Aarebpamvdeckmne 4Yncjga KakK BEKTOPHI

2Kropu npoexra: 1. Bopoonés, C. lopuuenko, A. ?Kununa, A. Kanenpr—bBenos, A. Kanynnukos, b.
OpeHKuH

BBenenue

B reomerpun Mbl IPUBBIKJIN CKJIAIBIBATH 6EKMOPYL U YMHOKATH UX HA CKAAAPDL (IUCIA). DTOT reOMeTPH-
YeCKUil sI3bIK YaCTO OKA3bIBAETCS IOJIE3HBIM B COBEPIIEHHO HE T'€OMETPUYECKUX CUTyalusX. B 3Tom
MPOEKTEe MBI PACCMOTPUM B KQUECTBE BEKTOPOB (.A2€0PAUYECKUE YUCAGL — TAK HA3BIBAIOTCS KOPHU MHOTO-
YJIEHOB € paluoHaIbHBIMU KodddurmernTamu. CaMu Ke panuoHATbHBIE YACIa OYIYT BBICTYIIATh B POJIH

CKAJISPOB.
[oBopsiT, 4TO KOMILJIEKCHBIE YUCIA X1, . . . , Ty AUHETHO HE3A-

sucumv, Hax Q, ecom paBeHCTBO a1x1 + ...+ a,x, = 0, r1e
ai,...,a, € Q, BozmoxkHO TONBKO TIpH a7 = ... = a, = 0
(cp. C HEKOMILJIAHAPHBIMUA BEKTOPAMU HA PUCYHKE 1). Boobiie,
B3IJIg Ha ajreOpamdecKue 4HCIa KaK Ha BEKTOPBI OKa3bIBa- uf
€TCd O4Y€Hb €CTECTBEHHbLIM U IIPOJAYKTHUBHBIM — OH II0O3BOJIAET
HPUMEHATH T'eOMeTPUIECKHEe UIeN K aaredpamvdeckumM 3aadaM. Puc. 1

a7 + a3 + a3 =0=a; =ay=a3 =0

3

v

Kaxk ycrpoen mpoekt? Mbr HadHéM € OJTMMINAIHBIX 33129 O PaJUKajIax /i 3aTpaBku. Hekoropbie
13 HAX MOYKHO PEMUTDH MKOJbHBIMA METOJAMU, JIJIS APYTUX HYKHBI HOBbIE UJEN U METOIbl — HadaJIb-
HbIe CBeJieHusT 00 ajarebpamvdecKux YuC/IaxX W TMOJIIX, U3JI0’KeHHBIe BO BTOPOM pasjiesie. Bbl HayduTech
VJIOOHOMY $SI3BIKY W alllapary s pellleHud IIHPOKOTo Kpyra 3ajad. 9TO — Ipe/iBapuTeIbHasd JacTh
MpOeKTa.

B Tperbeit yactu mMbl cchopmysiupyeM OCHOBHYIO TE€OPeMY IPOEKTa M IPeJJIOKUM €€ JI0OKa3aTh 10
HPUBEJIEHHOMY ILJIAHY, HCIIO/Ib3Ysl TOJIyUYeHHbIe 3HAHNS. B 3aK/II09eHre Mbl JIaJIUM UCCJIEI0BATETHCKYIO
3a/1a49y, Pa3BUBAOIILYIO U 000OIIAIOIIYI0 TEOPeMYy.

Yo myKHO 3HATH 3apanee? Ba3oBbie (paKThl 0 KOMILIEKCHBIX YHCJIaX W MHOTOWIEeHAX. [ J1aBHOE —
yMeTb U3BJeKaTh KOPHU N3 KOMILTEKCHBIX YHCeN U JeJUTH MHOTOWIEHBI ¢ OCTaTKOM. Ecam BB Masio 3Ha-
KOMbI C KOMILJIEKCHBIMU YHCJIAMH, TO 3aB€/IOMO BaM OY/IyT OCUJIbHbBI 33141 O KBa/IPATHBIX Pa/IUKaJIaX.

OcHoBbI Teopun ajirebpandeckux duces1 Hadasu ¢popmupoBarhes B Tpaktare Kapsa [aycca ,,Apudme-
traeckue nccaegoBannsa’ (1801), chIrpaBIIMM OPPOMHYIO POJIb B TEOPHHU YHCEJT U TTOTOTOBUBIIIM TTOYBY
(mapsmy ¢ paboramu Jlarpanzka) JJist OTKpbITHil DBapucTa ['ajtya, KOTOPBIil yCTAHOBII KpUTEpuUii paspe-
MIIMOCTH ypaBHeHuil B pajukanax (1830) u 3a/10:KUT OCHOBBI TAKIX COBPEMEHHBIX Pa3/Ie/I0B aJIredphl,
KaK Teopus rpyii u noJseit. Teopus [anya u reopus noseit ajirepamdeckux duces ObLIM CUCTEMATU3H-
poBaHbl U pa3padoranbl Bo Bropoit nosoBune XIX n nadase XX Beka ycummsivmu Kymmvepa, Kpornekepa,
IMunnbepra u ap.

1. 3Bamaum ajid 3aTpaBKU

Ecim xakne-to 3aJa491 BBISOBYT 3aTPYAHEHHUA — BEPHUTECH K HHUM IIOCJIE€ pa3aejia 2.

1.1. JlokazKuTe HppaNHOHAILHOCTD caeayomux uncer: a) v/1001;  6) vV2++v34++v6; B) v2+V/3;
3 V20200 s
O VIRV VE VT VT ) V50 e[S S

Ecan BBl mazke He mpejcTaBigeTe KaK MOJACTYNUTHCI K TOCTETHEMY, HADOUYUTO JTUKOMY, YUCIY, TO
BOT TIePBOE COOOPaKEHUe: JTydIle JOKA3BIBATH 00JIee CUJIBHOE YTBEPZKIeHNE O TUHEHHON He3aBUCUMOCTH.
Hanpumep, B nyakTe 6) BOT Takoe:

a+b/2+cevV3+dv6 =0, rne a,b,e,dcQ = a=b=c=d=0.

1.2. Haiianre MHOTOUYIEH HAMMEHbBINEH CTENeHN C PAIMOHAJIBHBIMUA KO3 dUuImeHTaMu u CJieayonium

KopueM: a) v/4; 6) vV2++3; B) V2+ V4 1) V84+V9  a)* V6 ++10+ V15



e) {’/1 +v2+ \3/1 —V2; @) 3/7 +5vV2 + 3/7 — 5v/2 (Bremmee cxoucTBO 0OGMAHIMBO!);

57 9’ 97
Ecim namn MHOTI'O4JI€H, HO HET YBEPEHHOCTH, YTO €ro CTerieib MUHUMaJIbHa, TO BCE PaBHO YKazKHUTE

XK) COS 3) cos u)* cos K)*™* cos 2* npu moGom n € N.

9TOT MHOrO4WJIeH. Bo Bcex MyHKTax, KpoMe B), '), ), K), HAIWIIATE MHOTOYJIEH B CTAHJIAPTHOM BH/IE.
Kak HE CcTpaHHO, /Il PellleHus IYHKTOB M), K) JIy4Ille HepeidTH B KOMILUIEKCHYO MIOCKOCTb.

a—+bi
b rjie a,b € Z, ABASIOTCS KOPHIMU U3 €IUHUIBI!

1.3. Kakue uncisa Buaa

BOT HECKOJIbKO 3a/Ja4 Ha KBaJApaTHUYHbIEC WUPPAIHUOHAJIBHOCTU. B nnx 3aJI02K€Ha BazKHad HWIed ...
(oboitémes 6e3 croitiepos).

1.4. CyuiecTByIoT JIu TaKue pammonajibubie Yncia a,b, ¢, d, uro (a 4+ bv/2)? + (¢ + dv/2)? = 7+ 5/27

1.5. Haiiaure nepsbie 1000 3HaK0B nocJe 3anaToil B jgecaTudnoil 3anucu yucia (6 + /37)100%.

2100

1.6. IlepemuoxkKar0OTCA BCe BbIpakKeHui BUIa

+vV1+vV2+ ... 4+v99 + 100

(upu Beex KomOuHanusx 3HakoB). Jlokaxkure, 4T0 pe3y/ibrar: a) mejoe 4ucio; 6) KBaJpar HeJoro 4ucia.

2. Hewmnoro teopum: moJig m ajredpamdeckKue 9mucia

Jluneiinas me3aBucHMOCTL 1 1 /2 (mayg Q) o3HAYAET TPOCTO UPPANUOHATHLHOCTD V2, U3BECTHYIO eIle
JIDEBHUM I'DEKaM. Y BEJIMYUM YHCJI0 PAIUKAJIOB.

V30
V6 V10 V15
1 1

Puc. 2a Puc. 26

2.1. 3anoHuTe TPOMYCKH B CJAEAYIONEM PACCYZKICHUN.
Hoxkarkem, 9To ducia 1, \/5, \/3, V6 muneiino nesasucnvsr Hag Q. [TycTh

a+bv/2+cV3+dV6 =0, rme a,b,c,d € Q.

OTaenum pajguka V/3:

a+bvV2+ (c+dvV2)V3=0.

Ecu ¢+ dv/2 = 0, To
Ecou xe ¢+ dv/2 # 0, To

\/g__a+b\/§
c+dv2

BaBepHme A0Ka3aTeJIbCTBO MO2KHO Ppa3HbIMHA CII0CODAMMU.

= A+ BV2, rie A= €Q, B= e Q.

Ha pasobpannom npumepe BHAHBI HEKOTOPbIE ujien. Mbl cBejin JIMHEHHYI0 He3aBUCHUMOCTh YUCE/T Ha
PHUCYHKE 2a K TOMY, 9TO YHUCJO /3 «HHOPOIHO» MO OTHONIEHUIO K MHOYKECTBY

Q+QvV2={a+b/2|a,beQ}



(bopmanbro — V/3 He nexuT B HEM), MOIOOHO TOMY, KaK /2 WHOPOIHO 110 oTHOMeHnio K Q. [Tpu sTom
0KAa3aJ10Ch BazKHO, 9T0 B MHOKecTBe (Q + Qv/2 MOXKHO HE TOJBKO CKJIAIBIBATH, BBIUHTATD, YMHOXKATD,
HO 1 jiesiuTh (He Ha 0), Kak 1 B Q, ¢ MOMOIIbBIO u36a6.AeHUA 0M UPPAYUOHANLHOCTNY, 6 3HAMEHAMENE.
YucioBoe muoxkectBo, cojepzkaiinee 0 u 1 u 3aMKHYTOE OTHOCUTE/IBHO YeThbIPEX apudMeTudecKux
neiicTBril, HA3BIBACTCA “ucA06bM noaem. CIoBO amcioBoe” Mbl Oyaem omyckarh'. Urax, K — moue,
ecm 0,1 € K w ayist mo6bix a,b € K Bepro a £+ b,ab € K w a/b € K npu b # 0. Jlerko nonsirb, Q —

oJie, IPUIEM ,CcaMoe MajleHbKoe“ — Jr06o0e (4dmncaoBoe) mosie ero cofepxkur. Ecom K C L — moss, 1o
roBop4ar, 9to K — nodnose B L.

[oBopsT, 4TO cucTeMa ducen? i, ...,x, € C aunetino nesasucuma nad nosem K, eclin paBeHCTBO
ary + ...+ ayx, =0, vae ay,...,a, € K, BblIOJHSIETCS TOJABKO 1IpU a1 = ... = a, = 0. Hanpuwmep,

ancsia 1w /2 suHeiHO He3aBUCHMBbI nazg Q, vHo aunHeitno 3aBucumbl HaL R.

2.2. IIpocreiimmue cBoiicTBa auHeiiHoil 3aBucumMoctu. [lycrs K — nose. lokaxkure, 4To:

a) cucrema, cojaepzxkaiias 0 Win JBa OPOMOPIHOHAIBHBIX HaJ K 4ucia, jguHeiiHo 3aBucnva Ha K

6) mojcucreMa JIMHEHHO HE3ABUCHMON CHCTEMbI JIHHEHHO He3aBUCHMa (HA TeM ¥Ke MoJieM);

B) cucreMa 1,z JuHeHHO He3aBucuMa HaJ K, ecim U TOJBKO ecin = ¢ K

r) ko3bhunueHTs ay,. .., a, € K B 3a0UCH YACIA 4121 + . . . + A, Ty, ONPEIEJTEHBI OJHOZHATHO, €CITH
U TOJIbKO €CJIU CUCTeMA X1, ..., T, JUHEHHO He3aBucuMa HaJl K.

IIpucoedunums & noao K wucaa oy, ..., q, — 3HAYAT B3ATh HaUMeHbIee (M0 BKJIIOYEHHUIO) MOJIE,
conepxamiee K u stn gucia. Ono obosuadaercs K(aq, ..., ap).

2.3. IIpucoeauneHne KBaapaTHOro pamukana. Ilycrs K — nogmore B R, 0 < d € K u vd ¢ K
(manpumvep, K = Q u d = 2). Jlokaxure, 910

K(WVd) ={a+b/d]|abe K},

npuaéM ancia a,b € K B 3anucu a + bv/d ompeesiensl 01HO3HATIO.

2.4. JTokaxure, uto Q(v/2 4+ v/3) = Q(v/2,v/3).

1
2.5. l36aBbrech OT UPPAIMOHAJIHLHOCTU B 3HAMEHATEIE:

1+v2-v3+6
2.6. a) /lokaxkuTe, 4TO YHCIA B BepHImHAX KyOa Ha puc. 26 juHeitno nezapucumbl Haj Q.

6)* lobasbre emnié VT, HonpobyiiTe HAPUCOBATH MMIEPKYOD U JIOKAXKUTE yTBEPZKJIEHUE, AaHAJIOITIHOe
nyHKTY a). A Mozxer, opa c¢dhOopMyJIHPOBATH OBIIYI0 TeOpeMy O KBaJPATHBIX PAIUKAIaX U3 MPOCTHIX
quces W J0Ka3aTh eé o nHAyKnnu? B wacTHOCTH, M3 Heé Gyer ciejoBaTh perienne 3agadn 1.1r).

Bo uto npeBpaTuTcs onpejiesienne JuHEHOM 3aBUCUMOCTH HaL tojieM K juts creneneit 1, a, a2, oalt

HekoToporo unciaa ! CylmecTByoT Takue 9ucia co,Cq,...,C, € K, He Bce paBHBIE HYJ/II0, 9TO
co+ cra+ e + ...+ e = 0.

Jpyruvn cioBamu, o ABIs€TCS KOPHEM HEHyJIeBOro MHOTOUIeHa ¢ Koaddunumentamn u3 K — Takoe o
Ha3bIBaeTcs anzebpauveckum nad K. Cpean BceX TAKIX MHOIOWIEHOB TOJIBKO OIUH NMeeT HANMEHbIIYIO
crenenb u crapinnii Kodddumuent 1 (mouemy?). OH HAZBIBAETCS MUNUMAALHOM MHOZ0UACHOM THCIIA
a vaj K u gacro obosnauaercs X (x). Hanpumep, pi(z) = 22 + 1, pf(z) = x — i. Crenens deg 1% ()
9TOr0 MHOTOYJICHA HA3BIBACTCS TAKXKe cmenenvlo dmciaa « Hag K u obosmadaercs degy (o). Kopun
MHorousiena X (x) maswiBatorcs conpascénmvimu ¢ o naj K.

B caygae K = QQ roBopsaT mpocTo 06 ajredpandecKux JIHCIax.

2.7. Ilycrs wncyio a € C anrebpanano wag nogem K C C. Jlokaxkure:

a) degy («) ecrb Haumenbiee takoe n € N, uro cremenu 1, «, ..., o™ jguHeiino 3aBucuMbl Haj K

6) muorousien X (z) nenpusoaum Hag K (T. e. He pacK/JaJblBaeTcs B NPOM3BE/ICHIE MHOTOUICHOB
CTPOTO MEHBIIeH CTerneHH);

B) Js060it Muorousien usz K (x| ¢ kopuem a gesnures na pX (z);
r) HenpuBOAMMbIi Haj K MHOTOUIEH ¢ KopHeM o u crapimM Kodddumuenrom 1 pasen p ().

! BriBaroT U ApyTHE HOJs, HAIPUMep, IO BEIYETOB, HOJsS PAIHOHANLHLIX (DYHKIHLH, ...
?HeynopsiaoueHmbrit Ha6Op YHUCEN, B KOTOPOM MOLYT GbITH IIOTBOPBL.



CremyromuM TpU3HAKOM HEMPUBOAMMOCTH MHOTOUWIeHa Haa (Q MOXKHO MOIB30BaThCs 0e3 JToKa3a-
TeJIbCTBA.

Teopema 1 (npusnak Diizenmireiina). Feau koapduyuenmo, muozousena a,x"™ + ...+ a1x + ag € Zlx]
0AA HEKOOPO20 NPOCMO20 D YO0BAECTMEOPAIOM, YCAOBUAM:

®pian,

ep|an1,...,p| ao,

* p’ { ap,
mo amom mHoz20uneH HenPpueodum Had Q.

2.8. a) 3asepmure pemenue 3agaan 1.1x). Iycrs v/3 — V2 = a € Q, Torma V3 = v/2 + a. Haiiném
MHUHHMAaJbHble MHOT'OYJICHBI JJIs 9HCes B JIeBOH U MPaBoil YacTdax.
6) Pemure ypaBHeHne B HATYPaJbHBIX qHCAaX: /m + /n = 2020.

Ob6o61muMm Tenephb 331349y 2.3.

Teopema 2 (06 n3baBieHHd OT UPPAIMOHATLHOCTH B 3HAMeHaTese). [lycms wucao « anzebpauino nad
nosem K u umeem cmenens n. Tozda kascdoe wucao 6 nore K(a) 00nosnauwno sanucoieaemcs 6 eude

-1
cot+acaa+...+c,1a" 7, 2de cy,cq,y. .., Crq € K.

2.9. a) I36aBbrech OT UPPAIMOHAIBHOCTU B 3HAMEHATEE 1POoOU . Yxazanue. 3nech yxe

1
Jirvies
He paboTaeT MpecJOByTOe JOMHOXKEHHe Ha compsizkénnoe. Haidigure takume muorowrens u(x),v(z) €
Qlx], uro u(x)(x® + x + 3) + v(x)(x® — 2) = 1. Jlas 97010 MOXKKHO UCIOJIL30BATH JIUO0 0OPATHLIN X0/
ajiropurma EBkinia, ud0 MeTo1 HeOnpeae e HHbIX KO3 DUIUEHTOB.

6) lokaxkure Teopemy 2.

CoriacHO OCHOBHOIT Teopeme ajredpswl, 000t maorowrern nHag C cremenn n > 0 umeer n KOpHeii
¢ yuérom KkpaTHocTu. CorslacHoO cJie/iyioleii TeopeMe, MHOTOUIeH (X (1) He mMeeT KpaTHBIX KOpHeil u,
TeM CaMBIM, Ka#Cd0e an2ebpauieckoe wucio CImenery, n uMeem posHo N CONPAHCERHOT (6Kl Ce0R).

Teopema 3. Mnozounen, nenpusodumoili nad wekomopvim noonosem 6 C, ne umeem kpamuoixr xom-
NAEKCHOLT KOPHET].

2.10. Pazjioxure jasydien ¢ — 2 na menpusojuMbie n pasdeiite ero KOPHU HA KJIACCHI COUPIZKEHHBIX
a1 Kaxapiv u3 noeit Q C Q(v2) € Q(v2) € Q(v/2,4).

Ocoboro BHUMAaHU 3aCayKABAIOT KOPHHU U3 €IMHUIBI. KaK n3BeCTHO, KOMILIEKCHbIE KOPHU YpaBHEe-
Hug 2" = 1 uMerT Bu

2 n—1

2
Len, e, ..56,

, Lle €, = cos & + 18in <&

(310 wacTHbIil caydail dopmyasl Myaspa). Pazobbém ux Ha Kiaaccesl conpsizk€HHbX Ha nojaem Q. s
9TOTO HYKHO Pa3JIOKUTh ABy4UIeH x' — 1 Ha HempuBomauMblie MHOKHUTETN HaJ (Q: KOpHU KayKI0r0 MHO-
JKUTEJsI 00pa3yIoT KJIAaCC CONMPSKEHHBIX ajredpandecKux duces. Pa3zdoepém npumeps! npu Maasix n. Ha
PUCYHKe 3 HEIPUBOJIMMBIE MHOYKHUTE/IN W WX KOPHU BBIJETEHBI OJHUM I[BETOM.

S_1=(x—-1)x 6 _1=(@@-D(xz+1)x

2-l=(@-Da%?+z+1) 2t—1=(z—1)(z+1)(a%+1)
(1 +a’ +a? o+ 1) ( +z+1)@2—z+1)

Puc. 3



Hy»KHO MOSCHUTD UL HEIPHBOANMOCTE MHOTOWIeHa, o4 + 2% 4 22 + 2 4 1. Bor Gosee obmmit (axr.

2.11. Jlokaxkure, 4TO Jijisi JIIOOOT'O MPOCTOIO P MHOT'OYJIEH
P (r) ="+t +1

uenpuBoauM Ha nosieM Q. Vkasanue. Vcnonp3yiite npusnak Diizenmreiina (Teopema 1). Iloxymaiire,
KaK ero IpuMeHHTb, BeJb Bce KOIDPUITHEHTH y Cbp(l') paBHBI 1.

2.12. Paznoxute asywien r'? — 1 ma menpusomumble naj Q u mapucyiiTe KapTHHKY, aHAJOIHYHYIO
PUCYHKY 3.

[Tycth € — Kopenb u3 egununbl. Ero nopadkom nazwiBaercs Hanmenbiiree Takoe n € N, aro " = 1.
Kopuu mopsika n Ha3bIBAIOTCA Nnepeoobpa3nvi.mMyu KOPHIMH CTENeHN Nn. JIerko mokas3arb, 9TO BCe TaKue
KOPHHI HMeIoT BUJ €%, rie k B3auMHO mpocto ¢ n. KommdecTso umcen cpeu 1, . .., n, B3aHMHO IIPOCTHIX
¢ n, obo3Hauaercs ¢(n), HGYHKIUA ¢ HA3BIBACTCA ynryuet Iirepa.

Teopema 4. Kopru cmenenu n u3 edunuyss conpasicenve 1ad Q, ecau u moavko ecau onu umerom
odumnaxoewiti nopadok. B wacmmocmu, degg(e,) = p(n) daa ecex n € N.

OTta TeopeMa paBHOCUJIbHA HEIPUBOJAUMOCTH HAJ Q TaK Ha3bIBAEMbBIX KPY206blL MHO20UNEHOE

o.x)= [ (@-e€b)

1<k<n,(k,n)=1

Bagada 2.11 — mpocToit YacTHBIH caydait. B obmem ciydae He cpa3y OUYeBHIHO Jlazke, 9TO KOdhduu-
enTbl y MHorowiena ®,(zr) — panuonasibubie. JlokazaresbcTBo TeOpeMbl 4 B OOIIEM CJIyUYae KeJIaroiue
CMOTYT J0Ka3aTh Ha KoHdepeHiun. B 1000M ciiydae eif MOXKHO 1M0JIb30BaThCsA. C MOMOIIBIO TeopeMbl 4
MOXKHO PeNnuTh 337a4y 1.3 oueHb ObICTPO.

BanonnuTe MpomycKn B permenun 3ajgaun 1.2B). Haiiaém mMuorowIeH 1135, 85(7) (M0 ymomaammio
— nag nonem Q). Kiouesas uies B ToM, 9TO V/2 — KOPeHb MHOIOYUJICHA, [y, 352 + x), KOTOpBIii,
cTaso OBITh, TETUTCA HA fiy5(1) = 2° — 2, a 3HAYHT, HMeT TAKXKe KOPHH V2e m /2e?, rie £ = e5.

CrieoBaTeIbHO, 9IHCIA \3/4_1 + \3/5, \3/4_152 + \3/55, \3/4_15 + \3/552 coupsizkenbl. /lajiee, oHu Bce pa3/imdHbI
(mouemy?). OcTajgoch MOKa3arb, 9T0 MHOIOUJICH

(x—\iﬂ—\?’/g)(m—\?/4_152—3/55)(37—\3/4_15—\7552)

HMEET palMoOHAIbHbIE KO3 dUIuenTsl — Toraa ou u OyaeT [yg, %(x) [Toxaxkure 310.
O06ob1IeHIEM TOTO PACCYKIEHU SIBIAETCA CIAeIYIONasd TeopeMa — OJIHa U3 IVIABHBIX B IIPOEKTeE.

Teopema 5. Ecau o = ay,...,q, — 6ce conpascénmvie ¢ wuciom o wad nosem K, mo das aobozo
muozounena f(x) € Klz] wucao f(a) aneebpaununo nad K u ezo conpascénmnve cymo f(ay),. .., f(an),
NPUMEM 6 IMOM CIUCKE MO2YMm Obimb NOSMOPYL U M020a KaHCOb INEMEHM GCMPEUAEMEA 00HO U MO
oHCE MUCAO PA3.

2.13. [okazkure TeopeMy 5: a) B cjydae, KOIJa « — KODEeHb HEIPUBOIMMOIO JIBydJeHa; 6) B obiiem
cayqae. (st wccaeoBanus TMHERHON HE3aBUCHMOCTH PAJNKAIOB JOCTATOYHO IyHKTA &), KOTOPHIil
nporre. B myHKTe 6) MOXKHO HCIOJB30BATH OCHOBHYIO TE€OPEMY O CHMMETPHYECKHX MHOIOYJIEHAX.)

Bor nmian 1okasaTesbcTBa.

1) Yrobbi jokazars, 4ro f(a) aaredbpandHo u ero coupsizkEHHble Haxoaares cpeu aucen f(aq), ..., flay),
paccMOTpHUTe MHOI'OYJIEH

F(z) = (z — fla)) ... (z — f(an))
u jokaxkure, aro F(x) € K|z|.
2) Yrobwl qokazarh, 9t0o Bee qucaa f(aq), ..., f(a,) conpszxens Hag K, paccMoTpuTe MHOTOUIEH

thpa) f ().

3) JlokazKuTe, 4TO BCe KOPHU MHOTOWIeHA F' () UMEIT OJMHAKOBYIO KPATHOCTH, PACCMOTDEB MHO-
rounen F(x)/pisa) ().
2.14. Haiinure Bce n € N, npu KOTOpBIX 4HCIO €OS 2X: a) PAINUOHANBHO; 6) IPEICTABIACTC B BHIE
a+ Vb, rae a,beQ, 1 e. degg (cos 27”) < 2.



3. TlocTtpoeHue npaBUJIbHBIX MHOTOYT'OJIbHUKOB

[Momywmaiite, Kak pemuTs 3a1a9y 1.23) ¢ moMomibio Teopem 4 u 5. Jta 3a71a9a — KII0UeBasd B JOKA3ATETb-
CTBE 4aCTU <«TOJIbKO ecjimy TeopeMbl Laycca—Baniess: npasuavbtuill n-y20avHuK cmpoumcs yupkyiem
U AunelKotl, ecau u moavko ecau p(n) — cmenenv 080UKU, M. €. €CAU N — NPOU3BEJEHUE CTMENEHY
deotiku u npocmuoir yuces Pepma. Uncima Pepma  3TO Ynca BUIA 22" 4 1. [TepBbie 5 W3 ATUX YHCE]

npocteie: 3,5, 17,257, 65537.
3.1. [TocrpoiiTe ¢ MOMOIIHIO TUPKYJIsT U JUHEHKN MpaBUIbHBIE: &) 5-YyIOJbHHUK; 6) 17-yroJbHUK.

3.2. PazpaboraiiTe aJiIrOPUTM ¥ HAIMIIUTE TPOTPAMMY Ha KOMIIBIOTEPE JIJIsi TOCTPOEHUST TTPABUILHOIO
p-yrosibHuKa nipu: a) p = 17; 6) p = 257; B) p = 65537.

layce mocTponn npaBUIbHBINA 17-yTOTBHUK W JIOKA3aJ1, 9TO /i Jrodoro mpoctoro dnciaa epma p
IPABUJIbHBIA P-YTOJBHUK MOYKHO TMOCTPOUTH. DTOT Caydaii (MYHKT a)) He OINEHUBAETCs OTJEJbHO, HO
npejicrapiisier coboil BaXKHYIO CTYHEHbKY, U Mbl PEKOMEH/lyeM Pa3o0paTh ero Kak BPY4YHYIO, TaK U C
HOMOIIBIO KOMIIBIOTEPHOU MPOTI'PAMMBI.

[IpaBuabublii 257-yroapauk ObL1 noctpoen Pumeno B XIX Beke; B XXI Beke BbIYUC/ICHUS JIydIIIe
HOpy4uTh KoMmirbioTepy. [Iporpamma jutga p = 257 Oyzmer omeHeHa OT/AeJbHBIM JTuiLioMoM. [Iporpamma
i p = 65537 OyaeT HOBBIM Pe3YIbTATOM U MOYKeT OBITH MOJIaHa B HAYYHBIN YKYpHAJ.

3.3. [locTpoiiTe ¢ MOMONIBIO MUPKYJIS, THHEHKA U TPUCEKTOPa (MpUGOpa, JEIIIEro yroJl Ha TPH PABHBIX
yIJla) KOpHI MHOTOWIEHOB: a) 82° — 6z + 1; 6) 51227 — 115227 + 86425 — 24023 + 18z + 1. (D10 cBaA3ano
¢ 9- u 27-yroJibHUKAMU. )

3.4. Haiijiure Bce mpocThie p, s KOTOPBIX CYIIECTBYeT eJuHcTBeHHOe a € {1,...,p — 1} ¢ yciaoBuem
3
pla’—3a+1.

3.5. TlocTpoiiTe ¢ MOMOMNIBIO MUPKYJISA, JUHEHKH U TPUCEKTOpA MpaBHJIbHBIE: &) 7-yroJbHUK; 6) 13-
YTOTHHUK.

“O/iMH CJUIITKOM HAaBSI3YUBbIN aCIUPAHT JIOBE CBOEIO PYKOBOJIUTE/ISI JIO TOTO, 9TO TOT CKA3aJ eMy:
“Unute m pazpaboraiiTe MOCTPOEHWE MPABUIBHOIO MHOTOYTOJBHUKA ¢ 65537 croponamu”. Acmupant
VAJIUIICS, 9TOOBI BEPHYThCs depe3 20 jieT ¢ coorBercTByonmM nocrpoennem” (JIx. Jlureyx, “Marema-
trueckas cmech”) A pykonuck U. T. Tepmeca, nanucanuas 8 1894 r. B pe3ysbrare 6osiee 4eM JIecsaTHIer-
HUX HUCCTIETOBAHUI U co/lep:Kaliast MOCTPOeHHe TPaBUIbHOTO 6553 7-yToMbHIKA, XPAHATCS B OUOIHOTEKe
[&rrunrenckoro yuusepcurera u cojepzxut oosbie 200 crpanun. Ho ceifyac ¢ moMonipio KoMIboTepa
MOZKHO JIOOUTHCS 3TOr0 pe3yJibTaTa 3a 3HAYUTEJTbHO MEHbIIee BPeMs.

4. JIuHeliHadg HEe3aBUCUMOCTH PaJUKAJIOB

Teopema 6. IIycmv N ki,....kx €N, N > 1, Q1,...,Qn € Q4, npuuém K/Q;/ /Q; ¢ Q npu ecex

1 # j. Tozda pasencmeo

k k
ay Q1+ ... +ay N/ Qn =0, 2de ay,...,ay € Q,
BLINONHAECNCA MOALKO NPU a1 = ... = ay = 0.
B uwacrnocru, npu Q1 = 1 nouayumm, uro cymma /s + ...+ *N/Qn uppayuonasvra, TaK Kak
) Y )
paserncTso a; V1 + Qs+ ...+ "N/Qn = 0 He MOXKeT BBITIOJHATHCS HI TPU KakoMm a; € Q.

NppanuonajibHOCTH OJIHOTO pajuKaJia — MPOCTOil, YUCTO apudMeTudecKnii, BONPOC, CBOJAAIIUNCT K
OJHO3HAYHOCTU PA3JIOXKEHUSA HA MPOCTHIC MHOKUTEJIN.

Jlemma 1. /Jlasa scex k € N u Q € Qp umeem: /Q € Q, ecau u moavko ecau noxasament, 6cex
npocmulx deaumeneti WUCAUMENA U 3HAMEHANEAA 6 HecoKpamumom npedcmasaenuu QQ xkpammov k.

4.1. JTokaxxure jemmy 1.

4.2. BoiBejure u3 TeopeMbl 6 u jieMMbl 1 UppaIMoOHAIbHOCTD Yuces u3 3ajga4dm 1.1.
He ymassist obrtaocTH, B Teopeve 6 MOYKHO CIUTATH BCe YUCTIA (); HATYPAIBHBIMH, a BCE TTOKA3ATE TN
k; paBHBIMU, H JTOKa3bIBATH TeM CAMbBIM CJIEYIONIYI0 PABHOCUIBLHYIO TEODEMY.



Teopema 7. IIycmov k,n € N, p1,...,p, — pasauunvie npocmuie wucaa, r; = ¥/p; npu 1 = 1,...,n.
Tozda cucmema {r' .. .rln |0 <1y, ..., 1, < k} us k" wucea aunetino nezacucuma nad Q.

DTy cucTeMy YI00HO MPeJICTABASATh B BUIE N-MEPHOIl peméTKu, CM. TpUMephl HA PUCYHKaX 2 U 4.

V9 V18 /36
V3 v m
1 R Vi
Puc. 4

4.3. BoiBeuTe Teopembl 6 u 7 ApyT U3 JApyra.

4.4. Kak B 3aja4e 2.6, cegure TeopeMy 7 npu k = 2 K CJIEAYIONIEMY YTBEPKICHUIO U JOKAKUTE €ro:

\/p_n¢ @(\/p_lv"'?vpnfl)-

(Pekomen ryeM HCTIOIB30BATH TIEPEXOJL K COMPSIZKEHHBIM YHCJIaM — TaK MPOIIe TOHSATH caydaii k > 2.)

4.5. Jokaxkure, 4To TeopeMa 7 paBHOCH/IbHA TeopeMe T': 6 0003HaueHuss meopemv, 7 cmenenu

1,7, .., 7" umetino nesasucumo, nad noaem Q(ry, ... 7, 1).
4.6. Ilycts K — nojmote 8 R, r € R, v* € K ur,...,r* 1 ¢ K. Jlokaxure, uro asyumen z* — rk
nerrpusoauM Hag K u crenenn 1,7, ..., r*~! guneitno mezasucnmbr nag K.
Takuwm obpaszom, Teopema 7' cBeJieHa K cieayomuieii Teopeme 7”: 6 mex oce 0603HAUEHUAT
rt ¢ Q(ry,...,Tn_1) 1u pus xakoro [ € {1,... k—1}.

[Ipeanosnozkum nporuBHoe. 110 MpenoaoKe 0 HHAYKIUA KazxK10e qucao u3 moiad Q(ry,...,r,_1)
OJ/IHO3HAYHO TIPEJICTAB/ISETCS B BUIE CYMMBI NPOU3BEIEHUIT BHIA arlll .. .rfl”_’ll, rie a € Q u Bce [; €
{0,...,k—1}.

4.7. llonmyanTe NpoTUBOpeYNe, eCIN B 3TO CyMMe POBHO OJIHO CJIaraeMoe.
Ecsu B 31001 cymMe X0Ts1 OB IBa CJIATA€MBIX, TO ¢ TOYHOCTDHIO 70 MEPECTAHOBKHU PATUKATIOB T, . . ., Ty 1

MOZKHO CYHTATDb, YTO
T,fl = AO —|— Alrn_l 4+ ... —f- Ak_ﬂ”:i:%, rae Ao, . 7Ak;_1 - Q(T17 e ,T’n_g), (].)

rie cpean Ag, ..., Ax_1 XOTs ObI IBa HEHYJIEBBIX.

4.8. a) Jlokaxure, uro Ay = 0.

6) Ilycte A; — mepsolit memyaesoii koaddumnuent B (1). IIpuante K mporHBOpevunio, 10Ka3as, UTO
A; = 0 (nogymaiire, Kak CBeCTH 3a4ady K HPEABbLAYIIEMY LYHKTY). DTO 3aBepPIIAET J0KA3ATEIbCTBO
TeopeMbl 7.

4.9. Ocraéres mm Teopema 7 B CHIle, €C/Id IO KaxabiM 7 (7 = 1,...,n) HOHUMATH HEKOTOPOE KOM-
IJIEKCHOE 3HaYeHue KOPHH /D;7

5. Pa3mepHocTu pacmmpenuii moJieii

Jist 6oJtee rurybGOKOT0O HOHUMaHUS ajiredpanvdecKux duce/1 u perieHus 60J1ee TPYAHbIX 3a/a49 Mbl TO3HAKO-
MHMCSI C IOHATHEM BEKTOPHOI'O ITPOCTPAHCTBA, €r0 Pa3MePHOCTH ¥ OCBOUM TEXHHUKY PaCIIUPEHuil moJiei
(BCEé — JJIs1 IMCIIOBBIX MHOKECTB).

[TommuoxkectBo V' C C, comepxkaiiee mosie K, HA3BIBACTCS GEKMOPHBIM NPOCMparcmeom nad K, a
€ro 3JEeMEHTHl — 6eKMopamu, ecu V' 3aMKHYTO OTHOCUTETHHO YMHOXKEHUS Ha dncaa u3 K 1 CJI0KeHus,



T. e. a + b ka € V mia moowix a,b € V u k € K. Hanpumep, BcsKoe ToJie SIBISIETCS BEKTOPHBIM
IPOCTPAHCTBOM HaJI JIIOOBIM CBOUM IOJIIIOJIEM.

[Ipennonoxkum, uro npoctpanctBo V' C C max momem K cOAEp:XKHUT TaKue UUCAA €1, ..., €E,, UTO
BCskoe o € V' npejicraBiisiercs B Bu/jie

Oé:k?161+...+kn€n (2)

C OJTHO3HAYHO OIpe/ e ieHHbIME Kodd dunuentamu ki, ..., k, € K. Torga cucrema eq, ..., e, Ha3bIBAETCSI
bazucom npocrpancta V Hag K, a paBeHCTBO (2) — pasaosiceruem IUCTa (v IO 3TOMY Oa3uCy.

5.1. Jlokaxkure, 9T0 6a31C MPOCTPAHCTBA MOYKHO OINPEJIEIUTH PABHOCUIHLHBIM 00pa30M KaK MaKCHMaJIh-
HYIO 110 BKJIIOUEHHIO JIMHEITHO HEe3aBUCUMYIO CHCTEMY BEeKTOPOB. VIHBIME CJTIOBAMHU, CHCTEMA €1, . .., €, —
6azuc B V wan K, ecim 1 TOJBKO €CJIM OHA TUHEHHO He3aBUCcUMa HaJl K, a cucteMa ey, . . ., €,, & THHEHHO
3apucuMa Hajl K g gaoboro a € V.

[IpocTpancTBo, obJaiaroniee KOHEYHBIM OA3UCOM, HA3bIBAETCS KOHEYHOMEDPHBIM, a PACIIUPEHUE TO0-
Jist, 00J1a Tal0Mee KOHEYHBIM 0a3UCOM, Ha3bIBAIOT KOHEUHbLM. TUCTIO 37IeMEeHTOB B Oa3uce MPOCTPAHCTBA
V man K HazbIBaeTcs ero pasmeprocmuvio u obosnadaercd dimy L. KoppeKTHOCTb 3TOro ompeesieHus,
T. €. HE3aBUCUMOCTH OT BBbIOOpa Ha3mca, BHITEKAET U3 CJeAYIOIIeil JTeMMBbI.

JlemMma 2 (ocHOBHast JieMMa O JIMHEHO{T 3aBucumMoctn). Eeau wucaa fi, ..., fr aunetino svipasicatomes
Had nosem K uepes wucaa €1, ..., e, um >n, mo wucia fi,..., fm Aunetino aasucumo, nad K.

[Iyctes U C W — KoHeuHOMEpHBIE MpocTpancTBa Ha nojieM K. Hec/ioykKHO MpoBepuUThH, 9TO BCSIKMIA
bazuc B U M0oxKHO HomoHATE 10 Oasuca B V. Tem cambiM, dimg U < dimg V un dimg U = dimg V <
U=V.

Ecin K — noanose noss L, To rosopst o paciuupennu nojeit L/K. OueBujgno, B 3rom ciydae L
— BeKTOpHOe npocTpancTBo Haj K. PasmepHocTh KoneuHoro pacimmpennst L/ K Ha3biBaeTCst TaKzKe ero
cmenenoro n obozuadaercs [L : K.

5.2. [Tycrp L/K — koneunoe pacmupenne. Jlokaxure, uro [L: K| =2 < L = K(«a) mis HEKOTOPOTo
takoro € L'\ K, uro o? € K.

"1 o6pasytor Gasuc pacumupenus K (a)/K, eciu u TOJLKO ec/iu

ancso « anrebpandno Hag K u mveer crenenb n. Urak, ecam « anrebpandano wan K, to degy (o) =
[K(a): K.

[Toste3HBIil HHCTPYMEHT B TEOPUH KOHEYHBIX DACIHIMPEHH — CJIe/yIomnas TeopeMa (JIoKaKuTe eé).

5.3. Hokaxkurte, 9To unciaa 1, q,...,«

Teopema 8 (0 pazmeproctu Gaman). Feau K C P C L — konewnvie pacuupenus noaet, mo

] dimg L = dimg P - dimp L. \

Cp. co cBoiicrBoMm Jiorapudmos log, ¢ = log, b - log, c.
Bepuurech K 3ajade s 3arpaBku 1.1B).

5.4. Haiizure Bce nognons B noasx: a) Q( V/1024);  6) Q(v/3); B) Q(e5); 1) Q(es).

5.5*. O6o3nauum € = £17. I3 reopembl 2 u 3agauun 2.11 caenyer, uro deg(e) = 16.
a) Haitgure Bce a € Q(g), ans koropeix deg(a) = 2,4,8. Vkasanue: Bocnob3yiiTech TeopemMoii
5, pacemorpes Gasuc e, 63,3, ... €3 B Q(e) mag Q (goxazkure, 9o 910 Gazuc). ITO yHOPsIIOUEHIE

npuHaIIekuT [ayccy.

5.6. Haiizure Bce conpsizkénnbie Hag Q k uncaam: a) V6 4+ V10 + V/15; 6) V2 + /3.

6) Ilycrs Uy, = {a € Q(e) | deg(a) nemmr k}, k =1,2,4,8,16. B wacrnocrn, Uy = Q n Uyg = Q(«).
Hoxkaxkute, auto U; C Uy C Uy C Ug C Uyg — menodka KBaJpaTHIHLIX pacimupenuii moseit. Taxkum
CIIOCOOOM MOYKHO MOCTPOUTH MPABUIBHBINA 17-yrOJIBHUK ¢ MOMOIIBIO TUPKY/IS U JHHEHKH (OTKpBITHE
Taycca).

UccnemoBarenbckasa 3amada. Kakue npaBu/ibHbIE N-YTOJBHUKU MOXKHO IIOCTPOUTH € IIOMOLIBLIO

MUPKYJIist, iuaelikn u Tpucekropa’ Yacrusie caygam: n = 7,13,19, 37.

HUccnenoBarenbckag 3aa4da. Pazpaboraiite aaropurm HaX0XKAeHUS CTEIeHn JI000T0 aJredpande-
CKOTO 4uncja u3 pacrupenns: (Q (,k/pl, ceey ,k/pn), rjie Pi, ..., Pp — PA3JIUYHBIE MPOCTHIE YUCIA. JaCTHbIE
cayudan: k = 2; k — mpocroe.



JInHeliHasT HE3aBUCHUMOCTH PaJJUKAJIOB
A. Kanynnukos, 1. BopoOnén
§1. BBenenue

Kak jmokazath uppanuonaabHOCTb THUCET
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WppalimoHaabHOCTD OJTHOTO paJiKaJja — IIPOCTOH, YUCTO apuPMeTHIECKUil, BOIPOC, CBOASAIIUNACT K Pa3Jyio-
2KEHUIO Ha MPOCThle MHOXKHUTEJTH.

JIemma 1. ITycmov A,B,k € N uw HOJ(A,B) = 1. Toeda {/A/B € Q, ecau u moavko ecau noxasamesu

cmenenetl gcex npocmux desumenets 6 pa3soncenuar wuces A u B xpammw k.

Jlokasameavemeo. Ilycrs {/A/B = a/b, rue a,b € N, Torga Ab* = BaF. Kaxapiit npocroii neimress p qucia
A me et B u BXoauT B pasinoxenus dnces aF u b* B cremensix, KparHBIX k, IO9TOMY p BXOJHUT B PA3JIOZKEHIE
A B crenenu, ToxXe KpaTHOi k. PaccykieHue ¢ mpocThIMu JejuTesiMa duciaa B anajgormvHo. B obparHyto
CTOPOHY YTBEPKIEHUE OYECBHUIHO. O

Yuciio f’/% = \3/ 31—%,)27 “ppaIuoHaabHo 10 JiemMe 1. Ecian V2+4/3 ¢ Q, to (\/§+ \/3)2 =5+2V6 ¢ Q,

orkyma v6 € Q, uro HeBepHO 1O TOl ke Jemme. IIpenmonokus, aTo V2 + /3 = a € Q, Bo3BeIEM PaBEHCTBO
V3=a—-v2s Ky6: 3 = a’ + 6a — (3a2 + Q)ﬂ 1 NIPUJEM K IPOTUBOPEUHIO: V2 = % € Q. Omnaxo
OCTaJ/IbHBIE YUCJIa «TOJIBIMU PyKAMU HE BO3bMEIIb» : HE3aTelJINBOe BO3BE/ICHNE B CTEIIEHDL TOJBKO ITPUYMHOXKUT
KOJIMYIECTBO PAINKAJIOB.

,HeyKeJn, IPOINTaB CTATBIO, s TOMMY, TIOUEMY JIazKe MOCJIeIHee, HADOUUTO JUKOe, TUC/IO UPPAIMOHAJIBHO T
— HaBepHOe, [yMaeT YUTaTeIb B 9Ty MHUHYTY. ,,/la, — OTBETUM MBI, — €CJIM TOJIBKO BBl YMeeTe JEeJIUTh MHOTO-
“JIEHBI C OCTATKOM U U3BJIEKATH KOPHU U3 KOMILIEKCHBIX |ncesi. Fciu rmoka He ymeere, TO BO BCAKOM CJIydae BbI
pa30epéTrech CO CKOJIb YIOJIHO JJIMHHBIME CyMMaMHU KBaJIPATHBIX PaJIUKAJIOB.

Ha camom nmene, Mbl mokakem pake GoJibiliee: MEXKJY KOPHSIMH U3 PAIMOHAJBHLIX YUCEJ HE CYIIECTBYET
JINHEWHBIX COOTHOIIEHU C PAIMOHAJIbHBIME KO3MduImenTaMu, KpoMe OYeBUIHBIX OTHOIIEHUH ITPOITOPIMOHA b~

HOCTH, HapuMep, /8 = 2v/2. Bor Tounas ¢GpopMyIHpoBKa.

Teopema 1. ITycmv N,ky,....ky € N, N > 1,0 < Qq,...,Qn € Q u ¥/Q;i/ %/Q; ¢ Q npu i # j. Toeda

PAGEHCMNEO
ay k{/Ql +...4+anv"X/Qn =0, 2deay,...,ay €Q,

GBINOAHAEMCA TMOADKO NPU A1 = ... = AN = 0.

B gactnoctu, npu @1 = 1 nosay4dumM, 9to cymma Qo+ ...+ *N/QN uppayuonasvra, TaK KaK PABEHCTBO
, P Yy ) Y ppay y p
a1 V14 %/Qy+ ...+ *N/Qn = 0 He MOJKET BBITIOIHATHLCS HE IPH KakoM a1 € Q.

Y106 1 kiR QY Qi
TOOBI HpHMeHHTb TeopeMy 5 Hy)KHO HpOBepﬂTb I/IppaLLI/IOHa.HbHOCTb OTJCJIbHBIX pa,Z[I/IKa.HOB Ql /Q]
1o jeMme 1.

SAIAYA 1. Beiseaure u3 TeopeMbl 1 u jieMMbl 1 UPPalMOHAILHOCTL TPEX MOCJIEIHUX YUCE] B HAYAJIE CTATHU.

Ha ssbike BexTOpOB yTBep:KJIenue Teopembl 1 cdopmynupyerca N o S

] & & . 9 a1V + a3 +a3v3 =0= a1 =ay =a3 =0
rak: uncaa Q1 ..., "N/Qn aunetino nesasucumv 1ad Q (cpas- -
HUTE C HEKOMILUIAHAPDHBIMHI BEKTODAMH Ha DPHCYHKe 1). YcioBme
K/Qi/ %/Q; ¢ Q B 9TUX TepMmMHAX O3HAYACT JMHEHYIO HE3aBUCHU-
MocTh uncen K/Q; u %/Q; max Q (nmmneiinas HE3aBHCHMOCTD JIBYX
BEKTOPOB — 3TO MPOCTO UX HEKOJLIMHEAPHOCTD ). Puc. 1
Boobe, B3rsiy Ha ajrebpantdeckue IrcIa (B 9aCTHOCTH, Ha PaJUKAJbI) KAK Ha BEKTOPBI OKA3BIBACTCS €CTe-

1

ot

CTBEHHBIM U IIPOJYKTUBHBIM — OH IIO3BOJIACT IPUMEHATH I'€OMETPpUYECKUE HNJIEHU K aJII‘66paI/I‘{€CKI/IM 3aa9aM

14].

Cdopmyupyem 6osiee yaoOHYIO JJIst JIOKA3aTEBCTBA, HO, KAK OKAYXKETCs, PABHOCUJILHYIO TEOPEMY.

Teopema 2. IIycmov k,n € N, p1,...,Dpp — DABAUUHDIE NPOCTIBIE YUCAG, T1 = ¥/Pl,y...,Tn = &/Pn. Toeda
cucmema {rlll ol 10 <y, Ly < BY us K™ wucen aunetino nesasucuma nad Q.



DTy cucreMmy yJI00HO MPEJICTABJISITDL B BUJE N-MEPHON PEMIETKN, CM. IIPUMEPHI Ha PUCYHKE 2.
BAZIAYA 2. a) Kak cBsi3anbl HAOOPBI YncesT Ha HapaJule/IbHBIX CTOPOHAX KBaJpaTa Ha PHCYHKe 2a U Ha Ha-
paJuIesIbHBIX PEOpax u rpaHsx Kyba Ha pucynke 267 6) IloupoOyiite HapucoBarh runepky6 (4-mepubiii Ky6) u
PaCCTaBUTH B €r0 BEPINMHAX PAJUKAJIBI [0 TOMY 2Ke TIPUHITUITY.

V9 V18 /36
V6 V10,
V3 V6 12
V2 V3 V2 r =2
=12 re = /3
"2 = \/g o o
1 rs =5 1 2 K771
Puc. 246 Puc. 28

3AIAYA 3. Beieegure Teopembr 1 u 2 qpyr u3s jnpyra. Yrkaszanue. 1 = 2: 9ucja u3 CUCTEMBbI B TeopeMe 2 ToIapHo
HenporopImonaabHbl Hall Q; 2 = 1: 06001uTe paccyKeHne U3 CJIeIyIOIero npuMepa.

ITpumep 1. Ceeném JmneiiHyo He3aBucuMocThb (10 ymosdanuio — Hag Q) uwmcen 1,4/1/2,3/4/3 x reope-
Me 2. Beipasusiem nokasartemu kopueit: 1, ¢/1/23, /24 /32, nomnoxum BTOpoe Wncio Ha 2, a TpeTbe — Ha 3:

6 6 . 11 lo
1,V/23,V/24. 31 (310 He BMser ma JHHelHYyIO He3aBuCHMOCTD). Ilomyummu mogcucremy cucrembr {v/2 ' v/3° |
0 < l1,l2 < 5}, a oHa JMHEHO He3aBUCHMA 110 TeOpeMe 2.

B simreparype Ji71st MIKOJBHIKOB HEOJIHOKPATHO OOCYKIAJICS CJIydaii KBaJIpaTHBIX pajukaJos |2, 4, 6|. B §2
MBI pa3bepéM ero Ha IpuMepax, IO0JIBOJs KO MHOTUM, IIYCTh M HE BCeM, uiedM B obieit curyaruu. Teopema
2 upu n = 1 gokasana B [5]. O6muit ciaydaii pasobpaH, HaUpUMep B HaydHON cTarbe 7] ¢ HOMONIBIO TEOpUN
lasya. B §3 MBI j10KaxkeM TeopeMy 2 JTOCTATOYHO 3JIEMEHTAPHO, MOIMYTHO COODINasi HeOOXOUMbIE CBEJCHUS 00
aJiredpanvdecKux 4ucjiax, HHTePECHbIe 1 caMu 110 cebe. B KOHIle MbI IPUBEIEM COBCEM KOPOTKOE JI0KA3aTETHCTBO
TeopeMbl 1, TOCTyIIHOE EPBOKYPCHUKY. Beé HeoOXommMoe Jjist TOHUMaHus cOOPaHOo B §4.

§2. Curyuaii KBaJIpaTHBIX PaJUKAJIOB

Teopemy 2 mpu k = 2 MOXKHO JoKa3aTh WMHAyKIuei mo n. baza n = 1: jguHeliHas HE3aBUCUMOCTL 1 u
\/P1 O3HadaeT IPOCTO HPPAIMOHAIBLHOCTDL /P17 M UMeeT MecTo 1o Jjemme 1. Pasbepém ciaygam n = 2,3 Ha

KOHKPETHBIX IIPUMEPax — TakK IPOINe OObsICHUTh W IOHSTHh MJEH JoKa3arTebcTBa. llojiHOe paccykieHue ¢
JII0OBIM k MHIyKIHeld 1o 1 mpoBeaéM B §3.

IIpumep 2. Tokazkem, uaro uncia 1, v/2,v/3, /6 (puc. 2a) uHeiiHo He3aBucuMbl. [Tycrs a+bv/24cv/3+dV6 =0,
e a,b,c,d € Q. Boymemnm v/3: a + bv/2 + (¢ 4+ dv/2)v3 = 0. Ecrx ¢ + dv/2 = 0, To u a + byv/2 = 0, a Torya,
BBIJLY HppaIioHaIbHocTh V2, c =d=0wu a = b = 0. Ecin xe ¢ + dv2 # 0, 10

a+bV2 (a+bV2)(c—dV2)
\/g__c+dﬂ__ 2 —2d2

2bd — ac ad — be
= A+ BvV2 A= B = .
+BV2, e 2 — 242’ 2 — 242 €Q

Bosseém pasencrso V3 = A + By/2 B xBajpar:
3=A2+2B?+24ABV2 — AB =0, unaue V2 € Q.
[Ipu A = 0 nouyuaem /3/2 = B € Q, upu B = 0 nosyyaem V3 = A € Q — nporusopeune ¢ eMMoi 1.

MBI CBEJIH JIMHEHHYIO HE3ABUCHMOCTD YHCE/ Ha PUCYHKE 2a K «HHOPOJHOCTH» \/3 [0 OTHOIICHMIO K MHOYKE-
crBy Q + Qv2 = {a +bv2 | a,b € Q} (bopmanbio — /3 He JTesKUT B HEM), TOIOGHO TOMY, KaK /2 HHOPOHO
o orromenmo K Q. ITpu aToM okazasock BazkHO, uTo B MHOKecTBe Q + Q/2 MOKHO HE TOJBKO CKIIAJIBIBATE,
BBIYUTATH, YMHOXKaTh, HO u jeauth (He Ha 0), kak u B Q. IIpexze wem cuenarh coepyomuii mar, BBeJIEM
HECKOJILKO ITOHATHI.

Hemuoro Teopuu. Muoxkectso umces, comepzkaiiee 0 u 1 m 3aMKHYTO€ OTHOCUTEIHHO IETBHIPEX aprudme-
TUYECKUX JEeACTBUIM, HA3BIBAETCA 4uUCA08biM nosem. CIOBO ,auciioBoe” Mbl 6ymem omyckarb. Mrak, K — moJe,
ecin 0,1 € K u ns mo6wix a,b € K Bepro a +b,ab € K u a/b € K upu b # 0. Jlerko nousitb, QQ — noue,



IpHUéM ,caMoe MaJleHbKoe" — Jroboe mosie ero cogepxkut!. Eciu mome K comepskurest B mosie L, TO TOBOPSIT,
aro K — nodnose B L. B arom maparpade Bce mosis jiexkar B moje R 1eificTBUTEIbHBIX TIHCeT.

Yuca x4, . . . , Ty HA3BIBAIOTCA AUHETHO HE3ABUCUMBMUY Had nosem K| ecin paBEHCTBO a1X1 + ... + apXy =
0, te ai,...,a, € K, BHIIOIHSETCS TOJIBLKO IPH 4 = ... = a, = 0. Hampumep, uncia 1 u /2 mmHeitno
HesaBucuMbl HaJ| Q, HO ymHElHO 3aBucuMbl Hag R (paBeHncTBO aq - 1 +a2v/2 = 0 Bepro pu a1 = V2 1 ag = —1).

3AZIAYA 4. [Ipoepbre cBoiicTBa JMHEHHON 3aBUCHMOCTH / HE3ABUCUMOCTH HaJI IIPOU3BOJIBHBIM T10JIeM K :

a) cucreMa, cojepxkamias 0 WiIn JBa IuCiIa, OTHOIIEHHE KOTOPBIX JeKUT B K, sinHeiiHO 3aBucuMa Hag K

6) mojcucTeMa JIMHEHHO HE3ABUCUMOIl CHCTEMBbI JIMHEHO HE3aBUCHMA;

B) cucreMa 1, x juHeitHO He3aBucuma HaJj K, ecam u Tosbko ecan x ¢ K

r) K03bOUIHIEHTH! a1, . . ., a, € K B3amucn ancia a1x1 + . . .+ Gy Ty OMPEICSICHBI OTHO3HATHO, €CIIH U TOJIBKO
€CcJIu CUCTeMa, X1, . .., T, JUHEHHO He3aBucuma HaJl K.

Hanmenbree (1o BKIIOUEHUIO) moJie, cojepakainee noie K u qucia aq, . . ., &y, obosnadaercs K (aq, ..., ap)
1 HA3BIBAETCS II0JIEM, IOPOXKJIEHHBbIM HaJ K srumu uuciamu. OnuineMm IoJie, IOPOXKJIeHHOe Haj K oxHuM
KBaJIpATHBIM PaIUKAIOM Vd ¢ K, tne d € K. Ilone K (\/&), OYE€BUIHO, COCTOUT U3 OTHOINEHUI Umcesa BUOA
a+bVd, rie a,b € K. Ho or HppanioHaIbHOCTH B 3HAMEHATEJIE MOYKHO U36ABUTHCS, TOMHOXKIB HA CONPANCENHOE

1 a—b/d

a—bVd: =
a+bv/d a®—db?

(kax B pumepe 2). 3HAUUT,

K(Vd)={a+bVd|a,be K}.

IIpumep 3. Ilycrs p, ¢ — pasmmdanble mpocThie Yucia. AHAIOTHIHO IPUMEPY 2 1/q ¢ Q(\/ﬁ) uaucna 1, \/p,\/q,/Pq
JimHeliHO HezapucuMbl HaJ Q. ITosromy

Qvp:va) = Qvp)(Va) = {a+byp+ey/g+dypq | a,b,c,d cQ},
[IPUYEM 3alIUCh YNCEI B TAKOM BHJI€ O/[HO3HAYHA.

ITpumep 4. JlokaxkeMm, 9T0 dncia Ha pucyHke 20 juHeiHO HesaBucuMbl Hat Q. IlycTs
aq —|—a2\/§—i—...—|—a8\/30 =0, rge a1, as,...,as € Q.
ITTar 1. Bemocs v/5 3a ckobkn, mostyuum pasenctso suga A + Bv/5 =0, te A, B € Q(v/2,V3):

a1+a2\/§+a3\/§+a5\/6+(a4+a6\f2+a7\/§+a8\/6)\/g:O. (1)

A B

Hocrarouno gokazars, uro A = B = 0. Torua, corsacno npumepy 2, a1 = ag = a3 =as =0 u ag = ag = a7 =
ag — 0.

ITIar 2. Hajyo jsokasars, aro wucia 1 u /5 jmneiitno mesasucumbr nas noseM Q(v/2,4/3). Dro paBrocmibHO
yeaosmio V5 ¢ Q(v/2,v3) (samaua 4s).

IlIar 3. IIpexnosnoxknM, aro /5 € Q(\/ﬁ, \/3), T. €., C YYETOM OIIMCAHUS ITOr0 1OJs B IIpUMepe 3,
V5 =a+bvV2+ V3 +dV6, tie a,b,c,d € Q. (2)

BoJibiioe uncsio pajuKajaoB MOXKeT OTOUTBH KeJIaHHEe BO3BOIUTH B KBaJpaT. OJHAKO 9TO MOYXKHO CeJaTh I10-
YMHOMY, IIPEIBAPUTE/ILHO CTPYIIIIHPOBAB CJAraeMble OTHUX U3 JIBYX CIIOCOOOB:

a+bvV2+(c+dv2)V3=V5=a+cV3+(b+dV3)V2, (3)
C D c’ D’

u «ue tpesoxkuth» C, D, C’', D’. BosBenéM B KBaJpaT nepBoe PABEHCTBO:
C?+3D* +20DV3 =5.

Tak kax wucia 1 n /3 jumeitno mezasucumer Ha notem Q(v/2), To CD = 0. Ananornano C'D’ = 0. Beero 4
papuanta: C =C' =0, C=D"=0,0'"=D=0um D =D =0.Ecm C =C"=0,1T0a=b=c=0,
nosromy /5 = dv/6, a 910 mporuBopeunT jgeMMe 1. B Ipyrux cirydasx mosrydaeTcs aHAJOTHYHOE IPOTHBOPETILE,
TaK Kak B [IPaBOil 4aCTH PaBEHCTBa (2) 0CTAETCs JIMIIb OJHO HEHYJIEBOE CllaraeMoe.

!BBIBAIOT M ApyTHE IO MOJIE BEIYETOB Zyp, TI0JI€ palMOHAJIBHBIX (hyHKIWI 1 1p. JI1060e nose conepxxut 60 Q, 1160 Zy.



SAIAYA 5. Hokaxkure TeopeMy 2 npu k = 2: caejaiire mar UHAYKIUMA OT 1 — 1 K n, cjenyst upumepy 4.

IIpexkte yeM mepexonTh K pajaukajiaM 0oJjiee BLICOKOM cTeneHn, 00Cy MM, KaK MOXKHO OBLIIO CIEIaTh IOCIIE -
HU# Iar ¢ IpuIe/ioM Ha obmumit ciaydait — 0e3 Bo3Bemennusa B KBagpaT. Coracurech, jJaxke CTOJIb 0e300mIHoe
paBeHcTBO Kak /3 = a + bv/2 (a,b € Q) expa u yaacres IPUBECTH K IIPOTUBOPEUMIO JIOOOBBIM BO3BEICHHEM B
HATYIO CTelleHb... UTo eciiu B paBeHCTBaX (3) IepeiiTu K CONPSIYKEHHBIM YHCIaM?

Hazosém uncia Buta a + byv/d van nmonem K , e a,b,d € K, Vd ¢ K, conpsizkéuabivu. B pasencrsax (3)
conpsizkéHHbIM K uuciay C + D+/3 maj nosem Q(\@) oymer C — D\/g, a conpsizKéHHbIM K unciy C’ + D'\2
naz nosem Q(v/3) Gyaer C' — D'/2. B 10 e BpeMmst CONPSKEHHBIM K 4nciy /5 Haj 06ouME TI0JAME GyIeT
—+/5. Pa3 4ucsia paBHbBI, TO PABHBL U UX CONPSZKEHHBIE:

C-DV3=—-V5=C"-DV2 (4)

Orcroma u u3 (3) momyuaem C' = C’ = 0, 9T0 HEBOZMOKHO, KaK MOKA3AHO BBIIIE.

VBB, HECMOTDsI Ha KaKyIL[yIOCsl CTPOIOCTh, 9TO PACCYK/IEHHUE COIEPIKUT «JIbIPY», OJHAKO €r0 MOXKHO CIia-
cru. Jlornueckast ommbKa JIOBOJIBHO TOHKAsl, U YUTATE]b, KOTODBI €6 0OHADYKUT U WMCIPABUT, BIpaBe cOOOIi
FOPJUTHCSL.
3A1A4A 6. [Touemy mepexos or (3) k (4) He 06oCcHOBAH, U KaK €ro JI0Ka3aTh?

ITepexos K CONPSZKEHHBIM YacTo ObiBaeT sdbdekTuseH. BoT HECKOIBKO OMMMINAIHBIX 33/a9 Ha 9Ty TEMY.
BAZAYA 7. CymIecTByIoT JIi TaKie PaIMOHaJIbHbIC Yncia a, b, ¢, d, aro (a + byv/2)? + (c + dv/2)? = 7 + 5v/2?
BAZAYA 8. Haiimure nepseie 1000 3HaKOB HOC/IE 3amsToll B AecaTnynoi 3amuc uucia, (6 4 1/35)1000,

3AJAYA 9. Jokaxure, uro npousseaenne 2100 uncen +v/14+v24 ... £/99 + /100 — nomusrit KBaJIparT.
§3. O6mmii coiyyaii

Hauném nokazbiBaTh TeopeMy 2 IpHU TPOU3BOJIBHOM Kk, cieys tuiany B npumepe 4. Ilpu sTom Ha Kaxkjaom
mare Oy/yT BOBHUKATH HOBBIE TPYJIHOCTH. UeM majibiie B jjec — TeM DOJIbINE JTPOB.
IMTar 1: ormierienne nocJsiegHero paaukana. Jluneiinoe coornomenne Hax Q (1. e. ¢ kosddbunuenramu u3
Q) JeBsiTu YKCesT Ha PUCYHKE 2B MOYKHO 3aIlMCATH B BH/JIE

fo(V2) + fL(V2)V3 + fo(V2)V9 =0,

rie fo, f1, fo — MHOrOWwIeHsl crenenu Menbie 3 Ha Q (crpynmuposasu ciaaraembie Kak B (1)). ITosromy siu-
HellHAsT HE3aBUCUMOCTh ITUX UUCE OYJET CJIe10BaTh U3 ABYX (DAaKTOB:

ancia 1, v/3, V9 smHeilHO He3aBUCHMBI HAJT [IOJIEM Q({S/ﬁ), (5)
ancia 1, v/2, V4 mmaeiino nesasucumbl Hag nosem Q. (6)

B camom gere, 3 (5) momygaem fo(v/2) = f1(V/2) = f2(v/2) = 0, a Torma u3 (6) KosbduUTHEHTH MHOTO-
wIeHoB fo, f1, fo — Hynesble. OGOOIIMM 3TO PACCYKICHNE U MOKayKeM, U4TO JOCTATOYHO J0Ka3aTh Teopemy 2':
6 06osnarenuas meopemvl 2 wucaa 1,ry, ..., TFY qunetino nesasucumnt nad nosem Q(ry, ..., rn_1).

ITycts Teopema 2’ nokazana. Jlokaxkem Teopemy 2 mmjpyknueit mo n. [Ipm n = 1 Teopembl coBnaganoT OykK-
BasibHO: Q(r1,...,mh—1) = Q. IIycrs n > 1. Ilepecdbopmysnupyem reopemy 2: ecau F(z1,...,2,) — mMHo20uAEH
nad Q, umerowuid no xascdoli nepemenrotc cmenensv menvwe k, v F(ry,...,r,) = 0, mo F = 0 (m. e. sce

koapuyuermov. mruozousena F nyaeewe). 3anumem F B Buje

F(l’l, ey :L‘n) = fo(l’l, . ,l‘nfl) + f1($1, R ,xn,1)$n + ...+ fk—l(l'la . ,xn,l)xﬁ_l.
ITo ycnosuio F(ry,...,r,) = 0. ITo Teopeme 2" umeem fi(ry,...,m—1) = 0 st Beex j = 0,...,k — 1. Ilo
MIPEIONIOXKEHNI0 nHaAyKIn fo = ... = f_1 =0, 7. e. F =0.

ITlar 2: «<MHOPOJHOCTBL» MOCJeAHero pagukasa. Ilycrs K — moboe mose, 1 — taxoe dncio, aro r* € K.
BrisicanMm, Koraa

k—1

qucaa 1,r,...,r JuHeitHo HezaBucuMbI HaT K. (7)

Napivu coioBamMu, r He JTOKHO OBITH KOPHEM MHOTOMUJIEHA cTerleHn MeHbine k ¢ kKoadpdunuentamu u3 K. Ilpu
k = 2 sro npocro o3nauaer, uro r ¢ K (3amaua 48). [Ipu k > 2 Bcé ropasmio cjioXKHee U MHTEPECHEe.

Hemuoro Teopuun. MHuoxkecTBO MHOrOWIeHOB Hajl mojieM K obosnauaercst K [x]. Muorowien nag K moso-
JKATEJIBHOM CTENeHN, KOTOPBIN He PACKJIA/IbIBAETCS B IIPOU3BE/IEHNE MHOI'OYJIEHOB MEHBIINX CTelleHell, Ha3biBa-
ercst Henpusodumoim Has K. MHOTOUYIEHBI HaJl I0JIeM MOXKHO JeJTUTh ¢ OCTATKOM («YTOJKOM» ).



[Iycrb 4mnciio o siByisieTcsi KOPHEM HEHYJIEBOIO MHOTOYJICHa HaJl mojieM K, Torjia OHO Ha3bIBAETCs aA2eb-
pauveckum Had K. Cpeau Becex TaKUX MHOTOYJIEHOB TOJBKO OJMH UMeeT HAUMEHbBINYIO CTeleHb U CTapliuii
koadbdurment 1 (ecsim 661 uX OGBIIO J1BA, TO UX PA3HOCTD ObLIa OBl MHOTOYJIEHOM MEHbIIEH CTEIEHN ¢ KOPHEM ().
OH HA3BIBACTCA MUHUMAALHOLM MHO20MACHOM TUCTa o HayT K, 1 MBI GyeM ero obozHadarh uX (z) wim e (),
ecJiu sICHO, 0 KakoM 1nojie K wiér peub. CrelieHb 9TOr0 MHOTOUJIEHA €CTh HauMeHblee Takoe m € N, 9ro yucia
1,a,...,o™ muneiino sasucumbl Haj K. Bor ocnosHble cBoiicTBa MHOrouneHa pX (x) = po(x):

1) mrozounren pig(x) nenpusodum nad K;

2) 10600 mrnozousen uz K[x] ¢ koprem o deaumcs wa fua(x);

3) nenpusodumviii nad K mmozousen p(x) ¢ koprem o u cmapwum kospguyuermom 1 paser fiq(x).

Joxasamesvemeo. 1) Ecin MHOTOWIEH [i, PACKIIAJBIBACTCS B IIPOM3BEJICHIE MHOIOYICHOB Haj K MeHbIeit
CTEIIeHH, TO (@ — KOPEHb OJIHOTO U3 COMHOXKHTEJIEH, YTO IPOTUBOPEUUT MUHUMAIBHOCTH CTereHn deg fq .

2) Ilycrs f € Kx] u f(a) = 0. Paznenum f Ha p, ¢ ocrarkom: f = pqq + S, tae q, s € K|x| u 6o s = 0,
6o deg s < deg p,. Bropoit BapuanT HeBoBo3MoxkeH, Tak Kak s(a) = f(a) — po(a)g(a) = 0.

3) ITo nyukry 2) p(x) gemures Ha o (z), a Tak Kak p(zr) HenpusoauMm Hajx K, o p(x)/ue(z) = ¢ € K.
[Tockosibky craprine koaddunuenTs! y p(x) u () pasusr 1, To ¢ = 1. O]

k k k

Taxum obpasom, (7) & pl(z) = 2% —rF < apyunen ¥ — ¥ nenpusomum nayx K. Hanpumep, yraeps ienus
(5) 1 (6) PAaBHOCHILHBI COOTBETCTBEHHO HEPHUBOIUMOCTH fAByHdtena x> — 3 nam Q(+/2) n asyunena z° — 2 mas
Q, a 310 3HaunT, uTo /3 ¢ Q(¥/2) 1 /2 ¢ Q (KyGudeckunii MHOrOUICH HEIIPUBOINM HaJL IOJIEM, €CJIM He HMEeT B
HeM KopHeii). B obmmem ciydae ycioBue «uopognocTus r ¢ K He0OXOIUMO, HO He JIOCTATOYHO. XOTs B HAIIEM
caydae jedicTBytorue Jgura K u r jgexkar B mojie R, MBI BBIiJIEM B KOMILIEKCHYIO ITockocTh — mosie C, e
asyanen z¥ — r¥ packmapiBaerca na ymmeitnbie MuoxkuTen. 1o dopmyre Myaspa [3]

k. k_ k—1 o 2 | e 2m
2" =" =(x—r)(x—re)...(x —re""), e € = g} = cos I + isin =T, (8)
A
re
‘52 - §
§ £2. N
/ \
! \
| 5 >
\ 1 r
\ /
63\ - 7
re I et
T‘54
Puc. 3
Jlemma 2. ITycmv K — nodnose s R, r € R, 7 € K wr,...,r*"1 ¢ K. Toeda deyunen z* — ¥ nenpusodum
nad K.
Joxasamenvcmeo. Ipeanonoxum, aro asyuanen z¥ — r* umeer pesmrens us K|x] crenenn [ € {1,...,k — 1}
i ¢ — cBOGOMHBIH wien sToro jgemurens. V3 pasitokenns (8) mmeem ¢ = (—r)le® m1s HEKOTOPOro mEJIOro s.
Hockomeky c € K CR, r € Ru |e*| = 1, To 7 = £|¢| € K, 4T0 NpoTHBOPEUUT yCIOBHIO. O

amenanue. s r ¢ R nemMma HeBepHa, HanpuMep, pu k = 3 1 7 = & mmeeM ¢,£2 ¢ R, Ho mBydsien 2 — 1 IpUBOIMM.

IIpumep 5. [y mo6oro mpocroro p m HaTypasbHoro k > 1 mveem {/p, . .. Vpk—1 ¢ Q (nmemma 1), mostomy

npyaiten ¥ — p menpusogum max Q (emma 2)?, smaunt, M%ﬁ(x) =k —p.

Boobmie, Teopema 2’ nocpejcTsoM JleMMbI 2 cBefieHa K TeopeMe 2”: 6 mex oice 06o3nanenuax

rn,...,rffl ¢ Q(ri,...,rn—1). (9)

IIpu n = 1 310 Bepno no gemme 1. UToOBI TpUATH K TPOTHBOPEYNIO IPH 7. > 1, HAYYINMCSA 3AIUCHIBATD
qucsa u3 Q(rq,...,7p—1) B BUje MHOIMOYJIEHOB OT T, ..., Ty—1. Hamnpumep, ycjioBue I3 ¢ Q(\:’/ﬁ) 3alldlIeTcs B
Buze /3 # a+ b2+ cV/4 upu a,b, c € Q.

ITTar 3: n36aBjeHne OT MPPALMOHAJIBLHOCTA B 3HaMeHaTeJie. [IpecioByToe «IOMHOXKEHHEe Ha COLPSIKEH-
Hoe» paboTaeT JIUIIL C KBAIPATHLIMUA paankagamMu. Kax jreficTsopars pu k > 2, cHa4YaJIa IIOKAsKEM Ha, IIPAMeEpe.

JIMHEHAasl HE3aBUCUMOCTD YHCEJT ... v/pF~1 Takxke cBelleHa K HENPUBOAMMOCTH JIBYUJIEH — TAHOBJIEHHOMN
B |5 eliHasd He3aBUCHUMOC cex 1, ¥/p, ¥/pk—1 taxxke cemeHa e 0 oc ena z* , YCTAHOBJIEHHO
110 TIPU3HAKY DA3EHIITENHA.



1
Ipumep 6. /136aBuMCcs OT HPPAIOHAILHOCTH B 3HaMeHATEIe JApo6H ——————. OGosHaunM r = /2 u

VA+V2+3

u(r). DTO 3HAYMUT, YTO MHOIOUJIEH
5).

f(x) = 2% + z + 3. Hayio maiitu Takoit Muorounen u € Q[z], uro ﬁ

f(z)u(z) — 1 umeer kopens 7, a Torya aemurca Ha p2(x) = 3 — 2 (upumep 5). Takum o6pason,
u(z) f(z) +v(z)(2® —2) = 1.

JIUIsE HEKOTOpOro MHorowrena v € Q[z]. Muorowiensl v n v HaiiéM ¢ moMoOIIBIO agropuTMa EBkinma:

Asropurm EBrimia Ob6parHbiil X071 aaropurma EBknga
1 3 3
P —2=@"+z+3)(r—1)—22+1 T=r) - (f@)(@-1)-("-2) (Gz+7) =
2 1 3 15
3=02x-1) (5 g =2
r* 4T+ (2z—1) (3z+3) + 4 = (¥ —2) (bo+3) + fla) (~La? — Lo+ T)

Urax, (222 + 2 — 7)(2? + 2+ 3) — (22 + 3)(2® — 2) = —15, oTKyza IpH & = 7 HOJTy9aeM

1 _T—V2-2V4
Vi+V2+3 15

JlokarkeM Teriepb 00ITIee yTBEPXKIEHUE, CJIe/Iys Pa3oOpaHHOMY ITPUMEpPY.

JIemma 3 (06 uszbaBjieHnn OT UPPAIMOHAJIBHOCTH B 3HaMeHatTese). Feau wucao a anzebpauino nad nosem K
u deg pa(x) = k, mo xasrcdoe wucao 6 nose K(a) odnosnauno sanucweaemces 6 sude

co+ecra+ ...+ cp1a" 20e o, e, ... 051 € K. (10)

Aokasamenvcmeo. Hucna takoro Buia Jyexkar B K (o), O9TOMy HAJ0 IPOBEPUTH, UTO OHM CaMU 0OpasyiorT
noste. 3aMKHYTOCTb OTHOCHTEJIBHO CJIOZKEHHUs, BBIYUTAHHUs U yMHOXKeHusi odeBuana. Ilycrs f € K(z] u f(a) #
0. Torma f(z) He memurcs Ha fio(X), & TOTOMY 9TH MHOTOWIEHBI B3aUMHO IpocThl. Ilo anropurmy Eskimma
HajfiryTcst Takne MHOrowIeHs! u, v € K|x], aro u(x) f(z) + v(z)pna(z) = 1. IIpn x = o nonyunm 1/ f(a) = u(a),
470 1peobpasyercst K Buy (10) 3aMeHOll u ero ocTaTKOM OT JleJIeHusl Ha [i,. KoadddunueHTs! ¢; onpejeneHbt
OJIHO3HAYHO, NHAYE (¢ ObLI OBl KOPHEM MHOIOWIEHA CTENeHN MeHbIie k. O

1 1
Ve o O Wit

BepHéMCH K JOKa3aTe/JIbCTBY TE€OPEMbI 2//. Ilo IPEAIIONIOZKEHUTIO NHAYKIIUIO JIBY1JICH l‘k — T‘If HEIIPpUBOAUM Ha/JT

Q, neyuanen x¥ —r§ — nax Q(r1), ..., npywren oF —rF | — mag Q(ry,...,7n_2). [locienoBaTebHO H36ABIAACH

OT UDppalMOHaJIbHOCTHU B 3HaM€E€HaTeJIe, IIpeJCTaBUM KazKJ10€ IY1CJIO U3 Q(’I”l, ey T'nfl) OTHO3HaYHO B BU/JI€ CyMMbI

3AZAYA 10. U36aBbrech OT UPPAIMOHAIBLHOCTH B 3HAMEHATEIISX: A)

qIIces BUJIA
I
arlll...rnfll, rmeac€Q,0<ly,... 1,1 <k (11)

l

IIycrs (9) mesepuo, T. e. 1,

npu nHekoropom [ € {1,...,k — 1} paBHo cymme uncen suzpa (11). B sroii

In—1

CyMMe JOJIZKHO OBITH OOJIBIIIE OHOIO CJIAraeMOro, MHaYIe rﬁL / (rlll ...7" 7)) = a € Q, 9TO IPOTHBOPEUUT JIEMME

n—1
1. 3HaunT, KAKOW-TO U3 PAJUKAJIOB T1,. .., Tn_1 BCTPEUACTCS B JBYX CJIAra€MbIX B PA3HBIX CTEIEHSX, IIYCTh 9TO
rn_1. UTaK,
I _ k—1
Ty, = Ag+ Ayrp—1 +...+ Ak_lrn_l, (12)
rie cpeu A, ..., Ag—1 € Q(r1, ..., Tp—2) x0T OB 1Ba HeHysIeBBIX. CaMoe HHTePEeCHOe HACTYIIAET B 9TOT MOMEHT

— TPYJHOCTH TI0 CPABHEHHUIO CO cilydaeM k = 2 Bospacraer emé 6osbine. V1 Bupasy, npu k = 2 pasercrso (12)
COBCEM He CTPaIIHO: /P, = Ao+ A1,/pn_1 1 63 Tpya Bo3BouTca B KBajpar. Ho npu k > 2 o Bosseennn (12)
B k-10 CTeleHb Jake JyMaTh He XodeTcd... Ha moMoms BHOBb NPUXOAAT MUHMMAJIbHBIE MHOro4IeHbl. Ho ecim
JJIA JIEBOII YaCTU MUHUMAaJIbLHBII MHOTOYJIEH HATH JIETKO, TO JJIsd HpaBOﬁ He odeBu/Ha JazKe aﬂfe6pquHOCTb.

ITpumep 7. TIpusesém K IPOTHBOPEUHIO yIIOMAHYTOE BBIIIE PABEHCTBO V3 = a+bv/2, rie a,b € Q, — gacTHbIit
ciayqait (12). Io semme 1 a # 0 u b # 0. Cornacno upumepy 5, pyz(x) = -3 m 1om(T) = 25 — 2, a Torma
fgsy5(2) = (2 —a)®—20° (cremamn muneitnyio sameny « +— L3¢ u ymuozxumi wa b°). Iosyuaem nporusopetue:

2> —3=(zx—a)® -2 =2° —Baz’+... = a=0.



BAJIAYA 11. Permure ypaBHeHUE B HATYyPaJbHBIX ducaax: v/m + /n = 2021.
BAJAYA 12. Onposepraure paBeHCTBO V3 = av/2 + bv/2, tie a,b € Q.

B ofmmem ciydae 1myTh K MEHUMAJILHOMY MHOIOYJIEHY IIpaBoil dacTu paseHcTBa (12) Jjiekur depes conps-
oHCEHHDBLE YUCAG. BOT TOJIBKO UTO TaKoe, MBI ONPEAETUIN TOKA JINIIb JJIsl KBIPATHIHLIX UPPAINOHATLCTEH, 1
B KOHIIE §2 HAMETHJIM PACCYKJIEHUE C TEPEXOJIOM K COIPSIKEHHBIM.

Emié memuoro reopuu. Ilycrs uncio o € C anrebpanyno nas nojiem K u

to(z) = (. —a1) ... (z — ag)

(corslacHo ocHOBHOII TeopeMe aarebpsl Joboit Muorownen nay C pacKiaIbIBacTCa Ha, JIHHEHHbBIC MHOMKHTEH ).
Yucna ai, . .., HA3BIBAIOTCS conpadicénmvmu ¢ o nag K. Obosnaanm ux cymmy o(a). ITo reopeme Buera

cl@)=a1+... 4+, <= pao(z)=z—oc(a)z" 1 +... (13)

[Tpumep (7) mokasbiBaer, 410 uMeHHO KO3 durmenT —o () 6yeT UrpaTh KJIYEBYIO POJIb.
Bameuanue. Incna oy, ..., o) pasandanbl (Ui JOKa3aTEIbCTBA 9TO He HYXKHO): eclu fiy(z) = (x — a;)?g(x), To npouns-
sozast ul(z) = 2(x — aj)g(z) + (x — a;)?¢'(x) € K|[x] umeer xopenb a;, xora deg p), < deg fiq-

Beujy cpoiicTBa 3) MUHUMAJIBHOIO MHOTOYJIEHA Bee ajnrebpandeckue Ha K dnciia pasbuBaroTcs Ha KJIACCHI
CONPSXKEHHBIX, KaXKJAbIIl U3 KOTOPBIX COCTOUT U3 KOPHEl KaKOro-TO HEIPUBOJAMMOIO HaJj, K MHOrodjeHa.

Ipumep 8. Paznoxkum asyunen ! — 2 Ha HenpuBoguMBIE U PA300bLEM €ro KOPHH HA KJIACCHI CONPSIZKEHHBIX

Ha | KaxkapiM 13 noseit Q C Q(v2) € Q(v2) € Q(v/2,4):

Q(ﬁ* Q2): QY1)
(0= YD+ V26 +V2) (o= )@+ VD =iV +iV)
Puc. 4

ITpumep 9. [iist KBajpaTHaHbIX Hppanuonaibuocreit a+byd (a,b,d € K, b # 0,v/d ¢ K) nammoe onpeenenne
COIJIACOBAHO C NMPUBLIYHBIM IOHATHEM CONPSKEHHOCTH:

ufib\/a(a;) = 2% — 2ax 4+ a® —dbv?, o(a+bVd) =

(Keraru, ipu K = R u d = —1 nostyyaem KOMILIEKCHO-COTIPSZKEHHBIE Yncia @ 1 bi.) DTo cracaer npuBeIéHHOE
BBIIIle 000CHOBaHME mepexosa or (3) K (4).

IMpumep 10. Ilycts a,b € Q, b # 0. Yucna a & b¥/2, xoneuno, ne 6ymayT conpsKeéHHpIME npH k > 2 (110
AHAJIOTHH C KBA/[PATHIHBIME UPPauoHa bHoCTsME). CONpsyKEnnbe ¢ uncioM a+b+/2 cyTh KOpHI MHOTO/ICeHA
Poiptyz(@) = (- a)k — 2bF (amamormuno npumepy 7), T. e. uncia a + b/2e7, j =0,...,k — 1 (upumep na puc.
5). Buak + npu k = 2 00bsICHSIETCST TEM, YTO €9 = —1.

a + bv/2e?

a+by/2

a+ by/2e3

a + by/2et
Puc. 5

31\/.[1)1 9TUM IIOJIb30BaTHCA HE 6yaeM: B JJOKa3aTeJIbCTBE BCE MHOI'OYJIEHBI PaCKJ/IaJbIBalOTCsA ABHO.



Jlemma 4. [Tycmv K — nodnoae 6 R, r € R, r ¢ K, r* € K daa nexomopozo k € N. Toeda o(r) = 0.

Hoxaszameavemso. CymectByer Hammenbiee m € N, takoe uro r™ € K. Ilo jsiemme 2 npyanen x™ — ™

nenpusouM Haj K, a snaunt, pasen uX (z). Tak xkak r ¢ K, Tom > 1 u o(r) = 0. O

HTar 4: nepexon K conmpsi>k€HHBIM YncsiaM. [Ipumep 10 1mojicka3biBaeT BUJ CONPS2KEHHBIX K YUUCTY BH-
na (10).

Ipumep 11. Ouposepruem paBeHCTBO /3 = a + by/2 + c¢V/4, tie a,b, ¢ € Q. CoupszkéHHBIE ¢ JIEBOI 4aCThIO
cyTb /3, /3¢, V3%, rie € = e3. C Apyroii CTOPOHBI, PACCMOTPUM MHOTOU/ICH

F(z) = (z = (a+bV2+cV4)) (v — (a+ bV2e + cV4e?)) (v — (a + bV/2e* + cV/de)).

Kaxk nokazars, uro F(x) € Q[z], He noprsi Hacrpoenne packpbiTueM cKoOok? Hucrasi anrebpa: 3aMeHUM 2
Ha y u /4 na y?. [lomyauM MHOTOU/ICH, He MEHSIONMHCS IPH MOJICTAHOBKE Y& BMECTO ¥, & 3HAYUT, Y B HETO
BXOJIAT TOJMBHKO B CTEIeHAX, KPATHLIX 3. 3amenss y° Ha 2, moayumm muorounen F(z) € Q[z]. Cremosarensio,
F(z) nemurest na p1y5(x) = 23 — 3, orciona F(x) = 2° — 3. Ho cymma Kopueit muorousiena F pasna 3a (Tak Kax
l+e+e2= 0). Bnauur, a =0 u V3 = by/2 + ev/4. Tonenum na v/2: {’/3/7 = b+ ¢V/2. Anasornvno win Kax B

3 3
npumepe 7 nosryanm b = 0. 3HaunT, /3 = ¢V/4, 910 HEBO3MOXKHO 1O JTemMe 1.

JIemma 5. ITycmv a1 = ..., a5 — 6Ce CONPAACEHHDIE C YUCAOM &, anzebpauinvim Had nosem K, u f € K|x].
Tozda wucao f(a) anzebpauuro nad K u daa nexomopozo d € N
d
tfa) (@) = (x = flan)) ... (z = flow)). (14)
Joxasamenscmeo. JUis HAIINX Iejieil TOCTATOYHO MPOBECTH B caydae fq(z) = 2% — ¥ rne r = a. Pasencrso

(14) npumer Bu
iy (@) = (@ = f(r)(@ = f(re))... (& — f(re"T)). (15)

1. PaCCMOTpI/IM BCIIOMOT'aTeJbHbIII MHOI'OYJIEH

Gla,y) = (@ — [z — fye)) ... (x = f(y=""1)).

OH HE MEHAETCdA IIPpU 3aMEHe Yy Ha Y& (CKO6KI/I CABUI'aIOTCA II0 HHKHy), a IIOTOMY BCeE BXOANINE B HETO CTEIICHU
y kparubl k. [Tostomy G(z,7) — mHOrOUIEH ¢ KOddbdurmenravu u3 K u kopuem f(r). Suaunt, uncao f(r)
anrebpanano uaj K u iy () nemr G(z,r).

2. Muorounen pyq(f(x)) € K[z] umeer kopens r, a moromy jenurcst ma Muorownen fy(z) = xF — ¥,
BHaYNT, BCe KOPHU T,T€, .. .,re" "1 9T0r0 jBydIeHa SIBIISIOTCS KOPHSIMI MHOIOY/ICHA, prey(f(2)), T e. wmcna
f(r), f(re), ..., f(rek¥=1) conpsxensr.

3. Hycrs d € N — nanvensmee takoe 9ucio, 910 fi sy (2)? pemur G(z,r). Hokaxem, uro G(z, 1) = s (x)™.
HeitcTuTe1bHO, B TPOTUBHOM citydae MuOTOYTeH G (T,7) /11 5(r) (z)¢ € K[z] nveer nexoropslit Kopenb f(rel), a

BHAMHT, JETUTCA HA [f(yei)(T) = iy () (T), UTO IPOTHBOPEINT MUHUMAILHOCTH d.
Il okazare/ibeTBa B OOIIEM CJIy4Yae PACCMOTPUM MHOTOYJIEH

G(@, Y155 yk) = (@ = f(y1)) - (= f(yw))-

OH HE MEHSIETCsI [IPU [IEPECTAHOBKAX Y1, - - . , Yk U 110 OCHOBHON TEOPEME O CUMMETPUIeCcKuX MHOrowieHax |1, crp. 134] BbI-
paxkaeTcs Yepes T U 3JIEMEHTAPHbIE CUMMETPHYECKHE MHOTOUJICHBI O71, . . . , Ok, OIPEJIeJIsieMble PABEHCTBOM (T —11) . .. (T —
yr) = ¥ —o2F "t fogrk T2 — 4 (=1)*0y. Tlockombky (z—ay) ... (2 —ax) = pa(r) € K[z, T0o G(, 01, ..., ) € K]
[Tocietyionue paccyskJIeHust AHAJTOTHIHbI. O

[TpupaBHsieM cyMMbI KOpHEii (¢ KpaTHOCTSIMI) MHOTOYJIEHOB B paBeHcrBe (15):

do(f(r)) = f(r) + f(re) + ...+ f(re®1).

Cocunraem mpaByto 9actb s f(x) =co+c1x+ ...+ cp_qxk L
f(r) =co+cr + .4t
f(re) =co+cire +oF ey rFT R

freF=Y  =co+creft +. 4+ ck,lrkflg(kfl)Q.



CUI0KUM 9HCIa B KasKJI0M cTosionke. Tak kak € = 1. To
ol s

A A 1=k
1+5J+529—|—...—|—5(k_1)]:176].:0,jzl,...,k—l.
— &

Buaunt, f(r)+ f(re) + ...+ f(re¥=1) = kcg, otxyna

kil) - Q. (16)

Q-

olco+ar+...+cp_1r

Hakomner Mbl TOTOBBI IpUBECTH paBeHcTBO (12) K IIPOTUBOPEIHIO. ITycts A; — mepBblit HeHys1eBoOi Koaddu-

nuenr B psy Ao, ..., Ag_1. Pazgennm pasencreo (12) ma 7! _;:
rt k—j—1
jn = Aj + Aj+1’l“n,1 +...+ Ak—lrnfjl . (17)
T
n—1
[Iycrs K = Q(r1,...,mn—2), R = sz/ri_1- Torma R ¢ K, mnade R = Aj u Aj1 = ... = A1 = 0 BBUIY
JIMHeiHoil He3aBucuMocTd 1,7, 1,..., rﬁ:} Hag K (mamomunM, cpein ducen Aj, ..., Ap_1 XoTs ObI JBa HEHy-

neBbix). IIpu stom RF = pl / pZLfl € Q, mosromy o(R) = 0 no siemme 4. B 10 ke BpeMms 3HaueHne ¢ OT IPaBOit
gactu (17), cormacuo (16), mponoprmonansHo A; (Hrparolero poss cg), a noromy se passo 0. Ilomyuennoe
IPOTUBOPEYHE JIOKA3LIBACT TeOpeMy 2.
@akTUIecKN MbI JloKa3au GoJibliiee: KaxKpoe 9ucyio B noje Q(ry, ..., r,) npejacraBisiercs B BUJIE JIUHEHHOI
KoMOuHamuy k™ quces l
1 In

i,

roe 0 < q,..., 0, <k,

C OJTHO3HAYHO OIPeIeEHHBIMI PAlMOHAIbHBIMU Ko durtnenTamu. Ha sa3bike BEKTOPOB, 3TU UHC/Ia 00PA3yIOT
6asuc monst Q(ry,...,r,) nang Q. Takoe npejcrabienue jocTuraercss n30aBJIEHHEM OT MPPAIMOHAJILHOCTH B
3HaMeHATeNIe, a OTHO3HATHOCTD KO PUIINEHTOB PABHOCUIbLHA, JTUHENHON! HE3aBUCUMOCTH JTaHHOW CHCTEMBI.

KOpOTKOe A0Ka3aTeJIbCTBO C IIOMOIIIbIO CcJjieJa

Ncmonb3yst 1y Th G0JbIe cBeJieHnit 00 ajredpandecknx Iucjiax, JU00 BIajies HAaYaJaMu JIMHEHHON aareOpsl,
MOZKHO COBCEM KOPOTKO JIoKa3aTh TeopeMy 1 (He cBojist eé K TeopeMe 2). B ocHOBe paccyKIeHUs TaKKe JICXKUT
HEKOTOpasl BEJIMUNHA, MPOIOPIMOHAJIBHAST CyMMe COIPsIKEHHBIX. Ho 1pu 3TOoM OHa 00J1a/1aeT 3aMedaTe/IbHbIM
CBOWCTBOM JIMHEHHOCTH, OJIAr0apst IeMy TEXHUKA CBOJUTCS K MUHUMYMY.

Oyukius f: L — C, rue L — noanodie B C, HazbiBaeTcst aunelinot (Tounee, Q-muneitnoit), ecm f(ax+by) =
af(x)+bf(y) msascex x,y € Lua,b € Q. Ilycrs L = Q( /Q1, ..., "{/Qn). B §4 MbI noKazkeM, 94TO CymecTByeT
suneiinast Gyukius tr: L — C, nassiBaemast cjiegioM (0T aHriI. trace — cjel), Takas 4To

JUst Kaxkjioro « € L naiinérest rakoe d € N, uro tr(a) = do(a) (18)

(o(«) oupegesneno B (13)). Ipeanonoxum, aro a; W/Q1+...+an *N/Qn = 0, tae ay,...,any € Q He Bce paBHbI
0. Bymewm cunrarh, uro ay 7 0. HeoxkunaHHBIM 00pa3oM yenInHUM He paJukal, a Koadgduiuent. Pazmenum obe

gactu Ha “N/Qn u obosHaunm R; = K/Q;/ "N/Qn,i=1,...,N —1:
—any=a1R1+...+an_1Bn_1. (19)

Tak Kak RfikN € Q u no ycnosuio R; ¢ Q, o o(R;) = 0 no nemme 4, a rorga tr(R;) = 0 B cuuty (18). Orcrona
B CHJIy JIMHEHHOCTH cJiefl OT IpaBoii dactu paseHncTsa (19) pasen 0. B To xe Bpems o(—ay) = —ay # 0 u o
(18) tr(—an) # 0. D10 HpOoTUBOPEUME 3aBEPIIAET JI0KA3ATEIHLCTBO TEOPEMBI 1.

§4. lomosiHeHUe Mpo cJie

Mg nocrpoum pyarmmio cien tr: L — L st jioboro pacimuperuss L D Q, MOpoXKIEHHOINO KOHEYIHBIM
qUCJIOM asrebpandeckux uuces, B qacrnoctu, iiasa L = Q( %/Qq, ..., *¥/Qn). Coenaem 1o aByms criocobamu.
Hauarém ¢ Toro, KoTopslit 60j1ee COOTBETCTBYET PACCYKIEHUIO B §3 U 000raIaeT ero, mepeBoisi Ha SI3bIK TeOPUH
lasya. 3aTem MbI Jja/iM OCHOBHOE OIpeJIeJIeHIe Cjiejia, OObsICHAIONee, KCTaTH, ero Hazpanue. Ha srom myru
HaM MOHAIO0ATCA HaYaJIbHbIE CBEJIEHUS U3 JIMHEWHON are0ph:

— 6a3uc U pasMepHOCTb PACIIUpenus, Teopema o Gamne [4, §5];

— omeparyu HaJ[ Marpuriamu, obparnasi Mmarpuna |1, c. 41-44, 73],

— MaTpHIa JUHEHHOro omneparopa B 6asuce, eé npeobpasoBanue npu cMene 6asuca [1, c. 234-236].

I noaxon (B myxe teopuu lasya)



Hawm ny2»keH xopomio ussectHblii dbakr [4, Teopema 2|: mmoorcecmeo A anzebpauveckur (nad Q) wucen asas-
emcsa noasem. Orcroma L C A, tak kak L mopoxkaeno Hagt (Q anrebpandecKuMN IUCIaMUA.

Haszosém orobpaxenne ¢: L — C sanoorcenuem, ecim p(a + b) = p(a) + ¢(b), ¢(ab) = ¢(a)p(b) mis Beex
a,b e L uy(c)=cupn c € Q. B gactrocrn, ¢ mmueitno: ¢(ca) = p(c)p(a) = cp(a) upu ¢ € Q u a € L. Huxe
MBI TIOKazKeM, 9TO CyHIeCTBYeT JIMIIb KOHEYHOE YUCJIO BJIOKEHHN 1, . . ., @, 1o L. Oupenennm

tr(a) = pi(a) (20)

3AJAYA 13. He unras gasee, a) gokaxkure, uro Bee iaoxenus Q(i) — C cyrb a + bi — a £ bi (a,b € Q); 6)

onumure Bce BiaoykeHus: Q (l—jg) — C. Haiigure tr(1 4 4) B KaxK/J0M U3 IIyHKTOB.
BiioxkeHust OTKPBHIBAIOT HOBBIF B3IVIsIJ[ Ha COIPSKEHHBIE UNCJIa, KOTOPbIE MPEXKJe Mbl XapaKTepU30BaAJIN B
TEePMUHAX KOPHEH HEeIPUBOMAMMBIX MHOTOWIEHOB. Ilycth o € L m

to(x) =™ — 1™ — = — cp. (21)

[Tpumenus so6oe Bioxkenue ¢: L — C k obenm dacTsM paBeHCTBa fiq () = 0:

-1

P(pa(a)) = (@)™ = cmap(@)™ " — ... = ap(a) = c = pa(p(a)) = ¢(0) =0,

noutydnM, 4To () compsizkeno ¢ «. ObparTHO, HmycTh «j — J0boe compsikénHoe ¢ a € L. CymecrByer s
Bnoxenne L — C, nepesogmee o B a;7 Takoe BiroxKenne Jgo/kHO 3a1aBarsbes B noje Q(o) mpasmiom f(a) —
f(ey), rae f € Qz] (1o Teopeme 3 Besikoe wmcio u3 Q(a) nmeer Takoit Bug). C Ipyroit CTOPOHBI, 9TO IPABUIO
KOPPEKTHO (He 3aBUCHUT OT BbIGOpa MHOrOwIeHa f) u 3a1aéT Bioxkenne Q(a) — C, tak kak st Beex f, g € Q]

fle) =g(a) & f(z) — g9(x) pa(z) & flag) = g(ay),
fla) + g(a) = (f + 9)(a), fla)g(a) = (fg)(a).

He ouesmjHO, BpoveM, 4TO 5TO BioxkeHue npojoszkaercs ¢ Q(a) ua L, HO BO BCSKOM Cilydae yKe MOXKHO
OIINCATH BJIOXKEHUST npocmuir pacimpennii mosst Q (IIOpoKIEHHBIX OJTHUM YUCJIOM ).

Teopema 3. Ilyemwv 61 =0, ...,0, — sce conpasicénnme ¢ 6 € A. Toeda ece eroocenun Q(0) — C cymo

pj: [(0) = f(0;) (f €Qlz]), j=1,...,n.

K cuacrbio, pacmmpenue, IOPOXK/EHHOE KOHEUHBIM UHCJIOM AIreOpAnvecKUX YHCeN, HOPOXKIACTCS OJIHUM
GUCIOM (T. H. NPUMUMUEHBIT INEMENN).

Ilpumep 12. ITokaxkem, 9To Q(\@, \/g) = Q(ﬁJr \/g) Bxiouenne D odeBuano. ObpaTHo,

VBB — Qa4+ VE) s VB2 VIV2 5 s

Q(V2++V3) 3 : 5

1

V2+V3
Teopema 4 (o nupumuruBHOM 31eMente). Cyuwecmeyem makoe 6 € L, wmo L = Q(0).
Joxasamesvcmeo. locrarouno Jyist anubix «, f € L naiitu rakoe § = a+ ¢ € L, aro Q(0) = Q(«, ) (nasuee
— MHJLYKIWsl [0 9UCILy HOpoXKpaonmx). Ilycts o = g, ..., u = P1,..., 3, — BCe COUpsIKEHHBIE C o 1 [3.
O61e KOpHI MHOTOYWICHOB fg(2) U fi (6 — cx) — Taxue f;, uro § — cfj = a; naa HekoToporo . Ilonbepém ¢
TaK, 9Tobbl o + ¢ # oy + ¢f; upu (1,7) # (1,1). Torma f — eIuHCTBEHHDI KOPEHb YKA3aHHBIX MHOTOYJIEHOB I
C y49€TOM OTCYTCTBHs y MHOTOWIeHa [13(2) KPaTHBIX KOpHeil (3amedamnue mocie (13))

(n(x), pa(0 — cz)) = = — B € Q(O)[z].
Urak, B € Q(0), orxyna Q(a, B) = Q(0). O

Ha npakruke 6p1BaeT mpoire padboTaTh ¢ HECKOJIBKUMHI HOPOXKIAIONIUME, HO 60JIee ITPOCTO YCTPOSHHBIMU.

BAJAYA 14. Omummre Bee Baoxkenus noieir Q(v2,v/3), Q(v2,v3,V5), Q(v2, v/2).

HokaxeMm, aro dhyukuus (20) obiajaer TpebyeMbiMu cBocTBaMu. JIMHEHHOCTD cJie/ja BBITEKAET U3 JINHEHHO-
cru Biaoxkennit. Joxazkem (18). Ilycrs v € L. ITo Teopeme 4 o = f(0), rme f € Qlz]. Hanee ¢;j(a) = ¢;(f(9)) =
f(;(0)), aro o reopeme 3 pasno f(6;). Nrax,

n n

[T — (@) =[] — £8;) "L wp)(2)? = pal2)?, d € N. (22)

j=1 j=1



[TpupaBHSIB cCyMMbI KOPHE#i (¢ KPATHOCTSIMI) MHOTOYJIEHOB B JIEBOI U PaBoii 4acTsax, nojaydum (18).

IT monxon, (TosibKO JimHeiiHasi anreGpa)

Cren tr A xBagparsoii Marpurpl A = (a;;) — 9TO cyMMa eé IHArOHAJBHBIX 9JIEMEHTOB, trA = ) . aj.
Henocpecrsenno nposepsiercst, uro tr(AB) = tr(BA) aisa marpun; A u B ogaoro pasmepa. OTcioza ciefyer,
YTO CJIeJl MATPHITHI OTIEPAaToOpa He 3aBUCHT OT BeIbopa 6asuca: tr(C~1AC) = tr(C~1CA) = tr(A). On nazwBaercs
CJIEJIOM TOTO OIEepaTopa.

U3 [4, reopembl 8 u 9] cieyer, 4TO PACHIMPEHUs], TOPOXKIEHHBIE KOHEYHBIM YHUCJIOM aJirebpandecKux Jie-
MEHTOB, — 9TO B TOYHOCTH KOHEYHBIE DACIINPEHHs], T. €. PacIIMpeHnst KoHedHoit pasmepnoctu. (Kcrarn, sTo
emgé o/l crocod MmoHATh, nodemy A — moie.) Crenenb KoHeuHoro pacmmpenust L O K obosnavaercs [L : K.
Urak, nycts L O Q — mro6oe xoreunoe pacmupenne, L C C. Ilycrs o € L C C. Cren auHeiiHOrO omeparopa
L — L, r — ax, Ha3BIBAETCS CJIEJIOM YHUCIa o 1 0003HATAETCSI tré(a) win tr(a), ecau pacmmpenne L O Q
bUKCHPOBAHO.

0 0 2
IMpumep 13. Marpuna ymuoxkenus na /2 B 6asuce 1, v/2, ¥/4 pacmmpenns Q(/2) D Qects A= (1 0 0],
010
Tak Kak 1 — v/2 — /4 — 2. CireoBaresbHo, tr(\3/§) =trA=0.
Hcno, uro tr(a)) muHeiino 3aBUCHT OT . YTOYHUM CMbics MHOXKUTENA d B (18) 1 jokaxkem dopmyiry
| () = [L: Q(a)]o(a), a € L. | (23)
Jlist aToro BeiGepem ymobmbiit 6asuc B L/Q. Coxpanmm obosnadenne (21). Toraa 1, a,...,a™ ! — 6asuc B
Q(a) D Q. Bosbmém Jt06oit 6asuc e, ..., eq B pacmupernu L O Q(«a). Ilo [4, Teopema 9 o bammne|
er,e1a, ..., et eq eqa, ... eqa™ !
1-i1 650K d-it 610K

— 6asuc B L O Q. BekTopsl i-ro 6J0Ka IIpu yMHOXKEHUU Ha (@ TpeobpasyoTcsi BHyTpU OJIOKA 110 IIPABUITY
ei = e e;al > o e s g™ = ei(co+cia+...+ cm,lam_l).

[TosTomy B 3TOM Dasuce MaTpuIla YMHOXKEHHUS HA ¢ OJIOUHO-THATOHAJIBHAS C d OJUHAKOBBIMU OJIOKAMEI

0 00 ... 0 oo
1 00 0 aa
010 0 e
0 00 0 cm—2
0 00 1 ¢yt

u eé cien paBeH dep—1. Tak kak d = [L : Q(«a)] u ¢pp—1 = o (), T0 dbopmyna (23) nokazaHa. 3aMeTUM, YTO OHA
TakxKe cieayer u3 (22):

B n B [L: Q) — 1L Oa
1= Tepal) o) q  E AL

HOSTOMy JABa JaHHBIX OIIpeAeJICHUs CJie/la IKBUBAJICHTHBDI.

B 3aK/II0YEHHEE OTMETHM, UTO fio(T) — 9TO MEUHEMAIBHbI MHOTOU/ICH ONePATOpa yMHOXKEHHIS Ha O, a Lo ()7

— €ero XapaKTepHCTquCKHﬁ MHOTI'OYJICH.
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Pemenns 3amaug

1. Bce Tpu cymMMBI pauKaJiOB UPPAIMOHAIBHBI, TAK KAK B KAXKJ0W M3 HUX BCE PAJUKAJIBI U UX OTHOIICHUS
UppaInuoHabHbI 1o JeMMe 1. JImsa pagukaa Y/2021! B nocJtemei CYMMe JIjIsl 3TOT'O JTOCTATOYHO 3aMETUTD, ITO
npocroe p = 2011, Bxogur B pazioxkenne 2021! B nepsoii crenenu.

2. a) OuH HAGOP TOJTy9aeTcs U3 APYTroro yMHOKEHUEM Ha HEKOTODPBII pajiuKaJl, HAllpuMeD, (\/5, V10, /15, \/%) =
V5(1,v/2,v/3,v6). 6) Yro6sl HapuCcOoBaTh THIEPKYD, M300pa3UM TPEXMEDHBIH Ky6, IOMECTHB OIUH KBaJIPaT
BHYTPbD JIPYTOTO U COEIMHUB COOTBETCTBEHHBIC BePIUHBI (prc. 1a). (DTo Buj cBepxy Ha KyO, CICJAHHBIIT 13 XKe-

JIe 1 HEMHOT'O PACILIBIBIITMIACS [IOCJIe NaJIeHus Ha ¢ToJ1.) Tenepb aHAJIOMMYHO PUCYEeM OJIMH Ky BHYTPH JPYroro u,
COEJIMHSISI COOTBETCTBEHHBIE BEPIIUHDI, OJydaeM Tunepkyd. Pagnkasisl Ha BHYTpeHHEM KyOe yKe pacCTaBJIeHbI
Ha prucynke 26 B crarbe. JJoMHOX«KAs UX Ha v/7, HOIYYaeM PAIUKAJIbl Ha COOTBETCTBEHHBIX BEPITMHAX BHEITHEIO

Kyba.
V70 V210
Vid Vaz
Vo 30|
vz 4
V5 V15|
. Ve
N V105
V7 V21
Puc. 1a Puc 16
3. 1 = 2. IIpumenum teopemy 1 k {Q1,...,QN} = {rlll...r%" |0<Ul,....ln<kluki=...=ky=kF
Yenosue {/Q;/Q; ¢ Q npu i # j BepHO 10 JIeMMe 1.
2 = 1. llycts p1, ..., pn — TPOCTHIE JEAUTENN UUCTUTENEH U 3HAMEHATETEeH B HECOKPATUMBIX MPEICTaBIIe-
nusax Q1,...,Qnuk =ky...ky. Torna 5/Q; = Qi/ [POTIOPITUOHAJIBHO C PAIHOHAJIBHBIM KO3 hUneHToM

9HCITY BUIA \’“/pll1 e 0< ..l < K

4. a) Ilpu Hyne MOXKHO B3Th HeHyJIeBOIl KO3 dUIMEHT, a IpH IPONOPIUOHAJIBHBIX Yuciax kx u lz (0 #
k,l € K) — koaddurmentsr [ 1 —k coorBeTcTBeHHO. B3siB HysieBble KO9(MDMOUIMEHTHI IPH OCTATBHBIX SJIEMEHTAX
CUCTEMBI, TIOJIYIUM €€ HYJIEBYIO JIMHEHHYIO KOMOMHAIINIO, B KOTOPOil He Bce KO3 pUImeHTsl paBubl ().

6) IlycTb cucrema 1, . . ., Ty, Tt 1, - - - , Tp, JIUHENRHO He3aBUCHMA Hag K 1 a121 + . .. + @@y, = 0. Torma us
paBeHCTBa G121 + ... + ATy + 0Zpmy1 + ... + 02, = 0 cieyer, yT0 @1 = ... = @y, = 0.
B) Eciim € K, To nonokuB B paBencTse a - 1 +b-x = 0 3Hadenus a =  u b = —1, moayuanm, 410 1 u

sHeiiHo 3aBucuMbl Hagyl K. O6parho, ecim x ¢ K, 1o u3 paserctsa a -1+ b-x =0, rie a,b € K, cienyer, 9ro
b=0 (unaue x = —a/b € K), a rorma u a = 0.

r) Ecm ayz1+. . .+ apx, = iz +.. .+ byxy, vie a1, by, ..., an, by € K, 10 (a1 —b1)x1+. ..+ (a0, —bp)xy = 0.
JIuneiinasi HE3aBUCUMOCTD JHUCEN 1, - . ., T, PABHOCHJIbHA paBeHCTBaM a1 — by = ... = a, — b, = 0.

5. Ilycts ama n — 1 npocThIX Ymcen Teopema JoKazaHa W /pp € Q(\/pT ey M} Kaxnoe wnciio B
3TOM IIOJIE 110 IIPEIIOJIOXKEHUIO MHIAYKIIMA OJHO3HAYHO IIPEJICTABIACTCA B BUJE CYMMBI 27~ craraembix BHJIQ
a\/pTI1 e \/ml”—l, a € Q,l; =0,1. Yucno \/p, paBHO CyMMe HYHCe] TaKOI'O BUJa, HO He PABHO HU OJHOMY M3
HEX 110 JleMMe 1. 3HauuT, B CyMMe XOTd Obl JBa CIaraeMbIX, HOITOMY KaKOH-TO U3 PAJUKAIOB /P1, . . ., V/Pn—1
B KaKOe-TO cllaraeMoe BXOJIUT, a B Kakoe-To — HeT. Ilycrs sro pajgukan \/p,—1. Torna \/pp, = A+ B./pn—_1,
rae A, B € Q(\/p1, ... ,\/Pn—2) = K, npuaém AB # 0. Bosseném B kBajpar: p, = A% + B?p,_1 + 2AB\/pn-1,
orkyna AB = 0 — nporuBopedune.

6. IIpobiema — B ompeJie/ieHIH COMPSXKEHHOTO Yucjaa. BHyTpu kaotcdozo xowkpemmozo noysi K (\/&) co-
npszkenne onpeneneno dopmymnoit fyla + bVd) = a — bVd (a,b € K). D10 KOppekTHO: @, OIpee/eHb:



ommozHadno, Tak Kak vd ¢ K. Ho me 060CHOBAHO NPHPABHHBAHIE CONPSKGHHBIX B PA3HLIX CMBICIAX: CCITH
a=a+b/d=d +bd, to nouemy fy(a) = a — bv/d nomxuo pasuarecs fy(a) = a — by/d'?

MOZKHO JAHHOE OIPE/IEJICHIE IOHIMATD B TAKOM CMBICJIE: €CJIM (v IIPEICTABIMO B Bije a+bvd, rie a,b,d € K,
Vid ¢ K, TO TIOJIOKUM CONPSIZKEHHOE K (v PABHBIM @ — bv/d. Ho Torna BbIBOXI

a+bWd=d +VVd = a—bJd=d —bVd

€CcThb He YTO MHOe KaK IIPOBEPKa KOPPEKTHOCTH ITOrO ONpejeseHusi!

BBIXO/[ U3 [OJIOXKEHHsI B TOM, 4TOOBI OLPEJIETUTh CONPSIZKEHHOE HHBAPDHAHTHBIM CIIOCOOOM, He TIPUBSI3aHHBIM K
KOHKDETHOMY BBIDA’KEHUIO B BH/JIe KBaJPATUIHOI uppalonaabaocTi. ViMeHHo, nycrb o ¢ K sijsieTcss KopHeM
mMHorowiena crernenn 2 Haj K. Torma onpenesum cOnpszKéHHOE K (@ KAK BTOPOH KOPEHb 9TOr0 MHOTOWJICHA.
KoppeKkTHOCTb TaKOro orpe/jieieHusi CBOAUTCST K OYEBUJIHOM [IPOBEPKE TOrO, YTO TaKOii MHOTOYJIEH OLPEIesIEH
OJTHOZHAYHO C TOYHOCTBIO [0 YHCIOBOTO MHOMKUTeNs. JleiicTsutensho, ecin 22 + pr + q u 22 + p'z + ¢ — npa
MHOTO4JIeHa ¢ KOopHeM « Haj K, To ux pasnocts (p — p')x + ¢ — ¢’ € K Toxe umeer KopeHb « , OTKyna p = p
7—q
p—p

7. Unes — mepeiitn K conpsxénubiM wncaam: (a — bv/2)2 + (¢ — dv/2)2 = 7 — 5v/2 < 0 — nporupopeyme.
Komrenryaibnoe 060CHOBaHIE TAKOro Mepexoja — IPoBepKa Toro, uto compsukenue f(a + by/2) = a — by/2
(a,b € Q) siBasieTcst BiIOYKeHUEM (CM. ompe/ieieHre Ha c. 9).

8. CJI0XKNM JIAHHOE 9YHCJIO C CONPAKEHHBIM K Hemy: (6 4+ v/35)1000 4 (6 — 1/35)1000, Jra cymma nenas (u3
dbopmysier 6uroMa Hetorona). C pyroif cTOPOHBI, CONPSIZKEHHOE YUCJIO0 OY€Hb MAJIO:

1 1
6 — +/35)1000 _
(6= VI = G v < 0w

(nHaue o = € K), atorga u q = ¢'. PakTuuecKu Tak U BBOJSTCS CONPSIZKEHHbIE B OOIIEH CUTYyaInH.

SuauuTt, y ucxomuoro yucjia nepsbie 1000 mudp mocse 3ansToit — JIeBATKH.

299 mHorowmenos 1+ e9x2 + ... + 1007100, Tie &; € {£1}. VX npoussejenne — 98THBIH

9. Paccmorpum
MHOTOU/IEH TI0 KazK/I0H W3 TIePeMEHHBIX, TI09TOMY OH mMeeT Buj f(13,. .., x%oo), rae f — MHOT'OYIEH C IEJIBIMEI
koaddunnenramu. B wactroctu, npu xo = V2, ..., x190 = v/ 100 MIOJTyJaeTCs IeJI0e 9HucjIo, 0603HAaYUM €ro d.
[ToBTOPUB paccyX)aeHne ¢ TPOTUBOIIOJIOKHBIMUI TI0 3HAKY MHOTOWIeHaMU —1 + £9%9 + ... + €1002100, TOIYTUM
10 ke 90 d (IOCKOJIbKY KOJIMIECTBO MHOIOWIEHOB Y6THO). SHAYNUT, IPOU3BEIEHUE U3 YCJIOBUS PABHO d?.

10. a) 1 _ 1 _14VEH(V2-D)VE | LVEH(V2-1)VE | (HVEH(VR2-DVE)(4VEHS)

1+v2—V3+v6  1+V2+(V2-1)V3 ~ (1+v2)2-3(v2-1)2 8v/2—6 46
6) Otrser: % (Sﬁ—i- 8v/9 +5v/3 + 8).
11. m = k°, n = (2021 — k)°, k = 1,...,2020. Pemenne aHaIOruaHO TPEMEDY 7.
12. Toxenum obe uactu ma v/2: C W = a+b+/2. Tenepsb MpoTHBOpEtNE BHIBOIATCS AHAIOIUYHO IPUMEDPY

13. Jlokaxkem oDIriee yTBEpIK/ICHHE.

Jemma 6. IMycmv K — nodnoae 6 C, 1 € C\ K, 2 € K. Tozda ece erovicenua K(r) — C nad K (m. e.
mootcdecmeennvie va K ) cymo a + br — a + br.

Jlokasameavemeo. dcuo, uro K(r) = {a + br | a,b € K} u uro Bcsikoe Bioxkenue ¢: K(r) — C nang K

ompesiesisieTca 3HadenneM Ha 7. IIpu sroM o(r)? = p(r?) = r?, orkyna ¢(r) = +r. Jljis 30aKa IIIOC TIOTyYaeM

TOXKIECTBEHHOE BJIOYKEHNE, JIJIA 3HAKA MUHYC — aHAJIor KOMIUIeKCcHOro conpsizkenust (K =R, r =i): p(a+br) =
a — br. 9ro Bnoxenne Hag K: cpoiictBa p(x +y) = ¢(z) + ¢(y) n (k) = k upu k € K ouesunusr. laiee

o((a+br)(c+dr)) = p(ac+bdr? + (ad 4 be)r) = ac+ bdr? — (ad +be)r = (a —br)(c — dr) = @(a+br)p(c — dr)
s Beex a, b, e, d € K. O

a) ITpumensiem temmy 6 st K =Qur =14, tr(1+¢) = (1414) + (1 —i) = 2.
6) O6osHaunm € = 1—\}; Tax kax €2 = i, To Q(¢) = Q(e,1) = Q(v/2,14). IIpu so6om Baoxkennn oy Q(v/2,1)

uMeeM V2 — £v2 u i — i CytecTBytoT 4 BJIOYKEHUsI, JAIOIIE BCe KOMOMHAIIMN 3HAKOB: TOXKIECTBEHHOE
(044, BJIOYKEHUsI, KOTOPBIe JJAET JeMMa 6,

Yr_:a+bi—a—bi, a,b e Q(V2)
o 4 :ad + VV2 = d —bV2, db e Q(>),

1 uX KoMnosuiwst ¢ = ¢4 o p_4. Orcioga tr(l +14i) = (p4+ + o+— + o+ +o__)(1 +1) = 4.



3amMeTnM, 9T0 06pa3bl YUCJIA € TIPU BCEX BIIOKEHUSX 00PA3yI0T HAOOP CONPSIKEHHBIX

=
H- =
%H‘
-
——
|
—_~
O
L)
L)
m
=<
-

— KopHeit MHorounena i (x) = 2% + 1. D10 Bce MepBOOGPa3HbIe KOPHU 8-if CTeleHn U3

Puc. 2

14. Anajormuno permenuio 3aja4u 136) momyuaem 4 ioxkenus nons K = Q(v/2,v/3), nmpu koTopsix /2 —
+v2 u V3 — +/3. Kaxkmoe n3 HUX TIPOIOIKAETCST 10 BIIOKEHUS Mot K (\/5) IBYMsI CIIOCODAMU: V5= +5
(amasiormaHo 10 JieMMe 6 GepéM TP BJIOXKEHUsI, MEHSIOIIE 3HAK Y OJIHOTO U3 TPEX PAUKAJIOB, M COCTABJISIEM
UX BCEBO3MOKHBIC 23 KOMIIO3HUITHI).

Onmurem Bioxkenus nois L = Q(v/2, v/2). O6ozuaunm r = /2. Torna v2 =13, /2 =r2u L = Q(r?,7?) =
Q(r). Cormacuo npumepy 5 pr(x) = 28 — 2, mosTomy 1o Teopeme 3 Bce BiOXKEeHUS Py, . . . , 5 Mo Q(r) ompe-

JICIAIOTCS YCIIOBUSIMU Q1 T > rel, e e = ILQ‘/E c V1.



Algebraic numbers as vectors

The Jury of the project: I. Vorobyov, S. Dorichenko, A. Kanel-Belov, A. Kanunnikov, B. Frenkin,
A. Zhilina

Introduction

In geometry, we are used to add wvectors anf multiply them by scalars (numbers). This geometrical
language often occurs to be useful in quite non-geometrical situations. In this project the role of vectors
is played by algebraic numbers, that is, the roots of polynomials with rational coefficients. Rational
numbers then are in the role of scalars.

We call complex numbers x1,...,x, lnearly independent N - . S
over the field of rational numbers Q if the equation a1z1 + ...+ vt UQ: 6 =0=a=a=a=0
anpx, = 0 with a1,...,a, € Q holds only fora; =... =a, =0 v =
(cf. non-complanar vectors at Fig. 1). Consideration of algebraic >z -
numbers as vectors occurs to be very natural and productive i
in general because it enables us to apply geometrical ideas in Pl 1

ig.

algebraic problems.

The project is arranged as follows. To warm up, we start with some olympiad problems on radicals.
Some of them are solvable by usual school methods, and the others require further background, namely
some information about algebraic numbers and fields, presented in the second section. You will learn
to apply some suitable language and tools for a wide scope of problems. This is the preliminary part of
the project.

The further section will be presented at the conference for the participants having chosen this
project. In the third section we formulate the main theorem and suggest to prove it according to the
outline based on the preceding information. Finally we present a research problem which develops and
generalizes the main theorem. For participation in the project it is not required to solve any definite
number of problems from the preliminary part.

The necessary background amounts to basic facts about complex numbers and polynomials. The
most relevant operations are rootsquaring of complex numbers and division of polynomials with remainder.
The problems on square radicals will be available for you even if you have little knowledge of complex
numbers.

The foundations of the theory of algebraic numbers were laid by Karl Gauss’s treatise “Disquisitiones
arithmeticae (1801) which has played the great role in number theory. Together with Lagrange’s works,
it prepared the discoveries of Evarist Galois who established the criterion for solvability of equations
in radicals (1830) and laid the foundations of branches of modern algebra, such as group theory and
field theory. Galois theory and theory of algebraic number fields were developed and systematized in
the second half of XIX and the beginning of XX century due to Kummer, Kronecker, Hilbert e.a.

1. Warmup problems

If some of these problems create difficulties for you then you may return to them after Section 2.

1.1. Prove irrationality of the following numbers: a) v/1001; b) V2 + 3+ V6, c) V2 4+ V3;
3 V20200 s

d)* V2+V3+VE+VT+VIL e V3-V2; f)* \ngr ot VT

If you have no idea how to deal with the last markedly weird number then the first hint is as follows:
it is worth while to prove a stronger assertion regarding linear independence. For instance, in part b)
it would be as follows:

a+b0/2+4cvV3+dvV6 =0 where a,b,c,d€ Q = a=b=c=d=0.



1.2. Find the polynomial of minimum degree with rational coefficients and the following root: — a) v/4;
b) V2+43; ¢) V24 V4 d) VB+ V9 e)* V6+ V10 + V15
f) V1+V2+ V1 -V2; g) VT+5V2+ V752 (similarity in appearance is misleading!);
. j)rcos2; k)™ cos 2 for any n € N,

Present the polynomial found even if you aren’t sure in minimality of its degree. In all parts except
c), d), j), k write down the polynomial in standard form. Surprisingly, in parts j), k) it is worth while
to pass to the complex plane.

h) cos 3; i) cos

1.3. Which numbers of the form * Z with a,b € Z are roots of unity?

a—bi
Below are some problems on square irrationalities. They contain an important idea... (let us avoid
spoilers).

1.4. Are there any rational numbers a, b, ¢, d such that (a + bv/2)? + (c + dv/2)? = 7 + 5v/2?
1.5. Determine first 1000 decimal places of (6 4 1/37)'°L,

1.6. Prove that the product of all 2'% expressions of the form

+vV1+vV24 ... 4+ 99 + /100

(for all combinations of signs) is a) an integer; b) a squared integer.

2. A bit of theory: fields and algebraic numbers

Linear independence of 1 and v/2 (over Q) is nothing but irrationality of v/2 which has been known
already by ancient Greeks. Let us increase the number of radicals.

Fig. 2a

2.1. Fill in the gaps in the following argument.
Let us prove that 1,2, /3,6 are linearly independent over Q. Suppose

a+bvV2+ V3 +dvV6 =0 with a,b,¢,d € Q.

Separate the radical v/3:
a+bvV2+ (c+dvV2)V3 = 0.

If ¢ + dv/2 = 0 then
On the other hand, if ¢ + dv/2 # 0 then

\/g__(l+b\/§
c+dv?2

There are various ways to complete the proof.

= A+ BV2 with A = €Q, B= € Q.

The above example demonstrates certain ideas. Linear independence of the numbers from Fig. 2a
has been reduced to the fact that /3 is «alien» for the set

Q+QvV2=1{a+b/2]|abecQ}



(more formally, v/3 doesn’t belong to it) just as v/2 is alien for Q. And it was of importance that in the
set Q + Qv/2 we are able not only to add, subtract, multiply but moreover divide (not by 0) as in Q by
removing the irrationality from the denominator.

A number field is a set of numbers which contains 0 and 1 and is closed under four arithmetic
operations. We will omit the word ,number” !. Thus K is a field if 0,1 € K and for any a,b € K we
have a £ b,ab € K and a/b € K for b # 0. Clearly Q is a field and moreover a ,minimal® one: any
(number) field contains it. If K C L are two fields then K is called a subfield of L.

We say that a system of numbers? xy,...,z, € C is linearly independent over K if the equation
a1r1+ ...+ apx, =0 with aq,...,a, € K is satisfied only by a; = ... = a,, = 0. For instance, numbers
1 and /2 are linearly independent over @ but linearly dependent over R.

2.2. Elementary properties of linear dependence. Let K be a field. Prove the following:
a) a system containing 0 or two numbers proportional over K is linearly dependent over K;
b) a subsystem of a linearly independent system is linearly independent (over the same field);
c) the system 1,z is linearly independent over K iff x ¢ K

d) the factors aq,...,a, € K in the expression a;x; + ... + a,z, are uniquely determined iff the
system x1,...,x, is linearly independent over K.

To adjoin the numbers oy, . .., o, to the field K means to consider the least field (by inclusion) that
contains K and these numbers. Notation: K (o, ..., a,).

2.3. Adjoining a square radical. Let K be a subfield in R, 0 < d € K and v/d ¢ K (for instance,
K = Q and d = 2). Prove that

K(WVd) ={a+bVd|a,be K},
where a,b € K in a4+ bV/d are determined uniquely.

2.4. Prove that Q(v/2 + v3) = Q(v/2,V3).

1
2.5. Remove the irrationality from the denominator:

1+v2-V3+V6
2.6. a) Prove that the numbers at the vertices of the cube at Fig. 2b are linearly independent over Q.
b)* Add V/7 to the above set of numbers, try to draw a hypercube and prove the assertion similar
to part a).
Perhaps it is time to formulate a general theorem on radicals of primes and to prove it by induction.
In particular it would imply the solution of Problem 1.1d).

What is the sense of linear independence over K for powers 1, a, a?,...,a" of a certain number a?
It is the existence of numbers cg, ¢y, ..., ¢, € K such that at least one of them is nonzero and

o+ cra+ e + ...+ e = 0.

In other words, « is a root of a nonzero polynimial with coefficients from K. Such « is called algebraic
over K. Among these polynomials there is a unique one having the lowest degree and leading coefficient
1 (why?). Tt is called the minimal polynomial of o over K and is often denoted pf(z). For instance,
pR(r) = 2% + 1, pf(x) = z — 4. The degree deg X () of this polynomial also is called the degree of «
over K and is denoted deg (). The roots of uXX(x) are called conjugate with o over K.

For K = QQ we simply say that such « are algebraic numbers.

2.7. Let a number a € C be algebraic over a field K C C. Prove the following:

a) degy () is the least n € N such that 1, «, ..., o™ are linearly dependent over K;

b) the polynomial pf(z) is irreducible over K (i.e., is not a product of polynomials from K|[z] of
strictly lower degrees);

c) every polynomial from K[z] with the root « is a multiple of % (z);

d) a polynomial with the root a and the leading coefficient 1, irreducible over K equals uX ().

The following criterion for irreducibility of a polynomial over Q may be used without proof.

!There exist other fields as well, for instance fields of residues, fields of rational functions e.a.
2A non-ordered tuple of numbers, perhaps with some repetitions.



Theorem 1 (Eisenstein’s criterion). Let the coefficients of a polynomial a,xz™ + ...+ a1x + ag € Z|x]
satisfy the following conditions for some prime p:

° ptay,

ep|ay1,...,p|aop,

e p” { aq.
Then this polynomial is irreducible over Q.

2.8. a) Complete the solution of Problem 1.1e). Hint. Suppose V/3—+/2=a€Q,then /3 =v/2+a.
Determine the minimal polynomials for the numbers in the left and right sides.
b) Solve in positive integers: /m + /n = 2020.

Let us now generalize Problem 2.3.

Theorem 2 (on disposal of the irrationality from the denominator). Let a number « be algebraic over
a field K and have the degree n. Then any number from K(«a) is uniquely expressed in the form

~1
co+ca+ ...+ c, 1", where cg,cq,y ..., g € K.

2.9. a) Remove the irrationality from the denominator of ————————
: VA+ V243 f 243

Hint. The usual multiplication by the conjugate doesn’t work in this case. Find polynomials u(z), v(x) €
Qlx] such that u(z)(x* + z + 3) +v(z)(z* — 2) = 1. For this, use either Euclidean algorithm in converse
succession or the method of undetermined coefficients.

b) Prove Theorem 2.

By the fundamental theorem of algebra, every polynomial over C of degree n > 0 has n roots
counted with multiplicities. By the following theorem, the polynomial X (z) has no multiple roots and
thus every algebraic number of degree n has just n conjugates (including itself).

Theorem 3. A polynomial irreducible over some subfield of C has no multiple complex roots.

2.10. Decompose the binomial 2* — 2 into irreducible ones and divide its roots into classes of conjugates
over each of the fields Q C Q(v2) C Q(v/2) € Q(v/2,4).

Now we have to emphasize on the roots of unity. As is well-known, the complex roots of 2 = 1 are
of the form
n—1

1,en, e" 1 where ¢, = cos & el isin 2&

ey E
(a partial case of de Moivre’s formula). Divide these into the Classes of conjugates over Q. For this,
decompose the binomial 2™ — 1 into irreducible factors over QQ: then the roots of each factor form a class
of conjugate algebraic numbers. Let us consider examples for little n. At Fig. 3, each irreducible factor
and its roots are marked with a specific color.

x—lfzfl 20— 1= (z—1)

23 —1=( x—11—|—1—|—1 t—1=(x— D@+ 1)(2%+1)
(@t + a2+t +a+1) X (22 4+ 2+ 1) (22 7‘1+1)

Fig. 3
Only irreducibility of 2% + 2% + 22 + 2 + 1 requires explanation. Below is a more general fact.

2.11. Prove that for any prime p the polynomial

Py(r) =P+ .+ +1



is irreducible over Q. Hint. Apply Eisenstein’s criterion (Theorem 1). Think a little how to do this since
all coefficients of ®,(z) are 1.

2.12. Decompose 22 — 1 into binomials irreducible over Q. Draw the picture similar to Fig. 3.

Let € be a root of unity. Its order is the least n € N such that €” = 1. The roots of order n are
called the primitive roots of degree n. It is easy to show that all these roots are of the form £* where
k is mutually prime with n. The number of integers among 1,...,n that are mutually prime with n is
denoted (n), and the function ¢ is called Euler function.

Theorem 4. Roots of unity having degree n are conjugate over Q iff they have the same order. In
particular, degg(en) = w(n) for alln € N.

This theorem is equivalent to irreducibility over Q for the so called cyclotomic polynomials

o.(r)= [ (@-eb).

1<k<n,(k,n)=1

Problem 2.11 is a simple particular case of it. In general case it is even obvious immediately that the
coefficients of ®,(x) are rational. Theorem 4 in general form may be proved at the Conference but you
may use it just now. Theorem 4 enables to solve Problem 1.3 very quickly.

Now fill in the blancs in the solution of Problem 1.2c). Determine the polynomial w7, s5(z) (by
default, over Q). The key idea is as follows: v/2 is a root of Mg +g/§(x2 + z) which consequently is a
multiple of u \5/5(33) = 23 — 2, and so has also the roots V2 u \3/562, where ¢ = £3. Hence the numbers

V4 + V2, VA2 4 /2e, Ve + /22% are conjugate. Furthermore all of them are distinct (why?). It
remains to show that the polynomial

(:E—\B/_—\3/5)(93—\3/162—\755)(33—\3/15—\3/552)

has rational coefficients; then it equals p137, s5(7). Show this.
The following theorem, one of the main theorems in this project, is a generalization of the above
argument.

Theorem 5. If « = «, ..., q, are all conjugates of a over a field K then for every polynomial f(z) €
K|[x] the number f(«) is algebraic over K and its conjugates are f(av),. .., f(ay). This list may consider
repetitions but then each element occurs the same number of times.

2.13. Prove Theorem 5: a) for the case when « is a root of an irreducible binomial; b) for the general
case. (Investigation of linear independence of radicals requires only the more simple part a). For part
b) you may use the main theorem on symmetrical polynomials.)

Below is the outline of the proof.

1) To prove that f(«) is algebraic and all its conjugates are among f(a1), ..., f(a,), consider the
polynomial

Fr) = (z = flen)) ... (x = flam))

and prove that F(z) € K|[z]|.

2) To prove that f(a1),..., f(cn) all are conjugate over K, consider the polynomial firq) f(2).

3) To prove that all roots of F'(x) are of the same multiplicity, consider the polynomial F(x) /() ().

Consider how to solve Problem 1.2i) using Theorems 4 and 5. This problem is the crucual one in
the proof for the part «only ifs in Gauss — Wantzel theorem: a reqular n-gon can be constructed with
compass and ruler iff p(n) is a power of 2, that is, if n is a product of a power of 2 and of some Fermat
primes. Fermat integers are integers of the form 22" 4 1. First five of them are primes: 3,5,17,257,
65537. Gauss has given the construction of the regular 17-gon. It would be of interest to construct the
regular 257- and 65537-gons (a task for programmers).

2.14. Determine all n € N such that cos 27”: a) is rational; b) can be expressed as a + Vb, where
a,b € Q, that is, degg (cos %’r) <2



3. Construction of regular polygons

Let us think how theorems 4 and 5 can be used to solve problem 1.2i). This problem is crucial in the
proof of the «only if» part of Gauss — Wantzel theorem: a reqular n-gon can be constructed by compass
and ruler iff p(n) is a power of 2, that is, iff n is a product of a power of 2 and some Fermat primes. The
Fermat primes are the primes of the form 22 4 1. First 5 integers of this form are primes: 3,5, 17, 257,
65537.

3.1. Using compass and ruler, construct a regular a) pentagon; b) 17-gon.

3.2. Develop an algorithm for construction of a regular p-gon for a) p = 17; 6b p = 257; ¢) p = 65537.
Gauss constructed the regular 17-gon and proved constructibility of the regular p-gon for all Fermat
primes p. This case (part a) is not estimated separately but forms an important step, so we recommend
to analyze it.
The regular 257-gon was constructed by F.J. Richelot in the XIX century.

3.3. Using compass, ruler and trisector (the instrument for dividing an angle into three equal angles),
construct the roots of the following polynomials: a) 8z° — 6x + 1; b) 512z% — 115227 + 8642° — 24023 +
18z + 1. (The problem is related to 9- and 27-gons.)

3.4. Find all primes p such that there exists a unique a € {1,...,p— 1} with p | @®> — 3a + 1.

3.5. Using compass, ruler and trisector, construct a regular a) 7-gon; b) 13-gon.

“A too persistent research student drove his supervisor to say “Go away and work out the construction
for a regular polygon of 65537 sides”. The student returned 20 years later with a construction” (J.
Littlewood “A mathematician’s miscellany”, p. 42-43). The library of Goettingen university possesses
the manuscript on more than 200 pages which was written by I. G. Hermes in 1894 after more than 10
years of research and contains the construction of the regular 65537-gon. Now computers enable us to
do this much quicker.

4. Linear independence of radicals

Theorem 6. Suppose N, ky,....ky € N, N > 1, Q1,...,Qn € Q, and futhermore K/Q;/ /Q; ¢ Q
for all i # j. Then the equality

ai kﬂ/Ql—}—...‘{‘aNk%/QN:Oforab'"va]\fGQ

holds only if a1 = ... =ay = 0.

In particular, for Q1 = 1 we have that the sum /Qs+ ...+ *N/Qn is irrational since the equality
a1+ %/Qs+ ...+ */Qy = 0 fails for all a; € Q.
Irrationality of a single radical is a simple, purely arithmetical question which amounts to uniqueness

of prime factorization.

Lemma 1. For all k € N and Q € Q. we have ¥/Q € Q iff the degrees of all prime factors of the

numerator and the denominator in the iwrreducible representation of () are multiples of k.

4.1. Prove Lemma 1.

4.2. Using Theorem 6 and Lemma 1, deduce irrationality of the numbers from Problem 1.1.
Without loss of generality, in Theorem 6 we may assume that all (); are positive integers and the
degrees k; are equal, obtaining the following equivalent formulation.

Theorem 7. Suppose k,n € N, py,...,p, are distinct primes, r; = ¥/p; fori = 1,...,n. Then the
system {rit . ..rbn | 0 <1y, ... Ly < k} of kK™ numbers is linearly independent over Q.

It is convenient to represent this system as an n-dimensional grid, see examples at fig. 2 and 4.
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4.3. Deduce Theorems 6 and 7 from each other.
4.4. Similarly to Problem 2.6, reduce Theorem 7 for k£ = 2 to the following statement and prove it:

\/p_n¢ @(\/p_l""?vpn—l)'

(We recommend to use conjugates, this helps to understand the case k > 2.)

4.5. Prove that Theorem 7 is equivalent to the following Theorem 7': in the notation from 7, the

powers 1,7,,..., 751 are linearly independent over Q(ry,...,7n_1).

r'n

4.6. Suppose K is a subfield of R, r € R, r* € K and r,...,r* ' ¢ K. Prove that the binom z* — r* is
irreducible over K, and the powers 1,7, ...,7*! are linearly independent over K.
Thus Theorem 7' amounts to the following Theorem 7”: in the above notation

rl ¢ Q(ry,...,mn_1) foralll e {1,... k—1}.

Suppose the contrary. By induction, every number from Q(rq,...,7,_1) is uniquely represented as
a sum of products of the form arl .. .Tfl"_‘ll, where a € Q and all [; € {0,...,k — 1}.
4.7. Obtain a contradiction if the above sum contains a single summand.
If the sum contains at least two summands then up to a permutation of radicals rq,...,r,_1 we may
assume
rl = Ag+ Ara1 ..+ ATl where Ay, .o, Aoy € Q(ry, ., Tls), (1)
and at least two of Ay, ..., Ap_1 are nonzero.

4.8. a) Prove that Ay = 0.
b) Suppose A; is the first nonzero coefficient in (1). Obtain a contradiction by proving that A; =0
(try to reduce this part to the preceding one). This completes the proof of Theorem 7.

4.9. Does Theorem 7 hold if each r; (j =1,...,n) is some complex value of ¢/p;?

5. Dimension of field extensions

For deeper comprehension of algebraic numbers and dealing with more difficult problems we will consider
the notion of vector space and its dimension as well as the technique of field extensions (everything for
the case of number sets).

A set V' C C containing a field K is called a vector space over K, and its elements are called vectors
if V is closed under and multiplication by numbers from K and addition, that is, a + b, ka € V' for any
a,b €V and k € K. For instance, every field is a vector space over any its subfield.

Suppose that a space V' C C over a field K contains numbers eq, ..., e, such that any a € Vcan be
represented as

a=kie; + ...+ kye, (2)
with uniquely determined coefficients ky, ..., k, € K. Then the system ey, ..., e, is called a basis of V'

over K, and the equality (2) is called thedecomposition of « relative to this basis.

5.1. Prove that a basis of a space may be defined equivalently as a maximal (by inclusion) linearly
independent system of elements. In other words, a system eq,...,e, is a basis of V over K iff it is
linearly independent over K and the system ey, ..., e,, « is linearly dependent over K for any o € V.



A space having a finite basis is called finite-dimensional. An extension of the field having a finite
basis is called a finite extension. The number of elements in a basis of a space V' over K is called its
dimension and is denoted dimy L. Correctness of this definition, that is, its independence of the choice
of a basis is implied by the following lemma.

Lemma 2 (the basic lemma on linear dependence). If the numbers fi,..., fn are linearly expressed
over a field K through the numbers ey, ..., e, with m > n then fi,..., f, are linearly dependent over
K.

Let U C W be finite-dimensional spaces over a field K. It is not difficult to check that any basis of
U can be completed up to a basis of V. Thus dimg U < dimg V and dimg U = dimg V < U = V.

If K is a subfield of a field L then we say that L/Kis a field extension. Then clearly L is a vector
space over K. The dimension of a finite extension L/K is also called its degree and is denoted [L : K].

5.2. Let L/K be a finite extension. Prove that [L : K] =2 < L = K(«a) for some o € L\ K such that
e K.

5.3. Prove that the numbers 1,, ..., a" ! form a basis of the extension K («)/K iff « is algebraic over
K of degree n. Thus if « is algebraic over Kthen degy(a) = [K(a) : K].

The following theorem is a useful tool in the theory of finite extensions (prove this theorem).

Theorem 8 (on dimension of a tower). If K C P C L are finite extensions of fields then

Compare this with the property of logarithms log, ¢ = log, b - log, c.
Let us return to the warmup problem 1.1c).

5.4. Find all subfields of the fields: a) Q( ¥/1024); b) Q(v/3); «¢) Q(g5); d) Q(eg).
5.5*. Denote € = £17. Theorem 2 and Problem 2.11 imply deg(e) = 16.

a) Find all @ € Q(e) such that deg(a) = 2,4,8. Hint: use Theorem 5 and consider the basis
e,e%,¢%, ..., in Q(¢) over Q (prove that this is a basis). This ordering is due to Gauss.

5.6. Find all conjugates over Q for the numbers a) v6 + /10 +v/15; b) v/2 + v/3.

b) Suppose Uy, = {a € Q(¢) | deg(w) divides k}, & = 1,2,4,8,16. In particular, U; = Q and
Ui = Q(«). Prove that Uy C Uy C Uy C Ug C Ujg is a chain of quadratic (that is, of degree 2)
extensions of fields. This enables us to construct a regular 17-gon using compass and ruler (discovery
of Gauss).

A research problem. What regular n-gons can be constructed by compass, ruler and trisector?
Particular cases: n =7,13,19, 37.

A research problem. Develop an algorithm for determination of the degree of any algebraic number
in the extension QQ (ﬁk/pl, cee Jf/pn), where pq, ..., p, are distinct primes. Particular cases: k = 2; k is a
prime.



Algebraic numbers as vectors
A. Kanunnikov, I. Vorobyov
81. Introduction

How can we prove irrationality of the numbers
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Irrationality of a single radical is a simple purely arithmetical question which amounts to prime decompo-
sition.

Lemma 1. Suppose A,B,k € N and gcd(A,B) = 1. Then {/A/B € Q iff the degrees of all primes in

decompositions of A and B are multiples k.

Proof. Suppose {/A/B = a/b, where a,b € N, then Ab* = Ba”. Each prime divisor p of A does not divide B,
and its degrees in decompositions of a* and b* are multiples of k, so the degree of p in the decomposition of A
also is a multiple of k. The argument for the prime divisors of B is similar. The converse is obvious.

The number ¢/ % = \3/ % is irrational by lemma 1. Irrationality of the sum V2 + /3 is reduced to the

irrationality of v/6 by squaring.

Suppose that v/2 + v/3 = a € Q and cube the equality v/3 = a — v/2: we have 3 = a® + 6a — (3a + 2)V/2
and arriving to a contradiction: v/2 = “235’155 € Q.

However the remaining numbers are not handled so simply: the straightforward exponentiation would only
increase the number of radicals.

Perhaps a reader thinks: ,Is it possible that after reading this article I will understand the reason of
irrationality even for the last, especially weird number? “ | Yes, — we would answer, — but if you know how
to divide polynomials with a remainder and extract roots from complex numbers. If it is not the case for this
moment then you can at any rate deal with arbitrarily long sums of square radicals. “

In fact we will prove more: between the roots from rational numbers no linear relations with rational
coefficients exist, except the obvious proportionalities, for instance v/8 = 2v/2. The precise formulation is as
follows.

Theorem 1. Suppose N,ki,....,kxy €N, N >1,0<Q1,...,Qn € Q and K/Q;/ %/Q; & Q for i # j. Then
the equality

a1 "/ Q1+ ... +an "X/Qn =0, where ay,...,an € Q,

holds only for ay = ... =an = 0.

In particular, for Q1 = 1 we have that the sum /Q2 + ... + *N/Qn is irrational since the equality
a1 V14 %/Qy+ ...+ *N/Qn = 0 fails for all a; € Q.

To apply Theorem 1, we have to check irrationality of specific radicals kik{/ Q?j / in by lemma 1.
PROBLEM 1. Deduce from Theorem 1 and Lemma 1 irrationality of three numbers before Lemma 1.

In terms of vectors, the formulation of Theorem 1 is as follows: ] + (“172}: U =0=a=a6=a;=0
the numbers %/Q1,..., */Qn are linearly independent over Q (cf. s
non-complanar vectors at fig. 1). In these terms, the condition

Y/Qi/ 5/Q; ¢ Q expresses linear independence of %/Q; and %/Q; ol

over Q (linear independence of two vectors amounts to their non- Fig. 1

collinearity).
In general, it is natural and productive to consider algebraic numbers (in particular radicals) as vectors: it

enables us to apply geometric methods in algebraic problems.
Now we formulate a theorem which is more convenient for proving but occurs to be equivalent.
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Theorem 2. Suppose k,n € N, p1,...,p, are distinct primes, 11 = ¥p1,...,T™n = &Dn. Then the system
{rlll corln |0y 1y < k) of K numbers is linearly independent over Q.



It is convenient to represent this system as an n-dimensional lattice, see examples at fig. 2.
PROBLEM 2. a) What is the relation between the tuples of numbers at the parallel sides of the square at fig.
2a and at parallel edges and faces of the cube at fig. 2b? b) Try to draw a hypercube (4-dimensional cube)
and place radicals in its vertices on the same principle.

VG V10,
V3 V6 Y12
\/5 \/g \/§ r = \3/5
=12 re = /3
"2 = \/g o o
1 r3 =5 1 V2 V4
Fig. 2ab Fig. 2c

PROBLEM 3. Deduce Theorems 1 and 2 from each other. Hint. 1 = 2: the numbers for the system in Theorem
2 are pairwise non-proportional over Q; 2 = 1: generalize the argument from the following example.

Example 1. Let us reduce linear independence (by default, over Q) of 1,/1/2, ¥/4/3 to Theorem 2. Equalize
the exponents of roots: 1, ¢/1/23, §/24/32  multiply the second number by 2, and the third number by 3:

1,v/23,V/24 . 34 (this does not influence linear independence). We obtain a subsystem of the system {\G/ill \6/312 |
0 < l1,l2 < 5}, which is linearly independent by Theorem 2.

The case of square radicals has been repeatedly discussed in the literature for school students [2, 4, 6]. In §2
we will consider it for some examples arriving to some (although not all) ideas for the general situation. One
more important idea appears in [5], where Theorem 2 is proved for n = 1. The general case is considered for
instance in a research paper [7] which requires deep background (Galois theory). In §3 we prove Theorem 2
in a rather elementary way together with necessary information on algebraic numbers, which is interesting in
its own. Finally we give a quite short proof of Theorem 1 available for a freshman. Everything necessary for
understanding is gathered in §4.

82. The case of square radicals

Theorem 2 for k = 2 can be proved by induction on n. The base n = 1: linear independence of 1 and /p1
just denotes irrationality of ,/p; and is true by Lemma 1. Consider the cases n = 2,3 for specific examples,
this makes the ideas of the proof more clear. The complete argument for an arbitrary k& by induction on n see
below in §3.

Example 2. Let us prove that 1,v/2,v/3,v/6 (fig. 2a) are linearly independent. Suppose
a+bv2+4cvV3+dv6 =0, where a,b,c,d € Q. Separate v/3: a + bv/2 + (c+d\@)\/§ =0. If c+dv2 =0 then
a + by/2 =0, and then by irrationality v/2, c=d =0 and a = b = 0. And if ¢ + dv/2 # 0 then

a+bv2  (a+bV2)(c—dv2) ~ 2bd—ac , ad—bc
\/5_—C+d\/§_— 5 op = A+ BV2, where A= S - B= 53— 5 €Q.

Square the equality v3 = A + Bv/2:

3=A%+2B?>+24BV2 = AB =0, otherwise V2 € Q.
For A = 0 we have \/V = B € Q, and for B =0 we have v/3 = A € Q, a contradiction with Lemma 1.

We have reduced linear independence of the numbers at Fig. 2a to the fact that v/3 is ,,foreign* for the set
Q+Qv2={a+bv/2]|abec Q} (formally, v/3 does not lie in it), just as v/2 is ,,foreign“ for Q. Moreover it
occurs important that in the set Q + Qv/2 we can not only add, subtract, multiply but also divide (not by 0)
as in Q. Before the next step, let us introduce some notions.

A bit of theory. A set of numbers containing 0 and 1 and closed under four arithmetical operations is
called a umber field. In the sequel the word ,,number“ will be omitted. Thus K is a field iff 0,1 € K and for
any a,b € K we have a+b,ab € K and a/b € K for b # 0. It is easily seen that Q is a field, and moreover ,,the



least one“: any number field includes it'. In a field K is included in a field L then we say that K is a subfield
in L. In the section, all fields lie in the field R of rationals.

Numbers x1, ..., x, are called linearly independent over a field K if the equality a1x1+. ..+ apx, = 0 where
ai,...,an € K holds only for a; = ... = a, = 0. For example, the numbers 1 and v/2 are linearly independent
over Q but linearly dependent over R (the equality a; - 1 4+ a2v/2 = 0 holds for a; = v/2 and ag = —1).
PROBLEM 4. Check the property of linear dependence/independence over an arbitrary field K:

a) if a system contains zero or two numbers whose ratio lies in K then it is linear dependent over K;

b) a subsystem of a linearly independent system is linearly independent;

c) a system 1,z is linearly independent over K iff « ¢ K

d) the coefficients a1, ..., a, € K in the expression a;z1 + ...+ a,x, are uniquely determined iff the system
T1,...,Zy is linearly independent over K.

The least (by inclusion) field including a field K and numbers ayq, ..., ay,, is denoted K(aq,..., ) and
is called the field generated by these numbers over K. Let us describe the field generated over K by a single
square radical vd ¢ K where d € K. Obviously the field K(v/d) consists of ratios of numbers having the
form a 4+ bv/d, where a,b € K. We can remove irrationality in the denominator multiplying it by the conjugate
a—bVd: L . bvd
a+bv/d a®—db?

(as in Example 2). Hence

K(Vd) ={a+bVd|a,be K}.

Example 3. Suppose p,q are distinct primes. Similarly to Example 2, /g ¢ Q(,/p) and the numbers
1, /P, /4, /Pq are linearly independent over Q. Hence

Qlvp, va) = Qvp)(Va) = {a+byp+ /g +dypq|a,b,c,d € Q},
and such representation is unique.
Example 4. Let us prove that the numbers at Fig. 2b are linearly independent over Q. Suppose
a1 + asV2 + ...+ agV30 = 0, where aq,as, ..., as € Q.
Step 1. Put /5 out of brackets to obtain an equality of the form A 4+ Bv/5 = 0, where A4, B € Q(v/2,V3):

a1+a2\@+a3\/§+a5\/6+(a4+a6\/§+a7\/§+a8\/6’)\/520. (1)

A B

It suffices to prove that A = B = 0. Then according to Example 2, we have a1 = a2 = as = a5 = 0 and
ag = ag = a7 = ag = 0.

Step 2. We have to prove that 1 and /5 are linearly independent over (@(\/5, \/g) This is equivalent to
condition v/5 ¢ Q(v/2,v/3) (Problem 4c).

Step 3. Suppose v/5 € Q(v/2,v/3), and in view of the description of this field in Example 3 we have

V5 = a+bv/2+ ¢vV3 + dv6, where a,b,c,d € Q. (2)

A big number of radicals does not stimulate to square. But we can perform this more cleverly grouping the
summands in one of two ways:

a+bvV2+(c+dvV2)V3=V5=a+cV3+(b+dV3)V2, (3)

not ,,troubling“ C, D, C’, D’. Square the first equality:
C?+3D*+20DV3 = 5.

Since 1 and /3 are linearly independent over Q(v/2), we have CD = 0. Similarly C’D’ = 0. We have 4 cases:
C=C"=0,C=D'=0,C"=D=0orD=D'=0. If C =C’"=0then a = b = ¢ =0, hence /5 = dv6,
and this contradicts Lemma 1. In the other cases we obtain a similar contradiction because the right side of
(2) reduces to a single nonzero summand.

!There exist other fields as well: the fields of residues Z,, the field of rational functions etc. Any field includes either Q or Z,
for some p.



PROBLEM 5. Prove Theorem 2 for k = 2: perform an induction step from n — 1 to n similarly to Example 4.

Before consideration of radicals of higher exponents, let us discuss how to perform the last step without
squaring, with the general case in mind. Perhaps you would agree that a straightforward exponentiating by 5
would hardly lead to a contradiction for equality as harmless as v/3 = a + bv/2 (a,b € Q)... So let us try to
deal with the equality (3)using conjugates.

Numbers of the form a + bv/d over a field K where a,b,d € K, /d ¢ K are called conjugate. In (3) the
conjugate to C' 4 D+/3 over Q(v/2) is C — D+/3, and the conjugate for C’+D’v/2 over Q(v/3) is ' —D'\/2. At
the same time, the conjugate to v/5 over both fields is —v/5. Since the numbers are equal, their conjugates
are equal as well:

C—-DV3=—-V5=0C -DV2 (4)

This and (3) imply that C' = C’ = 0, which is impossible as was shown above.

Unfortunately this argument only seems strict by contains a ,,hole“. However it can be closed. The logical
error is rather subtle, and a reader may be proud if he would manage to find and improve it.

PROBLEM 6. Why the transition from (3) to (4) is not justified and how to improve this?
Using of conjugates often is effective. Below are some olympiad problems on this subject.
PROBLEM 7. Do there exist rational numbers a, b, ¢, d such that (a + bv/2)% + (c + dv/2)? = 7+ 51/2?
PrROBLEM 8. Find 1000 first digits after the point in the decimal record of (6 + 1/35)1900.
PROBLEM 9. prove that the product of 2100 humbers +v/1 + V2 + ... + /99 + /100 is a perfect square.

83. The general case

Let us start the proof of Theorem 2 for an arbitrary k according to the plan from Example 4. Each step
will enlarge our difficulties.
Step 1: splitting of the last radical. The linear relation over Q (that is, with coefficients from Q) for the
nine numbers at fig.c 2¢ can be represented as

fo(V2) + 1(V2)V3 + f(V2)V9 =0,

where fo, f1, fo are polynomials of degrees less than 3 over Q (grouping the summands as in (1)). So the linear
independence of these numbers would follow from two facts:

the numbers 1, v/3, /9 are linearly independent over the field Q(v/2); (5)
the numbers 1, v/2, V4 are linearly independent over the field Q. (6)

In fact, (5) implies fo(¥/2) = f1(v/2) = fo(¥/2) = 0, and then (6) implies that the coefficients of fy, f1, fo
are zero. Let us generalize this argument to show that it suffices to prove Theorem 2’: in the notation of

Theorem 2 the numbers 1,1y, ... ,r,’i_l are linearly independent over the field Q(ry,...,rn—1).
Suppose that Theorem 2’ has been proven. Let us prove Theorem 2 by induction on n. For n = 1 the
theorems are identical: Q(r1,...,7,—1) = Q. Let n > 1. Reformulate Theorem 2: if F(x1,...,2,) is a

polynomial over Qsuch that the degree of each variable is less than k, and F(ry,...,r,) =0 then F' =0 (that
is, all coefficients of F' are zero). Express F' in the form

F(.T}l, Ceey xn) = fo(wl, R ,xn_l) + fl(:rl, R ,iL'n_1>.iL‘n 4+ ...+ fk,1($1, R ,xn_l)x’fb_l.
By condition F(rq,...,r,) = 0. By Theorem 2’ we have f;(r1,...,7,—1) = 0 for all j = 0,...,k —1. By
induction fo=...= f,—1 =0, thus F' = 0.
Step 2: ,,otherness® of the last radical. Let K is any field, r is a number such that r* € K. Let us
determine when

k—1

the numbers 1,7,...,7""" are linearly independent K. (7)

In other words, r must not be a root of a polynomial with degree less than k and coefficients from K. For
k = 2 this means simply that » ¢ K (Problem 4c). For k > 2 the situation is much more complicated and
interesting.

A Dbit of theory. The set of the polynomials over a field K is denoted K|[z]. A polynomial over K of
positive degree, which is not a product of polynomials of lower degrees is called irreducible over K. Polynomials
over a field allow division with remainder (,,long division“).



Suppose a number « is a root of a nonzero polynomial over a field K. Then it is called an algebraic number
over K. Among these polynomials there is a single polynomial of minimal degree with the leading coefficient
1 (if there were two then their difference would be a polynomial of lesser degree with the root «). It is called
the minimal polynomial of the number o over K and will be denoted uX (2) or pq(z) if the field K is clear.
The degree of this polynomial is the least m € N such that the numbers 1, c,...,a™ are linearly dependent
over K. The basic properties of uf (2) = pa(z) are as follows:

1) the polynomial po(x) is irreducible over K;

2) every polynomial from K[x] with the root o is a multiple of pa(x);

3) the polynomial p(x) irreducible over K and having the root o and the leading coefficient 1 equals piq ().

Proof. 1) If p, decomposes into a ptoduct of polynomials over K of lesser degrees then « is a root of one of
the factors which contradicts to minimality of degree of deg piq.

2) Suppose f € K[z] and f(a) = 0. Divide f by pq with a remainder: f = pqoq + s, where ¢, s € K[z] and
either s = 0 or deg s < deg 1. The second case is impossible because s(a) = f(a) — pa(a)g(a) = 0.

3) By part 2), p(z) is a multiple of uq(z), and since p(x) is irreducible over K, we have p(z)/uq(z) = ¢ € K.
Since the leading coefficients of p(z) and ps(x) are equal to 1, we have ¢ = 1. O

Thus (7) < X (z) = ¥ — r¥ < the binomial 2% — 7* is irreducible over K.

For instance, statements (5) and (6) are respectively equivalent to irreducibility of the binomial 23 — 3 over
Q(¥/2) and of the binomial 23 — 2 over Q which means that /3 ¢ Q(+/2) and /2 ¢ Q (a cubic polynomial
is irreducible over a field iff it has no roots in this field). In general, the condition of ,,otherness® r ¢ K is
necessary but not sufficient. Although in our case the actors K and r are in the field R, we will leave it for
the complex plane, the field C where the binomial z* — r* decomposes into linear factors By the de Moivre
formula [3]

o — k= (z —r)(@—re)... (x — re"L), where e = £, = cos 2L 4 jsin 2. (8)
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Lemma 2. Suppose K is a subfield in R, r e R, v* € K and r,... r* 1 ¢ K. Then the binomial zk — 1k s
irreducible over K.

Proof. Let 2* — r* have a factor in K[x] with degree I € {1,...,k — 1} such that its intercept is c. From the
decomposition (8) we have ¢ = (—r)le® for some integer s. Since ¢ € K C R, r € R and |¢*| = 1, we have
rl = +|c| € K which contradict the condition. O

Remark. For r ¢ R the lemma fails: for instance, for k = 3 and r = £ we have £,e% ¢ R but the binomial 2% — 1 is
irreducible.

Example 5. For any prime p and positive integer & > 1 we have ¥/p,... {/pF—1 ¢ Q (Lemma 1), hence the
binomial ¥ — p is irreducible over Q (Lemma 2)2, hence ,u%ﬁ(x) =2k —p.

In general Theorem 2’ reduces to Theorem 2” by Lemma 2: in the same notation

Tn,...,rffl ¢ Q(riy...,rn—1). (9)

For n = 1 this follows from Lemma 1. To arrive to a contradiction for n > 1, let us express the numbers
from Q(r1,...,7,_1) in the form of polynomials in 71, ..., 7, 1. For instance, the condition v/3 ¢ Q(+/2) takes
the form \3/§7é a+ bY/2 + ¢4 with a,b,c e Q.

Step 3: removal of the irrationality from the denominator. The well-known multiplication by conju-
gates applies only for square radicals. The necessary operations for £ > 2 will be first shown by an example.

’In [5] linear independence 1, {/p, . .. {/pF—T1 also is reduced to irreducibility of ¥ —p which follows from the Eisenstein criterion.



Example 6. Let us remove irrationality from the denominator of . Denote r = /2 and f(z) =

1
Va+V2+3
22 + 2 + 3. We have to find a polynomial u € Q[z] such that ﬁ = wu(r). This means that f(x)u(z) — 1 has

the root 7 and so is a multiple of u2(x) = 2® — 2 (Example 5). Thus
u(z) f(x) +v(z)(z® —2) =1

for some polynomial v € Q[z]|. Polynomials u and v can be found using Euclid algorithm:

Fuclid algorithm Reversal of Fuclid algorithm
?—2=@*+z+3)(r—1)—22+1 T=1f@) - (f@)(z-1) - (" -2)) (3z+ 1) =
2 — _ 1 3 15
r*+x+3= 2z 1)(296—1-4) + 3 _ (m3_2) (%m+%) + f(x) (_%x2_i$+£)

So (222 + 2 —7)(2? + 2+ 3) — (2z + 3)(a® — 2) = —15, and for z = r this implies

1 _T—V2-2V4
VA+2+3 15 '

Now we will prove a general assertion following the above example.

Lemma 3 (on removal of an irrationality from the denominator). If a number « is algebraic over a field K
and deg o () = k then every number from the field K(«) is uniquely expressed as

co+cra+ ...+ g1 where ¢, c1, . .., 1 € K. (10)

Proof. The numbers of this form lie in K («), so we have to check that they form a field. Obviously this set
is closed under addition, subtraction and multiplication. Suppose f € K[z] and f(a) # 0. Then f(z) is
not a multiple of (), hence these polynomials are mutually prime. Euclid algorithm provides polynomials
u,v € K[z] such that u(z)f(x) + v(z)pna(z) = 1. For x = o we get 1/ f(a) = u(a) which is transformed to (10)
when we replace u with its remainder of division by p,. The coefficients ¢; are uniquely determined, otherwise
a would be a root of a polynomial of degree less than k. O

1 1
;b .
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PROBLEM 10. Get rid of irrationality in the denominators: a)

Let us return to the proof of the Theorem 2”. By the inductive assumption, the binomial 2* —r’f is irreducible
over Q, the binomial ¥ — 7§ over Q(r1), ..., the binomial 2% — r*¥ | over Q(ry,...,7,—2). Consecutively

removing irrationalities from the denominators, we uniquely represent each number from Q(ry,...,7r,—-1) as a
sum of numbers of the form

arlll...rifjll,whereae(@,Ogll,...,ln_l <k. (11)

Suppose (9) fails, that is, 7, for some I € {1,...,k—1} equals a sum of numbers of the form (11). This sum

contains more than one summand, otherwise 7,/ (rlll .. .rfl”_‘ll) = a € Q, a contradiction to Lemma 1. Hence
one of the radicals r1,...,r,—1 appears in two summands with different degrees, let it be r,,_1. Thus

’I“iL =Ag+ Ayrp_1+... + Ak_leL:%, (12)
where at least two of Ag,...,Ax—1 € Q(r1,...,7p—2) are nonzero. This is the most interesting, particularly

difficult moment in comparison with the case k = 2. Indeed, for k = 2 the equality (12) is not terrible at all:
V/Pn = Ao + A1y/Pn—1, the squaring is of no difficulty. But for k > 2 even the idea of exponentiating of (12) to
kth degree is unpleasant... Minimal polynomials again will help us. But if the minimal polynomial for the left
part is found easily, for the right part even its algebraicity is not obvious.

Example 7. Let us obtain a contradiction in the above equality V/3 = a + bv/2, where a,b € Q, this is a
particular case of (12). By Lemma 1, a # 0 and b # 0. By Example 5, u\%(:v) = 2° — 3 and ,u%(z:) =% -2,
hence g1, 55(2) = (v — a)® — 2b° (we have done the linear substitution z — %3¢ and multiplied by b°).
A contradiction:

®—3=(x—a)® -2 =2° —5az’ +... = a=0.



PROBLEM 11. Solve in positive integers: /m + /n = 2021.
PROBLEM 12. Disprove the equality v/3 = av/2 + by/2, where a,b € Q.

In general, the way to the minimal polynomial of the right side in (12) passes through conjugate numbers.
But we have defined this notion only for quadratic irrationalities, and also at the end of §2 we have indicated
some argument using conjugates.

A bit more of theory. Suppose a number o € C is algebraic over a field K, and

to(z) = (. —a1)...(z — ag)
(by the fundamental theorem of algebra, any polynomial over C decomposes into linear factors®). The numbers
ai, ..., q are called conjugates for o over K. Denote their sum by o(a). By Vieta theorem
cl@)=o1+... 4+, <= paoz)=z"—o(a)z" 1 +... (13)

Example (7) shows that just the coefficient —o(«) plays the key role.
Remark. The numbers o, ..., ay are different (this is not used in the proof): if ps(x) = (z —a;)%g(z) then the derivative
ph(x) =2(x — a;j)g(z) + (z — ;)¢ (z) € K[z] has the root a; although deg !, < deg fiq.

Property 3) of the minimal polynomial implies that all numbers algebraic over K divide into classes of
conjugates and each class consists of the roots of some polynomial irreducible over K.

Example 8. Decompose the binomial z%—2 into irreducible factors and divide its roots into classes of conjugates

over each of the fields Q C Q(v/2) C Q(v/2) C Q(v/2,4):
: @(ﬂ): Q(V2): Q(V2,9):
(= 2)(x+ V2)(22 +V2) (2 —V2)(z + V2)(x — iV2)(x +iV?2)

O@
.. ®

Fig. 4

Example 9. For square irrationalities a + bv/d (a,b,d € K, b # 0, v/d ¢ K) this definition agrees with the
usual notion of conjugacy:

Mfiwa(”?) =% —2ax +d® —dv’, o(a+bVd) = 2a.

(By the way, in the case K = R, d = —1 we obtain complex conjugates a+bi.) This saves the above justification
of the transition from (3) to (4).

Example 10. Suppose a,b € Q, b # 0. The numbers a & b+/2 are not of course conjugates when k > 2
(as in the case of square irrationalities). The conjugates for a + b4/2 are the roots of the polynomial
Poiptyz(@) = (z — a)® — 2bF (similarly to the example 7), that is, they are equal to a + b+/2¢7, j =0,...,k —1
(see an example at fig. 5).

a+ by 2
a + bv/2e?

a+by/2

a+ by/2e3

a + by/2et
Fig. 5

3We will not use this: in the proof, all polynomials get explicit decompositions.



Step 4: transition to conjugates. Example 10 suggests the form of the conjugates for for a number of the
form (10).

Example 11. Let us disprove the equality V/3 = a + b¥/2 + cv/4, where a, b, c € Q. The conjugates for the left
side are /3, V/3¢, v/3¢2, where ¢ = £3. On the other hand, consider the polynomial

F(z)= (v — (a+bV2+cV4)) (z — (a+bV2e + cV4e?)) (z — (a + bV/2e* + cV/de)).

How can we prove F(x) € Q[z] without troublesome removal of braclets? This is a purely algebraic issue:
replace /2 by y and /4 by y2. The resulting polynomial does not change under substitution of ye instead
of y, hence y appears in it only with degrees divided by 3. Replacing y* by 2 we get a polynomial F(x) € Q[z].
Hence F(z) is a multiple of p g5(z) = 23 — 3, and thus F(z) = 23 — 3. But the sum of the roots of F' equals
3a (because 1+ ¢ +¢2 = 0). Hence a = 0 and /3 = by/2 + ¢¥/4. Divide by V/2: W = b+ ¢{/2. Similarly or
as in Example 7 we obtain b = 0. Thus /3 = ¢¥/4 which is impossible by Lemma 1.

Lemma 4. Suppose K is a subfield in R, r € R, r ¢ K, v¥ € K for some k € N. Then o(r) = 0.

Proof. There exists the least m € N such that r” € K. By Lemma 2 the binomial " — ™ is irreducible over

K and hence equal tou (x). Since r ¢ K, we have m > 1 and o(r) = 0. O
Lemma 5. Let a; = «,...,ax be all the conjugates for a number « algebraic over a field K, and suppose
f € K[x]. Then f(«) is algebraic over K, and we have for some d € N

i) (@) = (= flar)) ... (x = flan). (14)

Proof. For our goal, it suffices to consider the case po(z) = 2¥ — ¥ where r = a.. The equality (14) takes the
form

ppey (@)= (@ = f(r)(@ = f(re)) ... (@ = f(re"1)). (15)

1. Consider an auxiliary polynomial

Gla,y) = (@ — [z — fye)) ... (x = f(y=""1)).

It does not change under replacement of y by ye (the parentheses are moved cyclically), hence all degrees of y
in it are multiples of k. Thus G(x,r) is a polynomial with coefficients in K and the root f(r). Hence f(r) is
algebraic over K, and pis()(z) divides G(z,7).

2. The polynomial 1if((f(z)) € K[z] has the root r and hence is a multiple of y(z) = z* — r*. Thus

k-1

all roots r,re,... re of this binomial are roots of the polynomial pfq)(f(z)), that is, the numbers

f(r), f(re),..., f(re*=1) are conjugates.
3. Suppose d € N is the least integer such that sz, (z)¢ divides G(x,r). Let us prove that G(z,r) = f () (z)4.
In fact, in the opposite case the polynomial G(z,7)/ sy (z)? € K[z] has a root f(re’) and hence is a multiple
of fs(reiy(T) = sy (), a contradiction with minimality of d.

To prove the assertion in general case, let us consider the polynomial

G,y up) = (@ = f(y1)) - (& = f(yw)-

It does not change under substitutions of y1, . .., yx and by the fundamental theorem on symmetric polynomials [1, p. 134]
can be expressed in terms of = and elementary symmetric polynomials o1, ..., o defined by the equality

(x—y1)...(x —yp) =2 —o2" 4 o2 — . 4 (=D F0y.
Since (z — aq) ... (x — ax) = pa(x) € K[z], we have G(z,aq,...,ax) € K[x]. The further argument is similar. Ul

In equality (15), equate the sums of roots (with multiplicities) in

do(f(r)) = f(r) + f(re) + ...+ f(re™™).

Calculate the right part for f(z) = co + c1z + ... + cp_12F 5
f(r) =cy+cr
f(

re) =g+ cire

k—1
.+ Ccp—1r s

+..
+...+ ck_lr’“_lsk_l,

freF=Y  =co4creft +. 4+ ck,lrkflg(kfl)?'.



Add the numbers in each column. Since ¥ = 1, then

A A 1=k
1+é+¥ﬁh”+éhmz]rEj:Qj:L“wk—L
— &

Hence f(r) + f(re) + ...+ f(rek=1) = kco, so

k

olco+crr+... ey =E . ¢, (16)

ISHEN]

Finally we arrive to a contradiction in (12). Let A; be the first nonzero coefficient in the sequence
Ay, ..., Ag_1. Divide the equality (12) by r_;:

l

r i
jn = Aj + Aj+1’l“n,1 +...+ Ak_lrﬁfl 1. (17)
Th—1

Suppose K = Q(r1,...,mn—2), R = Tfl/rfl_l. Then R ¢ K, otherwise R = Aj and Aj;1 = ... = A1 =0

due to linear independence of 1,r,_1,... ,rﬁj over K (remind that at least two of numbers A;,..., Ay_; are

nonzero). Furthermore R* = pl / QD,]'%1 € Q, hence o(R) = 0 by Lemma 4. But the value of ¢ corresponding
to the right part of (17) is by (16) proportional to A; (which plays the role of ¢) and hence is nonzero. This
contradiction proves Theorem 2.

In fact we have proved more: each number from the field Q(rq, ..., r,) is a linear combination of k™ numbers

Pt (0D, < k)

n

with uniquely determined rational coefficients. In terms of vectors, these numbers form a basis of the field
Q(r1,...,mn) over Q. This representation is obtained by removal of the irrationality in the denominator, and
uniqueness of the coefficients is equivalent to linear independence of the system.

A short proof with use of trace

If you have a bit more information about algebraic numbers or know the foundations of linear algebra then
you can give a short proof of Theorem 1 (without reduction to Theorem 2). The base for this argument is
some value proportional to the sum of conjugates. Moreover it has the remarkable feature of linearity which
minimizes the technical aspect.

A function f: L — C where L is a subfield in C is called linear (more precisely, Q-linear) if

flax + by) = af(x) + bf(y) for all z,y € L and a,b € Q. Suppose L = Q(¥Q1,..., *¥/Qn). In §4 we
will show that there exists a linear function tr: L — C called the trace, such that

for every av € L there exists d € N such that tr(a) = do(«a) (18)

(0(a) is defined in (13)). Suppose that a1 /Q1+ ...+ any "}/Qn = 0 where not all ay,...,an € Q are zeroes.
Assume that ay # 0. Surprisingly we will separate not a radical but a coefficient. Divide both parts by */Qn

and denote R; = X/Q;/ *N/Qn,i=1,...,N — 1
—any=a1R1+...+an_1BRn_1. (19)

Since RfikN € Q and by condition R; ¢ Q, we have o(R;) = 0 by Lemma 4, hence tr(R;) = 0 by (18). By
linearity, the trace of the right part of (19) equals 0. On the other hand, o(—ayx) = —an # 0, and by (18) we
have tr(—ay) # 0. This contradiction completes the proof of Theorem 1.

84. Appendix: regarding trace

We shall construct the function named trace tr: L — L for any extension L D QQ generated by a finite set
of algebraic numbers, in particular forL = Q( %/Q1, ..., *§/Qn). We will perform this in two ways. The first
way is closer to the argument in §3 and enriches it by translation to the language of Galois theory. After that
we will give the basic definition of the trace, which explains its name, by the way. This way requires basic
information from linear algebra:

— the basis and dimension of an extension, the tower theorem [4, §5];

— matrix operations, the inverse matrix [1, p. 41-44, 73];

— the matrix of a linear operator in a basis, its transformation under change of the basis [1, p. 234-236].



I approach (in spirit of Galois theory)

We need the following well-known fact [4, theorem 2]: the set A of algebraic (over Q) numbers is a field.
Thus L C A because L is generated by algebraic numbers over Q.

Let us call the map ¢: L — C an inclusion if p(a +b) = p(a) + ¢(b), p(ab) = p(a)p(b) for all a,b € L and
¢(c) = c for all ¢ € Q. In particular, ¢ is linear: ¢(ca) = p(c)p(a) = cp(a) for c € Q and a € L. In the sequel
we show that there exists only a finite number of inclusions ¢, ..., ¢, of L. Put

tr(a) =Y pj(). (20)
j=1

PROBLEM 13. Without further reading: a) prove that all inclusions Q(i) — C are of the form a + bi —
a =+ bi(a,b € Q); b) describe all inclusions Q (%) — C. Find tr(1 + 1) for each case.
The inclusions discover a new approach to conjugates described above in terms of roots of irreducible

polynomials. Suppose a € L and
po(z) = 2™ — cpp12™ N — . — c1m — co. (21)
Apply any inclusion ¢: L — C to both parts of the equality pq(a) = 0:

o(tta(@) = p(a)™ = cmo10(@)™ 1 — ... = c10(a) — co = palp(@)) = ©(0) = 0.

We see that ¢p(a) is conjugate to . Conversely suppose that a; is some conjugate for « € L. Does there
exist an inclusion L — C such that o maps to «;7 This inclusion must be determined in Q(«) by the rule
f(a) = f(ay), where f € Q[z] (by Theorem 3 each number from Q(«) has this form). On the other hand,
this rule is correct (does not depend on the choice of f) and determines an inclusion Q(a) — C since for all

f,9 € Q[z] we have

fla) =gla) & f(z) — g(2)  pa(@) & flog) = glay),
fla) +g(a) = (f + 9)(e), f@)g(a) = (fg)(a).

By the way it is not evident that this inclusion extends from Q(«) to L but at any rate we are already able to
describe the inclusions of simple extensions of Q@ (that is, extensions generated by a single number).

Theorem 3. Let 0y =0,...,0, be the conjugates of @ € A. Then the inclusions Q(f) — C are

pi: f(0) = f(0;) (f €Qlz]), j=1,...,n.

Luckily an extension generated by a finite set of algebraic numbers is generated by a single number as well
(this number is called a primitive element of the extension).

Example 12. Let us show that Q(v/2,v/3) = Q(v/2 4+ v/3). Inclusion D is evident. Conversely

VB3 — QE4vE) s VEEVR L VBVE g s

Q(V2+V3) 3 5 5

1
V2+V/3
Theorem 4 (on the primitive element). There exists 6 € L such that L = Q(0).

Proof. 1t suffices to find § = a+cf € L for given «, 5 € L, such that Q(6) = Q(«, ) (we proceed by induction in
the number of generators). Let a = ay, ..., and 8 = B4, ..., B, be the conjugates of o and 3. The common
roots of pg(x) and po (0 — cz) are B such that § — ¢f; = «; for some i. Choose ¢ so that o + ¢ # oy + ¢f;
for (i,7) # (1,1). Then f is the only root of the above polynomials, and since pg(z) has no multiple roots (see
the remark after (13)) we have

(15(2), (0 — cx)) = = — B € Q(0)[z].
Thus, 8 € Q(6), and so Q(«, 5) = Q(0). O]

In practice it occurs simpler to use several generators but of simpler nature.

PROBLEM 14. Describe all inclusions of the fields Q(v/2,v/3), Q(v/2,v3,v/5), Q(v/2, v2).



Let us prove that the function (20) has the required features. The linearity of the trace follows from
the linearity of inclusions. Let us prove (18). Suppose a € L. By Theorem 4 o = f(0), where f € Q|z].
Furthermore ¢;(a) = ¢;(f(0)) = f(y;(#)) which equals f(6;) by Theorem 3. Thus

n

[T~ wit@) =] — £8;) "2 150y (2)" = p1al2)?, d € N. (22)
j=1

J=1

Equate the sums of roots (with multiplicities) of polynomials in the left and right sides to get (18).
IT approach (linear algebra only)

The trace tr A of a square matrix A = (a;;) is the sum of its diagonal elements, tr A = ). a;;. A straight-
forward checking shows that tr(AB) = tr(BA) for matrices A and B of the same size. This implies that the
trace of the matrix of an operator is independent of the choice of a basis: tr(C~1AC) = tr(C~1CA) = tr(A).
It is called the trace of the operator.

From [4, Theorems 8 and 9] it follows that the extensions generated by a finite number of algebraic elements
are just the finite extensions, that is, the extensions of finite dimension. (By the way, this is one more way to
understand why A is a field.) The degree of a finite extension L O K is denoted [L : K]. So let L D Q be any
finite extension, L C C. Suppose a € L C C. The trace of a linear operator L. — L, x — au, is called the trace
of the number « and is denoted tré(a), or tr(«) if the extension L O Q is fixed.

Example 13. The matrix of multiplication by +/2 in the basis 1, /2, /4 of the extension Q(\Bﬁ) D Qs of the

form A = because 1+ v/2 +— /4 +— 2. Hence tr(+/2) = tr A = 0.

S = O

0
0
1

S O N

Clearly tr(a) depends of « linearly. We will specify the sense of the factor d in (18) and prove the formula

| () = [L: Q(a)]o(a), a € L. | (23)

For this, let us choose a suitable basis in L/Q. We retain the notation (21). Then 1,c,...,a™ ! form a
basis in Q(«) 2 Q. Take any basis ey, ..., eq in the extension L O Q(«). By [4, Tower theorem 9]

m—1 m—1
e1,e1d,...,e1x Sy €4, €400 . .. s B4

1st block dth block

form a basis in L 2 Q. Under multiplication by « the vectors of ith block transform according to the rule
ei = e g0l o e s g™ = ei(co+cra+ ...+ cm_lamfl).

Hence in this basis the matrix of multiplication by « is block diagonal with d identical blocks

0 00 ... 0 ¢
1 00 ... 0 c1
01 0 ... 0 o
0 00 ... 0 ¢cpso
0 00 1 cno1

and its trace equals dc,,—1. Since d = [L : Q(«a)] and ¢;,,—1 = o(a), the formula (23) is proven. Observe that it
also follows from (22):

B n B [L: Q] — L. Ola
1= g ) q L)

Thus two above definitions of the trace are equivalent.
In conclusion observe that p,(z) is the minimal polynomial for the operator of multiplication by «, and
o (x)? is its characteristic polynomial.
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Solutions of the problems

1. All three sums of radicals are irrational because all radicals and their ratios in each sum are irrational
by Lemma 1. For the radical %/2021! in the last sum it suffices to observe that the prime p = 2011 appears in
the decomposition of 2021! with exponent 1.

2. a) One tuple is obtained from another using multiplication by some radical, for instance,

(5, v/10, V15, V30) = V3(L,v/2, v/3, v6).

b) To draw a hypercube, first draw a 3-dimensional cube placing a square inside another square and connecting
the corresponding vertices (fig. 1a). (This is top view of a cube made of jelly and deformed falling on the
table.) Now we draw similarly a cube inside another cube and connect the corresponding vertices to obtain a
hypercube. The radicals on the inner cube are already indicated at fig. 2b. Multiply these by v/7 to obtain
the radicals for the corresponding vertices of the outer cube.

V70 V210

Fig. 1a Fig. 1b
3. 1= 2. Apply Theorem 1 to {Q1,...,Qn} = {rl' .7l |0< I1,..., 1, < k}and ky = ... = ky = k.
The condition {/Q;/Q; ¢ Q for ¢ # j holds by Lemma 1.

2 = 1. Let p1,...,pn be prime divisors of the numerators and denominators in the irredundant represen-
tation of Q1,...,Qn and k = ki ... ky. Then Y/@Q; = {/Q"*

number of the form \k/plf .pl, where 0 < Iy, ... 1, < k.

4. a) For zero we can take any nonzero coefficient, and for proportional numbers kx and lx (0 # k,l € K)
we can take the coeflicients | and —k respectively. Take the zero coefficients for the other elements of the
system to get a zero linear combination with not only zero coefficients.

b) Suppose the system x1, ..., Zm, Tm+1, - - ., Ty is linearly independent over K and ajzy + ...+ apmzy, = 0.
Then a121 + ... + am@Tm + 0pme1 + ... + 0z, = 0 implies a1 = ... = a,,, = 0.

c)Ifx € K then put a =2 and b= —1ina-1+b-2 = 0 to obtain that 1 and x are linearly dependent
over K. Conversely, if x ¢ K then a-1+b-2z =0 with a,b € K implies b = 0 (otherwise x = —a/b € K) and
hence a = 0.

is proportional with a rational coefficient to a



d) Ifayz1+...+apxy, =bix1+. ..+ by, with ag, by, ..., apn, by, € K then (a; —b1)z1+. ..+ (an—bp)z, = 0.
Linear independence of x1,...,z, is equivalent to the equalities a; — b1 =... =a, — b, = 0.

5. Suppose the theorem is proven for n — 1 primes, and \/p, € Q(\/p1,-..,/Pn—1). By induction, each
number in this field is uniquely expressed as a sum of 2”~! summands of the form a\/pill1 e \/ml"”, a € Q,
l; = 0,1. The number ,/p, is equal to a sum of numbers of this form but not equal to any of them by Lemma
1. Thus the sum contains at least two summands, so some radical among /p1,...,/Pn—1 appears in some
summand and does not appear in another summand. Let this radical be \/p,—1. Then \/p, = A+ B\/pn—1
where A, B € Q(\/p1,...,/Pn—2) = K with AB # 0. Square this equality: p, = A2+ B?p, 1 + 2AB./pn—1 to
get AB = 0, a contradiction.

6.The core of the matter is the definition of a conjugate. In each specific field K (\/&) conjugation is defined
by the formula fy(a + b+ Vd) = a — bV/d (a,b € K). This is correct: a,b are uniquely determined since
Vd ¢ K. But we may not equate conjugate related to distinct fields: if & = a + bv/d = o/ + ¥'v/d’ then why
fa(@) = a — bv/d must equal fy(a) =a—bV/d'?

The definition in question may be understood so that if « is represented as a + bv/d with a,b,d € K,
Vd ¢ K, then let the conjugate to o be equal to a — bv/d. But then the implication

at+bWd=d +VVd =— a—bVd=d —bVd

is nothing but verification of correctness of this definition!

The solution is to define conjugates in an invariant way not related to a specific expression in the form
of a quadratic irrationality. Namely, let & ¢ Kbe a root of a polynomial of degree 2 over K. Then define
the conjugate for a as the second root of this polynomial. Correctness of this definition reduces to obvious
verification of uniqueness of this polynomial up to a number factor. Indeed, if 22 + px + ¢ and z + p'z + ¢’ are
two polynomials with a root « over K then their difference (p — p')x + ¢ — ¢’ € K also has the root a whence

gl:p? € K) and moreover ¢ = ¢'. In fact the conjugates in general situation are defined

p = p (otherwise o =
just in this way.

7. The idea is to pass to conjugate numbers: (a — bv/2)? + (c — d\/§)2 =T7—5v2 < 0, a contradiction. The
conceptual motivation of this transition is in verifying that the conjugation f(a + bv/2) = a — bv/2 (a,b € Q)
is an inclusion (see definition at p. 9).

8. Sum up the given number and its conjugate: (6 + v/35)10% + (6 — /35)1909. This sum is integer (by the
formula for the Newton binomial). On the other hand, the conjugate is very small:

1 1
./ 1000 _
(6 35) (6_‘_\/%)1000 < 101000 "

Hence the first 1000 digits of the original number are 9.
9. Consider 2% polynomials 1 + 229 + ... + €1002100, Where g; € {£1}. Their product is a polynomial

even in each variable, so it has the form f(z3,...,2%,)), where f is a polynomial with integer coefficients. In
particular, for zo = V2, ..., 2190 = V100 we obtain an integer which we will denote by d. Now repeat the

argument for the opposite by sign polynomials —1 4929+ ...+ 1902100 t0 obtain the same integer d (because
the number of polynomials is even). Thus the product in question is equal to d?.

142+ (V2-)VB  _ 1+vV2+(V2-1)VE _ (14+V2+(vV2-1)V3) (4V2+3)
= 16 :

10 a) 775 ave = 1+\/§+(1/571>\/§ T 1+V2)P-3(Va-1)2 8v/2-6
b) Answer: % (3\4/ﬁ—|— 8v/9 + 5v/3 + 8).

11. m = k% n = (2021 — k)5, k = 1,...,2020. The solution is similar to Example 7.

12. Divide both parts by v/2: C {’/ﬂ = a+b+y/2. Now the contradiction is obtained similarly to Example 7.
13. We will prove a general statement.

Lemma 6. Let K be a subfield in C, r € C\ K, r> € K. Then all the inclusion K(r) — C over K (that is,
identical on K ) are of the form a 4 br — a + br.

Proof. Clearly K(r) ={a+br|a,b € K} and each inclusion ¢: K(r) — C over K is determined by its value
at 7. Moreover ¢(r)? = ¢(r?) = r?, whence ¢(r) = 4. For the plus sign we get an identical inclusion, and for
the minus sign we get an analogue of the complex conjugation (K =R, r =1i): ¢(a+ br) = a — br. This is an
inclusion over K: the properties p(z +y) = ¢(x) + ¢(y) and p(k) = k for k € K are obvious. Furthermore

o((a+br)(c+dr)) = p(ac+bdr? + (ad + be)r) = ac+ bdr® — (ad+ be)r = (a —br)(c—dr) = @(a+br)o(c—dr)

for all a,b,¢,d € K. O



a) Apply Lemma 6 for K =Q and r = ¢; tr(1+4) = (1 +4)+ (1 —i) = 2.

b) Denote ¢ = 1—\;%1 Since €2 = i, we have Q(¢) = Q(e,4) = Q(+/2,1). For any inclusion of the field Q(v/2,1)

we havey/2 — ++/2 and i ~ +i. All combinations of signs are given by 4 inclusions: identical ¢, inclusions
from Lemma 6:

Yy :a+bi— a—bi, a,bEQ(\@)
o_r:d +VV2d —bV2, d, b €Q),
and their composition p__ = p4_o@_,. Hence tr(l +i) = (p14+ + 04— + o+ + p__)(1 +1i) = 4.
Observe that the images of ¢ under all inclusions form the set of conjugates { i%} = {£,3,6%,¢7} that

are the roots of y(x) = x* 4+ 1. These are the primitive roots of degree 8 from 1 (fig. 2).

Fig. 2

14. Similarly to the solution of Problem 13b) we obtain 4 inclusions of the field K = Q(v/2,/3) such
that v2 — +v/2 and V3 — ++/3. Each of these extends to an inclusion of the field K (\/5) in two ways:
V5 — £+/5 (similarly by Lemma 6 take three inclusions that change the sign of a radical, and form all possible
23 combinations of them).

Now let us describe the inclusions of L = Q(v/2,v/2). Put r = 2. Then v2 = 3, ¥/2 = r? and
L =Q(r,7?) = Q(r). By Example 5 we have u,(z) = 2% — 2, so by Theorem 3 all inclusions ¢, . . ., ¢50f the
field Q(r) are defined by the conditions ¢, : r +— re’, where ¢ = 1'%7‘/3 e V1.



Onpenenmmrenn B Teopun rpadon

[TpoekT npesicrasisor O. Bypenan, K. Koxach, B. Peruncknit, b. ®penknn
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1 IIpeaBapurejbHbIE CBEIEHUMA

I'padwi. Hedopmaabao roBops, 2pagh — 3T0 MHOKECTBO TOUEK (BEPIINH ), COeTUHEHHBIX OTPE3-
kamu (pébpamvn). @opmasibHOe onpe/eenue: 3agaTh rpad G — 3HAYAT 33JIaTh MHOXKECTBO 6ep-
wun V(G) u muoxkectBo pébep E(G), cocrosiiee u3 HeKOTOPbIX nap (v1vs) saementos u3 V. 'pad
HA3BIBAETCSA HEOPUEHMUPOBAHHVLM, €CJIN HE YIUTHIBAETCS TOPI0K JIEMEHTOB B I1ape, T.e. Haphbl
(v1v2) m (vovy) He pasamyatorcsa. B mporuBHOM ciiydae rpad Ha3BIBAETCS 0PUEHMUPOSAHHBIM,
WJIN COKPAIIEHHO opepaghom. B nasnpreiimem cumraem, aro MuoxectBo V(G) = {v1,va, ..., v,}
KOHEwHOo, TOTJA U MHOXKeCTBO E(G) KOHETHO.

Ecau (vivy) € E(G), TO MBI TOBOPUM, UTO PEOPO V1V COCOUHAEM GEPUUHBL V1 U Vy. 1 OBOPAT
TaKzKe, 9T0 3TO pedpo UHYUIEHMHO BEPITMHAM U1 U VU, & STU BEPIIMHbI UHUUIEHMHBL PEOPY U1 Vs.
[Tpu 3TOM BEPUINHBI U7 U Uy HA3BIBAIOTCS CMEHCHOLMU, & B TIPOTUBHOM CJIyYAe HECMEHCHHLMU.
Ecan mo6bie 1Be BEPIUHBI CMEKHBI, TO Tpad HA3BIBAETCS NOAHbLM.

Cmenenv sepuwiuns, rpada — KoandecTBO pédep, MHIMICHTHBIX jJaHHOll BepriuHe. CTeneHb
BepIIHUHBI v oOo3HavaeTcd degv. Ucrodawas u 6x00AauLaA CTEIIEHb BEPITUHBI — COOTBETCTBEHHO,
KOJIMYECTBO PEGEP, UCXOSIIUX U BXOJASIIUX B JIAHHYIO BEPIIIHY.

Keadpammas wucaosan mampuya A nopadka n — 31o Tabauna pa3Mepa n X n, B KJIeTKaX KO-
TOPOIl CTOSAT BEIIECTBEHHBIE YHCJIA; YUCJIO0, CTOSIIEe HA MEPeCevYeHnn i-ii CTPOKU W j-TO CTOJIONA,
oboszHavaeTcd a;j. Mampuuya cmescrnocmu HeopueHTHpoBaHHOTO rpada G — 3T0 1 X n-MaTpuna
A = (a;j), B KoTOpOIl a;; = 1, eciu BepIINHBI v; U U; CMEXKHBI, U @;; = 0 B IPOTHBHOM CIIy-
uae. Takas Marpuna 06g3aTeIbHO CUMMETPUYHA (OTHOCUTEIBHO 2406HOT OUG2OHAAL, BELyIIER
M3 JIEBOI'O BEPXHEro yIjia B HPaBbIii HUMKHMUIA).

Mampuya cmesrcrocmu opuentuposannoro rpada G — 31o n X n-marpuna A = (a;;), B KO-
Topoil a;; = 1, eciin B rpacdbe G ecTb pebpo, BeAyInee U3 v; B Uj, I @;; = 0 B IPOTHBHOM CJIydae.
Takas MaTpura yzxe He 00g3aTeTbHO CHMMETPHUYIHA.

IIymv B rpade — 9TO LOCIENOBATEIBHOCTD U Uiy, - - ., Ui, Vi, PEOep rpada (kK > 1), rae
nepBasi BEPIIMHA KarKJIOTO CJIEAYIONero pebpa COBIaIaeT cO BTOPOil BEPINUHON MPE/ b IyIIero.
MHuozkecTBO U3 01HOTO pebpa TakzKe cauraercs myrTéMm. Ecim v, = v;,, T. €. IyTb 3aMKHYT, TO OH
HA3bIBAETCA YukAoM. I'pad HABBIBACTCS C8A3HVIM, €CITH MEXK/T1y JTIOOBIMA €0 BePIIHHAMI HMEeeTCs
IyTh WM BEPIINHA TOJIHKO ofHa. ['pad Ha3bIBaeTcs depeom, eCIM OH CBSI3€H W B HEM HET IUK-
70B. HeTpynHo BHIETH, YTO B 9TOM M TOJBKO 3TOM CIyYae MEKIY JTFOOBIMU IBYMS BEPITHHAMIM
CYIIECTBYET POBHO OJIMH Iy Th.

ITepecranoBku u ux 9€THOCTB. [lepecmanosrol muoxkecrsa {1, ... n} HaspiBaercsa orobpa-
JKEeHHe 3TOT0 MHOYKeCTBaA B cebsi, IPH KOTOPOM Pa3/IMIHBbIE JIEMEHTHI [ePeXO/IAT B pa3/JIMIHble U
B KayKJbIif dJIeMEHT MepPeXOJUT KaKOH-TO 3JIeMeHT — BO3MOYKHO, OH cam. Ecjim m — HekoTropas
IePeCTAHOBKA, TO (1) 0003HAYALT TOT JI€MEHT, B KOTOPbIii IEPEXOUT JTEMEHT ¢ TO/I JIefiCTBHeM
3TOI MepPeCcTAaHOBKMH.



Opuenruposannblii rpad, B KOTOPOM HCXOJLANIad U BXOAAIIAd CTe- 9 1
HeHb KazKJI0# BepIIuHbI paBHa, 1, Oy1eM Ha3bIBATH 00H0GANEHMHbLM, B Ta- ~—~
KoM Tpade MoryT 6biTh nemau (pédpa, Y KOTOPHIX HAYAI0 COBIAJIAET €
KoHIIOM ). Kazk1ast mepecraHOBKa 7T Ompe/ie/iseT OHOBAJIeHTHBI rpad Ha 5 6
muOKecTBe Beprmn {1,2) ..., n}: 3107 rpad COMEpKUT OPUEHTHPOBAH-

HOe pebpo ] B TOM H TOJIBKO TOM cJyuae, ecau (i) = j. Ha pucynke
npuBe/ieH npumep st n = 6: w(1) = 2, 7(2) = 1, 7(3) = 5, 7(4) = 4, O
7(5) =6, 7(6) = 3.

IIpoussederue nepecmano6or o u T — ITO TEPECTAHOBKA, COCTOSIIAA B TOCJIEI0BATEIHLHOM
BBITIOJIHEHUH TIEPECTAHOBOK 0 U T. Tpancno3uyus — 3TO MepecTaHoBKa, KOTOpas MEeHseT MeCTaMu
JIBa 3JIeMeHTa, a OCTAJbHBIC OCTaBIgeT Ha MecTe. HeTpyaHo BUAETDH, 9TO M00as mepecTaHOBKa
SIBJIAETCA MPOU3BeaeHneM Tpancnos3unuii. OiHa 1 Ta 2Ke NepecTaHOBKA He MOYXKET SIBJIATHCS 1PO-
U3BEJEHNEM M YETHOrO, ¥ HEYETHOTO KOJIMYeCTBa TpaHcuosunuii. Ecau nmepecranoBka sBIseTCs

NPOM3BEACHNUEM YETHOTO KOJMIECTBA TPAHCIO3UIMHA, TO OHA HA3BIBAETCHA 4EémHol, a B MPOTUB-
HOM CJIydae Heuémmotl. 3nak nepecmanosky paBeH +1 11 9éTHON mepecTaHOBKI U — | HEUETHOI.
3Hak mepecTaHOBKH T 0O03HAaUaeTcst sgn(w). Ecam mepectanoBka 3ajaHa OJTHOBAJEHTHBIM T'pDa-
dbowm, ee 3nak pasen (—1)™, rje M — KOJMYECTBO YETHBIX (T.€. COCTOANIUX U3 YETHOIO KOJIMIECTBA
9JIEMEHTOB) IUKJIOB B Tpade.

Onpenenurens marpunpl. Kaxoit kBagparnoit marpuie A = (@;;) CONOCTABIM BeIeCTBEH-
HOE YHCJIO, KOTOPOE Ha3bIBACTCH €€ onpedesumenem U PABHO CyMMe HPOU3BEICHUI:

det A = Z SgN(T) a1z (1) A2,x(2) * - - - * Gnr(n)s (1)

rje m npoberaer BCEBO3MOKHBIE TepecTaHOBKH MHO)KecTBa {1,...,n}. Takum obpasom, cymma
comepxkut n! cinaraemuix. Ecam det A = 0, To marpuna A Ha3bIBAETCS 6upOAHCICHHOT, a B TPO-
THBHOM CJIyYae HEeSbpPOHCOeHHOT.

s kaxkmoit marpunbl A pacemorpum mosHb oprpad A Ha n BepuMHAX (C TETJISIMH),
B KOTOPOM KasKJIOMy DPeOpy ¥;V; COLOCTABJIEHO BEIECTBEHHOE HHUC/IO @;j, KOTOPOe Ha3bIBAETCS
6ecom FTOro pebpa.

11 aiz2 A3
A= [an ax @23

a3; daz2 a33

anee mo, bydem paccmampusams moavko marue odnosasenmuvie nodzpadv, opzpaga A,
Komopuie codepotcam 6ce ezo sepuwiuns,. Kaxas nepecranoBka m u3 cymmbl (1) 3agaer ogHO-
BasteHTHBIH noarpad B rpade A (1 Ha060pPOT: KazKbl OJHOBAJEHTHBIH moarpad omnpejesser
nepecTaHoBKy ). KazxaoMmy omHOBasieHTHOMY HoArpady mocTaBuM B COOTBETCTBHE YHCJIO, DABHOE
HMPOU3BEJIEHUIO BECOB BCEX ero pédep; ecyim mMoArpad CoAepKUT HEYETHOE KOJUUECTBO IHKJIOB
¢ Y6THBIM YHCJIOM BEPIINH, JOMOJHUTETBHO YMHOXKUM 3TO 4Yuca0 Ha —1. Pesyabrar Oymem Ha-
3pIBaTh 6ecom nojrpada. Takum oOpaszom, BeC OJIHOBAJIEHTHOTO 1OJArpada, coOOTBeTCTBYIONIEI0
[IePECTAHOBKE 7T, B TOYHOCTH PABEH CJIaraeMOMy M3 CyMMbI (1), ¥ Mbl MOKeM HPUHSTH aJbTepPHA-
TUBHOE ONpee/IeHue.

Onpedesumenem MaTpunbl A Ha3bIBAETCS CYMMa, BECOB BCEX OJIHOBAJIEHTHBIX MOArpadoB rpa-

da A.

s rpada A u3 namero npumMepa Bce OJHOBAJIEHTHbBIE HOArPpadbl U UX Beca U300parKeHbl Ha
puc. 1. Takum obpaszom,

det A = aj1a9a33 — 11023032 — Q13022031 — Q12021033 + Q13021 Q32 + 412023031 .
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Puc. 1. Onnosanentasie noarpadsl rpada A u ux seca
2 CsoiicTBa ompeaenTesieit

2.1. Tlonp3ysich KOMOMHATOPHBIM OIPEIe/IEHIEM, TOKaKUTe CJIEAYIOIIe CBOWCTBA ONpe e/ nTe-
JIS.

a) Eciu B Hekoropoii crpoke marpuibl A KaxKIplii 9J€MEHT yMHOKATH HA BEIIeCTBEHHOE
YUCTIO ¢, TO B Pe3yJbTaTe OMpeIeTHTeTb TOXKEe YMHOKHUTCA Ha C.

b) Ecsiu B Marpuie 1oMeHsATh MeCTaMU JiB€ CTPOKH, OIPEJIEJINTe/Ib CMEHUT 3HAK.

¢) Ilycts B k-m crosbre marpunbl A Ha guaronaqu crout 1, a ocrajbHbIE JI€MEHTH A-TO
cTo1011a paBHBI Hy 0. U mycTh A MaTpuIa, Tojiyvaiomasics u3 A BbluepkuBanueM k-it cTpoku
u k-ro crosnbma. Torma det A = det A.

d) Jana marpuna A = (a;;) # MaTpPHILI AWy A®) | v KoTOPHIX BCe 91€MEHTHI TAKHE JKe, KaK
B Marpuie A, 3a UCKII0YeHreM j-ii CTPOKH, a JJIsd JIEMEHTOB j-il CITPOKM BbILOJIHACTCS HPABUIO
W, @

Q5 = alj + aij .

Torna det A = det A + det A®.
e) Obosnauum 1epe3 A;; MATPHILY, KOTOPas MOTy4aeTcs BbIUEPKUBAHUEM i-if CTPOKH H j-TO
crosibna u3 marpuipl A. Torga BepHa (hopMy/ia pasIoKeHus 1O CTPOKe

det A = Z(—l)iﬂaij det Al]
j=1

B cBasu ¢ 3amaqeit 2.1d) ormernm creaytommii «siaiidxas.

2.2. Ilycrs gana marpuna A = (a;;), B KOTOPOii HEKOTOpPBIE MATPHYIHBIE TEMEHTHI 3AINCAHDI
B BHJE CyMM, Kak B mpumepe Humxke. [loctpoum oprpad A, B KOTOPOM KaxKIOMYy CJIaraeMoMy
oTBevaeT OJiHO pebpo. B ormimume or craHjgaprHOrO ciydas B TAKOM rpade MOryT HOSBUTHCS
KpaTHble pebpa n KparHble nerin (¢ pasabiMu Becami ). Onpe/ieuresib MATPUIbl A MO-TpesKHEMY
pPaBeH CyMMe BECOB BCEX OIHOBAJIEHTHBIX TOArpadOB MOCTpoeHHOro rpada A.

an + b1 ars a13
A= ao1 a2 Qg3 + baog
a31 32 a33

b1 a2

2.3. [lycTh cymMma 371eMeHTOB Kazk10ii cTpokn MaTpuisl A paBHa 0, a IMEHHO: B KaxK/I0il 1uaro-
HAJIbHON KJIleTKe MaTpulibl A cTOMT 4mC/I0, pABHOE CYMMe OCTAJIbHBIX 9JIEMEHTOB TOM 2Ke CTPOKU
CO 3HAKOM MUHYC.



a) Hokaxure, uro det A = 0.

b) Hdokazxure, uro det A;;, = (—1)277t det A;;, 11 Kazxk10r0 i U JOOBIX Ji, jo (0603HAUEHHE
u3 3agaqn 2.1e).
2.4. Ilycrs rpad G, mocrpoennsiit mo marpure A, comepxkut noarpad H ¢ 8 Bepmunamu, n300-
pakéHHDIII HAa puc. 2 cjeBa, npudeM B nojrpade Moryt ObITh pEéOpa, MHIUICHTHBIE CBETIBIM
BEpIUHAM, HE MMOKA3aHHbIE HA PUCYHKEe, HO BCe YEPHbIE BEPIIMHBI UMEIOT CTEIeHb 3, T.€. BCe UX
pebpa yKazaHbl. 3aMeHHM 5TOT moAarpad ma moarpad H', n3obparKeHHBI Ha puc. 2 copaBa, Iie
HOBBIE Beca 3a/1al0Tcs (hopMyIamu

r Y r_ T S = w w = < (2)

x - )
Y — w2

wz—zxy’ wz—axy’
[Tycrs A — marpuna, coorBercrByiomas noBomy rpady. Torma

det A = (zy — wz)*det A'. (3)

O,
O, O
X/
o H

Puc. 2. IlepecrpauBaem dparment rpada. Puc. 3. I'pad Cy X Pp,_1.

2.5. [lycre G — rpad, uzobpazkennbiii Ha puc. 3 (Bcero m — 1 KOHIEHTPHYECKHX KBaJPATOB),
A — marpuna cMexxkHocTH 3Toro rpada. Jokaxkure, aTo

m?, ecaum m HEUETHO,

det A =

0, ecJI M 9ETHO.

3  Ompenenuresin KJaeT4aTbiX puryp

[Iycte F' — orpanuvenHas Kjaerdaras ¢purypa Ha kKjaerdaroil miockocru, Gp — rpad, aBoii-
cTBeHHbIit hurype F', 1. e. rpad, B KOTOPOM BEPIIUHBI COOTBETCTBYIOT KJIeTKaM (pUrypbl, a pédpa
COEJIMHSIOT BEPIIUHBI, COOTBETCTBYIONINE COCETHUM IO CTOPOHE KJIeTKaM. YI00HO MPEeJCTAB/ISTh
cebe rpad G u ero moarpadsl KaK OpHEeHTHPOBAHHBIE, IMOJIaras, 9T0 MeXKIy IBYMs COCETHH-
MH KJIETKAMH IIPOBEJIEHO JBa pebpa ¢ MPOTHUBOIOJIOXKHBIMUA opueHTarusMu. Obo3HaYuM 4depe3
Ap marpuny cmexkuoctr rpada Gr. 3amomnerusayu OyaeM Ha3bIBaTh pasbuenuns ¢urypsl F Ha
somuHo. Pebpo oxnoBasienTaoro noarpada B Gp OymeM Ha3bIBATH 60CLOOAULUM, €CJIA OHO BEp-
TUKAJIGHO W HAIMPABICHO BBEPX, W HUCTOOAU,UM, €CJAU OHO BEPTHKAJIHLHO W HAIMPABICHO BHUS3.
(HamomHIM, 9TO paccMaTpUBAIOTCS TOJHKO TaKhe OJHOBAJeHTHbBIe MoArpadbl, KOTOpbIe cojep-
Kar Bee BepuiuHbl rpada.) @urypa F HasbiBaercs 0dnoceaAsHol, ecau oHa «6e3 JpIp» — OoJee
dopMaTbHO, €C/Ii ee ABOWCTBeHHbIH rpad U ABOHCTBEHHBIN rpad €€ T0mOTHEeHNST TOXKEe CBSI3eH.

3.1. Jlokazkure, 9T0 KOJHIECTBO OJHOBaJIEHTHBIX moArpados rpada Gr paBHO KBaapaTy KOJIU-
yecTBa 3aMolnienuii purypsr F.

3.2. [Iycrs P — OZHOCBSI3HBIN KJIeTYAThIi MHOMOYTOJIBHHUK, HA TPAHUIE KOTOPOTO @ TOYEK C IET-
HOIT OpAMHATONW U b TOUEK ¢ HEYETHOI, a BHYTpH — d MEJTOYNCAEHHBIX Touek. Torma cymma J1imH
BEPTUKAJIBHBIX CTOPOH MHOTOYToOJIbHUKA P cpaBHuMa ¢ a — b+ 2d + 2 1o momay.io 4.

3.3. llyctp F' — onHOCBsI3HAs Kierdaras ¢purypa dérHoi miomaau. Torga B €€ rpade G audo
YETHOCTH KOJMUIECTBA BOCXOAAIMNX pEOGEp KaryKI0TO OTHOBATEHTHOTO I'pada COBIAIAET ¢ UYETHO-
CTHIO KOJIMYECTBA MUKJIOB B HEM, JIHOO [JI KayKJIOTO OJHOBAJIEHTHOIO moArpada 9TH JETHOCTHU
IIPOTHUBOIIOJIOZKHDI.



Puc. 4. IlpaBunbrnada 8-gerann Puc. 5. HenpaBunbnaa 9-nerans

Ob6o3HaunM Uepes ¢ KOJIUIeCTBO 3aMOIeHnit purypsl F, B KOTOPBIX POBHO k BePTHUKATLHBIX

k

+o0o
nomuuo. Muorowien fr(x) = Y ¢ - 2% HazoBéM eepmukasvhvim muozowaenom durypsr F.
k=0

[Tapy 3amormiennit Ha30BEM Topowleti, €C/in KOJHIECTBO BEPTUKAIBHBIX JJOMHUHO B HUX OTJINYAETCS
poBHO Ha 2. 3naxom dueype. F Gysem HaspBaTh umciao sgn F = (—1)" tme h — xommaectso
TOPU30HTAILHBIX JIOMUHO B JIIOOOM 3aMOIIEHUN (DUTYPHI.

3.4. Jlokaxkute, 4TO ONpejie/ieHne 3HAKa KOPPEKTHO JIIs OJITHOCBSA3HBIX (DUTYP.

3.5. Jlng kaxKaoit oHOCBA3HOIT KaeT4uaToii burypsr F
det Ap =sgn F - Z(—l)m(”),

= SgIlF ’ f}g‘(i)7

rJe CyMMHPOBAHHE MPOMCXOIUT 10 BCEM OJHOBaIeHTHBIM noarpadam rpada Gp, m(m) — Koau-
YeCTBO BOCXOAANUX PEGep B mepecraHoBke m, i = y/—1.

3.6. Ilycts F' — mpousBosbHasi OJHOCBsI3HAs Kierdarast dburypa mwiomaan 2s(F). Ecau Bee
3aMornenns: Gpurypsl F pasdouBatorcsa Ha Xopornue mapbl, To det Ap = 0. Ecim Bce 3amomenns,
KPOME OJ[HOT0, Pa3buBaiorcs Ha xopoume napsi, 10 det Ap = (—1)50),

Byjem HazbiBaTh n-0demaavio KBaapar n X n, y KOTOPOro, BO3MOXKHO, BbIPE3aHbl HEKOTOPBIE
KJIETKH, IIPUJIEraloniue K Bepxueil uiu npasoii cropoue. [[ponymepyeM cTpoku n-jerajiyu 4ucjiaMu
ot 1 1o n cHU3Y BBEpX, a CTOJIOIBI — caeBa HanpaBo. Kierky Oyiem obo3navarh mapoit HoMepoB
eé CTpOKH W CTOJIONA. Bynem Ha3bIBATh N-JeTalb npasusvhol (puc. 4), ecm u3 napbl KJIETOK
(n,k) m (k,n) npu k < n BeIpe3aHa POBHO OJ[HA, a TaKKe Bbipe3aHa Kierka (n,n). OcraabHbie
Jeraan OyJeM HA3bIBATH HeNnpasuivbHoLMu (puc. 5).

3.7. Ilycts F — mpowsBombHas TpaBuiabias n-getannh. Torma det Ap = (—1)""~V/2, Ecan xe
F — nmenpaBuibHasg n-geranb, To det Ap = 0.

3.8. Jlyisi npou3BOILHOIO TPAMOYTOJIBHUKA 1 X 1M

det A 0, ecn (n+1,m+1) #1;
€ nxm — n-
) (=1)=z, ecm (n+1,m+1)=1;

rae (n,m) — Hanbosbmumii o6muii gesuTess n u m.

4 OcToBHBIE JepeBbhdA

[Tycrs G — npousBosibHBIN (HEOpUEHTUPOBaHHBII) cBA3HBIH rpad. Ocmosnoe depeso rpadba G
— 9TO JIEPEBO, MHOZKECTBO BEPIIUH KOTOPOTO TO e, 910 y (7, a MHOXKECTBO PEOEp COMeP:KUTCS B
MHOKecTBe pébep rpada G.

Hamra meste — 3Hasg crpoenne cBss3HOro rpada (G, HAlTH KOJUYIECTBO €r0 OCTOBHBIX JIEPEBLEB.
Jns storo HaMm norpeGyercss mampuya Jlanaaca rpada G — 310 n x n- marpuna L = ({;;), B



KOTOPOit
degv; mpwu i = j;
lij = —1, eCJI 1 # j W BEPIINHBI U; U VU; CMEZKHBI; (4)

0 B OCTAJIbHBIX CJIYYadX.

[To yrBepx)aennio 3agaunm 2.3a BbIIOJHEHO paBeHcTBO det L = 0. Oboznauum 4epe3 L~
MaTPHILY, KOTOPas MOJIy9aeTCs BhIYEPKUBAHUEM U3 MaTpuIilbl Jlammaca mocaeHeil crpoka u 1mo-
cJIEIHEro CTOJI0IA.

CupaBeyiuBa MaTpHUYHAS TeOpeMa O JePeBbsX: KOAUYECNBO OCMOSHHLT depe-
6ve8 c6A3H020 2paga pasro det L.

Xoportreit cTapToOBOil TOUKOM /I I0KA3aTEIbCTBA 3TOI TeOpeMbl CJOYXKHT Jaiidxak u3 3a1a-
un 2.2 WIN CIaeayIoniasd KOHCTPYKITHS.

[IpescraBum onpeaennTesib MaTpuibl L~ Kak CyMMY IIPOU3BEICHHI €€ 3JIEeMEHTOB, IIPU STOM
KayK Il JUarOHAJIBHBII 3JIEMEHT MATPHUIIHI IIPEICTABAM KaK CYMMY €IWHUIL WJIK MUHYC €THHUI] 1
packpoeM ckoOku. [lorydenroe Bhipakenre HaA30BEM CEEPLPA3N0IACEHUEM OTIpeTeuTe s, Kax 1o-
My CJIaraeMOMY CBEepPXPa3JI0KEeHHsI MOCTABUM B COOTBETCTBHE CJIeIYIONIHiI oprpad ¢ BepIIHHAMUI
V1, Vo, ..., Uy U CO 3HAKAMHU «+» U «—» Ha pédpax (puc. 6). O6BeIEM MHOKUTETH ITOTO ClIarae-
MOTO (9TO eJMHUIBI 1 MUHYC €JMHUIIBI, 110 OJHON B KazK/I0il CTPOKe U KaxK oM cTosione). Ecian na
nepecedeHnn CTPOKHM ¢ M CTOJIONA j 00BeleHa MUHYC e/IMHAIA, TO U3 V; B Uj MPOBOIUTCS OMPULa-
meavroe pebpo (co 3HaKoM MuUHYC). Ecin B InaroHaabHOM 3J1eMeHTe a;; 00BejieHa k-s1 e THHUIIA,
TO MPOBEJIEM W3 BEPIIHHBL V; N0A0JCUMeEAbHoe PeGPo (CO 3HAKOM IUIIOC) K k-My HAMMEHBIIEMY
cocely BepIIHHBI V; (9TO BepIImHA v;, CMEKHAs C v; W TaKas, ITO HMeeTCsl pOoBHO k — 1 Bepminu
C HOMEPAaMK MEeHbIIE j, CMEXKHBIX C U;). KKaK HeTPYIHO BUJIETH, KazK/Iblil U3 110JIyYeHHBIX OpIpa-
¢0B BO3HHKAET W3 POBHO OIHOTO CJIAraeMoro B CBepXpas/oKeHWHu. Termepb MOKHO OIIPeIeUTh
3HaK opepagha B NEJIOM: 3TO 3HAK COOTBETCTBYIOIIETO CJAraeMoro B CBEPXPa3J/I0zKeHUN.

[
> 14141 (2] ~1 0
vl 1 14141 ) 1

U4 ) “1 1414141 -1
- 0 -1 1 1+(1)+1 -

- ’113+ V4

Puc. 6. CneBa mapucoBan rpad G u 0IHO W3 €ro OCTOBHBIX JepeBbeB. B 1menTpe mokaszana marpuma L~ rpada
G. Yucna, oOBeieHHBbIE KPYZKKAMHU, JAIOT OIHO U3 CJIAraeMbIX CBEPXPA3JIOKEHUS, 3HAK TOrO CIAraeMOro paBeH
(—=1)™sgn(7), rae m — 4uciI0 BLIOPAHHBIX MUHYC €MHUILL, SgN(7T) — 3HAK [IEPECTAHOBKY, 33101l 9T0 ciaraemMoe,
B HaimeM ciydae m = (2314), a eé 3Hak — «+». CripaBa HapucoBan oprpad, COOTBETCTBYIONINI ITOMY CIAraeMOMYy.

4.1. JIokaxKuTe MATPUIHYIO TEOPEMY O JTEPEBbIX.

4.2. Obosznaunm yepes F; ; MaTpuIly pasMepa nXn, B KOTOPOil Ha llepecevenny i-it CTPOKM U j-0r0
crosibra cTout 1, a B OCTAJIbHBIX KJIETKAX — HYJU (TaKHe MATPHUIBl HA3BIBAIOTCS MATPHYHBIMU
ennaunamu). JlokaykuTe, 9T0 KOJHIECTBO OCTOBHBIX JepeBheB rpada G paBHO

a) det(L + E;;) ans 060ro 1, b) det(L + E; ;) as ni00bIX 1, j.
4.3. Ilyctp no-npexxkuemy L — marpuiia Jlamnaca rpacda G. 3adukcupyem Habop BepIIwH vy, Vs,

., Ux Tpacdba G (k < m) u BbHIYEpPKHEM W3 MATPHUILI L CTOJOIBI U CTPOKU, COOTBETCTBYIOIIHE

saduxcuposannsiM BepmnaaM. [Tonydennyo (n — k) X (n — k) marpuiy obosmadum depe3 L, .
[Toxrpad rpada G, cocrosimuii u3 k gepeBbeB 6e3 00X BEPITHH U PEOEP ¢ KOPHIMHI U1, Vg, . . .,
Vg, comepxKanuii Bce Bepiuuabl rpada G, HA30BEM 0CMOGHbLM AECOM, TIOCAYKEHHBIM B BEPITHHBI
U1, Vg, ..., Uk. IIpu 3TOM MOZKET OKa3aThCs, 9TO HEKOTOPBIE U3 JePEBbEB OCTOBHOIO JIECA COCTOST
BCETO JIUIIb U3 OHON BEPIITUHEI.

JloxkazkuTe, 4TO ONpee/InTeIb MATPUIbl L, paBeH KOJIM4eCTBY OCTOBHBIX JIECOB, HOCAKEHHbBIX
B BEpPIIUHBI V1, V2, ..., Ug.



Kopnesvim opuenmuposarnowm depesom ¢ KopaeM v HazoeM nojarpad oprpada G, cogep-
JKamuit Bce BeprmHbl (G, B KOTOPOM JIJIsI KazKJIOH BEPIUHBI CYIECTBYET eIMHCTBEHHBIN MyTh B
.

4.4. Ilycrs G — oprpad 6e3 nerenas. Ero marpuna Jlamwmaca L~ oupegessiercs dbopmy.ioii (4)
C TONPABKOH Ha TO, 4TO NPH ¢ = j Oepercs WCXOsIiasi CTelNeHb BEPIIMHBI vU;, a NpUH i # j
nosnaraem (;; = —1 jgumb B ciydae, KOTjJa mMmeeTcs peOpo W3 BepmmHBI v; B v;. Jlokakure
BapUaHT MATPUYHOIl T€OpeMBI O JIepeBbIX [ OPUEHTUPOBAHHBIX I'padoB: det L~ paBen umciy
KOPHEBBIX OPHEHTHPOBAHHBIX JI€PEBHEB C KOPHEM Uy,.

4.5. B oprpade 6e3 meresb BXosIMas CTeleHb KayK/10i BEPITUHBI paBHA ncxoasdmeii. /lokaxnre,
YTO YHUCJO0 OPUEHTHPOBAHHBIX KOPHEBBIX J€PEBbEB C JAHHBIM KOPHEM He 3aBUCUT OT KOPHH.

4.6. Vcrnonb3yss MAaTPpUIHYIO TEOPEMY O JePeBbsiX, JOKaxKuTe popmyay Koau: 9ucyio nepeBben
Ha 7 TPOHYMEPOBAHHBIX BEPIIMHAX paBHAETCS N 2.

I'pad G nazwpiBaercs deydosvHbim, €CIH MHOKECTBO €r0 BEPIINH COCTOUT U3 JIBYX HeIepece-
KAIOTIUXCS MOJAMHOXKECTB (doaell), BHYTPU KOTOPHIX HeT pébep.

4.7. JlokaxknTe, 9TO YMCJIO OCTOBHBIX JePEBheB TOJIHOTO NIByI0JbHOTO Tpada Ky, paBadercs
kf—l gk—l

4.8. B rpade GG 4éTHOE YNCJIO BEPIINH, a TaKyKe CTeleHW BCeX BepImuH 4€THBI. /lokakure, 4TO
YUCJI0 OCTOBHBIX JiepeBbeB rpada G 4éTHo.

5 OmnpeneauTes N CyIIIeCTBOBaAHNE COBEPHIEHHBIX IIapOCOYeTaHUit

B sroMm pazzerne mbr paboraem ¢ (HEOPHEHTHPOBAHHBIME) ABYA0IbHBIMEI rpadamu. [Iycts n = 2m,
MbI Oy/IeM PACCMATPUBATH TOJIBKO JIBY/I0JIbHBIE I'PAdBbI, J0JIM KOTOPBIX COAEpKAT o m (T.e. 11 0 -
p 0 B HY) BepiuH. J[6ydosvnot mampuyeli cmescrocmu 1ByR0abHOro rpada G HA3BIBAIOT M XM
marpuny B = (b;;), B koTopoit b;; = 1, ecm i-51 BepImuHa 1epBoii 101 coequHena pebpom ¢ j-if
BepIINHOU BTOpOil 101H, U b;; = 0 B mpoTHBHOM ciaydae. Ecam 3aMeHUTH B ABYJOTBHON MaTpH-
e cMexkHOCTH rpada G KaxKIblil 371eMeHT b;;, paBHBI 1, Ha IepeMeHHYIO Z;;, TO IOJyYeHHYIO
MaTPHILY B nazoBém nepemenoti dsydoavroti mampuued cmeancrnocmu rpada G.
Cosepwennvim napocovemanuem B rpade G HaspiBaercss Takoe noamuoxkecrso M C E(G)
MHOYKECTBa ero pébep, 4To KaxKjas BepiinHa rpada NPUHAIEKAT POBHO oaHOMYy pebpy u3z M.

5.1. [Joxaxkure, 9TO €CJU J0JU NPOU3BOJILHOIO JABYA0ALHOrO rpada G comep:Kar HOPOBHY Bep-
LIMH, TO CYIIECTBOBAHME COBEPIIEHHOr0 napocoueranus B rpadpe G paBHOCHIBLHO TOMY, 4To det B
He PaBeH TOXKJIECTBEHHO HYJIO (KaK MHOIOYJIEH).

Kax mpoBepuTh HEBBIPOKIEHHOCTD JBY/I0JIHHON MaTPUIlbl cMekHocTH A 3a paszymHoe Bpemsi?
JL1st 3TOTO MOXKeT MPUTOAUTHCS CAeYIONas TeopeMa.

5.2. Teopema IllBapnma—-3unnend. [lyctb d — HATYypaabHOE YUCTO, S — MHOKECTBO

U3 § BEIeCTBEHHbIX 4uces, p(T1,...,Tm,) — MHOIOWIEH cTeleHH d OT 1 IEePEMEHHbIX C Bele-
crBeHHbIME KO3 durmentamu. Torma koamdecTBO HAGOPOB (T1,...,7y), TAE T1,..., Ty € S W
p(ri, ..., 7m) = 0, ne mpesocxoauT ds™ 1.

5.3. Ilycrb gan aBynosbublil rpad G, 10/ KOTOPOro COAEpzKaT 1m0 M BepiiuH. Vcmoab3yst Teo-
pemy IIBapma — 3urnmesist, MOCTPOTEe aITOPUTM JIJIsI TPOBEPKU CYIIECTBOBAHUS COBEPITEHHOTO
mapocoveTaHusl, KOTOPLIi omubaercs He Oojiee UeM B IOJOBUHE CJIYIaEB.

MHOTOKpaTHO IIPUMEHsS STOT AJTOPUTM, MOXKHO CJEIATh BEPOITHOCTH ONIUOKHU CKOJIb YT'OTHO
MAaJIOM.

6 IlomcuéTr coBepIIEeHHBIX MAPOCOYETAHUIA
B IIAHAPHOM JIBYI0JILHOM Tpade



I'pad mazbIBaeTCa naaHapHviM, €CIH €TI0 MOXKHO H300pa3uTh Ha ILTOCKOCTH 0e3 caMolepecede-
HU. DTO 03HAYAET, YTO €r0 BEPIIMHBI MOXKHO M300Pa3uTh TOUYKAMU IJIOCKOCTH, & WHIIHIEHTHbHIE
uM pébpa — JIMHUSIMH C KOHIIAMHU B 3TUX TOYKAX, HPUIEM BHYTPEHHUE TOYKHU DTUX JUHHUI He
HpUHAJIEKAT JPYTUM TaKUM JIMHUSIM. Byjem Ha3biBaTh 06uacmovio JTIOOYIO 9acThb ILJIOCKOCTH,
IpaHUIa KOTOPOii COCTOUT u3 00pa3oB pébep, a BHYTPEHHOCTH (OCTaTbHble TOYKH O0DJACTH) He
npuHaIekaT obpasam pédep. g m000ro n300pazkeHns: CBA3HOTO ILIAHAPHOIO rpada BBIIOJ-
HeHA dopmyaa Itrepa
v—e+ f=2

rJle U — KOJIMYIECTBO BEPIUH, € — KOJUIECTBO pédep, [ — KOImIecTBO 00IaCTel.
Eciu B Boipazkenun (1) st onpejesuresisi MATpuIlbl A B3sITh BCe CJlaraeMble C ILTIOCOM, TO
MOJTYIUM nepmanerm MAaTpuIbl A, KOTOpsIil 0b03HadaeTcs per(A).

6.1. /TokazkuTe, 9TO KOJUIECTBO COBEPINEHHBIX apOCOYeTaHu il B ABYA01bHOM T'pacdhe paBHO 1ep-
MaHEHTY JABYJOJBbHOU MATPHUILI CMEZKHOCTH.

Boraucienue mepMaHeHTa 3HAYUTEIbHO O0Jiee TPYIOEMKO, YeM BBIYUCICHUE OIIPEIeTHTEI.
BosnukaeT Bonmpoc: HeJib3sl JIU CBECTH BBIYUCICHUE MEepMaHEHTa JIBY/I0JbHON MaTPHIBI CMEXKHO-
CTH K BBIYHCJIEHHUIO ONPEIETUTENsI, TOMEHSIB 3HAKH HEKOTOPBIX €€ 3/1eMeHTOB?

[Iycre G — nnamapubiit aByjpoababiit rpad. Ha pébpax rpada G paccraBum 3HaKU «+» H
«—>». B ero aBynoabHoit MaTpuile cMexknoctu B 3amennm 1 Ha —1, ecin cOOTBETCTBYIOIIEe PeOPO
nMeeT 3HaK MHUHYC. PaccTaHOBKY 3HAKOB Ha péOpax 0003HAYUM O, a MOJYy4YeHHYIO MaTpuiy B.
Kacmenetinosa paccmanoska 3Hak06 — 3TO TaKas pacCTaHOBKA 3HAKOB O, UTO

| det B?| = per(DB).

6.2. Ha pucynxke nzobpaken rpad ¢ 16 Bepmmaavu. Crtoniabie Jsuann 0003HATAI0T
pebpa co 3HAKOM <ILTIOCY», IIYHKTUPHBbIE — CO 3HAKOM «MHUHYC». /[lokazkure, 94TO 314
pPacCTaHOBKA 3HAKOB KacTeJeifHOBA.

*-9-9-9
o-o-0-9

[Iycrs C' — nuka jgymmabl 2¢ B IBY10J1bHOM I'pade, 0 — paccTaHOBKa 3HAKOB Ha pEOpax, ng —
KOJITYeCcTBO oTpuiiareibHBIX pédep B C. Hazosém nuka C' npasuivho nomewerHvimM OTHOCUTE b
HO 0, €CJIN YHUCJIa N U £ ©MeIOT pa3Hyio 96THOCTD. Llukn C' ydauno pasmew,ét, eciu Npu yaaaeHun
3 (G BCeX ero BepINuH U CMEXKHBIX ¢ HUMHU PEOep moJyryduTcs rpad, MMeromuii COBEPIeHHOe T1a-
pocoueranue. ['pad HasbIBaeTCst 06Yc6A3HbIM, €CIIN OH CBSI3eH W KaykK10e PeOpO JeKUT XOTS Obl
B OJIHOM IIMKJIE.

6.3. IlycTh KazK/IpIil yAAUHO pa3MeIIEéHHbli MUK MPABUILHO TOMeYeH OTHOCUTETHHO PACCTAHOB-
ku 3HaKkoB 0. Torga o sBisercs Kacresneitnopoii. (I[Tnanaprocts rpada He npeanosaraercs. )

6.4. Ilycts G — mraHapHbBIil IBYIOIBHBIN ABYCBA3HBIN Tpad. 3adukcupyeMm ero m3o0pazkeHue
Ha 1w1ockocTu. [lycrs 0 — paccranoBka 3HakoB Ha (G, HIpUYEM I'DAHUYHBIN MUK/ KaXK10i OrpaHu-
YeHHON 00/1acTu Ha YepTerke MpaBmiIbHO moMedeH. Torga pacCTaHOBKA 3HAKOB 0 KAaCTeJIEHHOBA.

6.5. JlokakuTe, 9TO BCAKUi IJTAHAPHBIA JBYCBA3HBIN JIBYIOJBHBIN Tpad nMeeT KacTeaeiiHOBY
pPacCTaHOBKY 3HAKOB.

6.6. a) IlycTb B opuenTupoBanHoM rpade G OTMEYEHO 1 BEPUINH, UMEIOIIUX TOJTHKO UCXOJISIIIe
pebpa (3Tu BepITHHBI — «BXOJbI» B Tpad, ¢ HUX MOYKHO HAYATH JBUKEHHUE 110 Tpady) U n BepIInH,
HMEIOIHIX TOJIBKO BXOAMAIE pedpa («BbIxoably ). OBo3HAYNM Yepe3 a; j 9UCI0 CHOcOoBOB HpoifTu
OT -I0 BXOJa K j-My BbIXOHy. JloKakuTe, 9TO mepMaHEHT MATPUIbl (d; ;) PABEH KOJIXIECTBY
HAOOPOB, KayKJAbIif M3 KOTOPHIX COCTOUT W3 N IMyTei, T/ie KaxKIbli MyTh BEJET OT BX0/1a K BBHIXOIY,
npuYeM y JIOOBIX JIBYX IIyTell He COBIIAIAIOT HU HAaYa/bHbIE, HI KOHEYHBbIC BEPIIHHBI.

b) IlycTh JOMOJHUTEIBHO U3BECTHO, YTO Ipad MJIOCKUIl, TPHYEM BCE BXOJbI PACIIOJIOKEHBI
JIeBee BCEX BBIXOJIOB, a LPH JIBUXKEHUU 110 pEOpaM Bbl BCerJa cMelaerech Bupabo. lokaxkure,



9TO ONPEICTUTETb MATPUILB (am) paBeH KOJim4ecTBY HAOOPOB, KarK/Iblif U3 KOTOPBHIX COCTOUT W3
1 HellepeceKaIoNuXcs My Tel, r/e ¢-if myTh BeJeT OT ¢-T'0 BXOJA K i-MY K€ BBIXOJLY.

6.7. a) B sleBOM HUZKHEM YIJIY OCKH 1 X 1. CTOUT XPOMOii KOPOJIb, YMEOIIHii XOUTh
TOJIBKO B TPEX HAIPABJIEHUSIX: BIPABO, BBEPX W IO JMArOHAIU BIpaBo-BBepx. O00-
3HAUYNM depe3 A, KOJIMYECTBO BCEX ero MapIipyTOB, BEAYIIUX B HPOTHUBOIMOIOKHbIM
YyTOJI JOCKH, a 4depe3 [, — KOJWYecTBO TaKWX MapIIPYTOB, HE 3aXOASIIUX B JIEBHIi
cToJIGeIl W BEPXHIOI CTPOKY (KpoMe HAavaJbHON W KOHeYHOH nosunun). JlokaxKuTe,
uro B, = 2A,,_1.

b) Pacemorpum marpuity A™ = (4; ) 1<ij<n, TA€ A;j — KOJIHYECTBO MADPIIPYTOB XPOMOTO
KODOJISE Ha JOCKE 1 X j, BELYIIHX U3 JIEBOTO HUKHErO yIvia B mpasblil Bepxuuit. Haitmure det AM™.
6.8. O6o3uaunm uepes C, (n =0, 1, 2, ...) KOJIUIECTBO CIOCOOOB MPOHTH ¢ JIEBOH HUKHEN KITeTKH
nocku (n+ 1) X (n+ 1) B upaBylo BepXHIOK KJIETKY, He HOJHUMASCh BbBIIIE JIMAIOHAJIU, €CJIU
KazKJIbIM XOJOM pPa3peInaercs IMepexoJnTh Ha OJHY KJETKY BIIPABO HJIM Ha OHY KJIETKY BBEDX.
Hanpumvep Cy = 2 (nposepere!). Hucna C), naspiBBaorcs wuciamu Kamanana, ovau MOryT OGBITH

BoIancaens no dhopmyae C,, = %H(i’;)
[Tycts H — matpuna (n+ 1) X (n+1), tme h; ; = C;y; (MBI cauTaem, 9T0 CTPOKH I CTOJIOIIBL

marpuilbl Hymepytores or 0 g0 n). Haiigure det H.

7 3agayuum 0 JepeBbAX

7.1. Ilyctb G — nmepeBo Ha n BepminHax. /lokakuTe, 94TO TOI/IA

n
det A (—1)2, ecau B rpade G cyniecTByeT COBEpINEHHOe MAapOCOYeTAHNE;
e G =

B OCTaAJIbHBIX CJIyYadX.

Xapaxmepucmuueckum mrozounrenom rpada G Ha3BIBAETCS OMpeIeINTeNh MATPHILl Ag =
(aij), te

x upu i = j;
az’j = —1, ecaw BepmuUHBLI v; U Vj CMEZKHBI,
0 nHave.

Takum 006pa3oM, XapaKTePUCTHIECKHUIT MHOTOUWIEH SBJISETCS MHOTOWIEHOM OT HMEepeMeHHOH = u
obozHavaercs depes Xg(T).

Obo3HaunM depe3 my KOJUIECTBO CIOCO00B BhIOpaTh k pedep rpada G Tak, 9T0ObI HUKAKWE
J1Ba pebpa He ObLJIN MHITHJICHTHBI OJHON U TOi ke Bepmiune. Ilapocouemamenrvroim MHO204AEHOM
rpada GG Ha30BEM

k=

=]

7.2. Ilycte G — nmepeso. Jdokaxkure, 910 X () = mg(x).



Pemenuga

2.1. a) D10 oueBHIHO. YMHOKeHWIO k-ii CTPOKM MATpHIBl A Ha YHCIO ¢ COOTBETCTBYET yMHO-
JKeHHWIO Ha ¢ BECOB BCeX pEDep, MCXOAAIINX U3 BePIIUHbI V. KaKaplit oqHOBaIeHTHLII oarpad
COZIEPZKUT POBHO OJIHO TaKoe pedpPO, 3HAUHT, ero BeC TOKe YMHOXKHUTCSI Ha C.

b) Eciu B omnoBajienTHOM rpade umeercst peGpo, Bejyllee U3 BEPIIMHbL Uy B BEPIIMHY U;,
Oy/eM Ha3bIBaTh BEPIIMHY v; TOC/Ie/I0BaTe/IeM Bepiunbl vg. [lepemena mectamu j-it u k-it cTpok
MaTpuIsl A 3a1aet cieayornee npeodpa3oBaHne OJHOBAJIEHTHBIX TOArpadOB: pedpPOo, BHIXOIATIEE
U3 BEPIIUHBI Uy, TIePEHAIIPABJIAETCS U BeJIeT Telephb He K MOCJIeT0BATENIO0 Uk, a K ITOCJIeI0BATETIO
vj, a B3aMeH pebpo, BBIXOJAINee U3 BePIIHHBL v; IlepeHalpaB/igercda K HocjaegoBaTenio v Eean
BePUIMHBL U M U; HAXOAMIMCH B PAa3HBIX IMKJIAX JjuHbl {p u {;, T0 B pe3yjbrare Ollepanuu
OHH OKazKyTCed B OTHOM LUKJe AauHbL {; + ;. Ecin Ke BepIIMHBI HAXOIWINCH B OJHOM IUKJIE,
OH pacHaJETcs Ha JIBe Y4aCTH ¢ COXpAHEHHWEM CyMMapHOii jinHbL. [1poBeputs! B oboux ciryuasix
KOJINYeCTBO YETHBIX IIUKJIOB U3MEHUTCS Ha 1.

Kaxaprit ogroBatenTHbiil moarpad rpada A momxkeH copepKaTh METII0 ¢ BEPIIHHON vy, TeM
cambIM, pEOpa, BeJyliue B BepUIkHy Uy (M3 OCTaJbHbIX BeplinH rpada) He MOryT IPUHAJIEKATH
HU OJHOMY oOJiHOBajieHTHOMY Tojrpady. [losromy cyiecrByer ecrecTrBenHasi OMEKIUsT ME¥KLy
oJHOBaJIEHTHHIMI Tofirpacamu ¢ HerysIeBbiM Becom rpada A u ogHoBaseHTHHIMI HoATrpadamu
¢ HeHnyJsieBbIM BecoM rpada A, cocrosiias B 0TOpAChIBAHUE TN BEPIIHHBI V. TaK Kak cama
neTId UMeeT eJMHUIHBII Bec, 3Ta OMeKIus K TOMY Ke COXpaHsdeT Bec moarpada.

¢) Kaxprit omHOBaeHTHBIN TOATPad COMEPIKUT OTHO PeOPO, COOTBETCTBYIOIIEE KAKOMY-TO
3JIEMEHTY a;; U3 jJ-it cTpoku. Bec Takoro moarpada pasen IpOU3BeJEHUIO YNCIA ;j U HPOU3Be-

(1)

JIeHHsI BECOB OCTaBHIMXCs pEOep (U erre, BO3MOKHO, —1). 3aMensig Bec 910oro pebpa Ha a;;’ W

ij
2 . ,
af;j), MBI TIOJIY MM OJHOBaJIEHTHEIE TToarpadb n3 pasmnozkennii onpegemnteneii det AY u det A2
W CyMMa, BeCOB THX MoArpadoB paBHA Becy MepBoro mnojarpada.

d) Hpe,ILCTaBHM 1-10 CTPOKY MaTPHUIIbL AB BUIe CYMMBI 1 CTPOK:
(ail,O,...,O) + (O,CLZ‘Q,O,...,O)—{—...—F (0,0,...,am).

B cuny yTBeprKIeHUs TpeAbIAYIIero MyHKTa, JOCTATOYHO IPOBEPHTH 1A KayXKI0TO j, 9TO €CJIHN
i-s1 crpoka marpunsl A pasna (0,...,0,a;,0,...,0), To det A = (=1)""a,; det A;;.

YacTHblil caydail 95TOro yTBepKaeHus g j = i dhakTuuecKu pa3zobpan B myHKTe ¢). [Iycrh
Telephb /I ONpeIeNeHHOCTH i < j. IlocaegoBaTebHO mepecTaBuM B Marpuie A i-10 CTPOKy
¢ (i+ 1)-it, norom (i + 1)-10 crpoxy ¢ (i + 2)-it u 7. j., (j — 1)-10 crpoky ¢ j-it. B pesysbrare
-9 CTpOKa MaTpuubl A OmycTUTCA Ha j-€ MeCTO W MbI IOJyYdM MaTpuiy B, y KOTOpoi j-a
crpoka umeer Bug (0,...,0,a,;,0,...,0) — HeHyIeBOil 3JIeMEHT @;; CTOUT HA j-M MeCTe, T. €. Ha
nuaronasu. [pu stom Bj; = A;j, det B = (—1)""det A = (—1)7*" det A, a Torga no coiictsy c)

det A = (—1)j+i det B = (—1)j+iaz~j det Bjj = (—l)j”aij det Aija
4TO U TpedyeTcs.

Kaxk BuauM, paccyzKIeHue MoayduIoCh He «9iCTO KOMOMHATOpHOE». [ onpasganms paste-
peM ciaydail j = i+ 1 Ha KOMOMHATOPHOM sA3biKe. OrpaHIIUMCS PACMOTPEHUEM YaCTHOTO CJIydas
n=06,1=3, 7 =4. Mbl XOTUM IPOBEPUTH PABEHCTBO

a blec d |e
/ a blcle f
g h|lk £ |m n
g hlk|m n
000&,‘,‘4_100
det = —a;ip1-det| o plqgl|s t
o plgq r |s t
u viw|w 2z
u viw xr |w Zz
o Bly 6 |e ¢ a Bly|le ¢

Pacemorpum mpousBoibHBI oprpady, COOTBETCTBYIONINI MATPHUIE B JIEBOH YaCTU paBeHCTBA, U3-
MEHUM €ero CJeJyomuM o0pa3oM: yjaluM Bce peédpa, BXOJMIIUE B BEPIIUHY V11, PEOPO ;U411
cTsHeM — obpa3yercsi HOBasl BeplluHa v, PEOpa, paHee BBIXOJUBIINE U3 BEPIIMHBI V;11 TElePb
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Oy/yT BbIXOJUTh M3 BepIIUHbL v, a pebpa, paHee BXOJUBIIHE B v;, Oy/lyT BXOJHUTb B BepIIH-
Hy v. Mbl nosiyaum oprpad, COOTBTECTBYIONMI MaTpuiie u3 mpaBoii yactu. [Tocmorpum, Kak
ormrcanHas TpaHchopMalns CKa3bIBAETCS Ha OJHOBAJEHTHBIX mojarpadax. [lockombKy Kaxkprit
OJIHOBAJIEHTHBIN moarpad ucxoaHoro rpada coaep:KuT pebpo v;v;11 (TaK Kak 5TO eJUHCTBEHHOe
pebpo, BBIXOJIAIINEE U3 U;), OH He COJIEPKUT HUKAKOTO JIPYTOro pebpa, BXOISIIETO B V1. 1109TOMY
B pesyJibrare TpaHcdopmalun u3 mnojarpada He OygeT yJaajgeHo HU OJHOT0 pedpa, KpoMe CTsHY-
TOro pedpa v;vV;11, BEC KOTOPOI'O yUYTEeH B BUJIE OT/IEJIbHOI'O COMHOKUTEJIS (11 B IIPABOU 4aCTH.
[Ipu craruBanuu OJIMH U3 MUKJIOB OJHOBAJIEHTHOTO MOArpada U3MEHUT CBOIO YETHOCTD, MTOITOMY
n3MeHnnuTcs 3Hak nojarpada. C apyroit cTOpoHBI, /I KayK/I0ro OJHOBAJEHTHOTO MoArpada s
NPABOl MATPUIIBI HETPYHO YCTAHOBUTH, U3 KAKOrO (OJHO3HAYHO ONPEIEJEHHOTO) OJHOBAIEHT-
HOTO mo/rpada JeBoit MATPUILI OH MOJTYYeH.

2.2. IlycTb KakKOH-TO 37€MEHT MATpHUIbl A, HApUMep THATOHAJILHBIN aemeHT Ha Mecte (1, 1),
3allHCaH B BUJE CyMMBI, CKaxKeM, a11 + by 3amenum B oprpacde A jase nerim npu Bepuimne vy
C BeCaMu @11 | byy Ha OJIHY TETJIIO ¢ BecoM aqy + by1. Tomyuennbtit rpad oboznatnm A. Kaxxaomy
oanosaJsienTHoMy noarpady H oprpada A, comeprkalnemy eT/II0 IPU BEPIIUHE VU1, COOTBETCTBY-
10T JIBa OJHOBAJIEHTHBIX moArpada B A — OIMH ¢ meTIeii Ipu BepIIHHE U ¢ BECOM (11, & IPYTOi —
¢ BecoM byy. O4eBmHO, cyMMapHbIii Bec 9THX noarpadgos pasen secy H. Ecn e oqnoBaieHTHBI
nojarpad oprpada A He coaepKuT neTau npu Bepmune vy, 1o B rpade A naiigerca n3omopdublii
emy nojrpad.

CyMMupys 110 BCeM OJHOBaJEHTHBIM MOATrpadamMm, Mbl MPUXOINM K BBIBOLY, UTO TPU 00bE/IH-
HUHEHHUH JIBYX IeTe/Ib B OJIHY WU, YTO TO K€ caMoe, Ipu 3aMeHe (hpopMaIbHOW CyMMBI a1 + byy
Ha ee 3HAaYEHHe, OIpee/INTe b MATPHUILI He MeHSeTcsa. AHAJOTHMYHO OOCTOAT jesa ¢ JAPYTHMH
MaTPUIHBIMHI 3J€MEHTAMHU, 3alMMCAHHBIME B BUIE (hOPMATBHBIX CYMM.

2.3. a) [6] Paccmorpum MaTpuity

a12+a13+aiy —a12 —ay3 —a1q
A= —ag] Q21+ Q23+ 24 —Q23 —Q24
—agy —as2 a31+ase+asq —Q3q

—ay1 —Qy42 —Qy43 a41+a42+ay3

Takyto dopmy 3amucu MaTpUIL ¢ HYJIEBO CyMMO# CTPOK — KOT/Ia BHE JIMATOHAJIN CTOSIT 3JIEMEHTHI
€O 3HAKOM MHHYC, a Ha JHArOHAIN UX CYMMBI CO 3HAKOM ILTIOC — Oy/IeM CUATATH CTAHIaPTHOIA.
JanpHeiimme paccy:kaeHns Mbl Oy1eM IpPOBOIUTH, OMUPAACh HA 3TOT IPHMep, HO YHTaTeNb Oe3
Tpy/a BOCCTAHOBUT JETAJIH ODIINEro J0KA3aTeThLCTBA.

CorlacHO yTBEP:KJIEHUIO TIPebLIyInel 3aj1aun jiis Beiunciaenuss det A ciepyer nepebuparhb
oJHOBasieHTHBIE ToArpadbl B rpade A, nzobparkeHHOM Ha puc. 7 cjeBa. Ho Mbl ceifuac omuimem
KOHCTPYKINIO, KOTOpast CBeJIeT 3TOT mepebop K nepedbopy noarpados B rpade A;, Moy damimeMcs
u3 A yjajieHnem Bcex TeTeb U 3HAKOB Y BeCOB pébep (puc. 7 cmpasa).

a34

41 a23

a12

Puc. 7. I'pacer A u A;

[Tockobky B rpade A MOBTOPSIOTCS METKI, HEKOTOPBIE TTOATPAdBI MOTYT UMETh OMHAKOBBIi
Bec (eMm. puc. 8,a; He Gyjem 1noka obpaiaTh BHUMaHKe Ha 3HAK Beca). Merku Ha péObpax rpada
A — 310 uncia +a;;, npudeM HHIEKCH { U j Y KayK10i MeTku pazjndnbl. OueBuHO, 4TO pebpo,
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@43 asq
—a3y O (\ 3
[ ] Q [ ] [ ) [ ) _a34 a34
V4 —ayg3 U3 V4 v3 Vg e C—\ [ XOE Vg e /:— e U3
—Q43 43
v v v v
1, 2,720 1, 2,20 a23> a23>
a a Vie o Vie oV
23 23 1o 0 1e o
a12 a12 a12 a12
—@Q12023034043 (12023034043 —Q12023034043 (12023034043
a) Tlonrpadm 6) CoOTBETCTBYIOIIME MOy TOPABAJICHTHBIE
C IIOYTH OJWHAKOBBLIMHU BE€CaMHU Hom“pa(bm

Puc. 8. Hosoe npasusio pucoBanus noarpados

BBIXOJIAINEe U3 BEPIIHHBI ¥;, IMOMEYEeHO METKOMH, y KOTOpOii mepBblii mHIeKC paBeH 7. Orcroma
CJIeJIyeT, YTO MeTKHU BceX pébep J060ro oaHoBaIeHTHOrO noarpada rpada A momapHo pa3andHb.
Bsegem rora 1o6oe npasuso das uzobpasicernus odnosarenmuus nodzpagos rpada A. Boinumem
BCe MeTKH pé6ep oHOBaIeHTHOTO noArpada n Hapucyem noarpad 3aHoBo (Ha TOM 7Ke MHOXKeCTBe
BEDINNH), & UMEHHO: JUIs KayKI0i MeTKH +a,; Hapucyem peOpo, ujyllee U3 BePIIMHBL U; B Uj,
IOMEYeHHOe 3TOil caMoil MeTKoil *a;; (cMm. puc. 8,0). HapucoBauHBIil IO HOBOMY HpaBuiy rpad,
OYEBHJIHO, He mMeeT meTestb. PakTudecku 310 moarpad rpada A;, orimame TOIBKO B TOM, YTO
Beca pébep y Haiero nojrpada MOryT UMerb JIMIIHUAK 3HAK MUHYC. HyTb 11032K€ Mbl yCTPAHUM

9TO OTJINYHE.
[Tosryaennbie noarpadbl camu 1Mo cebe yke He SBJIAIOTCS /
o/iHOBaIeHTHBIMHU. OT OJITHOBAJIEHTHBIX I'PpaOB B HUX OCTAJIOCH \ %

JIUIITH CBOMCTBO, COCTOMAIIEE B TOM, UTO U3 KaKJIOW BePIITHHBI %

BBIXOJUT OJHO pebpo. Bxomgmux ke pédbep y BepIIUHBI MO- \ \L
KeT ObITh HECKOJIbKO ujin Hu ojiHoro. HazoBem Takue rpadb Ve d
NOAYMOPABANEHMBLMU. ﬁ

OdeBuHO, BCAKUI MOJyTOPaBaJEHTHBIN rpad cogep:Kut —7

XOTs1 OBl OJIMH THUKJI (JIBATAfiTeCh 10 CTPEJKAM — KOIJIa-HH-
Oy/Zb BB TIPUJETE B BEPINUHY, IJIe yKe ObLIN PAHbBIIE), a eCJIn =
OH COJIEPYKUT HECKOJIBKO IIMKJIOB, TO 3TU IUKJ/Ibl HE UMEIOT 00- ¢ /1
X Bepiuni. Kpome muK/I0B OH MOYXKET COJIePKATh HECKOJIHKO
JTIEPEBbER, MOCAYKEHHBIX B BEPINUHBI IUKJIOB.

Kax Bumno u3 puc. 8,6, onfMHAKOBBIE TTOTYyTOPaBaJIeHTHbIE Ipadbl MOTYT HMeTh Pa3HYIO pa3-
MeTKy pébep. MeTka pebpa v; — v; IoJyTOpaBaJeHTHOTO rpada MOKeT ObITh paBHA +a;; UIN
—Q;j, OJIHAKO €CJIM 3TOT rpad HoJIyyueH 110 OHUCAHHOMY IIPaBHJly U3 OJIHOBAJIEHTHOI'O, PACCTaHOB-
Ka 3HAKOB HE BIIOJIHE XaOTHYHAs. A MMEHHO: MOJIYTOPABAJEHTHBINA Tpad B TOM U TOJHKO TOM

E—

[MonxyropasanenTHbiii rpad

cJIydae MOJIydaeTcs U3 OJIHOBAJIEHTHOTO, €CJIH:

1) B KazKJ0M €ro IHKJIe BBIIIOJHEHO CBOJCTBO: 00 BCe METKH péGep MUK/Ia HMEIOT BT +a;;
(Takoil MUK/ GyJeM HA3BIBATH NOAOHCUMEALHbLM, B OTHOBAJIEHTHOM Ipade eMy COOTBeTCTBOBAJ
HAOOP HeTeb), Jub0 BCe OHU UMEIOT BUJ —a;; (Takoil muki OygeM HA3BIBATH OMPUYAMENLHBLM,
B OJJHOBAJIEHTHOM T'pade eMmy COOTBETCTBOBAJ ITOT Ke IUKJI);

2) pé6pa, He BXOASINNE HU B KAKOI MK, NMEIOT METKH BUAA +a;;.

['pacdni, ob1amatonue STUM CBORCTBOM pa3MeTKu pébep, OyjieM Ha3bIBaTh JonYycmuMoLMU.

[IpaBuy10 BBIUHCIEHUS Beca IOJYTOpaBaJeHTHOro rpada Takoe Ke, KaK U y OJHOBAJIEHTHO-
r0: BEC PaBEeH IPOM3BEJICHUIO BECOB PEOEP, B3ATOMY CO 3HAKOM MHHYC, ecjid B rpade HedEéTHOe
KOJIMYECTBO OTPHIATEIbHBIX YETHBIX MUKJIOB. MBI YyIUTHIBAEM TOJBKO OTPHIATEIbHBIE YETHDHIE
IUKJIBI, TTOCKOJIBKY MOJOKATEIBHBIM IHKJIAM MOy TOPaBaJeHTHOrO rpada COOTBETCTBYeT HabOp
meTesib B OJJHOBAJICHTHOM rpade, a HeT/Iu HA 3HAK Beca He BJIHULAIOT.

Pabotas ¢ mosyropaBajeHTHBIMEU T'padaMu, YI00HO MeTKH pébep m300pazkaTh BoobIe 0e3
3HAKa, HO TIPH TOM JIONOJTHUTEIHHO MMOMHHUTH O 3HAKe KaKJI0To IuKJaa. B aToM ciaydae Bec mo-
JIyTOpaBaJIeHTHOTO Ipada paBeH MPOU3BEICHUIO BECOB BCeX ero pédep, yMHOKeHHOMY Ha (—1)°,
rje ¢ — KOJMYECTBO OTPUIATETbHBIX YETHBIX IMUKJIOB.
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YrBepxgedue Oupegennresb MaTpulbl A paBeH cyMMe BECOB BCEX JIOLYCTHMbBIX HOJLY-
TopaBaJ/ieHTHbIX noarpados B rpade A;.

CobcTBeHHO, JO0Ka3bIBaTh TYT Hedero. JlomycTumble moJyTopaBajgeHTHBIe Toarpads rpada
A HaXomATCS BO B3aMMHO OJHO3HAYHOM COOTBETCTBHHU C OJHOBATEHTHBIM moarpadamu rpada
A, nprudem 310 COOTBETCTBUE COXpaHAeT Bec moirpada.

Beprémcsa k pemrenuto 3a1a4un. Temepb coBceM HETPYIHO IpoBepuTh, uro det A = 0. /leiicTBu-
TeJIbHO, PACCMOTPUM KaKOif YTOIHO IOIMYCTUMBIi Oy TOpaBaIeHTHBI moarpad u moMeHseM 3HaK
y IHUKJIA, TPOXOJISIIEr0 Yepe3 BepIInHY ¢ HAMMEHBIIUM HOMepPOM. Mbl HOJIy4YuM JIPYroi J10Iy-
crumblit moarpad. [loBropHoe npumeHneHue 3TOi omepaiuu MPUBEJIET K MCXOJAHOMY Toarpady.
Takum obpazom, ¢ TOMOIIHIO ITO ONEepaIni MHOYKECTBO BCEX JOMYCTUMBIX MOJIYTOPaBAJIEHTHBIX
no/irpagoB paszdouBaercsa Ha napbl. Ho cymma Becos rpadoB o/iHOM apbl paBHA HYJIIO: €CJIH Iapa
MOCTPOEHA C MOMOMIBIO CMEHBI 3HAaKa YETHOTO IMUKJA, TO KOJHIECTBA OTPHUIATETbHBIX IHKJIOB
B rpadax 3Toil nmapbl UMeIOT Pa3sHyI YE€THOCTb, a HADOP BeCOB PEOEp OJIMHAKOB; €CJIU ZKe Ia-
pa MoCTPOeHa C MOMOIIBI0O CMEHbI 3HAaKa HEYETHOTO IUKJIA, TO IPU CMEeHe 3HAKa CMEHHJICH 3HAK
MPOU3BEIEHNST METOK TOr0 IUKJIA.

b) Yrobbl He CBA3BIBATHCS C JTMHEHHON asireOpoil, JOKaKeM yTBepKIeHne 3a/1a4u, 00001HB
MaTPUYIHYIO TEOPEMY O JE€PEBhSX Ha Caydail B3BENeHHBIX OPHEeHTHPOBaHHBIX Ipados. [lycTs gan
noJiHbI oprpad A; Ha n BepIImHaxX 0e3 ImeTeIb, B KOTOPOM MeXK Iy JTFOOBIMU JABYMsI BepPIIHHAMU
v; 1 v; (i # j) EMeeTcst Kak pebpo v;v; ¢ BECOM a;j, TAK U pebpo v;v; € BECOM Gj; (PHC. 7 cIpasa).
Marpuna A u3 ycioBus 3a7a4u ecTb Marpuna Jlamrmaca tTakoro rpada.

Kophesvim opuenmuposartoLm 0cmosHoiM 0EPeBOM € KOPHEM V; HA30BEM TAKOW AIMKJIMYIe-
ckuii Tpad Ha MHOXKeCTBe BepInmuH {v1, Vs, ..., Uy}, B KOTOPOM HCXOJSINAS CTEleHb BEPIINHbI V;
paBua 0, a Jiro6oit Apyroit BepiwHbI — 1, HHBIMH CJIOBAMHU JIJIsd JII00OH BEPIINHBI CYIIECTBYET
eJIMHCTBEHHBIN MyTh U3 Heé B v;. Bec KOpHEBOrO OpHEHTHPOBAHHOIO OCTOBHOIO JIepeBa PaBeH
IPOM3BEIECHUIO BECOB €ro pebep.

VTBep:K/eHue 3a/1a4n cpasy caejiyer u3 Teopem b unciao (—1)7 det A;; pasuo cymme
BECOB BCEX KOPHEBBIX OPHEHTHPOBAHHBIX OCTOBHBIX JE€PEBHEB C KOPHEM ;.

Hoxazkem 3Ty TeopeMmy. JIoCcTaTOYHO PacCMOTPETDb Caydail ¢ = n, OCTaJbHBIE CJIyvan aHa/Io-
rudHbl. [lycts A — n X n Marpuia, y Kotopoii n-st crpoka pasaa (0,...,0,1,0,...,0) (exuauna
HA j-M MeCTe), & OCTAaJbHble MATPUYHBIE dJIeMeHThl Takue ke, Kak B marpune A. Torga us pas-

soxenus det A o n-it cTpoke mosryqaem

det A = (—=1)"7 .1 - det A,;. (5)

Bynewm Borancasars onpegemTens det A, ¢ TOMOIMBIO TEXHIKHI IOy TOPABATEHTHHIX Tpados.
JIng mpuMepa OMATh OTPAHUIUMCS CAydaeM 1 = 5, MycThb j = 2:

a12+ai3+as +ass —ai3 —ayq —ays

Agy = —a21 —a23 —Q24 —ags5
—asy a31+az2+azq + ags —Q34 —ass

—a41 —Qy3 41+ 0421043 +045 —Ay45

Y100HO HosIaraTh, 9T0 CTPoKU Marpunbl A,; nponymeposansl or 1 10 n — 1, a croabusr — or 1
JI0 T, HO ¢ TIPOITYCKOM HOMeEpa j.

Kak u B mpegpymeM myHKTe, CJIeAyeT B KayKJIOf CTpOKe M KayKJIOM CTOJIOIE BHIOpATH 10
OJIHOMY YHCJTY (€CJIH COOTBETCTBYIONIHHA MATPUYHBII 9JIEMEHT 3alUCAH KAK CYMMa, CJIeIyeT B3SITh
JIMIIb OJTHO M3 CJIATAEMBbIX ), TIOCTIe Yero MOCTPOuTh pébpa rpada Aj, cCOOTBETCTBYOIINE BHIOPAH-
HbIM dncjiaM. Eciu npu 910M pedpo umeer BeC ¢ «JIMIIHUM» 3HAKOM MUHYC (HAalpuMmep, eciu B
Matrpuiie ObLI BBIOPAH 3JIeMEHT —daq3), Oy/ieM Ha3bIBATh Takoe peGpo orpunaresbHbiM. [Tosxyanrest

rpad Ha BeprmmHax {v,...,v,}, obaagaomuii caeayoImMu cBoiicrBaMu (puc. 9).
1) Ucxoagrmasi crenedb BEpIIUH Vg, .. ., Up_1 PaBHA 1, HCXOMSIIAs CTENEHb BEPUIMHBI U, PaB-
Ha 0.

2) I3 Bepuunbl v; BHIXOAUT OJHO <OTPHUIATENBHOE> PeOPO, & BXOAUTH MOIYT TOJIBKO <IOJIO-
KUTeJIbHbIe» pebpa.
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3) Orpunareibibie pedpa 00pa3yrT HECKOJIbKO IUKJIOB U €Ile OJMH <HEHOJHbI [UK/I» —
IIyTh U3 U; B ¥, (ITOT IMyTh CTAHOBUTCS IUKJIOM, €CJIH MBI JIOIOJHAM €r0 PeOPOM UV, COOTBET-
CTBYIOIIUM 3JIEMEHTY @y;—1 MaTpUIbI ;1)

4) Tlosoxkuresbable PEGpa TaKKe MOIYT 00OPAa30BbIBATH HECKOJIBKO IUKJIOB U €I HECKOJIBKO
OPHEHTHPOBAHHBIX KOPHEBBIX JE€PEBbEB, MOCAKEHHBIX B KAKWE-TO W3 BEPIIMH IUKJIOB (BKJIIOYAs

HETOJIHBI THKI).

Puc. 9. Yepnbim 11BeToM 0603HAYEHBI «OTPHUIATEILHBIE> PEOPA, DEJIBIM — <«IIOJIOKHUTETHHBIE

Bnax Taxoro noarpada pasen (—1)°*¢ rae ¢ — KoamuecTBo OTPHIATETLHBIX I6THBIX MHKIOB,
{ — gucao pédep B HEMOJIHOM IuKJe. JleiicTBUTENBHO, TOMOTHAB KOMILTEKT BLIOPDAHHBIX MAaTpPUU-
HBIX 3JIEMEHTOB, IIOPOKJIAIOIINX paccMaTrpuBaeMblii noarpad, sjaemMenTom a,; = 1, go6aBuM K
nojarpady pebpo v,v;. loryuurces noayropasajenTHbI HoArpad, UCIOAL3YeMblil B BHIYUCICHUN
det A. Heno/uptii mukt IPEBPATUTCS B OOBIYHBIN OTPHUIIATETLHBINA UK, er0 BKIA/I B BEIYHCICHIE
3naka nofarpacda kax pas u oyger pasen (—1)¢. Ilpu s3mom cam daxT gobaBIeHAsS K MATPHIHBIM

sJIeMeHTaM, BhIOpaHHbIM Ha Mectax (1,71), (2,79), ..., (n — 1,7m,_1) (37€ch ™ — HepecTaHoOBKa
vuokectsa {1,2,...,7—1,j+1,...,n}, HyMepyromero cToa01s MATPHIBL A, ;), eIé OJHOTO MHO-
KHUTEJIS (p,; CO3AET [EePeCcTAHOBKY MHOXkKecTBa {1,2,...,n}, B KOTOpOii HA N — j TPAHCIO3UIHUIL

Gonpie, yem B 7. [lonpasounsiii 3HaK (—1)"7 = (—1)"" oTHOCATCA KO BCeM paccMaTpHBACMbBIM
0JIy TOPABAJIEHTHBIM T10ArpacamM, 1 UMEHHO €ro Mbl U BuauM B dopmyie (5).

Nrax, seranciaenne onpefeantensa det A;; cBoanuTcs K CyMMHPOBAHUIO € HaJIesKaIllUMU 3HA-
KaMH BECOB BCEX MOJIyTOpaBaJeHTHBIX moarpados co croiictBamu 1)-4). [TpuMeHsist WHBOJIIOIIIO
U3 TPeJBIIYINEro MyHKTa (CMeHa 3HAKa IUKJA, MPOXOJSINEro Yepe3 BEPIIMHY ¢ HAUMEHBIIIM
HOMEPOM), MBI COKpaTuM Bce moarpadbl, cojepKaime XOTsd Obl OJUH UK. PaccMOoTpuM Jiio-
60it HecokparuBinuiics noarpad, on npejcrapiser coboit OPHEHTUPOBAHHOE JIEPEBO C KOPHEM Uy,.
[Tycrb on comepzkut ¢ orpunarebHbX pébep (910 pedpa «HEHOJIHOIO IUKJIAY ), 3HAK ITOrO MOJI-
rpacba pasen (—1), u 9T0 ke 3HAUEHTE WMeeT TIPOM3BE/ICHIE 3HAKOB «OTPUIATEIBHBIX> pEdep.
Takum 006pa3oM, HTOrOBLI Bec 3TOro moarpada — 3To MPOU3BeIeHIe BeCOB pedep IepeBa.

MTak, moacuYuThIBaEMbIil OMPEIEUTENb €CTh CYMMa BECOB BCEX OPHEHTHPOBAHHBIX JE€PEBHEB
C KOPHEM 0.

2.4. Mbl B3sim 51y 3aady B [2, jmemma 2.1]. B mnpuBoamMoM paccyKIeHUH OJHOBATIEHTHbIE
norpadbl HA3BIBAIOTCS 1-parmopamu.

Pazobbem Bee 1-pakropsl rpados G u G Ha rpyunsl, y KOTOPLIX OJMHAKOBO YCTPOEHO Hepe-
ceuenue ¢ noarpadavu H u H' coorBercrBenno. [locie 31010 nperbsaBUM B3aUMHO OJIHO3HAYHOE
COOTBETCTBHE MEK/Iy STUMHU IPyNaMu (a4 WHOT/A Jayke MeyKy OTaeJbHbIME 1-bakTopammu), co-
XpaHsIoIiee CyMMapHBI Bec.

s P
ey <> 4

Puc. 10. IlepecrpaunBaem 1-dakTopsl.
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1) Kaxuaomy 1-dakropy rpada G, uMernniemy UKJIbl, HPOXO/SIIKe 10 PEOpaM T U Y B 1O/~
rpadpe H, mocrasum B coorsercrBue 1-dpaxrop rpada G, B KOTOpoM 3T (pparMeHThl HUKJIOB
3aMeHeHbl Ha pébpa z’, y' (puc. 10 cieBa). Ykasanubie bparMenTsl IUKJIOB B noarpade H naBa-
Ji BKJIa xy B Bec 1-cpakropa. Ilocsie 3amensl Mbl uMeeM Bec x'y’ = ﬁ, a TaKzKe MHOXKHATEJb
(wz — xy)? B 1paBoii yacTu pasencTsa (3). B urore Bec He u3MeHUICA. AHAJIOIUYHO HOCTYIHM,
eCJTU TUKJIbI TPOXOIAT Mo pébpam w, Z.

2) Kaxyomy 1-daxropy rpada G, umeromiemy JJIMHHBIA UK/, IPOXOIiuii 110 pébpam x,
w B noarpade H, u MUKJ JJIAHBL 2, TPOXOAANIHIl 0 BepTUKaabHOMY pebpy (puc. 10 B menTpe),
nocraBuM B coorBercTBue 1-bakTop rpada G, B KOTOPOM 2-IUKJ OTCYTCTBYeT, a (parMeHT
JUIMHHOTO IUKJIa 3aMeHeH Ha mapy pébep z’, y'. AHAJIOrM4HO MOCTYNHM i KOH(UIYpaImii,
COJIePZKATIUX 2-IIUKJT, TIPOXOJISITIHIA 110 peOpy ¥, U JBa 2-1UKJIa, IPAMbIKAIOMUX K pebpy = (puc. 10
cupaBa), a Takzke it HoxoxKux Koudurypanuii. CoxpaneHue Beca HPOBEPSETCs TaK ¥Ke, Kak
B IIPEJIbIIYIIEeM ITyHKTE.

e
e

Puc. 11. TlepectpanBaem rpymrb 1-bakTOpOB.

3) Cobepém B ony rpymiy l-dakropsr rpada G, Koropsie coBnagaoT Bae rpada H u npu
9TOM coJiepzKaT JnbO UK, TTPOXOASIIN 10 pébpam z, ¥, w (JAnmii BKIaJ yzw B Bec 1-dbakTo-
pa), 60 2-IUKJ 1o pebpy Y M JUIMHHBI UK, OpOXOAdmuil depes x (1 Jaromuii BKaajg xy?).
CremyeTr uMeThb B BULY, UTO 3TH JIBe KOH(DUTYPAIIUT UMEIOT Pa3Hble 3HAKHU, TOCKOIBKY KOJIHYECTBA
MUKJI0B B HUX oraumdatorca wa 1. Kaxkioit rpymnme conocraum 1-baktop B G, KOTOPBIH BHE
rpacda H ycrpoeH Tak zke (1 HO3TOMY BKJIaJ BHEIITHEll 9aCTH OJMH U TOT JKe JJIsl BCEX YIOMSIHY ThIX
1-cbakTopoB) u ipu 3ToM cozepKuT pebpo &’ (puc. 11 caepa). OusiTh MoIyIaeM PABEHCTBO BECOB,
NOCKOJILKY y2w—xy? = (wz—=xy)?z’. Anasorudno pazéupaercsd “apoiicTBennblii” ciydait (puc. 11
crpasa).

4) Anasioruano pazduparorcs ocraiuiecst BapuanTbl (puc. 12). Ormerum ToJIbKO, 94T0 HpaBbiil
IUAKJI, TOKa3aHHBI Ha puc. 12 cBepXy, U JIeBbIil MUK/ HA pUC. 12 CHU3Y JOJZKHBI PACCMATPUBATHCS
¢ 00enMU BO3MOYKHBIMEU OPHUEHTAIMSIME, YTO YABAWBAET WX BKJaJ. PaBeHCTBO BecOB HaA puc. 12

obecreunBaeTCA TOzKJeCTBaMU

1= (wz —ay)?(@y* + w*2* = 2'y'w'?) w2+ w2 = 2aywz = (wz — xy)>.

Puc. 12. Ocranbable 0TOXKI€CTBICHHAS.

2.5. Msl B3sn 9Ty 33729y B |2, mpumep 2.2].
[Tosb3ysich yrBepkaenuem 3aja4qu 2.4, OyaeM HOCAeA0BATENbHO YIAJATH 4-1IUK/IbI HA KPAIO
murHapa (puc. 13). Urobbl n3bekaTh MpH BHIYUCICHUSAX HYJIeH B 3HAMEHATESX, Oy/1eM CIUTaTh,
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1+

a?—1

a a 1+1fa2 1_|_1L

—a?

1
1 1+ a?—1

Puc. 13. Yaaasiem mukJ Ha Kpalo MUJIAHIPA.

410 péOpa mnuk/jia Hy Ha Kpaio HUIUMHPaAa UMEIOT Beca Tog = a, 29 = 1, Yo = a, wy = 1, a Bce
octajibubie péOpa B rpade umeror Bec 1. [locsie mpuMeneHus: ojHO onepamun KpalHUN UK
ncYesaeT, n Telepb Ha Kpar MosiBJsgeTcss HOBBIM nuka Hq. Beca ero pédbep paBHBI cymMMme BeCOB
pédep, KOTOphIe ele 0 Olepalny IIPUCYTCTBOBaIU B rpade — a B rpade OblIo deTwipe pebpa

Beca 1 — m HOBBIX pEOep, Beca KOTOPBIX PABHBI 1, a2171’ =, a2£1 B cuty dopmysst (2). Vrak,

142 — 1+ 2 gt
n=1l+—, a=1+5— wpn=1+—7, w=1+—-5—.

1—a?’ a2 —1’ 1 —a?’ a2 —1
Ternepb 110 MHIAYKIUE MPOBEPSETCS, YTO MOCJTEe 2n MOBTOPEHUit 3Toi omeparun (MHIYKIUS C TIa-
rom 2 yjao0Ha, HOCKOJIBKY (hOPMYyJibl IOCIE 96THOrO U HEYETHOIO 4YHCJIa OlePaluii HEMHOI'O OT-

JMYAIOTCs) Beca B KpaitHeM IuKJie OyyT paBHbI

na® + a 1 4 2na — na®
2na +1 2na + 1

Ton = Yon

Y

a UPOU3BEJeHKe Olpe/ieuTe el BceX yOpaHHbIX UKJIOB PABHO
det A(Hp) det A(H,)...det A(Ha, 1) = (2na + 1)

B pesysibrare eciim m 4éruo, ckaxxkem m — 1 = 2n + 1, To nocjie 2n onepamuit oT MCXO/I-
HOTO rpada ocTaHeTCsl JUIb OAUH 4-IIMKJI ¢ BecaMu pédep, yKasaHHbIME Bbiie. OmnpeaeanTenb
MaTpUIHl TAKOTO IIUKJIa paBeH

(2n+1)a+ 1)2(a e,

2
TonlYon — ZonWopn) =
(2ny 2nton) < 2na + 1

U, 3HAYUT, KICKOMBbI OIIpe/Ie/INTEe/Ib PABeH
det A(Ho) det A(Hy) ... det A(Hap)(ZanY2n — 220w2n)? = ((2n + 1)a + 1)2(a —b)2.

I[Ipu @ = b = 1 3ro BBIpaxkenue pasuo 0. Eciu ke m He4éTHO, aHAJOTHYHO IOJIYyYaeM, YTO

OIIpeIeTNTE b PaBeH ((m —1)a+ 1)2, u upu a = b = 1 3T0 BEIpakeHHe paBHO m>.

3.1. [1, reopema 2.1|. TTokpacnm kieTkn bUTYPHI B MTAXMATHOM MOpsijiKe, W PEGpa KazKI0ro
OJTHOBAJIEHTHOTO T'pada pa30bbéM Ha /Be TPYIIL — pEOpa, BBIXOAAININE U3 YEPHBIX BEPINUH, U
pébpa, BeIxomgmue n3 6enprx. PEOpa KaxKmIoil rpynnsl 33/1al0T TapocoveTanne, KOTOPOMY, B CBOIO
04Y€epe/ib, COOTBETCTBYET 3aMOIIEHHE. DTO COOTBETCTBUE SIBJISIETCS OUEKIuei.

3.2. [1, nemma 2.3]. Unaykuus mo mwioniaau. Eciau B aBoiicTBeHHOM rpade ecTh BUCSUYast BEPIINHA,
OTpezKeM COOTBETCTBYIONIYIO KJIETOUKY. B mpoTuBHOM ciydae OTpexKeM TMOIXOIANIYI0 YTIOBYIO
KJIETKY.

OTMGTI/IM, YTO eCJikn JOIIYCKAaThb BBIPO2KAE€HHbIE MHOI'OYT'OJIbHUKHU, 4 UMEHHO — <«JIBYYI'OJIbHH-
Ki» (IUKJIBI U3 JBYX BEPINUH W JBYX BCTPEYHBIX PEGEp), TO yTBEpIKIeHNEe 3a1a9i BePHO W JIJIsT
HUX.

3.3. [1, Teopema 2.4|. Paccmorpum s060it opHoBasteHTHBIH moarpad. O4deBuaHO, 9TO KOJMUe-
CTBO BOCXOJSIINX ¥ HUCXOJANUX pEOEp B HEM OJMHAKOBO, 0003HAYUM 3TO KOJUYECTBO UEpe3 .
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[Toarpad upegcrasisier coboii HADOP HECKOJbKUX, CKaxkKeM k, HUKJIOB, T. €. KJIeTYaThIX MHOI'O-
yroJibHUKOB. [I0CKOJIbKY BCe IUKJIbI YETHBIE U B COBOKYITHOCTH COJIEPZKAT BCe KJIeTKHU, a purypa
OJIHOCBsI3HASI, BHYTPU KaK/IOTO IIUKJIA COJAEPKUTCI YETHOE YUCJIO KJIEeTOK. B cuy Toro, npume-
Hslsl YTBEPKJIEHUE MPeIbAyIeil 3a1a4n K KazK/IOMy MHUKJIY, MbI MOYKEeM He YIUTBIBATH CJIaraeMoe
2d. CymMupy$ 1O BceM TUKJIaM, MOJIydaeM, 9TO

A—-B+2-k =, CYMMa JUIMH BEPTHKAIbHBIX CTOPOH = 2.0,
mo
rme A — cymMMapHOe KOJHYEeCTBO TOUEK ¢ UYETHBIMH OpJMHATAMHU, B — CyMMapHOe KOJUYIECTBO
TOYEK C HEYETHBIMHU OPJMHATAME HA IPDAHMIAX BCEX MUKJIOB. Tak KaK OJHOBAJEHTHBIN 1OArpad
COJIEPZKUT BCE TEeJIOYUCTIEHHBIE y3JIbl (DPUTYPBI, pa3HOCTh A — B 4érHa n He 3aBucuT OT nojarpada,
nojoxkum A — B =2-t. Torma 2-v =2-t+2-k (mod 4), orkyna v = t+k (mod 2). ITockoabky
t He 3aBUCHT OT moArpada, yIBepzK/IeHne J0Ka3aHO.

3.4. |1, siemma 2.5|. Bajaua TPUBHAJIBHO PEIIAETCsI € MOMOLIBI0 PACKPACKH <«I'OPU30HTAIbHAS
3e0pay, HO MbI IIPUBEIEM JIPYTOE PACCYKICHUE.

Bynem naTeprnpernpoBaTh 3amMolineHne Kak OJHOBAaJIEHTHBINH Toarpad, rie Kaxkas JOMUHOIII-
Ka OIpeJiesigeT 2-TUKJ, TOT/Ia YUCI0 MUKJI0B — 3TO KOJUIECTBO JOMUHOIIEK, YNCIO BOCXOIATIIX
pédep — 3TO KOJMYECTBO BEPTUKAJBHBIX JOMUHOIIEK. OTCIo/1a

YUCJIO [UKJIOB + YHCJI0 BOCXOIAIINX peébep =

= YHUCJIO JOMHMHO -+ YHUCJO BEPTUK. JOMHUHO nid ) YHUCJIO TOPH3. JJOMUHO. (6)
Kak mbl 3Haem u3 npejplayieit 3aa4u, 9€THOCTh CYMMbI B JIEBOW 4YacTH HE 3aBUCUT OT OJIHO-
BasieHTHOrO mojarpada (M, B 9aCTHOCTH, OT 3aMOIIEHNUSs), CJIeJ0BATEIbHO, Y6THOCTh KOJNYeCTBA
FOPU30HTAJIbHBIX JIOMHHO BO BCEX 3aMOIIEHUSX (PUTYPBI OJUHAKOBA. SHAYUUT, OIIPeieIeHIe 3HAKA
He 3aBHUCHT OT 3aMOTIEeHUSI.

OTMeTHM OJHO CJIeICTBUE U3 CJeJaHHbIX HaOMoaeHuil. Ecin sgnF = 1, T.e. B mpaBoii yacTu
dbopmyubt (6) crout uéTHOE YHCIIO, TO B JIOOOM 3aMOIIECHUH (& TOTJA U B JIIOOOM OJJHOBAJIEHTHOM
noarpade B CHIy yTBEPXKIEHUsI 331291 3.3) YETHOCTH KOJIMIECTBA BOCXOJSAIINX PEOEP COBMaIa-
eT ¢ YETHOCTHIO YHUCJa IMUKJOB, a ecjiu sgnf' = —1, 3Tu 46THOCTH TMPOTUBONOJIOXKHBI. VHBIME
CJIOBaMHU, JIJIs JII0O0T0 OJHOBaJIeHTHOro nojarpada m B rpade Gp

(_1)K0ﬂnquTBo BOCXOASAIIX pEOep B m __ sgnF . (_1)KOJ‘II/I‘I€CTBO LHKIIOB B T (7)

Hanomunm, aro rpad Gp ABYIONBHBIN, BCe IMUKJIB B HEM YETHBIE, MOITOMY 3aKJIIOYAEM, UTO
BepHa (opmyia
det AF _ SgIlF . § (_1)K0J1quCTBo BOCXOIAIUX PEOEp B T (8)
™

3.5. [1, Teopema 2.7]. OGo3HauuM uepes 7y, KOJIUIECTBO OJHOBaIeHTHBIX noarpados rpada G,
uMeronux k pocxoagmux péobep. Torma

+o0o
det Ap = sgnF - Z(_l)KoaneCTBo BOCXOIAIHX PEGEp B T __ sgnF - Z Ve - (_1)k (9)
™ k=0

Baarogaps 6ueknun u3 3a7a4n 3.1 gcuo, 9ro Kosddunment npn r*

KOJINYECTBY OJTHOBAJIEHTHBIX MOArpad 0B, Y KOTOPLIX POBHO k BepTHKAJIbHBIX pédep. KosmmaecTBo
BOCXOIANIUX PEGEp B OJHOBAJEHTHOM Mojrpade paBHO MOJOBHHE YHCJIa BEPTUKAJBHBIX pEdep,

B BoIpakennn [r(z)? pasen

+o00

orkyna frp(x)? = Y. ya®*. Topcrasasa cioga x = i, u3 Gopmyan (9) momyuaem Tpebyemoe.
k=0

B wactHOCTH, MBI ycTaHOBUIH (DOPMYITY

det Ap = sgnF - fr(i)?. (10)

3.6. |1, reopema 2.8|. Byuem Boiuncists det Ap no dopmydie (10). Eciu xoporas napa cojepzxur
3aMOIIEHNe ¢ K BePTHKAJBbHBIMU JOMHUHO M 3aMOIIeHue ¢ k + 2 BEePTHKAJbLHBIMU JOMUHO, TO €€
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sy B fr(i) pasen i* +i72 = 0. Tem cambiM Bee xopomue napbi BHOCAT Hy1eBoit Bkian B fr(i).
Orcroza caeayer nepBoe yTBepzK/IeHHe.

Eciin Bce 3amorienus, KpoMe OJHOTO, Pa30dUTHI Ha XOpOIHe Napbl, 0003HAYUM Yepe3 v u h

KOJIMYECTBO BEPTHKAIBHBIX I [OPU30HTAIBLHBIX JOMUHO B 3aMOIIEHUH, OCTaBIIeMCs Oe3 napsl, h+
v = s(F). Toraa fr(i) = i’ B cuny npeaplaymero paccy:kiaennd, sgnF = (—1)", u ciegosarennno,
det Ap = sgnF - fp*(i) = (=1)"*v = (=1)*"),
3.7. |1, reopema 2.11]. Boipazkenune n(n—1) B moka3siBaemoit (hopmysie — 3TO MIIOMIA/(b TTPABHIIb-
Hoii nerasm. lo yTBepxKaeHuto 3a1adn 3.6 10CTATOYHO MPOBEPUTH, YTO JJIs KarK0i MpaBH/Ib-
HOIl jleTasin Bce eé 3aMOIIeHHsd, KPOMe OJHOI0, pa30UBAIOTCSA HA XOPOIIHE Mapbl, a s KazKIoi
HEIPABUIBLHOI — BCe 3aMOIIeHHs pa3buBaioTcsa Ha Xopolrune napbl. U1 To, n apyroe mpoBepsercs
nHIyKIueil o n. Jlag mokazareascTBa HAM MOHAJIOOUTCS Cemyrormas jgemva |4, memmva 2.1].

JJemma (o nomymuaronanu). [Tycrs durypa F' comepxut dbparMenrt, x[i—
COCTOSTINI U3 TPEX JIMArOHAJIBHBIX Psi/IOB KJIETOK, MOKA3aHHBIX HA PHUCYHKE, | _}
npu4éM KJIeTKH, TOMeYeHHble KPeCTHKAMU, He TpuHa/ekaT dpurype. Toraa
MHOZKECTBO 3aMotnennii burypsl F', He comepKaliyux JTOMUHOIIKY, TOMeYeH-
HYIO KUDHBIMH KPYZKOUKAMU, Pa3OUBAETCS HA XOPOIITUE MaPHI.

JlokasarTeyubcTBO JeMMbl. PaccmMorpuM cpejinuil u3 3Tux jiaro- >.<[.l
HAJIbHBIX PpsiJioB. Jokazkem, 4T0 HaiijeTcsd KBaJpaT 2 X 2, COCTOSIINNI U3 JIBYX JTOMUHOIIEK 3aMO-
IEHNS W COIEPIKAIINTT JIBe KJIETKU 9TOT0 JINATOHATIBHOTO Psijia (MepecTaBJisis JOMIUHOIIKH B TAKOM
KBaJipaTe, Mbl JIETKO Pa300beM MHOXKECTBO pa3bueHuii Ha mapbi). [{efiCTBUTENILHO, €CIn TaKOTO
KBaJpaTa He HaiiJieTcsd, TO, MPOCMATPHUBAs STOT P KJIETOK, HAUMHAS C BEPXHETO JIEBOTO YTJIA,
MbI BUJIUM, YTO KazK/las Ouepe/iHas JOMUHOIIKA, HAKPbIBAIOIIAs JIMAIOHAJIBHY IO KJIETKY, JI0JIZKHA
HAKPBIBATH TaKzKe JTUOO KJIETKY clipaBa, Jubo KJaeTKy cHuzy. oiiasa /10 mpaBoro HUKHEro yrJa,

.{__

MOJTy9aeM TTPOTHBOpeYHe.

Puc. 14. Crpoum memapHoe 3amorienue (n + 1)-geranu

BepuéMcd K peleHuIo 3a/1a4M.

1) IlpoBepum uHIyKIHEH M0 1 (pasMepy JeTasm), 4TO BCe 3aMOIIEHUsT KayKIOH MpaBUIBHON
JleTanan, KpoMe OJHOTO, pa3dWBAIOTCA Ha XOpoIne maphl. ba3a TpuBnaibHa.

[Tepexox n — n + 1. Bosbmem npaBuiibhyto (n + 1)-geranb pa3obbeM MHOKECTBO €€ 3aMo-
nieHnit Ha xopoinue mapbl. J[J1s1 9TOro paccMOTpuM NpaBblii HUKHUN U JIEBBI BEPXHUI YTJIbI
(n + 1)-gerann. Kakasi-To u3 3THX JBYX KJIETOK JIEKUT BHYTPH KBaJpaTa cO CTODOHOW 7, TyCTh
TSl ONIPEJIeIEHHOCTU 9TO JIEBBIH BePXHUIl YroJ. 3allyCTUM BIPABO-BHU3 U3 ITOH KJIETKHU JeMMY
0 TOJIyIMaroHa n. B cuiry 3Toii JJeMMbl 3aMOIIIeHns, He cofepzKaliie JOMUHOIIKY, OTMeIeHHYIO
Ha puc. 14 ciieBa, pa3dUBAIOTCHd HA XOpOoIKe apbl. PaccMOTpUM 3aMOIeHus, COojiepzKaliie 3Ty
JIOMUHOIIKY. 3aI[yCTUM BJIEBO-BBEPX W3 KJIETKHU, IPUIETAIONIEH K Heil cjieBa, JJeMMy O TOJIyIHaro-
Hasn (puc. 14, B nenrpe). 1o 910ii 1eMMe 3aMoIeHNsT, He COJepyKAIe OTMEUYEHHYIO JTOMUHOIIKY
B JIEBOM BeEpXHEM YIJIy, TOKe pa30MBaIOTCA Ha XOpOIHe Mapbl. PaccMoTpuM ocTaBImecs 3aMo-
MEeHns, OHU COfepzKaT U 3Ty JOMUHOIIKY. /lajiee 3amycTuM JeMMY O JUATOHAJIN BIPABO—BHU3 U3
KJIETKH, IIPUJIEralonieil K Toi JJOMUHOIIKe CHU3Y U T.JI. B pesy/ibrare 3TUX HpUMeHeHUil JieMMbl
0 JIMaroHaJ/iu, Hepa3OUTHIMU HA TAPbl OCTAHYTCs JIUIIb 3aMOIIEHUs, COJ/IepKallue JOMUHO BJIOJIb
JIeBOiT 1 HUYKHEH cToponb Hameit (n+ 1)-mgeramn (puc. 14, copasa). D9Tu 3aMOMIEHNST B3ANMHO OJ1-
HO3HAYHO COOTBETCTBYIOT 3aMOIIEHUAM OCTaBIelica n-aetanan. [losTomy Bce oI, KpoMe OTHOTO,
pPa3dWBAIOTCA HA XOPOIIHE MapHhl.

2) TIpoBepuMm uHyKIMeEid 10 1, 4TO 3aMOIEHUs JIIO0OOH HElPABUIILHOMN JjleTajin Pa3OuBaKOTCsI
Ha Xoporiue napbl. baza TpuBnaJjbHa.
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[Tepexog n — 1 — n. Pacemorpum npou3Bo/ibHYIO n-jgerajib. O003HAYMM HEKOTOPbIE KJIETKH
eé KBaJipaTa N X N KaK MOKa3aHO Ha puc. 15.

2

1
Y
7

Puc. 15. Pasamerka KJIEeTOK /i HETPABUIBHOM JIeTaan

Paccmorpum coygan:

1) Knerku 1 u 4 He mpunajexkar gerann. Torma HauHéM CTpPOUTH auaroHatsb u3 5 B 6. Ilo
JIEMMe O TOJLY/IMArOHAJIH 3aMOIIEHUs Pa30MBAIOTCS HA Iaphl (IIOCKOIBKY OTMeYeHHAas! JOMHHOIITKA
He JIeXKUT B urype). AHAJIOIMYHO — eC/Iu YeThipe KaeTku 1, 2, 3, 4 mpuHajexRar JeTasu.

2) Knerka 1 npunaaiexkur geranu, a 4 e npunamie:kut. Van waobopor. Pa3zbepém mepsoiit
BapUaHT, BTOPOil aHAJOIMYeH. 3aIyCTHM pPACCyzKJIeHHe JIeMMbI O moJyauaronand u3 6 B 1. Kak
U B JIOKA3aTeJbCTBE IPEIbIAYINero MyHKTa TeopeMbl, Mbl pa300bEéM Ha HMapbl BCE 3aMOIIEHUSI,
KpOME TeX, Y KOTOPbIX PacCIOJIOXKEeHHEe JOMUHOIIEK BJIOJIb JIEBOT'O CTOJIONA M HUZKHEH CTPOKHU
¢urcupoBano kak Ha puc. 14 cupasa. OcrajbHble 3aMOIIEHUs PA30UBAIOTCS HA XOPOIIHE MAPHI
M0 WHJIYKITHOHHOMY TPEJIOJI0KEHUIO.

3) Kuerku 1 u 4 npunajjiexkar jgeranu, a 2 u 3 — Het. Torgaa Jroboe 3aMOIIeHNe COMePKHUT
gomuHOMKA 1 — 5 m 4 — 6. Boipexkem ux. [lo memme o mosyamarona u, 3amynieHHol u3 7 B 8,
3aMOIIeHusl pa3dbUBAIOTCS HA XOPOIINe Haphl.

4) Knerku 1, 2, 4 npunaiexar jgerann, a 3 — HeT. AHAJIOru4dHO, Korja 1, 3, 4 npuHaexkar,
a 2 — nmer. O4ueBUHO, UTO B JIFOOOM 3aMOIEHUH NPUCYTCTBYeT gomuHO 4 — 6. Boipexkem ero.
BamycTuM JIeMMY O MOJIyIHaroHa u u3 8 B 7 W, JIeHCTBYS aHAJOTUYIHO CJIydaio 2, CBEJIEM BOIIPOC
K TIPE/TIOTOKEHUIO WHTYKITUH.

3.8. |4, reopema 1.2|. IIpoBepum, 4T0 KOIUIECTBO pa3dHeHUil MPSIMOYTOIBHUKA M X 1 HA JOMIUHO
HEYETHO TOTJa U TOJIBKO Torja, Korja uuciaa m + 1 u n 4 1 B3auMHO IPOCTHI, IpUYeM B ciydae,
KOIJIa KOJTMYECTBO pas30OmeHuit 4éTHO, Bce OHU Pa30MBAIOTCS Ha XOPOIIHE Mapbl, & €CJIU HeUIéT-
HO — BCE, KpOMe OJIHOI'0, Pa3dUBAIOTCs HA XOPOoIHe mapbl. Torjga yrsepzxjeHue 3ajgadu Oyier
cJieJioBaTh U3 3aja4u 3.6.

Nupyknus, peasusyiomas ajaroputm EBkimiga. PaccMoTpum auaronabublil psiji KJIETOK, BbI-
xoagamuii u3 yriaa. [lo mjemme o mosryamaronasis, 10CTATOYHO OTPAHUIUTHCA N3YdeHneM YETHOCTHU
KOJINYeCTBa, pa30MeHuil, comepzKaliuX OTMEIeHHYO TOMUHOIIKY.

oo
X

Tenepb MBI MOZKEM B34Tb ,ZLI/IaFOHaJIbeIﬁ p4da KJIETOK CHH3Y OT TOJIBKO 9TO PaCCMOTPEHHOI'O H,
IIpoCMaTpHuBad €ro CHU3y BBEPX, CHOBa IIPUMEHUTDL JIEMMY O IOJIYIdarOHAJIN.

[IpomomKas omycKaTh pacCcMaTpUBaeMylo JHAroHaJb, He U3MeHsIsl Y6THOCTU YHC/Ia pa30MeHwil,
MbI CMOKEM yOpaTh BCe KJIETKH [1ePBOIro cToJi011a, a TAKKe BCe KJIeTKU HUZKHEH CTPOKH, JIeyKallie
JieBee OTMedeHHOi jjoMuHOIKHU. [locsie 3TOro onsTh MOXKHO IIPUMEHUTH JIEMMY O TOJIY/IHarOHAJIN.
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[Ipoosizkast Jgabiine, Mbl yOepeM KJIeTKH BTOPOrO CTOJONA W BTOPOH CTPOKH (JiezKallye JieBee
HaiiileHHol jloMunoIKK). [lefictByst Takum 00pa3oM, Mbl yOepeM B KOHIE KOHIOB U3 HAIIEro
IPSIMOYTOJIBHUKA 1M X 1 TIPSIMOYTOJIBHY IO 9acTh pasmepa (n+1)xn. Ocranacek yacrtb (m—n—1)xn,
KOTOpAasi YAOBJIETBOPSIET TPEIIIOM0KEHNIO WHTYKITHH.

4.1. Ilycrs D obo3navaeT MHOXKECTBO Bcex oprpados co 3Hakamu [, 10JIy4eHHBIX U3 CJIAraeMbIX
CBepXpa3/ioKeHus (Kak ONMcaHo nepe]| yciaoBueM 3aadn). COOTBETCTBYIONIYIO MEPECTAHOBKY
0003HAYNM T .

Paznesimm D Ha Tpu 9acTu CJAEIYIONUM 00pa30M:

e 7T, oprpacdsr D € D 6e3 HanpaBIeHHBIX ITHKJIOB;
e DT oprpader D € D ¢ sgn(D) = +1 u x0orst Gbl OJHUM HAIPABJICHHBIM IUKJIOM;
e D, oprpadsr D € D ¢ sgn(D) = —1 u X0Tst GbI OHUM HAIPABIEHHBIM IHKJIOM.

Janbuelmuit m1aH goka3aTebcTBa TakoB. Mbl okaxkem, 9to Bce D € T — “anukjmaeckue
00BEKTBI” — MMEIOT MOJIOZKUTEIbHBIN 3HAK W B3ANMHO OJHO3HAYHO COOTBETCTBYIOT OCTOBHBIM JIe-
peBbaM rpada G5 TaKuM 00pa30M, UX KOJUIECTBO HAM U HYKHO. 3aTeM, TIOCTPOUB MOIXOIATILY IO
Oueknuio, Mbl jgokazxem, aro |DV| = |D~|. Torga

det(L7) = Z sen(D) = |T|+ |D*|—|D7| = |T|

DeD

n TeopeMa JOKa3aHa.

YT00BI OCYIECTBUTD STOT ILJIaH, BHAYAJIE IEPEUUCTIUM HECKOJIBKO MIPOCTHIX CBOICTB oprpadon
n3 D.

(i) Ecau v;v; — nanpasaenroe pebpo 6 opepade D, mo v;v; — pebpo epagda G. (OueBunmo.)

(i) M3 wascdoli eepusunsvl, Kpome v, 6uxodum posho 00Ho pebpo, a u3 v, Hu 00HO Pebpo He
svoizodum. (O4eBuHO.)

(iii) Bce pébpa, 6xodausue 6 v, noroscumenvro. (IIOCKOIBKY OTpHIIATEIbHBIE PEOPA, BXOJAIINE
B IIPOU3BOJILHYIO BePHIMHY vj, COOTBETCTBYIOT 3/IeMeHTaM j-I'O CTOJI0Ia MaTpHIE L, a mpH
ocTpoeHun MaTpuipl L~ crosbern ¢ HOMepoM 1 Obll BBIYEPKHYT. )

(iv) B kaowcdyio eepwuny erodum we boaee 00nozo ompuyamesvhozo pebpa. (IIocKoIbKY 1B
OTPULATE/IBHBIX BXOAAINX Pebpa v;v; 1 Vxv; 03Ha4dasu Obl 1Ba 00BeIEHHBIX dj1eMeHTa {j; 1
Ui B i-M crogbie. )

(v) Ecau 6 sepwuny v; sxodum ompuyamervroe pebpo, mo ucrodauwee pebpo makmice ompu-
yameavro. (JeitcrBurenbo, orpunarebuoe BXogsmee pebpo v;v; O3HAYAET, 9T0 00BeIEH
HeIMarOHAJIBHBII 3J1eMeHT £;; 1 IOTOMY He MOzKeT ObITh 00BeleHa eIMHAIA B JHATOHATBHOM
saemMenTe {; — a 9TO eIUHCTBEHHBIH CIMOCOD MOIYIUTh MOJOKUTETHLHOE PeOPO, UCXOISIIee
u3 v;.)

YrBepxagenue A. Ilepeunciennsie cBoiicTBa Xxapakrepu3yior D. VHbIME clioBaMH, ec-
s oprpad D co 3nakamu yuaosiersopsier ycjaosusim (i)—(v), o D € D.

Hokazkem sro. st nanaoro D Haiigém oOBeIEHHBIN djeMeHT B Kaxkaoi crpoke i (1 < i <
n — 1) marpunsr L~. PaccMoTpuM ennHCTBeHHOE BBIXOZAIIEe U3 Hero pebpo v;v;. Ecin oxo mo-
JIOZKUTEJBHO, TO 00BEJIEM COOTBETCTBYIONLYIO €IMHUILY B daeMeHTe f;;, a eCIu OTPUIATE]IbHO, TO
obsesiém ;5. B omHOM cTOs01IE He MOXKeT OBITH JBYX OOBeJIEHHBLIX 3/JeMEHTOB, HOCKOJbKY OHU
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orBevasiu Obl CUTYAIMAM, MCKJIIOYEHHBIM B cuity yciaosuil (iv) u (v). (Eciiu obBejienbl jBa nejua-
IOHAJIBHBIX 3JIeMEHTa, TO Hapylmaercs ycaosue (iv), a ecinm oOBeJeHa €JMHUIA, OTBEYAOINIAs
3j1eMenTy {;;, 1 HeJNaroHaJIbHEIN 37eMeHT (;;, TO B BePHIMHY ¢ BXOAUT OTPHUIATeIbHOE Pebpo, a
HCXOJUT U3 HEeé MOJIOKUTETbHOE, YTO MPOTHBOPEUUT YCJIOBUIO (V).)

Tenepb npuvenum (i)—(v), 9robbI omucaTh cTpyKTYpy rpada D.

Yreepxaeunune B. Kaxnwii oprpad D € D umeer creyromyo cTpyktypy (puc. 16).

O
AN

Puc. 16.

(a) MHOXKeCTBO BEPIIHH COCTOUT W3 OJHOTO WK OOJiee HelmepeceKaroluXcs MOJIMHOXKeCTB Vi,
Va,. .., Vi, oTBedatomux KoMmoHeHTaM rpada D, mpuuéMm pa3audnble V; He coeTuHeHbl peo-
pamu. Ecin noaMmuozKecTBO V) COAEPKUT BEPIIUHY U, TO HOArPpad ¢ MHOKECTBOM BEPIIUH
V1 sBiisieTcst gepeBoM, Bce pédpa KOTOPOTO HalpaB/IeHbl B CTOPOHY v,. [loarpad c jobbim
JpyruM V; B KaduecTBe MHOXKECTBA BEPIIUH COMEP:KAT POBHO OIWH HANPABJICHHBIN UK
JUTHHBI He MeHbIe 2 U JIId KayKJIOi ero BepIINHbl — CoJeprKaliee eé J1epeBo (BO3MOXKHO,
mycToe), pébpa KOTOPOTrO HAIPABJIEHBI B CTOPOHY IHKJIA.

(b) Bce pébpa, He npuHa/JIeKaIINe HATPABJIEHHBIM IIHKJIAM, TOJOKUTEIbHBI, & B KaXK/I0OM Ha-
IpaBJIeHHOM IHKJe Ju00 Bce pedpa MOJI0KHUTEIbHBI, JIHO0 Bce pédpa OTpUIlaTe/ILHbI.

(c) O6parHo, m06oit oprpad D ¢ Takoil cTpyKTypoii, yaoBieTBopsioomuii yeaosuo (i), npu-
HaJIesKAT D.

JIelCcTBUTEIbHO, TIYHKT (&) HEMOCPEJICTBEHHO BbhITeKaeT u3 ycaosus (i) (e MHCTBEHHOCTH UC-
XOJIATIEro pebpa MJIs KarK/I0i BEPIIHHBI, KPOME U,,): eC/i JO0ABUTH HAMPABICHHYIO METJII0 TPH
BEPIIIUHE Uy, TO Y KaXKJOW BePHIMHBI Oy/1€T POBHO OJHO HCXOIIee PeOPO W MbI MOJIYyYUM TaK
Ha3bIBAEMBbIil PYHKYUOHAALHYG opepad, TIsT KOTOPOTO CTPYKTYpa, OMMCaHHas B 1I. (a), XOPOIIo
MU3BECTHA.

[Tepeitném k 1. (b). Ecin savaTh myTh 1m0 rpady ¢ OTPpUNATETBHOIO pedpa, TO B CHIIY YCJIOBHS
(V) HAM BCTPETATCS TOJBKO OTPUIATENbHbIE PEOPA. SHAUNT, MBI HE CMOYXKEM JIOCTHYH BEPITHHBI 7,
IIOCKOJIBKY BXO/IsIe B HEE pEOpa MOJI0KHUTE/IbHbBI, U ¢ KAKOI'O-TO MOMEHTA HAYHEM JIBUTATHCS 110
orpurarejbHOMy MUKIY. [Ipr 5TOM oTpumarebHOe pedpPo He MOXKET BOWTH M3BHE B TAKOI IMUKJI
B cuiy (iv).

Yro kacaercs 1. (c¢), To jist rpada D co cTpyKrypoii, onucanuoii B mi. (a) u (b), yciaosus
(ii)—(v) OueBUHO BBHIMOJHEHBI U MOYKHO MPUMEHUTH yTBep:Kaenne A. TeM caMbiM yTBep:KIeHUE
B mokazamo.

Teneps coBcem JIErKO 3aBEPITUTDH MEPBYIO YaCTh HAIIErO IJIAHA.

Bcee D € T umeror nosioxute bHbI 3HaK. OHI B3aUMHO OJHO3HAYHO COOTBETCTBYIOT OCTOB-
HBIM JlepeBbsaM rpada G.

JeitcTBuTenibHO, ecin D € D He cOEpP:KUT HAIIPABIEHHBIX IUKIO0B, TO [ ABJISIETCS JePEBOM C
HOJIOZKUTETbHBIME PEOPAMHU, HAIIPABJIEHHBIMHE B CTOPOHY BEPINHHBI U,. II[pu 3TOM nepecraHoBKa
Tp TOXKJIECTBEHHAsl, TMOCKOJIbKY BCe OOBEJIEHHBIE JJIEMEHTHI B CJIAraeMOM, OTBedaromieM rpady
D, nexar wa auaronasn mMarpuibsl L. 3naunt, sgn(D) = +1, u ecan 3a6biTh 06 OpHEHTAIHSIX
pébep, TO moyiyunTcs ocTOBHOE JepeBo rpada G. Ob6parTHO, ecu JaHO OCTOBHOe JepeBo rpada
(G, TO MOXKHO OPHEHTHPOBATEL €ro péopa B CTOPOHY v,, U MOJIYy4HTh oprpad D € T.
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Ocrasoch pazobparbes ¢ “nukiandeckumu oovexramu”. Ilycrs D € DT U D~. HasoséMm nau-
MEHDULUM YUKAOM HATIPABICHHBIN IIUKJI, COIEPKAINNI BEPITHHY ¢ HAMMEHBIITUM HOMEPOM (Cpe/iu
BCeX BepnH B mukaax). [ycers D noaydaercs w3 D TiepeMeHoil 3HaKa BCeX pébep B HaMMeHbIIeM
IUKJIE. o

Ouesunno, D = D, u ipu D € D 6Gymer u D € D, Kak MOXKHO BHIeTh U3 yTBEPKIeHHS B.
Ocranoch MOKA3aTh, UTO 0TOGpazKeHne, mepesosmiee D B D, apiasgercs OGuexuneii Mexxay DT u
D~. Jlna sroro gokaxkem, uto sgn(D) = —sgn(D).

Beimosneno pasencrso sgn(D) = sgn(mp)(—1)™, rae m — KoJIn4ecTBO OTPHIATEILHBIX péGep
B rpacde D, a mp — acconuupoBaHHasT MePECTAaHOBKA.

[Iyctb 24, %9, ..., s — BepIIMHLBI HAMMEHBINEro MUKJa B [), 3aHyMepOBaHHBLIE TaK, 9TO Ha-
IpaBIeHHBIe PEOpaA MUKTA UMEIOT B U, Uiy, VipVig, - - - 5 Uiy 4 Viy, Vi Vi, -

B oxnom u3 rpados D u D HanMeHbIIHI IHKJI HOJIOKATEIEH, HAIpUMep B D (ecsm OH 10J10-
xuTenaen B D, paccyskienne anaaorndno). [logoknreababe pépa OTBeYaloT AMAarOHATIBHBIM 3/16-
MeHTaM B L™, HOITOMY %; SIBJISTIOTCS HETOABI/KHBIMI TOYKAMH HEPECTAHOBKH Tp, T.e. Tp(i;) = i;,
j=1,2,...,s. B rpabe D HauMeHbIIHI UK OTPUIATENEH, TAK ITO

Wﬁ(il) = ig, ey Wﬁ(is_l) = is, Wﬁ(is) = il,

T. €. BEePIIUHBI V;,, Vjy, - .., V;, 00PA3YIOT 4UK.4 II€PECTAHOBKHU 7.

Temneps J1eTKO IPOBEPUTD, ITO 7T MOXKHO IpeoOpa3oBaTh B Tp HOCPEJCTBOM s — 1 TpaHcIo-
3L, “yHUITOXKAOIUX HUKI (11,79, . .. ,1s). ILOCKOJIBKY KaKjias TPAHCHO3UIMS MEHsieT 3HAaK
nepectanoBku, nojiydaeM sgn(mg) = (—1)*"tsgn(7rp), orkya

sen(D) = sgn(mp) (—1)™ = (—1)*sgn(mp)(~1)™** = —sgn(D).
STI/IM 3aBepiaaeTcd J0Ka3aTe/JIbCTBO TEOPEMBbI.

4.2. a) Pacemorpny rpad G, B xoropom V/(G) = V(G)U{w}, E(G) = E(G)U{v;w}. OGo3naumm

marpuny Jlamnaca rpada G gepes L. Herpyauo nousits, uro L~ = L+ E;; (nosnemenrno). [Ipu
9TOM KOJIMYECTBA OCTOBHBIX JepeBbeB rpadoB G u G coBnagaior. CemoBarebHO, IO MATPUIHOIN
TeopeMe O JIEPEBbSIX, KOJMYeCTBO OCTOBHBIX JepeBheB rpados G u G pasusiercst det L~ = det(L+

E;;), 910 1 TpebOBAIOCH TOKA3ATh.
b) det(L + Ei’j) - det(L + Ew) = det M; M = (mkn), rae

Uy upum k #14;
)1, ecmmk=iun=j (11)
Mkn = 1, ecti k=1iun =i
0 B OCTAJIbHBIX CJIYYasIX.

BaMeTuM, 9TO CyMMa 3JE€MEHTOB KaxKjaoil cTpoku Marpuibsl M pasuHa 0, u mo 3amgade 2.3
det M = 0. Cnegosarensuo, det(L + E; ;) = det(L + E;;), n 43 Ipeblayero MyHKTa CJaeLyer
Tpedbyemoe.

4.3. C JerkuM IepernpuioiBbIBEPTOM 3TO YTBEpZKJIeHHe Cpa3y MOJyJaeTcs, ecau JIeiicTBOBaTh
AHAJIOTUYHO PEIIeHUIO 3aja4u 2.3.a).

4.4. D10 yTBEpXKIEHNE, K TOMY K€ B BEPCHH ¢ BeCaMHU, JIOKA3aHO B pelmteHun 3aja4u 2.3.h).
4.5. D710 3a1a49a 10 JUHEHHOI anrebpe. V3sminoe pentenne MOKHO MPOYECTh, HAPUMED, B KHUZK-
ke /1. KapmnoBa “Teopust rpados” (Jexkur B cern).

4.6. s nosmmoro rpada marpuna L~ — sro marpuna (n — 1) X (n — 1), nmeromast Buj
n—-1 -1 ... -1
-1 n-1 ... -1
L~ =
-1 -1 ... n-1
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Bocnosib3yemest MaTpudHOil T€OPEMOI O JIEPEBbAX U HMOJACYUTAECM €€ OLPE/IeJTUTEIb.

n-1 -1 ... =1 1 1 1 11 ... 1
-1 n-1 ... -1 -1 n-1 ... -1 0On ... 0

det ) ) ) ) =det | . ) ) ) =det | . . | | =nn 2
—1 -1 ... n—-1 -1 -1 ... n—-1 00 ... n

3/iech B IEPBOM PaBEHCTBE MbI MPUOABUIM CTPOUYKU C HOMepaMu OT 2 0 1 — 1 K mepBoii, OT 4ero
olpe/ie/IuTe/Ib He U3MEHUTCsE. BO BropoM paBeHCTBE Mbl, HA0OOPOT, IIPUOABUIIA 1IEPBYIO CTPOYUKY
KO BCeM ocTajibHbIM. Hakonell, Tperbe paBeHCTBO CJIE/LyeT M3 TOI'O, YTO CPEJIU OJHOBAJIEHTHbBIX
rpacoB HEHYJIEBO BeCc MMeEET TOJILKO rpad, cocTodmuii u3 n — 1 mnetim.

Puc. 17.

Jaanm, oHaKo, 60166 KOMOMHATOPHOE PACCY 7K/ IEHIE, BOCIIOJIb30BaBIINCH 0000IIEHNEM yTBEp-
Kaenns 3agaqu 6.6 ).

Becosas eepcus s3adawu 6.60). Ilycrs nan rpad, yaoBreTBopstomuii yeaosuo 3a1aqu 6.6 a).
[IycTh Ha Kaxka0M pedpe rpada HAIMCAHO JAEHCTBUTEHLHOE UUCI0, KOTOPOE Ha3BIBAETCS BECOM
pebpa. Becom myTm HasbIBaeTcsa MPOU3BEJIEHHE BECOB PEGEp, BXOAAIMX B TOT MYTh, a BECOM
Habopa u3 n ImmyTeil Ha3bIBAETCs NPOU3BEJIEHHE BECOB BCeX IyTeil 3 Habopa, YMHOXKEHHOE Ha,
(—1)‘“', rje m — mepecTaHOBKa, KOTOPYIO 3ajaeT 3TOT Habop myTeit. Obo3HAYNM 9Yepe3 a;j CyMMy
BECOB BCeX IIyTeil M3 i-ro BXoga B j-it Bexox. Torma ompegennrens Marpuipl (a; ;) paBHSIETCS
CyMMe BecOB BCeX HADOPOB U3 1 HeIepeCceKAIOMUX s My Teil.

JlokazaTeIbCTBO aHAJIOTHYHO JT0KA3aTeJbCTBY 6.6 b.

WNrak, Mbl XoTUM HaiiTh onpenegurenab marpunsl L~ . Ilocmorpum Ha rpad ma puc. 17, on
uMeer 1Mo 1 — 1 BXOJIOB M BBIXOJOB, a TaKzKe OJHY MPOMEKYTOUHYIO BEPIIMHY. 3aMETHM, UTO
KOJMYECTBO MyTeil M3 i—T0 BXoJa B j-il BEIXOJ Kak pa3 pasusercd {;;. Cire10BaTeIbHO, O BECOBOI
Bepcun 3agauu 6.6b), det L~ paBen cymme BecoB HaAOOPOB W3 M HelepeceKawmuxcs myTeil. [Tpu
3TOM HMeeTcs OJMH HabOp W3 n MyTeii Beca n” !, Tie i-if BXOJ HEIOCPEJCTBEHHO COeIUHEH C
i-M BBIXOJIOM, U 1 — 1 Habopos Beca —n" 2. Takum 06pa30oM, CyMMapHBI Bec HAOOPOB U3 N
HeNepeCceKaromuxcs myTeil paBen

n"t—(n—1)-n"?=n""2

4.7. Bocnosb3yeMcss MATPpUIHON TeOPeMOoii 0 JepeBbsiX. 31ech MaTpuIla Jlamiaca BeITJIAIAT KaK

)

k ... 0 -1 ... —1
: { cTpok
0 k-1 -1
L=1_ 1 o |
: k cTpok
-1 -1 0 14
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Mbr maiigem onpejenuress marpuipsl M = Lpyq (0bo3nadenue u3 3agaqu 2.1e). Ilo 3amaue

2.3.b) det L~ = —det M.

k 0 0 -1 -1
: oo : : : ¢ — 1 cTpok
0 ... k 0 -1 .. 1| |

M=|-1 ... -1 -1 0 ... O
-1 ... =1 =1 ¢ ... 0
: : : : o k — 1 crpok
-1 ... -1 -1 0 ... ¢/ )

[IpuBeseM 1Ba KOMOMHATOPHBIX HOICYETA ONpeaeuTeNsS MaTpusl M.

[TepBLIii €1I0CO6 TMOACIETA OTpe e NTe I AaHATOTHYeH HOICYETY ONpe e nTens B 3a1ade 4.6. A
UMEHHO, HOCMOTPHUM Ha KapTHHKY puc. 18 ciaesa. Herpyano nposepurb, 94T0 cyMMa BECOB 1Ly Tei
U3 i-T0 BXOJA B j-il BBIXOJ paBHA mM;j. Takum obpa3oM, 10 BecoBoil Bepcun 3agadu 6.6 b), det M
paBeH cyMMe BecoB HaOODOB N HelepeceKalommxcs myTeil. HerpyHo MOHATH, 4TO Takoil HabOp
POBHO O/UH, U ero Bec paBen —k‘'/*~1 wro 3aBepmraer moacdéT.

A
=N\, N
7\ P
—7 . \\ S
7 TN \, “"A“di
I:::iiiiijf:ﬁjﬁﬁf:; ‘V,\‘

Puc. 18.

Bropoii criocob mojicuéra ucosib3yeT olpe/ie/ieHne OnpeenTe s Yepe3 OJHOBAJIEHTHbIE I'Pa-
du1. Ha puc. 18 ciipaBa uzobpazken rpad, oHOBaJIEHTHbBIE TTOArpadbl KOTOPOTO U MEPECUYNTHIBACT
det M. B sTtom rpade cBepxy mzobpazkensl ¢ — 1 BepiiuHa nepBoit gosu, caudy k — 1 BepIiimHa
BTOPOIl 0T, a TaKzKe OJHa 0coDas BepIINHA CIIPaBa.

Bo-nepBoix, pa3obbeM Ha mapbl OTHOBAJIEHTHBIE I'PAdBI, KOTOPBIE COAEPIKAT X0Td OBl 2 pedpa,
UIYIIIX W3 BTOPOI 0K B HEpBY0. A MMEHHO, cpean Bcex pebdep, WAYIIUX U3 BTOPOi J0JIU B
MepByI0, BhIOEPEM JIBa, KOHIIBI KOTOPHIX NMEIOT HauMeHbIiHe HoMepa, U MMOMeHsieM MeCTaM#u KOH-
bl 3TUX pédep. Torma nepecraHoBKa CMEHUT Y6THOCTh. HeTpyHO MOHATD, 9TO 3TO COOTBETCTBUE
OMEeKTUBHO HA 33aJaHHOM MHOXKECTBE, CJIeJ0BATEIbHO, BCE COOTBETCTBYIOIINE Ipadbl COKPATITCS.

Bo-Bropbix, pazobbem Ha napbl 0/iHOBaJIeHTHBIE I'Padbl, cojepKalie POBHO OJIHO PeOPO, u1y-
nee U3 BTOPOIi J10JiM B epBy0. Pa3 nMeercsi poBHO 0/iHO peOPO, BBIXOJIsIINee U3 BTOPOU 011, TO
MMeeTCsl 1 POBHO OJHO pebpo, BXOJISIIIEee BO BTOPYIO 10110, JINOO JBY3BEHHBIH MyTh Uepe3 0co0yIo
BepmuHy. Tor/a B 3aBUCHMOCTH OT TOT'O, OTKY/a BeJIeT 3TO pedpo, U BBHIIIOJIHUM MEePECTPOUKY:
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[ ] [ ] ® [ J ® [ J
WTtak, ocramuch OJHOBaJIEHTHBIE Ipadbl, B KOTOPBIX BO BTOPYIO JI0JI0 HE BEJIET HU OJTHOIO

pebpa. Herpy/iHO 1MOHATH, YTO €JIMHCTBEHHbINH rpad, 00/a/al0muil ITUM CBORCTBOM, — rpad,
cocrosumii U3 Bcex neresb. Bec sroro rpada, a ciegosaresnnno u det M, pasen —k! "1k,

4.8. Bocnonb3yemcss MaTpuaHOil TeopeMoii o mepeBbax. Pacnumem det L™ mo KOMOMHATOPHOMY
olIpe/IeJIEHUIO Yepe3 ojiHOBaJieHTHbIe Tpadbl. Ecin B ojHOBasienTHOM Tpade ectb X0Ts ObI O/HA,
HeT/isi, TO COOTBETCTBYIONINN OJHOBAJCHTHbINH Tpad nMeer dérHbiil Bec. MlHave, Tak Kak 4uCJI0
BEPINUH B OJHOBAJIEHTHOM rpade HedéTHO, HAWAETCSA MUK/ JJIMHBI X0Ts Obl 3. CliegoBare/ibHO,
€CJIM U3MEHHTDb HallpaBJIeHHe BCEX CTPEJIOK, TO IOJYUHUTCA JPYToil OJHOBAJIEHTHBIN rpad Tako-
ro e Beca. lltak, Mbl pa30u/In HEKOTOpPBIe OJHOBAJIEHTHBIE Tpadbl Ha MAaphl PABHOTO Beca, PO
OCTaJiIbHbI€ IIOHAJIM, YTO OHHM Jal0OT JETHDII BKJIa/I. I/I3 9TOro0 MI'HOBEHHO CJie/yeT, 4TO COOTBET-
CTBYIOIHIT ONPE/IEIUTEh YETEH.

5.1. 13 dopmynsl onpegeanTens caeayer, 9To ecim G He mMeeT COBEPIIeHHOr0 MapOoCOveTaHud,
10 det B — TOXKJIeCTBEHHbBIH HYJIb.

Hro6e1 nokazaTh 0OpaTHOe, 3abUKCHPYeM IePEeCTAaHOBKY T, KOTOpas 3a/1aéT COBEPIICHHOE Ma-
pocodeTanue, u J1a MM nepeMeHHbIM B det B cieyionye sHa9eHust: T; ;) = lnpui = 1,2,...,n,
a Bce octaibHble z;; pasubl 0. Torma sgn(m) - T1x()T2,7(2) " Tna(n) = L1

JIng xaxkao0it Ipyroil mepecTaHOBKU o # 7 HAiméTes i, qyst KoToporo o(i) # (i), moaToMy
Tio@) = 0, TaK 4TO BCe ocTajbHble claraeMble B pasjoxkennn det B pasnbr 0. Taxmm oGpasom,
N1 TAHHOTO BBIOOpa x;; MBI mosy4daeM det B = £1. YTBepxkaenue 10Ka3aHo.

5.2. IlpoBeném unaykmuio mo m. Ciydaii oJHON IepeMeHHOI 04eBHIeH, TaK KaK II0 O0Ien3BeCT-
HOli anrebpanveckoii Teopeme p(x1) mMeer He Gosee d KOpHeil. (DTO MOKA3BIBACTCS WHJLYKIIHEH
o d: ecan p(a) = 0, TO MOKHO pa3aequTh p(x) Ha T — @, HIOHU3UB CTEIMEHb. )

[Iycrs m > 1. [Ipegnosiokum, 410 T1 HOLABJISETCS C HEHYJIEBbIM KOIMDMUIMEHTOM XOTs Obl B
OJIHOM cJlaraeMoM u3 p(xq, ..., Ty, ) (B IPOTUBHOM CJlydae epeHyMepyeM mepeMeHHbIe). Samuiem
p(z1, ..., %y) KAK MHOTOWIEH OT X1, KOI(DMOUIMEHTH KOTOPOrO — MHOTOUYIEHBI OT X3, . . ., Ty

k
p(xlvx% cee axm) = lelpz<x27 S >$m>7
=0

rje k — HauGOJIbINNIi MOKAa3aTeJ b MPH L1 B P(T1, ..., Tpy).

Hab6opsr Buga (ry,...,7y), tae p(ry,...,ry,) = 0, Mbl pa3aeanm Ha JBa Kiaacca. O6o3HaYNM
nepBblii Kiacc Ry W BKJIIOYHM B HEro HaOODBI, JJist KOTOPBIX Pk (T2, ...,Tm) = 0. ITockoabKy
MHOTOWIEH Py (T, ..., Ty,) HE PABEH TOXKIECTBEHHO HYJIIO U UMeeT CTelleHb He Bbile d — k, KOJIu-
9eCTBO BAPUAHTOB JTA (T2, . . . , Ty, ) TIO MPEMONOKEHHIO0 HHYKIHH He mpesocxomut (d—k)|S|™ 2,
u noromy |Ry| < (d — k)|S[™ L.

pyroit krace Ry cOCTONT U3 0CTAIBLHBIX HAGOPOB, T. €. TeX, JJist KOTOPBIX P(11,72, ..., Tm) = 0,
HO pi(ro,...,Tm) # 0. VIX MBI MOACYMTAEM TaK: 3HAYEHUS MEPEMEHHBIX OT T3 0 Ty, MOYKHO
BBEIOpaTh He Gosee wem |S|™! cmocobamu, u ecim 3aUKCHPOBAHBI T, . .., Ty, IS KOTOPBIX
pr(re,...,Tm) # 0, TO 11 JOMKHO GBITH KOPHEM MHOTOWIEHA OT OJHON mepeMeHHOl ¢(z1) =
p(T1,72, ...y Tn). DTOT MHOTOUJIEH HMeeT CTeleHb (POBHO) k, II09TOMY y Hero He Gosibire k KOp-
Heii. 3HauuT, BTOPOil Kjacc cojep:Kut He 6ojee k|S|™ 1 nabopos, u moToMy oblee KoJUIecTBO
nabopos He npesocxoaut d|S|™L. Ha 3ToM mar uHIyKIUKM 3aKOHYEH, 8 C HUM U JJ0Ka3aTebCTBO
treopembl [1IBapna — 3umnmes.
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5.3. Ilpeanonoxum, 9yro G UMeeT COBEPIIEHHOE Iapocoderanue u, 3Haqut, det B — HeHy/1eBoi

muorouien crenenn n. CorsacHo Teopeme IllBapna — 3unmesns, ecan Boraucantb det B s

3HAYEHNII TTePeMEHHBIX Z;;, He3aBUCHMO BBIODAHHBIX CIIydaifHbIM 00pa3soM M3 MHOXKeCTBa S =
1

{1,2,...,2n}, 10 BepoaTHOCTD MOTYUUTEL () HE IPEBOCXOTUT 3.

Kax 06BIYHO, BepOATHOCTD HeYIaul MOKHO HOHU3HTD 10 2~ %, MOBTOpsAS aqroput™ k pas.

6.1. Tlycrp S, obo3HauaeT MHOXKECTBO BCeX mepectaHOBOK muokKectBa {1,2,...,n}. Kaxmgoe
coBepireHHoe nmapocoderanne M B rpade G COOTBETCTBYeT OJHO3HATHO OINpEILTEHHOI ImepecTa-
HOBKe T € S, rae 7(i) — TOT HHJEKC j, A KOTOporo peGpo u,;v; nexkut B M. Ilpuvep mokasan
HA PHCYHKE.

Uy Uz U3 Ug Us

U1 V2 U3 Vg Us

O6patHo: Korga B (G CyIIECTBYET COBEPITEHHOE MapocoYeTaHne, COOTBETCTBYIOIIEe TaHHON Te-
pecranoBke m € S,,7 B TounOCTH TOTAR, KOTAA b1 (1) = b2n(2) = - .. = bpr(n) = 1. CemoBaTensuo,
KOJIUYECTBO COBEPIIEHHBIX MapocodeTannii B (G paBHO

Z bix(1)b2,r2) - - - Dpn(n)s

TESy

a 9TO M eCThb MePMaHEeHT MaTpHIlLl 5.

6.2. Koneuno, 3ajia4a pemaercs HOJACYETOM OLPEJEIUTe/Isd, HO TOJAbKO HE B HalleM IpoekTe!
[TponymepyeM BepIIMHBI JT0JIeH, BHIIHIIEM JBYI0JbHYI0 MATPHILY CMEXKHOCTH (4epHBIe BEPITHHBI
COOTBETCTBYIOT CTOJOIAM, Oeble — CTPOKaM) W HapucyeM rpad, s KOTOPOTO 3Ta MaTPHIA
SIBJISI€TCS OOBIYHOM MaTpHIeil CMeXKHOCTH:

1 =10 0 1 0 0 0
L1, 5 5 1 1. 1.0 0 0 0 0
o o 6 6 0 -1 1 -10 0 1 0
& 2 001 1 0 0 0 0
L NN 00 0 0 1-10 0
44 88 010 0 1 1 1 0
00 0 0 0 —1 1 —1

00 0 1 0 0 1 1

Pebpa, umerornne Bec —1, HapUCOBaHBI KUPHBIMU cTpekaMu. (CTajaoch TPOBEPUTH, UTO JITO-
0oif YETHBIN IUKJ JI000I0 OJHOBAJEHTHOrO mnoiarpada 3Toro rpada comepKuT HEIETHOE TUCIO
OTPHIATEIBHBIX PEGep (a HEUETHBIX IUKJIOB, KPOME MeTesb, 37ech Her). s sroro rpada 3to
O4Y€eBU/IHO.

6.3. IlycTh 3aduKcHpoBana pacCTaHOBKA 3HAKOB 0 W3 YCJIOBUS J€MMBI, i MycTh M — coBepimeH-
HOe mapocodetanue B Tpade (G, oTBedaloliee mepecTaHOBKe 7. B KauecTBe ero 3Haka BO3bMEM
3HAK COOTBETCTBYIOMIEro ciaaraemoro B det(B7); B siBHOM Bu/IE:

sgn(M) = Sgn(ﬂ-)biw(l)bg,ﬂ'(?) T bi,ﬁ(n) = sgn(m) H o(e).
eeM

JIerko BUJIETB, YTO PACCTAHOBKA 3HAKOB 0 OyJET KacTeJeiHOBOH TOrja (W TOJBKO TOTJA), KOTIa
BCe COBepIlIeHHbIe mapocodeTanus B rpade (G UMET OJUHAKOBBIN 3HAK.
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[Tycrs M u M’ — nBa cosepmennbix nmapocoderanusd B rpadge G, a mu m' — cOOTBETCTBYOLIAE
nepectaHoBku. Torya

sn(a)sen(a1) = ssn(ssn(e)( [ o) ( I] o(0))

eeM ee M’

— sen(msen(@) [ oo

eeMAM'

rje /A 0603HaYaeT CUMMETPHIECKYI0 PAZHOCTD.
Cummerpuueckas pasHoctb MAM' saBisiercss U3 bIOHKTHBIM 00'beIMHEHUEM YIATHO Pa3Me-
MIEHHBIX [IMKJIOB, KAK BUJIHO W3 PUCYHKA.

e O 0 o o o o ° °
a Cs
e & o o o o o [ ] L]
M M’ MAM'
[Iycts C4,CY, ..., Cy — stn mukiel, npuaéMm gauaa C; pasaa 2(;. Ilockonbky C; ymadHo pas-
MeIIEH, OH COLTACHO YCJIOBHIO JIeMMBI TPaBIILHO mMoMedeH, oTkyaa || o(e) = (—1)%~1. Taxum
ecC;
oopazom, [] ole)=(-1)rmet=0 —14+0b—1+...+ 0 —1.

eceMAM'

Ocraioch MPOBEpUTH, YTO T MOYKHO MpPeobpa3oBaTh B 7' 3a t TpaHCIO3WNUii (TOrJa B CUITY
cBoiicTs 3naka nepecranosku sgn(m) = (—1)'sgn(7’), orkysa sgn(M) = sgn(M’), uro u Tpedy-
ercst). DTO MOXKHO MPOJEJIATh O ovepean st Kaxaoro nukia C;. Kak mokasano Ha puCyHKe
JUTST TIAKJIA JAJTAHBL 20; = 8, TPUMEHUB K 7 TOIXOIAILYI0 TPAHCIIO3UINIO, MOYKHO ‘BBIY€PKHYTH”
U3 UK JBa pedpa u mepeiiTu K MUKy JauHbl 20; — 2 (4épHble péOpa MpuHAIeXKAT MHOKECTBY
M, ceppie — muHOXKecTBY M', a myHKTHpHOE peOpPO HA MPABOM PHUCYHKe IPUHAJIEKUT Telephb
060UM MHOZKECTBaM ).

v
transpose these values in w

Bomonnus ¢; — 1 Takux 1maros, Mbl BeluepKHeM C; U MOXKeM IepeilTH K CJAeAYIONeMy ITHKY.
B urore xBarur ¢ maros.

6.4. Ilycts C' — yrauno pa3Mmemniénubiii muka B rpade G; cormacHo 3aja4e 6.3 Hy:KHO JI0Ka3aTh,
YTO OH IMPABUJIHLHO MTOMEUEH.

[Iycre anuna nuxsia C pasua 20; FY, ..., F, — BHyTpenHume 00/1acTH, PACIOJI0KEHHBIE BHYT-
pu C; C; (i = 1,...,k) — rpaununelii muksa obnactu F;, nmetonmit ayuuy 2¢; H — noarpad
B (G, TIOJIyUeHHBIN yIaJeHreM BCeX BEpIINH W pébep, HadepueHHbix BHe C'; mHade ropopst, H —

obbeaunenne scex C;.
C I



Hyxno nmousith, kak uéraoctsb ucia ¢ ceazana ¢ yérnocrsamu {;. Konngecrso Bepma 8 H paBaO
r 4+ 2, tme r — KoJM4UecTBO BepinuH, jexamux sayTpu C. Kaxkioe pebpo B H npunaiexur
poeuo jaBy™m mukiaam u3 C,CY, ..., Cy, Tak 910 Koau4dectBo pédep B H pasuo { + (1 + ... + l}.
Haxkomnen, n3zobpazxenue rpada H comepxut k + 1 obmacreit: Fi, ..., Fj 1 ONHY BHEIIHIOW.
[Ipumenum Tenepb popMyny Ditaepa, coOrlacCHO KOTOpPOil Ha J1I0O0M M300paKeHUH CBAIHOIO
ITaHAPHOTO Tpada KOTUIECTBO BEPIINH ILTIOC KOJMHIECTBO 00JacTeil paBHO KOJTUUECTBY PEGep
noc 2. 3Ha4uT,
P2kl =l 2, (12)

Teneps ucnoszyem yeaorue, aro C' ypaano pasmenién. [lockonbky rpad, mogydeHHbIit yia-
JnenneM u3 (G 3TOro MUKJIA U BeeX cMeKHBIX ¢ C' pébep, 00/1a/1aeT COBEPIIEHHBIM TapOCOYETAHIEM,
KOJUYECTBO I BepiinH BHYTpH C' MOMKHO ObITH 4éTHBIM. [l09TOMYy U3 (12) BBITEKAET

C—1=0+...+ 0, —k (mod 2). (13)

ITycTs N — KoMm4uecTBO OTpHIATENBHBIX PEébep B C, I aHATOIHYHO OHpeeTnM ng,. Cymma
ne +ne, + ... +ne, 96THA, HOCKOJIBKY B Heé BKJIIOYEHBI 110 /IBa pa3a Bce OTpUlaTe/abHble PEOpa,
T.€.

ne =ne, + ...+ ne, (mod 2). (14)
Haxkowuern, ng, = ¢; — 1 (mod 2), mockosbky nuk/asl C; npaBuibHO momedenbl. CoeJuHUB 9TO ¢
(13) u (14), nomyuaem ng = £ — 1 (mod 2). 3uaunt, C' TpaBUIBHO MOMEYEH, YTO U TPEOOBAIOCH.
6.5. IlycTs man cBs3HBII ABYCBA3HBI MIaHAPHBIH IBY10bHBI Tpad G. 3adukcupyem HEKOTO-
poe ero m3oOpazkeHue Ha ILIOCKOCTU. MBI XOTHM MOCTPOUTH PACCTAHOBKY 3HAKOB KaK B 3ajiade

6.4, T.e. YTOOBI IPAHUIA KaXKIOW BHYTpeHHell 001acTu Oblia MpaBHIbHO IIOMeYeHa.
Cuauasia 3aiiMémcs ygaenneM péoep n3 (G, Kak MOKa3aHO HA PUCYHKE.

. V ./

€1

F, e
-«
2 e
€3
Gl =G Gg Gg GG
[Tonoxkum G; := G, n nycrs (G;41 nosaydaerca u3 (G; yaanaenueM pedpa e;, OTIEISIONIero BHYT-

peHHIow 061acTh F; 0T BHemHeli (HeorpaHudeHHol) obractu (B JanHOM n300pazkenuu). [Iporece
OCTAHABJIUBACTCS HA HEKOTOpoM (), He uMmeromeM Takoro peopa. lzobpaxkenue (G, Torja uMeer
JIVTITH BHEITHIOI 00J1aCTh.

Teneps Ha pébpax rpada G Mpon3BOIBHO paccTaBuM 3HAKH. [IPOIOIKIM 3Ty paccTaHOBKY
Ha Bce pébpa rpada (G 0OpaTHBIM XO/I0OM, PACCTABIIsISA 3HAKU HA pEOPaX €;_1, €k 2, . .., €] B TAKOM
nopsake. Kaxkmoe e; comepKuTcs B rpaHUIle POBHO OIHOIT BHyTpeHHel obtactu F; B n300pazkeHnn
rpada G;, 109ToMy MOXKHO BbiGparTh o(€;) Tak, 4robbl rpanuna obsiacru F; Gblia npaBUIbHO
noMedeHa. leopema JloKa3aHa.

6.6. Mpbr B3stn 9Ty 33739y B [7].

a) YTBepzK/IeHne OueBHIHO. BbIOpaB epecTanoBKY 7, Mbl JIJIsI KAZKJIOI0 BXOJA 1 OIIPEJIE/IAEM,
K KakKOMY BbIXO/y 7(7) JOJZKEeH WJITH MapIIPYT, MPH 3TOM YUCJIO CIOCOOOB BBIOPATH MapHIpyT
PaBHO @;r,. Torma mpousBeenme air Gor, - .. Any, PABHO KOJUYECTBY CIOCOOOB BBHIOpATH HAOOD.
CyMMmupysd 1O BceM T, TOJydaeM 00IIee IucJI0 HaOOPOB.

b) Kak u B pacCyzKJeHUu B II. a), TPOU3BEIECHUE (1, A2, - - - Ay, PABHO KOJHYECTBY CIIOCO-
00B BbIOpaTh HADOP MapiHIpyTOB. HabOPhI Hellepecekanuxcs MapIIpyTOB Yy YU ThIBAIOTCS JIUIIb B
POU3BE/IEHUN, 33/ JAHHOM TOXK/IECTBEHHOII IEPECTAaHOBKOil, U B CyMMe, 33/Ial0MIeil OnpeIeuTe/Ib,
9TO TPOU3BEIEHNE 3ACUUTHIBAETCSA CO 3HAKOM ILTIOC. OcTaérest mpoBepuTh, 9T0 HAOOPHI Tepece-
KAIOTIHUXCSA MaPIIPYTOB MOKHO Pa30UTh HA Iapbl, 3aCINTHIBAEMbIE C PA3HBIMU 3HAKAMU, — TOT/Ia
BCE OHH B 3TOi CyMMe COKPATATCH.
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[Ipunuirem Kax<IOMy IIyTH HOMEp, PaBHBIII HOMEPY BXOja, B KOTOPOM OH HaduHaercs. [ljis
KazKJIoro Habopa U3 1 IepeceKaroniuxcs myTeil, 3a/JaHHOI0 IIePecTaHOBKOM 7, 0603HaYUM 4Yepe3 7
HAWMEHBINHII U3 HOMEPOB MyTeil, KOTOPbIe MepecekaTcs ¢ apyrumu mytavu. Obo3HadnM depes
O 1nepByI0 TOUKY IIepecedeHns i-I'o IMyTH ¢ KAKAM-TO JAPYTHM IIYTEM, IIyCTh 3TO OyaeT j-il myTh.

[Tomensiem Mectamu (pparMeHTBI ¢-T'0 U J-TO myTeit mocae Touku O, MoJydeHHbI HAOOp myTeit
[IOCTABUM B 1apy paccmarpuBaemomy Habopy. IlepecranoBka, KoTopast OIUCHIBAET 1Oy Y€HHbII
HAOOP, OTJIHYAETCS OT HCXOJHOI TPAHCIO3UIMed (7;, 7;) U HOITOMY HMEET IPOTHBOMNOJIOXKHDIH
3HAK.

B npuBegennom paccykJIeHnu Mbl He HCIOJIb30BaJId, YTO Tpad TMJIOCKUil, HAM OBLIO CyIIie-
CTBEHHO JIUIIb, YTO OH HeIepecTaHOBOYHBIM, T.e. B HAOOpe M3 N HelepeceKaloIuXcs ImyTei y
KazKJIOTO MYTU HOMEP BBIXOJa HEOOXOIMMO paBeH HOMEpPY BXOA.

6.7. a) Mbl B3stn 51y 3aza4y B [3]. [Tycrs A, — KOIMYECTBO myTeil XpOMOTO KOPOJIs U3 yIiia
IIPAMOYI'OJIbHUKA 770 XN B HpOTI/IBOHOﬂO)KHbIﬁ yroui. TOF,ZLa

An—l,n—l = 2An—2,n—1 + An—2,n—2
(4T06BI yOEAUTHCST B 9TOM, PACCMOTPHTE TPU BO3MOZKHOCTH IIE€PBOIO X0O/1a KOPOJIsi). AHAJIOTHYHO,
Bn = An—2,n—2 + An—l,n—l + 2An—1,n—2

(paccMOTpUM 4eThIpe BapuaHTa KOMOMHAIIMK [EPBOTO U MOCIe Hero Xo0B). [logcrasisis nepsoe
PABEHCTBO BO BTOpOE, TOJIyYaeM TpedyemMoe.

[IpuBeeM paccyzKjieHue, jaioniee OUEKTUBHOE JOKA3aTeJILCTBO TpebyeMoro paBeHCTBa, PO/I-
CTBEHHOE HAIIMCAHHOMY BBIIIE (hOpMATLHOMY T0KA3aTE/THCTBY.

Besmmauna B, — 9T0 KOJMYECTBO MyTeil, BEAYIIUX U3 KJIETKH (4 JTOCKH 1 X 1 § XIXIXIX fl 2
B KJIETKY b M He 3aXOJAIIUX B KJETKH, OTMEUEHHbIE KPECTUKAMU, U B KJIETKY C. [X
Yucao 2A,,_1 — 9TO KOJIMYECTBO IMyTeil, BeAYIIUX U3 KJICTKA P B KJIETKY €, TLIIOC i
KOJIMYECTBO IyTeil, BeIyIIuX U3 KJeTKU ¢ B KJIeTKy b. B3anMHo oHO3HAYHOE COOT-  [X g
a

BETCTBHE MeKJy MHOKECTBAMH TaKuX IIyTell yeTpoeHo ciaeayonumM obpaszom. Pac-
CMOTPHUM [POM3BOJIbHBINA IIyTh XPOMOIO KOpOJs u3 p B e. /lonojnss ero maravu a—p u e—b,
noJIydaeM MMyTh U3 @ B b, He 3axosmiuil B 3anperneHnbie KjAeTKu. [[pu 9ToM mepBbiil mar B 1o-
JIVIEHHOM IIYTH — TOPU30HTAJIBHBIN, a MOCJIeIHAl Tmar — BepTUKaIbHBINA. Temeps paccMoTpum
HPOU3BOJIbHBIN IIyTh XPOMOT0 KopoJid u3 ¢ B b. Ecyin oH He MpoXogauT depe3 KJAETKY ¢, JTOMOJTHUM
ero maroMm a—¢q. [lonyunTca myTh u3 a B b, He 3aXOAANMNNi B 3alpeNEHHbIE KJIETKH, B KOTOPOM
HEPBLII mIar — JUArOHAJLHBIN, a MOCJIeIHUHA Iar — JMarOHAJbHBIN WX BePpTUKAJIbHBI. Ecim ke
9TOT IIYTh HPOXOAUT Yepe3 KJIETKY ¢, YAAJUM U3 HEero mar ¢-b, OyCTHM MOy IeHHBINH B Pe3Yiib-
TaTe MyTh ¢—C Ha OJHY KJIETKY BHU3 (MOJYYIHTCS NYTh U3 P B d) U JOCTPOMM STOT MYTh TMAraMu
a—p, d—b 10 nytu U3 @ B b. B mosiy4eHHOM IIyTH IEPBbIii IIar — rOpU30HTAJIbHBIIN, a MOCaeTHUNR —
JraroHa b, To, 9TO MOCTPOEHHOE COOTBETCTBHUE SIBJISETCSA B3AUMHO OJHO3HAYHBIM, OUEBHU/THO.
b) Mbi B3suim 910 yrBepaxenue B |5, semma 5.1]. Pacemorpum marpury B™ = (B;;)1<i j<n,
rae B;; — KOJMYeCTBO MAapHIPYTOB XPOMOI'O KOPOJIA Ha JOCKE ¢ X j, BeJAYIINX U3 JIEBOI'O HUZK-
HEro yrjia B NPaBBIil BepXHUIl, He 3aXOJANMNX B JIEBYI0 BEPTUKAIb U B BEPXHIOK TOPU30HTAJID
(KpoMe HAYaJbHOi U KOHEYHOW MO3UIUK). AHAJOIHIHO YTBEPKICHUIO MPEIBIAYINEro IITyHKTA
JIOKA3bIBaET-
cs1, aro B™ = 2A™  Tlo yrBep:xnenuto 3a1axm 6.6, onpesennrenn det AM™ P
u det BM™ 1o1canTHIBAIOT OJHO 1 TO 7K€ KOJIMYECTBO HABOPOB MAapIIPYTOB.
Takum ob6pasom, det A™ = 2" det A=Y, orkyna det Alp) = 2n(+1D/2, i = o,
6.8. Otser: 1. Mbr B3sutn 51y 3aza4y B |7]. Paccmorpum BXojpl u BBIXO-
JIbI, yKa3aHHble Ha pucyake. KoanmdyecTsa myTeit 0T BXOIOB K BBIXOIAM —
9T0 Kak pas3 umuciaa Karanana. Torma det H Bbramc/iger KoJmdecTBo HAOO-
POB HEIEPeCceKAIoNUXCsad MapIIPyTOB OT BXOI0B K BbIXoaM. OUeBUIHO, ITO ’ in
Takoit HabOp MapIIPYTOB €INHCTBEHEH.

03

02

12

13

7.1. Pacoumem det Ag 1m0 KOMOMHATOPHOMY OINpEIeIeHUIO depe3 OJHOBaJeHTHBIEe rpadnl. Tax
KaK B G HEeT NUKJIOB, TO O,ZLHOBaHeHTHbII‘/JI Fpa(b BXOAUT C HEHYJIEBbIM BECOM TOJIBKO €CJIn B OJ/-
HOBAJIEHTHOM rpade BCe MUKJIbL JJIAHBI 2, 9T0 COOTBETCTBYET COBEPIIEHHOMY HMapocodeTanuio (.
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M3 toro, 4ro B jepeBe CymecrByer He 0DOJiee OJHOI0 COBEPIIEHHOTO HAPOCOYETAHUSI, U CJIEJLyeT
TpedyeMoe yTBepzK/JieHHe.

7.2. Pacrmmewm det Ag mo KOMOMHATOPHOMY OIpeJeeHUI0 depe3 OJHOBaIeHTHBIe rpadbl. Tak
kKak B G HeT NHMKJIOB, TO OJHOBAJEHTHBIH I'pad BXOAUT ¢ HEHYJIEBBIM BECOM TOJBKO €CJIH B OJHO-
BaJIEHTHOM r'pade HeT NHUKJIOB JJInHbI 3 u 6osbiire. Torga oHOBa/eHTHBIE rpadbl, COCTOSIINE U3
k xpaTHBIX PEOep u n — 2k mereJib, BOHIYT ¢ BeCOM (—1)'“
XG(z) 1 mg(x) nepevIncagior OfHH U Te yKe KOMOHHATODHBIE OODBEKTBHI ¢ COOTBETCTBYIOITHMHE
BeCaMU, TaK YTO 9TH MHOTOUJIEHBI COBIIAIAIOT.

2"~ 2%, Tenepsb BUAHO, 9TO MHOTOUYJICHEI
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Determinants in graph theory

Presented by O. Bursian, B. Frenkin, K. Kokhas, V. Retinsky
26.01.2021

1 Preliminaries

Graphs. Informally speaking, a graph is a set of points (vertices, or nodes) connected with
linear segments (edges). The formal definition is as follows: a graph G is determined iff we have
chosen the set of its vertices V(G) and the set of its edges E(G) which consists of some pairs
(v1v2) of elements from V. A graph is called undirected if the order of elements in a pair is
ignored, that is, pairs (vivy) and (vovp) are considered as the same pair. Otherwise the graph is
called directed or briefly a digraph. In the sequel we assume that the set V(G) = {vy,vq,...,0,}
is finite, so that the set E(G) is finite as well.

For (viv9) € E(G) we say that the edge vivy connects the vertices vy and vy. Also we say that
this edge is incident to the vertices v; and vo and these vertices are incident to the edge vivs.
Then the vertices v; and vy are called adjacent, otherwise non-adjacent. If any two vertices are
adjacent then the graph is called complete.

The valency, or degree, of a vertexr of a graph is the number of edges incident to this vertex.
The valency of a vertex v is denoted degwv. The exit valency and the entry valency, respectively,
is the number of edges which exit or enter the given vertex.

A square matriz A of order n is a table n X n whose cells contain reals: the number at the
intersection of ith row and jth column is denoted a;;. The adjacency matriz of a non-directed
graph G is the n x n matrix A = (a;;) such that a;; = 1 if v; and v; are adjacent, and a;; = 0
otherwise. This matrix is necessarily symmetric (relative to the main diagonal that connects the
upper left and lower right corners).

The adjacency matrix of a directed graph G is the n x n matrix such that a;; = 1 if G contains
an edge from v; to v;, and a;; = 0 otherwise. This matrix is not necessarily symmetric.

A path in a graph is a sequence v, vy, . .., v;,_,v;, of its edges (k > 1), where the first vertex
of the next edge coincides with the second vertex of the preceding one. A set consisting of a single
edge is also considered as a path. If v;, = v;;, so that the path is closed then it is called a cycle.
A graph is called connected if there exists a path between any of its vertices or the graph has a
single vertex. A graph is called a tree if it is connected and contains no cycles. It is easily seen
that then and only then any two of its vertices are connected by a single path.

Permutations and their parity. A permutation of the set {1,... ,n} is a mapping of this set
into itself such that distinct elements map to distinct ones and each element is the image of some
element (maybe the same one). If 7 is a permutation then (i) denotes the element obtained
from ¢ under action of this permutation.
A directed graph such that the exit and the entry valency of each 2 1
vertex equals 1 will be called univalent. It may contain loops (edges such ~—~
that both their endpoints coincide). Each permutation 7w determines a
univalent graph on the zet of vertices {1,2,...,n}: this graph contains 4 6
some directed edge ij iff w(i) = j. The figure illustrates the case n = 6:
(1) =2,7(2)=1,7(3) =5, n(4) =4, n(5) =6, 7(6) = 3. O
The product of permutations o and T is the permutation realized by
consecutive execution of o and 7. Transposition is a permutation which
interchanges  two  elements and  fixes all the  others.




It is not difficult to see that any permutation is a product of transpositions. No permutation can
be represented as a product of both even and odd number of transpositions. If a permutation
is a product of even number of transpositions then it is called even, otherwise odd permutation.
The sign of a transposition is +1 for an even permutation and —1 for an odd one. The sign of
a permutation 7 is denoted sgn(7). If a permutation corresponds to a univalent graph then its
sign equals (—1)™, where m is the number of even (including an even number of edges) cycles in
the graph.

The determinant of a matrix. To each square matrix A = (a;;) there corresponds a real
number which is called its determinant and is equal to the sum of products

det A = Z sgn (7)1 (1) - A2,x(2) * - - - * Gnr(n)s (1)

where 7 runs over all permutations of {1,...,n}, so the sum contains n! summands. If det A =0
then the matrix A is called degenerate, otherwise non-degenerate.

For every matrix A consider a complete digraph A on n vertices (with loops), such that to
each edge v;v; there corresponds real a;; called the weight of this edge.

a11 a2 a3
A= [an ax @23

a31 Aazz G33

In the sequel, we consider only the univalent subgraphs of A that contain all its vertices.

Each permutation 7 in the sum (1) determines a univalent subgraph in .4 (and conversely,
each univalent subgraph determines a permutation). For each univalent subgraph consider the
product of weights of all its edges; if the subgraph contains an odd number of cycles with even
number of vertices then multiply this product by —1. The result will be called the weight of the
subgraph. Thus the weight of the univalent subgraph corresponding to a permutation 7 is equal
to a summand of (1), and so we may accept the alternative definition.

The determinant of a matrix A is the sum of weights of all univalent subgraphs in A.

For the graph A from our example, all univalent subgraphs and their weights are shown at
fig. 1. Thus

det A = ay1a22a33 — a11023032 — A13022a31 — Q12021033 + A13021A32 + Q12023031 .

Q a33 V3 U3

vl g vy @32 3y

"D oo D

a11 22 ai11 22
(11022033 —a11G23032 —a13G22031
Oa&‘s U3
° V3 °
U3 ° asy a23
a13 a32
V1 a21 Vo
o —-—— 0 [ ) [ )
A 4 o= V1 &’ U2
a U1 a1 V2 a
12 12
—#12021033 413021032 1120423031

Puc. 1. Univalent subgraphs of the graph A and their weights
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2 Properties of determinants

2.1. Using the combinatorial definition of the determinant, prove its following properties.

a) If each element of some row of a matrix A is multiplied by a real ¢ then the determinant
is multiplied by ¢ as well.

b) If two rows of a matrix are interchanged then the determinant changes its sign.

¢) Suppose in the kth column of a matrix A the diagonal element is 1 and the other elements
are 0. Let A be the matrix obtained from A by deletion of the kth row and the kth column. Then
det A = det A.

d) Given a matrix A = (a;;) and matrices AV and A® identical to A except the jth row,
and for the elements of the jth row we have

(1)
ij

(2)

A5 = @ +aij .

Then det A = det AY + det A@).

e) Let A;; be the matrix obtained from the matrix A by deletion of the ith row and the jth
column. Then we have the following formula for development along the ith row:

det A = Z(—l)iﬂaij det Al]
j=1

Regarding Problem 2.1d), let us mention the following lifehack.
2.2. Given a matrix A = (a;;) such that some matrix elements are represented as sums, see the
example below. Consider the digraph A containg a single edge for each summand. Unlike the
standard case, this graph may contain multiple edges and multiple loops (with different weights).
Then the determinant of A is still equal to the sum of weights of all univalent subgraphs in the
constructed graph A.

an + b1 ags a3
A= ao1 a2 Qo3 + bag
a31 a32 as3

b11 a2
2.3. Suppose that the sum of elements in each row of a matrix A equals 0: specifically, each
diagonal cell of A contains the number equal to the minus sum of the remaining elements of the

same row.
a) Prove that det A = 0.
b) Prove that for each ¢ and any ji, jo we have det A;;, = (—1)277t det 4;;, (notation from
2.1e).
2.4. Suppose that the graph G corresponding to the matrix A contains a subgraph H on 8
vertices, shown at fig. 2 at the left. Furthermore the graph may contain edges incident to white
vertices and not shown at the figure, however the black vertices have valency 3, so all their edges
are shown. Replace this subgraph with the subgraph H’ shown at fig. 2 at the right, where the
new weights are of the form
=" y=—T oy Y = (2)
wz — Y wz — 1y Ty — Wz
Let A’ be the matrix corresponding to the new graph. Then
det A = (zy — wz)*det A'. (3)

2.5. Suppose that G is the graph shown at fig. 3 (consisting of m — 1 «concentric» squares), A
is the adjacency matrix of this graph. Prove that

2
dot A — {m for m odd,

0 for m even.



O, O
X /
o H'
Puc. 2. Restructuring of a subgraph. Puc. 3. Graph Cy x P,,_1.

3 Determinants of checkered figures

Suppose F'is a bounded checkered figure on the checkered plane, G is the graph dual to F'. This
means that the vertices of G correspond to the cells of F', and the edges connect the cells adjacent
by side. It is suitable to consider G and its subgraphs as directed, assuming that two adjacent
cells are connected by two edges with opposite directions. Let Ar denote the adjacency matrix
of Gp. Tilings mean dissections of F' into dominoes. A vertical edge of a univalent subgraph in
Gr will be called ascending if it is directed up, and descending if it is directed down. (Remind
that we consider only univalent subgraphs that contain all vertices of the graph.) The figure F is
called simple connected if it is «without holes», or more formally, if its dual graph is connected
and the dual graph of its complement is connected too.

3.1. Prove that the number of univalent subgraphs of Gy equals the square of the number of
tilings of F.

3.2. Let P be a simple connected checkered polygon such that its border contains a points
with even y-coordinate and b points with odd y-coordinate, and there are d points with integer
coordinates inside it. Then the sum of lengths of vertical sides of P is equivalent to a — b+ 2d + 2
modulo 4.

3.3. Let F' be a simple connected checkered figure with even area. Then either for each univalent
subgraph of G the number of ascending edges and the number of cycles have the same parity
or for each univalent subgraph of G these parities are opposite.

The sign of a figure F will mean the number sgn F' = (—1)" where h is the number of

horizontal dominoes in some tiling of the figure. Let ¢, denote the number of tilings of F|,
+00

containing just k vertical dominoes. The polynomial fr(x) = 3" ¢ - 2% will be called the vertical
k=0

polynomial of F. A pair of tilings will be called good if the numbers of vertical dominoes in these

differ just by 2.

3.4. Prove that the definition of the sign of a figure is correct.

3.5. For each simple connected checkered figure F

det AF = sgn F. Z(_l)the number of ascending edges in ™
det Ap =sgn F - f7(i).

In the first formula summation is spread over all univalent subgraphs of G, in the second formula
i=+v-—1

3.6. Let F' be an arbitrary simple connected checkered figure with area 2s(F). If all tilings of F
can be split into good pairs then det Ar = 0. If all tilings except one can be dissected into good
pairs then det Ap = (—1)*().



Puc. 4. A regular 8-stamp Puc. 5. An irregular 9-stamp

Let an n-stamp mean a square n X n maybe with removal of some cells adjoining to the
upper of right side. Enumerate the row of an n-stamp by numbers from 1 to n upwards, and the
columns from left to right. A cell will be denoted by the pair consisting of the numbers of its row
and column. Call an n-stamp regular (fig. 4) if in any pair of cells (n,i) and (i,n) with i < n
just one was removed and the cell (n,n) was removed as well. The other stamps will be called
irregular (fig. 5).

3.7. Let F' be any regular n-stamp. Then det Ap = (—1)""=Y/2_ And if F is an irregular n-stamp
then det Ap = 0.

3.8. For an arbitrary n x m rectangle

0, if (n+1,m+1)#1,

o £nx {(—1)2, if (n+1,m+1)=1;

where (n,m) is the greatest common divisor of n and m.

4 Spanning trees

Let G be an arbitrary (non-directed) connected graph. A spanning tree of G is a tree whose set
of vertices is the same as for G, and the set of edges is included in the set of edges of G.

Our goal is to determine the number of spanning trees of a given connected graph if we know
its structure. For this, we require the Laplacian matriz of G: this is the n x n matrix L = (¢;;)
such that

degv; for ¢ = j;
lij =4 —1 for i # j and adjacent vertices v; and vj; (4)

0 otherwise.

By assertion of Problem 2.3a we have det L = 0. Let L~ denote the matrix obtained from
the Laplacian matrix by removing the last row and the last column.

We have the Matrix-tree theorem: the number of spanning trees of a connected
graph equals det L.

A suitable starting point to prove this theorem is the lifehack from Problem 2.2 or the following
construction.

Let us express the determinant of L™ as the sum of products of its elements, representing
each diagonal element as a sum of units or minus units, and expanding brackets. The resulting
expression will be called the superexpansion of the determinant. To each summand in the superexpansion
we associate the following digraph having the vertices 1,2,...,n and signs «+», «—» at the edges
(fig. 6). Circle the factors of this summand (these are units and minus units, one in each row
and in each column). If a minus one is circled at the meet of row ¢ and column j then we draw
a negative edge (with the minus sign) from v; to v;. If in a diagonal element a;; we circle the kth
unit then we draw a positive edge (with the plus sign) from v; to the kth smallest neighbor of
V; (it is the vertex v; adjacent to v; and such that there are just k — 1 vertices adjacent to v;
and having numbers smaller than j). Clearly each of the resulting digraphs arises from a single
summand of the superexpansion. Now we may define the sign of the digraph as a whole, meaning
the sign of the corresponding summand in the superexpansion.



S 14141 (2] 1 0 ”

UL 1 14141 ) 1 V1
U1 ) 1 1+41+41+1 -1

- 0 -1 1 1+(1)+1 o0

Puc. 6. Left part: the graph G and one of its spanning trees. Central part: the matrix L~ for G. The circled
numbers form one of summands in the superexpansion. The sign of the summand is (—1)™sgn(x), where m is the
number of chosen minus units, sgn(7) is the sign of the associated permutation, in our case = = (2314) and its
sign is «+». Right part: the digraph associated with this summand.

4.1. Prove the Matrix-tree theorem.

4.2. Let E; ; denote the n x n matrix such that the cell in the 7th row and jth column contains
1 and the others contain zeroes (such matrices are called matrix units). Prove that the number
of spanning trees of G equals

a) det(L + E;;) for each 1, b) det(L + E; ;) for each i, j.
4.3. Let L again denote the Laplacian matrix of a graph G. Fix a set of vertices vy, vg, ...,
v of G (k < n) and remove the corresponding rows and columns from L. Denote the resulting
(n — k) x (n — k) matrix by L, . The subgraph of G that contains all vertices of G and consists
of k trees without common vertices or edges, containing, respectively, vertices vy, v, ..., v will
be called the spanning forest based on vy, v, ..., vg. Some trees of the spanning forest may
consist of a single vertex.

Prove that the determinant of the matrix L, is equal to the number of spanning forests based
on vy, Vg, ..., Ug.
4.4. Let G be a digraph without loops. Its Laplacian matrix L~ is defined by the formula (4)
with the only modification: for 7 = j take the exit valency of v;, and for i # j put ¢;; = —1 only if
there is an edge from v; to v;. A rooted directed spanning tree with the root v is the subgraph of
a digraph G, such that it contains all vertices of G and for each vertex there is a unique path to
v. Prove the following version of the Matrix-tree theorem for digraphs: det L~ equals the number
of rooted directed spanning trees with the root v,.

4.5. In a digraph without loops, the entry valency of any vertex equals its exit valency. Prove
that the number of rooted directed spanning trees with a given root does not depend on the root.

4.6. Using the Matrix-tree theorem, prove the Cayley formula: the number of trees on n enumerated
vertices equals n" 2.

A graph G is called bipartite if its set of vertices consists of two disjoint color classes such
that no two vertices of the same class are adjacent.

4.7. Prove that the number of spanning trees of a complete bipartite graph Kj ., equals KLk,

4.8. A graph G has an even number of vertices, and the valency of each vertex is even. Prove
that the number of spanning trees of G is even.

5 Determinants and existence of perfect matchings

In this section we work with (non-directed) bipartite graphs. In this section we assume n = 2m
and we consider only bipartite graphs such that both classes contain the same number m of
vertices. The bipartite adjacency matriz of a bipartite graph G is the m x m matrix B = (b;;)
such that b;; = 1 if the ¢th vertex of the first class is adjacent to the jth vertex of the second
class, and b;; = 0 otherwise. If in this matrix each element b;; equal to 1 is replaced by a variable
x;; then the resulting matrix B is called the variable bipartite adjacency matriz of G. A perfect
matching in a graph G is a subset M C E(G) of the set of its edges, such that each vertex of G
is incident to a single edge from M.



5.1. Prove that if the color classes of a bipartite graph G contain equal number of vertices then
the existence of a perfect matching in G is equivalent to the fact that det B is not the zero
constant (as a polynomial).

How can we check, in a sensible time, that the bipartite adjacency matrix A is non-degenerate?
For this, the following theorem is useful.

5.2. The Schwartz—Zippel theorem. Suppose d is a positive integer, S is a set of
s reals, p(z1,...,xy) is a polynomial of degree d in m variables with real coefficients. Then the
number of tuples (ry,...,ry,), where r1,...,7, € Sand p(ry,...,r,) = 0, does not exceed ds™ 1.

5.3. Given a bipartite graph G whose color classes consist of m vertices each. Using the Schwartz—Zippel
theorem, construct an algorithm which checks existence of a perfect matching and fails in at most
half of cases.

Repeated application of this algorithm enables us to make the probability of an error arbitrarily
small.

6 Counting perfect matchings in a planar bipartite graph

A graph is called planar if it can be drawn in the plane without self-intersections. This means
that its vertices can be represented by points of the plane, and the edges incident to them by
curves with ends in these points so that internal points of these curves don’t belong to other such
curves. We call a domain any part of the plane such that its border consists of images of edges,
and the internal (remaining) points don’t belong to images of edges. For any such picture of a
connected planar graph we have Euler formula

v—e+ f=2,

where v is the number of vertices, e is the number of edges, f is the number of domains.
If in the expression (1) for the determinant of a matrix A all summands are taken with the
plus sign then we obtain the permanent of A, denoted by per(A).

6.1. Prove that the number of perfect matchings in a bipartite graph equals the permanent of
the bipartite adjacency matrix.

Calculation of the permanent requires much more work than that of the determinant. So the
question arises whether it is possible to reduce the calculation of the permanent of a bipartite
adjacency matrix to the calculation of its determinant changing signs of some elements of the
matrix?

Let G be a planar bipartite graph. To its edges we attach signs «+» and «—». In the bipartite
adjacency matrix B of this graph replace 1 by —1 if the corresponding edge has minus sign. We
denote this signing by o, and the resulting matrix by B?. A Kasteleyn signing is a signing ¢ such
that

| det B?| = per(DB).

6.2. The picture shows a graph on 16 vertices. The continuous lines represent edges
with plus sign, and the dotted lines correspond to edges with minus sign. Prove that
this signing is Kasteleyn one.

*-90-9-9
o-o-0-9

Suppose C' is a cycle of length 2¢ in a bipartite graph, o is a signing of edges, n¢ is the
number of negative edges in C. The cycle C will be called properly signed with respect to o if
nc and £ are of opposite parity. The cycle C'is evenly placed if the removal of all its vertices and
adjacent to them edges from G results in a graph having a perfect matching. A graph is called
2-connected if each its edge belongs to a cycle.



6.3. Suppose each evenly placed cycle is properly signed relative to a signing o. Then o is a
Kasteleyn signing. (No planarity assumed.)

6.4. Let GG be a planar bipartite 2-connected graph. Let us fix some planar drawing of G. Let
o be a signing of GG such that the boundary cycle of every bounded domain in the drawing is
properly signed. Then o is a Kasteleyn signing.

6.5. Prove that any planar 2-connected bipartite graph has a Kasteleyn signing.

6.6. a) Suppose in a digraph G we have marked n vertices having only outgoing edges (these
vertices are «inlets» from which we may start to move along edges of the graph) and n vertices
having only incoming edges («outlets»). Let a; ; be the number of ways to pass from the sth inlet
to the jth outlet. Prove that the permanent of the matrix (a; ;) equals to the number of sets such
that each set consists of n paths from an inlet to an outlet, and the beginning vertex and the
ending vertex of any two paths do not coincide.

b) In addition suppose that the graph be planar, all inlets are located to the left from all
outlets, and all edges in all paths are passed from the left to the right. Prove that the determinant
of (a; ;) equals the number of sets such that each set consists of n non-intersecting paths where
the ith path leads from the ith inlet to the ith outlet (with the same 7).

6.7. a) In the left lower corner of an n x n board there is a lame king which may
move only in three directions: to the right, up, and up to the right (along a diagonal).
Denote by A, the number of all its paths to the opposite corner of the board, and
denote by B, the number of these paths such that they are disjoint with the left
column and the upper row (except the initial and final cells). Prove that B, = 2A4,,_;.

b) Consider the matrix A™ = (A;;)1<i j<n, where A;; is the number of paths of the lame

king on the i x j board, leading from the left lower to the right upper corner. Determine det A™).

6.8. Let H be the matrix (n +1) x (n + 1), where h; ; = C;1; = #1(2:) are Catalan numbers.
Then det H = 1.

7 Problems on trees
7.1. Let GG be a tree with n vertices. Prove that

(=1)2, if G has a perfect matching;

0 otherwise.

det AG = {

The characteristic polynomial of a graph G is the determinant of the matrix Ag = (aj),
where

x for © = g;
a;; = § —1, ifthe vertices v; and v; are adjacent;
0 otherwise.

Thus the characteristic polynomial is a polynomial in z and is denoted by xq(z).
Let m; be the number of ways to choose k edges of the graph G so that no two edges are
incident to the same vertex. The matching polynomial of G is

(3]

7.2. Let G be a tree. Prove that yg(z) = mg(x).



Solutions

2.1. a) This is obvious. Multiplication of the kth row of a matrix A by a number ¢ corresponds
to multiplication of weights of all edges from v, by c. Each univalent subgraph contains just one
of these edges. Hence its weight is also multiplied by c.

b) If a univalent graph contains an edge from a vertex v, to a vertex v; then let us call v;
a successor of vy. Interchange of the jth and kth rows of a matrix A determines the following
transformation of univalent subgraphs: the edge from v leads now not to the successor of v, but
to the successor of v;, and the edge from v; leads now to the successor of vj. If v, and v; were
in distinct cycles of length ¢;, and ¢; respectively then now they occur to be in the same cycle of
length ¢; + ¢;. And if the vertices were in the same cycle then it decomposes into two parts with
the same total length. In both cases the number of even cycles changes by 1.

¢) Every univalent subgraph of A must contain a loop at the vertex vy, so the edges leading to
vy, from the other vertices cannot belong to any univalent subgraph. Hence there exists a natural
bijection between univalent subgraphs of A with nonzero weight and univalent subgraphs of A
with nonzero weight: it removes the loop at vg. Since the weight of the loop is 1, this bijection
saves the weight of the subgraph as well.

d) Each univalent subgraph contains one edge which corresponds to some element a;; of the
jth row. The weight of this subgraph equals to the product of a;; and the product of weights
D or a2
ij ij
we obtain univalent subgraphs from the decompositions of det A and det A®, and the sum of
weights of these subgraphs equals the weight of the first subgraph.

e) Represent the ith row of the matrix A as the sum of n rows:

of the remaining edges (and maybe also —1). Replacing the weight of this edge by a

(aﬂ,O,...,O)—|—(0,@2-2,0,...,())4—...—1—(O,O,...,am).

By the assertion of the preceding part of the problem, it suffices to check for each j that if the
ith row of A equals (0,...,0,a;,0,...,0) then det A = (—1)"a,; det A;;.

A particular case of this assertion for j = i was already considered in part c). For certainty
suppose i < j. Let us consecutively interchange the ith row of A with the (i + 1)th one, then
the (i + 1)th row with the (i 4+ 2)th one and so on, the (j — 1)th row with the jth one. As the
result, the ith row of A gets the jth position and we obtain a matrix B such that its jth row is
of the form (0,...,0,a;,0,...,0): the nonzero element a;; is at the jth position, that is, on the
diagonal. Moreover B;; = A;j, det B = (—1)/""det A = (—1)7™"det A4, and then we have by c)

det A = (-1)j+i det B = (—].)j—H(IZ'j det Bjj = (—1)j+iaij det Aij

as required.

As we see, the argument is not “purely combinatorial”. To justify it, let us consider the case
J =1+ 1 in combinatorial language, for the particular case n = 6, ¢ = 3, 7 = 4. We wish to check
the equality

a b|c d e
/ a blcle f
g h|lk (¢ |m n
g hlk|im n
0 0|0 Aji4+-1 0 O
det =—a;i41-det| o plqg|s t
o pl|q T s t
v ovilw T |w oz R R B
o Bly 6 |e ¢ a Bly|e ¢

Consider any digraph corresponding to the matrix on the left hand, remove the edges entering
vi11 and turn the edge v;v;,; into a new vertex v. The edges from v;,; now exit from v, and
the edges to v; enter v. Then we obtain the digraph corresponding to the right-hand matrix.
Now observe that since any univalent subgraph of the original graph contains the edge v;v;41
(the only edge from v;), it contains no other edge entering v;,1. Thus the transformation leads
to removal of the single edge v;v;11; which has weight a;;.1 indicated on the right side. The sign



of the subgraph will change since a single cycle will change its parity. On the other hand, each
univalent subgraph for the right-hand matrix clearly is obtained from a uniquely determined
univalent subgraph for the left-hand matrix.

2.2. Suppose an element of A, for instance at position (1, 1), is represented as aj; + by;. In the
digraph A replace two loops at v; with weights a;; and 011 by a single loop with weight a1y + 011,
obtaining a graph A. Each univalent subgraph H of the digraph A with a loop at v; corresponds
to two univalent subgraphs in A with a loop at v; with weight a;; or by; respectively. The sum of
the weights of these subgraphs equals the weight of H. And if a univalent subgraph of A contains
no loop at v; then A contains a subgraph isomorphic to it.

Summing up over all univalent subgraphs we see that joining of two loops or, equivalently,
replacement of the formal sum a;; + b1 by its value retains the determinant of the matrix
unchanged as required.

2.3. a) Consider the matrix

a12+ai3+aiy —a12 —ay3 —a14
A — —a 21+ Q23+ 24 —Q23 —Q2q
—asi —Qas2 a31+as2+as4 —Qs34

—ay41 —Qy2 —ay3 a41+a42+0a43

This form of recording (non-diagonal elements are with minus signs, their sums on the diagonal
are with pluses) will be considered as standard. The following argument for this example is easily
generalized.

According to the statement of the preceding problem, for calculating det A we have to list
univalent subgraphs in graph A shown at fig. 7 left. However we will describe the construction,
which enables us to restrict this listing by the subgraphs of graph A; obtained from A by removal
of all loops and signs at the weights of edges (fig. 7 right).

Q — a
G4 43 asq 34

Puc. 7. Graphs A and A,

Since the labels in graph A are repeated, some subgraphs may have equal weight (see fig. 8, g;
at the moment, we ignore signs of weights). The labels on the edges of graph A are the numbers
+a,;, and indexes ¢ and j for each label are different. It is evident that the edge outgoing from
vertex v; is marked by a label with the first index equal to . This implies that labels of all edges
of any univalent subgraph of graph A are pairwise different. Then introduce new rule for the
imaging of univalent subgraphs of graph A. Write all the labels of edges of a univalent subgraph
and redraw the subgraph (on the same set of vertices), namely: for each label +a;; we draw the
edge leading from the vertex v; to v; marked by the label itself ta;; (see fig. 8,b). It is evident
that the graph drawn by the new rule does not have loops. It is in fact a subgraph of graph A,
the only difference is that the weights of edges of our subgraph may have a superfluous sign
minus. A little later we will remove this difference.

10
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' b) The corresponding sesquivalent subgraphs
equal weights

Puc. 8. New way for drawing graphs

The obtained subgraphs themselves are not univalent. \/ \\/
Only the property that each vertex has one outgoing edge \% wg /

is remained from univalent graphs. A vertex may have either
no incoming edge or several incoming edges. Call such graphs \ K\‘l’ \ll
sesquivalent.

It is evident that any sesquivalent graph contains at least jﬁ
one cycle (move along arrows, then sometimes you will come
to a vertex, where you have already been earlier), and if 5
it contains more than one cycle then these cycles have no ¢ /1
common vertices. Besides the cycles it may contain several —_— >
trees planted on vertices of the cycles. A sesquivalent graph

As it can be seen from fig. 8,b, identical sesquivalent graphs may have different edge labeling.
The label of edge v;v; of a sesquivalent graph may be equal to +a;; or —a,;. However if this graph
is obtained by the described rule from a univalent oone then the assigning of the signs is not
quite chaotic. Namely: a sesquivalent graph may be obtained from a univalent one if and only if:

1) for each of the cycles of this graph the property holds: either all edge labels are of the form
+a;; (such a cycle we call positive, in the univalent graph some set of loops corresponded to it),
or all of them are of the form —a;; (such a cycle we will call negative, in the univalent graph the
same cycle corresponded to it);

2) the edges not belonging to any cycle, have labels of the form +a;;.

The graphs possessing this property of edge labeling are called admissible.

The rule for calculation of the weight of a sesquivalent graph is the same as for a univalent
graph: the weight is equal to the product of edge weights, taken with the minus sign if the graph
contains odd number of negative even cycles. We take into account only negative even cycles,
since positive cycles of a sesquivalent graph correspond to sets of loops in the univalent graph,
and loops do not affect the weight sign.

Dealing with sesquivalent graphs, it is convenient to write edge labels without signs at all
but remember in addition about the sign of each cycle. In this case the weight of a sequivalent
graph equals the product of weights of all its edges multiplied by (—1)*, where k is the number
of negative even cycles.

Statement. The determinant of matrix A equals the sum of weights of all admissible
sesquivalent subgraphs in graph A;.

Properly, there is nothing to be proven. Admissible sesquivalent subgraphs of graph A; are in
one-to-one correspondence with univalent subgraphs of graph A, and this correspondence saves
weights of subgraphs.

Turn to the problem solution. Now it is easy to check that det A = 0. Indeed, consider
whatever admissible sesquivalent subgraph and change the sign of the cycle passing through the
vertex with the least number. We obtain another admissible subgraph. The second applying of
this operation leads to the initial subgraph. Thus, with the help of this operation the set of all
admissible sesquivalent subgraphs is split into pairs. But the sum of the weights of graphs in one

11



pair equals zero: if the pair is constructed by changing the sign of an even cycle then the numbers
of negative cycles in graphs of this pair have different parity, and the sets of edge weights are
identical; and if the pair is constructed by changing the sign of an odd cycle then the sign of the
product of labels of this cycle does change.

b) Not to get involved in linear algebra, prove the problem statement generalizing the Matrix-
tree theorem for the case of weighted oriented graphs. Let a complete digraph A; on n vertices
without loops be given, in which between any two vertices v; and v; (i # j) there exists as
edge v;v; with weight a;; as well as edge v;v; with weight a;; (fig. 7, to the right). Matrix A from
the problem condition is the Laplacian matrix of this graph.

We call a rooted oriented spanning tree with root v; the acyclic graph on the set of vertices
{v1,v9,...,v,}, in which the outgoing degree for vertex v; equals 0, and for any other vertex
equals 1. In other words, for any vertex there exists the only path from it to v;. The weight of
the rooted oriented spanning tree equals the product of weights of the edges belonging to it.

The problem statement immediately follows from theorem: the number (—1)"7 det A,
equals the sum of weights of all rooted oriented trees with root v;.

Let us prove this theorem. It is sufficient to consider the case i = n, the other cases are
similar. Let A be an n x n matrix such that its n-th row equals (0,...,0,1,0,...,0) (the unit
is on j-th place), and the other matrix elements are the same as in matrix A. Then from the
expansion of det A in terms of n-th row we obtain

det A = (—1)"*7 . 1. det A,; (5)

We will calculate the determinant det A,,; with help of technique of sesquivalent graphs. As
an example, we restrict the discussion to the case n =5, let j = 2:

a12+aiz+as +ass —ai3 —Qi4 —ais

Ags = —a —a23 —a24 —a2s
—asi a31+a32+0a34 + a35 —Qa34 —ass

—a41 —Qy3 a41+a42+0a43 +a45 —ay45

It is convenient to assume that the rows of matrix A,; are numbered from 1 to n — 1, and the
columns by numbers from 1 to n, but with omission of number j.

As in the previous part of the problem, one should choose one number in each row and each
column (if the corresponding matrix element is written as a sum, one should take only one of the
summands), after that construct edges of graph A; corresponding to the chosen numbers, and if
an edge has weight with «superfluous» minus sign (for example, element —a;3 has been chosen in

the matrix) then we call such edge negative. We have obtained a graph on vertices {vy,...,v,}
possessing the following properties (fig. 9).
1) Outgoing degree of vertices vy, ..., v,_1 equals 1, outgoing degree of vertex v,, equals 0.

2) One «negative» edge goes out from vertex v;, and only «positive» edges may come in.

3) Negative edges form several cycles and one more «incomplete cycles, it is a path from v,
to v, (this path becomes cycle, if we would supplement it by edge v,v; corresponding to element
an;=1 of matrix A).

4) Positive edges may also form several cycles and also several oriented rooted trees planted
in some vertices of the cycles (including the incomplete cycle).

The sign of such subgraph equals (—1)°™, where ¢ is the number of negative even cycles, ¢
is the number of edges in the incomplete cycle. Indeed, let us supplement the set of the chosen
matrix elements generating the considering subgraph, by element a,; = 1, and add edge v,v;
to the subgraph. We have obtained the sesquivalent subgraph used in the calculation of det A.
The incomplete cycle will turn into a usual negative cycle, its contribution to the calculation
of the sign of the subgraph will be just equal to (—1)’. Let m be a permutation of the set

{1,2,...,j — 1,7+ 1,...,n} which enumerates the columns of matrix A,;. The operation of
adding a new factor a,; to the matrix elements chosen at the positions (1,7m), (2,m2), ...,
(n — 1,m,_1) creates a permutation of the set {1,2,...,n}, which has by n — j transpositions

12
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Puc. 9. «Negatives edges are indicated by black color, «positives by white

more than m. Corrective sign (—1)"7 = (—1)"" is assigned to all sesquivalent subgraphs in
consideration and we see just it in formula (5).

Thus, the calculation of the determinant det A;; is reduced to the summation with appropriate
signs of weights of all sesquivalent subgraphs with properties 1)-4). Applying the involution from
the previous part of the problem (the changing of the sign of the cycle passing through the vertex
with the least number), we cancel all subgraphs containing at least one cycle. Consider any of the
remaining subgraphs, it is an oriented tree with root v,. Let it contain ¢ negative edges (these
are the edges of the incomplete cycle), the sign of this subgraph equals (—1)¢, and the same is
the product of the signs of “negative” edges. Therefore, the total weight of this subgraph is the
product of the weights of edges of the tree.

Thus, the calculated determinant is the sum of the weights of all oriented trees with root v,.

2.4. See [2, lemma 2.1|. In the following solution I-factors are just the univalent graphs. Split
all the 1-factors of the graphs G and G’ into groups, such that in every group the intersection of
1-factors with the subgraphs H and H'’ is the same. We will construct a bijection between the
groups (and sometimes between individual 1-factors) that preserves the total weight.

1) If a 1-factor of the graph G has cycles that pass through edges x and y of the subgraph H,
we map this 1-factor to the 1-factor of the graph G’ in which the corresponding parts of these
cycles are replaced by new edges z’, ¢ (as in fig. 10, left). The parts of the initial cycles in the
subgraph H contribute xy to the weight of the 1-factor. After the replacement, the contribution
is 7'y’ = (wzﬂy)Q but we also have the multiplier (wz — zy)? on the right hand side of (3). The
total weight remains unchanged.

The case where the cycles contain edges w and z is treated analogously.

Puc. 10. Rebuilding of 1-factors

2) If a 1-factor of the graph G contains a long cycle passing through edges , w in the subgraph
H, and a cycle of the length 2 on the vertical edge (see fig. 10, right), then we map it to a 1-factor
of the graph G’ obtained by removing the 2-cycle and replacing the part of the long cycle by the
new pair of edges 2/, y'. The preservation of weights can be checked as in the previous case.

We treat similar configurations in an analogous way.

3) Collect together all 1-factors of the graph G that coincide outside the subgraph H and
contain a cycle passing through edges z, y, w (the contribution of this configuration to the weight
of the 1-factor equals yzw) or which contain a long cycle that passes through = and a 2-cycle
along the edge y (this configuration contributes zy? to the total weight). Observe that these two
configurations have opposite signs, because the numbers of even cycles in them differ by 1. We
map this set of 1-factors to the set of 1-factors in G that have the same structure outside the
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Puc. 11. Rebilding of groups of 1-factors
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Puc. 12. The remaining identities

subgraph H (and so the contribution of the outer part is the same for both sets of 1-factors)
and contain the edge =’ (fig. 11, left). Thus again we see that the weights are equal because
yzw — zy* = (wz — zy)*2’. The “dual” case is treated similarly (fig. 11, right).

4) We consider the remaining cases analogously (fig. 12). Note that the right cycle on the
top of fig. 12, and the left cycle on the bottom of fig. 12 should be taken into account with two
different orientations, which doubles their contribution. The equality of the weights at fig. 12 is
due to the identities

1= (wz — 2y)?(2%y” + w2 = 22'y'w'?) and  2%y? + w?2? — 2rywz = (wz — xy)>.

2.5. We have taken this problem from [2, example 2.2].

Applying the previous problem, we remove 4-cycles on the boundary of the cylinder step by
step (fig. 13). To avoid zeros in denominators, we assume that the edges of the first cycle Hy on
the boundary have weights x¢o = a, zo = 1, yog = a, wy = 1, and all other edges in the graph have
weight 1. After a single operation, the cycle H, disappears, and we obtain a new cycle H; on the
boundary. The weights of its edges are the sums of the initial weights (equal to 1) and the new
weights —2 L “ L obtained by the formula (2). Thus

1—a?? a?—17 1—a?’ a?-1

n=l+i s Zl:1+a21—1’ m=leg g w=1t 11
1 14 -

a a . .
- 14 b

Puc. 13. Removing a cycle on the boundary of the cylinder
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Then one can check by induction that after 2n applications of these operations (it is more
convenient to use induction step 2, because the formulae are slightly different for even and odd
number of iterations) the weights of the edges of the boundary cycle are equal to

na’ + a 1 4 2na — na?
= —’ ZQ’I’L = /u)zn =
2na + 1 2na +1

Ton = Yon )
and the product of the determinants of all removed cycles equals det A(Hy) det A(Hy) ...det A(Hop—1) =
(2na +1)%

If m is even, say m — 1 = 2n + 1, then after 2n operations the remaining graph consists of
the unique 4-cycle with the weights given by the above formulas. The determinant of the matrix
of this cycle equals
(2n+1)a+1

2 b2
2na + 1 ) (a—b)7,

(:L‘QnyZn - Zan2n)2 = (

and the total determinant equals
det A(Ho) det A(Hy) ... det A(Hay)(ZnYon — Zantwan)? = (20 4 1)a +1)*(a — b)*.

For a = b = 1 this expression vanishes. If m is odd, we obtain by the similar reasoning that the
determinant is equal to ((m —1a+ 1)2, and for a = b = 1 this is equal to m?2.

3.1. |1, theorem 2.1]. Consider a chess coloring of the figure, and split the edges of each univalent
subgraph onto two groups: edges which start from black vertices and edges which start from
white vertices. Edges of each group determine a matching, which can be interpreted as a tiling.
This map is bijective.

3.2. [1, lemma 2.3|. Induction on the area. If the dual graph contains terminal vertex then cut
the corresponding cell. Otherwise cut a suitable corner cell.

3.3. [1, theorem 2.4]. Consider an arbitrary univalent subgraph in Gg. Obviously the number
of rising edges in it equals to the number of falling edges, denote this number by wv. Let the
univalent subgraph consist of k cycles. Each cycle is a polygon. Since all of the cycles have even
length, they contain all the vertices in total, and the figure is simply connected, there is an even
number of cells inside each cycle. Therefore applying the statement of the previous problem to
each cycle, we can omit the term 2d in the left hand side of the congruence. Now if we sum up
over the set of all cycles then we obtain

A—-B+2-k ) the total length of all vertical sides =2 - v,

mod
where A is equal to the number of integer points with even ordinates and B is the number of
integer points with odd ordinates on the boundary of cycles. Since the univalent subgraph covers
all integer points of the figure, the difference A — B is even and does not depend on the subgraph.
Put A—B=2-t. Then2-v=2-t+2-k (mod 4), and so v =t + k (mod 2). Since ¢ does not
depend on the subgraph, the theorem is proven.

3.4. |1, lemma 2.5|. The statement is trivial if we use “horizontal zebra” coloring, but we will
demonstrate another reasoning.

Let us interpret a tiling as a univalent subgraph (each domino is interpreted as 1-cycle), then
the number of cycles equals the number of dominoes, the number of rising edges is equal to the
number of vertical dominoes. Then

number of cycles + number of rising edges =

= number of dominoes + number of vert. dominoes number of horiz. dominoes. (6)

mod 2

We know from the previous problem that the parity of the sum at the Lh.s. does not depend
on the subgraph. Therefore the parity of the number of horizontal dominoes in all tilings is the
same. Hence the definition of sign of does not depend on tiling.
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Let us formulate one generalization of the above observations. If sgnF' = 1, i.e. an even
number is in the right-hand side of the formula (6) then in any tiling (and therefore in any
univalent subgraph by the statement of problem 3.3) the parity of the number of rising edges
coincides with the parity of the number of the cycles, and if sgnF" = —1 then these parities are
opposite. By the other words, for any univalent subgraph = in graph G

(_1>number of rising edges inm __ Sgl’lF . (_1)number of cycles in ™ (7)

Remind that graph G is bipartite, all its cycles are even, therefore we obtain the formula

det AF _ SgIlF . Z(_l)number of rising edges in ™ (8)

3.5. [1, theorem 2.7|. Denote by 7, the number of univalent subgraphs of Gy with & rising edges.
Then

“+00
det Ap = sgnk - Z(_1>number of ascending edges in m _ sgnk - Zf}/k . (_1)k. (9)
T k=0

It is clear due to the bijection from the problem 3.1 that the coefficient of * in the expression
fr(x)? is equal to the number of univalent subgraphs with exactly k vertical edges. The number of
ascending edges in a univalent subgraph equals one half of the number of vertical edges, therefore

+00
fr(z)?= 1; Yex?*. Substitute z = i, and the formula (9) gives us the first equality. In particular,

=0
we have proven the equality
det Ap = sgnF - fr(i)?. (10)

3.6. [1, theorem 2.8|. Let us calculate det Ap by the formula (10). If a good pair consists of the
tiling with £ vertical dominoes and the tiling with k 4 2 vertical dominoes then its contribution
to fr(i) is equal to i* 4 i**2 = (. Therefore all good pairs contribute zero to fr(i) and the first
claim of the problem follows.

If the set of all tilings, except one, can be split into good pairs then we denote the number
of vertical and horizontal dominoes in the remaining tiling by v and h, h + v = s(F). Then
fr(i) = i¥ by the previous reasoning, sgnF’ = (—1)" and therefore

det Ap = sgnF - fp?(i) = (-1)"" = (—=1)*").

3.7. [1, theorem 2.11]. The expression n(n — 1) in the formula equals the area of any regular
stamp. By problem 3.6 it is sufficient to check that the set of all tilings of each regular stamp,
except one, can be split into good pairs and that the set of all tilings of each irregular stamp
can be split into good pairs. We will check both statements by the induction on n. We need the
following lemma [5, lemma 2.1].

Lemma (about a “halfdiagonal”). Suppose figure F contains three x[é—
diagonal sequences of cells, like on the figure to the right, and cells which | _}
are marked by crosses do not belong to the figure. Then the set of all tilings i
of figure F' which do not contain the domino marked with bold circles can be
split into good pairs.

Proof of the 1emm a. Consider the middle of one of these diagonal %
sequences. Prove that there exists a 2 x 2 square consisting of two dominoes
of the tiling and containing two squares of this diagonal sequence (rearranging the dominoes in
such square we easily split the set of the tilings into pairs). Indeed, if there is no such a square
then looking through this sequences of squares starting from the left corner, we see that each
next domino covering the diagonal square has also to cover either the square to the right or the
square downward. Coming to the lower right corner we obtain the contradiction.

|
l

o

Turn to the problem solution.
1) We will check by induction on n (the size of stamp) that the set of all tilings of each regular
stamp, except one, can be split into good pairs. The base is trivial.
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Puc. 14. Construction of an «unpaireds tiling of (n + 1)-stamp

Step of induction, n — n + 1. Consider a regular (n + 1)-stamp. We will split the set of its
tilings into good pairs. For this we take a look at the bottom-right and upper-left corner cells of
the (n + 1)-stamp. One of these cells lies inside the n x n square, let it be the upper-left cell.
Apply the halfdiagonal lemma in the bottom-right direction starting from this cell. Then the
set of tilings which do not contain the marked domino (figure 14, left) can be split into good
pairs. Let’s look at tilings, which contain this domino. Apply the halfdiagonal lemma again in the
upper-left direction starting from the cell to the left of the marked domino (figure 14, middle). By
this lemma the set of tilings which does not contain the marked domino in the upper-left corner,
can be split into good pairs. The remaining tilings contain this domino. Apply the halfdiagonal
lemma once again in the bottom-right direction from the cell below the domino, and so on. As
a result of repeated application of the halfdiagonal lemma, we split the set of tilings into pairs
except the tilings containing all the dominoes on the left and the bottom sides of our (n + 1)-
stamp (fig. 14, right). There is a bijection between the remaining tilings and the tilings of the
remaining n-stamp. Therefore all tilings except one can be split into good pairs.

2) Check by induction on n that the set of all tilings of each irregular stamp can be split into
good pairs. The base is trivial.

Step of induction, n — 1 — n. Consider an arbitrary n-stamp. We mark some cells of its n x n
square as at figure 15.

o~

Puc. 15. Layout of the cells for the irregular stamp

Consider the following cases.

1) The figure does not contain cells 1 and 4. Consider the diagonal from 5 to 6. By the
halfdiagonal lemma the set of all tilings can be split into pairs (because the marked domino
does not belong to the figure). The case when four cells 1, 2, 3, 4 don’t belong to the stamp is
considered similarly.

2) The stamp contains the cell 1 but not the cell 4 (or vice versa). Consider the first case,
the second one is similar. Apply the halfdiagonal lemma in the direction from 6 to 1. As in the
proof of the previous item, we split the set of all tilings into pairs, except those tilings for which
the position of dominoes on the leftmost column and bottom row is fixed as at figure 14, right.
The set of exceptional tilings can be split into good pairs by induction hypothesis.

3) Cells 1 and 4 belong to the stamp but 2 and 3 do not belong. Then each tiling contains
dominoes 1 —5 and 4 — 6. Cut them. By the halfdiagonal lemma which we apply in the direction
from 7 to 8, the set of all tilings can be split into good pairs.

4) Cells 1, 2, 4 belong to the stamp but 3 does not belong (or similarly 1, 3, 4 belong to
the stamp but 2 does not belong). Obviously each tiling contains the dominoes 4 — 6. Cut it.
Apply the halfdiagonal lemma in the direction from 8 to 7. Observe that each tiling contains the
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dominoes 5 — 7 and therefore each tiling contains the dominoes 1 — 2. We cut these dominoes
and finish the proof by induction, like in item 2.

3.8. |1, theorem 2.12|. Check that the number of tilings of m x n rectangle is odd iff the numbers
m+ 1 and n + 1 are coprime, in the case when the number of tilings is even all these tilings can
be split into good pairs, and if it is odd then all tilings except one can be split into good pairs.
Then the statement of the problem follows from Problem 3.6.

Induction realizes Euclidean algorithm. Consider the diagonal sequence of squares outgoing
from the corner. By the halfdiagonal lemma, it is sufficient to investigate the parity of the numbers
of tilings containing the marked domino.

ool
X

Now we can take the diagonal sequence of squares below the row just considered, and looking
through it from bottom to top apply the halfdiagonal lemma again.

Continuing to move down the diagonal in question and not changing the parity of the number
of tilings, we can remove all the squares of the first column and also all the squares of the lower
row to the left from the marked domino. Now we can apply the halfdiagonal lemma again.

Continuing further we will remove the squares of the second column and the second row (lying to
the left from the domino that we had found). Acting in such a way, we will remove the rectangular
part of size (n + 1) X n from our m x n rectangle finally. We have obtained (m —n — 1) x n part
that satisfies the induction hypothesis.

4.1. Let D denote the set of all signed digraphs D obtained as described before the formulation of
the problem from the terms of the superexpansion. We write mp for the associated permutation.
We divide D into three parts as follows:

e 7, the D € D with no directed cycle;
e Dt the D € D with sgn(D) = +1 and at least one directed cycle;
e D, the D € D with sgn(D) = —1 and at least one directed cycle.

Here is a plan for the rest of the proof. We will show that all D € T, the “acyclic objects”, have
positive signs, and they are in one-to-one correspondence with the spanning trees of G; thus they
count what we want. Then, by constructing a suitable bijection, we will prove that |D*| = |D~|—
so the “cyclic objects” cancel out. We then have det(L™) =3, psgn(D) = |[T|+|D*| - |D~| =
|7T| and the theorem follows.

To realize this plan, we first collect several easy properties of the signed digraphs in D.

(i) If i — j is a directed edge, then {i,j} is an edge of G. (Clear.)

(ii) FEvery vertex, with the exception of n, has exactly one outgoing edge, while n has no outgoing
edge. (Obvious.)

(iii) All incoming edges of n are positive. (Since L~ has only n — 1 rows and columns.)
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(iv) No vertex has more than one negative incoming edge. (This is because two negative incoming
edges j — i and k — ¢ would mean two circled entries ¢;; and ¢j; in the ith column.)

(v) If a verter i has a negative incoming edge, then the outgoing edge is also negative. (Indeed,
a negative incoming edge j — ¢ means that the off-diagonal entry ¢;; is circled, and hence
none of the 1s in the diagonal entry ¢; may be circled—which would be the only way of
getting a positive outgoing edge from 1.)

Claim A.These properties characterize D. That is, if D is a signed digraph satisfying (i)—(v),
then D € D.

Joxasameavcmeo. Given D, we determine the circled entry in each row ¢, 1 <i<mn—1, of L.
We look at the single outgoing edge i — j. If it is positive, we circle the appropriate 1 in ¢;;, and
if it is negative, we circle ¢;;. We cannot have two circled entries in a single column, since they
would correspond to the situations excluded in (iv) or (v). O

Next, we use (i) (v) to describe the structure of D.
Claim B. Each D € D has the following structure (illustrated below).

\j/a%

Puc. 16.

(a) The vertex set is partitioned into one or more subsets Vj, Va,...,V, corresponding to the
components of D, with no edges connecting different V;. If V is the subset containing the
vertex n, then the subgraph on V; is a tree with all edges directed toward n. The subgraph
on every other V; contains a single directed cycle of length at least 2, and a tree (possibly
empty) attached to each vertex of the cycle, with edges directed toward the cycle.

(b) The edges not belonging to the directed cycles are all positive, and in each directed cycle
either all edges are positive or all edges are negative.

(c) Conversely, each possible D with this structure and satisfying (i) above belongs to D.

Sketch of a proof. Part (a), describing the structure of the digraph, is a straightforward
consequence of (ii) (a single outgoing edge for every vertex except for n), and we leave it as an
exercise. (If we added a directed loop to n, then every vertex has exactly one outgoing edge, and
we get a so-called functional digraph, for which the structure as in (a) is well known.)

Concerning (b), if we start at a negative edge and walk on, condition (v) implies that we are
going to encounter only negative edges. Thus, we cannot reach n, since its incoming edges are
positive, and so at some point we start walking around a negative cycle. Finally, a negative edge
cannot enter such a negative cycle from outside by (iv).

As for (¢), if D has the structure as described in (a) and (b), the conditions are obviously
satisfied and Claim A applies. This proves Claim B.

The first item in our plan of the proof is now very easy to complete.

All D € T have a positive sign and they are in one-to-one correspondence with the spanning
trees of G. Indeed, if D € D has no directed cycles then D is a tree with positive edges directed
toward the vertex n. Moreover, mp is the identity permutation since all the circled elements in
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the term corresponding to D lie on the diagonal of L~. Thus sgn(D) = +1, and if we forget the
orientations of the edges, we arrive at a spanning tree of G. Conversely, given a spanning tree of
(G, we can orient its edges toward n, and we obtain a D € T.

It remains to deal with the “cyclic objects”. For D € DT U D™, let the smallest cycle be the
directed cycle that contains the vertex with the smallest number (among all vertices in cycles).
Let D be obtained from D by changing the signs of all edges in the smallest cycle.

Obviously D = D, and for D € D we have D € D as well, as can be seen using Claim B. The
following claim then shows that the mapping sending D to D is a bijection between D* and D,
which is all that we need to finish the proof of the theorem.

Claim C. sgn(D) = —sgn(D).

Proof. We have sgn(D) = sgn(mp)(—1)", where m is the number of negative edges of D and
mp is the associated permutation.

Let 21,19, ..., 15 be the vertices of the smallest cycle of D, numbered so that the directed edges
of the cycle are i1 — 19, 19 —> i3,..., 1s_1 —> lg, Is —> i7.

In one of D and D, the smallest cycle is positive; say in D (if it is positive in D, the argument
is similar). Positive edges correspond to entries on the diagonal of L™, and thus the i; are fixed
points of the permutation mp, i.e., mp(i;) = i;, j = 1,2,...,s. In D, the smallest cycle is negative,
and so for 75 we have n5(i1) = d,..., T5(is—1) = is, T5(is) = i1, which means that iy, 4o, ...,
form a cycle of the permutation 7. Otherwise, mp and 75 coincide.

Now it is easy to check that 7 can be converted to mp by s — 1 transpositions (which

“cancel” the cycle (i1,1s,...,15)). Since each transposition changes the sign of a permutation, we
have sgn(mg) = (—1)* 'sgn(np), and so

sgn(D) = sgn(mp)(—1)""" = (=1)*'sgn(rp)(—1)""* = —sgn(D).

Claim C, and thus also the theorem, are proved.

a) Consider G, in which V(G) = V(G)U{w}, E(G) = E(G)U{vsw}. Denote the Laplacian
matrlx of graph G by L. It is not difficult to understand that L= = L + E;,;. The numbers of
spanning trees of graphs G and G coincide too. Consequently, by the Matrix-tree theorem, the
number of spanning trees of graphs G and G equals det L~ = det(L + E;;), Q. E. D.

b) det(L + Ei,j) — det(L + EM) = det M; M = (m;m), where

by,  for k # 1
—1, fk=dandn=7y;
T (11)
1, if k=1 and n = ;
0 in the other cases.

Note that the sum of elements in each row of matrix M equals 0, and by problem 2.3 det M =
0. Therefore, det(L + E; ;) = det(L + E;;), and the required statement follows from the previous
part.

4.3. With light overwithundertwist this statement is immediately obtained similarly to the
solution of problem 2.3.a).

4.4. The version with weights of this statement is proved in solution of problem 2.3.b).

4.5. This is the problem on linear algebra. One can read an elegant solution, for example, in
D. Karpov “Graph theory” https://ru.overleaf.com/project /5fd1061de5a509b3447a4f55 .

4.6. Apply the Matrix-tree theorem and calculate the determinant of matrix L~. For a complete
graph it is an (n — 1) X (n — 1) matrix of the form

n—-1 -1 ... =1 1 1 1 1 1 1
-1 n-1 ... -1 -1 n-1 ... -1 0 n ...

det . ) ) ) =det | . ) ) ) =det | . . | =nn2
—1 -1 ... n—1 -1 -1 ... n—1 00 ... n
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Here in the first equality we have added the rows with numbers from 2 up to n — 1 to the first
row, the determinant has not changed from this action. In the second equality we conversely have
added the first row to all the others. Finally, only the graph consisting of n — 1 loops has nonzero
weight among univalent graphs, and this implies the third equality.

Puc. 17.

We give, however, a more combinatorial argument applying the generalization of the statement
of problem 6.6 b).

The weighted version of problem 6.6b). Let a graph satisfying to the condition of problem
6.6a) be given. On each edge of the graph, write a real number which will be called the weight
of the edge. The product of weights of the edges forming a path is called the weight of this path.
The weight of a set of n paths is the product of weights of all paths from this set, multiplied
by (—1)I"!, where 7 is the permutation determined by this set of paths. Denote by a;; the sum of
weights of all paths from ith inlet to jth outlet. Then the determinant of matrix (a;;) is equal
to the sum of weights of all sets consisting of n non-intersecting paths.

The proof is similar to the proof 6.6 b.

So, we want to find the determinant of matrix L~. Look at the graph on the picture (fig. 17).
Left and right parts contain n — 1 vertices each. Note that the number of paths from th inlet
to jth outlet is just equal to ¢;;. Therefore, by the weighted version of problem 6.6b), det L~ is
equal to the sum of weights of sets consisting of n non-intersecting paths. And there exists one
set of n paths of weight n"~!, where ith inlet is immediately connected with ith outlet, and n — 1
sets of weight —n"~2. Hence, the sum of weights of sets consisting of n non-intersecting paths is
equal to

n" ' —(n—1)-n""2%=n""2

According to the statement of the preceding problem, for calculating det A we have to list
univalent subgraphs in graph A shown at fig. 7 left. However we will describe the construction,
which enables us to restrict this listing by the subgraphs of graph 4; obtained from A by removal
of all loops and signs at the weights of edges (fig. 7 right).

4.7. Apply the Matrix-tree theorem. The Laplacian matrix here looks as

)

k 0 -1 -1
: ? rows
0 | -1
L=l 1 0|
: k rows
—1 -1 0 ¢

Vs

We will find the determinant of matrix M = Ly (the notation from problem 2.1e¢). By problem
2.3.b) det L= = — det M.
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Give two combinatorial calculations of the determinant of matrix M. The first way of determinant
calculation is similar to determinant calculation in problem 4.6. Namely, look at fig. 18 left. It is
not difficult to check that the sum of weights of paths from i-th inlet to j-th outlet equals m;.
Therefore, by the weighted version of problem 6.6b), det M equals the sum of weights of the sets
consisting of n non-intersecting paths. It is easy to understand that there exists exactly one such
path, and its weight equals —k‘"'¢*~1, which finishes the calculation.
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Puc. 18.

?

l L

The second way of calculation uses the definition of determinant via univalent graphs. Fig.
18 right shows the graph such that det M counts its univalent subgraphs. In this graph ¢ — 1
vertices of the first part are located on the top, k — 1 vertices of the second part are located on

the bottom, and a single special vertex is located at the right.

First, split univalent graphs into pairs which contain at least 2 edges going from the second
part to the first. Namely, among all the edges going from the second part to the first, choose two
edges the ends of which have the least number and interchange the ends of these edges. Then
the permutation will change its parity. It is not difficult to understand that this correspondence
is bijective on the given set, therefore all corresponding graphs will be cancelled.

Second, split univalent graphs into pairs containing exactly one edge going from the second
part to the first. As there exists exactly one edge outgoing from the second part, there exists
either exactly one edge incomimg to the second part or a path consisting of two edges passing
through the special vertex. Then rebuild the graph depending on from where this edge goes:
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So we retain only univalent graphs such that no edge leads to the second part. It is clear that

the only graph possessing this property is the graph consisting of all loops. The weight of this
graph, and consequently also det M, is equal to —k!~11F1.

4.8. Apply the Matrix-tree theorem. Expand det L~ into univalent graphs by the combinatorial
definition. If there exists at least one loop in a univalent graph then the univalent graph has
even weight. Otherwise since the number of vertices in a univalent graph is odd, there exists a
cycle of length at least 3. Therefore reversing of all arrows leads to another univalent graph of
the same weight. Thus we have split some univalent graphs into pairs of equal weight, and for
the others we have understood that they give even contribution. This immediately implies that
the corresponding determinant is even.

5.1. The formula for the determinant implies that if G has no perfect matching, then det(A) is
the zero polynomial.

To show the converse, we fix a permutation 7 that defines a perfect matching, and we replace
the variables in det(A) as follows: x; »(;) := 1 for every ¢ = 1,2,...,n, and all the remaining z;;
are 0. We have sgn(7) - €1 »(1)T2,x(2) - - * Tnr(n) = 1 for this 7.

For every other permutation o # m there is an ¢ with o(i) # =(i), thus ;.4 = 0, and
therefore, all other terms in the expansion of det(A) are 0. For this choice of the z;; we thus have
det(A) = £1.

5.2. We proceed by induction on m. The univariate case is clear, since there are at most d roots
of p(z1) by a well-known theorem of algebra. (That theorem is proved by induction on d: if
p(a) = 0, then we can divide p(x) by x — « and reduce the degree.)

Let m > 1. Let us suppose that x; occurs in at least one term of p(z1, ..., x,) with a nonzero
coefficient (if not, we rename the variables). Let us write p(z1,...,z,,) as a polynomial in z;
with coefficients being polynomials in xo, ..., z,:

k
p(xhx% s 7xm) = 21721]71@727 s 7xm>7
=0

where k is the maximum exponent of zy in p(z1,...,z,).

We divide the m-tuples (rq,...,7,) with p(ry,...,r,) = 0 into two classes. The first class,
called Ry, consists of the m-tuples with pg(rs,...,r,) = 0. Since the polynomial pg(za, ..., T)
is not identically zero and has degree at most d — k, the number of choices for (ry,...,7r,,) is at
most (d — k)|S|™2 by the induction hypothesis, and so |R;| < (d — k)|S|™L.

The second class Ry are the remaining m-tuples, that is, those with p(ry,72,...,7,) = 0 but
pe(ra, ..., 7m) # 0. Here we count as follows: ra,...,7,, can be chosen in at most |S|™~! ways,
and if rq, ..., r, are fixed with pg(ra,...,7n) # 0, then r; must be a root of the univariate
polynomial ¢(z1) = p(z1,79,...,7mn). This polynomial has degree (exactly) k, and hence it has at
most k roots. Thus the number of m-tuples in the second class is at most k|S|™!, which gives
d|S|™~1 altogether, finishing the induction step and the proof of the Schwartz-Zippel theorem.

5.3. Let us assume that G has a perfect matching and thus det(A) is a nonzero polynomial
of degree n. The Schwartz—Zippel theorem shows that if we calculate det(A) for values of the
variables z;; chosen independently at random from S := {1,2,...,2n}, then the probability of
getting 0 is at most %

As usual, the probability of the failure can be reduced to 27% by repeating the algorithm k
times.
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6.1. Let S, denote the set of all permutations of the set {1,2,...,n}. Every perfect matching
M in G corresponds to a unique permutation m € S,, where 7(i) is defined as the index j such
that the edge {u;,v;} lies in M. Here is an example:

Up Uz U3 Ug Us

V1 V2 V3 Vg Vs

In the other direction, when does G have a perfect matching corresponding to a given
permutation m € 5,7 Exactly if by 1) = bare) = -+ = byrm) = 1. Therefore, the number
of perfect matchings in G equals

Z bl,ﬂ'(l)b2,ﬂ'(2) to bn,w(n)a

TI'ESn

and this is just the permanent of B.

6.2. Of course, the problem may be solved by calculation of the determinant, but not in our
project! Number the vertices of the parts, write the bipartite adjacency matrix (black vertices
correspond to the columns, white to the rows) and draw the graph, for which this matrix is the
usual adjacency matrix:

1 =10 0 1 0 0 0
L1 5 5 1 1. 1.0 0 0 0 0
of 2 6 6 0 -1 1-10 01 0
& 2 0 01 1 0 0 0 0
AL N 00 0 0 1 -10 0
4 1 s s 01 0 0 1 1 1 0
& 5

000 0 0 —-11 —1

000 1 0 0 1 1

The edges with weight —1 are drawn by bold arrows. It remains to check that any even cycle of
any univalent subgraph of this graph contains an odd number of negative edges (and here are no
odd cycles except loops). For this graph, it is evident.

6.3. Let the signing o as in the condition be fixed, and let M be a perfect matching in G,
corresponding to a permutation 7. We define the sign of M as the sign of the corresponding term
in det(B7); explicitly,

sgn(M) = Sgn(”)bi’,ﬂ(l)bg,ﬂ(z) T bZ,w(n) = sgn() H o(e).
ee M

It is easy to see that o is a Kasteleyn signing if (and only if) all perfect matchings in G have the
same sign.

Let M and M’ be two perfect matchings in G, with the corresponding permutations 7 and
7’. Then

son(a)sen(at) = ssn(mssn(e)( [ o)) (I] o(0)

eeM ee M’

— sen(msen(@) [ oo

eeMAM'

where A denotes the symmetric difference.
The symmetric difference M AM’ is a disjoint union of evenly placed cycles, as the picture
below illustrates.
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M M’ MAM'

Let these cycles be C1,Cy,...,C, and let the length of C; be 2¢;. Since C; is evenly placed, it

must be properly signed by the assumption in the lemma, and so we have [] o(e) = (—1)%~1.
eeC;
Thus J[ o(e)=(-1)witht:=0; — 1+l —1+---+ £, — 1.
eeMAM'
It remains to check that 7 can be converted to 7’ by ¢ transpositions (then, by the properties

of the sign of a permutation, we have sgn(m) = (—1)'sgn(n’), and thus sgn(M) = sgn(M’) as
needed).

This can be done for one cycle C; at a time. As the next picture illustrates for a cycle of
length 2¢; = 8, by modifying 7 with a suitable transposition we can “cancel” two edges of the
cycle and pass to a cycle of length 2¢; — 2 (black edges belong to M, gray edges to M’, and the
dotted edge in the right drawing now belongs to both M and M’).

PV -

transpose these values in 7

Continuing in this way for ¢; — 1 steps, we cancel C;, and we can proceed with the next cycle.

6.4. Let C be an evenly placed cycle in G; we need to prove that it is properly signed.

Let the length of C' be 2¢. Let F},..., F} be the inner faces enclosed in C' in the drawing,
and let C; be the boundary cycle of Fj, of length 2¢;. Let H be the subgraph of G obtained by
deleting all vertices and edges drawn outside C'; in other words, H is the union of the C;.

F

We want to see how the parity of £ is related to the parities of the ¢;. The number of vertices of
H is r+2(, where r is the number of vertices lying in the interior of C'. Every edge of H belongs to
exactly two cycles among C, C, ..., C}, and so the number of edges of H equals £+ {1+ -- -+ 4.
Finally, the drawing of H has k + 1 faces: Fi,..., F} and the outer one.

Now we apply Fuler’s formula, which tells us that for every drawing of a connected planar
graph, the number of vertices plus the number of faces equals the number of edges plus 2. Thus

P24kl =L4 Ll 2. (12)

Next, we use the assumption that C'is evenly placed. Since the graph obtained by deleting C
from G has a perfect matching, the number r of vertices inside C' must be even. Therefore, from
(12) we get

C—1=l+- -+, —k (mod 2). (13)



Let n¢ be the number of negative edges in C, and similarly for n¢,. The sum ne+ne, +- - -+ne,
is even because it counts every negative edge twice, and so

ne =ne, + -+ + ne, (mod 2). (14)

Finally, we have n¢, = ¢; — 1 (mod 2) since the C; are properly signed. Combining this with (13)
and (14) gives nc = ¢ — 1 (mod 2). Hence C' is properly signed. Now the result follows from the
result of 6.3.

6.5. Given a connected, 2-connected, planar, bipartite G, we fix some planar drawing, and we
want to construct a signing as in Lemma B, with the boundary of every inner face properly
signed.

First we start deleting edges from G, as the following picture illustrates.

€1
€9 \ {
Fy e
v
F;
€3
G1 =G G2 Gg GG

We set GG; := G, and G4, is obtained from G; by deleting an edge e; that separates an inner
face F; from the outer (unbounded) face (in the current drawing). The procedure finishes with
some (G that has no such edge. Then the drawing of G} has only the outer face.

Now we choose the signs of the edges of G arbitrarily, and we extend this to a signing of GG
by going backward, choosing the signs for e;_1,ex_o, ..., e; in this order. When we consider e;, it
is contained in the boundary of the single inner face F; in the drawing of G;, so we can set o(e;)
so that the boundary of Fj is properly signed. The assertion is proved.

6.6. We took this problem from [7].

a) The statement is evident. Choosing a permutation 7, we define for each inlet i the outlet 7 (7)
where the route should go, and the number of ways to choose a route equals a;,,. Then the product
17,21y - - - Anr, 18 equal to the number of ways to choose a set of routes. Summing over all 7, we
obtain the total number of sets.

b) As in the reasoning from part a), the product aj,asr, - .. @y, is equal to the number of
ways to choose a set of routes. The sets of non-intersecting routes are taken into account only in
the product defined by identity permutation. In the sum defining the determinant, this product
has sign plus. It remains to check that the sets of intersecting routes one can split into pairs
counted with different signs, then all of them will be cancelled in this sum.

Enumerate each path by the number of the inlet where this path begins. For each set of
n non-intersecting paths defined by permutation 7, define by ¢ the least of the numbers of paths
which intersect with other paths. Denote by O the first point of intersection of ith path with
some other path, let it be jth path.

Interchange the fragments of 7th and jth paths after point O, the obtained set of paths will
form a pair with the considered set. The permutation that describes the obtained set,differs from
the initial by the transposition (m;,7;) and therefore has the opposite sign.

In this reasoning we did not use that the graph is planar. It was essential for us only that
this graph is nonpermutable, i. e. in the set of n non-intersecting paths the number of the outlet
is equal to the number of the inlet for each path.

6.7. a) We have taken this problem from [3|. Let A,,, be the number of paths of lame king from
a corner of m x n rectangle to the opposite corner. Then

An—l,n—l - 2An—2,n—1 + An—2,n—2
(to ensure this, consider three possibilities of the first king’s move). Similarly,

Bn = An—2,n—2 + An—l,n—l + 2An—l,n—2
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(consider four possible combinations of the first and the last moves). Substituting the first equality
into the second one, we obtain the required.

We will present an argument which gives the bijective proof of the required equality, related
to the formal proof written above.

Value B, is the number of paths leading from square a to square b of an PX[XIX[X[X|¢|b
; . . X dle
n X n board and not passing through the squares marked with asterisk and [x
through square c. Value 2A,,_; is the number of paths leading from square p i
to square e plus the number of paths leading from square ¢ to square b. One- [X[q
ap

to-one correspondence between the sets of such paths is constructed as follows.
Consider an arbitrary path of lame king from p to e. Supplementing this path with steps a—p
and e—b we obtain a path from a to b not passing through forbidden squares. The first step in
the obtained path is horizontal, the last is vertical. Now consider an arbitrary path of lame king
from ¢ to b. If it does not pass through square ¢, then supplement it with step a—¢q. We obtain a
path from a to b not passing through forbidden squares, in which the first step is diagonal, the
last is diagonal or vertical. And in the case when this path passes through square ¢, remove step
c—b from it, shift the obtained path g—c one square downward (we will obtain a path from p to d),
and complete this path by steps a—p, d—b to obtain a path from a to b. In the resulting path the
first step is horizontal, and the last is diagonal. It is evident that the constructed correspondence
is one-to-one.

b) We have taken this statement in [4, lemma 5.1]. Consider matrix ™
B™ = (B;)i<ij<n, Where B;; is the number of routes of lame king on
t X 7 board leading from the lower left corner to the upper right corner i1 = o0
and not containing any cells of the left vertical and upper horizontal lines
(except the initial and final positions). Similarly to the statement of the
previous item it is proven that B™ = 2A(™ By the statement of problem
6.6, determinants det A™ and det B™ count the same number of the sets
of routes. Thus, det A™ = 2" det A™~Y, whence det Aln) = 27n+1)/2,

6.8. Answer: 1. We have taken this problem in [7|. Consider inlets and outlets shown in the
figure. The numbers of paths from inlets to outlets are just Catalan numbers. Then det H counts
the number of the sets of non-intersecting routes from inlets to outlets. It is evident that such
set of routes is unique.

03

02

12

i3

[is

7.1. Express det Ag through univalent graphs by the combinatorial definition. Since G does not
contain cycles, a univalent graph occurs with nonzero weight only if all the cycles in it have
length 2, and this corresponds to perfect matching of G. The required result follows from the
fact that a tree has not more than one perfect matching.

7.2. Express det Ag through univalent graphs by the combinatorial definition. Since G does not
contain cycles, a univalent graph occurs with nonzero weight only if there exist no cycles of
length 3 or more. Then univalent graphs, consisting of & multiple edges and n — 2k loops, occur
with weight (—1)*2"~2%. Now one can see that polynomials xG(z) and mg(z) count the same
combinatorial objects with the corresponding weights, so these polynomials coincide.
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K MHOroMepHoi#t KOMOMHATOPHON TeoMeTpun”

npescrasisiior B. Koran, B. Perunckuit, E. Pa6os'n A. Ckonenkos?

BBenenne

Muorue ob/jlacTu 3HAHWS U TEXHUKH — IIPEZKJIE BCEIO MaTeMaTHKa, ITPOrPAMMUPOBAHUE W
usuka — gacro paboTalOT ¢ MHOIOMEPHBIM IIPOCTPAHCTBOM. Perienne HUzKeNpUBEIEHHBIX
3a/1a9 MO3BOJIUT OCBOUTH 0a30Bble HABBIKM Takoil paboTbl. Bbl HayunTech KakK pPa3BUBATDH
IPOCTPAHCTBEHHOE BOOOpazKeHNe U WHTYUINIO, TaK U IPOBEPITh UX CTPOIUMU PACCYZKIeHU-
SIMH. DTO HOJIE3HO JIJIsI TOC/IEAYIONEro U3y deHns: KOMIbIOTePHON rpadukn u HeoOX0ouMoit
Jiist Hee 6a3bl U3 JIMHEHOW ajireOpbl U r'eOMeTpUn.

OcHOBHbBIE H/I€U NIPEJCTABICHBI HA, «OJIMMITHA/HBIXY ITPUMEPAX: HA MPOCTEHINNX 9aCTHBIX
cIydasx, CBOOOJTHBIX OT TeXHHYECKUX JeTaJleil, U cO CBeJeHneM HAayJIHOrO d3bIKa K HEOOXO-
JUMOMY MHHEMYMY (CM. 3aja4u). 3a CIeT 9TOro HPOEKT JOCTYIEH JiJis HAYMHAOIINX, XOTS
COJIEPZKUT KPACUBBIE CJIOZKHBIE pe3ysbrarsl. st u3ydenus npoekra He Tpebyercs mpe/iBa-
puTeIbHBIX 3HaHUi 110 crepeomerpun. [lojie3ubl HpocTpaHCTBEHHOE BOOOPAYKEHUE U yMEHHUE
pelaTh CHCTeMbl JIMHEHHbIX ypaBHenuii (cMm. 3agady 1.2).

B sTom mpoekTe Mbl 00001aeM ciaeayonmii pesyiabrar (cMm. 3agaqu S, D, SD u §3; a
Takzke §4 u §5).

Teopema Pamona gas miaockoctu. /[as m00ux 4 mouex HG NAOCKOCMU AUO0 00Ha
U3 HUT AEHCUM SBHYMPU MPEYLOAbHUKG, 00pa3068GHH020 OCTNABULUMUCS MOYKAMU, AUOO UL
MOIHCHO Pa3bumsv Ha 06e napv, Mak, 4mo ompesor, coeduHAWul MoYky 6 nepeot nape,
nepecexaem ompesor, coeduHANUUT MmowKky 60 8mopot nape.

S = same size. I13 ji0ObIX 5 TOYEK ILIOCKOCTH MOXKHO BBIOpATh TaKHe JiBe HellepeceKa-
IOIIIecs IMapbl TOYEK, YTO OTPE3KH, 00pa30BaHHBIE STUMHU MAPAMHU, IePeCeKaITCs.

B srom TekcTe mos TpeyrobHIKOM A MoIpa3yMeBaeTcs IacTh IIOCKOCTH, OTPDAHIMIeHHAS
ero KOHTYpoM OA (T.e. 00beIMHEHTEM CTOPOH). DTa YaCTh MOXKET OBITH OTPE3KOM.

D = dimension. /[js jito0bix 5 TOYEK B IIPOCTPAHCTBE JIN0O O/IHA U3 HUX JIEKUT BHYTPH
TeTpa’ipa, 00pPa30BAHHOTO OCTABIIUMHUCST TOUYKAMH, JIHOO MX MOKHO pa30UTh HA Mapy U TPOii-
Ky TaK, 9TO OTPe30K, COeJNHSIIONINII TOUKH B ape, epecekaeT TPeyTrOIbHUK, 00pa30BaHHbII
TOYKAMU B TPOMKeE.

B sTom Tekcre HHTEepeCHble HETPUBHAJIBHDBIC 3a/Ja9l HAa3bIBAIOTCA TE€OpEeMaMHu.

Teopema SD: teopema Pajiona juist npocrpaHcTBa 0 MHOXKECTBAX IMOYTH OJMHAKOBOI'O
pasmepa.

(8) U3 moboiz 6 mouer npocmparcmea Mosicho 6u0pams Makue HENepecekaousuecs napy
U MmpotKYy MOYeKr, 4Mmo 0mpe3ok, CoeUHANULULT MOYKU Napbl, NEPeceraem mpeyzorbHur,
00pa306arHvLt MPotiKol.

*Buarogapum . Enmceesa 3a nepesos, yacru rekcra u A. PsabuueBa 3a 1ojie3Hble 3aMeYaHusd.

'E. Koran, B. Perunckuii, E. Pa6os — Beicmaa ITkomra Dxonomuku, Mocksa.

ihttps://users.mccme.ru/skopenko. Mockopckuii ®usmko-Texnumueckuit Mucruryr, Hesasucumbrit
Mockosckuit Yuusepcurer.



(4) U3 moboix 7 mouer wemupermeprozo npocmparcmed Moxrcho subpams dee renepe-
CERAIOWLUECA MPOTUKU MOYEK, OAA KOMOPHLLT COOMBEMCMBYNULUE MPEY20AbHUKY NePecera-
10MCA.

Onpenenienne 9€TbIPEXMEPHOTO MIPOCTPAHCTBA U 0003HAYEHUsI, HEOOXOIUMBIE JIjIsd TOKa-
3aTesibCTB, npuBejeHnbl B §1 u B §2. g jpokasarenbcra Teopembl SD.4 BaM 11OHA100UTCs
reopema S’D, npuBeieHHAST HUKE.

[Tycrs A u A’ — iBa HEBBIPOXKICHHBIX TPEYIOJIbHUKA B IIPOCTPAHCTBE, KOHTYPbl KOTOPBIX
HE IIePeceKaloTcs, 1 HIKAKKUEe YeThIpe U3 BePIINH KOTOPBIX He JIezKaT B OIHOIT II0CKOCTH. 1'pe-
YTOJTbHUKH HA3bIBAIOTCS 3aUEMJIEHHBIMU, €CJTH KOHTYD IIEPBOTO MEepPeceKaeT BTOPOil pOBHO
B OJIHOW TOYKe.

As Ag A
~ !
Ay - > . F\ i—/—
>, v

Puc. 1: BaHeHJIeHHbIe TPpEYroJIbHUKH 1 3alCllJICHHbIE IIapbl TOYEK

Teopema S’D: teopema Pajiona ajis npocTpaHCTBa O 3alleILIEHHOCTH MHOXKECTB OJUHa-
KOBOI'0 pa3mepa; juneitnas reopema Kousesi-I'opyiona-3akca, 1981-1983.

Ecau cpedu 6 mouex npocmpancmea nukarxue 4 He aedcam 6 00HOU NAOCKOCTIU, MO
cyuecmsyom 06a 3GUENAEHHLT MPEY2OALHUKE ¢ BEPULUHAMU 68 IMUL MOYKAL.

st tokasarenbcTBa BaM MOHAI00uTCs yTBep K ieHne QS u3 §3.

Hpyrue «osmmviuaanbies 3agaqu — reopema D(d) B §1, 2.3.¢c, 2.5.b, 2.7.b, 3.2, 3.6.(4’-3).
Hepemennpre 3amauan — 3.6.(4-3),(4-2),(4’-2) u B §4, §5.

[Tocne JIKTT mozxete mopemrats §4 u §5. B §5 ecTh mpocToe 10Ka3aTeIbCTBA HMILTHKATIIIH
DMT = SDMT (co cMmeHoii mapaMerpa), KOTOpOe SBJISETCS OJHUM U3 IIAroB B HEJABHEM
IIOCTPOCHUU KOHTPIIPUMEPA K TOIosorndeckoil runorese Teepbepra [Sk16).

As

Ay

Puc. 2: Ykazanue k 3agaue D (k Teopeme Pajona st npocrpascTsa)



Pexkomenganum y49acTHUKAM.

Ecim ycnoBue 3agaun siBiasiercss hpOpMYJIMPOBKOM YTBEPKIEHHA, TO B 3aja4e Tpedyercs
9T0 yTBEPKJeHUe JI0Ka3aTh. Kciau 3ajada BblIEIeHa CJOBOM «TeopeMay (<«IeMMay, «Ciejl-
crBue» M T.J.), TO €6 yrTBepxieHue Oosiee BakHoe. Kak mnpaBuiio, Mbl IPUBOAUM (B BHU-
Jie 3a/1a91) POPMYAUPOSKY KPACHBOTO HJIH BAZKHOTO YTBEPKIEHUSA neped ero dokas3ament-
cmeom. B Takux ciaydagx sl JOKA3aTebCTBa YTBEPKICHUS MOIYT MOTPeOOBATHCA IOCTe-
nytorue 3agaqn. Mbl He ummaeM Bac yaoBobCTBIST caMOCTOATETLHO HANTH MOMEHT, KOI/Ia
Bbl nHakoHen-ro cMoxkere jioKa3aTh Takoe yrBepzkjenue. Boobine, eciin Bl 3acrpsiiim Ha
KaKOM-TO 3aja4e, HOmpooyiiTe mepeiiT K CJeAYIOmMUM, OHH MOIYT OKa3aThCs HOJIE3HBIMHU.
Samevanus ¥ 331291, IIOMEeYeHHbIe 3Be3/I09KaMu, (DOPMaJIbHO HE HCIIOJIB3YIOTCS B JalbHeii-
meM. B TekcTe ompejesieHnsl BayKHBIX IMOHATHUI HMOMEYEHbI >KUPHBIM MIPUEMTOM, ITOOBI
3aTeM OBLIO IIPOIe UX HANTH.

YaacTHuK (MM KOMaH/A), PEIIAONMil 3a/a49i IPOEKTa, Mo/aydaer «6ob» 3a Kaxjoe
IIICbMEHHOE peIleHne JIs IOJIb30BAaTeNs (He sIBJISIONIEECs: IIPOCTO OTBETOM), OIle-
HEHHOe B «+» mian «+.». CM. pekoMengamun https://www.mccme.ru/circles/oim/home/
pism.pdf. /lomomuuTesibabie 600l MOI'YT BBIIABATHCS 38 KPACUBBIE PEIICHUS, PEIIEeHIST CII02K-
HBIX 331249 Wi opopMIIeHne HEKOTOPBIX perrenuil B cucteme TEX. VY Kiopu 6€CKOHEYHO MHO-
ro 6060B. Y KaK/10if yuacTHUKA (MM KOMaH/ibl) B Hadase 1 606. Pemenust MOXKHO ¢iaBarh u
YCTHO, 1 MICHbMEHHO JJIsd pa3paboTdmka, or/iaBas 0juH 000 3a KayKJible IsTh MOIBITOK
(HeBazKHO, yJIAYHBIX HJIU HET).

YdaacTHUKH (MM KOMAH/IBI) CIAIOT pPelleHust JUIHbIM coobmierneM Eropy PsiboBy uepes
https://mattermost.turgor.ru. HampasigiiTe emy 2Ke BOIPOCH U HPOCHOBI O IO/ICKA3Ke
110 3aj1a4aM, Kotopbie y Bac jgosro ne nosydaiorcs. (Mpr camu pactpejenm Mex Ly coboit
IIPOBEPKY pelienuii 1 orBerhl Ha BOHPOCH.) Te, KTO ycmemno paboTaloT HaJ IHPOEKTOM,
3aBOIOIOT IIPABO HOJIYYUTh HHTEPECHBIE JOnoAHUumMesbHble 3a0a4u OAL UCCACO0BAHUA.

[Toxasmyiicra, coobriure HaM, eciu Bbl 3HaeTe pelleHHs KaKHX-TO U3 IIPE/IJTOZKEHHBIX
sagad. (E.g. or if you attended courses by A. Skopenkov on a similar subject.) 910 He mpo-
THBOpEYUT BalmmeMy ydacTuio B MpoekTe, HO 9TO U He 00sg3bIBaeT Bac pemraTh 3TOT MPOEKT.
[Tocsie npoBepku y Bac HekoTOpbIX U3 33/1a4, Ha3BaHHbIX Bamu pentennbiMu 3apanee (Apka-
nuem CkoneHkoBbiM, skopenko@mcceme . ru), Bol cMozkKeTe 110J1b30BATHCS PE3Y/IbTaTaME BCEX
TuX 337a4. [Ipu 3TOM perreHns 3THX 33ja49 He OyAyT CINTAThCAd BammM 1oCTHKeHHeM Ha,
JIKTT. 3aro y Bac nogBuTcsd BO3MOXKHOCTH JOWTH 0 OoJjiee CIOXKHBIX 3a7a4d. Mbl Oyiaem
paJibl UX BBIIATh, OHH y2Ke FOTOBBI!

1 Kak paborarh ¢ YeTbIpeXMepHBIM HPOCTPAHCTBOM !

B zagagax 1.1, 1.4.abc, 1.5.abed, 1.8.cd u 1.9.be gocTaTovuno npuBecTu HpaBUJIbHBIN OTBET.
(3agaqa 1.8.a pazobpana.)

1.1. CKOIbKO TOYEK MOXKET OBbITh B IE€PEeCeYeHUU IMPAMON U IJIOCKOCTH B TPEeXMepHOM
IpocTpaHcTBe?

1.2. CKOJIbKO pelieHuii MOXKeT ObITh y CUCTEMbI JIUHEIHBIX ypaBHEHU

(a) 2x2; (b) 2 x 3 (2 ypaBuenus, 3 nepeMenubix); (c) 3 x 27

Onpenesnm

® NPAMYIO KaK MHOXKECTBO AefCTBUTE/ILHBIX YHUCEJI;

e naockocmsy R? Kak MHOMKECTBO BCeX yHODPSIOUEHHBIX I1ap (x,y) JeHCTBUTENLHBIX YHCEIT
Ty,

o mpexmeproe npocmpancmeo R? Kax MHOXKECTBO BCeX ylOpP#I0UeHHBIX TpoeK (x,%, 2)
JEeHCTBUTE/IbHBIX YUCEeI;



o yemmipermeproe npocmpancmeo R* Kak MHOKECTBO BCeX yIOPATOYEHHBIX YeTBEPOK
(x,y, z,t) 1efiCTBUTE/IBHBIX YUCEI.

Oupesesienne d-meprozo npocmpancmea Re jyist d > 4 naercs aHajIOrMdHO.

B amom mexcme <mpexmepnoe npocmparcmeo R3» kopomko nazweaemes <npocmpan-
CMBOM».

Jlng touex A = (w1, 41, 21,t1), B = (22, y2, 20, t2) € R* 1 uncia A € R oboznauum

AA = Az, Ay, Az, M) 1 A4 B = (21 + 22, y1 + Yo, 21 + 22, t1 + t2).

1.3. Pasbusaer Jjiu gByMepHAasi MIOCKOCTb YeThIPEXMEPHOE MPOCTPAHCTBO Ha Kycku?! T.e.
JIJIS JTIOOBIX JIM JIBYX TOYEK, He JieKallluX B JIByMepHOil m1ockocTu ¢ = y = () yeTblpexmMep-
HOTO IPOCTPAHCTBa (T,y, 2, ), CYIECTBYeT JIOMaHasl, COeINHSIIOIIAs STH TOYKH U He Mepece-
KAaIoWad I1JIOCKOCTD !

s rouek A, B € R* ompeskom AB naspiBaercs muoxkecrso {\A+(1-\)B : X € [0,1]}.
Jlomanot A1 As . .. A, HasbiBaercs obbejunenune orpeskoB A; A; o Bcem i = 1,2, ... n—1.

Yrasanue. g rouek A = (o, Yo, 20,t0) U B, He Jexkanux Ha miockoctu r = y = 0,
OIIpeJIeTUM TOYKHU

A:E :A+(1,0,0,0): ($0+17y07207t0) u Ay:A+(0717070): ($an0+172’07t0)-
Jlokazkure, 910 X0Ta OBI OfHA 3 ToManblx AB, AA, B u AA,B He nepecekaeT IMIOCKOCTD

r=1y=0.

1.4. Yewm gBisgerca mnepecedenue dsymeproti chepol
S?i={(z,y,2) ER® : 2*+y*+ 22 =1}

CO CJICIYIOIIMMHI MHOZKCCTBAMUE:
(a) mpsimast © = y = 0, cofepzKkaias neHTp chepsr;
(b) mockocrs & = 0, copepzkaias neHTp chepsbi;
(c) uepecedenue 10J10AKUTEILHOIO OKTaHTa B R® u 00'beluHeH sl 1By MEPHBIX KOOD/[MHAT-
HbIX HﬂOCKOCTeﬁ, TO €CThb MHOZKECTBO

{(Iayaz)eRg I20>QZO,ZZOI/IZE?JZ=0}
1.5. Yewm sBisiercs mnepecedenne mpermephoti chepol
5% = {(iﬂ,y,%t) cR* : x2+y2+22+t2 = 1}

CO CJICJYIONMMU MHOZKECTBAMMU:
(a) mpsimast © = y = z = 0, comepzKaias 1meHTp chepsbr;
(b) mrockocry x = y = 0, comepKaias eHTp chepsbi;
(c) (TpexmepHasi) rumepiockocTh x = 0, cojepzkalas meHTp chepsl;
(d) epecevYeHne NoJI0KUTEJIbHON «OJIHOM 1MeCTHAAIATON» R*u 00'beIMHEH NS JIBY MEPHBIX
KOOP/JMHATHBIX ILJIOCKOCTEH, TO €CTh MHOXKECTBO

{(z,y,2,t) e R*

x>0,y>0, 2>0, t >0 uxors Obl JBa U3 YETBIPEX YUCE] T, Y, Z,T PABHbI HYJIIO }.



[logmuozxecrso L C R* naspiBaerca mpaMoii, ecin L He gpiagercd TOUKOH U HaiayTcs
rouku A, B € R*, nia xoropwix L = {A+ Bt : t € R}.

[Topmuozkecrso L C R? naspiBaercs (JBymMepHoil) MIOCKOCTBIO, ec/iu L He sBjisiercs Hu
TOUKOM, HU HPAMOit, u Haiiayrcst Touku A, B,C' € R* jia koropeix L = {A + Bt + Cu
t,u € R}.

Pamee y:ke ObL710 BBejeHO ompejesenue mnpamoit. OHAKO jajee MO NPIMOMl moapasy-
MeBaeTcs Jpyroe — IOAMHOKeCTBO B RY, ompemesnenne KOTOpOro aHaIOIHYHO BBINICIIPHBE-
JIEHHOMY. AHAJIOIMYHOE 3aMevaHue CIPABEJIMBO U JIJIsl LJIOCKOCTH.

1.6. Hanummure anajoruynoe onpejejenue (TpexMepHoil) runepiiockoctu B RY,

B pemeHudx CJICAYIoInuX 3a/4a1 O YeTbIPEXMEPHOM IPOCTPaHCTBE Bbl MO2KeT€ MUCIIOJIb30-
BaTb 0e3 JOKa3aTeIbCTB

e BCe cTporo cgopMmyaupoBanibie Bamu BepHble (haKThl O PENICHUIX CUCTEM JUHEHHBIX
YPaBHECHUI;

e pesyJibrarsl 3aja4uu 1.7.

1.7. * (a) Ilommuoxkectso L C R? apigercs runepiiocKocTbio TOIJA U TOJLKO TOL/A,
korna L # (), L # R* u cymecrsyior a,b,c,d,e € R, taxue 4aro

L={(z,y,2,t) €R* : ax +by +cz+dt =e}.

(b) Moamuoxkecrso L C R* apjisiercs m1ockocTbio Toria u TOJABKO Tora, Korja L # (),
L # R*, L He gBagercs rUIepILIOCKOCTBIO B CYMIECTBYIOT ay, by, ¢1, dy, €1, aa, by, ¢z, do, €5 € R,
JIUISL KOTOPBIX

L={(z,y,2,t) €R* : ayz+biy+crz+dit =e1, ax + by + coz + dot = e5}.

(c) Cchopmytupyiite u jloKazKuUTe aHAJIOIMUHOE YTBEpz leHue s upamoit B R,

1.8. Yem moxker ObITH mepecedenne B R:
(a) upsimoit u runepmiockocru?  (b) npsmoit u mwiockocTu?
(¢) mrockocru u runepiiockoctu?  (d) aByx rumepruiockocreii?  (e) AByX miockocreii?

Ilodckaska ® (a). Omeem. Ilycroe MHOXKECTBO, TOYKA, MPIMAsi.

Ipumepwn. psimast ¢ = y = 2z = 0 nepecekaercsi ¢ rUIEPILIOCKOCTBIO © = 1 10 mycToMy
MHOXKecTBY. [Ipamasg z = y = z = ( mepecekaeTcsd ¢ THIEPILIOCKOCTbIO t = () MO TOUKe.
[Ipamag x = y = z = 0 mepecekaeTcd ¢ THNEPIIOCKOCTHIO T = () MO TPSIMOIA.

Jlokasamenvemeo mozo, wmo dpyeue nepecenenus He6o3MoHcHbl. JJ0CTaTOIHO TO0KA3aTh,
qTo eciu epecedenne B R? npsamoit [ 1 ruIepIIOCKOCTH COMEPAKHUT XOTH Obl JBe TOUKH, TO IIe-
pecedeHne COBIAIAET ¢ MPAMOM [. DTO BEPHO, TaK KaK 044 A1000L J6YT Mouer cyuwecmsyem
eduHcmeentas npamas, codepocawasn obe amu mowku. Ilocienanit paxkT JIErKO BBIBOANT-
cs u3 onpesesenus npsamoii. (Bo MHOrEX Ipyrux u3aoxkeHHsX 3TOT (haKT NPHHAMAETCS 32
AKCHOMY. )

1.9. /Tist pasiuunbix Touek X, Y € R* onpenesum npamyio XY kak {X + (Y — X)t =
(1—-t)X +tY : t € R}. Jlna rouek X,Y, Z € R, me jiezkanux Ha 0IHOI IIPSMOIA, OIIpe e/ THM
naockocms XY 7 Kak

X+ Y -X)t+(Z-X)u=(1—-t—u)X +tY +uZ : t,ue R}

Hukakme marb u3 BocbMHu Todek 1,2,3,4,5,6,7,8 B R* me jeskaT Ha OZHOI THIEPIIOCKOCTH.
Yem MoxkeT ObITH lIepecevYeHue:

(b) upsimoit 12 u mrockocru 5677 (d) runepmiockocreit 1234 u 56787

(e) miockocreit 123 u 5677



BrinykJioii 060/109K0if KoHeaHOro Habopa Touek A1, ..., A, € R? maspBaeTca MHOKe-
CTBO

<A1,...,An> :{)\1A1+—|—)\nAn . >\1,...,)\n20, )\1—|—+>\n:1}

1.10. Boinykias 060/09Ka KOHEYHOr0 HAOOPA TOYEK Ha MJIOCKOCTH — HAMMEHBINHi (110
BKJIIOYEHUTO, MJIH 110 IUIOMIA/(H) BBILYKJIbIH MHOIOYTOJBHUK, X COAEDPZKAIIMIA.

Teopema D(d): reopema Panona.

Jhobwve d 4+ 2 mouku d-mepro2o npocmparcmea moxcro pazbumsv wa 06a MHOIICECTNEA,
BHNYKABLE 000A0YKY KOMOPLLL NEPECEKAIOMCA.

HanyrcrBue. OOBIYHO TOJBKO HPOCTENINE CBOICTBA B IMJIAHUMETPUH U CTEPEOMETPUH
BBIBOJISAITCSI U3 AHAJUTHYECKUX OLpEJeTeHuil (Ui zKe MPUHAMAIOTCS 3a aKCHoMbl). Bouee
CJIOZKHBIE CBOCTBA MOIYT ObITh BBIBEJEHBI M3 MPOCTEHIINX «CHHTETHYECKH» (T.e., KaK B
IIKOJIbHO{T reomMerpun, Ge3 MCII0JIb30BaHUs AHAJIMTUYECKUX onpesesnenuii). Hacro OGbiBaer
YI00HO CBECTH JBYMEDHYIO 3aJa4dy K OJHOMEPHOH (T.e., K 3a/ade HA HPSMOM), a TPexmep-
HYIO 33/[a9y — K JBYMEpPHOi. AHAJOTUYIHO, JIYUIIHNA TOAXO/] K CJIEYIONUM IeThIPEXMEPHBIM
3a/[a9aM — 3TO aHAJOTHS C TPeXMepPHBIMU 3a/Ia9aMu, WU CBeJeHne K HIM.

2 JlemMBbI O YeTHOCTHU

Jlemma 2.1 (o gernoctn). Ecau us 6 éepuun 06YT mpeyzoronukos na naoCkoCcmy HUKAKUe
3 He saeoHcam na npamot, mo KOHMYpvl IMUT MPEY20AbHUKOS NEPECEKAOMCA 6 YETHOM
YUCAE TOYEEK.

Jlokasameavcmso. KonTyp TpeyroibHuka pasbubaer miockocThb.! JloManas, cocraBiennas
U3 CTOPOH OJIHOIO TPEYTrOJIbHUKA 3aXO/[UT 6HYMpPs JIPYroro TPEYroJbHUKA CTOJBKO Ke pa3,
CKOJTBKO BBIXOTUT HAPYHCY. O

Heckoiibko TOUYEK ILUIOCKOCTH HAXOAATCHA B OOIIEM IOJIOXKEHUH, eC/Iu HUKAKUe TpU
U3 HUX He JleKaT Ha IPAMOW M HUKAKHe TPU OTPe3Ka, UX COeJUHMIoNnne, He uMeloT obieit
BHYTPEHHEH TOYKHU.

2.2. (a) Haxogsrest i Bce TOYKH OKPY?KHOCTH B ODIIEM [1OJIOZKEHHH
(b) Eciin Bepiimubl IBYX HUIOCKUX JIOMAHBIX HAXO/STCS B O0IIEM HOJIOZKEHUH, TO JIOMAHbIE
[IEPECEKAIOTCA B KOHCYHOM YNCJIEe TOYCK.

Yrasanue: (AUB)NC = (ANC)u(BNC).

2.3. (a) ILirockocTs HeJIb3sd 1npeacraBuTb B BU/E O6'be,H‘I/IHeHI/IH KOHEYHOI'O Y1CJla IIPAMBIX.

(b) CymectBytor s 100 Todek 0BIIEro MOJOKEHHs HA MIOCKOCTH !

(c) Ha maockoctu mMeercss 14 Todek 0OIIEro MOJOXKeHUs: 7 KPACHBIX U 7 KeaTbix. To-
713 KOJHYIECTBO BCEX TOUYEK IePECedeHrs KPACHBIX OTPE3KOB (T.e. OTPE3KOB, COEUHSIONIX
KpaCHbIE TO“IKI/I) C 2KeJITbIMU OTPE3KaMU Y€THO.

Jlemma 2.4 (o wernocru). Feau nukaxue 4 u3 7 eepwun mpeyzorvhuka u mempasdpa 6
NPOCMPAHCNEE HE AEHCATN HA 0OHOT NAOCKOCTIU, TO KORIMYD MPEY2OAbHUKA NEPECEKAEMCA,
C 2ParAMU Mempasdpa 6 YEeMmHOM YUCAE TOYERK.

Hecko/ibKO TOYEK B HPOCTPAHCTBE HAXOAATCH B OOIEM IOJIOXKEHWHU, €C/IU HUKAKUEe
4 u3 HUX He JIeKaT Ha OJIHON IJIOCKOCTU, U HUKAKHE OTPE30K, TPEYTOJbHUK U TPEYTOJbHUK,
HATIHYTbIe HAa HHUX, HEe UMeOT o0Ieil BHyTpeHHeil Touku. [Ipumep mectu Todek oOrero
HOJIOYKeHUs M300pazkKeH Ha puc. 3.

!9ror dakt, B oTmume oT Kycouno-aunetinot meopemnr XKopdana [Sk20, §1.4], noxaspiBaercsa 6e3 uc-
[I0JIb30BAHMSL JIEMMbI O 4€THOCTH.



Puc. 3: [Ilectb TO4YeK 00I11EI0 1OJIOXKEHUS B IPOCTPAHCTBE

2.5. (a) Cymecrsytor su 100 ToIeK OOIIEro MOMOKEHUS B IPOCTPAHCTBE?!

(b) B mpocrpancrBe umeercst 17 Todek o0mIero moJioxKenus: 7 KpacHbix u 10 2KeJThIX.
Toria KOJIM9IecTBO BCEX TOYEK [EePEeCeYeH s KPACHBIX OTPE3KOB (T.e. OTPE3KOB, COEMHATONTIX
KPACHBIE TOYKH) C JKEJITHIMU TPEYTrOJbHUKAMHU YETHO.

Jlemma 2.6 (o wernocrn). Ecau nwurakue 5 us 8 eepwun deyr mempasdpos 6 wemwipex-
MEPHOM NPOCMPAHCNEE HE AEAHCAM WA 00HOT 2UNEPNAOCKOCTU, M020a NOBEPTHOCTIU IMUL
mempasdpos NEPecekaomes 6 YEMmHOM YUCAE GHYMPEHHUT TOYER.

YKa3anue: BO3bMUTE CedeHne THIIEPIIOCKOCTBIO OJIHOTO U3 TeTPa’/IPOB.

HeckoiibKo TOYEK B 4eTbipeXMepHOM HIPOCTPAHCTBE HAXOAATCH B OOIIEM MOJIOYKEHNUN,
ec/Id HUKaKue D U3 HUX He JieyKaT Ha OJIHO IUIIePIJIOCKOCTH, U HUKAKue TPU TPEyTrOJIbHHUKA,
HATAHYTHIe HA HUX, HE UMEIOT O0Ieil BHyTpeHHell TOUKH.

2.7. (a) CymecrByior ju 100 Todek OOIIEro MOJIOKEHUSI B YETBIPEXMEPHOM POCTPAH-
cTBe?

(b) B gerbipexMepHOM HpPOCTPAHCTBE HMeeTcsi 16 TOUeK OOMIero MmOJOKeHHs: 8 Kpac-
HbIX U 8 xearbix. HazoBem kpacroimu/otcesmoimu aByMEPHBIE TPEYrOJbHUKH, HATSHYTHIE
Ha KpacHble/zKeaTbie TOUYKH. Torja KOJM4ecTBo TOYeK HepecedeHrsi KPACHBIX TPEYTroJbH-
KOB C KeJITBIMU TPEYTIOJIbHUKAMHU Y€THO.

3 KoJm4decTBeHHbIE BEpCUN

Q = quantitative. Ec;in nukakue 3 u3 4 T049€K ILIOCKOCTU HE JIEZKAT HA MPSIMOIL, TO CyIIe-
CTBYeT POBHO OJHO UX pa30HeHue Ha JBa MHOYKeCTBA W3 TeopeMbl PajioHa I MJIOCKOCTH.

QS: kosmuecTBennasi Teopema PajioHa Jijis IUIOCKOCTH O MHOYKECTBAX OJIMHAKOBOI'O Pa3-
Mepa; JnHeitnass Teopemva Ban Kamiena-®opeca Jiist JI0CKOCTH.

Eciu cpenu 5 TOYeK IJIOCKOCTH HUKAKHe 3 He JieXKaT Ha MPIMOil, TO KOJHYECTBO TOYEK
epecevdeHnsl BHYTPEHHOCTE OTPE3KOB, COeIUHSIIONINX JaHHBIe TOUKH, HEIETHO.

QD: kosimuecrBennast Teopema PajioHa Jijisi 1pOCTpaHCTBA.

(3) Eciau Hukakue 4 w3 5 TOYEK MPOCTPAHCTBA HE JiexKaT B OJHOMN ILIOCKOCTH, TO CYIIe-
CTBYeT POBHO OJIHO WX pa30ueHne Ha JBa MHOXKECTBA, BBIMYKJble 0D0JIOYKH KOTOPBIX Iepe-
CeKaTCs.

(4) Chopmynupyiite n JJOKazKUTe YeTHIPEXMEPHBIH 1 d-MepHbBIiT aHAJIOL.

Teopema QSD: koJsimyecTBeHHasi TeopeMa PajioHa Jijisi MPOCTPAHCTBA O MHOXKECTBAX
HOYTHU OJIMHAKOBOTO Pa3Mepa.

(8) Ecau cpedu 6 mouex npocmpancmeas HUKGKUE 4 He AexHcam 6 00HoT NAOCKOCTU, Mo
KOAUYECTNBO MOYEK NEPECEUEHUA BHYMPERHOCTNET 0MPE3K08, COLIUHAIOULUT JaHHbIE MOYKU,
¢ (deymeprbLMU) MPEYLONLHUKAMU, HAMANYMOLMU HA JAHHbLE MOYKY, YeTMHO.



(4) Ecau cpedu 7 mouer uemupexmeprozo npocmpancmed HUKGKUe § He AexHcam 6 00-
HOT 2UNEPNAOCKOCTNU, MO KOAUYECTNBO MOYEK Nepecedenus (08YMePHuT) MmpeyzosvnukKos,
HAMAHYMOLT 1A OGHHBLE MOYKU, HEUEMHO.

JLnsa Teopembr QSD.4 Bam monaobutcs Teopema QQS’D Huke.
CBOICTBO OBITH 3AIEIJICHHBIME HE CHMMETPUYHO AlPUOPH.

JIemMma 3.1 (0 cummerpun). Tpeyeonvruru A u A’ 6 npocmpancmese sauenaenv. mozda u
moavko mozda, xozda A u A sauenaeno.

3.2. B mpocrpanctBe mmeercda 13 Todek: 3 kpacHbIX u 10 KenToix. Hukakme deTbIpe
U3 HUX He JexKaT B OHOI ILTOCKOCTH. /lOKakKuTe, 9TO KOJHMIECTBO YKEJITBIX TPEyTroJbHU-
KOB, 3allelJIEHHBIX ¢ KPACHBIM TPEyTrOJbHUKOM, 4eTHO. Kpacuvim (sicesmoim) mpeyzonvhu-
KOM HA3BIBAETCs JIIOOOH TPEYroIbHUK ¢ KPACHBIMHU (2KEJITHIMU) BepPIIHHAME. 1 PEyroibHUKH,
OTJIMYAIOINIMECS TePeCTaHOBKON BEPIIUH, CYUTAIOTCH OJIMHAKOBBIMH.

3.3. B upocrpancrse ompesox p naxodumes nod ompeskom q (upu B3ruse u3 rouku O),
ecan cymecrByer jyd OX ¢ konnom O, nepecekaroriasi 0Tpe3ok p B touke P :=pNOX, a
orpe3ok ¢ B Touke ) := qNOX, P # @, tak, uro () jexur BHyTpu orpeska OP.

[Iycts Hukakue dernipe u3 Touek O, Ay, ..., A5 B IpocTpaHCTBe He JieXKaT B OHOII ILJI0C-
KOCTH, U CYIIECTBYeT ILIOCKOCTD, oTaengmomast O ot Ay, ..., As. Torna tpeyroapankn O A; A
u A3 A4 As 3anieiienbl TOrIa U TOJIBKO TOra, Korua Ay A paciio/iozKeH 10/ HeYeTHbIM YHCJI0OM
CTOPOH TpeyrojibHuka AzAyAs.

Teopema QS’D: kosmmuecTBeHHas TeopeMa Pajiona /it npocTpaHCTBa O 3alelIEHHOCTH
MHOKECTB OJIMHAKOBOTO pa3Mepa.

Ecau cpedu 6 mouer npocmparncmea Hukaxue 4 e aescam 6 00not naockocmu, mo KoAu-
Yecmeo HeYnoPAJOUEHHBLT NAP 3AUENACHHHLT MPEY20NDHUKOE C BEPULUHAMU 6 IMUL MOUKAL
HEYEMHO.

Teopembr SD u QSD moka3siBaloT, 94TO IPH HEPEX0/ie 0T PA3MEPHOCTH 2 K PA3MEPHOCTH 3
CBOMCTBO CyIIECTBOBAHUS HEPECEUCHUs COXPAHSIETCs, B TO YK€ BPEeMsl 9€THOCTb YHC/Ia Iepe-
cedyenuii uamensercda. Hedernomepunie anasiorn SD u QSD umeror 6osiee cuibHyio (popMmy:
teopeMbl S’D u QS’D.

Cutestyroniye cBOiiCTBa PACHEIIEHHOCTH CBsI3aHbl CO cBoiicTBaMu nepecedenuit QS, QSD.

3.4. (2) CymiecTByoT 5 TOYEK IJIOCKOCTH, HUKAKHE 3 W3 KOTOPBIX HE JIexKaT Ha OJHO
IPAMOIl I TaKHe, ITO JII000# OTPE30K, COeIUHSIONNI 2 U3 HUX, IIepeceKaeT KOHTYD TPeyrob-
HUKA, 0OPa30BAHHOIO OCTAJIbHBIMU 3-Msi, B YETHOM HYHCJI€ TOYEK.

(27) st 1100bIX 5 TOYEK IJIOCKOCTH, HUKAKHE 3 M3 KOTODBIX HE JIEXKAT Ha OJHOI mpsi-
MOM’, YUCJIO OTPE3KOB, COEJMHLIONINX 2 U3 HUX, U HEePEeCEeKAIONNX KOHTYP TPeyroJibHHUKA,
00pa30BaHHOI'O OCTAJIBHBIME 3-Md, DOBHO B OJHON TOYKe, I€THO.

Bajaua 3.4 o3HaUAeT, YTO KazK/as lapa TOYEeK «pacueluieHay (T.e., He «3allelieHay) ¢
TPEeyroJbHUKOM, 00pPa30BaHHOM OCTaJ/IbHbIMU 3-Ms. Mbl He OyjieM HPUBOJIUTH aHAJOIUYHbIE
MOSICHeHus [T cBoiicTB 3.5.3, 3.6.(4-2),(4-3) nmxke.

B mpocrpancrBe BMECTO CBOWCTBA pPACHEILIEHHOCTH 3.4 €CTh CBOWCTBO 3aleILICHHOCTH
(reopema QS’D) u caiepyronue ¢cBORCTBA PACIEIIEHHOCTH.

3.5. (3) CymecTBytoT 6 TOUEK B IPOCTPAHCTBE, HUKAKKE 4 U3 KOTOPBIX HE JIesKaT B OJIHOI
IJIOCKOCTU U TaKue, YTO JI000H OTPe30K, COeJUHMIONINNA 2 U3 HUX, IIepeceKaeT IMOBEPXHOCTh
Terpasd/ipa, 00Pa30BAHHOIO OCTABIIUMUCH 4-Msi TOYKAMM, B YETHOM YHUC/IE TOYEK.

(3’) Ecoin nukakue 4 u3 6 TOYEK NPOCTPAHCTBA HE JIEKAT B OJHON IMJIOCKOCTH, TO KO-
JITYECTBO TOYEK IepecevyeHus] OTPE3KOB, UX COeIUHSAIONIUX, ¢ MOBEPXHOCTSIMHU TETPAdIPOB,
00pa30BaHHBIX OCTAIONUMHUCS 4-MsI TOUYKAMU, I€THO.



3J/iech MOXKHO C/Ie/IaTh 3aMedaHue, aHaJOTHIHOe 3aMedaHuio mocie TeopeMbl QSD.

Bbuio 661 uaTEpECHO JoKa3aTh yrBepxkaenue 3.6.(4’-3), runoressr 3.6.(4-3),(4’-2),(4-2) n
UX aHajoru B 6osbimx pasmeproctsix. (Mpr Guarogapast M. Tannepy 3a npucjiannoe Ham
JokazareabcrBo PL Bepeun yrBepxienus 3.6.(4-3).)

3.6. (4’-3) Ecam uukakue 5 u3 7 TOYEK B YETHIPEXMEDHOM HPOCTDAHCTBE HE JieXKaT B
OJIHOI I'MIIEPILIOCKOCTH, TO KOJIMYECTBO TPEYIOJIbHUKOB, 00PAa30BaHHBIX 3-Ms U3 HUX, U Iie-
peceKaronux Terpasd/ip, 0bpa3oBaHHbIl ocTaBIIUMKUCH 4-Ms TOYKAMU, POBHO B OJIHON TOYKE,
9YEeTHO.

(4-3) CymiecTBytoT 7 TOYeK B 4YeTHIPEXMEPHOM IIPOCTPAHCTBE, HUKAKHE 5 M3 KOTOPBIX
HE JIeXKaT B OJIHOM I'MIIePILIOCKOCTH U TaKue, 4To JIFOOOH TpeyroJibHUK, 00pa30BaHHbIN 3-Msi
U3 HUX, IIepeceKaeT IOBEPXHOCTh TeTpad/ipa, 00Pa30BaAaHHOI'O OCTABIIUMUCH 4-Msi TOUYKAMU, B
YEeTHOM YHUCJIE TOYEK.

(4’-2) Ecsin Hukakue 5 u3 7 TOYEK B YE€TBIPEXMEPHOM IIPOCTPAHCTBE HE JieXKaT B OIHO
IUIEPIJIOCKOCTH, TO KOJHUYeCTBO TOYeK IepecevdeHus] OTPe3KOB, X COeJIUHSIONINX, C TpeX-
MEPHBIMHU MOBEPXHOCTAME YeTHIPEXMEPHBIX CHUMIJIEKCOB, 0OPA30BAHHBIX OCTABIIMMUCS D-I0
TOYKAMM, YETHO.

(4-2) CymecTByor 7 TOYEK B Y4€THIPEXMEPHOM IIPOCTPAHCTBE, HUKAKUE 5 U3 KOTOPHIX He
JIeKaT B OJHON I'HMIIEPILIOCKOCTH U TaKHe, ITO JI000il 0Tpe30K, COeTuHAONNN 2 13 HUX, IIe-
pecekaeT MOBEPXHOCTH YeThIPEXMEPHOI0 CUMILIEKCa, 0OPa30BaHHOTO OCTABIINMUCS D-0 TOU-
KaM#, B YeTHOM YHUCJIe TOYEK.

4 Kparubsie Bepcun (M)

M = multiplicity. Jlio6b1e 17 ToUek Ha ILJTIOCKOCTH MOYKHO Pa30dUTh HA 3 MHOXKECTBa, BbI-
MyKJIble 000JIOUYKH KOTOPBIX UMEIOT OOIILYIO TOYKY.

Puc. 4: Obmasg Touka TpexX BBIIYKJIBIX 000T09eK

Aokasamenvcmeo. BepmuHbl 110000 BBILYKJIOTO 8-yrOIbHUKA Ha IJIOCKOCTH MOYKHO pas-
OUTH Ha 3 MHOYKECTBA, BBIILYKJIbIE OOOJTOYKH KOTOPBIX UMEIOT 00y TouKy (puc. 4).

Eciu y Bbinyk/oit 060J109K1 1aHHOTO MHOXKecTBa U3 17 (mwim gaxke u3z 11) rodek He
MeHee 8 BepIInH, TO pa300beM 3T BOCEMb BEpIIMH Ha, 3 MHOXKECTBa Kak Bbile. Ecin ke y
Hee MeHee 8 BepUINH, TO 0O03HAYNM depe3 57 MHOKECTBO 9THX BepIinH. OCTaBIIMXCA TOIEK
ue MeHee 4. [losToMy HX MOKHO pa3OUTD Ha JBa MHOXKECTBA, BBIIYKJIbIE 000T0YKH KOTOPBIX
nepeceKaroTCa. DTO IepecedeHne JIeXKUT U B BBITYKJION 000T0YKe MHOYKeCTBa 1.

Teopema 4.1 (M: r-xparnas Teopema Pajmona g mrockocru; Teopema TBepGepra st
wiockoctd, 1965). Jlobve 7 mouer naockocmu MoHCHO pasbumb Ha 3 MHONCECTNBA, SbNYK-
AbLe 000N0YKY KOMOPBLL UMEIT, 00ULYI0 TOYKY.

Jobvie 3r —2 mouku naoCKoCmUu MOHCHO Pa3OUMD HA T MHOHCECTNE, BVINYKABLE 000A0UKY
KOMOPLLT uMerom 06ULY10 mouKy.



Puc. 5: Obmasg Touka Tpex BBIIYKJIBIX 000I09eK

[Ipex e, vem moka3biBaTh TeopeMbl M u DM, pekomenayem pemuth 3aga4n 4.2, 4.3, 4.4,
4.6.

4.2 (cp. ¢ Teopemoit M). (a) CymecTtByor 6 TOUeK MIOCKOCTH, MPH JHOO0M pa3brneHun
KOTOPBIX H& 3 MHOKECTBA BBIIYKJIbIE ODOJIOYKHM 9TUX MHOXKECTB HE MMET OOLIeil TOYKH.

Yrasanue. BozbMmeM 110 nape TOYEK OKOJIO KarK/ION BEPIIMHbI TPEyroJibHUKA.

(b) CymiecrBytor 7 TOYEK HJIOCKOCTH, HU OJHA M3 KOTOPHIX HE JIEKHT HU B OJHOM U3
TPEyroJbHUKOB, 00Pa30BAHHBIX OCTABIIMMUCH TOYKAM.

Yxazanue. Bo3bMeM BepIIMHBI BBIITYKJIOTO 7-yTOJTbHUKA.

(c) CymecTByIOT 7 TOUYEK ILIOCKOCTH CO CJIEAYIONINM CBOiicTBOM. Bo3bMeM Jiio0bIe 1Ba OT-
pe3Ka, COeMHSIOIINE JIBe HEIIEPECeKAIONIMECs aphl JJAHHBIX ToUeK. Toraa b0 9T 0TpesKn
HE 11€PEeCceKaloTcs, MO0 MX TOYKA IE€PEeCeueHus HE JIEKUT B TPEeyroJbHHUKe, 00pa30BaHHOM
TpeMs OCTABIINMUCH TOYKAMH U3 JAHHDIX.

Yrasanue. BosbMeM BepIINHBI HPABUILHOIO TPEYTOJIbHUKA U ero Henrp. JobaBum K B3d-
TBIM TOYKAM CEPEIUHBl OTPE3KOB, COCIUHAIONINX BEPIIMHLL ¢ HEHTPOM.

(d) OBobiuTe TN HIPUMEPHI HA I~-KPATHbI CJLydaii.

Koaunwecmsennan mpexkpamnas meopema Padona daa naockocmu (QM) nenspecTHa!

4.3. CymecTByior Jjin 6 TOYEK Ha IJIOCKOCTH, IIPH JIIOOOM pa3dueHnn KOTOPBIX Ha 3 MHO-
JKeCTBA BBIIIYKJIbIE 0O0JTOYKHA HEKOTOPBIX JBYX H3 9TUX MHOYKECTB He MepeceKatoTcs?

4.4. (a) s Bepiiue 1paBUJIbHOIO 7-yroJbHUKA YUCI0 pa3duennii u3 reopeMbl M paBHO
7.

Yrazanue. Kazknoe Takoe pa3bueHne moxoyke Ha MOBEPHYTOe pa30OMEHHe C PHC. D CTIEeBA.

(b) st Touek pUCYHKa 5 CIpaBa 4ucjao pasbuenuii u3 reopembl M paBHO 4.

YKxazanue. D10 caeyer u3 TOro, YTo JiId KazKI0I0 TAKOr0 pa3dueHust O{Ha U3 BBIILYKJIBIX
000JI04€K — 3TO TPEYIrOJIbHUK ¢ 1epBOil Bepinuuoit 4, Bropoit Bepuunoit 1 wiu 2 u rTperbeit
BepHInHOi 6 uin 7.

Jameuarue. OTCIOIa BBITEKAET, YTO CAEAYIOMAs CyMMa HMeeT DA3HYI YeTHOCTb JIJIs
JIBYX BBIMIEYIOMSHYTBIX 7-3JIeMeHTHbIX MHOXKecTB M, , M,

v(M;) = > | (Ry) N (Ry) M (Rs) |-
{R1,R2,R3} : M;=Ri1UR2UR3

Cwm. mozpobuee [Sk18, §2].

Teopema 4.5 (DM: r-xkparnas teopema Pajgona jyisi npocrpancrsa; reopema Tsepbepra
Jtst poctpancTBa, 1965). Jlobvie 4r — 3 mowku npocmpancmea mMoscho paszbums Ha T MHO-
HCECTNG, BVINYKABLE 000A0UKU KOMOPLLL UMENT, 00ULYI0 TOYKY.

4.6 (cp. ¢ reopemoit DM). (a) CymecrBytor 8 TOYeK MPOCTPAHCTBA, LHPU JIOOOM pas3-
OMEeHNH KOTOPBIX Ha 3 MHOXKECTBA BBIIYKJbIe 000JOYKH TUX MHOXKECTB He MMEIOT obIeit
TOYKH.
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(b) CymectBytor 4r — 4 TOYeK MPOCTPAHCTBA, MPH JIOOOM pa30HeHHH KOTOPLIX Ha I
MHO2KECTB BbIIIYKJIbIE O6OJ’[O“IKI/I 9TUX MHO?KeCTB HE€ UMEIOT 06]_[[6171 TOYKH.

(¢) Cymecrsytor (r — 1)(d + 1) rouek d-MepHOro npocTpaHcTBa, NpH JIOO0M pazbueHun
KOTOPBIX Ha 7" MHO2KECTB BbIIIYKJIbIC O60ﬂ0‘{KI/I 9TUX MHOZKECTB HE UMEIOT O6HL€I71 TOYKH.

4.7. * Chopmympyiite n joKazKuTe aHajgor 3aja4u 4.3 U1 NPOCTPAHCTBA.

B nokazaresnbctBax Teopem M u DM M0:KHO ncmoib30BaTh 6€3 JI0Ka3aTeIbCTBa, IBETHY IO
reopemy Kapareomopu (710Ka3aTebcTBO KOTOPOil He SIBJISIETCS YAaCThIO TOrO MPOEKTA).

Teopema 4.8 (Bapaub; nsernas teopema Kapareomopu). IIycmo mouka 0 € R™ aeorcum 6
euNYKA0T 000A0uKe Kancdozo usd n + 1 Koneunwvix mruoocecme My, My, ... M, C R". Tozda
cywecmeyrom mouku m; € M;, daa komopox 0 € (Mg, mq, ..., my).

Teopema 4.9 (SM: rpexkpaThas Teopema PajioHa Jjig MaJIOil pa3MepHOCTH O MHOXKECTBAaX
OJIMHAKOBOIO pa3Mepa; JuHeiiHas Teopema Capkapuu, 1991). * Uz awbwuxr 11 mouek npo-
CMPAHCNEA MONHCHO 6bLOPATNL 3 NONAPHO HENEPECERAIOULUECH MPOTKY TMaK, wmobv, mpu mpe-
Y20AbHUKaA, 00PA3068aHHbBLE IMUMY MPOUKAMU, UMEAY 00WYIO TOYKY.

4.10 (cp. ¢ reopemoii SM). CymecrBytor 10 TOYeK MpOCTPAHCTBA, U3 KOTOPHIX HEJb-
35 BbIOpaTh 3 HOIAPHO HellepeceKaoluecss TPONKHU, BbIIYKJIble 000/I0YKU KOTOPbIX UMEIOT
O0ILYIO TOYKY.

Teopema 4.11 (SDM: r-kparnasi reopema Pajiona Jijisi Hpou3BOJIbHOI Pa3MEPHOCTH O MHO-
JKECTBAX OJMHAKOBOIO pasMmepa; JmHeiinas teopema Capkapuu-Bososukosa, 1991-1996). *
Ecau r — emenens npocmozo, mo us mobvx (kr + 2)(r — 1) + 1 mouex npocmpancmea R
MOJHCHO 6bLOPATN® MAKUE T NONAPHO Henepeceraowurces nabopos no k(r — 1) + 1 mouke 6
KaoAcAoM, 4mo GuinyKkAble 00040%KU IMUL HAOOPOS UMENM 00WYI0 TOYKY.

Bepen jtn anasior s1oit Teopembr st 7 = 6, HEU3BECTHO!
Koaunwecmsennoie sepcuu (QSM), (QDM), (QSDM) nensBecTHbI, JazxKe eciu 1 — CTe-
nerb npocroro! Bepcus (S’M) o mpexkpamnot sayenaennocmu Hem3BecTHa, cM. [Skr|.

5 Ilpunoxenue: Tonongornydeckue Bepcuu (T)

Haunem ¢ ycunenus memianapuocru rpada Ks — monoaoeuueckot sepcuu (ST) meopemot
Padona drsa naockocmu o muoscecmsar 00unaro6020 Pa3mepa.

Bysem paccmarpuBarh Takue mzobpazkenust rpada Ha IJIOCKOCTH, HPHU KOTOPbHIX pedpa
n300parkaloTCs JIOMAHBIME U JIOILYCKAIOTCs camoriepecedenusi. Dopmasimsyem 910 mosiCHeHUe
s rpada K.

Kycouno-nuneiinbim (PL) orobpaxkenuem f : K, — R? rpada K, B mI0CKOCTb
HA30BeM HabOpP (3) (HE3aMKHYTBIX) JIOMAHBIX, TIOMAPHO COEIUHSIONINX HEKOTOPBIE 7 TOYEK
Ha wiockocru. O6pasom (o) pebpa ¢ Ha30BeM JIOMAHYIO, COOTBETCTBYIOILYIO peOpy O.
Obpasom nabopa pebep HazoBeM 00beAuHEHHE 00PAa30B pedep u3 Habopa.

Teopema 5.1 (ST). Jlaa awbozo PL omobpascenus epada Ks 6 naockocmo natidymes dea
HECMEINCHDLT PEOPA, 00PA3bL KOMOPHLL NEPECEKAIOMCAH.

Teopema (ST) BoiBoHTCH U3 ee KommaecTBennoil Bepcun (QST): mpu «caywaitnom» u306-
pazkenuu rpada Ky Ha IUIOCKOCTH KOJIMYECTBO TOYEK HEPeceYeHnsl HeCMezKHbIX pedep Hever-
HO (B BBIBOJIE HMCIIOJIb3yeTcst arnpokcumManus [Sk20, JIemva 06 annpokcumaryn 1.4.6b).)

Ilycrs f : K, — R? — PL orobpazxenue. OHo HasbiBaeTca PL oTobpazkennem obimero
MMOJIOXKEHMS, €C/IM BCE BEPIINMHbI JIOMAaHbIX HAXO/STCH B O0IIEM 1OJIOXKeHUn. Torga odpas3bl
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JIIOOBIX JIByX HECMEXKHBIX pedep IMepeceKaloTcsd B KOHETHOM 4ucie Touek. Hazosem umcaom
Ban Kammnena (uin unBapuantom camonepecedennsi) v(f) 4eTHOCTb YHMCIa TOYEK Mepece-
JeHust 00Pa30B HECMEXKHBIX pedep.

Teopema 5.2 (QST). Jlas awbozo PL omobpascenus obusezo norostcerus epaga Ks 6 naoc-
Kocmob wucao ear Kamnena newemmo.

IIpumep 5.3. (a) Bunykaod namuyzoivruk u e2o duazonasu obpasyrom makoe PL omo6-
pasicenue obuiezo noroscenus f: Ks — R2, wmo v(f) = 1.

(b) Bonykaviii wemwipexyzoavruk u ezo duazonaru obpasyiom maroe PL omobpasicerue
obwezo nonoocenus f : Ky — R% wmo v(f) = 1. Tpeyeoavrur u mouka 6HYymMpu Hezo
obpasyrom maxoe PL omobpasicenue obuiezo norosicenua f: Ky — R2, wmo v(f) = 0.

JIemMma 5.4 (o uernocru). Ecau sepwunv, 06YT 3aMEHYMOLET NAOCKUT AOMAHOLE HATOOAMCA
6 00ULEM NOAOHCEHUU, MO NOMAHYLE NEPECEKAIONCA 6 YEMHOM YUCAE MOYEK.>

HoxkazarenscrBo Teopembl (QST). Beuay sagadu QS gocrarodno JoKa3arh, 4ro
v(f) = v(f") ans mobbix asyx PL orobpazenuii obmero nonoxenus f, f' 1 Ks — R?
OTJIMYAIOIIUXCSA TOJIBKO HA BHYTPEHHOCTH OJHOTO pebpa o, npudeM f|, JuneiiHO (CM. puc.).
Pebpa rpada Kjs, necmexubie ¢ o, obpaszyoT muka A. Tormga

v(f) —o(f) =I(fo U flo) N fA] mod2=0.

B,Zl‘er BTOpOE€ paBEHCTBO CIIpaBeIJIMBO IIO JIeMMe€ O Y€THOCTH.

Puc. 6: Hezasucumocts v(f) ot f

YrBepxkaenue 5.5. Bozvmem 3amMEHymyro naockyro somanyro L, sepuiunvs Komopot Ha-
T00AMCA 6 00WEM TONOAHCEHUU.

(a) onoanenue do L donyckaem warmamuyo packpacky (makyio, wmo cocednue 0baa-
CIU NOKPAWEHDL 8 DASHBLE UBEMA, CM. PUC. ).

(b) Konyv, somanot P, sepwunv, K0mopot narodames ¢ 6epuunamy somanol L 6 06-
ULEM MOAOAHCENUU, UMENN 00UHAKOBLT YBEM, eCcAt U Moavko ecau | P N L| wemmno.

BHyTpeHHOCTBHIO II0 MOYJIO 2 ILIOCKOI JIOMaHOil, BEPIINHBI KOTOPOl HAXOIATCA B 00-
LIEM [IOJIOZKEHUU, HA3BbIBAETCH O0be/IMHEeHNe YepHbIX 00JjIacTell maxMaTHOl pacKpacKu (HpI/I
YCJIOBUH, 9TO «OeCKOHeYHast» 00s1acTh Oesiast).

2Jra jleMMa HeTPUBUAJIBLHA, HOCKOJILKY JOMAHBIE MOIYT HMETb CAMOILEPECeueHUs, U HOCKOJIbKY Teope-
va 2Kopaana merpuBrajbaa. BeiBoauTh jgemmy o dernHoctr u3 Teopembl 2Kopaana mwiau dbopmysibr Ditepa
HEPA3YMHO, 0O WX I0KA3aTEIbCTBA UCIOIb3YIOT JIEMMY O YeTHOCTH WK OJIM3KOe yTBep:kaenue. Unmepec-
Hble NPUAOHCEHUA TEMMBL O deTHOCcTH 5.4 K Teopeme ZKopiaHa u ajropuTMUYeCKUM BOILIPOCAM IIPUBE/IEHDI

B [Sk20, §1.4].
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Puc. 7: Buyrpennoctu 1o MOLyJ/Ii0 2 JIOMaHbIX

Teopema 5.6 (T: Tonosioruveckas Teopema Pamona st mwiockocru; Baiimou-Bapanb, 1979).
Jaa mob6ozo PL omobpasicenus obuiezo nonoscenus f: Ky — R? aubo

® 00pa3vl, HEKOMOPLLT HECMEHCHBLT Pebep nepecexaromcs, Aubo

® 00pa3 HeKOMoPot BEPUUHDL AEHCUM 80 BHYMPEHHOCTIU NO MOOYAI0 2 00pa3a UUKAG U3
mpex pebep, He co0epHCAULUT IMY BEPULLHY.

Dra Teopema BbIBOJAUTCs u3 ee KosmdecrBenHoit Bepcun (QT).

Jns aoboro PL orobpaskennsi obmero mojoxkenus f : K, — R? nasoseMm 4dmcjom
Panona p(f) € Zy cymmy deTHocTel

e JlCjIa TOYEK IepecedeHnss 00pa30B HECMeKHBIX pebep, u

e urcsia Tex BepimuH rpada Ky, 06pa3sl KOTOPBIX JIeZKaT BO BHYTPEHHOCTH IO MOJLYJIIO 2
obOpa3za 1nukJ/ia u3 Tpex pedep, He COoJepKallUX Ty BEPIIUHY.

Teopema 5.7 (QT). Jlaa awbozo PL omobpascenus obuezo nososcenua epaga Ky 6 naoc-
Kocmob wucao Padona nwevwemmo.

Jlokasamenvcmso. Beuny 3amaqu ( moctaTodno mokasarh, 910 p(f) = p(f') ana mobbix
nByx PL orobpazkennit obmero momoxenuda f, f' : K, — R?, oTamdamomuxcsa TOJBKO Ha
BHYTPEHHOCTH OJHOTO pebpa o, upudeM f|, auneitno (cm. puc.). Obosnauum depe3 7 pebpo
rpada Ky, He cocejnee ¢ pedbpoM o, dyepes S — BHYTPEHHOCTb 10 MOJYJIIO 2 JJoMaHoi 05 :=
foU f'o. lonyaum

p(f) = p(f) = (1050 f7|+[S N f(97)])  mod 2=0.

3Jiech BTOpOe paBeHCTBO CJejyeT U3 yTBepzKaeHus 5.5.b. 0

Hucaom 000pOTOB 3aMKHYTOI OPUEHTUPOBAHHOI IJIOCKON Jiomanoit Aj ... A, BOKpyr
He Jiexkanieir Ha Hell Touku () HA3BIBAETCS CJIEAYIONAast CyMMa OPUEHTHPOBAHHBIX YIJIOB,
JeJIeHHAs Ha 277

Ay Ay O = (LAOAy + LA0As + ...+ LA, 10A, + LA,0A;) /27,

IIpumep 5.8. (a) Qucao 060pomos (npoussosvHO 0PUEHMUPOBANHO20) MHO20Y20AbHUKE GO
Kpye mouku 6He ne2o pasho 0, a 60Kpy2 mouku eHympu nezo pacno +1.

(b) Jns 060t samknymoti opuenmuposarnol Aomanoli ee SHYMPEHHOCTNG 110 MOJYAI0
2 cocmoum u3 6Cex Mex MoUeK, 6OKPY2 KOMOPLIT WUCAO 000POMOE HEUETIHO.

(¢) Ana kaoscdot aomanot (¢ npouseosvroli opuenmayuet]) wa puc. v MOYKY HaG 64Ul
6uib0p (6 110000 U3 ozpanuvennuE obaacmel) natidume wucao 060pOMOE AOMAHOT BOKPY2
MoK,

Boubie undopmaiyn MoxkHO Hafitn Ha [Wnl.

Jlemma 5.9. Paccmompum 3amrnymyro u nwe3amknymyro aomanvie L v P Ha naockocmu,
6ce BEPULUHDBL KOMOPHLL Haxodsmcea 6 obuiem nososcenuu. Oboznavum wepes Py u Py wa-
yasvhyro u Kowewnyro mouku P. Toeda L-P=1L-P,— L-F,.
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Yucyo L - P oupejensercsd Kak CyMMa 3HGK06 TOUEK IepecedeHus JoMaHbix L u P. DTa
JIEMMa [MOKa3bIBAET, 9YTO J0moJHeHuHe 10 L umeer nymepayuro Mebuyca-Aaexcandepa, To ecThb
«IEJTOYHUC/IEHHY IO ITAXMATHYIO PACKPACKY .

Teopema 5.10 (MT: rononornueckas reopema Tepbepra s mwiockocTu; Bapanb-11Ltocman—
Crou 1981, Eszaitapa 1987, Bososukos 1996). Ecau r — cmenens npocmozo, mo das 106020
PL omobpasicerus f : Kzr—o — R? aubo r — 1 mpeyzoavnukos obopauusatomes 6okpy2 00noti
BEPWIUHDL, AUOO T — 2 MPEY20ALHUKOS 000PaAMUBAIOMCA BOKPY2 nepecenenus dsys pebep, 2de
HUKaKUue J6a U3 YKA3AGHHHLT MPEY20NbHUKOS, Pebep U 8EPULUH He UMEIOM 00WUL BEPULLH.

Puc. 8: Tonosioruueckast reopema, T'Bepbepra Ha 110CKOCTH, 77 = 3

Bepen jtn anasior s1oit Teopembr st 7 = 6, HEU3BECTHO!
Koaunwecmsennan sepcus (QMT) Hem3BecTHA, jazKe eCJi I — CTeNeHb IPOCTOro!
Obo3raunm depe3 Ay cuminiekc pasmepnoctu N,

Teopema 5.11 (DT: tonosmorudeckast reopema Panona). Jlas 4106020 nenpepuierozo omob-
paoicernua Ngrq — R 06pasvl nexomopuix e2o nenepecekaouurca epaneti nepecexsaomces.

[Toupobyiite cdopmyuposars yreepxaenue (QDT). Ono Bepho.

Teopema 5.12 (DMT: ronosornveckast reopema Tsepbepra). Ecaur — cmenens npocmozo,
mo das moboeo PL omobpasicenus f: A@gyryr—1) — R? cywecmesyiom nonapmo nenepecera-
louueca eparu o1, . .., 0 C Agi1yr—1), 04 komopoz f(o1)N...N f(o,) # 0.

Koaunwecmsennan sepcus (QDMT) Hen3BecTHA, JlaKe ec/id ' — CTeleHb pocToro!

Anasior reopembl (DMT) neBepen, ecin 7 — He crenenb npocroro (mist d > 2r). s
9TUX KOHTPIIPHMEPOB BazKHBI paboTel M. Ezaiigsina (1987), M. I'pomosa (2010), @. Opuxka,
I1. Braroesuyua, . Iuriepa (2014-2015), 1. Mab6uiispa u Y. Barmepa (2015). Msl He 06-
CyZKJIa€M COOTHOILIEHUE BKJIAJ0B PA3HbIX aBTOPOB, MOCKOJILKY 3TO COOTHOIIEHUE HEelpOCTOoe.
Yurareab MOKET COCTABUTH COOCTBEHHOE MHEHHE, H3Y4YHMB JOKA3aTeJIbCTBA U TOYHBIE CCbLII-
KM Ha Kazk/plii ero mar, cM. 0030psl [Sk16|. Konrpupumepst Obin cHadaia mocTpoeHsl st
d > 3r, a 3arem s d > 2r (AsBakymos-Mabuiisp-Ckomenkos-Baruep, 2015).

Bepen Ju anasor 31oit reopembl it d < 2r W T He CTeHeHH MPOCTOro (HAIpPUMEp, s
d=2ur =06), Hen3BecTHO!

[Toupobyiire copmyauposars yreepxaenus (SDT), (QSDT), (SMT), (QSMT), (SDMT),
u (QSDMT)!

Yreepxaenus (SDT) u (QSDT) Bepunt (teopema Ban Kammnena-®iopeca, 1932-34).

Yreepxkaeuus (SMT), (SDMT) BepHbl, eciiu r — CTeleHb IPOCTOTO (r-KpaTHasi TeopeMa
Ban Kammena-@opeca, Capkapust 1991, Boosukos 1996). Yreepxkaenus (SMT) u (SDMT)
HesepHbl st d < 2r u r ve crenenn npocroro (Mabuitsp-Baruep 2015 jist «<KopasMepHOCTH»
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> 3, AsBakymoB-Mabuiisip-Cronenkos-Baruep 2015 1jst «KopasmMepHOCTH» 2). ¢M. 0630DbI
[Sk16]. Bepubl jin 91ux yTBepK/IeHUs JJIs <KOPa3MepHOCTH» 1, Hem3BeCTHO!.

Koaunwecmsennoe sepcuu (QSMT) u (QSDMT) Hem3BeCTHBI, JaxKe eCii 7 — CTEIeHb
pocToro!

Answers, hints, solutions

D. {asiercs gactubiM caydaem Teopembl Pagona D(d).

SD. (3) Beesém o603HaUeHHST W3 IEPBOTO ab3ala mepexo/ia HHIYKIUA B JOKA3aTeIbCTBe
reopembt Pajona st d = 2. Bocnosibsyemcest yreepzienuem S jiyist muozkectsa, M. Tloyryanm
pasbueHne Ha JBa JIBYXdJeMEeHTHbIX MHOkecrBa U] u U, BbllyKiibie 0DOJIOYKH KOTOPBHIX
nepecekaiorcsd. [losropum 4, 5 u 6 ab3anpl B JoKazareabcTBe TeopeMmbl Pajgona. Ilomydmm,
aro Xy € (O, Uy) N (Us), 910 1 TpebGOBAIOCE.

(4) CymiecrByeT ruiepIiockKOCThb &, Jijist KOTOPOH POBHO OJIHA TOYKA U3 HAOOPA JIEXKUT 110
OJIHY CTOPOHY OT (v, & OCTaJbHbIEe — IO Apyryfo. Obo3uHadnm Toukn depe3 O, Ay, ..., Ag TaK,
arobbl v oTzensiia O ot Ay, ..., Ag. Jna 1 < ¢ < 6 obosmaunm A, := OA; N a. fcno, aro
nukakue 4 Toukn u3 A, ..., Ay He yexar Ha 0HON IIOCKOCTH. Bocmosb3yemcs Teopemoit
S’D agist rouek Al ..., Ag. Honyanm nBa 3anensiennbix Tpeyroibauka Ay u Ay (Hanpumep,

Ay = AYA A5, Ay = AV ALAG).

I NCRa

A

Puc. 9: Caesa: runepiiockocrs B R* (n306parkeHHast KaK [JIOCKOCTh B IIPOCTPAHCTBE) Hepe-
cekaer orpeskn OAy, ..., OAg B 6 Toukax A, ..., Ay, KOTOpbIE SBJISIOTCS BEPITHHAME JIBYX
3allelJIEHHbIX TPeyroibHuKoB. Cnpasa: ceuenue mnockocroio v: A] = OAC, A) = OBD.

O603Ha4UM Yepe3 7y ILIOCKOCTD, cojepzKallyio O u npsaMyo MepecedeHus 3alellIeHHbIX
TPEeYroJbHUKOB. ZlcHO, 9TO 7 M v — npsiMasi, U A;-Y :=yNOA,; — tpeyrompauru (j = 1,2).
EuHcTBeHHAST CTOPOHA TPEyrOJbHHKA A;-Y, He cofepxkamag Touky O — 310 v N A;, a aBe
Jpyrue CTOPOHbI TPeyrojbHUKa 7Y M A; sBJILIOTCH lepecedeHneM IJIOCKOCTH 7y U OOKOBBIX
nosepxuocreit rerpasyapa OA;.

Pa3 rpeyrosbauku aNOA; 1 aNOA, 3anemieHbl, T0 TOYKU HepecedeHust npaMoit v N«
¢ KoHTypamu Tpeyroabauko A] m AJ uepemyiorcsa Baoab npsmoit. CienoBaTeibHo, 3TH
KOHTYPBI IIePeCceKaroTcs B TOUKe, OTan4dHoil or O.

Dra TOYKa lepecedeHus JIMOO sABJIAETCH HEePecedeHueM CTOPOH TPEYroJbHUKOB 7y M Ay 1
v N Ag, jub0o, HE yMaJisisi OOIIHOCTH, CTOPOHBI TPEYroJbHUKA Y M A 1 00beMHEHUST JBYX
cropon tpeyrosibauka AJ, cogepxamux O. B nepsom ciayuae A; unepecekaercs ¢ Ag. Bo
BTOpOM caydae A mepecekaercsa ¢ 60KoBoil rparbio OAs.

S’D. Cuteyer uz Teopembr QS'D.

1.1. 0, eciu oHU TApaJLIeIbHBI; 1, eciii npsiMas IMepecekaeT II0OCKOCTh; 00, eCJIN IMIPSIMast
[OJIHOCTBIO JIEYKUT B IJIOCKOCTH.

1.4. (a) ITapa Touek (0,0,1) u (0,0, —1).
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=0,
(c) Obbenunenne YeTBepTeil TPEX OKPYKHOCTE:

(b) OxpyzxHOCTH

r=0,y=20 220 y=0, =20 220 z=0, 220, y=>0
yr+2=1 1?4+ 22 =1 4y’ =1

1.5. (a) [Tapa Touek (0,0,0,1) u (0,0,0,—1).

(b) OkpyxKHOCTD

r=20
c¢) Chepa
(©) Cbep VP+22+t2=1

(d) I'pad Ky, obpazoBanublii 00be/MHEHIEM YeTBEPTeil 1eCcTH OKPYKHOCTEH, ojHa u3
r=y=0,220,t>0

KOTOPbIX 2

1.8. (b) Ilycroe MHOZKecTBO, TOUKA (ec/u npsiMasi epeceKkaeT MII0CKOCTh), npsamas (ecim
IpsiMast COJAEPZKUTCS B IIIOCKOCTH ).

(c) Ilycroe MHOXKECTBO, mpsiMasi (€CJU IMIOCKOCTh MePeceKaeT IHIEePILIOCKOCTD), MI0C-
KOCTh (€CJIH IJIOCKOCTh COJEPKUTCS B TUIIEPILIOCKOCTH).

(d) IIycroe MHO)KECTBO, IJIOCKOCTD (€C/IH OHH IIEPECEKAIOTCs ), THIEPIIOCKOCTD (€C/I1 OHI
COBLIAJIAIOT).

(e) ITycroe MHOXKECTBO, TOYKA WM TpsiMast (€C/M OHU NEPECeKAIOTCs), MIOCKOCTD (ecim
OHH COBIIAJIAIOT).

1.9. (b) Ilycroe muoxkecrBo; (€) TOUKA.

Sameuanue. 13 orsera k (b) ciaegyer, uro eciau Hukakue 5 u3 6 BepIIMH JABYX TPEYTOJib-
HuKoB B R? He JlezkaT B 0JIHOI MMIEPILIOCKOCTH, TO KOHTYD IepPBOro He IIepeceKaeT BTOPOIL.
DTO0 03HAYAET, YTO HUKAKHE JBa TPeyroJbHUKA «0DIIero moaoxennd» B R? «ie sameriennl».

D(d). Usaykuus no d. Baza st d = 1 oueBuua.

llepexod or d x d + 1. CymectByer d-MepHas I'MIEPILIOCKOCTb (v, JJIs KOTOPO#l POBHO
OJIHA TOYKA M3 JAHHOTO HADOPA JIE?KUT II0 OJHY CTOPOHY OT (v, & OCTAJbHBIE — IO JPYIYIO.
Ob6o3rauum depes O ojHYy TOUKY HaboOpa, a depe3 M MHOKECTBO OCTABIINXCS TOYEK HAabDOPa
Tak, 4robbl v oraessiia O or M. st moboit touku A € M oboznaunm A := a N OA.

Bocnosbsyemest reopemoii Pajona st muoxkecrsa M’ = { A" | A€ M } uz d + 2 touex
B d-MepHOM mpoctpancTse «. llosyunm pasbuenne na gaBa muoxkecrBa U] u Uj, BblmyKJibie
000JT09KN KOTOPBIX mepecekaiorcs B Touke X'. Ob6osmaanm Uy == {A | A’ € U]} u Uy :=
{A| A eU;}.

dcno, aro Uy C (O, Uy). Caeposarensuo, X' € (O, Uy), u, 6osee Toro, Becb orpe3ok OX'
cogepxkurcs B (O, Up). Obo3nauum yepe3 Xi 104Ky, jjist Koropoii npsmas OX' nepecekaer
(O, Us) mo orpesky OX;. Torna X; € (U;) u X’ € OX;.

Anasnornuno, yepe3 X 0603HAUUM TOUKY, it KoTopoii npsimas O X' nepecekaer (O, Us)
110 orpe3ky OXs. Torna X, € (U) u X' € OXo.

Toukn X1 u Xy nexar na ayge OX'. He ymanaa obmnocrn, Xs aexur mexay O u X;.
Torna Xo € (O, U;) N (Us), 9ro u TpeboBasioch.

2.2. (a) Her, ue naxomusrcs. JIroOble TpH JuaMeTpa MepecekaroTcs B OJHON TOUKe.

2.3. (a) PaccMoTpuM pOU3BOJIBHYIO IPSIMYTO [, OTJIHYHYIO OT JaHHBIX. Eil mpuHaiiexKuT
OECKOHEYHOE YHCJI0 TOYeK, a Karkjad IpgaMas mepecekaer [ He Oojiee 4eM B OJHOI TOUKe.
CueioBare/ibHO, HajigeTcs TOYKa Ha [, He HpUHA/IEKAIIAs HU OAHON M3 JaHHBIX IIPAMBIX.
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(b) a, cymectBytor. /IoKazkeM HHIYKIHEEdi M0 7, 9T0 CYIMECTBYET 7 TOUYEK ODIIEro moJio-
JKeHMsl Ha IJIocKocTH. Basa jjist n = 1 oyeBu/iHa, HEPEXO/L CJeyeT U3 yTBepXkKieHus 2.3.a.

(¢) Vrasanue. OObeuHeHNe KPACHBIX OTPE3KOB €CTh CyMMa [0 MOJYJIIO 2 KOHTYDOB
KpacHbIX TpeyrobHukos. 11 (A@ B)NC = (ANC) & (BN(O).

2.4. Terpasjp paszdbuBaer HPOCTPAHCTBO, Jia/lee AHAJOIMYHO JieMMe O yeTHocTu 2.1.

2.5. (a) Omsem: na, cymectBytor. [locTpoerue aHajsornduo 3ajgade 2.3.b.
(b) Cremyer u3 geMMbI O 9eTHOCTH 2.4 aHAJOTHYIHO YTBEPKICHHUIO 2.3.C.

2.7. (a) Omeem: na, cymectBytor. [locTpoeHne aHAJIOTHIHO TIOCTPOCHUSIM B 3a1a9axX 2.3.b
u 2.5.a.
(b) Cremyer u3 seMMbl 0 4eTHOCTH 2.1 aHATIOTHIHO yTBepKaeHusaM 2.3.c u 2.5.b.

QSD. (3) Jlwobbie Ba TpEyroJbHUKA, HATSHYTHIE HA JBE HEIIEPECEKAOIHeCs: TPORKH OT-
MEUYEHHBIX BEPIIHH, IePeceKaloTcs JTUO0 0 IIyCTOMY MHOYKECTBY, JTUOO0 10 oTpe3Ky. OTmernm
BCe KOHITbI BCEX OTPE3KOB, SIBJIAIONINXCS IepecedeHreM TpPeyroJbHUKOB. BBuay oburHocTH
IIOJIO2KEHU A KOHILOB 4€THOE€ YMCJIO, U TOYKa dBJIdeTCd KOHIOM TOI'/la U TOJIBKO TOI'la, KOI'/Zla
TO4YKa 4dBJIdAeTCd llepecedeHueM OTpe3Ka C TPpeyroJIbHUKOM.

(4) CeeeM 10Ka3aTENBLCTBO TEOPEMBI K CJIELYIOMIEMY MPEIOKEHUTO.

ITpennoxkenne. [Tycmv OA; u OAy — dea mempasdpa, umerowuxr poeHo 00HY 00ULYI0
sepwuny. Iycmv makotce o — eunepnaockocmsb, omdessrowas mouky O om eepuiun mpe-
yeonvnukros A1 u Ag. Tozda noseprrocmu mempasdpos OA1 u OAy nepecekaromces 6 wem-
HOM YUCAE BHYMPEHHUT ToYer moz0a u Moavko mozda, kozda mpeyzosvhuky o N OA; u
a N OAs 3auenasens, 6 NPoOCMpaHcmse .

okazamesvcmeo meopemui. IIpocymmupyem KOJIMYECTBO BHYTPEHHHX TOYEK II€PECETCHUSI
rpameii rerpasapos OA; u OA, o BceMm pas3bueHusM To49eK Aq, ..., Ag Ha JBa TPEYTrOJIbHNU-
ka Ay u As. [To mpemnoxkennto u Teopeme QS’D sta cymma #Hederna. OTMeTHM, IYTO HEKAKAS
napa 60koBbIX rpaneil rerpasapos OA; u OAy He uMeer BHYTPEHHUX TOYEK LePecedeHusl.
Tenepb sicHO, 4TO B CyMMe KazK/ias 11apa [epeceKaloluxcs 110 BHYTPEHHeH TOUYKe TpeyroJib-
HUKOB C BeplIHIMHaM#U B JJaHHbIX TOYKaX HOJACYUTAaHAa POBHO OJUH Pa3. C.He,ZLOBaTe.HbHO, HNCKO-
MBIX ITap HEYETHO, 9TO U TPeOOBAIOCH JOKA3ATh. O

st joKa3aTe/ibeTBa, IPe/IJIOKEeHUsT He0OXOUMO HOBTOPUTH J0KA3aTeJIbCTBO TEOPEMbI
SD(4). Bmecro 3-ro ab3ama HeOOXOMMO COCIATHCS HA CJEYIONIEe OYeBUHOE YTBEPZK ICHHE.

YrBepxkaenue. Ha naockocmu danv, dsa mpeyzororura OAB v OCD u npamas [,
nepecekarwasn ompesky OA, OB, OC u OD. Kowmypwo, mpeyzosvnuros OAB u OCD
NEPECEKANNCA 6 UEMHOM YUCAE MOYUEK MO020a4 U MOALKO Mo20a, Ko20a nepeceuerus npamot
I ¢ xonmypamu mpeyzoronuros OAB u OCD wepedyromes 6doav npsamot.

3.1. Paccmorpure A N A'.

QS’D. CymecrByer II0CKOCTb (v, /IJI KOTOPOH POBHO OJHA TOYKA M3 HAOOPa JIEKUT 110
OJIHY CTOPOHY OT (v, & OCTaJbHbIE — IO Apyryfo. Obo3uHadnm Toukn depe3 O, Ay, ..., As TaK,
9100bI v oTsesisia O or Ay, ..., As.

Crenyroriue KOJIMIeCTBA UMEIOT OJIHY U TY K€ IeTHOCTD:

® KOJINYECTBO P HEYyHOPAJOYCHHBIX IIap 3alellJICHHbIX TPEYI'OJIbHUKOB C BEpPIIMHaAMHU B
roukax O, Ay, ..., As.

e KoaIIecTBO () OTPe3KoB A;A;, PACIONOKeHHBIX II0J, HeYeTHBIM UHCJIOM CTOPOH <J0-
[OJIHUTEIbHOTO» TpeyroabHuka ApA;A,,.

e KoumdecTBO ymopsgaodennsix map (A;A;, AyA;) orpeskos, mis KoTopsix A;A; jmexnr
nuzxke ApA;.

® KOJIMYECTBO TOYEK IepeceveHnst 0OTpe3KoB ¢ BepmmHamu B A}, ... AL

3nech cpapaenne P = () mod 2 cienyer u3 yTBepKIeHUST 3.3.
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[Io Teopeme QS mocJie/iHee KOJMYIECTBO HEUYETHO, CJAEJ0BATEILHO, TpeOyeMoe KOJTUIECTBO
P rak:ke HEYETHO.

3.5. (3) B kauecrBe npuMepa MOXKHO B3sITh BEDIINHbI, PACIOJIOKEHHbIE KAK HA PHCYHKE
3.
(3”) Dro cBoiicTBO paBHOCHIBHO Teopeme QSD.3.

3.6.(4’-3). [lomeTnM BCe TOYKU MEpPECEYeHHs AP TPEyrOJIbHUKOB, HATSHYTHIX HA J(BE
HellepeceKaroluecsd TPOIKY JTaHHBIX ToUeK. Torma nckomas BeTmInHa IMeeT Ty yKe 9eTHOCTD,
4TO U yABOCHHOE KOJIMYeCTBO IIOMEYEHHbIX TOYEK. CJ’IG,ZLOB&TG.)’[I)HO, HNCKOMad BE€JIMYUHA 4YeT-
Ha.

4.6. (a) Bosbmem 110 mape Touek B KazK/0il BepIHHE TeTPa’dpa.
(c) Bosbmem 110 7 — 1 TOUEK B KaxK/J0ii BepIiuuHe d-MEepHOIO CHMILIEKCA.
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Towards higher-dimensional combinatorial geometry*

presented by E. Kogan, V. Retinskiy, E. Riaboviand A. Skopenkov?

Introduction

Many fields of science and technology, primarily mathematics, computer science and physics,
often work with higher-dimensional space. Solving the following problems allows to acquire
basic skills of such work. You will both develop spatial imagination and intuition, and learn
how to check them by rigorous arguments. This is useful for further learning of computer
graphics, as well as for necessary methods of linear algebra and geometry.

The main ideas are presented as ‘olympic’ examples in easiest specific cases, free of tech-
nical details and only with minimal amount of scientific terminology (see the problems). This
makes the project accessible for beginners though still containing beautiful and complicated
results. The project does not require preliminary knowledge of stereometry. Geometric in-
tuition in space and ability to solve systems of linear equations will be useful (see Problem
1.2).

In this project we generalize the following result (see the following problems S, D, SD
and §3).

Radon theorem in the plane. For any 4 points in the plane either one of them belongs
to the triangle with vertices at the others, or they can be decomposed into two pairs such that
the segment joining the points of the first pair intersects the segment joining the points of
the second pair.

S = same size. From any 5 points in the plane one can choose two disjoint pairs such
that segments joining them intersect.

In this text a triangle A is the part of plane bounded by the outline 0A. This part can
be a line segment.

D = dimension. For any 5 points in the space either one of them belongs to the
tetrahedron with vertices at the others, or the segment joining some two of them intersects
the triangle formed by the remaining three of them.

In this text interesting non-trivial problems are called theorems.

Theorem SD: Radon theorem for sets of almost the same size.

(8) From any 6 points in the space one can choose a disjoint pair and a triple such that
the segment joining points of the pair intersects the triangle formed by the triple.

(4) (linear van Kampen-Flores theorem, 1932) From any 7 points in 4-dimensional space
one can choose two disjoint triples such that the corresponding triangles intersect.

Definition of 4-dimensional space and of notions required for proofs are presented in §1
and in §2. For a proof of Theorem SD.4 you would also need Theorem S’D below.

*We are grateful to D. Eliseev for translation of a part of the text and to A. Ryabichev for helpful
comments.

TE. Kogan, V. Retinskiy, E. Riabov — Higher School of Economics, Moscow.

ihttps://users.mccme.ru/skopenko. Moscow Institute of Physics and Technology, Independent Uni-
versity of Moscow.



Take two non-degenerate triangles in the space no 4 of whose vertices lie in a plane. Such
triangles are linked if the outline of the first triangle intersects second triangle at exactly
one point.

As Ag A
~ !
Ay - > . F\ i—/—
>, v

Figure 1: Linked triangles and linked pairs of points

Theorem S’D: spatial Radon theorem on linking of same size sets; linear Conway-
Gordon-Sachs theorem, 1981-1983.

If no 4 of 6 points in the space lie in a plane then there are two linked triangles with
vertices in these points.

For a proof you would need assertion QS of §3.
Other ‘olympic’ problems are Theorem D(d) in §1, 2.3.c, 2.5.b, 2.7.b, 3.2, 3.6.(4-3).
Open problems — 3.6.(4-3),(4-2),(4’-2).

Ay

Figure 2: Hint to problem D

Recommendations for participants

If a mathematical statement is formulated as a problem, then the objective is to prove this
statement. If a problem is named ‘theorem’ (‘lemma’; ‘corollary’; etc.), then this statement
is considered to be more important. Usually we formulate a beautiful or important statement
before giving a sequence of results (lemmas, assertions, etc) which constitute its proof. In
this case, in order to prove this statement, one may need to solve some of the subsequent
problems. We give hints on that after the statements but we do not want to deprive you of
the pleasure of finding the right moment when you finally are ready to prove the statement.
In general, if you are stuck on a certain problem, try looking at the next ones. They may
turn out to be helpful. Remarks and problems marked by star are not used in the sequel.
Important definitions are highlighted in bold for easy navigation.



For every solution written for a user (see recommendations below) marked with
either ‘+’ or ‘+.” a student (or a group of students) gets a ‘bean’. The jury may also award
extra beans for beautiful solutions, solutions of hard problems, or solutions typeset in TEX.
The jury has infinitely many beans. Every participant (or group of participants) initially
has 1 bean. One may submit a solution in oral form or as written for a developer, and
one loses a bean with each 5 attempts (successful or not).

Participants (or teams) can submit their solutions by a personal communication to Egor
Riabov at https://mattermost.turgor.ru. Please also send him questions and requests
for hints on problems which you are stuck with. Students who successfully work on the
project are entitled to ask interesting extra problems for investigation.

Participants (or teams) from Serbia and Croatia may submit their solutions to Prof.
Rade Zivaljevi¢ at rade@mi.sanu.ac.rs.

How to write a proof for a user

We give some recommendations on how to write a proof that could be included in a
mathematical book or research paper (which is a ‘reliable reference’; cf. https://arxiv.
org/pdf/2101.03745.pdf, p. 2). These recommendations are by no means complete. You
can learn to write proofs (solutions of problems) by trying to write them and discussing your
text with a teacher.

See also https://en.wikipedia.org/wiki/KISS_principle

http://people.apache.org/~fhanik/kiss.html

A genius makes his own rules, but a ‘how to’ article is written by one ordinary mortal
for the benefit of another... Most things that an article such as this one can say have at least
one counterexample in the practice of some natural born genius. Authors of articles such as
this one know that, but in the first approximation they must ignore it, or nothing would ever
get done.

(P. Halmos, How to talk mathematics.)

(1) Only write sentences that make sense.!

(1a) In particular, long sentence usually does not make sense because it is unclear which
exactly parts of long sentence words ‘and’, ‘or’, ‘then’ are tying together. So break long
sentences into short ones.

(2) Introduce notation and each definition explicitly with ‘define’; ‘denote’; ‘let’; ‘set’,
‘put’. For example, the phrase ‘a = b+ ¢’ without these words means ‘the previously defined
object a equals to the sum of the previously defined objects b and ¢’.

(5) Do not put any part of your solution in parentheses. Parentheses do not make clear
the logical relation between the phrase in and outside the parentheses. (Parentheses are used
for remarks which are not part of the solution.)

'For example, none of the following two sentences makes sense:

n(n+1)
2 )

1+2+...+n=

nn+1)
2

1+2+...+n=

for a positive integer n,
because it is not written for which n the statement is stated. The following statements do make sense:

1
142+...+n= n(n;— ) for every positive integer n,

nin+1

1+2+...+n= for some positive integer n,
142+ ...+ n =100 for some positive integer n.

However, the second of them is not interesting and the third is not correct.



1 How to work with four-dimensional space?

For Problems 1.1, 1.4.abc, 1.5.abced, 1.8.cd and 1.9.be below it suffices to give correct answers.
(Solution of Problem 1.8.a is already presented in this text.)

1.1. How many intersection points can a line and a plane have in the space?

1.2. How many solutions can have a system of linear equations

(a) 2x2; (b)2x 3 (2 equations, 3 variables); (c) 3 x 27

We define

e the line as the set of all real numbers;

e the plane R? as the set of all ordered pairs (z,y) of real numbers z and y;

o three-dimensional space (3-space) R? as the set of all ordered triples (z,v, z) of real
numbers;

e four-dimensional space (4-space) R* as the set of all ordered quadruples (z,y, 2,t) of
real numbers.

Definition of d-dimensional space (d-space) R® for d > 4 is analogous.

For points A = (x1,91, 21, t1), B = (%2, Yo, 20, t2) € R* and number X\ € R denote

M = Az, Ay, Az, M) and A+ B = (21 + 22, y1 + Y2, 21 + 22,11 + £2).

1.3. A 2-dimensional plane does not split the 4-dimensional space. I.e., for each two
points outside the plane x = y = 0 in 4-space, there exists a broken line which joins these
points and does not intersect this plane.

For points A, B € R* a segment AB is the set {tA+ (1 —¢)B : t € [0,1]}. A broken line
is the union of segments A;A;,; over alli =1,2,...,n— 1.

Hint. For points A = (zq, Yo, 20, to) and B which do not lie in the plane x = y = 0 define
points

Ax:A+(1>0aO>0):(xO_l_layOaZO)tO) and Ay:A+(O>1aO>0):(anyO_l_laZOatO)-

Prove that one of the broken lines AB, AA,B and AA,B does not intersect the plane
r=1y=0.

1.4. What is the intersection of the 2-dimensional sphere
S? = {(z,y,2) eER* | 2 + 92 + 22 =1}

with the following sets:

(a) the line x = y = 0, containing the center of the sphere;

(b) the plane z = 0, containing the center of the sphere;

(c) the intersection of the positive octant of R® and the union of the 2-dimensional
coordinate planes, i.e.

{(z,y,2) €ER* : >0, y >0, 2>0and zyz = 0}.
1.5. What is the intersection of the 3-dimensional sphere
S% = {(z,y,z,t) ER* | 2 + ¢ + 22+ 12 =1}

with the following sets:
(a) the line x = y = z = 0, containing the center of the sphere;
(b) the plane z = y = 0, containing the center of the sphere;
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(c) the (3-dimensional) hyperplane = = 0, containing the center of the sphere;
(d) the intersection of the positive ‘sixteenth’ of R* and the union of the 2-dimensional

coordinate planes, i.e.
{(z,y,2,t) eR"

x>0, y>0, 2>0, t>0 and at least two of the four numbers z,y, z,t are zeros}.

A subset L C R* is called a line if L is not a point and there are points A, B € R* such
that L = {A+ Bt : t € R}.

A subset L C R* is called a (2-dimensional) plane if L is neither a line nor a point, and
there are points A, B,C' € R* such that L = {A+ Bt + Cu : t,u € R}.

We already introduced definition of a line before. However, below ‘line’ means a subset
of R? whose definition is similar to the one given above. Analogous remark applies to plane.

1.6. Write analogous definition of a (3-dimensional) hyperplane in R*.

In your solutions of the following problems on 4-space you can use without proof
e all rigorously formulated and correct facts on solutions of systems of linear equations;
e the results of Problem 1.7.

1.7. * (a) A subset L C R* is a hyperplane if and only if L # (), L # R* and there exist
a,b,c,d,e € R such that

L={(z,y,zt) €R* : ax+by+cz+dt=e}.

(b) A subset L C R* is a plane if and only if L # (), L # R, L is not a hyperplane and
there exist aq, by, c1,dq, €1, as, ba, ca, ds, e € R such that

L={(z,y,z,t) €R* : a1z 4+ by + ciz+ dit = ey, asx + by + o2 + daot = €3}

(c) State and prove analogous result for a line in R*.

1.8. What could be the intersection in R* of:

(a) a line and a hyperplane?  (b) a line and a plane?

(c) a plane and a hyperplane?  (d) two hyperplanes?  (e) two planes?

Hint to (a). Answer. The empty set, a point, a line.

Examples. The empty set is the intersection of the line x = y = z = 0 and the hyperplane
x = 1. A point is the intersection of the line x = y = z = 0 and the hyperplane t = 0. A
line is the intersection of the line x = y = 2z = 0 and the hyperplane z = 0.

Proof that other intersections are impossible. 1t suffices to prove that if the intersection
in R* of a line [ and a hyperplane contains at least two points, then the intersection coincides
with the line [. This holds because for any two points there exists a unique line containing
both these points. The latter fact is easily proved using the definition of a line. (In many
other expositions this fact is accepted as an axiom.)

1.9. For different points X,Y € R* define the line XY as {X+(Y —X)t = (1—t) X +tY :
t € R}. For points X, Y, Z € R? not belonging to any line define the plane XY Z as

X+ Y -X)t+(Z-X)u=(1—-t—u)X+tY +uZ : t,u e R}

No five of eight points 1,2,3,4,5,6,7,8 in R* belong to a hyperplane. What could be the
intersection of:

(b) the line 12 and the plane 5677  (d) the hyperplanes 1234 and 56787

(e) the planes 123 and 5677

The convex hull of a finite collection of points A;, ..., A, € R? is by definition the set

<A1,...,An> :{)\1A1++)\nAn : )\17---7)\n207 )\1++)\n:1}



1.10. The convex hull of a finite collection of points in the plane is the least (by inclusion,
or by area) convex polygon containing all these points.

Theorem D(d): the Radon theorem, 1929.

Any d + 2 points in d-space can be split into two subsets whose convex hulls intersect.

Edification. Usually only the simplest properties of planar and spatial geometric objects
are deduced from the analytic definition (or just accepted as axioms). More complicated
properties can be deduced in a ‘synthetic’ (‘geometric’) way from the simplest ones (i.e., as
in school geometry, without using the analytic definition). Often it is convenient to reduce
a planar problem to a linear one (i.e., to a problem in a line), and a spatial problem to a
planar one. Similarly, the best approach to the following four-dimensional problems is an
analogy to, or a reduction to, spatial ones.

2 Parity Lemmas

As a specific goal of this subsection one can consider propositions 2.3.c, 2.5.b, 2.7.b, which
illuminate the non-triviality of the material.

Lemma 2.1 (parity). If out of 6 vertices of two triangles in the plane, no 3 lie on a line,
then the outlines of these triangles intersect each other at an even number of points.

Proof. The outline of a triangle splits the plane.? The polygonal line formed by the sides of
one triangle goes inside the other triangle as many times as it goes outside. O

Some points in the plane are in general position, if no 3 of them lie in the same line,
and no three segments joining them have a common interior point.

2.2. (a) Are all the points of some circle in general position?

(b) If the vertices of two polygonal lines in the plane are in general position, then the
polygonal lines intersect at a finite number of points.

Hint: (AUB)NC =(ANC)u(BNCOC).

2.3. (a) The plane is not a union of a finite number of lines.

(b) Are there 100 general position points in the plane?

(c) There are 14 general position points in the plane: 7 red and 7 yellow. Then the
number of all the intersection points of the red segments (i.e., the segments joining the red
points) with the yellow segments is even.

Lemma 2.4 (Parity). If no 4 among the 7 vertices of a triangle and a tetrahedron in 3-
space lie in the same plane, then the outline of the triangle and the surface of the tetrahedron
intersect at an even number of points.

Some points in 3-space are in general position, if no 4 of them lie in the same plane,
and no segment, triangle and triangle spanned by them have a common interior point. E.g.
in general position are the 6 points in Figure 3.

2.5. (a) Are there 100 general position points in the 3-space?

(b) In the 3-space there are 17 general position points: 7 red and 10 yellow. Then the
number of all the intersection points of the red segments (i.e., the segments joining the red
points) with yellow triangles is even.

Lemma 2.6 (Parity). If no 5 among the 8 vertices of two tetrahedra in 4-space lie in the
same hyperplane, then the surfaces of the tetrahedra intersect at an even number of points.

2This fact, in contrast to the piecewise linear Jordan theorem [Sk20, §1.4], is proved without using the
Parity Lemma.



Figure 3: Six general position points in 3-space

Hint: Take the section by the hyperplane containing one of the tetrahedra.
Some points in 4-space are in general position, if no 5 of them lie in the same hyper-
plane, and no three triangles spanned by them have a common interior point.

2.7. (a) Are there 100 general position points in the 4-space?

(b) In the 4-space there are 16 general position points: 8 red and 8 yellow. We call
red/yellow 2-dimensional triangles spanned by red/yellow points. Then the number of all
the intersection points of the red triangles with the yellow triangles is even.

3 Quantitative versions

Q = quantitative. If no 3 of 4 points in the plane lie on a line, then there exists exactly
one partition of these points into two subsets as in the above Radon theorem in the plane.

QS: the quantitative Radon theorem for same size sets in the plane; linear van Kampen-
Flores theorem in the plane.

If no 3 of 5 points in the plane lie on a line, then the number of common interior points
of the segments joining these 5 points is odd.

QD: the quantitative Radon theorem.

(3) If no 4 of 5 points in 3-space lie in a plane, then there exists exactly one partition of
these points into two subsets whose convex hulls intersect.

(4) State and prove analogous result for 4-space and for d-dimensional space.

Theorem QSD: the quantitative Radon theorem for sets of almost the same size.

(8) If no 4 of 6 points in 3-space lie in a plane, then the number of intersection points of
interiors of segments joining pairs of points, and (2-dimensional) triangles spanned by these
points, is even.

(4) If no 5 of 7 points in j-space lie in a hyperplane, then the number of intersection
points of (2-dimensional) triangles spanned by these 7 points is even.

For a proof of Theorem QSD.4 you would need Theorem QS’D below.
The property of being linked is not symmetric a priori.

Lemma 3.1 (Symmetry). Triangles A and A" in 3-space are linked if and only if A" and A
are linked.

3.2. There are 13 points in 3-space: 3 red and 10 yellow. No 4 of them lie in a plane.
Then the number of yellow triangles linked with red triangle is even. We call triangle red
(yellow) if all of its vertices are red (yellow). Triangles which differ only by a permutation
of vertices are considered to be the same.

3.3. In 3-space a segment p is below a segment q (looking from point O), if there exists
a half-line OX with the endpoint O that intersects the segment p at a point P :=pnNOX,
the segment ¢ at a point () :== ¢NOX, P # @, so that () is in the segment OP.



Assume that no 4 of points O, Ay, ..., A5 in 3-space lie in a plane, and there is a plane
splitting O from Ay, ..., As. The triangles OA; Ay and A3A, A5 are linked if and only if A; A,
is below an odd number of sides of the triangle Az A4As.

Theorem QS’D: the quantitative spatial Radon theorem on linking of same size sets.
If no 4 of 6 points in 3-space lie in a plane, then the number of non-ordered pairs of
linked triangles with vertices in these points is odd.

Theorems SD and QSD show that under transition from dimension 2 to dimension 3
the property of the existence of intersection is preserved, while the parity of the number of
intersections change. The odd-dimensional version of SD and QSD have a stronger form:
Theorems S’D and QS’D.

The following unlinking properties are related to intersection properties QS, QSD.

3.4. (2) There are 5 points in the plane such that no 3 of them lie in a line, and every
segment joining 2 of them intersects the outline of the triangle formed by the 3 remaining
points at an even number of points.

(27) If no 3 of 5 points in the plane lie in a line, then the number of those segments joining
2 of them that intersect the outline of the triangle formed by the remaining 3 points exactly
at one point, is even.

Assertion 3.4.2 means that every pair of points is ‘unlinked” with the triangle formed
by the remaining points. We do not spell out analogous interpretations of properties 3.5.3,
3.6.(4-2),(4-3) below.

In 3-space instead of unlinking properties 3.4 there is a linking property (Theorem QS’D
from §3) and the following unlinking properties.

3.5. (3) There are 6 points in 3-space such that no 4 of them lie in a plane, and every
segment joining 2 of them intersects the surface of the tetrahedron formed by the remaining
4 points at an even number of points.

(37) If no 4 of 6 points in 3-space lie in a plane, then the number of intersection points of
segments joining them and surfaces of tetrahedra formed by the remaining 4 points, is even.

One can make a remark analogous to the one after Theorem QSD.

It would be interesting to prove the following statement 3.6.(4’-3), conjectures 3.6.(4-
3),(4’-2),(4-2) and their higher-dimensional analogues. (We are grateful to M. Tancer for
sending me proof of the PL version of 3.6.(4-3).)

3.6. (4’-3) If no 5 of 7 points in 4-space lie in a hyperplane, then the number of those tri-
angles spanned by 3 of them that intersect exactly at one point the surface of the tetrahedron
formed by the 4 remaining points, is even.

(4-3) There are 7 points in 4-space such that no 5 of them lie in a hyperplane, and
every triangle formed by 3 of them intersects the surface of the tetrahedron formed by the
4 remaining points at an even number of points.

(4’-2) If no 5 of 7 points in 4-space lie in a hyperplane, then the number of intersection
points of segments joining them and 3-dimensional surfaces of 4-dimensional simplices formed
by the 5 remaining points, is even.

(4-2) There are 7 points in 4-space such that no 5 of them lie in a hyperplane, and every
segment joining 2 of them intersects the 3-dimensional surface of the 4-simplex formed by
the 5 remaining points at an even number of points.

4 Multiple versions (M)

M = multiplicity. Any 17 points in the plane can be split into three sets whose convex
hulls have a common point.



Figure 4: The common point of three convex hulls

Proof. The vertices of any convex octagon in the plane can be split into three sets whose
convex hulls have a common point (fig. 4).

Suppose that the convex hull of the given set of 17 (or even 11) points has at least 8
vertices. Then split these 8 vertices into three sets as above. If the convex hull has less than
8 vertices, then denote by S; the set of these vertices. There remain at least 4 points. Thus
they can be split into two sets whose convex hulls intersect. This intersection lies in the
convex hull of S as well.

Theorem 4.1 (M: r-fold Radon theorem in the plane; the Tverberg theorem in the plane,
1965). Any 7 points in the plane can be split into three sets whose convez hulls have a common
point.

Any 3r — 2 points in the plane can be split into r sets whose convex hulls have a common
point.

4

Figure 5: The common point of three convex hulls

Before proving Theorems M and DM, it is advisable to solve problems 4.2, 4.3, 4.4, 4.6.

4.2 (cf. Theorem M). (a) There are 6 points in the plane such that any partition of the
points into three sets the convex hulls of these sets do not have a common point.

Hint. Take a pair of points near each vertex of a triangle.

(b) There are 7 points in the plane no one of which lies in any triangle formed by any
triple of the remaining points.

Hint. Take the vertices of a convex heptagon.

(c) There are 7 points in the plane with the following property. Take any two segments
joining two disjoint pairs of the given 7 points. Then either the segments do not intersect
or the point of their intersection does not lie in the triangle formed by the three remaining
given points.

Hint. Take the vertices of an equilateral triangle and its center. Also take the middle-
points of the segments joining the vertices and the center.

(d) State and prove r-fold versions of these examples.
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The quantitative 3-fold Radon theorem in the plane (QM) is unknown!

4.3. Are there 6 points in the plane such that for any partition of these points into three
sets the convex hulls of some two of these sets are disjoint?

4.4. (a) For the vertices of regular heptagon the number of partitions from Theorem M
is 7.

Hint. Every such partition looks like a rotated partition of fig. 5, left.

(b) For the points in fig. 5, right, the number of partitions from Theorem M is 4.

Hint. This follows because for every such partition one of the convex hulls is a triangle
with one vertex 4, another vertex 1 or 2, and the third vertex 6 or 7.

Remark. Hence the following sum has different parity for the two above 7-element sets
M,, M,

v(M;) = > | (1) N (R2) N (R3) |.

{R1,R2,R3} : M;=R1UR2UR3
See further [Sk18, §2].

Theorem 4.5 (DM: spatial r-fold Radon theorem; the spatial Tverberg theorem, 1965).
Any 4r — 3 points in 3-space can be split into r sets whose convex hulls have a common
point.

4.6 (cf. Theorem DM). (a) There are 8 points in 3-space such that for any partition of
these points into three sets the convex hulls of these sets do not have a common point.

(b) There are 4r — 4 points in 3-space such that for any partition of these points into r
sets the convex hulls of these sets do not have a common point.

(c) There are (r — 1)(d + 1) points in d-space such that for any partition of these points
into r sets the convex hulls of these sets do not have a common point.

4.7. * State and solve the spatial version of Problem 4.3.

In the proof of Theorems M and DM you can use without proof the Coloured Caratheodory
Theorem (whose proof is not a part of this project).

Theorem 4.8 (Barany; the Coloured Caratheodory Theorem). Suppose that the point 0 €
R™ lies in the convex hull of every set among finite sets My, My, ..., M, C R™. Then there
are points m; € M; such that 0 € (mg,my,...,my,).

Theorem 4.9 (SM: low-dimensional 3-fold Radon theorem for same size sets; the linear
Sarkaria theorem, 1991). * From any 11 points in 3-space one can choose three pairwise
disjoint triples such that the three triangles formed by these triples have a common point.

4.10 (cf. Theorem SM). There are 10 points in 3-space such that there are no three
pairwise disjoint triples of these points for which the three triangles formed by these triples
have a common point.

Theorem 4.11 (SDM: r-fold Radon theorem for arbitrary dimension for same-sized sets;
the linear Sarkaria-Volovikov theorem, 1991-1996). * Let r be a prime power. From any
(kr +2)(r — 1) + 1 points in R¥" one can choose r pairwise disjoint sets such that each set
contains k(r — 1) + 1 points and the convex hulls of these sets have a common point.

It is unknown whether the version of this theorem for » = 6 is true!

Quantitative versions (QSM), (QDM), (QSDM) are unknown, even for r a prime power!
The version of (S’M) on 3-fold linking is unknown, see [Skr|.

For topological versions see [Sk18, §2], [Sk16].

10



Answers, hints, solutions

1.1. 0, if they are parallel; 1, if the line intersects the plane; oo, if the line is contained in
the plane.

1.4. (a) The pair of the points (0,0,1) and (0,0, —1).

=0
(b) The circumference zz )
y + 22 =1
(¢) The union of three quarters of circumferences:
r=0,y>20,22>20 y=0,r>20,2>20 z=0,z>20,y >0
, and
2 4+ 2 =1 2+ 22=1 2 4+y?=1
1.5. (a) The pair of the points (0,0,0,1) and (0,0,0,—1).
pum— = O
(b) The circumference 172 Y .
2+t =1

xz =0,
v+ 22+ttt =1
(d) The graph K, formed by the union of six quarters of circumferences, one of the
r=y=0,220,t=>0
2 +t2=1

1.8. (b) The empty set, a point (if the line intersects the plane), a line (if the line is
contained in the plane).

(c) The empty set, a line (if the plane intersects the hyperplane), a plane (if the plane is
contained in the hyperplane).

(d) The empty set, a plane (if they intersect), a hyperplane (if they coincide).

(e) The empty set, a point or a line (if they intersect), a plane (if they coincide).

1.9. (b) The empty set; (e) a point.

2.2. (a) No.

2.3. (¢) The union of the red segments is the sum modulo 2 of the outlines of the red
triangles. Also (A@®@ B)NC =(ANC)@ (BNCO).

3.1. Consider AN A"

3.3. Since no 4 of the given points O, Ay, ..., A5 lie in the same plane, the number
of those sides of the triangle A3A4As; that are higher than A;As equals to the number of
intersection points of the outline of the triangle A3A4As with the triangle OA;Ay. Also,
a segment cannot intersect a triangle by more than 2 points. All this implies the required
assertion.

3.5. (3) Take points on a helix, see fig. 3.
(3”) The property (3’) is equivalent to Theorem QSD.3.

QSD. (3) We may assume that there is a unique ‘highest’ point O among the given ones.
Consider a ‘horizontal’ plane slightly below the point O. Take the intersection of this plane
with the segment OA;, for every given point A; (see figure 6). Then by QS there are 4 given
points A, B, C, D such that the triangles OAB and OCD have a common point other than
O. Now QSD.3 follows.

S’D, QS’D. We may assume that there is a unique ‘highest’ point O among the given
ones. Consider a ‘horizontal’ plane « slightly below the point O. Denote by Aj, ..., AL the
intersection points of o and segments joining O to other given points. In the plane a we
obtain a picture analogous to fig. 1, left.

(c) The sphere

quarters being
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Ay

/ As AX

Figure 6: A plane in 3-space intersects the segments OA; by 5 points.

Then the following numbers have the same parity:

e the number of linked unordered pairs of triangles formed by given points;

e the number of segments A;A; that are below an odd number of sides of their ‘comple-
mentary’ triangles Ay A; A, {i, 7, k,[,m} ={1,2,3,4,5};

e the number of ordered pairs (A;A;, ApA;) of segments of which the first is below the
second;

e the number of intersection points of segments whose vertices are Af, ..., AL.

By QS the latter number is odd.

SD. (4) We may assume that there is a unique ‘highest’ point O among the given ones.
Consider a ‘horizontal” 3-dimensional hyperplane o such that O and the other given points
Ay, ..., Ag lie on different sides of a. For ¢ =1,...,6 denote by A; the intersection point of
a and the segment OA; (see figure 7, left). Clearly, no 4 of the 6 points A}, ..., Aj lie in the
same plane. Hence by Theorem S’D there are two linked triangles with vertices at these 6
points.

@)

/ ,’ N AN A
/A3 / As AX\ 6 D
Figure 7: Left: a hyperplane in 4-space (shown as a plane in 3-space) intersects the segments
OA,,...,OAg at 6 points A}, ..., A which are vertices of two linked triangles. Right: section
by the plane v: A7 = OAC, A] = OBD.

0 A

Denote by A; and A, the triangles formed by Aj, ..., Ag so that the linked triangles
are the intersections a N OA; and @ N OA, of the hyperplane o with tetrahedra OA; and
OA, (e.g. Ay = AyA3A, and Ay = A1 A5Ag). Denote by « the plane containing O and the
intersection line of the planes of the linked triangles. Then yNa is a line and A;-Y =7NOA,
is a triangle for j = 1,2 (see figure 7, right). The side of A;-Y not containing O is v N A;.
The two sides of A;-Y containing O form the intersection of v and the lateral surface of the
tetrahedron OA; (whose base is A;).

Since the triangles o N OA; and o N OA, are linked, the intersection points of the line
v N« and the outlines of A] and AJ alternate along the line (see figure 1, right). Hence the
outlines have a common point distinct from O.

This point is either the intersection of the sides v N A; and v N Ay or, without loss of
generality, of the side YN A; and the union of the two sides of AJ containing O. In the first

12



case A\ intersects Ay. In the second case A; intersects the lateral surface of the tetrahedron
OA,.

QSD. (4) The result is reduced to Theorem QS’D analogously to the proof of SD.4, by
a simple additional counting analogous to the proof of Theorem QS’D below. We need the
following assertion.

For triangles Ay and Ay formed by Ay, ..., Ag and having disjoint vertices, the number
of intersection points of the surfaces of the tetrahedra OA, and OAq is even if and only if
the triangles a N OA; and a N OAs are linked in «.

4.6. (a) Take a pair of points at each vertex of a tetrahedron.
(c) Take the union of sets of 7 — 1 points at each vertex of a d-dimensional simplex.
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dazoBbie TpocTpaHCcTBa

IpoeKT mpejcTaniisaioT’: Anacracust Enns, Annpeit [L1ockorocoB,
Amnjipeit Pssonues n Eprennit Xunko

AnHoTanus

B sToM mpoekTe MbI mpejjiaraeM yUacTHUKAM Psif 3aJad, I PEIIeHUs] KOTOPBIX I10JIe3-
HO BBeCTHU (Pa3060€e npocmpancmso. B 4acTu J10 MPOMEXKYTOIHOIO (PUHUIIA MBI JEeMOHCTPUPYEM
BOJIBITIOE KOJUYIECTBO IMPUMEPOB TaKUX 3aJad. B 4YacTu Imocje IPOMEeXKyTOYHOro (DUHUIIA MbI
JIaéM HECKOJIBKO CJIOZKHBIX 3a/J1ad, JIJIs PEIeHNs KOTOPhIX HYKHO IVIYOOKO UCCJIEIOBATD ME€OMET-
PUYECKHUE U TOIOJIOTMYECKUEe CBOMCTBA (ha30BLIX ITPOCTPAHCTB, BOSHUKAIONINX B HUX.

1 3Bagaum 10 IPOMEXKYTOUYHOro (PUHMIIA

1.1 Bseaenne

Bo MHormx mareMaTHmIecKIX 3a/Jadax ObIBACT y,ZLO6HO PacCMOTPETDH “MHOKECTBO COCTOAHUI’ HEKO-

TOpOIt cucTteMbl. Takoe MHOXKECTBO OOBIMHO HA3BIBAIOT (PA306bLM NPOCMPAHCMEOM JTAHHON CUCTEMBI.
ﬂaHHbIe O COCTOAHUUN CUCTEMbl MOT'YT BKJIIOYaThb HE€ TOJIbBKO KOOPpAWHATLI TOYEK, HO 1, KaK 3TO 91aCTO
ObIBACT B MEXaHHWKE, UX CKOPOCTH.

Paborath ¢ BO3HUKAOMKUM B HEKOH 3aJiade (Pa3s0BbIM IIPOCTPAHCTBOM YJIOOHO HE IPOCTO Kak C
MHOYKECTBOM TOYEK, a BBOJS Ha HEM JONOJHUTEIbHYIO CTPYKTypy. Hampumep: reoMmeTpudeckyio
CTPYKTYPY (KaK Ha MHOXKECTBE TOYEK IIOCKOCTH); (PYHKIMIO PACCTOSTHUSI MEXKJIy TOYKAMU; MOHS-
THE IO/ K / 00 bEMA JIJIsT IOJMHOXKECTB (ha30BOro MPOCTPAHCTBA; OTHOIEHUE UHIUIEHTHOCTH (€C/In
baz30BOE MTPOCTPAHCTBO sIBJIsIET cO0O0I MHOXKeCTBO BepiiH rpada). [IpaBuibHbil BEIOOD Takoil cTpyK-
TYPBI MOXKET CHJILHO YIIPOCTUTH ONUCAHUE ITPOUCXOJIAINEI0 B 3a/1a4e, TOrJIa caMa 3ajiada CTaHOBUTCS

TPUBUAJILHOM.
Paccmorpum citeryromuit mpumep.

Bamaua 0. 3a cToJIOM CHJIAT Tpoe pedsAT, y KaxKJIoro ecTh Tapeska ¢ Kameil. Pas B MunyTy oHu
OJIHOBPEMEHHO JIEJIAIOT CJIE/IYIoNee: KaxXKIblil peOEHOK JIeJINT Kallly B CBOEHl TapesKe IOIoJaM U Iie-
PEeKJIaJIbIBAET YACTU JIBYM JAPYTruM. JlokazkKuTe, 9TO 4Yepe3 HEeCKOJIBLKO TaKUX XOJOB Yy BCeX OyIer

OJINHAKOBOE KOJIMYECTBO Kallll ¢ TOYHOCTHIO 10 1%.

Pewenue. Ckaxkem, aTo ob01mee KojmdecTBo Kamu paBHo 1. O6o3HaTIM T
qyepes (r1, X2, r3) HAOOD UHCEN, COOTBETCTBYIONIMNA KOJINIECTBY Kallll B
Tapesjkax Jjereit. Bce BO3MOXKHBIE ITOJIOKEHUsT CUCTEMbBI JIeXKaT B ILIOC-
KOCTH T1 + X9 + x3 = 1. IIpm stom 21 > 0, 20 > 0 u 3 > 0. Takum
obpaszoMm, nawe Pazosoe NPoOCMParHcmeo — nNPasusLHbLl mpey2osvhuk A AN
¢ sepwunamy (1,0,0), (0,1,0) « (0,0,1). ) N\

/ \

BamMeTnM, 9TO TIpeodpa3oBaHmIe |

(1’1, T2, .%'3) = (y17y27 y3) - (IQJgrm? 1’1-;%37 xlg“) /

*Mepr Onaromapum 3a IPOAYKTUBHBIE OOCYXKJIIEHUsI W IIEHHBIE COBETHI IO yiydmeHuio mpoekrta 1. Bubukosa,
C. Hdopuuenko, A.Kanenb-Besopa, I1. Koxxesnukosa, A. Ilnaxosa, M. Ckonenkosa u I'. HenHokoBA.



eCTb HE 9UTO MHOE, KAK TOMOTETHsl TPEyroJbHHKA A ¢ KO3DQUIUEHTOM —3 OTHOCATEIBHO TOUKH
nepecevyenns: meguan M = (%, %, %) [TpoBepbTe 3TO CAMOCTOSITENBHO.

OTMeTuM BCe MOJIOZKEeHUsI CUCTEMbI, B KOTOPBIX Yy JIeTell OJMHAKOBOEe KOJIMYeCTBO Kallld ¢ TOYHO-
crbio 10 1%. Tloydennoe MoMHOMKECTBO TPEYyTOJbHUKA A CONEPKUT MAJEHbKUI KPYT ¢ IEHTPOM
B M. Tlocse pocrarouno GOJIBIIOrO Yucjia UTepaluii Bece TOUKM A OKaxKyTcsl BHYTPU TaKOro Kpyra,

OTKY/Ia cJIejlyeT TpebyeMoe B 3ajiade. O]

1.2 T'eomerpuyeckasi BEpOITHOCTbD

B Ka)K,ILOfI n3 CcJIeAyromux 3a/ia4 Tpe6yeTC$1 ClDOpMaJII/ISOBaTb IIOHATHE BEPOATHOCTU, U 3aTEM HCXO/IA
U3 JaHHOI'O BaMM OIIpejie/IeHnd BbIIYUCJINTH OTBET.

Bamaua 1 (Herepuenusble jiy3/a0Thl). J[Ba jpyra JOroBOPHINCH BCTPETUTHCST MEKJLY TOJIYTHEM 1
JacoM JIHd, HO He YCJIOBWJINCH O TOYHOM BpeMeHM BeTpeun. KarKIblil 13 HUX MPUXOJIUT B CJIydailHbIN
MOMEHT BPEMEHU U3 YKA3aHHOIO MPOMEXKYTKa 1 KJIET jipyroro 10 munyT, a 3arem yxomauT. C Kakoii
BEPOSATHOCTBIO JIPY3bsM YIACTCS BCTPETUTHCS !

Bapaua 2. [lanouky jiomaioT B ABYX caydailHbix Mectax. C Kakoil BEpOATHOCTHIO U3 YacTeil MOXKHO
OyIeT CIOKUTH TPeyTroabHUK ! CpaBHUTE OTBETHI JIJIS CJIEIYIOMINX CIIOCOD0B JdeticmEo8amy CAYUATHO:

(a) BBIOEpEM HEPBYIO TOUKY CJIydailHBIM 00pa30M, CJIOMaeM HaJI049Ky B 9TOH TOUKe, BBIOEpEM OJIHY U3
JIByX YacTeil paBHOBEPOSATHO, U 3aTEM CJIyYallHBIM 00Pa30M BBIOEPEM BTOPYIO TOUKY pa3/jioMa Ha Hel;

(b) HezaBmCcHMO BBIOEpEM JIBE CJIydaiiHble TOUKH M CJIOMAEM IAJI0YKy B KayKJION U3 HUX;

(c) BbIOEpEM CJIydaiiHOEe IIPeCTaBIeHNe JIUHbI MAJOYKN | B BUJE CYMMBI TPEX YIIOPSIOYEHHBIX
cjgaraeMolx | = o1 + T9 + X3 (cp. C 3a0a49€en @

Bagaua 3. Mapcoxo/| pazbeskaer 1Mo pOBHOI IIOBEPXHOCTH HErOCTENPUUMHOIT 11aHeTsl (Oy1eM cau-
Tarh eé miIockoil). OH BeIOUpaeT cirydailHOe HAIIPABJIEHUE U MIPOE3’KaeT B BHIODAHHOM HAIIPABJICHUN
kmtoMerp. C Kakoil BEpOSATHOCTBIO, CIEIaB TPU TAKUX MUTEPAIIU U IIPOeXaB TPHU KUJIOMeTpa, MapCo-
XOJI TIepecedéT CBOil cien?!

Bagaua 4 (Urna Brooddona). Tlirockocrs pasinHOBaHA IMapa/IEbHBIMU MPSIMBIME, PACCTOSHIE
MeXK Iy coceqHuMu paBHOo lem. Ha mmockocts 6pocaror urosky aiauabl 1em. C Kakoil BepOSITHOCTHIO
UTOJIKA MEPecedéT KaKyo-HUOY/Ib U3 MPSIMBIX !

1.3 IIpocrpancTBa KOHUTYpaIUii

Bamaua 5. Ha kKoopamHATHOI IJTOCKOCTH HAPUCOBAH MHOIOYTOIBHUK ILToma u > 1. Jlokaxkure, 910
B HEM HaliryTcs jiBe Takue Touku A m B, Takme 910 00e KOOpAMHATHI BeKTopa AB 1esnbie.

Bamaua 6. Ha mmockocTn pacriosiozked MHOrOyTroabHUK rommaau < 1 u ganer 1000 Touek. Jlokarku-
1000

T€, YTO MHOI'OYI'OJIbHUK MOXKHO CJABHUHYTH Ha BEKTOP AJIUHBI < — TakK, 4TOOBI OH HE ITIOKPbIBaJI

HKX OJHY U3 TOYEK.

Bamaua 7. Jlana eguauunas cdepa. Boavwas oxpyscrocms — OKPYKHOCTH pajmyca 1, pacioio-
»KeHHast Ha cdepe. Jlomaroti Ha chepe 6ymeM Ha3bIBATH KPUBYIO, COCTABIECHHYIO U3 JIyT OOJIBIINX
OKPYZKHOCTENA.

(a) Ha enuanunoit cdepe pana jomanast y bl < 7. J{okazkure, 9T0 HARAETCA OOJIBINAS OKPY K-
HOCTB, He IlepeceKarorias .

(b) Ha exmrununoii cepe mana HecamoliepeceKaromiasicsi jJoManas 7y Jyimabl > k. Jlokaxure, aro
HaliIeTcst OOJIBbITIAasd OKPYXKHOCTH, IepeceKalolasd 7y 0ojiee 4eM B k TOYKAxX W HE CoJleprKallasd HU
OJIHOTO pebpa 7.



Bamaua 8. B mpocTpaHCcTBe pacrosioXKeHbl j1Ba Terpasdapa. s g0t I0CKOCTH, TPOEKIIUN TeT-
pa’IpoB Ha HeE OO 00e SIBJISIIOTCS TPEYTOJIbHUKAMHE, JTHOO 00€ SBJISIOTCS IeThIPEXYTOTbHUKAME.
Jlokazkure 9T0 TeTpa’dapbl IOT00HBI.

Bamaua 9. Ha mmockoctu BOuTo k reoseit. [IpoBojsiTest mpsiMble, He TIepeceKarole Hil OJUH U3 IBO3-
Jeit. /IBe mpsiMble Ha30BEM SKBUBAJIEHTHBIME, €CJIA OJIHY M3 HUX MOYKHO IIEPEMECTUTH BO BTOPYIO, HE
3aJ1eB HU OJIHOIO I'BO3/Is. Torma MHOXKECTBO BCeX TaKUX IPSIMBIX Pa3s0UBaeTCs Ha KJIACCHI SKBUBAJIEHT-
HOCTH; KazKJIbIil KJIACC COCTOUT U3 MPSIMbIX, SKBUBAJEHTHBIX JApYT ApyTy. Haiiaure (a) MuHuMaIbHOE
(b) MaKCHMaJIbHOE YUCJI0 KJIACCOB SKBUBAJIEHTHOCTU IPSIMBbIX JIJIsI JAHHOIO K.

Bamada 10. B romnke 1o repecedéHHOl MECTHOCTH yIacTBYIOT 8 MaruH. Tpacca mpejcrasiisier coboit
HPSIMYIO JIOPOTy, Ha KOTOPOH €CTh HECKOJIBKO 3a00JIOUEHHBIX yIacTKOB. KarKaas MallmHa JIBUXKET-
Csl TI0 CYXUM YYacCTKaM JIOPOIH C MOCTOSIHHOW CKOPOCTBIO (KazKJasi cOo CBOEii), a 110 3aD0JI0UeHHBIM
ydacTKaM — € JIPYTOil MMOCTOSTHHON CKOPOCTBIO (Tak:Ke KaxKJast co CBOeit).

MamwuHbl cTapTyIOT U3 OJIHON TOYKHU, HO B PA3HOE BPEMsi, BDEMEHHBIE ITPOMEXKYTKU MEXKJLy CTap-
TaMu MOTYT pasiandarbesd. Ha mucranmun gexypar 500 cyneit. Kaxkaplit cyibsd oTMETHI, B KAKOM
HOPSIIKE MUMO HEro Ipoexasii MallliHbI, HAIIPOTHB CYJIbH OOTOHOB He Ipoucxoauso. Jlokaxkure, 9To
MHUMO KaKHX-TO JIBYX CyJieifl MaIlluHbI ITPOEXaJIu B OJNHAKOBOM ITOPSIJIKE.

1.4 JImckperHble (pa30Bbie MPOCTPAHCTBA

3a,u;aqa 11. Mama 3aJiyMaJia JABY3HaAYHOE YHCJIO. Bacsa naswiBaer JABYy3Ha9HbI€ YUCJIa, €TI0 3aJa4a
Ha3BaTb 4YHCJIO, OTJIMYailomieecCsda OT YUC/ia Marmmu B KazKJIOM pa3ps/ie He bosee yeM Ha 1. Kakoro
HanMEHbIIECI'O YuCJla XOI0B Bace 3aB€I0MO XBaTUT !

Bamada 12. Mara 3ajymasia JBy3HaqHoe 9uCI0. Tereps 3aja4a Bacu — Ha3BaTh YUC/I0, COBIIA A~
foree ¢ uncjioM Maru B 0JlHOM paspsijie, a B JIPYroM oTandatorieecs e 6osee yem Ha 1. XBarur jin
emy (a) 18 momsitok; (b) 20 nomnbiTok; (¢) 22 monbIToK?

Bapgauga 13. Ilo kpyry paccraBiieHO HECKOJILKO SIIMKOB, [0 HUM HEKOTOPBIM 00pPa30M Pa3J/I0XKEHbI
IMAPUKA. 3& OJIMH XO/T PA3PEIAeTCsl B3sITh BCE MIAPUKU U3 JIIOOOTO ANMUKA U PA3JIOKHUTD UX, JIBUTASICDH
110 YaCOBOIl CTpeJIKe, HauWHAsl CO CJIEIYIONIEro SIUKa U KJa/lsl B KaXKJIblil sIITUK 110 OJTHOMY IapUKYy.

(a) Hdokakure, 9T0 ecyin HA KayKJIOM CJIEJIYIOIIEM XOJIe MAPUKH OEPYT W3 TOTO SIUKa, B KOTOPBIi
TTOJIOYKMJIN TIOCJIETHUN MMapuK Ha MPEIbIIYINEM XO/e, TO B KaKOH-TO MOMEHT ITOBTOPUTCS HadaIbHOE
pa3MelleHue MapuKoB.

(b) [dokazkure, 9T0 3a HECKOJIBKO XOJOB U3 JHOOOI0 HAYATHLHOIO PA3MEIEHHUs MAPUKOB 110 AINKAM
MOXKHO IIOJIyYUTh JII000€ JIPyToe.

Bama4da 14. (a) B oxmoil u3 KieTok 6eCKOHEYHOH B 00 CTOPOHBI MOJIOCKHA CTOUT HEBUMMBINA KO-
pabiib. 3a XoJ1 paspelraeTcs jesarh oauH BbicTpesl. [locse Kazkioro xozia Kopabib CIBAIaeTCs Ha
HEKOTOPOe YUCIIO0 KJIETOK (YMCJIO KJIeTOK W HAIpaBJIeHHe CIABUTa KasKIbll pa3 OjHH U Te ¥Ke, HO
He U3BeCTHBI UIPOKY ). [Ipuiymaiite crpareruio, MO3BOJISIONLYI0 HABEPHSAKA MOIACTH B KOPabJIb.

(b) Ta ke 3a7a4a Ha IWIOCKOCTU: KOPaOJIb CTOUT B OJHON U3 KJIETOK M KasKJblil XOJI CJBUIaeTCsl HA
OJIUH U TOT K€ HEU3BECTHBIN IeJIOUNC/IEHHBbIN BeKTOp. rpok jeraer mo ofHOMY BBICTPEITY 3a XOJI.

1.5 Iz0paHHBIE 3a4a4n

Bamaua 15. [danbl Tpu cocyaa BMecTUMOCTBIO 6, 7 1 12 yiuTpoB. /IBa MEHBINX cOCy/la 3aIll0JTHEHBDI.
MozKkHO i OTMEPUTH 9 JINTPOB BOJIBI, IEPETUBast BOLY MEXKJLY COCYIAMMU’!

Bamadya 16. lmerorcs Tpu Oacceiina. V3 mepBoro ¢ MmoCTOSIHHONW CKOPOCTBHIO BBLIMBAETCA BO/IA, &
BO BTOPOI M TpeTuii 6acceifHbl BOJIA MOCTYIIAET C MOCTOSTHHBIMU CKOPOCTSMU. V3HAYaIbHO B TIEPBOM



Oacceiine OBLIO CTOJIBKO K€ BOJIBbI, CKOJILKO B JIBYX JIDYTMX B CyMMe; Yepe3 HEKOTOPOe BPEeMs BO
BTOPOM Oacceiine CTaJ0 CTOJBKO K€ BOJIbI, CKOJIBKO B JIBYX JIDYTUX B CyMMe; €II¢ depe3 KaKoe-TO
BpeMsi B TpPeTheM OacceiiHe CTajlo CTOJIbKO K€ BOJIbI, CKOJIBKO B IEPBBIX JBYX B cyMMe. BO3MOXKHO
JIM, 9TO HU B Ha4YaJje, HU B KOHIIE 9TOI'0 IPOMEXKYTKa BPEMEHU HU OJINH U3 0ACCEHOB HE OBbLT IIyCThIM !

Bama4da 17 (VuporéHnaasi MOJIeNb «XUITHIK-2KepTBay ). B Jiecy KuBét x 3aiines u y BoJKoB. Bymem
CUNTATH, YTO €CJIN BOJIKOB HET, TO 3aHIIbI PA3MHOXKAIOTCS C IOCTOSHHOW CKOPOCTBIO @g, €CJIU JKe B JIECY
y > 0 BOJIKOB, TO OHU ChEJAIOT (1Y 3alIeB KaxKIyto eJuHuily Bpemenn (T.e. 2'(t) = ag — ary). Takxke
Oy/leM CYHTaTh, YTO €C/IM 3afllleB HeT, TO BOJIKM YMUPAIOT C IIOCTOSHHOI CKOPOCTBIO b, Ha/IM4He XKe
x > 0 3aiileB IO3BOJISET BOJIKAM PAa3MHOXKATLCA CO CKOPOCTBIO bz (T.e. y'(t) = —by + byx). Haitaure
3aBUCHMOCTH KOJIMYECTBa 3afllleB U BOJIKOB OT BpeMmeHu. [ljis Kakux ag, aj, by n by 918 3aBUCHMOCTD
mepruoanJIHa?

Bamaua 18. /IBa mapuka ¢ MaccamMu mq U Mo JABUKYTCSI IO IIPsi-
MOIi, KaK II0Ka3aHO Ha pUcyHKe. MexK 1y ImapukaMi, a TaK:Ke MEXK- - — - G — — — €——o— — — — — —
JIy TapuKaM¥u W CTEHKOMU, MMPOUCXOIAT YIPYTHE COyTapeHus.

(a) Hokazkure, 910 MeXKIy MIAPHUKAME 3a BCE BPEMs MPOM30IIET KOHETHOE YUCI0 COYIAPEHHIA.

(b) Kak kosmaecTBO coyapeHnii 3aBUCAT OT OTHOIICHHsI HAYAJIBHBIX CKOPOCTEl MIAPDUKOB M OT UX
mace?

[Ipu coynapeHusx MApUKOB JefCTBYIOT 3aKOH COXPAHEHUs! MUMILYJIbCa Y M;U; = const u 3aKoH
cOXpaHeHHs SHePruu » | m;v? = const. Yiap o CTEHKY MPOUCXOJUT abCOMIOTHO YIIPYTO (¢ cOXpaHeHu-
eM ckopocT). MOXKHO cuuTaTh, 4TO MIAPHUK, OIMKANRIIN K CTEHKe, B HAYaJIbHBI MOMEHT JIBUXKETCs
OT HeE.



YKazaHud " peaaeHand K 3aa9aM J0 IIPOMeE2KYTOYHOI'O (I)I/IHI/IH_Ia

I'eomeTrpuyeckasi BEpOSITHOCTH

s pererns 3aja9 HAM HYZKHO OIPEJIC/INTH MOHATHE BepodgTHOCTH. [lycth X — MHOrOyroJbHUK
Ha TJIOCKOCTH, TOYKH KOTOPOTI'O MOJIETUPYIOT MHOYKECTBO MCXOJI0B B Hameil 3agade. [lycrs A C X
— HEKOTOPOe IMOJIMHOYKECTBO. By/ileM roBOpUTDH, UTO 6€POAMHOCb NONAcmds 6 A paBHA OTHOIIEHUIO
ntomad|| A K mmomaam X . B sroit cutyarmum X MBI HA3BIBACM 6EPOATHOCTIHBLM NPOCTIPAHCIMGOM,
a ero IMOJMHOXKeCTBa — cobuvmuamu. bosiee 10JipobHOE BBeJIEHNE B TEOPUIO BEPOSITHOCTEH CM., Ha-
npumep, B [Sh].

Pemenue 3ajauu [1} Otser: i

36
OTOKIeCTBUM BO3MOXKHOE BpeMs Ipuxojia desioseka ¢ orpeskom [0; 1]. To-
rJla BpeMsl IIPUXojia JABYX JI0JIeil oToxkaecTBisgercs ¢ KBagaparom [0; 1] x [0; 1].
A nmenHO, TouKe (,Y) COOTBETCTBYET CUTYaIUs, KOTJa MEPBbIil YeJ0BeK Iphu-
1161 B MOMEHT I, a BTOPOM — B MOMEHT J/.
BakpacuM TOYKH, COOTBETCTBYIOIIME CUTYAIUSIM, KOTJIA JAPY3bIM yIACTCS

BeTpeTuThed. OHu 00pa3yIoT MOJIOCKY TLIONIAIH %. ]
r

Pemenne 3anaun 21 (a) Orser: In2 — 1.

CkazkeM, 9TO IPH BBIOOPE HEPBOil TOYKHM Pa3/JI0Ma MbI
BBIOMpaeM cirydaitiyto Touky Ha orpeske [0; 1]. Tasee, oTox-
JIECTBAM KayKJyI0 U3 IIOJIyYHBIIAXCA YaCTell ¢ OTACILHOI
komueit orpeska [0; 1]. Takum o6pazom, Hallle BEPOSTHOCT-
HOe TIPOCTPAHCTBO COCTOUT U3 JIBYX KBaJpaToB (KOOD/IH-
HaTa IEepBOro BHIOOPA OTKJIAJILIBACTCA B KAXKJIOM M3 HHUX
1o ocu abcImce, a KOOpJnHaTa BTOPOTro BhIOOpA — 10 OCH
Op/IUHAT).

Ormerum TOUKM X, COOTBETCTBYIOIIME PA3JIOMaM, U3 KOTOPBIX MOXKHO CJIOKHTH TPEYTOJbHUK.
Honycrum, nepsbiit passiom jiesiaercs B Touke x € [0; 1]. 3arem Mbl BIGpasu IE€PBbIii U3 JBYX KYCKOB,
OTOXKIeCTBIIH €10 ¢ oTpe3koM [0; 1] u BbIOpasn Ha HEM TOUKY Y. VI3 Oy YeHHBIX TPEX KYCKOB MOYKHO
CJIOYKUTH TPEYrOJIbHUK, €CJIA X > %, Ty < % nx(l—y) < % DTO MOJAMHOXKECTBO UMeeT ILIOIIAIb

VA | 1
9 = )dr=m2- -,
/; e o) dr=m2-3

[ToaMHOXKECTBO BTOPOTO KBaJpaTa, COOTBETCTBYIOIINE PA3/ioMaM, U3 KOTOPHIX MOXKHO CJIOKUTH TPe-
YIOJIBHUK, CTPOUTCST aHAJIOTUIHO.

(b) Orser: 1.

OroxkecrBum nasouky ¢ orpeskom [0;1]. Beibop maper Touek x,y € [0;1]
3aa6T TOUKY B KBaJpare. VI3 oIy 9eHHBIX YacTeil MOXKHO CJIOZKUTDH TPEyTOJIbHHUK,
ec x < Y M UOPH TOM T < 2.y > L uy— 2 < L gubo ecrm y < x u upn

1 ) 2 2 2
9TOM T >

HYyY<szmzr—y< % [Lnomames moaMHOXKECTBaA, 3aaHHOTO STHUMU
HepaBeHCTBAMH, PaBHA

1
1

' Boobime roBops, y IpOM3BOIBHOTO TIoaMHOKecTBa A C X IIIoma s MoykeT GBITh He OlpeJiesieHa; TI03TOMY MOYKHO
TOBOPUTD JIUIIH O BEPOSTHOCTHU TOTACTD B «JOCTATOYHO XOPOIeey MOJMHOYKECTBO, Y KOTOPOIO IIJIOMA/Ib OIPE/Ie/IeHa
KOPPEKTHO.



(c) Otger: }L.

BepogTHocTHOE IIPOCTPaHCTBO B 9TOM 3a/1a9e MOXKHO OTOXKIECTBUTH C KOH-
dburyparmonasiM ipoctpancTBoM u3 3ajadn [0 W3 wacreil, mosydeHHBIX B

pesyabraTe pa3zduenusi, MOXKHO CJIOKUTb TPEYTOJIbHUK, €CTH T1 < %, Ty < %
uxry < % [Inoma e 3TOro MmoJIMHOYKECTBA COCTABJISIET YETBEPTH ILJIOMIAJIN
TPEyTOJIbHUKA. O

Pewenne 3anaan 3 Otser: 5.
OTOK1eCTBUM BEPOSITHOCTHOE IIPOCTPAHCTBO ¢ KBajparoM [0; 27) x [0; 27), R

IJIe KOOPJIMHATHI COOTBETCTBYIOT BEJIMIUHAM yTJIOB JIOMAHOI, 10 KOTOPOii e1eT \

mapcoxos. [Tomumo rpanuinst © = 0 u y = 0 (KoTOpas UMeeT HYJIEBYIO ILIO-

Ma/Ib ), MApCOXOJl IepecedéT CBOi ciel, eciu (x,y) — mapa yIrjoB B HEKOEM "

TPEeyToJIbHUKE, 064 U3 KOTOPBIX He ABJISIOTCA CTPOTrO HAUOOIBIINMHE, JTH0O €C- \

m (27 —x, 2T —y) — mapa yIJoB B HEKOEM TPEYroJIbHUKe, 064 U3 KOTOPBIX He I

ABJIAIOTCA CTPOro HaUOOIBIIUMUA. DTO COOTBETCTBYET CUCTEMaM HEPaBEHCTB

r<T—1—Y, 2r—z)<7m— (21 —x)— (27 —y),
y<m—x—y 2r—y)<7m— (21 —2x)— (21 — ).

Kazk/ias 13 HIX 33/1a6T 9eTEIPEXYTOMBHIK, TJIONTA, (b KOTOPOIO COCTABIIAET = OT IJIONIA, I KBaIpaTa.

24
[l

Pemenne 3agaum 4. Otser: %

st onpeiesiénroCcTr GyJIeM CIMTATh IPSMble TOPU30HTAIBHBIME. Be-
POATHOCTHOE IIPOCTPAHCTBO B 3TOM 3a/1a9€ MOKHO OTOXKJIECTBUTD C IIPSI-
moyrosibaEKOM [0;7) X (0; 1], rye mepBasi KoopinHaTa 3aa6T OPHEHTH-
POBaHHBI yTOJI UTOJIKA OTHOCUTEBHO MPSAMBIX, & BTOpas KOODIMHATA N /Sé -
[OKa3bIBAET PACCTOSTHUE OT HUYKHErO KOHIIA UTOJIKU JI0 OJinzKaiiiiei CH- it
3y IIPAMOWA.

Toraa MHOKECTBO MCXOJI0B, KOTOPBIE HAC WHTEPECYIOT, 3a-
naérest HepaBeHCTBOM 1 — y < sinz. 9TO MHOYKECTBO HMEET
wiomas [ sinxdr = 2. O

ITpocTpancTBa KoHdUrypammii

TepmuHoJsiorndeckoe 3amedanue. llycrs maHo moaMHoOKecTBO X €BKJIMIOBa IIpocTpaHcTBa. He-
JI MBI OTOKJIECTBJISIEM MHOYKECTBO mouex X ¢ MHOXKECTBOM Pacnonoccenuti 1ero-ambo (Hampumep,
C MHOKECTBOM IPSMBIX Ha ILJIOCKOCTH, WJIK ¢ MHOYKECTBOM OOJIBIIIUX OKPYKHOCTEeH Ha cdepe, nin
C MHOYKECTBOM DACCTAHOBOK YHUCEJI C MOCTOSTHHOW CyMMOIi), TO X Ha3bIBACTCS NPOCMPAHCTIEOM KOH-
Puzypayuli. DTOT TEPMHUH CIUTACTCs OOIIEIPUHATHIM 1 0oJIee YIAIHBIM, 9eM TepMUH «da30oBoe Impo-
CTPAHCTBO», XOTs 110 CYyTH OHU UMEIOT OJIMHAKOBBIN CMBICII.

Pemenne 3amaun [5l Paccmorpum «pemérky» OpsMbIX & = 1 U Y = N JJIsl BCEBO3MOXKHBIX N € Z.
Ona pasbuBaeT IJI0CKOCTH Ha KBajiparel. Hazosém kBajpar ¢ Bepumnamu (0,0), (1,0), (1,1) n (0, 1)
6a306vim. OFEBUIIHO, KaXKIBIH KBAIpAT MOTydIaeTcs 13 6a30BOIO CABUIOM Ha CBOM IIEJIOYUCICHHBI
BeKTOp. Bymem cunrarh, uro Bee KBajpaThl BHINIAAAT Kak [0; 1) X [0; 1), T. e. He BKIIIOYAIOT BEPXHIO0
U TIPaBYIO CTOPOHBI.

BosbMéM MHOTOYTOIBHIK 13 ycsIoBus. PeléTka paspesaer ero Ha KoHewIHoe dnciio dacreit. Capu-
HEeM KazK/Iyl0 9acTh Ha COOTBETCTBYIOIMIMIT IEJTOYUCICHHDII BEKTOD TakK, 9TOObI BCE OHH OKA3AJIHChH
BHyTpH 6a30Boro kBajpara. QaKTUYIECKH, MBI IOCTPOUIIN MHOHCECTNEO MOUEK MHO20Y20ADNUKG, C
MOUHOCINDIO 00 UEAOUUCAEHHO20 CO8ULA.



[TockosbKy cymma ILTomajeir qacreii > 1, oHM He MOI'YT He HAKJaJbIBaTbCs BHYTPHU 0a30BOIO
kBajipaTa. B kagecrBe A u B 10CTaTOIHO B3STH JIIOOYIO APy TOYEK, KOTOPBIE COBIAJLYT MTOCJIE C/IBUTA.

Pemenue 3amaum [6l Haueprum BOKpyT KaxK 101 TOUYKH KPYT PaIuyca == . 3aKpacuM B KazxJIoM

Kpyre TOYKU MHOTOYTOJIbHUKA, KOTOPBIE B HEM JIeKAT. 3aTeM IIPU IOMOIIH [Tapa/L/IeIbHBIX IEPEHOCOB
COBMECTHUM BCe KPYT'U. 3aKpallleHHbIe TOYKH ITOKPOIOT HEKOTOpyio obacts P. Bekropa ot Touek P
JIO TIEHTPa KPyTra — 9TO B TOYHOCTU ME GEKMOPG, Ha KOMOPHLE HEAb3A COBUAMb MHO20Y20NLHUK.
Kaxknoe 3akpallleHHOE MHOXKECTBO UMEJIO ILIOIMAAb < 1, 3HaUUT Iiomalb P cocrapiser < 1000.
Ho xpyr nmeer miromaas posao 1000, ciaegoBaTebHO, B HEM HaMIETCA He3aKpallleHHAas! TOYKa. Bek-
TOP MEZKJIY 9TOI TOYKOH M IEHTPOM KpyTa fABJISETCS MCKOMBIM. O

Pemmenne 3agaum (7| Perienne 910ii 3318491 UCIOIB3YET BaXKHYIO HMJIEI0, CXOIHYIO C MPOEKTUBHOI
JBoiicTBeHHOCTBIO (eM., Harpumep, [S]). Dror mMeros mo3BosseT yH06HO paboTaTh C MHOMHCECTNEOM
boavwux okpyscrocmets Ha cdepe. A UMeHHO, ycTh cdepa umeer 1eHTp B Touke (. JI0boit ToU-
ke A Ha cdepe comocTaBuM GOJIBIIYI0 OKPY?KHOCTD, JIEJKAIIYIO B ILIOCKOCTH, IIPOXo/sieil depes O
nepreHuKyaspaoit OA.

D10 3871aET B3ANMHO-OIHO3HAYHOE COOTBETCTBUE MEXK/Iy TapaMi JTuaMeTPaIbHO TPOTUBOIIOIOXK-
HBIX TOYEK Chepbl U OOJBIMNMU OKPYKHOCTSIMEU. ByieM Ha3biBaTh 3TO COOTBETCTBUE 080UCMEEHHO-
cmwio 1 0603HadaTh 0. Ormerum, aro §(6(A)) = £A g o60it Toukn A Ha chepe u §(d(w)) = w
JUTst 1000 0OJIBINOH OKpyKHOCTH w. Kpome Toro, eciim Touka A jeKuT Ha OOJIBINON OKPYKHOCTH
w, TO GoJIbIas OKPYKHOCTH d(A) cofepKuT mapy Touek o(w).

(a) IIycrs umeercs myra a GosbImoit okpyzxuOocTH. [Ipemmonokum, a mmeer jymny 7t st t € (0;1).
Bosbmém Goutbiie okpyzxuocTr §(A) st Bcex A € a. Bamernm, uro obbegunenue 0(A) 3annmaer
JI0JII0 t OT TLI0Ia U chephl.

Jlomanast v u3 ycjoBust umeer jymuHy < . [TosTomy Gosibline OKPYKHOCTH, JIBOHCTBEHHBIE K
TOUYKAaM 7, He IIOKPBLIBAIOT Beeil cdepbl. BosbMéM HenokpbiTyio Touky B. Torma 6osiblnas OKpyKHOCTD
d(B) He mepecekaer 7.

(b) HdokaszarenbcrBo aHajorudro. s kaxKoro pebpa 7y BO3bMEM 0ObeMHEHNE OOJIBIITIX OKPY K-
HOCTell, TIBONCTBEHHBIX K €ro ToYKaM. Mbl ojryunM mapy «cdepudeckux Jgoyieks». [1ocKkombKy JinmHa
~ 6osibitie Tk, TO 0ObeMHEHNE BCEX TAKUX JIOJIEK IMOKPLIBaeT OoJiee k pa3 HEKOTOPYIO YacThb cdephl,
MMEIONTYI0 HEHYJIEBYIO ILJIOIIATb.

B wacTtnocTn, cymectByeT 6ECKOHEUYHO MHOTO TOUeK Cdepbl, MOKPBITHIX 0oJiee YeM k JT0JIbKaMU.
Ormerum Touku By, ..., By, IBOWCTBEHHbIE K IPOJIOJIKEHUSAM pedep . Mbl MoxKeM BBIOPATH TOUKY
C, mokpeITyIO OoJiee ueM k JI0JIbKAMU U He COBIAIAIONILYIO ¢ By, . .., B,,. Tormna 60/bIinas OKpyKHOCTD
d(C') mepecekaer Goiiee ueM k pébep 7y U He COAEPKUT HU OJJHOTO U3 HUX. ]

Vkazanue K pemeHuro 3aaa4u [8f Brurmem kaxpiii rerpasap B cdepy. [Ipumenum K Hum 1a-
paJIeNIBHBII TIEPEHOC U TOMOTETHUIO, YTOOBI chephbl COBIAJIN.

Jlajiee paccMoTpuTe NpsiMble [, TTPOXO/IAIINAE YePe3 MEHTP chepbl, TAKUE 9TO MPOEKITUN TETPA3IPOB
Ha, IJIOCKOCTD, MEPIEHIUKY/IAPHYIO [, ABISAIOTCA TPEYTOJTbHUKAMH. O

Pemenue 3amaum 9. Bosbmém kpyr D, copepxkammuii Bee ro3au. Eciu jmobast npsaMas u3 HEKOTO-
pPOTro KJlacca SKBUBAJIEHTHOCTH TlepecekaeT [, Ha30BEM 9TOT KJIaCC SKBUBAJIEHTHOCTH 02PAHUMEHHDIM.
fcHo, 9TO ecTh POBHO OJINH KJIACC, HE SIBJISIONIUNCT OrPAHUICHHDBIM.

[IpoBeaém MeK Iy I'BO3JISIMH BCEBO3MOXKHBIE OTPE3KH, TaK YTO HUKAKOW OTPE30K HE COJIEPIKUT
I'BO3JIeil KpoMe KOHIIOB. MOXKHO OTOXKJIECTBUTDL MHOHCECTNEBO OMPEZKOE C MHOHCECMEBOM 02PAHUYEH-
HBIT KAACCOB IKBUBANEHMHOCTNU NPAMBLT. /1151 STOr0 HY?KHO TTOBOPAYMBATH KaXK/IYIO IIPSAMYIO ITPOTUB
YaCcoOBOU CTPEJIKU, TIOKA OHa He YIPETCs B JIBa I'BO3/Is — ITa Mapa I'BO3/eil 1 OyIeT KOHIIAMU OTPEe3Ka,
COOTBETCTBYIOIIETO KJIACCY IKBUBAJECHTHOCTHU JIAHHOU IPAMON.

(a) Otsert: k.



JleficTBUTEILHO, MBI BCETTIa CMOXKEM 1TpoBecTr k— 1 orpe3ok. Takoe 9ucsio 0Tpe3KOB peain3yeTcs,
€CJIN BCE I'BO3/IU PACIOJIOXKEHBI Ha OJHOMN IIPAMOI.
(b) Orser: C? + 1.

Yucsro orpe3koB He OoJIbIie ducaa pédbep B oIHOM rpade. DTa OleHKa JOCTUTAeTC s, €CJIN HUKAKIE
TPHU I'BO3/Id HE JIE2KAT HA OJHOU MPAMON. ]

Nnes apyroro pemenus 3aaauu [9 Kondwuryparumonnoe npocrpanctso X Beex npsMbix B R?
ITPY ITOMOIIY ITPOEKTUBHON JTBOUCTBEHHOCTH OTOXKJIECTBJISETCA C RP? 6e3 0/1HO{ TOUYKH. BoikunyTast
TOYKA COOTBETCTBYET «OeCKOHEUHO YAATEHHOI mpsimoiiy. CM., Hampumep, [S).

MHOKeCTBY IPAMBIX, ITPOXOAIIHIX depe3 Touky A € R, mpu 9TOM COOTBETCTBYET IpaMas B RP?
TaxuM 06pa3oM 3a1a49a CBOAUTCS K TOMY, Ha CKOJIBKO dacTeil MOXKHO paspesars RP? ¢ momompio k
psIMBIX (BBIKUHYTAsT TOYKA Ha KOJIMYIECTBO JacTeil He BJIUsIET). ]

Pentenne 3agaun [Iycts S — Touka crapra. s Kaxkmoit Touku Tpacchl A 0603HAYUM CyM-
MapHYIO JUIMHY CYXHX Yy9acTKOB oT S 10 A depes x, a cyMMapHyIO JJIUHY 3a00JI0U€HHBIX YIACTKOB
nytu ot S 1o A depes y. ComocraBum Touke A TOUKY (&,%) HA ILIOCKOCTH.

Hapucyem rpaduk JBrKeHIsI KazK 10l MAIIMHBI B IIPOCTPAHCTBE ¢ KOOPAUHATAMHE I, Y, t. KaxK aprit
rpaduK gBJISIETCS JJOMAHOR. 3aMeTHM, 9TO KarK/1asl TaKasl JOMaHasl JIEXKUT B HEKOTOPOI ILJIOCKOCTH
t =ty+ 2+ ¥ 30ech t) — BpeMa MPOXOXKICHUS TOYKH S, U U U — CKOPOCTh MAINMHBI Ha CyXHX U
3a00JI0YEHHBIX yIaCTKaX COOTBETCTBEHHO. OOO3HAYNM STU IJIOCKOCTH (i, . . . , Og.

Hapucyewm mjist cyneit BeprukaabHbIE IpsIMbIe [, . . ., [500. HaMm HY?KHO 1TOKa3aTh, YTO TOYKH IIE€pe-
CcedeHUsI HEKOTOPBIX JABYX IPSIMBIX C IIOCKOCTSIMH HIYT Ha 9THX HIPSIMBIX B OJMHAKOBOM IIOPSIIKE.

Paccmorpum nonapmele nepecedenns MJI0CKOCTelH oy M a; U CHPOEKTHPYEM Ha, TOPH30HTAJIBHYIO
mwiockocThb 3. Mur mosyanm ne 6ostee gem CF = 28 pasnuaubix npaMbix. Onn paséusaioT [ He Hosee
e Ha 1+ C3y = 407 wacreit. [To npuamumy /Iupuxie, Kakue-To JBe U3 IpAMbIX lq, . . ., [500 TpoxoasT
yepes OJIHy M TY K€ YaCTh. O

NCKpeTHbIe A30Bbl€ IIPOCTPAHCTBA
'ZL p Cb p p 01 2 3 45 6 7 8 9

Pentenne 3agaun Orser: 12 X010B.

OToKIeCTBAM KaxKJI0€ ABY3HATHOE UHCJIO ¢ KJIETOYKOH B Tab-
murie 9 X 10 (cTpoku — mecaTku, cTosobl — eauauiel). Eean Baca
Ha3bIBAET YHCJIO, OHO MOKPBbIBAeT KBaJpaT 3 X 3 B 9T0i Tabiuie.
Ho 4T00bI TOKPHITH TAKUME KBaIpaTaMu 3allITPUXOBAHHBIE CTPOKHI
(Bce umcIia, HAUMHAKOIMIUEC HA 2, HA b 1 Ha 8), HEOOXOMMO pa3Me-
CTUTH 12 TaKuX KBaJIpaTOB, TO €CTh HA3BaTh MUHUMYM 12 duces.

[Ipumep Jierko OCTPOUTD, TUIs/Id Ha TadJIUILy: IycTh Baca Ha-

30BET uncaa 21, 24, 27, 29, 51, 54, 57, 59, 81, 84, 87 u 89. O

© 00 N O Ut = W N

Peinenne 3agaun Wnes perienns Ta »Ke, TOJIbKO Tellepb HAM HY?KHO HOKPBITh KJIETKH IIPSIMO-
yroabHUKA 9 X 10 «KpectaMuy, COCTOAMMMA U3 MATH KJIETOK.

(a) Orser: Her.
JleficrBureibHO, ecan ObI 18 KpecToB XBATUJIO, TO OHU MOKPDI-
BaJIu OBl IPSAMOYTOJILHUK O€3 HAJIOKEHW T 1 He BBIXO/IS 38 T'DAHUIIBI.
Ho 310 HEBO3ZMOXKHO, HAIIpUMED YTJIOBYIO KJIETKY TaK HOKPBLITH HE
IIOJIY YA TCS.
(c) Orser: [a. B
Pasmecrum 18 kpecToB Kak Ha puCyHKe (J1j1st 60JIbITEl TOHATHO-
CTH OTMEYEH IEHTD KazKJI0ro KPecra), & BOCeMb HEIIOKPBITBIX KJie-
TOK ITOKPOEM OCTABIIUMUCH 4 KpeCTaMMu. O




Pemnenne 3amaun (a) Tekytee cocrostHUE OMUCAHHON B 3a/atde CUCTEMBI OLPEIEISIeTCs KO-
YeCTBOM ITAPUKOB B KaXK/I0i KOPOOOUKe N yKa3aHneM KOPOOOUKH, ¢ KOTOPOl HYKHO HAYMHATH Pac-
KJIQ/IBIBATH ITAPUKHU B CJIeytonmil pa3. [[o3ToMy BO3MOKHBIX COCTOSTHIIT CUCTEMBI KOHETHOE YHCJIO.

W3 KaxK/moro cocTosHms MOYXKHO, PACKIa IbiBasd IIAPUKHU, MEPEHTH B JPYTroe COCTOsTHUE CUCTEMBI,
KOTOpOe oIIpe/ieieHo ojino3uHadHo. HaobopoT, 3Has cocTosinne cucTeMbl B HACTOSIIUN MOMEHT, MOYK-
HO OJTHO3HAYHO OIPE/IESINTh COCTOSTHIE CUCTEMbI TIepe/T TIOCeTHIM PACKJIabIBaHeM Irapukos. Jleii-
CTBUTEJILHO, TIOC/IEIHEE PACKJIAIBIBAHNE JIOJIZKHO OBLIIO 3aKOHINTHCS HA BBIJIEJIEHHON KOPOOOUKE; 110~
9TOMY, ITOOBI BOCCTAHOBUTH HPEIBIAYINEE COCTOsHNE, HYKHO B3AThb OJWH IIAPUK U3 BBIJIEJEHHON
KOpOOOUYKM U Jiajiee, UJd MPOTUB YaCOBOW CTPEJIKHU, OpaTh IO MAPUKY U3 KaXKJI0W KOPOOOUKH, IT0-
Ka 9TO0 BO3MOKHO. Korjia ke Mbl BCTpETUM IyCTYI0O KOPOOOUKY, MBI ITOJIOKUM B Heé BCe COOpaHHbIE
IMAPUKNA U 00bIBUM €€ OTMEUEHHOI.

[TocTpoum opuenmuposanmnviti epag cocmosnutd cucreMbl. [l 97010 0603HAYUM COCTOSTHUST CH-
CcTeMBbI TOYKAMHU, & BO3MOXKHOCTD I€PEX0/ia U3 OTHOTO COCTOSIHUSI B JIPYTO€ — CTPEJIKOM, COeTIMHSIIO-
el COOTBETCTBYIONME TOUKH. V3 KaxK10if TOUKN OYJeT BBIXOJUTH POBHO OJHA CTPEJIKA U B KaXKIIYIO
TOYKY OY/IET BXOJIUTH POBHO OJIHA CTPEJIKA.

Hauném guraThes 1o cTpeskaMm, HadmHas ¢ 3ajaHHoro cocrosgaus Ajp. Iosmyduaem mocsemnoBa-
TEJIHOCTh cocTosHUil Ay, As, ... IloCcKOIBKY €HC/IO COCTOSHMIT KOHEYHO, B HEKOTOPBII MOMEHT B
nocienoBaresbHoctu { A;} BosaukueT nosropenue. Ilycts, Hanpumep, Ay = A, e k < . [Tockosb-
Ky B TOYKy Ay BXOAUT POBHO O/Ha CcTpejka, u3 paBencrBa A, = A; crenyer A1 = A1, ...,
Ay = A;_p11. Tem cambim, gepes | — k X0/I0B Mbl BEPHYJIHCH B cOCTOsiHEE Aj.

(b) B ommmune or nyskTa (a) Ternepb COCTOSHEE CUCTEMBI OIPEJIEJISIeTCs] JINIIb TeM, KaK Pa3jIoiKe-
HBI MMAPUKU TI0 KOPOOOUKaM. 3aMETHUM, UTO €CJU XOJ BeJET m3 coctosgHus A B cocrosaue B, TO,
coryiacHO (a), MbI MOYXKeM (3a HECKOJILKO XOJI0B) BepHyThcs u3 B B A. Ecim Mbl MokeM TOmacTh U3
cocrosiaust A B cocrosiane C' 3a HECKOJIBKO XOJI0B, TO MBI MOYKeM BepHyThcda U3 C' B A, «oTKaThIBas»
XOJIBI TIO OJTHOMY.

Taxum 06pazoM, ecjiu Mbl Hay 9IUMCS ITONIAIaTh U3 JTI0OOT0 COCTOSIHUA B HEKOTOPOe (PUKCUPOBaHHOE
cocrosinue M, TO CMOZKEM <ITyTEMIECTBOBATLY MEXKTy JIIOOBIMU COCTOSHUSIMU, «IIpoe3zKasi» depe3 M.
Obo3naunm yepes M cocrostHme, KOTJa BCe MapuKu coOpanbl B (UKCHPOBAHHOM KOpobouke m. Byaem
Ipu Kaxk/Joji omepanuy Oparh MapuKu U3 OsmKaiimieil (IpOTUB YacoBOil CTPEJIKM) K M HEIyCTOI
kopoboukn. Torta TGO 9MC/I0 MAPUKOB B M YBEJIUIUTCH, JIMOO OJTMKAMIIIas K 1M HeIycTas KOpodoUuKa
craHeT emi¢ OJimke. Pano wiam mo3iHo Bee MAapuKu cobepyTes B m. O

Ykazanue K perneHuto 3ana4u |14, DazoBoe TpoCTPaAHCTBO B ITOI 3a/1a4e — MHOYKECTBO BCEBO3-
MOXKHBIX Tap (z,v), TJe & — HadaJbHOe MOJIOKeHne Kopabiis, a v — BEKTOP, Ha KOTOPBI KOpabJib
CIBUTAETCS 3a OWH XOJ. JIerko mokasarh, 9To (pa30BOe MPOCTPAHCTBO CYETHO, & ITOTO JIOCTATOTHO
JIIs IOCTPOEHUS aJrOPUTMA CTPETHOBI. O



N36pannable 3aga4n

Vkazanue K penrenuro 3ama4du [15] [Tocrpoiite KoHGUIypaIMOHHOE IPOCTPAHCTBO BOJBI B COCY-
nax, Kak B 331a4e [0 u pacemorpure nsmeneHue cocrosiHus IpK nepesnBanusx. [Llogpobaoe obcy kK-
nenue cM. B [CGl . 4, §6]. O

Pemnenue 3amaun OTBeT: HET, HEBO3MOXKHO.

Konduryparnmonnoe mpocTpaHCTBO KOJMYIECTBA BOJLI B TPEX Oac-
ceftnax — moamuokectBo X C R3, cocrogmiee m3 Todek ¢ HeoTpHIIa-
TeJILbHBIMU KoopjimHaTaMu. To4uka, COOTBETCTBYIOIIAs TEKYIIEMY OJIO-
JKEHUIO CHCTEMbI, JIBUKETCs MO0 OTPE3KY [, COeUHSIONEMY HAavaIbHOE
U KOHEYHOE TI0JIOZKEHHE.

[lepecedenne mtockocTeit t+y = 2, y+2z =xu z2+x =y ¢ X gaBid-
eTcs rpaHuIleil 6eCKOHETHOTO TPeyTroJbHOro Konyca. [[ockobKy Konyc
BBIMYKJIBIN, OTpe30K [ TepecekaeT ero rpaHuily He Oojiee UeM B JIBYX
toukax. Ho 1o ycioBuio orpe3ok [ cofiepKuT XoTs Obl 110 0JIHO# TOUKe
kazk 101t rpanu. CireoBaTeIbHO, [ TTPOXOIUT XOTs OBl Uepe3 OTHO PeOPo
konyca. Hakonerr, 3amerum, 4To pébpa KOHyca JiexKaT Ha ILJIOCKOCTAX
r=0,y=0uz=0. O

Y

Pemnienne 3amaun Kondurypanmonnoe mpocTpaHCTBO KOJINYIECTBA 3alIeB U BOJKOB — IIePBbIi
kBapanT miockoctu R?. O6oznauum ero X. ITosoxKeHne cucTeMbl MEHAETCA CO BPeMeHeM, TOUKa C
[OJIOKUTEIbHBIMEI KOODANHATAME (T, Y) JBUKETCS C BEKTOPOM CKOpPOCTH (ag — a1y, —bg + bix).

SamMeTnM, 9TO B TOYKE (%11, Zil) BEKTOp CKOpocTHu HyjeBoit. CiBuHEM HAYaJI0 KOODIUHAT B ITY
TOuKy. Torja comocraB/ieHIe KaK/I0fl TOUKe e€ BEKTOpa CKOPOCTU OY/IeT JIMHEHHBIM O0TOOpaykKeHueM
R? — R2. BameTuM, 4TO 3TO JHHEHHOEe 0TOOPasKeHHe HePeBOUT OCh T B OCh —1/, & OCb 4§ — B OCb .
PactsnyB ocu B HYy:KHOE KOJIMYECTBO pa3, MOXKHO CJieJlaTh €ro KomIio3uimeil mopoporta Ha 90° u
TOMOTETHUH.

A mMmeHHO, c/ie/taeM JIMHEHHYIO 3aMeHy ITePEeMEHHBIX, MTOJI0KUB

—bo + bliL' —ag + a1y

f=——" u §=
N T e

B sTux KoopamHaTax BEKTOP CKOPOCTH TOYKH (T, ), He JeXKaleil Ha rpanuie X, 3alnChiBAeTCs KaK
Varby - (=7, ). D10 3HAYUT, YTO BCE TAKHE TOUKHU JBUXKYTCS [0 OKPYKHOCTSIM C IIEHTPOM B HadaJje
KOODJIMHAT.

Taxum obpazom, JIBUKEHNE BCEX TOYEK, YbU OKPYZKHOCTH HE IIePEeCeKaAIOT T'PAHUILy X , TepHOIN-
Ho. Ecsm Touka monaiaeTr Ha rpaHuily X, TO JIajbIlle OHA JIBUZKETCS 10 Hell ¢ IIOCTOSTHHOM CKOPOCTHIO.
To ecTh, HE IEPUOJINYHO JBUKEHNE TOYEK, JIJIsT KOTOPBIX

2 2
#2 4+ §* < min %, % ,
by a
TO €CTh PACCTOSTHEE JI0 HAavaJla KOOPAMHAT (B HOBBIX KOODJMHATAX) He OOJIbIIe PACCTOSHUS JI0 XOTS
Ob1 o/1HO# 13 MpaAMbIX © = 0 u y = 0. [

Pentenne 3agaun (a) Byaem cieuTh JIUIIb 38 CKOPOCMAMU TAPUKOB. B IPOCTPAHCTBE ¢ KO-
OPJMHATAMU V1, Uy 3aKOH COXPAHEHHsl SHEPTUU My Vs + Mov3 = const 3a1aét suuic. s ynobersa
MOKHO YMHOYKUTH KOOPIUHATHI Ha MOJOKATEIbHBIE UNCJIa TaK, 9TOOBI 3TOT SJLINIIC CTAJ OKPYKHO-
CTBIO.

A nMeHHO, HOJIOKHM & = /My - V1 U Y = /My - vy. (IlepBelil mapuk — JajabHUI OT CTEHKH,
CKOPOCTH CUUTAETCS MIOJIOKUTETHHOMN, €CJIN OHA HAIPABJIEHA K CTeHKe.) VI3 3aKOHA COXPAaHEeHUs SHEep-
I'MU, TOYKH, COOTBETCTBYIOINIHE MOJOKEHIAM CUCTEMBI, JIesKaT Ha OKpyxKHocTH 22 4 y? = const. Dra
OKPYZKHOCTB OyJIeT HaIuM (pa30BbIM IPOCTPAHCTBOM, 0003HAUNM €€ X .
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[Ipu coymapenun MexK 1y MIAPUKOM U CTEHKOH B (DA30BOM IPOCTPAHCTBE MPOUCXO/IUT IIPe0dpPa3o-
Banue (r,y) — (r,—y), T.e. OTpaKkeHHe OTHOCUTEIHHO MpsiMoii [, 3amanHoil Kak y = 0. Ormernm,
YTO COYJIAPEHUE MOXKET IIPOM30MTH TOJBKO ecau vy > 0, T.e. y > 0.

[Ipu KaxK7a0M COyJapEeHUN MeXK/Iy IMapuKaMu B (Da30BOM ITPOCTPAHCTBE MIPOUCXOIUT OTPAKEHUE
OTHOCHTEJILHO HPSMOIf, IPOXOJIAIeil Yepe3 Haval0 KOOPJAMHAT U TOUKY (/My,+/Ms2). DTO ciejayer

. / .2 x _ Yy
U3 3aKOHa COXPaHEHUA UMITYJIbCa. HaszosémMm 9Ty IIPAMYIO ) , OHa 3aJaeTCd KaK S = _\/mig OTMQTI/IM,

. z .
49TO COyJapeHHne MOXKET IIPOU30UTU TOJIBKO €CJId U1 > Vg, T. €. N > o

O6o3naunM yroa Mmexay [ u ' gepes a. Ham msBectHo, 4To oo = Y

arctg % OueBuIHO, KOMITO3UITUS JIBYX ONMUCAHHBIX TPE0OPa30BAHUI X ,

X dgBJigeTcd MOBOPOTOM Ha yToJI —2(. l
OrmeTnM Ha OKPYKHOCTH JIyTy [7; 7 + 2], obosnaunm eé U. Pano \

I TIO3/IHO JIi00ast ToUKa monaieT B obaactk U. B Takom mosioxkeHnn @ l >

CHACTEMBbI HEe MPOU30UIET HU OJJHOTO COYJIapEHUsI CO CTEHKOM.

(b) IMycrb (z9,yo) — HavYaJbHOE TOJOKEeHUE cucrTeMbl. U3 ycnosus,

yo < 0. Oupemesnum S Kak yros Bekropa (Zo,%o). Popmanbho, [ = u
arcctg i—g—ﬂ. Torna yucsio coyaapeHuiit MexK 1y IapruKaMi PaBHO [”2‘% ,
7r+,6’72a‘|

a IHCJI0 COyIapeHUil MK Iy BTOPBIM IIAPUKOM U CTEHKON paBHO | o

K »1oit 3a/1ate MbI MOXKEM ITOCOBETOBATH JIONOJHUTEIbHbIE MarepuaJjbl Ha YouTube: o63opHoe
Bujieo [I], rae roBopuTest o cBA3M 9TOi 3a4a9K €O 3HAKAME B JCSATHIHON 3amucu daucia T, Buieo [2] ¢
pellleHrneM B IPOCTPAHCTBE CKOPOCTel, a Takxke Buleo [3| ¢ permenneM depe3 GUIbsp/Ibl B TPOCTPAH-
CTBE KOOP/IMHAT. ]
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3aJlaun mocJje NpPpoMe>KyTOYHOro (pmHUIIA

Bajiaun 371€Ch pas3Jie/IeHbl Ha J[Ba HE3aBUCHMBIX CIozkeTa. B pasjese [2] Mbl n3ydaeM pasjindHble TO-
OJIOrHYIecKre CBoiicTBa (ha30BBIX HPOCTPAHCTB, BOSHUKAMOIIMX B 33/a9aX C JOBOJIBHO HPOCTHIMU
dopmynuposkamu. B pazzese |3 Mbl cTasikuBaeMcs ¢ reomerpueil (pa3oBbIX TPOCTPAHCTB, a UMEHHO
— ¢ IPeoOPa30BAHUSIME, COXPAHSIIOIIMU 00bEM. [10 npusute 00WUPHOCIU IMUT CIONCEMOE YA -
HUKAM NPEJAGRAEMCH COCPEJOTNOVUMD CE0U YCUAUA AUULDL HA 0OHOM U3 HUL.

OcHOBHBIME pe3y/IbraTaMu §2] ABISIOTCS 3a/a4n u 22™] ocHoBHBIMU pesy/braTamu §3] —
387140 u Bajiaun, oTMeUYeHHbIe 3BE30UKAME, TPEOYIOT HEKOTODOH TexHUKN (Takoii Kak
HeIIPEpPBIBHBIE OTOOPAYKEHHsl); €CJIM Bbl HE 3HAETE COOTBETCTBYIOMUX (DOPMAJIBHBIX OIPEIeJCHNUH, TO
PeIaThb 3TU 3aJa91 HE HY2KHO.

I/IHOFI[‘a B Ka49eCTBE ITIOJACKAa30K K CJIOZKHBIM 3a/a49aM MBbI (i)OpMyJII/IpyeM JIEMMBI. STI/I JIEMMBI T'O-
BOPSIT MHOTO€ O IPUPOJIE PACCMATPUBAEMBIX OOBEKTOB, U IIOITOMY MOTYT OBITh HHTEPECHBI CAMHE 110
cebe. JlokazaTeberBa 9TUX JIEMM, B CBOIO 04Y€pe/Ib, PA3OUBAIOTCS HA 319K, KOTOPbIE Pa3MeIlaroTCs
nocsie ux hOPMyJIUPOBKI.

Taxzke jyist CliipaBKu MbI IPUBOUM (DOPMYJIUPOBKU HEKOTOPBIX TEOPEM; UX JOKA3ATETHCTBA C/la-
BaTb HE HY2KHO.

2 Tomosaorusa pa3oBbIX MPOCTPAHCTB

2.1 3agada mpo BO3BI

Bamaua 19. B 9:00 Typuct BbIIIET U3 T0Ma, OH 1€ BeChb JAeHb 1 K 21:00 mpuinés Ha MecTO CTOSTHKM.
[TepenoueBas, na ciemytomuit geab Typuct ¢ 9:00 mo 21:00 ménr obpatHo 1Mo TOM ke mopore. OH
UJIET C HEIIOCTOAHHON CKOPOCTBIO, MOXKET MHOIJIA OCTAHABJIMBATHCA WJIN JlayKe BO3BPAIIATHCA Ha3a/l.
JlokaxkuTe, 9TO B HEKOTOPOM MeCTe JOPOI'Ud TYPUCT B Pa3Hble JTHU HAXOIUJICA B OJHO U TO YK€ BPEMsI.

Bamaga 20™ (H. H. Korcrantunos). 113 ropona A B ropoji B BeJIyT JiBe HEIIEPECEKAIOIIIECsT IOPOTH.
WzBecTHO, 9TO jIBE MaIlIWHBI, CBSI3aHHbIE BepeBKOil JnHbl 10 MeTpoB, cMmoru mnpoexath u3 A B B 110
pa3HbIM JIoporaM, He opBaB BepeBKUu. MoryT Jin pa3sMuHyThCs, He KOCHYBIIUCDH, JIBa KPYIJIBIX BO3a
C CEHOM, UMeroIue pajanyc 6 METPOB U JBUKYIIUECA 110 Pa3HbIM JIOPOraM HABCTPEUY JPYyT JAPYry?!

Huxe Mbl HAMETUM TIYTH (HOPMAALHO20 PEIICHUS 381291 IJId KYCOWHO-AUHETH020 TBUKEHU S
MAaIllMH U BO30B. DTO 3HAYUT, YTO BPEMEHHON OTPE30K JI0JI2KEH ObITh pa30UT Ha KOHEYHOE YHC/IO “a-
cTell, CKOPOCTU MaIllMH U BO30B Ha, KayKJION U3 KOTOPBIX TOCTOSHHBI. TOr/1a JI/Id pelenns 3a/1a9u
MOXKHO JIOKa3aTh CJIeTyIOIIee BCIIOMOTraTeTbHOE YTBEPXKIEHUE.

Jlemma 1. B xsadpame ABCD napucosanvt dse aomanvie o u 3. Jlomanas o coedursem eepusrivt
AuC, a somanan B — sepuwunoe B u D. Toeda aN B # @.

Jlomamble MOIYT CaMOIEPECEKAThC S, €C/IH He OTOBOPEHO IIPOTHBHOE.
[ToueMmy MBI HEe pACCMATPHBAEM HENPEPLIGHLIE KPUGHIE BMECTO JIOMaHbIX! Pasnuily B obparennu
C HIMH W/UTIOCTPUPYET CJIeytomas 3ajada (oTBeTs! B ImyHKTax (a) u (b) pasmbie).

Bamada 21. Cpeau poBHOIT crenu cTouT ropa. Ha Bepmmay BeyT JBe TPOILI, HE OIYCKAION[ECS
HUZKe YPOBHA cTelnu. /IBa aJbIIMHUCTA OJHOBPEMEHHO HAYAJIU HOIbLEM 10 PA3HBIM TPOIIaM, COOJIIO/As
YCJIOBHE: B KazKJblil MOMEHT BPEMEHHN ObITH Ha OJMHAKOBON BbicoTe. CMOIYT /M aJIbIIMHUCTBL JOCTUIb
BEPIIUHBI, JIBUTASICh HEIPEPBIBHO, ecyin (&) TPOmbl siBJisitorcs jjoManbiMu; (b*) Tpornbl MoryT 6bITH
[IPOU3BOJILHBIMU IPadpUKAMKU HEIIPEPbIBHLIX (DYHKITHIi?

(c) Pemmnre ananor mynkTa (a) Jisi IPOU3BOJIBLHOIO YHUC/IA AJIbIIHHUCTOB.

Jlemma (1| KazkeTcss 09eBHIHOM, HO CTPOrO JIOKa3aTh €€ OKa3bIBAeTCs HE TaK MPOCTO. YKa3aHUA K

JIOKa3aTebcTBY M. B §2.3.1]

12



2.2 IIpsmoyrojibHUK, BOUCAHHBIA B KPUBYIO

Samaua 22™. Jlana 3aMKHyTas HecaMOIlepeceKalolasicd KpuBas Ha IIOCKOCTH. Jlokaxkure, 9TO
CYIIECTBYET MPSMOYTOJbHIK, BEPITMNHBI KOTOPOTO JIe’KaT Ha 9TOH KPHUBOIL.

Bosbmém Ha miockoctu Toukn A = (0,0), B = (1,0), C = (1,1) u D = (0,1). MoxHo ompe-
nenth aewmy Mébuyca kak kBajgpar ABC'D (¢ BHyTpeHHOCTBIO), B KoTOpoM ctopoubl AD u C'B
OTOKJIeCTBJIEHBI TToCpeicTBOM orobpazkenus (0,t) — (1,1—t). Byaem obosnauars jgenty Mébuyca M.

st tokazaresibCTBa 33291 OYIyT IOJIE3HBI CACAYIOMINE ABA YTBEPIKICHUS.

Bagayga 23. Oroxjgecrsure ¢ M KOHMDUTYPaAIMOHHOE IPOCTPAHCTBO MTap TOYEK Ha OKPYZKHOCTH.

JIemma 2. He cywecmeyem nenpepwuierozo enodicenus M — R3, maxozo wmo eparuya M aesrcum
6 naockocmu z = 0, a 6ce ocmansvrvie mowky — 6 noaynpocmpancmee z > 0.

(Iox “Bioxkennem” 371eCh IOHUMAETCsT OTOOPAYKEHUE, TIPH KOTOPOM pasHbie TouKu M mepexo/sar
B pasnble Toukn R3.)

Boobmie rosops, Jlemma [2] nucronbsyer nmonsgTue HenpepbIBHOCTH, aKKypaTHOE OOpAIleHne ¢ KO-
TOPBIM BBIXOJUT JIAJIEKO 3a PAMKHU MpOoeKTa. TeM He MeHee, Mbl MOXKEM CTPOrO JIOKA3aTh KYCOYHO-
aunetnyro sepeuto Jlemmbr 2| Tlosicnenns n ykasanus K jokasaresberBy oM. B §2.3.2]

2.3 Tomoaormveckue J1eMMBbI
2.3.1 3aMKHYyTbIe KPUBbI€ HA IIJIOCKOCTU

OCHOBHOII 1IEJIBIO ITOrO pasjesia sBJISeTCs JT0Ka3aTeabeTBo Jlemmbt [I}

Onpepesienne. Habop ToUeK II0CKOCTH HA3BIBACTCA HAOOPOM 00UL€20 NONOHCEHUSA, €CIT

(1) HuKakwe TP W3 HUX He JieXKaT Ha OJHON HPSIMON 1

(2) Hukakue 6 U3 HUX HEJIb3s MTOKPBITH TPONKOMN MPSIMBIX, IIPOXOSIIIX Yepe3 OHY TOUKY (He 00si-
3aTeIbHO IPHHAJICIKAIILYI0 HAOODY ).

Bapgaua 24. Bepno jin, 9To ecim HAOOP TOYEK IJIOCKOCTU COJIEPKUT XOTs ObI 6 TOUEK, TO yCJIOBUE
(1) u3 ompesesenns BhIIIe cyeLyeT U3 yceaoBus (2)7

Bamaua 25. Ilokaxkure, aTo J11000#1 KOHEUHBIN HAOOP TOYEK ILIOCKOCTH MOXKHO CJeJaThb HabOpPOM
00IIIEro MOJIOXKEHUsT TIOCPEJICTBOM CKOJIb YTOIHO MAJIOTO IIeBeJIeHHsI (TO eCThb, CIBUHYB KaXK Iy TOUKY
He OoJiee UeM Ha 3apaHee YKa3aHHOE PACCTOSHIUE).

Bamaua 26. [lan kBagpar ABCD u jnomanbie o = AgAi... A, u f = ByBy...B,, tue Ay = A,
By = B, A, = C, B, = D u ocra/jibHble BepIIUHbI JIE)KAT BHYTPHU KBajparta. lIpemamomoxnm,
MHOZKECTBO BCEX BEPIINH JIOMAHBIX HAXOIUTCS B OOITIEM ITOJIOYKEHNH. '1T0T/1a YNCI0 TOUEK TepecedeH s
a ¥ HeuéTHO. (YKazaHue: UCIOJIb3YyiiTe HHIYKIUIO 1O 1M U N.)

Bazaua 27. Bepro s yrBepKaenue sagaqu 26, ecin mis muoxkecrso Bepums o 8 (a) ycsosue (1)
u3 ornpejiesienns: Habopa obIero moJoxkenus He BbrnosHgercs, uin (b) ycmosue (1) BoimosHsieTcst, a
ycioBre (2) He BBITOJHSETCs?

Bagaua 28. (a) Hokaxure JIemmy 1] (b*) dokaxure anasor Jlemmst [1] 115t HenpepbIBHBIX KPUBBIX.

AHasormIHBIM 00pa30oM, U3 3a1a91 MOKHO BBIBECTU CJEAYIOIIee YTBEPXKIAECHUE.

Teopema 2Kopaana. Bygem roBopurs, IT0 MOIMHOKECTBO IIIIOCKOCTH A €64A3H0, €CII MEXK/IY JIIO-
OBIMI JIByMsI €I0 TOUKaMHU CYIIECTBYET JIOMaHasi, IeJukoM Jiexkaiias Baytpu A. Torga (a) sobas
3aMKHyTasl HeCaMOIlepeCeKaIOIasiCs JJOMaHas pa3duBaeT IIJIOCKOCTh Ha 9acTH (T. €. JIOHOJIHEHHe I1JI0C-
KOCTH JI0 9TOM JIOMaHOil He sB/sieTcs ¢BA3HbIM); (b) Gostee Toro, sTUX Yacreil pOBHO IBe.
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2.3.2 3aremieHHOCTh 3aMKHYTBIX KPUBbIX B IPOCTPAHCTBE

OCHOBHOII 11eJIbI0 9TOIO Pasjiesa ABJIsIeTCs JJ0Ka3aTebeTBo Jlemmbl [2]

Onpegenenune. Habop Touek IpoCTpaHCTBA HA3BIBACTCA HAOOPOM 00UE20 MOAOAHCEHUSA, €CTTT

(1) HUKaKWe TP TOYKHU He JiexkaT Ha OJHON MPSIMOI,

(2) HUKaKue YeThbIpe TOYKU He JIeXKAT B OJHOM IJIOCKOCTH 1

(3) Hukakue 8 U3 HUX HEJb3sl MOKPBHITH MAPON IJIOCKOCTEH M HPAMOI, TPOXOJAIIUMU YEPE3 OJIHY
TOUKY (HE 00sI3aTe/IbHO MTPUHAJJIEIKAIILYI0 HADODY ).

FOBOpHT, 9TO JIOMaHbI€ B IIPOCTPAaHCTBE HATOOAMCA 6 06m€M noA0AHCEHUU, €CJIN MHO2KECTBO UX BEP-
mH — Ha6op TOYECK O6H.L€1"O ITIOJIOZKEHU 4.

Bamaua 29. [lokazkure, 9T0 JIH000I KOHEUHBII HAOOP TOUEK B IPOCTPAHCTBE MOXKHO CJIeJIaTh HADO-
POM OOIIEro MOJIOKEHHSI TIOCPEICTBOM CKOJIb YIOJHO MAJIOrO IIE€BeJICHUS.

Bamaua 30. Ilokaxkure, 9TO ecu OObeJMHEHUE MHOXKECTBA BEPIIUH 3aMKHYTON JIOMAHOW B ITPO-
CTPAHCTBE W BEPIIUH ITPOU3BOJILHOIO TETPad/Ipa sABIseTCs HADOPOM OOIIEro MOJIOXKEHHS, TO KOJITIe-
CTBO TOYEK II€pecevdeHns JOMAHOM ¢ MOBEPXHOCTHIO TeTPasdaIpa I6THO.

Omnpepenenne. Ilycrs «, 3 C R — aBe 3aMKHYTEIE JJOMaHbIe B OOIIEM TI0/I0KeHHN. Bo3bMéM TOUKyY
O € R? B obmemM nosoxkenun ¢ ux sepmmbamu. Ilyers Ag, Aq,..., A, = Ay — Bepmmnbl . g
1 = 0,...,n — 1 mocuntaeMm OCTATOK IO MOJYJIIO 2 JJI YHUCJ/Ia TOYEK IlepecedeHus] TPeyroJbHUKa
OA;A; 11 n momanoit f. CyMMa n MOJIYIEHHBIX OCTATKOB HA3BIBACTC K0IPPUUUEHMOM 3aUeNAeHUA
a u B no modyao 2. Obosnauenne: lk(«, [3).

Bamaga 31. (a) Ilokaxure, uro lk(a, f) e 3aBucur or BeIGOpa Toukm O. (YKasaHme: BO3BMUTE
touky O’ u paccmorpure nepecedenne terpadapos OO’ A; A, 1 momaHoit [3.)

(b) ITokaxure, aro lk(a, f) = Ik(B, ). (CumBosoM = MBI 0003HATAEM CPABHUMOCTD 110 MOJLYJIIO 2.)

Bamaua 32. Ilycrs o, 3 C R? — mapa HenepeceKaloluxcs W HECAMOIEPECeKAIOMMUXCsl 3aMKHYTBIX
JIOMAHBIX.

(a) dokaxkure, uro cymecrtByer € > (0, TaKoe 4YTO TP JIOOOM CIBHUIe KayKJOW BEpINUHbI o U [3
MEeHbIIIe YeM Ha € JIOMaHble OCTAHYyTCs HellepeCeKaIoNMMMUCH U HecaMOIlepeCeKaIOIMMUCS.

(b) TomeBesuB BepIIUHBI (v, § MEHBIIIE Y€M Ha €, MOXKHO MOJIYIUTh APy JOMAHBIX OOIIEro MOJI0Ke-
s o, 8. Jokaxkure, uro, lk(c/, f) KOPPEKTHO OIIPEJIE/IEH, T. €. HE 3aBUCUT OT STOIO CJIBUTA.

Bajaua [32| mospoisier onpeaeuTbh KoM MUIMEHT 3alelIeHns 10 MOIY/II0 2 ISt NpouseoabHOTl
Hapbl HellepeceKaloNuxcs U HecaMoIlepeceKalommxXes 3aMKHYTHIX JIOMaHbIX «, 3 C R2. Bynem roso-
puTh, 9To o U 3 3ayenaens, no modyaio 2, ecan lk(a, f) = 1.

s mpocToro JiokasareabeTBa JleMMbl 2] y10OHO MCIIO/IB30BaTh ClIeLyoIee cBOiCTBO rpada K
(nosmmoro rpada Ha 6 Bepmmuax). Orobpaskenue Kg — R Gyjem HasblBaTh KyCOMHO-AUHETHOLM,
ecJi 00pa3bl BCeX PEOEP ABJISAIOTCA JIOMAHBIMUT.

JIemma 3. Jlas 1106020 kycouno-aunetinozo enoscenusn Kg — R3 natioémes napa nenepecexarouyu-
CA YUKAO8, 3AUENACHHDIT MO MOJYAI0 2.

Bagaua 33. [l Kycouno-jmHeitHoro Biaoxkenus vy : Kg — R3 oboznaunm slk(v) cymmy xosbdurm-
€HTOB 3allellJIeHNsI TI0 MOJLYJTIO 2 JIJIs BCeX Tap HellepeceKaromnxes IMUKIoB. [locTpoiite Kakoe-HIOY b
Boxkenue g : K¢ — R® u y6eaurecn, uro slk(yg) = 1.

Bagaua 34. IlycTh KycodHO-THHEHHbIC BIOXKEHHSA 71,7 @ Kg — R3 coBmamaror ma Bcex pébpax,
kpome ojHoro. Jlokaxkure, aro slk(y;) = slk(7z).

Bagada 35. Beisegure Jlemmy [3|
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2.3.3 Buioxenus jeaTbl Mébnyca B IpOCTPAHCTBO

Tpuareyaayuet nentbl Mébuyca M nasbiBaercd rpad [' C M, Bce rpann KOTOpOro — TpeyroJibHu-
k. OTMernm, uTo npu 3ToM rpanuna M nenukom coctouT us pédep. Orobpaxkenue f : M — R?
HAa3BIBACTCS KYCOUHO-AUHETHBLM, €CJTU JIjIs HEKOTOPO TpuaHrysiun M orobpazkeHue f 1epeBOIuT
eé rpaHn B TPeyroJbHUKHE B R,

Bamaga 36. (a) Bioxure K¢ B M Tak, 9ro6bl OHUM U3 IMKJIOB Oblia rpanuma M, a apyrum
IUKJIOM ObLIa cpeanss auansg M. Hazopém stu ukiaer o u 3.

(b) IMokazkure, uro eciu 3a1an0 Biaoxkenue f : M — R3, To nukakue nuxinl B f(Kg), kKopme f(a) un
f(B), ue 6yayT 3alerIeHbL.

Bamaua 37. Ilycrh 3amaH0 Kycodno-jguneinoe iaoxkenne f : M — R3. O6osmaanm o rpammy M,
a 8 — cpenmioro smunio M. Jlokaxkure, uro f(a) u f() — zanenennbie joManbie B R3.

Bamaua 38. Busemnte n3 sagaqn [37] Jleamy [2] 1 xycouno-mmmeiinoro saoxxenng M — R3.

Bamaua 39*. Jlokaxure Jlemmy [2| 1ra HenmpepwiBHOro Baoxkennsa M — R3.

3 3epkaJja n OMIbIAPIbI

3.1 HeBuaummasg cucrema 3epKaJl

B sTroMm pasjiesie Mbl paccMaTpUBaEM CuCmemvl 3epka.n — HADOPbl KPUBBIX Ha ILJIOCKOCTH. [ljs jryqei
BBITIOJIHAETCS 3aKOH “yroJI aJeHus paBeH yIJIy OTPaxKeHud ; 3epKaJjia MOI'yT ObITh UCKPUBJIEHHBIMU,
TOTJIa, TOT 3aKOH IPUMEHSIETCS K KacaTeJbHON K 3epKaJjly B TOUKe HajeHus Jyda. Jlydamu, rorra-
JAIOMIMHI B Kpas 3epKaJjl, MOXKHO mpeHebpedb. Cucrema 3epKaJl J0JKHa ObITh orpaHmdeHHoil. Bee
3epKaJia He MOTYT OBbITh HapaJsiie/IbHBIMUA OTPE3KAMMU.

Bama4a 40. Ilocrpoiite cucremy 3epkad, (a) HEBHIUMYO B KAKOM-HUOY/Ib Hanpasienuu; (b) Hepu-
IUMYIO B KAKUX-HUOY/Ib JBYX HAIIPABICHUSIX.

Hesudumocmsv 6 nanpasaenuy IpaMoii | 03HAYAET, YTO KaxKIblil JIyd, IapaJsule/IbHblil [ 1 HaunHAa-
IOMUicA JIOCTATOYHO JIaJIeKO, HECKOJIBKO OTPAaKEeHUl CIIyCTd IIPOJIOJIZKaeT UJITU 110 TOHN Ke IIPAMOI,
KAk ecJii Obl OH HU OT Yero He OTParKaJics.

Banaua 41. (a) IIpemmomoxum, Bce 3epKajia CUCTEMBI SIBISIOTCA OTPE3KAMU M PACIIOJIOXKEHBI 110
Y

yraamu 0° u 90°. JTokaxkuTe, 4TO TaKkasd CUCTEMa 3epKaJl He MOXKET ObITh HEBUIUMOI ¢ HAITPABJICHUN

45° m 135°. VTJIbl m3MEPSIOTCI IO OTHOIIEHUIO K OCH .

(b) IIpeanonoxkum, Bece 3epKasia CHCTEMBbI SIBJISIFOTCS OTPE3KAME U PACTIOJIOXKEHBI TOJIBKO IO yTIaMU

—1 .
0,7, 27“, ceey w JIJIE HEKOTOPOro HaTypasbHoro n. HazoséM Takme narpasiienust donycmumoimu.
[IycTh 3a/1aH0 KOHEYHOE MHOXKECTBO HMPAMBIX [, ..., [lp, TaKOe YTO MpU OTparxKeHuu 000 psi-

MO# [; OTHOCUTEJbHO MPAMOI, WJIYIIEHl B JIONYCTUMOM HAIPABJIEHUU, MOJIYyUYeHHasd IpdaMas OyJer
HapaJiiesbHa HeKoTopoil [;. JlokayknTe, 9TO Takas cUCTeMa 3epKajl He MOXKeT OBITh HEBHJIUMOI ¢
HalnpapjeHnit I, ..., .

Samaua 42™. JlokaxKuTe, 9TO HE CYIIECTBYET CUCTEMbI 3ePKaJ/l, HEBHIUMOI BO BCeX HAIIPABJICHUSIX.

s pemenus 3a/1a9u MOXKHO PacCMOTPeTh IpeoOpasoBanme (ra30BOr0 MPOCTPAHCTBA, CO-
xpansoiiee 00beéM. Takue mpeodpazoBanms pacCMATPUBAIOTCS jgajiee Ha 0oJiee MPOCTHIX TPUMEPAX B
sagadax [46u[50] Jpyroit nupuém, KoTopsblit HoHa06uTes B perennn 3aa4u [42™] nponsuocrpuposan
Ha CJIEJIYIONEM JIMCKPETHOM IIpUMEpE.
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Bapaua 43. Hekoropsriit octpos umeer popmy Kpyra D. Ha rpanurie D HaxomsaTcst 2n TpaHCIOPTHBIX
y3JI0B, MPUHAICKAITUX N KOMITaHusAM. KarK10fi KOMIaHU| TPUHAJJIEKAT 2 y3JIa, UX COCTUHSIET
psMas YKeJle3Hasd J0pora, o KOTOPOi Toe3/a e3/14T U3 KOHIla B KoHell. Ha mepecedennn KeJjle3HBIX
JIOPOT' YCTAHOBJIEHBI MOCTBI, TAK YUTO JIIOOOI MOe3/T JBUKETCS M0 MPAMOIl U He MOXKET CBOPAYUBATD.
Munuctp myTeit coobIeHns 3aX0Te/ 1 YMEHBIIUThH YUCJ0 MOCTOB, 3aMEHUB UX Ha MOBOPOTHI, KaK

- /\
[Ipu sToM TpebyeTcs, ITOOBI KaXKIbII T10€3/1 MPOJIOJIZKAJ €3/IUTh MEXKJIy TPAHCIOPTHBIMU y3J/IaMU
OJIHOI U TO 2Ke KoMHaHuu. JlokazkuTe, 9T0 MUHUCTPY HE yJIACTCS 3TO CIAEIATD.

Ha PUCYHKE.

3.2 Buemane oubapabl

IIycrs T — BBINYyKJIad orpaHudentad ¢urypa Ha miockoctu R2. BosbMmém Touky zg sue 1. U3 x
CYIIIECTBYeT JiBe ONOpHbIe (KacaresbHble) IpsMble K 1. Boibepem mpaByio M3 3TUX HPSIMBIX, €CIIH
CMOTpPETH U3 Tg, obo3HaumM eé [. Ecim | mepecekaer T' B ojHOi#l TOoUKe y1, 0003HAUNM Uepe3 x1 00pas
TOYKHN Tg IPU OTPazKCHUN OTHOCUTEJIBHO Y.

AHamorn9aHbIM 06pa30M, 10 TOUKe 1 CTPOUTC (TIPU YCIOBUHU, YTO TIpaBasi OMOPHAsI psiMast U3 Ty
nepecekaer T B €JIMHCTBEHHOI TOYKE) CJIejlyoliasi Touka Te, u T. . Orobpaxkenue R, mepeBojsiiiee
TOYKY Ha IJIOCKOCTH B €€ 00pa3, HA3bIBAETCS 0MOOPAHCEHUEM SHEWHE20 OUNDAPIA, & TIOC/IEIOBATE b
HOCTB X, L1, T2, ... HA3BIBACTCI 0pOUMOt MoYKU T.

Ecnn na kakoMm-TO 1mare ouepejiHasi OMIOpPHAs MpsMasi epecekaeT rpaHuily 1’ He B OJIHON TOUKe,
a 10 OTPE3Ky, OY/JIeM CUUTaTh, YTO OPOUTA T( HE OIpeJie/eHa.

Bamauga 44. [Iycrs T — xBajpar Ha miockoctu. (a) Hapucyiite MHOXKECTBO TOYEK, JJisi KOTOPBIX
ompeiesierbl opoutel. (b) lokaxkure, uro Bce opbuThl Jjist TOr0 OGubsipia Koueunbl. (¢) Kak 1o
touxke R? onpenenurs 1amuHy eé opouTh?

3amaua 45. Pemure Ty ke 3aja4y, ecin T — NPOU3BOJIbHBIN TPEYTOJIHLHUK Ha ILJIOCKOCTH.

Bamaga 46. /lokaxkure, 9r0 orobpazkenue R coxpaHseT miomaib (T.e. jyist jo6oii duryper A,
He niepecekarorieit T', rormaaun A u R(A) pasusr), (a) ecsin 7' — BBIIYKJIBIH MHOTOYTOIBHUK; (b) ecom
T — npousBoJIbHAS CTPOTO BBIIYKJIasi OlpaHUYeHHas (DUrypa.

Hazosém opbury xg, 1, T2, ... noumu nepuoduueckodi, ecan s aodoro € > (0 cyImecTByeT HATY-
paJbHOE M, TaAKOe YTO PACCTOSHUE MEXKJLY Lo U X, MEHbIIE £.

Bagaua 47*. Bepno s, uro mobasg opbura BHENIHEro 6uabapaa 1’ HOYTH IepUoandHa, eCIu
(a) T — BBIIYKJIBI MHOTOYTOJIBHUK C PAIOHATBHBIMU BEPITHHAMI;

(b) T'— mpOU3BOIBHBIN BBITYKJ/IBIT MHOIOYTOJIbHUK;

(c) T — crporo BeiyKIas orpanndeHHast (urypa,;

(d) T — npousBosibHas BBIYKJIasi OrpaHudeHHas dburypa?

[IpocToe perenne 31oit 3aga4un Ham He w3BecTHO. OJIHAKO OTBET HA AHAJOTUYHBIN BOIPOC JIJIst
BHYTPEHHUX OMJIbAP/IOB Kyjia OoJjiee MpOCT, KAK Mbl YBUJIUM B CJICIYIOIIEM pas/ieie.

3.3 BuyTpenHue 6uiabsap/ibl

[Iycts T — BhIyKJIad orpanuvdennas Gpurypa Ha mIocKocT. Bo3bMéM TOUKyY = BHyTpHu 1’ 1 3818, 1uM
OTJIOKEHHBIN OT & €JMHUIHBIN BEKTOP CKOPOCTH. DTO ONPEJIe/IsieT JIBUKEHNe TOUYKHN T B 3aBUCUMOCTH
OT BpeMeHH: BHyTpH T TOUYKa X JIBUKETCA 110 IPSAMOIi, a Ha I'DAHUIE IIPOUCXOIUT OTPayKeHue II0
3aKOHY “‘YyroJI NaJIeHUs PaBeH yIJIy oTpakeHusi” (YIJIbI MEpsIIOTCs ¢ KacaresibHOW K rpanuie 1 B
TOYKE COYIapEHNs ).

16



Ecimm B Kakoii-To MOMEHT T TmonaJiaeT B TOYKY Ha rpanutie 1, B KOTOPOil He CYIIEeCTBYeT Kaca-
TeJILHOM, Oy/IeM canTaTh, 9To opouTa T He onpeeneHa. OpOuTa TOUKN & HA3BIBAETCS NEPUoIueckot,
€cJIn Yyepe3 HEKOTOPOe BPeMs & OKa3bIBAETCS Ha M3HAYATIBHOM MeCTe U UMeeT N3HAYAIbHYIO CKOPOCTb.

Banmaga 48. [lycrs T — kBajapar. (a) s KaKux HaYaJIbHBIX TOYEK U BEKTOPOB CKOPOCTH OPOUTHI
6yayT nepuomnaeckumu? (b) I[Mokazkure, aro sobas mepuognveckas opoura B T mmeer 96THOE TUCITIO
OTpaKEeHUil OTHOCUTETHHO I'PAHUIIBI.

Hanee T MOXKHO CYUTATH JUOO BBITYKJ/JIBIM MHOT'OYTOJTBHUKOM, JIHOO TTPOM3BOIBHON BBITYKJION
OorpaHuIeHHONl (DUTYPOI ¢ TJIAJIKOW IPAHUIIEH.

Bamaua 49. BagaauM Ui BCeX TOYEK PaBHBIE BEKTOpa cKOpocTu. OOO3HAYNM I0JI0KEHINE TOUKU T
ciycrst Bpems ¢ aepes f;(x). [lokaxkure, aro nys duryper A C T obpas fi(A) we obs3aTesbHO nMeeT
TaKyto ke 1wiomahb. (O6pa3 6epéTcst TOIBKO JIJI TeX TOUYEK, OPOUTHI B KOTOPBIX OMPEIEIEeHHbI. )

Bamaua 50. Jl1s ToukM X, BEKTOpa v M YHCJa t IIOCMOTPUM Ha IOJOKEHHE T W HalpaBJIEHHe eé
BEKTOpa CKOPOCTHU CITyCTsl BpeMs t. D1o 3a1aér orobpaxenue Fy : T x [0;27) — T x [0; 27).

(a) Jokaxure, uto eciim T — MHOTOYTOJIBHEK, TO MHOYKECTBO TOYEK, T7ie F} He OIpeJIeIeHo, nMeeT
B T X [0;27) myseBoit 06bEM.

(b) dokazkure, aro Jyisi ar060ro ¢ orobpakenne F; coxpaHseT 0ObEM.

Opbura TOUKI T € 33JaHHBIM BEKTOPOM CKOPOCTH HA3BIBACTCS NOYMU NEPuoduMeckot, eCI I
TOOBIX €1, &2 > 0 Haitgéres ¢ > 0, TaKoe UTO PACCTOSIHEE MEXKJLY T U f() MEHbIIe £1, & YIOJI MEXKLy
BEKTOPAME CKOPOCTH & U fi(Z) MEHbIIE 5.

Bamaua 51™. [lokaxkuTe, 9TO HOYTH JIIOObIe HaYaIbHbIEe yesIoBuA (2, @) € T x [0; 27) 3a1a10T 0ITH
IEPUOINIECKYIO TPAEKTOPUIO. 3/1eCh “MOYUTH JII0ObIE” O3HAYAeT ‘BCe, KPOMe HEKOTOPOI0 MHOYKECTBA
B T X [0; 27), mMerorero my/eBoit oobeém”.

Hedopmaabno MoxKHO chopMympoBaTh 3a/ady Tak: JOKAXKUATE, 9TO, MOCBETHB U3 CJIYYAHOTO
MeCTa B 3ePKAJIBHON KOMHATE (POHAPUKOM B CJIYUAHOM HAITPABJICHUN, MbI C BEPOSITHOCTDHIO 1 TIOTIa1éM
cebe B 3aTBLIOK € JII000# Halepé sl 3aaHHOl TOUYHOCTHIO.

CaoiicTBO Ipeobpa3oBaHuii, COXpaHSIONMX 00BLEM, KOTOPOE IIpeIaraeTes JoKa3arh B 3a1a4e [H17)
MOKHO ¢hOPMYIUPOBATH B OOIEM CJIydae CJAeLyIONIM 00pa30M:

Teopema Ilyankape o Boszspamienuu. Ilycts U C R?® — orpammuennas obmacts, f : U — U
— orobpazkenue, coxpansromee o0beM. BozpMméM wmenbinyo obmactb A C U. Jaa Toukm x € A
nocrponM tocstenosarenbaocts f(x), f(f(x)), f(f(f(x))),... Oupenemum Z C A KaK MHOXKECTBO
TOYEK, JIJIsT KOTOPBIX 9Ta IIOC/IEI0BATETbHOCTD METUKOM JiesKuT BHe A. Torjga Z nMeet Hy1€BOit 00bEM.

Yrobbl 3Ta Teopema MMeJIa CTPOTUil CMBIC/I, HEOOXOIUMO CJIeJIaTh OTOBOPKK O TOM, Kakue “0bJia-
cTi” MBI PACCMATPUBAEM, & TAKyKe YTOYHHUTh, JIJIsi KAKKX II0JIMHOXKeCTB MHOXKecTBa U orobpazkenue f
“coxpansier 06bém”. (U3BectHble mapagokes [Ya, crp. 12, 18] mokasbBaoT, 9T0 HEAb3A KOPPEKTHO
onpesiesnTh 00bEM I BeeX MOoAMHOXKecTB. Heobxomumyto Teoputo cum., Hanp., B [AMK]| nmm [Ox].)
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YKazaHud n pemeand K 3a1a9aM I10CJ1€ IIPOM. (l)I/IHI/IH_Ia

MpbI U3/I02KUM peleHrs 3a/iad Mocje TPOMEXKYyTOUHOIo (DUHUIITA B TAKOM IOPSJIKE, B KOTOPOM OHU
BEJIYT K TVIABHBIM 3a/lavaM.

Tomosornga. 3aja4da Ipo BO3LI

BaMKHyTbIe KpHuBbI€ Ha IIJIOCKOCTH

Perntenue 3amaun Her, ycnosue (1) e cienyer u3 yciaosust (2).

BosbMmém ape mapasuienbHble OpaMmble [,m. Mbl BbIOEpeM Tpu TOYKHM Ha KayKJIOH M3 HUX:
Ay, Ay, A3 € l u By, By, By € m. Ecimn nukakast Tpoiika npsambix Ay B;, Ay Bj, AsBy, (tme {i,7,k} =
{1,2, 3}) He mepecekaeTcst B 0J{HOI TOUKe, TO ycsoBue (2) OyaeT BBIIOIHEHO, B TO BPEMs KaK yCJIOBHE
(1) He BBIIOJIHEHO TI0 TIOCTPOEHHUIO.

JlokazkeMm, 9TO TakWe IeCTh TOYEK CyIIecTBYIOT. Beioepem Touku Ay, As, A3 € [ m By, By € m
npou3BosbHO. Torna Jis Toukm Bz CyIIECTBYeT JIMIIb KOHEYHOEe YHCI0 — He 6ojiee TPEX — 3ampe-
ménnbix nojoxkenuit. (Hanpumep, eciu o6osuaaurh nepeceuenue A By N Ay By uwepes C, to Bs ne

MOZKET JIeKaTh Ha mepecedenun A;C u m.) O
Pemnenue 3amaun IIycTh nanbl IpousBobHbIe ToUkd Ap, ..., A, € R2. Ckob yrojHo MajibiM

CABUTOM MOXKHO JIOOUTBHCS TOTO, YTOOBI OHU He coBmaasn. [losroMmy OyaemM cauTaTbh TOUKHU Pas3/ind-
vbeiMu. /lasmee MBI OymeM ABATATh WX IO OJHOM, IMPHUBOIS KasKIyio B 00IIee IMOJOKEHHE CO BCEMU
[IPE/IBITY M.

[Iycts TOuRm Ay, ..., Ai_1 yKe B 00mIeM mojoxkeHnn. [locMoTprM Ha MHOXKECTBO MTOJIOXKEHNUI, 3a-
npeménubIxX g Ay. Bo-nepBbIx, onO BKIodaeT Bee npamble A;A; 1j1g BCeBO3MOXKHBIX T1ap HHIEKCOB
i,7 < k. Bo-BTopbIX, oHO BKmodaer Bce npsamble A;C, rae C' — Touka nepeceuenus A;, A;, N A A;,,
JIJIST BCEBO3MOZKHBIX ISITEPOK MHJIEKCOB 11, 19,13, 14, ] < k.

MbI BuanM, 9TO 3allpelIéHHbIE MOJIOKEHUs I Aj 00pa3yioT KOHEYHOe O00beIuHEHNEe IPAMBIX.
[TosTomy MOXKHO ¢ABUHYTH Ay CKOJIB YTOJHO MaJIO, TaK 9TO OHA He OYIeT JieXKaTh B 9TOM MHOYKECTBE.

]

Pemenune 3amaun Baza unaykuum odeBugHa: ecaim m = n = 1, TO yTBEepKICHUE 3aK/II0UaeTCs
B TOM, 9TO JuaroHaJin KBaﬂpaTa HepeCGKaIOTCH B HeqéTHOl\/[ qHucJie To4YeKk.

Joxkaxkem mrar waayknun. [lycts m > 1. Samenum 3Benbs A, oA, 1 u A,,_1A,, ToMaHo#l o Ha
OJIHO 3BeHO A,,,_2A,,. UT00bI I0Ka3aTh, 9TO YETHOCTD YHUCJIAa TOYEK [IEPECCUCHN (v U [3 He U3MEHUIACh,
JIOKazkeM, 9To [ IepecekaeT IpaHuily Tpeyrojbauka A,, oA,,_1A,, B 9€THOM YuCjIe TOYEK.

JleficTBuTe/IbHO, ecyiit BEPIUHBL By, By 1 JIezKaT no padhvie cmopors, OT rparutibl A, oA, 1A,
(T.e. oJfHA BHYTPHU TPEYTOJBHUKA, & JIPyrasi CHAPYZKN ), TO Mepecedenne orpeska By By, ¢ TpaHuIei
Apm_9A 1A, COCTONT U3 HEIETHOTO UNCIa TOUEK, a eCIn N0 00HYy — To U3 4étHoro. Ilockombky Ag
u A, Jjexar 1no ojHy cTopony (0be CHapyzKu), BCEro TOUEK Iepecederust GyieT 4ETHOe THUCIIO. O

Perntenue 3amaqn Otser: (a) uer; (b) ner. IIpumeps! moKa3aHbl Ha PUCYHKAX.
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Kommernmapudi. B Hamem npumepe K IyHKTY (&) /IS MHOXKECTBA BEPIINH JIOMAHbIX HE BBIIOJIHICTCS
Takzke u yciaosue (2). IIpuvepa quist mynkTa (a), B KOTOPOM ycsroBue (2) BBINOTHSAETCS, HE CYIIECTBYCT.

Ecii TpeboBaTh, 4To0bI JIOMaHbIe HE CAMOIIEPECEKaINCh, TO JiJId myHKTa (b) MOXKHO J0Ka3aTh, 9TO
HCJIO TOUYEK IePecedenns BCerIa HedeéTHO. [l 9TOro MOKHO IPH MPUBEAEHNH BEPIIHH JIOMAHBIX B
ob11ee MOJI0KEHNEe [IPOCIIETh 33 TOUKAMU llepecedeHns, Kak B Jokasareabcrse Jlemmer [I] O

Pemenune 3agaun (a) Mpeanonoxum, aNf = &. BosbméM uncio £ > 0, Takoe 9T0 PacCTOSHIE
MeKTy JII00O# TOYKOI Ha « u Jiioboit Toukoit Ha [ Mmenble €. Torja, ecjii Mbl CJIBUHEM BEPINUHbBI (v
u 3 He Gojlee 4eM Ha 5, TOYEK IlepecedeHns y HUX He HOFBHUTCH, HOCKOJIBKY Jiiobasd TOYKa Ha pebpe
TakxKe clIBUHeTCs He Oostee yem Ha 5. CornacHo ke 3ajade , MBI MOXKEM IIPUBECTH (v U [3 B o0IIee
TIOJIOYKeHNe, CABUHYB KazIylo BepIIHHy He OoJiee deM Ha 5. DTO 3aBeplIaeT JOKa3aTeIbCTBO.
OTmeTnM, 9TO € MOXKET OBITH MEHBINe, YeM MUHUMYM PACCTOSHUN MKy BepIIMHAMU & U 3.
Yucesmo € MOXKHO BBIYUCIUTDL TaK: BO3BMEM BEPIINHHY OJHONW JIOMaHOW W pebpo JIpyroi, IMoMepuM
PACCTOSTHIE MeXKJIy HUMU; CAeJIaeM 3TO JIJI BCEBO3MOXKHBIX KOMOMHAIIUN BEPIIUHBI OIHON JIOMAHOI

n pe6pa ,Zprr‘OfI; TOorIa JOCTATOYHO B34Th £ MEHbBIIIE BCEX HaIU/I,ZLeHHbIX qHuceJI.

(b) Habpocox pewenus. JTioOyio HENPEPHIBHYIO KPUBYIO MOXKHO AIIIPOKCUMUPOBATH JIOMAHOM ¢ TOU-
HOCTBIO 710 Jitoboro € > (. DTO 3HAYUT, YTO MBI IIOC/IE/IOBATEILHO OTMEYaeM Ha KPUBOW TOYKH,
TaK 9YTO yYaCTOK KPUBOI MEKJy COCEJIHUMU TOYKaMU HAXOIUTCSA OT COEJIUHSIONIET0 UX OTPe3Ka He
Jasbiie, yeM Ha €. Hy»KHO 1mOCTpOUTH Takue aIllpOKCUMAIUN JIJId € = %, %, %, ... W HafiTW y Tapbl
JIOMAHBIX Ha KazKJIOM ITlare MpoOu3BOJIbHYIO TOUKY Iepecedenus P;. JInsa kaxkmoit P; HaiflyTCsa TOUKM
A; m B;, nexarye Ha KPHUBBIX, IPUIEM paccTogare Mexiay A; m B; He mpeBocxouT 2—1,1 Ocraér-
Cs1, BOCIIOJIB30BABIINICH KOMITAKTHOCTBIO, BBIOpATh U3 A; U B; CXOJSIIuecs: MO/ IIOCIeI0BATEIbHOCTI
C OJIMHAKOBBIMU WHJeKcaMu. VX mpejesbl Oy/IyT paBHBI — 3TO U €CTh UCKOMas 00Iasg TOYKa HAINX

KPHUBBIX. O

Ba,znaqa ITPO BO3bI

Pemenune 3agaun OroxkmectBum jopory ¢ orpeskoM [0; 1], a Bpemst — ¢ orpeskom [9; 21]. 3asu-
CHMOCTHU TOYKH, TJIe HAXOIUTCS TYPHUCT, OT BPEMEHH SIBJISTIOTCsI HerpepbiBHbIME (yHKIuAME [9; 21] —
[0;1]. O6o3mauum ux f u g, coorBercrBenno. Ilpu stom f(9) = ¢g(21) =0 u f(21) = ¢g(9) = 1.

Jlns pasnoctu h = f — g 3HadeHne B TOUKe 9 OTPHUIATENBHO, & B TOUKe 1 moJioKuTe/bHo. [lo
TeoOpeMe O TPOMEKYTOYHOM 3HadeHuu, cyimecrsyer t € [9;21], mua koroporo h(t) = 0. Suaunt
MECTOIIOJIOZKEHNE TYPHUCTa B MOMEHT BPEMEHM ¢ B IIEPBBIN U BO BTOPOIl JIHM COBIIAJIAET. O]

Pemmenne 3agaun OroxecrBuM Kaxjiyo jopory ¢ orpeskom [0;1]. Torma daszosoe mpo-
CTPAHCTBO TIOJIOXKEHWH JIBYX TPAHCIOPTHBIX CPEJICTB Ha joporax — keajpatr [0; 1] x [0; 1].
Kycouno-jmHeiiHOe JIBUKEHUE MAIIMH 33/IaET JIOMAHYI0 BHYTPU KBaJIpaTa, BEIYIIYIO U3 BEPIIUHBI
(0,0) B Beprmuy (1,1). Kycouno-iuneiinoe JgBrKeHne BO30B 33aéT JOMaHYI0 BHYTPH KBaJIpaTa,
Benymiyio u3 Bepummabl (0, 1) B Bepmuay (1,0). ITo Jlemme 1] 9Tu toMaHble UMEIOT OBIIYIO TOUKY.
BHAYUT, B KAKOH-TO MOMEHT IT0JIOYKEHIE MAIITIH COBIIAIAeT C MOJIOKEHNEM BO30B, HO 9TO HEBO3MOXKHO
U3 yCJIOBUL. O

Penrenue 3amaun (a) Otset: na.

Byjem cuurarh, 9TO HUKAKOH yd4acTOK TOpbl He ropu3oHTajgeH. OTOXKIeCTBIM KazK/IyI0 TPOILY C
orpeskoM [0; 1]. Toryia MHOKECTBO BO3MOYKHBIX MOJIOXKEHHI aJIbIIMHACTOB (HA OJHON BbICOTE) Oymer
noamuozkecrsom M ksagpara [0; 1] x [0; 1], comepxxkanum eprunet (0,0) u (1,1).

Bamerum, uro M cocrouT u3 orpe3koB. BBesém Ha HEM CTPYKTYpy rpada: ero BepIuHbI —
COCTOSTHUSA, KOTJIa XOTsl Obl OJJMH M3 aJIbIIMHUCTOB HAXOIUTC B BEPIIMHE JIOMAHOH-CK/IOHA. MOXKHO
[OKa3aTh, 9TO CTENeHb KaxK/0i BepimHbl, 3a uckiaodenneM (0,0) u (1, 1), uérna. 113 sroro cremyer,
gro cymecrsyer 1myTh u3 (0,0) B (1,1).

Ecin 7ke HeKOTOpbIe yUaCTKU TOPBI FOPU30HTAIBHBL, “‘CXJI0NHEM” 9TU yIACTKH 1 HA30BEM M10JTY I€H-
Hble TOUKU Ha TPONAX 0coObimu. J1jisi HOBOH IOpPBI aJIFOPUTM MOIbEMA CYIIECTBYET 110 JIOKA3AHHOMY
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Bhime. Korja xorsd Obl OJIUH U3 aJIbIIMHUCTOB IIPOXOJUT Yepe3 0COOYI0 TOUKY, IyCTh OHU 3aJIePXKaTCS
TaM Ha MHHYTY. DTO J00aBAT KOHEYHOE UMCJIO MUHYT KO BPpEMEHH MOIbéMa. V3 Takoro ajropurma
JIETKO TIOJTYYUTh aJI'OPUTM TOIbEMA Ha, UCXOJHYIO TOPY.

OT1eibHO OTMETUM, 9TO €CJIU HUKAKUe JIBE BEPIIMHBI IOMAHON-CKJIOHA HE JIeyKaT Ha OJIHOI BBICO-
Te, TO JIJIsl AJIbIIMHUCTOB CYIIECTBYET €JIMHCTBEHHBIN CII0c00 ABUKEHUS, IIPU KOTOPOM OHHU ITPOXOST
KazKJ10€e T0JIOYKeHue He 0oJiee OJIHOTO pas3a.

(c) Orser: ma. Jlokaxkem yTBep:KjeHUe 1O MHIYKIMU. Jjisi OJIHOrO aJIbIINHKUCTA YTBEPKIICHIE TPH-
praJibHo. OmnuieM Imar.

Bo3bMéM 1epBbIX IBYX aJIbIIMHUCTOB W AJTOPUTM UX MOIbEMA Ha TOpY u3 IMyHKTa (a). VX BeICOTA
3aBUCHUT OT BpeMeHM KycOodHo-jauHeitHo. Hapucyem rpaduk 5Toif 3aBUCHMOCTH M CKayKeM, 9TO ITO
HOBBII CKJIOH TOPBI. Torma Mbl MOXKEM 3aMEHHUTDb IEPBBIX JABYX aJbIIMHUCTOB HA OJHOIO, MOJI3YIIEro
110 HOBOMY CKJIOHY. Tak k aJbIImHUCTOB 3aMeHsifoTcs Ha k — 1.

(b) Orset: ner.
[Ipumep TOro, Kak MOIyT ObITh YCTPOEHBI CKJIOHBI, IIOKa3aH Ha pucyHke. OuH u3 HUX B J1060Ii

OKPECTHOCTHU TOYKHU % nmeeTr MOHOTOHHO BOSpaCTaIOIlLI/Iﬁ yY49aCTOK 1 MOHOTOHHO y6bIBaIOIlLI/H71 Y4acCTOK,

KaxK/IbIil 13 KOTOPBIX ITPOXOJIUT BBICOTY hy.

Yr100bl aJILIUHUCTBI BJIE3JIM Ha BEPINUHY, HAXOJACh Ha OJHON BBICOTE, BTOPOMY IPHUIILIOCH ObI
OECKOHEYHOE KOJMYIECTBO pa3 IO odepeu MoObIBaTh B TOYKAX i u %. C TakuMm yC/IOBUEM 3aBHUCH-

MOCTbD TIOJIOZKEHUS BTOPOT'O aJIbIIMHUACTA OT BPEMEHH He MOXKET ObITh HelpepbIBHOM. /loKa3zaTe1beTBO
[IOCJIE/THETO YTBEPKJICHUS — XOPOIliee yIIPayKHEHUE 1IPO HelpepbIBHbIE (DYHKITUN.

MBI peKOMeH/[yeM ydacTHUKAM HAPHCOBATH I 9TOi ropbl MuoKectBo M C [0; 1] X [0; 1], ompe-
JIeJIEHHOe KaK B IYHKTe (a), ¥ MoKa3aTh, YTO BHYTPU HErO HE CyIIECTBYeT HENMPEPBIBHOTO IIYTH U3
rouku (0,0) B Touky (1,1). O

TonoJsiorus. I1psasMoyroJbHUK, BIIMCAHHBIA B KPUBYIO

[Ipemnaraembrit HaMu TIyTh K PEIIEHUIO 38191 BO MHOI'OM CXOXK C IIOJIXOJIOM, W3JIO2KEHHBIM B
crarbe [Pr]. B aroii crarbe, oiHako, IPUBOAUTCS JIPYroe omnpejesierue Koadbduimenta 3amerneHust
3aMKHYTBIX KPUBBIX B IIPOCTpaHCTBE. MBI peKOMEH/IyeM yJaCTHUKAM O3HAKOMUTBLCS C TON CTAThEM
B Ka9eCcTBe JIONOJHATELHOTO MaTepurala.

3alerieHHOCTh 3aMKHYTBIX KPUBBIX B IPOCTPAHCTBE

Pemmenne 3amaun Pemenne 970l 3a71a49u aHaJOrndHO pernennto 3anaqan 25l Byjgem jasurarsb
TOYKHU TIO0 OJIHOf, pUBO/isi B 00Iee mojioxkenne. [lepBbie Tpu TOYKM CABUHEM TaK, 9TOOBI OHU HE
Jekan Ha, ojaHo# npamoit. Ha k-m mare nmpu k > 4 MHOXKeCTBO, Ky/a 3alperieHo CTaBuTb Ay,
Oy/IeT COCTOATh U3 KOHEYHOT'O YHUCa II0cKocTell. Firo MoxKHO n36eKaTh IyTéM CKOJIb YTOTHO MaJIOro
casura Ay, O
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Pemenne 3amaun [TockoIbKYy MHOXKECTBO BCEX BEPIINH dABJIZeTCs HAOOPOM OOIIEro IoJIoXKe-
HUsl, HUKAKas U3 BEPIIMH JIOMAHON He JICXKUT Ha [TOBEPXHOCTU TeTpasipa, a Joboe 3BEHO JIOMaHOI
MOXKET MePEeCceKaTh MOBEPXHOCTH TeTpa’/ipa JINIIb BO BHYTPEHHUX TOYKAX I'DaHEl.

Ob6o3HaUNM BepIIUHBI JoMaHoi Ag, A1, ..., A, = Ag. Ilokpacum A; B KpacHBII I[BET, €CJIM OHA
JIXKUT BHYTPH TeTpasdjpa, U B CHHUI, ecjiu cHapy»Ku. Torja 3BeHO JiomaHOW A;A;11 nepecekaer
[IOBEPXHOCTh TeTpa’jipa B HEYETHOM UHCJIE TOYEK €CJIM W TOJbKO ecau A; m A;y 1 TOKpalleHbl B

pasHble 1BeTa. Taknux 3BeHbEB YETHOE THUCIIO. ]
Pemenne 3amaun (a) O6osnauum Bepumusl o u § uepe3 Ay, ..., A, u By,..., B, coorser-
CTBEHHO.

[peamonoxum, {A,..., Ap, B1,..., By, 0,0’} aisercs wabopom obmiero mosoxkenus. Tora

10 3aja1e nepecevdeHne MoBEPXHOCTH Kaxk1oro rerpasapa OO'A;A; 1 ¢ jomaHoii [ coCTOUT U3
qéTHOrO gmcia Todek. CyMMUpys O BCEM TETPa’3IpoM, IMOJIydaeM TpedyeMoe.

E/uHCTBeHHAST TPYAHOCTH MOXKET COCToATh B ToM, uro {Aj, ..., A,, Bi,..., By, 0,0} ue 6y-
Jer Habopom obirero nostoxkerns. OJHaKO, 10 ycaoBuio MHOXKecTBa {A1, ..., Ay, By,...,B,, 0} n
{Ay,...,A,,By,..., By, 0"} asnsiores nabopamu obmero nosoxkenus. Beibepem Touky O” € R3,

pu J106aB/IEHNN KOTOPOI K JTFOO0OMY W3 HUX IMOJIYYIeHHOE MHOXKECTBO OCTAHETCS B OOIIEM IIOJIOZKE-
Hun. OcTaérest BOCIOJIb30BAThCA TPEIbLIYIINM paccyzkiaenneM, nepeitas or O k O, u 3arem or O
K O,
(b) Vkasanue. BozbMéM napy napaJiiebHbIX myiockocTeil B R3, MezK 1y KOTOPbIME 3aK/TI0UeHbl (v U [3.
Bribepem Touky O Ha ojiHOi U3 91UX 110cKocTeil. Byuem Boraucasts k(a, §) u 1k(5, a) ¢ momorpio
BBIOpannoit Touku O.

CupoekTupyeMm o 1 3 Ha BTOPYIO IIOCKOCTDb n3 ToYku (). OO03HAYNM MOy YeHHbBIE ILJIOCKHE JIOMAa-
Hbte & 1 3. ITo6Bl HOKa3aTh, 9TO k(a, B) = 1k(B, @), mocTaTOIHO IPOBEPUTH, UTO (& 1 /3 nepecexarorcst
B YETHOM YHUCJIE TOYEK. DTO JOKA3BIBAETCA aHAJIOIMIHO 3ajade [20] m

Pentenne 3agaun (a) Permerne s10it 331091 aHATIOTHYHO perieHnio 3a1ax 28, Bosbmém wmcito
£ > (), Takoe UTO PacCTosiHIE MKy JII00OI TOUKOM Ha «v 1 J1I000# TOUKOI Ha [ MEeHBIIe €, a TaKxKe
pacCTosTHIe MeXK/ Iy JII000i mapoil HecoceTHUX PEGEp av 1 MeXK Ty JI00oit mapoii Hecocemunx pédep [
MeHbIne €. Torja, eciiu Mbl CIBUHEM BePIIMHBI v 1 3 He OoJiee 4eM Ha 5, TOUEK HepecedeHns y HUX
He TI0FBUTCH, TIOCKOJIbKY JIobas TOUKa Ha pedpe Takke caBuHercst He 6ojee e na 5. Cormacho xe
sasave 29, Mbl MOzKeM mpuBecTH « 1 5 B 00lee TI0JI0KEHUe, CJABUHYB KayK/[yI0 BEPIIMHY He 6GoJiee
9eM Ha .

(b) dokazkem Tpebyemoe yTBEpKICHIE JJIsi CJIBUTa OJHON U3 BEPIIIHH.
A umenHo, myersb Jiomanble o u (' HaxojsTest B obmmem nojoxkennn. CABUHEM OJIHY W3 BEPIITHH
Al nomanoit o/ Tak, uto B mpomecce ciasura (mo npsmoii) 3senbs A A} m AJA) | He mepecekin
npyrux 3BenbeB o u B’ Obosnaunm mosydennyio Bepmuay A, a mosydennyio somanyio o”. dasee
/ 7\ — " /
Mol okazkeMm, gto lk(o/, 8') = lk(o”, f').
Bosbmém Touky O B obrmem mosiozkenun co Becemu Bepruaamu o u ') Briodas A, Pacecmorpum
/ I Al I Al A ) / / I ANl
nepecedenue terpaspos OA; | AjA] uw OAJAY A} | ¢ nomanoit 3. ITo nocTpoenmto, rpann A;_; AjAj
u AjA] A}, | ne nepecexatorcs ¢ 3. Torma Ik(o/, §') = Ik(a”, §') u3 3aauu 30} O

Peinnenne 3agaun BosbMéM Bitozkenue v : Kg — R3, m306-
paXKEHHOE Ha PUCYHKE.

Jns mero mukyn AEF 3anerien mo Moy 2 ¢ mukiaom DBC,
nuks1 BF D zanemien o moyito 2 ¢ mukiaom EC A, a mukn CDE
3allellJIeH 110 MOJIYJI0 2 ¢ nmuKJjiIoM FAB.

Jlpyrux nap muKJIoB, 3aIelJIEHHBIX 110 MOJIYJIIO 2, JIJI ITIOCTPO-
ennoro Bioxenust Kg — R3 ner. Tlostomy slk(yy) = 1. O

Perienne 3amaun I[IycTn BiosKeHus vy, ¥s : Kg — R? pasmuuatoress TosbKo Ha pebpe AB.
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Pacemorpum napy 1mukiaos ABC u DEF. O6osnaunm Jsomanyio 7 (ABC) [epes «, JOMaHyO
v2(ABC) wepes o', nomanyio v1 (DEF) aepes 3, a oobeaunenue v1 (AB) U2 (AB), Toxke siBIIsTIoIeecs
3aMKHYTOI JloMaHoii, yepe3 . Torma MoyKHO TOKa3aTh, YTO

k(a, B) — k(o 8) = 1k(a”, B).

Bcero nmeercst 4 mapol uk0oB B Kg, TaKuX 9TO OJUH U3 HUX cojiepKUT pedbpo AB. Cymmupyst
JIJISE HUX COOTHOIIEHUsI, AHAJIOTUIHbIE TIOKA3aHHOMY BBIIIE, MbI TIOJIYTHM

slk(71) — slk(y2) = lk(a”, 1 (DEF)) + k(" , v (CEF)) + 1k(a”, v (CDF)) + Ik(a”, v (CDE)).

Hawm ocraércs mokazarh, 9TO CyMMa YeTBIPEX CIaraeMbIX B IIPABOW YacTH PAaBEHCTBA paBHA HY-
mo. ITo cyru 910 yTBepKACHNE aHATOrHIHO yTBepKaeHuio 3aa4u [30] Ormane B ToM, ITO BMECTO
Terpaspa B R? mam nano Kycouno-smneitnoe sioxkenue rpada Ky, = CDEF, a BMecTo nepecedeHns
o’ ¢ NOBEPXHOCTBIO MBI CYUTAEM KOI(PMUIMEHTHI 3allCILICHI.

Bribepem Touky O B 00IIEM IOJOXKEHUM C BEPIIMHAMHI BCEX 3TUX JIOMAHBIX. 1Orja paBeHCTBO
[IpaBOil YaCTU HYJIIO 1O MOJLYJIIO 2 CJIeIyeT MPsIMO U3 olipejiesienns Koddduimenrta 3anemenngd. [

Pemenne 3amaun CortacHo 3ajiade , cymma slk(y) mo momymo 2 He 3aBUCHT OT BBIOODA
Biaoxkennud v : Kg — R3. Torna us 3ajaun cllejtyeT, 9To i Beex Biaoxkenuit Kg — R3 nmeem
slk = 1. CueoBaresnbno, g JI000r0 HaIepés 3aJaHHoro pioxkenns Kg — R? maiigérca mapa
HeIlepeceKaroNuXcs MUKJIOB, 00pa3bl KOTOPHIX 3alleILIeHbI. O

Baoxenns jgeaTtsl Mébuyca B IpOCTPpaHCTBO

Pentenune 3amaun (a) Biioxkenne mokasaHo Ha PUCYHKE. A

(b) Ecim nukn K orpannansaer B M MHOTMOYTOJIBHUK, TO 06pa3 TAKOrO

IUKJIa 1pu f He MOKeT ObITh 3allelljieH ¢ 00pa30M HHKAKOI'O JIPyroro A
3 D

[IUAKJIA. Y

[lepeuncyiuM UKJIBL JIJIMHBL 3, HE OTPAHMYUBAIOIINE MHOIOYTOJIbHIK:
ABD, AEF, BCD, BEF. I3 aux MOKHO BBIOPATH JIUIIH OJHY HEIepe- v
cekarorytocs mapy — AEF n BCD. 910 Kak pa3 ecTb IMUKJIbI U [3. r
[Tockonbky slk(f(Kg)) = 1, mbr moaygaem lk(a, 5) = 1. O

Perntenue 3amaun Ecau Bnoxurs K B M kax B 3a7a4e 36| (a), To f 3a1acT KycodHo-mHeitHOE
pioxkenne Kg — R3. Bocrosibzyemcs 1 Hero yTeepzkienueM 3a1a4u [36{ (b) u Jlemmbr O

Pemntenne 3agaun [Tycrs Takoe Biioxkenue cyiecrByer. Kak Mbl nokasasu B 3ajade [37), obpas
rparunbl M obsi3aTe/ibHO 3alielieH ¢ obpasom cpeaneit uaun M. Ho ecian obpa3 rpaHuIlbl JeKUT
B HEKOTOPOIl IJIOCKOCTH, & 00pa3 CpeHell JUHUM — B OJHON M3 IOJIYILIOCKOCTE, TO OHH HE MOLYT
ObITH 3alleIlJICHEI. OJ

Pemmenue 3amaun MoKHO HIBITATHCS CBECTH HEIIPEPBIBHYIO 3a8/1a1y K KyCOUHO-JTUHEIHOM, aHa-
JIOTUYHO TOMY, KaK MBI 9T0 czesanu B 3aade 28| (b). CioxKHOCTh TAKOTO IIyTH B TOM, UTO KYCOTHO-
mHeitnble oTobpaykerns M — R, KoTopeIME MBI HpuO/IIZKAEM 3a/1aHHOE HEIPEPLIBHOE BJIOYKCHHE,
TOXKe JIOJIZKHBI OBITH 6.400tceHuAamu. JlanHasg TeXHIMYIecKas CI0KHOCTb XOTsS W IPeOJ0JIeBaeTCsA, HO
KpaliHe TAzKeJIo0.

Bosee mpoctoit criocod — omnpesenTsb Ko3hdUIMEHT 3alerieHusi 0 MOJYJIIO 2 JJjIs Maphbl 3a-
MKHYTBIX HElIpephIBHBIX KpubbiX B R3. [ 9T0ro HaJ0 IpUOIMKATL KPUBbIE JOMaHBIMU. MoxKHO
[IOKa3aTh, YTO JJId JOCTATOYHO OJIM3KUX ITPUOJIMKEHUIT TIOJTYIeHHBIH KOI(DMDUIIMEHT 3alleIIeHUs 110
MOJIYJTIO 2 He 3aBUCHUT OT BbIOOpa Npub/mKenus. [laiee s perrenns 3a/a4u HYyKHO MTOKa3aTh, YTO
ec/l OJiHa M3 KPUBBIX 3aTArMBaeTCsd UCKOM (HelpepblBHO BJoKeHHBIM B R?), He nepecekaronmum
BTOPYIO KPUBYIO, TO KO3(hDUINEHT 3alleI/IEHUs paBeH HYJIIO.

O gpyrux 6oJiee KOHIENTYAJIbBHBIX CIIOCO0AX OIPEIeINTh KOIMDDUINEHT 3alleIICHIS 11 3aMKHY-
TBIX HenpepbiBHBIX KpuBbiX B R3 cm. [HL §1.2] wm [FE, 17.6]. ]
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ITpssMoyTroJibHUK, BIIMCAHHBIN B KPUBYIO

Pemenne 3agaunm Kaxk10ii HEeyOpsIIOUeHHOH [Iape TOUYeK Ha OKPY?KHOCTH
COIIOCTABUM YIIOPSIZIOUEHHYIO Hapy To4Yek ' < y Ha orpeske [0; 27].

[Tpu srom mapst (0,a) u (a,27) TOUEK OTpe3Ka COOTBETCTBYIOT OJHOI mape
TOYEK Ha OKpYyzKHOCTU. TakuMm oO6pazoM, KOH(MUIYPAIMOHHOE IIPOCTPAHCTBO Hap A
TOYEK Ha OKPYKHOCTH IIOJIYYaeTCsl CKJICHKOM JBYX CTOPOH TPEyroJbHUKA Ha PH-
CyHKe cripaBa. [IpearaeM y4acTHUKAM CAMOCTOSITEILHO yOeIUThCs, 9TO TaKast 0 x 2m
ckJeiika j1aét jgenty Méduyca.

Ormerum, uro rparuia M coOTBETCTBYET MHOXKECTBY HIap COBIAAIONINX TOYEK OKPYKHOCTH. [

Permenne 3amayun O6ozHaunM okpyzxkHOcTh S'. IlycTh 3a7aHO0 HEmpPEpLIBHOE OTOOPAsKEHIHe
v : St — R2 Oroxaecrsum R? ¢ miockocrsio 2 = 0 B R3,

Bamaaum orobpazkenne u3 KOHMUTYPAIMOHHOTO NPOCTPAHCTBA Tap TOYeK OKpyzKHOCTH B R? cite-
qytoruM obpasom. Heymopsiiouennoit mape (a,b) comocraBum TOUKY (M, [v(a) = ~(b)|). Bnech

—7(“);7(1’) — cepequHa oTpeska Mex 1y Toukamu y(a) u y(b) B R?.

Mzr nosmyuamnn otobpazkenne M — R3. Bamernm, uro obpas rpanunsl M coBIajaeT ¢ KPHBOIL 7.
Cormacuo Jlemme [2] sTo orobpaxkenne He MoxkeT GbITH BiokeHneM. Ciie/[0BATEIBHO, CYIIECTBYIOT
JIBe Pa3JNvHbIe APhl TOUEK Y, TAKHE YTO OTPE3KU, COeTUMHSIONINE X, UMEIOT OJIMHAKOBYIO CEPEINHY
U OJIMHAKOBYIO JIJINHY. DTU YeThIPE TOUKU SBJISIOTCS BEPIIMHAMU UCKOMOTO MPSIMOYTOJILHUKA.

DT0 JIOKA3ATENIHLCTBO HATTIAHO u3jiokeHo B Bujieo [4] na YouTube. ]
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Phase spaces

presented by Anastasiya Enne, Evgeny Khinko,
Andrey Ploskonosov and Andrey Ryabichev

Abstract

We offer participants a number of problems to solve, for which it is useful to consider phase
spaces. In the section before the semifinal we show a variety of problems illustrating this princi-
ple. In the section after the semifinal we introduce a couple of challenging ideas. These ideas will
require the participants to explore geometrical and topological properties of the phase spaces.

1 Problems before the semifinal

1.1 Introduction

It is convenient to consider a “set of all possible states” of a system for solving many mathematical
problems. Such a set is usually called a phase space of the system. Information about the state of
the system may include not only points’ coordinates, but also, as is common in mechanics, points’
velocities.

A phase space for some problem should be viewed not just as a set of points: usually it is useful
to consider an additional structure. For example, geometric structure (as on a set of points in the
plane); function of distance between points; notion of area/volume for subsets of a phase space;
incidence relation (if a phase space is a set of graph vertices). The right choice of such a structure
can simplify a statement of a problem, then the problem itself becomes trivial.

Let us consider the following example.

Problem 0. Three kids sit around a table, and each of them has a plate of porridge. Every minute
they simultaneously do the following: each kid divides his or her porridge into 2 equal parts and
puts these parts to each of the other kids’ plates. Prove that after several minutes all porridge will
be spread evenly between the kids with an accuracy of 1%.

Solution. Suppose that the total amount of the porridge is equal to 1. By T
(x1, 9, x3) denote a set of numbers, where x; corresponds to an amount

of porridge in i-th kid’s plate. All possible states of our system lie in the : A
plane x1 + 2o + 23 =1, and z; > 0, z9 > 0, z3 > 0. Hence, our phase {
space is a reqular triangle A with vertices (1,0,0), (0,1,0), and (0,0,1). LM
Note that the transformation AR
// \
(11,2,0) o (g0, 0s) = (2552, =g gms) )

is a homothetic transformation of the triangle A with ratio —3 and origin M = (3,3,3) — the
intersection point of the medians. Try to prove that yourself.

Let us mark all the system’s states, where the porridge is spread evenly between the kids with
an accuracy of 1%. This subset of the triangle A contains a small disk of centre M. Then, after a
sufficiently large number of iterations all the points of A will be inside the disk. This implies the
required statement of the problem. n



1.2 Geometric probability

In each of the following problems a notion of probability needs to be defined. Then, you should use
your definition to find the answer.

Problem 1. Two friends agreed to meet near a huge oak between midday and 1 p.m., but they
didn’t decide on the exact time of the meeting. They arrive there randomly at that time interval.
They are willing to wait for each another for 10 minutes, after which they go away. What is the
probability of their meeting?

Problem 2. What is the probability that a stick randomly broken in two points can form a triangle?
Compare the answers for the following ways to break it randomly:

(a) the first point we choose randomly; after breaking the stick we select one of two parts with equal
probability; then we choose the second point randomly on the selected part;

(b) we choose the two points randomly and independently;

(c) we choose a random representation of the stick’s length [ as a sum of the three ordered summands
| =1 + x9 + x3 (cf. problem @

Problem 3. A Mars rover travels around an even surface of an inhospitable planet (the surface can
be considered flat). The rover chooses a random direction and moves one kilometer this way. What
is the probability that after making three iterations and covering three kilometers the rover will cross
its own trail?

Problem 4 (Buffon’s needle). A plane is ruled with parallel lines 1 cm apart. A needle of length
1 cm is dropped on the plane. What is the probability that the needle crosses a line?

1.3 Configuration spaces

Problem 5. A polygon of area > 1 is drawn on a coordinate plane. Prove that there exist two
points A and B in its interior such that both coordinates of the vector AB are integer.

Problem 6. A polygon of area < 1 and 1000 points are drawn on a plane. Prove that the polygon

can be moved in a vector of length < 4/ @ in such a way that the polygon will not cover any of the
given points.

Problem 7. A unit sphere is given. A great circle is a circle with radius 1 laying on the sphere. We
call a curve on the sphere polygonal if it consists of arcs of great circles.

(a) There is a polygonal curve « of length < 7 on the unit sphere. Prove that there exists a great
circle that does not intersect ~.

(b) There is a non-self-intersecting polygonal curve 7 of length > 7k on the unit sphere. Prove that
there exists a great circle intersecting v in more than &k points such that it does not contain any edges
of ~.

Problem 8. There are two tetrahedrons in space. For every plane the following statement holds:
the projections of these tetrahedrons on the plane are both either triangles or quadrilaterals. Prove
that the tetrahedrons are similar.

Problem 9. There are k nails hammered into a plane. Consider all lines in the plane such that
none of the nails lies on these lines. We call two lines equivalent if one of them can be moved onto
another without touching any nails. Then, the set of all considered lines is divided into disjoint equiv-
alence classes, where each class consists of the lines equivalent to each other. Find the (a) minimal
(b) maximal number of the equivalence classes for a given k.



Problem 10. Eight cars entered a cross-country race. A route is a straight road with several swampy
sections. Every car moves at a constant speed on a dry section of the road (each one with its own),
and at a different constant speed on a swampy section of the road (each one also with its own). All
the cars start the race from the same point, but at a different time (start times may be not equally
distributed). There are 500 judges on the route.

Each judge noticed the order of the cars passed by, and there was no overtaking right in front of
the judges. Prove that there exist two judges such that the cars passed by them in the same order.

1.4 Descrete phase spaces

Problem 11. Alice picked a two-digit number. Bob suggests two-digit numbers and his goal is to
find a number which differs from Alice’s number no more than by 1 in every digit. What is the
minimum number of attempts required?

Problem 12. Alice picked a two-digit number. Now, Bob’s goal is to find a number which equals
Alice’s number in one digit and differs from it no more than by 1 in the other digit. Is it enough for
him to do (a) 18 attempts; (b) 20 attempts; (c) 22 attempts?

Problem 13. Several boxes are arranged in a circle with some beads placed inside the boxes. For
each move it is allowed to take all the beads from any box and place them one by one to the next
boxes in a clockwise order.

(a) Prove that if for each move the beads are taken from a box to which the last bead was placed in
the previous move, then after some number of moves the placement of beads from the start appears
again.

(b) Prove that it is possible to get any desired bead’s placement form any starting placement for
several moves.

Problem 14. (a) An invisible ship is placed on some cell of a cellular strip infinite in both directions.
For each turn a player can shoot at one square and after each shot the ship moves by some number
of cells (the number of cells and the direction of the move is the same for every turn, but player does
not know neither of them). Find a strategy to shoot the ship.

(b) The same problem can be stated for a cellular plane: the ship is placed on some cell and after
each shot it moves in a vector with integer coordinates (this vector is the same for every move). A
player can shoot at one square for each turn.

1.5 Selected problems

Problem 15. You have 6-liter, 7-liter, and 12-liter jugs. The two smaller jugs are filled with water.
Is it possible to measure exactly 9 liters of water if you are allowed just to pour water from one jug
to another?

Problem 16. There are three water tanks. Water is running out of the first tank with a constant
speed, and running in the second and the third tank (also with a constant speed). In the beginning,
the first tank was filled with the same amount of water as two other tanks together; after some period
of time the second tank had the same amount of water as two other tanks together; in the end the
third tank had the same amount of water as two other tanks together. Is it possible that neither in
the beginning nor in the end none of the tanks was empty?

Problem 17 (Simplified “predator-pray” model). There are x rabbits and y wolves living in a forest.
Without wolves the rabbit population grows with constant rate ag. But if there are y > 0 wolves
living in a forest, then these wolves eat a;y rabbits per a unit of time (i.e., 2/(t) = ag — a1y). Also,
without rabbits the wolves population decrease with constant rate by, but if there are x > 0 rabbits



then the wolves population grows with rate byx (i.e., ¥/(t) = —by + byx). Find the time dependence
for an amount of rabbits and wolves. For what values ag, ai, by, and b; do these amounts change
periodically?

Problem 18. Two balls of masses m; and msy are moving along . -
a straight line as it is shown in the figure. Elastic collisions occur - - - o .o %
between the balls and between the balls and the wall.

(a) Prove that there will be a finite number of collisions between the balls.
(b) How does the number of collisions depend on a ratio of the balls’ masses and initial velocities?

The law of conservation of momentum () m;v; = const) and the law of conservation of energy
(>~ m;v} = const) apply to the balls’ collisions. Collisions with the wall are absolutely elastic (with

the conservation of velocity). Assume that a ball which is the closest to the wall moves away from it
initially.



Hints and solutions for problems before the semifinal

Geometric probability

To solve these problems we need to define a notion of probability. Let X be a rectangle such that its
points correspond to the set of outcomes in our problem. Let A C X be some subset of X. We say
that the probability that a point is inside A is equal to the relation of the ared]of A to the area of X.
In such a case we call X a sample space and we call its subsets events. More detailed introduction
to probability theory see e.g in [Sh].

Solution for problem [I} Answer: it

36"
Let us identify the time interval for friend’s arrival to the oak with the
segment [0; 1]. Then a possible time of two friends’ arrival to the oak is iden-
tified with the square [0;1] x [0;1]. Namely a point (z,y) is identified with a

situation when the first friend comes at the time x, and the second friend, at

the time y.
Let us colour the points corresponding to the situations when the friends
meet. These points form a strip with area %. O

Solution for problem 2| (a) Answer: In2 — 3.

Suppose we choose the first point randomly from the
line segment [0; 1]. Then identify each of the resulting parts
with its own copy of the line segment [0; 1]. Hence our sam-
ple space consists of two squares (a coordinate of the first
choice is marked in each of the squares on the horizontal
axis and a coordinate of the second choice is marked on the
vertical axis).

Let us colour the points of X corresponding to the situations when the broken stick can form a
triangle. Suppose the first place where the stick is broken is in the point x € [0;1]. Then suppose
that we choose the first part and identify it with [0; 1], and then choose a point y in it. It is possible
to form a triangle if z > %, ry < %, and z(1 —y) < % This subset has area

1
1 1 1

The subset of the second square corresponding to the situations where a
triangle can be formed can be constructed similarly.

(b) Answer: ;.

Identify the stick with the line segment [0; 1]. A choice of two points z,y €
[0; 1] is identified with a point in the square. It is possible to form a triangle if
x<yandalsox<%,y>%,andy—x<%,orify<xandalsox<%,y>%,

and y — x < % This subset has area %.

D=

(c) Answer: 1.
A sample space for this problem can be identified with the phase space in
problem @ It is possible to form a triangle if z; < %, Ty < %, and z3 < %

This subset has area of a quarter of the triangle’s area. O

LGenerally speaking, for some subsets A C X area may not be defined; therefore we can consider only the probability
that a point is inside a “suficciently good” subset such that its area is well-defined.



Solution for problem [3l Answer: .

Let us identify the sample space with the square [0;27) x [0;27) where R
coordinates correspond to the values of angles of the polygonal curve for rover’s N
trail. Besides the boundary z = 0 and y = 0 (that have area 0), the rover will
cross its trail if either (z,y) is a pair of angles in some triangle such that both |
angles are strictly not the greatest ones, or (2r — z, 27 — y) is a pair of angles \
in some triangle such that both angles are strictly not the greatest ones. These >

situations correspond to the following systems of inequations

r<T—x—vy, q 2r—z)<7m— 27 —2z)— (271 —y),
an
y<m—x-—y 2r—y)<7m—(21m —2x) — (27 — ).
Each of the systems corresponds to a quadrilateral with area equal to the square’s area divided
by 24. m

Solution for problem [ Answer: 2.

For the sake of argument suppose that the lines are horizontal. A
sample space for the problem can be identified with the rectangle [0; ) x
(0; 1] where the first coordinate is for the orientated angle of the needle /Sg
with respect to the lines and the second coordinate is for the distance yf =~~~ ="~ ~
between the bottom end of the needle and the closest line from below.

Then the set of the outcomes we are interested in is described
by inequality 1 —y < sinz. The set has area fow sinxdr =2. [

Configuration spaces

Note about terminology. Suppose we have a subset X of Euclidean space. If we identify the set
of points X with the set of positions of some objects (for example, with a set of lines in a plane or
with a set of great circles on a sphere or with a set of n-tuplets of numbers with a fixed sum), then
X is called configuration space. This term is considered commonly-accepted and more accurate than
the term “phase space”, although these terms have the equivalent meaning.

Solution for problem |5, Let us consider a “grid” consisting of lines x = n and y = n for all
possible n € Z. It divides the plane into squares. Let us call the square with vertices (0,0), (1,0),
(1,1), and (0,1) a base square. It is clear that each square is obtained from the base square using
translation by some integer vector. Suppose that all the squares look like [0;1) x [0;1) that is the
base square without its upper and right edges.

Let us consider the rectangle from the statement of the problem. The grid divides it into a finite
number of parts. Let us translate each part by a corresponding integer vector such that all these
parts are inside the base square. In fact, we constructed a set of points of the polygon up to an integer
translation.

Since the sum of the areas of the parts is > 1, the parts will definitely overlap. As points A and
B it is sufficient to take any pair of points such that these points become the same point after the
move. O
1000

Solution for problem [6] Let us draw disks of radius 4/ == and centre in each of the points. Let

us colour the points of the polygon inside each disk. Then let us stack all the disks using translations.
Coloured points will cover some set P. Vectors starting at points of P and ending at the centre of
the disk are such vectors that the polygon cannot be moved in those directions.

Each coloured subset has area < 1, therefore the area of P is < 1000. But the area of the disk
is exactly 1000 thus there exists a point inside it that is not coloured. The vector starting at that
point and ending at the centre of the disk is the required vector for our problem. O



Solution for problem [7] An idea used in this solution is very similar to projective duality (see e. g.
[S]). This method allows us to work conveniently with the set of great circles on a sphere. Namely
suppose we have a sphere of centre O. Identify each point A on the sphere with a great circle in the
plane passing through O and perpendicular to OA.

This determines a one-to-one correspondence between pairs of diametrically opposite points on
a sphere and great circles. We call such correspondence duality and denote it by 6. Note that
d(6(A)) = £A for any point A on the sphere and 6(d(w)) = w for any great circle w. Moreover, if
the point A is on a great circle w, then the great circle §(A) passes through the pair of points §(w).

(a) Suppose we have an ark « of a great circle. Suppose « is of length 7t for ¢ € (0;1). Let us
consider the great circles 0(A) for all A € a. Note that area of the union of §(A) is a fraction ¢ of
the area of the sphere.

The polygonal curve v from the statement of the problem is of length < 7. Hence, the great
circles dual to the points of v cannot cover the whole of sphere. Let us consider a point B such that
it is not covered. Then, the great circle §(B) does not intersect 7.

(b) The proof is analogous to the previous one. For each of the edges v take the union of the great
circles that are dual to the points of the edge. We will get a pair of “spherical segments”. Since
the length of v is greater than 7k, the union of such segments covers some part of the sphere with
non-zero area more than k times.

In particular there exist infinitely many points on the sphere covered by more than £ segments.

Let us mark points By, ..., B,, which are dual to the extensions of the edges of 7. We can choose a
point C' such that it is covered by more than k segments and is not equal to By, ..., B,,. Then a big
circle 6(C') intersects more than k edges of v and does not contain any edges. O]

Hint for problem |8 Let us inscribe each tetrahedron into a sphere. Let us apply translation and
homothetic transformation so that the spheres take the same place.

Then consider lines [ passing through the centre of the sphere such that projections of the tetra-
hedrons on the plane perpendicular to [ are triangles. O

Solution for problem [9] Let us consider a disk D such that all the nails are inside it. If a line
from some equivalence class intersects D, then we call such equivalence class restricted. It is clear
that there exists exactly one class which is not restricted.

Let us draw all possible line segments between the nails such that every segment does not pass
through any nails except its ends. One can construct a correspondence between the set of the
segments and the set of restricted equivalence classes of the lines. To do this we should rotate
each line counterclockwise until it touches two nails, this pair of nails is the ends of the segment
corresponding to the equivalence class of this line

(a) Answer: k.

Indeed, we can always draw k& — 1 line segments. This number of segments is possible when all
the nails lie on the same line.
(b) Answer: C? + 1.

The number of the segments is not greater than the number of edges of complete graph. This
estimate is possible when any three nails do not lie on the same line. O

Another idea for problem [9] Using projective duality one can identify the configuration space of
all the lines in R? with RPP? minus one point. The removed point corresponds to the “line at infinity”.
See e. g. [9)].

The set of lines passing through a point A € R? corresponds to a line in RP?. As a result, our
problem reduces to finding the number of parts into which RP? is divided by & lines (the removed
point does not matter for the number of parts). O



Solution for problem Suppose S is the starting point. For each point A on the route denote
the sum of lengths of dry sections from S to A by x, and the sum of lengths of swampy sections from
S to A by y. Then we will assign the point (z,y) in the plane to the point A on the route.

Let us draw a plot in space for every car’s movement with coordinates x,y,t. Each of the plots is
a polygonal curve. Let us note that each of these polygonal curves lies in some plane ¢t = ¢, + £ + £,
where t, is the passing time of point S, u and v are velocities of the car on dry and swampy road
sections respectively. Denote these planes by aq, ..., as.

Let us draw vertical lines [1, . . ., [50o for the judges. We need to show that the points of intersection
of some two lines with the planes are in the same order.

Let us consider pairwise intersections of the planes «; N «; and project them onto a horizontal
plane 3. We get no more than CZ = 28 different lines. They divide 3 into no more than 1+ C%, = 407
parts. Using pigeonhole principle we get that some two lines of [y, ..., l509 pass through the same
part. ]

Descrete phase spaces
01 2 3 456 7 8 9

Solution for problem Answer: 12 attempts.

Let us identify every two-digit number with a cell in a table
9 x 10 where rows correspond to the ten’s digit and columns, to
the one’s digit. If Bob suggests a number, then it covers a square
3 x 3 in the table. But to cover by such squares all marked rows
(all numbers starting with 2, 5, and 8) we need to place 12 such
squares, that is to suggest minimum 12 numbers.

An example is easy to construct by looking at the table: Bob
should suggest numbers 21, 24, 27, 29, 51, 54, 57, 59, 81, 84, 87,
and 89. O

© 00 N O Ot = W N

Solution for problem An idea is the same, but this time we need to cover all the cells of the
rectangle 9 x 10 by “crosses” constructed from five cells.

(a) Answer: No.

Genuinely, if 18 crosses were enough then they would cover the
rectangle without any intersections and stay within the rectangle.
But it is impossible because, for example, a corner cell cannot be
covered this way.

(c) Answer: Yes. B

Let us put 18 crosses as shown in the figure (for more clarity a
centre of each cross is marked) and we can cover eight not covered
cells with the rest 4 crosses. O

Solution for problem (a) A current state of the system is determined by a number of beads
in every box and a box from which we will start to place the beads next time. Hence the total
amount of the system’s states is finite.

From every state it is possible to get to some other well-defined state by placing beads.

On the other hand, we can uniquely determine the systems’ state before the last beads placement
knowing a current state of the system. Genuinely, the last placement ended at the marked box.
Hence we need to take one bead from that box and then going in a counterclockwise order take one
bead from every box while we can to restore the previous state. When we meet an empty box, we
place all the beads we took into it and mark this box.

Let us construct an oriented graph of the states of the system. For this purpose we will denote
the systems’ states by points and the possibility of transfer from one state to another, by an arrow



connecting the corresponding points. There will be only one arrow going out from a point and only
one arrow going in.

Let us start to move along the arrows starting with the given state A;. We get a sequence of
states As, Az, ... We get that at some moment we will have a repetition in our sequence {A4;} because
the number of the states is finite. Suppose, for example, A, = A; where k < [. As long as there is
only one arrow going in the point A; we obtain from the equality A, = A; that A, = A1, ...,
Ay = A;_;11. Thereby we return to the state A; after [ — k£ moves.

(b) As opposed to (a) now the system’s state is defined only by the way the beads are placed into
the boxes. Note that if a move goes from state A to state B, then according to (a) we can (in several
moves) get back from B to A. If we can get from A to C' in several moves then we can get back from
C to A by “rolling back” our moves one by one.

Hence if we can get from any state to some fixed state M, then we can get from any state to any
other state going through M. Denote a state where all the beads lie in some fixed box m by M. Let
us take the beads from the closest to m (in a clockwise order) non-empty box for each move. Then
either the number of beads in m will grow or the closest to m non-empty box will get closer. Sooner
or later all the beads will be in m. O

Hint for problem A phase space for this problem is a set of all possible pairs (z,v) where
is an initial position of the ship and v is a vector in which the ship moves at each turn. It is easy to
show that the phase space is countable and this condition is sufficient for constructing an algorithm
for shooting. O]

Selected problems

Hint for problem Construct a configuration space of the water in jugs as in problem [0] and
examine how a state of the system changes under the operation of pouring water from one jug to

another. See [CG| Chapter 4, §6] O

Solution for problem Answer: it is impossible.

A configuration space for an amount of water in all three tanks is
a subset X C R? consisting of points with non-negative coordinates.
A point corresponding to a current state of the system moves in a line
segment [ connecting starting and ending states.

An intersection of the planes v +y =z, y+ 2=z, and 2+ =y
with X is a boundary of an infinite triangular cone. Since the cone
is convex the line segment [ intersects its boundary in not more than
two points. But according to the problem’s statement segment I passes
trough at least one point from every face of the cone. Hence I passes
through at least one edge of the cone. Finally note that the edges of
the cone lie in the planes x =0, y =0, and z = 0. O

Y

Solution for problem A configuration space of amounts of rabbits and wolves is the first
quadrant of the plane R%. Denote the quadrant by X. The position of the system changes over time:
a point with positive coordinates (z,y) moves in a velocity vector (ag — a1y, —by + biz).

Note that the velocity vector is equal to the null vector at the point (Z—‘;, Z—f) Let us move the
origin of the plane to this point. Then the matching each point to its velocity vector is a linear
transformation R? — R?. Note that this linear transformation maps the z axis to the —y axis, and
the y axis to the x axis. So this transformation can become a rotation by scaling coordinate axis.

Namely, consider the linear substitution

. —by+bix -
r=——— and ¢y=

Vi

—ag + a1y

N



In this new coordinate system a velocity vector of a point (Z,7) not from the boundary of X is
written down as v/a1b; - (—7,Z). This means that all such points move in circles of centre in the
origin of the plane. As a result the movement of all the points such that their circles do not intersect
the boundary of X is periodical. If a point gets to the boundary of X then it keeps moving along
the boundary with a constant speed. That is movement of such points that

~ ~ . b2 a2
x2—|—y2 < min (—0, = ,
by a

is not periodic, that is the distance to the origin (in the new coordinates) is not greater than the
distance to at least one of the lines z = 0 and y = 0. [

Solution for problem (a) Let us trace just the velocities of the balls. In a space with coordi-
nates vy, vy the law of conservation of energy mlvf + mgvg = const plots an ellipse. For the sake of
convenience we can multiply coordinates by positive numbers in such a way that the ellipse becomes
a circle.

Namely suppose & = \/my - vy and y = \/mg - vo. (The first ball is the furthest from the wall and
we suppose that velocity is positive if it is directed towards the wall.) From the law of conservation of
energy it follows that the points corresponding to the system’s positions are in a circle 22 +y? = const.
This circle is our phase space, let us denote it by X.

A collision between a ball and the wall is represented in the phase space as a map (x,y) — (z, —y),
that is a reflection in a line [ where [ is the line y = 0. Note that collision can happen if and only if
vy > 0 that is if y > 0.

With every collision between the balls there is a reflection in a line, passing through the origin
and a point (y/m1, /m2), in the phase space. It follows from the law of conservation of momentum.

Denote this li‘ne by I’, it is written as \/% = \/Lmj Note that a collision can happen if and only if
v1 > vy, that is \/% > \/%

Let us denote an angle between [ and I’ by a. We know that

a = arctg % Obviously a composition of the two described trans- y
formations of X is a rotation on an angle —2a. X ,
Let us mark an ark [m;7 4 2a] on the circle and denote it by U. l
Sooner or later every point will get to the set U. In such position of \
the system there will be no more collisions with the wall. a ! >

(b) Suppose (xg,yo) is an initial state of the system. It follows from
the statement of the problem that yy < 0. Define § as an angle of
the vector (zg,yo). Formally 5 = arcctg ¢ — m. Then the number v

of collisions between the balls is equal to [”’;’%} and the number of
collisions between the second ball and the wall is equal to (#1

We can advise you to take a look on some of the additional materials for this problem on YouTube:
summarizing video [I] where the connection between the problem and the decimals for 7 is shown,
video [2] with a solution in the space of velocities, and also video [3] with the solution using billiards
in the space of coordinates. O

10



Problems after the semifinal

Problems here are divided into two independent topics. In section [2| we study different topological
properties of phase spaces that appear in problems with quite simple statements. In section |3 we
deal with geometry of phase spaces, namely with transformations preserving volume. Because of the
expanse of these topics we suggest the participants to focus their effort on just one of them.

The main results of §2] are problems and The main results of §3] are problems
and . Problems marked with asterisks require knowledge of some techniques (such as continuous
mappings), if you do not know the formal definitions needed, then you do not have to solve these
problems.

Sometimes we formulate some lemmas as hints for difficult problems. These lemmas tell us much
about the nature of considered objects and therefore might be interesting on their own. Proofs of
these lemmas are divided into smaller problems placed after the lemmas’ statements.

Also we give statements of some theorems for reference, you do not need to send us their proofs.

2 Topology of phase spaces

2.1 Problem about wagons

Problem 19. At 9 a.m. a tourist left her home. She was walking the whole day and arrived to a
camp by 9 p.m. She stayed over the night and at the next day she was walking home by the same
road from 9 a.m. till 9 p.m. Her velocity is not constant and she can stop or sometimes even go
back. Prove that she was in some point of the road at the same time both days.

Problem 20™ (N. N. Konstantinov). Two nonintersecting roads lead from city A to city B. We know
that two cars connected by a 10-meter rope manage to go from A to B along different roads without
breaking the rope. Can two circular wagons of radius 6 meters, which centres move along the different
roads in the opposite directions, pass each other without colliding?

Further we map a path to the formal solution for problem for pieceunse-linear trajectory
of the cars and wagons. It means that the time interval is divided into finite number of parts,
and velocities of the cars and wagons are constant on each part. Then we can prove the following
preliminary conjecture for solving problem

Lemma 1. There are two polygonal curves a and 3 in a square ABCD. The polygonal curve a
connects vertices A and C and the polygonal curve B, vertices B and D. Then N # @.

The polygonal curves can be self-intersecting unless we explicitly specify otherwise.

Why don’t we consider continuous curves instead of polygonal curves? The following problem
illustrate the difficulties that may arise due to switching from piecewise-linear to continuous setting
(answers for (a) and (b) are different).

Problem 21. There is a mountain in the middle of an even steppe. There are two paths up to the
top of the mountain (these paths do not go below the steppe level). Two mountain climbers started
their way to the top using different paths and staying on the same height. Is it possible to reach the
top of the mountain moving continuously if (a) paths are polygonal curves; (b*) paths are arbitrary
plots of continuous functions?

(c) Solve an analogue for (a) for an arbitrary number of climbers.

Lemma (1| seems obvious, but it is difficult to give a rigorous proof for it. Hints for such a proof

see in §2.3.1}
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2.2 Rectangle inscribed in a curve

Problem 22™. We have a closed non self-intersecting curve in the plane. Prove that there exists a
rectangle such that its vertices lie on this curve.

Consider points A = (0,0), B = (1,0), C = (1,1), and D = (0, 1) in the plane. We can define the
Mobius strip as the square ABC'D (with its interior) with sides AD and CB identified by the map
(0,t) = (1,1 —t). Let us denote the Mobius strip by M.

The following two conjectures are useful for solving problem [22]

Problem 23. Identify M with the configuration space of pairs of points in a circle.

Lemma 2. Suppose we have a plane o in space R3. Then there is no continuous embedding M — R3
such that the boundary of M is in o and all the interior points are in one of the semispaces.

(By “embedding” we mean a map such that different points of M are mapped to different points
of R3.)

Generally speaking, notion of continuity is used in Lemma [2| and careful treatment for this notion
is far beyond the scope of our project. Nevertheless we can prove rigorously the piecewise-linear
variation of Lemma [2] Comments and hints for the proof see in §2.3.2]

2.3 Topological lemmas
2.3.1 Closed curves in the plane

The aim of this section is to prove Lemma [I}

Definition. A set of points in the plane is called set in general position if

(1) any three points do not lie on a line and

(2) any 6 of them cannot be covered by three lines passing through the same point (this point may
not be in the set).

Problem 24. Is it true that if a set of points consists of at least 6 points then condition (1) of the
definition above follows from condition (2)?

Problem 25. Show that any finite set of points in the plane can be transformed into a set in
general position by arbitrary small movement (i.e. each point is moved by not more than some given
distance).

Problem 26. We have a square ABC'D and polygonal curves a = AgA;... A,,,and = ByBy ... B,
where Ag = A, By = B, A,, = C, B, = D and the rest of the vertices are inside the square. Suppose
the set of all the vertices is in general position. Then the number of intersections of o and g is odd.
(Hint: use induction on m and n.)

Problem 27. Is the statement of problem [26] true if for the set of vertices of a and g the following
does not hold: (a) condition (1) or (b) condition (2) from the definition of set in general position?

Problem 28. (a) Prove Lemmal|l| (b*) Prove the variation of Lemma [I| for continuous curves.

Likewise the following conjecture can be deduced from problem [26]

Jordan curve theorem. We say that a subset A of the plane is connected if there exists a polygonal
curve between any two of its points such that the curve lies inside A. Then (a) any closed non self-
intersecting polygonal curve divides the plane into parts (that is, complement of the curve is not
connected); (b) moreover, there are exactly two of these parts.

12



2.3.2 Linked closed curves in space

The aim of this section is to prove Lemma [2

Definition. A set of points in space is called set in general position if

(1) any three points do not lie on the same line,

(2) any four points do not lie in the same plane and

(3) any eight points cannot be covered by two planes and a line passing through the same point (this
point may not be in the set).

Polygonal curves in space are called polygonal curves in general position if the set of their vertices
is a set in general position.

Problem 29. Show that any finite set of points in space can be transformed into a set in general
position by arbitrary small movement.

Problem 30. Show that if a union of a set of the vertices of a closed polygonal curve in space and
a set of vertices of any tetrahedron is a set in general position, then the number of intersections of
the polygonal curve with the surface of the tetrahedron is even.

Definition. Suppose «, 3 C R? are two closed polygonal curves in general position. Take point
O € R? in general position with their vertices. Suppose Ag, A1, ..., A, = Ag are the vertices of a.
Let us count for 7 = 0,...,n— 1 a remainder modulo 2 for the number of points of intersection of the
triangle OA; A;+1 and polygonal curve 5. The sum n of these remainders is called linking number of
a and  modulo 2. It is denoted by lk(«, 3).

Problem 31. Show that lk(a, 8) does not depend on the choice of point O. (Hint: take point O’
and consider the intersection of tetrahedrons OO’ A;A; 1 and polygonal curve f.)

(b) Show that lk(a, 8) = 1k(5, ). (By = we denote congruentness modulo 2.)

Problem 32. Suppose «, 3 C R? are two non self-intersecting and non intersecting polygonal curves.

(a) Prove that there exists € > 0 such that for any movement of each vertex of o and 3 on a distance
less than € the polygonal curves remain non self-intersecting and non intersecting.

(b) We can obtain two polygonal curves in general position o/, 3’ by moving the vertices of «, 5 on
a distance less than €. Prove that lk(a/, ') is well-defined, i.e. it does not depend on this move.

Problem [32] allows us to define linking number modulo 2 for arbitrary pair of non intersecting and
non self-intersecting closed polygonal curves «, 8 C R% We say that o and 3 are linked modulo 2 if
k(a, B) = 1.

It is convenient to use the following property of the graph Kg (complete graph with 6 vertices)
for an easier proof of Lemma [2l We call a map Kg — R3 piecewise-linear if images of all the edges
under this map are polygonal curves.

Lemma 3. For any piecewise-linear embedding Kg — R3 there exists a pair of non intersecting cycles
linked modulo 2.

Problem 33. Let us denote a sum of linking numbers modulo 2 for all pairs of non intersecting cycles
for a piecewise-linear embedding ~y : Kg — R3 by slk(v). Construct some embedding 7o : K¢ — R3
and check that slk(v) = 1.

Problem 34. Suppose piecewise-linear embeddings v;,7, : K¢ — R? are equal for all edges except
one. Prove that slk(y;) = slk(v).

Problem 35. Prove Lemma [3l

13



2.3.3 Embeddings of the Mdbius strip into space

We call a graph I' C M such that all its faces are triangles a triangulation of the Mobius strip M.
Note that in such a case the boundary of M consists entirely of the edges. A map f : M — R3 is
called piecewise-linear if for some triangulation of M map f transforms its faces into triangles in R3.

Problem 36. (a) Construct an embedding of K¢ into M such that one of the cycles goes to the
boundary of M and the other cycle, to centre line of M. Let us call these cycles a and f.

(b) Show that if a map f: M — R3 is given then no three cycles in f(Kjs) cannot be linked except
f(a) and f(p).

Problem 37. Suppose we have a piecewise-linear embedding f : M — R3. Denote the boundary of
M by a and denote the centre line of M by . Prove that f(«) and f(() are linked polygonal curves
in R3.

Problem 38. Prove that Lemma [2 for piecewise-linear embedding M — R? follows from problem

Problem 39*. Prove Lemma [2| for continuous embedding M — R3.

3 Mirrors and billiards

3.1 Invisible systems of mirrors

In this section we consider systems of mirrors, which are formally just collections of curves in the
plane. The law “the angle of reflection of a ray equals the angle of incidence” holds for light rays.
Mirrors can be curved, then this law applies to a tangent line to the mirror at a point of collision.
Rays hitting edges of the mirrors can be neglected. A system of mirrors have to be bounded. All the
mirrors cannot be parallel to each other.

Problem 40. Construct a system of mirrors such that it is (a) invisible in some direction; (b) in-
visible in some two directions.

Invisibility in a direction of a line [ means that every ray parallel to [ and starting far enough
after some number of reflections continues to follow the same line as there was no reflections at all.

Problem 41. (a) Suppose that all the mirrors in a system are line segments and their angles are 0°
and 90°. Prove that such system of mirrors cannot be invisible in directions 45° and 135°. Angles

are measured with respect to the horizontal axis.
(n—1)m

(b) Suppose that all the mirrors in a system are line segments and their angles are 0, 7, 27”, ey

for some natural n. We call these directions obtainable.

Suppose we have a finite set of lines [y, ...,l, such that any ray of light parallel to some line
l; after reflection in the mirror aligned in obtainable direction will continue its way in a direction
parallel to some line [;. Prove that such system of mirrors cannot be invisible in directions [y, ..., ;.

Problem 42™. Prove that there is no system of mirrors invisible in all directions.

We can consider a transformation of a phase space preserving volume for solving problem [42™]
Such transformations are considered further via less complex examples in problems 6] and 50} An-
other technique that is needed for solving problem is shown in the following descrete example.
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Problem 43. An island has a shape of a disk D. There are 2n transportation hubs of n different
companies on the boundary of D. Each company owns 2 hubs, that are connected by a straight
railway on which trains travel from end to end. There are bridges at railway crossings so that each
train moves in a straight line and cannot turn off at the crossing point.

Minister of Railway Transport decided to cut down on a number of bridges by replacing them by
railway switches as shown in the figure.

- X

Also it is required that each train continues to travel between transportation hubs of the same
company. Prove that Minister cannot implement his idea.

3.2 Outer billiards

Suppose T is a convex bounded region in the plane R?. Consider a point z, outside 7. There exist
two supporting lines (tangents) to 7" from the point z5. Choose the right one of these lines looking
from x and denote it by [. If [ intersects T" in one point y;, then denote an image of xy under the
reflection in y; by x;.

Likewise one can construct the next point xs using z; (as long as the right supporting line from
x1 intersects 7' in a unique point), etc. The map R carrying a point in the plane into its image is
called the outer billiard map and the sequence xg, x1, T2, ... is called the orbit of point xy.

If at some step the supporting line intersects the boundary of T in more than one point, but by
a line segment, then we say that the orbit of z( is not defined.

Problem 44. Suppose T is a square in the plane. (a) Draw a set of points for which orbits are
defined. (b) How to find the length of the orbit of some arbitrary point in R??

Problem 45. Solve the similar problem where 7' is an arbitrary triangle in the plane.

Problem 46. Prove that the map R preserves area (that is, for any region A non intersecting with
T areas of A and R(A) are equal), (a) if T is a convex polygon; (b) if 7" is an arbitrary strictly
convex bounded region.

Let us call an orbit xg, z1, s, ... almost periodic if for any € > 0 and for some n € N the distance
between xo and z,, is less than e.

Problem 47%*. Is it true that any orbit of an outer billiard T is almost periodic if
(a) T is a convex polygon with rational vertices;

(b) T is a convex polygon;

(c) T is a strictly convex bounded region;

(d) T is a convex bounded region?

We do not know a simple solution for that problem. Although the answer for similar question
about interior billiards is far more easier as we will see in the next section.

3.3 Interior billiards

Let T be a convex bounded figure on the plane. Let us take a point x inside T and choose some unit
vector of velocity for that point. This defines billiard trajectory of the point as follows: inside 7" the
point is moving with constant velocity and on the boundary it change the velocity vector according to
the law “The angle of incidence is equal to the angle of reflection” (the angles are measured between
current velocity and tangent line to the boundary of T at the point of collision).

If at some moment the point x hits boundary at the point where the tangent line does not exist
we say that the trajectory of x is not defined. A trajectory of the point z is said to be periodic if
after some time since the beginning of the path, x appears in the same place with the same speed.
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Problem 48. Let T' be a square. (a) Which pairs of starting points and velocities yield periodic
trajectories? (b) Show that any periodic trajectory in 7" has even number of reflections from the
border.

Further, T can be assumed to be a convex polygon or an arbitrary convex figure with smooth
boundary.

Problem 49. Fix some vector of velocity v. Let fi(z) be a position of a point z after time ¢ if
it starts movement with velocity v. Show that the area of the image f;(A) of a region A C T not
necessarily equals the area of A (here f;(A) consists of images for all points in A which trajectories
are defined).

Problem 50. For any starting point x and initial velocity v consider the position and the velocity
of the point after time ¢. This gives us a mapping F; : T x [0;27) — T x [0; 27).

(a) Show that if 7" is a polygon, then F; is defined everywhere on T x [0;27) except a set of zero
volume.

(b) Show that for any ¢ the mapping F; preserves volume.

Consider point & with some initial velocity vector. The trajectory of x is said to be almost periodic
if for any €1,e9 > 0 there is ¢t > 0 such that the distance between = and f;(x) is less than £; and the
angle between velocities at point « and at point f;(z) is less than es.

Problem 51™. Show that almost all initial conditions (z, ¢) € T'x [0; 27) give us an almost periodic
orbit. Here “almost all” means “all except some set of zero volume in 7" x [0; 27)”.

Informally, if we shine a flashlight from a random place in a mirrored room in a random direction,
the light will hit the back of our head with good accuracy.

The property of volume-preserving transformations, which is proposed to prove for solving the
problem [51™] can be formulated in the general case as follows:

Poincaré recurrence theorem. Let U C R3? be a bounded domain, f : U — U — a mapping
which preserves volume. Consider lesser domain A C U. For a point z € A consider a sequence
f@), f(f(x)), f(f(f(x))),.... Define Z C A as a set of points for which this sequence lies entirely
outside of A. Then Z has zero volume.

In order to give mathematical rigor to this claim some specifications should be made about
which "domains’ we consider and for which subsets of U the mapping f ’preserves volume’. (Famous
paradoxes [4], [5] show that there is no way to define a notion of volume for all subsets. For theory
see e.g. [Ox]).
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Hints and solutions for problems after the semifinal

Topology. Problem about wagons

Closed curves in the plane

Solution for problem The answer is “no”. Indeed (1) does not follow from (2).

Consider two parallel lines I, m. Choose three points on each of the lines: A;, Ay, A3 € [ and
By, By, By € m. If three lines A;B;, A3B;, A3Bj do not intersect in one point for every {i,j,k} =
{1,2,3}, then (2) holds and (1) does not hold by construction.

Let us prove that such six points exist. Choose arbitrary points Ay, Ay, A3 € [ and By, By € m.
Then there are finitely many prohibited positions for the point Bs. Namely, this number is not
greater than three. (For example, denote the intersection A;B; N A3sBy by C. Then Bj cannot lie on
the intersection of A3C' and m.) O

Solution for problem Suppose we have a set of arbitrary points A;,..., A, € R%2 We can
also suppose that all the points are different because otherwise we can fix that using arbitrary small
movement. Then let us move these points one by one every time making the next point to be in
general position with all previous points.

Suppose the points Ay, ..., Ax_; are in general position. Consider a set of positions prohibited
for Aj. Firstly, this set includes all the lines A;A; for all possible 7, 7 < k. Secondly, this set includes
all the lines A;C where C' is the intersection point A; A;, N A;, A;, for all possible iy, 9, 43,44, 7 < k.

It is clear that the set of prohibited for Aj positions is a finite union of lines. Therefore we can
get A out of this set by an arbitrary small movement. m

Solution for problem The proof is by induction on m,n. The base of induction is trivial. If
m = n = 1 then the claim of the problem is that square’s diagonals intersect in an odd number of
points.

Now suppose m > 1. Draw an edge A,,_2A4,, instead of two edges A,, 2A,,_1 and A,,_1A,, for
polygonal curve a. Let us prove that S and the triangle’s A,,_sA,,_1A,, boundary have an even
number of intersection points, to show that the parity of the number of intersection points between
a and [ stays the same.

Indeed, if vertices By, Bry1 are on different sides of the boundary A,, 2A,, 1A, (i.e. one of
the vertices lies inside the triangle and the other one lies outside), then the line segment By By 1
intersects the boundary A,,_2A4,,_1A4,, in an odd number of points. But if these vertices are on the
same side, then the intersection consist of an even number of points. Since Ay and A,, are both on
the same side (i.e. they are both outside the triangle), the number of intersection points is even. [

Solution of problem 27 Answer: (a) no; (b) no. You can see examples in the figures below.

X X
(a) (b)
Remark. For the set of the polygonal curve’s vertices (2) does not hold in our example for (a). There
is no example for (a) such that (2) holds.

It is possible to prove that a number of intersection points is always odd for (b) by adding the
restriction for polygonal lines not to be self-intersecting. To do so one should take notice of the
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intersection points while moving vertices of the polygonal curves to a general position (e.g. see proof
of Lemma [1]). O

Solution for problem (a) Suppose a N = &. Take € > 0 such that any distance between a
point from a and a point from [ is less than €. Then, we cannot get any more points of intersection
moving vertices of @ and 8 by not more than § since any point on an edge also moves by not more
than 5. But according to the problem we can get a and f into general position moving each
vertex by not more than 5. This concludes our proof.

Note that € can be less than the minimal distance between the vertices of a and 5. One way to
compute ¢ is the following. Take a vertex from one polygonal curve and an edge from another curve,
measure the distance between them. Do this for every possible combination of a vertex and an edge

from different polygonal curves, and take ¢ less than any of these numbers.

(b) Sketch of solution. There is a way to approximate any continuous curve by a polygonal curve
with accuracy of any € > 0. This means that we draw points on a curve one by one in such a way that
the distance between a curve’s ark between two neighbouring points and the line segment connecting
these points is less than €. We need to construct such approximations for ¢ = %, %, %, .... Then for
each € we need to find an intersection point P; of two polygonal curves. For each point P; there are
points A; and B; on continuous curves such that distance between A; and B; is not greater than
21-1_1. Finally, we need to choose convergent subsequences with equal indices from A; and B; using
the compactness of the line segments. These subsequences have equal limits, therefore this limit is
the required intersection point of our curves. O

Problem about wagons

Solution for problem Let us identify the road with the line segment [0;1], and time with
the line segment [9;21]. Time dependences for a current position of the tourist on the road are
continuous functions [9;21] — [0;1]. Denote such functions for her way to the camp and back by f
and g respectively. We have f(9) = ¢g(21) =0 and f(21) = g(9) = 1.

Consider function h = f — g. Function h is negative at point 9 and positive at point 1. Using
intermediate value theorem, we obtain the existence of some point ¢ € [9;21] such that h(t) = 0.
Therefore f(t) = g(t) for some time ¢, i.e. the tourist was in some point of the road at time ¢ both
days. O

Solution for problem [207]. Identify each road with the line segment [0; 1]. Then the phase space
for the two vehicles on these roads is the square [0; 1] x [0; 1].

piecewise-linear movement of the cars gives us a polygonal line in the square going from the vertex
(0,0) to the vertex (1,1). piecewise-linear movement of the wagons gives us a polygonal line in the
square going from the vertex (0,1) to the vertex (1,0). Using Lemma [l we obtain the existence of
the common point for these polygonal curves. Therefore, at some time the position of the cars will
be similar with the position of the wagons. Hence, it is impossible for wagons to pass each other
without colliding. O]

Solution for problem (a) Answer: yes.

Suppose that there is no horizontal sections of the path. Identify each of the paths with the line
segment [0; 1]. Then the set of all possible positions of the mountain climbers (on the same height)
is a subset M of the square [0; 1] x [0; 1] containing the square’s vertices (0,0) and (1,1).

Note that M consists of line segments. Let us consider it as a graph: states in which at least one
of the climbers is in the vertex of the polygonal path are the vertices of the graph. It is easy to show
that the degree of each vertex except (0,0) and (1,1) is even. Therefore there exists a path from
(0,0) to (1,1).

If some sections of the mountain are horizontal, then “collapse” these sections into points. We
call these points special. For the new mountain the algorithm exists as was proven above. Suppose
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a climber stays at this point for a minute when the climber passes through it. This adds finite
amount of minutes to overall time. It is easy to obtain an algorithm for the initial mountain from
this algorithm.

Also note that if no two vertices of the polygonal path are on the same height then there exists
a unique way to get to the top such that the go through every position not more than one time.

(c) Answer: yes. The proof is by induction on the number of climbers. The base of induction for
one climber is trivial.

Consider the first two climbers and their algorithm for reaching the top from (a). Time dependence
for their height is piecewise-linear. Draw the plot for this dependence and say that this is a new path
to the top. Then we can swap the first two climbers for one climber moving along the new path.
Thus, we can swap k climbers for £ — 1 climbers.

(b) Answer: no.

The example of such paths is shown in the figure. One of them is constructed the following way.
In each of the neighbourhoods of the point % our path has both monotonically increasing section and
monotonically decreasing section. Each of these sections goes through the height hy.

The second climber needs to travel from the point %1 to the point % back and forth infinitely many
times to get to the top. Therefore time dependence for the second climber cannot be continuous
under such condition. The proof of this conjecture is a great exercise on continuous functions.

We recommend participants to draw the set M C [0; 1] x [0; 1] for this mountain defined exactly
as in (a), and then to show that the continuous path from the point (0,0) to the point (1,1) does
not exist. [

Topology. Rectangle inscribed in a curve

Linkings of closed curves in space

Solution for problem This solution is analogous to the solution for problem [25] Let us move
the points one by one to get them into general position. The first three points we will move in such
a way that they do not lie on the same line. The set of the prohibited positions of A after the k-th
move (k > 4) consists of the finite amount of planes. Therefore we can get Ay out of this set by an
arbitrary small move. O

Solution for problem Since the set of all vertices is a set in general position, neither of the
polygonal line’s vertices lies on the tetrahedron’s surface and any of its edges can intersect the
tetrahedron’s surface only in interior points of the faces.

Denote vertices of the polygonal line by Ay, Ay,..., A, = Ag. Colour point A; red if it is inside
the tetrahedron, otherwise colour it blue. Then the edge A;A;,1 of the polygonal curve intersects
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the surface of the tetrahedron in an odd number of points if and only if A; and A;,; are coloured in
different colours. We have an even number of such edges. O]

Solution for problem (a) Denote the vertices of the polygonal curves o and 3 by Ay, ..., A,
and By, ..., B,, respectively.

Suppose, {A1,...,A,, B, ..., By, 0,0} is in general position. By problem |30| for each tetrahe-
dron OO’ A;A; ;1 the number of intersections of its surface with [ is even. Then take the sum for all
such tetrahedrons and we are done.

But in general {Ay,...,A,, B1,..., By, 0,0} may not be in general position. However, by
the problem statement the sets {A;,..., 4,, By,..., By, 0} and {Ay,..., A,, B1,..., By, 0’} are in
general position. Choose a point O” € R3 such that when we add O” to each of the sets it remains
to be in general position. Then replace the point O by O” and then O” by O’ as it was described
the previous paragraph.

(b) Hint. Take two parallel planes in R? such that o and 3 lie between them. Choose the point O
on the first plane. We can compute lk(«, §) and 1k(8, @) using the point O.

Project a and ( onto the second plane from the point O. Denote the obtained polygonal curves
by & and 3. To show that k(o 5) = 1k(B, ) it is enough to check that & and f intersect at an even
number of points. This can be proved similarly to problem [26] O]

Solution for problem (a) The proof is similar to problem 28 Take ¢ > 0 such that the
distance between any point of @ and any point of [ is less than € and also the distance between any
two points on nonadjacent edges of o or nonadjacent edges of 3 is less than . Then if we move
the vertices of o and 8 by the distance < £, then intersection points do not appear since any point
of any edge also moves by the distance < 5. By problem we can transform « and [ to general
position moving each of the vertices to the distance < 3.

(b) Suppose the polygonal curves o’ and (' are in general position. Move one vertex A, of o/ so
that when it moves, the edges A;_; Aj and AjA] | are disjoint with the other edges of o/ and 3.
Denote the obtained vertex by A7 and the obtained polygonal curve by . Next we will show that
Ik(o/, 8") = k(" 3').

Take a point O in general position with all the vertices of ¢/ and 5’ including A”. Consider the
intersection of the tetrahedrons OA;_; A; A and OA;A}A; | with 8’. By the construction, the faces

(3

Aj_ | AJAY and AJA7 A}, are disjoint with 3. Then lk(o/, ') = lk(a”, 8’) by problem [30] O

Solution for problem Take an embedding vy : Kg — R? as
in the figure.

For this embedding the cycle AEF is linked modulo 2 with the
cycle DBC, the cycle BF'D is linked modulo 2 with the cycle EC A,
and the cycle CDFE is linked modulo 2 with the cycle FFAB.

There are no other pairs of cycles which are linked modulo 2 for
this embedding K5 — R3. Therefore slk(v) = 1. O

Solution for problem Suppose the embeddings 7,7, : Kg — R? differ only on the edge AB.
Consider the pair of cycles ABC and DEF'. Denote the polygonal curve v, (ABC) by «, the polygonal
curve 72(ABC) by «/, the polygonal curve v (DEF) by (3, and the union ~;(AB) U 7y2(AB), which
is also a closed polygonal curve, by ’. Then one can show that

k(a, B) — lk(, 8) = 1k(a”, B).

There are 4 pairs of cycles in Kg such that one of the cycles contains the edge AB. If we sum
such the equalities for each of the pairs of the cycles, then we have

slk(y1) — slk(y2) = Ik(a”, 1 (DEF)) + 1k(a”", %1 (CEF)) + k(a", 71 (CDF)) + Ik(a", v (CDFE)).
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It remains to show that the sum on the right is zero. This assertion should remind problem [30]
The difference is that here instead of a tetrahedron in R? we have a piecewise-linear embedding of
the graph Ky = CDFEF, and instead of the number of intersection points of o’ with the surface of
the tetrahedron we compute the sum of linking numbers modulo 2.

Take a point O in general position with all other vertices of the polygonal curves. Then the
equality of the sum on the right to zero follows by the definition of linking number modulo 2. n

Solution for problem By problem [34] the sum slk(+y) modulo 2 does not depend on the em-
bedding ~ : K¢ — R3. Then by problem [33| for all embeddings K¢ — R? we have slk = 1. Therefore,
for each embedding Kg — R3 there is a pair of cycles which images are linked. O

Embeddings of the Mobius strip into space

Solution for problem (a) The embedding is shown in the figure. A

(b) If a cycle in K4 bounds a polygon in M, then the image of this cycle
cannot be linked with the image of any other cycle. A

Let us list all the cycles of length 3 that do not bound a polygon: g ¢ Py
ABD, AEF, BCD, BEF. There is only one pair of disjoint cycles: A
AFEF and BCD. The first one of them is the curve o and the second v
one is the curve f. Since slk(f(Ks)) = 1, we have lk(«, 5) = 1. O F

Solution for problem If K is embedded into M as in problem 36| (a), then f sets a piecewise-
linear embedding Kg — R3. It remains to use problem [36] (b). O

Solution for problem Suppose such an embedding exists. As we have shown in problem [37]
the image of the boundary of M must be linked with the image of the centre line of M. But then the
image of the boundary lies in a plane and the image of the centre line lies in one of the semispaces.
Therefore these curves cannot be linked, so we have a contradiction. O

Solution for problem One can try to reduce this problem to the piecewise-linear one, simi-
larly to the proof of problem [28 (b). The difficulty is that the piecewise-linear maps M — R? which
approximate the given continuous embedding also must be embeddings. It is hard to control this
condition.

Another way that is much easier is to define the linking number modulo 2 for a pair of closed
continuous curves in R3. To this end we approximate the curves by polygonal lines. One can show
that if approximations are sufficiently close to the original curves then their linking number modulo
2 does not depend on the choice of the approximations. Further, we have to show that if one of the
curves bounds a disk (continuously embedded into R?) which is disjoint from the other curve, then
the linking number equals zero.

For more conceptual approaches to the definition of the linking number for closed continuous
curves in R? see [H} §1.2| and [FF], 17.6]. O

Rectangle inscribed in a curve

Solution for problem We assign to each unordered pair of points in the  2rp——»—
circle an ordered pair of points x < y in the segment [0; 27]. A
Then pairs (0,a) and (a, 27) of points in the segment correspond to the same y
pair of points in the circle. So the configuration space of pairs of points in the A
circle can be identified with the triangle glued as in the figure to the right. We
suggest the participations to prove it.
Note that the boundary of M corresponds to the set of pairs of coinciding points. O
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Solution for problem [227]. We denote the circle by S'. Suppose we are given a continuous map
v : St — R2% We assume R? to be embedded into R? as the plane z = 0.

Next we define the map of the configuration space of pairs of points in the circle to R? as follows.
We set the image of an unordered pair (a,b) to be the point (M, |v(a) —~(b)]). Here M
is the middle point of the segment in R? connecting v(a) with v(b).

We obtain a map M — R3. Note that the image of the boundary of M coincides with the given
curve 7. According to Lemma [2| this map cannot be an embedding. So there are two different pairs
of points in 7 such that the segments between them have the same middle point and the same length.
These four points are the vertices of a rectangle.

This proof is shown in the video [6] on YouTube. O

References

[CG| H.S.M. Coxeter, S.L.Greitzer, Geometry Revisited, New Mathematical Library, Volume 19,
Washington, AMM, 1967.

[FF| A.Fomenko, D.Fuchs, Homotopical Topology, Springer, 2016.

[H] A.Hatcher, Algebraic topology, Cambridge University Press, 2002.
[Ox| J.C. Oxtoby, Measure and Category, Springer, 1980.

[Sh| A.Shiryaev, Probability, Springer-Verlag, 2016.

[S] A.Sossinski, Geometries, TUM, Moscow, 2012.

[1] https://www.youtube.com/watch?v=HEfHFs{GXjs

[2] https://www.youtube.com/watch?v=jsYwFizhncE

[3] https://www.youtube.com/watch?v=brU5yLm9DZM

[4] Wikipedia. Example of non-measurable set

[5] Wikipedia. Banach-Tarski paradox

[6] https://www.youtube.com/watch?v—=AmgkSdhK4K8

22


https://www.youtube.com/watch?v=HEfHFsfGXjs
https://www.youtube.com/watch?v=jsYwFizhncE
https://www.youtube.com/watch?v=brU5yLm9DZM
https://en.wikipedia.org/wiki/Non-measurable_set#Example
https://en.wikipedia.org/wiki/Banach%E2%80%93Tarski_paradox
https://www.youtube.com/watch?v=AmgkSdhK4K8

Kybukn dhokycoB n nupkyJaspHble KyOnkn

A.3acnasckuit, I1. Koxxepaukos
(Ha JIKTT upoexr npeacrapisior 1. JIémun, M. Juaun, A.3acaasekui,
O.3acnasckuit, K.l1Banos, I1.Koxesnukon, ®.Husos, 1.Dposios)

Kapacon cnaanuposas na noa u npusemausca 6osse Marvuua.

— Iloka meba ne bydem, A TOUY 30HAMBCHA YeM-HUOYIL UHMEPECHBIM.
Y meba npasda wem Goavuie naposuir MAULUH ?

— Hem, — omeemua Maaviw. — Mawun nem, 1o ecmov Kybuku.
A.JTundzpen

OtHO#t U3 OCHOBHBIX TieJlell TPOeKTa SIBIIeTCS N3yUYeHne TaK HAa3bIBAEMO KyOu-
ku pokycoB. OHa MOKeT OBITH OIpeeIeHa PA3HBIMU CIIOCODAMM, HALPUMED, KakK
MHOKEeCTBO TOYEK, U3 KOTOPBIX J[BA JIAHHBIX OTPE3Ka BUJIHBI 10/ PABHBIMH HAIPaB-
JICHHBIMU yTJIaMu. B mpornecce n3ydennss oOHAPYKUBAIOTCS UHTEPECHBIE B3aMMHbBIE
CBSI3U MKy PA3HBIMH CIOYKETAME 3JIEMEHTAPHON TeOMeTpUN (BIUCAHHbIE YIJIbI, T1e-
PECEKAIOIIIeCs] OKPYKHOCTH U T.JI.), T€OMETPUICCKUMHI TIPE0OPA30BAHUAME (CHM-
MeTpUs, UHBEPCUsI, U30IOHAJBHOE COUPSI?KEHUEe U JP.), U CBOWCTBMH KyOHUYECKHX
KPUBBIX (CJI0JKEeHHEe TOYeK Ha KyOuKe u 1p.).

ConepkaHne U cxeMa 3aBUCHMOCTel JacTeii:

- B pazgenax 0 — 3 uzyuarorcs HEKOTOPble (MHTEPECHbIE caMu 1O cebe) reomer-
puYecKne KOHCTPYKIIMH U Pa3BUBAETCs reoMeTprydecKuii anmnapar (npeobpasoBaHust
U 1p. ), ucnosb3yembiii naiee. B paznenax 0 — 3 HET KYBUK, u io6uresnn saeven-
TaHOI TeOMeTPHUU MOTIYT 3aHUMAThCAd UMU M He Mepexols K JjajbHeiimemy. Pazmen
4 TOJIHOCTBIO MOCBAIIEH KyOMKaM, HO BO MHOTHX 33Ja4aX IOCJIEIYIONUX pa3Iea0B
KYBUKU HE [TIOTPEBYIOTCH.

- B gacru 0 cobpaubl usBecrabie hakThl 06 M30rOHATBHOM CONPSIZKEHHH (CM.
tak:ke, Hanpumep, [9] (1. 06 u3oronansx), [13| (n3oroHasbHbBIE MECTEPKH, HCITIOIb-
30BaHNe TIpH pertennn 3a1a4), [3]). 3meck e 1at0Tcst BRBOJHBIE PE3YIbTaThl O KyOnKe
¢oKyCoB.

- OTMeTuM, 4TO cpean 3a7ad 1 W 2 YacTH eCTh BayKHbIe, HO He TaK ITHPOKO
u3BecTHbIE (DAKTHI.

- YHacth 3 — orcrynjienne B HEKOTOPBIN OTJEIbHbBIN CIOXKET; JaJjiee 3Ta 4acTb
MPAKTUIECKH HE WCIOIH3YeTCs.

- B gactu 4 cobpanbl HekoTOpbie 001IHe (paKThl 0 KYOUKax U 3a/a49H, CBA3AHHBIE
¢ 3TuMu (paKTaMH, KOTOPbIe OKaxXKyTCd MOJEe3HBIMHU Jajee B dacTax b u 6. Ocobo
OTMETHM BayKHOCTb CIOXKeTa, CBS3aHHOI'O C TeopeMoil 0 9 Toukax u ¢ ouepatueit
CJIOXKEHHsT TOYeK Ha KyOWKe: Jjisi HEKOTOPBIX BOIPOCOB (B TOM unciie chopMyTnpo-
BAHHBIX B TEPMUHAX 3JIEMEHTAPHO TeOMeTPHH) S3bIK KyOHK OK3bIBaeTCsl Hanboee
«IIPABIJIbHBIM». 3/16Ch MbI CTAPATUCH, 4TOOBI 6a30BBIX (HAKTOB OBLIO HEMHOTO (MHA-
e 4aCTh PAa3pocjaach Obl 10 GOJIBIIOTO MPOEKTA MO KyOUKaM), a ¢ IPYTroil CTOPOHBI —
4100bI UX XBaTasi0 Jijist 3dekTuBHOl paboThl ¢ Kybukamu B yactsax b u 6. [Tpuser-
crByercst (HO He 00s13aTeJIbHO) Oosiee MOIPOOHOE 3HAKOMCTBO ¢ KyOHMYECKUME KpPH-



BeIME (CM., HApuMep, [6], [12], [10]), eme sy«umie — BrageHne HAYATBHBIM KYPCOM
110 ajrebpandeckuM KpubbiM (cM., Hanpumep, [11]).

- Yactu 5 u 6 — ocHOBHBIE. 31€Ch MIPE/ICTABICHBI HACBIIIEHHBIE KPACUBBIMUI (haK-
TAMHU TeOMETPHYECKUE «ILIOIMAJIKN», Ha KOTOPHIX IIPOUCXOAUT B3anMOAeicTBIe nieii
SJIEMEeHTapHOI U ajiredbpanvecKoil FreOMeTPUH.

B HexkoTophix 3aja9ax paccMaTPUBAIOTCS CIOZKEThI, OTHOCSIIIUECS HE K 0DIeMy, a
K HEKOTOPOMY CIIEIHATBHOMY CJIy9ato (HAIPUMED, CJIy a0 BIUCAHHOIO, OMUCAHHOTO,
BBIDOZKJIEHHOTO YeThIPEXYTOJIbHIKA, TapaJjuiesorpaMma, u T.0.) B Takux 3azadax
IocJae HOMepa JaeM COOTBETCTBYIONIYIO MOMETKY B 3BE€3/I09YKaX.



0 l3oronaJjpbHoe COIpPdAKEHNE B MHOTOYTOJIbHUKAX

V30roHa/IM OTHOCUTEJILHO yIVia (Iaphbl IPSIMBIX )

[Tycrs na mnockocru gannl Toukun O, X, Y, X' Y.

Omnpenenenne. Ckazxem, 410 Toukn X u X' (nm npsimbie OX u OX') spistior-
sl UB020HANLHbLMU OTHOCHTETHHO yraa Y OY (uin, jydrie cka3arh, OTHOCHTETBHO
napel npsambix OY, OY); eciim upavbie OX u OX' cuMMeTPUYIHBI OTHOCHTEIBHO
6uccekrpuce yraa YOY”.

Tor daxt, uyro upambie OX n OX' aBag0TCa M30rOHAJASIME OTHOCUTEJIHHO YIJIa
YOY” ycnosumest unoraa jijist Kparkocru obosuadars [sogo(X X', YY').

0.1. ITycrs npamere OX, OX', OY, OY' pazinunsl.

Hokazkure, aro ycaosue [sogo(X X', YY') skBuBasenTHO KazKJI0My U3 yCJIOBHIi:

a) Isogo(YY', XX');

b) napst nupsambix OX, 0X’ u OY,OY’ umeror obuiyto napy GUCCEKTPUC;

¢) L(OX,0Y) = L(OY',0X'), .e. orpe3ku XY u Y'X’ Bugnbt u3 O 10,1 paBHbI-
MU HAIPABJIEHHBIME YIJIAMH (B 3aBHCHMOCTH OT DACIOJIOKEHHs TOYEeK ITO yCJIOBUE
MOZKeT O3HadaThb oaHO u3 pasencrs /XOY = /Y'OX', /XOY + /Y'OX' = 180°,
ckazkeM, ecan O JIEZKUT BHYTPHU BBIIYKJIOrO 4deTbipexyroybuuka XY XY’ Boimon-
HEHO BTOPOE PABEHCTBO).

d) p(X,0Y)/p(X,0Y") = p(X',0Y")/p(X',OY) (rne p(X, ) — opuenruponan-
HOe PAcCTosiHue OT TOYKH X J10 npsamoii ().

e) Ipoekmmu X u X’ wa OY u OY” (B ciyuae ecm Bce 9eThipe TMPOEKIHN Pas3-
JIMYHBI) JIeZKAT HA OTHON OKPYKHOCTH.

0.2. Teopema 06 mzoronaasax. Ilycte Z7 = XY NX'Y' u 7/ = X'Y N XY’
(trak, aro X, X", Y)Y’ Z, Z' — Bepmiuubl 10JHOTO YeTHIPEXCTOPOHHKKA). Toraa u3
Isogo(X X', YY) cnenyer Isogo(X X', ZZ') (n ananornuno Isogo(ZZ',YY")).

roraa Mbl 6y/1eM 3a/1eficTBOBATE beckoneuno ydarernvie mouky maockocTu (dbakx-
THYECKH [PU ITOM MbI IEPEXOJUM HA MPOEKTUBHYIO MJIOCKOCTH). MOXKHO CUATATH,
4TO OOLIYHAS ILUIOCKOCTH IOMOJHEHA TaK HA3LIBAEMOl OECKOHEUHO YIATEHHO IIps-
moit. Kaxkmasg Touka 9TOil IpsAMOR CUNTAETCS OOINEHl TOYKON BCEX MPSIMBIX, IIapaJi-
JICJILHBIX JAPYT JIPYTY.

0.3.

a) Onpegerure yeaosue Isogo(X X', YY) nia 6eckoneqno yaanennoii rouku O.

b) CdopmyaupyiiTe u goKazKuTe Teopemy 00 H30TOHAIAX JJisi GECKOHEUHO y/ia-
JienHoii rouku O.

¢) IIpsmaa Herorona-Taycca. Jokaxkure, 94T0 cepejuHbl TpeX JuaroHaseil
YeThIPEXCTOPOHHUKA JIEZKAT HA OAHONU TTPAMOIL.

N30oronanpHOE COIIpd2KeHne B TpeyroJIibHuKe

0.4. Tlycrb pan rpeyroibauk ABC u He jiexkalast Ha ero croponax Touka P. JToka-
kure, 9ro npsamMbie, cummerpuanbie AP, BP, C'P orHOCHTE/IbHO OUCCEKTPUC YIJIOB



A, B, C' cOOTBETCTBEHHO, MEPECEKAIOTC B OJHON TOUYKe (BO3MOXKHO, GECKOHETHO
V/IAJIEHHOM ).

Onpenenenune. Ecin ykazanuple B 3a/1a4e NpsMble HepecekalTcs B Touke P,
TO 3TA TOYKA HA3BIBACTCH U3020HAALHO CONPAACEHHOT TOUKe P OTHOCHTEILHO Tpe-
yroibunka ABC. (Eciu ke npsiMble TapaJiiebHbl, TO H30MOHAJBHO COMPSZKEeHHOI
K TOUKe P cunraercst COOTBETCBYIONIAs OHECKOHEUHO yIaleHHas TOYKA. )

OueBuiHO, 4TO, ecan P’ u3oronanbHo coupsgzkena ¢ P, 1o u P M30ronajbHO
conpsizkena ¢ P’. TlosTomy MOXKHO rOBOPHTH O ape M30MOHAJBLHO CONPSAZKEHHBIX TO-
qek. V130roHabHO COMPSIKEHHBIMU MOYKHO CUYUTATh TAKZKe BEPITUHY TPEYTOJIbHUKA
1 JTIOOYI0 TOYKY MPOTHBOIOJIOYKHON CTOPOHBI.

0.5. JlokazkuTe, 9TO TOYKA, H30TOHAJBHO CONpszKeHHas P, aBisgercd OecKoHed-
HO yIAJEHHO#, TOT/Ia W TOJBHKO TOTJA, KOTJa [P JIeKUT Ha ONUCAHHOI OKPYKHOCTH
rpeyrosbauka ABC.

0.6. ITyctb Touku P,, P, P. cuMmMeTpudHbl TOYKE PP OTHOCHTEIHLHO CTOPOH Tpe-
yrojibHuka. /lokazkure, 9T0 MEHTP OMUCAHHON OKpYKHOCTU Tpeyrogbuuka P, PP,
COBHAJACT ¢ TOYKONH P’.

0.7. JTokazkuTe, 9TO MPOEKIIUN W30TOHAJIBHO CONMPSZKeHHBIX Touek P, P’ Ha cTo-
ponbl Tpeyrojibhuka ABC jiexkar Ha 0JIHON OKPYKHOCTH (9T OKPYZKHOCTH Ha3biBa-
ercst nedaavHoll OKPYKHOCTHIO KaxK10ii u3 Touek P, P’).

0.8. Ilycth Toukn P, P’ n30roHajbHO COMPAKEHBl OTHOCUTEILHO TPEyTrOJIbHUKA
ABC'. Jlokazkure, 9T0O CyIIECTBYeT KOHHKa ¢ pokycamu P, P’ Kacatomascs IpsaMbIX
AB, BC, CA.

0.9. Ilycrs X, X' u Y, Y’ — aBe napbl T04€K, M30rOHAJIBHO CONPAKEHHBIX OT-
HocuTeIbHO Tpeyroabiuka ABC. JlokaxKure, 94T0 TOYKA MepecedeHus: npsambix XY
n X'Y’ uzoronannbno conpsikena Touke nepecedenns npsambix XY u X'Y.

N30oronanpHOE COIIpd2K€eHne B 9eTbIPEXYTOJIbHUKE

[Tyctes dbukcuposaubl derbipe pasiunanbie Touku A, A') B, B’ (ue Bce siexkarniue Ha 0J1-
Hoii psimoit ). lastee oz uerwsipexyroabaukom ABA’' B’ nounmaem rouknu A, B, A, B’
B JIAHHOM IUKJIHYECKOM HOpsijiKe (B dacTHOCTH, JjoMaHas ABA’'B' moxer ObITh ca-
MOTIEPECEKAIOTIENCs ).

0.10. Ilycts manbl yerwipexyronbHuk ABA'B’ m touka X. Ilycth m3oronaau
upsambix AX, BX, A’X ornocuresnbuo yriuos A, B, A’ 4gerpipexyrojbHuKa €OOT-
BETCTBEHHO, TIePECeKalOTCst B 0HOM Touke X' (BO3MOXKHO, GECKOHETHO YIAICeHHOIT).
Hoxaskure, 9T0 n30roHagb psimoii B’ X ornocurensro yriaa B’ Toxke npoxoauT ue-
pe3s X',

Onpenenenune. B cayuae BLINONTHEHNS YCIOBUSA 3a1a9H OY/1eM HA3BIBATH TOUKH
X, X' u30201aAbHO0 CONPANCEHHBLMU OTHOCUTEIHHO deThipexyronbuunka ABA'B’.
(Beprmmubr A u A’ (u rakke B n B') cauraem n30roHaJIbHO CONPSIZKEHHBIME JIPYT €
JIPYTOM. )

MHOKeCTBO TOUEK, T KOTOPBIX CYTECTBYET H30IOHAIBHO CONPszKeHHAsT, Oy1eMm
o6oznauars [ SO(ABA'B’).

Takum obpaszom, X u X' M30roHaJbHO conpszKeHbl orHocuTesbHo ABA'B’ | ec-

mu Beimoaensl yeaosus [soga(BB', X X'), Isoga (BB, XX'), Isogp(AA", X X'),



Isogp (AA', XX'). Tpeapiaymias 3a1ada MOKA3BIBAET, YTO JIOCTATOYHO HAJOKHUTD
TPU M3 YEThIPEX YKA3AHHBIX yCJIOBUIL (TOrJa OCTABLICECH CJIEJIyeT aBTOMATUIECKH).

0.11. [Tokaxure, uro X € ISO(ABA’'B’) pasuocuibno ycaosuio [sogx (AA', BB').

Benomunm, uro yesiosue [sogx(AA', BB') oznauaer, uro AA’ u BB’ Bugub uz X
0] PABHBIME HAIIPABJICHHBIMU YIJIAMHE; 3TO COLJIACYETCA C AHIJIMIICKIM HA3BAHUEM
Isoptical cubic nna ISO(ABA'B’).

0.12. (M3oronasnbhasi mecrepka) Paccmorpusaem niecrepky (a Todnee, Tpoii-
Ky nap) rouek (A, A'; B, B’; C,C") (pa3pemaem coBlajieHUe TOJBKO TOYEK BHYTPU
mapet Au A" n r.1.)

a) Jdokaxkure, uro C' u C" u3oronanbHo conpsizkenbl oraocurebio ABA' B’ To-
rJ1a ¥ TOJIBKO Toraa, korna A u A’ usoronanbno conpsazxkensl ornocuresbao BCB'C.

b) Eciu us mectu yenosuit [soga(BB',CC"), Isoga (BB, CC"), Isogp(AA', CC"),
Isogp (AA',CC"), Isogc(AA', BB'), Isogc(AA’, BB') Bbimonuenst jiio0bie Tpu, TO
BBITIOJIHEHBI ¥ OCTABIIMECH TPH.

0.13. Ilycrs mukakme Tpu n3 Touek A, B, A', B’ ne sexxar na ogHOIl npaMOoii.
Hokazkure, uro Toukn X u X' nzoronaabno conpszkennl ornocurensno ABA' B’ To-
IJ1a ¥ TOJIBKO TOI/IA, KOIIA OHE H30MOHATLHO CONPAKEHBI OTHOCHTEILHO HEKOTOPHIX
JIBYX M3 YeThIPEX TPEYrOJbLHUKOB, 0OpasoBanubix npsmbimu AB, BA', A'B’, B'A.

0.14. Ilycrs nukaxkme Tpu n3 Touek A, B, A', B’ ne sexxar na ogHOil npamoii.
Hoxkazkure, aro ycaosue X € [SO(ABA’'B’) paBHOCHIBHO KazKJIOMY U3 CJIELYFOIIUX
YCJIOBUIA:

a) [Mpoeknnu X Ha npsivbie AB, AB', A'B; A’B’ nexar Ha 0JHOI OKPYZKHOCTH
wim upaMoii (Ipu 9TOM Ha TOH K€ OKPYKHOCTH JiexkaT u npoekuun X', ecim 3ta
TOYKA He DECKOHEUHO yIa eHHAs).

b) CymecrByer konnka ¢ doxrycom X, kacatomasics npambix AB, AB', A'B,
A'B' (npu srom Bropoit dokyc — sro X').

¢) Cymecrsyer nupamuga SABA'B’, Bce 1I0cKocTH rpaneii KOTOPO#i KacamTest
cepol, 1 X — Touka Kacanusa cdepbl u miaockocru ABA'B'.

0.15. Haiiure muozxectso cepeaun orpeskos X X', rie X npoberaer [ISO(ABA'B'),
a X' — M30roHaJbHO CONPSKEHHAA TOYKA JAId X.

0.16. (*KOJIJINMHEAPHBIE* ) Oupenenum [SO(ABA'B’) nyist KoJunHeapHBIX
touek A, B, A', B kak MHO:KecTBO TOUeK X , JIjist KOTOPBIX BbINOHeHO [sogx (AA', BB').
Haiinure ISO(ABA'B')

a) B ciaydae, korja Touka A = A’ pacnosoxkena Ha orpeske BB’

b) B ciydae, Korjga BEKTOPBI AB u B'A’ conanpaB/enbl, HO He paBHbI.

[Ipomomnzkum usyuars [SO(ABA'B’) B pazzeie 5.



1 MNM3z3onmmkamviecKmne MHBOJJIIOINN

Hecoxkuast KOHCTPYKITHST ¢ OKPYZKHOCTSIMU MTO3BOJISIET ONMPEIEIUTH CJIeYOTIne
npeobpaszoBanust (MHBOJIONWN ), KOTOPBIE HA30BEM U30UUKAUNECKUMU.

[Iycts buxcupoBansl gersipe pazandabie Touku A, B, C, D. [lyctb npeobpa3oBa-
HUe fapcp COMOCTaBIAeT TouKe X TOUKY Y, ABJIMIONIYIOCS BTOPOil TOUKOI mepece-
uenns okpyzuocreii (npsivbix) (ABX) u (CDX) (ormerum, uto Y He onpejesiena
OJIHO3HAYHO JIJIsl HEKOTOPHIX «HEPEryJIsSPHBIX» TOYEK X ).

Orpeieiennbie BBITIE TTPeOOPA30BAHNST MHTEPECHBI U caMu 10 cebe, 1, KaK 0Ka3a-
JIOCh, C OMOTIBIO HUX y100HO (DOPMYJIHPOBATD U JOKA3BIBATH MHOTHE YTBEPIKICHSI.

1.1.

a) [Mosoxenne toukn X «mouTu Beerjay oupeje/isiercs (HalpaB/JeHHbIMU) yI-
JlaMu, 101, KoTopbiMu u3 X BujHbl jganubie orpesku AB, BC u t.1. Oupenenure
faB,cp B TepMIHHAX MPe0oOPA30BAHMUS ITUX YIJIOB.

b) lokazkure, 9T0 fapcp HEPEBOIUT OKPYKHOCTD, HIPOXOAAILYIO depe3 A u D,
B OKPYZKHOCTB, poxoadiyio depe3 B u C.

1.2.

a) (Teopema Kinddopa, nepedpopmynuposka). Jokazkure, 9o

fascp fBe.pa = fBe,pa faB.cp-

b) Kak moonpeenurb KOMIO3UIMIO fap.cpfBe.pA HA «HEPETYISIPHBIX> TOYKAX?
(B wacTHOCTH, KaKast TOYKa — 00pa3 Toukn A7 GECKOHEUHO yIaIeHHO TOYKN?)

4-0opObUTHI

st nanubix Touek A, B, A’, B’ napa (nepecranoBo4HbIX) mpeobpa3oBanuit fap a'p,
fABQA’B (a TOYHEe, T'PYTITa U3 YeThIpex mpeobpa3oBanmit fap a'p/, fap’, A'B, faB,a'B fap ,aB T
TOXK/IECTBEHHOI'O 11Ppeo0pa3oBanust Id) JdaeT pa36I/IeHI/Ie «PEeryjadpHbIX» TOYEK IIJIOCKOCTH
Ha 4—0p6umm BHUIa: X, Y = fAB,A/B’(X); Y’ = fAB’,A’B(X) n X' = fAB,A’B/(Y,) =
fap ap(Y). Toukn A, A", B, B', X, X', Y, Y’ 06pa3yioT «3aMKHYTYIO KOHCTPYKIIHIO»
(Kimmddopaa) uz 8 rouek u 8 okpyzKHOCTEl, 0613 1AMy 0 6OraToit KOMOHHATOPHOIT
cuMMeTpuii: JIIoObIe JBe U3 YeThIPeX PABHOIPABHBIX HeylopspoueHHbix map (A, A'),
(B, B, (X, X"), (Y,Y') obpasytor 4-opbuty jjist Apyrux aByX nap. Tpu napsl u3s
YVKa3aHHBIX YeThIpeX 06pa3yoT KOHCTPYKIIUIO, HA KOTOPYIO 00paTuM OT/IeTbHOE BHU-
MaHue B pasjese 3.

1.3. (*BIINCAHHBII*) Iycrs toukn A, B, A', B’ — na oxuoii oxpyxuoctn )
¢ mearpom O.

a) Yewm siBsiercst B TakoM caydae fap ap?

b) Haiiznre MHOKECTBO HENOJABUKHBIX TOYEK IS fap A/

¢) Haiigure 4-op6ury Touku O.

d) Jokaxkure, uro KaxKjas 4-opOUTa JIEXKUT HA OJHON OKPYKHOCTH (LPSIMOii);

€) M BCe 3TH OKPYKHOCTH COOCHBI.

1.4. (*ITAPAJIJIEJIOTPAMM*) Tlycte ABA'B’ — napaseiorpavu.

a) JJokaxkure, 9T0 B TaKOM caiydae fap a'p fap a'p — NEHTPAIbHAS CHMMETDUS.



b) okaxute, uro kaxaasa 4-opbura — napaiesorpamm XY XY’ yriasr koto-
poro pasubl yriam napaJaenorpamma ABA'B'.

¢) Ilycts P — upousBoabnas touka, Op, O, Oz, Oy — HEHTPHI ONUCAHHBIX
okpyxkuocreii tpeyroasaukos ABP, BA'P, A'B'P, B'AP. [Jokaxwure, 94T0 yTOJI
Mmezkay npambiMa 0103 u OOy He 3aBHCHT OT BbIOOpa TOUKH P.

d) [Mycrs napamtenorpamm ABA’ B’ — e jaibHblil 4eTHIPEXYTOJIbHUK JJIsl YeThi-
pexyrosbauka CDC'D' u rouku P. dokaxure, uyro fop.cp fop orp(P) — Touka
nepecedenus auaronanei CDC'D).

8-0pbuThl 1 KBApPTETHI

Hng nanueix Touek A, B,C; D MOXKHO paccMOTpeTh Bce Tpu (MOMAPHO mMepecTa-
HOBOYHBIX) MHBOJOUMA fapcp, facep, fappc (a Tounee, rpynny G u3 BocbMu
peobpazoBaHuii, MOPOKICHHYIO UMH). DTO JaeT pa3dueHne «peryaspHbIX» TOYeK
IJIOCKOCTH Ha 8-opbumus (Kakaast 8-opbura MOKeT OBITh MpeJcTaBieHa Kak 00b-
e/lnHeHne JIBYX 4-0pouT).

NuBomonusa ga p.c,p = fa.cpfac,Bpfap,pc MHTEpecHa TeM, UTO He 3aBUCHT OT
nopsijka Touek B yersepke A, B, C, D.

MozkHO pacemarpuBarh B (G TOJIBKO TOAMHOXKeCTBO H mpeobpa3oBaHmii, paBHBIX
MPOU3BEIEHNI0 Y€THOTO KOJIMIECTBA W30IMUKINIECKUX WHBOIONMI. Takux mpeobpa-
soBanmnii — 4 (Bkioudast [d), U KaK Mbl YBHJIUM Jiajiee B pasjese 2, Bceé OHU KPy-
roele. OpOUTBI OTHOCUTENBHO JAeiicTBuss H MBI Ha30BeM keapmemamu. deTBepka
A, B,C,D gapnsierca oagnuM u3 KBapreroB. Kaxkas 8-opbura MoKeT ObITb IIPe/I-
cTaB/ieHa KaK O0beJIMHEeHHe Hapbl KBAPTETOB, KOTOPBIE HMEPEBOAATCS APYT B JApyra
WHBOJIONUEN gA B c.D-

DTy HACBIMEHHYIO KOHCTPYKIIHIO MPOIOJIZKEM O0CY2KIaTh B pasiese 6.



2 luaBepcus-+cumMmerpus

2.1. /lokaxkute, 9TO

a) ONMMCAHHbIe OKPYZKHOCTH YETHIPEX TPEYTOJbHUKOB, OOPA30BAHHBIX MPSIMBIMI
AB, AB', A’B, A'B’, nepecekatorcs B oHo0#i Touke (mouka Mukens);

b) Touka MuKesst — meHTP MOBOPOTHON MOMOTETHH, MePeBOIAIIElH XY B XY

Omnpeneneunne. Unsepcus+cummempus ¢ IEHTOM B TOUKe ) — 3T0O KOMITO3HUI[US
WHBEPCUU OTHOCUTEJIHHO HEKOTOPOI OKPY’KHOCTH w ¢ meHTpoM O U 0CeBOil cuMMeT-
PUH OTHOCHTEIBHO HEKOTOPOil mpsamoii £ |, mpoxoasrieii gepes O.

g namnoit wersepku Touek X, X', Y)Y’ nycrb @xy xryr — €IHHCTBEHHOE KPY-
rosoe npeobpaszoBanue 1 tuna (= jApoOHO-JIMHENHOe IPeobpa30BAHUE HOLOJIHEHHON
KOMILJIEKCHOIT T10cKoCcTH ), MeHsomas mecramu 1oukn X <> X', Y < Y.

Ecau cepeaunnt orpeskos X X' u YY' copnanaior (naiee sTor ciaydaii HasbiBaem
[EeHTPATBHO-cUMMeTpUIHbIM, win ciaydaem [TAPAJIJIEJTOTPAMMA), to ¢xy x/y
— HneHTpasibHas cumMeTpus. VHade (peryssipHblil ciydail) ¢ xy xy — HHBEPCUsI-+CUMMeTPHs,
[IEHTP KOTOPOil coBmagaeT ¢ meHTpoM B Touke Mukens M = Mxy xry:.

QukcupoBaHHAS HHBEPCHSA-+CUMMETPHUs TI03BOJIET OJITHOBPEMEHHO «yBHJIETh> BCE
pery/sipHble YeTBEPKU TOYeK. TOUHOe yTBEpIKIeHNEe HA ITOT CUET:

2.2. (yausepcanabaocth @) Ilycrs o — dbukcupoBanHast MHBEPCHsI-+CUMMETPHUS C
nerarpom O. st kaxaoii (peryasipHoii) gerBepku Touek miockocrn (X, X';Y,Y’)
CYIIECTBYET POBHO JiBe cuMMerprunbie oTHocuTe bHo O uerBepku (A, p(A); B, ¢(B)),
no106HbIe (¢ coxpanenneMm opuentaun) dersepke (X, X; YY),

B ciexyromieii 3amate ykazana BaxKHAs CBA3b ¢ H30NUKINICCKIMI HHBOJIIOIUSI-
M.
2.3. (split) dokazxure, aro

WPABCD = fAB,CD fBC,AD-

2.4.

a) Hoxazkure, 9T0 Y ABCD PACBD = PACBD YPABCD-
b) Hemy paBHa 3Ta KOMIO3UIHs?

Huzke mist Todek Mukesst (=HeHTPbI HHBEPCHii-+CHMMeTPHIA) H COOTBETCTBYIO-
IIX WHBEPCHII-+CHMMETpHIi UCHOIb3yeM Takzke 0ojiee KODOTKHE 0003HAYeHHs (KO-
Topbie cornacyiorcs ¢ [15]): X = Magpe, Y = Mapep, Z = Macsp, ¥x = YaBpC,
Oy = YaBcD, Pz = Yacsp. lakxke momaraem Py = AD N BC, Py = BD N AC,
P, =CDNAB.

2.5. Jlokaxure, uro px(Py) = Py.

(Ormernm, 910 3TOT HAKT CONTACYETCsT ¢ TEOPEMOii 00 N30rOHAJISX. )

2.6. Jlokaxure, uro px(Y) = Z.

BuanMm, uTo MoKHO 3adUKCHPOBATH TPeodpa3oBaHus Px, Yy, Yz U BapUPOBATH
kBaprer A, B,C, D — najee cM. pasuen 6.



3 T'apMoHmMYeckue mniecrepku TO4eK

Ha miockoctu (monosiHeHHOH TOYKOiT 00) Gy/eM paccMaTpuBaTh YIOPsIIOYeHbIe Tiie-
crepku (a TodHee, TPOWKM HeymopsijmoueHHbIx nap) Touek (A, A'; B, B';C,C"). Ho-
nyckaem copnajenne trouek B napax Au A, Bu B', C u C'.

Omnpenenenune. [lecrepky (A, A'; B, B'; C,C") nazoBeMm zapmonuueckoti, ecin

BbIIIOJIHEHO PaBE€HCTBO

—y —ad b=/
a Cc a Cz—l, (1)

V—c d—b ¢ —a
rae a,a’ u T.J. — KOMILUIeKCHBIe 9HCIa, oTBedaromue Toukam A, A’ n 1.1,

3.1. JTokazxutre, uto ycaosue rapmonnunocru mecrepku (A, A's B, B'; C,C") co-
XpaHseTcs npu

a) obmenax map (A, A") <> (B, B’), (B,B’') «+ (C,C"), (C,C") <> (A, A");

b) obmenax rouek Buyrpu nap (A, A"), (B, B'), (C,C").

¢) BBIGOPA KOMILIEKCHON CHCTEMBI KOOPIMHAT HA MIOCKOCTH;

d) npu KpyroBeix npeobpazoBanusx (cM., Hanpumep, KHury |7]).

3.2. [Tarepka Touek A, A, B, B, C euHCTBEHHBIM 00PAa30M JIOIOJHACTCS 10 Tap-
monuueckoii mecrepku (A, A'; B, B'; C,C").

3.3.

a) lecrepka (A, A'; B, B'; C, C") aBisgercs rapMOHUYECKOI TOT/Ia TOTIA U TOJIb-
Ko Torga, korga C' = @apap (C), uin pacacr = Paparp:.

b) Ilycrs A, A'; B, B'; C, C'; D, D' — Bocemb To4eK (pa3pemnieHbl COBIa/e-
Hust Touek TobKo B mapax A, A" m m.a.) Ilycrs mecrepku (A, A'; B,B';C,C") u
(A, A"; B, B"; D, D) apnstorca rapmonndeckumu. Toraa u mecrepka (A, A'; C,C"; D, D')
SABJISETCA TAPMOHIICCKOI.

3aMeTuM JIOHOJHUTENIBHO, YTO €CJIM IPU 3TOM QACACr = PABAB = @ — ITO
HeHTpaabHag cuMmMerpug, 1o cepeaunnl AA', BB', CC' coBmagaior, u cOOTBeT-
crylomast rapmonndeckas mecrepka (A, A'; B, B'; C,C") aBisiercs neHTpaJbHO-
cumMeTpudHoil. MHave (ecu ¢ — 910 nHBepcusi-+cuMMerpusi), To cepeaunabl AA' BB’
CC' pasnuusbl, U cKazkeM, 9T0 rapmonnueckas mecrepka (A, A';B, B';C, C") peey-
Aapnaa. OUKCUPOBAHHASA HHBEPCHUA-+CHAMMETPHA MO3BOIACT «YBUIETh» BCE PEry-
JIIPHBbIE TAPMOHUYECKHE 1HeCTePKH B Buje «10a06H0i komuny (A, p(A); B, ¢(B);
C,(C)).

3.4. Ilycrs (A, A'; B, B’; C,C") — rapmonuueckas mecrepka. Toraa

L(AB, AC) + L(AB',AC") = [(A'B, A'C) + L(A'B', A'C").

F&pMOHH‘-IHOCTb n KOMIIO3UIINN IIOBOPOTHDBIX roOMOTETUM’

YeaoBuMcest 0603Ha9aTh Yepe3 by y .,z HOBOPOTHYIO TOMOTETHIO C HEHTPOM X, KOTO-
pasi epeBoJUT TOYKY Y B TOUKY Z.

Paccmorpum criefyromne cooTHomenust (31ech R n L BEIGpaHbI 711 COOTHOTIE-
Huil Ha yruiel (rotation) u pumust (lengths); mocienoBarenpuocrs A’ B'C” oqnosnadno
3ajaeT uKanveckuii mopsiiok BA'C'B'AC'):

L(AB,AC) + {(BC,BA) + L(TA,CB) =0, (R— A'B'CY)
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-

e 1o/ yriioM (d, b) moHUMaeM yroJi BpalieHust IPOTHB YaCOBOIl CTPeJIKe OT HAIPAB-
JIEHUS @ JIO HAIpaBJIeHUst b, B3sATHIA 110 MOJLYJIIO 27.

BA" OB AC'
AC B'A OB

~ 1. (L— A'BC)

3.5.

a) Jlokazkure, uro mecrepka (A, A'; B, B'; C, C") saBiagercs rapMOHIYIeCKOIl TOT 1A
U TOJIBKO Korja BeinosiHensl yeiaosust (R — A'B'C') u (L — A'B'C").

b) Hokaxure, uro mecrepka (A, A'; B, B'; C,C") aBnstercst rapMoOHUYIeCKOi TO-
I'la 1 TOJIBKO KOIr'Ja hB’,C—>A hA’,B—>C hC’,A—>B = Id.

¢) (o6obrmennas reopema Hanosneona) Beisenure nz (R—A'B'C') n (L—A'B'CY)
yeaosue (L — C'AB').

d) Onumure mocTpoenne MeHTPa KOMIO3UITUA JIBYX JAHHBIX TIOBOPOTHBIX TOMO-
TeTHUM.

e) Cpeau ycsosuii Buga (R —...), (L — ...) ykaxure napbl ycjioBuii, u3 KOTOpbIX
BBITEKAIOT BCE OCTAJIBHBIE YCIOBUS.

Hekoropsie koucTpykunu ¢ yeaopusivn (R— A'B'C") w (L — A'B'C") pacemarpn-
BalOTCA ¢ cTarbe [4]. Dru yenoBus comyaupoBansl B hopMe YCIOBHS CYIIECTBOBA-
Hug dersepku Touek X, Y, Z, T raxoii, uro AC'B ~ XTY, BAC ~YTZ, CB'A ~
ZTX. B |8|, naupumep, 1mokasaubl npumepsbi, kak 0bobiennas reopema Harosieo-
Ha paboTaeT B HEKOTOPHIX KOHCTPYKIusAX ¢ «Hamaénkamun» BA'C, CB'A, AC'B
Ha croponax tpeyrosbauka ABC': eciu ynosiersopsiiores yeaosus (R — A'B'C') u
(L—A'B'C"), 1o, cornacuo (L — C'AB’), yrabt tpeyronbauka A’ B'C’ BbipaxkaoTcs
TOJILKO 9epe3 YIUIbl «HAILIENOK», HA3aBUCUMO OT yIjioB Tpeyroabauka ABC.

3.6. Ycranosure caenyiomee onucanue: nrecrepka touek (A, A'; B, B';C,C"), B
koropoit A # A’ u B # B’', asisgerca rapMOHMYECKOH B TOYHOCTU B CJIELYIONIMX
CUTYyaInsIX:

1) okpyzxkuoctu (npsambie) (ABC"), (A'BC), (AB'C), (A’B'C") nonapao pa3jiudHbl
U UMEIOT ODIIYI0 TOUKY;

2) A A", B,B', C,C" — 1ouku Ha ojHoii okpyzkHoctu takue, uro AA', BB, CC’
KOHKYPEHTHbBI, JIN0O KOJJIMHEAPHBIE TOUKH, IIEPEBOJAANINECS KPYTOBBIM NPeobpas3o-
BaHMEM B TaKyI0 KOHIMKJINYIECKYIO TECTEPKY.

3.7.

a) Jlokaxure, uro n3oronanbHas rmecrepka (A, A’; B, B';C,C") aBnsercs rap-
MOHUYECKOIL.

b) Hokaxure, uro rapmonnueckas mecrepka (A, A'; B, B';C,C") ¢ yciaosuem
Isoga(BB',CC") siBisieTcsi H30rOHAJIBHOI.

¢) Jlokaxkure, 9TO peryiasipHas rapMmonudeckasi mecrepka (A, A'; B, B';C,C"),
1t Koropoit cepeaunnl AA', BB', CC' kosmnHeapHsl, BI4eTCS N30TOHAIBLHOIA.
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4 Hexkoropble cBegeHnsd 0 Kyomkax

Omnpenenenne. Anzebpauieckol kpueot Ha (KOMILIEKCHOM) TJIOCKOCTH HA3bIBa~
eTCsl MHOKECTBO TOUYEK ¢ (KOMIIJIEKCHBIMI) KOOPAWHATAMHU (T, ), YAOBIETBOPSIIOMINX
ypasaeruto F'(z,y) = 0, rme F(z,y) — MHOrO4YIeH OT JBYX HepPEMEHHBIX, BOOOIIE
rOBOPSI ¢ KOMILTeKCHBIMU Koddhdunuentamu. Ilopadkom anredpanmdeckoil KpupBoii Ha-
3bIBAETCS HAMMEHbIIAs U3 CTEeHeHeH 3a/al0InuX ee MHOTOYJICHOB.

Arebpandeckne KpuBbie TOPSIIKA 2 W 3 HA3BIBAIOT TAKZKE KOHUKAMU U KYOUKa-
MU

Ounpenenenne. 00Hopodrvimu K00pOUHAMAMU TOYKH TIPOEKTUBHON (KOMILIEKC-
HOIi) TJIOCKOCTH HA3BIBAETCsI TPOIKA He PABHBIX OJHOBPEMEHHO HYJIIO (KOMILIEKC-
HbIX) unces (T @y : z), OUPeJeJeHHAst ¢ TOYHOCTBIO /10 OBIIEero HeHyJeBoro (Kom-
IUIEKCHOTO) MHOKUTeNs. Ecan z # 0, Tpoiiky (2, Yy, 2) MOXKHO OTOXKAECTBUTD C TOY-
KOit, mMerorieil o6biauble KoopanHathl (/z,y/z). Tpoiikam ¢ z = 0 COOTBETCTBYIOT
OECKOHEYHO yJaJIeHHbIe TOUKH IIPOCKTUBHON ILJIOCKOCTH.

Tak, anrebpamdecKne KpUBLIE YACTO PACCMATPUBAIOT KAK MHOXKECTBA TOYEK Ha
(koMmIekcHoit) npoekTuBHOil miockoctu. [Ipu srom ypasuenue F(z,y) = 0 crenenn
n B OJHOPOJHBIX KOOpAMHATAX nepenuchiBaercs B suge P(r,y,z) = 0, tne P =
2"F(x/z,y/z) — 00nopodnwii MHOTOUIEH cTemenn n, Tak uro F(x,y) = P(x,y,1)
(manpumep, ecin F(x,y) = 2% — 2y* + 32y — x + 1, 10 P(1,9y,2) = 2% — 2¢°2 +
3zyz — xz? + 23). Ilpu sToMm kpusaa P(z : y : z) = 0 Moxer, moMuMo "oObIaHbIX"
cojlepzKaTh TaKzKe U OECKOHeYHO YJaJleHHbIe TOUKHU.

Ounpenenenne. Anrebpandeckast Kpubas Ha3bIBACTCS 6biPOAHCIEHHOT, €CIIN JIIO-
Goif 38110111l ee MHOTOIEH IPHBOIUM (T.€. DACKJIAIbIBAETCSI B TIPOM3BEIeHNe MHO-
rOYJIEHOB MEHbIIeH CTelneHH).

Tak, BoIpoKIeHHAs KyOuKa 3aaaerca ypasaernnem QL = 0, roe () u L — MHOTO-
YICHBI CTEHEeHN 2 U 1 COOTBETCTBEHHO; TeM CAMBIM, BBIPOZKICHHAS KyOUKa ABJISICTCS
obbennuenneM npsmoit L = 0 u konuku ) = 0 (3Ta KOHUKA MOZKET, B CBOIO OYepeib,
OKa3aThCsl BBIPOZKJIEHHO ).

Ham B pasHbIX cHTyanmsx HOHAJOOMTCS pacCMaTpHUBATHL HepecedeHne KyOmKm
C u npawmoii {. Haxoxaenue C N ¢ copurcs K pemennto cucrembl P(x,y,z) = 0,
L(z,y,z) = 0 ogropoaubix ypasuenuii 3-it u 1-ii crenenn. 3 L(x,y, z) = 0 M0oxkHO
BBIPA3UTH OJHY W3 MEPEMEHHbIX Yepe3 jpyrue u nojacrasurh B P(x,y, z) = 0. Cka-
JKeM, TOJICTAHOBKA 2 MPUBEJIET K OJIHOPOIHOMY ypaBHeHuto 3-if crenenu R(z,y) = 0.
B Beipoxkgennom cayuae R = 0 muorounen P pemures Ha L u £ C C. Ecmm R # 0,
10 R pack/iajiblBaeTCsl B IPOU3BeJieHue JIMHEeHHbIX MHOTOWIeHOB Ly Lo L3 (L; BooGIIE
roBODs1, ¢ KOMILIEKCHbIMU Kodbdunnentamn). Pemenne kaxgoro ypasnenus L; = 0
onpenesier T0uky A; € CN{ (BO3MOKHO, HEBEIECTBEHHY IO I GECKOHETHO y/IaJIeH-
uy10). Cpean L; MOTYT BCTPETUThCs MpOmopIuonasibhbe. Eciu Ly = ALy, To TOUKa
Ay = A, cunraercs kpammoti TOUKOI IepecedeHns: TOUKOil KpaTHocTh 2, ecan Lsg
He nponopuuoHaabuo Ly, u kparHocru 3, ecau Bce L;, ¢ = 1,2, 3, HpOmOpIHOHAIb-
Hbl. MOKHO TOKa3aTh, YTO KPATHOCTH TOYKHU MEPECEYEHUs] HEe 3aBUCUT OT BBHIOOPA
CUCTEMBbI KOOPJIMHAT T, Y, z. Takum 00pa3om, HEBBIPOXK IeHHast KyOuka C mepecekaer
JIO0YT0 TpsMyt0 ¢ POBHO TPHUZKIBI, C YI€TOM KPATHOCTH.
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Hekoropsie ocobvie Kyoukn C cofiep:KaT Tak Ha3blBaeMble 0coObie TOUKH (HAIPH-
Mep, Touka (0,0) sBigerca Toukoil camonepecedenns Kpusoit y> = x3 4+ x? u Toukoii
BO3BpaTa KpuBoil y° = 13; popMaabHO, 0COOBIE TOUKH — 9TO TOYKH, B KOTOPBIX OOHY-
JISIeTCs1 YaCTHBIE TIPOM3BOJIHBIE 3a/1a101ero MEorowiena). ['eomerpudeckn Tor dakr,
qro Heocobas Touka A; € C N/ gaBigercs KpaTHOI TOYKOI mepecevenns, 03HAIaeT
kacauue { nu C B Touke Aq; ecqu mpu 3TOM KpaTHocTh A; pasua 3, A; Ha3pIBaloT
moukotll nepezuba kKyouxku C. (IloiiMmure, 410 910 O3HAUYAET PEOMETPUYECKHU. )

Tpexkparnoe 1nepecedenue ¢ KazkJjoi MpsMOil IO3BOJIET Jijisd JAHHOU HEeOCoOOoM
toukn P € C oupeneantsb npoexmuposarue ¢ nearpom P: unasosonuio sp : C — C,
comocrapisgonlyto Touke X € C Tperbio Touky mepecedenus PX ¢ C (B ciyuae
X = P cumraem. uro npamas PX — kacarenbnasa x C; miasg mouku nepez2uba O

mveeM sp(0O) = O).

BoJee obmas 3a7a4ua oTbICKaHUs TOYEK II€pecevdeHus JBYX KPHUBBLIX IOpsJIKa 1M
1 1 MOXKeT OBITH CBeJieHa K ajarebpamtdeckKoMy ypaBHEHHIO cTernieHH mn. B coorser-
CTBUM C 3TUM 3HaMeHUTas meopema Dbe3y rmacur:

JIBe asirebpamyecKkue KpuUBbIE MOPsIKA M W N, 3a/aBaeMble B3aUMHO-ITPOCTHIMA
MHOTOYJIEHAMU, TTePECEKATCA POBHO B M7 TOYKAX, C Y4eTOM KPATHOCTH.

MbI He IPUBOJUM 371€CH CTPOTOTO OMpPEJIeJeHusT KPATHOCTH, HOCKOIBKY JJIs pe-
HIeHWS 33/1a9 OHO He OHAA00uTCst. OTMETHM TOIBKO, UTO CIydail KacaHusi KPUBBIX B
ux (Heocoboit) Touke A coorBeTcTByeT TOMY, 4T0 A — TOUYKA NEepecedeHnst KPATHOCTH
He MenbIre 2. (B kavecTBe mpuMepa, mpejiaraeM MoHITh, 9TO JiBe KOHIEHTPHIECKUe
OKPYZKHOCTHU KaCaloTCst IPYT APYra B ABYX MHAMBIX, GECKOHEUHO Y IaJI€HHBIX TOUKAX
(3T0 OmpeessieMble HUYKEe KPYTOBbIE TOYKH) ).

U3 teopembr Besy caemyert, uTo 06asg KOHUKA MepeceKaeT HEBBIPOKICHHYO KY-
OMKY B IIeCTH TOYKaX, C y4eTOM KPATHOCTHU; a JIB€ PA3JIMYHbIE HEBbIPOK/IEHHbIE
KyOMKYN MMEIOT POBHO JIEBATH OOIIMX TOYEK, C YYeTOM KPATHOCTH.

I13BecTHO, 9TO Uepes3 o0y TOYKY X MPOXOAUT MIECTh (¢ yIeTOM KPATHOCTH)
LPSIMbBIX, KACAIOIIUXCA JaHHON Heoco0oit Kybuku C. ITpu 31oM mecTb ToueK KacaHus
Jiexkar Ha oxHoi KouuKe. Ecmm ke X € C, TO ABe WM TPU U3 STUX MIECTH HPSIMbBIX
CYUTAIOTCS COBIAIAIONINMHE C KacaTeJIbHO, TpoBeIeHHON B X .

YioMsHeM elle OJ[Hy BazKHYIO TEOPeMY:

Teopema Illansn (0 9 moukax na mpex kyburaz). Ilycrh nanpl aBe KyOuKu, mepe-
CeKAIoTHecs (¢ yIeTOM KPATHOCTH) B JIEBATH TOYKax. Tora Jiobas TpeTbst KyOuKa,
MPOXO/IAIIAs Yepe3 BOCeMb TOUEK UX TepeceueHns, IPOXOIUT U depe3 JAeBATYIO TOU-
KY.

O1a TeopeMa MozxKeT IPMEKTUBHO HUCHOJIB30BATHCS U B CJy4ae BbIPOKIEHHBIX
KyOuK.

Ounpenenenune. [Tycrs nana ky6uka C u Heocobast touka O (Hy/b) Ha Heil. st
LPOU3BOJIbHBIX HEOCOObIX Touek A, B € C maiigem rperbio Touky C' nepecedyenus
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npamoit AB ¢ C, a 3aTeM TpeTbio TOUKy mepecedenusa npsmoit OC ¢ C. Dra Touxa
HaszbiBaercs cymmoti A+ B touek A u B.

4.1. /Tokaxkure, 94TO

a) coXKeHne Touek Ha Kyouke accormarnsao: (A+ B)+C = A+ (B+C);

b) miag mobbIx (HE0CcOOBIX) TOUeK A, B OJHO3HAYHO OIpejieieHa MX Pa3HOCTb,
T.e Takasg Touka A — B, uro B+ (A — B) = A.

4.2. Boipasure onepanuio «+'» ¢ Boibopom nyis B rouke O € C yepes onepanuio
«+>» ¢ BboIGOpOM HyJist B Touke O € C.

4.3.

a) Jlokazkure, 4To s JIOOBIX Tpex Heocobbix Touek A, B, C kybuku C, nexa-
mux Ha oaHoi mpsmoii ¢, cymma A + B + C' ne 3aBucur or /.

b) dokazxkure, uro ecan 3a O BeiGpana Touka neperuda, 1o A+ B+ C = O tormna
U TOJIBKO Toraa, Korjga A, B, C' jexar Ha OZHON 1IPAMOIi.

Yreepxaenne 3a1aun 4.1. 03HAYAET, YTO BBEIEHHOE CJIOKEHUE ToUeK 3a1aeT Ha C (3a BbraeToM
0COBbIX TOYEK) CTPYKTYPy abenepoil rpynusl. Moxuo jokazars (cm. 3aaady 4.2), 9T0 CTPyKTYypa
STOW rpymnbl He 3aBUCUAT OT Bbibopa O. JTy IPYIIy MOXKHO HHBAPDUAHTHO OMUCATH KAK IPYIIILY
npeobpazopanuit C — C suga X — X + C.

4.4. (kpurepuii nepecranoBounocTu npoekruposanuit). [Tycrs P, P’ € C — neoco-
oble Toukn. JJokaxkure, YT0 SpSpr = SprSp TOIJA M TOJLKO TOI/A, KOTIA

a) 1uist 1060t X € C BBITIOJIHEHO YCJIOBHE 3aMbIKaHus: spSpspsp (X ) = X;

b) kacarenbubie Kk C, nposesennsie B P u P’ nepecekatorcs Ha C.

YenoBre a) MO3BOJISIET B CJIyUae SpSpr = SprSp 3aJIaTh OUEKITHIO MEXK/IY MapaMu
(X, X"), (Y,Y') rouex C uno upasuny Y = sp(X), X' = sp(Y), YV = sp(X') =
spr(X) (rax, uro X X', YY', PP’ — jauaroHaju 4eThIpeCTOPOHHUKA, BIUCAHHOTO B
C).

4.5. (Touku nopsaaka 2 u uaBosonuu capura.) Ilycts C' € C — Takasg TOUKa,
C#0uC+C = 0. (Uuaue ropops, C' — TOUKa NOpsIKa 2 B abesieBoii rpymie. )
Torna capur X — X + C asngerca unsononueit X <> X',

a) Beibpas O B TouKe neperuba, OMUIIATE TEOMETPUICCKH TOYKH MOPsijiKa 2 1
coorBercTByIonye nHBooIUN. CKOJIBLKO MOXKET ObITh TOYeK MOpsaka 27

b) okaxkure, uro Kacareabubie K C, mposeaenubie B X u X' mepecekarorcs Ha
C; u naobopor, napa touek P, P’ € C takag, uro Kacaresbuble K C, IPOBeIeHHbIE B
HUX, Hepecekaiorcd Ha C, onpenenger uasomonuio casura X — X + P/ — P,

4.6. IIycts Ha HeBBIpOKAeHHOI KyOuke C 3a O BeiOpana Touka meperuba. Torma
CyMMa IIecTH To4YeK paBHa () TOTIA W TOJIHKO TOTIA, KOI/IA OHHU JIeXKAT Ha KOHHUKE.

4.7.

a) Qukcupyem A, B,C, D € C. Kaxoii Touke X cTaBUM ¢ COOTBETCTBHE TOUYKY
Y — mrecryto (¢ ygeToM KpaTHOCTH) TOUKY MepecevdeHrsi KOHUKH, MPOXOIAIIeii qepes
A, B,C,D, X c C. Jokaxure, 9ro npsmbie XY Opoxoadar depe3 (PUKCHPOBAHHYIO
TOYKY.

b) @ukcupyem P,C, D € C. Uepes P nupoBojuM BCEBO3MOXKHbIE CEKYIIHE U T10-
nygaem napel Touek nepeceuenns X € Cu'Y = sp(X). TIposogum uepes C, D, XY
KOHUKH, mepecekatomue C eme B mape touek Z,T. Jlokaxkurte, ato mpsivbie 41
IPOXOIAT Yepe3 (PUKCHPOBAHHYIO TOUKY () € C.
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IHupKkyngapHble KyOuKu

Omnpenenenne. Touku KOMILJIEKCHOW MPOEKTUBHOI ILIOCKOCTH C OJJHOPOIHBIMUI
koopauuaramu (1:4:0) u (1: —i: 0) HA3BIBAIOTCSA KPY206HLMU.

Omnpepesnenne. Kybonka, mpoxongdmias yepe3 KpyroBble TOUKH, HA3bIBACTCS UUp-
KYAAPHOT.

4.8. JlokaxkuTe, 9To M00asg OKPYKHOCTD (T.e. KpuBag ¢ ypasHeHneM (T — a)? +
(y —b)*> = r?, rae a, b, r — KOMILIEKCHBIE YHC/IA) TPOXOJAUT Yepe3 KPYTOBble TOUKH.

4.9. [Tycrs X <> X' — nnsomonus casura na nupkyaspuoit kyouke C: X' = X +
C,rne C+C = O. JIna neocobbrx Touek A, B, X € C, OTINIHBIX OT KPYTOBBIX TOUEK,
JOKAZKUTE, 9TO Bropast (OTJIMYHAs OT KPYTOBBIX) TOUKA MEPeCceueHns: OKPYKHOCTel
(ABX) u (A'B'X) nexur na C.

4.10. (nyuku «anrunapasieneii») [lycrs P u () — TOYKM Ha NUPKYJISIPHOIT Ky-
ouxe C. Yepes P mpoBo M BCEBO3MOYKHBIE CEKYIIHE U Oy IaeM IMapbl TOUYEK Tepe-
ceaenns X, Y. Hepes () mpoBOIMM BCEBO3MOZKHBIE CEKYIIIHE U MOy IAeM MaPhl TOUEK
mepeceuenus 4, 1.

a) Jlokaxkure, uro ecau touku X,Y,Z, T mexar Ha OJHON OKPYKHOCTH st
OJIHOTO TOJIOZKEHUSI CEKYIUX, TO 9TO Oy/ieT BBIIOJHEHO U JIJIs JIIDOOTO TOJIOKEHUST
CEeKYIInX.

b) VcioBusi mpeabIyIero MyHKTa BHITMOJHEHBI TOTJIAa W TOJIHKO TOTJA, KOTJA
PQ napannensaa acumnmome (MOJ ACUMIITOTON MOHUMAEM TPETBIO, IOMUMO JIBYX
KPYTOBBIX, OECKOHETHO YIAJIEHHYI0 TOUYKY IUPKYJISIPHONH KYyOUKH).
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5 Kybuka ¢pokycoB

Jamnee (B wactsx 5 u 6) Korja Mbl UMeeM JIeJI0 ¢ ypaBHEHHeM KyOWKH, MbI MMeeM
B BHIY, 9TO KO3(hDMUIHEHTH B 3TOM ypDaBHEHHH BeIeCTBEHHbIE (XOTsI MBI MOYKEM
MOJICTAB/IATH TOUKH C JIIOOBIME KOMILIEKCHBIME KOOPIHAHATAME B 9TO YDABHEHHUE).

CnoiicTBa KyOomku (pokycoB

5.1.
a) dokazxure, uro eciu X € ISO(ABA'B'),touY = fapap(X) € ISO(ABA'B’);
b) u upu 3rom Bee npsimbie XY npPOXOAAT Yepes OjiHy TOUKY.
5.2. JlokaxkuTe, 9T0 @ = papa g nepesoaut modyio touky X € ISO(ABA'B’)
B U30TOHAILHO CONPAMKEHHYIO TOUKY X'.
5.3. Jokaxure, uro [SO(ABA'B') — uupkyaspHas KyOuka.

5.4. Tokaxure, uto (B perynaapuom ciayuae) [SO(ABA'B') conepxur cuemyio-
ye TOYKM:

a) A, B, A, B';

b) P=ABNA'B, P' = AB' N A'B;

¢) rouka Mukesss M = Mapgarp:;

d) npoekmust Toukn nepecedenust AA’ u BB’ na npsmyio PP’

e) touka T = Typ ap Takas, aro tpeyroisunkn I AB" nu TA'B nonobus u
IIPOTHBOIOJIOKHO OPUEHTHPOBAHBI (M aHAJOTHIHAS TOYKA Lap A'pr).

5.5. JIng yKa3aHHBIX B IPeIbIIyIIel 3a1aue TOUeK YKAZKUTe

a) M30TOHAJIBLHO CONPSIZKEHHbIE TOUKH

b) u coorBercrByoOILy0 4-0pOUTY.

5.6. (acuvmrora n npsimast Heiorona-Taycca) Tokazxure, aro acumnrora [SO(ABA'B')

a) mapaJutesibHa npsamoii Heorona-Taycca,;

b) npoxoauT yepes TouKy, cummerpudnyo M orHOCHTENBHO MpsiMoii HbioToHA-
[aycca.

¢) Hoxaxure, uro ecin X € ISO(ABA'B’), to cepenuna orpe3ka mexay X u
sy (X) mexkur Ha npsivoii Heiorona-Taycca.

5.7.

a) (C.Bepuios) JTokazxkute, uto npsmbie Bece XY (cM. 3agady 5.1) mpoxoasr depes
Tap . AB-

b) Jokaxkure, aro npsimast PTap arp, tie P = ABNA'B’, napajuiesibaa npsiMoit
Hrrorona-T'aycca.

5.8. [Tycts (C,C") u (D, D’) — aBe napbl n30roHaJIHHO CONPSIKEHHBIX TOYEK Ha
Kkybuke dokycos [SO(ABA'B’). lokaxure, uro Kybuka dhoxrycos [SO(CDC'D’)
copnagaer ¢ ISO(ABA'B’), npudem napbl CONPSIYKEHHBIX TOUYEK OJHU U T€ YKe JJIsI
obenx KyOHuK.

5.9. Ilycte X, X' — m30oronaabHo conpszKeHHble TOYKH KyOoukn Bhokycos. Jlo-
kazxkuTe, uro pasnoctb X — X' = K — ne 3aBucsamas or Touku X TOYKA BTOPOTO
nopsaka (r.e. K + K = 0).
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5.10. (*BIIMCAHHBII*) [Tycrs Touxkn A, B, A’, B’ — ma ommoit OKpyKHOCTH )
¢ uearpom O. Iycrs XY, X' Y’ — 4-op6ura toukn X € ISO(ABA'B’). Tokaxure,
gro Brucannvie B ABA'B’ konnku ¢ napamu ¢okycos X, X' u Y, Y’ nomnobus.

5.11. *TAPMOHUYECKUIT*) TTycts Touku ABA’B’ — rapmoruteckuii 1eTh-
PEXyTOJbHUK (T.e. BIMCAHHBIN W TaKOii, YTO HPOU3BEJEHHUSI €r0 TPOTUBOIMOJOKHBIX
CTOPOH PABHBI).

a) Jlokaxure, uro cepeaunbl My u Mp orpeskos AA’ u BB’ upunajiexar
ISO(ABA'B').

b) (rouku Bpokapa) dokaxwure, uro M4 n Mp npunaziexar oaHoii 4-opbure
BMecTe ¢ TouKaMmu bpokapa Bry, Brs.

¢) llycte AA'N PP =W, a — okpyxuocrb (MyBriMgBry). Jlokaxkure, 410
IpH HMEeHTPAJTLHOM IPOEKTHPOBAHUU W — w ¢ meHTpom W 4-opbuta M BriMgBr,
nepexoaut B 4-opoury Touku O.

5.12. (*ITAPAJIJIEJIOTPAMM*) ITycrs ABA'B’ — napaJiesorpam.

a) okaxkure, uro X € ISO(ABA’'B’) rorga n toanpko Toraa, korma /(BA, AX) =
L(AX,A'B).

b) Mokaxkure, uro X € [SO(ABA’B’) Toraa u TobKO TOTIa, KOTJIa OKPYKHOCTH
(XAB), (XAB'), (XA'B'), (XA'B) pasubi.

¢) Hokaxure, aro [SO(ABA'B') — obbeaunenne GECKOHEMHO yIaJIeHHON mpsi-
MOt m Tunep6osIbl, npoxoagamei yepes A, B, A, B';

d) mpuuem sTa runepbosia MPAMOYTLOJbHAS, & €e ACHMITOTBI TAPAJIIETbHBI OHC-
cekrpucam yrinos ABA'B’.

5.13. (*OIMICAHHBII + BEIPOYKIEHIE A = A'¥)

a) Ilycrb ABA'B’ — 4erbIpexyroibHUK, OTJIHYHbI OT TapasenorpaMma, a [
— ero BBIPOJZKeHHast 4-opbuTa (T.e. Takast opouTa, 9To Bee 4 TOYKM TOii OpOUTHI
cosnasaior). Bepuol s crencrsus: [ € ISO(ABA'B') < AB, BA', A'B', B'A
KaCaloTcs HEKOTOPO OKPYKHOCTH.

b) B rakom ciyuae Mapa p coBuagaer ¢ npoekuueit nenrpa okpyzxuocru (AlA’)
Ha cumennany, Tpeyroabauka Al A’ nposeaennyio us I.

5.14. (*ac=bd*) Ilycrs C' — tpernbs Touka va AA’, npunagnexamas ISO(ABA'B’),
anajiornano D — Tperbs Touka Ha BB’ npunagnexamas [SO(ABA'B’).

a) B kakom ciyuae C' = D?

b) B xakom ciyuae D = C'?

¢) (moayBpoxkap). Ckazxem, uro P — (nepsasi/Bropas) Touka mno/ty Bpokapa, ec-
m /(PA,AB) = [(PA',A'B") n /(PB,BA") = /(PB',B'A). lokaxure, nse u3
JeThipex To4Yek 4-opouThl Toukn nosryBpokapa nexar na AA' m BB'.

d) (IMO2018) Beimykibtii ersipéxyroabauk ABCD yaoBIeTBOpsieT yCIOBHIO
AB -CD = BC - DA. Touka X BuyTpHu 4derbipéxyroiabanka ABCD TakoBa, 4TO
(XAB=/XCDwu (XBC = /XDA. Jlokaxure, uro /BXA+ /DXC = 180°.

Jlpyrue onucanus Kyomku (pokycoB

5.15. [IycTh Touka Mukens M sBisgeTcsa HaYaI0M KOOPIMHAT, a COMPSI?KeHHAS el
TOYKa — OECKOHEYHO yJIa/IeHHOM TOYKOM ocu y. lokaxkure, 410 ypaBHeHUe KyOUKu
dboxkycos umeer suj (22 + y?)(z + A) = Bz + Cy.
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5.16. JlokazkuTe, 4TO

a) HMUPKYJsipHAsi KyOuKa siBjisgercst KyOukoil (poKycoB Torja u TOJBKO TOLJA,
KOTJIa KacaTe/IbHbIEe B KPYT'OBBIX TOYKAX MEPECEKAIoTCs HAa KyOuKe;

b) B 9TOM cJiydae TOUYKa MepeceveHnsl KacaTeIbHBIX COBNAIAET ¢ TOUKoi Mukest
M.

5.17. (Touknu Kacanus OKpyzkHOCTel 1myuka) [lycts L, L' — oriudnbie 0T Kpyro-
BbIX TOUKU KyOuku Gpokycos C, KacarejbHble B KOTOPbIX 1IPoxoadT depes M. Bosb-
MeM HPOM3BOJIBHYIO OKPYZKHOCTh, IIPOXOsinyto depe3 L u L', m nposegem K Heii
kacarenbabie M X, MY . Jlokaxkute,4T0

a) X,Y €C,

b) Bce npsavbie XY nepecekator C B OJHOM U TOH Ke TOUKe.

¢) Ilycts mam mydok OKpy»KHOCTeR U mpom3BosbHas Touka M. JJokaxure, 9To
I'MT X, Y, tme MX, MY — kacarejibHBIE K IIPOU3BOJIGHON OKPYKHOCTH IIy4YKa,
sIBJIsieTCs KyOukoit (pokycos.

d) TIpu 5TOM BBISICHUTB, KaK 3aBUCAT BUJ KyOWKH OT THTIA ITy9Ka.

5.18. (YHIUBEpPCAJIBHOCTD (o, WM KOJLIEKIUs BeeX KyOuk dhokycos) Ilycts ¢ —
JTaHHAs] WHBEPCHS U CUMMeTpHus ¢ TeHTpoM M.

a) [lycrb m — nannas upsimasi. Jlokaxkure, 410 MHOKECTBO TOYE€K X TAKUX, 4TO
cepeuna X (X)) mexxur va m, aBasercss Kyoukoii (hoKyCoB.

b) YcranoBuTe cOOTBETCTBHE MEXKY TPAMBIME M W KyOuKaMu (hoKycoB.

¢) Onuimure TOYKH Mepecevennss pasHbiX KyOuK (hOKyCOB.
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6 KsBapreTnsl n m3oronajibHbIe KyOUKN

6.1. [Tycre maus Tpeyroabauk ABC' u Touka J. Jlokaxkure, 9410

a) I'M rakux Touek P, uro P, n30roHajgnHO compsizkeHHas Touka P’ u J jexar
Ha OJIHOI TPsSMOi, — KyOuKa, MpOX0oIdMias Yepe3 BePIINHbI TPEeYTOJIbHUKA, TEHTPHI
€ro BINCAHHOW M BHEBIMCAHHBIX OKPYKHOCTEH, J M M3MIIOHAIBHO COIPSKEHHYIO
Touky J';

b) sra KybuKa IUPKYJISPHA TOTJA W TOJBKO TOT/A, Korua J — GECKOHEUHO y/a-
JIEHHAST TOTKA

[Iycts man tpeyroapauk XY Z. Kak B pazgene 2, 0603HaUUM 4depe3 @ x KOMIIO-
3UIUI0 WHBEPCUU C MEHTPOM X M CHMMETPHU OTHOCHTEIbHO OMCCEKTPUCH yria X,
MEHMAOILYI0 MecTaMu TOYKH Y W Z. AHaAJOrHIHO OnpeeinM Ipeodpa3soBaHus Py,
¥z

6.2. /lokakure, 9TO 3T MPeoOPA30BAHUS MEPECTAHOBOYHBI JIPYT C JAPYTOM U
HU30TOHAJIBHBIM COTIPAZKEHUEM.

[Tycts A — npousBoabhas Touka, B = pz(A), C = py(A), D = px(A). Yersep-
ky {4, B,C, D} Gyaem HasbiBaTh K6apmemom OTHOCUTENBHO Tpeyroabauka XY 7.

6.3. lokaxkutre, 410

a) "YeTBepKa M30rOHAIBHO conpsizkeHHbx Touek {A’, B',C', D'} takxe apiasgercs
KBapTEeTOM;

b) npameie AA', BB', CC', DD’ napaJienbHbi;

c¢) rouku A, B, C, D, A", B, C', D', X, Y, Z jexar Ha oJHON HUPKYJISPHOM
KyOuke (HazoBeM ee KyOukol K6apmemos;

d) A+ A=B+B=C+C=D+ D, r.e. kacaresibHble K KyOHKe KBAPTETOB B TOYKAX
A, B, C, D nepecekaioT KyOUKY B OJHOIl TOYKe.

CeoiicrBam kBapTeToB 6oL mocsinen npoekT Ha XXIT JIKTT [15]. B wacraoctu,
TaM Tpejaarajgach 3ajada, KOTOPYIo He CMOT PeIluTh HU OJWH U3 YIACTHUKOB.

6.4. Ilycts A, B,C, D — xsaprer, A', B',C’, D' — u30ronajbpbHO CONPAZKEHHbI
kBaprer; Px — touka nepeceuenuss AD w BC, Py — AC w BD, P, — AB u CD.
Toukn Qx, Qy, Q7 onpenensiores anagornano no roukam A’, B, C', D'. Jlokaxxure,
ITO

a) npsimbie Py Qx, Py Qy, Pz()z nepecekaoTcst B OIHOI TOUKe, JIeXKaIel Ha OIu-
CaHHOIN OKPY2KHOCTHU Tpeyrojibhuka XY Z (u3 upejbijiyux 0003HaYeHuil );

b) npsmbie PxQy, PyQx u XY nepecekatorcst B 0J{HOi Touke Z';

¢) ZZ' napannensna AA", BB',CC', DD'.

6.5. Ilycrb Dy, D] u Dy, D} — aBe mapbl M30rOHAJBHO COIPAZXKEHHBIX TOYEK
rakue, uro D1 D} || Do D). Tokaxkure, uto npsmbie A;As, By By, C1Cy, D1 Dy nepe-
cekarorces B ojuoil rouke (Ay, By, C1, Dy u Ay, By, Cy, Dy — kBaprers).

6.6. ITycTp kacarejibHbie K KyOUKe KBapTeTOB B TOYKax X W Y ImepecekaroTcs
B Touke P, a KacarejbHBIE B KPYTrOBBIX TOYKax B Touke (). [lokaxkure, aro PQ) —
JraMeTp oKpyzkHocTH XY 7.

6.7. Korya KyOuka KBapTeTOB sBJseTcsa KyOUKoit (poKycoB?

6.8. [Iycrb C — nupousBoJibHas HUPKYy/igpHas KyOuka, J — ee becKoOHeuHast TOUYKA,
orsim4yHast oT Kpyroswix, X, Y, Z — takue Touku, 410 X + X =Y +Y =74+ 7 =
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J+J. Jokaxure, aro C IBIsieTCs KYOUKOil KBAPTETOB OTHOCUTEILHO TPEYTrOJTbHUKA

XY Z.

Emte mpo 8-opbmThl

6.9. Ilycts A, B, C, D, A* = gapcp(A), B, C*, D* — 8-opbuta OTHOCHTEIHHO
JlaHHBbIX derbipex Touek X, Y, Z,T.
a) oxazxure, uro okpyzxuocru (T'AA*), (TBB*), (TCC*), (T DD*) kacaworcs;

b) Hokazxwure, aro okpyxuocru (T'AD), (TA*DA*), (TY Z) coocusl (3aech D =
pxyrz(A)).
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7 JTOBABKA

30oronajbHoe conmpsa>KeHne... OKPYKHOCTe

7.1. (®. Hunos) dan wersipexyroasuuk ABCD. Ilycrs Uy, Iy, I, l4 — BHyTpeHHEE
6uccekrpucet yrios A, B, C, D coorBercrsenno. [lycts npsimbie a, b, ¢ u d npoxoasit
yepe3 Toukn A, B, C, D cOOTBeTCTBEHHO, IPUUEM TOUKH repecedenust a u b, b u ¢, ¢
u d, d u a 1exkat Ha OmHOI OKpyzKHOCTH . ITycTh npamsie a', b, ¢ u d’ cummerpuyaab
OpAMBIM a, b, ¢ 1 d oTHOCUTEIBbHO OUCCEKTPUC Ly, Iy, l., l4 COOTBETCTBEHHO.

a) lokaxkure, uro touku nepecedenus o’ u b', 0’ u ', ¢ u d', d n o nexar na
OJIHO#T OKPYKHOCTH (';

b) nipu sTom o’ = papep(@).
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Kybukn dhokycoB n nupkyJaspHble KyOnkn

Pemenns, cxeMbl penienuii, yKazaHus.



0 l3oronaJjpbHoe COIpPdAKEHNE B MHOTOYTOJIbHUKAX

N30oronanpHOE COIIpd2KeHne B 9eTbIPEXYTOJIbHUKE

0.10. Moxkuo BocnoJib3oBarbes yeaosueM 0.1d.

0.11. MoXKHO J0Ka3aTh, MOJB3Ysch ycaosueM (.14a.

0.12.

a) BeiTekaeT 3 mpebIayIei 3a1avu.

b) Umeercst aBa (KOMOMHATOPHO pasjndHbiX) ciaydas. Ogun cogurcs K 0.10,
apyroit — k 0.11.

0.13. B cornacun ¢ 3azagamu 0.7, 0.8, u3 Toro, uro X n X’ u30oronaabuo co-
IPAKEHBl OTHOCUTEILHO ap HpAMBIX @, b, u b, ¢, caemyer, uro X u X' n30roHaJbHO
COIPSIZKEHBI OTHOCUTEILHO C, d.

MoxHO yTBepXKaaTh caeayiomee: ecad X u X' M30roHAJIBHO CONPAKEHBI OTHO-
CUTEJIbHO HEKOTOPOI0 MHOTOYIOJIbHUKA, TO OHH W30IOHAJbHO COIPSZKEHBI OTHOCH-
TeJILHO JII000M Taphl MPSIMbBIX, COAEPIKAIINX Mapy ero CTOPOH.

0.14.

a) 1) ITycre X € ISO(ABA'B’). Torna, B cuny 0.1e, npoexiun X u X' Ha npsi-
Mmbie AB, AB’ nexxat Ha 0IHON OKPYKHOCTH W, IPH 3TOM ee 1neHTp O IpOoeKTUPYeTCs
B cepeaunbl npoeknuii orpeska X X', snauut, O — cepeauna X X', Anajaoruano npo-
exnun X n X' va npavsre AB’, A'B nexar Ha onnoii okpyzxknoctu ¢ nearpoMm O u
pagnycom R = OXap (rae Xap — npoekiust X na AB'), T.e. Ha OKPYKHOCTH W.
amee nopropseM paccyzKaennusd nag npameix A'B, A'B’.

1’) Iycre npoekmun X na npsamsie AB, AB', A'B, A'B’ nexar Ha oiHOll OKPY K-
HocTu W ¢ nerTpom O. Torja n30roHaJbHO CONpsizKeHHast JJist X OTHOCHTEJIBHO TPe-
YTOJIbHUKA, CTOPOHBI KOTOPOTO Jexkar Ha upsambix AB, AB’', A'B, — sro Touka X',
cummverpuanass X orHocureabHo O. Ta ke TOYKa — W30TOHAJBHO CONPSIZKEHHAs!
a1 X OTHOCHTEJILHO TPEYTOJbHUKA, CTOPOHBI KOTOPOroO JjexkaT Ha mnpaMbix A'B’
AB', A'B. 3naunr, no 3ajga4de 0.13, X u X' n30ronajabHO CONpPAKEHB OTHOCUTEIHHO
ABA'B'.

2) Venosue [sogx(AA', BB') 5KBUBaJIeHTHO KPUTEPHIO KOHIMKJINYHOCTH TIPOEK-
HI/Iﬁ XAB; XBA’; XA’B’; XB’A- ,HeﬁCTBI/ITe,HbHO, IMOJIB3YACh A(XABXBA’, XBA’XA’B’) =
A(XABXBAH XBA/X)—FA(XXBA/, XBA’XA’B’> = A(AB, BX)—{—A(XA/, A/B/) 1 aHa-
nornunbiMu paBercTBamu, umeeM Z(XapXpa, XpaXap) = Z(XapXpa, XpaXap)
& /(BX,AX)=Z4(B'X,AX).

b) DxsuBasentaocrs b) u X € ISO(ABA'B’) Bbirekaer u3 CJeiylOnux pac-
evorpenwit. [Tycre R = OX 5 = OX/ 5. lycrs X cummverpnana X 0THOCHTETHHO
AB, T = X'XoN AB. Torna XT w X'T cummerpuansl orHocuTeabH0 AB (yrou
najienns pasen yriay orpaxenns); u X1 + X'T = +2R, r.e. OX sp — cpeusis Jiu-
uust tpeyronbanka OX'Xo u XT = XoT'. Konuka ¢ doxycamu X, X’ u (601b110i1)
noJsiyocbio £2R kacaerca AB.

Bamenarue. OTMETHM, 9TO ITa KOHUKA JIBAZK/Ibl KacaeTcs (MeJaabHON) OKPY K-
Hoctu ¢ nmearpom O paamyca R. DTa KOHUKa siBjIsieTcst KOHUKO# Bpokapa Touku X,
oreevatoniag yriay 90°. (3amedanne 06001IaeTCS HA KOCONEOAALHYIO OKPYHCHOCTND).

¢) Ilycrh Takas mupaMujia, BCe TPaAHH KOTOPOii KacaioTcsa cdepbl w, CYIeCTBY-



et. Torma mpstMoii mpsiMoii KpyroBoit konyc K ¢ BepIImHOR S, OIMMCAHHBII BOKPYT
W, ABIMEeTCd TAKXKE BIUCAHHLIM B nupamuay. Bummem B K ewme oguy cdepy w’,
kacaronryiocs miockoctu ABA’'B’ B Touke X'. Bo3nukaer usBecTHas KOHCTPYKIMS
cdep daungenena, n nis kouuku, srucannoii 8 ABA'B’ (sra konnka — cevenne K
¢ wiockoctbio ABA'B'), toukn X u X' apasiorcsa dbokycamu.

Samevarnue. OTMETHM, ITO JIJI OMUCAHHON MUPAMU/ILI BHIIIOJTHEHO PABEHCTBO HA
winockue yrubl LASB+ /A'SB' = /BSA' 4+ ZB'S A, koropoe 06061maeT paBeHcTBO
LAXB+/A'XB"' = Z/BXA'+/B'X A, sksusasenrnoe (as rouku Buytpu ABA'B’
yeaosuio Isogx(AA', BB').

0.15. Cepemnnbl X X' — nenrpsl Buucannbsix B ABA'B’ konuk. I13BecTHo, 9TO
onm JexkaT Ha mpamoit Hpiorona-l'aycca. Kaxkmoit Touke mpamoit ['aycca coorset-
cTByeT poBHO oaHa mapa X, X', cUMMeTpHUYHAsd OTHOCHTEJBHO Hee. DTO CJeLyer,
HAIIDHMED, U3 PACCMOTPEHHIl B KOMILIEKCHBIX KOOpuHaTax (cM. 3.7.).

0.16.

[Tycts X me smexur na npsavoit AA'BB’. Tak kak yrast AXA' n BX B’ nmeror
OJHY W Ty Ke mapy omccerpuc, To X JIeXKHT Ha 00IIell OKPY:KHOCTH AIOJIOHHS
st map A, A’ m B, B'. Takas OKpy:KHOCTb €IMHCTBeHHAs (KaK O0IIas OKPYHOCTh
JIBYX Pa3HbIX IIyYKOB, MU KAK OKPYZKHOCTb, OTHOCUTEJIBHO KOTOpOi 1mapsr A n A’
B n B’ nusepcusl). B ycioBusix mameii 3a1a4dn a) MHOXKeCTBO TOUeK X, JJIst KOTO-
poix BoimosiHeno 1sogy(AA’, BB'), npeacrasisier coboit o0beannenue npsmoit AA’
u okpyzkHoctun Anosnonuda w touek A u A’, npoxongmyio yepes B = B'.

Bameuanue. dra 3ama4a onpasjbiBaer apyroe Haspanug s [SO(ABA'B') —
Apollonius cubic.

Bagada b) npegmaranace JI. EmenbsnoBbiv va FOKHOM TypHEpe MaTeMaTnye-
ckux 0oeB okos10 20 jer Hasal.



1 MNM3z3onmmkamviecKmne MHBOJJIIOINN

(B arom nmaparpade — miockocThb nonosHeHHast Toukoit 0o (= cdepa = C).

1.1.

a) Hanpasnenusie yrist Z(X B, XA) u Z(X D, XC') ocraiorcss HeM3MEeHHBIMH.

L(YC,YB) = L/(YC,YX)+ Z(YX,YB) = Z(DC,DX) + Z(AX, AB) = /D +
L(DA,XD)+ LA+ L(XA,DA)=/D+ LA+ (XA, XD,).

Anasiornano csasanbl Z(Y A, YD) n Z(XB, XC).

b) Craexyer u3 mpeapiaymero myHkra — mnoctosiactBo Z(X A, X D) Bieder no-
crostactBo Z(Y B, Y C).

1.2. TTocsie uuBepcuu B Touke A yIBeprKIeHne CBOIUTCA K CYIIECTBOBAHUIO TOUKH
MukeJist 111 9€TBEPKH MPSIMbIX.

TakzKe 9TO yTBEPK IEHUE HE3aBUCUMO MOC/IEYeT U3 SBHOTO onucanus fap cpfBo.pa
(kak mHBEpCUU-+CcuMMETpUN) B pasjese 2. V13 3T0ro ke onucanus siCHO, Kak J00TIpe-
JEeJUTH KOMIO3UIHIO fap cpfBo,pA HA «HEPEIYISPHBIX» TOUKAX?

4-opbuTHI

1.3. (*BITIICAHHBIIT*)

a) [lycrb P = AB N A’B’. Torma P — paauKaJbHBIl [EHTP OKPYKHOCTEl
(ABXY), (AB'XY) u Q, mosromy XY npoxomur uepes P, npu srom PX - PY =
dega P, nosromy fap arp — uuBepcus ¢ neHrpom P, nepesojsimas € B cedst.

b) CoorBeTcTBEHHO, MHOYKECTBO HEIIOJBHKHBIX TOYEK ISt fap A/pr — OKDYZK-
HOCTH ¢ menTpoM P pammyca /degqP.

¢) liyers P' = AB'NA'B, E = AA N BB, L = PEN PO, L' = PE N P'O.
Kak usBectno, P'E — nonsgpa touku P orHocurenbuo €2, mosromy P'E 1 PO u
PO - PL = degoP, snaunt L = fap ap(0). Ananoruuno, L' = fapap(0) u
E = PL' N P'L — gersepras sepummna 4-opoursr O, L, E, L.

d) Tak kak PX - PY = PX' - PY' = degoP, 1o X,Y, X" Y’ nexar na oj-
HOIl OKpY»KHOCTH, puyeM P uMeeT paBHbIE CTENeHM OTHOCHTEJIHLHO OKPYKHOCTENl
(XY X'Y'") (mng BeceBozmoxkubix 4-opout X, Y, X', Y').

e) Anasioruuno P’ uMeeT paBHbIe CTENeHN OTHOCUTEThHO OKpyKHocTeil (XY X'Y”),
nosromy PP’ — obmas pasukaiabaast ocb okpyzxuocreii (XY X'Y).

1.4. (*TIAPAJITTEJIOTPAMM¥)

a) llycrs Y = fap ap(X). Torma Z(AY,YB') = L(AY, XY) + L(XY,YB') =
L(AB,BX) + L(XA',A'B") = L(XA',AB) + Z(AB,BX) = Z(A'X, X B). Ilycts
X', Y’ cummerpuunnl X, Y OTHOCHTENBLHO IeHTpa HapaJsiejorpaMva. lorma us
cummerpun Z(A'Y' ) Y'B) = ZL(AY,Y B'), orkyna Z(A'Y')Y'B) = Z(A'X, X B), no-
stomy B, A’X,Y’ — mna onmoii okpyzxuoctu. Anasornuno B, AX,Y’ — ma oxnoii
okpyzkHOCTH, OTKYIa Y/ = fap ap (X). Anamornano paccyxkuast mpo X', moHuma-
eM, uto X, Y, X' Y’ — 4 opbura (touku X).

b) Unteenmt Z(XY, XY') = Z(XY, XB)+Z(X B, XY") = Z(AY, AB)+Z(A'B, A'Y"),
uro B cuiy cummerpuu, pasuo Z(AY, AB) + Z(AB', AY) = Z(AB', AB).

¢) Hycts X = P u X,Y, XY — 4-opbura toukn X. Torma O;03 L XY
(MHWST EHTPOB TIepIeH UKy IsipHa o61eii xopae okpyuocreii (ABP) u (A'B'P))



u apajgornuno 0,04 L XY’. Torma, cornacHo mpeablaIymeMy MyHKTY, YIOI MKy
0103 u 00,4 pasen yriay mexay XY n XY’ u paBen yriy napaJiesorpamma.

Sameuvanue. Jra 3amaqda npepraranach [1. Koxkesuukosbim na FOxuoM TypHUpPE
Maremarndecknx ooes 2017 1.

d) Iycrs A, B, A', B" — npoeknunu P wa CD,DC’,C'D’, D'C' coorBercrBeH-
HO, Q = fcpl}c/D(P), K = CC'nDD. Toma Z(DQ, QC) = Z(DQ, QP) +
Z(PQ,QC) = L(DC',C'"P)+£(PD',D'C) = £L(BA', A’P)+/Z(PA',A’'B) = Z(BA’, A'B).
[To npenpiymemy nynkry (tak kak D, C’, D', C — obpasbt Oy, O, O3, Oy ¢ nenTpom
P u kosdpdbunmentom 2), L(DK, KC) = Z(BA', A’B), orxyna C, D, Q), K nexar Ha
oot okpyzknoctu. Anasornuno C’, D', (), K nexar Ha 0JHON OKPYZKHOCTH, OTKY-
na K = feporp(Q), 910 1 TpeboBaIOCh YCTAHOBUTS.

Sameuanue. B cnyuae soucannoro C'DC' D’ dakr cornacyercsa ¢ 1.3c.



2 luaBepcus-+cumMmerpus

2.1. (u3BectHBIH (akT)

2.2. [To ABA' B’ nenTp WHBEpCUN-+CUMMETPHH, OCh CAMMETPUH W PAJINYC HHBEP-
CUY OJHO3HAYHO ONMCHLIBAIOTCS TaK: MEHTP — 3T0 Touka Muxena M nna ABA'B’,
och — buccerpuca yriaa Mexxay MAu MA', pamuyc = VMA - MA'. [Tonobue mepe-
soaut (X, X;Y,Y") B (A, p(A); B, p(B)) Toraa u T01bKO TOTIA, KOT/Ia HEHTD, OCh U
okpyxuocth uasepcun a1 (X, X';Y)Y') nepe3oasaT coOTBETCTBEHHO B NEHTP, OCh
n oKpyskHOCTh nuBepcnn s (A, p(A); B, p(B)).

B cienyrommeit 3ajiaue yka3aHa BayKHas CBsI3b ¢ W3OMUKJINIECKUMU WHBOJIIOIASI-
M.

2.3. (split) IleHTpagbHO-CUMMETPUYHBIH caydail — cM. 3ajgady 1.4.

[lycth ¢ = Y apA/p — WHBEPCHUSA-+CHUMMETpHUs ¢ TleHTpom M.

st npoussosibnoii Toukn C' nosoxum D = fap 4p(C) n C" = p(C). Tlo-
kaxem, uro A, B, D, C" nexar wa 0JHOI OKPY>KHOCTH, WJIM SKBUBAJEHTHO, YTO
Z(AD,DB') = Z(AC',C'B'). 91oro 6yaer A0CTATOYHO, MOCKOJBKY aHAJIOIHIHO
MOXKHO HoKa3aTh, uyro A’ B, D, C’ nexar Ha OJHON OKPYZKHOCTH, OTKyJa CIeJaTh
BIBOK, 410 C' = fap ap(D).

3 oxkpyxuocreit Z(AD,DB') = Z(AD,DC) + Z(DC,DB") = Z(AB, BC) +
L(CA', A'B’). U3 nusepcun+cummverpun, Z(AC', C'B') = L(AC",C'"M )+ Z(MC'",C'B’) =
L(CAAM)+£(MB, BC). Orciona Z(AD, DB")— Z(AC",C'"B') = L(AB, BC) +
L(CAAB)+ L(AM,CA")+ £(BC,MB) = Z(AB,MB) + L(A’M, A'B") = 0.

2.4. TlokazkeM, 9TO YABCDYACBD = YABpC (M AHATOTHYHO YACBDYABCD =
wappc). VI ieBas, u npaBasi 4yactu — Kpyrosbie npeodpasoBanus | tuna, mensoiiee
mecramu A ¢ D, B ¢ C. A takoe npeobpa3oBaHue eMHCTBEHHO.

JIpyroe pemenne MOXKHO HOTYYUTh U3 IPeIbIAyINel 3a1a9n: Y apcp = fap.cp fBC,AD =
ch,AD fAB,CD- Torna ¢ acsp YaBcD = (fAC,BD fBC,AD)(fBC,AD fAB,CD) = on,BD ]%C,AD fAB,CD =
fAc,BD fAB,CD = PABDC-

(Kak oboiiTu orpannvenne Ha peryaspHble TOUYKH 119 fap.cp, ... 7)

2.5. Caenyer u3 Toro, uro ¢x(BD) = (X AC), px(AC) = (X BD), a HOCKOJIbKY
X — rouka Mukens, okpyzxkuoctu (XAC) u (X BD) upoxoxar uepes P, = ABN
CD.

Bameuanue: smom gaxm cozaacyemces ¢ meopemoti 06 U3020HANAL.

2.6. Cuaenyer u3 toro, uro ¢x((BCZ)) = (CBY) n ¢x((ADZ)) = (DAY,
OCKOJIBKY Py sexkut ua okpyxuoctax (BCZ) u (ADZ), a Py 1eXuT Ha OKPYK-
wocrax (CBY) u (DAY).



3 T'apMoHmMYeckue mniecrepku TO4eK

3.1.

a) HermocpeICTBeHHAsT TIPOBEPKA.

b) HemocpecTBeHHAS TIPOBEPKA.

¢) Cnemyer u3 Toro, uro (1) coxpaHsieTcs po CABUTE Z — 2 + €, YMHOXKEHUH HA
KOHCTaHTy z — ¢z, ¢ # 0, n coupszkenuun z — Z.

d) Henocpeacreernno npoepsiercsi, uro (1) coxpansiercst npu obpaiieHnn z —
1/z. Orcrioga n w3 mpepIayIero myHkTa caemyer, 9to (1) coxpaHsercss mpu Beex
JPOOHO-JTHHEHHBIX TPeobpa3oBaHusiX (T.e. IPH KPYTOBIX MpeobpasoBanusax I Tuma),
a TakzKe TPH KOMIIO3UIIUH COMPSIZKEHNUs U JIPOOHO-THHEITHOTO peobpazoBanust (T.e.
1pu KPYroBbix peobpaszoBanusx 11 Tuma).

3.2. Ecin 3adukucposarh 3Ha4eHNE MUKJINIECKOTO OTHONIEHUST U3 JIEBOil 4acTu
(1), a TakyKe TATH U3 TECTH TOYEK, TO IMeCTas TOYKa (BO3MOKHO, GECKOHETHO Y12~
JIEHHAs1) OMPEJIeISAETCs OJHO3HAYHO (M3 JIMHEHHOrO ypaBHEHUsI HA ee KOMILIEKCHYTO

KOODJIMHATY ).

3.3.

a) [lycre ABA'B' perynsipuasi, 1.e. ¢ = @apap — WHBEPCHsI-+CUMMeTpHs. BBe-
JleM KOMILJIEKCHBIE KOODAMHATHI Tak, 4Tobbl ¢(z) = 1/z, tak gro A(a), A'(1/a),

B(b), B'(1/b), C(c). lonoxum C”(1/c). Henocpencrennas nposepka (1) moka3sbi-
Baer, uro mecrepka (A, A’; B, B'; C,C") asagerca rapmonnueckoit. Orciosa, ¢ yde-
TOM €JIMHCTBEHHOCTH (CM. HPEAbLAYLIYIO 33/1a4y ), CJIEAYeT HyZKHOE yTBEPIKJICHUE.

Ecin ABA'B’ — nenpajibHO-CUMMETPUYHASA, T.€. © = QApa/p — IEHTPAIbLHAS
CUMMETDUSsI, BBEJIEM KOMILIEKCHBIE KOOPIMHATHI TaK, 9T00bl ¢(2) = —2 u npoBejem
AHAJIOTUIHBIE PACCY ZK/IEHUSL.

b) YkazanHas TPaAH3UTUBHOCTH CJEIYET U3 MPEJbIIYIIero MyHKTa: M0 YCJIOBUIO
PAacAacr = PABA'B' MU QADA'D' = QPABA'B’, OTKYIA PacA/c’ = PADA'D’, TOITOMY
(A, A;C,C"; D, D') aBisieTcst rapMOHUYECKOT.

3.4. Yron L(AB, AC)—Z(A'B, A’C)) paBen (HaupaBIeHHOMY) yIJly MEZKJLy OKDPY 7K~
Hocrsivu (ABC) u (A’BC') Tak Kak ¢ coOXpaHsieT yrjibl MKy OKPYKHOCTSIMHU, ITOT
yros pasen yray mexay (AB'C') u (A'B'C"), unu L(A'B', A'C") — L(AB', AC").

Bamenarue. YKazaHHOE PABEHCTBO (KAK M AHAJOTHYIHBIE €MY) MOXKET OBl MPeod-
Pa30BaHO K PA3HBIM BHJIAM, HALIPUMED

/(BA,BA') + £(B'A,B'A") = Z(CA,CA) + L(C'A,C"A').

Ecau M — uenrp unsepcun-+cummerpuu @, 10 Z(BA, BA")+ Z(B'A, B'A’) npe-
obpasyercs k suny (£(BA, AM)+ Z(AM,A’M)+ Z(A'M,BA"))+ (L(B'A, B'M )+
Z(B'M, B'A")) = Z(AM, A'M) + (£(BA, AM) + Z(B'M, B'A")) + (£(A'M, BA") +

L(B'A,B'M)) = Z(AM, A’ M)+0+0. Ananoruuno st Z(C A, CA)+Z(C'A,C'A)

Nuaue, rosops, ecin A, A’ = ¢(A) — napa GpuUKCHPOBAHHBIX TOYEK, TO CYyMMA
(XA XA+ L(X'A XA

He 3aBUCHT OT BbiGopa mapel X, X' = ¢(X).



[Tocneaunit pakT 06006MIACTCS TaK: CyMMa
(XA XB)+ Z(X'B, X'A")

He 3aBucuT ot Bbibopa napel X, X' = ¢(X) (upu dukcupoannsix A, A" = p(A), B,
B’ = ¢(B)). Ykazannas cymma pasaa Z(MA, M B) — n1oka3biBaercs aHAJIOTHIHO.

FapMOHI/I‘{HOCTb 1N KOMIIO3UIINM ITIOBOPOTHBIX roMoOTeTuil

3.5.

a) Jdocrarouno B pasencrse (1) u3 ompejesieHust rapMOHUYHOCTH IIPUPABHATD
APIYMEHTHl M MOJLYJIM KOMILIEKCHBIX THCEJI.

b) Koaddurmerrs HOBOPOTHBIX TOMOTETHI — MOJYJIH JApobGell B JieBoii dacTu
(1), a yrubl HOBOPOTA MPOTHBOMOIOXKHBI APTYMEHTAM STHX JIPOGEit.

¢) U3 ycaous cuenyer, uro mecrepka (A, A'; B, B'; C,C") saBasiercss rapMoHU-
veckoii, a suaunt, u (C,C"; A, A; B, B') Toxe, otkyaa caenyer (L — C'AB’).

d) Mycrs A" u B’ — aBa nenTpa moBOPOTHBIX TOMOTETHIL. YTJIbI TPEyroJbHHKA
A'B'C" uzBectHnl (Hanpumep, mo 0606mieHHoi Teopeme Hamoseona).

e) to be added

3.6. YeaoBug Ha yranl tuna (R — ...) 00eCIeunBaT KOHKYPEHTHOCTh OKPY ZKHO-
cTeil.

B cayuae, eciiu Bce mecTh TOYEK JIexKaT Ha OHO OKpykHOCTH, yeaosue (L—...),
Bmecte ¢ (L — ...), KOTOpoe 06ecneInBaeT MOAXOAANINI MOPSIOK TOUEK Ha OKPYZK-
HOCTH, JAIOT KOHKYPEHTHOCTb.

3.7.

a) B u30roHasbHOll MmecTepke HETPYIHO HPOBEPUTH BBIOJHEHHE JIBYX YCIOBH
Buga (R — ...), KOTOpble 00€CIeunBAIOT KOHKYPEHTHOCTD OKPYZKHOCTel (CM. mpeibl-
JYILYIO 3324y ).

b) Ilsarepky A, B, B', C, C' eauucTBeHHBIM 06pa30M J0CTPOUM JI0 W30TOHATHHOI
mecrepku (A, A’; B, B';C,C") (upsamble BA u B’ A 01HO3HAYHO CTPOSITCS U3 YCIIO-
suii [sogp(AA',CC"), Isogg (AA',CC")). ITo npeapiaymemy nyukry, (A, A'; B, B'; C,C")
PapMOHUYECKAs!, U B CHJILy eJuHCTBeHHOCTH (3aja4a 3.2) umeem C” = C'.

JIpyroe penrenne MOZKHO MOJIyYUTh B KOMILIEKCHBIX KOOPJMHATAX (CM. HAIPEMED,
CJIEIY O MYHKT).

¢) Beesiem komiuiekcHbie Koopauaathl, Tak uro A, A'; B, B'; C, C' cooTBeTcTBYIOT
a,1/a,b,1/b,¢,1/c. Torna yenosue [soga(BB', CC") (5KBUBATIEHTHOE TOMY, UTO Tile-

1/67& c—a

1/b—a b—a

CTepKa U30r'oHaJibHa, COIVIACHO IIPe/blAYIIEMY HyHKTy) 3allUIIeTCd KaK
1/a+a—1/c—c
1/a+a—1/b—b

1
a+2/a, ...orpeskos AA’, ....

1—a/c—ac+a?

1—a/b—ab+a? cR &

R, wm € R. Ho nocjiejHee ycjioBre IKBUBAJIEHTHO

KOJIJIMHEAPHOCTU CepeJnH



4 Hexkoropble cBegeHnsd 0 Kyomkax

4.1.

a) Ilycre U, V' — Tperbn TOUKHN mepecevennsi Kyoukn ¢ npsimbivn AB, BC
coorsercrBenno. Torma P = A4+ B u (Q = B+ (' — Tperbu TOYKH IepecedeHust
Kyouku ¢ mpaMmbeivu OU; OV u Ha0 10Ka3aTh, 9TO TOUKA mepecedenns npambix C' P
u AQ siexkut Ha JaHHOI KyOuke. PaccMoTpuM J(Be BBIPDOXK/IEHHBIX KyOUKH, OJIHA U3
KOTOPBIX sBJIsieTCst 00beaunerueM npsmbix ABU, OV Q u C'P, a apyrast — npsiMbIxX
BCV, OUP u AQ). Jannas Kybuka npoXoJuT 4epe3 BOCEMb TOYEK UX IePecedeHus:
A B, C,0,U,V, P, Q; cieroBareibHO, OHA IPOXOIUT U U€pPe3 JEBATYIO.

b) Iycrs npsvas O A nepecekaer KyOuky B Tpetuii pa3 B Touke C. Torma A—B —
TpeTbsl TOYKA Iepecedenuss Kyouku ¢ npsmoit BC.

4.2. O6oznaunm A+ B=C. Torna O'+C=A+ B, re. C=A+B-0".

4.3.

a) ITo onpezenenuto cioxenns A + B + C' — 310 TpeTbs TOYKA IepecedeHusl
KyOHKHI ¢ KacaTebHOll K Heil B Touke O.

b) Ecsiu O — rouka ueperuda, o A+ B + C = O. Herpyino Bujerb, 4ro s
m060it Toukun P P+ O = P.

4.4.

a) OueBuaHO caenyer u3 paBencTBa spsp(X) = X.

b) Mo mpexpiaymeit 3amate P + X + sp(X) = P + sp(X) + spsp(X), Te.
sprsp(X) = X + P — P'. Torpa ycjaoBue KOMMYTHDOBAHHSI DABHOCHJIBHO DABEH-
crBy P — P = P/ — P nwim 2P = 2P’'. Ho nociennee paBeHCTBO U 03HAYAET, UTO
KacareabHble B Toukax P n P’ nepecekaor KyOMKy B OJHON TOYKE.

4.5.

a) 13 Toukn neperuta O MOXKHO IIPOBECTH K KyOHKe TPU KacaTeJbHbIE, OTJIHIHbIE
0T KacaTeabHoil K Heil B Touke (0. OCHOBaHMS STHX KACATEILHBIX U OYIyT TOIKAMHI
BTOPOTO MOPS/IKA

b) OuesuHoO, ciaeayer U3 npeablyIeil 3a1a9m.

4.6. Ilycrs Ay + --- + Ag = 0. Haiizem Tperbun TOYKHN nepecedeHust KyOUKH ¢
upaMeivu Ay Ag, AzAy, AsAg. CymMMa 3THX TOYEK TaKzKe paBHA HYJII0, TO3TOMY OHHI
JIe’KaT Ha OXHON MpsMoii, 00o3HaunM ee depe3 (. PaccMoTpuM JiBe BBIPOKIEHHBIX
KyOuku: oobeaunenue upsambix A Ao, AzAy, AsAg n obbeaunenue upsmoii £ ¢ Konu-
KOif, mpoxojsieii yepe3 Toukn Aj, ..., As. BoceMb U3 1eBATH TOYEK UX MEpPECeUEHUs]
nexkar Ha C, cej0BaTe/IbHO, JeBsaTast ToXKe JexkuT Ha C, T.e. coBnagaer ¢ Ag.

Ob6parHO, mycTh TOUku Aj, ..., Ag mexkar Ha Konuke. Haiizem Tperbu Toukn B,
C nepeceuenns C ¢ npameivmu Ay As, AsA,. Kybuka, gaBisgiomascsa o0beInHeHIeM
kouuku A...Ag n npamoit BC, npoxoaur yepes Bocemb Touek uepecedenus C ¢
o0obeuaennem npsaMbix Ay As, AsAy, AsAg, 3nauut, npsvsie BC' u A5 Ag nepeceka-
forcst Ha, C, OTKyIa U CJAeyeT HCKOMOE PABEHCTBO.

4.7.

a) ITo mpeapiaymieit 3agade cymma X + Y we 3apucur or X.

b) Ananornuno Z + T He 3aBucuT 0T BHIOOPA CEKYIIIEH.



IHupKkyngapHble KyOuKu

4.8. IIpoBepsieTcst HENOCPEICTBEHHOMN 110/ICTAHOBKOIA.

4.9. Caenyer u3 pasencrsa A’ + B’ = A+ B.

4.10.

a) Cymma X + Y + Z + T 3aBucur 1oabKo or Touek P, Q). [Tosromy, eciu stu
TOYKH JIeXKaT Ha OTHONW KOHUKE ¢ KPYTOBBIMH s KAKOTO-TO BBIOOpA CEKYIIUX, TO
9TO BBIIOJHEHO JIJIsd JIIOOBIX CEKYIIUX.

b) Ilpamas PQ) napajuiejbHa acCHMITOTe TOTJA W TOJLKO Torja, Korma P+ @
PaBHO CyMMe KPyToBbIX TOUeK. Tak kak toukun P, Q), X, Y, Z T nexar ua ogHOii
(BBIDOZKIEHHOH ) KOHHUKE, 9TO YCJIOBHE HEOOXOAUMO U JOCTATOUHO JJIsl TOTO, YTOObI
X, Y, Z, T nexanu Ha OJHOI OKPYKHOCTH.
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5 Kybuka ¢pokycoB

CsoiicTBa KyOouku (pokycoB

5.1.

a) Tak kak Z(AX,XB) = Z(AY,YB) u L(AX,XB') = Z(A'Y,YB'), ycioBus
Isogx(AA', BB') u Isogy(AA’, BB') sKBUBaJEHTHBI.

(C Tonbko ucnosib3oBanuem Toro, uro [SO(ABA'B’') — uzonupkynsipHas Ky-
6uka): ITycrs Y/ — miecras Touka mnepecedenust ¢ Kybukoii okpyzxuoctn (ABX).
Torna Y= —-A— B — X — Oy — O (rue Op, Oy — Kpyrosbie TOYKH). AHAJOTUIHO
s Y — nrecroit Touku nepecevenus ¢ Kyoukoit okpyzxuocru (A’ B’ X). Tlockoabky
A+B =A+B (takkak A' = A+C, B'= B+C,tne C+C = O), nmeem Y' =Y.

b) (C ucnonbzoBanuem toro, uro ISO(ABA'B’) — uzonupkynspHas KyOuka):
Tperbs Touka mepecedenns X Y ¢ KyOMKOil mocTOsHHA, Tak Kak X +Y = —A— B —
O; — Oy = const.

5.2. Crexyer u3 3amad 3.7 u 3.3.

5.3. D10 ciejyer, HaNpUMep, W3 BbIBOJA ypaBHeHus (3amada 5.15).

5.4.

a) Herpynno nposeputs, uro A, B, A’, B’ y1oB1eTBopsaOT ypaBHEHHIO.

b) B cornacun ¢ onucanuem SO, Kak MHOKECTBO TOYEK X TAKHMX, YTO CEPEMHBI
AA', BB' n X X' xojmuHeapHbl.

¢) Cuenyer manpumep, u3 Toro, 9o M — HEHTDP NOBOPOTHON rOMOTETHH, TIepe-
BOJIAIIEH AB B B'A’.

d) Yerseprka A, E = AA' N BB', A', AA' N PP’ rapmonnveckasi, a 3HAYUT
rapMOHHYECKas U 9eTBePKa MPAMBIX, COSIMHSAIONINX WX ¢ npoeknueii F roukn F Ha
PP'. Tak kak FE 1 PP', to FA nu FA' usoronanpusl otHocuTenbno F'E. To xe
BepHO u st F'B u F'B'| orkyna cinenyer Isogr(AA', BB').

e) Yeanosue [sogr(AA’, BB') oueBusHO U3 Oupe/ie/eHusl.

5.5. B corsacuu ¢ 3agaugeii 5.1, B 4-opbure ¢ Toukoil A jiexKuT Ha LepecedeHun
upsimoii AT u okpyzxkuoctu (A'B’'A).

B cooTBercTBHE ¢ OnpeeeHneM N30IUPKYIApHbIX nuposmonuii, P, M, P’ co —
4-opbuta. (00 — TOUKA KyOHKH, COOTBETCTBYIOIIAS ACHMIITOTE).

Ecniu pacemorpers 4-opbury XY X'Y') 1o, cornmacuo 3amauam 5.1 u 5.7, T =
XY nXY' T =X'YNXY' Creposarenbno, T u T' coupsizkenbr.

5.6.

a) Cuexyer w3 ypaBHeHWsI.

b) Crienyer u3 ypaBHeHusl, ¥ B COIJIACHH C TeM, 4TO 0O U M CONPSIZKEHBI.

¢) Tak kak sp(X) = seo(X’), a cepenuua X X' — na npswmoii Taycca.

5.7.

a) (C.BepsoB) O reomerpuueckom pernrernn — cm. C. Bepios, @. [Terpos. Pe-
menne 3agaan M2497. Kpant, 2018, 4, 13-15.

b) ITycts XY XY’ — 4-op6ura. Tak kak P, T, A, B, X, Y sexkat Ha MupKy/IgpHO’
kybuke, a A, B, X, Y — Ha ogHoii OKpyzKHOCTH, TO 10 3ama4e 4.10b, PT mpoxoaut
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qepe3 00, UTO U TpedyeTcs.

5.8. «Tpan3uT n30roHaabHBIX HIECTEPOKY CJAEAYeT, HAIPUMED, U3 3aa4u 3.7.

5.9. Paccmorpum aBe mapbl M30roHaJbHO conpsizkenubix Touek X, X' n Y, Y.
[To Teopeme 06 m3oronansax toukn XY N X'Y' u XY' N X'Y Toxe uzoronaanno
CONpszKeHbl, T.e. jexkar Ha Kyouke. Cnemnosarensuo, X +Y = X' +Y' u X +Y' =
X +Ymum X -X'=Y-Y' =Y'-Y.

5.10. (*BIIMCAHHBIN*) [is suncannoro uersipexyroipuuka ABA' B’ npeob-
pazoBanue fap a/p coBagaer ¢ uaBepcueii, nepesogsieir A s B, a A’ B'. llenrpom
9TOi MHBepCcHN stBIseTCa Touka P nepecevenus npsaveix AB, A'B', XY, X'Y’, upn-
yem LAPX = ZY'PA’. Ilyctb Touka X; cummerpuuna X orHocurenbno PA, a Y/
cumMerpuuna Y’ ornocurenbno PA’. Torma us momobust tpeyronbaukos PX X' u
PY'Y cnenyer pasencrso ornomenuii X'X; : XX’ =YY/ : YY’ paBnocunbuoe
YTBEPZKICHUIO 3a,/1aYH.

5.11. (*TAPMOHUYECKUIT*)

a) [psimast AA’ saBastercst cnmeaunanoii Tpeyronbankos ABB' w A'BB’, a npsimast
BB’ cumennanoii TpeyroasaukoB ABA' u AB'A’. Tlostomy M4 u Mp u30ronaibHO
CONPSIZKEHBDI.

b) LMsB'A" = ZAB'B = ZM 4 A’B. s rouku Bpokapa ZBrB'A"' = /BrA’B,
orkyna A', B', M4, Br nexart Ha OIHON OKPYZKHOCTH.

¢) MoXKHO paccMOTpeTh WHBEPCHIO ¢ TleHTpoM W.

5.12. (*ITAPAJIJIEJTIOTPAMM®*)

a) JleiicTBUTEILHO, 3TO HEOOXOUMOE YCIOBHE, OHO dKBHBaIeHTHO isogp(AA’, X X)),
rak kak u3 cummerpun Z(A' X, A'B) = Z(AX', AB'). Bapaua 3.7 rosopur o tom,
9TO ITOrO yCAOBUS JOCTATOYHO JIJIsA BBINOJHEHUsI JIOOOrO M3 OCTAJIBHBIX YCJIOBUIi
M30TOHAJIBHOCTH

b) Herpynno y6euTbcst, 9T0, €CJIU JIBe U3 YeThIPEX OKPYKHOCTEil paBHbI, TO U
JIB€ OCTaBIIMXCA paBHBI M. IIpu stoMm, ecim okpyxuoctu X AB u X A’'B’ pasubi,
TO paBHBI U onupaiomuecs Ha pasubie xopas yriabl (XA, XB) u (XB', X A').

¢) Ilpu usmenennu pajgnyca paBabix okpyzxkuocreii ABX u A'BX npsmvbie AX
n A’X Bpamaiorcst ¢ paBHBIMH CKOPOCTSIMH B NMPOTHBOIIOJIOKHBIX HANPABICHUAX.
[TosroMy TOUYKa MX IepecedeHnsl OMUCHLIBACT PABHOCTOPOHHIOK IUIEPOOILY.

5.13.

a) [Ipn uHBepcHm OTHOCUTEIHHO BIMCAHHON OKpYKHOCTH ipsamble AB, AB') A'B,
A'B’ nepexoisar B OKPYy?KHOCTH PABHOIO PajMyCca, CJIeJ0BaTeJbHO, TOUKU UX Iepe-
cedeHnst 0Opa3yT mapaJsieJjorpaMM. SHAYUT, OKPY:KHOCTH ABI Kacaercss OKpy K-
noctu A'B'I, a okpyxnocth AB'I oxkpyxnocrn A'BI.

b) Mycre Ty, Ty, T3, Ty — TouKM Kacauusi OKpy:KHOCTH ¢ Tpambimu AB, AB’
A'B, A’B'. Cepeauust orpeskos 1;1);, TouKu mepecedeHns AuaroHaseil 1 IPOTHBO-
HMOJIOZKHBIX CTOPOH derbipexyroibauka 11157157, u nentp [ OKpyKHOCTH JieKaT HA
paBHOCTOPOHHEH TuIepbose, a NHBEPCHBIE 00pa3bl ITUX TOYEK HAa KyOuke (hOKYCOB.

5.14.

a) nmeem A+ A" = B+ B', r.e. A+ A = B+ B. 3uaunr, KacareJbHble K KyOUKe
B Toukax A, B, A', B’ nepecekaior KyOuKy B OJHOII TOUKe.

b) Ilycrb E — rouka na pquaronaiu BB’ rakas, uro [soga(BA', B'E) u [soga(BA, B'E).
I3 reopem cunycos aus rpeyroasaukos ABA', AB'A', ABE, AB'E, ABEun AB'E
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BoiBouTCa yenopue AB - A'B' = AB' - A'B.

¢) Ormerum touky nepeceuenus (Q = BB N (PA'B’). I3 Buucanubix yrjios
HeTPYHO BbiBecTH, uTo A, P, (), B — Ha oiHOil OKpyKHOCTH, T.e. () MPUHAJIEKHUT
4-opbute TouKU P.

d) MoKHO BBIBECTH M3 JBYX HPEIBIIYIINX IIYHKTOB.

Apyrue onucanuga Kyouku ¢pokycoB

5.15. BreiBejiem cHadvajia ypaBHEHHE B CJIydae, KOTJIa ¢ COBIAJIAET C KOMILIEKC-
HBIM coupsizkenueM: (z,y) — (77,2, 777,2). SAllLleM yC/IoBHe NPHHAJIEKHOCTH
cepequn X X' omuoit mpsivoit 2Ax + 2By = 1 (npsamoii Herorona-Taycca): mosryaum
(Az + By +1)(2* +y*) + Az — By = 0. OcTaercs caenaTh HOBOPOT, TIOCTe KOTOPOTO
npsimasi Herorona-lI'aycca BeprukaJjibHa, a ypaBHeHUe IpUoOpeTaeT yKa3aHHbI BU/I.

5.16.

a) Beibepem cucTeMy KOODAMHAT TaK, 9TOObI OTJIMIHASI OT KPYTOBBIX GECKOHed-
Has TOYKa KYOUKHU COBIa/IaIa ¢ 6eCKOHeTHO TOUKOil ocu opuaat. Torma ypaBuenue
kyouku npumet sug (22+y?)(x+A) = Bx+Cy+D. Jlerko BUAETD, 9TO KACATETbHBIE
B KPYI'OBBIX TOYKAX IPOXOJAT Y4€Pe3 HAYAIO KOOPJHUHAT.

b) M u M' = oo (To4Ka, COOTBETCTBYIOINIAs ACUMIITOTE) — COLPSIZKEHBI, TOITOMY,
corstacHo o0medi Teopun, conpsizkernas O] = Oy kK KpyroBoii Touke O 10JydaeTcs
OCJIeI0BATEIBHBIM eHTpaIbHbIM HpoekTupoBanueM B M’ u M. Ho sp(O;) = Oo,
nosromy $p(01) = Os.

5.17. (TouKu KacaHusi OKPYKHOCTel 1yuka) 77

a) To, auro TMT X, Y — kybuka, npoBepsieTcsi HelmoCpeJICTBEHHBIM BbIIHCJICHU-
em. Dta Kybuka cosnagaer ¢ C, moromy 4rto npoxoaut yepe3 M, L, L' u kpyrosbie
TOYKH, a KacaTeJbHble K Heil B L, L' 1 KpyroBuIx TOYKax Ipoxoadar depes M.

b) Cymma X + Y He 3aBucuT 0T BHIGOpDA OKPYZKHOCTH.

5.18. Bce dbakTruecku noka3aHo MpH BeIBOJIe Kyouueckoro ypasuenus jqyis [ SO(ABA'B').
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6 KsBapreTnsl n m3oronajibHbIe KyOUKN

6.1.

a) ITycrep GapuieHTpuYeckne KOOpaAWHATH TOUYKH J — (o @ Yo : 2p), & TOUKH
P — (z :y: z). Torna GapunenTpudeckue KoopAunaTsl Touku P — (a?yz : b*zx :
2XY), rae a, b, ¢ — amunel ctopon YZ, ZX, XY COOTBeTCTBEHHO, U YCJIOBHe
KOJLIMHEAPHOCTH TPEX TOYEK JAeT YPABHEHHME TPETheH CTeIeHn OTHOCUTEILHO T, Y,
z.

b) Tak Kak Mpu W30TOHAJIBHOM COTPSIZKEHNH GECKOHeYHAas MpsiMasi TePeXoanT B
OIUCAHHYI0 OKPYZKHOCTH, KPYTOBbIE TOUKH COIPSAZKEHbBI JIPYT APYTY.

6.2. Ilycte P = ¢x(P), P = py(P,). Tak kak X Z-XY = XP-XPiu ZZXP =
/P XY, rpeyronbauku X PZ u XY Py nogo0Hbl. AHaJI0ru9HO TpeyrobHuk XY Py
noa06en Tpeyronbuuky PoY 7, u, suauur, Py = ¢z (P). Takum 06pa3om, KOMIIO3UIUs
JIOOBIX JIBYX U3 MPeoOpa3oBaHuii ©x, Qy, Pz PaBHA TPETHEMY.

[Iycts () — ToUKa n30roHaJIbHO compsizkentnas P, Q1 = px(Q). Torma X, P, (4
JIezKaT Ha OJHON NMpsaAMOi, Tak Ke Kak u Toukn X, ), P;. Kpome toro, ZXY P, +
IXYQ=LXPZ+/XQZ+7+ /Y, ciepoaresibio, upsmbie Y Q1 u Y Py cummer-
PUYHBI OTHOCUTEIHHO OMCCEKTPUCHE yIiIa Y u Touku Pp, ()1 N30rOHaIBHO CONPIZKEHBI
(puc. 6.1).

o
T

Puc. 6.1.

Ilpumeuanug. 1. To, 410 @x KOMMYTHUPYET C HU30I'OHAJIBHBIM COLPSZKEHUEM
MOXKHO JioKa3aTh u Tak. [Ipumensis K Touke P B JII0OOM MOpsi/iIKe HM30NOHAJIBHOE
COTIPSIZKEHUE W (P,, MBI TMOJYyYUM TOUYKY Ha npsavoit X P. Jlerko Bumiers, 4to 06e
KOMIIO3UIIMK 33/1aI0T MPOEKTHUBHLIE OTOOPArKeHHUdA TOU NMpsIMOil Ha cedsd, MO3ITOMY
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JIOCTATOYHO MPOBEPUTH, YTO OHU COBIAIAIOT g TpexX mosoxkenuit Touku P. Ho
00€e KOMIIO3UIIMKA MEHAIOT MecraMu X U TOUKY mepecedenus nupsamoin ¢ X P ¢ YZ n
ONMCAHHON OKPY’KHOCTBIO, & TaKyKe OECKOHEYHO YJIAJIEHHYIO TOYKY C TOYKOW mepe-
ceuennsst XP u Y Z.

2. U3 pasenctBa X P - X P, = X@Q - XQ; caeayer rakxke PQ || PQ;.

6.3.

a) Cilejiyer u3 npejbliyiei 3aj1auu.

b) Caenyer u3 npumedanus 2 K npejablymieii 3aade.

¢) U3 npeapiaymiero myHKTa cJeyer, 9To T TOYKH JeKaT Ha KyOuKe, 3a1aBa-
eMoii 6eckonednoii Toukoii npameix AA', BB', CC’', DD'.

d) Nmeem pasencrBa A+ D+ X =A+C+Y =B+C+X=B+D+Y, u3
KOTOPBIX, oueBuIHO, cieayer, A+ A= B + B.

CaoiicrBam kBapreToB ObL1 nocssiier npoekt va XXII JIKTT [?]. B wacraocTu,
TaM MpeJIarajach 3a7a4da, KOTOPYIO He CMOT PEIUTh HU OJUH U3 yIACTHUKOB.

6.4. Ilycto A, B,C,D — xsaprer, A', B',C’, D' — u30roHajbHO CONPSAKEHHBII
kBapreT; Px — mouka nepecedenuss AD n BC, Py — AC u BD, P, — AB u CD.
Toukn Qx, Qy, Q7 onpenensiorcsa anagorndno 1o roukam A', B, C', D'. Jlokaxure,
9T0

a) s paenctrs A+ D' = B+ C', D+D' =C+C'"uD +D =C+C
cienyer, uto A+ D = B + C, 1.e. Px jexur Ha KyOuke. AHAJOIMYHO Ha KyOWKe
nexxar Py, Pz, Qx, Qy, Q7. Torna u3 pasencts A+ D + Px = A '+ D' + Qx =
B4+D+ Py =B +D +Qy nonyuaem A+ A+ Px +Qx = B+ B+ Py + Qy.
[Tockosbky A+ A" = B + B’ = oo (6eckoHednasi TOYKa KyOUKH), ITO PABEHCTBO
o3Hadaet, 9To npsimbie Py Q) x u Py ()y nepecekaroT KyOUKY B OJHOMN U TOIT 2Ke TOUKE.
DTa TOYKA W30TOHAJIBHO COMPsizKeHa OECKOHETHON W, 3HATWT, JIEYKUT HA OMHCAHHON
okpyxkuoctu. [Ipsmas Pz(Q); nepecekaer KyOUKy B TO Ke TOUKe.

b) U3 pasencts A+ D+ Px =A'"+D'+Qx=B+D+ Py =B +D' +Qy =
A+ D'+ X =B+D+Y nonywaem X +Y = Px + Qy = Py + Qx.

¢) Touka Z' nepecevennst Kyouku co croponoii XY M30roHabHO CONpsIZKeHA 2,
cJIe0BaTebHO Z Z' TPOXOANT vepes3 00..

6.5. 113 ycaoBug ciaenyer, uro ksaprersl Ay, By, C1, D1 u Ay, By, Cy, Dy 1OpOK-
JTafOT OJHY U Ty ke Kyouky. Ilpm atom Ay — By u Ay — By — oHa 1 Ta Ke TOUIKa
BToporo nopsaka. Ciaemosarenbuo, Ay + Ay = By + Bs, 1.e. npambie A1As u BBy
nepecekaloT KyoOuKy B OJIHOW U TOil »Ke TOYKe.

6.6. Tak kak X, Y, Z, co — KBapreT, KacaTe/JbHbIE B 3TUX TOYKAX MEPECEKAIOT
KyOWKY B OJIHON M TOW »Ke TOUYKe. DTa TOYKA M30TOHAJIHHO COMpsizKeHA OECKOHEUHO
VIAJIEHHOI U, 3HAYUT, JIEKUT HA OMUCAHHON OKPYZKHOCTH.

Bce xybuku xkBapTeToB nmpoxoagar depe3 Touku X, Y, Z, nenrpw I, Ix, Iy, Iy
BIIMCAHHON ¥ BHEBIIMCAHHBIX OKPY’KHOCTEH TpeyrojabHuka XY Z U KPyroBble TOY-
ku. Takum obpaszom, 3T KyOUKu oOpa3yior mydok. ['eoMeTprudecKuM MeCTOM TOYEK
mepeceveHnsl KacaTeJbHbIX K KyOMKaM Mydka B KPYTOBBIX TOYKAX OyIeT KOHUKA,
MOCKOJIBKY COOTBETCTBUE MeXK/ly KacaTeIbHBIMH HPOEKTHBHO. PaccMOTPUM BBIPOK-
JIEHHYI0 KYOUKY, COCTOAIIYIO U3 BHelNHel OuccekTpuchl [x [y yria Z u oKpyKHOCTH
XY 1I,. Kacarenbable K Heil B KDYTOBBIX TOYKAX [EPECEKAIOTCS B MEHTPE OKPYZKHO-
ctu — cepeaune jqyru XY . [lpu aTom cama KyOuka nepecekaeT OIMMCAHHYIO OKPY K-

15



HOCTH B IIPOTHBOIOJIOXKHON TOUKe — cepeaune ayru X ZY . AHAJOITYIHO TOJTYYIaAeM,
YTO KACATEIbHBIE B KPYIOBBIX TOYKAX HMEPECEKAIOTCHA B TOYKE OIMUCAHHONR OKPYZKHO-
CTHU, JAMETPAJIbHO MPOTUBOIO/IOKHON TOYKe KYyOUKM, /I IATH JPYTHX BbIPOK/ICH-
HbIX KyOuk myduka. CjegoBaTe/IbHO, 3TO BEPHO JJIsl BCeX KyOUK.

6.7. Kacarenbuble K KyOnkKe (pOKycoOB B KPYI'OBBIX TOYKAX IePECeKaroTcs Ha Ky-
ouke. [lo nmpenplaymeit 3a1aue morydaeM, YTO 4eTBepTas TOUKA MepecevdeHns Kyou-
KU ¢ OMHCAHHOI OKPY?KHOCTHIO JIOJI2KHA OBITH IPOTUBOLOJIOKHA OJHON M3 BEPIIKH.
Beckonedunasi Touka KyOMKH W30MOHAIBLHO COMPSIZKEHA ITOW TOYKE U, 3HAYUT, JICIKUT
HA COOTBETCTBYIOIIEH BBICOTE TPEYTroJbHUKA.

ITpumeuanme. llycTth GeckoHedHass TOYKa KYOMKH JIE?KUT Ha BBICOTE H3 Bep-
mael Z; A, B, C', D — npou3BobHbIi KBapTeT. Torma KyOuKa sBisgercs KyOHKOii
dokyco maa npambix AC, BC, AD, CD. Toukoii Mugkeas 3TuxX OpsaMbIX OyaeT
TOYKa Z, a nupsamoit [aycca — cepeuuHbIil mepneHuKy/asp K orpe3ky X Y.

6.8. I[Iyctb U — TouKa nepecevyenus KacaTe/JbHbIX K KyOuke B Toukax X, Y, Z u
J. N3 papenctB X+ X+U =Y +Y+U=24+Z+U=J+J+U =1+ Jo+J =0,
rie Ji, Jo — KpyroBble TOUKH, moaydaeM, 9to J; + o+ X +Y + 24U =0, 1e. U
JIEKUT Ha OKpyzkHOCTH XY Z. PaccMoTpuM KyOMKY KBapTeTOB, MPOXOAANIYIO depes
U. Ona coBmajaer ¢ JJaHHOM, HOCKOJIBKY UMeeT ¢ Heil cemb 00mux Toyek: X, Y, Z,
U, J, Ji, Jo, unpuduemMm KacaTejbHbIe B TOUKaxX X, Y, Z K 0benm KyOuKaM COBIIAIAIOT.

Eme npo 8-opbuthbr

6.9. Vkazaume. [lycrs unsepcus ¢ nearpom 1 nepesogur touku X, Y, Z B X/,
Y’ Z'. Torpa 8-opburta nepexoguT B JiBa NW30TOHAJBHO CONPSZKEHHBIX OTHOCUTEIHHO
tpeyroanauka X'Y'Z’ ksaprera.

Ecnu Toukn T', X, Y, Z nexat Ha 0JIHOIl OKPY?KHOCTH, MOXKHO TaKzKe€ HUCIIOJIb30-
BaTh HHBEPCHUIO, IEPEBOISIILYIO 3TH TOYKHU B BEPIINHBI TpsSMOyTroabHuKa. [Ipeobpaszo-
BAHUIO g7 x,y,z 1IPU 3TOl HHBepcUU OY/IeT COOTBETCTBOBATD MHBEPCUS OTHOCUTEIBHO
ONMCAHHON OKPYKHOCTH ITOTO MPSIMOYTOJIHHUKA.
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Isoptic cubics (cubics of foci)
and more circulal cubics

P.Kozhevnikov, A.Zaslavsky

(Presented by D.Demin, M.Didin, A.Zaslavsky, A.Zaslavsky, K.Ivanov,
P.Kozhevnikov, F.Nilov, I.Frolov)

One of the goals of this project is to study so-called isoptic cubic curve. It could
be defined in different ways, e.g., as the locus of points from which from which
the (oriented) angles viewing the two given segments are equal. While studying
interesting connections are revealed between different plots of elementary geometry
(inscribed angles, intersecting ciecles, etc.), geometry transformations (like symmetry,
inversion, isogonal conjugation, etc.), and some properties of cubic curves (operation
of addition of points on a cubic, etc.).

Content and section dependancy:

- In sections 0 — 3 we consider some (interesting in themselves) geometrical
constructions, and study some geometry technique needed further. In sections 0—
3 we have NO CUBICS, so fans of elementary geometry could work with these
sections independently. Section 4 is devoted to cubics only, nevertheless, in many
further questions NO CUBICS required.

- In section 0 we collect some known facts on inogonal conjugation (see also,
e.g., [8] (theorem on isogonals), [12] (isogonal sixtets and use of them in problem
solving), [3|). Also here initial results on isoptic cubics are presented.

- Note that sections 1 and 2 contain some important by not so well-known
questions.

- Section 3 is some branch connected with previous, but not used further.

- Section 4 contains some general facts on cubics; these facts could be helpful
further. Note the importance of Cayley-Bacharach theorem on 9 points and the
operation of addition of points on cubics. For some questions (including the questions
from elementary geometry) the language of cubics appears to be possibly the most
natural. On one hand, we tried to limit the number of presented facts (otherwise, we
have a large and detailed course on cubics only); on the other we tried to provide the
possibility of some effective use of cubics. A more detailed aquaintance with cubic
curves is welcome but not required (see, e.g., [5], [11], [9], [10]).

- Later the main sections 5 and 6 will be presented; they contain some nice pieces
on which the interaction of ideas of elementary and algebraic geometry takes place.
Section 5 is devoted to isoptic cubics, here some key questons are already in this list.
Section 6 mostly connected with the project of of TofT Summer Conference-2010
[13]. We believe that some new ideas could be helpful for better understanding and,
in particular, for solving problem 19a which was not solved by the students in 2010.

In several problems we deal with some special (not the general) case, (e.g., the
case of inscribed, circumscribed, degenerate quadrilateral, parallelogram, etc.) For
such problems we put a corresponding note marked with x.



0 Isogonal cojugation in polygons

Isogonals with respect to an angle (pair of lines)

Let O, X,Y, X' Y’ be points in the plane.

Definition. Let us say that X and X' (or, lines OX and OX’) are isogonals
with respect to angle YOY” (or, to the pair of lines OY, OY’), if OX and OX' are
symmetric in the bisector of angle YOY”.

The fact that OX and OX’ are isogonals with respect to angle YOY” denote by
Isogo(X X', YY').

0.1. Assume that lines OX,OX’, OY,OY" are distinct. Prove that the condition
Isogo(X X', YY") is equivalent to each of the following conditions:

a) Isogo(YY', XX');

b) pairs of lines OX,0X" and OY, OY’ have common bisectors;

¢) L(OX,0Y) = L(0Y',0X'), i.e., oriented angles viewing XY and Y'X’ from
O are equal (depending on the configuration, this condition is equivalent to one of
equalities /XOY = /Y'OX', /XOY + /Y'OX' = 180°; e.g., if O lies inside convex
quadrilateral XY X'Y”, the second equality is true).

d) p(X,0Y)/p(X,0Y") = p(X",0Y")/p(X',0Y) (here by p(X,{) denoted the
oriented distance from X to line /).

e) Projections of X and X’ onto OY and OY” (in case they are distinct) are
concyclic.

0.2. Theorem on isogonals. Let Z = XY NX'Y and Z' = X'Y N XY’ (so that
X, X"\ Y,Y' Z 7" are the vertices of a complete quadrilateral. Then Isogo(X X', YY")
implies Isogo(X X', ZZ") (and similarly, Isogo(ZZ',YY")).

Sometimes we use points at infitiny (in fact extending to the projective plane).
We may assume that the plane if supplemented by the line at infinity. Each point of
the line at infinity consodered as a common point of a family of all pairwise parallel
lines.

0.3.

a) Define Isogo(X X', YY) if O is a point at infitity.

b) Formulate and prove the theorem on isogonals for the case if O is a point at
infitity.

¢) Newton-Gauss line. Prove that the midpoints of the diagonals of a complete
quadrilateral are collinear.

Isogonal conjugation in a triangle

0.4. Let ABC' be a triangle, and let P be a point not lying on its sidelines. Prove
that lines symmetric to AP, BP, C'P in bisectors of angles A, B, C, respectively,
have a comon point (possibly a point at infinity).

Definition. Let the lines from the previous problem meet at P’. P’ is called
isiginally conjugate to P with respect to ABC.



Obviously, P’ is isoonally conjugate to P iff P is isoonally conjugate to P’. Thus
isogonally conjugate point form pairs. We may consider each point of a sideline as
an isogonally conjugate to the opposite vertex.

0.5. Prove that the isogonal conjugate to P is a point at infinity iff P lies on the
circle (ABC).

0.6. Let P,, P,, P. be points symmetric to P wrt sidelines of ABC'. Prove that
P’ is the center of the circle (P, P,P,).

0.7. Prove that the projections of P and P’ onto the sidelines of ABC' lie on a
circle (it is called the pedal circle for each of P, P').

0.8. Let P and P’ be isogonally conjugate wrt ABC'. Prove that there exists a
conic with foci P, P’ tangent to AB, BC, C'A.

0.9. Let X, X" and Y, Y/ be two pairs of isogonally conjugate points wrt ABC.
Prove that XY N X'Y" and XY’ N X'Y are isogonally conjugates.

Isogonal conjugation in a quadrilateral

Let A, A’, B, B’ be fixed points (not all are collinear). Further by quadrilateral
ABA’B" we mean points A, B, A’, B’ in this given cyclic order (in particular, broken
line ABA'B’ could be self-intersecting).

0.10. Let ABA'B’ be a quadrilateral, and X be a point. Let the isolonals of AX,
BX, A’X wrt the angles A, B, A" of ABA'B’, respectively, intersect at some point
X' (possibly X’ is a point at infinity). Prove that the isogonal of B’X wrt the angle
B’ also passes through X'.

Definition. Under conditions of the previous problem, X and X’ are called
isogonally conjugates wrt ABA’'B’. (We consider pair of vertices A, A’ (and B, B’)
as isogonally conjugates.)

The locus of points having its isogonal conjugate denote by ISO(ABA'B’).

Thus X and X' are isogonally conjugates wrt ABA'B’ iff all the conditions
Isoga(BB', XX"), Isoga(BB', XX'), Isogp(AA", X X"), Isogp (AA", X X') are true.
The previous problem shows that it is sufficient to put only 3 of 4 these conditions.

0.11. Prove that X € ISO(ABA'B') is equivalent to Isogx(AA’, BB').

Recall that Isogx(AA’, BB') means that from X oriented angles viewing AA’
and BB’ are equal; this note is in accordance with another name Isoptical cubic for
ISO(ABA'B').

0.12. (Isogonal sixtet) Consider a sixtet (more precisely, a triple of pairs) of
points (A, A’; B, B’; C,C") (here coincidence allowed only inside one of 3 pairs.)

a) Prove that C' and C’ are isogonally conjugates wrt ABA'B’ iff A and A’ are
isogonally conjugates wrt BCB'C".

b) Suppose that of the following 6 conditions Isoga(BB',CC"), Isoga (BB',CC"),
Isogp(AA',CC"), Isogp (AA',CC"), Isogc(AA', BB'), Isoge(AA', BB') any three
are true. Prove that all 6 conditions are true.

0.13. Assume that no 3 of ponts A, B, A’, B’ are collinear. Prove that X and X’
are isogonally conjugates wrt ABA’B’ iff X and X’ are isogonally conjugates wrt to
some two of triangles fromed by lines AB, BA', A’B’, B'A.



0.14. Assume that no 3 of ponts A, B, A’, B’ are collinear. Prove that X €
ISO(ABA'B’) is equivalent to each of the following conditions:

a) Projections of X onto AB, AB', A’B, A'B’ lie on a circle or a line (moreover,
projections of X’ also lie on it, if X’ is not a point at infinity).

b) There exists a conic with focus X tangent to AB, AB’, A’B, A’B’ (moreover,
X' is the second focus of this conic).

¢) In 3D there exists a pyramid SABA'B’, all faces of which are tangent to a
sphere, and X is the tangent point of thos sphere are the plane ABA'B’.

0.15. Find the locus of the midpoints of X X', where X € ISO(ABA'B’), and
X' is the isogonal conjugate of X.

0.16. (*COLLINEAR* ) For collinear A, B, A’, B’ let us define ISO(ABA'B’)
as the set of X for which Isogx(AA’, BB') is true. Find ISO(ABA'B’)

a) in the case A = A’ and A lies on the segment BB,

b) in the case of co-directed, but not equal AB and B'A’.

We will continue working with /SO(ABA’B’) in section ?7.



1 Isocyclic involutions

In the following construction with circles we define some transformations, we call
them isocyclic.

Let A, B, C,D be four points. Let fapcp maps X to Y that is the second
intersection point of circles (lines) (ABX) and (CDX) (note that Y is not well-
defined for some «non-regular» points X).

The above-mentioned transformations are interesting in themselves and have
proven to be useful in formulating and proving many claims.

1.1.

a) The location of «almost always» could be defined by (oriented) angles veiwing
segemnts AB, BC, etc., from X. Determine fapcp in terms of transformations of
these angles.

b) Prove that fapcp maps any circle passing through A and D to a circle passing
through B and C.

1.2

a) (Clifford theorem, reformulated). Prove that

faB,cp fBe,pa = fBc.pa faBcp-

b) Extend fapcpfpepa to «<non-regulars points. (In particular, find the image
of A and of the point at infinity.)

4-orbits

For four given points A, B, A', B’, (commuting) transormations fap a'p, fap aB
(more precisely, the group of four transformations fap a'p/, fap . a'B, fap A B fap A B, and the
identity transformation Id) defines a partition of all «regular» points into 4-orbits of the
form: X, Y = fapap(X), Y = fapap(X) nu X' = fapap(Y') = fap ap(Y).
Points A, A", B, B, X, X", Y, Y’ form a «closed (Clifford) configuration» of 8 points
and 8 circles having the following combinatorial symmetry: and two of four of
equitable pairs (A, A"), (B, B’), (X, X’), (Y,Y’) form a 4-orbit for the other two
pairs. Three of four pairs form a constructoin which is studied in section 3.

1.3. (*INSCRIBED*) Let A, B, A’, B’ lie on circle §2 with center O.

a) Determine fAB,A’B’?
b) Find the locus of fixed points of fap ap.

¢) Find the 4-orbit of O.

d) Prove that each 4-orbit is concyclic (or collinear);

e) and the circles from the previous item are co-axis (have common radical axis).

1.4. ("PARALLELOGRAM*) Let ABA'B’ be a parallelogram.

a) Prove that fap ap fap g is a central symmetry.

b) Prove that each 4-orbit ia a parallelogram XY X'Y’ whose angles are equal
to the angles of ABA'B’.

c¢) Let P be a point, and let Oy, Oy, O3, O4 be centers of circles ABP, BA'P,
A'B'P, B'AP. Prove that the angle between 0105 and O20; is constant (independent
of the choice of P).



d) Let parallelgram ABA’B’ is a pedal quadrilateral for a quadrilateral C DC’D’
and a point P. Prove that fep oo fop.crp(P) is a intersection point of diagonals
of CDC'D'.

8-orbits and quartets

For four given points A, B, A’, B', consider (pairwise commuting) involutions fag cp,
fac.Bp, fap e (more precisely, a group G of 8 transformations generated by them).
These transformations define the partition of all «regular» points into 8-orbits (each
8-orbit could be obtained as a union of two 4-orbits).

Note that involution g4 .cp = fap.cpfac,spfap,sc does not depend of ordering
points A, B,C, D.

One may consider a subset H C G of transformations that could be obtained as a
product of an even number of isocyclic involutions. There are 4 such transformations
(including Id), and, as we will see in section 2, all these transformations are cyclic.
We call the orbits under the action of H by quartets. Quadruple A, B, C, D is one
of quartets. Each 8-orbit could be obtained as a union of two quartets, one of which
is the image of the other by ga p.cp.

We continue to study this interesting construction in section 6.



2 Inversion-Freflection

2.1. Prove that

a) the circumcircles of four triangles formed by lines AB, AB’, A’B, A'B’, have
a common point (Miquel point);

b) Miquel point is the center of similitude taking XY to X'Y".

Definition. By inversion+refiection with center O we mean the product of an
inversion in a circle w centered at O and a symmetry about some line ¢ passing
through O.

For given points X, X' Y, Y’ by ¢ xy x/y+ denote a unique circular transformation
(= a Mobius transformation of the complex plane), interchanging points X < X’
Y < Y.

If the midpoints of XX’ and Y'Y’ coincide (further we call this case centrally-
symmetric, or the case of PARALLELOGRAM), then ¢xy x/y- is a central symmetry.
Otherwise (regular case) @xyxsy’ is an inversion-treflection with center at Miquel
point M = Mnyly/.

A fixed inversion-+reflection lets «to observes all regular quadruples. The following
precise claim about this:

2.2. (universality of ¢) Let ¢ be a fixed inversion-+reflection with center O. Prove
that for each regular quadruple (X, X’;Y,Y”) there exist exactly two (symmetric in
O) quadruples of the form (A, p(A); B, p(B)), similar (with same orientation) to
(X, X", Y,Y").

The next problems shows an important connection with isocyclic involutions.
2.3. (split) Prove that

WYABCD = fAB,CD fBC,AD-

2.4.

a) Prove that @apcp wacep = PacBD PaBCD-
b) Find the transformation that equals to this product.

Further for Miquel point (=centers of inversion+reflection) and corresponding
inversions+symmetries use also the following short natation (asin [13]): X = Magpc,
Y = Muapcp, Z = Macep, ¢x = PABDC, Py = PABCD, Yz = Yacsp- Also set
Px=ADNBC, P =BDNAC, P,=CDnNAB.

2.5. Prove that px(Py) = Py.

(Note that this fact is in accordance with theorem on isogonals.)

2.6. Prove that px(Y) = Z.

We see that one could fix ¢x, ¢y, ¢z and vary quartets A, B,C, D — further
see section 6.



3 Harmonic sixtets

In the plane (accomplished by the point co) consider ordered sixtets (more precisely,
triples of unordered pairs) of points (A, A’; B, B’; C,C"). Here allow coincidence
inside pairs A and A’, B and B’, C and C".

Definition. We call sixtet (A, A’; B, B'; C,C") harmonic, if

a—b c—d b-(

V—c a—b ¢—a L (1)
where a,d’, etc. are complex numbers corresponding to points A, A’, etc.

3.1. Prove that the property of (A, A”; B, B’; C,C") «to be harmonic» is invariant
under

a) transpositions of pairs (A, A") < (B,B’), (B,B) < (C,C"), (C,C") +
(A, A%);

b) transpositions inside (A, A"), (B, B’), (C,C").

¢) the choose of complex coordinates in the plane;

d) under circular transformations (see, e.g., [6]).

3.2. For five points A, A’, B, B’, C there exists a unique C’ such that (A, A’; B, B'; C, C")
is harmonic.

3.3.

a) Sixtet (A,A/;B,B/;C, C/) is harmonic iff Cl = SOABA’B’(C); or Yacacr =
PABA'B’-

b) Let A, A’; B, B'; C, C"; D, D' be 8 points (coincidence allowed inside
pairs A, A’, etc., only) Suppose that (A, A"; B, B’;C,C") and (A, A"; B,B’; D, D’)
are harmonic. Prove that (A, A’;C,C’; D, D') is also harmonic.

Moreover, note that if pacacr = Yaparp = @ is a central symmetry, then the
midpoints of AA’, BB, CC" coincide, and harmonic sixtet (A, A’; B, B’; C,C")
is symmetric (about a point). Otherwise (if ¢ is an inversion+reflection), then
the midpoints of AA",BB’, CC’ are distinct, and we call such harmonic sixtet
(A, A;B, B";C,C") rugular. A fixed inversion+reflection lets «to obsevres all regular
harmonic sixtets as a «similar copy» of the form (A, p(A); B, p(B); C,¢(C)).

3.4. Let (A, A’; B, B’; C,C") be a harmonic sixtet. Prove that

L(AB,AC) + L(AB', AC") = /(A'B, A'C) + /(A'B', A'C").

Harmonicity and products of similitudes

Let us denote by hx y_,z the similitude with center X taking Y to Z.

Consider the following relations (here R and L are choosen to label relations
on angles (rotation) and lengths (lengths); further the cyclic sequence like A'B'C’
determines the cyclic order (in the sixtet) BA'C'B’AC’ uniquely):

L(AB,AC) + {(B'C,BA) + L(TTA,CB) =0, (R— A'B'CY)



-

where by (@, b) we mean the measure of the angle of counterclockwise rotation from
d to b taking modulo 2.

BA" OB AC'
AC B'A OB

~ 1. (L— A'BC)

3.5.

a) Prove that sixtet (A, A’; B, B’;C,C") is harmonic iff the conditions (R —
A'B'C") and (L — A’B'C") are fulfiled.

b) Prove that sixtet (A, A"; B, B'; C, C") is harmonic iff hg ¢4 ha pc her ap =
Id.

¢) (generalized Napoleon theorem) From (R — A'B'C") and (L — A’B'C") derive
(L—-C'AB’).

d) Find the way to construat the center of the product of two similitudes.

e) Among all conditions of the form (R — ...), (L — ...) find paris of conditions
which imply all the other conditions.

Some constructions with conditions (R—A'B’C") and (L—A’B’'C") are considered
in [4], where these conditions are formulated as existence of a quadruple XY, Z, T
such that AC'B ~ XTY, BA'C ~YTZ, CB'A~ ZTX. E.g., in [7] there examples
of applying generalized Napoleon theorem to some constructions with «add-ons»
BA'C, CB'A, AC'B constructed on the sides of a triangle ABC" if conditions (R —
A'B'C") and (L — A’B'C") are given, then, by (L — C'AB’), the angles of triangle
A’B'C" could be found in terms of the angles of add-ons only, regardless of the angles
of ABC.

3.6. Establish the following description: sixtet (A, A’; B, B’;C,C") with A # A’
and B # B’ is harmonic iff one of the two following conditions hold:
1) circles (lines) (ABC"), (A'BC), (AB'C'), (A’B'C") are pairwise distinct and they
have a common point;
2) AJA’, B,B', C,C" are concylic and AA’, BB', CC" are concurrent, A, A', B, B/,
C,C" are collinear points which could be transformed by a circular transformation
to a concyclic configuration mentioned above.

3.7.

a) Prove that the isogonal sixtet (A, A’; B, B'; C,C") is harmonic.

b) Prove that if /soga(BB’, CC") holds, then the harmonic sixtet (A, A’; B, B'; C, C")
is isogonal.

c¢) Prove that that if the midpoints of AA’, BB’ C'C’ are collinear, then the
regular harmonic sixtet (A, A’; B, B'; C, C") is isogonal.



4 Information about cubics

Definition. Algebraic curve is the set of points with (complex) coordinates (z,y)
satisfying to F'(x,y) = 0, where F(z,y) is a polynomial probably with complex
coefficients. Degree of algebraic curve is the minimal degree of corresponding polynomials.

Algebraic curves of degree 2 and 3 are called also conics and cubics respectively.

Definition. A triple (z:y:2) # (0:0:0) of (complex) numbers defined apart
from a common multiplicative (complex) constant is called homogeneous coordinates
of the point on the (complex) projective plane. If z # 0 we can identify the triple
(x,y,z) with the point (z/z,y/z) of (complex) Euclidean plane. The triples with
z = 0 correspond to the infinite points.

Algebraic curves are often considered as subsets of (complex) projective plane.
Then the equation F'(x,y) = 0 of degree n is rewrited in homogeneous coordinates
as P(z :y:2z) =0, where P = 2"F(x/z,y/z) is homogeneous polynomial of degree
n such that F(z,y) = P(x:y: 1) (for example if F(x,y) = 2% — 2y? + 3oy — x + 1,
then P(x,y,2) = 23 — 2y%2z + 3wyz — 222 + 23).

Definition. Algebraic curve is degenerated, if any correspondent polynomial is
reducible (i.e. equals to the product of polynomials with smaller degrees).

Partially a degenerated cubic is defined by equation QL = 0, where Q and L are
polynomials of degrees 2 and 1 respectively; so it is the union of the line L = 0 and
the conic ¢ = 0 (this conic also can be degenerated).

We will to consider the intersection of cubic C and line ¢. To find C N ¢ we
have to prove the system P(z,y,z) = 0, L(z,y,2) = 0 of homogeneous equations
with degrees 3 and 1 respectively. Using L(x,y,z) = 0 we can express one of
coordinates through the remaining ones and substitute it ib P(z,y,z) = 0. For
example substituting z we obtain a homogeneous equation R(z,y) = 0 of degree 3.
In the degenerate case R = 0 polynomial P is divisible by L and ¢ C C. If R # 0,
then R is a product of linear polynomials L;LsL3 (L; in general case have complex
coefficients). Each equation L; = 0 define a point A; € C N ¢ (probably infinite or
non-real). Some of L; can be proportional. If L; = ALy, then the point A; = A,
is a multiple common point: point of order 2 if L3 is not proportional to L;, and
point of order 3, if all L;, « = 1,2, 3, are proportional. It can be proved that the
order of common point does not depend on the coordinate system x,y,z. Thus a
non-degenerated cubic C meets an arbitrary line ¢ exactly in three points taking into
consideration their orders.

Several special cubics C contain so called singular points (for example the point
(0,0) is a self-intersection point of curve y* = z* + 2 and cuspidal points of curve
y? = 23; formally the point is especial if the partial derivtives of the polynomial
equal zero). If the order of a non-singular common point A; € C N ¢ is grater than
1, then ¢ touches C at Ajy; if the order of Ay is 3, A; is called an inflexion point of
C. (Understand the geometrical sense of this.)

Since the cubic meets any line at three points we can define for an arbitrary
non-singular point P € C the projection with center P: the involution sp : C — C,
mapping point X € C to the third common point of PX with C (if X = P the line
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PX is the tangent to C; for the inflection point O we have so(O) = O).

In general to find the common points of two curves with degrees m and n we
have to solve an equation of degree mn. Thus by the Besou theorem:

Two algebraic curves with degrees m and n defined by relatively prime polynomials
have exactly mn common points taking into consideration their orders.

We do not give strict definition of the order of common point because it is not
necessary for the solution of the problems. Not only that the (non-singular) touching
point A of two curves is their common point with order greater than 1. (For example
understand that two concentric circles have two imaginary infinite touching point
(the circular points defined below)).

By the Besou theorem we obtain that an arbitrary conic meets meets a nondegenerated
cubic at 6 point taking into consideration their orders and two different cubics have
exactly 9 common points taking into consideration their orders.

It is known that for any point X there exists 6 lines passing through X and
touching the given non-special cubic C. Also 6 touching points lie on the conic. If
X € C, then two or three of these lines coincide with the tangent at X.

Mention another significant theorem:

The Shales theorem (about 9 points on three cubics). Let two cubics intersecting
at 9 points (taking into consideration their orders) be given. Then any cubic passing
through eight of these points passes also through the remaining one.

This theorem can be also used for degenerated cubics.

Definition. Let a cubic C and a non-singular point O (zero) on it be given. For
two arbitrary non-singular point A, B € C find third common pointC' of line AB
with C, after this find third common point of line OC and C. Call this point the sum
A+ B of points A and B.

4.1. Prove that

a) the addition of points of a cubic is associative: (A+ B)+C = A+ (B + C);

b) for any (non-singular) points A, B there exists a unique point A — B, such
that B+ (A — B) = A.

4.2. Express the operation «+’» with zero at point O’ € C through the operation
«+» with zero at point O € C.

4.3.

a) Prove that for any three non-singular points A, B, C' of C lying on a line ¢ the
sum A + B + C does not depend on /.

b) Let O be a suflection point. Prove that A+ B+ C = O if and only if A, B,C
are collinear.

The assumption of problem 4.1. means that the addition of points on C (without singular points)
define the structure of Abelian group. It may be proved (see problem 4.2), that this structure does

not depend on the choice of zero—point O. This group can be defined as a group of transformations
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C — C having view X — X + C.

4.4. (the criterium of commutating projections). Let P, P’ € C be non-singular
points. Prove that spsp = sp/sp if and only if

a) for any X € C we have the closing condition: spspspsp/(X) = X;

b) the tangents to C at P and P’ meet on C.

The condition (a) allows to define in case spsp = spisp the following bijection
between the pairs (X, X’), (Y,Y”) of points on C: Y = sp(X), X' = sp(Y), Y' =
sp(X'") = sp(X) (so XX, YY’, PP' — are the diagonals of the quadrangle inscribed
into C).

4.5. (Points of order 2 and the translation involutions.) Let C' € C be such point
that C' # O and C' + C = O. (I.e C is the point of Abelian group with order 2.)
Then the translation X — X + C'is an involution X < X'.

a) Choosing an inflection point as O describe the points of order 2 and the
corresponding involutions. How many points of order 2 may be on the cubic?

b) Prove that the tangents to C at X and X’ meet on C; and inversely the pair
of points P, P’ € C such that the tangents to C at these point meet on C defines the
translation involution X — X + P’ — P.

4.6. Let C be a non-special cubic and O be an inflection point. Prove that the
sum of six points equals O if and only if they lie on the conic.

4.7.

a) Fix A,B,C,D € C. For any point X find the sixth common point (taking
into consideration their orders) Y of the conic passing through A, B,C, D, X with
C. Prove that all lines XY concur.

b) Fix P,C, D € C. For an arbitrary line passing through P find the points X € C
and Y = sp(X). Consider a conic passing through C, D, XY and meeting C also
at points Z,T. Prove that all lines Z'T" pass through a fixed point @) € C.

Circular cubics

Definition. Points (imaginary) with homogeneous coordinates (1,4,0) and (1, —i,0)
are called circular points.

Definition. A cubic passing through two circular points is called circular cubic.

4.8. Prove that any circle (i.e a line with equation (z —a)?+ (y —b)? = r?, where
a, b, r are complex numbers) passes through circular points.

4.9. Let X <> X’ be a translation involution on circular cubic C: X' = X + C,
where C'+ C' = O. For non-singular points A, B, X € C distinct from the circular
points prove that the second non-circular common point of circles (ABX) and
(A'B'X) lies on C.

4.10. (pencils of «antiparallels») Let P and @ lie on a circular cubic C. Passing
lines through P we obtain pairs of points X,Y on C. Passing lines through @) we
obtain pairs of points Z, T

a) Prove that if X,Y,Z, T are concyclic for several lines, then this is true for
arbitrary lines.
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b) The assumption of the previous item is true if and only if PQ) is parallel to the
asymptote (i.e the line passing passing through the infinite point of cubic distinct
from the circular points).
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5 Cubics of foci

Further (in sections 5 and 6), when we deal with an equation of a cubic, we assume
that its coefficients are real (though we can substitute complex coordinates of points
in this equation).

Properties of cubics of foci

5.1.

a) Prove that if X € [SO(ABA/B/), then Y = fAB,A’B/<X) € [SO(ABA/B/),

b) all such lines XY have a common point.

5.2. Prove that ¢ = @ apa/p maps any point X € ISO(ABA’'B’) to the isogonally
conjugated point X”.

5.3. Prove that ISO(ABA’B') is a circular cubic.

5.4. Prove that (in regular case) ISO(ABA'B’) contains the following points:

a) A, B, A, B';

b) P= ABNA'B, P' = AB'N A'B;

¢) the Mickel point M = Mapapr;

d) the projection of a common point of AA” and BB’ to the line PP’;

e) point T = Typ ap such that triangles TAB' and TA'B are similar and
oppositely oriented (and point T4p a5 defined similarly).

5.5. For all points indicated in the previous problem find

a) isogonally conjugated points

b) and corresponding 4-orbit.

5.6. (Asymptote and Newton-Gauss line) Prove that the asymptote of ISO(ABA'B’)

a) is parallel to the Newton-Gauss line;

b) passes through the reflection of M about the Newton-Gauss line.

¢) Prove that for any X € ISO(ABA'B’) the midpoint of segment between X
and s7(X) lies on the Newton-Gauss line.

5.7.

a) (S.Berlov) Prove that all lines XY (see problem 5.1) pass through Tap 5.

b) Prove that line PT4p a5, where P = AB N A'B’, is parallel to the Newton-
Gauss line.

5.8. Let (C,C") and (D,D’) be two pairs of isogonally conjugated points of
ISO(ABA'B’). Prove that the cubic of foci ISO(C'DC'D") coincide with ISO(ABA'B’),
and the pairs of isogonally conjugated points are the same for both cubics.

5.9. Let X, X’ be isogonally conjugated points on a cubic of foci. Prove that
X — X' = K is the point of order 2 not depending on X (i.e. K + K = O).

5.10. (*CYCLIC*) Let points A, B, A’, B’ lie on a circle €2 centered at O. Let
X,Y, X' Y' be the 4-orbit of a point X € ISO(ABA'B’). Prove that the conics with
foci X, X’ and Y, Y’ inscribed into ABA’B’ are similar.

5.11. (*HARMONIC*) Let ABA'B’ be a harmonic quadrilateral (i.e. inscribed
with equal products of opposite sides).
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a) Prove that the midpoints M4 and Mp of segments AA" and BB’ lie on
ISO(ABA'B’).

b) (Brocard points) Prove that M4 and Mg form a 4-orbit with Brocard points
BTl, BTQ.

c) Let AANPP =W, and w be circle (M4BryMgBrsy). Prove that the central
projection w — w with center W maps the 4-orbit M4 Br;MpgBrs to the 4-orbit of
0.

5.12. (*PARALLELOGRAM*) Let ABA'B’ be a parallelogram.

a) Prove that X € ISO(ABA'B') if and only if /(BA,AX) = /(A'X,A'B).

b) Prove that X € ISO(ABA’B’) if and only if circles (X AB), (XAB'), (XA'B'),
(X A’B) are congruent.

¢) Prove that ISO(ABA’B’) is the union of the infinite line and the hyperbola
passing through A, B, A’, B,

d) and this hyperbola is equilateral and has the asymptotes parallel to the
bisectors of angles of ABA'B’.

5.13. (*CIRCUMSCRIBED + DEGENERATED A = A’*)

a) Let ABA'B’ be a quadrilateral which is non-parallelogram, and let I be its
degenerate 4-orbit (i.e., such 4-orbit that all 4 its points coincide). Determine if
the following implications are true: [ € ISO(ABA'B’) < AB, BA', A'B’, B'A are
tangents to a circle.

b) In this case M apa g coincide with the projection of the center of circle (Al A’)
to the symedian of triangle AIA’ from I.

5.14. (*ac=bd*) Let C be the third common point of AA" and [SO(ABA'B’),
and D be the third common point of BB" and ISO(ABA'B’).

a) When C' = D?

b) When D = C"?

¢) (semiBrocard). Call P a (first/second) semiBrocard point if /(PA, AB) =
L(PA',A'B’) and /(PB,BA") = /(PB’, B'A). Prove that two of four points of 4-
orbit of semiBrocard point lie on AA” and BB'.

d) (IMO2018) Let ABCD be a convex quadrilateral such that AB-CD = BC -
DA. Point X inside ABCD is such that /XAB = /XCD and /XBC = /XDA.
Prove that /BX A+ /DXC = 180°.

Another descriptions of cubics of foci

5.15. Let Miquel point M be the origin of the coordinate system, and let its
isogonally conjugated point be the infinite point of axis y. Prove that the cubic of
foci has equation (2 + y?)(xz + A) = Bz + Cy.

5.16. Prove that

a) a circular cubic is a cubic of foci if and only if the tangents at circular points
meet on the cubic;

b) in this case the tangents meet at the Mickel point M.

5.17. (touching points of circles of a pencil) Let L, L' be two non-circular points
of a cubic of foci C such that the tangents at these points pass through M. Take an
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arbitrary circle passing through L and L', and the tangents M X, MY to it. Prove
that

a) X,Y €C,

b) all lines XY meet C at the same point.

¢) Let a pencil of circles and an arbitrary point M be given. Prove that the locus
of points X, Y, where M X, MY are the tangents to an arbitrary circle of the pencil
is a cubic of foci.

d) How the view of the cubic depend on the type of the pencil.

5.18. (Universality of ¢ or the collection of all cubics of foci) Let ¢ be a given
inversion and symmetry with center M.

a) Let a line m be given. Prove that the locus of points X such that the midpoint
of X¢(X) lies on m is a cubic of foci.

b) Find the correspondence between lines m and cubics of foci.

¢) Descript the sets of common points of different cubics of foci.
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6 Quartets and isogonal cubics

6.1. Let a triangle ABC' and a point J be given. Prove that

a) the locus of such points P that P, isogonally conjugated point P, and J are
collinear is a cubic passing through the vertices of triangle, its incenter, excenters,
J, and isogonally conjugated point J';

b) this cubic is circular if and only if J is an infinite point.

Let a triangle XY Z be given. As in section 2 denote as px the composition of
inversion centered at X with the reflection about the bisector of angle X, transposing
Y and Z. Define ¢y, ¢z similarly.

6.2. Prove that these maps commute each other and commute with isogonal
conjugation.

Let A be an arbitrary point, B = ¢z(A), C = ¢y(A), D = ¢x(A). The
quadruple {A, B,C, D} is called a quartet with respect to triangle XY Z.

6.3. Prove that

a) the quadruple of isogonally conjugated points {A’, B’, C’, D'} is also a quartet;

b) the lines AA’", BB', CC', DD' are parallel;

¢) the points A, B, C, D, A', B', C', D', X, Y, Z lie on a circular cubic (call it
the quartets cubic;

d) A+ A=B+ B=C + C=D + D, i.e. the tangents to the quartets cubic at A,
B, C, D meet the cubic at the same point.

The properties of quartets were considered in the project of XXII Summer
Conference [13|. In partial, the following problem was proposed there, but the
participants did not solve it.

6.4. Let A, B,C, D be a quartet, A’, B, C", D’ be isogonally conjugated quartet;
Px be the common point of AD and BC', Py be the common point of AC' and BD,
Pz be the common point of AB and CD. points Qx, Qy, Q7 are defined similarly
using points A’, B', C’, D’. Prove that

a) the lines PxQx, PyQy, PzQz concur at a point lying on the circumcircle of
XY Z,

b) the lines PxQy, PyQx and XY concur at a point Z’;

c) ZZ'is parallel to AA'", BB',CC'", DD'.

6.5. Let Dy, D} and D, D, be two pairs of isogonally conjugated points such that
DlDll || DgDé Prove that the lines A1A27 BlBQ, 0102, D1D2 concur (Al, Bl, Cl, D1
and As, By, Cy, Dy are quartets).

6.6. Let the tangents to a quartets cubic at X and Y meet at P, and the tangents
at circular points meet at (). Prove that P(Q is a diameter of circle XY 7.

6.7. Where a quartets cubic is a cubic of foci?

6.8. Let C be a circular cubic, J be its infinite point distinct from circular points,
X, Y, Z be such points that X + X =Y +Y =2+ 7 = J + J. Prove that C is a
quartets cubic with respect to triangle XY Z.

Once more about 8-orbits

6.9. Let A, B, C, D, A* = gapcp(A), B*, C*, D* be a 8-orbit with respect to
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X,Y,Z,T.
a) Prove that the circles (TTAA*), (I'BB*), (I'CC*), (T DD*) touch each other;
b) Prove that the circles (TAD), (TA*DA*), (TYZ) are coaxial (where D =

oxyrz(A)).
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7 Once more

Isogonal conjugation of circles

7.1. (F. Nilov) Let a quadrilateral ABC'D be given. Let 4, Iy, l., l4 be the internal
bisectors of angles A, B, C', D respectively. Let a, b, ¢, d be lines passing through
A, B, C, D respectively in such a way that the common points of a and b, b and
¢, cand d, d and a lie on a circle «. Let o/, V', ¢, d’ be the reflections of a, b, ¢, d
about I, Iy, [, l; respectively.

a) Prove that the common points of @’ and ¥, I/ and ¢, ¢ and d', d’ and o lie
on a circle o/;

b) and o = papop(a).
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Focal and circular cubics

Solutions and hints (preliminary version)



0 Isogonal cojugation in polygons

Isogonal conjugation in a quadrilateral

0.10. Use the assumption of 0.1d.

0.11. Use the assumption of 0.14a.

0.12.

a) Follows from the previous problem.

b) There are two different combinatory cases which follow from 0.10 and 0.11
respectively.

0.13. Using 0.7, 0.8 we obtain that if X and X’ are isogonally conjugated with
respect to pairs a,b and b, ¢, then X and X’ are isogonally conjugated with respect
to ¢, a.

Also we can assert: if X and X' are isogonally conjugated with respect to some
polygon, then they are isogonally conjugated with respect to any two its sidelines.

0.14.

a) 1) Let X € ISO(ABA’B’). Then by 0.le the projections of X and X' to
AB, AB' lie on a circle w, the projections of its center O bisect the projections of
segment X X', thus O is the midpoint of X X’. Similarly the projections of X and
X" to AB’, A'B lie on a circle with center O and radius R = OXp (where Xap is
the projection of X to AB'), i.e. on w. Finally repeat this reasoning for A'B, A'B’.

17) Let the projections of X to AB, AB', A’B, A’B’ lie on a circle w centered at
O. Then the point isogonally conjugated to X with respect to the triangle formed by
lines AB, AB’, A’B coincide with the reflection X’ of X about O. The same point is
isogonally conjugated to X with respect to the triangle formed by lines A’'B’, AB’,
A’B. Hence by 0.13, X and X’ are isogonally conjugated with respect to ABA'B’.

2) The assumption Isogx(AA’, BB') is true if and only if the projections X g,
XBA’; XA’B’; XB’A are COIl(ZycliC. In fact, using Z(XABXBA/, XBA’XA’B’) = 4(XABXBA’, XBA/X)+
L(XXpa, XpaXap) = ZL(AB,BX) + (XA, A’B’) and similar equalities we
obtain that Z(XABXBA/, XBA’XA’B’) = Z(XABXB/A, XBIAXA/BI) = Z(BX, AX) =
Z(B'X,AX).

b) The following reasoning yields that b) and X € ISO(ABA'B’) are equivalent.
Let R = OX 5 = OX/y5. Let Xj be the reflection of X about AB, T = X'XqNAB.
Then XT and X'T are symmetric with respect to AB and XT + X'T = £2R, i.e.
OX sp is a medial line of triangle OX’' X, and XT = X,T. A conic with foci X, X’
and (major) semiaxis £2R touches AB.

Remark. Note that this conic twice touches a (pedal) circle with center O and
radius R. It is the Brocard conic of point X corresponding to angle 90°. (This remark
can be generated for skew-pedal circle).

¢) Let such pyramid with insphere w exist. Then the cone K with vertex circumscribed
around w is also inscribed into the pyramid. Inscribe into K another sphere w’
touching ABA'B’ at X’'. This is a known construction of Dandelin spheres, and
points X. X' are the foci of a conic inscribed into ABA’B’ (this conic is the section
of K by the plane ABA'B’).

Remark. For the circumscribed pyramid we have ZASB + ZA'SB' = Z/BSA' +



/B'SA, which generates the equality ZAXB + ZAXB = /BXA' + /B'XA
equivalent (for the point inside ABA’B’) to Isogx(AA’', BB').

0.15. The midpoints of XX’ are centers of conics inscribed into ABA'B’. Tt
is known that they lie on the Newton-Gauss line. Each point of the Gauss line
corresponds to exactly one pair X, X’ of points symmetric with respect to it. This
can be obtained for example using complex coordinates (see. 3.7.).

0.16.

Let X does not lie on AA’BB’. Since the bisectors of angles AX A" and BXB’
coincide, we obtain that X lies on the common Appolonius circle of pairs A, A" and
B, B’. Such circle is unique (as the common circle of two pencils or such circle that
A and A’ B and B’ are inverse about it). In problem a) the locus of X satisfying to
Isogx(AA’, BB’) is the union of AA’ and the Appolonius circle w of points A and
A’ passing through B = B'.

Remark. This problem explains another name of ISO(ABA’'B’) — Apollonius
cubic.

Problem b) was proposed by L.Emelyanov on the South tournament nearly 20
ago.



1 Isocyclic involutions

1.1.

a) Directed angles Z(XB, X A) and Z(X D, XC) do not change.

L(YC,YB)=Z4YC,YX)+£4YX,YB)=Z4(DC,DX)+ Z(AX,AB) = ZD +
L(DA,XD)+ LA+ L(XA,DA)= 4D+ LA+ Z(XA,XD,).

Similarly for angles Z(YA,Y D) and Z(X B, XC).

b) follows from the previous Z(X A, X D) is constant, therefore Z(YB,YC) is
constant.

1.2. After an inversion with center A the assertion follows from the existence of
a Mickel point.

Also we can obtain this assertion from the description of fapcpfeopa (as
inversion-t+reflecton) given in section 2. This description allows also to define fagcpfeepa
for «non-regular» points?

4-orbits

1.3.

a) Let P = ABNA'B’. Then P is the radical center of circles (ABXY), (A’B'XY)
and €2, hence XY passes through P, also PX - PY = degqoP, thus fap ap is the
inversion with center P conserving (2.

b) By the previous the set of immobile points of fap ap is the circle with center
P and radius v/degq P.

¢)Let P = ABNA'B, E=AANBB,L=PENPO, L' =PENPO. It is
known that P'E is the polar of P with respect to 2, hence P’E 1. PO and PO-PL =
degQP, thus L = fAB,A’B’(O)- Slmllarly L = fA’B,AB/(O) and £ = PL'NP'L — the
fourth vertex of 4-orbit O, L, E, L.

d) Since PX-PY = PX'-PY' = degq P, we obtain that X, Y, X', Y are concyclic
and the degrees of P with respect to circles (XY X'Y”) are the same for all 4-orbit
X,Y, X', Y").

e) Similarly the degrees of P’ with respect to circles (XY X'Y’) are equal,
therefore PP’ is the radical axis of all (XY X'Y").

1.4.

a) Let Y = fAB,A’B’(X)- Then A(AY,YB/) = Z(A}/,XY) + 4(XY,YB/) =
/(AB,BX)+ (XA, A'B') = /(XA',AB) + Z/(AB,BX) = Z(A'’X, XB). Let X',
Y” are the reflections of X, Y about the center of the parallelogram. Then by the
symmetry Z(A'Y')Y'B) = Z(AY,Y B’), hence Z(AY')Y'B) = Z(A'X,XB), and
B, A’X,Y" are concyclic. Similarly B'; AX,Y" are concyclic, hence Y’ = farp ap (X).
From similar reasoning about X’ we obtain that X,Y, X', Y is a 4-orbit (of X).

b) We yave Z(XY, XY") = Z(XY, XB)+Z(XB,XY") = L(AY, AB)+Z(A'B, A'Y"),
by symmetry this is equal to Z(AY, AB) + Z(AB', AY') = Z(AB', AB).

c) Let X = P and X,Y, X’ Y’ be the 4-orbit of X. Then O;03 L XY (the
centers line is perpendicular to the common chord of circles (ABP) and (A'B'P)),
similarly OO0, L XY’. Then by the previous the angle between O;03 and 00,
equals the angle between XY and XY and equals to the angle of the parallelogram.



Remark. This problem was proposed by P.Kozhevnikov for the South Tournament
in 2017.

d) Let A, B, A’, B' be the projections of P to CD,DC’,C'D’, D'C respectively,
Q = fCD’,C’D(P), K =CC'NDD'. Then Z(DQ,QC) = Z(DQ,QP)'}‘A(PQ, QC) =
/(DC',C'P)+ Z(PD',D'C) = Z(BA', A'P) + Z(PA'", A'B) = /(BA', A'B). By the
previous (since D, C’, D', C' are the homothetic images of Oy, Oq, O3, O, with center
P and coefficient 2), Z(DK, KC) = Z(BA’, A’B), hence C, D, Q, K are concyclic.
Similarly C’, D', @, K are concyclic, therefore K = fop op/(Q), q.e.d.

Remark. If CDC'D’ is cyclic this fact corresponds to 1.3c.



2 Inversion-Freflection

2.1. This is well known.

2.2. If ABA’B' is given then the center, the axis and the radius of inversion+reflection
are defined by the following way: the center is the Mickel point M jf ABA’B’, the axis
bisects the angle between M A and M A’, the radius equals v M A - M A’. A similarity
maps (X, X"; YY) to (A, p(A); B,(B)) if and only if it maps the center, the axis
and the inversion circle for (X, X’;Y,Y”) to the center, the radius, and the inversion
circle for (A, p(A); B, ¢(B)).

Next problem indicate important connection with isocyclic involutions.

2.3. (split) For the central symmetric case see problem 1.4.

Let ¢ = waparp — is the inversion+reflection centered at M.

For an arbitrary point C' define D = fap a5/(C) and C’ = ¢(C). Prove that
A, B', D,C" are concyclic which is equivalent to Z(AD, DB’) = Z(AC’,C"B’). This
will be sufficient because similarly we obtain that A’, B, D, C" are concyclic an hence
C" = fap.ap(D).

We have Z(AD,DB') = Z(AD,DC)+4£(DC,DB’") = Z(AB, BC)+Z(CA’, A'B’)
as inscribed angles. From inversion-+reflection Z(AC",C'B’) = Z(AC',C'M)+Z£(MC',C'B’) =
L(CAAM) + Z(MB, BC). Hence Z(AD,DB’) — Z(AC',C'B") = Z(AB, BC) +
L(CAA'B)+ L(AM,CA"Y+ L(BC,MB) = Z(AB,MB) + Z(A'M,A’B’") = 0.

2.4. Prove that ¢ apcppacsp = @appc (and similarly waceppascp = Yaspe)-

Left and right expressions are circular maps of I type transposing A with D and B
with C. Such map is unique.

Also we can obtain the solution from the previous problem: Yapcp = fap.cp fBc.ap =
IBc,ap fap.cp- Then pacep apep = (fac.sp fBo.ap)(fBo.AD faBcD) = facBD fJ2BC,AD faBcp =
fAC,BD fAB,CD = YABDC-

(How the requirement of regularity for fapcp, ...can be avoided?)

2.5. Follows from ¢x(BD) = (XAC), px(AC) = (XBD), and since X is a
Mickel point the circles (X AC) and (X BD) pass through P, = ABNCD.

Remark: this fact corresponds with the isogonals theorem.

2.6. Follows from ¢x((BCZ)) = (CBY) and ¢x((ADZ)) = (DAY'), because
Py lies on the circles (BCZ), (ADZ), and Py lies on the circles (CBY') and (DAY).



3 Harmonic sixtets

3.1.

a) Immediate check.

b) Immediate check.

¢) Translation z — z+¢, multiplying by constant z — cz, ¢ # 0, and conjugation
2z — Z conserve (1).

d) By immediate check we obtain that the map z — 1/z conserve (1). This and
the previous result yield that all fractionally-linear maps (circular maps of type I)
conserve (1), also the composition of fractionally-linear maps and the conjugation
(circular maps of type II) conserve (1).

3.2. If left part of (1) and five points are fixed, then the sixth point (probably
infinite) is defined uniquely from linear equation.

3.3.

a) Let ABA'B’ be regular, i.e. ¢ = @apa p is inversion-+reflection. Take complex
coordinates in such a way that p(z) = 1/z, so A(a), A'(1/a), B(b), B'(1/b), C(c).
Take C”(1/c). By immediate check of (1) we obtain that (A, A’; B, B’;C,C") is
harmonic. This and the previous problem yield the required.

If ABA'B' is central symmetric, i.e. ¢ = papap is central symmetry, take such
coordinates that ¢(z) = —z and repeat the reasoning.

b) Follows from the previous: we have Yacac’ = PABA' B’ end PADA'D' = PABA'B’,
hence wacacr = @apap, and (A, A’; C,C"; D, D') is harmonic.

3.4. The angle Z(AB, AC)— Z(A'B, A’C) equals to (directed) angle between the
circles (ABC') and (A’BC). Since ¢ conserve the angles between circles, it equals
the angle between (AB'C’) and (A'B'C"), or L(A'B', A'C") — L(AB', AC").

Remark. This (and similar) equality can be transformed to different forms, for
example

/(BA,BA) + Z(B'A,B'A") = /(CA,CA) + L(C'A,C'A').

If M the center of inversion+reflection ¢, then Z(BA, BA")+ Z(B'A, B'A’) may

be transformed to (£(BA, AM)+ Z(AM,AM)+ /(A'M,BA")) + (£(B'A, BPM) +
Z(B'M, B'A")) = Z(AM, A'M) + (£(BA, AM) + Z(B'M, B'A")) + (£(A'M, BA") +
/(B'A,B'M)) = Z(AM,A’M) + 0 + 0. Similarly Z(CA,CA") + Z(C'A,C"A")

So if A, A" = ¢(A) are fixed, then the sum
Z(XA, XA) + L(X'A, X' A)

does not depend on the pair X, X' = p(X).
The last fact can be generated: the sum

/(XA XB)+ Z(X'B', X' A

does not depend on X, X' = ¢o(X) (if A, A’ = p(A), B, B' = ¢(B) are fixed). This
sum equals to Z(M A, M B) — the proof is similar.



Harmonicity and products of similitudes

3.5.

a) Follows from the equalities of modulos and arguments of complex numbers in
(1).

b) The coefficients of rotational homotheties equal to modulos of fractions in the
left part of (1), and the angles of rotations are opposite to their arguments.

¢) Since (A, A’; B, B";C, (") is harmonic, (C,C"; A’, A; B, B') is also harmonic,
which yields (L — C'"AB’).

d) Let A" and B’ be two centers of rotational homotheties. Then the angles of
triangle A’B’C” are known (for example from general Napoleon theorem).

e) to be added

3.6. The assumptions (R — ...) yield that the circles concur.

If all six points are concyclic, the assumptions (L — ...) with (L — ...) giving the
appropriate order of points, yield that the circles concur.

3.7.

a) It is easy to see that an isogonal sixtet satisfies the assumptions (R — ...),

which yield the concurrence (see the previous problem).

b) Five points A, B, B, C,C" define unique isogonal sixtet (A, A’; B, B’;C,C")
(the lines BA and B’A are defined from Isogg(AA’,CC"), Isogg (AA’, CC")). From
the previous (A, A’; B, B'; C, C") is harmonic and by problem 3.2 we obtain C” = C’.

The problem can also be solved in complex coordinates (see for example the
following).

¢) Take such complex coordinates that A, A’; B, B’; C, C' correspond to a, 1/a,b,1/b,c,1/c.
Then we can write [sogs(BB',CC") (equivalent to the required by the previous) as

1/c—a — 1—a/c—ac+a? 1/a+a—1/c—c . .
1/b—a % S R, or 1_a/b—abtaZ? eR & 1/ata—1/b—b € R. but the last is equ1valent to
the collinearity of midpoints %1/“, ...of segments AA’, ....



4 Information about cubics

4.1.

a) Let U, V be the third common points of the cubic with lines AB, BC
respectively. Then P = A+ B and Q = B + C are the third common points of
the cubic with OU, OV respectively and we have to prove that the common point of
lines C'P and AQ lies on the cubic. Consider two degenerated cubics: one of them is
the union of lines ABU, OV (@, C'P, and the second one is the union of lines BC'V,
OUP, AQ. The given cubic passes through eight of their common points: A, B, C,
O, U, V, P, Q; Therefore it passes also through the remaining point.

b) Let OA meet the cubic for the third time at C. Then A — B is the third
common point of the cubic with BC.

4.2. Denote A+' B=C.Then O'+C =A+ B,ie.C=A+B-0".

4.3.

a) By the definition A+ B + C'is the third common point of the cubic and the
line touching it at O.

b) If O is a suflection point, then A+ B + C = O. It is easy to see that for any
PP+0O=P.

4.4.

a) Clearly follows from spsp(X) = X.

b) By the previous problem P + X + sp(X) = P’ + sp(X) + spsp(X), ie.
sprsp(X) = X + P — P'. Then the commutativity is equivalent to P — P' = P — P
or 2P = 2P’. But the last equality means that the tangents at P and P’ meet the
cubic in the same point.

4.5.

a) There exist three tangents to the cubic from the suflection point O distinct
from the tangent at O. The bases of these tangents are the points of degree 2.

b) Clearly follows from the previous problem.

4.6. Let Ay +---+4 Ag = 0. Find the third common points of the cubic with lines
A1 As, AsAy, AsAg. The sum of these three points also equals to zero, therefore they
are collinear, denote the corresponding line as ¢. Consider two degenerated cubics:
the union of lines A;As, As3A4, AsAg and the union of ¢ with the conic passing
through A, ..., As. Eight of their common points lie on C, thus the remaining point
also lies on C, i.e. coincides with Ag.

Inversely let Aq,..., Ag lie on a conic. Find the third common points B, C' of C
with Ay As, A3A, respectively. The cubic which is the union of conic A...Ag and
line BC' passes through eight common points of C with the union of lines A;A,,
A3Ay, AsAg, thus BC and AsAg meet on C which yields the required equality.

4.7.

a) By the previous problem X 4 Y does not depend on X.

b) Similarly Z + T does not depend on X.



Circular cubics

4.8. Follows from right calculation.

4.9. Follows from A’ + B’ = A+ B.

4.10.

a) The sum X +Y + Z 4+ T depends only from P, ). Hence if these points lie
on a conic with two circular points for some section lines this is true for any section
lines.

b) The line PQ is parallel to the asymptote if and only if P + @) equals to the
sum of the circular points. Since P, Q, X, Y, Z, T lie on a (degenerated) conic, this
means that X, Y, Z, T are concyclic.
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5 Kybuka ¢pokycoB

Properties of cubics of foci

5.1.

a)

Since Z(AX,XB) = Z(AY,YB) and Z(A'X,XB') = Z(A'Y,Y B'), the assumptions
Isogx(AA’, BB') and Isogy(AA’', BB') are equivalent.

(Using that ISO(ABA’'B’) is an isocircular cubic): Let Y’ be the sixth common
point of the cubic with the circle (ABX). Then Y/ = —A - B — X — C} — (5.
Similarly for the sixth common point Y of the cubic and the circle (A’B’X). Since
A"+ B'= A+ B (because A’ = A+ C, B'= B+ C, where C' + C = O), we obtain
that Y' =Y.

b)

(Using that ISO(ABA'B’) is an isocircular cubic): The third common point of
XY and the cubic is constant because X +Y = —-A - B — ] — Cy = const.

5.2.

Follows from 3.7.

5.3.

Follows from the equation (problem 4.15)

5.4.

a)

b) By the description of ISO as the set of such X that the midpoints of AA’,
BB’ and X X' are collinear.

¢) Because M is the center of rotational homothety mapping AB to B'A’.

d) The quadruple A, E = AA'N BB, A", AA'N PP’ is harmonic, thus the
quadruple of lines joining these points with the projection F' of E to PP’ is also
harmonic. Since F'E 1. PP’ we obtain that FA and F A’ are isogonal with respect
to F'E. From the same reasoning for F'B and F'B’ we obtain Isogr(AA’, BB').

e) The assumption Isogr(AA’, BB') clearly follows from the definition.

5.5. By the definition of isocircular involutions P, M, P’, co is an orbit.

Points 7" and 7" are conjugated (see below).

5.6.

a) Follows rom the equation.

b) Follows from the equation because co and M are conjugated.

¢) Since $p(X) = soo(X’), and the midpoint of X X’ lies on the Gauss line.

5.7.

a) (S.Berlov) Synthetic solution see in S.Berlov, F.Petrov. Solution of problem
M2497. Kvant, 2018, 4, 13-15.

b) Follows from the orbit containing oo.

5.8. Follows for example from problem 3.7.

5.9. Consider two pairs of conjugate points X, X’ and Y, Y’'. By the isogonals
theorem points XY N X’Y" and XY’ N X'Y are also isogonally conjugated, i.e. they
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lie on the cubic. therefore X +Y = X' +Y and X +Y' = X' +Y or X — X' =
Y-Y =Y -Y.

5.10. (*Cyclic*) 7?7 If ABA'B’ is cyclic the map fap ap coincide with the
inversion mapping A to B, and mapping A’ to B’. This inversion is centered at
the common point P of lines AB, A’B’, XY, X'Y’, also we have ZAPX = /Y'PA’.
Let X be the reflection of X about PA and Y/ be the reflection of Y’ about PA’.
Then the similarity of triangles PX X" and PY'Y yields the equality X'X; : XX’ =
YY! : YY" equivalent to the required.

5.11. (*Harmonic*) 77

a) Since AA’ is a symmedian of triangles ABB’, A’BB’ and BB’ is a symmedian
of ABA’, AB'A’ we obtain that M, and Mp are conjugated.

5.12. (*Parallelogram™)

a) This assumption is necessary, it is equivalent to isogg(AA’, X X') because by
the symmetry Z(A’X, A'B) = Z(AX', AB’). By problem 3.7 this is sufficient for all
remaining isogonality assumptions

b) It is easy to see that if two circles are congruent then two remaining circles
have the same radius. Also if the circles X AB and X A’B’ then the angles (XA, X B)
and (X B’, X A") corresponding to equal chords are congruent too.

¢) When we change the radii of congruent circles ABX and A’BX the lines AX
and A’X rotate with equal velocities in opposite directions. Hence their common
point moves on an equilateral hyperbola.

5.13.

a) The inversion about the incircle maps AB, AB’, A’B, A’B’ to four congruent
circles, therefore their common points form a parallelogram. Thus the circles ABI,
A’'B'I are tangent, and the circles AB'I, A’BI are tangent.

b)

c) Let T, Ty, T3, Ty be the touching points of the incircle with AB, AB’, A'B,
A'B’. The midpoints of segments T;T;, the common points of diagonals and opposite
sidelines of 1115737, and the incenter [ lie on an equilateral hyperbola, and the
inversion images of these points lie on the cubic of foci.

5.14.

a) We have A+ A"’ = B+ B’,i.e. A+ A= B+ B. Thus the tangents to the cubic
at A, B, A’, B meet it for the third time at the same point.

Another descriptions of cubics of foci

5.15. Firstly find an equation for the case when ¢ with the complex conjugation:
(z,y) = (3252 77152) using that the midpoints of segment X.X" lie on the Gauss
line 2Ax + 2By = 1 we obtain (Az + By + 1)(2? 4+ y*) + Az — By = 0. Now using
the rotation mapping the Gauss line to a vertical line we obtain the required.

5.16.

a) Take such coordinate system that the infinite non-circular point of the cubic lie
on the ordinate axis. Then the equation of the cubic is (z2+%?)(x+A) = Bx+Cy+D.
It is easy to see that the tangents at the circular points pass through the origin.
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b) M and M’ = oo (asymptote point) are conjugated, hence, the point O] = O,
conjugated to circular point O; is the result of projections from M’ and M. But
sy (01) = Og, hence sy/(01) = Os.

5.17.

a) By immediate check we obtain that the locus of X, Y is a cubic. This cubic
coincides with C because it passes through M, L, L' and the circular points and the
tangents to it at L, L' and circular points pass through M.

b) The sum X + Y does not depend on the circle.

5.18. Follows from the equation of ISO(ABA'B’).
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6 Quartets and isogonal cubics

6.1.

a) Let the barycentric coordinates of J and P be (2o : yo : 20) and (z : y : 2)
respectively. Then the barycenric coordinates of P’ are (a®yz : b’zx : c®zy), where
a, b, ¢ are the lengths of YZ, ZX, XY respectively and the collinearity of J, P, P’
yields the equation of degree 3 about z, vy, 2.

b) Since the isogonal conjugation maps the infinite line to the circumcircle the
circular points are conjugated.

6.2. Let P, = px(P), Po = ¢y (Py). Since XZ - XY = XP-XP, and LZXP =
/P XY, the triangles X PZ and XY P; similar. The triangles XY P, and Y Z are
also similar, thus P, = ¢z(P). Hence the composition of any two maps from ¢y,
Yy, pz is equal to the third map.

Let point @ be isogonally conjugated to P, Q1 = ¢x(Q). Then X, P, (), are
collinear and X, ), P, are collinear. Also /XY P, +/XYQ, =/ XPZ+/XQZ +
7+ /Y, therefore the lines Y ); and Y P, are symmetric with respect to the bisector
of angle Y and Py, (; are isogonally conjugated (fig. 6.1).

Q4 P,

Fig. 6.1.

Remarks. 1. The commutation of ¢x with the isogonal conjugation can also
be proved by the following way. Applying to P in an arbitrary order the isogonal
conjugation and ¢, we obtain a point on X P. It is easy to see that both compositions
are projective maps of this line, hence it is sufficient to prove that they coincide for
three positions of P. But both compositions transpose X and the common point of
X P with the circumcircle of XY Z, also they transpose the infinite point and the
common point of X P with Y Z.

2. The equality XP - X P, = X@Q - XQ; yields also PQ || P1Q;.

6.3.

a) Follows from the previous problem.

b) Follows from remark 2 to the previous problem.
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¢) By the previous assertion these points lie on the cubic defined by infinite point
of lines AA", BB', CC', DD'.

d) From the equalities A+ D+ X =A+C+Y =B+C+X=B+D+Y we
obtain A+ A= B+ B.

6.4.

a) From A+ D' =B+C', D+ D' =C+C"and D'+ D' = C' 4+ C'" we obtain
that A+ D = B+ (), i.e. Px lies on the cubic. Similarly Py, Pz, Qx, Qy, @z lie on
the cubic. Then from A+D+Px = A +D'+Qx = B+D+Py =B +D' +Qy we
obtain A+ A"+ Px+Qx = B+ B+ Py +Qy. Since A+ A" = B+ B’ = oo (infinite
point of the cubic) this yields that PxQx and PyQy meet the cubic at the same
point. This point is conjugated to the infinite one, thus it lie on the circumcircle.
The line Pz()z also passes through this point.

b) From A+ D+ Px = A +D'+Qx =B+D+ Py =B +D +Qy =
A+D +X =B +D+Y weobtain X +Y = Px +Qy = Py +Qx.

¢) The common point Z’ of the cubic and XY is conjugated to Z, therefore ZZ’
passes through oo.

6.5. The quartets Ay, By, C1, Dy and As, By, Cs, Dy generate the same cubic. Also
A; — By and Ay — Bs is the same point of degree 2. Therefore, A+ Ay = B+ B+2,
i.e. AjAy and BBy meet the cubic at the same point.

6.6. Since X, Y, Z, oo is a quartet, the tangents at these points meet the cubic
at the same point. This point is conjugated to the infinite one, thus it lies on the
circumcircle.

All cubics of quartets pass through X, Y, Z, the incenter I, the excenters Iy, Iy,
Iz, and the circular points. Hence these cubics form a pencil. The locus of common
points of tangents to the cubics of this pencil at circular points is a conic because
the correspondence between the tangent is projective. Consider a degenerated cubic
which is the union of the bisector IxIy of angle Z and the circle XY II;. The
tangents to it at circular points meet at the center of this circle — the midpoint
of arc XY. The cubic meets the circumcircle at the opposite point — the midpoint
of arc XZY. Similarly the tangents at circular points meet at the point of the
circumcircle opposite to its common point with the cubic for five other degenerated
cubics of the pencil. Therefore this is correct for all cubics.

6.7. The tangents to a cubic of foci at circular points meet on the cubic. By
the previous problem we obtain that the fourth common point of the cubic and the
circumcircle is opposite to one of the vertices. The infinite point is conjugated to
this point, thus it lies on an altitude of the triangle.

Remark. Let the infinite point of the cubic lie on the altitude from Z; let A, B,
C, D be an arbitrary quartet. Then the cubic is the cubic of foci for lines AC, BC,
AD, CD. The vertex Z is the Mickel point of these lines, and the perpendicular
bisector to segment XY is their Gauss line.

6.8. Let U be the common point of tangents to the cubic at X, Y, Z, and J.
Form X+ X+U=Y+Y+U=Z+72+U=J+J+U=J1+Jo+J =0, where
Ji, Jo are circular points we obtain that J; + o+ X +Y + Z 4+ U =0, i.e. U lies
on the circle XY Z. Consider the cubic of quartets passing through U. It coincide
with the given cubic because both cubics pass through X, Y, Z, U, J, Ji, Jo, and
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the tangents to them at X, Y, Z coincide.

Once more about 8-orbits

6.9. Hint. Let the inversion with center 7' map X, Y, Z to X', Y’, Z' respectively.
Then it maps a 8-orbit to two quartets isogonally conjugated with respect to X'Y’'Z’.

IfT, X,Y, Z are concyclic we can also consider an inversion mapping these points
to the vertices of a rectangle. Then the map ¢r xyz corresponds to the inversion
about the circumcircle of this rectangle.
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