Yucna Xewmn-Tasian sl KOHEYHBIX U KBA3UKOHEUHBIX MHOYKECTB

N.U. Bornanos, B.JI. Jlorsuukos, ['.P. HYennokos

1 BwmecTto BBeaeHus.

Tunuunasa 3amada. B 2opode pabomarom neckorvko asmobycroix mapupymos. Jobve dsa mapui-
pyma umerom He boaee I8YT obwsuxr ocmanosok. Taxorce uzgecmmo, ¥mo OAf AOOBLT JCCAMU MAPUWPY-
moe natidymes maxue dee ocmanosku A u B, umo xastcovil us smux decamu Mapuwpymos npoxooum
wepes xomsa 6w oony uz A u B. Jlokaosicume, wmo ecmv makue dge 0cmano8ku, “4mo Kadicoud u3
MAPUWPYMOE NPOTOOUM, 4epe3 00HY U3 HUL.

Jlokaorcume, wmo wucao 10 neavds damernums na menvwee. (Cum. 3amaay 5.46).)

Ecau Bam moHsAATHO ycJjioBHe 3TO# 3agadW W HPABATCS 3a4a4d TAKOITO THUIA — BBI
MOXKeTe ITPU >KeJIAHUM IIPOIIYCTUTh JdaJIbHEeHInii BBOAHBIA TEKCT U CMeJIO IePEeXOaUTh K
3aaavam.

B KOIVI6I/IHaTOpI/IKe JaCTO BCTAlOT BOIIPOCHI, IIPU KaKMWX YCJIOBUAX JJIsI HEKOTOPOI'O Ha60pa MHO-
»KECTB MOKHO BBIOpaTh HE OUeHb MHOI'O 3JIEMEHTOB TaK, UTOOBI KarKJI0e MHOXKEeCTBO Habopa comep-
2KaJIo XO0Td 6bI OINH U3 HUX (TaKaH cucreMa 9JIEMEHTOB Ha3bIBACTCA MPAHCEEPCANDIO Ha60pa). Takue
BOIIPOCHI HOSABJIAIOTCSI, HAIIPUMED, IIPU U3y ICHUN PACKPACOK (FI/IHep)I‘pa(bOB (KOTOpre IIPUMEHAIOTCS
B CaMbIX Pa3/JIMIHBIX O6JI&CTHX), a TakKzKe BO MHOI'MX CBA3aHHBIX pa3aejiax KOM6I/IH34TOpHOI7'I reoMeT-
puu. HecmoTpst Ha BHUMaHWE K 9TO# 00JIACTH, MHOTHE BOIIPOCHI, JaXKe BBITJISIIASIINE KaK BIIOJIHE
IMIKOJIbHBIC, 0 CHUX IIOP ABJIAIOTCA OTKPBITHIMHA HpO6JIeMaMPI.

B kavecTBe IpuMepa IPUBEJEM JI0 CUX [IOP He JIOKa3aHHYIO (1 He ONPOBEPrHyTyIO) runoresy Jlopaca—Pabepa—dpé-
ma.

Tunoresza. B 2opode n ag6mobychulr ocmarnosok, a a0bvie 068G a8MOOYCHLIT MAPWPYMa umerom He bosee 00Hol
obuweti asmobycroli ocmanosky (Kadtcowdl mapupym npoxodum xoma 6v, weped dée ocmanoskuy,). Jokasrcume, 4mo
ABMOBYCHBIE MAPULPYTVDL MOACHO MAK NOKPACUMD 6 T UBEMO8, YMO ABMOOYCHBIE MAPULPYMBL 001020 UBEMA HE UMEIO,
00UWUT OCMAHOBOK.

EcrecTBenno, mjst Toro, 9T066I TPAHCBEPCAIL 38, IaHHOTO pa3Mepa IJIst HAIlero Habopa MHOYKECTB
cyniecTBoBaJla, Ha/lO, 9TOOBLI OHA cynieCTBOBaJIa JIJId BCEX €10 HO,ILHa60pOB. OKaSbIBaeTCH, 49TO IIpn
HEKOTOPBIX YCIOBUAX Ha CEMeifCTBO OBbIBaeT MOCTATOIHBIM IIPOBEPUTH ITO CBOWCTBO IJIsi IOIHADO-
poB pUKCHPOBAHHOTO pa3mepa. OOIIEn3BECTHBIM IPUMEPOM YTBEPIK/IEHUsI TAKOTO THUIA SBJISETCS
KJIACCUYIECKasT TeopeMa XeJIJIN I BBITYKJIBIX MHOXKECTB (CM. 3a0aTy 2.4).

[TepBasi U3 OCHOBHBIX IeJIeil HAIErO MPOEKTa — U3ydYeHHe AaHAJOTUYHBIX BOIPOCOB CHAYAJA JIIsI
MHOYKECTB U3 OTPAHIIEHHOI0 YnCIa 31eMeHTOB (paszesn 4). JanbHeilinme pasesbl IOCBSIIEHbI UCCITIe-
JIOBAHUIO OJIM3KUX CUTYAIHl, KOTJa OPPAHNYEHA HE MOITHOCTh MHOXKECTBA, & MOIIHOCTD IIepecevdeHust
HECKOJIbKMX PA3JIMIHBIX MHOXKECTB. Takue BOIPOCHI TAKKe BO3HUKAIOT, HAIIPUMED, [IPU UCCIIEI0Ba-
HUU TIepecedeHnii airebpanaeckunx MHOKECTB (T.e. MHOXKECTB, 3aJIaHHBIX CUCTEMOIl aJrebpandecKux
yDABHEHHIA ).

MHorue 3a1a41 B 9TOM IIPOEKTE ABJISIIOTCA UCCAEI0BATENHCKIMI, NOO OTBET HA HUX B HACTOSIIIEE
BpeMsl HeM3BeCTeH (WM OYeHb CJIOXKeH). B Takux cjydasgx Mbl craBuM Borpoc tuna “Hackosbko
XOPOIIYIO OIEHKY BaM YJIACTCs HOJYIUTh?!” W NPUHUMAEM JIOObIE JOCTATOYHO XOPOIINe CepUiiHbIe
(T.e. mpoxosiue st GECKOHETHOrO YUC/Ia 3HAYCHUI TapaMeTpOB) OIEHKH. KCTecTBEHHO, JII00bIe
CepbE3HBIE YIYUIIeHUsT M3BECTHBIX OIEHOK B 9TOM 00JIACTH JOCTONHDI IO/ IMKAIIAN.

3adcmu, 6bL0aHHBLE NOCAE NPOMENHCYMOUTHO20 &UHUW(L, ommeveHnvl mpeyewwnu%%omv.

2 Bseaenme B unciaa XeJjianm

2.1. Jlar koHeuHBIIT HAOOP OTPE3KOB HA MPsiMOil. M3BeCTHO, UTO IepeceveHne BceX OTPE3KOB Habopa
nycro. Jokaxkure, 4T0 B HAOOPE €CTh JIBa HEIIEPECEKAIOIINXCS OTPE3KA.
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2.2. JTaHo sepeBo (T.e. cBsi3HbIT rpad 6e3 IMUKJIOB) 1 KOHEYHbI HAGOD ero MojiepeBbes (T.e. mojrpa-
oB, KaxKIplil U3 KOTOPBIX — TOXKe JiepeBo). VI3BecTHO, UTO IepecedeHne BCex I0/IePeBbeB Habopa
nycro. /Jokakure, 4To B HAbOOpE €CThH JIBa HEIEPECEKAIONUXCS TIO/IIePEBa.

2.3. Paccmorpum KoHeunblit HabOp AyT (pukcupoBannoit okpyxkuoctu. Ilycts jobbie 1000 u3 sTux
JIyT 1epecekaiorcs. Jlokaxkure, 94TO BCe JAyru HAOOpa He 0DsA3aHbBI [IEPECEKATHCS.

Bo Bcex Tpéx 3ajadax peub UIET 00 OJJHOM U TOM K€ CBOMCTBE HEKOTOPOI CUCTEMbI MHOXKECTB
(HaanMep, g 3a7a9u 2.1 — 9TO0 MHOXKECTBO OTPE3KOB Ha HpﬂMoﬁ). Haanm ompeneneHne 3ToTo
CBOIiCTBaA.

Ounpenenenne 1. ITycmv F — npouseoavhoe (603M0xHCHO, BECKOHEUHOE) CEMETICMBO MHOACECTNE.
Hamypaavroe wucao k nasweaemen wuciom Xemnu cemeiicta F, ecau gepno caedyrowee ymeep-
olcdenue:

Iyemv G — woneunvid nabop muooicecms u3 F, npuuém nepecevenue 8cexr mmodicecms u3 G
nycmo. Toeda natidymes ne boaee, yem k mHoocecms ud G maxue, 4mo yosce UL nepecederue nycmo.

Wnage ropopsi, k sBjIseTCs 9UCIOM XeJIn ceMeiicTBa JF, €C/Ii BBIIOJHAECTCA CJIeAyIoee “yTBep-
JKJIEHUE TUIa XeJIn :

IIyemv G — xoneunwili Habop muoocecms u3 F, maxoti, wmo mobvie k mroorcecms us G umerom
nenycmoe nepeceverue. Toeda u ece mmoocecmsan ud G uMem Henycmoe nepeceseHue.

B Ttepmumnax sToro ompesesienns nepBbie ABe 331a9H YTBEPXK A, ITO IUCJIO 2 ABJISTETCS IUCIOM
Xemau JUid ceMefCTB OTPE3KOB Ha NPSIMOIl U TOJIepeBbeB (DUKCUPOBAHHOIO JlepeBa. 1 peTbsd Ke
3ajata 1Mo CyTH yTBEPKIAET, ITO UTO JIJI CEMEHCTBa AyT (DUKCHPOBAHHON OKPYZKHOCTH IUCJIO XeJLIn
HE CYIIEeCTBYET.

Onpegneaenue 2. I[lycmv F — cemeticmeo muoocecms. Ecau ors F cywecmseyem wucio Xeanu,
MO MUNHUMANDHOE U3 6CET IMUL “ucen Mbi 6ydem obosnavwams wepes H(F). Ecau orce wucaa Xeanu
oasn F ne cywecmsyem, mo mu. 6ydem nucamov H(F) = oo.

Yrobbl JIydaie IIOHATDHb OIIpe/ieJIeHne, MbI IIpe/jlaracM I1openiaThb CJAEAYIoInue 3aJda9u.

2.4. (TEOPEMA XEJU A/ IJIOCKOCTU) Ilycrs C — ceMefcTBO BCeX BBIILYKJIBIX MHOXKECTB Ha
wiockoctn. Jokaxure, aro H(C) = 3.

3amedyanue. B npenbiayieit 3amgade ycJIoBHe KOHEIHOCTH Habopa § W3 OIpeleseHusT MOXKHO
3aMEHUTH Ha yCJ/JIOBHUE, 9YTO BC€ MHOXKeCTBa U3 C 3aMKHYTBI 1 OT'DPaHUY€HDBI.

2.5. Jlokaxkure, 9TO I ceMeiicTBa OGECKOHEYHBIX BO3PACTAIONINX APU(PMETHIECKNX IPOTPECCHii,
COCTOSIIIIAX U3 HATYPAJbHBIX UNCEN, YUCJIO 2 ABJIAETCS UNCJIOM XeJLIH.

2.6. Haitiure H(O), rne O — cemeiictBo Beex oKpyzkHocredl nHa twtockocru. (Hamomunanwme.
OKpy?KHOCTH — 9TO He KPYT, & ero rpanual)

3 Bsegenwne B unciaa Xeamu—Ianaan

Coremyromme onpeaeeHnst Jal0T eCTEeCTBEHHOe 0000IIeHne TUCIa X eJLIH.

Onpenenenue 3. Ilycmv F — cemeticmeo mmootcecms. Mnoocecmeo X Hasvieaemcesa TpaHCBEDP-
canbio cemeticmea F, ecau X N A # & das moboeo A € F. Ecau | X| = t, mo X naswvieaemcs
t-TpaHCBEPCAJBIO.

3amedganne. CemeiicTBo nMeeT 1-TpancBepcab TONIA U TOJILKO TOIIA, KOIJIA BCE €0 MHOXKECTBA,
TIePeCceKaroTCs.

Omnpeaenenne 4. [Tycmv F — cemeticmso muoocecms. Hamypaavroe wucao k nazveaemes t-ancaom
Xenmu—Tannan cemeiictBa F, ecau eepro caedyrowee ymeepoicoerue:

IIyemv G — xonewnnti nabop muoocecms us F, ne umerowee t-mpanceepcasu. Tozda natidymces
He bonee, yem k mmoocecme u3 G, me umerujue t-mpaHceepcaiy.

Ecau dna F cywecmsyem t-wucao Xeasu—Iairau, mo MUHUMAGADHOE U3 BCET IMUT “UCEA Mbl
6ydem oboznavamo wepes HG(F). Ecau otce t-wucaa Xearu—Tanrau das F ne cywecmeyem, mo
Mol 6ydem nucamv HG(F) = oo.



Bameuanue. Yncna Xemm—Tamian JeficTBUTENBHO SIBJISIOTCS 0O0OIEHUSIME drces X e, nbo
H(F) = HG1(F) nus moboro cemeiicra F.

Crenyromue 3a7a91 OISATh YK€ JTal0T BO3MOXKHOCTH pa30o0paThCd C IUCAOM Xeum—lajaan Ha
IIpuUMepax.

3.1. [lyctb & — MHOXKeCTBO OTPE3KOB Ha (PMKCHPOBAHHON MPSIMOii.
a) Jlokaxkure, uro 3 siBjsiercst 2-uuncjiom Xesm—laian st S.
6) Hokaxkure, uro t + 1 siBisiercst t-aucsiom Xesmu—Tamian s S.

3.2. a) Ilocrpoiite mpumep cemeiicTBa MHOXKeCTB F, my1st Koroporo H (F) = 2, no HG2(F) > 1000.
6) lokaxkure, 4TO CyIIECTBYET Takoe ceMeiicTBo MHOXkecTB F, Jyist kotoporo H(F) = 2, Ho

HGy(F) = 0.

3.3. Hokaxure, uro HG5(C) = oo. (Hamomuum, aro C — ceMeficTBO BCeX BBINYKJIBIX MHOXKECTB HA
I[JIOCKOCTH. )

3.4*. Ilycts £ — MHOXKECTBO BCEX MPSIMBIX HA TIJIOCKOCTH.
a) Jokaxure, uro HGy(L) <>+ 1 npu t > 3.
6) HackoibKO MOYKHO yIIydIlATH 3Ty ONEHKY !

4 UYwucna Xeaau—Tannan gy KOHEYHBIX MHOXKECTB

B mporiom pazaesie Mbl Bujen, 9TO ducia Xenm—laaaan He 3aBUCIT HAIIPSAMYIO OT THCEsT XeJLIH.
s Toro, 9To0BI TaKas 3aBUCUMOCTb MMEJa MECTO, HY?KHbI HEKOTOPBIE JIOTIOJHUTE/IHLHBIE YCIOBHUS
Ha paccMmarpuBaeMoe cemeiictBo. OJHUM U3 TAKUX YCJIOBHIl SIBJISIETCS] OIPAHMIEHHOCTH MOITHOCTH
MHOXKECTB B CEMENCTBE. DTOMY TOCBAIIEH JIAHHBIN pa3ies.

Onpegenenne 5. Muv obosnaqaem uepes Ny cemelicmeo mmostcecms, cocmoswux us He boaee,
yem d INEMEHNOB.

4.1. Ilycts G — KoHeUHBI HaAOOpP MHOXKECTB, KaxKoe uMeeT He bosee d smeMeHToB. lokaxkure, 94TO
ecin Jiobbie d + 1 MHOXKecTB 13 G UMEIoT OOIuil 9JIEMEHT, TO U BCe MHOXKECTBa U3 § MMEIOT OOIIuIi
sneMmeHT. [lokaxkure, 4To uncio d + 1 Heb3sT 3aMEHUTH Ha MeHBIIIEe.

(Yupaxkuenne Ha nonunmanue. llepedbopmyupyiite 3Ty 3aady, UCIOIb3Ysl TEPMUHOJIOIHIO,
BBEJICHHYIO BBIIIIE. )

4.2. Tokaxure, uro Bce uncia sujge HGy(Ny) KoHeuHbI.

4.3. a) Jokaxwure, uro HG(Ny) > Cf+2.
6) Joxaxure, uro HGy(N2) = CE ,.

4.4. Jloxaxure, uro HGi(Ng) > C!_,.
4.5*. (OCHOBHAS 3AJJAYA JJIsl KOHEYHBIX MHOYKECTB) Hdokaxmure, uro HG(Ng) = CY,.

IIpenpraymmast 3a/1a4ua TOBOJBHO CJIOXKHA. zKeTaroIue MOTyT UCIIOJIB30BATh CJIEIYIONIYIO 33189y
B KaYeCTBe II0JICKA3KIU.

4.6. a) (3A0A4YA KATOHBI) Ilycrs muoxkecrBa Aj, Ag, ..., Ay, By, ..., By TakoBel, aro |4;| = d,
B; = t, muoxectBo A; nepecekaercs co Bcemu Bj mpu j # i, Ho A; N B; = @ (IpH IPOU3BOJIBHBIX
unzekcax 1 < 4,5 < n). Jokaxure, aro n < C! L

6) Beisenure 3amauy 4.5 u3 3ajauu KaroHs.

4.7.V Ilycrs muOkecTBa Ay, As, ..., Ay, B1,..., B, ynosiaersopsior ycaosusam Kamoww, T.e. A; N
B = @ u A;N Bj # @ upu mobsix i # j. lomoxum a; = |A4;], b = |B;|. Jokaxure, aro
1

oo =1
i=1 —ai+b;

Heobxomumoe ycioBue Ha MOITHOCTH MHOXKECTB U3 MPEABLIYINEH 3a7a91 He ABJISAeTCH JTOCTATOU-
HBIM. DTO JIEMOHCTPUPYET CJIEAYIONast 3a1a4a.



4.8.V JlokaxkuTe, 9TO CyIIECTBYIOT TAKHE HATYPAJbHBIE YUCIA A1, . .., 0y, D1, ..., by, 9TO
n
1 < 1
aq 1007
C b 10

i=1 ai
u Takux, 9to |A;| = a;, | B;| = b;, He cymecTByer.

HO MHOXKeCTB A1, Ag, ..., Ap, By, ..., By, yIOBIETBOPSIIOMKUX yCJI0BUsIM KaToHbI

5 UYwncaa Xemnu—Ilanaan AJIfd KBa3NMKOHEYHbIX MHO2KECTB

B sToMm IIYHKTE MbI ocJIabum YCJI0BUA KOHEYHOCTH, HaKJ/IaJAbIBa€Mbl€ Ha Hallle cemeiictso F.

Onpenesienne 6. I[Iycmo F — cemeticmeo mroorcecms. Bydem 2o6opumsv, wmo F ecmo ceMeicTBO
crenenu d, ecau |AN Bl < d das aobwx passuwnor A, B € F.

Sagurcupyem menepv npoussosvHwvie namyparvusie wucaa d u t. [aa wascdozo cemeticmea F
cmenenu d, paccmompum e2o (munumanvroe) t-vucao Xearu-Iarrau HGy(F). Obosnanum wepes
a(d;t) nauboarvwee us 6cex IMUL YUCeN.

Wuaue rosopst, a(d;t) — 9T0 MUHMMAJILHOE YUCIIO, SABJIsIOINeecs t-uaucaoMm Xesm—lajian s
Jgroboro cemeticrsa F cremnenu d.
DToT pasjiesl MOCBSIIEH omeHKaM uuncest a(d;t).

5.1. JTano cemeiicto muoxects F. Ilycrs |A N B| = 1 jyist si06bix pasiudabix A, B € F (B yacr-
Hocru, F — cemeiictBo crenenu 1). ITycrs, kpome Toro, cpe/u Ji00bIX 4 MHOXKeCTB U3 F HaiiyTCs
TPHU, UMEIOITUX HelycToe rnepecedenue. Jokaxkure, 4To u3 F MOXKHO BBIOpOCUTH 1 MHOXKECTBO TaK,
YTO BCE OCTAJIbHBbIE UMEIOT HEIYCTOE IepecevyeHue.

5.2. Jlano cemeiicrBo muoxkects F. Ilycrs |AN B| = 1 pys smo6eix pasananbix A, B € F, npudem B
F ectb xoTs 061 17 muoxkecTB. [lycTh, KpoMe Toro, cpeiu JIOOBIX b MHOXKeCTB u3 JF HailayTcs TpH,
UMeIONNX HelycToe Iepecedenne. /Jlokaxknure, uro F mMeeT 2-TpaHCBepCATb.

5.3. Jlokaxure, uro a(d;1) = d + 2.
5.4. a) dokaxwure, aro a(1;2) = 6.

0) Hokaxure, aro a(2;2) = 10.

B) Jokaxkure, uro a(3;2) = 15.

r) Hokaxure, uro a(4;2) = 21.

n)* st Kakux 3HadeHuii d BaM yJacTest J0Ka3aTh aHAJOTHYHbIe yTBepKaeHus npo a(d;2)?
5.5. a) Jlokaxure, aro a(d;2) > C3, 5.

6) Jokaxmure, uro a(d;2) < 2d? + 3 mpu d > 2.

B)* HackoJsibKo BaM y/1acTcsl yuIy<IIUTb STH ONEHKN?

Sameuanme. B npepiayineil 3aj1atue aBTOpbl yMEIOT YJIYUIIaTh BEPXHIOI OIEHKY (T.e. OIEHKY
u3 yactu 6)), HO Pa3pbIB MeXK/Iy Heil U HUXKHEN 10-TIpesKHeMy BeJiK. VHTepecHo 6bL10 Obl OJIy IUTh
ACUMIITOTUYIECKU OJMHAKOBBIE BEPXHIOIO M HIKHIOIO OIIEHKH, TO €CTh OIEHKH, OTHOIIEHNE KOTOPBIX
crpemutcd K 1 nipu d — o0.

5.6. a) okaxure, uro a(1;3) = 10.

6) Jokaxwure, aro a(l;4) = 15.

B)* Jlyist Kakux 3HAUYEHUil ¢ BaM yIacTCsl J0Ka3aTh aHAJOINIHbIE yTBEPKIEHUsT?
5.7. a) lokaxure, aro a(l;t) > C7,,.

6) doxaxkure, aro a(l;t) < ¢+ 1 npm t > 3.

B)* HackoJibKo BaM yJIacTCsl yJIydlIUTh 3TU OIEHKU?

5.8. a) Jokazxure, uro a(d;t) > Ch .
6)** CymuiecTByIoT Jin 3Ha4deHust d, ¢, IPU KOTOPBIX HEPABEHCTBO B IIPEJIBLIYIIEM IIyHKTE CTPOroe?

3ameuaHume. ABTODBI He 3HAIOT OTBETa HA BOIPOC 5.80).

5.9. a) [Jokaxkure, uro yucio a(d;t) KoneuHo npu Jjroboii nape (d,t).
6) Hackosbko xoporryio orenky cBepxy Ha a(d;t) BaM ymacTcs MOy IuTh !

Besa daavretiwan wacms yeaosuts 6viaa 8u0ana nocae npomMedcymouHoz0 GuHUUL.

Crenyrolee MoHsITHAE JJIsI KBA3UKOHEUHBIX MHOXKECTB aHAJIOIMIHO YCJIOBUSIM KATOHBL.

4



Ounpenenenne 7. Hazosém koneunoe cemeticmeo muoocecms G (d;t)-uckaoanTesbHbIM, eca (1)
G asasemcea cemeticmeom cmenenu d, u (1) das awboeo A € G cywecmeyem makoe t-sneMEHMHOE
Mmmootcecmeo X 4, wmo XaNA =0, no XaN B # I dasn mobozo B € G, omauunozo om A.

Obosnawum wepesd b(d;t) nauboavwyro mougrocmo (d;t)-uckarovumenvhozo cemeticmea. Bydem
2060pumo, wmo b(d;t) = oo, ecau cywecmeyrom (d;t)-uckarouumenvroe cemeticmsa Ckoab Yy2o00Ho
60ADULOT, MOULHOCTNAL.

5.10.V Tokaxure, uro b(d;t) > a(d;t).

5.11.7 JJokaxure, aro b(d;t) Koreuno upu Beex d u t.

Crenyromue 3a7a91 3TOTO pa3Jiesia MOCBSIEHbl U3y YeHUI0 NCKJIIOUATETbHBIX MHOYKECTR.

Badukcupyem Ha BpeMsi HEKOTOpbIe uncia d, t, a Takxke (d;t)-ucKiouanTesbHoe ceMeiicTBo G.
Hanomanm, aro jyist kaxkjgoro A € G 3adukcupoBaHo OJHO t-3JIEMEHTHOE MHOXKECTBO X 4 TaKOe, ITO
X4NA=g, 80 X4N B # I nna aoboro B € G, ornmuaroro ot A.

Ounpenenenne 8. [Tycmv © — nexomopud asemenm. O6osnauum weped g(x) Koauwecmeo maxux
mroorcecms A € G, wmo x© € A. Jlanee, obosnawum wepes h(x) roauwecmeo maxur mmoocecms
AeG, ymox € Xyu.

5.12.7 a) Ilycrs t = 2. Jokaxure, aro h(z) < d+ 2 s moboro x.
6) Ilycrs ¢t npoussosbio. Jokaxkure, uro h(z) < b(d;t — 1).

5.13.V [okaxwure, aro g(z) < b(d — 1;t) mus moboro .
5.14.V Ilycts t = 2; npeanosioxum, aro h(z) < d. Tokaxwure, uro |G| < g(x) + h(z) +b(d — h(z);2).

6 UYwmcaa Xemnaun—Tannan ajisg KBa3MKOHEYHBIX MHOXKECTB pPa3MepPHO-
ctu 2

CewmeiicTBa U3 MPEIBIAYINErO pasjesa MOKHO pACCMATPUBATE KaK 00HOMEPHbLE: TIepeceIeHne JII0OBIX
JBYX M3 HAX KOHEYHO. B 9acTHOCTH, 1Tos1aras t = 1, MBI MoJIy9aeM KOMONHATOPHBIN aHAJIOT CeMeiCcTBa
IpSMBIX. B 3TOl CBsI3U €CTECTBEHHO OIPEIEUTh J8YMEPHHIE CEMEHCTBA CJIEIYIOMUM 00pa30M.

Onpegenenue 9. I[Tycmv F — cemeticmso muostcecms. Pacemompum cemeticmeo F', cocmoswee
U3 BCEX NONAPHBIL NEPECEUEHUT PASAUUHBLL MHOCECTNE U3 F, Mo ecmb

F' ={ANB : A BeF, A+B}.

Bydem 2060pumv, wmo F ecmb apymepHoe cemeiictso crenenu d, ecau F' — (odnwomeproe) cemeti-
cmeo cmenenu d.

Sagurcupyem menepsv NPou3eosvHBIE HaMypasvHbe wucsa d u t. [aa wascdozo deymeprozo ce-
meticmea F emenenu d, paccmompum e2o (munumanvroe) t-wucao Xearu—lannau HGy(F). Obosna-
wum wepe3d as(d;t) naubosvuiee u3 6CET IMUT “UCEN.

Mpbr He TpejyiaraeM HACTOJIBKO K€ Pa3BEPHYTYIO MPOrpaMMy, KaK Jjis OMHOMEPHBIX MHOXKECTB.
BMmecTo 9TOro MbI mpejjraraeM BCEM YKEJIAIONINM [TOUCCIEI0BATh 3HadeHus ag(d;t) caMocTosTe b
HO. MBI rOTOBBI IPUHUMATDL JIIOObIE PE3Y/IbTarbl 00 3TUX YUCIaX. 3ajadyd HUXKE JIUIIb HaMedaloT
BO3MOYKHBIE €CTECTBEHHBIE HAITPABJIEHNUS WCCJIETOBAHNA.

6.1.V Jlokaxkure, uto Bee uncia as(d;t) KOHEUHBI.
6.2.V Ilycrs d = 0. laiite camocrosiTesbHo TpeGyeMble Olpejiesienns u jgokaxure, 9ro g(z) < t+ 1.

6.3.V (MICCIIENOBATE/IBCKAS, «BE3 BTOPUYHBIX TEPECEYEHUI» ) BolsicHuTe Kak MOXKHO GOJIbITIe
o unciax ag(0;t) Upu pasIuIHBIX 3HAYCHUIX .
6.4." (UCCJIEJIOBATEJIbCKASI, «CJIYYAN IIJIOCKOCTEI» ) BolsicHuTe Kak MOXKHO 6OJIbIIE O IHUC/IaxX
az(1;t) pu pasJIMIHbIX 3HAYEHUSIX t.
6.5." (MCCIENOBATE/BCKAS, OBIINI CYVUAI) BeisicHuTe Kak MOXKHO Gosibine 0 unciax as(d;t)
[IPU PA3JIMYHBIX 3HAYEHUSIX IMapamMeTpos d u t.

Sameuanne. B nocseqanx Tpéx 3aauax npeAnodTeHne OTIAETCs CEPUITHBIM OIleHKaM (T.e. OlleH-
KaM, CIIpaBCIJINBBIM JIJI OECKOHEYHOI'0 MHOXKECTBa 3HAUCHUN ITapaMeTpa t) TeMm ne MeHee, Mbl Ha-
CTOATE/JIbHO PEKOMEH/IYEM BaM Ha4YaTh C PaAaCCMOTPEHNA JOCTATOIHOI'O KOJIMYIECTBA YaCTHBIX CJIyYIaeB.
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Yucna Xewmn-Tasian sl KOHEYHBIX U KBA3UKOHEUHBIX MHOYKECTB

N.U. Bornanos, B.JI. Jlorsuukos, ['.P. HYennokos

Pemenng.

2.1. Jlan xoneunwiti Habop ompesxos Ha npamoti. Mzsecmno, wmo nepeceuerue 6cex ompesxos Habopa
nycmo. Joxasicume, wmo 6 nabope ecmb 0684 HENEPECEKANOULUTCA OMPESKA.

O6o3HaunM JlaHHBIe OTPE3KNU [ag, bil,. .., [an, by]. IlycTh as — MakcuMasbHOE U3 BCeX a;, a by —
MUHIMAJIbHOE U3 Bcex b; (3amerbre, MbI He yTBepxKaaeM, dro § # t). Ecim as < by, To mr0060ii
OTPE30K COJEPAKUT (g, ITO MPOTUBOPEUUT yCJOBUIO. SHAUUT, g > by, IOITOMY t # S, U S~ OTPE30K
He TepeceKaeTcs ¢ -M.

2.2. Jano depeso (m.e. ceasnvili epad 6e3 yuka08) u Konwewnwvill nabop ezo noddepesves (m.e. nod-
epagpos, Kaosrcowl u3 Komopwx — mootce depeso). HMzsecmmo, wmo mepeceuenue 6cexr noddepesves
nabopa nycmo. Hokasrcume, wmo 6 nabope ecmov 064 HENEPECEKAOUULCA NOOJEPESa.

BamernM, 9TO yIaJleHne U3 JepeBa Jiroboro pebpa pasdbuBaer ero Ha JIBe KOMIIOHEHTHI CBSI3HOCTH,
NpUYEM, ecyii PebPo He TIPUHAJIIIEKATIO HEKOTOPOMY TOJIJIEPERY, TO TO TOIEPEBO TEJTMKOM OKAYKETCST
B OJIHOA KOMIIOHEHTE.

Oboznaunm noggepesbst G, ...,Gy. Illycts kK — Hambosibiiee YuCI0, TaKOe, UTO IEPeceueHne
nojgiepesbe G = G1 N Gy N -+ - N G Henycro (torga k < n 1o yciosuio). Ilepeceuenne G ¢ noj-
nepeBoM Gpy1 nycro. Torja paccMorpum Kpardaimuil nyTs Mexay noarpadamu G u Giyi. llep-
Boe pebpo STOro MyTH He IpuHaIeKUT (G, a 3HAYUT, HE MPUHAJJIEKUT KAKOMY-TO JepeBy G; npn
1 <¢ < k. Eciin BoiOpocuTsb 310 pebpo, To noepeBbs G111 G OKaXKyTCst B pa3HbIX KOMIIOHEHTAX,
a 3uaqnT, G411 1 G; TaKXKe OKaXKyTCs B Pa3HBIX KOMIOHeHTax. loria Gy u (G; He IepeceKaioTcs.

2.3. Paccmompum xoneunuili nabop dye purcuposarnot oxpyotcnocmu. Ilyecms aobwvie 1000 u3 smux
dye nepecexaromea. okascume, umo ece dyau nabopa He 00A3GHL NEPECEKAMBCA.

[TocTpoum npumep Habopa, B KOTOPOM 3TO He BbiostHsAgeTcsA. Pazobbem okpykuocTb Ha 1001 mayry,
9THU JIYyTU HA30BEM MaseHbKkumu. [loToTHeHne KaXK 10l U3 MaJIEHBKUX JYyT OyIeM Ha3bIBATh 60AbWO1]
nayroit. Herpynno mousaTsb, 9To Habop u3 Bcex OOJIBINUX JIyT — TpebyeMblil, 0o rmepecedenue JIIoObIX
1000 6otbIIIUX JIyT HEITYCTO, & MepeceveHne BCeX OOJIBIINUX JIyT IyCTO.

3amedanue. Mbl cuuraeM, 9TO OOJIBIIUE JIYTH B HAIIEM IPUMEPE OTKPBITHI, T.€. HE COJIEpyKaT
CBOMX KOHIIOB. [[JTsT TosTydenust mpuMepa ¢ 3aMKHYTBIMHU JTyTaM¥ JOCTATOTHO TyTh-UyTh YMEHBIINUTH
OoJIbITIE TYTH.

2.4. (TEOPEMA XEJIU AJIs1 TJIOCKOCTH) ITycmo C — cemeticimeo 6Cer 6unyKAvbT MHONMCECTNE
na naockocmu. Jokascume, wmo H(C) = 3.

Nupyknus o uncay n > 4 maoxkecTB B cemeiictBe G C C. Jlokaxkem 6a3y upu n = 4. Paccmorpum
BBINTYKJIble MHOYXKecTBa, FY, Fo, F3, Fy. IlycTh Bce 3T MHOXKecTBa, KpoMe Fj, UMEIOT ODIIYIO TOUKY X;
(1 <i<4), u UpUMEHUM K HUM CJIEIYIOMLYIO JIEMMY.

JIemmMma 1 (teopema Pasona). Jlobvie 4 mouku Ha naockocmu moHcro pasbums Ha 066 MHOHCECTNEA
MaK, 4Mo 6LINYKALE 000N0UKU MHONHCECTNE UMENM 00WYI0 MOYKY.

Jloxasamesvcmeo. Paszbepure caMOCTOATENBHO JIBA CJIydas: €CJU TOUKU SIBJSIOTCS BEPITUHAMU BbI-
IIYKJIOTO YeTBIPEXYTOIbHUKA, U €CJIU HET. O

Wrak, mycTb, HAIPUMED, BBIIYKJIbIE 00009KH MHOXKeCTB {21, X2} U {X3, x4} MMeIOT OBIILYIO TOY-
Ky x. Torna x npunajyiexkut MHOXKecTBaM F3 u F), TOCKOJIbKY B HUX JIEKUT OTPE30K X1X2; aHAJO-
TUYHO, T MPUHAIEXKUT MHOKecTBaM [ m Fy. SHaunT £ — oOIMas TOYKa BCEX YETBIPEX MHOMKECTB.
B ocTambHBIX caydasix paccyKIeHue aHAJOTUTHO.

[Tepexon. Ilycrs yTBep:kiaeHue jokazano Jyisi Hekoroporo n > 4. Ilyers G = {F1,... F11}.
[TocTpouM HOBOE N-3J1€MEHTHOE ceMefcTBO u3 MHOkecTB F| = Fy N Fuiq,...,F, = F, N F41.
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ITo mokazanmo#l H6a3e MHIAYKIWH, JIIOObIE TP MHOYKECTBA B HOBOM CEMECTBE MMEIOT OOIIyI0 TOUKY.
Torna, MO PEANOIOKEHIIO WHIYKIIUN, BCE HOBbIE MHOXKECTBa MMEIOT OOIIMYI0 TOYKY. DTa TOUYKA
IPUHAIEXKUT BCceM MHOXKecTBaM Fi, ... F 4.

2.5. Joxastcume, 4mo 0is cemeticmsn beckOHeYHbLT 603PACTAIOWUT GPUPMEMUHECKUT npozpeccul,
COCMOAUWUT U3 HAMYPAALHLT YUCEA, YUCAO 2 ABAAEMCA YUCAOM XEANU.

ITycts G — KOHEYHOE CeMefiCTBO IIPOTPECCHil U3 yCJIOBHUS, JIIOObIE [[Be U3 KOTOPBIX [EPECEKAIOTCs.
BameTnM, 4TO JIOOBIE [[Be IPOrpeccHr U3 § IepeceKaloTcsl 0 OECKOHEYHOMY KOJIMYECTBY JIEMEHTOB
(a UMEHHO, TOXKE 110 IIPOIPECCUH). SHAYHUT, MOYXKHO CUUTATD, YTO -1 IIPOrPECCHsI 33JaETCsl yCIOBUEM
z = a; (mod n;) (It 9TOrO JOCTATOYHO «3a0bITh» IIPO HEKOTOPbIH HAYAJBHBI OTPE30K HATYPAJIb-
HOTO Psifia).

Pacemorpum ogny u3 nporpeccuii Buga x = a (mod n). 9T0 yciaoBue paBHOCUILHO CHCTEME CPaB-

; a;
nenuit suja r = a (mod p;”), rae n = pi’ .. ek

— pAa3JIO’KEHUE HHCIIA 1 HA IPOCTHIC MHOMKUTEIIH.
Belnuiem Tenepb Takyo CHCTEMY IS KaKJo# Iporpeccun u3 G; HaM JOCTATOYHO HOKA3aTh, YTO
HOJIyYeHHAs] CHCTEMa COBMECTHA (T.e. HMeET DEIleHue).

3ameTnM, ITO JIIOObIE J[Ba CDABHEHNSI U3 MOJIY I€HHON CHCTEMbI COBMECTHBI (TaK KaK OHH COOTBET-
CTBYIOT WJIM OJIHO{I Iporpeccuu, uin JByM). [lajee, mycrb B cucTeMe ecThb JBa CPABHEHUSI [0 MOJLYJIIO
cTemnenei OJIHOrO M TOrO ke IpocToro uucia (ckaxem, = a (mod p®) u x = b (mod p%)), npuuém
9TH cpaBHEHUsI coBMecTHBI. Torja, eciam o > [3, To BTOpoe CpaBHEHHE CJIELyeT U3 IIEPBOIO, HOITOMY
BTOpPO€ MOXKHO BBIKUHYTb.

ITponenaB Takue BBHIKMIBIBAHMUS, ITOKA 9TO BO3MOYKHO, B KOHIIE IIOJIYIMM CHCTEMY CPaBHEHUl 110
MOJIYJIIO CTeIleHel Pa3InvIHbIX MPOCThIX dnces. OHa COBMECTHA 110 KHTAHCKON TeopeMe 006 0CTaTKax.

9T0 1 TpebOBaIOCh JI0KA3ATh.

3ameuanue. Bee t-uncna Xemmm—lamnan st 1MeJIOUNCIEHHBIX apUMMETUIECKUX TPOrPECCUit
npu t > 2 GECKOHEYHBI.

2.6. Hatdume H(O), 2de O — cemelicmeo 6cex okpystcnocmets na naockocma.
Orser. H(O) = 4.

JokaxkeM, 4T0 4 sBjisiercs IucJaoM Xesu ns ceMericra OO. PaceMOTpUM KOHEYHOE CeMerCTBO
OKpy2KHOCTEH G, TaKoe, 94TO Iepecedenne nux BeexX MycTo. PaccMOTPUM IIPOU3BOJILHBIE JIBE OKPYKHO-
cru O1, 02 € G; OHU TIepeceKaloTcsi B He Oojiee 9eM JIBYyX TOodKaxX; 0bo3HaunM ux A u B (ecin Touek
repeceveHrsi MeHbIIe JBYX, TO PACCy’KJICHHe aHAJOIMYHO). Tak Kak HMKaKas TOYKa He [pHUHAaJIe-
JKUT BCEM OKPY2KHOCTSM, TO, B 9aCTHOCTH, HaiigeTcsa okpyzKHOcTh O3 € G, He comeprKamas TO9Ky A,
u okpyzkHOCTh O4 € G, He comepzkaias Touky B. Torma mbr Hamiu 4 okpyzkaoctu O1, Og, O3, Oy,
TaKMX, 9TO MX IIEPECETICHUE MyCTO.

Ocraocs JoKa3arh, 9To 3 He gBisgercd dncioMm Xesum it O. BosbMeM 4 TOUYKH, SIBJISIONIIEC
BEPIIMHAMYI HEBBIPOXKIECHHOIO HEBIIMCAHHOTO YTBIPEXYTOJAbHUKA. [IpoBefeM depes KasKIble TPU N3
HUX OKPY2KHOCTBL. MBbI moJyumin 4 OKpYKHOCTH, He UMEIOIIUX B COBOKYIIHOCTH OOLIMX TOYEK, HO
JIIOObIEe TPH U3 KOTOPBIX ODIIYIO0 TOUKY UMEIOT.

3.1. Ilycmv & — mnoorcecmso ompesrkos Ha GurcuposarHoti npamot.
a) Jlokaorcume, wmo 3 aeasemcs 2-wucaom Xearu—Tarrau oas S.
6) Hoxaorcume, wmo t + 1 asasemea t-wucaom Xearu—larrau oaa S.

[TynkT a) siBisieTcst 9aCcTHBIM ciaydaeM 0). [loaToMy MBI IPUBOMM TOJIBKO peIeHne MyHKTa 0).

O6o3HaunM paccmaTpuBaeMbie OTPe3KH [a1; b1, . . ., [an, by]. OBGo3HAUMM Uepe3 ¢; HAUMEHbIIee U3
Bcex b;. Torjga HE OJMH U3 OTPE3KOB HE MOXKET JIE?KATH CTPOrO JIEBEE €1, TO €CTh KaXKJIblii OTPE30K
WIA COJIEPKUT €1, WM JIE2KUT CTPOro mpaBee Heé. ODO3HAYUMM dYepe3 co HAWMMEHbIlee M3 Bcex b,
COOTBETCTBYIOIINX OTPE3KaM, JIeyKaIlluM IpaBee ¢1. 3 1momo0HbIX paccyKIeHN M0JyIaeM Telepb,
YTO KaXKJIbIil OTPE30K WJIN COJECPKUT OJIHY U3 TOUEK €1, Co, UJIU JIEZKUAT CTPOrO IPABEE C3.

Anajioruuno OyjieM OIpesessiTh C3,Cyq, . - ., OKa CIIpaBa OT HUX OCTATCs OoTpe3ku. Ilycrh mpo-
mecc obopsaJics mocie k-ro mara. Ecan k < ¢, To Mbl HaIIM Takue k TOYEK, 9TO KarKIbIi OTPE30K
conepKuUT X0Td Obl omay u3 wHux. Ilycrs Teneps k > t + 1. Torga mbl vHanuiu ¢ + 1 monapHo Here-
PECEKAIOIHIICs OTPE30K (& MMEHHO — Te OTPE3KH, IMPABBIMU KOHIAME KOTODBIX SIBJISIIOTCS TOUKH
€1,C2, ..., Cty1). DT t + 1 OTPE30K, OYEBUIHO, HE UMEIOT t-TPAHCBEPCAJIH.

Wrak, mubo Bce cemeiicTBO mMeeT {-TpaHCBepCasb, JUOO HaMyTcs t + 1 OTpe3oK, He MMEIOIIHe
t-TpaHCcBepcan. DTO U 0O3HaTAET, UTO t+1 sBisiercs ducaom Xesuiu-lajan 1jisi OTPe3KOB Ha IIPSIMOI,



re. HG(S) < t+ 1. Ilpumep, nokaszeiBatomuii, aro HG(S) > t, oueBumen: 10CTaTOIHO B3ATh t + 1
HeIlepeCceKaoNIicT OTPe30K.

3.2. a) Hocmpotime npumep cemeticmea mrooscecms F, das womopozo H(F) = 2, no HGo(F) >
1000.

6) Jlokaosicume, wmo cywecmeyem makoe cemelicmseo muodcecms F, das womopoeo H(F) = 2,
no HGo(F) = oc.

a) Ionoxxum k = 500. Hame cemeiictBo 6yzer cocrosits u3 2k + 1 muoxkectB Ay, Ag, ..., Agky1
(BCce MHJIEKCHI PACCMATPUBAIOTCS 10 MOIYI0 2k + 1, 1e. Ajyop11 = A;j), KOTOPBIE CTPOSITCSI CJIELYIO-
muM obpaszom. CHauasa KaxkJIoMy HojMHOKecTBa uHaekcos S C {1,2,...,2k + 1}, He comepkaiiero

JIBYX MHJIEKCOB C Pa3HOCTBIO 1 (B 9aCTHOCTH, He CojleprKalieMy ojHOBpeMeHHO 1 u 2k+1), conocraBum
9JIEMEHT T (SJIEMEHTBI, COMIOCTABJICHHBIE PA3HBIM IIOJIMHOYKECTBAM, JOJIKHBI OBITH PA3IHIHBIMI).
Teneps BKOYnM B Aj BCE 3JIEMEHTBI g, JIjIs KOTOPBLIX k € S.

[Tonyyennoe cemeiictBo F umeer yucio Xewm 2. B camom pese, mycrs nogcemeiictso G C F
umeer mycroe nepecedenue. Ilycrs G = {4; : i € I'}; rorna B I ecrb coceiHre MHIEKCHI, HO0 MHAE
21 JIEJKUT BO BCEX MHOXKECTBaX U3 §. SHAYNT, IPU HEKOTOPOM ¢ B G HAILINCH MHOXKeCcTBa A; 1 Ajt1,
HO OHHU CAMHU MMEIOT IIyCTOe [I€PeceveHue.

Haxomerr, mokaxkem, 4To ji00bie 2k MHOXKeCTB n3 F MMeIOT 2-TpaHCBepcasb, a BCE cemeiicTBO F
He umeer. Eciau 661 F uMesio 2-TpaHcBepcanb {Tg, T}, TO ojHO u3 MHOXKeCTB S, T umMeso Obl XOTs
Obl kK + 1 2JIeMEHT W IOTOMY COJEp:KaJio Obl JBa COCEIHUX HHIEKCa, 9TO HeBo3MOxKHO. C npyroii
CTOPOHBI, eciu U3 F BBIKUHYTb, CKaxkeM, Asgiq, TO MokHO mojoxutb S = {1,3,...,2k — 1} u
T =1{2,4,...,2k}; rorga {xg, z7} — TpaHcBepcasb BCEX OCTABIIMXCS MHOYKECTB.

Urax, HGy(F) = 2k + 1.

6) HdocTaToaHo jijist KasKI0r0 HATYPAJIBHOIO k IIOCTPOUTH CEMERCTBO F) BBIIEOIMCAHHBIM CIIOCO-
6oM (Tak, 9TOOBI MHOYKECTBA M3 PA3HBIX CEMEHCTB He IepeceKaJincs), a MOTOM B3dTh OObeIuHEeHne
BCEX 3TUX CEMENCTB.

3.3. Hokasrcume, wmo HG5(C) = co. (Hanommum, wmo C — cemeticmeo 6cex 6uinykabis MHOAHCECTNG
Ha NAOCKOCTU. )

Hocrarouno nokazars, uro HG2(C) > 2k + 1 npu arobom k. PaccMorpum OKpy?KHOCTB € TEH-
rpom O u BuuIieM B Heé NpaBUIbHbIA (2k + 1)-yroJbHUK € BEPIIMHAMU X1, L2, ... Tok+1 (MHIEKCHI
OIIATh PACCMATPUBAIOTCS 110 MOAymo 2k + 1). O6o3nHaunm depe3 A; BBIIYKIYIO O0OJIOYKY TOUYEK
Xy Tit1y - Titk—1- LODJIA, OUEBHUJIHO, BCe MHOKECTBA 63 JIIOOOro MMET 2-TpaHCBepcasb (Halpu-
Mep, st MHOXKeCTB Aj, Ao, ..., Agp TpaHCBEPCATIBIO SBJISIETCS MHOYXKECTBO {X, Tok }).

TTokazkem, 9TO Kaskjasi TOUKa ILJIOCKOCTU 1 TIpUHAJJIEXKUT He OoJiee, ueMm k MHOKecTBaM. Jleii-
cTBUTEIBHO, ecan tyd OT mepecekaeT OTpe30K Z;—12; (He B TOUKe Tj_1), TO T’ MOXKET IPUHAJIEKATD
JIMITH MHOYXKeCTBaM A;_g11, ..., A;. 3uaqur, y Hainero (2k 4 1)-3/1eMEHTHOTO MHOXKECTBA HET 2-TPAHC-
BepcaJid. DTO U TPeOOBAIOCH JIOKA3ATD.

3.4*. IIycmv L — MHO0IHCECTNEO 6CET NPAMBLT HA NAOCKOCTIAL.
a) Jdoxasicume, wmo HG(L) < t? 4+ 1 npu t > 3.
6) Hackoavko MONCHO YAYHWUMD MY 0UeHKy?

a) Nuaykius o t. Basa npu t = 3 6yaer pa3obpana B KOHIE; CHAYAJA Mbl JIOKAXKEM EPEXO/I.

I[TycTh G — KOHEYHOe ceMeficTBO IPSMBIX, B KOTOPOM KazKble t2+1 (MIi MeHbIe) IpsMble IMeIoT
t-Tpancsepcaib. Boibepem mpoussoibnbie 2 + 1 mpsamble n3 G; oHa U3 TOYEK UX l-TPaHCBEPCAJIH
NPUHAJJIEXKUT XOTsI ObI £+ 1 BuIOpanHoi npsimoii. O6o3HaunM 3Ty TOUKyY A, & 9Tu npsmbie 1, ..., fy11.

ITycts G’ — nmojcemeiicTso B G, cocTosiiee U3 Beex NPSIMBIX, He Tpoxosamux depes A. JlokazkeMm,
uro B HéM Jm060it moanabop D u3 t? — ¢ (miu Menbine) npaMbix uMeer (¢ — 1)-Tpancsepcass. [eii-
crBuUTesIbHO, HAGOp DU{/l1, ..., {11} numeer t-rpancsepcaib X . JIge npsivbie u3 £1, . .., {441 JOJIKHBI
MPOXOJINTH Yepe3 OJIHY U Ty K€ TOUKY MHOKeCTBa X ; 3HAUMT, 9Ta Touka — A, 1o ectb A € X. Torma
X \ {A} — rpebyemas rpancsepcasb s D, nubo upsivbie u3z D He npoxousT depes A.

Bamermm, uto t2 —t > (t—1)2+1 > HGy_1(L). U3 noxazanmnoro Tereph nomydaeM, 9To G’ mveet
(t — 1)-rpancsepcasnb X. Ho rorna X U {A} — rpebyemas Tpancsepcasb st G.

JlokazaTenbcTBO 6a3bl Ipu ¢t = 3 JTOCJOBHO MOBTOPSIET MEPEXO0J, KPOMe eIMHCTBEHHOTO MECTa, B
KOTOPOM HCIIOJIB3YeTCs] IPE/IIIOIOKEHNe HHILyKIIN. VIMEeHHO, HaM OCTAJI0Ch IIPOBEPHUTE, UTO t2 — t =

6 > HG5(L).



Bamerum cHadasna, uro HG1(L) < 3. JleiicrBurenbHo, eciau jobble Tpu mnpsiMble u3 G UMeEOT
OOIILYIO TOYKY, TO TOYKA IIEpECedeHns] JIBYX U3 HUX 0OsA3aHa IPUHAJIEKATH BCEM OCTAIbHBIM. Tenepnb
nepasencTso HGo(L) < 6 nqoKaspiBaeTcs JOCTOBHBIM MOBTOPEHHEM TIepexo/ia (¢ 3aMeHoit umcen 2+ 1
u t? —t Ha 6 U 3, COOTBETCTBEHHO).

6) Mbr yreepxaaeM, uto HGy(L) = CF,,. Ilokaxem chauana, uto HG(L) > C7,,. BbiGe-
pem Hekoropsbie t + 2 rouku Ti,...,T4+o OOIIErO IOJIOXKEHUsS] HA IIOCKOCTH U IIPOBEJEM BCEBO3-
MOZKHBIE TIPSIMbIE, COCUHSAIONINE [apbl 9TUX TOYeK. HeTpyHo MOHATE, 9TO HCXOHbIE TOYKH MOXKHO
BBIOpATH TaK, UTO Yepe3 KaxKIyIo TOUKY, OTaHdIHyto OT 11, ..., ) o, mpoxoaur He Gojee JBYX IHPO-
BeﬂéHHbIX IPAMBIX. TeHepb HECJIOZKHO y6e,ILI/ITbCH B TOM, YTO IOJJIyY€HHOE€ MHOXKECTBO IIPDAMBIX HE
nMeeT t-TpaHcBepcast, a Joboe ero CoOCTBEHHOE MOJIMHOKECTBO — MMEET.

Ocrasocs gokasarb, uro HG (L) < Ct2+2. Mg 6yaeM UCIoIb30BaTh CJIELYIONIYIO JIEMMY.

Jlemma 2. ITycmo Pi(x,y),..., Pu(x,y) — muozouservr om dsyx nepemennvir cmenenu < t, npu-
wéem k > Ct2+2. Tozda cywecmsyom Maxue “YUucaa Si, . . .,Sg, HE PAGHLIE HYAW 0OHOBDEMEHHO, MO
51P1($7y) +e Skpk(xay) =0.

Joxasameavcmeo. YeaoBust Ha uuciIa s; — 910 cucreMa u3 CF ., JIMHEHbIX 0IHOPOIHBIX (T.e. 6e3
KOHCTAHTHBIX CJIaFaeMbIX) ypaBHeHI/Iﬁ (KO.HI/ILIGCTBO ypaBHeHI/Iﬁ — 39T0 KOJINYECTBO BCEBO3MOZKHBIX MO-
HOMOB OT JIByX IlepeMeHHbIX crereHn < t). IIoCKOIbKY KOJIMIeCTBO lepeMeHHbIX GOJIbIIe KOJUIeCTBa
ypaBHEHUil, 3Ta cUCTeMa UMeeT HeTpUBUAJILHOE pellleHue. O

[epeitném cobeTBenno K pemennio. OUeBUIHO, JOCTATOYHO JTOKA3aTh CJICAYIONee YTBEPIK ICHHE:
ecim n > CF, o 1 mo6ble N NPSIMBIX U3 ceMelicTBa G MMEIOT t-TpaHCcBepCadlb, TO 1 Jo0be n-+ 1 mpsaMast
TaKKe UMEIOT (-TpaHCBePCaJb.

[Ipeino/10sKuM IPOTUBHOE U PACCMOTPUM 7. + 1 OpaAMYyIO, [/l KOTOPLIX yTBEPXKJIEHUEe HeBEPHO.
BBeném cucremy KoopamHAT Ha IJIOCKOCTH TaK, YTOOBI IPAMBIE He IIPOXOIUIN Yepe3 HA9aa0 KOOPIu-
mar. Jljst m060ro HHEKCa j, ypaBHEHHE j-it IpsiMoil £; MOXKHO 3amucarhb B BuIe a;z + bjy + 1 = 0.

BadukcupyeMm Ternepb HEKOTOPBIA MHIEKC ¢. Kcim BBIKMHYTH mpsiMmyio £;, TO HaiiayTcst ¢ Todek
(x1,y1), - .., (¢, y4) Takue, 9TO KarxKJasl U3 OCTABIIMXCH MPIMBIX IIPOXOIUT XOTs Obl U€pe3 OJIHY U3
HUX (& {;, €CTeCTBEHHO, HE IIPOXOJHUT). DTO O3HAYALT, YTO H',;:l(ajxk +bjzy,+1) = 0 upu Beex j # i,
Ho e npu j = . O6osnauas P;(a,b) = [[}_, (azy + brg + 1), nosyuaem, ato P;(aj,b;) = 0 npu seex
j 75 i, HO Pi(ai,bi) 75 0.

O4eBuIHO, BCE IOy YeHHbIE MHOTOWIEHBI MEIOT cTenenb t. [1o memme, HaiimyTes aucia S1, .. ., S,
rakue, 9410 y ., 5;Pj(a,b) = 0. IIpu sToM MOXKHO cunrarsb, 4T0 51 # 0. Ho Torma " | siP;(a1,b1) =
s1Pi(ay,by) # 0. IlporuBopeune.

4.1. Ilycmv G — xoneunwili Habop mHodcecms, kasicdoe umeem He boaee d aremenmos. Jloxasicume,
wmo ecau a06vie d+1 mmoorcecms uz G umem obwWUL INeMEHM, MO U BCE MHONCECTEG U3 G UMEIOM,
obwuti anemenm. Hoxasrcume, umo wucao d + 1 Heav3da 3amMerums Ha MeHbULEE.

(YupakaeHue Ha moHuManue. [lepeopmyrupytime amy 3adany, ucnoisb3ys MepmMuUHON02UI0,
66€0éNNYI0 GvLLe.)

VenoBue MoKHO TIepenucaTh oauoit dpopmymnoit H(Ny) = d + 1.
Basi B kauecTBe G cemeiicTBO Beex d-3/1eMEHTHBIX TIOAMHOXKECTB (d+ 1)-3/1IeMeHTHOIO MHOYKECTBA,
MBI IIOJIy9aeM, 9TO JIIoOble d MHOYKECTB B G MMeroT oOIuii 3/1eMeHT, a Bce d+ 1 — He uMeroT. SHAINT,

H (Nd) >d+ 1.
ITycTs Teneps G C Ny — cemeiicTBo, B KOTOPOM Jii06bIe d + 1 MHOYKECTBO MMEIOT OOIIuUil 3JIeMeHT.
Ilpu Bcex ¢ = 1,..., d + 1 obo3nayuMm depe3 S§; MUHUMAJIbHOE BO3ZMOXKHOE KOJMYECTBO ODIIHUX 3JIe-

MEHTOB y HEeKOTOPBIX ¢ MHOXkKecTB u3 G. Ouenngno, 1 < 5541 < 54 < -+ < 51 = d. 3HaUNT, Sj41 = S
upu HekoTopoM j € [1,d].

ITycrs Ay, ..., A; € G takoBsl, 410 |Q| = 55, e Q@ = A1 N---NA;j. Ecim Q € A 11t Kakoro-To
AeG, 10841 =5;>|QNA=[A1N---NA;NA|, 9T0 IPOTUBOPEUUT OLPEIEJIEHHIO S; 1. SHATHT,
BCe MHOYKECTBA U3 § COJEPIKAT HEIlyCTOe MHOYXKECTBO (J, UTO U TPebGOBAJIOCH JIOKA3ATh.

4.2. Jlokaoscume, umo ece wucaa sude HGy(Ny) woreuroL.

EcrectBenno, yrBepxkaenne ciemayer usd 3amaqu 4.5. Mber npuBeném 3iech bosiee JETKOE JT0Ka3a-
TEJILCTBO.

Nuanyknusa no t. Baza npu ¢ = 1 mokazana B npeabiayiieii 3amade. [lycTh Temepsb cyiiecTByeT
anciao HGy_1(Ng) = S. Hokaxem, auro HG(Ny) < T = S + C§,.
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PaccmorpuM npoussosbHoe Konednoe G C Ny, B KoTopoM Jio6bie T MHOXKECTB UMEIOT t-TpaH-
cBepcasb. Ecim sobble S MHOXKecTB U3 G umeror (t — 1)-TpaHCBEpCab, TO IO IIPEJIIIOIOKEHUIO
naaykiun G umeer gaxe (t — 1)-rpaHcBepcasb. B mpormBHOM ciydae cymiectByer Habop K =
{41,...,As} C G, ue nmeromuii (t — 1)-TpancBepcanu. 3Haunt, jobast t-rpaHceepcasb Habopa K
JIOJIKHA TIEJIMKOM COJIEPKAThCst B MHOXKecTBe (Q = Aj U -+ - U Ag. Bamernm, aro |Q| < Sd.

IIpenmono:kuM Temnepb, 9To G He UMEET t-TpaHCBEPCAIU. SHAYUT, A JIIOOOTO t-3JIEMEHTHOrO
nonMuOXKecTBa X C @ Haipérces Ay € G, He nepecekarorieecst ¢ X . Paccmorpum, HakoHerl, HabOp

K'=KU{Ax : X CQ, |X|=t}.

Mveem |K'| < S+ CL, = T, rak uro K' nomkuo umers t-rpancsepcans Y. Iockonsky K C K/,
MHOZKecTBO Y JIoJIKHO JiexkaTh B . Ho Torna B K/ ectb MHO:KecTBO Ay, He nepecekaroleecs ¢ Y.
DTO MPOTUBOPEUNE 3aBEPIIAET JTOKA3ATETHCTRO.

4.3. a) Hoxaorcume, wmo HGy(N2) > CZ,,.
6) doxaorcume, wmo HG(N3) = CZ,.

a) Cm. zazauy 4.4.
6) Caeayer u3s ciemyroreil 3a1a4u.

4.4. Joxaocume, wmo HGy(Ny) > CY_,.

HocraTouno paccMoTperhb ceMeiicTBo G Bcex d-3JIeMEHTHBIX HOAMHOXKECTB (d 4 t)-31eMeHTHOro
muOo)kecTBa X . Torma srro0oe t-3/1eMeHTHOE TIOIMHOYKECTBO B X IEPECeKaeTCsT CO BCEMU MHOYKECTBAMU
u3 G, KpoMe OJIHOIO.

4.5*. (OCHOBHASI 3AJIAYA [IJIsl KOHEYHBIX MHOXKECTB) Jokaoicume, wmo HGy(Ng) = Cl,,.

CM. cteIyIonyo 3a/1ady.

4.6. a) (BAHAYA KATOHBI) [Tycems mnooicecmea Ay, Ag, ..., Ap, B1, ..., By, makosw, wmo |A;| =
d, B; = t, mnoorcecmeo A; nepecexaemes co scemu B npu j # i, mo A;NB; = & (npu npouzeosvnvis
undexcaxr 1 < i,j < n). Jokaoscume, wmo n < Cfl—l—t’

6) Buweedume 3adauy 4.5 u3 3adavwu Kamorol.

a) Henocpejicreenno cienyer us 3agaqu 4.7.

6) Ipeanonoxum nporusaoe. Ilyers G C Ny — ceMmeiicTBO MUHMMAJIBHO MOIIHOCTH, TaKoOe,
qT0 J1obble < Cfl ¢ €r0 MOJIMHOZKECTB UMEIOT {-TPaHCBEPCalb, & CAMO OHO {-TPaHCBEPCAHM HE UMEET
(Torma, koneuno xe, |G| > CY_,).

[Mycrs G = { Ay, ..., Ap}. Hus kaxaoro i = 1,...,n, cemeiicrBo G \ {4;} nmeer t-rpancsepcasib
COTJIACHO BBIOOPY §; obozHaumm 3Ty TpaHceBepcaib B;. fcuo, uro A; N B; = @. Torma cucrema
MHOXKeCTB A1, ..., Ap, Bi,..., B, yaoBIeTBOpSIET yCa0BusM 3a1a49n KaToHbl, ciegoBarenbo, |G| =

n < Cé St IIporuBopeune.

4.7. Iycmwv mmoorcecmsa A1, Ao, ..., An, By, . .., B, ydosaemesopsatom yciaosusim Karousr, m.e. A;N
B = @ u Ay N Bj # @ npu mobvix i # j. Horoocum a; = |A;), by = |B;|. Hokaorcume, wmo
1

o =1
i=1 —ai+b;

[IycTb 06beuHEeHIE BCEX MHOXKECTB COJIEPXKUT M 3J1eMeHTOB. PaccMoTpum m! criocoboB mpoHyMe-
POBATH 3T dIeMeHThI Yucaamu ot 1 1o m. s i € [1;m] 6yieM roBOpUTh, 4TO HEKOTOPasi Hy MePaIlust
uMeeT i~ mun, ecii HoMep JIFoOoro sj1eMeHTa MHOYKeCTBa A; MeHbIIe, 9eM HOMEp JIF0O0r0 3JIEMEHTA
MHOXKecTBa, B;.

BamMernM, 9TO HyMepalusi He MOXKET UMeTh OOJIbIIIe OJHOTO THIA. B caMoM Jejie, mycTh HyMepa-
A" IMeeT TUIIBI {-if U j-it Tunsl npu ¢ # j. IlycTs a; m a; — MakcHMasIbHBIE HOMEPa 3JIeMeHTa n3 A;
u ssieMenTa u3 Aj, coorsercrsuno. Moxno cunrars, uro a; < aj;. Torga Bece snementst B B uMeror
HOMepa, OOJIbINIe, YeM a;; 3HAYUT, CPEJIN 3JIEMEHTOB MHOYKECTBa B HET 3JIeMEHTOB MHOMKECTBa Aj,
YTO MPOTUBOPEYUT YCJIOBUIO.

JlaJtee, mocuuTaeM KOJUIECTBO HyMepaIluii -ro THIa. 3aMeTHuM, 9TO 3JIEMEHTHI MHOYKecTBa A;UDB;
MoryT pacnosararbes (a; + b;)! cnocobamu, M3 KOTOPBIX MOAXOAAT a;!b;!; mpu 9TOM, OYeBHIHO, ISt
KaXKJI0T0 TAKOI'O CII0CODa CYIIECTBYET OJIHO U TO K€ KOJIMIECTBO Hepe(%‘a'HOBOK BCETO MHOXKECTBA,

;.05 1

(ai + bl)' - CZ;—I—bi '

PeANM3YIONIX 9TOT crocod. MTak, nckoMoe KoJIMIecTBO paBHO m! -



Hakomnerr, mockoJibKy HyMepalinii, IMeIONUX X0Th KAKOU-TO TUII, He OOJIbIIe, YeM BCeX HyMepalinii

BOOOIIE, UMeeM
n

> o <l

i=1 ~aitb;
9TO W TPebOBAJIOCH JOKA3ATh.
4.8. Jlokaotcume, 4mo cywecmeyom makue HamypasbHble YUCAL A1, . . ., An, 01, . .., by, 4mo
n
1 1
g o < 10100 HO mHoorceems A1, Ao, ..., An, B1,. .., B,, ydosaemsoparwuxr ycrosusm Ka-
=1 a;+b;

monwl u maxux, wmo |A;| = a;, |Bi| = b;, ne cywecmeyem.

IIycts a1 = 1, as = 10101, a3 = 1001 u by = 10101, by = 1, b3 = 1. Torna MHOKecTBa By 1 B3
IOJKHBI 1epecekaTbesa ¢ Aj. ITocKonbKy Bce Tpu 9TUX MHOXKECTBA, OJHOIJIEMEHTHBI, OHU JIOJIZKHbI
COBIIaIaTh; HO By He MOXKeT CcoBIIaIaTh ¢ Bj.

5.1. Jano cemeticmeo muoorcecms F. Iyemv |[AN Bl = 1 daa aobwx pasavunvr A, B € F (s
wacmnocmu, F — cemeticmeo cmenenu 1). ITycmo, kpome mozo, cpedu aobwx 4 mmodtcecms ud F
Hatdymes mpu, umernwur rwenycmoe nepecevenue. Joxascume, wmo ud F moocho ewvbpocumsb 1
MHONHCECTNBO MAK, YWMO 6CE OCMAALHBIE UMENM HENYCMOE NEPeceeHue.

Paccmorpum smiobnie Tpu muoxkecrsa A, B, C € F, umeroniue obnmit saemenT x. IlpemmoroxumM,
9TO HAMIyTCs IBa pa3indHbix MHOXKecTtBa D, E € F, He comepxkamue . PaccMoTpuM deTbipe MHO-
xectBa A, B, D, E. Y Tpéx u3 HUX eCTh OOIIUI 3JIEMEHT ¥; sICHO, UTO Tornma y # x. Hasee, y npu-
HaJIJIEXKUT XOTsI ObI OJfHOMY u3 MHOXKecTB A u B, 6e3 orpanuvenus obmniHocTn MHOKecTBYy A. Torma
y He jiexkuT Hu B B, Hu B (', Tak Kak OHU y»Ke UMeIoT obIuii semenT x ¢ MHOKecTBoM A. Torma y
00s13aH TIpUHAIIEX)KATh 000nM MHOKecTBaM D u F.

Paccmorpum teneps yerBepky B, C, D, E. Jliobas Tpoiika MHOXKECTB U3 HEE COJEPKUT WJIH Tapy
B,C, wim napy D, E. Ho equrcTBeHHbBII 00111i1 3/1eMeHT n1apbl B, C' — 3T0 ', ¥ OH HE IPUHAJIEXKUT
v D, Hu E. AHAJIOTMYHO, € IUHCTBEHHBIN 00Iuii 3/1eMeHT napsl D, E — 3To y, 1 OH He IPUHAIJIEIKUT
wu B, uu C. Urak, gusa gersepku B,C, D, E Her 3jieMeHTa, HMOKPBITOI'O TPEMSI MHOXKECTBAMEU —
[IPOTUBOPEYHE.

SHaUUT, HAIlEe UCXOJHOE IIPEJIIOJIOKEHHe HEBEPHO, U He 0oJiee 9eM OJHO MHOXKeCTBO B JF He
COJIEPKHUT .

5.2. Jano cemeticmeo muoorcecms F. lyemv |ANB| = 1 das aobvix pasauwnwx A, B € F, npuvem
6 F ecmv xomas 6w, 17 muoorcecms. Ilyemo, xpome moezo, cpedu awobux 5 muoocecms us F watidymes
mpu, UMEUUT nenycmoe nepecevenue. Jokascume, wmo F umeem 2-mparceepcans.

Ecam cpenn mo0bIX 9eThbIpeX MHOXKECTB U3 J eCTh TPHU, HMEIOIINX OOIIII 9JIEMEHT, TO II0 IIPeIbl-
Ayiei 3alade Bce MHOXKECTBa, KPOME OJIHOIO, UMEIOT obmuit sjmeMenT x. BuibpaB u3 ocrasimierocs
MHOXKECTBA JIIOOOI €ro 9JIeMEHT ¥, MbI IOJYyIUM TpebyeMyio 2-TpaHcBepcasb {T,y}.

OcraJjioch paccMoTperhb ciiydaii, Korna Hanumch 4 muooxkecrsa A, B, C, D € F, uepecedyenue Jio-
OBbIX TPEX M3 KOTOPBIX IycTo. Ecam K HuM 106aBuTh J1oboe apyroe muoXkKectBo F € F, To Tpm
[EPECEKAIOIINXCsI MHOXKECTBA HOSABSTCsI; 3HAUUT, F COep:KUT (eJIUHCTBEHHBII!) obIumil s/1eMeHT Ka-
KHUX-TO JBYX U3 UCXOIHBIX YeThIPEX MHOXkKeCTB. IlockoibKy v Hac ecTh 13 BapuaHnTOB 151 BeIOOpa F
u 6 BosMOXKHBIX map mHOKecTB A, B, C, D, Kakas-T0o U3 Iap HOABUTCA XOTs Obl TPUXKIDLI; 3HAUNT,
o0IIIMit 3JIEMEHT X ITOH HAPBI JIEXKUT B IATH MHOXKecTBaxX n3 F; obosuaunm nx X1, Xo, X3, X4, X5.

Paccmorpum Terteps MHOXKeCTBa B F, He copepxKaliue sjaeMeHT x. Kcian ux He 60Jblie IByX, TO
y HEUX ecThb obmuii ssiement y, u {x,y} — rpebyemas Tpancsepcasb. Ilycrs ux xors 661 Tpu. Ilycrs
JIIoOBIe TPH U3 HUX MMEIOT OOIMHUI 9JIeMEHT; TOTIa JIETKO BUIETH, ITO ITOT DJIEMEHT Yy — OOIIUil [jIst
BCEX, U MBI HAILUIN 2-TpaHcBepcab {T,y}.

Ocrajochs paccMoOTpeTh ciryuail, Korja HafijayTca mMHOXKecTBa Y, Z, T, He cojiepxkKalliue T U He
uMmerorue o6rero sjgemerTa. OO03HAYMM UX TOMAPHBIE IepecedeHus Yepes aq, as, as. Kaxiaoe a;
MPpUHAIEKUT He Oojiee deM omHOoMy m3 MHOXKeCTB X1, Xo, X3, Xy, X5. B camom nene, mycts ag
puHa uIeXKuT MHOKecTBaM X1 u Xo. Torna X u Xo nepecekaroTcst 10 JIByM dJIEMEHTaM & U a1, 9TO
HEBO3MOKHO.

Wrak, uz b muoxkectB X1, Xo, X3, X4, X5 Hali/yTCs /IBA, HE COJIep2KAIlAEe HUA OJIHOTO 3JIEMEHTA U3
a1, a9,as. llycrs aTr0 Xy u X5. Torma y narepku muoxkectB Xy, X5,Y, Z,T' HeT TpoitHOro nepecede-
nus. [IporuBopeune.



Jasiee MbI cHaYaJia IPUBEJIEM JOKA3ATEJIbCTBA KJIIOYEBbIX (DAKTOB ITPO MCKJIIOYUTEIb-
HbIe MHO>KECTBAa, a UMeHHO 3a7a4 5.10, 5.12—5.14. M»b1 6yaem 3aTeM MCIOJb30BATh UX B
PellleHnsIX OCTABIIUXCH 33aad.

Bo Bcém nocseyonieM Tekere Mbl IpejnoaraeM, 9to G — (d; t)-uckiounTesibHoe ceMeiicTBO.

SameTnm cpagdy, 9To Bce MHOkecTBa X4 mpn A € G paznanunsl, ubo nmpu A # B MHOXKeCTBO
X 4 nepecekaer B, Ho He A, a mHO)KecTBO X p — Ha0b0poT. Bojiee Toro, orcioma »Ke caeayer, 4To
XA ¥ Xp.

,B;JIH pemeHunsd ,ﬂaﬂbHeﬁHlI/IX 3aJda4 6yﬂyT IIOJIE3HBI cJjeAyroniue IpocTble JIEMMBI.

JIemma 3. ITyemo G — (d;t)-uckarowumenvroe cemeticmeo, a S — HEKOMOPOE MHOHCECNBO MOUSHO-
cmu s. Pacemompum ece makue mroorcecmea A € G, wmo S C X 4; cocmasum u3 nwux cemeticmeo F
(mo ecmv F ={A € G:S5 C Xy}). Toeda F asasemcsa (d,t — s)-uckatowumenoroim.

Loxazameavemeo. Ecim S C X4, To SN A = &. 3uaunt, juist 100bIX pasgndabix A, B € F Mbl
umeem BN (X4 \S) = BN Xy # 2. Takum obpaszom, jjisi cemeiicTBa F MOXKHO BCe MHOXKeCTBa X 4
samenutb Ha X 4 \ S, npnuém | X4\ S| <t —s. Torga scuo, uro F — (d,t — s)-uckmounrensuoe. [

JIemma 4. ITyemo G — (d;t)-uckarowumenvroe cemeticmso, a S — HEKOMOPOE MHONHCECTNEO MOULHO-
cmu s. Pacemompum ece mnooicecmsa A € G, codeporcaugue S, u cocmasum cemeticmeo F u3 6cex
MAKUT MHONHCECME C BLIKUHYMbIM MHOKHCecmeom S (mo ecmv F = {A\S: S C A e G}). Tozda F
asasemces (d — s, t)-uckauumessHoiM.

oxazameavcmeo. flcHO, 9TO JyIst JIIOOBIX JIBYX Pa3/JUYIHBIX MHOXKecTB A, B € G, comepxkamux S,
Boiosasiercst yeaosue [(A\S)N(B\S)| = |ANB|—s < d—s. Kpome Toro, mbr nmeem X4 NS = &;
saaunt, (B\ S)N X4 =BNXy # I, aro u 3uauur, uro F — (d — $, t)-UCKIIOIUTEIBHOE. O

5.10. Jlokaosrcume, wmo b(d;t) > a(d;t).

Hocrarouno jokazars, uro eciu a(d;t) > n upu mHekoropoMm n, to u b(d;t) > n.

Ecmu a(d;t) > n, To cymecrByer Takoe cemeiictBo G crenenn d, 9TO JIOOBIE N MHOXKECTB U3 G
IMEIOT t-TpaHCBepcab, a BCE ceMmeiicTBO — He umMeeT. V3 Bcex momcemeiicTs cemeiictBa G, He 00-
JIQJIAIONINX (-TPAHCBEPCAJIBIO, BhIOEPEM MUHMMAJILHOE MO0 KOJWYECTBY MHOYKECTB U HA30BEM ero JF.
[Iycrs k = |F|; sicho, uro k > n. Torga no Boibopy F, mobbie k — 1 MmHOKecTB 13 F (CKaxkeM, Bce
6e3 HekoToporo A) mmeror t-rpancsepcaib X. 3amerum, uro X He J0JKHA mepecekaTh A, nHade X
ABJISETCS t-TpaHcBepcasbio Ayt F. 3uauuT, X yI0BJIETBOPSIET BCEM YCIOBUSM Ha MHOXKECTBO X 4.

Urak, F — (d;t)-uckmounrensroe cemeiictso, nosromy b(d;t) > k > m, uro u TpeboBaioch
JIOKA3aTh.

Sameuanue. B jasbHeiinieM nouT Bce BEpXHEE ONEHKH, TOJTyYaeMble Ha a(d;t), Ha caMoM jese
OyayT onerkamu Ha b(d;t). B arux ciaydasix Mbl OyJIeM OIlyCKATh CCBLIKY Ha MPEIBLIAYILYIO 3aady,
3aBEPIIAIONIYIO JI0KA3aTeIbCTBO.

5.12. a) IIyemo t = 2. Jlokaoicume, wmo h(x) < d + 2 das 06020 x.

6) ITycmov t npoussoavro. Jokascume, wmo h(xz) < b(d;t —1).

[TynkT a) gBisiercss 9acTHBIM ciaydaeM 6) BBy 3ajaqu 5.3. Tem He MeHee, MbI IPUBEIEM CaMO-
CTOSAITEJILHOE PEIIeHNe IIYHKTA &), & yKe B PEelIeHnH 0) COIUIEMCs Ha HY KHYIO JIEMMY.

a) IIpenmomnoxknm, aro h(x) > d + 3, T0 ectb cymecTByIoT Takue Aj, ..., Agys € G, arto Xy, =
{2, x;} 1Upu HEKOTOPBIX BJIeMEHTAX T; (STU JIEMEHTBI PA3JIMIHbL, 100 MHOKecTBa X 4, pasiuunbl). Ho
torja (d+1)-371eMeHTHOE MHOKECTBO {1, L2, ..., Tqt1} JEKAT U B Agio, 1B Agi3. DTO HEBO3MOKHO,
nbo ’Ad+2 N Ad+3‘ § d.

6) Ilpumenus semmy 3 jyist MHOXKecTBa S = {x}, nosydaem, aro cemeiicreo F = {A € G : x €
Xa} asisiercs (d,t — 1)-uckmounrensusiv, T.e. h(x) = |F| < b(d;t — 1).

5.13. Jlokaosrcume, wmo g(x) < b(d — 1;t) daa ar0bozo x.

[Tpumenus jemmy 4 st MuokectBa S = {z}, noimydaem, aro cemeiicreo F = {A\ {z} : A €

G,z € A} aBuserca (d — 1, t)-uckmounrensubim, T.e. g(z) = |F| < b(d — 1;¢).

5.14. ITycmo t = 2; npednosoorcum, wmo h(x) < d. Joxascume, wmo |G| < g(z) + h(z) + b(d —
h(z);2).

IIycte Bi,...,Bp — Bce takue MHOXKecTBa B G, uro © € Xp. (torma h = h(z)). Ionoxkum
Xp, = {z,z;}; Kak 00ObITHO, BCE TEMEHTBI T; PASIUIHBL.
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IIycte Aj,...,Ar — Bce Takne MHOXKeCTBa B G, 4T0 ¥ He JjiexkuT nu B A;, Hu B X 4,. [Tockosbky
k=G| — g(z) — h(x), nocrarouno mokazars, 4ro k < b(d — h(zx);2).

ITockombky A; # Bj upu Beex i, j, Mbl HostydaeM {z, z;} N A; # &, a 3HA4UT, T € A;, IOCKOJIBKY
x ¢ A;. Urak, Bcé muokectBo Y = {z1,...,x,} nexur Bo Bcex MHOkecTBax A;. [Ipumensisi rernepb
aemMmy 4 k muoxkectBy S =Y, moimydaem k < b(d — h;2), 9ro u TpebOBAIOCH JIOKA3ATh.

SamMeuaHue. YTBEXK/ICHAE U PEIICHIE OCTAIOTCSA BePHBIMI ¥ 11pH A(x) > d; B 9TOM ciiydae HaJ0
ormernts, 4T0 b(d — h;t) =1 upu d < h.

CaauaJsia MbI cobepém cepuiiabie (HO He obGsi3aTeIbHO TO4YHbIE) oneHku. IIpaBaa, nHoO-
raa Mbl OyJgeM I10JIb30BAaThCs TOYHBIMU OIEHKAMU M3 YaCTHBIX CJIy4YaeB HUXKE.

Coruacho 3aza4e 5.10, JyIsi oIy YeHnsi BEDXHUX OIEHOK Ha a(d;t) J0CTATOYHO MOJIYIUTh TaKue
ke oreHkn Ha b(d;t). Tlosromy B KaKJIOM cilydae HUZKE MbI C CAMOIO HAYaJa MPEJIOJIaraeM, 9To
BbIOpaHO (d; t)-MCKIIIOIUTETHEHOE CeMEHCTBO G, U OIEHUBAEM €r0 MOITHOCTb.

5.8. a) Jokaoicume, wmo a(d;t) > Cl ., .
6)** Cywecmsyrom su 3navenus d, t, npu KOMOPLT HEPABEHCNEO 6 NPEIVIYWEeM NYHKME CMPO-
20e?

a) ITycrb G — cemeiicTBo Beex (d+1)-3/1eMEHTHBIX TI0JIMHOXKECTB HEKOTOPOTo (d-+t+1)-3/1eMeHTHOTO
muOo)kecTBa B. Torma jrobble ABa pa3jindHBIX MHOXKECTBa M3 § IlepecekaroTcsi He OoJiee, deM 1o d
ssiemenTaMm. C Ipyroii CTOPOHBI, JI00oe t-31eMeHTHOe TToAMHOXKeCTBO X C B mepecekaercsi co BceMu
MHOXKECTBaMH U3 G, KpOME OJHOIO.

6) 2Kropu /10 cux 1mop He 3HAET OTBETA Ha TOT BOIPOC.

5.3.  Joxaostcume, wmo a(d;1) =d + 2.

Coruracuo 3amagam 5.8a) u 5.10, nam moctaTo4dHo JoKa3aTh, 9ro b(d; 1) < d+2. Ilycrs cymecrByer
(d; 1)-nckmounrenshoe cemeiicrso F = {A1, Aa, ..., Agys,. ..} u3 He MeHee 4eM d + 3 MHOXKECTB.
ITo onpenenennio (d; 1)-uckmounTeabHoro cemeiicrsa Bee X 4, ognosnementaeie (myctb X 4, = {z;});
3HaunT, ; € Aj npu ¢ # j. OueBnano, x; # x; Upu ¢ # j. 3Ha4nuT, MHOKecTBa A1 1 Ay comepxKar
d + 1 obmiuit 3jIeMeHT X3, . .., T44+3, YTO HEBO3MOXKHO.

Bameyanne. B nanbHeiinem Ham emé norpebyercst oueuiHoe pasercTso a(0;t) = b(0;t) = t+1.
Ero nokasaresbCcTBO MBI OCTABIISIEM THTATEIIO.

st ymoberBa BBEIEM HEKOTOPbIe 0003HAYEHUSI.

Onpenenienne 1. Jas awbozo anemenma x, obosnawum G, = {A € G:x € Ay uH, ={A€qG:
S XA}.

JLiist MHAYKIMOHHOTO Iepexojia B CJAeIyIonel 3ajade OyIeT IOJIE3HO TAaKOEe YTOUYHEHUE 3aadu

5.12a).
JIemma 5. ITyemov t = 2, u nyemo |G| > b(d—1;2)+d+3. Tozda h(x) < d daa 1106020 snemenma x.

Jlokazamensvemso. Ot nporusnoro. ITycrs cymecryior takue d + 1 mHOXKecTB Aj, ..., Agr1, 9TO
Xa, = {x,2;} (upu pazmmunbix smementax z;). Ilo 3amade 5.13, mbr numeem g(x) < b(d — 1;2).
3HaunT, B G CyIecTBYIOT X0Ts Obl d + 3 MHOXKECTBa, He COJeprKalllie X, U IBA U3 HUX HE COBIAIAIOT
¢ A;. ITycrs sro muoxkecrsa B, C. [Tockonbky « ¢ B, 1o X 4,NB # @, nonyyaem {x1,...,244+1} C B.
Awnanornano, {z1,...,24+1} C C. 3uaanr, |[BNC| > d + 1, 970 HEBO3MOXKHO. O

SamMeuaHune. DTO J[OKA3ATEIHCTBO MO CYTH MIOBTOPSIET JOKA3aTEIbCTBO 3aa9n 5.14 (Tounee, eé
Bepcuu npu h > d).

5.5. a) Joxaocume, wmo a(d;2) > C3_ .

6) Joxasicume, wmo a(d;2) < 2d*> + 3 npu d > 2.

a) Cremyer u3 obriero npumepa u3 3ajaqdn 5.8a).

6) Mb1 qokazkeMm muyKnueit o d > 2, aro b(d;2) < 2d? + 3. Baza Gyjer BK/IIoUeHa B MEpexojl.

IIpenmonoxum, aro b(d;2) > b(d — 1;2) + d + 3. Torma h(x) < d npu Bcex z 10 jemme 5.
O6ozuaunm b = |G|.

JI71s1 Kak 1010 ss1eMeHTa & 0003HAINM Yepe3 n(Z) KOTMIECTBO YIOPSIOUEHHBIX TPOEK PA3JINIHBIX
muo)kecTB (A, B,C') u3 cemeiictBa G, takux, uro © € A, x € B, u x € X¢. Mbl onieaum cymmy o
BCex [ncest n(xr) AByMsi criocobamu.



C onmoit croponsl, cyrmecrsyer b(b — 1) map pasnuuansix muoxkects (A, B). [lns kaxkoit Taxoit
napbl ecTb He 6oJiee d BApHAHTOB BbIGpATH MOAX0/ il ssement x (nbo |[ANB| < d), u jyist KaxK 1010
taxoro x cymecrsyer h(z) < d sapuantos muoxectsa C. Utoro, o =Y n(z) < b(b—1) - d2.

C Apyroii CTOPOHBI, PACCMOTPHUM IIPOU3BOJIbHOE MHOKecTBO C' 1t ostoxkuM X o = {z,y}. Kaxoe
U3 OCTAJIBHBIX b — 1 MHOXKeCTB B G comepKuT b0 &, OO ¥; IMyCTh, CKAXKEM, S, MHOYKECTB COIEp-
JKaT & U S, MHOXKECTB COflepKar Y (s + sy > b — 1). Torma cymecrByer s, (s, — 1) map MHOXKeCTB,
[EPECEKAIOIINXCS 110 X, U Sy(sy — 1) map, mepecekaiomuxcs 1o y. MIToro, Tpoiiku ¢ HAIITHIM MHOXKE-
crBoM C' yunTbiBaioTcs Kak MUHEMYM §(C') = s5(s; —1)+54(sy —1) pa3. 13 paBencrsa s, +5, > b—1

> 6-1)0-9) ( e

HETPY/IHO MOy IuTh, 910 S(C') OIIeHKA CTAHOBUTCS TOUHOM, €CIIH S; = Sy = “5- ). MTaK,

o > b3

B nrore mpt nosyuaem d?b(b—1) > o > 1b(b—1)(b—3), orkyua 2d* < b— 3, uro n TpeGopaoch
JIOKa3aTh.

Ocrasiocs pacemorpers ciay4ait, korga b(d; 2) < b(d—1;2)+d+2. Ecau d > 3, To no npe/osioxe-
Huto MK Mbl uMeeM b(d; 2) < (2(d—1)2+3)+d+2 = 2d?—3d+5 < 2d*+3, 1o u TpeboBanoCh.
Ecin ke d = 2, To 1o 3agaa 5.4a) mbl umeem b(1;2) = 6, nosromy b(2;2) < 6+ 2+ 2 = 10, yro u
TpebOBATIOCH.

3ameuanmne. 3aMeTnM, UTO ONEHKA B OCHOBHON WaCTH peIIeHus MOMyCKaeT yaydmenus. Tak,
BEPXHsisl OIIEHKA HA 0 TOYHA TOJILKO Tora, Korja h(z) = d upu Beex . B 1o xe Bpems, u3 3aga4an 5.14
MOXKHO YBUJIETH, UTO IIPH 9TOM yCJIOBUM ¢() HE MOXKET PaBHITHCSI I’_Tl, TO €CTh HUYKHSS OIEHKA
HerouHa. Meros nostydenusi 60J1ee TOYHBIX OIEHOK [OKa3aH B jieMMe 7 1epej BerancienueM b(1;4)

U IPUMEHEH JTaJIee.

5.7. a) Joxaosrcume, wmo a(1;t) > CZ 5.
6) Jdoxasicume, wmo a(1;t) <2 +1 nput > 3.

a) Creayer u3 obriero npumepa u3 3ajadn 5.8a).

6) Pemenue 10ci0BHO NOBTOpsieT pelieHue 3ajadu 3.4a): eJIUHCTBEHHOE CBOMCTBO NPSMBIX Ha
IJIOCKOCTHU, KOTOPOE UCIIOIB30BAJIOCh B HEM (B oTymaue oT 3.46)!) — 1o, 4To oHEM 06pa3yIoT ceMeiicTBO
crenenu 1 (mposepbre 310!).

5.11. Jlokaoscume, wmo b(d;t) xonewno npu ecex d u t.

Mpr jokazkem orenky b(d;t) < t31 4 (t4=1 4 4=2 1 ... 4 40) ympykuweit no d > 1. Baza npn
d = 1 nokasana B 3aja4e 5.76).

Jnst mepexoma momyctuM, aro d > 2. PaccMoTpuM Ipom3BOJIbHOE MHOXKECTBO A € §; mycTb
Xa = {x1,...,2}. Torna Bce ocranbHble MHOXKECTBa B G cojlepKaT XOTsI ObI OJIMH U3 SJIEMEHTOB
Z1,...,2¢. [IpH 9TOM KOJMIECTBO MHOXKECTB, COJIEPIKAIIIX T'j, HE peBocxoauT b(d — 1;t) mo memme 4.
Buaunt, |G| < 14tb(d — 1;t) = 1 + 1972 4 (14 4t~ ... 4 ), aro u TpeboBaoOCh JOKA3ATH.

Bameuanue. Buecto 3aauu 5.76) MOXKHO HCIIOIB30BATH B KaueCTBe 6a3bl TPUBHAIBHYIO OLCHKY
b(0;t) < t+ 1. B aToM cydae mosiydaeTcs HeMHOro Xy/mas onenka b(d;t) < ¢4+ 4 ¢d 4. 4 1.

5.9. a) Jokaoscume, wmo wucao a(d;t) xoneurno npu aobot nape (d,t).
6) Hackonvko xopowyto ouenry ceepry na a(d;t) eam ydacmea nosywumo?

Pemenue nynkra a) nosmydaercsa us 3agad 5.10-5.11. Orryga ke nosydaercs onenka a(d;t) <
L (471 44472 4 4 10) npu Beex d > 1.

Hakonern, Mbl mepexoimM K TOYHBIM, XOTSl M YaCTHBIM, pe3yJjibTataM u3 3aJa4 5.4
u 5.6. 3/1ech MBI HEe CChLJIA€MCH HA MYHKTBI 3TUX 3a/1a4, & IIPOCTO BBHINMKCHIBAEM IOKA3aH-
HOE PaBEHCTBO.

HuzkHue oneHKH BO BCeX CJlydasiX HEIOCPEJICTBEHHO cJiejyiorT u3 3asaqdu 5.8a). nsg BepxHmx
OIICHOK MBI OIISITh MPEJIOJIaraeM, 9To BbIOpaHo (d;t)-uCKIIIOUnTeIbHOE CeMEHCTBO G, U OleHUBACM
€ro MOIITHOCTb.

b(1;2) = 6. IIpeanosnoxnum, uro |G| > 7. Pacemorpum npoussossnoe C € G; nycrs Xo = {z,y}.
Torna KaXkj10e U3 OCTAJBHBIX MHOXKECTB B § CONEPXKUT T WJIU Y; CJIEIOBATEJILHO, XOTsI Obl TPU U3
HUX COZIepZKaT OJIMH U TOT Ke 3jeMeHT u3 X¢, ckaxeM, ¢ € Aj, Ay, As. Samernm, uro g(z) < 3 mo
zajtade 5.13; 3HAUUT, OCTaIbHBIE MHOXKECTBA B G He cojiepxkat x. [lo Hamemy mnpenoiokenuio, B G,
Kpome A;, ecth emé xors 0b1 4 muOXKecTBa C1, Cy, Cs, Cy.

Paccmorpum npoussosbublit ungekc k = 1,2, 3,4. Ilycrs X, = {x1,z2}. IBa u3 muoxects A4;
JIOJIZKHBI COJIePZKaTh OJIMH U TOT 2Ke 3J1eMeHT ;. IJoCKOoIbKy OHE IIlepeceKaloTcsi TOJIBKO 110 T (Bejb
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G — cemeiictso cremenu 1!), Mbl osydaeM, uro = xz; € X, . Urak, x € Cy, npu Becex k =1,2,3,4.
Buauwnr, 1o aemme 3, npumenénnoii k S = {z}, cemeiicrso {C1, Co, C3, Cy} — (1;1)-uckiounresnbHoe.
Ho Torna no 3azaqde 5.3 ono umeer He 6osiee 3 siemenToB. [IporuBopetne.

3ameuanmue. [Ipoanajm3npoBas 3T0 pellieHne, Mbl MOYKEM BbIJIEJIUTD CJIEIYIONIYIO JIEMMY, [0JIe3-
HYIO U B JIaJIbHEUIIIEM.

JIemma 6. ITycmv G — uckarowumenvnoe (1,t)-cemeticmso, npusém g(x) > t+1 npu nexomopom x.
Tozda dasn 06020 B € G, mv, umeem © € B uau x € Xp. Kpome mozo, g(x) =t + 1, u cemeticmeo
F =G\ Gy asasemca (1,t — 1)-uckarowumenrvroum.

Jlokasamenvemeo. Ilycrs g(z) >t + 1, u Gy O {A1, ..., A1}

[Tpeanonoxum, aro x ¢ B u x ¢ Xp npu nekoropom B € G. Kaxoe u3 muoxkectB Aj, ..., Apyg
COJIEPKUT XOTsI ObI OJMH 3jeMeHT U3 X p; HOCKOIbKY |Xp| = ¢, ABa U3 HUX JOJKHBI COJEPKATDH
OJIMH ¥ TOT ke 3yeMeHT (ckaxeM, y € A; N Az N Xp). Ho Torna A1 N Ay conepxkur (pasaudnbie!)
9JIEMEHTBI £ U Y, 9T0 HEBO3MOXKHO. SHAYUT, TAKOI'O MHOXKECTBa B He CyIlecTByeT.

Hanee, g(z) < t+ 1 no 3azade 5.13, tak uro g(x) =t + 1. Bropoe yTBep:KieHue ciejyer Terepb
u3 JIEMMBI 3. [l

b(1;3) = 10. IIpexnonoxum, uro |G| > 11. Pacemorpum npoussosbaoe C' € G; mycrs Xo =
{z,y,z}. Torga Kaxj0e N3 OCTAJIBHBIX MHOXKECTB B § COJICPXKUT XOTsi ObI OJIMH M3 JIEMEHTOB T, Y
wm z, 10 ectb g(x) 4+ g(y) +g(z) > 10. Snaunt, oxHO U3 craraeMbIx O6OJIbIIE TPEX, CKaxkeM, g(x) > 4.
Torna o slemme 6 Mbl ostydaeM, uro F = G\ G, sBisiercs (1; 2)-uckimounresbHbIM, Tpuaém | F| > 7.
1o nporuBopednt ToMy, uTo b(1;2) = 6.

Sameuyanwue. [Ipepuiyniye qBa MyHKTa [0 CyTH IIOBTOPSIOT perienue 3a1a4du 3.4a). Mbl npuso-
JUM UX 371eCh JJjIsl YI00CTBa BOCIPUSITASA CJIEIYIOMIErO IIyHKTA.

Jlst masibHEeRIero mpoaBUKEHNsT Mbl HECKOJIBKO YJIYHIINM TJIABHBIN MeTO u3 3amadu 5.5. Umen-
HO, MBI HEMOTO U3MEHUM OIIPEIeJIEHIe CYMMBI 0, TaK, 9TO OHa OyIeT JIOIMyCKaTh HECKOJIBKO JIydIIne
oreHKr. CMBICTT CJIEIYIOIIETO OIpejesieHust OYIeT siCeH U3 JAJIbHEHIIel JIEMMBL.

Onpenenenue 2. /lia xaocdoz20 ssemenma T, AexHcaue20 xoms ov, 6 00nom mroxcecmee suda X 4,

g(x)(g(z) — 1)

h(z) . s xaoscdoeo C € G Ha306ém e20 1EHONR
x

na306ém ezo TEHON eceauvuny p(x) =

seauuny P(C) =3, x . p(x).

Jlemma 7. Ilycmo G — (d;t)-uckmowumenvroe cemeticmeo mownocmu b. Tozda cywecmeyem mro-
aorcecmeo C € G maxkoe, wmo P(C) < d(b—1).

Jlokazamenvemeo. OusTh ke, JJIs KazKJ0r0 dJ1eMeHTa & 0003HAINM depe3 n(x) KOJMIeCTBO yIopsi-
JIOYEHHBIX TPOeK pasiandHbix MHOXKecTB (A, B,C) u3 cemeiicrBa G, Takux, 4ro * € A, © € B, u
x € X¢. Onnako terepb Mbl OyjIeM OIEHUBATDH YYTh JPYIYIO CyMMYy, 8 HMMEHHO

()
2= 2 5

(ecrecTBeHHO, CyMMa OEpPETCs IO BCEM 3JIEMEHTaM, YyIaCTBYIOIIIM B MHOXKeCTBaxX BUIa X 4).

C omnoii croponsl, cymecryer b(b — 1) nap pasnuunbix Mmuoxkects (A, B). st kaxkioit Taxoii
napbl ecThb He Gojiee d BapHAHTOB BBHIOpATH moaxo/Amuii siement x (n6o |[AN B| < d). Hasee, r060it
ssieMeHT © € A N B 106aBiisieT POBHO €MHUILY K YJ; JIEHCTBUTENBHO, cylecTByeT h(x) BapuaHTOB
muO)kecTBa C, N KayK/IbIit U3 9THX BAPUAHTOB OyeT cauTarhes ¢ «BecoM» 1/h(x). Utoro, momydaem

S= Y JAnB[<d-b(b-1).
(A,B): A#B

C zpyroit cTOpoHBI, paccMoTpuM mpousBosibHOe MHOKecTBO C'. TlokazkeMm, 9TO TpOHKH BHJA
(A, B,C) Buocar B ¥ Bkjaj, paBublii kak pa3 P(C). HeiicrBuresnbho, mist kaxmoro ¢ € X, B
aucste n(x) nocauransl ¢(x)(g(x) — 1) map. YunrteBast «Bec» 1/h(x), MBI IOIy9aeM, 9TO «BKJa]
napsl x, C'» paBeH p(x), a Torjga «Bkiaa > Muoxecrsa C' paser P(C), 4To u TpebGoBaIoCh.

Urak, db(b — 1) > X = > g P(C). Tlo npunmumy Jupuxie, ofHo u3 b craraeMbIx cupaba He
upesocxoaut d(b — 1). O
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b(1;4) = 15. Ilpennonoxknm, aro |G| > 16; BEIKHHYB HECKOJIBKO MHOXKECTB U3 G, MOXKHO CH-
TaTh, 410 b = |G| = 16. Paccmorpum npoussoisaoe C € G; nycrs Xo = {1, T2, T3, T4 }. AHAIOrHIHO
IpeJIbLLYIIeMY IIyHKTY, HoJlydaeM, 9to y . g(x;) > 15, npuuém g(z;) < 4 (nnade, ucnosssys jgeMmy 6,
MBI IPUXOAUM K nporusopeunio ¢ b(1;3) = 10).

Urak, >, g(x;) = >, |G| < 16, HO Kakmoe A € G, orsmunoe ot C, IOTZKHO JIeXKATb B OJHOM
u3 G,. D70 o3Hauaer, 4To Jmbo Bee ceMeiictBa Gy, HE MepeceKaroTcsl, IMbO IMePEeCeKAITCsI JIUID /1B
U3 HUX, IPUYEM II0 OJHOMY 3JleMeHTy. B soboMm citydae, MOKHO cunrtarh, 4T0 Gy, Gy, n Gy, He
[IEPECEeKAIOTCs U COJEPKAT 110 4 MHOXKECTBA.

YrBepxkaeune. s moboro A € G, ornmmanoro or C, MHOKeCTBO X 4 HE COJEPKUT HU OJTHOTO
13 3JIEMEHTOB &1, L2, X3.

Jlokazameavcmso. Ilycrs x1 € X 4; Torga, ouesuano, x1 ¢ A. 3amerum, 9TO OJUH U3 JBYX
9JIEMEHTOB T, T3 Takxke He JexuT B A, ubo Gy, N Gy, = &; nycTh Jist OUpeeiéHHOCTH To ¢ A.
[Ipeanonoxum, aro o ¢ X 4. O603HATNM YeThIpe MHOKECTBA, COJIEpIKaIIie Ta, Yepe3 By, By, Bs, By;
BCe OHU He cojiepKar x1. [lepecedenne o6bIX JABYX U3 HUX €CTh { X2 }; 3HAYNT, Bce MHOXKecTBa B;NX 4
He TepecekatoTcst. Taknm ob6pasom, X 4 U COCTOUT M3 9TUX YETBIPEX nepecedenuii (160 |X 4| = 4), a
OHU HE COJEpPKAT X1. DTO IPOTUBOPEIUT TOMY, U4TO 1 € X 4.

Wrak, Mbl mosyansm, 910 x1,x2 € X4. llpeanonoxkum temepn, uro z3 ¢ X4. B cemeiicrse
Gz, ecTb x0T Obl Tpu MHOXKecTBa, oraudHblx oT A. Torjga onm no/KHBI Hepecekarnest ¢ X 4 110
Pa3IMYHBIM JIEMEHTaM, OTJIMYHBIM OT X1, T2. DTO OIAThH K€ HEBO3MOXKHO, ubo |X 4| = 4.

Urax, X4 = {x1, %2, r3,y} upu HEKOTOPOM Yy # 24. Paccmorpum Teneps jasa muoxecrsa B, B’ €
G, me nexaiee B Gy, npu i = 1,2,3 u ne cosuajatomue ¢ A, C' (Takue MHOXKecTBa HaiiyTcst, n6o
|Gz, | + |Gy | +|Gey| +2 =14 = |G| — 2). Torma @ # BN X¢, nosromy x4 € B. Ananornuno, y € B,
a Takxke x4,y € B'. Buauut, |[B N B'| > 2, 9T0 HEBO3ZMOXKHO. O

Urak, mbl 3Haem, 910 h(x1) = h(xs) = h(zz) = 1 u g(x1) = g(r2) = g(zs) = 4. 3nauur,
P(C) > 3 -1 + p(z4) > 36. C mpyroii croponsl, 1o jgemme 7 cymecrsyer C € G Takoe, 4TO
P(C) < db =30 < 36. 910 poTUBOpEYNE 3aBEPINAET JIOKAZATETHCTBO.

b(2;2) = 10. [Ipeamnonoxum, uro |G| = 11; Torma usz semmbl 5 caenyer, aro h(z) < 2 upu Beex
x, a n3 3aja4n .13 — qaro g(z) < 6. Torna u3 3amaun 5.14 ciemyer, aro upu h(x) = 2 MbI nMeeM
g(x) = 6. Buauur, eciu g(x) upunumaer 3Havenue 4, 5 uian 6, To BesmunHa p(r) HE MOXKET OBITH
MmenbIie, yem 12, 20 wim 32—0 = 15, COOTBETCTBEHHO.

ITo nemme 7, cymecrsyer C € G, st koroporo P(C) < 2-10 = 20. IIycrs X¢ = {x, y}, nupuuém
g(xz) > g(y). Bamernm, aro g(x) + g(y) > |Gz U Gy| = 10, Taxk uaro g(z) > 5, g(y) > 4. Torna
P(C) > 15+ 12 = 27. IIporuBopeune.

b(3;2) = 15. IIycrs |G16. [eiicTBys aHATOTHYHO IIPE/IBIIYINEMY PEIIEHUIO, MBI oIy daeM h(z) <
3, g(z) < 10, nupuuém npu h(z) = 1,2,3 Mbl umeem coorsercrBerno g(x) > 5,8, 10.

Hamee, u3 semmbl 7 Mbl HaxoguM C' € G rtakoe, uro P(C) < 3-15 = 45. Ilycrs X¢o = {z,y}
u g(x) > g(y). Torma g(z) > 8, nosromy p(x) > 28; rakxke p(y) > 20, ubo g(y) > 5. 3uauwur,
P(C) > 48. IIporusopeune.

b(4;2) = 21. [eiicTByst aHAJIOIMYHO [IPEIBLIYIM ITyHKTaM, HaxoauMm C' € G takoe, uro P(C) <
84. Ecim X¢ = {z,y} n g(x) > ¢(y), To anajormdHoe npoTHBOpEUNE IOJIy9aeTCsl BCErja, KPoMe
ciydas ¢(y) = 6; HO Torga HOJKHO moaydnThesd g(x) = 15 u h(z) = 4 (unave ouars P(C) > 84).

Pacecmorpum stor ciydaii oriaenbHo. [lockosbKy h(z) = 4, J0MKHBL CYIIECTBOBATH MHOXKECTBA
C1,Cy, Cs,Cy rakue, uro h(C;) = {z,y;}. Torna ecrb 22 — g(x) — h(x) = 3 muoxecrsa By, By, B3
Takue, uTo T ¢ B; u v ¢ Xp,. Us cpoiicts muoxecrs X¢, cuenyer, uto {y1,y2,ys, Y4} € B;. Suaunr,
JIIOOBIE JIBA U3 MHOXKECTB B; JIOJIZKHBI IIEPECEKATHCS POBHO 110 SJIEMEHTAM Y1, Y2, Y3, Y4-

Hakowuer, jist mo6oro C' € G, orsmmanoro ot B;, MHOXKecTBO X ¢ IepeceKaeT Bee By; 3HAUNT, OJUH
€10 3JIEMEHT COJEPKUTCS B JIBYX MHOKeCTBax u3 B;. 3HaunT, B X COMEPKUTCS OJIUH U3 Y1, Y2, Y3, Yd.-
Orciona cnenyer, aro » . h(y;) > 22 — 3 = 19; no Torma h(y;) > 5 upn nekoropom i. Kak mbr yxke
OTMeYaJIu BbIIIE, 3TO HEBO3MOXKHO.

Sameuanme. PasBuBasi 3Tu MeTOJIbI, ABTOPHI CMOIJIM JIoKa3aTh paseHcTBO a(d;2) = b(d;2) =
C§+2 nist Becex d < 7.
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The Helly—Gallai numbers for the families of finite and quasi-finite
sets

L.I. Bogdanov, G.R. Chelnokov, V.L. Dolnikov

1 Introduction

Typical problem. In a city there are some bus routes. Every two routes have at most two common
bus stops. Moreover, for each 10 routes there exist two stops A and B such that each among out ten
routes passes through at least one of the stops A and B. Prove that there exist two stops such that
each route in the city passes through at least one of them.

Also show that the problem statement does mot remain valid after replacing the number 10 by a
smaller number. (See problem 5.4b).)

If you are familiar with this type of problems (and you like them) you may skip the
preliminary text and just start working on the problems.

One of the widespread types of questions in combinatorics is the following one. Given a family F
of sets, we need to determine whether it is possible to select few elements (usually a prescribed
number of them) so that each set in F contains at least one selected element. (Such selection is
called a transversal for F.) Such questions are important, for instance, in investigating the colorings
of (hyper)graphs (and thus have applications in many areas of mathematics); also such questions are
very popular in convex geometry. Despite the popularity of this type of questions, many of them are
still unsolved, sometimes even those looking quite innocent.

As an example, we present a known Erdos—Faber—Lovasz conjecture which is neither proved nor disproved at the
present moment.

Conjecture. In a city there are some bus routes and n bus stops. Suppose that each route passes through at least
two stops, and each two routes have at most one stop in common. Then all the routes can be colored inn colors so that
no two routes of the same color have a common station.

Obviously, the necessary condition for the certain family of set to have a transversal of fixed
size is that each its subfamily also has such a transversal. For some special kinds of families, it is
sufficient to verify this condition for all the subfamilies of a certain size. The famous result of this
type is Helly’s theorem for planar convex sets (see problem 2.4); it deals with the 1-transversals.

The first our principal goal is to investigate this type of questions for the families of sets of
bounded finite cardinality (section 4). The next goal is to generalize these results for the case
of families of sets with some finiteness conditions for their intersections. This type of families is
important, e.g., since the conditions of such kind hold for the algebraic sets (i.e. the sets of solutions
of certain systems of algebraic equations).

The solution of some problems in this project is not known at the present moment. In this case
we ask the question of the type “How far can you improve the estimate?”. For such type of problems,
we accept any serial bound (that is, a bound that works for infinite number of values of parameters).
Please keep in mind that serious improvement of known results in this area is worth being published.

The problems marked by the triangle sign’ were given at the semifinal.

2 Introduction to the Helly numbers

2.1. Consider a family of segments in a line. Suppose that the intersection of all segments of this
family is empty. Prove that there exist two segments in this family, such that their intersection is
empty.



2.2. Consider a tree G (i.e. a connected graph without cycles). Consider the finite family of
connected subgraphs of G such that the intersection of all these subgraphs is empty. Prove that
there exist two subgraphs in this family, such that their intersection is empty.

2.3. Consider a finite family of arcs of some fixed circle. Suppose that every 1000 arcs of this
family have a nonempty intersection. Show that all the arcs of the family do not necessarily have a
nonempty intersection.

All the three problems above deal with the same property of some family of sets; for instance, in
problem 2.1 we work with the family of all segments in the line. Now we define the property.

Definition 1. Let F be some (not necessarily finite) family of sets. A positive integer k is called a
Helly number for the family F if the following statement holds:

Let G be an arbitrary finite subfamily of F. Suppose that the intersection of all sets in G is empty.
Then there exist at most k sets in G such that their intersection is empty.

In other words, k is a Helly number of the set F if the following “Helly type statement” takes
place:

Let G be an arbitrary finite subfamily of F. Assume that for every k sets in G, their intersection
is monempty. Then the intersection of all the sets in G is also nonempty.

Using the introduced notation, one can reformulate the problems 1.1-1.2 as follows: number 2 is
a Helly number for both the family of the segments in a line and the family of all subtrees of some
fixed tree. The statement of problem 1.3, after a similar reformulation, claims that there is no Helly
number for the family of all he arcs of a fixed circle.

Definition 2. Let F be a family of sets. We write H(F) = k if k is the minimal Helly number
for the family F (provided that there exists some Helly number for F ). If there is no Helly number
for F, then we write H(F) = oc.

The next problems will help you to get acquainted with the Helly numbers.

2.4. (HELLY’S THEOREM FOR THE CONVEX SETS IN THE PLANE.) Let C be the family of all convex
sets in the plane. Prove that H(C) = 3.

Remark. For the problem above, the condition that the family G C C is finite (in Definition 1)
may be replaced with the condition that all sets of C are closed and bounded.

2.5. Let P be the family of all infinite increasing arithmetic progressions consisting of positive
integers. Prove that H(P) = 2.

2.6. Let O be the set of all the circumferences in the plane. Find H(O). (Reminder. A circum-
ference is a boundary of a disk in the plane.)

3 Introduction to the Helly—(Gallai numbers

We need a bit more general concept than the Helly numbers.

Definition 3. Let F be a family of sets. A set X is a transversal for the family F if XN A # & for
all A € F. A transversal X is called a t-transversal if | X| = t.

Remark. For any family F, the existence of a 1-transversal is equivalent to the condition that
the intersection of all sets of F is nonempty.

Definition 4. Let F be a family of sets. A positive integer k is called a t-Helly-Gallai number for F
if the following statement holds:

Let G be an arbitrary finite subfamily of F. Suppose that there is no t-transversal for G. Then
there exists a subfamily of at most k sets in G also admitting no t-transversal.

Nezt, if there exists a t-Helly-Gallai number for a family F, then we will denote by HG(F) the
minimal such number. Otherwise we write HG¢(F) = oo.



Remark. Note that by definition we have H(F) = HG1(F), so the new concept is a generaliza-
tion of the Helly numbers introduced above..

Again, the next problems aim to help to get acquainted with a new notion.

3.1. Let S be the family of segments in the line.
a) Prove that HG2(S) = 3
b) Prove that HG¢(S) =t + 1.

3.2. a) Construct a family F such that H(F) = 2 but HG2(F) > 1000.
b) Prove that there exists a family F such that H(F) = 2 but HG3(F) = oc.

3.3. Prove that HG3(C) = co. (Recall that C is the family of all convex sets in the plane.)

3.4*. Denote by L the family of all the lines in the plane.
a) Prove that HG(L£) <> +1 for all t > 3.
b) How far can you improve this bound?

4 Families of sets of bounded cardinality and their Helly—Gallai
numbers

One can see from the previous section that the existence of a finite Helly number for some family F
does not necessarily imply that the Helly—Gallai numbers of this family are finite. Thus, one needs
some additional conditions on the family F. One of such natural conditions is the boundedness of
all the cardinalities of the sets in F.

Definition 5. Denote by Ny the family of all sets having at most d elements each.

4.1. Let G be some finite family of sets having at most d elements each. Suppose that every d + 1

sets of G have a nonempty intersection. Prove that the intersection of all the sets of G is nonempty.
Moreover, show that in the previous statement, the number d 4+ 1 can not be replaced with d.
Comprehension exercise. Reformulate this problem with the use of terminology introduced above.

4.2. Prove that all the numbers of the form HG(Ny) are finite.

4.3. a) Prove that HGy(N3) > C2,.
b) Prove that HG¢(N3) = CZ,,.

4.4. Prove that HG{(Ng) > Cl,,.
4.5*. (THE PRINCIPAL RESULT OF THIS SECTION) Prove that HGy(Ng) = Cf,,.
The problem above is tough. The next problem may be used as a hint.

4.6. a) (Katona’s problem) Assume that the sets Aj, As,..., Ay, Bi,..., B, are chosen so that
|A;| = d, |B;| =t, for i # j the set A; has at least one common element with the set Bj, but
A; N B; = @. Prove that n < C’fH_t.

b) Assuming that Katona’s problem is solved, prove the problem 4.5.

4.7.V Assume that the sets Ay, Ao, ..., An, By, ..., B, satisfy Katona’s conditions, i.e. A;N\B; =&

n
1
and A; N B; # @ for all i # j. Let a; = |A;], b; = | B;|. Prove that Z Yo <1.
i=1 ~aitb;
The previous problem presents the constraints for the cardinalities of the sets satisfying Katona’s
conditions. The next problem shows that this constraint is far from being sufficient.
n
4.8V P that th ist positive int b b h that (i ! =
.8.7 Prove that there exist positive integers ai,...,an,b1,...,b, such that (i) ZW To100°
i=1 ~aitbi
but (ii) there are no sets Ay, Ag, ..., A,, B1, ..., B, satisfying Katona’s conditions such that | 4;| = a;,
| Bi| = b;.



5 The Helly—Gallai numbers for the quasi-finite sets

In this section we weaken the conditions for the families considered.

Definition 6. Let F be a family of sets. We say that F is a family of degree d if for every two
distinct sets A, B € F we have |[AN B| < d.

Now let us fix arbitrary positive integers d and t. Next, for every family F of degree d let us find
its (minimal) t-Helly-Gallai number HG(F). Denote by a(d;t) the mazimal among these numbers.

In other words, a(d;t) is a minimal number which is a Helly—Gallai number for every family F
of degree d.
This section is devoted to different bounds for the numbers a(d;t);

5.1. Let F be a family of sets. Suppose that |AN B| =1 for every distinct A, B € F (in particular,
this condition implies that F is a family of degree 1). Suppose, in addition, that among any four
sets in JF, there exists three sets having a nonempty intersection. Prove that one can delete one of
the sets from F so that all the remaining sets will have a nonempty intersection.

5.2. Let F be a family of sets. Suppose that F contains at least 17 sets, and for every distinct
A, B € F we have |AN B| = 1. Moreover, suppose that among any 5 sets in F, there are three sets
with a nonempty intersection. Prove that there exists a 2-transversal for F.

5.3. Prove that a(d;1) = d + 2.

5.4. a) Prove that a(1;2) = 6.
b) Prove that a(2;2) = 10.
c) Prove that a(3;2) = 15.
d) Prove that a(4;2) = 21.
e)* Try to prove the analogous statement for some larger values of n.

5.5. a) Prove that a(d;2) > C3,,.

b) Prove that a(d;2) < 2d? + 3 for all d > 2.

¢)* How far can you improve these bounds?

Remark. In the problem above, the authors can improve the upper bound (that from part
b)), but still there is a substantial gap between the upper and the lower bounds. It would be very
interesting to obtain upper and lower bounds which are asymptotically the same; that is, their ratio
should tend to 1 as d — oc.

5.6. a) Prove that a(1;3) = 10.

b) Prove that a(1;4) = 15.

¢)* For which values of ¢ you can prove the analogous statement?
5.7. a) Prove that a(1;¢) > C?,,.

b) Prove that a(1;t) < t?+ 1 for all ¢ > 3.

¢)* How far can you improve these bounds?

5.8. a) Prove that a(d;t) > C%, ;.
b)** Do there exist the values of d and ¢ such that the inequality in a) is strict?
Remark. The authors do not know the answer for 5.86).

5.9. a) Prove that the number a(d;t) is finite for every pair (d, ).

b) Try to obtain a good! bound for the number a(d;t).
The remaining part of the text was given at the semifinal.

The next notion for the quasi-finite sets is analogous to Katona’s conditions.

Definition 7. Let G be a finite family of sets. We say that G is (d;t)-exceptional if (1) G is a family
of degree d, and (i) for every A € G there exists a set X g4 with |X 4| =t such that X4 NA =@ but
XANB#D for all B € G different from A.

Denote by b(d;t) the mazimal cardinality of a (d;t)-exceptional family. (We set b(d;t) = oo if
there exist (d;t)-exceptional families of an arbitrary large cardinality.)

las good as possible. ..



5.10.V Prove that b(d;t) > a(d;t).
5.11.V Prove that the number b(d;t) is finite for all d and ¢.

The next problems in this section are devoted to the investigation of exceptional families.

From now on, we fix positive integers d and ¢; we also fix some (d; t)-exceptional family G. Recall
that for every A € G we fix one set X4 such that [X4| =t X4 NA =g, but XqNB # & for all
B € g distinct from A.

Definition 8. Let x be some element. Denote by g(x) the number of the sets A € G such that x € A.
Denote by h(x) the number of the sets A € G such that x € X 4.

5.12.V a) Assume that ¢t = 2. Prove that h(z) < d + 2 for every x.
b) Prove that h(z) < b(d;t — 1) (for an arbitrary t).

5.13.V Prove that g(z) < b(d — 1;t) for every .
5.14.7 Assume that ¢t = 2 and h(z) < d. Prove that |G| < g(z) + h(x) + b(d — h(z);2).

6 The Helly-Gallai numbers for the two-dimensional quasi-finite
sets

The families considered in the previous section may be regarded as I-dimensional since the intersec-
tion of any two of them is finite. In particular, setting ¢ = 1 we get a combinatorial analogue of a
family of lines. In the same way, we may define 2-dimensional families as follows.

Definition 9. Let F be a family of sets. Let F' be the family of all the intersections of two distinct
elements from F, i.e.
F'={ANB : A,Bc F, A+ B}.

We say that F is a 2-dimensional family of degree d if ' is a (1-dimensional) family of degree d.
Now let us fix some positive integers d and t. For every 2-dimensional family F of degree d,
consider its (minimal) t-Helly—Gallai number HG(F). Denote by az(d;t) the mazimal such number.

In this section, we do not propose an explicit investigation agenda. Instead of that, we propose
you to investigate the numbers ay(d;t) by yourself. We will accept all the results about these
numbers. The problems below mark only some natural directions of investigation.

6.1." Prove that all the numbers ay(d;t) are finite.
6.2.V Assume that d = 0. Give the necessary definitions on your own and prove that g(z) <t + 1.

6.3.V (INVESTIGATORY, “WITH NO DOUBLE INTERSECTIONS”) Find some upper and lower bounds
for the numbers a(0;t) for some values of t.

6.4.V (INVESTIGATORY, “THE CASE OF PLANES”) Find some upper and lower bounds for the numbers
a(1;t) for some values of ¢.

6.5.V (INVESTIGATORY, A GENERAL CASE) Find some upper and lower bounds for the numbers
a(d;t) for some values of d and t.

Remark. In the last three problems, as usual, serial bounds are more valuable than partial results
for fixed values of (d;t). Nevertheless, we insistently recommend you to start with a consideration
of a sufficient amount of particular cases.



The Helly—Gallai numbers for the families of finite and quasi-finite
sets.

L.I. Bogdanov, G.R. Chelnokov, V.L. Dolnikov

Solutions.

2.1. Consider a family of segments in a line. Suppose that the intersection of all segments of this
family is empty. Prove that there exist two segments in this family, such that their intersection is
empty.

Denote the given segments as [a1,b1],. .., [an, by]. Let as = maxi<i<p @i, by = minj<i<p b; (it is
possible that s = t). If a; < b; then each given segment contains ag, which contradicts the condition
of the problem. Hence as > b, therefore t # s, and the sth segment has no common point with the
tth one.

2.2. Consider a tree G (i.e. a connected graph without cycles). Consider the finite family of
connected subgraphs of G such that the intersection of all these subgraphs is empty. Prove that there
exist two subgraphs in this family, such that their intersection is empty.

If we delete any edge e from a tree G, we cut this tree into two components. Moreover, if a
subtree G’ does not contain e, then it lies in one of these components.

Denote our subtrees by Gi,...,G,. Let k be a maximal integer such that the intersection
G = G1NG2N---N Gy is nonempty (note that k& < n). Then the intersection of G and Gy is
empty.

Now consider a shortest path conecting G with Ggy1. The first edge e of this path does not
belong to G, hence some G; (with 1 <14 < k) also does not contain e. Let us delete this edge. The
subtrees Giy1 and G come to different components of the remaining graph. Therefore G1 and G;
are also in different components. Hence their intersection is empty.

2.3. Consider a finite family of arcs of some fized circle. Suppose that every 1000 arcs of this
family have a nonempty intersection. Show that all the arcs of the family do not necessarily have a
nonempty intersection.

Partition the circle into 1001 arcs (we call them small arcs). We call a complement of any small
arc a large arc. We claim that the family of large arcs is a desired example. Namely, it is easy to
check that the intersection of any 1000 large arcs is nonempty, but the intersection of all of them is
obviously empty.

Remark. The large arcs in the solution are assumed not to contain their endpoints. One may
decrease them slightly to obtain an example consisting of closed arcs.

2.4. (HELLY’S THEOREM FOR THE CONVEX SETS IN THE PLANE.) Let C be the family of all convex
sets in the plane. Prove that H(C) = 3.

Induction on the number n > 4 of the considered convex sets. The base case is n = 4. Consider
our convex sets I, Fy, F3, Fy. Let x; be a point of intersection of all of them except F;. We apply
the following lemma.

Lemma 1 (Radon’s theorem). One can partition any four points in the plane into two sets so that
the convex hulls of these sets have a common point.

Proof. Consider two cases: (i) the points are the vertices of some convex quadrilateral, and (ii) one
of the points lies inside the triangle formed by the other three. O



So, suppose for example that the convex hulls of the sets {x1, 22} and {x3, 24} intersect at point z.
Then z lies if F3 and Fy, since the whole segment x1x lies in these sets. Analogously, x € F} N Fs.
All the other cases are completely analogous.

For the induction step, assume that n > 4 and consider n + 1 convex sets Fi,... Fyy1. Let us
construct a new family consisting of n convex sets F| = F1 N Fp41,...,F, = F, N F,1;. By the
statement of the base case, each three of the new sets have a nonempty intersection. Then, by the
induction hypothesis, all the new sets have a common point, QED.

2.5.  Let P be the family of all infinite increasing arithmetic progressions consisting of positive
integers. Prove that H(P) = 2.

Let G be a finite family of progressions such that every two of them have a common element. Note
that the intersection of each two progressions from G is infinite (in fact, it is an infinite progression
as well). So, with no loss of generality we may assume that the ith progression is defined by the
condition x = a; (mod n;) (for that, we need only to “forget” about some initial segment of the row
of the positive integers).

Consider one of our progressions; say it is defined by x = a (mod n). This condition is equivalent
to the system of the relations having the form x = a (mod p?j) (here, n = p{* ... pp* is the prime
decomposition of n). Now, let us write down such a system for each progression. We need to prove
that the system of all obtained relations is collocated (i.e. has a solution).

Note that every two relations in our system are collocated, since they correspond either to one
or to two progressions. Next, suppose that the system contains two equivalences modulo the powers
of the same prime p (say = a (mod p®) and = b (mod p?)). These relations are collocated; we
may assume that o > . Then the latter relation is a consequence of the former one, so we may
delete the latter from the system.

Performing such steps, we finally arrive to a system where all moduli are the powers of distinct
primes. Such a system has a solution by the Chinese Remainder Theorem.

Remark. One may show that for every ¢ > 2, there are no t-Helly—Gallai numbers for the set of
out progressions,

2.6. Let O be the set of all the circumferences in the plane. Find H(O).
Answer. H(O) = 4.

Firstly, we prove that 4 is a Helly number for O. Consider a finite family G of circumferences such
that the intersection of all of them is empty. Consider arbitrary different circumferences O1, 05 € G.
They have at most two points of intersection. Denote these points by A and B (if some of these
points do not exist, the arguments are the same).

Recall that no point belongs to all the circumferences. Therefore there exist O3,04 € G such
that A ¢ O3 and B ¢ O4. Hence O, 03, 03,04 have no common points, as desired.

We are left to present an example showing that H(O) > 3. Consider a noncyclic nondegenerate
quadrilateral ABC D. Consider four circumcircles of the triangles ABC, ABD, ACD, BCD. Each
three of them have a nonempty intersection but all four do not.

3.1. Let S be the family of segments in the line.
a) Prove that HG2(S) = 3
b) Prove that HG(S) =1t + 1.

Item a) is a particular case of b); so we present only a solution for the latter one.

Denote the segments under consideration as [a1,b1], ..., [an, by]. Denote by ¢; the minimal num-
ber among all b;’s. Then each our segment either contains ¢; or lies to the right of ¢;. Denote by co
the minimal b; such that the segment [a;, b;] lies to the right of ¢;. Analogously, we get that each
our segment either contains ¢; or ¢, or lies to the right of co.

Proceeding in the same way while it is possible, we finally get the sequence ci,ca,...,c, such
that each segment contains at least one of these k numbers. So, if £ < ¢ then we have found a desired
transversal. Assume now that k& > ¢ + 1. Consider ¢ + 1 segments with the right ends c1, ..., ci41;

by our choice, they are pairwise disjoint, so they do not admit a ¢t-transversal.

Thus, we have proved that either all the segments have a t-transversal, or there are ¢ + 1 pairwise
disjoint segments. This means that ¢t + 1 is a t-Helly—Gallai number for the segments in the line.
Finally, an obvious example of ¢ + 1 pairwise disjoint segments shows that HG(S) > t.

2



3.2. a) Construct a family F such that H(F) =2 but HG2(F) > 1000.
b) Prove that there exists a family F such that H(F) = 2 but HG2(F) = oo.

a) Set k = 500. We construct a family F of 2k + 1 sets Ay, ..., az,+1 (all indices are considered
modulo 2k + 1; thus A; = Agky14,) as follows. Firstly, consider a set of indices S C {1,2,...,2k+1}
which does not contain two indices with difference 1 (in particular, we prohibit the situation 1,2k+1 €
S). For each such set S, we introduce an element xg (the elements for different sets should be different
as well). Next, we define Ay = {zg: k € S}.

The obtained family has a Helly number 2. Indeed, assume that a subfaily G C F has an empty
intersection; let G = {A4; : @ € I}. If I contains two indices i and i + 1 with difference 1, then
Aiy, Air1 € G and A; N Ajp1 = . Otherwise all the sets in G contain x; which is impossible.

Finally, we claim that every 2k sets from F have a 2-transversal while all 2k + 1 sets do not.
Assume that F admits a 2-transversal {zg,zp} with |S| > |T|. Then |S| > k 4 1, and hence S
contains two neighboring indices which is impossible. On the other hand, let us delete Ag1q from F;
all the other sets have a 2-transversal {zg, 7} where S = {1,3,...,2k — 1} and T = {2,4,...,2k}.

Thus, HG2(F) = 2k + 1.

b) For every positive integer k, let us construct a family Fj as above. We may assume that
the sets from different families have no common elements. Then it is easy to show that the union
F =F1UFyU... satisfies all the requirements.

3.3. Prove that HG2(C) = oo. (Recall that C is the family of all convex sets in the plane.)

It suffices to prove that HG2(C) > 2k + 1 for every positive integer k. Consider a circle with
center O; let z1,...,xor11 be the vertices of a regular (2k + 1)-gon inscribed into this circle (again,
we regard the indices modulo 2k +1). Let A; be a convex hull of the points z;, ..., x;4,—1. Then all
the considered sets except any of them admit a 2-transversal (e.g., {zy, xor} is a 2-transversal for all
the sets except Aggi1).

On the other hand, we claim that each point T belongs to not more than k sets. Actually, let the
ray OT intersect the boundary of (2k + 1)-gon on the semiinterval (z;_1,;]. Then T may belong
only to the sets A; _gi1,...,A; as desired.

Hence our family of cardinality (2k + 1) does not admin a 2-transversal, QED.

3.4*. Denote by L the family of all the lines in the plane.
a) Prove that HGy(L) <t + 1 for all t > 3.
b) How far can you improve this bound?

a) Induction on ¢ > 3. We first prove the induction step; the base case ¢t = 3 is investigated
further.

Let G be a finite family of lines such that every < t?>+1 lines from G have a t-transversal. Choose
arbitrary ¢ + 1 lines from G. One of the points of their t-transversal should belong to at least ¢ + 1
chosen lines. Denote this point by A, and let £1,...,¢;11 € G be t 4+ 1 lines containing A.

Denote by G’ a subfamily of G consisting of those lines which do not contain A. We claim
that each subfamily D C G such that |D| < t?> — ¢ has a (¢t — 1)-transversal. Actually, we know
that the family D U {¢1,...,¢;+1} has a t-transversal X. By the pigeonhole principle, two of the
lines #1, ..., ;11 should pass through the same point of X; hence this point is A, i.e. A € X. Finally,
since the lines from D do not contain A, the set X \ {A} is a transversal of D.

Note now that t2 —t > (t — 1)2 +1 > HG;_1(£). Hence G’ has a (t — 1)-transversal X by the
induction hypothesis; therefore X U {A} is a desired t¢-transversal for G.

The proof of the base case follows the same lines except for the last paragraph (namely, the only
argument where we use the induction hypothesis). To finish this argument, it suffices to show that
t2—t=6> HG(L).

Note first that HG1(L£) < 3. Actually, if every three lines from G have a common point, then the
intersection point of two of these lines should belong to all the other lines. Finally, the inequality
HG5(L) < 6 can be obtained again in the same way as the induction step (with the numbers 2 + 1
and t? — t replaces by 6 and 3, respectively).

b) We prove that HGy(L) = C?,,.



Firstly, we show that HG(L) > Ct2+2~ Take t 4+ 2 points 11, ...,Ti12 in a general position, and
draw all the lines connecting them. One may show that it is possible to choose the points in such a
way that no three lines intersect at a point different from 7;’s. For such arrangement of points, our
Ct2+2 lines do not admit a ¢-transversal, but all the lines except an arbitrary one have a ¢-transversal.

It remains to prove that HG(£) < CZ_,. We will use the following lemma.

Lemma 2. Let Pi(z,y),...,Py(x,y) be the polynomials in two variables of degree < t. Suppose
that k > C’t2+2. Then there exist the numbers si,...,s; (not all of them are zeroes) such that
51P1($7y) +e SkPk(xay) =0.

Proof. Our conditions on the variables s; can be rewritten as a system of C?,, linear homogeneous
(i.e. with zero constant terms) equations (the number of equations is simply the number of monomials
of degree <t in two variables). Since the number of variables is strictly greater than the number of
equations, this system has a nonzero solution. O

Now we return to the solution. Obviously, it suffices to prove the following statement: If n > C? L9
and every n lines in G have a t-transversal, then every n + 1 lines from G also have a t-transversal.

Assume the contrary and consider a family F of n + 1 lines violating our statement. Introduce
a Cartesian system so that the origin does not lie on any considered line. For an arbitrary index j,
the equation of the jth line /; can be written in the form a;z + by + 1 = 0.

Now let us fix an arbitrary index ¢ for a while. All the lines in F except ¢; have a t-transversal
consisting of points (x1,y1), ..., (zt,y) (surely, none of these points lie on ¢;). This means that
[They(ajzr + bjyg + 1) = 0 for all j # i, but the same relation is false for j = i. Denoting now
P;(a,b) = [[}_,(azxy + byx + 1), we obtain that P;(a;,b;) = 0 for all j # 4, but P;(a;,b;) # 0.

All the obtained polynomials have degree t. By the lemma above, there exist the numbers
S$1,...,spsuchthat Y " | s;P;(a,b) = 0. We may assume that s; # 0. Hence we get " | s;P;(a1,b1) =
s1Pi(a1,b1) # 0. A contradiction.

4.1. Let G be some finite family of sets having at most d elements each. Suppose that every d + 1
sets of G have a nonempty intersection. Prove that the intersection of all the sets of G is nonempty.
Moreover, show that in the previous statement, the number d + 1 can not be replaced with d.

Comprehension exercise. Reformulate this problem with the use of terminology introduced
above.

The problem statement can be rewritten as H(Ny) =d + 1.

Let G be a family of all subsets with d elements in some fixed set X of cardinality d + 1. Then
each d elements have a common element but the whole family does not. Thus, H(Ny) > d + 1.

Consider now an arbitrary finite subfamily G C Ay such that each d+1 sets in G share a common
element. For every i =1,...,d+1, denote by s; the minimal cardinality of the intersection of some ¢
sets from G. Obviously, 1 < s441 <54 < --- < 51 = d. It follows that s;11 = s; for some j € [1,d].

Consider now the sets Ay,...,A; € G such that |Q| = sj, where Q@ = A1 N---NA;. Assume that
Q < A for some A € G; then we get sj11 =s; > |[QNA| =|A;N---NA; N A| which contradicts to
the definition of s;41. Thus, all the sets in G contain a nonempty set (), QED.

4.2. Prove that all the numbers of the form HGy(Ny) are finite.

Surely, this problem is a corollary of the problem 4.5. Here we present an easier proof.

Induction on ¢. The base case t = 1 follows from the previous problem.

For the induction step, assume that HGy_1(Ny) = S < oco. We prove that HGy(Ny) < T =
S+ CLy

Consider an arbitrary finite subfamily G C Ny such that every T sets in G have a t-transversal.
If every S sets of G have (f — 1)-transversal, then the family G has even a (¢ — 1)-transversal by
the induction hypothesis. Otherwise, there exists a subfamily K = {4;,...,As} C G which has
no (t — 1)-transversal. Thus each t-transversal of the family K should be contained in the set
Q =A;U---UAg. Remark that |Q| < Sd.

Assume now that the family G has no t-transversal. Then for each t-element subset X C @ there
exists a set Ax € G such that Ax N X = &. Now consider the subfamily

K'=KU{Ax : XCQ, |X|=t}.
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We have [K'| < S+ C%, = T. Therefore K’ must have a t-transversal Y. Since K C K', we have
Y C Q. Finally, by the choice of K, there exists the set Ay € K’ such that Ay NY = @. This
contradiction concludes the proof.

4.3. a) Prove that HGy(N2) > CZ,,.
b) Prove that HGy(N2) = C?,,.

a) See problem 4.4.
b) Follows from problem 4.5.

4.4. Prove that HG{(Ng) > CY,.

It suffices to take a family G of all d-element subsets of some fixed (d+1t)-element set X. Actually,
each t-element subset in X has a common element with each set in G except one.

4.5*. (THE PRINCIPAL RESULT OF THIS SECTION) Prove that HGy(Ny) = Cl,,.

See the next problem.

4.6. a) (Katona’s problem) Assume that the sets Ay, Ag,...,An,B1,..., B, are chosen so that
|Ai| = d, |B;| = t, for i # j the set A; has at least one common element with the set Bj, but
A; N B; = &. Prove that n < CfH_t.

b) Assuming that Katona’s problem is solved, prove the problem 4.5.

a) Follows immediately from problem 4.7.

b) Assume the contrary. Consider a family G C Ny of minimal cardinality such that every its
subfamily with < C% ¢ sets has a t-transversal, but G does not have a {-transversal. Surely, we have
G| > Cgl—i-t'

Let G = {A4;,...,A,}. By our choice, for every i = 1,...,n the family G \ {4;} has a t-
transversal B;. By the choice again, we have A; N B; = @. Thus, the sets A1,...,A4,,B1,...,By,
satisfy the conditions of Katona’s problem and hence |G| =n < Cf,,. A contradiction.

4.7. Assume that the sets Ay, As, ..., An, B1,..., B, satisfy Katona’s conditions, i.e. A; N B; = &
n
and A; N Bj # @ for alli # j. Let a; = |A;|, b; = |B;|. Prove that Z C% <1.
i=1 ~aitb;

Let X = A1 U---UA,UB;U---UBy; denote n = | X|. Consider all m! ways of numbering the
elements of X by 1,...,m (or, equivalently, all bijections o : X — {1,2,...,m}). Consider any such
numbering o; we say that it is of ith type (for some 1 < ¢ < n) if all the elements of A; have smaller
numbers than all the elements of B; (i.e. o(a) < o(b) for all a € A;, b € By).

Firstly, we note that each numbering is of at most one type. Assume, to the contrary, that o is
of both ith and jth types for i # j. Denote a; = maxaea, 0(a), aj = maxge4; 0(a); we may assume
that a; < a;. Then for every b € B; and a € A; we have o(b) > a; > a; > o(a); hence A; N B; = @.
This contradiction shows that our claim is valid.

Next, let us estimate the total number of the numberings of ith type. The elements of A; U B;
can be ordered in (a; + b;)! ways, and there are exactly a;!b;! appropriate ones. Moreover, for each

such order, there exists the same number of the numberings realizing this order. Hence the number

a;'b;!
of the numberings of ith type is exactly m! - ——— =m! - —ar -
(ai + i)t Cari-bi
Finally, the total number of the numberings is at least the sum of all the numbers found above,
i.e.
<m
a; = ’
i=1 Cai+bi
QED.
n
P hat th ' itive i b b h th ' ! L
4.8. rove that there exist positive integers ai, ..., an,b1, ..., b, such that (i) Z W < 10100
i=1  @itb;

but (ii) there are no sets Ay, Ag, ..., An, B1,..., By, satisfying Katona’s conditions such that |A;| =



Define a1 = 1, as = 10'9%, a3 = 100! and b; = 10'°!, by = 1, b3 = 1. Then each of the sets By
and Bs should have a common element with A;. All these three sets are of cardinality 1, so they
should coincide. Hence, since Bs N Ay = &, we also have Bs N Ay = @ which is impossible.

5.1. Let F be a family of sets. Suppose that |AN B| =1 for every distinct A, B € F (in particular,
this condition implies that F is a family of degree 1). Suppose, in addition, that among any four sets
in F, there exists three sets having a nonempty intersection. Prove that one can delete one of the
sets from F so that all the remaining sets will have a nonempty intersection.

Consider three sets with a nonempty intersection, say x € AN B N C. Suppose that there exist
two different sets D and E not containing x. Consider the four sets A, B, D, E. Some three of them
have a common element y (y # x since x ¢ D, E). Then y belongs to at least one of the sets A
and B; without loss of generality, y € A. Next, A and B may have at most one element in their
intersection, and x € A N B; therefore y ¢ B. Analogously, y ¢ C. Then y € D and y € E, in other
case there is no three sets among A, B, D, E covering .

Consider the four sets B,C, D, E. Among any three of them there are either both B and C, or
both D and E. The unique common element of B and C' is x, and it does not belong to D or E.
Analogously, the unique common element of D and F is y, and it does not belong to B or C. Thus,
the four sets B, C, D, E have no element belonging to three of them. This contradiction proves that
there exists at most one set in F not containing x.

5.2.  Let F be a family of sets. Suppose that F contains at least 17 sets, and for every distinct
A,B € F we have |AN B| = 1. Moreover, suppose that among any 5 sets in F, there are three sets
with a nonempty intersection. Prove that there exists a 2-transversal for F.

Assume that for every four sets in F, there are three with a nonempty intersection. Then, by
the previous problem, some element = belongs toall the sets on F except one. Taking any element y
from this exceptional set, we obtain a 2-transversal {z,y} of F.

Otherwise, there exist four sets A, B, C, D such that no three of them share a common element.
Adding any other set £ € F, we obtain a 5-tuple of sets three of which have a common element;
these sets should be E together with some pair of the original four sets, and their common element
is a (unique!) common element for this pair. There are 13 ways to choose E € F and 6 ways to
choose a pair of the original sets. Hence, some pair appears for three choices of E, and its common
element x belongs to five sets in F. Now we denote these five sets by X1, Xo, X3, X4, X5.

Consider now all the sets in F not containing x. If there are at most two of them, then their
common element y together with x form a desired 2-transversal for F. Next, if every three of these
sets have a common element, then it is easy to see that this element y should be the same for all the
triples, and {z,y} is a 2-transversal for F again.

In the only case remaining, there exist three sets Y, Z,T" not containing x and with no common
element. Denote their pairwise common elements by a1, a9, as3. Note that a; cannot belong to two
of the sets X71,..., X5 since otherwise these two sets have two common elements: x and a;. Hence,
among these five sets there are two (say X4 and X5) containing none of a;’s. Finally, consider five
sets X4, X5,Y, Z,T; no three of them have a common element. A contradiction.

Firstly, we will present the solutions of problems 5.10 and 5.12-5.14. We will use
them further as lemmas.

In the sequel, by G we always denote a (d, t)-exceptional family.

One may easily check that X4 € Xp for arbitrary distinct A, B € G.

We need the following easy lemmas.

Lemma 3. Let S be some set, |S| = s. Consider the subfamily F = {A: A€ G, S C Xa}. Then
F is a (d,t — s)-exceptional family.

Proof. If S C X4 then SNA = @. Thus for all distinct A, B € F we have AN(Xp\S) = AnNXp # .
Hence, the set X4 \ S has a common element with each set in F except A. Moreover, we have
| X4\ S| =t—s. That means exactly that F is (d;t — s)-exceptional. O

Lemma 4. Let S be some set, |S| = s. Consider the family F = {A\S: A€ G, SC A} CG.
Then F is a (d — s,t)-exceptional family.



Proof. For every distinct A, B € G, we have [(A\ S)N(B\ S)| =|ANB|—s <d—s. Also, since
X4NS = wehave (B\ S)NX4=BNXy # . Finally, (A\S)ﬂXA CANXy=0. L]

5.10.  Prove that b(d;t) > a(d;t).

It is sufficient to prove that for any integer n, a(d;t) > n implies b(d;t) > n.

If a(d;t) > n, then there exist a family G of degree d such that any n sets in G have a t-transversal,
but the whole family does not. Consider the minimal (with respect of number of sets) subfamily
F C G having no t-transversal. Obviously, |F| > n. Since F is minimal, any subfamily of F has a
t-transversal, thus F is (d,t)-exceptional. Then b(d;t) > n.

Remark. In the sequel, almost all the upper bounds for a(d;t) are in fact the upper bounds
for b(d;t). In this case we just omit mentioning that b(d;t) > a(d;t).

5.12. a) Let t = 2. Prove that h(z) < d+ 2 for arbitrary x.

b) Prove that h(z) < b(d;t — 1) for arbitrary d,t,z.

Although item b) is a generalization of item a), we present a separate proof of item a) to clarify
the idea.

a) Suppose h(x) > d + 3, i.e. there exist Aj,...,Ag43 € G such that X4, = {z,x;} for
some elements z; (obviously, the elements x; are distinct). Then {z1,z2,...,2411} C Ags2 and
{z1,29,...,2411} C A4y which contradicts the condition |Agio N Agys| > d.

b) Applying Lemma 3 for the case S = {x}, we obtain that the family F ={A € G: 2z € X4} is
(d,t — 1)-exceptional, thus h(z) = |F| < b(d;t — 1).

5.13.  Prove that g(z) < b(d — 1;t) for every x.

Applying Lemma 4 to the set S = {z}, we obtain that F = {A\{z} : A € G,z € A} is
(d — 1,t)-exceptional, i.e. g(x) = |F| < b(d — 1;¢).

5.14.  Assume that t = 2 and h(x) < d. Prove that |G| < g(x) + h(x) + b(d — h(x);2).

Let By, ..., By € G be all the sets in G that contain x (then h = h(z)). Let Xp, = {x, x;}; again
all x; are distinct.

Let Aj,...,Ar € G be all the sets such that ¢ A; and x ¢ X4,. Since k = |G| — g(x) — h(z), it
is sufficient to prove that k < b(d — h(x);2).

Since A; # Bj for all i and j, we get {z,z;} N A; # @. Keeping in mind that = ¢ A; we get
xj € A;. Denote Y = {z1,...,x}; we have proved that Y C A; for all i =1,...,k. Now, applying
Lemma 4 for S =Y we get k < b(d — h;2).

Remark. Both the statement and the proof remain valid for the case h(x) > d; note that we
have b(d — h;t) =1 for d < h.

Now, we firstly prove the serial bounds, although using sometimes the sharp partial
bounds obtained further.

Since a(d;t) < b(d;t) (see problem 5.10) it is sufficient to prove the required upper bounds
for b(d;t) instead of a(d;t). Thus in such cases we always consider some (d;t)-exceptional family G
and prove some upper bounds for |G|.

5.8. a) Prove that a(d;t) > Cl.,. ;.

b)** Do there exist the values of d and t such that the inequality in a) is strict?

a) Consider a set B, |B| = d+t+ 1. Let G be the family of all (d + 1)-element subsets of B.
Then for any distinct A1, A2 € G we have |A; N As| < d. Also, for any A € G we put X4 = B\ A.
Thus | X 4| =t and A) N X4 # & for any distinct A, A1 € G. So, G is (d, t)-exceptional.

b) The solution of this item is still not known.

5.3. Prove that a(d;1) = d + 2.

Suppose that a (d; 1)-exceptional family G contains at least d+3 sets, say {A1, Aa, ..., Agrs} C G.
Let X4, = {x;}, all z; are distinct for ¢ = 1,...,d + 3. By the definition of a (d;t)-exceptional
family we have z; € A; for ¢ = 3,...,d 4+ 3. Analogously x; € Ay for ¢ = 3,...,d + 3. Thus
|A1 N Ag| > [{x3,..., 2443} = d+ 1. A contradiction.

Remark. Further we will also use an obvious proposition a(0;t) = b(0;t) =t + 1.

For the sake of brevity we introduce the following notation.
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Definition 1. Let Gy, ={A€G:x € A} and H, ={A € G :x € X4} for arbitrary x.

For the induction step in the next problem, we need the following sharpening of the statement
of problem 5.12a).

Lemma 5. Assume thatt =2 and |G| > b(d — 1;2) +d + 3. Then h(z) < d for all x.

Proof. Assume, to the contrary, that there exist d + 1 distinct sets A, ..., Ag1 such that z € Xy4,.
Let X4, = {z,x;} (again all x; are distinct). Applying problem 5.13 we get g(x) < b(d — 1;2), so
there are at least d + 3 sets in G \ G, and at least two of these sets are distinct from Ay, ..., Agiq.
Denote those two sets by B and C. Since x ¢ B but X4, N B # @ we conclude {z1,...,2441} C B.
Analogously {z1,...,z441} € C. Thus |[BNC|>d+ 1. A contradiction. O

Remark. In fact, this proof is a repetition of the solution of problem 5.14 (or its version for
h > d).

5.5. a) a) Prove that a(d;2) > C7,5.
b) Prove that a(d;2) < 2d? + 3 for all d > 2.

a) Follows from problem 5.8a).

6) We use the induction on d > 2 to prove that b(d;2) < 2d? + 3. The base case will follow from
the step.

Assume first that b(d;2) > b(d —1;2) + d + 3. Then for all = we have h(z) < d by Lemma 5. Let
b=1G|.

Now, for every element x denote by n(z) the number of (ordered) triples of distinct sets (A4, B, C)
from G such that x € A, z € B, and x € X¢. We will bound the sum o of all the numbers n(z) in
two different ways.

On one hand, there exist b(b — 1) pairs of different sets (A, B). For each such pair, there are not
more than d ways to choose an element x € AN B, and for every such element there exist h(z) < d
possibilities for C. Thus, we get 0 =" _n(z) < b(b—1)-d°.

On the other hand, consider an arbitrary set C; let X = {x,y}. Each of the other b — 1 sets
in G contains either x or y. Denote by s, and s, the number of sets containing x and y, respectively.
Then s, + s, > b — 1. Furthermore, there exist s,(s, — 1) pairs of the sets intersecting by x, as
well as sy(s, — 1) pairs intersecting by y. In all, the triples with this fixed C' are counted exactly
5(C) = sz(sz — 1) + sy(sy — 1) times. From s; + s, > b — 1 one easily gets s(C') > W (the
(b—1)(b—3)

.

Finally we get d?b(b — 1) > o > 1b(b— 1)(b — 3), hence 2d* < b — 3, QED.

The only remaining case is b(d;2) < b(d—1;2)+d+2. If d > 3, then by the induction hypothesis
we have b(d;2) < (2(d —1)2+3) +d+2 = 2d*> — 3d + 5 < 2d? + 3, as desired. Finally, if d = 2,
then we use the problem 5.4a) to obtain b(1;2) = 6, therefore b(2;2) < 6 + 2+ 2 = 10 which is even
stronger than we need.

estimate is sharp for s, = s, = 1’5—1) Thus, we get 0 > b

Remark. Note that the estimates in main part of the solution admit some improvements. Thus,
the upper bound for o is sharp only if h(z) = d for all . On the other hand, one may see from
problem 5.14 that under this restriction g(z) is much greater than 1’771, and the lower bound is far
from being sharp. The method of obtaining sharper bounds is shown in the proof of the Lemma 7

before the computation of b(1;4) and applied after that.
5.7. a) Prove that a(1;t) > C?,,.
b) Prove that a(1;t) <t?> 4+ 1 for all t > 3.

a) Follows from problem 5.8a).
6) The solution is literally the same as that for 3.4a): the only property of the lines which is used
there (but not in 3.4b)!) is exactly that they form a family of degree 1.

5.11.  Prove that the number b(d;t) is finite for all d and t.

We prove the estimate b(d;t) < t4F! + (t4=1 +t9=2 ... 4 10) by the induction on d > 1. The
base case d = 1 is proved in 5.76).

For the induction step, let d > 2. Consider an arbitrary set A € G; let X4 = {z1,...,z¢}.
Then each of the other sets in G contains at least one of the elements x4, ..., z;. Next, the number
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of sets in G containing x; is at most b(d — 1;¢t) by Lemma 4. Therefore |G| < 1+ tb(d — 1;t) =
14+ t+2 4 (¢4 4471 ... 1), as desired.

Remark. Instead of 5.76), one may use a trivial bound b(0;¢) < ¢t + 1 as the base case. This
way, one obtains a bit weaker bound, namely b(d;t) <t 414 4. £ 1.

5.9. a) Prove that the number a(d;t) is finite for every pair (d,t).
b) Try to obtain a good' bound for the number a(d;t).

Item a) is an immediate consequence of 5.10 and 5.11. From the solutions of the same problems
one can obtain a(d;t) <t 4 (#9471 41472 ... 1 40) for all d > 1.

Finally, we proceed to sharp (although particular) results from problems 5.4 and 5.6.
Here we do not refer to the numbers of problems but just write down the equalities to
be proved.

The lower bounds in all cases follow directly from problem 5.8a). For the upper bounds we
assume again that a (d;t)-critical family G is chosen and we bound the cardinality of the family.

b(1;2) = 6. Assume that |G| > 7. Consider an arbitrary C € G; set X¢ = {z,y}. Then each
of the remaining sets in G contains either x or y; hence at least three of the sets contain the same
element of X¢, say x € Ay, Ay, As. Notice that g(z) < 3 by problem 5.13; so the remaining sets in G
do not contain z. By our assumption, G contains at least 4 sets C, Cy, C3, Cy distinct from A;.

Consider an arbitrary index k = 1,2, 3,4. Set X¢, = {x1,22}. There must be two sets among A;
containing the same element z;. Since their intersection consists of  only (because G is a family of
degree 1!) it follows that x = z; € X¢,. Thus z € C}, for each k = 1,2,3,4. Then by Lemma 3
applied to S = {z} the family {C1,C>, C5,Cy} is (1;1)-exceptional, and by problem 5.3 it has at
most 3 elements. A contradiction.

Remark. Analyzing this solution one can capture the following lemma useful for the sequel.

Lemma 6. Let G be an exceptional (1,t)-family such that g(x) >t + 1 for some x. Then for each
B € G, we have either x € B or x € Xp. Moreover, in this case we have that g(x) =t + 1 and the
family F = G\ G is (1,t — 1)-exceptional.

Proof. Assume that g(x) >t + 1; we have G, 2 {A1,..., A1}

Assume that = ¢ B and = ¢ Xp for some B € G. Each of the sets Ay, ..., A;y1 contains at least
one element of Xp; since | Xp| =t it follows that two of these sets contain the same element (say,
y € AN Ay N Xp). But then A} N Ay contains (distinct!) elements z and y, which is impossible.
Thus the required set B does not exist.

Further, g(z) <t + 1 by problem 5.13, so that g(x) =t + 1. The second assertion now follows
from Lemma 3. O

b(1;3) = 10. Assume that |G| > 11. Consider an arbitrary C' € G; set X¢ = {x,y, z}. Then each
of the remaining sets in G contains at least one of the elements x, y, or z, thus g(x)+g(y)+g(z) > 10.
Hence at least one of the summands is greater than 3, say, g(x) > 4. Then by Lemma 6 we obtain
that F = G \ Gy is (1;2)-exceptional, and |F| > 7. This contradicts to b(1;2) = 6.

Remark. The previous two statements essentially repeat the solution of problem 3.4a). We
present them here to make the appreciation of the next point more convenient.

For the sequel we improve somehow the main approach of problem 5.5. That is, we slightly
modify the definition of the sum o, so that it allows to obtain a bit better estimates. The meaning
of the following definition is clear from the lemma afterwards.

Definition 2. For each element = belonging to at least one set of the form Xa, the price of x

is p(z) = g(x)(l‘jég_l) For each C € G, define its price by the formula P(C) =3_ . x_ p(z).

Lemma 7. Let G be a (d;t)-critical family of cardinality b. Then there exists a set C € G such that
P(C)<d(b-1).

las good as possible. . .



Proof. Again, for each element z denote by n(z) the number of ordered triples of distinct sets (A, B, C)
from the family G such that x € A, x € B, and x € X¢. But now we are going to estimate a different

sum, that is
_ N =)
=2 ha)

(naturally, the sum is over all the elements appearing in the sets of the form X 4).

On one hand, there exist b(b — 1) pairs of distinct sets (A, B). For each such pair there is no
more than d possibilities to choose an appropriate element = (because |A N B| < d). Further, any
element x € AN B contributes exactly 1 to the sum ¥; indeed, there exist h(z) possibilities for the
set C, and each of these possibilities is counted with the “weight” 1/h(x). Thus we get

S= Y JAnB[<d-b(b-1).
(A,B): A#B

On the other hand, we consider an arbitrary set C', and we show that its contribution to ¥ is
equal to P(C). Indeed, for each x € X, we count exactly g(x)(g(x) — 1) pairs in the number n(z).
Taking into account the “weight” 1/h(z), we obtain that the “contribution of the pair x,C” equals
p(z). Therefore the contribution of the set C equals P(C'), as required.

So db(b—1) > ¥ = > g P(C). By the pigeonhole principle, one of the b summands from the
right-hand side is not greater than d(b — 1). O

b(1;4) = 15. Assume that |G| > 16; removing several sets from G we may also assume that
b = |G| = 16. Consider an arbitrary C' € G; set X¢ = {x1,z2,23,24}. Analogously to the previous
case, we get » . g(x;) > 15, and g(x;) < 4 (otherwise, using Lemma 6, we get a contradiction with
b(1;3) = 10).

So >, g(xi) = >, |Ge,| <16, but each set A € G distinct from C must be contained in at least
one of G,. This implies that either all the families G, are disjoint or only two of them intersect
each other by a single set. In any case we may assume that G5,, Gz,, and G, are disjoint and
contain 4 sets each.

Proposition. For each A € G, which is distinct from C, the set X 4 contains neither of the
elements 1, x2, x3.

Proof. Assume that x1 € X 4; then clearly 1 ¢ A. Notice that one of the two elements zo, z3
also does not belong to A, because G5, N Gz, = &; we may assume that zo ¢ A. Suppose now that
x9 ¢ X 4. Denote by Bj, By, B3, By the four sets containing x3; none of them contains z;. The
intersection of any two of them is {x2}; hence all the sets B; N X4 are disjoint. Thus X4 consists
of these four intersections (because |X4| = 4). But they do not contain z7. This contradicts to the
assumption that z1 € X 4.

We have proved that x1,z2 € X4. Now assume that x5 ¢ X 4. The family G5, contains at least
three sets distinct from A. They must intersect with X 4 by distinct elements, which are also distinct
from 1, z5. This is again impossible because | X 4| = 4. Thus X4 = {z1,x9,x3,y} for some y # z4.

Finally, consider two sets B, B’ € G which do not belong to Gy, UG5, UG, and are distinct from
A and C (such sets exist because |Gy, |+|Ggy |+|Gay | +2 = 14 = |G| —2). Then @ # BN X, therefore
x4 € B. Analogously, y € B, and also 24,y € B’. Thus |[BN B’| > 2, which is impossible. O

So we know that h(z1) = h(xz) = h(xs) = 1 and g(x1) = g(x2) = g(xz) = 4. Hence
P(C) >3- 2 4 p(z4) > 36. On the other hand, by Lemma 7 there exists C € G such that P(C) <
db = 30 < 36. This contradiction concludes the proof.

b(2;2) = 10. Assume that |G| = 11. It follows from Lemma 5 that h(z) < 2 for each x, and by
problem 5.13 we have g(x) < 6. Then by problem 5.14, we get that g(z) = 6 whenever h(xz) = 2.
Thus if g(z) attains one of the values 4, 5 or 6, then p(x) cannot be less than 12, 20 or % = 15,
respectively.

By Lemma 7 there exist C' € G such that P(C) < 2-10 = 20. Let X¢ = {z,y}, where g(x) > g(y).
Notice that g(z) + g(y) > |Gz U G| = 10, so that g(x) > 5, g(y) > 4. Then P(C) > 15+ 12 = 27.

A contradiction.
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b(3;2) = 15. Assume that |G| = 16. Arguing analogously to the previous solution we get
h(z) <3, g(x) <10, and for h(x) =1,2,3 we have g(z) > 5,8, 10, respectively.

Further, using Lemma 7 we find C' € G such that P(C) < 3-15 = 45. Set X¢ = {z,y}, where
g(x) > g(y). Then g(x) > 8, therefore p(x) > 28; also p(y) > 20, because ¢g(y) > 5. Thus P(C) > 48.
A contradiction.

b(4;2) = 21. Arguing analogously to the previous solutions, we find C' € G such that P(C) < 84.
If Xo = {x,y} and g(x) > ¢(y), then we get an analogous contradiction in every case except g(y) = 6;
in this remaining case we necessarily have g(z) = 15 and h(z) = 4 (otherwise P(C) > 84 again).

Consider the last case separately. Since h(x) = 4, there exist sets Cp,Cq,C3,Cy such that
h(C;) = {z,y;}. Then there exist 22— g(z) —h(x) = 3 sets By, Ba, B3 such that z ¢ B; and ¢ Xp..
By the properties of the sets X¢; it follows that {y1,y2,y3,y4} C B;. Thus any two sets B; must
intersect precisely by the elements y1, yo, y3, Y4.

Finally, for each C' € G, which is distinct from B;, the set X intersects all B;; thus one its
element is contained in two sets B;, B;. Thus one of the elements y1,¥2,¥3,%4 is contained in X¢.
This implies that ). h(y;) > 22 — 3 = 19; but then h(y;) > 5 for some i. As we have noticed above,
this is impossible.

Remark. Developing these approaches the authors have proved that a(d;2) = b(d;2) = C? o
for each d < 7.
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Heobbrambie cBoiicTBa 13 HEOOBITHOT'O YCJIOBHSI.
[IpoexT mpexpcrasisiior @.Msies, B.Mokun, A 3acnasckuit, O.Imurpues u P.2Kenogapos

OO61mas mocTaHOBKA 3a/1a4M.

[Iycrs mam Tpeyrombank ABC. Obo3nadmMm ero cepemumbl ¢cTopoH depe3 Ag, By n Cy, TOUKH Ka-
caHusi BIMCAHHON OKPYzKHOCTH cO cropoHamu depe3 A;, By u C coorBercTtBenno. OOO3HAYNM TOUYKY
nepecevyenuss AA;, BBy u CC} uepe3s G (B nanbheiiniem — touka 2Kepronna). ITycrs I — nenTp Biu-
caHHOI OKpy2KHOCTH Tpeyrojbauka ABC, O — 1eHTp onucanHoit okpyuoctr, H — opronentp (Touka
nepecedenus Boicot). ' — rouka Qeitepbaxa rpeyrosbanka ABC.

EnuHCcTBEHHOE yCI0BHE, KOTOPOE MBI HAJIOXKHUM Ha TPEYTOJBHUK Tak 3TO TO, uTo Touku A, I, G u C
JezKaT Ha OJHOU OKPYZKHOCTH.

KsanTop V B ckoOKkax Iepej; ycJOBHEM 3aJladd O3HAYAET, YTO JAaHHBbIN (akT BepeH Jijisd J0O0ro
TpeyroJbHUKa (1 6e3 HAJIOKEHHOIO Ha HEr0 HAME YCJIOBHsI ). 3aMETHUM, YTO OTCYTCTBHE 3TOTO 3HAYKA He
o3Havaer obparHoe!

Yacts A.

1. (V)dokaxure, aro yron LAIC = 90° + %.
2. (V)dokaxure, uro LAIC + LA, B,C, = 180°.

3. (V)dokaxkure, 9410 ecyin 4epe3 TOUKY Aj IPOBECTH MPSIMYIO TapasiesibHyio ouccekrpuce yria C,
a depe3 C] IPOBECTH MPSAMYIO HapaJLIeIbHYI0 OuccekTpuce yria A, To OHM 1epecekyTcsi B TOUKe
JITAMETPAJIBLHO ITPOTUBOIIOJIOXKHON 1 BO BIMCAHHON OKPY2KHOCTH.

4. Joxaxkure, aro ecim Touku A, G, [ u C' jiexkar Ha OJIHON OKPY?KHOCTHU, TO €CJIM IIOCTPOUTH HapaJ-
nejiorpamm A GC1F’, ero sepmunaa F’ Oyjier jiezkaT Ha BIUCAHHONW OKPY?KHOCTH.

5. (V)dokaxure, uro G — touka Jlemyana Tpeyronbuunka A; BiCy. Touka Jlemyana — Touka U30ro0-
HaJIbHO COIIpsizKEHHas TOYKe MepecevdeHns] Me/IaH.

6. JlokaxkuTe, 9TO B CJIydae HAIIETO YCJIOBUS IEHTD TsxkecTu Tpeyroibuuka A ByCy Oyaer jiexarhb
Ha OIMCAHHOW OKPYzKHOCTH Tpeyrosbauka A [C].

7. TlocTpoiiTe TpeyroJibHUK C HAJOKEHHBIM Ha HEro HAIllUM YCJIOBHEM U 3aJjaHHbIM yrioMm ZB. Ha-
puMep, Mo BepiuHe B 1 BIUCAHHONW OKPYKHOCTH.

8. Ilokaxkure, uTo yroa ZB menbine 60°.



Yacts B.

IIycTh BrOpas Touka nepecedennsi AA; co BIMCaHHON OKPY?KHOCTBIO — TOYKA a BTOpasl TOYKa
)
nepecevuenns C'Cy co BrmcaHHO# OKpyKHOCTBHIO — P. Teneps mycts K — Gerarormast TOYKa 110 BIUCAHHOM
okpyzxuaocTu. Obo3HaunMm TouKy nepecedenust K P ¢ BC qepe3 P, a KQ ¢ AB 1epe3 ()'.

1.

10.

Jokaxkure, aT0 ecau depe3 Toukn P u () mpoBecTu npsiMble napaJsenbabie BC u AB coorBer-
CTBEHHO, TO OHH IIEPECEKYTCdA Ha BIUCAHHONW OKpyKHOCTH. OO03HAYNM 3Ty TOUKY uepe3 1.

Haiigure I'MT cepenun M orpeskos P'Q).

[Iycts A;C) nepecekaer AC' B Touke R. Yepes Touky R mpoBesu npsiMble mapaJiesibiabie AB u
BC' no nepecedenns ¢ BC' u AB B Toukax P, u ()7 coorBercTBenHo. /lokaxkure, uTo npsmbie PPy
n (Q()1 TIepeceKaroTCs Ha BIMCAHHON OKPY?KHOCTH.

(V) dokaxure, aro Toukn P, Q u R mexkaT Ha OJJHON MPSIMOIL.

[Iycrs Touka nepeceuenus BiCy ¢ BC' — touka Ps, a Touka nepecedennsi By Ay ¢ AB — Touka Q.
Jokaxxure, uro npsimbie PPy u (Q()o epecekaroTcst Ha BIUCAHHONW OKPYKHOCTH.

[IpoBenem npsimyto depes cepeuny orpeska AC) um TouKy (), a TakyKe depe3 CeperHy OTpe3Ka
CAy u touky P. JlokaxKuTe, 9TO OHHM MEPECEKYTCs Ha BIMCAHHOM OKpyKHOCTH. C 9TOr0 MOMEHTa
Touka K U ecTb 9Ta TouKa nepecevderus. OHa Oosbie He Geraer 1Mo okpykuoctu. Touku P u @'
Terepb TOXKe (PUKCUPOBAHBI. DTO TOUKHU, COOTBETCTBYIONINE TOUKe K .

Hoxkaxkure, uro Touku 1, K u B jex)aT Ha OJHON TIPSIMOIL.

Hokaxkure, uro npsmbie BK 1 BF' u3oronajbHO CONpPSzKEHbI B yri1y £ B.
/ o o

Joxkaxxure, aro Toukn K, G u F' jexxar Ha OJHON MPIMOii.

[Iycts E — cepenuna orpeska A;Cy. [lokaxkure, uro E — HEHTDP BIUCAHHOW OKPYZKHOCTU Tpe-
yrosibauka P'Q)'B.

B nanbneittem rouku P, Q, P’ Q)" u R nam 6osibliie He IOHAI00ATCsT (MOKET OBbITh 38 HCKJIIOUEHTEM
nocsresiedt). MoXKHO paciieHnBaTh 9TO B BUJE PEKOMEHJAINN I€PEPUCOBATH PUCYHOK, HA KOTOPOM 3TH

TOYKH y2Ke HE OTME€4YaTb.



Yacts C.
Tpu npsmbie, mpoxojsiiue dyepe3 Touky Deitepbaxa.

HOCKOHbe 9Ta 9YaCTb O4Y€Hb BazKHa JIJId IIPOEKTa, HO CaMa. I10 cebe ABIgeTcd J0CTaTOYHO CJIO)KHOﬁ, TO
B Hell pa3pemaeTcd B J0Ka3aTE/IbCTBaxX UCIIOJIb30BaTh IIPEAbIAYIIINE ITYHKTHI. Tak ke 6y,ILeT pa3pemeHo

B JIQJIbHEHIINX PEIEeHUAX UCIOJIb30BAThH 9Ty YacTh 0€3 JJOKa3aTe/IbCTBA.
B 370l wacTn npuBeneHbl IyHKTHl BEPHBIE /IS IPOM3BOJIBHOIO HEPABHOOEIPEHHOTO TPEYTOIBHUKA,
[IO3TOMY 3JIeCh OIYIIEH KBaHTOP V 1epej] MyHKTaMU.

1.

10.

11.

12.

13.

14.

15.

16.

IIycrs coorBercrBeHHBIE CTOPOHLI Tpeyroabaukos AgByCy n A B1C nepecekaiorcsa B Toukax A’
B’ u C'. Jokaxxutre, uyro Ha croponax Tpeyrojabuanka A’ B'C’ nexar Bepmmnnl Tpeyroabunka ABC.
) Yy Yy

Hokaxkure, uro Tpeyroabuuk A’B'C’ aBTonojsper OTHOCUTEILHO BIIMCAHHON OKpyzKHOCTH. T.e.
KazKJjiasl ero CTOPOHA SIBJISIETCS TIOJISIPOIl BEPIIIUHBI, Yepe3 KOTOPYIO 3Ta CTOPOHA HE ITPOXOJIUT.

Hokaxkure, uro npsmbie AA", BB’ u CC' napajuiejbHbI.

Hokazkure, uro nupsamas IG IPOXOINT dYepe3 TOUKU IEPEcedeHnsl COOTBETCTBEHHBLIX CTOPOH TPe-
yroasuukos A1 B1Cy u A'B'C".

[Iycrs M — Touka nepecevenus meauan Tpeyrojibanka ABC. Jlokaxkure, uro npsamast [ M mpoxo-
JIAT Yepe3 TOYKK HepecedeHnsi COOTBETCTBEHHBIX CTOPOH TpeyroabHukos AgByCy u A'B'C'.

Hokaxkure, aro npsimbie AA", BB', C'C' napaJuiesibHbI TPsAMOii, TPOXOJAIIEl Yepe3 TOYKH Tepe-
cedeHusl CTOPOH TpeyroJibHuKa 2KKepronna ¢ COOTBETCTBYIOIUMU CTOpOHaMu Tpeyroibauka ABC.
To ectb nosisipe G OTHOCUTETHHO BIUCAHHON OKPYZKHOCTH.

Ob6ozraunM TouKy nepecedenust mpaMbix C'1 u C7 Aq aepe3 C'y, a CI ¢ C1 By gepes Cg. Anajgorn<mto
onpegnesiioress Touku Ag, Ac, Ba, Be. Hokaxwure, uro Toukun A, Cy, Cy, I nexar Ha OIHOI
OKPY?KHOCTH.

Joxkaxkure, aro Cy nexut Ha ByCy.
Jlokaxkute, 9T0O MEHTP onucanuoit okpyxkuoctu Tpeyroybanka C'4CpC] — Touka Cp.

Hoxkaxure, aro Touku Cy, Cp, A, Ac nexxar Ha OKPYKHOCTH OPTOTOHAIBHON BIIMCAHHON OKPY K-
Hoctu. To ecTh, 9TO Ta OKPYKHOCTH MEPEXOUT caMa B ce0sl IIPU MHBEPCUU OTHOCUTE/IHHO BITUCAH-
HOM OKpyzkHOCTH. OBO3HAYNM €€ Uepe3 wp U JIBe AHAJOTMIHBIX el 9epe3 wy U Wo COOTBETCTBEHHO.

[IycTh OKPY?KHOCTH W M 7y OPTOrOHAJBHBI, a P u () uX IeHTPbl cCOOTBETCTBEHHO. /lokaxkuTe, 9TO
nojisipa P oTHOCHTEIBHO 7, ToJIgpa () OTHOCUTEIbHO W U paJinKajbHas OCb W U 7 COBIAIAIOT.

Han Brucanubiii yetbipexyroiibHuk ABC D. Ilycte N — Touka nepecedenusi upsiMbix AB u C'D,
M — BC u AD, a P — AC u BD. [okaxure, uto NM — mossipa ToukKu P OTHOCHUTEIHLHO
OTIMCAHHON OKPYKHOCTHU YETHIPEXYTOJIbHUKA.

O6o3HAINM TIEHTP OKPYKHOCTH wp depe3 Og. Aramornano onpenennm o9k O4 u O¢. Hokaxku-
re, aro Op nexut na A'C’.

JlokaxKkuTe, 9YTO cepeUHBI CTOPOH MCXOIHOTO TPEYTOJbHUKA JieKaT Ha CTOPOHAX TPEyroJbHUKA

04050¢.

Hokaxkure, aro Tpeyroybauk AgByCy siBiisiercst oprorpeyroyibaukoM Tpeyrobauka O 40g0¢c. Op-
TOTPEYTOJIbHUK — TPEYTOJbHUK BEPIITUHBI KOTOPOT'O SBJISIOTCS OCHOBAHUSIMU BBICOT JIPYTOTrO.

O6oznaanm yepes Mp cepennny croporbl O40q. Ananornano onpenenmum My u Mq. Jdokaxure,
aro tpeyroabauku A; B1Cy u My MpMo TOMOTETHYIHBL.



17.
18.

19.

20.

21.
22.

23.

Hokaxkure, uro Toun B', Mp u By jnexKar Ha OIHON IPAMOI.
Hokaxkure, uro npsimbie A1 A’, B1B’, C1C" nepecekatorcs B Touke Deitepbaxa Tpeyronbauka ABC.

Hokaxkute Teopemy QDeiiepbaxa. To ecThb JIOKaxKUTE, 9TO BIHUCAHHAS OKPYKHOCTH U OKPYZKHOCTH
Dilyiepa B pa3HOCTOPOHHEM TPEYTOJbHUKE KACAIOTCS.

Jlokazkure, 9T0 KacaTejbHasi B ToUKe F' K BIHCAHHON OKPYKHOCTH IIPOXO/IUT Y€PE3 TOUYKHU Mepece-
YeHHs COOTBETCTBEHHBIX CTOPOH Tpeyroybaukos ABC u A'B'C’.

Hokaxure, uro Touku Be, Cg, Ai, Ag jexkar HA 0/IHOI OKPY2KHOCTU.
Hokaxkute, 910 F' 1Ie2KUT HA TOM 2Ke OKPY2KHOCTH.

[IpuaymaiiTe pyroe JoKa3aTejbecTBO TOro, 9To npsimMast A; A’ npoxomur depes F.



10.
11.
12.

13.

14.

15.

16.
17.
18.
19.
20.
21.

22.

Yacts D.

Yepez A”, B” u C” oboznauum Touku nepecedennst npambix Ay F', BiF' u C1F' co croponamun
rpeyrosibauKa A B1C. Jdokaxkwure, aro Tpeyrosbauk A” B"C" apronosisipeH oTHOCHUTEIBEHO BIIHU-
CaHHOI OKPY?KHOCTH U Ha €ro CTOPOHAX JiexKaT BepIIMHBI Tpeyrosbhnka ABC.

. Jlokazkure, 9TO €CJIn CUMMETPUIHO 0Tpa3uTh Toukn A u C' otHOcuTeIbHO A1 1 C] COOTBETCTBEHHO,

TO OHM TonaIyT Ha mpsmyto A”C”.

Hoxaxkure, uro BC1AqC"” u BA;CyA” — napaJuienorpamMmbi.

Hokaxkure, uro F' = F. To ectb, uro F' — touka Deitepbaxa rpeyroisuuka ABC.

[lycrs a, b u ¢ — pyunel cropon CB, AC' u AB coorsercrienno. Jlokaxure, uro (a+c—b)? = ac.

,Z[OK&)KI/ITG, qTOo CJeJCTBUE IPEAbIAYIICIO IIYHKTa ABJIACTCA JOCTATOYHBIM YCJ/JIOBUEM JJid TOIO,
9TOOLI TpeyroJIibHUK O6JIa,Z[‘aJI HaJIO>KEHHBIMM HAMHI HA HEro CBOMCTBAMM.

Hokaxkure, uro F' — Touka nepecedenuns meauan rpeyroabuuka A ByC'.

[Tycrs S — cepenuna A'C’. Jokaxkure, 94To yepes3 Hee MPOXOAUT Hpsamas F By.
Jokaxxure, aro S aBisercsa cepeauHoil orpeska BOg.

Hokaxxure, uro SE napasiensua BB .

Jokaxkure, aro OgF napasuiesnbna BBj.

Jokaxkure, aro F' aBiasieTcs TOUKoN mepecevdenus MeauaH Tpeyroabanka OpgAgCl.

(V)IIycrs Lp — nomoc cpemueit uann AgCy OTHOCHTENIBHO BITMCAHHON OKpYy2KHOCTH. JloKaxKuTe,
uro Lp saBisgercs Toukoii nepecedenust A'C' ¢ GE.

(V)dokaxkure, aro opronentp tpeyroiabanka AC Lg — Touka I.

(V)IIycrs G — usoronasbubiii 06pas Touku Keprona. lokaxkure, uro G’ — HEHTP romMoreTun
BIIMCAHHOM U OIUCAHHON OKPYXKHOCTEM.

Hokaxkure, uro G’ cummMerpudta (G OTHOCUTEIHHO OUCCEKTPUCHL yria /B.
(V) dokaxkure, uro Toukn F'; G' u M nexar Ha OnHOI TIPAMOii.
Hoxkaxkure, aro F'M napasuienbaa ouccekrpuce yria ZB.

Hokaxkure, uro npsambie GM u A'C’ napaJjie/bHbl.

Hoxkaxkure, auro Op siBasteTcst cepenuaoir BLp.

Jokaxkure, uro F' — nentp macc tpeyroiabanka A; LgCh.

Jlokazkute, 9T0 ToUKa L g M30roHAIBHO compszkeHa Touke nepecedenust A;Cy u O1.



Yacte X.

OTa yacTh pacckasbiBaeT o runepbosie Deitepbaxa u mpeiaraeT mopemarb HECKOJIbKO ITYHKTOB,
KOTOpBIE CBA3aHbI C HEN.

1.

10.

11.

12.

13.

(V)dokaxure, 9o 06pa3 MpsiMoii, He MPOXOJIAIIEil Uepe3 BEPIIMHBI TPEYTOJbHIKA TIPH U30TOHATb-
HOM COIIPAZKCHIAM — KOHUKA.

(V)ITokakure, 9T0 M30rOHATBHBIH 00pa3 mpsimoit O Kacaercst STOi TPSMOii.

(V)ITokaxkure, aTo M30roHabHbIH 06pa3 npsmoit O — paBHOCTOpOHHSIA rutepbosta. [loyauBiia-
sicsl KOHUKa Has3blBaeTcs rumepbosioit Peitepbaxa.

(V) dokaxkure, uro ua runepbosie Peitepbaxa jexar rouku A, B, C, I, H, G u N, rne N — Touka
Harenga tpeyrossuuka ABC.

(V)ILycrsb | — npousBosibHas npsiMas, ipoxojisiiias depe3 O. O6o3naunm yepes I KOHUKY, [OJTy IeH-
HYIO U3 IPAMOii [ M30rOHAJILHBIM COlpsizKeHneM. JJokaxkure, 94To neHTp [’ IesKUT Ha OKPYZKHOCTH
Dittepa.

(V)I[Iycts vepes Bepmuabl Tpeyroibauka ABC MpoxoauT paBHOCTOPOHHss runepbosia, a P —
IpOM3BOJIbHAA TOYKa Ha Hell. /okaxkuTe, 9TO onmcaHHas OKPYKHOCTDH IOJIEPHOTO TPEYTOJIHLHUKA
touku P orHocuTebHO Tpeyrobunka A BC mpoxoauT depes MeHTp TUiepOoJIbl.

(V) dokaxkure, aro nenrp runepbosisl Peitepbaxa — touka Deitepbaxa.
(V)dokaxure, uro Lp jexur wa runepbose Deitepbaxa.

(V)dokaxure, aro npsimas F' By mepecekaercsi ¢ OMUCAHHON OKPYKHOCTBIO Tpeyroibauka A;Chl
u runepbosioit Peiiepdbaxa B JAByX OOIUX TOIKAX.

[Tokaxkure, uro 'MT 1enTpoB M30roHAILHBIX 00PA30B MPAMBIX, ITPOXOJAAIIUX Yepe3 [ — 3JuIuIic,
MIPOXOJIATINI Yepe3 OCHOBaHUs OMCCEKTPUC, CEPEJINHBI CTOPOH U TOUKy Peitepbaxa.

Hokaxure, aro npsambie Byl u GM nepecekatorcs: Ha runepbosie Peiiepbaxa.

(V) Iokaxure, uro Touka nepecederus npsambix F By u A;Cy — nosoc npsmoit AC' 0THOCHTEIBHO
runiepbosibl Peitepbaxa.

(V) dokaxure, uaro nostoc npsimoii A'C’ — touka cummerpuunas By orHocuTe bHo F.



1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Yacts F.

[Tycts Q" — Touka cummMerpudHas () orHocuTesibHo (. Anasornuno onpegenum P”. Jlokaxure,

gro P'Q)" = AC.

. Jlokaxkure, uro B Tpeyroasuuke P’ EFQ)"

FB — mennana.
e '] — BoIcoTA.

o 'G’ — upsamas, coeaunsmoliasa F' ¢ eHTPpOM OIMUCAHHON OKPY?KHOCTH 3TOI'O TPEYTOJIbHUKA.

FG — cumennana.

Hoxazkure, uro upsimast K By npoxoaut depe3 Touku nepecedenuss A'E ¢ BC u C'E ¢ AB.

Hokaxkure, uro npsmas K By npoxoaur depe3 Touky nepecedenns A'C’ u AgCy.

. Hokazxkure, uro GG’ u BB’ nepecekatorcs Ha runepbose Deiiepbaxa.

Hoxaxkure, aro nupsambie F'G' n BB’ nepecekaiorcst Ha ONUCAHHONW OKPY?KHOCTH TPEYTOJbHUKA
ABC. Oboznadnm 3Ty TOUKY depe3 D.

Hokaxkure, uaro npsimas LBy mpoxoaut depe3 D.

O6o3naunm Touky Deiiepbaxa Tpeyrosbunka BP'Q) depes F”. Tokaxure, uro F"F || BB;.
Hokazxkure, uro upsameie F'Op, EBy nu BB’ nepecekaiorcst B 0JIHOI TOUKe.

Hokaxkure, uro runepbosa Deiiepbaxa Tpeyronpuuka P’(Q)” B npoxomut yepes Touky B'.
Hoxazkure, uro runepbosa Deitepbaxa Tpeyrosnbanka P’Q" B npoxoaut yepes Touky Lpg.

[Tycrs C] — TOYKa KacaHWs BIMCAHHOW OKpy:KHOCTH TpeyroibHuka BP”(Q)" co croponoit (QQB.
1

Anastormano onpenensiiores Toukun A] u BY. Jlokaxkure, aro npsamas A} C] B deTbipe pasa 6imxe

K F yem A, C.

(V) dokaxure, aro npsimbie AgA’, ByB', CoC’ mepecekaloTcst B OJIHOM TOUKe, JiexKallel Ha obrei
KacaTeJIbHOM OKpyzKHOCTeH Difjepa u BuucanHoil okpyzkuocru. O603Ha4YNM 3Ty TOUKY depes M.

Hokaxkure, uro M’ nexur Ha 6uccekrpuce yria ZB.

(V)Hepes Touky F' mposesn npsimble apasutenbabie AA;, BBy, CCy no nepecevennst ¢ AA', BB,
C'C’ coorBercTBenHO. JloKazkKuTe, YTO TPHU MOJIyIEHHbIE TOUKHU [IepecedeHns OyIyT JiesKaTh Ha [psi-
moit GM.

(V)Hepes M’ mposesn mpsiMble TlapasuiesibHbIe MeauaHaMm Tpeyroiabanka ABC' 110 nepecedenus ¢
coorBercTBeHHBIME TIpsiMbiMu AA’, BB’ u CC’. Jlokaxkure, 9TO MOJyYeHHbIE TOYKH [I€PECeUEHIsT
JiexkaT Ha mpamoit [M.

Hoxkaxure, aro mpsambie K By, GM, A;C nepecekaroTcs B 0JIHO#M TOUKe.

Jlokazkure, 4T0 COOTBETCTBEHHBIE acuMITOTHI rurepbos Deitepbaxa Tpeyrobaukos ABC u BP'Q)
HapaJuIe bHbI.



Yacts A.

Pemenna.

Jlerko ciemyer u3 cuera B yriax.
Jlerko cjemyer u3 MpebIyIIero MyHKTa U cueTa B yIjiax.

Jlerko ciemyer u3 Toro, 4To yros Mexiay oOuccektpucoit yria LA u npamoit BiC) paser 90° u
aHAJIOIrUIHOTO (bakTa 1mpo yroa £ B

O‘IQBI/I,HHOG CJIEACTBUE IBYX IPEAbIAYIIUX IIYHKTOB U CBOMCTB BIOUCAHHOTO yria.

Ob6o3uaunm cepeauny orpeska A;Ch qepe3 E. [lepecedem By E BTOPUYIHO CO BIIMCAHHON OKPYKHO-
cTbio B Touke X . Terepsb cunrast crerneHb TOUKKM F OTHOCUTE/IHHO ONMUCAHHON oKpykHOoCcTH B A1 ICY
notydaem BE - EI = FEA; - EC,. Tenepb OTHOCHTEILHO BIMCAHHON OKPYKHOCTH ITPOJIOJIZKAEM
FA, - EC, = FEBy - EX. 3nauur 1o oOpaTHOMy CBONCTBY BIMCAHHOCTH IojydaeM, ato BX 1B,
Brucanublii. Tak Kak [B; = [X paBHBI KaK PaJIMyChl, TO PABHBI M YIJVIbI, ONUPAIONINECT Ha TH
xop/bl, 10 ectb /By Bl = ZIBX. Obo3naunm depe3 Y BTOpPYIO TOUKY repecedenns BBy co Biu-
canHoOit OKpykHOCTH. VI3 nokazannoro ciemyer, uro XY || A;Cy. A suaunt npsimbie B1 X u B1Y
M30TOHABHO compsizkeHbl B yrury Ay ByC). 3ameTnM, 9T0, €CU CIIPOENUPOATDH JIBOHOE OTHOIIIEe-
uue touek A;, C7, E u GeckoHeUHO yiajeHHOi Toukn npsamoit A;C7 paBuoe —1 u3 toukun X Ha
OKPY?KHOCTb MBI TIOJIydnM, 9T0 JBoitHoe orHomienue (A, Cp, By, Y) pasuo —1. To ecrb uerbipex-
YTOJIbHUK CO CBOMCTBOM, UTO KacaTe/JbHblE B JIBYX €r0 BEPIINHAX IIEPECEKAIOTCA Ha €ro TUaroHaJIH,
[IPOBEJICHHON Yepe3 J[Be JAPYrue BEPIIHHBI, sIBJIAETCS TAPMOHUIECKUM.

Ucnonb3yst peabl iy il yHKT MOXKHO JIETKO JI0Ka3aTh JIaHHBIH (haKT CIETOM YIJIOB.

[IpoBens kacaresbHble n3 Touku B Mbl mosydaem Toukun A; u Cp. Crpoum Touky FE. Tak kak
onmcannas okpyHocTb A;C11 nenur meaunany FBj B oTHomenun 2 : 1, TO ¢/iej1aB TOMOTETHIO C
neHTpoM B E u kosdduimerrom 3 006pas3 omucaHHOi OKPYKHOCTH Tpeyroybauka A IC) nepeceder
BIUCAHHYIO OKPYKHOCTH 110 TOUKe 1. JlajbHeiime mocTpoennsi o9eBuIHbI. Bropas Touka nepe-
cedeHusl, OYEBHUIHO, JIACT BTOPOE pelleHre, CUMMETPUIHOE IIePBOMY OTHOCUTETHHO OUCCEKTPUCHI
yraa B.

N3 pemenns mpeabaymero myHKTa BujHoO, 9To [ E 10/KHO ObITh XOTd ObI B JIBa pa3a MEHbIIE,
YeM paJIyc BIIMCAHHON OKpyzKHOCTH. V3 9TOTO Jlerko BhIBecTH, uTo yroa ZA;IC xorst 661 120°.
SuaunT yroa £ B, naommit ¢ uuM B cymme 180°, me 6osbie 60°.



Yacts B.

Pemenna.

[Tycts BTOpas Touka mepecedenusi AA; co BIMCaHHON OKPYKHOCTBHIO — TOUYKA (), & BTOpasi TOYKA
nepecedenns: C'CYy co BmcanHoit okpykuocThio — P. Teneps mycts K — Gerarormasi TOYKa IO BIIMCAHHOMN
okpyzxkHocTu. Obo3HaunMm TouKky nepecedenuss K P ¢ BC qepe3 P, a K(Q ¢ AB qepes ()'.

DTy YacTb MOXKHO He pemarTh. QakThl U3 Hee HE UCIOJIb3YIOTCA B JAJbHEHIIIEM.

1. Tak kak yron PG(Q) pasen 90° + ZTB, To cymma jayr PQ u A;B; pasua 180° + /B. Tak kax
nyra A;Ch pasna 180° — ZB, To na nyry P(Q ocraerca 2/ B. 3Ha4uT, ecjin mepecedb MpsMyio,
IPOXOJIANIYIO Yepe3 () mapasuiesbio BA /10 BToporo nepecedenns cO BIIMCAHHON OKPYKHOCTBIO B

rouke T mosyanm, uro ZQTP = ZB. A suauur u TP || BC.

2. Bynem apurats Touky P’ o BC ¢ noctosiaHOil ckopocTbio. Torma momydaercs:, uro () Oymer aBu-
raTbCsl Tak, 9TO OyIyT COXPAHATHCS ABOMHBIE OTHOIIIEHUsT ToJ1oskeHnit Touek P’ u (Q'. To ecth 0T06-
pakenne u3 Todek P’ B Toukn )’ nmpoextusHoe. Temephb 3amMeTuM, 9TO O MPEIBIIYIIEMY TYHKTY
P' u Q' oiHOBpeMEHHO yXOIAT Ha OECKOHEYHOCTh. A 3HAYUT, HaIlle MPOEKTHUBHOE Peodpa3oBaHie
coXpaHsieT OECKOHEYHO YJAJIEHHYIO TOUKY Ha OeCKOHedHOCTH, TO mpeobpazopanue addunnoe. To
eCTb eCJIU OJIHY TOUKY JBUIaTh JIMHEHHO, TO U Jpyras JBUraeTCs JUHEHHO (TaK KaK OHU JBUTAIOTCS
¢ coxpaHeHueM JiBoitHoro otHomtenus ). 3uadnt, 'MT Gyaer npsivast. [lonsitro, 9To 9710 Oy/Ier mpsi-
mas [aycca jyist gersipexyronbanka ACT A1C. DTo 09€BUIHO, €C/IN PACCMOTPETh YaCTHBIE CJIydan

K:All/IK:Ol.

3. Tak xkaxk I'MT u3 npeapiaytmeit 3amaan — npsimast [aycca gersipexyrosbauka A;C1 AC, To B Kakoii-
TO TOYKE JIOJIZKHA JIOCTUraThCsl cepeanna Tperbeii “nuaronanu”’. Ilycrs R — cepenuna RB. Torma
sameTuM, 4To Touku P’ u Q' noskHa ObITH Ha cropoHax AB u BC' u ux cepeuHoii 10/2KHa ObITh
rouka R'. Ho torma Touku PBQ R OynyT 06pa3oBbiBarh napaJuiegorpamMM. CoOCTBEHHO €ro Mbl 1
ITOCTPOMJIN.

4. 3amMeTuM, UTO MPOEIUPOBATH JBOIHOE OTHOIIEHUE YETBEPKU TOUYEK HA OKPYKHOCTH Ha 3Ty Ke
OKPYZKHOCTb MOXKHO C TOYKM HE Ha 9TON OKPYyKHOCTH. JlelicTBUTE/IbHO: YCTh 9Ta TOYKA BOBHE
okpyzkHOCTH. Torma MOXKHO ¢jiesiaTh MPOEKTUBHOE TPeodpa30BaHme, MePeBoIsInee OKPYKHOCTD B
OKPY’KHOCTb, & 9Ty TOYKY B OECKOHETHO YIAJIEHHYIO TOUKY. TOTa IMpoernpoBanre W3 3TOW TOU-
KN OYeBUJIHO Oy/IeT COXPaHATH JIBOMHBIE OTHOIIEHUS, MOTOMY 4YTO Oy/eT MpOCTOil cuMMmeTpueit
OKPY2KHOCTU OTHOCHUTEJILHO Juamerpa. Fcim ke Touka Oblia BHYTPH, TO MOXKHO ITPOEKTHBHBIM
Ipeobpa3oBaHueM IEPEBECTU OKPYKHOCTH B OKPY2KHOCTD, & 3Ty TOUKY B 1eHTp. Torma mpoerupo-
BaHUE Yepe3 9Ty TOUYKY Oy/ieT cuMMeTpueil OTHOCUTEIBHO IEHTPa, TO €CTh TOXKe Oy/IeT OYeBUIHO
COXPaHSThH JBOHBIE OTHOIIEHUsI. 3aMETHM, UYTO TaK KaK KacaTeJbHbIe B TOUKax By n Aj mepeceka-
forcsa Ha jguaronanaun Cp P derwsipexyrosbanka B1Cy A P, To on rapmormndeckuii. CripoenupyemM ero
u3 TOYKN R Ha 3Ty K€ BIUCAHHYIO OKPYKHOCTB. [losyunm, uro A; u C] MOMEHSIOTCS MeCTaMu,
TouKa B mepeityier B cebs, a 3HadnT P I0/KHA IepeiiTH B TOUKY JIOTOTHSONTY 0 TpOiKy By, Aj,
C' 1o rapMoHnYeckoit 1eTsepku. 1o ectb B ToUKy (). A 3nauut, Touku P, () u R jexau Ha OIHO
IPAMOIL.

5. Cupoekrupyem touku R, By, A, C', o6pa3sytolye rapMOHIIECKYIO 9€TBEPKY (TaK KaK TPEYroJbHIK
ZKeprouna yeBuaHHbIil) u3 6eCKOHEIHO yajieHHoN Toukn npsimoit AB na BC'. Ilycts R nepernuia
B P, As B,C B C,a BB Bj. Tenepp npoermpyem 3Ty 9eTBepKy u3 TOUKHA B Ha npamyio AB.
[Momyaaem, aro Bj mepeiizer B 6ECKOHETHO yIAJICHHYIO TOUKY 9TOM IpsiMoit, B mepeiijer B cebs,
C B A, a 3HAYNT, TaK KaK W3HAYaIbHAS YeTBepKa ObLIa TapMOHUYIECKON P mepeiieT B cepeuHy.
To ectb P; = P,. Bocnosib3yemcs panee JIOKA3aHHBIM yTBEPKICHUEM.

6. 3amerum, uro B nosoxkennn P’ = A touka Q' B A1, a B nonoxkenun P’ = C; rouka Q' 8 C. 3nauur
KOI'JIa OJIHA TOYKA HAXOAUTCS B CepeJlnHe OTPE3Ka, TO M BTOPAs TOXKE.



10.

[Tpoexnust uz Touku P Touek P’ Ay, C' u GecCKOHEUHO yjia/leHHO# Touknu npsimoit BC' Ha BrimcaH-
HYIO OKPY2KHOCTbD 1tepeBouT ux B Touku K, Ay, C7 u T. Tak kak jBoitHoe oTHOIIEHUE ObLIO PABHO
-1, TO B MOJIyYE€HHOM YeTBIPEXYTOJbHUKE JIMaroHasb 1 K mpOoXoauT depe3 TOUYKY IMepecevdeHns Ka-
caTeJIbHBIX MIPOBEIEHHBIX B JABYX Jpyrux Bepmmuax A; u Cf.

Hyra T'C; paBua ayre C7(), Tak Kak KacarejbHasg B Touke (7 mapaJutenbaa Q1. Hyra C1(Q) pas-
Ha gyre A;F', tak xak C1F’ || QA;. Buaunr nyru C1T u F’'A; paBHBI, OTKy/a JIEIKO CJIEJyer
CUMMETPHUsT OTHOCUTE/ILHO OUCCEKTpUCH! yriia ZB.

Cwmorpure pererne ngaToro myHkra n3 dactu A. OOpaTHbBI X0/ B €ro PeIieHnr U IIPE/IbIIyIIIe
JBa IIYHKTA IPUBOAAT K PEIICHUIO 3TOTO.

Cuenaem romoreruio ¢ neHTpoM B K, nepesosiinyto P B P’. Ilpu srom T nepeiiger B B, a 3Haqut
Q@ B Q. Tak kak Q)'FE napamutensno QG kak cpennss qunus, G nepeiiner 8 M. Tak kak PG
poxoauT depes cepeauny ayru QT, P(Q) siBisercss 6uccekTpucoit B Tpeyronabanke PQT. 3naant
u QQA; Toxe 6uccekrpuca. To ectb G — NEHTP BIUCAHHON OKPYXKHOCTH TpeyrojabHuka QT P. A
3HAYUT ero obpas, Touka M, OyaeT MEeHTPOM BIUCAHHONW OKPYKHOCTU 0Opas3a TPeyroJbHUKa, TO
ecTb Tpeyroyubuuka Q' BP’.



Yacts C.

Pemenna.

1. Ilepeceuem npsmyto BC' ¢ AC B Touke R. [lyist jjokasaTeibcTBa TOrO, 9TO TOYKa B JIEXKUT Ha
upsmoii A'CY, nocrarouno mnokasarb, 4To jpoiinble orHomrenust Touke A, Co, B, C; u A, By, R,
ACo _ ABy . CAy AC: _ ABi . CAx

B; pasubl. Ilo Teopeme Yenbl 6B = B0 AB CB = BG AB Bocnoib3oBaBIimcs sruMu
COOTHOIIEHUSIMH, & TaKzKe Te, 9To JBoiiHble oTHOmeHust Touek C, Ay, B, Ay u C, By, R, By paBHbI

(mpoektupoBanue u3 Touku C), mosrydanm

ACy CiB AB, CAy BA, CB; AB, CBy, Bi{R CB; AB, BiR
Cy,B AC, B,C A,B A,C B;A B,C ByR B,C B/A ByR AB

2. Ilycts npsmas A;C) nepecekaer npsmyio AC' B Touke R. CrpoekTupyem JIBOIHOE OTHOIIEHHEe
(A,C, By, R) = —1 na upamyto B1Cy u3 toukun B'. C nepeiiner B Touky A’, A B X, R B C},
By B cebs. CoenoBaresbro japoiinoe orHomenne (B, C, A, X)) = —1. To ectsb nosspa Toukn A’
MIPOXOIUT 1Uepe3 TOUKy X u moJttoc npsmoit B C, Ha KOTOPOit OHa JIEXKUT, TO ecTh TouKy A. 3naant
sto npsimast AX. Ona xxe B'C’ 1o npespiayniemMy myHKTY.

3. Jlokaxkem jiemMmy: mycTh Tpeyroibauk A ByC) deBnannblii 11 Tpeyroibanka ABC. Ha ero cropo-
Hax BeIOpayu Toukn A’, B’ u C' cooTBeTCTBEHHO, TaK, 4TO BEPIIUHBI Tpeyroabanka ABC' nexar
Ha croponax Tpeyrosbauka A'B'C’. Ilycrs Ay — touka nepeceyenuss Bi1C7 ¢ BC. Anajorundno
onpegesum Touku By u Cy. Torma npsmeie AA', BB', CC' u AgByCy nepecekaiorcst B OJIHOIM
TOYKE.

Hokazarenncrso: pacemorpum Tpeyroapaukn C'A’Ag u C'AC,. Ilpumennm mjig nux reopemy Jles-
apra. Iomxyunm, tak kak CA' N C'A = B', AAy N ACy = Cy, Aj)CNC'Cy = Ay, a 51 TOYKHI
JIeXKaT Ha OJIHOI IPSIMOii, TO 9T TPEYrOJbHUKHN TepcreKTuBHbI. 3HaunuT npsmbie CC' AA' AgCh
rmepecekaloTcst B ofHO Touke. Tak kak Touku Ag, Cy, By jexkar Ha OIHONE IPsSIMOii (O‘{eBI/I,ZLHOG
ciesicTBre u3 reopeM UeBbl u Memnesast), TO HOJIydaeM, 9TO BCE HYXKHbIE HAM HPSIMbIE TIPOXOJISIT
yepes OJIHy TOYKY.

OcraJjioch 3aME€TUTDL, 9YTO B HallleM CJiy4da€ OJWH M3 TPEYI'OJIbHUKOB Cepe,ILHHHbeI. A 3Ha4uT Ccoor-
BETCTBEHHDLIC IIPAMBIC II€EPECEKAIOTCA Ha 66CKOH€‘-IHOCTI/I, TO €CTb ITapaJlJIeJIbHBI.

4. Tlpumennm teopemy Ilamma mis Touek A, By, C u C1, B', Ay, 3arem jgnga rouexk A, By, C' u Cg,
B', Ag. (cm. nyHKT 7)

5. AHaJIOrMYHO TIPEAbIAYIIEMY IIYHKTY HpuMensieM Teopemy llammna ajs Touek A, By, C u Cy, B/,
Ay, a 3arem s Touek A, By, C u Ca, B, Ac. (em. mysKT 7)

6. Ilo memMme U3 myHKTA 3 /71T TPEYTOIbHUKA 2KeproHHa.

7. /B = 180° — LA — LC = /BACy = BB = 2AHC o /(A B, A41Cy) = L(AC, CI) +
Z(AI, ACl) = Z(AI, ACl> = Z(AlB, AlCl) - 4(1410, CI) == Z(AlC, Ach) - Z(CAl, CCA) ==
L(IC, CAy) + L(AL1C, C1Cy) = L(ICy, CsCY). Crenosarensno, Touku A, Cy, Cyu, I nexar Ha

OJTHO# OKPYZKHOCTH.

8. W3 npempiayiiero nyukTa cieayer, aro C'4 — npoekius Toukun A Ha OuCCeKTpUCy, MPOBEJICHHYIO
u3 Beprmubl B. A snaunt yron AByC4 tieatpanbubiii B Tpeyronbanke ACCy u, 3HAYUT, BIBOE
6ostbIite yriia C' B mHeM. To ectb on pasen yriry C' tpeyrosbauka ABC. 3uauutr ByCs L BC, ato u
o3HauaeT, YTo C'y JEKUT Ha CpeaHeil JTUHUN.

9. Tak kaxk Cy(Cy napasnensno BA;p, To tpeyronbuuk CCoC4 paBHoGeapenubiii. SHauntr CoCi =
CoCy. Ananornano CyCh = CyCp.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

3aMeTnM, UTO OKPYKHOCTH U3 IIPEJIBIIYIIEro MyHKTa OPTOrOHAIbHA BIUCAHHONW OKPYKHOCTH, T.K.
npoxouT depe3 C', a ee NEHTP JIEKUT Ha KACATE/ILHON K BIIMCAHHON OKPYKHOCTH B 9TOI TOUKE.
Suaunt, Tak Kak C'y u C'g jexKaTt Ha OJHOHN IPSMOIl ¢ TIEHTPOM BIIUCAHHOW OKPYKHOCTHU, MTOIyIaeM,
YTO OHM WHBEPCHBI JIPYT JIPYTY OTHOCUTEIBHO BIIMCAHHON OKPYKHOCTU. AHAJIOITIHOE BEPHO U JIJIsT
mape! Touek Ag 1 Ac. 3naunt [Cy-ICp = r? = [Ag-1Ac, Tne v — paJimyc BORCAHHON OKPY>KHOCTH.
OTcrofa JIETKO TMOHATH, 9TO HY2KHBIE TOUKHU JIEYKAT Ha OJJHON OKPYKHOCTHU, KOTOPAast IPU HHBEPCUN
nepeiizer cama B cebs, a 3HAYUT OHA OPTOrOHAJIbHA BIUCAHHOI.

OueBHIHO U3 CBOMCTB MOJIAP U PaIUKAIbHON OCH, YTO BCE 3THU MpsMbIe OYIyT OOIeil XOpaoit 3Tux
OKPY2KHOCTEN.

[Ipumennm teopemy Ilackans k Toukam A, B, B, D, C, C. Iloaydum, 910 TOYKa TepecevdeHust
KacareabHbIX B Toukax B u C' jexkut Ha nupsamoit N P. AHajJorudHo nojydaem, 9To TOYKa Iepe-
cedeHmsl KacaTeJbHbIX B TOUKax A u D JjiexKuT Ha 370l npsmoil. Termeps mocMOTpuM Ha TOJISIPY
touku M. D10 npsmasi, Tpoxoisdinas depe3 mosrockl npsambix BC' u AD. Ho nostocer nipsmbix BC
u AD — TOouYKHU TlepecedeHus mmap KacareJbHbIX B ToukKax B n (') a Tak ke B Toukax A m D. Ho
0 JIoKa3aHHOMY 3TO nipsiMasg PN. Suagut nossipa M — PN. AHa/JIormaHO 11 OCTaIbHBIX.

To, uro Op nexur Ha A'C’ paBHOCHIBHO TOMY, 4TO moJisipa O OTHOCUTEIHLHO BIIMCAHHON OKPY K-
HOCTH TIPOXOJUT depes mosttoc mpsimoit A'C” oTHOCHTE THHO BIIMCAHHOM OKPYZKHOCTH, TO €CTh Yepe3
Touky B’. Tak Kak wp OpTOrOHA/IbHA BIMCAHHOW OKPYKHOCTH, TO moJisipa O OTHOCUTEIHHO BITU-
CAHHO OKPYKHOCTH TO 2Ke caMoe, ITo noJisipa I orHocuTebno wpi. Ho 3amernM, 4To s BIucaH-
HOro B wp derbipexyrobauka CpCrAgAc 1 gBsSIeTCsT TOUKON MepecevdeHus: MPOTUBOIIOIOKHBIX
cTopoH, a B’ — Toukoii mepecedeHust Juaronasieil. 3HaduT mnosisgpa I mpoxoauT depes B’ uro u
TPebOBAJIOCH.

Tak Kak OKpPYKHOCTHU Wg, W4 U OIMUCAHHAS OKPYKHOCTHL Tpeyrobuuka CyCgC npoxoasr depes
touku C'4 u Cg, TO UX MEHTPHI JIEXKAT HA OHON MPSIMOI.

N3 pemenns npemprayinero myHkTa BugHo, 910 OO 4 nepuenaukyiasapHa C'4Cpg, To ecTb OUCCEK-
tpuce yria C' Tpeyroibauka. A 3HaqnT, u ouccekrpuce yria Cy tpeyrosbauka AgByCy. [onyaaem,
110 cTopoHbI TpeyrobauKa O 2O0gOc — 5T0 BHeNTHIE ONCCEeKTPUCH yIiIoB Tpeyroabanka AgByCy.
SHaYUT, €ro BepIINHbI 9TO EeHTPhl BHEBIMCAHHBIX OKPYZKHOCTEM, OTKY/Ia OYeBUIHO CJIeJyeT Tpe-
oyemoe.

CTOpOHBI 3TUX TPEYTOJbHUKOB IEPIIEHINKYISIPHBI COOTBETCTBYIOMNM ONCCEKTPUCAM HCXOTHOTO
TPEyTOJbLHUKA.

Cupoekrupyem jpoitaoe orHomenune (A, C, By, R) pasroe —1 u3 roukn B’ #a npamyo O40q. A
nepeiiner B O4, C' B O¢, R B 6eckonedno ymanernyo Todky npsmoit O40¢, a 3HaquT, B niepeiiger
B Mp, aT0o 1 TpebOBAIOCH.

Bamernm, aro M, Mg, M, Ag, By, Cy Jteskat Ha OJJHON OKPY?KHOCTH: 9TO OKPYKHOCTH Diljiepa
st tpeyroabanka O,O0gOc. Ho Torma nientp romorerun TpeyroabuukoB Ay B1Cy u M MM
OyzeT Tak Ke IIEeHTPOM IOMOTETHH MX OIMCAHHBIX OKPYKHOCTEH, TO eCTh OKPY:KHOCTH iijepa
U3HAYAJIBHOTO TPEYTOJIBHUKA (TAK KAK Wh, MpMe = WAgByCy = OKPYZKHOCTH Diljiepa HCXOIHOrO
TPEYTOJIbHUKA) U BIIMCAHHON OKPYKHOCTU UCXOIHOTO TPEYroJbHUKA. 10O eCTh IEHTPOM TOMOTETUH
Oymer kKak pa3 Touka Deitepbaxa. Ho usz mpeapiiyiero myHKTa Mbl 3HaAEM, 9TO Ha TpsaMoit M4 A,
nexxkut u Touka A’. Buaunt, npamas A; A’ npoxogur depes Touky Deitepbaxa, U.T.1.

Bamernm, uT0 Tak Kak AgByCy — cepenHHbIil TpeyrobHUK st Tpeyrobauka ABC u mpu 3ToMm
oprorpeyroibHuK st Tpeyroabanka O 4OpOc TO y 9TUX TPEYyTOJbHIKOB COBIAIAIOT OKPYKHOCTH
Ditnepa. 3uaunt, Touku My, Mg, Mg nexar Ha OKPY:KHOCTH Difjepa UCXOIHOTO TPEYTOJbHUKA.
Ho wmbr 3HaeM, uro Tpeyroibauku A; B1Cy u M 4 Mg Me roMOTeTHYHBI, & 3HAYUT FOMOTETUIHBI 1 UX
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ornmcanubie OKpyKHOCTH. OCTaI0Ch TIOKA3aTh, YTO EHTP TOMOTETHH JICXKUT Ha OJTHON U3 OKPYKHO-
creii. [TokaxkeMm, 9TO OH JIEZKUT HA BIUCAHHON OKPY?KHOCTH MCXOJIHOTO TpeyrojbHuKa. [lepecedem
AA’ ¢ BrimcanHoi OKpyKHOCTBIO B Touke R. Torma, rak kak B’ jrlexkut Ha moJisipe A” oTHOCHTETHHO
BIIMCAHHOI OKPYKHOCTH 1 Ha juaroHagun A;C; dersipexyronbauka A;B1C1R, To B’ — touka re-
pecedeHnst UAroHa/ell 9Toro YeTblpexyrobHuKa. AHajIorndHO nostydaeMm HyzkHOe mpo C'C’. Pas
[EHTP FPOMOTETUH JIEZKUT HA BIUCAHHON OKPY’KHOCTH, TO 9TU OKPY?KHOCTA TOMOTETHIHBI.

JIBoiicTBeHHBIN (haKT MyHKTY 18.

CmoTrpuTe pereHue Ce Iy omero myHKThI

Jdemma 1. Z(AgF, FA;) = (L(CA, CB) + Z(BA, BC))/2.

Hokazarenscrso: [lokaxkem, uro L(AgF, FH) = Z(CA, CB) + Z(BA, BC), tne H — ocHoBa-
HIe BBICOTHI, omyrneHHoil n3 A wa BC. Torma HyKHbIl HaM (dakT GyJeT OYEBHIHO CJIEI0BATH
u3 jgemmbl Apxumesna. 3amernm, uro ZL(AgF, FH) = Z(AoBy, BoH), Tak Kak BCe 5TH TOYKH
JIe’KaT Ha OKpyzkHOCTH Ditstepa. Tak ke 3aMeTHM, YTO BBHJLY TOrO, 9T0 By — Ccepe/inHa MUIOTeHY-
3bI IpsgMoyrosibHoro Tpeyronbauka AHC, Z(CA, CB) = Z(CBy, CH) = Z(HC, HB,). 3ua4nt
A(A()Bo, B()H) = Z(A()Bo, A()H) + Z(A()]'L HB()) = Z(BA, BC) + 4(0147 OB), 9.T. 0.

Jlemma 2. Toukn Be, Cpg, Ay, Ag u F j1e:kar Ha OJHON OKPY?KHOCTH.

Hokazarenbcrso: [Tokakem, uro Z(AgCp, CpAy) = ZL(AgF, FA;). U3 suucannocru Cgl Ay B no-
aygaeM, uro Z(Cgpl, CpA,) = Z(BI, BA;) = Z(BA, BC)/2. U3 Toro, aro CpAy = AyC, 1o-
aygaeMm paserctBo Z(A¢Cp, CpC) = Z(CCp, C40) = Z(CA, CB)/2. OTkyaa moaydaeMm, 9To
£(AgCp, CpAr) = £(A)Cp, OpC) + Z(CpC, CpA,) = LEACBHABABO) — /(A F, FA;). To
ectb C'g JlesKUT Ha onmcaHHON OKpyxRHOCTH AA;AgF. AHamornano mosydaeMm, 910 U Be J1eKAT

Ha Heil xke. YTBepxKJIeHUe JTOKa3aHO.

Mper moryammm, aro A F' — pajaukajibHasi OCbh BIMCAHHONW OKPYKHOCTH W OKPY?KHOCTHU OIMUCAHHOMN
okoJio Tpeyrosbanka CgBo A okpyxkuocTeit. Tak aro HaM octaoch mokaszarh, 94to A’ j1eKuT Ha
Heii. [l 9TOTO J0CTATOYHO 3aMETUTh, 9T0 A’ — IEHTP roMOTeTHH, MEePEeBOJISINEil TPEyroaIbHIK
CoC1Cp B Tpeyronbuuk BygBeBj, Tak Kak y 9TUX TPEYroJIbHUKOB COOTBETCTBEHHBIE CTOPOHBI T1a-
paJuIesIbHBI. A 3HAYMUT ﬁ,/gl = ‘j,CB’f, OTKY/Ia CJIeJIlyeT PaBEHCTBO CTelleHeil OTHOCUTEIbHO HYKHbBIX

okpyxuocreit A'Cy - A'B; = A'Cp - A'Bg.
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Yacts D.

Asronossipaocts Tpeyrosbanka A” B”C" ciemyer usz Toro, 4To ero BepuIMHbl — TOYKHU II€PecedeHust
cropon 4erbipexBepimaanka A} B1C1F’. Tak kak nossgpa C' OTHOCUTE/IBHO BIHCAHHON OKPYKHO-
ctu, npsmast A, By, npoxogut depes Touky C”) ro nmossipa Touku C”) npsmas A”B”, npoxoaur
gepe3 C'. AHAJIOTUYIHO JIJTsT OCTAJIBHBIX BEPIINH.

[Tycrs X — touka nepecevenust AA; u A”C". JIpoitroe ornomenue Touek A, B, C| u nepeceveHus
AB ¢ AB; pasno —1. U3 nenrpaabnoro npoerupopanns u3 Touku O 3THX 4YeTblpex TO4YeK ¢
npstmoit AB na npsimyio AA; caemyer, uro A; — cepenuna AX.

[Tpu romorernn ¢ neaTpoM B Touke A u xoadpdunmentom 2, npamasa CyA; IEepexouT B IPSAMYIO
A"C". Buaunt, onn mapasuienbibl. [Ipu romorernn ¢ nearpom B B, nepesojsieit CCp B A F”,
noJsiygaeM, uro cepeauna A’A; nexxur na AB. 3uaunt, BACyA” — napaJuieaorpaMm.

Tak kak BACyA” — napamnenorpamm, o CoA” napasiensuo cropone BC' U IPOXOAUT depes
cepeauny BA. Buaunt A” nexxkur Ha cpenneil sunun Tpeyronabinka ABC napaJuienbHoii cropone
AB. Torna C"” = (', Tak Kak JIeXKUT U Ha CTOPOHE TPeyrojbHuKa 2Kepromta, coorBeTCTBYIOMIEH
cropone AB. Ananornuno A” = A'. Buauur F' = F

BC, _ BC _
U35 tperbero mynkTa ciaeayet, uto CoA; napainenbhna Cy Ay, To ecth 3 T~ = Bi = BC, - BA, =

BCy - BAy. Boipazus a1tu JUIHHBL Yepe3 a, b U ¢ U JOMHOYXKUB Bce Ha 4, 1mojrydaeM TpedyeMoe.

U3 sroro yenosus ciemyer, uro Cy A napasutenbha Cy Ag. [Tocrpoum mapasuiesorpammbr BC AqC”
u BA;CyA”. Torna A”C" npoxomur 1yepe3 B, tak kak BA” napasuiensno BC”. Ilpuyem ecin cie-
JIATH TOMOTETHIO C IIEHTPOM B Touke A u kKosdpdurmentom 2, To npsamas CyA; nepeiger B IpsaMyo
A"C". Tlycrb mpu sroit romorernnn A; nepeiiyier B Touky X. Torma X sexkur wa upsmoit A”C”.
Tak xkak BC;AoC"” — napasutesiorpamm cepeanna C;C” nexxkur na BC. A ecom cepenuna C7C”
u AX Jjexar Ha OJHOW NMPSMOI, TO HECJIOKHO MOHATH, 4To npsmble AA; u C1C” mapasiiebHbI.
U3 nenrpasibioro npoerupoBanns u3 Touku C” royek A, X, A; u 6€CKOHEUHO yIAJEHHON TOYKN
upsamoit AA; ma upamyio AB caemyer, uro asoiiHoe ornomenue touek A, B, C] u mnepecedeHust
AB ¢ A;C" pasno —1. 3uaunt A;C” npoxoaur depes ToUKy nepecedenust BiA; u BA, a cieno-
BaTeILHO, U depe3 Touky Bi. Torma, scmomuus, uto C” j1e:KNT Ha CpejHell TMHUN TPEYTrOJIbHUKA
ABC napaenshoit AB, nonydaem, uro C” = C'. Ilpu stom GC1 F Ay Oyjer napaJjijiejorpaMMOM.
Jlanee obpaTHbIi It 330849 U3 9acTU A cYeT yIJIOB JIaeT Hallle yCJIOBHE.

B 3-em mynkTe MBI jIoKa3biBasm, 9rTo C' F' ipoxoaut yepes cepeauny BAg. VI3 romorernn ¢ ieHTpoM
B C' mostygaem, uro C'F nupoxoaut depes cepeauny A By. To ects C'F — MennaHa TpeyrojbHUKA
A'ByC’. Ananornuno jgua A'F.

U3 mpeapiyrero nyHKTa cieayet, aro ByF — meauana tpeyroabauka A’ ByC’

U3 Toro, aro Op sBisieTcs MEHTPOM BHEBIIUCAHHONW OKPYZKHOCTU Tpeyroibanka AgByCy cienyer,
qro OpCyAC" — napasienorpamm, a u3 2-oro nyukra, BA;CyA’" — napasutesorpamMm. 3HAYUT
A'B = CyA; = OpC’. 10 ectb Toukn B 1 Op CUMMETPUYHBI OTHOCUTEJIHLHO CEPEJIUHBI OTPE3KA

A'C’, Toukn S.

SE asisiercs npsmoit laycca gersipexyronbanka A B1C1F. Torma ona mpoxoauT depe3 cepenHy
orpeska F'By. 3Ha4uT oHa dABJsIeTCs cpejiHeit inaueit Tpeyroyibuuka F'G By, a 3Ha49uT, HapaJsuie/ibHa
BB;.

W3 npeapraymero nyukTa, S E napaanensaa BBy. Tak kak BSEG — tpamnenust, a S u E cepeiuHb
BOg n FG, FOpg Tak ke napaJjuie/ibHa 9THM JIBYM IPIMbBIM.
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SameTuM, 9T0, TaK Kak S — cepeqauna BOpg, u F' nemur ByS B orHOmenun 2 : 1, to F' — menTp
Macc Tpeyrosbauka BoOgB. Ho Torma memunana u3 Bepmiuabl Qg 3TOTO TPEYyrOJbHUKA JIEJTHTCS
Toukoii F' B orTHomeHnun 2 : 1 u 3akaHunBaeTcsa B cepeaune BBy, a 3HaunT u B cepeaune CyAg.
Orcrozia mosryaaem Tpebyemoe.

Crenaem nossgproe npeobpasosanue. Tak kak B’ jexur na CyAg noaydaem uro Lp JIe:KUT Ha
A'C'. Tenepp HaM HaJIO JIOKa3aTh, 9TO HOJApPBl TodeK G u E 1epecekaloTcs Ha CpeIHeR JTMHUI
TpeyrobHuKa. BemomumM, uTo nosisgipa G 9To npsiMast, napaJjuienbias BB’ u npoxoasmas depes R,
touky nepecedennst A1C ¢ AC. Ilonapa M — npsimast, mpoxojgdmnias depe3 B mapasutenbao A;Ch.
[osyuaem, uro B, B’, R u To4Ka nepecedeHns HyKHBIX HaM HOJIAD 00pa3yioT IHapaJlIeIorPaMM.
A ciegoBarennno, Tak Kak cepeauna BR nexunr Ha AgCy u B’ nexxur na neit, o AgCy npoxoanr
1 depe3 UeTBEPTYIO BEPIIMHY 3TOr0 IapasiielorpaMMa, TO eCTh depe3 TOUKY IepecedeHusl MOJIP

GuM.

Samernm, 9To Tak Kak Touka Cpg jiexkut na AygCy, To L g JIe:KUT Ha ee ToJisipe, & UMEHHO Ha, IIPSIMOit
AC, (Trak Kak OHa MPOXOJIUT uepe3 MHBePCHbIH 0bpa3 Cp u nepnenaukyaspaa [Cg). A 3Hadnr,
ALpg nepnienukysnsapuo C'I. Ananoruano nonydaem, ato Al LCLp, OTKy/a O9€BUJIHO TIOJIYYaeM
Tpedyemoe.

Hecsoxkuo mokazarh u3 cueta B yIyiax, 9TO TPEYTOJBHUK 0Opa30BaHHBIN TOYKAMU CUMMETPUIHbI-
MU BepIIMHAM TpeyTroJbHUKa 2KeproHHa OTHOCHUTEIHHO COOTBETCTBEHHBIX OMCCEKTPUC M3HATAh-
HOI'O TPEYTOJIbHUKA TOMOTETUYIEH MCXOTHOMY. SHAUUT IEepecevdeHne MpsiMbIX, COSIUHSIONINX COOT-
BETCTBEHHDBIE BEPIIMHBI 9TUX TPEYTOJbHUKOB OyIeT IEHTPOM I'OMOTETHN BIMCAHHOW M OIKMCAHHOI
OKpyzKkHOCTEA. A 3T0 1 ecTb Touka G’ M3 OCTPOEHUS.

Tak xak Touku A, C', G, I jexkar Ha OJHON OKPYKHOCTH, TO ecyin 38 G’ TOJOKUTH TOUYKY, CUMMET-
puunyio G OTHOCUTETHLHO OUCCEKTPUCH yIuia B MOIydnM, 9TO OHA TOYXKE JICYKUT Ha ITOH OKPYKHO-
cru (IOTOMY 9TO ee IEHTP, 10 JieMMe O Tpedybie — cepeauna jayru AC omucaHHON OKPY>KHOCTH,
a 3HaUnT JlexkuT Ha Guccekrpuce B). Tak xe oyeBnmno Oymer, uro LZGAI = Z/G'Al, 10 ectb G’
M30TOHAJBHO colpsizkeHa G.

OueBnIHOE CJIECTBUE M3 TEOPEMBI O 3-X KOJIIAKAX JIJIsI BIIMCAHHON OKPYKHOCTH, OITMCAHHON OKPY K-
HOCTH W OKPYKHOCTU Diljiepa.

Tak xak G u G’ cummerpuunbl orHocurenbHo BE, BE npoxonut depes cepeauny GG'. Ho Torma
BE cpenusist innust B Tpeyroybanke FGG' | a sHagnt, napauieiabia F'G | a ciaenosarenbro, u F M.

B crenyromem myukTe Oymer gokaszano, uro Op — cepequna BLg. Benomuus, uro OgF || BG
nostyaaem, uto OgF' — cpennss muans tpeyroiabanka Lg BG. 3naunt F' — cepenuna LgG. Torma
E nemur orpe3ok LG B orHOmennn 3 : 1. B 5ToM 2Ke oTHOmEHNN ge T oTpe3oK BM cepeanna
orpeska AyCy. Ho Tak Kak npsimast, coeaunstiornast cepeauny AoCy ¢ ' — cpeiHsist TMHIS Tpamerun
C1CpA1 Ay, TO OHa HapaJIe/ibHa ee OCHOBAaHUAM, a 3HauuT, u npsamoi A'C’. 113 31oro u jokaszaHHbIX
oTHOIIeHui mosrydaeM, ato GM toxe mapasenpaa A'C.

ALpg napanensia CyOpg, Tak Kak obe neprenuky/asgpabl C'1. Torma u3 romoreTnu ¢ neHTpom B B
u Koaddurumentom 2, Op nepexoauT B Lp, YTO U O3HAYAET, YTO OHA CEPE/INHA HYKHOIO OTPE3Ka.

LpF apnserca memmanoit Tpeyrosbauka A;LgCh, mpudeM w3 MpeanpeablIyInero myHkra, F —
cepenuna LpG. To ects F' nemut LpE B orHomtenun 2 : 1. 3uauut, F' — 1neHTp Macce TPeyroabHUKA

A LpCh.

[IycTh m3oronasibabIil 06pa3 Touku Lg — 310 X. Tak kak Lp jexut Ha rurepbose Deitepbaxa
(emorpu gacthb X), To X Jstexkut Ha upsimoit O, Tlokaxkem, uro X sexkut Ha npsimoit A;Ch. Ilycrs
X' — obpaz X npu orparkeHuu oTHOCUTETHHO OuccekTpuchl yriia B. Tak kak O npoxoaut upe3 G,
to ipsmast O nepexonut B ipsmyto [G. [pamas A;C nepexoaut B cedst. [Ipsivass BX mepexonut



B upsimyto BLg, 1o ectb B npamyto A'C’. Tlpambie A'C' u A;Cy nepecekaiorcs Ha npsimoii [G
KaK COOTBETCTBYIOIIME cTOpoHbl Tpeyroabuukos A'B'C' u A1 B1Cy. S3uaunr X' nexur na A;C1, a
3HAYUT, 1 X Ha Hell JIeIKUT.



Yacte X.

Pemenna.

BosbMmewm JiBe BepIIMHBI U TPU MPOM3BOJILHBIX 00pa3a KaKUX-TO TOYEK € 3TO Npamoii. Torma oHu
3a/IaI0T KAKyIO-TO KOHUKY. 3aMETHM, 9TO TelepPb e€CJIU B3ATh €Ie KAKYyI0-TO YeTBEPTYIO TOUKY Ha
9TOI TPAMOI U TTOCMOTPETH, KAK MbI €€ OyJIeM COIPATaTb OTHOCUTE/IHLHO OJIHONW M OTHOCUTETHLHO
APYTOI BEPIIMHBI, TO HYZKHBIE IIPAMBIE MIEPECEKYT y2Ke MMEIOIYIOCd KOHUKY B TOYKaX, KOTOPBIE
JOJIKHBI JTATh C Y?K€ UMEIOIUMUCA TpeMd TOYKaMH Ha KOHHUKE OJHO W TO K€ JBOWHOE OTHOIIIEC-
HUe, TaK KaK IPU CUMMETPUU OTHOCUTEILHO OMCCEKTPUCH JIBOIHOE OTHOIIIEHNE YeTBEPKU MIPSIMBIX
COXpaHseTCsA. A 3HAYUT, STU MPSMbIe TIEPECEKYT 3Ty KOHUKY B OJHOIN M TOI ¥Ke TOUYKe, I.T./I.

[TonsarHo, 4TO ecTh O/iHA TOUYKA nepecedenns — Touka [. IlycTh ecth ere Touka epecevenus X .
Torma ee m3oroHabHBIN 00pa3 TakK Ke JIEKUT HA 00OUX KPUBBIX. A 3HAYUT KOHHWKA IE€PECEKaeT
npsamyio u B rouke X'. Ho Torma mostydaercst yzke Tpu TOUKHU MepecedeHns IPsAMOil ¢ KOHUKOM, 9T
HEBO3MOZKHO.

JlemMMa: KOHUKA, ITPOXOJIAIas Yepe3 BePIIHHbI TPEYTOJIbHUKA SIBISeTCS paBHOCTOPOHHEN Tuiepbo-
JIO TOTJIa M TOJILKO TOTJIa, KOTJIa OHa& ITPOXOJINT Yepe3 er0 OPTOIEHTP.

JlokazarebcTBO: PaccMoTpuM n3orona ibHbIN 00pa3 9TOi KOHMKHU B 9TOM TpeyrojibHuke. Jlokaxkem,
910 9T0 OyJzeT npsiMas. [leficTBuTesibHo, Bo3bMeM 00pa3 JIBYX IIPOU3BOJILHBIX To4UeK. [IpoBeiem ue-
pe3 Hux npamyio. Torma ecin B3sTh U30TOHAJIBHBIN 00pa3 9TOH MPAMOii, TO OH OyJeT IMPOXOIUTh
Yepes3 9TH JIBe TOUYKU U BEPIIUHBI TpeyrobHuka. Ho o 9TuM nsitu ToukaM e IMHCTBEHHBIM 00pa30M
orpeiesisieTcs npsmasi. Pacecmorpum 91y npsimyto. Ecin KOHUKa TTPOXo/iiia 9epe3 OPTOIEHTP, UTO
psiMast OyIeT TPOXOUTh depe3 MeHTP ONMMCAHHON OKPYKHOCTU. 3aMeTHUM, 9TO 9Ta IpsaMasl Iepece-
KaeT ONMCAHHYIO OKPYKHOCTD B JIBYX JHAMETPAJIbLHO IPOTUBOIIOIOKHBIX TOUYKaX. A 3HAYNT KOHUKA,
OyeT UMeTh JiBe DECKOHEYHO YaJIeHHbIe TOYKHU, KOTOpPbIe Oy/IyT OTBeYATh 3a HMePIeHIUKYITPHbIE
Hanpasjenusd. B oOpaTHyio CTOPOHY aHAJIOTHYHO.

Tax xkak Ha OI npoxoaut depe3 O, TO U3 JI0KA3ATE/IHCTBA JIEMMbI TpeOyeMblil (hakKT OUEBHUICH.

Touka [ TPOCTO M30TOHAJIBLHO CONpsizkKeHa camoit cebe. A, B u C' mOIydaroTcsi N30TOHATBHBIM
colpsiKeHneM u3 Touek nepeceuenusi O co cropoHaMu TpeyrojbHuka. H — m3oronasbHbIN 00pa3
rouky O. G’ sIBJIsIeTCsS TIEHTPOM OTPHUIATETBHO TOMOTETHH BIIMCAHHOI U OTIMCAHHOM OKPYKHOCTEIA.
Buaunt G’ nexut Ha nupsamoit OI, a sHaunt G jexkuT Ha runepbose. Anagoruano g N: N’ 6yger
HEHTPOM HOJIOZKATEJIbHOU I'OMOTETUN BIIMCAHHON U OIUCAHHOU OKPY2KHOCTEl.

[Tycrs [ nepecekaer onucannyio okpyzKHocTh B Toukax X u Y. Torma X u Y mepeitnyr B X' n
Y’ coorBeTcTBEHHO, HECKOHEYHO yjlajleHHble TOYKM runepbosibl, Touka O tmepeiiger B H. A obpa3
GECKOHEYHO Y/IAJIeHHON TOYKH MpsiMoii [ obosnaumm depes Z. Torga, tak kak (X,Y,0,7) = —1,
TO 1 y 00pa30B TOUEK Oy/1eT TaKoe »Ke JIBOWHOe OTHOIIeHNe Ha Moy duBIeiicss rumepbose. Crpoek-
TUPYeM 3TO JIBOitHOe orHoIenne (06pa3os) u3 rouku X' Ha npsvyto HZ'. Tlpu srom Y’ nepeiiner
B OECKOHEYHO VJIAJIEHHYIO TOYKY 9TOW MpsMOii, a 3HA4YUT, Tak Kak H u Z' ocraHyTcst Ha MecTe,
X' nepeiizer B cepenuny HZ'. Ho ¢ apyroii croponbt X/ Oyer mpoenupoBaThest M0 KacaTebHOi
K runepbosie B Touke X', TO ecTh 10 OJHON M3 acuMIITOT rurnepbosibl. HecjoxKHo noHATL, 9TO U3
9TOro cjeayer, 4ro cepeauna Z' H — nenrp runep6osnl. Ocraaoch 3aMeTUTh, YT0 H — 1eHTp 1o-
JIOZKATETHHOM TOMOTETHN OKPYKHOCTH Difjiepa u ONMMCAHHON OKPYXKHOCTH ¢ KO(DDUITIHEHTOM %, a
Tak Kak Z' obpa3 6eCKOHEYHO yJIaJIeHHON TOYKHU IIPU U30MOHATBLHOM COIPSIZKEHUH, TO 7' JIeXKUT Ha
OIMCAHHOW OKPYKHOCTH. 10 €CTh IEeHTP runepodosIbl JIEKUT Ha OKPYZKHOCTH Diljiepa.

CwmoTtpu perienne B KHIKKe “TeoMerpudeckne cBONCTBAa KPUBBIX BTOPOTO HOPsIKa .
OueBuIHO cileyeT U3 IPeIbIIyIero myHkTa u Toro, aro H u I jnexxar Ha runepbosie Peitepbaxa.

Tak kak Lpg — oprorentp Tpeyroibanka ACT, To 1o jemMme u3 Tperheil 3a1a9u moaydaemM Tpedy-
eMoe.



9.

10.

11.

12.

13.

SameTnMm, 4TO Ha MPsAMOil BI ecTh POBHO OJIHA TOYKA JIJIsi KOTOPOIi €e MOJIAPbl OTHOCUTEIHLHO T'U-
nepbosibl Peitepbaxa U JAHHON OKPY?KHOCTH COBIIAIAIOT. DTO JOKHA ObITh TOUYKA IepecedeHust
JIMaroHaJIell YeThIPEXyTOJIbHUKA 00PAa30BAHHOTO TIEPECEYECHUSIMI HAIEH OKPYKHOCTU U TUIIEPOOJTHI
Deitepbaxa. 3aMeTuM, 9TO KOTJa MbI OepeM ToUKy nepecedenusi Bl u F'By, To ee mojspa JeficTBHI-
TEJIbHO COBIIQ/IA€T OTHOCHTETBLHO Hallleil OKpyzKHOCTH U rurepbosbl Peiiepbaxa: oHA TPOXOIUT
yepe3 OJIHY U Ty K€ TOUKY, JOMOJHSIONIYIO ee caMy U TOYKU B u I 10 rapMOHUYECKOl YeTBEPKH,
OTHOCUTEJILHO OKPY2KHOCTU OHA MEPHEHIUKY/IdpHa Bl oroMy 4To jexKuT Ha jguamerpe Bl. OtHo-
CUTEJILHO TUIIEPOOJIBI OHA TOXKE TePIEHINKYAdpHa B1: noygpa Touku F' — GeCKOHEYHO y/iaIeHHad
npsiMasi, Tak Kak F — mentp runepbosibl. [lomsipa Toukn By — npsamas A;CY, moromy 9To ecan
nposectu depe3 By npsamyio AC, TO rapMOHUYIECKON 9€TBEPKHU €€ JIOMOJHUT HYKHAs TOYKU U €CJIH
npoBectn BG depe3 B To ToxKe B Hy»KHOW. A 3HAYNT, 1OJIOC IpsiMoii B F — GecKOHedHO yiia-
JeHHast Touka npsmoit A1C, TO ecTh TOYKa OTBeJalolias 3a HallpaBJIeHUe TepreHuKyasapaoe Bl .
SaaunT Touka nepecevdenus Bl u F' By je:kxuT Ha BTOpOil obmmeit mpsamoit runepbosibl Peitepbaxa u
Halllell OKPY>KHOCTH.

JlemMma: myctb A m B jBe TOYKM Ha pPaBHOCTOPOHHEl rumepbose. OKpy:KHOCTh, ITIOCTPOEHHAST Ha
AB xak Ha JmamMerpe mepecekaer rurepbosy BropudHo B Toukax P u (). Torma P mpoxomut
Jepes HeHTP rurepOoIb.

JlokazareabcTBo: mycth H — oprorerTp Tpeyroiabanka APQ). Torma, Tak Kak rumepboJia paBHOCTO-
POHHSSA, OH JIEXKUT Ha Heil. 3ameruM Tak:ke, uro H PB() — napaJjuiejorpamMMm. A 3HAYNT, TaK Kak
BCE €r0 BEPIINHBI JeXKaT Ha rurepboJie, TO ero ToUKa IepecedeHusl Juaronaeil siBaseTcst OTI0COM
OECKOHEYHO Y/IAJIEHHON TTPAMOil, TO €CTh IEHTPOM T'UIIEPOOJIBI.

[Tonmyuaercs, 9To BTOpas obIas MmpsMas TUIEPOOJIbI U HYKHOM HaM OKPYKHOCTU ITPOXOJIUT He-
pe3 Touku nepecevenns Bl u F'B; m depe3 meHTp rurepOoOJIbl, TO €CTh TOYKY F', a 3HA4YUT, OHA
coBITaIaeT ¢ npamoit F'B;.

[IpuHOoCHM CBOM M3BUHEHMS, HO JIOKA3ATETHCTBO ITOTO IYHKTA OYIET NPUBEJIEHO 1M03Ke. BO3MOXKHO
OHO y7Ke eCTh Ha caiiTe KoH(pEpeHINH.

[psamasg GM napamnenbna npamoit A'CY, a F' — cepennna G L. 3aaaur GM cuvmverpuuna A'CY
otHocuTesibHO F'. L By mapaanensaa BB, . 3uaunt, Lg By cumverpudna BBy otnocurenbHo F'. To-
rIa B cuty cumMerpun runepbosibl Peiiepdbaxa orHOCHTETBHO F', TTOTydaeM, 9TO HYKHbIE TIPIMbIE
IepecekaloTcsd Ha TOUKe, CAMMETpUYHON B oTHOcuTeIbHO F', a 3Ha4nT, 1 Ha ruriepbosie Deitepbaxa.

SaMeTuM, 9TO I 3TOTO JOCTATOYHO JOKA3aTh, YTO IOJIOCH HIpaMbIX F By u A;Ch nexar Ha
npstmoit AC'. Tlosroc mpsimoit A1 C 110 JilemMe U3 CJIeIyIoNero myHKTa — TOYKa 1 09eBUIHO JIeKaT
na AC. ITlomoc xe npsamoit F'By — Todka, depe3 KOTOPYIO IMPOXoadaT HoJsipbl Todek F u By. Ho
oHM 00€ MPOXOIST Yepe3 OECKOHEYHO yIaeHHyI0 TOUYKY IpsmMoii AC, 3HaYUT BCe XOPOIIO.

O6o3HaYNM TOYKY CHMMeTpudHyio B; orHocurenpHo FE depes X. Torma B A; X, — mapae-
norpaMmm. [okaxkem, uro mossipa Touku A’ — npsimast, npoxojginas depe3 A; u napasuienbHas

Blcl.
Jlemma. [Tossipa Touku A; oraocutenbHo runiepbosibl Deitepbaxa — mpsimast B1Cf.

Jokazarenncrso: [IpoBenem yepes A npsamyio BC. JlomosHuB TOYKy Aq 1 JiBe TOUKHU IIepecedeHnst
5T0it ipsimoit (Touku B u C') ¢ rumepboJioif 0 TapMOHHYECKOTO OTHOIIEHUST MTOJIY MM TOUKY Hepe-
ceuenus npsambix B1C7 u BC'. Ilposenem npsamyto AA;. Torma sta npsimasi mepeceder rumepOoLy
B Toukax A u G. A 3HAYNT, JOMOTHUB HYKHYIO TPOHKY /10 TAPMOHUIECKON I€TBEPKU MBI ITOJTY TIM
TouKy repecedennsa B1C ¢ AA;. Suaqur, nosgpa Toukn A; — npamasa ByC].

[To nemme mmeeMm: Tak kKak A’ nexxkur Ha B'C’, To ee mossipa IpoXoauT depes MOJIIOC STOM IIPIMOIA,
10 ectb TouKy A;. C apyroii croponnt A’ jnexkur Ha npsmoin FA;. 3HauuT ee 1mojstpa IPOXOIUT
gyepes 1moJtroc 3ol npsmoii. Ho mosttoc aroit psimoit — s1o niepecedenne mosisip Touek F u Aj. Ilo-
qsipa F' — Geckoneuno yrnasiennas npsamas. [lossipa Ay o temme — npsmast B1Cy. 3uaduT mosoc



9TO# mpsiMOil — Oeckoneuno yjasennas Touka npsamoit B1Ch. To ectb Mbl j1okazasiu, Tpedyemoe.
Bocrioib30BaBImch aHAJIOTHYIHBIM yTBEp2KieHrueM 11po Touky C’ mnojydanm Tpedyemoe.



YHacts F.

1. Tak xak GC1@Q) paBuoGenpennsiii (ZC1QG = ZC1GQ = 90° — %), a QC1Q"A — mapaJeno-
rpaMm (Tak Kak JUaroHaJu JIeJsT Ipyr Apyra nonojam), 10 AGQ1Q" — paBHoGOKas Tpamernusi.
Ananoruuno BGP; P” — pasuobokast Tpanenusi. 13 cuera yrios ciejyer, uro Q”, G u P” nexar
na oxnoii npsmoii. [lonygaem P’Q)" = P'G + GQ" = AC, + CA, = AB, + CB; = AC.

2. Kacarenpnas B Touke F' mapasutesnbHa QQP, a 3Haunt, napajienbia P'Q)' (M. perenne u3 dactu
B), a suauut, u Q" P”, no anrunapamiensna C1A; B yroy C1FA;. Samerum, uro tak Kak Q'Ch
napasienbia AG, a AG napasensno C1F, o Q”, C; u F jexkar Ha OJHOI NpsiMOil. 3HAYNT,
Q"C1AP" Bumcan. FG — memuana B F'A (Y, snaunt cumenmana B P"F(Q”. 113 cuera yrios
crenyer, aro F'B u FG mw3oronaisho conpsizkenbl B yriy A FCy. 3naunr FB — mequana. FI u
FG’ — cooTBeTCTBEHHO paJinyC ONMUCAHHON 1 BhIcOTa Tpeyroiabuuka FC1A;. Torna oru siBstroTCS
COOTBETCTBEHHO BBICOTOI U MPSIMOI, comepxKalleil pajnyc onucanHoil Tpeyrojabanka F Q" P”.

3. O6o3naunm Touky nepeceuenus BT u BC 3a X. Ilpumenum teopemy llackass mis mecrepku
touek By, C1, Ay, Ay, F, T. Tloayunwm, aro A’ X napamtensaa A;Ch. Obo3HAYMM TOUKY Mepecede-
aust BiCy ¢ BC3aY, BiK ¢ BC3a Z,aAFcBC3zaZ (X, Z,A,Y)=(T,K,A;,C;) =—1=
(AX,AE AAACY) = (X,Z'A,Y). Buauur, Z = 7.

4. Ilpunocum cBOU U3BUHEHUs, HO JIOKA3aTE/IbCTBO ITOrO IIyHKTa OYIeT IPUBE/IEHO 1032Ke. Bo3MOKHO
OHO y2Ke eCTh Ha caiiTe KOH(pEpPEeHINN.

5. [lycre GG’ u BB’ BropuuHo mepecekatorcst ¢ runepbosioil Peiiepbaxa B Toukax X u Y cOOTBeT-
crenno. (A, C, L, X) = (GA,GC,GLg,GX) = (GA,,GC,,GE,GG") = -1 = (AB,CB,A'C'",BB’) =
(A,C, Lp,Y). Buaunr X =Y.

6. Ilokaxkem, uro D — obpa3 romoreruu ¢ 1earpom B M u koddpdurmentom —2. [leiicTBurebHo,
pu 31oit romorerun, By nepexonut B B, F'By B BB', F'G' B cebst, F' B D, 0Kpy:KHOCTH Diljepa B
OIMCAHHYIO0. 3HAYNT, TaK Kak F JIeXKUT HA OKPYKHOCTH Ditiepa, To [ JeKUT Ha OMUCAHHOM.

7. Ilpu roit ke romorerun, cepeauna CyAg nepexoaut B By, 3naunt F'Opg nepexoaur B LgBy. Torna
LBy Tak xKe mnpoxoaut depes D.

8. IIpuHOCKHM CBOM M3BUHEHUS, HO JIOKA3ATEIbCTBO ITOIO IIYHKTA OYIET NPUBEJIEHO 1M03Ke. BO3MOXKHO
OHO y2Ke eCTh Ha caiiTe KOH(epeHInN.

9. B vactu X [10Ka3bIBA€TCs, YTO CYIIECTBYET JLINIIC IPOXOAImii uepe3 Ag, A1, By, By, Co, Cr 1 F.
[Tokazkem, 9TO BCe TPHU MPsIMbIE ABJISIOTCS €r0 JraMeTPaMu, TO €CTh IPOXOJAT Uepe3 ero MeHTp.
[Ipsmast FOp npoxomut depes cepeaunbl AgCy n BoCh, TO ecTh ABJISIeTCsS THAMETPOM SJLIUIICA,
coorBercTBytoiuM Hampasiaeanio AC. Orcioja Tak:Ke cjegayer, 9To KacaTe/bHble K JJUINICY B
TOYKax Iepecederns ero ¢ upamoit FOg — F u S mapautenbasl AC. Eciin npuMeHnTh TEOpeMy
[Tackanga x mecrepke Todek By, Cy, C1, A1, Ag, By, TO mojiydnm, 9T0 KacareabHas K SJIIAICY B
touke By mapamiensna C1A;. Torma npsmast By FE sBiisieTcs [uaMeTpoM SJIIAICA, TaK KaK IIPOXO-
JIAT depes3 cepeauny Xopabl ajunica, A;C] n yepe3 ToUKy, KacaTeabHas B KOTOPOIl mapaJiiebHast
s1oit xopae. Ocranoch nokasaTh, uro BB’ — Toxke muamerp. s 3TOro mokarkeM, 4To ero moJjo-
COM OTHOCHUTEJIbHO 3JLIUICA $BJISIeTCsl GECKOHEUHO yiajenHas Touka. Tak kak A1Cy || AgCh, To
nonoyinu Tpoitku B, Cp, Ag u B, Ay, Cy 10 JBORHOIO OTHOIIEHUSI PABHOIO — 1 HOJIYYUM, 9TO IIPs-
Masl, IpoXoJdIas depe3 Hux Oyzger Toxe napasuieabna A;Cy, a snauut, u upamoit A'C’. Tenepn
mokazkeM, 4to nojsipa Touku B’ — upsamasa A'C’. Jljasa sroro mpocto 3amernm, uro mnpsimast A'CY
nepecekaetr npsmbie AgCy u A1C1 B TOYKax, KOTOpbIE JOIOIHAIOT Tpoitku Ay, Cy, B’ u Ay, By, B’
JIO TAPMOHUYECKUX.

[Ipunocum cBOM U3BUHEHUsI, HO JOKA3ATEIbCTBO JIAJbHENIINX IIYHKTOB 9TOH YacTu Oy1er nmpuse/ie-
HO 103ke. BO3MOXKHO OHO y2Ke eCTh Ha caiiTe KOH(EepEeHITUN.



Strange propeties from strange condition.
Project produced by F.Ivlev, V.Mokin, A.Zaslavskiy, O.Dmitriev and R.Genodarov.

General statement of problem.

Given a triangle ABC'. Let Ay, By and Cj be the middle points of its sides, Ay, By, C; be the touching
points of incircle with sides BC, AC and AB respectively. Denote intersection point of lines AA;, BBy,
CCy by G (we will call it Gergonne point). Let I be the incenter of triangle ABC, O is circumcenter of
ANABC, H is common point of triangle’s altitudes, F' is Feuerbach point of AABC.

We impose only one condition on the triangle: points A, I, G and C are concyclic.

Quantifier V in brackets before the statement of a problem means that following fact is true for any
triangle (not only for triangle with our condition). Note that absence of this sign does not mean that
this condition is needed.

Part A.

1. (V)Prove that angle ZAIC = 90° + £2.
2. (V)PTOVG that ZAIC + éAlBlCl = 180°.

3. (V)Prove that line passing through A; parallel to bissector of angle ZC' intersects line through C4
parallel to bissector of angle ZA in point which is opposite to point Bj in incircle.

4. Prove that if points A, G, I and C are concyclic then forth vertex F’ of parallelogram A;GC:F’
lies on incircle.

5. (V)Prove that G is a Lemoine point of triangle A; B;C}. Lemoine point is a point which is isogonal
conjugative to center of gravity of triangle.

6. Prove that in our case center of gravity of triangle A;B,C} lies on circumcircle of triangle A;IC,.
7. Construct a triangle with our condition and given angle ZB. For instance by vertex B and incircle.

8. Prove that angle /B is less than 60°.



Part B.

Let intersection point of AA; with incircle which is different from A; be @), and the same for CCY is
P. Let K be moving point on incircle. Denote intersection point of K P with BC' by P’, and K@ with
AB by Q.

This part is not necessary for following parts of project.

1.

9.

10.

Prove that line passing through P parallel to BC' and line passing through @) parallel to AB
intersect in a point on incircle. Denote this point by T'.

Find locus of midpoint of segments P'Q)".

Let A;Cy intersect AC' in point R. We draw lines parallel to AB and BC' through point R and
intersect them with BC and AB in points P; and (), respectively. Prove that lines PP, and Q@)
have a common point on incircle.

(V)Prove that points P, Q and R are collinear.

Let P, be intersection point of B1Cy and BC' and ()5 be intersection point of B; Ay and AB. Prove
that lines PP, and Q)7 intersect on incircle.

Prove that line which passing through midpoint of segment AC} and ) and line which passing
through midpoint of segment C'A; and P intersect on incircle. From this time point K is this
intersection point. It start be fixed. Points P’ and @’ are fixed also and equals P’ and ()’ for this
position of K.

Prove that points 7', K and B lie on one line.
Prove that lines BK and BF” are isogonal conjugative in angle /B.
Prove that points K, G and F” are collinear.

Let E be midpoint of the segment A;C;. Prove that F is incenter of triangle P'Q)’'B.

Later we will not be needed in points P, @, P, @' and R (may be sometimes we will use last one).
We recommend you draw your picture again without these points.



Part C.
Three lines passing through Feuerbach point.

Still this part is very important for the project but very difficult we allow using in solutions previous
facts without proof. Also it will be allowed using in future solutions items from this part without proof.
In this part there are fact which are true for all nonisosceles triangles so we omit sign V before items.

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Let points A’, B, C' be the intersection points of the respective sides of triangles AqByCy and
A1 B, (4. Prove that the vertices of triangle ABC' lie on the sides of triangle A’B’'C’

Prove that triangle A’B’C” is autopolar with respect to (later wrt) the incircle. I. e. each of its
sides is the polar line of the opposite vertex.

Prove that lines AA’, BB', CC" are parallel.

Prove that line IG passes through the common points of the corresponding sides of triangles
AlBlCl and A'B'C".

Let M be a centroid of triangle ABC'. Prove that line I M passes through the intersection points
of the respective sides of triangles AyByCy and A’B'C".

Prove that lines AA’, BB’, C'C" are parallel to a line passing through the intersection points of the
respective sides of triangles A; B;C; and ABC'. 1. e. they are parallel to a polar of G in incircle.

. Let C4 be an intersection point of C'I and C;A; and Cg be an intersection point of C'I and C}B;.

Points Ag, Ac, Ba, Be are defined by the same way. Prove that points A, C;, C4, I are concyclic.
Prove that C4 lie on ByC).
Prove that circumcenter of triangle C4CgC} is point Cj.

Prove that points Cy4, Cp, Ap, Ac lie on one circle which is orthogonal to the incircle (two circles
are orthogonal if their tangents in common point are orthogonal). Denote this circle by wp. Three
analogous circles denote by w4 and we respectively.

Let circles w and 7 be orthogonal and let P and () be their centers respectively. Prove that the
polar of P wrt v, the polar of ) wrt w and the radical axis of v and w coincide.

Given inscribed quadrilateral ABC'D. Let N be a common point of AB and C'D, M be a common
point of BC' and AD, and P be a common point of AC' and BD. Prove that NM is the polar line
of P wrt circumcircle of ABC'D.

Denote the center of wp by Opg. Points O4 and Og are defined similarly. Prove that Op lie on
A'C.

Prove that the midpoints of the sides of triangle ABC' lie on the sides of triangle O 4 OgO¢.

Prove that triangle AygByCy is orthotriangle of triangle O,OgO¢. That is points Ag, By, Cy are
the feet of the altitudes of triangle O,OgO¢.

Let Mp be a midpoint of side O40¢. Points M4 and M are defined by the same way. Prove that
triangles A;B1Cy and M4 MpgMc are homothetic.

Prove that points B’, Mp and B; are collinear.

Prove that lines A1 A", BiB’, C1C’ pass through the Feuerbach point of triangle ABC'



19.

20.

21.
22.

23.

Prove the Feuerbach theorem. I.e. the incircle and the Euler’s circle of a nonisosceles triangle
touche.

Prove that the tangent to the incircle through F' passes through the common points of the
corresponding sides of triangles ABC' and A’B'C".

Prove that points Be, Cpg, Ay, Ap are concyclic.
Prove that F' lies on the circle from previous item.

Invent another proof of the fact that line A; A’ passes through F.



>

o

© ® N o

10.
11.
12.
13.
14.

15.

16.
17.
18.

19.
20.
21.

22.

Part D.

. Let A” be an intersection point of F’A; and B;C;. Points B” and C” are defined similarly. Prove

that triangle A" B”C" is autopolar wrt the incircle and the vertices of triangle ABC' lie on their
sides.

Prove that the points which are symmetrical to points A and C' wrt A; and C respectively lie on
line A”C".

Prove that BC1AqC” and BA;CyA” are parallelograms.

Prove that F' = F. l.e. I’ is the Feuerbach point of triangle ABC'

Let a be a length of BC, b be a length of AC and ¢ be a length of AB. Prove that (a+c—b)? = ac.
Prove that if (a + ¢ — b)* = ac then our condition (about point A, G, I and C) is true.

Prove that F'is a centroid of triangle A'ByC".

Let S be midpoint of A’C’. Prove that F'By pass through it.

Prove that S is a midpoint of segment BOgp.

Prove that SF is parallel to BB;.

Prove that OgF is parallel to BB;.

Prove that F' is centroid of triangle OgACy.

(V)Let Lg be a pole of AgCy wrt the incircle. Prove that Lpg is intersection point of A’'C’ and GE.
(V)Prove that I is orthocenter of triangle ACLg.

(V)Let G’ be a point isogonal conjucated to point G. Prove that G’ is center of homotety of the
incircle and the circumcircle of the initial triangle.

Prove that G’ is symmetrical to point G wrt bisector of angle /B.
(V)Prove that points F'; G and M are collinear.

Prove that F'M is parallel to bisector of angle /B.

[4

Prove that GM is parallel to A'C".
Prove that Op is midpoint of BLg.
Prove that F' is a centroid of triangle A;LgCh.

Prove that the common point of A;C} and OI is isogonaly conjugated to Lg.



10.

11.

12.

13.

Part X.

. (Y)Prove that the image of a line which not pass through the vertices of the triangle under isogonal

conjugation is a conic.
(V)Prove that the image of line O under isogonal conjugation is a conic which tangents this line.

(V)Prove that the image of line OI under isogonal conjugation is a hyperbola with perpendicular
asymptotes. This hyperbola is called Feuerbach hyperbola.

(V)Prove that points A, B, C, I, H, G and N lie on Feuerbach hyperbola where N is a Nagel point
of triangle ABC.

(V)Let [ be an arbitrary line passing through O. Denote by [’ conic which is an image of line [
under isogonal conjugation. Prove that center of I’ lie on Euler circle.

(V)Let an equilateral hyperbola pass through the vertices of the triangle ABC and P be an arbitrary
point on it. Prove that the circumcircle of the pedal triangle of point P passes through the center
of this hyperbola.

(V)Prove that center of the Feuerbach hyperbola is a Feuerbach point.
(V)Prove that Lp lies on the Feuerbach hyperbola.

(V)Prove that line F'By, the circumcircle of triangle A;C1I and Feuerbach hyperbola have two
common points.

Prove that locus of centers of images of lines passing through I under isogonal conjugation is an
ellips which passes through the feet of bisectors, the midpoints of the sides and the Feuerbach
point.

Prove that lines ByLp and GM intersect on the Feuerbach hyperbola.

(V)Prove that intersection point of lines F'By and A;C} is a pole of line AC' wrt the Feuerbach
hyperbola.

(V)Prove that the pole of line A’C" wrt the Feuerbach hyperbola is a point which is the reflection
of Bl in F.
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10.

11.

12.

13.

14.

15.

16.

Part F.

. Let Q" be a reflection point of @ in @)'. Point P” is defined simultaneously. Prove that P"Q" = AC.

Prove that in triangle P”"FQ":

e I'B is a median.

FI is an altitude.

e F'(G'is a line joining I’ with the circumcircle of triangle P"Q"F'.

F@ is a symmedian.

Prove that line K By passes through the intersection points of A’E with BC' and C'E with AB.
Prove that line K B; passes through the intersection point of A’C’" and AqCj.

Prove that GG’ and BB’ intersect on the Feuerbach hyperbola.

Prove that F'G" and BB’ intersect on the circumcircle of triangle ABC'. Denote this point D.
Prove that line LgBj passes through D.

Denote the Feuerbach point of triangle BP'Q)" by F”. Prove that F'F" is parallel to BB;.
Prove that lines FOp, EBy and BB’ are concurrent.

Prove that the Feuerbach hyperbola of triangle P”Q)” B passes through point B’.

Prove that the Feuerbach hyperbola of triangle P”Q" B passes through Lg.

Let C] be a touching point of incircle of triangle BP"Q" with side @B. Points A} and B are
defined simultaneously. Prove that the image of line A}C] under homothety with center F' and
coefficient 4 is line A;C}.

(V)Prove that lines AgA’, ByB’, CyC’ and the tangent to the incircle through F' are concurrent.
Denote this intersection point by M’.

Prove that M’ lies on the bisector of angle /B.

(V)We intersect lines passing through F' and parallel to AA;, BB, CC; with lines AA", BB', CC’
respectively. Prove that these three points lie on line GM.

(V)We intersect lines passing through M’ and parallel to AAg, BBy, CCy with lines AA’, BB,
C'C' respectively. Prove that these three points lie on line M.



Part A.
Solutions.

. This immediately follows from calculation of angles.
. This item clearly follows from the previous item.

. It is clearly follows from the fact that the angle between bisector of angle ZA and line B,C is
right.

. This item follows from two previous and the properties of the inscribed angle.

. Let E be a midpoint of segment A;C4. Let X be an intersection point of By FE with incircle
different of B;. Let’s calculate degree of point E with respect to the circumcircle of BA;IC;. We
get BE-EI = FA;-EC,. Now write the equation on degree wrt the incircle FA,- EC, = EX-EB;.
So by BE - EI = EX - EB; we obtain that quadrilateral BX B is inscribed. I X = I B; as radii.
So angles /B BI and ZIBX are equal. Let Y be an intersection point of BB; and the incircle
different of B;. From the above we obtain that XY || A;C}. Hence lines B; X and B,Y are isogonaly
conjugated in angle ZA; B1C. Let’s project cross-ratio of points Ay, C;, E and infinity point of line
A;Cy from point X into the incircle. Since cross-ratio of the initial quadruple equals —1 cross-ratio
of images is equals —1 also. So we get that (A, Cy, By, Y) = —1 for any concyclic quadrilateral
in which tangents through two of their vertices intersect on diagonal passing through two other
vertices. As you remember such quadrilateral are called harmonic.

. It is easy to prove this fact using previous item and angles calculation.

. At first we draw tangents from point B wrt the incircle. So we obtain points A; and C;. Now
construct midpoint of A;C; point E. From previous item we know that the circumcircle of triangle
A1IC divide segment By F in ratio 2 : 1. So if we make homothety with center E and coefficient 3
then the image of the circumcircle of triangle A;ICY pass through B;. So if we intersect this image
with the incircle we obtain two symmetrical solutions of point B;. Now it is easy to construct
vertices A, and C].

. From solution of previous item clearly follows that [ must be at most than half of radius of the
incircle. From this fact it easy to prove that ZA;ICY is at least 120°. So angle /B which is equal
180° — LA, ICY is at most 60°.



Yacts B.

Pemenna.

[Tycts BTOpas Touka mepecedenusi AA; co BIMCaHHON OKPYKHOCTBHIO — TOUYKA (), & BTOpasi TOYKA
nepecedenns: C'CYy co BmcanHoit okpykuocThio — P. Teneps mycts K — Gerarormasi TOYKa IO BIIMCAHHOMN
okpyzxkHocTu. Obo3HaunMm TouKky nepecedenuss K P ¢ BC qepe3 P, a K(Q ¢ AB qepes ()'.

DTy YacTb MOXKHO He pemarTh. QakThl U3 Hee HE UCIOJIb3YIOTCA B JAJbHEHIIIEM.

1. Since ZPGQ = 90°+ ZTB, we obtain that the sum of arcs PQ) and A B is equal to 180°+ £ B. Since
arc A;C' is equal to 180° — ZB, arc PQ) is equal to 2/ B. Thus, if the line passing through ¢ and
parallel to BA meets secondary the incircle in point 7', then ZQT P = ZB. Therefore TP || BC.

2. Let point P’ move on BC with constant velocity. Then (' moves in such way that the cross-ratios of
different points P’ and @’ are equal. Therefore the correspondence between P’ and ()’ is projective.
But by previous item P’ and @)’ are infinity points of the respective lines simultaneously. Thus
this correspondence is affine, i.e. point ) also moves with constant velocity. Therefore the locus
of midpoints is a line. Considering the cases K = A; and K = (' we obtain that this line is the
Gauss line of quadrilateral AC;A;C.

3. Since the locus from previous item is the Gauss line of A;C; AC, it contains the midpoints of third
"diagonal". Let R’ be the midpoint of RB. Find points P’ and Q" on AB and BC' respectively
such that R’ is the midpoint of P'Q)’". Then P'BQ’'R is a parallelogram i.e. P’, )" coincide with P,

Q.

4. Note that the projection of a circle to the same circle from a point not lying on this circle conserves
the cross-ratios. In fact, let the center of projection lie outside the circle. Then there exists a
projective map conserving the circle and transforming the projection center to an infinity point.
The projection from such point coincides with the reflection in some diameter and so conserves the
cross-ratios. If the projecton center lies inside the circle we can transform this point to the center of
the circle. In this case the projection coincides with the reflection in the center and also conserves
the cross-ratios. Now note that quadrilateral B;CA; P is harmonic because the tangents in points
By and A; meet on diagonal C P. Consider the projection of this quadrilateral from point Rto the
same incircle. It interchanges points A; and C; and fixes B;. Thus the image of P is the fourth
harmonic point for By, Ay, C1, i.e. point (). Therefore P, () and R are collinear.

5. Points R, By, A, C are harmonic because the Gergonne triangle is cevian. Project these points
from the infinity point of AB to BC. Let the images of R, A, C, By be P,, B, C, Bj respectively.
Project these four points from B; to AB. This projection transforms Bj to the infinity point, fixes
B and transforms C' to A. Since four points are harmonic it transforms P; to the midpoint, i.e.
P, = P,. Now use the assertion of problem 2.

6. Note that if P = A then @)’ = Ay, and if P’ = C then Q' = C. Therefore when one of points is
the midpoint of the corresponding segment the second one also is the midpoint.

7. Consider the projection of line BC' from P to the incircle. It transforms P’, A;, C and the infinity
point to K, Ay, C; and T respectively. Since the cross-ratio of these points is equal to -1, the
diagonal T'K passes through the common point of tangents in A; and Cf.

8. Arcs T'Cy and C;(Q are equal because the tangent in C is parallel to QT. Arcs C1Q) and A F’ are
equal because C1F” || QA;. Thus arcs C;T and F’'A; are equal which yields the symmetry wrt the
bisector of /B.

9. See the solution of problem 5 from part A. Inversing its reasoning and using two previous items
we obtain the assertion of the problem.



10. Consider the homothety with center K transforming P to P’. It transforms 7" to B and thus the
image of @) is ()'. Since QQ'E is parallel to QG as medial line, we have thatit transforms G to M.
Since PG passes through the midpoint of arc QT', P(Q is the bisector of triangle PQT'. Then QQA;
also is the bisector. Therefore G is the incenter of triangle Q7' P. Thus its image M is the incenter
of triangle Q'BP’.
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11.

Part C.
Solutions.

. Let lines BC" and AC meet in point R. For prove that B lies on A'C’, it is sufficient to prove that

cross-ratios (A, Cy, B,C) and (A, By, R, By) are equal. By the Ceva theorem éocjg = gOBg . i?]g,

élcé = gfcl . gf‘é. From this and an equality (C, Ay, B, A1) = (C, By, R, By) (projection from C")

we obtain

ACy CiB AB, CAy BA, CB; AB, CBy, Bi\R CB; AB, BiR
CyB AC, B,C A,B A,C B/A B,C ByR B,C B/A ByR AB;

Let lines A;C; and AC meet in point R. Project cross-ratio (A, C, By, R) = —1 to line B;C} from
point B’. This projection transforms C, A, R to A’, X, Cirespectively and fixes Bj. Therefore
(B1,C1, A", X)) = —1, i.e. the polar of A" passes through X and the pole of B;C; coinciding with
A. Thus it is line AX which coincide with B'C" by previous item.

Lemma. Let triangle A; B;C} be cevian for ABC. Points A’, B’ and C” on its sidelines are such
that the vertices of triangle ABC lie on the sidelines of triangle A’B’'C". Let Ay be the common
point of B;C; and BC. Points By and Cy are defined similarly. Then lines AA’, BB, CC" and
Ay ByCy concur.

Proof. Consider triangles CA’Ay and C'ACy. We have CA' N C'A = B, A/Ay N ACy = (4,
AoCNC'Cy = A1, and these three points are collinear. By Desargues theorem lines CC’, AA’, AqgCy
concur. Since points Ag, Cy, By are collinear (clearly follows from Ceva and Menelaos theorems),
we obtain the assertion of the problem.

Now note that in our case one of considered triangles is medial. Thus the corresponding lines meet
on the infinity point, i.e. they are parallel.

Use the Pappus theorem to points A, By, C and C;, B’, Ay, and after this to points A, By, C' and
Cp, B', Ap. (see problem 7)

Similarly to previous item use the Pappus theorem to points A, By, C' and Cy, B’, Ag, and after
this to A, By, C' and Cy, B’, Ac. (see problem 7)

Use the lemma of problem 3 to the Gergonne triangle.

/B = 180° — LA - /C = LBAlCl = ISOO;ZB = ZA—gZC = Z(AlB, A101) = Z(AlC, C]) +
L(AI, ACY) = ZL(AI, ACY) = L(A1B, A1Ch) — Z(ALC, CI) = L(A1C, A1Cy) — L(C Ay, CCy) =
L(IC, CAy) + L(AL1C, C1Cy) = L(ICy, CaCh). Therefore A, Cy, Cy, I are concyclic.

By previous item C'4 is the projection of A to the bisector of angle B. Thus angle AByC'4 as central
angle in triangle ACCY is twice greater than angle C' of this triangle, i.e. it is equal to angle C' of
triangle ABC'. Therefore BoC' 4L BC, and C}y lies on the medial line.

Since CyC'y is parallel to BA;, triangle C,CyC'4 is isosceles. Thus CyC = CyC 4. Similarly CyC =
CoCp.

The circle from previous item is orthogonal to the incirle because it passes through Cjand its center
lies on the tangent to the incircle in this point. Since C'y and Cp are collinear with the incenter,
they are symmetric wrt the incircle. This is also true for points Ag and Ag. Thus IC4 - ICg =
r? = IAgp- I Ac, where 7 is the inradius. Therefore these four points lie on the circle which is fixed
under the inversion and so is orthogonal to the incircle.

By the properties of polars and radical axis all these lines coincides with a common chord of given
circles.



12.

13.

14.

15.

16.

17.

18.

19.

20.
21.
22,

Using the Pascal theorem to points A, B, B, D, C', C we obtain that the tangents in B and C
meet on line N P. Similarly the tangents in A and D meet on this line. Conisder now the polar of
point M. This line passes through the poles of BC' and AD. By above it is line PN. Thus M is
the pole of PN. Similarly for two remaining points.

Point Op lie on A'C" iff the polar of Op wrt the incircle passes through the pole of A'C" i.e. point
B’. Since wp is orthogonal to the incicrle the polar of Op wrt the incircle coincide with the polar of
I wrt wg. But for quadrilateral CgC4AgAc inscribed into wp gerbipexyroibuuka I is a common
point of the oppsite sidelines, and B’ is a common point of the diagonals. Thus the polar of I
passes through B’.

Since wpg, wa and the circumcircle of triangle C'4CgC} passe through points C4 and Cp, their
centers are collinear.

By previous item OgO 4 is perpendicular to C'4Cpg, which is the bisector of angle C'. Then it is also
perpendicular to the bisecor of angle Cy of triangle AyByCy. Therefore the sidelines of O,40Og0O¢
are the external bisectors of AyByCy. This clearly yields the assertion of the problem.

The sidelines of these triangles are perpendicular to the corresponding bisectors of original triangle.

Project cross-ratio (A, C, By, R) = —1 from B’ to O40¢. This projection transforms A, C' and R
to 04, O¢ and infinity point respectively. Thus it transforms By to Mp.

Note that M4, Mg, M¢c, Ay, By, Cy lie on the Euler circle of triangle O 4OpgO¢. Then the homothety
center of triangles Ay B;C} and M, MpgMc is also the homothety center of their circumcircles, i.e.
the Euler circle of original triangle (because was,amznme = Wa,B,c, = is the Euler circle of original
triangle) and its incircle. Therefofre this homothety center coincide with the Feuerbach point. But
by previous item line M 4A; passes also through point A’. Thus A; A’ passes through the Feuerbach
point.

Since AyByCy is the medial triangle of ABC' and the orthotriangle of O 4OgO¢, the Euler circles of
these two triangles coincide. Thus points M4, Mg, M¢ lie on the Euler circle of original triangle.
But triangles A; B;C7 and M4 MpgM¢ are homothetic, so their circumcircles are also homothetic. It
is sufficient to prove that the homothety center lie on one of these circles. Let AA’ meet the incircle
in point R. Since B’ lies on the polar of A’ wrt the incircle and on the diagonal A;C; of quadrilateral
A1 B1C1 R, we obtain that B’ is the common point of the diagonals of this quadrilateral. The same
is true for C'C”. Thus the homothety center lies on the incircle and the circles touche.

This problem is dual to item 18.
See the solution of the next item.

Lemma 1. Z(AoF, FA,) = (L(CA, CB) + Z(BA, B())/2.

Proof. Prove that Z(AoF, FH) = Z(CA, CB)+ Z(BA, BC), where His the foot of altitude from
A to BC. Then the sought assertion will follow from Archimedes lemma. Note that Z(AoF, FH) =
Z(AoBy, BoH) because all these points lie on the Euler circle. Also since By is the midpoint of the
hypothenuse of right triangle AHC', we have Z(CA, CB) = £(CBy, CH) = Z(HC, HB,). Thus
Z(AoBy, BoH) = Z(AoBy, AoH) + Z(AoH, HBy) = Z(BA, BC) + Z(CA, CB), q.ed.

Lemma 2. Points B¢, Cpg, Ay, Ag and F are concyclic.

Proof. Prove that Z(AyCp, CgA;) = Z(AF, FA;). Since Cpl A1 B is cyclic we have Z(Cpl, CpA;) =

Z(BI, BA)) = Z(BA, BC)/2. Since CpAy = AyC, we obtain an equality Z(A¢Cp, CpC) =
A(CCB, CAO) = A(CA, OB)/2 From this Z(AQCB, CBAl) = A(A()CB, CBC)+Z(CBC, CBAl) =
(L4, CB)_QM(BA’ BO) — L(ApF, FAy). Thus Cp lies on the circumcircle of AA; AgF'. Similarly Be
lies on this circle.




23. We proved that A F is the radical axis of the incircle and the circumcircle of triangle Cg BoAj.
Thus it is sufficient to prove that A’ lies on this line. Note that A’ is the homothety center of
triangles CyC1Cp and ByBcB; because the corresponding sidelines of these triangles are parallel.

Therefore f/’gé = I:I,CB’f, and we obtain an equality of degrees: A'Cy - A'B; = A'Cp - A'Be.
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Part D.

. Triangle A” B”"C" is autopolar because its vertices are he common points of quadrilateral A;B;CyF”.

Since a polar A;B; of point C' passes through C”, a polar A”B” of C" passes through C'. Similarly
for remaining vertices.

Let X be a common point of AA; and A”C”. The cross-ratio of A, B, C; and the common point
of AB and A;B; is equal to —1. Projecting these points from C” to AA; we obtain that A; is the
midpoint of AX.

The homothety with center A and coefficient 2 transforms line CyA; to line A”C”. Thus these lines
are parallel. Using the homothety with center B transforming CC; to A;F’ we obtain that the
midpoint of A’A; lies on AB. Thus BA;CyA” is a parallelogram.

By previous item C” lies on the medial line of ABC parallel to AB. Then C” = (. Similarly
A"=A" Thus F' = F

By problem 3 CyA; is parallel to C1 Ay, i.e. BCy, - BA; = BCy - BAy. Expressing these lengths
through a, b, ¢ and multiplying to 4 we obtain the sought equality.

Given equality yields that CyA; is parallel to C1Ay. Construct parallelograms BC; A C” and
BACyA”. Line A”C" passes through B. The homothety with center A and coefficient 2 transforms
line CyA; to A”C". Let it transform A; to point X. Projecting from C” points A, X, A; and infinity
point of AA; to line AB we obtain that the cross-ratio of A, B, C; and the common point of AB
and A;C"” is equal to —1. Thus A;C" passes through B;. Then C” = (' i.e. triangles BC;C" and
BAX have a common median. Therefore they are homothetic with center B. So C;C" is parallel
to AA; and GC1F A; is a parallelogram. Now our condition follows from an angles calculation.

By problem 3 C'F passes through the midpoint of BAy. Using the homothety with center C’ we
obtain that C'F passes through the midpoint of A’By, i.e. C'F' is the median of triangle A’ ByC".
Similarly for A'F.

By previous item ByF' is the median of triangle A’ ByC’

Since Op is the circumcenter of triangle AgByCy we obtain that OgCyA;C" is a parallelogram, and
by problem 2 BA;CyA’ is a parallelogram. Thus A'B = CyA; = OgC".

Line SM as Gauss line of A;B;C{F passes through the midpoint of F'B;. Thus as medial line of
triangle F'G B it is parallel to BBj.

By previous item SM is parallel to OgF'. Then F' and Ogp lie on the reflection of line OgF in SM,
because they are the reflection of G in M and the reflection of B in S.

Since S is the midpoint of BOg and F' divides ByS in ratio 2 : 1 we obtain that F' is the centroid
of triangle ByOpB. Then the median of this triangle from Opg also is divided by F' in ratio 2 : 1.
Thus the endpoint of this median coincide with the midpoint of BBy, and so with the midpoint
of CyAg. This yields the assertion of the problem.

Consider the polar transformation. Since B’ lies on CyAy we obtain that Lp lies on A’C’. Now we
hawe to prove that the polars of G and M meet on the medial line. Note that the polar of G is
parallel to BB’ and passes through the common point R of A;Cjand AC. The polar of M passes
through B and is parallel to A;C}. Points B, B’, R and the common point of the polars form a
parallelogram. Since the midpoint of BR lies on AqCy and B’ also lies on this line, then AyC)
passes through the common point of the polars of G and M.
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Since Cg lies on AyCy, Lp lies on its polar, i.e. line ACy, thus ALg L CI. Similarly AI1CLpg
and we obtain the sought assertion.

By angles calculation we obtain that the reflections of vertices of Gergonne triangle in the corresponding
bisectors form the triangle homothetic to the original triangle. Thus the lines joining the corresponding

vertices of these triangles pass through the homothety center of the incircle and the circumcircle.
But G’ is the common point of these lines.

Clearly A, G, I, G' and C lie on the circle with center on the bisector of angle B, and G’ lies
inside the triangle. Also G’ lies on the line symmetric to BG wrt the bisector of B. This yields the
assertion of the problem.

Clearly follows from three homothety centers theorem for the incircle, the circumcircle and the
Euler circle.

Since A; and C) are symmetric wrt the bisector of angle B, and A; FC,G is a parallelogram we
obtain using two previous items that A FC1G’ is a delthoid with diagonal FM. Thus FM is
perpendicular to A;C and parallel to the bisector of angle B.

In next item we will prove that Opg is the midpoint of BLg. Therefore OgF' is a medial line of
triangle LgBG. Thus F' is the midpoint of LgG. Then F divide LgFE in ratio 2 : 1.

ALpg is parallel to CyOp as two perpendiculars to C'I. Thus the homothety with center B and
coefficient 2 transforms Op to Lp.

LgF is the median of triangle A;LgC; and by previous item F' is the midpoint of LgG. Thus F
divide LgM in ratio 2 : 1. Then F' is the centroid of triangle A, LgC}.

Let point X be isogonally conjugated to L. Since Lp lies on the Feuerbach hyperbola (see part
X), X lies on line OI. Prove that X lies on line A;C}. Let X’be the reflection of X in the bisector
of angle B. Since OI passes through G’, this reflection transforms OI to IG. Also it fixes line
A;C4 and transforms line BX to line BLg, i.e. to line A’C’. Lines A’C" and A;C} meet on IG as
corresponding sidelines of triangles A’B’C" and A;B;C;. Thus X’ lies on A;C4, and so X also lies
on this line.



Part X

. Take two vertices and the images of three arbitrary points on the line. They define some conic. Take
an arbitrary fourth point on the line. When we conjugate the corresponding lines in two angles the
conjugated lines intersect the conic at the same point because the reflection in the bisector saves
the cross-ratios of four lines.

. Clearly I is a common point. Suppose that there exists another common point X. Then its
isogonally conjugated point X’ also lies on the line and the hyperbola. But a line and a conic
can’t have three common points.

. Lemma. A circumconic of a triangle is an equilateral hyperbola iff it passes through the orthocenter.

Proof. The isogonal image of a circumconic is a line because five points define an unique conic.
When the conic passes through the orthocenter the corresponding line passes through the circumcenter.
This line meets the circumcircle at two opposite points. Thus the conic has two infinity points
corresponding to two perpendicular directions.

The problem immediately follows from the lemma.

Let R the midpoint of arc BC of the circumcircle of ABC'. Then OR is parallel to I By, and external
angle ZBOR is twice greater than angle BRO, which is equal to ZB;IR. Thus the reflection of
1By in IR is the line parallel to OB. Therefore the tangent to the incircle in X is parallel to the
tangent to the circumcircle in B, and this immediately yields the assertion of the problem.

. Point I is isogonally conjugated to itself, A, B and C are isogonally conjugated to the common
points of OI with the sidelines, H is isogonally conjugated to O. SinceG’ is the homothety center
of the incircle and the circumcircle, G’ lies on OI. Thus Glies on the hyperbola. Similarly for N:
N’ is the second homothety center of the incircle and the circumcircle.

. Let [ meet the circumcircle in points X and Y. Then X and Y are isogonally conjugated to infinity
points X’ and Y” of the hyperbola, O is conjugated to H. Let Z be conjugated to the infinity point
of I. Since (X,Y,0,7) = —1, the cross-ratio of the conjugated points is the same. Project this
cross-ratio from X’ to line HZ'. This projection transforms Y’ to the infinity point of this line.
Since H and Z' are fixed, the projection of X’ is the midpoint of HZ’. But the projection of X’
lie on the tangent to hyperbola in X', i.e on the asymptote of the hyperbola. This yields that the
midpoint of Z’'H is the center of hyperbola. Finally note that H is the homothety center of Euler
circle and the circumcircle and Z’ lies on the circumcircle as the image of infinity point Z’. Thus
the center lies on the Euler circle.

. See the solution in book “Geometrical properties of conics”.
. Follows from previous item.

. Since Lp is the orthocenter of triangle ACT, the soyght assertion follows from the lemma of problem
3.

. Note that there exists exactly one point of line BI such that its polars wrt the hyperbola and the
circle coincide. It is the common point of the diagonals of the quadrilateral formed by the common
points of these two conics. Take now a common point of Bland F'B;. Its polars pass through
the point which is the fourth harmonic for our point B and I. The polar wrt the circumcircle is
perpendicular to BI because BI is a diameter. The polar wrt the hyperbola is also perpendicular
to BI: the polar of F is the infinity line because F' is the center of the hyperbola. The polar of B;
is the line A;C}, because the corresponding points on lines AC' and BG are harmonic. Thus the
pole of B; Fis the infinity point of A;C1, i.e. the point corresponding to the direction perpendicular
to BI. Therefore the common point of BI and F'B; lies on tyhe common chord of the hyperbola
and the circle.
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Lemma. Let A and B be two point on an equilateral hyperbola. A circle with diameter AB meets
the hyperbola at points P and (). Then P(Q) passes through the center of the hyperbola .

Proof. Let H be the orthocenter of AP(Q. Since the hyperbola is equilateral H lies on it. Note
that HPBQ is a parallelogram. Since its vertices lie on the hyperbola its center is the pole of the
infinity line, i.e. the center of the hyperbola.

Now we have that the common chord passes through the common point of BI and FBy. Also it
passes through the center F' of the hyperbola. Therefore it coincide with F'Bj.

Line GM is parallel to A'C’, and F is the midpoint of GLg. Thus GM is the reflection of A’C’
in F'. Line LgBy is parallel to OgF and BB;. Thus LB is the reflection of BB; in F. Since the
Feuerbach hyperbola is symmetric wrt F', we obtain the assertion of the problem.

It is sufficient to prove that the poles of F'By and A;C; lie on AC. The pole of A;C} is point B;
clearly lying on AC'. The pole of F'Bj is the common point of polars of points F' and By. But these
both polars pass through the infinity point of AC.

Denote the reflection of By in E as X. Then B;A; X is a parallelogram. Prove that the polar of
A’ is the line passing through A; and parallel to B;C}.

Lemma. The polar of A; wrt the Feuerbach hyperbola is line B;C}.

Proof. Consider passing through A; line BC'. The fourth harmonic point for A;and two common
points of this line with the hyperbola (B and C') is the common point of B;C and BC' Take line
AA;. Tt meets the hyperbola at points A and G. The fourth harmonic point for these three points
is the common point of B;C; and AA;. Thus the polar of A; is the line B;C}.

Use the lemma. Since A’ lies on B’C’, its polar passes through the pole A; of this line. On the
other hand A’ lies on line F'A;. Thus its polar passes through the pole of this line. But this pole
is the common point of the polars of F' and A;. The polar of Fis the infinity line. By the lemma
the polar of A; is line B;C. Thus the pole of our line is the infinity point of line B;C}. Using the
similar fact for point C’ we obtain the sought assertion.



Part F.

. Since triangle GC1Q is isosceles and QC1Q" A is a parallelogram, we obtain that AGQ1Q" is an
isosceles trapezoid. Similarly BG P, P" an isosceles trapezoid. By angles calculation we obtain that
Q", G and P” are collinear. Then P"Q" = P"G + GQ" = AC, + CA, = AB, + CB, = AC.

. The tangent in F' is parallel to QP and Q" P”, also it is antiparallel to C; A; wrt angle C; F'A;. Thus
quadrilateral is Q"C1A; P" is cyclic. Since F'G is the median of triangle F'A;C1, it is the symedian
of triangle P"F(Q". By angles calculation we obtain that F'B and F'G are isogonally conjugated
wrt angle A;FC,. Thus F'B is the median. F'I and F'G’ are the radius of the circumcircle and
the altitude of triangle F'CyA;. Therefore they are the altitude and the line passing through the
circumcenter of triangle FFQ"P".

. Denote the common point of B;7T and BC' as X. By Pascal theorem for points By, C;, Ay, Ay, F,
T line A’X is parallel to AC,. Let Y, Z, Z' be the common points of B;C; and BC, B; K and BC,
A'E and BC respectively. We have (X, Z, A1,Y) = (T, K, A;,Cy) = -1 = (AX, AE A AACY) =
(X,Z',A1,Y). Thus Z = Z'.

. Let GG" and BB’ secondary intersect the Feuerbach hyperbola in points X and Y respectively.
(A,C, L, X) = (GA,GC,GLp,GX) = (GC,,GB,,GBE,GG") = -1 = (AB,CB,A'C',BB') =
(A,C, Lg,Y). Thus X =Y.

. Prove that the homothety with center M and coefficient —2 transforms F' to D. In fact this
homothety transforms By to B, F By to BB’ and fixes F'G’. Then it transforms F' to D. Since F
on the Euler circle, D lies on the circumcircle.

. The homothety from previous item transforms the midpoint of CyAy to By, thus it transforms
FOpg to LgBy. Then LgBy passes through D.

. In part X we proved that there exists an ellipse passing through Ay, A, By, Bi, Cp, C1 and F'.
Prove that our three lines pass through its center. Line F'Op passes through AyCy and ByC', thus
it is a diameter conjugated to direction AC'. This yields also that the tangents to ellipse in its
common points F' and S with FOpg are parallel to AC. By Pascal theorem for points By, Cy, C1,
Ay, Ag, By the tangent in By is parallel to C;A;. Thus ByFE is a diameter.

Solutions of other items may be on the official site of conference.






JIpobubie nrepaiun PyHKITAIA.

IIpoexm npedcmasasrom
A.Kaneawv-Beaos, B.Byzaenxo, C.I'puzopves, H. Kyodwx, U. Mumpogparos, A.Ilemyzxos, B.Pperkun

Beem mspectro obosnadenne ™ (x) = f(f(...z)...) (n pas). Takne byHKIMN Ha3HLIBAIOTCS
umepayuamu dyukiun f. Ecan f obpatuma, ToO MOYKHO OIMPEJICIUTD €€ UeAble UMEePAyUL, TOJTOXKNB
fE = (M) JTerko y6emurhbes B Tom, uro (fM)M) = fm) iy f0) o fm) — flntm)

A BoT Kak onpeuesnth dpobruie umepayuu? Iro taxoe, ckaxem, f(1/?)(z)? Ecrecrsenno sTo
OIIpee/nTh Kak GYHKIMIO ¢ Takyio, uto ¢'%) = f. Oupenenus @ynryuonanvnse xopru f/™ | zarenm
MOKHO €CTEeCTBEHHO OIPEIe/INTh PAllMOHAJbHBIE CTereHn [ (m/n) — (f 1/ ”))(m), 7, KaK NpeJC/IbHBINA
nepexo/l, BerecTBenHble urepanui. (/lasee XoueTcs MOHATH U 9TO TaKOe KOMILTEKCHbIe ureparuu?
JlazKe — p-aJindecKue. )

Pazymeercs, va 9Tom 1myTH ecTh TpyHOCTH. He Bee Tak mpocTo jaxe ¢ obparnMocthbio. Curyariust
¢ pYHKIMOHAJBHBIM KOPHEM eIle XUTPEee.

Yro6bI IIPOBECTH TIOJTHOE UCC/IE0OBAHIE, HAJIO U3y IUTh /ISl Hadajia OObIYHbIE uTeparii (PyHKITHI
1 QyHKIMOHAIBHBIE KOPHU, B TOM YHUCJIE U C YUCTO TEOPETUKO-MHOXKECTBEHHON TOYKHN 3peHust. Kpome
TOTO, CJIEAYET PACCMOTPETh YaCTHBIC CJIydan, KOTJa 3a/a4a JIerKo 0epercs.

1 @PyHKIIMOHAJbHbIE KOPHU

1. a) Cymecrsyer m dynxmus g, takas uro ¢ (z) = cosz?
6) Cymectsyer mm dbynkiua g, takag uto ¢ (z) = sin x?

B) Te ke BOIPOCHI, €c/ii TOTPEOOBATH HENPEPBIBHOCTD (DYHKITUHU (.

2. a) Cymecrsyer jm dynKkuus ¢, Takas aro ¢ (z) = e=*?

r) Te ke BopoCkI, e TOTPeHGOBATH KOHEIHOCTD YHC/IA TOYEK PaspbiBa (DYHKIUA (.
6) Tor ke BopoOC, ec/u MOTPedOBATH KOHEYHOCTh YUC/IAa TOUYEK PaspbiBa (DYHKIUH §.

3. a) Cymecrsyer jm dbyuknus f, oupenesnennas Ha narepsase (—1, 1), rakas aro f(f(x)) = —z?

6) Cymecrsyer sm byukmus f : (—1,1) — (—1,1), onpenenennas wa unarepase (—1,1) ¢
KOHEUIHBIM THCJIOM TOYEK PaspbiBa, Takas daro f(f(x)) = —x7

B) CymecrByer s byukrus f : [—1,1] — [—1, 1], oupenenennas Ha orpeske [—1, 1] ¢ KoHEeIHBIM
YHCJIOM TOYeK pas3pbiBa, Takas aro f(f(z)) = —a?

4. % CymecTByeT Jin BCIOAY OlpejeeHHass (pyHKINS f, ¢ KOHEIHBIM 9HCJIOM TOUYEK pa3phiBa,
takast 910 f(f(x)) ectb MOHOTOHHO yObIBatoImast yHKIwsA?

5. a) CKOJIbKO [IepecTaHOBOK U3 4 5JIEMEHTOB SIBJISIIOTCSI KBAJATOM TI€PECTAHOBKU !

6) Omuimre Bce MepecTaHOBKU U3 9 9JIEMEHTOB, SIBJISIONIHECs KyOOM MepeCTaHOBKH.

2 JIpoOHble nTepaluy HEKOTOPBLIX 3JIeMEeHTaPHBIX (OyHKITIA

1. Onpenenure apobHbIE UTEepalun GYHKIUU f, ecian

a) f(x) =z + ¢
6) f(z) = az,

B) f(x) = ax + ¢,
r) f(z) = az™



ca) 20 ¢ R, f(z) = 22 — 2. Jlokaxure, uro |f™(2)| — oo mpu n — oo. Ilpm Kaxumx 2o
[f) (z0)] = 27

6) Bce kopHE MHOrOUIEHA ¢ TesbIMU KOdGbUIMEHTaMI 1 €O cTapimM Koadbdunmentom 1 mo
MO/TYJTIO He TTPeBOCXOmAT 1. JloKaxKnuTe, 9TO OHU SABJISIOTCS KOPHSIMU U3 €MHUITH.

B) Bce kopuu z; MHOrOwiIena P ¢ mesnbivu KosdbduimenTaMu 1 co crapimm KoabOUImeHTom
1 pazmuunbl. Ouu npuHajyiexkar orpesky |[—1.99, +1.99]. Jlokaxkure, 9T0 MHOKECTBO TaKUX
MHOT'OYJIEHOB KOHEYHO.

Hemnoro npenesion

. Ha npsgamoyro/ibayio KapTy HMOJOXKUJIA KapTy TO# »Ke MEeCTHOCTH, HO MeHbIero macmrabda. /o-
KayKUTe, 9TO MOYKHO IPOTKHYTH UTOJIKOW 00e KapThl Tak, 9TOOBI TOUYKa IPOKOJA n300parkasia
B 00eux KapTax OJHy U Ty K€ TOYKY Ha MECTHOCTH.

. Haligure nipenest nmociaeioBaTeIbHOCTH

VLA 1+ VI T+ 1+, ...

. (3amaua Apnosbia). Haiinmure npeen

lim sin(tg(x)) — tg(sin(x))
z—0 arcsin(arctg(x)) — arctg(arcsin(x))

Nrepanmuu dbynknuii. IloBenenne npu 60JabIInX n.

. Han AABC u Touka xg. Ha kaxkmom 1mare pasperiaercs BeiOpaTh ojny u3 Bepiuiua NABC,
COEJINHUTH TOUKY Ty, TOJYIEHHYIO Ha N-OM Iare, ¢ 9TOH BEPIIUHONW W 3aMEHUTb €€ Ha TOYKY
Tpi1, ABISIONIYIOCS CEPEIMHON COOTBETCTBYIONIEro oTpe3ka. Jlokaxkure, 4To cyiiecTByeT hu-
rypa mwioriaau 0.0001, B KOTOPYIO MbI PAHO WJIX TO3/IHO TOIAJEeM BHE 3aBUCHUMOCTU OT BBIOOpA
mara.

. f(z) = 2* — 10. TokaxKure, 9TO MHOXKECTBO TOYEK T, TAKUX UTO

lim f™(z) # oo

n—0oo

MOZKHO IOKPBITh KOHEYHBIM HAOOPOM MHTEePBaJIOB cymMmapHoil bl 0.0001.

JlokaJIbHBI aHAIN3 NTepaluii BOJIN3M HENOABNXKHBIX TOYEK
1 IINKJIOB.

. Pemure ypasnenne B Bemectsennnix uncnax: f(r) = x mis Beex n, ecmm f(x) = cos(z).

. Permure ypasmenue B Bemectsennbix unciax: f™(r) = x a4 Beex n, ecom f(r) = 1 — 22,
. a) Jdoxasxkure, uro sin™ (x) — 0 npu n — oco. 6) Haitymre mpesest lim,, o /7 sin™ (o).

. HpOBe,ZLI/ITe uccjaeJgoBannud, aHaJIOTUYIHbIC IPEAbIAYIIEMY IIYHKTY, [1IJId IIOBECICHUA CbYHKHI/II/I
f(x) =z — az® k > 1 B oxpecTHOCTH HYIS.

. IIposejure uccenoBanus, aHAJOIMYHbIE HPEILIILYINEMY IYHKTY, JJIs HOBeJIeHUs] (DYHKIUN
f(x) = x — exp(—1/2?) B oKpecTHOCTHU HYJIS.



6 KommyTtupyionime dbyHKINUM

Onpenenenuns. fog(z) = f(g(x)). Pyukuuu f u g kommymupyrom, eciu fog = go f. Ecrecrsen-
HO OXKWJIaTh, YTO JPOOHBIE UTeparnuu (QPyHKIUH KOMMYTUPYIOT MEXKJy COOOi, U B psijie CJIy4aes,
HA00OPOT, KOMMYTUPYIOIIHE DPYHKIMU ABJISIIOTCS JIPOOHBIME UTEPAIMAMUI JIPYT JIPYTa.

1.

2.

Haiiyiure Bce mudpdepennupyemble pyHKIINN, KOMMYTUpYIOue ¢ (pyHKimeit y = 2.

CymectByet Jiu Heuddepenupyemast HelipepbiBHas (DYHKITHST, KOMMYTUPYIOIIas ¢ hyHKIIuei
y = 2x7?

1

. Huddepennupyemas dynkuus f(x) kommyrupyer ¢ GyHKIuei #, f'(0) = {o5z- Haitaure

Bce Takue PyHKIIUN.

CymecrByer jin mepuddepentnupyemast Henpepbisaas dyukius f : (—0.1,0.1) — (—=0.1,0.1),

KOMMYTHUPYIOIIAS C %?

. Hudbdepennupyemas dbyuxius f(x) : (—0.1,0.1) — (—0.1,0.1), kommyTrupyer ¢ yHKInei

sin(z)

5 - ,HOK&)KI/ITQ, 9TO f O/THO3HAYHO OIIpEAE/IACeTCA SHAYCHUEM €€ HpOHSBO,ZLHOﬁ B 0.

CymecrBytor Jin a) HenpepbiBHBIE 0) nuddepennupyembie B*) derbipex/ibl guddepenimpye-
mele dysakmuu f,g @ (—0.1,0.1) — (=0.1,0.1) — (—0.1,0.1), kommyTupyfomnme ¢ GyHKIHER
sin(x), HO He KOMMYTHDPYIOIIHUE JIPYT € JIPYTOM?

Oynknusg [ : (—0.1,0.1) — (—0.1,0.1), kommyTupyer ¢ sin(z) u derbipex /sl Juddepenimpye-
ma. Hokazars, aro f/'(0) =1, f”(0) = 0.

. Hokaxwure, uro ase derbipex /bl auddepennupyembie dynkiun, u3 (—0.1,0.1) B (—0.1,0.1),

KOMMYTUPYIOIIHE € Sin(x) ¢ paBHBIMU TPETbUMHE IIPOU3BOJHBIMU B TOUKe () COBIIAIAIOT.

k

IIpoBeure anasorudHble necaeaoBanus s Gynkiun g(r) = x —ax” BMecto QyHKIuY sin(x).



7. Nteparniuu u conps>kKeHus

Oyuxnun f u g conpasicenn, ecim f = Rogo R7L.
Vupaskuenne. Ilokaxure, aro Torma f™ = Ro g™ o R

3nech u jaiee f ~ g O3HAYAET, YTO % — 1 opu z — 0.

1. a) Jokaxwure, aro dyukimu Buja cos(n arccos(r)) npu n € Z sBJsiioT-
Csl MHOTOYWJICHAME U KOMMYTHDYIOT MEXKJIYy COOOIA.
6) Hokaxkure, uro dbynkunun Buga sin((2n + 1) - arcsin(x)) upu n € Z
SIBJISIIOTCST MHOTOWICHAMI U KOMMYTHPYIOT M€Ky COOOI.
B) lokaxkure, uro dyukuuu Buia tg(narctg(x)) npu n € Z apisior-
Cs1 PAIMOHATBHBIME (QYHKIUAMH (T.€. YACTHBIMU JBYX MHOTOUJICHOB) W
KOMMYTHPYIOT M€Ky CODOI.

3ameuanwne [IynkTor a u 6 al0T TPUMEPHI HETPUBUAJILHBIX CEMEICTB
KOMMYTHPYIONUX MHOro4j1eHOB. VIMeercs rirybokast Teopema Puta, mo-
Ka3bIBAIOIIAs YTO JAPYTUX HETPUBUAJILHBIX CEMEICTB HET.

2. Jlokaxkure, 9T0 (PYHKIIU Sin & HE CONPsIKeHa HUKAKOMY MHOI'OYJICHY.

3. Haiiyiure apobHble nreparun GyHKITHIT Z;:is = const.

Jlpobuble nTepamuu JUHEHHBIX (DYHKIUH HaM U3BeCTHBI. [103TOMY MBI
XOTUM CBECTH BBIYHCJICHUE JIPOOHBIX UTEpaInii BO3ZMOXKHO OOJIBIIETO
qnciaa QYHKIUE K ApoOHbIM uTepanngaM yHKIU guHeiinpix. Ha ca-
MOM JieJie, MbI OyJIeM HUCKaTh conpszarowee omobpaxcenue R, To ecThb
Takoe orobpazkenue, uro Gyuknus R o f o RY nuneitna. Wrorna Mbl
Oy/eM MCKaTh CONMPATAIONLY0 (DYHKIIUIO JOKAJIBHO, T. €. B HEKOTOPOIi
OKPECTHOCTU HEIOABUKHON TOUKH.

4. Tycts f(0) =0, /(0) = k. Haitmure () (0). ITycers conpszkera ria/-
koit pynknueit R dyukiun [x. [lokaxkure aro [ = k. [lokaxkute, 9To
eciu |k| < 1, To f™ — 0 1 BCAKOTO T B HEKOTOPOII OKPECTHOCTH
nysd. B atoum ciryqae 0 HazbiBaeTcsa npumsazusarouiet moukot f. Ecian
|k| > 1, To 0 Ha3BIBaeTCcst ommankusarowet mowkot f.

5. a) Ilycrs 0 ecTh mpuTdruBaroiias TouKa HelpepbiBHO i depeHIupy-
emoit pyuknun f. Jlokaxkure cyiecTBoBaHUE MIpe/ie/ia
() (0
lim S0 =: G(z0)

n—oo kn



JUIsT BCEX X M3 HEKOTOPOil okpecTHOCTH (), HENPEPBIBHOCTL (DYHKIIUN
G u uro G(k-GY(z)) = f(x).

6) Hdokaxure HenpepwiBHyIO quddepenimpyemocts G.

B*) Jlokaxure, uro eciau f — Geckoneuno jauddepenimpyema, 10 u G
TOYXKe DeckKoHeuHo jud depeHnupyema.

6. /lokazKkmTe TOXKIECTBO

2 2 N

2 2111(“_\/;27_4)

Onpegenenne. Touka x HA3BIBAETCS NPEIEAbHOU MOYKOT MHOXKECTBA
M ecnm B J1r000IT €e OKPEeCTHOCTH HafiieTcss 0eCKOHEeYHO MHOT'O TOYeK
u3 M. Opbumoti Todkn & 1o jeiicrBueM PYHKIUKA f Ha3BIBAETCS MHO-
xectso {f™(2)}, roe n € Z.

7. Illycrs f, g — Geckoneuno puddepennupyemMmbie KOMMYTHPYIONINe Oy HK-
i npu  # 0, f(x) ~ 2, g(x) ~ 2% npu z — 0. Torma f = gloes V),

8. Ilyctb 9 u 7 ecThb JiBe «COCE/IHUE» HEIOJBUXKHBIE TOYKU KOMMYTH-
pyfommx HempepbiBHO quddepennupyembrx GyHKIuit f u g, T.e. s
HEKOTOPOW TOYKM T TOYKHU Ty U X1 OyIyT HPeJIeIbHBIMU JJIsT KayK10i
u3 opbut {f (z)} 2 {g™(2)}2° . Ilyers 29 — mpuTArHBaIOmAS,

1 — OTTaJIKMBalolad TOYKM JIJId f ,ZLOKa}KI/ITe, 9TO TOorJa
10g|g/(xo)\ |f’(9€0)| = 10g|g/(x1)| |f’($1)|.

9. Hokaxkure, uro GyHKIUN B 3a7a49ax 6.1, 6.3, 6.5, 6.7 sBisdroTcs apoo-
HBIMU UTEPAIUAMU COOTBETCTBYIONIUX (PYHKIIMIMA.

10. Ilycts f MOHOTOHHO BO3pacTarolias OecKoHedIHO auddhepeHnupyemast
dbyuxmws, f(0) =0, u f(z) # « upu x # 0. CymectByer 1 GeCKOHEU-
HOE ceMefiCcTBO MONapHO HEKOMMYTUPYIONNX OecKoHedHO jtrud depeH -
pyeMbIX (DyHKIHH, KOMMYTUPYIOMuX ¢ f7

8. HemHOro o MmHorowieHnax
1. Iycrs P(z) — muorouwten crenenn n > 1. Torga st Kaxoro m cy-

IIECTBYeT KOHEYHOE THCJI0 MHOTOYJIEHOB CTEIEHU 17 KOMMYTHUPYIONINX
c P.



2. Ilycre P(z) — muorowien cremenn n > 1, Q(x) — MHOTOWIEH CTeleHH
m>1 PoQ = Qo P, Plrg) = Q(zo) = xo, P'(x9) > 1, u B 11060ii
IIPOKOJIOTO# OKPECTHOCTH T €CTh TouKa x; Takad uro P®)(z;) — oo
pu k — oo. Jlokaxmute, aro P'(10)8 (M) = Q'(z).

Sameuanne. BaxxHo, 9T0 ycjI0BrE KOMMYTHPYEMOCTH MHOTOUJICHOB — G-
2ebpauyro, T.e. IPEJCTaBIgeT COOON CUCTEMY MOJUHOMUAJILHBIX YpaBHEHU
Ha Kod(ddunmenter. [losroMmy 3HaUEHUE TPOUBBOIHON B JIFOOOI HEIIOIBUK-
HOW MJIN TUK/JIAIECKON TOYKE MOXKHO CUATATH ajredpamdecKuM YIucjaoMm. B
IPEIIIOIIOZKEHIH TPAHCIIEHIEHTHOCTH crereHeit una ol°% (™) rae o — are6-
pamdeckoe UHCI0, He HABJIAIONEECS PAIMOHAJIBHON CTENEHBIO N TOJIyYaeM,
4TO TOrJa k €cThb palfoHAJIbHAs CTeleHb Nn. DBBIIo Obl MHTEPECHO BBIBECTHU
u3 3Toro pakTa KJIacCuUKAINIO KOMYTHPYIONIUX MHOIOUIEHOB. DTO OYCHb
BayKHO, TaK KaK YKA3bIBACT HA CBSA3b JUHAMUIECKUX CUCTEM C TEOPHUeil TPaHC-
IEHIEHTHBIX 9HCesT, U Teopueil TnodaHTOBBIX TPUOTHKEHNI.



YHacto 1

Sagauya 1-1.

Jloxazameavcmeo. a) [omoxum DyHKIMIO ¢ NEPUOJUIHOl € IEPUOJIOM 27 1
3a1a/1UM ee Ha oTpeske [—m, m]. PacemoTpunm orpesok (w1, o], 21 = 1,41 = §
1 IyCTh to — ero cepeanua. O6O3HAYTNM 1 ~HBIE IPOOOPA3BI TOUYEK T, Ly Tepe3
Ty, by, B3ATHIC U3 OoTpesKa [— 7, 5] [lyers [to, xo] s [, to] — meiicTBYeT caBm-
rom Ha ty. Teneps, momoxmm [y, tg] 2 [t1, 21] meficTByer Tax, uro ¢?) = sin
Ha OTpe3Ke [t, 1], 3aTeM aHAJOTUYHO Jyist [To,t1] U T. 1. AHAJIOrMIHO st
orpeska [—%,0]. [lonoxum g(z) = g(m — x),Vo € [5, 7] u anagoruyuno js
oTpesKa [—, —7]. JIerko BuieTh, 4TO HO/IydeHHas TAKUM 00pa30M (DyHKIIHS
OyJieT ncKoMmoii u, 60J1ee TOTO, HEIPEPLIBHOI.

6) PazobbeM Bce TOUKE Ha KJIacChl, 00pa3 KOTOPBIX MMOCJIe TPUMeHEeHUs (DY HK-
UK COS COBIAJaer. ByneMm 3ajaBaTh KarKIblii KJIacC MPeJICTaBUTEIEM C OT-
peska [0, 7], Ki1acc cojepxkammuii Touky x obo3naunm 3a [x]. Temepb 3aja-
UM Jeficterue (PYHKIMU ¢ Ha KJaccaX CISLyIOMMM oOpa3oM: i KJacca,
COZIEPIKAIIEr0 HEMOABIKHYIO TouKy & mostoxkuM ¢([{]) = &, a Bce ocTayibHbIe
KJIaCcChl pa300beM Ha MHOXKECTBA BUJIA:

{..., [cos(’l)(oc)], [a], [cos(a)], [cos(z)(a)], S

Tenepb pazodbbeM 3T MHOXKECTBA Ha TIAPBI U JIJId Taphl, IIOPOXKICHHON KJI1ac-
camu [, [5], 3amaaum creyroriee jeficTBre

g([cos'™(@)]) = cos'™(8), g([cos™ (B)]) = cos" ().

Busno, aro kBajpar mosydeHHoit (pyHkipuu Oy/ieT paBeH Cos.

r) Byjem jokasbiBaTh OT HPOTHBHOIO: IIyCTh Takas (byHKIusS g ecrb. s
Havaja, MOKAXKeM, UTO B HENOJBUXKHON Touke £ Takas (DYHKIMS ¢ HE MO-
JKeT OBbITh HEPEPBIBHON. Bo-1epBhIX, 3Ta TOYKa Oy/1eT HEIOIBUKHON 1 JIIs
g x. ecmm b = g(§) # & o cos(v) = g(9(¥)) = g(9(9(§))) = 1, npo-
tuBopeune. [lyctb g HenpepbiBHA B TOUYKe &, TOT/Ia OHA Oy/leT MOHOTOHHA B
HEKOTOPOII OKPECTHOCTU TOYKHU & TOCKOJIbKY B MaJIOil OKPECTHOCTU He Oy1eT
TOYEK Pa3phbIBa U KaKJ0€ 3HAUCHUE JIOJI?KHO IPUHUMATHCS He D0Jiee 0JIHOTO
paza IOCKOJIbKY 9TO Ipoobpa3 OKPeCTHOCTU TOUKH & 1101 jeficrBuem cos. Ho
9TOTO HE MOXKET OBITH TOCKOJIbKY B TAKOM CJIydae e€ Bropasi ureparus Oyaer
MOHOTOHHO BO3PAaCTaTh B OKPECTHOCTU TOYKH &£, UTO HEBEPHO. O



3anaum 1-2, 1-3, 1-4. Pemtenus 3Tux 3aj1a4 cojiepkurcsd B crarbe B. Bu-
kosia 1 A. AmocrosoBa (mccme.ru), M. IPUIIOKEHNE.
amaua 1-5.

Joxazamesvcmeo. PaccMOTpUM KaKUX BHJIOB OBIBAIOT IIEPECTAHOBKH.
1. ToxkmecTBenHas repecranoBka. Ké KBajgpaToMm OyeT oHa cama.
2. Tpancnozunusa. Eé kBajgpaTom OyjieT TOXKIeCTBEHHASI.

3. IlpousBenenue IByX HemnepeceKalonuxcs Tpancnosunmii. VIx kBajapar —
TOK/IECTBEHHASI.

4. Hukn pmwael 3. Ero xkBagpar OyaeT HMUKJIOM JJIUHBI 3, 0OpaTHBIM K
JIAHHOMY.

5. Hukn guabl 4. Ero kBajpar Oy/eT NpOu3BeIeHIHEeM HellepeceKaronnx-
¢ TPAHCITO3UITNMN

[Tosrygaem Bcero 1 4 3 + 8 mepecTaHOBOK, KOTOPbBIE ABIAIOTCA KBaJpaTaMu
JIPYTUX TIEPECTAHOBOK.

Ncnonb3yst aHaJIOrIYHBIE PACCYKJIEHUS B ciydae 9 3JIeMEHTOB MbI ITOJIYIUM,
9TO KyOOM MOXKeT ObIThH Jitobasi repecTaHoBKa 0e3 IMUKJIOB JyIuHbL 6 1 ¢ 0 nim
3 MUKJIaM# JJIMHBL 3. O

YacTtp 2

Sagaua 2-1.

Joxasameavcmeo. a) Iycrs f(x) = z + c. Torma fN(x) = 2 + Ac.

6) Iycts f(r) = ax. Torna fMN(x) = o’z

B) Ilycrs f(x) = ax + ¢. MBI MoxkeM cunTaTh, 9T0 v # 1 (Cp. € IyHKTOM a).
Torma

OTkyza




r) Ilycte f(x) = ax™. Mbl MmoxkeM cautarh, 910 ¢ # 1 (Cp. ¢ myHKTOM 6).
OTmeTrM Tak 2Ke, 9TO PEIIeHNe ITOrO IIyHKTa IIOBTOPSIET PEIIeHNe TyHKTa B
1 9TO He ciydaitno. Torma

fla) = "e(z/ Re)".

Orkyma

O () = *ela] P

Samaua 2-2.

Jlokazameavcmeo. Ilyers f(z) := x? — 2. TlojcTaBuM BMeCTO T B f BbIpaske-
HUe U + % [Tomyunm

flu+ %) =u?+ %
Orkyna
O (u+ E) =¥ + %
CrietoBaTeIbHO,
f”u»—(ﬁiigzj)y+(w‘ ﬂ‘l)?
2 2

3agaya 2-3-a.

Joxasamenvcmeo. Tlonoxnm z = u+ +. Tak xak z ¢ R, |u| # 1. Tlo npeapr-
AyIien 3a1a4e

n

f(”)(z) = f(”)(u—{— %) =u? + w2

OueBniHO, 9TO

. 2n
lim |u® +
2’71
n—oo Uu

| = +o0.

3agaua 2-3-6.



Jloxazameavcmeo. Ilycts f(x) — 9T0 MHOTOUJIEH CTEIIEHE 7. C TEJIBIMU KO-
durmentamu n crapmum koddduruentom 1. Ilyers 24, ..., x, — KopHu MHO-
rowrena f. Bee koaddunmentsr MHOTOUIEHA

folz) = (x —21)...(x — x,)

SIBJIIOTCS 110 TeopeMe Buera ciMMeTpuaecKUMU MHOTOYJIEHAME OT X1, ..., Ty,
¢ miestbiMu Koadburmentamu. CrieloBaTeIbHO, BCe KOPHU MHOTOYJIeHA [, BbI-
parkaloTcs KakK MeJIOUNC/IeHHbIE MHOTOUJIEHBI Yepe3 /IeMeHTapHbIe CHMMETP-
naecKue MHOrOWIeHb! (:=ko3ddunuentsl MEOTOwIeHa f). OTKYy/a BCe KOI]-
dburmenTs MEHOTOWICHA f, — Hesbl. Tak Kak |z;| = 1 s Besgkoro i, |:Ef| =1
st Besskux ¢ u k. OTKyma [j1s1 BCIKoro k Bce Ko3(MUIMEHTh MHOTOWIeHa, f
He TTpeBocxXoaT n!. A, cie10BaTeIbHO, CYIMECTBYIOT Pa3/IMdHble ducia ki, ko
Takue, 910 fr, = fi,. Ho Torma mMuoxkecrBa wmcesn

kl k kl k
{z{, i} m {2t e}
copmasiator. OTKya Bee ducia x; ectb Kopau u3 1 (cm. takxke «Maremarn-
geckoe [Ipocsemiennes, 2004 ro, Beimyck 9). ]

Ota 3aja4a npuHayiexkutT M. Konnesuay.
3agaga 2-3-B.

Jlokasamenvcmso. Ilycrs n — cremenb muorounena P(x), a {xq,...,x,} —
kopun P(z). Torja kopHu MHorodsena

1
TLP _
u"P(u + u)

€CTh PEIeHNsT BCEeBO3MOXKHBIX YPaBHEHUIT u+% = x;. Tak kak z¢[—1.99, 1.99],
BCE PeIleHNs 3TUX yPaBHEHMI KOMILJIEKCHBI U PaBHBI 110 MOLy 0 1. Ouenu-
HO, MHEOTOWIeH U P(u+ L) nveeT nessie KodbUIIEHTI, 1, CIICIA0BATEIBHO,
1o 3aj1a4e 2-3-6 Bce ero KOpHU - KOPHU U3 euHuUIB. [IycTh u; — KopeHb cre-
HEHN T; U3 eJINHAIBI, ABJIANmiics KopueM Muorowiena P(z). Torma u] —
KOpeHb MHOroW/IeHa u™ P(u-+1) 17151 Besikoro nestoro 7 raxoro, uro (r,m;) = 1
(em. «Maremaruaeckoe [Tpocsemennes, 2004 rog, BbImyck 9).

CymectByet Takoe IV, 9T0 Jjist BCAKOTO m > N 1 BCAKOTO IIPUMUTHBHOTO
KOPHsI M~Oil CTEeleHr W3 eJMHUILI U CYIIEeCTBYET YUCJIO ', B3AMMHOIIPOCTOE
¢ m Takoe, uto 2Reu” > 1.99. OTkyna ciemyer, 9TO CYyIIECTBYET KOHEUTHOE
MHOZKECTBO, KOTOPOMY MPHHA/JIEXKAT BCEe KOPHH BCSKOro MHOrOWwIeHa P(z),
VJIOBJIETBOPSIIOIIErO YCIOBUIO 3a/IaH. O



YHacts 3

Sagauya 3-1.

oxazamenavemeo. Ilycts K — Gosbiias kapra. Begém orobpakenue f
K — K, xaxJ10iff TOuKe OOJIBITION KapThl CTaBAIEe B COOTBETCTBUE TY TOY-
Ky, Ha KOTOPOWi JIEKUT COOTBETCTBEHHAsI TOUYKA MAJIEHBKON KapThl. 3ajada
1epeOPMYIUPYETCs CISLYIONNM 00pa30M: HAWTH HEOABUKHYIO TOUKY OT-
obpaxkenus f. OueBuino, f(K) — HEKOTODBIN NPAMOYTOJBHUK, JI€XKAIIUHA B
K, f(f(K)) — npamoyrombhuk, nexamuii B f(K) n tak mamnee. [loxydaem
[IOCJIEIOBATEIHHOCTD BJIOYKEHHBIX JIDYT B JIpyra MOJOOHBIX MPSMOYTOJIbHU-
KOB, HOJIBIIIIE CTOPOHBI KOTOPBIX 00Pa3y0T T€OMETPUIECKYIO TPOIPECCUIO CO
3HAMEHATE/IEM, MEHBIUM 1. DTU NPAMOYTOJHLHUKA UMEIOT €JIMHCTBEHHYIO 00-
mryto Touky . [Ipeamonoxkum, uro a # 0 — paccrosiaue mexky x u f (). Haii-
nérest npamoyroseauk (™ (K) ¢ miuHOil uaronaan MeHblnei, uem a. Tax
kak f(x) nexxur suyrpu f(f™(K)), a f(K) nexur sayrpun f™(K),
TO paccrosiue Mexay x u f(x) mensbine, gem a. [Iporusopeune. Cienosa-
TesibHO, * = f(1). O

Samgaua 3-2.

Jlokasameavcmso. Pacemorpum dyukimio f(x) = /1 4+ z. Hama nocienos-
ATEeLHOCTD — 3TO T, := f(™(1). Pemas ypasuenue f(z) = x, HoaydnM, 4T0

%5 — eJINHCTBeHHAsI HEITO/IBUKHAas TOUKa Ipeobpaszoanns f. [Ipu atom ipu

0 < 2 < Y5 pumosmeno gpoiiroe nepasencrso = < f(r) < /5. Cramo
OBITh, [IOC/IEJ0BATEIBHOCTD Iy, SIBJISIETCSI CTPOTO BO3PACTAOIIEH U OrPaHIIeH-
HOI, a, cJre/IoBaTeIbHO, nMeeT Hekuit mpesen h. Tak kak dyHknusa f Hempe-
PBIBHA, TO TOCIeI0BaTeIbHOCTD f(2,) cxomures K f(h), a snaant, f(h) = h.
145

2 [

Takum obpazom, h =
Samgaua 3-3.

Jloxasamenvcmeo. Obosuatnm sin(tg(z)) = f(x), tg(sin(z)) = g(z). Tpe-
OyeTrcs HAWTH TIpeJieT
L) —gl)

2 () — ()

Bamernym, ato f, g, fCY u ¢ asnsores Geckonedno muddepermupyeMbl-

MI DYHKIUSAMI B OKPECTHOCTH HYyJs U Bce oHM coxpaHaioT (. Takke 3ame-

THM, 9TO lim @ = 1. To e camoe BepHo st dyuknuit g, [ u gt b,

z—0




ycrs y dynxumn h(z) = ¢ (x) — V() nepsbie k — 1 1pou3BoaHbIX
B HYyJIE ABJISIIOTCS HYJISIMH, a k-Tas IPOM3BOJHAas HYJIEM He sBjsgercd. Torma

K pa3
~ =~
(-1) _ £(-1 "ot
@) = V@) b0
z—0 xk k!

Bmecro @ nogcrasum f(x). [omyamnm

gV (@) = FTI( @) _ B (0)

lim —

o ()" K

CiietoBaTesbHO,
(-1 — f(=1)
)~ f )
2 @) —a

13 Toro, aro liII(l) fEY(x) = 1, crenyer, uro

xTr—

= 1.

@)~ )
2 f(@) — (@) |

Beeném obosnagerme f(V(g(z)) = s(z). Torma sagaua csoauresa K Ha-
XOK/JICHHIO IIPeJIesIa
.z —s(z)
lim ——————.
20 s(-D(z) — x

Eciu s(z) B okpecTHOCTH HyJIsl pasiaraercs B psij Teiiopa kak
4 ax®+ ... ,
10 pay Teitnopa dynxmun s (z) umeer Bu
T —azt 4+ ...

C.HG,Z[OB&TG.HBHO, npezes OTHOIEHNA YUC/INTE/IAd K 3HaMEHaATEJII0 paBEeH 1. O



YHactn 4

Baaga 4-1.

Jloxazamesvemeo. Beeném cucremy KOOpJIMHAT TAKYIO, 9TO TOUYKa A umeer
koopauuatsl (0,0), Touka B — (0, 1), rouka C' — (1, 0). Ilycte Touka X
nmeer Koopauathl (a,b). Torga nocie npumvenenus "npursaruBanus"K OJi-
HOW U3 HAIMUX TOYEK, MBI TOJIYIUM TOUYKY C OJIHUM U3 CJIEIYIONIIX HAOOPOB

KOOD/IMHAT.
a b a+1 b a b+1
2'2)7 2 272)7 22 2

dcno, aro ayist smoboro € > 0 cymecTByeT 1 TaKoe, 9TO MOCje KaKOro-TO UnC-
JIa Ollepalyii TPUTITUBAHNSA KOOPIUHATEI @ U b cTaHyT OoJIbIlle —&, 1, CJIe/I0-
BaTeJILHO, [TOJIYYUBIIAsICA TOUYKa OyIeT IpuHalIeKaTh YIJIy, [IOYTH COBIIAIa-
fomemy ¢ yriom ZCBA. Takum o6pa3om, moc/ie KAaKOT0-TO IUCIa NTePaIlHii
Jobast ToOYKa 00sg3aTe/IbHO TOMaJIeT B TPEYTOJIbHUK, MOJOOHDBINH TPEYTOIbHHI-
Ky ABC ¢ xoadpdunmentom 1 + ¢ u comepxammuit ABC. CrenoBarebHo,
Jobast TOYKa BHE TPeyTroJbHUKA WU OyIeT K IpaHulle OJnzKe, 9eM Ha €, WIn
HOIAJIET BHYTPh TPEyroJibHuKa. be3 orpanmdenns oOIHOCTH Jlajiee CUUTaeM,
YTO UCXO/HAA TOYKA X JIEXKUT BHYTPH TPEYTOJIHHUKA.

[Tocse onepanuu npurarusanus K A muoxkectso X C AABC Tpeyrojib-
HUKa TePEXOIUT B MHOXKECTBO X 4, UMeroliee B 4 pa3a MEHBINYIO ILJIONATb.
Bceero takux muoxkectB 3: X4, X, Xo. OTKyIa BUIHO, 9TO ILIOMIATH

XaUXpUXe

HeGosbine 3/4 momayaun X. Takum o6pasom, o6pa3 n-ro Imara HaIIUX UTe-
panuit pu JeiicrBun Ha TpeyroibHUK ABC' mpecTaBisiior coboit 00be H-
eHUe TPEYroJbHUKOB («KOBEP CeprmHCKOro» ), obImeil mioma/ b0 HeboIbIne
(3/4)". CnemoBaresnbHO, MOXKHO BblnesnTh (urypy F mromaan 0.00000001
TAKYIO, 9TO TOCJIe KAKOTO-TO YHC/Ia MPUTATUBAHUI JII00as TOUKa 00A3aTe b
HO momaJeéT B F. O

Samaua 4-2.

Joxasameavcmeo. Obosnaamm uepes f(x) = z* — 10. Ypasuenue f(z) = z
HMeeT POBHO JIBa PEIIeHUs B BEIECTBEHHBIX YUC/IaX, & UMEHHO T 9 = %‘H.
OrmeTuM, 9TO 1, Te - HENOJBUKHBIE TOYKU oTOOpaxkenus x — f(x). s
OUPEIETEHHOCTH CIUTAaeM, 9TO To > 1. llycrb x) 9TO KOpeHb ypaBHEHH:A



f(x) = x9, orytmunstii or x9. IlycTs 41, Yo — 9170 KOpHU ypasHenus f(x) = x3,
OpuIeM Takue, 910 4y < Yo. 3aMETHM, 9T0 f MOHOTOHHA Ha OTPE3Kax [T}, ]
U [ya, To] 1 0OpaA3BI ITUX OTPE3KOB COBIAJAIOT C OTPE3KOM [T}, T3|. Bakwo,
91O TIpom3BoAHAsd f Ha (x5, y1] U [y2, 2] HeMenbIe 3.

Hosti Beex x € [—10, 25]U[xe, +00) nocaenosarensuocts x, f(x), f(f(z)), ...
CTPEMUTCS K GECKOHETHOCTH M BO3PACTAET, HAUMHAdA CO BTOPOro dieHa. Or-
KyJla MHOYKECTBO TOYEK, JJIsi KOTOPBIX MPEIET TOCIeI0BATEILHOCTI

z, f(2), f(f(2)), .

HE CyIIecTByeT anbo e COBIIQ/1a€T C 6eCKOHe‘IHOCTbIO, COBIIa1a€T C
mzf(_Z)([a:;a $2]) = mlf(_Z)([a:;a yl] U [y27 x2])

Ipoobpas f 9 ([25, y1] U [y2, 72]) cocront m3 277! KyckoB 1 KazKaplii Kycok
6UeKTHBHO oTOGpaskaercss Ha Kaxoi-To Kycok f( U ([x3, y1] U [ya, 1]). Tax
Kak TpoM3BojHast f HeMeHblle TPEX Ha [x3,y1] U [y2, 2], cymmapnas -
ra 0 ([23, y1] U [y, 72)) nebombime 2/3 cymmapnroit aymmsr fHD (25, 41 U
12, T2]). OTkyma ouesmmno, aro f9([x%, y1] U [ya, 22]) < 0.0000001 ma xa-
Koro-1o i u, caeposarensno, f([z5,y1] U [y, 22]) < 0.0000001 apiserca
HCKOMOIfi CHCTEMOI OTPE3KOB, cojiepzKanieil Bce TOUKK X, Jjisi KOTOPBIX Ipe-
net mocsieoBarenbroct X, f(x), f(f(z)),... HE cyliecTByeT uian He paBeH
OECKOHETHOCTH. O

YHacts 5

Sagauya 5-1.

oxazamensvemeo. Haiinem rnpousBoanyio hyHKIUN

(£ (@) = ) = = sin(f" ) - (F0y 1.

SaMeTuM, 9TO MPOJOJIZKAsT PACKPBIBATH TaKUM 00pa30M IIPOU3BOIHYIO, MbI
[TOJIy 9UM, UTO IEPBOE CjIaraeMoe 10 MOJY/II0 He IMPEBOCXOINT €IMHHUIbI. 3Ha-
it Gynxmnms [ (x) — x MmoHOTOHHO yObIBaer. [lpu TOM, OYEBHUTHO, HYIEM
OyJieT peleHne ypaBHEHUsI COS X = X U 9TO OyJ/IeT eIUHCTBEHHBIM pPelleHueM
HCXOHOTO YpaBHEHHUSI. O

Sagaua 5-2.



Jlokazameavcmeo. Pemum jyis navasia ypashenue f(z) = r te. 1-22 =1 &

22 + 2 — 1 = 0 pemenusiMu KOTOPOro OyIyT T12 = %5 Takke, BUIHO,
gTo HIpu T < _1;‘/5 snagenna f(z) 6ymyr y6eBarh. O6pasoM oTpesKa
[—1,0] 6ymer orpesok |0, 1], 3HAUAT perteHnil ypaBHEHHsI Ha TOM OTPE3Ke
HeT. AHAJIOPMYHO, MOYKHO B3Th €r0 IIpoodpas3. mpoodbpas ero mpoodbpasa u

T.JI. ¥ TIOJIY9UTh, 9TO PeIleHnil ypaBHEHNs HET Ha OTPE3KE [_1_‘/5, 0]. Hauee,

2
0603HATIM _1;”/‘?’ 3a @ u 3amernm, uro Vo € [0,¢] f(x) € [p,1] u Vo €

[0, 1] f(x) € [0,]. Bnaunt, 11 Heu€THBIX nTepanuii f KOpHeil KpoMme T o
e Gyner. Pacemorpum Teneps f). Ona 3anaéres muorounenom 222 — 2t —
muorounenom crenenn 4. Y f®)(z) — x gersipe Kopns, J1Ba U3 KOTOPBIX 9TO
x12, a octasimecs 2 310 0 u 1. I3 sroro ciexyer, uro ma unrepsaie [0, ¢
rpacuk byuximn f(?) pacooxken Mo o1Hy CTOPOHY OT HPAMOIl Y = & U IpH
ureparuax f?), koroprie cyTs uéTnbie nreparun f, snauenue ) (x) Gymer
U3MEHSAThCS MOHOTOHHO B Tipejiesiax uHTepBasa (0, ), a 3HAYUT pelenHuii Ha

HéM He Oyzier. AnasioruyHo st uaTepsada (o, 1). Takum obpasom, Oyuer aBa

—14+vV5
2

pereHns IJI BceX n 1 emé aBa pemennd 0 u 1 JUIsg 9ETHBIX 7. ]
Sagada 5-3-a.

Zoxasameavcmeo. Xopomo n3secTHO, uTo npu 0 < & < § BEpHO, 4TO T <
sin(z). IlosTomy mocsie1oBaTEIHLHOCTD

x,sin(x), sin(sin(z)), ...
yousaer npu 0 < x < 7. [lycrs a(x) — eé npexen. Torma

sin(a(z)) = sin( lim sin®™(z)) = lim sin™*Y(2) = a(z).

n—oo n—oo
I Tak kak a(z) > 0, orcioga BoITeKaeT, 910 a(x) = 0. O
Saga4da 5-3-6.

Joxazameavcmeo. Ilycts f, g — mapa dyHKIME TaKUX, 9TO

lim f(z) = lim g(z) = 0.

z—0 z—0

Ecmm lim,_,q % = 0, MBI Oy/1eM TI03BOJIATE cebe 3aMeHsTh MYHKIMIO g(x) Ha

oboznadenue o f(x)). Mbr JoKaykeM HECKOJBKO GoJiee obIee yTBEPKICHNE,
JeM yTBepKJIeHue 3a/1a9u H-3-0.



VYrBepxkaenune. Ecu f(z) = x — % + o(2?), To lim /nf™ (zy) = /3
JUIsT BCEX Xg, joctaTodno 6im3kux K 0. O6oznadnM depe3 SQ(x) dyHKIumo
Vx. Pacemorpum dyHKImIO:

f:=50"Yo foS0Q.
Jlerko Bugets, aro (SQY o fo SQ)(x) =z + £ + o(1).
ITpennoxkenue. [lycrs s HeKoTOPO# (byHKIUU f BEPHO, UTO

flx)=o+ % + o(1).

. f(n)
Torna myisg Bcex x, JIOCTATOYHO MaJIbIX 10 MOJYJIIO, lim fT(x) = %
n—oo

Zloxazameavcmeo. jig BCSIKOTO JOCTATOYHO MAJIOrO MO MOJYII0 T 1 € > ()
cymectByeT N Takoe, 9TO Jijisi BCAKOro n > [N BEpHO, YTO

FD (@) € [F0(@) + 5 — e, f0) + 5 — <]

OTkyma 1y Beakoro n > N BepHO, 9ITO

FO@) € [fV (@) + 5(n = N) + (1= N, [0 a) 4 5 (= N) = (n = N)e]

u, cjaeaoBaTe/IbHO,

1 (n) (n) 1 (n)
L @) @) 1 )
3 n—N n—N 3 n—N
Otkyna Buano, uro cymecrsyer N’ Takoe, uro ajs Becex n > N’ BepHO, 9TO
1 fO(x) 1
——2e < —" < = 4 2e.
3 € - 3 + Z¢e
CrenoBarebHo, lim % = % n

n—oo

[Iycrs 2 = SQ(y). 3amernMm, 910

SQUI(f™(2)) = SQUI(F(SQ())) = (SQTV o f 0 SQ)™(y).
Hanomuny, uro f = SQUY o f o SQ. o npeablaymeMy IpeiIoKeHuio,

nll—>r{>lo M % OTkyna
(%)2 1
lim W@
n—oo n
Orkyma lim /nf™(z) = /3. O

10



Hoes emopozo pewenus. CHOBa BocHosNb3yeMcs nieeii conpsizkerns. [lycTs
i
SQ =(e )Y, Torma

SQY osin(z) 0 SQ ~ e .
[Iycte x = SQ(y). Torma
SQI(sin™(SQ(y)) = SQ' T (sin(5Q)) ™ (y) = e~ 5Ty,

Torma /nsin™ (z) = v/3(1 + o(1)). O

Samgaga 5-4.
JlokazaTeibcTBO 3TOi 38 1491 JIOCJOBHO MTOBTOPSIET JTOKA3aTEILCTBO 33,18~
qn H-3-2, HO MBI CUNTaeM HYXKHBIM €TI0 BOCITPOU3BECTH.

Joxazameavcmeo. Mbl joKaxkeM HECKOIBKO OoJiee 001Iee YTBEPK IeHIE, YeM
yTBepKJIeHne 3a/1a9u H-3-2.

Vreepxkjaenue. Ecim f(z) = 2 — ax® + o(z*), To

Jim S/ f (@) = ) (k:_l Da

JUIsl BCEX T, JIOCTATOYHO Ou3Kux K 0.
O6ozaaunm vepe3 SQ(x) dbyukuuo *+/z. Pacemorpum dbyHKImio:

f:=5Q"V o fosQ.

Jlerxo Buzers, uto (SQUY o f o SQ)(z) =z + (k — 1)a + o(1).

IIpengioxxkenune. [lycts a1 HEKOTOPO# DyHKIINN f BEPHO, YTO

f(z) =z 4+ a+0(1).

. f(n)
TOF,H& JJId BCEX T, JOCTATOYHO MaJIbIX 11O MOJYJIIO, lim fT(ax) = Q.
n—00

/loxazameavcmeo. Yupaxknenue 1 duraress. ]

[Iycrs 2 = SQ(y). BamernM, 910

SQUV(S () = SQUI(IM(SQ()) = (5@ o f 0 5Q)(y)

11



Hanmomunm, 9rto f = SQUY o f o SQ. Tlo upebUIYIEMY IPEIIOKEHHIO,

nh_)Igo @ = (k — 1)a. OTxyna
S
. ™) (z
}ﬁ—L%?——Zklatﬁa
Orkyza TLILIE-O YnfM(z) = kg a 1 . J171s1 BCAKOTO JIOCTATOYHO MAJIOTO 110
Moayio x u € > 0 cymecrByer N Takoe, 9TO JJIst BCAKOro 1 > N BEpHO, UTO
FO (@) € [fO) 45—, fO(a) + 5 — el
Orkyma jjst Beakoro n > N BepHO, YTO
1

£ (2) € FO (@) + 5(n = N) + (0 — N)e, S (z) +

u, cijieaoBaTe/IbHO,

g(n—N) — (n— N)e|

1 (n) (n) (n)
L ) O 1 @)
3 n—N n—N 3 n—N
Orkyzma BuaHoO, uro cymecrsyer N’ takoe, 4ro jisg Beex n > N’ BepHO, 4TO
1 f() 1
- —2< < -+ 2e.
3 n 3
CnemoBarenbuo, lim % = % m

n—oo

Sagaua 5-5.

Joxasameavcmeo. Ilycrs f(x) = v — exp(—1/2?), z, = ™ (x). Nonoxum
Yn = 1/xp,. Torna yni1 — Yn ~ Yn exp(y;,2).

BameHsieM pa3HOCTHOE ypaBHeHue JuddepeHIaibHbIM — aCCUMIITOTHKA
He MensieTcs. Hasio onennts dyHKImoO f(n), yAOBIETBOPSIONLYIO YPABHEHIIO

y = ye ¥ wm dy/ye?” = 1. mn flh e’ d(u?) /u? = 2h+C'. OTMeTHM, 9TO
npu GOJIBLIIMX Y BeJudrHa Y2 10 cpaBHeHuIo ¢ exp(y?) BejeT cebsa Kak KOH-
cranTa. [103ToMy ¢ TOUKHU 3peHus ACCUMIITOTHKHI MOYKHO TIEPEHTH K (DYHKIIUHI
z T&KOI/I TO .

th fl due®” ~ ¢ OTKY/Ia S35 ~ T

Nm

h? ~ In(n) + 2In(h) ~ In(n )+1n( n(n)) u h ~ +/In(n).

970 o3Havaer, 91o lim /In(n) - x, = 1. O

12



YHactn 6

3agauya 6-1.

Jlokasameavcmeo. Ilycrs f(z) xkommyrtupyer ¢ y(x). Torma 2f(x) = f(2z).
SameTum, 9TO

F)=27(3) = 4f(}) =

a saaaut f(0) = 2f(0) u, crenosarensno, f(0) = 0. [Tokaxkem, aro dbyHnKnusa
f(=z)

xT

nocrosgnna. /leficrBuTre/bHO,

10 _ 16 _ I8 _
v 2 1
quist Begroro x. Otryna f(z) = f/(0)x. O

Samaua 6-2.

oxaszamenvcmeo. PaccMoTpuM Mpon3BOIBHYIO HEIPEPHIBHYIO (DYHKINIO f3 4,
onpeieéHnyo Ha orpeske [2,4] u pasuyio 0 B ero xkounax. C momorpio $hop-
MYJI

fQ2x) =2f(x), f(=x) = f(x), f(0) =0
IPOJIO/IZKAM (DYHKINIO fp 4 HA BCIO YUCJIOBYIO IpaAMylo. OdeBHIHO, ITO OHA
orpejie/ieHa U HelpepbhIBHA BO BCEX TOYKAX, BKJ/IIOYas HOJb. Kemm dyHKIIA
f2,4 HETUd epenupyeMa B KaKOH-TO BHyTPEHHEl TOYKe, TO, O4eBUIHO, He-
nuddepentupyema u f. O

[To 3amade 7-5 pyuxmus % conpsizkena (byHKIIUU 3 C MOMOIIBIO TJIaJI-
koit pyukiun R. Takum oOpazom, 3a1a4un 6-4 u 6-5 ABJIAIOTCA IPAMBIMU aHa-
Joramu (u cirejcrBusivm) 3aja4 6-1 u 6-2. B cuity conpszkénnoctu GyHKImit

sin($) u 7, 3ama4a 6-3 BRITEKACT U3 CJIC/YIONIETO YTBEPIK/ICHHS.

Yreepxaenne. [lonoxum f(r) = §. CymecTByer u elMHCTBEHHAA KOM-

myTtupytommas ¢ f muddepenimpyemas dyaknus g(x) rakas, aro ¢'(0) =

1
To31- OHa paBHa

1
0y _ L
T

1 ~
_ Oynxmua R(z) =e »? conpgaraer dynximuio sin(z) bynknun f taxoi, 9To
1(0) = % Takum 0b6pa3om, MpuUMeHsIs 3a1a49y T-5, Mbl CBOJUM 3aja4u 6-7,

13



6-8 u 6-6-B K 3aja1e 6-1. K 3a7a1am 6-6-a u 6-6-6 nTpuUBOIATCS KOHTPIIPU-
MepBbI, aHAJIOTUIHBbIE TTpUMeEPY 3312491 6-2.
Samada 6-9 cosuanaer ¢ 3amadeii 5-4.

Yactes 7

Sagaua 7-1.

Jloxazamenvemeo. JloKazxkeM BEPHOCTH IEPBOTO U TPETHETO YTBEPIKJIECHHS 110
WH Ly KIIAH.

a) Baza. [{is n = 1, oueBuHO, BepHO.

[Tepexom: n — n + 1.

cos(n - arccos(z)) =
= zcos((n — 1) - arccos(x)) — sm(arccos(x )sin((n — 1) arccos(z)) =
= 2% cos((n — 2) - arccos(x)) — sin®(arccos(z)) sin((n — 2) arccos(x)) —
2x sin(arccos(z)) sin((n — 2) arccos(x)) =
= 22 cos((n — 2) - arccos(z)) — (1 — cos?(arccos(z))) cos((n — 2) arccos(z)) —
2z sin(arccos(x)) sin((n — 2) arccos(x)).
3aMeTHM, ITO HEPBbIE /(B CIANACMbIX 0 MPEIIOIOKEHIIO HHYKIIN sIBJIsI-
I0TCsI MHOTOUJIeHAMU. PaccMoTpuM Tpernii die:
2z sin(arccos(z)) sin((n — 2) arccos(x)) =
= 2z cos(arccos(z)) cos((n — 2) arccos(x)) — 2z cos((n — 1) arccos(x)),
9TO TOXKE ABJIAETCH [OJIMHOMOM.
6) Bocrosbayemcest IpeabLy M My HKTOM:
sin((2n — 1) arcsin(z)) = sin((2n — 1)(§ — arccos(z))) =

= sin(@ — (2n — 1) arccos(z))) = £ cos((2n — 1) arccos(x)),

qTO dBJIAETCA ITOJIMHOMOM.
B) Basa onsars ouesnnna. [Tepexom: n — n + 1.

tg((n — 1) arctg(x)) + x
1 —xtg((n—1)arctg(x))

B sToit ,ZLpO6I/I 1 BEPXHAD M HU2KHAA 9aCThb 110 IIPEAIIOJIO?KECHUIO NHJTY KITUH

tg(narctg(z)) =

paroHa/ibHbIe (DYHKIMKI. A OTHOIIIEHUE JIBYX PAIIMOHAJIBHBIX (DYHKIINAN TOXKE
panoHaIbHas (QyHKITHS. O

14



Samaua 7-2.

Joxazamenvemeso. Ilycts yTBepKienne ne Bepuo. Torma cyriecTByeT moJin-
oM P u dynkima R: P = Rosino RCY. Tak xak RV cymecrsyer, To
R saBiisiercss Oueknueil Ha paIroOHAJbBHBIX YHC/IaX. PaccMOTPUM MHOYKECTBO
U = {z:sin(z) = 0}. REY(U) (obosnaunm 310 MHONKeCTBO 3a V) cuéT-
HO u3 cuérHoctn U m 6uekturoctn R. Torma pms moboro x € VP(x) =
RosinoR(Y(x) = R(0) = const. 3Ha4nT, TOJIMHOM IPHHAMAET KAaKOe - TO
3HAYCHUE CUETHOE YHCJIO pa3. A Takoe HEBO3ZMOXKHO. O

Samaua 7-3.

Joxasamenvcmeo. Ecin = 0, 70 310T cirydaii ObLT pa3obpan B IPE/IbI Ly INX
zajadax. [lycrs ¢ # 0.

V nac ectb dynxnms f = @b

cx+d’
R=Y = ¢, rne g nuneiina, To Torna Moo noynokuTe: f* = RV o gk o R,
A npobuble ureparun JuHeiHbIX (yHKINN yKe u3BecTHb. [lokaxkem, Kak

o 5 — a -
naiitu R. [locne conpsxenus dbynkuueit Ry = z + ¢ gyukinus f npespaiia

Ecmu mbr maitnem dynknuio R: Ro f o

ercd B QyHKIHIO fi = a + g, rjie a u 3 - ajrebpandecKne BbIPAXKEHUS OT
M3HAYAIBHBIX epeMeHHbIX. [locite sToro conpsiras pyHKIUIO fi ¢ TOMOIIBIO
Ry = x4/, nostyuaem byHKIHIO fo = s+ % WU, nakowner, conpsiras OyHKITIIO
f2 ¢ momommpio Ry = 1 + xj%)\, rje A - Kopenb ypaBaeHus A(A —s) — 1 = 0,
nosrydaeM JimHeitHyto ¢yuknuio. Mroro, Mer namm R, KOTopoe paBHSAETCH

R3 0 Ryo R;y. ]
Samaua 7-4.
Jloxasamenvcmeo. 3aMeTuM, UTO
(f)'(0) = fC-ONO) - fFC0) - f1(0) = K"
Hamnee
(Ro foRUVY(0) = R(f(RTV(0))f(RV(0))(R(=1))'(0) =
= f'(0)- R'(0) - (R(=1))'(0) = f"(0).

Hamomuwnm, aro |f/(0)] = |k| < 1. Bosemém q : |k|] < ¢ < 1. U3 onpenenenus

[POU3BOIHOMN CYIIECTBYET OKPECTHOCTD HYJIs TAKasl, 4TO B 3TOH OKPECTHOCTU
|f(z)] < ql|z|. CremoBaresbHO, st TOYEK U3 ITONH OKPECTHOCTH,

/" ()] < ¢"=,

u, suaunt, () = 0 opu n — oo. O
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Samgaua 7-5.

Joxaszamensvemeo. st mokasaTenbcTBa YTBEPXKIEHN HaM Oy/IyT MOJIE3HBI
caejytomnme (pakThl.

IIpengioxxkenne. [lycts f — aBaxinl auddeperiupyemMas OyHKIU Ta-
kas, 910 f(0) =0 u f'(0) = k, tne 0 < k < 1. Torma
3C > 03 > 0|V € (—¢,¢) |f™(z)] < Ck".

Aoxazameavemeso. llycts f, g — napa dyHukiuit Takux, 9To

lim f(x) = lim g(x) = 0.

r—0 z—0

Ecim dyukius % oTpejiesieHa 1 OTpaHnvdeHa B KaKOh-To oKpecTHOCTH (), MBI

OyzieM HO3BOJIATE cebe 3aMeHaTh dhynknmo ¢(z) ma obosuadenue O(f(x)).
Brimumenm spHO Bhpazkenne mist f((z) =

F@) f'(f@).f (f" V),

Tak xak
FI(FM (@) = k(1L +O(f™ (2))) =
BEPHO, UTO
(n)!
P20 (14 0@)(1 + O @)1 + O a))).
Tak kak ps
z+ f(x) + f(f(z)) + ...
cxoauTess abCoMoTHO, cymecTByeT Koucranta C taxag, uro fM(x) < Ck™.

]

s dyskmum f v 1e/10ro 9ucyia m Mbl OyJieM 0003HAYATDH M-yI0 ITPOU3-
Bouyio depes fIm.

IIpennoxenne. Ilycrs [ — riaakas ¢yukius takas, aro f(0) = 0 u
f(0) =k, rne —1 < k < 1. Torga

VYm > 13C,, > 03e,, > 0 | Vo € (—em, em) | f™ (2)M] < Ck™.
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oxazamesvcmeo. Ham Oyner nosie3na cjeayommast JjeMMa

Jlemma. Ilycts s kakoro-to m > 0 cyimectByer Takas koncraunra C
uT0 11 Besgkoro r < m mepno, uro f(x)" < Ck", to nna Begkoro r
Taxoro, uto 1 < 7 < m Bepuo, uro (f'(f™(2))I < C'k" nna kaxoit-To
koHcTaHThl .

Jloxasameavcmeo. Tpn muddepenmmposammn f'( ™ (z)) ne 6omee m pas B
KazkKJIOM CiaaraemoM mpucyrersyer f(™ wam mpomssommas f) mopsiika me
boJiee m. O]

Hamommmwm, uro f) (1) =

(@) f'(f(@))...f' (f" D (2)).

Bamernm, uro f1(z)m = (f(= ()=l okaskem mamte yTBepzie-
HIE 110 WHIYKIK. Basa - JjoKka3aHa npeecTByoIuM npeiozkenueM. [lepe-
xom m — m + 1. Bopaxenue f(™(z)" ecTsh mpomsBeienne 1 COMHOKHUTETEIT
u npumenenne K f™(x)" npoussommoil m-pa3 ecTh cymMma n™ cllaraeMbIx,
OPUYEM B KaykKJOM M3 CIaraeMbIX 3aTparuBaercs He 0ojee 1m COMHOMKHUTE-
sneit f()(z). PaccMOTPHEM BCe BBIPayKEHHs, B KOTOPBIX 3aTParMBaeTCs POBHO
r < m comHoxkuresieil. B cuity TOro, 9To mpousBojHas 3aTPOHYTOIO COMHO-
wurens f'(f*)(x) me mpesocxomut C'k®, cyMMa yKazaHHOrO HaGopa 3aTpo-
HYTBIX COMHOXKUTEJIEH He TIPEBOCXOUT

T T r
, 1
' n—r 17,1 — ' T 1.n—r n ' T 1.n—r
mikn Z [[(C'k) = micm k= T[(1+...4k") < mIC"k (—1_k> .
01,eeyir<n g=1 q=1
O4eBUIHO, YTO CyMMa BCEX 3THX BbIpazKeHuil 1o BceM r He npesocxoaur C” k™
Jutd Kakoro-to gnciaa C7 > 0. O

Ecmm g muoxkecrBa F HenpepbIBHO JinddepeHImpyeMbIx (DyHKIHI cy-
mectByeT KoHctanTa C' takas, aro Vf € F BepHo, uTO

[f(2)] < Cu |f'(x)] <C

JIJISE BCIKOTO ', TO CYIIECTBYET CXOIAIIAsICA ITOCIeI0BATE/bHOCTD f1, fo, ..., [y
HOMAapHO pas3nvHbiX GyHKIWi n3 F (cM. 3aMedaTe/ibHYI0 KHIKKY <«AHa-

mu3» B. A. Bopuua, B gactHocTH Teopemy Aprensi-Ackosn). Tak Kak m-bie

(n)
IIPOU3BOAHLBIE ITOCJIEI0BATE/JIBHOCTHU fk—n PaBHOMEPHO OI'PaHUYI€HBbI JIJId BCAKO-

ro m > 1, cymecTByeT BO3pacTaromas mocJae0BaTeIbHOCTD 1y, Ng, ... TaKad,
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fFr1) f(n2)
T Rma o e CXOUTCA paBHOMEPHO 1 paBHOMEPHO

CXOJIUTCSI PsiJT €€ M-bIX MMPOU3BOIHBIX I Besikoro m > 1. Orcroma ciefyer,
9TO MOCJIEA0BATEIHLHOCTD

YTO II0CJIe10BaTCJIbHOCTD

f(nl) f(m)

o
PABHOMEPHO CXOJIUTCS, &, CJIEIOBATEIBHO, CXOANTCsI K GyHKIUN (G, SBIISIO-
Ieiicst IOTOYEIHBIM IIPEIEIOM TOM Ke IocjIeoBarebHocT. Kax ciencrsue,
dyukmua G riaska. 13 Toxgectsa

[0 @) @)
knfl kn

cJiejlyeT, 9To

. (n)
Tax npousBomnas B 0 Bcex GYHKIHUI IOC/I€I0BATEILHOCTH ! kn(x) pasHa 1,

npousBoaas G(z) B 0 pasHa 1. CiretoBaresibo, G obpaTnma B OKPECTHOCTH

0n f(z) = GED(KG(x)). O

Bameuanne. BmecTo Teopembl Apriesisi- AcKomM MOKHO BOCIOJIb30BATHCs
caeaytomuM (haKTOM: eC/IH HOCAe0BaTeIbHOCTD dynkiuit { f;}iez., cxonut-
Cs1, & UX BTOPBIE HPOM3BOJIHDLIE OPPAHIYEHBI B COBOKYIIHOCTH, TO U IIOCIIE]I-
OBATEJBLHOCTD IIEPBBIX TPOU3BOIHBIX TOXKE CXOUTC.

Sagaua 7-6.

Hoxazamesvcmeo. Crenaem 3ameny 3 = cos(t). Torma snesag wactb Oymer

MEeTb BUJL
n
t
H cos(?).
k=1

n .
2 sin(g), Y4TO CTPEMUTCE K €UHAIIE IPU 12— 00.

t
[Tosryaurcs . Iloce 3aMennl x Ha 2arccost, mojydaeM YTBEPKJICHUE
3812491, ]

JIoMHOXKHUM 1 pa31euM Ha
cos(2t)
t

Jlanublit pe3ysbTaT MOXKeT OBbITh TaKXKe IOJIydYeH U3 3aja4du 7-5.

Sastaan 7-8 u 7-9 HerocpeCTBEHHO CJIeAYIOT U3 3a1a4 7-1-7-5. 3 3a1a1
7-1-7-9 BbITEKAET pellleHne 3aa49n 8-2.

Samaua 7-10.
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1
Hoes doxazamenvcmea. st orobpaxenust f(x) := x—e 22 (z > 0) BepHO,

gro f(x) < x mag Beskoro x > 0. EnxuHCTBEHHOl €ro HEmoJBUKHON TOYKON
sBJsiercst Touka x. Touku {x;} 3a/1a10TCsA CJIeYIOMUMEI COOTHOIIEHUSIMHU:

fx;) = 2iga, xo = 1.

[Tycts 0(2) — npousBosibHas TiiajiKasi (DYHKIMS HA OTPe3Ke [Xg, 1], obaia-
[oIIast HyJIeBBIMH IPON3BOIHBIMI B KoHNax. Oyukiws f(z)+d(x) npomoska-
ercs JI0 TJIa/IKoi pYHKIMKU Ha Beelt mpssmoit 6e3 0. Tak KaK Bce IIPON3BO/IHBIE

dyukiuu e =2 pasubl 0, mpojio/KerHasd GyHKIUA Oyjer riiajakoii B (. O

Yactp 8

Sagaua 8-1.

Jlokasamenvcmso. Ilycts Q(x) — 5T0 MHOIOWIEH CTEIEHH 1M, KOMMY THDYIO-
muii ¢ P(x). Iycrs g4, ..., gm—1 — xopuu Q'(z). Torga muorowren Q(z)—Q(¢;)
uMeeT KpaTHbIe KOPHH I BCAKOro . OTKyla cjeayer, 4YTo MHOIOYIeH

Q) = QP (4:)

UMeeT KpaTHble KOPHU I BCIKOTO § M BCAKOro 1esioro r. OTKyza ciieryer,
ato MHOKecTBO uncen {Q(P™(g;))} KoHewHO, U He MPEBOCXOIUT M TI0 MOTII-
noctu. OTKyza ciieyer, 9To CyIIecTBYeT MHOIOYJIEH, KOPHIAMEI KOTOPOTO ¢
SIBJISTIOTCSL JIJTsI BCSIKOTO MHOTOUJIeHa Q) (), YOBIETBOPSIIONIEr0 YCIOBHIM 3a-
JIaYN.

Takum 06pazoM, JOCTATOYHO [I0KA3aTh, 9YTO CYIIECTBYET TOJBLKO KOHEUTHOE
questo Gyaknuit Q(x), KomMmyTupyonmx ¢ P(z) n ob1afaonmx 3a/aHHbIM
HabOPOM HyJIefl TPpOoU3BOAHOM ¢ KpaTHOCTAMU. Takue pyHKIUYN BBIPAKAIOTC
Kak al)o + 0 s Kakux-To unce « u [ u 3agannoit yukmun (. Koad-
dunment Qo UPpUHUMAET KOHEYHOE YHUCJIO 3HAYEHHI [OTOMY, UYTO CTapIlIne
KO3 DUIUEHTHI MHOTOYJICHOB

aQo(P(x)) + 6 = P(aQo(z) + f)

JOJI2KHDBI COBIIaJaTh. Pasencrso xke

OCTaBJISIET JIUIIb KOHEYHOE UMNCJIO BO3MOXKHOCTEN I (3. ]

Bamaua 8-2 cienyer us 3amad 7-1-7-9.
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Jpobnble nteparnun yHKITHIA.

10 aBrycra 2011 .

9. JInuneapusanusa (pyHKINT B OKPECTHOCTH HEIOo-
ABUkHOI Touku. KoMiiekcHasg auHaMuKa

,HJIEI JOMAaIIIHEr'O pa3MbIIIJIEHU A

[Iycts f(0) = 0, f'(0) = k # 0. Hac unrepecyer, korga dyukmuio f(x)
MO2KHO COIpsiib ¢ (pyHKINEH k - © B okpecTHOCTH HyJisi. OYeHb 9acTO KOMMY-
TUpYIOIIe (DYHKIINN ABJIAIOTCS JIPOOHBIME UTEPAIUSIMU JIPYT JIPYTA.

1. Iycrs f anamuruana u |k| # 1. Torma cymecrByer anamurudeckas G
takas, ato f(r) = G(kGV(zx)). Ilycrts k™ = 1. IlpusemuTe mpmMep
AHAJIUTUYIECKON (PYHKIUHU f, HE CONPSI?KEHHON ¢ JIMHEITHOW B OKPECTHO-
ctu 0 77151 J1I000T0 TEJIOr0 N.

2. Ilycte k He ecTh KOpeHb U3 equHUIbl. Torja f conpsizkeHa JUHERHOM
KaK (POPMAJILHBIIN CTEIeHHON P,

3. Ilokaxkure, 9TO IPU HEKOTOPOM Kk ITOT P MOYKET PACXOIUTHCS.

4. JlokaykuTe, 9TO Jisl HEKOTOPBIX k Takux dro |k| = 1 dyukius f Bee
2Ke BCerJia COIpszKeHa JIMHEHHON ecid OHa aHaAJIUTUIHA.
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beHKHI/IOHaJIbeIG KOpHH

Baag Bukoa Amocron AnocTosos

Dyuxumonanpuoe ypasuenme f o f = g, rge g — CcTpPOro yObIBaIOIIas, He-
TmpeprIBHAA (HYHKINA, He UMEET HEIPEPHIBHBIX PEIICHUN, ONPeJeIeHHBIX Ha BCen
9HUCIOBOU IPAMOU. B cTaTbe MCCIeAyeTCs CUTyauusa, KOrga JOIYCKAeTCA KOHed-
HOE WK CIETHOE IUC/IO Pa3pPBIBOB. B 9acTHOCTH, MOKA3aHO, ITO €Cau PA3PELnTh
f MMeTh Wb KOHEYHOE YUCJO PAa3PBIBOB, TO YPABHEHUE HE MMEET DEIIeHUN Ha
YUCIOBOU IPAMOU.

1. BBEIEHUE
k pas

—_—N—

Bcem xopomo smaxomo o6osmadenme fF)(z) = fofo---o f(x). Dynkuusa
f%) () masmBaercs k-ii mrepammenn dyskmmm f. Ipz srom f(71)(z) obosmauaer
obparuyio Qymxmmo, a f(F(z) ects (fCV) R (2). fcno, uro (f™)M(z) =
= fmn)(z). Ecrecrsenno ompegemnts fU/?)(z) xax dyHkmmio g, Takyio 9TO
g(g(z)) = f(z) (amamormano onpegerserca f(/5) (z) u ganee f7/9 (z)). Takyo pynk-
WO MBI HA30BEM (PYHKYUONAADHBIM WAL UWMEPGYUONHbIM KopHeM. DYHKIMOHATLHEBIE
KODHHU ABJAAIOTCA BAXKHBIM HHCTPYMEHTOM AHAIN3A THHAMUYECKUX CHCTEM, TAK KAK
OHW [ETAIOT BO3MOKHBIM €CTECTBEHHBIN TIEPEXO] OT NUCKPETHOTO BPEMEHW K HETIPe-
pPHIBHOMY. JIeMCTBUTENBHO, MYCTh MMEETCS MOCAeI0BATEILHOCTE MOMEHTOB BpeMe-
HU ...,—1,0,1,... u cocTosHUE cuCTeMBI MeHseTcs o 3akoHy w(t + 1) = g(w(t)).
Ecan MBI mEpexoiuM K HEMpepHIBHOMY BDEMEHH, TO, HaIpUMep, NpeoOpa3oBaHue
w(t) — w(t + 1/2) pomxno oupenensrbesa Takon pyukuuen f, aro f(f(z)) = g(z).

MaremaTuieckue TpUIOKeHna GYHKINOHATLHEIX KOPHEH BKIIOIAIOT TAKKE TH-
CJIEHHEIE METOIBL, AHAJIN3 JAHHLIX B XA0TUYECKAX CACTEMAX U MHOTOe apyroe. Utepu-
POBAHUE UTPAET BAXKHYIO DOJb W IIPY OIACAHUN SBOIIONUN CACTEM B IPYTUX HAY THBIX
00J1aCTSAX, KAK HATIPUMED, B DKOJOTHMHA, IV EMUOIOTUN, ONTUMU3AINA WH Ty CTPUAIb-
HBIX TIPOIIECCOB, TEOPUN ABTOMATOB U TEOPHUA TypOyJeHTHOCTH. Bomee moapo6HO 06
5THUX BOmpocax cM. [1-10].

Hac mHTEpecyeT BOMPOC O CYIIECTBOBAHAN (DYHKIMOHAILHOT'O KOPHS BTOPOR CTe-
[eHU, T.€. 0 QYHKINOHATLHOM YPABHEHUN

fof=g (1)
Jlerko BugeTh, 9T0 €11 g MOHOTOHHO yORIBaeT, TO ypasuenue (1) He umeer peruenui

B KJIACCE€ HEIPEPHIBHLIX PyHKIUMA. B caMoM gene, MOHOTOHHO yORIBArOmaa (pyHKIHA
OPYHUMAET KaXI0€ CBOe 3HAYeHue Mo pasy, T.e. paseHcTso ¢(x) = ¢(y) Breder

MaTemaTu4eckoe npoceewerue, cep. 3, sein. 9, 2005(194-202)
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pasercreo = = y. [lockoasky u3 f(z) = f(y) creayer f(f(x)) = f(f(y)), uro pasHO-
cuibEo g(z) = g(y), IPUXOAUM K BBIBOAY, 9TO f NMPUHUMAET KAKIOE CBOE 3HAUCHUE

POBHO OfMH pa3. BMecTe ¢ HENpEpEIBHOCTBIO f 5TO BJIEYET €€ MOHOTOHHOCTB, T.e.
f ambo MOHOTOHHO BO3pacTaeT, MO0 MOHOTOHHO yObIBaeT. B oboux cayuasx f o f
MOHOTOHHO BO3PACTAET, 9TO IPOTUBOPEIUT BEIGOPY ¢.

C npyrou cTOPOHEL, ecau pa3pemuTs GyHKIuY f OBITH PA3PBIBHOU, TO YPABHEHUE

(1) wacro umeer peulenue, Hanpumep upu g(z) = —z. ITOT CLy4all UHTEPECEH TEM,
9TO MHOKECTBO (PYHKIHHA [, YAOBJICTEOPAIOIIAX yPABHCHUIO
f(f(x)) = —=, (2)

— DTO B MOUKOCIY MHOXECTBO DYHKINN, "padUKi KOTOPHIX MEPEXOAAT B CeOA TPH
moBopoTe Ha 90° OTHOCUTENBHO HAYAIA KOODAWHAT.

SATAYU

1. MpoBepbTe BTO CBOUCTEO TPapUKOB PEIeHnn ypasHeHus (2).

2. TocTpoure QyHKOUIO f €O CIETHEIM IUCIOM TOYEK Pa3pbIBA, YIOBIETBOPSIIO-
LIy} YDABHEHUIO (2) U OLPEAECNCHHYIO0 HA BCEU YUCAOBOY IIPSAMOU.
YKA3AHUE. Hoaoxum f(0) = 0, g = 0. Bribepem nociegoBarenisHOCTL Ty,
k=1,..., Takywo uro xj > 0, x;, — oo. lpexacrasum R \ {0} B Buge o6begune-
HUs HENePeCeKAIIMXCs nap noayurrepsaios Dy = (xp_1, k]| U [—Tk, —Tk—1).

Tp—1 + T

2
¢ obGaacrbio oupegenrenus Dy, nepecrapisiomee IOLYUHTEPBAABL (Tg—1, Yk,

(Yr>Tr), =Tk, —Yk), [=Yk, —Th—1)-

IIycre yp, = . llocTpoum KyCOYHO-AMHENHOE pelllenue ypaBHeHus (2)

3. MocTponre pemenune ypasuenus (2) ¢ obaacTeio onpenenenus (—1,1). A rak-
XKe HailguTe PyHKILOHATbHBE KOpHH o060l cremenn f(2¥) = —z co caerHBIM
qucaIoM TO4eK paspeisa. lIposepsre, uro Beerga f(0) = 0, u, kpome ToOro, 0TO-
O6paxenne f OMEKTUBHO.

2. DOD®DEKTHI YETHOCTHU

Nurepecusre 2(p(PpeKTH BOZHUKAIOT, KOI'Ia PACCMATPUBACTCA pPelreHre (PpyHKIIO-
HaspHOTO ypasuenus f(f(x)) = g(z), nae g — HempepbIBHAS MOHOTOHHO yOBIBAIOIIASL
dyHKIMA, B KIacce Pynkuut ¢ xoneunvim (G He CUCTMHLIM) YUCAOM TOYUEK DA3PbIEA.

Ha 53-u Mockosckon matemarudeckon omummuane A. f. BeroseiM 6buta mpemsio-
JKEHA, CIeAYIOMAS 33,1394

SANAYA. Cywecmeyem au Gynkyus [ ¢ KOHEUHbIM YUCAOM MOUEK PA3PbIEA, YIO-
saemsopsowas ycaoswo f(f(x)) = —x, obaacmy onpedesenus xKomopot ecmov a)
ompesox [—1,1]; 6) omxpemet uwmepsaa (—1,1)7

OTBeTHl B IyHKTaxX 4) U 0) HEOKUIAHHO OKA3LIBAIOTCA pPasHEIME. B myHkTe a)
OTBET «CyLIeCTBYeT», B IyHKTE §) oTBeT «HeT»!
Hamomuum, 910 opbumoti moukuy o HA3BIBAETCI MHOKECTBO

orb(z) = {f™ (x0) | n € N}.
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Ananorugno, opbumoti muoscecmea I aBaseTcs ceMeNCTBO MHOXKECTB
orb(1) = { {f™(I)} | n € N}.

PEMEHUE IYHKTA a). Ilocrpoum ¢yukumio f: [-1,1] — [—1,1] ¢ xouednsim
YUCIOM TOYEK paspeiBa, Takywo, 4ro f(f(z)) = —z. Homxoxum f(0) = 0, u mycrb
dyakums f gercteyer mo mpapmiy 1/2 — —1+— —1/2 — 1+ 1/2. Ha ocTaBmmxcs
OTKDPBITHIX MHTEPBAJAX (PYHKIUA NEUCTBYET KaK U300DaXKEHO Ha puC. 1,
re. f((-1/2,0) = (-1,-1/2), £((0,1/2)) = (1/2,1), f((1/2,1)) = (~1/2,0),
f((—=1,-1/2)) = (0,1/2). Cpaprure c puc. 2, rge n3obpaxena opobura Touku x. [

. 14 1/2
1/2 € .
1/2 1
T hd i : 1 O
1 -1y -1
. - —1/2
L1 e —-1/2
Puc. 1. I'pagux f Puc. 2. Opbéura x

PEWEHUE IYHKTA 6). Ilokaxem, uro we cywecmeyem gynryvu f: (—1,1) —
(—1,1) ¢ KOHEUHBIM ¥MCIOM TOYEK pasphiBa, masa kotopon f(f(z)) = —z.

Ecan Takas QyHKIMA cymecTsyeT, T0O f OnekTusHa, a 0 — eINHCTBEHHAS HETIO-
JBIKHAA TOUKA.

B camom gene, f(z) = f(y) = f(f(2)) = f(f(y) = —v = —y = v =y
= —(—2) = f(f(=2)) = f(s), vae s = f(—2); f(@) = & = [(x) = [(f(2)) = —a,
orkyga x = —x, T.e. £ = 0.

ToxaxeMm, 9TO OpOUTA KaXKION TOUKHU, KPOME HYJS, COAEPKUT 6 MOUHOCU 4
DJIEMEHTA.

B camom gmene, f(f(f(f(x)))) = —(—=x) = z. Ecim z # 0, 10, Kax MBI BUJE/H,
J(@) # 2, f(J@)) = —2 # 2w ecan = = [(f(/(2))), T0 F(z) = [(FTS@)) = =,
T.e. z = 0.

Paccmorpum MuONKecTBO A = {a3,as,...,a,} TOUYeK paspbiBa GYyHKINU f U TO-
JIOZKIM

A*:={0}U U orb(a).
a€A
ITO MHOKECTBO 6N0OAKE UNEAPUAHMHO OTHOCUTEILHO [, T. €.

fly) e A¥ < ye A"
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Ilycre by, bo,. .., b, — 24eMEHTE MHOXKECTBA A, nepevucieHHble B IOPAIKE BO3Pa-
crauus. [lockoapky opbuTa 000U TOYKU U3 A*, KpoMe HyJA, CONepXuT 4 naeMeH-
Ta, TO
m=4k+1, keN. (3)
Monoxum Iy = (=1,b1), Im41 = (bm, 1), m a11 2 < j < m nycrs I; = (bj_1,b;).
Mpumensasa aemmy 2, npusenéunyio muxke, kK I = (—1,1) u M = A*, noayvaewm,
9TO f-0pOMTa KaxkKAOT0 MHTepBana [; cocTonT un3 4 sremenTon. [losTomy m+1 = 4p
s Hekoroporo p € N. Ho 510 npoTusopeduT ypasHeHUO (3), T.€. CYIIECTBOBAHUIO
dyuxuun f ¢ KOHEYHBIM YUCJIOM TOYEK PA3PHIBA. U

31ech MBI HAOMIO1AeM KoMOuHamopHubil acnexm 3axa<dn. Mur nokazann, ITo 4au-
Ha OPOUTHI KAXKIOU TOYKU, KPOME HEMOABIKHOU, PABHA 4 U MOTOMY KOJUYIECTBO UH-
TEPBAJIOB MOIYy4YeHHOrO paszbuenus umeer Bul 4k + 1. Ho okaseiBaeTcs, ITO n IIMHA
OpOUTHI KAXKAOT0 UHTEPBALA TOXKE paBHA 4, OTKYJa MOLYyIaeM IIPOTUBOPEIHE.

3. OCHOBHASI TEOPEMA

EcrecTBenno BosHukaeT Goee 06mmUu BOIPOC: dana cmpozo yobieaou,as nenpe-
poienas Pynkyus g, onpedesennas na 6cets wucao6ot npamot. Moxcem au cywecmeo-
oMb PYHKUYUS [ € KOHEUNbIM YUCALOM TMOYER Pa3pbiea, makas wmo f o f = g7

OTBeT Ha 5TOT BONPOC TAET

OCHOBHAA TEOPEMA. Ilycmb g: R — R — cmpoeo monomonno y6wieaouas
nenpepvienas Gynkyus. Toeda ne cywecmsyem umepayuonno2o KopHi 6mopott cme-
NEHU U3 § € KOHEUHBIM YUCAOM MOYUEK DA3DPIEA.

Buagaime JOKaXKeM HECKOJBKO BCIIOMOr'aTeJlbHBIX yTBepm,quMﬁ.

JIEMMA 1. [Tyemp na nexomopom unwmepsate sadanvt Gynryuu [ v g, npuuem
g Menpepuiena U 63aumMH0 00n03nauna. Ilycms f u g wommymupyom, m.e. fog =
= go f. Toeda nenpepwisnocmo Gynkuyuu f 6 HEKOMOPOt MouKe To PABHOCUALHA €€
nenpepuienocmu 6 mouxe g(ro).

JTOKABATEJbLCTBO. 3aMeTuM, 9TO W3 OMEKTMBHOCTY M HEMPEPLIBHOCTU (PYHK-
LU g CTIeAYET OMeKTUBHOCTD M HempephiBHOCTH dyrkumn g( 1), Tlosromy gocTarou-
HO JOKA3aTh TOJIbKO OHY MMILIIKAIMIO, 8 MOTOM 3aMeHuThb g Ha ¢~ 1),

IIycrs f umenpepriBua B Touke zo. [lomoxum yo = g(xg) U paccMOTpUM HpOU3-
BOJILHYIO IIOCIEIOBATEILHOCTD (Y, ), TAKYIO 9TO Y, — Yo. Homoxum z, = g1 (y,).
Torga z, — o, mockombky g1 — menpeprBHas Qpyrkuma. Tak Kak f HempepLIBHA
B TOYKE Tg, TO

fyn) = flg(zn)) = 9(f(20)) = 9(f(z0)) = f(g(20)),
9TO U TPeOOBATOCH. O
IIycre fo f =g. B arom cay4ae f u ¢ KOMMYyTUPYIOT, M MEL IOy 9aeM

CueactBuk 1. Ilpu yeaosuu (1) opbuma mouru paspwiea gynkyuu [ nod dei-
CMBUEM § COCTOUM U3 MoueK paspuisa. Ecau mnoxcecmeo mouer pazpuisa Konewno,
mo u opouma 410001 U3 HUT KOHEUNA.
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(o]
CaeacTBuE 2. Myems I = () g®)(R), 2de g — cmpozo yovisanuwas Gynryua,
k=0
@) (x) = g(x). Ecau ynryus f umeem Koneunoe mMuo*cecmeo mouex paspuiea, mo
ece onu npunadaencam I.

JOKABATEJILCTBO. Jliobas Touka Bue I umeer Geckonednyio opbury. Ocraercs
MPUMEHUTH caeacTeue 1. 0

3AMAYA 4. Mycrs g — cTporo yomBawoman HenpepsisHas ¢yakumsa, g(R) — or-
kperThii ays. Torga mua moboro s > 1 ypasrenme f(¥)(x) = g(x) He nmeer pemrermit
B KJIacce PyHKIMU C KOHEYHBIM 9UCIOM TOYEK PA3PLIBA.

YKABAHME. C nOMOWBIO CeACTBUA 2 MOXKHO IOKA3aTh, 9TO [ HENPePLIBHA U
youBaer nHa R\ g(R). Ecim ¢ — rpamuna g(R), To f(c¢) # ¢, nnade 6vu10 611 g(c) =
= ¢. Tlo menpepusrOCcTH f(c) € g(R), orkyaa f(R\ g(R)) C g(R). B To xe Bpems
flgR)) = g(f(R)) C g(R), .e. fF(R) C g(R). Tak kax f B3auMHO OJHO3HAYHA, TO
g(R) € g(R) — mpoTtusopetne.

OTMeTuM, YTO OTCIOA BHITEKAET perrenue 3amadn K. Maabkosa, omybankoBaH-
HOH B cOopHuke «MaTemaTnieckoe mpocsemenne», Ne3, 1999, c. 232, mog mHomepom
3.3; pemenue K. ManbkoBa onybaukoBano B «(MaremaruieckoM mpocserneHumy, Nej,

2001, c. 227-228.

JIEMMA 2. Iyemv I C R — omxpomuiti uwmepean, a f: I — I — Ouexmusnas
Pynryus. Paccmompum mmoxncecmeo mouex M C I, |M| = m, enoane unsapuanms-

noe omuocumenvno f. ITycmo {Ij};"jll — pasbuenue I na omrpuimbie unmepsabl
moukamu muoscecmsa M. Tozda:

(i) Ecau f nenpepvisna na xaogcdom uwmepsaae I, mo f(I;) = I das nexomopozo
1<kE<m+1.

(i) Ecau, donoanumeavno % (i), fo f empoeo yoweaem, mo f(I;) = I; das ecex
1<j<m+ 1.

(ili) Ecau, donoanumesvno x (i) v (i), wexomopas mouxa xo npunadsexcum M u
F(f(x0)) = x0, mo opbuma xasxicdoeo unmepsana I; umeem 4 saemenma.

JTOKABATEILCTBO. (i) 3aHyMepyeM MHTEPBAIL pa3OUeHNUA CJAEBA HATIPABO U PAC-
cMoTpuM HekoTOpe muTepBal ;. @ymxunma f orobpaxaer I; ma f(I;) Hempe-
puiBHO U OuextuBHO, nostoMy f(I;) = (¢,d) mas mexoropmx c¢,d € I. Ilockonbky
I; "M = @, a M Bnonue uuBapuanTHO OoTHOCHTEABLHO f, TO (¢,d) C I mms meko-
roporo 1 < k < m + 1. Ucnoassys f~1) u paccyxk1as aHATIOIMYHO, MOIYHUAEM, HUTO
fI;) = Iy.

(ii) Tax xax f*) crporo yoemaer, To f(*) crporo Bospacraer. UmeeTca posno
j — 1 urrepBanos caea ot I;. Ilpumensas yreepxaenue (i) k f® | noxyuaaem, uro
CyLIeCTBYeT po6no j — 1 murepsaos ciesa ot f(4) (I;). CregoBaTennHo, f@ (I;) = 1;.

(iii) I3 (i4) crexyer, uTo op6uTa KaxkIOrO MHTepBata [; cocrout m3 1, 2 mim
4 snementos. Ilpeamonoxum, uro f(f(I;)) = I;. Tak kak ¢yskmua f o f cTporo
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yOBIBACT M HENPEpPBIBHA HA [j, TO IO TEOpeMe O IPOMEXKYTOTHOM 3HAMEHHH CyLIEC-
mByeT « € I;, mna koroporo f(f(z)) = z. Ho cTporo yOerBatomas GbyHKIMA MOXKeT
UMETh JUITb OTHY HEMOJBMKHYIO TOUKY. SHAYNT, T = To € M, — IpOTHBOpEdne.
CrenoBaTenbHO, OpOUTA KaXKI0T0 HHTEPBAIa, UMeeT AIUHY 4. O

JIEMMA 3. Ilyemv g — cmpo20o youieaouas HENPEPuISHas PYHKUUSL U 6LINOAHEHO
ypasnenue f o f = g. Toeda Pynkyuu f u g umerom eduncmeennyio wenodeurcHyo
MoKy, NPuYem 06Uy,

JOKABATEABCTBO. O4eBrAHO, 9TO CTPOro yOBBAIOWAL (PYHKINA MOKET UMETD
JIMIIB OAHY HENOABIKHYIO TOUKy. Ecam npu 5T0M QyHKIUMA HEIPEPEIBHA, TO 1O TEO-
peMé O TMPOMEXYTOYHOM 3HAYMECHWM Takad TOYKa To cymectsyer. Torma f(zg) =
= f(g(zo)) = g(f(z0)), T.e. f(xo) TaxKe ABAASTCA HEMOABUIKHON TOIKON (DYHKINK
g. 3uauur, f(xg) = 9. O6parHo, ectu f(z) = z, To g(z) = f(f(z)) = z, orkyzna
T = Tg. ]

JEMMA 4. ITyems I C R — omxpuimaii unmepsaa, a f,g: I — I maxoser, wmo
fof =g, npuuem g nenpepvisna u Ouexmuena, o [ umeem Komeunoe wucA0 Mmo-
wex pazpwvisa. Toeda Kaxncdas u3 IMUT Mouer AUO0 A6AKEMCA HENOIBUNCHOT MOuKOT
dynxuyuy g, aubo umeem f-opbumy uz 4 ssemenmos.

JTOKA3BATENLCTBO. [lycts A — mHOXKeCTBO TodYek paspwiBa dyukumu f. Ilo-
CKOMBKY ¢ U [ KOMMyTHUpPYIOT, TO 10 cieactsuto 1 gemmbl 1 g(A) C A. Tax kak A
KoHe4HO, a yukuusa g unbexktusaa, To g(A4A) = A. lycrs a € A u g(a) # a. Ilo-
CKOIIBKY g o g crporo BoapactaeT u g(g(A)) = A, to g(g(a)) = a, t.e. fH(a) = a.
Tak kax g(a) # a, 10 f(a) # au f®(a) = fV(a) # a, r.e. a umeer opbury u3 4
TOEK. d

JOKA3ATEJLCTBO OCHOBHOW TEOPEMBL. /[lomycTuM, 9TO CyHIECTBYET (PyHK-
mua f, o6razalomas CBOMCTBAME 3 ycaoBua TeopeMel. Owesmgno, g("TD(R) C
C g (R) mas Becex n € N. IlockombKy ¢ HempepbIBHA U CTPOr0 MOHOTOHHA, TO
g™ (R) — orkperrsnt narepear B R. TTomomxmm

o0
I=() g®(R).
k=0
IockonbKy g HENpPEPHIBHA U CTPOrO yObIBaeT, TO ypaBHeHue ¢(&) = & UMeeT POBHO
oguo pemenue zo. Torga g (xg) = x¢ a1 Becex k € N, orkyza zg € I, .e. I # @.

IMockonbky I — cueTHOE mepecedenne OTKPLITHIX HHTEPBAIOB, TO I cBa3mo. Ilpu
srom g(I) = I. Jlerko Bugern, 4o I He MOXeT OLITH HOLYUHTEPBAIOM B CHILY MOHO-
rouHOCTH g. IIpexnonoxum, uto I = [a,b] mna HexoTopwix a < b. Tak kKak g cTPOro
youiBaet, To g(a) = b, g(b) = a. Ho KOHUBI MPOMEXYTKA He BANAIOT HA HAIIN PACCY-
JKJIEHUS, TAK 9TO MOXKHO CUMTATH | OTKPBITHIM MHTEPBATIOM.

IIycTs MHOXKECTBO Agyy COCTOUT U3 BCEX TOUYEK PA3PhiBa DYHKIUEU f M TOUKA
zo. U3 caegcrBua 2 gemmbl 1 BeiTekaeT, 9TO Aexy C I. Ilpumenusn gemmbr 3 u 4
k f,g: I — I, nony4daem, 910 MHOXKECTBO Aeyy cocTout u3 4p + 1 saeMenTos s
umexkoroporo p € N. CoorBercrByiomee pasbuenue uaTepBata I JOMKHO COCTOATH U3
4p + 2 oTKpHITHIX UHTEPBAIOB. [Ipumenus Kk I asemmy 2(iii) ¢ M = Aeyy, momyuaeM,
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9TO OpOUTa KaXkKJOT'O HHTEPBaTIa [; COCTONT M3 IeTHIPEX 3MEeMEHTOB U IIOTOMY THC/IO
WHTEPBAJOB MTOMKHO TeTUTHCA Ha 4, TOrMa Kak OHO uMeeT Bum 4p+2. Takum oOpasom,
TIPEIONOXKEHNE O CYIIECTBOBAHUN (DYHKIMK [ BEIeT K MPOTUBOPEUUIO. g

4. TIONBITKA IAJBHERIIETO OBOBIIEHUS

EcrecrBenno nonerarhes 0606IMTL OCHOBHYIO TeopeMy. A 4ro ecau (pyHKIuUs
g: R — R monoronno ybeiBaer, HO He 00s3aTeabHO HenpepbiBHa! fcHO, 4TO ecan
g mMeeT GECKOHETHOE UUCIO TOYEK PA3PLIBA, TO (DYHKIMOHAILHBIU KODEHbL f, mis
xoToporo f o f = g, Toxe mMeeT OECKOHEUYHOE HUCJIO TOUYEK paspwiBa. [losTomy
moTpebyeM, ITOOBl PYHKYUA § UMEAL KOHEUHOE YUCAO TOYEK PA3PbIEA.

OxaspiBaercs, B 5ToM ciaydae ypasHerue (1) MOxKeT UMeTh DELleHUs, OLpe1eIeH-
HEIE HA BCEH YUCJIOBOU MPAMOU.

IIPEANOKEHNE 1. Cywecmeyem omxpomsid uwmepsas I C R u dynxyuu
fr9: 1 — I ¢ KoneunviM wucAoM MOUEK PA3PLIBA, MAKUE 4MO § CMPo2o Y6uisaem
uw f(f(x)) = g(x) das ecexx € 1.

JIOKABATEJBLCTBO. 316Ch MBI HAYMHACM HE ¢ BLIOOpA (PYHKIWMU ¢ ¢ TOCASTYIO-
MM TTOCTPOEHUEM [, a ¢ MOCTpoeHus camou GpyHkmn f. [as obrerdenus Beramce-
uunt pacemorpum I = (—16,16), Bmecro (—1,1).

g +2 mpuz e (—16,-8),
—§+10 upu z € (—8,0),
—%—10 mpu z € (0,8),
llyere f:(-16,16) = R, f(z) = g —2 mpmzx € (8,16),

—2 mpumx = -8,
—10 mpmzx =0,

2 upmx =8.

Jlerxo mpoBepuTh, UTO f MMeeT 3 TOUKM pa3pbiBa u uTO ¢ := fof cTporo y6niBaeT
7 TOXEe UMEEeT 3 TOUKHU PaspbiBa. 1TOOBI JyHIille YBUAETH IOIYIUBIIVIOCI KAPTUHY,
cM. puc. 3 u puc. 4. O

3AMEYAHUE 1. Ormernm, 94T0 rpaduk GyHKIUU [ CUMMETPUYEH (33 UCKIIOHe-
HUEM OJHOU TOYKU) OTHOCHTEILHO OBOPOTA IIockocTy Ha 180° (cMm. Taxxe puc. 1).

BJIATOIAPHOCTH

Mu xotum nobaaronaputh Anekces Benosa u ['érua Ilpaugepa, koropole mo3na-
KOMWIM HAC C (PYHKIMOHAALHEIM ypapHenmeM [ o f = —id, a Takxke Ajekcaniapa
Byderona 3a nonesunsie samedanusa nu Bopuca dpenknna 3a peIakIMOHHYIO TPABKY.
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Msr ocobenno Gmarogapubl Anekceio BenoBy, KOTOPBIA O AepKaN HAIIM ITONBITKA
00006 TE 3TO QYHKIIMOHATHLHOE YDABHEHNE.
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Fractional iterations of functions.
A.Kanel-Belov, V.Bugaenko, S.Grigorjev, N.Kudyk, I. Mitrofanov, A.Petuhov, B.Frenkin

We denote f™(z) = f(f(...x)...) (n times). Functions f(™ are iterations of f. If f is invertible,

then integer iterations exist and f=™ = (fCD)™ It is easy to see that (f™)m = fm) and
f(n) o fim = f(n+m).

How to define fractional iterations? What does it mean: functional root g(x) = fA/2(x)? Tt is

natural to assume that ¢ = f. After defining functional roots (/™ one can define rational powers
fm/m) = (FA/m)(m) and try to define real iterations via limit. (By the way, it is interesting what is
the sense of complex or p-adic iterations.)

This way meets some difficulties. Invertibility of functions already is not always clear. We shall

start from investigation of usual iterations and functional roots from set-theoretic point of view and
from some important partial cases.

1

Functional roots

. a) Does there exist a function g such that ¢®(z) = cos2?

b) Does there exist a function g such that ¢?(z) = sin 27
c¢) The same questions for continuous function g.

d) The same questions for function g with finitely many discontinuity points.

. a) Does there exist a function g such that ¢®(z) = e=*?

b) The same question for a function g with finitely many discontinuity points.

. a) Does there exist a function f: (—1,1) — (—1,1) such that f(f(z)) = —a?

b) The same question for function f with finitely many discontinuity points.

c¢) Does there exist a function f : [—1,1] — [—1, 1] with finitely many discontinuity points such

that f(f(x)) = —a?

. * Does there exist a function f : R — R with finitely many discontinuity points such that

f(f(z)) = g for some strictly decreasing function g

. a) How many permutations on 4-element set are squares?

b) Describe all permutations on 9-element set which are cubes.

Fractional iterations of some elementary functions

. a) Let f(z) = x+c. What are fractional iterations of f? b) Let f(z) = ax. What are fractional

iterations of f7
c) Let f(z) = ax + c. What are fractional iterations of f?
d) Let f(x) = axz™. What are fractional iterations of f?

. Let f(z) = 2% — 2. What are fractional iterations of f?

. a) 2 & R, f(2) = 22 — 2. Prove that |f™(z)| — oo if n — oo. Find the set of initial points

2o such that |f™(z)| = 2.
) Let P be a polynomial with integer coefficients with oldest coefficient equal 1. Let all complex

roots P are in the unit disc |z| < 1. Prove that they are roots of unit.

) Let P be a polynomial with integer coefficients with oldest coefficient equal 1. Let all com-
plex roots P are distinct and in the line seqment [—1.99,+1.99]. Prove that the set of such
polynomials is finite.



Some limits

. On the rectangular map M somebody put a map N of same landscape but smaller masshtab.
Prove that one can touch them with spike such that booth spiked places maps same point on
the landscape.

. Find limit of the sequence

VLA 1T+ VI T+ 1+, ...

. (Arnolds problem). Find the limit

lim sin(tg(x)) — tg(sin(x))
z—0 arcsin(arctg(x)) — arctg(arcsin(x))

Iterations. Big n behavior.

. A AABC and point xy are given. On n-th step one choose one of the vertices of the AABC
join x, with this vertice and replace point x,, to the point z,,; which is midpoint of this line
segment. Prove that there exist a figure S of arrear 0.0001 attracting all the points z,, for all
sufficiently large n for all such processes.

. f(x) = 2% — 10. Prove that the set of all points  such that

lim f™(z) # oo

n—o0

can be coved by finite set of intervals of total length 0.0001.

Iterations near stability points and circles.

. Solve equations for each n in real numbers f™(x) = x if f(x) = cos(z).

1 — 22,

. Solve equations for each n in real numbers f™(z) = z if f(x)
. ) Prove that sin™(z) — 0 for n — oo. ) Find lim,, o /7 sin™ ().
. Generalize previous problem for f(r) =z — az® k > 1.

. Generalize previous problem for f(z) =z — exp(—1/z?).



7. Conjugacy and iterations

Functions f and g are called conjugated whenever f = Ro go R~ for some
function R.
Exercise. Show that in this case f® = Ro g™ o R~
We use notation f ~ g whenever % 20,
1. a) Show that for any n € Z the function cos(n arccos(x)) is a polynom,
and that any two functions of this kind commute one with each other.
b) Show that for any n € Z the function sin((2n + 1) - arcsin(x)) is a
polynom, and that any two functions of this kind commute one with
each other.
c¢) Show that for any n € Z the function tan(narctan(z)) is rational,
i.e. is a quotient of two polynoms. Show that any two functions of this
kind commute one with each other.

Remark. Parts a and b provides nontrivial examples of commuting
families of polynoms. By the deep theorem of Reed any other nontrivial
family of commuting polynoms essentially coincides with a or b.

2. Show that the function sin x is not conjugated to a polynom.
azx+b
cx+d
Hence we can explicitly describe fractional iterations of linear functions,
we wish to connect them with as many fractional iterations of other
functions as possible. Essentially we wish to find a big enough class of
functions f for which exists a conjugating function R such that

3. Find fractional iterations of functions for any a, b, ¢, d.

Ro fo RV

is a linear function. From time to time it is reasonable to find such
conjugating function in some neighborhood of some point.

4. Let f be a function such that f(0) = 0, f’(0) = k. Evaluate (f™)'(0).
Assume that f is conjugated to [z for some number [ with some smooth
(i.e. infinitely differentiable) conjugating function R. Prove that in
this case k = [. If [k| < 1 then f(™(z) === 0 in for all z from some
neighborhood of 0. In this case we call 0 an attracting point of f. If
|k| > 1 we call 0 a repelling point of f.



10.

a) Let 0 be an attracting point of a continuously differentiable function
f. Prove that for all xq from some neighborhood of 0 the limit

fim £7©)

n—oo kn

= G(x0)

exists. Prove that G is continuous and that G(k - GV (x)) = f(x).
b) Prove that G is continuously differentiable.
c*) Prove that if f smooth then G is smooth.

Prove the following equality.

VI V2HVE V2EV2ZEVE S 4
2 2 N

2 21n(I+\/2$2j)

Definition. Let M C R be a set. We call x € M a limit point of M if
any neighborhood of x contains infinitely many points of M. We call
the set {f(")(:n)}nezzo an orbit of x under the action of f.

Let f,g be a pair of commuting smooth functions such that f(0) =
g(0) = 0 and f(z) ~ 2, g(x) ~ 2°. Then f = g% (Here you have
to define fractional iterations in a spirit of the introduction).

. We call two points xg, x; of an invertible function f neighbor if there

exists a point z such that lim f(z) =z, and lir+n f™(2) = 2.

Let xg and x; be common neighbor fixed points of commuting invertible
continuously differentiable functions f and g. Assume z; is attracting
and x; is repelling for both f and g. Prove that in this case

0g)gr oy |1 (20)] = 108)g1ayyy |1 (1)1
Prove that functions of problems 6.1, 6.3, 6.5, 6.7 are fractional itera-
tions of the corresponding functions.

Let f be a decreasing function such that f(0) =0 and f(x) # z for all
x # 0. Does there exists an infinite family § of pairwise noncommuting
functions such that any element of § commutes with f?



8. More about polynoms

1. Let P(x) be a polynom of degree n > 1. Then for all m the set of
polynoms of degree m such that they commute with f is finite.

2. Let P(z) be a polynom of degree n > 1, Q(z) be a polynom of degree
m > 1 such that
a) Po@Q = Qo P, b) P(rg) = Q(xg) = x, ¢)P'(x9) > 1, d) in

any punctured neighborhood of zy there exists a point x; such that

PO (z;) £ oo,

Prove that P’(x)"8(™) = Q'(z).

Remark. We note that the condition "to be commutative” is algebraic,
i.e. is equivalent to a system of polynomial equations on coefficients. There-
fore we could assume that the value of derivatives in all fixed point are al-
gebraic. In assumption of transcendency of powers o!°:(™) where « is some
algebraic number and n is not a rational power of «, we have that k is a ra-
tional power of n. It is interesting to derive the classification of commuting
polynoms from this observation. This problem is really valuable because it
provides a connection between dynamical systems, theory of transcendence
numbers and theory of Diofant approximations.



Part 1

Problem 1-1.

Proof. a) Let a function g be determined on [—m, 7] and periodical with

period 2m. Consider the segment [z1,z¢],21 = 1,41 = 5 and let ty be its

midpoint. Denote by z,,t, the n-th preimages of xo,tOQ taken in [, 7].
Suppose [to, zo] & [x1, to] acts on tg as a translation. Now let [y, o] & [t1, z1]
act so that g® = sin on [t;, z1], similarly for [zy,#] and so on. Similarly for
[—5,0]. Let g(z) = g(m — x),Va € [§, 7] and similarly for [-7, —F]. It is
easily seen that the resulting function satisfies the conditions of Problem 1-1
and moreover is continuous.

b) Divide all points into classes such that their images under cos are the same.
Each class will be represented by a point of [0,7]. The class containing a
point x will be denoted by [z]. Now determine the action of the function
g on the classes as follows. For the class containing a fixed point z( let

g([zo]) = x¢. Divide the remaining classes into sets of the form

{..., [cosV ()], [a], [cos(a)], [cosP (a)],...}.

determine the following action: g([cos™ (a)]) = g([cos™ (B)]), g([cos™ (3)])

The divide these sets into pairs, and for the pair generated by classes [a/], [5]
g([cos™ ) (a)]). Clearly the square of the resulting function is cos. O

Solutions of problems 1-2, 1-3, 1-4 are contained in a paper of V. Vikola
and A. Apostolov, see ”Matematicheskoe prosveschenie”, year 2004, vol. 9.
Problem 1-5.

Proof. Let us consider what are possible forms of the substitutions.
1. The identical substitution. It is its own square.
2. A transposition. Its square is the identical substitution.

3. A product of two disjoint transpositions. Its square is the identical
substitution.

4. A cycle of length 3. Its square is the cycle of length 3 inverse to the
original one.

5. A cycle of length 4. Its square is a product of disjoint substitutions.



In total, we get 1 + 3 4 8 substitutions which are squares of substitutions.
In the case of 9 elements, a similar argument implies that the cubes are any
substitutions without cycles of length 6 and with 0 or 3 cycles of length 3. [

Part 2

Problem 2-1.

Proof. a) Let f(z) =z +c. Then fMN(z) =2+ Ae.
b) Let f(z) = ax. Then fM(x) = o’z
c) Let f(z) = ax + c. We assume that « # 1 (cf. a). Then

Therefore

d) Let f(z) = ax™ We assume that a # 1 (cf. b). The solution of this
problem is similar to part ¢ and this is not an occasion.

flw) = e/ )
O ) = i) e

O
Problem 2-2.
Proof. Let f(x):= 2% — 2. We substitute z in f by u + % We have
1 1
flust—) :u2+ﬁ
Further ] ]
FOu+ =) =u? + —.
u
Then
22 22
r+Va? -1 r—vVz? -1
fow) = (YR
2 2
0



Problem 2-3-a.

Proof. Set z=u+ <. As z ¢ R, |u| # 1. By the previous theorem

n

JO) = [+ 3) =+

u"’

We have

lim |u*" +

Jim > | = 400.

Problem 2-3-b.

Proof. Let f(x) be a polynom of degree n with the highest coefficient 1. Let
x1, ..., Ty be roots of f. The coefficients

folz) = (x —21)...(x — x,)

are symmetric polynomials of xy,...,z, with integer coefficients. Therefore
all coefficients of f,, are polynoms of the elementary symmetric polynoms
(:=coefficients of f). Therefore all coefficients of f, are integers. As |z;| =1
for all 4, |z¥| = 1 for all i and k. Therefore for any k the coefficients of f is
smaller or equal to n!. Hence there exist different numbers ki, ks such that
fe; = fr,- But then the set of numbers

{ah) . zF) and {2, ... 2k

coy Ly

coincide. Therefore x;-th are roots of unity (see also ”Matematicheskoe
Prosveschenie”, year 2004, vol. 9). m

This problem was invented by M. Kontsevich.
Problem 2-3-c.

Proof. Let n be a degree of P(x) and {z1, ..., z,} be roots of P(x). Then the
roots of

1
TLP _
u"P(u + u)

are solutions of equality u + % = z;. As x[—1.99,1.99], all roots are purely
complex and has length 1. Therefore polynom u”P(u + 1) has integer coef-
ficients, and all roots of this polynom are roots of unity by Problem 2-3-c.
Let u; be root of unity of degree m;, such that w; is a root of P(x). Then u]



is a root of polynom u"P(u + +) for any integer r such that (r,m;) =1 (see
also ij i, year 2004, vol. 9).

There exists N such that m > N and for any primitive root of unity u
of degree m there exists number r, such that (m,r) = 1 and 2Reu” > 1.99.
Therefore there exists a finite set § such that any root of a polynom P(z),
which satisfies the conditions of the problem, lies in 8. O

Part 3

Problem 3-1.

Proof. Let K be a big map. Introduce the map f : K — K that maps each
point of the big map to its point lying under the corresponding point of the
small map. Then the problem reformulates as follows: find a fixed point for
f. Clearly f(K)is arectangle in K, f(f(K)) is a rectangle in f(k) and so on.
We obtain a sequence of similar rectangles embedded into each other, such
that their greater sides form a geometrical progression whose denominator
is less than 1. These rectangles have a single common point x. Suppose
a # 0 is the distance between x and f(x). There exists a rectangle f(™ (K)
whose diagonal has length less than a. Since f(x) lies inside f(f™(K)) and
FHD(K) lies inside 0™ (K), the distance between z and f(z) is less than
a, a contradiction. Thus = = f(z). O

Problem 3-2.

Proof. Consider the function f(xz) = v/1+ x. Our sequence has the form
r, = f(1). Solving the equation f(r) = x we see that %ﬁ is a single
fixed point of f. Furthermore for 0 < x < %5 we have the double inequality

r < f(z) < %5 Hence the sequence x,, is strictly increasing and bounded
and hence has some limit h. Since f is continuous, the sequence f(z,) tends

to f(h), whence f(h) = h. Thus h = %5, O
Problem 3-3.

Proof. Denote f(x) := sin(tg(x)), g(z) := tg(sin(x)). We have to find the
limit




Observe that f, g, f~! and ¢g~! are infinitely differentiable in some neighbor-
hood of zero and fix 0. Now observe that lim,_,g @ = 1. The same is true
for g, f~' and g%

Suppose that for h(z) = g~'(x) — f~!(x) first k£ — 1 derivatives are zeroes
at zero and the kth derivative is not. Then

g (@) = [T w) R (0)
:lclirtl) zk TR
Substitute f(z) for . We get
k times
—~~
g (@) = () hT N (0)
5

Hence

Let s(x) := f~*(g(z)). Then the problem reduces to finding the limit

Tt GO
=0 s (z) — x

If s(x) in a neighborhood of zero decomposes to the Taylor series of the

form x+ax®+... then the Taylor series for s™!(x) has the form z —az®+. ...

Thus the limit of the ratio of the numerator and the denominator equals

1. O

Part 4

Problem 4-1.



Proof. We introduce a coordinate system such that A has coordinates (0, 0),
point B — (0, 1), point C' — (1, 0). Let X be a point of coordinates (a,b).
Then after an ”attraction” to one of the points A, B, C' we have points with

coordinates.
a b a+1 b a b+1
2'2)7 2 272)7 22 2

Hence, for any ¢ > 0 there exists n such that after several ”attractions”
both coordinates a and b becomes bigger then —e. Therefore after several
attractions distance between any point and AABC becomes smaller than e.
Without loss of generality we assume that © € AABC.

Attraction to A of a set X € AABC produces a set X4, which is 4 times
smaller by area. It is easy to see that area of

X4 UXpUXe

is smaller than 3/4 of area of X or is equal to it. Thus after n-th attraction
any point of ABC' comes to union of triangles (jjSerpinski’s curpet,), the
common area of which is (3/4)" of ABC or smaller. Therefore there exists a
figure F with area 0.00000001 such that any sequence of attractions of any
point hits &F. O

Problem 4-2.

Proof. Denote f(z) = x* — 10. The equation f(z) = z has exactly two
real solutions, namely x5 = %‘H. Note that z1,x, are fixed points of
the map © — f(x). For certainty assume xo > x;. Let 2} be the root of
f(x) = x5 distinct from x9, and let y;,y> be roots of f(z) = % such that
y1 < y2. Observe that f is monotonous at segments [z}, y;] and [ys, 22| and
the images of these segments coincide with [z}, xo]. It is important that the
derivative of f at [z3,y1] and [y, 2] is not less than 3.

For all z € [—10, 23] U [z2, +00) the sequence z, f(x), f(f(x)),... tends to
infinity and increases starting with the second term. Hence the set of points
x such that the limit for z, f(z), f(f(z)), ... does not exist or is not infinite,
coincides with

ﬂz'f(fi)([%;, T5)) = mz’f(fi)([m;, Y1) U [y2, 72]).

The preimage f9 (x5, y1] U [yo, 22]) consists of 277! pieces, and each piece
maps bijectively to some piece f(= ([a%, 11] U [y2, 72]). Since the derivative



of f is not less than 3 on [z}, 1] U [y2, 2], the total length fC9([a}, 4] U
12, 72]) does not exceed 2/3 of the total length of fC 1 ([x5, 1] U [y2, 22]).
Thus it is evident that £ ([23, 11] U [y, 22]) < 0.0000001 for some i. Hence
FEO([as, 1] U [ya, 22]) < 0.0000001 is the required system of segments that
contains all points = such that the limit of z, f(z), f(f(x)), ... does not exist
or is not infinity. O

Part 5

Problem 5-1.

Proof. Let us find the derivative of

(F0w) = ) = =sin(FD) - (D) - 1.

Observe that further similar decomposition of the derivative shows that the
first term has the absolute value not greater than 1. Hence the function
f™(z)—2 monotonically decreases. Furthermore the zero clearly is a solution
for cosx = x, and this is the only solution for the original equation. O]

Problem 5-2.

Proof. Let us start with solving of the equation f(z) = z, that is, 1 — 2% =
r < 22+ x—1 = 0. Its solutions are T1g = #ﬁ Furthermore for
< ’1;‘/5 the values of f(™(x) decrease. The image of [—1, 0] is the segment
0, 1], hence the equation has no solutions on this segment. Similarly we may
take its preimage, the preimage of its preimage and so on to obtain that
the equation has no solutions on [_15‘/5,0]. Now denote #5 by ¢ and
observe that Vo € [0,¢] f(x) € [¢,1] and Vz € [p,1] f(z) € [0,¢]. Thus
for iterations of f with odd numbers the only roots are x; 5. Now consider
f@ . Tt is determined by the polynomial 222 — 2 of degree 4. The function
f@(z) — z has four roots, two of which are 715 and two others are 0 and
1. This implies that on [0, ¢] the graph of £ is located on one side of line
y = z, and iterations f® that are iterations of f with even numbers will
change the value of f*)(z) monotonously inside the interval (0,¢). Hence

this interval contains no solutions. Similarly for (¢, 1). Thus there exist two

—1+v5
2

for all n and two more solutions 0 and 1 for even n. ]

solutions

Problem 5-3-b.



Proof. Let f,g be a pair of functions such that
liII(l) flz) = lir%g(x) = 0.

If lim, g % = 0 then we will allow notation o(f(x)) for g(z). We will prove

a statement more general than that of Problem 5-3-b.
Statement. If f(z) = = — % + o(z?) then lim /nf™(x) = /3 for all

xo sufficiently close to 0. To prove this, denote the function /z by SQ(z).
Consider the function

f=5Q " o foS5Q.
It is easy to see that (SQ~'o foSQ)(x) =z + 35+ o(1).
Proposition. Suppose for some function f we have

fl@)=z+ % +0(1).

Then for all x with sufficiently small absolute value we have lim % = %

n—oo

Proof. For any x with sufficiently small absolute value and for all € > 0 there
exists NV such that for any n > N we have

£ () € 1)+ 5 — &, S e) + 5 <]

Hence for any n > N we have

FO) € [FV(@) + 3~ N) + (0 = N)e, FOa) + 20—~ N) — (n.— Ne]

and thus )(a) 0)(2) 0)(a)
1 U (x f(x 1 U (x
= - < < —g+ 2L
3 8—i_n—N n—N 3 g—i_n—N
Consequently there exists N’ such that for all n > N’ we have
1 fO(z) 1
——2e < — < =426
3 € - 3 + 2¢
Hence lim @ = % O



Suppose x = SQ(y). Note that
SQUV(f™(x)) = SQUV(f™(SQ(y))) = (SQTV o f 0 5Q)™ (y).
Remind that f := SQYo foSQ. By the above Proposition, lim @ =1

n—oo 3

Hence ( . )2
T () 1
lim M@ -
n— 00 n 3

Thus lim /nf™(z) = v/3. O

For conjugating function (SQ) we can use the function e 3% as well. In-
vestigate this case by yourself.

Problem 5-3-4.The solution of this problem coincides with that of Prob-
lem 5-3-2 but we find it worth while to repeat it.

Proof. We will prove a statement more general than that of Problem 5-3-2.
Statement. If f(z) = x — ax® + o(z"*) then

Jim Y () = ki\I/ (k;—l Da

for all z sufficiently close to 0.
Denote the function *+/z by SQ(x) and consider the function

f:=8Q "o foSQ.
It is easy to see that (SQ™'o foSQ)(x) =z + (k— 1)a+ o(1).
Statement. Suppose for some function f we have
flw) =z +a+0(1),
Then for all x with sufficiently small absolute value we have lim @ =
Suppose x = SQ(y). Note that o

SQUEL(M (@) = SQUI(SM(SQW)) = (SQ 0 [0 SQ)™ ().
Remind that f := SQY o f 0 SQ. By the above Proposition lim @ =

(k — 1)a. Hence

L \(k=1)
o @)1
n—00 n (k - 1)(1
Thus lim *y/nf™ () = (k—ll)a' -

n—oo



Problem 5-5.

Proof. Let f(x) = x — exp(—1/2?), z, = f™(z) and let y, = 1/z,. Then
we have Yni1 — Yn ~ Yn eXp<yr:2>'

Change our equation with a differentiable because it will not change
asymptotics. Let estimate function f(n) for which y' = ye™¥’, dy/ye?” = 1,
or flh exp(u?) /u?du® = 2h + C. We can see that for sufficiently large y y? is
constant comparing to exp(y?), From asymptotic point of view we can change
function to z such that

5% flh du?e™ ~ t, so Shﬁ ~n

or

h? ~In(n) 4+ 2In(h) ~ In(n) + In(In(n)) h ~ /In(n).

=1.

Hence lim y/In(n) - z,

Part 6

Problem 6-1.

Proof. Let f(x) commute with y(x). Then 2f(z) = f(2z). Note that

F)=27(3) = 4f() =

and so f(0) = 2f(0), hence f(0) = 0. Let us show that @ is a constant. In

fact,
o) _ I8 _ 6 _
for any z. Hence f(z) = f/(0)x. O
Problem 6-2.

Proof. Consider an arbitrary continuous function fs4 defined on [2,4] and
equal to 0 at its endpoints. By formulas

fQ2r) =2f(x), f(—x) = f(z), f(0) = 0

extend f24 to the whole real axis. Obviously the resulting function is defined
and differentiable at all points including zero. If f54 is not differentiable in
some internal point thenobviously the same holds for f. O]

10



Part 7

Problem 7-1

Proof. a) We will prove this problem using mathematical induction.
The base obviously holds.
Inductive step: n — n + 1.

cos(n - arccos(z)) =
= zcos((n — 1) - arccos(x)) — sin(arccos( )sin((n — 1) arccos(z)) =
= 2% cos((n — 2) - arccos(x)) — sin®(arccos(z)) sin((n — 2) arccos(x)) —
2x sin(arccos(z)) sin((n — 2) arccos(x)) =
= 22 cos((n — 2) - arccos(z)) — (1 — cos?(arccos(z))) cos((n — 2) arccos(z)) —
2z sin(arccos(z)) sin((n — 2) arccos(x)).

It is clear that the first and the second summand of this sum are polynomials.
As

2z sin(arccos(z)) sin((n — 2) arccos(z)) =
= 2z cos(arccos(x)) cos((n — 2) arccos(x)) — 2x cos((n — 1) arccos(x)),

, cos(n arccos(z)) is a polynom.

b) We have
sin((2n — 1) arcsin(z)) = sin((2n — 1)(§ — arccos(x))) =

= sin(@ — (2n — 1) arccos(z))) = £ cos((2n — 1) arccos(x)),

Therefore sin((2n — 1) arcsin(z)).
) We will prove this problem using mathematical induction. The base obvi-
ously holds.

Inductive step: n — n + 1.

n—mn+ 1.

tan((n — 1) arctan(z)) +
1 — ztan((n — 1) arctan(x))

tan(n arctan(x)) =

In this fraction the numerator and the denumerator are rational functions.
Therefore the quotient of them is a rational function too. m

Problem 7-2.

Proof. The set of roots of sin(z) = 0 is denumerable. From the other hand
the number of roots of P(z) = a is always countable for any a. Therefore
sin(z) is not conjugated to a polynom. O]

11



Problem 7-3

Proof. We assume that ¢ # 0 (cf. 2-1-c). If we find a function R such that
Ro foR(Y is a linear function. Hence we know all fractional iterations of
linear function, such function R provide a solution of problem 7-3. First we
conjugate f by function R; =z + 2. We have

f1 2:R10fORg_1):Oé+§,

where o and 3 are some numbers. Then we conjugate f; by Ry := zv/[3).
We have

. 1
f2:R20floRg I)S‘i_;

Let A be a number such that A(A —s) — 1 = 0. We conjugate f, by
Ry =1+ We have

1

T+
fs:=RyofoRy Y.

The function f3 is linear. O]

Problem 7-4.

Proof. Note that
(f)0) = FUC-NO) - fFE-))0) - f1(0) = k™
Then
(Ro foRUVY(0) = R(f(RTV(0))f(RTV(0))(R(=1))(0) =

= f'(0) - R'(0) - (R(=1))'(0) = £'(0).
We recall that |f/(0)] = |k| < 1. Let ¢ be a real number such that ¢ : |k| <
g < 1. As |f'(0)| < g, there exists a neighborhood of 0 such that for any

point from this neighborhood |f(z)| < ¢|x|. Therefore for any point = of
this neighborhood

[/ (@)] < "=,
and hence f™(z) = 0 for n — oco. O

Problem 7-5.
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Proof. We'll start our proof with some useful facts.

Proposition. Let f be a twice differentiable function such that f(0) =0
and f'(0) =k, for 0 < k < 1. Then

3C > 03e > 0 |V € (—¢,¢) |f™(x)| < Ck"
Proof. Let f,g be functions such that
hII(l] flz) = lir%g(x) = 0.

If function % exists and is bounded in 0 neighborhood, we will write

O(f(x)) instead of g(x).
Let us find f(z) =

Fi@) f'(f(2))...f (f" D).

By
F1(F" (@) = k(1 4+ O(f (2))) =

we conclude that

(n)/ T
P20 (14 0@+ 0 @)1 + O a))).
Series
v+ f@) + F(f(@) + .
is absolutely convergent, there exists constant number C' such that ™ (z) <
Ck". O

For function f and integer m we will write fI™ for m-th derivative of f.
Proposition. Let f be a function such that f(0) =0 and f/(0) = k, for
—1 <k < 1. Then
VYm > 13C,, > 03e,, > 0 | V& € (—em, em) | f™ (2)M] < Ck™.

Proof. We will use the following lemma:

Proposition. Let exist a constant C' for some m > 0 that, for each
r < m we have f(z)™l < Ck™, then for each r such that 1 < r < m we
have (f'(f(2)))" < C'k™ for some constant C”.

13



Proof. When we differentiate f'(f(™(z)) at most m times in each summand
has f™ or derivative f(® with order not more than m. m

Let us recall ™ (x)" =

@) f'(f@).ef (f7 V().

Note that f=1(x)m = (=1 (7)1 We will prove the statement
using induction. Base is a previous Proposition. Inductive step m — m + 1.
Expression f™(x)" is a product of n parts and taking its m-th derivative is a
sum of n summands, each having no more than m factors f (x)’ changed.
Consider all expressions with exactly r < m factors changed. Derivative of
changed factor f/(f(*)(z) is less or equal to C'k®*, sum of changed factors is
less or equal to

mlEn" Z ﬁ(clkiq) — mlC" kT ﬁ(1++kn) < mlC'T T (ﬁ)r |

i1,eeir<n g=1 g=1

Obviously, summing those for all r is less or equal to C"k™ for some C” >

0. [l

If for a set F of continiously differentiable functions there exists C' such
that Vf € J we have

[f(x)] < C and |f'(z)| < C

for each x, then there exists a sequence of distinct functions fi, fa, ..., fu
from F ([?]Z) Arzel-Ascoli’s theorem). From evenly boundeness of m-th

o (n) .
derivatives of fk—n for each m > 1, there exists a sequence nq, no, ... such that

(1) f(na) . . . L.
sequence fknl , fkTQ, ... converges evenly with series of its m-th derivatives for

all m > 1. Hence, sequence

f(nl) f(n2)
o

converges evenly, hence, it converges to GG, which is the limit of this sequence
at each point, from which we conclude that G is smooth. From the equality

D) | S0
kn—1 - kn

14



we have

. . . . n) . .
Derivative at 0 of all functions in sequence % equals 1, so derivative of

G(z) at 0is 1. Hence, G is invertible in 0 neighborhood f(z) = GV (kG(x)).
[

Remark. Instead of Arzel-Ascoli theorem we can use the following fact:
for a sequence of functions {f;};ez., converges and their second derivatives
are uniformly bounded, then sequence of first derivatives converges too.

Problem 7-6.

Proof. We set § = cos(t). Then the left side can be written is this way:

- t
Hcos(?).
k=1

t
Qn

We have [];_; cos(55) ~ &E%) After changing back x to 2arccost we solve

the problem. This problem can also be solved by using problem 7-5.
Problems 7-8 and 7-9 immediately follows from the problems 7-1-7-5.

From the problems 7-1-7-9 one can easily get solutions for problems 8-2. [J

We multiply and divide it by 2= sin(5%), which is earning to 1 when n — oo.

Problem 7-10.

Scetch of a proof. We set f(x) := :v—e_z%(x > 0). For any = > 0 we have
f(z) < x. The only fixed point of f is 0. We define points {z;} in such way
that

fx;) = xipa, 9 = 1.

Let 6(x) be a smooth function on [zg, 1], which has zero derivatives of all
orders at xg and ;. Function f(z)+d(z) is extendable to the smooth function

on Ryy. As any derivative of e equals 0, the extension would be smooth
at 0. O

Part 8

Problem 8-1.

15



Proof. Let Q(z) be a polynom of degree m, such that Q(z) commutes with
P(z). Let qu,...,qm—1 be roots of Q'(z). Then the polynom Q(z) — Q(¢;)
has multiple roots for all <. Therefore the polynom

Q) — Q(PM(q:))

has multiple roots for any integer ¢ and any integer r. Hence the set of
numbers {Q(P™(g;))} is finite and has not more than m elements. Therefore
there exists a finite set 8 such that for any polynom () which satisfies the
conditions of the problem the roots of ()’(x) are contained in 8.

Hence it is enough to show that there exists only finite set of polynoms Q,
such that roots of ' lies in § and Q(z) commutes with P(z). Such functions
expressed as a@)y + (3, where )y depends only on the set of roots of )’ and
a, (3 are some numbers. The set of possible coefficients « is finite because
the highest coefficients of

aQo(P(x)) + 6 = P(aQo(z) + f)

have to coincide. Hence the equality

aQo(P(0)) + 8 = P(aQo(0) + B)
provides only finite number of possibilities for (. O

Problem 8-2 follows from problems 7-1-7-9.
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Fractual iterations of functions.

10 aBrycra 2011 .

9. Complex dynamics
For home thinking

Let f(0) =0, f(0) = k # 0. When f(x) is conjugated with k - = in some
neighborhood of zero?

1. Let f analytic function and |k| # 1. Then there exist analytic function
G such that f(z) = G(kG"Y(z)). Let k' = 1. Give an example of
such function which is not conjugate to linear one.

2. Let k is not a root of unity. Then f is conjugated to linear one as a
formal power series.

3. Prove that this series can be divergent.

4. Prove that for some k such that |k| = 1 this power series must converge.



On the Functional Equation fo f =g

Vlad Vicol* and Apostol Apostolov

Abstract

The functional equation f o f = ¢ for continuous g has no con-
tinuous solutions defined on intervals. If f may have finitely many
discontinuities, we show that solutions exist on closed, but not on open
intervals.

1 Introduction

The functional equation

f(f(x)) =g(x) forall xzeR (1)

with a strictly decreasing function g has no solution f in the class of continu-
ous functions. Indeed, because g : R — R is strictly decreasing, it is injective.
This implies injectivity of f, and, by continuity, f is strictly monotone. In
both cases, f o f is strictly increasing, contradicting the decay of g.

Nevertheless, if we allow f not to be continuous, even for the easiest example
of a decreasing function g, say ¢ = —id, the problem becomes intricate
and very complex (Section 2). For countable many discontinuities we can
construct a solution of fo f = —id, but in the class of functions with finitely
many points of discontinuity the situation is not quite predictable: for f
defined on a closed interval there exist solutions (see Proposition 2), but for
f defined on open intervals (e.g. R), no solution exists (see Theorem 1).

All the results we obtain for functions f,g : I — I for an open interval
extend to functions f ,g : R — R, since any open interval is homeomorphic
to R. For example given homeomorphism h : (=1,1) — R, h(z) = tan(Fz),
and function f : (—1,1) — (—1,1) such that fof = —id(_; ;). Then function
f:R—R, f=h"1ofoh satisfies fof:—idR.

*International University Bremen; 28759 Bremen, Germany; v.vicol@iu-bremen.de
fInternational University Bremen; 28759 Bremen, Germany; a.apostolov@iu-bremen.de



2 fof = -id and the ”odd-even effects” on orbits

We denote by f" the function fo fo..o f.
—_—
n times
The orbit of a point ¢ is the set orb(zg) = {f"(x0) | n € N}. Similarly, the
orbit of an interval I is the set of sets orb(I) = {f™(I)|n € N}.

Let us first focus on the functional equation f o f = —id. In this case it
is easy to show that f is bijective. Indeed, if f(x) = f(y), then f(f(z)) =

f(f(y)) and hence —x = —y. Surjectivity of f follows from the equation
f(=f(x)) = x for all x € (—1,1). Further observe that f(z) = x implies
f(f(x) f(z) = x, hence —x = x and x = 0. Thus 0 is the only fixed point

Then, for all x € (=1,1), f4(z) = f(f(f(f(x)))) = —(—x) = z; hence,
the number of elements in any orbit has to divide 4. If x = f(f(x)), then
x=—zand x = 0. If z = f(x), then by uniqueness of the fixed point x = 0.
Thus the orbit of every point, except zero, has exactly 4 elements. Also the
orbit of every point of discontinuity has 4 elements. These observations are
central to the construction and the understanding of the functional equation

fof=—id

But does it matter whether there are finitely or infinitely many such points?
We shall see that this does matter and that in addition to this the domain
on which our functions are defined is equally as important.

Proposition 1. There exists a function f : (—1,1) — (=1,1) with countably
many points of discontinuity such that f(f(x)) = —x for all x € (—1,1).

PRrROOF. Let us construct f inductively:
Step 1: Split the open interval (—1,1) into 5 parts

3 li=13.3), Is =[5, 1)

Map f acts as follows (homeomorphically): I} — I} — I} — I} — I}
Step k: Split the middle interval I:’)f_l = (—=t1, 7e-1) into 5 parts:

3k—17 3k—1

Il1 = (*17*%]7 I21 = (*%a*%]’ I% = (7

wl—
w\»a

= (g g, = (o] = (g ),

3k 3k 3
14—[%3) I§ = 5%, go=1)-

Map f acts as follows: I¥ — I§ — IF — I} — IF.

Also set f(0) = 0. Then the constructed function is obviously well defined,
injective, and surjective (since limg_, (%)k = 0). Moreover, it satisfies
f(f(x)) = —z, hence the construction is done. [



Proposition 2. There ezists a functions f : [—1,1] — [—1,1] with finitely
many points of discontinuity such that f(f(x)) = —x for all x € [-1,1].

PROOF. Let’s construct f. Set f(0) = 0 and let f map 1/2 — —1 —
—1/2 — 1 — 1/2. The remaining open intervals are mapped as in below,
ie, f((-1/2,0)) = (—-1,-1/2), f((0,1/2)) = (1/2,1) (using symmetry over
the vertical axis), and f((1/2,1)) = (-1/2,0) , f((—1,—-1/2)) = (0,1/2)
(using symmetry over the origin). Compare with Figure 2, where the orbit

of a point x is depicted using symmetry. |
° 1 1/2
fa | N,
1/2 4 °
1/2 1
f T 0 .
-1 -1/2 !
° --1/2

L -1 e —1/2
Fi 1: Th h of
igure e graph of f Figure 2: The orbit of x

Note that solving the equation f(f(z)) = —x is equivalent to the fact that
the graph of f is symmetric under a plane rotation of 90° (see Figure 1).

Theorem 1. There exists no function f : (—=1,1) — (—=1,1) with finitely
many points of discontinuity such that f(f(x)) = —x for all x € (—1,1).

PROOF. Suppose there exists f which satisfies (1). Then, as showed above,
f is bijective and 0 is the only fixed point. We also proved that the orbit of
every point, except zero, contains exactly 4 elements.
Consider the set A = {ai,a2,...,a,} of points of discontinuity of f, and
define

A* :=orb(A) U {0}.

Then A* contains all the discontinuity points of f and their orbits. This
means that A* is fully invariant under f, i.e.

fly) e A" iff y € A™.

For further use let’s set A* = {by,ba,..., by}, where without loss of gener-
ality we can assume that b1 < by < ... < b,,. Since the orbit of any point in
A* has 4 elements, with the exception of the fixed point 0, we deduce

m =4k +1 for some k € N. (2)



Then define I1 = (—1,b1) and for 2 < j < m let I; = (bj_1,bj); I;ms1 =
(b, 1).

Using Lemma (1) below, for I = (—1,1) and M = A*, we get that the f-
orbit of each I; has 4 elements, and hence m + 1 = 4p for some p € N. But
this contradicts (2): 4p — 1 = m = 4k + 1, and therefore the existence of f
with finitely many points of discontinuity. |
Here we can see the combinatorial aspect of the problem. We show that the
orbits of the points of discontinuity are even (4), and hence the number of
intervals in the induced partition should be odd (4k+1). But it turns out
that the orbit of the intervals is also even (4) and hence the contradiction is
reached.

3 fof=g, g continuous

We shall now pose a more general problem: given a strictly decreasing con-
tinuous function g, does there exist a function f with finitely many points
of discontinuity such that f o f = g7 The answer of this question is our
main result in this article.

Main Theorem: Let g: R — R be a strictly decreasing and continuous
function. There exists no function f : R — R with only finitely many points
of discontinuity such that f(f(x)) = g(z) for all z € R.

Before we can prove this theorem we will first have to provide the following
lemmas:

Lemma 1. Let I C R be an open interval and f : I — I be a bijective
function. Consider a set of points M C I with |M| = m for some m € N,
such that x € M iff f(x) € M. Let {Ij}gn:ﬁl be the partition of I into open
intervals induced by M. Then:

i. If f is continuous on each I, then f(I;) = Ij, for some 1 <k <m+1.

ii. If in addition to i., f o f is strictly decreasing, then f4(I;) = I; for all
1<j<m+1.

iti. In addition to i., ii., if there exists a point xo € I such that f(f(xo)) =
xo, then o is unique. Further, if xo € M, then the orbit of each I;
has 4 elements.

ProOF. Fix some I; in the partition. Using a canonical numbering of the
I;’s we may assume that for p < j, I, is to the left of I; and vice versa.

f maps I to f(I;) continuously and bijective; hence f(I;) = (¢, d) for some
¢,d € I. Since I; N M = () and M is fully invariant under f, we conclude
that f(I;) N f(M) = 0, ie., (¢,d) N M = §. This implies that (¢,d) C I



for some 1 < k < m+ 1. If (¢,d) € I, then ¢ (or d) € Ij. But using f~1,
we get f1(c) € Ij and thus ¢ = f(f~1(c)) € f(Ij) = (c,d), a contradiction.
Thus we’ve showed that f(/;) = I} for some 1 < k < m + 1, and statement
(7) is proven.

Using that f? is strictly decreasing, we immediately get that f* is strictly
increasing. There exist exactly j — 1 intervals to the left of I;. Then by
applying f* and (i), there will be exactly j — 1 intervals to the left of f4(I;).
Thus we conclude that f4(I;) = I; and (ii) is proven.

By (ii), we get that the orbit of each I; has either 1, 2, or 4 elements (since
it has to divide 4 a orbit of 3 is impossible). If f o f has a fixed point,
then it is unique since the function hy = f2 — id is strictly decreasing. If we
would have that f(f(I;)) = I; then, using the continuity of h; on each I
and the Intermediate Value Theorem, we would get that there exists x € I;
such that hy(x) = 0, i.e. ¥ = 19 € M, a contradiction. Using that f? is
injective and f2(zg) = z0, we get that f(z0) = f(f*(z0)) = f2(f(x0)) and
hence f(xzg) = xo. If there exists another fixed point = of f then f(z) =
x = f(f(x)) and hence zg is the only fixed point of both f and fo f. Using
the same argument as above, the function he(z) = f(z) — x is continuous on
each I; and hence we cannot have f(I;) = I;. Thus the orbit of each interval
can only have 4 elements, and (#i7) is proven. |

Lemma 2. Let I and J be open intervals, such that J C I. Take two
functions f,g: I — J, such that f and g commute (fog=go f) and g is
continuous and bijective. Then, f is continuous at xq iff [ is continuous at
9(x0).

e 7 > 2 g(z)
f f\
f(z)e J - «g(f(x)) = f(g(x))

PROOF. Due to symmetry it is enough to prove only one implication. One
only needs to switch the mapping ¢ with g~!. Note that the bijectivity and
continuity of ¢ implies the bijectivity and continuity of ¢~ .

Let f be continuous at xo € I and set yo = g(x¢) € J. Take any sequence
(yn) C J, such that y, — yo. g~' is bijective, thus for any n € N there
exists exactly one z,, € I such that g(z,) = y,. Further, z,, — x¢, since g !

is continuous. Using the fact that f is continuous at xg we conclude

fyn) = f(9(zn)) = g(f(zn)) — g(f(x0)) = f(g9(z0)) = f(vo)

Thus f is continuous at g(xg) = o, and the lemma is proven. [



Lemma 3. Let I C R be an open interval and f, g : I — I such that fof =g,
g is continuous and bijective. Then if f has only finitely many points of
discontinuity, the orbit of each non-fized point has exactly 4 elements.

PROOF. Let A be the set of points of discontinuity of f. Since ¢ and f
obviously commute, we can apply Lemma 2 and get that the g-image of a
discontinuity point of f is a discontinuity point of f, i.e. g(A) C A. Since
A is finite and ¢ injective we conclude that g(A) = A. Take any a € A. Let
I € Ny be the number of elements in A that are strictly smaller than a. Since
g o g is strictly increasing and g(g(A)) = A, there will be ezactly | elements
in A that are strictly less than g(g(a)), hence g(g(a)) = a.

f(a) # a and g(a) = f(f(a)) # a since a is not a fixed point of f or g, but
f4(a) = a. [

Now we can proceed with the proof of our Main Theorem:

PROOF OF MAIN THEOREM. Assume that there exists an f satisfying the
conditions of the theorem.

Obviously, g(R) C R, and for all n € N, g""}(R) C ¢*(R). Since g is
continuous and strictly monotone, ¢*(R) is an open interval in R. Let

I=()d"®).
k=0

First, let’s show that I is not empty. Since g is strictly decreasing, h(z) =
g(z) — 2z has lim h(x) = —oco and lim h(z) = oo. Since h is continuous
r— 00 r——00

and strictly decreasing, the equation h(xz) = 0 has exactly one solution, say
xo. Note that this implies f(z9) = f(g(x0)) = g(f(z0)) and thus f(z¢) = xo.
g(z0) = x¢ implies g*(z¢) = o for all k € N, hence x¢ € I. Since I # 0 is
a countable intersection of open intervals, we can say that it is an interval.
Further g(I) = I, that is: g is bijective on I. It is easy to see that I cannot
be a semi-open interval due to the monotonicity of g. Hence I is either closed
or open.

If I is closed, then I = [a, b] for some a < b. But since g is strictly decreasing,
we get g(a) = b, g(b) = a. So since the endpoints would not intervene in our
reasoning, we consider I as being open.

As one can easily see, if z ¢ I, then g(x) ¢ I. Now define A as the set of
points at which f is discontinuous. Since it is finite we can represent it as
A=A{ay,az,...,a,} .

Take any zg € R\ 4, and let yp = g(x). Since A is finite and g is a continuous
local bijection, we can find a neighborhood U of yy and a neighborhood V'
of g such that UN A =10, VN A= and g(V) = U. Obviously, f and ¢
commute. Hence we can apply Lemma 2 for g : I — U, U,V C I, and get
yo = g(zo) € R\ A. Conversely, g(zo) € R\ A implies zp € R\ A. Hence we



find that A is fully invariant under f (and g). But from this we conclude
that g(A) C A, and since g is injective g(A) = A. Hence A C 1.

By applying Lemma 3 to f,g : I — I, we conclude that the orbit of each
4

a; has 4 elements. Then the set Aeyy = U {f¥(a;)|i=1,..., n} U {zo}
k=1

contains all points of discontinuity of f and their orbits. By lemma 2 and
g(xo) = mg, the cardinality of Acy is 4p + 1 for some p € N. The parti-
tion I = (a,bl), Iy, = (bl,bg), RN I4p+1 = (b4p,b4p+1), I4p+2 = (b4p+1,b),
induced on I by Aczt, should then be made of 4p+2 open, disjoint in-
tervals (where we denote the b; as being the elements of Ay such that
b; < bj < i< j). Now we can apply Lemma 1 to I with M = A.; and find
that the orbit of each I; has 4 elements, and hence the number of intervals
should be divisible by 4. But this contradicts the fact that the number of
elements in the partition is 4p + 2. Hence we got a contradiction to the
existence of f. [ ]

4 fof=g, g discontinuous

We now consider the equation f o f = ¢ in the case when ¢ : R — R is
not continuous, but both f and g : R — R are in the class of functions
with finitely many points of discontinuity. Is it possible to find solutions of
equation (1)?

Proposition 3. Let I C R be an open interval. There exist functions
f,9: I — I with finitely many points of discontinuity such that g is strictly
decreasing and f(f(z)) = g(x) for all x € I.

PROOF. Here we do not start by picking a function ¢ and then construct f,
but construct f such that f and f o f respect the conditions of the theorem.
To make calculations easy, we consider I = (—16, 16), instead of (—1,1).

%+2:x6(—16,—8)
—3+10: 2 € (=8,0)
—5—10:2 € (0,8)
Let f:(—16,16) - R, f(x)= 5—2:x€(816)
—2:rx=—
—10:2z=0
2:x=

\

It is trivial to check that f has 3 points of discontinuity and that g := fo f
is strictly decreasing with also 3 points of discontinuity. To get a better
picture of what happens, see Figure 3 and Figure 4. Again we observe that

the graph of f is symmetric (except for one point) under a plane rotation of
180° (also see Figure 1). [
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Figure 3: The graph of f Figure 4: The graph of ¢

To sum up, we have seen that the aforementioned equation f(f(x)) = g(x)
has solutions in the class of arbitrary functions (e.g. when g(z) = —x).
As we have illustrated in our main result, there exist no solutions of (1)
when g(z) belongs to the class of continuous, strictly decreasing functions.
Surprisingly, when tempted to generalize further to the case when g(x) has
finitely many discontinuous points, we obtain an example which shows that
(1) actually possesses a solution.

Some other types of functional equations and their relations to dynamical
systems can be found in [1] and [2].
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Pazbuenne MHO>KeCTB Ha 9acTU MEHBLIIET0 AMaMeTpa

A .M. Paiiropomckmii, a Takxke B. Bynankuna u M. I1pacosos

1 Omnpenenennsa m 0003HAYEHUSI
Haszosem 0uamemp0m MHOXKeCTBa Q Ha IIJIOCKOCTU BEJIMYINHY

diamQ = sup |x —y|.
X,yEeQ

31ech

|X - y| = \/(Il - y1)2 + (l‘Q - ?/2)2a X = (581,562), y = (3/1»?/2%

T.€. 9T0 0OBIYHOE “eBKJIMI0BO” PACCTOSIHUE MEXKY TOYKAMK Ha, IJIOCKOCTH. 3HAYOK “‘Sup” — 3T0 3HAYOK “‘cynpeMyma’
(TOUHOI BepXHell TPaHM), U IIPHU JKeJAHUHA MOXKHO CIUTATh, 9TO Pedb UJET IPOCTO 0 MakcuMmyMme. 1o cyTu, quamerp
MHOXKECTBA — 3TO MAKCUMYM PaCCTOAHUN MeXKIy ero Toukamu. Ilouemy MBI Bce-Takn IIHIIEM He BCEM HOHSITHBIN
cynpemyM? A moromy, 9TO OBIBAIOT MHOXKECTBA, B KOTOPBIX OOBIYHBIA MAKCHUMYM PACCTOSHHII He JIOCTHUTAeTCs.
Hanpumep, BozbMeM Kpyr 6e3 rpaHulipl (yIaauM W3 Kpyra OMPaHHYMBAIOILYIO €ro OKPYXKHOCTB). Brpouewm, Bce
9TO JleTaju. ByjieM IpenosaraTb, 9TO BCe HAIM MHOXKeCTBa “3aMKHYTHI’ (cojep:kaT CBOK TDAHHUILY), U TOLJA
HaJJ00HOCTD B CYIIPEMyMe OTIAJIET.

PacemorpuM npousBosibHOE orpaHndeHHoe MHOXKecTBO (2. MoxkHO cumrarh, uro diam ) = 1 (upu Heobxou-
MOCTH COKMEM HJIM PA3JlyeM MHOXKECTBO C HOMOIIBIO TOMOTETHH ). X04YeTCst KaK MOXKHO S9KOHOMHee pa3buTh ) Ha
4acTh CTPOrO MEHBIIEro juaMerpa. VIHbIMHU CJI0OBaMM, Mbl XOTUM IIPEIACTABUTL ) B BHJIE

Q=0 U...UQ

¢ yeaosueM diam §2; < diam Q mrst kaxkgoro 4. [Ipu 3ToM f MBI cTpeMuMCcst MUHIMI3HPOBATH. MOXKHO ITPEICTABIISITD
cebe () Kak HEKU HEIPABUJIBHON (DOPMBI TOPT, KOTOPBII MEJIMKOM K HAM B POT HE JIe3eT, HO KOTOPBI 110 YKATHOCTH
CBOefl MBI 2KeJIaeM CheCTh 33 HamMeHbIIee KOJn4ecTBo “yKycoB”. BoT n Hy:KHO HaM Tak pa3pe3aTb TOPT Ha KYCKH,
9TOOBI HTUX KYCKOB OBLIO MaJIO U YTOOBI B POT OHM K HAM BCE-TAKU JIC3JIH.

OcCHOBHOIT BOITPOC: KAKOM TOPT Xy»Ke BCEX C TOUKU 3PEHUsI OIMUCAHHON BBIIIE 33J1a9i O PA3pe3aHUd HA KYCKH!
Nuade roBopst, Ha CKOJIBKO KYCKOB MBI 3aB€JIOMO JIIOO0I TOPT pazmiesnm?

K. Bopeyk B 1933 rogy dopmain3osas yKazaHHYIO 3ajady Tak: KAKOBO HauMeHbIee ducyo f(2), rakoe, 4To
J000€ OrpaHMIeHHOE MHOXKeCTBO {2 Ha IJIOCKOCTH JOIycKaeT pasbuenne Ha f(2) gacTeil MeHbIEro jauamerpa’
Pazymeerca, Bopcyk pa3Mmblnuisiyi He B T€PMHUHAX CKOPEHINEro moeraHusl ‘KPUBBIX TOPTOB, Ja U BOODIIE, MO-
TUBUPOBKOMN JIJIs HETO CJIy2KWJIa TOIoJIorudeckas rnpobseMaruka. [1onpobnyio u, KCTaTh, BeCbMa UHTPUTYIOILYIO
HCTOPHIO 331891 MOXKHO HaiiTu B KHure [1].

Eme Bompoc: mouemy wmbl mumem f(2)7 A meso B TOM, UTO IUIOCKOCTH y Hac aBymepnas. Ha camom mere,
Bopcyk craBmn aHaIOrnIHy 0 3a/a4y U Ha OpsiMoii (cooTBeTcrByIomias Bejuunna — f(1)), u B npocTpancTse Jio6oii
pasmepHocTr. OBBITHO IPOCTPAHCTBO pasMepHOCTH 1 06o3HadIaoT depe3 R™. B wactroctn, R = R — 10 npsimasi,
R? — mrockocts, R3 — IpocTpaHCTBO B CTAHIAPTHOM IIKOJILHOM CMEBICTIE, T.e. TPEXMEPHOE IIPOCTAHCTBO, B KOTOPOM
MBI 2kuBeM. B obmiem ciryuae f(n) —s1o wucao Bopcyka, paBHOE TAKOMY HAUMEHbIIEMY f, UTO BCSIKOE OrPDAHUIEHHOEe
MHO2KecTBO B R" MOXKHO pa3buth Ha f 9acTeil MEHBINEro JUaMeTpa, HO CYIeCTBYeT OrpaHuIeHHOe MHOXKeCTBO B R™
kotopoe Ha f — 1 gacTeit MeHbIIIero guameTpa He pasbuBaercs. Ilpu sTom paccrostaust B R™ MepsitoTcsi cTaH1apTHO
(“no EBkmmy”):

x =yl = V(@ —y)? .+ (@~ )2 x= (@1 2n) Y= Y Yn)-

Bopcyk npejnonoxut, aro f(n) = n + 1. 91o npe/nosoxenue HasbBaeTcs 2unomesotli Bopcyxka. 'mnoresy ¢
TpeckoM omposepruiu B 1993 roxy (cm. [1], [2]), Ho ocrasack Ky4da BOIPOCOB, Ha KOTOPBIE O-IPEXKHEMY HET OTBETOB.

B creayromux pasgenax Mbl IpUBeIEM 3a1a9u IpoeKTa. [ocTeneHno Mbl BBIIEM U Ha HHTEPECHbIE HePElIeHHbIe
po0JIEMBI, B KOTOPBIX, OJ{HAKO, BIIOJIHE BO3MOXKHbI CEPbE3HBIE IPOJBUKEHNS] U HA IIKOJIBHOM yPOBHE.



2 3ajaum 10 MPOME>KYTOYHOTrO (PUHUIIA

Bagaga 1. [okaxure, uro f(1) = 2.

Bamaga 2. Jlokaxwure, uro f(2) > 3. UHbiMu cyioBamMu, MPUBENTE IIPUMED MHOXKECTBA Ha, ILJIOCKOCTH, KOTOPOE
Ha JIBe YaCTU MEHbIIEro JinaMeTpa He Pa3OuBaeTCs.

3amaya 3. PaszbeiiTe KBagpaT Ha 9acTH MEHBIIErO JIHAMETPA.

Bamaua 4. Pasbeiire kpyr paguyca 1/2 Ha 3 4acTu MEHBIIErO JHaMeTpa.

Bamaua 5. Pasbeiite kpyr pajauyca 1/2 na 3 gactu, [uamMeTpbl KOTOPBIX HE IPEBOCXO/AT BETHINHbI § = 0.866...

V3

Sama4da 6. [lokaxure, 9TO KOHCTaHTa ~5° U3 337241 5 HEy/IydIlaeMa, T.e. IPU JIIOOM pasbueHuu Kpyra pajuyca
1/2 ma 3 gacTu HaliIeTCA 9aCTh, TUAMETD KOTOPOIl HE MEHBIIE §

Hazosem ynusepcanvrioti nokporukot B8 R™ takoe MmuoxkectBo (2, 4ro Jiyist joboro muoxkecrsa ® quamerpa 1 B
R™ cyrmiecTByer IBUKEHME TPOCTPAHCTBA, epeposiinee ® payTps ). ubiMu ciioBamu, @ MOXKHO Tak IMOIBUHYTH,

aTo {) MeanKoM ero mokpoer. Hampumep:
3amaga 7. /[okarkure, 4TO KBaJIpaT CO CTOPOHON 1 SIBJIsIeTCS YHHUBEPCAJIBLHOM ITOKPBIIIKONA Ha IIJIOCKOCTH.

3amaya 8. Jlokaxkure, 9T0 KyO CO CTOPOHO# 1 ABJIsIeTCsT YHUBEPCAIbHON MOKPBIMIKONW B IIPOCTPAHCTBE JII000M
pasmeprocTu. [Ipu 5T70M n-MepHBIM KyOOM €O CTOPOHO# 1 MBI IIPOCTO CUUTAEM MHOXKECTBO TOYEK X = (T1, ..., Ty),
y KoTopbix z; € [0, 1] mis kaxkaoro i.

N3BecTHO, 9TO IPABUILHBI MIECTUYTOJNBHUK ()¢ ¢ paccTossHuEM 1 MEXK/Iy IMapaJuie/IbHBIMI CTOPOHAMU SIBJISIETCS
YHUBEPCAJIBbHOMN TOKPBITKOi. [ToapobHoe moka3aTebecTBO 9TOr0 (HE BIOJHE TPUBUAILHOTO) (hakTa MOXKHO HaiiTu
B kaure [3|. Moxere, 0/jHaKO, IOJyMaTh HAJL ITUM CAMOCTOSITEIHHO.

V3

Sagmada 9. PasbeiiTe npaBuIbHbIi MmecTHyroabHEK {lg Ha 3 9acTh JuamMeTpa 5°. BoiBemure orciosa crpaseim-
V3

BOCTb 'MIIOTE3bI bopcyka Ha MJI0CKOCTH, a TakxKe, B OIPEJIEJICHHOM CMbICTIE, “HEYJIY IIIaeMOCTh KOHCTAHTBI 5> U3
3a1a4u 6.

3amaga 10. Yro urpaer posib HeyIydIIaeMoOil KOHCTAHTHI U3 3a/a49u 9 B ciIydae npsMoii?

3amaya 11. Jloxakute, 9T0 B JIFOOOM MHOXKECTBE U3 1 TOYEK HA IIJIOCKOCTH €CTh He 0oJiee N map TOYeK, paccTo-
SHUE MEXKJy KOTOPBIMHU PABHO JIUAMETPY.

3amava 12. BriBeaure us 3agaun 11 crnpaBeiinBoCTh I'MIOTE3LI BOpcyKa IJIsl KOHEeYHbLT MHOXKECTB TOYEK Ha
I0ckocTH (He mpuberasi K MOMOIIN TOKPBIIIEK ).

3amaya 13*. JlokaxknuTe, 9TO KPYT pajnyca % STBJISIETCS] YHUBEPCAJIBHOM MOKPBIMIKON HA TJIOCKOCTH.

3amaya 14. OObsicHuTe, oYeMy Kpyr pajuyca r < % HE MOYXKeT ObITh YHUBEPCAJIHHON MOKPBIIIKON.

3amadya 15. O6bsicHuTe, IOUYEMy pe3yabTaT 3aiadu 13* He mM03BOJIsIeT CXOy J0Ka3aTh T'MIIOTe3y Bopcyka Ha
ILJIOCKOCTH.

3amaya 16. BosbMeMm Ha miockocTu Kpyr Bi pajmyca % [TocTaBuMm POU3BOJIBHYIO TOYKY Ha €r0 FPAHUIE W
paccmoTpumM Kpyr Bs pagmyca 1 ¢ meaTpoMm B 310t Touke. /lokaxkure, uro B N By — yHuUBepcaJibHAS TOKPBIIIKA
Ha IJIOCKOCTH.

3amauva 17. C nomorpio pesysibraTa 3aga4dn 16 mokaxkure rumnoresy bopceyka.



Bamaua 18" (uccaemoBarenbckasi). MOXKHO Jin ¢ TIOMONIBIO pe3ysbrara 3ajadu 16 J10Ka3aTh, YTO KayKoe

MHOZKECTBO Ha IIJIOCKOCTHU p336I/IBaeTCH Ha TpU YaCTU AuaMeTpa < @7 KaKaﬂ HanIy4diilasd KOHCTaHTa TaKOI'0 THUIIa
y Bac nmonyaaercsa?

Hazosem yrusepcarvroti nokpusarowet cucmemot (ync) B R™ mobyio coBokymHOCTh MHOKeCTB { Sy }, 0baa-
FOIIUX T€M CBOMCTBOM, 4TO Jyisi Besikoro 2 C R™, diam ) = 1, cymecTByer nBurkenue, nepeBojsiee () BHyTPb XOTsI
OBI OTHOTO M3 MHOXKECTB Sg.

3amaya 19. PaccMmorpum npaBuiibHBIN MIECTUYTOJIBHUK g ¢ paccTossHreM 1 MeXK 1y HapaJjiieIbHBIMU CTOPOHAMH.
BosbMeM 0Tpe30K, coequHSIONNI IEHTP MECTUYTOJIHLHUKA C OJHON U3 €ro BEepPIINH, U MPOBEJIEM MPIMYIO, IIepereH-
JIIKYJISIPHYIO 9TOMY OTpe3Ky, Ha paccrosauu 1/2 ot nentpa. IIpsmast oTceder oT mecTnyroabHUKa TPEYTOTbHUK.
JlokaxkuTe, 9TO MIECTUYTOJBHUK 063 YKa3aHHOIO TPEYTOJbHUKA TAKXKE CJIYKHUT YHUBEPCAJIbHON IMOKPBIIIKON Ha
IUIOCKOCTH. DTOT yCeUeHHBII IeCTHyrobHIK 0003HadeH )y Ha pucyHKe 1.

3amauva 20. JloxakuTe, 9TO CpeIHUI W MPABbI MECTUYTOJBHUKH C pucyHka 1 obpazyior yimc. TpeyroabHuku,
Kak 1 B 3ajade 19, 0TCeKatoTCsl MPsIMBIMHU, KOTOPbIE MEPHEHINKY/ISPHBI OTPe3KaM, COEIMHSIIONUM IEHTP MIeCTH-
YTOJIbHUKA C COOTBETCTBYIOMIMME BEPIIMHAMME, U [IPOXO/AT HA PACCTOAHUU 1/2 OT neHTpa.

[ L

) )

AN NN

Pucynoxk 1: Ilpumeps! yic.

3amaya 21. [lokaxkure, 94To0 Jir060€ MHOXKECTBO jiraMeTpa 1 Ha II0CKOCTHA MOXKHO pa30uTh Ha b dacTeil, B KaxKI10ii
U3 KOTOPBIX HET IIapbl TOYEK, OTCTOAIIUX APYT OT JApyra Ha pacCTOAHUE % Ykazanue. Vcmosb3yiite (.

Bagaga 22* (uccaemoBarenbckasi). MOoXKHO JM JI0KAa3aTh, 9TO IIPH HEKOTOPOM G < % J1II060€e MHOXKECTBO

auaMeTpa 1 Ha ILIOCKOCTH pasbupaercd Ha b dacTell, B KaXKJI0i U3 KOTOPLIX HET Iapbl TOUEK, OTCTOAIIIX APYT OT
Jpyra Ha PacCcTOsHUE a7

3amayva 23. VKa)kuTe Takoe 1, 9TO JI000e MHOXKECTBO Ha IJIOCKOCTH MOXKHO Pas3sOUTh Ha 1 dacTell, B KayKI0# U3
KOTOPBIX HET ITaphbl TOYEK, OTCTOSIIUX IPYT OT Apyra Ha paccrosuue 1. Kakoe HauMenbIee n Bol Moxkere ykazaTh?

3amaya 24*. JlokaxkuTte, 9TO BCSIKOE MHOXKECTBO JimamMeTpa 1 Ha IJIOCKOCTH pasbuBaeTcst Ha 6 gacTeil, TuaMeTphbl

KOTOPBIX HE IPEBOCXOAAT BEJIHIMHEI %(2 —/3) = 0.5577... Ykazanmue. Vcnon3syiite yrc {Q%6,1,,2}

3amaga 25", A eme Jayuine, yem B 3aaue 24*7

agaua 26*. JlokaxkuTe, UTO BCSIKOE MHOXKECTBO aAuamMeTpa 1 Ha IJIOCKOCTH pasOuBaeTcst Ha b JacTeil, JuaMeTphl
KOTOPBIX He mpesocxoisT sejndunsl 0.603. Ykasauune. Vcnosnb3yiire nOKpsIKy (2.

Samaga 27"*. A eme Jsyumre, yeM B 3agade 267

3amaya 28. JlokaxkuTe, 9TO BCIKOE MHOXKECTBO JHaMeTpa 1 Ha IJIOCKOCTUA pasbuBaeTcs: Ha 4 4acTu, JTUaMeTPhI

KOTOPBIX HE IMPEBOCXOAAT BEJINYIMHDBI %



3amaya 29. Jlokaxkure HEYJIydIIaeMOCThb Pe3yJibTara 33 adu 28.

3amaya 30. okakure, 9TO BCIKOE MHOXKECTBO jmamMeTpa 1 Ha II0CKOCTH pa3buBaercs Ha 7 4acTei, TuaMeTpPhl
KOTOPBIX HE IMPEBOCXOJIAT BETUINHBI %

3amaua 31. JlokaxkuTe HEY/IydIIAeMOCTb pe3ysbraTa 3amadn 30.

3 3agaum mocJjie IMMPOMeXKYyTOYHOT0o (PUHUITIA.

Bamaua 32. [okaxure, uro f(3) > 4.

3amava 33*. lokaxkure, 94TO mIAp pajuyca % SBJIAETCA YHHBEPCAIbHOM HOKPBIIKOi B R3.

3amaya 34. OObsicHUTE, TOYEMY IAp pajgmuyca 1 < \/g He SIBJISETCS] yHUBEPCAJILHOMN TTOKPBIIKOH B R3.

Bamaua 35. Pasbeiire map paauyca 1/2 B nmpocTpancTBe Ha 4 9aCTH MEHBIIEro auamMerpa (T.e. IuaMeTpbl YacTei
JIOJI?KHBI OBITH MEHBITIE 1).

Bamaua 36*. Bowmmewm B map pajauyca 1/2 npaBuiabHbIi TeTpasap. PaccmorpuM 4 TpeXrpaHHBIX yIuia, KOTOPbIE
ITOJTy YAIOTCsI, €CJIM COeJUHSITE IIEHTP Mapa ¢ BepIInHaMu I'paHeil Terpasapa. [lepecedem KarKIblii U3 yIJIOB C IAPOM.
[Mosnyunrcsa pa3buenue mapa Ha 4 OJIMHAKOBLIX YacTu. Haiiaure nuaMeTpbl 9TUX dacTeil.

3amauva 37. Hazosem npasusvrvim cumnaerxcom B8 R™ anamor npaBUIbHOINO TPEYTOJbHUKA Ha IIJIOCKOCTHA U MPa-
BWJIBHOTO TETPA’d/Pa B MPOCTPAHCTBE. A MMEHHO, PacCMOTpUM N + 1 ToYeK Xi,...,X,+1 B R™, 0618 ai0MuX TeM
CBOIICTBOM, 4TO |X; — X;| = a [yis Beex map i # j u Hekoroporo a > 0. JlokaKuTe, 9TO CHMILIEKC CYIIECTBYET.

3amada 38*. HasoBeM n-MepHBIM IIAPOM MHOXKECTBO
B={x=(x1,...,2,): 22 +...+22 <1}.

9To map paguyca 1 u quamerpa 2. Buuimem B 9TOT map npaBMIbHBIN cuMIiniekc. Haligure qInHy €ro cTOpOHBI.

Bagaua 39**. OcymecTBuM pasbuenne mapa u3 3aga9n 38*, aHaIOrnIHOE pa3buennio n3 3aaa4n 36*. A nMeHHo,
BIUIIEM B IIaP IPABUJILHBIIA CUMILIEKC C JIJIMHON CTOPOHBI, HAfIeHHOH B 3aa4e 38, 1 pacCMOTPUM MHOIOI'DAHHBIE
YIVIBI C BEPIIMHON B IEHTpE IIapa, MPOXOJsINe Yepe3 TpaHu cuMIiuviekca (rpameit n + 1). Haiigure aumamerpst

ITOJIyY€eHHBIX qacreil. B JaCTHOCTH, Y6e,ILI/ITer, 4TO OHHM MEHbIIIE 2 U UTO UX BEJIMYUHBI CTPpEMATCA K 2 apu n — Q.

3amagya 40. Bosemewm mmap By pasamyca % U [IepeceveM €ero C MPOU3BOJIBHBIM IapoMm By pamuyca 1, mieHTp

KOTOPOI'O PACIIOJIOXKeH Ha rpanuie mapa Bi. JJokaxkure, uro By N By — yHUBepcabHas ITOKPBIIKa B R3.
Samaua 41*. Jlokaxkure, uro By N By pasbuBaercda Ha b yacTeil guamMerpa MeHbIe 1.

Bagadga 42. Jlokaxure, uro f(4) > 5. Boobe, f(n) > n+ 1.

Sagaga 43. Haiigure kakyoo-HIOY/Ib BEPXHIOW OlEHKY st f(4).

Bamaua 44. Haiiaure Kakyo-HIOY/ (b BEPXHIOO ONEHKY it f(n).

Bagauga 45. Ilocrpoiite nokpeinky B R*, anasornanyio mokpeimkanm n3 3aa4 40 i 16 13 1epBoro CImcka.

3amaua 46*. JlokaknuTe, 9TO MOKPLINIKA n3 3aa9u 45 pasbuBaerca Ha 9 dacTeil auamerpa MeHbIE 1 W 49TO,
crajio 6biTh, f(4) < 9.



4 Perrenuda

IIpu perrernu 3a/1a49 MpoeKTa MIKOJbHUKAME OBLI TOJIYYCH PsiJi SPKUX U HEOXKUJIAHHBIX pe3y/abTaroB. [Ipexie
BCEro CTOUT OTMeTHUTh pe3ynbraT Eropa Boponenkoro, KoTopoMy yaajaoch yAydIIUTh paHee M3BECTHBIE BEPXHIE
OIleHKM MUHUMAJIbHONH BEJIMUUHBI 3AIPEIIEHHOTO0 PACCTOSIHUSI MeXK/1y TOYKaMH OJIHOTO IIBeTa B pPacKpacKe IIPOu3-
BOJIBHOT'O IIJIOCKOI'O MHOXKECTBa JinameTpa 1 B 4eThIpe U IATH I[BeTOB. Ecju paHbIie ObLIM OINEHKUA BETUIUHAMUI

1 1-/34+16v3

% u %, TO Ternepb, Oyiarogaps Eropy, Mbl mMeeM OIEHKU BEJTUIUHAMU BT Koucrpykiuu Eropa
MBI HpUBOAMM HIKe. TakxKe XodeTcsi cka3aThb O HOBOW BepxHell OIleHKe MUHUMAJBHOI'O JUaMeTpa B pa3sOueHUn
[IPOU3BOJIBHOTO TIJIOCKOTO MHOXKECTBaA, naMeTpa 1 Ha mecTh JacTeil. DTy OleHKY He3aBucuMo nosryummm uva Be-
JoB ¢ Hukuroit AnekcannposbeiM 1 How Si Wei. Ecnu npesknsist orenka umesa Besunannay 0.557 ..., TO HBIHEITHSISI
paBHa 0.542... 9Tu KOHCTPYKIUU MBI TaKKe IIPUBOJIUM HUXKe. B TO »Ke BpeMsi HEKOTOPBIE IKOJbHUKU TTOKA3AII
HaCTOJIBKO BBICOKYIO MATEMAaTUIECKYIO KYJIbTYPY, 9TO 9TO MO3BOJIHUIO UM aKKypPATHO MOJCIUTATH TUAMETPHI Ua-
cTeil B pasbreHnu n-MepHOro mapa Ha n+ 1 gacts (3aga4a 8" 13 Bropoit 4acTu MpoekTa), a Tak»kKe IMepejoKa3aTh
teopemy M. Jlaccaka, omybiaukoBanuyio B 1982 romy u yTBEPKIAIONIYIO, UTO KaXKJI0€ MHOXKECTBO JuaMeTpa 1 B
R™ MoxkHO pazbuth Ha 2"~ 4 1 wacth aumamerpa < 1. 1 paszGuenme mapa, u JJOKa3aTeIbCTBO TeopeMbl Jlaccaka
Beinostaun Erop Boponenkwuit 1 Makcum dugus.

1. Ouesngano f(1) > 1. Tak kak 060 MHOXKECTBO JraMerpa 1 Ha NIPsIMOii MOXKHO HOMECTUTH BHYTPHU OTPE3KA
JUIIHBL 1, TO JOCTATOYHO Pas3sdUTh OTPE30K Ha YAaCTU MEHBIIEro JUaMeTpa: HAIPUMED, IOIOJIaM.

2. Hampumep, paBHOCTOPOHHUI TPEYTOJTbHUK.
3. DTO MOXKHO CJleJIaTh, HAIIPUMED, ITPOBEJIA OJINH BEPTUKAJIBHBIN pa3pes.
5. MoxHo paspesarsb Kpyr TPeMs PaJuyCcaMu, YIJIbI MEXKIy KOTOPhIMU paBHbI 120°.

6. Ilycrs Kpyr pazpesan Ha Tpu JacTu. Bo3bMEM TOUKY Ha IPAHUIE KPYyTa, KOTOpas MPUHAIIEKUT ABYM U3 ITUX
MHOXKECTB U ITOCTPOUM PAaBHOCTOPOHHUI TPEYTOJBHUK C OJHOU BEPIIUHONW B BHIOPAHHON TOYKE, & JBYMs JPYTUMU
- Ha rpaHuiie Kpyra. Torma jiBe BEPIIHHBI 9TOTO TPEYroJbHUKA IPUHAJIEXKAT OJHON IacThH. SHAUUT, JUAMETD ITOI

JaCTU HE MEHbIIe @

8. OueBnsHO, uT0 MHOXKecTBO {) nuamerpa 1 JIeKUT BHYTPH MOJOCH minz; < x; < max ;, MIUPUHA KOTOPOIl
e z€Q

menbirte 1. Ilepecedenne Takux MOJIOC Ui BCEX ¢ — ITO IapaJulesenuie]l, KOTOPbIii HOKPBIBAETCH €IMHIIHBIM
KyOOoM.

9. Paspexewm 11ecTuyroJibHUK HA TPU YACTU EPIIEHIUKYJIAPAME U3 MEHTPa K TPEM HECMEYKHBIM CTOPOHAM MIE€CTH-

yrojbHuKa. JnaMerp KaxKI0i 4acTu paBeH @ Temepb moMecTUM MHOYXKECTBO AuaMeTpa 1 BHYTPDL IeCTUYTOJIHHUKA
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(2. DTO MHOXKECTBO TaKKe Paso0bETCa Ha 9acTh JuameTpa He Oombmre 5> < 1. A Kak MBI 3HaeM u3 3aja4u 6,
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KOHCTaHTa 5~ HeyJydllaeMa B cilydae Kpyra jguamerpa 1.

10. Jlioboe mHOXKECTBO Jguamerpa 1 Ha HPIMONl MOXKHO Pa3dUTh HA YACTU JUAMETPA < %, a OTPEe30K JJIUHBI 1
JIydIlie pa3pe3aTh HeJIb3sl.

11. CoenuauM pebpoOM MApPhl TOYEK, PACCTOSTHUE MEXKJIy KOTOpbiMH paBHO 1. Ecjim u3 KaXk0it TOUKHM BBIXOIUT
e 6osiee nByX pébep, To Bcero He Oosiee n pébep. Torma paccmoTpum TPoHKy pédbep ¢ obmum KoHIOM. Tak Kak
pPaCCTOSHUS MEXKJIy TouKamu He 6ojiee 1, To yros mex iy pébpamu He mpeBocxomuT 60°.

W3 npyroro xonia cpeamero pedbpa He MOXKET BBIXOIUTL PedPO, mHade Obl ero KoHer ObLT Obl HA PACCTOSTHUN
6outbIiie 1 oT ofHOrO U3 KOHIOB pédep. IloToMy MOYXKHO BBIKHHYTH CpejiHee pebpo BMecTe ¢ ero KOHIOM (HEeOOIIiM)
n IPOAOJIZKUTHL JJOKa3aTe/JIbCTBO 1O MHAYKIIUH.

12. ocTaTo4HO MOKPACUTh BEPIINHBI Ipada U3 PeIleHus IPeIblIyIeil 3a/1adu B TPHU I[BETa TaK, YTOObI BEPITHHBI
OJIHOTO TiBeTa He ObLIu coesinueHbl pedbpom. Crenaem 310 110 MHAYKIMA. Ecn ecTh BUcsdasi BEPIIUHA, TO BRIKIHEM
eé, ocraBiuiicsa rpad packpacuM IO IPEINOJIOXKEHUIO UHAYKINY, a €€ — B IBET, OTJIUIHLIA OT I[BeTa e€ cocelia.
Eciin ner Bucsiyueit BepuinHbl, TO U3 BCEX BEPINUH BBIXOJUT JIBa pebpa, a 3HAYUT, Mbl UMeeM HAOOD IUKJIOB, KaXKIbIi
U3 KOTOPBIX MOXKHO IIOKPACUTh B TPU IBETa TPEOYEMbIM 00Pa30M.



Pucynok 2: Tpu pebpa ¢ obIuM KOHIOM.

13. Ilepsoe pewenue. IlomecTnM MHOXKeCTBO auamMeTpa 1 BHYTPh HEKOTOPOTO OOJIBIIIOTO KPyra, a MOTOM OyiaeMm
YMEHBIIATH KPYT, TaK YTOOBI OH COJEPKaJI UCXOJHOE MHOXKeCTBO. Kak TOJIbKO Ha IpaHUIly KPyra IOIaJIai0T TOYKH
73 JAHHOTO MHOXKECTBA, OyJIeM yMEHbIIATh KPYT Jlajiee TaK, ITOObI 3TH TOYKHU OCTABAJIUCHL HA IpaHulle Kpyra. Mbr
OOJIBbIIIE HE CMOXKEM YMEHBIIATh KPyT' B OJHOM U3 JABYX CJIyJaeB:

1) KOHIBI IuaMeTpa Kpyra [MPUHAJIEXKAT UCXOJHOMY MHOXKECTBY, a 3HAYUT, JUaMeTp Kpyra He Oosbiie 1;

2) Kpyr ommcaH BOKPYT HEKOTOPBIX TPEX TOUEK HCXOHOTO MHOYKECTBa, KOTOPBIE 00PA3yIOT OCTPOYTOJbHBII
TPEYrOJIbHUK.

Kak m3BecTHO, Cpeau OCTPOYIrOJbHBIX TPEYTOJILHUKOB CO CTOpOHAMU He Oojiee 1 MaKCHMAaJLHBIA paauyC OIH-
CaHHOM OKPY>KHOCTH y PABHOCTOPOHHEro. A 3HAYUT, NCXOJHOE MHOYKECTBO MOXKHO IIOMECTHTH B KPYI paauyca %

Bmopoe pewerue. Tax Kak BIMCAHHBIA B KPYT PaBUJIbHBIA MIECTHYTOJbHIK SIBJISETCS YHUBEPCAIBLHOMN MOKPHIIII-
KOii, TO caM KpyI' — TaK:Ke YHHBepCaJIbHasl IOKPLIIIKA.

14. IlycTh paBHOCTOPOHHUI TPEYTOJBHUK CO CTOPOHOM 1 IMOMECTHIN B KPYT pajnlyca r, Toraa OyIeM yMeHbIIaThb
KPyT, KaK B PEIIeHUH IPOILIoi 3a7a4un. B KOHIle MBI MMOJYyINM ONUCAHHBI BOKPYT TPEyTrOJbHUKA KPYT. SHAUNT,

1
T > ﬁ
15. Ilo 3amaue 6, ecau Kpyr pajmyca % paspes3aH Ha TPHW YacTHu, TO JUAMETP OJHON M3 4yacTeil He meHee 1.

16. Ilyctp mano mexkoropoe mHOxKecTBO auamerpa 1. Ilo zamatte 13 momectum ero B kpyr By pammyca % ITocste
9TOr0 CABUHEM €r0 HEMHOT'O, YTOOBI OJIHA U3 ero Touek X IMolajia Ha I'PAHUILy KPyTa, HO IIPU 9TOM CAMO MHOYKECTBO
octaBajiocb BuyTpu Bi. IIpoBeném kpyr By pamumyca 1 ¢ nentpom X. Tak Kak MHOXKeCTBO mMeeT auamerp 1, To
MPOBEIEHHBIN KPYT COJEPXKUT HAIle MHOXKECTBO. A 3Ha4nT, mepecedenne B N By TakKe MOKPHIBAET MCXOIHOE
MHOYKECTBO.
o

17. Tlokpoimky u3s 3a7a4qu 16 MO2KHO pa3pe3aTh HA TPU YaCTU JUAMETPa ¢ = § + % < 1. Ha pucynke O —
[EHTP OKPY?KHOCTHU PaJINyCca %, Oy — 1eHTDp OKpYyKHOCTH pajuyca 1, B — cepejinHa Jyru OKPYKHOCTH PAJIAyca
1, a touku A u C BeIOpaHbl Tak, 9T0OBI TpeyroabHuK ABC 6bL1 paBHOCTOPOHHUM. HeTpymHO mocauTars, 9TO €ro
Vi V!
2

CTOPOHA PaBHACTCS 5

C

Pucynok 3: Pazpezanne nmokpoimku n3 3amadn 16.

,Haﬂee THUII0OTE3a BOprKa JOKa3bIBaACTCA aHAJIOTUYIHO PEIICHUIO 3a/lav1 9.



18. JlokaxkeMm, 9T0 HMOKPHIMIKY B1 M By Heb3s pa30uTh HA TPU YAaCTH JUAMETPA MEHbBIIE, UeM ¢, TJE ¢ OIIPEeIeIs-
JIOCH B pernteHnn mporuioit 3amaan. CHadara TOKaxkKeM JIEMMY.

Jlemma. Jlna kaxoit Toukun X rpanuibl By N Be HaliéTcsi pABHOCTOPOHHUN TPEYTOJILHUK C BEPIIUHON B TOUYKE
X, a npyrumu aBymMms — Ha rpanuie B; N By, npuyuéM cTopoHa JIIoO0ro TaKOro TPEyroJIbHUKA HE MEHBIIE C.
HokazareabctBo. [losepuém rpanuiy By N By oraocurenbio X Ha 60 rpa/lycoB MO 9acOBOW CTPEJIKE U IIPOTHB,
u ToBEpHYyTOE mepeceuéM ¢ rpanutieit By N By. Iloxydennbie ToukM nepecedeHus: OyIyT BEpIIMHAMEU HUCKOMOTO
TpeyroJibHUKa. POBHO 0O/lHA BEPIIMHA ITOr0 TPEYTOJIbHUKA IIONAJET Ha JIYyTy OKPYKHOCTHU pajuyca 1: ecju HU OJiHA
BepIMHA He TOMaJa HA 3TY Jyry, TO UMeeM BIucaHHbIH yroa < 60°, ecsm nonasm jgse — < 60°. Ha pucynke Oy
— IEHTP OKPYKHOCTH PaInyca %, Oy — ntenTp okpyzkuOCTH paguyca 1, ABC — paBHOCTOPOHHUN TPEYTOILHUK,
npuyuéM BepiinHa B JIeXKUT Ha Jyre OKPYKHOCTH pajuyca 1, a ocrajbHble — HET.

Pucynok 4: PaBHOCTOpOHHMIT TPEYTOJBHUK Ha TPAHUIE MOKPBIKA U3 331a9u 16.

O3 — UeHTp OKPYXKHOCTH, IOJIYIEHHONH IOBOPOTOM Ha 60° OTHOCUTEHLHO TOYKU A M3 OKPYXKHOCTU C LIEHTPOM
O1. lostomy Touku O u B jexar Ha okpyxKHOCTH ¢ neHTpoM Os. To ectb O3A = O3B = % Suaunt, AB
TeM MeHbIe, ueM MenbIte yroin AOsB. Ho BO30p = 60°. 3uauut, yron AO3B TeMm MeHbIle, 9eM MeHbIIe YToJj
0103B. Takxke 0301 = O3B = % Suaunt, yron 0103B Tem menbine, yem menbine (1B, KoTopoe B CBOIO
odepeib MUHUMAJIBHO, ecyii B — cepejiHa qyru OKpyKHOCTH pajuyca 1. 3Hauut, AB > c.

Temeps Bepuémcst k pemenuio 3aga4u. [Iycrs By N By pasdburo Ha Tpu dactu. Bospmém Touky X Ha rpamunie,
KOTOpas IPUHAIIEKAT ABYyM dacTsaM. [Ipumennm jremmy st Touku X . B HalileHHOM TpeyroJibHUKE KaKHue-TO JIBE
BEPIIUHBI TPUHAJIEXKAT OJHON YACTH, 8 PACCTOSTHHE MEXKJy HUMH He MEHbIe ¢. SHAUUT, JIUaMEeTp 9TO JacThu He
MeHDIIIE C.

19. PaCCMOTpI/IM JABa MaJIEHbKUX TPEYTOJIbHUKa, KOTOPbIEC HaXOAATCA B IIPOTHUBOIIOJIO?KHBIX BEpPIIMHaX IMMEeCTU-
yroJbHUuKa. Mequy JIIOOBIMU ABYMA TOYKaMU 3TUX TPEYT'OJIbHUKOB PaCCTOAHUE HE MEHbIIe 1. SHa‘{I/IT, ecJin MHO-
2KECTBO JHUaMeTpa 1 nexxnr BHYTPpHU IIECTUYTOJIbHHUKA, TO OJIUH U3 3TUX TPEYT'OJIbHUKOB MO2KHO OTpP€3aTb, HE 3a/I€EB
MHOZKeCTBa.

20. Kak 0b1710 3aMEYEHO B HpOHIJ'[OfI 3a1a49e OJUH U3 JABYX IIPOTUBOIOJJIO?KHBIX MaJIEHbKUX TPEYTOJIbHUKOB MO2KHO
OoTpe3aTb, HE 3a/JIEB MHOXKECTBa JWMaMeTpa 1 BHYTPpHU HIECTUYT'OJIbHUKA. C,ILGJI&GM TaK CO BCEMHU TpeEMsd IIapaMn
TPEYTOJIbHUKOB. HO.Hy“II/Il\/l O/IUH U3 MIEeCTUYTOJIbHUKOB Ha PUCYHKE.

21. Pewenue npedaootcun yuacmuur xondepenyuy Feop Boponeuxud. JlocraTouHo paspe3arsh MpaBUJIbHBIN ITe-

CTHYTOJIBHHEK CO CTOPOHON —=. OJIHAKO, €r0 MOKHO pa3pe3aTh [ake Ha deThIpe JacTi!

V3
B p L. H AB =L
IHTPE PHCYHKA PACTIOIOAKEI TPeyroabunk Peso gmamerpa —z. Herpynno nocturars, 4ro =7 Hyre
CD npunumiem 3ejéublit nBer, o Beprmuae C' — ronyboii. Jdyram AC u BC — romy6oit, Ho Beprmuaam A u B
— KPACHBII U YKEJITHI COOTBETCTBEHHO. 1[BET OCTAJIBHBIX JYT W BEPIIUH OIPEIe/ISeTCs] aHAJOTHIHO C ITOMOIIBIO

noBopora ua 120°.

22. Pewenue npedaosicua yuacmuur xongepenuyuu Feop Boponeuykut. PazpexkeM IIeCTUYTOJIbHUK aHAJOTUIHO
[PEJIbLILYIIEMY PEIIeHNIO, TOJILKO JaMeTp TpeyroibHuka Pesio Beibepem pasubiM AB (cM. puc.6).
Ha pucynke moMeHsIIN IIBET JIUITH TOYKNA BHYTPU CHHEH JacTH, IIBET OCTAIBHBIX TOUEK OCTAJICST IIPEKHUM.
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Pucynok 6: Ha paccrosammu 52 HET TOYEK OJIHOTO IIBETA.

23. Ora 3a/lada 3KBHBaJICHTHaQ HpO6HeMe O XpoOMaTUYIE€CKOM YHCJI€ IIJIOCKOCTHU U 0 CHUX IIOp HE DeIlleHa. IToka
HEU3BECTHO MO2KHO JIX PACKPACUTDb IIJIOCKOCTH MEHBIIE, 9€M B CEMb IIBETOB: IIECTUYT'OJIbHUKHN Hp&BH.HbHOfI mIeCcTu-
yr‘OJ’IbHOfI peHIéTKI/I MO2KHO paCKpaCUTb B 7 OBETOB TakK, ITOOLI coceJHue meCcTuyroJbHUuKN ObLIN Ppa3Horo nBeTa.

24. Bseném obozHaueHne o = \/g (2 — \/§) u ybeauMmcs, 9To mecTHyrobHUKN {261 1 {26 2 MOXKHO pa3pe3arThb Ha
qacTu auamMerpa He 6osee o. Ilo 3amade 20 9T0ro 4OCTATOYHO JIJIs JOKA3aTEILCTBA.

Haunéwm c mecruyrosnpauka g 1.

ITycts €61 momyvaerca u3 mpasuiabHoro mecruyronsanka ABCDEF ¢ cepequnavm ctopon My, ..., Mg n
nenrpom O orcedenueM TpeyroibHukoB BBy By, DD1 Dy u FFy Fy (em. puc. 7). Omioxum Ha ayuax AO, CO, EO
orpesku AX,CY, EZ nmunbt 1/2 u uposeném orpesku OX,0Y,0Z. Hainee, coequuuM Kaxiayto u3 rouek X,Y, 7
€ IByMs CepeJMHaMH CTOPOH IIECTUYTOJIbHHUKA, KaK Ha pUCyHKe. TeM caMbIM, 3aJaHO IOKPBITHE )G | IIECTHIO
muOroyrojbanKamMu OX M1 BoB1 MsY , AM1 X Mg w 1.1,

Voenumcest, 9TO UX JUAMETPLI He IPEBOCXOLAT 0.

Heiicreurensno, AX = MiMg = %, a 3HAUWT, auameTp uderbipéxyrojbauka AMy X Mg paBen % Huamerp
cemuyroabanka OX M1 By By MY | Kak jierko mpoBeputh, pasedn OB) = ﬁ ~ 0.5176. OcraabHbIE MHOYKECTBA,
MOKPBITHSI ITOJIYYAIOTCS U3 3TUX JBYX MOBOPOTAMHU ¥ MOITOMY UMEIOT TaKHUE YKE THAMETPHI.

Tenepb paspezkeM IeCTHYTOTBHUK {16 2.

ITycrs g o nommyuaeTcs u3 npasuabHoro mecruyronbanka ABCDEF ¢ nenrpoM O oTcedeHHeM TPeyroIbHIKOB
AA1 A9, BB1By u FF1F5 (cm. puc. 8). Ilycrs Touka M — cepeauna orpeska Ay Ay, a cepeMHHbBIN IePIEH UKD
k orpesky A1C nepecekaer orpe3ok AD B Touke J. Ouesuano, JA; = JC.



Pucynok 8:

[TpoBeém uepes Touky J npsiMbie, napaJjieababie guaronaisym BE u CF mecruyronbauka. IlycTs oHM BbICe-
KaioT Ha (g2 orpesku PQ n RS (cm. puc. 8). Urak, Mbr nostyunin pasouenue (2 2 Ha II€CTh MHOIOYTOJbHUKOB.

IIpoepumM, 4TO JMmaMeTp KazKJIOrO U3 HUX HE IIPEBOCXOJIUT O.

Bamernm cHadasa, uro JA; = JC =o.

JleficTBUTEILHO, PABEHCTBO JA% = JC? B cuny rteopemsr Iludaropa s Tpeyroisaukos JM A, u JMoC
(rouka My — cepenuna BC') paBHOCHIJIBHO

) () O (s

OTKY/Jda HaXOJIUM
2
_ 1-3tg"75

43+V3)
Tenepnb jgumuuy orpeska J A1 MOXKHO HadiTu 1o Teopeme [ludaropa us rpeyronbauka J M A;.
Hecito:kHBIE BBIMHC/IEHUST TOKA3BIBAIOT, UTO AUaMETPHI IsATHyrobHUKOB J M A1 Bs P u JPB1CR pasubl J Ay =
JC = o0, a quameTp paBHOCTOPOHHEro Tpeyrojibhuka JRD menbiie 0. MHOXKeCTBa MOKPBITAST PA3bUBAIOTCH HA
apbl CAMMETPUYIHBIX OTHOCUTEJIBHO TpsiMoit M D, 910 3aBepIaeT JJ0Ka3aTeIbCTBO.

25. Pewenue npedaosrcuny dse xomandu: Aaexcandpos Huxuma ¢ Beaoswm Jumoti w How Si Wei. Paszpexem
sseMeHTh yiic. CHadajia pa3pekeM MHOIOYTOJIBHUK Ha pucyHke 9. PUCYHOK cMMMeTpUYeH OTHOCHTEIBHO TI0BOPOTA



Ha 120° 1 BT = /2 — /3. B a1oM ciiydae quaMeTphl BCeX dacTeil paBHbI /2 — v/3.

Pucynok 9: JInameTpsl BCex 4dacTeil paBHbI /2 — v/3.

[Mepeiiném k pucynky 10. Touka T nexkur Ha mumaronagu AD u ST = TD. Takxe AA; = EV = CU' =
2 — /3. Touxka W BeIbpama na orpeske VD tax, uro6er TW 6bit0 mapamiensao C'D. Touka Z omnpeensiercs

anasornano. Touku M', N, P/, Q', K u L' — ocHOBaHMsI LIepIEHAUKYJIAPOB, ONYIIEHHLIX U3 Touku 1. Berauciaenus

ITOKA3LIBAIOT, UTO JUAMETP |acTeil He npesocxomut 1D = 10-4v3 0,5427.

5v3—3

Pucynok 10: Junamerpsr gacteii He mpeBocxoaat 1 D.

26. Ounmumem HeobxoxuMoOe paspesanue () Ha ISTh MHOMXKECTB.

Paccemorpum wa croponax BC, CD, DE u EF touku X, Y, Z u T cOOTBETCTBEHHO TaKue, UTO BCE CTOPOHBI
ngruyroabauka M XY ZT pasubl (cM. puc. 11).

DTO MOXKHO CJIEJIATh €IUHCTBEHHBIM 00Pa30M OYEBUTHO.

O6osnaunm amny orpeska M X depes pk. Moxno yGeaurbes, aro ps = 0.6020. . ..

Coennnnm touky O ¢ kaxoit u3 Bepumn M XY ZT. D1um 3a1aH0 MOKpbITHE () MATHI0 MHOIOYTOJILHIKAMIL.

.o / 1 /
OueBuiHO, 9TO paccrosiire oT TOYKH (O JI0 IIPOU3BOJILHON TOYKU I'PaHUIILI 96 HE IIPEBOCXOIUT 73 < ps5, &

SHAYUT, JUaMETPbl BCEX MHOI'OYI'OJIbHUKOB ITOKPBLITHA DaBHBI pg



Pucynox 11:

27. 7

28. Ilo zamade 7 jgocraTovHO pa3pe3aTh KBaJpaT CO CTOPOHOH 1 Ha YeThbIpe YacTH JInaMeTpa \/Li DTO MOXKHO

CJleJIaTh, ITPOBEJIS TUATOHAJIH.
29. Jlokaxkem, 4TO Kpyr' amameTpa 1 Hejb3s pa3pes3arTh Ha YeTbIpe JYacTU JuamMeTpa He Gojiee % Homyctum
MOXKHO. B0o3bMEM TOUKY Ha TI'paHuUIle, KOTOpas MPUHAJIEXKHUT cpasy JAByM dacTsaM. OTcTponM OoT Heé KBaapar C
BepIIMHAMU Ha OKPY2KHOCTHU KpyTra. Ero cropona pasHa \/Li Hexkoropele 1Be BepmuHbI 3TOr0 KBapaTa IpUHAJIE-
2KaT OHOI 9acTH, IPOTUBOpEYINE.

30. Tak kak MIECTHYTOJBHUK CO CTOPOHOIA \% SBJISIETCS] YHUBEPCAJIBHON MOKPBIMIKONM, TO JOCTATOYHO €ro paspe-

3aTh Ha CeMb dacTel JAuaMeTpa %Z

Pl/IcyHOK 12: HaubGoibIme JAuaroHaJid meCTuyrojJbHuKa U MATUYTI'OJIbHUKOB DaBHBI %

31. oxkaxxem, 4To KpyT jguamerpa 1 HeJib3sl pa3pe3aTb Ha CeMb 4acTeil juamerpa He OoJiee % HomycTuM MOXK-
HO. Bo3bMEM TOUKY Ha rpaHHUIlE, KOTOpas MPUHAIIEKUT cpady AByM dacTsaM. OTCTpouM OT Heé IpaBHJIBHBII
IIECTUYTOJbHUK C BEPIIUHAME Ha OKPYKHOCTH Kpyra. Ero cropona pasna % PaccmoTpum ceMb TOUYEK: BEPITUHBI
IIECTUYTOJILHUKA U €ro IeHTP. HekoTophlie IBe U3 HUX MPUHAJIEXKAT OJHON JacTh, IPOTHBOPEINE.

32. HpaBI/I.J'[beIfI TeTpad/Zp HEJIb3d pa3pe3aTb Ha TPpU YaCTU MEHbIICro JUuaMeTpa, IIOTOMY YTO €ro BEpPIIMHBI
JOJIZKHBI ITPUHAIJIE2KATH PAa3HBIM YaCTAM.



33. Pemrenne anasioruduo neppoMy pemnteHunio 3aga4du 13. [lomectum MHOX)KeCTBO Juamerpa 1 BHYTPb HEKOTOPOIO
OOJIBIIIOTO TIapa, a IOTOM OYIeM YMEHBIIATh 3TOT IIap, TAK ITOOBI OH COIEPKAJ UCXOIHOE MHOYXKeCTBO. KaK TOJIBKO
HA TPaHUILY ITapa Moma aloT TOYKH U3 JAHHOTO MHOXKECTBa, Oy/IeM YMEHBINATH Iap Jjajee Tak, 9TOObI 9TH TOYKN
OCTaBaJINCh Ha rpanure mapa. Mbl 60Jbille He CMOXKEM YMEHBINATD AP B OJHOM U3 TPEX CJIyYaeB:

1) KOHIIBI HEKOTOPOTO JMaMeTpa Iapa HIPUHAJJIEXKAT HUCXOJHOMY MHOXKECTBY, a 3HAYHT, JHAMETD IIapa He
6outbIe 1;

2) HEKOTOPBIE TPU TOYKH HMCXOJIHOIO MHOYKECTBA JIEKAT HA SKBATOPE IMapa M 00pa3yioT OCTPOYTOJILHBIH Tpe-
YIOJIBHUK, B 9TOM CJIy9ae pajuyc Iapa He IIPEBOCXOIUT %;

3) HEKOTOPbIE YeThIPe TOYKU MUCXOHOIO MHOXKECTBA JIEsKAaT Ha TPAHMUIE Iapa U 00pas3yroT TeTpasip, KOTOPBIH
COJIEP>KUT TIEHTP IIapa.

OcTtaioch 10Ka3aTh, 9TO B Y€TBEPTOM CIydae PAINyC IMapa He MPEBOCXOIUT \/g . DTO0 cileyer U3 JeMMBI.

Jlemma. ¥ teTpasapa, BOUCAHHOTO B cepy pajmyca 1 1 copepKaiero eé neHTp, HanboJibias CTOPOHA He KOPOUe

8 " 8
\/; . Ecom npun sTOM TeTpasap npaBUIBHBIA, TO €ro CTOPOHBI DABHBI 4/ 3.

HoxkazareabctBo. [lycte O — nentp chepswr, a ABC'D — HeKOTODPBI# TeTpa’jip, BiucaHHbl B He€. Tak kak O
JIEZKUT BHYTPH TETPA3JIPa, TO
a-OA+b-OB+c-0OC+d-OD= 10
JITST HEKOTOPBIX TTOJIOKUATENBHBIX 9Hcen a, b, ¢, d. Ilycts a — naubosbiee n3 aux. Torma yMHOXKIM 06€ 9aCTH 9TOTO
s
BEKTOPHOI'O paBeHCTBa ckaJjisipHo Ha BekTop OA. Ilosmyunm

—_— — —_ — —_— = —_—
a-OA-OA+b-OB-OA+c¢-OC-OA+d-OD-0OA=0.
—_— — 1= =
Tak kax a maxcumanbno, 10 OA-OX < —50A4-0A, rae X = B,C wmu D. Moxno cuurars, uro X = B. Tak xak

OA = OB =1, 1o 1o Teopeme KoCUHycoB AB > \/g . A B cIyuae mpaBUIILHOTO TETPAdIPa PABEHCTBO JOCTUTACTCS.

34. IlycTh mpaBWIBHBII TETpasap CO CTOPOHON 1 MOMECTWJIM B INAp pajuyca r, TOTJa Oy/IeM YMEHbBIIATH IIap,

KaK B peIlleHnH MPOILIOi 3a1a4uu. B KOHIE MBI [TOJIyYUM OIMHCAHHBIA BOKPYD TETpasapa Map. SHAUUT, 1 > %.

36. Ilycte Bepmmubl TeTpasapa — 310 A, A, Az, Ay, a ero tieatp — 310 O. [yt onpeneleHHOCTH PaccMOTPUM
MHOXKECTBO, TIOPOXKJIeHHOe TpexrpaHHbiM yriiom O A1 Ao As. Ilycre B — cepenuna croponst Ag As. [IpoBenem pajgmyc
OB. Ob6o3nauum uepe3 C' ero Kower, Jiexkamuii Ha cdepe. YTBep:KJIEHUE COCTOUT B TOM, YTO JUAMETDP — 3ITO
jymHa orpeska A1 C. Mbl He cTaHeM JOKa3bIBaTh 3TOT HECJIOXKHBII (PaKT, OCTABJISIS IUTATEIIO XOPOIIYIO TIHIILY JIJIsT
PAa3MBIIJICHANA.

Ilo mporioit 3a7atde cTOpoHa TeTpasapa PaBHA \/g ITIo reopeme Iludaropa mis TpeyrojbHukoB A1 BAs u

OBAj naxonum |A1B| = \/g, u |OB| = \/g ITo Teopeme kocunycos Kocunyc yria A1OB pasen —\/g.

Bepem tpeyrossauk A1OC, u 110 TeopeMe KOCHHYCOB HAXOIUM

|A1C| =

34+./3
+6*[ ~0.888... < 1.

37. Hoxaxkem mo mHAYKINA 110 n. [IycTh B maockocTn Typ41 = 0 MOCTpOEH MPaBUIBHBIN N-MEPHBIN cuMILIeKC 1 .
[TycTb ero meHTp HAXOAUTCS B HaYaJse KoopauHaT. Torma och Ty,41 PaBHOYIAJIEHA OT BEPIIUH cUMILIeKca 1'. 3HAUIUT,
Ha Hell Haiiaérca Touka X, OT KOTOpOil paccrosiuus a0 BepiuH 1 paBubl a. CHUMILIEKC, TOCTPOEHHBIH Ha 1, Kak
Ha OCHOBAHWU, C BEPIIUHON X SBJIETCS MPABUWILHLIM. Ko eHTp HAXOIUTCA HA OCU Xpt1, KOTOPBIA MOXKHO HAlTH
o Teopeme Iludaropa.

39. CrnepBa HAIIOMHUM Dsifi CBeJleHnil n3 reomerpun. CKaaApHoLM npouseederuem BEKTOPOB X = (T1,T2) 1y =
(y1,y2) HasbIBaeTcs ducio (X,y) = x1y1 + Toy2. PaccrosiHue |x — y| MexKly TOYKAMU X,y MOYKHO U3MEPHUThH IO
dopmyite
2 _
x—yl" = (xx)+ (y,y) - 2(x,y). (1)
Bammcs (X, X) HA3BIBACTCS CKAAAPHBIM K6adpamom BeKTopa X. OHa BbIpaykaeT KBaJpaT JUINHBI |X| 9TOro BEKTOPA.

X
Kocunyc yria mexay BeKTOpamMu X,y MOXKHO BBIYHC/IUTH IO (POPMYJIe é('f“";)‘. Takum o6pazom, cooTHomeHne (2)

— 9TO IIPOCTO TEeopEMa KOCHUHYCOB:

x = yI* = [x* + [y = 2[x| - [y| - cos (x,y). (1)



ABCOJTIOTHO TO ¥Ke caMoe MOXKHO CKazaTh i 1po RY, rie ckasspHoe HpousBeeHne BeKTOPOB X = (T, ..., 24),
y = (y1,...,Yq) 3a/1a€TCsl BbIparXKeHHEM

(x,¥) =z191 + ... + Zqyq.

YTo K, BEITUCIUM JIHAMETP OIHON U3 dacTeil [, MOPOXKIEHHOW BEPITUHAMU X1, . . . , Xq cuMIiekca 1. Herpymaao
3aMETUTh, 9TO X] + ...+ Xg4+1 = 0 (Cp. ABYMEpHBIT I TPEXMEPHBIii CJIydan). 3HAUNT,

(x1,%3) + ...+ (Xg41,%i) = (0,%x;) =0

Jutst sioboro 4. ITockosbky, nasee, |Xi| = ... = |Xg41| = 1 (Bce BepmuHbI cuMmILIeKca JiexkaT Ha Haieil cdepe
pamuyca 1), umeeM (X;,X;) = 1. Hakomer, u3 coobpazkeHUil CHMMETPUH CJIE/LYeT, YTO BCE YIVIBL (X, X;) IpU i # j
paBHBI MexK Ty co0oit. CTajio ObITh, IPHU § # j MOJydaeM

0=(x1,x) + ...+ (Xg+1, %) = 1 +d(x,%;),
T.e. IUIA BCEX § # j BBIIOIHEHO (Xj,X;) = — 3.

3ameTnM, 9TO MOCJIeIHee HAOIIO/IEHNEe Cpa3y 2Ke [I03BOJIsIeT HaM HafiTh JJIMHy CTOPOHBI cuMIutekca 1’ (paccro-
sIHEE MEXK/Iy JIIOObIME J[BYMsi ero BepinuHamu). 1o Teopeme kocunycos (coornomenue (1)) nmeem

1 2 [2d + 2

B wacraOocTH, ipu d = 2 nostydaercs V3, a mpu d = 3 BeIXOIHUT 2

BepueMmcst K oncky jguamMerpa. 31ech ecTh JaBa ciaydasi: d = 2k u d = 2k — 1. PaccMoTpuM UX 110 OT/IE/ILHOCTH.

Caywati 1. Bosbmem Toukn € = X1 + ...+ X U ) = Xga1 + ... + Xop. DT TOUKHU 1pu k > 1 He TPUHATICKAT
HMHTepeCyIoIeMy Hac MHOXKeCTBY D, HO cuepBa Mbl opaboTaeM ¢ HuMu. VTak,

(X1 4+ oo+ Xpy Xp1 + -+« + Xop) _ (X1 4 .+ Xpy Xggt1 + - - - + Xok)
|x1 4+ ...+ xXg| - [Xkgr1 + .-+ Xog] |X1+...+Xk|2

cos (€,7) =

Hucauresb B MOCJIEIHEM BbIPDAKEHUHN TPEJICTaB/IsIeT cob0i (1I0cIe paCKpbITHsI CKOOOK) CyMMY k? cnaraempIx, KarK-
JI0€ U3 KOTOPBIX €CTh (X;,X;j) C PA3HBIMH ¢ U j. SHAUHT, YNCIATEDb PABEH K2 (—i) = —%. Ilepenuriem 3HaMeHA~
TeJIb:

1 k—1 k+1
|x1+...+xk|2:|X1|2+...+|xk|2+§(xi,xj):k+k-(k‘1)-(%) =kh- =
17

B urore

- k
cos (§,m) = “Erl

[Mosoxkum Tenepn & = |§\’ n \77| DT TOYKM y:Ke Jjexkar Ha cdepe, u, 6ojee TOro, 0be OHH HAXOIITCS B

muoxkecTse D. Ilo TeopeMe KOCUHYCOB PaCCTOAHUE MEXKJ1y HUMHU PaBHO BEJIMYINHE

2k
€ ol | = I+ 2 =21 ] cos (€001) = /2 — 2cos (€) = 4[24 5.

B cayuae 1 gmamerp mbl Hanum. Ormerum, uro npu k = 1 (re. B pasmeproctu 2) ¢ = x1, ' = xa, Te.,

ﬂeﬁCTBI/ITeJIbHO, AaMETpP JOCTUTACTCA Ha CTOPOHE. O,ILHaKO upun k>1 JJINHa CTOPOHBI paBHA&

112 ok
9 94 2R
\/ ok \/+k<\/+k+1

Bouiee Toro, mjimaa CTOPOHBI CTPEMUTCS ¢ POCTOM Kk K KOPHIO U3 JBYX, & JUAMETDP MHOXKeCTBa [ CTPEeMUTCs K ABYM,
T.€. K JuaMeTpy Bceil cdepsl (ocTaBasich BCEria 1y Th MEHbIIE JBOMKH).

Cayuati 2. Bosbmem Toukn £ = X1+ ...+ X un = Xpt1+ .o+ Xop—1. Omyckast BBIKJIAIKH, KOTOPbIE TOJHOCTHIO
aHAJIOTMYHBI BBIKJIQIKAM U3 cjiydad 1, mojgydaem

cos (€.1) = —\/ 77



£

Cnosa nonaras £ = H

€D, = ﬁ € D, nMeeM OKOHYATEIBHO

: k-1

r_ =A/24+ 24/ —.
€= A

B ciyuae k = 2 (re. npu d = 3) BBIIOIHEHO

\/24—2\/ \/2—!—2\/7 \/2+ 2v3 \/ 3—’_[ =2 3—’_6\/5

B rounoctu TO ke, uro m B 3amade 36! Herpymno 3aomno ocosnarb m tor dakt, uro Touku & u 1’ cyTh, B
obosnauenusx pemennst 3agaqu 36, Toukn C' u Ay coorBercrBento. Takast BOT (BHOIHE OXKuIaeMasi) aHAJIOTHS.

40. IlycTbp mamo HekoTopoe MHOXkKecTBO auamerpa 1. Ilo 3amade 33 momecTuMm ero B Imap pajamyca \/g. [Tocse
9TOr0 CABUHEM €r0 HEMHOIO, 9TOOBI Of[HA U3 €ro Touek X IolaJja Ha FPAHUILY [Iapa, HO IIPU STOM CaAMO MHOYKECTBO
ocTaBajioch BHyTpu Kpyra. [Iposeném kpyr pammyca 1 ¢ menrpom X. Tak Kak MHOXKeCTBO umeeT guameTp 1, To
MPOBEIEHHBIN KPYT COJEPXKUT HAIe MHOXKECTBO. A 3Ha4nT, mepecedenne B N By Takke MOKPHIBAET MCXOIHOE
MHOYKECTBO.

41. Ilycrb nentp mapa Bs — camas BbIcOKas Touka mapa By. Orceuém ot By N By cBepxy HEOOBINYIO MIAIKY TO-
PUBOHTABHOM MTOCKOCTBI0. OcTanbHy0 YacTh BN By pazpexkeM Ha 9€ThIPE TaCTH IMJIOCKOCTSIMHE, TAPAJIIeTbHBIMA
JBYM JIPYTUM KOOPJMHATHBIM ITOCKOCTSIM. JlmameTp KaxK7o#l 4acTH B 3TOM CjIydae MeHbIre 1.

42. IlpaBuyibHBII CUMILIEKC HEJIB3sI PA30UTh Ha n+1 dacTeil MEHBINETro AuaMeTpa.

44. MuoxkecTBO nuaMerpa 1 MOXKHO IOMECTHTh B €QUHUYHBIN KyO, IOTOMY JIOCTATOYHO pa3dbuThb Ky6 Ha YaCTU
mamerpa Menbie 1. [Tokpoem exuananbii Ky6 ([v/n]+1)" Kybukamu, CTOpOHA KOTOPBIX 4y Th MEHbIIIE f ['maBras

JIMAroHaJIb KaxKIoro Kybouka ayrs Menbiie 1. [Tosromy f(n) < ([v/n] + 1)

45. Tlo pemennio 3ama4un 39 pajuyc ONUCAHHON cdepbl eIMHIIHOro cuMiuiekca B R* pasen \/g Anajorudno
perrenuio 3aa9u 33 1map pajanyca \/g — yHHEBepcaibHas MOKpbimka B R%. Anasormano 3aaue 40 mepeceuerne

mapa B pamuyca \/g C eJIMHIYHBIM 1TapoM By ¢ IEHTPOM Ha Tpanune B| — yHuBepcajbHAs MOKpPBINKa B R,

46. Awnasornvno perreHuio 3ama4du 41 oTcedéM HEOOBIMYIO TMANKY TOPU30HTAJIBHON MIOCKOCTBIO, & OCTATBLHOE
pa3pexkeM TpeMs IJIOCKOCTSIMU, ITapaJlIeIbHBIMU KOOP/MHATHBIM, Ha BOCEMb 4YacTeil.
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Partitioning of a set into pieces of smaller diameter

A .M. Raigorodskii with V. Bulankina and M. Prasolov

1 Definitions and notations
Let the diameter of a set €2 on the plane be the quantity

diamQ = sup |x —y].
e ST

Here

x —y| = V(x1—y1)2 + (12 — )%, x = (21,22), ¥ = (y1,%2),

i.e. this is ordinary “Euclidian” distance between points on the plane. The symbol “sup” means “supremum”
(least upper bound), and it is convenient to suppose that “sup” means maximum. Essentially, diameter of a set
is a maximal distance between its points. Why do we write not well known supremum nevertheless? Because
there exist sets without a pair of points with maximal distance between them. For example, a disc without its
boundary (remove its bounding circle). Never mind though. We consider only “closed” sets (which contain their
boundary), so supremum is not necessary.

Consider an arbitrary bounded set 2. We can suppose that diam = 1 (zoom in or zoom out the set using
homothetic transformation to obtain the desired diameter). We aim to sparingly dissect (2 into pieces of smaller
diameter. In other words, we aim to represent {2 in the form

QZQlU...UQf

under the condition diam €2; < diam 2 for all 7 and we aim to minimize f. You can imagine {2 as some crooked
cake which does not go through our mouth as a whole but which we desire to eat greedily, to bite the least number
of times. And so we should dissect a cake into pieces such that number of these pieces is the least and each piece
fits in the mouth still.

The main question: which cake is the worse in the sense of the above-described problem about dissecting? In
other words, into how much pieces can we dissect any cake deliberately?

K.Borsuk in 1933 formalized the problem described above: what is the least number f(2) such that any
bounded set 2 on the plane admits a partition into f(2) parts of smaller diameter? Of course, Borsuk was not
reflecting about crooked cakes and even topology served as the motivation for his research. More detailed and, by
the way, more intriguing history of the problem can be found in [1].

One more question: why do we write f(2)7 The answer is that the plane is two-dimensional. In the truth,
Borsuk raised a similar problem on the real axis too (corresponding quantity is f(1)), and in space of any dimension
also. Usually the space of dimension n is denoted by R™. In particular, R' = R is the real axis, R? is the plane, R3
is the space in common sense, i.e. 3-dimensional space in which we live. In general case f(n) is a Borsuk number,
which is the least f, such that any bounded set in R™ can be dissected into f pieces of smaller diameter, but there
exists a bounded set in R"™, which cannot be disssected into f — 1 pieces of smaller diameter. Here the distance
between points in R™ is standard ( is measured “by Euclid”):

\x—y\:\/(xl—y1)2+...—|—(a;n—yn)2, X= (21, ,Zn), Y= WY1, -, Yn)

Borsuk supposed that f(n) = n + 1. This supposition is called the Borsuk conjecture. This conjecture was
disproved in 1993 (see [1], [2]), but it remains a great amount of questions without answers still.

In the following section we introduce the problems. Step by step you approach the interesting problems in
which an advance can be done by elementary methods.

2 Problems before intermediate finish

Problem 1. Prove that f(1) = 2.



Problem 2. Prove that f(2) > 3. In other words, give an example of a set on the plane which cannot be
dissected into two pieces of smaller diameter.

Problem 3. Dissect a square into pieces of smaller diameter.

Problem 4. Dissect a disc of radius 1/2 into three pieces of smaller diameter.

Problem 5. Dissect a disc of radius 1/2 into three pieces of diameter not greater than @ = (.866...

Problem 6. Prove that the constant @ from the problem 5 is unimprovable, i.e. for any partition of a disc of

V3

radius 1/2 into 3 pieces at least one of those pieces has diameter not smaller than 5>,

Call by universal cover in R™ such set €2 that any set ® of unit diameter can be moved into €2, i.e. it is possible
to cover ® by 2. For instance:

Problem 7. Prove that a unit square is a universal cover on the plane.

Problem 8. Prove that a unit cube is a universal cover in the space of any dimension. Here we call by unit
cube a set of points x = (z1,...,x,), such that z; € [0,1] for all i.

It is known that a regular hexagon {2¢ with distance 1 between its parallel sides is a universal cover on the
plane. For detailed proof see [3]. However, you may reflect on it.

V3

Problem 9. Dissect the regular hexagon (2 into three parts of diameter *5°. Deduce from this problem the

validity of the Borsuk conjecture on the plane and, in some sense, “unimprovability” of the constant § from the
problem 6.

Problem 10. What number plays the role of unimprovable constant from the problem 9 on the real axis?

Problem 11. Prove that in any set of n points on the plane there are at most n pairs of points such that the
distance between them equals the diameter of the set.

Problem 12. Deduce form the problem 11 the validity of the Borsuk conjecture for finite sets on the plane
(not involving universal covers).

Problem 13*. Prove that a disc of radius % is a universal cover on the plane.

Problem 14. Explain why a disc of radius r < % cannot be a universal cover.

Problem 15. Explain why the result of the problem 13* does not allow to prove the Borsuk conjecture on the
plane.

Problem 16. A disc B; of raduis % is given on the plane. Choose an arbitrary point on its boundary and

consider the disc By of radius 1 with center in chosen point. Prove that By N By is a universal cover on the plane.
Problem 17. Using the result of the problem 16 prove the Borsuk conjecture.

Problem 18* (research). Is it possible to prove using the result of the problem 16 that any set of diameter
1 can be dissected into three pieces of diameter < @7 What is the least such constant that you obtained?

Call by univesal covering system (ucs) in R™ such collection of sets {S,}, that any Q C R, diam = 1, can
be moved into at least one of the sets S,,.



Problem 19. Consider the regular hexagon (¢ with distance 1 between parallel sides. Consider a segment
connecting the center of hexagon with one of its vertices and draw a line perpendicular to this segment at the
distance 1/2 from the center. This line cuts off a triangle from the hexagon. Prove that the hexagon without
mentioned triangle also is a universal cover on the plane. This truncated hexagon is denoted by Qf on the picture
1.

Problem 20. Prove that the middle and the regular hexagons form ucs. Triangles, as in the problem 19, are
cut off by the lines at the distance 1/2 from the hexagon center and perpendicular to the segments connecting the
center with corresponding vertices.

L~ L

AN AN

Picture 1: Examples of ucs.

Problem 21. Prove that any set of diameter 1 on the plane can be dissected into 5 pieces without a pair of

points at the distance —=. Hint. Use .

V3

Problem 22* (research). Is it possible to prove that for some a < % any set of diameter 1 on the plane can
be dissected into 5 pieces without a pair of points at the distance a?

Problem 23. Find such n, that any set on the plane can be dissected into n pieces without a pair of points at
the distance 1. What is the least n that you found?

Problem 24*. Prove that any set of diameter 1 on the plane can be dissected into 6 pieces of diameter not

greater than %(2 —+/3) = 0.5577... Hint. Use ucs {Qg1, 22}

Problem 25**. Even better than in the problem 24*?

Problem 26*". Prove that any set of diameter 1 on the plane can be dissected into 5 pieces of diameter not
greater than 0.603. Hint. Use the universal cover €.

Problem 27**. And even beter than in the problem 26*?

Problem 28. Prove that any set of diameter 1 on the plane can be dissected into 4 pieces of diameter not
1

greater than et

Problem 29. Prove the unimprovability of the result of the problem 28.

Problem 30. Prove that any set of diameter 1 on the plane can be dissected into 7 pieces of diameter not

1
greater than 5.

Problem 31. Prove the unimprovability of the result of the problem 30.



3 Problems after intermediate finish

Problem 32. Prove that f(3) > 4.

Problem 33*. Prove that a ball with radius \/g is a universal cover in R3.

Problem 34. Explain why a ball of radius r < \/g cannot be a universal cover in R3.

Problem 35. Split a ball of radius 1/2 into four pieces of smaller diameter in the space (i.e. diameter of each
piece must be smaller than 1).

Problem 36*. Let regular tetrahedron be inscribed in the ball of radius 1/2. Let us consider 4 trihedral angles
which we can get if we connect the center of the ball with vertices of tetrahedron’s faces. Let us intersect each of
these angles with the ball. So we will have a partitioning of our ball into 4 equal pieces. Find diameters of these
pieces.

Problem 37. Let us define reqular simplex in R™ as an analog of regular triangle on the plane and regular
tetrahedron in the space. Notably let us consider n + 1 points x1,...,X,41 in R" such that |x; —x;| = a for every
pairs ¢ # j and some a > 0. Prove the existence of the simplex.

Problem 38*. Let us define n-dimensional ball as a set

B={x=(x1,...,2y): x%—i—...—i—xigl}.

It is a ball with radius 1 and with diameter 2. Let us inscribe the regular simplex in this ball. Find the length of
the side of this simplex.

Problem 39**. Let us realize partitioning of the ball from the problem 38* like partitioning from the problem
36*. Notably let us inscribe a regular simplex whose sides’ length was found in problem 38* in our ball and let us
consider such polyhedral angles which have a vertex in the center of our ball and pass through the simplex faces

(there are n+ 1 faces of simplex). Find diameters of obtained pieces. In particular ascertain that they are smaller
than 2 and also that their values tend to 2 with n — oc.

Problem 40. Let us intersect the ball By of radius \/g with any ball By of radius 1 whose center lies on the

border of the ball B;. Prove that By N By is a universal cover in R3.

Problem 41*. Prove that By N By can be split into 5 pieces of diameter smaller than 1.
Problem 42. Prove that f(4) > 5. Also in the general case f(n) > n + 1.

Problem 43. Find any upper bound for f(4).

Problem 44. Find any upper bound for f(n).

Problem 45. Construct a cover in R4, like covers from the problem 40 of this list and also the problem 16 from
the list of problems before the intermediate finish.

Problem 46*. Prove that the cover from the problem 45 can be split into 9 pieces of diameter smaller than 1
and so f(4) <9.



4 Solutions

When solving the problems of the project, some of the school participants have obtained brilliant and unex-
pected results. First of all, it is worth making special mention of a result by Egor Voronetskiy who succeeded
in improving all the previously known upper bounds for the minimum value of a forbidden distance between any
two monochromatic points in a colouring of an arbitrary planar set of diameter 1 with four and five colours. If

the previous bounds were by the values % and %, then now, due to Egor, we have bounds by the values %
and % VQG‘/E. Egor’s constructions are given below. Also we want to say about a new upper bound for the

minimum diameter in a partitioning of an arbitrary planar set of diameter 1 into six parts. This bound was
independently obtained by Dima Belov with Nikita Aleksandrov and by How Si Wei. If the previous bound had
a value 0.557..., then the current bound equals 0.542 ... Below, we also present these constructions. At the same
time, some school participants have shown a very high mathematical culture: they managed to carefully calculate
the diameters of parts in a dissection of the n-dimensional unit ball into n + 1 parts (problem 8** from the second
part of the project); they also managed to give a proof of a theorem by M. Lassak, which was published in 1982
and which asserts that any set of diameter 1 in R” can be partitioned into 2"~ 4 1 pieces of diameter < 1. Both
the dissection of the unit ball and the proof of Lassak’s theorem were done by Egor Voronetskiy and Maksim
Didin.

1. It is obvious that f(1) > 1. It is sufficient to dissect the segment into 2 pieces with smaller diameter as long
as for any set with diameter 1 on the line we can put it in the segment with length 1. For example we can dissect
our segment in halves.

2. It is equilateral triangle for example.
3. We can do it with one vertical section for example.
5. We can cut our circle by three radii, with angles of 120° between them.

6. Let our circle be dissected into three pieces. Let us take a point on the boundary of our circle so that it lies
in two of these pieces. And let us construct an equilateral triangle with one vertex at our point and other vertices

on the boundary of our circle. Then two vertices of this triangle are in the same piece. So the diameter of this

V3

piece is not less than 5°.

8. It is obvious that the set €2 with diameter 1 is in stripe migrzl T, < x; < maS%( x; with width at most 1. Intersection
xTe FAS

of such stripes for all ¢ is a parallelepiped. We can cover it by the unit cube.

9. Dissect the regular hexagon into three pieces by perpendiculars from the center to not adjacent sides. The

diameter of each piece equals § Then place the set € of diameter 1 into (2. The partition of {2 provides the

partition of ) into the pieces of diameter at most @ < 1. And as we know from the problem 6, the constant @
is unimprovable in the case of the circle of diameter 1.

10. Any set of diameter 1 on the line can be dissected into two pieces of diameter % but the unit segment cannot
be dissected into two parts of diameter smaller than %
11. Connect by edges all pairs of points at the distance 1. If every point is incident to at most two edges then
we have at most n edges. So consider a triple of edges with common end. Since the distance between points is at
most 1, the angle between edges is at most 60°.

Another end of the middle edge is incident only to this edge, since any two points are at the distance at most
1 (see pic.2). So erase the middle edge with its not common end and continue the proof by induction.

12. It is sufficient to paint in three colours the vertices of the graph from the previous problem. Do it by
induction. Suppose you have a vertex v with only one edge incident to it. Erase v, colour the rest graph by
induction and then paint v not in the colour of its neighbour. In other cases the graph is a collection of cycles.
Paint them in three colours.



Picture 2: Three edges with common end.

13. The first solution. Place the set  of diameter 1 into a large disc B. Then reduce this disc in such a way that
it always contains ) and once some points appear on the boundary of B they continue to lie there. We cannot
reduce the disc if one of two cases occurs:

1) ends of some diameter of B belong to €2, so the diameter of B is not greater than 1;

2) some three points of €2 lie on the boundary of B and form an acute-angled triangle, it is well-known that in
this case the diameter of B is not greater than %

The second solution. Since the regular hexagon inscribed in the circle is a universal cover, this is a universal
cover also.

14. Suppose that the equilateral triangle with the side 1 is contained in a disc with radius r, then reduce this
disc as in the solution of the previuos problem. In the end we obtain the circumscribed disc about the triangle.

Sor>\/g.

15. By the problem 6 if the disc with radius % is dissected into three parts then the diameter of some part is
at least 1.

16. By the problem 13 we can place any set ) of diameter 1 into the circle By with radius % Then translate
this set so that the point X € ) appears on the boundary of the circle but {2 continues to lie in B;. Draw a circle
B, with radius 1 and center X. Since the diameter of 2 equals 1, By covers €2 also. So the intersection B N Bgy
covers €.

e
17. The universal cover from the problem 16 can be dissected into three parts of diameter ¢ = § + % < 1.
We see on the picture that O; is the center of circle with radius %, 05 is the center of the circle with radius 1,
B is the middle of the arc with unit radius and points A and C are chosen in such a way that the triangle ABC

N
2 1
is equilateral. It is easy to compute that its side equals § + \/%

A

C

Picture 3: The partition of the universal cover from the problem 16.

After that the Borsuk conjecture can be proved in a similar way as in the problem 9.

18. Let us prove that B; N By cannot be dissected into three parts of diameter smaller than ¢ which is defined
in the solution of the previous problem.

Lemma. For every point X on the boundary of B} N By there exists an equilateral triangle whose vertices belong
to the boundary of By N By and one of them is X. Also the side of such triangle is not shorter than c.



Proof. Rotate the boundary of B; N By about X by 60 degree clockwise and counter-clockwise. Intersect the
image under rotation with boundary of By N By. Intersection points are the vertices of the equilateral triangle.
Exatly one of them lies on the arc with radius 1: if no points lie on this arc then we have an inscribed angle < 60°,
and if two points lie on this arc — < 60°. On the picture there are O; — the center of the circle with radius %,
Oy — the center of the circle with radius 1, ABC — the equilateral triangle, where vertex B lies on the arc with

radius 1.

Picture 4: A equilateral triangle on the boundary of the universal cover from the problem 16.

Rotate the circle with center O; about A by 60°. Denote by Os its center. Clearly points O; and B lie on
the circle with center Os, i.e. O3A = O3B = % Therefore, AB decreases if the angle AO3B decreases. But

BO30; = 60°. So the angle AO3B decreases as the angle O103B decreases. Also 0301 = O3B = % So the
angle O103B decreases as O1 B decreases. O1B is minimal if B is the middle of the arc with radius 1. Therefore,
AB > c.

Return to the proof of the initial problem. Suppose By N By is dissected into three parts. Consider the point
X on the boundary which belongs to 2 parts. Apply lemma to point X. In the triangle from lemma some two
vertices belong to the same part, i.e. the distance between them is at least ¢. Therefore the diameter of this part

is at least c.

19. Consider two small triangles that lie in the opposite vertices of the hexagon. The distance between any two
points of these triangles is at least 1. So, if a set of diameter 1 lies within the hexagon then one of these triangles
can be cut off without touching the set.

20. Continuing the proof of the previuos problem we can cut off a triangle in every pair of opposite triangles
without touching the set. So we obtain one of the hexagons on the picture.

21. Solution is given by the participant of the conference Egor Voronetskii. It is sufficient to dissect the regular

hexagon with the length of the side % However it can be dissected into 4 parts!

In the center of the picture the Reuleaux triangle of diameter % is placed. It is easy to compute that AB = %
Colour the arc C'D in green, but the vertex C' — in blue. Colour arcs AC and BC' in blue, but vertices A and

— in red and yellow respectively. Colours of other arcs and vertices are defined using the rotation by 120°.

22. Solution is given by the participant of the conference Egor Voronetskii.

Dissect the hexagon similarly to the previous problem, but the diameter of the Reuleaux triangle equals AB
in this case (see pic.6).

We change color only in the interior of the blue part. Other points keep their color.

23. This problem is equivalent to the problem about the chromatic number of the plane which is unsolved. It is
known only how to paint the plane in 7 colours: hexagons of regular hexagonal lattice can be painted in 7 colours
in such a way that adjacent hexagons are of different colour.

24. Let o =4/ % (2 — \/§) We will dissect hexagons €261 and {26 2 into 6 pieces of diameter not greater than o.

By the problem 20 it is sufficient for the proof.
Let us start with hexagon (g ;.



Picture 5: There are no points of the same colour at the distance \/Lg

1—/34+1/6v/3

Picture 6: There are no points of the same colour at the distance 32

Suppose that (261 is obtained from the regular hexagon ABCDEF by cutting triangles BB By, DD D9 and
FFF5. Let My, ..., Mg be the middle points of the sides and O be the center (see pic. 7). Consider segments
AX,CY,EZ of length 1/2 on rays AO,CO, EO and draw segments OX,OY,0Z. Then connect all points X,Y, Z
with two sides of the hexagon (see pic.7). So we obtain a partition of {2 ; into six polygons OX M;ByBiM>Y,
AMlXMG etc.

Their diameters are not greater than o.

Indeed, AX = M{Mg = % Therefore the diameter of quadrilateral AM;X Mg equals % The diameter of
7-gon OX M1B1BaMsY equals OB; = ﬁ ~ 0.5176. Other diameters can be obtained from these two ones by

rotation of the picture.

Now dissect the hexagon {62 in the following way.

Suppose that {62 is obtained from the hexagon ABCDEF by cutting triangles AA1 Ay, BB1By and FF1F,
(see pic. 8). Let M be the middle of A;As, and J be the intersection of a midperpendicular to the segment A;C
with segment AD. Clearly JA; = JC.

Draw lines parallel to diagonals BE and C'F' through the point J. Suppose these lines intersect {22 by
segments PQ and RS (see pic. 8). So we have Qg 5 dissected into six polygons.

Let us check that their diameter is not greater than o.

Note that JA; = JC = 0.

Indeed, by Pythagorean theorem for triangles JMA; and JMyC (the point My is the middle of BC) the



Picture &:

equality JA? = JO? is equivalent to

o) (- ) )

B 1 —3tg21—”2

43+V3)’
Now the length of the segment JA; can be computed by Pythagorean theorem for the triangle JM A;.
It is not so difficult to compute that diameters of pentagons JM A1 BsP and JPB1CR equal JAy, = JC = o,
and diameter of the equilateral triangle JRD is less than o. The partition is symmetric with respect to the line
M D. This finishes the proof.

so we obtain

25.  Solution is given independently by two teams: Aleksandrov Nikita and Belov Dima, and How Si Wei.
Dissect elements of ucs. At first dissect the polygon on the picture 9. It is symmetric with respect to rotation

by 120° and BT = /2 — v/3. We have diameters of all parts equal v/2 — v/3.
Then consider the picture 10. The point T lie on the diagonal AD and ST = TD. Also AA; = EV =CU’ =

V2 — /3. The point W is chosen in such a way that W lies on V.D and TW is parallel to CD. The point Z can
be defined in similar way. Points M’, N, P, Q’, K and L’ are bases of perpendiculars dropped from the point 7.

After some computations we see that diameters of all parts are at most T'D = 10-4v3 0, 5427.

5v/3-3



Picture 9: Diameters of all parts equal /2 — /3.

Picture 10: Diameters of all parts are at most T'D.

26. Dissect Q into five sets in the following way.

Consider points X, Y, Z and T on the sides BC', CD, DE EF respectively such that all sides of the pentagon
MXY ZT are equal (see pic. 11).

Clearly this can be done in the unique way.

Denote the length of the segment M X by pL. It is easy to compute that pf = 0.6020. . ..

Connect the point O with all vertices of M XY ZT. So Q is dissected.

Obviously the distance between the point O and arbitrary point on the boundary of Qf is not greater than
\/ig < ps. Therefore parts of the partition have diameter pj.

27. 7

28. By the problem 7 the partition of the unit square into 4 parts of diameter \/Li is sufficient. Draw the

diagonals.

29. Let us prove that the circle of diameter 1 cannot be dissected into four pieces. Suppose the contrary. Let
us take a point on the boundary of our circle so that it lies in two of these pieces. And let us construct a square



Picture 11:

with one vertex at our point and other vertices on the boundary of our circle. Then two vertices of this square
are in the same piece. So the diameter of this piece is not less than \/g .
30. Since the regular hexagon with side \/ig is a univeral cover, its partition into 7 parts of diameter % is sufficient

(see pic.12)

Picture 12: the maximal diagonals of the hexagon and pentagons equal %

31. Let us prove that the circle of diameter 1 cannot be dissected into seven pieces. Suppose the contrary. Let
us take a point on the boundary of our circle so that it lies in two of these pieces. And let us construct a regular
hexagon with one vertex at our point and other vertices on the boundary of our circle. Then two vertices of this
hexagon are in the same piece. So the diameter of this piece is not less than %

32. The regular tetrahedron cannot be dissected into three pieces of smaller diameter, because its vertices must
lie in different pieces.

33. The solution is similar to the first solution of the problem 13. Place the set € of diameter 1 into a large ball
B. Then reduce this ball in such a way that it always contains {2 and once some points appear on the boundary
of B they continue to lie there. We cannot reduce the ball if one of three cases occurs:
1) ends of some diameter of B belong to €2, so the diameter of B is not greater than 1;
2) some three points of 2 lie on the equator of B and form an acute-angled triangle, in this case the diameter
1,

of B is not greater than Net

3) some four points of € lie on the boundary of B and form tetrahedron which contains the center of B.



It is sufficient to prove that in the third case the radius of the ball is not greater than \/g . This follows from
the lemma.
Lemma. Suppose a tetrahedron T is inscribed into a unit sphere and contains the center of the sphere. Then
some side of T is not shorter than \/g . Suppose additionaly that 7" is regular. Then its sides equal \/g .
Proof. Let O be the center of the sphere and A, B, C, D be vertices of T. T contains O, therefore

— — — — —
a-OA+b-OB+c-0OC+d-OD=0

for some positive numbers a, b, c,d. Let a be the maximal number among them. Consider the inner product of
—
vector OA with both parts of this equality:

—_— — —_— — —_— — —_— —
a-OA-OA+b-OB-OA+c¢-OC-OA+d-OD-0OA=0.

e —_— —
Number ¢ is maximal, so OA - OX < —%OA - OA where X = B,C or D. Without loss of generality X = B. By

cosine law AB > % since OA = OB = 1. The inequality is exact in the case of the regular tetrahedron.

34. Suppose that the regular tetrahedron with the side 1 is contained in a ball with radius r, then reduce this
ball as in the solution of the previuos problem. In the end we obtain the circumscribed ball about the tetrahedron.

Sor>\/§.

36. Let Ay, As, A3, A4 be the vertices of the tetrahedron and O be its center. Consider the piece associated to
the trihedral angle OA; A2 As. Let B be the middle of A3 A3. Draw the radius OB. Denote by C' its end lying on
the sphere. The statement is that the diameter equals the length of A1C. We leave the proof of this fact to the
reader.

By the previous problem a side of the tetrahedron equals \/g By the Pythagorean theorem for triangles

A1BA; and OBA; obtain that |A1B| = \/g and |OB| = /5. By the cosine law a cosine of the angle 4,0B

equals —\/g .

By the cosine law for triangle A;OC, obtain that

3 +6\/§ ~ 0.888... < 1.

|A1C| =

37. n points which have one unit coordinate and whose all other coordinates are zero form a regular simplex in
the plane x1 + zo + - - + 2, = 1.

39. Recall some geometric notions. The inner product of vectors x = (z1,z2) and y = (y1,¥2) is a number
(x,¥) = z1y1 + x2y2. The distance |x — y| between points x,y is measured by formula

x—yl* = (x,%x)+ (y,y) —2(x,y). (1)

Notation (x,x) is called the inner square of the vector x. It represents a square of the length |x| of this vector.

The cosine of the angle between the vectors x,y can be computed by formula |():‘|f‘3;)‘. So the equality (1) is just

the cosine law:

x =y = x> + |y = 2/x] - [y| - cos (x, ) (1)
Say the same about R¢. The inner product of vectors x = (x1,...,2q), ¥y = (y1,-..,y4) equals
(%,¥) = 191 + .. + Zaya-

Let us compute the diameter of the part D associated to the vertices x1,...,x4 of the simplex T. Clearly
X1 + ...+ X441 = 0 (see two- and three-dimensinal cases). Therefore

(Xlaxi) +...+ (Xd—‘rlax’i) = (OaX’L) =0

for each i. Since |xi| = ... = |x441| = 1 (all vertices of T lie on the unit sphere), we obtain that (x;,x;) = 1.
Finally by symmetry all angles (x;,x;) for ¢ # j are the same. Hence for i # j we obtain that

0= (x1,%) + ...+ (Xay1, %) = L+ d(x,%;),



ie. (xj,%;) =—2. for all i # j
By the last observation and the cosine law (the equality (1"))

1 2 2d + 2
‘Xi*Xj|2:1+1*2'1'1- —— | =24 -, |Xi*Xj|: * .
d d
In particular, substituting d = 2 or d = 3 we get /3 or 2\/§
Return to the diameter computing. We have two cases: d = 2k and d = 2k — 1.

Case 1. Consider the points £ = x1 4+ ...+ X and 7 = X411 + . . . + Xox. These points do not belong to D if k£ > 1
but have some interest. So

(X1 4. X Xppr + o FXor) (XA KR Xeg1 - Xop)

X1+ Xp| - [Xpr X %1+ ...+ x|

cos (f, n) =

The numerator in the last expression (after expansion) is a sum of k% summands of the form (x;,x;) for all i and
j. Therefore, numerator equals k? - (—i) = —%. Rewrite the denominator:

1 k—1 k41
|x1+...+xk|2:|x1]2+...+\xk|2+2(xi,x]~):k+k-(kz—1)-(—> k- ——= .

— 2k 2 2
1#£]

Finally

(€)=t
cos =——.
i k+1
Now consider £ = I%I’ n = ﬁ These points lie on the sphere and belong to the set D. By the cosine law the
distance between them equals the quantity
/ ! /12 /12 ! / 1 " 2k
§—nl=VIEE+ WP =281 Iyl cos(&,n) = 2= 2cos (§m) =4/ 2+ 1=

In the case 1 we found the diameter. Note that if £ =1 (i.e. in the second dimension) then &' = x1, ' = xa,
i.e. in fact the diameter equals the side of T'. However, if £ > 1 the length of the side equals

\/4/~c+2 \/2+ L \/2+ 2k

2k k kE+1
The length of the side tends to v/2 with growth of k& but the diameter of D tends even to 2, i.e. the diameter of
the sphere.

Case 2. Consider the points £ =x1 + ...+ X 7 = Xgy1 + ... + Xoi_1. Similarly to the case 1 we obtain that

~ k—1
cos (§,m) = — Pl
Again consider & = é—l eD, g = ﬁ € D, and finally
k— 1
" 2+2
&=l =12+ 207

In the case k =2 (i.e. if d = 3) we get

\/HZF \/2”\[\/ 2V3 \/ 3+\f _, 3+6\/§'

It is the same as in the problem 36! Clearly, points £’ and 1’ are points C' and A; respectively in the notations of
the problem 36. Here we have such (expected) analogy.

40. By the problem 33 we can place any set {2 of diameter 1 into the ball By with radius \/g . Then translate
this set so that the point X € Q) appears on the boundary of the circle but € continues to lie in By. Draw a ball
By with radius 1 and center X. Since the diameter of €2 equals 1, By covers €2 also. So the intersection B; N Bg
covers €.



41. Suppose that the center of By is the highest point of B;. Cut off the little hat from By N By from above by
horizontal plane. Dissect the rest of B; N By into 4 parts by the planes parallel to other coordinate planes. The
diameter of each part is less than 1.

42. The regular simplex cannot be dissected into n+1 parts of smaller diameter.

44. A set of unit diameter can be placed into the unit cube. So it is sufficient to dissect the cube into parts of
diameter less than 1. Cover the unit cube by ([y/n] 4+ 1)" small cubes whose sides are quite smaller than ﬁ The

main diagonal of each small cube is quite smaller than 1. Therefore f(n) < ([v/n] +1)".

45. By the solution of the problem 37 the radius of the subscribed sphere about a unit simplex in R* equals
\/g . Similarly to the solution of the problem 33 the ball B; of radius \/g is a universal cover in R*. Similarly to

the problem 40 the intersection of the ball B; with the unit ball (whose center lies on the boundary of By) is a
universal cover in R* also.

46. Similarly to the solution of the problem 41 cut off the small hat by horizontal plane, and dissect the rest by
three other coordinate plans into 8 parts.
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Ha6op1;.1 NNpdMbIX Ha IIJIOCKOCTU
K. Kyronexuan, E. Moruanos, . [Irypuukos

[Tycts HAOOP M3 M PA3INYIHBIX MPAMBIX JIETUT IIOCKOCTD Ha, f dacteit. [lens ciaemyroreit
cepuy 3ajJiad — HalTH BCe BO3MOXKHBIE YHuca f dacTeil NJIOCKOCTH Jisd (DUKCUPOBAHHOIO
qucita npsaMbix n. B 1993 r. H. Maprunos naresn Bce takue qncia, a B 2007 r. B.M. ApHosib
IIPEJJIOZKUIT HOBYIO CXEMY JI0Ka3aTeJIbCTBa, KOTOPOIl MBI OyIeM CJIe/I0OBATh.

3amaum 40 NPOMeEXKyTOYHOTro (pbuHUIIA

Yucso npsMbix B Habope Beerja Oyjer obo3HadaThest depes n (n > 1), a uucio dacreit
(MHOTOYTOJTBHBIX WJIM HEOTPAHUIEHHBIX 06J1acTell) MI0CKOCTH, Pa3/eeHHON STHM HAGOPOM,

qepes f.

3ama4ga 1. /I n1pou3BOJILHOIO N HAWIUTE MUHUMAJIBHOE U MAKCUMAJIHLHOE BO3MOYKHBIE
3HaveHus f.

Bamaua 2. [{ng KaxK 1010 OT/IeJbHOIO 3HAYEHUS 1 HANINTe BCe BO3MOXKHBIE Yncia f, rjie
(a) 1 <n <5,
(byn=6, 7.

MaxkcumalibHOE YHCJIO TAPAJLIEIBHBIX TPAMBIX B HAOOpe 0603HauYnM depes3 p. Makcumalib-
HO€ JHCJIO MTPOXOJIAIIIX Yepe3 OJHY TOUKY IPSMBIX B HAOOpe 0003HAUNM Yepes ¢. ducio To-
YeK TepecevueHns, KaxKaas U3 KOTOPBIX TPUHAJIEZKUT ¢ IPAMBIM HabOpa, 0003HAYNM Yepe3
T, e 2 < 1 < q.

Sagadga 3. lokaxkure, 94T0

(@) f=z(@+Ln-p+t1),

(b) f=4q(n—q+2),

(c) ouenku mynkToB (a) u (b) peanmsyrorcs,

(d) f=n+14+370 0

Bagaua 4. JlokaxKkure, 9T0 4ucjI0 obgacTeil f He MOXKET IIPUHAJICKATL WHTEPBAJIaM
(a) (n+1; 2n) st n > 3,

(b) (2n; 3n —3) maan =5,

(c) (Bn—2; 4n —8) mman = 8.

Bagaua 5. Haiiure MakcuMaJIbHbIE BO3MOXKHbIE 3HAYCHHA [ /11 (DUKCUPOBAHHBIX YUCET

(a) nup,
(b) n u q.

s dukcupoBanubix n u p, 1 < p < n, obozHaunm depes a(n,p) u b(n,p) cienyrorine
quca:

b(n,p)=(p+1n—p+1)+C, .  aln,p)=bnp) —min{p,C; }.

Bamaua 6. g moboro megoro amcna p, 1 < p < n, u Ja000ro meygoro dncia f, rie
a(n,p) < f < b(n,p), npuseaure puMep HAGOPa U3 M MPSIMBIX, JIEJSIIErO MJIOCKOCTh Ha f
obytacTeil M MMEOIIEro MaKCUMYM P MapaJlIeIbHBIX PSMbBIX.



OcHoBHasi Teopema. Ijisi GUKCUPOBAHHOIO 1 MHOYKECTBO BCEX BO3MOXKHBIX 4duces f
ecTh 0ObeIMHEHIEe HATYPAJIBHBIX YHCesl OTPE3KOB [a(n, p); b(n, p)] no Beem p, rue 1 < p < n.

Jpyrumu cjoBamMu, Bce BO3MOYXKHBIE UnC/Ia objacTeil f peajm3yiorcs npuMepaMu 3aja-
it 6. OJHAKO [IOKA He OUeBH/THO, TIOUEMy 9HCIa, He Tonajaomnme B orpesku [a(n, p); b(n, p)l,
HE MOT'YT OBbITH uucjaamu objiacreit. Jlego B ToM, 9T0 11 (PUKCUPOBAHHBIX YHCET 1 U P CO-
OTBETCTBYIOIINE HAOOPBI MOI'YT JIEJINTh IJIOCKOCTh MeHee ueM Ha a(n, p) JacTeil.

Bagaua 7. Haiiyiure Bce mapwl 4mcen m u p, I KOTOPBIX CyIIECTByeT HabOp U3 N
IPSIMBIX, eI TJIOCKOCTh Ha MeHee 4eM a(n, p) Jacreii.

s narnoro n aakynot nazosém unrepsa (b(n,p+1); a(n,p)), comepxkaiuii He MeHee
OJIHOT'O TIEJIOr0 4HC/Ia. Mo JIaKyH Jyisi JaHHOrO n obosHauuM depe3 L(n). Sanymepyem
JaKyHbl yucsiamu ot 1 710 L(n) no yobiBanuio p (T.e. cjieBa HAIIPABO).

Bagada 8. (a) Beipasure uncio nakyn L(n) ssroit dopmydioit gepes n st n > 3.
(b) CKOJIBKO IeJIbIX YHcesT COIepKUT JakyHa HoMep j s 1 < j < L(n)?

Samaga 9. [Ipeamosokum, 910 CyIIECTBYIOT N MPSIMBIX, JEJSIINX IJIOCKOCTh Ha f <a-
cTeit, Ty IucsIo f IpUHAUIeXKUT JlakyHe HoMep j. Jokaxkure, ato p < j — 1 u g < J.

3amaga 10. okaxkure, 410

i

i(t —Dr; = n(n —p).
i=2
n(n—p)

Banaua 11. (a) Jokaxue, uto f > n+ 1+ =+

(b) Tokazkure, 910 9nCI0 [ HE MOXKET IIPUHAJIEKATE JTaKyHe HoMep j i 1 < j < /n.

Bamaga 12. Jlokaxkure, 910 ecau p < n, TO

ro+n>=34+ry+2r5+3rg+ -+ (g — 3)ry.

Bagauda 13. (a) lokaxkure, 4ro

n(n—p)

> 2
/ qg+3

(b) Jokazkure, 910 umcsio f He MOXKET MPUHAJJIEKATH JakyHe HoMep j s 1 < j <
L(n) — 2.

Bagada 14. B BeinykioMm n—yrospHuke (n > 4) OpoBeJEHBI BCE JTHATOHAJN, TPUIEM
HUKAKHEe TPU U3 HUX HE [EPECEKAIOTCA B OJHON TOYKe.

(a) CKOJIBKO MOJIYYMIOCH TOUYEK IlepecedeHus nuaronaseii? (Beprmmnbel He cumraiorcs
TOYKAMU [I€PECeUeHNs] TUaroHaeil. )

(b) Ha ckosibko uacreii quaroHajiu pasoMBaIOT BHYTPEHHOCTh N—yTOJbHUKA?

Samaua 15*. /lokaxkure, 9To 4mucjiao f objacTeil MIOCKOCTH, Pa3/Ie/IEHHON 1 TPAMbBIMUA,
He MOKeT IPUHA/[IE’KATDh ITOCIeHUM AByM JakyHam (Homep L(n) — 1 u L(n)).

3agada 16*. Ha mtockocTu JaHbl n TOYEK, He JeKallue Ha OJHO# mpsamoii. PaccMmorpum
IpsAMBIE, IPOXOJISIIIE POBHO Yepes3 JIBe U3 JJAHHBIX TOYeK, U 0O03HAYNM YHCII0 TAKUX HPSMBIX
aepes m. Joxaxure, uro CZ, ., > n.



Habopnl npsaMbIxX Ha IIJIOCKOCTH
K. Kytomzxusan, E. Momganos, 1. nypuukos
3ajJiadu mocJje NPoMe2KyTOYHOro (pUHHIIIA

PaccMoTpuM IJIOCKOCTH (v U (vg B TPEXMEPHOM IPOCTPAHCTBE U TOUKY (), He JIeXKAILYIO
HU HA OJHOW U3 HUX. [[enmparvHvim npoexmuposaruem Ha3bIBAETCS IPeodPa3oBaHue, Mpu
KOTOPOM TOoUKe X IIJIOCKOCTH (| CTABUTCS B COOTBETCTBHUE TOUKa mHepecedeHus mpsaMoit OX
C TJTOCKOCTBIO (3.

Bamaga 17. [lycts Ha mwiockocTu v gan Habop npsmbix. Haliiure oOpa3bl IPSMBIX 1
obJacTell IJIOCKOCTH (vp IPU IEHTPAIBHOM ITPOEKTUPOBAHNN HA, IIJIOCKOCTDH (Yy OTHOCUTEJIHHO
touku (. MOXKHO cauTaTh, 9TO B HAOOPE €CTh JIBE MEPECEKAIONINECs MPSIMBbIe.

Bynem cauraThb, 9TO IpAMbIE, MTapaJsieIbHbIe JAHHON NPIMOil [, TPOXOIAT Yepe3 beckore -
HO YOaAEHHYIO TOYKY, COOTBETCTBYIOILYIO Hampaiennio [. [leHTpa/ibHOE TPOEKTUPOBAHME
6EeCKOHEYHO yIaJIEHHON TOYKH, COOTBETCTBYIONIEH HAIIPABJIEHUIO [, €CTh TOYKa IIepecedeHnst
IJIOCKOCTU (v C TIPSIMOIA, mpoxojsiiieil yepe3 Touky O mapasuiesbho | (eciu | napaJuiesib-
Ha (g, TO obOpa3zom Oyjer OECKOHEYHO y/IaJléHHas TOYKa ILIOCKOCTH (v, COOTBETCTBYIOIIAS
HaIpaBJIeHuIO [).

Samaua 18. /lokaxkure, 9TO IEHTPAJBHOE IIPOEKTHPOBAHIE €CTh B3AUMHO OIHO3HAYHOE
oTobpaXkeHue IJI0CKOCTell BMecTe ¢ UX OECKOHEYHO yJdaJIeHHbIMU Toukamu. Haiigure obpa3s
1 IpooOpa3 HECKOHEYHO YIaJEHHBIX TOYEK IJIOCKOCTEN (v U (vg, COOTBETCTBEHHO.

HazoséM npoexmusHoll naockocmsro TIOCKOCTh BMeCTe ¢ €€ OECKOHEYHO Y/IAJIEHHBIMU
TOYKAMU, & HAOOPOM NPAMbBLT Ha TPOEKTUBHON IJIOCKOCTH — HAOOP MPAMBIX BMECTE C COOT-
BETCTBYIOIUMU UM OECKOHEUYHO yjajaéHHbIMU TouKamu. [Ipu sTom ojna u3 npsmbix nabopa
MOKeT ObIThb OecKoHedHO ymaseénnoit. /g mabopa n IpAMbIX Ha MPOEKTUBHON IIJIOCKOCTH
0003HAYUM Yepe3 t; YUC/I0 TOUYEK MTPOEKTUBHON IIJIOCKOCTH, IPUHAJJIEXKAITUX ¢ IIPAMBIM, TJ1e
2<i1<n.

Samaga 19. Jlokaxkure, 9T0 JJIsi N MPSIMbBIX HA ITPOEKTUBHON ILJIOCKOCTH

> i(i =t =n(n—1).

i>2

SaMeTnm, 9TO MPOEKTUBHAS TIJIOCKOCTH TO3BOJISIET O0bSICHUTH CJIEIYIONIEe CXOICTBO MEK-
Jly TTapaJUIeTbHBIMI MPAMBIMA U MIPAMBIMU, ITPOXOIAIIIMI Yepe3 OJHy TOUYKY. Bo3bMéM nBa
Habopa u3 k + 1 npgaMbIX Ha IJIOCKOCTH: IEPBBII COCTOUT U3 Kk MapasjiebHbIX NPAMBIX U
OJIHOM ceKyIIeit, a BTopoit u3 k + 1 mpoxoAsdimux depe3 OJHy TOUKY MPIMbIX:




Oba nabopa JiesgaT mIoCKoCcTh Ha 2k + 2 objiacTu, u 9T0 He ciydaiinoe coBnajenue. Ecmm k
oboum HAOOpaM J106aBUTH OECKOHEYTHO YIAJIEHHYIO MPAMYIO, TO MOJIydaTcs Habopsr u3 k + 2
MPSIMBIX, KOTOPBIE MTEPEBOJIATCS JIPYT B JIPyTra MEHTPAJbHBIM ITPOEKTUPOBAHUEM U MTOITOMY
NMEIOT OJIMHAKOBOE JHC/IO 00JacTeit. B 9Toit ¢BsI3u MOXKHO 0:KUIaTh, ITO PEITUTDH 337y 15
Oy1eT TpoIIe Ha MPOEKTUBHON TJIOCKOCTH.

Samaga 20. /lano n npsgMbIX Ha MPOEKTUBHOI 110ckocTu. Onupesiesinte 001aCTH IPOEK-
THUBHON IIJIOCKOCTHU TakK, IITO6I)I Ipu HEeHTPaJIbHOM IIPOCKTUPOBaAHUN O6J'IaCTI/I mepexoanujin B
obracTu B3amMHO OjHO3Ha4HO. Kak 1Mo JByM JaHHBIM TOYKAM U HAOODPY HPIMBIX y3HATD,
HpUHAJJIEXKAT JIM TOYKKA OAHOI obsracTu?

B nmanbreiinem 1ncsio obacTeil TPOEKTUBHON TIOCKOCTH OyIeM 0b003HavYaTh depe3 f, a
MaKCHMaJIbHOe YHCJI0 MPSMBbIX HabOpa, MPOXOISIIIX Yepe3 OIHY TOUKY, Iepes3 m.

Samaua 21. /lokaxKkure cjejyromue aHajaorn 3aga4d 3, 12 u 13.
(a)

(b)
mn—-—m+1)<f<mn-—m+1)+0C2_ .

(¢) Ecm m < n, To
to = 3+1ty+2t5+3tg+ ...+ (m — 3)ty.
(d) Eciim m < n, To st sroboro tiestoro wucia M, M > m, Bepuo

2
n°—n+2M
fz2\———— -
M+3
Bagaua 22*. Ilycte n > 2m + 2 u t,, > 2. Jokaxwure, uro f > (m + 1)(n —m). Bepuo
JIM 3TO Jjist n = 2m + 17
Bagada 23*. ChopmynupyiiTe u J0KaXKUTe OCHOBHYIO TeopeMy iJIsi HAGOPOB 7 MPSIMBIX
Ha [POCKTUBHOI IVIOCKOCTH. 3aBEPIINATE JOKA3ATEIBCTBO OCHOBHOI TEOPEMBI JIJI OOBITHO
IJIOCKOCTH.

Bagada 24. (a) Ha ckoipko obsacteit MOIYT pa3ieinTh IIOCKOCTh N OKPY’KHOCTEH,
MPOXOSAIINX depe3 OJHY TOUKY?

(b) Pacemorpum Ha cdepe OKpyKHOCTH, TOJydaeMble Kak cedeHus cepbl MI0CKOCTsI-
MU, IPOXOJAIINMI Yepe3 e€ HeHTp. Ha cKoJIbKo dacreil MOTYT pasiennTh cdepy n TaKux
OKpY2KHOCTE?

JlanpHeiimas megb — Jgoka3aTh Teopemy CriibBecTpa n eé 0000IIeH M.

Bagada 25. (Teopema CuabBectpa) (a) Ha mtockoctu manHbr n TOUEK, He JIeXKAIIX
Ha, OJIHOM mpsaMoii. Jlokazkure, 910 HAHAETCA IPsAMasi, Ha KOTOPOI JIe?KaT TOJILKO JBE JTaHHbIE
TOYKHU.

(b) Ha mockocTu TpOBEJEHBI 1 TPSIMBIX, PUYEM He BCEe OHM TapaJijieJIbHbI U He BCe
nepecekaloTcsd B OJIHON Touke. JloKaxKuTe, YTO HANJIETCA TOYKA, IMPUHAJJIEKAIIAd POBHO
JABYM IPAMBIM.

OxasbIBaercs, 9To B yeaoBuaX 3agadn 25(b) HaiiéTcss HECKOIBKO TAKUX TOUEK. UTOOBI
OIIEHUTh UX YUCJIO0, yJI0OHee paccMarpuBaTh HAOOPHI MPAMBIX Ha IMPOEKTHUBHON IJIOCKOCTH.

4



Obo3naumuM Yepes p; 9UCIO j-yTOJBHBIX 00JsIacTeil MPOEKTUBHOM IIIOCKOCTH, 0Opa30BaHHBIX
9TUM HAOOPOM IIPSMBIX.

Samaua 26. /lokaxure, uro eciu t, = 0, TO

Y B—i)ti+ > (3—j)p; =3

i>2 >3

Sagagya 27. /lam Habop n NPAMBIX Ha IPOEKTHUBHON ILJIOCKOCTH Takoi, urto t, = 0.
Haiiiure MunumaJibHble BO3MOXKHbBIE 3HAYCHUS ty OTJIE/IBHO JIJIA KaxKJI0ro n < 9.

n

2
(b) Ilpusenure npumMepbl HAGOPOB N MPSIMBIX C o = 3 [%] JIJIST HEYETHBIX 1 > 7.

3
7

Bagaua 30*. (I'mnoresa dupaxa 1951-ro roga). Ecmm t, = 0, To ty > [5]-

Bagada 28. (a) [Ipuseaure mpumepsbr HAGOPOB N MPSAMBIX € ty = 2 Jist Y6THBIX 1 > 6.

Bagaua 29*. JlokaxknTe, 9T0 ecin t, = 0, To ty = 2n.

Ouepennas 1e/ib — JI0Ka3aTh PsiJi HEPABEHCTB, B KOTOPBIX YYACTBYIOT CPa3y HECKOJIHKO
quce t;.

3agaya 31*. Ecom t, =t,_1 =t,_o =0, T0O

3 , 1
t2+§t3>8+2(22—7§)ti.

i>4

Sagaua 32. /[aHo n HpsMbIX HA IIPOEKTUBHON IJI0CKOCTH. OTMETHM KpPaCHBIM I[BETOM
TOYKHU IIepecedeHNsd, IIpUHal/JIe2Kalllie POBHO ABYM IIPAMBIM. CI/IHI/IM IB€TOM OTMETHUM TOY-
KU I[IepeceveHns, MpUHa/IeyKaIine He MeHee deM TPéM mnpsiMbiM. OTpPE3KU MPSMBIX C OTHO-
IBETHBIMM KOHITaMU, HE COJepzKalllue BHyTpI/I ce6$1 IIBETHBIX TOYEK, ITIOKpaCuM B IIBET CBOUX
koHII0B. O003HAYMM Yepe3 T U i YNC/Ia KPACHbIX M CHHUX OTPE3KOB coOTBeTCTBEeHHO. [Tokpa-
CUM 3eJIEHBIM IIBETOM 00JIaCTH, OIpAHHYEHHbIE HE MEeHee UeM YeThIPbMsS OTPEe3KaMU JAaHHBIX
NPsIMBIX M COJEPIKAIIe Ha CBOEW I'paHUIle XOTd Obl OJIHY KPaCHYIO TOYKYy. ducjo map, co-
CTOSIIIAX U3 3€JIEHOW 00/1acTh U JiexKalllell Ha e€ TpaHulle CUHell TOUKM, 0DO3HAYUNM Yepes Z.
Jlokaxkure, 9TO

(a)

i>3
(b) Eciu He cyimecTByer Takux JBYX TOYEK, UTO JIIOOAs JaHHAs MPAMAasi IPOXOJUT XOTsI
ObI Yepe3 OJIHy U3 HUX, TO
3
>3
(¢) Ecmn t, =t,_1 =t,_ 2 =0, 10

:U+z<3p4+2jpj.
Jz5

Samaua 33*. Haiiiure HOBbIe COOTHOIIECHUS MEK Ly ; U p; (1€ BHIBOJAIINECS TPUBHAJILHO
u3 3a7a4 26 1 31, HO, BOBMOXKHO, HCIOJIB3YIOIIHe 3a/1a1y 32).



Habopbl npsaMbIX HaA MJIOCKOCTH

Permennus 3a/1a4 JJO IIPOME2KYTOTHOI'O (1)I/IHI/H_Ha

Bamaua 1. OrBer: n+1 < f < w + 1. Ob6a HEepaBeHCTBA JOKA3BIBAIOTCA MHIYKIIAEH
mo n, baza n = 1, f = 2. Eciau gobasiisiemast ipsiMasi lepecekaeT MPeJIbIIyIue B T TOUKAX,
TO TIpu €€ JobaBeHnn Iucjao obacteil yBenmuunBaerca Ha r + 1. CregoBaresibHO, P 10~
OaBjieHUN N-il IPAMOIT UnC/I0 0bJIacTel yBeIMIuBaeTCsd He MeHee, 4yeM Ha 1, u He OoJiee, yeM

Ha n.

3amaua 2. Orser:
n=1, f =2,
n=2, f € {3,4},
n=3, f € {4, 6,7},
n=4, fe€{5, 8,..., 11},
n=5, f € {6, 10, 12,...,16},
n=6, f € {7, 12, 15,...,22},
n=7, f€{8, 14, 18,...,29}.

HeBo3MOKHOCTE OCTAJIBHBIX dncen caemyeT u3 3a1a4d 1 u 3(a)(b).

Bazmaua 3. (a) Pacemorpum p mapasiiesibHBIX TPSIMBIX HaOOpa 1 Gy/1eM 100aBIIsITh OCTAb-
HBIE TIpsiMble Habopa 1o odepeau. OuepeHast IpsiMast IMeeT He MeHee P TOYEK [epecedeHwsT
C TPEJIBIIYIIUMA IPSIMBIME, TIO9TOMY TIPU €€ JT00aBJIeHIN YUCI0 001acTell YBeTMIUTC Ha HE
meHee, 4eM p + 1. Jlobasus n — p npamerx, moayanm f > (p+ 1)(n —p+ 1).

(b) Pacemorpum ¢ mepeceKaronuxcs B OJIHO TOUKe MpsiMbIX Habopa u Oyem J106aBIIsTh
ocTaJIbHBIE TIpsMble Habopa 1o odepesu. Ouepennas MpsiMas UMeeT He MeHee ¢ — 1 TOYeK
nepecevderusi ¢ MPeIbLIYIIUMEI PSIMBIME, TIO9TOMY IIpU €6 JI00ABJIEHUN 9HC/I0 0bJIacTeil yBe-
JIMYIUTCS HA He MeHee, 4eM ¢. [{o6aBuB n — g upsmMbix, noxyanm f > q(n — p + 2).

(c¢) PacemorpuM p mapasuteIbHBIX TPSIMBIX, 9€pe3 HEKOTOPYIO TOYKY Ha OJHOW W3 HUX
MOBEJIeM OCTaJIbHBIE 1 — P MPSIMBIX 004YepénHo. [Ipu mobaBieHnn KaxkKIoil mMpsMoil Iucyio
obJiacreii yBesimauBaeTcsd Ha p U B utore oOyjer pasuo (p + 1)(n — p).

PaccMoTpuM ¢ IIpsiMBIX, POXOJAIINX Ye€pe3 OHY TOYKY. ByjeM MpoBOJMTH OCTAIbHBIE
(n — ¢) UpsAMBIX HapaJjUIeJIbHO OJHON U3 MEPBBIX ¢ MPSMbIX 10 odepeau. Torma mpu J10-
OaBJIeHUN OYEpEeJIHON MPIMOl 9mc/io obsracTeil yBeIMInuBaeTCss HA ¢ U B UTOre Oy/ierT pas-
HO q(n — q + 2).

(d) Pewenue 1. Bymem nobapisith npsivble moodepéano. Eciau odepejHasi npsivMas 1ie-
pecekaeT MpeJbUIyIe B T TOYKaX, TO eé JI00aBJIeHNE YBEJIUIUBACT YHUCJIO objacTeil Ha
x + 1. C apyroii cTOpoHBI, KaxKjasd U3 9TUX & TOUYEK [EePEeCCUeHUs UJIM UMEET KPATHOCTH
JIBa, WA 0 JTOOABJIEHUS TPSMON MMesia KPATHOCTh Ha eauHuIly Menbine. CjieoBaTe/bHO,
cymma i, (i — 1)r; ipu s06aB/IeHnn 9TOM NpAMOl yBeTnIHBaeTes Ha T .

Pewenue 2. Ilepecedém HaOOP TPAMBIX ¢ KPYTOM JIOCTATOTHO OOJIBIIOTO PAJINYCa, COJIEp-
JKaIllUM BHYTpH cebsl Bce TOUKH IepecevdeHus IpsaMbix Habopa. Pacemorpum rpad, BepiinHb
KOTOPOT'O — TOYKH MEPEeCeYeHUs] MPSIMBIX JIPYT € JIPYTOM U ¢ OKPYKHOCTBIO KpyTra, pédpa —



OTPE3KHU MPSAMBIX U JIyTH OKPY?KHOCTHU, HE COJIEPKAIINAE OTJUIHBIX OT CBOUX KOHIIOB BEPIIUH
rpaca. Tucio sepimi v u péoep e 3roro rpacda paBHbl 21+ ;o0 T U 3N+ Y 5, iT; COOTBET-
crBeHHO. Hueso f gacreil I0CKOCTH, pa3ieéHHONl HabOPOM MPSMBIX, Ha €JIUHUILY MEHbIIe
qncsa obracteit, obpazoBanubix rpadom. CrreoBarebHO, 0 hopMyste Ditstepa s rpadoB
nMeeM

f=n+1+) (i—1r.

i>2

Bamaua 4. (a) Ecim Bce npsimbie napasutenssl, 10 f = p + 1. Ecim we Bce npsimbie
napaJuiesibibl, To 1 < p < n — 1. Ilo 3amade 3 umeem f > (p+ 1)(n — p + 1). Beipazkenue
(p+1)(n —p+1) ecTb KBaIpaTHBINA TPEXUWIEH OTHOCUTEIBHO P ¢ OTPUIATETBHBIM CTAPIIIM
ko durmerrom. [Ipu p = 1 u p = n—1 rpéxwren (p+1)(n—p+1) npuanmaer 3uadeHne 2n.
Caenosaresbio, tpu 1 < p < n — 1 tpéxwien (p 4+ 1)(n — p + 1) npuHnMaer 3HaveHUs1, He
MEeHBITNE 27.

(b) Ecim Bce mim Bce Kpome ofiHOI TpsiMoii napasuienbsl, To f = n+ 1 win f = 2n. [lo
zasade 3(a) umeem f > (p+1)(n —p+ 1). Beipaxenue (p+1)(n —p+ 1) ecrb KBagpaTHbI
TPEXHUIEH OTHOCUTEBHO P C OTPHUIATEIbHBIM cTapiuM Kodddurmentom. [Ipu p =2 u p =
n—2 tpéxwien (p+1)(n—p+ 1) npunnmaer 3uadenne 3n — 3. CienoBaresibho, pn 2 < p <
n — 2 rpéxwier (p+ 1)(n — p+ 1) npunumMaer 3uadenusi, He Menbinue 3n — 3. [losromy npu
2<p<n—2umeem f > 3n— 3. Ecu p = 1, To no 3amade 3(b) umeem f > q(n — q + 2).
Ecmu ¢ = n, 10 f = 2n. Pacemorpum kBajpatueiii Tpéxwrer ¢(n—q+2). [lpu 3 < g <n—1
mveeM f > q(n—q+2) > 3n—3. Ocrajucs ciaydail p = 1 u ¢ = 2, B KOTOPOM 9UCJIO ObacTeit
paBHO
n(n+1)

2

(c)Ecup>2n—2umqg>2n—1,10 f <3n—2.Ecm3<p<n—-3uwmd<qg<n—2,
TO 110 3aja49e 3 noyunM f > 4n — 8. Ocrasica cayqait p < 2 u ¢ < 3. [lo 3a7a4e 3 mveem
f=n+1+ry+2r;. Kaxknas upsimas Habopa [MepeceKaeTcs He MeHee, 9eM C 1 — 2 JIPYTUM.
TT0STOMY UHCIIO HAp IEPECEKAIONIXCS IPSIMBIX PABHO T + 3r3 U He MeHble, dem =2
CreioBaresbHO,

1+ >3n—-3 < n’ —5m+8=>0.

2

2
f>n+1+—(r2+3r3)>n+1+u>4n—8

3 3
npu n = 8.

Baga4da 5. (a) PaccMorpuM p mapasuresIbHBIX TPSIMBIX HAOOpa W3 1 MPSIMBIX U OyeM
J100aBJIATH OCTaJIbHBIE TPsAMbIe 10 odepean. Ouepenas mpsamas momep i, 1 < ¢ < n —p
HepeceKkaeT MpeJIblIyIue IpsiMble B He OoJiee, YeM p+7— 1 TOUKax U Mo3ToMy e€ j100aBjieHne
YBEJIMUUBAET IUCJIO objiacTell Ha He OoJiee,ueM p + i. JlobaBuB n — p MPSAMBIX, TOJIYIUM

F<+Dn—p+1)+C2,

Ornenka jjocTuraeTcs Jijid HaOOPOB P MapaJslIeIbHBIX PAMbBIX U 1 — P IPAMBIX OOIIETr0 0JI0-
JKeHUsl (T.e. HUKAKWe J[Be He IMapaJlIeJIbHbl 1 HUKAKUE TPHU HE MTPOXOJST Yepe3 OJIHY TOUKY ),
HaXOOAIIINXCA TaK?Ke B O6H_LeM IIOJIO2KCHHUU C P IIapaJlJieJIbHbIMA IIPAMbBIMU.

(b) PacemorpuMm ¢ miepecekaroruxcsi B OJHONW TOYKe HPSIMbIX HAOOpa M3 1 MPSIMBIX U
OymeM 100aBISATH OCTAIbHBIE TIPSIMBbIe 110 odepean. OuepeaHast mpsiMast Homep ¢, 1 < 1 < n—q,
nepecekaeT IpeJbIIyIe IpsaMble B He DoJiee, ueM ¢+1— 1 ToUKax, i Mo3ToMy €€ jJ00aBieHne
yBEJIMYIUBaET 4nUCJIO obacTeil Ha He Oosiee,deMm ¢ + i. JlobaBuB n — ¢ IPAMBIX, IOy IUM

f<qn—p+2)+Cr ., =1+CF, - C7 .

2



OHeHKa JoCcTUraercd AJId Ha60pOB g IIepeceKaroniuxcd B O,H‘HOfI TOYKE HIPAMDBIX U 1 — ¢ IIPA-
MBbIX O6HL€I‘O IIOJIO2KEHU A, HaXOAAIIMUXCA TaK2KEe B O6HL€M IIOJIO2KEHNHN C ¢ IIEePECEKaOIIMMUCA
IIPAMBIMU.

3amaga 6. BozbMeM n — p npsMBIX B o6meM nojioxkenuu. BoibepeM t TOUeK U3 UX TOUYEK
nepecevenust jijist Hekotoporo ¢ < min{p, C7 } [IpoBesem p napasuie/IbHBIX MPIMBIX TaK,
9TOOBI OHM TPOXOJIMJIA Yepe3 BLIOPAHHBIE TOYKHU IepecevdeHrs] U He MPOXOJMIA Obl depe3
JIpyTUe TOYKH TepecevdeHus n — p MPAMBbIX MexKay coOoii. IIpm sTom BBIOEpeM HampaBie-
HUe JIJIs P HapaJuIeJIbHBIX MPAMbBIX OTJIMYHBIM OT JII000# U3 MEePBLIX N — p NpaMbIX. Torma
[PEeIbABICHHBI HAOOP MMeeT MAKCUMYM P HMAPaJIIETbHBIX MIPIMbBIX U JIEIUT IIJIOCKOCTH HAa

f=@+Dn-p+1)+C2_ —

gacTen.

Bagaga 7. MunnmaibHOe Iucao objacteil 11 HADOPOB MPSMBIX C JIAHHBIMU THCIAMU
n, p pasao (p + 1)(n — p+ 1). docturaercsi, Hanpumep, eciau n — p + 1 IPAMBIX TPOXOJAT
Yepe3 OJIHY TOUKY, a BCE OCTAIbHbIE P — | IPAMBIX ITapasiie/IbHbl OJIHOM U3 1 — p+ 1 IPSIMBIX.
OcraJsioch 3aMeTHTD, UTO

1 1
(p+1)(n—p+1)<a(np) & Ci,>p & n>p+§—|—\/2p—|—l—l.

B mocsieem paBHOCHIILHOM TIEPEXOJie MOXKHO GBIIO NPHiTH K 1 > p + 5 + 1/2p + 2.
Bagada 8. (a) L(n) =max{k > 1| bn,n—k+1) <a(n,n—k)—2} upun > 3,

—1
b(n,n—k+1)<aln,n—%k) —2 <& min{n—k‘, M}én—k‘—Q &

2

- K+ k Lo ek 15 1

n = n————.

2 4 2

Otrryna L(n) = [, [2n — 8 — %}
(b) Tak kax
L2 L . ._1 . ._1
n}M%—Z, TO min{n—j, ](j2 )}:J(]2 )npnlgng(n).

[Mosromy a(n,n —j) = (n—j+1)(j + 1), u takyHa HOMEp j COJAEPXKUT N — J(]TH) — 1 nenoe

YHUCJIO.

Bagaya 9. Ecm j <Kp<n—jwm j+1<qg<n—J+ 1, To 1o 3ajade 3 morydaem
fzn—3+1)(+1)=a(n,n—j). Ecmp > n—j+ 1, 10 BeseacTue 3a1a9u 5 Moy daeMm

<p+D)n—p+1)+Ci, <bn,n—j+1).
Ecimm ¢ > n — j + 2, To BCJle/icTBHE 3312490 D UMeeM
f<qn—q+2)+Cr,+1<bn,n—j+1).

1
Bamaga 10. Yucso nap nepeceKaronmxcst IPsIMBbIX PABHO Y i, ’(12 L7, 1 He MenbIme, Tem
n(n—p)

5 IOCKOJIbKY KazKJlasl IpsiMasi [IePEeceKaeTcs ¢ He MeHee, 4eM 1 — P IPAMbBIMU.



Bagada 11. (a) Ilo 3amagam 3 u 10 nmeem

f-t+1)=3(i—1r 221(1'—1)”2 nin —p)

i>2 i>2 q q

(b) Ipemosoxkum poTUBHOE, Tora 1o 3a1ade 9 umeem p < j — 1 u ¢ < j, ryie j — HOMED
JakyHbl. Vcross3yda n —p > n — j + 1, moaydaeM IpOTUBOpEYNE C MPEIbLIYIITUM ITYHKTOM:

f>n+1+w

> (n—j+1)(g+1) > (n—j+1)(j+1) =a(n,n— ).

Samayga 12. [lepeceuém nabop MpsAMBIX ¢ KPYTOM JIOCTATOTHO OOJIBIIOTO PAJINyCa, COJIEP-
JKAIIM BHYTPHU ce0d BCe TOYKHM Iepecevdenus: npaMbix Habopa. lloayunm rpad, BepmmHb
KOTOPOI'O — TOYKH IePECEUCHHs MPSIMBIX JIPYT C JIPYT'OM U € OKPYKHOCTBIO KpyTa, péopa —
OTPE3KN TMPAMBIX W JyTU OKPYKHOCTH, He cojlepzKallue OTJIMIHBIX OT CBOUX KOHIIOB Bep-
muH rpada. Yucno Bepima v 1 pédep e aroro rpada paBHBI 2n + Zi>2 T U 3n + Zi>2 iy
COOTBETCTBEHHO. BHYTpu Kpyra HaxomuTcs f objacreil, e

f=n+1+) (i—1r.

i>2

CymMa 110 BeceM 00J1acTsIM BHYTPU KpyTa UHC/Ia OrPAHMIUBAIONINX UX PEOEp paBHA

2e —2n =4n + 2 g ;.
i>2
Tax Kak p < m, TO KaxK1as1 00/1aCTh BHYTPH KpyTa OrpaHnvIeHa He MeHee, 9eM TpeMsl pédpamMu
rpada. CremoBarebho, 2e — 2n > 3 f, oTKyIa mojydaeM TpedyeMoe HepaBEeHCTBO.

b= 2L PaccMOTpuUM KBaJIPATHBIl TPEXHIEH OTHO-

2
Banaua 13. (a) Ilonoxum a = 35, s

CUTEJIbHO IIePEMEHHOI %
a(i> =) +b(B3—4i)—(i—1)=a(i —2)(i—q) <0 nmpu 2<i<q

VYMHOXKIUM COOTBETCTBYIOIIHE 3HAYUEHUST MHOTOYJIEHA Ha 1; M CJOXKHUM 110 BeeM 2 < ¢ < ¢

q

02aZi(i—1)7}—1—1)2(3—2’)7}—2(@'—1)7’2- >an(n—p)+bB—n)—(f—n-1),

i=2 =2
rje mocjejiHee HepaBeHCTBO mosydeHo u3 3aaa4d 10, 12 u 3. CremoBaTebHO,

qg—1

f>2w+(n+1+m(3—n))>2

qg+3

n(n —p)
q+3

(b) IIpemmosioxkum niporuBHOE, Toraa 1o 3ajade 9 umeem p < j — 1 u ¢ < j. Ucnons3ys
n—p>=n-—j+ 1, Hoxy4aeM IpoTUBOpEYNe ¢ UPEABLAYIIAM IIyHKTOM:

n(n — p) : 2n , : ,
>2———>2n—J+1)—=>2n—3+ 1)y +1) =aln,n—j),
f g (n—3j )q+3 (n—=j+10U+1)=al 7)
e NG +1)  2+45+3 1
(¢ + )2(.7+)<J +23+ <§L2(n)<n‘

4



Bamaua 14. (a) Touka nepecevyenus onpenessieT JBe MPOXOIAIINe depe3 Heé THaroHaIH
U UX KOHIIbI, T.€. YeTBEPKY BepPIIUH n-yrojbHuKa. OOpaTHO, KaxKIas YeTBEPKa Pa3JInIHBIX
BEPINNH N-yTOJbHUKA OIpeIessieT OJHY TOUYKY IepecedeHus: auaronajeii. CiemoBaTesbHO,
9HUCJIO TOYEK MEPECETIEHNs PABHO C’ﬁ.

(b) Pewenue 1. Bymem npoBouTh auaronasu no ouepean. Ecin qobaBieHHast TnaroHab
nMeeT T TOYeK IepecedeHus] ¢ MPeAbLIYIUMU JUarOHaJISIMI, TO OHA YBEJIUUUBAET YUCJIO
JacTeil BHYyTPEHHOCTH N-yTOJbHUKA Ha X + 1. 3HAUNT, KaxKask TOUKa IepecedeHns U KazK i asi
JIMaroHaJjb yBEeJIUYUBAET YUCIO0 vYacTeil Ha eJWHUIly. Torja MCKOMOe YHC/I0 JacTeil paBHO

1+ C44 28 1k queio ToueK HepeceveHnst H3BECTHO U3 TIPeIbl €ro IyHKTa, a YHUCJIO
n 7 » LK. p PeIbILYTIL y )

JAuaroHaJeil paBHo @

Pewenue 2. Paccmorpum rpad ¢ BepIIMHAME B TOYKaX MEpecevdeHns JruaroHaseii u Bep-
[IMHAX N-YTOJbHUKA, PEOpa KOTOPOTO CyTh OTPE3KM JIMaroHasieil 1 CTOPOHBI N-yroibHuKa. B
TakoM rpade v = n + C4 gepun u e = 2C* + n(”T_l) pébep. OTkyna 1o dgopmyse Ditiepa

qucio yacreit paguo 1 +e —v =1+ Ct + @

Bama4ga 15. Cwm. 3amgaay 23.

Bamaga 16. Hapucyem Ha IJIOCKOCTHU TIPSIMbIE, KaxKasi U3 KOTOPBIX IIPOXO/IAT Yepe3 JIBe
U3 JIAHHBIX TOYEK. DTHU 1M IPAMBIX PA300bIOT MJIOCKOCTh Ha He GoJtee, uem 1+ m + C2 oba-
creit. PaccMoTpuM Bce TOYKH JAHHOTO MHOXKECTBA, 9€pe3 KOTOpbIE He IMPOXOIUT HU OJTHOMN
HPSMO, TPOXOJIAIIEN POBHO Yepe3 JIBe TOUKHU JAHHOIO MHOYKecTBa. OKa3bIBAETCs, UYTO B KaK-
J1o#t obstacTu, 0Opa3zoBAHHON HADOPOM M MPSIMBIX, HAXOIUTCH He Oojiee OJIHOM TaKOoi TOYKU
(10 ocTaéres BaMm jokasarh). Takzke octaéres HaiiTi m obacreil, BHyTPH KOTOPBIX TAKHX
Touek HeT. Ha m mpsaMbix HaxoauTcs He Oojtee 2m TOYEK JAHHOTO MHOXKecTBa. lloaTomy
n<2m+1+C2 =C2,,.

Pentenus 3aga4 nmocJjie npoMe>KyTOYHOTo (prmHUIIA

Samaga 17. Js napa/uiesibHbIX IJIOCKOCTEH (v U (g TIEHTPAJIbHOE ITPOEKTUPOBAHUE €CTh
1peoOpa3oBaHue Ioa00usd, IEPEBOJIAINee IpsMble B IpsMble U obyiactu B obJactu. [IycThb
IJTIOCKOCTH (Y| U (g TIEPECEKAIOTCA U MYCThb || U lo — TpsiMble MepecedeHns IJI0CKOCTel oy
1 (13 C TJIOCKOCTSIMU, TTPOXOISIIIIMEI depe3 TouKy () mapasiieIbHO IJIOCKOCTAM (ip U (V] CO-
oreercTBerHO. O6pa3 oTm4yHON oT Iy npsaAMoii [ ecth npsivas, ecau [||l;, 1 ecTh npsiMast ¢
BBIKOJIOTOI TOYKOW (TOUKON mepecevuenust ¢ ly), ecm [ Yf [;. Ecim obimacts nepecekaert [y,
TO €€ 00pa3 COCTOUT W3 JIBYX HEOTpaHUYEHHBIX oOjacreil. Eciu Heorpanuvennast o0J1acThb
MPUMBIKAET K JBYM HelapaJLIe/IbHbIM JIydaM, TO €€ 00pa3 IPUMBbIKAeT K lo.

3amaga 18. Bzaumuas oJlHO3HAYHOCTb BBITEKaeT u3 orpejenenuii. Obpa3oM u mpood-
pa3oM OYJIyT COOTBETCTBEHHO NpPSAMBIE [s W [ BMECTe CO CBOMMM OECKOHEYHO YIAJIEHHBIMU
toukamu. IIpambie [; u [y — mnpsiMble TiepecedeHus ILIOCKOCTEH p U (g C TIJIOCKOCTSIMU,
IPOXOAINMA Yepe3 TOUKY O mapasuiebHO MJIOCKOCTAM (o W (v] COOTBETCTBEHHO.

Bamaua 19. Jliobble aBe IpsIMble UMEIOT POBHO OJHY OOIILYI0 TOYKY Ha ILJIOCKOCTH C
6eCKOHe“IHO yﬂ‘aﬂéHHbHVH/I TOYKaMN (eC.HI/I IIpgAMbIC ITapaJlJICJIbHBI NI O/lHa U3 HUX 68CKOH€“IHO
yJajieHa, To 3Ta oblas Touka 6eckoHedHo yiajena). KosudecTso map npambix pasHo C2.
B rouke, npuHayiexKanieii i NpaMbIM, TepecekaeTcs C? map IPsSMBIX, OTKY/a W I10JTyHaeM
Tpebyemoe.

Bamaua 20. OnpeneanM, 9T0 TaKoe «00JIACTh» MPOEKTUBHON IJIOCKOCTH, Pa3aeIeHHOM

HAOOPOM N MPSAMBIX, ITPEJIIOJIOKUB CHAYAIA, YTO HE BCE MPAMbIE IPOXOAT Yepe3 OJIHYy TOU-
Ky. Eciin onna u3 npsgmbix Habopa OECKOHEUHO yjiajieHa, TO o0JacTaMu Oy/leM Ha3bIBATH



JacTU OOBIYHON IJIOCKOCTH, Pa3JeeHHON OCTaJbHBIMEU N — 1 npsMbiMu. Ecin B Habope Her
OECKOHEYHO yIAJIEHHON IPsSIMOil, TOra 00/IacThio OYIET HA3BIBATHCS:

e orpaHUYeHHasi 00JIACTb IJIOCKOCTH,
® HeorpaHUYeHHAsT 00JIACTD IJIOCKOCTH, IIPUMBIKAIONIAs K JABYM ITapaJIebHBIM JIydaM,

e 11apa HEOIPAHUYEHHBIX 00JIaCTell TIOCKOCTU, OTHA U3 KOTOPBIX IIPUMBIKAET K HelapaJ-
JIeJIbHBIM JiydaM [; u lg, a apyras K HelapaJuieJbHbIM JtydaM [3 u [y upu yemosuu [ ||l3
u ls||ly. IIpu sTOM cumraercs, 9T0 GECKOHEYHO YIAJIEHHBIE TOYKU, COOTBETCTBYIOIIIE
HalpaBJaeHuAM OT [; 10 ly, COEIMHSIOT HeoIpaHWUEeHHbIe O0JIACTU Hapbl U BMeECTEe C
HUMH BXOISAT B OJHY 00JIaCTh Ha IMPOEKTUBHON ILJIOCKOCTH.

Eciu 2xe Bce nmpsimbie HaOOpa MPOXOAAT Yepes3 OJIHY TOUKY ITPOEKTUBHOMN IIJIOCKOCTH, TO «00J1a-
CTH» ONPEJIEAIOTCA aHAJIOrn4IHo. JIBe TOUKM npuHa jiezkaT oJIHON 00JIaCTH TOT/Ia U TOJIHKO
TOr/Ia, KOTJIa UX MOYKHO COEJIMHUTDH JIOMaHO#, He rmepecekarornieil mpsambie. [Ipu 3ToM KOHIIBI
JIOMaHOM COBIAJIAIOT C JIAHHBIME TOYKAMHU, & MPOMEKYTOUYHbBIE BEPIIUHBI MOT'YT OBITH OECKO-
HEYHO YIAJIEHHBIMU TOYKAME. 3BEHBSIMH JIOMAHOM, BBIXOIAIIUMHI U3 OECKOHEYHO YIAJIEHHOM
TOYKH, CIUTAIOTCA JIYUd, ITapaJijiebHble HAIIPABICHUIO 9TOH OECKOHEYHO yIaJIéHHON TOUYKH.
[Ipu nenTpaIbHOM TPOEKTUPOBAHUU TaK JOOTpPEJIe/IeHHas JOMaHas ePEXOUT B JIOMaHYIO.
CrieioBaTesIbHO, JIBe TOYKU HAXOJATCS B OHON 00JIACTH TOTJ@ U TOJIBKO TOTJA, KOTJIa UX
obOpasbl IIPH MEHTPATBHOM ITPOEKTHPOBAHNN HAXOIATCS B OJIHOM 00/1acT. DTO O3HATAET B3a-
UMHO OJIHO3HAYHOE COOTBETCTBHUE 00JIaCTEi.

Bagaua 21. (a) Pewenue 1. Tlepeseem ojiHy U3 npsiMbix HabOpa MEHTPATLHBIM IPOEK-
THPOBaHUEM B OECKOHEYHO yaaaéHHyo0. ducio obiacreil n duciia t; Ipu 3TOM He M3MEHATCS.
Tenepnb uncio obracTeit MPOEKTUBHOM ILJIOCKOCTH COBIIAIAET ¢ InUCIOM f obsacTeil OOBITHOI
IJIOCKOCTH, pa3iesiénHoil HabopoM n3 n— 1 npsimbix. [To 3agatde 3 mveem f = n+> > (i—1)r;.

Ocrajioch 3aMeTUTH, 9TO
n—1=> (i—1)(t;—r),
i>2
T.K. Ha OECKOHEYHO y/IaJIEHHON MPSIMON HAXOIATCS t; — r; TOUEK MepecedeHusi, TPUHA/IIeKa-
mux ¢ — 1 npsiMbIM HabOpa, Ha cunuTas OECKOHETHO YIAJIEHHOI.

Pewenue 2. UnayKius 1o duciy npsaMbix, 6aza n = 1. JIna nepexoga 3ameTnm, 9To J0-
OaBJIsteMas IpsMasi YBeJIUINBAET UNCJI0 00/IacTeil Ha KOJTUIECTBO CBOUX TOYEK IIE€PeceueHust
C TPEeIbLIYIUMU ITPSIMBIMHA.

(b) Mnayknus mo n, 6aza n = m, f = m. Jlobasisiemasi npsimasi Homep j, 1 < j <
n — m, UMeeT He MeHee m 1 He Oojee m + j — 1 TO4Yek IepecedeHns ¢ IPeIbLIyIIAMA
HMPSMBIME, T.K. H& IMPOEKTUBHON IJIOCKOCTH JIOOBIE JiBe IpsiMble Irepecekaiorcs. Ocrasoch
3aMETHUTDb, 9TO Jo0aBjsieMast IpsAMasd YBEJIUIUBAET UHCI0 obJiacTell Ha KOJUIECTBO CBOUX
TOYEK IEePECeUEHNUs] ¢ IIPEIbILY MU IPIMbBIMHE.

(c) Pacemorpum rpad Ha IPOEKTUBHOI MJIOCKOCTH, BEPITHHBI KOTOPOTO — TOUKH IIepece-
YeHUST TIPSIMBIX JIPYT C JAPYTOM, péOpa — OTpe3Kn mpsMbIX. [Ipr 9ToM j10mycKaeTcs mpoxoxK-
Jienre pedbpa depe3 OECKOHEYHO yIAJEHHYIO TOYKY, B 9TOM clIydae peOpo COCTOUT U3 JIBYX
JIydei, JieyKalnx Ha OJHOM MPsMOil, 1 OECKOHEYHO YIaJIEHHON TOUYKH COOTBETCTBYIOIIErO Ha~
HPABJICHUS, COCIMHATONIEN /Ba Jiy4a. Jucso Bepiut v u pédep e 3roro rpada paBHBI Zi>2 T
u ZZ;Q i1; cooTBeTCTBEHHO. Ecaum m < n, To KaxKaasi 00/1aCTh MPOEKTUBHON IIJIOCKOCTH OI'Da-
HU'IeHA He MeHee 4eM TpeMsi péopamu rpada, mo3ToMy

3f<2 < 343) (i—DH<2) i, & Y (3-i)t =3

i>2 i>2 i>2



(d) Tomoxum a = 2~ n b = ¥=L

: 313 T3 PaccmorpuM KBajpaTHbBIN TPEXUIEH OTHOCUTETHLHO
IIEPEMEHHO ¢

a(i>—i)+b(B—i)—(i—1)=a(i —2)(i—M)<0 upn 2<i<m.

VYMHOXKIUM COOTBETCTBYIOIIHME 3HAUEHUST MHOT'OYJIEHA Ha t; W CJOXKHUM 110 BceM 2 < ¢ < m:

m

i(i — 1)t + bzmj(s —i)t; = > (i =1t = an(n —1)+3b— (f — 1),

=2

0>=a

m
=2

rJIe TOCJIe/IHee HEPABEHCTBO Moy deHo u3 3ajad 19, 21(a) u (¢). CremnoBaresbHo,

n(n—1) 3(M—-1)\  _nn—1)+2M
1= s (1 M+3>_2 M+3

Bamaga 22*. Boeibepem jgBe Touku P u (), Uepe3 KarxKJIyi U3 KOTOPBIX ITPOXOIUAT 1M
npsaMbix. O6o3nadnM gepe3s N MHOXKECTBO MPSMBIX UCXOJHOTO HAOOPA, MPOXOJAIINX depes3
xoTs Obl oy u3 Touek P u (). Bo3aMOXKHBI jiBa cirydas:

(i) mpamast PQ) we mpunajyiekur Habopy. B arom ciyuae N cofepKuT 2m TpPSMbIX U
JIEJIAT MPOEKTUBHYIO IJIOCKOCTH (6€3 y4éTa OCTalbHBIX IPAMBIX) HAa m? + 2m — 1 ob/1acTb.

(i) mpsimast PQ) npunagyiexxut Habopy. B stom ciaydae N comepxkutr 2m — 1 npsiMbIX u
JIEJTAT MPOEKTUBHYIO IJIOCKOCTh (6€3 y4éTa oCTalbHBIX NPAMBIX) Ha m? 00J1acTh.

B 06oux cirydasix KazKjiasi U3 OCTABIINXCs MPAMbIX Habopa (He npunajyiexaiast N) mepe-
cekaeT npsiMblie u3 N He MeHee YeM B M TOUYKaX, IPUIEM CYIIECTBYET He OoJiee JIBYX MPAMbIX,
repecekaIux npsimMere u3 N poBHO B m TouKax. Tem cambiM cirydait (1) pasobpaH, MOCKOIb-
Ky

fem?*+2m—1+(m+1)(n—-2m)—2=> (m+1)(n—m).

Pacemorpum coyuaii (ii). Eciin Habop npsiMbix coziep:KutT He GoJiee OHON IPsIMOit, Tiepe-
cekaroreir N B m TOYKaxX, TO TOIJa OIEHUBAEM UMCJIO 00JIacTeil Yepes Uncjio TOYeK Iepece-
YEHHNA OCTaJIbHBIX ITPAMBIX:

fzm’+(m+1)(n-2m+1)—1=(m+1)(n—m).

Ecim nabop mpsaMBIX COJIEPXKUT JBe IMpsMble, epecekatonue N B m TOYKaX KayKJjas, U UX
TOYKA [epecevdeHns He JIeXKUT Ha npsaMbix N, To aHagorndso moayauMm f = (m+1)(n —m).

Ocrasica ciydaii, Korja HabOp COIEPKUT JiBe HpsMbIe, repecekaionime N B m TOYKAX
KaKjas, U UX TOUYKA IepecedeHus JIeKUT Ha npaAMbiX V. O603HAYNM 3TH TpsiMble depe3
lom 7 lopmy1, @ UX TOUKY Tepecedenus depe3 R. Jlokaykem B 9TOM cjIydae, 9To Jiobast Jpyrast
npsimasi Habopa nepecekaet N Uly,, Uly,, 11 He MeHee, ueM B m+2 Toukax. VI3 3Toro BeITeKaeT,
9TO

fem*+2m+m+2)(n—2m—1)= (m+1)(n—m),

U TeM CaMbIM JIOKa3aTeIbCTBO ciydas (ii) Oyer 3aBepIiieHo.

Obo3HaunM TIpsIMbIE, TPOXOJISAINNE Yepe3 TOUKY P, 10 MOPSJIKY UX CJIeJOBAHUS, CIUTAsI OT
upsamoit PQ, Iy, ..., l,_1. AHAJIOrTIHO 0003HAYUM TIPSIMBbIE, TIPOXOAIINE Yepe3 TOUKY (), 1o
HOPAIKY UX CI€JOBAHUA, CUNTAdA OT UpAMOil PQ, Ly, . . ., lay—_o. Obo3HATNM Uepe3 A; j TOUKY
nepecedeHns NPAMBIX l; U 145 g 1 < 4,7 < m — 1. He orpannuusas obmpocTu, 6yiem
cuuTaTh NpAMYI0 P() 6eCKOHEYHO yIaJEHHOM, IPAMYIO lo,, IPOXOAAIIeil Yepe3 ToUKN A, ; 171
1 <i<m— 1, upamyio lg,,41 Ipoxoigdieit gyepe3 To9ku A; ,,—; g 1 < i < m — 1. Torma

7



upaAMbIe lyy, U lami1 NepecekaioTed B Touke Am m u m uérno. PaccMOTpuM IIPOUSBOMIBHYIO
OCTaBIIIyIOCd IpsiMyto | u3 Habopa. OHa mnmepecekaer N He MeHee, YeM B m + 1 Touke. Ecin
X0Td OBl OTHA TOYKA 1epecedeHus [ C [y, W C lg,, 11 HE JIEKUT Ha NpsAMbIX U3 N, To Tora [
nepecekaer N U ly,, U loy, 1 HE MeHee, YeM B M + 2 TOYKax.

3ameTnM, ITO ecsin IpsAMast [ IPOXOJHUT Yepe3 TOUKY Am m, TO TOUKH Iepecedenus Ipsi-
MOit | ¢ IpAMbIMHE l%_l n Z%H WM C TPAMBIMU lm_1+%_1 n lm_1+%+1 OTJIMYHBI OT TOYEK
A;;. Cnenosaresbno, npaMas [ nepecekaer N He MeHee, 4eM B m + 2 TOUKaX.

He orpanmuamBasi oO1iHOCTH, OY/IeM CINTATH, 9TO TOYKA IepecevdeHus npsiMbix [ u PQ) u
TOYKa IepecedeHust IPSIMBIX lo,, 1 P() nexkar Ha 0HOM oTpe3Ke mnpsamoit P(), oOpa3soBaHHOM
toukamu P u Q. Torga npsamas [ nepecekaer ly,+1 B TouKe A, p, ¢ |a—b| > 2. CrreoBaresibHo,
npsiMast | ipoxoauT depes e 6Gosiee yem min{a, b} + min{m — 1 —a,m — 1 —b} < m —3
TO4eK U3 ToueK A; ;. 3Hauut, npsmas [ nepecekaer N He MeHee, 4eM B M + 2 TOUKAaX.

Hna n = 2m + 1 yTBep:KjieHHEe HEBEPHO, IIPUMEDP CTPOUTCH Jjisi 4éTHOro m > 4 cie-
nytoruM obpazom. Uepes toukn P u () TPOXOAAT 1O M NPSIMbIX, TPUIEM mpsmast P() 06-
masd. Emé jiBe npsMble repecekaroT 3T 2m — 1 IpsiMble B m TOYKaX Kakjasd. B wutore
f=m?*+2m < (m+1)>2

Samauga 23*. [Ipu nobaBiennu K HAOOPY OECKOHEYTHO YIAJIEHHOM MIPAMOit Ync/io obJacTeit
HE MEHSIEeTCsl, YUCJIO MPSMBIX 7 YBEJIUYUBAETCS Ha 1, & BMECTO P HMAPAJLICTbHBIX ITPSIMBIX
oJIydaeTcs p + 1 IpsAMBIX, TPOXOAANINX depe3 oaHy TOUKY. COOTBETCTBEHHO MOJTyIaeM:

Yucao f obaacmeti mootcem dbims 4ucsom 06aacmeti npoekmushot naockocmu, pasde-
AEHHOT N NPAMBLMU, 0204 U MOoALKO Mozda, Ko2da [ npunadiedtcum xoms 0v, 00HOMY U3
ompeskos [a(n,m), b(n,m)] daan >m > 2, 2de

b(n,m)=m(n—m+1)+C>_, a(n,m)=>b(n,m)—min{m—1,C>_ 1.

Jlakynoit Oyner Takyke HaspiBarTbcad uHTepBas (b(n,m),a(n,m — 1)), comepxaruii He
MeHee OJIHOTO Tiesioro 1ucia. M3 samaqu 8 mosydaem, uro L(n) = [, /2n — 53 — %} . B nasb-

HeifmeMm 3apucumoctb L = L(n) ot n Gymem omyckats. [locre 3agadan 13 ocranock 1oka3arh,
YTO YNCJI0 00JIacTeil He MOXKET NMPUHAIe’KaTh ITOCACHIM IByM JaKynaMm Homep L —1 n L.

ITpenmosiozKuM, 9TO CyHIeCTBYeT HAOOP HPAMBIX, JJIA KOTOPOTO YHCIO f NPUHAJIEIKUT
peJtocieiHeil JaKyHe — UHTepBaJLy

(n—L+2)(L—-1)+C;_,, Ln—L+1)).

U3 3amaun 9 ciegyer, uro m = max{p+1, ¢} < L—1. [Ipumenum 3anaay 21 ayss M = L—1:

2(n? —n)
> ———=2>2L(n—L+1).
12T (n=L+1)
B nocsieieM HepaBeHCTBE MCTOIB30BATIOCH 1 = L;L + 3 caeayomumm 06pa3oMm:
L L? +2L
n*—n > (n—|—§—3)(n—L+1) > <+> (n—L+1).

Tem cambIM TIOJIyI€HO TPOTUBOpPEYNE C TeM, UTO YUCIO f NPUHAJJIEIKUT IPE/ITOC/IeTHEH
JIAKYHE.

[IpemoioKuM, 910 CyIIecTByeT HabOP MPsAMBIX Ha IMPOEKTHUBHOM IJIOCKOCTH, JIJIsi KOTO-
poro uucjo obyacTeil monaj aeT B IMOCAEIHION JaKyHy HoMmep L:

fe(Ln—L+1)+Ciy, (L+1)(n—1L)).
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ITo zajauve 4 moxkHO cuurtath, uro L > 4. B cuny 3amaun 9 umeem m < L. Pacemorpum 3
cIydas.
(1) Ecom m < L, To no 3agade 21(d) mas M = L — 1 nomydaem

2(n* —n)

) >(L+1)(n—L),

f>

2
T.K. U3 N = ”TJF"

+ 3 ciemyer, 4TO

(L+2)(L+1)
2

(n—L)<(n+L—-2)(n—L)<n*—2n.

(2) Ecoitmum = Lut,, = 1, To ynaaum u3 Habopa OJIHY IPSIMYTO, IIPOXOJISAIILY IO 4€pe3 TOUKY,
HPUHAJJIEXKAILYIO M IPAMbIM. Hucio obsracreil mpu 3TOM TOJBKO YMEHbITUTCs. [IpuMenm
K IOJIy9eHHOMY Habopy u3 n — 1 mpsimoil HepasercTBo 3agadn 21(d) mma M = L — 1 n

HOJTY UM
2—3n+2L
f=2 <%) P (L+1)(n—L).

Ob6ocuyem mocsieiHee HEpaBeHcTBO. Ko n > —L22+ L 14 10
L?+3L+2
n*—3n+2L>mn—-L)(n+L—-3)>(n-1L) (%) .

Coyuait n = + 3 mpoBepsieTcs HENMOCPEICTBEHHON ITPOBEPKOIA.

(3) Ecou m = L ut, > 2 10n = 2m + 2 0 U3 OPEJBIIYIIEr0o MyHKTA MOJIyJaeM
f=(L+1)(n—-L).

Bamaua 24. (a) OTBeT: 3T0 MHOXKECTBO YUCE]I U3 OCHOBHOI T€OPEMBI J1jisi HAOOPOB 1 IPsi-
MBIX Ha 1tockocTu. CresiaeM MHBEPCHIO OTHOCUTETBHO HEKOTOPOW OKPY?KHOCTU C IEHTPOM
B TOYKe, IIPUHAJJICKAIIEH BceM OKpYy2KHOCTAM Habopa. [losyunrca nabop HpsAMbIX, 9HCIIO
obiacreii mpu 3TOoM He m3MeHnTcst. OOpaTHO, ec/in JIaH HAbOp MPSMBIX, TO MOYKHO CJIEIaTh
MHBEPCHUIO OTHOCHTE/IBHO OKPYKHOCTHU, Ueil IMEHTP He IMPUHAJIeKUT MpsaMbiM. [lomyuanrcs
HaOOP OKPYKHOCTEl, 91C/I0 00JacTell TP 3TOM HE M3MEHUTCS.

(b) OTBeT: 3T0 MHOXKECTBO YJIBOEHHBIX YUCE/T 00JIaCTell 13 OCHOBHON TEOPEMBI JIJIsl TIPOEK-
TUBHOM T710cKOCTH. PaccMoTpuMm mpoekminio cepsl u3 eé nearpa O Ha MIOCKOCTH (v, Kacar-
nrytocst cepbl B 102KHOM T1oJ1toce. [Ipu 91oit mpoeknuu Touka X cdepbl MepexoUuT B TOUKY
nepecevenns npsamoir OX ¢ miaockoctbio . Eciu npsamas OX mapaJiesabHa IJIOCKOCTH «,
TO TOYKa X IEPEXOIUT B OECKOHEUHO y/IaéHHYI0 TOYKY 110 Hampasienuio OX. Ilpu sroit
poexIuu OoJIbIIe KPyru Ha cdepe HmepeiijiyT B IpsiMble Ha MPOEKTUBHON IJIOCKOCTH. A Tia-
pa IIPOTUBONOJIOXKHBIX 00s1acTell cephl Mmepeii/IeT B 0JHy 00/1acTh TPOEKTUBHON IJIOCKOCTH.
CrenoBarebHO, 9uC/IO obacTeit cepbl B JBa pas3a 00JbIe ducja 00JacTeil TPOeKTUBHOMN
ILJIOCKOCTH, Pa3/eIEHHOM COOTBETCTBYIOMNUM HabopoM npsMbix. Haobopot, 1o jobomy HabO-
Py IPSAMBIX Ha MPOEKTUBHOM IJIOCKOCTH MOYKHO IIPU TIOMOIIN 0OPATHO# IpoeKiun Ha chepy

L2+L
2

Oy IUTh HAOOP OOJIBIINX KPYTOB U YIBOEHHOE YHCJIO 00J1acTel.

Bagada 25. (a) Pacemorpum napy «upsivast AB, He jiexkammasi Ha Heil Touka C'» Ta-
Kyto, ato Touku A, B, C' mpunajjexar 3aJaHHOMY MHOYXKECTBY, U paccTogaue oT Touku C'
J10 TIpsAMOit AB MUHUMAJIBHO CpeJi BeeX Takux map. lIpeamosioxkum, ato Ha mpsimoir AB
HaXOIUTCA TOYKa [ M3 MCXOHOr0 MHOYXKecTBa. He orpanuvuBas oOIIHOCTH, OyJ/IeM CUYUTATD,
1T0 Touka D HaxoauTcs Mex ity Toukamu A u B u aro yron ADC' > 90°. Torma paccrosinue



or Toukn D no mpsimoit AC' Gymer menbie paccrosaust or Touku C' o npsmoit AB, 9ro
npoTuBopednT BuibOpy Todyek A, B, C. CienoBarebHo, Ha npsaMoii AB Her oTIMYHBIX 0T A
u B Tovek TaHHOrO0 MHOXKECTBA.

(b) Pewenue 1. I[Tpemamonoxum nporusHoe. Cirydaii, Korja Bee mpsiMble HapaJiiebHbI 0/1-
HO# M3 JBYX JAHHBIX MPAMbBIX, pa3dupaercs oTaeabHO. [laiee cauraeM, UTO Cpejid MPIMbBIX
Habopa Hail/lyTcss TpPHU IONApPHO He IapaJijiebHble U He IepeceKaroluecs B OJHON TOYKe.
PaccmoTpum Bee TpeyrosibHUKM, 00pa30BaHHBIE TPOIKAMU MCXOIHBIX MPSMBIX, U BbIOEpeM
tpeyroibank ABC MuHnMasbHOI (HeHyseBoi) moma/ . [TocKoIbpKy depes ero BepIIiHb!
A, B u C npoxoauT He MeHee TPEX JAHHBIX MPSIMBIX W €0 ILIONA b MHHUMAJIbHASI, TO
npsMble, poxoagniue depes Bepiuabl A, B u C' nmapastensao BC,C A u AB cooTBeTcTBeH-
HO, TPUHAJJICKUT JaHHOMY Habopy. OOO3HAYUM TOYKH IepecedeHus TUX IPIMbBIX depe3
Ay, By u Cy. Tpeyronbauk ABC — cepeinHHBII TpeyroJbHUK s Tpeyroiabauka Ay BiCh.
Caenosarenbho, 1iommaan Tpeyroabankos A1 BC, BiCA u C1AB pasusl wiomamun ABC.
Ananornano pacemorpum tpeyroibauku Ay BC, BiC A u C1AB Bmecto ABC u T.1. B mrore
MOJIyYUM HEOTPpaHUYEHHOEe YUCJIO NpsaMbIX. [IpoTuBopetne.

Pewenue 2. CesiéM 3a/1a9y K IPeIbLLy el IpU HOMOIIM OJSPHON (MM MTPOEKTHUBHOI )
JIBOMICTBEHHOCTH. PaccMOTpUM OKPY?KHOCTD, Ueii IeHTP He IMPUHAIICKUT JaHHBIM IPSIMbIM.
Cremaem mosisspHOE TIPEOOpa30BaHUE OTHOCUTEIBHO 9TON OKPYKHOCTH, T.€. KaXKJIOH TOUKe
[IOCTABUM B COOTBETCTBHE €€ MOJISIPY, & KaXKJIOH MOJIApe MOCTABUM B COOTBETCTBHUE €€ TIOJTIOC.
Habop u3 n upsMbix mnepeiigér B HaOOp M3 n TOUYEK, He JIexKallluX Ha omHoi mpsMoii. 1o
HpeJIbIYIIeMy IIyHKTY Haiijercs npsaMasi [, Ha KOTOPOM JieskaT POBHO JBa mojoca, A u B.
Craenaem obpaTHOE MOJSIPHOE IIPeoOpaszoBaHUEe W IOJIYIUM, YTO depe3 moJiroc L mpsamoit [
IIPOXO/IUT POBHO JIBe MpsiMble U3 HAbOpa — 1oJisApbl a u b Touek A u B. 3j1ech ncnoJib30Bacs
dakT, 9TO TMOJIpa TOUKM IePecevdeHusl JIBYX MPSMBIX COBIAIAET C MPIMO, MPOXOISIeit
qepes uX IMOJIOCA.

3ama4va 26. Paccmorpum rpad Ha IPOEKTUBHOI IIJIOCKOCTH, BEPIINHBI KOTOPOI'O — TOYKH
nepecevueHns IPsSIMbIX, pEOpa — OTPE3KH MPAMBIX, HE CoAepzKallue BHyTpH cebsi TOYEK Iepe-
ceuennsi. OOO3HAUNM UYepe3 v U € UHCJI0 BepIiuH u pédep rpada coorBercrBeHHO. Uepes f
0003HaYNM, KaK OOBIYHO, YUCI0 obJiacTeil MpoeKTUBHOI 1miockocTu. He ymaiisgsa obIHoCTH,
Oy/JeM CcIUTaTh, YTO OJIHA M3 IPIMBIX Habopa OecKOHEeYHO yiaajeHa. Eciii 9To He Tak, 1mojide-
PEM IeHTpaJIbHOE IIPOEKTHUPOBAHUE TaK, 9TOOLI HEKOTOpas IpsiMas Habopa crajia 6eCKOHETHO
YAaJI€HHOIL, uucia v, e, f,t; 1 p; IpU 9TOM He U3MEHATCA. 3aMeTUM, 4TO €CJIM CBA3HbII rpad
Ha IIPOEKTUBHOM ILJIOCKOCTH COIEPKUT Bee OECKOHETHO yIaaéHHbIe TOUKM, TO BepHA (hOpMYIIa
Ditnepa v — e + f = 1. [lockosbky t, = 0, To Bce 006aCTH MPOEKTUBHON IIJIOCKOCTH, 00pa-
30BaHHbIE TpadoM, orpaHndeHbl He MeHee, deM Tpems pédbpamu. CrenoBarenbHo, py = 0.
3aMeTuM, 4TO TOrIa

’U:Zti, €:Ziti:%ijj> f:ij'

i>2 i>2 §>3 §>3
CreoBaTesbHO,
B3=3f—(Qe+e)+3v=3> pi— (D jpi+ Y it; | +3> ti=> B=jpj+ Y _(3—i)t
Jj=3 Jj=3 122 122 j=3 122
n: 345 6 789
. : . > . .
Bamaga 27. Orser b 33 433 16 [Ipumep a1 n > 6 cM. B 3a1a9e 28
N3 sagaan 26 ciaepyer, 910 to > 3.
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(i) dokaxkem, uto mjist 5 npsambix to > 4. U3 3amaun 19 caemyer, aro 10 = ¢y + 3t3 + 6t4.
CirieioBaTesibHO, ty HE MOXKET JeJUThCS Ha 3.

(ii) Jdokazkem, arto jjist 8 UpsiMbIX to > 4. Ecin t5 4 tg +t; = 1, 10 t3 > 4. B nporuBHOM
caydae u3 3aja4an 19 ciuenyer, 9to 28 = ty + 3t3 4 614. [losTomy to He MOXKeT Jie/IUThCs Ha 3.

(iil) Tokaxkem, uaro syt 9 mpsaMbIxX ty > 6. Ecmu tg+t7+ts = 1, To u3 3a1aun 26 cieyer,
910 ty > 6. Ecim {5 = 1, TO naTh NpsMBIX, MPOXOJSAIIUX Yepe3 OJIHY TOUKY, [E€PECEKAIOT
ocTasibHbIC 4 TIpsiMble He MeHee deM B 5 -4 — 20% = 8 Toukax KpaTHOCTH 2, T.e. Lo > 8. Ecin
ls + 1t +t7 +ts =0, T0 36 = ty + 3t3 + 6ty u ty > 3 + t4. Orciona upu yciosuu to < 6 u3
zagtaan 26 momydaeM, 9to to = 3, t3 = 11, t4 = 0, u Bce objacTu TpeyroJibHbIe, p3 = 26 = f.
Ocrasoch J0Ka3aTh HEBO3MOXKHOCTH TaKOi KOH(MUTYDAIIHH.

Bamaua 28. (a) BozpMéM Bce CTOPOHBI NPABIILHOTO §-yIOILHUKA U § €ro ocefl CHMMeT-
pun. [yt 5TUX 1 IPAMBIX Ty = 5.

(b) Eciiu n = 4k 4+ 1, To nobaBum K npumepy st 4k TpsMbIX GECKOHEUHO YIAJIEHHYTO
npamyio. Ecim n = 4k 4 3, To BO3bMEM nipeabiaymuil npuMmep Jid 4k + 4 TpaMbIX U yIauM
MPSMYTO, HE TIPOXOJIAIILY IO depe3 BepInHbl 2k + 2-yroibHuKa. B 000uX cirydasx moyduM n
NPAMBIX U ty = 3k.

Bamauga 29*. JlokasaTenncTso cM. B crathbe «On the number of ordinary lines determined
by n points», onybsmmkoBannoit L. M. Kelly u W. O. J. Moser B xxypnasie «Canadian Journal
of Mathematics» B 1958 r. na ctp. 210-219.

Bamaua 30*. Haunyummil u3BeCTHBII pPe3yiIbTatT: ty > %n s n > 8. JlokazaTesibcTBO
cM. B craThe «There exist %L ordinary pointss, omyoaukosannoit J. Csima u E. T. Sawyer B
xypHase «Discrete and Computational Geometrys B 1993 r. B BbIlycKe 9 Ha cTp. 187-202.

3amaga 31*. Eciiz cymiecTByIOT Takue JiBe TOUKHU, 9TO JII00as JTaHHAs MPAMasi IPOXOJIUT
1epe3 XOTs Obl OJIHY U3 HUX, TO TpeOyeMoe HEPABEHCTBO IIPOBEPSIETCs HEIIOCPEICTBEHHO CJie-
nytoruM obpaszom. Ilycrs 1epes ojiHy U3 9TUX TOUYEK IMPOXOUT ¢ MPSIMBIX, 9epe3 APYryo — b
npsambix. Torna, ecim a + b = n, To

1
a>=3 b>3, t=ab, Z(Qi—7§)ti<2a+2b—l5.

Ecma+b=n+1, To
1
a=4,b>=4, ty=(a—1)(b-1), ;(21—@)@:2%25—15.

Tenepb cunTaeM, 4TO He CYMIECTBYET TaKHUX JIBYX TOYEK, 4TO Jiobasg IpsiMas Habopa
MIPOXOJINT Yepe3 MO KpaiiHeil Mepe OfHy W3 HUX. Bocmoib3yeMcs BceMH TpeMs ITyHKTaMHu

330291 32:
~ : 3 : .3
3p4+ZJpj > 2t =24 (y + 2ty — Zm) > 5 Zti+2t2—z it; = 2t2—Z (z - 5) t.
j=5 >3 >3 >3 >3

Beaencrsue 3amaqam 26 nmeem:

> (9-3i)t;=9+3ps+ > (35— 9p;.

i>2 =5

Bamernm, uro 35 —9 > j aya j = 5 u uro p; > 0. CiaegoBaTesbHO, TOIydaeM

2(9 —30)t; = 9+ 3ps + Z(3J —9)p; = 3ps + ijj = 2ly — Z (Z - g) ti,

i>2 §>5 =5 i>3
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OTKY/la BBITEKaECT Tpe6yeMoe HEPaBEHCTBO Ha YHCJIa tz

3amaua 32. PaccMoTpuM cOOTBETCTBYIONTHUI rpad, BEPIIMHBI KOTOPOTO — TOYKH IIEpece-
veHusi (MOKpAIeHHbIE B OJ[MH U3 JIBYX [BETOB), PEOpa — OTPE3KH IPSAMbBIX, HE COJleprKaline
BHYTPH cebs JIPYTUX TOUYEK IIepecedeHus .

(a) Kaxkasi KpacHast BepIIMHA sIBJISETCsI KPACHBIM KOHIIOM deThipex pébep. [Ipu srom y
KpacHBIX PEGEp 1O JIBa KPACHBIX KOHIIA, y OECIIBETHBIX PEOEp IO OJTHOMY, a Y CHHHUX PEGep
KPACHBIX KOHIIOB HET. UMCJI0 KpacHBIX BEPIIUH PaBHO to. [losToMmy

4t2:2x+2iti—x—y,

i>2

OTKYy/Ia moJjiydaeM Tpebyemoe.

(b) Pacemorpum nponsBosibHY0 cuHiO0 BepiiuHy O U yIaJiuM Bee TPOXOJISIIe depe3 Heé
npsiMbie HaOopa. OcraBiinecs psiMbie HEe OYIYT MPOXOJIUTH U€pPe3 OJIHY TOUKY U MOITOMY
pazIesIAT MPOEKTUBHYIO IJIOCKOCTH Ha 00JIaCTH, KaXKasd U3 KOTOPBIX OrpaHuYueHa He MeHee
qeM Tpemst pébpamu. Touka O mpuHAIEXKAT OHOM n3 Takux obsacreit. [lepebopomM MOKHO
yOeuThCs B TOM, 9TO Jjig BepmuHbl () BCeryia BBIMOJHIETCA OJIHO U3 CJIEIYIONUX TPEX
YCJIOBUIA.

(1) N3 roukn O BBIXOUT HE MeHee TPEX cHHUX pébep (B mexomHoM rpade).

(2) U3 rouku O BBIXOIUT HE MeHee JBYX CHHUX pébep m Touka O SBJISETCS BEPITHHOIL
IPaHUILI XOTsT ObI OJHOI 3e/1EHOI 00IaCTH.

(3) Touka O sBJsieTCst BEPIIUHON M'PAHUIILI HE MEHEe YeM JIBYX 3eJIEHBIX 00J1acTreii.

Tewm caMbIM 15T KaxKJI0i1 CHHEH BEPIIMHBI CyMMa IHC/Ia UCXOJSANNX U3 Heé CHHUX PEcep
C YJIBOGHHBIM YHCJIOM I'DAHUYAIIX C Heil 3eJIEHbIX obsiacTeil He MeHble Tpex. CIoKIM 3Tu
CYMMBI 10 BCEM CHHUM BEPIIMHAM U HOJYUUM 2y + 28 > D .o qt;.

(¢) st 3enénoit obmactu u 0603HaUNM depe3 x(u) n s(u) IUCI0 KPaCHBIX PEGEP U IHCIIO
CHHHX BEPINUH Ha IPAHUIE U, COOTBETCTBEHHO. [ 3es1éH0it 00/1aCTH U TIOJIOKUM

0, ecsim s(u) > 1;
d(u):{ 3( ):0.

1, ecmm  s(u)
Herpyso noKkas3arh, 4To ecim 3ejéHas 06JacTh U OrpaHuveHa j pEopaMu, To
s(u) < (7 —1) — x(u) + d(u).

O6osnaunm uepes X u depes D cymmbl z(u) u d(u) 10 BeeM 3eJIEHBIM 00JIACTSIM CO-
orBeTcTBeHHO. Tora, CKaaJbBasi IPEIbIIyIee HEPABEHCTBO MO BCEM 3€JIEHBIM 00JIaCTSIM,
[IOJIYYUM

s< Y (j—1p; —X+D.
j=4

SameTum, 9TO K JIIOOOMY KPACHOMY peOpPY IPUMbBIKAET HE MeHee OJIHOM 3e/EHOi 0bJiacTu
(310 cienyer u3z t, = t,_; = 0). HazoBém kpacHoe pebpo TEMHO-KPACHBIM, €CJIM K HeMy
PUMBIKAIOT JIBe 3eéHble obsacTu. O603HAUNM Yepe3 X1 YHCI0 TEMHO-KpacHbIX pébep. To-
rma X = x + x1. Bergeaum geTbipexyrosibHbIe 001aCTH, BCe BEPIINHBI KOTOPBIX KpPaCHBIE
(Bce BBIJEIeHHBIE 0O1aCTH 3e/EHbIe ). HeTpyHO j10Ka3aTh, 9T0 KazKiasi BbljIeIeHHast 00JIacTh
orpaHuYeHa He MeHee UYeM JIByMs TEMHO-KpacHbIMu péopamu. Cjie/loBaTe/IbHO, UUCIO BbIJIE-
JIeHHBIX obsacreii He mpeBocxoauT x1. OTciona cuemyer, uro D <z + Y i>5Dj- Ocramock
COE/IMHUTDH BCE IIOJIYYE€HHbIC HEpaBEHCTBA.
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Planar arrangements of lines

K. Kuyumzhiyan, E. Molchanov, I. Shnurnikov

By an arrangement of lines we mean a finite family of n distinct lines in the plane.
Suppose that these n lines cut the plane into f regions. The aim of the series of problems
below is to determine all possible values of f for a fixed n. In 1993, N. Martinov indicated
all possible numbers f and in 2007 V.I. Arnold suggested a new sketch of proof that we are
going to follow.

Before intermediate finish

We always denote by n (n > 1) and by f the number of lines in an arrangement and the
number of regions in the plane partition, respectively. Let us note that regions in the plane
partition are polygonal or unbounded.

Problem 1. For every n, find the minimal and the maximal possible values of f.

Problem 2. For every n, find all possible numbers f, if
(a) 1 <n <5,
(byn=6, 7.

Let us denote by p the maximal number of parallel lines in an arrangement, and by ¢ the
maximal number of concurrent (i.e. passing through one point) lines in an arrangement. Let
us denote by r; (2 < i < ¢) the number of points which are incident to exactly i lines of an
arrangement.

Problem 3. Prove the following.

(@) fz(+Dn-p+1),

(b) fZaq(n—q+2),

(c) There exist arrangements such that the bounds (a) and (b) are reached.
(d) f=n+1437,0—rs.

Problem 4. Prove that the number of regions f cannot belong to intervals
(a) (n+1; 2n) forn > 3,

(b) (2n; 3n—3) forn > 5,

(¢) 3n—2; 4n —8) forn > 8.

Problem 5. Find maximal possible values of f if the values

(a) n and p,

(b) n and ¢

are given.

For p and n, where 1 < p < n, denote by a(n,p) and b(n, p) the following numbers:
b(nap) = (p + 1)(” - D + 1) + Oq%—p ) a(”ap) - b(n7p) — min {pa Cg—p} :

Problem 6. For any integer p, 1 < p < n, and any integer f, a(n,p) < f < b(n,p),
construct a configuration of n lines splitting the plane into f regions and having at most p
parallel lines.



Main Theorem. For a given n, the set of all possible values of f is formed by the union
of integers in the intervals [a(n,p); b(n,p)] for all p, where 1 < p < n.

In other words, all the possibilities for f appear in Problem 6. However, it is not clear
why the number of regions cannot be an integer from none of the intervals [a(n, p); b(n,p)].
In fact, one of the difficulties is that for fixed n and p, there exist arrangements splitting the
plane into less than a(n, p) regions.

Problem 7. Find all the pairs (n,p) such that there exists a configuration of lines
splitting the plane into less than a(n, p) regions.

For a given n, by a gap we mean the interval (b(n,p + 1); a(n,p)) if it contains at least
one integer. The number of gaps for a given n is denoted by L(n). We enumerate the gaps
from left to right with integers from 1 to L(n).

Problem 8. (a) Give an explicit formula for L(n) (expressing it in n) for n > 3.
(b) How many integers does a gap number j contain, where 1 < j < L(n)?

Problem 9. Suppose that there exists a configuration of n lines splitting the plane into
f regions, where f belongs to the gap number j. Prove that p < j — 1 and ¢ < j.

Problem 10. Prove that

q

ZZ(@ —Dr; =2 n(n—p).

=2

Problem 11. (a) Prove that f > n+ 1+ @.
(b) Prove that f cannot belong to the gap number j if 1 < 7 < /n.
Problem 12. Prove that if p < n, then

T2+n>3+T4+2T5+3T6+"'+(q_?))TQ‘

Problem 13. (a) Prove that
n(n —p)
q+3
(b) Prove that f cannot belong to the gap number j if 1 < j < L(n) — 2.

f=z2

Problem 14. In a convex n—gon (n > 4) all the diagonals are drawn, and suppose that
no three of them are concurrent.

(a) How many intersection points of diagonals are there? (Vertices are not considered as
intersection points.)

(b) Into how many parts do the diagonals split the interior of the n—gon?

Problem 15*. Consider an arrangement of n lines in the plane. Prove that the number
f of regions cannot belong to the two last gaps (enumerated as L(n) — 1 and L(n)).

Problem 16*. Consider n points on the plane, not all of them being collinear. Take all
the lines containing exactly two of these points. Let m be the number of such lines. Prove
that C2_, > n.



Planar arrangements of lines
K. Kuyumzhiyan, E. Molchanov, I. Shnurnikov
After intermediate finish

Consider two planes a; and «y in the 3-dimentional space and a point O, O € a; U as.
By a central projection we mean a transformation which maps a point X of the plane a; to
the point of intersection of the line OX with the plane as.

Problem 17. Consider an arrangement of lines in a;. Find the images of lines and of
regions of the plane oy after the central projection with center O to the plane asy. You can
suppose that the arrangement has two intersecting lines.

We suppose that all the lines which are parallel to a given line [, contain the infinite
point corresponding to the direction [. The result of the central projection of the infinite
point corresponding to the direction [ is the intersection point of the plane as with the line
passing through O parallel to [ (if [ is parallel to as, then the image is the infinite point of s
corresponding to the direction ).

Problem 18. Prove that central projection is a one-to-one correspondence between
planes considered with their infinite points. Find the image and the preimage of infinite
points of the planes a; and as respectively.

Let us call by the projective plane the usual plane with its infinite points, and by an
arrangement of lines in a projective plane an arrangement of lines with their corresponding
infinite points. Here one of the lines can be infinite. For an arrangement of n lines in the
projective plane, we denote by t; the number of intersection points incident to exactly ¢ lines,
where 2 <7 < n.

Problem 19. Prove that for n lines in the projective plane

> (i = )ty =n(n—1).

i>2

The notion of the projective plane helps to explain the following similarity between
parallel and concurrent lines. Let us consider two arrangements of £ + 1 lines in the usual
plane: in the first one k parallel lines intersect the (k4 1)th line, in the second there are k+1
concurrent lines, see the picture.

Each of these arrangements cuts the plane into 2k 4 2 regions, and this fact has the following
explanation. We can add the infinite lines to the both arrangements. We will obtain two



arrangements of k + 2 lines in the projective planes, and there exists a central projection
mapping one arrangement to another. Hence, they cut the plane into the same number of
regions. That’s why it seems more convenient to solve the problem 15 in the projective plane
instead of the usual one.

Problem 20. For an arrangement of n lines in the projective plane, define the notion of
region so that any central projection gives a one-to-one correspondence between the regions
of different projective planes. How can one verify whether two given points belong to one
region (for a fixed arrangement)?

Below, we denote the number of regions of the projective plane by f, and the maximal
number of concurrent lines in the arrangement by m.

Problem 21. Prove the following analogues of problems 3, 12, and 13.
(a)
f=14+ta+2t3+...4+(n—1)t,,

(b)

mn—-—m+1)<f<mn—m+1)+C2_,.
(c) If m < n, then

to = 3+1ty+2t5+3tg+ ...+ (m — 3)ty,.

(d) If m < n, then for every integer M, M > m, it is true that

M+3

2 _
f>2<n n+2M>'

Problem 22*. Let n > 2m + 2, and let ¢,, > 2. Prove that f > (m + 1)(n —m). Is it
true for n = 2m + 17

Problem 23*. Formulate and prove the main theorem for the arrangements of n lines
in the projective plane. Complete the proof of the main theorem for the usual plane.

Problem 24. (a) Into how many regions can the plane be divided by n circles passing
through a fixed point?

(b) For the usual sphere, let the big circles (intersections of the sphere with planes passing
through the center of the sphere) play the role of lines. Into how many regions can n big
circles cut the sphere?

The next aim is to prove the Sylvester theorem and its generalizations.

Problem 25. (The Sylvester theorem) (a) Given n non collinear points in a plane,
prove that there exists a line containing exactly two of these points.

(b) Consider an arrangement of n lines such that not all the lines are parallel and not all
are concurrent. Prove that there exists an intersection point incident to exactly two lines.

It turns out that under the assumptions of problem 25(b), there exist several points
incident to exactly two lines. To estimate their number, it is more convenient to consider
the arrangements of lines in the projective plane. For a given arrangement of lines in the
projective plane, let us denote by p; the number of regions bounded by j segments of lines.



Note that a region bounded by j segments of lines is a polygon with j sides whenever it has
an empty intersection with the infinite line.

Problem 26. Prove that if ¢,, = 0, then

Y B—i)ti+ Y (3—j)p; =3

i>2 >3

Problem 27. Consider an arrangement of n lines in the projective plane such that ¢,, = 0.
For every n < 9, determine the minimal possible value of ¢5 in such arrangement.

Problem 28. (a) For every even n > 6, construct an arrangement of n lines with ¢, = %.
(b) For every odd n > 7, construct an arrangement of n lines with ¢, = 3 [ﬂ
Problem 29*. Prove that if ¢, = 0, then ¢, > 2n.

Problem 30%*. (Dirak conjecture, 1951). If ¢, = 0, then ¢, > [%].

The next aim is to prove inequalities involving the numbers ¢; for different i.

Problem 31*. If t, = t,,_1 = t,,_o = 0, then

3 _ 1
t2+§t3>8+2(22—7§)t1

i>4

Problem 32. Consider n points in the projective plane. Let us mark with red color the
intersection points which are incident to exactly two lines, and with blue color the intersection
points which are incident to at least three lines. If the endpoints of a line segment are of
one color, we mark this segment with the same color (if its interior does not contain other
colored points). We denote by = and y the numbers of red and blue segments, respectively.
Let us mark with green color the regions bounded by at least four segments of the given
lines and containing at least one red point on its boundary. We denote by z the number of
pairs (a green region, a blue point on its boundary). Prove that

(a)
i>3
(b) If the arrangement is not the union of two groups of concurrent lines, then
o2y
z =2 = G-
Y 2 2
123

(c) Ift, =t,—1 =t,_2 =0, then

x+z<3p4+2jpj.
Jj=5

Problem 33*. Find new inequalities involving numbers ¢; and p; (which do not follow
trivially from problems 26 and 31, but, possibly, use problem 32).



Planar arrangements of lines

Solutions of problems before intermediate finish

Problem 1. The answer is: n+1 < f < w + 1. The both inequalities can be proved
by induction on n. The base of induction n = 1, f = 2 is evident. Let us add one line. If it
has x intersection points with the old lines, then the number of regions increases by = + 1
after adding this line. Hence, the nth line increases the number of regions by at least 1 and

at most n.

Problem 2. The answer is:
n=1, f =2,
n=2, f € {3,4},
n=3, [ € {4, 6,7},
n=4, fe€{5, 8,..., 11},
n=5, f € {6, 10, 12,...,16},
n=6, f € {7, 12, 15,...,22},
n=7, f€{8, 14, 18,...,29}.

The impossibility of the other values can be deduced from problems 1 and 3(a)(b).

Problem 3. (a) Let us consider p parallel lines of the arrangement and then add the
other lines one by one. Each added line has at least p intersection points with the preceding
lines, hence, the number of regions increases by at least p+ 1. In total, if we add n — p lines,
we obtain f > (p+1)(n —p+1).

(b) Let us consider ¢ concurrent lines and then add all the remaining lines one by one.
Every new line has at least ¢ — 1 intersection points with the preceding lines, hence the
number of regions increases by at least ¢ after adding this line. If we add n — ¢ lines, we
obtain f > q(n —p + 2).

(c) Let us consider p parallel lines, then fix a point on one of these lines and pass n — p
other lines through this point one by one. Each new line increases the number of regions
by p, and finally we obtain (p + 1)(n — p) regions.

Let us consider ¢ concurrent lines. All the other n — ¢ lines will be parallel to one chosen
line of these ¢ lines. Pass them one by one. Every new line increases the number of regions
by ¢, so we obtain ¢(n — g + 2) regions.

(d) Solution 1. Let us add the lines one by one. If the line has z intersection points with
the preceding lines, then the number of regions increases by x + 1. On the other hand, each
of these x intersection points either has multiplicity 2, or one plus its previous multiplicity.
Hence the sum (i — 1)r; increases by z after adding this line.

Solution 2. Let us intersect the given arrangement with the disk of a sufficiently big radius
(such that the disc contains all the intersection points of lines). Consider the following graph:
its vertices are the intersection points of lines with each other and with the boundary of the
disc, its edges are the line and circle segments which do not contain intersection points except
its ends. The number of vertices of this graph equals v = 2n + Zi>2 r;, the number of edges
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equals e = 3”"’2@2 17;. The number of regions f of the plane is less by one than the number
of the regions of the disc divided by the edges of the graph. Using the Euler formula for the

graphs, we obtain
f=n+1+) (i—1)r
i>2

Problem 4. (a) If all the lines are parallel, then f = p+1. If not all the lines are parallel,
then 1 < p < n — 1. Using problem 3, we obtain f > (p+ 1)(n — p + 1). The expression
(p+1)(n—p+1) is the quadratic trinomial in p with the negative leading coefficient. For p = 1
and p = n — 1, the value of the trinomial (p+ 1)(n —p+ 1) is 2n. Hence, for 1 <p<n—1
the value of the trinomial (p 4+ 1)(n — p+ 1) is not less than 2n.

(b) If all or all except one lines are parallel, then f =n+ 1 or f = 2n. Otherwise, using
problem 3(a), we have f > (p+1)(n—p-+1). The expression (p+1)(n—p+1) is a quadratic
trinomial with respect to p with the negative leading coefficient. For p = 2 and p = n — 2 the
value of the trinomial (p + 1)(n — p + 1) equals 3n — 3. Hence, for 2 < p < n — 2 the value
of the trinomial (p + 1)(n — p+ 1) is not less than 3n — 3. Consequently, for 2 < p < n —2
we have f > 3n — 3. If p = 1, then, using problem 3(b), we have f > q(n — q + 2). If ¢ =n,
then f = 2n. Consider the quadratic trinomial g(n — ¢ 4+ 2). For 3 < ¢ < n — 1 we have
f = q(n—q+2) > 3n — 3. The remaining case is p = 1, ¢ = 2, where the number of regions
" n(n+1)

2

(c)Iifp>n—2org>2n—1,then f<3n—-2.1f3<p<n—3or4d<qg<n—2 then
by problem 3 we have f > 4n — 8. The remaining case is p 2 and ¢ < 3. By problem 3
we have f = n + 1+ ro + 2r3. Each line of the arrangement intersects at least n — 2 other
hnes Hence the number of pairs of intersecting lines equals 79 + 3r3, which is not less than
”(” ). Consequently,

1+ >3n—-3 < n®—5n+8>0.

2 n
f>n+1+§(rg+37’3)>n+1+

for n > 8.

Problem 5. (a) Consider p parallel lines in the arrangement of n lines and add the
remaining lines one by one. The line number i, 1 < i < n — p, intersects the preceding lines
in at most p + ¢ — 1 points, hence the number of regions increases by at most p + 7. If we
add n — p lines, we obtain

f<HDm-pr1)+C,

The bound is reached for the arrangement containing p parallel lines and n — p lines in
general position (i.e. no two are parallel and no three are concurrent), such that they are
also in general position with the p parallel lines.

(b) Consider ¢ concurrent lines in the arrangement of n lines and add the remaining lines
one by one. The line number ¢, 1 < 7 < n—gq, intersects the preceding ones in at most g+i—1
points, hence the number of regions increases by at most ¢ + ¢. If we add n — ¢ lines, we
obtain

f<an—p+2)+Ch_p=1+Copy = Cy.

The bound is reached for the arrangements of ¢ concurrent lines and n — ¢ lines in general
position such that they are also in general position with the ¢ concurrent lines.
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Problem 6. Let us take n — p lines in general position and choose some ¢ intersection
points of these lines, where ¢t < min{p, Cﬁ_p}. Now add p parallel lines in such a way that
they pass through ¢ chosen points but do not pass through the other intersection points of
the n — p lines. Also, the p added lines should not be parallel to any of the first n — p lines.
Then it is easy to check that this arrangement has at most p parallel lines, and that the
number of regions equals

f=p+)(n—p+1)+C2 —t

Problem 7. For given n and p, the minimal number of regions of the arrangement equals
(p+1)(n—p-+1). To reach it, we can take the arrangement containing n — p + 1 concurrent
lines and p — 1 parallel lines such that the parallel lines are also parallel to one chosen line
of the first n — p + 1 ones. Now note that

1 1
(p+1D(n—p+1)<a(n,p) & Ci,>p & n >p—|—§+ \/2p+l—l.
The second inequality is also equivalent to n > p+ % +4/2p+ i—i (if we write C’,%,p >p+1).
Problem 8. (a)
L(n) =max{k >1]|bn,n—k+1) <a(n,n—k)—2} forn > 3.

-1
b(n,n—k+1)<an,n—k) -2 <& min{n—k, %}én—k—? &

k* + k 15 1
> 2 <yf2n—— - =
n 5 + &k n—7 T3
It follows that L(n) = [ﬁ [2n — 1B — %]

(b) Since

L? L
n = M—FZ then min{n—j,

j(j—l)}:ju—l)

5 5 for 1 < j < L(n).

Hence, a(n,n —j) = (n —j+1)(j + 1), and the jth gap contains n — MTH) — 1 integers.

Problem 9. If j < p<n—jorj+1<qg<n—j+1, then by problem 3 we have
fzn—7+0)(G+1) =aln,n—yj).If p>=n—j+1, then, as follows from problem 5,

F<+m—p+1)+Cr, <bn,n—j+1).
If g > n— 7+ 2, then by problem 5 we have
f<an—q+2)+Cr_ +1<b(n,n—j+1).

Problem 10. The number of pairs of intersecting lines equals > "7 , @n which is not

less than @, since every line intersects at least n — p lines.

Problem 11. (a) Using problems 3 and 10, we obtain that

f—(n+1):Z(Z~_1)Ti221(2'—1)”} n(n—p).

i>2 i>2 q q




(b) Suppose the contrary, then by problem 9 we have p < j — 1 and ¢ < j, where j is
the number of the gap. Note that n —p >n—j+1and n+1 > n — 75+ 1. It contradicts
with (a):

f?n—i—l—l—@2(n—j—l—l)(%%—l)>(n—j—|—1)(j—|—1):a(n,n—j).

Problem 12. Let us intersect the given arrangement with a disc of a sufficiently big
radius, such that it contains all the intersection points. We obtain a graph: its vertices
are the intersection points of the lines of the arrangement and the intersection points of
the lines with the circle, its edges are the line and circle segments, which do not contain
intersection points except their ends. The number of vertices v and the number of edges e
equal 2n+3 .o, 7 and 3n+3 -, ir;, respectively. The interior of the disc contains f regions,
where

f=n+1+4> (i—1r
i>2

The sum of the numbers of bounding edges for all the regions in the disc equals

26—2n:4n+22m.

i>2

Since p < n, every region in the disc is bounded by at least three edges of the graph. So we
have 2e — 2n > 3f, which gives the required inequality.

Problem 13. (a) Let a = qi—:,) and b = Z%. Consider the following quadratic trinomial
in the variable i:

a(i> =) +b(3—i)—(i—1)=a(i—2)(i—q) <0 for 2<i<q.

Let us multiply its corresponding values by r; and sum up for all 7, 2 < i < ¢:

q

O}aZi(i—1)n+bZ(3—z’)n—Z(i—1)ri >an(n—p)+b(B3—n)—(f —n—1),

=2
where the last inequality is obtained from problems 10, 12, and 3. Consequently;,

—n(n_p)+(n+1+g(3—n))>2—n(n_p).

f=2
qg+3 q+3 qg+3

(b) Suppose the contrary, then by problem 9 we have p < j — 1 and ¢ < j. Using that
n—p>=n—j+1, we get a contradiction with (a):

f>2%>(n—j+1)2—n>(n—j+1)(j+1)=a(nan—j),

q+3

because 3\ 4 1 2 aiia |
(g + )2(y+ ) < +29+ < L) <n.

Problem 14. (a) The intersection point determines two diagonals passing through it
and the ends of these diagonals, which form a four-tuple of vertices of the given n-gon.



Conversely, every four-tuple of distinct vertices of the m-gon determines one intersection
point of diagonals. Hence, the number of intersection points is C?.

(b) Solution 1. Let us pass the diagonals one by one. If the added diagonal has x
intersection points with the previous diagonals, then the number of regions of the interior
of the n-gon is increased by = 4+ 1. We can treat it as every diagonal and every intersection
point increases the number of regions by 1. Hence, the required number of regions equals

1+C4+ @, because the number of intersection points was found in (a), and the number

of diagonals equals @

Solution 2. Let us consider a graph: its vertices are the vertices of the n-gon and the
intersection points of the diagonals, its edges are the diagonal segments and the sides of the
n-gon. In this graph, the number of vertices equals v = n+C?, and the number of edges equals

e = 204+ ™D By the Euler formula, the number of regions equals 1-4+e—v = 14+CA4+ 203,

2
Problem 15. See problem 23.

Problem 16. Let us draw the lines each of which passes through exactly two of given
points. These m lines divide the plane into at most 1 + m + C? regions. Consider all the
points of the given set such that for each of these point, no line passing through exactly two
points of the given set, passes through this point. It turns out that every region formed by
the arrangement of m lines contains at most one such point (prove it yourself). Also find
yourself m regions not containing such points. In total, m lines contain at most 2m points
of the initial set. Hence n < 2m + 1+ C% = CZ .

The solutions of the problems after intermediate finish

Problem 17. For the parallel planes «;; and i, the central projection is just a dilatation,
which maps lines to lines and regions to regions. Now suppose that a; and as intersect, and
let [; and [5 be the intersection lines of the planes o and as with planes passing through the
point O parallel to planes as and «q, respectively. If a line [ does not coincide with [, then
its image is a line for {||/;, and is a pointed line if [ }f {; (the line with one point thrown out,
namely the point of intersection with l,). If a region intersects [y, then its image consists of
two unbounded regions. If a non-bounded region is incident to two non parallel rays, then
its image is incident to [5.

Problem 18. It is one-to-one by definition. The image and the pre-image will be the
lines [, and [; together with their infinite points. Recall that [; and [, are the lines of
intersection of the planes a; and ai, with the planes passing through O parallel to a and ay,
respectively.

Problem 19. Every two lines have exactly one common points on the plane considered
with its infinite points (if these lines are parallel or one of the lines is infinite, then this point
is infinite). The number of pairs of lines is C2. If an intersection point belongs to 7 points, it
is an intersection point for C? pairs of lines, which gives the required.

Problem 20. First we suppose that not all the lines of the arrangement of n lines are
concurrent, and define the “region” in the projective plane in this case. If one of the lines
is infinite, then the regions coincide with the regions of the usual plane divided by n — 1
remaining lines. If the arrangement does not contain the infinite line, then the following
objects will be the regions:

e a bounded region of the plane,



e a non-bounded region of the plane incident to two parallel rays,

e a pair of non-bounded regions of the plane, the first one incident to two non-parallel
rays l; and [y, the second one to non-parallel rays [3 and Iy, such that [;||l3 and ls]|l4.
The infinite points corresponding to the directions which are between [; and [y also
belong to this region, they “glue up” two its infinite parts.

If all the lines of the arrangement are concurrent, “regions” are defined in a similar way. Two
points belong to the same region if and only if they are connected by a polygonal line not
intersecting the lines of the arrangement. Here the ends of the polygonal line are the two
given points, and the other vertices can be infinite. [ts segments incident to an infinite vertex
are rays which are parallel to the direction of this infinite point. After this re-definition, the
polygonal line is mapped to a polygonal line via a central projection. Consequently, two
points belong to one region if and only if their images via the central projection belong to
one region. So the correspondence between regions is one-to-one.

Problem 21. (a) Solution 1. Let us map one line of the arrangement to the infinite line
via a central projection. The number of regions and the values ¢; do not change, but now
the number of regions of the projective plane coincides with the number of regions f of the
usual plane, divided by the arrangement of n — 1 remaining lines. By problem 3, we have
f=n+2>,(i —1)r;. Now note that

n—1=> (i—1)(t;—r),
i>2
since the infinite line contains t; — r; intersection points, which belong to ¢ — 1 lines of the
arrangement, and plus the infinite point.

Solution 2. Induction on n. The base n = 1 is evident. The step follows from the fact that
each added line increases the number of regions by the number of the points of intersection
with the previous lines.

(b) Induction on n. The base n = m, f = m is evident. The added line number j,
1 < 7 < n—m, has at least m and at most m + j — 1 points of intersection with the previous
lines, since every two lines intersect in the projective plane. The required inequality follows
from the fact that each added line increases the number of regions by the number of points
of intersection with the previous lines.

(c) Consider the graph in the projective plane: its vertices are the intersection points of
lines, the edges are the line segments. We allow edges to pass through infinite points, such an
edge consists of two rays belonging to the same line together with the infinite point of this
direction which glues up the two rays. The number of vertices v and the number of edges e
of this graph equal ), ,r; and )., ir;, respectively. Since m < n, each region is bounded
by at least three edges of the graph, hence

3f <2 @ 3+3) (i—1)t; <2Y ir & Y (3—i)t; > 3.

i>2 i>2 i>2

(d) Let a =

and b = %—;{1,) Consider the following quadratic trinomial in variable 7:

a(i>=i)+b(B—i)—(i—1)=a(i—2)(i—M) <0 if 2<i<m.

Multiply the corresponding values of this trinomial by ¢; and sum up for all 7, 2 <7 < m:

02aii(i—1)ti+bi(3—i)ti—i(i—1)ti >an(n—1)+3b—(f—1),
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where the last inequality follows from problems 19, 21(a) and (c). Consequently,

n(n —1) 3(M—-1)\  _nn—1)+2M
1= s (1 M+3>_2 M+3

Problem 22*. Let us choose two points P and () incident to m lines each, and denote
by N the set of lines of the initial arrangement passing through at least one of P and Q.
Two cases are possible:

(i) the line PQ does not belong to the initial arrangement. Then N contains 2m lines
and divides the projective plane into m? +2m — 1 regions (if we do not consider other lines).

(ii) the line PQ belongs to the initial arrangement. Then N contains 2m — 1 lines and
divides the projective plane into m? regions (if we do not consider other lines).

In both cases every remaining line of the arrangement (i.e. a line not from V) intersects
the lines from N in at least m points, and there are at most two lines which intersect the
lines from N in exactly m points. In the case (i) the inequality is held because

fem*+2m—1+(m+1)(n—2m)—2= (m+1)(n—m).

Now consider the case (ii). If the arrangement contains at most one line which intersects
the lines from N in m points, then the number of regions can be bounded using the number
of intersection points of the other lines as follows:

fem*+(m+Dn—-2m+1)—1=(m+1)(n—m).

If the arrangement contains two lines intersecting N in m points each, and their intersection
point does not belong to the lines from N, then we similarly obtain f > (m + 1)(n — m).

The remaining case is when the arrangement contains two lines intersecting N in m
points each, and their intersection point belongs to a line of N. Denote these lines by s,
and [ly,,11, and their intersection point by R. Let us prove in this case that every other line
of the arrangement intersects N U ly,, U lg,, 11 in at least m + 2 points. It will follow from
this fact that

fem?+2m+m+2)(n—2m—1) > (m+1)(n —m)

which will end the proof in the case (ii).

Let us denote the lines passing through the point P in the sequence order, counting from
the line PQ, by ly,...,l—1. Similarly denote the lines passing through ¢ in the sequence
order, counting from PQ), by l,, ..., la;m—2. Denote by A; ; the point of intersection of lines /;
and l,,_14;, where 1 < 4,7 < m — 1. Without loss of generality, we may assume that the
line PQ) is infinite, that the line Iy, passes through the points A;; for 1 <¢ < m — 1, and
that the line ly,,11 passes through the points A;,,—; for 1 <4 < m — 1. Then the lines Iy,
and lym41 intersect in the point Am =, and m is even. Consider an arbitrary remaining
line [ of the arrangement. It intersects N in at least m + 1 points. If at least one point of
intersection of [ with ly,, or with [y, 1 does not belong to the lines from N, then [ intersects
N Ulgy, Ulgymaq in at least m + 2 points.

Let us note that if the line  passes through the point A= =, then the intersection points
of [ with the lines l%_l and Z%H or with the lines lm_1+%_1 and lm_1+%+1 differ from the
points A;;. Hence, the line [ intersects N in at least m + 2 points.

Without loss of generality, we may assume that the intersection point of lines [ and PQ

and the intersection point of the lines ly,, and PQ belong to one line segment PQ of the
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line PQ (in the projective line, two points divide the line into two segments). Then the line [
intersects la;,+1 in a point A, with |a — b] > 2. Hence, the line [ passes through at most
min{a, b} + min{m — 1 —a,m — 1 — b} < m — 3 points of form A, ;. Consequently, the line
intersects N in at least m + 2 points.

The statement is not true for n = 2m + 1. The counterexample for every even m > 4 can
be constructed as follows: m lines pass through each of P and (), the line PQ is common.
Two more lines intersect these 2m— 1 lines in m points each. It gives f = m?+2m < (m+1)%

Problem 23*. If we add the infinite line to the arrangement, the number of regions does
not change, the number of lines n increases by 1, and we obtain p+ 1 concurrent lines instead
of p parallel lines. It gives us the following statement:

The number f can be the number of regions of the projective plane divided by n lines if
and only if f belongs to at least one of the intervals [a(n,m), b(n,m)], n = m > 2, where

b(n,m) =m(n —m+ 1)+ C?

n—m >’

a(n,m) = b(n,m) — min{m — 1,C>_ 1.

As before, a gap is an interval (b(n,m), a(n, m — 1)) which contains at least one integer.

It follows from problem 8 that L(n) = [, /2n — 53 — %} In the sequel we denote L(n) just

by L, omitting n. Taking into consideration problem 13, it remains to prove that the number
of regions cannot belong to the two last gaps numbered L — 1 and L.

Suppose that there exists an arrangement such that the value f belongs to the (L — 1)th
gap, namely to the interval

(n—=L+2)(L-1)+C]_,, Ln—L+1)).
It follows from problem 9 that m = max{p+1, ¢} < L—1. Apply problem 21 for M = L—1:

2(n% —n)

>
! L+2

>Ln—L+1).

In the last inequality, we used that n > % + 3 as follows:

L L?+2L
n?—n> (n+§—3)(n—L—|—1) > <%> (n—L+1).
It contradicts with the fact that f belongs to the (L — 1)th gap.
Now let us assume that there exists an arrangement of lines in the projective plane such
that the number of regions belongs to the Lth gap:

fe(ln—L+1)+C;y, (L+1)(n—1L)).

By problem 4 we may assume that L > 4. Using problem 9, we have m < L. Consider 3
cases.
(1) If m < L, then by problem 21(d) for M = L — 1 we obtain

2(n” — ) > (L+1)(n— L),

>—
/ L+2

because it follows from n > "2% + 3 that

(L+2)(L+1)

5 (n—L)<(n+L—2)(n—L)<n?—2n.




(2) If m = L and ¢, = 1, then throw out one line passing through a point which belonged
to m lines. This operation decreases the number of regions. We can apply the inequality from
problem 21(d) for M = L — 1 to the remaining arrangement of n — 1 lines and obtain

f>2<"2_L3—Z2+2L) > (L+1)(n— L)

Let us prove the last inequality. If n > LQZ—JFL + 4, then

L?4+3L+2
W’ 3n42L>(n—L)n+L-3)>(n—L) <;)

2

The case n = L27+L + 3 can be checked directly.

(3) If m = L and t,,, > 2, then n > 2m + 2, and it follows from the preceding case that
f=(L+1)(n-L).

Problem 24. (a) Answer: it is the set of values from the main theorem for an arrangement
of n lines in the plane. Let us consider a circle centered in the common intersection point
and make an inversion with respect to this circle. We obtain an arrangement of lines, and
the number of regions did not change. Conversely, if an arrangement of lines is given, then
we can make an inversion with respect to some circle such that its circle does not belong to
any line. We will get an arrangement of circles with the same number of regions.

(b) Answer: it is the set of doubled values from the main theorem for the projective
plane. Consider the projection of the sphere with center O to the plane « tangent to the
sphere in its south pole. Then a point X of the sphere is mapped to the point of intersection
of the line OX with the plane . If OX is parallel to o then X is mapped to the infinite
point of direction OX. Under this projection, the big circles of the sphere are mapped to
the lines of the projective plane, and the pair of opposite (symmetric wrt the center) regions
of the sphere are mapped to the same region of the projective plane. Hence, the number of
regions of the sphere equals the doubled number of regions of the projective plane divided
by the corresponding arrangement of lines. Conversely, for every given arrangement of lines
on the projective plane, we can construct an arrangement of big circles on the sphere via the
inverse projection from the projective plane to the sphere, and this operation will double the
number of regions.

Problem 25. (a) Consider the pair “line AB, point C' not on this line”, such that the
points A, B, C belong to the given set and the distance from the point C' to the line AB is
minimal among all such pairs. Suppose that the line AB contains a point D from the given
set. Without loss of generality, we may suppose that D is between A and B and that the
angle ADC' > 90°. Then the distance between D and AC'is less than the distance between C'
and AB, which contradicts the choice of points A, B, and C. Hence, the line AB does not
contain the initial points except A and B.

(b) Solution 1. Suppose the contrary, i.e. each intersection point belongs to at least three
given lines. It can be easily seen that we are not in the case when there are only two directions
of lines. Now we can assume that the arrangement contains three pairwise non-parallel lines
which are not concurrent. For all such triples of lines, consider the triangle formed by these
three lines, and choose among them the triangle ABC' of the minimal nonzero area. Since
at least three points pass through each of A, B, and C, and using the fact that the area
of ABC'is minimal, we obtain that the lines passing through A, B, and C parallel to BC,
CA, and AB, respectively, belong to the arrangement. Let us denote by A;, By, and C}



the intersection points of these three lines. The vertices of ABC' are the midpoints of sides
of A1B;C;. Hence, the areas of triangles A;BC, BiCA, and C1AB also equal the area
of ABC'. If we similarly continue with the triangles A; BC', BiC' A, and C1AB, we obtain the
infinite number of initial lines, contradiction.

Solution 2. Let us reduce the problem to the case (a) via the polar duality. Consider a
circle whose center does not belong to the lines of the arrangement. Make a polar transformation
with respect to this circle. For every point, it puts into correspondence a line, and for every
line, it puts into correspondence a point. The arrangement of n lines is mapped to the
arrangement of n non-collinear points. Using (a), there exists a line [ containing exactly two
poles A and B. If we make this polar transformation once more (i.e. the inverse), we obtain
that there exist exactly two lines of the arrangement passing through the pole L of the line [,
namely the polar duals a and b of points A and B. Here we used the fact that the polar dual
of the intersection point of two lines is the line which passes through the poles of these lines.

Problem 26. Consider a graph on the projective plane: its vertices are the intersection
points of lines, the edges are the line segments which do not contain other intersection
points in their interior. Let us denote by v and e the numbers of vertices and edges of this
graph, respectively. We denot by f, as usually, the number of regions of the projective plane.
Without loss of generality let us assume that one of lines is infinite (if not, find a central
projection mapping one of the lines to the infinite line, this operation does not change the
values v, e, f, t;, and p;). Note that if a connected graph on the projective plane contains
all the infinite points, then the Euler formula can be written as follows: v — e+ f = 1. Since
t, = 0, all the regions of the projective plane formed by the graph are bounded by at least
three edges. Hence, p, = 0. Note that then

v:Zti, €:Ziti:%ijj7 fzzpj'

i>2 i>2 33 i>3
Consequently,
3=3f—(2e+e)+3v=3> p;— <ijj + Zzt) +3Y =Y (B—jpi+ > (B—it
i3 §>3 i>2 i>2 33 i>2
n: 345 6789 :
. : . =
Problem 27. Answer . 33 43 3 46 The example for n > 6 is constructed

in problem 28.

If follows from the problem 26 that ¢, > 3.

(i) Show that for 5 lines we have t5 > 4. It follows from problem 19 that 10 = ¢+ 3t3+6t,.
Hence, 5 is not divisible by 3.

(ii) Show that for 8 lines we have to > 4. If t5 4+ tg + t7 = 1, then t5 > 4. Otherwise it
follows from problem 19 that 28 = ¢y + 3t3 + 6¢4. Hence, t5 is not divisible by 3.

(iii) Show that for 9 lines we have ty > 6. If t5 + t7 + ts = 1, then it follows from
problem 26 that t5 > 6. If t5 = 1, then five concurrent lines intersect four other lines in at
least 5 - 4 — 2C? = 8 points of multiplicity 2, i.e. t, > 8. If t5 + tg + t7 + tg = 0, then

36:t2+3t3+6t4 and t2>3+t4

Now using ty < 6 from problem 26 we obtain that t, = 3, t3 = 11, t4 = 0, and all the regions
are triangular, p3 = 26 = f. It remains to show that such a configuration does not exist.

10



Problem 28. (a) Take all the sides of a regular §gon and its § symmetry axes. For these
n lines 1o = 3.

(b) If n = 4k + 1, then add the infinite line to the example for 4k lines. If n = 4k + 3,
then take the preceding example for 4k + 4 lines and remove one line which does not pass
through the vertices of the 2k + 2-gon. In both cases we obtain n lines and t, = 3k.

Problem 29*. The proof can be found in the paper “On the number of ordinary lines
determined by n points”, after L. M. Kelly and W. O. J. Moser in the “Canadian Journal of
Mathematics”, 1958, pp. 210-219.

Problem 30%*. The best known result is: to > %n for n > 8. The proof can be found in
the paper “There exist % ordinary points”, after J. Csima and E. T. Sawyer in the journal
“Discrete and Computational Geometry”, 1993, 9 pp. 187-202.

Problem 31*. If there exist two poinst such that every line passes through at least one
of these points, then the required inequality can be shown as follows. Suppose that a lines
pass through the first of these points and that b pass through the second. If a + b = n, then

1
a>3 b>3, ty=ab, Z(Qi—7§)ti<2a+2b—15.

i>4

Ifa+b=n+1, then

1
a>4, b4, ty=(a—1)(b—1), Z<2i—7§>ti:2a+2b—15.

i>4

Now let us assume that there are no two points such that every line passes through at
least one of them. Apply all the three items of problem 32:

3pat Y jp; = 24w =2+ (y + 2ty — Zzt) > ;Zti—i—?tQ—Ziti = 21— (2 - ;) t.

=5 i>3 i>3 i>3 i>3

Using problem 26, we obtain:

D (9= 3i)t; =9+3ps+ > (3] — )p;.

i>2 §>5

Note that 35 —9 > j for j > 5 and p; > 0. Hence, we have

2(9 —30)t; = 9+ 3ps + Z(3J —9)p; = 3ps + ijj = 2ly — Z (Z - g) ti,

i>2 §>5 =5 i>3

which implies the required inequality for ¢;s.

Problem 32. Consider the corresponding graph: its vertices are the intersection points
(colored in one of two colors), the edges are the line segments which do not contain other
intersection points except their ends.

(a) Every red vertex is a red edge of four edges. Every red edge has two red edges, every
non-colored edge has one red edge, blue edges do not have red ends. There are ¢, red vertices.
Hence,

41, :2:U—|—Ziti—x—y,
i>2

11



which gives the required equality.

(b) Consider an arbitrary blue point O and delete all the lines of the arrangement passing
through it. The remaining lines are not concurrent, hence they divide the projective plane
into regions, each of them bounded by at least three edges. The point O belongs to one of such
regions. By a case-by-case consideration, we see that at least one of the three possibilities
holds for O:

(1) In the initial graph, the point O is incident to at least three blue edges.

(2) The point O is incident to at least two blue edges, and O is the vertex of the boundary
of at least one green region.

(3) The point O is the vertex of the boundary of at least two green regions.

It means that for every blue vertex, the sum of the number of blue edges incident to it
with the doubled number of green regions incident to it is at least 3. If we sum up these
sums for all the blue vertices, we obtain 2y + 2s > 3,5 t;.

(c) For a green region u, let us define by z(u) and s(u) the number of red edges and the
number of blue vertices at the boundary of u, respectively. For a green region u let

0, if s(u)
d(u):{ 1, if s(u)

Y

1
0.

WV

It is easy to prove that if a green region u is bounded by j edges, then
s(u) < (7 —1) = 2(u) + d(u).

Denote by X and by D the sums of z(u) and d(u), respectively, by all the green regions.
Summing up the inequality obtained above for all the green regions, we get

s<Y (j—1p —X+D.

Jjz4

Note that every red edge is incident to at least one green region (since t, = t,_1 = 0). A
red edge is called dark red if it is adjacent to two green regions. Let us denote by x; the
number of dark-red edges. Then X = z + x;. Let us distinguish the 4-hedral regions such
that all their vertices are red (all the distinguished regions are green). It is easy to show that
every distinguished region is incident to at least two dark-red enges. Hence, the number of
distinguished regions is at most x;. It follows that D < z1 + > j>5Dj- Now merge all the
inequalities.
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KOTOA JIFOBA4 I'PVYIIITIA N3 N 9JIEMEHTOB ITNKJIMYECKAA?
npexacrasisiior /. BapanoB, A. Kiasuyko, K. Koxach, A. CkonnenkoB u M. CKonleHKOB

HaszoBeMm epynnot vemycroe cemeiicrBo G ipeobpa3oBauii (T.e. mepecTaHOBOK) HEKOTOPOTO
MHO2KeCTBa, 3aMKHYTO€ OTHOCUTE/IbHO KOMIIO3UIINN U B3ATHA 06paTHOFO HpeO6pa3OBaHI/IH (T.e.
ecm f,g € G, 1o foge Gu f~' € G). ! Ecim B rpynme G naityiercs npeobpaszosanue g, Jis
koroporo G = {g,¢%, ...,g", ...}, To rpynna G Ha3bIBaeTCs YUKAUMECKOT.

DTOT MUKJT 3aJ1a9 MOCBSIIIEH CJIeIyoNeMy HHTPUTYIOMEMY BOIIPOCY:

Jlas kaxux n aobas 2pynna u3 n NEPECMaH080k UUKAUYECKAA?
B HacTosiieM 1uKIIe 3aja9 HaMedeHo 0oJiee TIPOCToe PellieHre 3Toro Bompoca, dem B [Bl. Ono
He [IPETEHyeT Ha HOBU3HY.

ITpumepbl KOHEYHBIX T'PYIIIL.

(1) I'pymnma S, 6cex mepecTaHOBOK N-3JIEMEHTHOTO MHOYKECTBA.

(2) I'pynma nepecranosok {id = (1)(2)(3)(4), (13)(24), (1234), (1432) } mHOKecTBa U3 YETHI-
PEX 3JIEMEHTOB.

(3) Pacemorpum KBajipaT Ha IUIOCKOCTH U BCE JIBHZKEHUS IJIOCKOCTH, HEPEBOJISIINE €ro B
cebst. DTo TOXKIECTBEHHOE peobpasoBanue, 3 mosopora u 4 cummerpun. Beero 8 npeobpazosa-
nuii. BozbMeM rpytmy u3 8 mepecTaHOBOK MHOYKECTBa BEPIITUH KBaJIpaTa, MIPOUCXOJIANINX TPH
NPUMEHEHUN TIEPEINCTEHHBIX BOCBMU ITPE0OPA30BAHUMN TIJIOCKOCTH.

; \ e

CUMMETpHUN

TIOBOPOTHI
v T

27/3
Pucynok: nBmKkeHus KBajpata u Kyoa

(4) Paccmorpum Ky6 B IPOCTPAHCTBE W BCE BPAINEHUs TPOCTPAHCTBA (BKJIIOUAS TOXKJIE-
CTBEHHOE ), TIEPEBO/ISIIIE €ro B ceDsl.
(a) BosbMem rpyrmiry m3 BceX MEPECTAHOBOK MHOXKECTBa Gepuiut Kyba, MPOMCXOISIINX
IIpU TPUMEHEHNN TaKUX BPAIEHUII.
(b) BosbMmem TpyIIy U3 Beex MEPeCTAaHOBOK MHOXKECTBa cepedun pebep Kyba, TPONCXOJisi-
MUX TPU TPUMEHEHNHN TaKUX BPAIEHUIA.

Pucynok: rpad Ks3

L ...OBBIYHO OIpPesesIsIOT IPyYIILY KAK MHOMKECTBO C ABYMsl OIEPALUSIME, YIOBJICTBOPSIONMMI HAGOPY AKCH-
oM Bpogie f(gh) = (fg)h. DTu aKCHOMBI ABTOMATHYECKH BBLIIOJHAIOTCS JIJI TPYIIL IpeobpasoBanuii. B neiicrsu-
TEJBHOCTH 9TU AKCHOMBI O3HAYAIOT MPOCTO, YTO TPyIa 0Opa30BaHA U3 HEKOTOPOW I'PYIIILI MPeoOpa3oBaHUi
3abbIBAaHUEM TIPE0Opa3yeMoro MHOXKECTBA. Takue aKCHOMBI, HAPSY C JAPYTUMH HEMOTHBUPOBAHHBIME OIpEJIe-
JIEHUSIMH, CJIYZKAT MaTeMaTUKaM [VIABHBIM 0Opa30M JIJIsl TOrO, YTOOBI 3aTPYIHUTH HEIOCBSIIEHHBIM OBJIAJICHIE
CBOeil HAyKOil U TeM caMbIM TIOBBICUTDH ee apropuTeT.» (B.M. Aprosbn.) IIpu sToM Ha mpuMepe pelleHusl JaH-
HOT'O IMKJIa 33Ja4 IKOJBHUKHU YBUJAT, 9TO OOINee MOHSITHE I'PYIINIbl BCe-TAKU TOJIE3HO JJIsi M3yYEeHUs PYII
Ipeobpa30BAHMIL.



(5) I'pymnma Becex mepecTaHOBOK 6-3/IEMEHTHOIO MHOYKECTBA, SIBJISIFOIIAXCST H30MOP(hU3MAMU

rpacda Kj 3.

€ /’// \\\\ f1101(a)
/// (1,1) (0,1) \\\4
d (071) \\‘~\\ _________ "’,”' (171) fllOl(d)
0.0 T T - \J0,0)
¢ AN (1,0) //,/V (0,0) fii01(c)
’ N e T Jr101(f)
! f fion®)  fione)

. o .72 2
Pucynok: nuneitnoe npeobpaszosanue fi101 : Z5 — Z;

(6) Pacemorpum muozkectso Z2 = {(0,0), (0,1), (1,0), (1,1)} ynopsiioueHHbIX AP BHIYETOB
110 Moty 1t 2. JIjist JII0OBbIX YeThIpex BhIYETOB a, b, ¢, d 110 MOJLY/II0 2 PACCMOTPUM OTOOparKeHHe
favea © 73 — 72, samannoe dbopmynoit faed(z,y) = (ax + by,cx + dy). Cpean Bcex Takux
oTobOparkeHuil BbIOEpeM B3amMHO-OAHO3HAUHbIe. OHI 00pa3yioT IPYIIILY.

3auem? Ha npumepe mccimeoBaHUsT 9TONO BOIPOCA MbI IOKAXKEM, KAK IOSIBJSIIOTCS HEKO-
TOpbIe OCHOBHBIE TOHSITHs Teopun rpymnn. OCHOBHBIE ujen OYIyT IPeICTaBJIeHbl Ha «OJIMMIIH-
QJIHBIX» MPUMEPax: Ha MPOCTEHINNX YACTHBIX CJIyYasX U CO CBEJICHHEM K HEOOXOIUMOMY MUHMU-
MyMy aJrebpamdeckoro f3bika. 2

«HoBuuky». 3a cueT NpUHATOrO CTUJIS U3JIOXKEeHUs Bam He 6ydem caooichee perarh mpu-
BeJICHHBIE 3a/1a9H, UYeM MIKOJbLHUKAM, YK€ 3HAKOMBIM C OCHOBAMHU TeOpuU rpyiir. Bel ocBouTe
HeoOXOMUMbIE UJIEeN Ha IIpPUMepe peleHns 3agad 1-if cepun, KOTopble Bce paBHO IIPOCTHI. Bece-
JIble 3aJ1a9u 3-fi cepuu TakzKe momMoryT Bam ocBouTbes.

IIIkobHUKY, y>ke 3HAKOMOMY C OCHOBaMM Teopum rpymn. Koneuno, Bam Oymer
uHmepecHee perraTh MPUBEIeHHBIE 3a1a9i. BbI MoykeTe He pa3buparh BCe MpejiaraeMble IacT-
HbIE CJIyY9an, a cpa3y J0Ka3bIBaTh OOIINI pe3y/IbTaT, 13 KOTOPOrO OHU BBITEKAIOT, ITOOBI TIOTOM
CKOHITEHTPUPOBAThCS Ha HOBBIX /It Bac 3ajadax. OHU UMEIOTCS yKe B CaMOM Hadajie — CM.
oOIuii BOIIPOC U HEKOTOPbIE MyHKTHI 3a1a9u 1.5. Eciau Bol ucnosb3yere jipyroe orpejiesienue
IPYIIIBI, TO HY?KHO JIOKA3aTh €0 9KBUBAJEHTHOCTD BBINIEIIPUBEIEHHOMY.

Ooiiue 3amevyanus K GopMyJaupPoOBKaM 3ajiad4. e ycioBue 3a1a9u sIBJIA€TCA YTBEP-
JKJIeHHEeM, TO B 3ajade TpedyeTcs 9TO yTBepxKIeHHe J0Ka3aTh. Kcaum HeKoTopas 3ajada He
[IOJIy 9aeTCs, TO YUTaiiTe Jajblile — COCeIHUE 3a1a9i MOI'YT OKA3aThbCsl IOICKA3KAMII.

3Be3mouku. 3a KaxJoe BepHOe (= +.) IMUCbMEHHOE DeIleHHe IMTKOJIBHUK WA KOMaHJa
MoJIyJaeT 3Be3/109Ky. 1[0 yeMOTpeHno Kopu 3Be3/09Ka MOXKET JOMOJTHUTEIBHO BBHIIABATHCS
3a KPACHUBBIC PEIICHUs, 3a PEIIeHUs CJI0KHBIX 3aJlad U 38 HEKOTOPbIE PelleHus, HaOpaHHbIe B
tex’e. Hucsio 3Be3/104eK y Kiopu He orpanndero. OHy 3Be310YKY MOMKHO MOTPATUTH Ha OJIHY
IIOIIBITKY YCTHOH cAauu OJHON U3 3aJad.

Baarogapum C.A. Jlopuuenko u [.P. YenHnokoBa 3a moJie3uble 3aMedaHms.

2910 HE TONBLKO CHEIAeT MaTepuaJ 60jiee JOCTYHMHBIM, HO ITOMOYXKET T€M, KTO IPUBBIK K a0CTPAKTHOMY W3-
JIOZKEHUIO, Pa3BUTh MaTeMaTH4YecKuil BKyc. Biarosapss aroMy oHM CMOTYT pa3yMHO BBIOMPATH IIPOOJIEMBI J1JIs
UCCJIEIOBAHUS] ¥ SICHO M3JIaraTh COOCTBEHHBIE OTKDPBITHsI, HE CKPBIBAsl OIMMMOOK (MM U3BECTHOCTH MOJIYIEHHOTO
pesysbraTa) 3a upe3smepHbiM dopmasmsmoM. K coxkasenunio, Takoe (6eCCO3ZHATEIBHOE) COKPBITUE OMIUOKHI Y9aCTO
MIPOUCXOIUT C MOJIOJABIMU MATEMATUKAME, BOCIUTAHHBIMYU HA IPE3MEPHO (POPMAJIBHBIX KypCax.



1. J10. 1-a CEPUA.
Yepes | X | obo3HauaeTCa 9UCIO 9JTEMEHTOB B MHOXKecTBe X .

1.1. (a) Kox jyist 3aMKa COCTOUT U3 YHOPSIOYEHHOTO HAOOPA JIEBSITH PA3JINIHBIX HEHYJIEBbIX
mudp. VzBecTHO cirepyiomiee mpaBmiio: ecyim Kojibl A 1 B OTKPBIBAIOT 3aMOK (JIOITyCKaeTCs BO3-
MOXKHOCTE A = B), To KOJI, TOJIyYeHHbI 3aMeHol Kaxkjoit nudpsl k B Kojge A Ha nudpy,
CTOAIIYIO Ha k-M MecTe B Kojie B, ToxKe OTKphIBaeT 3aMOK. V3BeCTHO, 9TO 3aMOK OTKPBIBAET
TOJILKO KOJT 856291473 1 Bce KObI, TOTyYeHHbIE U3 HET'O MHOTOKPATHBIM ITPUMEHEHNEM yKa3aH-
Horo npasmia. CKOJIBKO BCEIO KOJIOB OTKPBIBAIOT 3aMOK !

(b) Tor ke BOmIpOC 15T CIEYIONIErO MpaBua: ecau KoJ A OTKpbIBaeT 3aMOK 1 B — mpo-
U3BOJIBHBIA KO/, (ﬂOHyCKaGTCH BO3MOXKHOCTh A = B), TO KO/, II0JIy4YEeHHBIA 3aMeHOI

Kazk10#1 i pel B Kojie A, paBHO#T HOMepy MecTa udpsl k B Kojie B,

Ha mudpy, crodinyo Ha k-M Mecte B Kojie BB,

TOXKE OTKPBIBAECT 3aMOK.

1.2. (a) Jlokaxkure, 9T0 MHOXKECTBO U3 IpuMepa 6 JIefiCTBUTEIHHO ABJIAETCS TPYIIIION.

(b) Kakue u3 npuBeeHHBIX IPUMEPOB I'PYIII SIBJISIFOTCA UKITIECKIME?

(c) JTrobast rpyrma colepKUT TOXKIECTBEHHOE MpeodpasoBanue (OHO HA3BIBAETCS eQUHUY-
HOLM INEMEHMOM U ODO3HAUACTCH €).

1.3. (a) IIpuaymaiire rpyniy u B Heil JBe mepecTaHOBKU @ ¥ b, JJisi KOTOPBIX ab = b~ la.

(b) B a3bike miemenu Ababa 2 6yKkBbL: «a» u «6». Ecim B s1060M MecTe 7106010 CII0Ba 9TOrO
sI3bIKA BCTABUTD UJIM BHIYEPKHYTH OyKBOCOUYEeTaHNE «aad» Wu OyKBocodeTanue «06a», TO CMBICIT
cJI0Ba OT 9TOro He m3MennTcst. Ha ckasie Hamapamnano 4 cioBa Ha sa3bike Ababa. lokaxkure, 910
CpeJl HUX €CTh J[Ba, COBHAJIAIONINX MO CMBICITY.

1.4. (a) IIpuaymaiite rpymmy u3 17 nepectaHOBOK, KOTOPBIE MOXKHO TaK 3aHYMEPOBATDH UUCIAMI
0,1,2,...,16, 4ToOBI HOMED KOMIIO3UIIUU ObLT ObI PABEH CyMMe HOMEPOB ‘COMHOYXKUTEJIEH I10
Moystio 17.

(b) Ipuaymaiire rpyriy u3 16 mepecTaHOBOK, KOTOPbIE MOYKHO TaK 3aHYMEPOBATH YUC/IAMU
1,2,...,16, 9100l HOMED KOMIO3UIINN OBLT OBl paBEH NPOU3GEIEHUI0 HOMEPOB ‘COMHOXKHUTE I
o MoryJfo 17.

(¢) CymiectByer Jin Tpylia U3 8 MepecTaHOBOK, KOTOPbIe MOXKHO TaK 3aHyMepOBAThH JHC-
gamu 1,2,4,7,8, 11,13, 14, 91oObl HOMEp KOMIIO3UIMKE OBLT ObI PABEH Npou3éederto HOMEPOB
‘comuozKuTeNel’ 110 MojyJio 157

1.5. JlobGas i rpynmna u3 n mpeodpa3soBaHmil ABJISETCS IUKJIMIECKON /I CIeIyIONnX 3HaTe-
HUU N
(7) 1,2,3,4,5,6,7; (8) 8; (9) 9; (10) 10; (12) 12; (15) 15; (21) 21; (1001) 10017

['pynmna G Ha3BIBAETCSI KOMMYMAMueHot, ecan vy = yx g JodbiX x,y € G.
Iopsadxom ord a smementa a rpynmnbl G ¢ €IMHAIHBIM 3JIEMEHTOM € HA3bIBAETCS
HaMMeHBIIIee IeJIoe MOJOXKUTETbHOe N, JIJI KOToporo a" = e (ecanm Takoe n

CYIIECTBYET).

1.6. (a) Teopema Depma-Diasepa. st 106010 3aeMeHTa 4 KOHEIHON KOMMYTATHBHON IPYIIIIBI
G ¢ eMHIYHBIM 3j1eMeHTOM e Bhinosmeno alfl = e.

(b) JIrobast nukIIMIecKasi IPYIIIa sBISETCS KOMMY TATHBHOIA.

(c) Bepno s o6parroe?

1.7. Ecan KoamdecTBO 3JIEMEHTOB B Ipyliiiie dBJideTcd IIPOCThIM YUCJIOM, TO 3Ta I'PYIIIIa IMTUKJIN-
qYeCKad.

1.8. (a) Haiiture mopsiiok Kazk/10ro sjeMenta B rpymie Sy.
(b) JIio6oit s/memenT KOHEYIHOM Ipynibl nMeeT (KOHEIHbI) ITOPSIOK.
(¢) Ecim B KoHEUHOIT rpyIIIe eCcTh 9JIEMEHT HOPSIKA 2, TO THCIO SJIEMEHTOB IPYIIIBI Y€THO.



(d) Ecsin B KOHEUHOIH TyIITIe €CTh SJIEMEHT MOPSIJIKA 3, TO YHUCJIO SJIEMEHTOB M'PYIIIIbL JI€JTUTCST
Ha 3.

(e) Teopema Jlazparotca. Tucao 371eMEHTOB KOHETHON TPYIIIBI JEJIUTCS HA MOPSJIOK JTIIO60T0
ee JIeMEeHTA.

(f) B sroboit rpyime n3 9eTHOrO YUC/Ia SJIEMEHTOB €CTh 9JIEMEHT MOpsiKa 2.

1.9. (a) Eciiu qucyio n geTHoe coctaBHOE, TO CYIIECTBYET I'DYIIIa U3 1 IPeodpa30BaHuii, He
SABJISIIOIIASACS IIUKJITIECKOIA.

(b) Ecsn qucno n gesmrest Ha KBaIpaT MPOCTOrO, TO CYIIECTBYET IPYIIA U3 1 Ipeodpa3o-
BaHUM, HE ABJIAIONIAACA TUKJINICCKON.

1.10. (a) Jliobag kommMyTaTuBHas rpyiia u3 10 571€MEHTOB ABJISAETCS IUKJIMICCKOIL.
(b) To xe ms 21 ssiementa.
(c) To ke qyist 1001 ssemenTa.
(d) Jyst kakux n siiobas KOMMYTATHBHAS rpynna U3 7 9JIEMEHTOB SIBJIAETC MUKITMIEeCKON?

ONORONS

Pucynok: mepecranoska tuma (1,2, 3, 4)

1.11. IlepecranoBka (ng + ... + ng)-3JMEHTHOIO MHOYKECTBA, ABJIAIONIAsCS KOMIIO3UIHEHl Here-
PECEKAIOIIUXCS TIUKJIOB TIOPAIKOB 11, ..., N, HABIBAETCS TIEPECTAHOBKON muna (ny, ..., ny).

(a) lokaxkure, 9TO JIFOOBIE JIBE IEPECTAHOBKY f M ¢ OJHOTO TUIIA CONPAHCEHLL B TPYIIE S,
T.e. g = b1 fb nysa HekoTOpPOil HepecTaHOBKY b € S,,.

(b) Hdokaxkure obpaTHOe.

(c) IMopsiiku COMPSI?KEHHBIX MTEPECTAHOBOK PABHEIL.

1.12. I[lycrs G — rpymnma u3 15 3/1eMeHTOB.
(a) B G ectp smement nopsaxa 3.
(b) JIwo6oit smement nopsiika 5 B G COUPSIZKEH TOJBKO CO CBOUMHU CTEICHIMU.

2. 10. 2-9 CEPUA.

HekoTopeble perieHus.
Pewenue sadavu 1.2. (¢) feG = fleG@ = ffl=eced.

Pewenue 3adavwu 1.5-7 dasn = 3. llycTb, HAapOTUB, UMeeTCs HEIUKIUYecKas rpymna G u3
Tpex nepectaHoBok. OBO3ZHAYMMM Uepes3 a HeTOXKIeCTBEHHYIO TIepecTaHoBKy B Heit. Ecmm a? # e,
TO HEPEeCTAHOBKH a, a?, a® PasJImaHbl U TPYIIa MUKIndecKad. Eemm ke a? = e, TO PacCMOTPUM
nepecTaHoBky b € G, ormmunyio or e u a. Toryja mepecraHoBKa ab oriamdHa oT e, a,b. ([leii-
cTBUTEbHO ab # a u ab # b oyesunno. Ecim ab = e, 1o b = a?b = a — uporusopeune.)
IIpoTruBopeune.

Pewenue 3adavu 1.5-10. PaccMoTpuM paBUIbHBIN ISTUYTOJIBHUK Ha ILJIOCKOCTH. PaccMoT-
PUM BCe JIBUYKEHUS ILJIOCKOCTHU, IIEPEBOJIAIINE €TI0 B ce0si. DTO TOXKIECTBEHHOE ITpeodpa3oBaHme,
4 noBopora u 5 cumMmerpuii. Beero 10 npeobpasopanuit. Hyxkuyro rpymiy obpasytor 10 mepe-
CTAHOBOK MHOYKECTBA BEPIINUH ITPABUILHOIO IMATUYTOJIHHUKA, TPOUCKOAAIINX IIPU TPUMEHEHUN
MEPEINCIEHHBIX JIECATH TPeodpa30BaHUil IJIOCKOCTH. DTa T'PYIIa HEIUKINIeCKasl, TTOCKOIbKY
JUIS IBYX TEPECTAHOBOK S W 1, «IIPHIIEINHX N3 CUMMeTpHils, st # ts. A ecim 661 s = ¢* u
t = gl JJId HEKOTOPOM IIePEeCTaHOBKU ¢, TO St = ts.

1 ) 1 1
Uy ey
4 3 3 2 4 3 3 4

Pl/IcyHOKi JABHU2KEeHUA ITPaBUJIBHOT'O 5—yFOﬂbHI/IKa



Zpyeoe pewenue 3adavu 1.5-10. OHO GoJlee CIIOXKHOE, YeM IIPEIbIIyINee, HO 3aTO MOYKET I10-
Mo4ub BaMm B pemrennn 3azaqu 2.1. PaceMoTpum mepecTaHOBKHU 1" U S H-371€MEHTHOIO MHOXKECTBA
BEPIINH MPABIJILHOTO H-YIOJIbHUKA, <«IIPUIIEIIIe» 13 OBOPOTa Ha 27 /5 U U3 CHMMETPUH; CM.
pucynok. Torna r° = e = s u sr = r~!s. Paccmorpuym 10 nepecranosoxk r¥s!, k, 1 € Z. 3 coot-
HOIIEHUst ST = 7~ 1s MOYKHO HOJIyIHUTh, 9TO 3TO MHOKECTBO siBjsgercs rpynmoii. (MeHHo B 3ToM
OTJINYNE IPUBOIMMOTO PEIIeHHs OT IPEIbIIYIINEero — MbI IIOJIYYMIA 3aMKHYTOCTh OTHOCUTE/IHHO
KOMITO3UITUY U B3ATUs OOPATHOIO HE U3 MEOMETPUUYECKUX COOOPAaXKEHUil, a 3 KOMOMHATOPHBIX.
[ToaToMy mogBMIIaCH BOZMOXKHOCTEH 0000IIATH ITO JOKA3ATEILCTBO Ha CJIydan, KOTJla T€OMETPH-
YeCKOon nHTeplipeTanmyuu He BH,Z[HO.) I/I3 9TOI'0 2K€ COOTHOIIIEHU A BBITEKACT, 9TO 3Ta I'PYIIIla HeE
ABJIdETCA L[HK.HI/I‘IGCKOfI.

Hosbie 3agaun.

2.1. (a) CymecrByer HelUK/IMYeCKas Tpymnna u3 21 sjiemeHTa.

(b) CymecTByeT HelUKINYeCKast TPYIIIa U3 55 SJEeMEHTOB.

(¢) Ecotu p u ¢ mpocThie qucsia u ¢ — 1 jieiuTes Ha p, TO CyIIeCTBYeT HEMUKINIecKast TPYyIIa,
U3 Pg 3JIEMEHTOB.

Vrasanue x 2.1a. Cm. BoIIenipuBeieHHOE jipyroe pemtenue 3agaqu 1.5-10. [TonpobyiiTe coobpas3uTs,
KAKHM COOTHOIICHISIM JIOJIZKHBI Y/IOBJIETBOPSTH IEPECTAHOBKH 7 U S, 9TOGBI MHOXKeCTBO 178!, k1 € 7,
06pa30BBIBAJIO 6B HEMUKJINYIECKYIO Ipymmy u3 21 mepecraHoBku. A mOTOM TOMpoOyHTe MpUIyMaTh
TaKne IepecTaHOBKU.

Iodzepynnoti rpynnbl G HA3BIBAETCST TTOJIMHOXKECTBO IpyHibl (G, TaKKe SBJISIIOIeecs IPYII-
IIOA.

2.2. (a) Moxker jin B KOMMYTATUBHOI TpyIie u3 10 3/1eMeHTOB ObITH JiBa PA3IMIHBIX JJIEMEHTA
nopsizika 27 (Dro mojckaska K 3amaqde 1.10a.)

(b) Teopema Jlazparorca. Iucao 51eMeHTOB B KOHETHOMN TPyYIIe JEJIUTCS Ha TUCIO I€MeH-
TOB B JIIOOOI ee MoArpyIIIe.

2.3. (910 mojckaska K 3ajgade 1.12b.) Ilyers G — rpynna uz 15 snementoB u f,g € G —
9JIEMEHTBI TIOPAIKA O.
(a) Muokectsa {f, f2, f3, f*} u {g,¢% ¢°, ¢g*} mmbo we nepecexkaiorcst, MbO COBMAIAIOT.
(b) OuH U3 37eMeHTOB f, g SIBJISIETCST CTENEHBIO JPYTOro.

2.4. Ilycts G — rpymna us 15 snemenros, f € G — sjement nopsjaka 5, b € G, b~ fb= fm u
k€Z, k>0 Torma b~' ffb = fom u b=F fo = fm.

2.5. I[lycts G — rpymnma u3 15 3/1eMeHTOB, B KOTOPO# KarK/IbIil Hee IMHUTHBIN 3JIEMEHT MMeeT
nopstiok 3. Ilyers f,g € G — e.
(a) Muozkectsa {f, 2} u {g,¢*} 1mbo He nepecekaroTcs, MO0 COBIAIAIOT.

(b) Ecm {f, f*} # {9,9°}, 10 fg # gf.

(C) C KazKJbIM HECIMHUYIHbIM 3JIEMEHTOM COIIPA2KEHO POBHO 4 JAPYyTrux aJjieMeHTa.

2.6. (a) Ecam uncio mpeobpasoBanuii B IPyIIIE €CTh MPOU3BEACHNE Pg MPOCTHIX 9HCEI, P < ¢
u ¢ — 1 He JeyUTCA Ha p, TO 9TA TPYIIIA IIUKINIECKAs.

(b) Ilycts G — rpynma u3 1001 snementa u f € G — {e}. Jokaxure, uro G nuKImIecKas,
ecyn [ cONpsA’KeH TOJIBKO CO CBOMMHU CTEICHAMHU.

3. 10. 3-s CEPU4A

Becenble 3asiaun 310l cepun Ha 60jiee aOCTPAKTHOM SI3bIKE OIKCHLIBAIOT BAaXKHYIO HJIEIO,
NPUBEJIEHHYIO B yKazanuu K 3ajade 2.la. QopmasbHO, OHU He HYXKHBI JJIsl HaIleil TJIaBHOI
LEJIN.
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3.1. ? B aspike Benocuneucror (anr. Cyclists) nmeercst jige 6ykebl a u a~'. Oun HasbBatoTCs
NPOMUBONONONHCHBLMAU.

B sToM m Jipyrux paccMaTpUBaeMbIX S3bIKAX CA06GMU HA3BIBAIOTCA BCe KOHEUYHBIE YIIOPS-
JOUeHHbIe HAGOPBI U3 OYKB; B YaCTHOCTH, UMEETCS NYCMoe CJIOBO, B KOTOPOM HeT OYKB (T.e.
MOJTIaHUE TOYKE UMEET 3HAUCHUE).

CJ10BO «BOCBMEPKAay», COCTOSIIIEe U3 BOCbMU OYKB @ MOJPSL, CIUTACTC HenpusuyHoim. CIio-
BO, COCTOsIIIEE U3 JIBYX ITPOTUBOIOJIOKHDBIX OYKB IOPSJL, HA3BIBACTCS 3ANUHKOU.

B srom n apyrux paccMarpuBaeMbIX SI3bIKAX CMBIC/ CJIOBA HE MEHSIETCS OT

® 3adUepKUBAHUs B JTIOOOM MecTe JII000r0 HEMPUJIMIHOTO IMOJICI0BA WJIN 3aIllUHKHU, & TaKyKe
oT

e ;106aBJICHUS B JTIOO0OE MeCTe JII0OOr0 HEITPUINIHOIO TOJICIOBA WU 3aITMHKY.

(Hay4aro BBIpaKasiCh, CMbIC — KJIACC SKBUBAJIEHTHOCTH CJIOB OTHOCHUTEJHHO Oleparuii
BCTABKU U YJIAJIEHUsS HENPUJINYHBIX CJIOB UM 3AIIMHOK ).

Hamnpumep, Ha A3bIKe BesocuieucTos cioBa aaaa” ‘a 1 aaa pa3iudHbl, HO UMEIOT OJIMHa-
KOBBIil CMBICJI.

(a) Y BesocurnemceroB nmeeTcsi BCero 8 CMbICJIOB.

(b) BestocutieiucThbl pa3sroBapuBatoT O BblYeTax 1o Moy iio 8. VIHBIMU CJIOBAMU, MHOYKECTBO
CMBICJIOB € OTlepaIueil IpPUIMChIBAaHUS UMOPPHO MHOKECTBY BBIUETOB TI0 MOJIYJ/IIO 8 C Ollepariuei
cymMbl o Moo 8. [lpueenem deTkyto hopMysmpoBKYy 5TOTO yTBep:KaeHus. CioBa MOKHO
[PUIUCHIBATE OJHO K Japyromy: u3 cjioB X u Y mouaydaercs caoso XY. (Hampumep, uz cios
aa v aa”ta nomydaercs cioBo aaaa”ta.) DTa olepanus Ha MHOMKECTBE CJIOB 33J1aeT OHePAIUIo
«IIPUIUCHIBAHUsI» Ha MHOXKECTBE CMBICJIOB. TaK BOT, BOCEMb CMBIC/IOB MOXKHO 3aHyMepOBaTh
BBIUETAME [0 MOJIYJIIO 8 Tak, YTO HOMEp cMbicya cjioBa XY paBer cymme (o MOmy/io 8)
HOMEpa CMbIC/IA cJ0Ba X W HOMepa CMBICIA CJIOBa Y.

3.2. ]l obecriedennsi CEKPETHOCTH COTPYAHUKN [leHTarona mpuayMain crenua bHbli 36K, B
HEM UMeIOTCs YeThipe OYKBbI a, b, a™! u b~1. BykBbl a u @™ HasbBIBAIOTCH NPOMUBGONOAONHCHBLMAUL.
Byksbl b u b~! Toxke. IlaTh 6yKB a moapsaj Win Jse OyKBbI b IOAPs] 00pa3yloT HeIPUINIHOE
cioBo. Erre ojiHO HenpumdaHOe CJIOBO — ... B Hem 4 OyKBbI, IePBbIe TPU U3 KOTOPLIX — TaKUe
JKe, Kak B cjioBe abab, a mocsieiHue TpU U3 KOTOPBIX — TaKhe ke, Kak B cjaose a” bbab™!.

(a) ¥ corpynuukos [lentarona nmeercs Beero 10 cMbICTIOB.

(b) Corpynauku [lenrarona pasroBapuBaroT O JIBUXKEHUSIX MHOYKECTBA BEPIIUH TPABIILHO-

ro MATHYTOJbHAKA Ha IIocKocTh. Jlaiite camu 9eTKyio (hOpMYyIUPOBKY ITOrO YTBEPKICHMs!

3.3. B asnike Ienureneit CoseprencTsa Tak:ke deTbipe OyKBbuI a,b,a”! u b~!. Tpu 6yKBLI @

MIOJIPSAJT, WJTH JIBe OYKBBI b TOIps] 00pa3yloT HEMIPUJIMIHOE CJI0BO. EIIe 0/IH0 HEMPUJIUIHOE CJIOBO
— ... B mem 10 OykB, 1 OHO TIOJTy4YaeTCs 3aUChIBAHIEM IISITh Pa3 MO CI0Ba ba.

(a) V Ilenureneii CoBepIiieHCTBA UMEETCsSI KOHETHOE KOJIMIECTBO CMBICTIOB.

(b) Hennrern CoBepriieHcTBa pa3roBapuBaioT 0 HEKOTOPOii rpyire. [aiite camu deTKyto
GOPMYJIMPOBKY 3TOr0 yTBep:K1eHusi!

3.4. (a) B asbike Asrebpauncros Takzxke deTbipe GYKBbI a,b,a”' u b~'. Henpuinunbie ciosa
HACTOJIBKO HENPWJIMYHBI, 9TO B 3TOM TEKCTe HEyMECTHO He TOJIbKO ONUCHLIBATH UX, HO JlarKe
OBOPHUTH, KOHETHO JIM MX 49ucjI0. Jlokaxkure, aro Arebparcrsbl pasroBapuBaioT 0 HEKOTOPOU
rpymre. /laiite camu deTkyio GhOpMyIMpPOBKY 3TOro yrBepxkIeHus! (dra rpyima MOKeT OKa-
3aThCsl GECKOHEUHO, JazKe eI HEMPUJINIHBIX CJI0B KOHETHOE YUCIIO. )

(b) Eciin B s13b1k Astre6pancToB J06aBUTh HOBbIE GYKBbI ¢ U ¢~ 1 HEKOTOPbIE HOBbLIE HEellpH-

JIMYHBIE CJIOBa, TO AJrebpancThl MO-IIPeXKHEMY OyIyT pasroBapuBaTh O HEKOTOPOM I'DYIIIIE.

3910 — IpUMEDP HeKPaAcu60t 3aJadn 1Mo MaTeMaTuke. [IoHATH ee ycjoBue CjioKHEe, YeM IPUJIYMATh Perre-
aue (monumas yciosue). OIHAKO HAM 3Ta 33Ja4a HyKHA, 9TOOBI Ha MPOCTEIeM IIpUMepe IOKA3aTh BAXKHYIO
KOHCTPYKITHIO.



4. TIOCJIE. 4-4g CEPU4.

HexkoTopsblie penienus.

1.8. (d) Ilycrs @ — smement nopsigka 3. Beinummem Bce seMenTbl rpyibl. Tereps Oyiem 1mo-
CTEIIEHHO 3a9ePKUBaTh UX CJIEAYIOMNM 00pa3oM: Ha KarKJIOM Iare BHIOMpPaeM ITPOU3BOJILHBIM
00pa30M He3auepPKHYTHIH 9IeMEHT 2 U 3auepKuBaeM 3 3JIeMeHTa T, xa, xa>. IIpu sToM HUKaKoii
9JIEMEHT MBI He 3adepKHEM OOJIbIe OJTHOTO pasa: JAeHCTBUTE/IBHO, MTPEJITOI0KUM, UTO, HAIIPH-
Mep, 3a9ePKUBAEMBbIil 3JIEMEHT Ta yzKe ObLT 3adepKHyT. Torna jmmbo xa = y, mmbo ra = ya, Jbo
ra = ya® 1719 HEKOTOPOTro paHee BLIOPAHHOTO 3jeMenTa . Ho Torma mmbo © = ya?, mbo © = y,
gmbo x = ya. Takum oOpasom, 3j1eMeHT = yxKe OblL1 3adepKHyT. llosrydenHnoe mpoTuBopedne
JIOKA3bIBAET, UTO Ha KasKJIOM Iare 3adepKUBaeTCs POBHO 3 HOBBIX 3jieMeHTa. B Komie OyayT
3aUEPKHYTHI BCE 3JIEMEHTBI. SHAYHUT, INCI0 JIEMEHTOB I'PYIIIbI JCIUTCA Ha 3.

(e) Teopema Jlazparoica. dns x € G pacemorpum mMuOxecTBo {m, 2 f, xf2, ... xfrd/~1}
[To ompeesiennto mopsijika yKa3aHHbBIE 9JIEMEHTHI PA3/JNIHbl. SHAYNAT, B 3TOM MHOXKecTBe ord f
snementos. Ecmu zf* = yf!, ro y = xf*!. TlosTomy 171e pasHBIX T STH MHOXKECTBa, JIMOO He
nepecekalTest, 6o coBnasaoT. 3uadunt, |G| genurest Ha ord f.

1.10. (a) O6o3Haunm Yepe3 p HOpsAJOK HeejauHuaHOro jementa f. Ecou p = 10, To rpynna
muksmaaa. [lycrs Teneps p < 10. Ilo Teopeme Jlarpanxka p € {5,2}. Ecau ectsb s1ement g no-
paaxa 10/p, 10 G = {fg,(fg)?, ..., (f9)'°}. Unaue ectb snement g € {f, f2,..., fP} nopsuka p.
Torna {f*g'}1.ez ectb noprpynna nopsyika p?. Ilporusopedne ¢ Teopemoit Jlarpanzxa.

1.11. Vkasanue. Ileperymepyem 3eMeHTHI MHOXKECTBaA Tak, 9TOObI f Ieperia B ¢. DTa mepe-
HyMepallus 3a/1aeT TpedyeMyio IepecTaHOBKY b.

2.3. (a) IlpeamookuM, 910 5TH MHOXKeCTBa Hepecekatorcsi. Torya CyIecTByoT Takue HaTy-
pasbhble uncaa 1 < k1 < 4, uto f* = ¢g'. Taxk xax HOJI(k,5) = 1, To cylecTByeT Takoe 1ejoe
qucio m, uro 5| km — 1. Torma f = f** = (f&)™ = (¢")™ = ¢"™. Orciona cieayer, 4To 311
MHOKECTBa COBIIAIAIOT.

(b) Pacemorpun 25 snementos fFg! nas 1 < k, 1 < 5. Tak Kax B rpymme Bcero 15 3/1eMeHTos,
to cymecteytor 1 < k,I,m,n < 5 takue, uro (k,l) # (m,n) u fFg' = fmg". lomnoxas na
f~™ cnesa u ma g~ cupasa, nosmygaem f¥" = g™l Tak Kax f m g — 37E€MEHTEI IOPAIKa 5, TO
muozxkectsa { f, f2, f3, f4} u {g, 9%, 9>, g*} nepecexatorcst. I3 (a) nosryvaem, 9To OHU COBIAJIAIOT.

2.5. (¢) Yrasanue. Pacemorpum ssement f # e. OGO3HAUNM YHCIIO CONPSIZKEHHBIX C HUM 3Jie-
MeHTOB ¢(f) (BMecTe ¢ cammm s1emenToM f). Pacemorpum MHOKECTBO

Z(f)={9€G: fg=gf}
. Uz (b) cnenyer, uro Z(f) = {e, f, f?}. Tenepw us roro, uro c(f) - |Z(f)| = |G| nonyuaem
c(f)=15/3 =5.
2.1. (a) Hosoe yxrasarue. VIckomasi rpylIiia siBJIS€TCs IPYIIIOH HEKOTOPBIX TIEPECTAHOBOK 49-3 16~

MEHTHOT'O MHOZKECTBa Z%. J71s1 onmcaHust TPYIIBI IPEJICTABAM €0 3JIEMEHTHI Kak mnapbl (z,y)
BBIYETOB 110 MOJLYJIIO 7. [Ij1s1 MH00BIX TeJIbIX HeOTPHUIATEIbHBIX k, [ olpeaennM mpeobpa3oBaHme

fra 2 23 — 72 dopmynoit  fri(x,y) = (2", 1z +y).

[IpoBepbTe, UTO

® TAKNX IIpeodpas3oBaHuit poBHO 21;

® OHU OOPA3YIOT I'PYIIILY;

® 5Ta IpyIiia He ABJISIeTCs ITUKJITIECKOil.
2.1. (b) Vxasanue. Bocobayiitech Tem, uto 2° = 33—1. [ J106BIX HEIBIX HEOTPUIATEIHHBIX
k,l onpenemum npeobpaszosanue fi; : Z3 — 73 dopmynoit fi.(x,y) = (4%z,lx + y).
3.3. Vkasarue. Ilporme Bcero mcnosibzoBath To, uTo lennuresm Cosepriercrsa sBisiioTcs AJi-
redpamcTamMu.

3.4. Vxasanue. ConocraBbre KazKJIIOMYy CMBICJTY Hp606pa30BaHI/Ie MHO2KeCTBa CMBICJIOB, OIIpeIe-
JIAEMOEC KaK <«IIPpUITUCbIBAHUEC JaHHOI'O CMBICJIa CJIEBa».



HoBbie 3agaun.
4.1. CyriecTByeT HEIUKIMIeCKas rpyiia n3 39 3,1eMeHTOB.

4.2. Tlycte G — rpynma u3 1001 snementa u f € G — {e}. Ilpeanonoxum, uro f conpsizken
TOJILKO C HEKOTOPbIME cBouMu crenensmu. Ilyers h & (f) == {f, f?,..., f", ... }. O6oznaunm
Yepe3 ¢ HAMMEHbIIee U3 eJIbIX TOJOKUTEIbHBIX 1, JJist KOTOPLIX h™ € (f).

(a) ¢ nenur ord h.

(b) Ecu h=Yfh = f* 10 h="fh"™ = f*".

(c) h"ifh=f.

(d) {fh, (fR)%, (fh)3, ..., (fh)4"} noarpymma B G.

4.3. Ilycts G — rpymnma u3 1001 s71emenTa, He sIBISIOMASICS THKTTIECKOT.

(a) Kazxplit s/1eMeHT COJEPIKUTCA B MAKCHMAJTLHON 10 BKJIFOUEHUIO TIOJIPYIIIe, He COBIa~
naromeit co Beeit G.

Takwue noarpynibsr OyaeM COKPAIEHHO HA3bIBATH MAKCUMAALHOMU NO02DYNNAMU.

(b) Kaxnas makcumaJibHast OATPYIIIA SIBIAETCS IIUKIMIECKOI.

4.4. HazoseM kommymamueusamopom rpyuibl G MHOXKECTBO
Z=7(G):={a€G : ga=ag asa moboro g € G}

TEX 9JIEMEHTOB, KOTOPbIe KOMMYTHDPYIOT co Beemu. (MblI HajeeMcst, 9TO UCHOJIB30BAHIE CI0BA
KOMMYMAMUGU3AMOP BMECTO OOIIEIPUHATOrO yenmp Gosee yI00HO /I HAYMHAIOIINX. )

(a) Haitoqure Z(S,) mursa kaxzgoro n = 2,3,4, ...

(b) KommyTaTuBH3aTOp rPYIIIBL SBJISETCS TOIPYIIION.

4.5. Ilycte G — rpymma u3 1001 syiementa, He siBistomasics muKndeckoit. [Iycts mopoxkiaro-
Uil 51eMeHT JII060H MAaKCUMAJBLHOM TIOAIPYIIbI COPSZKEH HE TOJBKO CO CBOUMMU CTEIIEHSIMU.
(a) JIrobast MakcuMasbHAsI TIOATPYIIIA COIEPKUT KOMMYTATHBH3ATOD.
(b) Beipasure uepes |F| u |Z| auciio 3/eMeHTOB, CONPSZKEHHBIX SJIeMEHTaM MaKCUMAaJIbHOIT
OArpy el F.

5. ITIOCJIE. 5-s1 CEPUSA

Vikaszanue x 3adave 1.4c. Takyio rpyuiy yaoOHO IPUAYMBIBATL KaK [IOAIPYIILY B IPYIIIE
nepectaHoBOK MHOXKecTBa {1,2,4,7,8 11,13, 14}

5.1. (a) g mo6bix rpymmsl G u sjiemenTta g € G MHOXKECTBO
N(g) = Na(g9) :={a € G : ga = ag" nna nexoroporo k}

SIBJIACTCS TOTPYIIIOI.
(b) Haitnure Ng,(g) mis kaxmoro g € Ss.
(¢) Hucesmo pasaudaHbIX MOATPYIII, CONPSKEHHBIX ¢ (g), paBHo |G|/|N(g)|-.

5.2. Ilycte G — rpynna u3 1001 semenTa, He sBIdOmasics MuKandeckoii. [Ipeamomoxum, 1ro
HOPOZK AT 9JIEMEHT JTH0O0H MaKCHMATBHON HOArPYIb (HAIIOMHIM, YTO TI0 YTBEPKICHUIO
sasaun 4.3b OHa IUKJIMYECKasi) CONPSIZKEH He TOJBKO CO CBOMMU CTEIeHSIMU.

(a) Tlepecevenue aBYX MaKCUMAJbHBIX HOAIPYII PABHO KOMMYTATHBU3ATODY.

(b) Yucsio pasiaudaHBIX HTOAIPYIIL, CONPSI?KEHHBIX ¢ MAKCHMAJIbHON MOArpymmnoit F, paBHO
1001/|F|.

(c) Js auncia F 9JIEMEHTOB, CONMPAKEHHBIX JIEMEHTaM MaKCHUMAJIbLHON MoArpynnsl F' u He
JIEZKAIUX B KOMMYTaTHBU3aTOPE, ClipaBe bl HepaBeHcTBa 500 < F <1000 — |Z].

Teopema o nepsoobpasrom kopre. [1jst 10060ro IpoCTOro p CyImiecTByeT YUcIo ¢, JIJist KOTO-
POro OCTaTKH OT JleJeHns Ha p ducen g, g%, g%, ..., g1 =1 mod p pazaudnbI.
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5.3. Jlokaszameavbcmeo meopemol 0 nepeoodpasHom kopHe. 31eCh JATHHCKIMI OYKBaMU 0003HA-
JalOTCs eJIble HeOTpUIaTe/IbHble dncia. [lycTh p mpocToe u a He JIeJUTCS Ha .
(a) p — 1 nemmrca na mammenbiee k > 0, aaa koroporo a* = 1 mod p.
YKazaHue: UCHosb3yiiTe Masyio Teopemy Pepma.
(b) st sr00BIX TIEJBIX N ¥ @ cpaBHeHue ' = a mod p umeer He GoJiee 1 PEIeHHit.
(c) Ecim p — 1 nenmtes na d, To cpasnenne x4 = 1 mod p umeer posHo d pemienuii.
(d) Jdokazkure Teopemy o mepBoOOpa3HOM KOpHe jyist p = 2 + 1.
(e) Jokazkure Teopemy O IEPBOOOPA3HOM KOpHE Jyist p = 2™ - 3" + 1.
(f) Hokaxkure TeopeMy 0 epBOOOGPA3HOM KOPHE JJIsT NPOU3B0ALHO20 TIPOCTOTO P.
(g)* Bepno s, a0 9mCiI0 3 ABISETCS TePBOOOPA3HBIM KOPHEM 10 MOJLYJIO JTFOOOT0 IIPOCTOTO

qncia Buga p = 2™ + 17

5.4. Jlna kakux n jaobas IpyIa U3 1 3JIEMEHTOB sIBJISeTCs KOMMYTaTHBHOI?

6. YKABAHU U PEIIEHUA, BBIJIJABAEMBIE ITOCJIE OKOHYATE/IbHOTO ®UHUIIIA

2.1c. Ilo Teopeme o 1epBOOOPA3HOM KOPHE CYIIECTBYET 3JIeMEHT a € Z, nopdajaka p. s moobix
IeJIBIX HEOTPUIATEIBHBIX K, | OIIpeiesinM peobpasoBaHue fi; : Zg — Zg dbopwmyoit fi(x,y) =
(a*x,lz + y). HerpyaHo mpoBepuTh, ITO

® TAKNX IIPeoOpPa30BaHNil POBHO Pg;

® OHU 0OPA3YIOT IPYIIILY;

® 5Ta I'PYIIA He SBJISIeTCS MUKJIMIECKOM.

3.1. Vxaszanue. llonoxkum Homep cmuvicaa JTAHHOTO CJIOBA PABHBIM PA3HOCTH MEYKIY HUHUCJIOM
OYKB @ 1 @~ B 9TOM CJIOBE 110 MOJIYJIIO 8.

3.2. Vxaszanue. bueknus MeKy CMBICTIAMUI U JIBIKEHUSIMU TPABUILHOTO ITATUYTOJIBHUKA CTPO-
UTCs CJACYIOMUM 00pa3oM: OyKBe @ MOCTABUM B COOTBETCTBHUE TIOBOPOT Ha 72° MPOTUB YaCOBOM
CTPEJIKU C TIEHTPOM B IEHTPE NATUYTOJbHUKA. DykBe b 1OCTaBUM B COOTBETCTBUE TaKOe OTpa-
JKeHHe, 9TO BhIIoHseTes a0boaob™! = id; cmbicay coBa 6yIeT COOTBETCTBOBATL KOMIIOZHITHS
JIBUZKEHUI, COOTBETCTBYIOIINX €r0 OYKBAM.

3.3b. Ilepsoe pewenue. Cremyer us 3amadn 3.4a.

3.3b. Bmopoe pewenrue. Ilerurenun CoBepllieHCTBa pa3roBapuBaiOT O I'PYIIIE BCEX TaKUX IIe-
PECTaHOBOK BEPIIUH ITPABUJIBHOIO MKOCAIPa, KOTOPbIE TIOJyUYeHbl U3 BPAIEHU TPeXMEPHOTO
IIPOCTPAHCTBA, MEPEBOISIIIX NKOCa3ap B cebsa. To ectb o rpymme As.

4.2. (b) YrBepK/eHue J0KA3bIBACTCA NHYKIHEIT 110 Nn.

5.3. Vrasanusa. (b) Hdokaxkem Gosiee obiee yTBEPKICHUE: MHO20UACH CIMENEHY TL HE MOAHCEM,
umems boaee n Koprel 6 muostcecmae L/ pZ 6viemos no modyaio p (6 Komopom uMernmcs one-
PAYUL CAOAHCENUA U YMHONCEHUA N0 MOOYAI0 P). 31€CH MHOTOWICHOM HA3bIBAETCsT OECKOHEUHBII

YIOPSIZIOUeHHBI HAOOD (dg, . . ., Ay, . . . ) BEIYETOB [0 MOJLYJIIO P, B KOTOPOM JIUIIb KOHEYHOE THC-
JIO 9JIEMEHTOB OTJIHYHO OT HyJ/1s1. OGBIMHO MHOIOUJIEH 3allUChIBACTCA B BUJIE g+ a2+ . . .+ apzh
(ecaut agy1 = agyo = ... = 0). Dra 3amuce gaer orobpaxenue Z/pZ — Z/pZ. Bynbre ocro-

POXKHBI: PA3HBIM MHOI'OYJIEHAM MOXKET COOTBETCTBOBATH OJIHO M TO Ke oToOpakeHue. Koprem
MHOTOUJICHA (o + 1% + . .. + a;z" HasbIBaeTca Takoil BHIUET T II0 MOJLYJIIO P, UTO BHIIOJIHEHO

a0+a1xo+...+akx§:0.

I[Iycrs muorowren P(x) crenenn n uMmeer B Z, Pa3IUTHble KOPHU I1,. .., Ty, Tnt1. 1Ipes-
CTaBbTE €0 B BUJIE

Px)=by(x —x1)...(x —xp) + bp1(x —21) ... (x — 2py) + ... + b1(x — 21) + by
(Cunmepnoasyua Hviomona’). TlocaenoBarensro nojcrasiss B cpasaenne P(z) = 0 mod p
BBIYETBI X1, ..., Ly, Tni1, HOTyInM by = by = --- =b,_1 = b, = 0 mod p.

To ke camoe pemenue MOXKHO 3anucarh u Tak. [Iycrs P — muorowten. Torma P — P(a) =
(x — a)@ s mekoToporo MuorowieHa () crenenn Menbiie deg P. [lostomy ecan P(a) = 0, To
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P = (z — a)Q nua mexkoroporo muorodneHa () crenenu menbine deg P. Teneps TpeGyemoe B
3a/1a7€e YTBEPIKICHNe JI0KA3bIBA€TCS WHIYKIINEH IO CTeIleHr MHOTOYIeHa P ¢ ncrob30BanneM
MPOCTOTHI YUCJIA, P.

(c) Iepeoe yxaszanue. Bamerbre, uTo MHOroujeH rP~1 — 1 umeer posHo p — 1 KOpeHb B
MHoxkecTBe Z/pZ u pemurca Ha ¢ — 1. JlokaxKuTe, 4TO ec/ld MHOIOYJIEH CTelleHH @ MMeeT
POBHO @ KOpHEHl U JIeJINTCS Ha MHOI'OYJIEH CTeleHu b, TO 3TOT MHOI'OWJIEH CTeleHu b mmeer
poBHO b KOpHEIA.

(c) Bmopoe yxazanue. Ecim p = kd, To nyst moboro a cpasuenue y* = a mod p umeer He
bostee k perreHnmii.

(d) Ecsin mepBoobGpasHoro KopHst HeT, TO 10 (a) cpaBHEHHE T
2m > 2m=1 pemmenuit.

(e,f) Anasormuano (d).

2" =1 mod p umeer p— 1 =

5.4. Vrasanue. Bee rpymibl mopsgiaka n adejaeBbl TOrJa U TOJHKO TOIJIA, KOIJIa B PA3JIOXKEHUN
k
qMcJIa N HA IPOCThIE COMHOXKHATEIN 1 = p'fl )
k;
e p; me jesur p;’ — 1.
JlokasbIBaeTCcst 3TO IPUMEPHO TaK »Ke, HO B ciiydae 1 Ha 0 BOCIOJIb30BATHCA TEM, UTO J00as
KOHeUHas abejieBa I'PYIIIa PACKIaIbIBACTCA B MIPAMOE IPOU3BEICHNE ITUKINIECKIX TOAIPYIII.

Ocmanvrvie 360a4U MPUBUAALHYL UAU NOKPBLEAIOMCA npuaazaemoim mexemom [BKS].
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KOI'TA JIFOBAS TPYIIIIA U3 N 3JIEMEHTOB IINKJIMYECKA? !

B. Bparun, Aut. Kinsgyko u A. CKolleHKOB

B sroit 3aMeTKe TPUBOINUTCS IPOCTOE JOKA3ATETHCTBO U3BECTHOTO haKTa: JTI00ast TPYIINa U3 1, SJIEMEH-
TOB SIBJISIETCS IUKJIMYECKON TOIJIa M TOJILKO TOIJIA, KOIJIa N B3aUMHO IPOCTO ¢ ¢(n). 3amerka JOCTyIIHA
IMKOJIbHUKAM: JIJIsl [IOHUMAaHUsS He TpebyeTcst 3HaHUU 1o Teopuu rpymnn. OHa MOXKeT OBITh TaK»Ke HHTe-
PECHBIM ‘JIETKHUM YTeHueM st TPodecCHOHATIbHBIX MATEMATUKOB.

Bsepnenune

Haszosem epynnoti menycroe cemeiicrso GG npeobpasoBanuii (T.e. MEpecTaHOBOK) HEKOTOPOIO
MHOXKECTBA, 3aMKHYTO€ OTHOCHTEJbHO KOMIIOZUIMKA M B3ATUsI 0OpATHOrO mnpeobpasoBanus (T.e.
ecmn f,g € G, 10 foge Gu f~! € G). Obmenpunsaroe nazpanue: rpyina npeodbpazosanuii. Cp.
[A, cTp. 49, KomMMmenTapuUil K 3ama9e 5.

Eciu B xoneunoit rpymme G HaiijieTcs npeoOpa3oBaHme ¢, U3 BCEX BO3MOXKHBIX CTEIeHel KOTO-
poro cocrout G (r.e. G ={g,9* ...,g" ...}), To rpynua G Ha3bIBACTCSA UUKAUUECKOL.

MpbI jToKazKeM CJIEIYIONIYI0 TEeOPEMY.

Teopema (donbkiop). Jobas 2pynna u3 n 4eMEHMOE ABAACMCA YUKAUNECKOT Mo20a U
moAbKo moezda, K020a n 83aUMHO NPOcmo ¢ G(n).

31ech ¢(n) — KOJIMIECTBO TEBIX 9ucest OT 1 10 n, B3aUMHO OPOCTHIX ¢ 1 (DyHKIws Dilaepa).

Bamernm, 9TO YCJIOBHE B3aUMHON TPOCTOTHI N 1 ¢(N) PABHOCHIBLHO TOMY, UTO B PA3JI0KEHUN
YHUC/Ia N HA TPOCTHIE COMHOKUTENN 1 = D1 . .. Py

(*) BCe p; pasudHBL U

(**) p; e memur p; — 1 HU JJIs KAKUX § U j.

[t moHMMaHus TIoKa3aTeIbCTBa He TpedyeTcs HUKAKUX 3HaHWii 1o Teopun rpymi. Hebosibimoe
KOJINYECTBO HEOOXOJMMBIX MOHATUI BBOJATCS B IPOIECCE JOKA3aTEIbCTBA. B 9acTHOCTH, HAIle
JIOKA3aTebCTBO HEe MPUBJIEKAET (SBHO WJIM HESIBHO) HOHATHs (DAKTOPIPYIIIBI, B OTIHIIE OT Ooree
TPaJIMIMOHHBIX JI0KA3aTeIbCTB (M., Harpumep, |B]). Uxes npusognmoro gokaszareabersa 6mu3Ka
K [777]. Kak nmpugymars npusoumoe JoKazaTenseTso, Buano n3 [BKKSS].

JlokazaTebCTBO YaCTU «TOJIBKO TOT/a»
Eciin mapyiaercs BbllenpuBeieHHoe yeiaosue (*), manpumep, py = ps = p, TO B KayecTBe
HEIUKJITIECKON I'PYIIILI U3 N 3JIEMEHTOB MOXKHO B3ATh TPYIIILY
7 i n \k s _ n
{(1,2,...,p) p+1,p+2,...,2p) (2p+ 1,2p+2,...,2p+1¢) li,7=1,...,p, k= 1,...,;}.
Ecyin mapymaercst BoienpuBeienHoe yeiaosue (%) manpumep, p; geaut py — 1, T0 110 TEOpeme
0 MEPBOOOPA3HOM KODHE CYIIECTBYET 3JEeMEeHT a € Z,,, Il KOTOPOro CTenenn a,a’, ..., aPt = 1
pazimaabl. O6o3HauMM depe3 G, ,, TPYIILY IIpeodpa3oBanuil fi; Z}%Q — Z]%Q, 3aJlaHHBIX (POpMYy-
noit fri(z,y) :== (d*z,lx +y) na k € Z,, ul € Z,,. * Torja B KauecTBe HENMUKIUIECKOil (1azKe
HEKOMMYTATUBHOMN) IPYIIBI U3 7 9JIEMEHTOB MOXKHO B3STh IDYIIITY
J -
) |f€GP17p27]_1a27"'7_}' QED

{fo(1,2,...,
P1p2 P1p2

Jloka3aTeJbCTBO YacCTU «TOT/IAa».

Yepes | X| obozHauaeTcst 9uc/o sjaeMenToB B MHOKecTBe X . OO03HAUNM JIAHHYIO IPYIIITY depe3
G. Ucnonp3yeM MHIAYKIUIO 110 YUCJIY TPOCTHIX comHOX)uTeneii B n = |G|. Ecin comuoxuresn
OJINH, TO JaCTh «TOTJ/Ia» BBITEKAET U3 CIeIyIOIell TeopeMbl Jlarpamxa.

ITopsiakom ord a 3yieMeHTa @ TPYIIBI ¢ €IUHUIHBIM 9JIEMEHTOM € Ha3bIBAeTCsS HanMEHBIIee
1eJI0€e TOJIOKATEIbHOE N, JJIsi KoToporo a’ = e. Ecim rpymnma KoHedHa, TO SICHO, 9TO TaKOe N
CYIIIECTBYET.

n n

LlO6roBNIEMAST BEpCHUs TOJIJIep:KUBAaETC Ha Www.arxiv.org. Biraromapum K. Koxacs 3a mosie3nbie 3aMevaHus.
k
a® 1
2Haymo roropst, Gy, p, = {(0 1) € 72X ‘ ke, €L, }

1



Teopema Jlarpamxka (94acTHblil ciayd4ait). Jucio ssemenmos KonewHotl epynnvl deaumcs
Ha NopAdokK A100020 €€ IneMEHMA.

Jloxasamenvcmeo. O6o3nauuM jlannyto rpymiy depe3 G. s jmoboro x € G paccMOTPUM MHO-
xecerso {z, xf,xf?, ... xf4 "1} Tlo onpesenenuio nopsaka yKazaHHbIe 3JIEMEHTBI Pa3/IMUHbL.
Bnaunt, B 3ToM MuOKecTse ord f amementos. Ecm xf* = yf!, To y = xf*!. llosTomy misa pas-
HBIX I 9TH MHOXKeCTBa JIHOO He Iepecekarorcs, jmbo copnajaor. 3uadnt, |G| gemmres wa ord f.

QED

[Tycrb Tenepb npocThix comuoXkuTesel B n = |G| Gosbine ogHoro. Ham monaobures cieyro-
mas obIast Bepcus TeopeMbl Jlarpanxa.

Iloarpynmnoii rpyIibl HA3BIBAETCA MOJAMHOYKECTBO 9TOM T'PYIIIILI, KOTOPOE CaMo 10 cebe sSIBJIfA-
€TCsd I'PYIIION.

Teopema Jlarpanxka. Yucao ssemenmos Konewnot epynnot 0eAUMCA HG YUCAO IAEMEHNOE
A10000 ee nodepynno.

Jlokasamenvcmeo. O6ozHaunm Jannyio rpymmy depe3 G, a ee noarpyniy depes {hy, ..., oy}
s moboro x € G pacemorpum MHOXKeCTBO {xhy, xhe, ..., Th,}. B sTom muoxectse |H| ame-
MenToB. Eciu xhy = yh;, o y = xhkhl_l. [TosToMy It PasHBIX T 9TH MHOXKECTBa JINOO He
riepecekaiTest, 6o coBnasanT. 3uadunt, |G| genures va m. QED

MaxkcumabHOI NOATrPYNIION HA30BEM MAKCUMAJBHYIO 110 BKJIIOUYEHUIO IOATPYIILY, HE COB-
[IaIAIONIYI0 CO BCEll I'PYIIION U cozepKaliyio 6osee ojHoro sjneMenTa. [lo mpemmosoxkenuio nu-
JyKIK U Teopeme Jlarpamnxka xascoas MaKCuMasvnas nodepynna ABAAEMCA UUKAUYECKOT.

s snemenra f rpynnst G obosnadnm depes (f) C G MHOXKECTBO BCEX €ro CTereHeil (B T.4.
HYJIEBBIX U OTPUIATETHHbIX ). DJIeMeHT f Ha3bIBAETCs TOPOXKAAIOIINM J1Jist ([[UKIHIECKON ) 10/~
rpymmsl {f).

[Ipemooxkum poTuBHOE, T.e. 4TO rpynna GG He sABjsgeTcs MuKmdeckoit. Torma xaorcdvit sne-
menm [ codepotcumen 6 nexkomopots Makcumasvbrot nodzpynne (B MAKCHMAJIBHOMN 10 BKJIIOYEHIIO
noArpyIie, cojepzkarieii (f)).

Dnementsl f u g rpymnsl G Ha3bIBaOTCH cONpsaXKeHHbIMU B G, ecmn g = b~ ! fb n1a HekoTo-
poro b € G.

IlepBslii cay4aii: noposrcdarowuti snemenm f HEKOMopot MaKCUMANHOT NOJZPYNNYL CONPA-
oHCEN MOABLKO € HEKOOPLMU ceouMmu cmenenamu. Bosemem h € G — (f). Torma h'dh € (f).
O603HaUNM Yepe3 ¢ HAMMEHbIIeE U3 TEJIbIX MOJIOKUTEIbHBIX 1, JijIdg KOTOpbix h™ € (f). BozbMmem
k € 7Z, nnz xoroporo h™t fh = f*. Tax xax h? € (f), To f = h™2fh? = f* (nocnennee paBeHCTBO
JoKasbiBaercs uHyKiweil o q). [losromy k7 =1 mod ord f.

[To ycnouo (*) u Teopeme Jlarpamxka ord f sBiiseTcst MPOU3BEICHUEM Py . . .Ds PABIUIHBIX
npocteix. Torma k7 =1 mod p; ayist moboro ¢ = 1,2, ..., s. Tak kak |G| memurcs va ord h u ord h
JeJTUTCS HA ¢, TO 10 yCIOBHIO (*) ¢ sIBJIsieTCs MPOU3Be/IeHIeM PasInIHbIX TPOCTHIX. 1o yemoBuio
(**) HE OHO U3 ITHUX NPOCTBIX P; He JAenT HuKakoe p; — 1. Crre1oBaTesIbHO, ¢ B3AMMHO IPOCTO C
KaxkbM p; — 1. Tloaromy cyiecTByIoT 1ieble © = x; U y = y;, g Kotopbix qr + (p; — 1)y = 1.
Buaunt, k = k®+t®—1Y =1 mod p; aust moGoro i = 1,2, ..., s. [lostomy k =1 mod ord f, Te.
fh=nhf.

Torna B G ecrb noarpynma {fhi |1 <i<ordf, 1 <j < q} us qord f snementos. 3Haunr,
o yenoeuo (*¥) u Teopeme Jlarpanxa ord f u ¢ Bzammuo npoctel. Tak kak (fh)! = fih? s
soboro j, To ord(fh) memurcst wa g u Ha ord f. ITosromy ord(fh) = qord f. Tak kax moArpymma
(f) makcumasibna, To (fh) = G. 3naunt, G nukinaeckas. IIporusopeune.

Bropoii cay4aii: nopostcdarowsuti asemenm a1000U MAKCUMANOHOT NOODYNNDL CONPAHCEH HE
MOALKO CO CE0UMU CMENEHAMU.

IIpousBegennemM aByX MOAMHOXKeCTB X 1 Y rpynnbl (G HA3bIBAIOT MHOYKECTBO BCEBO3MOXK-
HBIX IpousBejaeHuit ry, rae x € X u y € Y. Eciau o110 U3 9THX MOJIMHOYKECTB COCTOUT TOJBKO U3
ojiHOrO 3jieMenTa, Hanpumep, Y = {y}, To muga kparkocru numyr Xy smecro X {y}.



(1) Jhobas makcumanvras nodepynna F codeporcum neHTp
Z=7(G):={ae G : ga=ag nua moboro g € G},
m.€. MHONCECTNBO MEX INEMEHMOB, KOMOPHLE KOMMYMUPYIOM CO BCEMU.

Jlokasameavcmeso ymeeporcdenus (1). Unave F'Z — Gosibiiast KOMMYyTaTHBHASI HOArpya. Beu-
iy Makcumasbnoctu F' umeem F'Z = G. [IporuBopeune ¢ ycaoBuem Broporo ciydas. QED

(2) Iepeceuenue 08Yr MAKCUMAALHHIT NOZDYNN PAGHO UEHMPY.

Joxazamenvcmeo ymeepoicdenus (2). HeeTMHUYIHBL 9JICMEHT B IIEpECEICHNN KOMMYTHPYET C
9JIeMeHTaM# O0OOUX HOJTPYII. 3HAYUT, OH KOMMYTHDYET C JIIOOBIM IIPOU3BE/IEHIEM HECKOJBKUX
COMHOXKNTEIeN, KasKIblif N3 KOTOPBIX JIEZKUT B OJHON M3 HAIMUX MOArpyHn. MHOXKeCTBO TaKHX
IPOM3BE/ICHAN ABJIAeTCA MOArPyHINoil. B cnily MakCcMMaIbHOCTH HAIIUX IIOATPYII 3Ta HOATPYIIIA
COBHA/IAET CO BCell IpyNIoi. JHAUNT, IIepeceueHne COJAEPKUTCS B IEHTPE.

U3 (1) Berrekaer obparnoe Bkiodenue. QED

(3) Jas m0601i makcumanvrot nodepynno, F wucao pasauunvix nodzpynn, conpagcenrox ¢ F
(exmonan F ), pasno |G|/|F)|.

Loxasameavcmeo ymeeporcdenus (3). PaccMorpum MHOKECTBO
N(F):={aeG : Fa=aF}.

HerpynHo nposeputs, uro N (F) sBisiercst noarpymmoii. [o ycaosuto Broporo ciaydas N(F) # G.
Tak kak N(F') D F, o B cuity makcumanbuoctn N (F) = F.

ConpsizkeHne KazKJIbIM 3JIEMEHTOM TPYNIbl G IIepeBOIUT MOATPYIILY F B OJHY U3 CONPIZKEHHBIX
noarpyuir. Ecim conpszkenue AByMsl pa3HbIMU 3JIEMEHTAMHE U, U IPYIIILI G IIEPEBOIUT TOAIPYIIILY
F B ogny u Ty Xe moarpyuny, T.e. u Fu = v 1Fv, To Fuv™' = ww 'F. Dro o3nagaer, 4TO
uwv™t € N(F) = F uu, uro To ke camoe, u € Fv. O6parno, yciosue u € Fv Bieder u ' Fu =
v Fw.

dAcno, uro |Fv| = |F|. [losromy unciio smemenToB B (G, CONpsizKEHNE ¢ KOTOPBIMU TI€PEBOJIUT
noarpymiy F' B nanHyo (bUKCHPOBAHHYIO CONPSIZKEHHYIO TOJrPYILy, paBHO |F|. 3HaunT, qucsio
HOJIPYIII, CONpsizKeHHBIX K F', poBHO B |F'| pa3 menbine, yem |G|. QED

(4) Obosnawum wepes F wucao anemenmos, ConpafcenHbir INEMEHMAM MAKCUMANLHOT NO0-
epynnot ' u ne aesicawur 6 uenmpe. Tozda |G|/2 < F < |G| — |Z|.

Jlokasameavcmeso ymeeporcdenus (4). llonrpymma, conpsizkeHHast K MAKCUMAJIBHOMN, TAKIKe MaK-
cumasbha. ([eitcteuresnno, ecmu g ' Fg C F' C G, o F C gF'g7' C G.)

Tlosromy u Beuy (3) F = (|F| — \Z|)@ = |G (1 - @).

| 7] 7]

Tak xax |G| > |F|, o F < |G| — |Z|.

[To ycmoButo Broporo ciaydas Z # F. Ilo (1) u teopeme Jlarpanxa |Z| memur |F|. Tlosromy
F>|Gl|/2

3asepwerue pazbopa 6mopozo cayuas: nodcuem. Ilycts Fy, ..., Fy — wanbosbiiuit nabop mo-
[APHO HECOIPSZKEHHBIX MAKCHMAaJIbHBIX MOArpyIil. HamoMHuM, 9T0 JI0OOI 3/IEeMEHT I'PYIIIbI CO-
AECPIKHUTCS B HEKOTOPOil MAKCHMAJIBHOM HOArpyIe. SHAUUT, OH COUPSIZKEH HEKOTOPOMY 9JIEMEHTY
B nekoropoit noarpynne F;. Torma sBuny (2) |G| = |Z| + ), Fi. Beuay 7neBoro nepasencrsa
B (4) 4mMCyI0 claraeMbIX He TIPEBOCXOJUT €JIUMHUILI. BBUY mpaBoro HepaseHcTBa B (4) OIHOTO
cJlaraeMoro Toxe ObITh He MoxkeT. QED
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WHEN ARE ALL GROUPS OF ORDER N CYCLIC?

D. Baranov, A. Klyachko, K. Kokhas, A. Skopenkov and M. Skopenkov

A group is a nonempty set of transformations (= permutations or rearrangements of elements)
of some set such that it is closed with respect to compositions of transformations and taking
the inverse transformation. (i.e., if f, g € G then fog € G and f~! € G). We say that a group
G is cyclic, if there exists a transformation g € G such that G = {g,¢% ...,9",... }.

This set of problems is devoted to the following intriguing question:

For which n an arbitrary group of n permutations is cyclic?

Examples of (finite) groups.

(1) The group S, of all permutations of a n-element set. It is called a symmetric group.

(2) The group {id, (13)(24), (1234), (1432)} of transformations of a set consisting of 4 elements.

(3) Consider a square on the plane and all the transformations of the plane that map the
square onto itself. These are the identity transformation, 3 rotations and 4 symmetries; 8
transformations in all. Let the group consist of 8 permutations of the set of vertices of the
square induced by these 8 transformations.

/2

symmetries .
|_— rotations

27/3
Figure: transformations of a square and a cube.

(4) Consider a cube in the 3-dimensional space and all the rotations of the space mapping
the cube onto itself.
(a) Consider the group of all permutations of the set of vertices of the cube induced by
these rotations.
(b) Consider the group of all permutations of the set of edge midpoints of the cube induced
by these rotations.

Figure: the graph K33

(5) The group of all permutations of the 6-element set of vertices of the graph K3 which

are isomorphisms of the graph.
1



¢ /// \\\\ fi101(a)
a ] (1,1) (0,1) \\A
I (0,1) e~ T @0 fi101(d)
0.9 T T /7=~ (10)
‘ A (1,0) ///' (0,0) fi101(c)
’ N T frio01(f)
! / f1101(b) frio1(e)

: T : .72 2
Figure: linear transformation fi101 : Z5 — Z;

(6) Consider the set Z2 = {(0,0),(0,1),(1,0),(1,1)} of ordered pairs of residues modulo 2.
For any 4 residues a, b, ¢, d consider a transformation fupeq : Z% — Z% defined by the formula
favea(x,y) = (ax 4 by, cx + dy). The set of invertible transformations of this form is a group.

General remarks. If the condition of the problem consists of a single statement, you have
to prove this statement. If the problem looks like too difficult, try to solve the neighboring
problems, they can contain hints.

Star-mining. A team gets a star for each correct (> +.) written solution. Jury may also
award stars for elegant solutions, for solutions of difficult problems and for (some) solutions
written in TEX. The jury has infinite number of stars. A team may present the solution orally
paying 1 star for each attempt.

BEFORE. 1ST SERIES

1.1. (a) A combination lock can be opened by a 9-digit combination. It happens that if two
combinations A and B = byby...bg open the lock (A = B is allowed), then the combination
obtained from A by replacing its every digit &k (simultaneously for all k) with the digit by opens
the lock too. It is known that the lock can be opened by the combination 856291473 and the
combinations obtained by (multiple) applying the above rule only. How many combinations
open the lock?

(b) The same question for the following rule. If the combination A opens the lock and B
is an arbitrary combination (A = B is allowed), then the combination obtained from A by
replacing (simultaneously for each k) the digit in the combination A that equals the number of
the position of the digit £ in combination B with b.

1.2. (a) Prove that the set in the example 6 is indeed a group.
(b) What groups in the examples above are cyclic?
(c) Every group contains the identity transformation. It is called unity and is denoted by e.

1.3. (a) Construct a group that contains two permutations a and b such that ab = b~1a.

(b) The alphabet of Ababa tribe consists of two letters «a» and «b». No word change the
sense if we insert or delete at any place in this word the fragments «aab» or «bbas. 4 words of
Ababa language are scratched on the rock. Prove that two of them have the same sense.

1.4. (a) Construct a group of 17 permutations numbered by numbers 0, 1, ..., 16, such that
the number of composition of any two permutations equals the sum of the numbers of these
permutations modulo 17.

(b) Construct a group of 16 permutations numbered by numbers 1, 2, ..., 16, such that the
number of composition of any two permutations equals the product of the numbers of these
permutations modulo 17.
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(c) Does there exist a group of 8 permutations, that can be numbered by numbers 1, 2, 4, 7,
8, 11, 13, 14 so that the number of composition of any two permutations equals the product of
the numbers of these permutations modulo 157

1.5. Determine for the following values of n whether every group of n permutations is cyclic.
(7) 1,2,34,56,7, (88 (9)9; (10) 10; (12)12; (15) 15; (21) 21; (1001) 1001.

Denote by |X| the number of elements in the set X. The group G is called
commutative if xy = yx for each z, y € G. The order of an element a € G is
the minimal positive integer n such that ™ = e (where e is the identity). If the
order exists then it is denoted by ord a.

1.6. (a) Fermat-Euler theorem. If G is a commutative group, e is its unity, then a/®l = e for
each a € G.

(b) Every cyclic group is commutative.

(c) Is the opposite statement true?

1.7. If the number of elements of a group is prime then the group is cyclic.

1.8. (a) Find the order of each element in the group S;.

(b) The order is well-defined for each element of a finite group.

(c) If a group contains an element of order 2 then the number of elements in the group is
even.

(d) If a group contains an element of order 3 then the number of elements in the group is
divisible by 3.

(e) Lagrange theorem. The number of elements of a finite group is divisible by the order of
every its element.

(f) If the number of elements in G is even then G contains an element of order 2.

1.9. (a) If n > 2 is even then there exists a noncyclic group of n permutations.
(b) If n is divisible by the square of a prime number then there exists a noncyclic group of
n permutations.

1.10. (a) Each commutative group of 10 elements is cyclic.
(b) The same is true for each 21-element group.
(c) The same is true for each 1001-element group.
(d) For which n every commutative group of n elements is Cyclic?

OROROX

Figure: a permutation of type (1,2, 3, 4

1.11. If a permutation of a (ny+...+mny)-element set is a composition of nonintersecting cycles
of order ny, ..., ng, we call it a permutation of type (ny, ..., ng).

(a) Prove that any two permutations f and g of the same type are conjugate in the group
S, that means that g = b~ fb for a suitable permutation b € S,,.

(b) Prove the opposite statement.

(c) The conjugate permutations have the same orders.

1.12. Let GG be a group of 15 elements.
(a) G contains an element of order 3.
*(b) Each element of order 5 in G can be conjugate with its powers only.

2. BEFORE. 2ND SERIES.
Solution of Problem 1.2. feG = fleG = [ffl=ced.



Solution of Problem 1.5-7 for n = 3. Assume the converse: there is a noncyclic group G
consisting of 3 permutations. Denote by a one of the permutations distinct from the identity.
If a® # e then the permutations a, a?, a® are distinct and hence the group G is cyclic. If a®> = ¢
then take a permutation b € G distinct from e and a. Then the permutation ab is distinct from
e,a,b. (Indeed, obviously ab # a and ab # b. If ab = e then b = a?b = a, a contradiction.) This

contradiction proves the problem.

Solution of Problem 1.5-10. Answer: the group is not necessarily cyclic.

Consider a regular pentagon in the plane and all the isometries of the plane that map
the pentagon onto itself. These motions are the identity, 4 rotations and 5 symmetries, 10
transformations at all. Consider permutations of the vertices of the pentagon under these
transformations. These 10 permutations form a noncyclic group, and for any two symmetries s
and ¢t we have st # ts. That means that the group is noncyclic, because if s = ¢¥ and t = ¢!
for some g, then st = ts = grt!.

1 5 1 1
Ty ey
4 3 3 2 4 3 3 4
Figure: transformations of a regular 5-gon

Another solution of Problem 1.5-10. (It can be useful for solving Problem 2.1.) Let r be a
rotation by 27/5 of the regular pentagon, s be a symmetry (see fig. 2). Then r° = ¢ = s and
sr = r~'s. Consider 10 transformations r*s', k =0, 1, 2, 3, 4 and [ = 0, 1. Due to the relation
sr = r~1's one can obtain that this set of transformations is a group. (This step is the main
difference with the previous solution. We check that the set is a group algebraically but not
geometrically. Therefore we can use the similar ideas when the objects have no geometrical
interpretations.) The same relation allows to establish that the group is noncyclic.

2.1. (a) There exists a noncyclic group of 21 elements.

(b) There exists a noncyclic group of 55 elements.

(c) If p and ¢ are primes and g — 1 is divisible by p, then there exists a noncyclic group of pq
elements.

Hint to the problem 2.1a. Choose the relations for elements r and s that provide the set 7*s!, k,l € Z to be a
noncyclic group of 21 element, then construct the suitable permutations.

A subgroup of the group G is a subset of GG that is a group itself.

2.2. (a) Can a commutative group of 10 elements contain two elements of order 27 (This is a
hint to the problem 1.10a.)

(b) Lagrange theorem. The number of elements of a finite group is divisible by the number
of elements of any its subgrouop.

2.3. (Hint to the problem 1.12b.) Let G be a group of 15 elements and f, g € G be its elements
of order 5.

(a) The sets {f, f2, f3, f*} and {g, g% ¢°, g} either coincide or do not intersect.

(b) One of the elements f, g is a power of the other.

2.4. Let G be a group of 15 elements, f € G be an element of order 5, b € G, b= fb = f™ and
k€ Z, k>0.Then b=' fkb = fkm and b=* foF = fm".

2.5. Let G be a group of 15 elements such that all its elements (except the unity) have order

3. Let f, g € G\ {e}.
(a) The sets {f, f?} and {g, g*} either coincide or do not intersect.
(b) If {f, f?} # {g,¢°}, then fg # gf.
(c) Every f € G, f # e, has exactly 4 conjugate elements.
(d) This group does not exist.
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2.6. (a) If the number of elements of G equals pg, where p and ¢ are primes, p < ¢ and ¢ — 1
is not divisible by p, then the group is cyclic.

(b) Let G be a group of 1001 elements and f € G\ {e} is an element that is conjugate with
its powers only. Prove that G is cyclic.

3. BEFORE. SERIES 3

These funny problems in an abstract way describe the idea that was given in the hint to
Problem 2.1a. Formally we do not need them for our main goal.

3.1. ! There are two letters in Cyclists’ language: a and a~!. They are called opposite.

A Word in Cyclists’ and other considered languages is defined as an ordered collection of
letters; in particular, there is an empty word — word with no letters (silence haves a sense).

The word that consists of eight letters a is indecent. The word that consists of two opposite
letters is named stumble.

In Cyclists” and other languages that we consider sense of a word does not change after

e inserting an indecent word or a stumble or

e deleting an indecent word or a stumble.

(Scientifically, sense is equivalence class of words with respect to inserting and deleting
indecent words and stumbles operations.)

For example, words aaaa™'a and aaa are different but have the same sense.

(a) There are only 8 senses in Cyclists’ language.

(b) Cyclists speak about residue classes modulo 8. In other words, the set of all senses with
operation of concatenation is isomorphic to the set of all residue classes modulo 8 with sum
operation.

Exact wording of this statement is as follows. We may concatenate words: X and Y gives
XY. (For example, aa and aa™'a gives aaaa'a.) The operation of concatenation of words sets
operation of concatenation of senses. So, there is a correspondence between residue classes to
senses such that residue class of XY is the sum of residue classes of words X and Y.

3.2. In order to provide secrecy the Pentagon’s workers created a language. There are four
letters a,b,a~" and b~!. Letters a and a~' are called opposite. Letters b and b~! are opposite
too. Five a letters or two b letters form an indecent word. ... is an indecent word too. It consists
of 4 letters, first three letters are first three letters of abab and last three letters of this word
are last three letters of a~'bbab~'.

(a) The Pentagon’s workers language has 10 senses.

(b) They speak about isometries of regular Pentagon. Give an exact wording of this statement.

3.3. Connoisseurs’ of Perfection language has 4 letters a,b,a™! and b~'. Three a letters or
two letters b form an indecent word. ... is an indecent word too. It has 10 letters and it is a
concatenation of 5 copies of ba.

(a) Connoisseurs’ of Perfection language has a finite number of senses.

(b) Connoisseurs of Perfection speak about a group. Give an exact wording of this statement.

3.4. (a) In Algebraists’ language there are 4 letters a,b,a™ and b~'. We will not describe
indecent words or even tell if there is a finite number of indecent words or not because they are
indecent. Prove that algebraists speak about a group. Give an exact wording of this statement.
(This group is able to be infinite even if there is a finite number if indecent words.)

(b) If we add 2 new letters ¢ and ¢! to the Algebraists’ language and some new indecent
words, they will all the same speak about a group.

IThis is an example of an ugly mathematical problem. Understanding it’s conditions is more difficult then
solving it. However, this problem is necessary because it helps us to introduce an important construction.
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Some Solutions.

1.8. (e) The proof of the Lagrange Theorem. For x € G consider the set {z, v f, xf2, ... wford/=1},
These elements are different by definition of order. Thus this set has ord f elements. If z f* = y f!

then y = xf*!. Thus for different z these sets either are equal or do not intersect. So ord f

divides |G].

1.10. (a) Denote by p the order of a nonidentity element f. If p = 10 then the group is cyclic.

Assume that p < 10. By Lagrange’s Theorem p € {5,2}. If there exists an element g of order

10/p then G = {fg,(fg9)% ...,(f9)'°}. Else there is an element g & {f, f2,..., f} of order p.

Then {f*¢'}11c7 is a subgroup of order p?. Contradiction to Lagrange’s Theorem.

1.11. Hint. Change the numeration of the elements of the set to transform f into g. The change
of numeration determines the required permutation b.

2.3. (a) Suppose that the two given sets intersect. Then there are integers 1 < k,I < 4 such
that f* = ¢'. Since GCD(k,5) = 1 it follows that there is an integer m such that 5|km — 1.
Then f = f* = (f¥)™ = (¢")™ = ¢g™. This implies that the two given sets are equal.

(b) Consider 25 elements f*g', where 1 < k,I < 5. Since the entire group has only 15
elements, it follows that there are 1 < k,[,m,n < 5 such that (k,1) # (m,n) and ffg' = fmg".
Multiplying by f~™ from the left and by ¢! from the right, we get f*~™ = ¢g"~'. Since f and ¢
have order 5 it follows that the sets {f, f2, f2, f*} and {g, ¢%, ¢°, g*} intersect. Then by assertion
(a) the sets coincide, and the problem follows.

2.5. (c) Hint. Take an element f # e. Let ¢(f) be the number of elements conjugate to f
(including the element f itself). Consider the set Z(f) :={g € G : fg = gf}. By assertion (b)
it follows that this set is {e, f, f*}. Now apply the following general result: c(f) - |Z(f)| = |G].
Thus ¢(f) = 15/3 = 5.

2.1. (a) New hint. This group is a group of some permutations of the (49-element) set Z2. In
order to define this group let us represent such elements as pairs (z, y) of residue classes modulo
7. For non-negative integers k, [ define a map

fra Ly —Z3 by frlz,y) = 2%l +y).

Check that

e there are exactly 21 such maps;

e they form a group;

e this group is not cyclic.
2.1. (b) Hint. Observe that 2° = 33 — 1. For nonnegative integers k, [ define a map [y, : Z3; —
Z%l by fk’l<l',y) = (4k$, lx + y)
3.3. Hint. Use that Connoisseurs of Perfection are Algebraists.
3.4. Hint. Map each sense to the transformation of the set of senses defined as «left concatenations.

New problems
4.1. There exists a noncyclic group of 39 elements.

4.2. Let G be a group with 1001 elements and f € G — {e}. Suppose that f is conjugated
only with its exponents. Let g & (f) := {f, f% ..., f" ... }. Denote by ¢ the smallest positive
integer n such that ¢" € (f).

(a) ord g is divisible by q. (b) If g1 fg = f* then g " fg" = f*".

() gt fg=1f () {fg.(f9)* (fg9)* ....(fg)? "/} is a subgroup of G.

4.3. Let G be a noncyclic group of 1001 elements.
(a) Each element of G is contained in a subgroup maximal by inclusion and different from

G.

Such subgroups are called mazimal.



(b) Each maximal subgroup is cyclic.
4.4. The commutativiser of a group G is the set
Z=7(G):={aeG : ga=agforany g € G}

of elements that commute with all elements.
(We hope that the word “commutativiser” is more accessible for beginners than center.)
(a) Find Z(S,) for each n =2,3,4,...

(b) The commutativiser is a subgroup.

4.5. Let G be a noncyclic group of 1001 elements. Assume that the generator of each maximal
subgroup is conjugate not only to its powers.

(a) Every maximal subgroup contains the commutativiser.

(b) Find the number a(F') of elements that are conjugate to some element of given maximal
subgroup F, if |F| and |Z| are known.

5 AFTER. SERIES 5

Hint to the problem 1.4c. Try to choose a suitable subgroup in the group of permutations of
the set {1,2,4,7,8,11,13,14}.

5.1. (a) For any group G and an element g € G the set
N(g) = Ng(g9) :={a € G : ga = ag" for some k}

is a subgroup.
(b) Determine Ng,(g) for each g € Ss.
(c¢) The number of subgroups conjugated to (g) equals |G|/|N(g)|.

A generator of a finite cyclic group G is any element g such that GG consists of powers of g.
(A generator needs not to be unique.)

5.2. Let G be a noncyclic group of 1001 elements. Assume that certain generator of each
maximal subgroup is conjugated not with its powers only.

(a) The intersection of any two maximal subgroups is exactly the center of the group.

(b) The number of subgroups conjugated to maximal subgroup F' equals 1001/|F|.

(c) Denote by F the number of elements of G conjugate to elements of a maximal subgroup
F and not contained in the commutativizer. Prove that 500 < F' < 1000 — |Z|.

Primitive root theorem. For any prime p there exists a non negative integer g such that all
the residues modulo p of g*, ¢%, ¢3, ..., g1 = 1 are distinct.

5.3. Proof of the theorem. Let p be a prime and let a be a non negative integer that is not
divisible by p.

(a) p — 1 is divisible by the minimal k£ > 0 for which a* = 1 mod p.

(b) for any two positive integers n and a the Congruence 2" = a mod p has at most n solutions.
(c) If p — 1 is divisible by d, then the congruence 2% = 1 mod p has exactly d solutions.

(d) Prove the primitive root theorem for p = 2 4 1.

(e) Prove the primitive root theorem for p = 2™ - 3" 4 1.

(f) Prove the primitive root theorem for an arbitrary prime p.

(g)* Is it true that the number 3 is a primitive root modulo p = 2™ + 17

5.4. For which n any group of n elements is commutative?



6. SOLUTIONS

1.8. (d) Let a be the element of order 3. Make a list of all the elements of the finite group. Let us
cross out the elements from the list as follows. At each step, choose an element x which has not
been crossed out yet, and cross out each of the 3 elements x, za, and xa?. This procedure never
leads to crossing out an element more than once. Indeed, assume that, say, xa has already been
crossed out. This implies that for element y chosen before we have either za = y, or za = ya,
or za = ya®. But then either z = ya?, or x = y, or = ya, respectively. Thus z must also have
been crossed out before according to our rule, a contradiction. Thus exactly 3 elements are
removed at each step. Since the group is finite, the process ends in a finite time. This implies
that the number of elements in the list (and hence in the group) is divisible by 3.

1.12. Hint. See Problem 2.3.

2.1c. This group is a group of some permutations of the (¢*-element) set Zg. In order to define
this group let us represent such elements as pairs (x,y) of residue classes modulo ¢. By the
primitive root theorem there exists an element a € Z, of order p. For nonnegative integers k, !
define a map fi; : Z2 — Z2 by fry(a,y) := (a*z,lz +y) Check that

e there are exactly pq such maps;

e they form a group;

e this group is not cyclic.
3.1. Hint. Given a word, define the number of its meaning to be the difference between the
quantities of letters @ and ¢~! in the word modulo 8.

3.2. Hint. The bijection between the meanings and isometries of the regular pentagon is
constructed as follows. Assign to the letter a a counterclockwise rotation through 72° about
the center of the pentagon. To the letter b assign a suitable reflection so that the relation
aoboaob™t = id holds. Now interpret each word as the composition of the corresponding
isometries.

3.3b. First solution. This follows from problem 3.4a.

3.3b. Second solution. Connoisseurs of Perfection talk about the group of those permutations
of the vertices of a regular icosahedron which are obtained from the isometries of 3-space taking
the icosahedron into itself. That is, about the group As.

4.2. (b) This follows by induction over n.

5.3. Hints. (b) Let us prove the following more general statement: a polynomial of degree n
cannot have more than n roots in Z,. Here by a polynomial we mean the collection of coefficients
but not the function.

Assume that a polynomial P(z) of degree n has in Z, different roots x4, . . ., ©,, Z,41. Represent
P(z) as

Px)=by(x —x1)...(x —2n) + bp1(x — 1) ... (. — Tp1) + - + b1 (x — 1) + bo

("the Newton interpolation’). Put in the congruence P(z) =0 (p) residues © = z1,..., Ty, Tpi1
in this order. We obtain by =by =---=b, 1 =0,=0 (p).

The same solution can be presented in the following way. Let P be a polynomial. Then
polynomial P — P(a) is divisible by x — a, i.e. P — P(a) = (z — a)Q for some polynomial ¢
such that deg @ < deg P. Since P(a) = 0, it follows that P = (x — a)@ for some polynomial
Q@ of degree less than deg P. Now the required statement can be proved by induction over the
degree of the polynomial P.

(c) Obviously, polynomial 27~! — 1 in Z, has exactly p — 1 roots and is divisible by 2% — 1.
Prove that if a polynomial of degree a has a roots and is divisible by a polynomial of degree b,
then the polynomial of degree b has exactly b roots.

(d) If there are no primitive roots, then by problem 2a the congruence 2" = 1 (p) has
p—1=2m > 2m"1 golutions.

(e),(f) Similarly to (d).
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5.4. Hint. All groups of order n are abelean if and only if the prime decomposition of this
number n = plfl e pf’ has the following properties:
o k< 3;
e p; does not divide pfj — 1.
You can prove this by the same way, but in the case 1 you need the following fact: any finite
abelean group is a direct product of cyclic subgroups.
The remaining problems are covered by the supplied paper [BKS].
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WHEN ANY GROUP OF N ELEMENTS IS CYCLIC? !
V. Bragin, Ant. Klyachko, and A. Skopenkov

We give a simple proof of the well-known fact: any group of n-elements is cyclic if and only if n and
¢(n) are coprime. This paper is accessible for high-school students because no knowledge of group theory
is required. It could also be an interesting easy reading for mature mathematicians.

Introduction

We call a group a nonempty family G of transformations (i.e. permutations or rearrangements)
of some set, which family is closed with respect to composition and taking inverse transformation
(ie. if f,g € G, then fog € G and f~! € G). Common term: transformation group. Cf. [A,
comment to problem 5].

If a finite group G contains an element g such that G consists of all powers of g (i.e. G =
{9,9% ...,9", ...}, then group G is called cyclic.

We prove the following theorem.

Theorem (folklore). Any group consisting of n elements is cyclic if and only if n and @(n)
are coprime.

Here (n) is the number of positive integers not exceeding n and coprime to n (the Euler
function).

Note that n and ¢(n) are coprime if and only if in the prime decomposition n = p; ... py

(*) all p; are different and

(**) p; does not divide p; — 1 for any i and j.

The understanding of the proof requires no knowledge of group theory. A few necessary notions
are introduced in the course of the proof. In particular, our arguments does not use the notion
of a quotient group, as opposed to more traditional proofs (see, e.g., [B]). Our proof uses ideas
similar to [??7]. One can understand how to invent this proof from [BKKSS].

Proof of the “only if”’ part.
If condition (*) above is violated, e.g., p1 = ps = p, then the following group consists of n
elements and is not cyclic:

&Lluwpﬂp+Lp+Z“w%N@p+L%Hﬂwnﬂp+ﬁf]szlw“m,k:L“W%}.

If condition (**) above is violated, e.g., p; divides p, — 1, then by the primitive root theorem
there is a € Z;, for which the powers a, a?,...,aP* =1 are different. Denote by G,, ,, the group
of transformations fi; : Z2, — Z2, defined by the formula f(z,y) = (a"z,lz +y) for k € Z),
and [ € Z,,. * Then the following group is not cyclic (it is even nonabelian):

{fo(1,2,...

n n

, Il fed ,j:LZHW——}.QED
P1P2 ) prpe D1D2

Proof of the “if” part.

We use the induction on the number of prime factors of |G|. If this order is prime, then the
“if” part is implied by the following Lagrange Theorem.

The order ord a of an element a of a group with the identity element e is the minimal positive
integer n such that a™ = e. If the group is finite, it is clear that such n exists.

Lagrange Theorem (particular case). The number of elements of any finite group is divis-
wble by the order of any its element.

Proof. Denote the group by G. For each z € G consider the set {z,zf,zf?, ..., xf"4/~1}. By
the definition of order these elements are different. Therefore this set contains ord f elements. If

ISee update version on www.arxiv.org. We would like to acknowledge K. Kohas for useful discussions.

ak 1

In more advanced notation G, ,, = {(O 1> € Z§:2 ’ keZy, leZy, } .
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zf* = yf!, then y = xf*!. Therefore for different x these sets either coincide or are disjoint.
Thus |G| is divisible by ord f. QED

Now suppose that the number of factors is greater than one. We need the following general
version of the Lagrange Theorem.
A subgroup of a group G is a subset of GG that is itself a group.

Lagrange Theorem. The number of elements of any finite group is divisible by the number
of elements of any subgroup.

Proof. Denote the group by G and the subgroup by {hy, hs, ..., hy,}. For each € G consider the
set {zhy,xhy, ..., xhy}. This set contains m elements. If zhy = yh;, then y = xhkhl’l. Therefore
for different x these sets either coincide or are disjoint. Thus |G| is divisible by m. QED

A maximal subgroup of a group is a maximal by inclusion subgroup not coinciding with G
and containing more than one element. By the induction hypothesis and the Lagrange Theorem,
each maximal subgroup is cyclic.

For an element f of a group G let (f) be the set of all powers of f (including zero and negative
ones). The element f is called generating for the (cyclic) subgroup (f).

Suppose to the contrary that the group G is noncyclic. Then each element is contained in a
maximal subgroup.

Elements f, g of a group G are conjugate in G if g = b=! fb for some b € G.

First case: generator f of some mazimal subgroup is conjugate only to (some of) its powers.
Take h € G\ (f). Then h°"d" € (f). Let q be the minimal positive integer such that A" € (f).
Take k € Z such that h=!fh = f*. The inclusion h? € (f) implies f = h=9fh? = f** (here the
last equality is proved by induction on ¢). Therefore k9 =1 mod ord f.

By condition (*) and the Lagrange Theorem ord f is a product p;...p, of different primes.
Then k7 =1 mod p; for any ¢ = 1,2,...,s. Since |G| is divisible by ord h and ord h is divisible
by ¢, by condition (*) we obtain that ¢ is a product of different primes. By condition (**) none
of these primes p; divides none p; — 1. Therefore ¢ is coprime to each p; — 1. Hence there exist
integers = x; and y = %; such that gz + (p; — 1)y = 1. Therefore k = k%®**®~1¥ = 1 mod p;
forany ¢t =1,2,...,s. Hence k =1 mod ord f, i.e., fh = hf.

Then G contains a subgroup {f'h? | 1 <i <ordf, 1 < j < q} of gord f elements. Hence by
condition (*) and the Lagrange Theorem ord f is coprime to q. Since (fh)? = f/h’ for each j, we
obtain that ord(fh) is divisible both by ¢ and by ord f. ord(fh) = gord f. Thus ord(fh) = qord f.
Since the subgroup (f) is maximal, we have (fh) = G and G is cyclic. Contradiction.

Second case: generator of any mazximal subgroup is conjugate not only to its powers.

The product of subsets X and Y of a group G is the set of all products xy, where x € X
and y € Y. If one of these subsets consists of only one element, e.g., Y = {y}, then we write Xy
instead of X{y}.

(1) Any mazimal subgroup F contains the center
Z=27(G):={a€G : ga=ag for any g € G},

i.e., the set of elements commuting with each element of the group.

Proof of assertion (1). Otherwise F'Z is a larger commutative subgroup. By the maximality of
F we have F'Z = (G, which contradicts to the assumption of the second case. QED

(2) The intersection of two maximal subgroups equals the center.

Proof of assertion (2). A nontrivial element of the intersection commutes with all elements of
both subgroups. Hence it commutes with any product of several multiples, each multiple being an
element of one of our subgroups. The set of such products is a subgroup. By the maximality of our
subgroups this subgroup coincides with the entire group. Therefore the intersection is contained
in the center.

Assertion (1) implies the converse inclusion. QED
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(3) The number of different subgroups conjugate to a mazximal subgroup F (including F') is
GI/|F].
Proof of assertion (3). Consider the set
N(F):={a€eG : Fa=aF}.

It is easy to verify that N(F') is a subgroup. By the assumption of the second case N(F) # G.
Since N(F) D F, the maximality implies that N(F') = F.

The conjugation by each element of G takes F' to a conjugate subgroup. If the conjugation by
two different elements u and v takes the F' to the same subgroup, i.e., u 'Fu = v~'Fov, then
Fuv™ = yv™'F. This means that uv™" € N(F) = F or, equivalently, v € Fv. Conversely, the
condition u € Fv implies u™'Fu = v~ Fv.

Clearly, |Fv| = |F|. Therefore the number of elements of G conjugation by which takes F
to a given subgroup equals |F|. Therefore the number of different subgroups conjugate to F' is
precisely |F| times less than |G|. QED

(4) Denote by F the number of elements of G conjugate to elements of a mazximal subgroup F
and not contained in the center. Then |G|/2 < F < |G| — |Z].

Proof of assertion (4). A subgroup conjugate to a maximal subgroup is also maximal. (Indeed,

if g7'FgC F' C G, then F C gF'g7' C G.)
5 Gl _ ( Z |)
Therefor F=(F|— — = 1——).
erefore by (3) (1F] |Z|)|f| |G| 7

The inequality |G| > |F'| implies F' < |G| — |Z|.

By the assumption of the second case, Z # F. By (1) and the Lagrange theorem, |Z| divides
|F|. Therefore F > |G|/2.

Conclusion of the proof of the second case: calculations. Let Fi, ..., F, be a maximal family of
pairwise non-conjugate maximal subgroups. Recall that each element of the group is contained in
some maximal subgroup. Hence the element is conjugate to some element in certain F;. By this
and (2) |G| = |Z|+_, F;. By the left inequality in (4), the number of summands is at most one.
By the right inequality in (4), one summand also gives a contradiction. QED
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1. BBEJIEHUE 13

1 BsBenenue

1.1 3auem m OJid KOTO 3Ta KHUTa

'nybokoe moHmMaHre MaTeMaTHKH TIOJIE3HO U MAaTEMATHUKY, U IIPO-
deccronany B HayKoEMKOI oTpacin. B wacTHocTH, «mipodeccusi» B Ha-
3BAHUU TOM KHUATH He 00s13aTe/IbHO 03HAYAeT HPOdeCcCuio MaTeMaTUKA.

DTa KHUI'A IPEJIHAZHAYEHA JIjIsi CTAPIIEKIACCHUKOB U MJIAJIIIEKYPC-
HUKOB (B YaCTHOCTH, OPHEHTUPOBAHHBIX Ha OJUMIHAE). CM. T0Ip06-
mee 11. 11.1 «OauMnnrasel 1 MareMarnkay. KHUI'Y MOXKHO HCIIOJIb30BATH
KaK JIJIsi CAMOCTOSITE/IbHBIX 3aHATUN, TaK U JJIsl [IPEIO/IaBAHMSI.

B 910if KHUTE MBI TBITAEMCS TIOCTPOUTH MOCT (MyTeM yKa3aHUs Ha,
OTCYTCTBUE MPOMACTH) MEXKTYy OOBIYHBIMU MMKOJTBHBIMY 33 a9aMu U 60-
Jee CJIOZKHBbIMU a6CTpaKTHbIMI/I MATEMATUYECKUMU TTOHATUAMMA. HaIHa,
OCHOBHAsI I1€JIb — IIOMOYb IITUPOKON ayJAUTOPUU YUTATE el HAYyIUThCHI
PUMEHATh MaTeMaTUIeCKue MEeTOIbI JIJIs PeIeHns mpobJyeM, MOTUBH-
POBAHHBIX «PEATBLHBIM MUPOM WJIN peasbHoi paboroits [Mey|, n oBa-
JIeTh MHCTPYMEHTAMHU U CIIOCODAME MBIILIEHUsI, KOTOPbIe OyIyT I10J1e3-
HBI 3a MPeJIe/IaMy IITKOJIbI B CAMBIX PA3HBIX JIUCITATLINHAX.

Kuura comepkut Hanbosiee CTaH apTHBIN «H6a30BbIiy MaTepuas (BIpO-
TeM, JaCTUIHO, CKOpee, MJI TOBTOPEHWs, YeM /s MepBOHATAILHOTO
uzydenus). OCHOBHOE COJEPXKAHUE KHUI'M COCTABJAET 00Jiee CJIOKHBIM
marepuaJj. HekoTopbie TeMbl MaJOM3BECTHBI B TPAJIUIIAN MaTeMaTHde-
CKUX KPYXKKOB, HO TIOJIE3HBI KaK JIJIA MaTeMaTH4ecKoro oOpa30BaHU,
TaK ¥ JJIS TMOATOTOBKU K OJIMMITHAIAM.

Kaura ocHoBaHa Ha 3aHSITHSX, ITPOBEJIEHHBIX aBTOPAMU U PEIaKTO-
paMu B pa3HOe BpeMsi Ha MareMaTwdeckoM akyabrere Boicieit mko-
JIbI SKOHOMWKY, B He3aBMCMMOM MOCKOBCKOM YHUBEPCHUTETE, B IITKOJIAX
um. A.H. Kosmoroposa (CYHIT MI'Y), «Muresmiekryans u Ne 1543
r. Mockassl, jieTneit mkosie «CoBpeMeHnHasi MaremMarukay, B Kuposckoii
n KocTpoMckoit JleTHUX MaTeMaTUdecKuX MKojaxX, B MOCKOBCKO# BbI-
e3HOI OMMIINAIHOM MIKOJIe, B KpyKKax «MaremaTudeckuit ceMunap»
u «OmMIma bl 1 MaTeMaTuKay, Ha JeTHell Kondepennuu TypHupa ro-
POJIOB, IIPH ITOJrOTOBKE KOMaH, 1kl Poccuu K MK IyHAPO/IHON MaTeMaTH-
YeCKON OJITMMIIHaJe, B CUCTeMe JNCTAHIIMOHHOTO O0YYeHNs MaTeMaTHKe

MHOO.

Knunra AOCTYIIHA YK€ CTapIICKJ/JIaCCHUKAM, HHTEPECYIOIMUMCA MaTe-
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marukoit! . [IpuBOISTCH IIOYTH BCE OIIPEIe/ICHH S, HE BXOJISIIIE B IIKO/Ib-
HyIO mporpaMmy. Ecam 11e-To HYKHBI JIONOJHUTE/bHBIE CBEJIEHUS, TO
IPUBOAATCA CCBLIKHU.

[Ipu 3TOM MHOIME TEMbI TPY/IHbBI, €CJU U3y4YaTh UX «C HyJdy. OqHa-
KO N0CAE008GMEABHOCTND USAOHCEHUA TIOMOTAET TTPEOI0IEBATH TPY/IHO-
ctr. B TO Ke BpeMst MHOTTE TeMBI He3a8UCUMbL IPYT OT apyra. CM. mo-
npobree 1. 1.4 «Kak ycTpoemna knmuras.

1.2 HN3yduenume nmyTéM permeHus m OOCYKJIeHUdA 3a0a9

MpbI cegyemM Tpaauliny U3ydeHUsT MaTepruasia B BUIe PEITeHns u 00-
CYKIEHUS 3a/1a9. DTHU 330241 TOA00paHbl TaK, UTO B TIPOIECCe UX Pelle-
HUS YUTaTe/b (TOYHEe, PelIaTe/ib) OCBOUT OCHOBBI BaXKHBIX TEOPUIl —
KaK KJACCUYIECKHUX, TaK U cOBpeMeHHbIX. OCHOBHBIE U/IeU JIeMOHCTPUPY-
OTCA 110 OJHOW M Ha «OJUMIITUAHBIX» IIpUMepax, T.€. Ha IIPOCTEHInX
JACTHBIX CAyYasK, CBODOIHBIX OT TEXHUIECKUX JeTajieil. DTUM MbI T0-
Ka3bIBAEM, KAk MOAHCHO Npudymams dtu Teopuu. Cm. ogpoduee 1. 11.1
«OQmuMIIraabl ¥ MaTEMATUKAY.

Ob6yuenne myTéM pelneHns 3ajJa4 He TOJbBKO XapaKTepHO I Cce-
PbE3HOTO UBYUYEHHUS] MATEMATUKH, HO U IIPOJOJI2KAET JIPEBHIOI KY/ib-
TYpHYIO Tpajunuio. Hanpumep, MOC/HAYIIHUKKA JA3€HCKUX MOHACTBIPE
00yvaioTCs, Pa3MBbIILIAS HAJl 3araJIKaMu, JaHHBIMU UM HaCTaBHUKAMU.
Brpodewm, 5mu 3ara/Iku IBJIIIOTCS CKOpee Mapa oKCaMu, a He 3a/IadaMiu.
Cwm. mozgpobuee [Sul; cp. [Pl ¢.26-33]. A BoT HEKOTOpBIE «MaTEMATHIE-
ckuey npumepsl: [Ar01, BS, GDI, GIF, KK08, Pr07-1, PoSe, SCY, Sk09,
Sk19, SZ, Vag, Zv|; koe-rjie He TOJBKO MPUBEIECHBI 3aa9W, HO U U3JI0-
JKEHBI NpuHuyuns, ombopa ynadabix 3aad. O0 aMepuKaHCKON TpauIiun
cum. [IBL, Mey, RMP].

YVuaurhcst, perrasd 3aJadd, TPYAHO. B dacTHOCTH, TOTOMY, YTO Ta-
Koe OOydeHre OOBIYHO He CO3AET uAa103ut0 monuManus. OHAKO yCH-
JINS CTOJIHA BO3HATPAKIAIOTCS TJIYOOKUM TOHUMAHWEM MAaTepUaIa —
B IIEPBYIO 04€PE/Ib, YMEHUEM IIPOBOIUTH AHAJIOTHYHbIE (U /1azKe He OUYeHb

lqa,CTb MaTepHaJjla B HEKOTOPBIX pr}KKaX " JIETHUX IIKOJIaX I/I3yqaeTCH TEeMH,
KTO TOJIbKO 3HAKOMUTCS ¢ MATEMATUKON (Harpumep, 6-kmaccaukavn). OHAKO TTpuU-
BOJMMOE M3JI0KEHNE PACCUMTAHO Ha UUTATENs, YKe UMEIOIIEero XOTsd 66l MUHAMATh-
HYIO0 MAaTEMATUIECKYI0 KYJIbTYPY. 3AHUMATHCS € 6-KJIACCHUKAMU HY ) KHO TT0-IPYTOMY,
cum., Harpumep, [GIF].
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aHAJIOrMYHbBIE) paccyxKjaenus. Koe-riae BC/es 3a BEIUKUMU MATEMATH-
KaMU B IIPOIECCE U3YyYeHUsI MHTEPECHBIX 3aJad YNTaTeIb YBUINAT, KaK
eCTECTBEHHO BOSHUKAIOT BayKHbIE IOHATHA M Teopun. Hameemcs, 310
[IOMOKET €My COBEpIINTH COOCTBEHHBIE HACTOJILKO K€ II0JIe3HbIe OT-
KPbITHS (HE 00s13aTEIHHO B MaTeMaTnke)!

Jnst perenus 3aJa4 JOCTATOYHO MOHUMAaHUA UX ycaosuit. JIpyrue
3HaHMA ¥ TeOpuu He HyxkHbI. (BrupodeM, Takue 3HaHHUS U TEOPUM KaK
pa3 TOSABJIAIOTCA TIPU PEIeHur MOoI00paHHbiX 3a1a4.) Ho Moxker mo-
TpebOBATHCA BJIAJEHUE JPYIUMU YACTIMUA KHUIH, YTO OTPAaXKEHO B I10JI-
CKa3KaX U YKa3aHUIX.

K BaxkmeimmmM 3a1auaM TPUBOIATCA TMOACKA3KHU, YKA3AHUSA, PeIe-
Hust 1 oTBeThbl. OHM PACIOIOXKEHbI B KOHIIE KarKJI0ro myHKTa. OmIHaKO
K HUM CTOUT O0PAIAThLCS MOCIe TPOPEINBAHUS KazKI0# 38 a4n.

Ecim 3a7a4a BbljesIeHa CJIOBOM «TeopeMay («jIeMMay, «CJIeICTBUE»
U T.JI.) U KUPHBIM IIPUMTOM, TO €€ yTBEPKIEHNE BAYKHOE.

Kaxk npaBuio, Mbl IPUBOAUM BOPMYAUPOSKY KPACUBOIO UJIA BarKHO-
ro yTBep:KJeHus (B BUJIE 3a/a491) TIEpel ero dokazamenvcmeom. B Ta-
KUX CIy4adx JJId JOKa3aTeILCTBA YTBEPKIEHUS MOTYT MOTPeOOBATL S
CJeyIOIKe 3aJa4l. DTO BCErJa $BHO OrOBAPUBAETCA B IIOJICKA3KAX,
a MHOIJA U IPAMO B Tekcre. IToaToMy eciin HeKOTOpas 3aja4a He IOJLy-
vyaeTcst, To unTaiite ganabine. (Ha 3anstun 3amavua-moacka3ka BBIIAETCS
TOJIBKO TOTJIA, KOIJIA YYEHUK HEMHOI'O [OyMaJsl HaJ CaMoii 3ajadeii.)
Takoii mporecc 00ydeHust MOJIE3€H, TOCKOJIBKY MOIEIUPYET PeaTbHYIO
nCCaeIoBaTENbCKYI0 curyaruio. CMm. mojapobuee 1. 11.3 «O Heobxo u-
MOCTH MOTUBHUPOBOK ».

Bcé 910 — monbITKa TpoaeMOHCTPUPOBATEL 3aHATHE B BUIE Jua.n02a,
OCHOBAHHOTO Ha perenun u obcykaennn 3a1ad. [Toagpobuee cm. [KK15].

HamyrcrBue. A. 4. Kanean-Beaos

JL7ist yCIermHoro perennst 3a1a9 MaTeMATUIeCKUX OJIMMITAA]T BhIC-
IIIeT0 YPOBHS HEOOXOANMBI B TTEPBYIO OUepeIh 00IIeyKPEeIISIONIe CPeI-
cTBa: Xopoliag npopaborka aaredpbl (KyJabrypa ajirebpandecKux Ipe-
obpaszoBanmii), MpopabOTKa IMTKOJIBHON MreOMeTPUHU. 3aaUl ITUX OJTHM-
mua ] (KpoMe TEePBhIX 33/1a4) MPAKTUYIECKN BCETa TPEJINoJIaraloT CMe-
IIAHHBIA CIleHAPUI PEIIeHns; PeIKI 33,/1a91 Ha IIPpUMEeHeHne HEKOTOPOT'O
MeTO/1a, WK UJIEN B 9UCTOM Bujie. PeIennio Takux «CMeIaHHbIX» 3a/1a4
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JIOJI2KHA, [TPEJIIIeCTBOBATh paboTa ¢ KJAI0UEeBbIMU 3aladaMi, B KOTOPBIX
njien paboTaAOT B YUCTOM BH/IE.

Ymenne mpeobpas3oBbIBaTh aareOpandecKre BbIPAXKeHUd — OJIHO U3
6a30BBIX. ET0 HegocTaeT «OMMMIINATHUKAMY, U3-33 €r0 OTCYTCTBUA da-
CTO BO3HHUKAIOT HeJernble n obuaHble omuoku. [ToaTomy ajs ycmenrHo-
TO PEIeHnd 33/1a4 aaredpandeckoro, TeOPETUKO-IUCI0BOTO U KOMOMHA-
TOPHOTO TUTIA PEKOMEHIyeM HapabaThIiBaTh KYJITYPY apuPMEeTUIECKIX
BBIKJIQJIOK.

1.3 HccaemoBarejbCKue 3aa4u JAJid NIKOJIbHUKOB

Muorum TamaHTINBLIM IMKOJLHUKAM W CTY/IEHTAM WHTEPECHO pe-
aTh HccIefoBarenbekre 3a1aan. OHE 9acTo mpejiaraiorest B popme
CJIOKHBIX 3aj71at, pa3ouTeix Ha maru, cMm. [LKTG]|. BosmoxkHo, KOHET-
HBIIl pe3ysIbTaT Jaxke HEM3BECTEH 3apaHee, a €CTeCTBEHHO MOSBJIAETCS
B IIporiecce paboThl. DTO ojHa u3 (POpM pa3BUTHUSI TBOPUYECKUX CIIO-
cobHOCTell, On3Kasg K HAy9YHOH JesTeIbHOCTH, KOTOpas [JIsi MHOTHX
YYEHNKOB MOXKET OKa3aThcd Hambosee ynadnoil. Kpome Toro, oObIdHO
YVICHUKY MHTEPECHEe N3yIaTh TEOPUIO B TOM CJIydae, KOTa OH Cpa3y e
IIpUMeHseT ee K KOHKpeTHbIM 3azadaM. IlosTomy muTepec K mcciefo-
BaTeJIbCKUM 33JadaM II0JI€3HO [IO/I/IEPKUBATE U Pa3BuBaTh. Haeemcs,
HACTOAIIAs] KHUTA ITOMOYKET 9TO JIeJIaTh.

Mmorue n3 NpUBEeIEHHBIX 33/1a49 — XOPOIINEe TEMBI /IS MCCIeT0Ba-
TeJIbCKUX PabOT CTAPIIEKIACCHUKOB U MJIA/IIEKYPCHUKOB, CBA3AHHBIX C
asirebpoit, KoMOMHATOPUKON 1 nHPOpMATHKOil. C UX pereHnsaMu MOXK-
HO BBICTYIIATh Ha KOHMepeHnuax. Onncanne yaadHbIX TPUMEPOB 3TOMN
JeATeIbHOCTH YUTaTeIb MOXKeT HallTu B Marepuatax MOCKOBCKON Ma-
TeMaTrIeckoi Koudepenyn mkogIbHIKOB [M]. Xors 60bIHCTBO 9THX
3a/1a9 He MPEeTeHIyIOT Ha HAyYHYI0 HOBU3HY, BO3MOMKHO HX Da3BUTHE
B CTOPOHY HOBBIX PE3YJIHTATOB.

1.4 Kak ycTpoeHa KHUTA

Kuury ne 0b6s13aTe/ibHO U3yYaTh MOAPsI. duTaTe b MOXKET BHIOpaTh
VI0OHYIO €My TOCIeI0BATETLHOCT U3y YeHUsT (MJIH BOBCE OTYCTUTE HEKO-
TOPBIE IIyHKThI) HA OCHOBAHUU IIPUBOIMMOTO ILIaHa. JIJist 3aHITUsT KPY K-
Ka MOXKHO HCIIOJIB30BaTh JIHOOOM MyHKT (MU MOAIMYHKT) KHUTH.
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Kuura paszbura Ha ryaBbl, naparpadbl 1 MyHKTHI (HEKOTOPbIE IIyHK-
ThI pa30UThl HA TOAYHKTHI ). CTpykTypa maparpados mpubIm3uTe I5HO
omucaHa B UX HadaJje. Kcim B 3aade UCIOIB3YeTCs MaTepuaJ IPyTroro
IIYHKTA, TO MOXKHO JITUOO MTHOPUPOBATH ITY 3aj1ady, JUOO ITOCMOTPETHh
TO MECTO, Ha, KOTOPOE IPUBOJUTCS CChLIKA. JTO JAaET OOJIBIIYI0 CBODO-
JIY YUTATEI0 TPU N3y YeHUN KHUTH, HO OJTHOBPEMEHHO MOXKET TpeboBaTh
ero BHUMATE/TbHOCTH.

[TyHKTBI BHYTPH KazK,10T0 IMaparpada paciosioKeHbl MPUMEPHO B T0-
psiJIKe BO3pacTaHus CIOKHOCTA MaTepuaJa. lludpbl B ckoOKax mocre
Ha3BaHUs IMYHKTA O3HAYAIOT €ro «OTHOCUTEJbHBIM ypOBEHb»: 1 — ca-
MBI TIPOCTOM, 4 — caMblil CJI0KHBIA. [lepBbie TyHKTHI (He OTMEYEHHBIE
3BE3/IOYUKOIN) SIBJISTIOTCSA OA30BBIME; €CJTM HE YKA3aHO MPOTHUBHOE, C HUX
MOKHO HadaThb u3ydenue maparpada. A K ocrajbHbIM yHKTam (OT-
MEYEeHHbBIM 3BE3/I0YKOI) MOYKHO BO3BPAINATHCSI IIOTOM; €CJIU HE YKA3ZAHO
MIPOTUBHOE, TO OHU HE3ABUCUMBI JIPYT OT Apyra. [Ipn n3yderHnn moae3Ho
6036PAW,AMBCA K TIPONJIEHHOMY MaTepuaJly, HO Ha HOBOM ypoBHe. Ilo-
9TOMY Pa3HbIe TYHKTHI OJHOTO Taparpada MOXKHO W3ydaTh He 1nodpad,
a C IepepbIBaMH Ha JIPyTrue TEMBI.

Obo3Hauenust, UCIIOJIb3yeMble BO BCeli KHUIE, IIPUBEJIEHbI B KOHIIE
BBejeHud. [loHaTra 1 0003HaYeHNs, UCIIOIb3yeMble B HEKOTOPOI TJia-
Be, BBOJSTCS B HadaJie TJIaBbl. B KOHIIE KHUTH €CTh IMPEJIMETHBIN yKa-
3aTeb. ZKUpHBIM TIPpUQTOM BBIJIEIEHB HOMEPA CTPAHUIL, Ha KOTOPBIX
IIPUBOIATCS (POPMANOHBLE ONPEOCAEHUSA TTOHATHIA.

ITaparpad 11 cocraBien u3 3aMerok 00 OOIIMX HPUHIIAIIAX IIPEIIO-
JTaBaHUs, aJPeCOBAHHBIX ITPEXK e BCEro yunTeaaM. Bo3MOXKHO, 3aMeTKI
OKaXKYyTCsI MOJE3HBIMU W YICHUKAM.

OO0HoBJIsIEMasT SJIEKTPOHHAS BEPCHUS YaCTH KHUTH, [IepecedeHne Ko-
TOPO# ¢ M3JIJaHHOW KHUTOW BBLJIOXKCHO B MHTEPHET C Pa3pelleHnd n3jia-
TeabcTBA: http://www.mccme.ru/circles/oim/materials/sturm. pdf.

O suTepaType M MCTOYHUKAX

B konrie kaxkioro naparpada IpuBOAUTCS JIUTEPATYPaA, OTHOCHIIA~
scd KO BceMy Taparpady, U OTJAeTbHO JUTEPATYPa M0 KaXKJIOMY ITyHK-
ty. Cewnkn va kuuru [GDI, GKP, ZSS, Sk19, SZ|, ornocammecst ko
MHOTHM ITaparpadpam, mpuBegeHbl B 3ToM naparpade. Mbl crapaiuch
yKa3aTh He TOJIBKO JINTEPATYPY, UCIIOJTb30BAHHYIO ITPHU IMOJIOTOBKE KOH-
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KPETHOT'O0 MaTepuajia, HO TaKXKe U KeMYYKWHBbI HayIHO-IIOIYJISPHOTO
JKaHpa Ha m3ydaeMmble TeMbl. MBI HajleeMcs, 9TO Halll CIIMCOK JINTEPa-
TYPbl, XOTd Obl B IEPBOM IIPUOJIMKEHUN, CMOXKET CTaTh IIyTEBOINTe-
JIEM B MOP€ Hay4HO-IIONYJ/ISPHOM JuTepaTypbl 10 Maremaruke. OmHako
B HETO HaBePHSAKA HE BOIILIN MHOTHE 3aMevdaTeTbHble MaTePUaJIbl, BBUILY
HEOOBATHOCTH WX KOJUYIECTBa. BaxXHo, 4To oOpallleHne K JUTEpaType
HEe HYXKHO JIjId PEIeHns 3a/1a9, eC/id iBHO He YKa3aHO o0paTHOe.
Muorve 3ajauv He OPUTWHAJBLHBI, HO TEPBOUCTOYHUK (JTarXKe ec-
JII ero MOXKHO YCTaHOBUTDL) OOBIYHO He ykasbiBaercs. CCblLIKa I0C/e
yCJIOBUS 3a/a49i yKA3bIBA€T UCTOYHUK, U3 KOTOPOI'O B34Ta 33/la4a. JDTU
CCBIJIKY TIPUBEJIEHBI /11 TOTO, YTOOBI YMTATENH CMOT CPDABHUTH CBOE pe-
IMeHne ¢ TPUBEIEHHBIM TaM. Ecim MBI 3HAIN, YTO Tepecevenne KaKoro-
TO IIYHKTA C KAKUM-TO UCTOYHUKOM BEJUKO, TO YIOMUHAIN 0D 3TOM.
Mpb1 He 7aéM CCHLTOK Ha MHTEPHET-BepCun cTareil B XKypHaiax «KBaut»
n «Maremarudeckoe IIpocBerenney, nx MOXKHO HaiTH Ha caiiTax
http://kvant.ras.ru, http://kvant.mccme.ru,
http://www.mccme.ru/free-books/matpros.html.

BaaromapHocT 1 cBejieHUs O pegaKTopax

M#u1 61aromapuM 3a cephe3Hyio paboTy aBTOPOB MaTepuasoB. ba-
roJlapuM 33 IT0JIe3HbIe 3aMevuaHus pernensenToB Kauru E. A. ABkcenTbe-
Ba, A.B. Arrpornosa, E. B. Bakaesa, B. H. ly6posckoro, K. A. Kuora,
1. B. Mycarosa, JI.9.Meannkosa, A.A. Iloxguckoro, A.U. Crubuesa,
C. JI. Tabaunmkosa, A.l. Xpabposa, I'. 1. Mlapwiruna, n . 9. [Tmoms,
a TakxKe aHOHUMHBIX PEIEH3eHTOB OTJ/IEeJIbHBIX MarepuaJson. biarosa-
pm A. ¢l Kaneng-Benosa u A. B. lamosasosa (http: / /www.ashap.info),
aBTOPOB OOJILIIOr0 KOJNIECTBA MATEPUAIOB, BHICKA3ABIINX TaKKe P
OJIe3HBIX ueit u 3amedannii. Biaaromapum 1. A. IlepmskoBa, pegakTo-
pa xkuauru [ZPS]. Biraromapum y4ueHnKoB 3a KaBep3HBIE BOIIPOCHI U YKa-
3aHndg Ha HeTtouHocTh. baaromapum E. C.Topckyro u II. B. [llupokosa
3a TIOJATOTOBKY MHOTMX PUCYHKOB. BJIarogapHOCTH MO OTAEIbLHBIM Ma-
TepuajiaM IPUBOASTCH MPAMO B HUX.

Mpbl [HpuHOCUM H3BUHEHUHA 33 JIOIYIIEHHbIE HETOYHOCTH U Oyjem
OJsiarofapHbl YATATE/ISIM 38 YKA3aHUS HA HUX.

Inaser 1 «Teomerpusy u 2 «Komburaropukas pegakruposain A. A. 3a-
cnaBckuit u M. B. CkonleHKOB coorBeTcTBEHHO. MBI OpraHn30BaJi pe-
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IIeH3UpPOBaHNe MaTepuaJaoB mmaparpada 11, HO peJaKTUPOBaIN UX CAMU
aBTOPBI.

A.B. CkonernkoB 1 M. B. CKOIIEHKOB 9aCTUYHO T10/IJIeP?KAHbl I'DAaH-
tamn donga Caiimonca n dponga «InHacTuss.

Mecta paboThl 1 UHTE€PHET-CTPAHUIIbI.
A. A. Bacmapcknii: H9MUW PAH, mkosa 1543.

A.B. Ckonenkor: Mockosckuit dpusuko-rexaundeckuii uacturyT (V)
n HezaBucnmblii MOCKOBCKUIT YHUBEPCUTET, Www .mccme . ru/~skopenko.

M. B. Ckonenkos: HarmoHa ibHbIN nCCIe10BaATEIbCKUI YHUBEPCATET
Bricias mkosia 3koHoMuKH (pakyabrer MareMaTuky) u acTUTy T Ipo-
osiem nepenaun nadopmarun PAH, www.mccme . ru/“mskopenkov.

1.5 Baskable corJiaiienuda

[IyHKTHI BHYTPU Ka2KJI0TO Maparpada pacmo0KeHbl TPUMEPHO B MMO-
psiJIKe BO3pacTaHus CIOKHOCTA MaTepuaJsa. lludpbl B ckobKax mocie
Ha3BaHUs IIYHKTA O3HAYAIOT €10 «OTHOCUTEIbHBIN YPOBEHBbY : 1 — caMblii
TPOCTOI, 4 — camblii CJIOKHBINA. [lepBble MyHKTHI (HE OTMEUEHHBIE 3BE3-
JIOUKOI1) SIBJISIFOTCs 6A30BBIMU; €CJIM HE YKA3AHO IIPOTUBHOE, C HUX MOZK-
HO Ha4YaTh M3ydeHre IIaBbl. A K OCTAJbHBIM MYHKTaM (OTMEYeHHBIM
3BE3/I0YKOIT) MOYKHO BO3BPAIATHCA MOTOM; €CJIU HE YKA3aHO MTPOTHB-
HOE, TO OHW HE3aBUCUMBI JPYT OT JPYTa.

Howmepa 3ajaa obozHavaroTCs KUPHBIM TpudToM. Ecim yceiroue
3aJ1a9U ABJISAETCS (DOPMYJIMPOBKO YTBEPXKIEHUS, TO B 3aaUe Tpedyer-
Csl 9TO YTBEP2K/IEHHE J0Ka3aTh. 3a2a0k01 Ha3bIBaeTCsd HE CHOPMYIUPO-
BAHHBIN YETKO BOIIPOC; 3/1€Ch HY>KHO MPUAYMaTh U 9ETKYI0 (hOpMyIu-
POBKY, 1 JlokazareabcTBo, cp. [VIN]. B 3ajagax, orMedeHHBIX KPYKOU-
KoM °, TpebyeTcst TPUBECTH TOJBKO OTBeT 0e3 JoKasaTeabcTBa. Hamnbo-
JIee TPyAHbIE 384391 OTMEYeHbl 3BE3404K0il *. Eciu B ycaoBuu 3amadun
HAMMCAHO «HANINTE», TO HYKHO JTaTh OTBET 0€3 3HaKa CyMMBI W MHOTO-
TOUNS. YKa3aHUe U Pewerue K 3aate MOXKET OTMPAThCA Ha Nodckasxy
K Heil. Ecin HekoTopas 3ajada He [MOJIydaeTcs, TO YATANTe JAIbIIe —
CJIeJIYOTIME 3a/Ia9W MOT'YT OKA3aThCsl MO/ICKA3KAMMA.
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1.6 OcHOBHbBIE 0003HAYEHUA

o || = [r] — (umKHusd) nenasg 9acTb ducaa T («moJi»), T.e. Hau-
boJIbIlee TeI0e IUCI0, He TIPEBOCXOJISINEe .

e [x| — BepxHsIA TIeIasT 9aCTh YUCIA X (<«ITOTOJIOK» ), T. €. HAMMEHb-
1ree Tie0e IHCII0, He MEeHBITee .

o {x} — apobuas vacTp ducna .

e d|n,wm n:d—-uauciao n desumcsa Ha ducyo d, T.e. d # 0 u cy-
IEeCTBYeT Takoe 1ejoe k, aro n = kd (uncio d Ha3bIBaeTCS desumenem
GUCTIA 1),

e R, Q, Z — MmHO2XKeCTBa BCeX JEHCTBATEIbHBIX, PAIIMOHAIBHBIX 1 I1€-
JIBIX 9HCEJI COOTBETCTBEHHO.

e 7o — muoxkecTBo {0,1} ocTaTKOB OT JeieHUs Ha 2 ¢ OmeparusaMu
CJIOKEHUSI U YMHOYKEHUS 110 MOJLYJII0 2.

® 7Ly, —wvuO0xkecTBO {0,1,...,m — 1} ocTtaTkoB OT Jle/eHUsT HA M
C OTIEPAIUSIMY CJIOKEHUST W YMHOXKEeHUsT 110 MOAyao m. (Crenuagamncror
110 ajrebpe daie 0603HAYAIOT ITO MHOKECTBO Z/mZ, a uepe3 L, 000-
3HAYAIOT MHOYXKECTBO UEABLT M -A0UMECKUT YUCEA IJIsd IIPOCTOrO 1M.)

o (Z) — KOJINYeCTBO k-3JIEMEHTHBIX ITOMHOXKECTB N-3JIEMEHTHOT'O MHO-
xecTBa (apyroe obozmadenue: CF).

e | X| — umcmio snemenToB Bo MHOXKecTBE X .

e A—B={x|z€ Aux¢ B} —pasuaocrs mHO)KeCTB A 1 B.

e A B— mu3bionkTHOE 00benuHenne MHOKecTB A u B, T.e. 00b-
eqnHenne A U B HemmepeceKarommxcss MHOKeCTB A n B.

e A C B— «mHOXKECTBO A cojepxKurcs B MHOKecTBe B». (B HEko-
TOPBIX JApPyrux KHurax 3ro obosnadaror A C B, a A C B o3Havdaer
«MHOXKECTBO A copiepKuTCs B MHOXKecTBe B 1 He paBHO B».)

e ®Opaza «0boO3HAINM T = a» COKpPAIMAETCI 0 T := d.

e id — oToOpazkeHne MHOXKeCTBa B celsi, IIePEBOJIsIIee KaXK b dJ1e-
MeHT B cebst (TOXKIeCTBEHHOE).



Jlmreparypa

[GDI]

[GIF]

[GKP]

[LKTG]

[M]

[Mey]

[P]]

[Ro04]

[RMP]

Laubuwyx A.A., Hatnax A.B., Havuwcxud /. I., Kynas-
ckuti A.B., Patieopodckuti A. M., Ckxonenxos A.B., Uep-
Hno6 A. A. DjeMeHThl JUCKPETHOI MaTeMaTuKu B 3a1a4ax. M.:
MITHMO, 2016. Abridged version:
http://www.mccme.ru/circles/oim/discrbook. pdf.

TI'enxun C. A., Hmenbepe U. B., @omun /[. B. Jlenuarpaackue
MaTeMaTmdeckne KpyxKkn. Kupos, 1994.

I'psxem P., Knym /1., Ilamawnux A. KorkperHnas mMaTeMaTu-
Ka. M.: Mup, 1998.

Summer Conferences of Town Tournament.
http://www.turgor.ru/en/lktg/index.php

MockoBckast MaTeMaTuvdecKas KOH(EepPeHus MIKOJIbHUKOB.
http://www.mccme.ru/mmks/index.htm.

D. Meyer. http://blog.mrmeyer.com/starter-pack .

Ilramon. ®ejnon, B kH.: Pejon, [Tup, @enp, Ilapmenna. M.:
Mprcab, 1999.

Poxaun B. A. Jlexius 0 mpenogaBaHuid MaTeMaTHKH HeMa-
temarukam // Maremarndeckoe mpocserenue. Cep. 3. 2004.

Bemr. 8. C.21-36.

Ross Mathematics Program, http://u.osu.edu/rossmath .

21



22

[VIN]

|Ar04]

IBSH]

[IBL]
[KKO8]

[KK15]

[PoSe|

[Pr07-1]
Sk09)

[Sk19]

SCY]

[Sul

SZ]

DJIeMEeHTHl MaTeMaTUKI B 3aJadax

Bupo O.4., Heanos O.A. Heusemaes H.IO., Xapaa-
mos B. M. Dnemenrtapuas Torosorusi. M.: MITHMO, 2010.

Aprnoavd B. . Bagaau pas gereit or 5 g0 15 sger. M.: MITH-
MO, 2004.

Baunkos A. /., llanosanros A. B. (pen.). Cepust «IlIkobHbIE
MaTeMaTUIeCKHe KpPyKKHU».

http://en.wikipedia.org/wiki/Inquiry-based_learning

Kaneav-Benos A. 4., Kosaavdorcu A. K. Kax permaior mectan-
naprabie 3agadn. M.: MITHMO, 2008.

Kosaavoocu A. K., Kaneao-Benos A. . 3anarus o marema-

TUKEe — JIUCTKU ¥ Juasior // Maremarudaeckoe mpocBeleHue.
Cep. 3. 2015. Boim. 19. C. 206-233.

Lotia /[, Cezé I Bamaun u Teopembl u3 anaym3a. M.: Hayka,
1978.

IIpacosos B. B. 3agaau no mnarumerpun. M.: MITHMO, 2007.

Crxonenxos A.B. OcnoBbl muddepeHnnaasbioii TeoMeTpUn
B mHTepecHbIX 3aja4dax. M.: MITHMO, 2009;
http://arxiv.org/abs/0801.1568.

A. Skopenkov, Mathematics via problems: from olympiades
and math circles to a profession. Algebra. AMS, Providence,
to appear.

HIxaapexud /. O., Yenuos H. H., Henom H. M. N30pantbie
3a/TaUN U TeOpeMBI dieMeHTapHoit MaremaTtnku. M.: Ousmar-
s, 2001.

Cyodsyxu /. OcuoBbl 133H-Oyaam3ma. Hayka a35H — yM 139H.
Kues: IIpeca Ykpainu. 1992.

Mathematics via problems: from olympiades and math circles
to a profession. Geometry and Combinatorics, editors: M.
Skopenkov and A. Zaslavsky. AMS, Providence, to appear.



JINTEPATYPA 23

[ZSS] DJileMeHTHl MaTeMAaTHKH B 33Jadax: d4epe3 OJIIMIHAIbl U
KpyKKHU K 1mpodeccun. COOpHUK 10/ pepakimeir A. 3acsas-
ckoro, A. CkomenkoBa u M. Ckomenkosa. N3m-s0 MITHMO,
2018. Abridged version: http://www.mccme.ru/circles/
oim/materials/sturm.pdf.

|ZPS|  Maremaruka B 3amatax. COOPHUK MaTEpPHaIOB MOCKOBCKHX
BLIE3IHLIX MaTeMarwdeckux MKoj. Ilog pemakmumeir A. 3a-
ciasckoro, JI.Ilepmskosa, A.Ckomenkosa, M. Ckorenkosa
n A. [llanosasosa. M.: MIITHMO, 2009;

http://www.mccme.ru/free-books/olymp/matprob.pdf.

[Va87-1] Bacuaves H. B. u qp. 3a04Hble MaTeMaTUIECKAE OJUMITAAHL.
M.: Hayxka, 1987.

|Zv| Beonxun A. K. Manbimm u maremaruka. M.: MITHMO, 2006.



2. JIEJIUMOCTDb U JE/IEHUE C OCTATKOM 25

2.1 deaumocts (1)

2.1.1. (a) CdopmynupyiiTe u JOKazKUTE NPUHAKYU JEJIUMOCTH Ha 2, 4,
5.10, 3, 9, 11.

(b) Hemwrcst mu aucyio 11...1 u3 1993 exunun wva 1111117

(¢) Hucso 1...1 u3 2001 epunun, peaurcs wa 37.

2.1.2. Ecnu a neautcs Ha 2 U He jejimTcd Ha 4, TO KOJIUYeCTBO YETHBIX
JlesiuTesieil Yucia ¢ paBHO KOJIMYECTBY €ro HeYETHBIX JeuTesei.

2.1.3. Kakue u3 caeayoomnmx yTBEpXKIeHNUN BEPHBI s JTIOOBIX a, b:
(a) 2|(a® —a); (b) 4[(a’ —a); (c) 6](a’ —a); (d) 30/(a® — a);
(e) ecm cla u ¢|b, To c|(a + b);
(f) ecnu bla, To belac st moboro ¢ # 0;
(

g) ecau belac st HEKOTOPOTO ¢, TO bla?

[Tpu pemenun 3amaam 2.1.3 (¢) BBI UCTIOIB30BAN CJIEAYIONHH (hakT
2.1.4(a). Jokaxkure ero 1o OLPEJeNeHHUI0 JAeJUMOCTH, HE HUCIOJb3Ys
e/IMHCTBEHHOCTH PA3JI0KEHNsI Ha TPOCThIe MHOKITE N (3a1a4a 2.2.8 (¢))!
Hcnonb3oBanne eIMHCTBEHHOCTH MOYKET NPUBECTH K ITOPOYHOMY KpPY-
I'y, BeJb OOBIYHO TPU I0KA3aTEIHLCTBE €IUHCTBEHHOCTH WCIOJIb3YeTCst
dakr, 6um3kuit K yreepxaenuio 2.1.4 (a).

2.1.4. (a) Eciau aucyio a genurces Ha 2 u vHa 3, TO a jgeaurcs Ha 6.
(b) Ecru uucno a nenurcs Ha 2, Ha 3 u Ha 5, TO a genurca Ha 30.
(c¢) Ecan ancno a memmres va 17 w Ha 19, 1o a mesmres na 323.

2.1.5. (a) Ecnu k me xkparso nu 2, 5u 3, u 5, 10 k* — 1 kparno 240.
(b) Ec a + b + ¢ gesmrea wa 6, To 1 a® + b3 + ¢ neanrea wa 6.
(c) Ecm a + b+ ¢ gemmres na 30, To n a® + b° + ¢® genurea wa 30.
(d) Ecm n > 0, To 20%™ + 162" — 32" — 1 genmrcs ma 323.

ITonckas3km

2.1.4. (a) Umeem 3a — 2a = a, mosromy a meaurcs Ha 6.
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3 YMHOXK€eHHe MO0 MPOCTOMY MOIYJIIO

3 storo maparpada mangee UCIOIL3YIOTCA B OCHOBHOM TEOPEMa,
Depma—Diisiepa (3agaun 3.1.1 u 3.1.5) u Teopema o nEPBOOOPAZHOM
kKopHe (3ajgada 3.5.6 (b)). Bupouem, mpu nmpuMeHeHUN TEOPEMBI O TIep-
BOOOpA3HOM KOPHE IMOHMMAaTh €€ J0Ka3aTeJhCTBO He 00s13aTe/IbHO.

B sTom maparpade maruHCKuME OyKBaMu 0003HAYAIOTC UCABIE YUC-
AQ WA 66MeMbl, TIO TTPOCTOMY MOJYJIIO P (UTO MMEHHO — BUJIHO M3 KOH-
TEKCTA).

3.1 Maunas Treopema Pepma (2)

3.1.1. (a) O6ozmaunm Zg7 = {0,1,...,96}. Omnpenenum otobpazke-
uue f: Zor — Zg7 Tak: f(a) paBHO OCTATKy OT jeneHus uuciaa l4a
Ha 97. Torma f — B3amMHO OJHO3HAYHOE COOTBETCTBUE.

Obcyoicdenue. Jloctarouno a0Ka3aTh Ju0OO CIOPBbEKTUBHOCTH, JIUOO
MHBEKTUBHOCTE. OOBIYHO TOKA3BIBAIOT uHsekmueHocms. Ho Heobxomnn-
Masl JIJIsT 9TOTO OCHOBHAS JieMMa apudMeTuKu 2.5.7.b 0O6bIYHO TOKa3bI-
BaeTcd depe3 pa3pemuMocThb ypaBHenus 97x + 14y = 1, u3 xkoTopoit
Cpa3y BBITEKAET CIOPBEKMUBHOCTLD.

(b) Cupasegyuo coorromenue (14-1)-(14-2)-...-(14-96) = 96!
(mod 97).

(¢) Cupaseamuso coorHomenne 1496 =1 (mod 97).

(d) Mamas Teopema @epma. Eciu p mpocroe, To nP — n peaurcs
Ha, P JJIs1 JIFOOOTO TEeJI0TO N.

(e) Alio modo. Ecmm p mpocToe m n He mesmwres Ha p, To nP~1 — 1
JIEJTUTCST Ha, P.

(f) Hust mpocroro p [mcsio (g) IEJNTCA Ha p Ajs Joboro k =
1,2,...,p — 1. (3 3T0or0 mosy4yaeTcs WHOE — 0 WHIYKIUKA — JTOKA3a-
TeLCTBO MaJioil Teopembl Pepma.)

3.1.2. HaiianTe ocTaToK OT Ae/IeHUS
(a) 2190 12 101;  (b) 3192 ma 101;  (c) 89% ma 29;
(d) 32090 g2, 43;  (e) 750 ma 143;  (f) 299 + 6°Y ma 143.

3.1.3. (a) Ecau p nmpocroe u p > 2, o 7P — 5P — 2 nenwrcst Ha 6p.
(b) Yucmo 111...11 u3 2002 exunur geaurcs vHa 2003,
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(¢c) Ecm p u q — paziauunbie npocreie yuciaa, 1o pl 4+ ¢P — p — ¢
JICJINTCS Ha Pq.

(d) Yucmo 30237 + 23930 cocrasmoe.

(e) Ecoin p nmpocroe, To jjivHa niepuoja gecaTudHoil apobu 1/p me-
jut p — 1.

3.1.4. JIng mpocToro p u a, He JEJIAIIErocs Ha P, HA30BEM NOPA0KOM
ord a = ord, @ 4ucia (uam BbIYETA) @ 110 MOAYJIO p HauMeHblree k > 0,

a1t Koroporo a¥ = 1 (mod p):

ord a = ord ya ;= min{k > 1| a” =1 (mod p)}.

(a) Muoxkectrso {m > 0: ¢ =1 (mod p)} cocrour u3 1eJbIX HEOT-
pUIIaTe/IbHBIX YKCes, KpaTHbIX ord a.

(b) Ecn @™ = a™ (mod p), To m — n nenurcs Ha ord a.

(c¢) JIemma. Yucio p — 1 genurcesa wa ord a.

(d) Eciin ord x u ord y B3aumtuo npocrsl, 1o ord(zy) = ord x - ord y.

(e) dust yi00BIX 11 @, T, p BepHO, 4TO aord, ¢ = ord, x7?

3aMeTuM, 9TO MO MPOCTOMY MOJYJII0 MOYKHO ONPEIE/IUTh JTeJIeHue
U OoTpuIaTeabHble crenenn. Anamorn yreepxkienuit 3.1.4 (a, b) cmpa-
BEJITUBHI JIJTA OTPUIATETHHBIX CTETeHET.

3.1.5. B »roii 3agaye dykBamu p,q,p1,...,Pr 0003HAYAIOTCS PA3INYI-
HBIC [IPOCTBIC YUCJIA.

(a) Ecin p # ¢ u n me geanrcs wu Ha p, mu Ha ¢, To nP~DE@—D ]
JIeJTUTCA Ha Pq.

(b) Ecotir n me gesmarcs ma p, 1o nP"P~Y — 1 nenures wa p

(c) Teopema iisepa. Eciu n B3anmuo mpocto ¢ m = pyt-...-pp*

a+1

n(m) = (p1 — D)p?* - (p — 1)pg’“_1, To n¥™) — 1 nemmres Ha
m.

(d) Yneno ¢(m) paBHO KOTMIECTBY 9mces OT 1 10 m, B3aWMHO TTPO-
CTBIX C M.

3.1.6. (Baragka.) N3BecTHO, uTO M — HEUETHOE WHCIO OT 3 70 47, He
Jensieecs Ha 9. Kak ObICTPO BBHIUHUCIATH HEM3BECTHOE 1, TIO U3BECTHOMY
n’ mod 507

Pemenne sToit 3araiku mokasbIBaeT, TOUeMY JJI MU POBAHNS TaK
BaXKHO OBICTPO HAXOJUTH PA3I0KeHWe YUCJIa Ha IPOCTble MHOKUTEN,
B 9aCTHOCTH OBICTPO pacCHo3HaBaTh MPOCTOTY YHCIIA.
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3.3 Ksaaparuunsie BbiueTbl (2*)

[ens »TOro mMuKIa 33Ja4 — MOTUBAPOBATL W OOCYIUTH IIPOOJIEMY
paspemmyMocTi cpaBHenusa 2 = a (mod p) gng mpocroro p. B sTom

MyHKTE depe3 p 0003HAYAETCA HEUETHOE TTPOCTOE TUCIIO.

3.3.1. (a) Kakue ocrarku MOTyT JaBaTh KBaJpaThl IEJbIX GUCEN [IPU
nenenun Ha 3, 4, 5, 6, 7, 8,9, 107

(b) Ecrm a? +b? germtes wa 3 (Ha 7), To a u b genarcsd na 3 (ma 7).

(¢) Hucso Buma 4k + 3 He npejCcTaBUMO B BUJIE CyMMbI JIBYX KBaJl-
paTOB.

(d) CyrectByeT 6ECKOHETHO MHOTO YHCET, HE TIPEJICTABUMBIX B BUJIE
CYMMBI TPEX KBaJIPaTOB.

3.3.2. Pemmte ypaBHenud B MeJbIX YUC/IAX:
(a) 23 + 23 + 22 + 23 + 22 = y? (B HeuSTHBIX YMCIAX);
(b) 3z =5y? +4y —1; (c) 22 +y? =322, (d) 2* +1 = 3y?%;
(e) 22 =2003y —1; (f) 22 + 1 = py, rae p = 4k + 3;

3.3.3. (a) Ecm p = 4k + 3 memmt a? + b2, To pla u p|b.

(b) Hucsio, B KAHOHUYIECKOE PA3JIOKEHUE KOTOPOTO HEKOTOPBIi TPO-
croii sesuresb Buaa 4k+3 BXOAUT B HEYETHOMN CTENEHH, HE [IPEJICTABUMO
B BUJIE CyMMbI JABYX KBaJAparoB (LeJIbIX Yucel).

(c)* Ypasuerne x2 + 1 = py paspermmMo B TIEJBIX YUCIAX TP P =
4k + 1 (u mepaspemmnmo npu p = 4k + 3).

(d)* JIroboe mpocroe uucio Buga 4k + 1 mpeacraBuMo B BHJIE CyMMBI
JBYX KBaJIPATOB.

(e)* Yucsno, B KAHOHUIECKOE PA3JIOKEHNE KOTOPOTO JII00O0# TTpoCcTOii
aenuresib Bujga 4k 4+ 3 BXoauT B YETHON CTeleHu, [IPeJCTaBUMO B BUJIE
CYMMBI JIBYX KBaJpPaToB.

(f) IIpocteix uncen suma 4k + 1 6eCKOHETHO MHOTO.

Hoxazarenscrso on Sarupa yreepxaerns (d) MOXKHO HANTH B KHU-
re |[Pr07-1].
3.3.4. (Baramka.) «Ceemure» ypasHenme py = at? + bt + ¢, a # 0,

K cpasuenuio x2 = k (mod p).

Ocratok a # 0 Ha3BIBaeTCS K6adpamu4HuM svivemom (Keadpamus-
HBLM HEGBIMEMOM) 10 MOOYAI0 D, eCll cpaBHenue r2 = a(p) pa3pemmmo
(mepaspermmo). CiioBa «I10 MOIYJIIO Py JTajiee OMyCKarOTCsI.



YKa3zaHus, OTBETbl U PerTeHus 55

3.4 KsaagparuuHnblii 3akoH B3auMHocTu (3%)

31eCh CTPOUTCS AJTOPUTM BBISICHEHHUS] PA3PEIIUMOCTU CPABHEHUS
2 =aq (mod p) mis npocroro p. Ucnonessyercs 1. 3.3 «Ksaaparuasbie

BBIYCTHI».

3.4.1. Ecau gucao p = 8k + 5 npocroe, TO
(a) 2*%+2 = —1 (mod p);
(b) ypasmenme 2 — 2 = py Hepa3peIIIMO B IMETBIX YHCIAX.

3.4.2. Ecau gucao p = 8k + 1 npocroe, T0O
(a) 2** =1 (mod p);
(b) ypasrenue 2 — 2 = py pa3penuMo B LE/IBIX YHC/IAX.

3.4.3. (a) Ecan ancio p = 8k + 1 mpocroe, To 2°P~1/2 =1 (mod p).
(b) Ecim wmcio p = 8k & 3 mpocroe, To 2P~1/2 = —1 (mod p).
(c) Huig KaKuX MPOCTHIX P PA3PEIINMO B IEJIBbIX YUCJIAX yDABHEHHE

3.4.4. (a) Ecu aucio p = 12k & 1 npocroe, To 3?P~1/2 =1 (mod p).
(b) Ecim wmcto p = 12k £ 5 mpocroe, To 3P~1/2 = —1 (mod p).
(c) Juist KakuUX TTPOCTHIX P PA3PEITNMO B TIEIBIX YUCJIAX yPaBHEHWE

z? — 3 = py?

3.4.5. [Ijig HEYETHOrO MPOCTOTO YUCIA P PACCMOTPUM CUME04 Jleacaro-

pa

( a ) )41, a—xBagpaTUYHBII BBIYET MO MOIYIIO D;
p —1, a—KBajgpaTUYHBII HEBBIYET MO MOJYJIIO P.

Hanpumep, <%) = (—1)(p2_1)/8 no 3agade 3.4.3 u (%) = <%) (%) 110

3a1a4e 3.3.8.
(a) Kpurepuit Ditnepa. CupaseijimBo COOTHOIIEHUE
(ﬁ) =o'z (mod p).
p

(b) JIemma Taycca. CupaBeinBo COOTHOIIEHTE

(p—1)/2

(4) = (1) =

[2az)
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3.5 IlepBoobGpa3subie KopHu (3*)

3.5.1. (2-7) Ccopmyupyiite u 060CHYATE AJIrOPUTM PELIEHUS CPAB-
Hernus a® = b (m) ajist 3JaHHBIX @, b, B3AUMHO [MPOCTBIX C 33JIaHHBIM
m € {2,3,4,5,6,7}.

(Permterne Takoro cpaBHEHUsT — OJTHA W3 OCHOBHBIX MOTUBUPOBOK 3TO-
IO 3aHATHS. )

3.5.2. (a) Ecm (a,35) =1, o a'? =1 (mod 35).

(b) Ecsim m genmrces Ha 1Ba Pa3IWYIHBIX MPOCTHIX HEUETHBIX TUCIIA

(m)
u(a,m)=1,1r0a 2 =1 (mod m).

[Tycrs (g,m) = 1. Berger g mHasbiBaeTcst nepeoobpastviMm KOPHEM TIO
MOJTYITIO M, €CJTH OCTATKH OT JAeJIeHUA Ha m ducen gb, g2, ..., g‘P(m) =1
pazanaabl. Hampumep,

® UNCJIO 2 SIBJISIETCs TEPBOOOPA3HBIM KOPHEM 10 MOYJIIO 5, & IUCJIO
4 — wer;

e 10 3ajaue 3.5.2 (b) ecim m meauTCs Ha JBA PA3JIMIHBIX TPOCTHIX
HEUIETHBIX UHC/Ia, TO HE CYIIECTBYET MEePBOOOPA3HOTO KOPHS MO MOIY-
JIEO M.

3.5.3. JlokaxkuTe CyIIeCcTBOBaHKE IEPBOOOPA3HOI0 KOPHSH 110 IPOCTOMY
MOJIYJTIO CJIEJIYIOIIETO BU/IA:

(a) 257; (b) 2'4+1; (c)2%-3'+1; (d)151; (e)2F-35.5m+1.

[Tpoctoit metos pemernst myHKTOB (a), (b), (¢), He mpoxomnuT s
(d), (e). IIpogemoncrpupyem meroy pernenus nyakros (d), (e) wa npu-
Mepax.

3.5.4. (a) Boiuer g — nepBoobpasHblii KOpeHb 110 MOuyJo 97 Toria
¥ TOJILKO TOTIa, KOTJa HU ¢°, HU ¢ He CPaBHUMBI ¢ 1 TT0 Momyso 97.
(b) Cpasuenue ° = 1 (mod 97) umeer poBHO 3 pereHus.
(c) Cpasrenme 32 = 1 (mod 97) mmeer poBHO 32 pelneHnus.
(d) CymecrByer mepBoobpa3HbIil KOPEHB 110 MO0 97.
(

e) KonmmaecTBo mepBooOpasHbix KOpHEi o Moaysito 97 paBao 63.

3.5.5. (a) Bwiuer g — mepBoobpasmbiii KopeHb mo Moyt 151 Torma
M TOJILKO TOIJA, Korga Hu ¢°0, mu ¢°0, u ¢'° He cpaBHEMBI C 1 110
Mozysio 151,
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3.6 Bpricokue crenenn (3*). A. 4. Kaneav-Bbeaos, A. B. Cxo-
neHKos

3.6.1. (a) s mo6ex n u veuernoro k uucio k2" —1 nemmres ma 272,

(b) Hdns moboro n uncno 237" — 1 pemmrea wa 77

3.6.2. Ilpu xakux a
(a) 2% — 1 pemmres ma 3109 (b) 2¢ 4+ 1 genwresa wa 3100,
(c) 5% — 1 gemmrea wa 2190, (d) 2% — 1 memmrca ma 51907

Yreepxkaenue 3.6.1 (a) o3HaUAET, UTO HU MPU KAKOM N > 3 HE Cy-
IIECTBYET TEPBOOOPA3HOTO KOPHS TIO MOIY/II0 2™ (CM. OTpejiesieHue B Ii.
3.5). OrBernl K 3aauam 3.6.2.(a),(d),(c) u yreepxuenue 3.6.1.(b) o3Ha-
YAOT, YTO JJIsI JTF0O0T0 1 9UCII0 2 sBJISeTCs TepBOOOPA3HBIM KOPHEM 10
Moaysro 3" u o Moy o 5", a uncaa b m 2 He ABJSIOTCI TTepBooOpas-
HBIMUA KOPHAMU TI0 MOZyI0 2" 1 110 MOaysio 7.

3.6.3. (a) Haitnure nepoobpasubiii Kopenb 10 Moyio 7100,

(b) Teopema. IlepooGpa3mible KOPHU CYIECTBYIOT TOJBKO MO MO-
Aysasiv 2,4, p", 2p".

3.6.4. Ilyctb p > 2 mpocToe, g — 1epBOOOPA3HBIN KOPEHDb IO MOJIYJIIO P
u ¢! — 1 me gemurca ma p?. Torma g — HepBOOOGDPA3HBIN KOPEHb IO
MOJTYJTIO

(a) p?;  (b) p*;  (c) p" ana moboro n.

3.6.5. Ilycts p > 2 mpocroe.

(a) Eciiu g — mepBoobpasmblii KOpEHb 110 MOJLYJ/IIO P, TO OJHO U3 YH-
cen g1 —1u (g+p)P~ ! —1 me gemres na p.

(b) Ecim g — 1nepBoo6pasHblil KOPEHb 0 MOJYJIIO P2, TO g — IepPBO-
00pa3HBIil KOPEHBb MO MOYJIIO P’ JJIsd JTH000TO N.

(¢) st ar060ro mesioro MOIOKUTEBHOTO N CYIIECTBYeT epBO00-
Pa3HBIN KOPEHBb IO MOJIYJIIO p.

(d) To xe mo momymio 2p™.

3.6.6. JIemma 006 yrouHeHuu nmokasareJsisi. [lycts p — nmpocTtoe guc-
Jo, p > 2 wim n > 1, g He geauTcs HA p u r — 1 genurcd Ha p, HO He
ga p" L.

(a) Yucno x4 — 1 memmres wa p™, HO He Ha p™ Tl



70 DJIeMEeHTHl MAaTeMaTHUKU B 3a/1ad9ax

4.2 Permenue ypaBHeHuii 3-ii u 4-ii crenenu (2)

Baarogapro O. E. Opén 3a nose3ubie 06CyKIeHN.

[TpuBen€HHBIN 3/1eCh MaTepuas BakKeH U IMUPOKO M3BECTEH, HO He
BXOJIUT B IITKOJIbHYIO WK YHUBEPCUTETCKYIO TTporpammy. OTandue mpu-
BOJIMMOTO PACCYKICHUS OT BCTPEYAIOIINXCS B IPYTUX UCTOUYHUKAX B TOM,
410 (BMECTO HEMOTMBMPOBAHHBLIX 3aMeH) ypaBHEHUsI €CTeCTBEHHO CBO-
IATCS K TAKUM, KOTOPbIE SICHO, KaK periaTh.

Hanpumep, ypasrerne 2 + 4z — 1 = 0 cBoauTcad K ypaBHEHUIO
y? — 5 = 0 3aMeHOil TepeMeHHOi §y = & + 2.

4.2.1. (a) Ypasuenue x> + 322 + 5 + 7 = 0 «CBOAUTCA» 3aMeHOI
IIepeMEeHHO K YPaBHEHUIO y3 + py+ g = 0 ¢ HEKOTOPBHIMHU YUCTIAMU P, (.
(b) Ypapuenue az3+bx?+cx+d = 0 npu a # 0 «cBOAUTCA» 3aMeHOl
IepeMeHHOI K ypaBHeHuo y° + py + ¢ = 0 ¢ HEKOTOPBIMEI YHCJIAMHE P, ¢.
(c) Ypasuenue ax* + bx3 + cx? +dxr +e = 0 npu a # 0 «cBOAUTCHY
3aMEeHOIl IepeMeHHO K YPaBHEHUIO y4 + py2 +qy+1r = 0 c HEKOTOPBIMU
YUCJTAMA P, ¢, T

4.2.2. (a) HJoxaxure, ato v/2 + 5 — v/v/5 —2=1.

(b) Haitaure X0Ts 6BI 0JHO peleHne ypasaenus x> — 3v/2x +3 = 0.
Yxasanue. Merona meab Peppo. Tak kak

(u+v)° =u’ + 03 + 3uv(u + v),

TO YHCJIO U+ U SBIAETCS KOpHeM ypasHerud x° — 3uvr — (ud +v3) = 0.

(c) Perure ypasuenue x5 — 3v/2x + 3 = 0.

4.2.3. (a) Pasmoxkure Ha MHOXKHTEM BRIpaskenne a’ + b° + ¢ — 3abe.
(b) Cupasenmso mepasencTso a’ + b? + ¢ > ab + be + ca. Korna
JIOCTUTAETCS PABEHCTBO?
(c) Crpasemuso mepasercTso a® + b3 + ¢ > 3abc mpw a,b, ¢ > 0.
(d) Paznowxute BRIpaxkenue a’ + b3 + ¢ — 3abc Ha TUHeiHbIE MHO-
JKUTEJIM ¢ KOMILIEKCHBIME KO3 purimenramu.

3a/1aun 9TOTO MYHKTA O KOMILTEKCHBIX YMC/IaX MOYKHO TPOMYCTHUTh.
Ho g ux pemennst He0OX0AMMBbI JIUITh MUHUMAJIbHbIE CBEJEHUS O KOM-
IUIEKCHBIX YMCJIaX: JOCTATOYHO yMeTh pemarh 3ajaun 4.5.1 u 4.5.2.
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4.2.4. (a) Chopmyaupyiire u JOKAKHUTE TEOPEMbI, OIKUCHIBAIOIINE BCE
BeIecTBeHHBIE (BCe KOMILIGKCHBIC) PelleHns ypaBHeHns 22+ pr+q = 0.

(b) ChopmysiupyiiTe u JOKazKUTE TEOPEMbI, ONUCHIBAIOIIKME BCE Be-
IIecTBeHHbIE (BCe KOMILIEKCHBIC) pelleHns ypasHeHus x> + pxr + ¢ = 0
B TOM cjly4ae, Korja paboraer meron aenb @eppo (cm. 3agauy 4.2.2).
A Ipy KaKOM YCJIOBMM Ha P, ¢ IPAUMEHUM 3TOT METOJ, I BEIeCTBEeHHBIX
pelenuii, ecjim KBaIpaTHbIe KOPHU PAa3PerIaeTcsd U3BJICKATHL TOJIbKO U3
I10JIOZKUTE/ILHBIX YUCEJI?!

(¢) CocraBbre aaropuT™ (TOYHOTO, UM CUMBOJIBHOTO) HAXOK ICHUST
BCEX BEINECTBEHHBIX KOpHeil ypasHenms ax> + bx? + cx + d = 0, e

a # 0.

[Ipu pemenun HEKOTOPBLIX KyOMYECKHMX yPABHEHUH METOIOM JIe/b
®Deppo B HopMysIax HEOKUAAHHLIM 00PA30M BO3HUKAIOT KOMILIEKCHBIE
4YnCsIa — KaK Pas3 TOTJa, KOTJa BCE KOPHU MCXOJHOTO yPABHCHUS BEIIe-
cTBeHHBLI. Takue ypaBHEHUS MOKHO TAKYKE PEIIaTh CJICIYIONIM «IHCTO
BeIeCTBEHHBLIMY MeTonoM. OH Tak:Ke MHTEPECeH TeM, UTO IIOABOIUT
K MpancueHoenmuvLm memodam perennst ypasHenuii [PSol.

4.2.5. (a) Pemmre ypasnenne 42 — 3z = 1.

(b) Pemure ypasrenne 23 — 3z — 1 = 0.

(¢) Ucniop3yst hyHKIUU COS U arccos, HAIUINUTE OBIIYI0 hOpMYITy
71l pellleHns ypaBHeHnd T° + pr 4+ ¢ = 0 MeTo0M, HaMeUeHHBIM B 9TOd
3asade. [Ipn KakoM ycyioBum ypaBHeHUE 3+ px+q = 0 pemtaercd 3TUM
MeTo0M?

4.2.6. PemuTe ypaBHeHue
(a) (22 +2)2=9(x-1)32; (b)z'+42—1=0;
(c) 24+ 222 —8x —4=0; (d) 2* —122% — 242 — 14 = 0.

Yxasanue x 3adaue 4.2.6 (b). Merog ®@eppapu. [logbepure Takme
a, b, ¢, aTo
zt +4r — 1= (2% + a)? — (bx +¢)2

st aroro HaiiauTe XOTA OBl OHO (v, JJisi KOTOPOTO KBaAPATHBIA TPEX-
aren (22 4+ a)? — (2% 4+ 42 — 1) or = ABAAETCA TOTHBIM KBAJPaTOM.
Jnst 9TOro HaiiuTe JUCKPUMUHAHT 9TOTO KBAIPATHOTO Tpéxuaena. O
ABJISIETCS KyOWYECKMM MHOTOYIEHOM OT (v U Ha3bIBACTCH KYyOuueckol
pesoaveenmoti Muorodtera rt + 4r — 1.



YKa3zaHus, OTBETbl U PerTeHus 89

4.7 uodaHTOBBI ypaBHEeHUd u rayccoBbl uncia (4*). A. 4. Ka-
Heav-benaos

Bceem xoporo 3rakoM aaroputMm EBkauna. Jdans aBa aucia a, b. 13
HUX BbIOWpaeTcs OoJibIliee, W3 OOJIBIIET0 BBIYUTACTCA MEHbIee, 00/Ib-
TITee 3aMeHdgeTcd Ha Pa3HOCTh, M C HOBOM Mapoil Ynce T TPOU3BOIUTCS Ta,
ke npouegaypa. Cum. 3azauay 2.5.9 (b). C nomompio anropurma EBk/iu-
JTa TOKa3bIBAIOTCA apudMeTHIecKre CBOMCTBA duces U 3T0 Bl n3yvasn
panbire (cMm. . 2.5 «Jluneiiabie quodanToBbl ypaaerusy u 1. 4.4 «/le-
JIUMOCTD JIJIsT MHOTOYWJIEHOB» ). [IpuBeiéM MpUHIUTIMAIHLHO HOBBIE (It
OOJILITUHCTBA TITKOJHHUKOB) €r0 TTPUMEHEHUS.

4.7.1. PemmTe ypaBHEHUS B 1EJIbIX YUCJIAX:
(a) 22 +4=y% (b)a?+2=y" ()" 2’ +y° =2

[TonipobyiiTe mopemars ux, He YuTad ganabHeiimero! Bipouem, y Bac
BpsiJT JIM TOJTy4unTCd. BosBparaiitech K 9TOi 3ajade M0 Mepe YTEeHUs
JAJILHEHRIIer0 MaTepuaJia.

IIpu pemennn ypasHeHns 2 + 4 = y3 B IeABIX YHCTAX XOYETCS
neiicrBoBaTh Tak: 2 + 4 = (x + 2i)(z — 2i). IIpu neuérnom = oba 3Tu
MHOXKUTEN B3aWMHO IIPOCTBI, W MOTOMY 00a sIBISIOTCS KyOamwu. U3
sroro nojydaercs pemenne. (Coyuaii yérHoro x xurpee: 0b6e CKOOKU
moryT gemuthes Ha (14 1)3.) IompobyiiTe JoBecTH pernenne o0 KOHIA,
a 3aTeM CPABHUTH C IPUBEIEHHBIM B KOHIIE TEMBI.

OTHUM CJTOBOM, XOUETCST HACTAXKTATHCS TOTIOTHUTETHHBIMIA BO3MOK-
HOCTSIMU TIPY PABT0KEHNN HA MHOKUTEN 38 CIET UCTIOIH30BAHUS 2a1C-
COBBIT wucen, T.e. ducen Buga a + bt ¢ menpimu a u b. OgHAKO He
BCE KOTY MaC/JEHWIIa — TaK MoJIydaeTcsa He Beerma (cMm. 3ajgaqdn 2.2.8 (b)
n 4.7.3 (b)), HO WHOT/IA TOTygaeTcsa. UToObI TPUMEHSTH PA3JTOKEHIE HA
MHOKUTEN JJIS PEIeHns YPaBHEHWI, HYKHA 00HO3HAYHOCTL PA3A0-
HCEHUSA HA NPOCTBIE MHOMCUMEAU. FCIM OHA MeeT MecTo, TO Mbl HMe-
eM BCE Te ke apudMeTuYecKue yI0BOJIbCTBUS, YTO U JIJIS TEJTbIX YUCEL.
Crenyromas 3ajata TMOKA3bIBAET YAUBUTETBHBIN (DakT: I apudpme-
MUYECKUL YAOBOJIBCTBUN JOCTATOYHO JOKA3ATH 2eomempuieckuti PakT
O BO3MOXKHOCTH JI€JIEHUS C OCTATKOM.

4.7.2. T'ayccoBO UMCIO HA3BIBAETCA NPOCMbLM, €CJTV OHO He pa3jlaraeTcd
Ha JBa MHOXKUTEJId, KaxKAbI 13 KOTOPBIX oTyimdeH oT +1 u +7. B aToi
3a/1a4e JIATUHCKUE OYKBbI 0003HAYAIOT rayCCOBBI YMCJIA.
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(a) OHOBHAYHOCTD PA3JIOKEHUsI HA TPOCTHIE MHOKUTEIU BBITEKAET
13 CJIEJIYIONIero cBoficTa (amasora geMMbl Epkimga 2.5.7 (c)).

DakTOopuaIbHOCTb. /15 JIFOOBIX a, b ecii TPOCTOE YHUCTIO P JICTUT
ab, To p gemuT a wim p geaut b.

(b) @akTOpUATBHOCTE BBHITEKAET U3 CJEYIONIEro CBOWCTBA (aHaIora,
aemmbl o nipencrasiaernn HOJL 2.5.7 (a)).

I'maBHOUAEaNbHOCTDH. 1 JITOOBIX a,b CyIIeCTBYIOT Takue I,7Y,
aro za + yb = ged(a,b). (Haiire ompesesienne HarOOJIBIIETO OBIIETO
nemurens ged(a,b) ancen a, b camocrosiTepHO!)

(¢) TnaBHOMIEATBHOCTD OOECIIEYNBACTCS CIIE/YOIIMM CBOMCTBOM (aHa-
JIOPOM TeopeMbl 0 jejernu ¢ octatkom 2.4.1 (b)).

EBkaugoBoctb. g m06bix b £ 0 u a cymecrByer takoe k, 94T0
la — kb| < |b].

4.7.3. Bepna Jin eBKJIWJIOBOCTH (M, 3HAUUT, (DAKTOPUATHLHOCTE!) 1151
mHOXKecTBa Z[E] wucen Buga a + bE ¢ nenbimu a, b, ecau £ ecThb

(a) vV=2; (b)) v=3; (c) (1-v=3)/2; (d) (1 -+v-5)/2;

(0) (1- V=727

4.7.4. (a) Hukaxoe mpoctoe uucio Bujia 4k — 1 He pasiaraercsa B CyMMy
JIBYX KBaJIpaTOB.

(b) JIo6oe npocroe uucsio Buga 4k + 1 pasnaraercs B CyMMY JBYX
KBaJAPaTOB, IPUIEM POBHO OJHUM CIIOCOOOM.

(b) Cymectsyer 1esioe anciio, posao 1024 criocobamu passraratorie-
ecsd B CYMMY IBYX KBaJpPaTOB.

DTy 3aJ1avy MPOIIEe permaTh 6e3 rayccoBbIX uncest (eM. 1. 3.3), oHa-
KO II0JIE3HO IIOTPEHUPOBATLCA B UX IPUMEHEHUH!

[Togpobuee cm. [Pos, §4]. Cm. takke 3amaqay 4.4.7.

YKazaHusdA, OTBETHI U pPeIleHns

4.7.1. (a) (P.U. desaros) Omeem: = +£2, y=2un x = +11, y = 5.

[lepeitaém K 1eTIBIM TAYCCOBBIM TUCaaM U mosryanm (x+2i)(x—2i) =

yo.

[esroe rayccoBO TMCI0 HABBIBAETCA MOUHbIM KYOOM, ECTTH OHO PABHO
b3 1151 HEKOTOPOI'O LEJIOr0 rayccoBa ducia b. 3aMerun, 4To Bce «obpa-
TUMBbley» uncaa £1, 1 aagiorcd TouabiMu Kybamu. [loaTomy TouHBIM
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5.3 KombunaTopuka KJacCOB 9KBUBAaJIEHTHOCTH (2)

DTOT IIyHKT IIOCBSINEH I[OJCYETY YHUC/IA KJIACCOB SKBUBAJIEHTOCTH
(T. e. packpacok u T. 1.). Takoil HoACIET MOJABOAUT YUTATE/IS] K BAXKHOMY
TMOHSITUIO 2PYNNbE NPeobpa3osaHull M K daeMeHTapHON (HOopMYyIUpOBKe
aemmor Béprcatioa. PopMy/IMPOBKA U JIOKA3ATEILCTBO TOr0 U JPYIHUX
pPe3yJIbTaTOB Ha si3bIKe aDCTPAKTHON TEOPUU TI'PYIIL JeJaeT UX MeHee
mocrymabiMu. Cp. [ZSS, § 28 «O HeoOX0IMMOCTH MOTHBHPOBOK> |.

He Tpebyercst, uTobbI B packpacke MPUCYTCTBOBAJIN BCE JAHHbBIE TTBE-
Ta. Packpacku, COBMeNAIOecs BpalleHueM IPOCTPAHCTBa (T. €. JBU-
JKEHIEM IIPOCTPAHCTBA, COXPAHSIONINM OPUEHTAINIO U UMEIOIIUM HEeII0-
JBUKHYIO TOUKY ), CIUTAIOTCS OMMHAKOBRIMU (Kpome 3asaqan 5.3.1(c)).

C.iesyroliye olpeie/eHrs UCI0JIb3YI0TC TOJIBKO B 3a4a4ax 5.3.1.(b),
5.3.6.(e), 5.3.11 (1 moTOMY MOT'YT OBITH IIPOIYIIEHBI IPU PEITEHUS OCTA b~
HBIX 33/1a9).

Hzomopguszm vex iy rpadamMu— Takast OMEKITIs MeXKTy MHOXKECTBa~
MU WX BEPIIUH, 9TO /I JIOOBIX JBYX BEPINUH STH BEPIIUHBI COEINHEHbI
pedpoM TOT/Ia M TOJIBKO TOT/Ia, KOT/Ia UX 00pa3bl IpU OMEKIUNA COeJIH-
HeHbI pebpoM. Asemomopgusm rpadpa— ero nzomopdusm Ha ced.

5.3.1. CKOJIbKO CyIIeCcTByer

(a) packpacok rpaHeii Kyba B KPDACHBII U CEPBI 11BETA;

(b) pasmuunHbIX (T. €. HEM30MOPQHBIX ) HEOPUEHTUPOBAHHBIX TPadOB
¢ 4 BepIIMHAMU;

(¢c) pacKpacok B T IIBETOB BEPINWH MPABUIBLHOTO TeTpasapa’
3/1eCh paCKpaCcKu, COBMEIAIONINECST JBUKEHUEM TTPOCTPAHCTBA (He 00sI-
3aTe/IbHO COXPAHMIONIMM OPUEHTAIUIO), CUUTAIOTCS OJIMHAKOBBIMU.

5.3.2. /Ing mpocToro p HaAMTE KOJIMIECTBO 3aMKHYTHIX OPUEHTUPO-

BAHHBIX CBSI3HDBIX P-3BEHHBIX JIOMAHbBIX (BO3MOXKHO, CAMOIIEPECEKAIOIINX-

Cs1), TPOXO/ISIIIINX Y€Pe3 BCE BEPIIUHBI IAHHOTO TPABUJIBHOTO P-yTOTBHUKA.
31ech JJoOMaHbIe, COBMEIIAOIINECS TTOBOPOTOM, HEOTIUINMBI.

Sagaun 5.3.1 u 5.3.2 npocrbie, UX MOXKHO pPelIuTh 6e3 ujieil, mpuBo-
adammx K JieMMe bépHcaiiga.

5.3.3. Haiigure KO/JM4IecTBO PACKPACOK KapycCeJu W3 N He3aHyMepo-
BaHHBIX BarOHYUKOB B T I[BETOB (T.€. KOJUIECTBO PACKPACOK BEPIITHH
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IIPABUJIBHOI'O N-YIOJbHUKA B 7" IBETOB, €CJIU PACKPACKU, COBMEIIAIOIIN-
ecst TIOBOPOTOM, HEOTJIUIUMBI) JIJIsT

(a)n=5; (b)n=4; (c)n=6.

Sasaay 5.3.3 jiJis MPOU3BOJIBHOTO 72 MOXKHO PEIIUTH CIIOCOOOM, aHa-
JIOTUYHBIM TTPUJIYMAHHOMY BaMu s MaJIbiX 1. O HAKO perrenne 0yieT
rpomosakuM. Ilpuseném Gosiee npocroil (jjisi «0YeHb HENPOCTHIX» N)
criocob Ha npuMepe pemenus 3ajadu 5.3.3 (¢).

Hazosém (packpawennvim) noezdom packpacKy Kapyceiu U3 3aHy-
MEPOGAHHILT BATOHYNKOB B T 1BeToB. Torna Bcero nmeercs rd noesnos
n3 6 BarOHYMKOB.

Pacnpenennm moe3aa 1mo BOK3ajaM TaK, YTOObI Ha KaskKJ0M BOK3aJjIe
HAXO/IU/INCh BCE I110€3J1a, [0y YeHHbIe U3 HEKOTOPOM OJHONH pacKpacKu
KapyCeJiid BCEBO3MOXKHBIMU Pa3pybaHusIMu, T. €. HCKOMO€e KOJIHMYECTBO Z
PACKpPACOK PaBHO KOJIMIECTBY BOK3AJIOB.

Hazoeem nepuodom T(a)) moesa o HAMMEHBIIYIO TTOJIOKUATETHHYTO
BEJIMYMHY [UKJIMIECKOrO CJBUTA, MEPEBOSINEro Moe3 v B cebdsi.

5.3.4. KonmmuecTBo 1moe3710B Ha BOK3aJe PABHO IMEPUOJY KayKJI0TO W3
[I0€3/10B, CTOSIIUX Ha TOM BOK3aJje. B wacTHOCTH, Iepuoibl 110€3/10B,
CTOSNINX HA OJHOM BOK3aJle, PaBHbI.

Ha kaxxmom Bok3aJie BIOepeM oanH moe3. ITocaaum B Hero 6 macca-
JKUPOB U BbIIauM umM ouserst ¢ unciaamu 0, 1, 2, 3, 4, 5. Torga HyKHO
HalTH 00IIee Yncyo 62 maccazkKupoB.

[To KoMaHe KarKJIbIil maccaykup MepexognT B (pacKparleHHblii) mo-
€37, TIOJyUYEeHHBIIT M3 BBIOPAHHOTO M0E€3/1a IUKJIUIECKUM CIBUTOM Ha,
IHCJI0, YKAa3aHHOe B OMIeTe maccaykmpa. fICHO, IT0 KaryKIbli maccaskup
OCTAeTCsI Ha IIPEe:KHEM BOK3aJIe.

5.3.5. (a) B BeiGpanrom noesne a ocranercs 6/7 (a) maccaxkupos. Bo-
siee hopmasibHO, KosmdecTBo Tex s € {0,1,2,3,4, 5}, j1/1st KOTOPBIX UK~
JIMYeCKU CJIBUT Ha § TIEPEBOUT 1moe311 o B cebsi, paBro 6/7 ().

(b) B kaxmom moesne a okaxkercst 6/7(«) maccakupos.

SuauuT, 0biree duca0o 67 maccazkupoB PaBHO KOJUYECTBY BCEX IIap
(c, s), B koTOpbIX s € {0,1,2,3,4,5} u o — noes, nepexosinuii B cebdst
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IIPU IUKJIMIECKOM CIBUTe Ha S BAaroHYMKOB. IIuK/Indeckuii CaOBUT Ha, S
nepesouT B cebst posro 18°45:0) 110637108, [TosToMy

6Z =r+r+r>+r3+r4r

[IpuBeIeHHBIN TJTAH PEITeHns] MOXKHO TPEJICTaBUTh B BUjie (pOPMYIbI

6 6
624 = T(xz) - = — =S r 4+ 4

2.T@ 70 = 27w
3/ech 1epBoe CyMMUPOBAHKE IIPOUCXOAUT IO BCEM II0 BCEM PACKPACKAM
X Kapyceseil, a Bropoe — II0 BCEM I10e31aM (.

5.3.6. Haiinure KomuecTsBo

(a) pacKkpacok Kapycead W3 1 BarOHYUKOB B T° [[BETOB;

(b) r-uerHBIX Oxkepenuit u3 n = 2k+1 Oycun (0xKepesibst CANTAFOTCST
OJTMHAKOBBIMHU, €CJIN OHW COBMEITAIOTCA JTMO0 TTIOBOPOTOM BOKPYT TTEHTPA,
OKepeJibd, b0 0CEBON CUMMeTpUEil OxKepe/ibs);

(c) pacKkpacok He3aHyMepOBaHHBIX I'DaHeill Kyba B I I[BETOB;

(d) packpacok He3aHYMEPOBAHHBIX BEPINUH Kyba B 7' I[BETOB;

(e) packpacok mezaiyMepoBanubix Bepiun rpada K33 (puc. 2) B 7
I[BETOB (PACKPACKU CUUTAIOTCS OJMHAKOBBIME, €CJIM OHU COBMEIAIOTCSI
aBTOMOpPGU3MOM 5TOT0 Tpada).

Puc. 2: Fpa(b K3,3

5.3.7. Ilepeunciure Bce BpalleHuss Kyba (T.e. BpAIleHWs] MPOCTPAH-
crBa, nepepojsiime Kyb B cebs). (dra 3agaua pazbura Ha maru B [SZ,
1. «CamocoBmertiennst»|.)

[Tpusenem maan pemenus 3agaau 5.3.6 (¢). (ITyaxrsr (b)—(e) pera-
torcs anasorndno. [lyakr (b) pemaercs u 6e3 9Toro yrasaHus.)
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HazoséMm (packpawernoti) xopobrot (Wi 3amMoposrcennoti packpac-
Kotl) paCcKpacKy 3aHyMepPOBAaHBIX TpaHeill Kyba B r mpBeroB. Torma Bcero
umeercs 10 KopoGoK.

Pacrnipeiesimm KOpoOKH 110 KOMHATaM Tak, 9TOOBI B KaXKI0i KOMHATE
HaXOJMJINCh BCE KOPOOKH, IOJIyUYEeHHBbIE W3 HEKOTOPO# OJHON KOPOOKH
BCEBO3MOXKHBIMHU BPAIIEHUSIMHE, T. €. NCKOMOE KOJMIECTBO Z PacKpacoK
PaBHO KOJIMYIECTBY KOMHAT.

B kaxx 10it komHaTe Beibepem oy KOpoOKYy. ITocaaum B Hee 24 Tapa-
KaHa, COOTBETCTBYIOIIUX BpaleHuaM Kyba. Torma HyKHO HaiiTu 001ee
YUCJI0 TapakKaHoB 247.

[To komanme KaKablii TapakaH Teperno/3aeT B KOPOOKY, TMOJTyUeH-
HYIO 13 BBIOPAHHOI TeM BpaIlleHueM, KOTOPOe COOTBETCTBYET STOMY Ta-
pakaHy. ZlcHO, 9TO KaxKJIbIii TapakaH OCTaeTCs B TPeXKHe KOMHaTe.
Yucno TapakKaHOB, OCTABIIUXCA B BHIOPAHHONW KOPOOKe, paBHO KOJIMYe-
CTBY BpalleHuii Kyba, mepeBogdiimx 3Ty KOpoOKy B cebsi. Obo3HaduMm
yepes st KOJIMIecTBO BpallieHuil Kyba, mepeBogdanux (pacKpaleHHy o)
KOPOOKY (T. €. 3aMOPOYKEHHYIO PACKPACKY) v B ceDsl.

5.3.8. (a) Yucio TapakaHOB, OKA3aBIINXCS B KOPOOKE (v, paBHO sta.
Bonee dpopmasnbHo, eciiu cyiiecTByeT Bpallenne, IepeBosdiinee 3aMOpOo-
JKeHHYI0 PACKPACKy @ B 3aMOPOKEHHYI0 PACKPACKY «, TO KOJIAIECTBO
TaKUX BpAaIleHU paBHO Sta.

(b) B mo6oit 1pyroit KOpoOKe u3 BBHIOPAHHOW KOMHATBI OKAYKETCsI
CTOJIKO K€ TapaKaHOB, CKOJLKO B BbIOpanHoil Kopobke. Bosee dop-
MAaJILHO, /IS JIFOOBIX ABYX 3aMOPOKCHHBIX PACKPACOK (v B ¢, Iepexo/is-
IIUX JIPYT B IPyTa TPU HEKOTOPOM BPAIIEHUH, BHITTOJHIETCS PABEHCTBO
st = sta’. (DTm paBuble umcna 06o3HAUAIOTCA SEE, TAE X — COOTBET-
CTBYIOIIAsl paCKpacKa He3aHyMepOBAaHHBIX rpaHeil Kyba.)

[Tosromy obIIIee TrC/I0 TApAKAHOB PABHO KOJIUYECTBY Beex map (a, s),
B KOTOPBIX § — BpallleHue Kyba 1 o — KOpoOKa, Iepexo/IdInasd B cedd mpn
Bpamtennn S. [lo3ToMy oCTaaoCch PermTh CaeayIonyIo 3a1ady.

5.3.9. Jlng kaxjoro paiieHus Kyba s Haiijure KojumdecTBo fixs Ko-
POGOK (T. €. 3aMOPOKEHHBIX PACKPACOK ), TIEPEXOJISINNX B ceOst IPU BPa-
IIIEHUN S.

Ob6o3naunm yepe3 N, KOJUYECTBO 3aMOPOKEHHBIX PACKPACOK, OT-
Bedaromux packpacke x. Torma ayis 10001t packpacku T 9ucjao stx - Ny
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paBHO KOJIMYeCTBY BpameHuit kyba, T.e. 24. [losTomy mnpuBemeHHbBII
IUTAH PEITeHns] MOXKHO TPEJICTaBUTh B BUJIe (pOPMYJIbI

24Z:Zstm'Nx = Zstoz:Zﬁxs.

3/1ech TIepBoe CyMMUPOBAHNE MTPOUCXOJUT TI0 BCEM PacKpacKaM & He3a-
HYMEpPOBAHHBIX TpaHeil, BTOpOe — M0 BCEM 3aMOPOYKEHHBIM PACKPACKAM «,
a TpeTbe — 10 BCEeM BpaIleHusiM Kyba s.

Kak cdopmysmmpoBarh o0muii pe3ysabrar, KOTOPBIH MOYXKHO OBLIO
TPUMEHATH BMECTO TIOBTOPEHWST HAMEUICHHBIX perennii 3a1a4d 5.3.6 (a), (¢)?

5.3.10. Jlemma Bbépucaiima. Ilycts 3aganbl KoHedIHOE MHOXKECTBO

M u cemeiictBo {g1,92,- - ., gn} TPe0OPA30OBaAHUI 3TOTO MHOXKECTBA, 3a-

MKHYTO€ OTHOCUTETHLHO B3SATHSI KOMIO3UIIUU U B3SITHsI 0OPATHOTO 3JIe-

MmenTa. HazoBéM smeMenTh MHOXKeCTBa M 9K6USAACHMHBLMU, €CITA OIAH

13 HUX MOXKHO [IEPEBECTH B JIPYIOil OJHUM U3 JAHHBIX IIPEOOPA3OBAHMIA.
n

Torma KOJIMYIECTBO KJIACCOB SKBUBAJEHTHOCTH DPABHO % > fix(gr), rae

k=1
fix(gy ) — kommuecTBO deMeHTOB MHOKecTBa M, KOTOpBIE 1Ipeobpaszo-

BaHUE ¢} II€PEBOJUT B Cebsl.

5.3.11. Haitaure kKoamdecTBO TpadoB ¢ 1 BEPITUHAMU C TOUYHOCTHIO 10
uzomopdusma. (OTBeT MOXKHO OCTABUTH B BUJE CYMMBbI. )

5.3.12. (a) Haiigure kommgectBo b, orobpaxkenmii {0,1}" — {0,1}
C TOYHOCTBIO JI0 TIePECTAHOBKHU MEePEMEHHBIX.
(b) Jokazkute, uto cymecTByer mpegen lim nlb, /22" u maiiaure
n—oo

ero. (cM. onpejesnenue B 3aja4e 7.4.2; Te, KTO HE 3HAIOT, YTO 9TO TAKOE,
MOI'YT HPOIYCTUTH 3TOT ILyHKT).

ITonckas3km

5.3.1. Omsemw: (a) 10; (b) 11; (c¢) r(r+ 1)(r + 2)(r + 3)/24.
5.3.2. Omseem:p—2+ ((p—1)!'+1)/p.

5.3.3.  Omsemui: (a) (r° +4r)/5; (b) (r* +r? +2r)/4;
(c) (r% +r3 + 202 + 2r) /6.



7. IIOCJIE/IOBATEJIbHOCTH U IIPE/IEJIBI 131

7 IlocaenoBaTe/IbHOCTU U IIPEIEJIbI

DToT nmaparpad mouTH HE3aBUCUM OT OCTAJIBHOI YacTu KHuru. B apy-
TUX MeCTaX W3 Hero MCIOJIB3YIOTCS JIUITH TTPOCThIe PaKTHI.

7.1 Koueunbie cymmbr u pasuoctu (3)

Iocaedosamenvrocmoio cymm moCIeA0BATENBHOCTH {ay }0°0 | HA3DI-

BaeTCd MOCIeI0BATENLHOCTE b, = Xa, := a1 + ... + an, a nocaedosa-
MEADHOCTNDBI PA3HOCMET — TIOCIEI0BATEIbHOCTD ¢ = Ady 1= Gpi1 —
an.

Hanpumep, A2" = 27 » 2" = 27+l 9,

(CymMMa u pasHOCTb — aHAJIOTH UHMEZPAAG U NPOU3E00HOT. )

B sToMm nynkTe n obo3HauaeT HOMEDP UJjEHA IIOCJIeJ0BATEIbHOCTH,
«II0 KOTOPOMY» GepéTcs cyMMa U pasHocTh. Tak, mampumep, A2F = 0.

7.1.1. Haiigure
(a) An® nua kaxporo nenoro k > —1;  (b) Acosn;  (c) A(n-2").

7.1.2. Haiimure
(a) Xsinn; (b) X

1
WD) (k) AV Kauktoro nesioro k > 0.

7.1.3. Kakue w3 yKa3aHHBIX PABEHCTB BBITIOJTHAIOTCS Jjisi HEKOTOPOIi
HEMOCTOSTHHOM TOCTIeI0BATEILHOCTH Uy,

(a) Aa, =0; (b) Aa, =1; (c) Aay = ay;

(d) Xa, = an; (e) XAa, = ay; (f) AXa, = ay?

7.1.4. (a) Haitzure Y (—1)*k*(}).
k=0

(b) JIemma. k- pasuoctb MmHOro4IeHa k-l CreneHu ecTb MOCTOSH-
Has, a (k + 1)-s pasna 0.

(c) (Barazka.) Beipazure A¥a,, uepes a,,ani1, ..., ngk.

(d) JIemma. Pasencrso A¥a, = 0 mmeer MecTo TOrIa M TOIBKO
TOIJIA, KOTJA G, — MHOTOYJIEH OT N CTelneHu He Bbime k — 1.

(e) Jns mekoToporo MHOTOWIEeHA P)\(n), MMEIIero cremnesb | mpu
A # 1 u cremens | — 1 mpu A # 1, Bemosastercs pasenctso A(n!A\") =

(f) ®opmyuia Jleiitouuna. CupapeijinBo paBeHCTBO

Aapby) = ant1Aby + byAay,.
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7.2.3. Omeemm: (a)2"—1; (b) 3" (c)2n—1;
(d) (n+1)2n72; () &13n + 222" — 1), = ag.

7.2.4. Omeemw: (a)5-2"71; (b)3-2"—1; (c)7-2"t—n—1;
(d) 2" +3"%  (e) (n+4)2" L (f) (n—3)3" + 11271,

7.2.5. Omeemui, B KOTOPHIX G := A3:
a) (a —10)3" "1 + (15 — a)2"1;
b) <a — 12—9>3”—1 + (14 —a)2" ' + 3;

c) (a — 3?7)3"_1 + (13 —a)2m "t 42 4+ 3
d) (n+a—14)3""1 4+ (18 — a)2" 1

e) (a—8)3" 1+ (14 —a—n)2" 1

f) (”2%7” +a— 1> 34 (9 —a)2n L.

7.3 KoukperHasi Teopus npeaesios (4%)

3a/i1aun 9TOr0 IYHKTA MHTEPECHBI HE TOJbKO KaK IIPOCTEHINnii CIo-
cob pazobparbCs B Teopun 1pejesion. Iloxoxkue 3a1a4um 0 KOHKPETHBIX,
XOTsI M TPYOBIX OIEHKAaX YaCTO BO3HUKAIOT W HA OJIUMITHAIAX, U B TIPH-
KJIQTHOM MaTeMaTHhKe, U B TEOPETUIECKON MaTeMaTHKe.

B pemenun sTux 3amad HEIL3S HOMB30BATHCA DyHKIIAMEA /T, a”,
log, x, arcsin z u 1. 11. 6e3 onpejienenus TuX GYHKIUN (MOCKOTBKY J1JIsi
X OMPEJICCHUS — HaIPUMeD, /I JIOKa3aTeJTbCTBA CYIIECTBOBAHUS Ta-
KOTO T, 9TO T2 = 2, — PaKTHUeCKN HYKHO TH 3aJadW pemnTs). Mc-
KJIFOUEHUEe: eCIM HEeKOTopasd (PYHKITUS UCIIOJIB3YeTCd B YCJIOBUU, TO €€
MOYKHO MCIOJIb30BaTh U B perteHnu. MOoKHO TToIb30BaThCs 0e3 JJoKa3a-

TeJIbCTBA CBOMCTBAMU HEPaBCHCTB.

7.3.1. Haitnure xoTst Ob1 omHO Takoe N, uTobbI st jgwoboro n > N
BBITIOJTHSIOCH HEPABEHCTBO a,, > 107, ecin
(a) an =+/n; (b)) an=n>=3n+5; (c) ap = 1,02
d)an=1+5+3+1+...+1

7.3.2. Hepasencrso Bepuysau. Jlokaxkure, uto (1 + z)* > 1+ ax
JI1st JII00ObIX * > —1 1
(a) meqoro a > 1;  (b) parmumonanbaoro a > 1;
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7.6.2 3amaum (3%*)

7.6.1. Cienyrorue 4ucaa UPPaIUOHAIbHBI:

(a) e:= ZO%; (b) A := 2_302_”!; (¢) p:= 2_202_271.

(cnosib3yemble 3/1eCh DECKOHEUHbIE CyMMbI ONPEeeJIeHbl B II. 7.5.)

7.6.2. (e), (), (#) Hu omno w3 uucen e, \, p He SABJIAETCH KOPHEM
KBA/IPATHOIO YPABHEHUS C IeJIbIMU KO3 DUIHEHTAMY.

7.6.3. st 1t000TO pAIMOHATBLHOTO YUCTA P/q, HE SABJISIONIETOCS KOP-

HEeM MHOTO4ieHa f creneHu t ¢ mejabiMu KOIPDUImeHTaMu, BbIIIOJIHEHO

nepasencTso | f(p/q)| = ¢t

Teopema 7.6.4 (Jluysuinb). (a) HYucso A TpaHCIEHIEHTHO.
(b) JLnst ir06BIX MHOT'OYJIEHA CTEIeHN ¢ ¢ pAlrOHAIbHBIMI KO3 ]hu-
IIUEHTaMU U €TI0 UPPAIMOHAJIBHOTO KOPHs v cymiecTByeT Takoe C' > 0,

YTO JIJIsl JIFOOBIX I1€JIBIX P, ¢ BBIIIOJHEHO HEPABEHCTBO ‘04 — %‘ > Cq .

7.6.5. (a) Yucso p He gBjIseTCsS KOpHEM KyOUYECKOro ypaBHEHUsI C 11e-
JIBIMU KO3 DUITMEeHTaMH.
oo
(b) Cupasegyuso paserctso u? = > dy(q)27", rae dy(q) ecrb Ko-

n=0
JINYEeCTBO ynOpHI{OT‘IeHHBIX Hpe,D;CTa,BJ'[eHI/II';I YuCJjia 1 B BUIEC CYMMBI q

creneneil nBofiKy (He 06g3aTe/bHO PA3IMIHBIX CTEeHEl ):
dn(q) = {(wi,...,wg) € Z7 | n=2"" 4+ ... +2" nwy,...,w; > 0}

Hanpmmep, d3(2) = 2, nockomsky 3 = 29 4 21 = 21 429, TIo ompenene-
nuto nosiaraem do(0) = 1.

Jlemma 7.6.6. KonuaectBo d,(q) ynopsiIoueHHBIX TIPEJICTABICHII TUC-

Ja n B BHJE CyMMBI ¢ creneHeil nBoiiku ne npesocxoaut (q!)2.

Teopema 7.6.7 (Masep). Hucio p TpaHCIEHIEHTHO.

Cuoregyromag 3a7a4a — ygadHas TeMa JJisd UCCIeI0BATEe/ILCKUX Pa-
oor, cm. . 1.3. Ilyukrsr (a), (b), (¢) anamornawsr Teopeme Masepa 7.6.7.
Pemmenne ocTaIbHBIX IIYHKTOB MHE HEM3BECTHO, HO HABEPHAKA, JOCTYITHO
CUJIbHOMY CTapIIEKJIACCHUKY (M MOXKET ObITh W3BECTHO CIIEIIUAIUCTAM ).

Cp. [KaS06, O6o6mienne|.
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8.2 DjeMeHTHI aHAIN3A AJIS MHOTOYJIEHOB (2)

Ilepemenoli 3Haxa B KOHEIHOII IIOCIeI0BaTE/ILHOCTH by, . . . , b HEHY-
JIEBBIX 9HCeJT Ha3bIBaeTCs Takoii muiekc ¢ € {1,...,k}, uro uncia b;_;
n b; mMeroT pasHble 3HaKU. [lepemenoti 3naxa B KOHEUYHOM TOCTIEIOBaA-
TeTbHOCTU HA3BIBAETCS TepeMeHa 3HaKa B MOCJIE/I0BATETHLHOCTH, TTOJTY-
YEHHOII U3 JAHHOI BbIYEPKUBAHUEM HYJIEA.

8.2.1. (a) Yucso nososcumenvnvix permennil ypapaenus ax’ +bx+c =
0 He IPEBOCXOAUT YMC/Ia IIEPEMEH 3HAKA B IIOCIEJI0BATEJbHOCTH a, b, C.

(b) Ymco MOTOKATETLHBIX PeNTennit ypasHenus ax’ +br?+cx+d =
0 He MPEBOCXOIUT YUCJIA TIEPeMeH 3HaKa, B IIOCIeI0BaTeILHOCTH a, b, ¢, d.

8.2.2. (a) IIpaBuiio 3HakoB lekapra. Yucjio m0I0KUTEJIbHBIX Pe-
IMeHuil ypaBHeHUS ppx™ + ... 4+ p1x + pg = 0 He NPEBOCXOAUT YUCJIA
nepeMeH 3Haka B MOCIEI0BATETLHOCTH Py, - - . , Pp-

(b) Kak aHa/ornyHO TpaBuIy 3HAKOB JleKapTa OMeHNTH KOJTUIeCTBO
OMPUUAMENDHHT KOPHEH JAHHOIO MHOIOYIEHA !

(¢)* Kak amajoruano mpaBuy 3HaKOB JlekapTa OIEHUTH KOJIHUe-
CTBO KOpHEl JAHHOTO MHOTOWIEHA Ha JaHHOM TPOMEXKYTKe [a, b]?

(d) HepaBencrtBa MakJjiopeHa. /Iinga x1, ..., T, > 0 obo3nagum
11 <...<l
M =

(3amerwre, uro Mj —5T0 cpemnee apudmerndeckoe u M, — cpeHee
reomerpuueckoe.) Torma My > ... > M,.

n
. k
8.2.3. (a) IIpu uérHOM 1 MHOrOWIEH ) Ty HE UMEET BEIICCTBEHHBIX
k=0
KOPHEIi, a IIPU HEeYETHOM 1 UMEeeT POBHO OIMH BEIIeCTBEHHLIA KOPEHb.
(b) MunumaipHEII MOZY/IL KOPHE MHOIOWIEHA » , 77 CTPeMHTCH

K OECKOHEYHOCTH IIPU N — OO. k=0

Jst pereHnst 9TUX W MHOTHX JPYIHUX 339 IIOJIE3HO CJIIyIoIee
nouaTue. IIpednpoussodnoti f' Muorodnena [ HasbIBAETCA MHOTOYJICH
_ fy)—f(=z)
Dy(z,y) := =55~ OT JIBYX TEPEMEHHDIX T, Y. (Coobpasute, mouemy
910 MHOrO4WIEH.) [Ipous6odHnotli MHOrOYIeHa f HA3BIBAETCA MHOIOYJIEH

f(z) .= Dy(z, ).
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8.5 IIpumenenus kommnaktHoctu (4%). A. . Kanean-Be-
08

B sTom myHKTe 331aun TOCIOXKHEE U TOJICKA30K ToMeHbIre. OmHa-
KO OH Oy/IleT MHTepeCceH UMTaTes 0, TaK KaK, HACKOJbKO HaM HU3BECTHO,
Takas moA00pKa MHTEPECHBIX 3a/1a4 M0 9TOH BaxKHOI TeMe BIIepBbIe y0-
JIUKYETCHA B HECTEIUAJBHONU JIMTEpaType.

8.5.1. Bamu3kasa uaess B KOHEYHOM CJIy4dae. 3alich YNCJIa COCTO-
uT u3 #Hyneit m exumnau. JIoboit pparment «10» wmcaa 3amMeHdioT Ha
«0001». JokaxkuTe, 9TO PaHO WX MO3HO 3aMEHSITH OyJAeT Hedero.

8.5.2. N nest kommakTHOCTH. (a) VI3BECTHO, 4TO YEIOBEUECTBO KUBET
BEYHO, & YUCJIO JIIOAeH B KaXKJA0M II0KOJIeHUU KOoHeuHO. JlokaxkuTe, 4To
HaiiIéTCcs1 GeCKOHeYHAas MENoYKa HACJIEIHIUKOR.

(b) B GeckoneurOM TmapjaMeHTe y KayKI0ro mapjaMeHTapus He 60-
Jee Tpéx Bparos. [Jokarkure, 4TO HmapJgaMeHT MOXKHO PasbuTh Ha JIBe
aJaThl TaK, 9TO y KaykJIOro Iap/aMeHTapus Oymer He 6oJjiee OZHOIO
Bpara B coeii masare. (s KOHEUHOrO MapaaMenTa 3Ta 3ajia4da pa3ou-
paercs B [SZ, 3amaqa 7 B 1. «[losyunBapuantsis|.)

(¢) UsBecrro, 4ro J06yI0 KOHEWHY0 KAPTy HA ILJIOCKOCTH MOXKHO
IPABUJILHO PACKPACUTD B 4 1BeTa. JJoKaxKuTe, 9T0 TOTAA NPOU3EOALHYIO
KapTy Ha IJIOCKOCTH TaK¥Ke MOYKHO MPABUILHO PACKPACUTL B 4 IBeTa.
(CTpaHbl MOXKHO CYMTAThb MHOIOYIroOJbHUKaMU. Packpacka Ha3blBaeT-
c NPasuAbHoli, €Cau JI00bIe IBe CTPAaHbL ¢ OOMUM y9aCTKOM I'DAHUIILI
pacKpallieHbl B pa3Hble I[BETA. )

(d) (3aramka.) Ilpounmraiite [SZ, m. «IlomywnBapmantoi»|. Kakwue
YTBEPXKIEHUsT BEPHBI I OECKOHEYHBIX MHOXKECTB, a KaKue HeT?!

8.5.3. g mobbix M un k HaiiaéTcsa JOCTATOYHO OOJBINIOE U C TAKUM
CBOMCTBOM: €CJIX BCe PEOPA IIOJTHOro rpada ¢ v BepIInHAMHY ITOKPAIIEHbI
B M 11BeTOB, TO HailIETCS TOJHBIN TIoaATpad ¢ k BepmmHaMu, Bce pebpa
KOTOPOT'O TTOKPAIIEHbI B OJTUH ITBET.

8.5.4. 13 y11060it 66CKOHEYHOM TOC/Ie0BATEILHOCTH TEIBIX YNCET MOXK-
HO BBIOpATDH MOANOCIET0BATETHHOCTE MO0 TaK, YTOOLI KaXK LI e€ uileH
JIeINJICA Ha IPeabLAyInuil, Judo Tak, 9ToObl HU OAUH YUI€H HE JEJIIJICS
Ha JPYToil.
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9 K aaropmrMamMm pellieHud ajJredpandeckKnx ypan-
HeHUuMn

Listeners are prepared to accept unstated (but hinted)
generalizations much more than they are able ... to
decode a precisely stated abstraction and to re-invent
the special cases that motivated it in the first place.
P. Halmos, How to talk mathematics.

9.1 Bsenenue m poOpMYyJAUPOBKU PE3YTHTATOB
9.1.1 O uém sror maparpad

SuamenuTbie Teopembl [aycca 9.1.5, Pydbdunn 9.2.6, Adens, larya
9.1.12, 9.1.13 m Kporekepa 0 TOCTPOUMOCTH TPABUIBHBIX MHOTOYTOIb-
HUKOB M O HEPA3PENMMOCTH aJrebpandecKuxX ypaBHEHWH B pauKaIax
— KJIACCHYECKUil pe3yJsibrar ajredpbl, HHTePECHBIN id HHMOPMATUKN
(Teopuu CUMBOJIBHBIX BBIYUC/IEHMUIT).

OmnpejiesieHnst MOCTPONMOCTH U PA3PEIIMMOCTH B PaJINKaJIax, a Tak-
’)Ke (OPMYJIMPOBKM yKa3aHHBIX TeopeM, TpuBeaeHbl B 1. 9.1.2-9.1.4.
91 He UPUBOXKY KMCTOPUIO STUX TEOPEM, HAIPABJ/sLs 3aUHTEPECOBAHHO-
ro untaress K rekcram |Gi, Gil, Mal].

OcHoBHOE cojiep:KaHne JaHHOTO TeKCTa— M3JI0KEHUE TTyOOKNUX Uei
aireOpol (Tounee, Teopuu [ajya) HA KPACUBBIX MPOCTHIX JIOKA3ATE/Ib-
crBax 9Tux rTeopem, cM. 1. 9.1.5 u [ZSS, §27]|. Dror Tekcr agpecosan
BCEM JTIOOUTEISIM TAaKOT'O M3JIOKEHWs: CTapIIeK/JTaCCHUKAM, CTYIEHTAM,
VIUTEIAM U TTPOdECCHOHAIBHBIM MaTeMaTukaM. [IpuBoguMble Jokasza-
tenbeTBa (. 9.2.5 m 9.4) WHTEpeCHBI TeM, UTO /st WX TTOHUMAHUS 10
CTaTOYHO YMEeTbh JIOKA3bIBATH UPPALUOHAJIBHOCTD (11. 4.1), AejuTh MHO-
rousierbl ¢ octarkoM (1. 4.3 u 3agaun 4.4.3, 4.4.4), u3BjaekaTh KOPHU U3
KOMIIJIEKCHBIX dmces (3amada 4.5.4), yMmHOXKATH mepectanoBku (1. 5.1)
U PeIaTh CUCTEMBI IUHEAHBIX ypasHenuii. (/111 KaX10r0 0HOTO J0Ka-
3aTebCTBA HEOOXOMMa TOJIBKO 4acTh 9TUX yMenwuii.) Hamomuum, 4ro
HECMOTPS Ha TMPOCTOTY 3TUX JOKA3aTEILCTB, OHU WUJITIOCTPUPYIOT TUTy-
bokue wumen anrebpbl. Pa3bop mokaszaTenbcTB (MM WX Hadasa) ToJe-
3€H J1J1s1 3aKPEILIeHUs TeM «MPPalXOHAJIbHOCTEY, « MHOIOWIEHbBI», «KOM-
IIJIEKCHBIE YUCJIa», «IIePEeCTAHOBKM» W «OCHOBBI JIMHEHHON aJireOpbl».
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1 tor, K10 HEe HOAAET J0 IOJIHOIO AOKA3ATEJbCTBA OCHOBHBLIX PE3Y/Ib-
TATOB, IMOJIYYAT XOPOIINHA OIBIT II0 3TUM TEMaM K JaXKe CMOXKET II0pe-
maTh 3aadu i uccaepopanus, cM. 1. 9.1.5 u [E2, Es; AB, Kol7, Saf]
U CCBLIKH B 3TUX paboTax.

ITepes nokazaTeabCTBAMHU HEPA3PEITUMOCTH aJTeOpamIecKux ypaB-
HEHUiT MBI pazdepeM oO0IMil Crmocod WX perieHus — MeTO] PE30JbBEHT
Jarpamxa (m. 9.2). Unea Abena n lamya dhakTudaeckn 3aKII09aeTCA
B TOM, 9TO €CJIM ypaBHEHWE pa3peluMoO B PaJnKaJIaxX, TO €ro MOXKHO
PEIINTh 3TUM METOJIOM. JDTa Hujest popmaansyercs: kpurepuem 9.2.12.a
[aya pa3penmMocTi ypaBHEHUs. DTUM K€ METOJ0M CTPOATCS W aJITo-
PUTMBI — PACTO3HABAEMOCTH Pa3PENINMOCTH ypaBHEHUN B paInKaIax
U pelleHrs B paIuKaaaxX Pa3pemmMoro ypaBHeHH .

Jist mpakTuKy TpruOINKEHHBIE METOABI BHIYUCIEHAST TPUTOHOMET-
pudecknx QYHKIIAN U PelleHns] ypaBHeHI moie3Hee pauKaJIbHbIX (hop-
Mmysi. Kpome Toro, ypaBHeHUs MOXKHO PeIlaTh MPH IIOMOIIN TPAHCIIE-
nenTHbIX yHKmii (cm. meron Buera B 1. 4.2 u [PSo]; o passurum s1ux
ujeil pacckasbiBaercs, vanpumep, B [Sk10]). Onrako npobiema paspe-
IIIIMOCTH B paJuKajaX MHTepecHa KakK MpoOHas 3aJada COBPEMEHHBIX
TEOPUl CUMBOJIBHBIX BBIYUC/ICHUN U CJI02KHOCTU BBLIYUCJICHUMA.

O soBusHe. [IpuBogumble jgoKa3aTe/ILCTBA HE IIPETEHIYIOT HA HO-
BU3HY, XOTd B 9TOM TEKCTE€ MMEETCSI MHOTO METOJUYECKUX HaXOJ0K,
cM. 1. 9.1.5 m 9.1.6. OaHako, K COXKAJEHUIO, OHU MaJoM3BecTHBHI. Kak
CJIeJICTBHE, MAJIOM3BECTHO, YTO HE TOJILKO PEIIaTh KBaJIpaTHbIE U KyOu-
YeCKHre YPaBHEHU, HO U JIOKA3bIBATH YKA3aHHBIE TEOPEMbl SKOHOMHEe
He CTPOs W 3aTeM HpuMeHsist Teoputo [asya (Kak, Hampumep, B CTaH-
TApTHBIX yaeOHmKax 1o anrebpe, [Kh13, Kir|), a mampsmyto (cm. ccpin-
k¥ B 1. 9.1.6)— HO IpK 5TOM, KOHEUHO, OTKPBIBAS W UCTIOIL3YsT Ha30BbIe
WU 3TON TEOPUHU.

IInan maparpada. dror naparpad He 00s13aTeIbHO U3YyYaTh TO/I-
paa. Hanmpumep, HaUaTh €ro n3ydeHne MOXKHO He ¢ 1. 9.1, a ¢ perenns
3a7a4 B 1. 9.2, 9.3, TOCKOIBKY OOJIBLITUHCTBO U3 HUX MUCIIOIB3YET peTbl-
YT MaTepraJl TOJBKO B KadeCTBE MOTUBUPOBKHU. UWTATE/H MOXKET
BLIODATH YIOOHYIO €My MOC/Ie0BATEIFHOCTD U3y YeHusl (MU BOBCE OITy-
CTUTH HEKOTOPBIE TYHKTHI) HA OCHOBAHUU TPUBOJAUMOTO TLITAHA.

B 1. 9.1.2-9.1.4 npuBeersl GopMyJIMPOBKN OCHOBHBIX PE3YJIHTaTOB.
Caeayrorue Tpu IyHKTa BBEJEHUS HE3aBUCUMBI OT OCTAJIbHOIO TEKCTa
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(T.€. OHM He HUCIOJIB3YIOTCS B OCTAJBLHOM TEKCTE U JIIs ero U3ydeHus:
nocTaroaHo pounTath 1. 9.1.2-9.1.4). B . 9.1.7 npuBonurcs nepedop-
MyIMpOBKa TeopeMbl [aycca (ymnomsinyrag B 11. 9.1.2).

ILnan o. 9.2-9.4 npuBogutca B ux Hadajue. JlokazaTegbCTBa OCHOB-
HBIX PE3YJIbTATOB MPpUBOAATCA B 1. 9.2.3, 9.2.5 n 9.4. PopmayibHO OHU
HEe3aBUCHUMBI OT 337249, MOIBOAAINX K HuM (11. 9.2-9.3).

Baaromaproctu. Biarogapio A. f. Benosa-Kanens, 1. . Borga-
HoBa, D.b. Bunbepra, B. B. Boikosa, M. H. Bsioro, A. C. l'oioBanosa,
I1. A. depraua, 1. 3ynra, A.JI. Kanyaaukosa, B. A. Kirenmpina, I1.A. Kosz-
goBa, . A. Mepsona, A.A.Ilaxapesa, B.B.IIpacomosa, A./l. Pyxosu-
va, JI. M. CamoitioBa, M. b. Ckonenkosa, I'.P. Yennokosa, JI.9.Illa-
banosa u B.B.IlysasoBa 3a moJie3nbie 00CYyKAEHUsI. DTOT TEKCT OC-
HOBaH Ha 3aHATHAX B MOCKOBCKOII BBIE3THON IIIKOJIE 110 MaTeMaTHKe,
ma Jlerneit Kondepenrmmn Typrupa T'opomos [ABG, ECG], B kxpyx&Kkax
«Maremaruueckuit cemurapy u «OQJIUMIIAAIBI 1 MATEMATUKAY.

9.1.2 ITocrpoumocts (1)

3ameuanue 9.1.1. M3BecTHO, 9TO

o 1 o 2r V5 —1 or 1
COS — = — 3> COS_:Oa CoS— = ———, COS —/— = —,
3 2 4 5 4 6 2
o2 1 o /5+1 21 /3
COS — = —= cCOS— = — CcOS — = —
8 V2’ 10 4 12 9
21

A I KaKMX elle 7 9MC/IO COS < BhIparkaeTCd aHaJIOrMYHONl dopMmy-
goit? T.e. nig KaKMX M €ro MOXKHO TOJYYUTH HA KaJbKYJIATOPE, BbI-
MOJTHATOIIEM TOJIBKO YeThIpe apupMeTudecKnX JefiCTBUS U N3BJI€IEeHUT

KBaJIPATHBIX KOPHE?!

BermecTBennoe wncao Ha3bIBAETCs BEIECTBEHHO MOCTPOWMBIM,
ec/im ero MOXKHO TOJIYYUThb W3 9ucja 1 Ipu MOMONIHA CJIOXKEHUH, BbI-
YUTAHWI, YMHOXKEHUI, I€JIeHUI Ha HEHYJeBble YNCIa U WU3BJICYCHU
KBaJIPATHBIX KOPHEN W3 TOJIOKUTEJTbHBIX ducea. T.e. ecin HEKOTOPOE
MHOKECTBO, €ro CojieprKaliiee, MOYKHO MOJIYIUTh 3 MHOXKecTBa {1}, mc-
IIOJIB3Ysl Omepalnu J00aBIeHusl K yxKe UMeIeMycs MHoxKecTBy M,
coZiepzKallleMy 4Yucjia I, Yy,

quces T +y,x — Yy, vy, 4ucaa x/y npuy #0 u umciaa /x upu x > 0.
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Wnwu eciii 9170 9UCI0 MOYXKHO ITOJIYYUTDH Ha KAJIBKY/IATOPE U3 3aMevaHns
9.1.1.
Hampumep, BemecTBEHHO MTOCTPOUMBI 9UCIA

3/5:\/\/5, \/2\/§, V243, \14+V2, 1+1/3-2V2, rl\/ﬁ

yncaa n3 3amedanus 9.1.1 u yrepxkaeruns 9.1.3.

BermecTBennas mocTpouMOCTD YHCIa PABHOCUIBLHA €r0 NoCmpoumo-
cmu yuprysem u auretxot. IlloaTomy mpuBoIMMbIE HUXKE PE3YIbTATHI
peIrarT 3HaMEHUTHIE TTPOOJIEMBI JJPEBHOCTHU O TIOCTPOUMOCTH TTUPKYJIEM
u JimHelKoi. MbI 00cy UM 3Ty paBHOCHJIBHOCTS B II. 9.1.7; BipodeMm, oHa
He WUCIIOJIb3YeTCd B OCTAJbHOM TekcTe. V3ydenne BerecTBeHHOMN MOCTO-
PUMOCTH BayKHO TaKKe Kak IMPoOHad 3a/1aua COBPEMEHHBIX TCOPUH CUM-
BOJIbHBIX BBIUUCICHUH U CJIOKHOCTH Bhrancaennii [Kol7).

Teopema 9.1.2. Ywucio \?ﬁ He SBJISETCS BEMIECTBEHHO TTOCTPOUMBIM.

CM. gokazaresbeTBo B 11. 9.4 .4.
Bompoc 06 obobtmenun dpopmyst u3 3amedanus 9.1.1 popmasm3yercs
TaK: sl KAKUX 1 9UCI0 coS(27/n) BerecTBeHHO TOCTPOUMO?

9.1.3. Yucjo cos(2m/n) BemecrBenHo mocrpoumo mis n = 15, 16, 20,
24, 60.

JIemMma 9.1.4 (06 ymHOXKeHWY; BemecTBeHHast Bepcus). (a) Ecau uucio
cos(27/n) BEmEeCTBEeHHO TOCTPOMMO, TO HHUCJO COS(7 /M) BEIeCTBEHHO
TTOCTPOUMO.

(b) Ecnu aucna cos(2m/n) u cos(27/m) BemecTBeHHO MOCTPOUMBI
U M, N B3aWMHO MTPOCTHI, TO YUCI0 COS(27 /mmn) BEIecTBEHHO TTOCTPON-
MO.

Teopema 9.1.5 (laycc). Yucno cos(27/n) BeIecTBEHHO TOCTPOUMO
TOLJIA U TOJBKO TOIJA, KOraa n = 2%py-...-py, IJe P1,. .., P| — Pas/iud-
HbIe [IPOCTbIE umca Buia 22 + 1.

[Tocrpoumocts B Teopeme aycca mokasana B 1. 9.2.3 u 9.2.5 (um
. 9.2.6), a HemocTpounMoctTh — B 1. 9.4.4.
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Crporo rosopst, Teopema ['aycca He JaéT HACTOSIIErO PEIIEHUsI IPO-
OJIeMBI BEITIECTBEHHO MTOCTPONMOCTH IUCJIa COS (27 /N, TTOCKOIBKY HEen3-
BEeCTHO, Kakue uucia suga 22 + 1 apigiorca npocreivu. OHAKO TEo-
pema laycca mgaér, HanpuMep, OBICTPBIN AJTOPUTM PACIO3HABAHUS T10-
CTPOUMOCTH.

N3 Teopembl 'aycca BBITEKaeT BeleCTBEHHAST HEITOCTPOUMOCTD YMC-
ma cos(2m/9) (Bmpouem, ee mpore T0Ka3aTh HATNPAMYIO, CM. 3ajady
9.3.14.a). Orciona BbITEKaeT CJepyIOMMi Pe3y/IbTaT, IOKa3bIBAIOIIN
HEBO3MONCHOCTID MPUCEKUUY Y2AQ UUPKYAEM U AUHETKOU.

Teopema 9.1.6. CymiectByer takoe « (Hampumep, o = 2m/3), 4ro
YHCJI0 COS (v BEIECTBEHHO TIOCTPOMMO, a Iuco cos(a/3) — Her.

9.1.3 Hepa3spemmmocTb B BEIECTBEHHBIX pajiukasiax (2)

BerecTBennoe qmcio Ha3nbiBaeTCd BEIMECTBEHHO PAINKAJIbBHBIM,
ecJid €10 MOXKHO IIOJIYYUTh U3 Yucja 1 Ipu OMOIIY CJIOKEHUI, BbIYUTa-
HU#, YMHOXKECHU, JeJeHUN Ha HEHYJ/IeBble YNC/Ia U U3BJICYCHUN KOPHeNR
IEJTBIX TTOJI0KUTEIHLHBIX CTeleHell U3 TMoJIOKUTE/TLHBIX Juces. 1.e. ecan
HEKOTOPOe MHOXKECTBO, €r0 COJepzKalliee, MOXKHO II0JIYYUTh U3 MHOXKE-
crea {1}, ucnonn3yst oneparuu J00aBIEHUs K yXKE UMEIOIIEMYCsT MHO-
xkectBy M C R, comepxkaremy ducia ., 1,

qucen x+y,r —y,ry, guciaa x/y upuy #0

u qucjaa v/ upu x > 0 u nemom n > 0.

D10 ompejie/ieHrne MOXKHO CPOPMYJIUPOBATH U HA SI3bIKE KAJIbKY/IATOPA
anasiornaao 3amedanuro 9.1.1. CrangapTHbIl TEPMUH: YUCJIO JIEXKUT B
HEKOTOPOM BEIIECTBEHHOM pajukajabHoM pacmmpennn mnogs Q. Bere-
CTBEeHHAS PAINKAJTHLHOCTD YUCTIA (v PABHOCUJIbHA, CYTIIECTBOBAHWIO TAKMX

® IIe/IBIX TTOJIOKUTEIBHBIX Yucesn s, ki, ..., ks,

® BEIIeCTBEHHBIX 4ncea fi,..., fs U MHOrOWIEHOB Pg,Pi,...,Ps OT
0,1,...,s mepeMeHHBbIX, COOTBETCTBEHHO, C PAIMOHAJIBHBIMU KO3 u-
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]_LI/IeHTaMI/I, qTo
((ck1 __
1 = Po

2 =pi(f1)

fsks :ps—l(fla" . 7fs—1)
(@ =ps(f1,---, fs)

Sameuanue 9.1.7. (a) JIwoboil BelecTBeHHBI KOPEHb KBAJIPATHOTO
VPaBHEHUS C PAMOHAJbHBIMEU KOIPDUIIMEHTAMU BEIECTBEHHO PaJIii-
KaJIeH.

(b) Vpasrenme z° + z + 1 = 0 UMeeT POBHO OIWH BEINECTBEHHLI
KOPEHb, KOTOPBI BEIECTBEHHO pajuKaieH (1. 4.2), cM. TakkKe 3aJia9y
9.2.7 (¢).

(c) Ypasuenne z* + 4x — 1 = 0 uMeer JBa BEIIECTBEHHBIX KOPHSI,
KaXKJIbIil W3 KOTOPBIX BENIECTBEHHO pajukaieH (3amada 4.2.6.b) , cwm.
takxke 3ajaqy 9.2.10 (d).

(d) JTroboe BemecTBenHO MOCcTponMoe ancio (1. 9.1.2) BermecTBeHHO
PAMKATIBHO.

(e) CyrecTByer MHOOUWIEH 3-if CTENEHU ¢ PAIMOHAIBLHBIMU KO-
bunuenramu (Hanpumep, 3 — 3z + 1), Hu OJUH U3 KOPHEl KOTOPOro He
SIBJISIETCST BETECTBEHHO PaMKAIbHBIM. (D10 mokazano B 1. (f).)

(f) Hucmo cos(27/9) He sBAsIETCS BEMECTBEHHO PAJINKATHHBIM.

HeitcrBurenbho, no popmyiie 4.1.5 (e) kocunyca TpOHHOTO yriia KaxkK-
noe u3 gucest cos(2m/9), cos(8m/9), cos(14m/9) ymosierBopsier ypasHe-
a0 8y2 — 6y + 1 = 0. Ilo nuzkenpusesennoii Teopeme 9.1.8 Hu 0HO U3
HUX HE SBJISIETCS BEITIECTBEHHO PAIUKAIBHBIM.

(g) Tpucexknus yria HEBO3MOXKHA MPHU TTOMOIIN BEIECTBEHHBIX Pa-
JUKAJIOB, T.e. CyIIEeCTBYeT Takoe a (Hampumep, o = 2m/3), 94TO 4UCIIO
COS (v BEIIECTBEHHO PAJMKAIBHO, a 9uciio cos(a/3) — Her. (1o ciaepyer

u3 m. (f).)

Teopema 9.1.8 (0 pazpemmuMocTy B BEIECTBEHHBIX pajnKa/iax). Cie-
JIVIOIINE YCJIOBUST HA MHOTOUJIEH f TpeTheil CTeleHn C paIioHaAIbHBIMA
K03 DUITMEHTAMNT PABHOCUILHEI:

(i) maorousnen f umeer iubo X0Td Obl OJMH PAIMOHAIBHBI KOPEHD,
JInOO POBHO OJIMH BEIECTBEHHBIN KOPEHB;



188 DJIeMEeHTHl MAaTeMaTHUKU B 3a/1ad9ax

(ii) mHOrOUIeH f MMEET BEHIECTBEHHO PaJMKAJIbHbBIA KOPEHb;
(iii) BCce BemecTBEHHBIE KOPHM MHOTOWIEHA [ BEIIECTBEHHO Dajiu-
KAJIbHBI.

EMHCTBEHHOCTH BELIECTBEHHOIO KOPHS <«yKOPOYEHHOI'O» ypaBHe-
nug 25 + pr + ¢ = 0 paBHOCHIBHA yeaoBuio «p = ¢ = 0 wim (p/3)3 +
(q/2)? > 0», cm. zagauy 8.1.4 (d).

Pasnocunbrocts (i4) < (i4i) oueBmana, cp. ¢ 3amedannem 9.1.7.a.
Pazpemumocts B Teopeme 9.1.8 (r.e. (1) = (ii)) mokaswbiBaerca memo-
dom deav Peppo , cM. TeOpeMbl, IPUBEIEHHBIE B YKa3aHUIX K 3a/a-
qam 4.2.4 m 8.1.4(d) ; cm. apyroe mokazareabctso B 1. 9.2.2. Hepas-
pemmMocTs B Teopeme 9.1.8 (r.e. (i) = (7)) mOKa3BIBAETCs CIOXKHEE,
cMm 1. 9.4.5. Bonee mpocTO AOKA3BIBAETCH AHAJOTHUIHBIA Pe3Yy/IbTAT O
HEPA3PEWUMOCTIU 8 MHO20%AeHax, CM. T. 9.3.0 1 m. 9.4.2.

3ameuanue 9.1.9. I3 vepaspemmumoctu B Teopeme 9.1.8 TpuBUaIBLHO
CJEJIYeT, 9TO dAA 4100020 N = 3 cywecmeyem mHo2044eH N-T cmene-
HU, 00uH U3 KOPHEU KOMOP020 He ABAACMCA BEULLCMBEHHO PAOUKAAL-
HoiM. Dosee CI0XKHO JTOKA3bIBAETCSI aHAJJIOT ITOTO YTBEPXKIEHUS C 3a-
MEHOU CJIOB «OJVMH U3 KOPHE» Ha «HU OAWH U3 KOPHEU», CM. Teopemy
9.1.10 am:xe. IIpm 3TOM KOPHU HEKOMOPHIX YPABHEHU BHICOKHUX CTEIIe-
meit (mampuMep, T° = 2) BIOIHE MOTYT OLITh BEIECTBEHHO PaIKAhb-
HbBI, CM. TakXke 1. 9.2.5.

Muorousien ¢ ko3ddunuenramMmu B F Ha3bIBACTCA HENPUBOOUMDBLM
HaJT MHOXKeCTBOM F', ecim OH He PacKJIa IbIBACTCA B TTPOU3BE/ICHNE MHO-
TOYJICHOB MEHBITEH cTenenn ¢ Kodddurmentamu B F.

Teopema 9.1.10. Eciamn MHOTOWIEH TPOCTON HEUYETHON CTETEHU C Pa-
IHOHAJIbHBIME Ko3d purmenramu HenpusoguMm Haa Q m mmeer 6ostee
OJIHOT'O BEIIIECTBEHHOI'O KOPHsI, TO HU OJAWH U3 ero KOPHeil He sSIBJIgeTCd
BEIIECTBEHHO PaINKAJJIbLHBIM.

DT0 BelecTBeHHBIN aHajor Teopembl Kponekepa 9.1.14. Jlokasa-
TEJIbCTBO IIpUBeAeHO B 1. 9.4.8.

I'nmioresa 9.1.11.* (a) Kaxxap1ii BemecTBeHHBI KOPEHb HETPUBOMMO-
ro na Q MHOTOWIEHA UETBEPTOIl CTEIeHN ¢ PAIMOHAIBLHBIMU KO3 du-
IIMEHTAMU BEIECTBEHHO PAJINKAJIEH TOTJIA W TOJIBKO TOTJA, KOTJIA XOTSI
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Obl OJIMH KOpPEHb ero KyOum4eckoil pe3o/ibBeHTbI (Olpeje/IeHHOM 1mocie
sagaan 4.2.6.b) Bemectsenno pasgukases. (Cp. ¢ 3agageir 9.3.13.d.)

(b) Ecnu gucio cos(27/n) BelecTBEHHO pPajUKAIBLHO, TO OHO Be-
mectBeHHO mocTpouMo. (Cp. ¢ Teopemoit Faycca 9.1.5 o mocTponmocTn
MPABUILHBIX MHOTOYTOJILHUKOB. )

Bo3moxkHO, CIpaBeyInBOCTh 3TUX TUIIOTE3 N3BECTHA, CIIEIUATUCTAM.
T'unoresy 9.1.11.b (u orBer K 3aga4e 9.3.3 ¢ HAGPOCKAMU JTOKABATETHCTB)
mue coobumn A. A. Kanyunukos. Yuraresb mMoxer mpoboBaTh JTOKa-
3aTh 9THW TUTIOTE3RI TocsTe n3yvennd §9.3 m §9.4.

9.1.4 Hepa3penmmmocTb B KOMILIEKCHBIX pasuKasax (2)

[Tepeitiém Kk dpopmysam, KOTOPbIE MOTYT COJAEPXKATH KOMILIEKCHBIE
gpcra. OkaspiBaercs, Kybudeckoe ypasaenue (Hanpumep, x° — 3z + 1),
Hepa3peImMoe B BEIIECTBEHHBIX Pa/inKaJiaX, Pa3perninMo B KOMILJIEKC-
HBIX.

Kowmiiekcaoe 4ucio Ha3biBaeTcss (KOMILIEKCHO) PASUKATbHBIM,
eCcJIi €er0 MOXKHO TIOJIYYUTh U3 Yncaa 1 TPy MOMOTIITHN CJIOYKEHUI, BBIYUTA-
Huil, YMHOXKEHUN, JeJIeHU Ha HeHyJeBble 4YNC/a U U3BJIeYeHUl KOpHel
IIEeIbIX TIOJIOYKUTEBbHBIX cTeneneit. T.e. ecyim HEKOTOpOe MHOXKECTBO, €I0
cozlepzKaliee, MOXKHO TOJYYUTh U3 MHOXKecTBa {1}, uCmosib3ys omepa-
1 T00aBJIEHNS K yKe MMeIeMycs MHOXKecTBY M, comepKariemy
quciaa T, Yy,

qucen T+ y,r — y,ry, uucaa x/y npu y # 0

u jo6oro Takoro gucyaa r € C, uro " = x mysa mekoroporo meaoro n > 0.

DTO ompeie/ieHre MOXKHO CPOPMYJIUPOBATEH U HA SI3bIKE KAJTbKYIATOPA
anajornyno 3amedanuio 9.1.1. (Ilpasua, KajabKyadarop Oyiaer HeOObI-
HBII: OH OIIEpUPYeT ¢ KOMILIEKCHBIMU YUC/IaMU U IIPU HAXKaTUU KHOITKT
Y/ BBIIAET BCe 3HAUeHnst KOPHst.) CTaHIapTHBI TEPMUH: IUCIIO JIEXKUT
B HEKOTOPOM PaJInKaJILHOM pacimpenun moJs Q.

Hampuwmep, jit060it (KOMIIJIEKCHBI) KOPEHB KBAIPATHOTO YPABHEHUST
C pannoHaILHBIMI KO3(MMUIMEHTaAMN ABIAETCS PaInKaJIbHBIM. AHaJIO-
TUYHblEe YTBEPKIEHNS CIIPaBe/INBbI /I ypaBHeHui 3-if u 4-it crerneHu.
OHnu J0Ka3bIBAIOTCS Memodamu deav Peppo u DPeppapu, CM. TEOPEMBI,
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IIpUBeJIEHHbIe B yKa3zaHusax K 3ajadaMm 4.2.4 u 4.2.7; cMm. apyroe J0Ka-
3aresbeTBo B 1. 9.2.2.3 OHAKO aHATIOr 3TUX yTBEp:XKIeHHI /11 6osree
BBbICOKUX CTelleHeil HeBepeH.

Teopema 9.1.12 (Tamya). CyrmecrByer ypaBHeHue 5-ii cTerneHu ¢ pa-
MHOHATLHLIME Kodddurmentamu (Hanpumep, x° —4x +2 = 0), Hr ofuH
U3 KOPHEl KOTOPOI'O HE HABJIAETCH PAJUKAJIbHBIM.

SHaAMEHUTYI0 TPobJIeMy O PAa3pElInMOCTH YpaBHEHUN B paIuKaIax
pelmIn JoKa3aHHbie HEMHOT'O paHee OoJjiee cyiadble TeopeMbl Pyddumnn—
Abessz. Teopema Pyddurn 9.2.6 cioxxuaee dpopMmynupyercss, HO IIOJI-
BOJUT HAC K JOKa3aTeJabCcTBY Teopembl Lamya. Uerkas bopMyampoBka
TeopeMbl AbGesd erre Gosiee CI0XKHA ¥ 3/16€Ch He TPUBOANTCA, cM. [Sk15,
Bameuanue 7|. DKOHOMHEE PEIIUTh TPODBIEMY PA3PEIIUMOCTH, JTOKA3AB
(B m. 77) caenyromryto Teopemy lamya (6osiee ciiabyio u H6ojiee IpocTo
ToKasbiBaeMyto, deM Teopema Lamya 9.1.12). Jlng X C C rkomriuiexc-
HOE IMCJI0 HazbIBaeTCs X -padukasbhoiM, €CTH €10 MOXKHO TOJTYIUTh U3
muokectBa X U{1} ipu momoru onepariuit u3 onpeieseHus pajanKaib-
HOCTH.

Teopema 9.1.13. CymectBytor Takue ag,ai,az,as,aqs € C, 9ro HE
O/IMH KOPEeHb ypaBHEHUSI z® + a4x4 + ...+ a1x + ag = 0 He gBygercd
{1, ap, a1, as, ag, a4 }-pauKaTHHBIM.

Analogous result (with analogous proof) holds for equations of any
degree n > 5.

A 6osee cunbHasg Teopema l'asya 9.1.12 BBRITEKaeT u3 CJEAYIONIETO
pe3yJsibTaTa.

Teopema 9.1.14 (Kponekep). Ecyim MHOrOWIEH MPOCTO# CTEMEHN ¢ pa-
IIMOHAJTBLHBIMEU KO3 purnnentamu HenpusoauM Haa Q, mmeer Gosee oj1-
HOT'O BEIECTBEHHOI'0 KOPHSI M XOTd Obl OJWH HEBEITEeCTBEHHBIN, TO HU
OJIMH W3 ero KOPHeH He ABISeTCs PaIuKaJbHbIM.

DTa TeopeMa WHTEpeCHa W HEeTPUBHAILHA HdayKe I MHOTOWIEHa,
ngaToit crenenn. Owna nmokazana B 11. 9.4.7. s e€ mokasarenbCTBa HEOD-
XOJIMMO cJiejyroree 0bo0menune TeopeMbl [aycca 9.1.5. O6o3naunm

gq = cos(2m/q) + isin(27/q).

®(06 omeHKax Ha KOJIMYECTBO HEOOXOMMMbIX KopHeii cv. m. 9.3.9 u [ABG].
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Teopema 9.1.15 (Taycca o nonuxkenun). (a) Eciau g mpocroe, 170 MOK-
HO IOJIy9UTh €4 IIPH IOMOIIN OLEPANNil U3 OIPe/Ie/IeHHs P THKAIBHO-
CTH TAK, 4TOOBbI KOPHU W3BJIEKAIUCH TOJBKO (¢ — 1)-it cremenu.

(b) s m060T0 ¢ MOKHO MOIYIUTL €, MPU MOMOINU OIepanuit u3
OIpeIe/IeHIs PAJUKAILHOCTH TaK , YTOObI KOPHU U3BJIEKAIUCH TOJIBKO
CTeIleHel, CTPOro MEHbINNUX (.

Yacre (a) JOKA3BIBAETCST AHAJOTUYHO JIOKA3ATEbCTBY TTOCTPOUMO-
ctu B Teopeme laycca (m. 9.2.5, 9.2.6). Yacts (b) BeIBOAHTCS U3 (a)
upu oMoy uHAyKiuu 110 q. (Eciu ¢ = ab jjist HEKOTOPBIX 1eJIbIX a, b,
0 < a,b < ¢, TO Iar UHAYKIUE CJIEAyeT U3 PABEHCTBA &, = {/¢,. Ecimn
JK€ ¢ TIPOCTOe, TO IIAr WHAYKIMN CJIeIyeT n3 JacTu (a).)

CupaBenmB KOMILIEKCHBIH aHajor 3amedanus: 9.1.9 mmss n > 5 u
reopembl Kponekepa 9.1.14 Bmecto Teopembl 9.1.10. IIpu 3rom mgoka-
3aTeIbCTBO TeopeMbl 9.1.13 jierko mepeHocuTcs Ha ypaBHEHUHA OO0
CTEIIEHU N > 9.

Teopema 9.1.16. There is an algorithm deciding, for a,,_1,...,a9 € Q,
whether all the roots of the equation " +a,_12" 1 +...+a1z+ag =0
are expressible by radicals.

Theorem 9.1.16 can be proved using Galois Solvability Criterion
9.2.12.a and an estimation 9.3.46.b of the number of operations.

9.1.5 Yem uHTepeCcHbI MIPUBOJUMbIE JJOKAa3aTeJbCTBA

[IpuBoMMBIE JTOKA3aTETHCTBA HAMHOTO TPOIIE U KOPOYe TeX, KOTO-
pbl€ U3JIaraloTCsd B CTaHIAPTHLIX yueOHuKax 110 aiaredpe. (31ech g umero
B BHU/IY JIOKA3aTeIbCTBA «C HYJsS», & He BBIBOJ HYKHOU T€OPEMBI U3 T10-
CTPOEHHOM Iepejl 9TUM TEOPHUH, B KOTOPOW (haKTUIECKN 3aKJIFOIaeTCs
BCE JI0Ka3aTesibeTBo.) CpaBHEHUE ¢ JOKA3aTeTHCTBAMY M3 MEHEe CTaH-
JIapTHO OoJjiee TONYJIAPHOM JIuTeparyphl ipuBejieHo B 1. 9.1.6.

DTa MPOCTOTa JIOCTUTAETCA OJaromapsi TOMY, UTO, B OTJINYHUE OT
OOJIBLIIUMHCTBA YIEOHUKOB, IPUBOJAUMbBIE JTOKA3ATE/IHCTBA HE HCIIOJIb3Y-
10T TepMmuHa «rpymna Lamyas (maxe Tepmuna «rpytmmay ). Heemorpst
Ha OTCYTCTBUE ITUX MEPMUHOS, udey, TPUBOTUMBIX TOKA3ATE/THCTB AB-
JIFIOTCI OMnpasHulmuy JiJid Teopun lagya U KoHcmpykmueHot meopuu
Tanya [E2]. Bosee ogpobuo sTo obcyxmaercs B [ZSS, §27 u §28|.
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JlokazaTe/yibCTBO Pa3pEIIMMOCTH OCHOBAHO HA METOE PE30AbEEHM
Jlazpanoica. JlokazaTeabCTBa HEPA3PEIMINMOCTH OCHOBAHBI HA HIESIX CUM-
mempuu u conpascenus. (Bropas uies 6o/iee yu€HO HA3bIBAETCS Uleei
a8MOMOPPHUIMA NOAR; 3aMedaTebHOe u3jI0kenue cM. B [Vag].)

OcHoBHBIE HIeN IIPEACTABICHB HA «OJUMIIMAIHBIX» IPHMEpPaX: Ha,
MPOCTENUTITNX YaCTHBIX CJIydasx, CBOOOJHBIX OT TEXHUYIECKHUX JeTaJIell,
1 CO CBeJIEHNEM HAyUJHOTO S3bIKa K HEOOXOAMMOMY MUHUMYMY. XOTS OC-
HOBHBIE PE3YJIbTAThl KACAIOTCS YPABHEHUN BBICIIINX CTEIEeHel, Uaen Jie-
MOHCTPHUPYIOTCS Ha KBaJPATHBIX M KyOm4uecKux ypaBHeHUAX. Hepaspe-
IMIAMOCTD JIOKA3bIBAETCS CHAYAJIA TTPU YCJIOBUM, YTO KOPEHb U3BAEKAACH
moavko odun pas (B 3amadax B 1. 9.3.1, 9.3.3, 9.3.4). Biuarogaps sTomy
OCHOBHbIE MY [IPEIIOAHOCITCA HA IPUMEPE PAIMOHAJIbHBIX YKCesT (a He
IPOM3BOJIBHBIX TOJIEH U Jayke He ToJeil u3 OallHu paciiuperuii). DTu
OCHOBHBIE UJer (COTPSIKEHUS, TOJsT U JIPYTHE) 3aK/II0YEHbl B JeMMaX
0 KaJbKY/ISITOpPE, O JINHEWHOW HEe3aBUCUMOCTH W O compsizkeHuu (§9.3
u 9.4). Ilpu nokazarenbcree HepaspemuMocTu B Teopeme Laycca 9.1.5
UCIIOJIB3YETCsI CTEIIEHb MH020UAeHa (BMECTO CTEIIEHU PACULUPEHUA TVOAR)
[Tepe mokazarenbcTBaMu HepaspermumocTu (B Teopemax 9.1.12, 9.1.13,
9.1.14 Tanya u Kponekepa) j0Ka3blBaeTCs HEPA3PEIIUMOCTL 6 MHO20-
waenar (Teopembl Pydpdunnm 9.2.6, 77), a Takke HEPA3PEIIUMOCTD B 6e-
ULECBEHHLT PAJTUKAIAX ypaBHEHWI TpeTheil crerenn (Teopema 9.1.8).
Baxxuble njaen J0Ka3aTelbCTB sIBHO BBIJETEHBI B BUJE YETKO CHOPMY-
JIMPOBAHHBIX HA IIPOCTOM #A3bIKE JieMM (0 COXpaHEeHUU YEeTHOCUMMET-
puanoctu 9.3.36, 77, o crenensx asoiiku 9.4.4, o panmonausanyuu 77).
Bce 10 memaer joKaszaTebCTBa HEPA3pemmmMOCTH OoJiee JIOCTYITHBIMEA
(32 cuéT BBeIEHUST WHTEPECHBIX UETKO BBIJIEICHHBIX MPOMEXKYTOUHBIX
«cryrenek» ). Kpome Toro, 910 mojBOAUT YnTATE s K IPEIIN0JI0KEHUIO
O TOM, YTO HPHUBEIEHHBIE JOKA3aTE/HCTBA MOXKHO PAa3BUTDH JI0 TEOPUH
(Fastya), moJIe3HOI JIJTsT TOKA3ATEIbCTBA, IPYTUX UHTEPECHBIX PE3YIIhTa-
toB (mozpobuee cm. [ZSS, m. 28.2]).

Mul moKasnIBaeM, kak MONHCHO NPudymamsd TPUBOAUMBIE JTOKA3a-
reabcTBa. Ilyrm K HuM Hamedenbl B Buae 3amad B 1. 9.2.4 u 9.3. O
TPAIUINN U3YyYeHUsT MaTepuaia B BAJIE PEIIeHrs U 00CYKIeHNs 3a,1a4
em. m. 1.2 m [ZSS, §26]. Xorsa npudymamsb moKa3aTeILCTBA HETPOCTO,
UBAONHCUMD UX MOXKHO KOPOTKO (cM. 1. 9.2.5 u 9.4). OcBobox ienue j10-
Ka3aTeIbCTBa OT JeTajieill, BOSHUKIINX IPU €ro MPUAYMbBIBAHIN, HO He
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HY2KHBIX IS HET'O CaMOr0, — BayKHAs 9aCTh €ro MPOBEPKH.

Muorue n3 IpUBEAEHHBIX 3aa4 — XOPOIIME TEMbl MCCJIEI0BATE/Ib-
CKHUX PabOT CTapIIEKJACCHUKOB U MJIAJIIEKYPCHUKOB, CBSI3aHHBIE C aJl-
redpoit, KoMOmHaTOPpUKON n mHMOpMaTnKoit, cMm. 1. 1.3. Bor paborhl,
y¥Ke TIOATOTOBJEHHBIE C UCIOJL30BAHNEM MPEABIIYIINX BEPCHH 3TOTO
rekcra: [Saf, AB, Kol7]. A Bor mpumeps 3a1a4 JJjid UCC/IEI0BAHUA:
9.1.11, 9.2.11, 9.2.12, 9.3.3, 9.1.8, 9.1.10, 9.2.11, 9.2.15, 9.3.5, 9.3.9 (h),
9.3.17 (¢), 9.3.19 (b), 9.3.21 (d), 9.3.25, 9.3.39, 9.3.41, 9.3.42, 9.2.2, 9.2.5,
9.2.6, 9.3.33, 9.3.38, 9.3.44-9.3.46.

9.1.6 NMcropudyeckue KOMMeEHTaApUu1

HokazarebcTBo mocrpoumoctu B reopeme laycca mosyaeno u3s [E1,
§ 24| mexkoTOpBIM yrpoIreHreM (Mbl OOXOMM HMCIIOJIB30BAHUE JIEMMBI 2,
cM. osipobHee ab3ar mepe 3aaqeit 9.2.17). Ono Takxke 60s1ee TPOCTOE
0 CPaBHEHUIO ¢ JoKazaTenbcTBoM n3 [KS|. DmemenTaproe nokazaress-
CTBO mocTpouMocTy jiist n = 17 npusoaurcs, nanpumep, B [BK, Ch, Gi,
Pr07-2, Pos, PSo, Kol|, [Dor, §37] (upu 3roM wHOrIa TPUBOISITCS SIB-
HbIe (POPMYJIBI, KaK € JOKA3aTeIHCTBAMHU YTBEPKICHUI 0 3HAKAX TTEPE/T
pagukainamu |[Dor, §37], [Saf], rak u 6e3 [BK]). Ina obimero ciydas
ono mameueno B [Ga, Gi| (rme scmocTn 70Ka3aTesbCTBA HEMHOTO Me-
€T MTOCTPOEHME OOIIell TEOPUN BMECTO J0KA3aTeIbCTBA KOHKPETHOTO
pesyibraTa). Ilonxon u3 [Ki| maér orBer Ha BOTpOC «TOYEMy», U OBLITO
Obl MHTEPECHO JOBECTH €ro 10 TOJIHOTO J0KA3aTEHCTBA.

JlokazaTeibcTBO HEMOCTPOUMOCTH B Teopeme [aycca ocroBano Ha [Dor,
Supplement to §35-37]. OHo Gosee TPOCTOE TO CPABHEHUIO € JOKA3a-
tenbcTBamu u3 [KS|.

Mtie HEM3BECTHO, OMYOJIMKOBAHO JIM KOPOTKOE MPSIMOE JTOKA3ATE -
ctBO Teopem 9.1.8, 9.1.10 o Hepa3zpemmMoCcTy B BEIIECTBEHHBIX Pa/IUKa-
sgax. HokasarenbctBo Teopembl Pydpdunnu 9.2.6, 77 ciemyer nmpupejieH-
HOMY B 3ameuarenbHoil kuaUre |Kol| (s He cmor pazobpars mpuBeaeHHO-
TO TaM JIOKA3aTeThCTBa, TTOKa He TTEPEOTKPBLT €r0, TBHO BLIIEINB JIEM-
My O coxpaHenuu derHocummerpudnocru 9.3.36, 77). JlokazareabCcTBO
Treopembl 9.1.13 cregyer mpuBeneHHOMY B 3aMedaTebHON KHUTE [PSO]
(s1 cMor yOemnThCs B MPABUIBHOCTH TIPEJJIOKEHHBIX TaM WJIeil TOJIBKO
IIEPEINCaB JOKA3aTeIbCTBO, SIBHO BBIJEINB JIEMMY O PAIlMOHAJIA3AIINAN
??). lpyroe mokazarenbctBo Teopembl Abesst mpuseneno B [All, [FT,



194 DJIeMEeHTHl MAaTeMaTHUKU B 3a/1ad9ax

Lecture 5], [Sk11]*. Jdokazarenncrso Teopemsr Kpomexepa 9.1.14 oc-
HOBaHO Ha 3amedaresbHbix cratbe |T| m xmurax |Dor, §25]|, [Pr07-2,
nonosaenue 8] (31ech uCHpaBIeHbl HETOYHOCTH, CM. CHOCKU 17 u 12).

Jpyrue sjeMeHTapHbIe U3/I0KEHUS TPUBOJATC, Hanpumep, B [Ber,
Br, Had, Vi, Ka, Ler, Pe, Ro, St94]. Note that proofs in some of these
sources are incomplete, see [Sk15, Discussion].

BI)HHQYHOMHHYTBIG dJIEeMEeHTapHble M3JI02KEHU A 6BLHI/I AJId MEHHA II0-
je3nee (HECMOTPsI Ha yKa3aHHbIE HEJOCTATKH), Y4eM (DOPMAJIbHbBIE W3-
JIOXKeHUsI (B CTAHJAPTHBIX yUeOHUKAX, U3/IAraloluX TEOPUN ), KOTOPHIE
HAUUHAIOTCS ¢ HECKOJIBKUX COTEH CTPAHWIL ONpeIesIeHnil U CIeCTBUM,
POJIL KOTOPBIX B I0KA3aTEILCTBE TEOPEMBI O HEPA3PEITMMOCTH HEsICHA,
HA MOMEHT UX (POPMYIUPOBKH.

9.1.7 CBs3b C IOCTPOEHUAMHU IUPKYJIEM U JuHeKoii (1)

9.1.17. (a) Ucnoab3yst OTPE3KU JJIMHBLL & U Y, MOXKHO [IOCTPOUTH C I10-

MOIILIO HUPKYJ/IS U JIUHEAKH OTPE30K JIJIMHbBI \/ 3xy + yv/ Tys.
(b) Ucnonp3yst 0Tpesku JJIMHbLL G, b 1 ¢, MOZKHO IIOCTPOUTDH C IIOMO-
MIBIO [UPKYJIs U JIMHEHKY oTpe3ku juinHbl a + b, a — b, ab/c, vV ab.

Beuny yrBepxkaenus 9.1.17.b ecnu Ha MIOCKOCTH 3aJ1aH OTPE30OK
JUTHHBI 1, TO OTPE30K BEIIEeCTBEHHO IIOCTPOUMOM JIJTMHBI MOXKHO IIOCTPO-
UTh MUPKYJIEM U JIMHERKON. DTOT MPOCTOH pe3ysIbTaT ObLIT N3BECTEH eIé
JnpeBHUM TpekaM. OKa3bIBaeTCsl, BEPHO 1 0OpaTHOE.

Teopema 9.1.18 (OcuoBHast TeopeMa 0 MOCTPOECHUSAX TTUPKYJIEM W JTH-
Heiikoit). Eciu 0Tpe3sok JjiMHbBI ¢ MOXKHO IOCTPOUTH HUPKYJIEM U JId-
HelKoll, mMest OTPe30K JJIMHBI 1, TO YHUCI0 @ BEIECTBEHHO ITOCTPOUMO.

DTOT HECTOXKHBIF pe3yabTar (mokazamubiii jgumb B XIX Beke) mo-
Ka3bIBAET, UTO U3 HEMOCTPOMMOCTH YHCja COS(27/n) BbITEKAET HEIO-
CTPOUMOCTb [TPABUIBHOTO N-YTOJIBHUKA [UPKYJIeM U JTuHenKoii. s mo-
Ka3aTeJIbCTBA 9TOTO PE3YJbTaTa MOKHO PACCMOTDPETh BCE BO3MOXKHBIC
CJIydan TIOSIBJIEHUS] HOBBIX OOBEKTOB (TOUEK, MPSIMBIX, OKPYKHOCTE)

* MokazarenncTso u3 [Al] Gomee kopoTko m momaTHO m3aoxkeno B [FT, Lecture
5| u, Bo3moxuo, B [Sk1l]. Bosbuiag gacts [Al] mocBsimeHa M3I0KEHUIO TEOPHH, He
HYKHOW JIJIst JI0OKa3aTeaIbCcTBa TeopeMbl Abessi. Onaako apropy kuuru [Al] yramocs
I/I36e)KaTb HEMOTUBHUPOBAHHOI'O U3JIO2KEHUA TaCTH 3TOM TEOPHUU.
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9.2 PemraeMm ypaBHeHHus: METOJ pe30JIibBeHT Jlarpanzka

Meton pe3osibBenT Jlarpam:ka Ha TPOCTEHINMX NpUMepax HJLIIO-
crpupyercd B 1. 9.2.2. Ero nmpuMmenenne K J0Ka3aTeJbCTBY ITOCTPOU-
MocTu B Teopeme laycca wmimrOCTpUpyeTcs Ha TpuUMepax U 3aJiadax
B 1. 9.2.4. IToctponmocTs B Teopeme ['aycca mokazana B 1. 9.2.3 mm. 9.2.5.
ITpu srom B 11. 9.2.3 npupoguTcs 60J€e IpocTad 4aCTh JOKA3ATEIbCTBA,
He UCIIOJIb3YIOIIAsl Pe30JIbBEHT Jlarpanzka; 3TOT IIYHKT HE 3aBUCHUT OT
npeapaymmx. Matepuan m. 9.2.6 He ucmoab3yercd JaJjiee.

Onpeienenre BEIIECTBEHHON MOCTPOMMOCTH W PAINKAJTLHOCTH YH-
cencm. BT. 9.1.2, 9.1.4. In this section equality signs involving polynomial
f (or f;) mean equality of polynomials (noxoscddurmenrroe). Hamowm-
HUM, 9TO

£q = cos(2m/q) +isin(27/q).

9.2.1 Omnpenenenne paJnKaIbHOCTA MHOTOUWIEeHA (2)

Bceerga v moxkHO, 3Hasi © + y u xy, ogHo3Ha4yHO Haditu x? Bor
npocreiimas GOpMAIU3ALKA STOr0 BOIPOCA: CYUECTNEYENM AU PYHKUUA
q: R?2 = R, daa xomopoti q(x + y,xy) = = npu mobwz x,y € R? (T.e.
pasperumo i QyHKIMoHATBHOe ypaBHenue q(x + y, xy) = x?) OTser:
He CYIIeCTByeT (JeliCTBUTENHHO, PACCMOTpUTE Taphl © = 1,y = 2 u

x=2,y=1).
Ananorudno, 3Has
o1 =x+y+z, 09 =TY+yYyz+zr M 03:=ITYZ2,
HEBO3MOXKHO O/IHO3HAIHO Haiitu (x —y)(y — 2)(z — x) (aelicTBUTEIBHO,
paccmorpute Tpoiiku . = 1,y =2,z =3 unx =2,y =1,z = 3).

9.2.1. (2), (3), (k) Jurst kakux k paspermmma caeIyroras cucreMa QyHK-
ITHOHATBHBIX YPABHEHU

{fk(xvy) =ple+y,zy)
r=q(x+y,zy f(z,y)) '

9.2.2. (3), (2), (k) Hurst kakux k paspermmma cieyroras cucreMa QyHK-
[[UOHAJILHBIX yPABHEHU

fH(=,y,2) = p(o1,02,03) 0
x = q(o1,02,03, f(z,y,2))
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9.2.3. Cucrema (yHKIIMOHAJIbHBIX YPABHEHUI

f12 :p0<01702703)
f3 =pi(o1, 09,03, f1)
T =p2(01,027037f17f2)

(a) Hepaspernma B BemecTBeHHBIX QyHKIusax R — R;

(b) paspermuma B komekcHbIx dyukimsx C" — C u gaxke B MHO-
roujieHax ¢ KomiiekcHbiMu kodddunuenramu. (IToackaskoit apisiiorcs
cienytomime 3agaun 9.2.8.a u 9.2.9.c. Cm. pemrenue B 1. 9.2.2.)

O60011IeHIE BBHITIIETPUBEICHHBIX 33/1a Ha, JII000€ KOJIMYIECTBO IIaroB
dopMam3yeTcs: CAEAYIONINM OIpeAeIeHIeM PaInKaJbHOCTH.
O6o03Ha4uuM 3J/IeMEHTAPHBIE CUMMETPUYIECKIE MHOI'OUJIEHDI

o1(x1,. .. xp) =21+ F Tpy, ey (T, Ty) =T Ty
Ecnu wmcino m m aprymMeHTsl Tq,...,T, 9CHBI W3 KOHTEKCTa, TO OHU
MIPOITYCKAIOTCS U3 0003HAYEHUIA.

Muorounen p € Rlxy,...,x,] Ha3pIBaeTCs BEIIECTBEHHO pa/u-

KAJIbHBIM (UJTU BHIDA3UMBIM B BEIIECTBEHHBIX PATUKAIAX ), €CJIU P MOK-
HO 106aBUTEL B HAOOD {071, . . ., 0y JUR MHOrOYIEHOB 11€110YKOii omeparuii
CJIEJIYIOIIETr0 BU/IA:

e 100aBUTH B HAOOpP CyMMY WM TPOU3BEIEHNE yKE NMEROITNXCS
MHOTOUIEHOB;

6 K R

® ecji MHOT'OUJIeH n3 Habopa paseH [~ st HekoTopwuix f € Rlxq, ..., x,

u 1esioro k > 1, To qobaBuTh B HAOOpP MHOTOUIEH f.

3ameuganne 9.2.4. (a) Hampumep, K MHOrouwtenam 2 + 2y u x© — y°

OIepaIsSMHI ePBOTo TUIIA MOKHO J06aBUTH MHOTOWIEH —5(22 42y)? +
3(x% 4+ 2y)(x —y3)%. A x MHorOuNeny x? — 2xy + y? omepammeit BTOPOTo
TUTA MOYKHO JIOOABUTH MHOTOUJEH & — Y (W y — T).

(b) Omnepanuu mepBoro Tuma J006aBAAI0T MHOTOWIEH C BeleCTBEeH-
HBIMU KO DUITMEHTAMA OT y2Ke WMEFOITIXCS.

(¢) PaguKkaJbHOCTH MHOTOUIEHA X1 PABHOCUJIbHA CYITECTBOBAHUIO
TAKUX

® [1eJIbIX IIOJIOXKUTEJILHBIX Yucen S, ki, ..., ks,
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® MHOI'OWIEHOB f1,..., fs OT N IepeMeHHBIX U Pg, P1, ..., Ps OT N, N+
1,...,n+ s mepeMeHHbIX, COOTBETCTBEHHO, C BEIIECTBEHHLIMHU K03Mhdu-
[IAEHTAMUE, 9TO

(ffl :p0(017' .. 7Un)
kaQ :pl(aly- .- 70n7f1)

ffs :ps—l(o_lg---7Jn7f17---7f3—1)
(L1 :ps(o-la"'ao-rufl)"')fs)

B 9TUX paBeHCTBaX MbI OIYCKAEM MEPEMEHHBIE (I1, ..., Ty ) MHOTOWIE-
HOB O1,...,0n, fly-++, fs-
(d) ITpumepbl B HadaJie IIyHKTA IIOKA3bIBAIOT, YTO PAAUKAJILHOCTD
MHOTOY/IEHA HE JAET €ro «BBIPA3ZUMOCTH» B YKA3AHHOM TaM CMBICJIE.
(e) TTo Teopeme Buera o1, ..., 0, ecTh KOIDOUITHEHTH MHOTOUIEHA

t" —ot" 4+ (=)ot + (=10, € Clxy, . .., x,][t]

C KOPHSAMHU T1,...,Tn. 1103TOMY paUKaIbHOCTE MHOTOWIEHA X1 O3Ha-
YaeT BBIPA3UMOCTH B paJnKajgax (B yKa3aHHOM B OMpPeJIETeHUN PaTh-
KaJIbHOCTU CMBIC/IE) KOPHS MHOIOYJIEHA Yepe3 ero K03 (OUIueHThl.

Permenne 3as1aum 9.2.1.(2) mokasbIBaeT, 9T0 MHOTOUJICH T BEIIECTBEH-
HO paJuKaJjeH Iad n = 2.

Teopema 9.2.5. MHOro4jeH x He SBJISIETCS BEIIECTBEHHO PaIuKa/Ib-
HBIM JIJ1d9 N = 3.

Teopema 9.2.5 ectb emie ogna popMau3aIdd TOro, YTO KOPEHD KY-
OUYECKO020 YPABHEHUSA HE BBIPA3UM 6 BEULECMEEHHT PAOUKAAAT “YEPE3
ez20 xoapduryuernmat, cp. ¢ 3amedannem 9.1.7.e.

Ounpeenenne (KOMILIEKCHON) PAAUKAIBHOCTH [I0JIYYaeTCs U3 ero
BEIEeCTBEHHOI'0 aHaJIora 3aMeHO#l BeIeCTBEHHBIX K03(MOUIIMEeHTOB Ha
KOMTIIeKCHBIe. Permenmst 3amad 9.2.1.(2), 9.2.3.b u 9.2.10.d nokaszsrsator,
UTO MHOTOUJIEH X1 PajJuKaseH aid n < 4.

Teopema 9.2.6 (Pydbdunn). Hu mis kakoro mesoro n > 5 MHOTOWIEH
21 He pajuKaJjeH.

N3 nokazarenbcrBa OyieT BbITEKATh, YTO JaxKe MHOI'OUIEH 1T +
Tox3 + T3x4 + T4x5 + T HE PAJAUKAJIEH JIJId 1 = D.
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9.2.1. (2) Pemenne kBaapaTHOTO ypasHenus t2 + bt + ¢ = 0 MOKHO
BBIPAa3UTh POPMYTaMuU

r+y+@—y)  —b+(x—y)
2 N 2 '

(x—y)? = (z+y)>—day = b*—4c n z =

[TosTomy crcTeme ypaBHEHUIT yIOBIETBOPAIOT, HAITPUMED, MHOTOUIEHBI

2 u+w

flx,y)=x—y, p,v)=uv*—4v u qu,v,w)= 5

(3) Honcrasere (x,y) = (1,2) u (z,y) = (2,1).

9.2.5. Ilpu n = 3 MHOXKECTBO BEIIECTBEHHO PaJIMKAJIbHBIX MHOI'O-
YJIEHOB COJIEPKUTCA B MHOXKECTBE MUKJINIECKN CUMMETPUIECKUX MHO-
TOYJIEHOB. DTO YTBEPIK/IEHUE JOKA3BIBACTCA IIPH ITOMOIINA WHIYKIIAN 110
KOJTUYIECTBY OIeparuii u3 omnpejesenns pajukaabHocTu. llar namyk-
UK BBHITeKaeT u3 jJeMMmbl 9.3.31 o coxpanenuu IMUKINIECKON CUMMeT-
PUYHOCTH.

[Tocko/IbKYy MHOrOUYJIEH T He ABJIgeTCd NUKJIUIeCKH CUMMeTpHude-
CKUM, TO OH He SBJITETCH BEIIECTBEHHO PAIUKAIBHBIM.

9.2.2 PemeHue ypaBHeHuii MaJibIX creneHeii (2)

9.2.7. Caenyroiye MHOTOUJIEHBI BEIIECTBEHHO PAINKAJILHBI IId N = 3
(a) (x —y)(y —2)(z —x); (b) 2%y +y 2+ 2"z

B zagade 9.2.7 u manee mcnoyib3yiTe OCHOBHYIO TEOPEMY O CUMMET-
pudecKnX MHOTOWIeHax 4.6.3.

9.2.8. Muorounen f € Rluy, ug, ..., U] HA3BIBACTCS IUKJANIECKU CUM-
MeTpUIeCKUM, eciu f(u, U, ..., Uy) = f(U2, U3, ..., Up_1, Up, UT)-

(a) Haiimure xoTst Ob1 o1HY 11apy «, 8 € C, 11 KOTOPO MHOTOWIEH
(u+va+wB)3 THKINICCKN CHMMETPIYIECKTTl, a MEOTOYICH U+ va+ w3
— HeT.

(b) Honyunre MHOTOUNEH T1T3 + T3T5 + T5X7 + T7Tg + Tox1 OTe-
panuaMy U3 OLPeJe/JeHUs PAIUKAJILHOCTA U3 HEKOTOPDLIX UUKAUYECKU
CUMMETPUYECKAX MHOTOUIEHOB OT X1,X9,. .., L1



200 DJIeMEeHTHl MAaTeMaTHUKU B 3a/1ad9ax

9.2.9. Pemure cucrembl ypasHenuil (x,y,z,t— HeussecTHsle, a,b,c,d
M3BECTHBI )

r+y+z+1t=a, r+y+z+1t=a,
x+y—z—t=0b, x4y —z—it =0,
() ITYTETITO )y I A
y+z—1t=c, r—y+z—1=c,
r—y—z+t=d; r—1y —z+ 1t =d;
r+y+z=a,

(¢) {ax+egy+eiz=0,
T +e3y+esz=c

9.2.10. Kakune u3 caeayonmx MHOTOYJIEHOB PaJINKaJIbLHBI JIasd n = 47

(a) (z —y)(z = 2)(z = )(y — 2)(y —t)(z = 1);
(b) zy+2t; (c)z+y—z—1t; (d) z.

Breipaxkenns n3 3agaun 9.2.9 HazbIBaoTCa pesoavsermamu Jlazpar-
otca. OHU «JIydIlley KOPHEM, IIOCKOJIbKY «CHMMETPHUYIHEE» B CJIEIYIOIIEM
CMBICJIE.

Pewenue Kybuseckozo ypasHeHus npu noMowu pedosveenm Jlazpan-
orca (doxasamervcmeo ymeepoicoenus 9.2.3 (b)). nsg Haxox geHus KOp-
Hel 2, i, 2 KyOMYeCKOro ypaBHeHUs JTOCTATOYHO HAATH BhIPAsKeHU a, b, ¢
u3 3agaan 9.2.9 (¢). (Bamerum, aro meros meas Peppo u3 3amaun 4.2.2
bakTraeckn npuBoauT K ToMy *e.) 1o Teopeme Buera a = a(x,y, z) —
ko3 duruent ypasuenus. [Ipu 3amene x <> y muorowied b = b(x,y, 2)
nepexouT B €3¢, a ¢ = c(w,y,z) B 3b (nmposepbre!). BHAauUT, MHOTO-
giieHsl be u b3 + ¢ He MeHsFOTCA TIpHE 9TOH 3aMeHe. AHAJOTHYHO OHM
He MeHSIOTCS IIpU 3aMeHe z <+ y. 1losTomy mHorouwsnens be u b3 + ¢
cummempuueckue, T.e. He MEHSIOTCa TpH JI000i mepecTaHoBKe Tepe-
MeHHBIX. Torma us reopembl Buera n TeopeMbl 0 IPEACTABAMOCTU CHM-
METPUIECKOTO MHOTOYJIEHA B BUJI€ MHOTOUIEHA OT dJIeMEHTAPHBIX CHM-
METPHUYICCKUX MHOTOWICHOB (yTBepxkaerne 4.6.3 (¢)) caemayer, 9To 911
MHOI'OWIEHBI OT X, Y, 2 HIPEJACTABIAIOTCA B BUJAE MHOIOYIEHOB 0T KO3(]-
dbunmenTor ypasuenusi. Teneps, pernras KBaIpaTHOE YpaBHEHUE, MOKHO
nosryunth b3 u ¢3. Jlasee JIErKo MOIyYnNTh caMu b U c.

Pewenue ypasnenua 4- cmenenu npu nomousu pe3osveenm. Jlazpar-
orca (pewenue zadavwu 9.2.10.d). s Haxox ieHust KOpHei T, y, 2, T ypas-
HeHud 4-fi cTelleHu JOCTATOYHO HalTu BbIpazKeHud a, b, c,d oT KopHei
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u3 3agaum 9.2.9.a. [lo teopeme Buera a — ko3adpdurment ypaBHeHUS.
I[Ipu 3aMeHe 2 <> § MHOTOUJIEHBI €2 U d° MEHSIOTCS MECTaMH, a MHOIO-
aien b? nepexonur B cebs. IIpu IUK/IMYECKON 3aMeHe T — Y — 2 —
t — x MHOrOwIeHbl b? U d? MEHSIIOTCI MECTaMH, & MHOIOUYJIEH C° Iie-
pexomuT B cebst. 3HAUUT, MHOrOWIEHB b2, c?,d? mepecTaBisOTCd 1IpH
JIFO0O# TepecTaHoBKe TepeMeHHBbIX. [109TOMY BUETOBCKME MHOTOYJJIEHBI

OT HUX, T. €.
V+E+d%, VE U+ AdE, VAR,

cuMmMeTpudeckue. Torjga 9TM MHOTOWIEHBI OT T, Y, 2 IPEJICTABJISIOTCS
B BUJIe MHOT'OYJIEHOB OT KO3(PPUIIMEHTOB ypaBHeHUs. Terepb, perras
KyOrdaecKoe ypaBHEHNE, MOKHO MOTydInThb camu b2, c?, d?. Jlasee jierko
MOJTYYuTh b, ¢, d.

Bruny Teopembl Pyddunn 9.2.6 meton pesoanBenT Jlarpam»xka, mpo-
JIEMOHCTPUPOBAHHBIN Ha IIPUMeEpE peIlleHnd ypaBHeHuit 3-it u 4-ii cre-
nenn (3amaan 9.2.3 (b) n 9.2.10 (d)), me paboraer mist ypaBHeHus 5-if
crenenn. Coobpasure, nouemy!

OboszHaumnM uepes Y, MHOKECTBO TePECTaAHOBOK ¢-3JI€MEHTHOTO MHO-
:)kecrsa. For a permutation o € X, denote

U = (Ua(1)s - -+ » Ua(q))-
Oupenenum pezoaveenmy Jlazpanotca Kax
t(ur,...,uq) == equi + 52u2 + ..+ elug.
Omnpenemnm pezoaveenmy lasya Kax
Q(u1,...,uq,y) == H (y — t(ta)) € Qleglut, - .., uq Y]
aes,

9.2.11. (a) Umeem Q(gqui, ..., qUq,y) = Qu1, ..., uqy).
(b) Hms mexoroporo Rg € Qlegllz] umeem Q(ui,...,uq,y) =

= Ro(u1,...,uq,y?).

(¢) Ecnum x4, ..., x5 — xopun muorowrtena f € Qx| 5-it cremernu, To
Q(mla <y X5, y) S Q[gf)][y] n J1azKe Q(xla e 7$57y) S Q[y]
Muorounen Rqg(z1,...,%s5,2) € Q[z] Ha3bIBaeTcsa paspewaroujum

MHO0204NeHOM 1T |
(d)* Bce xopru paspernaromero Maorowrena iig f(r) = x°+ 15z +
11 (a 3HAYUT, ¥ CAMOTO MHOTOYJIEHA f) PaUKAIbHBIL.
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Using (a version of ) kpurepus [asya paspemmmocru 9.2.12.a below

one can prove that npu a,b € R ece xopnu ypasnernus x° + ax + b = 0

15 £+ 20c 44 F 8c
PAOUKANDHBL MO20a U MOoAbKO moz2da, Koeda a = ——— u b = ———
c2+1 c2+1

das nexomopozo ¢ € Q, ¢ > 0 [PSo].

9.2.12. (a) Kpurepuii Tanya paspemumoctu (rumoresa). [Iis
JIOOLIX Gy 1, . . . , a9 € Q Bce Kopum ypasnenns A(z) := 2" +a,_ 12" 1+
...+a1x+ag = 0 paguKaIbHBI TOT/IA ¥ TOJBKO TOT/Ia, KOT/Ia HEKOTOPHIH
Habop MHOrowieHos cremenn 1 ¢ kodddunmenramu B Q Moxker OBITH
nojyues u3 {A} npu HOMOIIM CIEAYONUX OePAIHii:

e (dakropusalus) ecau OJMH M3 MHOIOYIEHOB paBeH PP jjs
HeKOTOpbIX Pp, Py € Qx], He sABJASIIOIUXCS KOHCTAHTAMU, TO 3aMEHIM
fﬁfﬁ Ha,fﬁ n fﬁ;

e (u3BjEUEHUE KOPHS) €CJAU OJWH W3 HAIMX MHOTOUJIEHOB paBeH
P(x?) nnga wekoroporo P € Q|x], To 3amenum P(z9) na P(x);

e (B3ATHE PE30JLBEHTHI ajsya) 3aMeHuM OJWH M3 HAIIUX MHOTO-
wienoB P ma muorowren Q(y1,...,YqY), TH€ Y1,...,Yq — BCE KODHU
muorowrtena P. (Ilo yrsepxenuio 9.2.11.c Q(y1,-..,Yq Y) € Qlyl.)

(b) Jlokaxkure 4acTh «Torgay KpuTepus (a).

(¢) ChopmynupyiiTe n JOKaKUTE BEIIECTBEHHBI aHAJIOT KPUTEPUsi
(a).

(d) Chopmynupyiite u qokaxkuTe anajgor Kpurepus (a) for equations
solvable using one radical, cf. [AB, ABG].

(e)* Does the analogue of (a) hold for every a,_1,...,a9 € C
with ‘expressible by radicals’ replaced by ‘expressible by radicals from

{1,an_1,...,a0}’?

JloKazaTesbCTBO YaCTH «TOJBKO TOT/Ia» B KpUTEpUN (a) aHAIOTHI-
Ho Teopeme 9.1.13, cm. Takxke Teopemy lanya 9.1.12 n §9.3.9. I would
be grateful if a specialist in algebra could confirm that criterion (a) is
correct (and is equivalent to the Galois Solvability Criterion in its usual
textbook formulation, please give a reference), or describe required
changes. (I asked some specialists since July 2017, but so far obtained
N0 answer.)
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YKazaHusdA, OTBETHI U pPeIeHnsd

9.2.7. (a) (x —y)?(y — 2)%(z — 2)? — cuMMeTpHYeCKHII MHOIOUIEH.
(IlymkT (a) moxkuO Takxke ceectn K (b).)

(b) O6ozmaunm
M:x9y+y9z+z9x " N:y9x+x9z+zgy.

Torna muorounensl M+ N u M N cumMmerpudeckne. SHAUNUT, OHU SIBJIsI-
I0OTCSI MHOTOUJIEHAMH OT JIEMEHTAPHBIX CUMMETPUIECKUX MHOTOUIEHOB
o1,092,03. (Koakpernoe Beipaxkenne npusejiero B [ABG|.) Camo xe M
BhIpazkaercsa yepe3s M + N u M N 1o «dopmysie KopHEl KBaIPaTHOTO
ypaBHEHUsT», cM. (popMyabl B HadaJe 1. 9.2.1.

9.2.8. (a) x + ye3 + 2€3.

(b) O6o3HaunM

M = x123 + 2325 + T5T7 + T7XY + T9T1 WM

N = xoxy + 1476 + TeT8 + T8T10 + T10T2-

HaJsiee anajornuHo 3ajade 9.2.7.b.

9.2.10. (a) Ksagpar (z —y)*(x — 2)%(z — t)?(y — 2)?(y — t)% (2 — t)*
cuMMeTpuieH, cM. 9.2.7.a.

(b) Iosroxkum

M=xy+zt, N=xz+4+yt, K=uxt+yz.

ITo yrBepxkpenuto 9.2.3 (b) M «BbIpasuMm B pajuKajgax MPU MTOMOIIN
MHOTOYJIEHOB»

M+N+K, MN+MK+NK, MNK.

Ananornano permennam 3aga4 9.2.3 (b) Beire u 9.2.10.d ®ke, 5TH MHO-
rowiensl cumMerpudeckne. [lostomy M = xy + 2t paamkaien.
(c) TTonoxum

M=(x4+y—z—1t)? N=(@+z—y—1t)? K=(@+t—y—2)>

[TopTopssa permenue mynkTa (b), moxyunym M = (z+y — 2z —t)%. Teneps
JIETKO IIOJIYYUTh U & + Y — 2 — 1.
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9.2.9. Ucnonb3yiire pasencrsa 1 +e+e? =0u 1+i+i2 +43 =0.

9.2.11. /Ing HATISIIHOCTH MTPUBEIEM PETIeHus Iphu q = 9.
(a) Umeem

t<55ﬁa) = t(ua(5) s Ua (1) Ua(2)s Ya(3)s uoz(4)) - t(ﬁa0(54321))'

CaemoBaTeabHoO,
Q(esut, ..., e5us,y) = H (y — tlestia)) =
aEYs
= H (y — t(ﬁao(54321)) = Q(u1,...,us,y).
a€dls
31ech

e (54321) € X5 — 510 TWKJI, KOTOPBIi oTmpassier 5 B 4, 48 3, ...,
1B 5.

e TIOC/IeIHEE PABEHCTBO CIPABEIINBO, IIOTOMY YTO KOTZA « TIpobe-
raer Xy, TO Xxe Jemaer u « o (54321).

(b) Hdnst xaxmoro k = 0,1,2,...,120 Haiigércs oMHOPOJHBIN MHO-
rourer P, € Qlesluy,...,us] («cremernmy 120 — k) Takoit, aTo K03D-
durnuent npu y* B Q pasen P(ug,...,us), Te.

120

Q(Ul, <o 7u5vy) - Zpk(uh <o 7u5)yk'
k=0

[To (a) u W3 OXHOPOAHOCTH UMEEM
Pi(u1,...,u5) = Pr(esuq,...e5us) = sngk(ul, cea,Ug).

Ecmu k we xpatuo 5, 10 Pg(uq,...,us) = 0, 9T0 u TpebOBAIOCH.

(¢) Muorounen Q(uq,...,us,y) CAMMETPUIEH MO Ui, ... ,Us;. SHA-
quT, Bee Koaddurmertst ( Py, u3 nyrkTa (b)) COOTBETCTBYONIETO MHOTO-
wiena u3 Qles, ug, . . ., Ug][y] cUMMeTpHUHDI 1O Uy, . . . , us. Temeps Q(x1,
Qles]ly] BBUAY OCHOBHOW TeopemMbl O CHMMETPUYECKUX MHOTOUJIEHAX,
dopmyst Buera u Toro gakra, uro K03 puiineHTs MHOrOYIeHa f pa-
[[UOHAJIBHBI.

Teneps yrBepxkaenue Q(x1,...,s,y) € Qly] noka3wpiBaeTcs aHas0-
TUYHO JeMMaM o panuoHaabHocTn 9.3.18.f and 9.3.22.d.

9.2.12. (b) D10 H0KA3BIBAETCA METOJOM Pe30JibBeHT Jlarpamxa,
pa30bpaHHBIM B 9TOM ITyHKTE.

3\
-y I5,Y,
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9.2.18. (a) O6o3HaunM

_144v3

5 " T(w) — $+B$3+B2$9+53$27+543}81—|—B5ZL'243.

B i=c¢¢
Hokazxwure, uro T'(z) = BT (23) mod (z” — 1).
(b) O6ozmaunM

Bi=e19 u T(x):=x+ x>+ B2 + 32 + plat0 ...+ 22512,
Hoxaxnte, aro T'(v) = BT (2?) mod (x!! — 1).

Permenns zamaa 9.2.16 (d, e) m 9.2.18 anasoruaHbl TPUBEIEHHOMY
JIOKa3aTeJThbCTBY TTOCTPOUMOCTH Yucyaa €5. [lompobrocTn cMm. B 1. 9.2.5.

9.2.5 Jloka3zaresbCcTBO mocrpouMocTu B Teopeme laycca (3)

HamomanMm, aTo dopMaabHO TTPUBOIUMOE TO0KA3ATETHCTBO HE3ABU-
cumo otT 1. 9.2.4, a n3 1. 9.2.3 ncnoan3yercd ToabKo jtemma 9.2.14 o Kom-
ILIEKCU(DUKATTAN.

JIemma 9.2.19 (06 ymuoxkenun). (a) Eciu g, mocrpoumo, 10 €9, 10-
CTPOUMO.

(b) Ecnu €, u €, TIOCTPOUMBI U M, 1 B3AUMHO IIPOCTBI, TO Eppyy TIO-
CTPOUMO.

Jloxasameavcmeo moaydaerct U3 GOPMYI €2, € \/En U Emp = EL.En,
Ie T W Yy — IeJble 9uCJIa, A KOTOPBIX nx + my = 1. ]

[Tpw perernn 3a1a9 9.2.16 (a) MBI HCTTOTB30BAH PA3TMIHOCTD OCTAT-
KOB OT gesienus uucen 2,22,23 24 ua 5. Ilpu pemrenun 3ama4 9.2.16 (d,
e) u 9.2.18 (a) MBI UCTOTB30BAIA AHAJIOTHIHOE CBOUCTBO amcesn 2 u 11,
6ul7, 3u 7. g obiero ciaydas HeOOXOUMO CJIeIyroree 0600IIeHue.

Teopema 9.2.20 (o mepoobpaszroM Kopae). st j11060T0 TPOCTOTO P

CYIIECTBYET YHUCJIO ¢, AJI KOTOPOTO OCTATKU OT JICJCHUS Ha, P TGUCEST
1.2 3 —1

g ,9°,9°,...,9°" " pa3jMYHbL.

Yrxasanue x doxazamenvcmey dan p = 2™ +1 (moavko amom cayuai
nyotcen daa meopemws Laycca). Ecau mepBoobpasHOro KOPHsI HET, TO
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cpastenne 727 = 1 mod p mveer p — 1 = 2™ > 2m~L pemenmit. Do

IPOTUBOPEYNT TeopeMme bBesy.
SarHTEePECOBAHHBIN YUTATE/ b MOXKET IIOJIYYUTb U IOJIHOE JIOKA3a-
TeJIBCTBO, CM. II. 3.D.

Zoxazamenvcmeo nocmpoumocmu 6 meopeme Iaycca 9.1.5. 1lo nemme
9.2.14 o kommtekcudpukanuu u 1o Jemme 9.2.19 06 ymMHOX)KeHUH J10CTa-
TOYHO JIOKA3aTh, UTO £, IOCTPOUMO /sl JIFOOOTO IPOCTOI0 N = 22° 4+ 1.
Tak kaxk n — 1 = 2", 1o mo jgemme 9.2.19 06 ymuOKeHUN [ = £,_1
rmoctpounmo. Obo3HaIMM

Z[ﬁ] = {CLQ +a18 + a252 + ...+ an_gﬁn_2 | ag,...,anp—9 € Z}

Ob6o3HaunM 4vepe3 g mepBOOOPA3HBIN KOPEHb MO MOV n. [lna r =
0,1,2,...,n — 2, obozHaunuMm
- T .9 2r,.g (n=2)r .g" >
T(x):=xc+ 029+ p"2% +...4+0 x € Z[f][x].

Torma (To+ 11 + ...+ Th—2)(e) = (n — 1)e. Kpome Toro, Ty(e) = —1.
[TosTOMY HOCTATOYHO TOKA3ATH MTOCTPOUMOCTE KaxKa0T0 u3 unces T).(g),
r=12,...,n— 2. lmeem

= L) — %) = TP —
z"—1 z"—1

T Y(x) nna moboro k.

Bo3bMéM MHOTOWIEH ag 4+ a1T + aox® + ... + ap_12" 1 ¢ xoadbdu-
nuentamu B Z[B], cpapammbiit ¢ T 1(x) mo momymo x™ — 1. Torma
a; = ay = ... = a,_1. Hosromy T 1(e) = ag — a1 € Z[P]. 3nauur,
T, (e) mocTponmo. ]

9.2.6 DddekTuBHBIE HOKa3aTeJibcTBa mocTpoumoctu (4%)

31eCh IPUBOJLTCS APYTHE JOKA3ATENbCTBA IOCTPOUMOCTU B TEOPe-
me Taycca 9.1.5 u reopembl [aycca o nonuxkenun 9.1.15 (a). Onu ciox-
Hee MMPUBEIEHHOTO B 1. 9.2.5, HO j1afoT 0oJiee OBICTPHIE AJITOPUTMBI BbI-
gucyienust [BK, Saf, Kol7|. menno oun mpunasiexkar Laycey.

dppexmuenoe doxazamenvcmeo nocmpoumocmu 6 meopeme Iaycca
9.1.5 dasa n = 5. It suffices to prove that € := ¢5 is constructible. Cpa3y
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9.3 3amauym o0 Hepa3pelrnmMOCTHU B PaJANKAJIAX

B sToM mynkTe MBI Ha MPOCTBHIX MPUMEPAX JAEMOHCTPUPYEM WeU
JIOKA3aTeJIbCTB TEOPEM O Hepa3permuMocTu u3 1. 9.1. ToT myHKT He3a-
BUCUM OT TIPEJBIAyIIero. bojiee Toro, oH moutnm He3aBUcUM OT 1. 9.1,
MTOCKOJIBKY OOJIBITTMHCTBO MPUBOIUMBIX 3J1€Ch 33/1a9 KacaeTcsl Hempe/I-
CTaBUMOCTH YHCeJ B HEKOTOPOM CIIeNUAJLHOM BUJE U HE HCIOJJIb3YyeT
orrpejiesiennii m popMympoBoK u3 1. 9.1. HenpeictaBumMocTs, XOTh OHA,
1 KaXKeTcsl 09eHb eCTeCTBEHHOM, MOXKET JI0Ka3hIBATHCSI HETPUBUAIBHO!

K teopeme 9.1.2 u memocrponmoctn B Teopeme laycca 9.1.5 (. 9.4.4)
noaBoadaT 3amaum u3 1. 9.3.1-9.3.2. K mepazpemmMmocTn B BeIIeCTBEH-
HBIX pajuKaiax u3 reopeMbl 9.1.8 (1. 9.4.5), k reopeme 9.1.10 (1. 9.4.8),
u K Teopeme Kponekepa 9.1.14 (. 9.4.7) mogpoggar 3amaqn u3 1. 9.3.1—
9.3.4. K reopeme 9.1.13 u nepazpemumocru B kpurepuu 9.2.12.a (1. 9.4.3
u ?7?7) nogsoagar 3agaum u3 1. 9.3.1-9.3.6. K reopeme 9.1.16 moasoast
3a/1a91 BCET'O ITOr0 MyHKTa, BKJIFO4Yasd 1. 9.3.9.

Taxkum obpaszom, m. 9.3.1-9.3.4 pa3BUBAIOT HJICIO COMPSIKEHUS, a
9.3.7-9.3.9 — ngeto cumMeTpun. 3aMeTUM, UTO B 1. 9.3 3T ugen pac-
KPBIBAIOTCA B 0OpATHOM IIOPsijiKe (IIOCKOJIBKY, B IIPOTHBOIIOJIOKHOCTD
MIEPBBIM IIaraM, OKOHYATEbHAsl peaim3alus UJIen COIPsKeHns 0ojiee
CJIOYKHA, TeM UJICH CMMMETPHH).

B 3TOM myHKTE «MHOTOYJIEH C pallMOHAJILHBIMEU KoM uImenTamm»
KOPOTKO Ha3bIBAETCA MHOTOWIEHOM. ducsa vi,...,v, € C HaspBaiorcd
AuHeUHO 3asucumvimu Had Q, ecim mHadimyTea Ai,..., A, € Q, He Bce
paBHBIE HYJIIO, JIJISI KOTOPBIX A1v1 + ...+ A\yv, = 0. HamomuamMm, urto

£q = cos(2m/q) + isin(27/q).

9.3.1 OpHo uU3BJIeYeHME KBaApaTHOrO KOpHs (1-2)

[lepen permenmem 3aa9 3TOTO MOAMYHKTA TTOJIE3HO TpopentaTh 1. 4.1.

9.3.1. IpexcraBnMo JIH CIeyIOLIee YHCIo B Buae a+ Vb, rie a,b € Q:
(2) V3+2v2, (b)) s (o) VT+5V2 (d) V2
() V2+ V2, () V2+v2 (g) V2+V3+ V5

Sagaun 9.3.1 u 9.3.3 uHTEpPECHBI B CBSI3U C HEPA3PEIIUMOCTHIO B Pa-
JIMKAJIaX, TOCKOJbKY HaM HYKHO TPHUIyMaThb MHOTOYJIEH, KOPHU KO-
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TOPOTO HE PaJuKaJIbHBI, a ducjaa u3 3a7ad 9.3.1 apadiorcs KopHAMMT
MHOTOYJIEHOB (TojtyMaiite, kKakux). CM. Takxke yTBepxKieHue 7.6.2.

Jlemma 9.3.2 (o pacmmpenunn). IlycTs 9mc/io MOXKHO MOJIYYUTH W3
yncia 1 Tpu TMOMOIMN HECKOJIBKUX OTeparinii CJA0XKEeHUi, BHIYUTAHUH,
YMHOXKEHUN, JeJeHN Ha HEHy/IeBble YNC/a, U OJHOU OIepalluu M3BJIe-
YeHUsl KBAJPATHOIO KOPHS U3 TIOJI0KUTEJIbHOTO Yucia (T.e. YUCIO Be-
IIECTBEHHO IIOCTPOUMMO C M3BJIEYEHHEM KOPHs TOJIBKO oauH pa3). Toraa
ono mmeer Bug a + Vb, rie a,b € Q u b > 0.

9.3.3.* JIna Kakux n 4nciao cos(2w/n) mpeacrasumo B Buge a+ Vb, rie
a,b € Q7 B kauecTBe OTIEIBHBIX MyHKTOB 3aCIUTHIBAIOTCS CIIyUIan 1 =
16, 24, 20, 15, 9, 7, 17, 25.

(OTBer HA 3TOT BONPOC HYXKEH, HAIIPUMED, JJisi U3yIeHUSA GHEUHUL

bunvapdos. Cp. ¢ 3aaueii 4.1.7.a, 3ameuanuem 9.1.1, yTBepxKaeHreM
9.1.3 u Teopemamu 4.8.5, 9.1.5.)

Jlemma 9.3.4. Ilyctb r e R—Q u 2 € Q.
(a) O mempusoguMocTn. Muorounen 22 — r? mempusognm mag Q.
(b) O nuuneitnoit HezaBucumoctu. Ecm a,b € Q u a + br = 0,
Ttoa=0b=0.
(c) Ecoim Muorounen P mmeer Kopenb r, To P nenurcs ma x2 — 12,
(d) O comnpsizkenun. Ecii MHOTOUIEH MMeeT KOPEHb ', TO KOPHEM
9TOr0 MHOI'OYJIEHA HABJIAETCH TAKXKE YUCJIO —T.
(e) O compsixkenuu. Eciu a,b € Q u MHOrOYIeH UMeer KOPEeHb
a -+ br, To KOpHEM 3TOr0 MHOTOYJIEHA ABJISIETCSI TaKyKe UUCI0 a — br.
(f) Ecim a,b € Q u kybudeckuii MHOTOUIEH MMeeT KOPeHb a + br,
TO OH MMEET PAllMOHAJIBHBIA KOPEHb.

Teopema 9.3.5. Eciyu MHOTOYJIEH CTeIIeHU BBIIE BTOPOU HEITPUBOIUM
nag Q, TO HU ONMH U3 €ro KOpHei He HpeicraBuM B Buue a & /b, rie

a,b e Q.

N3 teopemsr 9.3.5 u ieMMbI 9.3.2 0 pacmpeHnn BbITEKAET, 9YTO eCAl
MHO20%AEH cmenenu gbiue 6mopoti nenpusodum nad Q, mo nu odun u3
e20 KopHel He ABAAEMCA BEUECMBEHHO PAOUKAADHBIM C U3BAEHEHUCM
KOPHA MOALKO 00U Pas, npusém emopoti cmenenu. ClpaBei/iuB U KOM-
ILJIEKCHBIM aHAJIOT 3TOTO yTBEP:KIEHUsI. DTO HaIlle TIePBOE IIPO/IBUKEHIE
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K TeopeMaMm O Hepaspemumoctd u3 §9.1. AHaIOrMIHBIE TTPOIBUKEHUST
B CJIEIYIOMIUX MOJIMYHKTax (ChopMynmupyiiTe uX CaMOCTOSTENBHO) BbI-
TEKAIOT U3 aHAJIOIMYHBIX TEOPEM U JICMM.

9.3.6. (a) Perrmre ypasmenme x° — 224 — 1223 — 222 +1 = 0.
(b) Huco cos(2m/7) sBasgercs KOpHEM MHOTOWIEHA, TIOJIYI€HHOTO
u3 dynkmm 0 + 2+ + 1+ 27 + 272 + 273 3amenoit ZKyKoBcKoro
1 1

9.3.7. Ilpusojum jiu muorouten x° — 4x> + 622 4 4x + 2
(a) nax Z;  (b) nan Q7

9.3.8. (a) Haitaure HenpuBogumbrii Hag Q MEHOTOWIEH, KOPHEM KOTOPO-
IO SIBJISIETCS THUCIIO0 €4 = cos(2m/q)+1isin(2m/q) nns ¢ = 5,7,11,9,25,15,16,20.
(b) To xe ¢ 3amenoit €, uHa cos(2m/q).

Iloncka3km

9.3.2. B0 OBl JOCTATOYHO JIOKA3aTh, YTO MHOXKECTBO YKCEJT TaKO-
ro BUJA 3aMKHYTO OTHOCHTEJBHO CJIOXKEHWSI, BEIYATAHWUS, yMHOMKCHUS
u gesenns. 1o, ecrecrsenHo, He Tak: (14 1/2) + (14 /3) He upescra-
sumMo B Buge a £+ /b, rie a,b € Q (nokaxure!).

9.3.4. (a) Ecm muorowren 2 — r2 npusogum mag Q, To o nmMeer

PaIMOHAILHEIA KOpeHb. IIpoTusopeune.
(b) Eciiu b # 0, ro r = —a/b € Q, uro nesozmoxtuo. [Tosromy b = 0,
a 3HauuT, a = 0.

(c) Iogesum MHOTOWIEH ¢ ocTaTKOM® Ha x2 — 72

P(z) = (z* — r)Q(x) + mx + n.

[Moacrasnsgs x = r, o JemMme o JuHeiiHON Hezapucumoctu (cM. 1. (b))
TOJIy9YaeM, UTO OCTATOK HYJIEBOIl.

(d) U3 m. (c) caenyer, uro ecom R? =r
YJIeHa.

Yrasanue x dpyeomy pewenuro. Orobpakenue u —> U MHOXKECTBA,
Q[r] :={a+br: a,b € Q} B cebst KOPPEKTHO oOmpeIeseHO HOPMYIIOii

2 1o R ecrb KOpEHb MHOIO-

8STO JejieHrue ¢ OCTaTKOM — TO 2K€ CaMO€e, 9TO «3aMEHa» CE‘Q Ha 7“2.
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9.3.5 Hepa3penimMocTb «B BEIeCTBEHHbIX MHOTOYJIEHaX» (2)

In this and the following subsubsection equality signs involving
polynomial f (or f;) mean equality of polynomials (nokosddunuent-
Hoe). B srom myHKTE aprymeHTsl (X,y,Zz) MHOTOUYIEHOB B (OpMYyIax
YaCTO MPOTYCKAIOTCS.

9.3.28. CymiecTBYIOT JTU MHOTOYJIEHBI C BEIIECTBEHHBIMU KO3(DOUITH-
eHTaMu, YIOBJETBOPLIONINe cucTeMe n3 3ajdauu 9.2.3 ¢ 3amenoit f§’ Ha

137

s pemenust oJIe3Hbl CJIeAYIOIee IIOHITHE U yTBepK aenue. Muo-
routen g € R[z,y, 2] HaspiBaeTCsd MUKJINYIYECKA CUMMETPUYECKUM,
ectu g(x,y,2) = g(y, 2, x).
9.3.29. Ecmn f € R[z,y, 2] u mHOTOUIEH

(a) f% (b) f?

UKIMIECKH CUMMETPUIECKUi, TO f NUKIMIECKA CUMMETPUIECKUIA.
9.3.30. Ilycts f,g € R[z,y, 2]

(a) Jlemma. Ecim fg =0, To f =0 wim g = 0.

IIpedocmepesicenus: cymectByoT dyaknun F, G : R — R, aaa ko-
Topeix F'G =0, F # 0, G # 0; cymecTByioT JBa pa3HbIX MHOIOYIEHA
OT ABYX IIEPEMEHHLIX, PABHBbIE B OECKOHEYHOM MHOXKECTBE TOYEK; HE
noJib3yiirech 6e3 JI0Ka3aTe/bCTBa PABEHCTBOM MHOTOYIECHOB OT JIBYX
[ePEeMEHHBIX, 3HAUEHNS KOTOPBIX COBIAIAIOT B JIIOOOH TOUKE.

(b) Ecmn f2 = g%, 1o f = gumu f = —g.
c) Ecm f24 fg+¢>=0,10 f =0ug=0.
d) Ecm f32 =g, 10 f = g.
e) Ecm f° = ¢°, 10 f = g.
£) f°—g° = (f —9)(f —es9)(f —e2g)(f — 2g)(f — e39).

Teopema 9.2.5 BbITEKaeT U3 CJAEIYIONIEN JT€MMBbI.

(
(
(
(

JIemma 9.3.31 (0 coxpaneHuy MUKIUIECKON cummerpudnoct). Eciu
q > 0 uenoe, f € Rlx,y, 2] u maorowren f? MuKJINIECKH CUMMETpUYE-
CKUit, TO f NUKJINIECKH CUMMETPUIECKUIA.

9.3.32. Anajoru Kakux yTBEpKICHUI 3TOro MyHKTa CIPABEIINBLI 11
(a) MHOTOWJIEHOB C KOMILJIEKCHBIME KO3 durmenTamm’?
(b) ¢ 3amenoit Muorowrena f ma gynxnuio f : R? — R (me upeamo-
JIATAEMY0 HEeIPEPBIBHOIL).
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9.3.6 HepazpemumocTs «B MHOTOUJIEHAX» (3)

Teopema Pydpdunu 9.2.6 Beirekaer u3 jgemmbl 9.3.36. Camoe Tpy/i-
HOE W MHTEPECHOE — MPUIyMaTh (POPMYAUPOBKY ITOU JeMMbl. st 9T0-
ro JIOKaXKeM CJegytoiine 0ojiee mpocThie (PaKTHI.

9.3.33. Muorounen x| He pajuKajJeH g N = 3 TaK, YTO BTOpasd OIle-
paltus M3 OTpeJieIeHNs PAInKATbHOCTH TPUMEHSIETCI TOJTbKO JIJTd

(a) k =2 (nodckasxa: cm. 3amaay 9.3.32); (b) k= 3.

9.3.34. Kakue n3 caeyomux yTBEP:KJACHUH BEpHBI s Joboro f €
C[ml, .. ,$5]?

(a) Ecmm f° MUKIMMeCKH CHMMETPHYECKHH, TO f MUKIMICCKH CHAM-
METPUYECKUTA.

(b) Ecim f3 NUKIMYECKH CUMMETPUYECKUI, TO f IUK/IMYECKH CHM-
METPUYCCKUIA.

(c) Ecmm f? cuMMeTpudecKuii, TO f CHMMeTPHYECKHI.

(d) Ecmm f3 cuMMeTpiaecKuii, To f CHMMETPHUECKITA,

Huxaom Oaunve 3 Ha3LIBAETCS IEPECTAHOBKA, N-3JIEMEHTHOTO MHO-
JKeCTBa, TIEPECTABJISIONIad HEKOTOPhIE 3 3JIeMeHTa TO IUKJIY U OCTaB-
JIIONIAA HA MECTe KaXKJIbIil M3 OCTABIIUXCA d/ieMeHTOB. Muorownen f €

Clzy, ..., x| HA3BIBAETCH YETHOCUMMETPUYECKAM, eciiu f (X1, T2, ..., Ty)

f(Ta), Ta@)s - -+ Ta(n)) 15 THOOOTO TAKTA v JITTAHBL 3.

9.3.35. IlpugymaiiTe MMKINIECKN CUMMETPUYIECKTIT MHOTOYJIEH, HE SIB-
JITIOTITAHCI TeTHOCUMMETPUIECKTM.

Jlemma 9.3.36 (o coxpanenun wyerHOCMMMeTpuuHOCTH). Ecam g > 0
nesoe, f € Clzy,...,x5] u maorowren f¢ yernocummerpudeckuii, 7o f
YETHOCUMMETPUYECKUNA.

9.3.37. Ilycrs f € Clxy,...,x,] — MHOrOUIEH.

(a) Eciz muorouen f7 4eTHOCHMMETPUUECKHil, TO f 4eTHOCHMMET-
PUYECKUA.

(b) Ecmm n > 5 u Muorodsen f3 deTHocmMMeTpudecknit, To f deT-
HOCUMMETPUYECKUI.

(c¢) Ecmm m > 5, To 10601t TIMKJT ITTHHBI 3 Ha N-3JIEMEHTHOM MHOKE-
CTBE pasjaraercs B MpOW3BeJeHNe TepecTanoBoK Bujaa (ab)(cd) ¢ pas-
JIUYHbIMY @, b, ¢,d (T.e. B Ipou3BejieHne KOMIIO3UIUIA TPAHCIIO3UIMIA ¢
HEIIePeCeKAOIUMUC HOCUTEISIMHA).
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9.3.7 EamHCTBEHHOCTH CIIocO0a penieHns KBaJIPaTHOTO ypaB-
HeHus (2)

9.3.39. Pemure cucremy ypasaenuit 8 muorowienax f(x,y), p(u,v) u
q(u, v, w) ¢ BerecTBeHHBIME KO(DDUITEHTAME:

f(z,y) = plz +y, zy)
T = q($+y,$y,f($,y))
MuorouieH f OT JBYX IEePEMEHHBIX T, HA3BIBACTCA AHMUCUMMEM -
puseckum, ecm f(x,y) = —f(y, x).

9.3.40. (a) JIemma. Ecim f € R[z, y] — MHOTOWIEH C BEIECTBEHHBIMU
K03 DUIIEeHTAMI OT JBYX LIEPEMEHHBIX i MHOIOUYJIEH f2 CHMMEeTpPUUe-
ckuit, To f b0 cuMMETPUYeCcKuii, MO0 aHTUCUMMETPUIECKUIA.

(b) Ecim f € Rlz,y] anrucummerpuyeckuii, 70 CyIecTByeT CHM-
mMerpudeckuit Muorouer a € Rz, y|, nig koroporo f = (x — y)a.

[TpuBemem obo0OIIEHNE YTBEPKACHUA U3 perenns 3ajgadn 9.3.39 Ha
JF000€ KOJTMYeCTBO MIaroB u3 onpejenenus pajgukaabaoctu (m. 9.2.1).

9.3.41. Pavyuonarvroti pynxyuel Ha3bIBaeTCsa «GHOPMaJIBLHOE OTHOIIIE-
HUEe MHOTOYJIEHOB», T.e. mapa f/g := (f,g) MHOTOYIEHOB, B KOTODOIi
g # 0, ¢ TounocThio 10 caepytoniei sxkpupastenruaocru: f/g ~ f'/¢ npn
fq' = f'g. llpu sTroMm muOrOWIEH f OTOXKIAECTBAsIETC ¢ napoii (f,1).

(a) [Haitre ompejesieHusi CyMMbl U TIPOW3BE/IECHUS PAIMOHATBHBIX
dbyuknnmii. [IpoBepbre UX KOPPEKTHOCTD.

(b) Bozbmem cucremy m3 zamedanust 9.2.4.(c) mmst n = 2, B KOTO-
poit f; u p; pauuoHaybHble MYHKIMY, & He 00g3aTe/IbHO MHOI'OYJIEHB,
1 KOTOPAsT MUHUMAAbHE, T.€. HET CUCTEMBI C MEHBIITAM S U ka HE IIpe/I-
CTaBJIACTCA B BUJE PalMOHAJIBHONW (DYHKIHH OT T + Y, 2y, f1,..., fj—1
o s Kakux j = 1,...,s mw k < k;. Torma s = 1, by = 2 u cyme-
crByeT paimoHanabHas Gyuknus a € R(u,v), ana koropoii fi(z,y) =
(z — y)a(z + y, zy).

(c)* Chopmymupyiite n gokaxkwure anamor m. (b) ¢ 3amenoii pa-
IMOHAIBHLIX PYHKIUH f1,. .., fs Ha dysxkmun R2 — R (po, ..., ps Ho-
IPEeKHEMY PAIlMOHAJIbHBIE (DYHKITUH ), U PABEHCTB PAIIMOHAIBHBIX (DYHK-
Uit — Ha paBeHCTBa (PYHKIMH, OMpeIeTIeHHbX A1 Beex (x,y) € R2.

9.3.42. (3arajgka) Kybuueckoe ypaBHeHre MOXKHO PEIIUTH TOJLKO OJl-
HuM criocobom. (s pemrenust mostesnst . 9.3.1 u 9.3.3.)
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9.3.30.be, 9.3.40. Ecnu k mederno, to m3 yrBepxkaenud 9.3.40.b mo-
JydaeM, 970 f CHMMETPUYECKHN, YTO NPOTHBOPEYUT PABEHCTBY T =
q(x +y,zy, f(x,y)). Eciu k = 4, ro no yreepxkaenuto 9.3.40.a MHOrO-
qieH f2 b0 cuMMeTpUYecKuil, b0 aHTUCUMMETPHUYecKuil. 11epBsiil
caydait ceomures K 1. (a). Bo sropom f2(x,y) + f2(y,z) = 0. Anamo-
TUYHO Pas3OdUpaeTcs Caydaii MPOU3BOJILHOTO YeTHOro k.

(¢) Ananornano . (a) noayaaem x = a+bf. [osromy f — apobro-
paroHaibHas GyHKIms. Toraa pemeHne aHaJgorudHo 1. (a).

9.3.40. (a) Tax xax f? cummerpuueckuii, To f(z,y)? = f(y,z)?.
Orcroma o yreepxkaennio 9.3.30.b f(x,y) = £ f(y, x).
(b) Cm. ykazamme x 9.3.30.f.

9.3.8 Hepa3zpemnMocTh «B KOMILIEKCHBIX Ymnciaaxy (4%)

Cwm. aHry1 BEpCUIO.

9.3.9 BrsIpa3sumMoCTb C JAaHHBIM YUCJIOM PAAUKAJIOB (4%)

Onpenenenns paJuKaabHOCTH YHUCJIa W MHOTOUYJIEHA TTPUBEJIEHBI B
m. 9.1.4 u 9.2.1, coorBeTCTBEHHO.

9.3.43. Kopunu ypaBuenuit 3-it n 4-if cTemeHn C palnoHAJILHBIMU KO-
durmenTaMu paIUKaJbHbl C U3BJIEYEHUEM KOPHS TOJIbKO

(a) mBa pasa, MpuuéM OJWH Pa3 TPEThEl CTEIeHU U OJUH Pa3 BTO-
poit — asda 3-it cTeneny;

(b) weTwipe pasa, MpUUEM ONUH pa3 TPEThell CTETeHW W TPU pasa
BTOpOU — 11 4-#1 cremeny.

(«OmuH pas» o3HAYAET «OJHOKPATHOE HCIIOJb30BAHWE B IIPOrPaM-
me». Hammpumep, B mporpaMme u := /a, v := u + u KyOumdecKnii KOpeHb
HCITOJIB3YeTCsT OJINH Pas.)

9.3.44. Kopuu Kybu4ueckoro ypaBHeHUsI (KaK MHOTOUJIEHBI) He SIBJIsI-
I0TCS PAAVKAJILHBIMEA C U3BICYEHNEM TOJILKO

(a) 0JIHOrO KOPHS;

(b) KBaIpATHBIX KOpHEIT;

(¢) KyOU9IeCcKIX KOpHEii;

(d)* «0aHOdTAXKHBIX» KOPHEH, T.e. KOpHE#l M3 BhIpaKeHuii, He CO-
JIEPIKAIUX KOPHU.
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9.3.45. dsasrorcs i KopHU ypaBHeHus 4-if cremenu (Kak MHOIOYje-
HbI) PAJINKATBHBIMY C W3BJIEICHIEM TOJIBKO

(a) kBagpaTHbIX KOpHEH; (b) KyOWYecKuxX KOpHeIi;

(c¢) mByx xopueit; (d) Tpex KopHeit?

9.3.46. Eciu xopum ypaBHEHUS n-ii CTENEHUW C PAlMOHAJBHBIMHU KO-
s purnmenTAMN pAIMKAJIBHBL , TO OHU PAJUKAJIBHBI C U3BJIEUEHUEM He
boJtee, ueMm

(a) 5 xopueit gug n =5; (b) nlogyn KopHeii gy 106010 N.

st pertenus 9TUX 3aJa9 HYKHDLI CJIEAVIOIINE MTPOCTHIE 3IeMEHThI
reopuu [anya. B sroMm myHkre (B OTiMdmMe OT OCTAJIbHBIX) 0003HAYUM
Ly = {1,5q,53, . ,sg_l}. Ilodepynnoti B S,, Ha3bIBAETCS IOJIMHOXKE-
CTBO, 3aMKHYTO€ OTHOCHTEIHLHO ONepalinii B3sATHsS KOMIIOSUIMA U 00-
patHoro saementa. g moarpymmer G C S, u 1meaoro ¢ oTobpaskenne
G — Z, #a3pIBAETCH 20MOMOPPUsMOM (WU TAPAKMEPOM), €CJIH OHO

epeBouT KoMnosuiwio B npoussegenue: x(af) = x(a)x(8).

9.3.47. (a) Eciu g > 0 nesioe u HenysieBoit MHOrowien f9 gernocum-
METPUYIECKHUil, TO JJId JIFOOOW YeTHOUN MepecTaHOBKM (v CYIIECTBYET U
eJUHCTBCHHO TAaKOe

xf(c)

Xf(a) € Z7 qTo f(xa(l)axa@)?"'?xa(n)) = &q f(CUl,Q?Q,..-,ZUn).

(b) ITocrpoennoe B 11. (a) oTobpaskenue x ¢ : A, — Zy 13 MHOXKeCTBa
A, BCEX YETHBIX MEPECTAHOBOK ABJISIETCS] TOMOMOP(DU3MOM.

9.3.48. CymecTByeT Jin TPOCTOE ¢ U HEMMOCTOSTHHBINT TOMOMOPU3M
(a) A3 = Z4?  (b) Ay = Z?

B nokazarenscTBe neMmbl 9.3.36 0 coxpaHEeHUN 9€THOCUMMETPUIHO-
cTr (PaKTUUIECKU JTIOKA3aHO, UYTO TPU IEJOM N 2> D U MPOCTOM ¢ JTI000i
romoMopdusm x : A, — Z, TIepeBOIUT KaKAYIO TTEPECTAHOBKY B 1.

9.3.49. (a) CymecTByIOT Jin TeJI0€ ¢ W WHbEKTUBHBIN (=B3aWMHO-0]I-
HO3HAYHDBI) roMoMopduam Sz — Z,?

(b) CymiecrByior i nesble p,q u romoMopdusMbl X @ Sy — Zg u
¢ : X (1) — Zp, 13 KOTOPLIX BTOPOil UHbEKTUBEH?



248 DJIeMEeHTHl MAaTeMaTHUKU B 3a/1ad9ax

9.3.50. (a) CymecrByioT /i 1eJIble P, ¢ 1 TOMOMOPMU3MEL X : S4 — Z,
u p:x (1) = Zp, u3 KOTOPHIX BTOPOil MHLEKTHBEH
(b) CymiecTBy10T Ji IeJIBIE P, ¢, 7' 1 TOMOMOPMUIMEL X : Sq — Zg, ¢
X (1) = Zpuy:p (1) = Z,, u3 KOTOPBIX 1OC/IEIHUN UHBEKTUBEH?
(¢) CyiiecTBy 0T Jii TernoYKa U3 4eThIpex roMOMOPGMU3MOB, aHAIO-
ruaras . (b)?

9.3.51. (a) [ns mroboro muorownena f(x1, o, ..., x,) MHOKECTBO

sty = {Oé € Sy | f(xa(1)73:a(2)7 - 7xa(n)) - f(xlaxZa <. 737?1)}

SIBJISIETCST TIOJTPYIITION B S, .

(b) IMepeuncure BCE TMOATPYNIBI B S3.

(b”) Kakue u3 Hux mMoryr ObITb pooOpasaMu €JuHUIbI [IPA [OMO-
Mopdusme S3 — Zg Ajid HEKOTOPOro q7

(¢) Iepeunciure Bee MOATPYIIBI B Sy.

(¢’) Kakuwe 3 HUX MOTYT OBITH MPOOOPA3AMU €UHUIIBI TPU TOMO-
Mopdusme Sy — Z, A1 HEKOTOPOro q7

The estimation 9.3.46 can be extracted from the idea of proof of the
Ruffini Theorem 9.2.6. The idea is that the ‘symmetry subgroup’ sty of
Sy, cannot be changed more than logy(n!) < nlogyn times.
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9.4.4 Henocrpoumocth B Teopeme laycca (3%*)

3
Teopema 9.1.2 (BewecTBenHAsS HEIOCTPOUMOCTD YHUC/IA V/2) BHITEKA-
eT U3 BelleCTBEHHOIro aHajora JieMMbl 9.4.1.a o GalltHe pacimpeHuii u
CJICJIYIOIIeHA JIEMMBI.

Jlemma 9.4.3. Ilycts F C R —mnone, r ER— Fur?¢cF.
(a) Torma F[r] — moJe.

(b) Ecrm /2 € F, 10 v/2 & F[r].

Jokazameavcmso wacmu (a). Hyxuo nokazars, aro F[r] 3amMkHyTO OT-

HOCHUTEJIbHO CJIOYKEHWsI, BBIYUTAHUsI, YMHOXKEHUsI U JICJICHUsT Ha HEeHY-

JIeBO€ UHCI0. DTO HE OUEBUIHO TOJBKO B CJydae JeJeHUs, KOTOPBIi
1 a i b

CIelyeT U3 PABEHCTBA —r = —3—y33 — ;527 ]

Joxazamenvcmeo wacmu (b). Tpenmosoxum, Hanporus, uro v/2 € F|r].
Torna /2 = a + br m1s HekoTOpBIX a,b € F. Ioayaaem

2 = (v2)3 = (a® + 3ab®r?) + (3a%b + b31?)r-

Taxk kak V2 € F, 0o b # 0 u r ¢ F. B wacraocru, r # 0. ITosromy
3a% + b?r?2 > 0. Taxk kak 2 € Q C F, o r € F. IIporusopeune. [

[lepeitnem K 0Ka3aTeIbCTBY HENOCTPOMMOCTH B Teopeme [aycca

9.1.5.

JIemma 9.4.4 (o crenensx nBoiiku). Eciu nenpuogumbrit najg Q muo-
rouied P ¢ panmoHaJbHBIMU KoM uiimenTaMu nMeeT MOCTPOUMBIM KO-
petb, To deg P ecTh cTeneHb JBOMKMI.

Dta JiemMMa BbiTeKaeT u3 JjiemMMbl 9.4.1.a o GalHe paciiupeHuili u
qactu (b) coesytormeit semmbl. JJokazaTebCTBO ee 9acTw (a) 0OCTaBIsieM
TUTATEI0 B KAUECTBE YITPAKHEHUS.

JIemma 9.4.5 (o compsizkenun). Ilycte F C C—mome, 1 € C — F
wr?eF.

(a) Ompenennm oTobpakenne compsizkenus - : F[r] — F[r] dopwmy-
JIOME T + Yr:=x —yr. IT0 0T0OpaKEHNe KOPPEKTHO OLPEIEJICHO, 2 + W =
Z+wuzw =2z w.

(b) Ecim muorounenst P € Flz] n Q € F|r|[x] mmetor obmmit Ko-
petb u HenpuBouMbl Has F' u wag F[r], coorBercrBenno, 1o deg P €

{deg Q,2deg Q}.
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Jloxasameavcmeo wacmu (b). Tlo koMiuiekcHoMy aHajory jemmbl 9.4.3.a
F[r] mone. Byuem paccmarpuBarh JIeIUMOCTh, Henpusogumocts 1 HO/I
B F[r], eciu we ykazano japyroe. Tak kak P u () umeror obruit KOpeHb
u @ HenpuBouM, T0 P nesmrea va Q. Toraa no 1. (a) P = P genurcs
ra (. Taxk xax () HenmpmBoguM n geintca Ha D = ged(Q, Q), To mmbo
D =Q, moo D =1.

Ecmu D = Q, o u3 D = D noanygaem Q = D € F|x]. Orciona, Tak
kak P wempupogum Hajg F, momydaem P = Q).

Ecim D = 1, to P gemnrca va M = QQ. Tak xak M = M,
nomyaaem M € F[x]. Tak kak P wenpuogum Haj F') mosygaem P = M.
SuaunT, deg P = 2deg Q). ]

Jlemma 9.4.6 (upusnak Diizenmnreiina). IIycrs p npocroe. Eciu ais
MHOTOYJIeHa C MeJbIiMiA KoddduimenTaMu crapimii koddduiment me
JIETUTCS Ha P, OCTAJIbHBIE JIEJATCA Ha P, a CBOOOJIHBIN YWJIeH HE JETUTCS
Ha P2, TO TOT MHOTOYJIEH HETPUBOIUM HAT Z.

Jlemma 9.4.7 (Taycc). Eciu muorousmen ¢ mesbiMu KO3 DUImeHTaMm
HeIpuBOIuM HaJl Z, To oH menpupouM u Hag Q.

N npusnak Iii3eHInTeiiHa, U JieMMa laycca JIerko J0Ka3bIBAIOTCS
IIepexoZoM K MHOrowIeHaM ¢ koaddunuenramu Z,. (s memmer Layc-
ca paccMOTpHUM pazjoxkenme P = P; P, manHoro MHOTOWIeHa P Ham
Q, BO3LMEM TaKMe Iesble My U N9, 9T0 U NPy, u noPy mMeroT 1esble
KO3 PUIMEHTHI, 1 BO3bMEM IIPOCTON JIeJIUTEb P ducaa nine. For the
Eisenstein criterion see solution of Problem 9.3.1.f.)

Jloxasameavcmeo nenocmpoumocmu ¢ meopeme Laycca 9.1.5. Tak kax
En = €, | TO M3 IOCTPOUMOCTH UHCIIA Ep) BBITEKAET ITOCTPOMMOCTD UHC-
Ja £p. [lo9TOMY 10CTATOYHO MMOKa3aTh, YTO &, HEIOCTPOUMO JJIsI

(A) mpocroro yucsaa n, He npejcrasumoro B Buje 2" + 1;

(B) kBapaTa MPOCTOTO UMCTA, T. €. N = p.

Hemoctponmocts umcia €, caeayer m3 jeMmbl 9.4.4 o cremensax
JIBOMKY JIJIsT KOPHSA €, MHOTOUIEHA,

e P(x) :=a"t+a" 2+ . . +2+18crygae (A) n

o P(z) := xPP~D) 4 2P(P=2) 1 4 2P 1+ 1 B cayuae (B).
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HenpupogumocTs 31X MHOro4eHOB Ha 1l (Q BBITEKAET U3 UX HEIIPU-
BoAMMOCTH HaJT Z u jemMbl 9.4.7 Taycca. HenmpuBoAmMOCTb 9TUX MHOTO-
aienoB P(x) Haj Z BbITEKAeT U3 HEIPUBOAUMOCTH MHOrOWwIeHos P(x +
1) wax Z. Tocieansisi HEIPUBOIUMOCTE JIOKA3BIBAETCS [TPUMEHEHUEM
npu3Haka 9.4.6 Ditzenmreiina. BoimosiHeHne mpenooKeHnit mpu3HaKa,
Ditzenmreiina a1 MHEOTOUWIeHOB P(2 + 1) Jlerko mpoBepsieTcs ¢ mOMO-
mipio cpasuenus (a + b)P = aP + b mod p. ]

9.4.5 Hepa3penmmocTb «B BeIIECTBEHHbIX 4ducjaxy» (3%)

Nnymunkanus (i1) = (i) B Teopeme 9.1.8 BeITEKAET 13 BEIECTBEHHO-
ro anajora jgemMbl 9.4.1.b o HamrHe paciumpennii n gacTu (a) CIeIyIo-
el JIeMMBbI.

Jlemma 9.4.8. Ilyctb q npoctoe, FF C R—monme, re R — Fur? e F.
(a) If a polynomial with coefficients in F' has degree 3, has three
real roots none of which lies in F', then none of the roots lies in F[r].
(b) O umemnpuBomummoctu. Muorounen t?¢ — r¢ HempuBOAUM HAJ
Fleg].
(¢) O nuueitnoit HezaBucumoctu. Eciu P(r) = 0 a1g HEKOTOPO-
ro muorouitena P € Fleg][t] crenenn mensire g, To P = 0.
(d) O conpsixennu. Ecim P € Fleg][t] u P(r) =0, 1o P(rek) =0
g oboro k= 0,1,...,q — 1.

Jloxasameavcmeo wacmu (b). Ilycrts, Hamporus, MmuorowteH t4—r? npu-

BonuM naJ Fley], T.e. umeer coberBenustit menntens P € Fleg[t]. Bee
2

qr
MHOTOWIeHa P paBeH IPON3BeAEHII0 HEKOTOPBIX k U3 9TuX KopHeil. To-

q q q—1 .
kopHu Muorodsena t? —r9 ecto r,req, v, ..., 7€ . CBOOOMHDLA WieH
raa % € Flg,]. Tak xax q mpocroe, To kz + qy = 1 a1 HEKOTOPBIX
neneix z,y. Torma r = (rf)®(r9)Y € Fle,].

Hosromy!® r2 73 ... r47t € Flg,]. Cocrapum rtabmuany ag; € F

. k _
pasmepa ¢ X (¢ — 1) u3 pazioxkenuit uuces r” 1m0 CTEHEHSIM YUC/IA £y

q—2
= apel, 0<k<q-1.
I=0

10 Ipyras 3amicek sToro ab3ana ¢ WCIOTH30BAHMEM TOHATHS PA3MEPHOCTH: TOTIIA
dimp F[r] < dimp Fleq] < g — 1.
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[Ipu mmomorIry HECKOIBKUX Orlepalinii npubaBjeHust K OJHOI CTPOKe JAPy-
roii, YMHOXKE€HHOM Ha 9ucjio u3 F', MOXKHO MOJIYYUTh TAOJIUILY C HYJIEBON
CTPOKOM.

BuaunT, nMeeTcs HeHyIeBoi MHOTOWIeH () € F[t| cTemenn MeHbITe
q ¢ xopuem r. Torga ged(t4 — r9, Q) umeer Kopenb r u crenenb k, 0 <
k< deg@ < q. ITosromy muorownen t? — r? npuBogum Ha F.

Torya aHAJIOTUYHO TIEPBOMY a03aIly 9TOTO JOKA3aTETbCTBA MOy da-
eM, uto r € F'. IIpotuBopeune. []

Part (c) follows by part (b) analogously to the last but one paragraph
of the proof of (b).

Jloxasameavcmeo wacmu (d). Tak xkak P(r) = 0, To ocTaTok OT jee-
Hust Muorodiena P(t) na t9—r9 npuanmaer 3uauenue 0 B Touke r. Since
the degree of this remainder is less than ¢, mo wacru (¢) sToT OCTaTOK
pagen Hymo. Thus P is divisible by ¢ —r?. For every j = 0,1,...,¢—1
since (re})* = r¥, we obtain P(re}) = 0. O

Jloxasameavcmeo wacmu (a). IlycTh, HAMPOTUB, HEKOTOPHIN KOPEHDb X
muorowiena A nexwnr B Flr|. Torna xg = H(r) 11 HeKOTOPOTO MHOTO-
wieHa H ¢ koacdpdpurmentamu B F' crenenn 6osibiiie 0 u menbIne q. [Ipn-
mennM 1. (d) K maOTOUNeny P(t) := A(H(t)). Tak kak A(H(r)) =0, T0
H (7“5’; ) siBJIsteTcst KopHeM Muorowtena A mist moboro k= 0,1,...,q¢—1.
Ecan H(rsqu) = H(rgé) st HekoTophiX k,l, 0 < k <l < qg—1, To 1o
. (¢) moyunm, aro deg H = 0 — mporusopeune. Nrak, uncia H (re’;),
0 < k< qg— 1, nonapuo paszanynbie Kopau muorodiena A. S3uadgur,
q < 3.

Ecan ¢ = 2, To mo Teopeme Bumera Tpernii Kopenb MHOTOWIEHa A
gexnt B F'—mpormBopeune. Ilostomy ¢ = 3. Tak kak €3 = 5%, TO
H(re3) = H(re3). Tak xax mocjeHne jBa UUCIa PA3INUHBI, TO HHU
OJ/IHO HHUX HE€ BeIeCTBEHHO. []

9.4.6 HepazpemmmocTs «B umcaaxy» (4*)

Cwm. [Sk15].
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11 O mpenozaBaHUU

11.1 OJaumMmnouaapl 1 MaTeMaTHUKa

To him a thinking man’s job was not to deny one reality
at the expense of the other, but to include and to connect

U. K. Le Guin. The Dispossessed?!

[lepes mMKOIBHUKAMUI, UX YIATEJAIMA U PYKOBOIUTEISIMI KPYKKOB
BCTAET BOIMPOC: TOTOBUTHCA K OJIMMIINAIAM WM K «CEPhE3HOIY MaTeMa-
tuke? Hekoropbie 1yMaror, 94To /17151 IEPBOTO HAJO0 IPOPEIIUBATH 339N
IIOCJIEIHUX OJIMMIIAAJI, JIJI BTOPOT'O HAJ0 YATATh BY30BCKUE yUeOHUKH,
¥ 9TO BBUJYy MPUHIUTINAJBHON PA3HUIIBI TEPBOIO M BTOPOTO OGECCMBbIC-
JICHHO MHITAThCS JIOCTUYhb WM TOTO, W JPYroro. ¢ mpuaep:KUBaroCh pac-
MTPOCTPAHEHHOTO MHEHUS O TOM, YTO 3TU TOJAXOIBI HEJOCTATOYUHO -
EKTUBHBI U IPUBOAST K BPEIHBIM «II000YHBIM P PEKTaM» : IMIKOJIbHI-
KW JU00 IpPEe3MEpPHO YBJIEKAIOTCS CNOPMUBHHIM JIEMEHTOM B PEIIEHUN
3a/1a4, JUO0 U3YYAroT A3k MATEMATHKH BMECTO € COINeprKaHUsI 2.

ITo Moemy MHEHMIO, OCHOBY MaTeMaTUUYECKOTO 00pa30BaHMUs JTOJIK-
HO COCTABJISITH PEUWEeHUE U 0OCYNHCOEHUE UHMEPECHBIT YYEHUKY 30004,
8 NPOUECCE KOMOPHIL OH ZHAKOMUMCA C BAHCHLIMU MAMEMAMUYECKU-
MU UDCAMU U MEOPUAMU. DTO OJHOBPEMEHHO IMOATOTOBUT IMTKOJLHUKA,
U K MaTeMaTUYecKoi HayKe, M K OJUMIONaJaM U He HaHECET Bpes ero
Pa3BUTUIO B MeJ0M. 1O Oyjer Oosiee 3pHEKTUBHO U I JOCTUKEHUST
yCIexa TOJBKO B OJIMMITHAJIaX WJIN TOJBKO B HAyKe (€C/IU HE YUYUTHIBATH
DOJIBLITIONO KOJIMYECTBa JPYTUX (PAaKTOPOB, KpoMe pa3syMHO# opraHmns3a-
LUK 3aHATHUIL).

Kak m mpm ecTrecTBEeHHOM pa3BUTUM CaMOU MaTEeMATUKHU, KarKIasl
CJIETYIOIAs 3a/1a49a JOJIKHA OBITH MOTHBUPOBaHA JIMOO MPAKTUKOM, JTN-

21 JIna mero paboToit MBICTUTENSA OLLIO He OTPUIAHKE OTHOH PeaabHOCTH 3a CUT
JIpYTOil, & B3auMOBKJIIO9YeHrne u B3auMocBs3b. Y. K. Jle I'yun, «Obaenéunnie» (mep.
aBTOpPA).

>2JImeercs OBMIMPHAS JIUTEPATYPA, B KOTOPOIl B IIEPBYIO OYepe/ih M3/IAraeTcs CO-
JepyKaHue, a SA3bIK MOSBIAETCH M0 Xoay jAena. OTHAKO YacTO Takas NonyAapHas
JINTEPATYPA HEIOOIEHUBAETCS BBUY €€ «HEJI0CTATOYHON CEPhESHOCTU» 110 CPABHE-
HUIO ¢ yaeOHukamu das ynusepcumema. Iloagpodree cm. §11.2 «Haumuats ¢ a3bika
AN COMEPKAHUL ! ».

Kpowme Toro, maxke arenne Xopommux KHAT 6e3 penieHus 3a0a4, Kak IIPaBUIo, Head-
dexTuBHO.
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60 y2Ke peménnbiMu 3agadamu (cM. nojapoduee § 11.2 «Haunnars ¢ g3b1-
Ka mwim cogepxkaaus’y u 11.3 «O HeoOXOIMMOCTH MOTHBHPOBOKS ). Y de-
HUK, 3aHUMAIOIIMICA «MOTHUBUPOBAHHOMN /11 HEr0» MaTeMaTUKOM (00bIU-
HO 6oJIee 3JIeEMEHTAPHOI, HO COAEepPKATENBHON U IOTOMY CJIOXKHOI) BMe-
CTO «HEMOTHBUPOBAHHON JIJIsT HETO» MaTeMaTWKN (OOBIYHO MEHee 3Jie-
MEHTApPHO¥, HO S3BIKOBOW ¥ MOTOMY TPUBUAJIBLHOI), MMEET MpPEHMYTIe-
CTBO B jasibHelimeit yuébe n nayqanoit pabore. A. H. Kosmmoropos roso-
pHA, 9TO JIO TPUAIATH JIeT MAaTeMAaTUKy pa3yMHee BCero 3aHUMAThCS
pelreHrneM KOHKPETHO MOCTaB/JIEHHBIX 33/1ad. A 3HAYUT, YMEHUEe PEIaTh
CJTOKHBIE 33]1a4l SIBJISICTCS OJTHUM W3 BaXKHEWTITUX JIJIsT MOJIOJIOTO MaTe-
MaTHuKa.

OauMnmagHbIX 337429 0YeHb MHOTO; OOJLIMTUHCTBO U3 HUX WHTEPEeC-
HbBI IKOJBHUKY, U CPEeIU HUX MHOTO MAaTEMATHIECKH COJIePXKATETbHBIX.
Takue 3a;1a91 MOTI'YT COCTABUTH OCHOBY M3ydaemMoro marepuaJia. O Ha-
KO peIeHne OJIMMITHAIHBIX 33/1a4d 0€3 M3y UeHusl MaTeMaTUIeCcKUX Uaei
" Teopuil HeJOoCTATOUHO 3(PMEKTUBHO I TIOJATOTOBKU K OJTMMITHAIaM
(Ha morrux — rog u H6oJiee — IPOMEKYTKAX BPEMEHU, KAK U BOOOIIE pe-
IIeHNe CHIOMUHYTHBIX 33124 0e3 (DyHIaMEeHTAJIBHOTO pa3BuThs). A pe-
IMeHne OJUMINAIHBIX 3379 6Mecme C U3yUeHNueM CTOSINX 3a HUMU
MaTeMaTUIecKux ujeir u reopuii 6ojee 3pGHeKTUBHO. JTO TAKKE 103~
BOJIUT TIO-HACTOLAIIEMY Pa300paThCd B UJIesIX U TEOPUSIX.

Kpowme Toro, 60/IbIMHCTBY JII0A€l jlerde JOCTUYb yCIlexa Ha OJTUM-
nrajgax B TOM CJIydae, KOIJla OHW He CYUTAIOT yCIeX TVIABHOI IIeJIbIo.
3aj1ady Jerde peruTh, €CJIM CIOKOWHO JiyMaTh O caMoil 3ajade, a He
0 Harpaje, KOTopas TOoCJeayeT 3a e€ perenueM. [losToMy TMKOIHLHUK,
MOTHUBHUPOBAHHBIN 0OJ/iee BBICOKOU TEJIbI0, 9eM yCIieX Ha OJIMMITHAJE,
“MeeT Ha ITOU OJIUMIINAJE MCUXOJIOTUIECKOe MTPENMYIIIECTBO.

Cwm. Takxke 11. 1.2 «l3yuenne myTéMm perieHns U OOCYXKIEHHUS 3a-
JTad .

11.2 HauyuHaTh C 93bIKa WU COAEPXKAHUA?

IIo Moemy MHEHUIO, UMEHHO C HO6HT udell, W3J0KEHHBIX HA YK€
UMEIOIEMCS SI3BIKE, & HE C 68C0€HUA HOB020 A3bIKA, TIOJIEIHO HAYUHAMD
nsydenne J000H TeOpuu. YIAUHO TPEICTaBAITH OCHOBHBIE WAEU Ha
«OJIUMIIMQJHBIX» IIpUMepax: Ha HPOCTEHIINX YaCTHBIX CJIy4dasdx, CBO-
OOHBIX OT TeXHWYecKnX JeTaseil. Kak mpaBmio, Takme ujaen Hambo-
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Jiee SIpKO BBIPAXKAIOTCs JIOKA3aTe/bCTBAMU, MOJOOHBIMU TPUBEIEHHBIM
B §9, 10 m apyrux dacrtax 3Toit KHuUru. Vmeercss MHOTO JAPYTIux sipKUX
LIPUMEPOB, YIIOMAHEM TOJILKO (PeHHMAHOBCKUE JIEKIHUHU 110 (pusuke (Tam
LPUBOAATCS (PUBMYECKHE PACCYKIEHU, a HE JOKA3aTEIbCTBA).

«Mwvi cmapaemcs ceecmu ¥ MUHUMYMY YUCAO NOHAMUT, 0MKAAObL-
644 Onpedeserus J0 MOMEHMA, K0200 OHU HANPAUWUBAIOMCA CAMU CO-
601, u usbezas 3a60a% HA NOHUMAHUE U NPUMEHEHUE HOPMAALHUT ONpe-
deaenuti (Muna ,, ABAAEMCA AU MHONHCECMBO YLABIT wUCEA 2PYNNOT NO
caoorceruro?“)»[Shen).

«IIpu u3A001CEHUU MAMEPUAAG HYINCHO OPUEHMUPOBEMBHCA MG 005-
EeKmot, KOMOPbLE OCHOBAMENBHEE 6CE20 YKOPEHAIOMCA 6 HEA0BEUECKOT
naMAMU. IMO — OMHI00b HE CUCTNEMBL GKCUOM U HE NO2UNECKUE NPU-
Embr 6 doxaszameavcmee meopem. Msawmoe pewenue xpacusol 3ada-
YU, POPMYAUPOSK KOMOPOT ACHG U JOCTYNHA, UMEEm boAbULE WAHCOB
YoepIHCaAmMvbCA 8 NAMAMY CMYIeHma, HeHCesl abCMPAKMHAA MEOPUA.
Crxaotcem boavULE, UMEHHO O MAKOMY PEUWEHUIO, NPU HAAUBUU HEKOTNO-
POl MAMEMATMUNECKOT KYALMYPBL, CMYOEHM 6NOCACOCMBUU CMONHCEM,
80CCMAHOBUMb Mmeopemuseckutt mamepuas. Obpammoe odice, Kax NoKa-
avleaem onwvim, npaxmudecky He6odmoocnoy [Kol, npenuciosue].

Takoit cTHIb M3JIOXKEHUST HE TOJTBKO JIeIaeT MaTepuaJ boJiee JOCTyTI-
HBIM, HO TTO3BOJISIET CUIBLHBIM YYeHUKAM (J1/1sT KOTOPBIX JOCTYITHO JaKe
abCTpakTHOE M3JI02KEeHUe) PUodpecTr MaTeMaTudeCKuil BKYC U CTHJIb.
DT0 03HAYAET PA3YMHBII BBIOOP MPOOJIEM JIjIsi UCCJIEOBAHUST U X MO-
TuBUpPOBKK. Hanmpumep, MaTeMaTnK, MTOHUMAIONIU, UYTO Teopus laya
MOTHBUPYETCS 0o/iee BaXKHBLIMU U 00JIee CJIOKHBIMU TTPODIeMaMu, deM
ITOCTPOUMOCTH TTPABUJIBHBIX MHOIOYTOJbHUKOB W PA3PEIIUMOCTh aareo-
pandecKnX ypaBHEHUI B pajinKaJiax, BPsI/I JIM CTAHET MOTUBUPOBATDH CO-
3JIAHHYI0 UM TEOPUI0 TTPUI0KEHUSIMI, KOTOPhIe MOYXKHO TIOJIYUYUThL 1 6e3
ero Teopuu. BKyCc m CTHIb O3HAYAIOT TaK:Ke sICHOE HM3JIOXKeHue COO-
CTBEHHBIX OTKPBITHI, HE CKPBbIBaOIlee OMMUOKY WM W3BECTHOCTDH II0-
JIVIEHHOT'O pe3y/bTaTa 3a Ype3MepHbIM (bopmam3smMoM. K coxKaJIeHnro,
TaKkoe — OOBITHO HelpeTHaAMEPEHHOE — COKPBITHE OIMTNOKN JacTO TTPOUC-
XOJUT C MaTeMaTUKAMU, BOCIIMTAHHBIMU HA IPE3MEePHO (hOopMaIbHBIX
Kypcax. [Iponcxoamsao 9To0 U ¢ aBTOPOM 3TUX CTPOK; K CUYACTBHIO, BCE
MOU CEpPbE3HBbIE OIMMOKU MCIPABJISIUCH neped MyOIuKaIusiMu.

MO,H& Ha NCKYCCTBEHHO (bOpMa.HI/IBOBaHHOG HN3JI0OZKCHUE IIpUBEJIa K CJIe-
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11.3.1 «3a» m «IIPOTUB» MOTHUBHUPOBOK

Pemenne 3amaun (HeBazkHO, yueOHONH WM HAyIHON) MOXKET IpHii-
T He cpas3y. llpy pasMbllILIeHIN HAJ HUM BBIABUIAIOTCH €CTECTBEH-
HBIE TUIOTE3D], I T0Ka3aTe/ILCTBA, KOTOPBIX HYKHLI HOBLIE THIIOTE3HI,
u T. 1. B pesysbrare MmoxkeT ObITH IIOCTPOEHA IieJias Teopusd. A pernenue
UCXOIHOM 3aJ1a9i MOXKET IOJIYYUTHCS IPU JIOKA3aTeJbCTBE YTBEPXK Ie-
HUT, CBA3b KOTOPHIX C MCXOJTHON 3a/1adeit HeodeBUTHA. B Takux ciyda-
X paszOreHye MarepuaJia Ha YTBEPKIEHUS, KayKI0€ N3 KOTOPBIX JIer-
KO JIOKa3aTh, JOKA3aB TOJILKO Npedvidyujue, HAPYIIAET €CTECTBEHHYIO
MOTHUBUPOBAHHOCTb U3JI0XKEHKs (XOT OHO HEOOXOJMMO [IPU HAIIMCAHUN
dbopmanpHOTO JOKa3aTeBECTBA). OHAKO MHOTHE YIeOHUKY W KyPCHI TI0
«BBICIIIEIT» MaTeMaTUKe YCTPOEHBI UMEHHO TaK. POpMyJIMpPOBKY Kpacu-
BBIX PE3YJIBTATOB M BaXKHbIX MTPOOJIEM, PaJid KOTOPHIX ObLIa MPUIyMaHa
TEOPHS, IPUBOIAATCI TOJIBKO NOCAE IPOJOIKUTEILHOIO U3yYeHUs 3TOM
Teopun (WU He MPUBOMSITCA COBCEM). DTO CHOCOOCTBYET TOSBIICHUIO
[IpeJICTaBIeHIs O MAaTeMATHKe KaK HayKe, U3y Yafolneli HeMOTHBUPOBAH-
HbIE IOHATHS ¥ Teopur. Takoe IpeacTaBieHne IMPUHUIKAET LEHHOCTH
MATEMATUKH.

O HEOOXOAUMOCTH MOTHBUPOBOK I'OBOPHJINA KJIACCUKHM MaTeMATHKN
K|, [Poil, . 2], [Poi2, c.455-475].

«...06vuno onpedeaarom 2pynny Kok MHONCECMEO C O8YMA ONEPA-
yuamu, ydosaemsopaouumu nabopy arxcuom epode f(gh) = (fg)h.
MU GKCUOMDL ABTNOMAMUYECKY, BVMONHAIOMCA OAA 2PYNN npeobpaso-
sanutl. B deticmeumesvrocmu smu aKcuoMbE 03HAMAIOT, NPOCTNO, YIMO
2pynna 06pa306ara u3 HEKOMOPOt 2pynnu. NPpeobpazosanuli 3a6b16aHU-
em mpeobpasyemozo muoocecmea. Taxue axcuomovl, napady ¢ dpyzumu
HEMOMUBUPOBEHHUMU ONPEICACHUAMU, CAYHCATN, MATNEMATUKAM 2A06-
HoLM 00pa3oM s To2o, Ymobvl 3ampyoHUMb HENOCEAWEHHBLM 068.4a0e-
Hue c60et Haykol U Mmem CaMbiM NOBHICUMD €€ aemopumem» 23 (B. 1. Ap-
HOJTBT) [Ar84, c. 49, kommenTapuit K 3aaqe 5.

23 JTymalto, B TIOCJIeTHEM TIPe/I7I0MKEHIN HECKOIBKO CTYIeHbl Kpackn. VIMeercst Tpa-
JUIAS MOTUBUPOBAHHOIO M3JIOXKEHWS MareMaruku. Hampumep, mou coOCTBEHHBIE
TMONBITKY BEPHYTH MOTUBUPOBKHU B U3JIOKEHUE OBLIN TTOICPKAHBI MATEeMATUICCKUM
coobiiecTBoM (10 KpaiiHeii Mepe, MOKa sl He TOBOPUJI O HEOOXOIUMOCTH MOTUBUPOBOK
SBHO ¥ He MpuBoaU 310l 1urarkl B. V. Apronbma). CM. criucok jurepaTyphbr; st
MeHsi OBLJIO TaKKe BaKHO YCTHOE ITOOIIPEHNE MATEMATHKOB.
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HeobxoaummocTh MOTHBHPOBOK BBIIVISAAT OaHAIbHOCTHIO. OmHAKO
Ha TTPaKTHUKE B OOJIBITMHCTBE KyPCOB M YIEOHUKOB M0 MaTEMATHKE «yHH-
BEPCUTETCKOTO» YPOBHHA JUOO0 MOTUBUPOBOK HET, JTUOO IMIPUBOIATCI 00-
1K€ CJIOBa 0€3 CChLIOK Ha Y€TKKe (POPMYJIUPOBKHU PE3YIbTATOB, JOCTYII-
HbIe YUYEHUKY WA HECIEeIUaINCTy, & He CKPBIThIE TI0JT TOJIIEH 0003Ha-
YeHUil 1 TEpMUHOB. B Tex cuTyanmsx, Korjia 9Tu obImue cjaoBa yaaéTcs
IIPOBEPUTL, OHU MHOIIA OKA3bIBAIOTCA HEaJIeKBATHBIMU, cM. 1. 11.3.2.
st pa3HBIX JIFOAE MOTHUBUPOBKU Pa3HBIE: JJId OJHUX HOBOE OIpee-
JICHUE caMo 10 cebe MHTEPECHO, a JIJIsd JPYyruX HEeoOXOIUMa €ro IoJie3-
HOCTB JIJI YK€ UMEIOTIelicss MaTeMaTukn 1 e puoxkenuii. [logpobdbree
O «eCTeCTBEHHO-HAyYHOM» U «(UI0COMCKOM» acCleKTax MaTeMaTUK’

cum. B [PS15, komer §2].

O HeoOXOIMMOCTH MOTHUBUPOBOK BBICKA3bIBAIOTCS OTKPBITO, a »KeJla-
HIe WX MPOIYCTUTHh He 0co3HaT uian He adurmupyoT. CyanTs 0 TOM,
MOYeMYy MOTUBAPOBAHHOE MU3JI0KEHNE HE TPUHUMAELTCS, TPUXOIUTCA €T0
CTOPOHHUKAM.

«Hacmo umeromes nenpeodosumvie MPYoHOCMU K MOMUSUPOSAH-
nocmu onpedesenuti 6 wypce. Takoe usaoocenue mpebyem 6vicoK020
YPOBHA 00ULEMAMEMATNUNECKOT NOJ20MOSKY U MOMUBUPOSAHHOCTIU €20
cayuwamenet (@ 06v4H0 GOADULAA HACTND CAYWAMENET, TOYEM GHLYHUMD
u cdamv). Ilpenodasamento wacmo JHCaAKo SPEMERU HA MOMUBUPOBKY
onpedeaenud...» (I1.C.Pybanos, n3 mucbma).

Hywmaro, HOJBITMHCTBO MAaTEMATUKOB COIVIACHBI C HEOOXOIMMOCTHIO
MOTUBUPOBOK. OJIHAKO TPYJAHO MOHUMAaTh, KAKNE YTBEDPKICHUS YIeHU-
Ky HEm3BECTHBI, KOTJIa MTPEToIaBaTe 0 N3BECTHO OosbIe. Fmé TpypHee
MOHUMAaTh, KaKWe BEIW I YIeHWKa He MOTUBUPOBAHBI €r0 3HAHWS-
MU, KOTJIa 3HAHUSIMU IMTPETOIaBaTesT MOTUBUPOBAHO TOPA3I0 OOIbIIIe.
Tem Gojiee 9TO y4eHWK MOTHBUPOBAH HE TOJBKO 3HAHUSMH, HO JOBe-
preM TIpenojaBaTeto, oineHkoi, etc. Moxker OBITH HE TOJBKO TPYJIHO,
HO JIayKe HEMPUSATHO MOCMOTPETh Ha MaTepHaJl ¢ TOYKHW 3PEHUsT HeCIe-
IIMAJTUCTA M OCO3HATH HEMOTUBUPOBAHHOCTD M3JIOYKEHUSI, OCOOEHHO TTPH-
BBIYHOI'O, CBOEI'0 W/ YBaXKaeMOIr'0 aBTopa. 3HAI0 9TO 110 COOCTBEHHOMY
ombITy. [loaTOMY YacTo HEOOXOTUMOCTH MOTUBUPOBOK 60006ULE TIPU3HA-
€TCs, HO 6 0aHHOM KOHKPEMHOM CAYYae HAXOAATCHA TTPUYNHBI HETTPUS-
THS MOTUBUPOBAHHOIO M3JIOXKEHUSI. DTH NPUUINHBI HE IIPOIYMbIBAIOTCH,
ITOCKOJIBKY TIPOJIyMBbIBaHNE MOYKET IMPUBECTU K HEIPUSITHOMY OCO3HA-
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11.4 KpyXKu M oJuMIUAJAbl KaK MDYTh B MaTeMaTHUKY
n kKak cuaopt. A. 5. Kaneav-Bbeaos, A. U. Bydemos

11.4.1 BsBeaenue

BuemkonpHbIe 3aHATHS MaTEMATUKONR, KOTOPBIM TTOCBATIIEHA HAXO-
IAIAACT B pyKaX y 9aTaTe s KHUTa, UTPAIOT B MATEeMAaTHIeCKOM 00pa-
30BaHUU B Hallleil CTpaHe BaXKHEHIIIYIO POJIb, KOTOPYIO TPYIHO IIepeolie-
HUTH. [Ipn 3TOM 3HavMTE/IbHOE YNCA0 3aHATHI TaK MM NHAYTe OKA3bIBA-
I0TCS CBA3AHHLIME ¢ oyimMnuagaMu. [IIKOTbHUKOB U UX y9auTe el 1acTo
CBOJSIT BMECTE MaTeMaTHIecKue oauMuuaabl (Hampumep, B 1993 romy
A. 4. OBLT YeHOM KIOPW MOCKOBCKON OJIMMITHAIhI, & JeBATUKJIACCHUK
A. 1. y9acTHUKOM — TaK MBI ¥ TTO3HAKOMUJIUCH ).

MHorve MIKOJTBHUKYM, OCOOEHHO Ha TTepudepun, MOJTyIat0T MaTeMa-
TUYEeCKoe 0Opa3oBaHMe, HalleJeHHOe B TIEPBYIO OUepeIb Ha MOATOTOBKY
K ouMnuagaM. C 3TuM HeOOXOIUMO CUUTATHCS HAYIHBIM PYKOBOJIATE-
JIAM ¥ OpTraHu3aTopaMm ydeOHOro mporiecca. Jlaxke Te, KTO He 3aHUMa-
eTCd TTOArOTOBKOM K OJIMMINA/AM B TPEHEPCKOM CMBICJIE 3TOrO CJIOBA,
AKTUBHO UCIIOJIB3YIOT UJIeU U 33JaYHbIA MaTepuaJsl OJIMMIINA/I.

Y HCTOKOB OJIUMIIMATHOTO JIBU2KEHUS CTOS/IN BeJUKHE YIeHbIe, OJI-
HaKO I103K€e OJUMITUATHBIA MWD CTaJ *KUTh COOCTBEHHOU »KW3HbIO. 1o
BCEMY MUPY HNPOBOJAATCA MaTEMaTUYCCKUEe KOHKYPChl M OJIMMITUAJIbI.
[TogBnanch CTEMAUCTHI TI0 WX TTPOBEIEHUIO, BO3HUK/IA, OJTUMITHATHAT
MaTeMaTHhKa CO CBOell MeTOAMKON paboTel u cBoeil jureparypoii. C
HEKOTOPO# JT0JIe1 YCJIOBHOCTU MOXKHO CKa3aTh, YTO B OJIMMIINAJIHOM MHU-
pe CIOXKUJINCH JIB€ IEHHOCTHBIC OPUEHTAIAN: «HAYYHAA» U «CIIOPTUB-
Hasd». DTU PA3JIUYUHbBIE B3IVISI/Ibl HA OJTUMITHA/THI IIPOABJIAIOTCS B IOI00pe
3aJia9, BeIPpabOTKE KPUTEPUEB OIEHOK, B Ka[POBBIX BOIPOCaX, B Opra-
HU3aIlN MaTeMaTUYCCKUX Jarepei.

B nameit 3ameTke Mbl KPaTKO TMTPOTUBOMOCTABIISAEM ITHU MOIXOHI.

11.4.2 ChoopTuBHBIN TOAXO

Heckoabko cryimas Kpacku, IompodyeM nepegaTh CIIOPTUBHBIN T10/1-
x0T (ppazoit: «OIUMIIUA A — ITO CIOPT IO PEMIEHUIO TOJTOBOJTOMOK». Ta-
Kad OPUEHTAIWs BJeYeT 3a coDOM MHOTOe: YCUIMBAETCH TPEHEPCTRBO,
yzKecTo4daroTcd popMaJibHbIe TPEOOBAHUA U, COOTBETCTBEHHO, KPUTEPHUU
omeHoK. Tak, ecnm cnopTcMeH mepecTynuT depty Ha 10 ¢M, a TIpBITHET



I'maBa 1

I'eomeTpusa

B st10it rnaBe, ecoiu 3a/1a9y MOXKHO pPeliaTh Pa3HbIMUA MeTOIaMU, OHA
IIPUBOJNUTCSA B MIYHKTE, IIOCBAIIEHHOM OJJTHOMY M3 HUX, & O BOBMOXKHOCTHU
JIPYTUX peIIeHn TOBOPUTCA B KoMmMMeHTapuu. [lomMmMo obozHaueHwmil,
NPUHSATHIX BO BCEl KHUTe, B JIAHHOI TIJIaBe Be3Jie, IJIe He OTOBOPEHO 00-
paTHOe, UCIIOIB3YIOTCA IPUHSITHIE B TeOMeTPUN 0003HAYEHUS 3J1€EMEHTOB
TPEeyTOJbHUKA, ONMUCAHHBIE B Hadaje naparpada «TpeyroabHuks.

12 TpeyroabHuK

Bciody 6 danmofli 2aa6e, KPOME CNEUUAALHO 02080DEHHBIL CAYUAES,
ucnoavayromes caedyrowue obosnavenus: ABC — JaHHBIE TPeyroib-
nuk, A;, B;, C;, 1 =1, 2, ...,—1ouknu Ha croponax BC,CA u AB co-
OTBETCTBEHHO (WMJIM Ha MPOJIOIKEHUIX ITUX CTOPOH, €CJIU 9TO OTOBOPe-
HO B YCJIOBUH 3aJIa4N); W — BIUCAHHAS OKPYXKHOCTH, [ — eé 1enTp, 1 —
eé pajnyc; () — omnmucanHasg OKpyKHOCTh, O — eé 1enTp, R — eé pajuyc;
(G — ToYKa TiepecedeHus MeuaH (IeHTp TsKeCTH, 1eaTpons), H — tod-
Ka TepeceueHuss BeicoT (oproreHTp). [Iposeném buccexTpucer Al, B,
C1T mo mepecedennsa ¢ 2 B Toukax A’, B’, C' coorBercreenno. Taxkum
obpazom, A, B', C'— cepemunn ayr AB, BC, C A. Opmompeyzonn-
HUK — TPEYTOJbHUK C BEPIIMHAMU B OCHOBAHUAX BBICOT, cepedubill
mpey20AbHuk — TPEYTOALHUK € BEPIIMHAMU B CEpeInHaxX CTOPOH IaH-

HOTO TpeyroiabHuka. llepnenukynap, onymennsiii u3 Touku A na BC,
oboznauaercsa h(A, BC).

330
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Oxpyorcnocmoro ABC Ha3bIBaeTCsT OKPYZKHOCTD, OIUCAHHAS BOKPYT
tpeyrosibiauka ABC.

12.1 TITpuwumun Kapuo (1). B. FO. IIpomacos, A. A. I'as-
PUAIOK

12.1.1. Teopema Kapwuo. B Toukax A, By, (1, jexammx Ha CTO-
porax tpeyrosbanka ABC win Ha WX IPOJOJIKEHUSX, BOCCTABJIEHDI
MEPIEHINKY/IsIPhl K 9TUM cTOpoHaM. /loKaxkuTe, 9T0 OHHU II€pEeCceKaroT-
Cd B OJTHOM TOYKe TOT/Ia U TOJHKO TOT/A, KOT/Ia

C1A? — C1B? + A{B?> — A;C? + B{C? — B{A?> = 0.

12.1.2. ChopmynupyitTe n moKaxKkute o00600IEHHYI0 Teopemy Kapwo
JIJIST IIPOM3BOIBHBIX TO4UeK maockoctu Ai, By, C7, He obsg3aTeabHO JIe-
JKAIUX Ha TPSIMBIX, COAEPKAIINX CTOPOHBI Tpeyroabinka ABC.

12.1.3.° B xakoM U3 CJIEAYIONINX CAyYIaeB TePIEHTUKYIPhl, BOCCTAB-
JIEHHBLIE K CTOPOHAM TPEYIOJLHUKA B YKA3aHHLIX TOYKAaX, MOI'YT He IIe-
pecekaTbCd B OJHOM TOYKE:

1) Ay, By, C1 — TOYKM KacaHUs CTOPOH C BIMCAHHON OKPYKHOCTHIO;

2) Ay, By, Cy — TO4YKM KacaHusi CTOPOH C COOTBETCTBYIOIIUME BHEB-
MIACAHHBIMU OKPY2KHOCTSIMH;

3) As, B3, C3 — ocHOBaHUsT OUCCEKTPUC TPEYTOJbHUKA?

12.1.4. Ha mtockocTn JaHBI TPU TepeceKaronimecs OoKpyzKuocTh. [lo-
KayKWUTe, 9YTO TPU UX OOIIHe XOP/Ibl IePEeceKaroTca B OJHON TOUKe.

IIpumevarue. D10 yTBEepXKIEHUE OOBIYHO JOKA3BIBAIOT, HCIIOJIb3YS
MOHATHE cTereHn To9kn (cM. 1. 13.4). OHAKO €ro JIerko BBIBECTH U U3
0000I1IEHHON TeopeMbl KapHo.

12.1.5. Iloswsysce npuaimnoM KapHo, moydnTe eme OaHO JoKa3a-
TeJbCTBO TEOPEMBI O MePeCceUYeHUr TPEX BBICOT TPEYTOJILHUKA.

12.1.6. OxapaxTepusyiiTe Bce TPEyroJbHUKN, ¥ KOTOPHIX MEPIEeHINKY-
JIAPBI K CTOPOHAM, BOCCTaBJI€HHBIE B TOYKAX IepecedeHnss CTOPOH C Ouc-
CEKTPUCAMU IIPOTUBOIIOJI0KHBIX YIJIOB, IIEPECEKAIOTCS B OJHON TOYKE.
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12.3.8. B Bepmmuaax ocTpoyrojbHOr0 TPEyroJbHUKa ITPOBEIeHbI Kacar-
TeJIbHBbIE K €r0 ONMUCAHHONW OKPYKHOCTHU. /loKakwWTe, 4TO IEHTP OIu-
CAHHON OKPY2KHOCTU TPEYroJbHUKA, 00Pa30BaHHOIO STUMU TpPeMsd Ka-
CaTeJIbHBIMHU, JIEXKUT Ha MPAMON diljiepa NCXOIHOI'O TPEYTrOJIbHUAKA.

YKa3zaHusi, OTBETbI U pellleHns

12.3.3. VYroa C pomxeH OBITH OCTPBIM, TaK KaK B TPOTUBHOM CJIyYae
roukn O u H jnexar mo pasabie croponbl or AB. Tak kKak paccros-
e or O 10 AB paBao RcosC, a BbICOTa, IPOBEIEHHAST W3 BEPIINHBI
C, pasua AC sin A = 2R sin Asin B, nmapa/iesbHOCTh IPAMOil diirepa
u psaMoit AB pasmocuiabHa papencTBY 3cos C' = 2sin Asin B. YunToI-
Bast, 910 cos C' = —cos(A + B) = sin Asin B — cos A cos B, nosygaem
yTBEp:KIeHNEe 3a1a9H.

12.3.6. U3 ycnoeusa ciaenyer, 9To creneHn TOYKU () OTHOCUTE/HHO
srux oKpy2KHOCcTeil pasubl R2. Kpome Toro, eciiu AA’ u BB’ — BbicoTbl
TPEyroabHHUKA, TO YeThbpéxyroabnuk ABA’B’ pumcannblil, n, 3HaUMT,
HA-HA' = HB-HB'. Ilosromy crenenn Toukn H OTHOCHTEIBHO BCEX
TPEX OKPYKHOCTEI TaKk:Ke paBHbl, T. €. ipsMast O H sBiistercst ux o01eit
PAIUKAJILHON OCHIO.

12.4 ®opmyna Kapuo (2*). A. J[. Baunxos

Popmyaa Kapho (1o nmern (hpaHIly3cKOro MaTeMaTuKa, (pu3mka
U moJinTudeckoro mesrens Jlazaps Kapuo, 1753-1823) yrrep:k1aet, 9To
B OCTPOYTOJTbHOM TPEYTOJbHUKE CYMMa, PACCTOSHUM OT TEHTPA OTUCAH-
HOI OKPYXKHOCTH JI0 CTOPOH TPEYTOJbHUKA PABHSIETCS CYMME PaJTHyCOB
OTIMCAHHOM W BIMCAHHOM OKpyX)HOocTel, T. . OM1+0OMo+OMs = R+,
e My, My, M3 — cepenuant BC, C A, AB coorBercrBento. Eé mokaza-
TEJILCTBO € MOMOIBIO TeopeMbl [ITonmemes nmpuBoguTces B 1. 13.6 «Teo-
pembl IITomemest m Kesus. 3meck Mbl paccMOTPHUM €€ TPUMEHEHN U eIl
OJTVH CTTOCOD €€ TOKa3aTeIbCTBA, B TIPOIECCe KOTOPOTO OYIYT MOy YeHBI
JIpYTHE BayKHbIE (PAKTHI.

12.4.1. Ilycts 6uccexkTpuca yriaa A mepecekaeT OKPYKHOCTH, OTIHACAH-
Hy10 0KoJi0 Tpeyronbanka ABC, B Touke W, a Touka D muameTpasibHO
MIPOTUBOIIOJIOKHA, Touke W . JlokaxkuTe, 9TO
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(a) MaW = (rq —1)/2;
(b) MiD = (ry + r:)/2, vie r, rq, Ty, e — PATAAYCH BIUCAHHO
1 BHEBIIMCAHHBLIX OKPYZKHOCTEIL.

12.4.2. Jloxaxute dpopmyny Kapho.

PaccmoTpuMm Temeph HECKOJIBKO 3ajad Ha IIpuUMeHeHune (POpMYJIb
Kapno. Ec/mm ssBHO He oroBOpeHO 00OpaTHOE, TO TPEYTOJbHUK, 3a/laH-
HBIIl B YCJIOBUU, OCTPOYIOJILHBIN.

12.4.3. /lokaxkuTe, 9TO CyMMa, PACCTOSHUN OT BEPITUH TPEYTOJIbHUKA
JI0 OPTOICHTPA paBHA CYMMe JIMaMeTpPOB €r0 BOUCAHHOW M ONMCAHHON
OKPYZKHOCTE.

12.4.4. Jokaxure, 9T0o B Tpeyrogbanke ABC' BBITIOTHIIOTCSI HEpaBeH-
CTBa

(a) AH+ BH + CH < 3R;

(b) 3OH > R —2r.

12.4.5. (a) Jokaxkure, 4r0 mg + mp + me < %R, rje Mg, My U M —
JUTMHBI MeJInaH TPeyToJTbHIKA.

(b) Ilycts B Tpeyrosbuuke ABC o6uccektpuckt yriaos A, B u C
IepecekaroT OMUCAHHYI0 OKPYKHOCTH B Toukax Wi, Wao u W3 cooTBer-
crBerno. [doxkaxkure, utro AW+ BWoy + CW3 < 6,56R — 7.

12.4.6. (a) Jdoxaxkure, 4T0 JJjisI YIJIOB TPEYTOJbHHUKA BBIIOJIHSIETCSI

HEPABEHCTBO

3
Er <cosA+cosB+cosC <

DO W

(b) Ilycrs AHy, BHs u C Hs— BoicoTbl Tpeyrosibinka ABC. Boi-
pasuTe CyMMy IAaMETPOB OKPY?KHOCTEH, OMMCAHHBIX OKOJIO TPEyIroJib-
HHWKOB AH2H3, BH1H3 n CHlHQ, qepes Rwur.

12.4.7. B okpyxknoctb pajuyca R BIUCaH TPEYyroJbHUK, & B KAXKIbINA
CEeI'MEHT, OIrpaHWYeHHBINI CTOPOHOW TPEYroJbHUKa W MEHBINeil W3 Jayr
OKPY>KHOCTH, BIHUCaHa OKPYXKHOCTH HAMOOJIHLIITEr0 BO3MOXKHOTO PaIu-
yca. Haiijure cymmy JumaMeTpoB TPEX IIOJYUYMBIIMXCS OKPY2KHOCTE
U paguyca OKPYKHOCTHU, BIIMCAHHON B TPEYrOJIbHUK.
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12.4.8. (a) Hokazkure, aro B Tpeyrojbiuke ABC BbIOIHSETCH pa-
BEHCTBO

CL(OMQ + OM3) + b(OM1 + OMg) + C(OMl + OMQ) = 2pR.

(b) HepaBencrBo Dpaémia. [Iycrs h, — Haubosiblias BLICOTa, TPe-
yroabauka ABC'. [lokaxwure, ato hy > R+ 7.

12.4.9. (a) BoiBegure anasoru dpopmyiibl KapHo jijist HpsgMOyroJIbHOTO
U TYIOYTOJBHOTO TPEYTOJTbHUKOB.

(b) Yersipéxyronsuuk ABC D Brnucanusiii. [lycts 1 u ro — paju-
YCBhI OKPY:KHOCTEM, BIUCAHHBIX B Tpeyroabiuku ABC u ADC, a r3 n
r4 — PaANYChl OKPYKHOCTEl, BHUCAHHBIX B TpeyrosbHuku ABD u CBD.
Hokaxkure, 910 71 + 790 = 3 + 4.

12.4.10. Ilycrb d, dy, do u d3 — paccrosuus oT 1ieHTpa O OKPYyKHOCTH,
OTMMCAaHHOU OKOJIO TPEYTOJIbHUKA, JIO IIEHTPOB €ro BIIUCAHHOW U BHEBIIU-
CaHHBIX OKPY KHOCTe. /loKaxkuTe, 94TO

_dt+ditdi+dy

R2
12

12.4.11. (a) JlokaxkuTe, 9TO €CJM TOYKA MPUHAITEKUT OTPE3KY, CO-
eMHSIONEMY OCHOBAHUS JBYX OMCCEKTPHUC TPEYTrOJILHUKA, TO CYMMa,
PACCTOAHMIA OT 3TOM TOYKM 10 JBYX CTOPOH TPEYrOJLHUKA PaBHA pac-
CTOSIHUIO OT HEE JI0 TPeTheil CTOPOHDL.

(b) ITycTh 11eHTp OKPYKHOCTH, OMUCAHHON OKOJIO TPEYTOJILHUKA, JIe-
JKUT HA OTPE3Ke, COeJUHSIONIEM OCHOBaHUsA JIBYX Ouccekrpuc. Jloka-
JKUTE, YTO PACCTOSIHUE OT OPTOLEHTPA TPEyrOoJbHUKA J0 OZHONR U3 ero
BepIuH paBHO R+ r.

yKaBaHI/Iﬂ, OTBETbI 1N peEIleHn A

12.4.1. (a) Ilycts Toukm [ n I, COOTBETCTBEHHO — IEHTPHI BITUCAH-
HOM OKPYZKHOCTU U BHEBIMCAHHON OKPY2KHOCTHU, KACAIOIIENCA CTOPOHDbI
BC, K n P— Toukn Kacanmus 3Tux okpyzkHocreit ¢ BC', L — Touka te-
peceuennus [, P c npamoii, npoxoasiieit uepe3 I n mapasaenbuoit BC,
() —cepepuna I L. Tak kak W — cepenuna orpeska [1, (ciepcrsue us
TeopeMbI 0 Tpe3yorle, cM. 3ajady 12.7.3 . 12.7 «BuccekTpuchl, BICOTHI
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12.8 «ITonyBnucanuasi» oKpy>kHocTh (3*). II. A. Kootces-
HUKOB

IIycre A" u A” — cepenunnl nyr BC' onucannoii okpyzkuocrn §2,
COOTBETCTBEHHO HE cojepxKaleil n comepxameit rouky A; B’ u B, C’

u C" onpenendaoTcs aHAJIOTIYHO.

Paccmorpum okpyzkHOCTD S4 (HA30BEM €€ noayenucanmol), Kaca-
tomytocss cropon AB, AC u okpyxkuocru ) (BHyTpeHHUM 06pasoMm).
OCHOBHBIME B 9TOii CEpUU ABJIAIOTCS CACAyIOMUe (DAKThI:

— mpsAMas, TPOXOJSAINAd Yepe3 TOYKH KaCaHus 0Ty BIUCAHHOM OKPY K-
HOCTH CO CTOPOHAMHY, COJEP:KUT TOUKY I;

— TOYKA KACAHUS II0JIyBIMCAHHON OKPY2KHOCTU C OKPY2KHOCTBHIO )
nexxut Ha upamoit A1,

OcHoBHas cepusa-1

JlokaxkuTe caeayromiie yTBEPKIeHN.

12.8.1. Ilycts neprnenaukyasp K ouccekrpuce Al, mpoBe eHHBIN Uepes
touky I, mepecekaer AB n AC B Toukax K un L coorBercTBento. Torma
okpyxuoctu BKI, CLI u §) nepecekatorcs B ojiHoi Touke T

12.8.2. Touxkn T, I, A” nexar ma onmHo#l mpamoii.
12.8.3. Touku T, K, C' jsexkarT Ha OIHONI IPAMOIAL.

12.8.4. Touku K, L u T gaBasioTcad TOYKAMEU KaCAHUS OKPYKHOCTH S 4
c npsimbiMu AB, AC u oxkpy:HOCTBIO ().

12.8.5. (a) [Ipsamag CC’ xacaerca okpyzxuocru TBKI.
(b) Touka T —eHTP MOBOPOTHO# TOMOTETWH, MEPEBOIAIIELH Tpe-
yronbaukK BK I B Tpeyronpuuk I LC.

OcHoBHag cepug-2

12.8.6. IIpamag AT npoxoauT depe3 IeHTP TOMOTETUN C HOJIOXKUTEhb-
HBIM KO3(MMUIMEHTOM, IEPEBOILIINEH OKPYKHOCTh W B ().

12.8.7. Ilycte A1 u Ay — TOYKM KacaHWs BIIMCAHHON U BHEBIMCAHHOI
oKpy2kHOCTell co croponoit BC' coorBercrBerno. Torma
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(a) AA’ — 6uccekrpuca yrina T AAs;
(b) LBT A = ZABC'. (3adaua 4.7.7 uz |GZ].)

12.8.8. Ilycrs AT nepecekaer KL B touke Z. Torna /BZK = /CZL.
(3adaua 4.7.5 us |GZ].)

12.8.9. Ilpambie KL, TA" u BC nepecekarorca B OIHOI TOYKE WK
napasuiebabl. (A, [Hapvieun.)

12.8.10. Touka mepecevenns Y 4 n3 TpeabIAyINeit 3a/1a4Un U TOUKK Y3, Y,
OIIpee/IEHHbIE aHAJOIMIHBIM 00pa30M, JiezKaT HA OJHOM IIPAMOI.

domoaaureabHble 3agadn-1

12.8.11. Ilycre P — npoussosnbHasg Touka Ha nyre BA'C.

(a) Iycrs P, = BB’ N PC’, P. = CC' N PB’. Torna 0KpyKHOCTh
PPy P. poxomut uepe3 T'. ([Zald], sadaua 8.8, 2013 2.)

(b) Iycrs Jp u J. — UEHTPBI BIUCAHHBIX OKPYZKHOCTEH TPEYroJib-
unkos PAB nu PAC. Torma oxkpyxuocts PJyJ. npoxomur qepes 1.
(Badawa 4.7.9 us |GZ].)

(c) Ilycrs kacarenbhble K w u3 Touku P nepecekaror BC' B TOYKaX
Uy u Us. Torma okpyxuocts PU;Us nipoxoaut depes T'. (Badawa 4.7.10
us |GZ].)

(d) Iycrs npsimble, TpoxosIre Yepe3 | mapajienbHO OUCCEeKTPH-
cam yrsioB mexay npsMbivu AP u BC nepecekator npsmyto BC' B To4-
kax V7 u Vi Torma okpyzkuocrs PVy Vo npoxomur gepes T. (Cm. wacm-
nouti cayuat sadavu 4.7.18 us |GZ].)

JdomoaHuTeabHBIE 3aaa9N-2

Crenyromme 3a1aum — Mpo «0OOOIIEHHBIE TTOTYBIUCAHHBIEY OKPY K-
HOCTH, T. €. OKPY2KHOCTH, KACAIOIINeCsd IBYX IPAMBIX U OKPYKHOCTH.

12.8.12. Ilycts D — Touka ua cropore AC tpeyroabuuka ABC, u mycTh
S1 — OKPY?KHOCTbH, KaCaoIasics OKPYKHOCTHU () BHYTPEHHUM 0Opa3oM
B Touke R, a takxke orpe3koB BD u AD B toukax M u N coorBer-
CTBEHHO.
(a) Hokaxkwure, uro Touku B, M, I, R mexaT Ha 0THOIl OKPY>KHOCTH.
(b) JIemma CaBasimbl. [Ipsmas M N npoxoaur yepes nedrp I Biu-
CAHHOI OKpPYyKHOCTH w Tpeyroybhauka ABC.
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12.8.13. Ilycrs D — rouka na orpeske AC tpeyronbauka ABC; S —
OKPY?KHOCTH, Kacatomasica orpe3koB BD u AD, a Tak»Ke OKPYKHOCTH
Q) BHyTpeHHUM 00pa3oM; So — OKPYKHOCTD, KACAIOIIAsiCs OTpe3KoB B D
u C'D, a tak:ke OKpyzKHOCTU ) BHyTPEHHUM 0ODPa30M.

(a) Teopema Tebo. Jlunus 1eHTPOB OKpYKHOCTEH S1 U So MPOXO-
gt depes I.

(b) Hokaxkure, 9TO0 OKpPYKHOCTH S1 W Sy PABHBI TOTJA W TOJHKO
rorga, korga D = Bs.

12.8.14. Haitgure aHaJI0rn IpeIoXKeHHBIX 33Ja9 JJIs «IIOJIYBIACAH-
HBIX» W «ODOOIIEHHBIX TTOJTYBIMCAHHBIXY OKPYKHOCTEH, KacCAImxcs {2
BHEITHIM O0pPa30M.

YKazaHusdA, OTBETHI U PeIeHusd

Puc. 1.5:

12.8.1. 370 wacTHBI!l Caydail CaemyIomero n3BeCTHOrO (hakTa: eC/in
roukn X', Y', Z' nexar ma npambix YZ, ZX, XY €oOTBETCTBEHHO,
to okpyxnocru XY'Z' YZ'X', ZX'Y' npoxogar depes omHy TOYKY.
B nannom ciydae Toukm B, C, I jmexxar Ha NPAMBIX, COIEPIKAIIX CTO-
poubl Tpeyroabiuka AK L, ciemoBarensro, okpy:xkuoctu BKI, C'LI
n ABC' nepecekaroTcsi B OJIHOI TOYKe.

12.8.2. U3 okpyxuocreit TBK I, TCLI nonygaem (cM. puc. 1.5), 9To
/BTI = /ZAKI = ZALI = ZCTI. 970 o3uauaer, uro 1] — 6uccek-
rpuca yria BTC, nosromy T'1 npoxogur 4yepes cepeauny ayru A”.
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12.8.14. Komwmenmaputi. Ects «anrebpanmdeckuesy IPUIUHBI, 10 KO-
TOPBIM, HAIIPUMED, BITMCAHHAsI ¥ BHEBIIUCAHHAS OKPYKHOCTHU 00J1a/Taf0T
MMOXOXKUMHU CBOMCTBAMH. Y paBHEHHWE OKPY2KHOCTH, Kacalomeiicd Tpéex
JIAHHBIX MPAMBIX, — 3TO ypaBHeHHWe Ju00 BIHWCAHHON, JTMOO OJHON U3
BHEBIIMCAHHBIX OKPYKHOCTEH, pa3HUIA JUIIH B T€OMETPUIECCKOM Pac-
mostokeHnu. [loaTomy daxThl 19 BOUCAHHON OKPYKHOCTH 3a9acTYIO
MMEIOT CBOEro «O/In3HeIay Jjisi BHEBIMCAHHON OKPYKHOCTH.

12.9 O6ob6ménnas teopema Hamosieona (2*). II. A. Ko-
HCEBHUKOB

Kmaccnveckas Teopema Hamoneona riacuT, 9TO TEHTPHI TPABUIb-
HBIX TPEYTOJbHUKOB, IMOCTPOEHHBLIX HA CTOPOHAX IIPOU3BOJHLHOTO Tpe-
YTOJIbHUKA BHE €T0, SIBASIOTCS BEPITUHAMU PABHOCTOPOHHETO TPEYTO/Ib-
HUKA.

Teopema Hamosteona sBigeTcd 9acTHBIM CJIYYaeM YTBEPXKIEHU 3a-
maun 16.1.7, m. «Kommekcable umciia u reoMeTpusiy. B 3TOM TyHKTE
MBI JOKaxKeM Jpyroe obobdienne Teopembl Harmosteona.

[Ipeyraraem Jjist perieHunst CEpUIo 3a/1a4, BHEITHE He MMEOITNX HU-
KaKoit cBsa3u ¢ Teopemoit Hamosreona. Moxkuo permats 3a1aum TIOOBIMU
MeTOTaMM, & 3aTeM TMTO3HAKOMUTRCA ¢ 00001eHneM TeopeMbl Hamoeona
U MIOJIYIUTD PelleHus 3a/a4d KaK CJIeJCTBAS 9TOr0 CUIbHOTO (DaKTa.

BBoanbie 3agaun

12.9.1. /lokaxkuTe, 4TO IIEHTPHI KBaAPATOB, IIOCTPOEHHBIX HA, CTOPOHAX
rapaJuiesiorpaMMa, BHE ero, sBJISIFOTCS BePIIMHAMU KBaJpaTa.

12.9.2. Ha 6okoBeix croponax Tpamnerun ABC D mocrpoeHbl TpeyroJib-
wunku ABE u CDF rak, uro AE || CF u BE || DF. Jlokaxwure, 910
eciu E mexwut Ha cropone C'D, To F' nexur Ha cropore AB.

12.9.3. (a) /e okpyxKuocTu nepecekaiorcss B Toukax A u B. Hepes
TOUKY A mpoBejieHa MpsiMasi, BTOPUIHO MepPeceKaroIast mepBy0 OKPY K-
HOCTE B TOUKe C', 8 BTOPY0 — B Touke D (MOXKHO cunTarh, 910 ToUYku C
u D jiexkar 110 pasubie cropoubl or Touku A). ITycte M u N — cepeju-
ubl ayr BC' u BD, He cogepxatux To4ky A, a K — cepejanHa oTpe3Ka
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DopMyJINPOBKA U A0KA3aTEJIbCTBO O00OMIEHHOII TEOPEMBI
Hamosneona

- 7 — %
Yepes Z(d,b) Oymem 0603HaATATH YroJI TIOBOPOTA, OT BeKTOpa d # ()

10 BekTopa b # (0, OTCUNTHIBAEMBIl IIPOTUB YaCOBOM CTPEIKHA. DTOT
yIoJl OIPEJIeJIEH C TOYHOCTBHIO 10 Tpubapienus 2wk, k € Z. Hampu-
Mep, paBercTBo Z(@,b) = 0 (mod 27) o3HAUAET, UTO L(a b) = 2km st
HeKoToporo k € Z.

12.9.9.* O6o6ménnas reopema Hamouseona. Ilycrs ma croponax
tpeyroibanka ABC MoCTpoeHbl TaKue TPEeyroJbHUKHA (BO3MOXKHO, BbI-
poxjennnie) BC' A1, CABy, ABC1, 9T0 BBITIOJHEHBI CJIEIYIOIIHE YCI0-

(A B, A,C) + Z(BiC, Bid) + Z(Ch A, CiB) = 0 (mod 27):;
2) ABl - BCq - CAl = BAl . CBl ACl

Torma yribel Tpeyroabauka A B1C] HaxoasTcs U3 paBEeHCTB

/(A,C), A,B}) = /(BC,, BA) + Z(CA,CB;) (mod 27);
/(Bid;, BiC}) = Z(CAL,CB) + Z(AB,AC,) (mod 2):
/(C1B,,C1A)) = /(AB;, AC) + Z(BC, BA;)  (mod 27).

IIpumeuarue. B Teopeme mpejmnoaraercs, 9ro Todka A; oTimdHa
or B, C, By, C1 n 7. n. OgHAaK0 IOMYyCKAETCsI, ITO BEPIMTUHBI KAKUX-TO
u3 tpeyroabankos BC' Ay, CABy, ABC\ n A1B1C} jexar Ha OmHOIA
npsiMoii. B aToM ciiydae roBopdaT, 9TO COOTBETCTBYIOIINN TPEYTOJIbHUK
SIBJISIETCST BBIPOXKJIEHHBIM, & €10 YIJIbI CAUTAIOT PABHBIMU (C TOYHOCTHIO
0 27) 0, 0 m .

Takum 0O6pa3oM, B TeopeMme YTBEPKIAETCs, UTO TPU BBITOTHEHUN
yeqaoBuit 1 m 2 yruel Tpeyrosbauka A B1Ch 3aBucdr Wb OT YIJIOB
TPEyroJbHUKOB, ITOCTPOEHHBIX Ha CTOpoHax TpeyroybHuka ABC, n He
3aBUCST OT yTJIOB camoro Tpeyrosbauka ABC. YcinoBue Teopembl MO-
JKeT OBITH OMMMCAHO TaK¥Ke TaKUM M3AMHBIM obpazom (cm. [Bel]): mycts
maubl Touku M, N, P,T u na croponax tpeyrojbanka ABC crpogarcs
tpeyronbanku ABC1, BCA,, CAB;, monobHble ¢ COXpaHEeHWEM OPH-
eHTaInm cooTBeTcTBeHHO Tpeyroabuukam M NT, NPT, PMT. eii-
CTBUTEJILHO, BBIIIOJIHEHNE YCJIOBH 1 W 2 B 9TOM CjIydae IIPOBEPSIET-
cst HenocpeacTeerHo. C apyroit croponsl, ecian Tpeyroabauku ABCH,
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13.6 Teopewmsbr Iltonemes u Ke3u (3*). A. /. Baunxos,
A. A. Bacaasckruii

13.6.1 Teopewma IlTosnemesi

13.6.1. (a) dokaxkwure, 910 [1/Is1 JTIOOBIX YETHIPEX PABJIUIHBIX TOUEK A,
B, C, D Boinosineno wepaserncmeo [Imoaemesn

AB-CD+ AD-BC > AC - BD.

(b) Teopema IlToseMesi. DT0 HEpPaBEHCTBO OOpAIAETCS B pa-
BEHCTBO TOTJA W TOJILKO Toria, Korma ABC D — BOUCAHHBINA 9eTHIPEX-
YTOJLHUK.

13.6.2. B ocrpoyrosbaom Tpeyrosbauke ABC obozuauum |BC| = a,

|AC'| = b. Haitnure |AB)|, eciim paumyc OKpYKHOCTH, OITUCAHHON OKOJIO
ANABC, paeen R.

13.6.3. Buccekrpuca yria A tpeyroisanka ABC nepecekaer onncaH-
HYTIO OKOJIO HETO OKPYKHOCTH B TOuke W.

(a) Bwipasure ormomenne AW/IW, toe I —1eHTp OKPYKHOCTH,
Brmcannoit B Tpeyroabank ABC, depes muHbI CTOPOH TPEYroJIbHUAKA.

AB+4+AC
(b) Jokazure, uro AW > £2524C

13.6.4. Ha runorenyze AB npsmoyroibaoro tpeyroabiuka ABC BO
BHEIITHIOI0 CTOPOHY nocTpoen kBajapar, O — ero nenrp. Haitoqure |OC,
ecyi @ U b — KaTeTsl TPEeyroJbHUKA.

13.6.5. lan npasumibHblil Tpeyroabauk ABC u Touka P.

(a) Joxkaxkure, uro ecim Touka P JIeXKUT HA OIMUCAHHOW OKOJIO Tpe-
YIOJIbHUKA OKPY?KHOCTH, TO PACCTOSHUE OT HEeE 110 OJHON M3 BEPIINH
TPEeyroJibHUKa PaBHO CyMMe PAaCCTOSHUHN JI0 JIBYX JAPYTUX BEPIIHUH.

(b) Teopema Ilommeiiro. s sroboit Toukn P, He Jjexarreil Ha
OTMUCAHHON OKPY:KHOCTHU, 13 0oTpe3koB PA, PB, PC M0XHO COCTaBUTD
TPeyroJbHUK.

13.6.6. Cymma paccTogHUi OT TOYKM X, BLIOpAHHOW BHE KBajIpaTa,
JI0 IBYX €ro OJMKaMIMX COCeTHWX BepIWH paBHa m. Haiianre Ham-
OoJibillee 3HAUEHNE CyMMbl PAacCTOssHUN oT X JI0 ABYX JAPYI'MX BEPIIUH
KBaIpaTa.
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13.6.7. Touku M u N — cepeaunnl auaronaneiit AC' u BD BrucamuHOoro
verbipéxyroapbiauka ABCD. U3sectho, uro LZABD = /M BC'. Jloka-
x)ure, a0 L BCA = /ZNCD. (Kybox Koamozoposa, 1999 2.)

13.6.8. (a) Touku A, B, C'u D — deTbIpe moc/e0BaTeIbHbIE BEPIIAHEI
[IPABUJILHOIO CeMUyroJibHuKa. JloKaxkuTe, 910 ﬁ = % + ﬁ.

(b) Hokazkure, 910 Siné 7 T Sin(21w/7) + sin(3mw/7)

13.6.9. B srimykom mectuyronbuuke ABC' D EF u3sectHo, uto AB =
BC =a,CD =DFE =b, EF = FA = c¢. lokaxure, 910 %4—%—#

L}

CF

NI o

13.6.10. CropoHbl BIHCAHHOI'O YETBHIPEXYIOJbHUKA PaBHBI a, b, ¢, d.
Haitnure ero guaroHaJimn.

13.6.11. BriBeaure u3 reopembl ITTosiemes dpopmyny Kapuo (em. . 12.4
«Dopmyna Kapuos).

13.6.2 Teopema Kes3n

13.6.12. O606miénnas Teopema IlTosnemesi, mam reopema Kesn.
(a) JlaHBI YeTHIpe HEMEPECEKAIONINXC KPYTa, OTPAHIIEHHBIX OKPYKHO-
cTaMu «, (3, 7y, 0. JlokaxkuTe, 9T0 OKPYKHOCTH, KACAIOIIAACST UX BHEIII-
HAM 00pa30M, WU IIPAMasi, Kacalolasicd UX BCEX TaK, YTO KPYT'H JIEKAT
OTHOCUTEJILHO HEE B OAHOM IOJIYILJIOCKOCTH, CYIIECTBYET TOI'Ia 1 TOJIbKO
TOTJa, KOTAa

laﬂl’yé + la5l67 = la’ylﬁ&

rje log — JTMHA oDIelt BHeITHeil KacaTeJbHOH K OKPYXKHOCTAM «, (3
u T .

(b) Cdopmymupyiire Teopemy Kesu misa ciydas, KOrjga WCKOMast
OKPY2KHOCTDL KAaCaeTCd HEKOTOPLIX U3 JAHHLIX OKPY2KHOCTEH BHYTPEH-
HUM 00pa3oM.

13.6.13. CdopmysmpyiiTe yTBepkKIeHne, aHajiornaroe reopeme Kesm,
JUTS Cydast, KOTJIa,

(a) omHa;

(b) Be U3 TAHHBIX OKPYKHOCTEH BBIPDOKIAIOTCA B MPAMBIE;

(¢) KaKme-TO W3 JAHHBIX OKPYXKHOCTE BBIPOXKIAOTCS B TOYKH.
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13.6.14. Ilycrts na croponax AC u BC tpeyrosibauka ABC B3sThHI Ta-
kue Toukn X, Y, uro XY || AB. Jokaxure, 9T0 CyIIECTBYEeT OKPY K-
HOCTb, HPOXojdinas depe3 X, Y u Kacarolasics OJMHAKOBLIM 00pa3oM
BHEBIIMCAHHBIX OKPY?KHOCTEl TPEyTroJIbHIKA, BIIMCAHHBIX B yIuibl A u B.

13.6.15. Jlokaxkute Teopemy Peitepbaxa: OKPY2KHOCTb, ITPOXOJIs-
masi 4epe3 cepeInHbl CTOPOH TPEYTOJbHUKA, KACAETCS €ro BIMCAHHOMN
1 BHEBITMCAHHBIX OKPYKHOCTEH.

13.6.16. /lokaxkuTe, 9TO TPU OKPYKHOCTH, KaxKTasd M3 KOTOPHIX KaCa-
eTcst BHYTPEHHUM 00pa30M OJIHOM M3 BHEBIUCAHHBIX OKPYKHOCTEH Tpe-
YTOJBHUKA W BHEITHUM 00pa30M JIBYX JPYTHUX, TEPECEKAIOTCA B OTHOI
TOYKE.

13.6.17. Jlambl mBe OKPYXKHOCTH, JieKalllne OaHa BHe apyroii. [Tpoms-
BOJIbHAA OKPY2KHOCTH, KACAIOIIAsICd UX OJMHAKOBBIM 00pa3oM, Iepece-
KaeT OJHy U3 UX OOIIUX BHYTPEHHUX KaCaTeJbHbIX B Toukax A m A,
a apyryio — B Toukax B u B'. Jokaxkute, 9To cpeau npambix AB, AB’,
A’'B, A'B’ naiinyrca nse, mapajuie/bHble OOIIMM BHEIIHUM KACATE/Ib-
HBIM K JTAHHBIM OKPY2KHOCTSIM.

13.6.18. /lanbl ABe KOHIEHTPUYECKHE OKPY2KHOCTH a1 U as. Kaxkgas
3 OKpYyxKHOCTEl by m by KacaeTcss BHEINTHUM 00Pa30M OKPYXKHOCTH @]
1 BHYTPEHHUM — @9, a KaKJasd U3 OKPYKHOCTEI €] U Cy KacaeTcsl BHYT-
peHHUM 00pa3oM 0b6enx OKPYKHOCTEH a1 1 ag. OKa3aa0Ch, 9T0 OKPY K-
HocTu by, bg IiepecekaroT ci, Co B BOCbMHU TOYKax. /lokakurTe, 9T0 3THU
TOYKH JIeXKAT Ha JIBYX OKPYKHOCTIX WUJIU MPSIMBIX, OTJIUIHBIX OT by, bo,
c1, ¢2. (B. IIpomacos, 111 Oaumnuada um. U. @. Hlapvieuna.)

yKaBaHI/Iﬂ, OTBETbI 1N pPeEIlleHNA

13.6.1. CrenaiiTe HHBEPCUIO C IEHTPOM A 1 BOCIOJIB3YHTECH yTBEP-
kaerausvu 3aa4d 14.10.2, 14.10.5. 3amerum, uro HepaBercTso IIToe-
Mes BEPHO JazKe JJid TOYeK, He JIeXKAIUX B OJHOU ILJIOCKOCTH.

. aV4AR2 —b24+b\V4AR2—a?
13.6.2. Omeem: & ¥ a_

IIposeaure muamerp C'D u npuMeHuTe K IIOJIYIEHHOMY YE€THIPEX-
yroJibHUKy Teopemy lltomemes.
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14 T'eomeTpmueckue mpeodpa3zoBaHUMd

B nmanrom maparpade 3ajaum paciiosioXKeHbl TaK, 9YTOObl cHadaJIa
HOBBIE TOHSATHST (TEOMETPUUYECKUX TMPeodPA30BAHMUIT) HCIOIH30BATNCH
JIJIsT peIlleHns] HHTEePECHBIX 3a/1a9, (popMyIupyeMbIx 6€3 9TuX MOHATHI,
U TOJIBKO TIOTOM 3TH HOBBbIE (HO y»K€ MOTHBUPOBAHHBIE) TIOHSITUS H3Y-
JaJnuCh CaMu 110 cebe.

ITogpobiiee 0 reomMeTpuUecKUX TPEOOPAZOBAHUIX CM., HaIPUMED,
[Za03] (reopema IMlans —§1.2, mogobue u romorerus — § 1.3, adbdun-
HbI€ IIPe00Pa30BaHusT — IVI. 2, IPOEKTUBHbIE IPE00pa30BaHusT — IUI. 3, WH-
Bepcusi — IJ1. 4, KOMIJIEKCHasl WHTEPIpeTalnsd JBUKEHU 1 1mom00umit —
§ 6.1, KoMIIeKCHAsT WHTepIpeTanus nasepcnn — §6.2), [Pr95] n [YaT75].

14.1 TIIpumenenus asukenuii. (1) A. /I. Baunxos

Ilosopomom Bokpyr Touku O Ha yroJj ( Ha3blBaeTcd Ipeobpa3oBa-
HUE TIJTOCKOCTH, OCTaBJIsitorriee Touky () Ha MECTe U TIepPeBOJIsIIee JIFOYT0
orymumyio or O Touky X B Takyio Touky X', uro |OX| = OX’ u opu-

eHTUPOBaHHLIN yros mexkay Bekropamu OX u OX’ pasen . ITosopoT
Ha 180° HazbiBaeTCd UeHMPAAbHOU CuMMemMpuer.

Ilapanrnresvrvim neperocom Ha BEKTOP 7% Ha3bIBAETCs 1peodbpazoBa-
IE ILJIOCKOCTH, TIepeBoadIee o0y Touky X B Takyroo Touky X', 94To
XX =mi.

Ocesoti cummempueti OTHOCUTEIHHO TIPAMOI | Ha3bIBAETCsS IPEOO-
pa3oBaHme TJIOCKOCTH, TIepeBojidree JIIOOYI0 ToUKy X B TaKyI0 TOUKY
X', uro XX’ L [l nwroukn X, X’ jrlezkaT 110 pasHble CTOPOHEL OT IPAMOIL
[ n paBHOYJAJIEHBI OT HEE.

14.1.1° ITapaJiesorpaMM BMeeT POBHO YeThIpe ocu cuMMeTpun. Kakoe
U3 CJIEAYIONINX YTBEPAKAEHUN BEPHO?
1) 370 IPSIMOYTOJIBHUK, OTJIMIHBIN OT KBAJIPATA,;
2) 510 poMO, OTJIUIHBIN OT KBaJIpaTa;
3) 3TO KBaJIpar;
)

4) Takoro napaJuiesiorpaMMa He CyIIeCTBYeT.

14.1.2.° Tpeyro/bHUK UMeeT IEHTP cuMMeTpun. Kakoe u3 cjieayrommx
yTBEPKIeHUT BEPHO?
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Puc. 1.41:

DTO 03HAYAET, UTO CYIIECTBYET TTOBOPOTHAS TOMOTETHS, TTePEBOIS-
mast orpe3ok AA" B [BB'], npuuém O — e€ nentp.

[Tycth P — TouKa mepecedenns JaHHBIX MPAMBIX, & O — YTOJ MEXK Y
HuMu. Tak Kak 1Ipu IOBOPOTHOM romoreTuu ¢ rieHTpoMm O obpazom ToY-
ku A siBisiercst Touka B, orpe3ok AB 10/KeH ObITh «BUIEH» W3 TOYKN
O nox yriiom «. CaemoBarenbao, O JIEXKAT HA JIyTe OKPY>KHOCTH, OTIH-
CaHHOi 0K0J10 Tpeyroyabanka AP B. Ananornano orpesok A'B’ nomxken
ObITh «BUgeH» u3 Touku O 1O YyIJIOM «, 3HAYUT, TouKa O JIEXKUT HA
JIyTe OKPY»KHOCTH, OIMUCAHHO 0KOJI0 Tpeyroabuuka A'PB’. Takum 00-
paszom, O — BTOpasi TOYKA MepecedeHnss 3TUX OKPYKHOCTEIX.

Ecnm mocTpoeHHble OKPYKHOCTH KACAIOTCs, 3HAYNT, 00€ TOYKHU TTPO-
xondaT 4depe3 P opmoBpemenno. B sTtom caydae Touka P cama Oymer
MCKOMOIiA.

14.5 IloBoporuas romorerus (2). II. A. KoocesHuros
14.5.1 Bsoanbple 3aga4n: HEMHOT'O O BeJIOCUIIEINCTAX

14.5.1. Ilo AByM OKPYKHOCTSM, ITEpECEKaFoONIMCcsT B Toukax P u (), o/
HOBPEMEHHO HadaJIu JBUKEeHUEe 13 TOYKU P 110 9acoBoil CTpeJiKe ¢ paB-
HBIMHU YTJIOBBIMHU CKOPOCTAMU JIBa, Bejocuneaucra A n B.

(a) Jdokaxkure, uro npsaMas AB BCcé BpeMsi IPOXOJuT depes Q).

(b) Hokaxkure, uro rpeyroabuuku PAB Bcé Bpems 1000HbBI JPYT
apyry u TpeyroibHuky PO109, riae O u Oy — HeHTPbl OKPYKHOCTEIA.

(c¢) Haiigure TMT (Tpaekropuio aBuzkenusi) cepeun orpeskos AB:
IEHTPOB BIMCAHHBIX OKPYKHOCTE TpeyroJbHuKOB PAB; j100bIX COOT-
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BETCTBEHHBIX TOYEK II0I0OHBIX TpeyrobHuKoB PAB.
(d) Bagaua o Besocumnieguctax. /lokaxxure, uro A u B BCE BpeMsi
paBHOyJaIeHbl 0T dukcupoarnoii Touku. (Cm. [VSh].)

14.5.2. Ilo Tpém OKPYKHOCTAM, UMEOMUM 001Iyio TouKy O u momap-
HO pa3jngHble TOYKU TepecevdeHust P, () n R, olHOBpEeMeHHO HadajIn
npuzkerne u3 To9ku O 10 9acOBOM CTPEJIKE C PABHBIMU yIJIOBBIMU CKO-
poctsimu Tpu Bestocuneaucra A, B u C.

(a) Hokaxwure, ato Bce Tpeyroabauku A BC mogobHbl Mex Ty coboi
u tpeyrosbauky 010203, tiie O1, Oz u O3 — 1EeHTPbI OKPYKHOCTEI.

(b) KakoBa TpaekTopust JBUKEHHUsI TIeHTPa Macc Tpeyrojibanka ABC?

14.5.3. /IBa Besocuneaucta P u () e1yT paBHOMEPHO 110 JIBYM MTPSIMBIM,
nepecekarommumces B Touke O.

(a) Haitnure Tpaekropuio cepeaunbl orpeska PQ).

(b) JlokaxuTe, 9TO €CM CKOPOCTH BEJIOCUTIEIUCTOB PABHBI, TO Ce-
peauna jayru (ogHoit u3 ayr) PQ okpyxuocru OP(Q) HenonBuzKHa.

(¢) Jdokazkure, 9T0 €CIM BEJOCUIEIUCTHI TPoXoAaT O He OJHOBpe-
MeHHO, TO OKpy2KHOCTH O P() NMeIT BTOPYIO OOIIYIO TOUKY, OTJIMIHY IO

ot O.

14.5.4. Jlan dukcuposannbiii Tpeyroabauk ABC. Ilo npsveim BC,
CA, AB enyT cooTBeTCTBEHHO Bejgocumennctsl P, (), R Tak, 9TO yTibl
vexkiay RP u PQ, PQ u QR, QR u RP dukcupoBaHHbIE.

(a) /lokazkure, 9T0 TOUYKa MepecedeHus oKpy:kHocreii RAQ), RBP,
PCQ nmenoapu:xHa.

(b) Haiture 'MT 11eHTpOB BIUCAHHBIX OKPYKHOCTEH TPEYTOJIBH-

k0B PQR.

14.5.2 OcHoBHBIE 3aJa4n

14.5.5. Tpu Benocuneaucra P, (Q u R eayT paBHOMEPHO 110 TPEM IIpsi-
MbIM. V3BecTHO, UTO B HEKOTOpHIE JBa MOMEHTa BPEMEHU TPEyTrOJib-
HuK PR Ob11 1o00€H ¢ coOXpaHeHneM OPUEHTAINN (PUKCUPOBAHHOMY
Tpeyrojbuuky XY Z. JIoKazkKuTe, 9TO 3TO YCJAOBUE OyIeT BBIITOIHATHCI
B J1I000If MOMEHT BPEMEHH.

14.5.6. B rpeyronbauk ABC' Brucas mogo0HbIit eMy TpeyroibHuK PQR
(PeBC,QeCA, Re AB, /P=/A, ZQ = 4B, ZR = ZC).
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(a) Jokaxkure, 94TO IIEHTDP ONUCAHHON OKPYKHOCTU TPEYroJIbHUKA
ABC cosnajiaer ¢ opToreHTpoM Tpeyrogbauka PQR.

(b) Haitaure MakcuMasbHOE 3HAYEHHE BbIDasKeHust 2ABC

SPQR”
(c¢) JlokaxkuTe, 9TO MEHTP OMUCAHHON OKPY’KHOCTH TPEyrobHUKA

PQR paBHOymaJIEH OT IIEHTPA OINKUCAHHONW OKPY?KHOCTU U OPTOIEHTPA
tpeyrosibauka ABC.

14.5.7. Yepes pepmuabl Tpeyrogbanka ABC mpoBoasaTCA TPU IPON3-
BOJILHbIE MTApA/UIeJIbHbIe IpaMble dg, dp, de. Ilpambie d),, d;, d,, cum-
mMerpudHbie dg, dp, d. orHocurensrno BC, CA, AB cooTBeTCTBEHHO, 00-
pasyoT Tpeyroabauk XY Z. Haiiinre reomerprdeckoe MeCTO IIeHTPOB
BIIMCAHHBIX OKPYXKHOCTEN TaKUX TPEYTrOJIbHUKOB.

14.5.8. Jlau Beimykblil 9etbipéxyroabank ABC D, croponst BC'u AD
KOTOPOTO PaBHBI, HO He Mapaaneababl. Ilycts E n F'— BHyTpenHme T0O4-
ku orpe3koB BC u AD coOTBETCTBEHHO, yIOBJIETBOPSIOIINE YCIOBUIO
BE = DF. llpausie AC u BD mnepecekatorcss B TO4YKe P, mpsiMble
BD un EF nepecekatorcsa B Touke (), mpsamble EF u AC' nepecekarorcs
B TouKe K. JlokaxXuTe, 9TO /7151 BCEBO3MOXKHBIX CITOCOOOB BHIOOpA TOUEK
E, F okpyxuoctu PQR umeror oburyio 104Ky, ommmanyio or P. (Cw.

[IMO], 2005 r.)

14.5.9. Ilycts O u I — neHTPHI ONKUCAHHON U BIMCAHHON OKPYXKHOCTEM
tpeyroabanka ABC coorBercrBenno. Touku D, E n F BuIOpaHbl Ha,
cropornax BC, CA u AB coorBercrBerHo tak, uro BD + BF = C'A
u CD + CFE = AB. Onucannble OKPY>KHOCTU TPEYrojibHUKOB BDF
n CDFE mnepecekaiorca B Toukax D u P. Jlokaxwure, uro OP = OI.
(Cm. [IMO], 2012 1.)

14.5.3 donoJsHuTeJibHbIE 33/1a4N

14.5.10. BroumwuTe B JaHHBIM OCTPOYTOJIBGHBIN TPEYTOJbHUK PABHOCTO-
POHHUI TPEYroJIbHUK ¢ MUHUMAJIbHON CTOPOHOM.

14.5.11. Ha mos mostoKuin mpaBuiabHBI Tpeyroabank ABC, BbITH-
JIeHHBIA u3 danepsbl. B mos BOwIM Tpu reo3/s (Mo OJHOMY BILTIOTHYIO
K KazKJ0fl CrOpOHE TPEYroJIbHUKA) TakK, 4TO TPEyroJbHUK HEBO3MOZKHO
IMOBEPHYTH, HE OTPbIBag OT IoJja. [lepBblit rBO3aL JgeanT cropony AB
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B oTHOIIeHHu 1 : 3, cunras OT BepimmHbI A, a BTOPO#l IeJ T CTOPOHY
BC' B ornomennn 2 : 1, caurasi or Bepinuabl B. B kKakoM oTHOIIEHNN
et cropony AC tpermit rBo3ab? (Mockosckas mamemamuueckas
oaumnuada 1998 2.)

14.5.12. Brimykibrit MHOTOYTOJIBHUK M MOYKHO TIOMECTUTH B TPEYTOJIb-
HUK 1. JToKaxKuTe, 9TO 9TO MOXKHO CJe/aTh TaK, YTOObI OJIHA U3 CTOPOH
MHOTOyTOMBHNKA M jexasia Ha CTOpOHe Tpeyroabumka 1.

L o k
Ilosopomnoti comomemueti Ha3bIBAIOT IIpeobpa3zoBanue H O"p =H (k)o

R?,

14.5.13. (a) OxpyxkHocTu v u 8 mepecekatorcs B Toukax A u B. [lycrs
H — moBopoTHast TOMOTETHS C IEHTPOM B ToUKe A, mepeBojsimas o B 5.
Hoxaxkure, uro as gro6oit Toukn X € « Touka H (X)) momydena mepe-
ceuenuem npsamoit BX ¢ okpyxuocrbio 3. (Cwm. [Pr95, 19.27].)

(b) Okpyxuoctu Si,...,S, npoxogar depe3 Touky O. Kyszueuank
u3 Touku X; € S; mpeiraeT B TOUYKy X;i11 € S;jy] Tak, UTO mpaMas
X; X411 IpOXoauT 4depe3 BTOPYIO TOUKY IepecedeHust OKpyKHOCTel S;
u S;y1. Jlokaxure, 910 1MOCTE N TPBIKKOB (¢ S1 HA S3, ..., ¢ S, HA S1)
Ky3HEUNK BepHETCS B mexoauyo Touky. (Cwm. [Pr95, 19.28].)

(¢) Ilycrs konupr orpeskoB AB u C'D nounapuo pasaudsbl, a P —
Touka nepecevenus npsaMbix AB u C'D. lleHTpoM 1OBOPOTHO# roMoTe-
tun, nepesogsmieit AB 8 C'D, sByisiercsa (otimdanasi or P) Touka mepe-
CEUEHMST OTIMCAHHBIX OKpYy KHOCTel Tpeyroabuukos ACP u BDP. (Cw.

(P95, 19.41 (6)].)

YKa3zaHusi, OTBEThbl U pelleHus

14.5.1. (a) U3 paBencTBa yrioBbIX CKOpocTeii caenyer, uro Z(PQ,QA) =
Z(PQ,QB).
(b) Yron ZL(BA, AP) = Z(QA, AP) niocrosiuusiit u pasern Z(0201, 01 P).
(¢) Eciu M — cepepuna AB, 1o Z(QM, M P) noCTOAHHBII, TIO3TOMY
M nBuzkercs 1o okpyzkaocTu ', nmpoxojsiiieit gepe3 P u Q).
[Tycts N — mobast Touka Tpeyroibunka PAB (B HEKOTODBI (hUK-
CUPOBAHHBINA MOMEHT). PaccMOTpUM IIOBOPOTHYIO FOMOTETHIO (CM. OlLIpe-
nesienne nepen 3amadeit 14.5.13) ¢ nearpom P, niepeBojsiiyio A B N.
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15.3 TIlongapuoe coorBerctBue (2). A. A. I'aepuntox, II. A.
AHCEBHUKOB

TpaauiuoHHO TPYU U3YUYEHUN MMOJIAPHOTO COOTBETCTBUSI CYyIIECTBEH-
HO MCTOJIB3YIOTCS CBOMCTBA MPOEKTUBHBIX NTpeobpasoBanmii. MbI ke Jie-
JTaeM TIOTBITKY TO3HAKOMUTHCST C TTOJISIPHBIM COOTBETCTBUEM U TIPUME-
HEHHEM €ero CBOICTB 0e3 IpuBJIeUYeHHs IIPOEKTUBHON IreoOMeTpumn.

Beeném nykHbie HaM ompejesieHns u obo3Hadenus. [lycTts Ha mioc-
KocTu (pukcupoBaHbl ToYKa O M OKPYKHOCTH W pajnyca R ¢ meHTpoM
B O.

s xaxmoit Toukn X # O na ayge OX crponM Takyio Touky X/,
aro OX - OX’ = R?. (Toopart, uro X’ u X uneepcHv, OTHOCUTEILHO
OKpyzKHOCTH w.) Yepe3 Touky X' npoBenéM HpsaMyro T, EPIEHINKY-
napuayio OX'. Ipamaa T HasbBaeTCa noaApoli Toukn X, a TOUKa X
HasbIBaeTCA noatocom npamoit x. CoorBercTBue X <+ X dABIdETCA B3a-
MMHO OJIHO3HAYHBIM COOTBETCTBUEM MEKJIY TOUKAMU, OTJAUUHBIMEU OT O,
U TPSIMBIMU, HE TPOXOJAIUME depe3 (). DTO COOTBETCTBUE W HA3BIBA-
eTCS NOAAPHBIM COOMBEMCINEUEM.

Huke MbI 0603Ha9aeM TOYKH, OTirdHbie 0T O (110JIF0CHI ), 60IbIIIMI
JIATUHCKUMU OyKBaMM, a UX MOJSIPbl — COOTBETCTBYIOIIUMU MaJIEHbKU-
mu OykBamu: A <> a, B+ b, C < c, ...

OcHOBHBIE CBOWCTBAa U BBOJHBIEC 334N

Ycranosure ABa OCHOBHBIX ce0UCMBa NOAAPHOZO COOMBEMCMBUA.

I11. ABoiictBeHHOCTB. BKittouerune A € b BBITIOIHSIETCST TOTIA U TOJTb-
KO ToT/ia B € a, T.e. moygdpa 000 TOYKN ABJIAETCS TeOMEeTPUIECKUM
MECTOM TIOTIOCOB TTPOXOIAIIINX Uepe3 Hee TTPAMBIX.

I12.* Ilycts gpe mpsMble m u [, TPOXOAMAININE Yepe3 MPOU3BOJILHYIO
Touky A ¢ w, nepecekaror w B Toukax My, Mo u Ly, Lo. Torma MyLq N
MsLo € a mu Mq1L4 H Mo Lo H a.

Jokaxnre caenytonme (pakThI.
B1. Eciim A € w, T0 @ —9T0 KacareiabHas K w, IPOBEIEHHAsT depe3 A.

B2. Eciu Touka A pacmosiozkena BHE OKPYKHOCTH W, TO @ IIPOXOIUT
yepe3 TOYKM KACaHUs C W KacaTelbHbIX, IIPOBEIEHHBIX depe3 A.
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B3. Ecim O, A, B He jiexkaT Ha OfHOM mpsaMoii, To a Nb <> AB.

B4. Touku A, B,C jexxar Ha OmHONM IpIMOR TOrIa M TOJLKO TOIZA,
KOrJa a, b, c IpOoXOosT Yepe3 OAHY TOYKY WX Iapaslie/IbHbI.

OcHoBHBIE 3agaYn

15.3.1.° JTanb! okpy:KHOCTE 1 €€ xopaa AB. I'ne ysexxut Touka mepece-
venns moasdap Touek A u BY
1) BHYTpHU OKPY’KHOCTH; 2) BHE OKPYKHOCTH; 3) HA OKPY’KHOCTH.

15.3.2.° [Iycts C — cepenmna xopasl AB. Torma monsipa Touku C
1) mapamrensha AB;
2) meprerukysisipaa AB;
3) KacaeTcst OKPYKHOCTH.

15.3.3.° IIpu mosisipHOM COOTBETCTBUYM OTHOCUTETHHO BIIMCAHHON OKPY K-
HOCTU TPEYTOJbHUK TTEPEXOIUT

1) B cepeauHHBIN TPEYTOJHHUK;

2) B OPTOTPEYIOIbHUK;

3) B Tpeyro/ibHUK, OOpa30BaHHbBIA TOUYKAMU KACAHUS CTOPOH C BIIU-
CAHHO#M OKPY2KHOCTBIO.

15.3.4. /lanbl OKPY2KHOCTb W U IpAMad [, He UMeoIe O0IIUX TOYEK.
N3 Touku X, KoTopas JBUXKETCs 110 HMPSIMOiL [, IPOBOJSATCS KacaTe b
uble X A, X B x w. Jlokaxxure, 910 BCe X0pabl A B nMeroT o0IIyo TOUKY.

15.3.5. Cummerpuunas 6abouka. (a) lana Touka A Ha guamerpe
BC' nonyokpyxuaoctn w. Toukm X,Y ma w Takosbl, uto /XAB =
LY AC. Hoxaxnute, uTo npsaMble XY TPOXOIAT Uepe3 OOHY TOUKY WK
napaJsiiebHbI.

(b) Toukn A u A’ MHBEPCHBI OTHOCUTEJHLHO OKPYKHOCTH W, IIPU-
yém touka A’ pacnonoxkena sryrpm w. Yepes A’ mposomarcs xop-
el XY, JlokaxkuTe, 9TO TMEHTPHI BOWCAHHONW W OIHOM M3 BHEBIMCAH-
HBIX OKpYy2KkHOCTEl Tpeyroabiuka AXY dukcuposannbl. (C. Mapkenos,

ca. [Sh97].)

15.3.6. OcHOoBHOEe CBOIICTBO cuMeauaHbl. KacarejabHble K OIICAH-
HO# OKpy2KHOCTU Tpeyrojbanka ABC, npoBenéHHBbIE Yepe3 TOUKH B
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u C, nepecekatorcs B Touke P. Jlokaxkure, yro AP — cumenuana (7. e.
npsiMasi, cuMMeTpudHasi Meguane AM OTHOCHTE/IFHO OUCCEKTPHUCHI Y-

aa A).

15.3.7. TapMmoHmYecKmii 4eThIPEXYTOJTbHUK. [[yCcTh 4eThIPEXYT0/Ib-
Huk ABCD Buuncan B OKpPYKHOCTb w. V3BeCcTHO, UTO Kacare/JbHbIE K W,
npoBeaénnbie B Toukax A m C, mepecekaroTcss Ha npsamoit BD wan ma-
pasnenbHbl BD. JlokaxXnTe, 9TO KacaTeTbHBIE K W, TPOBEJEHHBIE B TOY-
kax B u D, nepecekatorca Ha npsamoit AC win napasieabasl AC.

B crenyromux Tpéx 3amadax gan dereipéxyroabank ABCD, y ko-
TOPOTO AMArOHAJN TTEPECEKAIOTC B ToOUuKe P, mpojomkenus cropon AB
u CD —B touke R, npomokenns croporn BC u DA — B Touke Q).

15.3.8. BrimcanHblii 4eThIPEXYTOJABHUK. [IyCcTh 4eThIpEXYTOIbHUK
ABCD Brucan B oKpy:KHOCTB € 1leHTpoM O. JlokazKkuTe, 9T0 9eTBEPKA
rouek O, P, ), R oprounenrpuyeckas (T.e. KaxKjasg TOYKA ABJIAETCH
OPTOIEHTPOM TPEYTOJIbHUKA C BEPITHHAMU B OCTABIINXCST TPEX TOYKAX ).

15.3.9. OnucanHbIii 4eTHIPEXYTOJbHUK. [IycTh 4eThIPDEXYTOTBHUK

ABCD omucan oxojio okpy:xkuoctu; K, L, M, N —Touku KacaHWsd

¢ okpyx)kuocThio cropon AB, BC, CD, DA cooTBETCTBEHHO; TpSIMbIe

KL u MN nepecekatorcs B touke S, a upsimbie LM u N K — B Touke T
(a) Hokaxkwure, uro Touku @), R, S, T nexkar Ha OJHOI MPAMOI.
(b) Hokaxwure, aro KM u LN nepecekatorcs B Touke P.

15.3.10. BoucanHO-ONMCAaHHDBIN Y€ThIPEXYTOJbHUK. HeThIPEXYTOTh-
Huk ABC' D omnmncan 0K0J10 OKPYKHOCTH W C IIEHTPOM | 1 BIICAH B OKPY 2K-
HocTh () ¢ mentTpom O.

(a) Hokaxkwure, uro O, I, P jmexar Ha OJHON TPSIMOIi.

(b) Badukcupyem w u ) U paccMOTPUM BCEBO3MOXKHbBIE YETHIPEX-
yroabaukn ABC D, onmcaHHble OKOJIO OKPY’KHOCTH W U BIHWCAHHBIE
B OKpPYXKHOCTH (). JloKaxKuTe, UTO JJId BCEX TAKUX UETHIPEXYTOJTHLHU-
KOB TOYKHU P COBHAJAIOT, a TakxKe 910 npamble ()R COBIaIaioT.

Kommenmapudi. Corstacuo TeopeMme [loHCese ecyim CyIecTByeT XOTS
OBl OJINH YEeTHIPEXYTOJBHUK, OMUCAHHBIA OKOJO0 OKPYYKHOCTU W U BIIU-
CAaHHBINl B OKPY2KHOCTB ), TO CyIIecTByeT DECKOHEIHO MHOT'O TAKUX Ue-
THIPEXYTOJIBHUKOB.
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16.1 KoMIuiekcHbIE YnCJIa U 3JIEMEHTapHas reoMeTpus.

[Tycts mHA mmockocTH 3ajaHa cucTeMa KoopauHaT. Torma KOMILIEKC-
HOMY YHCJIY Z = & + Y COOTBETCTBYET TOYKA ILIOCKOCTH Z C KOOP-
muaaTamu (x,y). [pm aToM MOaynh 9mCIa z paBeH PACCTOSHUIO OT Z
10 Hagasa koopauHart (), a apryMeHT PaBeH OPUEHTHUPOBAHHOMY YIVIY
MEKIy TIOJIOKHUTENbHBIM HampasiaenneMm ocu Ox u Bekropom OZ, T.e.
YIJIy, Ha KOTOPBIA HaI0 MOBEPHYTL MPOTHUB YacoBOi crpenakn och O,
9TO0OBI COBMECTUTDH €€ ITOJIOXKHUTENIbHOE HAIIPABJIEHHE C HAIIPABJIEHHEM
BEKTOPa 07 Ocu Ox n Oy Ha3BIBAIOT JelicmeumesvHol u MHumol
OCSIM.

16.1.1. (3araaka.) BeisscHuTE TeOMETPUYIECKUT CMBICT CIOKEHUS KOM-
ILJIEKCHBIX THCEJL.

16.1.2. (a) Kakum reomeTpudecknM mpeoOpa3oBaHEM KOMILTEKCHOI
IJIOCKOCTH [10JIy9aeTcsd YUC/I0 12 U3 ducia z7

(b) (3aragxa.) ObozmaamM ¥ := cos ¢ + isin . Kakos reomerpu-
JeCKWil CMBICTT YMHOXKEHUS Ha, e’?? A ma re'¥, rme r - BEIIECTBEHHOE
quCI0 (CM. OIpejie/ieHne TPUTOHOMETPUIECKOH (hOPMBI KOMILIEKCHOTO
yucsaa B 11.4.5

(¢) Beipazure 9uc/1o w, MOIYUEHHOE U3 YNCIa 2 TIOBOPOTOM Ha YTOJI (0
IPOTUB YaCOBOI CTPEJIKU OTHOCUTEILHO IEHTPA 2o, Yepe3 2z, 29 U @.

(d) Hokaxkwute, 9TO KOMIIO3UIINS TTOBOPOTOB TLIOCKOCTH (C pas3jIid-
HBIMU TIEHTPAMU) — TIOBOPOT WJIN TIAPAJIIETLHBIN TTepeHocC.

(e) Jdokaxkure, 4TO TOUKU 21, 29, 23 JIEZKAT HA OJHOM LIPAMOIi TOrIA
M TOJIBKO TOTJIA, KOTJa oTHOImeHue (z3 — 21)/(22 — 21) BEIIeCTBEHHO.

Kommenmaputi. S3amaga 16.1.2 (b) srerko perraercst ¢ TOMOIIBIO TPH-
TOHOMETPUIECKUX (hopMmysT cioxkennsi. OIHAKO MOYKHO TOCTYTUTH Ha-
000pOT: PEmuTh ITY 33424y '€OMETPUIECKH, T0KA3ATh, YTO IIPU YMHO-
JKEHUN KOMILJIEKCHBIX UNCEeT UX MOIYJ/IN IePEMHOXKAIOTCS, a apTyMEHThI
CKJIQ/IBIBAIOTCS, & 3aTEM, UCIOJIb3Ys TOT PE3YJIbTAT, MOJYUYUTh JIOKa-
3aTEeJIbCTBO (DOPMYJ CJIOKEHWSI, He Tpebyroliee mepedbopa pas3aundHbIX
CJIy 9a€B.

16.1.3.° Kakoe npeobpazoBaHue ILJIOCKOCTH 331aéTcsi POPMYJIOi 2 —»
22 4+ 27
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Temneps BocIOIB3YEMCH TeM, UTO addUHHOE Tpeodpa3oBaHmue OIHO-

3HAQYHO OIpeJiesisieTcss odpa3aMy TPEX TOo4YeK, He JIeYKAIuX Ha, OHOM
npamoit. Ilycrs Touku 0, 1 u ¢ mepexoidar B 2g, 21, 22 COOTBETCTBEHHO.
Torma nanHoe mpeobpa3zoBaHre 3a0a€TCst (popMyaoit TpedyeMoro BuIa,
B KOTODO#t ¢ = 20, a = (21 + 22 — 229)/2, b = (21 — 22)/2. I3 ToT0, uTO
20, 21, Z2 He JIeYKaT Ha OJTHOW TPSIMOIA, cyieyer, uTo |a| # |bl.
16.1.7. Ilycts € = cos%7T + 7sin 27” Torna touku 1,e,e2,...,e" 1
SIBJITFOTCS BEPITUHAMHU TPABUJIBHOTO N-yrogbHUKa. COTyIacHO Tpejibl-
JyIiei 3aj1ade MOXKHO CUUTATh, 9TO BEPIIMHAMU JAHHOTO MHOI'OYI'OJIb-
HUKa SB/IA0TCH Touku ac® + be F k = 0,1,...,n — 1. 3HaunT, Heurp
k-ro TpaBUILHOIO N-YTOIBHUKA 2 YIOBIETBODsieT paBeHCTBY act! +
beF 1 — 2, = e(ag® +be™F — 2;.). Orcroma erko moyunTsH, UTO 21, 0OPA-
3YIOT TeOMETPUYECKYIO TTPOTPECCUI0 ¢ 3HAMEHATETEeM €, T. €. IBITI0TCH
BepIIMHAMA TTPABUJIBHOTO N-yTOJbHUKA.

16.2 KomMruiekcHbIE YnCJia M KPYTOBbIE TpeoOpa3oBaHU.

[TpeobpazoBanme KpyTroBoil MJIOCKOCTH, COXPAHSIONIee 0000IEHHbBIE
OKPY2KHOCTH, Ha3bIBAETCHA KpPYy206ui.m. lIpom3Bo/ibHOe OT/IMYHOE OT IO-
JI00MsT KPyroBoe mpeoOpa3oBaHue MOXKeT OBITH IPeJICTAB/IeHO KAaK KOM-
MTO3UTINST WHBEPCUH U JIBUKCHU.

16.2.1.° YerBépKa KOMILJIEKCHBIX YHUCET 21, 22, 23, 24 V/AOBJIETBOPSET pa-

BEHCTBY gz:z%%z:z‘;

KOCTHU, COOTBETCTBYIOIINX UUCAM 21, 22, 23, 247
1) OHu ABJAIOTCS BEPITUHAME TTAPAJLIEIOTDAMMA.

= 2. UTo MOXXHO CKa3aTh 0 YeTBEPKE TOUEK IIIOC-

2) Onu JiexkaT Ha OJHOW IPAMOI WK HA OJHON OKPYZKHOCTH.
3) Ilnomans Tpeyrosbauka 02129 paBHA ILIOMIAIU TPEYTOJbHUKA
02324 (Touka 0 — HAYATO KOOPJIMHAT).

16.2.2. /lokaxkuTe, 9TO Mpeodpa30BaHie KOMILIEKCHON ILJIOCKOCTHU SIB-
JIIeTCA KPYTOBBIM TOTZIA M TOJILKO TOTIA, KOTJa OHO 33JaéTcs Ipo0-
HO-JinHedHol dyuknueir Buga f(z) = (az + b)/(cz + d) wim f(z) =
(aZ+b)/(czZ 4+ d), tae ad — be # 0.

16.2.3. Jlokaxkure, 9TO JJIs JIIOOLIX IIECTH pa3andHbIxX Touek A, B, C,

A’, B, C' cymecrByer poBHO JBa KPYTOBBIX IPEOOPA30BAHUS, IIEPEBO-
nammx As A, Bs B, C s (.
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Jls0tinoim omHoweruem IeTHIPEX KOMILTEKCHBIX YUCesI a, b, ¢, d, Tie

_ (a=c)(b—d)
a # d, b # ¢, Ha3BIBaeTCsI KOMILTEKCHOE 9uciio (a, b, c,d) = (IR
16.2.4. JlokaxxkuTe, 9TO IJI JAHHBIX BOCHBMM Pa3JIUIHBIX Touek A, B,
C, D; A, B, C', D' kpyrosoe npeobpazosanne, nepesonsmee A s A’
B B, CsC(C' DB D, cymecrsyer TOrga M TOJBLKO TOTHA, KOTJIA
JUIsE COOTBETCTBYIOIIUX KOMILJIEKCHBIX YHUCEJ BBIIOJIHACTCA PaBEHCTBO

(a,b,c,d) = (d',V,c,d') nmu (a,b,c,d) = (', 0, ,d).

16.2.5. Jann! asa Tpeyroasanka ABC u A'B'C’. Jokaxnre, 4To Cy-
IIIECTBYET MHBEPCHUs, epeBoadinas Tpeyroabunk ABC B TpeyroabHuk,
pasuniii A'B'C’.

16.2.6. /lan wermipéxyrombank ABCD. JlokaxuTe, 9TO CyIECTBYET
WHBEPCHSI, TIEPEBOIAIIAS €T0 BEPITUHBI B BEPITUHBI TTapasIIeIoTpaMMa,
IIPUYEM BCe MMapaJIaelorpaMMbl, TIOJyYeHHbIe B pe3yJibTaTre TaKuX WH-
BepCHUii, MO00HBI.

Cwm. Taxxke 3amaay 14.10.4 (¢) m. «uBepcus».

JlomorHUTEIHbHBIE 3aa9N

16.2.7. (a) Ilycrb a, b, ¢ — KOMILJIEKCHBIE YKC/Ia, COOTBETCTBYOIIUE HE
JezKaImM Ha, o/iHo# npsamoit toukam A, B, C; f(z) = (z—a)(z—b)(z—c).
Hokaxkure, 910 JIBe TOYKMW, COOTBETCTBYIOIIHE KOPHAM ITPOW3BOJIHOMN
f/(2), n3oroHaIBHO COMPAKEHBI OTHOCUTENLHO Tpeyroabunka ABC.
(b)* Banuncom IlImetinepa Tpeyrombauka ABC Ha3bBaeTCS 9J1-
JIUTIC HAuOOJIbINEHN TII0MIA/IN, JIEXKAIUN BHYTPH TpeyroJbHuka. Jloka-
x’ure, 4ro Pokycsl sjuiunca [lreiiHepa cCOOTBETCTBYIOT KOPHSIM IIPOW3-

soguoi f/(2).

16.2.8. Ilycth a, b, ¢ — KOMIIJIEKCHBIE YHNCJIa, COOTBETCTBYIOINE TOY-
kam A, B, C, npuuém |a| = |b| = |c¢| = 1. Horaxure, ar0 TOUKN L7,
79 M30TOHAJIBHO COMPSKEHBI OTHOCUTEILHO Tpeyroabauka ABC Torma
1 TOJIbKO TOIJIA, KOrJIa COOTBETCTBYIONIHE KOMILJIEKCHBIE YUCAA YI0BJIE-
TBOPSIFOT COOTHOIIEHUIO

z1+ 29 +abcz1zo =a+ b+ c.
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CTOPOHAX YeTLIPEXYIOJbHUKA, IIPOXOISIIUNA Yepe3 CepesuHbl ero Iua-
roHaJiei, 3a UCKJIIOYCHUEM KOHIIOB.

Jlns napaJjuiesiorpaMMa, OTBET OYeBUIeH.

[Iycrs P u Q — cepeaunbl nuaronasieir AC' u BD JaHHOTO 4eThIPEX-
YTOJIBHUKA, OTJMYHOTO OT mapasuiesorpamma (cMm. puc. 1.54 6). Torma
Sapp + Scpp = Sapg + Scpg = Sacp/2.

Ecmu Trouka M gpexwur Baytpu ABCD na PQ, o Sapy = Sopwm
(rak kax Touku A u C pasnoyunasenst or PM) u Sppyr = Sppas (Tak
kak Touku B u D pasroymasiens or PM). Takum obpasom, Sapy +
Scpm = Sap +Scpp + Sapm + Sepv — Scpv — Sppym = Sapp +
Scpp = Sapcp/2 = Sapm + SBcu-

Ecnau Touka M He jeKuT Ha YKa3aHHOM OTpPe3Ke, TO, JeHCTBYd aHa-
JIOTHYHO, IIPOBEPSIEM, UTO YKAa3aHHOE B yCJIOBHHU PABEHCTBO HE BBHIIIOJI-
HACTCA.

17.3 ITocrpoenus. Ammk mucrpymentos (2). A. A. I'as-
PUAIOK

[Tpu m3yvennn maTepuasa 3TOr0O pasjiesna KejaaTeTbHO 3HAKOMCTBO
c § 13 «OKpyKHOCTb» U PEKOMEHJ/IOBAHHOI B HEM JINTEPATYPOIL.

17.3.1. (a) Janbl jBe napaJuiesibHble NPAMbIE, HA OJHONW U3 KOTOPHIX
naH orpe3ok. C ImIOMOINBIO OJHON JUHEHKH Pa3Ie/IUTe ero IOIOJIaM.

(b) Jlaubl jgBE MapaJiiebHBIE TPSIMble, Ha, OHON M3 KOTOPBIX JaH
oTpe3ok. C MTOMOIILIO OTHON JTMHEWKW yIABOWTE €ero.

(c¢) Jlanbl jaBe napaJuieibHble MPsMble, HA OJHOM U3 KOTOPBIX JaH
oTpe3oK. C TTOMOIIBIO OJTHOM JUHEHKHW pa3jieTuTe ero Ha 1 PaBHBIX Ya-
CTell.

Cp. c zagaueir 14.9.5 . «IlenTpasbHast MPOEKIUs U TPOEKTUBHBIE
npeobpaszoBanus’ .

17.3.2. /lanbl OKpYKHOCTH w, €€ nuamerp AB u Touka X. C MOMOIIbIO
OJIHOM JIMHEHKN MOCTpOoiiTe TMepleHaAnKyasap n3 Toukn X Ha AB, ecim
Touka X JIEXKUT

(a) ne na okpyxxuocru; (b) Ha OKPYKHOCTH.

17.3.3. aHbl OKPYKHOCTH w 1 TouKa X . C MOMOIIBIO OTHOM AUHEHKN
1ocTpoiiTe (Bce BO3MOXKHBIE) KACATe/bHbIE, IIPOBEJAEHHDIE U3 TOYKU X
K OKPYKHOCTHU, €CJI TOYKa X JIEKUT
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(a) Bue okpyxknocru; (b)) HA OKPYKHOCTH.

17.3.4. Ilpu oMoy TOJIBKO IMUPKYJId IIOCTPONTe 00pa3 JaHHON TOUKH
X 1pu WHBEPCUM OTHOCUTEHHO JAHHOU OKPYKHOCTU W.

17.3.5. Jana okpyzKHOCTb Ha ILIOCKOCTH. C IIOMOIIBIO JBYCTOPOHHEM
quHeiiku mocrpoiire eé meHTp. (C MOMOIIBIO JBYCTOPOHHEH JTHHEHKN
MOXKHO TIPOBOJIUTH MPAMYIO 4epe3 JBe TOYKU, MPOBOJIUTH NMPAMYIO, Ta-
paJLIeJIbHYO IIPOBE/IEHHOI paHee IPAMOl U OTCTOLMIILYI0 OT HEeE Ha pac-
CTOsSIHUE, PaBHOE IIUPUHE JUHENKU, a TaKKe IIPOBOJIUTH Yepe3 JBe TOY-
KU, PACCTOAHNE MeXKJ/Iy KOTOPBIMM He MeHbIle MUPUHBI JUHEHKHN, IBe
napaJjiebHble TpsaMble, PACCTOIHIE MeXKJIY KOTOPBIMU PaBHO MUPUHE
JIMHEHKH. )

17.3.6. [Hannr mpsamas [ m orpesok OA, eit mapanensusiit. C momo-
IO ABYCTOPOHHEHN JIMHEUKN IMOCTPONTE TOUKH Ilepecevuenus: mpaMoi [
¢ oKpykHOCTBIO pajuyca OA u ¢ nearpom B Touke O.

17.3.7. Ilpu momMoImmm TOJBKO IUPKYJsS ITOCTPONTE OKPYKHOCTH, IIPO-
XOJIATILYI0 4epe3 TPU JaHHbIE TOYKM.

17.3.8. 3agaya Amossonus. [locTpoiiTe OKPYKHOCTH, KACAIOIILYFOCS
TPEX JIAHHBIX, ITPU TTOMOIIY TIUPKYJIs W JTUHEHKH.

B nocsrepyromux 3a1aqax 3TOro myHKTa nocmpoeruem OyaemM Ha3bl-
BaTh HEKOTOPYIO TOCJIEIOBATEILHOCTD CACTYIONINX 3JIEMEHTAPHBIX OTIe-
parmii:

— € IOMOIIIBIO JIMHEHAKN IIPOBECTH IPsIMYIO Yepe3 JIBe JAaHHbIe WJIn
paHee IMOCTPOEHHBIE TOYKH;

— C MOMOIIIBIO ITUPKYJIS TOCTPOUTH OKPY2KHOCTH C IIeHTpoM A 1 pa-
munycom BC, tme A, B, C — mannble Wan paHee TOCTPOEHHBIE TOYKH;

— HaWTH TOYKM MepecedeHns IByX JAHHBIX WK PaHee IMOCTPOEHHbBIX
JuHU (IPAMBIX MJIM OKPY2KHOCTE ).

B mocaeayromux TeopeMax HUKAKHE JPYTHe OIEPAllnd He pa3pe-
MafoTesad (B OT/IMYUME OT MPEeIBIIYIINX 3a/ad, TJe pasperreHa, HAlPHU-
Mep, OMepaIis «B3SITh MPOU3BOJLHYIO TOUKY yKe MOCTPOEHHOTO MHO-
JKecTBay ). B 4acTHOCTH, €C/IM M3HAYAIBLHO HE JaHbl XOTs Obl JIBe TOUKH,
HUYEro MOCTPOUTH HEJIb3s.
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17.3.9.% Teopema. OTpe30K IJIMHBI G MOXKHO IOCTPOUTL LUPKY/IEM
1 JIMHENKON, nMest OTPE30K JIJINHBI 1, TOT/a U TOJIBKO TOTJIa, KOIJla YMuC-
JIO @ MOXKHO TOJIYYUTDb U3 YHACTA 1 TPUA TTOMOIIHY CJIOYKEHWH, BBIYUTAHUM,
YMHOXKEHU, NeJIeHUi Ha HEeHYJ/IeBble YUC/a M U3BJI€YeHUI KBa/PATHLIX
KOPHEN U3 MOJIOKUTEJTBbHBIX YNCEJI.

17.3.10.* Teopema (Mop—Mackeponu). Jlto6oe mnocrpoenue, ocyie-
CTBUMOE IUPKYJIEM U JUHEAKOM, MOKHO OCYIIECTBUTH OJHUM IUPKYJIEM
(mpsiMasi CYUTaeTCs MOCTPOEHHOM, eCJIi TIOCTPOEHbI JIBE PA3/IUIHbIE Jie-
JKarmpe Ha Heil Toukw, cM. [Fu87]).

17.3.11.* Teopema (Illreitrep). JIroboe mocTpoeHue, OCYIECTBHMOE
IMUPKYyJIeM U JIMHEHKOIl, MOXKHO OCYIIECTBUTH OJHON JIMHEHNKOWN, eCciun
HAYEepPUEHA OJHA OKPYXKHOCTH U OTMedeH €€ HeHTP (OKPYKHOCTH CUU-
TaeTCd IIOCTPOEHHOM, eCjud IIOCTPOEHbl €€ MHEHTP U JexKkalllas Ha Heil
TouKa, CM. [Smol).

CJIe,ZLyIOLLIaH 3aa4a IIpeJHa3Ha4etda AJid 3aKpeEIlJledud MaTepuaJla.

17.3.12° Ilonb3ysacek Teopemamu Mopa—Mackeponn u Il teiirepa, onpe-
JleJINTe, KaKie HHCTPYMEHThI HeOOXOAUMbI JIJIs IIOCTPOEHHUS [IEHTPa JTaH-
HOI OKPYZKHOCTH.

1) upKysib U JuHeKa; 2) TOJBKO JWHENKa; 3) TOJBKO MUPKYJIb.

YKa3zaHusi, OTBETbI U pellleHns

17.3.1. (a) [lycts AB — nannbiit oTpe3ok. Bozpmém Touky X BHE T10-
JIOCBI, OTPAHUYEHHOM JAHHBIMU IpAMbIMU, 1 Haiiaém Touku C' u D 1e-
peceuennst mpaMbix X A u X B ¢ npsimoit, ormmanaoit or AB. Ilycrs Y —
TouKa mepecevenus auaronasieit Tpanenuu ABC D. Torna npamas XY
JeJINT OCHOBAHUS TPAMEIH TOMOIaM.

(b) Bosbmure Ha Apyroii MpsaAMOii POU3BOJIbHBIA OTPE30K U pas/ie-
JINTE €ro TMOTIOJIaM.

(c) BosbMuTe Ha IpyTroii MpsIMOii TIPOU3BOIBHBIN OTPE30K U, TIOBTO-
PUB HECKOJILKO Pa3 IpeAblAyllee IOCTPOeHne, YBeIUIbTe ero B 1. pas.

17.3.2. Ecan npaubie X A, X B BTOPUTIHO TIEPECEKAIOT OKPYKHOCTH
B Toukax B’, A’, To Touka nepeceuenns npambix AA" u BB’ — opro-
IEeHTP Tpeyroiabanka X AB.
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[fest] [MTects decrusaseit (marepuasnbl Poccuiickux  decrusasei
10HBIX MaTeMaTukoB). Kpacuomap: TTHMII, 1996.

|[Fu87]  ®@yxc /. loctpoenns ogaum rmpkysem // Ksant. 1987. Ne7.
C.34-37.

[Smo|  Cwmozoporcescruti A. C. Jluneiika B TEOMETPUIECKAX TTOCTPOE-
auax. M.: Tocrexuznar, 1956.

18 Crepeomerpus

Yyx0OuHa TaK e CPOJCTBEHHA OTYM3HE,
Kak Tynuky coceactByer mpoCTpPaHCTBO.

U. Bpodckuii.

18.1 3agaum Ha IIPOCTPAHCTBEHHOE BOOOpakeHUe
M. A. Kopuemrxuna, U. A. [Iywxapes

3agaau 0 TpaekTopusax npugymMans! mo morusam [Do, SE|, a mHOTHE
3aja49n 0 dpurypax n3 Kyoukos — mo motrusam |[Ag|, cm. takxke |R].

18.1.1 ®urypsbl u3z Kyoukon

Bynem paccmarpuBath Tpu (OPTOTOHAIBHBIE) TPOEKIMN TTPOCTPAH-
CTBEHHO# (bUrypbl — BUJ, CIIEPEJU, CBEPXY W CIIpaBa (CM. LpUMep Ha
puc. 1.56).

18.1.1. CymectByet jint buUrypa, He sIBJISIFOIIAACST KyOOM, IPOEKITHsT KO-
TOpO# Ha KaK/IyI0 'PaHb HEKOTOPOTO KyDa COBIAIAET ¢ MPOEKITHEil Bee-
TO 9TOTO Ky0a?

Hepywxotl Oynem HasbpBaTh (PUTYPY, CKJICEHHYIO U3 OJUHAKOBBIX
KyOMKOB (IpaHU CKJICHBAIOTCS TEJIMKOM ), €CJIN W3 KayKI0r0 KyOrKa MOXK-
HO JT00paThCs A0 JII0OOTO APYTOro, Mepexoisd n3 Kyonka B KyOUK TOJIBKO
Jepe3 colpukacaoruecs rpanu. Ecian y Bac ectb KyOuku, To mepes pu-
COBaHUEM HUI'PYIIKHA MOXKETE CJIeJIaTh ee MOJIEJh.

18.1.2. (a,b) HapucyiiTe urpymky mo Tpém e€ mpoekiusamM Ha puc. 1.56.
(c) (3arazka) OHO3HAYHO JIM UIPYIIKA BOCCTAHABIUBAETCS 110 TPEM
e€ TIPOEKITIAM !
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Pwuc. 1.56: Tpu npoekimn

Puc. 1.57: Knergarbie purypsr

18.1.3. (a) U3 ryreruarsix dpuryp Ha puc. 1.57 BeibepuTe Tpu, KOTOPHIE
MOTYT OBITH TpeMsl TPOEKITUSIMHU OTHON U TOH YKe WIPYNIKU (BpaliaTh
Kjerdarble pUrypKu Hesb3s). Hapucyiite 9Ty UrpyuliKy.

(b) st kakoi#-HUOY b APYTOil TPORKHU KIeTIATHIX (DUTYDP W3 TPH-
BefleHHBIX (Ha Bart BeIGOp) 00bscHUTE, TTOYEMy OHa He MOKET 06pa30-
BBIBATh HAOOP TpeX MPOEKITHil OJHON W TOMH »Ke UTI'PYIITKH.

18.1.2 TpaekTopun

Puc. 1.58: Jluauga B mapaJiieienuiiesie
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Pwuc. 1.59: BoccranoBure TuHNWI0 B MapaJsieenuiie/ie o ee TPOeKITIM

18.1.4. (a) B mapasnenenumee pazmepa 1 X 1 X 2 HApUCOBAIN JIMHUIO,
cM. puc. 1.58 caeBa. I300pa3uTe e€ By ciepen U CIIPaBa.

(b,c) Boccranosure juHMI0 B apaJieenumnese pasmepa 1 X 1 X 2
110 €€ BUJaM CIlepe/in U cupaBa, cM. puc. 1.59.

(d) (Baragka) OsHO3HAYHO JiM BOCCTAHABIUBAETCS JIMHUS 110 JBYM
e€ IIPOEKITAM !

18.1.3 Pucosanue

18.1.5. (a,b) Ha noBepxHoCTH CTEKJIIHHOIO KyOa HApUCOBaJ/IM JIMHUIO,
cM. puc. 1.60 (mpeacraBbre cebe, 9TO MO TMOBEPXHOCTH KybHa MPOTIOJI3-
Jla YJIUTKA, OCTaBJsAsi 3a coboii 3aMeTHbI cien). V3obpasure eé Buj
criepejin, CBepxy | CITPaBa.

g /

™S\

Puc. 1.60: JInaun Ha TOBEPXHOCTU CTEKJISTHHOTO KyOa

18.1.6. (a,b) Ilo Bugam cuepenu, ceepxy u cupasa ua puc. 1.61 Boccra-
HOBUTE JIMHUIO B KyOe (T.€. IIPOXOJSIIYIO 110 IIOBEPXHOCTU UM BHYTPH
Ky0Oa; mmpejicTaBbTe cede, 9T0 KyO 3aIloTHEH BOJON W BHYTPHU IOJTYIUB-
IIErOCs aKBAPUYMa WU BJIOJIH €r0 CTEHOK MOYKeT IJIaBaTh PHIOKA).
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BUJI CIIEPEeJIN  BUJI CBEPXY  BUJ CIIpaBa

C

.

Puc. 1.61: Ilpoeknuu auaum B Kyde

18.2 PucoBanme. A.B. Ckonenkos (1-2)

IIpedmem mamemamury, HACMOALKO CEPLE3EH, 4IMO NOACIHO
HE YNYCKAMb CAYYGES 0EAAMb €20 HEMHO20 3GHUMAMEADHDIM.
b. llackanw.

IIpocTpancTBEHHOE BOOOpaskeHMe HEOOXOJMMO B Pa3HBIX 00JacCTIX
3HAHWSA W TEeXHUKU, IIPEXK/Ie BCEr0 B MaTeMaTHKe, IPOrPaMMUPOBAHIT
n duszuke. Bojee ToOro, 3TM HaykM 4acTo padOTAIOT ¢ MHOTOMEPHBIM
npocrparcTteoMm! IlosTomMy mo€3HO W paHO HAYMHATH PA3BUTHE TPO-
CTPAHCTBEHHOTO BOODpaYKEHWs, W HE TPOIYCKaTh 3TO Pa3BUTHE, TayKe
ec/ii He IMOJIYyIUJI0Ch HadaTh pano. IIpocrpamcrBennoe BooOpazkeHme
SIBJISIETCSI BaXKHBIM ITPEJIBAPUTE/THHBIM YMEHUEM, & €0 Pa3BUTHE — OJI-
HOM M3 cBEPX3a/1ad IKOJBHOTO KypCa CTEPEOMETPUH M JTaxKe 0a30BBIX
VHUBEPCUTETCKUX KYPCOB T€OMETPHM M TOMOJIOTHH.

IIpu sTOM MHOTHWE 3aJla9u B 9TOM TEKCTe SBJIAIOTCA CKOpee 3aHU-
MaTeJbHBbIMU, YeM MaTeMaTudecKuMu. /Ias ux perienus He TpedyeTcs
TIpeIBAPUTEIbHBIX 3HAHNH 110 cTepeoMeTpun. OHI UCTIOIB30BAINCE s
6-11 kjaccHUKOB Ha Kpy2KkKax «OJuMIInabl 1 MaTeMaTUKa» B IIKOJIE
«Murennekryasy u MITHMO, a tak:xe B MocKoBCKoii JieTHe#l MaTemMa-
taeckoit mkoJe. baarogapio A.M. CrubresBa 3a 006CyKIeHU.

18.2.1. Hapucyiite ceuenne Kyba IJIOCKOCTBIO, KOTOPOE SIBIASIETCS

3SHampumep, HECKOIBKO EPBBIX 3aHATHI kypcos Tonojgorun Ha PUBT u ®OIID
M®TU oreenenst Ha Takue 3amaun [Ku|. VI3 mpuBeseHHBIX HUXKe 33729 HUCIIOJb-
3YIOTCS JIUIb HEMHOTHE, B OCHOBHOM Pa30UPAIOTCs «TOIOJIOTUYECKUE» HATJISTHbIE
3amaqn [Sk, §2], cm. Takxke [Fr|.
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(a) npaBuibHBIM TpeyrosbaukoM;  (b) KBajparToM;
(¢) TpaBUIBHBIM MIECTHYTOJBHUKOM.

Coobpasute, moueMy cedeHme Kyba TIJIOCKOCTHIO HE MOXKET ObITh
IIPABMJILHBIM N-YTOJbHUKOM mpu n > 7. OHO He MOXKeT OBITh M IIpa-
BUJIBHBIM TATHYTOJBHUKOM. HO 49TOOBI JI0Ka3aTh 3TO, HYXKHBI MUHU-
MaJIbHBIE 3HAHUS 110 CTEPEOMETPUMN.

18.2.2. N3 27 opmnakoBbIX KyOuKOB cocTraBjeH Kyd 3 x 3x 3. Hapucyiire

(a) exa (T.e. 0ObeAMHEHNE TIEHTPAJIBHOIO KyOUKa n KyOUKOB, HMe-
IOIUX ¢ HUM OOIIIYIO IPAHb);

(b) To, UTO TOIyYAETCST TIPU BBIKUIBIBAHUN YTJIOBBIX KyOWKOB 13
Ky0a;

(¢) To, 9TO TOJTyUaeTCs IPU BBIKWIBIBAHUN €Ka u3 KyOa.

18.2.3. MoxkHO M TTPOCTPAHCTBO 3aIOJHUTH TIOTIAPHO HemepeceKaro-
IIUMUCHA €XKaMU?

18.2.4. HapucyiiTe nmpocTpaHCTBEHHYIO (DUIYPY, TPHU IIPOEKIUU KOTO-
POit SIBJISTFOTCsT ( «3AITOJTHEHHBIMUY, T.€. JBYMEDHBIME) TPEYTOJBHIKOM,
KBaJIPATOM U KPYI'OM, COOTBETCTBEHHO.

18.2.5. (a) Hapucyiite nepecedyenue npaBuibHOIO TETPAdAPa C TETPA-
9POM, TOJYUYEHHBIM U3 HEro moBopoToM Ha 90° OTHOCHTEIHHO HPSMOI,
COEIUHSIONIEN CepeIMHbl MTPOTUBOIOIOKHLIX PEGE.

(b) To xe mast 0ObeIUHEHMSI.

(c)* Hapucyiite obbenutenue Kyba ¢ Ky6oM, IOJIYyYEHHBIM U3 HErO
1mopopoToM Ha 60° OTHOCHTEJIbHO OOJIBIION JHaroHaJIN.

(d)* s kaxj0if rpaHu Terpasjpa MpPOBeIeM JiBe IapaJijie/bHbIe
eil IJI0CKOCTH, Je/IdIye KaxKaoe pedpo, He JexKallee B 9TOM IpaHu, Ha
TpU paBHBIX OTpe3Ka. Ha CKoJIbKO "acreil pa3duBaiOT TeTpasiap IpoBe-
JeHHBIE TJIOCKOCTU?!

18.2.6. (a) Kak na 1ByX rBo3/isix, BOUTHIX B TIJIOCKYIO CTEHY, TIOJIBECUTD
3aMKHYTYIO BEPEBKY (C Ts2KeJI0i Melaibio), 4T00bl BEPEBKA He 11a/1aJ1a,
HO TIOCJIe BRIHUMAHUSI JIF000T0 I'BO3JIs Tataia’

(b) HapucyiiTe B mMpOCTpaHCTBE TPU PE3UHOBHIE KOJIBIIA, KOTOPHIE
HeJIb3sl PACIENNUThb, HO IOCIe pa3pe3aHus J00ro U3 HUX OHH PACIerl-
JISLTUCH OBI.
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18.3.21. (a) Ykaxure jBa BpalleHus MPABUILHOIO J0/IEKAdIPa, KOM-
MO3UIUSIMEI KOTOPBIX MOXKHO IIOJIy9UTh JII00OE JAPyroe.

(b) IocTpoiiTe GHUEKINIO, COXPAHSONLYI0 KOMITO3UITHIO, MEXK Ty MHO-
JKECTBOM BpAIICHUI TOMEKA3Ipa W MHOKECTBOM YETHBIX TTEPECTAHOBOK
AT 3JI€MEHTOB.

18.4 Mmuoromepsne (4%). A. 4. Kaneawv-Benos

18.4.1 IlIpocTeiiinne MHOTOTPAaHHUKA B MHOTOMEPHOM IIPOCTPAaH-
crBe. 0. M. Bypman, A. d. Kaneav-Benos

XOpoIIo U3BECTHO, YTO TOYKE ILIOCKOCTH MOYKHO COITOCTABUTDH ITAPY
quce1 — e€ JeKAPTOBbIX KOOPAUHAT (/11 9TOr0 Hy2KHO IIPEABAPUTEHLHO
BbIOpAThH CHUCTEMY KOOPAMHAT, TO €CTh Havas0 KoopauHarT u ocu). Tem
CaMBbIM IIJIOCKOCTH MOYKHO IIOHUMATHL MPOCTO KAK MHOXKECTBO BCEBO3-
MOXKHBIX TIap (X1, T2) AEHCTBUTENBHBIX UHCE. AHAJOTUIHO TPEXMEp-
HOE€ MPOCTPAHCTBO MOXKHO CUHUTATH IIPOCTO MHOMKECTBOM BCEBO3MOXK-
HBIX TPOeK (X1,%2,rs). HakaapiBas Ha YUC/Ia Pa3/JIUIHBIE OMDAHIYE-
HUSI, MBI [TOJIYYNAM ONMCAHUE PA3HOOOPA3HBIX TMOAMHOMKECTB ILJIOCKOCTH
U HpoCTpaHcTBa (IJI0CKUX (PUIYD U TPEXMEPHBIX TeJ).

18.4.1.° /Taubl Tpu HAOOPA YCJIOBUIl HA YUCIA X1, T2, L3
1) Tr1 = Iy = 2:(3'3;
2) 1+ 220 + 323 =0, 321 + 220 + 21 = 1;
3) 23 + 23 — 223 = —1.
Kakune n3 HUX 3a/1a10T MPAMYIO B TPEXMEPHOM MTPOCTPAHCTBE?!

Korma mamepenuit GosbIne, 9eM TpH, KOOPAUHATHBINA ITOIXOI CTa-
HOBHUTC BEAYIIUM: YI00HO ONPedesums, CKazKeM, 1eTbIPEXMEPHOE IIPO-
CTPAHCTBO KaK MHOYKECTBO BCEBO3MOXKHBIX HAbOPOB (X1, T2, T3, T4) U3
YeTBIPEX JeHCTBATE/IBHBIX YUCEL.

B srom mynkTe ompeskom Mbl 6yseM Ha3bIBATL MHOXKeCTBO [—1, 1] =
{z: |z| < 1} gucen, mo momynato He mpeBocxomsmux 1; xeadpamom —
maOKecTBO [—1,1]2 = {(21,22): |21|, |72| < 1} MAp wmcen, xkaxmoe w3
KOTOPBIX TI0 MOJIYJTIO HE TIPEBOCXOANT 1; kybom — MHOKeCTBO [—1, 1]3 =
{(z1, 22, 23): |z1|, |22|, |£3] < 1} Tpoek Takux [aucesn; wemupErmepHvIM
Kybom — deTBEPOK u T. 1. CMm. pucyHok 1.65.
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18.4.18. lokaxkure, uro jroboe n-mepaoe cedenne (n + 1)-mMepHOTO
Ky0a, NEPIeHIUKY/ISAPHOE JUArOHaM M IIPOXOJAINee Yepe3 BepIIHY,
KOMOMHATOPHO SKBUBAJIEHTHO «30HE» B N-MEPHOM Ky0e MexKiy AByMsd
AHAJIONMYHBIMU CedeHusiMu. Tounee, nycrb Ly(a,b) = {(x1,...,2,) |
x; €10,1],a < 1+ ...z, < b}. Hokaxkure, uro L,.1(k, k) kombuna-
TopHO 3kBUBaTEHTHO L, (k — 1, k). Haunure co cayuas n = 3, k = 2,

18.4.19. Ilycrs (rumep)miocKocTb » 1 a;T; = ¢, rjae n > 2, a; > 0,
Y1Caa @; B3AWUMHO TPOCTBIE B COBOKYIHOCTH, TepeceKaeT eJIUHUYHYIO
PEIIETKY, COCTOAILYIO N3 KyOoB. JI0OKasKHUTe, 4TO KOJIMIeCTBO BOZHUKAIO-
o n
LAX 9acTeil ¢ TOYHOCTBIO [0 HapasllebHBIX [IEPEHOCOB PABHO Y i i ;.

18.4.20. /lan n-MepHbIl KyO C HEHTPOM B Hada/e KOOPAWHAT, KOOP-
JWHATHI BEPIIMH KOTOpPOro paBHbI 1. YHumcio n Mbl Oy/ieM Ha3bIBATh
adamMapoGviM, €CJIM MOKHO yKa3aTh HabOp M3 M TOMAPHO OPTOrOHAJb-
HBIX BEKTOPOB ¢ KoopamHatamu +1. /lokaxkwte, uto umcaa 1, 2, 4, 8
xXopoIue, a duciaa 3, H, 6 — HeT.

18.4.21. JlokaxXuTe, 9TO aJaMapoBO UHUCI0, bosbIiliee 2, nmeeT BU 4k.
18.4.22. JIokaxXuUTe UTO BCE CTENEHW TBOMKM — aJaMapOBbI UMCJIA.
18.4.23. JloxaxkuTte, 9T0 9ncao 12 ajmamMapoBo.

18.4.24. /lokaxkwute, uro gucjo 20 agamMaposBo.

Odenn BakHas OTKpBLITasg TPOOIeMa: BEPHO JIM, UTO BCE UNCTIA BU-
na 4k apamaposbr? Cwm. nogpobuee [GDI, m. 7.2] u npusejentbie Tam
CCBLIKH.

18.4.2 MuoromepHbie 00 bEMBI

O0bEM N-MEPHOT'0 MHOI'OTPAHHUKA, OIPEIEIIETC aHAJIOTUIHO ILI0-
mau Gurypsl Ha mwiockocTu (cum. 1. 26.5 «Ilpwanun Jdupuxie u ero
IPUMEHEHWST B TEOMETPUN ).

068EMOM N-MEPHBIX MHOT'OI'PAHHUKOB HA3BIBAETCH 3a/IaHHAS HA MHO-
JKeCTBEe MHOTOTPAHHUKOB HeOTpUIlaTeTbHasd (PyHKIUS V| yI0BIETBOPS-
IOTTAS CAETYIONINM YCIOBUSIM:

— ecjii MHOTOTpPAaHHUK M| MOXKHO JIBUYKEHUEM IePEeBECTU B MHOI'O-

rpannuk Ms, To V(My) = V(Ms);
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— V(Ml U MQ) = V(Ml) + V(M2> — V(Ml N Mz);

— 00béM JTr000r0 ToMHEOXKECTBA (N — 1)-MepHOI THIIePIIOCKOCTH
paBeH HYJIIO;

— 00bEM Kyba ¢ pebpoMm a paBeH a'’.

Wcnonn3ys 3T cBOiicTBA W TIpU HEOOXOAWMOCTU BEPXHWE W HUXK-
HUe OIeHKN, MOXKHO HAalTH 00bEM JII0OOTO MHOTOrpanunKa. Hampumep,
00bEM N-MepHOU mUpaMuIbl 331aéTcd dpopmysion V = %Sh, riae S —
(n —1)-MepHBIH 00bEM OCHOBaHUS MUPAMUJIBI, & h — €€ BeicoTa. MOXKHO
TaKyKe HaXOJIUTh 00BEMBI HEKOTOPBIX N-MEPHBIX TeJT (T.€e. OTpaHWIEH-
HBIX [IOJIMHOZKECTB 7-MEDPHOI'0 IIPOCTPAHCTBA), HE ABJIAIOIIUXCA MHOIO-
I'PDAHHUKAMHA.

18.4.25. Y 100-meproro apbysa (1mapa) pajgnyc paser 1 MeTpy, a ToJI-
mHa KOpKu — 1 cM. Kakoit nporenT ero o0béma 3aHUMAET MSIKOTH !

18.4.26. /lokaxkuTe, 9TO B € JUHUYHBINA Ky0O JOCTATOIHO OOJIBINON pa3-
MEPHOCTA MOXKHO TTOMeCTUTH 37anme MI'Y, T.e. cymecTByeT Tpéxmep-
Hasl TIJIOCKOCTh, B TIepecedeHre KOTOPOo# ¢ KyDOM MOXKHO ITOMECTUTD ITO
3/TaHne.

18.4.27. YKaxkuTe Kakoe-HUOYIb TaKOe N, 9TO B N-MEPHbBII e IMHUIHbBINA
Ky0 MOXKHO MOMECTUTh KpyT paauyca I.

18.4.28. YKaxkuTe KakKoe-HUOYIb TaKOe N, YTO B N-MEPHbBIH ¢ IMHUIHBIHA
Ky0 MOXKHO MOMECTUTDH Tap pajamyca R.

18.4.29. VkaxkuTe Kakoe-HUOYIb TaKOe N, 9TO B N-MEPHbBIN € TMHUIHBIA
Ky0 MOYKHO MOMECTUTh N-MepHBIN 1map pajanyca R.

18.4.30. K gemy cTpemMuTcsa o0bEM n-MepHOTO Tapa paganyca 2015 mpn
n — oo?
N3BecTHO, 9TO 00BEM N-MEPHOIO ITapa pajanyca R paBeH

7.‘.n/2
By= o
I'(n/2+1)

o

re I'(z) = [y*e Ydy, z > 0 —3HamenuTast 2amma-@ynkyus Jitepa.
0

Ona goomnpegesisier GpakTOpuaa Ha KOMILIEKCHYIO II0CKOCTh: (k) =
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(k + 1)! opu nesom k u I'(2) = I'(2 — 1)z. Ilocnennee paBeHcTBO 1103-
BoJisier noonpesenuth 1'(z) takke m mpu Re(z) < 0. U3secrno, [ro
['(z)I'(1 — z) = w/sin(7z), B wacraocru ['(1/2) = /7 /2.

18.4.31. HaiiguTe mioma b MOBEPXHOCTU N-MEPHOTO IMapa €IUHUIHO-
ro 0b6bEMA.

18.4.32. Haiigure 00bEM N-MEpPHOIO CHUMILIEKCA C €IUHUYHBIM ped-
poMm. Haitnure pedpo n-MEpHOro CHUMILIEKCA C €JIUHUYHBIM O0BbEMOM.
(OmpesiesieHust n-MepHBIX CUMILIEKCA W OKTa3/[pa MpuBeeHsl B 1. 18.4.1
«KombunaTopHast TeOMeTprsi B MHOTOMEPHOM TIPOCTPAHCTRES. )

Juamempom orpaHTIeHHOTO TTOAMHOXKecTBa M n-MepHOTO TPOCTPaH-
crBa HazwiBaerca sup{| XY |, X,Y € M}, rne dist(X,Y) — paccrosiame
Mexk 1y ToukaMu X u Y.

18.4.33. Haitnure 06bEM n-MEpPHOTO OKTas3Jpa C eIUHUIHBIM PeOpOM.
Haitiure nuaMerp n-MepHOrO CUMILIEKCA C €JIMHUYHBIM 00bEMOM.

18.4.3 O0BEMBI U ceueHud

xr mupux = 0,

ObosmaunyM x4 = max(z,0) = 0 mpuz >0

OmEPLMOot NOAYNAOCKOCTHIO HABBIBAETCST MHOXKECTBO TOYEK T1JI0C-
KOCTH, JICYKAIUX CTPOTO TI0 OJIHY CTOPOHY OT HEKOTOPOil TpsiMoit. 3a-
MEHYMOT NOAYNAOCKOCTHI0 Ha3bIBAETCs 00beInHeHre OTKPBITOU I0-
JIYILIOCKOCTH ¥ ee TpaHndHOM mpamoii. llpsavas, 3ajanHas ypaBHEHUEM
az + by + ¢ = 0, pa3buBaeTr MJIOCKOCTh HA JIBE MOJTYIIOCKOCTH (3aMKHY-
TYIO U OTKPBITYIO), KOOPIANHATHI TOUEK KOTOPHIX Y/IOBJETBOPSIOT HEPA-
BeHcTBaM ax +by+c > 0u ax+by+ ¢ < 0. AHATOrTYIHO ONIPeIesTIOTCs
OTKPBITOE U 3aMKHYTO€ NOAYNPOCMPAHCMEO B N-MEPHOM ITPOCTPAHCTBE.

B 3amauax 3TOTO MyHKTA CJI0Ba «OTKPBITOE» U «3aMKHYTOE» OYIyT
OIIYCKATBHCH, IOCKOJbKY HECYIIECTBEHHO, KAKOe MMEHHO IIOJIIIPOCTPAaH-
CTBO PAaCCMaTPUBAETCS.

18.4.34. O6o3uaunm gepes S(a, b, d) miomais nepeceveHus eIuHuIHO-
ro kBagipara K = {(z,y): 0 < z,y < 1} ¢ noaymiockocrbio ax+by < d,
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KomMmbnnaTopuka

20 Iloacyerbr B KOMOMHATOPHUKE

DToT Taparpad MOCBAIIEH B OCHOBHOM BoTpocy «(CKOJIBKO CyTIIie-
CTBYyeT 00bEeKTOB C JaHHBIMU CBOMcTBaMu?». B HEM coOpaHbl MaTepua-
JIBI JIJI CAMOT'0 II€PBOr0 3HAKOMCTBA C IIOJCYeTaMi B KOMOWMHATOPUKE.
IIpomoszkuTh UX M3ydeHue Mbl pekoMerayeMm 1o rrase 1 kauru [GDI].

20.1 Tloxcuerst uncaa cnocobos (1). A. A. TI'aspuatox, /1. A. Ilep-
MAKOS

DTOT YHKT He TpeOyeT HUKAKUX 3HAHWN W MOJXOTUT JIJIsSd TIEPBOTO
3HAKOMCTBa C KOMOWHATOPUKOIA.

20.1.1. (a) Hazoem mHaTypasibHOE WHCIO CUMNAMUYHbBIM, €CJIH B €r0
3alMCU BCTPEYAIOTCS TOJILKO YeTHBIE UM phl. Buinummmre Bee IBy3HAY-
HbIE CAMIATHIHBIE YUCTa U MOJCUNTANTE X KOJUIECTBO.

(b) CKOJIBKO CyHIECTBYET MATU3HAYHBIX CUMIIATUIHBIX TUCE?

(¢) CKOJIBKO CYIIECTBYET MIECTU3HAYHBIX UUCEJT, B 3AIIUCH KOTOPBHIX
ecTh XOTsd Obl OJIHa deTHas 1mdpa’?

(d) Kakux ceMu3HAUHBIX dnces OOJIBINTE: TEX, B 3AMUCA KOTOPBIX
eCTh eJIMHUIA, U OCTAJbHBIX

20.1.2. 13 aAByX MaTeMaTUKOB W JeCATH SKOHOMUCTOB HAJJ0 COCTABUTH
KOMUCCHIO U3 BOCHBMHU 4esioBeK. CKOJLKUMU CIIOCODAMM MOXKHO COCTa-
BUTH KOMHUCCHIO, €CJIM B Hee JO/I2KEH BXOIUTE XOTsI ObI OJIMH MaTEeMATHK

559
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20.1.3. (a) Haiigure cymmy Beex ceMU3HAYHBIX 9HCEJT, KOTOPbIE MOXKHO
MOJIYYUTh BCEBO3MOXKHBIME ITepecTaHoBKaMu 1udpp 1,...,7.
(b) U3 mudpp 1,2,3,...,9 cocraBieHbl Bce YeThIpEX3HATHBIE UNCIA,
He cojep:Kalme TmoBTopsonmxced nudp. Haiianre cymmy stux unce.
(c¢) Haiiaure cymMMy BCEX UeTHIPEX3HAUHBIX UHUCEN, HE COJEPIKAIINX
IIOBTOPSIONINXCA 1TAPP.

20.1.4. (a) Ha aByx KjI€TKax mMmaxMaTHON JIOCKU CTOSAT YePHBIH 1 GesThiii
KOPOJTH. 3a OJIUH XOJI MOXKHO TIOATH JIFOOBIM KOPOJIEM (KOPOJIH JPYIKaT,
TAK 9TO MOT'YT CTOSATH B COCEIHUX KJIETKAX, HO He B OJHOI U TOH xKe).
MoryT 11 B pe3yJsibTaTe UX IepPe/IBUKEHUI BCTPETUTHCS BCE BO3MOXK-
HbI€ BAPUAHTHI PACIIOJIOKEHNS ITUX KOPOJIe, TprdeM POBHO TI0 OJTHOMY
pazy’?

(b) Tor ke BOPOC, €C/IU KOPOJIH PA3YYUJIUCH XOJAUTh 110 JUATOHAJIU.

20.1.5. (a) Haitaure cymmy Bcex 6-3HAUHBIX YHCEN, TOYIaeMbIX [IPU
BCeX nepectanoBkax nmudp 4,5,5,6,6,6.

(b) Haitnure cymmy Beex 10-3HAUHBIX 9UCET, TOJTYIAEMBIX TPU BCEX
nepecTanoBKax mmudp 4,5,5,6,6,6,7,7,7,7.

20.1.6. (a) Tomy Coitepy mopy4usu OKpacuThb 3a00p u3 8 J0COK B be-
JIBLA 11BeT. B custy cBoeit jienu o okpacutT He bosiee 3 10coK. CKOTBKO
y HEro CrocobOB 3TO CJieaTh?

(b) A ckoBKO CTOCOGOB MOKPACUTh HEe Oojiee 5 TOCOK?

(¢) A CKOJBKO CITOCOOOB TIOKPACUTE JIF060€ KOJIUIECTBO TOCOK !

YKa3zaHusi, OTBEThbI U pellleHnus

20.1.1. Omseemw: (b) 2500; (c) 884375; (d) B KOTOPBIX €CTh €TH-
HUTIA.

(b) Pewenue (namucano A. Konouenkosbim). [leppoit mudpoit cum-
MMATUIHOTO YHuCa MoxKeT ObITh 2, 4, 6, miau 8 — Bcero 4 BapuanTa. [Ijst
KaXK]I0i 1MU@PbI CO BTOPOI 10 TATYI0 ecTh 5 BapuanTos: 0, 2, 4, 6, 8.
SHAYUT, BCETO CUMTATHYIHBIX uncea 4 -5 -5 -5 -5 = 2500.

DTO paccyXkJeHrne B KOMOMHATOPWKE HA3BIBAETCH NPABUAOM NPOU3-
sedenua 1 TOIPOOHO obcyKmaeTcs B cTaThe [ViTl].

(c) Pewenue (mamucano A. KosnouenkosbiM). Burarem u3 obiero
KOJINYECTBA IMIECTU3HAYHBIX YNCES KOJMYECTBO MIECTU3HAYHBIX UHCeJI,
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wer). Eciau wer, 1o upemanosiokum, 0e3 orpaHuyeHus: OOIIHOCTH, YTO
2007 ¢ X1 mwaro 2,...,52 € X;. Torma mis Beex j = 2, ..., 52 nepece-
yenue X;MNXopp7 JOJIZKHO COCTOATH POBHO M3 OJHOI'0 3JIEMEHTA, IIPUIEM
Pa3HOIO Jijist Pa3HbIX j (TaK Kak JiloOble IBa MHOYKECTBA I10 yCJIOBHIO
UMEIOT POBHO OJIUH 001wt 91eMenT). Ho 970 HeBO3MOXKHO, TTOCKOIBKY
Xopo7 cocTouT BCcero n3 40 3j1eMeHTOB, UYTO MeHbIe 5H1.

20.2.5. Omeem: na.
20.2.6. Omeem: jaa.
20.2.7. Omsem: (N +1)! — 1.

20.3 ®opwmysa BkiIaw4YeHni u uckiaw4dennii (2). /. A. Iep-
MAKOB

DTOT IIYHKT IIOCBSIIEH JI0KA3aTeJIbCTBY W HMCIOJIb30BAHUIO (POpMY-
JIBI BKJIIOUEHHUN M ucKrodernii. OHa MO3BOJISIET OTBEYATH HA BOIIPOC
«CKOJIBKO CyIecTByeT OObEKTOB C JAHHBIMKI CBOMCTBAaMMK!» BO MHO-
I'UX HEIPOCTBhIX ciaydasx. [forpedytoTcs 0a30Bble HABBIKW PEIIEHUS 3a-
Jlad 1Mo KoMOWHATOpWKe. B 9acTHOCTH, HYKHO YMETH MPUBOIUTH CTPO-
rie J0Ka3aTeJbCTBa C MCIOJb30BAHWEM B3aUMHO OJHO3ZHAYHBIX COOT-
BETCTBUII, IIpaBU/ CYMMbl U IpousBedeHus. Hampumep, 1moja1e3HO IIPO-
pemars 11. 20.1 «Ilojgcuyerbl dmca cnocoboB» MM 3aJa4d U3 CTaTbU

[Vi71].

20.3.1. CKOJIBKHUMH CIIOCOOAMU MOXKHO II€PECTAaBUTh YKUCIa OT 1 110 n,
ITOODBI

(a) u 1, u 2 He OKA3AUCH HA CBOEM MECTE;

(b) poBHO o1HO U3 umcen 1, 2 u 3 OKa3aa0Ch Ha CBOEM MECTE;

(c) xaxmoe u3 uncen 1, 2 u 3 0Ka3aI0CH HE HA CBOEM MECTE;

(d) kaxkmoe u3 uncen 1, 2, 3 u 4 okazaa0Ch He HA CBOEM MecTe?

O6ozuaumm vepe3 ¢(n) dyHKINo Jitaepa, T.e. KOJUIECTBO UUCE
oT 1 70 1, B3aMMHO TPOCTHIX C YUCJIOM 7.

20.3.2. (a) Haiigure xosmuecTBo nesbix unces or 1 go 1001, ne mess-
MUXCcd HA Ha OjHO u3 gucen 7, 11, 13.
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(b) Haitzure ©(1), ©(p), ©(p?), ©(p%), rae p — mpocroe wucio, o >
2.

(¢) Hokaxkwure, uto ¢(n) = n(l — p%) (1 _ p%)’ rie n o= pdt -

s — KaHOHHYIECKOC Pa3J/I0O2KEHUE 9uCJjia 7.

20.3.3. (a) Ha nosty KoMHATE I10ma16i0 24 M2 PaCIOI0KEeHbl TPH KOB-
pa (npousBosbHOI dopmbl) mwiomaso 12 M2 kax e, Torma mwiomas
TIepecedeHnsT HEKOTOPBIX JIBYX KOBPOB He MeHbIe 4 M2.

(b) Ha kadrane pacmosioxkeHo TATH 3ammiaT (MPOU3BOIBHON (hop-
mbl). [lromasb ka0l u3 Hux 60JIbIIE TPEX MATHIX II0MA U KadTaHa.
Toraa moma b 0bIIeil YacTh HEKOTOPBIX ABYX 3alljlaT 0O0JIbIIe OJHOM
IATOM IIOMA M KadraHa.

(¢)* To ke, aro B 1. (b), ecau IO KaxK/10# 3aIIaThl OOJIBIIE
NOA0GUHD, TLTOTIAIN KadTaHa.

B sTOoM myHKTE mpeIararorcs 3aJadu CAeIyIONero THIA: JTaHbI
KoHeuHOe MHOXKecTBO U m Habop cwoiicTt (mommuOKecTB) A C U,
k=1,...,n. Tpebyerca HaiTH KOJUYIECTBO 3JIEMEHTOB, I KOTOPHIX
BBIIIOJIHEHO XOTst ObI 0j1HO U3 coiicrs Ay (1.e. |[A1U...UA,|), mmbo Ko-
JIMYECTBO 9JIEMEHTOB, JIJIsi KOTOPBIX HE BBIMOJHEHO HU OTHO U3 CBOWCTB
A (te. |[U—- (A1 U...UA,)|). dns 37010 NCTTONB3YIOTCS /1B BAPUAH-
Ta, GOpMYJIBI BRIOUEHNH 1 nekmodennit (em. 3amady 20.3.5 (b)). Ipu
9TOM €CJIA BO BCEX IIEPECEUEHMIX MHOMKECTB HA0OPA UUCJIO JEMEHTOB
3aBUCHUT TOJIbKO OT KOJUIECTBA, [IEPECEKAEMBIX MHOXKECTB, TO (POPMYJLY
MOXKHO yripocTuThb (cM. 3azgaqdy 20.3.5 (a)).

20.3.4. Paccmorpum nogmuoxkecrsa Aq, Ag, Ag, A4 KOHEYHOr0 MHOXKe-
ctBa U. /lokaxKnTe paBeHCTBA

(a) A1 UAy = (Al\Ag) LJ (Al M Az) L (AQ\Al);

(b) [A1 U Ag| = [Aq]| + [A2| — [A1 N Ag;

(C) |A1 U Ay U A3| = ‘A1| + ‘AQ' + |A3‘ — |A1 M A2| — ‘AQ M Ag‘ —
| A1 N As| 4+ |A1 N Aa N Asl.

(d) KonugecrBo semenTos B U, He HPUHAIEKAIIUX HE OJHOMY U3
mogmuoxkects Ai, Ao, As, paBHO

‘U|—‘A1|—‘A2|—‘A3|+‘A1 ﬂA2‘+|A2ﬂA3‘+|AlﬂA3|—‘A1 ﬂAQﬂAg‘.
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(e) Ina k =1,2,3,4 obosHauum

M. = Z ‘AilﬂAmﬂ...ﬂAikL

1<ip <. <1, <4

JlokazkuTe, 4TO KOJMUECTBO JEMEHTOB B A, He MpuHAIEXKAIUX HU
omaomy u3 A;, pasuo |U| — My + My — Ms + My.

(f) B ycioBugx 1. (€) KOJMIECTBO 7IeMEHTOB, IPUHAIEXKAIINX POB-
HO OJHOMY M3 MHOXKecTB A;, paBuo M; — 2My + 3Msz — 4My.

20.3.5. ®opmysa BKJIOYEHUN U UCKJIOYeHuii. Paccmorpum nos-

mHOX)ectBa Aq, ..., A, xomeunoro muoxkectsa U. Ilomoxum 1mo ompe-
nesienuio | [ Aj’ =U.
Jj€eo
(a) Iycrs wmcno a)g) := ’ () A;| 3aBucur TOJILKO OT pasmepa |S|
jesS

wabopa S C {1,...,n} HH,aechj)]i, a He oT camoro Habopa. Torpa

n
AL UL UA, =) (—1)FH <Z> v,
k=1
n
U —(A1U...UA,) =S (1) <Z) Q.

k=0

(b) Obozuauum My := >

() A;|, roe cymMupoBanue IPOU3BO-

se(y) €5
JUTCSL TI0 BCEM k-3JIEMEHTHBIM MOJIMHOYKeCTBaM MHOXKecTBa {1,...,n}.
B wactuoctu, My := |U|. Torma
‘Alu...UAn‘ = M, —M2+M3—...—|—(—1)n+1Mn,

‘U—(Alu...UAnN:Mo—M1—|-M2—|-...—|—(—1)nMn.

(c) HepaBeucrBa Boudepponu. /s moboro 0 < s < n/2 crupa-
BE€JIMBbI HEPABCHCTBA

Mi—Mo+Ms—...— My, < ‘Alu. . UAn‘ < My —Mo+Ms—. . . +Mogyq,
My — My + My — ...+ Myg > ‘U—(A1UUAn)| =
> Mo — My + My — ... — Magyq.
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(d) Hucsio 3/1eMEHTOB, IPUHAJIEXKAINAX POBHO T° U3 IIOJMHOXKECTB

Aj,..., Ay, paBHo zn: (—1)F=r (k)]\fl.C

r
k=r

20.3.6. Ha monke ctoat 10 pa3muaHBIX KHUAT.

(a) CROIBKUMEU CIOCOHAMY WX MOYKHO TIEPECTABUTH TaK, YTOOBI HU
OJHa KHUIA HE OCTaJIaCh Ha CBOEM MecTe?

(b) KommuecTBO TakKuX MepecTaHOBOK KHUT, TIPU KOTOPBIX Ha MeCTe
octaércs poBro 4 kuuru, dosbire 50 000.

B cienytomieit 3a/1ate B OTBETE MOXKHO HCIOJIB30BATh CyMMBI (aHa-
J0THaHO hopMysIe BKIIOUEHUH U NCKITIOTEHNIT ).

20.3.7. (a) CrobKUME CIOCODAMU MOXKHO pacceuTb 20 TypUCTOB IO
5 pa3JUYIHBIM JOMUKAM, UTOOBI HU OAWH JOMUK HE OKA3aJICA TMyCTHIM !

(b) CroJibKO CyIIecTByeT pa3iudHbIX CIOpbeKiuit f: Zy — Zy?

20.3.8. Ilo xpyry croar uncaa 1,2,...,n. Haiinure unciao crmocobos
BHIOpaTh k W3 HUX, 9TOOBI HUKAKWE JIBa BHIOPAHHBIX YHUC/Ia HE CTOAIN
PSIJTOM.

(b) Haiizmure dmcsio crocob6oB paccajuTh N Map BPaXKIYIOIUX Pbi-
mapeil 3a KpyTJIblii CTOJ C HYMEPOBAHHBIMU MECTaMH, YTOObI HUKAKUE
JIBA BPaXK/IYIOIINUX PBINAPSA HE CUIAEIU PAIOM.

20.3.9. Ky6 c pebpom amuabl 20 pas3éut Ha 8000 e IMHUIHBIX KYOUKOB,
" B KaXKJIOM KyOWKe 3amnucaHo 4mucjo. VI3BecTHO, 9TO B KaxKJIOM CTOJ-
ouke m3 20 KyOWKOB, IapaJsuiebHOM pedpy Kyba, cyMMma dYuces paB-
Ha 1 (paccMaTpuBarOTCs CTOIOUKY BCeX Tpex Hampas/eHuii). B Hekoro-
poM Kybwmke 3anmcano ducso 10. Hepe3 3ToT KyOUK TPOXOASIT TPHU CHOST
1 x 20 x 20, mapaJsnenbHble TpaHam Kyba. Haitanre cymmy BCcex dmcent
BHE 9THUX CJIOEB.

20.3.10.* CKOJIBLKO CyIIECTBYET IIECTU3HAYHBIX TPAMBANHBIX OWIETOB,
B KOTOPBIX HET JIBYX CEMEPOK PSIJIOM W BCETO

(a) HE BoJiee TpeX CEeMEpOK;

(b) He Gostee TeTHIpEX CEMEPOK;

(¢) CKOJIBKO yTOJIHO CeMepoK”?
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20.3.11.*% Jokaxkure caeayionyo GpopMmy.Iy:

nl-xixe...xp=(r1+x2+ ... +2,)" —

n
— E (xh +xi2+"'+xin—1) +
I<i1<i9<..<tp—1<n
n

+ > (@i, + Ty + oA @ ,)" =+ (DT

1<11<12<..<tp—2<N =1

yKaBaHI/Iﬂ, OTBETbI 1N pPEIICeHNA

20.3.1. (a) Omsem: n! —2(n — 1)! 4+ (n — 2)\.

Yraszanue. Becero nmeercs n! crmocoboB mepecTaBUTh HAIN THCIA.
Borarem u3 #ux (n—1)! cioco6oB niepecTaHoBKM, P KOTOPBIX YUCI0 1
ocraercs Ha mecre. Borarem takzke (n — 1)! crmoco6oB nepecraHoBKH,
IpW KOTOPBIX YUCI0 2 ocraercs Ha mecre. [Ipu srom (n — 2)! cmocobos
IIepeCTaHOBKY, MPU KOTOPBLIX 00a ducaa 1 u 2 oCTaloTCsd Ha MeCTe, MBI
«BbIYJIX ABAXKJIbI». BHaLH/IT, YUCJI0 (n - 2)' HY2KHO ,Z[O6aBI/ITb, LITO6IDI
B UTOIe€ MBI 3TH CHOCOOBI «MIOCYUTAJIH OAUH pas3y. llosydaem orBer:
n!—2(n— 1!+ (n—2).L

Kommenmapudi. 9to perrerne popMaansyercs popMysIoii BKIOUIe-
nuit u uckaodenuit 20.3.5, KOTopyio mpeaaraeTcd JI0Ka3aTh U UCTO b
30BaTh B IOCJIEAYIONINX 3a/1a9aX.

20.3.2. (a) Omsem: 720.

Ilepsoe yrasanue. Hnsa kaxjporo j, aendmiero 1001, obo3naunm de-
pe3 A; mHOXKecTBO wmces ot 1 go 1001, gensamuxca ma j. Torma

1001
|Aj| = — Ap N N Ap, = Apop

JUIST PA3JIUYHBIX [POCTHIX YUCENT Pi,...,DPk. CJeloBaTeibHO, NCKOMOE
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23.1 Koucrpykuun® (1). A. B. Illanosa.nos

Ecan ma Bompoc «Mozker u?» Bbl mogo3peBaere orBeT «Mozkery,
TO CTOUT CIIPOCUTH cebsa: «Kak Takoe MoxKeT ObITh? ». Y TOUYHUTE BOIIPOC:
«KaknMu cBoiicTBaMu 3Ta KOHCTPYKIUs JOJKHA, 00/1a1aTh?». omos-
HUTEJbHOE 3HAHWE TTOMOXKET CUJIBLHO CY3UTh KPYT TMOUCKOB. 3ajaBaiiTe
cebe BOIPOCHI HA IPOTSI?KEHUU BCEr0 IIOCTPOeHus. BbI ¢ yauBjeHHEM
YBUIUTE, KAK MHOI'O KOHCTPYKIINI OKAXKYTCs JIOTHIHBIMA 1 €JUHCTBEH-
HO BO3MOXKHBIMU.

YacTo mpuMepoB MHOTO, a HYXKEH TOJILKO OnH. VI30BITOK CBOOO/IBI
MOXKeT cOMBaThHL C TOJIKY: HEdCHO, C Yero HaumHaTh. [Ipumenute 3dpa-
8uili CMbICA, ecmecmeennbie coobpasrcenus. OHI OIPAHUIUBAIOT TI0JIE
JLISI TIOMCKa, TIpUMepa, HO 3aTO TOUCK yObIcTpsieTcsd u objerdaerca. Bo-
ob111e, BaIm OmMbIT ropa3ao 6osibiiie, 9eM Bl gymaere. OTBETOM MOXKeET
OKa3aTHCSI LOPOULO 3HAKOMDLLT 00BeKm, IIPOCTO HAJLO0 IIOCMOTPETEH HA HErO
10T, HYKHBIM yTJIOM.

23.1.1. YV ABYX TPeyrojbHUKOB PAaBHBI 110 JBE CTOPOHBI, & TAKKe PaB-
HBI BBICOTBI, IIPOBEIEHHBIE K Tperheil cropone. O0g3aTe/IbHO JIM 3TH
TPEYTOJLHUKN PaBHBI !

23.1.2. Bepno au, 9TO B BEepPIINHAX JIFOOOTO TPEYTrOJbHUKA MOYXKHO I10-
CTaBUTH T10 MOJOKUTETHbHOMY YHUCY TaK, YTOOBI JITMHA KaXKJI0N CTOPO-
HBbI OblJTa paBHA CYMMe YuCeJ B €€ KOHIax !

23.1.3. B xpyxXKKe y KaxKJ0TO yIaCTHUKaA POBHO 1o 6 apyseit. Moxer
JIM Y KaXKJI0i Mmaphl YIaCTHUKOB OBITH POBHO TIO JIBa OOIMNX JApyra’

KoncTpykmuio ¢ 001bIIMM YUC/IOM JleTajlieil IPOoIlle CTPOUTDh U3 OJIU-
HaKOBBIX «Kuprmdeits. Jlayke ecim Bce OHM OJMHAKOBBIMU OBITH HE MO-
T'yT, TOMPOOY#iTe B3ATh OAMHAKOBBIX TOOOJBITE. MOXKHO ermé BHIOPAThH
JIBA BUJIQ JleTajieil M TOCYUTATh, CKOJIbKO HY2KHO T€X U JPYTUX.

Hy, a ecin neranm «Jiis cOopku» 3ajaHbl 1 oHU pasubie? Torma cTo-
UT TONBITATHCA OOBEUHUTE ITU YACTUA B 00UHAK06bLE OA0KU, T CTPOUTD
n3 OJIOKOB.

23.1.4. HazoBéMm HeoTpuIlaTEJbHOE II€J0€ YUCTO0 3e6potli, eCIU B €ro
3aICH CTPOTO YepeIYIOTCS YETHBIE W HEUETHRIE TTUMPHI U cpean udp

?Dra mombopKa 3a1a4 cocrap/ena 1o Kauram [Shapl4] u [Shap15.
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ecTh He MeHee TPEX pa3mIHbIX. MoxkeT i pa3HocTb AByX 100-3HAUHBIX
3e0p ObITh 100-3HAYHOI 3€0POii?

23.1.5. I'panu mapaJuiesenuiiea co croponamu 3, 4 u 5 pa3dUTHl Ha
eIMHUIHBIE KJIETKN. B KaXXIy10 KJIeTKY BIUCAJIN 110 HATYPAJTHHOMY YUHC-
gy. PaccMoTpuM BCeBO3MOXKHBIE KOJIBITA MMUPUHON B OHY KJIETKY, TIa-
pajLiesbable KaKoi-nuby b rpanu. MoxkeT ju cymMMa 9uces B KazKJI0M
TaKOM KOJIbIIe OBITH OJTHON M TOM Ke?

B zagauax, rje Tpebyrorcs paBHbIE YaCTH, HIPUXOAUTCS BbIOMPATH
dopmy gacreit. TyT MoXkKeT HOMOYBL TaKOE COOOPaKEHKE: YaCTU 3aBeI0-
MO PaBHBI, €CJU OHU MOJYyYalOTCs JPYT U3 APyra CUMMETPHUEH, CABUTOM
WA TOBOpOoTaMu. TakK, Jid KBaJpaTa IONYJISpPHBI pa3pe3aHud, Iepe-
xojdmme B ceds nmpu moBopote Ha 90°, a 11 TpaBUIBHOIO TPEYTOJIb-
HUKa — mpu moBopore Ha 120°. JI1d cUMMETPUYHBIX OOBEKTOB TIOUCK
mpuMepa HAYWHAIOT C CUMMETPUYHBIX WJIN «IOYTH CUMMETPUUYHBIX»
KOHCTDpYKIuii. CUMMETPUs U Ujiesd «PACIIOJIOKUTHL O0bEKTHI IO KPYIY»
IIpUMEHUMa ¥ B HET€OMETPUUIECKUX 33 Iadax.

23.1.6. Moxno yim pébpa Kyba 3aHymMepoBaTh dmcjaamMu —6, —5, —4,
-3, =2, —1, 1, 2, 3, 4, 5, 6 Tak, 94TOOBI /I KayKJ0i Tpoitku pedep,
BBIXOJIATIINX W3 OJTHOM BEPIUHBI, CyMMa ObLIa 0JTMHAKOBA?

23.1.7. Kpyr pa3pesajn Ha HECKOJBKO paBHBIX dacreil. Obsi3aTebHO
JIM TPAHUTIA KayKJ0M JacTh MPOXOUT Yepe3 TEHTP Kpyra?

Ecan K KOHCTPYKIIMU TIPEIbABISIOTCS MPOTUBOPEYUBBIE TpeboBa-
HUsI, TIPUCMOTPUTECH BHUMATEJIbHee. JacTo 3TW TPOTHUBOPEUUS MHU-
Mble. Tax, 604bwol mepuMerp He IPOTUBOPEIUT MaA0T TLIoIa . Bo-
00111e, CJIOBAM «MHOI'O», «MaJIO», «CUJIbHO» HY?KHO YMeTh HPUIAThH B pe-
IMICHUHU TOYHBIN MaTeMaTUYeCKU CMBICJI C TOMOIIBIO YPABHEHUI 1 HEpa-
BEHCTB.

23.1.8.% B Mope mraBaet aiicoepr B (popMe BBIIIYKJIONO MHOTOIDAHHUKA.
Moxker mu cayunthbest, uTo 90 % ero obbéMa HAXOAUTCS HUXKE YPOBHS
BO/IbI ¥ IPX 3TOM OOJIBIIIE TIOJIOBUHBI €10 ITOBEPXHOCTH HAXOAUTCH BBIIITE
YPOBHSI BOJIBI?

23.1.9. Ecrp Tpm urpaJibHBIX KyOHMKa C HeCTaHJIapTHBIMU HAaOOpaMu
qrcest Ha rpaHsix. CkaxkeMm, 910 KyOuk A ewviuepwuisaem y Kkyouka B, eciim
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IIPY UX OJHOBPEMEHHOM OpocaHuy uuco Ha A Oymer OOJIbIIE 9rCIa HA
B ¢ BepogaTrOCTBIO 60avwe 0,5. MoxkeT sin 1TepBhIit KYOUK BBHINTPHIBATH
y BTOPOI'O, BTOPOIi — ¥ TPETHEro, a TPEeTHii — y 1IepBoro’

(ITpuBeEM paBHOCUILHYIO (POPMYJIUPOBKY ITOM ¥Ke 3aa9u, He UC-
IOJIB3YIOMILY 0 IOHATHE BEPOATHOCTH: /s Hapbl KyoukoB A u B cocra-
BuM 36 ymopsioueHHBIX Tap Buga (rpadb A, rpans B). 3amernm B Kak-
[IOi TIape rpaHb Ha 9uCJI0, cTosinee Ha rpanu. Kyouk A ewviuzpwvieaem
y B, ecyin 6oJiee ueM B [OJIOBUHE 1IAD LIEPBOE YUCJIO OOJIbIIE BTOPOIO.)

[Tomemmars pemuTh 33729y MOI'YT HEBHIUMbBIE ODaphephl B TOJI0BE pe-
maTessi. e/ 09eBuIHOrO peleHns He BUIHO, HAJI0 PACIIUPSITH CIIUCOK
BApUAHTOB, MO BO3MOXKHOCTHU JI0 TIOJTHOTO. MHEPUUA MOWAEHUA TTPOSTB-
JITeTCs B TOM, UTO KJIOUEBO BaApUaHT MPOIYCKAIOT JIMOO HE TTO03PeBa-
10T, YTO BapuaHToB boJiee ojuoro. [Ipumenure «meron [lepioka Xojim-
cay: 0TOPOChTE BCE HEBO3MOXKHBIE C/IYUaU, TOLJIA NOCACOHUT 8aPUAHT,
OKaKeTCd BO3MOXKHBIM, KaKUM ObI HEBEPOATHBIM OH HU Ka3aJICH.

Puc. 2.3:

23.1.10. Ha crose mexar 9 s6s10K, odpazyda 10 psamoB mo 3 s6J10Ka
B KaxkJ0M (cM. puc. 2.3). 3BecTHO, 4TO y JIEBATHU PsJIOB BECa OJ1U-
HaKOBBI, & BEC JIECSTOTO PdAja OTauvaeTcs. ECTb 9/1eKTPOHHBIE BECHI,
Ha, KOTOPBIX 3a pybJIb MOYKHO y3HaATH Bec J11000i rpynmbl s010K. Kakoe
HauMeHbIIIee Yuc/I0 py0J/ieil Ha 10 3aIIaTUTh, YTOObI Y3HATH, BEC KAKOI'O
UMEHHO PsIJIa OTJIMYIAeTCsI?

23.1.11. Moxker sz npgMmasg pa3OUTh KAKOU-HUOYIL IECTUYTOJbHUK
Ha 4 paBHBIX TPEYTOJIbHUKA?
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Pedyrxuyus — 310 cBejénne cI0xKHOM 3aja4um K Oosee npocroii. Tax,
ecJM CJIOYKHYIO KOHCTPYKITUIO He YIAETCd Cpa3y MOCTPOUTH IETUKOM,
oCTpoiiTe €€ Heobrodumyro wacmo. axke eciu 9Ty 4acTb HE YIACTCH
IIOTOM JOCTPOUTH JI0 IEJIOr0, PellleHre YIPOIIEHHON 3a/1adl MOYKeT T10-
CJIY2KUTH Pa3MHUHKOI, TIOC/Ie Yero Bbl BEPHETECH K CJA0XKHON 3a/1a4e yKe
C HAKOTLJIEHHBIM OTIBITOM.

23.1.12. bapon MriouXTay3eH TOBOPHUT, UTO y HETO €CTh MHOTO3HAT-
HOE YHC/I0-NaAUHOPoM (T.€. OHO YUTAETCH OJMHAKOBO CJIEBA HAIIPABO
u crpasa HajeBo). Hamucas ero Ha GymaskHOU JieHTEe, OApOH Cresialt
HECKOJBKO pa3pe3oB Mexmy nmudpamu. Jleara pacmaaach Ha N KYCKOB.
[IepesioxkuB KyCKu B JAPYroM HOPsJIKe, OApPOH yBHU/E], UTO HA KyCKax
Mo pasy 3amucanbl yuciaa 1, 2, ..., N. Moryr jim cioBa 6apoHa OBITH
TIpaBIoii !

[Ipu mocTpoennn KOHCTPYKITUHM MOXKET MeIaTh HEeOIHO3HATHOCTD
BbiOOpa. B y3xom mecme BCE OJIHO3ZHAYHO WJIM HEOIIPEIEJEHHOCTH MU-
HUMaJ/IbHA, YTO COKpalaeT mepebop. Hadap ¢ y3koro mecra, Mbl Jiu-
60 OBICTPO TIPUIEM K MPOTUBOPEYHNIO, JUOO TTOCTPOUM OOJIBITTON KYCOK
koHCTpyKInu. Kak nckars y3kue mecta? [Ipucmorpurech: OHE CIy2KaT
HPENSITCTBUSIME K TOCTPOEHUIO KOHCTPYKITUN MJIM KaXKYyTCsI TAKOBBIMU.

11 L B HEKOTOpPOM TOpsiIKE, CO-

23.1.13. 3amucas wucia 1, 5, 3, .-+, 15
eIMHUTE NX 3HAKAMHU UEeTHIPEX apuPMETHIeCKUX AeHCTBUI TaK, ITOORI

oJTy YeHHOe Bbipakenue paBHsI0Ch (. (CKOOKHU UCIOIb30BATEH HEIb3s. )

23.1.14. CymiecTByIOT Ji TP PABHBIX CEMUYTOJbHUKA, BCE BEPIITUHBI
KOTOPBIX COBITQIAIOT, HO HUKAKWE CTOPOHBI HE COBIA IAI0T?!

23.1.15. MoxHo Jim pa3pe3aTh KaKOU-HUOYIb TPEYTrOJbHUK Ha YeThIpe
BBINIYKJIbIe (PUTYPBI: TPEYTOJbHUK, YeTBIPEXYTOJbHUK, MATHYTOJTBHUK
U TEeCTUYTOTHHUK !

I[Tpn nocmenennom xoncmpyuposaruu K TPUMEPY UIAYT Uepe3 Iie-
IIOYKY BCIOMOTATEe/bLHBIX KOHCTPYKIU-3a20mosok. Ha Kaxkjgom mrare
odepeHAs KOHCTPYKIIAS YAywuiaemcsa A0 caeayiomeit. B 3aroTroBke
TpebOBaHNUS K OKOHYATEIHHONW KOHCTPYKITUN BBITIOJTHEHBI JIUIITH TaCTH-
Ho. OcraBisgeM NPUHUUNUAADHIE YCIOBUS, BPEMEHHO 3a0bIBAEM WJIH
ocnabJigeM merHuveckue.
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23.1.16. MoryT /iz B OCTPOYTOJILHOM TPEYTOJIbHUKE BCEe CTOPOHBI U BbI-
COTBI UBMEPATHCA IEJIbIM YUC/IOM CAHTUMETPOB?

23.1.17. JlokasKnTe, 4TO CyIIeCTBYET TTAJUHIPOM, messnuiica Ha 6100,
(HamomumM, 9T0 nasurdpom — ITO YUCJI0, KOTOPOE HE MEHSIETCS TPH
3anucu ero nudp B 06paTHOM IIOPsIKe. )

Haxkownern, npu xoucmpyruyuy no uHdykyuy Pe3yabTaT TOJIYYaeTCs
IIOCTEIIEHHO, HO y:Ke 33 OECKOHEeYHOEe 4HCJIO IIAaroB. TaKuM KOHCTPYK-
M nocBanien 1. 21.5 «Koneunoe u cuérnoes.

ITpOMOIKATH 3HAKOMCTBO € KOHCTPYKITUAMEI MOKHO 110 cTaThe [GK]|
u kauram [Shapl4, Shapl5, Shap08].

yKaSaHI/ISI, OTBETbI 1N pPEIlIeHNd

Pemenusa 3ajaqa m nymu x peweHnuro TIIATE/HLHO pa3jeieHbl. Pe-
IMEHNE — 9TO TO, YTO PEMIAIoNuil 33/1a9y B Hjeaje JIOJ2KEH HAMMCATh.
[IyTh K pernrenuro JOKeH OCTaThCd B T'OJIOBE, 37eCh OH ITOICHAET, KakK
9TO pelleHre MOYXKHO OBLIO MpuayMarb. B 3ajadax Ha KOHCTPYKIIAIO
peleHre u myTh K PEIIeHUI0 00bIYHO MMEIOT MaJio ODIIero.

Pemenne B 3aj1aue Ha KOHCTPYKITUIO COCTOUT M3 JBYX YacTeil: npu-
MepPa, TO €CTh OMUCAHUS KOHCTPYKIINU, U JOKA34MeAbCMEa TOTO, UTO
OHA YJIOBJETBOPsET YCJIOBUIO 33 iaun. /ljis HammX 3a/1a49 BTOpad 9acTh
He TIPEJCTAaBJsIeT TPY/a U OOBITHO OmycKaeTcsa. Ho wHorjga m3 MHOTHUX
BO3MOXKHBIX MMPUMEPOB HYKHO €Ié BHIOpATh TOT, JIJII KOTOPOTO JIOKa-
3aTEJIHLCTBO TIPOIIIE.

23.1.1. Omseem: He 06a3aTETHHO.

Pewenue. Paccmorpum pasrnobdegpennniit Tpeyroabauk AC' D n Tou-
Ky B ma nponomxennn ocaoBanuss DC'. Y rpeyroabaukos ABC u ABD
cropona AB u Boicota AH obimmue, croporsl AC u AD pasabl. OaHaKO
9TH TPEYTOJbHUKHU HE PaBHBI: OJINH — YaCTh JPYTOTO.

Iymov % pewenuro. Ilompobyem nocmpoums TPpeyroabHUK O JBYM
croponam b, ¢ 1 BbIcOTe h, TPOBEJIEHHON K TpeTheil cropone. g 3To-
rO TIPOBEJEM TIpsMyto | (Ha Heil Oy/JeT JiexkaTh TPEThsl CTOPOHA) U TIO-
ctponM Bepruny A ma paccroguuu h ot [. JIBe apyrue BepmmHLI Tpe-
YIOJIbHUKA JOJ2KHBI JIe2KaTh HA ITON HPAMONl HA PacCTOsiHUAX b U ¢
or Toukn A. IlpoBenst OKpYyKHOCTH yKa3aHHBIX PaJUyCOB C IIEHTPOM
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23.4.12. Kakoe HamMeHbIIlee YUCJIO YIOJKOB U3 TPEX KJIETOK HYKHO
pPa3sMeCTUTh B KBajpaTe 8 X 8 KJeToK, YT0Obl B HEro HeJjb3sl ObLIO II0-
MECTHATH 0€3 HaJIOXKEHUA HU OAHON TaKOui (purypbi?

23.4.13. B kBagpare 7 X 7 KJIETOK HYKHO OTMETUTDH TIEHTPHI 1 KJIETOK
TakK, 4ro0Obl HuKakue 4 oTMedeHHble TOYKU HE SBJISIUCH BEPIIUHAMU
HIPSIMOYTOJIBHUKA CO CTOPOHAMHU, apaJslIe/IbHBIMU CTOPOHAM KBaJPaTa.
[Ipn kKakoM HaMOOJIBIIEM 714 3TO BO3MOXKHO?

YKa3zaHusi, OTBETbl U pellleHns

23.4.1. Kaxjgasa durypa «JIOMHUHO» COJEPXKHUT OJHY O€NyI0 W OJTHY
yépuyo Kjaetky. Ho B mameit ¢purype 32 uépabix m 30 6eIbIX KJIETOK
(mmn maobopot). [lompobubrit pazdop cM. B cTaTthe [Soi].

23.5 Iloaymunsapuantsi (1). A. B. Illanoeanos

Ecnn ciioBo «MHBapuaHT» O3HAYAET «HEM3MEHHBIN», TO «ITOJTYHHBa-
pUaHT» — HENM3MEHHbBIH HAIIOJOBUHY.

BriBaeT Tak, YTO MBI MEHAEM KOHCTPYKITHIO, & KaKas-TO CBI3aHHAas
C 9TOM KOHCTPYKIMEN BeJINYNHA MOXKET MEHATHCA TOJBKO B OIHY CTOPO-
HYy, TO €CTb JinOO TOJBKO YBEJIUIUBATHCs, JIHOO TOJIBKO YMEHbBIIATHCH.
Emé BO3MOXKHO, 9TO MBI JleJlaeM XOJbl U B OJHY CTOPOHY MEHSIeTCS
BeJIMYNHA, CBsA3aHHadA ¢ nosunueii. HanmpuMmep, npu urpe B KPECTUKU-
HOJIMKYM 9HCJI0 3aII0JHEHHBIX KJIETOK C KaK/IbIM XOJ0M YBEJIUIUBACTCH.
Ha orpaHm4eHHOI JIOCKE W3 9TOTO CJEIYET, YTO PAHO WX ITO3THO UI'Pa
3akoHUYNTCs. [Ipm urpe Ha OECKOHEYHOI JOCKE UTPa MOYXKET HE 3aKOH-
YUThCS HUKOT/IA, HO 3aTO MBI MOYXKEM TapaHTHUPOBATL, YTO MO3UIIAA HE
IMOBTOPUTCH, — BEJIb UHCJIO 3AIIOJHEHHBIX KJIEeTOK KaK/Iblii pa3 HOBOe!

Yyrb 6osiee (hOPMaAJIbHO: IIyCTh Mbl MEHSIEM KOHCTPYKIUU (WK 110-
3UIMK) C [OMOIIBIO paspewérhoir onepayut (Wi £00og) W HAM yia-
JIOCh CBSI3aTh € KaXKJOU KOHCTPYKITHEl /TIo3unneil geauuuny, SHAICHIe
KOTOPO#l Ipu JIF000M pa3perénHoM ITpeodpa30BaHun 00 HE MEHIeTCH,
Jmnbo MeHseTcsd Bceraa B OIHY W Ty Ke CTOpOHY. Torma 3Ta BeIndynHa

"M neitabiMu peamecTBeHHUKAME Toa60poK «HBapuanThi> u «IlosynHBapuaH-
ThI» OBLIN, Cpeay IpoUero, coorsercrByiomue naparpadsr kauru [KKO08].
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HA3BIBAETCS NoAyunsapuarnmom’. Ecian 1o1ynHBAPUAHT MEHSIETCS 1pu
KaxKJI0# Omeparinm /Xo/1e, OH HA3bIBAET CMPO2UM, THATE — HECTPO2UM.

B tunosbIx 3ajauax «Ha MOJYUHBAPUAHT» JTOKA3bIBAIOT HEBO3MOK-
HOCTh &) TMOBTOPEHUS TO3UIHiT; 6) GECKOHETHOTO TNCJIA XOI0B; B) TO-
cTpoeHust KOHCTpyKiuit. [Ijist mocieiHero HaxoadT Oy UHBAPUAHT | IIPO-
BEPSIIOT, UTO JJTsi TIOJIYYeHUsT MCKOMON KOHCTPYKITUU W3 UCXOJTHOM T0-
JIYUHBAPUAHT JIOJIZKEH ObLI Obl MEHAMDBCA HE 6 MY CMOPOHY.

Ho kax naiitu nosyunBapuant?! Haunure ¢ npoBepKu TUIIOBBIX Be-
JIMYWH: CyMM, TIPOU3BEJICHU, ILIONIa/Iell, IepUMETPOB U UX KOMOWHA-
1uii. Ecn KOHCTPYKITUS 3aBUCUT OT TIETBIX YUCET, TO TOJTYUHBAPUAH-
toMm MoxkeT 6pTh HO nan HOK.

B cienyromux 1Byx 3a/1a4ax BaxKHO, 9TO IOJYUHBAPUAHT I€JI0UNC-
JICHHBIM ¥ He MOXKeT OBbITH OOJIbIe ONPEAeTEHHOTO YHUCIA.

23.5.1. Ha maxmarnoit gocke 100 X 100 KopoJjto pa3pernreHo XOIUThb
BIIPaBO, BBEPX WJIM BIIPABO-BBEPX MO JuaroHajmn. Kakoe HamnboJIbIee
YKCJIO XOJI0B OH MOXKET CJIeJIaTh?!

23.5.2. B kyerkax Tabauibl 99 X 99 paccraByiensl 1enble uncaa. Keanm
B KAKOM-TO Psijly (CTpOKE WM/u CToJi0le) CyMMa OTPHUIATE bHA, pa3pe-
MaeTCd B 9TOM PsIy MOMEHATHh 3HAKW BCEX YUCE] Ha ITPOTUBOIIOJIOK-
Hble. JIOKaKuTe, 9TO B MUTOTE MOXKHO CJEJaTh JIUIIb KOHEYHOE YUCJIO
TaKUX OTIEPAITNil.

Ecan nosynnsapuanT He LEJ0YUCIeHHbIH, TO ero OrpanudeHHOCTh
elé He rapaHTUPYeT OKOHYAHMUS IIPOIECcca (HampuMep, yObIBaoIuii 11o-
JIOKATEIBHBINA TOJIYUHBAPUAHT MOI Obl OECKOHEYHO JIOJIIO IPUHUMATH
suwavenus 1, 1/2,1/3,1/4, ..., 1/n,...). B oTux caydasx mpekparieHue
XOJIOB TapaHTUPYETCsl KOHETHBIM YHCIOM TTO3UIINIA.

23.5.3. /lano 10 uuces. 3a ojiHY OIEPAIUIO MOXKHO JIBA HEPABHBIX UMC-
JIa 3aMEHUTH Ha J[BA PABHBIX C TOII yKe cyMMoit. Moxker Jjin 9ToT mporecce
JIJTST KAKOTO-TO MCXOJIHOTO HAabOpa Iucest

(a) MpoIOTIKATHCS GECKOHETHO JIOJITO;

(b) BamukuTHCA (TO €CTh MOXKET JIM OJIMH U TOT K€ HAabOp Ymces
BO3HUKHYTH JBAKIBI)?

$Jra dpaza ne sapisiercd popMabHBIM OpeAe/ieHuM TorynaBapuanTa. Ho s
pererus 337139 (POPMATBHOE OIIPEIe/IEHNe STOTO MOHATUS HE HYZKHO.
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23.5.4. Tlo xpyry BBIIHCAHO HECKOJIbKO umces. Kciam [Ijis HEKOTOPBIX
YeTBIPEX UMYX TOJAPSIT 9UCes a, b, ¢, d okasbBaercs, 910 (a — d)(b —
¢) < 0, To yncaa b U ¢ MOXKHO IIOMEHATH Mecramu. JloKaxkure, 4TO
TAKYIO OMEPAINIO MOXKHO MPOJEsaTh JIUIh KOHETHOe YUCI0 Pas.

Odenb 9acTO MOJIOXKEHKE, B KOTOPOM HET PAa3PENIEHHbIX OIlepallnii,
U SBJSIETCI UCKOMBIM.

23.5.5. B kjeTky mpgaMOyTOJBHON TaOIUITHI BOUCAHBI Yncaa. Pasperna-
eTCs OJTHOBPEMEHHO MEHATH 3HAK Y BCEX UHMCeT HEKOTOPOTO CTOIOIA MIH
HEKOTOPO# cTpoku. JlokaxkKuTe, 9T0 MHOTOKPATHBIM IIOBTOPEHUEM 3TOM
Olepaluyi MOXKHO TPEBPATUTH JAHHYIO TaOJUIy B TaKyl, y KOTOPOI
CYyMMBI 9HCEJT B JIFOOOI CTPOKE WJIN JTFOOOM CTOJIOIE HEOTPUTIATETbHBI.

B kxoMOMHATOPHBIX 3a7a9ax MOJTYUHBAPUAHTOM YACTO CJYKUT HUHC-
JIO KOMOWHAITN, HATPUMeEpP Tap, TPOeK, MOAMHOXKECTB WU TTEPECTAHO-
BOK KaKOI'0-TO BHJA.

23.5.6. B tpuaeBdaToM mapcTBe BCe ropojia MOAHAINA HAJ paTyllaMu
daru — rosyonie b0 opaHKeBble. KaKblil JIeHb KUTEIN Y3HAIOT
npera ¢uaros y coceseit B pagnyce 100 kM. OamH m3 TOPOJOB, TIe
y OOJIBIIMHCTBA cocefeil piaru Apyroro 1BeTa, MeHseT CBOU dar Ha
9TOT Apyroi nset. /lokaxKure, 9TO CO BpeMeHeM CMeHBI IBeTa ()JIaron
MIPEKPATATCS.

HexoTopble KOHCTPYKIIMHU CO3/IAI0TCS «METOOM TOCIEI0BATETHHO-
ro yayurieHusi». Mbl 0epéM HeCOBEPIIEHHYIO KOHCTPYKITUIO U HAUMHAEM
e€ mpeobpa3oBbIBaTh. [lolymHBApUaHT TapaHTUPYeT 3aBeplleHue IIpo-
1ecca 1 JJOCTUXKEHNE HYXKHOTO 3ddeKkTa B KOHIIE.

23.5.7. B nmapyramenTe KaxKplil JermyTaT nMmeeT He DoJiee TPEX Bparos.
JlokaxkuTe, 9TO TapJIAMEHT MOYXKHO TaK pa3bWTh Ha JIBE TajaThl, YTO
y KaXKJIOTo JIeIyTaTa B ero maJjaTe OygeT He 60Jiee 0JTHOTO Bpara.

23.5.8. Ha miockocru gano 100 kpacubix u 100 cuHEX TOYeK, HUKAKUE
TPU U3 KOTOPBIX HE JieXKaT Ha OJHOI IpsMoii. JlokaxKuTe, 9T0 MOXKHO
npoBecTu 100 HenepeceKaruxcs OTPE3KOB C KOHIIAMU Pa3HbIX IIBETOB.

[TonynHBapraHT MOXKET OBITH U HECMPO2UM, T. €. HE MEHATHCS MPU
HEKOTOPBIX X04aX. 10T/1a moJIe3H0 HAUTH eITe OTUH TTOJTYUHBAPUAHT, KO-
TOPBIIl CTPOr0 MEHdEeTCd KaK pa3 TOr/a, KOIJa IIePBblIi OCTAETCd Heus3-
MEHHBIM.
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23.5.9. Ha maxmarnoit gocke 100 X 100 KopoJjto pa3perieHo XOIUThb
BIIPaBO, BBEPX, BIPABO-BBEPX WJIM BIPaBO-BHU3 MO jguaroHa u. Jloka-
JKUTE, YTO OH MOXKET CJIeJIaTh JIUITh KOHeYHOe YHUCJIO0 XOJ0B.

Ecnu n BTOpO#l mIO/TyMHBApPUAaHT OKA3bIBAETCH HECTPOTWM, TO IIPH-
XOUTCS PACCMATPUBATh W TPETHUi, W YeTBEPTHIM u T.7. B sTom ciy-
Jae eCTECTBEHHO PacCMaTpPUBATh HAOOPHI 3HAYCHUI TTOJTYWHBAPUAHTOB
KaK CTPOKW, YIOPSIIOUEHHBIE Aekcukozpaduvecky (Kak CI0Ba B CJIOBa-
pe: CPaBHUBAIOTCA IIE€PBbIE 3JIEMEHTHI, IIPA PAaBEHCTBE — BTOPBbIE U T. .
U TaK JI0 TIePBOTO HECOBIIAJICHUS ).

23.5.10. B xojoae gacTh KapT JeKUT pybarkoit BHu3. Bpemsa ot Bpe-
Mernu IleTss BbIHEMaeT W3 KOJIOJBI MAYKY W3 HECKOJIbKUX IOJPA HIY-
IMIX KapT, B KOTOPO# BEPXHAS U HUXKHSIST KAPThI JIezKaT PyOaITkoil BHUA3
(B 9aCTHOCTHU, MOYKET BBIHYTH ITPOCTO OJIHY KapTy PyOaIKkoi BHU3), me-
PEBOPAYMBAET FTY MAUKY KaK OJHO TEJI0€ W BCTABJSIET B TO YK€ MECTO
KoJ1071b1. JIoKaxkuTe, 9T0 HE3aBUCUMO OT TOT0, KaK IleTs BoiOupaeT mad-
KW, B KOHIIE KOHIIOB BCE KapThl JIATYT PyOAITKOil BBEPX.

B zaksroueHme — e111é HeCKOJbKO 3ajiad Ha, TMOJYWHBAPUAHTHI U WX
KOMOMHAITNN.

23.5.11. B cTpoKe 3ammcaHo HECKOJBKO dncesa. KaxKIyio CeKyHIy Po-
60T BBEIOMpPAET KaKy0-JTU00 TTapy Psi/IOM CTOAIINX YHUCes, B KOTOPOii Jie-
BO€ YHCJI0 OOJIbIIE IIPABOr0, MEeHAeT UX MEeCTAMU U IIPK 3TOM YMHOXKAET
oba uncya Ha 2. /loKaxKkuTe, 9TO Yepe3 HEKOTOPOe BpeMsl CJieaTh Ove-
PEJIHYIO TaKyI0 ONepanuio OyJIeT HEBO3MOYXKHO.

23.5.12. ¥V KapJicona ectp 1000 baHoK ¢ BapenbeMm. banku He 00s3a-
TeJbHO OJWHAKOBBIE, HO B KaXK/IOU 