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Ôðåíêèí

Ââåäåíèå

Â ãåîìåòðèè ìû ïðèâûêëè ñêëàäûâàòü âåêòîðû è óìíîæàòü èõ íà ñêàëÿðû (÷èñëà). Ýòîò ãåîìåòðè-
÷åñêèé ÿçûê ÷àñòî îêàçûâàåòñÿ ïîëåçíûì â ñîâåðøåííî íå ãåîìåòðè÷åñêèõ ñèòóàöèÿõ. Â ýòîì
ïðîåêòå ìû ðàññìîòðèì â êà÷åñòâå âåêòîðîâ àëãåáðàè÷åñêèå ÷èñëà � òàê íàçûâàþòñÿ êîðíè ìíîãî-
÷ëåíîâ ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè. Ñàìè æå ðàöèîíàëüíûå ÷èñëà áóäóò âûñòóïàòü â ðîëè
ñêàëÿðîâ.

−→v1

−→v2

−→v3
a1−→v1 + a2−→v2 + a3−→v3 = 0⇒ a1 = a2 = a3 = 0

Ðèñ. 1

Ãîâîðÿò, ÷òî êîìïëåêñíûå ÷èñëà x1, . . . , xn ëèíåéíî íåçà-
âèñèìû íàä Q, åñëè ðàâåíñòâî a1x1 + . . . + anxn = 0, ãäå
a1, . . . , an ∈ Q, âîçìîæíî òîëüêî ïðè a1 = . . . = an = 0
(ñð. ñ íåêîìïëàíàðíûìè âåêòîðàìè íà ðèñóíêå 1). Âîîáùå,
âçãëÿä íà àëãåáðàè÷åñêèå ÷èñëà êàê íà âåêòîðû îêàçûâà-
åòñÿ î÷åíü åñòåñòâåííûì è ïðîäóêòèâíûì � îí ïîçâîëÿåò
ïðèìåíÿòü ãåîìåòðè÷åñêèå èäåè ê àëãåáðàè÷åñêèì çàäà÷àì.

Êàê óñòðîåí ïðîåêò? Ìû íà÷í¼ì ñ îëèìïèàäíûõ çàäà÷ î ðàäèêàëàõ äëÿ çàòðàâêè. Íåêîòîðûå
èç íèõ ìîæíî ðåøèòü øêîëüíûìè ìåòîäàìè, äëÿ äðóãèõ íóæíû íîâûå èäåè è ìåòîäû � íà÷àëü-
íûå ñâåäåíèÿ îá àëãåáðàè÷åñêèõ ÷èñëàõ è ïîëÿõ, èçëîæåííûå âî âòîðîì ðàçäåëå. Âû íàó÷èòåñü
óäîáíîìó ÿçûêó è àïïàðàòó äëÿ ðåøåíèÿ øèðîêîãî êðóãà çàäà÷. Ýòî � ïðåäâàðèòåëüíàÿ ÷àñòü
ïðîåêòà.

Â òðåòüåé ÷àñòè ìû ñôîðìóëèðóåì îñíîâíóþ òåîðåìó ïðîåêòà è ïðåäëîæèì å¼ äîêàçàòü ïî
ïðèâåä¼ííîìó ïëàíó, èñïîëüçóÿ ïîëó÷åííûå çíàíèÿ. Â çàêëþ÷åíèå ìû äàäèì èññëåäîâàòåëüñêóþ
çàäà÷ó, ðàçâèâàþùóþ è îáîáùàþùóþ òåîðåìó.

×òî íóæíî çíàòü çàðàíåå? Áàçîâûå ôàêòû î êîìïëåêñíûõ ÷èñëàõ è ìíîãî÷ëåíàõ. Ãëàâíîå �
óìåòü èçâëåêàòü êîðíè èç êîìïëåêñíûõ ÷èñåë è äåëèòü ìíîãî÷ëåíû ñ îñòàòêîì. Åñëè âû ìàëî çíà-
êîìû ñ êîìïëåêñíûìè ÷èñëàìè, òî çàâåäîìî âàì áóäóò ïîñèëüíû çàäà÷è î êâàäðàòíûõ ðàäèêàëàõ.

Îñíîâû òåîðèè àëãåáðàè÷åñêèõ ÷èñåë íà÷àëè ôîðìèðîâàòüñÿ â òðàêòàòå Êàðëà Ãàóññà ½Àðèôìå-
òè÷åñêèå èññëåäîâàíèÿ� (1801), ñûãðàâøèì îãðîìíóþ ðîëü â òåîðèè ÷èñåë è ïîäãîòîâèâøèì ïî÷âó
(íàðÿäó ñ ðàáîòàìè Ëàãðàíæà) äëÿ îòêðûòèé Ýâàðèñòà Ãàëóà, êîòîðûé óñòàíîâèë êðèòåðèé ðàçðå-
øèìîñòè óðàâíåíèé â ðàäèêàëàõ (1830) è çàëîæèë îñíîâû òàêèõ ñîâðåìåííûõ ðàçäåëîâ àëãåáðû,
êàê òåîðèÿ ãðóïï è ïîëåé. Òåîðèÿ Ãàëóà è òåîðèÿ ïîëåé àëãåðàè÷åñêèõ ÷èñåë áûëè ñèñòåìàòèçè-
ðîâàíû è ðàçðàáîòàíû âî âòîðîé ïîëîâèíå XIX è íà÷àëå XX âåêà óñèëèÿìè Êóììåðà, Êðîíåêåðà,
Ãèëüáåðòà è äð.

1. Çàäà÷è äëÿ çàòðàâêè

Åñëè êàêèå-òî çàäà÷è âûçîâóò çàòðóäíåíèÿ � âåðíèòåñü ê íèì ïîñëå ðàçäåëà 2.

1.1. Äîêàæèòå èððàöèîíàëüíîñòü ñëåäóþùèõ ÷èñåë: à) 3
√
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√
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√
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√

7 +
√
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√
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√
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√
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Åñëè âû äàæå íå ïðåäñòàâëÿåòå êàê ïîäñòóïèòüñÿ ê ïîñëåäíåìó, íàðî÷èòî äèêîìó, ÷èñëó, òî
âîò ïåðâîå ñîîáðàæåíèå: ëó÷øå äîêàçûâàòü áîëåå ñèëüíîå óòâåðæäåíèå î ëèíåéíîé íåçàâèñèìîñòè.
Íàïðèìåð, â ïóíêòå á) âîò òàêîå:

a+ b
√

2 + c
√

3 + d
√

6 = 0, ãäå a, b, c, d ∈ Q =⇒ a = b = c = d = 0.

1.2. Íàéäèòå ìíîãî÷ëåí íàèìåíüøåé ñòåïåíè ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè è ñëåäóþùèì
êîðíåì: à) 3

√
4; á)

√
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√
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√
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√

4; ã)∗ 8
√

8 + 9
√
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√

6 +
√
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√

15;



å)
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√

1 +
√

2 +
3
√

1−
√

2; ¼)
3
√

7 + 5
√

2 +
3
√

7− 5
√

2 (âíåøíåå ñõîäñòâî îáìàí÷èâî!);

æ) cos 2π
5
; ç) cos 2π

9
; è)∗ cos 2π

97
; ê)∗∗ cos 2π

n
ïðè ëþáîì n ∈ N.

Åñëè íàøëè ìíîãî÷ëåí, íî íåò óâåðåííîñòè, ÷òî åãî ñòåïåíü ìèíèìàëüíà, òî âñ¼ ðàâíî óêàæèòå
ýòîò ìíîãî÷ëåí. Âî âñåõ ïóíêòàõ, êðîìå â), ã), è), ê), íàïèøèòå ìíîãî÷ëåí â ñòàíäàðòíîì âèäå.
Êàê íè ñòðàííî, äëÿ ðåøåíèÿ ïóíêòîâ è), ê) ëó÷øå ïåðåéòè â êîìïëåêñíóþ ïëîñêîñòü.

1.3. Êàêèå ÷èñëà âèäà
a+ bi

a− bi
, ãäå a, b ∈ Z, ÿâëÿþòñÿ êîðíÿìè èç åäèíèöû?

Âîò íåñêîëüêî çàäà÷ íà êâàäðàòè÷íûå èððàöèîíàëüíîñòè. Â íèõ çàëîæåíà âàæíàÿ èäåÿ ...
(îáîéä¼ìñÿ áåç ñïîéëåðîâ).

1.4. Ñóùåñòâóþò ëè òàêèå ðàöèîíàëüíûå ÷èñëà a, b, c, d, ÷òî (a+ b
√

2)2 + (c+ d
√

2)2 = 7 + 5
√

2?

1.5. Íàéäèòå ïåðâûå 1000 çíàêîâ ïîñëå çàïÿòîé â äåñÿòè÷íîé çàïèñè ÷èñëà (6 +
√

37)1001.

1.6. Ïåðåìíîæàþòñÿ âñå 2100 âûðàæåíèé âèäà

±
√

1±
√

2± . . .±
√

99±
√

100

(ïðè âñåõ êîìáèíàöèÿõ çíàêîâ). Äîêàæèòå, ÷òî ðåçóëüòàò: à) öåëîå ÷èñëî; á) êâàäðàò öåëîãî ÷èñëà.

2. Íåìíîãî òåîðèè: ïîëÿ è àëãåáðàè÷åñêèå ÷èñëà

Ëèíåéíàÿ íåçàâèñèìîñòü 1 è
√

2 (íàä Q) îçíà÷àåò ïðîñòî èððàöèîíàëüíîñòü
√

2, èçâåñòíóþ åù¼
äðåâíèì ãðåêàì. Óâåëè÷èì ÷èñëî ðàäèêàëîâ.
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√
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√
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√
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√
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√
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√
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Ðèñ. 2à Ðèñ. 2á

2.1. Çàïîëíèòå ïðîïóñêè â ñëåäóþùåì ðàññóæäåíèè.
Äîêàæåì, ÷òî ÷èñëà 1,

√
2,
√

3,
√

6 ëèíåéíî íåçàâèñèìû íàä Q. Ïóñòü

a+ b
√

2 + c
√

3 + d
√

6 = 0, ãäå a, b, c, d ∈ Q.

Îòäåëèì ðàäèêàë
√

3:
a+ b

√
2 + (c+ d

√
2)
√

3 = 0.

Åñëè c+ d
√

2 = 0, òî
Åñëè æå c+ d

√
2 6= 0, òî

√
3 = −a+ b

√
2

c+ d
√

2
= A+B

√
2, ãäå A = ∈ Q, B = ∈ Q.

Çàâåðøèòü äîêàçàòåëüñòâî ìîæíî ðàçíûìè ñïîñîáàìè.

Íà ðàçîáðàííîì ïðèìåðå âèäíû íåêîòîðûå èäåè. Ìû ñâåëè ëèíåéíóþ íåçàâèñèìîñòü ÷èñåë íà
ðèñóíêå 2à ê òîìó, ÷òî ÷èñëî

√
3 ¾èíîðîäíî¿ ïî îòíîøåíèþ ê ìíîæåñòâó

Q + Q
√

2 = {a+ b
√

2 | a, b ∈ Q}



(ôîðìàëüíî �
√

3 íå ëåæèò â í¼ì), ïîäîáíî òîìó, êàê
√

2 èíîðîäíî ïî îòíîøåíèþ ê Q. Ïðè ýòîì
îêàçàëîñü âàæíî, ÷òî â ìíîæåñòâå Q + Q

√
2 ìîæíî íå òîëüêî ñêëàäûâàòü, âû÷èòàòü, óìíîæàòü,

íî è äåëèòü (íå íà 0), êàê è â Q, ñ ïîìîùüþ èçáàâëåíèÿ îò èððàöèîíàëüíîñòè â çíàìåíàòåëå .
×èñëîâîå ìíîæåñòâî, ñîäåðæàùåå 0 è 1 è çàìêíóòîå îòíîñèòåëüíî ÷åòûð¼õ àðèôìåòè÷åñêèõ

äåéñòâèé, íàçûâàåòñÿ ÷èñëîâûì ïîëåì. Ñëîâî ½÷èñëîâîå� ìû áóäåì îïóñêàòü1. Èòàê, K � ïîëå,
åñëè 0, 1 ∈ K è äëÿ ëþáûõ a, b ∈ K âåðíî a ± b, ab ∈ K è a/b ∈ K ïðè b 6= 0. Ëåãêî ïîíÿòü, Q �
ïîëå, ïðè÷¼ì ½ñàìîå ìàëåíüêîå� � ëþáîå (÷èñëîâîå) ïîëå åãî ñîäåðæèò. Åñëè K ⊆ L � ïîëÿ, òî
ãîâîðÿò, ÷òî K � ïîäïîëå â L.

Ãîâîðÿò, ÷òî ñèñòåìà ÷èñåë2 x1, . . . , xn ∈ C ëèíåéíî íåçàâèñèìà íàä ïîëåì K, åñëè ðàâåíñòâî
a1x1 + . . . + anxn = 0, ãäå a1, . . . , an ∈ K, âûïîëíÿåòñÿ òîëüêî ïðè a1 = . . . = an = 0. Íàïðèìåð,
÷èñëà 1 è

√
2 ëèíåéíî íåçàâèñèìû íàä Q, íî ëèíåéíî çàâèñèìû íàä R.

2.2. Ïðîñòåéøèå ñâîéñòâà ëèíåéíîé çàâèñèìîñòè. Ïóñòü K � ïîëå. Äîêàæèòå, ÷òî:
à) ñèñòåìà, ñîäåðæàùàÿ 0 èëè äâà ïðîïîðöèîíàëüíûõ íàä K ÷èñëà, ëèíåéíî çàâèñèìà íàä K;
á) ïîäñèñòåìà ëèíåéíî íåçàâèñèìîé ñèñòåìû ëèíåéíî íåçàâèñèìà (íàä òåì æå ïîëåì);
â) ñèñòåìà 1, x ëèíåéíî íåçàâèñèìà íàä K, åñëè è òîëüêî åñëè x /∈ K;
ã) êîýôôèöèåíòû a1, . . . , an ∈ K â çàïèñè ÷èñëà a1x1 + . . .+ anxn îïðåäåëåíû îäíîçíà÷íî, åñëè

è òîëüêî åñëè ñèñòåìà x1, . . . , xn ëèíåéíî íåçàâèñèìà íàä K.
Ïðèñîåäèíèòü ê ïîëþ K ÷èñëà α1, . . . , αn � çíà÷èò âçÿòü íàèìåíüøåå (ïî âêëþ÷åíèþ) ïîëå,

ñîäåðæàùåå K è ýòè ÷èñëà. Îíî îáîçíà÷àåòñÿ K(α1, . . . , αn).

2.3. Ïðèñîåäèíåíèå êâàäðàòíîãî ðàäèêàëà. Ïóñòü K � ïîäïîëå â R, 0 < d ∈ K è
√
d /∈ K

(íàïðèìåð, K = Q è d = 2). Äîêàæèòå, ÷òî

K(
√
d) = {a+ b

√
d | a, b ∈ K},

ïðè÷¼ì ÷èñëà a, b ∈ K â çàïèñè a+ b
√
d îïðåäåëåíû îäíîçíà÷íî.

2.4. Äîêàæèòå, ÷òî Q(
√

2 +
√

3) = Q(
√

2,
√

3).

2.5. Èçáàâüòåñü îò èððàöèîíàëüíîñòè â çíàìåíàòåëå:
1

1 +
√

2−
√

3 +
√

6
.

2.6. à) Äîêàæèòå, ÷òî ÷èñëà â âåðøèíàõ êóáà íà ðèñ. 2á ëèíåéíî íåçàâèñèìû íàä Q.
á)∗ Äîáàâüòå åù¼

√
7, ïîïðîáóéòå íàðèñîâàòü ãèïåðêóá è äîêàæèòå óòâåðæäåíèå, àíàëîãè÷íîå

ïóíêòó à). À ìîæåò, ïîðà ñôîðìóëèðîâàòü îáùóþ òåîðåìó î êâàäðàòíûõ ðàäèêàëàõ èç ïðîñòûõ
÷èñåë è äîêàçàòü å¼ ïî èíäóêöèè? Â ÷àñòíîñòè, èç íå¼ áóäåò ñëåäîâàòü ðåøåíèå çàäà÷è 1.1ã).

Âî ÷òî ïðåâðàòèòñÿ îïðåäåëåíèå ëèíåéíîé çàâèñèìîñòè íàä ïîëåì K äëÿ ñòåïåíåé 1, α, α2, . . . , αn

íåêîòîðîãî ÷èñëà α? Ñóùåñòâóþò òàêèå ÷èñëà c0, c1, . . . , cn ∈ K, íå âñå ðàâíûå íóëþ, ÷òî

c0 + c1α + c2α
2 + . . .+ cnα

n = 0.

Äðóãèìè ñëîâàìè, α ÿâëÿåòñÿ êîðíåì íåíóëåâîãî ìíîãî÷ëåíà ñ êîýôôèöèåíòàìè èç K � òàêîå α
íàçûâàåòñÿ àëãåáðàè÷åñêèì íàä K. Ñðåäè âñåõ òàêèõ ìíîãî÷ëåíîâ òîëüêî îäèí èìååò íàèìåíüøóþ
ñòåïåíü è ñòàðøèé êîýôôèöèåíò 1 (ïî÷åìó?). Îí íàçûâàåòñÿ ìèíèìàëüíûì ìíîãî÷ëåíîì ÷èñëà
α íàä K è ÷àñòî îáîçíà÷àåòñÿ µKα (x). Íàïðèìåð, µR

i (x) = x2 + 1, µC
i (x) = x− i. Ñòåïåíü deg µKα (x)

ýòîãî ìíîãî÷ëåíà íàçûâàåòñÿ òàêæå ñòåïåíüþ ÷èñëà α íàä K è îáîçíà÷àåòñÿ degK(α). Êîðíè
ìíîãî÷ëåíà µKα (x) íàçûâàþòñÿ ñîïðÿæ¼ííûìè ñ α íàä K.

Â ñëó÷àå K = Q ãîâîðÿò ïðîñòî îá àëãåáðàè÷åñêèõ ÷èñëàõ.

2.7. Ïóñòü ÷èñëî α ∈ C àëãåáðàè÷íî íàä ïîëåì K ⊆ C. Äîêàæèòå:
à) degK(α) åñòü íàèìåíüøåå òàêîå n ∈ N, ÷òî ñòåïåíè 1, α, . . . , αn ëèíåéíî çàâèñèìû íàä K;
á) ìíîãî÷ëåí µKα (x) íåïðèâîäèì íàä K (ò. å. íå ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå ìíîãî÷ëåíîâ

ñòðîãî ìåíüøåé ñòåïåíè);
â) ëþáîé ìíîãî÷ëåí èç K[x] ñ êîðíåì α äåëèòñÿ íà µKα (x);
ã) íåïðèâîäèìûé íàä K ìíîãî÷ëåí ñ êîðíåì α è ñòàðøèì êîýôôèöèåíòîì 1 ðàâåí µKα (x).

1Áûâàþò è äðóãèå ïîëÿ, íàïðèìåð, ïîëÿ âû÷åòîâ, ïîëÿ ðàöèîíàëüíûõ ôóíêöèé, ...
2Íåóïîðÿäî÷åííûé íàáîð ÷èñåë, â êîòîðîì ìîãóò áûòü ïîòâîðû.



Ñëåäóþùèì ïðèçíàêîì íåïðèâîäèìîñòè ìíîãî÷ëåíà íàä Q ìîæíî ïîëüçîâàòüñÿ áåç äîêàçà-
òåëüñòâà.

Òåîðåìà 1 (ïðèçíàê Ýéçåíøòåéíà). Åñëè êîýôôèöèåíòû ìíîãî÷ëåíà anx
n + . . .+ a1x+ a0 ∈ Z[x]

äëÿ íåêîòîðîãî ïðîñòîãî p óäîâëåòâîðÿþò óñëîâèÿì:
• p - an,
• p | an−1, . . . , p | a0,
• p2 - a0,

òî ýòîò ìíîãî÷ëåí íåïðèâîäèì íàä Q.

2.8. à) Çàâåðøèòå ðåøåíèå çàäà÷è 1.1ä). Ïóñòü 5
√

3 − 5
√

2 = a ∈ Q, òîãäà 5
√

3 = 5
√

2 + a. Íàéä¼ì
ìèíèìàëüíûå ìíîãî÷ëåíû äëÿ ÷èñåë â ëåâîé è ïðàâîé ÷àñòÿõ.

á) Ðåøèòå óðàâíåíèå â íàòóðàëüíûõ ÷èñëàõ: 5
√
m+ 5

√
n = 2020.

Îáîáùèì òåïåðü çàäà÷ó 2.3.

Òåîðåìà 2 (îá èçáàâëåíèè îò èððàöèîíàëüíîñòè â çíàìåíàòåëå). Ïóñòü ÷èñëî α àëãåáðàè÷íî íàä
ïîëåì K è èìååò ñòåïåíü n. Òîãäà êàæäîå ÷èñëî â ïîëå K(α) îäíîçíà÷íî çàïèñûâàåòñÿ â âèäå

c0 + c1α + . . .+ cn−1α
n−1, ãäå c0, c1, . . . , cn−1 ∈ K.

2.9. à) Èçáàâüòåñü îò èððàöèîíàëüíîñòè â çíàìåíàòåëå äðîáè
1

3
√

4 + 3
√

2 + 3
. Óêàçàíèå. Çäåñü óæå

íå ðàáîòàåò ïðåñëîâóòîå äîìíîæåíèå íà ñîïðÿæ¼ííîå. Íàéäèòå òàêèå ìíîãî÷ëåíû u(x), v(x) ∈
Q[x], ÷òî u(x)(x2 + x + 3) + v(x)(x3 − 2) = 1. Äëÿ ýòîãî ìîæíî èñïîëüçîâàòü ëèáî îáðàòíûé õîä
àëãîðèòìà Åâêëèäà, ëèáî ìåòîä íåîïðåäåë¼ííûõ êîýôôèöèåíòîâ.

á) Äîêàæèòå òåîðåìó 2.

Ñîãëàñíî îñíîâíîé òåîðåìå àëãåáðû, ëþáîé ìíîãî÷ëåí íàä C ñòåïåíè n > 0 èìååò n êîðíåé
ñ ó÷¼òîì êðàòíîñòè. Ñîãëàñíî ñëåäóþùåé òåîðåìå, ìíîãî÷ëåí µKα (x) íå èìååò êðàòíûõ êîðíåé è,
òåì ñàìûì, êàæäîå àëãåáðàè÷åñêîå ÷èñëî ñòåïåíè n èìååò ðîâíî n ñîïðÿæ¼ííûõ (âêëþ÷àÿ ñåáÿ).

Òåîðåìà 3. Ìíîãî÷ëåí, íåïðèâîäèìûé íàä íåêîòîðûì ïîäïîëåì â C, íå èìååò êðàòíûõ êîì-
ïëåêñíûõ êîðíåé.

2.10. Ðàçëîæèòå äâó÷ëåí x4 − 2 íà íåïðèâîäèìûå è ðàçáåéòå åãî êîðíè íà êëàññû ñîïðÿæ¼ííûõ
íàä êàæäûì èç ïîëåé Q ⊂ Q(

√
2) ⊂ Q( 4

√
2) ⊂ Q( 4

√
2, i).

Îñîáîãî âíèìàíèÿ çàñëóæèâàþò êîðíè èç åäèíèöû. Êàê èçâåñòíî, êîìïëåêñíûå êîðíè óðàâíå-
íèÿ xn = 1 èìåþò âèä

1, εn, ε
2
n, . . . , ε

n−1
n , ãäå εn = cos 2π

n
+ i sin 2π

n

(ýòî ÷àñòíûé ñëó÷àé ôîðìóëû Ìóàâðà). Ðàçîáü¼ì èõ íà êëàññû ñîïðÿæ¼ííûõ íàä ïîëåì Q. Äëÿ
ýòîãî íóæíî ðàçëîæèòü äâó÷ëåí xn − 1 íà íåïðèâîäèìûå ìíîæèòåëè íàä Q: êîðíè êàæäîãî ìíî-
æèòåëÿ îáðàçóþò êëàññ ñîïðÿæ¼ííûõ àëãåáðàè÷åñêèõ ÷èñåë. Ðàçáåð¼ì ïðèìåðû ïðè ìàëûõ n. Íà
ðèñóíêå 3 íåïðèâîäèìûå ìíîæèòåëè è èõ êîðíè âûäåëåíû îäíèì öâåòîì.

x3 − 1 = (x− 1)(x2 + x+ 1) x4 − 1 = (x− 1) (x2 + 1)(x+ 1) x5 − 1 = (x− 1)×
×(x4 + x3 + x2 + x+ 1)

x6 − 1 = (x− 1)(x+ 1)×
×(x2 + x+ 1)(x2 − x+ 1)

Ðèñ. 3



Íóæíî ïîÿñíèòü ëèøü íåïðèâîäèìîñòü ìíîãî÷ëåíà x4 +x3 +x2 +x+ 1. Âîò áîëåå îáùèé ôàêò.

2.11. Äîêàæèòå, ÷òî äëÿ ëþáîãî ïðîñòîãî p ìíîãî÷ëåí

Φp(x) = xp−1 + . . .+ x+ 1

íåïðèâîäèì íàä ïîëåì Q. Óêàçàíèå. Èñïîëüçóéòå ïðèçíàê Ýéçåíøòåéíà (òåîðåìà 1). Ïîäóìàéòå,
êàê åãî ïðèìåíèòü, âåäü âñå êîýôôèöèåíòû ó Φp(x) ðàâíû 1.

2.12. Ðàçëîæèòå äâó÷ëåí x12 − 1 íà íåïðèâîäèìûå íàä Q è íàðèñóéòå êàðòèíêó, àíàëîãè÷íóþ
ðèñóíêó 3.

Ïóñòü ε � êîðåíü èç åäèíèöû. Åãî ïîðÿäêîì íàçûâàåòñÿ íàèìåíüøåå òàêîå n ∈ N, ÷òî εn = 1.
Êîðíè ïîðÿäêà n íàçûâàþòñÿ ïåðâîîáðàçíûìè êîðíÿìè ñòåïåíè n. Ëåãêî ïîêàçàòü, ÷òî âñå òàêèå
êîðíè èìåþò âèä εkn, ãäå k âçàèìíî ïðîñòî ñ n. Êîëè÷åñòâî ÷èñåë ñðåäè 1, . . . , n, âçàèìíî ïðîñòûõ
ñ n, îáîçíà÷àåòñÿ ϕ(n), ôóíêöèÿ ϕ íàçûâàåòñÿ ôóíêöèåé Ýéëåðà.

Òåîðåìà 4. Êîðíè ñòåïåíè n èç åäèíèöû ñîïðÿæåíû íàä Q, åñëè è òîëüêî åñëè îíè èìåþò
îäèíàêîâûé ïîðÿäîê. Â ÷àñòíîñòè, degQ(εn) = ϕ(n) äëÿ âñåõ n ∈ N.

Ýòà òåîðåìà ðàâíîñèëüíà íåïðèâîäèìîñòè íàä Q òàê íàçûâàåìûõ êðóãîâûõ ìíîãî÷ëåíîâ

Φn(x) =
∏

16k6n,(k,n)=1

(x− εkn).

Çàäà÷à 2.11 � ïðîñòîé ÷àñòíûé ñëó÷àé. Â îáùåì ñëó÷àå íå ñðàçó î÷åâèäíî äàæå, ÷òî êîýôôèöè-
åíòû ó ìíîãî÷ëåíà Φn(x) � ðàöèîíàëüíûå. Äîêàçàòåëüñòâî òåîðåìû 4 â îáùåì ñëó÷àå æåëàþùèå
ñìîãóò äîêàçàòü íà êîíôåðåíöèè. Â ëþáîì ñëó÷àå åé ìîæíî ïîëüçîâàòüñÿ. Ñ ïîìîùüþ òåîðåìû 4
ìîæíî ðåøèòü çàäà÷ó 1.3 î÷åíü áûñòðî.

Çàïîëíèòå ïðîïóñêè â ðåøåíèè çàäà÷è 1.2â). Íàéä¼ì ìíîãî÷ëåí µ 3√4+ 3√2(x) (ïî óìîë÷àíèþ

� íàä ïîëåì Q). Êëþ÷åâàÿ èäåÿ â òîì, ÷òî 3
√

2 � êîðåíü ìíîãî÷ëåíà µ 3√4+ 3√2(x
2 + x), êîòîðûé,

ñòàëî áûòü, äåëèòñÿ íà µ 3√2(x) = x3 − 2, à çíà÷èò, èìååò òàêæå êîðíè 3
√

2ε è 3
√

2ε2, ãäå ε = ε3.

Ñëåäîâàòåëüíî, ÷èñëà 3
√

4 + 3
√

2, 3
√

4ε2 + 3
√

2ε, 3
√

4ε + 3
√

2ε2 ñîïðÿæåíû. Äàëåå, îíè âñå ðàçëè÷íû
(ïî÷åìó?). Îñòàëîñü ïîêàçàòü, ÷òî ìíîãî÷ëåí(

x− 3
√

4− 3
√

2
)(
x− 3
√

4ε2 − 3
√

2ε
)(
x− 3
√

4ε− 3
√

2ε2
)

èìååò ðàöèîíàëüíûå êîýôôèöèåíòû � òîãäà îí è áóäåò µ 3√4+ 3√2(x). Ïîêàæèòå ýòî.
Îáîáùåíèåì ýòîãî ðàññóæäåíèÿ ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà � îäíà èç ãëàâíûõ â ïðîåêòå.

Òåîðåìà 5. Åñëè α = α1, . . . , αn � âñå ñîïðÿæ¼ííûå ñ ÷èñëîì α íàä ïîëåì K, òî äëÿ ëþáîãî
ìíîãî÷ëåíà f(x) ∈ K[x] ÷èñëî f(α) àëãåáðàè÷íî íàä K è åãî ñîïðÿæ¼ííûå ñóòü f(α1), . . . , f(αn),
ïðè÷¼ì â ýòîì ñïèñêå ìîãóò áûòü ïîâòîðû è òîãäà êàæäûé ýëåìåíò âñòðå÷àåòñÿ îäíî è òî
æå ÷èñëî ðàç.

2.13. Äîêàæèòå òåîðåìó 5: à) â ñëó÷àå, êîãäà α � êîðåíü íåïðèâîäèìîãî äâó÷ëåíà; á) â îáùåì
ñëó÷àå. (Äëÿ èññëåäîâàíèÿ ëèíåéíîé íåçàâèñèìîñòè ðàäèêàëîâ äîñòàòî÷íî ïóíêòà à), êîòîðûé
ïðîùå. Â ïóíêòå á) ìîæíî èñïîëüçîâàòü îñíîâíóþ òåîðåìó î ñèììåòðè÷åñêèõ ìíîãî÷ëåíàõ.)

Âîò ïëàí äîêàçàòåëüñòâà.
1) ×òîáû äîêàçàòü, ÷òî f(α) àëãåáðàè÷íî è åãî ñîïðÿæ¼ííûå íàõîäÿòñÿ ñðåäè ÷èñåë f(α1), . . . , f(αn),

ðàññìîòðèòå ìíîãî÷ëåí
F (x) = (x− f(α1)) . . . (x− f(αn))

è äîêàæèòå, ÷òî F (x) ∈ K[x].
2) ×òîáû äîêàçàòü, ÷òî âñå ÷èñëà f(α1), . . . , f(αn) ñîïðÿæåíû íàä K, ðàññìîòðèòå ìíîãî÷ëåí

µf(α)f(x).
3) Äîêàæèòå, ÷òî âñå êîðíè ìíîãî÷ëåíà F (x) èìåþò îäèíàêîâóþ êðàòíîñòü, ðàññìîòðåâ ìíî-

ãî÷ëåí F (x)/µf(α)(x).

2.14. Íàéäèòå âñå n ∈ N, ïðè êîòîðûõ ÷èñëî cos 2π
n
: à) ðàöèîíàëüíî; á) ïðåäñòàâëÿåòñÿ â âèäå

a+
√
b, ãäå a, b ∈ Q, ò. å. degQ

(
cos 2π

n

)
6 2.



3. Ïîñòðîåíèå ïðàâèëüíûõ ìíîãîóãîëüíèêîâ

Ïîäóìàéòå, êàê ðåøèòü çàäà÷ó 1.2ç) ñ ïîìîùüþ òåîðåì 4 è 5. Ýòà çàäà÷à � êëþ÷åâàÿ â äîêàçàòåëü-
ñòâå ÷àñòè ¾òîëüêî åñëè¿ òåîðåìû Ãàóññà�Âàíöåëÿ: ïðàâèëüíûé n-óãîëüíèê ñòðîèòñÿ öèðêóëåì
è ëèíåéêîé, åñëè è òîëüêî åñëè ϕ(n) � ñòåïåíü äâîéêè, ò. å. åñëè n � ïðîèçâåäåíèå ñòåïåíè
äâîéêè è ïðîñòûõ ÷èñåë Ôåðìà. ×èñëà Ôåðìà � ýòî ÷èñëà âèäà 22k + 1. Ïåðâûå 5 èç ýòèõ ÷èñåë
ïðîñòûå: 3, 5, 17, 257, 65537.

3.1. Ïîñòðîéòå ñ ïîìîùüþ öèðêóëÿ è ëèíåéêè ïðàâèëüíûå: à) 5-óãîëüíèê; á) 17-óãîëüíèê.

3.2. Ðàçðàáîòàéòå àëãîðèòì è íàïèøèòå ïðîãðàììó íà êîìïüþòåðå äëÿ ïîñòðîåíèÿ ïðàâèëüíîãî
p-óãîëüíèêà ïðè: à) p = 17; á) p = 257; â) p = 65537.

Ãàóññ ïîñòðîèë ïðàâèëüíûé 17-óãîëüíèê è äîêàçàë, ÷òî äëÿ ëþáîãî ïðîñòîãî ÷èñëà Ôåðìà p
ïðàâèëüíûé p-óãîëüíèê ìîæíî ïîñòðîèòü. Ýòîò ñëó÷àé (ïóíêò à)) íå îöåíèâàåòñÿ îòäåëüíî, íî
ïðåäñòàâëÿåò ñîáîé âàæíóþ ñòóïåíüêó, è ìû ðåêîìåíäóåì ðàçîáðàòü åãî êàê âðó÷íóþ, òàê è ñ
ïîìîùüþ êîìïüþòåðíîé ïðîãðàììû.

Ïðàâèëüíûé 257-óãîëüíèê áûë ïîñòðîåí Ðèøåëî â XIX âåêå; â XXI âåêå âû÷èñëåíèÿ ëó÷øå
ïîðó÷èòü êîìïüþòåðó. Ïðîãðàììà äëÿ p = 257 áóäåò îöåíåíà îòäåëüíûì äèïëîìîì. Ïðîãðàììà
äëÿ p = 65537 áóäåò íîâûì ðåçóëüòàòîì è ìîæåò áûòü ïîäàíà â íàó÷íûé æóðíàë.

3.3. Ïîñòðîéòå ñ ïîìîùüþ öèðêóëÿ, ëèíåéêè è òðèñåêòîðà (ïðèáîðà, äåëÿùåãî óãîë íà òðè ðàâíûõ
óãëà) êîðíè ìíîãî÷ëåíîâ: a) 8x3− 6x+ 1; á) 512x9− 1152x7 + 864x5− 240x3 + 18x+ 1. (Ýòî ñâÿçàíî
ñ 9- è 27-óãîëüíèêàìè.)

3.4. Íàéäèòå âñå ïðîñòûå p, äëÿ êîòîðûõ ñóùåñòâóåò åäèíñòâåííîå a ∈ {1, . . . , p − 1} ñ óñëîâèåì
p | a3 − 3a+ 1.

3.5. Ïîñòðîéòå ñ ïîìîùüþ öèðêóëÿ, ëèíåéêè è òðèñåêòîðà ïðàâèëüíûå: a) 7-óãîëüíèê; á) 13-
óãîëüíèê.

�Îäèí ñëèøêîì íàâÿç÷èâûé àñïèðàíò äîâ¼ë ñâîåãî ðóêîâîäèòåëÿ äî òîãî, ÷òî òîò ñêàçàë åìó:
�Èäèòå è ðàçðàáîòàéòå ïîñòðîåíèå ïðàâèëüíîãî ìíîãîóãîëüíèêà ñ 65537 ñòîðîíàìè�. Àñïèðàíò
óäàëèëñÿ, ÷òîáû âåðíóòüñÿ ÷åðåç 20 ëåò ñ ñîîòâåòñòâóþùèì ïîñòðîåíèåì� (Äæ. Ëèòâóä, �Ìàòåìà-
òè÷åñêàÿ ñìåñü�) À ðóêîïèñü È. Ã. Ãåðìåñà, íàïèñàííàÿ â 1894 ã. â ðåçóëüòàòå áîëåå ÷åì äåñÿòèëåò-
íèõ èññëåäîâàíèé è ñîäåðæàùàÿ ïîñòðîåíèå ïðàâèëüíîãî 65537-óãîëüíèêà, õðàíèòñÿ â áèáëèîòåêå
Ã¼òòèíãåíñêîãî óíèâåðñèòåòà è ñîäåðæèò áîëüøå 200 ñòðàíèö. Íî ñåé÷àñ ñ ïîìîùüþ êîìïüþòåðà
ìîæíî äîáèòüñÿ ýòîãî ðåçóëüòàòà çà çíà÷èòåëüíî ìåíüøåå âðåìÿ.

4. Ëèíåéíàÿ íåçàâèñèìîñòü ðàäèêàëîâ

Òåîðåìà 6. Ïóñòü N, k1, . . . , kN ∈ N, N > 1, Q1, . . . , QN ∈ Q+, ïðè÷¼ì
ki
√
Qi/ kj

√
Qj /∈ Q ïðè âñåõ

i 6= j. Òîãäà ðàâåíñòâî

a1
k1
√
Q1 + . . .+ aN

kN

√
QN = 0, ãäå a1, . . . , aN ∈ Q,

âûïîëíÿåòñÿ òîëüêî ïðè a1 = . . . = aN = 0.

Â ÷àñòíîñòè, ïðè Q1 = 1 ïîëó÷èì, ÷òî ñóììà k2
√
Q2 + . . . + kN

√
QN èððàöèîíàëüíà, òàê êàê

ðàâåíñòâî a1
k1
√

1 + k2
√
Q2 + . . .+ kN

√
QN = 0 íå ìîæåò âûïîëíÿòüñÿ íè ïðè êàêîì a1 ∈ Q.

Èððàöèîíàëüíîñòü îäíîãî ðàäèêàëà � ïðîñòîé, ÷èñòî àðèôìåòè÷åñêèé, âîïðîñ, ñâîäÿùèéñÿ ê
îäíîçíà÷íîñòè ðàçëîæåíèÿ íà ïðîñòûå ìíîæèòåëè.

Ëåììà 1. Äëÿ âñåõ k ∈ N è Q ∈ Q+ èìååì: k
√
Q ∈ Q, åñëè è òîëüêî åñëè ïîêàçàòåëè âñåõ

ïðîñòûõ äåëèòåëåé ÷èñëèòåëÿ è çíàìåíàòåëÿ â íåñîêðàòèìîì ïðåäñòàâëåíèè Q êðàòíû k.

4.1. Äîêàæèòå ëåììó 1.

4.2. Âûâåäèòå èç òåîðåìû 6 è ëåììû 1 èððàöèîíàëüíîñòü ÷èñåë èç çàäà÷è 1.1.
Íå óìàëÿÿ îáùíîñòè, â òåîðåìå 6 ìîæíî ñ÷èòàòü âñå ÷èñëà Qi íàòóðàëüíûìè, à âñå ïîêàçàòåëè

ki ðàâíûìè, è äîêàçûâàòü òåì ñàìûì ñëåäóþùóþ ðàâíîñèëüíóþ òåîðåìó.



Òåîðåìà 7. Ïóñòü k, n ∈ N, p1, . . . , pn � ðàçëè÷íûå ïðîñòûå ÷èñëà, ri = k
√
pi ïðè i = 1, . . . , n.

Òîãäà ñèñòåìà {rl11 . . . rlnn | 0 6 l1, . . . , ln < k} èç kn ÷èñåë ëèíåéíî íåçàâèñèìà íàä Q.

Ýòó ñèñòåìó óäîáíî ïðåäñòàâëÿòü â âèäå n-ìåðíîé ðåø¼òêè, ñì. ïðèìåðû íà ðèñóíêàõ 2 è 4.

1 3
√
2

3
√
4

3
√
9

3
√
18 3

√
36

3
√
3 3

√
12

3
√
6

Ðèñ. 4

4.3. Âûâåäèòå òåîðåìû 6 è 7 äðóã èç äðóãà.

4.4. Êàê â çàäà÷å 2.6, ñâåäèòå òåîðåìó 7 ïðè k = 2 ê ñëåäóþùåìó óòâåðæäåíèþ è äîêàæèòå åãî:

√
pn /∈ Q(

√
p1, . . . ,

√
pn−1).

(Ðåêîìåíäóåì èñïîëüçîâàòü ïåðåõîä ê ñîïðÿæ¼ííûì ÷èñëàì � òàê ïðîùå ïîíÿòü ñëó÷àé k > 2.)

4.5. Äîêàæèòå, ÷òî òåîðåìà 7 ðàâíîñèëüíà òåîðåìå 7′: â îáîçíà÷åíèÿõ òåîðåìû 7 ñòåïåíè
1, rn, . . . , r

k−1
n ëèíåéíî íåçàâèñèìû íàä ïîëåì Q(r1, . . . , rn−1).

4.6. Ïóñòü K � ïîäïîëå â R, r ∈ R, rk ∈ K è r, . . . , rk−1 /∈ K. Äîêàæèòå, ÷òî äâó÷ëåí xk − rk

íåïðèâîäèì íàä K è ñòåïåíè 1, r, . . . , rk−1 ëèíåéíî íåçàâèñèìû íàä K.
Òàêèì îáðàçîì, òåîðåìà 7′ ñâåäåíà ê ñëåäóþùåé òåîðåìå 7′′: â òåõ æå îáîçíà÷åíèÿõ

rln /∈ Q(r1, . . . , rn−1) íè äëÿ êàêîãî l ∈ {1, . . . , k − 1}.

Ïðåäïîëîæèì ïðîòèâíîå. Ïî ïðåäïîëîæåíèþ èíäóêöèè êàæäîå ÷èñëî èç ïîëÿ Q(r1, . . . , rn−1)

îäíîçíà÷íî ïðåäñòàâëÿåòñÿ â âèäå ñóììû ïðîèçâåäåíèé âèäà arl11 . . . r
ln−1

n−1 , ãäå a ∈ Q è âñå li ∈
{0, . . . , k − 1}.
4.7. Ïîëó÷èòå ïðîòèâîðå÷èå, åñëè â ýòîé ñóììå ðîâíî îäíî ñëàãàåìîå.

Åñëè â ýòîé ñóììå õîòÿ áû äâà ñëàãàåìûõ, òî ñ òî÷íîñòüþ äî ïåðåñòàíîâêè ðàäèêàëîâ r1, . . . , rn−1
ìîæíî ñ÷èòàòü, ÷òî

rln = A0 + A1rn−1 + . . .+ Ak−1r
k−1
n−1, ãäå A0, . . . , Ak−1 ∈ Q(r1, . . . , rn−2), (1)

ãäå ñðåäè A0, . . . , Ak−1 õîòÿ áû äâà íåíóëåâûõ.

4.8. à) Äîêàæèòå, ÷òî A0 = 0.
á) Ïóñòü Aj � ïåðâûé íåíóëåâîé êîýôôèöèåíò â (1). Ïðèäèòå ê ïðîòèâîðå÷èþ, äîêàçàâ, ÷òî

Aj = 0 (ïîäóìàéòå, êàê ñâåñòè çàäà÷ó ê ïðåäûäóùåìó ïóíêòó). Ýòî çàâåðøàåò äîêàçàòåëüñòâî
òåîðåìû 7.

4.9. Îñòà¼òñÿ ëè òåîðåìà 7 â ñèëå, åñëè ïîä êàæäûì rj (j = 1, . . . , n) ïîíèìàòü íåêîòîðîå êîì-
ïëåêñíîå çíà÷åíèå êîðíÿ k

√
pj?

5. Ðàçìåðíîñòè ðàñøèðåíèé ïîëåé

Äëÿ áîëåå ãëóáîêîãî ïîíèìàíèÿ àëãåáðàè÷åñêèõ ÷èñåë è ðåøåíèÿ áîëåå òðóäíûõ çàäà÷ ìû ïîçíàêî-
ìèìñÿ ñ ïîíÿòèåì âåêòîðíîãî ïðîñòðàíñòâà, åãî ðàçìåðíîñòè è îñâîèì òåõíèêó ðàñøèðåíèé ïîëåé
(âñ¼ � äëÿ ÷èñëîâûõ ìíîæåñòâ).

Ïîäìíîæåñòâî V ⊆ C, ñîäåðæàùåå ïîëå K, íàçûâàåòñÿ âåêòîðíûì ïðîñòðàíñòâîì íàä K, à
åãî ýëåìåíòû � âåêòîðàìè, åñëè V çàìêíóòî îòíîñèòåëüíî óìíîæåíèÿ íà ÷èñëà èç K è ñëîæåíèÿ,



ò. å. a + b, ka ∈ V äëÿ ëþáûõ a, b ∈ V è k ∈ K. Íàïðèìåð, âñÿêîå ïîëå ÿâëÿåòñÿ âåêòîðíûì
ïðîñòðàíñòâîì íàä ëþáûì ñâîèì ïîäïîëåì.

Ïðåäïîëîæèì, ÷òî ïðîñòðàíñòâî V ⊆ C íàä ïîëåì K ñîäåðæèò òàêèå ÷èñëà e1, . . . , en, ÷òî
âñÿêîå α ∈ V ïðåäñòàâëÿåòñÿ â âèäå

α = k1e1 + . . .+ knen (2)

ñ îäíîçíà÷íî îïðåäåë¼ííûìè êîýôôèöèåíòàìè k1, . . . , kn ∈ K. Òîãäà ñèñòåìà e1, . . . , en íàçûâàåòñÿ
áàçèñîì ïðîñòðàíñòâà V íàä K, à ðàâåíñòâî (2) � ðàçëîæåíèåì ÷èñëà α ïî ýòîìó áàçèñó.

5.1. Äîêàæèòå, ÷òî áàçèñ ïðîñòðàíñòâà ìîæíî îïðåäåëèòü ðàâíîñèëüíûì îáðàçîì êàê ìàêñèìàëü-
íóþ ïî âêëþ÷åíèþ ëèíåéíî íåçàâèñèìóþ ñèñòåìó âåêòîðîâ. Èíûìè ñëîâàìè, ñèñòåìà e1, . . . , en �
áàçèñ â V íàä K, åñëè è òîëüêî åñëè îíà ëèíåéíî íåçàâèñèìà íàä K, à ñèñòåìà e1, . . . , en, α ëèíåéíî
çàâèñèìà íàä K äëÿ ëþáîãî α ∈ V .

Ïðîñòðàíñòâî, îáëàäàþùåå êîíå÷íûì áàçèñîì, íàçûâàåòñÿ êîíå÷íîìåðíûì, à ðàñøèðåíèå ïî-
ëÿ, îáëàäàþùåå êîíå÷íûì áàçèñîì, íàçûâàþò êîíå÷íûì. ×èñëî ýëåìåíòîâ â áàçèñå ïðîñòðàíñòâà
V íàä K íàçûâàåòñÿ åãî ðàçìåðíîñòüþ è îáîçíà÷àåòñÿ dimK L. Êîððåêòíîñòü ýòîãî îïðåäåëåíèÿ,
ò. å. íåçàâèñèìîñòü îò âûáîðà áàçèñà, âûòåêàåò èç ñëåäóþùåé ëåììû.

Ëåììà 2 (îñíîâíàÿ ëåììà î ëèíåéíîé çàâèñèìîñòè). Åñëè ÷èñëà f1, . . . , fm ëèíåéíî âûðàæàþòñÿ
íàä ïîëåì K ÷åðåç ÷èñëà e1, . . . , en è m > n, òî ÷èñëà f1, . . . , fm ëèíåéíî çàâèñèìû íàä K.

Ïóñòü U ⊆ W � êîíå÷íîìåðíûå ïðîñòðàíñòâà íàä ïîëåì K. Íåñëîæíî ïðîâåðèòü, ÷òî âñÿêèé
áàçèñ â U ìîæíî äîïîëíèòü äî áàçèñà â V . Òåì ñàìûì, dimK U 6 dimK V è dimK U = dimK V ⇔
U = V .

Åñëè K � ïîäïîëå ïîëÿ L, òî ãîâîðÿò î ðàñøèðåíèè ïîëåé L/K. Î÷åâèäíî, â ýòîì ñëó÷àå L
� âåêòîðíîå ïðîñòðàíñòâî íàä K. Ðàçìåðíîñòü êîíå÷íîãî ðàñøèðåíèÿ L/K íàçûâàåòñÿ òàêæå åãî
ñòåïåíüþ è îáîçíà÷àåòñÿ [L : K].

5.2. Ïóñòü L/K � êîíå÷íîå ðàñøèðåíèå. Äîêàæèòå, ÷òî [L : K] = 2⇔ L = K(α) äëÿ íåêîòîðîãî
òàêîãî α ∈ L \K, ÷òî α2 ∈ K.

5.3. Äîêàæèòå, ÷òî ÷èñëà 1, α, . . . , αn−1 îáðàçóþò áàçèñ ðàñøèðåíèÿ K(α)/K, åñëè è òîëüêî åñëè
÷èñëî α àëãåáðàè÷íî íàä K è èìååò ñòåïåíü n. Èòàê, åñëè α àëãåáðàè÷íî íàä K, òî degK(α) =
[K(α) : K].

Ïîëåçíûé èíñòðóìåíò â òåîðèè êîíå÷íûõ ðàñøèðåíèé � ñëåäóþùàÿ òåîðåìà (äîêàæèòå å¼).

Òåîðåìà 8 (î ðàçìåðíîñòè áàøíè). Åñëè K ⊆ P ⊆ L � êîíå÷íûå ðàñøèðåíèÿ ïîëåé, òî

dimK L = dimK P · dimP L.

Ñð. ñî ñâîéñòâîì ëîãàðèôìîâ loga c = loga b · logb c.
Âåðíèòåñü ê çàäà÷å äëÿ çàòðàâêè 1.1â).

5.4. Íàéäèòå âñå ïîäïîëÿ â ïîëÿõ: à) Q( 11
√

1024); á) Q( 4
√

3); â) Q(ε5); ã) Q(ε8).

5.5∗. Îáîçíà÷èì ε = ε17. Èç òåîðåìû 2 è çàäà÷è 2.11 ñëåäóåò, ÷òî deg(ε) = 16.
à) Íàéäèòå âñå α ∈ Q(ε), äëÿ êîòîðûõ deg(α) = 2, 4, 8. Óêàçàíèå: âîñïîëüçóéòåñü òåîðåìîé

5, ðàññìîòðåâ áàçèñ ε, ε3, ε3
2
, . . . , ε3

15
â Q(ε) íàä Q (äîêàæèòå, ÷òî ýòî áàçèñ). Ýòî óïîðÿäî÷åíèå

ïðèíàäëåæèò Ãàóññó.

5.6. Íàéäèòå âñå ñîïðÿæ¼ííûå íàä Q ê ÷èñëàì: à)
√

6 +
√

10 +
√

15; á) 3
√

2 + 3
√

3.
á) Ïóñòü Uk = {α ∈ Q(ε) | deg(α) äåëèò k}, k = 1, 2, 4, 8, 16. Â ÷àñòíîñòè, U1 = Q è U16 = Q(α).

Äîêàæèòå, ÷òî U1 ⊂ U2 ⊂ U4 ⊂ U8 ⊂ U16 � öåïî÷êà êâàäðàòè÷íûõ ðàñøèðåíèé ïîëåé. Òàêèì
ñïîñîáîì ìîæíî ïîñòðîèòü ïðàâèëüíûé 17-óãîëüíèê ñ ïîìîùüþ öèðêóëÿ è ëèíåéêè (îòêðûòèå
Ãàóññà).

Èññëåäîâàòåëüñêàÿ çàäà÷à. Êàêèå ïðàâèëüíûå n-óãîëüíèêè ìîæíî ïîñòðîèòü ñ ïîìîùüþ
öèðêóëÿ, ëèíåéêè è òðèñåêòîðà? ×àñòíûå ñëó÷àè: n = 7, 13, 19, 37.

Èññëåäîâàòåëüñêàÿ çàäà÷à. Ðàçðàáîòàéòå àëãîðèòì íàõîæäåíèÿ ñòåïåíè ëþáîãî àëãåáðàè÷å-
ñêîãî ÷èñëà èç ðàñøèðåíèÿ Q

(
k
√
p1, . . . , k

√
pn
)
, ãäå p1, . . . , pn � ðàçëè÷íûå ïðîñòûå ÷èñëà. ×àñòíûå

ñëó÷àè: k = 2; k � ïðîñòîå.



Линейная независимость радикалов

А. Канунников, И. Воробьёв

§1. Введение

Как доказать иррациональность чисел

3

√
121

111
,
√
2 +
√
3,
√
2 + 3
√
3,
√
2 +
√
3 +
√
5 +
√
7, 5
√
3− 5
√
2,

√
3

5
+

17
√
2021!

2021
+

55
5

√
77

7

333
?

Иррациональность одного радикала — простой, чисто арифметический, вопрос, сводящийся к разло-
жению на простые множители.

Лемма 1. Пусть A,B, k ∈ N и НОД(A,B) = 1. Тогда k
√
A/B ∈ Q, если и только если показатели

степеней всех простых делителей в разложениях чисел A и B кратны k.

Доказательство. Пусть k
√
A/B = a/b, где a, b ∈ N, тогда Abk = Bak. Каждый простой делитель p числа

A не делит B и входит в разложения чисел ak и bk в степенях, кратных k, поэтому p входит в разложение
A в степени, тоже кратной k. Рассуждение с простыми делителями числа B аналогично. В обратную
сторону утверждение очевидно.

Число 3

√
121
111 = 3

√
112

3·37 иррационально по лемме 1. Если
√
2 +
√
3 ∈ Q, то (

√
2 +
√
3)2 = 5 + 2

√
6 ∈ Q,

откуда
√
6 ∈ Q, что неверно по той же лемме. Предположив, что

√
2 + 3
√
3 = a ∈ Q, возведём равенство

3
√
3 = a −

√
2 в куб: 3 = a3 + 6a − (3a2 + 2)

√
2 и придём к противоречию:

√
2 = a3+6a−3

3a2+2
∈ Q. Однако

остальные числа «голыми руками не возьмёшь»: незатейливое возведение в степень только приумножит
количество радикалов.

„Неужели, прочитав статью, я пойму, почему даже последнее, нарочито дикое, число иррационально?“
— наверное, думает читатель в эту минуту. „Да, — ответим мы, — если только вы умеете делить много-
члены с остатком и извлекать корни из комплексных чисел. Если пока не умеете, то во всяком случае вы
разберётесь со сколь угодно длинными суммами квадратных радикалов.“

На самом деле, мы докажем даже большее: между корнями из рациональных чисел не существует
линейных соотношений с рациональными коэффициентами, кроме очевидных отношений пропорциональ-
ности, например,

√
8 = 2

√
2. Вот точная формулировка.

Теорема 1. Пусть N, k1, . . . , kN ∈ N, N > 1, 0 < Q1, . . . , QN ∈ Q и ki
√
Qi/ kj

√
Qj /∈ Q при i 6= j. Тогда

равенство
a1

k1
√
Q1 + . . .+ aN

kN
√
QN = 0, где a1, . . . , aN ∈ Q,

выполняется только при a1 = . . . = aN = 0.

В частности, при Q1 = 1 получим, что сумма k2
√
Q2 + . . .+ kN

√
QN иррациональна, так как равенство

a1
k1
√
1 + k2

√
Q2 + . . .+ kN

√
QN = 0 не может выполняться ни при каком a1 ∈ Q.

Чтобы применять теорему 1, нужно проверять иррациональность отдельных радикалов kikj

√
Q
kj
i /Q

ki
j

по лемме 1.
Задача 1. Выведите из теоремы 1 и леммы 1 иррациональность трёх последних чисел в начале статьи.

−→v1

−→v2

−→v3
a1−→v1 + a2−→v2 + a3−→v3 = 0⇒ a1 = a2 = a3 = 0

Рис. 1

На языке векторов утверждение теоремы 1 формулируется
так: числа k1

√
Q1, . . . ,

kN
√
QN линейно независимы над Q (срав-

ните с некомпланарными векторами на рисунке 1). Условие
ki
√
Qi/ kj

√
Qj /∈ Q в этих терминах означает линейную независи-

мость чисел ki
√
Qi и kj

√
Qj над Q (линейная независимость двух

векторов — это просто их неколлинеарность).
Вообще, взгляд на алгебраические числа (в частности, на радикалы) как на векторы оказывается есте-
ственным и продуктивным — он позволяет применять геометрические идеи к алгебраическим задачам
[4].

Сформулируем более удобную для доказательства, но, как окажется, равносильную теорему.

Теорема 2. Пусть k, n ∈ N, p1, . . . , pn — различные простые числа, r1 = k
√
p1, . . . , rn = k

√
pn. Тогда

система {rl11 . . . rlnn | 0 6 l1, . . . , ln < k} из kn чисел линейно независима над Q.



Эту систему удобно представлять в виде n-мерной решётки, см. примеры на рисунке 2.
Задача 2. а) Как связаны наборы чисел на параллельных сторонах квадрата на рисунке 2а и на па-
раллельных рёбрах и гранях куба на рисунке 2б? б) Попробуйте нарисовать гиперкуб (4-мерный куб) и
расставить в его вершинах радикалы по тому же принципу.
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√
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√
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√
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√
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√
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√
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3
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√
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3
√
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√
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√
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Рис. 2аб Рис. 2в
Задача 3. Выведите теоремы 1 и 2 друг из друга. Указание. 1⇒ 2: числа из системы в теореме 2 попарно
непропорциональны над Q; 2 ⇒ 1: обобщите рассуждение из следующего примера.

Пример 1. Сведём линейную независимость (по умолчанию — над Q) чисел 1,
√
1/2, 3

√
4/3 к теоре-

ме 2. Выравняем показатели корней: 1, 6
√
1/23, 6

√
24/32, домножим второе число на 2, а третье — на 3:

1,
6
√
23,

6
√
24 · 34 (это не влияет на линейную независимость). Получили подсистему системы { 6

√
2
l1 6
√
3
l2 |

0 6 l1, l2 6 5}, а она линейно независима по теореме 2.

В литературе для школьников неоднократно обсуждался случай квадратных радикалов [2, 4, 6]. В §2
мы разберём его на примерах, подводя ко многим, пусть и не всем, идеям в общей ситуации. Теорема
2 при n = 1 доказана в [5]. Общий случай разобран, например в научной статье [7] с помощью теории
Галуа. В §3 мы докажем теорему 2 достаточно элементарно, попутно сообщая необходимые сведения об
алгебраических числах, интересные и сами по себе. В конце мы приведём совсем короткое доказательство
теоремы 1, доступное первокурснику. Всё необходимое для понимания собрано в §4.

§2. Случай квадратных радикалов

Теорему 2 при k = 2 можно доказать индукцией по n. База n = 1: линейная независимость 1 и√
p1 означает просто иррациональность √p1 и имеет место по лемме 1. Разберём случаи n = 2, 3 на

конкретных примерах — так проще объяснить и понять идеи доказательства. Полное рассуждение с
любым k индукцией по n проведём в §3.

Пример 2. Докажем, что числа 1,
√
2,
√
3,
√
6 (рис. 2а) линейно независимы. Пусть a+b

√
2+c
√
3+d
√
6 = 0,

где a, b, c, d ∈ Q. Выделим
√
3: a + b

√
2 + (c + d

√
2)
√
3 = 0. Если c + d

√
2 = 0, то и a + b

√
2 = 0, а тогда,

ввиду иррациональности
√
2, c = d = 0 и a = b = 0. Если же c+ d

√
2 6= 0, то

√
3 = −a+ b

√
2

c+ d
√
2
= −(a+ b

√
2)(c− d

√
2)

c2 − 2d2
= A+B

√
2, где A =

2bd− ac
c2 − 2d2

, B =
ad− bc
c2 − 2d2

∈ Q.

Возведём равенство
√
3 = A+B

√
2 в квадрат:

3 = A2 + 2B2 + 2AB
√
2 =⇒ AB = 0, иначе

√
2 ∈ Q.

При A = 0 получаем
√

3/2 = B ∈ Q, при B = 0 получаем
√
3 = A ∈ Q — противоречие с леммой 1.

Мы свели линейную независимость чисел на рисунке 2а к «инородности»
√
3 по отношению к множе-

ству Q+Q
√
2 = {a+ b

√
2 | a, b ∈ Q} (формально —

√
3 не лежит в нём), подобно тому, как

√
2 инородно

по отношению к Q. При этом оказалось важно, что в множестве Q+Q
√
2 можно не только складывать,

вычитать, умножать, но и делить (не на 0), как и в Q. Прежде чем сделать следующий шаг, введём
несколько понятий.

Немного теории. Множество чисел, содержащее 0 и 1 и замкнутое относительно четырёх арифме-
тических действий, называется числовым полем. Слово „числовое“ мы будем опускать. Итак, K — поле,
если 0, 1 ∈ K и для любых a, b ∈ K верно a ± b, ab ∈ K и a/b ∈ K при b 6= 0. Легко понять, Q — поле,



причём „самое маленькое“ — любое поле его содержит1. Если поле K содержится в поле L, то говорят,
что K — подполе в L. В этом параграфе все поля лежат в поле R действительных чисел.

Числа x1, . . . , xn называются линейно независимыми над полем K, если равенство a1x1 + . . .+ anxn =
0, где a1, . . . , an ∈ K, выполняется только при a1 = . . . = an = 0. Например, числа 1 и

√
2 линейно

независимы над Q, но линейно зависимы над R (равенство a1 ·1+a2
√
2 = 0 верно при a1 =

√
2 и a2 = −1).

Задача 4. Проверьте свойства линейной зависимости/независимости над произвольным полем K:
а) система, содержащая 0 или два числа, отношение которых лежит в K, линейно зависима над K;
б) подсистема линейно независимой системы линейно независима;
в) система 1, x линейно независима над K, если и только если x /∈ K;
г) коэффициенты a1, . . . , an ∈ K в записи числа a1x1+. . .+anxn определены однозначно, если и только

если система x1, . . . , xn линейно независима над K.
Наименьшее (по включению) поле, содержащее поле K и числа α1, . . . , αn, обозначается K(α1, . . . , αn)

и называется полем, порожденным над K этими числами. Опишем поле, порожденное над K одним
квадратным радикалом

√
d /∈ K, где d ∈ K. Поле K(

√
d), очевидно, состоит из отношений чисел вида

a+b
√
d, где a, b ∈ K. Но от иррациональности в знаменателе можно избавиться, домножив на сопряжённое

a− b
√
d:

1

a+ b
√
d
=
a− b

√
d

a2 − db2
(как в примере 2). Значит,

K(
√
d) = {a+ b

√
d | a, b ∈ K}.

Пример 3. Пусть p, q — различные простые числа. Аналогично примеру 2√q /∈ Q(
√
p) и числа 1,√p,√q,√pq

линейно независимы над Q. Поэтому

Q(
√
p,
√
q) = Q(

√
p)(
√
q) = {a+ b

√
p+ c

√
q + d

√
pq | a, b, c, d ∈ Q},

причём запись чисел в таком виде однозначна.

Пример 4. Докажем, что числа на рисунке 2б линейно независимы над Q. Пусть

a1 + a2
√
2 + . . .+ a8

√
30 = 0, где a1, a2, . . . , a8 ∈ Q.

Шаг 1. Вынося
√
5 за скобки, получим равенство вида A+B

√
5 = 0, где A,B ∈ Q(

√
2,
√
3):

a1 + a2
√
2 + a3

√
3 + a5

√
6︸ ︷︷ ︸

A

+(a4 + a6
√
2 + a7

√
3 + a8

√
6)︸ ︷︷ ︸

B

√
5 = 0. (1)

Достаточно доказать, что A = B = 0. Тогда, согласно примеру 2, a1 = a2 = a3 = a5 = 0 и a4 = a6 = a7 =
a8 = 0.
Шаг 2. Надо доказать, что числа 1 и

√
5 линейно независимы над полем Q(

√
2,
√
3). Это равносильно

условию
√
5 /∈ Q(

√
2,
√
3) (задача 4в).

Шаг 3. Предположим, что
√
5 ∈ Q(

√
2,
√
3), т. е., с учётом описания этого поля в примере 3,

√
5 = a+ b

√
2 + c

√
3 + d

√
6, где a, b, c, d ∈ Q. (2)

Большое число радикалов может отбить желание возводить в квадрат. Однако это можно сделать по-
умному, предварительно сгруппировав слагаемые одних из двух способов:

a+ b
√
2︸ ︷︷ ︸

C

+(c+ d
√
2︸ ︷︷ ︸

D

)
√
3 =
√
5 = a+ c

√
3︸ ︷︷ ︸

C′

+(b+ d
√
3︸ ︷︷ ︸

D′

)
√
2, (3)

и «не тревожить» C,D,C ′, D′. Возведём в квадрат первое равенство:

C2 + 3D2 + 2CD
√
3 = 5.

Так как числа 1 и
√
3 линейно независимы над полем Q(

√
2), то CD = 0. Аналогично C ′D′ = 0. Всего 4

варианта: C = C ′ = 0, C = D′ = 0, C ′ = D = 0 или D = D′ = 0. Если C = C ′ = 0, то a = b = c = 0,
поэтому

√
5 = d

√
6, а это противоречит лемме 1. В других случаях получается аналогичное противоречие,

так как в правой части равенства (2) остаётся лишь одно ненулевое слагаемое.
1Бывают и другие поля: поле вычетов Zp, поле рациональных функций и др. Любое поле содержит либо Q, либо Zp.



Задача 5. Докажите теорему 2 при k = 2: сделайте шаг индукции от n− 1 к n, следуя примеру 4.
Прежде чем переходить к радикалам более высокой степени, обсудим, как можно было сделать послед-

ний шаг с прицелом на общий случай — без возведения в квадрат. Согласитесь, даже столь безобидное
равенство как 5

√
3 = a+ b 5

√
2 (a, b ∈ Q) едва ли удастся привести к противоречию лобовым возведением в

пятую степень... Что если в равенствах (3) перейти к сопряжённым числам?
Назовём числа вида a± b

√
d над полем K, где a, b, d ∈ K,

√
d /∈ K, сопряжёнными. В равенствах (3)

сопряжённым к числу C +D
√
3 над полем Q(

√
2) будет C −D

√
3, а сопряжённым к числу C ′ +D′

√
2

над полем Q(
√
3) будет C ′ −D′

√
2. В то же время сопряжённым к числу

√
5 над обоими полями будет

−
√
5. Раз числа равны, то равны и их сопряжённые:

C −D
√
3 = −

√
5 = C ′ −D′

√
2. (4)

Отсюда и из (3) получаем C = C ′ = 0, что невозможно, как показано выше.
Увы, несмотря на кажущуюся строгость, это рассуждение содержит «дыру», однако его можно спа-

сти. Логическая ошибка довольно тонкая, и читатель, который её обнаружит и исправит, вправе собой
гордиться.
Задача 6. Почему переход от (3) к (4) не обоснован, и как его доказать?

Переход к сопряжённым часто бывает эффективен. Вот несколько олимпиадных задач на эту тему.
Задача 7. Существуют ли такие рациональные числа a, b, c, d, что (a+ b

√
2)2 + (c+ d

√
2)2 = 7 + 5

√
2?

Задача 8. Найдите первые 1000 знаков после запятой в десятичной записи числа (6 +
√
35)1000.

Задача 9. Докажите, что произведение 2100 чисел ±
√
1±
√
2± . . .±

√
99±

√
100 — полный квадрат.

§3. Общий случай

Начнём доказывать теорему 2 при произвольном k, следуя плану в примере 4. При этом на каждом
шаге будут возникать новые трудности. Чем дальше в лес — тем больше дров.
Шаг 1: отщепление последнего радикала. Линейное соотношение над Q (т. е. с коэффициентами из
Q) девяти чисел на рисунке 2в можно записать в виде

f0(
3
√
2) + f1(

3
√
2)

3
√
3 + f2(

3
√
2)

3
√
9 = 0,

где f0, f1, f2 — многочлены степени меньше 3 над Q (сгруппировали слагаемые как в (1)). Поэтому ли-
нейная независимость этих чисел будет следовать из двух фактов:

числа 1,
3
√
3,

3
√
9 линейно независимы над полем Q(

3
√
2); (5)

числа 1,
3
√
2,

3
√
4 линейно независимы над полем Q. (6)

В самом деле, из (5) получаем f0(
3
√
2) = f1(

3
√
2) = f2(

3
√
2) = 0, а тогда из (6) коэффициенты много-

членов f0, f1, f2 — нулевые. Обобщим это рассуждение и покажем, что достаточно доказать теорему 2′:
в обозначениях теоремы 2 числа 1, rn, . . . , r

k−1
n линейно независимы над полем Q(r1, . . . , rn−1).

Пусть теорема 2′ доказана. Докажем теорему 2 индукцией по n. При n = 1 теоремы совпадают бук-
вально: Q(r1, . . . , rn−1) = Q. Пусть n > 1. Переформулируем теорему 2: если F (x1, . . . , xn) — многочлен
над Q, имеющий по каждой переменной степень меньше k, и F (r1, . . . , rn) = 0, то F = 0 (т. е. все
коэффициенты многочлена F нулевые). Запишем F в виде

F (x1, . . . , xn) = f0(x1, . . . , xn−1) + f1(x1, . . . , xn−1)xn + . . .+ fk−1(x1, . . . , xn−1)x
k−1
n .

По условию F (r1, . . . , rn) = 0. По теореме 2′ имеем fj(r1, . . . , rn−1) = 0 для всех j = 0, . . . , k − 1. По
предположению индукции f0 = . . . = fn−1 = 0, т. е. F = 0.
Шаг 2: «инородность» последнего радикала. Пусть K — любое поле, r — такое число, что rk ∈ K.
Выясним, когда

числа 1, r, . . . , rk−1 линейно независимы над K. (7)

Иными словами, r не должно быть корнем многочлена степени меньше k с коэффициентами из K. При
k = 2 это просто означает, что r /∈ K (задача 4в). При k > 2 всё гораздо сложнее и интереснее.

Немного теории. Множество многочленов над полем K обозначается K[x]. Многочлен над K поло-
жительной степени, который не раскладывается в произведение многочленов меньших степеней, называ-
ется неприводимым над K. Многочлены над полем можно делить с остатком («уголком»).



Пусть число α является корнем ненулевого многочлена над полем K, тогда оно называется алгеб-
раическим над K. Среди всех таких многочленов только один имеет наименьшую степень и старший
коэффициент 1 (если бы их было два, то их разность была бы многочленом меньшей степени с корнем α).
Он называется минимальным многочленом числа α над K, и мы будем его обозначать µKα (x) или µα(x),
если ясно, о каком поле K идёт речь. Степень этого многочлена есть наименьшее такое m ∈ N, что числа
1, α, . . . , αm линейно зависимы над K. Вот основные свойства многочлена µKα (x) = µα(x):

1) многочлен µα(x) неприводим над K;
2) любой многочлен из K[x] с корнем α делится на µα(x);
3) неприводимый над K многочлен p(x) с корнем α и старшим коэффициентом 1 равен µα(x).

Доказательство. 1) Если многочлен µα раскладывается в произведение многочленов над K меньшей
степени, то α — корень одного из сомножителей, что противоречит минимальности степени degµα.

2) Пусть f ∈ K[x] и f(α) = 0. Разделим f на µα с остатком: f = µαq + s, где q, s ∈ K[x] и либо s = 0,
либо deg s < degµα. Второй вариант невовозможен, так как s(α) = f(α)− µα(α)q(α) = 0.

3) По пункту 2) p(x) делится на µα(x), а так как p(x) неприводим над K, то p(x)/µα(x) = c ∈ K.
Поскольку старшие коэффициенты у p(x) и µα(x) равны 1, то c = 1.

Таким образом, (7)⇔ µKr (x) = xk− rk ⇔ двучлен xk− rk неприводим над K. Например, утверждения
(5) и (6) равносильны соответственно неприводимости двучлена x3 − 3 над Q( 3

√
2) и двучлена x3 − 2 над

Q, а это значит, что 3
√
3 /∈ Q( 3

√
2) и 3

√
2 /∈ Q (кубический многочлен неприводим над полем, если не имеет в

нем корней). В общем случае условие «инородности» r /∈ K необходимо, но не достаточно. Хотя в нашем
случае действующие лица K и r лежат в поле R, мы выйдем в комплексную плоскость — поле C, где
двучлен xk − rk раскладывается на линейные множители. По формуле Муавра [3]

xk − rk = (x− r)(x− rε) . . . (x− rεk−1), где ε = εk = cos 2π
k + i sin 2π

k . (8)

r

ε
ε2

ε3
ε4

1

rε

rε2

rε3

rε4

Рис. 3

Лемма 2. Пусть K — подполе в R, r ∈ R, rk ∈ K и r, . . . , rk−1 /∈ K. Тогда двучлен xk − rk неприводим
над K.

Доказательство. Предположим, что двучлен xk − rk имеет делитель из K[x] степени l ∈ {1, . . . , k − 1}
и c — свободный член этого делителя. Из разложения (8) имеем c = (−r)lεs для некоторого целого s.
Поскольку c ∈ K ⊆ R, r ∈ R и |εs| = 1, то rl = ±|c| ∈ K, что противоречит условию.

Замечание. Для r /∈ R лемма неверна, например, при k = 3 и r = ε имеем ε, ε2 /∈ R, но двучлен x3−1 приводим.

Пример 5. Для любого простого p и натурального k > 1 имеем k
√
p, . . . k

√
pk−1 /∈ Q (лемма 1), поэтому

двучлен xk − p неприводим над Q (лемма 2)2, значит, µQk√p(x) = xk − p.

Вообще, теорема 2′ посредством леммы 2 сведена к теореме 2′′: в тех же обозначениях

rn, . . . , r
k−1
n /∈ Q(r1, . . . , rn−1). (9)

При n = 1 это верно по лемме 1. Чтобы прийти к противоречию при n > 1, научимся записывать
числа из Q(r1, . . . , rn−1) в виде многочленов от r1, . . . , rn−1. Например, условие 3

√
3 /∈ Q( 3

√
2) запишется в

виде 3
√
3 6= a+ b 3

√
2 + c 3

√
4 при a, b, c ∈ Q.

Шаг 3: избавление от иррациональности в знаменателе. Пресловутое «домножение на сопряжён-
ное» работает лишь с квадратными радикалами. Как действовать при k > 2, сначала покажем на примере.

2В [5] линейная независимость чисел 1, k
√
p, . . . k

√
pk−1 также сведена к неприводимости двучлена xk − p, установленной

по признаку Эйзенштейна.



Пример 6. Избавимся от иррациональности в знаменателе дроби
1

3
√
4 + 3
√
2 + 3

. Обозначим r = 3
√
2 и

f(x) = x2 + x + 3. Надо найти такой многочлен u ∈ Q[x], что 1
f(r) = u(r). Это значит, что многочлен

f(x)u(x)− 1 имеет корень r, а тогда делится на µQr (x) = x3 − 2 (пример 5). Таким образом,

u(x)f(x) + v(x)(x3 − 2) = 1.

для некоторого многочлена v ∈ Q[x]. Многочлены u и v найдём с помощью алгоритма Евклида:

Алгоритм Евклида Обратный ход алгоритма Евклида

x3 − 2 = (x2 + x+ 3)(x− 1)− 2x+ 1

x2 + x+ 3 = (2x− 1)
(
1
2x+ 3

4

)
+ 15

4

15
4 = f(x)−

(
f(x)(x− 1)− (x3 − 2))

) (
1
2x+ 3

4

)
=

= (x3 − 2)
(
1
2x+ 3

4

)
+ f(x)

(
−1

2x
2 − 1

4x+ 7
4

)
Итак, (2x2 + x− 7)(x2 + x+ 3)− (2x+ 3)(x3 − 2) = −15, откуда при x = r получаем

1
3
√
4 + 3
√
2 + 3

=
7− 3
√
2− 2 3

√
4

15
.

Докажем теперь общее утверждение, следуя разобранному примеру.

Лемма 3 (об избавлении от иррациональности в знаменателе). Если число α алгебраично над полем K
и degµα(x) = k, то каждое число в поле K(α) однозначно записывается в виде

c0 + c1α+ . . .+ ck−1α
k−1, где c0, c1, . . . , ck−1 ∈ K. (10)

Доказательство. Числа такого вида лежат в K(α), поэтому надо проверить, что они сами образуют
поле. Замкнутость относительно сложения, вычитания и умножения очевидна. Пусть f ∈ K[x] и f(α) 6=
0. Тогда f(x) не делится на µα(x), а потому эти многочлены взаимно просты. По алгоритму Евклида
найдутся такие многочлены u, v ∈ K[x], что u(x)f(x) + v(x)µα(x) = 1. При x = α получим 1/f(α) = u(α),
что преобразуется к виду (10) заменой u его остатком от деления на µα. Коэффициенты ci определены
однозначно, иначе α был бы корнем многочлена степени меньше k.

Задача 10. Избавьтесь от иррациональности в знаменателях: а)
1

1 +
√
2−
√
3 +
√
6
; б)

1
4
√
27 + 2 4

√
3− 1

.

Вернёмся к доказательству теоремы 2′′. По предположению индукцию двучлен xk−rk1 неприводим над
Q, двучлен xk− rk2 — над Q(r1), . . ., двучлен xk− rkn−1 — над Q(r1, . . . , rn−2). Последовательно избавляясь
от иррациональности в знаменателе, представим каждое число из Q(r1, . . . , rn−1) однозначно в виде суммы
чисел вида

arl11 . . . r
ln−1

n−1 , где a ∈ Q, 0 6 l1, . . . , ln−1 < k. (11)

Пусть (9) неверно, т. е. rln при некотором l ∈ {1, . . . , k − 1} равно сумме чисел вида (11). В этой
сумме должно быть больше одного слагаемого, иначе rln/(r

l1
1 . . . r

ln−1

n−1 ) = a ∈ Q, что противоречит лемме
1. Значит, какой-то из радикалов r1, . . . , rn−1 встречается в двух слагаемых в разных степенях, пусть это
rn−1. Итак,

rln = A0 +A1rn−1 + . . .+Ak−1r
k−1
n−1, (12)

где среди A0, . . . , Ak−1 ∈ Q(r1, . . . , rn−2) хотя бы два ненулевых. Самое интересное наступает в этот момент
— трудность по сравнению со случаем k = 2 возрастает ещё больше. И вправду, при k = 2 равенство (12)
совсем не страшно: √pn = A0+A1

√
pn−1 и без труда возводится в квадрат. Но при k > 2 о возведении (12)

в k-ю степень даже думать не хочется... На помощь вновь приходят минимальные многочлены. Но если
для левой части минимальный многочлен найти легко, то для правой не очевидна даже алгебраичность.

Пример 7. Приведём к противоречию упомянутое выше равенство 5
√
3 = a+b 5

√
2, где a, b ∈ Q, — частный

случай (12). По лемме 1 a 6= 0 и b 6= 0. Согласно примеру 5, µ 5√3(x) = x5 − 3 и µ 5√2(x) = x5 − 2, а тогда
µa+b 5√2(x) = (x−a)5−2b5 (сделали линейную замену x 7→ x−a

b и умножили на b5). Получаем противоречие:

x5 − 3 = (x− a)5 − 2b5 = x5 − 5ax4 + . . . =⇒ a = 0.



Задача 11. Решите уравнение в натуральных числах: 5
√
m+ 5

√
n = 2021.

Задача 12. Опровергните равенство 6
√
3 = a 3

√
2 + b

√
2, где a, b ∈ Q.

В общем случае путь к минимальному многочлену правой части равенства (12) лежит через сопря-
жённые числа. Вот только что такое, мы определили пока лишь для квадратичных иррациональстей, и
в конце §2 наметили рассуждение с переходом к сопряжённым.

Ещё немного теории. Пусть число α ∈ C алгебраично над полем K и

µα(x) = (x− α1) . . . (x− αk)

(согласно основной теореме алгебры любой многочлен над C раскладывается на линейные множители3).
Числа α1, . . . , αk называются сопряжёнными с α над K. Обозначим их сумму σ(α). По теореме Виета

σ(α) = α1 + . . .+ αk ⇐⇒ µα(x) = xk − σ(α)xk−1 + . . . (13)

Пример (7) показывает, что именно коэффициент −σ(α) будет играть ключевую роль.
Замечание. Числа α1, . . . , αk различны (для доказательства это не нужно): если µα(x) = (x − αj)2g(x), то произ-
водная µ′α(x) = 2(x− αj)g(x) + (x− αj)2g′(x) ∈ K[x] имеет корень αj , хотя degµ′α < degµα.

Ввиду свойства 3) минимального многочлена все алгебраические над K числа разбиваются на классы
сопряжённых, каждый из которых состоит из корней какого-то неприводимого над K многочлена.

Пример 8. Разложим двучлен x4 − 2 на неприводимые и разобьём его корни на классы сопряжённых
над каждым из полей Q ⊂ Q(

√
2) ⊂ Q( 4

√
2) ⊂ Q( 4

√
2, i):

x4 − 2
(
x2 −

√
2
)

(x− 4
√
2)

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

(x− i 4
√
2)

Q( 4
√
2) : Q( 4

√
2, i) :Q(

√
2) :Q : (
x2 +

√
2
)

(x+ 4
√
2)
(
x2 +

√
2
)

(x+ i 4
√
2)(x− 4

√
2)(x+ 4

√
2)

Рис. 4

Пример 9. Для квадратичных иррациональностей a±b
√
d (a, b, d ∈ K, b 6= 0,

√
d /∈ K) данное определение

согласовано с привычным понятием сопряжённости:

µK
a±b
√
d
(x) = x2 − 2ax+ a2 − db2, σ(a± b

√
d) = 2a.

(Кстати, при K = R и d = −1 получаем комплексно-сопряжённые числа a± bi.) Это спасает приведённое
выше обоснование перехода от (3) к (4).

Пример 10. Пусть a, b ∈ Q, b 6= 0. Числа a ± b k
√
2, конечно, не будут сопряжёнными при k > 2 (по

аналогии с квадратичными иррациональностями). Сопряжённые с числом a+b k
√
2 суть корни многочлена

µ
a+b k√2(x) = (x− a)k − 2bk (аналогично примеру 7), т. е. числа a+ b k

√
2εj , j = 0, . . . , k− 1 (пример на рис.

5). Знак ± при k = 2 объясняется тем, что ε2 = −1.

a+ b 5
√
2

a+ b 5
√
2ε

a+ b 5
√
2ε4

a+ b 5
√
2ε3

a+ b 5
√
2ε2

a

Рис. 5

3Мы этим пользоваться не будем: в доказательстве все многочлены раскладываются явно.



Лемма 4. Пусть K — подполе в R, r ∈ R, r /∈ K, rk ∈ K для некоторого k ∈ N. Тогда σ(r) = 0.

Доказательство. Существует наименьшее m ∈ N, такое что rm ∈ K. По лемме 2 двучлен xm − rm

неприводим над K, а значит, равен µKr (x). Так как r /∈ K, то m > 1 и σ(r) = 0.

Шаг 4: переход к сопряжённым числам. Пример 10 подсказывает вид сопряжённых к числу ви-
да (10).

Пример 11. Опровергнем равенство 3
√
3 = a + b 3

√
2 + c 3

√
4, где a, b, c ∈ Q. Сопряжённые с левой частью

суть 3
√
3, 3
√
3ε, 3
√
3ε2, где ε = ε3. С другой стороны, рассмотрим многочлен

F (x) =
(
x− (a+ b

3
√
2 + c

3
√
4)
)(
x− (a+ b

3
√
2ε+ c

3
√
4ε2)

)(
x− (a+ b

3
√
2ε2 + c

3
√
4ε)
)
.

Как показать, что F (x) ∈ Q[x], не портя настроение раскрытием скобок? Чистая алгебра: заменим 3
√
2

на y и 3
√
4 на y2. Получим многочлен, не меняющийся при подстановке yε вместо y, а значит, y в него

входит только в степенях, кратных 3. Заменяя y3 на 2, получим многочлен F (x) ∈ Q[x]. Следовательно,
F (x) делится на µ 3√3(x) = x3− 3, отсюда F (x) = x3− 3. Но сумма корней многочлена F равна 3a (так как
1+ ε+ ε2 = 0). Значит, a = 0 и 3

√
3 = b 3

√
2+ c 3

√
4. Поделим на 3

√
2: 3
√

3/2 = b+ c 3
√
2. Аналогично или как в

примере 7 получим b = 0. Значит, 3
√
3 = c 3

√
4, что невозможно по лемме 1.

Лемма 5. Пусть α1 = α, . . . , αk — все сопряжённые с числом α, алгебраичным над полем K, и f ∈ K[x].
Тогда число f(α) алгебраично над K и для некоторого d ∈ N

µf(α)(x)
d = (x− f(α1)) . . . (x− f(αk)). (14)

Доказательство. для наших целей достаточно провести в случае µα(x) = xk − rk, где r = α. Равенство
(14) примет вид

µf(r)(x)
d = (x− f(r))(x− f(rε)) . . . (x− f(rεk−1)). (15)

1. Рассмотрим вспомогательный многочлен

G(x, y) = (x− f(y))(x− f(yε)) . . . (x− f(yεk−1)).

Он не меняется при замене y на yε (скобки сдвигаются по циклу), а потому все входящие в него степени
y кратны k. Поэтому G(x, r) — многочлен с коэффициентами из K и корнем f(r). Значит, число f(r)
алгебраично над K и µf(r)(x) делит G(x, r).
2. Многочлен µf(r)(f(x)) ∈ K[x] имеет корень r, а потому делится на многочлен µr(x) = xk − rk.
Значит, все корни r, rε, . . . , rεk−1 этого двучлена являются корнями многочлена µf(r)(f(x)), т. е. числа
f(r), f(rε), . . . , f(rεk−1) сопряжены.
3. Пусть d ∈ N — наименьшее такое число, что µf(r)(x)d делит G(x, r). Докажем, что G(x, r) = µf(r)(x)

d.
Действительно, в противном случае многочлен G(x, r)/µf(r)(x)d ∈ K[x] имеет некоторый корень f(rεj), а
значит, делится на µf(rεj)(x) = µf(r)(x), что противоречит минимальности d.

Для доказательства в общем случае рассмотрим многочлен

G(x, y1, . . . , yk) = (x− f(y1)) . . . (x− f(yk)).

Он не меняется при перестановках y1, . . . , yk и по основной теореме о симметрических многочленах [1, стр. 134] вы-
ражается через x и элементарные симметрические многочлены σ1, . . . , σk, определяемые равенством (x−y1) . . . (x−
yk) = xk−σ1xk−1+σ2xk−2− . . .+(−1)kσk. Поскольку (x−α1) . . . (x−αk) = µα(x) ∈ K[x], то G(x, α1, . . . , αk) ∈ K[x].
Последующие рассуждения аналогичны.

Приравняем суммы корней (с кратностями) многочленов в равенстве (15):

dσ(f(r)) = f(r) + f(rε) + . . .+ f(rεk−1).

Сосчитаем правую часть для f(x) = c0 + c1x+ . . .+ ck−1x
k−1:

f(r) = c0 + c1r + . . .+ ck−1r
k−1,

f(rε) = c0 + c1rε + . . .+ ck−1r
k−1εk−1,

. . .

f(rεk−1) = c0 + c1rε
k−1 + . . .+ ck−1r

k−1ε(k−1)
2
.



Сложим числа в каждом столбике. Так как εk = 1, то

1 + εj + ε2j + . . .+ ε(k−1)j =
1− εkj

1− εj
= 0, j = 1, . . . , k − 1.

Значит, f(r) + f(rε) + . . .+ f(rεk−1) = kc0, откуда

σ(c0 + c1r + . . .+ ck−1r
k−1) = k

d · c0. (16)

Наконец мы готовы привести равенство (12) к противоречию. Пусть Aj — первый ненулевой коэффи-
циент в ряду A0, . . . , Ak−1. Разделим равенство (12) на rjn−1:

rln

rjn−1
= Aj +Aj+1rn−1 + . . .+Ak−1r

k−j−1
n−1 . (17)

Пусть K = Q(r1, . . . , rn−2), R = rln/r
j
n−1. Тогда R /∈ K, иначе R = Aj и Aj+1 = . . . = Ak−1 = 0 ввиду

линейной независимости 1, rn−1, . . . , r
k−1
n−1 над K (напомним, среди чисел Aj , . . . , Ak−1 хотя бы два нену-

левых). При этом Rk = pln/p
j
n−1 ∈ Q, поэтому σ(R) = 0 по лемме 4. В то же время значение σ от правой

части (17), согласно (16), пропорционально Aj (играющего роль c0), а потому не равно 0. Полученное
противоречие доказывает теорему 2.

Фактически мы доказали большее: каждое число в поле Q(r1, . . . , rn) представляется в виде линейной
комбинации kn чисел

rl11 . . . r
ln
n , где 0 6 l1, . . . , ln < k,

с однозначно определёнными рациональными коэффициентами. На языке векторов, эти числа образуют
базис поля Q(r1, . . . , rn) над Q. Такое представление достигается избавлением от иррациональности в
знаменателе, а однозначность коэффициентов равносильна линейной независимости данной системы.

Короткое доказательство с помощью следа
Используя чуть больше сведений об алгебраических числах, либо владея началами линейной алгебры,

можно совсем коротко доказать теорему 1 (не сводя её к теореме 2). В основе рассуждения также лежит
некоторая величина, пропорциональная сумме сопряжённых. Но при этом она обладает замечательным
свойством линейности, благодаря чему техника сводится к минимуму.

Функция f : L→ C, где L — подполе в C, называется линейной (точнее, Q-линейной), если f(ax+by) =
af(x)+bf(y) для всех x, y ∈ L и a, b ∈ Q. Пусть L = Q( k1

√
Q1, . . . ,

kN
√
QN ). В §4 мы покажем, что существует

линейная функция tr : L→ C, называемая следом (от англ. trace — след), такая что

для каждого α ∈ L найдётся такое d ∈ N, что tr(α) = dσ(α) (18)

(σ(α) определено в (13)). Предположим, что a1 k1
√
Q1+ . . .+aN

kN
√
QN = 0, где a1, . . . , aN ∈ Q не все равны

0. Будем считать, что aN 6= 0. Неожиданным образом уединим не радикал, а коэффициент. Разделим обе
части на kN

√
QN и обозначим Ri =

ki
√
Qi/

kN
√
QN , i = 1, . . . , N − 1:

−aN = a1R1 + . . .+ aN−1RN−1. (19)

Так как RkikNi ∈ Q и по условию Ri /∈ Q, то σ(Ri) = 0 по лемме 4, а тогда tr(Ri) = 0 в силу (18). Отсюда
в силу линейности след от правой части равенства (19) равен 0. В то же время σ(−aN ) = −aN 6= 0 и по
(18) tr(−aN ) 6= 0. Это противоречие завершает доказательство теоремы 1.

§4. Дополнение про след
Мы построим функцию след tr : L → L для любого расширения L ⊇ Q, порожденного конечным

числом алгебраических чисел, в частности, для L = Q( k1
√
Q1, . . . ,

kN
√
QN ). Сделаем это двумя способами.

Начнём с того, который более соответствует рассуждению в §3 и обогащает его, переводя на язык теории
Галуа. Затем мы дадим основное определение следа, объясняющее, кстати, его название. На этом пути
нам понадобятся начальные сведения из линейной алгебры:

– базис и размерность расширения, теорема о башне [4, §5];
– операции над матрицами, обратная матрица [1, с. 41–44, 73];
– матрица линейного оператора в базисе, её преобразование при смене базиса [1, с. 234–236].

I подход (в духе теории Галуа)



Нам нужен хорошо известный факт [4, теорема 2]: множество A алгебраических (над Q) чисел явля-
ется полем. Отсюда L ⊆ A, так как L порождено над Q алгебраическими числами.

Назовём отображение ϕ : L → C вложением, если ϕ(a + b) = ϕ(a) + ϕ(b), ϕ(ab) = ϕ(a)ϕ(b) для всех
a, b ∈ L и ϕ(c) = c при c ∈ Q. В частности, ϕ линейно: ϕ(ca) = ϕ(c)ϕ(a) = cϕ(a) при c ∈ Q и a ∈ L. Ниже
мы покажем, что существует лишь конечное число вложений ϕ1, . . . , ϕn поля L. Определим

tr(α) =
n∑
j=1

ϕj(α). (20)

Задача 13. Не читая далее, а) докажите, что все вложения Q(i) → C суть a + bi 7→ a ± bi (a, b ∈ Q); б)
опишите все вложения Q

(
1+i√

2

)
→ C. Найдите tr(1 + i) в каждом из пунктов.

Вложения открывают новый взгляд на сопряжённые числа, которые прежде мы характеризовали в
терминах корней неприводимых многочленов. Пусть α ∈ L и

µα(x) = xm − cm−1xm−1 − . . .− c1x− c0. (21)

Применив любое вложение ϕ : L→ C к обеим частям равенства µα(α) = 0:

ϕ(µα(α)) = ϕ(α)m − cm−1ϕ(α)m−1 − . . .− c1ϕ(α)− c0 = µα(ϕ(α)) = ϕ(0) = 0,

получим, что ϕ(α) сопряжено с α. Обратно, пусть αj — любое сопряжённое с α ∈ L. Существует ли
вложение L→ C, переводящее α в αj? Такое вложение должно задаваться в поле Q(α) правилом f(α) 7→
f(αj), где f ∈ Q[x] (по теореме 3 всякое число из Q(α) имеет такой вид). С другой стороны, это правило
корректно (не зависит от выбора многочлена f) и задаёт вложение Q(α)→ C, так как для всех f, g ∈ Q[x]:

f(α) = g(α)⇔ f(x)− g(x)
...µα(x)⇔ f(αj) = g(αj),

f(α) + g(α) = (f + g)(α), f(α)g(α) = (fg)(α).
Не очевидно, впрочем, что это вложение продолжается с Q(α) на L, но во всяком случае уже можно
описать вложения простых расширений поля Q (порождённых одним числом).

Теорема 3. Пусть θ1 = θ, . . . , θn — все сопряжённые с θ ∈ A. Тогда все вложения Q(θ)→ C суть

ϕj : f(θ) 7→ f(θj) (f ∈ Q[x]), j = 1, . . . , n.

К счастью, расширение, порождённое конечным числом алгебраических чисел, порождается одним
числом (т. н. примитивный элемент).

Пример 12. Покажем, что Q(
√
2,
√
3) = Q(

√
2 +
√
3). Включение ⊇ очевидно. Обратно,

Q(
√
2 +
√
3) 3 1√

2 +
√
3
=
√
3−
√
2 =⇒ Q(

√
2 +
√
3) 3

√
3 +
√
2

2
±
√
3−
√
2

2
=
√
3,
√
2.

Теорема 4 (о примитивном элементе). Существует такое θ ∈ L, что L = Q(θ).

Доказательство. Достаточно для данных α, β ∈ L найти такое θ = α+ cβ ∈ L, что Q(θ) = Q(α, β) (далее
— индукция по числу порождающих). Пусть α = α1, . . . , αm и β = β1, . . . , βn — все сопряжённые с α и β.
Общие корни многочленов µβ(x) и µα(θ − cx) — такие βj , что θ − cβj = αi для некоторого i. Подберём c
так, чтобы α+ cβ 6= αi+ cβj при (i, j) 6= (1, 1). Тогда β — единственный корень указанных многочленов и
с учётом отсутствия у многочлена µβ(x) кратных корней (замечание после (13))(

µβ(x), µα(θ − cx)
)
= x− β ∈ Q(θ)[x].

Итак, β ∈ Q(θ), откуда Q(α, β) = Q(θ).

На практике бывает проще работать с несколькими порождающими, но более просто устроенными.
Задача 14. Опишите все вложения полей Q(

√
2,
√
3), Q(

√
2,
√
3,
√
5), Q( 4

√
2, 6
√
2).

Докажем, что функция (20) обладает требуемыми свойствами. Линейность следа вытекает из линейно-
сти вложений. Докажем (18). Пусть α ∈ L. По теореме 4 α = f(θ), где f ∈ Q[x]. Далее ϕj(α) = ϕj(f(θ)) =
f(ϕj(θ)), что по теореме 3 равно f(θj). Итак,

n∏
j=1

(x− ϕj(α)) =
n∏
j=1

(x− f(θj))
теор.5
= µf(θ)(x)

d = µα(x)
d, d ∈ N. (22)



Приравняв суммы корней (с кратностями) многочленов в левой и правой частях, получим (18).

II подход (только линейная алгебра)
След trA квадратной матрицы A = (aij) — это сумма её диагональных элементов, trA =

∑
i aii.

Непосредственно проверяется, что tr(AB) = tr(BA) для матриц A и B одного размера. Отсюда следует,
что след матрицы оператора не зависит от выбора базиса: tr(C−1AC) = tr(C−1CA) = tr(A). Он называется
следом этого оператора.

Из [4, теоремы 8 и 9] следует, что расширения, порождённые конечным числом алгебраических эле-
ментов, — это в точности конечные расширения, т. е. расширения конечной размерности. (Кстати, это
ещё один способ понять, почему A — поле.) Степень конечного расширения L ⊇ K обозначается [L : K].
Итак, пусть L ⊇ Q — любое конечное расширение, L ⊂ C. Пусть α ∈ L ⊂ C. След линейного оператора
L → L, x 7→ αx, называется следом числа α и обозначается trLQ(α) или tr(α), если расширение L ⊇ Q
фиксировано.

Пример 13. Матрица умножения на 3
√
2 в базисе 1, 3

√
2, 3
√
4 расширения Q( 3

√
2) ⊇ Q есть A =

0 0 2
1 0 0
0 1 0

,

так как 1 7→ 3
√
2 7→ 3

√
4 7→ 2. Следовательно, tr( 3

√
2) = trA = 0.

Ясно, что tr(α) линейно зависит от α. Уточним смысл множителя d в (18) и докажем формулу

tr(α) = [L : Q(α)]σ(α), α ∈ L. (23)

Для этого выберем удобный базис в L/Q. Сохраним обозначение (21). Тогда 1, α, . . . , αm−1 — базис в
Q(α) ⊇ Q. Возьмём любой базис e1, . . . , ed в расширении L ⊇ Q(α). По [4, теорема 9 о башне]

e1, e1α, . . . , e1α
m−1︸ ︷︷ ︸

1-й блок

, . . . , ed, edα, . . . , edα
m−1︸ ︷︷ ︸

d-й блок

— базис в L ⊇ Q. Векторы i-го блока при умножении на α преобразуются внутри блока по правилу

ei 7→ eiα 7→ eiα
2 7→ . . . 7→ eiα

m−1 7→ eiα
m = ei(c0 + c1α+ . . .+ cm−1α

m−1).

Поэтому в этом базисе матрица умножения на α блочно-диагональная с d одинаковыми блоками

0 0 0 . . . 0 c0
1 0 0 . . . 0 c1
0 1 0 . . . 0 c2
. . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 cm−2
0 0 0 . . . 1 cm−1


и её след равен dcm−1. Так как d = [L : Q(α)] и cm−1 = σ(α), то формула (23) доказана. Заметим, что она
также следует из (22):

d =
n

degµα(x)
=

[L : Q]

[Q(α) : Q]
= [L : Q(α)].

Поэтому два данных определения следа эквивалентны.
В заключение отметим, что µα(x) — это минимальный многочлен оператора умножения на α, а µα(x)d

— его характеристический многочлен.
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Решения задач

1. Все три суммы радикалов иррациональны, так как в каждой из них все радикалы и их отношения
иррациональны по лемме 1. Для радикала 17

√
2021! в последней сумме для этого достаточно заметить, что

простое p = 2011, входит в разложение 2021! в первой степени.
2. а) Один набор получается из другого умножением на некоторый радикал, например, (

√
5,
√
10,
√
15,
√
30) =√

5(1,
√
2,
√
3,
√
6). б) Чтобы нарисовать гиперкуб, изобразим трёхмерный куб, поместив один квадрат

внутрь другого и соединив соответственные вершины (рис. 1а). (Это вид сверху на куб, сделанный из же-
ле и немного расплывшийся после падения на стол.) Теперь аналогично рисуем один куб внутри другого и,
соединяя соответственные вершины, получаем гиперкуб. Радикалы на внутреннем кубе уже расставлены
на рисунке 2б в статье. Домножая их на

√
7, получаем радикалы на соответственных вершинах внешнего

куба.

√
3

1

√
2

√
6

√
15

√
5

√
10 √

30

√
7

√
70

√
35

√
14

√
210

√
42

√
21

√
105

Рис. 1а Рис 1б
3. 1 ⇒ 2. Применим теорему 1 к {Q1, . . . , QN} = {rl11 . . . rlnn | 0 6 l1, . . . , ln < k} и k1 = . . . = kN = k.

Условие k
√
Qi/Qj /∈ Q при i 6= j верно по лемме 1.

2 ⇒ 1. Пусть p1, . . . , pn — простые делители числителей и знаменателей в несократимых представле-

ниях Q1, . . . , QN и k = k1 . . . kN . Тогда ki
√
Qi =

k

√
Q
k/ki
i пропорционально с рациональным коэффициентом

числу вида k

√
pl11 . . . p

ln
n , где 0 6 l1, . . . , ln < k.

4. а) При нуле можно взять ненулевой коэффициент, а при пропорциональных числах kx и lx (0 6=
k, l ∈ K) — коэффициенты l и −k соответственно. Взяв нулевые коэффициенты при остальных элементах
системы, получим её нулевую линейную комбинацию, в которой не все коэффициенты равны 0.

б) Пусть система x1, . . . , xm, xm+1, . . . , xn линейно независима над K и a1x1+ . . .+ amxm = 0. Тогда из
равенства a1x1 + . . .+ amxm + 0xm+1 + . . .+ 0xn = 0 следует, что a1 = . . . = am = 0.

в) Если x ∈ K, то положив в равенстве a · 1 + b · x = 0 значения a = x и b = −1, получим, что 1 и x
линейно зависимы над K. Обратно, если x /∈ K, то из равенства a · 1 + b · x = 0, где a, b ∈ K, следует, что
b = 0 (иначе x = −a/b ∈ K), а тогда и a = 0.

г) Если a1x1+. . .+anxn = b1x1+. . .+bnxn, где a1, b1, . . . , an, bn ∈ K, то (a1−b1)x1+. . .+(an−bn)xn = 0.
Линейная независимость чисел x1, . . . , xn равносильна равенствам a1 − b1 = . . . = an − bn = 0.

5. Пусть для n − 1 простых чисел теорема доказана и √pn ∈ Q(
√
p1, . . . ,

√
pn−1). Каждое число в

этом поле по предположению индукции однозначно представляется в виде суммы 2n−1 слагаемых вида
a
√
p1
l1 . . .

√
pn−1

ln−1 , a ∈ Q, li = 0, 1. Число √pn равно сумме чисел такого вида, но не равно ни одному из
них по лемме 1. Значит, в сумме хотя бы два слагаемых, поэтому какой-то из радикалов √p1, . . . ,

√
pn−1

в какое-то слагаемое входит, а в какое-то — нет. Пусть это радикал √pn−1. Тогда
√
pn = A + B

√
pn−1,

где A,B ∈ Q(
√
p1, . . . ,

√
pn−2) = K, причём AB 6= 0. Возведём в квадрат: pn = A2 +B2pn−1 + 2AB

√
pn−1,

откуда AB = 0 — противоречие.
6. Проблема — в определении сопряжённого числа. Внутри каждого конкретного поля K(

√
d) со-

пряжение определено формулой fd(a + b
√
d) = a − b

√
d (a, b ∈ K). Это корректно: a, b определены



однозначно, так как
√
d /∈ K. Но не обосновано приравнивание сопряжённых в разных смыслах: если

α = a+ b
√
d = a′ + b′

√
d′, то почему fd(α) = a− b

√
d должно равняться fd′(α) = a− b

√
d′?

Можно данное определение понимать в таком смысле: если α представимо в виде a+b
√
d, где a, b, d ∈ K,√

d /∈ K, то положим сопряжённое к α равным a− b
√
d. Но тогда вывод

a+ b
√
d = a′ + b′

√
d′ =⇒ a− b

√
d = a′ − b′

√
d′

есть не что иное как проверка корректности этого определения!
Выход из положения в том, чтобы определить сопряжённое инвариантным способом, не привязанным к

конкретному выражению в виде квадратичной иррациональности. Именно, пусть α /∈ K является корнем
многочлена степени 2 над K. Тогда определим сопряжённое к α как второй корень этого многочлена.
Корректность такого определения сводится к очевидной проверке того, что такой многочлен определён
однозначно с точностью до числового множителя. Действительно, если x2 + px + q и x2 + p′x + q′ — два
многочлена с корнем α над K, то их разность (p− p′)x+ q − q′ ∈ K тоже имеет корень α , откуда p = p′

(иначе α = q′−q
p−p′ ∈ K), а тогда и q = q′. Фактически так и вводятся сопряжённые в общей ситуации.

7. Идея — перейти к сопряжённым числам: (a − b
√
2)2 + (c − d

√
2)2 = 7 − 5

√
2 < 0 — противоречие.

Концептуальное обоснование такого перехода — проверка того, что сопряжение f(a + b
√
2) = a − b

√
2

(a, b ∈ Q) является вложением (см. определение на с. 9).
8. Сложим данное число с сопряжённым к нему: (6 +

√
35)1000 + (6 −

√
35)1000. Эта сумма целая (из

формулы бинома Ньютона). С другой стороны, сопряжённое число очень мало:

(6−
√
35)1000 =

1

(6 +
√
35)1000

<
1

101000
,

Значит, у исходного числа первые 1000 цифр после запятой — девятки.
9. Рассмотрим 299 многочленов 1 + ε2x2 + . . . + ε100x100, где εi ∈ {±1}. Их произведение — чётный

многочлен по каждой из переменных, поэтому он имеет вид f(x22, . . . , x2100), где f — многочлен с целыми
коэффициентами. В частности, при x2 =

√
2, . . ., x100 =

√
100 получается целое число, обозначим его d.

Повторив рассуждение с противоположными по знаку многочленами −1 + ε2x2 + . . .+ ε100x100, получим
то же число d (поскольку количество многочленов чётно). Значит, произведение из условия равно d2.

10. а) 1
1+
√
2−
√
3+
√
6
= 1

1+
√
2+(
√
2−1)

√
3
= 1+

√
2+(
√
2−1)

√
3

(1+
√
2)2−3(

√
2−1)2 = 1+

√
2+(
√
2−1)

√
3

8
√
2−6 =

(1+
√
2+(
√
2−1)

√
3)(4
√
2+3)

46 .

б) Ответ: 1
7

(
3 4
√
27 + 8 4

√
9 + 5 4

√
3 + 8

)
.

11. m = k5, n = (2021− k)5, k = 1, . . . , 2020. Решение аналогично примеру 7.
12. Поделим обе части на 3

√
2: C 6

√
3/4 = a+b 6

√
2. Теперь противоречие выводится аналогично примеру

7.
13. Докажем общее утверждение.

Лемма 6. Пусть K — подполе в C, r ∈ C \ K, r2 ∈ K. Тогда все вложения K(r) → C над K (т. е.
тождественные на K) суть a+ br 7→ a± br.

Доказательство. Ясно, что K(r) = {a + br | a, b ∈ K} и что всякое вложение ϕ : K(r) → C над K
определяется значением на r. При этом ϕ(r)2 = ϕ(r2) = r2, откуда ϕ(r) = ±r. Для знака плюс получаем
тождественное вложение, для знака минус — аналог комплексного сопряжения (K = R, r = i): ϕ(a+br) =
a− br. Это вложение над K: свойства ϕ(x+ y) = ϕ(x) + ϕ(y) и ϕ(k) = k при k ∈ K очевидны. Далее

ϕ((a+ br)(c+ dr)) = ϕ(ac+ bdr2+(ad+ bc)r) = ac+ bdr2− (ad+ bc)r = (a− br)(c− dr) = ϕ(a+ br)ϕ(c− dr)

для всех a, b, c, d ∈ K.

а) Применяем лемму 6 для K = Q и r = i; tr(1 + i) = (1 + i) + (1− i) = 2.
б) Обозначим ε = 1+i√

2
. Так как ε2 = i, то Q(ε) = Q(ε, i) = Q(

√
2, i). При любом вложении поля Q(

√
2, i)

имеем
√
2 7→ ±

√
2 и i 7→ ±i. Существуют 4 вложения, дающие все комбинации знаков: тождественное

ϕ++, вложения, которые даёт лемма 6,

ϕ+− : a+ bi 7→ a− bi,
ϕ−+ : a′ + b′

√
2 7→ a′ − b′

√
2,

a, b ∈ Q(
√
2)

a′, b′ ∈ Q(i),

и их композиция ϕ−− = ϕ+− ◦ ϕ−+. Отсюда tr(1 + i) = (ϕ++ + ϕ+− + ϕ−+ + ϕ−−)(1 + i) = 4.



Заметим, что образы числа ε при всех вложениях образуют набор сопряжённых
{

1±i
±
√
2

}
= {ε, ε3, ε5, ε7}

— корней многочлена µε(x) = x4 + 1. Это все первообразные корни 8-й степени из 1 (рис. 2).

ε = 1+i√
2

ε7 = 1−i√
2

ε3 = 1−i
−
√
2

ε5 = 1+i
−
√
2

Рис. 2
14. Аналогично решению задачи 13б) получаем 4 вложения поля K = Q(

√
2,
√
3), при которых

√
2 7→

±
√
2 и
√
3 7→ ±

√
3. Каждое из них продолжается до вложения поля K(

√
5) двумя способами:

√
5 7→ ±

√
5

(аналогично по лемме 6 берём три вложения, меняющие знак у одного из трёх радикалов, и составляем
их всевозможные 23 композиций).

Опишем вложения поля L = Q( 4
√
2, 6
√
2). Обозначим r = 12

√
2. Тогда 4

√
2 = r3, 6

√
2 = r2 и L = Q(r3, r2) =

Q(r). Согласно примеру 5 µr(x) = x6 − 2, поэтому по теореме 3 все вложения ϕ0, . . . , ϕ5 поля Q(r) опре-
деляются условиями ϕj : r 7→ rεj , где ε = 1+i

√
3

2 ∈ 6
√
1.



Algebraic numbers as vectors

The Jury of the project: I. Vorobyov, S. Dorichenko, A. Kanel–Belov, A. Kanunnikov, B. Frenkin,
A. Zhilina

Introduction
In geometry, we are used to add vectors anf multiply them by scalars (numbers). This geometrical
language often occurs to be useful in quite non-geometrical situations. In this project the role of vectors
is played by algebraic numbers, that is, the roots of polynomials with rational coefficients. Rational
numbers then are in the role of scalars.

−→v1

−→v2

−→v3
a1−→v1 + a2−→v2 + a3−→v3 = 0⇒ a1 = a2 = a3 = 0

Fig. 1

We call complex numbers x1, . . . , xn linearly independent
over the field of rational numbers Q if the equation a1x1 + . . .+
anxn = 0 with a1, . . . , an ∈ Q holds only for a1 = . . . = an = 0
(cf. non-complanar vectors at Fig. 1). Consideration of algebraic
numbers as vectors occurs to be very natural and productive
in general because it enables us to apply geometrical ideas in
algebraic problems.

The project is arranged as follows. To warm up, we start with some olympiad problems on radicals.
Some of them are solvable by usual school methods, and the others require further background, namely
some information about algebraic numbers and fields, presented in the second section. You will learn
to apply some suitable language and tools for a wide scope of problems. This is the preliminary part of
the project.

The further section will be presented at the conference for the participants having chosen this
project. In the third section we formulate the main theorem and suggest to prove it according to the
outline based on the preceding information. Finally we present a research problem which develops and
generalizes the main theorem. For participation in the project it is not required to solve any definite
number of problems from the preliminary part.

The necessary background amounts to basic facts about complex numbers and polynomials. The
most relevant operations are rootsquaring of complex numbers and division of polynomials with remainder.
The problems on square radicals will be available for you even if you have little knowledge of complex
numbers.

The foundations of the theory of algebraic numbers were laid by Karl Gauss’s treatise “Disquisitiones
arithmeticae“ (1801) which has played the great role in number theory. Together with Lagrange’s works,
it prepared the discoveries of Évarist Galois who established the criterion for solvability of equations
in radicals (1830) and laid the foundations of branches of modern algebra, such as group theory and
field theory. Galois theory and theory of algebraic number fields were developed and systematized in
the second half of XIX and the beginning of XX century due to Kummer, Kronecker, Hilbert e.a.

1. Warmup problems
If some of these problems create difficulties for you then you may return to them after Section 2.
1.1. Prove irrationality of the following numbers: a) 3

√
1001; b)

√
2 +
√

3 +
√

6; c)
√

2 + 3
√

3;

d)∗
√

2 +
√

3 +
√

5 +
√

7 +
√

11; e)∗ 5
√

3− 5
√

2; f)∗∗
√

3

5
+

17
√

2020!

2020
+

55
√

7777 .

If you have no idea how to deal with the last markedly weird number then the first hint is as follows:
it is worth while to prove a stronger assertion regarding linear independence. For instance, in part b)
it would be as follows:

a+ b
√

2 + c
√

3 + d
√

6 = 0 where a, b, c, d ∈ Q =⇒ a = b = c = d = 0.



1.2. Find the polynomial of minimum degree with rational coefficients and the following root: a) 3
√

4;
b)
√

2 +
√

3; c) 3
√

2 + 3
√

4; d)∗ 8
√

8 + 9
√

9; e)∗
√

6 +
√

10 +
√

15;

f) 3
√

1 +
√

2 +
3
√

1−
√

2; g) 3
√

7 + 5
√

2 +
3
√

7− 5
√

2 (similarity in appearance is misleading!);
h) cos 2π

5
; i) cos 2π

9
; j)∗ cos 2π

97
; k)∗∗ cos 2π

n
for any n ∈ N.

Present the polynomial found even if you aren’t sure in minimality of its degree. In all parts except
c), d), j), k write down the polynomial in standard form. Surprisingly, in parts j), k) it is worth while
to pass to the complex plane.

1.3. Which numbers of the form
a+ bi

a− bi
with a, b ∈ Z are roots of unity?

Below are some problems on square irrationalities. They contain an important idea... (let us avoid
spoilers).
1.4. Are there any rational numbers a, b, c, d such that (a+ b

√
2)2 + (c+ d

√
2)2 = 7 + 5

√
2?

1.5. Determine first 1000 decimal places of (6 +
√

37)1001.
1.6. Prove that the product of all 2100 expressions of the form

±
√

1±
√

2± . . .±
√

99±
√

100

(for all combinations of signs) is a) an integer; b) a squared integer.

2. A bit of theory: fields and algebraic numbers
Linear independence of 1 and

√
2 (over Q) is nothing but irrationality of

√
2 which has been known

already by ancient Greeks. Let us increase the number of radicals.

1

√
2

√
3

√
6

1

√
2

√
3

√
6

√
5

√
15

√
30

√
10

Fig. 2a Fig. 2b
2.1. Fill in the gaps in the following argument.

Let us prove that 1,
√

2,
√

3,
√

6 are linearly independent over Q. Suppose

a+ b
√

2 + c
√

3 + d
√

6 = 0 with a, b, c, d ∈ Q.

Separate the radical
√

3:
a+ b

√
2 + (c+ d

√
2)
√

3 = 0.

If c+ d
√

2 = 0 then
On the other hand, if c+ d

√
2 6= 0 then

√
3 = −a+ b

√
2

c+ d
√

2
= A+B

√
2 with A = ∈ Q, B = ∈ Q.

There are various ways to complete the proof.

The above example demonstrates certain ideas. Linear independence of the numbers from Fig. 2a
has been reduced to the fact that

√
3 is «alien» for the set

Q + Q
√

2 = {a+ b
√

2 | a, b ∈ Q}



(more formally,
√

3 doesn’t belong to it) just as
√

2 is alien for Q. And it was of importance that in the
set Q+Q

√
2 we are able not only to add, subtract, multiply but moreover divide (not by 0) as in Q by

removing the irrationality from the denominator.
A number field is a set of numbers which contains 0 and 1 and is closed under four arithmetic

operations. We will omit the word „number“ 1. Thus K is a field if 0, 1 ∈ K and for any a, b ∈ K we
have a ± b, ab ∈ K and a/b ∈ K for b 6= 0. Clearly Q is a field and moreover a „minimal“ one: any
(number) field contains it. If K ⊆ L are two fields then K is called a subfield of L.

We say that a system of numbers2 x1, . . . , xn ∈ C is linearly independent over K if the equation
a1x1 + . . .+ anxn = 0 with a1, . . . , an ∈ K is satisfied only by a1 = . . . = an = 0. For instance, numbers
1 and

√
2 are linearly independent over Q but linearly dependent over R.

2.2. Elementary properties of linear dependence. Let K be a field. Prove the following:
a) a system containing 0 or two numbers proportional over K is linearly dependent over K;
b) a subsystem of a linearly independent system is linearly independent (over the same field);
c) the system 1, x is linearly independent over K iff x /∈ K;
d) the factors a1, . . . , an ∈ K in the expression a1x1 + . . . + anxn are uniquely determined iff the

system x1, . . . , xn is linearly independent over K.
To adjoin the numbers α1, . . . , αn to the field K means to consider the least field (by inclusion) that

contains K and these numbers. Notation: K(α1, . . . , αn).
2.3. Adjoining a square radical. Let K be a subfield in R, 0 < d ∈ K and

√
d /∈ K (for instance,

K = Q and d = 2). Prove that
K(
√
d) = {a+ b

√
d | a, b ∈ K},

where a, b ∈ K in a+ b
√
d are determined uniquely.

2.4. Prove that Q(
√

2 +
√

3) = Q(
√

2,
√

3).

2.5. Remove the irrationality from the denominator:
1

1 +
√

2−
√

3 +
√

6
.

2.6. a) Prove that the numbers at the vertices of the cube at Fig. 2b are linearly independent over Q.
b)∗ Add

√
7 to the above set of numbers, try to draw a hypercube and prove the assertion similar

to part a).
Perhaps it is time to formulate a general theorem on radicals of primes and to prove it by induction.

In particular it would imply the solution of Problem 1.1d).

What is the sense of linear independence over K for powers 1, α, α2, . . . , αn of a certain number α?
It is the existence of numbers c0, c1, . . . , cn ∈ K such that at least one of them is nonzero and

c0 + c1α + c2α
2 + . . .+ cnα

n = 0.

In other words, α is a root of a nonzero polynimial with coefficients from K. Such α is called algebraic
over K. Among these polynomials there is a unique one having the lowest degree and leading coefficient
1 (why?). It is called the minimal polynomial of α over K and is often denoted µKα (x). For instance,
µR
i (x) = x2 + 1, µC

i (x) = x − i. The degree deg µKα (x) of this polynomial also is called the degree of α
over K and is denoted degK(α). The roots of µKα (x) are called conjugate with α over K.

For K = Q we simply say that such α are algebraic numbers.
2.7. Let a number α ∈ C be algebraic over a field K ⊆ C. Prove the following:

a) degK(α) is the least n ∈ N such that 1, α, . . . , αn are linearly dependent over K;
b) the polynomial µKα (x) is irreducible over K (i.e., is not a product of polynomials from K[x] of

strictly lower degrees);
c) every polynomial from K[x] with the root α is a multiple of µKα (x);
d) a polynomial with the root α and the leading coefficient 1, irreducible over K equals µKα (x).

The following criterion for irreducibility of a polynomial over Q may be used without proof.
1There exist other fields as well, for instance fields of residues, fields of rational functions e.a.
2A non-ordered tuple of numbers, perhaps with some repetitions.



Theorem 1 (Eisenstein’s criterion). Let the coefficients of a polynomial anxn + . . . + a1x + a0 ∈ Z[x]
satisfy the following conditions for some prime p:
• p - an,
• p | an−1, . . . , p | a0,
• p2 - a0.

Then this polynomial is irreducible over Q.

2.8. a) Complete the solution of Problem 1.1e). Hint. Suppose 5
√

3− 5
√

2 = a ∈ Q, then 5
√

3 = 5
√

2 + a.
Determine the minimal polynomials for the numbers in the left and right sides.

b) Solve in positive integers: 5
√
m+ 5

√
n = 2020.

Let us now generalize Problem 2.3.

Theorem 2 (on disposal of the irrationality from the denominator). Let a number α be algebraic over
a field K and have the degree n. Then any number from K(α) is uniquely expressed in the form

c0 + c1α + . . .+ cn−1α
n−1, where c0, c1, . . . , cn−1 ∈ K.

2.9. a) Remove the irrationality from the denominator of
1

3
√

4 + 3
√

2 + 3
.

Hint. The usual multiplication by the conjugate doesn’t work in this case. Find polynomials u(x), v(x) ∈
Q[x] such that u(x)(x2 + x+ 3) + v(x)(x3− 2) = 1. For this, use either Euclidean algorithm in converse
succession or the method of undetermined coefficients.

b) Prove Theorem 2.

By the fundamental theorem of algebra, every polynomial over C of degree n > 0 has n roots
counted with multiplicities. By the following theorem, the polynomial µKα (x) has no multiple roots and
thus every algebraic number of degree n has just n conjugates (including itself).

Theorem 3. A polynomial irreducible over some subfield of C has no multiple complex roots.

2.10. Decompose the binomial x4−2 into irreducible ones and divide its roots into classes of conjugates
over each of the fields Q ⊂ Q(

√
2) ⊂ Q( 4

√
2) ⊂ Q( 4

√
2, i).

Now we have to emphasize on the roots of unity. As is well-known, the complex roots of xn = 1 are
of the form

1, εn, ε
2
n, . . . , ε

n−1
n , where εn = cos 2π

n
+ i sin 2π

n

(a partial case of de Moivre’s formula). Divide these into the classes of conjugates over Q. For this,
decompose the binomial xn−1 into irreducible factors over Q: then the roots of each factor form a class
of conjugate algebraic numbers. Let us consider examples for little n. At Fig. 3, each irreducible factor
and its roots are marked with a specific color.

x3 − 1 = (x− 1)(x2 + x+ 1) x4 − 1 = (x− 1) (x2 + 1)(x+ 1) x5 − 1 = (x− 1)×
×(x4 + x3 + x2 + x+ 1)

x6 − 1 = (x− 1)(x+ 1)×
×(x2 + x+ 1)(x2 − x+ 1)

Fig. 3
Only irreducibility of x4 + x3 + x2 + x+ 1 requires explanation. Below is a more general fact.

2.11. Prove that for any prime p the polynomial

Φp(x) = xp−1 + . . .+ x+ 1



is irreducible over Q. Hint. Apply Eisenstein’s criterion (Theorem 1). Think a little how to do this since
all coefficients of Φp(x) are 1.
2.12. Decompose x12 − 1 into binomials irreducible over Q. Draw the picture similar to Fig. 3.

Let ε be a root of unity. Its order is the least n ∈ N such that εn = 1. The roots of order n are
called the primitive roots of degree n. It is easy to show that all these roots are of the form εkn where
k is mutually prime with n. The number of integers among 1, . . . , n that are mutually prime with n is
denoted ϕ(n), and the function ϕ is called Euler function.

Theorem 4. Roots of unity having degree n are conjugate over Q iff they have the same order. In
particular, degQ(εn) = ϕ(n) for all n ∈ N.

This theorem is equivalent to irreducibility over Q for the so called cyclotomic polynomials

Φn(x) =
∏

16k6n,(k,n)=1

(x− εkn).

Problem 2.11 is a simple particular case of it. In general case it is even obvious immediately that the
coefficients of Φn(x) are rational. Theorem 4 in general form may be proved at the Conference but you
may use it just now. Theorem 4 enables to solve Problem 1.3 very quickly.

Now fill in the blancs in the solution of Problem 1.2c). Determine the polynomial µ 3√4+ 3√2(x) (by
default, over Q). The key idea is as follows: 3

√
2 is a root of µ 3√4+ 3√2(x

2 + x) which consequently is a
multiple of µ 3√2(x) = x3 − 2, and so has also the roots 3

√
2ε и 3

√
2ε2, where ε = ε3. Hence the numbers

3
√

4 + 3
√

2, 3
√

4ε2 + 3
√

2ε, 3
√

4ε + 3
√

2ε2 are conjugate. Furthermore all of them are distinct (why?). It
remains to show that the polynomial(

x− 3
√

4− 3
√

2
)(
x− 3
√

4ε2 − 3
√

2ε
)(
x− 3
√

4ε− 3
√

2ε2
)

has rational coefficients; then it equals µ 3√4+ 3√2(x). Show this.
The following theorem, one of the main theorems in this project, is a generalization of the above

argument.

Theorem 5. If α = α1, . . . , αn are all conjugates of α over a field K then for every polynomial f(x) ∈
K[x] the number f(α) is algebraic over K and its conjugates are f(α1), . . . , f(αn). This list may consider
repetitions but then each element occurs the same number of times.

2.13. Prove Theorem 5: a) for the case when α is a root of an irreducible binomial; b) for the general
case. (Investigation of linear independence of radicals requires only the more simple part a). For part
b) you may use the main theorem on symmetrical polynomials.)

Below is the outline of the proof.
1) To prove that f(α) is algebraic and all its conjugates are among f(α1), . . . , f(αn), consider the

polynomial
F (x) = (x− f(α1)) . . . (x− f(αn))

and prove that F (x) ∈ K[x].
2) To prove that f(α1), . . . , f(αn) all are conjugate over K, consider the polynomial µf(α)f(x).
3) To prove that all roots of F (x) are of the same multiplicity, consider the polynomial F (x)/µf(α)(x).

Consider how to solve Problem 1.2i) using Theorems 4 and 5. This problem is the crucual one in
the proof for the part «only if» in Gauss — Wantzel theorem: a regular n-gon can be constructed with
compass and ruler iff ϕ(n) is a power of 2, that is, if n is a product of a power of 2 and of some Fermat
primes. Fermat integers are integers of the form 22k + 1. First five of them are primes: 3, 5, 17, 257,
65537. Gauss has given the construction of the regular 17-gon. It would be of interest to construct the
regular 257- and 65537-gons (a task for programmers).
2.14. Determine all n ∈ N such that cos 2π

n
: a) is rational; b) can be expressed as a +

√
b, where

a, b ∈ Q, that is, degQ
(
cos 2π

n

)
6 2.



3. Construction of regular polygons
Let us think how theorems 4 and 5 can be used to solve problem 1.2i). This problem is crucial in the
proof of the «only if» part of Gauss — Wantzel theorem: a regular n-gon can be constructed by compass
and ruler iff ϕ(n) is a power of 2, that is, iff n is a product of a power of 2 and some Fermat primes. The
Fermat primes are the primes of the form 22k + 1. First 5 integers of this form are primes: 3, 5, 17, 257,
65537.
3.1. Using compass and ruler, construct a regular a) pentagon; b) 17-gon.
3.2. Develop an algorithm for construction of a regular p-gon for a) p = 17; бb p = 257; c) p = 65537.

Gauss constructed the regular 17-gon and proved constructibility of the regular p-gon for all Fermat
primes p. This case (part a) is not estimated separately but forms an important step, so we recommend
to analyze it.

The regular 257-gon was constructed by F.J. Richelot in the XIX century.
3.3. Using compass, ruler and trisector (the instrument for dividing an angle into three equal angles),
construct the roots of the following polynomials: a) 8x3− 6x+ 1; b) 512x9− 1152x7 + 864x5− 240x3 +
18x+ 1. (The problem is related to 9- and 27-gons.)
3.4. Find all primes p such that there exists a unique a ∈ {1, . . . , p− 1} with p | a3 − 3a+ 1.
3.5. Using compass, ruler and trisector, construct a regular a) 7-gon; b) 13-gon.

“A too persistent research student drove his supervisor to say “Go away and work out the construction
for a regular polygon of 65537 sides”. The student returned 20 years later with a construction” (J.
Littlewood “A mathematician’s miscellany”, p. 42-43). The library of Goettingen university possesses
the manuscript on more than 200 pages which was written by I. G. Hermes in 1894 after more than 10
years of research and contains the construction of the regular 65537-gon. Now computers enable us to
do this much quicker.

4. Linear independence of radicals
Theorem 6. Suppose N, k1, . . . , kN ∈ N, N > 1, Q1, . . . , QN ∈ Q+, and futhermore ki

√
Qi/ kj

√
Qj /∈ Q

for all i 6= j. Then the equality

a1
k1
√
Q1 + . . .+ aN

kN

√
QN = 0 for a1, . . . , aN ∈ Q

holds only if a1 = . . . = aN = 0.

In particular, for Q1 = 1 we have that the sum k2
√
Q2 + . . .+ kN

√
QN is irrational since the equality

a1
k1
√

1 + k2
√
Q2 + . . .+ kN

√
QN = 0 fails for all a1 ∈ Q.

Irrationality of a single radical is a simple, purely arithmetical question which amounts to uniqueness
of prime factorization.

Lemma 1. For all k ∈ N and Q ∈ Q+ we have k
√
Q ∈ Q iff the degrees of all prime factors of the

numerator and the denominator in the irreducible representation of Q are multiples of k.

4.1. Prove Lemma 1.
4.2. Using Theorem 6 and Lemma 1, deduce irrationality of the numbers from Problem 1.1.

Without loss of generality, in Theorem 6 we may assume that all Qi are positive integers and the
degrees ki are equal, obtaining the following equivalent formulation.

Theorem 7. Suppose k, n ∈ N, p1, . . . , pn are distinct primes, ri = k
√
pi for i = 1, . . . , n. Then the

system {rl11 . . . rlnn | 0 6 l1, . . . , ln < k} of kn numbers is linearly independent over Q.

It is convenient to represent this system as an n-dimensional grid, see examples at fig. 2 and 4.



1 3
√
2

3
√
4

3
√
9

3
√
18 3

√
36

3
√
3 3

√
12

3
√
6

Fig. 4
4.3. Deduce Theorems 6 and 7 from each other.
4.4. Similarly to Problem 2.6, reduce Theorem 7 for k = 2 to the following statement and prove it:

√
pn /∈ Q(

√
p1, . . . ,

√
pn−1).

(We recommend to use conjugates, this helps to understand the case k > 2.)
4.5. Prove that Theorem 7 is equivalent to the following Theorem 7′: in the notation from 7, the
powers 1, rn, . . . , r

k−1
n are linearly independent over Q(r1, . . . , rn−1).

4.6. Suppose K is a subfield of R, r ∈ R, rk ∈ K and r, . . . , rk−1 /∈ K. Prove that the binom xk − rk is
irreducible over K, and the powers 1, r, . . . , rk−1 are linearly independent over K.

Thus Theorem 7′ amounts to the following Theorem 7′′: in the above notation

rln /∈ Q(r1, . . . , rn−1) for all l ∈ {1, . . . , k − 1}.

Suppose the contrary. By induction, every number from Q(r1, . . . , rn−1) is uniquely represented as
a sum of products of the form arl11 . . . r

ln−1

n−1 , where a ∈ Q and all li ∈ {0, . . . , k − 1}.
4.7. Obtain a contradiction if the above sum contains a single summand.

If the sum contains at least two summands then up to a permutation of radicals r1, . . . , rn−1 we may
assume

rln = A0 + A1rn−1 + . . .+ Ak−1r
k−1
n−1, where A0, . . . , Ak−1 ∈ Q(r1, . . . , rn−2), (1)

and at least two of A0, . . . , Ak−1 are nonzero.
4.8. a) Prove that A0 = 0.

b) Suppose Aj is the first nonzero coefficient in (1). Obtain a contradiction by proving that Aj = 0
(try to reduce this part to the preceding one). This completes the proof of Theorem 7.
4.9. Does Theorem 7 hold if each rj (j = 1, . . . , n) is some complex value of k

√
pj?

5. Dimension of field extensions
For deeper comprehension of algebraic numbers and dealing with more difficult problems we will consider
the notion of vector space and its dimension as well as the technique of field extensions (everything for
the case of number sets).

A set V ⊆ C containing a field K is called a vector space over K, and its elements are called vectors
if V is closed under and multiplication by numbers from K and addition, that is, a+ b, ka ∈ V for any
a, b ∈ V and k ∈ K. For instance, every field is a vector space over any its subfield.

Suppose that a space V ⊆ C over a field K contains numbers e1, . . . , en such that any α ∈ V can be
represented as

α = k1e1 + . . .+ knen (2)

with uniquely determined coefficients k1, . . . , kn ∈ K. Then the system e1, . . . , en is called a basis of V
over K, and the equality (2) is called thedecomposition of α relative to this basis.
5.1. Prove that a basis of a space may be defined equivalently as a maximal (by inclusion) linearly
independent system of elements. In other words, a system e1, . . . , en is a basis of V over K iff it is
linearly independent over K and the system e1, . . . , en, α is linearly dependent over K for any α ∈ V .



A space having a finite basis is called finite-dimensional. An extension of the field having a finite
basis is called a finite extension. The number of elements in a basis of a space V over K is called its
dimension and is denoted dimK L. Correctness of this definition, that is, its independence of the choice
of a basis is implied by the following lemma.

Lemma 2 (the basic lemma on linear dependence). If the numbers f1, . . . , fm are linearly expressed
over a field K through the numbers e1, . . . , en with m > n then f1, . . . , fm are linearly dependent over
K.

Let U ⊆ W be finite-dimensional spaces over a field K. It is not difficult to check that any basis of
U can be completed up to a basis of V . Thus dimK U 6 dimK V and dimK U = dimK V ⇔ U = V .

If K is a subfield of a field L then we say that L/Kis a field extension. Then clearly L is a vector
space over K. The dimension of a finite extension L/K is also called its degree and is denoted [L : K].
5.2. Let L/K be a finite extension. Prove that [L : K] = 2⇔ L = K(α) for some α ∈ L \K such that
α2 ∈ K.
5.3. Prove that the numbers 1, α, . . . , αn−1 form a basis of the extension K(α)/K iff α is algebraic over
K of degree n. Thus if α is algebraic over Kthen degK(α) = [K(α) : K].

The following theorem is a useful tool in the theory of finite extensions (prove this theorem).

Theorem 8 (on dimension of a tower). If K ⊆ P ⊆ L are finite extensions of fields then

dimK L = dimK P · dimP L.

Compare this with the property of logarithms loga c = loga b · logb c.
Let us return to the warmup problem 1.1c).

5.4. Find all subfields of the fields: a) Q( 11
√

1024); b) Q( 4
√

3); c) Q(ε5); d) Q(ε8).
5.5∗. Denote ε = ε17. Theorem 2 and Problem 2.11 imply deg(ε) = 16.

a) Find all α ∈ Q(ε) such that deg(α) = 2, 4, 8. Hint: use Theorem 5 and consider the basis
ε, ε3, ε3

2
, . . . , ε3

15 in Q(ε) over Q (prove that this is a basis). This ordering is due to Gauss.
5.6. Find all conjugates over Q for the numbers a)

√
6 +
√

10 +
√

15; b) 3
√

2 + 3
√

3.
b) Suppose Uk = {α ∈ Q(ε) | deg(α) divides k}, k = 1, 2, 4, 8, 16. In particular, U1 = Q and

U16 = Q(α). Prove that U1 ⊂ U2 ⊂ U4 ⊂ U8 ⊂ U16 is a chain of quadratic (that is, of degree 2)
extensions of fields. This enables us to construct a regular 17-gon using compass and ruler (discovery
of Gauss).

A research problem. What regular n-gons can be constructed by compass, ruler and trisector?
Particular cases: n = 7, 13, 19, 37.

A research problem. Develop an algorithm for determination of the degree of any algebraic number
in the extension Q

(
k
√
p1, . . . , k

√
pn
)
, where p1, . . . , pn are distinct primes. Particular cases: k = 2; k is a

prime.



Algebraic numbers as vectors

A. Kanunnikov, I. Vorobyov

§1. Introduction

How can we prove irrationality of the numbers

3

√
121

111
,
√

2 +
√

3,
√

2 + 3
√

3,
√

2 +
√

3 +
√

5 +
√

7, 5
√

3− 5
√

2,

√
3

5
+

17
√

2021!

2021
+

55
5

√
77

7

333
?

Irrationality of a single radical is a simple purely arithmetical question which amounts to prime decompo-
sition.

Lemma 1. Suppose A,B, k ∈ N and gcd(A,B) = 1. Then k
√
A/B ∈ Q iff the degrees of all primes in

decompositions of A and B are multiples k.

Proof. Suppose k
√
A/B = a/b, where a, b ∈ N, then Abk = Bak. Each prime divisor p of A does not divide B,

and its degrees in decompositions of ak and bk are multiples of k, so the degree of p in the decomposition of A
also is a multiple of k. The argument for the prime divisors of B is similar. The converse is obvious.

The number 3

√
121
111 = 3

√
112

3·37 is irrational by lemma 1. Irrationality of the sum
√

2 +
√

3 is reduced to the

irrationality of
√

6 by squaring.
Suppose that

√
2 + 3
√

3 = a ∈ Q and cube the equality 3
√

3 = a −
√

2: we have 3 = a3 + 6a − (3a2 + 2)
√

2

and arriving to a contradiction:
√

2 = a3+6a−3
3a2+2

∈ Q.
However the remaining numbers are not handled so simply: the straightforward exponentiation would only

increase the number of radicals.
Perhaps a reader thinks: ,,Is it possible that after reading this article I will understand the reason of

irrationality even for the last, especially weird number? “ ,,Yes, — we would answer, — but if you know how
to divide polynomials with a remainder and extract roots from complex numbers. If it is not the case for this
moment then you can at any rate deal with arbitrarily long sums of square radicals.“

In fact we will prove more: between the roots from rational numbers no linear relations with rational
coefficients exist, except the obvious proportionalities, for instance

√
8 = 2

√
2. The precise formulation is as

follows.

Theorem 1. Suppose N, k1, . . . , kN ∈ N, N > 1, 0 < Q1, . . . , QN ∈ Q and ki
√
Qi/ kj

√
Qj /∈ Q for i 6= j. Then

the equality
a1

k1
√
Q1 + . . .+ aN

kN
√
QN = 0, where a1, . . . , aN ∈ Q,

holds only for a1 = . . . = aN = 0.

In particular, for Q1 = 1 we have that the sum k2
√
Q2 + . . . + kN

√
QN is irrational since the equality

a1
k1
√

1 + k2
√
Q2 + . . .+ kN

√
QN = 0 fails for all a1 ∈ Q.

To apply Theorem 1, we have to check irrationality of specific radicals kikj

√
Q
kj
i /Q

ki
j by lemma 1.

Problem 1. Deduce from Theorem 1 and Lemma 1 irrationality of three numbers before Lemma 1.

−→v1

−→v2

−→v3
a1−→v1 + a2−→v2 + a3−→v3 = 0⇒ a1 = a2 = a3 = 0

Fig. 1

In terms of vectors, the formulation of Theorem 1 is as follows:
the numbers k1

√
Q1, . . . ,

kN
√
QN are linearly independent over Q (cf.

non-complanar vectors at fig. 1). In these terms, the condition
ki
√
Qi/ kj

√
Qj /∈ Q expresses linear independence of ki

√
Qi and kj

√
Qj

over Q (linear independence of two vectors amounts to their non-
collinearity).
In general, it is natural and productive to consider algebraic numbers (in particular radicals) as vectors: it
enables us to apply geometric methods in algebraic problems.

Now we formulate a theorem which is more convenient for proving but occurs to be equivalent.

Theorem 2. Suppose k, n ∈ N, p1, . . . , pn are distinct primes, r1 = k
√
p1, . . . , rn = k

√
pn. Then the system

{rl11 . . . rlnn | 0 6 l1, . . . , ln < k} of kn numbers is linearly independent over Q.



It is convenient to represent this system as an n-dimensional lattice, see examples at fig. 2.

Problem 2. a) What is the relation between the tuples of numbers at the parallel sides of the square at fig.
2a and at parallel edges and faces of the cube at fig. 2b? b) Try to draw a hypercube (4-dimensional cube)
and place radicals in its vertices on the same principle.

1

√
2

√
3

√
6

√
5

√
15

√
30

√
10

1

√
2

√
3

√
6

r1 =
√
2

r2 =
√
3

r3 =
√
5 1 3

√
2

3
√
4

3
√
9

3
√
18 3

√
36

3
√
3 3

√
12

3
√
6

r1 = 3
√
2

r2 = 3
√
3

Fig. 2ab Fig. 2c

Problem 3. Deduce Theorems 1 and 2 from each other. Hint. 1⇒ 2: the numbers for the system in Theorem
2 are pairwise non-proportional over Q; 2 ⇒ 1: generalize the argument from the following example.

Example 1. Let us reduce linear independence (by default, over Q) of 1,
√

1/2, 3
√

4/3 to Theorem 2. Equalize

the exponents of roots: 1, 6
√

1/23, 6
√

24/32, multiply the second number by 2, and the third number by 3:

1,
6
√

23,
6
√

24 · 34 (this does not influence linear independence). We obtain a subsystem of the system { 6
√

2
l1 6
√

3
l2 |

0 6 l1, l2 6 5}, which is linearly independent by Theorem 2.

The case of square radicals has been repeatedly discussed in the literature for school students [2, 4, 6]. In §2
we will consider it for some examples arriving to some (although not all) ideas for the general situation. One
more important idea appears in [5], where Theorem 2 is proved for n = 1. The general case is considered for
instance in a research paper [7] which requires deep background (Galois theory). In §3 we prove Theorem 2
in a rather elementary way together with necessary information on algebraic numbers, which is interesting in
its own. Finally we give a quite short proof of Theorem 1 available for a freshman. Everything necessary for
understanding is gathered in §4.

§2. The case of square radicals

Theorem 2 for k = 2 can be proved by induction on n. The base n = 1: linear independence of 1 and
√
p1

just denotes irrationality of
√
p1 and is true by Lemma 1. Consider the cases n = 2, 3 for specific examples,

this makes the ideas of the proof more clear. The complete argument for an arbitrary k by induction on n see
below in §3.

Example 2. Let us prove that 1,
√

2,
√

3,
√

6 (fig. 2a) are linearly independent. Suppose
a+ b

√
2 + c

√
3 + d

√
6 = 0, where a, b, c, d ∈ Q. Separate

√
3: a+ b

√
2 + (c+ d

√
2)
√

3 = 0. If c+ d
√

2 = 0 then
a+ b

√
2 = 0, and then by irrationality

√
2, c = d = 0 and a = b = 0. And if c+ d

√
2 6= 0 then

√
3 = −a+ b

√
2

c+ d
√

2
= −(a+ b

√
2)(c− d

√
2)

c2 − 2d2
= A+B

√
2, where A =

2bd− ac
c2 − 2d2

, B =
ad− bc
c2 − 2d2

∈ Q.

Square the equality
√

3 = A+B
√

2:

3 = A2 + 2B2 + 2AB
√

2 =⇒ AB = 0, otherwise
√

2 ∈ Q.

For A = 0 we have
√

3/2 = B ∈ Q, and for B = 0 we have
√

3 = A ∈ Q, a contradiction with Lemma 1.

We have reduced linear independence of the numbers at Fig. 2a to the fact that
√

3 is ,,foreign“ for the set
Q + Q

√
2 = {a + b

√
2 | a, b ∈ Q} (formally,

√
3 does not lie in it), just as

√
2 is ,,foreign“ for Q. Moreover it

occurs important that in the set Q + Q
√

2 we can not only add, subtract, multiply but also divide (not by 0)
as in Q. Before the next step, let us introduce some notions.

A bit of theory. A set of numbers containing 0 and 1 and closed under four arithmetical operations is
called a umber field. In the sequel the word ,,number“ will be omitted. Thus K is a field iff 0, 1 ∈ K and for
any a, b ∈ K we have a± b, ab ∈ K and a/b ∈ K for b 6= 0. It is easily seen that Q is a field, and moreover ,,the



least one“: any number field includes it1. In a field K is included in a field L then we say that K is a subfield
in L. In the section, all fields lie in the field R of rationals.

Numbers x1, . . . , xn are called linearly independent over a field K if the equality a1x1+ . . .+anxn = 0 where
a1, . . . , an ∈ K holds only for a1 = . . . = an = 0. For example, the numbers 1 and

√
2 are linearly independent

over Q but linearly dependent over R (the equality a1 · 1 + a2
√

2 = 0 holds for a1 =
√

2 and a2 = −1).

Problem 4. Check the property of linear dependence/independence over an arbitrary field K:
a) if a system contains zero or two numbers whose ratio lies in K then it is linear dependent over K;
b) a subsystem of a linearly independent system is linearly independent;
c) a system 1, x is linearly independent over K iff x /∈ K;
d) the coefficients a1, . . . , an ∈ K in the expression a1x1 + . . .+anxn are uniquely determined iff the system

x1, . . . , xn is linearly independent over K.

The least (by inclusion) field including a field K and numbers α1, . . . , αn, is denoted K(α1, . . . , αn) and
is called the field generated by these numbers over K. Let us describe the field generated over K by a single
square radical

√
d /∈ K where d ∈ K. Obviously the field K(

√
d) consists of ratios of numbers having the

form a+ b
√
d, where a, b ∈ K. We can remove irrationality in the denominator multiplying it by the conjugate

a− b
√
d:

1

a+ b
√
d

=
a− b

√
d

a2 − db2
(as in Example 2). Hence

K(
√
d) = {a+ b

√
d | a, b ∈ K}.

Example 3. Suppose p, q are distinct primes. Similarly to Example 2,
√
q /∈ Q(

√
p) and the numbers

1,
√
p,
√
q,
√
pq are linearly independent over Q. Hence

Q(
√
p,
√
q) = Q(

√
p)(
√
q) = {a+ b

√
p+ c

√
q + d

√
pq | a, b, c, d ∈ Q},

and such representation is unique.

Example 4. Let us prove that the numbers at Fig. 2b are linearly independent over Q. Suppose

a1 + a2
√

2 + . . .+ a8
√

30 = 0, where a1, a2, . . . , a8 ∈ Q.

Step 1. Put
√

5 out of brackets to obtain an equality of the form A+B
√

5 = 0, where A,B ∈ Q(
√

2,
√

3):

a1 + a2
√

2 + a3
√

3 + a5
√

6︸ ︷︷ ︸
A

+ (a4 + a6
√

2 + a7
√

3 + a8
√

6)︸ ︷︷ ︸
B

√
5 = 0. (1)

It suffices to prove that A = B = 0. Then according to Example 2, we have a1 = a2 = a3 = a5 = 0 and
a4 = a6 = a7 = a8 = 0.

Step 2. We have to prove that 1 and
√

5 are linearly independent over Q(
√

2,
√

3). This is equivalent to
condition

√
5 /∈ Q(

√
2,
√

3) (Problem 4c).

Step 3. Suppose
√

5 ∈ Q(
√

2,
√

3), and in view of the description of this field in Example 3 we have

√
5 = a+ b

√
2 + c

√
3 + d

√
6, where a, b, c, d ∈ Q. (2)

A big number of radicals does not stimulate to square. But we can perform this more cleverly grouping the
summands in one of two ways:

a+ b
√

2︸ ︷︷ ︸
C

+(c+ d
√

2︸ ︷︷ ︸
D

)
√

3 =
√

5 = a+ c
√

3︸ ︷︷ ︸
C′

+(b+ d
√

3︸ ︷︷ ︸
D′

)
√

2, (3)

not ,,troubling“ C,D,C ′, D′. Square the first equality:

C2 + 3D2 + 2CD
√

3 = 5.

Since 1 and
√

3 are linearly independent over Q(
√

2), we have CD = 0. Similarly C ′D′ = 0. We have 4 cases:
C = C ′ = 0, C = D′ = 0, C ′ = D = 0 or D = D′ = 0. If C = C ′ = 0 then a = b = c = 0, hence

√
5 = d

√
6,

and this contradicts Lemma 1. In the other cases we obtain a similar contradiction because the right side of
(2) reduces to a single nonzero summand.

1There exist other fields as well: the fields of residues Zp, the field of rational functions etc. Any field includes either Q or Zp

for some p.



Problem 5. Prove Theorem 2 for k = 2: perform an induction step from n− 1 to n similarly to Example 4.

Before consideration of radicals of higher exponents, let us discuss how to perform the last step without
squaring, with the general case in mind. Perhaps you would agree that a straightforward exponentiating by 5
would hardly lead to a contradiction for equality as harmless as 5

√
3 = a + b 5

√
2 (a, b ∈ Q)... So let us try to

deal with the equality (3)using conjugates.

Numbers of the form a ± b
√
d over a field K where a, b, d ∈ K,

√
d /∈ K are called conjugate. In (3) the

conjugate to C+D
√

3 over Q(
√

2) is C−D
√

3, and the conjugate for C ′+D′
√

2 over Q(
√

3) is C ′−D′
√

2. At
the same time, the conjugate to

√
5 over both fields is −

√
5. Since the numbers are equal, their conjugates

are equal as well:
C −D

√
3 = −

√
5 = C ′ −D′

√
2. (4)

This and (3) imply that C = C ′ = 0, which is impossible as was shown above.

Unfortunately this argument only seems strict by contains a ,,hole“. However it can be closed. The logical
error is rather subtle, and a reader may be proud if he would manage to find and improve it.

Problem 6. Why the transition from (3) to (4) is not justified and how to improve this?

Using of conjugates often is effective. Below are some olympiad problems on this subject.

Problem 7. Do there exist rational numbers a, b, c, d such that (a+ b
√

2)2 + (c+ d
√

2)2 = 7 + 5
√

2?

Problem 8. Find 1000 first digits after the point in the decimal record of (6 +
√

35)1000.

Problem 9. prove that the product of 2100 numbers ±
√

1±
√

2± . . .±
√

99±
√

100 is a perfect square.

§3. The general case

Let us start the proof of Theorem 2 for an arbitrary k according to the plan from Example 4. Each step
will enlarge our difficulties.
Step 1: splitting of the last radical. The linear relation over Q (that is, with coefficients from Q) for the
nine numbers at fig.c 2c can be represented as

f0(
3
√

2) + f1(
3
√

2)
3
√

3 + f2(
3
√

2)
3
√

9 = 0,

where f0, f1, f2 are polynomials of degrees less than 3 over Q (grouping the summands as in (1)). So the linear
independence of these numbers would follow from two facts:

the numbers 1,
3
√

3,
3
√

9 are linearly independent over the field Q(
3
√

2); (5)

the numbers 1,
3
√

2,
3
√

4 are linearly independent over the field Q. (6)

In fact, (5) implies f0(
3
√

2) = f1(
3
√

2) = f2(
3
√

2) = 0, and then (6) implies that the coefficients of f0, f1, f2
are zero. Let us generalize this argument to show that it suffices to prove Theorem 2′: in the notation of
Theorem 2 the numbers 1, rn, . . . , r

k−1
n are linearly independent over the field Q(r1, . . . , rn−1).

Suppose that Theorem 2′ has been proven. Let us prove Theorem 2 by induction on n. For n = 1 the
theorems are identical: Q(r1, . . . , rn−1) = Q. Let n > 1. Reformulate Theorem 2: if F (x1, . . . , xn) is a
polynomial over Qsuch that the degree of each variable is less than k, and F (r1, . . . , rn) = 0 then F = 0 (that
is, all coefficients of F are zero). Express F in the form

F (x1, . . . , xn) = f0(x1, . . . , xn−1) + f1(x1, . . . , xn−1)xn + . . .+ fk−1(x1, . . . , xn−1)x
k−1
n .

By condition F (r1, . . . , rn) = 0. By Theorem 2′ we have fj(r1, . . . , rn−1) = 0 for all j = 0, . . . , k − 1. By
induction f0 = . . . = fn−1 = 0, thus F = 0.

Step 2: ,,otherness“ of the last radical. Let K is any field, r is a number such that rk ∈ K. Let us
determine when

the numbers 1, r, . . . , rk−1 are linearly independent K. (7)

In other words, r must not be a root of a polynomial with degree less than k and coefficients from K. For
k = 2 this means simply that r /∈ K (Problem 4c). For k > 2 the situation is much more complicated and
interesting.

A bit of theory. The set of the polynomials over a field K is denoted K[x]. A polynomial over K of
positive degree, which is not a product of polynomials of lower degrees is called irreducible over K. Polynomials
over a field allow division with remainder (,,long division“).



Suppose a number α is a root of a nonzero polynomial over a field K. Then it is called an algebraic number
over K. Among these polynomials there is a single polynomial of minimal degree with the leading coefficient
1 (if there were two then their difference would be a polynomial of lesser degree with the root α). It is called
the minimal polynomial of the number α over K and will be denoted µKα (x) or µα(x) if the field K is clear.
The degree of this polynomial is the least m ∈ N such that the numbers 1, α, . . . , αm are linearly dependent
over K. The basic properties of µKα (x) = µα(x) are as follows:

1) the polynomial µα(x) is irreducible over K;
2) every polynomial from K[x] with the root α is a multiple of µα(x);
3) the polynomial p(x) irreducible over K and having the root α and the leading coefficient 1 equals µα(x).

Proof. 1) If µα decomposes into a ptoduct of polynomials over K of lesser degrees then α is a root of one of
the factors which contradicts to minimality of degree of degµα.

2) Suppose f ∈ K[x] and f(α) = 0. Divide f by µα with a remainder: f = µαq + s, where q, s ∈ K[x] and
either s = 0 or deg s < degµα. The second case is impossible because s(α) = f(α)− µα(α)q(α) = 0.

3) By part 2), p(x) is a multiple of µα(x), and since p(x) is irreducible over K, we have p(x)/µα(x) = c ∈ K.
Since the leading coefficients of p(x) and µα(x) are equal to 1, we have c = 1.

Thus (7) ⇔ µKr (x) = xk − rk ⇔ the binomial xk − rk is irreducible over K.
For instance, statements (5) and (6) are respectively equivalent to irreducibility of the binomial x3− 3 over

Q( 3
√

2) and of the binomial x3 − 2 over Q which means that 3
√

3 /∈ Q( 3
√

2) and 3
√

2 /∈ Q (a cubic polynomial
is irreducible over a field iff it has no roots in this field). In general, the condition of ,,otherness“ r /∈ K is
necessary but not sufficient. Although in our case the actors K and r are in the field R, we will leave it for
the complex plane, the field C where the binomial xk − rk decomposes into linear factors By the de Moivre
formula [3]

xk − rk = (x− r)(x− rε) . . . (x− rεk−1), where ε = εk = cos 2π
k + i sin 2π

k . (8)

r

ε
ε2

ε3
ε4

1

rε

rε2

rε3

rε4

Fig. 3

Lemma 2. Suppose K is a subfield in R, r ∈ R, rk ∈ K and r, . . . , rk−1 /∈ K. Then the binomial xk − rk is
irreducible over K.

Proof. Let xk − rk have a factor in K[x] with degree l ∈ {1, . . . , k − 1} such that its intercept is c. From the
decomposition (8) we have c = (−r)lεs for some integer s. Since c ∈ K ⊆ R, r ∈ R and |εs| = 1, we have
rl = ±|c| ∈ K which contradict the condition.

Remark. For r /∈ R the lemma fails: for instance, for k = 3 and r = ε we have ε, ε2 /∈ R but the binomial x3 − 1 is

irreducible.

Example 5. For any prime p and positive integer k > 1 we have k
√
p, . . . k

√
pk−1 /∈ Q (Lemma 1), hence the

binomial xk − p is irreducible over Q (Lemma 2)2, hence µQk√p(x) = xk − p.

In general Theorem 2′ reduces to Theorem 2′′ by Lemma 2: in the same notation

rn, . . . , r
k−1
n /∈ Q(r1, . . . , rn−1). (9)

For n = 1 this follows from Lemma 1. To arrive to a contradiction for n > 1, let us express the numbers
from Q(r1, . . . , rn−1) in the form of polynomials in r1, . . . , rn−1. For instance, the condition 3

√
3 /∈ Q( 3

√
2) takes

the form 3
√

3 6= a+ b 3
√

2 + c 3
√

4 with a, b, c ∈ Q.

Step 3: removal of the irrationality from the denominator. The well-known multiplication by conju-
gates applies only for square radicals. The necessary operations for k > 2 will be first shown by an example.

2In [5] linear independence 1, k
√
p, . . . k

√
pk−1 also is reduced to irreducibility of xk−p which follows from the Eisenstein criterion.



Example 6. Let us remove irrationality from the denominator of
1

3
√

4 + 3
√

2 + 3
. Denote r = 3

√
2 and f(x) =

x2 + x + 3. We have to find a polynomial u ∈ Q[x] such that 1
f(r) = u(r). This means that f(x)u(x) − 1 has

the root r and so is a multiple of µQr (x) = x3 − 2 (Example 5). Thus

u(x)f(x) + v(x)(x3 − 2) = 1

for some polynomial v ∈ Q[x]. Polynomials u and v can be found using Euclid algorithm:

Euclid algorithm Reversal of Euclid algorithm

x3 − 2 = (x2 + x+ 3)(x− 1)− 2x+ 1

x2 + x+ 3 = (2x− 1)
(
1
2x+ 3

4

)
+ 15

4

15
4 = f(x)−

(
f(x)(x− 1)− (x3 − 2))

) (
1
2x+ 3

4

)
=

= (x3 − 2)
(
1
2x+ 3

4

)
+ f(x)

(
−1

2x
2 − 1

4x+ 7
4

)
So (2x2 + x− 7)(x2 + x+ 3)− (2x+ 3)(x3 − 2) = −15, and for x = r this implies

1
3
√

4 + 3
√

2 + 3
=

7− 3
√

2− 2 3
√

4

15
.

Now we will prove a general assertion following the above example.

Lemma 3 (on removal of an irrationality from the denominator). If a number α is algebraic over a field K
and degµα(x) = k then every number from the field K(α) is uniquely expressed as

c0 + c1α+ . . .+ ck−1α
k−1,where c0, c1, . . . , ck−1 ∈ K. (10)

Proof. The numbers of this form lie in K(α), so we have to check that they form a field. Obviously this set
is closed under addition, subtraction and multiplication. Suppose f ∈ K[x] and f(α) 6= 0. Then f(x) is
not a multiple of µα(x), hence these polynomials are mutually prime. Euclid algorithm provides polynomials
u, v ∈ K[x] such that u(x)f(x) + v(x)µα(x) = 1. For x = α we get 1/f(α) = u(α) which is transformed to (10)
when we replace u with its remainder of division by µα. The coefficients ci are uniquely determined, otherwise
α would be a root of a polynomial of degree less than k.

Problem 10. Get rid of irrationality in the denominators: a)
1

1 +
√

2−
√

3 +
√

6
; b)

1
4
√

27 + 2 4
√

3− 1
.

Let us return to the proof of the Theorem 2′′. By the inductive assumption, the binomial xk−rk1 is irreducible
over Q, the binomial xk − rk2 over Q(r1), . . ., the binomial xk − rkn−1 over Q(r1, . . . , rn−2). Consecutively
removing irrationalities from the denominators, we uniquely represent each number from Q(r1, . . . , rn−1) as a
sum of numbers of the form

arl11 . . . r
ln−1

n−1 ,where a ∈ Q, 0 6 l1, . . . , ln−1 < k. (11)

Suppose (9) fails, that is, rln for some l ∈ {1, . . . , k−1} equals a sum of numbers of the form (11). This sum

contains more than one summand, otherwise rln/(r
l1
1 . . . r

ln−1

n−1 ) = a ∈ Q, a contradiction to Lemma 1. Hence
one of the radicals r1, . . . , rn−1 appears in two summands with different degrees, let it be rn−1. Thus

rln = A0 +A1rn−1 + . . .+Ak−1r
k−1
n−1, (12)

where at least two of A0, . . . , Ak−1 ∈ Q(r1, . . . , rn−2) are nonzero. This is the most interesting, particularly
difficult moment in comparison with the case k = 2. Indeed, for k = 2 the equality (12) is not terrible at all:√
pn = A0 +A1

√
pn−1, the squaring is of no difficulty. But for k > 2 even the idea of exponentiating of (12) to

kth degree is unpleasant... Minimal polynomials again will help us. But if the minimal polynomial for the left
part is found easily, for the right part even its algebraicity is not obvious.

Example 7. Let us obtain a contradiction in the above equality 5
√

3 = a + b 5
√

2, where a, b ∈ Q, this is a
particular case of (12). By Lemma 1, a 6= 0 and b 6= 0. By Example 5, µ 5√3(x) = x5 − 3 and µ 5√2(x) = x5 − 2,

hence µa+b 5√2(x) = (x − a)5 − 2b5 (we have done the linear substitution x 7→ x−a
b and multiplied by b5).

A contradiction:
x5 − 3 = (x− a)5 − 2b5 = x5 − 5ax4 + . . . =⇒ a = 0.



Problem 11. Solve in positive integers: 5
√
m+ 5

√
n = 2021.

Problem 12. Disprove the equality 6
√

3 = a 3
√

2 + b
√

2, where a, b ∈ Q.
In general, the way to the minimal polynomial of the right side in (12) passes through conjugate numbers.

But we have defined this notion only for quadratic irrationalities, and also at the end of §2 we have indicated
some argument using conjugates.

A bit more of theory. Suppose a number α ∈ C is algebraic over a field K, and

µα(x) = (x− α1) . . . (x− αk)

(by the fundamental theorem of algebra, any polynomial over C decomposes into linear factors3). The numbers
α1, . . . , αk are called conjugates for α over K. Denote their sum by σ(α). By Vieta theorem

σ(α) = α1 + . . .+ αk ⇐⇒ µα(x) = xk − σ(α)xk−1 + . . . (13)

Example (7) shows that just the coefficient −σ(α) plays the key role.
Remark. The numbers α1, . . . , αk are different (this is not used in the proof): if µα(x) = (x−αj)2g(x) then the derivative

µ′α(x) = 2(x− αj)g(x) + (x− αj)2g′(x) ∈ K[x] has the root αj although deg µ′α < degµα.

Property 3) of the minimal polynomial implies that all numbers algebraic over K divide into classes of
conjugates and each class consists of the roots of some polynomial irreducible over K.

Example 8. Decompose the binomial x4−2 into irreducible factors and divide its roots into classes of conjugates
over each of the fields Q ⊂ Q(

√
2) ⊂ Q( 4

√
2) ⊂ Q( 4

√
2, i):

x4 − 2
(
x2 −

√
2
)

(x− 4
√
2)

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

4
√
2

− 4
√
2

i 4
√
2

−i 4
√
2

(x− i 4
√
2)

Q( 4
√
2) : Q( 4

√
2, i) :Q(

√
2) :Q : (
x2 +

√
2
)

(x+ 4
√
2)
(
x2 +

√
2
)

(x+ i 4
√
2)(x− 4

√
2)(x+ 4

√
2)

Fig. 4

Example 9. For square irrationalities a ± b
√
d (a, b, d ∈ K, b 6= 0,

√
d /∈ K) this definition agrees with the

usual notion of conjugacy:

µK
a±b
√
d
(x) = x2 − 2ax+ a2 − db2, σ(a± b

√
d) = 2a.

(By the way, in the case K = R, d = −1 we obtain complex conjugates a±bi.) This saves the above justification
of the transition from (3) to (4).

Example 10. Suppose a, b ∈ Q, b 6= 0. The numbers a ± b k
√

2 are not of course conjugates when k > 2
(as in the case of square irrationalities). The conjugates for a + b k

√
2 are the roots of the polynomial

µ
a+b k√2(x) = (x− a)k − 2bk (similarly to the example 7), that is, they are equal to a+ b k

√
2εj , j = 0, . . . , k − 1

(see an example at fig. 5).

a+ b 5
√
2

a+ b 5
√
2ε

a+ b 5
√
2ε4

a+ b 5
√
2ε3

a+ b 5
√
2ε2

a

Fig. 5

3We will not use this: in the proof, all polynomials get explicit decompositions.



Step 4: transition to conjugates. Example 10 suggests the form of the conjugates for for a number of the
form (10).

Example 11. Let us disprove the equality 3
√

3 = a+ b 3
√

2 + c 3
√

4, where a, b, c ∈ Q. The conjugates for the left
side are 3

√
3, 3
√

3ε, 3
√

3ε2, where ε = ε3. On the other hand, consider the polynomial

F (x) =
(
x− (a+ b

3
√

2 + c
3
√

4)
)(
x− (a+ b

3
√

2ε+ c
3
√

4ε2)
)(
x− (a+ b

3
√

2ε2 + c
3
√

4ε)
)
.

How can we prove F (x) ∈ Q[x] without troublesome removal of braclets? This is a purely algebraic issue:
replace 3

√
2 by y and 3

√
4 by y2. The resulting polynomial does not change under substitution of yε instead

of y, hence y appears in it only with degrees divided by 3. Replacing y3 by 2 we get a polynomial F (x) ∈ Q[x].
Hence F (x) is a multiple of µ 3√3(x) = x3 − 3, and thus F (x) = x3 − 3. But the sum of the roots of F equals

3a (because 1 + ε+ ε2 = 0). Hence a = 0 and 3
√

3 = b 3
√

2 + c 3
√

4. Divide by 3
√

2: 3
√

3/2 = b+ c 3
√

2. Similarly or
as in Example 7 we obtain b = 0. Thus 3

√
3 = c 3

√
4 which is impossible by Lemma 1.

Lemma 4. Suppose K is a subfield in R, r ∈ R, r /∈ K, rk ∈ K for some k ∈ N. Then σ(r) = 0.

Proof. There exists the least m ∈ N such that rm ∈ K. By Lemma 2 the binomial xm − rm is irreducible over
K and hence equal toµKr (x). Since r /∈ K, we have m > 1 and σ(r) = 0.

Lemma 5. Let α1 = α, . . . , αk be all the conjugates for a number α algebraic over a field K, and suppose
f ∈ K[x]. Then f(α) is algebraic over K, and we have for some d ∈ N

µf(α)(x)d = (x− f(α1)) . . . (x− f(αk)). (14)

Proof. For our goal, it suffices to consider the case µα(x) = xk − rk where r = α. The equality (14) takes the
form

µf(r)(x)d = (x− f(r))(x− f(rε)) . . . (x− f(rεk−1)). (15)

1. Consider an auxiliary polynomial

G(x, y) = (x− f(y))(x− f(yε)) . . . (x− f(yεk−1)).

It does not change under replacement of y by yε (the parentheses are moved cyclically), hence all degrees of y
in it are multiples of k. Thus G(x, r) is a polynomial with coefficients in K and the root f(r). Hence f(r) is
algebraic over K, and µf(r)(x) divides G(x, r).

2. The polynomial µf(r)(f(x)) ∈ K[x] has the root r and hence is a multiple of µr(x) = xk − rk. Thus

all roots r, rε, . . . , rεk−1 of this binomial are roots of the polynomial µf(r)(f(x)), that is, the numbers

f(r), f(rε), . . . , f(rεk−1) are conjugates.
3. Suppose d ∈ N is the least integer such that µf(r)(x)d divides G(x, r). Let us prove that G(x, r) = µf(r)(x)d.

In fact, in the opposite case the polynomial G(x, r)/µf(r)(x)d ∈ K[x] has a root f(rεj) and hence is a multiple
of µf(rεj)(x) = µf(r)(x), a contradiction with minimality of d.

To prove the assertion in general case, let us consider the polynomial

G(x, y1, . . . , yk) = (x− f(y1)) . . . (x− f(yk)).

It does not change under substitutions of y1, . . . , yk and by the fundamental theorem on symmetric polynomials [1, p. 134]
can be expressed in terms of x and elementary symmetric polynomials σ1, . . . , σk defined by the equality

(x− y1) . . . (x− yk) = xk − σ1xk−1 + σ2x
k−2 − . . .+ (−1)kσk.

Since (x− α1) . . . (x− αk) = µα(x) ∈ K[x], we have G(x, α1, . . . , αk) ∈ K[x]. The further argument is similar.

In equality (15), equate the sums of roots (with multiplicities) in

dσ(f(r)) = f(r) + f(rε) + . . .+ f(rεk−1).

Calculate the right part for f(x) = c0 + c1x+ . . .+ ck−1x
k−1:

f(r) = c0 + c1r + . . .+ ck−1r
k−1,

f(rε) = c0 + c1rε + . . .+ ck−1r
k−1εk−1,

. . .

f(rεk−1) = c0 + c1rε
k−1 + . . .+ ck−1r

k−1ε(k−1)
2
.



Add the numbers in each column. Since εk = 1, then

1 + εj + ε2j + . . .+ ε(k−1)j =
1− εkj

1− εj
= 0, j = 1, . . . , k − 1.

Hence f(r) + f(rε) + . . .+ f(rεk−1) = kc0, so

σ(c0 + c1r + . . .+ ck−1r
k−1) = k

d · c0. (16)

Finally we arrive to a contradiction in (12). Let Aj be the first nonzero coefficient in the sequence

A0, . . . , Ak−1. Divide the equality (12) by rjn−1:

rln

rjn−1
= Aj +Aj+1rn−1 + . . .+Ak−1r

k−j−1
n−1 . (17)

Suppose K = Q(r1, . . . , rn−2), R = rln/r
j
n−1. Then R /∈ K, otherwise R = Aj and Aj+1 = . . . = Ak−1 = 0

due to linear independence of 1, rn−1, . . . , r
k−1
n−1 over K (remind that at least two of numbers Aj , . . . , Ak−1 are

nonzero). Furthermore Rk = pln/p
j
n−1 ∈ Q, hence σ(R) = 0 by Lemma 4. But the value of σ corresponding

to the right part of (17) is by (16) proportional to Aj (which plays the role of c0) and hence is nonzero. This
contradiction proves Theorem 2.

In fact we have proved more: each number from the field Q(r1, . . . , rn) is a linear combination of kn numbers

rl11 . . . r
ln
n (0 6 l1, . . . , ln < k)

with uniquely determined rational coefficients. In terms of vectors, these numbers form a basis of the field
Q(r1, . . . , rn) over Q. This representation is obtained by removal of the irrationality in the denominator, and
uniqueness of the coefficients is equivalent to linear independence of the system.

A short proof with use of trace

If you have a bit more information about algebraic numbers or know the foundations of linear algebra then
you can give a short proof of Theorem 1 (without reduction to Theorem 2). The base for this argument is
some value proportional to the sum of conjugates. Moreover it has the remarkable feature of linearity which
minimizes the technical aspect.

A function f : L → C where L is a subfield in C is called linear (more precisely, Q-linear) if
f(ax + by) = af(x) + bf(y) for all x, y ∈ L and a, b ∈ Q. Suppose L = Q( k1

√
Q1, . . . ,

kN
√
QN ). In §4 we

will show that there exists a linear function tr : L→ C called the trace, such that

for every α ∈ L there exists d ∈ N such that tr(α) = dσ(α) (18)

(σ(α) is defined in (13)). Suppose that a1
k1
√
Q1 + . . .+ aN

kN
√
QN = 0 where not all a1, . . . , aN ∈ Q are zeroes.

Assume that aN 6= 0. Surprisingly we will separate not a radical but a coefficient. Divide both parts by kN
√
QN

and denote Ri = ki
√
Qi/

kN
√
QN , i = 1, . . . , N − 1:

−aN = a1R1 + . . .+ aN−1RN−1. (19)

Since RkikNi ∈ Q and by condition Ri /∈ Q, we have σ(Ri) = 0 by Lemma 4, hence tr(Ri) = 0 by (18). By
linearity, the trace of the right part of (19) equals 0. On the other hand, σ(−aN ) = −aN 6= 0, and by (18) we
have tr(−aN ) 6= 0. This contradiction completes the proof of Theorem 1.

§4. Appendix: regarding trace

We shall construct the function named trace tr : L → L for any extension L ⊇ Q generated by a finite set
of algebraic numbers, in particular forL = Q( k1

√
Q1, . . . ,

kN
√
QN ). We will perform this in two ways. The first

way is closer to the argument in §3 and enriches it by translation to the language of Galois theory. After that
we will give the basic definition of the trace, which explains its name, by the way. This way requires basic
information from linear algebra:

– the basis and dimension of an extension, the tower theorem [4, §5];
– matrix operations, the inverse matrix [1, p. 41–44, 73];
– the matrix of a linear operator in a basis, its transformation under change of the basis [1, p. 234–236].



I approach (in spirit of Galois theory)

We need the following well-known fact [4, theorem 2]: the set A of algebraic (over Q) numbers is a field.
Thus L ⊆ A because L is generated by algebraic numbers over Q.

Let us call the map ϕ : L→ C an inclusion if ϕ(a+ b) = ϕ(a) + ϕ(b), ϕ(ab) = ϕ(a)ϕ(b) for all a, b ∈ L and
ϕ(c) = c for all c ∈ Q. In particular, ϕ is linear: ϕ(ca) = ϕ(c)ϕ(a) = cϕ(a) for c ∈ Q and a ∈ L. In the sequel
we show that there exists only a finite number of inclusions ϕ1, . . . , ϕn of L. Put

tr(α) =

n∑
j=1

ϕj(α). (20)

Problem 13. Without further reading: a) prove that all inclusions Q(i) → C are of the form a + bi 7→
a± bi (a, b ∈ Q); b) describe all inclusions Q

(
1+i√

2

)
→ C. Find tr(1 + i) for each case.

The inclusions discover a new approach to conjugates described above in terms of roots of irreducible
polynomials. Suppose α ∈ L and

µα(x) = xm − cm−1xm−1 − . . .− c1x− c0. (21)

Apply any inclusion ϕ : L→ C to both parts of the equality µα(α) = 0:

ϕ(µα(α)) = ϕ(α)m − cm−1ϕ(α)m−1 − . . .− c1ϕ(α)− c0 = µα(ϕ(α)) = ϕ(0) = 0.

We see that ϕ(α) is conjugate to α. Conversely suppose that αj is some conjugate for α ∈ L. Does there
exist an inclusion L → C such that α maps to αj? This inclusion must be determined in Q(α) by the rule
f(α) 7→ f(αj), where f ∈ Q[x] (by Theorem 3 each number from Q(α) has this form). On the other hand,
this rule is correct (does not depend on the choice of f) and determines an inclusion Q(α) → C since for all
f, g ∈ Q[x] we have

f(α) = g(α)⇔ f(x)− g(x)
...µα(x)⇔ f(αj) = g(αj),

f(α) + g(α) = (f + g)(α), f(α)g(α) = (fg)(α).
By the way it is not evident that this inclusion extends from Q(α) to L but at any rate we are already able to
describe the inclusions of simple extensions of Q (that is, extensions generated by a single number).

Theorem 3. Let θ1 = θ, . . . , θn be the conjugates of θ ∈ A. Then the inclusions Q(θ)→ C are

ϕj : f(θ) 7→ f(θj) (f ∈ Q[x]), j = 1, . . . , n.

Luckily an extension generated by a finite set of algebraic numbers is generated by a single number as well
(this number is called a primitive element of the extension).

Example 12. Let us show that Q(
√

2,
√

3) = Q(
√

2 +
√

3). Inclusion ⊇ is evident. Conversely

Q(
√

2 +
√

3) 3 1√
2 +
√

3
=
√

3−
√

2 =⇒ Q(
√

2 +
√

3) 3
√

3 +
√

2

2
±
√

3−
√

2

2
=
√

3,
√

2.

Theorem 4 (on the primitive element). There exists θ ∈ L such that L = Q(θ).

Proof. It suffices to find θ = α+cβ ∈ L for given α, β ∈ L, such that Q(θ) = Q(α, β) (we proceed by induction in
the number of generators). Let α = α1, . . . , αm and β = β1, . . . , βn be the conjugates of α and β. The common
roots of µβ(x) and µα(θ − cx) are βj such that θ − cβj = αi for some i. Choose c so that α + cβ 6= αi + cβj
for (i, j) 6= (1, 1). Then β is the only root of the above polynomials, and since µβ(x) has no multiple roots (see
the remark after (13)) we have (

µβ(x), µα(θ − cx)
)

= x− β ∈ Q(θ)[x].

Thus, β ∈ Q(θ), and so Q(α, β) = Q(θ).

In practice it occurs simpler to use several generators but of simpler nature.

Problem 14. Describe all inclusions of the fields Q(
√

2,
√

3), Q(
√

2,
√

3,
√

5), Q( 4
√

2, 6
√

2).



Let us prove that the function (20) has the required features. The linearity of the trace follows from
the linearity of inclusions. Let us prove (18). Suppose α ∈ L. By Theorem 4 α = f(θ), where f ∈ Q[x].
Furthermore ϕj(α) = ϕj(f(θ)) = f(ϕj(θ)) which equals f(θj) by Theorem 3. Thus

n∏
j=1

(x− ϕj(α)) =
n∏
j=1

(x− f(θj))
Th.5
= µf(θ)(x)d = µα(x)d, d ∈ N. (22)

Equate the sums of roots (with multiplicities) of polynomials in the left and right sides to get (18).

II approach (linear algebra only)

The trace trA of a square matrix A = (aij) is the sum of its diagonal elements, trA =
∑

i aii. A straight-
forward checking shows that tr(AB) = tr(BA) for matrices A and B of the same size. This implies that the
trace of the matrix of an operator is independent of the choice of a basis: tr(C−1AC) = tr(C−1CA) = tr(A).
It is called the trace of the operator.

From [4, Theorems 8 and 9] it follows that the extensions generated by a finite number of algebraic elements
are just the finite extensions, that is, the extensions of finite dimension. (By the way, this is one more way to
understand why A is a field.) The degree of a finite extension L ⊇ K is denoted [L : K]. So let L ⊇ Q be any
finite extension, L ⊂ C. Suppose α ∈ L ⊂ C. The trace of a linear operator L→ L, x 7→ αx, is called the trace
of the number α and is denoted trLQ(α), or tr(α) if the extension L ⊇ Q is fixed.

Example 13. The matrix of multiplication by 3
√

2 in the basis 1, 3
√

2, 3
√

4 of the extension Q( 3
√

2) ⊇ Q is of the

form A =

0 0 2
1 0 0
0 1 0

 because 1 7→ 3
√

2 7→ 3
√

4 7→ 2. Hence tr( 3
√

2) = trA = 0.

Clearly tr(α) depends of α linearly. We will specify the sense of the factor d in (18) and prove the formula

tr(α) = [L : Q(α)]σ(α), α ∈ L. (23)

For this, let us choose a suitable basis in L/Q. We retain the notation (21). Then 1, α, . . . , αm−1 form a
basis in Q(α) ⊇ Q. Take any basis e1, . . . , ed in the extension L ⊇ Q(α). By [4, Tower theorem 9]

e1, e1α, . . . , e1α
m−1︸ ︷︷ ︸

1st block

, . . . , ed, edα, . . . , edα
m−1︸ ︷︷ ︸

dth block

form a basis in L ⊇ Q. Under multiplication by α the vectors of ith block transform according to the rule

ei 7→ eiα 7→ eiα
2 7→ . . . 7→ eiα

m−1 7→ eiα
m = ei(c0 + c1α+ . . .+ cm−1α

m−1).

Hence in this basis the matrix of multiplication by α is block diagonal with d identical blocks

0 0 0 . . . 0 c0
1 0 0 . . . 0 c1
0 1 0 . . . 0 c2
. . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 cm−2
0 0 0 . . . 1 cm−1


and its trace equals dcm−1. Since d = [L : Q(α)] and cm−1 = σ(α), the formula (23) is proven. Observe that it
also follows from (22):

d =
n

degµα(x)
=

[L : Q]

[Q(α) : Q]
= [L : Q(α)].

Thus two above definitions of the trace are equivalent.
In conclusion observe that µα(x) is the minimal polynomial for the operator of multiplication by α, and

µα(x)d is its characteristic polynomial.
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Solutions of the problems

1. All three sums of radicals are irrational because all radicals and their ratios in each sum are irrational
by Lemma 1. For the radical 17

√
2021! in the last sum it suffices to observe that the prime p = 2011 appears in

the decomposition of 2021! with exponent 1.
2. a) One tuple is obtained from another using multiplication by some radical, for instance,

(
√

5,
√

10,
√

15,
√

30) =
√

5(1,
√

2,
√

3,
√

6).

b) To draw a hypercube, first draw a 3-dimensional cube placing a square inside another square and connecting
the corresponding vertices (fig. 1a). (This is top view of a cube made of jelly and deformed falling on the
table.) Now we draw similarly a cube inside another cube and connect the corresponding vertices to obtain a
hypercube. The radicals on the inner cube are already indicated at fig. 2b. Multiply these by

√
7 to obtain

the radicals for the corresponding vertices of the outer cube.

√
3

1

√
2

√
6

√
15

√
5

√
10 √

30

√
7

√
70

√
35

√
14

√
210

√
42

√
21

√
105

Fig. 1a Fig. 1b

3. 1 ⇒ 2. Apply Theorem 1 to {Q1, . . . , QN} = {rl11 . . . rlnn | 0 6 l1, . . . , ln < k} and k1 = . . . = kN = k.
The condition k

√
Qi/Qj /∈ Q for i 6= j holds by Lemma 1.

2 ⇒ 1. Let p1, . . . , pn be prime divisors of the numerators and denominators in the irredundant represen-

tation of Q1, . . . , QN and k = k1 . . . kN . Then ki
√
Qi =

k

√
Q
k/ki
i is proportional with a rational coefficient to a

number of the form k

√
pl11 . . . p

ln
n , where 0 6 l1, . . . , ln < k.

4. a) For zero we can take any nonzero coefficient, and for proportional numbers kx and lx (0 6= k, l ∈ K)
we can take the coefficients l and −k respectively. Take the zero coefficients for the other elements of the
system to get a zero linear combination with not only zero coefficients.

b) Suppose the system x1, . . . , xm, xm+1, . . . , xn is linearly independent over K and a1x1 + . . .+ amxm = 0.
Then a1x1 + . . .+ amxm + 0xm+1 + . . .+ 0xn = 0 implies a1 = . . . = am = 0.

c) If x ∈ K then put a = x and b = −1 in a · 1 + b · x = 0 to obtain that 1 and x are linearly dependent
over K. Conversely, if x /∈ K then a · 1 + b · x = 0 with a, b ∈ K implies b = 0 (otherwise x = −a/b ∈ K) and
hence a = 0.



d) If a1x1+ . . .+anxn = b1x1+ . . .+bnxn with a1, b1, . . . , an, bn ∈ K then (a1−b1)x1+ . . .+(an−bn)xn = 0.
Linear independence of x1, . . . , xn is equivalent to the equalities a1 − b1 = . . . = an − bn = 0.

5. Suppose the theorem is proven for n − 1 primes, and
√
pn ∈ Q(

√
p1, . . . ,

√
pn−1). By induction, each

number in this field is uniquely expressed as a sum of 2n−1 summands of the form a
√
p1
l1 . . .

√
pn−1

ln−1 , a ∈ Q,
li = 0, 1. The number

√
pn is equal to a sum of numbers of this form but not equal to any of them by Lemma

1. Thus the sum contains at least two summands, so some radical among
√
p1, . . . ,

√
pn−1 appears in some

summand and does not appear in another summand. Let this radical be
√
pn−1. Then

√
pn = A + B

√
pn−1

where A,B ∈ Q(
√
p1, . . . ,

√
pn−2) = K with AB 6= 0. Square this equality: pn = A2 +B2pn−1 + 2AB

√
pn−1 to

get AB = 0, a contradiction.
6.The core of the matter is the definition of a conjugate. In each specific field K(

√
d) conjugation is defined

by the formula fd(a + b +
√
d) = a − b

√
d (a, b ∈ K). This is correct: a, b are uniquely determined since√

d /∈ K. But we may not equate conjugate related to distinct fields: if α = a + b
√
d = a′ + b′

√
d′ then why

fd(α) = a− b
√
d must equal fd′(α) = a− b

√
d′?

The definition in question may be understood so that if α is represented as a + b
√
d with a, b, d ∈ K,√

d /∈ K, then let the conjugate to α be equal to a− b
√
d. But then the implication

a+ b
√
d = a′ + b′

√
d′ =⇒ a− b

√
d = a′ − b′

√
d′

is nothing but verification of correctness of this definition!
The solution is to define conjugates in an invariant way not related to a specific expression in the form

of a quadratic irrationality. Namely, let α /∈ Kbe a root of a polynomial of degree 2 over K. Then define
the conjugate for α as the second root of this polynomial. Correctness of this definition reduces to obvious
verification of uniqueness of this polynomial up to a number factor. Indeed, if x2 + px+ q and x2 + p′x+ q′ are
two polynomials with a root α over K then their difference (p− p′)x+ q − q′ ∈ K also has the root α whence

p = p′ (otherwise α = q′−q
p−p′ ∈ K) and moreover q = q′. In fact the conjugates in general situation are defined

just in this way.
7. The idea is to pass to conjugate numbers: (a− b

√
2)2 + (c− d

√
2)2 = 7− 5

√
2 < 0, a contradiction. The

conceptual motivation of this transition is in verifying that the conjugation f(a + b
√

2) = a − b
√

2 (a, b ∈ Q)
is an inclusion (see definition at p. 9).

8. Sum up the given number and its conjugate: (6 +
√

35)1000 + (6−
√

35)1000. This sum is integer (by the
formula for the Newton binomial). On the other hand, the conjugate is very small:

(6−
√

35)1000 =
1

(6 +
√

35)1000
<

1

101000
.

Hence the first 1000 digits of the original number are 9.
9. Consider 299 polynomials 1 + ε2x2 + . . . + ε100x100, where εi ∈ {±1}. Their product is a polynomial

even in each variable, so it has the form f(x22, . . . , x
2
100), where f is a polynomial with integer coefficients. In

particular, for x2 =
√

2, . . ., x100 =
√

100 we obtain an integer which we will denote by d. Now repeat the
argument for the opposite by sign polynomials −1 + ε2x2 + . . .+ ε100x100 to obtain the same integer d (because
the number of polynomials is even). Thus the product in question is equal to d2.

10. a) 1
1+
√
2−
√
3+
√
6

= 1
1+
√
2+(
√
2−1)

√
3

= 1+
√
2+(
√
2−1)

√
3

(1+
√
2)2−3(

√
2−1)2 = 1+

√
2+(
√
2−1)

√
3

8
√
2−6 =

(1+
√
2+(
√
2−1)

√
3)(4
√
2+3)

46 .

b) Answer: 1
7

(
3 4
√

27 + 8 4
√

9 + 5 4
√

3 + 8
)
.

11. m = k5, n = (2021− k)5, k = 1, . . . , 2020. The solution is similar to Example 7.
12. Divide both parts by 3

√
2: C 6

√
3/4 = a+b 6

√
2. Now the contradiction is obtained similarly to Example 7.

13. We will prove a general statement.

Lemma 6. Let K be a subfield in C, r ∈ C \K, r2 ∈ K. Then all the inclusion K(r) → C over K (that is,
identical on K) are of the form a+ br 7→ a± br.

Proof. Clearly K(r) = {a+ br | a, b ∈ K} and each inclusion ϕ : K(r) → C over K is determined by its value
at r. Moreover ϕ(r)2 = ϕ(r2) = r2, whence ϕ(r) = ±r. For the plus sign we get an identical inclusion, and for
the minus sign we get an analogue of the complex conjugation (K = R, r = i): ϕ(a+ br) = a− br. This is an
inclusion over K: the properties ϕ(x+ y) = ϕ(x) + ϕ(y) and ϕ(k) = k for k ∈ K are obvious. Furthermore

ϕ((a+ br)(c+ dr)) = ϕ(ac+ bdr2 + (ad+ bc)r) = ac+ bdr2− (ad+ bc)r = (a− br)(c− dr) = ϕ(a+ br)ϕ(c− dr)

for all a, b, c, d ∈ K.



a) Apply Lemma 6 for K = Q and r = i; tr(1 + i) = (1 + i) + (1− i) = 2.
b) Denote ε = 1+i√

2
. Since ε2 = i, we have Q(ε) = Q(ε, i) = Q(

√
2, i). For any inclusion of the field Q(

√
2, i)

we have
√

2 7→ ±
√

2 and i 7→ ±i. All combinations of signs are given by 4 inclusions: identical ϕ++, inclusions
from Lemma 6:

ϕ+− : a+ bi 7→ a− bi,
ϕ−+ : a′ + b′

√
2 7→ a′ − b′

√
2,

a, b ∈ Q(
√

2)

a′, b′ ∈ Q(i),

and their composition ϕ−− = ϕ+− ◦ ϕ−+. Hence tr(1 + i) = (ϕ++ + ϕ+− + ϕ−+ + ϕ−−)(1 + i) = 4.

Observe that the images of ε under all inclusions form the set of conjugates
{

1±i
±
√
2

}
= {ε, ε3, ε5, ε7} that

are the roots of µε(x) = x4 + 1. These are the primitive roots of degree 8 from 1 (fig. 2).

ε = 1+i√
2

ε7 = 1−i√
2

ε3 = 1−i
−
√
2

ε5 = 1+i
−
√
2

Fig. 2

14. Similarly to the solution of Problem 13b) we obtain 4 inclusions of the field K = Q(
√

2,
√

3) such
that

√
2 7→ ±

√
2 and

√
3 7→ ±

√
3. Each of these extends to an inclusion of the field K(

√
5) in two ways:√

5 7→ ±
√

5 (similarly by Lemma 6 take three inclusions that change the sign of a radical, and form all possible
23 combinations of them).

Now let us describe the inclusions of L = Q( 4
√

2, 6
√

2). Put r = 12
√

2. Then 4
√

2 = r3, 6
√

2 = r2 and
L = Q(r3, r2) = Q(r). By Example 5 we have µr(x) = x6 − 2, so by Theorem 3 all inclusions ϕ0, . . . , ϕ5of the

field Q(r) are defined by the conditions ϕj : r 7→ rεj , where ε = 1+i
√
3

2 ∈ 6
√

1.



Îïðåäåëèòåëè â òåîðèè ãðàôîâ

Ïðîåêò ïðåäñòàâëÿþò Î.Áóðñèàí, Ê.Êîõàñü, Â. Ðåòèíñêèé, Á.Ôðåíêèí

26.01.2021

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ãðàôû. Íåôîðìàëüíî ãîâîðÿ, ãðàô � ýòî ìíîæåñòâî òî÷åê (âåðøèí), ñîåäèí¼ííûõ îòðåç-
êàìè (ð¼áðàìè). Ôîðìàëüíîå îïðåäåëåíèå: çàäàòü ãðàô G � çíà÷èò çàäàòü ìíîæåñòâî âåð-
øèí V (G) è ìíîæåñòâî ð¼áåð E(G), ñîñòîÿùåå èç íåêîòîðûõ ïàð (v1v2) ýëåìåíòîâ èç V . Ãðàô
íàçûâàåòñÿ íåîðèåíòèðîâàííûì, åñëè íå ó÷èòûâàåòñÿ ïîðÿäîê ýëåìåíòîâ â ïàðå, ò.å. ïàðû
(v1v2) è (v2v1) íå ðàçëè÷àþòñÿ. Â ïðîòèâíîì ñëó÷àå ãðàô íàçûâàåòñÿ îðèåíòèðîâàííûì,
èëè ñîêðàù¼ííî îðãðàôîì. Â äàëüíåéøåì ñ÷èòàåì, ÷òî ìíîæåñòâî V (G) = {v1, v2, . . . , vn}
êîíå÷íî, òîãäà è ìíîæåñòâî E(G) êîíå÷íî.

Åñëè (v1v2) ∈ E(G), òî ìû ãîâîðèì, ÷òî ðåáðî v1v2 ñîåäèíÿåò âåðøèíû v1 è v2. Ãîâîðÿò
òàêæå, ÷òî ýòî ðåáðî èíöèäåíòíî âåðøèíàì v1 è v2, à ýòè âåðøèíû èíöèäåíòíû ðåáðó v1v2.
Ïðè ýòîì âåðøèíû v1 è v2 íàçûâàþòñÿ ñìåæíûìè, à â ïðîòèâíîì ñëó÷àå íåñìåæíûìè.
Åñëè ëþáûå äâå âåðøèíû ñìåæíû, òî ãðàô íàçûâàåòñÿ ïîëíûì.

Ñòåïåíü âåðøèíû ãðàôà � êîëè÷åñòâî ð¼áåð, èíöèäåíòíûõ äàííîé âåðøèíå. Ñòåïåíü
âåðøèíû v îáîçíà÷àåòñÿ deg v. Èñõîäÿùàÿ è âõîäÿùàÿ ñòåïåíü âåðøèíû � ñîîòâåòñòâåííî,
êîëè÷åñòâî ð¼áåð, èñõîäÿùèõ è âõîäÿùèõ â äàííóþ âåðøèíó.

Êâàäðàòíàÿ ÷èñëîâàÿ ìàòðèöà A ïîðÿäêà n � ýòî òàáëèöà ðàçìåðà n×n, â êëåòêàõ êî-
òîðîé ñòîÿò âåùåñòâåííûå ÷èñëà; ÷èñëî, ñòîÿùåå íà ïåðåñå÷åíèè i-é ñòðîêè è j-ãî ñòîëáöà,
îáîçíà÷àåòñÿ aij. Ìàòðèöà ñìåæíîñòè íåîðèåíòèðîâàííîãî ãðàôà G � ýòî n× n-ìàòðèöà
A = (aij), â êîòîðîé aij = 1, åñëè âåðøèíû vi è vj ñìåæíû, è aij = 0 â ïðîòèâíîì ñëó-
÷àå. Òàêàÿ ìàòðèöà îáÿçàòåëüíî ñèììåòðè÷íà (îòíîñèòåëüíî ãëàâíîé äèàãîíàëè, âåäóùåé
èç ëåâîãî âåðõíåãî óãëà â ïðàâûé íèæíèé).

Ìàòðèöà ñìåæíîñòè îðèåíòèðîâàííîãî ãðàôà G � ýòî n × n-ìàòðèöà A = (aij), â êî-
òîðîé aij = 1, åñëè â ãðàôå G åñòü ðåáðî, âåäóùåå èç vi â vj, è aij = 0 â ïðîòèâíîì ñëó÷àå.
Òàêàÿ ìàòðèöà óæå íå îáÿçàòåëüíî ñèììåòðè÷íà.

Ïóòü â ãðàôå � ýòî ïîñëåäîâàòåëüíîñòü vi1vi2 , . . . , vik−1
vik ð¼áåð ãðàôà (k > 1), ãäå

ïåðâàÿ âåðøèíà êàæäîãî ñëåäóþùåãî ðåáðà ñîâïàäàåò ñî âòîðîé âåðøèíîé ïðåäûäóùåãî.
Ìíîæåñòâî èç îäíîãî ðåáðà òàêæå ñ÷èòàåòñÿ ïóò¼ì. Åñëè vik = vi1 , ò. å. ïóòü çàìêíóò, òî îí
íàçûâàåòñÿ öèêëîì. Ãðàô íàçûâàåòñÿ ñâÿçíûì, åñëè ìåæäó ëþáûìè åãî âåðøèíàìè èìååòñÿ
ïóòü èëè âåðøèíà òîëüêî îäíà. Ãðàô íàçûâàåòñÿ äåðåâîì, åñëè îí ñâÿçåí è â í¼ì íåò öèê-
ëîâ. Íåòðóäíî âèäåòü, ÷òî â ýòîì è òîëüêî ýòîì ñëó÷àå ìåæäó ëþáûìè äâóìÿ âåðøèíàìè
ñóùåñòâóåò ðîâíî îäèí ïóòü.

Ïåðåñòàíîâêè è èõ ÷¼òíîñòü. Ïåðåñòàíîâêîé ìíîæåñòâà {1, . . . , n} íàçûâàåòñÿ îòîáðà-
æåíèå ýòîãî ìíîæåñòâà â ñåáÿ, ïðè êîòîðîì ðàçëè÷íûå ýëåìåíòû ïåðåõîäÿò â ðàçëè÷íûå è
â êàæäûé ýëåìåíò ïåðåõîäèò êàêîé-òî ýëåìåíò � âîçìîæíî, îí ñàì. Åñëè π � íåêîòîðàÿ
ïåðåñòàíîâêà, òî π(i) îáîçíà÷àåò òîò ýëåìåíò, â êîòîðûé ïåðåõîäèò ýëåìåíò i ïîä äåéñòâèåì
ýòîé ïåðåñòàíîâêè.

1
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6

Îðèåíòèðîâàííûé ãðàô, â êîòîðîì èñõîäÿùàÿ è âõîäÿùàÿ ñòå-
ïåíü êàæäîé âåðøèíû ðàâíà 1, áóäåì íàçûâàòü îäíîâàëåíòíûì, â òà-
êîì ãðàôå ìîãóò áûòü ïåòëè (ð¼áðà, ó êîòîðûõ íà÷àëî ñîâïàäàåò ñ
êîíöîì). Êàæäàÿ ïåðåñòàíîâêà π îïðåäåëÿåò îäíîâàëåíòíûé ãðàô íà
ìíîæåñòâå âåðøèí {1, 2, . . . , n}: ýòîò ãðàô ñîäåðæèò îðèåíòèðîâàí-
íîå ðåáðî ij â òîì è òîëüêî òîì ñëó÷àå, åñëè π(i) = j. Íà ðèñóíêå
ïðèâåäåí ïðèìåð äëÿ n = 6: π(1) = 2, π(2) = 1, π(3) = 5, π(4) = 4,
π(5) = 6, π(6) = 3.

Ïðîèçâåäåíèå ïåðåñòàíîâîê σ è τ � ýòî ïåðåñòàíîâêà, ñîñòîÿùàÿ â ïîñëåäîâàòåëüíîì
âûïîëíåíèè ïåðåñòàíîâîê σ è τ . Òðàíñïîçèöèÿ � ýòî ïåðåñòàíîâêà, êîòîðàÿ ìåíÿåò ìåñòàìè
äâà ýëåìåíòà, à îñòàëüíûå îñòàâëÿåò íà ìåñòå. Íåòðóäíî âèäåòü, ÷òî ëþáàÿ ïåðåñòàíîâêà
ÿâëÿåòñÿ ïðîèçâåäåíèåì òðàíñïîçèöèé. Îäíà è òà æå ïåðåñòàíîâêà íå ìîæåò ÿâëÿòüñÿ ïðî-
èçâåäåíèåì è ÷¼òíîãî, è íå÷¼òíîãî êîëè÷åñòâà òðàíñïîçèöèé. Åñëè ïåðåñòàíîâêà ÿâëÿåòñÿ
ïðîèçâåäåíèåì ÷¼òíîãî êîëè÷åñòâà òðàíñïîçèöèé, òî îíà íàçûâàåòñÿ ÷¼òíîé, à â ïðîòèâ-
íîì ñëó÷àå íå÷¼òíîé. Çíàê ïåðåñòàíîâêè ðàâåí +1 äëÿ ÷¼òíîé ïåðåñòàíîâêè è −1 íå÷¼òíîé.
Çíàê ïåðåñòàíîâêè π îáîçíà÷àåòñÿ sgn(π). Åñëè ïåðåñòàíîâêà çàäàíà îäíîâàëåíòíûì ãðà-
ôîì, åå çíàê ðàâåí (−1)m, ãäåm � êîëè÷åñòâî ÷¼òíûõ (ò.å. ñîñòîÿùèõ èç ÷¼òíîãî êîëè÷åñòâà
ýëåìåíòîâ) öèêëîâ â ãðàôå.

Îïðåäåëèòåëü ìàòðèöû. Êàæäîé êâàäðàòíîé ìàòðèöå A = (aij) ñîïîñòàâèì âåùåñòâåí-
íîå ÷èñëî, êîòîðîå íàçûâàåòñÿ å¼ îïðåäåëèòåëåì è ðàâíî ñóììå ïðîèçâåäåíèé:

detA =
∑
π

sgn(π)a1,π(1) · a2,π(2) · . . . · an,π(n), (1)

ãäå π ïðîáåãàåò âñåâîçìîæíûå ïåðåñòàíîâêè ìíîæåñòâà {1, . . . , n}. Òàêèì îáðàçîì, ñóììà
ñîäåðæèò n! ñëàãàåìûõ. Åñëè detA = 0, òî ìàòðèöà A íàçûâàåòñÿ âûðîæäåííîé, à â ïðî-
òèâíîì ñëó÷àå íåâûðîæäåííîé.

Äëÿ êàæäîé ìàòðèöû A ðàññìîòðèì ïîëíûé îðãðàô A íà n âåðøèíàõ (ñ ïåòëÿìè),
â êîòîðîì êàæäîìó ðåáðó vivj ñîïîñòàâëåíî âåùåñòâåííîå ÷èñëî aij, êîòîðîå íàçûâàåòñÿ
âåñîì ýòîãî ðåáðà.

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 A =

a12

a21

a23

a32

a31

a13

a11 a22

a33

v1 v2

v3

Äàëåå ìû áóäåì ðàññìàòðèâàòü òîëüêî òàêèå îäíîâàëåíòíûå ïîäãðàôû îðãðàôà A,
êîòîðûå ñîäåðæàò âñå åãî âåðøèíû. Êàæäàÿ ïåðåñòàíîâêà π èç ñóììû (1) çàäàåò îäíî-
âàëåíòíûé ïîäãðàô â ãðàôå A (è íàîáîðîò: êàæäûé îäíîâàëåíòíûé ïîäãðàô îïðåäåëÿåò
ïåðåñòàíîâêó). Êàæäîìó îäíîâàëåíòíîìó ïîäãðàôó ïîñòàâèì â ñîîòâåòñòâèå ÷èñëî, ðàâíîå
ïðîèçâåäåíèþ âåñîâ âñåõ åãî ð¼áåð; åñëè ïîäãðàô ñîäåðæèò íå÷¼òíîå êîëè÷åñòâî öèêëîâ
ñ ÷¼òíûì ÷èñëîì âåðøèí, äîïîëíèòåëüíî óìíîæèì ýòî ÷èñëî íà −1. Ðåçóëüòàò áóäåì íà-
çûâàòü âåñîì ïîäãðàôà. Òàêèì îáðàçîì, âåñ îäíîâàëåíòíîãî ïîäãðàôà, ñîîòâåòñòâóþùåãî
ïåðåñòàíîâêå π, â òî÷íîñòè ðàâåí ñëàãàåìîìó èç ñóììû (1), è ìû ìîæåì ïðèíÿòü àëüòåðíà-
òèâíîå îïðåäåëåíèå.

Îïðåäåëèòåëåì ìàòðèöû A íàçûâàåòñÿ ñóììà âåñîâ âñåõ îäíîâàëåíòíûõ ïîäãðàôîâ ãðà-
ôà A.

Äëÿ ãðàôà A èç íàøåãî ïðèìåðà âñå îäíîâàëåíòíûå ïîäãðàôû è èõ âåñà èçîáðàæåíû íà
ðèñ. 1. Òàêèì îáðàçîì,

detA = a11a22a33 − a11a23a32 − a13a22a31 − a12a21a33 + a13a21a32 + a12a23a31.
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a11 a22

a33

v1 v2

v3

a11a22a33

a23
a32

a11

v1
v2

v3

−a11a23a32

a31
a13

a22

v1

v2

v3

−a13a22a31

a12

a21

a33

v1 v2

v3

−a12a21a33

a21

a32a13

v1 v2

v3

a13a21a32

a12

a23a31

v1 v2

v3

a12a23a31

Ðèñ. 1. Îäíîâàëåíòíûå ïîäãðàôû ãðàôà A è èõ âåñà

2 Ñâîéñòâà îïðåäåëèòåëåé

2.1. Ïîëüçóÿñü êîìáèíàòîðíûì îïðåäåëåíèåì, äîêàæèòå ñëåäóþùèå ñâîéñòâà îïðåäåëèòå-
ëÿ.

a) Åñëè â íåêîòîðîé ñòðîêå ìàòðèöû A êàæäûé ýëåìåíò óìíîæèòü íà âåùåñòâåííîå
÷èñëî c, òî â ðåçóëüòàòå îïðåäåëèòåëü òîæå óìíîæèòñÿ íà c.

b) Åñëè â ìàòðèöå ïîìåíÿòü ìåñòàìè äâå ñòðîêè, îïðåäåëèòåëü ñìåíèò çíàê.
c) Ïóñòü â k-ì ñòîëáöå ìàòðèöû A íà äèàãîíàëè ñòîèò 1, à îñòàëüíûå ýëåìåíòû k-ãî

ñòîëáöà ðàâíû íóëþ. È ïóñòü Ã � ìàòðèöà, ïîëó÷àþùàÿñÿ èç A âû÷åðêèâàíèåì k-é ñòðîêè
è k-ãî ñòîëáöà. Òîãäà detA = det Ã.

d) Äàíà ìàòðèöà A = (aij) è ìàòðèöû A(1) è A(2), ó êîòîðûõ âñå ýëåìåíòû òàêèå æå, êàê
â ìàòðèöå A, çà èñêëþ÷åíèåì j-é ñòðîêè, à äëÿ ýëåìåíòîâ j-é ñòðîêè âûïîëíÿåòñÿ ïðàâèëî

aij = a
(1)
ij + a

(2)
ij .

Òîãäà detA = detA(1) + detA(2).
e) Îáîçíà÷èì ÷åðåç Aij ìàòðèöó, êîòîðàÿ ïîëó÷àåòñÿ âû÷åðêèâàíèåì i-é ñòðîêè è j-ãî

ñòîëáöà èç ìàòðèöû A. Òîãäà âåðíà ôîðìóëà ðàçëîæåíèÿ ïî ñòðîêå

detA =
n∑
j=1

(−1)i+jaij detAij.

Â ñâÿçè ñ çàäà÷åé 2.1 d) îòìåòèì ñëåäóþùèé ¾ëàéôõàê¿.

2.2. Ïóñòü äàíà ìàòðèöà A = (aij), â êîòîðîé íåêîòîðûå ìàòðè÷íûå ýëåìåíòû çàïèñàíû
â âèäå ñóìì, êàê â ïðèìåðå íèæå. Ïîñòðîèì îðãðàô A, â êîòîðîì êàæäîìó ñëàãàåìîìó
îòâå÷àåò îäíî ðåáðî. Â îòëè÷èå îò ñòàíäàðòíîãî ñëó÷àÿ â òàêîì ãðàôå ìîãóò ïîÿâèòüñÿ
êðàòíûå ðåáðà è êðàòíûå ïåòëè (ñ ðàçíûìè âåñàìè). Îïðåäåëèòåëü ìàòðèöû A ïî-ïðåæíåìó
ðàâåí ñóììå âåñîâ âñåõ îäíîâàëåíòíûõ ïîäãðàôîâ ïîñòðîåííîãî ãðàôà A.

A =

a11 + b11 a12 a13
a21 a22 a23 + b23
a31 a32 a33

 A =

a12

a21

a23
b23

a32

a31

a13

a11

b11
a22

a33

v1 v2

v3

2.3. Ïóñòü ñóììà ýëåìåíòîâ êàæäîé ñòðîêè ìàòðèöû A ðàâíà 0, à èìåííî: â êàæäîé äèàãî-
íàëüíîé êëåòêå ìàòðèöû A ñòîèò ÷èñëî, ðàâíîå ñóììå îñòàëüíûõ ýëåìåíòîâ òîé æå ñòðîêè
ñî çíàêîì ìèíóñ.
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a) Äîêàæèòå, ÷òî detA = 0.
b) Äîêàæèòå, ÷òî detAij1 = (−1)j2−j1 detAij2 äëÿ êàæäîãî i è ëþáûõ j1, j2 (îáîçíà÷åíèå

èç çàäà÷è 2.1 e).

2.4. Ïóñòü ãðàô G, ïîñòðîåííûé ïî ìàòðèöå A, ñîäåðæèò ïîäãðàô H ñ 8 âåðøèíàìè, èçîá-
ðàæ¼ííûé íà ðèñ. 2 ñëåâà, ïðè÷åì â ïîäãðàôå ìîãóò áûòü ð¼áðà, èíöèäåíòíûå ñâåòëûì
âåðøèíàì, íå ïîêàçàííûå íà ðèñóíêå, íî âñå ÷¼ðíûå âåðøèíû èìåþò ñòåïåíü 3, ò. å. âñå èõ
ðåáðà óêàçàíû. Çàìåíèì ýòîò ïîäãðàô íà ïîäãðàô H ′, èçîáðàæåííûé íà ðèñ. 2 ñïðàâà, ãäå
íîâûå âåñà çàäàþòñÿ ôîðìóëàìè

x′ =
y

wz − xy , y′ =
x

wz − xy , z′ =
w

xy − wz , w′ =
z

xy − wz . (2)

Ïóñòü A′ � ìàòðèöà, ñîîòâåòñòâóþùàÿ íîâîìó ãðàôó. Òîãäà

detA = (xy − wz)2 detA′. (3)

x w

z y

1 1

1

1

x′ w′

z′ y′

H H ′

Ðèñ. 2. Ïåðåñòðàèâàåì ôðàãìåíò ãðàôà. Ðèñ. 3. Ãðàô C4 × Pm−1.

2.5. Ïóñòü G � ãðàô, èçîáðàæåííûé íà ðèñ. 3 (âñåãî m − 1 êîíöåíòðè÷åñêèõ êâàäðàòîâ),
A � ìàòðèöà ñìåæíîñòè ýòîãî ãðàôà. Äîêàæèòå, ÷òî

detA =

{
m2, åñëè m íå÷¼òíî,

0, åñëè m ÷¼òíî.

3 Îïðåäåëèòåëè êëåò÷àòûõ ôèãóð

Ïóñòü F � îãðàíè÷åííàÿ êëåò÷àòàÿ ôèãóðà íà êëåò÷àòîé ïëîñêîñòè, GF � ãðàô, äâîé-
ñòâåííûé ôèãóðå F , ò. å. ãðàô, â êîòîðîì âåðøèíû ñîîòâåòñòâóþò êëåòêàì ôèãóðû, à ð¼áðà
ñîåäèíÿþò âåðøèíû, ñîîòâåòñòâóþùèå ñîñåäíèì ïî ñòîðîíå êëåòêàì. Óäîáíî ïðåäñòàâëÿòü
ñåáå ãðàô GF è åãî ïîäãðàôû êàê îðèåíòèðîâàííûå, ïîëàãàÿ, ÷òî ìåæäó äâóìÿ ñîñåäíè-
ìè êëåòêàìè ïðîâåäåíî äâà ðåáðà ñ ïðîòèâîïîëîæíûìè îðèåíòàöèÿìè. Îáîçíà÷èì ÷åðåç
AF ìàòðèöó ñìåæíîñòè ãðàôà GF . Çàìîùåíèÿìè áóäåì íàçûâàòü ðàçáèåíèÿ ôèãóðû F íà
äîìèíî. Ðåáðî îäíîâàëåíòíîãî ïîäãðàôà â GF áóäåì íàçûâàòü âîñõîäÿùèì, åñëè îíî âåð-
òèêàëüíî è íàïðàâëåíî ââåðõ, è íèñõîäÿùèì, åñëè îíî âåðòèêàëüíî è íàïðàâëåíî âíèç.
(Íàïîìíèì, ÷òî ðàññìàòðèâàþòñÿ òîëüêî òàêèå îäíîâàëåíòíûå ïîäãðàôû, êîòîðûå ñîäåð-
æàò âñå âåðøèíû ãðàôà.) Ôèãóðà F íàçûâàåòñÿ îäíîñâÿçíîé, åñëè îíà ¾áåç äûð¿ � áîëåå
ôîðìàëüíî, åñëè åå äâîéñòâåííûé ãðàô è äâîéñòâåííûé ãðàô å¼ äîïîëíåíèÿ òîæå ñâÿçåí.

3.1. Äîêàæèòå, ÷òî êîëè÷åñòâî îäíîâàëåíòíûõ ïîäãðàôîâ ãðàôà GF ðàâíî êâàäðàòó êîëè-
÷åñòâà çàìîùåíèé ôèãóðû F .

3.2. Ïóñòü P � îäíîñâÿçíûé êëåò÷àòûé ìíîãîóãîëüíèê, íà ãðàíèöå êîòîðîãî a òî÷åê ñ ÷¼ò-
íîé îðäèíàòîé è b òî÷åê ñ íå÷¼òíîé, à âíóòðè � d öåëî÷èñëåííûõ òî÷åê. Òîãäà ñóììà äëèí
âåðòèêàëüíûõ ñòîðîí ìíîãîóãîëüíèêà P ñðàâíèìà ñ a− b+ 2d+ 2 ïî ìîäóëþ 4.

3.3. Ïóñòü F � îäíîñâÿçíàÿ êëåò÷àòàÿ ôèãóðà ÷¼òíîé ïëîùàäè. Òîãäà â å¼ ãðàôå GF ëèáî
÷¼òíîñòü êîëè÷åñòâà âîñõîäÿùèõ ð¼áåð êàæäîãî îäíîâàëåíòíîãî ãðàôà ñîâïàäàåò ñ ÷¼òíî-
ñòüþ êîëè÷åñòâà öèêëîâ â í¼ì, ëèáî äëÿ êàæäîãî îäíîâàëåíòíîãî ïîäãðàôà ýòè ÷¼òíîñòè
ïðîòèâîïîëîæíû.
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Ðèñ. 4. Ïðàâèëüíàÿ 8-äåòàëü Ðèñ. 5. Íåïðàâèëüíàÿ 9-äåòàëü

Îáîçíà÷èì ÷åðåç ck êîëè÷åñòâî çàìîùåíèé ôèãóðû F , â êîòîðûõ ðîâíî k âåðòèêàëüíûõ

äîìèíî. Ìíîãî÷ëåí fF (x) =
+∞∑
k=0

ck · xk íàçîâ¼ì âåðòèêàëüíûì ìíîãî÷ëåíîì ôèãóðû F .

Ïàðó çàìîùåíèé íàçîâ¼ì õîðîøåé, åñëè êîëè÷åñòâî âåðòèêàëüíûõ äîìèíî â íèõ îòëè÷àåòñÿ
ðîâíî íà 2. Çíàêîì ôèãóðû F áóäåì íàçûâàòü ÷èñëî sgnF = (−1)h, ãäå h � êîëè÷åñòâî
ãîðèçîíòàëüíûõ äîìèíî â ëþáîì çàìîùåíèè ôèãóðû.

3.4. Äîêàæèòå, ÷òî îïðåäåëåíèå çíàêà êîððåêòíî äëÿ îäíîñâÿçíûõ ôèãóð.

3.5. Äëÿ êàæäîé îäíîñâÿçíîé êëåò÷àòîé ôèãóðû F

detAF = sgnF ·
∑
π

(−1)m(π),

= sgnF · f 2
F (i),

ãäå ñóììèðîâàíèå ïðîèñõîäèò ïî âñåì îäíîâàëåíòíûì ïîäãðàôàì ãðàôà GF , m(π) � êîëè-
÷åñòâî âîñõîäÿùèõ ð¼áåð â ïåðåñòàíîâêå π, i =

√
−1.

3.6. Ïóñòü F � ïðîèçâîëüíàÿ îäíîñâÿçíàÿ êëåò÷àòàÿ ôèãóðà ïëîùàäè 2s(F ). Åñëè âñå
çàìîùåíèÿ ôèãóðû F ðàçáèâàþòñÿ íà õîðîøèå ïàðû, òî detAF = 0. Åñëè âñå çàìîùåíèÿ,
êðîìå îäíîãî, ðàçáèâàþòñÿ íà õîðîøèå ïàðû, òî detAF = (−1)s(F ).

Áóäåì íàçûâàòü n-äåòàëüþ êâàäðàò n× n, ó êîòîðîãî, âîçìîæíî, âûðåçàíû íåêîòîðûå
êëåòêè, ïðèëåãàþùèå ê âåðõíåé èëè ïðàâîé ñòîðîíå. Ïðîíóìåðóåì ñòðîêè n-äåòàëè ÷èñëàìè
îò 1 äî n ñíèçó ââåðõ, à ñòîëáöû � ñëåâà íàïðàâî. Êëåòêó áóäåì îáîçíà÷àòü ïàðîé íîìåðîâ
å¼ ñòðîêè è ñòîëáöà. Áóäåì íàçûâàòü n-äåòàëü ïðàâèëüíîé (ðèñ. 4), åñëè èç ïàðû êëåòîê
(n, k) è (k, n) ïðè k < n âûðåçàíà ðîâíî îäíà, à òàêæå âûðåçàíà êëåòêà (n, n). Îñòàëüíûå
äåòàëè áóäåì íàçûâàòü íåïðàâèëüíûìè (ðèñ. 5).

3.7. Ïóñòü F � ïðîèçâîëüíàÿ ïðàâèëüíàÿ n-äåòàëü. Òîãäà detAF = (−1)n(n−1)/2. Åñëè æå
F � íåïðàâèëüíàÿ n-äåòàëü, òî detAF = 0.

3.8. Äëÿ ïðîèçâîëüíîãî ïðÿìîóãîëüíèêà n×m

detAn×m =

{
0, åñëè (n+ 1,m+ 1) 6= 1;

(−1)
n·m
2 , åñëè (n+ 1,m+ 1) = 1;

ãäå (n,m) � íàèáîëüøèé îáùèé äåëèòåëü n è m.

4 Îñòîâíûå äåðåâüÿ

Ïóñòü G � ïðîèçâîëüíûé (íåîðèåíòèðîâàííûé) ñâÿçíûé ãðàô. Îñòîâíîå äåðåâî ãðàôà G
� ýòî äåðåâî, ìíîæåñòâî âåðøèí êîòîðîãî òî æå, ÷òî ó G, à ìíîæåñòâî ð¼áåð ñîäåðæèòñÿ â
ìíîæåñòâå ð¼áåð ãðàôà G.

Íàøà öåëü � çíàÿ ñòðîåíèå ñâÿçíîãî ãðàôà G, íàéòè êîëè÷åñòâî åãî îñòîâíûõ äåðåâüåâ.
Äëÿ ýòîãî íàì ïîòðåáóåòñÿ ìàòðèöà Ëàïëàñà ãðàôà G � ýòî n × n- ìàòðèöà L = (`ij), â
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êîòîðîé

`ij =


deg vi ïðè i = j;

−1, åñëè i 6= j è âåðøèíû vi è vj ñìåæíû;

0 â îñòàëüíûõ ñëó÷àÿõ.

(4)

Ïî óòâåðæäåíèþ çàäà÷è 2.3 a âûïîëíåíî ðàâåíñòâî detL = 0. Îáîçíà÷èì ÷åðåç L−

ìàòðèöó, êîòîðàÿ ïîëó÷àåòñÿ âû÷¼ðêèâàíèåì èç ìàòðèöû Ëàïëàñà ïîñëåäíåé ñòðîêè è ïî-
ñëåäíåãî ñòîëáöà.

Ñïðàâåäëèâà ì à ò ð è ÷ í à ÿ ò å î ð å ì à î ä å ð å â ü ÿ õ: êîëè÷åñòâî îñòîâíûõ äåðå-
âüåâ ñâÿçíîãî ãðàôà ðàâíî detL−.

Õîðîøåé ñòàðòîâîé òî÷êîé äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû ñëóæèò ëàéôõàê èç çàäà-
÷è 2.2 èëè ñëåäóþùàÿ êîíñòðóêöèÿ.

Ïðåäñòàâèì îïðåäåëèòåëü ìàòðèöû L− êàê ñóììó ïðîèçâåäåíèé å¼ ýëåìåíòîâ, ïðè ýòîì
êàæäûé äèàãîíàëüíûé ýëåìåíò ìàòðèöû ïðåäñòàâèì êàê ñóììó åäèíèö èëè ìèíóñ åäèíèö è
ðàñêðîåì ñêîáêè. Ïîëó÷åííîå âûðàæåíèå íàçîâ¼ì ñâåðõðàçëîæåíèåì îïðåäåëèòåëÿ. Êàæäî-
ìó ñëàãàåìîìó ñâåðõðàçëîæåíèÿ ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùèé îðãðàô ñ âåðøèíàìè
v1, v2, . . . , vn è ñî çíàêàìè ¾+¿ è ¾−¿ íà ð¼áðàõ (ðèñ. 6). Îáâåä¼ì ìíîæèòåëè ýòîãî ñëàãàå-
ìîãî (ýòî åäèíèöû è ìèíóñ åäèíèöû, ïî îäíîé â êàæäîé ñòðîêå è êàæäîì ñòîëáöå). Åñëè íà
ïåðåñå÷åíèè ñòðîêè i è ñòîëáöà j îáâåäåíà ìèíóñ åäèíèöà, òî èç vi â vj ïðîâîäèòñÿ îòðèöà-
òåëüíîå ðåáðî (ñî çíàêîì ìèíóñ). Åñëè â äèàãîíàëüíîì ýëåìåíòå aii îáâåäåíà k-ÿ åäèíèöà,
òî ïðîâåä¼ì èç âåðøèíû vi ïîëîæèòåëüíîå ðåáðî (ñî çíàêîì ïëþñ) ê k-ìó íàèìåíüøåìó
ñîñåäó âåðøèíû Vi (ýòî âåðøèíà vj, ñìåæíàÿ ñ vi è òàêàÿ, ÷òî èìååòñÿ ðîâíî k − 1 âåðøèí
ñ íîìåðàìè ìåíüøå j, ñìåæíûõ ñ vi). Êàê íåòðóäíî âèäåòü, êàæäûé èç ïîëó÷åííûõ îðãðà-
ôîâ âîçíèêàåò èç ðîâíî îäíîãî ñëàãàåìîãî â ñâåðõðàçëîæåíèè. Òåïåðü ìîæíî îïðåäåëèòü
çíàê îðãðàôà â öåëîì: ýòî çíàê ñîîòâåòñòâóþùåãî ñëàãàåìîãî â ñâåðõðàçëîæåíèè.

v1

v2

v3 v4

v5


1 + 1 + 1 −1 −1 0

−1 1 + 1 + 1 −1 −1
−1 −1 1 + 1 + 1 + 1 −1
0 −1 −1 1 + 1 + 1


v1

v2

v3 v4

v5

− −

− +

Ðèñ. 6. Ñëåâà íàðèñîâàí ãðàô G è îäíî èç åãî îñòîâíûõ äåðåâüåâ. Â öåíòðå ïîêàçàíà ìàòðèöà L− ãðàôà
G. ×èñëà, îáâåäåííûå êðóæêàìè, äàþò îäíî èç ñëàãàåìûõ ñâåðõðàçëîæåíèÿ, çíàê ýòîãî ñëàãàåìîãî ðàâåí
(−1)msgn(π), ãäåm � ÷èñëî âûáðàííûõ ìèíóñ åäèíèö, sgn(π) � çíàê ïåðåñòàíîâêè, çàäàþùåé ýòî ñëàãàåìîå,
â íàøåì ñëó÷àå π = (2314), à å¼ çíàê � ¾+¿. Ñïðàâà íàðèñîâàí îðãðàô, ñîîòâåòñòâóþùèé ýòîìó ñëàãàåìîìó.

4.1. Äîêàæèòå ìàòðè÷íóþ òåîðåìó î äåðåâüÿõ.

4.2. Îáîçíà÷èì ÷åðåç Ei,j ìàòðèöó ðàçìåðà n×n, â êîòîðîé íà ïåðåñå÷åíèè i-é ñòðîêè è j-îãî
ñòîëáöà ñòîèò 1, à â îñòàëüíûõ êëåòêàõ � íóëè (òàêèå ìàòðèöû íàçûâàþòñÿ ìàòðè÷íûìè
åäèíèöàìè). Äîêàæèòå, ÷òî êîëè÷åñòâî îñòîâíûõ äåðåâüåâ ãðàôà G ðàâíî

a) det(L+ Ei,i) äëÿ ëþáîãî i, b) det(L+ Ei,j) äëÿ ëþáûõ i, j.

4.3. Ïóñòü ïî-ïðåæíåìó L � ìàòðèöà Ëàïëàñà ãðàôà G. Çàôèêñèðóåì íàáîð âåðøèí v1, v2,
. . . , vk ãðàôà G (k < n) è âû÷åðêíåì èç ìàòðèöû L ñòîëáöû è ñòðîêè, ñîîòâåòñòâóþùèå
çàôèêñèðîâàííûì âåðøèíàì. Ïîëó÷åííóþ (n− k)× (n− k) ìàòðèöó îáîçíà÷èì ÷åðåç L−k .
Ïîäãðàô ãðàôà G, ñîñòîÿùèé èç k äåðåâüåâ áåç îáùèõ âåðøèí è ð¼áåð ñ êîðíÿìè v1, v2, . . . ,
vk, ñîäåðæàùèé âñå âåðøèíû ãðàôà G, íàçîâåì îñòîâíûì ëåñîì, ïîñàæåííûì â âåðøèíû
v1, v2, . . . , vk. Ïðè ýòîì ìîæåò îêàçàòüñÿ, ÷òî íåêîòîðûå èç äåðåâüåâ îñòîâíîãî ëåñà ñîñòîÿò
âñåãî ëèøü èç îäíîé âåðøèíû.

Äîêàæèòå, ÷òî îïðåäåëèòåëü ìàòðèöû L−k ðàâåí êîëè÷åñòâó îñòîâíûõ ëåñîâ, ïîñàæåííûõ
â âåðøèíû v1, v2, . . . , vk.
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Êîðíåâûì îðèåíòèðîâàííûì äåðåâîì ñ êîðíåì v íàçîâåì ïîäãðàô îðãðàôà G, ñîäåð-
æàùèé âñå âåðøèíû G, â êîòîðîì äëÿ êàæäîé âåðøèíû ñóùåñòâóåò åäèíñòâåííûé ïóòü â
v.

4.4. Ïóñòü G � îðãðàô áåç ïåòåëü. Åãî ìàòðèöà Ëàïëàñà L− îïðåäåëÿåòñÿ ôîðìóëîé (4)
ñ ïîïðàâêîé íà òî, ÷òî ïðè i = j áåðåòñÿ èñõîäÿùàÿ ñòåïåíü âåðøèíû vi, à ïðè i 6= j
ïîëàãàåì `ij = −1 ëèøü â ñëó÷àå, êîãäà èìååòñÿ ðåáðî èç âåðøèíû vi â vj. Äîêàæèòå
âàðèàíò ìàòðè÷íîé òåîðåìû î äåðåâüÿõ äëÿ îðèåíòèðîâàííûõ ãðàôîâ: detL− ðàâåí ÷èñëó
êîðíåâûõ îðèåíòèðîâàííûõ äåðåâüåâ ñ êîðíåì vn.

4.5. Â îðãðàôå áåç ïåòåëü âõîäÿùàÿ ñòåïåíü êàæäîé âåðøèíû ðàâíà èñõîäÿùåé. Äîêàæèòå,
÷òî ÷èñëî îðèåíòèðîâàííûõ êîðíåâûõ äåðåâüåâ ñ äàííûì êîðíåì íå çàâèñèò îò êîðíÿ.

4.6. Èñïîëüçóÿ ìàòðè÷íóþ òåîðåìó î äåðåâüÿõ, äîêàæèòå ôîðìóëó Êýëè: ÷èñëî äåðåâüåâ
íà n ïðîíóìåðîâàííûõ âåðøèíàõ ðàâíÿåòñÿ nn−2.

Ãðàô G íàçûâàåòñÿ äâóäîëüíûì, åñëè ìíîæåñòâî åãî âåðøèí ñîñòîèò èç äâóõ íåïåðåñå-
êàþùèõñÿ ïîäìíîæåñòâ (äîëåé), âíóòðè êîòîðûõ íåò ð¼áåð.

4.7. Äîêàæèòå, ÷òî ÷èñëî îñòîâíûõ äåðåâüåâ ïîëíîãî äâóäîëüíîãî ãðàôà Kk,m ðàâíÿåòñÿ
k`−1`k−1.

4.8. Â ãðàôå G ÷¼òíîå ÷èñëî âåðøèí, à òàêæå ñòåïåíè âñåõ âåðøèí ÷¼òíû. Äîêàæèòå, ÷òî
÷èñëî îñòîâíûõ äåðåâüåâ ãðàôà G ÷¼òíî.

5 Îïðåäåëèòåëè è ñóùåñòâîâàíèå ñîâåðøåííûõ ïàðîñî÷åòàíèé

Â ýòîì ðàçäåëå ìû ðàáîòàåì ñ (íåîðèåíòèðîâàííûìè) äâóäîëüíûìè ãðàôàìè. Ïóñòü n = 2m,
ìû áóäåì ðàññìàòðèâàòü òîëüêî äâóäîëüíûå ãðàôû, äîëè êîòîðûõ ñîäåðæàò ïî m (ò. å. ï î -
ð î â í ó) âåðøèí. Äâóäîëüíîé ìàòðèöåé ñìåæíîñòè äâóäîëüíîãî ãðàôà G íàçûâàþòm×m
ìàòðèöó B = (bij), â êîòîðîé bij = 1, åñëè i-ÿ âåðøèíà ïåðâîé äîëè ñîåäèíåíà ðåáðîì ñ j-é
âåðøèíîé âòîðîé äîëè, è bij = 0 â ïðîòèâíîì ñëó÷àå. Åñëè çàìåíèòü â äâóäîëüíîé ìàòðè-
öå ñìåæíîñòè ãðàôà G êàæäûé ýëåìåíò bij, ðàâíûé 1, íà ïåðåìåííóþ xij, òî ïîëó÷åííóþ
ìàòðèöó B̃ íàçîâ¼ì ïåðåìåííîé äâóäîëüíîé ìàòðèöåé ñìåæíîñòè ãðàôà G.

Ñîâåðøåííûì ïàðîñî÷åòàíèåì â ãðàôå G íàçûâàåòñÿ òàêîå ïîäìíîæåñòâî M ⊆ E(G)
ìíîæåñòâà åãî ð¼áåð, ÷òî êàæäàÿ âåðøèíà ãðàôà ïðèíàäëåæèò ðîâíî îäíîìó ðåáðó èç M .

5.1. Äîêàæèòå, ÷òî åñëè äîëè ïðîèçâîëüíîãî äâóäîëüíîãî ãðàôà G ñîäåðæàò ïîðîâíó âåð-
øèí, òî ñóùåñòâîâàíèå ñîâåðøåííîãî ïàðîñî÷åòàíèÿ â ãðàôe G ðàâíîñèëüíî òîìó, ÷òî det B̃
íå ðàâåí òîæäåñòâåííî íóëþ (êàê ìíîãî÷ëåí).

Êàê ïðîâåðèòü íåâûðîæäåííîñòü äâóäîëüíîé ìàòðèöû ñìåæíîñòè A çà ðàçóìíîå âðåìÿ?
Äëÿ ýòîãî ìîæåò ïðèãîäèòüñÿ ñëåäóþùàÿ òåîðåìà.

5.2. Òå î ð å ì à Ø â à ð ö à � Ç è ï ï å ë ÿ. Ïóñòü d � íàòóðàëüíîå ÷èñëî, S � ìíîæåñòâî
èç s âåùåñòâåííûõ ÷èñåë, p(x1, . . . , xm) � ìíîãî÷ëåí ñòåïåíè d îò m ïåðåìåííûõ ñ âåùå-
ñòâåííûìè êîýôôèöèåíòàìè. Òîãäà êîëè÷åñòâî íàáîðîâ (r1, . . . , rm), ãäå r1, . . . , rm ∈ S è
p(r1, . . . , rm) = 0, íå ïðåâîñõîäèò dsm−1.

5.3. Ïóñòü äàí äâóäîëüíûé ãðàô G, äîëè êîòîðîãî ñîäåðæàò ïî m âåðøèí. Èñïîëüçóÿ òåî-
ðåìó Øâàðöà � Çèïïåëÿ, ïîñòðîéòå àëãîðèòì äëÿ ïðîâåðêè ñóùåñòâîâàíèÿ ñîâåðøåííîãî
ïàðîñî÷åòàíèÿ, êîòîðûé îøèáàåòñÿ íå áîëåå ÷åì â ïîëîâèíå ñëó÷àåâ.

Ìíîãîêðàòíî ïðèìåíÿÿ ýòîò àëãîðèòì, ìîæíî ñäåëàòü âåðîÿòíîñòü îøèáêè ñêîëü óãîäíî
ìàëîé.

6 Ïîäñ÷¼ò ñîâåðøåííûõ ïàðîñî÷åòàíèé

â ïëàíàðíîì äâóäîëüíîì ãðàôå
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Ãðàô íàçûâàåòñÿ ïëàíàðíûì, åñëè åãî ìîæíî èçîáðàçèòü íà ïëîñêîñòè áåç ñàìîïåðåñå÷å-
íèé. Ýòî îçíà÷àåò, ÷òî åãî âåðøèíû ìîæíî èçîáðàçèòü òî÷êàìè ïëîñêîñòè, à èíöèäåíòíûå
èì ð¼áðà � ëèíèÿìè ñ êîíöàìè â ýòèõ òî÷êàõ, ïðè÷¼ì âíóòðåííèå òî÷êè ýòèõ ëèíèé íå
ïðèíàäëåæàò äðóãèì òàêèì ëèíèÿì. Áóäåì íàçûâàòü îáëàñòüþ ëþáóþ ÷àñòü ïëîñêîñòè,
ãðàíèöà êîòîðîé ñîñòîèò èç îáðàçîâ ð¼áåð, à âíóòðåííîñòü (îñòàëüíûå òî÷êè îáëàñòè) íå
ïðèíàäëåæàò îáðàçàì ð¼áåð. Äëÿ ëþáîãî èçîáðàæåíèÿ ñâÿçíîãî ïëàíàðíîãî ãðàôà âûïîë-
íåíà ôîðìóëà Ýéëåðà

v − e+ f = 2,

ãäå v � êîëè÷åñòâî âåðøèí, e � êîëè÷åñòâî ð¼áåð, f � êîëè÷åñòâî îáëàñòåé.
Åñëè â âûðàæåíèè (1) äëÿ îïðåäåëèòåëÿ ìàòðèöû A âçÿòü âñå ñëàãàåìûå ñ ïëþñîì, òî

ïîëó÷èì ïåðìàíåíò ìàòðèöû A, êîòîðûé îáîçíà÷àåòñÿ per(A).

6.1. Äîêàæèòå, ÷òî êîëè÷åñòâî ñîâåðøåííûõ ïàðîñî÷åòàíèé â äâóäîëüíîì ãðàôå ðàâíî ïåð-
ìàíåíòó äâóäîëüíîé ìàòðèöû ñìåæíîñòè.

Âû÷èñëåíèå ïåðìàíåíòà çíà÷èòåëüíî áîëåå òðóäî¼ìêî, ÷åì âû÷èñëåíèå îïðåäåëèòåëÿ.
Âîçíèêàåò âîïðîñ: íåëüçÿ ëè ñâåñòè âû÷èñëåíèå ïåðìàíåíòà äâóäîëüíîé ìàòðèöû ñìåæíî-
ñòè ê âû÷èñëåíèþ îïðåäåëèòåëÿ, ïîìåíÿâ çíàêè íåêîòîðûõ å¼ ýëåìåíòîâ?

Ïóñòü G � ïëàíàðíûé äâóäîëüíûé ãðàô. Íà ð¼áðàõ ãðàôà G ðàññòàâèì çíàêè ¾+¿ è
¾−¿. Â åãî äâóäîëüíîé ìàòðèöå ñìåæíîñòè B çàìåíèì 1 íà −1, åñëè ñîîòâåòñòâóþùåå ðåáðî
èìååò çíàê ìèíóñ. Ðàññòàíîâêó çíàêîâ íà ð¼áðàõ îáîçíà÷èì σ, à ïîëó÷åííóþ ìàòðèöó Bσ.
Êàñòåëåéíîâà ðàññòàíîâêà çíàêîâ � ýòî òàêàÿ ðàññòàíîâêà çíàêîâ σ, ÷òî

| detBσ| = per(B).

•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

6.2. Íà ðèñóíêå èçîáðàæåí ãðàô ñ 16 âåðøèíàìè. Ñïëîøíûå ëèíèè îáîçíà÷àþò
ðåáðà ñî çíàêîì ¾ïëþñ¿, ïóíêòèðíûå � ñî çíàêîì ¾ìèíóñ¿. Äîêàæèòå, ÷òî ýòà
ðàññòàíîâêà çíàêîâ êàñòåëåéíîâà.

Ïóñòü C � öèêë äëèíû 2` â äâóäîëüíîì ãðàôå, σ � ðàññòàíîâêà çíàêîâ íà ð¼áðàõ, nC �
êîëè÷åñòâî îòðèöàòåëüíûõ ð¼áåð â C. Íàçîâ¼ì öèêë C ïðàâèëüíî ïîìå÷åííûì îòíîñèòåëü-
íî σ, åñëè ÷èñëà nC è ` èìåþò ðàçíóþ ÷¼òíîñòü. Öèêë C óäà÷íî ðàçìåù¼í, åñëè ïðè óäàëåíèè
èç G âñåõ åãî âåðøèí è ñìåæíûõ ñ íèìè ð¼áåð ïîëó÷èòñÿ ãðàô, èìåþùèé ñîâåðøåííîå ïà-
ðîñî÷åòàíèå. Ãðàô íàçûâàåòñÿ äâóñâÿçíûì, åñëè îí ñâÿçåí è êàæäîå ðåáðî ëåæèò õîòÿ áû
â îäíîì öèêëå.

6.3. Ïóñòü êàæäûé óäà÷íî ðàçìåù¼ííûé öèêë ïðàâèëüíî ïîìå÷åí îòíîñèòåëüíî ðàññòàíîâ-
êè çíàêîâ σ. Òîãäà σ ÿâëÿåòñÿ êàñòåëåéíîâîé. (Ïëàíàðíîñòü ãðàôà íå ïðåäïîëàãàåòñÿ.)

6.4. Ïóñòü G � ïëàíàðíûé äâóäîëüíûé äâóñâÿçíûé ãðàô. Çàôèêñèðóåì åãî èçîáðàæåíèå
íà ïëîñêîñòè. Ïóñòü σ � ðàññòàíîâêà çíàêîâ íà G, ïðè÷¼ì ãðàíè÷íûé öèêë êàæäîé îãðàíè-
÷åííîé îáëàñòè íà ÷åðòåæå ïðàâèëüíî ïîìå÷åí. Òîãäà ðàññòàíîâêà çíàêîâ σ êàñòåëåéíîâà.

6.5. Äîêàæèòå, ÷òî âñÿêèé ïëàíàðíûé äâóñâÿçíûé äâóäîëüíûé ãðàô èìååò êàñòåëåéíîâó
ðàññòàíîâêó çíàêîâ.

6.6. a) Ïóñòü â îðèåíòèðîâàííîì ãðàôå G îòìå÷åíî n âåðøèí, èìåþùèõ òîëüêî èñõîäÿùèå
ðåáðà (ýòè âåðøèíû � ¾âõîäû¿ â ãðàô, ñ íèõ ìîæíî íà÷àòü äâèæåíèå ïî ãðàôó) è n âåðøèí,
èìåþùèõ òîëüêî âõîäÿùèå ðåáðà (¾âûõîäû¿). Îáîçíà÷èì ÷åðåç ai,j ÷èñëî ñïîñîáîâ ïðîéòè
îò i-ãî âõîäà ê j-ìó âûõîäó. Äîêàæèòå, ÷òî ïåðìàíåíò ìàòðèöû (ai,j) ðàâåí êîëè÷åñòâó
íàáîðîâ, êàæäûé èç êîòîðûõ ñîñòîèò èç n ïóòåé, ãäå êàæäûé ïóòü âåä¼ò îò âõîäà ê âûõîäó,
ïðè÷åì ó ëþáûõ äâóõ ïóòåé íå ñîâïàäàþò íè íà÷àëüíûå, íè êîíå÷íûå âåðøèíû.

b) Ïóñòü äîïîëíèòåëüíî èçâåñòíî, ÷òî ãðàô ïëîñêèé, ïðè÷åì âñå âõîäû ðàñïîëîæåíû
ëåâåå âñåõ âûõîäîâ, à ïðè äâèæåíèè ïî ð¼áðàì âû âñåãäà ñìåùàåòåñü âïðàâî. Äîêàæèòå,
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÷òî îïðåäåëèòåëü ìàòðèöû (ai,j) ðàâåí êîëè÷åñòâó íàáîðîâ, êàæäûé èç êîòîðûõ ñîñòîèò èç
n íåïåðåñåêàþùèõñÿ ïóòåé, ãäå i-é ïóòü âåäåò îò i-ãî âõîäà ê i-ìó æå âûõîäó.

6.7. a) Â ëåâîì íèæíåì óãëó äîñêè n×n ñòîèò õðîìîé êîðîëü, óìåþùèé õîäèòü
òîëüêî â òð¼õ íàïðàâëåíèÿõ: âïðàâî, ââåðõ è ïî äèàãîíàëè âïðàâî-ââåðõ. Îáî-
çíà÷èì ÷åðåç An êîëè÷åñòâî âñåõ åãî ìàðøðóòîâ, âåäóùèõ â ïðîòèâîïîëîæíûé
óãîë äîñêè, à ÷åðåç Bn � êîëè÷åñòâî òàêèõ ìàðøðóòîâ, íå çàõîäÿùèõ â ëåâûé
ñòîëáåö è âåðõíþþ ñòðîêó (êðîìå íà÷àëüíîé è êîíå÷íîé ïîçèöèè). Äîêàæèòå,
÷òî Bn = 2An−1.

b) Ðàññìîòðèì ìàòðèöó A(n) = (Ai,j)16i.j6n, ãäå Ai,j � êîëè÷åñòâî ìàðøðóòîâ õðîìîãî
êîðîëÿ íà äîñêå i× j, âåäóùèõ èç ëåâîãî íèæíåãî óãëà â ïðàâûé âåðõíèé. Íàéäèòå detA(n).

6.8. Îáîçíà÷èì ÷åðåç Cn (n = 0, 1, 2, ...) êîëè÷åñòâî ñïîñîáîâ ïðîéòè ñ ëåâîé íèæíåé êëåòêè
äîñêè (n+ 1)× (n+ 1) â ïðàâóþ âåðõíþþ êëåòêó, íå ïîäíèìàÿñü âûøå äèàãîíàëè, åñëè
êàæäûì õîäîì ðàçðåøàåòñÿ ïåðåõîäèòü íà îäíó êëåòêó âïðàâî èëè íà îäíó êëåòêó ââåðõ.
Íàïðèìåð C2 = 2 (ïðîâåðüòå!). ×èñëà Cn íàçûââàþòñÿ ÷èñëàìè Êàòàëàíà, îíè ìîãóò áûòü
âû÷èñëåíû ïî ôîðìóëå Cn = 1

n+1

(
2n
n

)
.

Ïóñòü H � ìàòðèöà (n+ 1)× (n+ 1), ãäå hi,j = Ci+j (ìû ñ÷èòàåì, ÷òî ñòðîêè è ñòîëáöû
ìàòðèöû íóìåðóþòñÿ îò 0 äî n). Íàéäèòå detH.

7 Çàäà÷è î äåðåâüÿõ

7.1. Ïóñòü G � äåðåâî íà n âåðøèíàõ. Äîêàæèòå, ÷òî òîãäà

detAG =

{
(−1)

n
2 , åñëè â ãðàôå G ñóùåñòâóåò ñîâåðøåííîå ïàðîñî÷åòàíèå;

0 â îñòàëüíûõ ñëó÷àÿõ.

Õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì ãðàôà G íàçûâàåòñÿ îïðåäåëèòåëü ìàòðèöû ÃG =
(ãij), ãäå

ãij =


x ïðè i = j;

−1, åñëè âåðøèíû vi è vj ñìåæíû;

0 èíà÷å.

Òàêèì îáðàçîì, õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ÿâëÿåòñÿ ìíîãî÷ëåíîì îò ïåðåìåííîé x è
îáîçíà÷àåòñÿ ÷åðåç χG(x).

Îáîçíà÷èì ÷åðåç mk êîëè÷åñòâî ñïîñîáîâ âûáðàòü k ðåáåð ãðàôà G òàê, ÷òîáû íèêàêèå
äâà ðåáðà íå áûëè èíöèäåíòíû îäíîé è òîé æå âåðøèíå. Ïàðîñî÷åòàòåëüíûì ìíîãî÷ëåíîì
ãðàôà G íàçîâåì

mG(x) =

[n
2
]∑

k=0

(−1)kmkx
n−2k.

7.2. Ïóñòü G � äåðåâî. Äîêàæèòå, ÷òî χG(x) = mG(x).
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Ðåøåíèÿ

2.1. a) Ýòî î÷åâèäíî. Óìíîæåíèþ k-é ñòðîêè ìàòðèöû A íà ÷èñëî c ñîîòâåòñòâóåò óìíî-
æåíèþ íà c âåñîâ âñåõ ð¼áåð, èñõîäÿùèõ èç âåðøèíû vk. Êàæäûé îäíîâàëåíòíûé ïîäãðàô
ñîäåðæèò ðîâíî îäíî òàêîå ðåáðî, çíà÷èò, åãî âåñ òîæå óìíîæèòñÿ íà c.

b) Åñëè â îäíîâàëåíòíîì ãðàôå èìååòñÿ ðåáðî, âåäóùåå èç âåðøèíû vk â âåðøèíó vi,
áóäåì íàçûâàòü âåðøèíó vi ïîñëåäîâàòåëåì âåðøèíû vk. Ïåðåìåíà ìåñòàìè j-é è k-é ñòðîê
ìàòðèöû A çàäàåò ñëåäóþùåå ïðåîáðàçîâàíèå îäíîâàëåíòíûõ ïîäãðàôîâ: ðåáðî, âûõîäÿùåå
èç âåðøèíû vk, ïåðåíàïðàâëÿåòñÿ è âåäåò òåïåðü íå ê ïîñëåäîâàòåëþ vk, à ê ïîñëåäîâàòåëþ
vj, à âçàìåí ðåáðî, âûõîäÿùåå èç âåðøèíû vj ïåðåíàïðàâëÿåòñÿ ê ïîñëåäîâàòåëþ vk. Åñëè
âåðøèíû vk è vj íàõîäèëèñü â ðàçíûõ öèêëàõ äëèíû `k è `j, òî â ðåçóëüòàòå îïåðàöèè
îíè îêàæóòñÿ â îäíîì öèêëå äëèíû `k + `j. Åñëè æå âåðøèíû íàõîäèëèñü â îäíîì öèêëå,
îí ðàñïàä¼òñÿ íà äâå ÷àñòè ñ ñîõðàíåíèåì ñóììàðíîé äëèíû. Ïðîâåðèòü! Â îáîèõ ñëó÷àÿõ
êîëè÷åñòâî ÷¼òíûõ öèêëîâ èçìåíèòñÿ íà 1.

Êàæäûé îäíîâàëåíòíûé ïîäãðàô ãðàôà A äîëæåí ñîäåðæàòü ïåòëþ ñ âåðøèíîé vk, òåì
ñàìûì, ð¼áðà, âåäóùèå â âåðøèíó vk (èç îñòàëüíûõ âåðøèí ãðàôà) íå ìîãóò ïðèíàäëåæàòü
íè îäíîìó îäíîâàëåíòíîìó ïîäãðàôó. Ïîýòîìó ñóùåñòâóåò åñòåñòâåííàÿ áèåêöèÿ ìåæäó
îäíîâàëåíòíûìè ïîäãðàôàìè ñ íåíóëåâûì âåñîì ãðàôà A è îäíîâàëåíòíûìè ïîäãðàôàìè
ñ íåíóëåâûì âåñîì ãðàôà Ã, ñîñòîÿùàÿ â îòáðàñûâàíèè ïåòëè âåðøèíû vk. Òàê êàê ñàìà
ïåòëÿ èìååò åäèíè÷íûé âåñ, ýòà áèåêöèÿ ê òîìó æå ñîõðàíÿåò âåñ ïîäãðàôà.

c) Êàæäûé îäíîâàëåíòíûé ïîäãðàô ñîäåðæèò îäíî ðåáðî, ñîîòâåòñòâóþùåå êàêîìó-òî
ýëåìåíòó aij èç j-é ñòðîêè. Âåñ òàêîãî ïîäãðàôà ðàâåí ïðîèçâåäåíèþ ÷èñëà aij è ïðîèçâå-

äåíèÿ âåñîâ îñòàâøèõñÿ ð¼áåð (è åùå, âîçìîæíî, −1). Çàìåíÿÿ âåñ ýòîãî ðåáðà íà a
(1)
ij èëè

a
(2)
ij , ìû ïîëó÷èì îäíîâàëåíòíûå ïîäãðàôû èç ðàçëîæåíèé îïðåäåëèòåëåé detA(1) è detA(2)

è ñóììà âåñîâ ýòèõ ïîäãðàôîâ ðàâíà âåñó ïåðâîãî ïîäãðàôà.
d) Ïðåäñòàâèì i-þ ñòðîêó ìàòðèöû A â âèäå ñóììû n ñòðîê:

(ai1, 0, . . . , 0) + (0, ai2, 0, . . . , 0) + . . .+ (0, 0, . . . , ain).

Â ñèëó óòâåðæäåíèÿ ïðåäûäóùåãî ïóíêòà, äîñòàòî÷íî ïðîâåðèòü äëÿ êàæäîãî j, ÷òî åñëè
i-ÿ ñòðîêà ìàòðèöû A ðàâíà (0, . . . , 0, aij, 0, . . . , 0), òî detA = (−1)i+jaij detAij.

×àñòíûé ñëó÷àé ýòîãî óòâåðæäåíèÿ äëÿ j = i ôàêòè÷åñêè ðàçîáðàí â ïóíêòå c). Ïóñòü
òåïåðü äëÿ îïðåäåëåííîñòè i < j. Ïîñëåäîâàòåëüíî ïåðåñòàâèì â ìàòðèöå A i-þ ñòðîêó
ñ (i+ 1)-é, ïîòîì (i + 1)-þ ñòðîêó ñ (i + 2)-é è ò. ä., (j − 1)-þ ñòðîêó ñ j-é. Â ðåçóëüòàòå
i-ÿ ñòðîêà ìàòðèöû A îïóñòèòñÿ íà j-e ìåñòî è ìû ïîëó÷èì ìàòðèöó B, ó êîòîðîé j-ÿ
ñòðîêà èìååò âèä (0, . . . , 0, aij, 0, . . . , 0) � íåíóëåâîé ýëåìåíò aij ñòîèò íà j-ì ìåñòå, ò. å. íà
äèàãîíàëè. Ïðè ýòîì Bjj = Aij, detB = (−1)j−i detA = (−1)j+i detA, à òîãäà ïî ñâîéñòâó c)

detA = (−1)j+i detB = (−1)j+iaij detBjj = (−1)j+iaij detAij,

÷òî è òðåáóåòñÿ.
Êàê âèäèì, ðàññóæäåíèå ïîëó÷èëîñü íå ¾÷èñòî êîìáèíàòîðíîå¿. Äëÿ îïðàâäàíèÿ ðàçáå-

ðåì ñëó÷àé j = i+ 1 íà êîìáèíàòîðíîì ÿçûêå. Îãðàíè÷èìñÿ ðàñìîòðåíèåì ÷àñòíîãî ñëó÷àÿ
n = 6, i = 3, j = 4. Ìû õîòèì ïðîâåðèòü ðàâåíñòâî

det


a b c d e f
g h k ` m n
0 0 0 ai i+1 0 0
o p q r s t
u v w x w z
α β γ δ ε φ

 = −ai i+1 · det


a b c e f
g h k m n
o p q s t
u v w w z
α β γ ε φ


Ðàññìîòðèì ïðîèçâîëüíûé îðãðàô, ñîîòâåòñòâóþùèé ìàòðèöå â ëåâîé ÷àñòè ðàâåíñòâà, èç-
ìåíèì åãî ñëåäóþùèì îáðàçîì: óäàëèì âñå ð¼áðà, âõîäÿùèå â âåðøèíó vi+1, ðåáðî vivi+1

ñòÿíåì � îáðàçóåòñÿ íîâàÿ âåðøèíà v, ð¼áðà, ðàíåå âûõîäèâøèå èç âåðøèíû vi+1 òåïåðü
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áóäóò âûõîäèòü èç âåðøèíû v, à ðåáðà, ðàíåå âõîäèâøèå â vi, áóäóò âõîäèòü â âåðøè-
íó v. Ìû ïîëó÷èì îðãðàô, ñîîòâòåñòâóþùèé ìàòðèöå èç ïðàâîé ÷àñòè. Ïîñìîòðèì, êàê
îïèñàííàÿ òðàíñôîðìàöèÿ ñêàçûâàåòñÿ íà îäíîâàëåíòíûõ ïîäãðàôàõ. Ïîñêîëüêó êàæäûé
îäíîâàëåíòíûé ïîäãðàô èñõîäíîãî ãðàôà ñîäåðæèò ðåáðî vivi+1 (òàê êàê ýòî åäèíñòâåííîå
ðåáðî, âûõîäÿùåå èç vi), îí íå ñîäåðæèò íèêàêîãî äðóãîãî ðåáðà, âõîäÿùåãî â vi+1. Ïîýòîìó
â ðåçóëüòàòå òðàíñôîðìàöèè èç ïîäãðàôà íå áóäåò óäàëåíî íè îäíîãî ðåáðà, êðîìå ñòÿíó-
òîãî ðåáðà vivi+1, âåñ êîòîðîãî ó÷òåí â âèäå îòäåëüíîãî ñîìíîæèòåëÿ ai i+1 â ïðàâîé ÷àñòè.
Ïðè ñòÿãèâàíèè îäèí èç öèêëîâ îäíîâàëåíòíîãî ïîäãðàôà èçìåíèò ñâîþ ÷¼òíîñòü, ïîýòîìó
èçìåíèòñÿ çíàê ïîäãðàôà. Ñ äðóãîé ñòîðîíû, äëÿ êàæäîãî îäíîâàëåíòíîãî ïîäãðàôà äëÿ
ïðàâîé ìàòðèöû íåòðóäíî óñòàíîâèòü, èç êàêîãî (îäíîçíà÷íî îïðåäåë¼ííîãî) îäíîâàëåíò-
íîãî ïîäãðàôà ëåâîé ìàòðèöû îí ïîëó÷åí.

2.2. Ïóñòü êàêîé-òî ýëåìåíò ìàòðèöû A, íàïðèìåð äèàãîíàëüíûé ýëåìåíò íà ìåñòå (1, 1),
çàïèñàí â âèäå ñóììû, ñêàæåì, a11 + b11. Çàìåíèì â îðãðàôå A äâå ïåòëè ïðè âåðøèíå v1
ñ âåñàìè a11 è b11 íà îäíó ïåòëþ ñ âåñîì a11 + b11. Ïîëó÷åííûé ãðàô îáîçíà÷èì Ã. Êàæäîìó
îäíîâàëåíòíîìó ïîäãðàôó H îðãðàôà Ã, ñîäåðæàùåìó ïåòëþ ïðè âåðøèíå v1, ñîîòâåòñòâó-
þò äâà îäíîâàëåíòíûõ ïîäãðàôà â A � îäèí ñ ïåòëåé ïðè âåðøèíå v1 ñ âåñîì a11, à äðóãîé �
ñ âåñîì b11. Î÷åâèäíî, ñóììàðíûé âåñ ýòèõ ïîäãðàôîâ ðàâåí âåñó H. Åñëè æå îäíîâàëåíòíûé
ïîäãðàô îðãðàôà Ã íå ñîäåðæèò ïåòëè ïðè âåðøèíå v1, òî â ãðàôå A íàéäåòñÿ èçîìîðôíûé
åìó ïîäãðàô.

Ñóììèðóÿ ïî âñåì îäíîâàëåíòíûì ïîäãðàôàì, ìû ïðèõîäèì ê âûâîäó, ÷òî ïðè îáúåäè-
íèíåíèè äâóõ ïåòåëü â îäíó èëè, ÷òî òî æå ñàìîå, ïðè çàìåíå ôîðìàëüíîé ñóììû a11 + b11
íà åå çíà÷åíèå, îïðåäåëèòåëü ìàòðèöû íå ìåíÿåòñÿ. Àíàëîãè÷íî îáñòîÿò äåëà ñ äðóãèìè
ìàòðè÷íûìè ýëåìåíòàìè, çàïèñàííûìè â âèäå ôîðìàëüíûõ ñóìì.

2.3. a) [6] Ðàññìîòðèì ìàòðèöó

A =


a12+a13+a14 −a12 −a13 −a14
−a21 a21+a23+a24 −a23 −a24
−a31 −a32 a31+a32+a34 −a34
−a41 −a42 −a43 a41+a42+a43


Òàêóþ ôîðìó çàïèñè ìàòðèö ñ íóëåâîé ñóììîé ñòðîê � êîãäà âíå äèàãîíàëè ñòîÿò ýëåìåíòû
ñî çíàêîì ìèíóñ, à íà äèàãîíàëè èõ ñóììû ñî çíàêîì ïëþñ � áóäåì ñ÷èòàòü ñòàíäàðòíîé.
Äàëüíåéøèå ðàññóæäåíèÿ ìû áóäåì ïðîâîäèòü, îïèðàÿñü íà ýòîò ïðèìåð, íî ÷èòàòåëü áåç
òðóäà âîññòàíîâèò äåòàëè îáùåãî äîêàçàòåëüñòâà.

Ñîãëàñíî óòâåðæäåíèþ ïðåäûäóùåé çàäà÷è äëÿ âû÷èñëåíèÿ detA ñëåäóåò ïåðåáèðàòü
îäíîâàëåíòíûå ïîäãðàôû â ãðàôå A, èçîáðàæåííîì íà ðèñ. 7 ñëåâà. Íî ìû ñåé÷àñ îïèøåì
êîíñòðóêöèþ, êîòîðàÿ ñâåäåò ýòîò ïåðåáîð ê ïåðåáîðó ïîäãðàôîâ â ãðàôå A1, ïîëó÷àþùåìñÿ
èç A óäàëåíèåì âñåõ ïåòåëü è çíàêîâ ó âåñîâ ð¼áåð (ðèñ. 7 ñïðàâà).

−a12

−a23

−a34

−a41

−a21

−a32

−a43

−a14

a12
a13

a14

a21
a24

a23

a32

a31
a34

a41

a42
a43

−a13 −a42

−a23 −a31

v1 v2

v3v4

a12

a23

a34

a41

a21

a32

a43

a14

a13 a42

a24 a31

v1 v2

v3v4

Ðèñ. 7. Ãðàôû A è A1

Ïîñêîëüêó â ãðàôå A ïîâòîðÿþòñÿ ìåòêè, íåêîòîðûå ïîäãðàôû ìîãóò èìåòü îäèíàêîâûé
âåñ (ñì. ðèñ. 8,a; íå áóäåì ïîêà îáðàùàòü âíèìàíèå íà çíàê âåñà). Ìåòêè íà ð¼áðàõ ãðàôà
A � ýòî ÷èñëà ±aij, ïðè÷åì èíäåêñû i è j ó êàæäîé ìåòêè ðàçëè÷íû. Î÷åâèäíî, ÷òî ðåáðî,
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a12

a23

−a34
−a43

v1 v2

v3v4

−a12a23a34a43
a12

a23

a34a43

v1 v2

v3v4

a12a23a34a43

a) Ïîäãðàôû
ñ ïî÷òè îäèíàêîâûìè âåñàìè

a12

a23

−a34
−a43

v1 v2

v3v4

−a12a23a34a43
a12

a23

a34

a43

v1 v2

v3v4

a12a23a34a43

á) Ñîîòâåòñòâóþùèå ïîëóòîðàâàëåíòíûå
ïîäãðàôû

Ðèñ. 8. Íîâîå ïðàâèëî ðèñîâàíèÿ ïîäãðàôîâ

âûõîäÿùåå èç âåðøèíû vi, ïîìå÷åíî ìåòêîé, ó êîòîðîé ïåðâûé èíäåêñ ðàâåí i. Îòñþäà
ñëåäóåò, ÷òî ìåòêè âñåõ ð¼áåð ëþáîãî îäíîâàëåíòíîãî ïîäãðàôà ãðàôà A ïîïàðíî ðàçëè÷íû.
Ââåäåì òîãäà íîâîå ïðàâèëî äëÿ èçîáðàæåíèÿ îäíîâàëåíòíûõ ïîäãðàôîâ ãðàôàA. Âûïèøåì
âñå ìåòêè ð¼áåð îäíîâàëåíòíîãî ïîäãðàôà è íàðèñóåì ïîäãðàô çàíîâî (íà òîì æå ìíîæåñòâå
âåðøèí), à èìåííî: äëÿ êàæäîé ìåòêè ±aij íàðèñóåì ðåáðî, èäóùåå èç âåðøèíû vi â vj,
ïîìå÷åííîå ýòîé ñàìîé ìåòêîé ±aij (ñì. ðèñ. 8,á). Íàðèñîâàííûé ïî íîâîìó ïðàâèëó ãðàô,
î÷åâèäíî, íå èìååò ïåòåëü. Ôàêòè÷åñêè ýòî ïîäãðàô ãðàôà A1, îòëè÷èå òîëüêî â òîì, ÷òî
âåñà ð¼áåð ó íàøåãî ïîäãðàôà ìîãóò èìåòü ëèøíèé çíàê ìèíóñ. ×óòü ïîçæå ìû óñòðàíèì
ýòî îòëè÷èå.

Ïîëóòîðàâàëåíòíûé ãðàô

Ïîëó÷åííûå ïîäãðàôû ñàìè ïî ñåáå óæå íå ÿâëÿþòñÿ
îäíîâàëåíòíûìè. Îò îäíîâàëåíòíûõ ãðàôîâ â íèõ îñòàëîñü
ëèøü ñâîéñòâî, ñîñòîÿùåå â òîì, ÷òî èç êàæäîé âåðøèíû
âûõîäèò îäíî ðåáðî. Âõîäÿùèõ æå ð¼áåð ó âåðøèíû ìî-
æåò áûòü íåñêîëüêî èëè íè îäíîãî. Íàçîâåì òàêèå ãðàôû
ïîëóòîðàâàëåíòûìè.

Î÷åâèäíî, âñÿêèé ïîëóòîðàâàëåíòíûé ãðàô ñîäåðæèò
õîòÿ áû îäèí öèêë (äâèãàéòåñü ïî ñòðåëêàì � êîãäà-íè-
áóäü âû ïðèäåòå â âåðøèíó, ãäå óæå áûëè ðàíüøå), à åñëè
îí ñîäåðæèò íåñêîëüêî öèêëîâ, òî ýòè öèêëû íå èìåþò îá-
ùèõ âåðøèí. Êðîìå öèêëîâ îí ìîæåò ñîäåðæàòü íåñêîëüêî
äåðåâüåâ, ïîñàæåííûõ â âåðøèíû öèêëîâ.

Êàê âèäíî èç ðèñ. 8,á, îäèíàêîâûå ïîëóòîðàâàëåíòíûå ãðàôû ìîãóò èìåòü ðàçíóþ ðàç-
ìåòêó ð¼áåð. Ìåòêà ðåáðà vi → vj ïîëóòîðàâàëåíòíîãî ãðàôà ìîæåò áûòü ðàâíà +aij èëè
−aij, îäíàêî åñëè ýòîò ãðàô ïîëó÷åí ïî îïèñàííîìó ïðàâèëó èç îäíîâàëåíòíîãî, ðàññòàíîâ-
êà çíàêîâ íå âïîëíå õàîòè÷íàÿ. À èìåííî: ïîëóòîðàâàëåíòíûé ãðàô â òîì è òîëüêî òîì
ñëó÷àå ïîëó÷àåòñÿ èç îäíîâàëåíòíîãî, åñëè:

1) â êàæäîì åãî öèêëå âûïîëíåíî ñâîéñòâî: ëèáî âñå ìåòêè ð¼áåð öèêëà èìåþò âèä +aij
(òàêîé öèêë áóäåì íàçûâàòü ïîëîæèòåëüíûì, â îäíîâàëåíòíîì ãðàôå åìó ñîîòâåòñòâîâàë
íàáîð ïåòåëü), ëèáî âñå îíè èìåþò âèä −aij (òàêîé öèêë áóäåì íàçûâàòü îòðèöàòåëüíûì,
â îäíîâàëåíòíîì ãðàôå åìó ñîîòâåòñòâîâàë ýòîò æå öèêë);

2) ð¼áðà, íå âõîäÿùèå íè â êàêîé öèêë, èìåþò ìåòêè âèäà +aij.
Ãðàôû, îáëàäàþùèå ýòèì ñâîéñòâîì ðàçìåòêè ð¼áåð, áóäåì íàçûâàòü äîïóñòèìûìè.

Ïðàâèëî âû÷èñëåíèÿ âåñà ïîëóòîðàâàëåíòíîãî ãðàôà òàêîå æå, êàê è ó îäíîâàëåíòíî-
ãî: âåñ ðàâåí ïðîèçâåäåíèþ âåñîâ ð¼áåð, âçÿòîìó ñî çíàêîì ìèíóñ, åñëè â ãðàôå íå÷¼òíîå
êîëè÷åñòâî îòðèöàòåëüíûõ ÷¼òíûõ öèêëîâ. Ìû ó÷èòûâàåì òîëüêî îòðèöàòåëüíûå ÷¼òíûå
öèêëû, ïîñêîëüêó ïîëîæèòåëüíûì öèêëàì ïîëóòîðàâàëåíòíîãî ãðàôà ñîîòâåòñòâóåò íàáîð
ïåòåëü â îäíîâàëåíòíîì ãðàôå, à ïåòëè íà çíàê âåñà íå âëèÿþò.

Ðàáîòàÿ ñ ïîëóòîðàâàëåíòíûìè ãðàôàìè, óäîáíî ìåòêè ð¼áåð èçîáðàæàòü âîîáùå áåç
çíàêà, íî ïðè ýòîì äîïîëíèòåëüíî ïîìíèòü î çíàêå êàæäîãî öèêëà. Â ýòîì ñëó÷àå âåñ ïî-
ëóòîðàâàëåíòíîãî ãðàôà ðàâåí ïðîèçâåäåíèþ âåñîâ âñåõ åãî ð¼áåð, óìíîæåííîìó íà (−1)c,
ãäå c � êîëè÷åñòâî îòðèöàòåëüíûõ ÷¼òíûõ öèêëîâ.
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Ó ò â å ð æ ä å í è å. Îïðåäåëèòåëü ìàòðèöû A ðàâåí ñóììå âåñîâ âñåõ äîïóñòèìûõ ïîëó-
òîðàâàëåíòíûõ ïîäãðàôîâ â ãðàôå A1.

Ñîáñòâåííî, äîêàçûâàòü òóò íå÷åãî. Äîïóñòèìûå ïîëóòîðàâàëåíòíûå ïîäãðàôû ãðàôà
A1 íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ îäíîâàëåíòíûì ïîäãðàôàìè ãðàôà
A, ïðè÷åì ýòî ñîîòâåòñòâèå ñîõðàíÿåò âåñ ïîäãðàôà.

Âåðí¼ìñÿ ê ðåøåíèþ çàäà÷è. Òåïåðü ñîâñåì íåòðóäíî ïðîâåðèòü, ÷òî detA = 0. Äåéñòâè-
òåëüíî, ðàññìîòðèì êàêîé óãîäíî äîïóñòèìûé ïîëóòîðàâàëåíòíûé ïîäãðàô è ïîìåíÿåì çíàê
ó öèêëà, ïðîõîäÿùåãî ÷åðåç âåðøèíó ñ íàèìåíüøèì íîìåðîì. Ìû ïîëó÷èì äðóãîé äîïó-
ñòèìûé ïîäãðàô. Ïîâòîðíîå ïðèìåíåíèå ýòîé îïåðàöèè ïðèâåäåò ê èñõîäíîìó ïîäãðàôó.
Òàêèì îáðàçîì, ñ ïîìîùüþ ýòîé îïåðàöèè ìíîæåñòâî âñåõ äîïóñòèìûõ ïîëóòîðàâàëåíòíûõ
ïîäãðàôîâ ðàçáèâàåòñÿ íà ïàðû. Íî ñóììà âåñîâ ãðàôîâ îäíîé ïàðû ðàâíà íóëþ: åñëè ïàðà
ïîñòðîåíà ñ ïîìîùüþ ñìåíû çíàêà ÷¼òíîãî öèêëà, òî êîëè÷åñòâà îòðèöàòåëüíûõ öèêëîâ
â ãðàôàõ ýòîé ïàðû èìåþò ðàçíóþ ÷¼òíîñòü, à íàáîð âåñîâ ð¼áåð îäèíàêîâ; åñëè æå ïà-
ðà ïîñòðîåíà ñ ïîìîùüþ ñìåíû çíàêà íå÷¼òíîãî öèêëà, òî ïðè ñìåíå çíàêà ñìåíèëñÿ çíàê
ïðîèçâåäåíèÿ ìåòîê ýòîãî öèêëà.

b) ×òîáû íå ñâÿçûâàòüñÿ ñ ëèíåéíîé àëãåáðîé, äîêàæåì óòâåðæäåíèå çàäà÷è, îáîáùèâ
ìàòðè÷íóþ òåîðåìó î äåðåâüÿõ íà ñëó÷àé âçâåøåííûõ îðèåíòèðîâàííûõ ãðàôîâ. Ïóñòü äàí
ïîëíûé îðãðàô A1 íà n âåðøèíàõ áåç ïåòåëü, â êîòîðîì ìåæäó ëþáûìè äâóìÿ âåðøèíàìè
vi è vj (i 6= j) èìååòñÿ êàê ðåáðî vivj ñ âåñîì aij, òàê è ðåáðî vjvi ñ âåñîì aji (ðèñ. 7 ñïðàâà).
Ìàòðèöà A èç óñëîâèÿ çàäà÷è åñòü ìàòðèöà Ëàïëàñà òàêîãî ãðàôà.

Êîðíåâûì îðèåíòèðîâàííûì îñòîâíûì äåðåâîì ñ êîðíåì vi íàçîâåì òàêîé àöèêëè÷å-
ñêèé ãðàô íà ìíîæåñòâå âåðøèí {v1, v2, . . . , vn}, â êîòîðîì èñõîäÿùàÿ ñòåïåíü âåðøèíû vi
ðàâíà 0, à ëþáîé äðóãîé âåðøèíû � 1, èíûìè ñëîâàìè äëÿ ëþáîé âåðøèíû ñóùåñòâóåò
åäèíñòâåííûé ïóòü èç íå¼ â vi. Âåñ êîðíåâîãî îðèåíòèðîâàííîãî îñòîâíîãî äåðåâà ðàâåí
ïðîèçâåäåíèþ âåñîâ åãî ð¼áåð.

Óòâåðæäåíèå çàäà÷è ñðàçó ñëåäóåò èç ò å î ð å ì û: ÷èñëî (−1)i+j detAij ðàâíî ñóììå
âåñîâ âñåõ êîðíåâûõ îðèåíòèðîâàííûõ îñòîâíûõ äåðåâüåâ ñ êîðíåì vi.

Äîêàæåì ýòó òåîðåìó. Äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé i = n, îñòàëüíûå ñëó÷àè àíàëî-
ãè÷íû. Ïóñòü Ã � n× n ìàòðèöà, ó êîòîðîé n-ÿ ñòðîêà ðàâíà (0, . . . , 0, 1, 0, . . . , 0) (åäèíèöà
íà j-ì ìåñòå), à îñòàëüíûå ìàòðè÷íûå ýëåìåíòû òàêèå æå, êàê â ìàòðèöå A. Òîãäà èç ðàç-

ëîæåíèÿ det Ã ïî n-é ñòðîêå ïîëó÷àåì

det Ã = (−1)n+j · 1 · detAnj. (5)

Áóäåì âû÷èñëÿòü îïðåäåëèòåëü detAnj ñ ïîìîùüþ òåõíèêè ïîëóòîðàâàëåíòíûõ ãðàôîâ.
Äëÿ ïðèìåðà îïÿòü îãðàíè÷èìñÿ ñëó÷àåì n = 5, ïóñòü j = 2:

A25 =


a12+a13+a14 +a15 −a13 −a14 −a15

−a21 −a23 −a24 −a25
−a31 a31+a32+a34 + a35 −a34 −a35
−a41 −a43 a41+a42+a43 +a45 −a45

 .

Óäîáíî ïîëàãàòü, ÷òî ñòðîêè ìàòðèöû Anj ïðîíóìåðîâàíû îò 1 äî n− 1, à ñòîëáöû � îò 1
äî n, íî ñ ïðîïóñêîì íîìåðà j.

Êàê è â ïðåäûäóùåì ïóíêòå, ñëåäóåò â êàæäîé ñòðîêå è êàæäîì ñòîëáöå âûáðàòü ïî
îäíîìó ÷èñëó (åñëè ñîîòâåòñòâóþùèé ìàòðè÷íûé ýëåìåíò çàïèñàí êàê ñóììà, ñëåäóåò âçÿòü
ëèøü îäíî èç ñëàãàåìûõ), ïîñëå ÷åãî ïîñòðîèòü ð¼áðà ãðàôà A1, ñîîòâåòñòâóþùèå âûáðàí-
íûì ÷èñëàì. Åñëè ïðè ýòîì ðåáðî èìååò âåñ ñ ¾ëèøíèì¿ çíàêîì ìèíóñ (íàïðèìåð, åñëè â
ìàòðèöå áûë âûáðàí ýëåìåíò −a13), áóäåì íàçûâàòü òàêîå ðåáðî îòðèöàòåëüíûì. Ïîëó÷èòñÿ
ãðàô íà âåðøèíàõ {v1, . . . , vn}, îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè (ðèñ. 9).

1) Èñõîäÿùàÿ ñòåïåíü âåðøèí v1, . . . , vn−1 ðàâíà 1, èñõîäÿùàÿ ñòåïåíü âåðøèíû vn ðàâ-
íà 0.

2) Èç âåðøèíû vj âûõîäèò îäíî ¾îòðèöàòåëüíîå¿ ðåáðî, à âõîäèòü ìîãóò òîëüêî ¾ïîëî-
æèòåëüíûå¿ ðåáðà.
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3) Îòðèöàòåëüíûå ðåáðà îáðàçóþò íåñêîëüêî öèêëîâ è åùå îäèí ¾íåïîëíûé öèêë¿ �
ïóòü èç vj â vn (ýòîò ïóòü ñòàíîâèòñÿ öèêëîì, åñëè ìû äîïîëíèì åãî ðåáðîì vnvj, ñîîòâåò-

ñòâóþùèì ýëåìåíòó anj=1 ìàòðèöû Ã).
4) Ïîëîæèòåëüíûå ð¼áðà òàêæå ìîãóò îáðàçîâûâàòü íåñêîëüêî öèêëîâ è åùå íåñêîëüêî

îðèåíòèðîâàííûõ êîðíåâûõ äåðåâüåâ, ïîñàæåííûõ â êàêèå-òî èç âåðøèí öèêëîâ (âêëþ÷àÿ
íåïîëíûé öèêë).

vn vj

Ðèñ. 9. ×åðíûì öâåòîì îáîçíà÷åíû ¾îòðèöàòåëüíûå¿ ðåáðà, áåëûì � ¾ïîëîæèòåëüíûå¿

Çíàê òàêîãî ïîäãðàôà ðàâåí (−1)c+`, ãäå c � êîëè÷åñòâî îòðèöàòåëüíûõ ÷¼òíûõ öèêëîâ,
` � ÷èñëî ð¼áåð â íåïîëíîì öèêëå. Äåéñòâèòåëüíî, äîïîëíèâ êîìïëåêò âûáðàííûõ ìàòðè÷-
íûõ ýëåìåíòîâ, ïîðîæäàþùèõ ðàññìàòðèâàåìûé ïîäãðàô, ýëåìåíòîì anj = 1, äîáàâèì ê
ïîäãðàôó ðåáðî vnvj. Ïîëó÷èòñÿ ïîëóòîðàâàëåíòíûé ïîäãðàô, èñïîëüçóåìûé â âû÷èñëåíèè

det Ã. Íåïîëíûé öèêë ïðåâðàòèòñÿ â îáû÷íûé îòðèöàòåëüíûé öèêë, åãî âêëàä â âû÷èñëåíèå
çíàêà ïîäãðàôà êàê ðàç è áóäåò ðàâåí (−1)`. Ïðè ýòîì ñàì ôàêò äîáàâëåíèÿ ê ìàòðè÷íûì
ýëåìåíòàì, âûáðàííûì íà ìåñòàõ (1, π1), (2, π2), . . . , (n − 1, πn−1) (çäåñü π � ïåðåñòàíîâêà
ìíîæåñòâà {1, 2, . . . , j−1, j+1, . . . , n}, íóìåðóþùåãî ñòîëáöû ìàòðèöû Anj), åù¼ îäíîãî ìíî-
æèòåëÿ anj ñîçäà¼ò ïåðåñòàíîâêó ìíîæåñòâà {1, 2, . . . , n}, â êîòîðîé íà n− j òðàíñïîçèöèé
áîëüøå, ÷åì â π. Ïîïðàâî÷íûé çíàê (−1)n−j = (−1)n+j îòíîñèòñÿ êî âñåì ðàññìàòðèâàåìûì
ïîëóòîðàâàëåíòíûì ïîäãðàôàì, è èìåííî åãî ìû è âèäèì â ôîðìóëå (5).

Èòàê, âû÷èñëåíèå îïðåäåëèòåëÿ detAij ñâîäèòñÿ ê ñóììèðîâàíèþ ñ íàäëåæàùèìè çíà-
êàìè âåñîâ âñåõ ïîëóòîðàâàëåíòíûõ ïîäãðàôîâ ñî ñâîéñòâàìè 1)�4). Ïðèìåíÿÿ èíâîëþöèþ
èç ïðåäûäóùåãî ïóíêòà (ñìåíà çíàêà öèêëà, ïðîõîäÿùåãî ÷åðåç âåðøèíó ñ íàèìåíüøèì
íîìåðîì), ìû ñîêðàòèì âñå ïîäãðàôû, ñîäåðæàùèå õîòÿ áû îäèí öèêë. Ðàññìîòðèì ëþ-
áîé íåñîêðàòèâøèéñÿ ïîäãðàô, îí ïðåäñòàâëÿåò ñîáîé îðèåíòèðîâàííîå äåðåâî ñ êîðíåì vn.
Ïóñòü îí ñîäåðæèò ` îòðèöàòåëüíûõ ð¼áåð (ýòî ðåáðà ¾íåïîëíîãî öèêëà¿), çíàê ýòîãî ïîä-
ãðàôà ðàâåí (−1)`, è ýòî æå çíà÷åíèå èìååò ïðîèçâåäåíèå çíàêîâ ¾îòðèöàòåëüíûõ¿ ð¼áåð.
Òàêèì îáðàçîì, èòîãîâûé âåñ ýòîãî ïîäãðàôà � ýòî ïðîèçâåäåíèå âåñîâ ð¼áåð äåðåâà.

Èòàê, ïîäñ÷èòûâàåìûé îïðåäåëèòåëü åñòü ñóììà âåñîâ âñåõ îðèåíòèðîâàííûõ äåðåâüåâ
ñ êîðíåì vn.

2.4. Ìû âçÿëè ýòó çàäà÷ó â [2, ëåììà 2.1]. Â ïðèâîäèìîì ðàññóæäåíèè îäíîâàëåíòíûå
ïîäãðàôû íàçûâàþòñÿ 1-ôàêòîðàìè.

Ðàçîáüåì âñå 1-ôàêòîðû ãðàôîâ G è G′ íà ãðóïïû, ó êîòîðûõ îäèíàêîâî óñòðîåíî ïåðå-
ñå÷åíèå ñ ïîäãðàôàìè H è H ′ ñîîòâåòñòâåííî. Ïîñëå ýòîãî ïðåäúÿâèì âçàèìíî îäíîçíà÷íîå
ñîîòâåòñòâèå ìåæäó ýòèìè ãðóïïàìè (à èíîãäà äàæå ìåæäó îòäåëüíûìè 1-ôàêòîðàìè), ñî-
õðàíÿþùåå ñóììàðíûé âåñ.

x w

z y
1 1

1

1
x′ w′

z′ y′
=

x w

z y
1 1

1

1
x′ w′

z′ y′
=

x w

z y
1 1

1

1
x′ w′

z′ y′
=

Ðèñ. 10. Ïåðåñòðàèâàåì 1-ôàêòîðû.
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1) Êàæäîìó 1-ôàêòîðó ãðàôà G, èìåþùåìó öèêëû, ïðîõîäÿùèå ïî ð¼áðàì x è y â ïîä-
ãðàôå H, ïîñòàâèì â ñîîòâåòñòâèå 1-ôàêòîð ãðàôà G′, â êîòîðîì ýòè ôðàãìåíòû öèêëîâ
çàìåíåíû íà ð¼áðà x′, y′ (ðèñ. 10 ñëåâà). Óêàçàííûå ôðàãìåíòû öèêëîâ â ïîäãðàôå H äàâà-
ëè âêëàä xy â âåñ 1-ôàêòîðà. Ïîñëå çàìåíû ìû èìååì âåñ x′y′ = xy

(wz−xy)2 , à òàêæå ìíîæèòåëü

(wz − xy)2 â ïðàâîé ÷àñòè ðàâåíñòâà (3). Â èòîãå âåñ íå èçìåíèëñÿ. Àíàëîãè÷íî ïîñòóïèì,
åñëè öèêëû ïðîõîäÿò ïî ð¼áðàì w, z.

2) Êàæäîìó 1-ôàêòîðó ãðàôà G, èìåþùåìó äëèííûé öèêë, ïðîõîäÿùèé ïî ð¼áðàì x,
w â ïîäãðàôå H, è öèêë äëèíû 2, ïðîõîäÿùèé ïî âåðòèêàëüíîìó ðåáðó (ðèñ. 10 â öåíòðå),
ïîñòàâèì â ñîîòâåòñòâèå 1-ôàêòîð ãðàôà G′, â êîòîðîì 2-öèêë îòñóòñòâóåò, à ôðàãìåíò
äëèííîãî öèêëà çàìåíåí íà ïàðó ð¼áåð z′, y′. Àíàëîãè÷íî ïîñòóïèì äëÿ êîíôèãóðàöèé,
ñîäåðæàùèõ 2-öèêë, ïðîõîäÿùèé ïî ðåáðó y, è äâà 2-öèêëà, ïðèìûêàþùèõ ê ðåáðó x (ðèñ. 10
ñïðàâà), à òàêæå äëÿ ïîõîæèõ êîíôèãóðàöèé. Ñîõðàíåíèå âåñà ïðîâåðÿåòñÿ òàê æå, êàê
â ïðåäûäóùåì ïóíêòå.

x w

z y

x w

z y
1 1

1

1

1 1

1

1
x′ w′

z′ y′
=+

x w

z y
1 1

1

1
x′ w′

z′ y′
x′ w′

z′ y′
+=

Ðèñ. 11. Ïåðåñòðàèâàåì ãðóïïû 1-ôàêòîðîâ.

3) Ñîáåð¼ì â îäíó ãðóïïó 1-ôàêòîðû ãðàôà G, êîòîðûå ñîâïàäàþò âíå ãðàôà H è ïðè
ýòîì ñîäåðæàò ëèáî öèêë, ïðîõîäÿùèé ïî ð¼áðàì z, y, w (äàþùèé âêëàä yzw â âåñ 1-ôàêòî-
ðà), ëèáî 2-öèêë ïî ðåáðó y è äëèííûé öèêë, ïðîõîäÿùèé ÷åðåç x (è äàþùèé âêëàä xy2).
Ñëåäóåò èìåòü â âèäó, ÷òî ýòè äâå êîíôèãóðàöèè èìåþò ðàçíûå çíàêè, ïîñêîëüêó êîëè÷åñòâà
öèêëîâ â íèõ îòëè÷àþòñÿ íà 1. Êàæäîé ãðóïïå ñîïîñòàâèì 1-ôàêòîð â G, êîòîðûé âíå
ãðàôàH óñòðîåí òàê æå (è ïîýòîìó âêëàä âíåøíåé ÷àñòè îäèí è òîò æå äëÿ âñåõ óïîìÿíóòûõ
1-ôàêòîðîâ) è ïðè ýòîì ñîäåðæèò ðåáðî x′ (ðèñ. 11 ñëåâà). Îïÿòü ïîëó÷àåì ðàâåíñòâî âåñîâ,
ïîñêîëüêó yzw−xy2 = (wz−xy)2x′. Àíàëîãè÷íî ðàçáèðàåòñÿ �äâîéñòâåííûé� ñëó÷àé (ðèñ. 11
ñïðàâà).

4) Àíàëîãè÷íî ðàçáèðàþòñÿ îñòàâøèåñÿ âàðèàíòû (ðèñ. 12). Îòìåòèì òîëüêî, ÷òî ïðàâûé
öèêë, ïîêàçàííûé íà ðèñ. 12 ñâåðõó, è ëåâûé öèêë íà ðèñ. 12 ñíèçó äîëæíû ðàññìàòðèâàòüñÿ
ñ îáåèìè âîçìîæíûìè îðèåíòàöèÿìè, ÷òî óäâàèâàåò èõ âêëàä. Ðàâåíñòâî âåñîâ íà ðèñ. 12
îáåñïå÷èâàåòñÿ òîæäåñòâàìè

1 = (wz − xy)2(x′
2
y′

2
+ w′

2
z′

2 − 2x′y′w′z′) è x2y2 + w2z2 − 2xywz = (wz − xy)2.

x w

z y

1 1

1

1
x′ w′

z′ y′

x′ w′

z′ y′

x′ w′

z′ y′
= + +

x w

z y

1 1

1

1
x w

z y

1 1

1

1
x w

z y

1 1

1

1
x′ w′

z′ y′
=++

Ðèñ. 12. Îñòàëüíûå îòîæäåñòâëåíèÿ.

2.5. Ìû âçÿëè ýòó çàäà÷ó â [2, ïðèìåð 2.2].
Ïîëüçóÿñü óòâåðæäåíèåì çàäà÷è 2.4, áóäåì ïîñëåäîâàòåëüíî óäàëÿòü 4-öèêëû íà êðàþ

öèëèíäðà (ðèñ. 13). ×òîáû èçáåæàòü ïðè âû÷èñëåíèÿõ íóëåé â çíàìåíàòåëÿõ, áóäåì ñ÷èòàòü,
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a a

1

1

1 + a
1−a2 1 + a

1−a2

1 + 1
a2−1

1 + 1
a2−1

Ðèñ. 13. Óäàëÿåì öèêë íà êðàþ öèëèíäðà.

÷òî ð¼áðà öèêëà H0 íà êðàþ öèëèíäðà èìåþò âåñà x0 = a, z0 = 1, y0 = a, w0 = 1, à âñå
îñòàëüíûå ð¼áðà â ãðàôå èìåþò âåñ 1. Ïîñëå ïðèìåíåíèÿ îäíîé îïåðàöèè êðàéíèé öèêë
èñ÷åçàåò, è òåïåðü íà êðàþ ïîÿâëÿåòñÿ íîâûé öèêë H1. Âåñà åãî ð¼áåð ðàâíû ñóììå âåñîâ
ð¼áåð, êîòîðûå åùå äî îïåðàöèè ïðèñóòñòâîâàëè â ãðàôå � à â ãðàôå áûëî ÷åòûðå ðåáðà
âåñà 1 � è íîâûõ ð¼áåð, âåñà êîòîðûõ ðàâíû a

1−a2 ,
1

a2−1 ,
a

1−a2 ,
1

a2−1 â ñèëó ôîðìóëû (2). Èòàê,

x1 = 1 +
a

1− a2 , z1 = 1 +
1

a2 − 1
, y1 = 1 +

a

1− a2 , w1 = 1 +
1

a2 − 1
.

Òåïåðü ïî èíäóêöèè ïðîâåðÿåòñÿ, ÷òî ïîñëå 2n ïîâòîðåíèé ýòîé îïåðàöèè (èíäóêöèÿ ñ øà-
ãîì 2 óäîáíà, ïîñêîëüêó ôîðìóëû ïîñëå ÷¼òíîãî è íå÷¼òíîãî ÷èñëà îïåðàöèé íåìíîãî îò-
ëè÷àþòñÿ) âåñà â êðàéíåì öèêëå áóäóò ðàâíû

x2n = y2n =
na2 + a

2na+ 1
, z2n = w2n =

1 + 2na− na2
2na+ 1

,

à ïðîèçâåäåíèå îïðåäåëèòåëåé âñåõ óáðàííûõ öèêëîâ ðàâíî

detA(H0) detA(H1) . . . detA(H2n−1) = (2na+ 1)2.

Â ðåçóëüòàòå åñëè m ÷¼òíî, ñêàæåì m − 1 = 2n + 1, òî ïîñëå 2n îïåðàöèé îò èñõîä-
íîãî ãðàôà îñòàíåòñÿ ëèøü îäèí 4-öèêë ñ âåñàìè ð¼áåð, óêàçàííûìè âûøå. Îïðåäåëèòåëü
ìàòðèöû òàêîãî öèêëà ðàâåí

(x2ny2n − z2nw2n)2 =
((2n+ 1)a+ 1

2na+ 1

)2
(a− b)2,

è, çíà÷èò, èñêîìûé îïðåäåëèòåëü ðàâåí

detA(H0) detA(H1) . . . detA(H2n)(x2ny2n − z2nw2n)2 =
(
(2n+ 1)a+ 1

)2
(a− b)2.

Ïðè a = b = 1 ýòî âûðàæåíèå ðàâíî 0. Åñëè æå m íå÷¼òíî, àíàëîãè÷íî ïîëó÷àåì, ÷òî

îïðåäåëèòåëü ðàâåí
(
(m− 1)a+ 1

)2
, è ïðè a = b = 1 ýòî âûðàæåíèå ðàâíî m2.

3.1. [1, òåîðåìà 2.1]. Ïîêðàñèì êëåòêè ôèãóðû â øàõìàòíîì ïîðÿäêå, è ð¼áðà êàæäîãî
îäíîâàëåíòíîãî ãðàôà ðàçîáü¼ì íà äâå ãðóïïû � ð¼áðà, âûõîäÿùèå èç ÷¼ðíûõ âåðøèí, è
ð¼áðà, âûõîäÿùèå èç áåëûõ. Ð¼áðà êàæäîé ãðóïïû çàäàþò ïàðîñî÷åòàíèå, êîòîðîìó, â ñâîþ
î÷åðåäü, ñîîòâåòñòâóåò çàìîùåíèå. Ýòî ñîîòâåòñòâèå ÿâëÿåòñÿ áèåêöèåé.

3.2. [1, ëåììà 2.3]. Èíäóêöèÿ ïî ïëîùàäè. Åñëè â äâîéñòâåííîì ãðàôå åñòü âèñÿ÷àÿ âåðøèíà,
îòðåæåì ñîîòâåòñòâóþùóþ êëåòî÷êó. Â ïðîòèâíîì ñëó÷àå îòðåæåì ïîäõîäÿùóþ óãëîâóþ
êëåòêó.

Îòìåòèì, ÷òî åñëè äîïóñêàòü âûðîæäåííûå ìíîãîóãîëüíèêè, à èìåííî � ¾äâóóãîëüíè-
êè¿ (öèêëû èç äâóõ âåðøèí è äâóõ âñòðå÷íûõ ð¼áåð), òî óòâåðæäåíèå çàäà÷è âåðíî è äëÿ
íèõ.

3.3. [1, òåîðåìà 2.4]. Ðàññìîòðèì ëþáîé îäíîâàëåíòíûé ïîäãðàô. Î÷åâèäíî, ÷òî êîëè÷å-
ñòâî âîñõîäÿùèõ è íèñõîäÿùèõ ð¼áåð â íåì îäèíàêîâî, îáîçíà÷èì ýòî êîëè÷åñòâî ÷åðåç v.

16



Ïîäãðàô ïðåäñòàâëÿåò ñîáîé íàáîð íåñêîëüêèõ, ñêàæåì k, öèêëîâ, ò. å. êëåò÷àòûõ ìíîãî-
óãîëüíèêîâ. Ïîñêîëüêó âñå öèêëû ÷¼òíûå è â ñîâîêóïíîñòè ñîäåðæàò âñå êëåòêè, à ôèãóðà
îäíîñâÿçíàÿ, âíóòðè êàæäîãî öèêëà ñîäåðæèòñÿ ÷¼òíîå ÷èñëî êëåòîê. Â ñèëó ýòîãî, ïðèìå-
íÿÿ óòâåðæäåíèå ïðåäûäóùåé çàäà÷è ê êàæäîìó öèêëó, ìû ìîæåì íå ó÷èòûâàòü ñëàãàåìîå
2d. Ñóììèðóÿ ïî âñåì öèêëàì, ïîëó÷àåì, ÷òî

A−B + 2 · k ≡
mod 4

ñóììà äëèí âåðòèêàëüíûõ ñòîðîí = 2 · v,

ãäå A � ñóììàðíîå êîëè÷åñòâî òî÷åê ñ ÷¼òíûìè îðäèíàòàìè, B � ñóììàðíîå êîëè÷åñòâî
òî÷åê ñ íå÷¼òíûìè îðäèíàòàìè íà ãðàíèöàõ âñåõ öèêëîâ. Òàê êàê îäíîâàëåíòíûé ïîäãðàô
ñîäåðæèò âñå öåëî÷èñëåííûå óçëû ôèãóðû, ðàçíîñòü A−B ÷¼òíà è íå çàâèñèò îò ïîäãðàôà,
ïîëîæèì A−B = 2 · t. Òîãäà 2 · v ≡ 2 · t+ 2 · k (mod 4), îòêóäà v ≡ t+ k (mod 2). Ïîñêîëüêó
t íå çàâèñèò îò ïîäãðàôà, óòâåðæäåíèå äîêàçàíî.

3.4. [1, ëåììà 2.5]. Çàäà÷à òðèâèàëüíî ðåøàåòñÿ ñ ïîìîùüþ ðàñêðàñêè ¾ãîðèçîíòàëüíàÿ
çåáðà¿, íî ìû ïðèâåäåì äðóãîå ðàññóæäåíèå.

Áóäåì èíòåðïðåòèðîâàòü çàìîùåíèå êàê îäíîâàëåíòíûé ïîäãðàô, ãäå êàæäàÿ äîìèíîø-
êà îïðåäåëÿåò 2-öèêë, òîãäà ÷èñëî öèêëîâ � ýòî êîëè÷åñòâî äîìèíîøåê, ÷èñëî âîñõîäÿùèõ
ð¼áåð � ýòî êîëè÷åñòâî âåðòèêàëüíûõ äîìèíîøåê. Îòñþäà

÷èñëî öèêëîâ + ÷èñëî âîñõîäÿùèõ ð¼áåð =

= ÷èñëî äîìèíî + ÷èñëî âåðòèê. äîìèíî ≡
mod 2

÷èñëî ãîðèç. äîìèíî. (6)

Êàê ìû çíàåì èç ïðåäûäóùåé çàäà÷è, ÷¼òíîñòü ñóììû â ëåâîé ÷àñòè íå çàâèñèò îò îäíî-
âàëåíòíîãî ïîäãðàôà (è, â ÷àñòíîñòè, îò çàìîùåíèÿ), ñëåäîâàòåëüíî, ÷¼òíîñòü êîëè÷åñòâà
ãîðèçîíòàëüíûõ äîìèíî âî âñåõ çàìîùåíèÿõ ôèãóðû îäèíàêîâà. Çíà÷èò, îïðåäåëåíèå çíàêà
íå çàâèñèò îò çàìîùåíèÿ.

Îòìåòèì îäíî ñëåäñòâèå èç ñäåëàííûõ íàáëþäåíèé. Åñëè sgnF = 1, ò. å. â ïðàâîé ÷àñòè
ôîðìóëû (6) ñòîèò ÷¼òíîå ÷èñëî, òî â ëþáîì çàìîùåíèè (à òîãäà è â ëþáîì îäíîâàëåíòíîì
ïîäãðàôå â ñèëó óòâåðæäåíèÿ çàäà÷è 3.3) ÷¼òíîñòü êîëè÷åñòâà âîñõîäÿùèõ ð¼áåð ñîâïàäà-
åò ñ ÷¼òíîñòüþ ÷èñëà öèêëîâ, à åñëè sgnF = −1, ýòè ÷¼òíîñòè ïðîòèâîïîëîæíû. Èíûìè
ñëîâàìè, äëÿ ëþáîãî îäíîâàëåíòíîãî ïîäãðàôà π â ãðàôå GF

(−1)êîëè÷åñòâî âîñõîäÿùèõ ð¼áåð â π = sgnF · (−1)êîëè÷åñòâî öèêëîâ â π. (7)

Íàïîìíèì, ÷òî ãðàô GF äâóäîëüíûé, âñå öèêëû â íåì ÷¼òíûå, ïîýòîìó çàêëþ÷àåì, ÷òî
âåðíà ôîðìóëà

detAF = sgnF ·
∑
π

(−1)êîëè÷åñòâî âîñõîäÿùèõ ð¼áåð â π. (8)

3.5. [1, òåîðåìà 2.7]. Îáîçíà÷èì ÷åðåç γk êîëè÷åñòâî îäíîâàëåíòíûõ ïîäãðàôîâ ãðàôà GF ,
èìåþùèõ k âîñõîäÿùèõ ð¼áåð. Òîãäà

detAF = sgnF ·
∑
π

(−1)êîëè÷åñòâî âîñõîäÿùèõ ð¼áåð â π = sgnF ·
+∞∑
k=0

γk · (−1)k. (9)

Áëàãîäàðÿ áèåêöèè èç çàäà÷è 3.1 ÿñíî, ÷òî êîýôôèöèåíò ïðè xk â âûðàæåíèè fF (x)2 ðàâåí
êîëè÷åñòâó îäíîâàëåíòíûõ ïîäãðàôîâ, ó êîòîðûõ ðîâíî k âåðòèêàëüíûõ ð¼áåð. Êîëè÷åñòâî
âîñõîäÿùèõ ð¼áåð â îäíîâàëåíòíîì ïîäãðàôå ðàâíî ïîëîâèíå ÷èñëà âåðòèêàëüíûõ ð¼áåð,

îòêóäà fF (x)2 =
+∞∑
k=0

γkx
2k. Ïîäñòàâëÿÿ ñþäà x = i, èç ôîðìóëû (9) ïîëó÷àåì òðåáóåìîå.

Â ÷àñòíîñòè, ìû óñòàíîâèëè ôîðìóëó

detAF = sgnF · fF (i)2. (10)

3.6. [1, òåîðåìà 2.8]. Áóäåì âû÷èñëÿòü detAF ïî ôîðìóëå (10). Åñëè õîðîøàÿ ïàðà ñîäåðæèò
çàìîùåíèå ñ k âåðòèêàëüíûìè äîìèíî è çàìîùåíèå ñ k + 2 âåðòèêàëüíûìè äîìèíî, òî å¼
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âêëàä â fF (i) ðàâåí ik+ ik+2 = 0. Òåì ñàìûì âñå õîðîøèå ïàðû âíîñÿò íóëåâîé âêëàä â fF (i).
Îòñþäà ñëåäóåò ïåðâîå óòâåðæäåíèå.

Åñëè âñå çàìîùåíèÿ, êðîìå îäíîãî, ðàçáèòû íà õîðîøèå ïàðû, îáîçíà÷èì ÷åðåç v è h
êîëè÷åñòâî âåðòèêàëüíûõ è ãîðèçîíòàëüíûõ äîìèíî â çàìîùåíèè, îñòàâøåìñÿ áåç ïàðû, h+
v = s(F ). Òîãäà fF (i) = iv â ñèëó ïðåäûäóùåãî ðàññóæäåíèÿ, sgnF = (−1)h, è ñëåäîâàòåëüíî,
detAF = sgnF · fF 2(i) = (−1)h+v = (−1)s(F ).

3.7. [1, òåîðåìà 2.11]. Âûðàæåíèå n(n−1) â äîêàçûâàåìîé ôîðìóëå � ýòî ïëîùàäü ïðàâèëü-
íîé äåòàëè. Ïî óòâåðæäåíèþ çàäà÷è 3.6 äîñòàòî÷íî ïðîâåðèòü, ÷òî äëÿ êàæäîé ïðàâèëü-
íîé äåòàëè âñå å¼ çàìîùåíèÿ, êðîìå îäíîãî, ðàçáèâàþòñÿ íà õîðîøèå ïàðû, a äëÿ êàæäîé
íåïðàâèëüíîé � âñå çàìîùåíèÿ ðàçáèâàþòñÿ íà õîðîøèå ïàðû. È òî, è äðóãîå ïðîâåðÿåòñÿ
èíäóêöèåé ïî n. Äëÿ äîêàçàòåëüñòâà íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà [4, ëåììà 2.1].

×

×

×

.

.

.

.

.

.

• •

Ë å ì ì à (î ïîëóäèàãîíàëè). Ïóñòü ôèãóðà F ñîäåðæèò ôðàãìåíò,
ñîñòîÿùèé èç òð¼õ äèàãîíàëüíûõ ðÿäîâ êëåòîê, ïîêàçàííûõ íà ðèñóíêå,
ïðè÷¼ì êëåòêè, ïîìå÷åííûå êðåñòèêàìè, íå ïðèíàäëåæàò ôèãóðå. Òîãäà
ìíîæåñòâî çàìîùåíèé ôèãóðû F , íå ñîäåðæàùèõ äîìèíîøêó, ïîìå÷åí-
íóþ æèðíûìè êðóæî÷êàìè, ðàçáèâàåòñÿ íà õîðîøèå ïàðû.

Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì û. Ðàññìîòðèì ñðåäíèé èç ýòèõ äèàãî-
íàëüíûõ ðÿäîâ. Äîêàæåì, ÷òî íàéäåòñÿ êâàäðàò 2× 2, ñîñòîÿùèé èç äâóõ äîìèíîøåê çàìî-
ùåíèÿ è ñîäåðæàùèé äâå êëåòêè ýòîãî äèàãîíàëüíîãî ðÿäà (ïåðåñòàâëÿÿ äîìèíîøêè â òàêîì
êâàäðàòå, ìû ëåãêî ðàçîáüåì ìíîæåñòâî ðàçáèåíèé íà ïàðû). Äåéñòâèòåëüíî, åñëè òàêîãî
êâàäðàòà íå íàéäåòñÿ, òî, ïðîñìàòðèâàÿ ýòîò ðÿä êëåòîê, íà÷èíàÿ ñ âåðõíåãî ëåâîãî óãëà,
ìû âèäèì, ÷òî êàæäàÿ î÷åðåäíàÿ äîìèíîøêà, íàêðûâàþùàÿ äèàãîíàëüíóþ êëåòêó, äîëæíà
íàêðûâàòü òàêæå ëèáî êëåòêó ñïðàâà, ëèáî êëåòêó ñíèçó. Äîéäÿ äî ïðàâîãî íèæíåãî óãëà,
ïîëó÷àåì ïðîòèâîðå÷èå.

· · · · · · • •

· · · · ·

••

Ðèñ. 14. Ñòðîèì íåïàðíîå çàìîùåíèå (n+ 1)-äåòàëè

Âåðí¼ìñÿ ê ðåøåíèþ çàäà÷è.
1) Ïðîâåðèì èíäóêöèåé ïî n (ðàçìåðó äåòàëè), ÷òî âñå çàìîùåíèÿ êàæäîé ïðàâèëüíîé

äåòàëè, êðîìå îäíîãî, ðàçáèâàþòñÿ íà õîðîøèå ïàðû. Áàçà òðèâèàëüíà.
Ïåðåõîä n → n + 1. Âîçüìåì ïðàâèëüíóþ (n + 1)-äåòàëü ðàçîáüåì ìíîæåñòâî å¼ çàìî-

ùåíèé íà õîðîøèå ïàðû. Äëÿ ýòîãî ðàññìîòðèì ïðàâûé íèæíèé è ëåâûé âåðõíèé óãëû
(n+ 1)-äåòàëè. Êàêàÿ-òî èç ýòèõ äâóõ êëåòîê ëåæèò âíóòðè êâàäðàòà ñî ñòîðîíîé n, ïóñòü
äëÿ îïðåäåë¼ííîñòè ýòî ëåâûé âåðõíèé óãîë. Çàïóñòèì âïðàâî�âíèç èç ýòîé êëåòêè ëåììó
î ïîëóäèàãîíàëè. Â ñèëó ýòîé ëåììû çàìîùåíèÿ, íå ñîäåðæàùèå äîìèíîøêó, îòìå÷åííóþ
íà ðèñ. 14 ñëåâà, ðàçáèâàþòñÿ íà õîðîøèå ïàðû. Ðàññìîòðèì çàìîùåíèÿ, ñîäåðæàùèå ýòó
äîìèíîøêó. Çàïóñòèì âëåâî�ââåðõ èç êëåòêè, ïðèëåãàþùåé ê íåé ñëåâà, ëåììó î ïîëóäèàãî-
íàëè (ðèñ. 14, â öåíòðå). Ïî ýòîé ëåììå çàìîùåíèÿ, íå ñîäåðæàùèå îòìå÷åííóþ äîìèíîøêó
â ëåâîì âåðõíåì óãëó, òîæå ðàçáèâàþòñÿ íà õîðîøèå ïàðû. Ðàññìîòðèì îñòàâøèåñÿ çàìî-
ùåíèÿ, îíè ñîäåðæàò è ýòó äîìèíîøêó. Äàëåå çàïóñòèì ëåììó î äèàãîíàëè âïðàâî�âíèç èç
êëåòêè, ïðèëåãàþùåé ê ýòîé äîìèíîøêå ñíèçó è ò.ä. Â ðåçóëüòàòå ýòèõ ïðèìåíåíèé ëåììû
î äèàãîíàëè, íåðàçáèòûìè íà ïàðû îñòàíóòñÿ ëèøü çàìîùåíèÿ, ñîäåðæàùèå äîìèíî âäîëü
ëåâîé è íèæíåé ñòîðîíû íàøåé (n+1)-äåòàëè (ðèñ. 14, ñïðàâà). Ýòè çàìîùåíèÿ âçàèìíî îä-
íîçíà÷íî ñîîòâåòñòâóþò çàìîùåíèÿì îñòàâøåéñÿ n-äåòàëè. Ïîýòîìó âñå îíè, êðîìå îäíîãî,
ðàçáèâàþòñÿ íà õîðîøèå ïàðû.

2) Ïðîâåðèì èíäóêöèåé ïî n, ÷òî çàìîùåíèÿ ëþáîé íåïðàâèëüíîé äåòàëè ðàçáèâàþòñÿ
íà õîðîøèå ïàðû. Áàçà òðèâèàëüíà.
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Ïåðåõîä n − 1 → n. Ðàññìîòðèì ïðîèçâîëüíóþ n-äåòàëü. Îáîçíà÷èì íåêîòîðûå êëåòêè
å¼ êâàäðàòà n× n êàê ïîêàçàíî íà ðèñ. 15.
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· · ·
· · ·
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· · ·

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Ðèñ. 15. Ðàçìåòêà êëåòîê äëÿ íåïðàâèëüíîé äåòàëè

Ðàññìîòðèì ñëó÷àè:
1) Êëåòêè 1 è 4 íå ïðèíàäëåæàò äåòàëè. Òîãäà íà÷í¼ì ñòðîèòü äèàãîíàëü èç 5 â 6. Ïî

ëåììå î ïîëóäèàãîíàëè çàìîùåíèÿ ðàçáèâàþòñÿ íà ïàðû (ïîñêîëüêó îòìå÷åííàÿ äîìèíîøêà
íå ëåæèò â ôèãóðå). Àíàëîãè÷íî � åñëè ÷åòûðå êëåòêè 1, 2, 3, 4 ïðèíàäëåæàò äåòàëè.

2) Êëåòêà 1 ïðèíàäëåæèò äåòàëè, à 4 íå ïðèíàäëåæèò. Èëè íàîáîðîò. Ðàçáåð¼ì ïåðâûé
âàðèàíò, âòîðîé àíàëîãè÷åí. Çàïóñòèì ðàññóæäåíèå ëåììû î ïîëóäèàãîíàëè èç 6 â 1. Êàê
è â äîêàçàòåëüñòâå ïðåäûäóùåãî ïóíêòà òåîðåìû, ìû ðàçîáü¼ì íà ïàðû âñå çàìîùåíèÿ,
êðîìå òåõ, ó êîòîðûõ ðàñïîëîæåíèå äîìèíîøåê âäîëü ëåâîãî ñòîëáöà è íèæíåé ñòðîêè
ôèêñèðîâàíî êàê íà ðèñ. 14 ñïðàâà. Îñòàëüíûå çàìîùåíèÿ ðàçáèâàþòñÿ íà õîðîøèå ïàðû
ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ.

3) Êëåòêè 1 è 4 ïðèíàäëåæàò äåòàëè, à 2 è 3 � íåò. Òîãäà ëþáîå çàìîùåíèå ñîäåðæèò
äîìèíîøêè 1 − 5 è 4 − 6. Âûðåæåì èõ. Ïî ëåììå î ïîëóäèàãîíàëè, çàïóùåííîé èç 7 â 8,
çàìîùåíèÿ ðàçáèâàþòñÿ íà õîðîøèå ïàðû.

4) Êëåòêè 1, 2, 4 ïðèíàäëåæàò äåòàëè, à 3 � íåò. Àíàëîãè÷íî, êîãäà 1, 3, 4 ïðèíàäëåæàò,
à 2 � íåò. Î÷åâèäíî, ÷òî â ëþáîì çàìîùåíèè ïðèñóòñòâóåò äîìèíî 4 − 6. Âûðåæåì åãî.
Çàïóñòèì ëåììó î ïîëóäèàãîíàëè èç 8 â 7 è, äåéñòâóÿ àíàëîãè÷íî ñëó÷àþ 2, ñâåä¼ì âîïðîñ
ê ïðåäïîëîæåíèþ èíäóêöèè.

3.8. [4, òåîðåìà 1.2]. Ïðîâåðèì, ÷òî êîëè÷åñòâî ðàçáèåíèé ïðÿìîóãîëüíèêà m×n íà äîìèíî
íå÷¼òíî òîãäà è òîëüêî òîãäà, êîãäà ÷èñëà m+ 1 è n+ 1 âçàèìíî ïðîñòû, ïðè÷åì â ñëó÷àå,
êîãäà êîëè÷åñòâî ðàçáèåíèé ÷¼òíî, âñå îíè ðàçáèâàþòñÿ íà õîðîøèå ïàðû, à åñëè íå÷¼ò-
íî � âñå, êðîìå îäíîãî, ðàçáèâàþòñÿ íà õîðîøèå ïàðû. Òîãäà óòâåðæäåíèå çàäà÷è áóäåò
ñëåäîâàòü èç çàäà÷è 3.6.

Èíäóêöèÿ, ðåàëèçóþùàÿ àëãîðèòì Åâêëèäà. Ðàññìîòðèì äèàãîíàëüíûé ðÿä êëåòîê, âû-
õîäÿùèé èç óãëà. Ïî ëåììå î ïîëóäèàãîíàëè, äîñòàòî÷íî îãðàíè÷èòüñÿ èçó÷åíèåì ÷¼òíîñòè
êîëè÷åñòâà ðàçáèåíèé, ñîäåðæàùèõ îòìå÷åííóþ äîìèíîøêó.

××

×

· · · · · · ·••

Òåïåðü ìû ìîæåì âçÿòü äèàãîíàëüíûé ðÿä êëåòîê ñíèçó îò òîëüêî ÷òî ðàññìîòðåííîãî è,
ïðîñìàòðèâàÿ åãî ñíèçó ââåðõ, ñíîâà ïðèìåíèòü ëåììó î ïîëóäèàãîíàëè.

×

×

×

· · · · · ·

••

Ïðîäîëæàÿ îïóñêàòü ðàññìàòðèâàåìóþ äèàãîíàëü, íå èçìåíÿÿ ÷¼òíîñòè ÷èñëà ðàçáèåíèé,
ìû ñìîæåì óáðàòü âñå êëåòêè ïåðâîãî ñòîëáöà, à òàêæå âñå êëåòêè íèæíåé ñòðîêè, ëåæàùèå
ëåâåå îòìå÷åííîé äîìèíîøêè. Ïîñëå ýòîãî îïÿòü ìîæíî ïðèìåíèòü ëåììó î ïîëóäèàãîíàëè.
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××

×

· · · · · · · ·

Ïðîäîëæàÿ äàëüøå, ìû óáåðåì êëåòêè âòîðîãî ñòîëáöà è âòîðîé ñòðîêè (ëåæàùèå ëåâåå
íàéäåííîé äîìèíîøêè). Äåéñòâóÿ òàêèì îáðàçîì, ìû óáåðåì â êîíöå êîíöîâ èç íàøåãî
ïðÿìîóãîëüíèêàm×n ïðÿìîóãîëüíóþ ÷àñòü ðàçìåðà (n+1)×n. Îñòàëàñü ÷àñòü (m−n−1)×n,
êîòîðàÿ óäîâëåòâîðÿåò ïðåäïîëîæåíèþ èíäóêöèè.

4.1. Ïóñòü D îáîçíà÷àåò ìíîæåñòâî âñåõ îðãðàôîâ ñî çíàêàìè D, ïîëó÷åííûõ èç ñëàãàåìûõ
ñâåðõðàçëîæåíèÿ (êàê îïèñàíî ïåðåä óñëîâèåì çàäà÷è). Cîîòâåòñòâóþùóþ ïåðåñòàíîâêó
îáîçíà÷èì πD.

Ðàçäåëèì D íà òðè ÷àñòè ñëåäóþùèì îáðàçîì:

• T , îðãðàôû D ∈ D áåç íàïðàâëåííûõ öèêëîâ;

• D+, îðãðàôû D ∈ D ñ sgn(D) = +1 è õîòÿ áû îäíèì íàïðàâëåííûì öèêëîì;

• D−, îðãðàôû D ∈ D ñ sgn(D) = −1 è õîòÿ áû îäíèì íàïðàâëåííûì öèêëîì.

Äàëüíåéøèé ïëàí äîêàçàòåëüñòâà òàêîâ. Ìû ïîêàæåì, ÷òî âñå D ∈ T � �àöèêëè÷åñêèå
îáúåêòû� � èìåþò ïîëîæèòåëüíûé çíàê è âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò îñòîâíûì äå-
ðåâüÿì ãðàôà G; òàêèì îáðàçîì, èõ êîëè÷åñòâî íàì è íóæíî. Çàòåì, ïîñòðîèâ ïîäõîäÿùóþ
áèåêöèþ, ìû äîêàæåì, ÷òî |D+| = |D−|. Òîãäà

det(L−) =
∑
D∈D

sgn(D) = |T |+ |D+| − |D−| = |T |

è òåîðåìà äîêàçàíà.
×òîáû îñóùåñòâèòü ýòîò ïëàí, âíà÷àëå ïåðå÷èñëèì íåñêîëüêî ïðîñòûõ ñâîéñòâ îðãðàôîâ

èç D.

(i) Åñëè vivj � íàïðàâëåííîå ðåáðî â îðãðàôå D, òî vivj � ðåáðî ãðàôà G. (Î÷åâèäíî.)

(ii) Èç êàæäîé âåðøèíû, êðîìå vn, âûõîäèò ðîâíî îäíî ðåáðî, à èç vn íè îäíî ðåáðî íå
âûõîäèò. (Î÷åâèäíî.)

(iii) Âñå ð¼áðà, âõîäÿùèå â vn, ïîëîæèòåëüíû. (Ïîñêîëüêó îòðèöàòåëüíûå ðåáðà, âõîäÿùèå
â ïðîèçâîëüíóþ âåðøèíó vj, ñîîòâåòñòâóþò ýëåìåíòàì j-ãî ñòîëáöà ìàòðèöû L, à ïðè
ïîñòðîåíèè ìàòðèöû L− ñòîëáåö ñ íîìåðîì n áûë âû÷åðêíóò.)

(iv) Â êàæäóþ âåðøèíó âõîäèò íå áîëåå îäíîãî îòðèöàòåëüíîãî ðåáðà. (Ïîñêîëüêó äâà
îòðèöàòåëüíûõ âõîäÿùèõ ðåáðà vjvi è vkvi îçíà÷àëè áû äâà îáâåä¼ííûõ ýëåìåíòà `ji è
`ki â i-ì ñòîëáöå.)

(v) Åñëè â âåðøèíó vi âõîäèò îòðèöàòåëüíîå ðåáðî, òî èñõîäÿùåå ðåáðî òàêæå îòðè-
öàòåëüíî. (Äåéñòâèòåëüíî, îòðèöàòåëüíîå âõîäÿùåå ðåáðî vjvi îçíà÷àåò, ÷òî îáâåä¼í
íåäèàãîíàëüíûé ýëåìåíò `ji è ïîòîìó íå ìîæåò áûòü îáâåäåíà åäèíèöà â äèàãîíàëüíîì
ýëåìåíòå `ii � à ýòî åäèíñòâåííûé ñïîñîá ïîëó÷èòü ïîëîæèòåëüíîå ðåáðî, èñõîäÿùåå
èç vi.)

Ó ò â å ð æ ä å í è å A . Ïåðå÷èñëåííûå ñâîéñòâà õàðàêòåðèçóþò D. Èíûìè ñëîâàìè, åñ-
ëè îðãðàô D ñî çíàêàìè óäîâëåòâîðÿåò óñëîâèÿì (i)�(v), òî D ∈ D.

Äîêàæåì ýòî. Äëÿ äàííîãî D íàéä¼ì îáâåä¼ííûé ýëåìåíò â êàæäîé ñòðîêå i (1 6 i 6
n − 1) ìàòðèöû L−. Ðàññìîòðèì åäèíñòâåííîå âûõîäÿùåå èç íåãî ðåáðî vivj. Åñëè îíî ïî-
ëîæèòåëüíî, òî îáâåä¼ì ñîîòâåòñòâóþùóþ åäèíèöó â ýëåìåíòå `ii, à åñëè îòðèöàòåëüíî, òî
îáâåä¼ì `ij. Â îäíîì ñòîëáöå íå ìîæåò áûòü äâóõ îáâåä¼ííûõ ýëåìåíòîâ, ïîñêîëüêó îíè
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îòâå÷àëè áû ñèòóàöèÿì, èñêëþ÷¼ííûì â ñèëó óñëîâèé (iv) è (v). (Åñëè îáâåäåíû äâà íåäèà-
ãîíàëüíûõ ýëåìåíòà, òî íàðóøàåòñÿ óñëîâèå (iv), à åñëè îáâåäåíà åäèíèöà, îòâå÷àþùàÿ
ýëåìåíòó `ii, è íåäèàãîíàëüíûé ýëåìåíò `ij, òî â âåðøèíó i âõîäèò îòðèöàòåëüíîå ðåáðî, à
èñõîäèò èç íå¼ ïîëîæèòåëüíîå, ÷òî ïðîòèâîðå÷èò óñëîâèþ (v).)

Òåïåðü ïðèìåíèì (i)�(v), ÷òîáû îïèñàòü ñòðóêòóðó ãðàôà D.
Ó ò â å ð æ ä å í è å B . Êàæäûé îðãðàô D ∈ D èìååò ñëåäóþùóþ ñòðóêòóðó (ðèñ. 16).

vn

Ðèñ. 16.

(a) Ìíîæåñòâî âåðøèí ñîñòîèò èç îäíîãî èëè áîëåå íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ V1,
V2,. . . ,Vk, îòâå÷àþùèõ êîìïîíåíòàì ãðàôà D, ïðè÷¼ì ðàçëè÷íûå Vi íå ñîåäèíåíû ð¼á-
ðàìè. Åñëè ïîäìíîæåñòâî V1 ñîäåðæèò âåðøèíó vn, òî ïîäãðàô ñ ìíîæåñòâîì âåðøèí
V1 ÿâëÿåòñÿ äåðåâîì, âñå ð¼áðà êîòîðîãî íàïðàâëåíû â ñòîðîíó vn. Ïîäãðàô ñ ëþáûì
äðóãèì Vi â êà÷åñòâå ìíîæåñòâà âåðøèí ñîäåðæèò ðîâíî îäèí íàïðàâëåííûé öèêë
äëèíû íå ìåíüøå 2 è äëÿ êàæäîé åãî âåðøèíû � ñîäåðæàùåå å¼ äåðåâî (âîçìîæíî,
ïóñòîå), ð¼áðà êîòîðîãî íàïðàâëåíû â ñòîðîíó öèêëà.

(b) Âñå ð¼áðà, íå ïðèíàäëåæàùèå íàïðàâëåííûì öèêëàì, ïîëîæèòåëüíû, à â êàæäîì íà-
ïðàâëåííîì öèêëå ëèáî âñå ð¼áðà ïîëîæèòåëüíû, ëèáî âñå ð¼áðà îòðèöàòåëüíû.

(c) Îáðàòíî, ëþáîé îðãðàô D ñ òàêîé ñòðóêòóðîé, óäîâëåòâîðÿþùèé óñëîâèþ (i), ïðè-
íàäëåæèò D.

Äåéñòâèòåëüíî, ïóíêò (a) íåïîñðåäñòâåííî âûòåêàåò èç óñëîâèÿ (ii) (åäèíñòâåííîñòü èñ-
õîäÿùåãî ðåáðà äëÿ êàæäîé âåðøèíû, êðîìå vn): åñëè äîáàâèòü íàïðàâëåííóþ ïåòëþ ïðè
âåðøèíå vn, òî ó êàæäîé âåðøèíû áóäåò ðîâíî îäíî èñõîäÿùåå ðåáðî è ìû ïîëó÷èì òàê
íàçûâàåìûé ôóíêöèîíàëüíûé îðãðàô, äëÿ êîòîðîãî ñòðóêòóðà, îïèñàííàÿ â ï. (a), õîðîøî
èçâåñòíà.

Ïåðåéä¼ì ê ï. (b). Åñëè íà÷àòü ïóòü ïî ãðàôó ñ îòðèöàòåëüíîãî ðåáðà, òî â ñèëó óñëîâèÿ
(v) íàì âñòðåòÿòñÿ òîëüêî îòðèöàòåëüíûå ð¼áðà. Çíà÷èò, ìû íå ñìîæåì äîñòè÷ü âåðøèíû n,
ïîñêîëüêó âõîäÿùèå â íå¼ ð¼áðà ïîëîæèòåëüíû, è ñ êàêîãî-òî ìîìåíòà íà÷í¼ì äâèãàòüñÿ ïî
îòðèöàòåëüíîìó öèêëó. Ïðè ýòîì îòðèöàòåëüíîå ðåáðî íå ìîæåò âîéòè èçâíå â òàêîé öèêë
â ñèëó (iv).

×òî êàñàåòñÿ ï. (c), òî äëÿ ãðàôà D ñî ñòðóêòóðîé, îïèñàííîé â ïï. (a) è (b), óñëîâèÿ
(ii)�(v) î÷åâèäíî âûïîëíåíû è ìîæíî ïðèìåíèòü óòâåðæäåíèå A. Òåì ñàìûì óòâåðæäåíèå
B äîêàçàíî.

Òåïåðü ñîâñåì ëåãêî çàâåðøèòü ïåðâóþ ÷àñòü íàøåãî ïëàíà.
Âñå D ∈ T èìåþò ïîëîæèòåëüíûé çíàê. Îíè âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò îñòîâ-

íûì äåðåâüÿì ãðàôà G.
Äåéñòâèòåëüíî, åñëè D ∈ D íå ñîäåðæèò íàïðàâëåííûõ öèêëîâ, òî D ÿâëÿåòñÿ äåðåâîì ñ

ïîëîæèòåëüíûìè ð¼áðàìè, íàïðàâëåííûìè â ñòîðîíó âåðøèíû vn. Ïðè ýòîì ïåðåñòàíîâêà
πD òîæäåñòâåííàÿ, ïîñêîëüêó âñå îáâåä¼ííûå ýëåìåíòû â ñëàãàåìîì, îòâå÷àþùåì ãðàôó
D, ëåæàò íà äèàãîíàëè ìàòðèöû L−. Çíà÷èò, sgn(D) = +1, è åñëè çàáûòü îá îðèåíòàöèÿõ
ð¼áåð, òî ïîëó÷èòñÿ îñòîâíîå äåðåâî ãðàôà G. Îáðàòíî, åñëè äàíî îñòîâíîå äåðåâî ãðàôà
G, òî ìîæíî îðèåíòèðîâàòü åãî ð¼áðà â ñòîðîíó vn è ïîëó÷èòü îðãðàô D ∈ T .
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Îñòàëîñü ðàçîáðàòüñÿ ñ �öèêëè÷åñêèìè îáúåêòàìè�. Ïóñòü D ∈ D+ ∪ D−. Íàçîâ¼ì íàè-
ìåíüøèì öèêëîì íàïðàâëåííûé öèêë, ñîäåðæàùèé âåðøèíó ñ íàèìåíüøèì íîìåðîì (ñðåäè
âñåõ âåðøèí â öèêëàõ). Ïóñòü D ïîëó÷àåòñÿ èç D ïåðåìåíîé çíàêà âñåõ ð¼áåð â íàèìåíüøåì
öèêëå.

Î÷åâèäíî, D = D, è ïðè D ∈ D áóäåò è D ∈ D, êàê ìîæíî âèäåòü èç óòâåðæäåíèÿ B.
Îñòàëîñü ïîêàçàòü, ÷òî îòîáðàæåíèå, ïåðåâîäÿùåå D â D, ÿâëÿåòñÿ áèåêöèåé ìåæäó D+ è
D−. Äëÿ ýòîãî äîêàæåì, ÷òî sgn(D) = −sgn(D).

Âûïîëíåíî ðàâåíñòâî sgn(D) = sgn(πD)(−1)m, ãäå m � êîëè÷åñòâî îòðèöàòåëüíûõ ð¼áåð
â ãðàôå D, à πD � àññîöèèðîâàííàÿ ïåðåñòàíîâêà.

Ïóñòü i1, i2, . . . , is � âåðøèíû íàèìåíüøåãî öèêëà â D, çàíóìåðîâàííûå òàê, ÷òî íà-
ïðàâëåííûå ð¼áðà öèêëà èìåþò âèä vi1vi2 , vi2vi3 , . . . , vis−1vis , visvi1 .

Â îäíîì èç ãðàôîâ D è D íàèìåíüøèé öèêë ïîëîæèòåëåí, íàïðèìåð â D (åñëè îí ïîëî-
æèòåëåí âD, ðàññóæäåíèå àíàëîãè÷íî). Ïîëîæèòåëüíûå ð¼áðà îòâå÷àþò äèàãîíàëüíûì ýëå-
ìåíòàì â L−, ïîýòîìó ij ÿâëÿþòñÿ íåïîäâèæíûìè òî÷êàìè ïåðåñòàíîâêè πD, ò.å. πD(ij) = ij,
j = 1, 2, . . . , s. Â ãðàôå D íàèìåíüøèé öèêë îòðèöàòåëåí, òàê ÷òî

πD(i1) = i2, . . . , πD(is−1) = is, πD(is) = i1,

ò. å. âåðøèíû vi1 , vi2 , . . . , vis îáðàçóþò öèêë ïåðåñòàíîâêè πD.
Òåïåðü ëåãêî ïðîâåðèòü, ÷òî πD ìîæíî ïðåîáðàçîâàòü â πD ïîñðåäñòâîì s− 1 òðàíñïî-

çèöèé, �óíè÷òîæàþùèõ� öèêë (i1, i2, . . . , is). Ïîñêîëüêó êàæäàÿ òðàíñïîçèöèÿ ìåíÿåò çíàê
ïåðåñòàíîâêè, ïîëó÷àåì sgn(πD) = (−1)s−1sgn(πD), îòêóäà

sgn(D) = sgn(πD)(−1)m+s = (−1)s−1sgn(πD)(−1)m+s = −sgn(D).

Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû.

4.2. a) Ðàññìîòðèì ãðàô Ḡ, â êîòîðîì V (Ḡ) = V (G)∪{w}, E(Ḡ) = E(G)∪{viw}. Îáîçíà÷èì
ìàòðèöó Ëàïëàñà ãðàôà Ḡ ÷åðåç L̄. Íåòðóäíî ïîíÿòü, ÷òî L̄− = L+Ei,i (ïîýëåìåíòíî). Ïðè
ýòîì êîëè÷åñòâà îñòîâíûõ äåðåâüåâ ãðàôîâ G è Ḡ ñîâïàäàþò. Ñëåäîâàòåëüíî, ïî ìàòðè÷íîé
òåîðåìå î äåðåâüÿõ, êîëè÷åñòâî îñòîâíûõ äåðåâüåâ ãðàôîâ G è Ḡ ðàâíÿåòñÿ det L̄− = det(L+
Ei,i), ÷òî è òðåáîâàëîñü äîêàçàòü.

b) det(L+ Ei,j)− det(L+ Ei,i) = detM ; M = (mkn), ãäå

mkn =


`kn ïðè k 6= i;

−1, åñëè k = i è n = j;

1, åñëè k = i è n = i;

0 â îñòàëüíûõ ñëó÷àÿõ.

(11)

Çàìåòèì, ÷òî ñóììà ýëåìåíòîâ êàæäîé ñòðîêè ìàòðèöû M ðàâíà 0, è ïî çàäà÷å 2.3
detM = 0. Ñëåäîâàòåëüíî, det(L + Ei,j) = det(L + Ei,i), è èç ïðåäûäóùåãî ïóíêòà ñëåäóåò
òðåáóåìîå.

4.3. Ñ ëåãêèì ïåðåïðèïîäâûâåðòîì ýòî óòâåðæäåíèå ñðàçó ïîëó÷àåòñÿ, åñëè äåéñòâîâàòü
àíàëîãè÷íî ðåøåíèþ çàäà÷è 2.3.a).

4.4. Ýòî óòâåðæäåíèå, ê òîìó æå â âåðñèè ñ âåñàìè, äîêàçàíî â ðåøåíèè çàäà÷è 2.3.b).

4.5. Ýòî çàäà÷à ïî ëèíåéíîé àëãåáðå. Èçÿùíîå ðåøåíèå ìîæíî ïðî÷åñòü, íàïðèìåð, â êíèæ-
êå Ä.Êàðïîâà �Òåîðèÿ ãðàôîâ� (ëåæèò â ñåòè).

4.6. Äëÿ ïîëíîãî ãðàôà ìàòðèöà L− � ýòî ìàòðèöà (n− 1)× (n− 1), èìåþùàÿ âèä

L− =


n−1 −1 . . . −1
−1 n−1 . . . −1
...

...
. . .

...
−1 −1 . . . n−1


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Âîñïîëüçóåìñÿ ìàòðè÷íîé òåîðåìîé î äåðåâüÿõ è ïîäñ÷èòàåì å¼ îïðåäåëèòåëü.

det


n−1 −1 . . . −1
−1 n−1 . . . −1
...

...
. . .

...
−1 −1 . . . n−1

 = det


1 1 . . . 1
−1 n−1 . . . −1
...

...
. . .

...
−1 −1 . . . n−1

 = det


1 1 . . . 1
0 n . . . 0
...

...
. . .

...
0 0 . . . n

 = nn−2.

Çäåñü â ïåðâîì ðàâåíñòâå ìû ïðèáàâèëè ñòðî÷êè ñ íîìåðàìè îò 2 äî n− 1 ê ïåðâîé, îò ÷åãî
îïðåäåëèòåëü íå èçìåíèòñÿ. Âî âòîðîì ðàâåíñòâå ìû, íàîáîðîò, ïðèáàâèëè ïåðâóþ ñòðî÷êó
êî âñåì îñòàëüíûì. Íàêîíåö, òðåòüå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî ñðåäè îäíîâàëåíòíûõ
ãðàôîâ íåíóëåâîé âåñ èìååò òîëüêî ãðàô, ñîñòîÿùèé èç n− 1 ïåòëè.

n

in−1 in−1

n

... ...

n

i2 o2

n

i1 o1

1 −1
1 −1
1 −1
1 −1

1 −1

n

1 −1

n

1 −1

n

1 −1

n

i1 o1

in−1 on−1

Ðèñ. 17.

Äàäèì, îäíàêî, áîëåå êîìáèíàòîðíîå ðàññóæäåíèå, âîñïîëüçîâàâøèñü îáîáùåíèåì óòâåð-
æäåíèÿ çàäà÷è 6.6 b).

Âåñîâàÿ âåðñèÿ çàäà÷è 6.6 b). Ïóñòü äàí ãðàô, óäîâëåòâîðÿþùèé óñëîâèþ çàäà÷è 6.6 a).
Ïóñòü íà êàæäîì ðåáðå ãðàôà íàïèñàíî äåéñòâèòåëüíîå ÷èñëî, êîòîðîå íàçûâàåòñÿ âåñîì
ðåáðà. Âåñîì ïóòè íàçûâàåòñÿ ïðîèçâåäåíèå âåñîâ ð¼áåð, âõîäÿùèõ â ýòîò ïóòü, à âåñîì
íàáîðà èç n ïóòåé íàçûâàåòñÿ ïðîèçâåäåíèå âåñîâ âñåõ ïóòåé èç íàáîðà, óìíîæåííîå íà
(−1)|π|, ãäå π � ïåðåñòàíîâêà, êîòîðóþ çàäàåò ýòîò íàáîð ïóòåé. Îáîçíà÷èì ÷åðåç aij ñóììó
âåñîâ âñåõ ïóòåé èç i-ãî âõîäà â j-é âûõîä. Òîãäà îïðåäåëèòåëü ìàòðèöû (ai,j) ðàâíÿåòñÿ
ñóììå âåñîâ âñåõ íàáîðîâ èç n íåïåðåñåêàþùèõñÿ ïóòåé.

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó 6.6 b.
Èòàê, ìû õîòèì íàéòè îïðåäåëèòåëü ìàòðèöû L−. Ïîñìîòðèì íà ãðàô íà ðèñ. 17, îí

èìååò ïî n − 1 âõîäîâ è âûõîäîâ, à òàêæå îäíó ïðîìåæóòî÷íóþ âåðøèíó. Çàìåòèì, ÷òî
êîëè÷åñòâî ïóòåé èç i−ãî âõîäà â j-é âûõîä êàê ðàç ðàâíÿåòñÿ `ij. Ñëåäîâàòåëüíî, ïî âåñîâîé
âåðñèè çàäà÷è 6.6 b), detL− ðàâåí ñóììå âåñîâ íàáîðîâ èç n íåïåðåñåêàþùèõñÿ ïóòåé. Ïðè
ýòîì èìååòñÿ îäèí íàáîð èç n ïóòåé âåñà nn−1, ãäå i-é âõîä íåïîñðåäñòâåííî ñîåäèíåí ñ
i-ì âûõîäîì, è n − 1 íàáîðîâ âåñà −nn−2. Òàêèì îáðàçîì, ñóììàðíûé âåñ íàáîðîâ èç n
íåïåðåñåêàþùèõñÿ ïóòåé ðàâåí

nn−1 − (n− 1) · nn−2 = nn−2.

4.7. Âîñïîëüçóåìñÿ ìàòðè÷íîé òåîðåìîé î äåðåâüÿõ. Çäåñü ìàòðèöà Ëàïëàñà âûãëÿäèò êàê

L =



k . . . 0 −1 . . . −1
...

. . .
...

...
...

0 . . . k −1 . . . −1
−1 . . . −1 ` . . . 0
...

...
...

. . .
...

−1 . . . −1 0 . . . `



 ` ñòðîê k ñòðîê

23



Ìû íàéäåì îïðåäåëèòåëü ìàòðèöû M = L`,`+1 (îáîçíà÷åíèå èç çàäà÷è 2.1 e). Ïî çàäà÷å
2.3.b) detL− = − detM .

M =



k . . . 0 0 −1 . . . −1
...

. . .
...

...
...

...
0 . . . k 0 −1 . . . −1
−1 . . . −1 −1 0 . . . 0
−1 . . . −1 −1 ` . . . 0
...

...
...

...
. . .

...
−1 . . . −1 −1 0 . . . `



 `− 1 ñòðîê

 k − 1 ñòðîê

Ïðèâåäåì äâà êîìáèíàòîðíûõ ïîäñ÷¼òà îïðåäåëèòåëÿ ìàòðèöû M .
Ïåðâûé ñïîñîá ïîäñ÷¼òà îïðåäåëèòåëÿ àíàëîãè÷åí ïîäñ÷¼òó îïðåäåëèòåëÿ â çàäà÷å 4.6. À

èìåííî, ïîñìîòðèì íà êàðòèíêó ðèñ. 18 ñëåâà. Íåòðóäíî ïðîâåðèòü, ÷òî ñóììà âåñîâ ïóòåé
èç i-ãî âõîäà â j-é âûõîä ðàâíà mij. Òàêèì îáðàçîì, ïî âåñîâîé âåðñèè çàäà÷è 6.6 b), detM
ðàâåí ñóììå âåñîâ íàáîðîâ n íåïåðåñåêàþùèõñÿ ïóòåé. Íåòðóäíî ïîíÿòü, ÷òî òàêîé íàáîð
ðîâíî îäèí, è åãî âåñ ðàâåí −k`−1`k−1, ÷òî çàâåðøàåò ïîäñ÷¼ò.

`

`

`

`

`

k

k

k

k

1

−1
1

−1
1

−1
1

−1
1

−1

1

−1

1

−1

1

−1

1

−1

−1

`

−1

`

−1

`

−1

`

−1

k

−1

k

−1

k

−1

Ðèñ. 18.

Âòîðîé ñïîñîá ïîäñ÷¼òà èñïîëüçóåò îïðåäåëåíèå îïðåäåëèòåëÿ ÷åðåç îäíîâàëåíòíûå ãðà-
ôû. Íà ðèñ. 18 ñïðàâà èçîáðàæåí ãðàô, îäíîâàëåíòíûå ïîäãðàôû êîòîðîãî è ïåðåñ÷èòûâàåò
detM . Â ýòîì ãðàôå ñâåðõó èçîáðàæåíû ` − 1 âåðøèíà ïåðâîé äîëè, ñíèçó k − 1 âåðøèíà
âòîðîé äîëè, à òàêæå îäíà îñîáàÿ âåðøèíà ñïðàâà.

Âî-ïåðâûõ, ðàçîáüåì íà ïàðû îäíîâàëåíòíûå ãðàôû, êîòîðûå ñîäåðæàò õîòÿ áû 2 ðåáðà,
èäóùèõ èç âòîðîé äîëè â ïåðâóþ. À èìåííî, ñðåäè âñåõ ð¼áåð, èäóùèõ èç âòîðîé äîëè â
ïåðâóþ, âûáåðåì äâà, êîíöû êîòîðûõ èìåþò íàèìåíüøèå íîìåðà, è ïîìåíÿåì ìåñòàìè êîí-
öû ýòèõ ð¼áåð. Òîãäà ïåðåñòàíîâêà ñìåíèò ÷¼òíîñòü. Íåòðóäíî ïîíÿòü, ÷òî ýòî ñîîòâåòñòâèå
áèåêòèâíî íà çàäàííîì ìíîæåñòâå, ñëåäîâàòåëüíî, âñå ñîîòâåòñòâóþùèå ãðàôû ñîêðàòÿòñÿ.

Âî-âòîðûõ, ðàçîáüåì íà ïàðû îäíîâàëåíòíûå ãðàôû, ñîäåðæàùèå ðîâíî îäíî ðåáðî, èäó-
ùåå èç âòîðîé äîëè â ïåðâóþ. Ðàç èìååòñÿ ðîâíî îäíî ðåáðî, âûõîäÿùåå èç âòîðîé äîëè, òî
èìååòñÿ è ðîâíî îäíî ðåáðî, âõîäÿùåå âî âòîðóþ äîëþ, ëèáî äâóçâåííûé ïóòü ÷åðåç îñîáóþ
âåðøèíó. Òîãäà â çàâèñèìîñòè îò òîãî, îòêóäà âåäåò ýòî ðåáðî, è âûïîëíèì ïåðåñòðîéêó:
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'' •

ss• • YY • YY • YY

Èòàê, îñòàëèñü îäíîâàëåíòíûå ãðàôû, â êîòîðûõ âî âòîðóþ äîëþ íå âåä¼ò íè îäíîãî
ðåáðà. Íåòðóäíî ïîíÿòü, ÷òî åäèíñòâåííûé ãðàô, îáëàäàþùèé ýòèì ñâîéñòâîì, � ãðàô,
ñîñòîÿùèé èç âñåõ ïåòåëü. Âåñ ýòîãî ãðàôà, à ñëåäîâàòåëüíî è detM , ðàâåí −kl−1lk−1.
4.8. Âîñïîëüçóåìñÿ ìàòðè÷íîé òåîðåìîé î äåðåâüÿõ. Ðàñïèøåì detL− ïî êîìáèíàòîðíîìó
îïðåäåëåíèþ ÷åðåç îäíîâàëåíòíûå ãðàôû. Åñëè â îäíîâàëåíòíîì ãðàôå åñòü õîòÿ áû îäíà
ïåòëÿ, òî ñîîòâåòñòâóþùèé îäíîâàëåíòíûé ãðàô èìååò ÷¼òíûé âåñ. Èíà÷å, òàê êàê ÷èñëî
âåðøèí â îäíîâàëåíòíîì ãðàôå íå÷¼òíî, íàéä¼òñÿ öèêë äëèíû õîòÿ áû 3. Ñëåäîâàòåëüíî,
åñëè èçìåíèòü íàïðàâëåíèå âñåõ ñòðåëîê, òî ïîëó÷èòñÿ äðóãîé îäíîâàëåíòíûé ãðàô òàêî-
ãî æå âåñà. Èòàê, ìû ðàçáèëè íåêîòîðûå îäíîâàëåíòíûå ãðàôû íà ïàðû ðàâíîãî âåñà, ïðî
îñòàëüíûå ïîíÿëè, ÷òî îíè äàþò ÷¼òíûé âêëàä. Èç ýòîãî ìãíîâåííî ñëåäóåò, ÷òî ñîîòâåò-
ñòâóþùèé îïðåäåëèòåëü ÷¼òåí.

5.1. Èç ôîðìóëû îïðåäåëèòåëÿ ñëåäóåò, ÷òî åñëè G íå èìååò ñîâåðøåííîãî ïàðîñî÷åòàíèÿ,
òî det B̃ � òîæäåñòâåííûé íóëü.

×òîáû ïîêàçàòü îáðàòíîå, çàôèêñèðóåì ïåðåñòàíîâêó π, êîòîðàÿ çàäà¼ò ñîâåðøåííîå ïà-
ðîñî÷åòàíèå, è äàäèì ïåðåìåííûì â det B̃ ñëåäóþùèå çíà÷åíèÿ: xi,π(i) := 1 ïðè i = 1, 2, . . . , n,
à âñå îñòàëüíûå xij ðàâíû 0. Òîãäà sgn(π) · x1,π(1)x2,π(2) · · ·xn,π(n) = ±1.

Äëÿ êàæäîé äðóãîé ïåðåñòàíîâêè σ 6= π íàéä¼òñÿ i, äëÿ êîòîðîãî σ(i) 6= π(i), ïîýòîìó
xi,σ(i) = 0, òàê ÷òî âñå îñòàëüíûå ñëàãàåìûå â ðàçëîæåíèè det B̃ ðàâíû 0. Òàêèì îáðàçîì,

äëÿ äàííîãî âûáîðà xij ìû ïîëó÷àåì det B̃ = ±1. Óòâåðæäåíèå äîêàçàíî.

5.2. Ïðîâåä¼ì èíäóêöèþ ïî m. Ñëó÷àé îäíîé ïåðåìåííîé î÷åâèäåí, òàê êàê ïî îáùåèçâåñò-
íîé àëãåáðàè÷åñêîé òåîðåìå p(x1) èìååò íå áîëåå d êîðíåé. (Ýòî äîêàçûâàåòñÿ èíäóêöèåé
ïî d: åñëè p(α) = 0, òî ìîæíî ðàçäåëèòü p(x) íà x− α, ïîíèçèâ ñòåïåíü.)

Ïóñòü m > 1. Ïðåäïîëîæèì, ÷òî x1 ïîÿâëÿåòñÿ ñ íåíóëåâûì êîýôôèöèåíòîì õîòÿ áû â
îäíîì ñëàãàåìîì èç p(x1, . . . , xm) (â ïðîòèâíîì ñëó÷àå ïåðåíóìåðóåì ïåðåìåííûå). Çàïèøåì
p(x1, . . . , xm) êàê ìíîãî÷ëåí îò x1, êîýôôèöèåíòû êîòîðîãî � ìíîãî÷ëåíû îò x2, . . . , xm:

p(x1, x2, . . . , xm) =
k∑
i=0

xi1pi(x2, . . . , xm),

ãäå k � íàèáîëüøèé ïîêàçàòåëü ïðè x1 â p(x1, . . . , xm).
Íàáîðû âèäà (r1, . . . , rm), ãäå p(r1, . . . , rm) = 0, ìû ðàçäåëèì íà äâà êëàññà. Îáîçíà÷èì

ïåðâûé êëàññ R1 è âêëþ÷èì â íåãî íàáîðû, äëÿ êîòîðûõ pk(r2, . . . , rm) = 0. Ïîñêîëüêó
ìíîãî÷ëåí pk(x2, . . . , xm) íå ðàâåí òîæäåñòâåííî íóëþ è èìååò ñòåïåíü íå âûøå d− k, êîëè-
÷åñòâî âàðèàíòîâ äëÿ (r2, . . . , rm) ïî ïðåäïîëîæåíèþ èíäóêöèè íå ïðåâîñõîäèò (d−k)|S|m−2,
è ïîòîìó |R1| 6 (d− k)|S|m−1.

Äðóãîé êëàññ R2 ñîñòîèò èç îñòàëüíûõ íàáîðîâ, ò. å. òåõ, äëÿ êîòîðûõ p(r1, r2, . . . , rm) = 0,
íî pk(r2, . . . , rm) 6= 0. Èõ ìû ïîäñ÷èòàåì òàê: çíà÷åíèÿ ïåðåìåííûõ îò r2 äî rm ìîæíî
âûáðàòü íå áîëåå ÷åì |S|m−1 ñïîñîáàìè, è åñëè çàôèêñèðîâàíû r2, . . . , rm, äëÿ êîòîðûõ
pk(r2, . . . , rm) 6= 0, òî r1 äîëæíî áûòü êîðíåì ìíîãî÷ëåíà îò îäíîé ïåðåìåííîé q(x1) =
p(x1, r2, . . . , rm). Ýòîò ìíîãî÷ëåí èìååò ñòåïåíü (ðîâíî) k, ïîýòîìó ó íåãî íå áîëüøå k êîð-
íåé. Çíà÷èò, âòîðîé êëàññ ñîäåðæèò íå áîëåå k|S|m−1 íàáîðîâ, è ïîòîìó îáùåå êîëè÷åñòâî
íàáîðîâ íå ïðåâîñõîäèò d|S|m−1. Íà ýòîì øàã èíäóêöèè çàêîí÷åí, à ñ íèì è äîêàçàòåëüñòâî
òåîðåìû Øâàðöà � Çèïïåëÿ.
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5.3. Ïðåäïîëîæèì, ÷òî G èìååò ñîâåðøåííîå ïàðîñî÷åòàíèå è, çíà÷èò, det B̃ � íåíóëåâîé
ìíîãî÷ëåí ñòåïåíè n. Ñîãëàñíî òåîðåìå Øâàðöà � Çèïïåëÿ, åñëè âû÷èñëèòü det B̃ äëÿ
çíà÷åíèé ïåðåìåííûõ xij, íåçàâèñèìî âûáðàííûõ ñëó÷àéíûì îáðàçîì èç ìíîæåñòâà S :=
{1, 2, . . . , 2n}, òî âåðîÿòíîñòü ïîëó÷èòü 0 íå ïðåâîñõîäèò 1

2
.

Êàê îáû÷íî, âåðîÿòíîñòü íåóäà÷è ìîæíî ïîíèçèòü äî 2−k, ïîâòîðÿÿ àëãîðèòì k ðàç.

6.1. Ïóñòü Sn îáîçíà÷àåò ìíîæåñòâî âñåõ ïåðåñòàíîâîê ìíîæåñòâà {1, 2, . . . , n}. Êàæäîå
ñîâåðøåííîå ïàðîñî÷åòàíèå M â ãðàôå G ñîîòâåòñòâóåò îäíîçíà÷íî îïðåäåë¼ííîé ïåðåñòà-
íîâêå π ∈ Sn, ãäå π(i) � òîò èíäåêñ j, äëÿ êîòîðîãî ðåáðî uivj ëåæèò â M . Ïðèìåð ïîêàçàí
íà ðèñóíêå.

u1 u2 u3 u4 u5

v1 v2 v3 v4 v5

π(1) = 3, π(2) = 1, π(3) = 4, π(4) = 2, π(5) = 5M

Îáðàòíî: êîãäà â G ñóùåñòâóåò ñîâåðøåííîå ïàðîñî÷åòàíèå, ñîîòâåòñòâóþùåå äàííîé ïå-
ðåñòàíîâêå π ∈ Sn? Â òî÷íîñòè òîãäà, êîãäà b1,π(1) = b2,π(2) = . . . = bn,π(n) = 1. Ñëåäîâàòåëüíî,
êîëè÷åñòâî ñîâåðøåííûõ ïàðîñî÷åòàíèé â G ðàâíî∑

π∈Sn

b1,π(1)b2,π(2) . . . bn,π(n),

à ýòî è åñòü ïåðìàíåíò ìàòðèöû B.

6.2. Êîíå÷íî, çàäà÷à ðåøàåòñÿ ïîäñ÷¼òîì îïðåäåëèòåëÿ, íî òîëüêî íå â íàøåì ïðîåêòå!
Ïðîíóìåðóåì âåðøèíû äîëåé, âûïèøåì äâóäîëüíóþ ìàòðèöó ñìåæíîñòè (÷åðíûå âåðøèíû
ñîîòâåòñòâóþò ñòîëáöàì, áåëûå � ñòðîêàì) è íàðèñóåì ãðàô, äëÿ êîòîðîãî ýòà ìàòðèöà
ÿâëÿåòñÿ îáû÷íîé ìàòðèöåé ñìåæíîñòè:

�

•

�

•

•

�

•

�

1

2

3

4

1

2

3

4

�

•

�

•

•

�

•

�

5

6

7

8

5

6

7

8



1 −1 0 0 1 0 0 0
1 1 1 0 0 0 0 0
0 −1 1 −1 0 0 1 0
0 0 1 1 0 0 0 0
0 0 0 0 1 −1 0 0
0 1 0 0 1 1 1 0
0 0 0 0 0 −1 1 −1
0 0 0 1 0 0 1 1


v1

v2

v3

v4

v5

v6

v7

v8

Ðåáðà, èìåþùèå âåñ −1, íàðèñîâàíû æèðíûìè ñòðåëêàìè. Îñòàëîñü ïðîâåðèòü, ÷òî ëþ-
áîé ÷¼òíûé öèêë ëþáîãî îäíîâàëåíòíîãî ïîäãðàôà ýòîãî ãðàôà ñîäåðæèò íå÷¼òíîå ÷èñëî
îòðèöàòåëüíûõ ð¼áåð (à íå÷¼òíûõ öèêëîâ, êðîìå ïåòåëü, çäåñü íåò). Äëÿ ýòîãî ãðàôà ýòî
î÷åâèäíî.

6.3. Ïóñòü çàôèêñèðîâàíà ðàññòàíîâêà çíàêîâ σ èç óñëîâèÿ ëåììû, è ïóñòü M � ñîâåðøåí-
íîå ïàðîñî÷åòàíèå â ãðàôå G, îòâå÷àþùåå ïåðåñòàíîâêå π. Â êà÷åñòâå åãî çíàêà âîçüì¼ì
çíàê ñîîòâåòñòâóþùåãî ñëàãàåìîãî â det(Bσ); â ÿâíîì âèäå:

sgn(M) := sgn(π)bσ1,π(1)b
σ
2,π(2) · · · bσn,π(n) = sgn(π)

∏
e∈M

σ(e).

Ëåãêî âèäåòü, ÷òî ðàññòàíîâêà çíàêîâ σ áóäåò êàñòåëåéíîâîé òîãäà (è òîëüêî òîãäà), êîãäà
âñå ñîâåðøåííûå ïàðîñî÷åòàíèÿ â ãðàôå G èìåþò îäèíàêîâûé çíàê.
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ÏóñòüM èM ′ � äâà ñîâåðøåííûõ ïàðîñî÷åòàíèÿ â ãðàôå G, à π è π′ � ñîîòâåòñòâóþùèå
ïåðåñòàíîâêè. Òîãäà

sgn(M)sgn(M ′) = sgn(π)sgn(π′)

(∏
e∈M

σ(e)

)(∏
e∈M ′

σ(e)

)
= sgn(π)sgn(π′)

∏
e∈M4M ′

σ(e),

ãäå 4 îáîçíà÷àåò ñèììåòðè÷åñêóþ ðàçíîñòü.
Ñèììåòðè÷åñêàÿ ðàçíîñòü M4M ′ ÿâëÿåòñÿ äèçúþíêòíûì îáúåäèíåíèåì óäà÷íî ðàçìå-

ù¼ííûõ öèêëîâ, êàê âèäíî èç ðèñóíêà.

M M ′ M△M ′

C1
C2

Ïóñòü C1, C2, . . . , Ck � ýòè öèêëû, ïðè÷¼ì äëèíà Ci ðàâíà 2`i. Ïîñêîëüêó Ci óäà÷íî ðàç-
ìåù¼í, îí ñîãëàñíî óñëîâèþ ëåììû ïðàâèëüíî ïîìå÷åí, îòêóäà

∏
e∈Ci

σ(e) = (−1)`i−1. Òàêèì

îáðàçîì,
∏

e∈M4M ′
σ(e) = (−1)t, ãäå t = `1 − 1 + `2 − 1 + . . .+ `k − 1.

Îñòàëîñü ïðîâåðèòü, ÷òî π ìîæíî ïðåîáðàçîâàòü â π′ çà t òðàíñïîçèöèé (òîãäà â ñèëó
ñâîéñòâ çíàêà ïåðåñòàíîâêè sgn(π) = (−1)tsgn(π′), îòêóäà sgn(M) = sgn(M ′), ÷òî è òðåáó-
åòñÿ). Ýòî ìîæíî ïðîäåëàòü ïî î÷åðåäè äëÿ êàæäîãî öèêëà Ci. Êàê ïîêàçàíî íà ðèñóíêå
äëÿ öèêëà äëèíû 2`i = 8, ïðèìåíèâ ê π ïîäõîäÿùóþ òðàíñïîçèöèþ, ìîæíî �âû÷åðêíóòü�
èç öèêëà äâà ðåáðà è ïåðåéòè ê öèêëó äëèíû 2`i−2 (÷¼ðíûå ð¼áðà ïðèíàäëåæàò ìíîæåñòâó
M , ñåðûå � ìíîæåñòâó M ′, à ïóíêòèðíîå ðåáðî íà ïðàâîì ðèñóíêå ïðèíàäëåæèò òåïåðü
îáîèì ìíîæåñòâàì).

→

transpose these values in π

Âûïîëíèâ `i − 1 òàêèõ øàãîâ, ìû âû÷åðêíåì Ci è ìîæåì ïåðåéòè ê ñëåäóþùåìó öèêëó.
Â èòîãå õâàòèò t øàãîâ.

6.4. Ïóñòü C � óäà÷íî ðàçìåù¼ííûé öèêë â ãðàôå G; ñîãëàñíî çàäà÷å 6.3 íóæíî äîêàçàòü,
÷òî îí ïðàâèëüíî ïîìå÷åí.

Ïóñòü äëèíà öèêëà C ðàâíà 2`; F1, . . . , Fk � âíóòðåííèå îáëàñòè, ðàñïîëîæåííûå âíóò-
ðè C; Ci (i = 1, . . . , k) � ãðàíè÷íûé öèêë îáëàñòè Fi, èìåþùèé äëèíó 2`i; H � ïîäãðàô
â G, ïîëó÷åííûé óäàëåíèåì âñåõ âåðøèí è ð¼áåð, íà÷åð÷åííûõ âíå C; èíà÷å ãîâîðÿ, H �
îáúåäèíåíèå âñåõ Ci.

F1
F2

F3
F4

F5

F6

C

H
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Íóæíî ïîíÿòü, êàê ÷¼òíîñòü ÷èñëà ` ñâÿçàíà ñ ÷¼òíîñòÿìè `i. Êîëè÷åñòâî âåðøèí â H ðàâíî
r + 2`, ãäå r � êîëè÷åñòâî âåðøèí, ëåæàùèõ âíóòðè C. Êàæäîå ðåáðî â H ïðèíàäëåæèò
ðîâíî äâóì öèêëàì èç C,C1, . . . , Ck, òàê ÷òî êîëè÷åñòâî ð¼áåð â H ðàâíî ` + `1 + . . . + `k.
Íàêîíåö, èçîáðàæåíèå ãðàôà H ñîäåðæèò k + 1 îáëàñòåé: F1, . . . , Fk è îäíó âíåøíþþ.

Ïðèìåíèì òåïåðü ôîðìóëó Ýéëåðà, ñîãëàñíî êîòîðîé íà ëþáîì èçîáðàæåíèè ñâÿçíîãî
ïëàíàðíîãî ãðàôà êîëè÷åñòâî âåðøèí ïëþñ êîëè÷åñòâî îáëàñòåé ðàâíî êîëè÷åñòâó ð¼áåð
ïëþñ 2. Çíà÷èò,

r + 2`+ k + 1 = `+ `1 + . . .+ `k + 2. (12)

Òåïåðü èñïîëüçóåì óñëîâèå, ÷òî C óäà÷íî ðàçìåù¼í. Ïîñêîëüêó ãðàô, ïîëó÷åííûé óäà-
ëåíèåì èç G ýòîãî öèêëà è âñåõ ñìåæíûõ ñ C ð¼áåð, îáëàäàåò ñîâåðøåííûì ïàðîñî÷åòàíèåì,
êîëè÷åñòâî r âåðøèí âíóòðè C äîëæíî áûòü ÷¼òíûì. Ïîýòîìó èç (12) âûòåêàåò

`− 1 ≡ `1 + . . .+ `k − k (mod 2). (13)

Ïóñòü nC � êîëè÷åñòâî îòðèöàòåëüíûõ ð¼áåð â C, è àíàëîãè÷íî îïðåäåëèì nCi
. Ñóììà

nC +nC1 + . . .+nCk
÷¼òíà, ïîñêîëüêó â íå¼ âêëþ÷åíû ïî äâà ðàçà âñå îòðèöàòåëüíûå ð¼áðà,

ò.å.
nC ≡ nC1 + . . .+ nCk

(mod 2). (14)

Íàêîíåö, nCi
≡ `i − 1 (mod 2), ïîñêîëüêó öèêëû Ci ïðàâèëüíî ïîìå÷åíû. Ñîåäèíèâ ýòî ñ

(13) è (14), ïîëó÷àåì nC ≡ `− 1 (mod 2). Çíà÷èò, C ïðàâèëüíî ïîìå÷åí, ÷òî è òðåáîâàëîñü.

6.5. Ïóñòü äàí ñâÿçíûé äâóñâÿçíûé ïëàíàðíûé äâóäîëüíûé ãðàô G. Çàôèêñèðóåì íåêîòî-
ðîå åãî èçîáðàæåíèå íà ïëîñêîñòè. Ìû õîòèì ïîñòðîèòü ðàññòàíîâêó çíàêîâ êàê â çàäà÷å
6.4, ò. å. ÷òîáû ãðàíèöà êàæäîé âíóòðåííåé îáëàñòè áûëà ïðàâèëüíî ïîìå÷åíà.

Ñíà÷àëà çàéì¼ìñÿ óäàëåíèåì ð¼áåð èç G, êàê ïîêàçàíî íà ðèñóíêå.

F1

F2

e1

G1 = G G2

e2

F3

G3

e3

G6

. . .

Ïîëîæèì G1 := G, è ïóñòü Gi+1 ïîëó÷àåòñÿ èç Gi óäàëåíèåì ðåáðà ei, îòäåëÿþùåãî âíóò-
ðåííþþ îáëàñòü Fi îò âíåøíåé (íåîãðàíè÷åííîé) îáëàñòè (â äàííîì èçîáðàæåíèè). Ïðîöåññ
îñòàíàâëèâàåòñÿ íà íåêîòîðîì Gk, íå èìåþùåì òàêîãî ðåáðà. Èçîáðàæåíèå Gk òîãäà èìååò
ëèøü âíåøíþþ îáëàñòü.

Òåïåðü íà ð¼áðàõ ãðàôà Gk ïðîèçâîëüíî ðàññòàâèì çíàêè. Ïðîäîëæèì ýòó ðàññòàíîâêó
íà âñå ð¼áðà ãðàôà G îáðàòíûì õîäîì, ðàññòàâëÿÿ çíàêè íà ð¼áðàõ ek−1, ek−2, . . . , e1 â òàêîì
ïîðÿäêå. Êàæäîå ei ñîäåðæèòñÿ â ãðàíèöå ðîâíî îäíîé âíóòðåííåé îáëàñòè Fi â èçîáðàæåíèè
ãðàôà Gi, ïîýòîìó ìîæíî âûáðàòü σ(ei) òàê, ÷òîáû ãðàíèöà îáëàñòè Fi áûëà ïðàâèëüíî
ïîìå÷åíà. Òåîðåìà äîêàçàíà.

6.6. Ìû âçÿëè ýòó çàäà÷ó â [7].
a) Óòâåðæäåíèå î÷åâèäíî. Âûáðàâ ïåðåñòàíîâêó π, ìû äëÿ êàæäîãî âõîäà i îïðåäåëÿåì,

ê êàêîìó âûõîäó π(i) äîëæåí èäòè ìàðøðóò, ïðè ýòîì ÷èñëî ñïîñîáîâ âûáðàòü ìàðøðóò
ðàâíî aiπi . Òîãäà ïðîèçâåäåíèå a1π1a2π2 . . . anπn ðàâíî êîëè÷åñòâó ñïîñîáîâ âûáðàòü íàáîð.
Ñóììèðóÿ ïî âñåì π, ïîëó÷àåì îáùåå ÷èñëî íàáîðîâ.

b) Êàê è â ðàññóæäåíèè â ï. a), ïðîèçâåäåíèå a1π1a2π2 . . . anπn ðàâíî êîëè÷åñòâó ñïîñî-
áîâ âûáðàòü íàáîð ìàðøðóòîâ. Íàáîðû íåïåðåñåêàþùèõñÿ ìàðøðóòîâ ó÷èòûâàþòñÿ ëèøü â
ïðîèçâåäåíèè, çàäàííîì òîæäåñòâåííîé ïåðåñòàíîâêîé, è â ñóììå, çàäàþùåé îïðåäåëèòåëü,
ýòî ïðîèçâåäåíèå çàñ÷èòûâàåòñÿ ñî çíàêîì ïëþñ. Îñòà¼òñÿ ïðîâåðèòü, ÷òî íàáîðû ïåðåñå-
êàþùèõñÿ ìàðøðóòîâ ìîæíî ðàçáèòü íà ïàðû, çàñ÷èòûâàåìûå ñ ðàçíûìè çíàêàìè, � òîãäà
âñå îíè â ýòîé ñóììå ñîêðàòÿòñÿ.
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Ïðèïèøåì êàæäîìó ïóòè íîìåð, ðàâíûé íîìåðó âõîäà, â êîòîðîì îí íà÷èíàåòñÿ. Äëÿ
êàæäîãî íàáîðà èç n ïåðåñåêàþùèõñÿ ïóòåé, çàäàííîãî ïåðåñòàíîâêîé π, îáîçíà÷èì ÷åðåç i
íàèìåíüøèé èç íîìåðîâ ïóòåé, êîòîðûå ïåðåñåêàþòñÿ ñ äðóãèìè ïóòÿìè. Îáîçíà÷èì ÷åðåç
O ïåðâóþ òî÷êó ïåðåñå÷åíèÿ i-ãî ïóòè ñ êàêèì-òî äðóãèì ïóò¼ì, ïóñòü ýòî áóäåò j-é ïóòü.

Ïîìåíÿåì ìåñòàìè ôðàãìåíòû i-ãî è j-ãî ïóòåé ïîñëå òî÷êè O, ïîëó÷åííûé íàáîð ïóòåé
ïîñòàâèì â ïàðó ðàññìàòðèâàåìîìó íàáîðó. Ïåðåñòàíîâêà, êîòîðàÿ îïèñûâàåò ïîëó÷åííûé
íàáîð, îòëè÷àåòñÿ îò èñõîäíîé òðàíñïîçèöèåé (πi, πj) è ïîýòîìó èìååò ïðîòèâîïîëîæíûé
çíàê.

Â ïðèâåäåííîì ðàññóæäåíèè ìû íå èñïîëüçîâàëè, ÷òî ãðàô ïëîñêèé, íàì áûëî ñóùå-
ñòâåííî ëèøü, ÷òî îí íåïåðåñòàíîâî÷íûé, ò. å. â íàáîðå èç n íåïåðåñåêàþùèõñÿ ïóòåé ó
êàæäîãî ïóòè íîìåð âûõîäà íåîáõîäèìî ðàâåí íîìåðó âõîäà.

6.7. a) Ìû âçÿëè ýòó çàäà÷ó â [3]. Ïóñòü Amn � êîëè÷åñòâî ïóòåé õðîìîãî êîðîëÿ èç óãëà
ïðÿìîóãîëüíèêà m× n â ïðîòèâîïîëîæíûé óãîë. Òîãäà

An−1,n−1 = 2An−2,n−1 + An−2,n−2

(÷òîáû óáåäèòüñÿ â ýòîì, ðàññìîòðèòå òðè âîçìîæíîñòè ïåðâîãî õîäà êîðîëÿ). Àíàëîãè÷íî,

Bn = An−2,n−2 + An−1,n−1 + 2An−1,n−2

(ðàññìîòðèì ÷åòûðå âàðèàíòà êîìáèíàöèè ïåðâîãî è ïîñëåäíåãî õîäîâ). Ïîäñòàâëÿÿ ïåðâîå
ðàâåíñòâî âî âòîðîå, ïîëó÷àåì òðåáóåìîå.

Ïðèâåäåì ðàññóæäåíèå, äàþùåå áèåêòèâíîå äîêàçàòåëüñòâî òðåáóåìîãî ðàâåíñòâà, ðîä-
ñòâåííîå íàïèñàííîìó âûøå ôîðìàëüíîìó äîêàçàòåëüñòâó.

a

b

p
q

c
d e

×
×
×
×
×
×××××Âåëè÷èíà Bn � ýòî êîëè÷åñòâî ïóòåé, âåäóùèõ èç êëåòêè a äîñêè n × n

â êëåòêó b è íå çàõîäÿùèõ â êëåòêè, îòìå÷åííûå êðåñòèêàìè, è â êëåòêó c.
×èñëî 2An−1 � ýòî êîëè÷åñòâî ïóòåé, âåäóùèõ èç êëåòêè p â êëåòêó e, ïëþñ
êîëè÷åñòâî ïóòåé, âåäóùèõ èç êëåòêè q â êëåòêó b. Âçàèìíî îäíîçíà÷íîå ñîîò-
âåòñòâèå ìåæäó ìíîæåñòâàìè òàêèõ ïóòåé óñòðîåíî ñëåäóþùèì îáðàçîì. Ðàñ-
ñìîòðèì ïðîèçâîëüíûé ïóòü õðîìîãî êîðîëÿ èç p â e. Äîïîëíÿÿ åãî øàãàìè a�p è e�b,
ïîëó÷àåì ïóòü èç a â b, íå çàõîäÿùèé â çàïðåùåííûå êëåòêè. Ïðè ýòîì ïåðâûé øàã â ïî-
ëó÷åííîì ïóòè � ãîðèçîíòàëüíûé, à ïîñëåäíèé øàã � âåðòèêàëüíûé. Òåïåðü ðàññìîòðèì
ïðîèçâîëüíûé ïóòü õðîìîãî êîðîëÿ èç q â b. Åñëè îí íå ïðîõîäèò ÷åðåç êëåòêó c, äîïîëíèì
åãî øàãîì a�q. Ïîëó÷èòñÿ ïóòü èç a â b, íå çàõîäÿùèé â çàïðåù¼ííûå êëåòêè, â êîòîðîì
ïåðâûé øàã � äèàãîíàëüíûé, à ïîñëåäíèé øàã � äèàãîíàëüíûé èëè âåðòèêàëüíûé. Åñëè æå
ýòîò ïóòü ïðîõîäèò ÷åðåç êëåòêó c, óäàëèì èç íåãî øàã c�b, îïóñòèì ïîëó÷åííûé â ðåçóëü-
òàòå ïóòü q�c íà îäíó êëåòêó âíèç (ïîëó÷èòñÿ ïóòü èç p â d) è äîñòðîèì ýòîò ïóòü øàãàìè
a�p, d�b äî ïóòè èç a â b. Â ïîëó÷åííîì ïóòè ïåðâûé øàã � ãîðèçîíòàëüíûé, à ïîñëåäíèé �
äèàãîíàëüíûé. Òî, ÷òî ïîñòðîåííîå ñîîòâåòñòâèå ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì, î÷åâèäíî.

b) Ìû âçÿëè ýòî óòâåðæäåíèå â [5, ëåììà 5.1]. Ðàññìîòðèì ìàòðèöó B(n) = (Bi,j)16i.j6n,
ãäå Bi,j � êîëè÷åñòâî ìàðøðóòîâ õðîìîãî êîðîëÿ íà äîñêå i × j, âåäóùèõ èç ëåâîãî íèæ-
íåãî óãëà â ïðàâûé âåðõíèé, íå çàõîäÿùèõ â ëåâóþ âåðòèêàëü è â âåðõíþþ ãîðèçîíòàëü
(êðîìå íà÷àëüíîé è êîíå÷íîé ïîçèöèè). Àíàëîãè÷íî óòâåðæäåíèþ ïðåäûäóùåãî ïóíêòà
äîêàçûâàåò-

i1 = o1

i2

i3

i4

o2

o3

o4

↘

ñÿ, ÷òî B(n) = 2A(n). Ïî óòâåðæäåíèþ çàäà÷è 6.6, îïðåäåëèòåëè detA(n)

è detB(n) ïîäñ÷èòûâàþò îäíî è òî æå êîëè÷åñòâî íàáîðîâ ìàðøðóòîâ.
Òàêèì îáðàçîì, detA(n) = 2n detA(n−1), îòêóäà detA(n) = 2n(n+1)/2.

6.8. Îòâåò: 1. Ìû âçÿëè ýòó çàäà÷ó â [7]. Ðàññìîòðèì âõîäû è âûõî-
äû, óêàçàííûå íà ðèñóíêå. Êîëè÷åñòâà ïóòåé îò âõîäîâ ê âûõîäàì �
ýòî êàê ðàç ÷èñëà Êàòàëàíà. Òîãäà detH âû÷èñëÿåò êîëè÷åñòâî íàáî-
ðîâ íåïåðåñåêàþùèõñÿ ìàðøðóòîâ îò âõîäîâ ê âûõîäàì. Î÷åâèäíî, ÷òî
òàêîé íàáîð ìàðøðóòîâ åäèíñòâåíåí.

7.1. Ðàñïèøåì detAG ïî êîìáèíàòîðíîìó îïðåäåëåíèþ ÷åðåç îäíîâàëåíòíûå ãðàôû. Òàê
êàê â G íåò öèêëîâ, òî îäíîâàëåíòíûé ãðàô âõîäèò ñ íåíóëåâûì âåñîì òîëüêî åñëè â îä-
íîâàëåíòíîì ãðàôå âñå öèêëû äëèíû 2, ÷òî ñîîòâåòñòâóåò ñîâåðøåííîìó ïàðîñî÷åòàíèþ G.

29



Èç òîãî, ÷òî â äåðåâå ñóùåñòâóåò íå áîëåå îäíîãî ñîâåðøåííîãî ïàðîñî÷åòàíèÿ, è ñëåäóåò
òðåáóåìîå óòâåðæäåíèå.

7.2. Ðàñïèøåì det ÃG ïî êîìáèíàòîðíîìó îïðåäåëåíèþ ÷åðåç îäíîâàëåíòíûå ãðàôû. Òàê
êàê â G íåò öèêëîâ, òî îäíîâàëåíòíûé ãðàô âõîäèò ñ íåíóëåâûì âåñîì òîëüêî åñëè â îäíî-
âàëåíòíîì ãðàôå íåò öèêëîâ äëèíû 3 è áîëüøå. Òîãäà îäíîâàëåíòíûå ãðàôû, ñîñòîÿùèå èç
k êðàòíûõ ð¼áåð è n− 2k ïåòåëü, âîéäóò ñ âåñîì (−1)kxn−2k. Òåïåðü âèäíî, ÷òî ìíîãî÷ëåíû
χG(x) è mG(x) ïåðå÷èñëÿþò îäíè è òå æå êîìáèíàòîðíûå îáúåêòû ñ ñîîòâåòñòâóþùèìè
âåñàìè, òàê ÷òî ýòè ìíîãî÷ëåíû ñîâïàäàþò.
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Determinants in graph theory
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1 Preliminaries

Graphs. Informally speaking, a graph is a set of points (vertices, or nodes) connected with
linear segments (edges). The formal de�nition is as follows: a graph G is determined i� we have
chosen the set of its vertices V (G) and the set of its edges E(G) which consists of some pairs
(v1v2) of elements from V . A graph is called undirected if the order of elements in a pair is
ignored, that is, pairs (v1v2) and (v2v1) are considered as the same pair. Otherwise the graph is
called directed or brie�y a digraph. In the sequel we assume that the set V (G) = {v1, v2, . . . , vn}
is �nite, so that the set E(G) is �nite as well.

For (v1v2) ∈ E(G) we say that the edge v1v2 connects the vertices v1 and v2. Also we say that
this edge is incident to the vertices v1 and v2 and these vertices are incident to the edge v1v2.
Then the vertices v1 and v2 are called adjacent, otherwise non-adjacent. If any two vertices are
adjacent then the graph is called complete.

The valency, or degree, of a vertex of a graph is the number of edges incident to this vertex.
The valency of a vertex v is denoted deg v. The exit valency and the entry valency, respectively,
is the number of edges which exit or enter the given vertex.

A square matrix A of order n is a table n × n whose cells contain reals: the number at the
intersection of ith row and jth column is denoted aij. The adjacency matrix of a non-directed
graph G is the n × n matrix A = (aij) such that aij = 1 if vi and vj are adjacent, and aij = 0
otherwise. This matrix is necessarily symmetric (relative to the main diagonal that connects the
upper left and lower right corners).

The adjacency matrix of a directed graph G is the n×n matrix such that aij = 1 if G contains
an edge from vi to vj, and aij = 0 otherwise. This matrix is not necessarily symmetric.

A path in a graph is a sequence vi1vi2 , . . . , vik−1
vik of its edges (k > 1), where the �rst vertex

of the next edge coincides with the second vertex of the preceding one. A set consisting of a single
edge is also considered as a path. If vik = vi1 , so that the path is closed then it is called a cycle.
A graph is called connected if there exists a path between any of its vertices or the graph has a
single vertex. A graph is called a tree if it is connected and contains no cycles. It is easily seen
that then and only then any two of its vertices are connected by a single path.

Permutations and their parity. A permutation of the set {1, . . . , n} is a mapping of this set
into itself such that distinct elements map to distinct ones and each element is the image of some
element (maybe the same one). If π is a permutation then π(i) denotes the element obtained
from i under action of this permutation.
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A directed graph such that the exit and the entry valency of each
vertex equals 1 will be called univalent. It may contain loops (edges such
that both their endpoints coincide). Each permutation π determines a
univalent graph on the zet of vertices {1, 2, . . . , n}: this graph contains
some directed edge ij i� π(i) = j. The �gure illustrates the case n = 6:
π(1) = 2, π(2) = 1, π(3) = 5, π(4) = 4, π(5) = 6, π(6) = 3.

The product of permutations σ and τ is the permutation realized by
consecutive execution of σ and τ . Transposition is a permutation which
interchanges two elements and �xes all the others.
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It is not di�cult to see that any permutation is a product of transpositions. No permutation can
be represented as a product of both even and odd number of transpositions. If a permutation
is a product of even number of transpositions then it is called even, otherwise odd permutation.
The sign of a transposition is +1 for an even permutation and −1 for an odd one. The sign of
a permutation π is denoted sgn(π). If a permutation corresponds to a univalent graph then its
sign equals (−1)m, where m is the number of even (including an even number of edges) cycles in
the graph.

The determinant of a matrix. To each square matrix A = (aij) there corresponds a real
number which is called its determinant and is equal to the sum of products

detA =
∑
π

sgn(π)a1,π(1) · a2,π(2) · . . . · an,π(n), (1)

where π runs over all permutations of {1, . . . , n}, so the sum contains n! summands. If detA = 0
then the matrix A is called degenerate, otherwise non-degenerate.

For every matrix A consider a complete digraph A on n vertices (with loops), such that to
each edge vivj there corresponds real aij called the weight of this edge.

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 A =

a12

a21

a23

a32

a31

a13

a11 a22

a33

v1 v2

v3

In the sequel, we consider only the univalent subgraphs of A that contain all its vertices.
Each permutation π in the sum (1) determines a univalent subgraph in A (and conversely,

each univalent subgraph determines a permutation). For each univalent subgraph consider the
product of weights of all its edges; if the subgraph contains an odd number of cycles with even
number of vertices then multiply this product by −1. The result will be called the weight of the
subgraph. Thus the weight of the univalent subgraph corresponding to a permutation π is equal
to a summand of (1), and so we may accept the alternative de�nition.

The determinant of a matrix A is the sum of weights of all univalent subgraphs in A.
For the graph A from our example, all univalent subgraphs and their weights are shown at

�g. 1. Thus

detA = a11a22a33 − a11a23a32 − a13a22a31 − a12a21a33 + a13a21a32 + a12a23a31.

a11 a22

a33

v1 v2

v3

a11a22a33

a23
a32

a11

v1
v2

v3

−a11a23a32

a31
a13

a22

v1

v2

v3

−a13a22a31

a12

a21

a33

v1 v2

v3

−a12a21a33

a21

a32a13

v1 v2

v3

a13a21a32

a12

a23a31

v1 v2

v3

a12a23a31

Ðèñ. 1. Univalent subgraphs of the graph A and their weights
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2 Properties of determinants

2.1. Using the combinatorial de�nition of the determinant, prove its following properties.
a) If each element of some row of a matrix A is multiplied by a real c then the determinant

is multiplied by c as well.
b) If two rows of a matrix are interchanged then the determinant changes its sign.
c) Suppose in the kth column of a matrix A the diagonal element is 1 and the other elements

are 0. Let Ã be the matrix obtained from A by deletion of the kth row and the kth column. Then
detA = det Ã.

d) Given a matrix A = (aij) and matrices A(1) and A(2) identical to A except the jth row,
and for the elements of the jth row we have

aij = a
(1)
ij + a

(2)
ij .

Then detA = detA(1) + detA(2).
e) Let Aij be the matrix obtained from the matrix A by deletion of the ith row and the jth

column. Then we have the following formula for development along the ith row:

detA =
n∑
j=1

(−1)i+jaij detAij.

Regarding Problem 2.1 d), let us mention the following lifehack.

2.2. Given a matrix A = (aij) such that some matrix elements are represented as sums, see the
example below. Consider the digraph A containg a single edge for each summand. Unlike the
standard case, this graph may contain multiple edges and multiple loops (with di�erent weights).
Then the determinant of A is still equal to the sum of weights of all univalent subgraphs in the
constructed graph A.

A =

a11 + b11 a12 a13
a21 a22 a23 + b23
a31 a32 a33

 A =

a12

a21

a23
b23

a32

a31

a13

a11

b11
a22

a33

v1 v2

v3

2.3. Suppose that the sum of elements in each row of a matrix A equals 0: speci�cally, each
diagonal cell of A contains the number equal to the minus sum of the remaining elements of the
same row.

a) Prove that detA = 0.
b) Prove that for each i and any j1, j2 we have detAij1 = (−1)j2−j1 detAij2 (notation from

2.1 e).

2.4. Suppose that the graph G corresponding to the matrix A contains a subgraph H on 8
vertices, shown at �g. 2 at the left. Furthermore the graph may contain edges incident to white
vertices and not shown at the �gure, however the black vertices have valency 3, so all their edges
are shown. Replace this subgraph with the subgraph H ′ shown at �g. 2 at the right, where the
new weights are of the form

x′ =
y

wz − xy , y′ =
x

wz − xy , z′ =
w

xy − wz , w′ =
z

xy − wz . (2)

Let A′ be the matrix corresponding to the new graph. Then

detA = (xy − wz)2 detA′. (3)

2.5. Suppose that G is the graph shown at �g. 3 (consisting of m− 1 ¾concentric¿ squares), A
is the adjacency matrix of this graph. Prove that

detA =

{
m2 for m odd,

0 for m even.
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x w

z y

1 1

1

1

x′ w′

z′ y′

H H ′

Ðèñ. 2. Restructuring of a subgraph. Ðèñ. 3. Graph C4 × Pm−1.

3 Determinants of checkered �gures

Suppose F is a bounded checkered �gure on the checkered plane, GF is the graph dual to F . This
means that the vertices of G correspond to the cells of F , and the edges connect the cells adjacent
by side. It is suitable to consider GF and its subgraphs as directed, assuming that two adjacent
cells are connected by two edges with opposite directions. Let AF denote the adjacency matrix
of GF . Tilings mean dissections of F into dominoes. A vertical edge of a univalent subgraph in
GF will be called ascending if it is directed up, and descending if it is directed down. (Remind
that we consider only univalent subgraphs that contain all vertices of the graph.) The �gure F is
called simple connected if it is ¾without holes¿, or more formally, if its dual graph is connected
and the dual graph of its complement is connected too.

3.1. Prove that the number of univalent subgraphs of GF equals the square of the number of
tilings of F .

3.2. Let P be a simple connected checkered polygon such that its border contains a points
with even y-coordinate and b points with odd y-coordinate, and there are d points with integer
coordinates inside it. Then the sum of lengths of vertical sides of P is equivalent to a− b+ 2d+ 2
modulo 4.

3.3. Let F be a simple connected checkered �gure with even area. Then either for each univalent
subgraph of GF the number of ascending edges and the number of cycles have the same parity
or for each univalent subgraph of GF these parities are opposite.

The sign of a �gure F will mean the number sgnF = (−1)h, where h is the number of
horizontal dominoes in some tiling of the �gure. Let ck denote the number of tilings of F ,

containing just k vertical dominoes. The polynomial fF (x) =
+∞∑
k=0

ck · xk will be called the vertical

polynomial of F . A pair of tilings will be called good if the numbers of vertical dominoes in these
di�er just by 2.

3.4. Prove that the de�nition of the sign of a �gure is correct.

3.5. For each simple connected checkered �gure F

detAF = sgnF ·
∑
π

(−1)the number of ascending edges in π.

detAF = sgnF · f 2
F (i).

In the �rst formula summation is spread over all univalent subgraphs of GF , in the second formula
i =
√
−1.

3.6. Let F be an arbitrary simple connected checkered �gure with area 2s(F ). If all tilings of F
can be split into good pairs then detAF = 0. If all tilings except one can be dissected into good
pairs then detAF = (−1)s(F ).
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Ðèñ. 4. A regular 8-stamp Ðèñ. 5. An irregular 9-stamp

Let an n-stamp mean a square n × n maybe with removal of some cells adjoining to the
upper of right side. Enumerate the row of an n-stamp by numbers from 1 to n upwards, and the
columns from left to right. A cell will be denoted by the pair consisting of the numbers of its row
and column. Call an n-stamp regular (�g. 4) if in any pair of cells (n, i) and (i, n) with i < n
just one was removed and the cell (n, n) was removed as well. The other stamps will be called
irregular (�g. 5).

3.7. Let F be any regular n-stamp. Then detAF = (−1)n(n−1)/2. And if F is an irregular n-stamp
then detAF = 0.

3.8. For an arbitrary n×m rectangle

detAn×m =

{
0, if (n+ 1,m+ 1) 6= 1;

(−1)
n·m
2 , if (n+ 1,m+ 1) = 1;

where (n,m) is the greatest common divisor of n and m.

4 Spanning trees

Let G be an arbitrary (non-directed) connected graph. A spanning tree of G is a tree whose set
of vertices is the same as for G, and the set of edges is included in the set of edges of G.

Our goal is to determine the number of spanning trees of a given connected graph if we know
its structure. For this, we require the Laplacian matrix of G: this is the n × n matrix L = (`ij)
such that

`ij =


deg vi for i = j;

−1 for i 6= j and adjacent vertices vi and vj;

0 otherwise.

(4)

By assertion of Problem 2.3 a we have detL = 0. Let L− denote the matrix obtained from
the Laplacian matrix by removing the last row and the last column.

We have the M a t r i x - t r e e t h e o r e m: the number of spanning trees of a connected
graph equals detL−.

A suitable starting point to prove this theorem is the lifehack from Problem 2.2 or the following
construction.

Let us express the determinant of L− as the sum of products of its elements, representing
each diagonal element as a sum of units or minus units, and expanding brackets. The resulting
expression will be called the superexpansion of the determinant. To each summand in the superexpansion
we associate the following digraph having the vertices 1, 2, . . . , n and signs ¾+¿, ¾−¿ at the edges
(�g. 6). Circle the factors of this summand (these are units and minus units, one in each row
and in each column). If a minus one is circled at the meet of row i and column j then we draw
a negative edge (with the minus sign) from vi to vj. If in a diagonal element aii we circle the kth
unit then we draw a positive edge (with the plus sign) from vi to the kth smallest neighbor of
Vi (it is the vertex vj adjacent to vi and such that there are just k − 1 vertices adjacent to vi
and having numbers smaller than j). Clearly each of the resulting digraphs arises from a single
summand of the superexpansion. Now we may de�ne the sign of the digraph as a whole, meaning
the sign of the corresponding summand in the superexpansion.
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v1

v2

v3 v4

v5


1 + 1 + 1 −1 −1 0

−1 1 + 1 + 1 −1 −1
−1 −1 1 + 1 + 1 + 1 −1
0 −1 −1 1 + 1 + 1


v1

v2

v3 v4

v5

− −

− +

Ðèñ. 6. Left part: the graph G and one of its spanning trees. Central part: the matrix L− for G. The circled
numbers form one of summands in the superexpansion. The sign of the summand is (−1)msgn(π), where m is the
number of chosen minus units, sgn(π) is the sign of the associated permutation, in our case π = (2314) and its
sign is ¾+¿. Right part: the digraph associated with this summand.

4.1. Prove the Matrix-tree theorem.

4.2. Let Ei,j denote the n× n matrix such that the cell in the ith row and jth column contains
1 and the others contain zeroes (such matrices are called matrix units). Prove that the number
of spanning trees of G equals

a) det(L+ Ei,i) for each i, b) det(L+ Ei,j) for each i, j.

4.3. Let L again denote the Laplacian matrix of a graph G. Fix a set of vertices v1, v2, . . . ,
vk of G (k < n) and remove the corresponding rows and columns from L. Denote the resulting
(n− k)× (n− k) matrix by L−k . The subgraph of G that contains all vertices of G and consists
of k trees without common vertices or edges, containing, respectively, vertices v1, v2, . . . , vk will
be called the spanning forest based on v1, v2, . . . , vk. Some trees of the spanning forest may
consist of a single vertex.

Prove that the determinant of the matrix L−k is equal to the number of spanning forests based
on v1, v2, . . . , vk.

4.4. Let G be a digraph without loops. Its Laplacian matrix L− is de�ned by the formula (4)
with the only modi�cation: for i = j take the exit valency of vi, and for i 6= j put `ij = −1 only if
there is an edge from vi to vj. A rooted directed spanning tree with the root v is the subgraph of
a digraph G, such that it contains all vertices of G and for each vertex there is a unique path to
v. Prove the following version of the Matrix-tree theorem for digraphs: detL− equals the number
of rooted directed spanning trees with the root vn.

4.5. In a digraph without loops, the entry valency of any vertex equals its exit valency. Prove
that the number of rooted directed spanning trees with a given root does not depend on the root.

4.6. Using the Matrix-tree theorem, prove the Cayley formula: the number of trees on n enumerated
vertices equals nn−2.

A graph G is called bipartite if its set of vertices consists of two disjoint color classes such
that no two vertices of the same class are adjacent.

4.7. Prove that the number of spanning trees of a complete bipartite graph Kk,m equals k`−1`k−1.

4.8. A graph G has an even number of vertices, and the valency of each vertex is even. Prove
that the number of spanning trees of G is even.

5 Determinants and existence of perfect matchings

In this section we work with (non-directed) bipartite graphs. In this section we assume n = 2m
and we consider only bipartite graphs such that both classes contain the same number m of
vertices. The bipartite adjacency matrix of a bipartite graph G is the m ×m matrix B = (bij)
such that bij = 1 if the ith vertex of the �rst class is adjacent to the jth vertex of the second
class, and bij = 0 otherwise. If in this matrix each element bij equal to 1 is replaced by a variable
xij then the resulting matrix B̃ is called the variable bipartite adjacency matrix of G. A perfect
matching in a graph G is a subset M ⊆ E(G) of the set of its edges, such that each vertex of G
is incident to a single edge from M .
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5.1. Prove that if the color classes of a bipartite graph G contain equal number of vertices then
the existence of a perfect matching in G is equivalent to the fact that det B̃ is not the zero
constant (as a polynomial).

How can we check, in a sensible time, that the bipartite adjacency matrix A is non-degenerate?
For this, the following theorem is useful.

5.2. T h e S c h w a r t z � Z i p p e l t h e o r e m. Suppose d is a positive integer, S is a set of
s reals, p(x1, . . . , xm) is a polynomial of degree d in m variables with real coe�cients. Then the
number of tuples (r1, . . . , rm), where r1, . . . , rm ∈ S and p(r1, . . . , rm) = 0, does not exceed dsm−1.

5.3. Given a bipartite graph G whose color classes consist of m vertices each. Using the Schwartz�Zippel
theorem, construct an algorithm which checks existence of a perfect matching and fails in at most
half of cases.

Repeated application of this algorithm enables us to make the probability of an error arbitrarily
small.

6 Counting perfect matchings in a planar bipartite graph

A graph is called planar if it can be drawn in the plane without self-intersections. This means
that its vertices can be represented by points of the plane, and the edges incident to them by
curves with ends in these points so that internal points of these curves don't belong to other such
curves. We call a domain any part of the plane such that its border consists of images of edges,
and the internal (remaining) points don't belong to images of edges. For any such picture of a
connected planar graph we have Euler formula

v − e+ f = 2,

where v is the number of vertices, e is the number of edges, f is the number of domains.
If in the expression (1) for the determinant of a matrix A all summands are taken with the

plus sign then we obtain the permanent of A, denoted by per(A).

6.1. Prove that the number of perfect matchings in a bipartite graph equals the permanent of
the bipartite adjacency matrix.

Calculation of the permanent requires much more work than that of the determinant. So the
question arises whether it is possible to reduce the calculation of the permanent of a bipartite
adjacency matrix to the calculation of its determinant changing signs of some elements of the
matrix?

Let G be a planar bipartite graph. To its edges we attach signs ¾+¿ and ¾−¿. In the bipartite
adjacency matrix B of this graph replace 1 by −1 if the corresponding edge has minus sign. We
denote this signing by σ, and the resulting matrix by Bσ. A Kasteleyn signing is a signing σ such
that

| detBσ| = per(B).

•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

6.2. The picture shows a graph on 16 vertices. The continuous lines represent edges
with plus sign, and the dotted lines correspond to edges with minus sign. Prove that
this signing is Kasteleyn one.

Suppose C is a cycle of length 2` in a bipartite graph, σ is a signing of edges, nC is the
number of negative edges in C. The cycle C will be called properly signed with respect to σ if
nC and ` are of opposite parity. The cycle C is evenly placed if the removal of all its vertices and
adjacent to them edges from G results in a graph having a perfect matching. A graph is called
2-connected if each its edge belongs to a cycle.
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6.3. Suppose each evenly placed cycle is properly signed relative to a signing σ. Then σ is a
Kasteleyn signing. (No planarity assumed.)

6.4. Let G be a planar bipartite 2-connected graph. Let us �x some planar drawing of G. Let
σ be a signing of G such that the boundary cycle of every bounded domain in the drawing is
properly signed. Then σ is a Kasteleyn signing.

6.5. Prove that any planar 2-connected bipartite graph has a Kasteleyn signing.

6.6. a) Suppose in a digraph G we have marked n vertices having only outgoing edges (these
vertices are ¾inlets¿ from which we may start to move along edges of the graph) and n vertices
having only incoming edges (¾outlets¿). Let ai,j be the number of ways to pass from the ith inlet
to the jth outlet. Prove that the permanent of the matrix (ai,j) equals to the number of sets such
that each set consists of n paths from an inlet to an outlet, and the beginning vertex and the
ending vertex of any two paths do not coincide.

b) In addition suppose that the graph be planar, all inlets are located to the left from all
outlets, and all edges in all paths are passed from the left to the right. Prove that the determinant
of (ai,j) equals the number of sets such that each set consists of n non-intersecting paths where
the ith path leads from the ith inlet to the ith outlet (with the same i).

6.7. a) In the left lower corner of an n × n board there is a lame king which may
move only in three directions: to the right, up, and up to the right (along a diagonal).
Denote by An the number of all its paths to the opposite corner of the board, and
denote by Bn the number of these paths such that they are disjoint with the left
column and the upper row (except the initial and �nal cells). Prove that Bn = 2An−1.

b) Consider the matrix A(n) = (Ai,j)16i.j6n, where Ai,j is the number of paths of the lame
king on the i× j board, leading from the left lower to the right upper corner. Determine detA(n).

6.8. Let H be the matrix (n + 1)× (n + 1), where hi,j = Ci+j = 1
n+1

(
2n
n

)
are Catalan numbers.

Then detH = 1.

7 Problems on trees

7.1. Let G be a tree with n vertices. Prove that

detAG =

{
(−1)

n
2 , if G has a perfect matching;

0 otherwise.

The characteristic polynomial of a graph G is the determinant of the matrix ÃG = (ãij),
where

ãij =


x for i = j;

−1, ifthe vertices vi and vj are adjacent;

0 otherwise.

Thus the characteristic polynomial is a polynomial in x and is denoted by χG(x).
Let mk be the number of ways to choose k edges of the graph G so that no two edges are

incident to the same vertex. The matching polynomial of G is

mG(x) =

[n
2
]∑

k=0

(−1)kmkx
n−2k.

7.2. Let G be a tree. Prove that χG(x) = mG(x).
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Solutions

2.1. a) This is obvious. Multiplication of the kth row of a matrix A by a number c corresponds
to multiplication of weights of all edges from vk by c. Each univalent subgraph contains just one
of these edges. Hence its weight is also multiplied by c.

b) If a univalent graph contains an edge from a vertex vk to a vertex vi then let us call vi
a successor of vk. Interchange of the jth and kth rows of a matrix A determines the following
transformation of univalent subgraphs: the edge from vk leads now not to the successor of vk but
to the successor of vj, and the edge from vj leads now to the successor of vk. If vk and vj were
in distinct cycles of length `k and `j respectively then now they occur to be in the same cycle of
length `k + `j. And if the vertices were in the same cycle then it decomposes into two parts with
the same total length. In both cases the number of even cycles changes by 1.

c) Every univalent subgraph of A must contain a loop at the vertex vk, so the edges leading to
vk from the other vertices cannot belong to any univalent subgraph. Hence there exists a natural
bijection between univalent subgraphs of A with nonzero weight and univalent subgraphs of Ã
with nonzero weight: it removes the loop at vk. Since the weight of the loop is 1, this bijection
saves the weight of the subgraph as well.

d) Each univalent subgraph contains one edge which corresponds to some element aij of the
jth row. The weight of this subgraph equals to the product of aij and the product of weights

of the remaining edges (and maybe also −1). Replacing the weight of this edge by a
(1)
ij or a

(2)
ij

we obtain univalent subgraphs from the decompositions of detA(1) and detA(2), and the sum of
weights of these subgraphs equals the weight of the �rst subgraph.

e) Represent the ith row of the matrix A as the sum of n rows:

(ai1, 0, . . . , 0) + (0, ai2, 0, . . . , 0) + . . .+ (0, 0, . . . , ain).

By the assertion of the preceding part of the problem, it su�ces to check for each j that if the
ith row of A equals (0, . . . , 0, aij, 0, . . . , 0) then detA = (−1)i+jaij detAij.

A particular case of this assertion for j = i was already considered in part c). For certainty
suppose i < j. Let us consecutively interchange the ith row of A with the (i+ 1)th one, then
the (i + 1)th row with the (i + 2)th one and so on, the (j − 1)th row with the jth one. As the
result, the ith row of A gets the jth position and we obtain a matrix B such that its jth row is
of the form (0, . . . , 0, aij, 0, . . . , 0): the nonzero element aij is at the jth position, that is, on the
diagonal. Moreover Bjj = Aij, detB = (−1)j−i detA = (−1)j+i detA, and then we have by c)

detA = (−1)j+i detB = (−1)j+iaij detBjj = (−1)j+iaij detAij

as required.
As we see, the argument is not �purely combinatorial�. To justify it, let us consider the case

j = i+ 1 in combinatorial language, for the particular case n = 6, i = 3, j = 4. We wish to check
the equality

det


a b c d e f
g h k ` m n
0 0 0 ai i+1 0 0
o p q r s t
u v w x w z
α β γ δ ε φ

 = −ai i+1 · det


a b c e f
g h k m n
o p q s t
u v w w z
α β γ ε φ

 .

Consider any digraph corresponding to the matrix on the left hand, remove the edges entering
vi+1 and turn the edge vivi+1 into a new vertex v. The edges from vi+1 now exit from v, and
the edges to vi enter v. Then we obtain the digraph corresponding to the right-hand matrix.
Now observe that since any univalent subgraph of the original graph contains the edge vivi+1

(the only edge from vi), it contains no other edge entering vi+1. Thus the transformation leads
to removal of the single edge vivi+1 which has weight ai i+1 indicated on the right side. The sign
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of the subgraph will change since a single cycle will change its parity. On the other hand, each
univalent subgraph for the right-hand matrix clearly is obtained from a uniquely determined
univalent subgraph for the left-hand matrix.

2.2. Suppose an element of A, for instance at position (1, 1), is represented as a11 + b11. In the
digraph A replace two loops at v1 with weights a11 and b11 by a single loop with weight a11 + b11,
obtaining a graph Ã. Each univalent subgraph H of the digraph Ã with a loop at v1 corresponds
to two univalent subgraphs in A with a loop at v1 with weight a11 or b11 respectively. The sum of
the weights of these subgraphs equals the weight of H. And if a univalent subgraph of Ã contains
no loop at v1 then A contains a subgraph isomorphic to it.

Summing up over all univalent subgraphs we see that joining of two loops or, equivalently,
replacement of the formal sum a11 + b11 by its value retains the determinant of the matrix
unchanged as required.

2.3. a) Consider the matrix

A =


a12+a13+a14 −a12 −a13 −a14
−a21 a21+a23+a24 −a23 −a24
−a31 −a32 a31+a32+a34 −a34
−a41 −a42 −a43 a41+a42+a43

 .

This form of recording (non-diagonal elements are with minus signs, their sums on the diagonal
are with pluses) will be considered as standard. The following argument for this example is easily
generalized.

According to the statement of the preceding problem, for calculating detA we have to list
univalent subgraphs in graph A shown at �g. 7 left. However we will describe the construction,
which enables us to restrict this listing by the subgraphs of graph A1 obtained from A by removal
of all loops and signs at the weights of edges (�g. 7 right).

−a12

−a23

−a34

−a41

−a21

−a32

−a43

−a14

a12
a13

a14

a21
a24

a23

a32

a31
a34

a41

a42
a43

−a13 −a42

−a23 −a31

v1 v2

v3v4

a12

a23

a34

a41

a21

a32

a43

a14

a13 a42

a24 a31

v1 v2

v3v4

Ðèñ. 7. Graphs A and A1

Since the labels in graph A are repeated, some subgraphs may have equal weight (see �g. 8,a;
at the moment, we ignore signs of weights). The labels on the edges of graph A are the numbers
±aij, and indexes i and j for each label are di�erent. It is evident that the edge outgoing from
vertex vi is marked by a label with the �rst index equal to i. This implies that labels of all edges
of any univalent subgraph of graph A are pairwise di�erent. Then introduce new rule for the
imaging of univalent subgraphs of graph A. Write all the labels of edges of a univalent subgraph
and redraw the subgraph (on the same set of vertices), namely: for each label ±aij we draw the
edge leading from the vertex vi to vj marked by the label itself ±aij (see �g. 8,b). It is evident
that the graph drawn by the new rule does not have loops. It is in fact a subgraph of graph A1,
the only di�erence is that the weights of edges of our subgraph may have a super�uous sign
minus. A little later we will remove this di�erence.
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a12

a23

−a34
−a43

v1 v2

v3v4

−a12a23a34a43
a12

a23

a34a43

v1 v2

v3v4

a12a23a34a43

a) Subgraphs with almost
equal weights

a12

a23

−a34
−a43

v1 v2

v3v4

−a12a23a34a43
a12

a23

a34

a43

v1 v2

v3v4

a12a23a34a43

b) The corresponding sesquivalent subgraphs

Ðèñ. 8. New way for drawing graphs

A sesquivalent graph

The obtained subgraphs themselves are not univalent.
Only the property that each vertex has one outgoing edge
is remained from univalent graphs. A vertex may have either
no incoming edge or several incoming edges. Call such graphs
sesquivalent.

It is evident that any sesquivalent graph contains at least
one cycle (move along arrows, then sometimes you will come
to a vertex, where you have already been earlier), and if
it contains more than one cycle then these cycles have no
common vertices. Besides the cycles it may contain several
trees planted on vertices of the cycles.

As it can be seen from �g. 8,b, identical sesquivalent graphs may have di�erent edge labeling.
The label of edge vivj of a sesquivalent graph may be equal to +aij or −aij. However if this graph
is obtained by the described rule from a univalent oone then the assigning of the signs is not
quite chaotic. Namely: a sesquivalent graph may be obtained from a univalent one if and only if:

1) for each of the cycles of this graph the property holds: either all edge labels are of the form
+aij (such a cycle we call positive, in the univalent graph some set of loops corresponded to it),
or all of them are of the form −aij (such a cycle we will call negative, in the univalent graph the
same cycle corresponded to it);

2) the edges not belonging to any cycle, have labels of the form +aij.
The graphs possessing this property of edge labeling are called admissible.

The rule for calculation of the weight of a sesquivalent graph is the same as for a univalent
graph: the weight is equal to the product of edge weights, taken with the minus sign if the graph
contains odd number of negative even cycles. We take into account only negative even cycles,
since positive cycles of a sesquivalent graph correspond to sets of loops in the univalent graph,
and loops do not a�ect the weight sign.

Dealing with sesquivalent graphs, it is convenient to write edge labels without signs at all
but remember in addition about the sign of each cycle. In this case the weight of a sequivalent
graph equals the product of weights of all its edges multiplied by (−1)k, where k is the number
of negative even cycles.

S t a t e m e n t. The determinant of matrix A equals the sum of weights of all admissible
sesquivalent subgraphs in graph A1.

Properly, there is nothing to be proven. Admissible sesquivalent subgraphs of graph A1 are in
one-to-one correspondence with univalent subgraphs of graph A, and this correspondence saves
weights of subgraphs.

Turn to the problem solution. Now it is easy to check that detA = 0. Indeed, consider
whatever admissible sesquivalent subgraph and change the sign of the cycle passing through the
vertex with the least number. We obtain another admissible subgraph. The second applying of
this operation leads to the initial subgraph. Thus, with the help of this operation the set of all
admissible sesquivalent subgraphs is split into pairs. But the sum of the weights of graphs in one
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pair equals zero: if the pair is constructed by changing the sign of an even cycle then the numbers
of negative cycles in graphs of this pair have di�erent parity, and the sets of edge weights are
identical; and if the pair is constructed by changing the sign of an odd cycle then the sign of the
product of labels of this cycle does change.

b) Not to get involved in linear algebra, prove the problem statement generalizing the Matrix-
tree theorem for the case of weighted oriented graphs. Let a complete digraph A1 on n vertices
without loops be given, in which between any two vertices vi and vj (i 6= j) there exists as
edge vivj with weight aij as well as edge vjvi with weight aji (�g. 7, to the right). Matrix A from
the problem condition is the Laplacian matrix of this graph.

We call a rooted oriented spanning tree with root vi the acyclic graph on the set of vertices
{v1, v2, . . . , vn}, in which the outgoing degree for vertex vi equals 0, and for any other vertex
equals 1. In other words, for any vertex there exists the only path from it to vi. The weight of
the rooted oriented spanning tree equals the product of weights of the edges belonging to it.

The problem statement immediately follows from t h e o r e m: the number (−1)i+j detAij
equals the sum of weights of all rooted oriented trees with root vi.

Let us prove this theorem. It is su�cient to consider the case i = n, the other cases are
similar. Let Ã be an n × n matrix such that its n-th row equals (0, . . . , 0, 1, 0, . . . , 0) (the unit
is on j-th place), and the other matrix elements are the same as in matrix A. Then from the

expansion of det Ã in terms of n-th row we obtain

det Ã = (−1)n+j · 1 · detAnj (5)

We will calculate the determinant detAnj with help of technique of sesquivalent graphs. As
an example, we restrict the discussion to the case n = 5, let j = 2:

A25 =


a12+a13+a14 +a15 −a13 −a14 −a15

−a21 −a23 −a24 −a25
−a31 a31+a32+a34 + a35 −a34 −a35
−a41 −a43 a41+a42+a43 +a45 −a45

 .

It is convenient to assume that the rows of matrix Anj are numbered from 1 to n − 1, and the
columns by numbers from 1 to n, but with omission of number j.

As in the previous part of the problem, one should choose one number in each row and each
column (if the corresponding matrix element is written as a sum, one should take only one of the
summands), after that construct edges of graph A1 corresponding to the chosen numbers, and if
an edge has weight with ¾super�uous¿ minus sign (for example, element −a13 has been chosen in
the matrix) then we call such edge negative. We have obtained a graph on vertices {v1, . . . , vn}
possessing the following properties (�g. 9).

1) Outgoing degree of vertices v1, . . . , vn−1 equals 1, outgoing degree of vertex vn equals 0.
2) One ¾negative¿ edge goes out from vertex vj, and only ¾positive¿ edges may come in.
3) Negative edges form several cycles and one more ¾incomplete cycle¿, it is a path from vj

to vn (this path becomes cycle, if we would supplement it by edge vnvj corresponding to element

anj=1 of matrix Ã).
4) Positive edges may also form several cycles and also several oriented rooted trees planted

in some vertices of the cycles (including the incomplete cycle).
The sign of such subgraph equals (−1)c+`, where c is the number of negative even cycles, `

is the number of edges in the incomplete cycle. Indeed, let us supplement the set of the chosen
matrix elements generating the considering subgraph, by element anj = 1, and add edge vnvj
to the subgraph. We have obtained the sesquivalent subgraph used in the calculation of det Ã.
The incomplete cycle will turn into a usual negative cycle, its contribution to the calculation
of the sign of the subgraph will be just equal to (−1)`. Let π be a permutation of the set
{1, 2, . . . , j − 1, j + 1, . . . , n} which enumerates the columns of matrix Anj. The operation of
adding a new factor anj to the matrix elements chosen at the positions (1, π1), (2, π2), . . . ,
(n − 1, πn−1) creates a permutation of the set {1, 2, . . . , n}, which has by n − j transpositions
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vn vj

Ðèñ. 9. ¾Negative¿ edges are indicated by black color, ¾positive¿ by white

more than π. Corrective sign (−1)n−j = (−1)n+j is assigned to all sesquivalent subgraphs in
consideration and we see just it in formula (5).

Thus, the calculation of the determinant detAij is reduced to the summation with appropriate
signs of weights of all sesquivalent subgraphs with properties 1)�4). Applying the involution from
the previous part of the problem (the changing of the sign of the cycle passing through the vertex
with the least number), we cancel all subgraphs containing at least one cycle. Consider any of the
remaining subgraphs, it is an oriented tree with root vn. Let it contain ` negative edges (these
are the edges of the incomplete cycle), the sign of this subgraph equals (−1)`, and the same is
the product of the signs of �negative� edges. Therefore, the total weight of this subgraph is the
product of the weights of edges of the tree.

Thus, the calculated determinant is the sum of the weights of all oriented trees with root vn.

2.4. See [2, lemma 2.1]. In the following solution 1-factors are just the univalent graphs. Split
all the 1-factors of the graphs G and G′ into groups, such that in every group the intersection of
1-factors with the subgraphs H and H ′ is the same. We will construct a bijection between the
groups (and sometimes between individual 1-factors) that preserves the total weight.

1) If a 1-factor of the graph G has cycles that pass through edges x and y of the subgraph H,
we map this 1-factor to the 1-factor of the graph G′ in which the corresponding parts of these
cycles are replaced by new edges x′, y′ (as in �g. 10, left). The parts of the initial cycles in the
subgraph H contribute xy to the weight of the 1-factor. After the replacement, the contribution
is x′y′ = xy

(wz−xy)2 but we also have the multiplier (wz − xy)2 on the right hand side of (3). The
total weight remains unchanged.

The case where the cycles contain edges w and z is treated analogously.

x w

z y

1 1

1

1

x′ w′

z′ y′
=

x w

z y

1 1

1

1

x′ w′

z′ y′
=

Ðèñ. 10. Rebuilding of 1-factors

2) If a 1-factor of the graph G contains a long cycle passing through edges x, w in the subgraph
H, and a cycle of the length 2 on the vertical edge (see �g. 10, right), then we map it to a 1-factor
of the graph G′ obtained by removing the 2-cycle and replacing the part of the long cycle by the
new pair of edges z′, y′. The preservation of weights can be checked as in the previous case.

We treat similar con�gurations in an analogous way.
3) Collect together all 1-factors of the graph G that coincide outside the subgraph H and

contain a cycle passing through edges z, y, w (the contribution of this con�guration to the weight
of the 1-factor equals yzw) or which contain a long cycle that passes through x and a 2-cycle
along the edge y (this con�guration contributes xy2 to the total weight). Observe that these two
con�gurations have opposite signs, because the numbers of even cycles in them di�er by 1. We
map this set of 1-factors to the set of 1-factors in G that have the same structure outside the
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x w

z y

x w

z y

1 1

1

1

1 1

1

1

x′ w′

z′ y′
=+

Ðèñ. 11. Rebilding of groups of 1-factors

x w

z y

1 1

1

1

x′ w′

z′ y′

x′ w′

z′ y′

x′ w′

z′ y′
= + +

x w

z y

1 1

1

1

x w

z y

1 1

1

1

x w

z y

1 1

1

1

x′ w′

z′ y′
=++

Ðèñ. 12. The remaining identities

subgraph H (and so the contribution of the outer part is the same for both sets of 1-factors)
and contain the edge x′ (�g. 11, left). Thus again we see that the weights are equal because
yzw − xy2 = (wz − xy)2x′. The �dual� case is treated similarly (�g. 11, right).

4) We consider the remaining cases analogously (�g. 12). Note that the right cycle on the
top of �g. 12, and the left cycle on the bottom of �g. 12 should be taken into account with two
di�erent orientations, which doubles their contribution. The equality of the weights at �g. 12 is
due to the identities

1 = (wz − xy)2(x′
2
y′

2
+ w′

2
z′

2 − 2x′y′w′z′) and x2y2 + w2z2 − 2xywz = (wz − xy)2.

2.5. We have taken this problem from [2, example 2.2].
Applying the previous problem, we remove 4-cycles on the boundary of the cylinder step by

step (�g. 13). To avoid zeros in denominators, we assume that the edges of the �rst cycle H0 on
the boundary have weights x0 = a, z0 = 1, y0 = a, w0 = 1, and all other edges in the graph have
weight 1. After a single operation, the cycle H0 disappears, and we obtain a new cycle H1 on the
boundary. The weights of its edges are the sums of the initial weights (equal to 1) and the new
weights a

1−a2 ,
1

a2−1 ,
a

1−a2 ,
1

a2−1 obtained by the formula (2). Thus

x1 = 1 +
a

1− a2 , z1 = 1 +
1

a2 − 1
, y1 = 1 +

a

1− a2 , w1 = 1 +
1

a2 − 1
.

a a

1

1

1 + a
1−a2 1 + a

1−a2

1 + 1
a2−1

1 + 1
a2−1

Ðèñ. 13. Removing a cycle on the boundary of the cylinder
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Then one can check by induction that after 2n applications of these operations (it is more
convenient to use induction step 2, because the formulae are slightly di�erent for even and odd
number of iterations) the weights of the edges of the boundary cycle are equal to

x2n = y2n =
na2 + a

2na+ 1
, z2n = w2n =

1 + 2na− na2
2na+ 1

,

and the product of the determinants of all removed cycles equals detA(H0) detA(H1) . . . detA(H2n−1) =
(2na+ 1)2.

If m is even, say m − 1 = 2n + 1, then after 2n operations the remaining graph consists of
the unique 4-cycle with the weights given by the above formulas. The determinant of the matrix
of this cycle equals

(x2ny2n − z2nw2n)2 =
((2n+ 1)a+ 1

2na+ 1

)2
(a− b)2,

and the total determinant equals

detA(H0) detA(H1) . . . detA(H2n)(x2ny2n − z2nw2n)2 =
(
(2n+ 1)a+ 1

)2
(a− b)2.

For a = b = 1 this expression vanishes. If m is odd, we obtain by the similar reasoning that the

determinant is equal to
(
(m− 1)a+ 1

)2
, and for a = b = 1 this is equal to m2.

3.1. [1, theorem 2.1]. Consider a chess coloring of the �gure, and split the edges of each univalent
subgraph onto two groups: edges which start from black vertices and edges which start from
white vertices. Edges of each group determine a matching, which can be interpreted as a tiling.
This map is bijective.

3.2. [1, lemma 2.3]. Induction on the area. If the dual graph contains terminal vertex then cut
the corresponding cell. Otherwise cut a suitable corner cell.

3.3. [1, theorem 2.4]. Consider an arbitrary univalent subgraph in GF . Obviously the number
of rising edges in it equals to the number of falling edges, denote this number by v. Let the
univalent subgraph consist of k cycles. Each cycle is a polygon. Since all of the cycles have even
length, they contain all the vertices in total, and the �gure is simply connected, there is an even
number of cells inside each cycle. Therefore applying the statement of the previous problem to
each cycle, we can omit the term 2d in the left hand side of the congruence. Now if we sum up
over the set of all cycles then we obtain

A−B + 2 · k ≡
mod 4

the total length of all vertical sides = 2 · v,

where A is equal to the number of integer points with even ordinates and B is the number of
integer points with odd ordinates on the boundary of cycles. Since the univalent subgraph covers
all integer points of the �gure, the di�erence A−B is even and does not depend on the subgraph.
Put A−B = 2 · t. Then 2 · v ≡ 2 · t+ 2 · k (mod 4), and so v ≡ t+ k (mod 2). Since t does not
depend on the subgraph, the theorem is proven.

3.4. [1, lemma 2.5]. The statement is trivial if we use �horizontal zebra� coloring, but we will
demonstrate another reasoning.

Let us interpret a tiling as a univalent subgraph (each domino is interpreted as 1-cycle), then
the number of cycles equals the number of dominoes, the number of rising edges is equal to the
number of vertical dominoes. Then

number of cycles + number of rising edges =

= number of dominoes + number of vert. dominoes ≡
mod 2

number of horiz. dominoes. (6)

We know from the previous problem that the parity of the sum at the l.h.s. does not depend
on the subgraph. Therefore the parity of the number of horizontal dominoes in all tilings is the
same. Hence the de�nition of sign of does not depend on tiling.
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Let us formulate one generalization of the above observations. If sgnF = 1, i. e. an even
number is in the right-hand side of the formula (6) then in any tiling (and therefore in any
univalent subgraph by the statement of problem 3.3) the parity of the number of rising edges
coincides with the parity of the number of the cycles, and if sgnF = −1 then these parities are
opposite. By the other words, for any univalent subgraph π in graph GF

(−1)number of rising edges in π = sgnF · (−1)number of cycles in π. (7)

Remind that graph GF is bipartite, all its cycles are even, therefore we obtain the formula

detAF = sgnF ·
∑
π

(−1)number of rising edges in π. (8)

3.5. [1, theorem 2.7]. Denote by γk the number of univalent subgraphs of GF with k rising edges.
Then

detAF = sgnF ·
∑
π

(−1)number of ascending edges in π = sgnF ·
+∞∑
k=0

γk · (−1)k. (9)

It is clear due to the bijection from the problem 3.1 that the coe�cient of xk in the expression
fF (x)2 is equal to the number of univalent subgraphs with exactly k vertical edges. The number of
ascending edges in a univalent subgraph equals one half of the number of vertical edges, therefore

fF (x)2 =
+∞∑
k=0

γkx
2k. Substitute x = i, and the formula (9) gives us the �rst equality. In particular,

we have proven the equality
detAF = sgnF · fF (i)2. (10)

3.6. [1, theorem 2.8]. Let us calculate detAF by the formula (10). If a good pair consists of the
tiling with k vertical dominoes and the tiling with k + 2 vertical dominoes then its contribution
to fF (i) is equal to ik + ik+2 = 0. Therefore all good pairs contribute zero to fF (i) and the �rst
claim of the problem follows.

If the set of all tilings, except one, can be split into good pairs then we denote the number
of vertical and horizontal dominoes in the remaining tiling by v and h, h + v = s(F ). Then
fF (i) = iv by the previous reasoning, sgnF = (−1)h and therefore

detAF = sgnF · fF 2(i) = (−1)h+v = (−1)s(F ).

3.7. [1, theorem 2.11]. The expression n(n − 1) in the formula equals the area of any regular
stamp. By problem 3.6 it is su�cient to check that the set of all tilings of each regular stamp,
except one, can be split into good pairs and that the set of all tilings of each irregular stamp
can be split into good pairs. We will check both statements by the induction on n. We need the
following lemma [5, lemma 2.1].

×

×

×

.

.

.

.

.

.

• •

L e m m a (about a �halfdiagonal�). Suppose �gure F contains three
diagonal sequences of cells, like on the �gure to the right, and cells which
are marked by crosses do not belong to the �gure. Then the set of all tilings
of �gure F which do not contain the domino marked with bold circles can be
split into good pairs.

P r o o f o f t h e l e m m a. Consider the middle of one of these diagonal
sequences. Prove that there exists a 2× 2 square consisting of two dominoes
of the tiling and containing two squares of this diagonal sequence (rearranging the dominoes in
such square we easily split the set of the tilings into pairs). Indeed, if there is no such a square
then looking through this sequences of squares starting from the left corner, we see that each
next domino covering the diagonal square has also to cover either the square to the right or the
square downward. Coming to the lower right corner we obtain the contradiction.

Turn to the problem solution.
1) We will check by induction on n (the size of stamp) that the set of all tilings of each regular

stamp, except one, can be split into good pairs. The base is trivial.
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· · · · · · • •

· · · · ·

••

Ðèñ. 14. Construction of an ¾unpaired¿ tiling of (n+ 1)-stamp

Step of induction, n → n + 1. Consider a regular (n + 1)-stamp. We will split the set of its
tilings into good pairs. For this we take a look at the bottom-right and upper-left corner cells of
the (n + 1)-stamp. One of these cells lies inside the n × n square, let it be the upper-left cell.
Apply the halfdiagonal lemma in the bottom-right direction starting from this cell. Then the
set of tilings which do not contain the marked domino (�gure 14, left) can be split into good
pairs. Let's look at tilings, which contain this domino. Apply the halfdiagonal lemma again in the
upper-left direction starting from the cell to the left of the marked domino (�gure 14, middle). By
this lemma the set of tilings which does not contain the marked domino in the upper-left corner,
can be split into good pairs. The remaining tilings contain this domino. Apply the halfdiagonal
lemma once again in the bottom-right direction from the cell below the domino, and so on. As
a result of repeated application of the halfdiagonal lemma, we split the set of tilings into pairs
except the tilings containing all the dominoes on the left and the bottom sides of our (n + 1)-
stamp (�g. 14, right). There is a bijection between the remaining tilings and the tilings of the
remaining n-stamp. Therefore all tilings except one can be split into good pairs.

2) Check by induction on n that the set of all tilings of each irregular stamp can be split into
good pairs. The base is trivial.

Step of induction, n−1→ n. Consider an arbitrary n-stamp. We mark some cells of its n×n
square as at �gure 15.

1 2

3
4

5

6

7

8

· · ·
· · ·

· · ·
· · ·

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Ðèñ. 15. Layout of the cells for the irregular stamp

Consider the following cases.
1) The �gure does not contain cells 1 and 4. Consider the diagonal from 5 to 6. By the

halfdiagonal lemma the set of all tilings can be split into pairs (because the marked domino
does not belong to the �gure). The case when four cells 1, 2, 3, 4 don't belong to the stamp is
considered similarly.

2) The stamp contains the cell 1 but not the cell 4 (or vice versa). Consider the �rst case,
the second one is similar. Apply the halfdiagonal lemma in the direction from 6 to 1. As in the
proof of the previous item, we split the set of all tilings into pairs, except those tilings for which
the position of dominoes on the leftmost column and bottom row is �xed as at �gure 14, right.
The set of exceptional tilings can be split into good pairs by induction hypothesis.

3) Cells 1 and 4 belong to the stamp but 2 and 3 do not belong. Then each tiling contains
dominoes 1− 5 and 4− 6. Cut them. By the halfdiagonal lemma which we apply in the direction
from 7 to 8, the set of all tilings can be split into good pairs.

4) Cells 1, 2, 4 belong to the stamp but 3 does not belong (or similarly 1, 3, 4 belong to
the stamp but 2 does not belong). Obviously each tiling contains the dominoes 4 − 6. Cut it.
Apply the halfdiagonal lemma in the direction from 8 to 7. Observe that each tiling contains the
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dominoes 5 − 7 and therefore each tiling contains the dominoes 1 − 2. We cut these dominoes
and �nish the proof by induction, like in item 2.

3.8. [1, theorem 2.12]. Check that the number of tilings of m×n rectangle is odd i� the numbers
m+ 1 and n+ 1 are coprime, in the case when the number of tilings is even all these tilings can
be split into good pairs, and if it is odd then all tilings except one can be split into good pairs.
Then the statement of the problem follows from Problem 3.6.

Induction realizes Euclidean algorithm. Consider the diagonal sequence of squares outgoing
from the corner. By the halfdiagonal lemma, it is su�cient to investigate the parity of the numbers
of tilings containing the marked domino.

××

×

· · · · · · ·••

Now we can take the diagonal sequence of squares below the row just considered, and looking
through it from bottom to top apply the halfdiagonal lemma again.

×

×

×

· · · · · ·

••

Continuing to move down the diagonal in question and not changing the parity of the number
of tilings, we can remove all the squares of the �rst column and also all the squares of the lower
row to the left from the marked domino. Now we can apply the halfdiagonal lemma again.

××

×

· · · · · · · ·

Continuing further we will remove the squares of the second column and the second row (lying to
the left from the domino that we had found). Acting in such a way, we will remove the rectangular
part of size (n+ 1)× n from our m× n rectangle �nally. We have obtained (m− n− 1)× n part
that satis�es the induction hypothesis.

4.1. Let D denote the set of all signed digraphs D obtained as described before the formulation of
the problem from the terms of the superexpansion. We write πD for the associated permutation.
We divide D into three parts as follows:

• T , the D ∈ D with no directed cycle;

• D+, the D ∈ D with sgn(D) = +1 and at least one directed cycle;

• D−, the D ∈ D with sgn(D) = −1 and at least one directed cycle.

Here is a plan for the rest of the proof. We will show that all D ∈ T , the �acyclic objects�, have
positive signs, and they are in one-to-one correspondence with the spanning trees of G; thus they
count what we want. Then, by constructing a suitable bijection, we will prove that |D+| = |D−|�
so the �cyclic objects� cancel out. We then have det(L−) =

∑
D∈D sgn(D) = |T |+ |D+| − |D−| =

|T | and the theorem follows.
To realize this plan, we �rst collect several easy properties of the signed digraphs in D.

(i) If i→ j is a directed edge, then {i, j} is an edge of G. (Clear.)

(ii) Every vertex, with the exception of n, has exactly one outgoing edge, while n has no outgoing
edge. (Obvious.)

(iii) All incoming edges of n are positive. (Since L− has only n− 1 rows and columns.)
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(iv) No vertex has more than one negative incoming edge. (This is because two negative incoming
edges j → i and k → i would mean two circled entries `ji and `ki in the ith column.)

(v) If a vertex i has a negative incoming edge, then the outgoing edge is also negative. (Indeed,
a negative incoming edge j → i means that the o�-diagonal entry `ji is circled, and hence
none of the 1s in the diagonal entry `ii may be circled�which would be the only way of
getting a positive outgoing edge from i.)

Claim A.These properties characterize D. That is, if D is a signed digraph satisfying (i)�(v),
then D ∈ D.

Äîêàçàòåëüñòâî. Given D, we determine the circled entry in each row i, 1 ≤ i ≤ n− 1, of L−.
We look at the single outgoing edge i→ j. If it is positive, we circle the appropriate 1 in `ii, and
if it is negative, we circle `ij. We cannot have two circled entries in a single column, since they
would correspond to the situations excluded in (iv) or (v).

Next, we use (i)�(v) to describe the structure of D.
Claim B. Each D ∈ D has the following structure (illustrated below).

vn

Ðèñ. 16.

(a) The vertex set is partitioned into one or more subsets V1, V2,. . . ,Vk corresponding to the
components of D, with no edges connecting di�erent Vi. If V1 is the subset containing the
vertex n, then the subgraph on V1 is a tree with all edges directed toward n. The subgraph
on every other Vi contains a single directed cycle of length at least 2, and a tree (possibly
empty) attached to each vertex of the cycle, with edges directed toward the cycle.

(b) The edges not belonging to the directed cycles are all positive, and in each directed cycle
either all edges are positive or all edges are negative.

(c) Conversely, each possible D with this structure and satisfying (i) above belongs to D.

Sketch of a proof. Part (a), describing the structure of the digraph, is a straightforward
consequence of (ii) (a single outgoing edge for every vertex except for n), and we leave it as an
exercise. (If we added a directed loop to n, then every vertex has exactly one outgoing edge, and
we get a so-called functional digraph, for which the structure as in (a) is well known.)

Concerning (b), if we start at a negative edge and walk on, condition (v) implies that we are
going to encounter only negative edges. Thus, we cannot reach n, since its incoming edges are
positive, and so at some point we start walking around a negative cycle. Finally, a negative edge
cannot enter such a negative cycle from outside by (iv).

As for (c), if D has the structure as described in (a) and (b), the conditions are obviously
satis�ed and Claim A applies. This proves Claim B.

The �rst item in our plan of the proof is now very easy to complete.
All D ∈ T have a positive sign and they are in one-to-one correspondence with the spanning

trees of G. Indeed, if D ∈ D has no directed cycles then D is a tree with positive edges directed
toward the vertex n. Moreover, πD is the identity permutation since all the circled elements in
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the term corresponding to D lie on the diagonal of L−. Thus sgn(D) = +1, and if we forget the
orientations of the edges, we arrive at a spanning tree of G. Conversely, given a spanning tree of
G, we can orient its edges toward n, and we obtain a D ∈ T .

It remains to deal with the �cyclic objects�. For D ∈ D+ ∪ D−, let the smallest cycle be the
directed cycle that contains the vertex with the smallest number (among all vertices in cycles).
Let D be obtained from D by changing the signs of all edges in the smallest cycle.

Obviously D = D, and for D ∈ D we have D ∈ D as well, as can be seen using Claim B. The
following claim then shows that the mapping sending D to D is a bijection between D+ and D−,
which is all that we need to �nish the proof of the theorem.

Claim C. sgn(D) = −sgn(D).
Proof. We have sgn(D) = sgn(πD)(−1)m, where m is the number of negative edges of D and

πD is the associated permutation.
Let i1, i2, . . . , is be the vertices of the smallest cycle of D, numbered so that the directed edges

of the cycle are i1 → i2, i2 → i3,. . . , is−1 → is, is → i1.
In one of D and D, the smallest cycle is positive; say in D (if it is positive in D, the argument

is similar). Positive edges correspond to entries on the diagonal of L−, and thus the ij are �xed
points of the permutation πD, i.e., πD(ij) = ij, j = 1, 2, . . . , s. In D, the smallest cycle is negative,
and so for πD we have πD(i1) = i2,. . . , πD(is−1) = is, πD(is) = i1, which means that i1, i2, . . . , is
form a cycle of the permutation πD. Otherwise, πD and πD coincide.

Now it is easy to check that πD can be converted to πD by s− 1 transpositions (which
�cancel� the cycle (i1, i2, . . . , is)). Since each transposition changes the sign of a permutation, we
have sgn(πD) = (−1)s−1sgn(πD), and so

sgn(D) = sgn(πD)(−1)m+s = (−1)s−1sgn(πD)(−1)m+s = −sgn(D).

Claim C, and thus also the theorem, are proved.

4.2. a) Consider Ḡ, in which V (Ḡ) = V (G)∪{w}, E(Ḡ) = E(G)∪{viw}. Denote the Laplacian
matrix of graph Ḡ by L̄. It is not di�cult to understand that L̄− = L + Ei,i. The numbers of
spanning trees of graphs G and Ḡ coincide too. Consequently, by the Matrix-tree theorem, the
number of spanning trees of graphs G and Ḡ equals det L̄− = det(L+ Ei,i), Q. E. D.

b) det(L+ Ei,j)− det(L+ Ei,i) = detM ; M = (mkn), where

mkn =


`kn for k 6= i;

−1, if k = i and n = j;

1, if k = i and n = i;

0 in the other cases.

(11)

Note that the sum of elements in each row of matrix M equals 0, and by problem 2.3 detM =
0. Therefore, det(L+Ei,j) = det(L+Ei,i), and the required statement follows from the previous
part.

4.3. With light overwithundertwist this statement is immediately obtained similarly to the
solution of problem 2.3.a).

4.4. The version with weights of this statement is proved in solution of problem 2.3.b).

4.5. This is the problem on linear algebra. One can read an elegant solution, for example, in
D.Karpov �Graph theory� https://ru.overleaf.com/project/5fd1061de5a509b3447a4f55 .

4.6. Apply the Matrix-tree theorem and calculate the determinant of matrix L−. For a complete
graph it is an (n− 1)× (n− 1) matrix of the form

det


n−1 −1 . . . −1
−1 n−1 . . . −1
...

...
. . .

...
−1 −1 . . . n−1

 = det


1 1 . . . 1
−1 n−1 . . . −1
...

...
. . .

...
−1 −1 . . . n−1

 = det


1 1 . . . 1
0 n . . . 0
...

...
. . .

...
0 0 . . . n

 = nn−2.
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Here in the �rst equality we have added the rows with numbers from 2 up to n − 1 to the �rst
row, the determinant has not changed from this action. In the second equality we conversely have
added the �rst row to all the others. Finally, only the graph consisting of n−1 loops has nonzero
weight among univalent graphs, and this implies the third equality.

n

in−1 in−1

n

... ...

n

i2 o2

n

i1 o1

1 −1
1 −1
1 −1
1 −1

1 −1

n

1 −1

n

1 −1

n

1 −1

n

i1 o1

in−1 on−1

Ðèñ. 17.

We give, however, a more combinatorial argument applying the generalization of the statement
of problem 6.6 b).

The weighted version of problem 6.6 b). Let a graph satisfying to the condition of problem
6.6 a) be given. On each edge of the graph, write a real number which will be called the weight
of the edge. The product of weights of the edges forming a path is called the weight of this path.
The weight of a set of n paths is the product of weights of all paths from this set, multiplied
by (−1)|π|, where π is the permutation determined by this set of paths. Denote by aij the sum of
weights of all paths from ith inlet to jth outlet. Then the determinant of matrix (ai,j) is equal
to the sum of weights of all sets consisting of n non-intersecting paths.

The proof is similar to the proof 6.6 b.
So, we want to �nd the determinant of matrix L−. Look at the graph on the picture (�g. 17).

Left and right parts contain n − 1 vertices each. Note that the number of paths from ith inlet
to jth outlet is just equal to `ij. Therefore, by the weighted version of problem 6.6 b), detL− is
equal to the sum of weights of sets consisting of n non-intersecting paths. And there exists one
set of n paths of weight nn−1, where ith inlet is immediately connected with ith outlet, and n−1
sets of weight −nn−2. Hence, the sum of weights of sets consisting of n non-intersecting paths is
equal to

nn−1 − (n− 1) · nn−2 = nn−2.

According to the statement of the preceding problem, for calculating detA we have to list
univalent subgraphs in graph A shown at �g. 7 left. However we will describe the construction,
which enables us to restrict this listing by the subgraphs of graph A1 obtained from A by removal
of all loops and signs at the weights of edges (�g. 7 right).

4.7. Apply the Matrix-tree theorem. The Laplacian matrix here looks as

L =



k . . . 0 −1 . . . −1
...

. . .
...

...
...

0 . . . k −1 . . . −1
−1 . . . −1 ` . . . 0
...

...
...

. . .
...

−1 . . . −1 0 . . . `



 ` rows k rows

We will �nd the determinant of matrix M = L`,`+1 (the notation from problem 2.1 e). By problem
2.3.b) detL− = − detM .
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M =



k . . . 0 0 −1 . . . −1
...

. . .
...

...
...

...
0 . . . k 0 −1 . . . −1
−1 . . . −1 −1 0 . . . 0
−1 . . . −1 −1 ` . . . 0
...

...
...

...
. . .

...
−1 . . . −1 −1 0 . . . `



 `− 1 rows

 k − 1 rows

Give two combinatorial calculations of the determinant of matrix M . The �rst way of determinant
calculation is similar to determinant calculation in problem 4.6. Namely, look at �g. 18 left. It is
not di�cult to check that the sum of weights of paths from i-th inlet to j-th outlet equals mij.
Therefore, by the weighted version of problem 6.6 b), detM equals the sum of weights of the sets
consisting of n non-intersecting paths. It is easy to understand that there exists exactly one such
path, and its weight equals −k`−1`k−1, which �nishes the calculation.

`

`

`

`

`

k

k

k

k

1

−1
1

−1
1

−1
1

−1
1

−1

1

−1

1

−1

1

−1

1

−1

−1

`

−1

`

−1

`

−1

`

−1

k

−1

k

−1

k

−1

Ðèñ. 18.

The second way of calculation uses the de�nition of determinant via univalent graphs. Fig.
18 right shows the graph such that detM counts its univalent subgraphs. In this graph ` − 1
vertices of the �rst part are located on the top, k − 1 vertices of the second part are located on
the bottom, and a single special vertex is located at the right.

First, split univalent graphs into pairs which contain at least 2 edges going from the second
part to the �rst. Namely, among all the edges going from the second part to the �rst, choose two
edges the ends of which have the least number and interchange the ends of these edges. Then
the permutation will change its parity. It is not di�cult to understand that this correspondence
is bijective on the given set, therefore all corresponding graphs will be cancelled.

Second, split univalent graphs into pairs containing exactly one edge going from the second
part to the �rst. As there exists exactly one edge outgoing from the second part, there exists
either exactly one edge incomimg to the second part or a path consisting of two edges passing
through the special vertex. Then rebuild the graph depending on from where this edge goes:
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• �� • �� •

��

• yy ←→

• • YY • YY • YY

• �� • �� •

'' •

ss• • YY • YY • YY

So we retain only univalent graphs such that no edge leads to the second part. It is clear that
the only graph possessing this property is the graph consisting of all loops. The weight of this
graph, and consequently also detM , is equal to −kl−1lk−1.
4.8. Apply the Matrix-tree theorem. Expand detL− into univalent graphs by the combinatorial
de�nition. If there exists at least one loop in a univalent graph then the univalent graph has
even weight. Otherwise since the number of vertices in a univalent graph is odd, there exists a
cycle of length at least 3. Therefore reversing of all arrows leads to another univalent graph of
the same weight. Thus we have split some univalent graphs into pairs of equal weight, and for
the others we have understood that they give even contribution. This immediately implies that
the corresponding determinant is even.

5.1. The formula for the determinant implies that if G has no perfect matching, then det(A) is
the zero polynomial.

To show the converse, we �x a permutation π that de�nes a perfect matching, and we replace
the variables in det(A) as follows: xi,π(i) := 1 for every i = 1, 2, . . . , n, and all the remaining xij
are 0. We have sgn(π) · x1,π(1)x2,π(2) · · ·xn,π(n) = ±1 for this π.

For every other permutation σ 6= π there is an i with σ(i) 6= π(i), thus xi,σ(i) = 0, and
therefore, all other terms in the expansion of det(A) are 0. For this choice of the xij we thus have
det(A) = ±1.

5.2. We proceed by induction on m. The univariate case is clear, since there are at most d roots
of p(x1) by a well-known theorem of algebra. (That theorem is proved by induction on d: if
p(α) = 0, then we can divide p(x) by x− α and reduce the degree.)

Let m > 1. Let us suppose that x1 occurs in at least one term of p(x1, . . . , xn) with a nonzero
coe�cient (if not, we rename the variables). Let us write p(x1, . . . , xm) as a polynomial in x1
with coe�cients being polynomials in x2, . . . , xn:

p(x1, x2, . . . , xm) =
k∑
i=0

xi1pi(x2, . . . , xm),

where k is the maximum exponent of x1 in p(x1, . . . , xn).
We divide the m-tuples (r1, . . . , rm) with p(r1, . . . , rm) = 0 into two classes. The �rst class,

called R1, consists of the m-tuples with pk(r2, . . . , rm) = 0. Since the polynomial pk(x2, . . . , xm)
is not identically zero and has degree at most d− k, the number of choices for (r2, . . . , rm) is at
most (d− k)|S|m−2 by the induction hypothesis, and so |R1| ≤ (d− k)|S|m−1.

The second class R2 are the remaining m-tuples, that is, those with p(r1, r2, . . . , rm) = 0 but
pk(r2, . . . , rm) 6= 0. Here we count as follows: r2, . . . , rm can be chosen in at most |S|m−1 ways,
and if r2, . . . , rm are �xed with pk(r2, . . . , rm) 6= 0, then r1 must be a root of the univariate
polynomial q(x1) = p(x1, r2, . . . , rm). This polynomial has degree (exactly) k, and hence it has at
most k roots. Thus the number of m-tuples in the second class is at most k|S|m−1, which gives
d|S|m−1 altogether, �nishing the induction step and the proof of the Schwartz�Zippel theorem.

5.3. Let us assume that G has a perfect matching and thus det(A) is a nonzero polynomial
of degree n. The Schwartz�Zippel theorem shows that if we calculate det(A) for values of the
variables xij chosen independently at random from S := {1, 2, . . . , 2n}, then the probability of
getting 0 is at most 1

2
.

As usual, the probability of the failure can be reduced to 2−k by repeating the algorithm k
times.
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6.1. Let Sn denote the set of all permutations of the set {1, 2, . . . , n}. Every perfect matching
M in G corresponds to a unique permutation π ∈ Sn, where π(i) is de�ned as the index j such
that the edge {ui, vj} lies in M . Here is an example:

u1 u2 u3 u4 u5

v1 v2 v3 v4 v5

π(1) = 3, π(2) = 1, π(3) = 4, π(4) = 2, π(5) = 5M

In the other direction, when does G have a perfect matching corresponding to a given
permutation π ∈ Sn? Exactly if b1,π(1) = b2,π(2) = · · · = bn,π(n) = 1. Therefore, the number
of perfect matchings in G equals ∑

π∈Sn

b1,π(1)b2,π(2) · · · bn,π(n),

and this is just the permanent of B.

6.2. Of course, the problem may be solved by calculation of the determinant, but not in our
project! Number the vertices of the parts, write the bipartite adjacency matrix (black vertices
correspond to the columns, white to the rows) and draw the graph, for which this matrix is the
usual adjacency matrix:

�

•

�

•

•

�

•

�

1

2

3

4

1

2

3

4

�

•

�

•

•

�

•

�

5

6

7

8

5

6

7

8



1 −1 0 0 1 0 0 0
1 1 1 0 0 0 0 0
0 −1 1 −1 0 0 1 0
0 0 1 1 0 0 0 0
0 0 0 0 1 −1 0 0
0 1 0 0 1 1 1 0
0 0 0 0 0 −1 1 −1
0 0 0 1 0 0 1 1


v1

v2

v3

v4

v5

v6

v7

v8

The edges with weight −1 are drawn by bold arrows. It remains to check that any even cycle of
any univalent subgraph of this graph contains an odd number of negative edges (and here are no
odd cycles except loops). For this graph, it is evident.

6.3. Let the signing σ as in the condition be �xed, and let M be a perfect matching in G,
corresponding to a permutation π. We de�ne the sign ofM as the sign of the corresponding term
in det(Bσ); explicitly,

sgn(M) := sgn(π)bσ1,π(1)b
σ
2,π(2) · · · bσn,π(n) = sgn(π)

∏
e∈M

σ(e).

It is easy to see that σ is a Kasteleyn signing if (and only if) all perfect matchings in G have the
same sign.

Let M and M ′ be two perfect matchings in G, with the corresponding permutations π and
π′. Then

sgn(M)sgn(M ′) = sgn(π)sgn(π′)

(∏
e∈M

σ(e)

)(∏
e∈M ′

σ(e)

)
= sgn(π)sgn(π′)

∏
e∈M4M ′

σ(e),

where 4 denotes the symmetric di�erence.
The symmetric di�erence M4M ′ is a disjoint union of evenly placed cycles, as the picture

below illustrates.
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M M ′ M△M ′

C1
C2

Let these cycles be C1, C2, . . . , Ck, and let the length of Ci be 2`i. Since Ci is evenly placed, it
must be properly signed by the assumption in the lemma, and so we have

∏
e∈Ci

σ(e) = (−1)`i−1.

Thus
∏

e∈M4M ′
σ(e) = (−1)t with t := `1 − 1 + `2 − 1 + · · ·+ `k − 1.

It remains to check that π can be converted to π′ by t transpositions (then, by the properties
of the sign of a permutation, we have sgn(π) = (−1)tsgn(π′), and thus sgn(M) = sgn(M ′) as
needed).

This can be done for one cycle Ci at a time. As the next picture illustrates for a cycle of
length 2`i = 8, by modifying π with a suitable transposition we can �cancel� two edges of the
cycle and pass to a cycle of length 2`i − 2 (black edges belong to M , gray edges to M ′, and the
dotted edge in the right drawing now belongs to both M and M ′).

→

transpose these values in π

Continuing in this way for `i − 1 steps, we cancel Ci, and we can proceed with the next cycle.

6.4. Let C be an evenly placed cycle in G; we need to prove that it is properly signed.
Let the length of C be 2`. Let F1, . . . , Fk be the inner faces enclosed in C in the drawing,

and let Ci be the boundary cycle of Fi, of length 2`i. Let H be the subgraph of G obtained by
deleting all vertices and edges drawn outside C; in other words, H is the union of the Ci.

F1
F2

F3
F4

F5

F6

C

H

We want to see how the parity of ` is related to the parities of the `i. The number of vertices of
H is r+2`, where r is the number of vertices lying in the interior of C. Every edge of H belongs to
exactly two cycles among C,C1, . . . , Ck, and so the number of edges of H equals `+ `1 + · · ·+ `k.
Finally, the drawing of H has k + 1 faces: F1, . . . , Fk and the outer one.

Now we apply Euler's formula, which tells us that for every drawing of a connected planar
graph, the number of vertices plus the number of faces equals the number of edges plus 2. Thus

r + 2`+ k + 1 = `+ `1 + · · ·+ `k + 2. (12)

Next, we use the assumption that C is evenly placed. Since the graph obtained by deleting C
from G has a perfect matching, the number r of vertices inside C must be even. Therefore, from
(12) we get

`− 1 ≡ `1 + · · ·+ `k − k (mod 2). (13)
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Let nC be the number of negative edges in C, and similarly for nCi
. The sum nC+nC1+· · ·+nCk

is even because it counts every negative edge twice, and so

nC ≡ nC1 + · · ·+ nCk
(mod 2). (14)

Finally, we have nCi
≡ `i− 1 (mod 2) since the Ci are properly signed. Combining this with (13)

and (14) gives nC ≡ `− 1 (mod 2). Hence C is properly signed. Now the result follows from the
result of 6.3.

6.5. Given a connected, 2-connected, planar, bipartite G, we �x some planar drawing, and we
want to construct a signing as in Lemma B, with the boundary of every inner face properly
signed.

First we start deleting edges from G, as the following picture illustrates.

F1

F2

e1

G1 = G G2

e2

F3

G3

e3

G6

. . .

We set G1 := G, and Gi+1 is obtained from Gi by deleting an edge ei that separates an inner
face Fi from the outer (unbounded) face (in the current drawing). The procedure �nishes with
some Gk that has no such edge. Then the drawing of Gk has only the outer face.

Now we choose the signs of the edges of Gk arbitrarily, and we extend this to a signing of G
by going backward, choosing the signs for ek−1, ek−2, . . . , e1 in this order. When we consider ei, it
is contained in the boundary of the single inner face Fi in the drawing of Gi, so we can set σ(ei)
so that the boundary of Fi is properly signed. The assertion is proved.

6.6. We took this problem from [7].
a) The statement is evident. Choosing a permutation π, we de�ne for each inlet i the outlet π(i)

where the route should go, and the number of ways to choose a route equals aiπi . Then the product
a1π1a2π2 . . . anπn is equal to the number of ways to choose a set of routes. Summing over all π, we
obtain the total number of sets.

b) As in the reasoning from part a), the product a1π1a2π2 . . . anπn is equal to the number of
ways to choose a set of routes. The sets of non-intersecting routes are taken into account only in
the product de�ned by identity permutation. In the sum de�ning the determinant, this product
has sign plus. It remains to check that the sets of intersecting routes one can split into pairs
counted with di�erent signs, then all of them will be cancelled in this sum.

Enumerate each path by the number of the inlet where this path begins. For each set of
n non-intersecting paths de�ned by permutation π, de�ne by i the least of the numbers of paths
which intersect with other paths. Denote by O the �rst point of intersection of ith path with
some other path, let it be jth path.

Interchange the fragments of ith and jth paths after point O, the obtained set of paths will
form a pair with the considered set. The permutation that describes the obtained set,di�ers from
the initial by the transposition (πi, πj) and therefore has the opposite sign.

In this reasoning we did not use that the graph is planar. It was essential for us only that
this graph is nonpermutable, i. e. in the set of n non-intersecting paths the number of the outlet
is equal to the number of the inlet for each path.

6.7. a) We have taken this problem from [3]. Let Amn be the number of paths of lame king from
a corner of m× n rectangle to the opposite corner. Then

An−1,n−1 = 2An−2,n−1 + An−2,n−2

(to ensure this, consider three possibilities of the �rst king's move). Similarly,

Bn = An−2,n−2 + An−1,n−1 + 2An−1,n−2
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(consider four possible combinations of the �rst and the last moves). Substituting the �rst equality
into the second one, we obtain the required.

We will present an argument which gives the bijective proof of the required equality, related
to the formal proof written above.

a

b

p
q

c
d e

×
×
×
×
×
×××××Value Bn is the number of paths leading from square a to square b of an

n × n board and not passing through the squares marked with asterisk and
through square c. Value 2An−1 is the number of paths leading from square p
to square e plus the number of paths leading from square q to square b. One-
to-one correspondence between the sets of such paths is constructed as follows.
Consider an arbitrary path of lame king from p to e. Supplementing this path with steps a�p
and e�b we obtain a path from a to b not passing through forbidden squares. The �rst step in
the obtained path is horizontal, the last is vertical. Now consider an arbitrary path of lame king
from q to b. If it does not pass through square c, then supplement it with step a�q. We obtain a
path from a to b not passing through forbidden squares, in which the �rst step is diagonal, the
last is diagonal or vertical. And in the case when this path passes through square c, remove step
c�b from it, shift the obtained path q�c one square downward (we will obtain a path from p to d),
and complete this path by steps a�p, d�b to obtain a path from a to b. In the resulting path the
�rst step is horizontal, and the last is diagonal. It is evident that the constructed correspondence
is one-to-one.

i1 = o1

i2

i3

i4

o2

o3

o4

↘

b) We have taken this statement in [4, lemma 5.1]. Consider matrix
B(n) = (Bi,j)16i,j6n, where Bi,j is the number of routes of lame king on
i × j board leading from the lower left corner to the upper right corner
and not containing any cells of the left vertical and upper horizontal lines
(except the initial and �nal positions). Similarly to the statement of the
previous item it is proven that B(n) = 2A(n). By the statement of problem
6.6, determinants detA(n) and detB(n) count the same number of the sets
of routes. Thus, detA(n) = 2n detA(n−1), whence detA(n) = 2n(n+1)/2.

6.8. Answer: 1. We have taken this problem in [7]. Consider inlets and outlets shown in the
�gure. The numbers of paths from inlets to outlets are just Catalan numbers. Then detH counts
the number of the sets of non-intersecting routes from inlets to outlets. It is evident that such
set of routes is unique.

7.1. Express detAG through univalent graphs by the combinatorial de�nition. Since G does not
contain cycles, a univalent graph occurs with nonzero weight only if all the cycles in it have
length 2, and this corresponds to perfect matching of G. The required result follows from the
fact that a tree has not more than one perfect matching.

7.2. Express detAG through univalent graphs by the combinatorial de�nition. Since G does not
contain cycles, a univalent graph occurs with nonzero weight only if there exist no cycles of
length 3 or more. Then univalent graphs, consisting of k multiple edges and n− 2k loops, occur
with weight (−1)kxn−2k. Now one can see that polynomials χG(x) and mG(x) count the same
combinatorial objects with the corresponding weights, so these polynomials coincide.
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Ê ìíîãîìåðíîé êîìáèíàòîðíîé ãåîìåòðèè

∗

ïðåäñòàâëÿþò Å. Êîãàí, Â. �åòèíñêèé, Å. �ÿáîâ

†
è À. Ñêîïåíêîâ

‡

Ââåäåíèå

Ìíîãèå îáëàñòè çíàíèÿ è òåõíèêè � ïðåæäå âñåãî ìàòåìàòèêà, ïðîãðàììèðîâàíèå è

�èçèêà � ÷àñòî ðàáîòàþò ñ ìíîãîìåðíûì ïðîñòðàíñòâîì. �åøåíèå íèæåïðèâåäåííûõ

çàäà÷ ïîçâîëèò îñâîèòü áàçîâûå íàâûêè òàêîé ðàáîòû. Âû íàó÷èòåñü êàê ðàçâèâàòü

ïðîñòðàíñòâåííîå âîîáðàæåíèå è èíòóèöèþ, òàê è ïðîâåðÿòü èõ ñòðîãèìè ðàññóæäåíè-

ÿìè. Ýòî ïîëåçíî äëÿ ïîñëåäóþùåãî èçó÷åíèÿ êîìïüþòåðíîé ãðà�èêè è íåîáõîäèìîé

äëÿ íåå áàçû èç ëèíåéíîé àëãåáðû è ãåîìåòðèè.

Îñíîâíûå èäåè ïðåäñòàâëåíû íà ¾îëèìïèàäíûõ¿ ïðèìåðàõ: íà ïðîñòåéøèõ ÷àñòíûõ

ñëó÷àÿõ, ñâîáîäíûõ îò òåõíè÷åñêèõ äåòàëåé, è ñî ñâåäåíèåì íàó÷íîãî ÿçûêà ê íåîáõî-

äèìîìó ìèíèìóìó (ñì. çàäà÷è). Çà ñ÷åò ýòîãî ïðîåêò äîñòóïåí äëÿ íà÷èíàþùèõ, õîòÿ

ñîäåðæèò êðàñèâûå ñëîæíûå ðåçóëüòàòû. Äëÿ èçó÷åíèÿ ïðîåêòà íå òðåáóåòñÿ ïðåäâà-

ðèòåëüíûõ çíàíèé ïî ñòåðåîìåòðèè. Ïîëåçíû ïðîñòðàíñòâåííîå âîîáðàæåíèå è óìåíèå

ðåøàòü ñèñòåìû ëèíåéíûõ óðàâíåíèé (ñì. çàäà÷ó 1.2).

Â ýòîì ïðîåêòå ìû îáîáùàåì ñëåäóþùèé ðåçóëüòàò (ñì. çàäà÷è S, D, SD è �3, à

òàêæå �4 è �5).

Òåîðåìà �àäîíà äëÿ ïëîñêîñòè. Äëÿ ëþáûõ 4 òî÷åê íà ïëîñêîñòè ëèáî îäíà

èç íèõ ëåæèò âíóòðè òðåóãîëüíèêà, îáðàçîâàííîãî îñòàâøèìèñÿ òî÷êàìè, ëèáî èõ

ìîæíî ðàçáèòü íà äâå ïàðû òàê, ÷òî îòðåçîê, ñîåäèíÿþùèé òî÷êè â ïåðâîé ïàðå,

ïåðåñåêàåò îòðåçîê, ñîåäèíÿþùèé òî÷êè âî âòîðîé ïàðå.

S = same size. Èç ëþáûõ 5 òî÷åê ïëîñêîñòè ìîæíî âûáðàòü òàêèå äâå íåïåðåñåêà-

þùèåñÿ ïàðû òî÷åê, ÷òî îòðåçêè, îáðàçîâàííûå ýòèìè ïàðàìè, ïåðåñåêàþòñÿ.

Â ýòîì òåêñòå ïîä òðåóãîëüíèêîì ∆ ïîäðàçóìåâàåòñÿ ÷àñòü ïëîñêîñòè, îãðàíè÷åííàÿ

åãî êîíòóðîì ∂∆ (ò.å. îáúåäèíåíèåì ñòîðîí). Ýòà ÷àñòü ìîæåò áûòü îòðåçêîì.

D = dimension. Äëÿ ëþáûõ 5 òî÷åê â ïðîñòðàíñòâå ëèáî îäíà èç íèõ ëåæèò âíóòðè

òåòðàýäðà, îáðàçîâàííîãî îñòàâøèìèñÿ òî÷êàìè, ëèáî èõ ìîæíî ðàçáèòü íà ïàðó è òðîé-

êó òàê, ÷òî îòðåçîê, ñîåäèíÿþùèé òî÷êè â ïàðå, ïåðåñåêàåò òðåóãîëüíèê, îáðàçîâàííûé

òî÷êàìè â òðîéêå.

Â ýòîì òåêñòå èíòåðåñíûå íåòðèâèàëüíûå çàäà÷è íàçûâàþòñÿ òåîðåìàìè.

Òåîðåìà SD: òåîðåìà �àäîíà äëÿ ïðîñòðàíñòâà î ìíîæåñòâàõ ïî÷òè îäèíàêîâîãî

ðàçìåðà.

(3) Èç ëþáûõ 6 òî÷åê ïðîñòðàíñòâà ìîæíî âûáðàòü òàêèå íåïåðåñåêàþùèåñÿ ïàðó

è òðîéêó òî÷åê, ÷òî îòðåçîê, ñîåäèíÿþùèé òî÷êè ïàðû, ïåðåñåêàåò òðåóãîëüíèê,

îáðàçîâàííûé òðîéêîé.

∗
Áëàãîäàðèì Ä. Åëèñååâà çà ïåðåâîä ÷àñòè òåêñòà è À. �ÿáè÷åâà çà ïîëåçíûå çàìå÷àíèÿ.

†
Å. Êîãàí, Â. �åòèíñêèé, Å. �ÿáîâ � Âûñøàÿ Øêîëà Ýêîíîìèêè, Ìîñêâà.

‡
https://users.m

me.ru/skopenko. Ìîñêîâñêèé Ôèçèêî-Òåõíè÷åñêèé Èíñòèòóò, Íåçàâèñèìûé

Ìîñêîâñêèé Óíèâåðñèòåò.
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(4) Èç ëþáûõ 7 òî÷åê ÷åòûðåõìåðíîãî ïðîñòðàíñòâà ìîæíî âûáðàòü äâå íåïåðå-

ñåêàþùèåñÿ òðîéêè òî÷åê, äëÿ êîòîðûõ ñîîòâåòñòâóþùèå òðåóãîëüíèêè ïåðåñåêà-

þòñÿ.

Îïðåäåëåíèå ÷åòûðåõìåðíîãî ïðîñòðàíñòâà è îáîçíà÷åíèÿ, íåîáõîäèìûå äëÿ äîêà-

çàòåëüñòâ, ïðèâåäåíû â �1 è â �2. Äëÿ äîêàçàòåëüñòâà òåîðåìû SD.4 âàì ïîíàäîáèòñÿ

òåîðåìà S'D, ïðèâåäåííàÿ íèæå.

Ïóñòü ∆ è ∆′
� äâà íåâûðîæäåííûõ òðåóãîëüíèêà â ïðîñòðàíñòâå, êîíòóðû êîòîðûõ

íå ïåðåñåêàþòñÿ, è íèêàêèå ÷åòûðå èç âåðøèí êîòîðûõ íå ëåæàò â îäíîé ïëîñêîñòè. Òðå-

óãîëüíèêè íàçûâàþòñÿ çàöåïëåííûìè, åñëè êîíòóð ïåðâîãî ïåðåñåêàåò âòîðîé ðîâíî

â îäíîé òî÷êå.

A

6

A

5

A

4

A

3

A

2

A

1

�

�

�

�

��

�èñ. 1: Çàöåïëåííûå òðåóãîëüíèêè è çàöåïëåííûå ïàðû òî÷åê

Òåîðåìà S'D: òåîðåìà �àäîíà äëÿ ïðîñòðàíñòâà î çàöåïëåííîñòè ìíîæåñòâ îäèíà-

êîâîãî ðàçìåðà; ëèíåéíàÿ òåîðåìà Êîíâåÿ-�îðäîíà-Çàêñà, 1981-1983.

Åñëè ñðåäè 6 òî÷åê ïðîñòðàíñòâà íèêàêèå 4 íå ëåæàò â îäíîé ïëîñêîñòè, òî

ñóùåñòâóþò äâà çàöåïëåííûõ òðåóãîëüíèêà ñ âåðøèíàìè â ýòèõ òî÷êàõ.

Äëÿ äîêàçàòåëüñòâà âàì ïîíàäîáèòñÿ óòâåðæäåíèå QS èç �3.

Äðóãèå ¾îëèìïèàäíûå¿ çàäà÷è � òåîðåìà D(d) â �1, 2.3.
, 2.5.b, 2.7.b, 3.2, 3.6.(4'-3).

Íåðåøåííûå çàäà÷è � 3.6.(4-3),(4-2),(4'-2) è â �4, �5.

Ïîñëå ËÊÒ� ìîæåòå ïîðåøàòü �4 è �5. Â �5 åñòü ïðîñòîå äîêàçàòåëüñòâà èìïëèêàöèè

DMT ⇒ SDMT (ñî ñìåíîé ïàðàìåòðà), êîòîðîå ÿâëÿåòñÿ îäíèì èç øàãîâ â íåäàâíåì

ïîñòðîåíèè êîíòðïðèìåðà ê òîïîëîãè÷åñêîé ãèïîòåçå Òâåðáåðãà [Sk16℄.

�èñ. 2: Óêàçàíèå ê çàäà÷å D (ê òåîðåìå �àäîíà äëÿ ïðîñòðàíñòâà)

2



�åêîìåíäàöèè ó÷àñòíèêàì.

Åñëè óñëîâèå çàäà÷è ÿâëÿåòñÿ �îðìóëèðîâêîé óòâåðæäåíèÿ, òî â çàäà÷å òðåáóåòñÿ

ýòî óòâåðæäåíèå äîêàçàòü. Åñëè çàäà÷à âûäåëåíà ñëîâîì ¾òåîðåìà¿ (¾ëåììà¿, ¾ñëåä-

ñòâèå¿ è ò. ä.), òî å�å óòâåðæäåíèå áîëåå âàæíîå. Êàê ïðàâèëî, ìû ïðèâîäèì (â âè-

äå çàäà÷è) �îðìóëèðîâêó êðàñèâîãî èëè âàæíîãî óòâåðæäåíèÿ ïåðåä åãî äîêàçàòåëü-

ñòâîì. Â òàêèõ ñëó÷àÿõ äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ ìîãóò ïîòðåáîâàòüñÿ ïîñëå-

äóþùèå çàäà÷è. Ìû íå ëèøàåì Âàñ óäîâîëüñòâèÿ ñàìîñòîÿòåëüíî íàéòè ìîìåíò, êîãäà

Âû íàêîíåö-òî ñìîæåòå äîêàçàòü òàêîå óòâåðæäåíèå. Âîîáùå, åñëè Âû çàñòðÿëè íà

êàêîé-òî çàäà÷å, ïîïðîáóéòå ïåðåéòè ê ñëåäóþùèì, îíè ìîãóò îêàçàòüñÿ ïîëåçíûìè.

Çàìå÷àíèÿ è çàäà÷è, ïîìå÷åííûå çâåçäî÷êàìè, �îðìàëüíî íå èñïîëüçóþòñÿ â äàëüíåé-

øåì. Â òåêñòå îïðåäåëåíèÿ âàæíûõ ïîíÿòèé ïîìå÷åíû æèðíûì øðè�òîì, ÷òîáû

çàòåì áûëî ïðîùå èõ íàéòè.

Ó÷àñòíèê (èëè êîìàíäà), ðåøàþùèé çàäà÷è ïðîåêòà, ïîëó÷àåò ¾áîá¿ çà êàæäîå

ïèñüìåííîå ðåøåíèå äëÿ ïîëüçîâàòåëÿ (íå ÿâëÿþùååñÿ ïðîñòî îòâåòîì), îöå-

íåííîå â ¾+¿ èëè ¾+.¿. Ñì. ðåêîìåíäàöèè https://www.m

me.ru/
ir
les/oim/home/

pism.pdf. Äîïîëíèòåëüíûå áîáû ìîãóò âûäàâàòüñÿ çà êðàñèâûå ðåøåíèÿ, ðåøåíèÿ ñëîæ-

íûõ çàäà÷ èëè î�îðìëåíèå íåêîòîðûõ ðåøåíèé â ñèñòåìå T

E

X. Ó æþðè áåñêîíå÷íî ìíî-

ãî áîáîâ. Ó êàæäîé ó÷àñòíèêà (èëè êîìàíäû) â íà÷àëå 1 áîá. �åøåíèÿ ìîæíî ñäàâàòü è

óñòíî, è ïèñüìåííî äëÿ ðàçðàáîò÷èêà, îòäàâàÿ îäèí áîá çà êàæäûå ïÿòü ïîïûòîê

(íåâàæíî, óäà÷íûõ èëè íåò).

Ó÷àñòíèêè (èëè êîìàíäû) ñäàþò ðåøåíèÿ ëè÷íûì ñîîáùåíèåì Åãîðó �ÿáîâó ÷åðåç

https://mattermost.turgor.ru. Íàïðàâëÿéòå åìó æå âîïðîñû è ïðîñüáû î ïîäñêàçêå

ïî çàäà÷àì, êîòîðûå ó Âàñ äîëãî íå ïîëó÷àþòñÿ. (Ìû ñàìè ðàñïðåäåëèì ìåæäó ñîáîé

ïðîâåðêó ðåøåíèé è îòâåòû íà âîïðîñû.) Òå, êòî óñïåøíî ðàáîòàþò íàä ïðîåêòîì,

çàâîþþò ïðàâî ïîëó÷èòü èíòåðåñíûå äîïîëíèòåëüíûå çàäà÷è äëÿ èññëåäîâàíèÿ.

Ïîæàëóéñòà, ñîîáùèòå íàì, åñëè Âû çíàåòå ðåøåíèÿ êàêèõ-òî èç ïðåäëîæåííûõ

çàäà÷. (E.g. or if you attended 
ourses by A. Skopenkov on a similar subje
t.) Ýòî íå ïðî-

òèâîðå÷èò Âàøåìó ó÷àñòèþ â ïðîåêòå, íî ýòî è íå îáÿçûâàåò Âàñ ðåøàòü ýòîò ïðîåêò.

Ïîñëå ïðîâåðêè ó Âàñ íåêîòîðûõ èç çàäà÷, íàçâàííûõ Âàìè ðåøåííûìè çàðàíåå (Àðêà-

äèåì Ñêîïåíêîâûì, skopenko�m

me.ru), Âû ñìîæåòå ïîëüçîâàòüñÿ ðåçóëüòàòàìè âñåõ

ýòèõ çàäà÷. Ïðè ýòîì ðåøåíèÿ ýòèõ çàäà÷ íå áóäóò ñ÷èòàòüñÿ Âàøèì äîñòèæåíèåì íà

ËÊÒ�. Çàòî ó Âàñ ïîÿâèòñÿ âîçìîæíîñòü äîéòè äî áîëåå ñëîæíûõ çàäà÷. Ìû áóäåì

ðàäû èõ âûäàòü, îíè óæå ãîòîâû!

1 Êàê ðàáîòàòü ñ ÷åòûðåõìåðíûì ïðîñòðàíñòâîì?

Â çàäà÷àõ 1.1, 1.4.ab
, 1.5.ab
d, 1.8.
d è 1.9.be äîñòàòî÷íî ïðèâåñòè ïðàâèëüíûé îòâåò.

(Çàäà÷à 1.8.a ðàçîáðàíà.)

1.1. Ñêîëüêî òî÷åê ìîæåò áûòü â ïåðåñå÷åíèè ïðÿìîé è ïëîñêîñòè â òðåõìåðíîì

ïðîñòðàíñòâå?

1.2. Ñêîëüêî ðåøåíèé ìîæåò áûòü ó ñèñòåìû ëèíåéíûõ óðàâíåíèé

(a) 2× 2; (b) 2× 3 (2 óðàâíåíèÿ, 3 ïåðåìåííûõ); (
) 3× 2?

Îïðåäåëèì

• ïðÿìóþ êàê ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë;

• ïëîñêîñòü R
2
êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ ïàð (x, y) äåéñòâèòåëüíûõ ÷èñåë

x è y;
• òðåõìåðíîå ïðîñòðàíñòâî R

3
êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ òðîåê (x, y, z)

äåéñòâèòåëüíûõ ÷èñåë;
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• ÷åòûðåõìåðíîå ïðîñòðàíñòâî R
4
êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ ÷åòâåðîê

(x, y, z, t) äåéñòâèòåëüíûõ ÷èñåë.

Îïðåäåëåíèå d-ìåðíîãî ïðîñòðàíñòâà R
d
äëÿ d > 4 äàåòñÿ àíàëîãè÷íî.

Â ýòîì òåêñòå ¾òðåõìåðíîå ïðîñòðàíñòâî R
3
¿ êîðîòêî íàçûâàåòñÿ ¾ïðîñòðàí-

ñòâîì¿.

Äëÿ òî÷åê A = (x1, y1, z1, t1), B = (x2, y2, z2, t2) ∈ R
4
è ÷èñëà λ ∈ R îáîçíà÷èì

λA := (λx1, λy1, λz1, λt1) è A+B := (x1 + x2, y1 + y2, z1 + z2, t1 + t2).

1.3. �àçáèâàåò ëè äâóìåðíàÿ ïëîñêîñòü ÷åòûðåõìåðíîå ïðîñòðàíñòâî íà êóñêè? Ò.å.

äëÿ ëþáûõ ëè äâóõ òî÷åê, íå ëåæàùèõ â äâóìåðíîé ïëîñêîñòè x = y = 0 ÷åòûðåõìåð-
íîãî ïðîñòðàíñòâà (x, y, z, t), ñóùåñòâóåò ëîìàíàÿ, ñîåäèíÿþùàÿ ýòè òî÷êè è íå ïåðåñå-

êàþùàÿ ïëîñêîñòü?

Äëÿ òî÷åê A,B ∈ R
4
îòðåçêîì AB íàçûâàåòñÿ ìíîæåñòâî {λA+(1−λ)B : λ ∈ [0, 1]}.

Ëîìàíîé A1A2 . . . An íàçûâàåòñÿ îáúåäèíåíèå îòðåçêîâ AiAi+1 ïî âñåì i = 1, 2, . . . , n−1.
Óêàçàíèå. Äëÿ òî÷åê A = (x0, y0, z0, t0) è B, íå ëåæàùèõ íà ïëîñêîñòè x = y = 0,

îïðåäåëèì òî÷êè

Ax = A+ (1, 0, 0, 0) = (x0 + 1, y0, z0, t0) è Ay = A + (0, 1, 0, 0) = (x0, y0 + 1, z0, t0).

Äîêàæèòå, ÷òî õîòÿ áû îäíà èç ëîìàíûõ AB, AAxB è AAyB íå ïåðåñåêàåò ïëîñêîñòü

x = y = 0.

1.4. ×åì ÿâëÿåòñÿ ïåðåñå÷åíèå äâóìåðíîé ñ�åðû

S2 := {(x, y, z) ∈ R
3 : x2 + y2 + z2 = 1}

ñî ñëåäóþùèìè ìíîæåñòâàìè:

(a) ïðÿìàÿ x = y = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(b) ïëîñêîñòü x = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(
) ïåðåñå÷åíèå ïîëîæèòåëüíîãî îêòàíòà â R
3
è îáúåäèíåíèÿ äâóìåðíûõ êîîðäèíàò-

íûõ ïëîñêîñòåé, òî åñòü ìíîæåñòâî

{(x, y, z) ∈ R
3 : x ≥ 0, y ≥ 0, z ≥ 0 è xyz = 0}.

1.5. ×åì ÿâëÿåòñÿ ïåðåñå÷åíèå òðåõìåðíîé ñ�åðû

S3 := {(x, y, z, t) ∈ R
4 : x2 + y2 + z2 + t2 = 1}

ñî ñëåäóþùèìè ìíîæåñòâàìè:

(a) ïðÿìàÿ x = y = z = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(b) ïëîñêîñòü x = y = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(
) (òðåõìåðíàÿ) ãèïåðïëîñêîñòü x = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(d) ïåðåñå÷åíèå ïîëîæèòåëüíîé ¾îäíîé øåñòíàäöàòîé¿ R
4
è îáúåäèíåíèÿ äâóìåðíûõ

êîîðäèíàòíûõ ïëîñêîñòåé, òî åñòü ìíîæåñòâî

{(x, y, z, t) ∈ R
4 :

: x ≥ 0, y ≥ 0, z ≥ 0, t ≥ 0 è õîòÿ áû äâà èç ÷åòûðåõ ÷èñåë x, y, z, t ðàâíû íóëþ}.
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Ïîäìíîæåñòâî L ⊂ R
4
íàçûâàåòñÿ ïðÿìîé, åñëè L íå ÿâëÿåòñÿ òî÷êîé è íàéäóòñÿ

òî÷êè A,B ∈ R
4
, äëÿ êîòîðûõ L = {A+Bt : t ∈ R}.

Ïîäìíîæåñòâî L ⊂ R
4
íàçûâàåòñÿ (äâóìåðíîé) ïëîñêîñòüþ, åñëè L íå ÿâëÿåòñÿ íè

òî÷êîé, íè ïðÿìîé, è íàéäóòñÿ òî÷êè A,B,C ∈ R
4
, äëÿ êîòîðûõ L = {A + Bt + Cu :

t, u ∈ R}.
�àíåå óæå áûëî ââåäåíî îïðåäåëåíèå ïðÿìîé. Îäíàêî äàëåå ïîä ïðÿìîé ïîäðàçó-

ìåâàåòñÿ äðóãîå � ïîäìíîæåñòâî â R
d
, îïðåäåëåíèå êîòîðîãî àíàëîãè÷íî âûøåïðèâå-

äåííîìó. Àíàëîãè÷íîå çàìå÷àíèå ñïðàâåäëèâî è äëÿ ïëîñêîñòè.

1.6. Íàïèøèòå àíàëîãè÷íîå îïðåäåëåíèå (òðåõìåðíîé) ãèïåðïëîñêîñòè â R
4
.

Â ðåøåíèÿõ ñëåäóþùèõ çàäà÷ î ÷åòûðåõìåðíîì ïðîñòðàíñòâå âû ìîæåòå èñïîëüçî-

âàòü áåç äîêàçàòåëüñòâ

• âñå ñòðîãî ñ�îðìóëèðîâàííûå Âàìè âåðíûå �àêòû î ðåøåíèÿõ ñèñòåì ëèíåéíûõ

óðàâíåíèé;

• ðåçóëüòàòû çàäà÷è 1.7.

1.7. * (a) Ïîäìíîæåñòâî L ⊂ R
4
ÿâëÿåòñÿ ãèïåðïëîñêîñòüþ òîãäà è òîëüêî òîãäà,

êîãäà L 6= ∅, L 6= R
4
è ñóùåñòâóþò a, b, c, d, e ∈ R, òàêèå ÷òî

L = {(x, y, z, t) ∈ R
4 : ax+ by + cz + dt = e}.

(b) Ïîäìíîæåñòâî L ⊂ R
4
ÿâëÿåòñÿ ïëîñêîñòüþ òîãäà è òîëüêî òîãäà, êîãäà L 6= ∅,

L 6= R
4
, L íå ÿâëÿåòñÿ ãèïåðïëîñêîñòüþ è ñóùåñòâóþò a1, b1, c1, d1, e1, a2, b2, c2, d2, e2 ∈ R,

äëÿ êîòîðûõ

L = {(x, y, z, t) ∈ R
4 : a1x+ b1y + c1z + d1t = e1, a2x+ b2y + c2z + d2t = e2}.

(
) Ñ�îðìóëèðóéòå è äîêàæèòå àíàëîãè÷íîå óòâåðæäåíèå äëÿ ïðÿìîé â R
4
.

1.8. ×åì ìîæåò áûòü ïåðåñå÷åíèå â R
4
:

(a) ïðÿìîé è ãèïåðïëîñêîñòè? (b) ïðÿìîé è ïëîñêîñòè?

(
) ïëîñêîñòè è ãèïåðïëîñêîñòè? (d) äâóõ ãèïåðïëîñêîñòåé? (e) äâóõ ïëîñêîñòåé?

Ïîäñêàçêà ê (a). Îòâåò. Ïóñòîå ìíîæåñòâî, òî÷êà, ïðÿìàÿ.

Ïðèìåðû. Ïðÿìàÿ x = y = z = 0 ïåðåñåêàåòñÿ ñ ãèïåðïëîñêîñòüþ x = 1 ïî ïóñòîìó
ìíîæåñòâó. Ïðÿìàÿ x = y = z = 0 ïåðåñåêàåòñÿ ñ ãèïåðïëîñêîñòüþ t = 0 ïî òî÷êå.

Ïðÿìàÿ x = y = z = 0 ïåðåñåêàåòñÿ ñ ãèïåðïëîñêîñòüþ x = 0 ïî ïðÿìîé.
Äîêàçàòåëüñòâî òîãî, ÷òî äðóãèå ïåðåñå÷åíèÿ íåâîçìîæíû. Äîñòàòî÷íî äîêàçàòü,

÷òî åñëè ïåðåñå÷åíèå â R
4
ïðÿìîé l è ãèïåðïëîñêîñòè ñîäåðæèò õîòÿ áû äâå òî÷êè, òî ïå-

ðåñå÷åíèå ñîâïàäàåò ñ ïðÿìîé l. Ýòî âåðíî, òàê êàê äëÿ ëþáûõ äâóõ òî÷åê ñóùåñòâóåò
åäèíñòâåííàÿ ïðÿìàÿ, ñîäåðæàùàÿ îáå ýòè òî÷êè. Ïîñëåäíèé �àêò ëåãêî âûâîäèò-

ñÿ èç îïðåäåëåíèÿ ïðÿìîé. (Âî ìíîãèõ äðóãèõ èçëîæåíèÿõ ýòîò �àêò ïðèíèìàåòñÿ çà

àêñèîìó.)

1.9. Äëÿ ðàçëè÷íûõ òî÷åê X, Y ∈ R
4
îïðåäåëèì ïðÿìóþ XY êàê {X + (Y −X)t =

(1−t)X+tY : t ∈ R}. Äëÿ òî÷åê X, Y, Z ∈ R
4
, íå ëåæàùèõ íà îäíîé ïðÿìîé, îïðåäåëèì

ïëîñêîñòü XY Z êàê

{X + (Y −X)t+ (Z −X)u = (1− t− u)X + tY + uZ : t, u ∈ R}.

Íèêàêèå ïÿòü èç âîñüìè òî÷åê 1,2,3,4,5,6,7,8 â R
4
íå ëåæàò íà îäíîé ãèïåðïëîñêîñòè.

×åì ìîæåò áûòü ïåðåñå÷åíèå:

(b) ïðÿìîé 12 è ïëîñêîñòè 567? (d) ãèïåðïëîñêîñòåé 1234 è 5678?

(e) ïëîñêîñòåé 123 è 567?
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Âûïóêëîé îáîëî÷êîé êîíå÷íîãî íàáîðà òî÷åê A1, . . . , An ∈ R
d
íàçûâàåòñÿ ìíîæå-

ñòâî

〈A1, . . . , An〉 := {λ1A1 + . . .+ λnAn : λ1, . . . , λn ≥ 0, λ1 + . . .+ λn = 1}.

1.10. Âûïóêëàÿ îáîëî÷êà êîíå÷íîãî íàáîðà òî÷åê íà ïëîñêîñòè � íàèìåíüøèé (ïî

âêëþ÷åíèþ, èëè ïî ïëîùàäè) âûïóêëûé ìíîãîóãîëüíèê, èõ ñîäåðæàùèé.

Òåîðåìà D(d): òåîðåìà �àäîíà.

Ëþáûå d + 2 òî÷êè d-ìåðíîãî ïðîñòðàíñòâà ìîæíî ðàçáèòü íà äâà ìíîæåñòâà,

âûïóêëûå îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ.

Íàïóòñòâèå. Îáû÷íî òîëüêî ïðîñòåéøèå ñâîéñòâà â ïëàíèìåòðèè è ñòåðåîìåòðèè

âûâîäÿòñÿ èç àíàëèòè÷åñêèõ îïðåäåëåíèé (èëè æå ïðèíèìàþòñÿ çà àêñèîìû). Áîëåå

ñëîæíûå ñâîéñòâà ìîãóò áûòü âûâåäåíû èç ïðîñòåéøèõ ¾ñèíòåòè÷åñêè¿ (ò.å., êàê â

øêîëüíîé ãåîìåòðèè, áåç èñïîëüçîâàíèÿ àíàëèòè÷åñêèõ îïðåäåëåíèé). ×àñòî áûâàåò

óäîáíî ñâåñòè äâóìåðíóþ çàäà÷ó ê îäíîìåðíîé (ò.å., ê çàäà÷å íà ïðÿìîé), à òðåõìåð-

íóþ çàäà÷ó � ê äâóìåðíîé. Àíàëîãè÷íî, ëó÷øèé ïîäõîä ê ñëåäóþùèì ÷åòûðåõìåðíûì

çàäà÷àì � ýòî àíàëîãèÿ ñ òðåõìåðíûìè çàäà÷àìè, èëè ñâåäåíèå ê íèì.

2 Ëåììû î ÷åòíîñòè

Ëåììà 2.1 (î ÷åòíîñòè). Åñëè èç 6 âåðøèí äâóõ òðåóãîëüíèêîâ íà ïëîñêîñòè íèêàêèå

3 íå ëåæàò íà ïðÿìîé, òî êîíòóðû ýòèõ òðåóãîëüíèêîâ ïåðåñåêàþòñÿ â ÷åòíîì

÷èñëå òî÷åê.

Äîêàçàòåëüñòâî. Êîíòóð òðåóãîëüíèêà ðàçáèâàåò ïëîñêîñòü.

1

Ëîìàíàÿ, ñîñòàâëåííàÿ

èç ñòîðîí îäíîãî òðåóãîëüíèêà çàõîäèò âíóòðü äðóãîãî òðåóãîëüíèêà ñòîëüêî æå ðàç,

ñêîëüêî âûõîäèò íàðóæó.

Íåñêîëüêî òî÷åê ïëîñêîñòè íàõîäÿòñÿ â îáùåì ïîëîæåíèè, åñëè íèêàêèå òðè

èç íèõ íå ëåæàò íà ïðÿìîé è íèêàêèå òðè îòðåçêà, èõ ñîåäèíÿþùèå, íå èìåþò îáùåé

âíóòðåííåé òî÷êè.

2.2. (a) Íàõîäÿòñÿ ëè âñå òî÷êè îêðóæíîñòè â îáùåì ïîëîæåíèè?

(b) Åñëè âåðøèíû äâóõ ïëîñêèõ ëîìàíûõ íàõîäÿòñÿ â îáùåì ïîëîæåíèè, òî ëîìàíûå

ïåðåñåêàþòñÿ â êîíå÷íîì ÷èñëå òî÷åê.

Óêàçàíèå: (A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C).

2.3. (a) Ïëîñêîñòü íåëüçÿ ïðåäñòàâèòü â âèäå îáúåäèíåíèÿ êîíå÷íîãî ÷èñëà ïðÿìûõ.

(b) Ñóùåñòâóþò ëè 100 òî÷åê îáùåãî ïîëîæåíèÿ íà ïëîñêîñòè?

(
) Íà ïëîñêîñòè èìååòñÿ 14 òî÷åê îáùåãî ïîëîæåíèÿ: 7 êðàñíûõ è 7 æåëòûõ. Òî-

ãäà êîëè÷åñòâî âñåõ òî÷åê ïåðåñå÷åíèÿ êðàñíûõ îòðåçêîâ (ò.å. îòðåçêîâ, ñîåäèíÿþùèõ

êðàñíûå òî÷êè) ñ æåëòûìè îòðåçêàìè ÷åòíî.

Ëåììà 2.4 (î ÷åòíîñòè). Åñëè íèêàêèå 4 èç 7 âåðøèí òðåóãîëüíèêà è òåòðàýäðà â

ïðîñòðàíñòâå íå ëåæàò íà îäíîé ïëîñêîñòè, òî êîíòóð òðåóãîëüíèêà ïåðåñåêàåòñÿ

ñ ãðàíÿìè òåòðàýäðà â ÷åòíîì ÷èñëå òî÷åê.

Íåñêîëüêî òî÷åê â ïðîñòðàíñòâå íàõîäÿòñÿ â îáùåì ïîëîæåíèè, åñëè íèêàêèå

4 èç íèõ íå ëåæàò íà îäíîé ïëîñêîñòè, è íèêàêèå îòðåçîê, òðåóãîëüíèê è òðåóãîëüíèê,

íàòÿíóòûå íà íèõ, íå èìåþò îáùåé âíóòðåííåé òî÷êè. Ïðèìåð øåñòè òî÷åê îáùåãî

ïîëîæåíèÿ èçîáðàæåí íà ðèñ. 3.

1

Ýòîò �àêò, â îòëè÷èå îò êóñî÷íî-ëèíåéíîé òåîðåìû Æîðäàíà [Sk20, �1.4℄, äîêàçûâàåòñÿ áåç èñ-

ïîëüçîâàíèÿ ëåììû î ÷åòíîñòè.
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�èñ. 3: Øåñòü òî÷åê îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå

2.5. (a) Ñóùåñòâóþò ëè 100 òî÷åê îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå?

(b) Â ïðîñòðàíñòâå èìååòñÿ 17 òî÷åê îáùåãî ïîëîæåíèÿ: 7 êðàñíûõ è 10 æåëòûõ.

Òîãäà êîëè÷åñòâî âñåõ òî÷åê ïåðåñå÷åíèÿ êðàñíûõ îòðåçêîâ (ò.å. îòðåçêîâ, ñîåäèíÿþùèõ

êðàñíûå òî÷êè) ñ æåëòûìè òðåóãîëüíèêàìè ÷åòíî.

Ëåììà 2.6 (î ÷åòíîñòè). Åñëè íèêàêèå 5 èç 8 âåðøèí äâóõ òåòðàýäðîâ â ÷åòûðåõ-

ìåðíîì ïðîñòðàíñòâå íå ëåæàò íà îäíîé ãèïåðïëîñêîñòè, òîãäà ïîâåðõíîñòè ýòèõ

òåòðàýäðîâ ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå âíóòðåííèõ òî÷åê.

Óêàçàíèå: âîçüìèòå ñå÷åíèå ãèïåðïëîñêîñòüþ îäíîãî èç òåòðàýäðîâ.

Íåñêîëüêî òî÷åê â ÷åòûðåõìåðíîì ïðîñòðàíñòâå íàõîäÿòñÿ â îáùåì ïîëîæåíèè,

åñëè íèêàêèå 5 èç íèõ íå ëåæàò íà îäíîé ãèïåðïëîñêîñòè, è íèêàêèå òðè òðåóãîëüíèêà,

íàòÿíóòûå íà íèõ, íå èìåþò îáùåé âíóòðåííåé òî÷êè.

2.7. (a) Ñóùåñòâóþò ëè 100 òî÷åê îáùåãî ïîëîæåíèÿ â ÷åòûðåõìåðíîì ïðîñòðàí-

ñòâå?

(b) Â ÷åòûðåõìåðíîì ïðîñòðàíñòâå èìååòñÿ 16 òî÷åê îáùåãî ïîëîæåíèÿ: 8 êðàñ-

íûõ è 8 æåëòûõ. Íàçîâåì êðàñíûìè/æåëòûìè äâóìåðíûå òðåóãîëüíèêè, íàòÿíóòûå

íà êðàñíûå/æåëòûå òî÷êè. Òîãäà êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ êðàñíûõ òðåóãîëüíè-

êîâ ñ æåëòûìè òðåóãîëüíèêàìè ÷åòíî.

3 Êîëè÷åñòâåííûå âåðñèè

Q = quantitative. Åñëè íèêàêèå 3 èç 4 òî÷åê ïëîñêîñòè íå ëåæàò íà ïðÿìîé, òî ñóùå-

ñòâóåò ðîâíî îäíî èõ ðàçáèåíèå íà äâà ìíîæåñòâà èç òåîðåìû �àäîíà äëÿ ïëîñêîñòè.

QS: êîëè÷åñòâåííàÿ òåîðåìà �àäîíà äëÿ ïëîñêîñòè î ìíîæåñòâàõ îäèíàêîâîãî ðàç-

ìåðà; ëèíåéíàÿ òåîðåìà âàí Êàìïåíà-Ôëîðåñà äëÿ ïëîñêîñòè.

Åñëè ñðåäè 5 òî÷åê ïëîñêîñòè íèêàêèå 3 íå ëåæàò íà ïðÿìîé, òî êîëè÷åñòâî òî÷åê

ïåðåñå÷åíèÿ âíóòðåííîñòåé îòðåçêîâ, ñîåäèíÿþùèõ äàííûå òî÷êè, íå÷åòíî.

QD: êîëè÷åñòâåííàÿ òåîðåìà �àäîíà äëÿ ïðîñòðàíñòâà.

(3) Åñëè íèêàêèå 4 èç 5 òî÷åê ïðîñòðàíñòâà íå ëåæàò â îäíîé ïëîñêîñòè, òî ñóùå-

ñòâóåò ðîâíî îäíî èõ ðàçáèåíèå íà äâà ìíîæåñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ ïåðå-

ñåêàþòñÿ.

(4) Ñ�îðìóëèðóéòå è äîêàæèòå ÷åòûðåõìåðíûé è d-ìåðíûé àíàëîã.

Òåîðåìà QSD: êîëè÷åñòâåííàÿ òåîðåìà �àäîíà äëÿ ïðîñòðàíñòâà î ìíîæåñòâàõ

ïî÷òè îäèíàêîâîãî ðàçìåðà.

(3) Åñëè ñðåäè 6 òî÷åê ïðîñòðàíñòâà íèêàêèå 4 íå ëåæàò â îäíîé ïëîñêîñòè, òî

êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ âíóòðåííîñòåé îòðåçêîâ, ñîåäèíÿþùèõ äàííûå òî÷êè,

ñ (äâóìåðíûìè) òðåóãîëüíèêàìè, íàòÿíóòûìè íà äàííûå òî÷êè, ÷åòíî.
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(4) Åñëè ñðåäè 7 òî÷åê ÷åòûðåõìåðíîãî ïðîñòðàíñòâà íèêàêèå 5 íå ëåæàò â îä-

íîé ãèïåðïëîñêîñòè, òî êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ (äâóìåðíûõ) òðåóãîëüíèêîâ,

íàòÿíóòûõ íà äàííûå òî÷êè, íå÷åòíî.

Äëÿ òåîðåìû QSD.4 âàì ïîíàäîáèòñÿ òåîðåìà QS'D íèæå.

Ñâîéñòâî áûòü çàöåïëåííûìè íå ñèììåòðè÷íî àïðèîðè.

Ëåììà 3.1 (î ñèììåòðèè). Òðåóãîëüíèêè ∆ è ∆′
â ïðîñòðàíñòâå çàöåïëåíû òîãäà è

òîëüêî òîãäà, êîãäà ∆′
è ∆ çàöåïëåíû.

3.2. Â ïðîñòðàíñòâå èìååòñÿ 13 òî÷åê: 3 êðàñíûõ è 10 æåëòûõ. Íèêàêèå ÷åòûðå

èç íèõ íå ëåæàò â îäíîé ïëîñêîñòè. Äîêàæèòå, ÷òî êîëè÷åñòâî æåëòûõ òðåóãîëüíè-

êîâ, çàöåïëåííûõ ñ êðàñíûì òðåóãîëüíèêîì, ÷åòíî. Êðàñíûì (æåëòûì) òðåóãîëüíè-

êîì íàçûâàåòñÿ ëþáîé òðåóãîëüíèê ñ êðàñíûìè (æåëòûìè) âåðøèíàìè. Òðåóãîëüíèêè,

îòëè÷àþùèåñÿ ïåðåñòàíîâêîé âåðøèí, ñ÷èòàþòñÿ îäèíàêîâûìè.

3.3. Â ïðîñòðàíñòâå îòðåçîê p íàõîäèòñÿ ïîä îòðåçêîì q (ïðè âçãëÿäå èç òî÷êè O),
åñëè ñóùåñòâóåò ëó÷ OX ñ êîíöîì O, ïåðåñåêàþùàÿ îòðåçîê p â òî÷êå P := p ∩ OX, à

îòðåçîê q â òî÷êå Q := q ∩OX , P 6= Q, òàê, ÷òî Q ëåæèò âíóòðè îòðåçêà OP .
Ïóñòü íèêàêèå ÷åòûðå èç òî÷åê O,A1, . . . , A5 â ïðîñòðàíñòâå íå ëåæàò â îäíîé ïëîñ-

êîñòè, è ñóùåñòâóåò ïëîñêîñòü, îòäåëÿþùàÿ O îò A1, . . . , A5. Òîãäà òðåóãîëüíèêè OA1A2

è A3A4A5 çàöåïëåíû òîãäà è òîëüêî òîãäà, êîãäà A1A2 ðàñïîëîæåí ïîä íå÷åòíûì ÷èñëîì

ñòîðîí òðåóãîëüíèêà A3A4A5.

Òåîðåìà QS'D: êîëè÷åñòâåííàÿ òåîðåìà �àäîíà äëÿ ïðîñòðàíñòâà î çàöåïëåííîñòè

ìíîæåñòâ îäèíàêîâîãî ðàçìåðà.

Åñëè ñðåäè 6 òî÷åê ïðîñòðàíñòâà íèêàêèå 4 íå ëåæàò â îäíîé ïëîñêîñòè, òî êîëè-

÷åñòâî íåóïîðÿäî÷åííûõ ïàð çàöåïëåííûõ òðåóãîëüíèêîâ ñ âåðøèíàìè â ýòèõ òî÷êàõ

íå÷åòíî.

Òåîðåìû SD è QSD ïîêàçûâàþò, ÷òî ïðè ïåðåõîäå îò ðàçìåðíîñòè 2 ê ðàçìåðíîñòè 3

ñâîéñòâî ñóùåñòâîâàíèÿ ïåðåñå÷åíèÿ ñîõðàíÿåòñÿ, â òî æå âðåìÿ ÷åòíîñòü ÷èñëà ïåðå-

ñå÷åíèé èçìåíÿåòñÿ. Íå÷åòíîìåðíûå àíàëîãè SD è QSD èìåþò áîëåå ñèëüíóþ �îðìó:

òåîðåìû S'D è QS'D.

Ñëåäóþùèå ñâîéñòâà ðàñöåïëåííîñòè ñâÿçàíû ñî ñâîéñòâàìè ïåðåñå÷åíèé QS, QSD.

3.4. (2) Ñóùåñòâóþò 5 òî÷åê ïëîñêîñòè, íèêàêèå 3 èç êîòîðûõ íå ëåæàò íà îäíîé

ïðÿìîé è òàêèå, ÷òî ëþáîé îòðåçîê, ñîåäèíÿþùèé 2 èç íèõ, ïåðåñåêàåò êîíòóð òðåóãîëü-

íèêà, îáðàçîâàííîãî îñòàëüíûìè 3-ìÿ, â ÷åòíîì ÷èñëå òî÷åê.

(2') Äëÿ ëþáûõ 5 òî÷åê ïëîñêîñòè, íèêàêèå 3 èç êîòîðûõ íå ëåæàò íà îäíîé ïðÿ-

ìîé, ÷èñëî îòðåçêîâ, ñîåäèíÿþùèõ 2 èç íèõ, è ïåðåñåêàþùèõ êîíòóð òðåóãîëüíèêà,

îáðàçîâàííîãî îñòàëüíûìè 3-ìÿ, ðîâíî â îäíîé òî÷êå, ÷åòíî.

Çàäà÷à 3.4 îçíà÷àåò, ÷òî êàæäàÿ ïàðà òî÷åê ¾ðàñöåïëåíà¿ (ò.å., íå ¾çàöåïëåíà¿) ñ

òðåóãîëüíèêîì, îáðàçîâàííîì îñòàëüíûìè 3-ìÿ. Ìû íå áóäåì ïðèâîäèòü àíàëîãè÷íûå

ïîÿñíåíèÿ äëÿ ñâîéñòâ 3.5.3, 3.6.(4-2),(4-3) íèæå.

Â ïðîñòðàíñòâå âìåñòî ñâîéñòâà ðàñöåïëåííîñòè 3.4 åñòü ñâîéñòâî çàöåïëåííîñòè

(òåîðåìà QS'D) è ñëåäóþùèå ñâîéñòâà ðàñöåïëåííîñòè.

3.5. (3) Ñóùåñòâóþò 6 òî÷åê â ïðîñòðàíñòâå, íèêàêèå 4 èç êîòîðûõ íå ëåæàò â îäíîé

ïëîñêîñòè è òàêèå, ÷òî ëþáîé îòðåçîê, ñîåäèíÿþùèé 2 èç íèõ, ïåðåñåêàåò ïîâåðõíîñòü

òåòðàýäðà, îáðàçîâàííîãî îñòàâøèìèñÿ 4-ìÿ òî÷êàìè, â ÷åòíîì ÷èñëå òî÷åê.

(3') Åñëè íèêàêèå 4 èç 6 òî÷åê ïðîñòðàíñòâà íå ëåæàò â îäíîé ïëîñêîñòè, òî êî-

ëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ îòðåçêîâ, èõ ñîåäèíÿþùèõ, ñ ïîâåðõíîñòÿìè òåòðàýäðîâ,

îáðàçîâàííûõ îñòàþùèìèñÿ 4-ìÿ òî÷êàìè, ÷åòíî.
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Çäåñü ìîæíî ñäåëàòü çàìå÷àíèå, àíàëîãè÷íîå çàìå÷àíèþ ïîñëå òåîðåìû QSD.

Áûëî áû èíòåðåñíî äîêàçàòü óòâåðæäåíèå 3.6.(4'-3), ãèïîòåçû 3.6.(4-3),(4'-2),(4-2) è

èõ àíàëîãè â áîëüøèõ ðàçìåðíîñòÿõ. (Ìû áëàãîäàðíû Ì. Òàíöåðó çà ïðèñëàííîå íàì

äîêàçàòåëüñòâî PL âåðñèè óòâåðæäåíèÿ 3.6.(4-3).)

3.6. (4'-3) Åñëè íèêàêèå 5 èç 7 òî÷åê â ÷åòûðåõìåðíîì ïðîñòðàíñòâå íå ëåæàò â

îäíîé ãèïåðïëîñêîñòè, òî êîëè÷åñòâî òðåóãîëüíèêîâ, îáðàçîâàííûõ 3-ìÿ èç íèõ, è ïå-

ðåñåêàþùèõ òåòðàýäð, îáðàçîâàííûé îñòàâøèìèñÿ 4-ìÿ òî÷êàìè, ðîâíî â îäíîé òî÷êå,

÷åòíî.

(4-3) Ñóùåñòâóþò 7 òî÷åê â ÷åòûðåõìåðíîì ïðîñòðàíñòâå, íèêàêèå 5 èç êîòîðûõ

íå ëåæàò â îäíîé ãèïåðïëîñêîñòè è òàêèå, ÷òî ëþáîé òðåóãîëüíèê, îáðàçîâàííûé 3-ìÿ

èç íèõ, ïåðåñåêàåò ïîâåðõíîñòü òåòðàýäðà, îáðàçîâàííîãî îñòàâøèìèñÿ 4-ìÿ òî÷êàìè, â

÷åòíîì ÷èñëå òî÷åê.

(4'-2) Åñëè íèêàêèå 5 èç 7 òî÷åê â ÷åòûðåõìåðíîì ïðîñòðàíñòâå íå ëåæàò â îäíîé

ãèïåðïëîñêîñòè, òî êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ îòðåçêîâ, èõ ñîåäèíÿþùèõ, ñ òðåõ-

ìåðíûìè ïîâåðõíîñòÿìè ÷åòûðåõìåðíûõ ñèìïëåêñîâ, îáðàçîâàííûõ îñòàâøèìèñÿ 5-þ

òî÷êàìè, ÷åòíî.

(4-2) Ñóùåñòâóþò 7 òî÷åê â ÷åòûðåõìåðíîì ïðîñòðàíñòâå, íèêàêèå 5 èç êîòîðûõ íå

ëåæàò â îäíîé ãèïåðïëîñêîñòè è òàêèå, ÷òî ëþáîé îòðåçîê, ñîåäèíÿþùèé 2 èç íèõ, ïå-

ðåñåêàåò ïîâåðõíîñòü ÷åòûðåõìåðíîãî ñèìïëåêñà, îáðàçîâàííîãî îñòàâøèìèñÿ 5-þ òî÷-

êàìè, â ÷åòíîì ÷èñëå òî÷åê.

4 Êðàòíûå âåðñèè (M)

M = multipli
ity. Ëþáûå 17 òî÷åê íà ïëîñêîñòè ìîæíî ðàçáèòü íà 3 ìíîæåñòâà, âû-

ïóêëûå îáîëî÷êè êîòîðûõ èìåþò îáùóþ òî÷êó.

1
2

3

4

56

7

8

�èñ. 4: Îáùàÿ òî÷êà òðåõ âûïóêëûõ îáîëî÷åê

Äîêàçàòåëüñòâî. Âåðøèíû ëþáîãî âûïóêëîãî 8-óãîëüíèêà íà ïëîñêîñòè ìîæíî ðàç-

áèòü íà 3 ìíîæåñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ èìåþò îáùóþ òî÷êó (ðèñ. 4).

Åñëè ó âûïóêëîé îáîëî÷êè äàííîãî ìíîæåñòâà èç 17 (èëè äàæå èç 11) òî÷åê íå

ìåíåå 8 âåðøèí, òî ðàçîáüåì ýòè âîñåìü âåðøèí íà 3 ìíîæåñòâà êàê âûøå. Åñëè æå ó

íåå ìåíåå 8 âåðøèí, òî îáîçíà÷èì ÷åðåç S1 ìíîæåñòâî ýòèõ âåðøèí. Îñòàâøèõñÿ òî÷åê

íå ìåíåå 4. Ïîýòîìó èõ ìîæíî ðàçáèòü íà äâà ìíîæåñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ

ïåðåñåêàþòñÿ. Ýòî ïåðåñå÷åíèå ëåæèò è â âûïóêëîé îáîëî÷êå ìíîæåñòâà S1.

Òåîðåìà 4.1 (M: r-êðàòíàÿ òåîðåìà �àäîíà äëÿ ïëîñêîñòè; òåîðåìà Òâåðáåðãà äëÿ

ïëîñêîñòè, 1965). Ëþáûå 7 òî÷åê ïëîñêîñòè ìîæíî ðàçáèòü íà 3 ìíîæåñòâà, âûïóê-

ëûå îáîëî÷êè êîòîðûõ èìåþò îáùóþ òî÷êó.

Ëþáûå 3r−2 òî÷êè ïëîñêîñòè ìîæíî ðàçáèòü íà r ìíîæåñòâ, âûïóêëûå îáîëî÷êè

êîòîðûõ èìåþò îáùóþ òî÷êó.
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1

2

3

4 5

6

7

1

2

3

4

5

6

7

�èñ. 5: Îáùàÿ òî÷êà òðåõ âûïóêëûõ îáîëî÷åê

Ïðåæäå, ÷åì äîêàçûâàòü òåîðåìû M è DM, ðåêîìåíäóåì ðåøèòü çàäà÷è 4.2, 4.3, 4.4,

4.6.

4.2 (ñð. ñ òåîðåìîé M). (a) Ñóùåñòâóþò 6 òî÷åê ïëîñêîñòè, ïðè ëþáîì ðàçáèåíèè

êîòîðûõ íà 3 ìíîæåñòâà âûïóêëûå îáîëî÷êè ýòèõ ìíîæåñòâ íå èìåþò îáùåé òî÷êè.

Óêàçàíèå. Âîçüìåì ïî ïàðå òî÷åê îêîëî êàæäîé âåðøèíû òðåóãîëüíèêà.

(b) Ñóùåñòâóþò 7 òî÷åê ïëîñêîñòè, íè îäíà èç êîòîðûõ íå ëåæèò íè â îäíîì èç

òðåóãîëüíèêîâ, îáðàçîâàííûõ îñòàâøèìèñÿ òî÷êàìè.

Óêàçàíèå. Âîçüìåì âåðøèíû âûïóêëîãî 7-óãîëüíèêà.

(
) Ñóùåñòâóþò 7 òî÷åê ïëîñêîñòè ñî ñëåäóþùèì ñâîéñòâîì. Âîçüìåì ëþáûå äâà îò-

ðåçêà, ñîåäèíÿþùèå äâå íåïåðåñåêàþùèåñÿ ïàðû äàííûõ òî÷åê. Òîãäà ëèáî ýòè îòðåçêè

íå ïåðåñåêàþòñÿ, ëèáî èõ òî÷êà ïåðåñå÷åíèÿ íå ëåæèò â òðåóãîëüíèêå, îáðàçîâàííîì

òðåìÿ îñòàâøèìèñÿ òî÷êàìè èç äàííûõ.

Óêàçàíèå. Âîçüìåì âåðøèíû ïðàâèëüíîãî òðåóãîëüíèêà è åãî öåíòð. Äîáàâèì ê âçÿ-

òûì òî÷êàì ñåðåäèíû îòðåçêîâ, ñîåäèíÿþùèõ âåðøèíû ñ öåíòðîì.

(d) Îáîáùèòå ýòè ïðèìåðû íà r-êðàòíûé ñëó÷àé.

Êîëè÷åñòâåííàÿ òðåõêðàòíàÿ òåîðåìà �àäîíà äëÿ ïëîñêîñòè (QM) íåèçâåñòíà!

4.3. Ñóùåñòâóþò ëè 6 òî÷åê íà ïëîñêîñòè, ïðè ëþáîì ðàçáèåíèè êîòîðûõ íà 3 ìíî-

æåñòâà âûïóêëûå îáîëî÷êè íåêîòîðûõ äâóõ èç ýòèõ ìíîæåñòâ íå ïåðåñåêàþòñÿ?

4.4. (a) Äëÿ âåðøèí ïðàâèëüíîãî 7-óãîëüíèêà ÷èñëî ðàçáèåíèé èç òåîðåìû M ðàâíî

7.
Óêàçàíèå. Êàæäîå òàêîå ðàçáèåíèå ïîõîæå íà ïîâåðíóòîå ðàçáèåíèå ñ ðèñ. 5 ñëåâà.

(b) Äëÿ òî÷åê ðèñóíêà 5 ñïðàâà ÷èñëî ðàçáèåíèé èç òåîðåìû M ðàâíî 4.
Óêàçàíèå. Ýòî ñëåäóåò èç òîãî, ÷òî äëÿ êàæäîãî òàêîãî ðàçáèåíèÿ îäíà èç âûïóêëûõ

îáîëî÷åê � ýòî òðåóãîëüíèê ñ ïåðâîé âåðøèíîé 4, âòîðîé âåðøèíîé 1 èëè 2 è òðåòüåé

âåðøèíîé 6 èëè 7.
Çàìå÷àíèå. Îòñþäà âûòåêàåò, ÷òî ñëåäóþùàÿ ñóììà èìååò ðàçíóþ ÷åòíîñòü äëÿ

äâóõ âûøåóïîìÿíóòûõ 7-ýëåìåíòíûõ ìíîæåñòâ Ma,Mb

v(Mi) :=
∑

{R1,R2,R3} : Mi=R1⊔R2⊔R3

| 〈R1〉 ∩ 〈R2〉 ∩ 〈R3〉 |.

Ñì. ïîäðîáíåå [Sk18, �2℄.

Òåîðåìà 4.5 (DM: r-êðàòíàÿ òåîðåìà �àäîíà äëÿ ïðîñòðàíñòâà; òåîðåìà Òâåðáåðãà

äëÿ ïðîñòðàíñòâà, 1965). Ëþáûå 4r−3 òî÷êè ïðîñòðàíñòâà ìîæíî ðàçáèòü íà r ìíî-
æåñòâ, âûïóêëûå îáîëî÷êè êîòîðûõ èìåþò îáùóþ òî÷êó.

4.6 (ñð. ñ òåîðåìîé DM). (a) Ñóùåñòâóþò 8 òî÷åê ïðîñòðàíñòâà, ïðè ëþáîì ðàç-

áèåíèè êîòîðûõ íà 3 ìíîæåñòâà âûïóêëûå îáîëî÷êè ýòèõ ìíîæåñòâ íå èìåþò îáùåé

òî÷êè.
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(b) Ñóùåñòâóþò 4r − 4 òî÷åê ïðîñòðàíñòâà, ïðè ëþáîì ðàçáèåíèè êîòîðûõ íà r
ìíîæåñòâ âûïóêëûå îáîëî÷êè ýòèõ ìíîæåñòâ íå èìåþò îáùåé òî÷êè.

(
) Ñóùåñòâóþò (r − 1)(d+ 1) òî÷åê d-ìåðíîãî ïðîñòðàíñòâà, ïðè ëþáîì ðàçáèåíèè

êîòîðûõ íà r ìíîæåñòâ âûïóêëûå îáîëî÷êè ýòèõ ìíîæåñòâ íå èìåþò îáùåé òî÷êè.

4.7. * Ñ�îðìóëèðóéòå è äîêàæèòå àíàëîã çàäà÷è 4.3 äëÿ ïðîñòðàíñòâà.

Â äîêàçàòåëüñòâàõ òåîðåì M è DM ìîæíî èñïîëüçîâàòü áåç äîêàçàòåëüñòâà öâåòíóþ

òåîðåìó Êàðàòåîäîðè (äîêàçàòåëüñòâî êîòîðîé íå ÿâëÿåòñÿ ÷àñòüþ ýòîãî ïðîåêòà).

Òåîðåìà 4.8 (Áàðàíü; öâåòíàÿ òåîðåìà Êàðàòåîäîðè). Ïóñòü òî÷êà 0 ∈ R
n
ëåæèò â

âûïóêëîé îáîëî÷êå êàæäîãî èç n+ 1 êîíå÷íûõ ìíîæåñòâ M0,M1, . . . ,Mn ⊂ R
n
. Òîãäà

ñóùåñòâóþò òî÷êè mi ∈ Mi, äëÿ êîòîðûõ 0 ∈ 〈m0, m1, . . . , mn〉.

Òåîðåìà 4.9 (SM: òðåõêðàòíàÿ òåîðåìà �àäîíà äëÿ ìàëîé ðàçìåðíîñòè î ìíîæåñòâàõ

îäèíàêîâîãî ðàçìåðà; ëèíåéíàÿ òåîðåìà Ñàðêàðèè, 1991). * Èç ëþáûõ 11 òî÷åê ïðî-

ñòðàíñòâà ìîæíî âûáðàòü 3 ïîïàðíî íåïåðåñåêàþùèåñÿ òðîéêè òàê, ÷òîáû òðè òðå-

óãîëüíèêà, îáðàçîâàííûå ýòèìè òðîéêàìè, èìåëè îáùóþ òî÷êó.

4.10 (ñð. ñ òåîðåìîé SM). Ñóùåñòâóþò 10 òî÷åê ïðîñòðàíñòâà, èç êîòîðûõ íåëü-

çÿ âûáðàòü 3 ïîïàðíî íåïåðåñåêàþùèåñÿ òðîéêè, âûïóêëûå îáîëî÷êè êîòîðûõ èìåþò

îáùóþ òî÷êó.

Òåîðåìà 4.11 (SDM: r-êðàòíàÿ òåîðåìà �àäîíà äëÿ ïðîèçâîëüíîé ðàçìåðíîñòè î ìíî-
æåñòâàõ îäèíàêîâîãî ðàçìåðà; ëèíåéíàÿ òåîðåìà Ñàðêàðèè-Âîëîâèêîâà, 1991-1996). *

Åñëè r � ñòåïåíü ïðîñòîãî, òî èç ëþáûõ (kr + 2)(r− 1) + 1 òî÷åê ïðîñòðàíñòâà R
kr

ìîæíî âûáðàòü òàêèå r ïîïàðíî íåïåðåñåêàþùèõñÿ íàáîðîâ ïî k(r − 1) + 1 òî÷êå â

êàæäîì, ÷òî âûïóêëûå îáîëî÷êè ýòèõ íàáîðîâ èìåþò îáùóþ òî÷êó.

Âåðåí ëè àíàëîã ýòîé òåîðåìû äëÿ r = 6, íåèçâåñòíî!
Êîëè÷åñòâåííûå âåðñèè (QSM), (QDM), (QSDM) íåèçâåñòíû, äàæå åñëè r � ñòå-

ïåíü ïðîñòîãî! Âåðñèÿ (S'M) î òðåõêðàòíîé çàöåïëåííîñòè íåèçâåñòíà, ñì. [Skr℄.

5 Ïðèëîæåíèå: òîïîëîãè÷åñêèå âåðñèè (T)

Íà÷íåì ñ óñèëåíèÿ íåïëàíàðíîñòè ãðà�à K5 � òîïîëîãè÷åñêîé âåðñèè (ST) òåîðåìû

�àäîíà äëÿ ïëîñêîñòè î ìíîæåñòâàõ îäèíàêîâîãî ðàçìåðà.

Áóäåì ðàññìàòðèâàòü òàêèå èçîáðàæåíèÿ ãðà�à íà ïëîñêîñòè, ïðè êîòîðûõ ðåáðà

èçîáðàæàþòñÿ ëîìàíûìè è äîïóñêàþòñÿ ñàìîïåðåñå÷åíèÿ. Ôîðìàëèçóåì ýòî ïîÿñíåíèå

äëÿ ãðà�à Kn.

Êóñî÷íî-ëèíåéíûì (PL) îòîáðàæåíèåì f : Kn → R
2
ãðà�à Kn â ïëîñêîñòü

íàçîâåì íàáîð

(

n

2

)

(íåçàìêíóòûõ) ëîìàíûõ, ïîïàðíî ñîåäèíÿþùèõ íåêîòîðûå n òî÷åê

íà ïëîñêîñòè. Îáðàçîì f(σ) ðåáðà σ íàçîâåì ëîìàíóþ, ñîîòâåòñòâóþùóþ ðåáðó σ.
Îáðàçîì íàáîðà ðåáåð íàçîâåì îáúåäèíåíèå îáðàçîâ ðåáåð èç íàáîðà.

Òåîðåìà 5.1 (ST). Äëÿ ëþáîãî PL îòîáðàæåíèÿ ãðà�à K5 â ïëîñêîñòü íàéäóòñÿ äâà

íåñìåæíûõ ðåáðà, îáðàçû êîòîðûõ ïåðåñåêàþòñÿ.

Òåîðåìà (ST) âûâîäèòñÿ èç åå êîëè÷åñòâåííîé âåðñèè (QST): ïðè ¾ñëó÷àéíîì¿ èçîá-

ðàæåíèè ãðà�à K5 íà ïëîñêîñòè êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ íåñìåæíûõ ðåáåð íå÷åò-

íî (â âûâîäå èñïîëüçóåòñÿ àïïðîêñèìàöèÿ [Sk20, Ëåììà îá àïïðîêñèìàöèè 1.4.6b℄.)

Ïóñòü f : Kn → R
2
� PL îòîáðàæåíèå. Îíî íàçûâàåòñÿ PL îòîáðàæåíèåì îáùåãî

ïîëîæåíèÿ, åñëè âñå âåðøèíû ëîìàíûõ íàõîäÿòñÿ â îáùåì ïîëîæåíèè. Òîãäà îáðàçû
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ëþáûõ äâóõ íåñìåæíûõ ðåáåð ïåðåñåêàþòñÿ â êîíå÷íîì ÷èñëå òî÷åê. Íàçîâåì ÷èñëîì

âàí Êàìïåíà (èëè èíâàðèàíòîì ñàìîïåðåñå÷åíèÿ) v(f) ÷åòíîñòü ÷èñëà òî÷åê ïåðåñå-

÷åíèÿ îáðàçîâ íåñìåæíûõ ðåáåð.

Òåîðåìà 5.2 (QST). Äëÿ ëþáîãî PL îòîáðàæåíèÿ îáùåãî ïîëîæåíèÿ ãðà�à K5 â ïëîñ-

êîñòü ÷èñëî âàí Êàìïåíà íå÷åòíî.

Ïðèìåð 5.3. (a) Âûïóêëûé ïÿòèóãîëüíèê è åãî äèàãîíàëè îáðàçóþò òàêîå PL îòîá-

ðàæåíèå îáùåãî ïîëîæåíèÿ f : K5 → R
2
, ÷òî v(f) = 1.

(b) Âûïóêëûé ÷åòûðåõóãîëüíèê è åãî äèàãîíàëè îáðàçóþò òàêîå PL îòîáðàæåíèå

îáùåãî ïîëîæåíèÿ f : K4 → R
2
, ÷òî v(f) = 1. Òðåóãîëüíèê è òî÷êà âíóòðè íåãî

îáðàçóþò òàêîå PL îòîáðàæåíèå îáùåãî ïîëîæåíèÿ f : K4 → R
2
, ÷òî v(f) = 0.

Ëåììà 5.4 (î ÷åòíîñòè). Åñëè âåðøèíû äâóõ çàìêíóòûõ ïëîñêèõ ëîìàíûõ íàõîäÿòñÿ

â îáùåì ïîëîæåíèè, òî ëîìàíûå ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê.

2

Äîêàçàòåëüñòâî òåîðåìû (QST). Ââèäó çàäà÷è QS äîñòàòî÷íî äîêàçàòü, ÷òî

v(f) = v(f ′) äëÿ ëþáûõ äâóõ PL îòîáðàæåíèé îáùåãî ïîëîæåíèÿ f, f ′ : K5 → R
2
,

îòëè÷àþùèõñÿ òîëüêî íà âíóòðåííîñòè îäíîãî ðåáðà σ, ïðè÷åì f |σ ëèíåéíî (ñì. ðèñ.).
�åáðà ãðà�à K5, íåñìåæíûå ñ σ, îáðàçóþò öèêë ∆. Òîãäà

v(f)− v(f ′) = |(fσ ∪ f ′σ) ∩ f∆| mod 2 = 0.

Çäåñü âòîðîå ðàâåíñòâî ñïðàâåäëèâî ïî ëåììå î ÷åòíîñòè.

�èñ. 6: Íåçàâèñèìîñòü v(f) îò f

Óòâåðæäåíèå 5.5. Âîçüìåì çàìêíóòóþ ïëîñêóþ ëîìàíóþ L, âåðøèíû êîòîðîé íà-

õîäÿòñÿ â îáùåì ïîëîæåíèè.

(a) Äîïîëíåíèå äî L äîïóñêàåò øàõìàòíóþ ðàñêðàñêó (òàêóþ, ÷òî ñîñåäíèå îáëà-

ñòè ïîêðàøåíû â ðàçíûå öâåòà, ñì. ðèñ.).

(b) Êîíöû ëîìàíîé P , âåðøèíû êîòîðîé íàõîäÿòñÿ ñ âåðøèíàìè ëîìàíîé L â îá-

ùåì ïîëîæåíèè, èìåþò îäèíàêîâûé öâåò, åñëè è òîëüêî åñëè |P ∩ L| ÷åòíî.

Âíóòðåííîñòüþ ïî ìîäóëþ 2 ïëîñêîé ëîìàíîé, âåðøèíû êîòîðîé íàõîäÿòñÿ â îá-

ùåì ïîëîæåíèè, íàçûâàåòñÿ îáúåäèíåíèå ÷åðíûõ îáëàñòåé øàõìàòíîé ðàñêðàñêè (ïðè

óñëîâèè, ÷òî ¾áåñêîíå÷íàÿ¿ îáëàñòü áåëàÿ).

2

Ýòà ëåììà íåòðèâèàëüíà, ïîñêîëüêó ëîìàíûå ìîãóò èìåòü ñàìîïåðåñå÷åíèÿ, è ïîñêîëüêó òåîðå-

ìà Æîðäàíà íåòðèâèàëüíà. Âûâîäèòü ëåììó î ÷åòíîñòè èç òåîðåìû Æîðäàíà èëè �îðìóëû Ýéëåðà

íåðàçóìíî, èáî èõ äîêàçàòåëüñòâà èñïîëüçóþò ëåììó î ÷åòíîñòè èëè áëèçêîå óòâåðæäåíèå. Èíòåðåñ-

íûå ïðèëîæåíèÿ ëåììû î ÷åòíîñòè 5.4 ê òåîðåìå Æîðäàíà è àëãîðèòìè÷åñêèì âîïðîñàì ïðèâåäåíû

â [Sk20, �1.4℄.
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�èñ. 7: Âíóòðåííîñòè ïî ìîäóëþ 2 ëîìàíûõ

Òåîðåìà 5.6 (T: òîïîëîãè÷åñêàÿ òåîðåìà �àäîíà äëÿ ïëîñêîñòè; Áàéìî÷-Áàðàíü, 1979).

Äëÿ ëþáîãî PL îòîáðàæåíèÿ îáùåãî ïîëîæåíèÿ f : K4 → R
2
ëèáî

• îáðàçû íåêîòîðûõ íåñìåæíûõ ðåáåð ïåðåñåêàþòñÿ, ëèáî

• îáðàç íåêîòîðîé âåðøèíû ëåæèò âî âíóòðåííîñòè ïî ìîäóëþ 2 îáðàçà öèêëà èç

òðåõ ðåáåð, íå ñîäåðæàùèõ ýòó âåðøèíó.

Ýòà òåîðåìà âûâîäèòñÿ èç åå êîëè÷åñòâåííîé âåðñèè (QT).

Äëÿ ëþáîãî PL îòîáðàæåíèÿ îáùåãî ïîëîæåíèÿ f : K4 → R
2
íàçîâåì ÷èñëîì

�àäîíà ρ(f) ∈ Z2 ñóììó ÷åòíîñòåé

• ÷èñëà òî÷åê ïåðåñå÷åíèÿ îáðàçîâ íåñìåæíûõ ðåáåð, è

• ÷èñëà òåõ âåðøèí ãðà�à K4, îáðàçû êîòîðûõ ëåæàò âî âíóòðåííîñòè ïî ìîäóëþ 2

îáðàçà öèêëà èç òðåõ ðåáåð, íå ñîäåðæàùèõ ýòó âåðøèíó.

Òåîðåìà 5.7 (QT). Äëÿ ëþáîãî PL îòîáðàæåíèÿ îáùåãî ïîëîæåíèÿ ãðà�à K4 â ïëîñ-

êîñòü ÷èñëî �àäîíà íå÷åòíî.

Äîêàçàòåëüñòâî. Ââèäó çàäà÷è Q äîñòàòî÷íî äîêàçàòü, ÷òî ρ(f) = ρ(f ′) äëÿ ëþáûõ

äâóõ PL îòîáðàæåíèé îáùåãî ïîëîæåíèÿ f, f ′ : K4 → R
2
, îòëè÷àþùèõñÿ òîëüêî íà

âíóòðåííîñòè îäíîãî ðåáðà σ, ïðè÷åì f |σ ëèíåéíî (ñì. ðèñ.). Îáîçíà÷èì ÷åðåç τ ðåáðî

ãðà�à K4, íå ñîñåäíåå ñ ðåáðîì σ, ÷åðåç S � âíóòðåííîñòü ïî ìîäóëþ 2 ëîìàíîé ∂S :=
fσ ∪ f ′σ. Ïîëó÷èì

ρ(f)− ρ(f ′) = (|∂S ∩ fτ |+ |S ∩ f(∂τ)|) mod 2 = 0.

Çäåñü âòîðîå ðàâåíñòâî ñëåäóåò èç óòâåðæäåíèÿ 5.5.b.

×èñëîì îáîðîòîâ çàìêíóòîé îðèåíòèðîâàííîé ïëîñêîé ëîìàíîé A1 . . . An âîêðóã

íå ëåæàùåé íà íåé òî÷êè O íàçûâàåòñÿ ñëåäóþùàÿ ñóììà îðèåíòèðîâàííûõ óãëîâ,

äåëåííàÿ íà 2π:

A1 . . . An ·O := (∠A1OA2 + ∠A2OA3 + . . .+ ∠An−1OAn + ∠AnOA1)/2π.

Ïðèìåð 5.8. (a) ×èñëî îáîðîòîâ (ïðîèçâîëüíî îðèåíòèðîâàííîãî) ìíîãîóãîëüíèêà âî-

êðóã òî÷êè âíå íåãî ðàâíî 0, à âîêðóã òî÷êè âíóòðè íåãî ðàâíî ±1.
(b) Äëÿ ëþáîé çàìêíóòîé îðèåíòèðîâàííîé ëîìàíîé åå âíóòðåííîñòü ïî ìîäóëþ

2 ñîñòîèò èç âñåõ òåõ òî÷åê, âîêðóã êîòîðûõ ÷èñëî îáîðîòîâ íå÷åòíî.

(
) Äëÿ êàæäîé ëîìàíîé (ñ ïðîèçâîëüíîé îðèåíòàöèåé) íà ðèñ. è òî÷êè íà âàø

âûáîð (â ëþáîé èç îãðàíè÷åííûõ îáëàñòåé) íàéäèòå ÷èñëî îáîðîòîâ ëîìàíîé âîêðóã

òî÷êè.

Áîëüøå èí�îðìàöèè ìîæíî íàéòè íà [Wn℄.

Ëåììà 5.9. �àññìîòðèì çàìêíóòóþ è íåçàìêíóòóþ ëîìàíûå L è P íà ïëîñêîñòè,

âñå âåðøèíû êîòîðûõ íàõîäÿòñÿ â îáùåì ïîëîæåíèè. Îáîçíà÷èì ÷åðåç P0 è P1 íà-

÷àëüíóþ è êîíå÷íóþ òî÷êè P . Òîãäà L · P = L · P1 − L · P0.
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×èñëî L · P îïðåäåëÿåòñÿ êàê ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ ëîìàíûõ L è P . Ýòà
ëåììà ïîêàçûâàåò, ÷òî äîïîëíåíèå äî L èìååò íóìåðàöèþ Ìåáèóñà-Àëåêñàíäåðà, òî åñòü

¾öåëî÷èñëåííóþ øàõìàòíóþ ðàñêðàñêó¿.

Òåîðåìà 5.10 (MT: òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà äëÿ ïëîñêîñòè; Áàðàíü-Øëîñìàí�

Ñþ÷ 1981, Åçàéäûí 1987, Âîëîâèêîâ 1996). Åñëè r � ñòåïåíü ïðîñòîãî, òî äëÿ ëþáîãî

PL îòîáðàæåíèÿ f : K3r−2 → R
2
ëèáî r−1 òðåóãîëüíèêîâ îáîðà÷èâàþòñÿ âîêðóã îäíîé

âåðøèíû, ëèáî r − 2 òðåóãîëüíèêîâ îáîðà÷èâàþòñÿ âîêðóã ïåðåñå÷åíèÿ äâóõ ðåáåð, ãäå

íèêàêèå äâà èç óêàçàííûõ òðåóãîëüíèêîâ, ðåáåð è âåðøèí íå èìåþò îáùèõ âåðøèí.

�èñ. 8: Òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà íà ïëîñêîñòè, r = 3

Âåðåí ëè àíàëîã ýòîé òåîðåìû äëÿ r = 6, íåèçâåñòíî!
Êîëè÷åñòâåííàÿ âåðñèÿ (QMT) íåèçâåñòíà, äàæå åñëè r � ñòåïåíü ïðîñòîãî!

Îáîçíà÷èì ÷åðåç ∆N ñèìïëåêñ ðàçìåðíîñòè N .

Òåîðåìà 5.11 (DT: òîïîëîãè÷åñêàÿ òåîðåìà �àäîíà). Äëÿ ëþáîãî íåïðåðûâíîãî îòîá-

ðàæåíèÿ ∆d+1 → R
d
îáðàçû íåêîòîðûõ åãî íåïåðåñåêàþùèõñÿ ãðàíåé ïåðåñåêàþòñÿ.

Ïîïðîáóéòå ñ�îðìóëèðîâàòü óòâåðæäåíèå (QDT). Îíî âåðíî.

Òåîðåìà 5.12 (DMT: òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà). Åñëè r � ñòåïåíü ïðîñòîãî,

òî äëÿ ëþáîãî PL îòîáðàæåíèÿ f : ∆(d+1)(r−1) → R
d
ñóùåñòâóþò ïîïàðíî íåïåðåñåêà-

þùèåñÿ ãðàíè σ1, . . . , σr ⊂ ∆(d+1)(r−1), äëÿ êîòîðûõ f(σ1) ∩ . . . ∩ f(σr) 6= ∅.

Êîëè÷åñòâåííàÿ âåðñèÿ (QDMT) íåèçâåñòíà, äàæå åñëè r � ñòåïåíü ïðîñòîãî!

Àíàëîã òåîðåìû (DMT) íåâåðåí, åñëè r � íå ñòåïåíü ïðîñòîãî (äëÿ d > 2r). Äëÿ
ýòèõ êîíòðïðèìåðîâ âàæíû ðàáîòû Ì. Åçàéäûíà (1987), Ì. �ðîìîâà (2010), Ô. Ôðèêà,

Ï. Áëàãîåâè÷à, �. Öèãëåðà (2014-2015), È. Ìàáèéÿðà è Ó. Âàãíåðà (2015). Ìû íå îá-

ñóæäàåì ñîîòíîøåíèå âêëàäîâ ðàçíûõ àâòîðîâ, ïîñêîëüêó ýòî ñîîòíîøåíèå íåïðîñòîå.

×èòàòåëü ìîæåò ñîñòàâèòü ñîáñòâåííîå ìíåíèå, èçó÷èâ äîêàçàòåëüñòâà è òî÷íûå ññûë-

êè íà êàæäûé åãî øàã, ñì. îáçîðû [Sk16℄. Êîíòðïðèìåðû áûëè ñíà÷àëà ïîñòðîåíû äëÿ

d > 3r, à çàòåì äëÿ d > 2r (Àââàêóìîâ-Ìàáèéÿð-Ñêîïåíêîâ-Âàãíåð, 2015).

Âåðåí ëè àíàëîã ýòîé òåîðåìû äëÿ d ≤ 2r è r íå ñòåïåíè ïðîñòîãî (íàïðèìåð, äëÿ

d = 2 è r = 6), íåèçâåñòíî!
Ïîïðîáóéòå ñ�îðìóëèðîâàòü óòâåðæäåíèÿ (SDT), (QSDT), (SMT), (QSMT), (SDMT),

è (QSDMT)!

Óòâåðæäåíèÿ (SDT) è (QSDT) âåðíû (òåîðåìà âàí Êàìïåíà-Ôëîðåñà, 1932-34).

Óòâåðæäåíèÿ (SMT), (SDMT) âåðíû, åñëè r � ñòåïåíü ïðîñòîãî (r-êðàòíàÿ òåîðåìà
âàí Êàìïåíà-Ôëîðåñà, Ñàðêàðèÿ 1991, Âîëîâèêîâ 1996). Óòâåðæäåíèÿ (SMT) è (SDMT)

íåâåðíû äëÿ d ≤ 2r è r íå ñòåïåíè ïðîñòîãî (Ìàáèéÿð-Âàãíåð 2015 äëÿ ¾êîðàçìåðíîñòè¿
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≥ 3, Àââàêóìîâ-Ìàáèéÿð-Ñêîïåíêîâ-Âàãíåð 2015 äëÿ ¾êîðàçìåðíîñòè¿ 2). ñì. îáçîðû

[Sk16℄. Âåðíû ëè ýòèõ óòâåðæäåíèÿ äëÿ ¾êîðàçìåðíîñòè¿ 1, íåèçâåñòíî!.

Êîëè÷åñòâåííûå âåðñèè (QSMT) è (QSDMT) íåèçâåñòíû, äàæå åñëè r � ñòåïåíü

ïðîñòîãî!

Answers, hints, solutions

D. ßâëÿåòñÿ ÷àñòíûì ñëó÷àåì òåîðåìû �àäîíà D(d).

SD. (3) Ââåä¼ì îáîçíà÷åíèÿ èç ïåðâîãî àáçàöà ïåðåõîäà èíäóêöèè â äîêàçàòåëüñòâå

òåîðåìû �àäîíà äëÿ d = 2. Âîñïîëüçóåìñÿ óòâåðæäåíèåì S äëÿ ìíîæåñòâà M . Ïîëó÷èì

ðàçáèåíèå íà äâà äâóõýëåìåíòíûõ ìíîæåñòâà U ′
1 è U ′

2, âûïóêëûå îáîëî÷êè êîòîðûõ

ïåðåñåêàþòñÿ. Ïîâòîðèì 4, 5 è 6 àáçàöû â äîêàçàòåëüñòâå òåîðåìû �àäîíà. Ïîëó÷èì,

÷òî X2 ∈ 〈O,U1〉 ∩ 〈U2〉, ÷òî è òðåáîâàëîñü.

(4) Ñóùåñòâóåò ãèïåðïëîñêîñòü α, äëÿ êîòîðîé ðîâíî îäíà òî÷êà èç íàáîðà ëåæèò ïî
îäíó ñòîðîíó îò α, à îñòàëüíûå � ïî äðóãóþ. Îáîçíà÷èì òî÷êè ÷åðåç O,A1, . . . , A6 òàê,

÷òîáû α îòäåëÿëà O îò A1, . . . , A6. Äëÿ 1 6 i 6 6 îáîçíà÷èì A′
i := OAi ∩ α. ßñíî, ÷òî

íèêàêèå 4 òî÷êè èç A′
1, . . . , A

′
6 íå ëåæàò íà îäíîé ïëîñêîñòè. Âîñïîëüçóåìñÿ òåîðåìîé

S'D äëÿ òî÷åê A′
1, . . . , A

′
6. Ïîëó÷èì äâà çàöåïëåííûõ òðåóãîëüíèêà ∆1 è ∆2 (íàïðèìåð,

∆1 = A′
2A

′
3A

′
5, ∆2 = A′

1A
′
4A

′
6).

O

A5 A4

A2

A3
A6

A1

�èñ. 9: Ñëåâà: ãèïåðïëîñêîñòü â R
4
(èçîáðàæåííàÿ êàê ïëîñêîñòü â ïðîñòðàíñòâå) ïåðå-

ñåêàåò îòðåçêè OA1, . . . , OA6 â 6 òî÷êàõ A′
1, . . . , A

′
6, êîòîðûå ÿâëÿþòñÿ âåðøèíàìè äâóõ

çàöåïëåííûõ òðåóãîëüíèêîâ. Ñïðàâà: ñå÷åíèå ïëîñêîñòüþ γ: ∆γ
1 = OAC, ∆γ

2 = OBD.

Îáîçíà÷èì ÷åðåç γ ïëîñêîñòü, ñîäåðæàùóþ O è ïðÿìóþ ïåðåñå÷åíèÿ çàöåïëåííûõ

òðåóãîëüíèêîâ. ßñíî, ÷òî γ ∩ α � ïðÿìàÿ, è ∆γ
j := γ ∩ O∆j � òðåóãîëüíèêè (j = 1, 2).

Åäèíñòâåííàÿ ñòîðîíà òðåóãîëüíèêà ∆γ
j , íå ñîäåðæàùàÿ òî÷êó O � ýòî γ ∩ ∆j , à äâå

äðóãèå ñòîðîíû òðåóãîëüíèêà γ ∩ ∆j ÿâëÿþòñÿ ïåðåñå÷åíèåì ïëîñêîñòè γ è áîêîâûõ

ïîâåðõíîñòåé òåòðàýäðà O∆j.

�àç òðåóãîëüíèêè α∩O∆1 è α∩O∆2 çàöåïëåíû, òî òî÷êè ïåðåñå÷åíèÿ ïðÿìîé γ ∩α
ñ êîíòóðàìè òðåóãîëüíèêîâ ∆γ

1 è ∆γ
2 ÷åðåäóþòñÿ âäîëü ïðÿìîé. Ñëåäîâàòåëüíî, ýòè

êîíòóðû ïåðåñåêàþòñÿ â òî÷êå, îòëè÷íîé îò O.
Ýòà òî÷êà ïåðåñå÷åíèÿ ëèáî ÿâëÿåòñÿ ïåðåñå÷åíèåì ñòîðîí òðåóãîëüíèêîâ γ ∩∆1 è

γ ∩ ∆2, ëèáî, íå óìàëÿÿ îáùíîñòè, ñòîðîíû òðåóãîëüíèêà γ ∩ ∆1 è îáúåäèíåíèÿ äâóõ

ñòîðîí òðåóãîëüíèêà ∆γ
2 , ñîäåðæàùèõ O. Â ïåðâîì ñëó÷àå ∆1 ïåðåñåêàåòñÿ ñ ∆2. Âî

âòîðîì ñëó÷àå ∆1 ïåðåñåêàåòñÿ ñ áîêîâîé ãðàíüþ O∆2.

S'D. Ñëåäóåò èç òåîðåìû QS'D.

1.1. 0, åñëè îíè ïàðàëëåëüíû; 1, åñëè ïðÿìàÿ ïåðåñåêàåò ïëîñêîñòü; ∞, åñëè ïðÿìàÿ

ïîëíîñòüþ ëåæèò â ïëîñêîñòè.

1.4. (a) Ïàðà òî÷åê (0, 0, 1) è (0, 0,−1).

15



(b) Îêðóæíîñòü

{

x = 0,

y2 + z2 = 1
.

(
) Îáúåäèíåíèå ÷åòâåðòåé òðåõ îêðóæíîñòåé:

{

x = 0, y > 0, z > 0

y2 + z2 = 1
,

{

y = 0, x > 0, z > 0

x2 + z2 = 1
è

{

z = 0, x > 0, y > 0

x2 + y2 = 1
.

1.5. (a) Ïàðà òî÷åê (0, 0, 0, 1) è (0, 0, 0,−1).

(b) Îêðóæíîñòü

{

x = y = 0

z2 + t2 = 1
.

(
) Ñ�åðà

{

x = 0

y2 + z2 + t2 = 1
.

(d) �ðà� K4, îáðàçîâàííûé îáúåäèíåíèåì ÷åòâåðòåé øåñòè îêðóæíîñòåé, îäíà èç

êîòîðûõ �

{

x = y = 0, z > 0, t > 0

z2 + t2 = 1
.

1.8. (b) Ïóñòîå ìíîæåñòâî, òî÷êà (åñëè ïðÿìàÿ ïåðåñåêàåò ïëîñêîñòü), ïðÿìàÿ (åñëè

ïðÿìàÿ ñîäåðæèòñÿ â ïëîñêîñòè).

(
) Ïóñòîå ìíîæåñòâî, ïðÿìàÿ (åñëè ïëîñêîñòü ïåðåñåêàåò ãèïåðïëîñêîñòü), ïëîñ-

êîñòü (åñëè ïëîñêîñòü ñîäåðæèòñÿ â ãèïåðïëîñêîñòè).

(d) Ïóñòîå ìíîæåñòâî, ïëîñêîñòü (åñëè îíè ïåðåñåêàþòñÿ), ãèïåðïëîñêîñòü (åñëè îíè

ñîâïàäàþò).

(e) Ïóñòîå ìíîæåñòâî, òî÷êà èëè ïðÿìàÿ (åñëè îíè ïåðåñåêàþòñÿ), ïëîñêîñòü (åñëè

îíè ñîâïàäàþò).

1.9. (b) Ïóñòîå ìíîæåñòâî; (e) òî÷êà.

Çàìå÷àíèå. Èç îòâåòà ê (b) ñëåäóåò, ÷òî åñëè íèêàêèå 5 èç 6 âåðøèí äâóõ òðåóãîëü-

íèêîâ â R
4
íå ëåæàò â îäíîé ãèïåðïëîñêîñòè, òî êîíòóð ïåðâîãî íå ïåðåñåêàåò âòîðîé.

Ýòî îçíà÷àåò, ÷òî íèêàêèå äâà òðåóãîëüíèêà ¾îáùåãî ïîëîæåíèÿ¿ â R
4
¾íå çàöåïëåíû¿.

D(d). Èíäóêöèÿ ïî d. Áàçà äëÿ d = 1 î÷åâèäíà.
Ïåðåõîä îò d ê d + 1. Ñóùåñòâóåò d-ìåðíàÿ ãèïåðïëîñêîñòü α, äëÿ êîòîðîé ðîâíî

îäíà òî÷êà èç äàííîãî íàáîðà ëåæèò ïî îäíó ñòîðîíó îò α, à îñòàëüíûå � ïî äðóãóþ.

Îáîçíà÷èì ÷åðåç O îäíó òî÷êó íàáîðà, à ÷åðåç M ìíîæåñòâî îñòàâøèõñÿ òî÷åê íàáîðà

òàê, ÷òîáû α îòäåëÿëà O îò M . Äëÿ ëþáîé òî÷êè A ∈ M îáîçíà÷èì A′ := α ∩OA.
Âîñïîëüçóåìñÿ òåîðåìîé �àäîíà äëÿ ìíîæåñòâà M ′ := {A′ | A ∈ M } èç d+ 2 òî÷åê

â d-ìåðíîì ïðîñòðàíñòâå α. Ïîëó÷èì ðàçáèåíèå íà äâà ìíîæåñòâà U ′
1 è U ′

2, âûïóêëûå

îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ â òî÷êå X ′
. Îáîçíà÷èì U1 := {A | A′ ∈ U ′

1 } è U2 :=
{A | A′ ∈ U ′

2 }.
ßñíî, ÷òî U ′

1 ⊂ 〈O,U1〉. Ñëåäîâàòåëüíî, X
′ ∈ 〈O,U1〉, è, áîëåå òîãî, âåñü îòðåçîê OX ′

ñîäåðæèòñÿ â 〈O,U1〉. Îáîçíà÷èì ÷åðåç X1 òî÷êó, äëÿ êîòîðîé ïðÿìàÿ OX ′
ïåðåñåêàåò

〈O,U2〉 ïî îòðåçêó OX1. Òîãäà X1 ∈ 〈U1〉 è X ′ ∈ OX1.

Àíàëîãè÷íî, ÷åðåç X2 îáîçíà÷èì òî÷êó, äëÿ êîòîðîé ïðÿìàÿ OX ′
ïåðåñåêàåò 〈O,U2〉

ïî îòðåçêó OX2. Òîãäà X2 ∈ 〈U2〉 è X ′ ∈ OX2.

Òî÷êè X1 è X2 ëåæàò íà ëó÷å OX ′
. Íå óìàëÿÿ îáùíîñòè, X2 ëåæèò ìåæäó O è X1.

Òîãäà X2 ∈ 〈O,U1〉 ∩ 〈U2〉, ÷òî è òðåáîâàëîñü.

2.2. (a) Íåò, íå íàõîäÿòñÿ. Ëþáûå òðè äèàìåòðà ïåðåñåêàþòñÿ â îäíîé òî÷êå.

2.3. (a) �àññìîòðèì ïðîèçâîëüíóþ ïðÿìóþ l, îòëè÷íóþ îò äàííûõ. Åé ïðèíàäëåæèò

áåñêîíå÷íîå ÷èñëî òî÷åê, à êàæäàÿ ïðÿìàÿ ïåðåñåêàåò l íå áîëåå ÷åì â îäíîé òî÷êå.

Ñëåäîâàòåëüíî, íàéäåòñÿ òî÷êà íà l, íå ïðèíàäëåæàùàÿ íè îäíîé èç äàííûõ ïðÿìûõ.
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(b) Äà, ñóùåñòâóþò. Äîêàæåì èíäóêöèåé ïî n, ÷òî ñóùåñòâóåò n òî÷åê îáùåãî ïîëî-

æåíèÿ íà ïëîñêîñòè. Áàçà äëÿ n = 1 î÷åâèäíà, ïåðåõîä ñëåäóåò èç óòâåðæäåíèÿ 2.3.a.

(
) Óêàçàíèå. Îáúåäèíåíèå êðàñíûõ îòðåçêîâ åñòü ñóììà ïî ìîäóëþ 2 êîíòóðîâ

êðàñíûõ òðåóãîëüíèêîâ. È (A⊕ B) ∩ C = (A ∩ C)⊕ (B ∩ C).

2.4. Òåòðàýäð ðàçáèâàåò ïðîñòðàíñòâî, äàëåå àíàëîãè÷íî ëåììå î ÷åòíîñòè 2.1.

2.5. (a) Îòâåò: äà, ñóùåñòâóþò. Ïîñòðîåíèå àíàëîãè÷íî çàäà÷å 2.3.b.

(b) Ñëåäóåò èç ëåììû î ÷åòíîñòè 2.4 àíàëîãè÷íî óòâåðæäåíèþ 2.3.
.

2.7. (a)Îòâåò: äà, ñóùåñòâóþò. Ïîñòðîåíèå àíàëîãè÷íî ïîñòðîåíèÿì â çàäà÷àõ 2.3.b

è 2.5.a.

(b) Ñëåäóåò èç ëåììû î ÷åòíîñòè 2.1 àíàëîãè÷íî óòâåðæäåíèÿì 2.3.
 è 2.5.b.

QSD. (3) Ëþáûå äâà òðåóãîëüíèêà, íàòÿíóòûå íà äâå íåïåðåñåêàþùèåñÿ òðîéêè îò-

ìå÷åííûõ âåðøèí, ïåðåñåêàþòñÿ ëèáî ïî ïóñòîìó ìíîæåñòâó, ëèáî ïî îòðåçêó. Îòìåòèì

âñå êîíöû âñåõ îòðåçêîâ, ÿâëÿþùèõñÿ ïåðåñå÷åíèåì òðåóãîëüíèêîâ. Ââèäó îáùíîñòè

ïîëîæåíèÿ êîíöîâ ÷åòíîå ÷èñëî, è òî÷êà ÿâëÿåòñÿ êîíöîì òîãäà è òîëüêî òîãäà, êîãäà

òî÷êà ÿâëÿåòñÿ ïåðåñå÷åíèåì îòðåçêà ñ òðåóãîëüíèêîì.

(4) Ñâåäåì äîêàçàòåëüñòâî òåîðåìû ê ñëåäóþùåìó ïðåäëîæåíèþ.

Ïðåäëîæåíèå. Ïóñòü O∆1 è O∆2 � äâà òåòðàýäðà, èìåþùèõ ðîâíî îäíó îáùóþ

âåðøèíó. Ïóñòü òàêæå α � ãèïåðïëîñêîñòü, îòäåëÿþùàÿ òî÷êó O îò âåðøèí òðå-

óãîëüíèêîâ ∆1 è ∆2. Òîãäà ïîâåðõíîñòè òåòðàýäðîâ O∆1 è O∆2 ïåðåñåêàþòñÿ â ÷åò-

íîì ÷èñëå âíóòðåííèõ òî÷åê òîãäà è òîëüêî òîãäà, êîãäà òðåóãîëüíèêè α ∩ O∆1 è

α ∩ O∆2 çàöåïëåíû â ïðîñòðàíñòâå α.

Äîêàçàòåëüñòâî òåîðåìû. Ïðîñóììèðóåì êîëè÷åñòâî âíóòðåííèõ òî÷åê ïåðåñå÷åíèÿ

ãðàíåé òåòðàýäðîâ O∆1 è O∆2 ïî âñåì ðàçáèåíèÿì òî÷åê A1, . . . , A6 íà äâà òðåóãîëüíè-

êà ∆1 è ∆2. Ïî ïðåäëîæåíèþ è òåîðåìå QS'D ýòà ñóììà íå÷åòíà. Îòìåòèì, ÷òî íèêàêàÿ

ïàðà áîêîâûõ ãðàíåé òåòðàýäðîâ O∆1 è O∆2 íå èìååò âíóòðåííèõ òî÷åê ïåðåñå÷åíèÿ.

Òåïåðü ÿñíî, ÷òî â ñóììå êàæäàÿ ïàðà ïåðåñåêàþùèõñÿ ïî âíóòðåííåé òî÷êå òðåóãîëü-

íèêîâ ñ âåðøèíàìè â äàííûõ òî÷êàõ ïîäñ÷èòàíà ðîâíî îäèí ðàç. Ñëåäîâàòåëüíî, èñêî-

ìûõ ïàð íå÷åòíî, ÷òî è òðåáîâàëîñü äîêàçàòü.

Äëÿ äîêàçàòåëüñòâà ïðåäëîæåíèÿ íåîáõîäèìî ïîâòîðèòü äîêàçàòåëüñòâî òåîðåìû

SD(4). Âìåñòî 3-ãî àáçàöà íåîáõîäèìî ñîñëàòüñÿ íà ñëåäóþùåå î÷åâèäíîå óòâåðæäåíèå.

Óòâåðæäåíèå. Íà ïëîñêîñòè äàíû äâà òðåóãîëüíèêà OAB è OCD è ïðÿìàÿ l,
ïåðåñåêàþùàÿ îòðåçêè OA, OB, OC è OD. Êîíòóðû òðåóãîëüíèêîâ OAB è OCD
ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê òîãäà è òîëüêî òîãäà, êîãäà ïåðåñå÷åíèÿ ïðÿìîé

l ñ êîíòóðàìè òðåóãîëüíèêîâ OAB è OCD ÷åðåäóþòñÿ âäîëü ïðÿìîé.

3.1. �àññìîòðèòå ∆ ∩∆′
.

QS'D. Ñóùåñòâóåò ïëîñêîñòü α, äëÿ êîòîðîé ðîâíî îäíà òî÷êà èç íàáîðà ëåæèò ïî

îäíó ñòîðîíó îò α, à îñòàëüíûå � ïî äðóãóþ. Îáîçíà÷èì òî÷êè ÷åðåç O,A1, . . . , A5 òàê,

÷òîáû α îòäåëÿëà O îò A1, . . . , A5.

Ñëåäóþùèå êîëè÷åñòâà èìåþò îäíó è òó æå ÷åòíîñòü:

• êîëè÷åñòâî P íåóïîðÿäî÷åííûõ ïàð çàöåïëåííûõ òðåóãîëüíèêîâ ñ âåðøèíàìè â

òî÷êàõ O,A1, . . . , A5.

• êîëè÷åñòâî Q îòðåçêîâ AiAj , ðàñïîëîæåííûõ ïîä íå÷åòíûì ÷èñëîì ñòîðîí ¾äî-

ïîëíèòåëüíîãî¿ òðåóãîëüíèêà AkAlAm.

• êîëè÷åñòâî óïîðÿäî÷åííûõ ïàð (AiAj , AkAl) îòðåçêîâ, äëÿ êîòîðûõ AiAj ëåæèò

íèæå AkAl.

• êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ îòðåçêîâ ñ âåðøèíàìè â A′
1, . . . , A

′
5.

Çäåñü ñðàâíåíèå P ≡ Q mod 2 ñëåäóåò èç óòâåðæäåíèÿ 3.3.
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Ïî òåîðåìå QS ïîñëåäíåå êîëè÷åñòâî íå÷åòíî, ñëåäîâàòåëüíî, òðåáóåìîå êîëè÷åñòâî

P òàêæå íå÷åòíî.

3.5. (3) Â êà÷åñòâå ïðèìåðà ìîæíî âçÿòü âåðøèíû, ðàñïîëîæåííûå êàê íà ðèñóíêå

3.

(3') Ýòî ñâîéñòâî ðàâíîñèëüíî òåîðåìå QSD.3.

3.6.(4'-3). Ïîìåòèì âñå òî÷êè ïåðåñå÷åíèÿ ïàð òðåóãîëüíèêîâ, íàòÿíóòûõ íà äâå

íåïåðåñåêàþùèåñÿ òðîéêè äàííûõ òî÷åê. Òîãäà èñêîìàÿ âåëè÷èíà èìååò òó æå ÷åòíîñòü,

÷òî è óäâîåííîå êîëè÷åñòâî ïîìå÷åííûõ òî÷åê. Ñëåäîâàòåëüíî, èñêîìàÿ âåëè÷èíà ÷åò-

íà.

4.6. (a) Âîçüìåì ïî ïàðå òî÷åê â êàæäîé âåðøèíå òåòðàýäðà.

(
) Âîçüìåì ïî r − 1 òî÷åê â êàæäîé âåðøèíå d-ìåðíîãî ñèìïëåêñà.

Ñïèñîê ëèòåðàòóðû

[AMS+℄ S. Avvakumov, I. Mabillard, A. Skopenkov and U. Wagner. Eliminating

Higher-Multipli
ity Interse
tions, III. Codimension 2, Israel J. Math., to appear.

arxiv:1511.03501.

[Ko18℄ * Å. Êîëïàêîâ. Äîêàçàòåëüñòâî òåîðåìû �àäîíà ïðè ïîìîùè ïîíèæåíèÿ ðàç-

ìåðíîñòè, Ìàò. Ïðîñâåùåíèå, 23 (2018), arXiv:1903.11055.

[La℄ Â. Ëàïóøêèí, Äîêàçàòåëüñòâî òåîðåìû �àäîíà. https://www.m

me.ru/


ir
les/oim/mmks/works2019/lapushkin4.pdf

[RRS℄ * V. Retinskiy, A. Ryabi
hev and A. Skopenkov. Motivated exposition of the

proof of the Tverberg Theorem (in Russian). Mat. Prosves
henie, to appear.

arXiv:2008.08361.

[Sk14℄ * A. Skopenkov. Realizability of hypergraphs and Ramsey link theory,

arXiv:1402.0658.

[Sk16℄ * A. Skopenkov, A user's guide to the topologi
al Tverberg Conje
ture, Russian

Math. Surveys, 73:2 (2018), 323�353. arXiv:1605.05141. Se
tion 4 of the published

version is available as A. Skopenkov, On van Kampen-Flores, Conway-Gordon-Sa
hs

and Radon theorems, arXiv:1704.00300.

[Sk18℄ * A. Skopenkov. Invariants of graph drawings in the plane. Arnold Math. J., 6 (2020)

21�55; full version: arXiv:1805.10237.

[Sk20℄ * A. Skopenkov. Algebrai
 Topology From Geometri
 Viewpoint (in Russian),

MCCME, Mos
ow, 2020 (2nd edition). Ele
troni
 version: http://www.m

me.ru/


ir
les/oim/home/
ombtop13.htm#photo

[Sk℄ * À. Ñêîïåíêîâ. Àëãåáðàè÷åñêàÿ òîïîëîãèÿ ñ àëãîðèòìè÷åñêîé òî÷êè çðåíèÿ,

http://www.m

me.ru/
ir
les/oim/algor.pdf.

[Skr℄ * A. Skopenkov. Realizability of hypergraphs, slides for talks, https://www.m

me.

ru/
ir
les/oim/algor1_beamer.pdf.

[Wn℄ * https://en.wikipedia.org/wiki/Winding_number

Â ýòîì ñïèñêå çâåçäî÷êàìè îòìå÷åíû êíèãè, îáçîðû è ïîïóëÿðíûå ñòàòüè.

18



Towards higher-dimensional combinatorial geometry∗

presented by E. Kogan, V. Retinskiy, E. Riabov†and A. Skopenkov‡

Introduction

Many fields of science and technology, primarily mathematics, computer science and physics,
often work with higher-dimensional space. Solving the following problems allows to acquire
basic skills of such work. You will both develop spatial imagination and intuition, and learn
how to check them by rigorous arguments. This is useful for further learning of computer
graphics, as well as for necessary methods of linear algebra and geometry.

The main ideas are presented as ‘olympic’ examples in easiest specific cases, free of tech-
nical details and only with minimal amount of scientific terminology (see the problems). This
makes the project accessible for beginners though still containing beautiful and complicated
results. The project does not require preliminary knowledge of stereometry. Geometric in-
tuition in space and ability to solve systems of linear equations will be useful (see Problem
1.2).

In this project we generalize the following result (see the following problems S, D, SD
and §3).

Radon theorem in the plane. For any 4 points in the plane either one of them belongs
to the triangle with vertices at the others, or they can be decomposed into two pairs such that
the segment joining the points of the first pair intersects the segment joining the points of
the second pair.

S = same size. From any 5 points in the plane one can choose two disjoint pairs such
that segments joining them intersect.

In this text a triangle ∆ is the part of plane bounded by the outline ∂∆. This part can
be a line segment.

D = dimension. For any 5 points in the space either one of them belongs to the
tetrahedron with vertices at the others, or the segment joining some two of them intersects
the triangle formed by the remaining three of them.

In this text interesting non-trivial problems are called theorems.

Theorem SD: Radon theorem for sets of almost the same size.
(3) From any 6 points in the space one can choose a disjoint pair and a triple such that

the segment joining points of the pair intersects the triangle formed by the triple.
(4) (linear van Kampen-Flores theorem, 1932) From any 7 points in 4-dimensional space

one can choose two disjoint triples such that the corresponding triangles intersect.

Definition of 4-dimensional space and of notions required for proofs are presented in §1
and in §2. For a proof of Theorem SD.4 you would also need Theorem S’D below.

∗We are grateful to D. Eliseev for translation of a part of the text and to A. Ryabichev for helpful
comments.

†E. Kogan, V. Retinskiy, E. Riabov — Higher School of Economics, Moscow.
‡https://users.mccme.ru/skopenko. Moscow Institute of Physics and Technology, Independent Uni-

versity of Moscow.

1



Take two non-degenerate triangles in the space no 4 of whose vertices lie in a plane. Such
triangles are linked if the outline of the first triangle intersects second triangle at exactly
one point.
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Figure 1: Linked triangles and linked pairs of points

Theorem S’D: spatial Radon theorem on linking of same size sets; linear Conway-
Gordon-Sachs theorem, 1981-1983.

If no 4 of 6 points in the space lie in a plane then there are two linked triangles with
vertices in these points.

For a proof you would need assertion QS of §3.
Other ‘olympic’ problems are Theorem D(d) in §1, 2.3.c, 2.5.b, 2.7.b, 3.2, 3.6.(4’-3).

Open problems — 3.6.(4-3),(4-2),(4’-2).

Figure 2: Hint to problem D

Recommendations for participants
If a mathematical statement is formulated as a problem, then the objective is to prove this

statement. If a problem is named ‘theorem’ (‘lemma’, ‘corollary’, etc.), then this statement
is considered to be more important. Usually we formulate a beautiful or important statement
before giving a sequence of results (lemmas, assertions, etc) which constitute its proof. In
this case, in order to prove this statement, one may need to solve some of the subsequent
problems. We give hints on that after the statements but we do not want to deprive you of
the pleasure of finding the right moment when you finally are ready to prove the statement.
In general, if you are stuck on a certain problem, try looking at the next ones. They may
turn out to be helpful. Remarks and problems marked by star are not used in the sequel.
Important definitions are highlighted in bold for easy navigation.
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For every solution written for a user (see recommendations below) marked with
either ‘+’ or ‘+.’ a student (or a group of students) gets a ‘bean’. The jury may also award
extra beans for beautiful solutions, solutions of hard problems, or solutions typeset in TEX.
The jury has infinitely many beans. Every participant (or group of participants) initially
has 1 bean. One may submit a solution in oral form or as written for a developer, and
one loses a bean with each 5 attempts (successful or not).

Participants (or teams) can submit their solutions by a personal communication to Egor
Riabov at https://mattermost.turgor.ru. Please also send him questions and requests
for hints on problems which you are stuck with. Students who successfully work on the
project are entitled to ask interesting extra problems for investigation.

Participants (or teams) from Serbia and Croatia may submit their solutions to Prof.
Rade Živaljević at rade@mi.sanu.ac.rs.

How to write a proof for a user
We give some recommendations on how to write a proof that could be included in a

mathematical book or research paper (which is a ‘reliable reference’, cf. https://arxiv.

org/pdf/2101.03745.pdf, p. 2). These recommendations are by no means complete. You
can learn to write proofs (solutions of problems) by trying to write them and discussing your
text with a teacher.

See also https://en.wikipedia.org/wiki/KISS_principle

http://people.apache.org/~fhanik/kiss.html

A genius makes his own rules, but a ‘how to’ article is written by one ordinary mortal
for the benefit of another... Most things that an article such as this one can say have at least
one counterexample in the practice of some natural born genius. Authors of articles such as
this one know that, but in the first approximation they must ignore it, or nothing would ever
get done.

(P. Halmos, How to talk mathematics.)
(1) Only write sentences that make sense.1

(1a) In particular, long sentence usually does not make sense because it is unclear which
exactly parts of long sentence words ‘and’, ‘or’, ‘then’ are tying together. So break long
sentences into short ones.

(2) Introduce notation and each definition explicitly with ‘define’, ‘denote’, ‘let’, ‘set’,
‘put’. For example, the phrase ‘a = b+ c’ without these words means ‘the previously defined
object a equals to the sum of the previously defined objects b and c’.

(5) Do not put any part of your solution in parentheses. Parentheses do not make clear
the logical relation between the phrase in and outside the parentheses. (Parentheses are used
for remarks which are not part of the solution.)

1For example, none of the following two sentences makes sense:

1 + 2 + . . .+ n =
n(n+ 1)

2
,

1 + 2 + . . .+ n =
n(n+ 1)

2
for a positive integer n,

because it is not written for which n the statement is stated. The following statements do make sense:

1 + 2 + . . .+ n =
n(n+ 1)

2
for every positive integer n,

1 + 2 + . . .+ n =
n(n+ 1)

2
for some positive integer n,

1 + 2 + . . .+ n = 100 for some positive integer n.

However, the second of them is not interesting and the third is not correct.
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1 How to work with four-dimensional space?

For Problems 1.1, 1.4.abc, 1.5.abcd, 1.8.cd and 1.9.be below it suffices to give correct answers.
(Solution of Problem 1.8.a is already presented in this text.)

1.1. How many intersection points can a line and a plane have in the space?

1.2. How many solutions can have a system of linear equations
(a) 2× 2; (b) 2× 3 (2 equations, 3 variables); (c) 3× 2?

We define
• the line as the set of all real numbers;
• the plane R

2 as the set of all ordered pairs (x, y) of real numbers x and y;
• three-dimensional space (3-space) R

3 as the set of all ordered triples (x, y, z) of real
numbers;

• four-dimensional space (4-space) R4 as the set of all ordered quadruples (x, y, z, t) of
real numbers.

Definition of d-dimensional space (d-space) Rd for d > 4 is analogous.
For points A = (x1, y1, z1, t1), B = (x2, y2, z2, t2) ∈ R

4 and number λ ∈ R denote

λA := (λx1, λy1, λz1, λt1) and A+B := (x1 + x2, y1 + y2, z1 + z2, t1 + t2).

1.3. A 2-dimensional plane does not split the 4-dimensional space. I.e., for each two
points outside the plane x = y = 0 in 4-space, there exists a broken line which joins these
points and does not intersect this plane.

For points A,B ∈ R
4 a segment AB is the set {tA+(1− t)B : t ∈ [0, 1]}. A broken line

is the union of segments AiAi+1 over all i = 1, 2, . . . , n− 1.
Hint. For points A = (x0, y0, z0, t0) and B which do not lie in the plane x = y = 0 define

points

Ax = A+ (1, 0, 0, 0) = (x0 + 1, y0, z0, t0) and Ay = A+ (0, 1, 0, 0) = (x0, y0 + 1, z0, t0).

Prove that one of the broken lines AB, AAxB and AAyB does not intersect the plane
x = y = 0.

1.4. What is the intersection of the 2-dimensional sphere

S2 := {(x, y, z) ∈ R
3 | x2 + y2 + z2 = 1}

with the following sets:
(a) the line x = y = 0, containing the center of the sphere;
(b) the plane x = 0, containing the center of the sphere;
(c) the intersection of the positive octant of R

3 and the union of the 2-dimensional
coordinate planes, i.e.

{(x, y, z) ∈ R
3 : x ≥ 0, y ≥ 0, z ≥ 0 and xyz = 0}.

1.5. What is the intersection of the 3-dimensional sphere

S3 := {(x, y, z, t) ∈ R
4 | x2 + y2 + z2 + t2 = 1}

with the following sets:
(a) the line x = y = z = 0, containing the center of the sphere;
(b) the plane x = y = 0, containing the center of the sphere;
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(c) the (3-dimensional) hyperplane x = 0, containing the center of the sphere;
(d) the intersection of the positive ‘sixteenth’ of R4 and the union of the 2-dimensional

coordinate planes, i.e.
{(x, y, z, t) ∈ R

4 :

: x ≥ 0, y ≥ 0, z ≥ 0, t ≥ 0 and at least two of the four numbers x, y, z, t are zeros}.

A subset L ⊂ R
4 is called a line if L is not a point and there are points A,B ∈ R

4 such
that L = {A+Bt : t ∈ R}.

A subset L ⊂ R
4 is called a (2-dimensional) plane if L is neither a line nor a point, and

there are points A,B,C ∈ R
4 such that L = {A+Bt+ Cu : t, u ∈ R}.

We already introduced definition of a line before. However, below ‘line’ means a subset
of Rd whose definition is similar to the one given above. Analogous remark applies to plane.

1.6. Write analogous definition of a (3-dimensional) hyperplane in R
4.

In your solutions of the following problems on 4-space you can use without proof
• all rigorously formulated and correct facts on solutions of systems of linear equations;
• the results of Problem 1.7.

1.7. * (a) A subset L ⊂ R
4 is a hyperplane if and only if L 6= ∅, L 6= R

4 and there exist
a, b, c, d, e ∈ R such that

L = {(x, y, z, t) ∈ R
4 : ax+ by + cz + dt = e}.

(b) A subset L ⊂ R
4 is a plane if and only if L 6= ∅, L 6= R

4, L is not a hyperplane and
there exist a1, b1, c1, d1, e1, a2, b2, c2, d2, e2 ∈ R such that

L = {(x, y, z, t) ∈ R
4 : a1x+ b1y + c1z + d1t = e1, a2x+ b2y + c2z + d2t = e2}.

(c) State and prove analogous result for a line in R
4.

1.8. What could be the intersection in R
4 of:

(a) a line and a hyperplane? (b) a line and a plane?
(c) a plane and a hyperplane? (d) two hyperplanes? (e) two planes?

Hint to (a). Answer. The empty set, a point, a line.
Examples. The empty set is the intersection of the line x = y = z = 0 and the hyperplane

x = 1. A point is the intersection of the line x = y = z = 0 and the hyperplane t = 0. A
line is the intersection of the line x = y = z = 0 and the hyperplane x = 0.

Proof that other intersections are impossible. It suffices to prove that if the intersection
in R

4 of a line l and a hyperplane contains at least two points, then the intersection coincides
with the line l. This holds because for any two points there exists a unique line containing
both these points. The latter fact is easily proved using the definition of a line. (In many
other expositions this fact is accepted as an axiom.)

1.9. For different pointsX, Y ∈ R
4 define the line XY as {X+(Y −X)t = (1−t)X+tY :

t ∈ R}. For points X, Y, Z ∈ R
4 not belonging to any line define the plane XY Z as

{X + (Y −X)t+ (Z −X)u = (1− t− u)X + tY + uZ : t, u ∈ R}.

No five of eight points 1,2,3,4,5,6,7,8 in R
4 belong to a hyperplane. What could be the

intersection of:
(b) the line 12 and the plane 567? (d) the hyperplanes 1234 and 5678?
(e) the planes 123 and 567?

The convex hull of a finite collection of points A1, . . . , An ∈ R
d is by definition the set

〈A1, . . . , An〉 := {λ1A1 + . . .+ λnAn : λ1, . . . , λn ≥ 0, λ1 + . . .+ λn = 1}.
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1.10. The convex hull of a finite collection of points in the plane is the least (by inclusion,
or by area) convex polygon containing all these points.

Theorem D(d): the Radon theorem, 1929.
Any d+ 2 points in d-space can be split into two subsets whose convex hulls intersect.

Edification. Usually only the simplest properties of planar and spatial geometric objects
are deduced from the analytic definition (or just accepted as axioms). More complicated
properties can be deduced in a ‘synthetic’ (‘geometric’) way from the simplest ones (i.e., as
in school geometry, without using the analytic definition). Often it is convenient to reduce
a planar problem to a linear one (i.e., to a problem in a line), and a spatial problem to a
planar one. Similarly, the best approach to the following four-dimensional problems is an
analogy to, or a reduction to, spatial ones.

2 Parity Lemmas

As a specific goal of this subsection one can consider propositions 2.3.c, 2.5.b, 2.7.b, which
illuminate the non-triviality of the material.

Lemma 2.1 (parity). If out of 6 vertices of two triangles in the plane, no 3 lie on a line,
then the outlines of these triangles intersect each other at an even number of points.

Proof. The outline of a triangle splits the plane.2 The polygonal line formed by the sides of
one triangle goes inside the other triangle as many times as it goes outside.

Some points in the plane are in general position, if no 3 of them lie in the same line,
and no three segments joining them have a common interior point.

2.2. (a) Are all the points of some circle in general position?
(b) If the vertices of two polygonal lines in the plane are in general position, then the

polygonal lines intersect at a finite number of points.
Hint: (A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C).

2.3. (a) The plane is not a union of a finite number of lines.
(b) Are there 100 general position points in the plane?
(c) There are 14 general position points in the plane: 7 red and 7 yellow. Then the

number of all the intersection points of the red segments (i.e., the segments joining the red
points) with the yellow segments is even.

Lemma 2.4 (Parity). If no 4 among the 7 vertices of a triangle and a tetrahedron in 3-
space lie in the same plane, then the outline of the triangle and the surface of the tetrahedron
intersect at an even number of points.

Some points in 3-space are in general position, if no 4 of them lie in the same plane,
and no segment, triangle and triangle spanned by them have a common interior point. E.g.
in general position are the 6 points in Figure 3.

2.5. (a) Are there 100 general position points in the 3-space?
(b) In the 3-space there are 17 general position points: 7 red and 10 yellow. Then the

number of all the intersection points of the red segments (i.e., the segments joining the red
points) with yellow triangles is even.

Lemma 2.6 (Parity). If no 5 among the 8 vertices of two tetrahedra in 4-space lie in the
same hyperplane, then the surfaces of the tetrahedra intersect at an even number of points.

2This fact, in contrast to the piecewise linear Jordan theorem [Sk20, §1.4], is proved without using the
Parity Lemma.
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Figure 3: Six general position points in 3-space

Hint: Take the section by the hyperplane containing one of the tetrahedra.
Some points in 4-space are in general position, if no 5 of them lie in the same hyper-

plane, and no three triangles spanned by them have a common interior point.

2.7. (a) Are there 100 general position points in the 4-space?
(b) In the 4-space there are 16 general position points: 8 red and 8 yellow. We call

red/yellow 2-dimensional triangles spanned by red/yellow points. Then the number of all
the intersection points of the red triangles with the yellow triangles is even.

3 Quantitative versions

Q = quantitative. If no 3 of 4 points in the plane lie on a line, then there exists exactly
one partition of these points into two subsets as in the above Radon theorem in the plane.

QS: the quantitative Radon theorem for same size sets in the plane; linear van Kampen-
Flores theorem in the plane.

If no 3 of 5 points in the plane lie on a line, then the number of common interior points
of the segments joining these 5 points is odd.

QD: the quantitative Radon theorem.
(3) If no 4 of 5 points in 3-space lie in a plane, then there exists exactly one partition of

these points into two subsets whose convex hulls intersect.
(4) State and prove analogous result for 4-space and for d-dimensional space.

Theorem QSD: the quantitative Radon theorem for sets of almost the same size.
(3) If no 4 of 6 points in 3-space lie in a plane, then the number of intersection points of

interiors of segments joining pairs of points, and (2-dimensional) triangles spanned by these
points, is even.

(4) If no 5 of 7 points in 4-space lie in a hyperplane, then the number of intersection
points of (2-dimensional) triangles spanned by these 7 points is even.

For a proof of Theorem QSD.4 you would need Theorem QS’D below.
The property of being linked is not symmetric a priori.

Lemma 3.1 (Symmetry). Triangles ∆ and ∆′ in 3-space are linked if and only if ∆′ and ∆
are linked.

3.2. There are 13 points in 3-space: 3 red and 10 yellow. No 4 of them lie in a plane.
Then the number of yellow triangles linked with red triangle is even. We call triangle red
(yellow) if all of its vertices are red (yellow). Triangles which differ only by a permutation
of vertices are considered to be the same.

3.3. In 3-space a segment p is below a segment q (looking from point O), if there exists
a half-line OX with the endpoint O that intersects the segment p at a point P := p ∩ OX ,
the segment q at a point Q := q ∩OX , P 6= Q, so that Q is in the segment OP .
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Assume that no 4 of points O,A1, . . . , A5 in 3-space lie in a plane, and there is a plane
splitting O from A1, . . . , A5. The triangles OA1A2 and A3A4A5 are linked if and only if A1A2

is below an odd number of sides of the triangle A3A4A5.

Theorem QS’D: the quantitative spatial Radon theorem on linking of same size sets.
If no 4 of 6 points in 3-space lie in a plane, then the number of non-ordered pairs of

linked triangles with vertices in these points is odd.

Theorems SD and QSD show that under transition from dimension 2 to dimension 3
the property of the existence of intersection is preserved, while the parity of the number of
intersections change. The odd-dimensional version of SD and QSD have a stronger form:
Theorems S’D and QS’D.

The following unlinking properties are related to intersection properties QS, QSD.

3.4. (2) There are 5 points in the plane such that no 3 of them lie in a line, and every
segment joining 2 of them intersects the outline of the triangle formed by the 3 remaining
points at an even number of points.

(2’) If no 3 of 5 points in the plane lie in a line, then the number of those segments joining
2 of them that intersect the outline of the triangle formed by the remaining 3 points exactly
at one point, is even.

Assertion 3.4.2 means that every pair of points is ‘unlinked’ with the triangle formed
by the remaining points. We do not spell out analogous interpretations of properties 3.5.3,
3.6.(4-2),(4-3) below.

In 3-space instead of unlinking properties 3.4 there is a linking property (Theorem QS’D
from §3) and the following unlinking properties.

3.5. (3) There are 6 points in 3-space such that no 4 of them lie in a plane, and every
segment joining 2 of them intersects the surface of the tetrahedron formed by the remaining
4 points at an even number of points.

(3’) If no 4 of 6 points in 3-space lie in a plane, then the number of intersection points of
segments joining them and surfaces of tetrahedra formed by the remaining 4 points, is even.

One can make a remark analogous to the one after Theorem QSD.
It would be interesting to prove the following statement 3.6.(4’-3), conjectures 3.6.(4-

3),(4’-2),(4-2) and their higher-dimensional analogues. (We are grateful to M. Tancer for
sending me proof of the PL version of 3.6.(4-3).)

3.6. (4’-3) If no 5 of 7 points in 4-space lie in a hyperplane, then the number of those tri-
angles spanned by 3 of them that intersect exactly at one point the surface of the tetrahedron
formed by the 4 remaining points, is even.

(4-3) There are 7 points in 4-space such that no 5 of them lie in a hyperplane, and
every triangle formed by 3 of them intersects the surface of the tetrahedron formed by the
4 remaining points at an even number of points.

(4’-2) If no 5 of 7 points in 4-space lie in a hyperplane, then the number of intersection
points of segments joining them and 3-dimensional surfaces of 4-dimensional simplices formed
by the 5 remaining points, is even.

(4-2) There are 7 points in 4-space such that no 5 of them lie in a hyperplane, and every
segment joining 2 of them intersects the 3-dimensional surface of the 4-simplex formed by
the 5 remaining points at an even number of points.

4 Multiple versions (M)

M = multiplicity. Any 17 points in the plane can be split into three sets whose convex
hulls have a common point.
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Figure 4: The common point of three convex hulls

Proof. The vertices of any convex octagon in the plane can be split into three sets whose
convex hulls have a common point (fig. 4).

Suppose that the convex hull of the given set of 17 (or even 11) points has at least 8
vertices. Then split these 8 vertices into three sets as above. If the convex hull has less than
8 vertices, then denote by S1 the set of these vertices. There remain at least 4 points. Thus
they can be split into two sets whose convex hulls intersect. This intersection lies in the
convex hull of S1 as well.

Theorem 4.1 (M: r-fold Radon theorem in the plane; the Tverberg theorem in the plane,
1965). Any 7 points in the plane can be split into three sets whose convex hulls have a common
point.

Any 3r− 2 points in the plane can be split into r sets whose convex hulls have a common
point.

1
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Figure 5: The common point of three convex hulls

Before proving Theorems M and DM, it is advisable to solve problems 4.2, 4.3, 4.4, 4.6.

4.2 (cf. Theorem M). (a) There are 6 points in the plane such that any partition of the
points into three sets the convex hulls of these sets do not have a common point.

Hint. Take a pair of points near each vertex of a triangle.
(b) There are 7 points in the plane no one of which lies in any triangle formed by any

triple of the remaining points.
Hint. Take the vertices of a convex heptagon.
(c) There are 7 points in the plane with the following property. Take any two segments

joining two disjoint pairs of the given 7 points. Then either the segments do not intersect
or the point of their intersection does not lie in the triangle formed by the three remaining
given points.

Hint. Take the vertices of an equilateral triangle and its center. Also take the middle-
points of the segments joining the vertices and the center.

(d) State and prove r-fold versions of these examples.
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The quantitative 3-fold Radon theorem in the plane (QM) is unknown!

4.3. Are there 6 points in the plane such that for any partition of these points into three
sets the convex hulls of some two of these sets are disjoint?

4.4. (a) For the vertices of regular heptagon the number of partitions from Theorem M
is 7.

Hint. Every such partition looks like a rotated partition of fig. 5, left.
(b) For the points in fig. 5, right, the number of partitions from Theorem M is 4.
Hint. This follows because for every such partition one of the convex hulls is a triangle

with one vertex 4, another vertex 1 or 2, and the third vertex 6 or 7.
Remark. Hence the following sum has different parity for the two above 7-element sets

Ma,Mb

v(Mi) :=
∑

{R1,R2,R3} : Mi=R1⊔R2⊔R3

| 〈R1〉 ∩ 〈R2〉 ∩ 〈R3〉 |.

See further [Sk18, §2].

Theorem 4.5 (DM: spatial r-fold Radon theorem; the spatial Tverberg theorem, 1965).
Any 4r − 3 points in 3-space can be split into r sets whose convex hulls have a common
point.

4.6 (cf. Theorem DM). (a) There are 8 points in 3-space such that for any partition of
these points into three sets the convex hulls of these sets do not have a common point.

(b) There are 4r − 4 points in 3-space such that for any partition of these points into r

sets the convex hulls of these sets do not have a common point.
(c) There are (r − 1)(d+ 1) points in d-space such that for any partition of these points

into r sets the convex hulls of these sets do not have a common point.

4.7. * State and solve the spatial version of Problem 4.3.

In the proof of Theorems M and DM you can use without proof the Coloured Caratheodory
Theorem (whose proof is not a part of this project).

Theorem 4.8 (Barany; the Coloured Caratheodory Theorem). Suppose that the point 0 ∈
R

n lies in the convex hull of every set among finite sets M0,M1, . . . ,Mn ⊂ R
n. Then there

are points mi ∈ Mi such that 0 ∈ 〈m0, m1, . . . , mn〉.

Theorem 4.9 (SM: low-dimensional 3-fold Radon theorem for same size sets; the linear
Sarkaria theorem, 1991). * From any 11 points in 3-space one can choose three pairwise
disjoint triples such that the three triangles formed by these triples have a common point.

4.10 (cf. Theorem SM). There are 10 points in 3-space such that there are no three
pairwise disjoint triples of these points for which the three triangles formed by these triples
have a common point.

Theorem 4.11 (SDM: r-fold Radon theorem for arbitrary dimension for same-sized sets;
the linear Sarkaria-Volovikov theorem, 1991-1996). * Let r be a prime power. From any
(kr + 2)(r − 1) + 1 points in R

kr one can choose r pairwise disjoint sets such that each set
contains k(r − 1) + 1 points and the convex hulls of these sets have a common point.

It is unknown whether the version of this theorem for r = 6 is true!
Quantitative versions (QSM), (QDM), (QSDM) are unknown, even for r a prime power!

The version of (S’M) on 3-fold linking is unknown, see [Skr].
For topological versions see [Sk18, §2], [Sk16].
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Answers, hints, solutions

1.1. 0, if they are parallel; 1, if the line intersects the plane; ∞, if the line is contained in
the plane.

1.4. (a) The pair of the points (0, 0, 1) and (0, 0,−1).

(b) The circumference

{

x = 0,

y2 + z2 = 1
.

(c) The union of three quarters of circumferences:
{

x = 0, y > 0, z > 0

y2 + z2 = 1
,

{

y = 0, x > 0, z > 0

x2 + z2 = 1
and

{

z = 0, x > 0, y > 0

x2 + y2 = 1
.

1.5. (a) The pair of the points (0, 0, 0, 1) and (0, 0, 0,−1).

(b) The circumference

{

x = y = 0,

z2 + t2 = 1
.

(c) The sphere

{

x = 0,

y2 + z2 + t2 = 1
.

(d) The graph K4 formed by the union of six quarters of circumferences, one of the

quarters being

{

x = y = 0, z > 0, t > 0

z2 + t2 = 1
.

1.8. (b) The empty set, a point (if the line intersects the plane), a line (if the line is
contained in the plane).

(c) The empty set, a line (if the plane intersects the hyperplane), a plane (if the plane is
contained in the hyperplane).

(d) The empty set, a plane (if they intersect), a hyperplane (if they coincide).
(e) The empty set, a point or a line (if they intersect), a plane (if they coincide).

1.9. (b) The empty set; (e) a point.

2.2. (a) No.

2.3. (c) The union of the red segments is the sum modulo 2 of the outlines of the red
triangles. Also (A⊕B) ∩ C = (A ∩ C)⊕ (B ∩ C).

3.1. Consider ∆ ∩∆′.

3.3. Since no 4 of the given points O,A1, . . . , A5 lie in the same plane, the number
of those sides of the triangle A3A4A5 that are higher than A1A2 equals to the number of
intersection points of the outline of the triangle A3A4A5 with the triangle OA1A2. Also,
a segment cannot intersect a triangle by more than 2 points. All this implies the required
assertion.

3.5. (3) Take points on a helix, see fig. 3.
(3’) The property (3’) is equivalent to Theorem QSD.3.

QSD. (3) We may assume that there is a unique ‘highest’ point O among the given ones.
Consider a ‘horizontal’ plane slightly below the point O. Take the intersection of this plane
with the segment OAj, for every given point Aj (see figure 6). Then by QS there are 4 given
points A,B,C,D such that the triangles OAB and OCD have a common point other than
O. Now QSD.3 follows.

S’D, QS’D. We may assume that there is a unique ‘highest’ point O among the given
ones. Consider a ‘horizontal’ plane α slightly below the point O. Denote by A′

1, . . . , A
′
5 the

intersection points of α and segments joining O to other given points. In the plane α we
obtain a picture analogous to fig. 1, left.
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Figure 6: A plane in 3-space intersects the segments OAj by 5 points.

Then the following numbers have the same parity:
• the number of linked unordered pairs of triangles formed by given points;
• the number of segments AiAj that are below an odd number of sides of their ‘comple-

mentary’ triangles AkAlAm, {i, j, k, l,m} = {1, 2, 3, 4, 5};
• the number of ordered pairs (AiAj, AkAl) of segments of which the first is below the

second;
• the number of intersection points of segments whose vertices are A′

1, . . . , A
′
5.

By QS the latter number is odd.

SD. (4) We may assume that there is a unique ‘highest’ point O among the given ones.
Consider a ‘horizontal’ 3-dimensional hyperplane α such that O and the other given points
A1, . . . , A6 lie on different sides of α. For i = 1, . . . , 6 denote by A′

j the intersection point of
α and the segment OAj (see figure 7, left). Clearly, no 4 of the 6 points A′

1, . . . , A
′
6 lie in the

same plane. Hence by Theorem S’D there are two linked triangles with vertices at these 6
points.

O

A5 A4

A2

A3
A6

A1

Figure 7: Left: a hyperplane in 4-space (shown as a plane in 3-space) intersects the segments
OA1, . . . , OA6 at 6 points A

′
1, . . . , A

′
6 which are vertices of two linked triangles. Right: section

by the plane γ: ∆γ
1 = OAC, ∆γ

2 = OBD.

Denote by ∆1 and ∆2 the triangles formed by A1, . . . , A6 so that the linked triangles
are the intersections α ∩ O∆1 and α ∩ O∆2 of the hyperplane α with tetrahedra O∆1 and
O∆2 (e.g. ∆1 = A2A3A4 and ∆2 = A1A5A6). Denote by γ the plane containing O and the
intersection line of the planes of the linked triangles. Then γ∩α is a line and ∆γ

j := γ∩O∆j

is a triangle for j = 1, 2 (see figure 7, right). The side of ∆γ
j not containing O is γ ∩ ∆j .

The two sides of ∆γ
j containing O form the intersection of γ and the lateral surface of the

tetrahedron O∆j (whose base is ∆j).
Since the triangles α ∩ O∆1 and α ∩ O∆2 are linked, the intersection points of the line

γ ∩α and the outlines of ∆γ
1 and ∆γ

2 alternate along the line (see figure 1, right). Hence the
outlines have a common point distinct from O.

This point is either the intersection of the sides γ ∩ ∆1 and γ ∩ ∆2 or, without loss of
generality, of the side γ ∩∆1 and the union of the two sides of ∆γ

2 containing O. In the first
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case ∆1 intersects ∆2. In the second case ∆1 intersects the lateral surface of the tetrahedron
O∆2.

QSD. (4) The result is reduced to Theorem QS’D analogously to the proof of SD.4, by
a simple additional counting analogous to the proof of Theorem QS’D below. We need the
following assertion.

For triangles ∆1 and ∆2 formed by A1, . . . , A6 and having disjoint vertices, the number
of intersection points of the surfaces of the tetrahedra O∆1 and O∆2 is even if and only if
the triangles α ∩O∆1 and α ∩ O∆2 are linked in α.

4.6. (a) Take a pair of points at each vertex of a tetrahedron.
(c) Take the union of sets of r − 1 points at each vertex of a d-dimensional simplex.
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Фазовые пространства

проект представляют∗: Анастасия Еннэ, Андрей Плосконосов,
Андрей Рябичев и Евгений Хинко

Аннотация

В этом проекте мы предлагаем участникам ряд задач, для решения которых полез-
но ввести фазовое пространство. В части до промежуточного финиша мы демонстрируем
большое количество примеров таких задач. В части после промежуточного финиша мы
даём несколько сложных задач, для решения которых нужно глубоко исследовать геомет-
рические и топологические свойства фазовых пространств, возникающих в них.

1 Задачи до промежуточного финиша

1.1 Введение

Во многих математических задачах бывает удобно рассмотреть “множество состояний” неко-
торой системы. Такое множество обычно называют фазовым пространством данной системы.
Данные о состоянии системы могут включать не только координаты точек, но и, как это часто
бывает в механике, их скорости.

Работать с возникающим в некой задаче фазовым пространством удобно не просто как с
множеством точек, а вводя на нём дополнительную структуру. Например: геометрическую
структуру (как на множестве точек плоскости); функцию расстояния между точками; поня-
тие площади/объёма для подмножеств фазового пространства; отношение инцидентности (если
фазовое пространство являет собой множество вершин графа). Правильный выбор такой струк-
туры может сильно упростить описание происходящего в задаче, тогда сама задача становится
тривиальной.

Рассмотрим следующий пример.

Задача 0. За столом сидят трое ребят, у каждого есть тарелка с кашей. Раз в минуту они
одновременно делают следующее: каждый ребёнок делит кашу в своей тарелке пополам и пе-
рекладывает части двум другим. Докажите, что через несколько таких ходов у всех будет
одинаковое количество каши с точностью до 1%.

∆

M

Решение. Скажем, что общее количество каши равно 1. Обозначим
через (x1, x2, x3) набор чисел, соответствующий количеству каши в
тарелках детей. Все возможные положения системы лежат в плос-
кости x1 + x2 + x3 = 1. При этом x1 > 0, x2 > 0 и x3 > 0. Таким
образом, наше фазовое пространство — правильный треугольник ∆
с вершинами (1, 0, 0), (0, 1, 0) и (0, 0, 1).

Заметим, что преобразование
(x1, x2, x3) 7→ (y1, y2, y3) =

(
x2+x3

2
, x1+x3

2
, x1+x2

2

)
∗Мы благодарим за продуктивные обсуждения и ценные советы по улучшению проекта П.Бибикова,

С. Дориченко, А. Канель-Белова, П. Кожевникова, А.Плахова, М. Скопенкова и Г. Челнокова.
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есть не что иное, как гомотетия треугольника ∆ с коэффициентом −1
2
относительно точки

пересечения медиан M = (1
3
, 1
3
, 1
3
). Проверьте это самостоятельно.

Отметим все положения системы, в которых у детей одинаковое количество каши с точно-
стью до 1%. Полученное подмножество треугольника ∆ содержит маленький круг с центром
в M . После достаточно большого числа итераций все точки ∆ окажутся внутри такого круга,
откуда следует требуемое в задаче.

1.2 Геометрическая вероятность

В каждой из следующих задач требуется формализовать понятие вероятности, и затем исходя
из данного вами определения вычислить ответ.

Задача 1 (Нетерпеливые дуэлянты). Два друга договорились встретиться между полуднем и
часом дня, но не условились о точном времени встречи. Каждый из них приходит в случайный
момент времени из указанного промежутка и ждёт другого 10 минут, а затем уходит. С какой
вероятностью друзьям удастся встретиться?

Задача 2. Палочку ломают в двух случайных местах. С какой вероятностью из частей можно
будет сложить треугольник? Сравните ответы для следующих способов действовать случайно:
(a) выберем первую точку случайным образом, сломаем палочку в этой точке, выберем одну из
двух частей равновероятно, и затем случайным образом выберем вторую точку разлома на ней;
(b) независимо выберем две случайные точки и сломаем палочку в каждой из них;
(c) выберем случайное представление длины палочки l в виде суммы трёх упорядоченных
слагаемых l = x1 + x2 + x3 (ср. с задачей 0).

Задача 3. Марсоход разъезжает по ровной поверхности негостеприимной планеты (будем счи-
тать её плоской). Он выбирает случайное направление и проезжает в выбранном направлении
километр. С какой вероятностью, сделав три таких итерации и проехав три километра, марсо-
ход пересечёт свой след?

Задача 4 (Игла Бюффона). Плоскость разлинована параллельными прямыми, расстояние
между соседними равно 1см. На плоскость бросают иголку длины 1см. С какой вероятностью
иголка пересечёт какую-нибудь из прямых?

1.3 Пространства конфигураций

Задача 5. На координатной плоскости нарисован многоугольник площади > 1. Докажите, что
в нём найдутся две такие точки A и B, такие что обе координаты вектора AB целые.

Задача 6. На плоскости расположен многоугольник площади < 1 и даны 1000 точек. Докажи-
те, что многоугольник можно сдвинуть на вектор длины <

√
1000
π

так, чтобы он не покрывал
ни одну из точек.

Задача 7. Дана единичная сфера. Большая окружность — окружность радиуса 1, располо-
женная на сфере. Ломаной на сфере будем называть кривую, составленную из дуг больших
окружностей.
(a) На единичной сфере дана ломаная γ длины < π. Докажите, что найдётся большая окруж-
ность, не пересекающая γ.
(b) На единичной сфере дана несамопересекающаяся ломаная γ длины > πk. Докажите, что
найдётся большая окружность, пересекающая γ более чем в k точках и не содержащая ни
одного ребра γ.
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Задача 8. В пространстве расположены два тетраэдра. Для любой плоскости, проекции тет-
раэдров на неё либо обе являются треугольниками, либо обе являются четырехугольниками.
Докажите что тетраэдры подобны.

Задача 9. На плоскости вбито k гвоздей. Проводятся прямые, не пересекающие ни один из гвоз-
дей. Две прямые назовём эквивалентными, если одну из них можно переместить во вторую, не
задев ни одного гвоздя. Тогда множество всех таких прямых разбивается на классы эквивалент-
ности; каждый класс состоит из прямых, эквивалентных друг другу. Найдите (a) минимальное
(b) максимальное число классов эквивалентности прямых для данного k.

Задача 10. В гонке по пересечённой местности участвуют 8 машин. Трасса представляет собой
прямую дорогу, на которой есть несколько заболоченных участков. Каждая машина движет-
ся по сухим участкам дороги с постоянной скоростью (каждая со своей), а по заболоченным
участкам — с другой постоянной скоростью (также каждая со своей).

Машины стартуют из одной точки, но в разное время, временные промежутки между стар-
тами могут различаться. На дистанции дежурят 500 судей. Каждый судья отметил, в каком
порядке мимо него проехали машины, напротив судьи обгонов не происходило. Докажите, что
мимо каких-то двух судей машины проехали в одинаковом порядке.

1.4 Дискретные фазовые пространства

Задача 11. Маша задумала двузначное число. Вася называет двузначные числа, его задача
назвать число, отличающееся от числа Маши в каждом разряде не более чем на 1. Какого
наименьшего числа ходов Васе заведомо хватит?

Задача 12. Маша задумала двузначное число. Теперь задача Васи — назвать число, совпада-
ющее с числом Маши в одном разряде, а в другом отличающееся не более чем на 1. Хватит ли
ему (a) 18 попыток; (b) 20 попыток; (c) 22 попыток?

Задача 13. По кругу расставлено несколько ящиков, по ним некоторым образом разложены
шарики. За один ход разрешается взять все шарики из любого ящика и разложить их, двигаясь
по часовой стрелке, начиная со следующего ящика и кладя в каждый ящик по одному шарику.
(a) Докажите, что если на каждом следующем ходе шарики берут из того ящика, в который
положили последний шарик на предыдущем ходе, то в какой-то момент повторится начальное
размещение шариков.
(b) Докажите, что за несколько ходов из любого начального размещения шариков по ящикам
можно получить любое другое.

Задача 14. (a) В одной из клеток бесконечной в обе стороны полоски стоит невидимый ко-
рабль. За ход разрешается делать один выстрел. После каждого хода корабль сдвигается на
некоторое число клеток (число клеток и направление сдвига каждый раз одни и те же, но
не известны игроку). Придумайте стратегию, позволяющую наверняка попасть в корабль.
(b) Та же задача на плоскости: корабль стоит в одной из клеток и каждый ход сдвигается на
один и тот же неизвестный целочисленный вектор. Игрок делает по одному выстрелу за ход.

1.5 Избранные задачи

Задача 15. Даны три сосуда вместимостью 6, 7 и 12 литров. Два меньших сосуда заполнены.
Можно ли отмерить 9 литров воды, переливая воду между сосудами?

Задача 16. Имеются три бассейна. Из первого с постоянной скоростью выливается вода, а
во второй и третий бассейны вода поступает с постоянными скоростями. Изначально в первом
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бассейне было столько же воды, сколько в двух других в сумме; через некоторое время во
втором бассейне стало столько же воды, сколько в двух других в сумме; ещё через какое-то
время в третьем бассейне стало столько же воды, сколько в первых двух в сумме. Возможно
ли, что ни в начале, ни в конце этого промежутка времени ни один из бассейнов не был пустым?

Задача 17 (Упрощённая модель «хищник-жертва»). В лесу живёт x зайцев и y волков. Будем
считать, что если волков нет, то зайцы размножаются с постоянной скоростью a0, если же в лесу
y > 0 волков, то они съедают a1y зайцев каждую единицу времени (т. е. x′(t) = a0−a1y). Также
будем считать, что если зайцев нет, то волки умирают с постоянной скоростью b0, наличие же
x > 0 зайцев позволяет волкам размножаться со скоростью b1x (т. е. y′(t) = −b0 + b1x). Найдите
зависимость количества зайцев и волков от времени. Для каких a0, a1, b0 и b1 эта зависимость
периодична?

m1 m2
Задача 18. Два шарика с массами m1 и m2 движутся по пря-
мой, как показано на рисунке. Между шариками, а также меж-
ду шариками и стенкой, происходят упругие соударения.
(a) Докажите, что между шариками за всё время произойдёт конечное число соударений.
(b) Как количество соударений зависит от отношения начальных скоростей шариков и от их
масс?

При соударениях шариков действуют закон сохранения импульса
∑
mivi = const и закон

сохранения энергии
∑
miv

2
i = const. Удар о стенку происходит абсолютно упруго (с сохранени-

ем скорости). Можно считать, что шарик, ближайший к стенке, в начальный момент движется
от неё.
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Указания и решения к задачам до промежуточного финиша

Геометрическая вероятность

Для решения задач нам нужно определить понятие вероятности. Пусть X — многоугольник
на плоскости, точки которого моделируют множество исходов в нашей задаче. Пусть A ⊂ X
— некоторое подмножество. Будем говорить, что вероятность попасть в A равна отношению
площади1 A к площади X. В этой ситуации X мы называем вероятностным пространством,
а его подмножества — событиями. Более подробное введение в теорию вероятностей см., на-
пример, в [Sh].

Решение задачи 1. Ответ: 11
36
.

x

y

Отождествим возможное время прихода человека c отрезком [0; 1]. То-
гда время прихода двух людей отождествляется с квадратом [0; 1]× [0; 1].
А именно, точке (x, y) соответствует ситуация, когда первый человек при-
шёл в момент x, а второй — в момент y.

Закрасим точки, соответствующие ситуациям, когда друзьям удастся
встретиться. Они образуют полоску площади 11

36
.

Решение задачи 2. (a) Ответ: ln 2− 1
2
.

Скажем, что при выборе первой точки разлома мы
выбираем случайную точку на отрезке [0; 1]. Далее, отож-
дествим каждую из получившихся частей с отдельной
копией отрезка [0; 1]. Таким образом, наше вероятност-
ное пространство состоит из двух квадратов (коорди-
ната первого выбора откладывается в каждом из них
по оси абсцисс, а координата второго выбора — по оси
ординат).

Отметим точки X, соответствующие разломам, из которых можно сложить треугольник.
Допустим, первый разлом делается в точке x ∈ [0; 1]. Затем мы выбрали первый из двух кусков,
отождествили его с отрезком [0; 1] и выбрали на нём точку y. Из полученных трёх кусков можно
сложить треугольник, если x > 1

2
, xy < 1

2
и x(1− y) < 1

2
. Это подмножество имеет площадь

2

∫ 1

1
2

(
1

2x
− 1

2

)
dx = ln 2− 1

2
.

Подмножество второго квадрата, соответствующие разломам, из которых можно сложить тре-
угольник, строится аналогично.
(b) Ответ: 1

4
.

Отождествим палочку с отрезком [0; 1]. Выбор пары точек x, y ∈ [0; 1]
задаёт точку в квадрате. Из полученных частей можно сложить треугольник,
если x < y и при этом x < 1

2
, y > 1

2
и y − x < 1

2
, либо если y < x и при

этом x > 1
2
, y < 1

2
и x − y < 1

2
. Площадь подмножества, заданного этими

неравенствами, равна 1
4
.

1Вообще говоря, у произвольного подмножества A ⊂ X площадь может быть не определена; поэтому можно
говорить лишь о вероятности попасть в «достаточно хорошее» подмножество, у которого площадь определена
корректно.
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(c) Ответ: 1
4
.

Вероятностное пространство в этой задаче можно отождествить с кон-
фигурационным пространством из задачи 0. Из частей, полученных в
результате разбиения, можно сложить треугольник, если x1 < 1

2
, x2 < 1

2

и x3 < 1
2
. Площадь этого подмножества составляет четверть площади

треугольника.

Решение задачи 3. Ответ: 1
12
.

Отождествим вероятностное пространство с квадратом [0; 2π)×[0; 2π),
где координаты соответствуют величинам углов ломаной, по которой едет
марсоход. Помимо границы x = 0 и y = 0 (которая имеет нулевую пло-
щадь), марсоход пересечёт свой след, если (x, y) — пара углов в некоем
треугольнике, оба из которых не являются строго наибольшими, либо ес-
ли (2π−x, 2π−y) — пара углов в некоем треугольнике, оба из которых не
являются строго наибольшими. Это соответствует системам неравенств{

x 6 π − x− y,
y 6 π − x− y и

{
(2π − x) 6 π − (2π − x)− (2π − y),

(2π − y) 6 π − (2π − x)− (2π − y).

Каждая из них задаёт четырёхугольник, площадь которого составляет 1
24

от площади квадрата.

Решение задачи 4. Ответ: 2
π
.

y
x

Для определённости будем считать прямые горизонтальными. Ве-
роятностное пространство в этой задаче можно отождествить с пря-
моугольником [0; π) × (0; 1], где первая координата задаёт ориенти-
рованный угол иголки относительно прямых, а вторая координата
показывает расстояние от нижнего конца иголки до ближайшей сни-
зу прямой.

Тогда множество исходов, которые нас интересуют, за-
даётся неравенством 1 − y 6 sinx. Это множество имеет
площадь

∫ π
0

sinxdx = 2.

Пространства конфигураций

Терминологическое замечание. Пусть дано подмножество X евклидова пространства. Ес-
ли мы отождествляем множество точек X с множеством расположений чего-либо (например,
с множеством прямых на плоскости, или с множеством больших окружностей на сфере, или
с множеством расстановок чисел с постоянной суммой), то X называется пространством кон-
фигураций. Этот термин считается общепринятым и более удачным, чем термин «фазовое про-
странство», хотя по сути они имеют одинаковый смысл.

Решение задачи 5. Рассмотрим «решётку» прямых x = n и y = n для всевозможных n ∈ Z.
Она разбивает плоскость на квадраты. Назовём квадрат с вершинами (0, 0), (1, 0), (1, 1) и (0, 1)
базовым. Очевидно, каждый квадрат получается из базового сдвигом на свой целочисленный
вектор. Будем считать, что все квадраты выглядят как [0; 1)× [0; 1), т. е. не включают верхнюю
и правую стороны.

Возьмём многоугольник из условия. Решётка разрезает его на конечное число частей. Сдви-
нем каждую часть на соответствующий целочисленный вектор так, чтобы все они оказались
внутри базового квадрата. Фактически, мы построили множество точек многоугольника, с
точностью до целочисленного сдвига.
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Поскольку сумма площадей частей > 1, они не могут не накладываться внутри базового
квадрата. В качестве A и B достаточно взять любую пару точек, которые совпадут после сдвига.

Решение задачи 6. Начертим вокруг каждой точки круг радиуса
√

1000
π

. Закрасим в каждом
круге точки многоугольника, которые в нём лежат. Затем при помощи параллельных переносов
совместим все круги. Закрашенные точки покроют некоторую область P . Вектора от точек P
до центра круга — это в точности те вектора, на которые нельзя сдвигать многоугольник.

Каждое закрашенное множество имело площадь < 1, значит площадь P составляет < 1000.
Но круг имеет площадь ровно 1000, следовательно, в нём найдётся незакрашенная точка. Век-
тор между этой точкой и центром круга является искомым.

Решение задачи 7. Решение этой задачи использует важную идею, сходную с проективной
двойственностью (см., например, [S]). Этот метод позволяет удобно работать с множеством
больших окружностей на сфере. А именно, пусть сфера имеет центр в точке O. Любой точ-
ке A на сфере сопоставим большую окружность, лежащую в плоскости, проходящей через O
перпендикулярной OA.

Это задаёт взаимно-однозначное соответствие между парами диаметрально противополож-
ных точек сферы и большими окружностями. Будем называть это соответствие двойственно-
стью и обозначать δ. Отметим, что δ(δ(A)) = ±A для любой точки A на сфере и δ(δ(ω)) = ω
для любой большой окружности ω. Кроме того, если точка A лежит на большой окружности
ω, то большая окружность δ(A) содержит пару точек δ(ω).
(a) Пусть имеется дуга α большой окружности. Предположим, α имеет длину πt для t ∈ (0; 1).
Возьмём большие окружности δ(A) для всех A ∈ α. Заметим, что объединение δ(A) занимает
долю t от площади сферы.

Ломаная γ из условия имеет длину < π. Поэтому большие окружности, двойственные к
точкам γ, не покрывают всей сферы. Возьмём непокрытую точку B. Тогда большая окружность
δ(B) не пересекает γ.
(b) Доказательство аналогично. Для каждого ребра γ возьмём объединение больших окруж-
ностей, двойственных к его точкам. Мы получим пару «сферических долек». Поскольку длина
γ больше πk, то объединение всех таких долек покрывает более k раз некоторую часть сферы,
имеющую ненулевую площадь.

В частности, существует бесконечно много точек сферы, покрытых более чем k дольками.
Отметим точки B1, . . . , Bm, двойственные к продолжениям рёбер γ. Мы можем выбрать точку
C, покрытую более чем k дольками и не совпадающую с B1, . . . , Bm. Тогда большая окружность
δ(C) пересекает более чем k рёбер γ и не содержит ни одного из них.

Указание к решению задачи 8. Впишем каждый тетраэдр в сферу. Применим к ним па-
раллельный перенос и гомотетию, чтобы сферы совпали.

Далее рассмотрите прямые l, проходящие через центр сферы, такие что проекции тетраэдров
на плоскость, перпендикулярную l, являются треугольниками.

Решение задачи 9. Возьмём круг D, содержащий все гвозди. Если любая прямая из некото-
рого класса эквивалентности пересекает D, назовём этот класс эквивалентности ограниченным.
Ясно, что есть ровно один класс, не являющийся ограниченным.

Проведём между гвоздями всевозможные отрезки, так что никакой отрезок не содержит
гвоздей кроме концов. Можно отождествить множество отрезков с множеством ограничен-
ных классов эквивалентности прямых. Для этого нужно поворачивать каждую прямую против
часовой стрелки, пока она не упрётся в два гвоздя — эта пара гвоздей и будет концами отрезка,
соответствующего классу эквивалентности данной прямой.
(a) Ответ: k.
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Действительно, мы всегда сможем провести k−1 отрезок. Такое число отрезков реализуется,
если все гвозди расположены на одной прямой.
(b) Ответ: C2

k + 1.
Число отрезков не больше числа рёбер в полном графе. Эта оценка достигается, если никакие

три гвоздя не лежат на одной прямой.

Идея другого решения задачи 9. Конфигурационное пространство X всех прямых в R2

при помощи проективной двойственности отождествляется с RP2 без одной точки. Выкинутая
точка соответствует «бесконечно удалённой прямой». См., например, [S].

Множеству прямых, проходящих через точку A ∈ R2, при этом соответствует прямая в RP2.
Таким образом задача сводится к тому, на сколько частей можно разрезать RP2 с помощью k
прямых (выкинутая точка на количество частей не влияет).

Решение задачи 10. Пусть S — точка старта. Для каждой точки трассы A обозначим сум-
марную длину сухих участков от S до A через x, а суммарную длину заболоченных участков
пути от S до A через y. Сопоставим точке A точку (x, y) на плоскости.

Нарисуем график движения каждой машины в пространстве с координатами x, y, t. Каждый
график является ломаной. Заметим, что каждая такая ломаная лежит в некоторой плоскости
t = t0 + x

u
+ y

v
; здесь t0 — время прохождения точки S, u и v — скорость машины на сухих и

заболоченных участках соответственно. Обозначим эти плоскости α1, . . . , α8.
Нарисуем для судей вертикальные прямые l1, . . . , l500. Нам нужно показать, что точки пере-

сечения некоторых двух прямых с плоскостями идут на этих прямых в одинаковом порядке.
Рассмотрим попарные пересечения плоскостей αi ∩ αj и спроектируем на горизонтальную

плоскость β. Мы получим не более чем C2
8 = 28 различных прямых. Они разбивают β не более

чем на 1+C2
29 = 407 частей. По принципу Дирихле, какие-то две из прямых l1, . . . , l500 проходят

через одну и ту же часть.

Дискретные фазовые пространства

Решение задачи 11. Ответ: 12 ходов. 1

2

3

4

5

6

7

8

9

0 1 2 3 4 5 6 7 8 9

Отождествим каждое двузначное число с клеточкой в таб-
лице 9×10 (строки — десятки, столбцы — единицы). Если Вася
называет число, оно покрывает квадрат 3 × 3 в этой таблице.
Но чтобы покрыть такими квадратами заштрихованные строки
(все числа, начинающиеся на 2, на 5 и на 8), необходимо разме-
стить 12 таких квадратов, то есть назвать минимум 12 чисел.

Пример легко построить, глядя на таблицу: пусть Вася на-
зовёт числа 21, 24, 27, 29, 51, 54, 57, 59, 81, 84, 87 и 89.

Решение задачи 12. Идея решения та же, только теперь нам нужно покрыть клетки прямо-
угольника 9× 10 «крестами», состоящими из пяти клеток.
(a) Ответ: Нет.

Действительно, если бы 18 крестов хватило, то они покры-
вали бы прямоугольник без наложений и не выходя за границы.
Но это невозможно, например угловую клетку так покрыть не
получится.
(c) Ответ: Да.

Разместим 18 крестов как на рисунке (для большей понятно-
сти отмечен центр каждого креста), а восемь непокрытых кле-
ток покроем оставшимися 4 крестами.
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Решение задачи 13. (a) Текущее состояние описанной в задаче системы определяется коли-
чеством шариков в каждой коробочке и указанием коробочки, с которой нужно начинать рас-
кладывать шарики в следующий раз. Поэтому возможных состояний системы конечное число.

Из каждого состояния можно, раскладывая шарики, перейти в другое состояние системы,
которое определено однозначно. Наоборот, зная состояние системы в настоящий момент, мож-
но однозначно определить состояние системы перед последним раскладыванием шариков. Дей-
ствительно, последнее раскладывание должно было закончиться на выделенной коробочке; по-
этому, чтобы восстановить предыдущее состояние, нужно взять один шарик из выделенной
коробочки и далее, идя против часовой стрелки, брать по шарику из каждой коробочки, по-
ка это возможно. Когда же мы встретим пустую коробочку, мы положим в неё все собранные
шарики и объявим её отмеченной.

Построим ориентированный граф состояний системы. Для этого обозначим состояния си-
стемы точками, а возможность перехода из одного состояния в другое — стрелкой, соединяю-
щей соответствующие точки. Из каждой точки будет выходить ровно одна стрелка и в каждую
точку будет входить ровно одна стрелка.

Начнём двигаться по стрелкам, начиная с заданного состояния A1. Получаем последова-
тельность состояний A2, A3, . . . Поскольку число состояний конечно, в некоторый момент в
последовательности {Ai} возникнет повторение. Пусть, например, Ak = Al, где k < l. Посколь-
ку в точку Ak входит ровно одна стрелка, из равенства Ak = Al следует Ak−1 = Al−1, . . . ,
A1 = Al−k+1. Тем самым, через l − k ходов мы вернулись в состояние A1.
(b) В отличие от пункта (a) теперь состояние системы определяется лишь тем, как разложе-
ны шарики по коробочкам. Заметим, что если ход ведёт из состояния A в состояние B, то,
согласно (a), мы можем (за несколько ходов) вернуться из B в A. Если мы можем попасть из
состояния A в состояние C за несколько ходов, то мы можем вернуться из C в A, «откатывая»
ходы по одному.

Таким образом, если мы научимся попадать из любого состояния в некоторое фиксированное
состояниеM , то сможем «путешествовать» между любыми состояниями, «проезжая» черезM .
Обозначим черезM состояние, когда все шарики собраны в фиксированной коробочкеm. Будем
при каждой операции брать шарики из ближайшей (против часовой стрелки) к m непустой
коробочки. Тогда либо число шариков вm увеличится, либо ближайшая кm непустая коробочка
станет ещё ближе. Рано или поздно все шарики соберутся в m.

Указание к решению задачи 14. Фазовое пространство в этой задаче — множество всевоз-
можных пар (x, v), где x — начальное положение корабля, а v — вектор, на который корабль
сдвигается за один ход. Легко показать, что фазовое пространство счётно, а этого достаточно
для построения алгоритма стрельбы.
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Избранные задачи

Указание к решению задачи 15. Постройте конфигурационное пространство воды в сосу-
дах, как в задаче 0, и рассмотрите изменение состояния при переливаниях. Подробное обсуж-
дение см. в [CG, Гл. 4, §6].

Решение задачи 16. Ответ: нет, невозможно.
Конфигурационное пространство количества воды в трёх бас-

сейнах — подмножество X ⊂ R3, состоящее из точек с неотрица-
тельными координатами. Точка, соответствующая текущему поло-
жению системы, движется по отрезку I, соединяющему начальное
и конечное положение.

Пересечение плоскостей x+y = z, y+z = x и z+x = y с X явля-
ется границей бесконечного треугольного конуса. Поскольку конус
выпуклый, отрезок I пересекает его границу не более чем в двух
точках. Но по условию отрезок I содержит хотя бы по одной точке
каждой грани. Следовательно, I проходит хотя бы через одно ребро
конуса. Наконец, заметим, что рёбра конуса лежат на плоскостях
x = 0, y = 0 и z = 0.

Решение задачи 17. Конфигурационное пространство количества зайцев и волков — первый
квадрант плоскости R2. Обозначим его X. Положение системы меняется со временем, точка с
положительными координатами (x, y) движется с вектором скорости (a0 − a1y, −b0 + b1x).

Заметим, что в точке ( b0
b1
, a0
a1

) вектор скорости нулевой. Сдвинем начало координат в эту
точку. Тогда сопоставление каждой точке её вектора скорости будет линейным отображением
R2 → R2. Заметим, что это линейное отображение переводит ось x в ось −y, а ось y — в ось x.
Растянув оси в нужное количество раз, можно сделать его композицией поворота на 90◦ и
гомотетии.

А именно, сделаем линейную замену переменных, положив

x̃ =
−b0 + b1x√

b1
и ỹ =

−a0 + a1y√
a1

.

В этих координатах вектор скорости точки (x̃, ỹ), не лежащей на границе X, записывается как√
a1b1 · (−ỹ, x̃). Это значит, что все такие точки движутся по окружностям с центром в начале

координат.
Таким образом, движение всех точек, чьи окружности не пересекают границу X, периодич-

но. Если точка попадает на границу X, то дальше она движется по ней с постоянной скоростью.
То есть, не периодично движение точек, для которых

x̃2 + ỹ2 6 min

(
b20
b1
,
a20
a1

)
,

то есть расстояние до начала координат (в новых координатах) не больше расстояния до хотя
бы одной из прямых x = 0 и y = 0.

Решение задачи 18. (a) Будем следить лишь за скоростями шариков. В пространстве с ко-
ординатами v1, v2 закон сохранения энергии m1v

2
1 + m2v

2
2 = const задаёт эллипс. Для удобства

можно умножить координаты на положительные числа так, чтобы этот эллипс стал окружно-
стью.

А именно, положим x =
√
m1 · v1 и y =

√
m2 · v2. (Первый шарик — дальний от стенки,

скорость считается положительной, если она направлена к стенке.) Из закона сохранения энер-
гии, точки, соответствующие положениям системы, лежат на окружности x2 + y2 = const. Эта
окружность будет нашим фазовым пространством, обозначим её X.
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При соударении между шариком и стенкой в фазовом пространстве происходит преобразо-
вание (x, y) 7→ (x,−y), т. е. отражение относительно прямой l, заданной как y = 0. Отметим,
что соударение может произойти только если v2 > 0, т. е. y > 0.

При каждом соударении между шариками в фазовом пространстве происходит отражение
относительно прямой, проходящей через начало координат и точку (

√
m1,
√
m2). Это следует

из закона сохранения импульса. Назовём эту прямую l′, она задаётся как x√
m1

= y√
m2

. Отметим,
что соударение может произойти только если v1 > v2, т. е. x√

m1
> y√

m2
.

l′

l
x

y

U

α

X
Обозначим угол между l и l′ через α. Нам известно, что α =

arctg
√
m2√
m1

. Очевидно, композиция двух описанных преобразований
X является поворотом на угол −2α.

Отметим на окружности дугу [π; π+ 2α], обозначим её U . Рано
или поздно любая точка попадёт в область U . В таком положении
системы не произойдёт ни одного соударения со стенкой.
(b) Пусть (x0, y0) — начальное положение системы. Из условия,
y0 < 0. Определим β как угол вектора (x0, y0). Формально, β =
arcctg x0

y0
−π. Тогда число соударений между шариками равно dπ+β−α

2α
e,

а число соударений между вторым шариком и стенкой равно dπ+β−2α
2α
e.

К этой задаче мы можем посоветовать дополнительные материалы на YouTube: обзорное
видео [1], где говорится о связи этой задачи со знаками в десятичной записи числа π, видео [2] с
решением в пространстве скоростей, а также видео [3] с решением через бильярды в простран-
стве координат.
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Задачи после промежуточного финиша
Задачи здесь разделены на два независимых сюжета. В разделе 2 мы изучаем различные то-
пологические свойства фазовых пространств, возникающих в задачах с довольно простыми
формулировками. В разделе 3 мы сталкиваемся с геометрией фазовых пространств, а именно
— с преобразованиями, сохраняющими объём. По причине обширности этих сюжетов участ-
никам предлагается сосредоточить свои усилия лишь на одном из них.

Основными результатами §2 являются задачи 20m и 22m, основными результатами §3 —
задачи 42m и 51m. Задачи, отмеченные звёздочками, требуют некоторой техники (такой как
непрерывные отображения); если вы не знаете соответствующих формальных определений, то
решать эти задачи не нужно.

Иногда в качестве подсказок к сложным задачам мы формулируем леммы. Эти леммы го-
ворят многое о природе рассматриваемых объектов, и поэтому могут быть интересны сами по
себе. Доказательства этих лемм, в свою очередь, разбиваются на задачи, которые размещаются
после их формулировки.

Также для справки мы приводим формулировки некоторых теорем; их доказательства сда-
вать не нужно.

2 Топология фазовых пространств

2.1 Задача про возы

Задача 19. В 9:00 турист вышел из дома, он шёл весь день и к 21:00 пришёл на место стоянки.
Переночевав, на следующий день турист с 9:00 до 21:00 шёл обратно по той же дороге. Он
идёт с непостоянной скоростью, может иногда останавливаться или даже возвращаться назад.
Докажите, что в некотором месте дороги турист в разные дни находился в одно и то же время.

Задача 20m (Н.Н.Константинов). Из города A в город B ведут две непересекающиеся дороги.
Известно, что две машины, связанные веревкой длины 10 метров, смогли проехать из A в B по
разным дорогам, не порвав веревки. Могут ли разминуться, не коснувшись, два круглых воза
с сеном, имеющие радиус 6 метров и движущиеся по разным дорогам навстречу друг другу?

Ниже мы наметим путь формального решения задачи 20m для кусочно-линейного движения
машин и возов. Это значит, что временной отрезок должен быть разбит на конечное число ча-
стей, скорости машин и возов на каждой из которых постоянны. Тогда для решения задачи 20m
можно доказать следующее вспомогательное утверждение.

Лемма 1. В квадрате ABCD нарисованы две ломаные α и β. Ломаная α соединяет вершины
A и C, а ломаная β — вершины B и D. Тогда α ∩ β 6= ∅.

Ломаные могут самопересекаться, если не оговорено противное.
Почему мы не рассматриваем непрерывные кривые вместо ломаных? Разницу в обращении

с ними иллюстрирует следующая задача (ответы в пунктах (a) и (b) разные).

Задача 21. Среди ровной степи стоит гора. На вершину ведут две тропы, не опускающиеся
ниже уровня степи. Два альпиниста одновременно начали подъём по разным тропам, соблюдая
условие: в каждый момент времени быть на одинаковой высоте. Смогут ли альпинисты достичь
вершины, двигаясь непрерывно, если (a) тропы являются ломаными; (b*) тропы могут быть
произвольными графиками непрерывных функций?
(c) Решите аналог пункта (a) для произвольного числа альпинистов.

Лемма 1 кажется очевидной, но строго доказать её оказывается не так просто. Указания к
доказательству см. в §2.3.1.
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2.2 Прямоугольник, вписанный в кривую

Задача 22m. Дана замкнутая несамопересекающаяся кривая на плоскости. Докажите, что
существует прямоугольник, вершины которого лежат на этой кривой.

Возьмём на плоскости точки A = (0, 0), B = (1, 0), C = (1, 1) и D = (0, 1). Можно опре-
делить ленту Мёбиуса как квадрат ABCD (с внутренностью), в котором стороны AD и CB
отождествлены посредством отображения (0, t) 7→ (1, 1−t). Будем обозначать ленту МёбиусаM .

Для доказательства задачи 22m будут полезны следующие два утверждения.

Задача 23. Отождествите с M конфигурационное пространство пар точек на окружности.

Лемма 2. Не существует непрерывного вложения M → R3, такого что граница M лежит
в плоскости z = 0, а все остальные точки — в полупространстве z > 0.

(Под “вложением” здесь понимается отображение, при котором разные точки M переходят
в разные точки R3.)

Вообще говоря, Лемма 2 использует понятие непрерывности, аккуратное обращение с ко-
торым выходит далеко за рамки проекта. Тем не менее, мы можем строго доказать кусочно-
линейную версию Леммы 2. Пояснения и указания к доказательству см. в §2.3.2.

2.3 Топологические леммы

2.3.1 Замкнутые кривые на плоскости

Основной целью этого раздела является доказательство Леммы 1.

Определение. Набор точек плоскости называется набором общего положения, если
(1) никакие три из них не лежат на одной прямой и
(2) никакие 6 из них нельзя покрыть тройкой прямых, проходящих через одну точку (не обя-
зательно принадлежащую набору).

Задача 24. Верно ли, что если набор точек плоскости содержит хотя бы 6 точек, то условие
(1) из определения выше следует из условия (2)?

Задача 25. Покажите, что любой конечный набор точек плоскости можно сделать набором
общего положения посредством сколь угодно малого шевеления (то есть, сдвинув каждую точку
не более чем на заранее указанное расстояние).

Задача 26. Дан квадрат ABCD и ломаные α = A0A1 . . . Am и β = B0B1 . . . Bn, где A0 = A,
B0 = B, Am = C, Bn = D и остальные вершины лежат внутри квадрата. Предположим,
множество всех вершин ломаных находится в общем положении. Тогда число точек пересечения
α и β нечётно. (Указание: используйте индукцию по m и n.)

Задача 27. Верно ли утверждение задачи 26, если для множество вершин α и β (a) условие (1)
из определения набора общего положения не выполняется, или (b) условие (1) выполняется, а
условие (2) не выполняется?

Задача 28. (a) Докажите Лемму 1. (b*) Докажите аналог Леммы 1 для непрерывных кривых.

Аналогичным образом, из задачи 26 можно вывести следующее утверждение.

Теорема Жордана. Будем говорить, что подмножество плоскости A связно, если между лю-
быми двумя его точками существует ломаная, целиком лежащая внутри A. Тогда (a) любая
замкнутая несамопересекающаяся ломаная разбивает плоскость на части (т. е. дополнение плос-
кости до этой ломаной не является связным); (b) более того, этих частей ровно две.
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2.3.2 Зацепленность замкнутых кривых в пространстве

Основной целью этого раздела является доказательство Леммы 2.

Определение. Набор точек пространства называется набором общего положения, если
(1) никакие три точки не лежат на одной прямой,
(2) никакие четыре точки не лежат в одной плоскости и
(3) никакие 8 из них нельзя покрыть парой плоскостей и прямой, проходящими через одну
точку (не обязательно принадлежащую набору).
Говорят, что ломаные в пространстве находятся в общем положении, если множество их вер-
шин — набор точек общего положения.

Задача 29. Покажите, что любой конечный набор точек в пространстве можно сделать набо-
ром общего положения посредством сколь угодно малого шевеления.

Задача 30. Покажите, что если объединение множества вершин замкнутой ломаной в про-
странстве и вершин произвольного тетраэдра является набором общего положения, то количе-
ство точек пересечения ломаной с поверхностью тетраэдра чётно.

Определение. Пусть α, β ⊂ R3 — две замкнутые ломаные в общем положении. Возьмём точку
O ∈ R3 в общем положении с их вершинами. Пусть A0, A1, . . . , An = A0 — вершины α. Для
i = 0, . . . , n − 1 посчитаем остаток по модулю 2 для числа точек пересечения треугольника
OAiAi+1 и ломаной β. Сумма n полученных остатков называется коэффициентом зацепления
α и β по модулю 2. Обозначение: lk(α, β).

Задача 31. (a) Покажите, что lk(α, β) не зависит от выбора точки O. (Указание: возьмите
точку O′ и рассмотрите пересечение тетраэдров OO′AiAi+1 и ломаной β.)
(b) Покажите, что lk(α, β) ≡ lk(β, α). (Символом ≡ мы обозначаем сравнимость по модулю 2.)

Задача 32. Пусть α, β ⊂ R3 — пара непересекающихся и несамопересекающихся замкнутых
ломаных.
(a) Докажите, что существует ε > 0, такое что при любом сдвиге каждой вершины α и β
меньше чем на ε ломаные останутся непересекающимися и несамопересекающимися.
(b) Пошевелив вершины α, β меньше чем на ε, можно получить пару ломаных общего положе-
ния α′, β′. Докажите, что, lk(α′, β′) корректно определён, т. е. не зависит от этого сдвига.

Задача 32 позволяет определить коэффициент зацепления по модулю 2 для произвольной
пары непересекающихся и несамопересекающихся замкнутых ломаных α, β ⊂ R2. Будем гово-
рить, что α и β зацеплены по модулю 2, если lk(α, β) ≡ 1.

Для простого доказательства Леммы 2 удобно использовать следующее свойство графа K6

(полного графа на 6 вершинах). Отображение K6 → R3 будем называть кусочно-линейным,
если образы всех рёбер являются ломаными.

Лемма 3. Для любого кусочно-линейного вложения K6 → R3 найдётся пара непересекающих-
ся циклов, зацепленных по модулю 2.

Задача 33. Для кусочно-линейного вложения γ : K6 → R3 обозначим slk(γ) сумму коэффици-
ентов зацепления по модулю 2 для всех пар непересекающихся циклов. Постройте какое-нибудь
вложение γ0 : K6 → R3 и убедитесь, что slk(γ0) ≡ 1.

Задача 34. Пусть кусочно-линейные вложения γ1, γ2 : K6 → R3 совпадают на всех рёбрах,
кроме одного. Докажите, что slk(γ1) ≡ slk(γ2).

Задача 35. Выведите Лемму 3.
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2.3.3 Вложения ленты Мёбиуса в пространство

Триангуляцией ленты Мёбиуса M называется граф Γ ⊂ M , все грани которого — треугольни-
ки. Отметим, что при этом граница M целиком состоит из рёбер. Отображение f : M → R3

называется кусочно-линейным, если для некоторой триангуляции M отображение f переводит
её грани в треугольники в R3.

Задача 36. (a) Вложите K6 в M так, чтобы одним из циклов была граница M , а другим
циклом была средняя линия M . Назовём эти циклы α и β.
(b) Покажите, что если задано вложение f : M → R3, то никакие циклы в f(K6), корме f(α) и
f(β), не будут зацеплены.

Задача 37. Пусть задано кусочно-линейное вложение f : M → R3. Обозначим α границу M ,
а β — среднюю линию M . Докажите, что f(α) и f(β) — зацепленные ломаные в R3.

Задача 38. Выведите из задачи 37 Лемму 2 для кусочно-линейного вложения M → R3.

Задача 39*. Докажите Лемму 2 для непрерывного вложения M → R3.

3 Зеркала и бильярды

3.1 Невидимая система зеркал

В этом разделе мы рассматриваем системы зеркал — наборы кривых на плоскости. Для лучей
выполняется закон “угол падения равен углу отражения”; зеркала могут быть искривлёнными,
тогда этот закон применяется к касательной к зеркалу в точке падения луча. Лучами, попа-
дающими в края зеркал, можно пренебречь. Система зеркал должна быть ограниченной. Все
зеркала не могут быть параллельными отрезками.

Задача 40. Постройте систему зеркал, (a) невидимую в каком-нибудь направлении; (b) неви-
димую в каких-нибудь двух направлениях.

Невидимость в направлении прямой l означает, что каждый луч, параллельный l и начина-
ющийся достаточно далеко, несколько отражений спустя продолжает идти по той же прямой,
как если бы он ни от чего не отражался.

Задача 41. (a) Предположим, все зеркала системы являются отрезками и расположены под
углами 0◦ и 90◦. Докажите, что такая система зеркал не может быть невидимой с направлений
45◦ и 135◦. Углы измеряются по отношению к оси x.
(b) Предположим, все зеркала системы являются отрезками и расположены только под углами
0, π

n
, 2π
n
, . . . , (n−1)π

n
для некоторого натурального n. Назовём такие направления допустимыми.

Пусть задано конечное множество прямых l1, . . . , lk, такое что при отражении любой пря-
мой li относительно прямой, идущей в допустимом направлении, полученная прямая будет
параллельна некоторой lj. Докажите, что такая система зеркал не может быть невидимой с
направлений l1, . . . , lk.

Задача 42m. Докажите, что не существует системы зеркал, невидимой во всех направлениях.

Для решения задачи 42m можно рассмотреть преобразование фазового пространства, со-
храняющее объём. Такие преобразования рассматриваются далее на более простых примерах в
задачах 46 и 50. Другой приём, который понадобится в решении задачи 42m, проиллюстрирован
на следующем дискретном примере.
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Задача 43. Некоторый остров имеет форму кругаD. На границеD находятся 2n транспортных
узлов, принадлежащих n компаниям. Каждой компании принадлежит 2 узла, их соединяет
прямая железная дорога, по которой поезда ездят из конца в конец. На пересечении железных
дорог установлены мосты, так что любой поезд движется по прямой и не может сворачивать.

Министр путей сообщения захотел уменьшить число мостов, заменив их на повороты, как
на рисунке.

→

При этом требуется, чтобы каждый поезд продолжал ездить между транспортными узлами
одной и той же компании. Докажите, что министру не удастся это сделать.

3.2 Внешние бильярды

Пусть T — выпуклая ограниченная фигура на плоскости R2. Возьмём точку x0 вне T . Из x0
существует две опорные (касательные) прямые к T . Выберем правую из этих прямых, если
смотреть из x0, обозначим её l. Если l пересекает T в одной точке y1, обозначим через x1 образ
точки x0 при отражении относительно y1.

Аналогичным образом, по точке x1 строится (при условии, что правая опорная прямая из x1
пересекает T в единственной точке) следующая точка x2, и т. д. Отображение R, переводящее
точку на плоскости в её образ, называется отображением внешнего бильярда, а последователь-
ность x0, x1, x2, . . . называется орбитой точки x0.

Если на каком-то шаге очередная опорная прямая пересекает границу T не в одной точке,
а по отрезку, будем считать, что орбита x0 не определена.

Задача 44. Пусть T — квадрат на плоскости. (a) Нарисуйте множество точек, для которых
определены орбиты. (b) Докажите, что все орбиты для этого бильярда конечны. (c) Как по
точке R2 определить длину её орбиты?

Задача 45. Решите ту же задачу, если T — произвольный треугольник на плоскости.

Задача 46. Докажите, что отображение R сохраняет площадь (т. е. для любой фигуры A,
не пересекающей T , площади A и R(A) равны), (a) если T — выпуклый многоугольник; (b) если
T — произвольная строго выпуклая ограниченная фигура.

Назовём орбиту x0, x1, x2, . . . почти периодической, если для любого ε > 0 существует нату-
ральное n, такое что расстояние между x0 и xn меньше ε.

Задача 47*. Верно ли, что любая орбита внешнего бильярда T почти периодична, если
(a) T — выпуклый многоугольник с рациональными вершинами;
(b) T — произвольный выпуклый многоугольник;
(c) T — строго выпуклая ограниченная фигура;
(d) T — произвольная выпуклая ограниченная фигура?

Простое решение этой задачи нам не известно. Однако ответ на аналогичный вопрос для
внутренних бильярдов куда более прост, как мы увидим в следующем разделе.

3.3 Внутренние бильярды

Пусть T — выпуклая ограниченная фигура на плоскости. Возьмём точку x внутри T и зададим
отложенный от x единичный вектор скорости. Это определяет движение точки x в зависимости
от времени: внутри T точка x движется по прямой, а на границе происходит отражение по
закону “угол падения равен углу отражения” (углы меряются с касательной к границе T в
точке соударения).
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Если в какой-то момент x попадает в точку на границе T , в которой не существует каса-
тельной, будем считать, что орбита x не определена. Орбита точки x называется периодической,
если через некоторое время x оказывается на изначальном месте и имеет изначальную скорость.

Задача 48. Пусть T — квадрат. (a) Для каких начальных точек и векторов скорости орбиты
будут периодическими? (b) Покажите, что любая периодическая орбита в T имеет чётное число
отражений относительно границы.

Далее T можно считать либо выпуклым многоугольником, либо произвольной выпуклой
ограниченной фигурой с гладкой границей.

Задача 49. Зададим для всех точек равные вектора скорости. Обозначим положение точки x
спустя время t через ft(x). Покажите, что для фигуры A ⊂ T образ ft(A) не обязательно имеет
такую же площадь. (Образ берётся только для тех точек, орбиты в которых определены.)

Задача 50. Для точки x, вектора v и числа t посмотрим на положение x и направление её
вектора скорости спустя время t. Это задаёт отображение Ft : T × [0; 2π)→ T × [0; 2π).
(a) Докажите, что если T — многоугольник, то множество точек, где Ft не определено, имеет
в T × [0; 2π) нулевой объём.
(b) Докажите, что для любого t отображение Ft сохраняет объём.

Орбита точки x с заданным вектором скорости называется почти периодической, если для
любых ε1, ε2 > 0 найдётся t > 0, такое что расстояние между x и ft(x) меньше ε1, а угол между
векторами скорости x и ft(x) меньше ε2.

Задача 51m. Докажите, что почти любые начальные условия (x, ϕ) ∈ T × [0; 2π) задают почти
периодическую траекторию. Здесь “почти любые” означает “все, кроме некоторого множества
в T × [0; 2π), имеющего нулевой объём”.

Неформально можно сформулировать задачу так: докажите, что, посветив из случайного
места в зеркальной комнате фонариком в случайном направлении, мы с вероятностью 1 попадём
себе в затылок с любой наперёд заданной точностью.

Свойство преобразований, сохраняющих объём, которое предлагается доказать в задаче 51m,
можно сформулировать в общем случае следующим образом:

Теорема Пуанкаре о возвращении. Пусть U ⊂ R3 — ограниченная область, f : U → U
— отображение, сохраняющее объём. Возьмём меньшую область A ⊂ U . Для точки x ∈ A
построим последовательность f(x), f(f(x)), f(f(f(x))), . . . Определим Z ⊂ A как множество
точек, для которых эта последовательность целиком лежит вне A. Тогда Z имеет нулевой объём.

Чтобы эта теорема имела строгий смысл, необходимо сделать оговорки о том, какие “обла-
сти” мы рассматриваем, а также уточнить, для каких подмножеств множества U отображение f
“сохраняет объём”. (Известные парадоксы [Ya, стр. 12, 18] показывают, что нельзя корректно
определить объём для всех подмножеств. Необходимую теорию см., напр., в [AMK] или [Ox].)
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Указания и решения к задачам после пром. финиша
Мы изложим решения задач после промежуточного финиша в таком порядке, в котором они
ведут к главным задачам.

Топология. Задача про возы

Замкнутые кривые на плоскости

Решение задачи 24. Нет, условие (1) не следует из условия (2).
Возьмём две параллельные прямые l,m. Мы выберем три точки на каждой из них:

A1, A2, A3 ∈ l и B1, B2, B3 ∈ m. Если никакая тройка прямых A1Bi, A2Bj, A3Bk (где {i, j, k} =
{1, 2, 3}) не пересекается в одной точке, то условие (2) будет выполнено, в то время как условие
(1) не выполнено по построению.

Докажем, что такие шесть точек существуют. Выберем точки A1, A2, A3 ∈ l и B1, B2 ∈ m
произвольно. Тогда для точки B3 существует лишь конечное число — не более трёх — запре-
щённых положений. (Например, если обозначить пересечение A1B1 ∩ A2B2 через C, то B3 не
может лежать на пересечении A3C и m.)

Решение задачи 25. Пусть даны произвольные точки A1, . . . , An ∈ R2. Сколь угодно малым
сдвигом можно добиться того, чтобы они не совпадали. Поэтому будем считать точки различ-
ными. Далее мы будем двигать их по одной, приводя каждую в общее положение со всеми
предыдущими.

Пусть точки A1, . . . , Ak−1 уже в общем положении. Посмотрим на множество положений, за-
прещённых для Ak. Во-первых, оно включает все прямые AiAj для всевозможных пар индексов
i, j < k. Во-вторых, оно включает все прямые AjC, где C — точка пересечения Ai1Ai2 ∩Ai3Ai4 ,
для всевозможных пятёрок индексов i1, i2, i3, i4, j < k.

Мы видим, что запрещённые положения для Ak образуют конечное объединение прямых.
Поэтому можно сдвинуть Ak сколь угодно мало, так что она не будет лежать в этом множестве.

Решение задачи 26. База индукции очевидна: если m = n = 1, то утверждение заключается
в том, что диагонали квадрата пересекаются в нечётном числе точек.

Докажем шаг индукции. Пусть m > 1. Заменим звенья Am−2Am−1 и Am−1Am ломаной α на
одно звеноAm−2Am. Чтобы показать, что чётность числа точек пересечения α и β не изменилась,
докажем, что β пересекает границу треугольника Am−2Am−1Am в чётном числе точек.

Действительно, если вершины Bk, Bk+1 лежат по разные стороны от границы Am−2Am−1Am
(т. е. одна внутри треугольника, а другая снаружи), то пересечение отрезка BkBk+1 с границей
Am−2Am−1Am состоит из нечётного числа точек, а если по одну — то из чётного. Поскольку A0

и An лежат по одну сторону (обе снаружи), всего точек пересечения будет чётное число.

Решение задачи 27. Ответ: (a) нет; (b) нет. Примеры показаны на рисунках.

(a) (b)
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Комментарий. В нашем примере к пункту (a) для множества вершин ломаных не выполняется
также и условие (2). Примера для пункта (a), в котором условие (2) выполняется, не существует.

Если требовать, чтобы ломаные не самопересекались, то для пункта (b) можно доказать, что
число точек пересечения всегда нечётно. Для этого можно при приведении вершин ломаных в
общее положение проследить за точками пересечения, как в доказательстве Леммы 1.

Решение задачи 28. (a) Предположим, α∩β = ∅. Возьмём число ε > 0, такое что расстояние
между любой точкой на α и любой точкой на β меньше ε. Тогда, если мы сдвинем вершины α
и β не более чем на ε

2
, точек пересечения у них не появится, поскольку любая точка на ребре

также сдвинется не более чем на ε
2
. Согласно же задаче 25, мы можем привести α и β в общее

положение, сдвинув каждую вершину не более чем на ε
2
. Это завершает доказательство.

Отметим, что ε может быть меньше, чем минимум расстояний между вершинами α и β.
Число ε можно вычислить так: возьмём вершину одной ломаной и ребро другой, померим
расстояние между ними; сделаем это для всевозможных комбинаций вершины одной ломаной
и ребра другой; тогда достаточно взять ε меньше всех найденных чисел.
(b) Набросок решения. Любую непрерывную кривую можно аппроксимировать ломаной с точ-
ностью до любого ε > 0. Это значит, что мы последовательно отмечаем на кривой точки,
так что участок кривой между соседними точками находится от соединяющего их отрезка не
дальше, чем на ε. Нужно построить такие аппроксимации для ε = 1

2
, 1
4
, 1
8
, . . . и найти у пары

ломаных на каждом шаге произвольную точку пересечения Pi. Для каждой Pi найдутся точки
Ai и Bi, лежащие на кривых, причём расстояние между Ai и Bi не превосходит 1

2i−1 . Остаёт-
ся, воспользовавшись компактностью, выбрать из Ai и Bi сходящиеся подпоследовательности
с одинаковыми индексами. Их пределы будут равны — это и есть искомая общая точка наших
кривых.

Задача про возы

Решение задачи 19. Отождествим дорогу с отрезком [0; 1], а время — с отрезком [9; 21]. Зави-
симости точки, где находится турист, от времени являются непрерывными функциями [9; 21]→
[0; 1]. Обозначим их f и g, соответственно. При этом f(9) = g(21) = 0 и f(21) = g(9) = 1.

Для разности h = f − g значение в точке 9 отрицательно, а в точке 1 положительно. По
теореме о промежуточном значении, существует t ∈ [9; 21], для которого h(t) = 0. Значит
местоположение туриста в момент времени t в первый и во второй дни совпадает.

Решение задачи 20m. Отождествим каждую дорогу с отрезком [0; 1]. Тогда фазовое про-
странство положений двух транспортных средств на дорогах — квадрат [0; 1]× [0; 1].

Кусочно-линейное движение машин задаёт ломаную внутри квадрата, ведущую из вершины
(0, 0) в вершину (1, 1). Кусочно-линейное движение возов задаёт ломаную внутри квадрата,
ведущую из вершины (0, 1) в вершину (1, 0). По Лемме 1 эти ломаные имеют общую точку.
Значит, в какой-то момент положение машин совпадает с положением возов, но это невозможно
из условия.

Решение задачи 21. (a) Ответ: да.
Будем считать, что никакой участок горы не горизонтален. Отождествим каждую тропу с

отрезком [0; 1]. Тогда множество возможных положений альпинистов (на одной высоте) будет
подмножеством M квадрата [0; 1]× [0; 1], содержащим вершины (0, 0) и (1, 1).

Заметим, что M состоит из отрезков. Введём на нём структуру графа: его вершины —
состояния, когда хотя бы один из альпинистов находится в вершине ломаной-склона. Можно
показать, что степень каждой вершины, за исключением (0, 0) и (1, 1), чётна. Из этого следует,
что существует путь из (0, 0) в (1, 1).

Если же некоторые участки горы горизонтальны, “схлопнем” эти участки и назовём получен-
ные точки на тропах особыми. Для новой горы алгоритм подъёма существует по доказанному
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выше. Когда хотя бы один из альпинистов проходит через особую точку, пусть они задержатся
там на минуту. Это добавит конечное число минут ко времени подъёма. Из такого алгоритма
легко получить алгоритм подъёма на исходную гору.

Отдельно отметим, что если никакие две вершины ломаной-склона не лежат на одной высо-
те, то для альпинистов существует единственный способ движения, при котором они проходят
каждое положение не более одного раза.
(c) Ответ: да. Докажем утверждение по индукции. Для одного альпиниста утверждение три-
виально. Опишем шаг.

Возьмём первых двух альпинистов и алгоритм их подъёма на гору из пункта (a). Их высота
зависит от времени кусочно-линейно. Нарисуем график этой зависимости и скажем, что это
новый склон горы. Тогда мы можем заменить первых двух альпинистов на одного, ползущего
по новому склону. Так k альпинистов заменяются на k − 1.
(b) Ответ: нет.

Пример того, как могут быть устроены склоны, показан на рисунке. Один из них в любой
окрестности точки 3

4
имеет монотонно возрастающий участок и монотонно убывающий участок,

каждый из которых проходит высоту h0.
Чтобы альпинисты влезли на вершину, находясь на одной высоте, второму пришлось бы

бесконечное количество раз по очереди побывать в точках 1
4
и 3

4
. С таким условием зависи-

мость положения второго альпиниста от времени не может быть непрерывной. Доказательство
последнего утверждения — хорошее упражнение про непрерывные функции.

0
1
4

1
2

3
4 1

3
4

1
2

1
4 0

h0

Мы рекомендуем участникам нарисовать для этой горы множество M ⊂ [0; 1]× [0; 1], опре-
делённое как в пункте (a), и показать, что внутри него не существует непрерывного пути из
точки (0, 0) в точку (1, 1).

Топология. Прямоугольник, вписанный в кривую
Предлагаемый нами путь к решению задачи 22m во многом схож с подходом, изложенным в
статье [Pr]. В этой статье, однако, приводится другое определение коэффициента зацепления
замкнутых кривых в пространстве. Мы рекомендуем участникам ознакомиться с этой статьёй
в качестве дополнительного материала.

Зацепленность замкнутых кривых в пространстве

Решение задачи 29. Решение этой задачи аналогично решению задачи 25. Будем двигать
точки по одной, приводя в общее положение. Первые три точки сдвинем так, чтобы они не
лежали на одной прямой. На k-м шаге при k > 4 множество, куда запрещено ставить Ak,
будет состоять из конечного числа плоскостей. Его можно избежать путём сколь угодно малого
сдвига Ak.
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Решение задачи 30. Поскольку множество всех вершин является набором общего положе-
ния, никакая из вершин ломаной не лежит на поверхности тетраэдра, а любое звено ломаной
может пересекать поверхность тетраэдра лишь во внутренних точках граней.

Обозначим вершины ломаной A0, A1, . . . , An = A0. Покрасим Ai в красный цвет, если она
лежит внутри тетраэдра, и в синий, если снаружи. Тогда звено ломаной AiAi+1 пересекает
поверхность тетраэдра в нечётном числе точек если и только если Ai и Ai+1 покрашены в
разные цвета. Таких звеньев чётное число.

Решение задачи 31. (a) Обозначим вершины α и β через A1, . . . , An и B1, . . . , Bm соответ-
ственно.

Предположим, {A1, . . . , An, B1, . . . , Bm, O,O
′} является набором общего положения. Тогда

по задаче 30 пересечение поверхности каждого тетраэдра OO′AiAi+1 с ломаной β состоит из
чётного числа точек. Суммируя по всем тетраэдром, получаем требуемое.

Единственная трудность может состоять в том, что {A1, . . . , An, B1, . . . , Bm, O,O
′} не бу-

дет набором общего положения. Однако, по условию множества {A1, . . . , An, B1, . . . , Bm, O} и
{A1, . . . , An, B1, . . . , Bm, O

′} являются наборами общего положения. Выберем точку O′′ ∈ R3,
при добавлении которой к любому из них полученное множество останется в общем положе-
нии. Остаётся воспользоваться предыдущим рассуждением, перейдя от O к O′′, и затем от O′′
к O′.
(b) Указание. Возьмём пару параллельных плоскостей в R3, между которыми заключены α и β.
Выберем точку O на одной из этих плоскостей. Будем вычислять lk(α, β) и lk(β, α) с помощью
выбранной точки O.

Спроектируем α и β на вторую плоскость из точки O. Обозначим полученные плоские лома-
ные α̃ и β̃. Чтобы показать, что lk(α, β) ≡ lk(β, α), достаточно проверить, что α̃ и β̃ пересекаются
в чётном числе точек. Это доказывается аналогично задаче 26.

Решение задачи 32. (a) Решение этой задачи аналогично решению задачи 28. Возьмём число
ε > 0, такое что расстояние между любой точкой на α и любой точкой на β меньше ε, а также
расстояние между любой парой несоседних рёбер α и между любой парой несоседних рёбер β
меньше ε. Тогда, если мы сдвинем вершины α и β не более чем на ε

2
, точек пересечения у них

не появится, поскольку любая точка на ребре также сдвинется не более чем на ε
2
. Согласно же

задаче 29, мы можем привести α и β в общее положение, сдвинув каждую вершину не более
чем на ε

2
.

(b) Докажем требуемое утверждение для сдвига одной из вершин.
А именно, пусть ломаные α′ и β′ находятся в общем положении. Сдвинем одну из вершин

A′i ломаной α′ так, что в процессе сдвига (по прямой) звенья A′i−1A
′
i и A′iA

′
i+1 не пересекли

других звеньев α′ и β′. Обозначим полученную вершину A′′i , а полученную ломаную α′′. Далее
мы покажем, что lk(α′, β′) ≡ lk(α′′, β′).

Возьмём точку O в общем положении со всеми вершинами α′ и β′, включая A′′i . Рассмотрим
пересечение тетраэдров OA′i−1A′iA′′i и OA′iA′′iA′i+1 с ломаной β′. По построению, грани A′i−1A′iA′′i
и A′iA′′iA′i+1 не пересекаются с β′. Тогда lk(α′, β′) ≡ lk(α′′, β′) из задачи 30.

D

E F

A

B C

Решение задачи 33. Возьмём вложение γ0 : K6 → R3, изоб-
ражённое на рисунке.

Для него цикл AEF зацеплен по модулю 2 с циклом DBC,
цикл BFD зацеплен по модулю 2 с циклом ECA, а цикл CDE
зацеплен по модулю 2 с циклом FAB.

Других пар циклов, зацепленных по модулю 2, для постро-
енного вложения K6 → R3 нет. Поэтому slk(γ0) ≡ 1.

Решение задачи 34. Пусть вложения γ1, γ2 : K6 → R3 различаются только на ребре AB.
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Рассмотрим пару циклов ABC и DEF . Обозначим ломаную γ1(ABC) через α, ломаную
γ2(ABC) через α′, ломаную γ1(DEF ) через β, а объединение γ1(AB)∪γ2(AB), тоже являющееся
замкнутой ломаной, через α′′. Тогда можно показать, что

lk(α, β)− lk(α′, β) ≡ lk(α′′, β).

Всего имеется 4 пары циклов в K6, таких что один из них содержит ребро AB. Суммируя
для них соотношения, аналогичные показанному выше, мы получим

slk(γ1)− slk(γ2) ≡ lk(α′′, γ1(DEF )) + lk(α′′, γ1(CEF )) + lk(α′′, γ1(CDF )) + lk(α′′, γ1(CDE)).

Нам остаётся доказать, что сумма четырёх слагаемых в правой части равенства равна ну-
лю. По сути это утверждение аналогично утверждению задачи 30. Отличие в том, что вместо
тетраэдра в R3 нам дано кусочно-линейное вложение графа K4 = CDEF , а вместо пересечения
α′′ с поверхностью мы считаем коэффициенты зацепления.

Выберем точку O в общем положении с вершинами всех этих ломаных. Тогда равенство
правой части нулю по модулю 2 следует прямо из определения коэффициента зацепления.

Решение задачи 35. Согласно задаче 34, сумма slk(γ) по модулю 2 не зависит от выбора
вложения γ : K6 → R3. Тогда из задачи 33 следует, что для всех вложений K6 → R3 имеем
slk ≡ 1. Следовательно, для любого наперёд заданного вложения K6 → R3 найдётся пара
непересекающихся циклов, образы которых зацеплены.

Вложения ленты Мёбиуса в пространство

Решение задачи 36. (a) Вложение показано на рисунке.
A

B C D

E F

(b) Если цикл K6 ограничивает в M многоугольник, то образ такого
цикла при f не может быть зацеплен с образом никакого другого
цикла.

Перечислим циклы длины 3, не ограничивающие многоугольник:
ABD, AEF , BCD, BEF . Из них можно выбрать лишь одну непере-
секающуюся пару — AEF и BCD. Это как раз есть циклы α и β.
Поскольку slk(f(K6)) ≡ 1, мы получаем lk(α, β) ≡ 1.

Решение задачи 37. Если вложить K6 вM как в задаче 36 (a), то f задаст кусочно-линейное
вложение K6 → R3. Воспользуемся для него утверждением задачи 36 (b) и Леммы 3.

Решение задачи 38. Пусть такое вложение существует. Как мы показали в задаче 37, образ
границы M обязательно зацеплен с образом средней линии M . Но если образ границы лежит
в некоторой плоскости, а образ средней линии — в одной из полуплоскостей, то они не могут
быть зацеплены.

Решение задачи 39*. Можно пытаться свести непрерывную задачу к кусочно-линейной, ана-
логично тому, как мы это сделали в задаче 28 (b). Сложность такого пути в том, что кусочно-
линейные отображения M → R3, которыми мы приближаем заданное непрерывное вложение,
тоже должны быть вложениями. Данная техническая сложность хотя и преодолевается, но
крайне тяжело.

Более простой способ — определить коэффициент зацепления по модулю 2 для пары за-
мкнутых непрерывных кривых в R3. Для этого надо приближать кривые ломаными. Можно
показать, что для достаточно близких приближений полученный коэффициент зацепления по
модулю 2 не зависит от выбора приближения. Далее для решения задачи нужно показать, что
если одна из кривых затягивается диском (непрерывно вложенным в R3), не пересекающим
вторую кривую, то коэффициент зацепления равен нулю.

О других более концептуальных способах определить коэффициент зацепления для замкну-
тых непрерывных кривых в R3 см. [H, §1.2] или [FF, 17.6].
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Прямоугольник, вписанный в кривую

x

y

0 2π

2π
Решение задачи 23. Каждой неупорядоченной паре точек на окружности
сопоставим упорядоченную пару точек x 6 y на отрезке [0; 2π].

При этом пары (0, a) и (a, 2π) точек отрезка соответствуют одной паре
точек на окружности. Таким образом, конфигурационное пространство пар
точек на окружности получается склейкой двух сторон треугольника на ри-
сунке справа. Предлагаем участникам самостоятельно убедиться, что такая
склейка даёт ленту Мёбиуса.

Отметим, что границаM соответствует множеству пар совпадающих точек окружности.

Решение задачи 22m. Обозначим окружность S1. Пусть задано непрерывное отображение
γ : S1 → R2. Отождествим R2 с плоскостью z = 0 в R3.

Зададим отображение из конфигурационного пространства пар точек окружности в R3 сле-
дующим образом. Неупорядоченной паре (a, b) сопоставим точку

(
γ(a)+γ(b)

2
, |γ(a)− γ(b)|

)
. Здесь

γ(a)+γ(b)
2

— середина отрезка между точками γ(a) и γ(b) в R2.
Мы получили отображение M → R3. Заметим, что образ границы M совпадает с кривой γ.

Согласно Лемме 2, это отображение не может быть вложением. Следовательно, существуют
две различные пары точек γ, такие что отрезки, соединяющие их, имеют одинаковую середину
и одинаковую длину. Эти четыре точки являются вершинами искомого прямоугольника.
Это доказательство наглядно изложено в видео [4] на YouTube.
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Phase spaces

presented by Anastasiya Enne, Evgeny Khinko,
Andrey Ploskonosov and Andrey Ryabichev

Abstract

We offer participants a number of problems to solve, for which it is useful to consider phase
spaces. In the section before the semifinal we show a variety of problems illustrating this princi-
ple. In the section after the semifinal we introduce a couple of challenging ideas. These ideas will
require the participants to explore geometrical and topological properties of the phase spaces.

1 Problems before the semifinal

1.1 Introduction

It is convenient to consider a “set of all possible states” of a system for solving many mathematical
problems. Such a set is usually called a phase space of the system. Information about the state of
the system may include not only points’ coordinates, but also, as is common in mechanics, points’
velocities.

A phase space for some problem should be viewed not just as a set of points: usually it is useful
to consider an additional structure. For example, geometric structure (as on a set of points in the
plane); function of distance between points; notion of area/volume for subsets of a phase space;
incidence relation (if a phase space is a set of graph vertices). The right choice of such a structure
can simplify a statement of a problem, then the problem itself becomes trivial.

Let us consider the following example.

Problem 0. Three kids sit around a table, and each of them has a plate of porridge. Every minute
they simultaneously do the following: each kid divides his or her porridge into 2 equal parts and
puts these parts to each of the other kids’ plates. Prove that after several minutes all porridge will
be spread evenly between the kids with an accuracy of 1%.

∆

M

Solution. Suppose that the total amount of the porridge is equal to 1. By
(x1, x2, x3) denote a set of numbers, where xi corresponds to an amount
of porridge in i-th kid’s plate. All possible states of our system lie in the
plane x1 + x2 + x3 = 1, and x1 > 0, x2 > 0, x3 > 0. Hence, our phase
space is a regular triangle ∆ with vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1).

Note that the transformation

(x1, x2, x3) 7→ (y1, y2, y3) =
(
x2+x3

2
, x1+x3

2
, x1+x2

2

)
is a homothetic transformation of the triangle ∆ with ratio −1

2
and origin M = (1

3
, 1
3
, 1
3
) — the

intersection point of the medians. Try to prove that yourself.
Let us mark all the system’s states, where the porridge is spread evenly between the kids with

an accuracy of 1%. This subset of the triangle ∆ contains a small disk of centre M . Then, after a
sufficiently large number of iterations all the points of ∆ will be inside the disk. This implies the
required statement of the problem.

1



1.2 Geometric probability

In each of the following problems a notion of probability needs to be defined. Then, you should use
your definition to find the answer.

Problem 1. Two friends agreed to meet near a huge oak between midday and 1 p.m., but they
didn’t decide on the exact time of the meeting. They arrive there randomly at that time interval.
They are willing to wait for each another for 10 minutes, after which they go away. What is the
probability of their meeting?

Problem 2. What is the probability that a stick randomly broken in two points can form a triangle?
Compare the answers for the following ways to break it randomly:
(a) the first point we choose randomly; after breaking the stick we select one of two parts with equal
probability; then we choose the second point randomly on the selected part;
(b) we choose the two points randomly and independently;
(c) we choose a random representation of the stick’s length l as a sum of the three ordered summands
l = x1 + x2 + x3 (cf. problem 0).

Problem 3. A Mars rover travels around an even surface of an inhospitable planet (the surface can
be considered flat). The rover chooses a random direction and moves one kilometer this way. What
is the probability that after making three iterations and covering three kilometers the rover will cross
its own trail?

Problem 4 (Buffon’s needle). A plane is ruled with parallel lines 1 cm apart. A needle of length
1 cm is dropped on the plane. What is the probability that the needle crosses a line?

1.3 Configuration spaces

Problem 5. A polygon of area > 1 is drawn on a coordinate plane. Prove that there exist two
points A and B in its interior such that both coordinates of the vector AB are integer.

Problem 6. A polygon of area < 1 and 1000 points are drawn on a plane. Prove that the polygon
can be moved in a vector of length <

√
1000
π

in such a way that the polygon will not cover any of the
given points.

Problem 7. A unit sphere is given. A great circle is a circle with radius 1 laying on the sphere. We
call a curve on the sphere polygonal if it consists of arcs of great circles.
(a) There is a polygonal curve γ of length < π on the unit sphere. Prove that there exists a great
circle that does not intersect γ.
(b) There is a non-self-intersecting polygonal curve γ of length > πk on the unit sphere. Prove that
there exists a great circle intersecting γ in more than k points such that it does not contain any edges
of γ.

Problem 8. There are two tetrahedrons in space. For every plane the following statement holds:
the projections of these tetrahedrons on the plane are both either triangles or quadrilaterals. Prove
that the tetrahedrons are similar.

Problem 9. There are k nails hammered into a plane. Consider all lines in the plane such that
none of the nails lies on these lines. We call two lines equivalent if one of them can be moved onto
another without touching any nails. Then, the set of all considered lines is divided into disjoint equiv-
alence classes, where each class consists of the lines equivalent to each other. Find the (a) minimal
(b) maximal number of the equivalence classes for a given k.

2



Problem 10. Eight cars entered a cross-country race. A route is a straight road with several swampy
sections. Every car moves at a constant speed on a dry section of the road (each one with its own),
and at a different constant speed on a swampy section of the road (each one also with its own). All
the cars start the race from the same point, but at a different time (start times may be not equally
distributed). There are 500 judges on the route.

Each judge noticed the order of the cars passed by, and there was no overtaking right in front of
the judges. Prove that there exist two judges such that the cars passed by them in the same order.

1.4 Descrete phase spaces

Problem 11. Alice picked a two-digit number. Bob suggests two-digit numbers and his goal is to
find a number which differs from Alice’s number no more than by 1 in every digit. What is the
minimum number of attempts required?

Problem 12. Alice picked a two-digit number. Now, Bob’s goal is to find a number which equals
Alice’s number in one digit and differs from it no more than by 1 in the other digit. Is it enough for
him to do (a) 18 attempts; (b) 20 attempts; (c) 22 attempts?

Problem 13. Several boxes are arranged in a circle with some beads placed inside the boxes. For
each move it is allowed to take all the beads from any box and place them one by one to the next
boxes in a clockwise order.
(a) Prove that if for each move the beads are taken from a box to which the last bead was placed in
the previous move, then after some number of moves the placement of beads from the start appears
again.
(b) Prove that it is possible to get any desired bead’s placement form any starting placement for
several moves.

Problem 14. (a) An invisible ship is placed on some cell of a cellular strip infinite in both directions.
For each turn a player can shoot at one square and after each shot the ship moves by some number
of cells (the number of cells and the direction of the move is the same for every turn, but player does
not know neither of them). Find a strategy to shoot the ship.
(b) The same problem can be stated for a cellular plane: the ship is placed on some cell and after
each shot it moves in a vector with integer coordinates (this vector is the same for every move). A
player can shoot at one square for each turn.

1.5 Selected problems

Problem 15. You have 6-liter, 7-liter, and 12-liter jugs. The two smaller jugs are filled with water.
Is it possible to measure exactly 9 liters of water if you are allowed just to pour water from one jug
to another?

Problem 16. There are three water tanks. Water is running out of the first tank with a constant
speed, and running in the second and the third tank (also with a constant speed). In the beginning,
the first tank was filled with the same amount of water as two other tanks together; after some period
of time the second tank had the same amount of water as two other tanks together; in the end the
third tank had the same amount of water as two other tanks together. Is it possible that neither in
the beginning nor in the end none of the tanks was empty?

Problem 17 (Simplified “predator-pray” model). There are x rabbits and y wolves living in a forest.
Without wolves the rabbit population grows with constant rate a0. But if there are y > 0 wolves
living in a forest, then these wolves eat a1y rabbits per a unit of time (i.e., x′(t) = a0 − a1y). Also,
without rabbits the wolves population decrease with constant rate b0, but if there are x > 0 rabbits
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then the wolves population grows with rate b1x (i.e., y′(t) = −b0 + b1x). Find the time dependence
for an amount of rabbits and wolves. For what values a0, a1, b0, and b1 do these amounts change
periodically?

m1 m2
Problem 18. Two balls of masses m1 and m2 are moving along
a straight line as it is shown in the figure. Elastic collisions occur
between the balls and between the balls and the wall.
(a) Prove that there will be a finite number of collisions between the balls.
(b) How does the number of collisions depend on a ratio of the balls’ masses and initial velocities?

The law of conservation of momentum (
∑
mivi = const) and the law of conservation of energy

(
∑
miv

2
i = const) apply to the balls’ collisions. Collisions with the wall are absolutely elastic (with

the conservation of velocity). Assume that a ball which is the closest to the wall moves away from it
initially.
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Hints and solutions for problems before the semifinal

Geometric probability

To solve these problems we need to define a notion of probability. Let X be a rectangle such that its
points correspond to the set of outcomes in our problem. Let A ⊂ X be some subset of X. We say
that the probability that a point is inside A is equal to the relation of the area1 of A to the area of X.
In such a case we call X a sample space and we call its subsets events. More detailed introduction
to probability theory see e. g in [Sh].

Solution for problem 1. Answer: 11
36
.

x

y

Let us identify the time interval for friend’s arrival to the oak with the
segment [0; 1]. Then a possible time of two friends’ arrival to the oak is iden-
tified with the square [0; 1] × [0; 1]. Namely a point (x, y) is identified with a
situation when the first friend comes at the time x, and the second friend, at
the time y.

Let us colour the points corresponding to the situations when the friends
meet. These points form a strip with area 11

36
.

Solution for problem 2. (a) Answer: ln 2− 1
2
.

Suppose we choose the first point randomly from the
line segment [0; 1]. Then identify each of the resulting parts
with its own copy of the line segment [0; 1]. Hence our sam-
ple space consists of two squares (a coordinate of the first
choice is marked in each of the squares on the horizontal
axis and a coordinate of the second choice is marked on the
vertical axis).

Let us colour the points of X corresponding to the situations when the broken stick can form a
triangle. Suppose the first place where the stick is broken is in the point x ∈ [0; 1]. Then suppose
that we choose the first part and identify it with [0; 1], and then choose a point y in it. It is possible
to form a triangle if x > 1

2
, xy < 1

2
, and x(1− y) < 1

2
. This subset has area

2

1∫
1
2

(
1

2x
− 1

2

)
dx = ln 2− 1

2
.

The subset of the second square corresponding to the situations where a
triangle can be formed can be constructed similarly.
(b) Answer: 1

4
.

Identify the stick with the line segment [0; 1]. A choice of two points x, y ∈
[0; 1] is identified with a point in the square. It is possible to form a triangle if
x < y and also x < 1

2
, y > 1

2
, and y − x < 1

2
, or if y < x and also x < 1

2
, y > 1

2
,

and y − x < 1
2
. This subset has area 1

4
.

(c) Answer: 1
4
.

A sample space for this problem can be identified with the phase space in
problem 0. It is possible to form a triangle if x1 < 1

2
, x2 < 1

2
, and x3 <

1
2
.

This subset has area of a quarter of the triangle’s area.
1Generally speaking, for some subsets A ⊂ X area may not be defined; therefore we can consider only the probability

that a point is inside a “suficciently good” subset such that its area is well-defined.
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Solution for problem 3. Answer: 1
12
.

Let us identify the sample space with the square [0; 2π) × [0; 2π) where
coordinates correspond to the values of angles of the polygonal curve for rover’s
trail. Besides the boundary x = 0 and y = 0 (that have area 0), the rover will
cross its trail if either (x, y) is a pair of angles in some triangle such that both
angles are strictly not the greatest ones, or (2π − x, 2π − y) is a pair of angles
in some triangle such that both angles are strictly not the greatest ones. These
situations correspond to the following systems of inequations{

x 6 π − x− y,
y 6 π − x− y and

{
(2π − x) 6 π − (2π − x)− (2π − y),

(2π − y) 6 π − (2π − x)− (2π − y).

Each of the systems corresponds to a quadrilateral with area equal to the square’s area divided
by 24.

Solution for problem 4. Answer: 2
π
.

y
x

For the sake of argument suppose that the lines are horizontal. A
sample space for the problem can be identified with the rectangle [0; π)×
(0; 1] where the first coordinate is for the orientated angle of the needle
with respect to the lines and the second coordinate is for the distance
between the bottom end of the needle and the closest line from below.

Then the set of the outcomes we are interested in is described
by inequality 1− y 6 sinx. The set has area

∫ π
0

sinxdx = 2.

Configuration spaces

Note about terminology. Suppose we have a subset X of Euclidean space. If we identify the set
of points X with the set of positions of some objects (for example, with a set of lines in a plane or
with a set of great circles on a sphere or with a set of n-tuplets of numbers with a fixed sum), then
X is called configuration space. This term is considered commonly-accepted and more accurate than
the term “phase space”, although these terms have the equivalent meaning.

Solution for problem 5. Let us consider a “grid” consisting of lines x = n and y = n for all
possible n ∈ Z. It divides the plane into squares. Let us call the square with vertices (0, 0), (1, 0),
(1, 1), and (0, 1) a base square. It is clear that each square is obtained from the base square using
translation by some integer vector. Suppose that all the squares look like [0; 1) × [0; 1) that is the
base square without its upper and right edges.

Let us consider the rectangle from the statement of the problem. The grid divides it into a finite
number of parts. Let us translate each part by a corresponding integer vector such that all these
parts are inside the base square. In fact, we constructed a set of points of the polygon up to an integer
translation.

Since the sum of the areas of the parts is > 1, the parts will definitely overlap. As points A and
B it is sufficient to take any pair of points such that these points become the same point after the
move.

Solution for problem 6. Let us draw disks of radius
√

1000
π

and centre in each of the points. Let
us colour the points of the polygon inside each disk. Then let us stack all the disks using translations.
Coloured points will cover some set P . Vectors starting at points of P and ending at the centre of
the disk are such vectors that the polygon cannot be moved in those directions.

Each coloured subset has area < 1, therefore the area of P is < 1000. But the area of the disk
is exactly 1000 thus there exists a point inside it that is not coloured. The vector starting at that
point and ending at the centre of the disk is the required vector for our problem.
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Solution for problem 7. An idea used in this solution is very similar to projective duality (see e. g.
[S]). This method allows us to work conveniently with the set of great circles on a sphere. Namely
suppose we have a sphere of centre O. Identify each point A on the sphere with a great circle in the
plane passing through O and perpendicular to OA.

This determines a one-to-one correspondence between pairs of diametrically opposite points on
a sphere and great circles. We call such correspondence duality and denote it by δ. Note that
δ(δ(A)) = ±A for any point A on the sphere and δ(δ(ω)) = ω for any great circle ω. Moreover, if
the point A is on a great circle ω, then the great circle δ(A) passes through the pair of points δ(ω).
(a) Suppose we have an ark α of a great circle. Suppose α is of length πt for t ∈ (0; 1). Let us
consider the great circles δ(A) for all A ∈ α. Note that area of the union of δ(A) is a fraction t of
the area of the sphere.

The polygonal curve γ from the statement of the problem is of length < π. Hence, the great
circles dual to the points of γ cannot cover the whole of sphere. Let us consider a point B such that
it is not covered. Then, the great circle δ(B) does not intersect γ.
(b) The proof is analogous to the previous one. For each of the edges γ take the union of the great
circles that are dual to the points of the edge. We will get a pair of “spherical segments”. Since
the length of γ is greater than πk, the union of such segments covers some part of the sphere with
non-zero area more than k times.

In particular there exist infinitely many points on the sphere covered by more than k segments.
Let us mark points B1, . . . , Bm which are dual to the extensions of the edges of γ. We can choose a
point C such that it is covered by more than k segments and is not equal to B1, . . . , Bm. Then a big
circle δ(C) intersects more than k edges of γ and does not contain any edges.

Hint for problem 8. Let us inscribe each tetrahedron into a sphere. Let us apply translation and
homothetic transformation so that the spheres take the same place.

Then consider lines l passing through the centre of the sphere such that projections of the tetra-
hedrons on the plane perpendicular to l are triangles.

Solution for problem 9. Let us consider a disk D such that all the nails are inside it. If a line
from some equivalence class intersects D, then we call such equivalence class restricted. It is clear
that there exists exactly one class which is not restricted.

Let us draw all possible line segments between the nails such that every segment does not pass
through any nails except its ends. One can construct a correspondence between the set of the
segments and the set of restricted equivalence classes of the lines. To do this we should rotate
each line counterclockwise until it touches two nails, this pair of nails is the ends of the segment
corresponding to the equivalence class of this line
(a) Answer: k.

Indeed, we can always draw k − 1 line segments. This number of segments is possible when all
the nails lie on the same line.
(b) Answer: C2

k + 1.
The number of the segments is not greater than the number of edges of complete graph. This

estimate is possible when any three nails do not lie on the same line.

Another idea for problem 9. Using projective duality one can identify the configuration space of
all the lines in R2 with RP2 minus one point. The removed point corresponds to the “line at infinity”.
See e. g. [S].

The set of lines passing through a point A ∈ R2 corresponds to a line in RP2. As a result, our
problem reduces to finding the number of parts into which RP2 is divided by k lines (the removed
point does not matter for the number of parts).
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Solution for problem 10. Suppose S is the starting point. For each point A on the route denote
the sum of lengths of dry sections from S to A by x, and the sum of lengths of swampy sections from
S to A by y. Then we will assign the point (x, y) in the plane to the point A on the route.

Let us draw a plot in space for every car’s movement with coordinates x, y, t. Each of the plots is
a polygonal curve. Let us note that each of these polygonal curves lies in some plane t = t0 + x

u
+ y

v
,

where t0 is the passing time of point S, u and v are velocities of the car on dry and swampy road
sections respectively. Denote these planes by α1, . . . , α8.

Let us draw vertical lines l1, . . . , l500 for the judges. We need to show that the points of intersection
of some two lines with the planes are in the same order.

Let us consider pairwise intersections of the planes αi ∩ αj and project them onto a horizontal
plane β. We get no more than C2

8 = 28 different lines. They divide β into no more than 1+C2
29 = 407

parts. Using pigeonhole principle we get that some two lines of l1, . . . , l500 pass through the same
part.

Descrete phase spaces

Solution for problem 11. Answer: 12 attempts. 1

2

3

4

5

6

7

8

9

0 1 2 3 4 5 6 7 8 9

Let us identify every two-digit number with a cell in a table
9 × 10 where rows correspond to the ten’s digit and columns, to
the one’s digit. If Bob suggests a number, then it covers a square
3 × 3 in the table. But to cover by such squares all marked rows
(all numbers starting with 2, 5, and 8) we need to place 12 such
squares, that is to suggest minimum 12 numbers.

An example is easy to construct by looking at the table: Bob
should suggest numbers 21, 24, 27, 29, 51, 54, 57, 59, 81, 84, 87,
and 89.

Solution for problem 12. An idea is the same, but this time we need to cover all the cells of the
rectangle 9× 10 by “crosses” constructed from five cells.
(a) Answer: No.

Genuinely, if 18 crosses were enough then they would cover the
rectangle without any intersections and stay within the rectangle.
But it is impossible because, for example, a corner cell cannot be
covered this way.
(c) Answer: Yes.

Let us put 18 crosses as shown in the figure (for more clarity a
centre of each cross is marked) and we can cover eight not covered
cells with the rest 4 crosses.

Solution for problem 13. (a) A current state of the system is determined by a number of beads
in every box and a box from which we will start to place the beads next time. Hence the total
amount of the system’s states is finite.

From every state it is possible to get to some other well-defined state by placing beads.
On the other hand, we can uniquely determine the systems’ state before the last beads placement

knowing a current state of the system. Genuinely, the last placement ended at the marked box.
Hence we need to take one bead from that box and then going in a counterclockwise order take one
bead from every box while we can to restore the previous state. When we meet an empty box, we
place all the beads we took into it and mark this box.

Let us construct an oriented graph of the states of the system. For this purpose we will denote
the systems’ states by points and the possibility of transfer from one state to another, by an arrow
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connecting the corresponding points. There will be only one arrow going out from a point and only
one arrow going in.

Let us start to move along the arrows starting with the given state A1. We get a sequence of
states A2, A3, . . .We get that at some moment we will have a repetition in our sequence {Ai} because
the number of the states is finite. Suppose, for example, Ak = Al where k < l. As long as there is
only one arrow going in the point Ak we obtain from the equality Ak = Al that Ak−1 = Al−1, . . . ,
A1 = Al−k+1. Thereby we return to the state A1 after l − k moves.
(b) As opposed to (a) now the system’s state is defined only by the way the beads are placed into
the boxes. Note that if a move goes from state A to state B, then according to (a) we can (in several
moves) get back from B to A. If we can get from A to C in several moves then we can get back from
C to A by “rolling back” our moves one by one.

Hence if we can get from any state to some fixed state M , then we can get from any state to any
other state going through M . Denote a state where all the beads lie in some fixed box m by M . Let
us take the beads from the closest to m (in a clockwise order) non-empty box for each move. Then
either the number of beads in m will grow or the closest to m non-empty box will get closer. Sooner
or later all the beads will be in m.

Hint for problem 14. A phase space for this problem is a set of all possible pairs (x, v) where x
is an initial position of the ship and v is a vector in which the ship moves at each turn. It is easy to
show that the phase space is countable and this condition is sufficient for constructing an algorithm
for shooting.

Selected problems

Hint for problem 15. Construct a configuration space of the water in jugs as in problem 0 and
examine how a state of the system changes under the operation of pouring water from one jug to
another. See [CG, Chapter 4, §6]

Solution for problem 16. Answer: it is impossible.
A configuration space for an amount of water in all three tanks is

a subset X ⊂ R3 consisting of points with non-negative coordinates.
A point corresponding to a current state of the system moves in a line
segment I connecting starting and ending states.

An intersection of the planes x + y = z, y + z = x, and z + x = y
with X is a boundary of an infinite triangular cone. Since the cone
is convex the line segment I intersects its boundary in not more than
two points. But according to the problem’s statement segment I passes
trough at least one point from every face of the cone. Hence I passes
through at least one edge of the cone. Finally note that the edges of
the cone lie in the planes x = 0, y = 0, and z = 0.

Solution for problem 17. A configuration space of amounts of rabbits and wolves is the first
quadrant of the plane R2. Denote the quadrant by X. The position of the system changes over time:
a point with positive coordinates (x, y) moves in a velocity vector (a0 − a1y, −b0 + b1x).

Note that the velocity vector is equal to the null vector at the point ( b0
b1
, a0
a1

). Let us move the
origin of the plane to this point. Then the matching each point to its velocity vector is a linear
transformation R2 → R2. Note that this linear transformation maps the x axis to the −y axis, and
the y axis to the x axis. So this transformation can become a rotation by scaling coordinate axis.

Namely, consider the linear substitution

x̃ =
−b0 + b1x√

b1
and ỹ =

−a0 + a1y√
a1

.
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In this new coordinate system a velocity vector of a point (x̃, ỹ) not from the boundary of X is
written down as

√
a1b1 · (−ỹ, x̃). This means that all such points move in circles of centre in the

origin of the plane. As a result the movement of all the points such that their circles do not intersect
the boundary of X is periodical. If a point gets to the boundary of X then it keeps moving along
the boundary with a constant speed. That is movement of such points that

x̃2 + ỹ2 6 min

(
b20
b1
,
a20
a1

)
,

is not periodic, that is the distance to the origin (in the new coordinates) is not greater than the
distance to at least one of the lines x = 0 and y = 0.

Solution for problem 18. (a) Let us trace just the velocities of the balls. In a space with coordi-
nates v1, v2 the law of conservation of energy m1v

2
1 + m2v

2
2 = const plots an ellipse. For the sake of

convenience we can multiply coordinates by positive numbers in such a way that the ellipse becomes
a circle.

Namely suppose x =
√
m1 · v1 and y =

√
m2 · v2. (The first ball is the furthest from the wall and

we suppose that velocity is positive if it is directed towards the wall.) From the law of conservation of
energy it follows that the points corresponding to the system’s positions are in a circle x2+y2 = const.
This circle is our phase space, let us denote it by X.

A collision between a ball and the wall is represented in the phase space as a map (x, y) 7→ (x,−y),
that is a reflection in a line l where l is the line y = 0. Note that collision can happen if and only if
v2 > 0 that is if y > 0.

With every collision between the balls there is a reflection in a line, passing through the origin
and a point (

√
m1,
√
m2), in the phase space. It follows from the law of conservation of momentum.

Denote this line by l′, it is written as x√
m1

= y√
m2

. Note that a collision can happen if and only if
v1 > v2, that is x√

m1
> y√

m2
.

l′

l
x

y

U

α

X

Let us denote an angle between l and l′ by α. We know that
α = arctg

√
m2√
m1

. Obviously a composition of the two described trans-
formations of X is a rotation on an angle −2α.

Let us mark an ark [π; π + 2α] on the circle and denote it by U .
Sooner or later every point will get to the set U . In such position of
the system there will be no more collisions with the wall.
(b) Suppose (x0, y0) is an initial state of the system. It follows from
the statement of the problem that y0 < 0. Define β as an angle of
the vector (x0, y0). Formally β = arcctg x0

y0
− π. Then the number

of collisions between the balls is equal to dπ+β−α
2α
e and the number of

collisions between the second ball and the wall is equal to dπ+β−2α
2α
e.

We can advise you to take a look on some of the additional materials for this problem on YouTube:
summarizing video [1] where the connection between the problem and the decimals for π is shown,
video [2] with a solution in the space of velocities, and also video [3] with the solution using billiards
in the space of coordinates.
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Problems after the semifinal
Problems here are divided into two independent topics. In section 2 we study different topological
properties of phase spaces that appear in problems with quite simple statements. In section 3 we
deal with geometry of phase spaces, namely with transformations preserving volume. Because of the
expanse of these topics we suggest the participants to focus their effort on just one of them.

The main results of §2 are problems 20m and 22m. The main results of §3 are problems 42m
and 51m. Problems marked with asterisks require knowledge of some techniques (such as continuous
mappings), if you do not know the formal definitions needed, then you do not have to solve these
problems.

Sometimes we formulate some lemmas as hints for difficult problems. These lemmas tell us much
about the nature of considered objects and therefore might be interesting on their own. Proofs of
these lemmas are divided into smaller problems placed after the lemmas’ statements.

Also we give statements of some theorems for reference, you do not need to send us their proofs.

2 Topology of phase spaces

2.1 Problem about wagons

Problem 19. At 9 a.m. a tourist left her home. She was walking the whole day and arrived to a
camp by 9 p.m. She stayed over the night and at the next day she was walking home by the same
road from 9 a.m. till 9 p.m. Her velocity is not constant and she can stop or sometimes even go
back. Prove that she was in some point of the road at the same time both days.

Problem 20m (N.N.Konstantinov). Two nonintersecting roads lead from city A to city B. We know
that two cars connected by a 10-meter rope manage to go from A to B along different roads without
breaking the rope. Can two circular wagons of radius 6 meters, which centres move along the different
roads in the opposite directions, pass each other without colliding?

Further we map a path to the formal solution for problem 20m for piecewise-linear trajectory
of the cars and wagons. It means that the time interval is divided into finite number of parts,
and velocities of the cars and wagons are constant on each part. Then we can prove the following
preliminary conjecture for solving problem 20m.

Lemma 1. There are two polygonal curves α and β in a square ABCD. The polygonal curve α
connects vertices A and C and the polygonal curve β, vertices B and D. Then α ∩ β 6= ∅.

The polygonal curves can be self-intersecting unless we explicitly specify otherwise.
Why don’t we consider continuous curves instead of polygonal curves? The following problem

illustrate the difficulties that may arise due to switching from piecewise-linear to continuous setting
(answers for (a) and (b) are different).

Problem 21. There is a mountain in the middle of an even steppe. There are two paths up to the
top of the mountain (these paths do not go below the steppe level). Two mountain climbers started
their way to the top using different paths and staying on the same height. Is it possible to reach the
top of the mountain moving continuously if (a) paths are polygonal curves; (b*) paths are arbitrary
plots of continuous functions?
(c) Solve an analogue for (a) for an arbitrary number of climbers.

Lemma 1 seems obvious, but it is difficult to give a rigorous proof for it. Hints for such a proof
see in §2.3.1.
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2.2 Rectangle inscribed in a curve

Problem 22m. We have a closed non self-intersecting curve in the plane. Prove that there exists a
rectangle such that its vertices lie on this curve.

Consider points A = (0, 0), B = (1, 0), C = (1, 1), and D = (0, 1) in the plane. We can define the
Möbius strip as the square ABCD (with its interior) with sides AD and CB identified by the map
(0, t) 7→ (1, 1− t). Let us denote the Möbius strip by M .

The following two conjectures are useful for solving problem 22m.

Problem 23. Identify M with the configuration space of pairs of points in a circle.

Lemma 2. Suppose we have a plane α in space R3. Then there is no continuous embedding M → R3

such that the boundary of M is in α and all the interior points are in one of the semispaces.

(By “embedding” we mean a map such that different points of M are mapped to different points
of R3.)

Generally speaking, notion of continuity is used in Lemma 2 and careful treatment for this notion
is far beyond the scope of our project. Nevertheless we can prove rigorously the piecewise-linear
variation of Lemma 2. Comments and hints for the proof see in §2.3.2.

2.3 Topological lemmas

2.3.1 Closed curves in the plane

The aim of this section is to prove Lemma 1.

Definition. A set of points in the plane is called set in general position if
(1) any three points do not lie on a line and
(2) any 6 of them cannot be covered by three lines passing through the same point (this point may
not be in the set).

Problem 24. Is it true that if a set of points consists of at least 6 points then condition (1) of the
definition above follows from condition (2)?

Problem 25. Show that any finite set of points in the plane can be transformed into a set in
general position by arbitrary small movement (i. e. each point is moved by not more than some given
distance).

Problem 26. We have a square ABCD and polygonal curves α = A0A1 . . . Am, and β = B0B1 . . . Bn

where A0 = A, B0 = B, Am = C, Bn = D and the rest of the vertices are inside the square. Suppose
the set of all the vertices is in general position. Then the number of intersections of α and β is odd.
(Hint: use induction on m and n.)

Problem 27. Is the statement of problem 26 true if for the set of vertices of α and β the following
does not hold: (a) condition (1) or (b) condition (2) from the definition of set in general position?

Problem 28. (a) Prove Lemma 1. (b*) Prove the variation of Lemma 1 for continuous curves.

Likewise the following conjecture can be deduced from problem 26.

Jordan curve theorem. We say that a subset A of the plane is connected if there exists a polygonal
curve between any two of its points such that the curve lies inside A. Then (a) any closed non self-
intersecting polygonal curve divides the plane into parts (that is, complement of the curve is not
connected); (b) moreover, there are exactly two of these parts.
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2.3.2 Linked closed curves in space

The aim of this section is to prove Lemma 2.

Definition. A set of points in space is called set in general position if
(1) any three points do not lie on the same line,
(2) any four points do not lie in the same plane and
(3) any eight points cannot be covered by two planes and a line passing through the same point (this
point may not be in the set).
Polygonal curves in space are called polygonal curves in general position if the set of their vertices
is a set in general position.

Problem 29. Show that any finite set of points in space can be transformed into a set in general
position by arbitrary small movement.

Problem 30. Show that if a union of a set of the vertices of a closed polygonal curve in space and
a set of vertices of any tetrahedron is a set in general position, then the number of intersections of
the polygonal curve with the surface of the tetrahedron is even.

Definition. Suppose α, β ⊂ R3 are two closed polygonal curves in general position. Take point
O ∈ R3 in general position with their vertices. Suppose A0, A1, . . . , An = A0 are the vertices of α.
Let us count for i = 0, . . . , n−1 a remainder modulo 2 for the number of points of intersection of the
triangle OAiAi+1 and polygonal curve β. The sum n of these remainders is called linking number of
α and β modulo 2. It is denoted by lk(α, β).

Problem 31. Show that lk(α, β) does not depend on the choice of point O. (Hint: take point O′
and consider the intersection of tetrahedrons OO′AiAi+1 and polygonal curve β.)
(b) Show that lk(α, β) ≡ lk(β, α). (By ≡ we denote congruentness modulo 2.)

Problem 32. Suppose α, β ⊂ R3 are two non self-intersecting and non intersecting polygonal curves.
(a) Prove that there exists ε > 0 such that for any movement of each vertex of α and β on a distance
less than ε the polygonal curves remain non self-intersecting and non intersecting.
(b) We can obtain two polygonal curves in general position α′, β′ by moving the vertices of α, β on
a distance less than ε. Prove that lk(α′, β′) is well-defined, i. e. it does not depend on this move.

Problem 32 allows us to define linking number modulo 2 for arbitrary pair of non intersecting and
non self-intersecting closed polygonal curves α, β ⊂ R2. We say that α and β are linked modulo 2 if
lk(α, β) ≡ 1.

It is convenient to use the following property of the graph K6 (complete graph with 6 vertices)
for an easier proof of Lemma 2. We call a map K6 → R3 piecewise-linear if images of all the edges
under this map are polygonal curves.

Lemma 3. For any piecewise-linear embedding K6 → R3 there exists a pair of non intersecting cycles
linked modulo 2.

Problem 33. Let us denote a sum of linking numbers modulo 2 for all pairs of non intersecting cycles
for a piecewise-linear embedding γ : K6 → R3 by slk(γ). Construct some embedding γ0 : K6 → R3

and check that slk(γ0) ≡ 1.

Problem 34. Suppose piecewise-linear embeddings γ1, γ2 : K6 → R3 are equal for all edges except
one. Prove that slk(γ1) ≡ slk(γ2).

Problem 35. Prove Lemma 3.
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2.3.3 Embeddings of the Möbius strip into space

We call a graph Γ ⊂ M such that all its faces are triangles a triangulation of the Möbius strip M .
Note that in such a case the boundary of M consists entirely of the edges. A map f : M → R3 is
called piecewise-linear if for some triangulation of M map f transforms its faces into triangles in R3.

Problem 36. (a) Construct an embedding of K6 into M such that one of the cycles goes to the
boundary of M and the other cycle, to centre line of M . Let us call these cycles α and β.
(b) Show that if a map f : M → R3 is given then no three cycles in f(K6) cannot be linked except
f(α) and f(β).

Problem 37. Suppose we have a piecewise-linear embedding f : M → R3. Denote the boundary of
M by α and denote the centre line of M by β. Prove that f(α) and f(β) are linked polygonal curves
in R3.

Problem 38. Prove that Lemma 2 for piecewise-linear embeddingM → R3 follows from problem 37

Problem 39*. Prove Lemma 2 for continuous embedding M → R3.

3 Mirrors and billiards

3.1 Invisible systems of mirrors

In this section we consider systems of mirrors, which are formally just collections of curves in the
plane. The law “the angle of reflection of a ray equals the angle of incidence” holds for light rays.
Mirrors can be curved, then this law applies to a tangent line to the mirror at a point of collision.
Rays hitting edges of the mirrors can be neglected. A system of mirrors have to be bounded. All the
mirrors cannot be parallel to each other.

Problem 40. Construct a system of mirrors such that it is (a) invisible in some direction; (b) in-
visible in some two directions.

Invisibility in a direction of a line l means that every ray parallel to l and starting far enough
after some number of reflections continues to follow the same line as there was no reflections at all.

Problem 41. (a) Suppose that all the mirrors in a system are line segments and their angles are 0◦

and 90◦. Prove that such system of mirrors cannot be invisible in directions 45◦ and 135◦. Angles
are measured with respect to the horizontal axis.
(b) Suppose that all the mirrors in a system are line segments and their angles are 0, π

n
, 2π
n
, . . . , (n−1)π

n

for some natural n. We call these directions obtainable.
Suppose we have a finite set of lines l1, . . . , lk, such that any ray of light parallel to some line

li after reflection in the mirror aligned in obtainable direction will continue its way in a direction
parallel to some line lj. Prove that such system of mirrors cannot be invisible in directions l1, . . . , lk.

Problem 42m. Prove that there is no system of mirrors invisible in all directions.

We can consider a transformation of a phase space preserving volume for solving problem 42m.
Such transformations are considered further via less complex examples in problems 46 and 50. An-
other technique that is needed for solving problem 42m is shown in the following descrete example.
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Problem 43. An island has a shape of a disk D. There are 2n transportation hubs of n different
companies on the boundary of D. Each company owns 2 hubs, that are connected by a straight
railway on which trains travel from end to end. There are bridges at railway crossings so that each
train moves in a straight line and cannot turn off at the crossing point.

Minister of Railway Transport decided to cut down on a number of bridges by replacing them by
railway switches as shown in the figure.

→

Also it is required that each train continues to travel between transportation hubs of the same
company. Prove that Minister cannot implement his idea.

3.2 Outer billiards

Suppose T is a convex bounded region in the plane R2. Consider a point x0 outside T . There exist
two supporting lines (tangents) to T from the point x0. Choose the right one of these lines looking
from x0 and denote it by l. If l intersects T in one point y1, then denote an image of x0 under the
reflection in y1 by x1.

Likewise one can construct the next point x2 using x1 (as long as the right supporting line from
x1 intersects T in a unique point), etc. The map R carrying a point in the plane into its image is
called the outer billiard map and the sequence x0, x1, x2, . . . is called the orbit of point x0.

If at some step the supporting line intersects the boundary of T in more than one point, but by
a line segment, then we say that the orbit of x0 is not defined.

Problem 44. Suppose T is a square in the plane. (a) Draw a set of points for which orbits are
defined. (b) How to find the length of the orbit of some arbitrary point in R2?

Problem 45. Solve the similar problem where T is an arbitrary triangle in the plane.

Problem 46. Prove that the map R preserves area (that is, for any region A non intersecting with
T areas of A and R(A) are equal), (a) if T is a convex polygon; (b) if T is an arbitrary strictly
convex bounded region.

Let us call an orbit x0, x1, x2, . . . almost periodic if for any ε > 0 and for some n ∈ N the distance
between x0 and xn is less than ε.

Problem 47*. Is it true that any orbit of an outer billiard T is almost periodic if
(a) T is a convex polygon with rational vertices;
(b) T is a convex polygon;
(c) T is a strictly convex bounded region;
(d) T is a convex bounded region?

We do not know a simple solution for that problem. Although the answer for similar question
about interior billiards is far more easier as we will see in the next section.

3.3 Interior billiards

Let T be a convex bounded figure on the plane. Let us take a point x inside T and choose some unit
vector of velocity for that point. This defines billiard trajectory of the point as follows: inside T the
point is moving with constant velocity and on the boundary it change the velocity vector according to
the law “The angle of incidence is equal to the angle of reflection” (the angles are measured between
current velocity and tangent line to the boundary of T at the point of collision).

If at some moment the point x hits boundary at the point where the tangent line does not exist
we say that the trajectory of x is not defined. A trajectory of the point x is said to be periodic if
after some time since the beginning of the path, x appears in the same place with the same speed.
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Problem 48. Let T be a square. (a) Which pairs of starting points and velocities yield periodic
trajectories? (b) Show that any periodic trajectory in T has even number of reflections from the
border.

Further, T can be assumed to be a convex polygon or an arbitrary convex figure with smooth
boundary.

Problem 49. Fix some vector of velocity v. Let ft(x) be a position of a point x after time t if
it starts movement with velocity v. Show that the area of the image ft(A) of a region A ⊂ T not
necessarily equals the area of A (here ft(A) consists of images for all points in A which trajectories
are defined).

Problem 50. For any starting point x and initial velocity v consider the position and the velocity
of the point after time t. This gives us a mapping Ft : T × [0; 2π)→ T × [0; 2π).
(a) Show that if T is a polygon, then Ft is defined everywhere on T × [0; 2π) except a set of zero
volume.
(b) Show that for any t the mapping Ft preserves volume.

Consider point x with some initial velocity vector. The trajectory of x is said to be almost periodic
if for any ε1, ε2 > 0 there is t > 0 such that the distance between x and ft(x) is less than ε1 and the
angle between velocities at point x and at point ft(x) is less than ε2.

Problem 51m. Show that almost all initial conditions (x, ϕ) ∈ T × [0; 2π) give us an almost periodic
orbit. Here “almost all” means “all except some set of zero volume in T × [0; 2π)”.

Informally, if we shine a flashlight from a random place in a mirrored room in a random direction,
the light will hit the back of our head with good accuracy.

The property of volume-preserving transformations, which is proposed to prove for solving the
problem 51m, can be formulated in the general case as follows:

Poincaré recurrence theorem. Let U ⊂ R3 be a bounded domain, f : U → U — a mapping
which preserves volume. Consider lesser domain A ⊂ U . For a point x ∈ A consider a sequence
f(x), f(f(x)), f(f(f(x))), . . .. Define Z ⊂ A as a set of points for which this sequence lies entirely
outside of A. Then Z has zero volume.

In order to give mathematical rigor to this claim some specifications should be made about
which ’domains’ we consider and for which subsets of U the mapping f ’preserves volume’. (Famous
paradoxes [4], [5] show that there is no way to define a notion of volume for all subsets. For theory
see e. g. [Ox]).
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Hints and solutions for problems after the semifinal

Topology. Problem about wagons

Closed curves in the plane

Solution for problem 24. The answer is “no”. Indeed (1) does not follow from (2).
Consider two parallel lines l,m. Choose three points on each of the lines: A1, A2, A3 ∈ l and

B1, B2, B3 ∈ m. If three lines A1Bi, A2Bj, A3Bk do not intersect in one point for every {i, j, k} =
{1, 2, 3}, then (2) holds and (1) does not hold by construction.

Let us prove that such six points exist. Choose arbitrary points A1, A2, A3 ∈ l and B1, B2 ∈ m.
Then there are finitely many prohibited positions for the point B3. Namely, this number is not
greater than three. (For example, denote the intersection A1B1 ∩A2B2 by C. Then B3 cannot lie on
the intersection of A3C and m.)

Solution for problem 25. Suppose we have a set of arbitrary points A1, . . . , An ∈ R2. We can
also suppose that all the points are different because otherwise we can fix that using arbitrary small
movement. Then let us move these points one by one every time making the next point to be in
general position with all previous points.

Suppose the points A1, . . . , Ak−1 are in general position. Consider a set of positions prohibited
for Ak. Firstly, this set includes all the lines AiAj for all possible i, j < k. Secondly, this set includes
all the lines AjC where C is the intersection point Ai1Ai2 ∩ Ai3Ai4 for all possible i1, i2, i3, i4, j < k.

It is clear that the set of prohibited for Ak positions is a finite union of lines. Therefore we can
get Ak out of this set by an arbitrary small movement.

Solution for problem 26. The proof is by induction on m,n. The base of induction is trivial. If
m = n = 1 then the claim of the problem is that square’s diagonals intersect in an odd number of
points.

Now suppose m > 1. Draw an edge Am−2Am instead of two edges Am−2Am−1 and Am−1Am for
polygonal curve α. Let us prove that β and the triangle’s Am−2Am−1Am boundary have an even
number of intersection points, to show that the parity of the number of intersection points between
α and β stays the same.

Indeed, if vertices Bk, Bk+1 are on different sides of the boundary Am−2Am−1Am (i. e. one of
the vertices lies inside the triangle and the other one lies outside), then the line segment BkBk+1

intersects the boundary Am−2Am−1Am in an odd number of points. But if these vertices are on the
same side, then the intersection consist of an even number of points. Since A0 and An are both on
the same side (i.e. they are both outside the triangle), the number of intersection points is even.

Solution of problem 27. Answer: (a) no; (b) no. You can see examples in the figures below.

(a) (b)

Remark. For the set of the polygonal curve’s vertices (2) does not hold in our example for (a). There
is no example for (a) such that (2) holds.

It is possible to prove that a number of intersection points is always odd for (b) by adding the
restriction for polygonal lines not to be self-intersecting. To do so one should take notice of the
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intersection points while moving vertices of the polygonal curves to a general position (e. g. see proof
of Lemma 1).

Solution for problem 28. (a) Suppose α ∩ β = ∅. Take ε > 0 such that any distance between a
point from α and a point from β is less than ε. Then, we cannot get any more points of intersection
moving vertices of α and β by not more than ε

2
since any point on an edge also moves by not more

than ε
2
. But according to the problem 25 we can get α and β into general position moving each

vertex by not more than ε
2
. This concludes our proof.

Note that ε can be less than the minimal distance between the vertices of α and β. One way to
compute ε is the following. Take a vertex from one polygonal curve and an edge from another curve,
measure the distance between them. Do this for every possible combination of a vertex and an edge
from different polygonal curves, and take ε less than any of these numbers.
(b) Sketch of solution. There is a way to approximate any continuous curve by a polygonal curve
with accuracy of any ε > 0. This means that we draw points on a curve one by one in such a way that
the distance between a curve’s ark between two neighbouring points and the line segment connecting
these points is less than ε. We need to construct such approximations for ε = 1

2
, 1
4
, 1
8
, . . .. Then for

each ε we need to find an intersection point Pi of two polygonal curves. For each point Pi there are
points Ai and Bi on continuous curves such that distance between Ai and Bi is not greater than
1

2i−1 . Finally, we need to choose convergent subsequences with equal indices from Ai and Bi using
the compactness of the line segments. These subsequences have equal limits, therefore this limit is
the required intersection point of our curves.

Problem about wagons

Solution for problem 19. Let us identify the road with the line segment [0; 1], and time with
the line segment [9; 21]. Time dependences for a current position of the tourist on the road are
continuous functions [9; 21] → [0; 1]. Denote such functions for her way to the camp and back by f
and g respectively. We have f(9) = g(21) = 0 and f(21) = g(9) = 1.

Consider function h = f − g. Function h is negative at point 9 and positive at point 1. Using
intermediate value theorem, we obtain the existence of some point t ∈ [9; 21] such that h(t) = 0.
Therefore f(t) = g(t) for some time t, i.e. the tourist was in some point of the road at time t both
days.

Solution for problem 20m. Identify each road with the line segment [0; 1]. Then the phase space
for the two vehicles on these roads is the square [0; 1]× [0; 1].

piecewise-linear movement of the cars gives us a polygonal line in the square going from the vertex
(0, 0) to the vertex (1, 1). piecewise-linear movement of the wagons gives us a polygonal line in the
square going from the vertex (0, 1) to the vertex (1, 0). Using Lemma 1, we obtain the existence of
the common point for these polygonal curves. Therefore, at some time the position of the cars will
be similar with the position of the wagons. Hence, it is impossible for wagons to pass each other
without colliding.

Solution for problem 21. (a) Answer: yes.
Suppose that there is no horizontal sections of the path. Identify each of the paths with the line

segment [0; 1]. Then the set of all possible positions of the mountain climbers (on the same height)
is a subset M of the square [0; 1]× [0; 1] containing the square’s vertices (0, 0) and (1, 1).

Note that M consists of line segments. Let us consider it as a graph: states in which at least one
of the climbers is in the vertex of the polygonal path are the vertices of the graph. It is easy to show
that the degree of each vertex except (0, 0) and (1, 1) is even. Therefore there exists a path from
(0, 0) to (1, 1).

If some sections of the mountain are horizontal, then “collapse” these sections into points. We
call these points special. For the new mountain the algorithm exists as was proven above. Suppose
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a climber stays at this point for a minute when the climber passes through it. This adds finite
amount of minutes to overall time. It is easy to obtain an algorithm for the initial mountain from
this algorithm.

Also note that if no two vertices of the polygonal path are on the same height then there exists
a unique way to get to the top such that the go through every position not more than one time.
(c) Answer: yes. The proof is by induction on the number of climbers. The base of induction for
one climber is trivial.

Consider the first two climbers and their algorithm for reaching the top from (a). Time dependence
for their height is piecewise-linear. Draw the plot for this dependence and say that this is a new path
to the top. Then we can swap the first two climbers for one climber moving along the new path.
Thus, we can swap k climbers for k − 1 climbers.
(b) Answer: no.

The example of such paths is shown in the figure. One of them is constructed the following way.
In each of the neighbourhoods of the point 3

4
our path has both monotonically increasing section and

monotonically decreasing section. Each of these sections goes through the height h0.
The second climber needs to travel from the point 1

4
to the point 3

4
back and forth infinitely many

times to get to the top. Therefore time dependence for the second climber cannot be continuous
under such condition. The proof of this conjecture is a great exercise on continuous functions.

0
1
4

1
2

3
4 1

3
4

1
2

1
4 0

h0

We recommend participants to draw the set M ⊂ [0; 1]× [0; 1] for this mountain defined exactly
as in (a), and then to show that the continuous path from the point (0, 0) to the point (1, 1) does
not exist.

Topology. Rectangle inscribed in a curve

Linkings of closed curves in space

Solution for problem 29. This solution is analogous to the solution for problem 25. Let us move
the points one by one to get them into general position. The first three points we will move in such
a way that they do not lie on the same line. The set of the prohibited positions of Ak after the k-th
move (k > 4) consists of the finite amount of planes. Therefore we can get Ak out of this set by an
arbitrary small move.

Solution for problem 30. Since the set of all vertices is a set in general position, neither of the
polygonal line’s vertices lies on the tetrahedron’s surface and any of its edges can intersect the
tetrahedron’s surface only in interior points of the faces.

Denote vertices of the polygonal line by A0, A1, . . . , An = A0. Colour point Ai red if it is inside
the tetrahedron, otherwise colour it blue. Then the edge AiAi+1 of the polygonal curve intersects
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the surface of the tetrahedron in an odd number of points if and only if Ai and Ai+1 are coloured in
different colours. We have an even number of such edges.

Solution for problem 31. (a) Denote the vertices of the polygonal curves α and β by A1, . . . , An
and B1, . . . , Bm respectively.

Suppose, {A1, . . . , An, B1, . . . , Bm, O,O
′} is in general position. By problem 30 for each tetrahe-

dron OO′AiAi+1 the number of intersections of its surface with β is even. Then take the sum for all
such tetrahedrons and we are done.

But in general {A1, . . . , An, B1, . . . , Bm, O,O
′} may not be in general position. However, by

the problem statement the sets {A1, . . . , An, B1, . . . , Bm, O} and {A1, . . . , An, B1, . . . , Bm, O
′} are in

general position. Choose a point O′′ ∈ R3 such that when we add O′′ to each of the sets it remains
to be in general position. Then replace the point O by O′′ and then O′′ by O′ as it was described
the previous paragraph.
(b) Hint. Take two parallel planes in R3 such that α and β lie between them. Choose the point O
on the first plane. We can compute lk(α, β) and lk(β, α) using the point O.

Project α and β onto the second plane from the point O. Denote the obtained polygonal curves
by α̃ and β̃. To show that lk(α, β) ≡ lk(β, α) it is enough to check that α̃ and β̃ intersect at an even
number of points. This can be proved similarly to problem 26.

Solution for problem 32. (a) The proof is similar to problem 28. Take ε > 0 such that the
distance between any point of α and any point of β is less than ε and also the distance between any
two points on nonadjacent edges of α or nonadjacent edges of β is less than ε. Then if we move
the vertices of α and β by the distance < ε

2
, then intersection points do not appear since any point

of any edge also moves by the distance < ε
2
. By problem 29, we can transform α and β to general

position moving each of the vertices to the distance < ε
2
.

(b) Suppose the polygonal curves α′ and β′ are in general position. Move one vertex A′i of α′ so
that when it moves, the edges A′i−1A′i and A′iA

′
i+1 are disjoint with the other edges of α′ and β′.

Denote the obtained vertex by A′′i and the obtained polygonal curve by α′′. Next we will show that
lk(α′, β′) ≡ lk(α′′, β′).

Take a point O in general position with all the vertices of α′ and β′ including A′′i . Consider the
intersection of the tetrahedrons OA′i−1A′iA′′i and OA′iA′′iA′i+1 with β′. By the construction, the faces
A′i−1A

′
iA
′′
i and A′iA′′iA′i+1 are disjoint with β′. Then lk(α′, β′) ≡ lk(α′′, β′) by problem 30.

D

E F

A

B C

Solution for problem 33. Take an embedding γ0 : K6 → R3 as
in the figure.

For this embedding the cycle AEF is linked modulo 2 with the
cycle DBC, the cycle BFD is linked modulo 2 with the cycle ECA,
and the cycle CDE is linked modulo 2 with the cycle FAB.

There are no other pairs of cycles which are linked modulo 2 for
this embedding K6 → R3. Therefore slk(γ0) ≡ 1.

Solution for problem 34. Suppose the embeddings γ1, γ2 : K6 → R3 differ only on the edge AB.
Consider the pair of cycles ABC andDEF . Denote the polygonal curve γ1(ABC) by α, the polygonal
curve γ2(ABC) by α′, the polygonal curve γ1(DEF ) by β, and the union γ1(AB) ∪ γ2(AB), which
is also a closed polygonal curve, by α′′. Then one can show that

lk(α, β)− lk(α′, β) ≡ lk(α′′, β).

There are 4 pairs of cycles in K6 such that one of the cycles contains the edge AB. If we sum
such the equalities for each of the pairs of the cycles, then we have

slk(γ1)− slk(γ2) ≡ lk(α′′, γ1(DEF )) + lk(α′′, γ1(CEF )) + lk(α′′, γ1(CDF )) + lk(α′′, γ1(CDE)).
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It remains to show that the sum on the right is zero. This assertion should remind problem 30.
The difference is that here instead of a tetrahedron in R3 we have a piecewise-linear embedding of
the graph K4 = CDEF , and instead of the number of intersection points of α′′ with the surface of
the tetrahedron we compute the sum of linking numbers modulo 2.

Take a point O in general position with all other vertices of the polygonal curves. Then the
equality of the sum on the right to zero follows by the definition of linking number modulo 2.

Solution for problem 35. By problem 34 the sum slk(γ) modulo 2 does not depend on the em-
bedding γ : K6 → R3. Then by problem 33 for all embeddings K6 → R3 we have slk ≡ 1. Therefore,
for each embedding K6 → R3 there is a pair of cycles which images are linked.

Embeddings of the Möbius strip into space

Solution for problem 36. (a) The embedding is shown in the figure.
A

B C D

E F

(b) If a cycle in K6 bounds a polygon in M , then the image of this cycle
cannot be linked with the image of any other cycle.

Let us list all the cycles of length 3 that do not bound a polygon:
ABD, AEF , BCD, BEF . There is only one pair of disjoint cycles:
AEF and BCD. The first one of them is the curve α and the second
one is the curve β. Since slk(f(K6)) ≡ 1, we have lk(α, β) ≡ 1.

Solution for problem 37. If K6 is embedded intoM as in problem 36 (a), then f sets a piecewise-
linear embedding K6 → R3. It remains to use problem 36 (b).

Solution for problem 38. Suppose such an embedding exists. As we have shown in problem 37,
the image of the boundary of M must be linked with the image of the centre line of M . But then the
image of the boundary lies in a plane and the image of the centre line lies in one of the semispaces.
Therefore these curves cannot be linked, so we have a contradiction.

Solution for problem 39*. One can try to reduce this problem to the piecewise-linear one, simi-
larly to the proof of problem 28 (b). The difficulty is that the piecewise-linear maps M → R3 which
approximate the given continuous embedding also must be embeddings. It is hard to control this
condition.

Another way that is much easier is to define the linking number modulo 2 for a pair of closed
continuous curves in R3. To this end we approximate the curves by polygonal lines. One can show
that if approximations are sufficiently close to the original curves then their linking number modulo
2 does not depend on the choice of the approximations. Further, we have to show that if one of the
curves bounds a disk (continuously embedded into R3) which is disjoint from the other curve, then
the linking number equals zero.

For more conceptual approaches to the definition of the linking number for closed continuous
curves in R3 see [H, §1.2] and [FF, 17.6].

Rectangle inscribed in a curve

x

y

0 2π

2πSolution for problem 23. We assign to each unordered pair of points in the
circle an ordered pair of points x 6 y in the segment [0; 2π].

Then pairs (0, a) and (a, 2π) of points in the segment correspond to the same
pair of points in the circle. So the configuration space of pairs of points in the
circle can be identified with the triangle glued as in the figure to the right. We
suggest the participations to prove it.

Note that the boundary of M corresponds to the set of pairs of coinciding points.
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Solution for problem 22m. We denote the circle by S1. Suppose we are given a continuous map
γ : S1 → R2. We assume R2 to be embedded into R3 as the plane z = 0.

Next we define the map of the configuration space of pairs of points in the circle to R3 as follows.
We set the image of an unordered pair (a, b) to be the point

(γ(a)+γ(b)
2

, |γ(a)− γ(b)|
)
. Here γ(a)+γ(b)

2

is the middle point of the segment in R2 connecting γ(a) with γ(b).
We obtain a map M → R3. Note that the image of the boundary of M coincides with the given

curve γ. According to Lemma 2 this map cannot be an embedding. So there are two different pairs
of points in γ such that the segments between them have the same middle point and the same length.
These four points are the vertices of a rectangle.
This proof is shown in the video [6] on YouTube.
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Êóáèêè ôîêóñîâ è öèðêóëÿðíûå êóáèêè

À.Çàñëàâñêèé, Ï.Êîæåâíèêîâ
(Íà ËÊÒÃ ïðîåêò ïðåäñòàâëÿþò Ä.Ä¼ìèí, Ì.Äèäèí, À.Çàñëàâñêèé,

Î.Çàñëàâñêèé, Ê.Èâàíîâ, Ï.Êîæåâíèêîâ, Ô.Íèëîâ, È.Ôðîëîâ)

Êàðëñîí ñïëàíèðîâàë íà ïîë è ïðèçåìëèëñÿ âîçëå Ìàëûøà.

� Ïîêà òåáÿ íå áóäåò, ÿ õî÷ó çàíÿòüñÿ ÷åì-íèáóäü èíòåðåñíûì.

Ó òåáÿ ïðàâäà íåò áîëüøå ïàðîâûõ ìàøèí?

� Íåò, � îòâåòèë Ìàëûø. � Ìàøèí íåò, íî åñòü êóáèêè.

À.Ëèíäãðåí

Îäíîé èç îñíîâíûõ öåëåé ïðîåêòà ÿâëÿåòñÿ èçó÷åíèå òàê íàçûâàåìîé êóáè-
êè ôîêóñîâ. Îíà ìîæåò áûòü îïðåäåëåíà ðàçíûìè ñïîñîáàìè, íàïðèìåð, êàê
ìíîæåñòâî òî÷åê, èç êîòîðûõ äâà äàííûõ îòðåçêà âèäíû ïîä ðàâíûìè íàïðàâ-
ëåííûìè óãëàìè. Â ïðîöåññå èçó÷åíèÿ îáíàðóæèâàþòñÿ èíòåðåñíûå âçàèìíûå
ñâÿçè ìåæäó ðàçíûìè ñþæåòàìè ýëåìåíòàðíîé ãåîìåòðèè (âïèñàííûå óãëû, ïå-
ðåñåêàþùèåñÿ îêðóæíîñòè è ò.ä.), ãåîìåòðè÷åñêèìè ïðåîáðàçîâàíèÿìè (ñèì-
ìåòðèÿ, èíâåðñèÿ, èçîãîíàëüíîå ñîïðÿæåíèå è äð.), è ñâîéñòâìè êóáè÷åñêèõ
êðèâûõ (ñëîæåíèå òî÷åê íà êóáèêå è äð.).

Ñîäåðæàíèå è ñõåìà çàâèñèìîñòåé ÷àñòåé:
- Â ðàçäåëàõ 0 � 3 èçó÷àþòñÿ íåêîòîðûå (èíòåðåñíûå ñàìè ïî ñåáå) ãåîìåò-

ðè÷åñêèå êîíñòðóêöèè è ðàçâèâàåòñÿ ãåîìåòðè÷åñêèé àïïàðàò (ïðåîáðàçîâàíèÿ
è ïð.), èñïîëüçóåìûé äàëåå. Â ðàçäåëàõ 0 � 3 ÍÅÒ ÊÓÁÈÊ, è ëþáèòåëè ýëåìåí-
òàíîé ãåîìåòðèè ìîãóò çàíèìàòüñÿ èìè è íå ïåðåõîäÿ ê äàëüíåéøåìó. Ðàçäåë
4 ïîëíîñòüþ ïîñâÿùåí êóáèêàì, íî âî ìíîãèõ çàäà÷àõ ïîñëåäóþùèõ ðàçäåëîâ
ÊÓÁÈÊÈ ÍÅ ÏÎÒÐÅÁÓÞÒÑß.

- Â ÷àñòè 0 ñîáðàíû èçâåñòíûå ôàêòû îá èçîãîíàëüíîì ñîïðÿæåíèè (ñì.
òàêæå, íàïðèìåð, [9] (ò. îá èçîãîíàëÿõ), [13] (èçîãîíàëüíûå øåñòåðêè, èñïîëü-
çîâàíèå ïðè ðåøåíèè çàäà÷), [3]). Çäåñü æå äàþòñÿ ââîäíûå ðåçóëüòàòû î êóáèêå
ôîêóñîâ.

- Îòìåòèì, ÷òî ñðåäè çàäà÷ 1 è 2 ÷àñòè åñòü âàæíûå, íî íå òàê øèðîêî
èçâåñòíûå ôàêòû.

- ×àñòü 3 � îòñòóïëåíèå â íåêîòîðûé îòäåëüíûé ñþæåò; äàëåå ýòà ÷àñòü
ïðàêòè÷åñêè íå èñïîëüçóåòñÿ.

- Â ÷àñòè 4 ñîáðàíû íåêîòîðûå îáùèå ôàêòû î êóáèêàõ è çàäà÷è, ñâÿçàííûå
ñ ýòèìè ôàêòàìè, êîòîðûå îêàæóòñÿ ïîëåçíûìè äàëåå â ÷àñòÿõ 5 è 6. Îñîáî
îòìåòèì âàæíîñòü ñþæåòà, ñâÿçàííîãî ñ òåîðåìîé î 9 òî÷êàõ è ñ îïåðàöèåé
ñëîæåíèÿ òî÷åê íà êóáèêå: äëÿ íåêîòîðûõ âîïðîñîâ (â òîì ÷èñëå ñôîðìóëèðî-
âàííûõ â òåðìèíàõ ýëåìåíòàðíîé ãåîìåòðèè) ÿçûê êóáèê îêçûâàåòñÿ íàèáîëåå
¾ïðàâèëüíûì¿. Çäåñü ìû ñòàðàëèñü, ÷òîáû áàçîâûõ ôàêòîâ áûëî íåìíîãî (èíà-
÷å ÷àñòü ðàçðîñëàñü áû äî áîëüøîãî ïðîåêòà ïî êóáèêàì), à ñ äðóãîé ñòîðîíû �
÷òîáû èõ õâàòàëî äëÿ ýôôåêòèâíîé ðàáîòû ñ êóáèêàìè â ÷àñòÿõ 5 è 6. Ïðèâåò-
ñòâóåòñÿ (íî íå îáÿçàòåëüíî) áîëåå ïîäðîáíîå çíàêîìñòâî ñ êóáè÷åñêèìè êðè-
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âûìè (ñì., íàïðèìåð, [6], [12], [10]), åùå ëó÷øå � âëàäåíèå íà÷àëüíûì êóðñîì
ïî àëãåáðàè÷åñêèì êðèâûì (ñì., íàïðèìåð, [11]).

- ×àñòè 5 è 6 � îñíîâíûå. Çäåñü ïðåäñòàâëåíû íàñûùåííûå êðàñèâûìè ôàê-
òàìè ãåîìåòðè÷åñêèå ¾ïëîùàäêè¿, íà êîòîðûõ ïðîèñõîäèò âçàèìîäåéñòâèå èäåé
ýëåìåíòàðíîé è àëãåáðàè÷åñêîé ãåîìåòðèè.

Â íåêîòîðûõ çàäà÷àõ ðàññìàòðèâàþòñÿ ñþæåòû, îòíîñÿùèåñÿ íå ê îáùåìó, à
ê íåêîòîðîìó ñïåöèàëüíîìó ñëó÷àþ (íàïðèìåð, ñëó÷àþ âïèñàííîãî, îïèñàííîãî,
âûðîæäåííîãî ÷åòûðåõóãîëüíèêà, ïàðàëëåëîãðàììà, è ò.ä.) Â òàêèõ çàäà÷àõ
ïîñëå íîìåðà äàåì ñîîòâåòñòâóþùóþ ïîìåòêó â çâåçäî÷êàõ.
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0 Èçîãîíàëüíîå ñîïðÿæåíèå â ìíîãîóãîëüíèêàõ

Èçîãîíàëè îòíîñèòåëüíî óãëà (ïàðû ïðÿìûõ)

Ïóñòü íà ïëîñêîñòè äàíû òî÷êè O,X, Y,X ′, Y ′.
Îïðåäåëåíèå. Ñêàæåì, ÷òî òî÷êè X è X ′ (èëè ïðÿìûå OX è OX ′) ÿâëÿþò-

ñÿ èçîãîíàëüíûìè îòíîñèòåëüíî óãëà Y OY ′ (èëè, ëó÷øå ñêàçàòü, îòíîñèòåëüíî
ïàðû ïðÿìûõ OY , OY ′), åñëè ïðÿìûå OX è OX ′ ñèììåòðè÷íû îòíîñèòåëüíî
áèññåêòðèñû óãëà Y OY ′.

Òîò ôàêò, ÷òî ïðÿìûå OX è OX ′ ÿâëÿþòñÿ èçîãîíàëÿìè îòíîñèòåëüíî óãëà
Y OY ′ óñëîâèìñÿ èíîãäà äëÿ êðàòêîñòè îáîçíà÷àòü IsogO(XX ′, Y Y ′).

0.1. Ïóñòü ïðÿìûå OX,OX ′, OY,OY ′ ðàçëè÷íû.
Äîêàæèòå, ÷òî óñëîâèå IsogO(XX ′, Y Y ′) ýêâèâàëåíòíî êàæäîìó èç óñëîâèé:

a) IsogO(Y Y ′, XX ′);
b) ïàðû ïðÿìûõ OX,OX ′ è OY,OY ′ èìåþò îáùóþ ïàðó áèññåêòðèñ;
c) ̸ (OX,OY ) = ̸ (OY ′, OX ′), ò.å. îòðåçêè XY è Y ′X ′ âèäíû èç O ïîä ðàâíû-

ìè íàïðàâëåííûìè óãëàìè (â çàâèñèìîñòè îò ðàñïîëîæåíèÿ òî÷åê ýòî óñëîâèå
ìîæåò îçíà÷àòü îäíî èç ðàâåíñòâ ̸ XOY = ̸ Y ′OX ′, ̸ XOY + ̸ Y ′OX ′ = 180◦,
ñêàæåì, åñëè O ëåæèò âíóòðè âûïóêëîãî ÷åòûðåõóãîëüíèêà XYX ′Y ′, âûïîë-
íåíî âòîðîå ðàâåíñòâî).

d) ρ(X,OY )/ρ(X,OY ′) = ρ(X ′, OY ′)/ρ(X ′, OY ) (ãäå ρ(X, ℓ) � îðèåíòèðîâàí-
íîå ðàññòîÿíèå îò òî÷êè X äî ïðÿìîé ℓ).

e) Ïðîåêöèè X è X ′ íà OY è OY ′ (â ñëó÷àå åñëè âñå ÷åòûðå ïðîåêöèè ðàç-
ëè÷íû) ëåæàò íà îäíîé îêðóæíîñòè.

0.2. Òåîðåìà îá èçîãîíàëÿõ. Ïóñòü Z = XY ∩ X ′Y ′ è Z ′ = X ′Y ∩ XY ′

(òàê, ÷òî X,X ′, Y, Y ′, Z, Z ′ � âåðøèíû ïîëíîãî ÷åòûðåõñòîðîííèêà). Òîãäà èç
IsogO(XX ′, Y Y ′) ñëåäóåò IsogO(XX ′, ZZ ′) (è àíàëîãè÷íî IsogO(ZZ

′, Y Y ′)).
Èíîãäà ìû áóäåì çàäåéñòâîâàòü áåñêîíå÷íî óäàëåííûå òî÷êè ïëîñêîñòè (ôàê-

òè÷åñêè ïðè ýòîì ìû ïåðåõîäèì íà ïðîåêòèâíóþ ïëîñêîñòü). Ìîæíî ñ÷èòàòü,
÷òî îáû÷íàÿ ïëîñêîñòü ïîïîëíåíà òàê íàçûâàåìîé áåñêîíå÷íî óäàëåííîé ïðÿ-
ìîé. Êàæäàÿ òî÷êà ýòîé ïðÿìîé ñ÷èòàåòñÿ îáùåé òî÷êîé âñåõ ïðÿìûõ, ïàðàë-
ëåëüíûõ äðóã äðóãó.

0.3.
a) Îïðåäåëèòå óñëîâèå IsogO(XX ′, Y Y ′) äëÿ áåñêîíå÷íî óäàëåííîé òî÷êè O.
b) Ñôîðìóëèðóéòå è äîêàæèòå òåîðåìó îá èçîãîíàëÿõ äëÿ áåñêîíå÷íî óäà-

ëåííîé òî÷êè O.
c) Ïðÿìàÿ Íüþòîíà-Ãàóññà. Äîêàæèòå, ÷òî ñåðåäèíû òðåõ äèàãîíàëåé

÷åòûðåõñòîðîííèêà ëåæàò íà îäíîé ïðÿìîé.

Èçîãîíàëüíîå ñîïðÿæåíèå â òðåóãîëüíèêå

0.4. Ïóñòü äàí òðåóãîëüíèê ABC è íå ëåæàùàÿ íà åãî ñòîðîíàõ òî÷êà P . Äîêà-
æèòå, ÷òî ïðÿìûå, ñèììåòðè÷íûå AP , BP , CP îòíîñèòåëüíî áèññåêòðèñ óãëîâ
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A, B, C ñîîòâåòñòâåííî, ïåðåñåêàþòñÿ â îäíîé òî÷êå (âîçìîæíî, áåñêîíå÷íî
óäàëåííîé).

Îïðåäåëåíèå. Åñëè óêàçàííûå â çàäà÷å ïðÿìûå ïåðåñåêàþòñÿ â òî÷êå P ′,
òî ýòà òî÷êà íàçûâàåòñÿ èçîãîíàëüíî ñîïðÿæåííîé òî÷êå P îòíîñèòåëüíî òðå-
óãîëüíèêà ABC. (Åñëè æå ïðÿìûå ïàðàëëåëüíû, òî èçîãîíàëüíî ñîïðÿæåííîé
ê òî÷êå P ñ÷èòàåòñÿ ñîîòâåòñâóþùàÿ áåñêîíå÷íî óäàëåííàÿ òî÷êà.)

Î÷åâèäíî, ÷òî, åñëè P ′ èçîãîíàëüíî ñîïðÿæåíà ñ P , òî è P èçîãîíàëüíî
ñîïðÿæåíà ñ P ′. Ïîýòîìó ìîæíî ãîâîðèòü î ïàðå èçîãîíàëüíî ñîïðÿæåííûõ òî-
÷åê. Èçîãîíàëüíî ñîïðÿæåííûìè ìîæíî ñ÷èòàòü òàêæå âåðøèíó òðåóãîëüíèêà
è ëþáóþ òî÷êó ïðîòèâîïîëîæíîé ñòîðîíû.

0.5. Äîêàæèòå, ÷òî òî÷êà, èçîãîíàëüíî ñîïðÿæåííàÿ P , ÿâëÿåòñÿ áåñêîíå÷-
íî óäàëåííîé, òîãäà è òîëüêî òîãäà, êîãäà P ëåæèò íà îïèñàííîé îêðóæíîñòè
òðåóãîëüíèêà ABC.

0.6. Ïóñòü òî÷êè Pa, Pb, Pc ñèììåòðè÷íû òî÷êå P îòíîñèòåëüíî ñòîðîí òðå-
óãîëüíèêà. Äîêàæèòå, ÷òî öåíòð îïèñàííîé îêðóæíîñòè òðåóãîëüíèêà PaPbPc

ñîâïàäàåò ñ òî÷êîé P ′.
0.7. Äîêàæèòå, ÷òî ïðîåêöèè èçîãîíàëüíî ñîïðÿæåííûõ òî÷åê P , P ′ íà ñòî-

ðîíû òðåóãîëüíèêà ABC ëåæàò íà îäíîé îêðóæíîñòè (ýòà îêðóæíîñòü íàçûâà-
åòñÿ ïåäàëüíîé îêðóæíîñòüþ êàæäîé èç òî÷åê P , P ′).

0.8. Ïóñòü òî÷êè P , P ′ èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî òðåóãîëüíèêà
ABC. Äîêàæèòå, ÷òî ñóùåñòâóåò êîíèêà ñ ôîêóñàìè P , P ′, êàñàþùàÿñÿ ïðÿìûõ
AB, BC, CA.

0.9. Ïóñòü X, X ′ è Y , Y ′ � äâå ïàðû òî÷åê, èçîãîíàëüíî ñîïðÿæåííûõ îò-
íîñèòåëüíî òðåóãîëüíèêà ABC. Äîêàæèòå, ÷òî òî÷êà ïåðåñå÷åíèÿ ïðÿìûõ XY
è X ′Y ′ èçîãîíàëüíî ñîïðÿæåíà òî÷êå ïåðåñå÷åíèÿ ïðÿìûõ XY ′ è X ′Y .

Èçîãîíàëüíîå ñîïðÿæåíèå â ÷åòûðåõóãîëüíèêå

Ïóñòü ôèêñèðîâàíû ÷åòûðå ðàçëè÷íûå òî÷êè A,A′, B,B′ (íå âñå ëåæàùèå íà îä-
íîé ïðÿìîé). Äàëåå ïîä ÷åòûðåõóãîëüíèêîì ABA′B′ ïîíèìàåì òî÷êè A,B,A′, B′

â äàííîì öèêëè÷åñêîì ïîðÿäêå (â ÷àñòíîñòè, ëîìàíàÿ ABA′B′ ìîæåò áûòü ñà-
ìîïåðåñåêàþùåéñÿ).

0.10. Ïóñòü äàíû ÷åòûðåõóãîëüíèê ABA′B′ è òî÷êà X. Ïóñòü èçîãîíàëè
ïðÿìûõ AX, BX, A′X îòíîñèòåëüíî óãëîâ A, B, A′ ÷åòûðåõóãîëüíèêà ñîîò-
âåòñòâåííî, ïåðåñåêàþòñÿ â îäíîé òî÷êå X ′ (âîçìîæíî, áåñêîíå÷íî óäàëåííîé).
Äîêàæèòå, ÷òî èçîãîíàëü ïðÿìîé B′X îòíîñèòåëüíî óãëà B′ òîæå ïðîõîäèò ÷å-
ðåç X ′.

Îïðåäåëåíèå. Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ çàäà÷è áóäåì íàçûâàòü òî÷êè
X, X ′ èçîãîíàëüíî ñîïðÿæåííûìè îòíîñèòåëüíî ÷åòûðåõóãîëüíèêà ABA′B′.
(Âåðøèíû A è A′ (è òàêæå B è B′) ñ÷èòàåì èçîãîíàëüíî ñîïðÿæåííûìè äðóã ñ
äðóãîì.)

Ìíîæåñòâî òî÷åê, äëÿ êîòîðûõ ñóùåñòâóåò èçîãîíàëüíî ñîïðÿæåííàÿ, áóäåì
îáîçíà÷àòü ISO(ABA′B′).

Òàêèì îáðàçîì, X è X ′ èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî ABA′B′, åñ-
ëè âûïîëíåíû óñëîâèÿ IsogA(BB′, XX ′), IsogA′(BB′, XX ′), IsogB(AA′, XX ′),
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IsogB′(AA′, XX ′). Ïðåäûäóùàÿ çàäà÷à ïîêàçûâàåò, ÷òî äîñòàòî÷íî íàëîæèòü
òðè èç ÷åòûðåõ óêàçàííûõ óñëîâèé (òîãäà îñòàâøååñÿ ñëåäóåò àâòîìàòè÷åñêè).

0.11. Äîêàæèòå, ÷òîX ∈ ISO(ABA′B′) ðàâíîñèëüíî óñëîâèþ IsogX(AA
′, BB′).

Âñïîìíèì, ÷òî óñëîâèå IsogX(AA′, BB′) îçíà÷àåò, ÷òî AA′ è BB′ âèäíû èç X
ïîä ðàâíûìè íàïðàâëåííûìè óãëàìè; ýòî ñîãëàñóåòñÿ ñ àíãëèéñêèì íàçâàíèåì
Isoptical cubic äëÿ ISO(ABA′B′).

0.12. (Èçîãîíàëüíàÿ øåñòåðêà) Ðàññìîòðèâàåì øåñòåðêó (à òî÷íåå, òðîé-
êó ïàð) òî÷åê (A,A′; B,B′; C,C ′) (ðàçðåøàåì ñîâïàäåíèå òîëüêî òî÷åê âíóòðè
ïàðû A è A′ è ò.ä.)

a) Äîêàæèòå, ÷òî C è C ′ èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî ABA′B′ òî-
ãäà è òîëüêî òîãäà, êîãäà A è A′ èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî BCB′C ′.

b) Åñëè èç øåñòè óñëîâèé IsogA(BB′, CC ′), IsogA′(BB′, CC ′), IsogB(AA′, CC ′),
IsogB′(AA′, CC ′), IsogC(AA′, BB′), IsogC′(AA′, BB′) âûïîëíåíû ëþáûå òðè, òî
âûïîëíåíû è îñòàâøèåñÿ òðè.

0.13. Ïóñòü íèêàêèå òðè èç òî÷åê A,B,A′, B′ íå ëåæàò íà îäíîé ïðÿìîé.
Äîêàæèòå, ÷òî òî÷êè X è X ′ èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî ABA′B′ òî-
ãäà è òîëüêî òîãäà, êîãäà îíè èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî íåêîòîðûõ
äâóõ èç ÷åòûðåõ òðåóãîëüíèêîâ, îáðàçîâàííûõ ïðÿìûìè AB, BA′, A′B′, B′A.

0.14. Ïóñòü íèêàêèå òðè èç òî÷åê A,B,A′, B′ íå ëåæàò íà îäíîé ïðÿìîé.
Äîêàæèòå, ÷òî óñëîâèå X ∈ ISO(ABA′B′) ðàâíîñèëüíî êàæäîìó èç ñëåäóþùèõ
óñëîâèé:

a) Ïðîåêöèè X íà ïðÿìûå AB, AB′, A′B, A′B′ ëåæàò íà îäíîé îêðóæíîñòè
èëè ïðÿìîé (ïðè ýòîì íà òîé æå îêðóæíîñòè ëåæàò è ïðîåêöèè X ′, åñëè ýòà
òî÷êà íå áåñêîíå÷íî óäàëåííàÿ).

b) Ñóùåñòâóåò êîíèêà ñ ôîêóñîì X, êàñàþùàÿñÿ ïðÿìûõ AB, AB′, A′B,
A′B′ (ïðè ýòîì âòîðîé ôîêóñ � ýòî X ′).

c) Ñóùåñòâóåò ïèðàìèäà SABA′B′, âñå ïëîñêîñòè ãðàíåé êîòîðîé êàñàþòñÿ
ñôåðû, è X � òî÷êà êàñàíèÿ ñôåðû è ïëîñêîñòè ABA′B′.

0.15. Íàéäèòå ìíîæåñòâî ñåðåäèí îòðåçêîâ XX ′, ãäåX ïðîáåãàåò ISO(ABA′B′),
à X ′ � èçîãîíàëüíî ñîïðÿæåííàÿ òî÷êà äëÿ X.

0.16. (*ÊÎËËÈÍÅÀÐÍÛÅ* ) Îïðåäåëèì ISO(ABA′B′) äëÿ êîëëèíåàðíûõ
òî÷åê A,B,A′, B′ êàê ìíîæåñòâî òî÷åê X, äëÿ êîòîðûõ âûïîëíåíî IsogX(AA′, BB′).
Íàéäèòå ISO(ABA′B′)

a) â ñëó÷àå, êîãäà òî÷êà A = A′ ðàñïîëîæåíà íà îòðåçêå BB′;
b) â ñëó÷àå, êîãäà âåêòîðû A⃗B è ⃗B′A′ ñîíàïðàâëåíû, íî íå ðàâíû.

Ïðîäîëæèì èçó÷àòü ISO(ABA′B′) â ðàçäåëå 5.
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1 Èçîöèêëè÷åñêèå èíâîëþöèè

Íåñëîæíàÿ êîíñòðóêöèÿ ñ îêðóæíîñòÿìè ïîçâîëÿåò îïðåäåëèòü ñëåäóþùèå
ïðåîáðàçîâàíèÿ (èíâîëþöèè), êîòîðûå íàçîâåì èçîöèêëè÷åñêèìè.

Ïóñòü ôèêñèðîâàíû ÷åòûðå ðàçëè÷íûå òî÷êè A,B, C,D. Ïóñòü ïðåîáðàçîâà-
íèå fAB,CD ñîïîñòàâëÿåò òî÷êå X òî÷êó Y , ÿâëÿþùóþñÿ âòîðîé òî÷êîé ïåðåñå-
÷åíèÿ îêðóæíîñòåé (ïðÿìûõ) (ABX) è (CDX) (îòìåòèì, ÷òî Y íå îïðåäåëåíà
îäíîçíà÷íî äëÿ íåêîòîðûõ ¾íåðåãóëÿðíûõ¿ òî÷åê X).

Îïðåäåëåííûå âûøå ïðåîáðàçîâàíèÿ èíòåðåñíû è ñàìè ïî ñåáå, è, êàê îêàçà-
ëîñü, ñ ïîìîùüþ íèõ óäîáíî ôîðìóëèðîâàòü è äîêàçûâàòü ìíîãèå óòâåðæäåíèÿ.

1.1.
a) Ïîëîæåíèå òî÷êè X ¾ïî÷òè âñåãäà¿ îïðåäåëÿåòñÿ (íàïðàâëåííûìè) óã-

ëàìè, ïîä êîòîðûìè èç X âèäíû äàííûå îòðåçêè AB, BC è ò.ä. Îïðåäåëèòå
fAB,CD â òåðìèíàõ ïðåîáðàçîâàíèÿ ýòèõ óãëîâ.

b) Äîêàæèòå, ÷òî fAB,CD ïåðåâîäèò îêðóæíîñòü, ïðîõîäÿùóþ ÷åðåç A è D,
â îêðóæíîñòü, ïðîõîäÿùóþ ÷åðåç B è C.

1.2.
a) (Òåîðåìà Êëèôôîðäà, ïåðåôîðìóëèðîâêà). Äîêàæèòå, ÷òî

fAB,CD fBC,DA = fBC,DA fAB,CD.

b) Êàê äîîïðåäåëèòü êîìïîçèöèþ fAB,CDfBC,DA íà ¾íåðåãóëÿðíûõ¿ òî÷êàõ?
(â ÷àñòíîñòè, êàêàÿ òî÷êà � îáðàç òî÷êè A? áåñêîíå÷íî óäàëåííîé òî÷êè?)

4-îðáèòû

Äëÿ äàííûõ òî÷åê A,B,A′, B′ ïàðà (ïåðåñòàíîâî÷íûõ) ïðåîáðàçîâàíèé fAB,A′B′ ,
fAB′,A′B (à òî÷íåå, ãðóïïà èç ÷åòûðåõ ïðåîáðàçîâàíèé fAB,A′B′ , fAB′,A′B , fAB,A′B′fAB′,A′B è

òîæäåñòâåííîãî ïðåîáðàçîâàíèÿ Id) äàåò ðàçáèåíèå ¾ðåãóëÿðíûõ¿ òî÷åê ïëîñêîñòè
íà 4-îðáèòû âèäà: X, Y = fAB,A′B′(X), Y ′ = fAB′,A′B(X) è X ′ = fAB,A′B′(Y ′) =
fAB′,A′B(Y ). Òî÷êè A,A′, B,B′, X,X ′, Y, Y ′ îáðàçóþò ¾çàìêíóòóþ êîíñòðóêöèþ¿
(Êëèôôîðäà) èç 8 òî÷åê è 8 îêðóæíîñòåé, îáëàäàþùóþ áîãàòîé êîìáèíàòîðíîé
ñèììåòðèé: ëþáûå äâå èç ÷åòûðåõ ðàâíîïðàâíûõ íåóïîðÿäî÷åííûõ ïàð (A,A′),
(B,B′), (X,X ′), (Y, Y ′) îáðàçóþò 4-îðáèòó äëÿ äðóãèõ äâóõ ïàð. Òðè ïàðû èç
óêàçàííûõ ÷åòûðåõ îáðàçóþò êîíñòðóêöèþ, íà êîòîðóþ îáðàòèì îòäåëüíîå âíè-
ìàíèå â ðàçäåëå 3.

1.3. (*ÂÏÈÑÀÍÍÛÉ*) Ïóñòü òî÷êè A,B,A′, B′ � íà îäíîé îêðóæíîñòè Ω
ñ öåíòðîì O.

a) ×åì ÿâëÿåòñÿ â òàêîì ñëó÷àå fAB,A′B′?
b) Íàéäèòå ìíîæåñòâî íåïîäâèæíûõ òî÷åê äëÿ fAB,A′B′ .
c) Íàéäèòå 4-îðáèòó òî÷êè O.
d) Äîêàæèòå, ÷òî êàæäàÿ 4-îðáèòà ëåæèò íà îäíîé îêðóæíîñòè (ïðÿìîé);
e) è âñå ýòè îêðóæíîñòè ñîîñíû.
1.4. (*ÏÀÐÀËËÅËÎÃÐÀÌÌ*) Ïóñòü ABA′B′ � ïàðàëåëëîãðàìì.
a) Äîêàæèòå, ÷òî â òàêîì ñëó÷àå fAB,A′B′fAB′,A′B � öåíòðàëüíàÿ ñèììåòðèÿ.
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b) Äîêàæèòå, ÷òî êàæäàÿ 4-îðáèòà � ïàðàëëåëîãðàìì XYX ′Y ′, óãëû êîòî-
ðîãî ðàâíû óãëàì ïàðàëëåëîãðàììà ABA′B′.

c) Ïóñòü P � ïðîèçâîëüíàÿ òî÷êà, O1, O2, O3, O4 � öåíòðû îïèñàííûõ
îêðóæíîñòåé òðåóãîëüíèêîâ ABP , BA′P , A′B′P , B′AP . Äîêàæèòå, ÷òî óãîë
ìåæäó ïðÿìûìè O1O3 è O2O4 íå çàâèñèò îò âûáîðà òî÷êè P .

d) Ïóñòü ïàðàëëåëîãðàìì ABA′B′ � ïåäàëüíûé ÷åòûðåõóãîëüíèê äëÿ ÷åòû-
ðåõóãîëüíèêà CDC ′D′ è òî÷êè P . Äîêàæèòå, ÷òî fCD,C′D′fCD′,C′D(P ) � òî÷êà
ïåðåñå÷åíèÿ äèàãîíàëåé CDC ′D′.

8-îðáèòû è êâàðòåòû

Äëÿ äàííûõ òî÷åê A,B,C,D ìîæíî ðàññìîòðåòü âñå òðè (ïîïàðíî ïåðåñòà-
íîâî÷íûõ) èíâîëþöèè fAB,CD, fAC,BD, fAD,BC (à òî÷íåå, ãðóïïó G èç âîñüìè
ïðåîáðàçîâàíèé, ïîðîæäåííóþ èìè). Ýòî äàåò ðàçáèåíèå ¾ðåãóëÿðíûõ¿ òî÷åê
ïëîñêîñòè íà 8-îðáèòû (êàæäàÿ 8-îðáèòà ìîæåò áûòü ïðåäñòàâëåíà êàê îáú-
åäèíåíèå äâóõ 4-îðáèò).

Èíâîëþöèÿ gA,B,C,D = fAB,CDfAC,BDfAD,BC èíòåðåñíà òåì, ÷òî íå çàâèñèò îò
ïîðÿäêà òî÷åê â ÷åòâåðêå A,B,C,D.

Ìîæíî ðàññìàòðèâàòü â G òîëüêî ïîäìíîæåñòâî H ïðåîáðàçîâàíèé, ðàâíûõ
ïðîèçâåäåíèþ ÷åòíîãî êîëè÷åñòâà èçîöèêëè÷åñêèõ èíâîëþöèé. Òàêèõ ïðåîáðà-
çîâàíèé � 4 (âêëþ÷àÿ Id), è êàê ìû óâèäèì äàëåå â ðàçäåëå 2, âñå îíè êðó-
ãîâûå. Îðáèòû îòíîñèòåëüíî äåéñòâèÿ H ìû íàçîâåì êâàðòåòàìè. ×åòâåðêà
A,B,C,D ÿâëÿåòñÿ îäíèì èç êâàðòåòîâ. Êàæäàÿ 8-îðáèòà ìîæåò áûòü ïðåä-
ñòàâëåíà êàê îáúåäèíåíèå ïàðû êâàðòåòîâ, êîòîðûå ïåðåâîäÿòñÿ äðóã â äðóãà
èíâîëþöèåé gA,B,C,D.

Ýòó íàñûùåííóþ êîíñòðóêöèþ ïðîäîëæèì îáñóæäàòü â ðàçäåëå 6.
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2 Èíâåðñèÿ+ñèììåòðèÿ

2.1. Äîêàæèòå, ÷òî
a) îïèñàííûå îêðóæíîñòè ÷åòûðåõ òðåóãîëüíèêîâ, îáðàçîâàííûõ ïðÿìûìè

AB, AB′, A′B, A′B′, ïåðåñåêàþòñÿ â îäíîé òî÷êå (òî÷êà Ìèêåëÿ);
b) òî÷êà Ìèêåëÿ � öåíòð ïîâîðîòíîé ãîìîòåòèè, ïåðåâîäÿùåé X⃗Y â ⃗X ′Y ′.

Îïðåäåëåíèå. Èíâåðñèÿ+ñèììåòðèÿ ñ öåíòîì â òî÷êå O � ýòî êîìïîçèöèÿ
èíâåðñèè îòíîñèòåëüíî íåêîòîðîé îêðóæíîñòè ω ñ öåíòðîì O è îñåâîé ñèììåò-
ðèè îòíîñèòåëüíî íåêîòîðîé ïðÿìîé ℓ , ïðîõîäÿùåé ÷åðåç O.

Äëÿ äàííîé ÷åòâåðêè òî÷åê X,X ′, Y, Y ′ ïóñòü φXYX′Y ′ � åäèíñòâåííîå êðó-
ãîâîå ïðåîáðàçîâàíèå 1 òèïà (= äðîáíî-ëèíåéíîå ïðåîáðàçîâàíèå ïîïîëíåííîé
êîìïëåêñíîé ïëîñêîñòè), ìåíÿþùàÿ ìåñòàìè òî÷êè X ↔ X ′, Y ↔ Y ′.

Åñëè ñåðåäèíû îòðåçêîâ XX ′ è Y Y ′ ñîâïàäàþò (äàëåå ýòîò ñëó÷àé íàçûâàåì
öåíòðàëüíî-ñèììåòðè÷íûì, èëè ñëó÷àåì ÏÀÐÀËËÅËÎÃÐÀÌÌÀ), òî φXYX′Y ′

� öåíòðàëüíàÿ ñèììåòðèÿ. Èíà÷å (ðåãóëÿðíûé ñëó÷àé) φXYX′Y ′ � èíâåðñèÿ+ñèììåòðèÿ,
öåíòð êîòîðîé ñîâïàäàåò ñ öåíòðîì â òî÷êå Ìèêåëÿ M = MXYX′Y ′ .

Ôèêñèðîâàííàÿ èíâåðñèÿ+ñèììåòðèÿ ïîçâîëÿåò îäíîâðåìåííî ¾óâèäåòü¿ âñå
ðåãóëÿðíûå ÷åòâåðêè òî÷åê. Òî÷íîå óòâåðæäåíèå íà ýòîò ñ÷åò:

2.2. (óíèâåðñàëüíîñòü φ) Ïóñòü φ � ôèêñèðîâàííàÿ èíâåðñèÿ+ñèììåòðèÿ ñ
öåíòðîì O. Äëÿ êàæäîé (ðåãóëÿðíîé) ÷åòâåðêè òî÷åê ïëîñêîñòè (X,X ′;Y, Y ′)
ñóùåñòâóåò ðîâíî äâå ñèììåòðè÷íûå îòíîñèòåëüíî O ÷åòâåðêè (A,φ(A);B,φ(B)),
ïîäîáíûå (ñ ñîõðàíåíèåì îðèåíòàöèè) ÷åòâåðêå (X,X ′;Y, Y ′).

Â ñëåäóþùåé çàäà÷å óêàçàíà âàæíàÿ ñâÿçü ñ èçîöèêëè÷åñêèìè èíâîëþöèÿ-
ìè.

2.3. (split) Äîêàæèòå, ÷òî

φABCD = fAB,CD fBC,AD.

2.4.
a) Äîêàæèòå, ÷òî φABCD φACBD = φACBD φABCD.
b) ×åìó ðàâíà ýòà êîìïîçèöèÿ?

Íèæå äëÿ òî÷åê Ìèêåëÿ (=öåíòðû èíâåðñèé+ñèììåòðèé) è ñîîòâåòñòâóþ-
ùèõ èíâåðñèé+ñèììåòðèé èñïîëüçóåì òàêæå áîëåå êîðîòêèå îáîçíà÷åíèÿ (êî-
òîðûå ñîãëàñóþòñÿ ñ [15]): X = MABDC , Y = MABCD, Z = MACBD, φX = φABDC ,
φY = φABCD, φZ = φACBD. Òàêæå ïîëàãàåì PX = AD ∩ BC, PY = BD ∩ AC,
PZ = CD ∩ AB.

2.5. Äîêàæèòå, ÷òî φX(PY ) = PZ .
(Îòìåòèì, ÷òî ýòîò ôàêò ñîãëàñóåòñÿ ñ òåîðåìîé îá èçîãîíàëÿõ.)
2.6. Äîêàæèòå, ÷òî φX(Y ) = Z.
Âèäèì, ÷òî ìîæíî çàôèêñèðîâàòü ïðåîáðàçîâàíèÿ φX , φY , φZ è âàðèðîâàòü

êâàðòåò A,B,C,D � äàëåå ñì. ðàçäåë 6.
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3 Ãàðìîíè÷åñêèå øåñòåðêè òî÷åê

Íà ïëîñêîñòè (ïîïîëíåííîé òî÷êîé ∞) áóäåì ðàññìàòðèâàòü óïîðÿäî÷åíûå øå-
ñòåðêè (à òî÷íåå, òðîéêè íåóïîðÿäî÷åííûõ ïàð) òî÷åê (A,A′;B,B′;C,C ′). Äî-
ïóñêàåì ñîâïàäåíèå òî÷åê â ïàðàõ A è A′, B è B′, C è C ′.

Îïðåäåëåíèå. Øåñòåðêó (A,A′;B,B′;C,C ′) íàçîâåì ãàðìîíè÷åñêîé, åñëè
âûïîëíåíî ðàâåíñòâî

a− b′

b′ − c
· c− a′

a′ − b
· b− c′

c′ − a
= −1, (1)

ãäå a, a′ è ò.ä. � êîìïëåêñíûå ÷èñëà, îòâå÷àþùèå òî÷êàì A,A′ è ò.ä.
3.1. Äîêàæèòå, ÷òî óñëîâèå ãàðìîíè÷íîñòè øåñòåðêè (A,A′;B,B′;C,C ′) ñî-

õðàíÿåòñÿ ïðè
a) îáìåíàõ ïàð (A,A′) ↔ (B,B′), (B,B′) ↔ (C,C ′), (C,C ′) ↔ (A,A′);
b) îáìåíàõ òî÷åê âíóòðè ïàð (A,A′), (B,B′), (C,C ′).
c) âûáîðà êîìïëåêñíîé ñèñòåìû êîîðäèíàò íà ïëîñêîñòè;
d) ïðè êðóãîâûõ ïðåîáðàçîâàíèÿõ (ñì., íàïðèìåð, êíèãó [7]).
3.2. Ïÿòåðêà òî÷åê A,A′, B,B′, C åäèíñòâåííûì îáðàçîì äîïîëíÿåòñÿ äî ãàð-

ìîíè÷åñêîé øåñòåðêè (A,A′;B,B′;C,C ′).
3.3.
a) Øåñòåðêà (A,A′;B,B′;C,C ′) ÿâëÿåòñÿ ãàðìîíè÷åñêîé òîãäà òîãäà è òîëü-

êî òîãäà, êîãäà C ′ = φABA′B′(C), èëè φACA′C′ = φABA′B′ .
b) Ïóñòü A, A′; B, B′; C, C ′; D, D′ � âîñåìü òî÷åê (ðàçðåøåíû ñîâïàäå-

íèÿ òî÷åê òîëüêî â ïàðàõ A,A′ è ò.ä.) Ïóñòü øåñòåðêè (A,A′;B,B′;C,C ′) è
(A,A′;B,B′;D,D′) ÿâëÿþòñÿ ãàðìîíè÷åñêèìè. Òîãäà è øåñòåðêà (A,A′;C,C ′;D,D′)
ÿâëÿåòñÿ ãàðìîíè÷åñêîé.

Çàìåòèì äîïîëíèòåëüíî, ÷òî åñëè ïðè ýòîì φACA′C′ = φABA′B′ = φ � ýòî
öåíòðàëüíàÿ ñèììåòðèÿ, òî ñåðåäèíû AA′, BB′, CC ′ ñîâïàäàþò, è ñîîòâåò-
ñòâóþùàÿ ãàðìîíè÷åñêàÿ øåñòåðêà (A,A′; B,B′; C,C ′) ÿâëÿåòñÿ öåíòðàëüíî-
ñèììåòðè÷íîé. Èíà÷å (åñëè φ� ýòî èíâåðñèÿ+ñèììåòðèÿ), òî ñåðåäèíû AA′,BB′,
CC ′ ðàçëè÷íû, è ñêàæåì, ÷òî ãàðìîíè÷åñêàÿ øåñòåðêà (A,A′;B,B′;C,C ′) ðåãó-
ëÿðíàÿ. Ôèêñèðîâàííàÿ èíâåðñèÿ+ñèììåòðèÿ ïîçâîëÿåò ¾óâèäåòü¿ âñå ðåãó-
ëÿðíûå ãàðìîíè÷åñêèå øåñòåðêè â âèäå ¾ïîäîáíîé êîïèè¿ (A,φ(A); B,φ(B);
C,φ(C)).

3.4. Ïóñòü (A,A′; B,B′; C,C ′) � ãàðìîíè÷åñêàÿ øåñòåðêà. Òîãäà

̸ (AB,AC) + ̸ (AB′, AC ′) = ̸ (A′B,A′C) + ̸ (A′B′, A′C ′).

Ãàðìîíè÷íîñòü è êîìïîçèöèè ïîâîðîòíûõ ãîìîòåòèé

Óñëîâèìñÿ îáîçíà÷àòü ÷åðåç hX,Y→Z ïîâîðîòíóþ ãîìîòåòèþ ñ öåíòðîì X, êîòî-
ðàÿ ïåðåâîäèò òî÷êó Y â òî÷êó Z.

Ðàññìîòðèì ñëåäóþùèå ñîîòíîøåíèÿ (çäåñü R è L âûáðàíû äëÿ ñîîòíîøå-
íèé íà óãëû (rotation) è äëèíû (lengths); ïîñëåäîâàòåëüíîñòü A′B′C ′ îäíîçíà÷íî
çàäàåò öèêëè÷åñêèé ïîðÿäîê BA′CB′AC ′):

̸ (
−−→
A′B,

−−→
A′C) + ̸ (

−−→
B′C,

−−→
B′A) + ̸ (

−−→
C ′A,

−−→
C ′B) = 0, (R− A′B′C ′)
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ãäå ïîä óãëîì (⃗a, b⃗) ïîíèìàåì óãîë âðàùåíèÿ ïðîòèâ ÷àñîâîé ñòðåëêå îò íàïðàâ-
ëåíèÿ a⃗ äî íàïðàâëåíèÿ b⃗, âçÿòûé ïî ìîäóëþ 2π.

BA′

A′C
· CB′

B′A
· AC

′

C ′B
· = 1. (L− A′B′C ′)

3.5.
a) Äîêàæèòå, ÷òî øåñòåðêà (A,A′;B,B′;C,C ′) ÿâëÿåòñÿ ãàðìîíè÷åñêîé òîãäà

è òîëüêî êîãäà âûïîëíåíû óñëîâèÿ (R− A′B′C ′) è (L− A′B′C ′).
b) Äîêàæèòå, ÷òî øåñòåðêà (A,A′;B,B′;C,C ′) ÿâëÿåòñÿ ãàðìîíè÷åñêîé òî-

ãäà è òîëüêî êîãäà hB′,C→A hA′,B→C hC′,A→B = Id.
c) (îáîáùåííàÿ òåîðåìà Íàïîëåîíà) Âûâåäèòå èç (R−A′B′C ′) è (L−A′B′C ′)

óñëîâèå (L− C ′AB′).
d) Îïèøèòå ïîñòðîåíèå öåíòðà êîìïîçèöèè äâóõ äàííûõ ïîâîðîòíûõ ãîìî-

òåòèé.
e) Ñðåäè óñëîâèé âèäà (R− ...), (L− ...) óêàæèòå ïàðû óñëîâèé, èç êîòîðûõ

âûòåêàþò âñå îñòàëüíûå óñëîâèÿ.
Íåêîòîðûå êîíñòðóêöèè ñ óñëîâèÿìè (R−A′B′C ′) è (L−A′B′C ′) ðàññìàòðè-

âàþòñÿ ñ ñòàòüå [4]. Ýòè óñëîâèÿ ñôîìóëèðîâàíû â ôîðìå óñëîâèÿ ñóùåñòâîâà-
íèÿ ÷åòâåðêè òî÷åê X,Y, Z, T òàêîé, ÷òî AC ′B ∼ XTY , BA′C ∼ Y TZ, CB′A ∼
ZTX. Â [8], íàïðèìåð, ïîêàçàíû ïðèìåðû, êàê îáîáùåííàÿ òåîðåìà Íàïîëåî-
íà ðàáîòàåò â íåêîòîðûõ êîíñòðóêöèÿõ ñ ¾íàøë¼ïêàìè¿ BA′C, CB′A, AC ′B
íà ñòîðîíàõ òðåóãîëüíèêà ABC: åñëè óäîâëåòâîðÿþòñÿ óñëîâèÿ (R−A′B′C ′) è
(L−A′B′C ′), òî, ñîãëàñíî (L−C ′AB′), óãëû òðåóãîëüíèêà A′B′C ′ âûðàæàþòñÿ
òîëüêî ÷åðåç óãëû ¾íàøë¼ïîê¿, íàçàâèñèìî îò óãëîâ òðåóãîëüíèêà ABC.

3.6. Óñòàíîâèòå ñëåäóþùåå îïèñàíèå: øåñòåðêà òî÷åê (A,A′;B,B′;C,C ′), â
êîòîðîé A 6= A′ è B 6= B′, ÿâëÿåòñÿ ãàðìîíè÷åñêîé â òî÷íîñòè â ñëåäóþùèõ
ñèòóàöèÿõ:
1) îêðóæíîñòè (ïðÿìûå) (ABC ′), (A′BC), (AB′C), (A′B′C ′) ïîïàðíî ðàçëè÷íû
è èìåþò îáùóþ òî÷êó;
2) A,A′, B,B′, C,C ′ � òî÷êè íà îäíîé îêðóæíîñòè òàêèå, ÷òî AA′, BB′, CC ′

êîíêóðåíòíû, ëèáî êîëëèíåàðíûå òî÷êè, ïåðåâîäÿùèåñÿ êðóãîâûì ïðåîáðàçî-
âàíèåì â òàêóþ êîíöèêëè÷åñêóþ øåñòåðêó.

3.7.
a) Äîêàæèòå, ÷òî èçîãîíàëüíàÿ øåñòåðêà (A,A′;B,B′;C,C ′) ÿâëÿåòñÿ ãàð-

ìîíè÷åñêîé.
b) Äîêàæèòå, ÷òî ãàðìîíè÷åñêàÿ øåñòåðêà (A,A′;B,B′;C,C ′) ñ óñëîâèåì

IsogA(BB′, CC ′) ÿâëÿåòñÿ èçîãîíàëüíîé.
c) Äîêàæèòå, ÷òî ðåãóëÿðíàÿ ãàðìîíè÷åñêàÿ øåñòåðêà (A,A′;B,B′;C,C ′),

äëÿ êîòîðîé ñåðåäèíû AA′, BB′, CC ′ êîëëèíåàðíû, ÿâëÿåòñÿ èçîãîíàëüíîé.
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4 Íåêîòîðûå ñâåäåíèÿ î êóáèêàõ

Îïðåäåëåíèå. Àëãåáðàè÷åñêîé êðèâîé íà (êîìïëåêñíîé) ïëîñêîñòè íàçûâà-
åòñÿ ìíîæåñòâî òî÷åê ñ (êîìïëåêñíûìè) êîîðäèíàòàìè (x, y), óäîâëåòâîðÿþùèõ
óðàâíåíèþ F (x, y) = 0, ãäå F (x, y) � ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ, âîîáùå
ãîâîðÿ ñ êîìïëåêñíûìè êîýôôèöèåíòàìè. Ïîðÿäêîì àëãåáðàè÷åñêîé êðèâîé íà-
çûâàåòñÿ íàèìåíüøàÿ èç ñòåïåíåé çàäàþùèõ åå ìíîãî÷ëåíîâ.

Àëãåáðàè÷åñêèå êðèâûå ïîðÿäêà 2 è 3 íàçûâàþò òàêæå êîíèêàìè è êóáèêà-
ìè.

Îïðåäåëåíèå. Îäíîðîäíûìè êîîðäèíàòàìè òî÷êè ïðîåêòèâíîé (êîìïëåêñ-
íîé) ïëîñêîñòè íàçûâàåòñÿ òðîéêà íå ðàâíûõ îäíîâðåìåííî íóëþ (êîìïëåêñ-
íûõ) ÷èñåë (x : y : z), îïðåäåëåííàÿ ñ òî÷íîñòüþ äî îáùåãî íåíóëåâîãî (êîì-
ïëåêñíîãî) ìíîæèòåëÿ. Åñëè z 6= 0, òðîéêó (x, y, z) ìîæíî îòîæäåñòâèòü ñ òî÷-
êîé, èìåþùåé îáû÷íûå êîîðäèíàòû (x/z, y/z). Òðîéêàì ñ z = 0 ñîîòâåòñòâóþò
áåñêîíå÷íî óäàëåííûå òî÷êè ïðîåêòèâíîé ïëîñêîñòè.

Òàê, àëãåáðàè÷åñêèå êðèâûå ÷àñòî ðàññìàòðèâàþò êàê ìíîæåñòâà òî÷åê íà
(êîìïëåêñíîé) ïðîåêòèâíîé ïëîñêîñòè. Ïðè ýòîì óðàâíåíèå F (x, y) = 0 ñòåïåíè
n â îäíîðîäíûõ êîîðäèíàòàõ ïåðåïèñûâàåòñÿ â âèäå P (x, y, z) = 0, ãäå P =
znF (x/z, y/z) � îäíîðîäíûé ìíîãî÷ëåí ñòåïåíè n, òàê ÷òî F (x, y) = P (x, y, 1)
(íàïðèìåð, åñëè F (x, y) = x3 − 2y2 + 3xy − x + 1, òî P (x, y, z) = x3 − 2y2z +
3xyz − xz2 + z3). Ïðè ýòîì êðèâàÿ P (x : y : z) = 0 ìîæåò, ïîìèìî "îáû÷íûõ" ,
ñîäåðæàòü òàêæå è áåñêîíå÷íî óäàëåííûå òî÷êè.

Îïðåäåëåíèå. Àëãåáðàè÷åñêàÿ êðèâàÿ íàçûâàåòñÿ âûðîæäåííîé, åñëè ëþ-
áîé çàäàþùèé åå ìíîãî÷ëåí ïðèâîäèì (ò.å. ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå ìíî-
ãî÷ëåíîâ ìåíüøåé ñòåïåíè).

Òàê, âûðîæäåííàÿ êóáèêà çàäàåòñÿ óðàâíåíèåì QL = 0, ãäå Q è L � ìíîãî-
÷ëåíû ñòåïåíè 2 è 1 ñîîòâåòñòâåííî; òåì ñàìûì, âûðîæäåííàÿ êóáèêà ÿâëÿåòñÿ
îáúåäèíåíèåì ïðÿìîé L = 0 è êîíèêè Q = 0 (ýòà êîíèêà ìîæåò, â ñâîþ î÷åðåäü,
îêàçàòüñÿ âûðîæäåííîé).

Íàì â ðàçíûõ ñèòóàöèÿõ ïîíàäîáèòñÿ ðàññìàòðèâàòü ïåðåñå÷åíèå êóáèêè
C è ïðÿìîé ℓ. Íàõîæäåíèå C ∩ ℓ ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû P (x, y, z) = 0,
L(x, y, z) = 0 îäíîðîäíûõ óðàâíåíèé 3-é è 1-é ñòåïåíè. Èç L(x, y, z) = 0 ìîæíî
âûðàçèòü îäíó èç ïåðåìåííûõ ÷åðåç äðóãèå è ïîäñòàâèòü â P (x, y, z) = 0. Ñêà-
æåì, ïîäñòàíîâêà z ïðèâåäåò ê îäíîðîäíîìó óðàâíåíèþ 3-é ñòåïåíè R(x, y) = 0.
Â âûðîæäåííîì ñëó÷àå R ≡ 0 ìíîãî÷ëåí P äåëèòñÿ íà L è ℓ ⊂ C. Åñëè R 6= 0,
òî R ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå ëèíåéíûõ ìíîãî÷ëåíîâ L1L2L3 (Li âîîáùå
ãîâîðÿ, ñ êîìïëåêñíûìè êîýôôèöèåíòàìè). Ðåøåíèå êàæäîãî óðàâíåíèÿ Li = 0
îïðåäåëÿåò òî÷êó Ai ∈ C∩ℓ (âîçìîæíî, íåâåùåñòâåííóþ èëè áåñêîíå÷íî óäàëåí-
íóþ). Ñðåäè Li ìîãóò âñòðåòèòüñÿ ïðîïîðöèîíàëüíûå. Åñëè L1 = λL2, òî òî÷êà
A1 = A2 ñ÷èòàåòñÿ êðàòíîé òî÷êîé ïåðåñå÷åíèÿ: òî÷êîé êðàòíîñòè 2, åñëè L3

íå ïðîïîðöèîíàëüíî L1, è êðàòíîñòè 3, åñëè âñå Li, i = 1, 2, 3, ïðîïîðöèîíàëü-
íû. Ìîæíî ïîêàçàòü, ÷òî êðàòíîñòü òî÷êè ïåðåñå÷åíèÿ íå çàâèñèò îò âûáîðà
ñèñòåìû êîîðäèíàò x, y, z. Òàêèì îáðàçîì, íåâûðîæäåííàÿ êóáèêà C ïåðåñåêàåò
ëþáóþ ïðÿìóþ ℓ ðîâíî òðèæäû, ñ ó÷åòîì êðàòíîñòè.
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Íåêîòîðûå îñîáûå êóáèêè C ñîäåðæàò òàê íàçûâàåìûå îñîáûå òî÷êè (íàïðè-
ìåð, òî÷êà (0, 0) ÿâëÿåòñÿ òî÷êîé ñàìîïåðåñå÷åíèÿ êðèâîé y2 = x3+x2 è òî÷êîé
âîçâðàòà êðèâîé y2 = x3; ôîðìàëüíî, îñîáûå òî÷êè � ýòî òî÷êè, â êîòîðûõ îáíó-
ëÿåòñÿ ÷àñòíûå ïðîèçâîäíûå çàäàþùåãî ìíîãî÷ëåíà). Ãåîìåòðè÷åñêè òîò ôàêò,
÷òî íåîñîáàÿ òî÷êà A1 ∈ C ∩ ℓ ÿâëÿåòñÿ êðàòíîé òî÷êîé ïåðåñå÷åíèÿ, îçíà÷àåò
êàñàíèå ℓ è C â òî÷êå A1; åñëè ïðè ýòîì êðàòíîñòü A1 ðàâíà 3, A1 íàçûâàþò
òî÷êîé ïåðåãèáà êóáèêè C. (Ïîéìèòå, ÷òî ýòî îçíà÷àåò ãåîìåòðè÷åñêè.)

Òðåõêðàòíîå ïåðåñå÷åíèå ñ êàæäîé ïðÿìîé ïîçâîëÿåò äëÿ äàííîé íåîñîáîé
òî÷êè P ∈ C îïðåäåëèòü ïðîåêòèðîâàíèå ñ öåíòðîì P : èíâîëþöèþ sP : C → C,
ñîïîñòàâëÿþùóþ òî÷êå X ∈ C òðåòüþ òî÷êó ïåðåñå÷åíèÿ PX ñ C (â ñëó÷àå
X = P ñ÷èòàåì. ÷òî ïðÿìàÿ PX � êàñàòåëüíàÿ ê C; äëÿ òî÷êè ïåðåãèáà O
èìååì sO(O) = O).

Áîëåå îáùàÿ çàäà÷à îòûñêàíèÿ òî÷åê ïåðåñå÷åíèÿ äâóõ êðèâûõ ïîðÿäêà m
è n ìîæåò áûòü ñâåäåíà ê àëãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè mn. Â ñîîòâåò-
ñòâèè ñ ýòèì çíàìåíèòàÿ òåîðåìà Áåçó ãëàñèò:

Äâå àëãåáðàè÷åñêèå êðèâûå ïîðÿäêà m è n, çàäàâàåìûå âçàèìíî-ïðîñòûìè
ìíîãî÷ëåíàìè, ïåðåñåêàþòñÿ ðîâíî â mn òî÷êàõ, ñ ó÷åòîì êðàòíîñòè.

Ìû íå ïðèâîäèì çäåñü ñòðîãîãî îïðåäåëåíèÿ êðàòíîñòè, ïîñêîëüêó äëÿ ðå-
øåíèÿ çàäà÷ îíî íå ïîíàäîáèòñÿ. Îòìåòèì òîëüêî, ÷òî ñëó÷àé êàñàíèÿ êðèâûõ â
èõ (íåîñîáîé) òî÷êå A ñîîòâåòñòâóåò òîìó, ÷òî A� òî÷êà ïåðåñå÷åíèÿ êðàòíîñòè
íå ìåíüøå 2. (Â êà÷åñòâå ïðèìåðà, ïðåäëàãàåì ïîíÿòü, ÷òî äâå êîíöåíòðè÷åñêèå
îêðóæíîñòè êàñàþòñÿ äðóã äðóãà â äâóõ ìíèìûõ, áåñêîíå÷íî óäàëåííûõ òî÷êàõ
(ýòî îïðåäåëÿåìûå íèæå êðóãîâûå òî÷êè)).

Èç òåîðåìû Áåçó ñëåäóåò, ÷òî ëþáàÿ êîíèêà ïåðåñåêàåò íåâûðîæäåííóþ êó-
áèêó â øåñòè òî÷êàõ, ñ ó÷åòîì êðàòíîñòè; à äâå ðàçëè÷íûå íåâûðîæäåííûå
êóáèêè èìåþò ðîâíî äåâÿòü îáùèõ òî÷åê, ñ ó÷åòîì êðàòíîñòè.

Èçâåñòíî, ÷òî ÷åðåç ëþáóþ òî÷êó X ïðîõîäèò øåñòü (ñ ó÷åòîì êðàòíîñòè)
ïðÿìûõ, êàñàþùèõñÿ äàííîé íåîñîáîé êóáèêè C. Ïðè ýòîì øåñòü òî÷åê êàñàíèÿ
ëåæàò íà îäíîé êîíèêå. Åñëè æå X ∈ C, òî äâå èëè òðè èç ýòèõ øåñòè ïðÿìûõ
ñ÷èòàþòñÿ ñîâïàäàþùèìè ñ êàñàòåëüíîé, ïðîâåäåííîé â X.

Óïîìÿíåì åùå îäíó âàæíóþ òåîðåìó:

Òåîðåìà Øàëÿ (î 9 òî÷êàõ íà òðåõ êóáèêàõ). Ïóñòü äàíû äâå êóáèêè, ïåðå-
ñåêàþùèåñÿ (ñ ó÷åòîì êðàòíîñòè) â äåâÿòè òî÷êàõ. Òîãäà ëþáàÿ òðåòüÿ êóáèêà,
ïðîõîäÿùàÿ ÷åðåç âîñåìü òî÷åê èõ ïåðåñå÷åíèÿ, ïðîõîäèò è ÷åðåç äåâÿòóþ òî÷-
êó.

Ýòà òåîðåìà ìîæåò ýôôåêòèâíî èñïîëüçîâàòüñÿ è â ñëó÷àå âûðîæäåííûõ
êóáèê.

Îïðåäåëåíèå. Ïóñòü äàíà êóáèêà C è íåîñîáàÿ òî÷êà O (íóëü) íà íåé. Äëÿ
ïðîèçâîëüíûõ íåîñîáûõ òî÷åê A,B ∈ C íàéäåì òðåòüþ òî÷êó C ïåðåñå÷åíèÿ
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ïðÿìîé AB ñ C, à çàòåì òðåòüþ òî÷êó ïåðåñå÷åíèÿ ïðÿìîé OC ñ C. Ýòà òî÷êà
íàçûâàåòñÿ ñóììîé A+B òî÷åê A è B.

4.1. Äîêàæèòå, ÷òî
a) ñëîæåíèå òî÷åê íà êóáèêå àññîöèàòèâíî: (A+B) + C = A+ (B + C);
b) äëÿ ëþáûõ (íåîñîáûõ) òî÷åê A, B îäíîçíà÷íî îïðåäåëåíà èõ ðàçíîñòü,

ò.å òàêàÿ òî÷êà A−B, ÷òî B + (A−B) = A.
4.2. Âûðàçèòå îïåðàöèþ ¾+′¿ ñ âûáîðîì íóëÿ â òî÷êå O′ ∈ C ÷åðåç îïåðàöèþ

¾+¿ ñ âûáîðîì íóëÿ â òî÷êå O ∈ C.
4.3.
a) Äîêàæèòå, ÷òî äëÿ ëþáûõ òðåõ íåîñîáûõ òî÷åê A,B,C êóáèêè C, ëåæà-

ùèõ íà îäíîé ïðÿìîé ℓ, ñóììà A+B + C íå çàâèñèò îò ℓ.
b) Äîêàæèòå, ÷òî åñëè çà O âûáðàíà òî÷êà ïåðåãèáà, òî A+B+C = O òîãäà

è òîëüêî òîãäà, êîãäà A,B,C ëåæàò íà îäíîé ïðÿìîé.
Óòâåðæäåíèå çàäà÷è 4.1. îçíà÷àåò, ÷òî ââåäåííîå ñëîæåíèå òî÷åê çàäàåò íà C (çà âû÷åòîì

îñîáûõ òî÷åê) ñòðóêòóðó àáåëåâîé ãðóïïû. Ìîæíî äîêàçàòü (ñì. çàäà÷ó 4.2), ÷òî ñòðóêòóðà

ýòîé ãðóïïû íå çàâèñèò îò âûáîðà O. Ýòó ãðóïïó ìîæíî èíâàðèàíòíî îïèñàòü êàê ãðóïïó

ïðåîáðàçîâàíèé C → C âèäà X 7→ X + C.

4.4. (êðèòåðèé ïåðåñòàíîâî÷íîñòè ïðîåêòèðîâàíèé). Ïóñòü P, P ′ ∈ C � íåîñî-
áûå òî÷êè. Äîêàæèòå, ÷òî sP sP ′ = sP ′sP òîãäà è òîëüêî òîãäà, êîãäà

a) äëÿ ëþáîé X ∈ C âûïîëíåíî óñëîâèå çàìûêàíèÿ: sP sP ′sP sP ′(X) = X;
b) êàñàòåëüíûå ê C, ïðîâåäåííûå â P è P ′, ïåðåñåêàþòñÿ íà C.
Óñëîâèå à) ïîçâîëÿåò â ñëó÷àå sP sP ′ = sP ′sP çàäàòü áèåêöèþ ìåæäó ïàðàìè

(X,X ′), (Y, Y ′) òî÷åê C ïî ïðàâèëó Y = sP (X), X ′ = sP ′(Y ), Y ′ = sP (X
′) =

sP ′(X) (òàê, ÷òî XX ′, Y Y ′, PP ′ � äèàãîíàëè ÷åòûðåñòîðîííèêà, âïèñàííîãî â
C).

4.5. (Òî÷êè ïîðÿäêà 2 è èíâîëþöèè ñäâèãà.) Ïóñòü C ∈ C � òàêàÿ òî÷êà,
C 6= O è C + C = O. (Èíà÷å ãîâîðÿ, C � òî÷êà ïîðÿäêà 2 â àáåëåâîé ãðóïïå.)
Òîãäà ñäâèã X 7→ X + C ÿâëÿåòñÿ èíâîëþöèåé X ↔ X ′.

a) Âûáðàâ O â òî÷êå ïåðåãèáà, îïèøèòå ãåîìåòðè÷åñêè òî÷êè ïîðÿäêà 2 è
ñîîòâåòñòâóþùèå èíâîëþöèè. Ñêîëüêî ìîæåò áûòü òî÷åê ïîðÿäêà 2?

b) Äîêàæèòå, ÷òî êàñàòåëüíûå ê C, ïðîâåäåííûå â X è X ′ ïåðåñåêàþòñÿ íà
C; è íàîáîðîò, ïàðà òî÷åê P, P ′ ∈ C òàêàÿ, ÷òî êàñàòåëüíûå ê C, ïðîâåäåííûå â
íèõ, ïåðåñåêàþòñÿ íà C, îïðåäåëÿåò èíâîëþöèþ ñäâèãà X 7→ X + P ′ − P .

4.6. Ïóñòü íà íåâûðîæäåííîé êóáèêå C çà O âûáðàíà òî÷êà ïåðåãèáà. Òîãäà
ñóììà øåñòè òî÷åê ðàâíà O òîãäà è òîëüêî òîãäà, êîãäà îíè ëåæàò íà êîíèêå.

4.7.
a) Ôèêñèðóåì A,B,C,D ∈ C. Êàæäîé òî÷êå X ñòàâèì ñ ñîîòâåòñòâèå òî÷êó

Y � øåñòóþ (ñ ó÷åòîì êðàòíîñòè) òî÷êó ïåðåñå÷åíèÿ êîíèêè, ïðîõîäÿùåé ÷åðåç
A,B,C,D,X ñ C. Äîêàæèòå, ÷òî ïðÿìûå XY ïðîõîäÿò ÷åðåç ôèêñèðîâàííóþ
òî÷êó.

b) Ôèêñèðóåì P,C,D ∈ C. ×åðåç P ïðîâîäèì âñåâîçìîæíûå ñåêóùèå è ïî-
ëó÷àåì ïàðû òî÷åê ïåðåñå÷åíèÿ X ∈ C è Y = sP (X). Ïðîâîäèì ÷åðåç C,D,X, Y
êîíèêè, ïåðåñåêàþùèå C åùå â ïàðå òî÷åê Z, T . Äîêàæèòå, ÷òî ïðÿìûå ZT
ïðîõîäÿò ÷åðåç ôèêñèðîâàííóþ òî÷êó Q ∈ C.
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Öèðêóëÿðíûå êóáèêè

Îïðåäåëåíèå. Òî÷êè êîìïëåêñíîé ïðîåêòèâíîé ïëîñêîñòè ñ îäíîðîäíûìè
êîîðäèíàòàìè (1 : i : 0) è (1 : −i : 0) íàçûâàþòñÿ êðóãîâûìè.

Îïðåäåëåíèå. Êóáèêà, ïðîõîäÿùàÿ ÷åðåç êðóãîâûå òî÷êè, íàçûâàåòñÿ öèð-
êóëÿðíîé.

4.8. Äîêàæèòå, ÷òî ëþáàÿ îêðóæíîñòü (ò.å. êðèâàÿ ñ óðàâíåíèåì (x− a)2 +
(y − b)2 = r2, ãäå a, b, r � êîìïëåêñíûå ÷èñëà) ïðîõîäèò ÷åðåç êðóãîâûå òî÷êè.

4.9. Ïóñòü X ↔ X ′ � èíâîëþöèÿ ñäâèãà íà öèðêóëÿðíîé êóáèêå C: X ′ = X+
C, ãäå C+C = O. Äëÿ íåîñîáûõ òî÷åê A,B,X ∈ C, îòëè÷íûõ îò êðóãîâûõ òî÷åê,
äîêàæèòå, ÷òî âòîðàÿ (îòëè÷íàÿ îò êðóãîâûõ) òî÷êà ïåðåñå÷åíèÿ îêðóæíîñòåé
(ABX) è (A′B′X) ëåæèò íà C.

4.10. (ïó÷êè ¾àíòèïàðàëëåëåé¿) Ïóñòü P è Q � òî÷êè íà öèðêóëÿðíîé êó-
áèêå C. ×åðåç P ïðîâîäèì âñåâîçìîæíûå ñåêóùèå è ïîëó÷àåì ïàðû òî÷åê ïåðå-
ñå÷åíèÿ X,Y . ×åðåç Q ïðîâîäèì âñåâîçìîæíûå ñåêóùèå è ïîëó÷àåì ïàðû òî÷åê
ïåðåñå÷åíèÿ Z, T .

a) Äîêàæèòå, ÷òî åñëè òî÷êè X,Y, Z, T ëåæàò íà îäíîé îêðóæíîñòè äëÿ
îäíîãî ïîëîæåíèÿ ñåêóùèõ, òî ýòî áóäåò âûïîëíåíî è äëÿ ëþáîãî ïîëîæåíèÿ
ñåêóùèõ.

b) Óñëîâèÿ ïðåäûäóùåãî ïóíêòà âûïîëíåíû òîãäà è òîëüêî òîãäà, êîãäà
PQ ïàðàëëåëüíà àñèìïòîòå (ïîä àñèìïòîòîé ïîíèìàåì òðåòüþ, ïîìèìî äâóõ
êðóãîâûõ, áåñêîíå÷íî óäàëåííóþ òî÷êó öèðêóëÿðíîé êóáèêè).
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5 Êóáèêà ôîêóñîâ

Äàëåå (â ÷àñòÿõ 5 è 6) êîãäà ìû èìååì äåëî ñ óðàâíåíèåì êóáèêè, ìû èìååì
â âèäó, ÷òî êîýôôèöèåíòû â ýòîì óðàâíåíèè âåùåñòâåííûå (õîòÿ ìû ìîæåì
ïîäñòàâëÿòü òî÷êè ñ ëþáûìè êîìïëåêñíûìè êîîðäèàíàòàìè â ýòî óðàâíåíèå).

Ñâîéñòâà êóáèêè ôîêóñîâ

5.1.
a) Äîêàæèòå, ÷òî åñëè X ∈ ISO(ABA′B′), òî è Y = fAB,A′B′(X) ∈ ISO(ABA′B′);
b) è ïðè ýòîì âñå ïðÿìûå XY ïðîõîäÿò ÷åðåç îäíó òî÷êó.
5.2. Äîêàæèòå, ÷òî φ = φABA′B′ ïåðåâîäèò ëþáóþ òî÷êó X ∈ ISO(ABA′B′)

â èçîãîíàëüíî ñîïðÿæåííóþ òî÷êó X ′.
5.3. Äîêàæèòå, ÷òî ISO(ABA′B′) � öèðêóëÿðíàÿ êóáèêà.

5.4. Äîêàæèòå, ÷òî (â ðåãóëÿðíîì ñëó÷àå) ISO(ABA′B′) ñîäåðæèò ñëåäóþ-
ùèå òî÷êè:

a) A, B, A′, B′;
b) P = AB ∩ A′B′, P ′ = AB′ ∩ A′B;
c) òî÷êà Ìèêåëÿ M = MABA′B′ ;
d) ïðîåêöèÿ òî÷êè ïåðåñå÷åíèÿ AA′ è BB′ íà ïðÿìóþ PP ′;
e) òî÷êà T = TAB′,A′B òàêàÿ, ÷òî òðåóãîëüíèêè TAB′ è TA′B ïîäîáíû è

ïðîòèâîïîëîæíî îðèåíòèðîâàíû (è àíàëîãè÷íàÿ òî÷êà TAB,A′B′).
5.5. Äëÿ óêàçàííûõ â ïðåäûäóùåé çàäà÷å òî÷åê óêàæèòå
a) èçîãîíàëüíî ñîïðÿæåííûå òî÷êè
b) è ñîîòâåòñòâóþùóþ 4-îðáèòó.
5.6. (àñèìïòîòà è ïðÿìàÿ Íüþòîíà-Ãàóññà) Äîêàæèòå, ÷òî àñèìïòîòà ISO(ABA′B′)
a) ïàðàëëåëüíà ïðÿìîé Íüþòîíà-Ãàóññà;
b) ïðîõîäèò ÷åðåç òî÷êó, ñèììåòðè÷íóþ M îòíîñèòåëüíî ïðÿìîé Íüþòîíà-

Ãàóññà.
c) Äîêàæèòå, ÷òî åñëè X ∈ ISO(ABA′B′), òî ñåðåäèíà îòðåçêà ìåæäó X è

sM(X) ëåæèò íà ïðÿìîé Íüþòîíà-Ãàóññà.
5.7.
a) (Ñ.Áåðëîâ) Äîêàæèòå, ÷òî ïðÿìûå âñå XY (ñì. çàäà÷ó 5.1) ïðîõîäÿò ÷åðåç

TAB′,A′B.
b) Äîêàæèòå, ÷òî ïðÿìàÿ PTAB′,A′B, ãäå P = AB∩A′B′, ïàðàëëåëüíà ïðÿìîé

Íüþòîíà-Ãàóññà.
5.8. Ïóñòü (C,C ′) è (D,D′) � äâå ïàðû èçîãîíàëüíî ñîïðÿæåííûõ òî÷åê íà

êóáèêå ôîêóñîâ ISO(ABA′B′). Äîêàæèòå, ÷òî êóáèêà ôîêóñîâ ISO(CDC ′D′)
ñîâïàäàåò ñ ISO(ABA′B′), ïðè÷åì ïàðû ñîïðÿæåííûõ òî÷åê îäíè è òå æå äëÿ
îáåèõ êóáèê.

5.9. Ïóñòü X, X ′ � èçîãîíàëüíî ñîïðÿæåííûå òî÷êè êóáèêè ôîêóñîâ. Äî-
êàæèòå, ÷òî ðàçíîñòü X − X ′ = K � íå çàâèñÿùàÿ îò òî÷êè X òî÷êà âòîðîãî
ïîðÿäêà (ò.å. K +K = O).
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5.10. (*ÂÏÈÑÀÍÍÛÉ*) Ïóñòü òî÷êè A,B,A′, B′ � íà îäíîé îêðóæíîñòè Ω
ñ öåíòðîì O. Ïóñòü X,Y,X ′, Y ′ � 4-îðáèòà òî÷êè X ∈ ISO(ABA′B′). Äîêàæèòå,
÷òî âïèñàííûå â ABA′B′ êîíèêè ñ ïàðàìè ôîêóñîâ X,X ′ è Y , Y ′, ïîäîáíû.

5.11. (*ÃÀÐÌÎÍÈ×ÅÑÊÈÉ*) Ïóñòü òî÷êè ABA′B′ � ãàðìîíè÷åñêèé ÷åòû-
ðåõóãîëüíèê (ò.å. âïèñàííûé è òàêîé, ÷òî ïðîèçâåäåíèÿ åãî ïðîòèâîïîëîæíûõ
ñòîðîí ðàâíû).

a) Äîêàæèòå, ÷òî ñåðåäèíû MA è MB îòðåçêîâ AA′ è BB′ ïðèíàäëåæàò
ISO(ABA′B′).

b) (òî÷êè Áðîêàðà) Äîêàæèòå, ÷òî MA è MB ïðèíàäëåæàò îäíîé 4-îðáèòå
âìåñòå ñ òî÷êàìè Áðîêàðà Br1, Br2.

c) Ïóñòü AA′ ∩ PP ′ = W , à � îêðóæíîñòü (MABr1MBBr2). Äîêàæèòå, ÷òî
ïðè öåíòðàëüíîì ïðîåêòèðîâàíèè ω → ω ñ öåíòðîì W 4-îðáèòà MABr1MBBr2
ïåðåõîäèò â 4-îðáèòó òî÷êè O.

5.12. (*ÏÀÐÀËËÅËÎÃÐÀÌÌ*) Ïóñòü ABA′B′ � ïàðàëëåëîãðàìì.
a) Äîêàæèòå, ÷òîX ∈ ISO(ABA′B′) òîãäà è òîëüêî òîãäà, êîãäà ̸ (BA,AX) =

̸ (A′X,A′B).
b) Äîêàæèòå, ÷òîX ∈ ISO(ABA′B′) òîãäà è òîëüêî òîãäà, êîãäà îêðóæíîñòè

(XAB), (XAB′), (XA′B′), (XA′B) ðàâíû.
c) Äîêàæèòå, ÷òî ISO(ABA′B′) � îáúåäèíåíèå áåñêîíå÷íî óäàëåííîé ïðÿ-

ìîé è ãèïåðáîëû, ïðîõîäÿùåé ÷åðåç A,B,A′, B′;
d) ïðè÷åì ýòà ãèïåðáîëà ïðÿìîóãîëüíàÿ, à åå àñèìïòîòû ïàðàëëåëüíû áèñ-

ñåêòðèñàì óãëîâ ABA′B′.
5.13. (*ÎÏÈÑÀÍÍÛÉ + ÂÛÐÎÆÄÅÍÈÅ A = A′*)
a) Ïóñòü ABA′B′ � ÷åòûðåõóãîëüíèê, îòëè÷íûé îò ïàðàëëåëîãðàììà, à I

� åãî âûðîäæäåííàÿ 4-îðáèòà (ò.å. òàêàÿ îðáèòà, ÷òî âñå 4 òî÷êè ýòîé îðáèòû
ñîâïàäàþò). Âåðíû ëè ñëåäñòâèÿ: I ∈ ISO(ABA′B′) ⇔ AB, BA′, A′B′, B′A
êàñàþòñÿ íåêîòîðîé îêðóæíîñòè.

b) Â òàêîì ñëó÷àåMABA′B′ ñîâïàäàåò ñ ïðîåêöèåé öåíòðà îêðóæíîñòè (AIA′)
íà ñèìåäèàíó, òðåóãîëüíèêà AIA′, ïðîâåäåííóþ èç I.

5.14. (*ac=bd*) Ïóñòü C � òðåòüÿ òî÷êà íà AA′, ïðèíàäëåæàùàÿ ISO(ABA′B′),
àíàëîãè÷íî D � òðåòüÿ òî÷êà íà BB′, ïðèíàäëåæàùàÿ ISO(ABA′B′).

a) Â êàêîì ñëó÷àå C = D?
b) Â êàêîì ñëó÷àå D = C ′?
c) (ïîëóÁðîêàð). Ñêàæåì, ÷òî P � (ïåðâàÿ/âòîðàÿ) òî÷êà ïîëóÁðîêàðà, åñ-

ëè ̸ (PA,AB) = ̸ (PA′, A′B′) è ̸ (PB,BA′) = ̸ (PB′, B′A). Äîêàæèòå, äâå èç
÷åòûðåõ òî÷åê 4-îðáèòû òî÷êè ïîëóÁðîêàðà ëåæàò íà AA′ è BB′.

d) (IMO2018) Âûïóêëûé ÷åòûð¼õóãîëüíèê ABCD óäîâëåòâîðÿåò óñëîâèþ
AB · CD = BC · DA. Òî÷êà X âíóòðè ÷åòûð¼õóãîëüíèêà ABCD òàêîâà, ÷òî
̸ XAB = ̸ XCD è ̸ XBC = ̸ XDA. Äîêàæèòå, ÷òî ̸ BXA+ ̸ DXC = 180◦.

Äðóãèå îïèñàíèÿ êóáèêè ôîêóñîâ

5.15. Ïóñòü òî÷êà ÌèêåëÿM ÿâëÿåòñÿ íà÷àëîì êîîðäèíàò, à ñîïðÿæåííàÿ åé
òî÷êà � áåñêîíå÷íî óäàëåííîé òî÷êîé îñè y. Äîêàæèòå, ÷òî óðàâíåíèå êóáèêè
ôîêóñîâ èìååò âèä (x2 + y2)(x+ A) = Bx+ Cy.
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5.16. Äîêàæèòå, ÷òî
a) öèðêóëÿðíàÿ êóáèêà ÿâëÿåòñÿ êóáèêîé ôîêóñîâ òîãäà è òîëüêî òîãäà,

êîãäà êàñàòåëüíûå â êðóãîâûõ òî÷êàõ ïåðåñåêàþòñÿ íà êóáèêå;
b) â ýòîì ñëó÷àå òî÷êà ïåðåñå÷åíèÿ êàñàòåëüíûõ ñîâïàäàåò ñ òî÷êîé Ìèêåëÿ

M .
5.17. (òî÷êè êàñàíèÿ îêðóæíîñòåé ïó÷êà) Ïóñòü L, L′ � îòëè÷íûå îò êðóãî-

âûõ òî÷êè êóáèêè ôîêóñîâ C, êàñàòåëüíûå â êîòîðûõ ïðîõîäÿò ÷åðåç M . Âîçü-
ìåì ïðîèçâîëüíóþ îêðóæíîñòü, ïðîõîäÿùóþ ÷åðåç L è L′, è ïðîâåäåì ê íåé
êàñàòåëüíûå MX, MY . Äîêàæèòå,÷òî

a) X,Y ∈ C;
b) âñå ïðÿìûå XY ïåðåñåêàþò C â îäíîé è òîé æå òî÷êå.
c) Ïóñòü äàí ïó÷îê îêðóæíîñòåé è ïðîèçâîëüíàÿ òî÷êà M . Äîêàæèòå, ÷òî

ÃÌÒ X, Y , ãäå MX, MY � êàñàòåëüíûå ê ïðîèçâîëüíîé îêðóæíîñòè ïó÷êà,
ÿâëÿåòñÿ êóáèêîé ôîêóñîâ.

d) Ïðè ýòîì âûÿñíèòü, êàê çàâèñèò âèä êóáèêè îò òèïà ïó÷êà.
5.18. (Óíèâåðñàëüíîñòü φ, èëè êîëëåêöèÿ âñåõ êóáèê ôîêóñîâ) Ïóñòü φ �

äàííàÿ èíâåðñèÿ è ñèììåòðèÿ ñ öåíòðîì M .
a) Ïóñòü m � äàííàÿ ïðÿìàÿ. Äîêàæèòå, ÷òî ìíîæåñòâî òî÷åê X òàêèõ, ÷òî

ñåðåäèíà Xφ(X) ëåæèò íà m, ÿâëÿåòñÿ êóáèêîé ôîêóñîâ.
b) Óñòàíîâèòå ñîîòâåòñòâèå ìåæäó ïðÿìûìè m è êóáèêàìè ôîêóñîâ.
c) Îïèøèòå òî÷êè ïåðåñå÷åíèÿ ðàçíûõ êóáèê ôîêóñîâ.
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6 Êâàðòåòû è èçîãîíàëüíûå êóáèêè

6.1. Ïóñòü äàíû òðåóãîëüíèê ABC è òî÷êà J . Äîêàæèòå, ÷òî
a) ÃÌ òàêèõ òî÷åê P , ÷òî P , èçîãîíàëüíî ñîïðÿæåííàÿ òî÷êà P ′ è J ëåæàò

íà îäíîé ïðÿìîé, � êóáèêà, ïðîõîäÿùàÿ ÷åðåç âåðøèíû òðåóãîëüíèêà, öåíòðû
åãî âïèñàííîé è âíåâïèñàííûõ îêðóæíîñòåé, J è èçùãîíàëüíî ñîïðÿæåííóþ
òî÷êó J ′;

b) ýòà êóáèêà öèðêóëÿðíà òîãäà è òîëüêî òîãäà, êîãäà J � áåñêîíå÷íî óäà-
ëåííàÿ òî÷êà

Ïóñòü äàí òðåóãîëüíèê XY Z. Êàê â ðàçäåëå 2, îáîçíà÷èì ÷åðåç φX êîìïî-
çèöèþ èíâåðñèè ñ öåíòðîì X è ñèììåòðèè îòíîñèòåëüíî áèññåêòðèñû óãëà X,
ìåíÿþùóþ ìåñòàìè òî÷êè Y è Z. Àíàëîãè÷íî îïðåäåëèì ïðåîáðàçîâàíèÿ φY ,
φZ .

6.2. Äîêàæèòå, ÷òî ýòè ïðåîáðàçîâàíèÿ ïåðåñòàíîâî÷íû äðóã ñ äðóãîì è
èçîãîíàëüíûì ñîïðÿæåíèåì.

Ïóñòü A � ïðîèçâîëüíàÿ òî÷êà, B = φZ(A), C = φY (A), D = φX(A). ×åòâåð-
êó {A,B,C,D} áóäåì íàçûâàòü êâàðòåòîì îòíîñèòåëüíî òðåóãîëüíèêà XY Z.

6.3. Äîêàæèòå, ÷òî
a) ÷åòâåðêà èçîãîíàëüíî ñîïðÿæåííûõ òî÷åê {A′, B′, C ′, D′} òàêæå ÿâëÿåòñÿ

êâàðòåòîì;
b) ïðÿìûå AA′, BB′, CC ′, DD′ ïàðàëëåëüíû;
c) òî÷êè A, B, C, D, A′, B′, C ′, D′, X, Y , Z ëåæàò íà îäíîé öèðêóëÿðíîé

êóáèêå (íàçîâåì åå êóáèêîé êâàðòåòîâ;
d) A+A=B+B=C+C=D+D, ò.å. êàñàòåëüíûå ê êóáèêå êâàðòåòîâ â òî÷êàõ

A, B, C, D ïåðåñåêàþò êóáèêó â îäíîé òî÷êå.
Ñâîéñòâàì êâàðòåòîâ áûë ïîñâÿùåí ïðîåêò íà XXII ËÊÒÃ [15]. Â ÷àñòíîñòè,

òàì ïðåäëàãàëàñü çàäà÷à, êîòîðóþ íå ñìîã ðåøèòü íè îäèí èç ó÷àñòíèêîâ.
6.4. Ïóñòü A,B,C,D � êâàðòåò, A′, B′, C ′, D′ � èçîãîíàëüíî ñîïðÿæåííûé

êâàðòåò; PX � òî÷êà ïåðåñå÷åíèÿ AD è BC, PY � AC è BD, PZ � AB è CD.
Òî÷êè QX , QY , QZ îïðåäåëÿþòñÿ àíàëîãè÷íî ïî òî÷êàì A′, B′, C ′, D′. Äîêàæèòå,
÷òî

a) ïðÿìûå PXQX , PYQY , PZQZ ïåðåñåêàþòñÿ â îäíîé òî÷êå, ëåæàùåé íà îïè-
ñàííîé îêðóæíîñòè òðåóãîëüíèêà XY Z (èç ïðåäûäóùèõ îáîçíà÷åíèé);

b) ïðÿìûå PXQY , PYQX è XY ïåðåñåêàþòñÿ â îäíîé òî÷êå Z ′;
c) ZZ ′ ïàðàëëåëüíà AA′, BB′, CC ′, DD′.
6.5. Ïóñòü D1, D

′
1 è D2, D

′
2 � äâå ïàðû èçîãîíàëüíî ñîïðÿæåííûõ òî÷åê

òàêèå, ÷òî D1D
′
1 ‖ D2D

′
2. Äîêàæèòå, ÷òî ïðÿìûå A1A2, B1B2, C1C2, D1D2 ïåðå-

ñåêàþòñÿ â îäíîé òî÷êå (A1, B1, C1, D1 è A2, B2, C2, D2 � êâàðòåòû).
6.6. Ïóñòü êàñàòåëüíûå ê êóáèêå êâàðòåòîâ â òî÷êàõ X è Y ïåðåñåêàþòñÿ

â òî÷êå P , à êàñàòåëüíûå â êðóãîâûõ òî÷êàõ â òî÷êå Q. Äîêàæèòå, ÷òî PQ �
äèàìåòð îêðóæíîñòè XY Z.

6.7. Êîãäà êóáèêà êâàðòåòîâ ÿâëÿåòñÿ êóáèêîé ôîêóñîâ?
6.8. Ïóñòü C � ïðîèçâîëüíàÿ öèðêóëÿðíàÿ êóáèêà, J � åå áåñêîíå÷íàÿ òî÷êà,

îòëè÷íàÿ îò êðóãîâûõ, X, Y , Z � òàêèå òî÷êè, ÷òî X +X = Y + Y = Z + Z =
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J+J . Äîêàæèòå, ÷òî C ÿâëÿåòñÿ êóáèêîé êâàðòåòîâ îòíîñèòåëüíî òðåóãîëüíèêà
XY Z.

Åùå ïðî 8-îðáèòû

6.9. Ïóñòü A, B, C, D, A∗ = gA,B,C,D(A), B∗, C∗, D∗ � 8-îðáèòà îòíîñèòåëüíî
äàííûõ ÷åòûðåõ òî÷åê X,Y, Z, T .

a) Äîêàæèòå, ÷òî îêðóæíîñòè (TAA∗), (TBB∗), (TCC∗), (TDD∗) êàñàþòñÿ;
b) Äîêàæèòå, ÷òî îêðóæíîñòè (TAD), (TA∗DA∗), (TY Z) ñîîñíû (çäåñü D =

φXY TZ(A)).

19



7 ÄÎÁÀÂÊÀ

Èçîãîíàëüíîå ñîïðÿæåíèå... îêðóæíîñòåé

7.1. (Ô. Íèëîâ) Äàí ÷åòûðåõóãîëüíèê ABCD. Ïóñòü la, lb, lc, ld � âíóòðåííèå
áèññåêòðèñû óãëîâ A, B, C, D ñîîòâåòñòâåííî. Ïóñòü ïðÿìûå a, b, c è d ïðîõîäÿò
÷åðåç òî÷êè A, B, C, D ñîîòâåòñòâåííî, ïðè÷¼ì òî÷êè ïåðåñå÷åíèÿ a è b, b è c, c
è d, d è a ëåæàò íà îäíîé îêðóæíîñòè α. Ïóñòü ïðÿìûå a′, b′, c′ è d′ ñèììåòðè÷íû
ïðÿìûì a, b, c è d îòíîñèòåëüíî áèññåêòðèñ la, lb, lc, ld ñîîòâåòñòâåííî.

a) Äîêàæèòå, ÷òî òî÷êè ïåðåñå÷åíèÿ a′ è b′, b′ è c′, c′ è d′, d′ è a′ ëåæàò íà
îäíîé îêðóæíîñòè α′;

b) ïðè ýòîì α′ = φABCD(α).
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Êóáèêè ôîêóñîâ è öèðêóëÿðíûå êóáèêè

Ðåøåíèÿ, ñõåìû ðåøåíèé, óêàçàíèÿ.
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0 Èçîãîíàëüíîå ñîïðÿæåíèå â ìíîãîóãîëüíèêàõ

Èçîãîíàëüíîå ñîïðÿæåíèå â ÷åòûðåõóãîëüíèêå

0.10. Ìîæíî âîñïîëüçîâàòüñÿ óñëîâèåì 0.1d.
0.11. ìîæíî äîêàçàòü, ïîëüçóÿñü óñëîâèåì 0.14à.
0.12.
a) Âûòåêàåò èç ïðåäûäóùåé çàäà÷è.
b) Èìååòñÿ äâà (êîìáèíàòîðíî ðàçëè÷íûõ) ñëó÷àÿ. Îäèí ñâîäèòñÿ ê 0.10,

äðóãîé � ê 0.11.
0.13. Â ñîãëàñèè ñ çàäà÷àìè 0.7, 0.8, èç òîãî, ÷òî X è X ′ èçîãîíàëüíî ñî-

ïðÿæåíû îòíîñèòåëüíî ïàð ïðÿìûõ a, b, è b, c, ñëåäóåò, ÷òî X è X ′ èçîãîíàëüíî
ñîïðÿæåíû îòíîñèòåëüíî c, a.

Ìîæíî óòâåðæäàòü ñëåäóþùåå: åñëè X è X ′ èçîãîíàëüíî ñîïðÿæåíû îòíî-
ñèòåëüíî íåêîòîðîãî ìíîãîóãîëüíèêà, òî îíè èçîãîíàëüíî ñîïðÿæåíû îòíîñè-
òåëüíî ëþáîé ïàðû ïðÿìûõ, ñîäåðæàùèõ ïàðó åãî ñòîðîí.

0.14.
a) 1) Ïóñòü X ∈ ISO(ABA′B′). Òîãäà, â ñèëó 0.1e, ïðîåêöèè X è X ′ íà ïðÿ-

ìûå AB, AB′ ëåæàò íà îäíîé îêðóæíîñòè ω, ïðè ýòîì åå öåíòð O ïðîåêòèðóåòñÿ
â ñåðåäèíû ïðîåêöèé îòðåçêà XX ′, çíà÷èò, O � ñåðåäèíà XX ′. Àíàëîãè÷íî ïðî-
åêöèè X è X ′ íà ïðÿìûå AB′, A′B ëåæàò íà îäíîé îêðóæíîñòè ñ öåíòðîì O è
ðàäèóñîì R = OXAB′ (ãäå XAB′ � ïðîåêöèÿ X íà AB′), ò.å. íà îêðóæíîñòè ω.
Äàëåå ïîâòîðÿåì ðàññóæäåíèÿ äëÿ ïðÿìûõ A′B, A′B′.

1') Ïóñòü ïðîåêöèè X íà ïðÿìûå AB, AB′, A′B, A′B′ ëåæàò íà îäíîé îêðóæ-
íîñòè ω ñ öåíòðîì O. Òîãäà èçîãîíàëüíî ñîïðÿæåííàÿ äëÿ X îòíîñèòåëüíî òðå-
óãîëüíèêà, ñòîðîíû êîòîðîãî ëåæàò íà ïðÿìûõ AB, AB′, A′B, � ýòî òî÷êà X ′,
ñèììåòðè÷íàÿ X îòíîñèòåëüíî O. Òà æå òî÷êà � èçîãîíàëüíî ñîïðÿæåííàÿ
äëÿ X îòíîñèòåëüíî òðåóãîëüíèêà, ñòîðîíû êîòîðîãî ëåæàò íà ïðÿìûõ A′B′,
AB′, A′B. Çíà÷èò, ïî çàäà÷å 0.13, X è X ′ èçîãîíàëüíî ñîïðÿæåíû îòíîñèòåëüíî
ABA′B′.

2) Óñëîâèå IsogX(AA′, BB′) ýêâèâàëåíòíî êðèòåðèþ êîíöèêëè÷íîñòè ïðîåê-
öèéXAB,XBA′ ,XA′B′ ,XB′A. Äåéñòâèòåëüíî, ïîëüçóÿñü ∠(XABXBA′ , XBA′XA′B′) =
∠(XABXBA′ , XBA′X)+∠(XXBA′ , XBA′XA′B′) = ∠(AB,BX)+∠(XA′, A′B′) è àíà-
ëîãè÷íûìè ðàâåíñòâàìè, èìååì ∠(XABXBA′ , XBA′XA′B′) = ∠(XABXB′A, XB′AXA′B′)
⇔ ∠(BX,AX) = ∠(B′X,A′X).

b) Ýêâèâàëåíòíîñòü b) è X ∈ ISO(ABA′B′) âûòåêàåò èç ñëåäóþùèõ ðàñ-
ñìîòðåíèé. Ïóñòü R = OXAB = OX ′

AB. Ïóñòü X0 ñèììåòðè÷íà X îòíîñèòåëüíî
AB, T = X ′X0 ∩ AB. Òîãäà XT è X ′T ñèììåòðè÷íû îòíîñèòåëüíî AB (óãîë
ïàäåíèÿ ðàâåí óãëó îòðàæåíèÿ); è XT ±X ′T = ±2R, ò.å. OXAB � ñðåäíÿÿ ëè-
íèÿ òðåóãîëüíèêà OX ′X0 è XT = X0T . Êîíèêà ñ ôîêóñàìè X, X ′ è (áîëüøîé)
ïîëóîñüþ ±2R êàñàåòñÿ AB.

Çàìå÷àíèå. Îòìåòèì, ÷òî ýòà êîíèêà äâàæäû êàñàåòñÿ (ïåäàëüíîé) îêðóæ-
íîñòè ñ öåíòðîì O ðàäèóñà R. Ýòà êîíèêà ÿâëÿåòñÿ êîíèêîé Áðîêàðà òî÷êè X,
îòâå÷àþùàÿ óãëó 90◦. (Çàìå÷àíèå îáîáùàåòñÿ íà êîñîïåäàëüíóþ îêðóæíîñòü).

c) Ïóñòü òàêàÿ ïèðàìèäà, âñå ãðàíè êîòîðîé êàñàþòñÿ ñôåðû ω, ñóùåñòâó-
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åò. Òîãäà ïðÿìîé ïðÿìîé êðóãîâîé êîíóñ K ñ âåðøèíîé S, îïèñàííûé âîêðóã
ω, ÿâëÿåòñÿ òàêæå âïèñàííûì â ïèðàìèäó. Âïèøåì â K åùå îäíó ñôåðó ω′,
êàñàþùóþñÿ ïëîñêîñòè ABA′B′ â òî÷êå X ′. Âîçíèêàåò èçâåñòíàÿ êîíñòðóêöèÿ
ñôåð Äàíäåëåíà, è äëÿ êîíèêè, âïèñàííîé â ABA′B′ (ýòà êîíèêà � ñå÷åíèå K
ñ ïëîñêîcòüþ ABA′B′), òî÷êè X è X ′ ÿâëÿþòñÿ ôîêóñàìè.

Çàìå÷àíèå. Îòìåòèì, ÷òî äëÿ îïèñàííîé ïèðàìèäû âûïîëíåíî ðàâåíñòâî íà
ïëîñêèå óãëû ∠ASB+∠A′SB′ = ∠BSA′+∠B′SA, êîòîðîå îáîáùàåò ðàâåíñòâî
∠AXB+∠A′XB′ = ∠BXA′+∠B′XA, ýêâèâàëåíòíîå (äëÿ òî÷êè âíóòðè ABA′B′

óñëîâèþ IsogX(AA
′, BB′).

0.15. Ñåðåäèíû XX ′ � öåíòðû âïèñàííûõ â ABA′B′ êîíèê. Èçâåñòíî, ÷òî
îíè ëåæàò íà ïðÿìîé Íüþòîíà-Ãàóññà. Êàæäîé òî÷êå ïðÿìîé Ãàóññà ñîîòâåò-
ñòâóåò ðîâíî îäíà ïàðà X,X ′, ñèììåòðè÷íàÿ îòíîñèòåëüíî íåå. Ýòî ñëåäóåò,
íàïðèìåð, èç ðàññìîòðåíèé â êîìïëåêñíûõ êîîðäèíàòàõ (ñì. 3.7.).

0.16.
Ïóñòü X íå ëåæèò íà ïðÿìîé AA′BB′. Òàê êàê óãëû AXA′ è BXB′ èìåþò

îäíó è òó æå ïàðó áèññåòðèñ, òî X ëåæèò íà îáùåé îêðóæíîñòè Àïîëëîíèÿ
äëÿ ïàð A,A′ è B,B′. Òàêàÿ îêðóæíîñòü åäèíñòâåííàÿ (êàê îáùàÿ îêðóíîñòü
äâóõ ðàçíûõ ïó÷êîâ, èëè êàê îêðóæíîñòü, îòíîñèòåëüíî êîòîðîé ïàðû A è A′,
B è B′ èíâåðñíû). Â óñëîâèÿõ íàøåé çàäà÷è a) ìíîæåñòâî òî÷åê X, äëÿ êîòî-
ðûõ âûïîëíåíî IsogX(AA

′, BB′), ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå ïðÿìîé AA′

è îêðóæíîñòè Àïîëëîíèÿ ω òî÷åê A è A′, ïðîõîäÿùóþ ÷åðåç B = B′.
Çàìå÷àíèå. Ýòà çàäà÷à îïðàâäûâàåò äðóãîå íàçâàíèÿ äëÿ ISO(ABA′B′) �

Apollonius cubic.
Çàäà÷à b) ïðåäëàãàëàñü Ë. Åìåëüÿíîâûì íà Þæíîì òóðíèðå ìàòåìàòè÷å-

ñêèõ áîåâ îêîëî 20 ëåò íàçàä.
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1 Èçîöèêëè÷åñêèå èíâîëþöèè

(Â ýòîì ïàðàãðàôå � ïëîñêîñòü ïîïîëíåííàÿ òî÷êîé ∞ ( = ñôåðà = C).
1.1.
a) Íàïðàâëåííûå óãëû ∠(XB,XA) è ∠(XD,XC) îñòàþòñÿ íåèçìåííûìè.
∠(Y C, Y B) = ∠(Y C, Y X)+∠(Y X, Y B) = ∠(DC,DX)+∠(AX,AB) = ∠D+

∠(DA,XD) + ∠A+ ∠(XA,DA) = ∠D + ∠A+ ∠(XA,XD).
Àíàëîãè÷íî ñâÿçàíû ∠(Y A, Y D) è ∠(XB,XC).
b) Ñëåäóåò èç ïðåäûäóùåãî ïóíêòà � ïîñòîÿíñòâî ∠(XA,XD) âëå÷åò ïî-

ñòîÿíñòâî ∠(Y B, Y C).
1.2. Ïîñëå èíâåðñèè â òî÷êå A óòâåðæäåíèå ñâîäèòñÿ ê ñóùåñòâîâàíèþ òî÷êè

Ìèêåëÿ äëÿ ÷åòâåðêè ïðÿìûõ.
Òàêæå ýòî óòâåðæäåíèå íåçàâèñèìî ïîñëåäóåò èç ÿâíîãî îïèñàíèÿ fAB,CDfBC,DA

(êàê èíâåðñèè+ñèììåòðèè) â ðàçäåëå 2. Èç ýòîãî æå îïèñàíèÿ ÿñíî, êàê äîîïðå-
äåëèòü êîìïîçèöèþ fAB,CDfBC,DA íà ¾íåðåãóëÿðíûõ¿ òî÷êàõ?

4-îðáèòû

1.3. (*ÂÏÈÑÀÍÍÛÉ*)
a) Ïóñòü P = AB ∩ A′B′. Òîãäà P � ðàäèêàëüíûé öåíòð îêðóæíîñòåé

(ABXY ), (A′B′XY ) è Ω, ïîýòîìó XY ïðîõîäèò ÷åðåç P , ïðè ýòîì PX · PY =
degΩP , ïîýòîìó fAB,A′B′ � èíâåðñèÿ ñ öåíòðîì P , ïåðåâîäÿùàÿ Ω â ñåáÿ.

b) Ñîîòâåòñòâåííî, ìíîæåñòâî íåïîäâèæíûõ òî÷åê äëÿ fAB,A′B′ � îêðóæ-
íîñòü ñ öåíòðîì P ðàäèóñà

√
degΩP .

c) Ïóñòü P ′ = AB′ ∩ A′B, E = AA′ ∩ BB′, L = P ′E ∩ PO, L′ = PE ∩ P ′O.
Êàê èçâåñòíî, P ′E � ïîëÿðà òî÷êè P îòíîñèòåëüíî Ω, ïîýòîìó P ′E ⊥ PO è
PO · PL = degΩP , çíà÷èò L = fAB,A′B′(O). Àíàëîãè÷íî, L′ = fA′B,AB′(O) è
E = PL′ ∩ P ′L � ÷åòâåðòàÿ âåðøèíà 4-îðáèòû O,L,E, L′.

d) Òàê êàê PX · PY = PX ′ · PY ′ = degΩP , òî X,Y,X ′, Y ′ ëåæàò íà îä-
íîé îêðóæíîñòè, ïðè÷åì P èìååò ðàâíûå ñòåïåíè îòíîñèòåëüíî îêðóæíîñòåé
(XYX ′Y ′) (äëÿ âñåâîçìîæíûõ 4-îðáèò X,Y,X ′, Y ′).

e) Àíàëîãè÷íî P ′ èìååò ðàâíûå ñòåïåíè îòíîñèòåëüíî îêðóæíîñòåé (XYX ′Y ′),
ïîýòîìó PP ′ � îáùàÿ ðàäèêàëüíàÿ îñü îêðóæíîñòåé (XYX ′Y ′).

1.4. (*ÏÀÐÀËËÅËÎÃÐÀÌÌ*)
a) Ïóñòü Y = fAB,A′B′(X). Òîãäà ∠(AY, Y B′) = ∠(AY,XY ) + ∠(XY, Y B′) =

∠(AB,BX) + ∠(XA′, A′B′) = ∠(XA′, AB) + ∠(AB,BX) = ∠(A′X,XB). Ïóñòü
X ′, Y ′ ñèììåòðè÷íû X, Y îòíîñèòåëüíî öåíòðà ïàðàëëåëîãðàììà. Òîãäà èç
ñèììåòðèè ∠(A′Y ′, Y ′B) = ∠(AY, Y B′), îòêóäà ∠(A′Y ′, Y ′B) = ∠(A′X,XB), ïî-
ýòîìó B,A′X,Y ′ � íà îäíîé îêðóæíîñòè. Àíàëîãè÷íî B′, AX, Y ′ � íà îäíîé
îêðóæíîñòè, îòêóäà Y ′ = fA′B,AB′(X). Àíàëîãè÷íî ðàññóæäàÿ ïðî X ′, ïîíèìà-
åì, ÷òî X,Y,X ′, Y ′ � 4 îðáèòà (òî÷êè X).

b) Èìååì ∠(XY,XY ′) = ∠(XY,XB)+∠(XB,XY ′) = ∠(AY,AB)+∠(A′B,A′Y ′),
÷òî â ñèëó ñèììåòðèè, ðàâíî ∠(AY,AB) + ∠(AB′, AY ) = ∠(AB′, AB).

c) Ïóñòü X = P è X,Y,X ′, Y ′ � 4-îðáèòà òî÷êè X. Òîãäà O1O3 ⊥ XY
(ëèíèÿ öåíòðîâ ïåðïåíäèêóëÿðíà îáùåé õîðäå îêðóæíîñòåé (ABP ) è (A′B′P ))
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è àíàëîãè÷íî O2O4 ⊥ XY ′. Òîãäà, ñîãëàñíî ïðåäûäóùåìó ïóíêòó, óãîë ìåæäó
O1O3 è O2O4 ðàâåí óãëó ìåæäó XY è XY ′ è ðàâåí óãëó ïàðàëëåëîãðàììà.

Çàìå÷àíèå. Ýòà çàäà÷à ïðåäëàãàëàñü Ï. Êîæåâíèêîâûì íà Þæíîì òóðíèðå
ìàòåìàòè÷åñêèõ áîåâ 2017 ã.

d) Ïóñòü A,B,A′, B′ � ïðîåêöèè P íà CD,DC ′, C ′D′, D′C ñîîòâåòñòâåí-
íî, Q = fCD′,C′D(P ), K = CC ′ ∩ DD′. Òîãäà ∠(DQ,QC) = ∠(DQ,QP ) +
∠(PQ,QC) = ∠(DC ′, C ′P )+∠(PD′, D′C) = ∠(BA′, A′P )+∠(PA′, A′B) = ∠(BA′, A′B).
Ïî ïðåäûäóùåìó ïóíêòó (òàê êàê D,C ′, D′, C � îáðàçû O1, O2, O3, O4 ñ öåíòðîì
P è êîýôôèöèåíòîì 2), ∠(DK,KC) = ∠(BA′, A′B), îòêóäà C,D,Q,K ëåæàò íà
îäíîé îêðóæíîñòè. Àíàëîãè÷íî C ′, D′, Q,K ëåæàò íà îäíîé îêðóæíîñòè, îòêó-
äà K = fCD,C′D′(Q), ÷òî è òðåáîâàëîñü óñòàíîâèòü.

Çàìå÷àíèå. Â ñëó÷àå âïèñàííîãî CDC ′D′ ôàêò ñîãëàñóåòñÿ ñ 1.3c.
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2 Èíâåðñèÿ+ñèììåòðèÿ

2.1. (èçâåñòíûé ôàêò)
2.2. Ïî ABA′B′ öåíòð èíâåðñèè+ñèììåòðèè, îñü ñèììåòðèè è ðàäèóñ èíâåð-

ñèè îäíîçíà÷íî îïèñûâàþòñÿ òàê: öåíòð � ýòî òî÷êà Ìèêåëÿ M äëÿ ABA′B′,
îñü � áèññåòðèñà óãëà ìåæäó MA è MA′, ðàäèóñ =

√
MA ·MA′. Ïîäîáèå ïåðå-

âîäèò (X,X ′;Y, Y ′) â (A,φ(A);B,φ(B)) òîãäà è òîëüêî òîãäà, êîãäà öåíòð, îñü è
îêðóæíîñòü èíâåðñèè äëÿ (X,X ′;Y, Y ′) ïåðåçîäÿò ñîîòâåòñòâåííî â öåíòð, îñü
è îêðóæíîñòü èíâåðñèè äëÿ (A,φ(A);B,φ(B)).

Â ñëåäóþùåé çàäà÷å óêàçàíà âàæíàÿ ñâÿçü ñ èçîöèêëè÷åñêèìè èíâîëþöèÿ-
ìè.

2.3. (split) Öåíòðàëüíî-ñèììåòðè÷íûé ñëó÷àé � ñì. çàäà÷ó 1.4.
Ïóñòü φ = φABA′B′ � èíâåðñèÿ+ñèììåòðèÿ ñ öåíòðîì M .
Äëÿ ïðîèçâîëüíîé òî÷êè C ïîëîæèì D = fAB,A′B′(C) è C ′ = φ(C). Ïî-

êàæåì, ÷òî A,B′, D, C ′ ëåæàò íà îäíîé îêðóæíîñòè, èëè ýêâèâàëåíòíî, ÷òî
∠(AD,DB′) = ∠(AC ′, C ′B′). Ýòîãî áóäåò äîñòàòî÷íî, ïîñêîëüêó àíàëîãè÷íî
ìîæíî ïîêàçàòü, ÷òî A′, B,D,C ′ ëåæàò íà îäíîé îêðóæíîñòè, îòêóäà ñäåëàòü
âûâîä, ÷òî C ′ = fAB′,A′B(D).

Èç îêðóæíîñòåé ∠(AD,DB′) = ∠(AD,DC) + ∠(DC,DB′) = ∠(AB,BC) +
∠(CA′, A′B′). Èç èíâåðñèè+ñèììåòðèè, ∠(AC ′, C ′B′) = ∠(AC ′, C ′M)+∠(MC ′, C ′B′) =
∠(CA′, A′M)+∠(MB,BC). Îòñþäà ∠(AD,DB′)−∠(AC ′, C ′B′) = ∠(AB,BC)+
∠(CA′, A′B′) + ∠(A′M,CA′) + ∠(BC,MB) = ∠(AB,MB) + ∠(A′M,A′B′) = 0.

2.4. Ïîêàæåì, ÷òî φABCDφACBD = φABDC (è àíàëîãè÷íî φACBDφABCD =
φABDC). È ëåâàÿ, è ïðàâàÿ ÷àñòè � êðóãîâûå ïðåîáðàçîâàíèÿ I òèïà, ìåíÿþùåå
ìåñòàìè A c D, B ñ C. À òàêîå ïðåîáðàçîâàíèå åäèíñòâåííî.

Äðóãîå ðåøåíèå ìîæíî ïîëó÷èòü èç ïðåäûäóùåé çàäà÷è: φABCD = fAB,CD fBC,AD =
fBC,AD fAB,CD. Òîãäà φACBD φABCD = (fAC,BD fBC,AD)(fBC,AD fAB,CD) = fAC,BD f 2

BC,AD fAB,CD =
fAC,BD fAB,CD = φABDC .

(Êàê îáîéòè îãðàíè÷åíèå íà ðåãóëÿðíûå òî÷êè äëÿ fAB,CD, . . . ?)

2.5. Ñëåäóåò èç òîãî, ÷òî φX(BD) = (XAC), φX(AC) = (XBD), à ïîñêîëüêó
X � òî÷êà Ìèêåëÿ, îêðóæíîñòè (XAC) è (XBD) ïðîõîäÿò ÷åðåç PZ = AB ∩
CD.

Çàìå÷àíèå: ýòîò ôàêò ñîãëàñóåòñÿ ñ òåîðåìîé îá èçîãîíàëÿõ.

2.6. Ñëåäóåò èç òîãî, ÷òî φX((BCZ)) = (CBY ) è φX((ADZ)) = (DAY ),
ïîñêîëüêó PY ëåæèò íà îêðóæíîñòÿõ (BCZ) è (ADZ), à PZ ëåæèò íà îêðóæ-
íîñòÿõ (CBY ) è (DAY ).
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3 Ãàðìîíè÷åñêèå øåñòåðêè òî÷åê

3.1.
a) íåïîñðåäñòâåííàÿ ïðîâåðêà.
b) íåïîñðåäñòâåííàÿ ïðîâåðêà.
c) Ñëåäóåò èç òîãî, ÷òî (1) ñîõðàíÿåòñÿ ïðî ñäâèãå z → z + c, óìíîæåíèè íà

êîíñòàíòó z → cz, c 6= 0, è ñîïðÿæåíèè z → z.
d) Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî (1) ñîõðàíÿåòñÿ ïðè îáðàùåíèè z →

1/z. Îòñþäà è èç ïðåäûäóùåãî ïóíêòà ñëåäóåò, ÷òî (1) ñîõðàíÿåòñÿ ïðè âñåõ
äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèÿõ (ò.å. ïðè êðóãîâûõ ïðåîáðàçîâàíèÿõ I òèïà),
à òàêæå ïðè êîìïîçèöèè ñîïðÿæåíèÿ è äðîáíî-ëèíåéíîãî ïðåîáðàçîâàíèÿ (ò.å.
ïðè êðóãîâûõ ïðåîáðàçîâàíèÿõ II òèïà).

3.2. Åñëè çàôèêèñðîâàòü çíà÷åíèå öèêëè÷åñêîãî îòíîøåíèÿ èç ëåâîé ÷àñòè
(1), à òàêæå ïÿòü èç øåñòè òî÷åê, òî øåñòàÿ òî÷êà (âîçìîæíî, áåñêîíå÷íî óäà-
ëåííàÿ) îïðåäåëÿåòñÿ îäíîçíà÷íî (èç ëèíåéíîãî óðàâíåíèÿ íà åå êîìïëåêñíóþ
êîîðäèíàòó).

3.3.
a) Ïóñòü ABA′B′ ðåãóëÿðíàÿ, ò.å. φ = φABA′B′ � èíâåðñèÿ+ñèììåòðèÿ. Ââå-

äåì êîìïëåêñíûå êîîðäèíàòû òàê, ÷òîáû φ(z) = 1/z, òàê ÷òî A(a), A′(1/a),
B(b), B′(1/b), C(c). Ïîëîæèì C ′′(1/c). Íåïîñðåäñòâåííàÿ ïðîâåðêà (1) ïîêàçû-
âàåò, ÷òî øåñòåðêà (A,A′;B,B′;C,C ′′) ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Îòñþäà, ñ ó÷å-
òîì åäèíñòâåííîñòè (ñì. ïðåäûäóùóþ çàäà÷ó), ñëåäóåò íóæíîå óòâåðæäåíèå.

Åñëè ABA′B′ � öåíðàëüíî-ñèììåòðè÷íàÿ, ò.å. φ = φABA′B′ � öåíòðàëüíàÿ
ñèììåòðèÿ, ââåäåì êîìïëåêñíûå êîîðäèíàòû òàê, ÷òîáû φ(z) = −z è ïðîâåäåì
àíàëîãè÷íûå ðàññóæäåíèÿ.

b) Óêàçàííàÿ òðàíçèòèâíîñòü ñëåäóåò èç ïðåäûäóùåãî ïóíêòà: ïî óñëîâèþ
φACA′C′ = φABA′B′ è φADA′D′ = φABA′B′ , îòêóäà φACA′C′ = φADA′D′ , ïîýòîìó
(A,A′;C,C ′;D,D′) ÿâëÿåòñÿ ãàðìîíè÷åñêîé.

3.4. Óãîë ∠(AB,AC)−∠(A′B,A′C) ðàâåí (íàïðàâëåííîìó) óãëó ìåæäó îêðóæ-
íîñòÿìè (ABC) è (A′BC) Òàê êàê φ ñîõðàíÿåò óãëû ìåæäó îêðóæíîñòÿìè, ýòîò
óãîë ðàâåí óãëó ìåæäó (AB′C ′) è (A′B′C ′), èëè ∠(A′B′, A′C ′)− ∠(AB′, AC ′).

Çàìå÷àíèå. Óêàçàííîå ðàâåíñòâî (êàê è àíàëîãè÷íûå åìó) ìîæåò áû ïðåîá-
ðàçîâàíî ê ðàçíûì âèäàì, íàïðèìåð

∠(BA,BA′) + ∠(B′A,B′A′) = ∠(CA,CA′) + ∠(C ′A,C ′A′).

Åñëè M � öåíòð èíâåðñèè+ñèììåòðèè φ, òî ∠(BA,BA′)+∠(B′A,B′A′) ïðå-
îáðàçóåòñÿ ê âèäó (∠(BA,AM)+∠(AM,A′M)+∠(A′M,BA′))+(∠(B′A,B′M)+
∠(B′M,B′A′)) = ∠(AM,A′M) + (∠(BA,AM) +∠(B′M,B′A′)) + (∠(A′M,BA′) +
∠(B′A,B′M)) = ∠(AM,A′M)+0+0. Àíàëîãè÷íî äëÿ ∠(CA,CA′)+∠(C ′A,C ′A′)

Èíà÷å, ãîâîðÿ, åñëè A, A′ = φ(A) � ïàðà ôèêñèðîâàííûõ òî÷åê, òî ñóììà

∠(XA,XA′) + ∠(X ′A,X ′A′)

íå çàâèñèò îò âûáîðà ïàðû X, X ′ = φ(X).
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Ïîñëåäíèé ôàêò îáîáùàåòñÿ òàê: ñóììà

∠(XA,XB) + ∠(X ′B′, X ′A′)

íå çàâèñèò îò âûáîðà ïàðû X, X ′ = φ(X) (ïðè ôèêñèðîâàííûõ A, A′ = φ(A), B,
B′ = φ(B)). Óêàçàííàÿ ñóììà ðàâíà ∠(MA,MB) � äîêàçûâàåòñÿ àíàëîãè÷íî.

Ãàðìîíè÷íîñòü è êîìïîçèöèè ïîâîðîòíûõ ãîìîòåòèé

3.5.
a) Äîñòàòî÷íî â ðàâåíñòâå (1) èç îïðåäåëåíèÿ ãàðìîíè÷íîñòè ïðèðàâíÿòü

àðãóìåíòû è ìîäóëè êîìïëåêñíûõ ÷èñåë.
b) Êîýôôèöèåíòû ïîâîðîòíûõ ãîìîòåòèé � ìîäóëè äðîáåé â ëåâîé ÷àñòè

(1), à óãëû ïîâîðîòà ïðîòèâîïîëîæíû àðãóìåíòàì ýòèõ äðîáåé.
c) Èç óñëîâèÿ ñëåäóåò, ÷òî øåñòåðêà (A,A′;B,B′;C,C ′) ÿâëÿåòñÿ ãàðìîíè-

÷åñêîé, à çíà÷èò, è (C,C ′;A′, A;B,B′) òîæå, îòêóäà ñëåäóåò (L− C ′AB′).
d) Ïóñòü A′ è B′ � äâà öåíòðà ïîâîðîòíûõ ãîìîòåòèé. Óãëû òðåóãîëüíèêà

A′B′C ′ èçâåñòíû (íàïðèìåð, ïî îáîáùåííîé òåîðåìå Íàïîëåîíà).
e) to be added
3.6. Óñëîâèÿ íà óãëû òèïà (R− ...) îáåñïå÷èâàþò êîíêóðåíòíîñòü îêðóæíî-

ñòåé.
Â ñëó÷àå, åñëè âñå øåñòü òî÷åê ëåæàò íà îäíîé îêðóæíîñòè, óñëîâèå (L−...),

âìåñòå ñ (L − ...), êîòîðîå îáåñïå÷èâàåò ïîäõîäÿùèé ïîðÿäîê òî÷åê íà îêðóæ-
íîñòè, äàþò êîíêóðåíòíîñòü.

3.7.
a) Â èçîãîíàëüíîé øåñòåðêå íåòðóäíî ïðîâåðèòü âûïîëíåíèå äâóõ óñëîâèé

âèäà (R− ...), êîòîðûå îáåñïå÷èâàþò êîíêóðåíòíîñòü îêðóæíîñòåé (ñì. ïðåäû-
äóùóþ çàäà÷ó).

b) Ïÿòåðêó A,B,B′, C, C ′ åäèíñòâåííûì îáðàçîì äîñòðîèì äî èçîãîíàëüíîé
øåñòåðêè (A,A′;B,B′;C,C ′′) (ïðÿìûå BA è B′A îäíîçíà÷íî ñòðîÿòñÿ èç óñëî-
âèé IsogB(AA′, CC ′), IsogB′(AA′, CC ′)). Ïî ïðåäûäóùåìó ïóíêòó, (A,A′;B,B′;C,C ′′)
ãàðìîíè÷åñêàÿ, è â ñèëó åäèíñòâåííîñòè (çàäà÷à 3.2) èìååì C ′′ = C ′.

Äðóãîå ðåøåíèå ìîæíî ïîëó÷èòü â êîìïëåêñíûõ êîîðäèíàòàõ (ñì. íàïðèìåð,
ñëåäóþùèé ïóíêò).

c) Ââåäåì êîìïëåêñíûå êîîðäèíàòû, òàê ÷òî A,A′;B,B′;C,C ′ ñîîòâåòñòâóþò
a, 1/a, b, 1/b, c, 1/c. Òîãäà óñëîâèå IsogA(BB′, CC ′) (ýêâèâàëåíòíîå òîìó, ÷òî øå-
ñòåðêà èçîãîíàëüíà, ñîãëàñíî ïðåäûäóùåìó ïóíêòó) çàïèøåòñÿ êàê 1/c−a

1/b−a
· c−a
b−a

∈
R, èëè 1−a/c−ac+a2

1−a/b−ab+a2
∈ R ⇔ 1/a+a−1/c−c

1/a+a−1/b−b
∈ R. íî ïîñëåäíåå óñëîâèå ýêâèâàëåíòíî

êîëëèíåàðíîñòè ñåðåäèí a+1/a
2

, . . . îòðåçêîâ AA′, . . . .
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4 Íåêîòîðûå ñâåäåíèÿ î êóáèêàõ

4.1.
a) Ïóñòü U , V � òðåòüè òî÷êè ïåðåñå÷åíèÿ êóáèêè ñ ïðÿìûìè AB, BC

ñîîòâåòñòâåííî. Òîãäà P = A + B è Q = B + C � òðåòüè òî÷êè ïåðåñå÷åíèÿ
êóáèêè ñ ïðÿìûìè OU , OV è íàäî äîêàçàòü, ÷òî òî÷êà ïåðåñå÷åíèÿ ïðÿìûõ CP
è AQ ëåæèò íà äàííîé êóáèêå. Ðàññìîòðèì äâå âûðîæäåííûõ êóáèêè, îäíà èç
êîòîðûõ ÿâëÿåòñÿ îáúåäèíåíèåì ïðÿìûõ ABU , OV Q è CP , à äðóãàÿ � ïðÿìûõ
BCV , OUP è AQ. Äàííàÿ êóáèêà ïðîõîäèò ÷åðåç âîñåìü òî÷åê èõ ïåðåñå÷åíèÿ:
A, B, C, O, U , V , P , Q; ñëåäîâàòåëüíî, îíà ïðîõîäèò è ÷åðåç äåâÿòóþ.

b) Ïóñòü ïðÿìàÿ OA ïåðåñåêàåò êóáèêó â òðåòèé ðàç â òî÷êå C. Òîãäà A−B �
òðåòüÿ òî÷êà ïåðåñå÷åíèÿ êóáèêè ñ ïðÿìîé BC.

4.2. Îáîçíà÷èì A+′ B = C. Òîãäà O′ + C = A+B, ò.å. C = A+B −O′.
4.3.
a) Ïî îïðåäåëåíèþ ñëîæåíèÿ A + B + C � ýòî òðåòüÿ òî÷êà ïåðåñå÷åíèÿ

êóáèêè ñ êàñàòåëüíîé ê íåé â òî÷êå O.
b) Åñëè O � òî÷êà ïåðåãèáà, òî A + B + C = O. Íåòðóäíî âèäåòü, ÷òî äëÿ

ëþáîé òî÷êè P P +O = P .
4.4.
a) Î÷åâèäíî ñëåäóåò èç ðàâåíñòâà sP sP (X) = X.
b) Ïî ïðåäûäóùåé çàäà÷å P + X + sP (X) = P ′ + sP (X) + sP ′sP (X), ò.å.

sP ′sP (X) = X + P − P ′. Òîãäà óñëîâèå êîììóòèðîâàíèÿ ðàâíîñèëüíî ðàâåí-
ñòâó P − P ′ = P ′ − P èëè 2P = 2P ′. Íî ïîñëåäíåå ðàâåíñòâî è îçíà÷àåò, ÷òî
êàñàòåëüíûå â òî÷êàõ P è P ′ ïåðåñåêàþò êóáèêó â îäíîé òî÷êå.

4.5.
a) Èç òî÷êè ïåðåãèáà O ìîæíî ïðîâåñòè ê êóáèêå òðè êàñàòåëüíûå, îòëè÷íûå

îò êàñàòåëüíîé ê íåé â òî÷êå O. Îñíîâàíèÿ ýòèõ êàñàòåëüíûõ è áóäóò òî÷êàìè
âòîðîãî ïîðÿäêà

b) Î÷åâèäíî, ñëåäóåò èç ïðåäûäóùåé çàäà÷è.
4.6. Ïóñòü A1 + · · · + A6 = 0. Íàéäåì òðåòüè òî÷êè ïåðåñå÷åíèÿ êóáèêè ñ

ïðÿìûìè A1A2, A3A4, A5A6. Ñóììà ýòèõ òî÷åê òàêæå ðàâíà íóëþ, ïîýòîìó îíè
ëåæàò íà îäíîé ïðÿìîé, îáîçíà÷èì åå ÷åðåç ℓ. Ðàññìîòðèì äâå âûðîæäåííûõ
êóáèêè: îáúåäèíåíèå ïðÿìûõ A1A2, A3A4, A5A6 è îáúåäèíåíèå ïðÿìîé ℓ ñ êîíè-
êîé, ïðîõîäÿùåé ÷åðåç òî÷êè A1, . . . , A5. Âîñåìü èç äåâÿòè òî÷åê èõ ïåðåñå÷åíèÿ
ëåæàò íà C, ñëåäîâàòåëüíî, äåâÿòàÿ òîæå ëåæèò íà C, ò.å. ñîâïàäàåò ñ A6.

Îáðàòíî, ïóñòü òî÷êè A1, . . . , A6 ëåæàò íà êîíèêå. Íàéäåì òðåòüè òî÷êè B,
C ïåðåñå÷åíèÿ C ñ ïðÿìûìè A1A2, A3A4. Êóáèêà, ÿâëÿþùàÿñÿ îáúåäèíåíèåì
êîíèêè A . . . A6 è ïðÿìîé BC, ïðîõîäèò ÷åðåç âîñåìü òî÷åê ïåðåñå÷åíèÿ C ñ
îáúåäèíåíèåì ïðÿìûõ A1A2, A3A4, A5A6, çíà÷èò, ïðÿìûå BC è A5A6 ïåðåñåêà-
þòñÿ íà C, îòêóäà è ñëåäóåò èñêîìîå ðàâåíñòâî.

4.7.
a) Ïî ïðåäûäóùåé çàäà÷å ñóììà X + Y íå çàâèñèò îò X.
b) Àíàëîãè÷íî Z + T íå çàâèñèò îò âûáîðà ñåêóùåé.
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Öèðêóëÿðíûå êóáèêè

4.8. Ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé.
4.9. Ñëåäóåò èç ðàâåíñòâà A′ +B′ = A+B.
4.10.
a) Ñóììà X + Y + Z + T çàâèñèò òîëüêî îò òî÷åê P , Q. Ïîýòîìó, åñëè ýòè

òî÷êè ëåæàò íà îäíîé êîíèêå ñ êðóãîâûìè äëÿ êàêîãî-òî âûáîðà ñåêóùèõ, òî
ýòî âûïîëíåíî äëÿ ëþáûõ ñåêóùèõ.

b) Ïðÿìàÿ PQ ïàðàëëåëüíà àñèìïòîòå òîãäà è òîëüêî òîãäà, êîãäà P + Q
ðàâíî ñóììå êðóãîâûõ òî÷åê. Òàê êàê òî÷êè P , Q, X, Y , Z, T ëåæàò íà îäíîé
(âûðîæäåííîé) êîíèêå, ýòî óñëîâèå íåîáõîäèìî è äîñòàòî÷íî äëÿ òîãî, ÷òîáû
X, Y , Z, T ëåæàëè íà îäíîé îêðóæíîñòè.
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5 Êóáèêà ôîêóñîâ

Ñâîéñòâà êóáèêè ôîêóñîâ

5.1.
a) Òàê êàê ∠(AX,XB) = ∠(AY, Y B) è ∠(A′X,XB′) = ∠(A′Y, Y B′), óñëîâèÿ

IsogX(AA
′, BB′) è IsogY (AA

′, BB′) ýêâèâàëåíòíû.
(Ñ òîëüêî èñïîëüçîâàíèåì òîãî, ÷òî ISO(ABA′B′) � èçîöèðêóëÿðíàÿ êó-

áèêà): Ïóñòü Y ′ � øåñòàÿ òî÷êà ïåðåñå÷åíèÿ ñ êóáèêîé îêðóæíîñòè (ABX).
Òîãäà Y ′ = −A−B −X −O1 −O2 (ãäå O1, O2 � êðóãîâûå òî÷êè). Àíàëîãè÷íî
äëÿ Y ′′ � øåñòîé òî÷êè ïåðåñå÷åíèÿ ñ êóáèêîé îêðóæíîñòè (A′B′X). Ïîñêîëüêó
A′+B′ = A+B (òàê êàê A′ = A+C, B′ = B+C, ãäå C+C = O), èìååì Y ′ = Y ′′.

b) (Ñ èñïîëüçîâàíèåì òîãî, ÷òî ISO(ABA′B′) � èçîöèðêóëÿðíàÿ êóáèêà):
Òðåòüÿ òî÷êà ïåðåñå÷åíèÿ XY ñ êóáèêîé ïîñòîÿííà, òàê êàê X+Y = −A−B−
O1 −O2 = const.

5.2. Ñëåäóåò èç çàäà÷ 3.7 è 3.3.
5.3. Ýòî ñëåäóåò, íàïðèìåð, èç âûâîäà óðàâíåíèÿ (çàäà÷à 5.15).
5.4.
a) Íåòðóäíî ïðîâåðèòü, ÷òî A, B, A′, B′ óäîâëåòâîðÿþò óðàâíåíèþ.
b) Â ñîãëàñèè ñ îïèñàíèåì ISO, êàê ìíîæåñòâî òî÷åê X òàêèõ, ÷òî ñåðåäèíû

AA′, BB′ è XX ′ êîëëèíåàðíû.
c) Ñëåäóåò íàïðèìåð, èç òîãî, ÷òî M � öåíòð ïîâîðîòíîé ãîìîòåòèè, ïåðå-

âîäÿùåé A⃗B â ⃗B′A′.
d) ×åòâåðêà A, E = AA′ ∩ BB′, A′, AA′ ∩ PP ′ ãàðìîíè÷åñêàÿ, à çíà÷èò

ãàðìîíè÷åñêàÿ è ÷åòâåðêà ïðÿìûõ, ñîåäèíÿþùèõ èõ ñ ïðîåêöèåé F òî÷êè E íà
PP ′. Òàê êàê FE ⊥ PP ′, òî FA è FA′ èçîãîíàëüíû îòíîñèòåëüíî FE. Òî æå
âåðíî è äëÿ FB è FB′, îòêóäà ñëåäóåò IsogF (AA

′, BB′).
e) Óñëîâèå IsogT (AA

′, BB′) î÷åâèäíî èç îïðåäåëåíèÿ.
5.5. Â ñîãëàñèè ñ çàäà÷åé 5.1, â 4-îðáèòå ñ òî÷êîé A ëåæèò íà ïåðåñå÷åíèè

ïðÿìîé AT è îêðóæíîñòè (A′B′A).
Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì èçîöèðêóëÿðíûõ èíâîëþöèé, P , M , P ′, ∞ �

4-îðáèòà. (∞ � òî÷êà êóáèêè, ñîîòâåòñòâóþùàÿ àñèìïòîòå).
Åñëè ðàññìîòðåòü 4-îðáèòó XYX ′Y ′, òî, ñîãëàñíî çàäà÷àì 5.1 è 5.7, T =

XY ∩X ′Y ′, T ′ = X ′Y ∩XY ′. Ñëåäîâàòåëüíî, T è T ′ ñîïðÿæåíû.
5.6.
a) Ñëåäóåò èç óðàâíåíèÿ.
b) Ñëåäóåò èç óðàâíåíèÿ, è â ñîãëàñèè ñ òåì, ÷òî ∞ è M ñîïðÿæåíû.
c) Òàê êàê sM(X) = s∞(X ′), à ñåðåäèíà XX ′ � íà ïðÿìîé Ãàóññà.
5.7.
a) (Ñ.Áåðëîâ) Î ãåîìåòðè÷åñêîì ðåøåíèè � ñì. Ñ. Áåðëîâ, Ô. Ïåòðîâ. Ðå-

øåíèå çàäà÷è Ì2497. Êâàíò, 2018, 4, 13�15.
b) ÏóñòüXYX ′Y ′ � 4-îðáèòà. Òàê êàê P, T,A,B,X, Y ëåæàò íà öèðêóëÿðíîé

êóáèêå, à A,B,X, Y � íà îäíîé îêðóæíîñòè, òî ïî çàäà÷å 4.10b, PT ïðîõîäèò
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÷åðåç ∞, ÷òî è òðåáóåòñÿ.
5.8. ¾Òðàíçèò èçîãîíàëüíûõ øåñòåðîê¿ ñëåäóåò, íàïðèìåð, èç çàäà÷è 3.7.
5.9. Ðàññìîòðèì äâå ïàðû èçîãîíàëüíî ñîïðÿæåííûõ òî÷åê X, X ′ è Y , Y ′.

Ïî òåîðåìå îá èçîãîíàëÿõ òî÷êè XY ∩ X ′Y ′ è XY ′ ∩ X ′Y òîæå èçîãîíàëüíî
ñîïðÿæåíû, ò.å. ëåæàò íà êóáèêå. Ñëåäîâàòåëüíî, X + Y = X ′ + Y ′ è X + Y ′ =
X ′ + Y èëè X −X ′ = Y − Y ′ = Y ′ − Y .

5.10. (*ÂÏÈÑÀÍÍÛÉ*) Äëÿ âïèñàííîãî ÷åòûðåõóãîëüíèêà ABA′B′ ïðåîá-
ðàçîâàíèå fAB,A′B′ ñîâïàäàåò ñ èíâåðñèåé, ïåðåâîäÿùåé A â B, à A′ â B′. Öåíòðîì
ýòîé èíâåðñèè ÿâëÿåòñÿ òî÷êà P ïåðåñå÷åíèÿ ïðÿìûõ AB, A′B′, XY , X ′Y ′, ïðè-
÷åì ∠APX = ∠Y ′PA′. Ïóñòü òî÷êà X1 ñèììåòðè÷íà X îòíîñèòåëüíî PA, à Y ′

1

ñèììåòðè÷íà Y ′ îòíîñèòåëüíî PA′. Òîãäà èç ïîäîáèÿ òðåóãîëüíèêîâ PXX ′ è
PY ′Y ñëåäóåò ðàâåíñòâî îòíîøåíèé X ′X1 : XX ′ = Y Y ′

1 : Y Y ′, ðàâíîñèëüíîå
óòâåðæäåíèþ çàäà÷è.

5.11. (*ÃÀÐÌÎÍÈ×ÅÑÊÈÉ*)
a) Ïðÿìàÿ AA′ ÿâëÿåòñÿ ñèìåäèàíîé òðåóãîëüíèêîâ ABB′ è A′BB′, à ïðÿìàÿ

BB′ ñèìåäèàíîé òðåóãîëüíèêîâ ABA′ è AB′A′. Ïîýòîìó MA è MB èçîãîíàëüíî
ñîïðÿæåíû.

b) ∠MAB
′A′ = ∠AB′B = ∠MAA

′B. Äëÿ òî÷êè Áðîêàðà ∠BrB′A′ = ∠BrA′B,
îòêóäà A′, B′,MA, Br ëåæàò íà îäíîé îêðóæíîñòè.

c) Ìîæíî ðàññìîòðåòü èíâåðñèþ ñ öåíòðîì W .
5.12. (*ÏÀÐÀËËÅËÎÃÐÀÌÌ*)
a) Äåéñòâèòåëüíî, ýòî íåîáõîäèìîå óñëîâèå, îíî ýêâèâàëåíòíî isogB(AA

′, XX ′),
òàê êàê èç ñèììåòðèè ∠(A′X,A′B) = ∠(AX ′, AB′). Çàäà÷à 3.7 ãîâîðèò î òîì,
÷òî ýòîãî óñëîâèÿ äîñòàòî÷íî äëÿ âûïîëíåíèÿ ëþáîãî èç îñòàëüíûõ óñëîâèé
èçîãîíàëüíîñòè

b) Íåòðóäíî óáåäèòüñÿ, ÷òî, åñëè äâå èç ÷åòûðåõ îêðóæíîñòåé ðàâíû, òî è
äâå îñòàâøèõñÿ ðàâíû èì. Ïðè ýòîì, åñëè îêðóæíîñòè XAB è XA′B′ ðàâíû,
òî ðàâíû è îïèðàþùèåñÿ íà ðàâíûå õîðäû óãëû (XA,XB) è (XB′, XA′).

c) Ïðè èçìåíåíèè ðàäèóñà ðàâíûõ îêðóæíîñòåé ABX è A′BX ïðÿìûå AX
è A′X âðàùàþòñÿ ñ ðàâíûìè ñêîðîñòÿìè â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ.
Ïîýòîìó òî÷êà èõ ïåðåñå÷åíèÿ îïèñûâàåò ðàâíîñòîðîííþþ ãèïåðáîëó.

5.13.
a) Ïðè èíâåðñèè îòíîñèòåëüíî âïèñàííîé îêðóæíîñòè ïðÿìûå AB, AB′, A′B,

A′B′ ïåðåõîäÿò â îêðóæíîñòè ðàâíîãî ðàäèóñà, ñëåäîâàòåëüíî, òî÷êè èõ ïåðå-
ñå÷åíèÿ îáðàçóþò ïàðàëëåëîãðàìì. Çíà÷èò, îêðóæíîñòü ABI êàñàåòñÿ îêðóæ-
íîñòè A′B′I, à îêðóæíîñòü AB′I îêðóæíîñòè A′BI.

b) Ïóñòü T1, T2, T3, T4 � òî÷êè êàñàíèÿ îêðóæíîñòè ñ ïðÿìûìè AB, AB′,
A′B, A′B′. Ñåðåäèíû îòðåçêîâ TiTj, òî÷êè ïåðåñå÷åíèÿ äèàãîíàëåé è ïðîòèâî-
ïîëîæíûõ ñòîðîí ÷åòûðåõóãîëüíèêà T1T2T3T4 è öåíòð I îêðóæíîñòè ëåæàò íà
ðàâíîñòîðîííåé ãèïåðáîëå, à èíâåðñíûå îáðàçû ýòèõ òî÷åê íà êóáèêå ôîêóñîâ.

5.14.
a) Èìååì A+A′ = B+B′, ò.å. A+A = B+B. Çíà÷èò, êàñàòåëüíûå ê êóáèêå

â òî÷êàõ A, B, A′, B′ ïåðåñåêàþò êóáèêó â îäíîé òî÷êå.
b) Ïóñòü E � òî÷êà íà äèàãîíàëè BB′ òàêàÿ, ÷òî IsogA(BA′, B′E) è IsogA′(BA,B′E).

Èç òåîðåì ñèíóñîâ äëÿ òðåóãîëüíèêîâ ABA′, AB′A′, ABE, AB′E, A′BE è A′B′E
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âûâîäèòñÿ óñëîâèå AB · A′B′ = AB′ · A′B.
c) Îòìåòèì òî÷êó ïåðåñå÷åíèÿ Q = BB′ ∩ (PA′B′). Èç âïèñàííûõ óãëîâ

íåòðóäíî âûâåñòè, ÷òî A,P,Q,B � íà îäíîé îêðóæíîñòè, ò.å. Q ïðèíàäëåæèò
4-îðáèòå òî÷êè P .

d) Ìîæíî âûâåñòè èç äâóõ ïðåäûäóùèõ ïóíêòîâ.

Äðóãèå îïèñàíèÿ êóáèêè ôîêóñîâ

5.15. Âûâåäåì ñíà÷àëà óðàâíåíèå â ñëó÷àå, êîãäà φ ñîâïàäàåò ñ êîìïëåêñ-
íûì ñîïðÿæåíèåì: (x, y) 7→ ( x

x2+y2
, −y
x2+y2

). Çàïèøåì óñëîâèå ïðèíàäëåæíîñòè
ñåðåäèí XX ′ îäíîé ïðÿìîé 2Ax+ 2By = 1 (ïðÿìîé Íüþòîíà-Ãàóññà): ïîëó÷èì
(Ax+By+1)(x2+ y2)+Ax−By = 0. Îñòàåòñÿ ñäåëàòü ïîâîðîò, ïîñëå êîòîðîãî
ïðÿìàÿ Íüþòîíà-Ãàóññà âåðòèêàëüíà, à óðàâíåíèå ïðèîáðåòàåò óêàçàííûé âèä.

5.16.
a) Âûáåðåì ñèñòåìó êîîðäèíàò òàê, ÷òîáû îòëè÷íàÿ îò êðóãîâûõ áåñêîíå÷-

íàÿ òî÷êà êóáèêè ñîâïàäàëà ñ áåñêîíå÷íîé òî÷êîé îñè îðäèíàò. Òîãäà óðàâíåíèå
êóáèêè ïðèìåò âèä (x2+y2)(x+A) = Bx+Cy+D. Ëåãêî âèäåòü, ÷òî êàñàòåëüíûå
â êðóãîâûõ òî÷êàõ ïðîõîäÿò ÷åðåç íà÷àëî êîîðäèíàò.

b)M èM ′ = ∞ (òî÷êà, ñîîòâåòñòâóþùàÿ àñèìïòîòå) � ñîïðÿæåíû, ïîýòîìó,
ñîãëàñíî îáùåé òåîðèè, ñîïðÿæåííàÿ O′

1 = O2 ê êðóãîâîé òî÷êå O1 ïîëó÷àåòñÿ
ïîñëåäîâàòåëüíûì öåíòðàëüíûì ïðîåêòèðîâàíèåì â M ′ è M . Íî sM ′(O1) = O2,
ïîýòîìó sM(O1) = O2.

5.17. (òî÷êè êàñàíèÿ îêðóæíîñòåé ïó÷êà) ??
a) Òî, ÷òî ÃÌÒ X, Y � êóáèêà, ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíè-

åì. Ýòà êóáèêà ñîâïàäàåò ñ C, ïîòîìó ÷òî ïðîõîäèò ÷åðåç M , L, L′ è êðóãîâûå
òî÷êè, à êàñàòåëüíûå ê íåé â L, L′ è êðóãîâûõ òî÷êàõ ïðîõîäÿò ÷åðåç M .

b) Ñóììà X + Y íå çàâèñèò îò âûáîðà îêðóæíîñòè.
5.18. Âñå ôàêòè÷åñêè ïîêàçàíî ïðè âûâîäå êóáè÷åñêîãî óðàâíåíèÿ äëÿ ISO(ABA′B′).
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6 Êâàðòåòû è èçîãîíàëüíûå êóáèêè

6.1.
a) Ïóñòü áàðèöåíòðè÷åñêèå êîîðäèíàòû òî÷êè J � (x0 : y0 : z0), à òî÷êè

P � (x : y : z). Òîãäà áàðèöåíòðè÷åñêèå êîîðäèíàòû òî÷êè P ′ � (a2yz : b2zx :
c2XY ), ãäå a, b, c � äëèíû ñòîðîí Y Z, ZX, XY ñîîòâåòñòâåííî, è óñëîâèå
êîëëèíåàðíîñòè òðåõ òî÷åê äàåò óðàâíåíèå òðåòüåé ñòåïåíè îòíîñèòåëüíî x, y,
z.

b) Òàê êàê ïðè èçîãîíàëüíîì ñîïðÿæåíèè áåñêîíå÷íàÿ ïðÿìàÿ ïåðåõîäèò â
îïèñàííóþ îêðóæíîñòü, êðóãîâûå òî÷êè ñîïðÿæåíû äðóã äðóãó.

6.2. Ïóñòü P1 = φX(P ), P2 = φY (P1). Òàê êàêXZ ·XY = XP ·XP1 è ∠ZXP =
∠P1XY , òðåóãîëüíèêè XPZ è XY P1 ïîäîáíû. Àíàëîãè÷íî òðåóãîëüíèê XY P1

ïîäîáåí òðåóãîëüíèêó P2Y Z, è, çíà÷èò, P2 = φZ(P ). Òàêèì îáðàçîì, êîìïîçèöèÿ
ëþáûõ äâóõ èç ïðåîáðàçîâàíèé φX , φY , φZ ðàâíà òðåòüåìó.

Ïóñòü Q � òî÷êà èçîãîíàëüíî ñîïðÿæåííàÿ P , Q1 = φX(Q). Òîãäà X, P , Q1

ëåæàò íà îäíîé ïðÿìîé, òàê æå êàê è òî÷êè X, Q, P1. Êðîìå òîãî, ∠XY P1 +
∠XYQ1 = ∠XPZ+∠XQZ+π+∠Y , ñëåäîâàòåëüíî, ïðÿìûå Y Q1 è Y P1 ñèììåò-
ðè÷íû îòíîñèòåëüíî áèññåêòðèñû óãëà Y è òî÷êè P1,Q1 èçîãîíàëüíî ñîïðÿæåíû
(ðèñ. 6.1).

Ðèñ. 6.1.

Ïðèìå÷àíèÿ. 1. Òî, ÷òî φX êîììóòèðóåò ñ èçîãîíàëüíûì ñîïðÿæåíèåì
ìîæíî äîêàçàòü è òàê. Ïðèìåíÿÿ ê òî÷êå P â ëþáîì ïîðÿäêå èçîãîíàëüíîå
ñîïðÿæåíèå è φx, ìû ïîëó÷èì òî÷êó íà ïðÿìîé XP . Ëåãêî âèäåòü, ÷òî îáå
êîìïîçèöèè çàäàþò ïðîåêòèâíûå îòîáðàæåíèÿ ýòîé ïðÿìîé íà ñåáÿ, ïîýòîìó
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äîñòàòî÷íî ïðîâåðèòü, ÷òî îíè ñîâïàäàþò äëÿ òðåõ ïîëîæåíèé òî÷êè P . Íî
îáå êîìïîçèöèè ìåíÿþò ìåñòàìè X è òî÷êó ïåðåñå÷åíèÿ ïðÿìîé ñ XP ñ Y Z è
îïèñàííîé îêðóæíîñòüþ, à òàêæå áåñêîíå÷íî óäàëåííóþ òî÷êó ñ òî÷êîé ïåðå-
ñå÷åíèÿ XP è Y Z.

2. Èç ðàâåíñòâà XP ·XP1 = XQ ·XQ1 ñëåäóåò òàêæå PQ ‖ P1Q1.
6.3.
a) Ñëåäóåò èç ïðåäûäóùåé çàäà÷è.
b) Ñëåäóåò èç ïðèìå÷àíèÿ 2 ê ïðåäûäóùåé çàäà÷å.
c) Èç ïðåäûäóùåãî ïóíêòà ñëåäóåò, ÷òî ýòè òî÷êè ëåæàò íà êóáèêå, çàäàâà-

åìîé áåñêîíå÷íîé òî÷êîé ïðÿìûõ AA′, BB′, CC ′, DD′.
d) Èìååì ðàâåíñòâà A+D +X = A+ C + Y = B + C +X = B +D + Y , èç

êîòîðûõ, î÷åâèäíî, ñëåäóåò, A+ A = B +B.
Ñâîéñòâàì êâàðòåòîâ áûë ïîñâÿùåí ïðîåêò íà XXII ËÊÒÃ [?]. Â ÷àñòíîñòè,

òàì ïðåäëàãàëàñü çàäà÷à, êîòîðóþ íå ñìîã ðåøèòü íè îäèí èç ó÷àñòíèêîâ.
6.4. Ïóñòü A,B,C,D � êâàðòåò, A′, B′, C ′, D′ � èçîãîíàëüíî ñîïðÿæåííûé

êâàðòåò; PX � òî÷êà ïåðåñå÷åíèÿ AD è BC, PY � AC è BD, PZ � AB è CD.
Òî÷êè QX , QY , QZ îïðåäåëÿþòñÿ àíàëîãè÷íî ïî òî÷êàì A′, B′, C ′, D′. Äîêàæèòå,
÷òî

a) Èç ðàâåíñòâ A + D′ = B + C ′, D + D′ = C + C ′ è D′ + D′ = C ′ + C ′

ñëåäóåò, ÷òî A + D = B + C, ò.å. PX ëåæèò íà êóáèêå. Àíàëîãè÷íî íà êóáèêå
ëåæàò PY , PZ , QX , QY , QZ . Òîãäà èç ðàâåíñòâ A + D + PX = A′ + D′ + QX =
B +D + PY = B′ +D′ + QY ïîëó÷àåì A + A′ + PX + QX = B + B′ + PY + QY .
Ïîñêîëüêó A + A′ = B + B′ = ∞ (áåñêîíå÷íàÿ òî÷êà êóáèêè), ýòî ðàâåíñòâî
îçíà÷àåò, ÷òî ïðÿìûå PXQX è PYQY ïåðåñåêàþò êóáèêó â îäíîé è òîé æå òî÷êå.
Ýòà òî÷êà èçîãîíàëüíî ñîïðÿæåíà áåñêîíå÷íîé è, çíà÷èò, ëåæèò íà îïèñàííîé
îêðóæíîñòè. Ïðÿìàÿ PZQZ ïåðåñåêàåò êóáèêó â òîé æå òî÷êå.

b) Èç ðàâåíñòâ A+D + PX = A′ +D′ +QX = B +D + PY = B′ +D′ +QY =
A+D′ +X = B′ +D + Y ïîëó÷àåì X + Y = PX +QY = PY +QX .

c) Òî÷êà Z ′ ïåðåñå÷åíèÿ êóáèêè ñî ñòîðîíîé XY èçîãîíàëüíî ñîïðÿæåíà Z,
ñëåäîâàòåëüíî ZZ ′ ïðîõîäèò ÷åðåç ∞..

6.5. Èç óñëîâèÿ ñëåäóåò, ÷òî êâàðòåòû A1, B1, C1, D1 è A2, B2, C2, D2 ïîðîæ-
äàþò îäíó è òó æå êóáèêó. Ïðè ýòîì A1 − B1 è A2 − B2 � îäíà è òà æå òî÷êà
âòîðîãî ïîðÿäêà. Ñëåäîâàòåëüíî, A1 + A2 = B1 + B2, ò.å. ïðÿìûå A1A2 è B1B2

ïåðåñåêàþò êóáèêó â îäíîé è òîé æå òî÷êå.
6.6. Òàê êàê X, Y , Z, ∞ � êâàðòåò, êàñàòåëüíûå â ýòèõ òî÷êàõ ïåðåñåêàþò

êóáèêó â îäíîé è òîé æå òî÷êå. Ýòà òî÷êà èçîãîíàëüíî ñîïðÿæåíà áåñêîíå÷íî
óäàëåííîé è, çíà÷èò, ëåæèò íà îïèñàííîé îêðóæíîñòè.

Âñå êóáèêè êâàðòåòîâ ïðîõîäÿò ÷åðåç òî÷êè X, Y , Z, öåíòðû I, IX , IY , IZ
âïèñàííîé è âíåâïèñàííûõ îêðóæíîñòåé òðåóãîëüíèêà XY Z è êðóãîâûå òî÷-
êè. Òàêèì îáðàçîì, ýòè êóáèêè îáðàçóþò ïó÷îê. Ãåîìåòðè÷åñêèì ìåñòîì òî÷åê
ïåðåñå÷åíèÿ êàñàòåëüíûõ ê êóáèêàì ïó÷êà â êðóãîâûõ òî÷êàõ áóäåò êîíèêà,
ïîñêîëüêó ñîîòâåòñòâèå ìåæäó êàñàòåëüíûìè ïðîåêòèâíî. Ðàññìîòðèì âûðîæ-
äåííóþ êóáèêó, ñîñòîÿùóþ èç âíåøíåé áèññåêòðèñû IXIY óãëà Z è îêðóæíîñòè
XY IIZ . Êàñàòåëüíûå ê íåé â êðóãîâûõ òî÷êàõ ïåðåñåêàþòñÿ â öåíòðå îêðóæíî-
ñòè � ñåðåäèíå äóãè XY . Ïðè ýòîì ñàìà êóáèêà ïåðåñåêàåò îïèñàííóþ îêðóæ-

15



íîñòü â ïðîòèâîïîëîæíîé òî÷êå � ñåðåäèíå äóãè XZY . Àíàëîãè÷íî ïîëó÷àåì,
÷òî êàñàòåëüíûå â êðóãîâûõ òî÷êàõ ïåðåñåêàþòñÿ â òî÷êå îïèñàííîé îêðóæíî-
ñòè, äàìåòðàëüíî ïðîòèâîïîëîæíîé òî÷êå êóáèêè, äëÿ ïÿòè äðóãèõ âûðîæäåí-
íûõ êóáèê ïó÷êà. Ñëåäîâàòåëüíî, ýòî âåðíî äëÿ âñåõ êóáèê.

6.7. Êàñàòåëüíûå ê êóáèêå ôîêóñîâ â êðóãîâûõ òî÷êàõ ïåðåñåêàþòñÿ íà êó-
áèêå. Ïî ïðåäûäóùåé çàäà÷å ïîëó÷àåì, ÷òî ÷åòâåðòàÿ òî÷êà ïåðåñå÷åíèÿ êóáè-
êè ñ îïèñàííîé îêðóæíîñòüþ äîëæíà áûòü ïðîòèâîïîëîæíà îäíîé èç âåðøèí.
Áåñêîíå÷íàÿ òî÷êà êóáèêè èçîãîíàëüíî ñîïðÿæåíà ýòîé òî÷êå è, çíà÷èò, ëåæèò
íà ñîîòâåòñòâóþùåé âûñîòå òðåóãîëüíèêà.

Ïðèìå÷àíèå. Ïóñòü áåñêîíå÷íàÿ òî÷êà êóáèêè ëåæèò íà âûñîòå èç âåð-
øèíû Z; A, B, C, D � ïðîèçâîëüíûé êâàðòåò. Òîãäà êóáèêà ÿâëÿåòñÿ êóáèêîé
ôîêóñîâ äëÿ ïðÿìûõ AC, BC, AD, CD. Òî÷êîé Ìèêåëÿ ýòèõ ïðÿìûõ áóäåò
òî÷êà Z, à ïðÿìîé Ãàóññà � ñåðåäèííûé ïåðïåíäèêóëÿð ê îòðåçêó XY .

6.8. Ïóñòü U � òî÷êà ïåðåñå÷åíèÿ êàñàòåëüíûõ ê êóáèêå â òî÷êàõ X, Y , Z è
J . Èç ðàâåíñòâ X+X+U = Y +Y +U = Z+Z+U = J+J+U = J1+J2+J = 0,
ãäå J1, J2 � êðóãîâûå òî÷êè, ïîëó÷àåì, ÷òî J1 + J2 +X + Y +Z +U = 0, ò.å. U
ëåæèò íà îêðóæíîñòè XY Z. Ðàññìîòðèì êóáèêó êâàðòåòîâ, ïðîõîäÿùóþ ÷åðåç
U . Îíà ñîâïàäàåò ñ äàííîé, ïîñêîëüêó èìååò ñ íåé ñåìü îáùèõ òî÷åê: X, Y , Z,
U , J , J1, J2, ïðè÷åì êàñàòåëüíûå â òî÷êàõ X, Y , Z ê îáåèì êóáèêàì ñîâïàäàþò.

Åùå ïðî 8-îðáèòû

6.9. Óêàçàíèå. Ïóñòü èíâåðñèÿ ñ öåíòðîì T ïåðåâîäèò òî÷êè X, Y , Z â X ′,
Y ′, Z ′. Òîãäà 8-îðáèòà ïåðåõîäèò â äâà èçîãîíàëüíî ñîïðÿæåííûõ îòíîñèòåëüíî
òðåóãîëüíèêà X ′Y ′Z ′ êâàðòåòà.

Åñëè òî÷êè T , X, Y , Z ëåæàò íà îäíîé îêðóæíîñòè, ìîæíî òàêæå èñïîëüçî-
âàòü èíâåðñèþ, ïåðåâîäÿùóþ ýòè òî÷êè â âåðøèíû ïðÿìîóãîëüíèêà. Ïðåîáðàçî-
âàíèþ gT,X,Y,Z ïðè ýòîé èíâåðñèè áóäåò ñîîòâåòñòâîâàòü èíâåðñèÿ îòíîñèòåëüíî
îïèñàííîé îêðóæíîñòè ýòîãî ïðÿìîóãîëüíèêà.
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Isoptic cubics (cubics of foci)
and more circulal cubics

P.Kozhevnikov, A.Zaslavsky

(Presented by D.Demin, M.Didin, A.Zaslavsky, A.Zaslavsky, K.Ivanov,
P.Kozhevnikov, F.Nilov, I.Frolov)

One of the goals of this project is to study so-called isoptic cubic curve. It could
be de�ned in di�erent ways, e.g., as the locus of points from which from which
the (oriented) angles viewing the two given segments are equal. While studying
interesting connections are revealed between di�erent plots of elementary geometry
(inscribed angles, intersecting ciecles, etc.), geometry transformations (like symmetry,
inversion, isogonal conjugation, etc.), and some properties of cubic curves (operation
of addition of points on a cubic, etc.).

Content and section dependancy:
- In sections 0 � 3 we consider some (interesting in themselves) geometrical

constructions, and study some geometry technique needed further. In sections 0�
3 we have NO CUBICS, so fans of elementary geometry could work with these
sections independently. Section 4 is devoted to cubics only, nevertheless, in many
further questions NO CUBICS required.

- In section 0 we collect some known facts on inogonal conjugation (see also,
e.g., [8] (theorem on isogonals), [12] (isogonal sixtets and use of them in problem
solving), [3]). Also here initial results on isoptic cubics are presented.

- Note that sections 1 and 2 contain some important by not so well-known
questions.

- Section 3 is some branch connected with previous, but not used further.
- Section 4 contains some general facts on cubics; these facts could be helpful

further. Note the importance of Cayley-Bacharach theorem on 9 points and the
operation of addition of points on cubics. For some questions (including the questions
from elementary geometry) the language of cubics appears to be possibly the most
natural. On one hand, we tried to limit the number of presented facts (otherwise, we
have a large and detailed course on cubics only); on the other we tried to provide the
possibility of some e�ective use of cubics. A more detailed aquaintance with cubic
curves is welcome but not required (see, e.g., [5], [11], [9], [10]).

- Later the main sections 5 and 6 will be presented; they contain some nice pieces
on which the interaction of ideas of elementary and algebraic geometry takes place.
Section 5 is devoted to isoptic cubics, here some key questons are already in this list.
Section 6 mostly connected with the project of of TofT Summer Conference-2010
[13]. We believe that some new ideas could be helpful for better understanding and,
in particular, for solving problem 19a which was not solved by the students in 2010.

In several problems we deal with some special (not the general) case, (e.g., the
case of inscribed, circumscribed, degenerate quadrilateral, parallelogram, etc.) For
such problems we put a corresponding note marked with ∗∗.
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0 Isogonal cojugation in polygons

Isogonals with respect to an angle (pair of lines)

Let O,X, Y,X ′, Y ′ be points in the plane.
De�nition. Let us say that X and X ′ (or, lines OX and OX ′) are isogonals

with respect to angle Y OY ′ (or, to the pair of lines OY , OY ′), if OX and OX ′ are
symmetric in the bisector of angle Y OY ′.

The fact that OX and OX ′ are isogonals with respect to angle Y OY ′ denote by
IsogO(XX ′, Y Y ′).

0.1. Assume that lines OX,OX ′, OY,OY ′ are distinct. Prove that the condition
IsogO(XX ′, Y Y ′) is equivalent to each of the following conditions:

a) IsogO(Y Y ′, XX ′);
b) pairs of lines OX,OX ′ and OY,OY ′ have common bisectors;
c) ̸ (OX,OY ) = ̸ (OY ′, OX ′), i.e., oriented angles viewing XY and Y ′X ′ from

O are equal (depending on the con�guration, this condition is equivalent to one of
equalities ̸ XOY = ̸ Y ′OX ′, ̸ XOY + ̸ Y ′OX ′ = 180◦; e.g., if O lies inside convex
quadrilateral XYX ′Y ′, the second equality is true).

d) ρ(X,OY )/ρ(X,OY ′) = ρ(X ′, OY ′)/ρ(X ′, OY ) (here by ρ(X, ℓ) denoted the
oriented distance from X to line ℓ).

e) Projections of X and X ′ onto OY and OY ′ (in case they are distinct) are
concyclic.

0.2. Theorem on isogonals. Let Z = XY ∩X ′Y ′ and Z ′ = X ′Y ∩XY ′ (so that
X,X ′, Y, Y ′, Z, Z ′ are the vertices of a complete quadrilateral. Then IsogO(XX ′, Y Y ′)
implies IsogO(XX ′, ZZ ′) (and similarly, IsogO(ZZ

′, Y Y ′)).
Sometimes we use points at in�tiny (in fact extending to the projective plane).

We may assume that the plane if supplemented by the line at in�nity. Each point of
the line at in�nity consodered as a common point of a family of all pairwise parallel
lines.

0.3.
a) De�ne IsogO(XX ′, Y Y ′) if O is a point at in�tity.
b) Formulate and prove the theorem on isogonals for the case if O is a point at

in�tity.
c)Newton-Gauss line. Prove that the midpoints of the diagonals of a complete

quadrilateral are collinear.

Isogonal conjugation in a triangle

0.4. Let ABC be a triangle, and let P be a point not lying on its sidelines. Prove
that lines symmetric to AP , BP , CP in bisectors of angles A, B, C, respectively,
have a comon point (possibly a point at in�nity).

De�nition. Let the lines from the previous problem meet at P ′. P ′ is called
isiginally conjugate to P with respect to ABC.
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Obviously, P ′ is isoonally conjugate to P i� P is isoonally conjugate to P ′. Thus
isogonally conjugate point form pairs. We may consider each point of a sideline as
an isogonally conjugate to the opposite vertex.

0.5. Prove that the isogonal conjugate to P is a point at in�nity i� P lies on the
circle (ABC).

0.6. Let Pa, Pb, Pc be points symmetric to P wrt sidelines of ABC. Prove that
P ′ is the center of the circle (PaPbPc).

0.7. Prove that the projections of P and P ′ onto the sidelines of ABC lie on a
circle (it is called the pedal circle for each of P , P ′).

0.8. Let P and P ′ be isogonally conjugate wrt ABC. Prove that there exists a
conic with foci P , P ′ tangent to AB, BC, CA.

0.9. Let X, X ′ and Y , Y ′ be two pairs of isogonally conjugate points wrt ABC.
Prove that XY ∩X ′Y ′ and XY ′ ∩X ′Y are isogonally conjugates.

Isogonal conjugation in a quadrilateral

Let A,A′, B,B′ be �xed points (not all are collinear). Further by quadrilateral
ABA′B′ we mean points A,B,A′, B′ in this given cyclic order (in particular, broken
line ABA′B′ could be self-intersecting).

0.10. Let ABA′B′ be a quadrilateral, and X be a point. Let the isolonals of AX,
BX, A′X wrt the angles A, B, A′ of ABA′B′, respectively, intersect at some point
X ′ (possibly X ′ is a point at in�nity). Prove that the isogonal of B′X wrt the angle
B′ also passes through X ′.

De�nition. Under conditions of the previous problem, X and X ′ are called
isogonally conjugates wrt ABA′B′. (We consider pair of vertices A, A′ (and B, B′)
as isogonally conjugates.)

The locus of points having its isogonal conjugate denote by ISO(ABA′B′).
Thus X and X ′ are isogonally conjugates wrt ABA′B′ i� all the conditions

IsogA(BB′, XX ′), IsogA′(BB′, XX ′), IsogB(AA
′, XX ′), IsogB′(AA′, XX ′) are true.

The previous problem shows that it is su�cient to put only 3 of 4 these conditions.
0.11. Prove that X ∈ ISO(ABA′B′) is equivalent to IsogX(AA

′, BB′).
Recall that IsogX(AA

′, BB′) means that from X oriented angles viewing AA′

and BB′ are equal; this note is in accordance with another name Isoptical cubic for
ISO(ABA′B′).

0.12. (Isogonal sixtet) Consider a sixtet (more precisely, a triple of pairs) of
points (A,A′; B,B′; C,C ′) (here coincidence allowed only inside one of 3 pairs.)

a) Prove that C and C ′ are isogonally conjugates wrt ABA′B′ i� A and A′ are
isogonally conjugates wrt BCB′C ′.

b) Suppose that of the following 6 conditions IsogA(BB′, CC ′), IsogA′(BB′, CC ′),
IsogB(AA

′, CC ′), IsogB′(AA′, CC ′), IsogC(AA
′, BB′), IsogC′(AA′, BB′) any three

are true. Prove that all 6 conditions are true.
0.13. Assume that no 3 of ponts A,B,A′, B′ are collinear. Prove that X and X ′

are isogonally conjugates wrt ABA′B′ i� X and X ′ are isogonally conjugates wrt to
some two of triangles fromed by lines AB, BA′, A′B′, B′A.
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0.14. Assume that no 3 of ponts A,B,A′, B′ are collinear. Prove that X ∈
ISO(ABA′B′) is equivalent to each of the following conditions:

a) Projections of X onto AB, AB′, A′B, A′B′ lie on a circle or a line (moreover,
projections of X ′ also lie on it, if X ′ is not a point at in�nity).

b) There exists a conic with focus X tangent to AB, AB′, A′B, A′B′ (moreover,
X ′ is the second focus of this conic).

c) In 3D there exists a pyramid SABA′B′, all faces of which are tangent to a
sphere, and X is the tangent point of thos sphere are the plane ABA′B′.

0.15. Find the locus of the midpoints of XX ′, where X ∈ ISO(ABA′B′), and
X ′ is the isogonal conjugate of X.

0.16. (*COLLINEAR* ) For collinear A,B,A′, B′ let us de�ne ISO(ABA′B′)
as the set of X for which IsogX(AA

′, BB′) is true. Find ISO(ABA′B′)
a) in the case A = A′, and A lies on the segment BB′;

b) in the case of co-directed, but not equal A⃗B and ⃗B′A′.

We will continue working with ISO(ABA′B′) in section ??.
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1 Isocyclic involutions

In the following construction with circles we de�ne some transformations, we call
them isocyclic.

Let A,B, C,D be four points. Let fAB,CD maps X to Y that is the second
intersection point of circles (lines) (ABX) and (CDX) (note that Y is not well-
de�ned for some ¾non-regular¿ points X).

The above-mentioned transformations are interesting in themselves and have
proven to be useful in formulating and proving many claims.

1.1.
a) The location of ¾almost always¿ could be de�ned by (oriented) angles veiwing

segemnts AB, BC, etc., from X. Determine fAB,CD in terms of transformations of
these angles.

b) Prove that fAB,CD maps any circle passing through A and D to a circle passing
through B and C.

1.2.
a) (Cli�ord theorem, reformulated). Prove that

fAB,CD fBC,DA = fBC,DA fAB,CD.

b) Extend fAB,CDfBC,DA to ¾non-regular¿ points. (In particular, �nd the image
of A and of the point at in�nity.)

4-orbits

For four given points A,B,A′, B′, (commuting) transormations fAB,A′B′ , fAB′,A′B

(more precisely, the group of four transformations fAB,A′B′ , fAB′,A′B , fAB,A′B′fAB′,A′B , and the

identity transformation Id) de�nes a partition of all ¾regular¿ points into 4-orbits of the
form: X, Y = fAB,A′B′(X), Y ′ = fAB′,A′B(X) è X ′ = fAB,A′B′(Y ′) = fAB′,A′B(Y ).
Points A,A′, B,B′, X,X ′, Y, Y ′ form a ¾closed (Cli�ord) con�guration¿ of 8 points
and 8 circles having the following combinatorial symmetry: and two of four of
equitable pairs (A,A′), (B,B′), (X,X ′), (Y, Y ′) form a 4-orbit for the other two
pairs. Three of four pairs form a constructoin which is studied in section 3.

1.3. (*INSCRIBED*) Let A,B,A′, B′ lie on circle Ω with center O.
a) Determine fAB,A′B′?
b) Find the locus of �xed points of fAB,A′B′ .
c) Find the 4-orbit of O.
d) Prove that each 4-orbit is concyclic (or collinear);
e) and the circles from the previous item are co-axis (have common radical axis).
1.4. (*PARALLELOGRAM*) Let ABA′B′ be a parallelogram.
a) Prove that fAB,A′B′fAB′,A′B is a central symmetry.
b) Prove that each 4-orbit ia a parallelogram XYX ′Y ′ whose angles are equal

to the angles of ABA′B′.
c) Let P be a point, and let O1, O2, O3, O4 be centers of circles ABP , BA′P ,

A′B′P ,B′AP . Prove that the angle between O1O3 andO2O4 is constant (independent
of the choice of P ).
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d) Let parallelgram ABA′B′ is a pedal quadrilateral for a quadrilateral CDC ′D′

and a point P . Prove that fCD,C′D′fCD′,C′D(P ) is a intersection point of diagonals
of CDC ′D′.

8-orbits and quartets

For four given points A,B,A′, B′, consider (pairwise commuting) involutions fAB,CD,
fAC,BD, fAD,BC (more precisely, a group G of 8 transformations generated by them).
These transformations de�ne the partition of all ¾regular¿ points into 8-orbits (each
8-orbit could be obtained as a union of two 4-orbits).

Note that involution gA,B,C,D = fAB,CDfAC,BDfAD,BC does not depend of ordering
points A,B,C,D.

One may consider a subset H ⊂ G of transformations that could be obtained as a
product of an even number of isocyclic involutions. There are 4 such transformations
(including Id), and, as we will see in section 2, all these transformations are cyclic.
We call the orbits under the action of H by quartets. Quadruple A,B,C,D is one
of quartets. Each 8-orbit could be obtained as a union of two quartets, one of which
is the image of the other by gA,B,C,D.

We continue to study this interesting construction in section 6.
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2 Inversion+re�ection

2.1. Prove that
a) the circumcircles of four triangles formed by lines AB, AB′, A′B, A′B′, have

a common point (Miquel point);

b) Miquel point is the center of similitude taking X⃗Y to ⃗X ′Y ′.

De�nition. By inversion+re�ection with center O we mean the product of an
inversion in a circle ω centered at O and a symmetry about some line ℓ passing
through O.

For given points X,X ′, Y, Y ′ by φXYX′Y ′ denote a unique circular transformation
(= a Mobius transformation of the complex plane), interchanging points X ↔ X ′,
Y ↔ Y ′.

If the midpoints of XX ′ and Y Y ′ coincide (further we call this case centrally-
symmetric, or the case of PARALLELOGRAM), then φXYX′Y ′ is a central symmetry.
Otherwise (regular case) φXYX′Y ′ is an inversion+re�ection with center at Miquel
point M = MXYX′Y ′ .

A �xed inversion+re�ection lets ¾to observe¿ all regular quadruples. The following
precise claim about this:

2.2. (universality of φ) Let φ be a �xed inversion+re�ection with center O. Prove
that for each regular quadruple (X,X ′;Y, Y ′) there exist exactly two (symmetric in
O) quadruples of the form (A,φ(A);B,φ(B)), similar (with same orientation) to
(X,X ′;Y, Y ′).

The next problems shows an important connection with isocyclic involutions.
2.3. (split) Prove that

φABCD = fAB,CD fBC,AD.

2.4.
a) Prove that φABCD φACBD = φACBD φABCD.
b) Find the transformation that equals to this product.

Further for Miquel point (=centers of inversion+re�ection) and corresponding
inversions+symmetries use also the following short natation (as in [13]): X = MABDC ,
Y = MABCD, Z = MACBD, φX = φABDC , φY = φABCD, φZ = φACBD. Also set
PX = AD ∩BC, PY = BD ∩ AC, PZ = CD ∩ AB.

2.5. Prove that φX(PY ) = PZ .
(Note that this fact is in accordance with theorem on isogonals.)
2.6. Prove that φX(Y ) = Z.
We see that one could �x φX , φY , φZ and vary quartets A,B,C,D � further

see section 6.
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3 Harmonic sixtets

In the plane (accomplished by the point ∞) consider ordered sixtets (more precisely,
triples of unordered pairs) of points (A,A′;B,B′;C,C ′). Here allow coincidence
inside pairs A and A′, B and B′, C and C ′.

De�nition. We call sixtet (A,A′;B,B′;C,C ′) harmonic, if

a− b′

b′ − c
· c− a′

a′ − b
· b− c′

c′ − a
= −1, (1)

where a, a′, etc. are complex numbers corresponding to points A,A′, etc.
3.1. Prove that the property of (A,A′;B,B′;C,C ′) ¾to be harmonic¿ is invariant

under
a) transpositions of pairs (A,A′) ↔ (B,B′), (B,B′) ↔ (C,C ′), (C,C ′) ↔

(A,A′);
b) transpositions inside (A,A′), (B,B′), (C,C ′).
c) the choose of complex coordinates in the plane;
d) under circular transformations (see, e.g., [6]).
3.2. For �ve points A,A′, B,B′, C there exists a unique C ′ such that (A,A′;B,B′;C,C ′)

is harmonic.
3.3.
a) Sixtet (A,A′;B,B′;C,C ′) is harmonic i� C ′ = φABA′B′(C), or φACA′C′ =

φABA′B′ .
b) Let A, A′; B, B′; C, C ′; D, D′ be 8 points (coincidence allowed inside

pairs A,A′, etc., only) Suppose that (A,A′;B,B′;C,C ′) and (A,A′;B,B′;D,D′)
are harmonic. Prove that (A,A′;C,C ′;D,D′) is also harmonic.

Moreover, note that if φACA′C′ = φABA′B′ = φ is a central symmetry, then the
midpoints of AA′, BB′, CC ′ coincide, and harmonic sixtet (A,A′; B,B′; C,C ′)
is symmetric (about a point). Otherwise (if φ is an inversion+re�ection), then
the midpoints of AA′,BB′, CC ′ are distinct, and we call such harmonic sixtet
(A,A′;B,B′;C,C ′) rugular. A �xed inversion+re�ection lets ¾to obsevre¿ all regular
harmonic sixtets as a ¾similar copy¿ of the form (A,φ(A); B,φ(B); C,φ(C)).

3.4. Let (A,A′; B,B′; C,C ′) be a harmonic sixtet. Prove that

̸ (AB,AC) + ̸ (AB′, AC ′) = ̸ (A′B,A′C) + ̸ (A′B′, A′C ′).

Harmonicity and products of similitudes

Let us denote by hX,Y→Z the similitude with center X taking Y to Z.
Consider the following relations (here R and L are choosen to label relations

on angles (rotation) and lengths (lengths); further the cyclic sequence like A′B′C ′

determines the cyclic order (in the sixtet) BA′CB′AC ′ uniquely):

̸ (
−−→
A′B,

−−→
A′C) + ̸ (

−−→
B′C,

−−→
B′A) + ̸ (

−−→
C ′A,

−−→
C ′B) = 0, (R− A′B′C ′)
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where by (⃗a, b⃗) we mean the measure of the angle of counterclockwise rotation from

a⃗ to b⃗ taking modulo 2π.

BA′

A′C
· CB′

B′A
· AC

′

C ′B
· = 1. (L− A′B′C ′)

3.5.
a) Prove that sixtet (A,A′;B,B′;C,C ′) is harmonic i� the conditions (R −

A′B′C ′) and (L− A′B′C ′) are ful�led.
b) Prove that sixtet (A,A′;B,B′;C,C ′) is harmonic i� hB′,C→A hA′,B→C hC′,A→B =

Id.
c) (generalized Napoleon theorem) From (R−A′B′C ′) and (L−A′B′C ′) derive

(L− C ′AB′).
d) Find the way to construat the center of the product of two similitudes.
e) Among all conditions of the form (R − ...), (L − ...) �nd paris of conditions

which imply all the other conditions.
Some constructions with conditions (R−A′B′C ′) and (L−A′B′C ′) are considered

in [4], where these conditions are formulated as existence of a quadruple X,Y, Z, T
such that AC ′B ∼ XTY , BA′C ∼ Y TZ, CB′A ∼ ZTX. E.g., in [7] there examples
of applying generalized Napoleon theorem to some constructions with ¾add-ons¿
BA′C, CB′A, AC ′B constructed on the sides of a triangle ABC: if conditions (R−
A′B′C ′) and (L − A′B′C ′) are given, then, by (L − C ′AB′), the angles of triangle
A′B′C ′ could be found in terms of the angles of add-ons only, regardless of the angles
of ABC.

3.6. Establish the following description: sixtet (A,A′;B,B′;C,C ′) with A 6= A′

and B 6= B′ is harmonic i� one of the two following conditions hold:
1) circles (lines) (ABC ′), (A′BC), (AB′C), (A′B′C ′) are pairwise distinct and they
have a common point;
2) A,A′, B,B′, C,C ′ are concylic and AA′, BB′, CC ′ are concurrent, A,A′, B,B′,
C,C ′ are collinear points which could be transformed by a circular transformation
to a concyclic con�guration mentioned above.

3.7.
a) Prove that the isogonal sixtet (A,A′;B,B′;C,C ′) is harmonic.
b) Prove that if IsogA(BB′, CC ′) holds, then the harmonic sixtet (A,A′;B,B′;C,C ′)

is isogonal.
c) Prove that that if the midpoints of AA′, BB′, CC ′ are collinear, then the

regular harmonic sixtet (A,A′;B,B′;C,C ′) is isogonal.
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4 Information about cubics

De�nition. Algebraic curve is the set of points with (complex) coordinates (x, y)
satisfying to F (x, y) = 0, where F (x, y) is a polynomial probably with complex
coe�cients. Degree of algebraic curve is the minimal degree of corresponding polynomials.

Algebraic curves of degree 2 and 3 are called also conics and cubics respectively.
De�nition. A triple (x : y : z) 6= (0 : 0 : 0) of (complex) numbers de�ned apart

from a common multiplicative (complex) constant is called homogeneous coordinates
of the point on the (complex) projective plane. If z 6= 0 we can identify the triple
(x, y, z) with the point (x/z, y/z) of (complex) Euclidean plane. The triples with
z = 0 correspond to the in�nite points.

Algebraic curves are often considered as subsets of (complex) projective plane.
Then the equation F (x, y) = 0 of degree n is rewrited in homogeneous coordinates
as P (x : y : z) = 0, where P = znF (x/z, y/z) is homogeneous polynomial of degree
n such that F (x, y) = P (x : y : 1) (for example if F (x, y) = x3 − 2y2 + 3xy − x+ 1,
then P (x, y, z) = x3 − 2y2z + 3xyz − xz2 + z3).

De�nition. Algebraic curve is degenerated, if any correspondent polynomial is
reducible (i.e. equals to the product of polynomials with smaller degrees).

Partially a degenerated cubic is de�ned by equation QL = 0, where Q and L are
polynomials of degrees 2 and 1 respectively; so it is the union of the line L = 0 and
the conic Q = 0 (this conic also can be degenerated).

We will to consider the intersection of cubic C and line ℓ. To �nd C ∩ ℓ we
have to prove the system P (x, y, z) = 0, L(x, y, z) = 0 of homogeneous equations
with degrees 3 and 1 respectively. Using L(x, y, z) = 0 we can express one of
coordinates through the remaining ones and substitute it ib P (x, y, z) = 0. For
example substituting z we obtain a homogeneous equation R(x, y) = 0 of degree 3.
In the degenerate case R ≡ 0 polynomial P is divisible by L and ℓ ⊂ C. If R 6= 0,
then R is a product of linear polynomials L1L2L3 (Li in general case have complex
coe�cients). Each equation Li = 0 de�ne a point Ai ∈ C ∩ ℓ (probably in�nite or
non-real). Some of Li can be proportional. If L1 = λL2, then the point A1 = A2

is a multiple common point: point of order 2 if L3 is not proportional to L1, and
point of order 3, if all Li, i = 1, 2, 3, are proportional. It can be proved that the
order of common point does not depend on the coordinate system x, y, z. Thus a
non-degenerated cubic C meets an arbitrary line ℓ exactly in three points taking into
consideration their orders.

Several special cubics C contain so called singular points (for example the point
(0, 0) is a self-intersection point of curve y2 = x3 + x2 and cuspidal points of curve
y2 = x3; formally the point is especial if the partial derivtives of the polynomial
equal zero). If the order of a non-singular common point A1 ∈ C ∩ ℓ is grater than
1, then ℓ touches C at A1; if the order of A1 is 3, A1 is called an in�exion point of
C. (Understand the geometrical sense of this.)

Since the cubic meets any line at three points we can de�ne for an arbitrary
non-singular point P ∈ C the projection with center P : the involution sP : C → C,
mapping point X ∈ C to the third common point of PX with C (if X = P the line
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PX is the tangent to C; for the in�ection point O we have sO(O) = O).

In general to �nd the common points of two curves with degrees m and n we
have to solve an equation of degree mn. Thus by the Besou theorem:

Two algebraic curves with degrees m and n de�ned by relatively prime polynomials
have exactly mn common points taking into consideration their orders.

We do not give strict de�nition of the order of common point because it is not
necessary for the solution of the problems. Not only that the (non-singular) touching
point A of two curves is their common point with order greater than 1. (For example
understand that two concentric circles have two imaginary in�nite touching point
(the circular points de�ned below)).

By the Besou theorem we obtain that an arbitrary conic meets meets a nondegenerated
cubic at 6 point taking into consideration their orders and two di�erent cubics have
exactly 9 common points taking into consideration their orders.

It is known that for any point X there exists 6 lines passing through X and
touching the given non-special cubic C. Also 6 touching points lie on the conic. If
X ∈ C, then two or three of these lines coincide with the tangent at X.

Mention another signi�cant theorem:

The Shales theorem (about 9 points on three cubics). Let two cubics intersecting
at 9 points (taking into consideration their orders) be given. Then any cubic passing
through eight of these points passes also through the remaining one.

This theorem can be also used for degenerated cubics.

De�nition. Let a cubic C and a non-singular point O (zero) on it be given. For
two arbitrary non-singular point A,B ∈ C �nd third common pointC of line AB
with C, after this �nd third common point of line OC and C. Call this point the sum
A+B of points A and B.

4.1. Prove that
a) the addition of points of a cubic is associative: (A+B) + C = A+ (B + C);
b) for any (non-singular) points A, B there exists a unique point A − B, such

that B + (A−B) = A.
4.2. Express the operation ¾+′¿ with zero at point O′ ∈ C through the operation

¾+¿ with zero at point O ∈ C.
4.3.
a) Prove that for any three non-singular points A,B,C of C lying on a line ℓ the

sum A+B + C does not depend on ℓ.
b) Let O be a su�ection point. Prove that A+B +C = O if and only if A,B,C

are collinear.
The assumption of problem 4.1. means that the addition of points on C (without singular points)

de�ne the structure of Abelian group. It may be proved (see problem 4.2), that this structure does

not depend on the choice of zero=point O. This group can be de�ned as a group of transformations
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C → C having view X 7→ X + C.

4.4. (the criterium of commutating projections). Let P, P ′ ∈ C be non-singular
points. Prove that sP sP ′ = sP ′sP if and only if

a) for any X ∈ C we have the closing condition: sP sP ′sP sP ′(X) = X;
b) the tangents to C at P and P ′ meet on C.
The condition (a) allows to de�ne in case sP sP ′ = sP ′sP the following bijection

between the pairs (X,X ′), (Y, Y ′) of points on C: Y = sP (X), X ′ = sP ′(Y ), Y ′ =
sP (X

′) = sP ′(X) (soXX ′, Y Y ′, PP ′ � are the diagonals of the quadrangle inscribed
into C).

4.5. (Points of order 2 and the translation involutions.) Let C ∈ C be such point
that C 6= O and C + C = O. (I.e C is the point of Abelian group with order 2.)
Then the translation X 7→ X + C is an involution X ↔ X ′.

a) Choosing an in�ection point as O describe the points of order 2 and the
corresponding involutions. How many points of order 2 may be on the cubic?

b) Prove that the tangents to C at X and X ′ meet on C; and inversely the pair
of points P, P ′ ∈ C such that the tangents to C at these point meet on C de�nes the
translation involution X 7→ X + P ′ − P .

4.6. Let C be a non-special cubic and O be an in�ection point. Prove that the
sum of six points equals O if and only if they lie on the conic.

4.7.
a) Fix A,B,C,D ∈ C. For any point X �nd the sixth common point (taking

into consideration their orders) Y of the conic passing through A,B,C,D,X with
C. Prove that all lines XY concur.

b) Fix P,C,D ∈ C. For an arbitrary line passing through P �nd the points X ∈ C
and Y = sP (X). Consider a conic passing through C,D,X, Y and meeting C also
at points Z, T . Prove that all lines ZT pass through a �xed point Q ∈ C.

Circular cubics

De�nition. Points (imaginary) with homogeneous coordinates (1, i, 0) and (1,−i, 0)
are called circular points.

De�nition. A cubic passing through two circular points is called circular cubic.
4.8. Prove that any circle (i.e a line with equation (x−a)2+(y− b)2 = r2, where

a, b, r are complex numbers) passes through circular points.
4.9. Let X ↔ X ′ be a translation involution on circular cubic C: X ′ = X + C,

where C + C = O. For non-singular points A,B,X ∈ C distinct from the circular
points prove that the second non-circular common point of circles (ABX) and
(A′B′X) lies on C.

4.10. (pencils of ¾antiparallels¿) Let P and Q lie on a circular cubic C. Passing
lines through P we obtain pairs of points X,Y on C. Passing lines through Q we
obtain pairs of points Z, T .

a) Prove that if X,Y, Z, T are concyclic for several lines, then this is true for
arbitrary lines.
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b) The assumption of the previous item is true if and only if PQ is parallel to the
asymptote (i.e the line passing passing through the in�nite point of cubic distinct
from the circular points).

13



5 Cubics of foci

Further (in sections 5 and 6), when we deal with an equation of a cubic, we assume
that its coe�cients are real (though we can substitute complex coordinates of points
in this equation).

Properties of cubics of foci

5.1.
a) Prove that if X ∈ ISO(ABA′B′), then Y = fAB,A′B′(X) ∈ ISO(ABA′B′);
b) all such lines XY have a common point.
5.2. Prove that φ = φABA′B′ maps any pointX ∈ ISO(ABA′B′) to the isogonally

conjugated point X ′.
5.3. Prove that ISO(ABA′B′) is a circular cubic.

5.4. Prove that (in regular case) ISO(ABA′B′) contains the following points:
a) A, B, A′, B′;
b) P = AB ∩ A′B′, P ′ = AB′ ∩ A′B;
c) the Mickel point M = MABA′B′ ;
d) the projection of a common point of AA′ and BB′ to the line PP ′;
e) point T = TAB′,A′B such that triangles TAB′ and TA′B are similar and

oppositely oriented (and point TAB,A′B′ de�ned similarly).
5.5. For all points indicated in the previous problem �nd
a) isogonally conjugated points
b) and corresponding 4-orbit.
5.6. (Asymptote and Newton-Gauss line) Prove that the asymptote of ISO(ABA′B′)
a) is parallel to the Newton-Gauss line;
b) passes through the re�ection of M about the Newton-Gauss line.
c) Prove that for any X ∈ ISO(ABA′B′) the midpoint of segment between X

and sM(X) lies on the Newton-Gauss line.
5.7.
a) (S.Berlov) Prove that all lines XY (see problem 5.1) pass through TAB′,A′B.
b) Prove that line PTAB′,A′B, where P = AB ∩ A′B′, is parallel to the Newton-

Gauss line.
5.8. Let (C,C ′) and (D,D′) be two pairs of isogonally conjugated points of

ISO(ABA′B′). Prove that the cubic of foci ISO(CDC ′D′) coincide with ISO(ABA′B′),
and the pairs of isogonally conjugated points are the same for both cubics.

5.9. Let X, X ′ be isogonally conjugated points on a cubic of foci. Prove that
X −X ′ = K is the point of order 2 not depending on X (i.e. K +K = O).

5.10. (*CYCLIC*) Let points A,B,A′, B′ lie on a circle Ω centered at O. Let
X,Y,X ′, Y ′ be the 4-orbit of a point X ∈ ISO(ABA′B′). Prove that the conics with
foci X,X ′ and Y , Y ′ inscribed into ABA′B′ are similar.

5.11. (*HARMONIC*) Let ABA′B′ be a harmonic quadrilateral (i.e. inscribed
with equal products of opposite sides).
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a) Prove that the midpoints MA and MB of segments AA′ and BB′ lie on
ISO(ABA′B′).

b) (Brocard points) Prove that MA and MB form a 4-orbit with Brocard points
Br1, Br2.

c) Let AA′ ∩PP ′ = W , and ω be circle (MABr1MBBr2). Prove that the central
projection ω → ω with center W maps the 4-orbit MABr1MBBr2 to the 4-orbit of
O.

5.12. (*PARALLELOGRAM*) Let ABA′B′ be a parallelogram.
a) Prove that X ∈ ISO(ABA′B′) if and only if ̸ (BA,AX) = ̸ (A′X,A′B).
b) Prove thatX ∈ ISO(ABA′B′) if and only if circles (XAB), (XAB′), (XA′B′),

(XA′B) are congruent.
c) Prove that ISO(ABA′B′) is the union of the in�nite line and the hyperbola

passing through A,B,A′, B′;
d) and this hyperbola is equilateral and has the asymptotes parallel to the

bisectors of angles of ABA′B′.
5.13. (*CIRCUMSCRIBED + DEGENERATED A = A′*)
a) Let ABA′B′ be a quadrilateral which is non-parallelogram, and let I be its

degenerate 4-orbit (i.e., such 4-orbit that all 4 its points coincide). Determine if
the following implications are true: I ∈ ISO(ABA′B′) ⇔ AB, BA′, A′B′, B′A are
tangents to a circle.

b) In this case MABA′B′ coincide with the projection of the center of circle (AIA′)
to the symedian of triangle AIA′ from I.

5.14. (*ac=bd*) Let C be the third common point of AA′ and ISO(ABA′B′),
and D be the third common point of BB′ and ISO(ABA′B′).

a) When C = D?
b) When D = C ′?
c) (semiBrocard). Call P a (�rst/second) semiBrocard point if ̸ (PA,AB) =

̸ (PA′, A′B′) and ̸ (PB,BA′) = ̸ (PB′, B′A). Prove that two of four points of 4-
orbit of semiBrocard point lie on AA′ and BB′.

d) (IMO2018) Let ABCD be a convex quadrilateral such that AB ·CD = BC ·
DA. Point X inside ABCD is such that ̸ XAB = ̸ XCD and ̸ XBC = ̸ XDA.
Prove that ̸ BXA+ ̸ DXC = 180◦.

Another descriptions of cubics of foci

5.15. Let Miquel point M be the origin of the coordinate system, and let its
isogonally conjugated point be the in�nite point of axis y. Prove that the cubic of
foci has equation (x2 + y2)(x+ A) = Bx+ Cy.

5.16. Prove that
a) a circular cubic is a cubic of foci if and only if the tangents at circular points

meet on the cubic;
b) in this case the tangents meet at the Mickel point M .
5.17. (touching points of circles of a pencil) Let L, L′ be two non-circular points

of a cubic of foci C such that the tangents at these points pass through M . Take an
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arbitrary circle passing through L and L′, and the tangents MX, MY to it. Prove
that

a) X,Y ∈ C;
b) all lines XY meet C at the same point.
c) Let a pencil of circles and an arbitrary point M be given. Prove that the locus

of points X, Y , where MX, MY are the tangents to an arbitrary circle of the pencil
is a cubic of foci.

d) How the view of the cubic depend on the type of the pencil.
5.18. (Universality of φ or the collection of all cubics of foci) Let φ be a given

inversion and symmetry with center M .
a) Let a line m be given. Prove that the locus of points X such that the midpoint

of Xφ(X) lies on m is a cubic of foci.
b) Find the correspondence between lines m and cubics of foci.
c) Descript the sets of common points of di�erent cubics of foci.
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6 Quartets and isogonal cubics

6.1. Let a triangle ABC and a point J be given. Prove that
a) the locus of such points P that P , isogonally conjugated point P ′, and J are

collinear is a cubic passing through the vertices of triangle, its incenter, excenters,
J , and isogonally conjugated point J ′;

b) this cubic is circular if and only if J is an in�nite point.
Let a triangle XY Z be given. As in section 2 denote as φX the composition of

inversion centered at X with the re�ection about the bisector of angle X, transposing
Y and Z. De�ne φY , φZ similarly.

6.2. Prove that these maps commute each other and commute with isogonal
conjugation.

Let A be an arbitrary point, B = φZ(A), C = φY (A), D = φX(A). The
quadruple {A,B,C,D} is called a quartet with respect to triangle XY Z.

6.3. Prove that
a) the quadruple of isogonally conjugated points {A′, B′, C ′, D′} is also a quartet;
b) the lines AA′, BB′, CC ′, DD′ are parallel;
c) the points A, B, C, D, A′, B′, C ′, D′, X, Y , Z lie on a circular cubic (call it

the quartets cubic;
d) A + A=B + B=C + C=D +D, i.e. the tangents to the quartets cubic at A,

B, C, D meet the cubic at the same point.
The properties of quartets were considered in the project of XXII Summer

Conference [13]. In partial, the following problem was proposed there, but the
participants did not solve it.

6.4. Let A,B,C,D be a quartet, A′, B′, C ′, D′ be isogonally conjugated quartet;
PX be the common point of AD and BC, PY be the common point of AC and BD,
PZ be the common point of AB and CD. points QX , QY , QZ are de�ned similarly
using points A′, B′, C ′, D′. Prove that

a) the lines PXQX , PYQY , PZQZ concur at a point lying on the circumcircle of
XY Z;

b) the lines PXQY , PYQX and XY concur at a point Z ′;
c) ZZ ′ is parallel to AA′, BB′, CC ′, DD′.
6.5. Let D1, D

′
1 and D2, D

′
2 be two pairs of isogonally conjugated points such that

D1D
′
1 ‖ D2D

′
2. Prove that the lines A1A2, B1B2, C1C2, D1D2 concur (A1, B1, C1, D1

and A2, B2, C2, D2 are quartets).
6.6. Let the tangents to a quartets cubic at X and Y meet at P , and the tangents

at circular points meet at Q. Prove that PQ is a diameter of circle XY Z.
6.7. Where a quartets cubic is a cubic of foci?
6.8. Let C be a circular cubic, J be its in�nite point distinct from circular points,

X, Y , Z be such points that X +X = Y + Y = Z + Z = J + J . Prove that C is a
quartets cubic with respect to triangle XY Z.

Once more about 8-orbits

6.9. Let A, B, C, D, A∗ = gA,B,C,D(A), B
∗, C∗, D∗ be a 8-orbit with respect to
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X,Y, Z, T .
a) Prove that the circles (TAA∗), (TBB∗), (TCC∗), (TDD∗) touch each other;
b) Prove that the circles (TAD), (TA∗DA∗), (TY Z) are coaxial (where D =

φXY TZ(A)).
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7 Once more

Isogonal conjugation of circles

7.1. (F. Nilov) Let a quadrilateral ABCD be given. Let la, lb, lc, ld be the internal
bisectors of angles A, B, C, D respectively. Let a, b, c, d be lines passing through
A, B, C, D respectively in such a way that the common points of a and b, b and
c, c and d, d and a lie on a circle α. Let a′, b′, c′, d′ be the re�ections of a, b, c, d
about la, lb, lc, ld respectively.

a) Prove that the common points of a′ and b′, b′ and c′, c′ and d′, d′ and a′ lie
on a circle α′;

b) and α′ = φABCD(α).
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Focal and circular cubics

Solutions and hints (preliminary version)

1



0 Isogonal cojugation in polygons

Isogonal conjugation in a quadrilateral

0.10. Use the assumption of 0.1d.
0.11. Use the assumption of 0.14à.
0.12.
a) Follows from the previous problem.
b) There are two di�erent combinatory cases which follow from 0.10 and 0.11

respectively.
0.13. Using 0.7, 0.8 we obtain that if X and X ′ are isogonally conjugated with

respect to pairs a, b and b, c, then X and X ′ are isogonally conjugated with respect
to c, a.

Also we can assert: if X and X ′ are isogonally conjugated with respect to some
polygon, then they are isogonally conjugated with respect to any two its sidelines.

0.14.
a) 1) Let X ∈ ISO(ABA′B′). Then by 0.1e the projections of X and X ′ to

AB, AB′ lie on a circle ω, the projections of its center O bisect the projections of
segment XX ′, thus O is the midpoint of XX ′. Similarly the projections of X and
X ′ to AB′, A′B lie on a circle with center O and radius R = OXAB′ (where XAB′ is
the projection of X to AB′), i.e. on ω. Finally repeat this reasoning for A′B, A′B′.

1') Let the projections of X to AB, AB′, A′B, A′B′ lie on a circle ω centered at
O. Then the point isogonally conjugated to X with respect to the triangle formed by
lines AB, AB′, A′B coincide with the re�ection X ′ of X about O. The same point is
isogonally conjugated to X with respect to the triangle formed by lines A′B′, AB′,
A′B. Hence by 0.13, X and X ′ are isogonally conjugated with respect to ABA′B′.

2) The assumption IsogX(AA
′, BB′) is true if and only if the projections XAB,

XBA′ ,XA′B′ ,XB′A are concyclic. In fact, using ∠(XABXBA′ , XBA′XA′B′) = ∠(XABXBA′ , XBA′X)+
∠(XXBA′ , XBA′XA′B′) = ∠(AB,BX) + ∠(XA′, A′B′) and similar equalities we
obtain that ∠(XABXBA′ , XBA′XA′B′) = ∠(XABXB′A, XB′AXA′B′) ⇔ ∠(BX,AX) =
∠(B′X,A′X).

b) The following reasoning yields that b) and X ∈ ISO(ABA′B′) are equivalent.
Let R = OXAB = OX ′

AB. Let X0 be the re�ection of X about AB, T = X ′X0∩AB.
Then XT and X ′T are symmetric with respect to AB and XT ±X ′T = ±2R, i.e.
OXAB is a medial line of triangle OX ′X0 and XT = X0T . A conic with foci X, X ′

and (major) semiaxis ±2R touches AB.
Remark. Note that this conic twice touches a (pedal) circle with center O and

radius R. It is the Brocard conic of point X corresponding to angle 90◦. (This remark
can be generated for skew-pedal circle).

c) Let such pyramid with insphere ω exist. Then the coneK with vertex circumscribed
around ω is also inscribed into the pyramid. Inscribe into K another sphere ω′

touching ABA′B′ at X ′. This is a known construction of Dandelin spheres, and
points X. X ′ are the foci of a conic inscribed into ABA′B′ (this conic is the section
of K by the plane ABA′B′).

Remark. For the circumscribed pyramid we have ∠ASB + ∠A′SB′ = ∠BSA′ +
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∠B′SA, which generates the equality ∠AXB + ∠A′XB′ = ∠BXA′ + ∠B′XA
equivalent (for the point inside ABA′B′) to IsogX(AA

′, BB′).
0.15. The midpoints of XX ′ are centers of conics inscribed into ABA′B′. It

is known that they lie on the Newton-Gauss line. Each point of the Gauss line
corresponds to exactly one pair X,X ′ of points symmetric with respect to it. This
can be obtained for example using complex coordinates (see. 3.7.).

0.16.
Let X does not lie on AA′BB′. Since the bisectors of angles AXA′ and BXB′

coincide, we obtain that X lies on the common Appolonius circle of pairs A,A′ and
B,B′. Such circle is unique (as the common circle of two pencils or such circle that
A and A′, B and B′ are inverse about it). In problem a) the locus of X satisfying to
IsogX(AA

′, BB′) is the union of AA′ and the Appolonius circle ω of points A and
A′ passing through B = B′.

Remark. This problem explains another name of ISO(ABA′B′) � Apollonius
cubic.

Problem b) was proposed by L.Emelyanov on the South tournament nearly 20
ago.
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1 Isocyclic involutions

1.1.
a) Directed angles ∠(XB,XA) and ∠(XD,XC) do not change.
∠(Y C, Y B) = ∠(Y C, Y X)+∠(Y X, Y B) = ∠(DC,DX)+∠(AX,AB) = ∠D+

∠(DA,XD) + ∠A+ ∠(XA,DA) = ∠D + ∠A+ ∠(XA,XD).
Similarly for angles ∠(Y A, Y D) and ∠(XB,XC).
b) follows from the previous ∠(XA,XD) is constant, therefore ∠(Y B, Y C) is

constant.
1.2. After an inversion with center A the assertion follows from the existence of

a Mickel point.
Also we can obtain this assertion from the description of fAB,CDfBC,DA (as

inversion+re�ecton) given in section 2. This description allows also to de�ne fAB,CDfBC,DA

for ¾non-regular¿ points?

4-orbits

1.3.
a) Let P = AB∩A′B′. Then P is the radical center of circles (ABXY ), (A′B′XY )

and Ω, hence XY passes through P , also PX · PY = degΩP , thus fAB,A′B′ is the
inversion with center P conserving Ω.

b) By the previous the set of immobile points of fAB,A′B′ is the circle with center
P and radius

√
degΩP .

c) Let P ′ = AB′ ∩ A′B, E = AA′ ∩ BB′, L = P ′E ∩ PO, L′ = PE ∩ P ′O. It is
known that P ′E is the polar of P with respect to Ω, hence P ′E ⊥ PO and PO·PL =
degΩP , thus L = fAB,A′B′(O). Similarly L′ = fA′B,AB′(O) and E = PL′ ∩P ′L � the
fourth vertex of 4-orbit O,L,E, L′.

d) Since PX ·PY = PX ′ ·PY ′ = degΩP , we obtain that X,Y,X ′, Y ′ are concyclic
and the degrees of P with respect to circles (XYX ′Y ′) are the same for all 4-orbit
X,Y,X ′, Y ′).

e) Similarly the degrees of P ′ with respect to circles (XYX ′Y ′) are equal,
therefore PP ′ is the radical axis of all (XYX ′Y ′).

1.4.
a) Let Y = fAB,A′B′(X). Then ∠(AY, Y B′) = ∠(AY,XY ) + ∠(XY, Y B′) =

∠(AB,BX) + ∠(XA′, A′B′) = ∠(XA′, AB) + ∠(AB,BX) = ∠(A′X,XB). Let X ′,
Y ′ are the re�ections of X, Y about the center of the parallelogram. Then by the
symmetry ∠(A′Y ′, Y ′B) = ∠(AY, Y B′), hence ∠(A′Y ′, Y ′B) = ∠(A′X,XB), and
B,A′X,Y ′ are concyclic. Similarly B′, AX, Y ′ are concyclic, hence Y ′ = fA′B,AB′(X).
From similar reasoning about X ′ we obtain that X,Y,X ′, Y ′ is a 4-orbit (of X).

b) We yave ∠(XY,XY ′) = ∠(XY,XB)+∠(XB,XY ′) = ∠(AY,AB)+∠(A′B,A′Y ′),
by symmetry this is equal to ∠(AY,AB) + ∠(AB′, AY ) = ∠(AB′, AB).

c) Let X = P and X,Y,X ′, Y ′ be the 4-orbit of X. Then O1O3 ⊥ XY (the
centers line is perpendicular to the common chord of circles (ABP ) and (A′B′P )),
similarly O2O4 ⊥ XY ′. Then by the previous the angle between O1O3 and O2O4

equals the angle between XY and XY ′ and equals to the angle of the parallelogram.
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Remark. This problem was proposed by P.Kozhevnikov for the South Tournament
in 2017.

d) Let A,B,A′, B′ be the projections of P to CD,DC ′, C ′D′, D′C respectively,
Q = fCD′,C′D(P ),K = CC ′∩DD′. Then ∠(DQ,QC) = ∠(DQ,QP )+∠(PQ,QC) =
∠(DC ′, C ′P )+∠(PD′, D′C) = ∠(BA′, A′P )+∠(PA′, A′B) = ∠(BA′, A′B). By the
previous (since D,C ′, D′, C are the homothetic images of O1, O2, O3, O4 with center
P and coe�cient 2), ∠(DK,KC) = ∠(BA′, A′B), hence C,D,Q,K are concyclic.
Similarly C ′, D′, Q,K are concyclic, therefore K = fCD,C′D′(Q), q.e.d.

Remark. If CDC ′D′ is cyclic this fact corresponds to 1.3c.
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2 Inversion+re�ection

2.1. This is well known.
2.2. If ABA′B′ is given then the center, the axis and the radius of inversion+re�ection

are de�ned by the following way: the center is the Mickel point M jf ABA′B′, the axis
bisects the angle between MA andMA′, the radius equals

√
MA ·MA′. A similarity

maps (X,X ′;Y, Y ′) to (A,φ(A);B,φ(B)) if and only if it maps the center, the axis
and the inversion circle for (X,X ′;Y, Y ′) to the center, the radius, and the inversion
circle for (A,φ(A);B,φ(B)).

Next problem indicate important connection with isocyclic involutions.
2.3. (split) For the central symmetric case see problem 1.4.
Let φ = φABA′B′ � is the inversion+re�ection centered at M .
For an arbitrary point C de�ne D = fAB,A′B′(C) and C ′ = φ(C). Prove that

A,B′, D, C ′ are concyclic which is equivalent to ∠(AD,DB′) = ∠(AC ′, C ′B′). This
will be su�cient because similarly we obtain that A′, B,D,C ′ are concyclic an hence
C ′ = fAB′,A′B(D).

We have ∠(AD,DB′) = ∠(AD,DC)+∠(DC,DB′) = ∠(AB,BC)+∠(CA′, A′B′)
as inscribed angles. From inversion+re�ection ∠(AC ′, C ′B′) = ∠(AC ′, C ′M)+∠(MC ′, C ′B′) =
∠(CA′, A′M) + ∠(MB,BC). Hence ∠(AD,DB′) − ∠(AC ′, C ′B′) = ∠(AB,BC) +
∠(CA′, A′B′) + ∠(A′M,CA′) + ∠(BC,MB) = ∠(AB,MB) + ∠(A′M,A′B′) = 0.

2.4. Prove that φABCDφACBD = φABDC (and similarly φACBDφABCD = φABDC).
Left and right expressions are circular maps of I type transposing A with D and B
with C. Such map is unique.

Also we can obtain the solution from the previous problem: φABCD = fAB,CD fBC,AD =
fBC,AD fAB,CD. Then φACBD φABCD = (fAC,BD fBC,AD)(fBC,AD fAB,CD) = fAC,BD f 2

BC,AD fAB,CD =
fAC,BD fAB,CD = φABDC .

(How the requirement of regularity for fAB,CD, . . . can be avoided?)

2.5. Follows from φX(BD) = (XAC), φX(AC) = (XBD), and since X is a
Mickel point the circles (XAC) and (XBD) pass through PZ = AB ∩ CD.

Remark: this fact corresponds with the isogonals theorem.

2.6. Follows from φX((BCZ)) = (CBY ) and φX((ADZ)) = (DAY ), because
PY lies on the circles (BCZ), (ADZ), and PZ lies on the circles (CBY ) and (DAY ).
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3 Harmonic sixtets

3.1.
a) Immediate check.
b) Immediate check.
c) Translation z → z+c, multiplying by constant z → cz, c 6= 0, and conjugation

z → z conserve (1).
d) By immediate check we obtain that the map z → 1/z conserve (1). This and

the previous result yield that all fractionally-linear maps (circular maps of type I)
conserve (1), also the composition of fractionally-linear maps and the conjugation
(circular maps of type II) conserve (1).

3.2. If left part of (1) and �ve points are �xed, then the sixth point (probably
in�nite) is de�ned uniquely from linear equation.

3.3.
a) Let ABA′B′ be regular, i.e. φ = φABA′B′ is inversion+re�ection. Take complex

coordinates in such a way that φ(z) = 1/z, so A(a), A′(1/a), B(b), B′(1/b), C(c).
Take C ′′(1/c). By immediate check of (1) we obtain that (A,A′;B,B′;C,C ′′) is
harmonic. This and the previous problem yield the required.

If ABA′B′ is central symmetric, i.e. φ = φABA′B′ is central symmetry, take such
coordinates that φ(z) = −z and repeat the reasoning.

b) Follows from the previous: we have φACA′C′ = φABA′B′ end φADA′D′ = φABA′B′ ,
hence φACA′C′ = φADA′D′ , and (A,A′;C,C ′;D,D′) is harmonic.

3.4. The angle ∠(AB,AC)−∠(A′B,A′C) equals to (directed) angle between the
circles (ABC) and (A′BC). Since φ conserve the angles between circles, it equals
the angle between (AB′C ′) and (A′B′C ′), or ∠(A′B′, A′C ′)− ∠(AB′, AC ′).

Remark. This (and similar) equality can be transformed to di�erent forms, for
example

∠(BA,BA′) + ∠(B′A,B′A′) = ∠(CA,CA′) + ∠(C ′A,C ′A′).

If M the center of inversion+re�ection φ, then ∠(BA,BA′)+∠(B′A,B′A′) may
be transformed to (∠(BA,AM)+∠(AM,A′M)+∠(A′M,BA′))+ (∠(B′A,B′M)+
∠(B′M,B′A′)) = ∠(AM,A′M) + (∠(BA,AM) +∠(B′M,B′A′)) + (∠(A′M,BA′) +
∠(B′A,B′M)) = ∠(AM,A′M) + 0 + 0. Similarly ∠(CA,CA′) + ∠(C ′A,C ′A′)

So if A, A′ = φ(A) are �xed, then the sum

∠(XA,XA′) + ∠(X ′A,X ′A′)

does not depend on the pair X, X ′ = φ(X).
The last fact can be generated: the sum

∠(XA,XB) + ∠(X ′B′, X ′A′)

does not depend on X, X ′ = φ(X) (if A, A′ = φ(A), B, B′ = φ(B) are �xed). This
sum equals to ∠(MA,MB) � the proof is similar.
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Harmonicity and products of similitudes

3.5.
a) Follows from the equalities of modulos and arguments of complex numbers in

(1).
b) The coe�cients of rotational homotheties equal to modulos of fractions in the

left part of (1), and the angles of rotations are opposite to their arguments.
c) Since (A,A′;B,B′;C,C ′) is harmonic, (C,C ′;A′, A;B,B′) is also harmonic,

which yields (L− C ′AB′).
d) Let A′ and B′ be two centers of rotational homotheties. Then the angles of

triangle A′B′C ′ are known (for example from general Napoleon theorem).
e) to be added
3.6. The assumptions (R− ...) yield that the circles concur.
If all six points are concyclic, the assumptions (L− ...) with (L− ...) giving the

appropriate order of points, yield that the circles concur.
3.7.
a) It is easy to see that an isogonal sixtet satis�es the assumptions (R − ...),

which yield the concurrence (see the previous problem).
b) Five points A,B,B′, C, C ′ de�ne unique isogonal sixtet (A,A′;B,B′;C,C ′′)

(the lines BA and B′A are de�ned from IsogB(AA
′, CC ′), IsogB′(AA′, CC ′)). From

the previous (A,A′;B,B′;C,C ′′) is harmonic and by problem 3.2 we obtain C ′′ = C ′.
The problem can also be solved in complex coordinates (see for example the

following).
c) Take such complex coordinates that A,A′;B,B′;C,C ′ correspond to a, 1/a, b, 1/b, c, 1/c.

Then we can write IsogA(BB′, CC ′) (equivalent to the required by the previous) as
1/c−a
1/b−a

· c−a
b−a

∈ R, or 1−a/c−ac+a2

1−a/b−ab+a2
∈ R ⇔ 1/a+a−1/c−c

1/a+a−1/b−b
∈ R. but the last is equivalent to

the collinearity of midpoints a+1/a
2

, . . . of segments AA′, . . . .
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4 Information about cubics

4.1.
a) Let U , V be the third common points of the cubic with lines AB, BC

respectively. Then P = A + B and Q = B + C are the third common points of
the cubic with OU , OV respectively and we have to prove that the common point of
lines CP and AQ lies on the cubic. Consider two degenerated cubics: one of them is
the union of lines ABU , OV Q, CP , and the second one is the union of lines BCV ,
OUP , AQ. The given cubic passes through eight of their common points: A, B, C,
O, U , V , P , Q; Therefore it passes also through the remaining point.

b) Let OA meet the cubic for the third time at C. Then A − B is the third
common point of the cubic with BC.

4.2. Denote A+′ B = C. Then O′ + C = A+B, i.e. C = A+B −O′.
4.3.
a) By the de�nition A+ B + C is the third common point of the cubic and the

line touching it at O.
b) If O is a su�ection point, then A+B + C = O. It is easy to see that for any

P P +O = P .
4.4.
a) Clearly follows from sP sP (X) = X.
b) By the previous problem P + X + sP (X) = P ′ + sP (X) + sP ′sP (X), i.e.

sP ′sP (X) = X + P − P ′. Then the commutativity is equivalent to P − P ′ = P ′ − P
or 2P = 2P ′. But the last equality means that the tangents at P and P ′ meet the
cubic in the same point.

4.5.
a) There exist three tangents to the cubic from the su�ection point O distinct

from the tangent at O. The bases of these tangents are the points of degree 2.
b) Clearly follows from the previous problem.
4.6. Let A1+ · · ·+A6 = 0. Find the third common points of the cubic with lines

A1A2, A3A4, A5A6. The sum of these three points also equals to zero, therefore they
are collinear, denote the corresponding line as ℓ. Consider two degenerated cubics:
the union of lines A1A2, A3A4, A5A6 and the union of ℓ with the conic passing
through A1, . . . , A5. Eight of their common points lie on C, thus the remaining point
also lies on C, i.e. coincides with A6.

Inversely let A1, . . . , A6 lie on a conic. Find the third common points B, C of C
with A1A2, A3A4 respectively. The cubic which is the union of conic A . . . A6 and
line BC passes through eight common points of C with the union of lines A1A2,
A3A4, A5A6, thus BC and A5A6 meet on C which yields the required equality.

4.7.
a) By the previous problem X + Y does not depend on X.
b) Similarly Z + T does not depend on X.
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Circular cubics

4.8. Follows from right calculation.
4.9. Follows from A′ +B′ = A+B.
4.10.
a) The sum X + Y + Z + T depends only from P , Q. Hence if these points lie

on a conic with two circular points for some section lines this is true for any section
lines.

b) The line PQ is parallel to the asymptote if and only if P + Q equals to the
sum of the circular points. Since P , Q, X, Y , Z, T lie on a (degenerated) conic, this
means that X, Y , Z, T are concyclic.
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5 Êóáèêà ôîêóñîâ

Properties of cubics of foci

5.1.
a)
Since ∠(AX,XB) = ∠(AY, Y B) and ∠(A′X,XB′) = ∠(A′Y, Y B′), the assumptions

IsogX(AA
′, BB′) and IsogY (AA

′, BB′) are equivalent.
(Using that ISO(ABA′B′) is an isocircular cubic): Let Y ′ be the sixth common

point of the cubic with the circle (ABX). Then Y ′ = −A − B − X − C1 − C2.
Similarly for the sixth common point Y ′′ of the cubic and the circle (A′B′X). Since
A′ +B′ = A+B (because A′ = A+ C, B′ = B + C, where C + C = O), we obtain
that Y ′ = Y ′′.

b)
(Using that ISO(ABA′B′) is an isocircular cubic): The third common point of

XY and the cubic is constant because X + Y = −A−B − C1 − C2 = const.
5.2.
Follows from 3.7.
5.3.
Follows from the equation (problem 4.15)

5.4.
a)
b) By the description of ISO as the set of such X that the midpoints of AA′,

BB′, and XX ′ are collinear.
c) Because M is the center of rotational homothety mapping A⃗B to ⃗B′A′.
d) The quadruple A, E = AA′ ∩ BB′, A′, AA′ ∩ PP ′ is harmonic, thus the

quadruple of lines joining these points with the projection F of E to PP ′ is also
harmonic. Since FE ⊥ PP ′, we obtain that FA and FA′ are isogonal with respect
to FE. From the same reasoning for FB and FB′ we obtain IsogF (AA

′, BB′).
e) The assumption IsogT (AA

′, BB′) clearly follows from the de�nition.
5.5. By the de�nition of isocircular involutions P , M , P ′, ∞ is an orbit.
Points T and T ′ are conjugated (see below).
5.6.
a) Follows rom the equation.
b) Follows from the equation because ∞ and M are conjugated.
c) Since sM(X) = s∞(X ′), and the midpoint of XX ′ lies on the Gauss line.
5.7.
a) (S.Berlov) Synthetic solution see in S.Berlov, F.Petrov. Solution of problem

M2497. Kvant, 2018, 4, 13�15.
b) Follows from the orbit containing ∞.
5.8. Follows for example from problem 3.7.
5.9. Consider two pairs of conjugate points X, X ′ and Y , Y ′. By the isogonals

theorem points XY ∩X ′Y ′ and XY ′ ∩X ′Y are also isogonally conjugated, i.e. they
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lie on the cubic. therefore X + Y = X ′ + Y ′ and X + Y ′ = X ′ + Y or X − X ′ =
Y − Y ′ = Y ′ − Y .

5.10. (*Cyclic*) ?? If ABA′B′ is cyclic the map fAB,A′B′ coincide with the
inversion mapping A to B, and mapping A′ to B′. This inversion is centered at
the common point P of lines AB, A′B′, XY , X ′Y ′, also we have ∠APX = ∠Y ′PA′.
Let X1 be the re�ection of X about PA and Y ′

1 be the re�ection of Y ′ about PA′.
Then the similarity of triangles PXX ′ and PY ′Y yields the equality X ′X1 : XX ′ =
Y Y ′

1 : Y Y ′ equivalent to the required.
5.11. (*Harmonic*) ??
a) Since AA′ is a symmedian of triangles ABB′, A′BB′ and BB′ is a symmedian

of ABA′, AB′A′ we obtain that MA and MB are conjugated.
5.12. (*Parallelogram*)
a) This assumption is necessary, it is equivalent to isogB(AA

′, XX ′) because by
the symmetry ∠(A′X,A′B) = ∠(AX ′, AB′). By problem 3.7 this is su�cient for all
remaining isogonality assumptions

b) It is easy to see that if two circles are congruent then two remaining circles
have the same radius. Also if the circles XAB and XA′B′ then the angles (XA,XB)
and (XB′, XA′) corresponding to equal chords are congruent too.

c) When we change the radii of congruent circles ABX and A′BX the lines AX
and A′X rotate with equal velocities in opposite directions. Hence their common
point moves on an equilateral hyperbola.

5.13.
a) The inversion about the incircle maps AB, AB′, A′B, A′B′ to four congruent

circles, therefore their common points form a parallelogram. Thus the circles ABI,
A′B′I are tangent, and the circles AB′I, A′BI are tangent.

b)
c) Let T1, T2, T3, T4 be the touching points of the incircle with AB, AB′, A′B,

A′B′. The midpoints of segments TiTj, the common points of diagonals and opposite
sidelines of T1T2T3T4 and the incenter I lie on an equilateral hyperbola, and the
inversion images of these points lie on the cubic of foci.

5.14.
a) We have A+A′ = B+B′, i.e. A+A = B+B. Thus the tangents to the cubic

at A, B, A′, B′ meet it for the third time at the same point.

Another descriptions of cubics of foci

5.15. Firstly �nd an equation for the case when φ with the complex conjugation:
(x, y) 7→ ( x

x2+y2
, −y
x2+y2

). using that the midpoints of segment XX ′ lie on the Gauss

line 2Ax + 2By = 1 we obtain (Ax + By + 1)(x2 + y2) + Ax− By = 0. Now using
the rotation mapping the Gauss line to a vertical line we obtain the required.

5.16.
a) Take such coordinate system that the in�nite non-circular point of the cubic lie

on the ordinate axis. Then the equation of the cubic is (x2+y2)(x+A) = Bx+Cy+D.
It is easy to see that the tangents at the circular points pass through the origin.
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b) M and M ′ = ∞ (asymptote point) are conjugated, hence, the point O′
1 = O2

conjugated to circular point O1 is the result of projections from M ′ and M . But
sM ′(O1) = O2, hence sM(O1) = O2.

5.17.
a) By immediate check we obtain that the locus of X, Y is a cubic. This cubic

coincides with C because it passes through M , L, L′ and the circular points and the
tangents to it at L, L′ and circular points pass through M .

b) The sum X + Y does not depend on the circle.
5.18. Follows from the equation of ISO(ABA′B′).
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6 Quartets and isogonal cubics

6.1.
a) Let the barycentric coordinates of J and P be (x0 : y0 : z0) and (x : y : z)

respectively. Then the barycenric coordinates of P ′ are (a2yz : b2zx : c2xy), where
a, b, c are the lengths of Y Z, ZX, XY respectively and the collinearity of J , P , P ′

yields the equation of degree 3 about x, y, z.
b) Since the isogonal conjugation maps the in�nite line to the circumcircle the

circular points are conjugated.
6.2. Let P1 = φX(P ), P2 = φY (P1). Since XZ ·XY = XP ·XP1 and ∠ZXP =

∠P1XY , the triangles XPZ and XY P1 similar. The triangles XY P1 and P2Y Z are
also similar, thus P2 = φZ(P ). Hence the composition of any two maps from φX ,
φY , φZ is equal to the third map.

Let point Q be isogonally conjugated to P , Q1 = φX(Q). Then X, P , Q1 are
collinear and X, Q, P1 are collinear. Also ∠XY P1 +∠XYQ1 = ∠XPZ +∠XQZ +
π+∠Y , therefore the lines Y Q1 and Y P1 are symmetric with respect to the bisector
of angle Y and P1, Q1 are isogonally conjugated (�g. 6.1).

Fig. 6.1.

Remarks. 1. The commutation of φX with the isogonal conjugation can also
be proved by the following way. Applying to P in an arbitrary order the isogonal
conjugation and φx we obtain a point on XP . It is easy to see that both compositions
are projective maps of this line, hence it is su�cient to prove that they coincide for
three positions of P . But both compositions transpose X and the common point of
XP with the circumcircle of XY Z, also they transpose the in�nite point and the
common point of XP with Y Z.

2. The equality XP ·XP1 = XQ ·XQ1 yields also PQ ‖ P1Q1.
6.3.
a) Follows from the previous problem.
b) Follows from remark 2 to the previous problem.
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c) By the previous assertion these points lie on the cubic de�ned by in�nite point
of lines AA′, BB′, CC ′, DD′.

d) From the equalities A+D+X = A+C + Y = B +C +X = B +D+ Y we
obtain A+ A = B +B.

6.4.
a) From A +D′ = B + C ′, D +D′ = C + C ′ and D′ +D′ = C ′ + C ′ we obtain

that A+D = B+C, i.e. PX lies on the cubic. Similarly PY , PZ , QX , QY , QZ lie on
the cubic. Then from A+D+PX = A′+D′+QX = B+D+PY = B′+D′+QY we
obtain A+A′+PX +QX = B+B′+PY +QY . Since A+A′ = B+B′ = ∞ (in�nite
point of the cubic) this yields that PXQX and PYQY meet the cubic at the same
point. This point is conjugated to the in�nite one, thus it lie on the circumcircle.
The line PZQZ also passes through this point.

b) From A + D + PX = A′ + D′ + QX = B + D + PY = B′ + D′ + QY =
A+D′ +X = B′ +D + Y we obtain X + Y = PX +QY = PY +QX .

c) The common point Z ′ of the cubic and XY is conjugated to Z, therefore ZZ ′

passes through ∞.
6.5. The quartets A1, B1, C1, D1 and A2, B2, C2, D2 generate the same cubic. Also

A1−B1 and A2−B2 is the same point of degree 2. Therefore, A1+A2 = B1+B+2,
i.e. A1A2 and B1B2 meet the cubic at the same point.

6.6. Since X, Y , Z, ∞ is a quartet, the tangents at these points meet the cubic
at the same point. This point is conjugated to the in�nite one, thus it lies on the
circumcircle.

All cubics of quartets pass through X, Y , Z, the incenter I, the excenters IX , IY ,
IZ , and the circular points. Hence these cubics form a pencil. The locus of common
points of tangents to the cubics of this pencil at circular points is a conic because
the correspondence between the tangent is projective. Consider a degenerated cubic
which is the union of the bisector IXIY of angle Z and the circle XY IIZ . The
tangents to it at circular points meet at the center of this circle � the midpoint
of arc XY . The cubic meets the circumcircle at the opposite point � the midpoint
of arc XZY . Similarly the tangents at circular points meet at the point of the
circumcircle opposite to its common point with the cubic for �ve other degenerated
cubics of the pencil. Therefore this is correct for all cubics.

6.7. The tangents to a cubic of foci at circular points meet on the cubic. By
the previous problem we obtain that the fourth common point of the cubic and the
circumcircle is opposite to one of the vertices. The in�nite point is conjugated to
this point, thus it lies on an altitude of the triangle.

Remark. Let the in�nite point of the cubic lie on the altitude from Z; let A, B,
C, D be an arbitrary quartet. Then the cubic is the cubic of foci for lines AC, BC,
AD, CD. The vertex Z is the Mickel point of these lines, and the perpendicular
bisector to segment XY is their Gauss line.

6.8. Let U be the common point of tangents to the cubic at X, Y , Z, and J .
Form X +X +U = Y + Y +U = Z +Z +U = J + J +U = J1 + J2 + J = 0, where
J1, J2 are circular points we obtain that J1 + J2 +X + Y + Z + U = 0, i.e. U lies
on the circle XY Z. Consider the cubic of quartets passing through U . It coincide
with the given cubic because both cubics pass through X, Y , Z, U , J , J1, J2, and
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the tangents to them at X, Y , Z coincide.

Once more about 8-orbits

6.9. Hint. Let the inversion with center T map X, Y , Z to X ′, Y ′, Z ′ respectively.
Then it maps a 8-orbit to two quartets isogonally conjugated with respect to X ′Y ′Z ′.

If T ,X, Y , Z are concyclic we can also consider an inversion mapping these points
to the vertices of a rectangle. Then the map gT,X,Y,Z corresponds to the inversion
about the circumcircle of this rectangle.
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