi (DUrYpKOii ¢
nesdbekTuBHOCTBIO < 1+ 5. B 9T0OM HOKpbITHH €cTh KBagpaT pasmepa N, Bee KJICTKH KOTOPOIo
HOKPBITH pOBHO 110 1 pazy. IloaxoadamuM mapasuebHbIM IePEHOCOM MOYKHO CIEIATh U3 MOKPBITHS
9TOro KBaJpaTa POCTOK.

Uraxk, ecim HeapheKTUBHOCTL (DUrypKH paBHA 1, TO €CTh POCTKH BCEX PA3MEPOB; 3HAYHT, POCT-
KOB OeckoHedHo MHOro. Hapucyem opueHTHpOBaHbIii Ipad: BEPIIUHBI CYTh POCTKHU, U3 POCTKA Pas-
Mepa n B POCTOK pa3Mepa 1+ 2 BeJeT CTPEIKa, €CIM MHOYKECTBO TPAHC/IATOB IIEPBOIO POCTKA MOXKHO
JIOTIOJIHATE 710 MHOZKECTBA TPAHCJIATOB BTOPOro. BymeM cauTaTh, 9TO IIyCTOE MHOXKECTBO TPAHCJIS-
TOB €CTh POCTOK pa3mepa (.

Torma oueBUAHO, YTO HAPUCOBAHO MMEHHO OPUEHTUPOBAHOE JIEPEBO, IPUYEM KarzKIas BEPIINHA
uMeeT KoHeuHylo creneHb. Ilo jgemme Kénura B HeMm ecrh GecKoHeuHBIH 1myTh. PaccMoTpum 00b-
eJIMHEHNE BCEX POCTKOB, COOTBETCTBYIOMIMX BEPIIMHAM 3TOrO IIyTH: BO3bMEM TPAHCIATHI POCTKA
pa3mepa 2, 100aBUM TPAHC/IATHI U3 POCTKA pa3Mepa 4, 100aBUM TPAHCIATHI U3 POCTKa pasMepa 6,
u tak gajee. Ilockonbky mmobast KIeTKa JIeKUT BO BCEX KBaJparax, HAYMHAsg ¢ HEKOTOPOTO, OHA
Oy/IeT oKpbITa pOBHO ojnH pa3. [lapker mocrpoemn.

2.5. () Cwm. zamaay 2.2(i).

(#¢) Ilycrs xaerku nameii duryprn mmeor Homepa 0, a, a+b, TO eCThb PACCTOSHUST MEKILY
KjeTKaMu paBHbl ¢ 1 b. Eciin 2a+b=1 (mod 3), 1o 20+a=2 (mod 3). [Tosromy, HoMeHSB B cirydae
HEeOOXOIMMOCTH @ U b MecTaMu, Mbl MOXKEM CYATaTh, 9T0 2a+bZ# 1 (mod 3).

cJIeJ0BaTEeJIbHO, €C/In € <



Eciin ged(a,b) =d > 1, 1o MBI TOKPOEM BCe KJIETKH C HOMEPAMHU, JIEJISIIUMICS Ha d. AHATIOTUIHBIM
00pa3oM MOKPOIOTCs BCE OCTasIbHBIE ocTaTKU. [loaroMy MOKHO cuutarh, uto ged(a,b) = 1.

[Tosnoxkum urypkn Ha 1moJocky ¢ marom 2a+b (To ecrb, paccmorpum MHOXKecTBO 11 = (204
b)Z=A...,—(4a+2b),—(2a+1b),0,2a+b,4a+2b,...}). Torna mokpsiroe muoKecTBO Z1 =T+ F Co-
CTOUT U3 TPOEK KIETOK ..., {0,a,2a} —(2a+b), {0,a,2a}, {0,a,2a}+ (2a+Db), .... Mbr cobupaemecst
[MOKPBITH IPAMYIO HECKOJIbKUMU 9K3EMILIAPAMH MHOXKECTBa /1.

PacemorpuMm KieTkn MHOXKeCTBa /1, Jafoiie (PUKCHPOBAHHBII OCTATOK OT JejeHust Ha a. 1lo-
CKOJIBKY a U 2a+ b B3aMMHO IPOCTBI, TaKue KJIETKH €CTh; HETPYIHO BUJAETH, UYTO TU KJIETKHU IPYII-
NUPYIOTCS B TPOWKHY, wiyrue ¢ nepuogoM a(2a+b). Casunem MHOXKecTBO Z1 Ha 3a, 6a, ..., mOKa
TPOMKH He MOKPOIOT BCe KJETKHU 3TOro (& 3HAYUT, U JIFOOOr0) OCTaTKA.

Ecim 2a+b:3, To Mbl noayumwin napker. Ecim ke 2a+b=2 (mod 3), To Kaxkmas Tpoika
B IIOCJIEIHEM CJBHUIE II€PEceKaeTcsl C yxKe CYIIeCTBYIOIei 1mo omHoi Kjerke. [loaTtomy B Harrem
ocTaTKe, Ha KaKJIOM Iepuoje JIUHbI 2a+ b ecTb omHO mepecederne, n Hex(pHEKTUBHOCTL PaBHA

2a+b+1
:%: +—2a+b.TaKKaK 2a+b=2 (mod 3), T0 2a+b>5nu<g,

2.6. (7) Bribpocum u3 mareit purypku Jirobyio KJIETKY, a OCTaBIIEHcd TPEeXKIeTOYHOM
durypkoit okpoem MOJOCKy ¢ HeI(DPEKTUBHOCTHIO, HE MPEBOCXOIAMIEH g. HobaByisist B KarxKJIyIo
urypky BBIOPOIIEHHYIO KJIETKY 00pATHO, ToJIydaeM HeI(DMEKTUBHOCTL HE OOJIbIIe %-g = %.

(#¢)  Orenka OpPeAbIIYINero MyHKTa MOXKET ObITh TOYHA TOJBKO TOTJA, KOTJa JIOble TpH
kJeTku urypkn F obpasyior purypky HeahdEKTUBHOCTH POBHO g (mokazkure!). Obparmasich K
perrernto 3aaqu 2.4(ii), BUIuM, 9T0 B TAKUX (DUTYPKAX PACCTOSHUSI @ U b MEXKTy KIETKAMH JIOJIXK-
HBl uMeTh Bus a =da’, b=db ¢ 2a'+V =5 (i #Haobopor). D10 ypaBHEHHE UMEET JBa PEIICHIHsI
(@' b)) =(2,1) u (a'.V) = (1,3). Hecmoxupiii mepebop mokasbiBaeT, IT0 (bUTYPKa, ¥ KOTOPOH BCe
noiUrypKu UMEIOT TaKOW BUJI, €JIUHCTBEHHA (€CTECTBEHHO, ¢ TOYHOCTBIO JO PACTSZKEHHs) — 9TO
durypka HEJEE. Ho vbr 3HaeM, 910 ee HeI(HEKTUBHOCTDL paBHa % < % 3HaunT, OTIeHKa HEeTOYHA.

(#13) K coxkasenuio, B ycJIOBHe TOro IyHKTa BKpaJjach ommuoka. Tpebyemoit dburypkn ne
CYIIECTBYET.

[TokazaTh 9TO MOYKHO TaK K€, KaK U B IPEJIbIYINEeM IIyHKTe. Fean Mbl X0TuM, 9T00bI HeaddeK-
TUBHOCTH ObLjIa HE MEHbIIEe %, TO HEI(PDEKTUBHOCTD JII000H TTOAMUTYPKH JTOI?KHA OBITH HE MEHBIIIE %.
OnsiTh ke, u3 pemtennst 2.4(ii) moaydaeM, 910 370 BO3MOXKHO Juib npu 2a’ +b' =5 win 2a’+V =8.
Takux dpurypok e — ynomsinyras panee u U JEEUCIE. Ho nsyma nmocieanumu (purypkamMu MOXKHO

[OKPBITH OTPE30K JIJIMHBL 7, TIOITOMY ee Hed(PEKTUBHOCTH HE MPEBOCXOIUT % < %

9TO U TPeDOBAJIOCH.

3 OcHoBHbIE Pe3yJIbTATHI

3.1.  (3) Paccemorpum niponsBosibHOE TOKPBITHE Hallell (purypkoit F, 3aj1aro1meecs: MHOZKE-
ctBoMm 1. Mbr cautaem, uro 0 =minF, To ecTb camas JieBad KjaeTka purypku F mmeer rHomep 0.
O6o3uaunm jguamerp durypku depes d+ 1 (rakum obpasom, maxF =d). Mbl ucnosb3yem Tepmu-
HOJIOTHIO, BBEJIEHHYIO B pereHun 3aja4du 2.4.

PaceMoTpuM IPOM3BOJIBHBIN MK MEXK/Ty JIBYyMsl COBIaaonmMu xpocramu H, u H,, (n<m).
Jlaunoti 3TOr0 TUKJIa eCTeCTBEHHO HA3BaTh YUCIO 71— M. ECIM MBI PaCHpOCTPAHUM 3TOT ITHKJI
C MepuojioM 1 —m, To nojydentHoe MuoxectBo 1 =T(n,m]+ (n —m)Z 3amact mokpbiTHE BCeil
|T'(n,m]|

n—m

npsamoii. HeadbdekTuBHOCTH 9TOr0 MOKPHITUST paBHA -|F|. EcrecTBerHO mM0OTOMY HA3BaTh

9Ty BEJIUUUHY HeIPPHeKmueHoCcmbI0 HAIETO THKJIA.

SameTum, 9To JBa MUK, COOTBETCTBYIOIINE OJHOMY XBOCTY, MOYKHO COEJUHUTD, TIOJTYIUB OIAThH
nuk/1. Ero jymna Oyjer paBHa cymMMe JIJIMH UCXOJIHBIX ITUKJ/IOB, & ero HedMMEKTUBHOCTD, OYUEBU/IHO,
pacroJioxkena (HecTporo) Mexkiay HedahHEKTUBHOCTIMI UCXOHBIX UKJIOB.

flcHo, 9TO B HAIllE MOKPBITUHU CYIIECTBYET XBOCT, BCTPEYAIONINIICS CKOTb YTOTHO JTAJIEKO CIIPaBa,
1 XBOCT, BCTPEYAIONIIiiCs CKOJIb YTO/THO JIaJIeKO BJIeBO. Tor1a Bce MOKPBITHE, KpOMe KOHETHOTO KYCKa
B CepeJiHe, MOYKHO PasOWTh Ha IUKJIBI, COOTBETCTBYIOIINE STUM XBOcTaM. lIycTh Bce 9T IUKIIBI



B HaIlleM HOKPBITUN nMeeT HeaddeKTuBHOCTh > (3. Torma cpeanee 4HCIO TPAHCISITOB Ha KaXKIOM
uKJIe He Menbine 3/n, a 3HauuT, 1 He3((HEKTUBHOCTD HAIIErO MOKPBITUS HE MEHbIIE (3.

Hanee, nHeapdexrusHocTh Hareit ¢purypku pasaa «. [losromy, 3adukcupoBaB MpPOU3BOJIHLHOE
€ >0, MBI MOXKeM HailTu HmOKpbITHE ¢ HEIPPEKTUBHOCTHIO < v+ &, a B HEM — IUKJI ¢ Hedhdek-
THUBHOCTBIO < v+ €. BoJjiee TOro, mMOCKOJIBKY BO3MOXKHBIX XBOCTOB KOHEUHOE HHCJIO, TO CYIIECTBYET
Takoit XBocT H, 9T0 11151 J11000T0 € > () CYIIECTBYIOT IUKJIBI ¢ Hed(MMEKTUBHOCTHIO < (¥ + €, COOTBET-
crBytorue H.

Tenepb HETPYIHO MOCTPOUTH IMOKPLITHE € HEI(PPHEKTUBHOCTHIO (. PaccMOTpUM IPOU3BOJIbHbBIN
IIUKJI, HAYnHatomuiicsa ¢ xpocta H, neapdexktuBnoctn < o+ 1. Bysiem npucrpanBath K HEMY CJie-
Ba U CIIpaBa OJMHAKOBBIE ITUKJIbI HEI(DPEKTUBHOCTU < Oz+% JIO TeX ToP, Koria Hed(hPEKTUBHOCTD
[TOJIy YeHHOT'O IIUKJIa He CTaHeT < o+ % 3areM IPUCTPOUM K IIOJIYIEHHOMY HECKOJIbKO ITUKJIOB HEI(-
dekTuBHOCTH < a+§ TakK, 9T00bI HEI(PEKTUBHOCTD IOJIYIEHHOI'O CTajIa < a+§ u T. 1. B konme
KOHIIOB IOJIyYMM TpedyeMoe TMOKpbITre Hed(hMOEKTUBHOCTH < a+% Jutst JiIoboro n, T.e. Headdex-
THUBHOCTH (.

(#¢) Jlemma. Ilycrs misa Hameidr dburypku cymectsyer nukia neaddexkrusnoct ¢. Torma
TaKyKe CylecTByer ki umabl < 2¢ 1 nesddexrusnocru < ¢.

JokazareabcTBO. PaccMoTpuM IIpOM3BOJILHOE HOKPBITHE Hallleil (PUrypKoii, 1 pacCMOTPUM B
HEM TIPOM3BOJIBHBIA UK jyuHbl 1> 24, Tlyers sto muka T'(0,n]. fcno, urto Bee xBoctht H; mpu
0 < i <n 3aBUCAT TOJBKO OT IUKJIA U HE 3aBUCAT OT OCTAJIBHBIX 3JIEMEHTOB MOKPBITHsI. Cpen 3Tux
XBOCTOB €CTb J[Ba OJWHAKOBBIX, cKazkeM, H, n H,, 0 <p <g<n.

Torma kycok T'(0,p] Bmecre ¢ kyckom T'(q,n|, cABUHYTHIM Ha ¢ —p BI€BO (TO €CTh C KYCKOM
T(q,n]—(q¢—p)), obpasyior 1k quasl n— (¢—p). Ilycrs HeaddekTHBHOCTE 9TOTO UK/ paBHa (3,
a Heabdexrusrocts 1ukiIa 1'(p,q| pasna 7. Torma mesddexrusrocTs HCcxomHoro mukaa 1'(0,n]

paBHa (g=p)y+(n=(g=p))5 > min{(,7}, 10 ecTb oHO U3 [Uncesn (3, 7y He UPEBOCXOIUT (), U MBI

HaILIU UK/ He 60bInei 3 deKTUBHOCTH 1 MeHbIell Junbl. [Ipojokas B TO Ke JayXe, B KOHIIE
MBI TIOTYYIM K/ JuiiHbl < 27, O

Temnepn JIerko HOJIYYNTD PeleHne 3a1a41. PaceMOTpIM Bee BO3MOYKHBIC KB THHBL < 27 — mx
KoHeuHOe 9ucyo. [Iycrs v — nanmenbinas He3(PEKTUBHOCTD TAKOT'O IUK/1a. Bo3bMeM mpons3BoJibHOE
€ > (0. 3 mpeapayInero myHKTa Mbl 3HAEM, 9TO CYMIECTBYeT MUK HedddekTuBHocTH < v +€. [lo
JIeMMe, CYIIECTBYET TaKKe UK/ He 6obieil neaddexTusrocTy 1 JymHbl < 2%, To ecth v < a+¢. B
CUJIY TIPOU3BOJILHOCTH €, TiosiydaeM v < «v. [lockosbKy cyrecTByer nmokpbiTue Hed(hEKTUBHOCTH V,
UMeeM V = (v, IO9TOMY ¥V = (v, U MbI HAIILJIU [IEPUOJINIECKOE TTOKPBITAE TaKOoi HEeI(DHEKTUBHOCTH.

3.2. (7) [TockoJibKy JTI00YI0 (DUTYPKY Ha MPAMOIl MOXKHO TaK»Ke pacCMaTpUBaTh Kak (hu-
IYPKy Ha IockocTH, a;(n) < az(n). Ocramoch mokasaTh HepaBeHCTBO az(n) < ai(n).

\
\ \ N

M e [0

F(P) F(A=P) F(A)

Pacemorpum durypky F Ha maockoctu (Mbl cantaeM, aro 0 € F. [lycrb ee KieTKH COOTBETCTBY-
10T BeKTOpaM (Z1,Y1), ..., (n,y,). CyIIecTBYIOT Takue Iiejible B3aUMHO TPOCThIe @, b, 910 (DyHK-
st f(x,y) = ar+ by npuHUMaeT pasjMYHbIEe 3HAUEHHs Ha BCEX HAINX BEKTOpax. PaccMoTpuM Ha
upsimoit purypry F' ={ax;+by; | 1 <i<n}. Torma cymecrsyer mokpsitue 1" 310it buryproit Headh-
dbexruBrOCTH ¥ < a1 (n). MBI cobupaemcst nokazars, aro MuoxkectBo 1'={(x,y) | f(x,y) € T'} 3amaer
MOKPBITHE TLTOCKOCTH (bUTYPKOit F, ipudeM maoTHocT MHOKecTB 1" 1 1" coBIaiator; orciona oymer



CJIEJIOBATH, UTO COBHAJAIOT U HEI(DMEKTUBHOCTH STUX MOKpbITUii, nosromy v(F) < ap(n). uadur,
u as(n) <ai(n).

st mepBoro yTBepKIeHHsI, pACCMOTPUM TPOU3BOJIbHYIO KIeTKy A mrockocru. Ee obpas f(A)
HIPUHAJIICIKAT HEKOTOPOMY TpaHcadTy Gurypku F'; mycrs 9o Tpanciaar F'+t, t € T'. Torna kieTka
f(A) —t npunammexur F', a 3uaunt, ecth Kirerka P € F takas, uro f(P)= f(A)—t. Paccmorpum
kieTKy A— P (Bbranranue nokoopaunarnoe). Ouesnjno, f(A—P)= f(A)— f(P)=t€T’, To ecTb
A—PeT, uxierka A nupunajiexur rpancasary F + (A — P) Halero mokpbITUs; 3HATUT, MHOKe-
crBo T’ 3a7iaeT MOKPBITHE MJI0CKOCTH (hUrypKOi F.

Bamern™, 9T0 TOKpbITHEe 1" MOXKHO cauTarh nepuogmdeckuM. Ilycrs ero mepmos mmveer Jym-
Hy d. Ecmu nepuon comepxkur ¢ snementon, 1o p(T') = q/d. Paccmorpum 6osbinoii KBajapar co
croponoii N Ha mockoctu. JIerko moHATh, 9TO B HEM KOJMYECTBO KaeToK A rakux, uro f(A) gaer
dbukcHpoBaHHbIN OCTaTOK OT Jestenus Ha d, npumepno pasio N?/d (Gosee cTporo, oHO pactoJio-
xkeno Mexay (N —d)?/d u (N +d)?/d). Torjga KOJIMYECTBO KJIETOK 3TOTO KBaJpaTa, JIEKAIUX B
mHuozxkecrse T', ipumepno pasao ¢N2/d (a Tounee — pasno gN?/d+ O(N)), 9ro u o3Ha4aer, ITo
p(T) =q/d. YTrBep)KacHue JOKA3AHO.

(#¢)  AGCOJIOTHO aHAJIOTHIHO.

3.3. Cwm. zamauy 3.6.

3.4. (i) TIlycrs d — quamerp burypku, n — ee mwioia b, upuieM 2n > d. Bygem crpoutnb
HePUOJUIECKOe HOKPBITHE MPSMOil ¢ 1mepuogoM d, 100aB/sgd 110 OJHOMY TPAHCIATY (PUIYPKH HAa
nepuost (To €CThb, 3a X0/ MbI J00ABJIAEM OJIHY CEPHIO TPAHC/ISITOB, OTIMIAIONIMXCS [IEPEHOCAMU Ha
BEKTODBI, KpaTHbIe d).

JIoKazkeM, 9TO MBI BCEIrJIa MOKEM IIOJIOXKATL OYePeJHON TPaHCIAT TaK, 9TO KOJHYECTBO HeIlo-
KPBITBIX KJIETOK YMEHBIIUTCA XOTs ObI Bapoe. IlycTh 10 Halrero xoga He IOKPBITO T KJIETOK. Pac-
CMOTPHUM Bce d BO3MOXKHBIX IOJIO?KCHUIT TpaHC/IaTa Ha rnepuoje. Kaxkaas u3 HENOKPBITBIX KJIETOK

OCTAETCsT HEITOKPBITOI POBHO IIpH d — N MOJIOXKEHUSIX JT0OABIISEMOI0 TPAHCISITA. SHAYUT, IIPU KAKOM-
d—n x

TO U3 MOJIOXKEHUI J00AB/ISIEMOr0 TPAHC/ISITa HEITOKPBITBLIMI OCTAIOTCS He DoJiee xT < 5 KJICTOK.

Nrak, KazKIbIM XOIOM MBI MOXKEM yMEHBIIATH YUCI0 HEIMMOKPHITHIX KJIETOK XOTs ObI BJBOE, 3HA-

qnT, 32 [logyd]+1 MBI MOXKEM OCTABUTH HEMOKDPLITHIMEU MeHbINEe 1 KJIETKH HepHoja, TO €CTh BCe

KJIETKU OKaKyTcs MOKPBIThIMU. [Ipu 9TOM, Tak Kak Ha d KJIETOK IEepUOa IMPUXOJIUTCA He OOJIbIIe

log,d]+1
[log,d]+1 durypok, To HeahbHEKTUBHOCTD HE MPEBOCXOUT M

log,n+2.
(49)  AGCOMOTHO aHAJIOTHYHO TOJTyIaeTcs onerka v < logy 1y kn+1.

<logyd+1<log,2n+1=

3.5. (#¢) Ilycrs d — mmamerp dburypkm, n — ee Imoniajib. Beibepem HarypaabHoe t >
n, Takoe, 4ro nt > d. Bymem cTpouThb nepuojumdeckoe MOKPBITUE NPIMOil ¢ IMepuojaoM nt, OmdATb
JI00aBJIsSISI TI0 OJHOMY TPAHCIATY (PUTYPKH Ha IEPUO/I.

[Iycts mepes; X00M Ha Iepuojie He IOKPBITO erme Oosee s > (n— 1)t kiaerok. Jlokaxkem, dro
TOTJIa MOYKHO JT00aBUTH TPAHC/IAT, HAKPBHIBAIOMINN 1 paHee He TMOKPBITHIX KJIeTOK. PaccMoTpuM Bee
MTOJIOXKEHNsT TpaHCIATa Ha repuoje. KaxKIyio m3 S HEMOKPBITHIX KJIETOK HAKPBIBAET 7 TPAHCJIS-
TOB, 3HAYNUT, BCErO Nt TPAHCISITOB HAKPHIBAIOT $n > (n— 1)nt KJIETOK; MOITOMY KAKOH-TO M3 HUX
HaKpbIBaeT OOJIbIE N — 1 KJIETKU, TO €CTh 1.

Uroro, moKa HEMOKPBITHIME OCTAJIICH OoJibiie (n— 1)t KJIeTOK, 33 OJIMH Al MOYKHO YMEHBIITHUTh
YHCI0 HEMOKPBITBIX KJIETOK Ha 1. 3HAYHUT, MbI JOOBEMCS TOTO, YTO HEMOKPBITHIMU OCTAHYTCS He

t
Goabine (n— 1)t KIeTok, 3a | — | Xo/oB.
n

AHaJIOI‘I/I‘IHO, IIOKa OCTalOTCA HEIIOKPBLITBIMU boJtee qt KJIETOK, CYIIECTBYET TPAHCJIAT, IIOKPbIBa-

t
I0Imuit He MeHble ¢+ 1 u3 HuX. 3Ha4uT, He O0JIce YeM elle uepes 7 | ecranerci ne 6osee (n—2)t
n

t
HEIIOKPBLITBIX KJIETOK, HE boJiee 4eM eaie depes —2 raros — He 6oJiee (7’1,— B)t HEIIOKPLITBIX,

) A



t
JleficTByst TaKUM 00pa30M, MbI IOKPOEM BeCh ITEPUO/T, He OOJIbIIIE, YeM [— + [—1—‘ +et [5-‘ +
n n—

t n
[i-‘ TpancisaTamu. Kak msBectao, —+ —+---+—=Inn+0(1) (310 MOXKHO JOKa3aTh, HAIPUMED,
n o n n

n t t t [
paccMoTpenneM naTerpana [, 4). Iosromy [——‘ + {—1—‘ +- h—‘ + I—‘ = (Inn+0O(1))t, To
n n—

€CTh TPAHCIATAME ¢ cyMMapHoii mroma/ o (Inn+O(1))nt Mbl HOKpBLTH TTepHoT IHHBL nt. Takmm
06paszoM, Hea(hHEKTUBHOCTH 9TOr0 MOKPbITHs ecTh Inn+ O(1).

3.6.  Mbsr cobupaeMcst IpeIbIBUTH Ha MPsiMOil cepuio purypok Fy 1mioraim

Se=2"2(k—1)(k+1)!

k
u guamerpa dj, = 28 1k12 =2 Sy < 2S5y, npudem v(Fy) > 3

k+1
[Ipu k=1 F; — onaoknerounast purypka. [lycts k> 1, u purypka Fj_1 mwiomaam S,_1 U Jaua-

MeTpa dj,_; yxke nmoctpoena. Iloctponm burypky Fj, Tak. Pacmomoxm ma mpamoit mogpss 2k —3
TpPaHCIAT PUTYPKH Fj_1, & ellle OJINH TPAHCAAT — Ha yJIaJaeHuu 2dj_1 OT HUX. VITOro, MbI TOJTY YM/IH
burypky miromaau 2(k*—1)S,_1 = Sy u quamerpa dy_, - 2k* = dj.

Pacecmorpum nokpeitue dpurypkoit Fi. Beidepem 110601t orpe3ok I jmnbl 4dy; MBI yTBEPKIAEM,
YTO OH COHEPZXKHUT XOTsI Obl K TPAHC/IATOB MOKPBITHS. ZICHO, YTO TPAHC/IST HOKPBITH, COACPKAIITI
CPEJHION0 KJIETKY [, OTCTOUT OT IPpaHull OTpe3Ka X0Ts Obl Ha dj. MOKHO CIUTATD, 9TO 9TOT TPAHCIAT
ecTb JFy.

Pacemorpum “neipky” B Fj, pasmepa 2dy_1. Ee cpesnsis kierka (ckazkeM, JieBas U3 JBYX) IPU-
HaJJIE?KUT HEKOTOPOMY TpaHCIATy Fj,+t; B HameMm nokpbitun. HeTpyaHo mousaTs, aro Torma Fy +1
COJIEPKUT TPAHCIAT PUTYPKH Fp,_1, HEJIUKOM Jexkaiuii B Hatreit “apipke”. [lockoabky Fj cocTouT
U3 TPAHCIITOB (PUTYPKHU Fj_1, MBI MOXKEM PacCMaTpHUBATL HaIlle MOKPBITHE KaK IMOKPLITHE (DUTyp-
Kot Fj_1. Torna BHyTpH JIBIPKU B BBIOpaAHHOM TpaHcadTe JFjp_ i Mbl HaiiJleM TPAHC/IAT (PUTYPKH
Fr_o u Tak gajee. O4UeBUIHO, BCe BBIOpAHHBIE TPAHCISTHI IIPUHAJIIEXKAT PA3HBIM TPAHCISITAM UC-
XOJTHOTO TIOKPBITHsI (TaK KAaK KaXKJIbIi JIEXKUT B “JbIPKE” MPEIBIIYINEro). SHAUYNT, “IpIpKa’ B HAIIEH
F. mepecekaeTcst XoTd Obl ¢ k— 1 TpaHCAsITOM MCXOIHOTO MOKPBITHS; BCE STU TPAHCIATHI JIEKAT B

HaIeM OTPe3Ke.
2ds

- HAHEEE NN NN e OO OO OO e e o,

F2 Fa EmEEE N 7,
" F
MpI mostyamii, 9To JI000H OTPe30K JAIUHbI 4dy COJIEPKUT XOTd ObI k HAIUX (DUTYPOK, TOITOMY
Sk

—_— > .

Ad, 8

Urax, mbr noctponnu burypky F, miomamm Sy = 2872(k—1)!(k+1)! u neacbdextusroCTH

Inn

He3(HEKTUBHOCTD pa3dneHnsT He MEeHbIIe

100

—1. Onennm (k+1)!. Mer 3Haew,

k
v(Fr) = 3 Teneps st ymoboro n > e’ BoibepeM k = {

3lnlnn

aro (k+1)! < (k+1)F =eM* D anee, kIn(k+1) < kInlnn < lnn, nosromy (k+1)! < (/3 =

¢/n. Haxownern, nonyaaem Sy, =2872(k—D!I(k+1)! < (k+ 1)1 < (¢/n) =n, o ectb miomaas F, He
Inn

- >
8 ~ 48Inlnn
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Coverings by the cell figures.
(Terminator-3 is back at Sorrento. . .)

[. Bogdanov, G. Chelnokov
9th August 2007

1 The aims review and the notation.

We consider the cellular line, which is an infinite strip divided into the square cells (this strip is
one cell wide). In some problems we also consider the cellular plane and the cellular space (that
is, the space divided in a standard way into the unit cubes). If you want, you also can work in a
cell n-dimensional space. Nevertheless, it is sufficient to consider only cell line and cell plane for all
essential problems.

Definition 1. A figure is any finite set of cells (this set is not supposed to be connected!). Clearly,
the area of a figure is a number of its cells. Any translation of a figure (by the vector with integer
coordinates) is called a translate of this figure. Let F be a figure. A family of translates of a figure
F is called an F-covering of a line (plane, etc.), if each cell of this line (plane, etc.) is covered by
at least one of these translates.

Enumerating all the cells of a cellular line, we identify it with the set Z of integer numbers.
Similarly, we identify the cellular plane with Z? and so on. This way, the translate of a one-
dimensional figure F by the number ¢ is a figure F +t={x+t|xz € F}, and the covering {F +1,} is
determined by the set T'={¢;}. Thus, we say that T determines a covering if Z=T+F(={t+ f |
teT, feF}). If 0€F, then we can simply say that T is a set of cells which are covered by the
images of 0 under the parallel translations considered.

All these notions can be introduced for the Z* (with replacing numbers by the integral vectors).

This problem is devoted to the following Question. Given a figure F. How to find (or to
approach) the “most efficient” covering of a line by F?

First, we should give a strict definition of the “efficiency” of a covering. Suppose that a segment
[1,N] is covered by d translates of a figure F having the area n. Then it is natural to define the
efficiency of this covering as N/(dn). For an infinite strip, we have to tend to the limit.

Definition 2. Consider a set S CZ. For an arbitrary N, introduce the set Sy =SN[—N,N]. If a
sequence Sy /(2N) has a limit p(S), then we call this limit the density of the set S.

Now suppose that a set T determines the covering by a figure F, |F|=mn. Then we define the
non-efficiency of this covering as p(T)n (of course, if it exists).

Imagine now that each cell of each translate is a brick. If a cellular line is covered by these
translate, then there appears a column of bricks on each cell. Informally speaking, the non-efficiency
average height of such a column, or the average number of layers in our covering.

Exercise for an understanding. Give the strict definition of the notion of “average number
of layers” and prove that it coincides with the non-efficiency.

It is very useful to understand that the sets S and S+n have or have not the density simultane-
ously; moreover, in the former case v(S+n)=v(S). Actually, analogous definitions are introduced
for Z*; in this case, one should of course take the intersection of the set S with the cube [~ N, N]*.

Now, we introduce the main notions in our problem.



Definition 3. A non-efficiency of a figure is the limit

W(F)= it |FIp(T),

where the infimum is taken over all possible coverings by the figure F. Introduce also

aj(n)= sup v(F), ax(n)= sup v(F),
FCZ:|Fl=n FCZ2:|F|=n
Thus, the non-efficiency of the figure is a “minimal” non-efficiency of a covering by this figure;
ai(n) is a “maximal” non-efficiency of the figure consisting of n cells on a cellular line (az(n) is a
similar notion for the cellular plane, and so on).

2 Introductive problems.

2.1. The non-efficiency of each figure of area 2 is 1.

2.2. (7)  Find the non-efficiency of the figure HECH;

(#¢)  Estimate the non-efficiency of the figure ROROOCECIM;
(4¢7) and HOROOORORCOOOCOCO00OROROOCOEON;
(tv) and even ARRERCCOOEECOCORROOECORCEOEC;

(v)  find another figure for the training if you wish.

2.3.  Prove that a;(n) <a;(2n)

2.4. Prove that the non-efficiency of a figure is 1, if and only if there is a tiling by this figure
(7)  on the line;
(#¢)  in the plane.

2.5.  Consider the figures of area 3 in the cellular line.
(7)  Find such a figure of non-efficiency 6/5.
(#7)  Prove that the non-efficiency of any figure of the area 3 is not more than 6/5.

2.6. Let F be a figure of area 4.

(¢)  Prove that v(F) <8/5.

(#¢)  Determine whether this estimate is sharp.

(#2%) Present an example of a figure F having the area 4 and non-efficiency v(F) > 3/2.

3 The main results

3.1.  On the line, given a figure of non-efficiency «.
(7)  Prove that there exists a covering with the non-efficiency «.
(#¢)  Prove that there exists even a periodic covering with the same non-efficiency (and there-
fore o is a rational number).

3.2.
(7)  Prove that a;(n) =ag(n). (Hence, in the following text we denote it by a(n).)

(1) --=az(n)=as(n)=....
In the following, you can use the latter result without the proof if necessary.
3.3.  Prove that a(n) — oo as n — oc.

3.4. (?)  Denote by Y(n) the maximal possible non-efficiency of the figure having area n
and diameter < 2n. Prove that ®(n) <clnn for some constant ¢
(4¢)  Prove the similar result for the figures of diameter <kn (k> 1 is an arbitrary constant).
(#i2) It follows from the next problem that there exists even a common constant ¢ for all
values of k. Is it possible to achieve the better result for a fixed k7 (The authors do not know the
answer!)



3.5. (¢)  Prove that a(n)/n—0 as n— oco. The authors do not know the solution which
1s simpler than the one for the following:
(#¢)  Prove that a(n) <clnn for some constant c.

3.6. Find as best as possible lower bound for a(n). It seems to the authors that they know
the estimate of the form a(n) > cInn/Inlnn for some constant c.

4 Open questions

Will my head succeed in running away
from the wave’s enormous throat?
And if it does, what will be the price?
But if it doesn’t, why so?
M. Scherbakov,
transl. by L. Schulz

Here, the questions for the further investigation are presented.
4.1. Is it true that the sequence a(n) is non-decreasing?

4.2. Given a figure F, let b(F) be the maximal possible density of the family of non-
intersecting translates of this figure. Try to find some joint estimates for a(F) and b(F). For
instance, it is interesting whether it is true that a(F)b(F) <1 for every figure F.

The next question may help to find some upper bounds for v(F).

4.3. For any n, find (or estimate) the maximal k= k(n) such that it is possible to cut a tile
with area k from any figure with area n. (A figure is a tile if there exists a tiling by tyhe translates
of this figure.)

4.4. Try to estimate the mazimal (instead of an average one!) number of layers in an optimal
(by this parameter) covering by the figure given.



Coverings by cell figures.
Solutions.

2 Introductive problems

2.1.  Suppose that our figure consists of cells with number 0 and n. Cover all cells of nZ with
translates {2kn,(2k+1)n} (k€ Z).

All the subsets nZ+m me [1;n—1] can be covered by the same way. Since each cell is covered
exactly once, the non-efficiency of this covering is 1.

2.2. (7) Consider an arbitrary covering and an arbitrary translate F} in it, we can assume
that its cells are 0,1,3. The cell with number 2 is covered by some translate Fy, obviously, F; and
F5 must overlap. So, each translate overlaps with some other one in the covering.

If a cell is covered k times, we say that the significance of this cell is 1/k. Next, define the of a
translate in a covering as the sum of the significances of all its cells.

So, the significance of any translate does not exceed g (since the significance of at least one of
its cells does not exceed 1/2). On the other hand, the total sum of significances of the translates
covering some segment of length n is at least n, since a cell with significance 1/k is covered k times.

Thus, we need at least %n translates to cover a segment of length n, and the non-efficiency is at
least g.

One can cover a segment of length 5 by two translates of our figure; tiling the line by these
segments, one obtains the covering of non-efficiency g.

(#¢)  Since all the cells of our figure have even numbers, the coverings of the sets of even and
odd numbers can be considered independently. On each of these sets our figure looks like N[ /M.

Consider an arbitrary covering. Each translate F; overlaps with the translate covering the
middle cell of F;. So, introducing the significance as above, one can prove that non-efficiency is at
least 2.

One can easily cover a segment of length 7 by two translates; this allows one to construct the
covering of non-efficiency %.

(#29) This figure consists of two translates of the previous one, so any covering with our figure
can also be considered as the covering by that one. The non-efficiencies of these coverings coincide,
hence our figure has the non-efficiency at least %.

On the other hand, the set T=7Z={...,—14,-7,0,7,14,...} gives an example of the covering
with non-efficiency %.

2.3.  For an arbitrary € > 0, consider a figure F such that v(F) >ay(n)—e. Take a figure F’
consisting of two disjoint translates of F (e.g. F'=F +{0,d+ 1}, where d is the diameter of F).

Then any covering by F’ is a covering by F as well; these coverings have equal non-efficiences.
So, the non-efficiency of any covering by F' is at least a;(n) —e, hence v(F’) > a;(n) —e. Therefore
ai(2n) > ai(n) —e; since € can be arbitrarily small, we get a1(2n) > ai(n).

2.4. ()  If we can tile a line with a figure, then its non-efficiency is obviously 1.

Suppose that the non-efficiency of a figure is 1. Then for any € >0, there exists a covering having
non-efficiency less than 1+e¢. If any segment of length N in this covering contains a cell which is
covered twice, then the non-efficiency of this covering is at least 1+ % Therefore, if € < %, then
there exists a segment of length NV which is covered only once.



Denote by d the diameter of the figure. Choose N >2%+d and € <1/N. We can assume that
the segment [1,N] is covered exactly once.

Assume that we put the translates of our covering on the line one by one from the left to the right.
Consider a step when all the translates whose leftmost cells have the numbers <n has been already
placed. This “semicovering” is determined by the set T,, =T'N(—o0,n]. Consider the set Z,, =T, +F
of all cells that have been already covered up to this moment. Clearly, (—oo,n] C Z,, C (—oo,n+d).
Hence, the situations is determined only by the pattern of covered cells in interval (n,n+d].

Such a pattern will be referred to as a tail. Formally, a tail is a set H, ={d|n+de€ Z,} C(0,n].

Consider the tails Hy, ..., Hya. There can be only 2¢ different tails, hence two equal ones are
found. Denote them by H,, and H, (n<m).

In this situation, we call the part T'(n,m|=TN(n,m| of our covering a cycle, corresponding to
the tail H,.

Obviously, the union of translates Z(n,m|=T(n,m|+ F, determined by the set T'(n,m] covers
exactly the set (n,m]\ (H,+n)N(H,, +m). Also, the translates of this set are disjoint, since they
belong to [1,N]. So, copying this cycle with the period m —n, one gets the tiling 7" =T (n,m|+ (n—
m)Z.
(#¢)  Consider a tree (i.e. a connected graph without cycles). Say that one of its vertices is
a root. For each edge, introduce its orientation in the direction from the root. Such a construction
will be referred to as the oriented tree.

Lemma (Ko6nig). Suppose that in an oriented tree, the number of vertices is infinite, while
each of them has a finite degree. Then there exists an infinite path from the root vertex.

The proof is left to the reader as an exercise.

Consider an arbitrary figure F on the plane. The set of translates intersecting some square with
the center in the origin is called a sprout (of a tiling), if each cell of the square is covered exactly
once. The side length of this square is the size of the sprout.

Obviously, if there exists a sprout of size N, then there exist sprouts of all smaller sizes.

Suppose that the non-efficiency of the figure is 1. Then there exists a covering by this figure
of non-efficiency less than 1+ ﬁ This covering contains a N x N square which is covered exactly
once. Moving this square to the origin, one obtains a sprout of size N. Hence, there exist the
sprouts of all sizes. Hence, there are infinitely many sprouts. We say that the empty set is a sprout
of size 0.

Consider the following graph. Its vertices are all the sprouts, and the sprout of size n is connected
with the sprout of size n+2 if the latter can be obtained from the former by adding some translates.
Obiously, this graph is an oriented tree. One can easily prove that each vertex has a finite degree.
Hence, by the Konig’s lemma, there exists an infinite path.

Consider a union of all sprouts of this path: take all the translates in a sprout of size 2, add to
them all the translates of the next sprout, and so on. Each cell belongs to all but finite number of
squares, hence it will be covered exactly once. Thus, we have constructed a tiling.

2.5. (7)  See problem 2.2(i)

(#¢)  Let figure consist of cells 0, a and a+b (i.e. the distances between the cells are a and b).
If 2a+b=1 (mod 3), then 2b+a=2 (mod 3). In this case, we can interchange the variables. Hence,
we can assume that 2a+b#1 (mod 3).

If ged(a,b) =d > 1, then we will cover only the cells with the numbers divisible by d. All other
residues can be covered in the same way. Hence, we can assume that ged(a,b) = 1.

Put translates on the line with the step 2a+b (that is, consider the set Ty = (2a+b)Z={...,—(4a+
2b),—(2a+b),0,2a+b,4a+2b,...}). Then the covered set of cells Z; =T} + F consists of triples ...,
{0,a,2a} — (2a+0), {0,a,2a}, {0,a,2a} 4+ (2a+Db), .... We will cover the line by some copies of Z;.

Consider all cells of the set Z; which have one fixed residue modulo a. Since a and 2a+b are
coprime, such cells exist for each residue; one can easily prove that they form some triples on the
distance a(2a+b) one from another. Shift Z; by 3a, 6a, ..., until they cover all the cells of this
residue (and hence of all residues).



If 2a4b:3, then we get a tiling. In other case, 2a+b=2 (mod 3), and in the last translation,
each triple intersects an original triple by one cell. Hence, in the cells of our residue, on each
period of length 2a+0b there is exactly one cell which is covered twice. Hence, the non-efficiency is

2a+b+1 1
= % =1+ il Since 2a+b=2 (mod 3), we have 2a+b>5 and v < g, QED.
2.6. (%) Delete an arbitrary cell from our figure, and then cover the line by the remaining

three-cell figure with the non-efficiency <]frac65. Adding the thrown cell, we will obtain the
covering of non-efficiency not greater than %-g = %.

(#¢) The estimate can be sharp only if every 3 cells of our figure form the figure of non-
efficiency £ (prove it!). Looking at the solution of 2.5(ii), we get that in each such figure, the
distances between its cells have the form a=da’, b=db with 2a'+b =5 (or vice versa). This
equation has two positive solutions (a’,0') =(2,1) and (a’.b") = (1,3). There is only one figure (with
respect to stretching) with all subfigures having this form — HECEE. From 2.2(ii) we see that its
non-efficiency is % < % Hence, the estimate is not sharp.

(#42) Unfortunately, the statement of this problem is wrong. There is no such figure.

One can show this by the same way as in previous problem. If a figure has the non-efficiency > %,
then the non-efficiency of each subfigure should be at least %. In the same notation, it is possible
only for 2a’+b =5 or 2a’+b =8. There are two types of such figure — one mentioned above, and
E/EE[E. One can cover the segment of length 7 by two translates of the latter figure; hence its
non-efficiency is not greater than % < %

3 Main results

3.1. (7) Let a set T" determine the covering by a figure 7. We can assume that 0 =minF
(i.e. the leftmost cell of F has a number 0). Denote the diameter of F by d (thus, maxF =d). We
will use the notation introduced in 2.4.

Consider an arbitrary cycle between the identical tails H, and H,, (n<m). Naturally, the
number n —m is called the length of this cycle. Spreading the copies of this cycle periodically with
the period length n—m, we clearly get the set 7" =T(n,m]+ (n—m)Z defining the covering. The
T (n,m]|

-|F|. Thus, it is natural to define the non-efficiency of
n—m

non-efficiency of this covering is

our cycle by this formula.

If there are two cycles corresponding to the same tail, then we can join them together to obtain
anew cycle. Obviously, its length is the sum of the length, while its non-efficiency lies (non-strictly)
between the non-efficiencies of the original cycles.

In our covering, there exists a tail occurring infinitely many times on the positive ray, as well
as the tail occurring infinitely many times on the negative ray. Then we can split the covering into
three parts: the cycles on negative ray, the cycles on the positive ray, and a finite part in the middle.
Suppose that all these cycles have non-efficiency > 3. Then the average number of translates on
each cycle if not less than (3/n, therefore the non-efficiency of our covering is not less than .

Recall that v(F)=a. So, for every e >0, there exists a covering of non-efficiency < a+e¢, and this
covering contains a cycle of non-efficiency < a+¢. Moreover, since there exists only finite number
of possible tails, there exists a tail H such that for every € >0 there exists a cycle corresponding
to H with non-efficiency < a+e.

Now, it is easy to construct a covering with non-efficiency a. Take a cycle corresponding to H
with non-efficiency < a+1. Let us join it with cycles of non-efficiency < a+ %; if we join sufficiently
many such cycles, then the non-efficiency of the resulting cycle will be less than oz—i—% (we add cycles
from both sides of the original one). Analogously, joining to it some cycles of non-efficiency < a+ %,
we obtain a cycle with non-efficiency < o+ %, and so on. Finally, we will obtain the covering of
non-efficiency < a+% for all n; then this non-efficiency will be exactly a.

(#¢) Lemma. Suppose that there exists a cycle of non-efficiency ¢. Then there also exists a
cycle with length < 2? and non-efficiency < ¢.



Proof. Consider an arbitrary covering, and an arbitrary cycle of length n > 2% in it. we can
assume that this cycle is 7(0,n]. Clearly, all the tails H; (0 <i<n) depend only on this cycle,
but not on the other elements of 7. Among these tails, there are two identical ones, say H, = H,,
O<p<qg<n.

Join a piece T'(0,p] together with T'(¢,n| shifted by ¢—p to the left (that is, we consider the set
T(0,p]U (T(q,n] — (q—p)) ); the joint piece is a cycle of length n—(¢—p). Denote the non-efficiencies
of this cycle and of the cycle T'(p,q] by § and ~, respectively. Then the non-efficiency of the original
(g—p)y+(n—(g—p))F

cycle T'(0,n] is >min{/3,v}, and thus one of the numbers 3, 7 is not greater
than ¢. Therefore, we get the cycle of the smaller length and of the non-efficiency not exceeding ¢.

Repeating this procedure, we finally get the cycle of length < 2¢, as required. U

It is easy now to finish the solution. Consider all possible cycles of the length <2¢; there is only
finite number of them. Let v be the smallest non-efficiency of such cycle. Take an arbitrary > 0.
From the aforementioned, we get that there is a cycle of non-efficiency < a+¢. Applying the Lemma,
we find also the cycle of not greater non-efficiency, while its length is not greater than 2¢. Hence,
v <a+¢e d=for every € >0 and therefore v <a. Since there exists a covering of non-efficiency v, we
should have v > a, so ¥ =«, and we have found the covering having non-efficiency «.

3.2. (%) Each figure on the line can be considered also as a figure on the plane; hence,
ai(n) <as(n). Thus, it is sufficient to prove that as(n) <ay(n).

Consider a figure F on the plane (we assume that 0 € F). Let the coordinate vectors of its cells
be (z1,41), - -, (Tn,yn). There exist coprime a and b such that the function f(z,y)=ax+by attains
distinct values on all these vectors.

Consider a figure F' = {az; +by; | 1 <i<n} on the line. Then there exists a covering 7" by this
figure with the non-efficiency v <a;(n). We claim that the set T'={(x,y) | f(z,y) € T’} defines the
covering by F, and the density of T" is the same as that of T7”. From these facts, it follows that the
non-efficiencies of these coverings are identical, hence v(F) <ay(n) and therefore az(n) <ai(n).
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To prove the first statement, consider an arbitrary cell A on the plane. Its image f(A) belongs to
some translate 7'+t with t € 7”. Then the cell f(A)—t belongs to F', therefore there exists a cell P e
F such that f(P)= f(A)—t. Then consider the cell A— P (the subtraction is componentwise).
Clearly, f(A—P)=f(A)—f(P)=teT’, hence A— P €T, and the cell A belongs to the translate F +
(A—P). We have proved that A€ F+T, hence T defines the covering.

Recall that we can assume 7" to be periodic. Let d be the length of the period. If this period
contains ¢ elements, then p(7") =q/d. Take a large square with the side length N. It is easy to
show that the number of cells A such that f(A) has a fixed residue modulo d is approximately
N?/d (to be precise, this number lies between (N —d)?/d and (N +d)?/d). Then the number of
cells belonging to T in this square is approximately ¢N?/d (more precisely, it is ¢gN?/d+ O(N));
this means that p(T') = ¢/d, as desired.

()  Completely analogous.

3.3.  See problem 3.6.

3.4. (7)  Denote the diameter and the area of the figure by d and n, respectively (2n >d).
We will construct a periodic covering with the period length d; on each step, we will add one

4



translate to each period (i.e., in fact we will add a series of translates which can be obtained one
from another by the translations on vectors divisible by d).

We claim that by one step, we can reduce the number of the uncovered cells x on a period to
at most half. Consider all d possible positions of the translate on a period. Each of the uncovered
cells remains uncovered for exactly d —n positions. So, the average number of the cells remaining

— — T
<=

uncovered is x , hence for one of them the number of these cells is at most x

Hence, we can reduce the number of the uncovered cells to at most half; hence, after not more
than [log,d] +1 there will be less than one uncovered cell on a period; hence, all the cells will be

covered. Moreover, for d cells of a period, there are not more than [log,d]+1 translates, and hence

n([logyd]+1)

the non-efficiency is not more than <log,d+1 <log,2n+1=log,n+ 2.

(49)  Analogously, we obtain the estimate v <logy 1) kn+1.

3.5. (#¢)  Again, denote the diameter and the area of the figure by d and n, respectively
(2n>d). Choose an integer ¢ >n such that nt >d. We will construct a periodic covering with the
period length nt; as in the previous problem, on each step, we will add one translate to each period.

Suppose that on some step, there are s > (n—1)t uncovered cells on the period. We claim that we
can add a translate which does not intersect any previous translate. Actually, consider all possible
positions of a translate on the period. each of s uncovered cells is covered by n of these translates;
hence, all nt translates cover sn > (n—1)nt uncovered cells; hence, one of these translates contains
>n—1 uncovered cells, as required.

So, while there are > (n— 1)t uncovered cells, we can decrease their number by n on each step.

t . . . . .
Hence, after {——‘ steps we will get the situation with < (n—1)¢ uncovered cells on the period.
n
By analogous reasons, while there are > gt uncovered cells, there always exists a translate which
covers at least ¢+ 1 of them. Applying this, we achieve < (n —2)t uncovered cells after not more

t t
than [—1—‘ additional steps, < (n—3)t cells after not [—2—‘ steps and so on. Proceeding in this
n— n

t t t t
way, we cover the whole period by not more than [—-‘ + [—1-‘ +- 4 [5-‘ + [I-‘ translates. It
n n—

is known that — + — 4+ — = Inn+O(1) (for instance, one can prove it using the integral [/"%).
n
t t t t
Hence, {——‘ + [—1—‘ +- 4 {5—‘ + {i—‘ = (Inn+O(1))t, and we have covered the period of length
n n—
nt by translates with the total area (Inn+ O(1))nt. Thus, the non-efficiency of this covering is

Inn+0O(1).
3.6.  We present the series of figures F; having the area Sy =2"2(k—1)!(k+1)! and diameter
k
dp =282 = 2k+ 1Sk < 28}, while v(Fy) > 3

For k=1, let F; be a cell. Suppose that k> 1, and the figure F;_; of area Sy_; and diameter d;_,
is already constructed. We construct Fj, as follows. Put on the line in a row 2k? —3 translates
of Fj_1, and put one more its translate on the distance of 2d;_; from them. Then, the constructed
figure F}, has an area 2(k*—1)S;_; =Sy, and diameter dj_; - 2k? = dj.

Consider a tiling by a figure F;. Choose any interval I of length 4dy; we claim that it contains
at least k translates of our covering. Clearly, the translate containing the middle cell of I lies in I,
and the distance between this translate and the border of I is at least dj_;. We can assume that
this translate is F}, itself.

Consider a “hole” in Fj, of size 2dy_1. Its middle cell is covered by some translate Fj+1t; in our
covering. It is easy to show that JFj +t; contains a translate of F,_; lying in our “hole”. Since Fy
consists of some translates of F;_;, we can consider our covering as the covering by the translates
of Fi_1. Then, inside a “hole” in the chosen translate of Fj_;, one can find a translate of Fj,_,, and
so on. Obviously, all the translates chosen are contained in k distinct translates of Fj (since each
translate lies inside a hole in the pervious one).




Thus, the “hole” in our Fj intersects with & —1 other translates in our covering. All these
translates are contained in [.

2dy
+ I 0 o 0000 e 7,
F2 Fa EmEEE N 7,
.
Hence, each interval with length 4dj contains at least k figures, hence the non-efficiency of Fj

is at least k > K
i — >
4d;, ~ 8

Hence, we have constructed the figure Fj, of area Sy, =2*2(k—1)!(k+1)! and non-efficiency >
1
nn } —1. Let us estimate (k+1)!. First,

k
S 100 _
v(Fr) > 5 Now, for every n > e'" choose k [3111111%

(k+1)! < (k+1)k =e*+D_ Furthermore, kln(k+1) <klnlnn < ilnn, hence (k+1)! <e™™/3 = y/n.
Finally, we get Sp =252(k—1)!1(k+1)! < (k+1)!* < (¢/n)® =mn, so the area of F;, does not exceed n.

k Inn
>_> .
From the other hand, v(Fy) > 8 ~ 48Inlnn

Note. The estimates in the last paragraph are not too raw. Actually, S, > (k+1)! > (k/2)%/2 >

1 Inl 1
eFnk “hence from klnk > on num., o

> 5t follows that S, > /.
Snnn 2 = 1g U follows that S > /n







HEBBIIIYKJIBIE TPA®BI HA COEPE 1 HA IIJIOCKOCTU

ITAHIMHA T'1O.

Bamaay npeacrapiaior K. Koxach, K. Kyovekusn u I, [lanuna

CoBceM HEJIABHO CTAJIO SICHO, ITO WHOT/IA BMECTO ITPUBBITHBIX BBITYKJIBIX 00BHEKTOB
OKa3bIBAETCS IIOJIE3HBIM PACCMATPUBATH OOBEKTHI, KOTOPBIE MAKCUMAADHO HEGHINYKADL.
Hampumep, BKIaabIBaTh B IJIOCKOCTD ILJIaHAPHBIE I'Padbl Tak, ITOOBI 0b1acT pasdoue-
HUsI MEHbBIIIE BCErO MOXOMU/IM Ha BBHIIYKJIBIE MHOIOYIOJIHLHUKH.

[Tpu 9TOM yCIEIIHO penaeTcst psiji Ha MePBbIil B3MVIsi] PA3PO3HEHHBIX TpobseM (3a-
naan Korreyum o miotHunkoir guHeiike, A. JI. AnekcanipoBa 0 eIMHCTBEHHOCTH BbI-
IyKJIBIX TTOBEPXHOCTEH, O IMMOCTPOEHNN AJTOPUTMa JIMHEHHOTO BJIOYKEHHUS B IJIOCKOCTD
JAHHOTO TTaHAPHOTO rpada).

M ocraercs MHOTO HepemeHHBIX 3aJlad Pa3HOro YPOBHS CJIOXKHOCTH. Hampmmep,
zastada Ne17 sBjsgeTcs odeHb CJIOYKHOM — JII000I MPOrpecc B 9TOM HaIllPpaBJICHUHU ObLI
Obl OYEHb MHTEPECEH.

Bor camas 3namenunTas 3a1a4a.

3agada o rroTHUIKOI JimHelKe. Fe chopmynmuposan B 1970 romy 3amedare/ibHbIII
reoMeTp, aBTOp MHOIUX pabor 1o Teopun kectkoctu P. Konnesmm.

Iromnuykaa sunelixa — 9TO JOMaHas HA IUIOCKOCTH C KOHEYHBIM YHCJIOM 3Be-
ubeB u 6e3 camonepecedennii. CMOTpeTh Ha Hee HYKHO KakK Ha T. HA3. WapHUupHbil
METAHUSM — YKEeCTKHe TIJIAHKH, CKPEIJIeHHble MeKIy cOoOOil IapHupaMHu.

H3omonueti IITIOTHUTIKON JTNHENKN HA3BbIBAETCS HEIPEPHIBHOE JIBIZKEHNE €€ 3BEHbEB
0 IJIOCKOCTH, B MIPOIECCE KOTOPOT'O HE IMOSBJIAETCS CAMOIIEpeceYeHnl 1 COXPaHAIOTCs
JITMHBL 3BEHBEB (& YIJIbI MEXKJLy COCETHUMU 3BEHbSIME MOTYT MEHSTbCSI KAK YTOJHO).

Besikyro i mIOTHUIIKYTO JIMHEHKY MOXKHO IIPEBPATHTH H30TONHEH (B IMJIOCKOCTH
crosia) B npsMosnHeiinyro? (em. puc. 1)

XoTd 3aj1a9a 0 IJIOTHUITKON JTMHEKe BHEIITHE MTOX0Ka Ha OJTUMIINA/IHYIO, Y Hee HeT
9JIEMEHTAPHOTO perienns (HeJapoM OHa CTosiia OTKpbIToi 30 Jer).

Puc. 1. Pacnpsimienne IIOTHUIKON JIMHERKHT
1



2 ITAHMHA T'.1O.

(1) Bazava o MWIOTHUNKOIL JIMHEKE B TPEXMEPHOM IIPOCTPAHCTBE.
Besikyto i stomanyto (6e3 camornepecedennii) B TPEXMEPHOM MPOCTPAHCTBE
MOXKHO PaCIpsIMUTD, n30eKaB caMOIlepecedeHnii B MPOTecce pacIpsiMIeHNsT !
(Bepositro, Ber 6bIcTpO Haiijere perienne, 0OJHAKO CTPOrOe JO0KA3aTeThCTBO
MOZKeT MOTPebOBaTh JOTMOJHUTEbHBIX 3HAHMUIA. )

MHoOroyroJibHUKM Ha IJIOCKOCTH U Ha cdepe. Loavwum kpyzom Ha cdepe Ha-
3BIBAETCSI TIepecederne cepbl ¢ MIOCKOCTBIO, MTPOXOIAIIEN depes3 ee MeHTP.

MHOTOYTOIBHUK — 5TO 3aMKHYyTasi JJOMaHasi 6e3 camoliepecevuernii (ee 3BeHbsT —
OTPE3KH Ha IJIOCKOCTH WJIN OTPE3KU DOJIBIIIX KPYTOB Ha cdepe) 1 OrpaHnIeHHas IacTh
IJI0CKOCTU (m/Tu chepbl), OrPAHIUYEHHAST STON JIOMAHOI.

MmuoroyroyibHUK He 00si3aH ObITh BBIIYKJIbIM. HeKoTopble ero yribl MOTYT OKa-
3aTbCsl OOJIbIIIE T — UX MbI Ha3bIBaeM HEBBIYKJIBIMHU. 1€ YIJIbl, KOTOpbIe MEHBIIE T,
HA3BIBAIOTCSI BBITYKJIBIMI.

(2) CymiecrByer i HA JIOCKOCTU MHOTOYTOJILHUK, Y KOTOPOIO POBHO JIBa BBIILYK-
JIbIX yruia?

(3) (Ilpocrasi, Ho ouenb BazkHas 3ajada. [lpurogaures B nanbueiiniem.) [Ipuseure
IPUMeD YeTHIPEXyTOIbHIKA Ha cdepe, y KOTOPOTrO POBHO 2 BBITYKJIBIX yIVIA.

Hesburykiabie rpadbi. ['pad Ha miockoctu win Ha chepe HA3bIBACTC HESHINYKAbLM,
eciu

e BCe pebpa — OTPE3KHU MPSMBIX, €CJI Tpad HAPUCOBAH HA IJIOCKOCTH, U OTPE3KU
OOJIBIIUX KPYTOB, eciu Ipad HApUcoBaH Ha cdepe;

e pebpa rpada He ImepeceKarTcd,;

e (ycsioBHE HEBBIYKJIOCTH) Y KazK/I0ii BepIuHbI Tpada HAlIeTCsT TPUMBIKAIOIIH
K Heil yros, 6osbmmit 7 (cM. puc. 2);

e BepIIUHBI I'pada JekaT B 00IIEM ITOJTOXKEHHU.

['pad masbBaeTca mpersaschmmvim, €ClIi U3 KayKI0f €ro BEPITUHBI BBIXOIUT POBHO
3 pebpa.
(4) IlpuBeure nmpuMep TPEXBAJEHTHOIO HEBBIMYKJIOTO Tpada Ha MIOCKOCTH.
(5) CymecrByer i HeBBIIYKJIBIH rpad Ha chepe paamyca 1, y KOTOPOro JJIHHbI
Bcex pebep menbie 1/10 u mroma/ip KaxK o n3 obsracreil pasdbuenns MeHbIIe

1/107
MaxkcuMmaJsibHbIe HEBBIIIYKJIble Trpadbl. ['pad Ha IJIOCKOCTH HA3BIBAETCS MAKCU-

MANBHOLM HEBBINYKAbLM, €CTTH K HEMY HEBO3MOXKHO J00aBUTH pebpo (He 100aBiisid HO-
BBIX BEPIINH), COXPAHUB [IPU 9TOM CBOCTBO HEBBIITYKJIOCTH.

Puc. 2. ®parmenTt HeBBIIYKIOTO rpada



(6)

(7)

HEBBIITYKJIBIE I'PA®BI 3

Puc. 3.

[IpuBeguTe IpUMEP MAKCUMAJIHLHOTO HEBBIMYKJIOTO rpada ¢ 12 BeprmmmHaMu Ha
[JIOCKOCTH. BepIuHbl He JTOJIKHBI JIeXKaTh B BBITYKJIOM ITIOJOXKeHHH (T. e. He
JIOJIZKHBI SIBJISITHCST BEPITHHAMI HEKOTOPOT'O BBIMYKJIOTO 12-yrOJbHUKA).
JlokaxkuTe, 9TO JIsI MAKCUMAJIBHOIO HEBBIMYKJ/IOrO rpada Ha IJIOCKOCTH BbI-
[TOJTHEHBI JBa YCJIOBUSL:

1. ImeeTcs 3aMKHyTast JOMaHasi, COCTosIIas u3 pedbep rpada, orpaHnInBaO-
mast HeKOTOPBIi BBIYKJ/IbIN MHOrOyroabHuK M. Bee pebpa u Bepmunbl rpada
JIEZKAT B 9TOM MHOI'OYTOJILHUKE.

2. Pebpa rpada paszdubator M Ha MHOTOYTOJBHUKHU, Y KAaXKJIOTO U3 KOTOPBIX
POBHO 3 BBIITYKJIBIX yTJIA.

Dopmyna diisepa. g cBasnoro rpada Ha ILIOCKOCTH Wik Ha cdepe BepHa (hop-
MyJ1a Ditrepa:

V-E+F=2,

rje V' — uucnio Bepmun rpada, F — uucio pebep, F — uuncio obsacreit pa3oueHust
(st rpadoB HA MIIOCKOCTH HEOTpaHUYeHHAs 061aCTh pA3OMeHNsT TOXKe YIUTHIBACTCH ).

(8) Ilycrs I' — MakcuMaIbHBIN HEBBITYKJIBIH rpad Ha miockoctu. Jlokaxkure, 9ro

E =2V -3.

(9) IIpuBemure nmpuMep HEBBIMYKJIOrO Tpada Ha cdhepe TaKoro, ITo

a) E =2V —2
6) E = 2V + 2007

(10) a) Mozxmo qm rpad 1 (cm. puc. 3) mepepucoBaTh Ha IVIOCKOCTH B HEBBIILYK/IOM

suzie? (“IlepepucoBars”"o3Hauaer mocrpouTh rpad ¢ APYIUMHU BEPITHHAME H,
BO3MOKHO, C JIPYTUMH JJIMHAMEI pebep, HO COXPAHUB COOTBETCTBHE BEPIIWH U
pebep.)

6) Moo ji rpad 1 (cm. puc. 3) nepepucoBaTh Ha IJIOCKOCTH B HEBBITYKJIOM
BHJIe TaK, 9TOObI HeorpaHudeHHas 00J1acThb pa30ueHus ObLaa Obl JOIOJIHEHIEM
TpeyroJibHuKa ?

B) Moo ji rpad 2 (cM. puc. 3) nepepucoBaTh Ha MJIOCKOCTH B HEBBITYKJIOM
Buge?



ITAHMHA T'.1O.

3AILA‘—IH, NNPEAJIOZ2KEHHBIE ITOCJIE ITPOME?KYTOYHOI'O ®MHUIIIA

TpexBajsieHTHbIe HeBbINYKJIble Trpadbl. HeBbimykibiii TpexBajgeHTHBIH Tpad do-
nYcKaem npasusbHY0 PACKpacky, eCln KaXKa0e ero pedpo MOXKHO MOKPACUTbh B Kpac-
HBII WJIM CHHUI I[BET TaK, 9TO Y KayK/I0f BEPIMHBI PACKPACKA BBITJISIUT OJHUM U3
JIBYX CJIEJIYIONIUX CIIOCOOOB, CM. puc. 4 (1Ba KpailHuX pebpa OKpAIeHbI B OJMH IIBET,
a pebpo TmocepeiHe — B JIPYTOii).

(11)

(12)

(14)

Cy1ecTByeT Ji TpexBaJIeHTHbIH HEBBINYKJIbIH rpad Ha [JIOCKOCTH, JIOMYCKAIO-
Uil IPABUIIbHYIO PACKPACKY !
Cy1ecTByeT Jin TpexBaJIeHTHbIH HEBBIYKJIbI rpad Ha cdepe, T0mycKaomnmi
HPABIJIBHYIO PACKPACKY

a) XOTb KaKOU-HUOY/Ib (6€3 JTOMOTHUTELHBIX OTPaHUIeH it )?

6) JuHBL pebep KOTOPOro MeHbIIe 77

B) JUIUHBI pebep KoToporo menbiie /1007
[Tycrs I' — HEKOTOPBIN TpexBajleHTHBI HEBBIMYKJIBIT rpad Ha cdepe, jomyc-
KONl IpaBUIIbHYIO0 packpacky. [locraBuM B cooTBeTCTBHE KaxK0il 061acTi
paszbuenns « qucsio n(a), 0bo3HaAIEe IUCJIO [IepeMeH IBeTa pebep npu 06-
xoJie oblacT o 1o nepumerpy (Hampumep, i obactu Ha puc. 6 n(a) = 4).

Bynem canrars, aro paBenctso n(a) = 0 He BLITOIHEHO HI I Kakoii o6/a-
CcTH pa30ueHus.

a) (IIyrka) Moxer s mis Kakoit-ro obactu pasouenus s rpada [ Bbi-
nosaATees n(a) = 2007 ?

6) (Ormroap me mytka) MozKer Jii Jyist KaKoii-T0 00/1acTi pa3sOUCHust BBIIOJI-
HATBCA n(a) =2 7
[Tycrs ' — TpexBasieHTHBIN HEBBIYKJIBIT rpad Ha cdepe, JoIycKaromuii mpa-
BIWIbHYIO packpacky. Ilycrs N(I') — uncio obsacreil pasbueHus Takux, 4ro
n(a) = 2. [okaxwure, aro N(I') > 4.

Puc. 4. IlpaBunbuass packpacka Puc. 5. @parmenT rpada ¢ npaBuIbHOI pacKpackoi

Puc. 6.



HEBBIITYKJIBIE I'PA®BI 5

Puc. 7.

(15) Tlpueeaure puMep MPaBUIBLHO PACKPAIIEHHOTO TPEXBAJIEHTHOIO HEBBIITYKJIOTO
rpada Ha cdepe, JIHHBL pebep KOToporo Menbire 7 u Jyist Koroporo N(I') = 4,
6, 8, 10 ...

(16) ITpuBemure mpuMep MPABUILHO PACKPAIIIEHHOTO TPEXBAJICHTHOI'O HEBBIITYKJIOTO
rpada Ha cdepe, JUTHHBL pebep KOTOporo Menbie m, u st Koroporo N(I') = 5.

(17) Umeercst koneunswlit Habop Touek Ha cdepe. [Ipn Kakux ycoBusiX OH SABJIs-
ercsl MHOYKECTBOM BEPIIMH HEKOTOPOT'O HEBBLIIYKJIOIO TPEXBaJECHTHOTO I'pada
Ha cdepe, JOMYCKAIOIIEro MpaBmiibHyo packpacky? (Haitaure xors 661 Kakoe-
HUOY/ b HETPUBUATIHLHOE HEOOXONMOe W JOCTATOYHOE YCJIOBHE. )

HeuzoTonHable niapHUpHBbIE MeXaHU3MbI. [IpeIo/ioKuM, 9To OJIMH U TOT Ke rpad
HApPUCOBaH Ha IIockocTH (min Ha cdepe) aByMs pasHbiMu criocobamu 'y u 'y, HO Tak,
YTO JIJIMHBI COOTBETCTBYIONIUX pedEp OJUHAKOBBI. JTO HAJIO MPEJACTABIATH cede Tak:
B3s1/IM MIAPHUPHBIA MEXaHU3M, COOTBETCTBYIONINI JJAHHOMY Tpady, U YJIOXKUIN ero Ha
IJIOCKOCTD (Wi Ha cdepy) JAByMsi PA3HBIME CIIOCOOAMU.

Bynem roBopuTh, 9TO MOJIOZKEHNE MAPHUPHOTO MexanusMa [y uzomonto mosozxe-
muio [y, ecu ') MOXKHO TepeBecTH (He OKUIast IIOCKOCTH WK ¢Pephl) B MOJIOKEHHE
I'y, nzbexkaB 1pu 9TOM caMoOIIepPECeIeHUIA.

(18) Ilpueeaure mpuMep MAPHUPHOIO MEXAHU3Ma C JABYMsI HEH30TOMHBIME TTOJIOXKe-
HUSIMU.
(19) Cymnepkpacussbiii mpumep (E. Demain)

[Momobpas mogxosiue JymHbl pebep, mepepucyiite mayka (cm. puc. 7) Ha
IUIOCKOCTH JBYMsS HEM30TONHBIME criocobamu. IIpm sToM y mayka Bce HOI'm
JIOJIZKHBI ObITH OJMHAKOBBIMU (BCe YaCTH HOT JI0 KOJIEH JOJIZKHBI UMETh OJIHA~
KOBYIO JIJINHY, BCEe 9aCTH HOT OT KOJIEHA JI0 CTYITHH JOJZKHBI UMETh OJINHAKOBYIO
JUIAHY, U BCe CTYIHH TOXKe JIOJKHBI ObITH DABHBI).

(20) Haiiure 1Ba HEM30TOIHBIX PACIIONOKEHHsT Ha cepe deThipex OOJIbIIHIX TTOJTY-
kpyroB. (MHbiMEU cjioBaMu, IIAPHUPHBI MEXaHU3M y HAC TaKoii: y Hero 8 Bep-
mH, pa3buTbie Ha 4 mapbl, KaxKias mapa coeiuHeHa pedpOM JIJIMHBI 7. )



HEBBIIIYKJIBIE TPA®BI HA COEPE 1 HA IIJIOCKOCTU
PEIITEHN 41

ITAHIMHA T'1O.

(1) Bamada o MIOTHUAIKOI JUHEHKE B TPEXMEPHOM MTPOCTPAHCTBE.
Her, me Begxyio. Ecim momanast 3aBsazana y37oM, a ee “KOHIIBI JTOCTATOTHO
JUIMHHBIE, TO HeMb3s (cM. puc. 1).

(2) HeT, HE CYHIECTBYET, TaK KaK BCAKUN MHOI'OYTI'OJIbHUK Ha IIJIOCKOCTU COACPZKUTCA
B BbIHyKJIOfI 000/109KEe CBOUX BBIITYKJIBIX BEPIIIWH.

(3) A mas cepsl mpebIIyIee paccysKieHne He MPOXOJNT, Tak Kak Jijid cdepu-
YeCKUX MHOTOYTOJIbHHKOB HET MOHATHS “BbIMyKjas obosouxa”’. [Ipumep (c.
pHC. 2) MOYKHO ITOCTPOUTH Tak. Bo3bMeM JBe IPOTHBOIIOIOKHbBIE TOUKH Ha ce-
pe U coeIMHUM JIByMsI pa3HbIMu OosibiiuMu nostykpyramu. [losyaures mHOTO-
YIOJBHUK C JIByMs BEPIIUHAME W JBYyMsi cTOpoHamu. Takoit MHOIOYTrOJIbHUK
MOKHO CJIeJIATh CKOJIb YTOJHO Y3KUM (9TO HMPUTOAUTCs B JasbHeiimem). [Tepe-
JIOMUB HYKHBIM 00Pa30M €ro CTOPOHBI, MOJYIUM YETBIPEXYTOJbHUK C JIBYM
BBITYKJIBIMU yriaMu. [Ipy 9ToM mexo/Hbie MOIOKEeHns IBYX BEPIINH MEHAIOT-
Csl — MHOTOYTOJIbHUK Y/IJTHHSICTCS.

(4) Hampumep @

/J

Puc. 1. Puc. 2.

Puc. 3. Puc. 4.
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Puc. 5.

PasmecTum Ha cdepe 1Ba HelepeceKaommuxes IK3eMILIgpa rpada ¢ puc. 3. 1z-
MEHHM TI0JTyIeHHbIN Tpad, 100aBUB K HEMY JIB€ HOBBIC BEPIIUHBI U OJIHO HOBOE
pebpo, COXpAHWB TIPH STOM CBOHCTBO HEBBIMYKJIOCTH (CM. puc. 9).

[IpumenuB 3Ty Hponeypy MHOTO pa3, MOXKHO M3MEJIbIUTh UCXOJIHOE Pas3Ou-
eHue.

Y100bI MOCTPOUTH TPEOYEMbIil PUCYHOK, IIOMECTHM ITPOU3BOJILHBIM 00pa30M Ha
IJIOCKOCTH 12 TOUeK (He B BBIMYKJIOM IOJIOXKeHUH) u OyjeM 100aBadaTh pedpa,
COXPaHdAA CBONCTBO HEBBINMYKJIOCTH. Pano mim mo3aHo HoBoe pedbpo Oymer Jio-
0aBUTH HEBO3MOKHO, UTO O3HATAET, ITO MBI MOJIYIMIN MAaKCUMAJIbHBIH rpad.
Hanpumep, Tak 0bu1 osyden rpad Ha puc. 4.

Jlokazkem cBoiicTBoO 1.

[Ipeamonoxkum nmporueHOe. PaceMorpum BeITyKTyio 00601049Ky C' MHOXKECTBa,
BCeX BepIUH rpada U ee CTOPOHY, He ABJIAIONLYIocsad pebpoM rpada. Ee mox-
HO J100ABUTH K HMCXOJIHOMY Tpady B KadecTBe HOBOro pebpa, HE CO3JIaB IIPHU
9TOM CaMoIllepecevdeHuil 1 He HApYIINB HEBBITyKa0CTH. [lomyammm mporuBope-
qre MaKCUMaJIbHOCTH.

JlokazkeMm CBOHCTBO 2.

[IycTh B HEKOTOPOM MHOIOYTOJIBHUKE K 0OJIBbIIE TPEX BBILYKJIBIX YII0B. Pac-
CMOTPUM J[BE HECOCEIHUE BBIYKJIble BepiuHbl K (T.e. Takue, KOTOpPbIe pasJie-
JIEHBI JIDYTUMHU BBIMYKJIBIME BepiimHaMu Ha rpanure K ). O6o3Hadnm ux depes
A n B. PaccmoTpuM KpaTdaifinmii myTh, JeXKaIlimil BHyTpU MHOTOYTOIbHIKA /K
coeIMHSTIONTII BepmuHbl A 1 B. DTOT yTh — HEKOTOPAast JJOMaHast, 00si3aTe b
HO cojiepzKalliasi OTPEe30K, He Jiexkarnuii Ha rpanuie K (cum. puc. 5). Ero moxk#o
JI0OABUTH K MCXOJHOMY Tpady B KadecTBe HOBOIO pedpa, He CO3JaB IPH ITOM
camMmolrepecevueHnit 1 He HaPYIIUB HEBBIITYKJIOCTH.

[IporuBopeune MakCHMaJIbLHOCTH.

Bocrnonbsyemes mpeapiyineii 3a1aqeit.

[Tycrs B mamewm rpade V' Beprima u E pebep. Torma (mo dbopmyste Diinepa)
qucsio obsacreit pazbuenusa F pasuo 2 — V 4+ E. Ilojgcunraem obiee 9ucio
BBITTYKJIBIX yIyioB C' JI/TsT BceX 0DJIacTell JIByMsl CIIOCODAMM.

C oHOI CTOPOHBI, KaxKJIas OrPaHUIeHHasi 00JIACTb JaeT POBHO 3 BBIIYKJIBIX
yrua. Crenosarensro, C' = 3(F — 1) =3(1 -V + E).

C zpyroit CTOPOHBI, P KaxKI0W BEPIINHE €CTh TOJBKO OIUH HEBBIITYKJIbIi
yroJi, a gucjio Bcex yrioB pasuo 2F. Crnemoarensho, C'= 2K — V.

KoMOunupys sTu j1Ba paBeHCTBA, MOJIydaeM TpedyemMoe.



(9)

(10)

(11)
(12)
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Puc. 6.

g

Puc. 7.

AmnajiornaHoe yTBepKIeHUE JJIsT MAKCHMAJIbHBIX HEBBIMYKJIBIX IpadoB Ha cde-
pe HeBepHO, TaK KakK Ha cdepe CymecTBYIOT chepriecKne MHOTOYTOJbHUKH C
POBHO JIBYMsI BBIIYKJIBIME yrytamu (cM. 3ajgady 2). [losromy Bbrdamcienne u3
MIpEeJIBLIYIIEN 3aa91 MeHsAeT s, 1 3HaUeHneM BblpaykeHns: F/—2V MoyKHO ympas-
JISITh, BAPbUPYS YHUCJIO MHOTOYTOJBHUKOB C POBHO JBYMs BBITYKJIBIMH yTJIAMHU.

Ha npakTuke 310 BoityigauT Tak. Pacmosiozkum #Ha chepe D deTbipexyroibHu-
KOB u3 3aj1a4u 6 (Ha puc. 6 moka3aHo PacIoOKEHUE YeThIPEX YeThIPEXYTOJIbHU-
koB). JlobaBum pebpa Tak, 4ToOBI Oy IeHHbIH Tpad OKa3a/Icsd MAKCUMAJIbHBIM
HeBbIyKJIbIM. [logcuer Bepiun u pedep naer F =2V + D — 6.

(a) Moxnuo. Hajio B39Th BBIMYKJIbI 18-yrOJILHUK U [IPOBECTU B HEM COOTBET-
CTBYIOIIUE JIMATOHAJIH.

(6) Mozxkno. DroT rpad mosydaercs u3 mMOJHOTO rpada ¢ TpeMs BepIiHa-
MU (POBODsI TIO-TIPOCTOMY, M3 TPEYTOJIbHUKA) TOCIEI0BATEIbHBIM TIPUMEHEHUEM
MIPOIIEYPDI CJICIYIONIEro TUIa: K rpady J100aB/IsieTcs HOBas BEPIITHHA U COETH-
HseTcs pedpaMu ¢ HEKOTOPBIMH JIBYMsI CTAPBIMHU BEPITHHAMU. DTy OIEPAIUAIO
MOKHO TMPUMEHATH, COXPaHss CBONCTBO HEBBITyKJIOCTH. Hasmo nadarh ¢ Tpe-
YTOJIbHUKA U JT0OABJISITh KarKJIbIil pa3 HOBYIO BEPINUHY BHYTPb HETO.

(B) Henbzst. Dror rpad cofepRuT B KadecTse moArpada moJHbiil rpad ¢ ge-
THIPbMsI BepruHamu (T. e. rpad ¢ 9eTbIPbMsT BEPITHHAMUI, KAXKJIbIe JBE U3 KOTO-
PBIX COeJIMHEHBI PeGPOM ), a Takoii rpad HEBO3MOXKHO HAPUCOBATD Ha ILJIOCKOCTH
HEBBITYKJIbIM 06pa3oM (cM. 3a1a4y 8).

Her. 9710 ciieyer us paccyKjieHnii, aHAJTOTUIHBIX PENIeHUIo 3a1a49u 14.

Ha.
a) CM. pHCYHOK 7.

6) Ha puc. 8 m3obpazkeHbl BEpXHsIsl U HUZXKHsAST TOTYyChEPHI.
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(14)
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Puc. 8.

Puc. 9.

B) Onurem ceyomyo Iporeaypy “usmenbuenns’. Ecan e Toukm, jiexka-
e Ha pebpax KpacHoro IBeTa, MOYKHO COCIUHHUTH OTPE3KOM, M30eKaB Imepe-
cedenuit ¢ rpadoM, TO MOXKHO 9yTh IEPEJIOMHUTHL 9TH pedpa U J00aBUTH HOBOE
pebpo curero mpera (cM. puc. 9) AHAJIOIHYHBIM 0OPA30M MOYKHO BCTABJIATH
KpacHble pedpa, COeUHSIONINEe CUHUE TOUKH.

[Ipumensist 3Ty nporie/Lypy MHOIOKPATHO, MOZKHO U3MEIBLIUTD I'pad U3 MpeIbl-
Jyiiero nyHkTa. (3abasHo, 9To rpad Ha puc. 7 Tak U3MEIBIUTH He YIacTes).

a) Her, Tak kak "mcyio n(a) J0IKHO GbITH YETHDBIM.

6) 3amMeTnM, YTO BBILYKJ/bIC BEPIINHLI OOJIACTH — 9TO B TOYHOCTH TE€ BEP-
IIUHBI, B KOTOPBIX HPOUCXOJUT IiepeMeHa Isera. [[o9roMy Ha IUIOCKOCTH 9TO
HEBO3MOXKHO, TaK KaK He CYIIECTBYET IJIOCKUX MHOIOYTOJIbHUKOB C DOBHO JIBY-
Ml BBILYK/IbIMU yriiamu. A Ha cepe Bosmoxkuo. Hanpumep, rpadsr Ha puc. 10
JIOILYCKAIOT TIPABUIBHYIO PACKPACKY U JIAIOT 110 8 MHOTOYTOJIbHUKOB, ¥ KOTOPBIX
YHUCJIO TIepeMen IiBeTa paBHO 2. B JIeBoil 9acTi 9TH MHOTOYTOJILHUKE — JBYY-
rosipHuKN. [Ipremom u3 3a/iaqu 6 MX MOXKHO IIPEBPATUTH B YETHIPEXYTOJILHAKN
B IIPaBO#A 4aCTU PUCYHKA.

[Iycts B namem rpade V' Beprun u E pebep. U3 Tpexsasientnoctu rpada
ciepyer, uro F = 3V /2. U3 dopmyssl Diijiepa caeayer, 9To IUCI0 0bJIacTei
pasbuenns F'=2 -V + E=2+V/2.
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@»

Puc. 10. TTokazana To1bKO BepXHss MOJTycdepa; HUKHsIST BBITJISIIAT aHAJIOTITIHO.

(18) A_A A Wi, ckazkeM, .—I_.

(19)

W
€e

Puc. 11.

Boraucimm obiiee aucio H mepemen 1mBera 110 BceM 00JIacTaM pa3OMeHus.
Kaxxnas obsracts gaer smmbO J1Be mepeMeHbl IiBeTa, JTUO0 He MeHbIe YeThIPex.
Crenosaressro, H > 2N(I') + 4(F — N(I')) = 4F — 2N. CuenoBarebHo,
N >2F — H/2.

C zmpyroii cTOpPOHBI, IPU KaXKI0H BEPIINHE BO BCEX IPUJIETAIOMNX K Heil 00-
JIACTAX, BMECTE B3SITBIX, IIPOUCXOAAT POBHO JBE IEPEMEHBLI IIBeTa. JTO JaeT
H=2V.

KoMOuHIpPYyst 9T0 paBeHCTBO H IOCIEAHee HepaBeHCTBO, noaydaeM N > 2F —

H/2=4+V -V =4

Pemenne nanomunaer pererne 3a1aan 9. [omecrum Ha cdepe N (I') mryk qe-
TBIPEXYTOJLHUKOB C ABYMS BBITYKJILIME yTJIAMU U JOIOJHUM JI0 TPEXBAJICHTHO-
ro rpada (cm. puc. 10). Tlomyuennstii rpad gomyckaer IpaBUIbHYIO PaCKpac-
Ky (a Ipu HEYETHOM YHCJIEe YeThIPEXYTOJbHUKOB — HET, TI09TOMY CJIeIy oIl
IYHKT CJIOZKHEE).

Ha puc. 11 uzobpazkeHbl BepXHAA U HUXKHSAA TOJTyChEpHI.

* Dra 3asava ciaoKHas W [OKa He pelleHa. JI100oil mporpecc B ee perieHun
oueHb mHTEpecyeT Ju4aHO aBropa cepun 3aad ([lanuny I 1O.).

Cwm. puc. 12



ITAHIHA T'.1O.

Puc. 12.

Puc. 13.

(20) dna xaxkgoro u3 mosioxkenuit (cm. puc. 13) mocrpoum rpad ¢ 4 BeprmHamu
[0 CJIeIyIoNeMy TpaBuiy. Bepimuabl rpada coOTBETCTBYIOT GOJIBINUM IOy~
kpyram. /IBe Bepmimabl (ckazkeMm, 1 u 2) coe/HeHBI PEOPOM TOTA U TOJBKO
TOr/Ia, KOIJIa KAKOH-HUOY/ b U3 COOTBETCTBYIOIINX MOJTYKPYIOB (CKaZKeM, MOJTy-
Kpyr 1) MOXKHO MPOJIOJIZKUTH TaK, YTO €ro IMPOJIOJIZKeHIe BHAUAJE [epecekaer
HOJTyKpyT 2 (a y2Ke mocjie Hero — Bece ocrasbhbe). OCTazoch 3aMeTuThb, 9To

— JIBa NIPUBEJIEHHBIX OJIOKEHUs JIAIOT pasHbie rpadbl,
— U30TOIHBIE TIOJIOZKEHUS JIAIOT OJMH U TOT Ke rpad.

P.S. Crout nioceruts ciieyromue caiiTbl — TaM MHOIO 1 3a0aBHOIO, M CEPHE3HOIO.
http://theory.csail.mit.edu/ edemaine/linkage/animations/
http://www.ams.org/featurecolumn /archive /links1.html
http://www.arxiv.org/abs/math/0612672

Ckopo BBIfi/IeT HHTEpeCcHas KHATA:
http://www.cambridge.org/catalogue/catalogue.asp?ishn=0521857570



POINTED GRAPHS IN THE SPHERE AND IN THE PLANE

GAIANE PANINA

Presented by K. Kokhas, K. Kujumdjan, and G. Panina

As it was recently discovered, sometimes it makes sense to consider objects that are
as non-convex as possible. For instance, to embed planar graphs in the plane such that
the tiles do not look like convex polygons.

This helps to solve a series of problems which seemed to be independent: A.D. Alexan-
drov’s problem on uniqueness of convex surfaces, carpenter’s rule problem, some algo-
rithmic problems on graphs embeddings...

Many problems are still to be solved. For instance, the problem N 17. Any progress
in this direction would be of a great interest.

Here is the most popular problem.

Carpenter’s rule problem. It was formulated in 1970 by the leading authority in
the rigidity theory R. Connelly.

A carpenter’s rule is a non-crossing broken line in the plane with a finite number
of edges. It should be considered as a so-called linkage or a bar-and-join mechanism,
i.e., a collection of rigid bars (line segments) that are hinged together at the endpoints
(vertices) so that they can rotate with respect to one another.

An isotopy of a carpenter’s rule is its continuous movement in the plane which avoids
self-intersections and preserves the edges lengths.

Is each carpenter’s rule straightable in the plane (the self-intersections should be
avoided during the straightening)? (See Fig. 1)

Although the carpenter’s rule problem looks like an olympiad one, it has no elemen-
tary solution (the problem has been open for 30 years).

Figure 1. Straightening of a carpenter’s rule
1
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(1) Carpenter’s rule problem in the 3-dimensional space.
Is each non-crossing broken line straightable in R3?
(Mostly probably you will find a solution, but a detailed proof would need
some advanced knowledge.)

Polygons in the plane and in the sphere. A great semicircle in the sphere is the
intersection of the sphere with a plane passing through its center.

A polygon is a non-crossing closed broken line (its edges are line segments in the
plane or the segments of great circles in the sphere) taken together with a bounded
part of the plane (or the sphere) bounded by the broken line.

A polygon can be non-convex. Some of its angles can be greater than 7. Such angles
are called non-convex. The angles smaller than 7 are called convex.

(2) Does there exist a polygon in the plane with exactly two convex angles?
(3) (A simple but a very important problem. To be used in the sequel.) Draw a
4-gon in the sphere with exactly two convex angles.

Pointed graphs. A graph in the plane or in the sphere is called pointed if

e all its edges are line segments (for a graph in the plane) and segments of great
circles (for a graph in the sphere);

e it is non-crossing (its edges have no intersections);

e (pointed property) every vertex is incident to an angle greater than 7 ( Fig. 2.);

e its vertices are in generic position.

A graph is called trivalent if each its vertex has exactly three adjacent edges.

(4) Draw a pointed trivalent graph in the plane.
(5) Does there exist a pointed graph in the sphere of radius 1 such that the area of
each tile is smaller than 1/10 and all its edges are shorter than 1/107

Maximal pointed graphs. A graph in the plane or in the sphere is called mazimal
pointed if it is impossible to add a new edge (without adding new vertices) preserving
the pointed property.

(6) Draw a maximal pointed graph with 12 vertices in the plane. The vertices must
not lie in convex position (i.e. they shouldn’t serve as vertices of some convex
polygon).

(7) Prove the following two properties of a maximal pointed graph in the plane.

1. There is a closed broken line consisting of some edges of the graph and
bounding a convex polygon M. All vertices of the graph lie in M.
2. Each of the bounded tiles has exactly 3 convex angles.

Figure 2. Part of a pointed graph
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Figure 3.

Euler formula. For a connected graph in the plane or in the sphere, we have
V-E+F=2.

Here V' is the number of vertices, F is the number of edges, F' is the number of tiles
(for a graph in the plane, the unbounded tile is also taken into account).

(8) Let I' be a maximal pointed graph in the plane. Prove that
E=2V-3.

(9) Draw an example of a pointedgraph in the sphere such that
a) £ =2V —2.
b) E =2V + 2007.

(10) a) Can the graph 1 (Fig. 3) be redrawn in the plane as a pointed graph? (”To
redraw” means to construct another graph with another vertices (and possibly
with another edge lengthes), but preserving the vertices-edges correspondence.

b) Can the graph 1 (Fig. 3) be redrawn in the plane as a pointed graph such
that the unbounded tile is a complement of a triangle?
c¢) Can the graph 2 (Fig. 3) be redrawn in the plane as a pointed graph?

PROBLEMS PRESENTED AFTER SEMIFINAL

Trivalent pointed graphs. A pointed trivalent graph admits a proper coloring if
each its edge can be colored either red or blue such that at each of its vertices the
graph looks like as is depicted in Fig. 2 (two side edges are of the same color, whereas
the middle edge is of the other color).

(11) Does there exist a properly colored trivalent pointed graph in the plane?

Figure 4. Proper coloring Figure 5. Part of a properly colored graph
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Figure 6.

(12) Does there exist a trivalent properly colored pointed graph in the sphere?
a) without additional restrictions?
b) whose edges are shorter than 77
c¢) whose edges are shorter than 7/1007
(13) Let T" be a trivalent properly colored pointed graph in the sphere. For a tile
a denote by n(a) the number of color changes when going along the boundary
of a (for instance, for the tile in Fig. 6, we have n(a) = 4).
We consider such graphs that n(a) = 0 holds for no tile.
a) (A joke) Does there exist a graph and a tile such that n(a) = 2007 ?
b) (Not a joke at all) Does there exist a graph and a tile such that n(«a) = 27
(14) Let I' be a trivalent pointed graph in the sphere with a proper coloring. Let
N(T') be the number of tiles such that n(a) = 2.
Prove that N(I") > 4.
(15) Draw a trivalent properly colored pointed graph in the sphere such that its
edges are shorter than 7 and N(I') = 4,6, 8, 10...
(16) Draw a trivalent properly colored pointed graph in the sphere such that its
edges are shorter than 7 and N(I') = 5.
(17) Given a finite set of points in the sphere, under what condition it is the set of
vertices of some trivalent pointed properly colored graph?
(Try to find a non-trivial necessary or sufficient condition)

Non-isotopic linkages. Let a graph be represented by a linkage (a bar-and-join mech-
anism) in the plane or in the sphere in two different ways I'y and T's.

We say that the position I'y is isotopic to I'y if I'; can be pulled to the position I'y
without self-intersections. The edges lengths must not change during such a movement.

(18) Draw a linkage with two non-isotopic positions.

(19) A cool example (E. Demain)

Redraw the graph (Fig. 7) in the plane in two non-isotopic ways. The spider
must have equal legs. (L.e., the upper parts of the legs must be of the same
length, the parts from knees to the feet must be of the same length as well, and
the feet must be equal.)

(20) Find two non-isotopic positions of four great semicircles in the sphere. (In
other words, the spherical linkage in question consists of 4 disconnected bars of
length 7.)
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Figure 7.
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SOLUTIONS

GAIANE PANINA

(1) Not every. If a rule is knotted and its ends are sufficiently long, it is not
straightable (Fig. 1).

(2) No, it doesn’t, because a polygon is contained in the convex hull of its vertices.

(3) The above argument for the sphere is wrong since there is no convex hull for
spherical polygons. An example (Fig. 2) can be constructed as follows. Take
two antipodal points on the sphere and connect them by two different great
semicircles. We get a polygon with two vertices and two edges. Such a polygon
can be arbitrary narrow (this fact will be used later). Breaking somewhat its
edges, we get a 4-gon with 2 convex angles. Note that the positions of the
original two vertices change and the polygon gets longer.

(4) For instance, @ :

(5) Place on the sphere two examples of the graph from Fig. 3. The result can
be altered in the following way. Add two new vertices and a new edge as is
depicted in Fig. 9. The pointed property is preserved.

Repeat this trick sufficiently many times and get the required.

(6) To construct such a graph, put 12 points in the plane (in a non-convex posi-
tion). Start adding edges maintaining the pointed property. Sooner or later

N

Figure 1. Figure 2.

9 L[V

Figure 3. Figure 4.
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Figure 5.

this becomes impossible. This means that we get a maximal pointed graph.
For instance, see Fig. 4.
(7) Prove 1.

Suppose the contrary. Consider the convex hull C' of the set of all vertices of
the graph and an edge of C' which is not an edge of the graph. It can be added
to the graph preserving the pointed property. A contradiction to maximality.

Prove 2.

Let some tile K have more than 3 convex angles. Take two convex vertices
such that they are disjoint on the boundary of K by some other convex vertices.
Denote them by A and B. Take the shortest path from A to B lying in the
polygon K. It is a broken line containing some segment which doesn’t lie on the
boundary of K (Fig. 5). It can be added to the graph preserving the pointed
property. A contradiction.

(8) Use the previous problem.

Let V be the number of vertices of the graph and E be the number of its
edges. The Euler formula yields that the number of tiles F' = 2—V + E. Count
the total number C' of convex angles (for all the tiles) in two different ways.

On the one hand, each bounded tile gives exactly 3 convex angles. Therefore
C=3(F-1)=3(1-V+EFE).

On the other hand, each vertex gives one non-convex angle. The total number
of angles (both convex and non-convex) equals 2E. Therefore C'=2E — V.

Combining these equalities, we get the required.

(9) This statement for the sphere is wrong since there exist spherical polygons
with just two convex angles (see Problem 2). The number of such exceptional
polygons rules the value of the expression £ — 2V.

It looks like this. Place on the sphere D disjoint 4-gons from the problem 2
(Fig. 6 depicts four 4-gons). Add edges to get a maximal pointed graph. The
vertices-edges count shows that £ =2V + D — 6.

(10) (a)Yes. Take a convex 18-gon and draw necessary diagonals.

(b) Yes. A required graph can be obtained from a complete graph with 3
vertices (vividly speaking, from a triangle) by a consecutive applying of the
following operation. Each time we add to the graph a new vertex and connect
it with edges to two old vertices. This operation can be applied preserving the
pointed property. One should start with a triangle and add new vertices on it.

(c¢) No. This graph contains (as a subgraph) a complete graph with 4 vertices
(i.e., a graph with 4 vertices such that each pair is connected by an edge). It is
impossible to draw such a graph in the plane (see Problem 8).



POINTED GRAPHS. SOLUTIONS 3

Figure 6.

Figure 7.
Figure 8.

(11) No. The reasons are similar to those of solution 14.

(12) Yes.
a) See Fig. 7.
b) Fig. 8 depicts the upper and lower hemispheres.
¢) Describe the following refining operation. Suppose two points lying on
red edges can be connected by a segment avoiding intersections with edges of
the graph. Break somewhat the edges and add a new blue edge as is shown in
Fig. 9. Analogously, red edges connecting blue points can be added.



(13)

(16)
(17)
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Figure 9.

Figure 10. Depicted is the upper hemisphere. The lower one looks similarly.

I[terative repetition of this operation allows to refine the graph from the pre-
vious item. It is remarkable that the graph from Fig. 7 is not refinable in this
way.

a) No. The number n(«) should be even.

b) Note that the convex vertices of the tile are exactly those points where
the color changes. Therefore, such polygons in the plane do not exist, for there
are no polygons in the plane with exactly 2 convex angles. But this is possible
for the sphere. For instance, the graphs in Fig. 10 are properly colored. Each
of them gives 8 polygons with 2 color changes. For the graph on the left these
polygons are di-gons. The trick from Problem 6 turns them to 4-gons (the
graph on the right).

Let V' be the number of vertices, F be the number of edges. Trivalence of the
graph implies that £ = 3V/2. Euler formula implies that FF =2 -V + FE =
24 V/2.

Count the total number of color changes H taken over all the tiles. Every
tile gives either 2 changes or a number greater or equal than 4. Therefore,
H>2N(I")+4(F — N(I')) =4F — 2N. This yields N > 2F — H/2.

On the other hand, the three tiles adjacent to a vertex give exactly two color
changes. This gives H = 2V.

Combining this equality and the latter inequality, we arrive at N > 2F —
H2=4+V -V =4.

The solution is similar to that of Problem 9. Place on the sphere N(I') disjoint
4-gons with two convex angles. Add necessary edges to get a trivalent graph (see
Fig. 10). The graph obtained admits proper coloring. Note that for odd number
of 4-gons the graph obtained has no proper coloring, so the next problem is more
difficult.

Fig. 11 depicts the upper and the lower hemispheres.
* This is an unsolved problem. Any progress is of a great interest for the author
of the problems Gaiane Panina.
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Figure 11.

Figure 12.

Figure 13.

(18)A_4 A Or, say, I .

(19) See Fig. 12 I
(20) See Fig. 13
For every position of semicircles in Fig. 13 construct a graph in the following
way. The vertices of the graph correspond to the great semicircles. Two vertices
(say, 1 and 2) are connected by an edge if and only if one of the corresponding
semicircles (say, 1) can be prolonged such that the prolongation meets first the
semicircle 2 (and only after that it meets all the other semicircles). It remains
to observe that
— the two positions give different graphs,
— isotopic positions have the same graphs.



GAIJANE PANINA

P.S. It is worthy to visit the following web sites both for fun and for work.
http://theory.csail. mit.edu/ edemaine/linkage/animations/
http://www.ams.org/featurecolumn/archive/links1.html
http://www.arxiv.org/abs/math /0612672

An interesting book to appear:
http://www.cambridge.org/catalogue/catalogue.asp?ishn=0521857570






KBAIOPATUYHBIE NPPAITMOHAJIBHOCTHN
A. Benos-Kanenn, II. Ko3noB nu A. CkoreHKOB

Ilonga mbl uau nem,
Omueeco mbl HUAU MaK CMPAHHO 08€ MbICAYY AEM
b. I'pebenwuros, Basuaon.

BBenenue.

Teopema I'aycca. Kaavkyaiamop (sbiuucadiowut 4ucaa ¢ a6cos0mmos mouwnocmyio) umeem
KHONKY

17 +, ) X, : U \/
2w
(u neoeparnuuennyo namams). Ha amom KaibKyaamope MOHCHO BLIUUCAUMD YUCAO COS — MO-
n
2da u moavko moada, ko2da n = 2“py...p;, 20e P1,...,p; — PA3AUYHbIE NPOCbIE YUCAG BUIG

2% +1.

(ITepedopmynmupoBka Teopemsl ['aycca B TepMUHAX TOCTPOEHUIT MUPKYJIEM U JIMHEHKOM mpa-
BIJIBHBIX MHOTOYTOJIBHUKOB IIPUBOINTCS B OTCTYIJIEHUN U HE UCIOIB3YETCS B OCTAIIBHOM TEKCTE.
Wcropus sroit 3HamMenuToit TeopeMbl npusonutcs B [Gi]. Hesoamoxcnocmp B 5TOI Teopeme He
6buta sBHO mokasana ['ayccom [Gal, omHAKO BTOpOe MOKA3aTeNbCTBO HEBO3MOXKHOCTU B HACTOSI-
IIell 3aMeTKe MOXKHO IPUHATH 3a paccyxueHue [aycca.)

B sToit 3ameTke pemtaraeTcss HaGPOCOK IAEMEHMAPHO20 JOKA3ATNEALCMEA NPUEEIEHHOT Mme-
opemvl. OHO He UcoNb3yeT TepMuHOB 'Tpymnna [amya’ (maxke Tepmmua ‘rpymnma’) u ‘nose’ (moka-
3aTeJIbLCTBO HEBO3MOXKHOCTH MCIIOJIB3yeT KBAaIPATUIHBIE PACIIUPEHUS TOJIBKO MHOHCECTNEA Da-
YUOHAALHBIT wuces). HecMOTps HA OTCYTCTBHE MEPMUKOS, Udeu TPUBOAUMBIX NOKA3ATEIHCTB
— epynnupyl u 4acmeyl Win 06bedundl U 6.4acmeyli — SBISIOTCS OTIPABHON TOYKON IJIs
teopuu ["amya (cMm. duaocodckoe oTcTyIIIeHNE).

[IpuBoouMOEe MOKa3aTEIBCTBO U3BECTHO B MaTEMATHUIECKOM (DOJIBKIIOPE, OMHAKO aBTOpPaM He
yIIaJIOCh HAWTHU €r0 B SBHOM BUIE B JINTEPATYPE.

(OmemeHTapHOE OKA3aTEIBCTBO 603MoxHcHocmu mist n = 17 npusomures B [Ch, Gi, Po, PS,
Ko]. Hns obrero ciydast oHo HamedeHo B [Ga, Gi], rme sicHOCTH MellaeT mOCTPOEHUE OOIIEH
TEOPUU BMECTO IOKA3aTEeNIbCTBA KOHKPETHOrO pe3ynbTaTa.) OTHOCHTENbHO MpOCToe MOoKasa-
TEIBCTBO HEB03MONCHOCMY B [Vi, TiI. 5] mcmosmb3yeT moHsTHe 'paciimpenus moss’. DTO JoKasa-
TeITbCTBO, HAPSMIY C 3JEMEHTAPHBIM, M3JI0XKEHO B HACTOSIIEN 3aMeTKe, TPU 3TOM HeOOXOMUMBbIE
TepMUHBI HE BBOOATCS HEMOTUBUPOBAHHO BIPOK, a €CTECTBEHHO IOSIBIISIOTCS B IIPOIECCE Pa3-
MBIIIIJIEHUST HAM TPO6IIeMOl. DJIeMeHTapHOEe M3JI0KEHNE UIEU NPYTOro HEdIEMEHTapPHOTO MOKa3a-
TenbcTBa HEeBO3MOXKHOCTH cM. B [Ki]. IlepBoe mpuBommmoe mOKa3aTeIbCTBO HEBO3MOXKHOCTU B
TeopeMe ["aycca sBiseTcs anre6pandecKuM BBIPAXKEHUEM 5TOIl UIIen. )

[IpuBoouMBIE MOKa3aTETHCTBA BO3MOXKHOCTH M HEBO3MOXKHOCTU HE3aBUCUMEBI OPYT OT OPYTa,
YTO OTPaXkeHO W B HyMepauunu 3amad. B 5Tux moka3aTeabCTBaX HCIHOIb3YyeTCs OIpeneseHune
TIOCTPOMMOCTH M3 BTOPOTO OTCTYIJIEHUS W 5KBUBAJEHTHOCTH TEOPEMEBI |'aycca aHAJIOTUYIHON Te-
opeMe Il KOMNAeKCHO20 KaJlbKysaTopa (3amada D).

Hoka3aTeabCcTBa TPENCTABIIEHbl B BUE IIUKJIOB 3a/1ad. Perrrenne 3agad moTpedyeT OT MHOTTX
quTaTesell ycuanil (BIpoyeM, ObITHBI MAaTEMATUK, He 3HAKOMBII ¢ Teopueil ['atya, ¢ JJerkocThio
BOCCTAHOBUT PEIIEHUS TI0 IPUBENCHHBIM YKA3aHUAMEU Win naxe 6e3 Hux). OmHAaKO 5TH yCuius
OymyT CIIOJTHA ONPAaBIIAHBI TEM, UTO BCJEN 3a BEJIMKMMU MAaTEMATUKAMH B IIPOIECCE M3YUEHUS
WHTEPECHON TPOOJIEMBI YNTATENb MMO3HAKOMUTCS C HEKOTOPBIMHU OCHOBHBIMH WUIIESIMU aJIreOpHI.
Hanerock, 3TO TOMOXKeT UMTATEIIO COBEPIINTDL COOCTBEHHBIE HACTOJIBKO K€ TOJIe3HbIE OTKPBITHS
(me ob6s3aTeIBHO B MaTeMaTHKe)!

FEcmu ycmoBue 3amadm sBiseTcs yTBepXKIOEHWEM, TO B 3amade TpeOyeTcs 5TO YTBEPXKIEHUE
IOKa3aTh.



Ora 3amerka mpencrapiasiack 1I. Ilepradom m aBTopaMm B BHUOE IUKJIa 3amad Ha JleTHen
Koudepenuun Typuupa ['opomos B aBrycre 2007 (mo mpoMe:kyTOYHOrO (HUHUIIA MPEIIIATATIOCH
[IepBO€e OTCTYIUIEHNE U OKA3ATEIHCTBO MMOCTPOUMOCTH, & MOCJEe — MOKA3aTEeIbCTBO HEITOCTPOU-
moctn). CokpartieHubIil anriauiickuii nepeson (Boimonuenusii [1. Ilepragom n A. CKOIEHKOBBIM )
IOCTYTIeH Ha www.mccme.ru/circles/oim/materials/constreng.pdf.

Baaromapum O. b. Bumtepra, M. H. Bsamoro, A. C. I'omosanosa, II. A. Iepraua, A. N.
Edumosa, A. A. Kasunaueesa, B. B. IIpaconosa u I". YennokoBa 3a mosie3nbie 00Cy K I€HUS.

®dustocodckoe oTcTyIIIEHUE.

Nanoxenne mokazaTenbcTBa TeopeMbl ['aycca Ha s3bike 'Tpynm ['amgya’ memaeT ero Menee mo-
CTymHBIM. bBojee Toro, MHe KaxXeTcs, YTO UMEHHO C HOKA3aTeIbCTB, MOMOOHBIX MPUBEICHHBIM
31ech (a He ¢ TePMUHOB), TIOJIE3HO HAUMHATH u3ydeHue Teopuu ['amya.

IIpu u340AHCEHUU MAMEPUAAL HYHCHO OPUEHMUPOBAMLCI HA 00BEKMbL, KOMOPbLIE 0CHOBG-
meabHee 8CE20 YKOPERTIOMCA 8 UEA0BEUECKOT NAMAMU. IMO — 0MHIOOb HE CUCTNEMbL AKCUOM U
HE A02UMECKUE NPUEMBL 6 JoKazameabcmee meopem. Uzswmoe pewenue kpacusoti 3adauu, gop-
MYAUPOBKU KOMOPOTU ACHA U JOCMYNHA, UMeEm O0AbWE WAHCOB YOEPHCAMbCI 6 NAMIMU CMY-
denma, nexceau abcmpaxmuag meopud. Craxcem 6oavuLe, UMEHHO NO MAKOMY PEWEHUN, NPU
HAAUNUY HEKOMOPOT MAMEMAMUYECKOT KYAbMYPLL, CMYIEHM 8NOCAEICMEUL CMONCEM, BOCCMA-
HOBUMb Mmeopemuueckuti mamepuas. Obpammuoe dHce, KAK NOKA3LIBAEM ONBLIM, NPAKMUUECKU
nesoamoacro’ [Ko, mpenucnosue].

Mmue kaxeTcs, TAKOW CTUJIb U3JIOXKEHUS HEe TOJBKO CHeTaeT MaTepuals 60jee MOCTYIHBIM, HO
MO3BOJINT CWJIBHBIM CTYIeHTaM (IJIsi KOTOPBIX HOCTYIIHO Haxke abGCTPAKTHOE U3JIOXKEHUe) MpU-
obpecTu MaTeMaTUIYECKN BKYC U CTWAIb C T€M, YTOOBI Pa3yMHO BBIOMPATH MPOOJIEMBI IJIS WC-
CIIETIOBAHUS, & TAKXKe SICHO M3JIaraTh COOCTBEHHBIE OTKPBITHU, He CKPBIBasl OMINOKN (MIIH N3BECT-
HOCTHU TOJIyYEHHOTO Pe3yiIbTaTa) 3a upe3MepHbM Gopmanu3moM. K coxanenuto, Takoe (6ecco-
3HATEIBHOE) COKPBITHUE OIIUOKM YACTO MPOUCXOMUT C MOJIOABIMU MATEMATUKAME, BOCIIMTAHHBIE
Ha YIpe3MepHO (POPMAaIbHBIX Kypcax (IPOMCXOMAWIIO U C ABTOPOM 5TUX CTPOK; K CUACTHIO, MOUTH
BCe MOU OLINOKU UCIPABIIAINCH neped MyOIuKaIusIMT).

[IpuBomUMBIE TTOPOT B KavdecTBe MPUIIOXKEHU Teopun [ aitya moxaszaTerbCTBO TeopeMtl ['aycca
U IPyTUe pe3yabTAaThl O PA3PEIInMOCTH yPaBHEHUN B paauKajax HEyOeMUTEeIbHBI /I MOTHUBU-
POBKE 5TOI Teopuu (KaK U MPUJIOKEHNE K PEIIEHUI0 yPABHEHUN CTENEH! He BBIIIE YeTHIPEX
HEYOEMUTETHLHO IS MOTUBUPOBKY OOITIEN TEOPUN PA3PEIINMOCTY YPABHEHUN IPON3BOIBLHON CTe-
neHu B panukanax). IeiicTBuTenbHo, Teopema ['aycca mmeer sieMeHTApHOE HOKA3ATENIbCTBO,
He ucnonb3yomiee Tpynn [amya’. Teopema Pyddunn-Aberns o HepaspemmMocT B pagumKaiax
06we20 anrebpanIeckoro ypaBHEHNUs CTENeH b U Bl (KaK U IOCTATOYHOCTH yciioBus Kpone-
Kepa Hepa3peIINMOCTI B PANUKAIIAX KOHKDPEMHO20 YPABHEHUS TIPOCTON CTEIEHM) TAKXKe UMEeeT
anreGpanmveckoe MOKa3aTeIbCTBO, He ucnoib3yiomee tpymnn [amya’ [Ko, Pr| (u monosozuueckoe
nokaszarenbcTBo [Al]). B repmmuax Teopum [Mamya dbopmynupyercst oblmil KpuTepuil paspe-
IIIMOCTH KOHKPEMHO020 aIrebpanieckoro ypaBHEHIUS B PAINKAIaX, HO STOT KPUTEPUN HE HAeT
HACTOSIIIIETO PeIIeHnsT MTPOOIeMbl PA3PEIINMOCTH, a JIUIIh CBOAUT €€ K TPYOHOU 3aade BbIUU-
cieHus Tpynnsl ['ajgya ypaBHeHUs.

(Bosmoxkuo, umenno mostomy paborsl ['amya Gbuin 3a6eiThl Ha 20 JI€T TOCIE UX BBIXOOA —
TIOKa He TOSBUJIOCH BAXXKHBIX 3a0a4, IIPHU PEIEHUN KOTOPBIX yKe TPYIHO OOOUTHUCHL 6e3 Teopuu
lanya. Koneuno, mpuBeneHHas TUnoresa HyKIAETCSI B CEPHE3HON MIPOBEPKE. )

Onuako Teopus ['aiya BBIXOOUT majieKO 3a PaAMKH TPOOEMBI Pa3pelrnmMOCTH yPABHEHUN B
panukaiax. Ee momysmspusamuy mocayXKuT OaJabHENIas myoanKanus THTEPECHBIX TeopeM, Gop-
MyJIApyeMbIX 6€3 TOHITHUN Teopuu 1'ajlya, HO MPU HMOMBITKAX I0KA3aTh KOTOPBIE OHA €CTECTBEHHO
Bosuukaer. Ilpumepnr Takux Teopem mue coobimmmm A. 9. Benos, C. M. JlbBoBckuit u I'. P.
YemHOKOB (K COXAJIEHUIO, B NOCTYIIHOM MHE HAJaJIbHON yueGHOU jmTepaType 1o Teopuu I 'a-
Jiya MHE He yIaJjoCh HAUTHU TaKue TeopeMbl, GOopMyIupOBKa KOTOPBIX He Oblja ObI CKPBHITA IO



TOJIIENl O603HAYEHNIT 1 TEPMITHOB ).

OTcrynsieHue: CBA3b C MIOCTPOEHUSIMU HMUPKYJIEM U JIMHEWKOI.

A. Ucnonb3ys oTpe3ku OJIUHBL 4, b U ¢, MOXHO MOCTPOUTDH IUPKYJIEM U JIUHEAKOW OTPE3KU

mauHEet a + b, a — b, ab/c, v ab.

BertiecTBeHHOE UMCIIO HAZBIBAETCSA K6aAOPAMUUHOT UPDPAYUOHAALHOCTLIO, WA NOCTIPOUMbIM,
€CIIN ero MOXKHO MOJIy YN Th Ha HAIIEM KAJILKYJIATOpe (T.e. MOydYuTh U3 1 mpu MOMOIIN CIIOXKEHUS,
BLIUATAHNSI, YMHOXKEHUsI, NEJIeHIs] U N3BJIEUEHNS KBAIPATHOTO KOPHSI U3 IOJIOKUTETLHOTO YICIIA,).
Hampuwmep, gucia

14+2, 4\/52\/75, \V2V3, V243, \1+V2, ﬁ u cos3°

IIOCTPOUMEI. HpO IIOCJIEOHE OIBa YUCJ/Ia 5TO HE COBCEM OYCBUIHO.

B. JTio6oe mocTponMoe 4mcsio MOCTPOMMO IUPKYJIEM U JIMHENKON (masee CioBa 'THPKYJeM 1
JIMHENKON™ OIyCKAIOTs).

OToT npocToit (BeITekaolunit u3 A) pe3ynbrar ObIT U3BECTEH eltle npeBHuM rpekaM. OH moka-
3BIBAET, UTO U3 6blpa3umocmu B TeopeMe ['aycca BBITEKaeT nmOCMPouMocmyb COOTBETCTBYIOIINX
N-yTOIILHUKOB.

C*. Ocnosnag meopema meopuu 2eomempuueckur nocmpoenuti. O6paTHOE TOXKE BEPHO.

Orot HecoxubLl pesynsTaT [Pr, Ko| (mokasanHsril muiis B 19-M Beke) MOKA3BIBAECT, UTO U3 He-
sbipasumocmu B TeopeMe ['aycca BEITEKAET HENOCTPOUMOCTND COOTBETCTBYIOIINX N-YTOIBLHIKOB.

Ilsis ero mokasaTenbCTBa PACCMOTPUTE BCe BO3MOXKHBIE CIIydan MOSBIICHUS HOBBIX OOBEKTOB
(TOuek, mpsAMbIX, OKpy2KHOCTEH ). [okaxkuTe, 9T0 KOOPAMHATHI BCEX MOCTPOEHHBIX TOUEK U KO3(D-
bUIIEHTHl yPABHEHNUI BCEX HMPOBEASHHBIX MPSIMBIX U OKDPYKHOCTE SBISIOTCS KBAADATUIHBIME
uppanmonansaocTsasMu. Cm. neramu B [Ko, Pr].

D. Eciu koMIiekcHOe 9rciio KOMIUIEKCHO TTOCTPOUMO (OIpenesieHne aHAJIOTMIHO, TOJIBKO KBa-
NpaTHBIE KOPHU U3BJIEKAIOTCS U3 MTPOM3BOJIBLHBIX YK€ BHIPAXKEHHBIX YMCET U MOXKHO OpaTh J1I060e
3HAYEHNEe KBAIPATHOTO KOPHsI), TO €r0 BEIeCTBEHHAs U MHUMAs JYaCTH (BEIECTBEHHO) MOCTPO-
VMBI,

Yxkazauue. Eciaun va + bt = u + vi, TO u, v BEIpaxKaiTCsI 4epe3 KBaapaTHBIE PAIUKAJILI depes
anb.

E. Eciau npaBuiIbHBIT MN-yrojbHAK TOCTPOUM, TO U IPABWIBHBIA 1M-YTOJIBHUK IIOCTPOUM.
F. [IpaBunbHBIE 3-YyTOIBHUK U 5-yTOJIBHUK TOCTPOMMBI.

G. IlpaBunbuseiit 120-yronpuuk nmoctpouM. Wim, SKBUBAJIEHTHO, YTOJI 3° IMOCTPOUM.
Yxkazanue. Ecan He momydaeTcs, TO CM. HaJiee.

H. Ecnu mpaBU/IbHBIN N-YTOJIBHUK TTOCTPOUM, TO U TMPABUIBHBINA 2N-YTOJIBHUK TTOCTPONM.
Yxkazanue. [lomyuaeTcs meseHumeM yriia MOMOJAM WU TPUMEHEHUEM (POPMYITBI TTOJIOBUHHOTO
yria.

I. IlycTs mpaBubHBIE M- U N-yroabHUKE noctpouMsl, npuaem GCD(m,n) = 1. Torma
MIPaBWIBHBIA MN-YTOJIBHUK TTOCTPOUM.
Ykasauue. Tak kak GCD(m,n) = 1, To cymecTByioT uense a,b takue, uro am + bn = 1.

Iloka3zaTesnbcTBO BO3MOXKHOCTU B TeopeMe ['aycca.
HerpynHo moka3aThb BO3MOXHOCTH B TeopeMe ['aycca mis n < 16.

Lloxazameabcmeo 6o3moxnchocmu 6 meopeme I'aycca dags n = 5. Bumumo, nmpuBommMbIi
cmocob cioxHee mpumyMaHHOro Bamu. 3aTo u3 Hero 6ymeT BUIHO, UTO AEIATh B OOIIIEM CIIydae.
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IloCcTaTOIHO BBIPA3UTE MUCHO € = €08 22 +4 sin 2F. Cpasy 5T0 CIelaTh TPy oHO, IO3TOMY CHAYATIA
OCTPOUM HEKOTOPbLIE MHOTOW/ICHEI OT . Mubr 3HaeM, uto e+e2+e3+et = —1. Jlerxo mposeputs,
uro (e+et)(e? +e3) =e+e? +ed +e* = —1. O6o3paunm Ay := e +e* u A :=e? + 3. Torma
mo Teopeme Bmera wmcna Ay mw A; aBasioTcs kKopHaMu ypasHerus t2 +t — 1 = 0. IlosTomy
MOxKHO BEIpasuTh Ag (1 Ay). Ilockomexy e-e? = 1, To mo Teopeme Bueta wmncna e u et apsmioTes

KopHAME ypaBHeHUS t2 — Agt + 1 = 0. IlosToMy MOXHO BhIpasuTh e (u et).
1. Eciu yucno 2™ 4 1 mpocToe, TO ™M — CTeleHb OBOWKU.

Hoes doxazameavcmsa nocmpoumocmu 6 meopeme I'aycca. IoCTATOUHO BBIPA3UTH UHCIIO
€ = COoS 27” + i sin 27” 1t mpocToro n = 2™ + 1 (Ttorma m 06s3aHO OBITH CTENEHBIO TBOWKMN).
Cragasa xoporro 661 pa3duTb CyMMmy

etel 44"t =-1

Ha nBa ciaraeMbix Ag m A, npouszsedenue KOTOPHIX MOCTPOUMO (MHBIMU CJIIOBAMHE, CePYNNUPO-
6a/Mb XUTPHIM 06Pa30M KOPHHU ypaBHeHns 1+e4e2 4 -4en ! = 0). Torma Ap u A; TOCTPOUMBI
o Teopeme Buera. 3arem xoporro ObI pa3dbuts cymmy Ag Ha mBa cimaraembix Ag = Agg + Ao1,
IPOU3BEIEHNE KOTOPBIX MMOCTPOMMO, U AHAJIOTUYHO pa3outs A1 = A+ A11. U Tax masee, moka
He mocTpouM Ay g = e.

Omuako nmpumayMaTh HyXKHBbIE TPYIIUPOBKU KOpHEW ypaBHeHus 1 + e + 4+l =0
COBEPIIIEHHO HETPUBUAIBLHO U BO3MOXKHO HE IS BCeX 1. Kak 9TO MOXHO TPUIYMAThb, ONMUCAHO B
[Ka|. 3mech s mpuBemy JUIb OTBET, KOTOPLIA OY€Hb TPOCT.

Teopema o nepsoobpasnom xopHe. Ilns m060T0 TPOCTOTO P CYIIECTBYET YUCIO ¢, OJIs KOTO-
POTO OCTATKH OT HesleHus Ha p uucen g, g2, ¢>,...,¢° ! = 1 pasauunsL

Kak cTponTh HyXHBIE TPYIIUPOBKY, BUOHO U3 3a0a4 3a, 4a U Ha HUXKe.

2. Jloxazameabcmeo meopembl 0 nep60obpaznom kopre. IlyCcTh p mpocToe U a HE HEITUTCA
HA .

(a) p — 1 memurca Ha HamMensiree k > 0, misa koToporo a® =1 (p).

Ykazanue: ucnonbsyiiTe Masryio Teopemy depma.

(b) Hmnst mio6BIX LeETbIX N U 6 cpaBHEHUE ™" = a (p) uMmeeT He GOjlee N PeleHu.

(c) Ectur p — 1 memures Ha d, To cpaBHerue ¢ = 1 (p) nMeeT poBHO d perieHmil.

(d) Hokaxurte Teopemy o mepBoobpasHoMm kopHe mist p = 2" + 1. (Tonbko 5TOT yacTHBIIT
CITydail HyKeH 171 TeopeMbl 'aycca.)

(e)* INokaxute Teopemy O mepBooGpasHOM KopHe st p = 2 - 3" + 1.

(f)* IHokaxure Teopemy O TEPBOOGPA3HOM KODHE IJISL NPOUZE0.AbHO20 TIPOCTOTO P.

(g)* Bepro 5, uTo uncio 3 SBISETCS IEPBOOGPA3HBIM KOPHEM IO MOMYIIIO JIIO60r0 MIPOCTOTO
qucna Buma p = 2" + 17

Hauunast ¢ sToro momenta p = 2™ 4+ 1 > 5 — npocroe uucio u g — (m060i1) mepBoO6Gpa3HBILIL
KOpEeHb 0 MOLIYJIIO P.

3. (a) Honoxum

om

Api=el +e9 +e8 4. e m Aji=et e 469 4ot

—1
Hokaxure, uto AgA; = —E=. (Cnenyrorme 3ama4uu sBISIOTCS TOICKA3KAMIU. )

7
(b) g* + ¢! =0 (p) Torma u Tomeko Torma, korma k — [ = pT_l (p—1).

2m
(c) AgA1 = > e®a(s), rme a(s) paBro unciy perennit (k,!) (B BBIYeTax [0 MOLYIIO p — 1)
s=1

cpasrerns g2F + g2+l =5 (p).
(d) a(s) = algs).



(e) a(s) me 3aBucut ot s =1,...,2™.
4. (a) IMomoxum

Ago = 9 b +ed +~-~—|—eg2m n Ao = e et el 4t oo
Hokaxure, uro AggApr = sAp + tA1 U1 HEKOTOPBIX ebIX yucen s u t (s+t = pT_l). (Cremy-
FOITast 331814, SIBIISIETCSI TIOICKA3KOI. )

(b) Cpasrerne g** + g**2 = 1 (p) mmeeT cTombko xe permernit (k,1) (B BEIYETAX MO MOMYITIO
p — 1), ckomeko cpasuerne g*F + g4+2 = g2 (p).

(¢) Tomoxum

2™ 1

1 5 9 2 3 7 11
Ajp:=¢€? +e? +e? +.--+¢€ n Ajp:=e’ +e? +e9 +.--+¢€f

—1
Hokaxure, uro A19A11 = uAg + vA] Wit HEKOTOPBIX HebIX uncest u u v (u+ v = =),
(d) BakoHunTe MOKA3ATETHLCTBO BO3MOKHOCTHU B TeopeMe [aycca.

5. HaiinuTe sBHO BBIpakeHUe Uepe3 KBAIPATHBIE PAMUKAJIBI UUCIIA

2
(a) A m3 samaum 3a.  (b) cos 1—7; (c)* cos % (d)* cos —6557;7'

IIpu nomowu npusedenno2o mMemoda u KOMNLIOMEPQ IMY 3a0auy MONCHO Pewumsb 6bicmpo,
HEeCMOTps Ha cienytouryto ucroputo [Li]. ”Onus ciauiimkoM HaBS3UUBBIN ACIUPAHT OBETI CBOETO
PYKOBOIUTEJS IO TOTO, YTO TOT cKazas eMy: ~Wnute u pazpaboTaiiTe MOCTPOEHNE TPABUIBLHOTO
MHOTOyTOIbHUKA ¢ 65 537 croponamu”. AcnupaHT ymaauiics, 9ToObl BepHyThCs yepes 20 jeT ¢
COOTBETCTBYIOIIAM TIOCTPOEHNEM (KOTOpPOe XpaHWUTCS B apxuBax B ['erTunrene).”

Sameuanue. ITocTpOIMOCTE MOXKHO MOKA3BIBATH IO TOMY K€ TJIaHy 0€3 MCIOJIb30BAHUS KOM-
IJIEKCHBIX YMCEIT. Y Ka3aHue K CIIyYalo IPaBWILHOTO 17-yronbuuka. [lomoxum ay = cos(2wk/17).
Torma ap = ay7—k, 2ara; = ax+;+ax—; 1 a3 +as+az+---+ag = —1/2. CHauana BeIpasuTe
a1 + as + a4 + ag u ag + as + ag + a7y. 3arTem BuIpasurTe ai + a4, as + ag, az + as u ag + ar.
Haxomeri, Boipasure a;.

Yka3zaHusA U peHieHus K HEKOTOPBLIM 3a/1adaM O IMOCTPOUMOCTH.
Yrazanue x 1. Eciu n meuétro, To 28" + 1 nemures ma 28 + 1.

Yrazanue % 2b. Ilokaxem Gosmee oblee yTBEpKICHNE: MHO20UAEH CMeENeHU 1 Had Ly, He Mo-
scem umemsb 6oaee n xKopuet 6 Z,. 3MeCh MHOTOWICHOM HA3BbIBACTCs HAOOP ero K03(hdOuIneHToB,
a He QYyHKIUI.

[Iycrs MuOrOunen P(z) cremeHum n uMmeeT B Z, PAa3IUUIHBIE KOPDHU Z1,...,Tn, Tntl1. LIpen-
CTaBbTE €ro B BUIE

Plx)=by(z—x1)...(x —zp) + bp_1(x —21) ... (z —2p_1) + -+ bi(x — x1) + b

(Cunmepnoagyus Horomona'). Tocnenosarensuo noncrasiss B cpasienune P(z) = 0 (p) BbrueTs

T1yeeoy Ty Tpgl, DOTYyIuM by = by = -+ = b1 = b, =0 (p).
To e camoe pellleHne MOXKHO 3amucarh u Tak. llycts P — muorowren. Torma MHOrOWIeH
P — P(a) menurcst va © — a, T.e. P — P(a) = (r — a)Q) mis HEKOTOPOro MHOTOUIeHa () ¢

deg @ < deg P. Tostomy eciim P(a) = 0, o P = (z — a)Q) I HEKOTOPOro MHOrOusIeHa ()
crenenn Mmesblne deg P. Temeps TpebGyeMoe B 3amade yTBep:XKOCHUE NOKA3LIBACTCS MHIYKIINEH
[0 CTEIeHN MHOrodjeHa P.

Ilepeoe yxazanue x 2c. 3ameTbTe, uTo MHOrowteH w7~ — 1 Han 2., uMeeT POBHO p — 1 KOpeHb
u memures Ha ¢ — 1. JloKaxKuTe, YTO eCiIM MHOTOYICH CTEICHW ¢ MMeeT POBHO ( KODHeH 1
IeJINTCSI Ha MHOTOYJIEH CTelleH! b, TO 3TOT MHOTOYJIEH CTelleHn b mMeeT POBHO b KOpHEN.



Bmopoe yxazanue x 2¢c. Ecrm p = kd, To mas mo6oro a cpasuenue y* = a (p) mmeeT He Gomee

k pertrenuii.

m—1
Yrazanue x 2d. Eciu nepBooGpasHOro KOpHS HET, TO 10 2a CpaBHEHHe 2 =1 (p) umeer
p—1=2m>2""1 pemenmnii.

Yrazanue x 2ef. Amanormuno 2d.

Bameuanue x 2f. W3 cymecTBOBaHUA epBOOOPA3HOTO KOPHS JIETKO BLIBECTH, YTO A p — 1 =
pi' .. .py* mepBoOGpPa3HBIX KOpHei posHO (p — 1)(1 — p—ll) (1= pik) =p(p—1).

Yra3anue x 3c. PackpoliTe CKOOKU U CTPyNIUPYHTE paBHBIE CjlaraeMble.

Yxazanue x 3d. Ecmu (a,b) — pemterue cpasrenns g2F+¢2+! = s (p), To (b+1,a) — permenne
cpasrerns g2 + g2+ = gs (p). Ecim (a,b) — pemenne cpasuenns ¢g2% + g2+ = gs (p), To
(b,a — 1) — pemrenne cpaBrerns g2F + g2+l = s (p).

Yrazanue x 5c. (Hammcamo ¢ mcmomb3oBanmem Tekcta M. Jlykbsmena u B. Cokomnosa.)
[Tomoxum

2m—s

- . a0 o 91‘04.4%4—52“‘1
10 ... 1y =102 + - +9,2" mw Ay, = E e .
s=0

Torma Aig..i,0 + Aig...iy1 = Aig..i,- IIpm < m mveem

2m
S
Aio...izOAio...izlzg a(s)e’ = E bjo...inAjo..j, DI HEKOTOPBIX bj, . € Z.
s=0 (Jo---Ja)

3meck B mepBoM paBeHcTBe «(s) paBHO umciy pernenuit (k,l) (B Bbruerax mo Momyno p — 1)

CpaBHEHUS

0. dip+k2%T! +gi0...i$+l2$+1+2z _

g =s (p).

o 3b a(0) = 0 mpu = < m. Amamormuno 3¢ a(s) = a(sg? ). Orcioma BEITEKaeT BTOpOE
PaBEHCTBO.

Jloka3zaTenbCcTBO HEBO3MOXKHOCTHU B TeopeMme I'aycca.

[lepen nokazaTenbcTBaMu; TeopeMbl ['aycca HEKOTOPBIE UX UOEN JEMOHCTPUPYIOTCS IO OMHOU 1
Ha IpOCTenmux npuMepax (3amaun 1, 2¢ u 3). DTu IpuUMepsl, BIPOYEM, HAIOT PEIIeHNe KIIacCH-
JEeCKUX 3aJ1a49 IPEBHOCTU 00 yIBOEHNN Kyba M TPUCEKITUM YTJIa, XKaaBImxX cBoero perrerus 2000
ner. IlepBoe moxasaTeabCTBO HEBO3ZMOXHOCTHU B TeopeMe ['aycca HaMmedeHno B 3amadax 2ab u 4-7.
Bremne npyrue (HO Mo CyTH Takue Xe) HOKA3aTeIbLCTBA HaMeUeHBI B 3amadax 8-11 (ucmosb-
3ys 4, HO He ucnonb3ys 6) u 13-16. Bropoe mokazarenbcTBo Hambosee GIN3KO K UAESM CAMOTO
laycca. Bamaum 17, 18 m 19 mpuBomsaTcst mist obiiero paspurus. 1lo MOBOMY HEBBIPA3UMOCTH
yepes 8ew,ecmsentble KOPHU MIPOU3BOIIBHON 110 cTerneHn cM. |Val.

1. He cyImecTByeT palmoOHAIBHBIX UuCeT a, b, ¢, d, s KOTOPBIX 2v/2 =
1

(a) a4+ vb; (b)) a—+vb; (c) T\/T); (d) a4+ Vo+ /e (e) a+Vb+ e+ Ve

a

() a4+ b+ e, (g) a+ Vb+ e+ V.

2. (a) OTopBeM y (KOMILIEKCHOTO aHAJIOra) KAJIBKYJIITOpa U3 TeopeMsl ['aycca KHOIKy "', HO
pa3pelInM UCIONIb30BATh BCe PAIMOHAIBHBIE YUC/Ia. TOorma MHOXKECTBO UuCell, KOTOPBIE MOXKHO
PeaIm30BaTh Ha KAJIBKYJITOPE, HE M3MEHUTC.

(b) Yucno A mocTporMo TOrma u TOIBKO TOT[A, KOTZa CYIIECTBYIOT TaKue MOJIOKUTETbHbIE
reZuay,...a €R, aro

Q=Q1CQ2CQR3C...CQ_1CQrDA, rme ar€Qr, Vay,¢&Qr,



Qri1 = Qr[Vag] :=={a+ BvVa, | a,8 € Qr} nmna moboro k=1,...,r—1.

Takasl IOC/IENOBATEILHOCTD HA3BIBACTCS UYENOUKOU K6AOPAMUUHLIE pacuuperuli (9TO eNUHBLA
TePMUH, TEPMUH 'KBAIPATUIHOE PACIIMPEHNe’ Mbl HE UCIOIb3YeM).
(c) 3v/2 menocTpoumo. (3HaunuT, ynpoenue Kyba IUPKyJIeM U JTMHENKON HEBO3MOXKHO. )

3. (a) Yucro cos(27/9) sasasercs xopuem ypasrenus 82 — 6x + 1 = 0.

(b) He cymiecTByeT parmoHATBHBIX wiCeT a i b, mis KOTOphx cos(27/9) = a + V/b.

(¢) Yucno cos(27/9) He mocTpomMo (3HAUMT, TPUCEKIUS yrila 7/3 MUPKYIEeM W JIMHENKOI
HEBO3MOXKHA ¥ IIPABUJILHBINA 9-YTOIBHUK HE TIOCTPOUM ).

(d) Kopar Ky6uueckoro ypaBHEHUS C PAIMOHAJILHBIMI KO3(DOUIMEHTAMEI TOCTPOMMBL TOT A
U TOJIBKO TOTJa, KOTIa OAUH U3 HUX PALMOHAJIEH.

4. Jlemma o conpawcenuu. B ob6o3HAUEHUX 3amaun 2b MOTOXKUM G = af ¥ OHPENETM OTO-
6paxenue conpsikerus - : Qr[v/a] — Qr[v/a] dopmynoit x 4+ yv/a = z — y/a. Torna

(a) D10 ompemenenre KOPPEKTHO.

b)z+w=z+w, zw=zw un z=z&z=x+0/a€ Qr_1.

(c) Ecm 2z € Qp[v/a] — xopens muOrowiena P ¢ panuoHAJIbHBIMI KO3(DGDUIMEHTAME, TO
P(z)=0.

(CpaBHuTE C JIeMMOII O KOMIIJIEKCHBIX KODHSIX MHOIOYJIEHA C BEIIECTBEHHBIMU KO3(duineH-
Tamu.)

5. (a) Muorournen ®(x) := 22 + 2'' + ... + 2 + 1 menpusomum manm Q.

YkazaHue: eciu He MOyYaeTCs, TO UCHOIb3yhTe jsemMy ['aycca m mpusHak Oi3eHIITElHA
(cMm. HEXKE).

(b) Eciu e = cos(27/13) + i sin(27/13) mocTpoumo, To cyiiecTByeT Takas nenouka Q = @ C
Q2 C ... C Q C Qk11 KBAIPATUIHBIX paccIupennit, uro ® npusonum Ham Q1 U HEITPUBOIUM
Ham Q.

(¢) Ecnn ® nenurcst wa muorownen P ¢ xospdunmentamu B Qky1, To $ menurces mHa compsi-
JKeHHEIH (OTHOCHTENbHO Q) MHOTOUTEH P.

(d) Ecnu muorounen R ¢ xosddunmentamu u3 Qi1 HEIPUBOAUM, TO CONPSIKEHHBIN (OTHOCH-
TeBHO (),) MHOTOWICH R HEITpUBOLIM.

(e) Pasmoxenue muorounena ®(x) Hanm k41 Ha HEIPUBOAWMBIE HAI (Qk41 MHOXKUTEIN CCO-
CTOUT M3 IBYX CONPSKEHHBIX (OTHOCUTENBHO (J) MHOXKUTEEN.

(f) Ilis ka:Kmoro u3 sTUX MHOXKUTENEH CYIIECTBYeT Iernouka, aHajorndnas (b), HO, BO3MOXHO,
c opyruMm k.

(g) Yucmo cos(27/13) He mocTponmo.

6. (a) Jlemma Iaycca. Ecnu MuOTOUIEH ¢ menbiMu KOdhGUIIMEHTAMI HEIPUBOAUM HAH Z, TO
o HempusomuM u Hax Q [Pr].

(b) IIpusnax Diizenwmetina. Ilycts p npocroe. Eciu mist MHOrOWIEHA € HembIME KOhhUIIm-
eHTaMI CTapImii KO3GOUIMEHT He MeIUTC Ha P, OCTAJIbHBIE NEISTCSI Ha P, 8 CBOOOMHBIA YJIeH
He [elMTCs Ha p?, TO 3TOT MHOTOU/ICH HempusomnmM Han 7 [Pr].

7. (a) MunuMaIbHAS CTENEHb MHOTOUYJIEHA, KOPHEM KOTOPOTO SBJISIETCS HAHHOE MOCTPOUMOE
YHCIIO, SIBIISIETCSI CTENCHBIO IBOMKIL.

(b) Yucmo cos(27/n) He mocTpouMo miist n mpocToro, n # 2™ + 1.

(c) Muorowren ®(z) =1+ 217 + 234 + 25 + - -+ + 227 menpusomum mam Q.

Yxazauue: ucnonb3yite jgemmy ['aycca m mpu3HaAK OW3EHIIITENRHA.

(d) Yucio cos(27/289) me mocTponmo.

(e) HokaxxuTe HEBO3BMOXKHOCTBL B Teopeme ['aycca.

llpyrue moka3zaTesibCTBa HEBO3MOXKHOCTHU B TeopeMme I'aycca.

8. Yucso cos(27/7) He mocTpouMO (3HAUNT, IPABUIILHBIN 7-yTOIBHUK HE IIOCTPOKMM ).



9. Ilycts n = 4k + 3 mpoctoe. Ob6o3nauum f; = € + e~ °. HaszoBem paneom KBampaTUIHON
UPPAMNOHATILHOCTY HAMMEHBIITYIO IJINHY MUHUMAJBLHON Hernouku u3 2b.

(a) Has moboro k umcmo fF+ f¥ +.-- + f(kp_l)/Q PAINOHAIBHO.

(b) Iocne packpbITus CKOGOK U IpUBENEHNUS MONOOHBIX B BhIpaxkerun (x — f1)(x — fa) ... (z —
f(p—1)/2) TOIIy9aeTCss MHOTOUICH C PAIIMOHAIBHBIME KOA(DMOUIEHT M.
(c) Pamrm wmcern e, e?,. .., eP~! onmHakoBLL.
(d) Panru umcen f1,..., f(p—1)/2 ONMHAKOBEL

(e) Yucmo cos(2m/n) He mocTponmo

10. O6o3naunm e = cos(27/13) 4+ isin(27/13), g = 2 — mepBoOGPa3HBI KOPEHB IT0 MOILYJIIO
13,

0 3 6 9 1 4 7 10 2 5 8 11
Ag=¢e9 +e9 +e9 +e9, Ai=¢e9 4+ +e9 +¢f n Ay =¢e9 +e9 +e9 +e9 .

(b) Yucma Ag, A1, Ay ABIAAIOTCS KOPHIMU HEIPUBOIUMOTO KyOIUIECKOTO YPABHEHUS ¢ PAINOHAIb-
HbIMHU KO3 DUITMEHTAMU.

(c) Yucna Ag, A1, Ay UMEIOT ONUHAKOBBIN PAHT.

(d) Yucno cos(2m/13) He mocTponmo.

11. Yucno cos(27/p) He mocTponMo miis

(a) p =3 2% + 1 mpocroro.

(b) p mpoctoro, p # 2" + 1.

(c) p=289.

(d) umcna p, HE ABIAIOIIETOECS IPOU3BEICHUEM CTETIEHN MBOUKN U PA3IMIHBIX IIPOCTHIX YUCEIT
Buma 2" + 1.

I/I,Heﬂ €IIC OOHOT'O NOKa3aTeJIbCTBAa HEBO3MO2XKHOCTU B T€OpEME Faycca BbIPpaKa€TCid IIOHATUAMU
noad n pasmepHocmu noad.

13. Iosaem (YUCIIOBBIM) HA3BIBAETCS MOAMHOXKECTBO MHOXKecTBa C KOMIJIEKCHBIX UHCeI, 3a-
MKHYTO€ OTHOCUTEIBLHO CIOXKCHUS, BEIYNTAHUS, YMHOXKCHIS U [IEJICHN.

(a) Cremyrorme MHOXKECTBA SIBISIFOTCS mosaMu: (Q, MHOXKECTBO MOCTPOMMBIX UUCEJT, MHOXKE-
cTBo BerecTBenHbIX unces, Q[v2] := {a+£v2 | a, B € Q}, kaxnoe Q}, B IemOYKe KBAIPATHIHLIX
pacllIupeHuil u

2 2
Qle] :== {ao + ane + age? + azed + -+ ape!? | a0y €Q), rme e =cos % + i sin %

(b) JIro60e momne comepxut mose Q.
(c) JTro6oe mome, conepaxarnee v/2, conepxut Q[v/2].
(d) Mro6oe none, comepxaitee e, conepxut Q[e].
14. Pasmeprnocmyvio dim F' mons F' HasbIiBaeTcss HauMeHblree k, 1T KOTOPOTO CYIIECTBYIOT

TaKne
ba,bz...,bpy € F, uro F = {oq + asby +asbs+---+ apby | a; € Q},

eciin Takoe k CyIIecTByeT.
(a) dimQ = 1.
(b) dimQ[v2] = 2.
(c) B menouke xBanpatuunbx pacimpenuit dim Qr = 2dim Q1 npu k > 1.
(d) B memouke kBampaTuuHeX pacimpesnii dim Qy = 2871,
(e)* Ecnmu G C F — mnoss, to dim F' menmurest Ha dim G.



2m 2m
. : 27 e 2T < 1o
15. (a) dim Q[cos E + isin 13] <12

(b) Ecnn dim QJcos % + isin %] < 12, To P(e) = 0 myis HEKOTOPOro MHOrouneHa P ¢ paunn-

OHAJILHBIMU KO3 GUIIIeHTaMU CTEeIeHn MeHbIe 12.
(c) BoiBenure M3 mpemBIAYIIIX IYHKTOB, 4TO 4nciio cos(27/13) se mocTpoumo.
. 2 . 2w
16. (a) dim Q[cos —= + isin —| = 272.

289 289
(b) BoiBenure u3 mpenbIAyIIUNX MyHKTOB, YTO YKCIO cos(27/289) He mocTponmo.

(¢) Hokaxxute HEBO3MOXKHOCTBL B Teopeme ['aycca.

17. (a) Muorownensr P u () ¢ paruoHAILHBIME KOSDOUIIMEHTAMI UMEOT OOLINN KOPEHb,
deg P = 3, deg Q = 2. IHokaxuTe, 9TO MHOTOWIeH P nMeeT PaIlOHAIBLHBIN KOPEHb.

(b) To xe ¢ 3aMeHON PaNMOHAIBHBIX KO3(DOUINEHTOB U KOPHS HA KO3(DOUIUEHTHI 1 KOPEHb
13 TIPOU3BOJILHOTO TOJIS.

(c) Ecnu Bce KOpHU HENPUBOMMMOIO MHOTOWIEHA HEUETHOI CTENEHU C PAIMOHAILHBIMEI KO3(h-
urmmeHnTaME TOCTPOUMBI, TO OMWH U3 HUX PAIMOHAJIEH.

(d)* Kopuu MHOrOUsIeHA 4-0i1 CTENeHN ¢ PAIMOHAIBHBIME KOXhOUIIMEHTAME TIOCTPOUMBL TOT' 1A
U TOJBKO TOTMA, KOTHa ero kybuueckad pesoaveenma Ko, Pr| umeer panmoHanbHbBI KOPEHb.

18. JIro6oe mocTponMOe UHCHO SBIISIETCS aareOpamdecKuM, T.e. KOPHEM HEKOTOPOTO MHOTO-
wieHa ¢ neiasiMu kKoodduiumentamu. (M3 storo u mokasannoit B 1883 r. JIummemanom Tpamc-
[EHIIEHTHOCTU YUC/Ia 71, BJIEKYIIEel TPAHCIEHIEHTHOCTb YHUCIa /7, BBITEKAEeT, U4TO 3amada o
KBaJpaType Kpyra HepaspernMa UPKYJIeM U JIMHENKOL. )

19. (a) (I Yennokos) JlemuH KajpKyssSTOp MOIyYaeTCs U3 KOMIIIEKCHOTO IayCCOBa MO-
GaBJIeHIEeM KHOIKY M3BJIEUEHNs KyOUUEeCKOTO KODHs U3 KOMIUIEKCHBIX umcelsl (KoTopas HaeT Bce
TPU 3HAYEHUs KOPHs). [ DUIINH KaJbKyJIATOD MOIydYaeTCss U3 KOMILUIEKCHOTO TayCcCoBa NOOABIIe-

HIEeM KHOIIKM HaXOXIOCHUA II0 KOMIIJIEKCHOMY YHCJIY  BCEX TPEX KOMIIJICKCHBIX KOpHefI YPpaBHEHUA

3T — 43:3 ) ) ) )
a = 71 3 5 - ByneT JI MHOXKecTBO Jlemmuanix’ uncesn COBIIagaThb C MHOXKECTBOM FpI/IH_II/IHbIX ?
— o

(b) (I'. Yenmoxos) Hempusomumerit mam Q muorouwten packianesaercs Han Q[*v/2] posro Ha
gyeTbpe MHOXKUTENs. JloKaxknuTe, 4TO CTENEeHb YTOr0 MHOTOWIEHA NEIUTC Ha 8.

Yka3aHus u peleHus K HEKOTOPhIM 3aJadyaM O HEBO3MOXHOCTU.
Yxazanue x 1c. IJoMHOXBbTE Ha COMPSKEHHOE.

Yrazanue x 2a. VIHOYKIIMS IO KOJUYECTBY OIMEPAIUN KAJIbKYJIITOpPa, HEOOXOOUMBIX IJIS TIO-
JIydeHUsT Yrcjia, ¢ TpUMeHEeHNeM OMHOXKEHUS Ha COMPSIKEHHOE.

Yxasanue x 2b. OTO HecsOXHOE CieNCcTBUE 3aIa4l 2a.

Pewenue 2c. Ilpenmomoxum, uro 3v/2 mocrpoumo. Torma CyIIeCTBYeT TakKas IEIOYKa KBa-
MPATUYIHBIX PACIIUPEHUI

Q=Q1CQ:CQ3C...CQ1CQy, uro *V2€Q,\Qr 1.
Hockombky 3v/2 & Q, To r > 2. 3uaunrt,
3\/5204—1—6\/5, roe aaﬂaaeQr—h \/agQr—l n 57&0

Orcromna

2= (*v2)’ = (&® + 3af%) + (3?5 + Ba)Va = u + vVa.

[Mockombky 2 € Q C Qr—1, TO 2 —u € Q,_1. Tax xak

nwa=2—-u un veEQ,_1, To 0=v=23a’F+ Fa.
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Tak xak 3o + 3%2a > 0, monygaem 3 = 0 — mporusopeune!
Yrazanue x 3a. Boipasure cos 3o uepes cos a.

Yxazanue  3b. Ecmu cos(2r/9) = a++/b, To uncio a—+/b Toxe SBISETCS KOPHEM yPABHEHILS
82°—6x41 = 0. Torma mo Teopeme Buera Tperuit kopens paser —(a+vb)—(a—vb) = —2a € Q.
Pewenue 3c. Cnemyer u3 3a u 3d.

Lloxazameabcmeo meopemvl 3d 0 KYOUUECKUT YPABHEHULT AL YPABHEHUT, 6CE MPU KOPHA KO-
TOPBLIT BEWECMEEHHBL (IMOM UaAcCMHbIL cayuat docmamouer 0agd HeMOCMPOUMOCTNU NPAEUAL-
no2o 9-yeoavnura). Yacts 'Torma’ oueBmmua. YTOOBI MOKA3aTh YacTh 'TOIBKO TOrma’, MPel-
MTOJIOXKUM, UTO XOTs ObI OOUH 13 KOpHeH mocTpomM. [[Isi KayKkmoro m3 MOCTPOMMBIX KOPHEN Z
pPaccCMOTPUM MUHUMAJIBHYIO IEITOYKY PACIITMPEHUT

Q=01 CQ2CQ3C...CQr—1CQyr, mmaxroropot 21 € Qr\ Qr_1.

BosbMmeM kopeHb z = 27 ¢ HAUMEHBIIIe OIMHON MUHUMAJILHON IIETIOYKN .
Ecnu ypaBHeHue me mMeeT panmoHaIbHBIX KOpHed, To [ > 2. 3HaunT,

zn=a+03Va, rtoe o,f€Qio1, VadQr n [B#0.

Tornma aucio z; = a—(3+/a TakxKe SBIAETCS KOPHEM PACCMATPUBAEMOTO yPABHEHNU (IO JIeMMe
o conpsikenun). ockombky 3 # 0, To a — By/a # a+ (3/a, T. e. Z1 # z1. O6o3HauUUM 25 := Z7.
W3 nepsoii opMmynsl BueTa [y Halllero ypaBHEHUS HAXOLUM:

s+ 2zt 2= (a+6Va)+ (a—FvVa)+23 =20+ 23 €Q, mosromy 23 € Q1.

CrnemoBaTesIbHO, TS KOPHS z3 CYIIIECTBYET IENOYKa MEHBINEN MJINHBI, YeM MJII z1. llpoTmBope-
ype. [

Yrazanue % 5a. llpumenute npusHak Ditzemmreitaa xk Muorouwteny ((z +1)13 —1)/z n nevmy
aycca.

Pewenue 5b. PaccmoTpum menouky KBagpaTwdHbX pactmupenuit Q = @1 C Q2 C ... C
Qr—1 C Q, D e. BameruMm, uro MHOTOWIeH ¢ mpuBonuM Han (), (TOCKOIBKY UMeeT KOPEHB €).
[TosTomy cytiecTByet [, nis koToporo MmuorouwieH ¢ npusomum Ham (Q;+1. O60o3HaumM uepes k
HamMeHbIriee Takoe [. U3 myukTa da cienyer, uto k > 1. Temepsb jerko BUOETH, UTO MEMOYKA
Q=01 CQ2C...C QL C Qky1 UCKOMAI.

Yrazanue x 5c. Coupsirure orHOCUTENBHO Q) paBeHcTBO P(2) = P(x)R(x).
Yrazanue x 5d. JocTaTouHO MOKAa3aTh, UTO €ciau MHOTOUWIEH P ¢ koaddurmentamu B Qi1 Oe-

aut @, To P u P B3aumuo npoctsl. s sToro nokaxure, uro HOII( P, P) umeeT k03hdunmneHTs
3 (Qr 1 BOCHOJIB3YHTECH HEIPUBOOUMOCTHIO MHOTOWIeHa P B Q).

Pewenue Se. Amamoruuno perrenuio 5b.

Yxasanue % 5f. HNokaxmuTe, 9T0 ykasaHHOe B IyHKTe Hd pasimoxkenue MHorowieHa P (x) co-
CTOUT POBHO U3 IBYX MHOXUTENEH (BOCIOIB3YNTECh TEM, UTO eCIu KO3GMUINEHTH MHOTOWICHA
P nexat B Qp1, TO KoabdurmenTsr MEOTOuwteHa PP nexat B Q). To xe camoe GymeT BepHO
U JTsI PA3JIOXKEHUS] [OJLY IUBIINXCS MHOXKUTENEH U T.1. VIcXomst 13 9TOro MOIydInTe, 9TO CTENEHb
MHOrOwIeHa P () momKHA OBITH CTENEHBIO ABOMKIL.

Yrazanue x 5g. Anamoruano 5f.

Yxa3anue x 6b. IlpenmonoxuTe TPOTUBHOE U BOCIOJIB3YATECH METOIOM HEOIPEIETIEHHBIX
KO3(ppuimeHTOB.

Yrazanue x 7a. Ilpumennre npusuak Oizentnreitna k maorowieny ®(x + 1) u memmy aycca.
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27
Yxazanue xk 7b. AHAIIOrMYHO pEIIeHMIO 3a0a4l b HOKAXKUTE, UTO €CIIM UICIIO COS 289 IIOCTPO-

MO, TO CTCIIEHb MHOI'OYJICHA @(33’) OOJIXKHA OBITH CTENEHBIO NBOMKIU. A sT0 HEBEPHO.

Pewenue 8. Paccmorpum kommizekcHoe qucio e = cos(27/7) +isin(27/7). Tak xak e # 1, To
YUCIIO € YOOBIIETBOPSET YPaBHEHUIO 6-0i cTerneHn’ e +ed+et+ed+e?+e+1=0. Pazmenum
00e yacTu ypaBHEHUS Ha e3. Tomoxum

fi=e+el, morma e*+e?=f2-2 nu e +e = fle2+e?-1).
[MosyunM Kybudeckoe ypaBHEHIe
f(fP=3)+(f*-2)+f+1=0, Toectp f>+ f>2—-2f—-1=0.

Kannunater Ha paruoHasIbHBIE KODHHU 5TOro ypaBHeHus f = £1 orsepratorcs mposepkoii. Co-
riacHo Teopeme 3d 0 KyOUuecknx ypaBHeHUAX umcio f = e + e e mocTpoumo. [losTomy u e
He IIOCTPOUMO (IIOSICHUTE).

Yxasanue ¥ 9a. Wunykums no k.

Yrazanue x 9b. Cnenyet u3 myHKTa 9a U U3 TOTO, YTO JIFOOON CUMMETPUIECKUN MHOTOWIEH OT

nepeMeHHBIX f1, fo,. .., f(p—1)/2 PAIMOHAILHO BEIPAXKAETCS Uepe3 MHOTOU/ICHBI BUIA fE+frk+
k

+fp-1)/2

Pewenue 9c. Tax xak ms moberx s,t € {1,2,...,p— 1} cymectsyer Takoe k, uto e® = (e!)F,
TO paHru; 4mcedn e, €2, ..., eP~! ommHakoBEL

Pewenue 9d. Tak xak e® + e~° paInmoOHAJIBHO BhIpaXKaeTcs udepes e + e~ ', To mrg mobbIx
s,t € {1,2,...,p — 1} umcyo e® + e~ * panmoHaJbHO BRIpaxkaeTcs uepes e + e~ ! (aHamormano
IpUBENEHHOMY perrennio 3anaun 8). IlosTomy panrm umcer fi, ..., f(p—1)/2 OMMHAKOBEL

(3ameTum, uto k(e + e 1) = rke — 1.)

Pewenue 9e. Ilycts r := rk f;. 3HaunT, OjIs HEKOTOPOU MEMOYKN KBAOPATUUHBIX PACCIITIAPE-
HUI

fs :O‘s'i'ﬁs\/aa roe as:ﬁ&aEQr—l, \/agQr—l n ﬁs 7é0

Tornma uucio f, = as—sy/a Taxxke BILETCI KOPHEM PACCMATPUBAEMOTO MHOTOUIIEHA, (110 JIeMMe
o conpsikernn). [ToCKoIbKy

Bs #0, TO 045—55\/675045—1—55\/6, T. €. ?s?’éfs'

Wrak, xopunu fi, ..., f(p—1)/2 PA3dUBAIOTCA Ha MapBI CONPSKEHHBIX. 3HAUMT, (p — 1)/2 yeTHO —
IIPOTUBOPEYNE.

Ilpyroe okonwanue pemenus. Yucna f1,..., f(—1)/2 ABAAIOTCS KOPHAMU MHOTOUYJIEHA C pa-
nUOHAJIbHBIMEI Kod(durmentamu. Tax kak p = 4k + 3, To mo 3amade 17¢ omHO m3 HUX fg
SIBIISIETCST palimoHa bHbIM. Ho Torma e® sBiseTcs KOpHeM KBaJIPAaTHOTO YPABHEHUS C PAIlOHAIb-
HbBIME KO3dduiimenTaMu. 3HAYUT, MHOTOWIEH 1 + = + R SRRIREY npuBonuM Ham Q —
nporusopeune. (Bumumo, mocraTouHoe 3mech OTCYTCTBUE NEIUTENEN CTEMEHN 2 Y MHOTOWIEHA
1+x+ 22+ 23+ + 2P~ MoxHO MOKa3aTh TpOIIE. )

Pewenue 10a. HokaxkeMm nepByio Gomyty (OCTaIbHBIE MOKA3BIBAIOTCS AHAJIOTUIHO). 3aMEeTHM,
gyto g% = —1. TosToMy

A2=((e +e )+ (5 +e79))2 =

=246 49 424 4e 9 42 +e9) (e +e9) =44 A +24,.

(*)
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[Tocmenuee paBeHCTBO BEPHO, MTOCKOTBKY

(690 + 696)(693 + 699) — 09 F9% | o9°H9° | 9% +9° | 9" He” — 09" +9% 4 = 9" Ay = As.
(PaBencTBa (*) BBINOIHEHBI, HOCKOIBKY ¢ = 2.)
Yrazanue x 10b. Noxaxure, uto Ag+ A+ Ay, A2+ A2+ A3, A3+ A3+ A3 parmonanbHbL.

Yxazanue x 10c. Ioab3ysce myukTom 10a u Tem, uro Ag + A1 + Ay = —1, mokaxure, 4TO
mo6oe A; panmoHAILHO BRIpaXKaeTcs depes mroboe Aj.

Yxasanue x 10d. Pemenne nomydaercs n3 myHKToB 10b 1 10c aHAJIOTMYHO PEIIEHNUIO 3a1a4n
9e.

Bot unest npyroro pertierust, zHe ucnonb3yoriero myHkT 10c. IlycTs uncmo Ay mmeer pasr 7.
Compsikém ero oTHOCUTENBHO Q1. [lomydennoe uncio Gymer ogauM u3 uucen A; (moscuuTe).
Tenmepb JIerko MOHSATH, UTO YuUCiia A; pasbUBAIOTCS HA Mapbl CONPSKEHHBIX, T.. WX UYETHOE
YUCII0, YTO HEBEPHO.

Yxasanue x 11a. Aramornuno 3amadge 10.

T
Yxazanue x 11b. Hpennonoxure, uro mus p = 287 4+ 1 umeno cos — moctpoumo (rme r > 1
p

— HCUYETHOE t5[I/ICJ"[O). BBIBGIII/ITG 3 5TOro, 4To 4mciia

2k —1)r+i

Ai=e9 4¢84 e , 0<i<r—1

UMEeIOT ONWHAKOBBIN PAHT U SBISIOTCS KOPDHSMN MHTOWIEHA CTENEHN I ¢ PAIMOHAJIBHBIMU KO3()-
puImeHTaMU.

Yra3anue % 11c. PaccmoTpuTe uncna

272 273 288

(0] 17 1 18 16 33
Ag=¢e? +ef +--+ef, Ar=¢) +ef +-+ef, Ag=¢ +et 4t ef
Yxazanue x 12. PellleHne aHAJIOTUYHO PEILISHUIO 3a0a9H J.

Yxazanue x 14c. IokaxuTte, 9TO
Qr ={a1 +asb | a1,a0 € Qr—1} mus moboro b € Qr — Qr—1-

Yxazanue x 14d. Crnenyer u3 14a u 14c.

Yrazanue x 14e. Pazmeprocmuro dim(F : G) nonst F' wan nonem G HA3BIBAETCSI HANMEHbBIIIEE
k, njs KOTOpOTO CYILIECTBYIOT TaKUe

bi,ba,....,b € F, uro F = {a1bi + agby + azbs + -+ apby | o; € G},

eciu Takoe k cymectsyer. Hokaxure, uto dim F' = dim G dim(F : G).

Yxazanue x 15b. IlokaxkeMm, UTO CYIIECTBYIOT TakKue palUOHAIbLHBIE dg,dq,...,012, HE BCE
paBubie 0, 9TO
11
ap+ae+---+aje =0. ()

2r . 2w
[To ompenerieHnIo pa3sMEPHOCTH CYIIECTBYIOT Takue by, ..., b11 € Q[cos R + i sin B] u ay € Q,
ITO

e = aj1b1 +aj2by + -+ aj1ibn ma j=1,2,...,12.
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[Moncrasbre 5T 3HaueHus €' B (x). Temeps nmpupasusiite k 0 kKosbduimenTsr mpu by, . .., bi1.
Haxkowmerr, mokaxxuTe, 4TO MOTyUYeHHAS CUCTEMa yPABHEHU NMeeT HeTPUBUAILHOE PAITOHATIBHOE
pelenue.

Yxazanue x 16a. Pemmenne anajgoruuno perrernio 3amad 15ab. Bocmomb3yiiTech HeIpuBOIM-
MocThio MHOTOWIeHA (1) = 1+ 217 4+ 234 + 25 + ... 4 2272,

Yxazanwue ® 17a. Ilycts a=a; u b=b; — moctpoumerie umucnia, a P u () — MHOTOWIEHBI C
pPAIMOHATBHBIME KO3GMUIMEHTAMI MIHUMAIBHON CTEMeHN, KOPHSIMI KOTOPBIX SIBIISIFOTCS COOT-
BercTBeHHO a u b. IlycTsh aso,...,a,, — Bce ocTaJbHBIE KOMIIJIEKCHBIE KOPHU MHOTOUWIEHa P, a
ba, ..., b, — Bce ocTajbHbIE KOMILIEKCHBIE KODHI MHOTOWIeHa (). 3amMeTum, 4TO

a + b — kopenn muorowrena P(z —by)...P(x —by,),

a — b — kopenb muorowrena P(z +by)...P(x +by,),

ab — kopenb MHorowtena P(F-) ... P(35),

7 — xopeb MHOroutena P(zbi) ... P(xby,),

v/a — xopens muorouwtena P(z?).

OcTanock moka3arh ClemyIolliee BCIOMOTATEIbHOE Y TBEPKICHIE.

Jemma. Tlycrs R(x,y) — MHOTOWIEH OT ABYX MEPEMEHHBLIX C PAIMOHAJIBHBIME KOd(hdum-
enTamu, a by, bo, ..., b, — BCe KOMILIEKCHBIE KOPHI MHOTO4WIeHa () C paluoHaJILHBIMI KO3Ghdu-
nueHTamu. Torma MHOTOUWIeH OT omHoil mepemenuon R(x,bi)R(x,bs) ... R(x,b,) Takxke nMeer
panuoHaJIbHBIE KOI(DOUIIMEHTHI.

Pewenue 3adavu 17b aHATTIOTIYHO pPEIIEHUIO 3a1a9 Hbc.
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QUADRATIC IRRATIONALS
A. Belov-Kanel, P. Kozlov and A. Skopenkov
abridged translation from Russian by P. Dergach and A. Skopenkov

Introduction.
In this note we sketch an elementary proof of the following result concerning constructibility
of regular polygons.

The Gauss Theorem. A calculator (calculating with absolute precision) has operations

L + - %X, : and /
(and infinite memory). If
n=2%...p,
s 2
where p1,...,p; are distinct primes of the form 2% + 1, then the number cos — s calculable at

n
this calculator.

In order to make the above Gauss Theorem (and the main idea of the Galois theory) less
accessible, they are usually explained in terms of ’fields extensions’ and ’Galois groups’. The
proof sketched below is elementary and does not use these terms (it does not even use the term
‘group’!). However, the idea presented is one of the main ideas of the Galois theory ("group and
rule’, or "unite and rule’). The proof of the constructibility is implicitly contained in the Gauss
papers and is explicitly known in (at least USSR math circles) folklore.

Steps of the proof are presented as problems marked with bold numbers. If the statement of
a problem is an assertion, then the problem is to prove this assertion.

Constructions by compass and ruler.

A. Using segments of length a and b construct (from now on: by means of compass and ruler)
segments of length a + b, a — b, ab/c, v ab.

A real number is called a quadratic irrationality or calculable, if we can calculate this number
using our calculator. For example, the numbers

1
1+v2, “V2=1/V2, 23, V2+3, 1++2, T and cos3°

are calculable. This is not evident for the last two numbers.

B. Every calculable number is constructible.

27

This result is a corollary of A. It shows that if the number cos =T is calculable then the regular

n-gon is constructible.

C*. Main theorem of the theory of geometric constructions. Every constructible number is
calculable.

From this result it follows that if we cannot calculate the number cos 27”, then we cannot
construct the regular n-gon.

D. If a complex number z is complex-calculable (the definition is analogous with only one
distinction: the calculator gives two square roots of a complex number), then the real part and
the imaginary part of z are calculable.

E. If the regular mn-gon is constructible, then the regular m-gon is constructible.
1
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F. The regular triangle and the regular pentagon are constructible. Or, equivalently, cos <

and cos 2% are calculable.

G. The regular 120-gon is constructible. Or, equivalently, the angle 3° is constructible. The
following problems are hints.

H. If the regular n-gon is constructible, then the regular 2n-gon is constructible.

I. If the regular n-gon and m-gon are constructible and GCD(m,n) = 1, then the regular
mn-gon is constructible.

Hint to problem C. Consider all possible cases of construction of new objects (points, lines,
circles) and prove that the coordinates of all the constructed points and the coefficients of
equations of all the constructed lines and circles are quadratic irrationals.

Hint to problem D. If v/a + bi = u+ vi, then u, v are expressed by quadratic radicals of a and
b.

Hint to problem H. Bisect the angle or apply the half angle formula.

Hint to problem I. Since GCD(m,n) = 1, it follows that there exist integers a,b such that
am +bn = 1.

The constructibility in the Gauss theorem.
It is not difficult to prove the constructibility in the Gauss theorem for n < 16.

Proof of the constructibility in the Gauss theorem for n = 5. It suffices to calculate the number
e = CoS 2% +1sin 2% We shall construct some functions of e. We know that e+e?+e3+e = —1.
It is easy to see that (e + e?)(e? +€3) = e + €2 + €3 + e = —1. Denote Ay := e + e and
Ay :=e?2 +¢e3. Then Ay and A; are roots of the equation t?> +¢ — 1 = 0 by the Vieta theorem.
Hence these numbers are calculable. Since e - e* = 1, the numbers e and e* are roots of the
equation t? — Agt + 1 = 0 by the Vieta theorem. Therefore we can calculate e (and e?).

1. If 2™ + 1 is a prime then m is a power of 2.

Idea of proof of the constructibility in the Gauss theorem. It suffices to prove the Gauss
Theorem for n = 2™ + 1 a prime (then m is necessarily a power of 2). It suffices to calculate

2T L2
€ = CcoS — —+ s —.
n n

First it would be good to split the sum
et+el e =1

into two summands Ag and A; whose product is calculable (or, in other words, to group the roots
of the equation
l+et+e’+- 4" 1=0

in a clever way). Then Ay and A; would be calculable by the Vieta Theorem.
Next it would be good to split the sum Ay into two summands Agg and Ag; whose product
is calculable, and analogously split A; = A9 + A11. And so on, until we calculate Ay, o = e.
It is however quite non-trivial to find the necessary splittings.

Primative Root Theorem. For each prime p = 2™ 4 1 there exists an integer g such that the
residues modulo p of ¢!, g2, ¢°..., g% are distinct.

Construction of necessary splittings is given in problems 3a, 4a and 5a below.



2. Proof of the Primitive Root Theorem. Suppose that p is a prime and a is not divisible by
p.

(a) Suppose that k is the smallest positive integer such that a* = 1 (p). Then p—1 is divisible
by k. (Use the Fermat Little Theorem.)

(b) For every integers n and a the congruence ™ = a (p) has at most n solutions.

(c) If p — 1 is divisible by d then the congruence z¢ = 1 (p) has exactly d solutions.

(d) Prove the Primitive Root Theorem for p = 2" + 1. (Only this case is necessary for the
Gauss theorem.)

(e)* Prove the Primitive Root Theorem for p =2 - 3" + 1.

(f)* Prove the Primitive Root Theorem for arbitrary prime p.

(g)* Is it true that 3 is a primitive root modulo p for every prime of the form p = 2" + 17

From now on let g be a primitive root modulo a prime p = 2™ + 1.
3. (a) Set

m 2™ 1

Api=e +e9 e 4. 4e?  and A :=e9 4ef 469 4ot

Prove that AgA; = —%.
The following problems are hints.
(b) " +¢' =0 (p) iff k—1=2 (p—1).
(c) We have

2m
AgAy = Z e’a(s),
s=1
where a(s) is the number of solutions (k,[) (in residues modulo p — 1) of the congruence
g+ =5 ().

(d) a(s) = a(gs).
(e) a(s) does not depend on s.

4. (a) Set

Ago = 694—|—698—|—6912—|—-~-+€g and

2m _2

Aot Zzeg2+eg6+€glo+"'+eg

Prove that AggAg1 = sAg + tA; for certain integers s and t (in fact, s+t = E).

8
(b) (hint) The congruence
9"+ =5 (p)

has the same number of solutions (k,1) (in residues modulo p — 1) as the congruence
g4k +g4l+2 = 892 (p>

We have g% + g® =0 (p) if and only if a — b =271 (p —1).
5. (a) Set
A].O = egl + 695 _l’_ 699 + e + 692 -3 and
2m 1

A 22693+697+6911+...+69

Prove that A19A11 = uAg + vA; for certain integers u and v (in fact, u +v = %).



(b) cos 2Z is calculable.
(c) Complete the proof of possibility in the Gauss theorem.

2 2
) cos 1—7 (b)* cos il (¢)* cos 6557T37'

Using the above method and computer, this problem is easily solvable (in spite of the story
from J. Littlewood, Mathematical Miscellany).

Remark. There is another proof of constructibility, like the previous one, but without use
of complex numbers. For example, consider the regular 17-gon. Set ax = cos(2wk/17). Then
ay = ay7—k, 2apa; = ak4; + akp—; and aj +as + a3+ -+ ag = —1/2. First calculate
a1 + as + a4 + ag and asz + as + ag + a7. Then calculate a; + a4, as + as, ag + a5 and ag + ar.
Finally calculate a;.

6. Find an explicit expression involving square roots for
(a

Hints and solutions to some problems concerning constructability.
Hint to problem 1. If n is odd, then 2¥™ + 1 is divisible by 2% + 1.

Hint to problem 2b. Let us prove the following more general statement: a polynomial of
degree n cannot have more than n roots in Z,. Here by a polynomial we mean the collection of
coefficients but not the function.

Assume that a polynomial P(z) of degree n has in Z,, different roots z1,...,x,, Tp+1. Rep-
resent P(x) as

Plx)=by(z—x1)...(x —xp) + bp_1(x —x1) .. . (T —Tp_1) + -+ b1(x —2x1) + bo

("the Newton interpolation’). Put in the congruence P(z) =0 (p) residues © = x1, ..., Zn, Tpi1
in this order. We obtain by = by =---=b,_1 = b, =0 (p).

The same solution can be presented in the following way. Let P be a polynomial. Then
polynomial P — P(a) is divisible by  — a, i.e. P — P(a) = (z —a)Q for some polynomial @) such
that deg @ < deg P. Since P(a) = 0, it follows that P = (z — a)@ for some polynomial @ of
degree less than deg P. Now the required statement can be proved by induction on the degree
of the polynomial P.

Hint to problem 2c. Obviously, polynomial zP~! — 1 in Z,, has exactly p — 1 roots and is
divisible by % — 1. Prove that if a polynomial of degree a have a roots and is divisible by a
polynomial of degree b, then the polynomial of degree b has exactly b roots.

Hint to problem 2d. 1If there are no primitive roots, then by problem 2a the congruence
22" =1 (p) has p — 1 = 2™ > 2™~ gsolutions.

Hint to problem 2ef. Similary to 2d.

Remark to problem 2f. It is easy to deduce from the existence of a primitive root that for
p—1=p{"...pi* the number of primitive roots is (p — 1)(1 — p_11> (1= ka) =(p—1).

Hint to problem 3c. Open the parenthesis and group the equal elements of the sum.

Hint to problem 3d. If (k,1) is a solution of the congruence g2 + ¢g?*! = s (p), then (I,k+1)
is a solution of the congruence ¢g2* + ¢g?*+1 = gs (p).

If (k,1) is a solution of the congruence ¢g2* + ¢g?*1 = gs (p), then (I — 1, k) is a solution of the
congruence g2* + g2t =5 (p).

Proof of the impossibility in the Gauss theorem.

Before the proofs of the the Gauss theorem some of their ideas are demonstrated one by one
on the easiest examples (problems 1, 2c and 3). However, these examples give the solution of
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classical antique problems of the doubling of a cube and the trisection of an angle, which were
awaiting for their solutions nearly 2000 years. The first proof of the impossibility in the Gauss
theorem is sketched in problems 2ab, 4-7. Seemingly different (but in essence the same) proofs
are sketched in problems 8-11 (we use 4, but not use 6), 12 and 13-16. The second proof is the
most close to ideas of Gauss.

1. There are no rational numbers a, b, ¢, d such that 3v/2 =

(a) a+Vb; (b) a— Vb (C)a_:\/l;; (d) a4+ Vo+ /e (e) a+Vb+ e+ Ve
() a++/b++e  (g) a+Vb+ e+ V.

2. (a) Delete the button ’:’ from (the complex analogue of) the calculator defined in the
Gauss theorem, but allow to use all rational numbers. Then the set of numbers realizable using
the new calculator will remain the same.

(b) Number A is constructible if and only if there are positive r» € Z and aq,...a, € R such
that

Q=Q1CQ2CQR3C...CQr CQry1 DA, where ar€Qr, Va, & Qr,
Qri1 = Qr[Vay] :i={a+BVa, | a,8€ Q} foreach k=1,..,r—1.

Such a sequence is called a sequence of quadratic extensions (this term is considered as one word,
we do not use the term ’quadratic extension’ alone).

(c) 3v/2 is not constructible. (Hence the doubling of a cube by ruler and compass is impossi-
ble.)

3. (a) Number cos(27/9) is a root of the cubic equation 823 — 6z + 1 = 0.
(b) There are no rational numbers a and b such that cos(27/9) = a + V/b.
(¢) Number cos(27/9) is not constructible (hence the trisection of angle 7/3 by ruler and
compass is impossible and the regular 9-angled polygon is not constructible).

(d) The roots of a cubic equation with rational coefficients are constructible if and only if one
of these roots is rational.

4. Conjugation lemma. Using the notation of 2b define the conjugation map ~ : Qx[v/a] —
Qr[v/a] by the following formula: x + y\/a = x — yy/a. Then

(a) This map is well-defined.

b)zFw=z+w, zw=zw and zZ=z&z=z+0a€ Qr_1.

(c) If z € Qr[/a] is a root of a polynomial P with rational coefficients, then P(Z) = 0.

(Compare with the lemma on complex roots of polynomials with real coefficients.)

5. (a) Prove that polynomial ®(z) := 22 + 2! + ... 4+ 2 + 1 is irreducible over Q.

Hint: if you have difficulties use the Gauss lemma and the Eisenstein criterion (see below).

(b) If number e = cos(27/13) + isin(27/13) is constructible, then there exists a sequence
Q=01 CQsC...C QL C Qrs1 of quadratic extensions such that ®(x) is reducible over Q1
and is irreducible over Q.

(c) If @ is divisible by polynomial P with coefficients in Qx1, then ® is divisible by conjugate
(relatively to Q) polynomial P.

(d) The decomposition of polynomial ®(x) over Q41 into irreducible factors is divided into
pairs of conjugate (relatively to Q) factors.

(e) For each of these factors there exists a sequence analogous to (b) but possibly has another
n.

(f) Number cos(27/13) is not constructible.

(g) Number cos(27/p) is not constructible for p a prime, p # 2™ + 1.



6. (a) The Gauss lemma. If a polynomial with integer coefficients is irreducible over Z, then
it is irreducible over Q [Pr].

(b) The FEisenstein criterion. Let p be a prime. If the leading coefficient of a polynomial with
integer coefficients is not divisible by p, other coefficients are divisible by p and the constant
term is not divisible by p?, then this polynomial is irreducible over Z [Pr].

7. (a) Polynomial ®(z) = 1+ 217 + 234 + 2% + ... + 2272 is irreducible over Q.
Hint: use the Gauss lemma and the Eisenstein criterion.

(b) Number cos(27/289) is not constructible.

(c) Prove the impossibility in the Gauss theorem.

8. Number cos(27/7) is not constructible (hence the regular heptagon is not constructible).

9. Let n = 4k + 3 be a prime. Denote fs = e® 4+ e~°. The least length of a minimal sequence
from problem 2b is called a rank of «.

(a) For each k number ff + f¥ +---+ f(kp 1)/2 is rational.

(b) After openning the parenthe51s and grouping the equal elements in the equation (z —

fi)(@— f2)...(x — fp=1)/2) We obtain a polynomial with rational coefficients.

(c) Ranks of numbers e, e?, ... eP~! are equal.

(d) Ranks of numbers f1,..., f(,—1)/2 are equal.

(e) Number cos(27/n) is not constructible.

10. Denote e = cos(2m/13) + isin(27/13), g = 2 is a primitive root modulo 13,
A = 9’ + 9’ + 9’ + 699, A = 9 + 9" + 9’ + e9"  and Ay = 9’ + 9’ + 9" + 9

(CL) Ag:4+A1—|—2A2, A%:4+A2+2A0 and A§:4+A0+2A1

(b) Numbers Ay, A1, A5 are roots of an irreducible cubic equation with rational coefficients.
(c) Numbers Ag, A1, A2 have the same rank.

(d) Number cos(27/13) is not constructible.
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1. Number cos(27/p) is not constructible for
(a) p=3-2F +1 a prime.
(b) p a prime, p # 2™ + 1.
(c) p=289.
(d) number p that is not a product of a power of 2 and distinct prime numbers of the form
2m + 1.

12. Consider polynomial with given constructible number as a root. Prove that the minimal
degree of such a polynomial is a power of two. Then prove the impossibility in the Gauss
theorem.

The idea of another proof of the impossibility in the Gauss theorem is expressed by the notions
of a field and the dimension of a field.

13. Consider a subset of the set C of complex numbers. This subset is called a (numerical)
field if it is closed under addition, subtraction, multiplication and division.

(a) The following sets are fields: Q, the set of constructible numbers, the set of real numbers,
Q[v2] :={a+ V2 | a, 8 € Q}, each Qi in a sequence of quadratic extensions and

2 2
Qle] := {ag + are + aze? + aze® + -+ + aze'? | a; € Q}, where e = cos % + ¢ sin %



(b) Any field contains field Q.
(c) Any field that contains v/2 should contain Q[v/2].
(d) Any field that contains e should contain Q[e].

14. The dimension dim F of a field F' is the least k for which there exist
ba,bs...,by € F, such that F = {ag + agsby + aszbs + -+ arbi | a; € Q},

if such k exists.
(a) dimQ = 1.
(b) dim Q3] = 2.
(c) In a sequence of quadratic extensions dim Q; = 2dim Qy_1 for k > 1.
(d) In a sequence of quadratic extensions dim Q = 281
(e) If G C F are fields, then dim F' is divisible by dim G.

2T
15. (a) dim Q[cos 13 + zsm—] < 12.
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(b) If dim Q[cos 13 + isin %] < 12, then P(e) = 0 for some polynomial P with rational
coefficients, where the degree of P is less than 12.
(c) Use the previous assertions to prove that number cos(27/13) is not constructible.

2m 2m
16. (a) dim Q[cos 289 + isin @] 272.

(b) Use the previous assertions to prove that number cos(27/289) is not constructible.
(c) Prove the impossibility in the Gauss theorem.

17. (a) Any constructible number is algebraic, i.e. it is a root of an polynomial with ra-
tional coefficients. (This fact together with the transcendence of /7 implies the impossibility
of squaring the circle by compass and ruler. The transcendence of /7 is an implication of the
transcendence of 7 that is proved by Lindemann in 1883.)

(b) Let P be a polynomial with constructible roots. If P has rational coefficients and has an
odd degree, then one of its roots is rational.

(c)* The roots of a polynomial of degree 4 with rational coefficients are constructible if and
only if the resolution cubic equation [Ko, Pr| has a rational root.

Hints and solutions to some problems concerning impossibility.
Hint to problem 1c. Multiply by conjugate.

Hint to problem 2a. Induction on the number of operations of the calculator, which are
necessary to construct given number; use multiplication by conjugate.

Hint to problem 2b. 1t is a simple corollary of problem 2a.

Solution of problem 2c. Suppose that 3v/2 is constructible. Then there exists a sequence of
quadratic extensions

Q=Q,CQ2CQR3C...CQr_1 CQ, suchthat 3vV2e€Q,\Qr_1.
Since 3v/2 ¢ Q, it follows that r > 2. Then

3\/5204—1—5\/6, where O‘?ﬁaaeQr—h \/agQr—l and ﬂ%o



Then
2 = (3v2)? = (a® + 3a6%a) + (326 + f2a)Va = u + vv/a.

Since 2 € Q C Q,_1, it follows that 2 —u € Q,_1. From
vwa=2—u and v€EQ,_; weobtain 0=v=30%6+ 3.

Since 3a? + %a > 0, it follows that 3 = 0. A contradiction.
Hint to problem 3a. Express cos 3a by cos a.

Hint to problem 3b. If cos(27/9) = a++/b, then a—v/b is also a root of equation 8% —6z+1 = 0.
Hence by the by the Vieta theorem the third root is equal to —(a + vb) — (a — Vb) = —2a € Q.

Solution of problem 3c. It is a corollary of 3a and 3d.

Proof of the theorem 3d for cubic equations all whose three roots are real (this case is sufficient
to the impossibility of construction of reqular 9-angled polygon). The part 'if” is obvious. Let us
prove the ’only if” part. Suppose the contrary, i.e. that at least one of the roots is constructible.
For each constructible root z consider the minimal sequence of quadratic extensions

Q:Q1CQ2CQ3C...CQT_1CQT, for which zleQT\Qr_l.

Consider the root z = z; with the least length [ of minimal sequence.
Since the equation has no rational roots, it follows that [ > 2. Hence,

<1 :O‘-i_ﬁ\/a? where O‘?ﬂ7a‘€ Ql—17 \/agQT—l and B#O

Hence number zZ; = a — $4/a is also a root of the considered equation (by the Conjugation
lemma). Since 3 # 0, it follows that o — 8v/a # a + By/a, i. e. Z; # z1. Denote 29 := Z;. By
the Vieta formula for our equation we have:

21+ 20+ 23 =(a+pvVa)+ (a—BvVa)+ 23 =2a+23 €Q, hence 23€ Q1.

Therefore for the root z3 there exists a sequence of quadratic extensions whose length is less
than that for the root z;. A contradiction. [

Hint to problem 5a. Apply the Eisenstein criterion to ((z+ 1) —1)/z and the Gauss lemma.

Solution of problem 5b. Consider a sequence of quadratic extensions Q = Q1 C Q2 C ... C
Qr—1 C Q, D e. Notice that polynomial ® is reducible over @, (because ® has e as a root).
Hence there exists [ for which polynomial @ is reducible over ();4+1. Let k be the minimal
such [. From problem b5a it follows that £ > 1. Now it is easy to see that the sequence
Q=0Q1CQ:C...C QL C Q1 is the required.

Hint to problem 5c. Conjugate relatively to @y the equation ®(x) = P(x)R(z).

Hint to problem 5d. 1t is sufficient to prove that if the polynomial P with coeflicients in Qg1
divides @, then P and P are relatively prime. For this prove that GC'D(P, P) has the coefficients
in @ and use the irreducibility of polynomial ® in Q.

Solution of problem 5e. Analogously to problem 5b.

Hint to problem 5f. Prove that the decomposition of polynomial ®(z) constructed in problem
5d has exactly two factors (use the fact that if the coefficients of polynomial P are in Q1, then
the coefficients of polynomial PP are in Q). The same is true also for decompositions of new
factors and so on. Using this prove that the degree of polynomial ®(x) should be a power of
two.



Hint to problem 5g. Analogously to problem 5f.
Hint to problem 6b. Suppose the contrary and apply indefinite coefficient method.
Hint to problem 7a. Apply the Eisenstein criterion to ®(z + 1) and the Gauss lemma.

Hint to problem 7b. Analogously to problem 5 prove that if number cos il is constructible,
then the degree of polynomial ®(z) should be a power of two. A contradiction.

Solution of problem 8. Consider complex number e = cos(27/7) 4 i sin(2x /7). Since e # 1, it
follows that number e is a root of an equation €% + € +e* + €3 +e? +e+1 = 0. Let us divide
both parts of the equation by e3. Denote

fr=e+e, then e*+e?=f>-2 and e’ +e = fle?+e%-1).
We have a cubic equation
FUP=3)+(fP=2)+f+1=0, ie fP+f*-2f-1=0.

The candidates for rational roots of this equation f = £1 are easily rejected. Using theorem 3d
on cubic equations one can observe that number f = e+e~! is not constructible. Hence e is not
constructible (explain why).

Hint to problem 9a. Induction on k.

Hint to problem 9b. 1t is a corollary of problem 9a and the fact that every symmetric poly-
nomial of variables f1, fa,..., f(p—1)/2 is rationaly expressed via polynomials of type fErfry

k
ot S e
Solution of problem 9c. Since for each s,t € {1,2,...,p—1} there exists k such that e* = (e!)¥,
it follows that ranks of numbers e, €?,...,eP~! are the same.

Solution of problem 9d. Since e® + e~* is rationaly expressed via e + e~ 1!, it follows that for
each s,t € {1,2,...,p— 1} number e + e~ % is rationaly expressed via e’ + e~* (Analogously to
problem 8). Hence ranks of numbers fi,..., f,—1)/2 are the same.

(Observe that rk(e + e~ 1) = rke — 1.)

Solution of problem 9e. Let r := rkfs. Hence for some sequence of quadratic extensions

fs = ag + Bs\/a, where oy, Bs,a€ Qr_1, VaZ@Q._1 and B #O.

Hence number f, = a, — (Bsy/a is also a root of considered polynomial (by the Conjugation
lemma). Since

Bs # 0, it follows that g — Bsv/a # as + Bsv/a, i e. 78 # fs-

So roots fi,..., f(p—1)/2 are split into pairs of conjugates. Hence number (p —1)/2 is even. A
contradiction.

Solution of problem 10a. We prove the first formula (the others are proved analogously).
Notice that g% = —1. Hence

AZ=((e9 +e 9 )+ (% +e79))?2 =

*

—~
~

=2+¢7 +e 9 +2+¢0 49 + 2(690 + 696)(693 + 699) =4+ Ay + 24,.
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The last equation holds because

(690 + 696)(693 + 699) — 9"+ 4 097+ | 9% H9” 4 9" +d” — 0" +9” g = ed” Ay = As.
(Equations marked with (x) hold because g = 2.)
Hint to problem 10b. Prove that Ag+ A; + As, A3+ A3+ A3, A} + A3 + A3 are rational.

Hint to problem 10c. Using problem 10a and Ag + A; + A3 = —1 prove that A; is rationaly
expressed via each A;.

Hint to problem 10d. Solution is obtained from problems 10b u 10c analogously to problem
9e.

There is another solution that does not use 10c. Suppose that number Ay has rank r. Conju-
gate Ag relatively to @,—1. The obtained number will be one of the numbers A; (explain why).
Now one can observe that A;’s are split into pairs of conjugates. Hence the number of A;’s is
even. A contradiction.

Hint to problem 11a. Analogously to problem 10.

2
Hint to problem 11b. Suppose that for p = 2¥r + 1 the number cos ] is constructible (where
p
r > 1is odd). Deduce that numbers

i r4i k_1yr44
A =¢€9 el et 1)+, 0<i<r-—1
have the same rank and are the roots of polynomial with rational coefficients and degree r.

Hint to problem 11c. Consider numbers

272 273 288

Ap=e" +e9 4 qe? ) A=l 4ol g A= el 4l
Hint to problem 12. Analogously to problem 5.
Hint to problem 14c. Prove that

Qr ={a1 +agh | 1,00 € Qp—1} foreach be Qp— Qr_1.

Hint to problem 14d. 1t is a corollary of problems 14a and 14c.

Hint to problem 14e. The minimal k£ for which there exist
bi,ba,...,b € F such that F = {a1b; + asbs + agbs + -+ -+ agbi | a; € G},

if such k exists, is called the dimension dim(F : G) of the field F' over the field G. Prove that
dim F' = dim Gdim(F : G).
Hint to problem 15b. Prove that there exist rational numbers ag, a1, ..., a2, not all equal to
0 and such that
ap +aje+ -+ apett = 0. ()
2

2
By definition of dimension there exist by, ...,b1; € Q[cos % + 7 sin ﬁ] and ay; € Q such that

ej_l = Oéj’lbl —|—ozj72b2—|—~-~—|—ozj,11b11 for j = 1,2,...,12.
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Substitute these expressions for e’ to (*). Then consider equations stating that coefficients of

by, ...,b11 are zeroes. Finally prove that the obtained system of equations has a nonzero rational
solution.

Hint to problem 16a. Analogously to problems 15ab. Use the irreducibility of polynomial
Hint to problem 17a. Let a=a; and b=b; be constructible numbers, P and ) polynomials
with rational coefficients of minimal degree such that a and b are their roots, respectively. Let

as,...,a, be all other complex roots of P and bs,...,b, all other complex roots of (). Notice
that

a + b is a root of polynomial P(x —by)...P(x — b,),

a — b is a root of polynomial P(x +by)...P(z + b,),

ab is a root of polynomial P(;-) ... P(35),

7 is a root of polynomial P(xby)...P(xby),

Va is a root of polynomial P(x?).

Now it suffices to prove the lemma.

Lemma. Let R(zx,y) be a polynomial in two variables with rational coefficients, by, bo, ..., b,
are all complex roots of polynomial ) with rational coefficients. = Then a polynomial
R(x,b1)R(x,bs) ... R(x,b,) with one variable also has rational coefficients.

Solution of problem 17b. Analogously to problems 5bc.






Kynuniaa mama KOHUKA
A.3acimaBckuii, A.AxkorsH

Baaun, npuBeIeHHbIe B 1.1, Ha HEPBBI B3IV KaXKyTCs MaJIO CBA3AHHBIMU JIPYT C
apyrom. ObbeauHsieT X TO, 9TO, HECMOTPsS Ha BIIOJHE 3JIeMeHTapHbIe (hOPMYJIMPOBKH,
9JIEMEHTAPHBIME METOJIAMHU OHH PEIIaloTCA ¢ OOJIBITUM TPYJIOM. [Ipu 9TOM MOXKHO TOJTY-
YUTh BEChbMAa UBSIIHbIEC PEIICHUs, PACCMOTPEB IMOIXOJIAILYIO BCIIOMOTATEILHYIO0 KPUBYIO
BTOPOI'O TIOPSATKA WM KoHuky (T.e. SJuIHIC, runepboay uin mapaboiy). Hacrs Teopew,
OIHUCHIBAIONINX HYKHbIE CBOMCTBA KOHUK, IIPUBOIATCA B 9TOM pasjese, OCTaJIbHbIe OYIyT
IIPUBEJIEHDI B 11.2.

Omnpepnesienne 1. daisuncom Ha3BIBAETCST MHOKECTBO TOYEK, CyMMa PaCCTOSTHUN OT
KOTOPBIX JI0 JIBYX (PUKCHPOBAHHBIX TOYEK TLJIOCKOCTH — (POKYCO8 IJLIATICA — TMOCTOSTHHA.

Onpenesienue 2. [unepb0aoti HA3BIBAETCSI MHOZKECTBO TOYEK, MOJIYJIb PA3HOCTU Pac-
CTOTHHUI OT KOTOPBIX J0 JBYX (DUKCHPOBAHHBIX TOUYEK ILJIOCKOCTH — (hoKYCcOo6 TUIIEPOOJIBI
— 1ocTosiieH. ['urepbosia cOCTOUT U3 ABYX BETBEil, HEOTPAHUIEHHO HMPUOJINZKAIONIUXCI K
JIBYM IPSMBIM, KOTOPbIE HA3BIBAIOTCS GCUMNMOMamu rurnepoosl. I'unepbosia, acuMIrTo-
ThI KOTOPOI MEPITeHINKY/ISIPHDBI, Ha3bIBACTCH PAGHOCMOPOHHE.

Onpenenienune 3. [lapaborotli HA3BIBAETCI MHOXKECTBO TOYEK, PABHOYIAJICHHBIX OT
PUKCUPOBAHHBIX TOYKH U IPAMO — ¢hokyca u dupexmpucv, napadbosibl. [Ipsmast, mpoxo-
Jndias depes HPOKyC U MePHeHATKYIIpPHAd IUPEKTPUCce MapadoJIbl HA3BIBACTCI €€ 0CHI0.

Onpenesienne 4. Toukn P u () Ha3bIBAIOTCA U3020HANDHO CONPAHCEHHDLMU OTHOCH-
tesibHO Tpeyronbanka ABC, ecim ipsimbie AP u AQ, BP u BQ, CP u C'() cuMMeTpuIHbI
OTHOCHUTEJILHO OMCCEKTPUC COOTBETCTBYIOIINX YIJIOB TPEYTOJHHUKA.

Onpepnesienne 5. [Ipsmvast, coeuHAONIAs CEPEIMHBI JHANOHAJIEH YeThIPEXYTOJIbHUKA,
HasbIBaeTcsa npamot laycca.

1 3azgaun

Psadosoti Hearnos!
Bosvmume aom u
NOOMEMUME NAGY,

1. /laHBI 9eTbIpe MPAMBIX OOIIEro MOJIOKEHU.

a) JlokazaTh, 9TO ONMUCAHHbIE OKPY?KHOCTU YeThIPEX TPEyroJbHUKOB, 00PA30BAHHBIX
KazKJIBIMU TPEMsl M3 9TUX MPSAMBIX [IPOXOJST Yepe3 OjHy TOUuKy (mouka Mukkens).

b) Jlokasarb, 9TO OPTOIEHTPHI STUX TPEYTOJBHUKOB JIe’KAT Ha OJHOW MPsIMOIi, Tep-
HeHIMKYJIAPHOi Ipsamoii [aycca 00pa3oBaHHOIO JAHHLIMU IIPSIMBIME YeTHIPEXYTOJILHUKA.
(dra npsimas HazbiBaeTcs npamot Obepa.)

¢) (JI.EmesbsinoB) PaceMoTpuM Tpu HpsiMble, OTJIMYHBIE OT JAHHBIX U COEIMHSIIOIIIE
TOYKHM UX Hepecedenust. JlokazaTh, 4T0 OKPY?KHOCT, IIPOXOJIAIIAs Y€PE3 CEPEIUHBI CTOPOH
00pa30BaHHOIO MMH TPEYTOJLHUKA, HMPOXOAUT 4Yepe3 TOUKy MUKKe/Is JaHHBIX YeTbhIPex
IPSIMBIX, & LEHTP ONUCAHHON OKPYKHOCTH 3TOIO TPEYLOJLHHUKA JICIKUT HA UX IPAMOM
Obepa.

2. Han tpeyrompuuk ABC u ase Touku P, (). [Ipsmbie AP u AQ) nepecekator BC' B
roukax Aq, As. Touku By, By, Cy, Cy onpenensitores anagorndso. (Tpeyroapauk Ay ByCh
HA3BIBACTCS YCEUAHHDIM MPEY20AbHUKOM TOUYKH P oTHOcuTebHO Tpeyrobanka ABC'.)



Az — Touka nepecederus UpaMbix AA; u BoCs; Ay — Touka nepecedenns AAs u B1Ch;
Bs, C5, By, C4 onpenenensl anajgorudno. Jlokasarb, aro mpsamble Ay Ay, AsAsz, BiBy,
By B3, C1Cy, CyC3 ntepecekatoTcst B OJHON TOUKE.

JlonosmHuTesibHBINA Botipoc. Kakas Todka 1moyanTes eciu B KadecTBe P u () B34Th:

a) MEHTP TsKEeCTH U TOYKy 2KepronHa (TOUKY MepecedeHus: MPSIMbIX, COeIMHSIONIX
BEPIIUHBI U TOYKH KACAHUS TPOTHBONOJIOXKHBIX CTOPOH C BIUCAHHOW OKPYKHOCTHIO);

b) HeHTp TsIXKEeCTH U OPTOIEHTD;

C) JiBe IMaMeTPAJIbHO IPOTUBOIOJIOZKHBIE TOUKH OIIUCAHHON OKOJIO Tpeyroyibauka A BC
OKPYKHOCTH.

3. JlokaxkKuTe ONTUYECKOE CBOMCTBO I1apaboJibl: IpsiMasi, Kacaromasicsa mapadoIbl ¢
dokycom F' B Touke X, oOpasyer paBHbIe yIbl ¢ IpaMoii X F' 1 ocbio apadoJIbl.

4. Jlokaxkure, 9TO TOYKA, CHMMeTpUIHAast POKYyCy mapado/ibl OTHOCUTEIHLHO KacaTelb-
HOIA, JIEZKUT Ha JIUPEKTPHCe TapabOoJIbL.

5. Haiiure I'MT — mpoekiuit dpokyca napadbo/ibl Ha KacaTe/bHbIE K HEil.

Teopema 1. Eciin napabosia KacaeTcss CTOPOH TPEYToJIbHUKA, TO ee (DOKYC JICKUT Ha
OTMCAaHHOW OKPYKHOCTH, a JIMPEKTPHUCA IIPOXOINT FIepe3 OPTOIEHTP.

Teopema 2. Yepes j1106ble ISITh TOYEK ODOIIErO MOJIOXKEHUs IIPOXOIUT €JIMHCTBEHHA
KOHUKA.

Teopema 3. [11s1 100BIX IISITH IPSAMBIX OOIIEro MOJIOXKEHUsI CYIIECTBYET €IMHCTBEHHA
KaCaoIasicst IX KOHUKA.

Teopema 4. Bce KOHUKM TTPOEKTUBHO SKBUBAJICHTHBI. B dacTHOCTH, JTIOOYIO KOHUKY
MOYKHO IIPOEKTUBHBIM IIPe00pPa30BaAHKEM [IEPEBECTU B OKPYKHOCTE. DTa TeOPEMa, II03BOJIS-
€T OIPEIe/INTD IOJISIPHOE COOTBETCTBHE OTHOCUTEILHO JII000M KOHIUKH U C(DOPMYIUPOBATH
IPUHIIAI JBOACTBEHHOCTH.

6. Toukn X u X', Y u Y’ u30roHajbHO CONpPsIzKEHbI OTHOCUTEIBHO Tpeyrobauka ABC.
[psvbre XY u XY’ nepecekarorcs B Touke U; XY’ u X'Y — B rouke V. Jlokazarhb, 9To
U n V Takzke M30rOHAJILHO CONpsi2KeHbI oTHOcuTe b0 ABC.

7. Tpeyronbnuku ABC u A’ B'C’ nenrpanbhio cummerpudnbl. Yepes Touku A, B', C’
[IPOBEJEHBI TPH MapaJslieIbHble IpsaMble. /oKa3arh, 9T0 TOYKN UX IE€PEcedeHns] COOTBET-
ctBenno ¢ BC, CA, AB nexat Ha OJHON MPSIMOI.

8. Kaxmast n3 Tpex OKpY:KHOCTe#l JIeKUT BHe JBYX Apyrux. K KaxKJIpIM JBYM u3
9TUX OKPY?KHOCTeH IIPOBeIeHbI 00IIIe BHY TPeHHIe KacaTeabHbe. JloKa3aTh, 9To TyIaBHbIE
JIMaroHa/ M 0Opa3’oBAHHOIO MMU IIECTHYIOJILHUKA IePEeCeKaIOTCsI B OJHONR TOYKE.

9. Touka T paBHOYIAJIEHA OT IIPOTUBOIOJIOXKHBIX CTOPOH BBIITYKJIOIO YEThIPEXYIOJIb-
nuka. Jlokaszars, aro T jmekut Ha mnpsiMoit [aycca Torga m TOIBKO TOTIA, KOTJIA YeThIpex-
YTOJBbHUK SIBJISIETCST JTHOO BIMCAHHBIM, JTHOO ONMMCAHHBIM, JTMOO Tpalerueii.

10. Bayrpu yrna ¢ Bepmmnoit O jexar toukn A n B. Bunmmapmmbeiii map mMoxkeT
monacTb u3 A B B OTpasuBIINCHL OT OHON CTOPOHBI yIjla B TOYKe X MJIA OT JAPYroil B
touke Y. C, Z — cepenunbl otpeskoB AB, XY .

a) Hokazars, uro ecim yros O npsimoii, To npsmasi C'Z npoxogut depes O.

b) lokazarb, uro ecau yroa O He npsamoii, o C'Z npoxoautr depes O TOTa U TOJIBKO
Toraa, Koraa JauHbl JoMaHbix AX B u AY B paBHBIL

11. (Teopema dpo3-Papuu) Yepes oprorentp rpeyroibanka ABC poBeJeHbI JBe
HePIEHIUKY/ISIpHbIe IpsMble. Jlokazarh, 9TO cepelrHbl OTPE3KOB, BBICEKAEMBIX STHMUI
HIPSIMBIMHI Ha, CTOPOHAX TPEYTrOJIbHUKA, JIeXKAT Ha OIHOM IPSIMOIA.

12. (JI.EmennsinoB) Jan tpeyronbauk ABC. AA;, BBy — ero BeicoTsl; C* — TouKa
Ha npamoit A, By. IlpousBonbHaas npstmast, mpoxoasias depe3 C*, nepecekaer BC n AC



B Toukax A’ u B'. P — rouka nepeceyenuss AA’ u BB’; C' — touka nepecedenuss AB
u CP. Jlokazarb, 4TO ONUCAHHBIE OKPYKHOCTH Becex Tpeyroyubankos A’ B'C’ npoxoasr
yepes OJHy TOYKY.

13. Han tpeyrospauk ABC. Ay, Ay — ocHOBaHUS BBICOTHI I OMCCEKTPUCHI, Oy IIEHHBIX
Ha cropony BC'; A3, Ay TOYKNM KacaHWs TOH CTOPOHBI C BIUCAHHOW W BHEBIIMCAHHON
OKPYKHOCTAME Tpeyroibunka. Toukn By, ..., By, C1, ..., Cy onpee/ieHbl aHAJOTTIHO.

a) dokazars, uro npsameie A By, AyBy, A3Bs, AjB, niepecekaioTcst B OJIHON TOUKe.

b) Hdokazars, uTo onmcanHblie OKPYKHOCTH TPeyroabHuKkoB A1 B1Ch, Ay ByCy, A3B3Cs,
A4 B,Cy IpOXoaT depe3 OJIHY TOUKY.

14. Jlan tpeyronpauk ABC u npsimasi, mpoxonsmnias depe3 meHTp O ero onmcanHoit
OKpyzKkHOCTHU. /loKa3aTh, 9TO meJaibHble OKPY?KHOCTH BCEX TOYEK ITOH MPAMOI TPOXOIAT
depe3 JiHy TOUKY. ([ledaavrvim mpeyzosvHukom u nedasvhotll OKPYHCHOCMbI0 TOYKH P or-
HOCHTEILHO Tpeyroibunka ABC Ha3bIBaIOTCA TPEYTrOJbHUK, 00PA30BAHHBIN IIPOEKIUSIMI
P na npsimbte AB, BC, C'A, u ero onncanHasi OKPY?KHOCTb. )

15. /IBa TpeyrosibHEKA O00HBI, TTPOTHBOIOIOKHO OPUEHTUPOBAHBI U UMEIOT OOITHi
oprorenTp. Jlokas3arb, YTO OHU MEPCIEKTUBHBI (T.€. IPSMBbIE, COEIMHSIIONINE UX COOTBET-
CTBYIOIIIHE BEPIIUHBI, TIEPECEKAIOTCS B OJIHOI TOUKe).



2 TeopeMmbl 0 KOHUKAX WJIM HOJAMETaeM ILjall MeTJIO

Teopema 5. (ITackans) [llectb ToUek JiezkaT Ha OJJHON KOHUKE TOTJIA U TOJHKO TOT/IA,
KOTJIa TOYKHU TIepeceveHrs MPOTUBOIIOJIOXKHBIX CTOPOH 00PA30BAHHOTO UMH IIECTUYTOIhb-
HUKa JIEZKAT Ha OJHOU MPAMON.

Teopema 6. (Bpuanmron) Illects npsMbIX KacaroTcs OJHON KOHUKH TOTJA U TOJBKO
TOrJa, KOTJa TJIaBHbIE JMaroHa/n oOpa30BaHHOIO UMH IMECTHYTOJbHUKA IIEPECeKAIOTCI B
OJHOM TOYKe.

Teopema 7. ['eomerpudecKkuM MeCTOM IEHTPOB KOHWK, BIUCAHHBIX B JAHHBIA Y€THI-
PEXyTOJILHUK, siBJIdeTCd ero npsamas [aycca.

Teopema 8. [Tycts nanbt gersipe Touku A, B, C, D. Ilpsavbie AB u C'D niepecekaroTcst
B Touke X; AC'u BD — B 1ouke Y; AD u BC — B Touke Z. Torma mojstpsl 11000 TOYKI
P, ornmunoit or X, Y, Z, oTHOCHTE/ILHO BCeX KOHUK, mpoxoadamux 4depes A, B, C, D,
IepecekaoTces B OHOM Touke. Ecan kaxkmas us rouek A, B, C, D saBisieTcst OpTOIEHTPOM
TPEYroJIbHIKA, 00PA30BaAHHOIO TPEMS OCTAJILHBIMHU, TO 3Ta TOYKA N30MOHAJIHLHO COTPAZKEHa,
P ornocurensno Tpeyroabuuka XY Z.

Teopema 9. IlycTh maH TpeyroJibHUK U MpsMasi, HE MMPOXOJAINasi depe3 ero BepIin-
ubl. OOpa30oM 3TO# MPAMOI IIPU U30IMOHAJIHLHOM COIPSI?KEHUU sIBJISIETCSI OIMCAHHAS OKOJIO
TPEYTroJbHIUKA KOHUKA.

Teopema 10. Ilycts mamer aBa Tpeyrombuuka A;BiCy nu Ay BoCy. Ilpsivbre A1 By u
Ay By nepecekarorces B Touke C', BiC1 u BoCy — B Touke A', C1A; u CyAy — B TOUKe
B’. Eciu tpeyronbuuk A’ B'C’ nepcnektusen oboum Tpeyroabaukam A1 BiCh u Ay ByCh
¢ meHTpamu rnepcrnekTuBbl Dy, Do, T0o Touku Ay, By, Ci, D1, Ay, By, Cy, Dy nexat Ha
OJTHOM KOHHKE.

Teopema 11. (O uerbipex KoHHKax) [Iycrh KaxKjble Be M3 TPeX KOHUK MepeceKa-
10Tcs B derbipex Toukax. llects u3 nenaaT Touek nepecedenus (1o JBe st KazK 1o
napbl KOHUK ) JIEZKAT HA OJIHOI KOHWMKE TOTJIa M TOJIBKO TOIJIA, KOTJa ODIIIe XOP bl KOHUK,
IIPOXO/IAIINE Uepe3 OCTaJbHbIe TOUKH, IIEPECEKAIOTCS B OJIHOM TOUKE.

Teopema 12. /IupexkTpuca mnapabosnl gasigercsa ['MT, kacarenbHble U3 KOTOPBIX K
rapaboJie MepIeH UK Y IsIPHBI.

Teopema 13. Konuka, onucaniasi OKOJIO TPEYTOJbHUKA ABJISAETCS PaBHOCTOPOHHE
ruIepOoJIoit TOrga U TOJBKO TOTJA, KOIJIa OHa IPOXOIUT depe3 OPTOIEHTP.

Teopema 14. 'eomerpuyecKuM MeCTOM IIEHTPOB PABHOCTOPOHHHUX T'UIIEPOOJI, OIIUCAH-
HBIX OKOJIO TPEYTOJIbHUKA, SIBJIAETCA €r0 OKPYKHOCTb Jiijiepa.

Teopema 15. [leambuas u yeBuanHas OKPY>KHOCTh TOYKHU I? OTHOCHTE/THLHO TPEYTOIhb-
nnka ABC mpoxomdar depe3 eHTp paBHocTOpoHHel rurnepboasr ABCP.

3 Jlureparypa

A.B.Akomsgn, A.A.3acmaBckuii. [eomerpudeckne cBoiicTBa KPUBBIX BTOPOTO Topsiaka. M.:

MITHMO, 2007.



Kynuniaa mama KOHUKA
A.3acimaBckuii, A.AxkorsH

YKazaHud K penieHusIM 3aJia4d

1. ITo Teopeme 3 cymiecTByeT eIMHCTBEHHAs TapaboJia, Kacarolasics JaHHBIX TPAMBIX.
ITo Teopeme 1 ee dokyc siBasercs Toukoit Mukkes, a qupekTpuca — mnpsamoit Obepa Je-
ThIpEXyrobHuKa. [[puMenuB Tenepb Teopemy, JBOWCTBEHHYIO K TeopeMe 10, K deThipeM
JIAHHBIM TPAMBIM, OECKOHEYHO YIAJEHHON MPAMOM U CPEJIHUM JIMHUAM TPEYTOJIbHUKA, 00-
Pa30BaHHOIO TPEMsI IMATOHAJIBHBIMU IIPAMBIMU, ITOJIyYaeM, UYTO CPEIHNE JIMHIU KACAIOTCS
TO 2Ke 11apaboJibl, OTKY/a CJIe/IyeT HOCAeHee YTBEPK/IeHUE 3a1atn.

2. Paccmorpum konuky ABCPQ. Ilosoc otHocuTe/bHO Hee mpsimoit PQ) sBisgercs
UCKOMOI TOYKOM. [Ij1s1 JoKa3aTe/IbcTBa JIOCTATOYHO MPOCKTUBHBIM ITPEOOPa30BaHUEM ITe-
peBeCTH KOHWKY B OKPYXKHOCTb, TaK ITOOBI TOYKHU P, () mepemniim B JuaMeTpaJbHO MPO-
TUBOIIOJIOYKHDIE.

OTBeT Ha JIONOJIHUTEJIbHBIA BOMPOC:

a) IEHTD BIIMCAHHON OKPY’KHOCTH;

b) Touka Jlemyana, H30roHAJIBHO CONPsIZKEHHAS TIEHTPY TAKECTH;

¢) GeCKOHETHO yajeHHasl TOYKa, HAIIPABJIEHNe Ha KOTOPYIO HMePIeHNKYIsApHO PQ).

3. Ilycrs X' — mpoeknuss X Ha gupexTpucy. IIpeamnosokuMm, 9To OHCCEKTPHCA YIa
FX X' ne coBnayiaer ¢ kacareybHoii. Torma oHa BTOpU4HO mepecekaeT mapaboJiy B HEKO-
ropoii Touke Y, u FY =YY’ rne Y — npoekuus Y na gupexkrpucy. Ho Tpeyrosbauku
FXY u X' XY pasnbl, nockoinbky F'X = XX’ /FXY = /X'XY, suaunr FY =Y X' —
poTuBOpedYre, Tak Kak Y'Y’ <Y X'

4. Ncnonb3yst 0603HaUEHUST TIPEILIIYINeil 3a1a9n, cpasy Hoay4daemM, 91o Touku F u X'
CUMMETPUYIHBI OTHOCUTEIHBHO KacaTeIbHOI.

5. Tak kak ['MT, cumMmMeTpudHbIX (DOKYCY OTHOCUTEIBHO KacaTeIbHbIX, — JIUPEKTPU-
ca napabosiel, 'MT mpoekiuit — npsmas, napasiesbHas JUPEKTPUCE U PACIIOJIOKCHHAS
BJBOE OJIMKe K (POKycCy, T.e. KacaTe/bHas K IapadoJie B ee BEepIInHe.

6. PaccMoTpuM 1Iy9oK KOHUK, MIPOXOJIAIINX Yepe3 MEHTPhI BIIMCAHHON ¥ BHEBITUCAHHBIX
okpy:kHocreil Tpeyronbunka ABC. I1o Teopeme 8 mossapbl Toukr X OTHOCHTEIHLHO BCEX
KOHHUK 3TOr0 IIy4ka Ipoxoiadar 4depe3 X'. PaccMOTpUM KOHHUKY, OTHOCHTEILHO KOTOPOIi
nosstpoit X Oyzer npsamas X'Y'. Tlongpa Y/ oTHOCHTE/IBHO 3TOi KOHUKE IIPOXOJIUT depe3
X u, 3Ha4nT, coBrajaet ¢ npsamoit XY. Tak kak U — To4Ka repecevdenust mojsdap To9ek X u
Y’ nmongpoit U 6yner upsimas XY, npoxoasinas depe3 V. AHaJOrMIHO HaiijieM KOHUKY,
OTHOCHTEJILHO KOoTOpoii mosstpoit U Oymer npsmas X'Y . CienoBarenbHo, 10 Teopeme 8
V' — touka, nzoronabuo conpsizkearas U.

7. Ilo Teopeme Bpmanimona cyiiecTByeT KOHHKa, BIHCAHHAd B 00a TPEYyroJbHUKA.
[TycTs mekoropas npsmast, npoxoadmasa depe3 A’, nepecekaer BC' B Touke P, a mapad-
JlebHasl eii npsiMast, mpoxojsmnias yepe3 B’ nepecekaer AC B Touke (). Ilpumenus Teo-
pemy Bpuanmona k mectuyronbauky A’ XQPY B', rne X, Y — GecKoHEYHO yIaJIeHHbIE
touku upsaMbix AC, BC, mostyunm, uro npsaMas P() Tak»Ke Kacaercs 3TOi KOHUKHI, OTKYIa
U cJeyeT YTBEp:KIeHNUE 33 atu.

8. Tak Kak TOYKH IepecedeHus OOIINX BHEITHUX KAaCATE/IbHBIX K OKPY?KHOCTSIM JIEZKAT
Ha, OJIHOM IMPsIMOi, YTBEpXKJIECHUE 3aJIa9M SBJIACTCA YACTHBIM CJIydaeM TEOPEMbI, JIBOIi-
CTBEHHOM K TeopeMe O YeThIpeX KOHUKAX.



9. Ilo Teopeme 7 Touka T sIBJIIETCS HEHTPOM BIIMCAHHON B U€THIPEXYTOJIHHUK KOHUKH.
Tax Kak IPOTUBOIOJIOXKHBIE CTOPOHBI YeThIPEXYTOJbHIKA PABHOYIAJIEHBI OT 1', OHI JIHOO
rapaJiie/IbHbl, JTU00 CUMMETPUIHBI OTHOCUTE/ILHO OJHON 13 oceil konuku. Ecau obe ma-
PBI TPOTUBOIIOJIOZKHBIX CTOPOH CUMMETPUYHBI OTHOCUTE/ILHO OJIHON M TOW Ke OCH, TO B
YeTBIPEXYTOJbHUK MOYKHO BIUCATH OKPYKHOCTB. EC/I 2Ke 0Cl CUMMETPHUH pa3/InydHbl, TO
OUCCEKTPUCHI YITIOB MEXKJTy TPOTHBOTIOJJIOKHBIMUA CTOPOHAMU YETHIPEXYTOILHUKA TIEPIIEH-
JUKYJISIPHBI, UTO PABHOCUJIBHO €0 BIIMCAHHOCTH.

10. D10 nepedopMyIupOBKa HPEIbLIyINeil 3a1ad9u sl IeThIPeXyTroJIbHIKa, 00paso-
Bannoro npsambeivu AX, BX, AY, BY.

11. Ilo Teopemam 1, 12 nBe mpsiMble IMPOXOLAINE Yepe3 OPTOIEHTP U CTOPOHBI TPe-
YTOJbHUKA KACAIOTC OMHON mapabosibl. CepenHbl BBICEKAEMBIX Ha CTOPOHAX OTPE3KOB
SIBJISTIOTCSI IIEHTPAMHU OKPYZKHOCTEH, OIMMCAHHBIX OKOJIO COOTBETCTBYIOIIUX IIPAMOYTOJIb-
HBIX TPEYTOJIbHUKOB, M 3HAYUT, JIeXKAT Ha CePeIUHHOM IEPIEHINKYIIPe K OTPE3KY MEXK LY
OPTOIEHTPOM U (POKYCOM ITOI 1apabOJIbI.

12. IIpexke Bcero Haj0 J0Ka3aTh, YTO F€OMETPUIECKUM MECTOM TodeK P Oyjer Ko-
HUKA ONUCAHHAA OKOJIO TPEyroJibHUKa. J[JIsh 9TOro JI0CTaTOYHO NMPOEKTUBHLIM IIPeodpa-
3oBaHueM Iepesectu TpeyroibHuk ABC B paBHOOEAPEHHBIN IpAMOyro/ibHbiii, a C* — B
OECKOHEUHYIO TOUYKY IPSMOii, MepIeHIUKY/IsIPHON €ro IuIoTeHy3e.

Tenepnb, Tak Kak moydeHHas KOHHKA IIPOXOIUT Uepe3 OPTOIEHTDP TPEYroJbHUKA, OHA
SIBJISIETCST PABHOCTOPOHHEl rurep6osioit u o Teopeme 15 Bce okpyxuoctu A’ B'C’ npoxo-
JIAT Yepe3 ee MEHTP.

13. Ilpu m30roHAJIHLHOM COIPSXKEHUH OPTOIEHTP TPEYrOJbHUKA IIEPEXOIUT B IEHTP
OIIMCAHHON OKPY?KHOCTH, IIEHTD BIMCAHHONW OKPYKHOCTH B cebsi, a Touku 2KepronHa u
Haresns B 1meHTPBI TOMOTETHH BIIMCAHHON M ONMCAHHON OKPYKHOCTH, T.€. M30T'OHAJIbHBIE
0o0pas3bl BCeX ITUX TOUEK JieXKaT Ha OJHOM mpsiMmoii, mpoxomagamnieii gepe3 O. Ilo Teopeme
9 caMu TOYKHM JIezKAT Ha PABHOCTOPOHHEN TUIEepOoJIe U yTBEPXKICHUE 3aJIa9u CJICIyeT U3
YTBEPKICHUsT IIPE/IbIILYIIEN.

14. TlegayibHble OKPY?KHOCTH M30TOHAIBHO CONPAXKEHHBIX TOYEK COBIAIAIOT, IIOITOMY
yTBepKJIeHUe 3a/1a9l caejlyeT u3 reopem 9, 15.

15. Ilomobue, nepeBosInee OJuH U3 JAHHBIX TPEYTOJBHUKOB B JIPYTOil, ABJISIETCI KOM-
MTO3UITUENl TOMOTETUHU C IIEHTPOM B UX 00IIeM opTolieHTpe H U cCUMMETPUU OTHOCUTETHHO
npoxosineit vepe3 H npsimoii [. PaccMoTrpum JBe paBHOCTOPOHHHE THUIIEPOOJIBI ¢ ACHMII-
TOTaMHU, HapaslIeJIbHBIMI [, OIUCAHHBIE OKOJIO TpeyroJbHukoB. OHU nepecekatorcs B H,
JIBYyX OECKOHETHBIX TOUKAX M KAKOH-TO UeTBepTOil TouKe P, KoTopasi, C/ieIoBaTe/IbHO, sIB-
Jigercsd jieiictBuTenbHOM. Harne moiobue nepeBoguT oHy THIEPO0JYy B JIPYTYIO, IPHIEM
TPHU U3 UX OOIINX TOYEK MEPEXO/AT B ce0sd. ITUM Ke CBOMCTBOM 00/Ia/1aeT IeHTpaIbHAasT
IIPOEKITUsI OJHOM TUIEPOOJIBI Ha APYTYIO U3 TOYKHU P, a IMOCKOJIbKY MPOCKTUBHOE COOTBET-
CTBUE MEXKJy KOHHKAMH OIHO3HAYHO OIPEJesIsieTcs obpasaMu TpeX Touek, P siBjsercs
IIEHTPOM TIEPCIEKTUBBI TPEYTOJIHLHUKOB.



Auxiliary conics
A.Zaslavsky, A.Akopjan

It seems that the problems of p.1 are not coherent. They are assotiated by the difficulty
of elementary solution. But all this problems have nice solutions using the properties of
some auxiliary conics. Some theorems describing these properties are cited in p.1, the
other will be given in p.2

Definition 1. Ellipse is the locus of points P such that the sum PF; + PFy of
distances from P to two fixed points — the foci of ellipse — is the consnant.

Definition 2. Hyperbola is the locus of points P such that the modul of difference
|PFy — PFy| from P to two fixed points — the foci of hyperbola — is the consatant.
Hyperbola has two branches approaching in infinity to two lines — the asymptotes to
hyperbola. The hyperbola with perpendicular asymptotes is called equilateral.

Definition 3. Parabola is the locus of points P such that the distances from P to the
fixed point F and the fixed line | — the focus and the directiz of parabola — are equal.
The perpendicular from F' to [ is called the axis of parabola.

Definition 4. The points P and @) are isogonally conjugated with respect to the
triangle ABC if the lines AP and AQ, BP and BQ, CP and C@ are symmetric with
respect to the bissectors of the respective angles.

Definition 5. Let the quadrilateral be given. The line passing through the midpoints
of its diagonals is called the Gauss line.

1 The problems

1. Let four general lines be given.

a) Prove that the circumcircles of four triangles formed by this lines have the common
point (the Michel point).

b) Prove that the orthocenters of these triangles lie on the line perpendicular to the
Gauss line of given quadrilateral. (This line is called the Aubert line.)

¢) (L.Emelyanov) Let three lines distinct from given and passing through their com-
mon points be considered. Prove that the nine point circle of the triangle formed by these
lines pass through the Michel point of given quadrilateral and the circumcenter of this
triangle lies on the Aubert line.

2. Given the triangle ABC and two points P, ). The lines AP and AQ intersect BC
in the points A, Ay respectively. The point By, Bs, C;, Cy are defined similaply. (The
triangle A; B1C} is called the cevian triangle of P with respect to thev triangle ABC.)
Az — is the common point of AA; and ByCy; Ay — the common point of AA; and BCY;
Bs, Cs, By, Cy are defined similarly. Prove that the lines A1 Ay, AsAs, B1 By, BoBs, C1CYy,
C5C5 are concurent.

Addition. What is the common point of these lines when P and () are:

a) the centroid and the Gergonne point (the common point of the lines passing through
the vertex and the touching points of opposite sidelines with the incircle);

b) the centroid and the orthocenter;

¢) two diametral points of the circumcircle.

3. Prove the optical property of the parabola: the tangent in point X to the
parabola with th focus F' formes the equal angles with X F' and the axis of parabola.
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4. Prove that the reflection of focus in the tangent lies on the directrix of the parabola.

5. Find the locus of projections of the focus to the tangents of the parabola.

Theorem 1. If the sidelines of the triangle touche the parabola then the circumcrcle
pass through the focus and the orthocenter lies on the directrix.

Theorem 2. There exists the single conic passing trough five given general points.

Theorem 3. There exists the single conic touching five given general lines.

Theorem 4. All conics are projectively equivalent. In part any conic can be projec-
tively transformed to the circle. This allows to define the polarity with respect to any
conic and to formulate the duality principe.

6. The points X and X', Y and Y’ are isogonally conjugated with respect to the
triangle ABC. U, V are the common points of XY and X'Y’, XY’ and X'Y. Prove that
U and V are isogonally conjugated with respect to ABC.

7. The triangles ABC and A’B’C’ are centrosymmetric. Three parallel lines pass
through A’, B’, C'. Prove that their common points with BC', C'A, AB respectovely are
collinear.

8. Each of three circles lies outside two other. The hexagon formed by their common
internal tangents is considered. Prove that its main diagonals concur.

9. The distances from the point T to the opposite sidelines of the convex quadri-
lateral are equal. Prove that T lies on the Gauss line iff the quadrilateral is inscribed,
circumscribed or the trapezoid.

10. The points A, B are inside the angle with vertex O. The billiards ball can come
from A to B after the reflection from one side of the angle in the point X or after the
reflection from the other side in the point Y. The points C', Z are the midpoints of AB,
XY respectively.

a) LO =90°. Prove that the line C'Z pass through O.

b) /O # 90°. Prove that C'Z pass through O iff lengths of path AXB and AY B are
equal.

11. (The Droz-Farny theorem) Two perpendicular lines pass through the ortho-
center of the triangle ABC. Prove that the midpoints of segments striked by these lines
in the sidelines of ABC' are collinear.

12. (L.Emelyanov) AA;, BB; are the altitudes of the triangle ABC; C* is the point
on the line A;B;. Any line passing through C* intersect BC' and AC' in the points A’ and
B’ respectively. P is the common point of AA” and BB’; C' the common point of AB
and C'P. Prove that all circumcircles of the triangles A’ B'C’ have the common point.

13. AA;, AAy are the altitude and the bissector of the triangle ABC; A3, A, are
the touching points of BC' with the incircle and the excircle. The points By, ..., By,
C1,...,C4 are defined similarly.

a) Prove that the lines A By, AyBy, A3Bs, A4B, concur.

b) Prove that the circumcircles of the triangles A; B1Cy, AsByCy, A3B3Cs, AyB,Cy
have the common point.

14. Given the triangle ABC and the line passing through its circumcenter O. Prove
that the pedal circles of all points on this line have the common point. (The triangle
formed by the projections of the point P to the lines AB, BC', C'A and its circumcircle
are called the pedal triangle and the pedal circle of the point P with respect the triangle
ABC')

15. Two triangles are similar, oppositely oriented and their orthocenters coincide.
Prove that they are perspective.



2 The properties of conics

Theorem 5. (Pascal) Six points lie on the conic iff the common points of opposite
sidelines of respective hexagon are collinear.

Theorem 6. (Brianchon) Six lines touche the conic iff the main diagonals of respec-
tive hexagon concur.

Theorem 7. The Gauss line of the quadrilateral is the locus of the centers of inscribed
conics.

Theorem 8. Let four points A, B, C', D be given. X, Y, Z are the common points
of AB and CD, AC and BD, AD BC respectively. P is any point distinct from X,
Y, Z. Then all polars of P with respect to the conics passing through A, B, C, D have
the common point. In part if A, B, C, D are orthocentric then this point is isogonally
conjugated to P with respect the triangle XY 7.

Theorem 9. Let the line [ don’t pass through the points A, B, C'. Then the the
isogonal image of [ with respect to the triangle ABC' is the circumconic of ABC.

Theorem 10. Let two triangles A B;C; and A;B>Cy be given. C', A’, B’ are the
common points of A;B; and A;Bs, B1C} and ByCy, C1A; and CyA, respectively. If the
triangle A’B’C" is perspective to both triangles A; B;C; and Ay B,Cy with perspective
centers Dy, D, then the points Ay, By, C1, Dy, As, By, Cs, Dy lie on the conic.

Theorem 11. (Four conics theorem) Let each two from three conics have four
common points. Six common points (two for each pair of conics) lie on the conic iff three
common chords passing through another six points concur.

Theorem 12. The tangents from the point P to the parabola are perpendicular iff P
lies on the directrix.

Theorem 13. The circumconic of the triangle is the equilaterale hyperbola iff it pass
through the orthocenter.

Theorem 14. The nine points circle of the triangle is the locus of centers of equilateral
circumhiperbolaes.

Theorem 15. The pedal and the cevian circles of the point P with repect to the
triangle ABC pass through the center of equilateral hyperbola ABCP.

3 References

A.V.Akopjan, A.A.Zaslavsky. The properties of conics. AMS, 777.
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Solutions

1. Using the theorem 3 for four given lines and infinity line we receive that tere exists
the single parabola touching the given lines. By the theorem 1 its focus is the Michel
point of the quadrilateral and the directrix is its Aubert line. Also we can apply the
dual theorem 10 to for given lines, the infinity line and three medial lines of the diagonal
triangle. It results that the medial lines touche the same parabola, so we receive the proof
of p.c).

2. Let tehe conic ABC'PQ be considered. The pole of PQ with respect to this conic
is the sought points. This follows from the p.c) of the addition and the theorem 4.

Addition

a) the incenter;

b) the Lemoine point isogonally conjugated to the centroid;

c¢) the infinite point with the direction perpendicular to PQ.

3. Let X’ be the projection of X to the directrix. Suppose that the bissector of angle
FXX' don’t coincide with the tangent. Then it intersect the parabola in some point
Y distinct from X and FY = Y'Y’ where Y’ is the projection of Y to the directrix.
As FX = XX/, /FXY = /X'XY the triangles FFXY and X'XY are congruent, so
FY =Y X'. But YY’ < YX’ — contradiction.

4. Using the notations of previous problem we receive that F' and X’ are symmetric
with respect to the tangent.

5. Using the result of previous problem we receive that the sought locus is the tangent
to the parabola in its vertex.

6. Let the pencil of conics passing through the incenter and the excenters of ABC' be
considered. By the theorem 8 all polars of X with respect to the conics of this pencil pass
through X’. Let C be such conic that the polar of X with respest to C coincide with X'Y”.
Then the polar of Y’ pass through X, and so coincide with XY. As U is the common
point of polars of X and Y’, XY” is the polar of U. So the polar of U pass through V.
Similarly we can find such conic that the polar of U coincide with X'Y. By the theorem
8 V is isogonally conjugated to U.

7. By the Brianchon theorem the given triangles have cjmmjn inscribed conic. Let
some line passing through A’ be intersect BC' in the point P, and the parallel line passing
through B’ be intersect AC in the point ). Using the Brianchon theorem for the hexagon
A’ XQPY B' where X, Y are the the infinite points of AC' and BC repectively, we obtain
that the line PQ also touches this conic. This follows the sought assertion.

8. The common points of common external tangents are collinear. So we can use the
dual four conics theorem.

9. By the theorem 7 T is the center of some inscribed conic. As the distances from 7' to
opposite sidelines are equal, these sideline are parallel or symmetric with respect to some
axis of this conic. If the both pairs of opposite sideline are symmetric with respect to the
same axis then there exists the circle inscribed to given quadrilateral. If the symmetry
axis are distinct then the bissectors of two angles formed by the opposite sideline are
perpendicular and so the quadrilateral is cyclic.
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10. This is the reformulation of previous problem for the quadrilateral formed by the
lines AX, BX, AY, BY.

11. By the theorems 1, 12 there exists a parabola with focus F' touching the sidelines of
the triangle and two perpendicular lines passing through its orthocenter H. The midpoints
of stiked segments are the circumcenters of respective rectangular triangles, so they lie in
medial perpendicular to HF'.

12. If the triangle ABC' is rectangular and isosceles (AC' = BC') and C* is the infinite
point perpendicular to AB then the locus of points P is the circumcenter of ABC. Using
respective projective transformation we obtain that in general case the locus of P is the
circumconic.

Now as this conic pass through the orthocenter it is the equilateral hyperbola and by
theorem 15 all circles A’B’C" pass through its center.

13. The orthocenter, the incenter the Gergonne point and the Nagel point are isog-
onally conjugated to the circumcenter, the incenter and two homothety centers of the
incircle and the circumcircle respectively. So the isogonal images of four points lie on the
line passing through O. By the theorem 9 these points lie on the equilateral circumhiper-
bola and we can use the assertion of previous problem.

14. The pedal circles of two isogonal points coincide. So the assertion of problem
follows from the theorems 9, 15.

15. The similarity F transforming one of given triangles to the other is the composition
of reflection in some line [ passing through common orthocenter H and homothety with
center H. Let I' be an equilateral circumhyperbola of given triangle ABC' such that
one of its asymptotes is parallel to {. Similarly I is the equilateral hyperbola of second
triangle A’ B’C” with the same directions of asymptotes. I and I'" have three real common
points: H, and two infinite points. So their fourth common point P is also real. F define
projective tranformation from I' to I'” such that three common points of hyperbolaes leave
fixed. The single transformation with this property is the projection from fourth common
point P. So P is the perspective center of given triangles.



