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BBenenue

[TepBorit HETPUBHAJIBLHBI TpUMED nocaedosamenvrocmu Comoca — 310 niocaeaoBareibHOCTE Comoc-4. Ona
33/1€TCsl PEKYPPEHTHBIM COOTHOIIIEHUEM

Sp2Sp—2 = ASp11Sp—1 T 6527 (1)

rje o u [ — IpOU3BOJIbHBIE KOHCTAHTHI. UeTBEpKa B HA3BAHUU — JTO MOPSIJIOK PEKYPPEHTHOIO COOTHO-
menus (1). OH moKa3bIBaeT, CKOILKO HAJIO 33/[aTh HAYAIBHBIX YIC€HOB MOCIEI0BATEIBHOCTH (S,), ITOObI
MOKHO OBLJIO BBIYHCJIUTH BCe ocrasbHble. s nocsemoBareabaoctn CoMoc-4 06bIMHO CUUTAIOTCS 3a/1aH-
HBIMU Sq, S1, So U S3.

Ecim B3s1Th KOs dunmentol o = [ = 1 U HaYaJIbHBIE YCIIOBUSA Sy = §1 = S9 = S3 = 1, TO IOJIYIUTCA
nocseoBarenbHocTs Comoc-(4)

S0, 81,... = 1,1,1,1,2,3,7,23,59, 314, 1529, 8209, 83313, . . ., (2)

KOTOpas YAUBUTEILHBIM 00pa30M OKa3bIBAETCs IeJI0UnC/IeHHON. JIpyruM e€ HeoKuTaHHbBIM CBOMCTBOM $IB-
JIAETCA TIEPUONTHOCTD 110 TPOU3BOJIBHOMY MOJTYJIIO.

Onpepesienne 1. B obiiem cirydae mocsie10BaTeIbHOCTD (Sy, )0 HA3BIBAETCS NOCACJOBAMEALHOCTNBIO
Comoc-k, ecm oHA yIOBIETBOPSIET KBaJIPDATHIHOMY DEKYPPEHTHOMY COOTHOIIEHUO k-ro mopsiika (k > 2)

Sn4-kSn = E AjSntk—jSntjs (3)
1<j<k/2

rae o (1 <j < k/2) — HEKOTOpBIE KOHCTAHTHL.

MpbI camTaeM, 9TO BCe WIEHBI TIOCTIE0BATEILHOCTEl, 4 TaKKe MapaMeTpbl — KOMILIeKCHbIe dncia. (2Ke-
JIAIOIIUE MOTYT OIPDAHMYUTHCS BEIIECTBEHHBIMU YHUCJIAMI. )

Onpegnesnienne 2. Yepes Comoc-(k) obosnavaercs mociegoBarebaoctb Comoc-k, rje Bce mapaMerpsb
1 HaYdaJIbHbIE YCJIOBUA PaBHbI 1, TO €CTb dTa II0C/JIeJ0BaTC/IbHOCTD 3aﬂ‘aéTCﬂ HadaJIbHBIMU YJIEHaMM Sg —
$1 = +++ = Si_1 = 1 U COOTHOIIEHIEM

Sn+kSn = E Sn+k—jSn+j-
1<j<k/2

[lestouncieHHO OKa3bIBAETCs HE TOJIBKO HocseaoBaTeibuocTb Comoc-(4), Ho u nocsenoBarebroctu Co-
moc-(k) npu k = 5,6, 7. Ilpu 66s1bmmx k 1o cBoiicTBO Tepsiercs. Tem He MeHee, npu KaxkoM k > 4 cpen
BCeX mocsenoBaresnbaocTeit CoMoc-k MOXKHO BBIJIETUTH OOJIBIION KJIACC MTOCJIEI0BATEILHOCTEH, KOTOPDIE
SIBJISTIOTCS TIEJIOIUCIEHHBIMH.

[esouncieHHOCTh — 3TO BEPHBLIN IPU3HAK TOTO, YTO MbI UMEEM JIeJI0 ¢ OOBEKTOM, KOTOPbIN 00.1a/1a-
eT boraTbiMi apupMETUICCKIMU, aJredpandecKuMu, KOMOMHATOPHBIMU U AHAJTUTHIECKUME CBOWCTBAM.
Hanpumep, 1e7109UCAEHHOCTD W IIEPUOANTHOCTE 1ocsenoBarebrocT Comoc-(4) — 9T0 JMIIb BEpIIHHA
aiicoepra. 3a HIMU KPOIOTCSI HE BUINMBIE HA TEPBBIH B3T/IsI] MHBAPUAHTHI, CKPBIThIE TEOPEMbI CJIOKEHMSI,
Tpornnyeckas apudMeTUKa, COBEPIIEHHbIe TapocoveTaHud u T. 1. B cirydae nocienosarenbuocteit Comoc-4
u Comoc-5 BCE 00bsCHSIETCS T€M, YTO 38 HUMU CTOAT SJUIUNTHYeCKUe KpuBble. Haunnas ¢ mocseioBaTesb-
nocreit Comoc-6 BCE CTAHOBUTCH CJIOYXKHEH U MHTEpecHEi.

[IpoekT B mepBy0 odepe/ib HAIIPABJIEH HA TO, YTOOBI TMO3HAKOMHUTHCSI C TEMU UJIESMU, KOTOPBIE CTOSIT
3a rocsieoBaresbuoctaMu Comoc-4. 3aTemM MbI TOpoOyeM MPUMEHUTD 3TU UJIEH K [TOCIe0BATETEHOCTIM
Comoca 0oJtee BBICOKOTO TIOPSIIKA, B HAJIEXK/IE TTOJTYIUTh [IPOJIBUKEHNS B HEPEITEHHBIX 33/1a9aX.



1 IlepBoe 3HaKOMCTBO

HauasibHble yCJIoBUSA Sg, ..., Sk_1 OJHOZHAYHO OIPEJENSIIOT BCIO TOCJEI0BATENBHOCTD (S,), €Cam eé 31e-
MEHTBI He OOpaIlaioTes B HyJIb. B IPOTUBHOM cjlydae JId HAXOXKJIEHUS 3JIEMEHTOB II0C/IeI0BATEILHOCTH
Tpebyercss HaK/IablBaTh JOIOJIHUTEILHBIE YCIOBUSA. 3a UCK/IIOUEHHEM CIIEIUAJILHO OTOBOPEHHBIX CIIyJaeB
Ipu pemeHun 3aJa9 MOKHO CHUTaTb, YTO B IIOCJI€J0BATEC/IBHOCTAX COMOC—]{] HYJIEBBIX YJICHOB HET. ,Z[.HH
nocienosaresbHoctr Comoc-(k) 910 rapanTupyercs 3a1aqeii 1(a).

3agaya 1.
(a) Ilocrenoarensroctn Comoc-(k) ompeesieHbl KOPPEKTHO: HU OJMH SJIEMEHT B HUX HE DABEH HYJIIO.
(6) TTocrenorarensroctn Comoc-(2) nu Comoc-(3) TpUBHAIBHBI: OHE COCTOST TOJBKO M3 €JIUHHUII,
(B) TTocnenosarensroctu Comoc-(k), k > 4, HeTpUBUAIBHDL: TIPEIbsIBUTE JIEMEHT, He PDABHBIN eJuHuUIIe.
(r) Mocaenosarenbaoctu Comoc-(k) CUMMETPUIHBL: JIJIs JIIOOOI0 HATYPAJIBLHOTO 1 BBIIOJIHEHO Sy, = Spik_1-

" — a2
Bagaua 2. lna smemenTtos mocnenosaTenbrocTn CoMoc-2, 33/1aBaeMoil ypaBHEHHEM Sy125, = 'S, |,
OJIyIuTe (POPMYJIY, BHIPAXKAIOINILYIO S, Yepe3 (v U HavdaJIbHbIE YCJIOBHUS Sq, S1.

Bamaga 3. Ilycrts mocienoBarenbrocTh ComMoc-3 3ajjaHa YPABHEHUEM S, 43S, = S,12S,11. BbIpasure
S, 4Yepes S_i, Sg, S1 U Q.

3amaua 4.
(a) Iycrs k£ > 2, a,b,c,q € R, ¢ > 0 u (s,) — nocienoBarensaocts Comoc-k. Torma (q“”2+b”+csn) —
Takze nociegoBareabHoctb Comoc-k. Ilpemonaras, aro k = 4, BeInuInTe PEKYPPEHTHOE COOTHOIIEHHE
Ha HOBYIO I0CJIEJI0BATEIbHOCTD, €CJIM U3BECTHO COOTHOIIEHUE JIJIsi UCXOJIHOI.
(6) ITycts k > 2 Heverno, v € C u (s,) — mocienoarensaocth Comoc-k. Torga mocsenoBarensroct (ay,)
u (b,), 3a1aBaeMble Kak

Sp,  €CJIM N YeTHO,
a, = n b, =
YSp, €CIIA M HEYETHO Sp,  €CJU N HEeYeTHO,

YSp, €CJIU M 9eTHO,

TaKzKe CyThb IociesoBaTesbHocTH CoMoc-k, y/I0BIETBOPSIONIIE TOMY Ke CAMOMY PEKYPPEHTHOMY COOTHO-
IIIEHHIO.
(B) Ilycrs (s,) — mocaenosarensnocts Comoc-3. Torma cymecrsyior (a,) u (b,) — moC/I€I0BATEIHHOCTH

Gy, €CJIn M 9IeTHO,
Comoc-2, Takue, 910 S, = )
b,, ecau n HedeTHO.

2 IlIpocreiimmue cBoiicTBa mocJjenosareabHocTeit Comoc-4
Hanomuanm, aro Comoc-4 — 3T0 TOCIE0BATEIHHOCTD, YAOBIETBOPAIONIAA COOTHOIIEHUIO

Sn+28n—2 = ASp4+15p—1 + 55721, a,BeC. (4)

Bamaua 5. Ilycrs mocseoBaTeIbHOCTD (S,,) YAOBIETBOPSET JIUHEHHOMY YPABHEHUIO BTOPOTO MOPSIIKA
Spio = USpi1 + VS, u,v € C. Jokaxure, uaro (s,) — nociaenoarenbaocts Comoc-4. Boipasure yepes u u
¥ KOHCTaHTBI v 1 [ B ypaBHeHun (4).

3agaua 6. Jlokaxkure, 9TO MOCJIE0BATETHLHOCTD
2
Sp = (An + B)q™ bnte (5)

ABJIseTC TT0csIeoBaTebHOCThI0 Comoc-4. Beipasure wepes A, B, a,b, ¢, q Koucrautsl o u 3 B ypaBHe-
i (4).

Bagaua 7. Jlokaxure, uro mocsegoBaresbHOCTE CoMOC-(4) He sIBJIsleTcsl MOC/IeI0BATEIbHOCTIO BU-
1a (5).

3
Bagaua 8. IIpo nocieosarensroctu (n?), (27) BbisiCHATE, SIBIAIOTCA JIM OHU HOCJIEI0BATEIbHOCTAMI

(a) Comoc-4, (6) Comoc-6.



Bamaua 9*. Paccmorpum (s,) — nociepoBaresbHocTh CoMoc-4, yI0BIETBOPSIONIY0 ypaBHEeHHO (4)
mpu « = [ = 1. [lyctb sg = 0, 81 = 89 = s4 = 1, s3 = —1. ([ng orpunaresbHbIX HOMEPOB 3Ty MO~
CJIEJTIOBATEJIBHOCTh €CTECTBEHHO JIOOPE/IEUTD 110 HEYETHOCTH: S_, = —Sp.) LOrja I0CcsIe0BaTebHOCTh
oTIpe/iesieHa OJTHO3HAYHO, U €€ 3JIEMEHTHI ¢ HEYETHBIM WHJIEKCOM 00pa3yloT 3HAKOIIEPEMEHHYIO TOCIeI0Ba-
reabrocTh Comoc-(4). !

3 Comoc-(4)

Bagaua 10. Ilycrs B nociegoBaresbroctn Comoc-(4) 97eMeHTHI Sq, . .., S, — lejable uncia. Torma B
JII000i1 YeTBepKe (Sk_3, Sk—2, Sk—1, Sk), T1e 3 < k < m, Bce 9ncjIa NOMapHO B3aMMHO IIPOCTHI.

Bagada 11. (a) Ilycrs B mocienosarensroct Comoc-(4) Sy—3 = a, Sp—2 = b, Sp_1 = ¢ U S, — TEJbIE
gncia. Vicmonbsys 3agady 10, BeIpaznTe M0 MO0 YUCIA S, 3HAYCHUT Spi1, Spi2, Spis-
(6) Jokaxknre, 9To Bee sseMeHTHI mocieoBareabaoctn Comoc-(4) — tesble qucra.

Bameuanue: Kak orMedasoch BbIIe, [EeJOYNCICHHBIMI TAKXKe ABJIAI0TCA mocenopareabroctn Comoc-
(k), mpu k = 5,6,7. Ilpu k > 8 mocnenoBareapnoctn Comoc-(k) mepectaior OBITH IEJIOTHCICHHBIMA.
Hanpumep, Hauano nocsegpoaresbHOCTH CoMOC-(8) BBINVIAIUT CIIeIyOIUM 00pa3oM:

o 1,1,1,1,1,1,1,1,4,7,13, 25,61, 187, 775, 5827, 14815, @, ..

B mpoekTe Mbl pacCMOTPUM Pa3HbIE MOJAXOJbI K JI0KA3aTEIbCTBY HEJOUUCIEHHOCTH OC/Ie0BATEIbHOCTE
Comoc-(4) u Comoc-(5), KoTopble B TEPCHEKTHBE OYIyT MOJIE3HBI U Jyist mocsenoBarebaocTeil Comoca
©oJiee BBICOKOTO MTOPSIKA.

Bamaua 12. IlocienoBaTebHOCTD @y, Gg, A3, . .. 38JIATCI HAYAJIbHBIMU YCJIOBUAMHU a1 = l,ao = 1 u
PEKYPPEHTHBIM COOTHOIIIEHUEM
2
a;_1+2
a, =212 (> 3).
Qp—2

JLMQDKHTG,HTO BCG3H€M€HTBISTOﬁﬁHOCHGﬂOBaTGHBHOCTH‘4’H€HBKBQHCHa.

4 CKpbITHII MHBAPUAHT I1ocjiesoBaTesibHOCcTH Comoc-4

Kak mnokasbiBaer 3aj1a1a 4a, mocjeaoBare/ibHOCTE CoMoc-k JIOMyCKaeT 3aMeHbl, M0C/ie KOTOPBIX OHA YJI0-
BJIETBOPSIET TOMY K€ CaMOMY YPaBHEHUIO. DTUM OOCTOSTETbCTBOM MOYKHO BOCIIOJIB30BATHCS JIJI TOTO,
4TOOBI TIOHU3UTD MOPSIOK PEKYPPEHTHI.

Umenno, mycrs (s,) — mocienoBarenbuoctb Comoc-k. BBegém cooTBeTcTByIONIy0 €if 001opodnyto no-

caedosamenvrocmy (fy,) dopmystoit
Sn—18n+1
f = Snotsni
Sn

Ormernm, aTo Tipn 3anmene (s,) — (¢""¢s,) mocaenopatensrocTh (f,) He MeHseTCS.

Bamaua 13. (a) Ilycrs (s,) — nocaenosarenbnocts Comoc-4. Haiizure pekyppeHTHOE COOTHOIIECHIE
HOpsijIKa 2 JIJIsi OIHOPOJIHOI mocsieoBaTesibhocT ( fy,).
(6) Ilycrs (s,) — nocmemoaresnbaocts Comoc-5. Haiijiure pekyppeHTHOE COOTHOIIEHUE TOPSIKa 3 JJist
OJIHOPOJTHOI TocieioBaTebHOCTH ( f,).

Bamaua 14. Ilycrs (s,) — mocienosarenbrocTb CoMoc-4, KOTOPOi COOTBETCTBYET OJHOPO/THAS TTOCJIE-
JIOBaTeJIbHOCTD ( fy,).
(a) lokaxkure, 9TO 3HAUCHUE

,-Tn:fn—lf'rz—i_fnfn—l—l""fg (6)

'Ecnm sTa 3a7a4a KaxKeTCss BaM TPYIHOI, TO ed DPelIeHHe MOXKHO OTJIOXKHTBL JIO TeX BPEMEH, KOrJa IIOSBUTCA GOJIbIIe
cBefieHnit o mocaeaoBaTenbHoCcTax Comoc-4.




HE 3aBUCHUT OT 7.
(6) Haiture Boipaxkenune T'(x,y) takoe, aro Ty, = T(fn, fni1)-

3ameuanue. PekoMenmyeM >KeJalonyM MOAyMaTh O TOM, U3 KAKUX COOOParKeHWH MOKHO Npudymams
Boipazkenue (6)! DTo MoxKeT OMOYb B JIaJibHeIIeM.

Takum obpaszom, JjIst TAHHOI MOCsIeI0BaTeIbHOCTH (S,) Bee Bbipaxkenus Buga 1'(f,, fni1) IpUHEMAIOT
OJIHO U TO 2Ke 3Hadenne 1.

Omnpepnenenne 3. [lonyuennoe 3nadenne T HA3BIBAETCA UHBAPUGHMOM JTAHHON MOCIEI0BATETHHOCTH
Comoc-4.

Bagada 15. I[lycrs (s,) — nocaemoBarensaocts Comoc-4 ¢ coorrorenneM (4); myctsb 1’ — eé nHBApUAHT.
Hokazxmure, aro Torma (s,) TakzKe sIBIACTCS MOCIEA0BATEILHOCTEI0 COMOC-5, TO €CTh OHA Y/IOBJIETBOPSIET
YPaBHEHUIO

Sn+3Sn—2 = USn+2S5n—1 + VSnt15n

[P HEKOTOPBIX KOHCTAHTaX (4 U V. Bblpasure 5T KOHCTAHTHI dYepe3 «, J u 1.
3ameuanue. Bepen 6osiee obmuit daxt: jobas moceoBareibHOCTh CoMoc-4 sBJISETCs MMOCIe10Ba-
teabHOCTBIO CoMmoc-k, k > 4. JlokaszarenbecTBy 3TOro (bakTa OyIeT MOCBAIIEHa OTIe/IbHAS Cephs 3a/1ad.

Banmaua 16. lcnosnssys samady 14 (u 3amady 10), momydure apyroe JTOKa3aTeIbCTBO MEI0UUCICHHOCTI
nocsreioaresibHocT Comoc-(4).

Bamaua 17. Ucnonssys 3agaqdy 15 (u 3agaqay 10), mossydure emmé ojHO JOKA3aTEIbCTBO EJIOINCIEH-
HocTH TocsieoarebaocT Comoc-(4).

Bagada 18. (a) s kakux mocienoBarenbrocTeii CoMoc-4 MOXKHO J0Ka3aTh UX IEJIOTHCIEHHOCTb,
HCIIONIB3YsI Te ¥Ke Wen, UTo B 3aja4dax 16 u 177
(6) Tlogymaiite Haj TeM, KaK IOJYYUTh KPUTEPHii HEJOUNCIEHHOCTH TT0ce0BaTebHocTn Comoc-4.

Bamaua 19*. Ilycrs (s,) — nociemobarenbaocts Comoc-4. JlokazkuTe, 9To MOAIOC/Ie0BATEILHOCTH €6
9JIEMEHTOB € IYETHBIMU U HEYETHBIMU HOMEPAMHU (Sa,) U (So,41) TAKKE SIBISIIOTCS TIOCIIEI0BATETLHOCTIME
Comoc-4.

5 IlepmoamunocTth mocjaenoBaTebHOCcT Comoc-4 mo
IIPOU3BOJIBHOMY MOJLYJIIO

Bagaua 20. [lokaxkwure, uto B nocyegoBaresbaoctn Comoc-(4) HeT dmcest, Iessmuxcst Ha D.
Omnpenesienne 4. Byjem Ha3bIBATD OCIEI0BATETHLHOCTD (S,,) NPUMUMUGHOT, €CJIA BCE €6 9JIEMEHTHI —
IeJIble 9uc/ia U He UMEIOT ODINero JJid BCexX JenTesid, 0oabiiero 1.

Bamaua 21. (a) Ilycrs p — mpocroe 4meso u (S,) — HPUMHUTHBHAs IocaeqoBaTe bHOCTE CoMoc-4,
V/IOBJIETBOPSIONIAsA PEKYPPEHTHOMY COOTHOMEHUIO (4) ¢ nenbivu Koaddunuentamu « u [ TaKUMH, 9TO
(af,p) = 1. Torma B 9T0i1 MOC/IEIOBATEILHOCTH BCETJIa MOYKHO BLIODATH TPU TOJAPSIL UILYIUX JIEMEHTa,
B3aUMHO ITPOCTBIX C P.

(6) B ycoBusix myHKTa (&) 115 TIOCTIE0BATEIBLHOCTH (S, ) KOPPEKTHO ompeesier eé naBapuant 1’ (mod p7),
rje v — HaTypaJbHOe YHCIIO.

Bamaua 22. Ilycrs p — npocroe dmciio, v — HATYpaIbHOE YHCIO U (S,) — NPUMUTHBHAS MIOCJIEI0BA~
resbHOCTh COMOC-4, YIOBIETBOPSIONIAs PEKYPPEHTHOMY COOTHOIIEHUIO (4) ¢ mesibiMu Ko hDuImeHTaMm
a u B takumu, aro (af,p) = 1. Torma ocTaTKu 1€MEHTOB MIOCJIEIOBATEIBHOCTH (Sy,) AT IIPU JICJCHUN
Ha P’ MEePUOANYIECKHN TTOBTOPSIOTCS.

Bagaua 23. (a) [Iycts m = p]* ... p]" — KaHOHKYECKOE PA3IIOKEHHE YUC/IA 1M Ha MPOCTBIC MHOKUTEIIH.
[TocemoBaresbHOCTD (a,,) HepuognYHa [0 Kaxk oMy 13 Moyieit p)*, 1 < i < [. Jlokaxkure, 4TO 1OCIIEI0-
BaTEJILHOCTD (a,) OyIeT mepuoudecKoil u Mo MOJLYJIIO M.

(6) Ilycts m — HaTypasbHOE Yncio u (S,) — NPUMUTHBHAS T0CTIeoBaTebHOCTE CoMOC-4, y/I0BIeTBODS-
[oIast PeKyPPEHTHOMY COOTHOIIeHNO (4) ¢ membivMu KoddduimentamMun « u 5 Takumu, 9ro (o, m) = 1.
Torya ocraTKu, KOTOPBIE SJIEMEHTHI HOCIEI0BATEILHOCTH (S,,) JAlOT MPU JeJeHUH HA M, HePHOINIeCKH



HOBTOPAIOTCA.
(B) OcraTkun, KOTOpBIE 3JeMEeHTHI TocseaoBaTeasbroctn Comoc-(4) AaoT mpu JIeJICHUH Ha [TPOU3BOJIBHOE
HaTypaJbHOE YUCJIO 17, IEPUOJINYECKU IIOBTOPAIOTCS.

Bagada 24. [lokaxkure, 94TO B yCJIOBHUAX 3a1a9n 22 HeJb3s 0TOpocuTh yeaosue (af,p) = 1.

6 IlocaenoBareabHocTu Comoc-5

Bamaga 25. Ilycrs B mocsenoBarenbroct Comoc-(5) a/eMeHTsl S, ..., S, — Iejble ducaa. Torma B
JI000i#t TIATepKe (Sk_4, Sk—3, Sk—2, Sk—1, Sk ), e 4 < k < n, Bce 4uc/Ia MOMAPHO B3AMMHO IIPOCTHL.
I[Iycrs (s,) — nocaenoBaresnbHocTb CoMOC-5, 3a/laHHAsT PEKYPPEHTHBIM COOTHOIIEHIEM

Sn43Sn—2 = [Sn425n—1 + VSni15n. (7)

OnsaTh ke ob6ozHaIMM 1epes (f,) COOTBETCTBYIOILYIO OJHOPOHYIO MOCJIEI0BATEIBHOCTb.
Crenyromue JiBe 3aJla9i TOCBSIIEHBI TOUCKY JIBYX HE3A6UCUMDIT WHBAPUAHTOB IIOCJIEI0BATETHbHOCTH
Comoc-(5), anamornanbix naBapuanty 1’ nociegoBaresbroctn Comoc-4.

Bamaua 26. (a) [lokaxkure, 9T0 B ypaBHEHNH, [TOJy9eHHOM B 33J1a4e 136, MOXKHO CJIeIaTh eIé OjHy
3aMeHY TI€PEMEHHBIX, OHMXKAIOILYIO MOPSAJIOK ypaBHEHUsI (U yIIPOIIAOIILYIO €10).
(6) Haitnure Boipazkerne J,, = Jp(fu1, fa, fat1, foie), oOIamamomee TakuMu ke CBORCTBAMU, KaK U BbIpa-
xenme T, B 3ajade 14a. Mnade rosopsi, 3HadeHnue .J, JOJKHO ObITH IIOCTOSTHHBIM Ha, JIFOOOI OJIHOPOIHOI
nocseoBaTeIbHOCTH ( fy,), HO 9TU 3HAYEHUsI He JIOJKHBI COBIIQJIATD [T 6CET TOCIEI0BATEILHOCTE, Y10
BJIETBOPSIIOIIUX JTAHHOMY COOTHOIIEHHIO (7).
(B) Haitnure nerpusmnanbuyio dbyHKImo J(x,y, 2), SBISIONYIOCI THBAPDHAHTOM JaHHOM OJJHOPOIHOI 110~
CJIETIOBATEJIBHOCTH (TO €CTh TaKylo, 9To 3HadeHue Beipaxkenus J = J(f,, fni1, foi2) HE 3aBUCHT OT N).

Bagaga 27. (a) IIpeoGpasoBap coorHomenne Ha (f,) MO-Apyromy, HaiijiuTe CyIIECTBEHHO JPYTOil
nowmu-uneapuarm: Boipaxkenune K(z,y,z) takoe, uro suadenus K (f, 1, fn, fur1) COBHANAIOT IpU BCex
YEMHDIT M.
(6) Haitaure emé omno (cyrmecrsenno apyroe, dem B 3ajade 26!) Boipakenne I, = I, (fu—1, fn, fat1, fnt2),
obJra taroriiee TeMH YKe CBOMCTBaMU, 9TO M BbIpaskeHne B 3aj1ate 260,
(B) ...u mosyunTe U3 Hero emé oauH uaBapuant I(x,y, z) nociaeaosareasHoct (fy,).

Sameuanue. Eciu BaM HEIIOHATHBI YCIOBUS JBYX 3aJa4 BbIIIE, 0OPATUTECh 38 Pa3bACHEHUsIMHE!

Sagaua 28. C momoIbio Kaxk10il u3 3aga4 26, 27 JT0KayKUTe, 9TO BCE JIEMEHTHI I0C/Ie0BATEIbHOCTH
Comoc-(5) — resible qucIa.

Banmaua 29. Ilycrs m — narypasbHoe qucio, u (s, ) — 910 nociaegosarenbHocts Comoc-(5). C momorpio
MHBApUAHTOB u3 3a71a4 26, 27 J0KayKUTe, 9TO OCTATKH JIEMEHTOB [OCIE0BATEIILHOCTH (S,) IPHU JICICHUH
Ha 1M [ePUOJNIECKH TOBTOPSAIOTCSL.

Bagaua 30*. Jlokaxkure, 4T0 AjIsA JIIOOOI OC/IEIOBATEILHOCTH (Sy,), YAOBIETBOPSIONIEH PEKYyPPEHT-
HOMY cooTHOIIEHNUIO (7), KayK/1asl U3 MOA0CIeA0BaTeIbHOCTE] (S)) = (S2,) 1 (S)) = (S2n41) €€ 97€MEHTOB
¢ 9ETHBIMU M HEYETHBIME HOMepPaMHI yI0BiIeTBOpsieT ypasHernio Comoc-4

* * ok k * * (% \2
SniaSn—o = Q5,18 1 + B7(sy)"
Kak mMoxk#HO BbIpasuTh KodddumueaTsr o n 57

Bamaua 31*. Ilycrs (s, ) — nocienoBaressaoctb Comoc-5, yaoBierBopsorias ypasaenuto (7). Haiinnre
YCJIOBHsI HA 3HAYCHUsT €6 MHBAPUAHTOB [ u J, PAaBHOCUJIBHBIE TOMY, UTO (S, ) SBJISIETCS TOCJIEI0BATEHHO-
cteio Comoc-4.

Bamava 32. JlokaxknTe, 9TO YMHOXKHUB JIEMEHTHI TTOC/Ie10BaTe TbHOCTH COMOC-5 ¢ YETHBIMU HOMEpaMu
Ha HEKOTOPOE KOMILIEKCHOE HHCJIO, MOYKHO IOJIYINTh TocaegoBaTebHoCTh Comoc-4.



7 CBA3b C 3JIIMOTUYECKIIMU KpuBbIMHA

B nannOM mpoekTe 1o aarunmudeckot kpueoti I Mbl OyjieM MOHUMATh KPUBYIO HA IJIOCKOCTHU, 33/IAHHY IO
ypasrenueM y°> = x° + ax + b, ¢ yciosuem 4a® + 270 # 0. Ilpexkye Bcero Hac OyjayT HHTEpecoBaTb
pAIMOHAJIbHBIE TOYKH (TOYKH C PAIUOHAIBHBIME KOODJMHATAME) Ha TAKuX KPUBBIX. OJHAKO OCHOBHBIE
CBOWCTBA (B MEPBYIO 0Y€PE/Ib — BO3MOKHOCTH BBECTH Ha KPHUBOI CTPYKTYPY I'DYIIIbI) GyIyT ClIpaBe/JINBbI
JIJISI TOYEK C BEIECTBEHHBIMU U KOMILIEKCHBIMI KOODINHATAMM.

YA

Y x

P+l

Jloctarouno ob1as npsiMas IepecekaeT JUTUITHICCKYI0 KPUBYIO B TPEX TouKax. /laBaiite joroBopumcd,
9TO CyMMa 3THX TPEX Toduek OyjeT paBHa Hys0. CTporo 310 hopMmynmupyercs Tax.

Onpenenenne 5. Paccmorpum niBe Touku P u () Ha SJ/UIMITUYECKONR KPUBOM, HE CUMMETPUYHBIE JIPYT
JPYTy OTHOCHTEIbHO ocu abcmuce. Oupenennm cymmy P+ () ciieayomum oopa3oM: IpoBeaéM depe3 P u
() TIpsIMyTO, PACCMOTPUM TpeThbio TOUKy R’ mepecedeHus: 3TON NMpsMOI ¢ HaIeil STMITHIECKON KPUBOii
(ona moxker coBnagarh ¢ P uim (), orpasuM R’ CUMMETPHYHO OTHOCUTELHO OCH abCIUCC (OTMETHM, ITO
Hallla KPUBasi CUMMeTPHYHa OTHOCUTENIbHO ocu aberuce). [Tomydennyio Touky R HA30BEM cymmol TOUEK
P u @), 3anuceiBas 310 Kak R = P + Q).

Bamaga 33. Jlokaxkure, 9TO 3TO OIpejie/ieHrne KOPPEKTHO, BhIIUIMTEe KoopanHaThl R. Jlokaxkure, 910
P+Q=Q+P.

JlobaBuM K HaIEll SJTUITUYEeCKON KPUBOU €I OJIHY TOYKY: OECKOHEYHO y/IaJeHHYI0. ByieMm cuuTarh,
9TO 3TO TOYKa IIepecedeHnsd BCEX BEPTUKAJIbHBIX IIPAMDbIX.

Sagaua 34. Kak ckiiajipiBaTh OOBIIHYIO TOUKY U OeCKOHETHO yiaaaéHuyo? B kakoM ciydae cymma JIByX
OOBIYHBIX TOYEK Ha SJIIUITHIECKONH KPUBOIl JacT OECKOHETHO YIAJEHHYIO!

Samaua 35*. PaccMmoTpum j1Be TPOHKU HPAMBIX Ha IIOCKOCTH l1, ls, I3 1 my, ma, m3. Ecin u3 nepsaru
(pasnuunbIx!) TOUeK mepecedeHus l; N m; BOCEMb JIeXKAT Ha S/UIHITHIECKON KPHBOil £, TO JeBATast TOUKA
repecedeHns TOXKe JIeXKUT Ha .

Hanee 3amaueir 35 MOXKHO II0JI30BATHCA O€3 JT0Ka3aTeILCTBA.

Baga4da 36*. Ilposeputs ToxkecTBO (P + Q)+ R = P+ (Q + R) /y1si TOUEK Ha SJITHIITHIECKOH KPUBOIi
(accoIMaTUBHOCTD CJIOXKEHHS ).

3amaga 37. Ilycrs koaddunments a u b paruonasbubl. Ecm 06e koopauaaTsl P u () paluoHaIbHbI,
TO KOOpPJUHATHI P + () Tak»Ke PAIMOHAJILHBI.

Bameuanne Jjisi yIACTHUKOB, 3HAKOMBIX C IHOHSTHEM TPYHIbl. MBI TOJBKO YTO TOKA3AJM, ITO TOUKN
SJUIMIITUYECKON KPUBOII 00pa3yioT abesieBy IPYIILY MO CJIOXKEHHIO. PalmoHa/JibHble TOYKH 00Pa3yIoT IMOJI-
I'PYIITY B 9TOW TPYIIIIE.

3amaya 38. Kak onpenenuts P+ P? Boimmumure dopmyiist jist koopauaat. Kak onpenenunts 3P, 4P?7
IIycts Temeps (s,) — nociemosarensrHocTs Comoc-4, a (f,) — COOTBETCTBYyIOIMIAs OHOPOHAS ITOCJIE-
noBareabHoCTh. VHBapuanT T’ coobiiaer, 9To Bce TOYKN BUJAA (f,, fni1) JIEZKAT HA KPUBO 4eTBEPTOrO

HOPSIJIKA
XY +a(X+Y)+B-TXY =0. (8)

OKSBI)IB&GTCH, IIOPAJOK 9TOr'0 ypaBHEHHUA MO2KET OBITH TOHUZKCH.



Bagaua 39. (a) Cuenaiite B (8) 3ameny nepemenunix r = —4aX. y = 4a(TX — a — 2X?Y). Kakoe
ypaBHEHUE IOJIY IUI0CH !
(6) Kak mpuBecTn mosryvueHHOe ypaBHeHHE K CTaHIAPTHOMY YPABHEHUIO SJUIMITHIECKON KPUBOI!

Bagada 40. (a) PaccmorpuM mocse0BaTe/IbHOCTD, ONPEIEIEHHYIO B 3ajade 9, 1 COOTBETCTBYIOIILYIO
eil OJIHOPOJTHYIO TIOCTIe0BaTeILHOCTD ( f,) (uTo Takoe fy?). Ilycts P, — cooTBercTByIOMIas eif moceaoBa-
TEJIbHOCTh TOYEK Ha KyOM4YecKoil KPUBOI, IIOCTPOEHHON B IpeIblIyieil 3aa4de. Jokaxure, uro P, = nP;.
(6) Pernure 3amady 9.

Bagada 41. (a) [okaxkure, 4TO TOCIEIOBATEIHLHOCTh TOYEK, COOTBETCTBYIONIMX TPOU3BOJIBHON MO
caegoBarenbHocTu Comoc-4, sBisiercss apudMeTHIecKoit nporpeccueii, to ectb P, = P, 1 + P, tie P —
[IOCTOSTHHAST TOYKA.

(6) Yro o3HauaeT, 4TO MOJTyUeHHAs Iporpeccust umeet Bu (nP)?

[Ipe/ImoIosKIM, UTO eCTh S/UINITHYeCKasd KpuBag [ 3ajannag ypasHeHneM y°> = 3 + ax + b m Touka,
P = (x,y) nHa Heit. Ecu nocunrarh nepsbie TOUKH BUJIa NP, TO OKayKeTcs, 9T0 UX KOOPIUHATHI UMEIOT
crienuasibHbI Buj. Beerpa Haiigérest takoit MHOTOUWIEH 1, = ¥, (x,y) € Z[z,y, a,b], aro nP = (ﬁ’ ¢—%> .

Bot nepBbie 371€eMEHTBI 9TOM MOCTIETOBATETHHOCTH:

Yo=0, Vv1=1, =2y, 3=231"+6ar’>+12bz —d’
Yy = 4y(2° + bax* + 2002 — 5a*x? — dabx — 8b? — a?). 9)

Kpome Toro, okasbiBaeTcs, 9T0 3HAYCHUSA V5, Vg, - . . MOXKHO HAXOJIUTH C IIOMOIIBIO PEKYPPEHTHOTO COOT-
HOIITEHU ST

Vi nioUn_2 = Y3ni1¥n_1 — V1307, (n>3)

njm C IIOMOIIBIO ITapbl COOTHOIIIEHUI

Vont1 = Ynold — Y1y (n >2),

_ wn 2 2
770271 -5 <¢n+2wn—1 - wn—2¢n+1> (n Z 3)
2y

MuorousieHsl ¢, (2, ) CBA3aHHBIE C JUIMITUYECKON KpuBoil F HazbiBaoTCst noauromamu deserus (division
polynomials). JIjist KOHKpeTHOI KpUBOIi ¢ BEIOPAHHOI Ha HEll TOYKOM MOC/IeI0BATEILHOCTE ¥, (T, y) CTaHO-
BUTCSI YUCJI0OBOM I10CJIe 10BaTC/JIbHOCTDBIO.

Bagaua 42. IlycTs gana siaaunTodeckas Kpupad y° = 3

9TO UM COOTBETCTBYET II0CJI€10BATEJIbHOCTD

—;p+% u rouka P = (0, %) na neit. I[Iposepbre,

Yo, U1,...=0,1,1,-1,1,2,-1,-3,—5,7,—4,—-23,29,59,129, . . ., (10)
3aJlaBaeMasi HadaJbHbIMU YCJIOBUAME 1) = 1y = 1, 13 = —1, ¥4 = 1 u PeKyppPEHTHBIM COOTHOIICHUEM

wn+2’l/}n—2 = wnJrlwnfl + wz (n > 3)

JlokazKuTe, 9TO B TEPMUHAX MEPEMEHHBIX f, = 1,111, _1/%? KoopauHATHI TOUKH nP 1pu n > 2 UMeT
BU/I

nP = <_fn; ?(fn—kl - fn—l)) .

Bamaua 43. Jlokaxkure, 4TO B cjlydae HPOU3BOJILHON Kpuboii y° = 22 + ax + b u Toukn P = (z,y) Ha
Hell KoopauHaThl TOYKN NP 1npu n > 2 UMEIOT BUJIL

nP = (%, %) = (SE — fn, ﬁ(fn+1 - fnl)) ) (11)

Toe @n = x¢i - ¢n71¢n+1, Wn = ﬁ(wnJrQwi—l - wanwEH-l)-

J1j151 TOTO yCTaHOBHUTE, UTO TIOC/IEI0BATELHOCTD (1, ) uMeet nnbapuant T = 2(a+3x?), n kosdpduruenTt
. . 1
YIJIOBOTO HAKJIOHA CEKYIIeil, Mpoxosineil yepe3 Touku nP u P ectb k, = —4—y(2 fafor1—=T).



8 Comoc-4 ectb ComMmoc-m
O tHuM U3 CBOHCTB mocstetoBaTebHOCTel CoMOCa MAJIOTO MOPSJIKA SIBJIAETCS TO, YTO OHH YIOBJIETBOPSIIOT
peKyppeHTHI)HVI COOTHOIIIEHUAM 60Hee BBICOKUX HOpH,ZLKOB.

Bagaua 44. Jlokaxure, 9TO IPOU3BOJIbHAS TOCIEI0BATETLHOCTE COMOC-2 SIBJISIETCS MOC/IEI0BATE b
Hocthio CoMoc-m mipu JioboM m > 3.

Sagaua 45. Jlokaxkure, 9TO IPOU3BOJILHAS [OCIEI0BATEILHOCTL COMOC-3 ABJIAETCS MOCICI0BATE b
HocThio CoMoc-m 1ipu JioboM m > 4.

Anajiornanoe ¢BOHCTBO BBIIOJIHACTCS U JIJIA IPOU3BOJILHOIM Hoce0BarebHoctn CoMoc-4: oHa, SIBJISIeTCs
1 1ocyenoBareabHocTbio Comoc-m s jioboro m > 5. Bosiee Toro, BepHo 6ojiee CUILHOE YTBEPIKICHUE:
CYTIECTBYIOT MOCJIEIOBATEILHOCTH (Cx )y U (dk)72,, IS KOTOPBIX

2
SnikSn—k = CkSni15n_1 — diso, (12)

¥ TI0CJIeI0BATEIBHOCTH (U )5 U (Vg)52_ ., Takue, 9ro

Sntk+1Sn—k = UkSn425n—1 — UkSnSni1- (13)

Caenytorue 3a1a91 MOCBAIIEHBI JTOKA3ATEIbCTBY 9TOr0 (hpaKTa M €ro CJIeICTBHUSIM.

amaga 46. Ilpu k£ > 2 maiigure HOpMYIIbI, MO3BOJILIONINE BHIYUCTUTD KOIMDMOUIUEHTHI Cj i1, i1
uepes C_1, dy—1, Cr, d.

Samaua 47. Haiigure 3nadenus ¢, d npu k = 1,2, 3.

3amaya 48. Beiumimre cOOTHOIIEHNE, KOTOPOMY TIpu k > 3 JIOJIZKHBI YIOBIETBOPATH ITapaMeTPhI Ck_1,
di_1, Cg, dj A7ag TOrO, YTOOBI 3HAYCHUS Cpy1, A1 MOXKHO OBLIO HAWTH 1O PEKYPPEHTHBIM (HhOpMYJIaM U3
zajmaan 46. JlokaKuTe, 9TO 9TO COOTHOIIEHNE JEHCTBUTEIHHO SIBJIETCH BEPHBIM.

Baga4da 49. Jlokaxkure, uro Ha caMoM Jeie dhopmyna (12) MoxkeT ObITH 3alucana B BHJIE
2 2 2
WiSntkSn—k = WESn4+1Sn—1 — W1 Wk—1Sy, (14)

rie (w,) — Heroropas mocieaoBareabHocTh Comoc-4. Kak B 910it mocsenoBaTesbHocTH yIA00HEH BCero
BBIOpATh HaYaJIbHBIE 3HAUECHUA !

Bagada 50. Jlokaxkure, 94TO 3JI€MEHTHI TOCIEIOBATEILHOCTH (W,,) U3 MPEBLIYIIEN 381891 yI0BIETBO-
PAIOT ypaBHEHUIO
2 2 2
W WnypWp—f = W Wp1Wp—-1 — W1 Wr—1W,, . (15)

Bamaua 51. Ilpu k > 2 naiijure pOPMYJIbI, TO3BOJIAIONINE BIYUCIUTE KOIMDPUITHEHTHI Ukt 1, Ukl
pekyppeHTHOro coorrorenust (13) vepes ug_1, Vg_1, Uk, Uk

3amava 52. Brermummre cooTHONEHNE, KOTOPOMY 1iput k > 3 JTOJIZKHBI Y/IOBJIETBOPSTH APaMETPhI U1,
Vk_1, Uk, Vg JJIsI TOTO, YTOOBI 3HAYEHUS Uk i1, Vg1 MOKHO OBLIO HAWTHU IO PEKYPPEHTHBIM (hOpMy/IaM U3
zajmaan 51. JlokaxKuTe, 9TO 9TO COOTHOIIEHUE JEHCTBUTEIHHO SIBJIAETCH BEPHBIM.

Bamaua 53. Beipasure uy, v 4epe3 3J1€MEeHThI OC/IeI0BaTeIbHOCTH (w,,) U3 3a1aun 49.
Samaua 54. Ilycrs uncna k, [, m, n oJHOBPEMEHHO Ie/Ible WK MOJIylebe. JJokaxkuTe, 910
Skt1SmAnWh—1Win—n + SkinSimWk—nWi—m = SkimSl4nWk—mWi—n = 0, (16)

1 B 9aCTHOCTH,

W1 Wiy 4n Wk~ Wi, + Wepn Wi Wk —n Wi —m — Whtn Wign Wr—m Wi —n, = 0. (17)

Bamaga 55. C momompio OpMysT IpeabIyINeit 3a1adn jafiTe emeé ogHo penreHne 3ajgad9u 9: 1oKa-
JKITE, ITO 9JIeMEHTHI mocaeoBarenbaoctu (10) cBsa3anbl ¢ smementamu nocsenosaresabHocT Comoc-(4)
PaBEeHCTBOM S, = (—1)")g,_3 (BBLIETCHDI 2KUPHBIM B (10)).



Bagaua 56. Ilycrs (s,) — nocienosarensaocts Comoc-4. JTokazkure, 9To Jjist JIIOOBIX a U b nocsieno-
BATEJILHOCTD (7,) = (Santb) TAKKe OyJIeT mocseoBaTeabHOCThI0 CoMoc-4.

9 CioxKHbBIE 331241

Banauva 57*. Haitqure naBapuanThl mocseaoBareibHOCTH CoMOC-6, yI0BIETBOPSIONIEH yPABHEHUIO

Sn+35n—3 = XSp42S5n—2 + 53n+15n71 + 75317 «, 57 Y € (C (18)

Bagauda 58*. Jlokaxure, uro Comoc-(6) — 1e109ucaeHHast mocae0BaTeIbHOCTb.

Bamaua 59*. Jlokaxkure, 9T0 mocjeqoBarebHOCTh CoMoc-(6) Mo MO0 TIPOU3BOIHLHOTO HATYPA/Ib-
HOT'O YHUCJIA MPEJICTABIAET CO0OI MEPUOIUIECKYIO TI0C/IEI0BATETbHOCTD.

Samaua 60*. Haiijure nuBapuanThl 1ocjeoBaTebHOCTH COMOC-7, VI0BIETBOPAIOINIEH YpaBHEHHIO

Sn+48n—3 = ASp4+35p—2 + 63n+28n—1 + Y Sn4+15n, «, 67 AS C. (19)

10 Hepenienubie npobJeMbl

Bamaua 61*. Jlna nociaemoBarenbHocTH CoMOC-6 JOKaXKUTE «TEOPEMY CJIOKEHHS», aHAJOIUIHYIO POp-
myite (14).

Bagada 62*. s nocienosarensnoctn CoMOC-7 JOKaKUTE «T€OPEMY CJIOKEHUST», AHAJOTHIHYIO (hop-
myite (14).

Bamaga 63*. MokHo i 3/1eMeHTHI TToce10BaTe TbHOCTH COMOC-7 ¢ HEYETHBIMU HOMEPAMU YMHOXKHUTD
Ha KOHCTAHTY TaK, YTOOBI MOJIyIHIach mocieoBareabnoctb Comoc-67

Bamaua 64*. Jlokaxxure, 9ro nocsenoBareibHOCTh Comoc-(7) Mo MOJIYJII0 TPOM3BOJILHOIO HATYPATBLHOTO
YHCsIa TPeJCTaBIIAeT CO00N MEPHONIECKYIO MTOCIIEI0BATEIBHOCTD.

Bamaua 65*. Jlokaxkure, aTo nocaegosarenbHocts Comoc-(8) He ABIsAeTcs HocIe10BaTeIbHOCTBI0 CoMoc-

k npu k # 8.

Samaua 66*. HerpymHo Bumers, uro nocienoareabrnoct Comoc-k npu k = 4,5,6, 7 sBISIOTCS YacT-
HBIMU CJIydasiMu nocaedosamenvrocmets Letina — Pobuncona, KOTOPbIE 33 1al0TCsI PEKYPPEHTHBIMU COOT-
HOIIIEHUSIMU JIBYX THUIIOB, JIBYYJI€HHBIM

SnSn—k = OSp—Sn—k+1 + ﬁsn—msn—k—s—ma
e 0 <l <m < k, nim TpEXUIEHHBIM
SnSn—k = ASp—pSn—k+p + 6Sn—q8n—k+q + YSn—rSn—k+r;

re 0 <p<qg<r<k, up+q+r =k. [lpugymaiire n107X0J, KOTOPBIIi MO3BOJIsL/I ObI JIJIsI TAKUX OCJIE-
JI0BaTeJIbHOCTEH, HaXOIUTh WHBAPUAHTHI, JIOKA3bIBAThH MEPUOJIMYHOCTD 110 MOJYJIIO, T€OPEMBI CJIOXKEHUSI,

Pemennga 3amau

HepBoe 3HAKOMCTBO

Pentenne 3agaum 1. Bcee yTBep:K ieHns JIOKA3bIBAIOTCA 110 WHLYKITUN.
Cuepsa yno6HO JokazaTh nyHKT (r). Basa n = 0 Bepna 110 yeiosuio. Ilycts st m < n BEPHO S_,, =
Smak—1- LoTJa 1o pekKyppeHTHo# dhopMmyie

1 1
S_p = p E S—n+k—jS—n+j = T E Sn+j—1Sn—j+k—1 = Sn+k—1-
Ry <j<nge <<k



Tenepb, nMest IyHKT (I'), MOYKHO JIOKA3BIBATH YTBEPKIEHUA JIst TocaefoBaTesbHocTeiit Comoc-(k) ToIbKO
JIUTsl HATYpaJIbHBIX 1ucest. [TyHKT (a) BepeH, Tak KaK YHCJIUTETb CTPOrO MOJOKHUTEIEH.

2
[Tyukr (6) Bepen mo wHayKinuu. Basa BepHa 110 ycsosuto. [lepexoi: S,,o0 = Tnt1 — % = 1 g Comoc-2 n

Sn
Spyg = “n2indl — % =1 g Comoc-3.

Sn

st pemenust myHKTa (B) J0CTATOYHO PACCMOTPETH JeMeHT S = [k/2].

Pemenne 3amaun 2. Dopmysna:
§p = oD/ 2glngn (20)

Jokaxkem e€ no nnpyknuu. OHa J1aéT Hy»KHbIe 3Hadenus npu n = 0 u n = 1. Ecau npeanosioxKuThb, 9To
dbopmyna Bepaa st n =k —1un =k (k> 1), 70 111 Sg41 € MOMOIIBIO PEKYPPEHTHOIO COOTHOIIEHUS
roJiydaeM HY2KHOe ITPeJICTaBJIeHUE:

- —1) 2(1—k —(k—1)(k— — _
Skl = aszskil =a-afk 1)30( )sfka (k=1)(k 2)/253’“31 k— ak(k+1)/230 ks’f“.

Pemenue 3amaum 3. Popwmyia

2 - n/2 .
an? /s 2 g0 2, ec/iu N 9ETHOE;

Sn = L n3-1)/a(1-n)/2 (n+1)/2

) (21)
a s, sy ,  €CcJIM m HEeIETHOE.

I[OKBBI)IB&GTCH 11O MHAYKIHUN aHaJIOTUIHO.

Pemenne 3agaun 4.
(a) Hocrarouno jroka3aTh MO OTJEJIBHOCTH, YTO €CJIU JOMHOKHUTH 3JIEMEHTBI TOC/IEI0BATEIbHOCTH (S,,) Ha
g € C, ¢" mmu ¢™°, oHa ocTaHeTcs nocaenoBaTeabHoCThI0 CoMoc-k.
Hns (gs,) HAZO TIPOBEPUTH PABEHCTBO

(qsn—l—k)(qsn): Z aj(qsn-‘rk’—j)(qsn-i-j)a nim q25n+k’5n: Z ajq23n+k—j5n+j'
1<j<k/2 1<j<k/2

Ono moJIy4gaercs n3 UCXOIHOTO YMHOMKEHIECM Ha, §°.
Hns (¢"s,) Hy?KHOe PaBEHCTBO MMEET B/

n+k n _ n+k—j n+j 2n+k _ 2n+k
(q Sn-‘rk’)(q Sn) - E aj(Q ]Sn-‘rk‘—j)(q ]Sn+j)7 wm g Sn+kSn = § a;q Sntk—jSn+tj-
1<j<k/2 1<j<k/2

OHO TI0/TyHaeTcs U3 MCXOAHOIO YMHOXKeHneM Ha, g2+,

2
Hust (¢™ s,) ypaBHenue maMennTcsi. HaM HYzKHO MOJIyYUTh PABEHCTBO BUJIA

n+k)>? n? (n n+j)?
@ sm) (@ 5) = 0 B0 s ) (0 )

1<j<k/2

KOTOpOE IIpeodpasyercs K BULY

252 —2kj
Sn+kSn = E <ﬁjq ! J) Sn+k—jSn+j-
1<5<k/2

— 2kj—2;5°
SHAYNT, JOCTATOIHO BLIOpATh 3; = a,;q”™ ",

(6) 3amernm, 9TO ecau k HEUETHO, TO JIs JHOOOrO TEIOro j dmcyaa n + k — j U n + j UMET PasHyIo
YEeTHOCTD, & MOTOMY Gptk—jlnt; = Ontk—jbnt; = VSnik—jSntj, ¥ Ha v 7# 0 MOXKHO COKPATHTh B KazKJOM
CJIaraeMOM PEKYPPEHTHOTO COOTHOIIEHUS.
(B) U3 3amaun 3 mosiydaeM, 4To B MOCJIEIOBATEHLHOCTH (a,) TPU YETHBIX 1 MbI JOJKHBI UMETh @, =
an’/4 :n/ sosl/ Terepb U3 Pe3yJibTaTa 3a/Ja4uu 2 HETPY/IHO HOJIYyIUTh, YTO TOJONWIET TOCIe0BATEILHOCTD
BHJIA
a, = (051/2)n(n_1)/2(051/4(81/8_1)1/2)n80,

e, HanpuMep, depes o/ o6osHaueHo Taxoe KOMHJIGKCHOG qucio 3, aro B4 = «. Honydennas mocieno-
BaTE/ILHOCTD Y/IOBJIETBOPSIET COOTHOIIEHUIO Gy 120, = a/?a? .
[locenoBaTenbrocTs (b, ) CTPOUTCA aHAIOTHYHO U yIOBJIETBOPSET TOMY YK COOTHOMICHHIO.



ITpocreitue cBoiicTBa mocsesoBaTeabHocTeii Comoc-4

Pemenne 3agauu 5. I[lyers v # 0. Econ S, = USy1q + USp, TO Sp_g = —%s,_1 + +s,. 3HaunT
+ + ) v v )

U 1
Sny28n—2 = (USpi1 + VSy) —oSno1t sa | =

2

9 U U 9 U2 U2
=85, = —Sn—15n41 T Sp | "Sn41 — USp—1 ) = S, 1+—| - —Sn—1Sn+1-
v (% (% (%

Takum obpasom, a = —u?/v u 8 =1+ u?/v.
Cnyuait v = 0 gaeT peKyppeHTHYI0 DOPMYIY S, = US,_1, OTKyAa S, = u"sg. Torma s,i08, o = u2”sg =
5721 = Spi1Sn_1. Takum obpasom, s, Oyaer mocaeaoBarebHOCTEI0 Comoc-4 st JIIoObIX «r, B ¢ yCIoBHeM

a+p =1

Pemenne 3agauu 6. Ilogcrasiss s, = (An + B)q“"ZJ“b’”“rc B ypaBHenue (1), IpUXOIUM K PABEHCTBY
(A%(n* — 4) +2ABn + B*)¢®™ = a(A*(n? — 1) + 2ABn + B*)¢* + B(A*n® + 2ABn + B?),

KOTOPOE JIOJIZKHO BBITIOJTHATHCS JIJISI BCEX IEJIBIX 1. DTO 03HAYAET, YTO KOIPDUIUEHTHI IPU BCEX CTEIEHAX
n B JIeBOil U IpaBoil YacTIx J0/MXKHbBI coBlagaTh. CpasHuBas KoadgdumenTsl upu n? u upu n’, IpuxoauM

K CUCTEeMe YpaBHEHUI
q8a — Oéq2a+ﬂ, (_4A2 +B2)q8a — &(_A2+B2)q2a_|_532.

PasencTso koadduimenTos mpu n' Tak:ke CBOJUTCH K IIEPBOMY ypaBHeHHIO. Permias cucTeMy, HaXOIMM
eIMHCTBenHoe perenne o = 4¢%¢, 8 = —3¢%.

2
Pemenne 3anaun 7. Eciu 661 nocienosaresiocts Comoc-(4) umena suf s, = (An+ B)g® T+ o,
coracHo 3ajade 6, BBINOJIHAINCH Obl paseHcTBa ¢°¢ = 1/4, ¢® = —1/3. Ho sTu jBa paBeHcTBa HE MOTIYT
BBLIIOJIHATLCS OTHOBPEMEHHO, T. K. U3 HUX CJIeJ0oBaJo Obl, uto 474 = ¢ = —373,

Pemienne 3amaun 8. C oHOIl CTOPOHBI, €CIH IPEIIOI0KITE, UTO S, = N’ — 3TO MOCJIEI0BATEIHHOCTD
Comoc-4, TO 11T HEKOTOPBIX (v, [ 1 BCEX MEJBIX N JTOJXKHO BBIOJHATHCS PABEHCTBO

n' —8n? +16 = a(n* — 2n* + 1) + Bn™.

Cpasnenne K03MDMUIUEHTOB IPU PA3IMIHBIX CTEIEHSX N IPUBOJNT K HECOBMECTHON cucTeMe ypaBHEHUN
Ha o u (3. Ilostomy s, = n? — aro He nocienosaresbHocTh Comoc-4. C pyroit CTOPOHBI, 3TO GyJeT
rocsie1oBaTe IbHOCTh CoMOC-6, MMOCKOIBKY BO3MOXKHO OJ00paTh KOIMDPUIIMEHTRI ¢, [, 7 TaK, 4TOObI JIJIsd

BCEX IEJIBIX 7 BBITOJIHAIOCH PABEHCTBO
n' — 18n% + 81 = a(n* — 8n* + 16) + B(n* — 2n* + 1) + yn".
Cpapraenne Ko3hMUIMEHTOB IPU PA3IHIHBIX CTEIEHSIX 7 IPUBOIUT K CUCTEME
l+a+pB+vy, —18=-8a—-25, 81=16a+ 0,

eJIMHCTBEHHBIM DEIIeHnEeM KOTODOi sBJIsieTcs Tpoiika («, [3,7) = (6, —15,10).

[Toncranoska s, = o’ B ypastenue (1) npupomuT K pasencrey 224" = 2% + 3. Taxkoe paBeHCTBO He
MOYKET BBITIOJIHATHCS [IPU BCEX TEJIBIX N, TAK KaK JieBasi 9acTh MIPU N — 00 PacTéT ObicTpee mpaBoii. Ana-
JIOTHYHO IIPOBEPSIETCSI, UTO MOCIIEIOBATEILHOCTD S, = 2 He MOKeT ObITh [HOCIe10BaTeIbHOCTEI0 CoMOc-k
st aoboro k > 2. B wactHOCTH, 9TO HE MOXKET OBITH II0C/IEI0BaTeIbHOCTL CoMmoc-6.

Pemenue 3amaum 9. Cwm. pemenus 3a1a1 30, 40 u 55 Himxke.



Cowmoc-(4)

Pemrenne 3amaun 10. Pemnm 3amady no namykiwn. [Ipu n = 0 Mbl nMeeM 4eTBepky (So, S1, S2, S3) =
(1,1,1,1), B KOTOPO# BCe YHCJA TOMAPHO B3aMMHO MPOCThL. IIycThb (8,43, Spio, Sni1, Sp) — ITO IepBast
YeTBEPKa, B KOTOPOI HANIMCH He B3aUMHO IIPOCTBIE YHC/a. TOrja ecTh IPOCTOE P, KOTOPOE JEJUT Sy 3
U OJIHO U3 YHCEN Spi2, Spi1, Sp. LIOJIB3YSCh PEKYPPEHTHBIM COOTHOIICHHEM Sy 13Sp—1 = Spi+2Sn + Soiq,
HAXOJIUM, UTO €CJIH D | Spio WIA D | Sp, TO P | Spip1. Ecam p | Spy1, TO D | SpyaSy. B smobom ciyuae
P | (Sn, Snt2Snt1), ITO IPOTHBOPEUUT CJIEJAHHOMY IIPE/IIOJIOKEHUIO.

Pemienne 3agaun 11.
(a) B BBeJIeHHBIX OGOZHAYCHUAX S, 3 = G, Sp,_o = b, S,_1 = c. Torna s,s,_4 = ac + b*, u s, nemur
ac+b*. Cornacno zagaue 10, (abc, s,) = 1. IToaTOMY MBI MOZKEM HECKOJILKO pa3 IIPUMEHUTH PEKYPPEHTHOE
COOTHOIIIEHUE Sk 11Sk—3 = SkpSk—2 + si_l 110 MOJIYJIIO YHUCTIA S, JUId k =mn, n+ 1, n+ 2:

2 2 —1

Spi10 = sb+ % = ¢ (mod s,), T. €. 5,01 = c*a”* (mod s,,);
2 _ _ 3 —1;-1
Spiob = Spy1¢+ 85 = Spyic (mod s,), T.oe. Sy =c’a b (mod s,);
_ 2 _ .2 _ 3 -2
Sp43C = Spy2Sy + 8,1 = 5, (mod s,), T. €. 5,43 = c’a”” (mod s,).

31ech Bes/e moipasyMeBaeTCsl, ITO OOPATHEIN 3/IeMEHT BEIYHCIISETCS 110 MOLYIIIO Sy,.
(6) TIpoBepuM, 9TO €CIIU YUCTA Sp_g, - -y Spy - -+, Sprs — leJble (OUEBHJIHO, 3TO YTBEPKIEHNE BEPHO TIPH
n =4), TO YUCIIO S,44 TAKIKe OyJIeT 1esbiM. Torjaa o HJYKIMN MOy IuM, YTO BCe YUCIa S, — IeJIble.
W3 dopmynn Bbilie, HaIl (pparMeHT IOCIeI0BaATEIbHOCTH 10 MOLYJIIO S, BBIMJISIAT KaK

a, b, ¢ 0, cQa_l, c3a_1b_1, Aa2.

o _ 2
Crenytommuit /1IeMEeHT Sy,44 MbI JIOJKHBI HAXOAUTD U3 PABEHCTBA SpSpy4 = Spy15n43 + Si 9. HO Tenepn Mur
MOKEM TIPOBEPUTH JIEJIUMOCTD ITPABOU YaCTH HA S,, 3aMEHUB BCE UHMCJIa UX OCTATKAMU OT JIEJICHUA Ha Sy,:

Snt1Sn43 + Sons = (ac+0%)a b ? =0 (mod s,,).

Taxum 0Opa3oM S, JIEJIUT Sy, 115,43 + si 4oy M Spygq — LEJIOE THCIIO.

Pertenne 3amaun 12. Byjem j0Ka3bBaTh MEIOUNCIEHHOCTD TOCIEI0BATETHHOCTH () TT0 WHJLYKITHH.

[Ipeanonoxkum, 9To n > 3, U 9UCaAa aq, ds, ..., G, — Heabie. [[poBepuM, ITO a,.1 TaKXKe OYIET IEJbIM
YHUCJIOM.

N3 HagaJIbHBIX YCJIOBUI U PEKYPPEHTHOI'O COOTHOIIEHUs CJIEJIyeT, UTO BCe YUC/ia ai, ds, - . ., A, — HEIET-
HBle. DTO B CBOIO OYepeIb BJIEUET 3a co0Oit TO, uro mpu k = 2,...,n — 1 4mcaa a,_; U ap B3aUMHO

npoctel. (Ecin a0 He Tak, u k — HaumMenbIuit HoMep, st Koroporo d = (ag_1,ax) > 1, TO U3 paBeHCTBA

ap_1ax+1 = a; + 2 noayqaem, aro d = 2. Ho 3T0 HEBO3MOXKHO, TIOCKOIBKY d — HEYETHOE THCJIO. )
Buauenue a, 1 HAXOMUTCA U3 PABEHCTBA Gy 10y_1 = A2 + 2, U JIsl JOKA3aTebCTBA TIeJI0UUCIeHHOCTH

{41 JOCTATOYHO HPOBEPUTH, uTO a2 + 2 = 0 (mod a,_1). I3 peKyppeHTHOr0 COOTHOIMIEHUs HAXOIUM, YTO

2 2 2 2

az_, + 2 ac_(az_; +4)+ 2a,_1a,

ai 9 n—1 2 nl(nl 2) 1 +1'
Ap—2 an—2

2

n—o IHUCJIUTEJID 6yneT

[MockobKy (ay_1,0,_2) = 1, TO TOCIE COKpAIEHHS] YUCIUTEsI U 3HAMEHATE IS Ha G
O-TIPEKHEMY JICJIUThCS Ha dy,_1, & 3HAUUT 1ucyio (a2 + 2)/a, 1 Gyjer neabiu.

1 1 —

206paTHBIM K @ O MOJLYJIO M HA3BIBAETCA TaKoe 4ucao a1, uto aa ' = 1 (mod m). O6paTHBIi 31eMEHT CyIIecTByeT
TOIJIA U TOJILKO Torza, Koraa (a,m) = 1. Janee Bo Bcex cpaBHEHHSX 0OpaTHbBIE 9JIEMEHTHI OyLyT IOHUMATHCA UMEHHO B TAKOM
CMBICIIE.



CKprTbII'?i MHBApPpHUAHT IIOCJIe10BaTE/IbHOCTHU Comoc-4

Pemenue sapasu 13. (a) fo1f2fuit = @+ B, (6) faorf2f2 1 fasz = ifafust + V.

Pemenne 3amaun 14.
(a) Ilepermriem coorHorennst u3 3aga4qu 13(a) B IBYX BUJIAX:

o I6] e} B
Fufasr = 5+ T R 22
i fn—l fn—lfn " " n fn—lfn ( )
(17151 BTOPOTrO paBEeHCTBA MbI CBHHY/IN UHJEKC Ha 1). Beraurast oJ{HO paBeHCTBO U3 JAPYTroOro, moJLydaeM
(% (6%
fnfn+l+_ :fn—an—1+ .
fn fn—l

[IpubaBus K obenm gacTam f,,_1 f,, moaydaem 1, = T),_1, 970 1 HaJIO OBLIO JTOKA3ATh.
(6) Boipaxas f,_1f, qepe3 f, u f,i1, modydaeM, 9T0 roauTCs OYHKITH

I 1
T(z,y) =xy+oz(—+—) + L
r vy Ty

Pemrenne 3anaqn 15. Ilepeiinem k oxmnopo/Hoii nmocsegoarensaoctu (fr,). o 3amate 13(6) ypasme-
uue (7) mpuMmer BHJ
fn+2f3+1f3fnfl = ,Ufnfn+1 + v.

[Tonpobyem 1o100paTh KOIMMUIUEHTHI (4 U YV TaK, 9YTOOBI 3TO PABEHCTBO JIEUCTBUTETHHO BBITOTHSIIOCE.
U3 pexyppenTHOTO cooTHOIEeHUs 13(a) ciemyer, 9To

b ;)
fn+1’ fn-i—lfnfn—l =a+ fn‘

[lepemuozkas 9T paBeHCTBA, MOJIYYaeM, U9TO 4 U ¥V IPH JIIOOOM N JIOJZKHBI YJIOBJIETBOPATH COOTHOIIIEHHUIO

(Oé+ ﬁ ) (a“‘ﬁ) :anfn+1+ya

fn+1 n

B

fn+2fn+1fn =a+

KOTOpO€ MOXKHO Ilepernncarb B BUJIE

Cate 1,1 &
g “ - anfn+1 * &6 (fn * fn+1> * fnfn+1. (23)

[IpaBast 4acTh 9TOro paBeHCTBA OKa3bIBaeTCs 1moxoxka Ha dopmysty (6) g naBapuanta 1. C yuérom 1oii
dopMyIBI TTIOJIydaeM, UTO (L U V JOJIZKHBI YIOBJIETBOPATH COOTHOIIEHUIO

v —= a2 = BT - (5 +,U)fnfn+1-

Tak kak npoussejieHne [, f,, 11 MOKET IPUHIUMATH PA3HbIE 3HAYEHMUsI, JIJIsi BHIIIOJTHEHIS ITOCJIETHETO PABEH-
cTBa HEOOXOAUMO, 4ToObI 4t = —f3. Ilocse sToro naxoaum, uro v = o + BT. Ioryuennble HEOOXOIUMbIE
YCJIOBUS Ha (4 U V SIBJISIFOTCS W JIOCTATOYHBIMHE JIJIsE TONO, 9TOOBI BBITOTHSIACH hopMyJIa (23), pABHOCHIIbHAST
ypasrenuio (7).

Pemenne 3agaun 16. Ilepenucas Boipaxkenue (6) B TepMUHAX TIOC/IEI0BATEILHOCTH (Sy,), TOJIydaeM

2
Sn—28n+1 Sn—18n+2 as,,
+ +

T = , (24)
Sp—18n SnSn+1 Sp—1Sn+1
OTKY/Ia BbIparKaeM
2 3
B T'Sp41808n—1 — Spy1Sn—2 — QS
Spi2 = 3 . (25)

Sn—1

Hns nocnenosarensroctn Comoc-(4) snauenne nnapuanTta 1’ pasHo 4. Byiem npejmnonarars, aro n > 3, u
HEJTOIUCTICHHOCTD 3JIEMEHTOB Sq, - . . , Spp1 YK€ JIOKazaHa. Torga n3 peKyppeHTHOrO COOTHOIICHUS CJIEJTyeT,



9TO Sy, 98,19 — I€JIO€ YUCJIO, & U3 COOTHOIIEHUS BBIIIE — UTO S2_| S, 19 TOXKE IeJI0e. SHAUUT, 3HAMEHATE,Th
GUCNIA Spp9 B HECOKPATHMON 3aIlUCH ABJISETCA JIENTUTEICM YUCE] S, o U S>_ ;. [IOCKOJBKY OHU B3aUMHO
IIPOCTBI, OTCIOJIA BBITEKALT, UTO Sy, 1o 1eJ10€. 110 MHILyKIMHI [OJIydaeM, 94To BCsl Moc/ie10BaTesbHoCTh CoMoc-
(4) nesounceHHa.

Pemenne 3amaun 17. g nocrenosarensroctn Comoc-(4) 3nadenne naBapuanta 1 pasHo 4. Ilo
3ajiade 15 9Ta mocse/10BaTeIbHOCTD YIOBIETBOPSIET YPaBHEHUIO

Sn+25n—3 = —Sp+1Sp—2 T 581 Sn—1- (26)

Tenepb MOXKHO TPOBECTH TAKYIO YK€ MHJIYKIIMIO, KAK U BBIIIE: ITOCKOJIBKY Spi2Sn_2 U SpioSn_3 IEJbIE,
npuaéM (S,_2,S,-3) = 1, TO U cAMO 8,12 TEJIOE.

Pemrenne 3amaanm 18. (a) Haiizém HECKOIBKO JIOCTATOYHBIX YCJIOBUIl 1EJIOIHCIEHHOCTH, UCIOIb3YSI
ujero 13 3aja4u 15 (Hajmame JByX PEKYyPPEHTHBIX cooTHOIenHuit). [Ipenomokum, 910 meabIMi IucJIaMu
SIBJIATOTCA KO3 dutnmenTsl o 1 [, mHBapuaHT 1 U mepBbIe MSITh WIEHOB Sq, S1, - - - , S4. 10IJ1a KaxK/10e HOBOe
YUCJIO B TIOCJIEIOBATEILHOCTA MOXKHO HAXO/UTh C IMTOMOIIBIO (hOPMYJT

2
Sn4+28n-2 = ASp+15p—1 + ﬂsn, Sn+28n—3 = MSn+15n—2 T VSpSn—1,

riae = —pB uv=a®+ BT — nensle ducia.
Ecnn sg, s1, ..., Spp1 — IEJbIE YUCIA, TO JJIST MEJIOUUCTEHHOCTH Sy, 19 JOCTATOUTHO, YTOOBI (Sy_o, Sp_3) = 1;
€CJIM 9TO He TaK, TO KAXKJIblIil POCTOil JIeJIUTe b P, AIAIHN (8,2, Sp13) MOKET OKA3aThCsl B 3HAMEHATEIe
Spto M BCEX TOCTEIYIONUX YHCeT. YCIOBUE (S, 2, S,—3) = 1 OyJeT BBIIOJHATHCS IPU BCEX n > 3, ecjn
noTpeboBaTh, 9TOObI (Sg,51) = 1 u = +1.
Ecmu 8 # +1, To nocenoBaTe/IbHOCTD OYIET MEJ0UNCIEHHON, eCIN JIJI JII00Or0 MIPOCTOrO P, JEJIIero 3, B
[OCJIEIOBATEILHOCTH He ByJIeT 9JIEeMEHTOB, Jedimuxcsd Ha p. s sroro HyKHO TpeboBaTh, 9T00BI (v, p) =
1. U rorya mo Momysiio p Mbl 6yJieM UMeTb CPaBHEHUE Sy,19S, 2 = Sp11S,—1 (mod p). U3 mero ciemyer,
YTO JIEMEHTHI ITOCIEI0BATEILHOCTH HE JIEJIATCA Ha P IPHU YCIOBUM, YTO STOMY YCIOBUIO YIOBIETBOPAIOT
So, S1, S2, S3.

(6) OkoHYaTELHBI KPUTEPUil MEJIOUNCTEHHOCTH 3JIEMEHTOB Hoc/ieoBaTeibHocTu CoMoc-4 HEN3BECTEH.
O/ MH U3 1TOJIE3HBIX MHCTPYMEHTOB Y HAC IMOSIBUTCI 9yTh 1032Ke, cM. pasuea «Comoc-4 ectb Comoc-m».

Pemenne 3amaum 19. Haiiném korcranTsl o u ', 11t KOTOPBIX OyJIET BBHIIOJTHATHCA PABEHCTBO
/ /2
SntaSn—a = Q' Spi2Sn—o + ['s. (27)

B TepMunax nepeMeHHBIX f, OHO CTAHOBUTCS PEKYPPEHTHBIM COOTHOIEHUEM IIECTOTO MOPSIKa,

fn+3fT2L+2fT?+1f7;1 271 72%2fn—3 = O/fn—l-lfzfn—l + 6/-

Ecin BocmonbsoBaTnhes paBeHCTBaMM1

fn+3fr2z+2fn+1 - afn+2 + B7 fn—3f372fn—1 - afn—2 + 67 fn+1fr2Lfn—1 - O‘fn + 57

TO IMOPAJOK MOXKHO IIOHU3UTL 10 quBépTOF02

(@ furz + B)(efoz + B)afu + B)° = o/ (afu + B) + 5. (28)

Nz6aBunMcst Terepb OT MEPeMEHHBIX frio U f,_o. OHE BxOgaT B dopmyny cummerpudro. [losTomy Bcé
MOKHO CBECTHU K IIePEMEHHBIM fy, 11, [, U f,_1, €CJIM BHIDA3UTH Yepe3 HUX MPOU3BeIeHne [, 1o fr_o U CyMMY
frnio+ fn_o. Touno Tax ke /11000 CUMMETPUYIECKUN MHOTOUWIEH OT f,, 11 U f,_1 MBI MOYKEM BBIPA3UTH Uepe3

fn, TTOCKOJIBKY
afn+ 5

/3

n fn+1 + fnfl = m (29)

fn+1fn71 = f,%

VipocTuM cHavaja MpOU3Be/IeHHE:

fn+2f3+1fn : fnf?z—lfn—Q

2 4 £2
n+1fn n—1

(afn+1 + ﬁ)(afn—l + 5) 2 Oé(O./2 + BT)fn + 62]?7%

2 _
fn_ fn_ (afn_l_ﬁ)z

fn+2fn—2 == (afn T 6)2




[Mocsreauuit epexos 3/1ech OBLI ClIeIaH ¢ TIOMOIILI0 PaBeHCTB (29).
YIIpoCcTuM Tenepb CyMMY:

. Oéfn+1 + 6 Oéfn_l -+ B i C‘v/fn-i—lfn—l(fn—‘,—l + fn—l) + B(fg—i-l + f'r%—l) 3
fraznoa = mi1fn i Pt (afo+B)? b

CHoBa u36aBJIsIACH OT fr11, fn_1 C IIOMOIIBIO paBeHCTB (29), HAXOJAUM, UTO

—2aBf% 4+ (T + BT? — 28%) f, — a(a® + 1)
(afy + B)?

[Mozcrasisist HallIeHHBIE TPEJCTBATICHUSA IS [0 frno ¥ frio+ fn_o B opmyity (28), mostydaem ypaBHeHHe
C OJIHOH TIepeMeHHoit f,:

fn+2 + fn72 =

(0 fu + afT fu + B2f7) + aB(=20Bf; + (o°T + BT* = 26°) fu—
—a(a® + BT)) + B*(afn + ) = o'(afu + B) + 5.

KoaddbunpenTs npu f2 B 3T0M ypaBHEeHUN cOKpamaioTcst. Papencrso koadgdunuentos npu f u fO npuso-
JIAT K CUCTEME U3 JIBYX YPaBHEHUI ¢ AByMs Hem3BecTHBIMU o 1 (3. Pernast cucreMy, HaX0[IUM €UHCTBEHHO
Bo3MOzKHBIE 3HaueHnd o = (o + BT)2, ' = B4 — B(a? + BT)(2a2 + BT). TlocKoIbKY BCe Iepexoibl ObLIH
9KBUBAJICHTHBIMHU, PU TakuX « u [’ GyJer BBHIIOJHATHCS PEKYPPEHTHOE cooTHoMIeHue (27).
Jlannoe yTBepzKIeHEE JIOIyCKaeT 0ojiee MpoCToe JT0KAa3aTeIbCTBO, CM. KOMMeHTapuii K 3ajade 30.
OrmeruM, 9TO 9Ta 3aja4a IM03BOJIgeT peimuTh 3a1ady 9. Ho MbI oJIyduM HECKOJILKO 0OJiee KOHIIEITY-
AJIbHBIX PEIIeHui Mo3Ke.

IlepuomuyanocTh 10cienoBaTesibHOCTH CoMoc-4 110 Ipou3BOJbHOMY MOIYJIIO

Pemenne zagaun 20.
OcrarKku, KOTOpbIE YUCa S, JAl0T IIPHU JIeJeHud Ha 5, UMEIOT B

1,1,1,1,2,3,2,3,4,4,4,4,3,2,3,2,1,1,1,1, . ..

Taxkum o6pasoM, s, = Spi16 (mod 5) mpu n = 0,1,2,3. Mex1y 4eTBEpKaMHU IIOCIEI0BATEIBHBIX €/IHHUIL
HE TOSIBIJIOCh HYJIEBBIX OCTATKOB. JHAYUNT, M KaXK/BIH CJIEIYIONIII OCTATOK MOXKHO OBLIO BBITHC/IATH C
ITOMOIIIHIO PEKYPPEHTHOTO COOTHOIICHUS

_ 2
Spt2Sn—2 = Spi1Sn—1 + s, (mod 5).

B wacTHOCTH, 3TO O3HAYaET, YTO OCTATKHU IOBTOPSIOTCA C MEPUOOM 16, M HYyJIeBOl OCTATOK IPHU ITOM
HHUKOI'ZIa HE BO3SHUKAaECT.

E1é ojiHO perrieHre moJtygaercsi, ecJin BOCIIOJIb30BaThCs PEKyPPEeHTHBIM cooTHorenneM (26). ITo mosyitio
D OHO IIpeBpalllaeTCd B CPaBHEHHE

Sp+2Sn—3 = —Sp+1Sn—2 (mod 5).

Ecim npenonoKnTh, 9T0 S,19 — ITO MEPBOE YHUCTIO, JIeJIdAIeecd Ha D, TO U3 3TOIO CPABHEHUS CJIEJTYeT,
9TO0 Spt1Sn—2 = 0 (mod 5). Takum obpazom Ha 5 JOTZKHO JETUTHCS M OJHO W3 GUCEN Spiq, Sp_2, 9TO
IIPOTHUBOPEYUT CAC/JIaHHOMY IIPEAIIOJIO2KEHUIO.

Pemenwne 3amaunm 21.

(a) Perenne anasornvno perennio 3ajaqu 10.

OrmeruMm cHavaja, 9TO B MOCJIEIOBATEILHOCTH (S,) HE MOXKET OBITh JBYX MOJPSII UJYIIUX JIEMEHTOB,
KpaTHbIX p. JleficTrBuresibHO, ecam p | S,—2 U p | S,_1, TO U3 ypashenus (1) u yciosus (f,p) = 1 cie-
ayer, 910 p | S,. IloBTOpsis 910 paccyKJeHue, MbI TIOJydYaeM, 9TO BCE SJIEMEHTHI MOC/IeI0BATETbHOCTH
(8n) Hensrcs Ha p. Takum 06pasoM, ¢IeJAHHOE MPENOIOKEHHEe TPOTUBOPEUUT YCIOBUIO TPUMUTHBHOCTH
OCJIEIOBATEILHOCTH (S,,).



Ecin maiinyTea npa 4ucia, KpaTHBIE P, Y KOTOPBIX HOMEpa OTJIMYAIOTCA Ha TPU, TO CHOBA IIPUXOIUM
K TpotuBopednio. JeficTBUTEIbHO, €Cau P | Sp_o U P | Spi1, TO U3 ypasHenus (1) u yciaosus (5,p) = 1
cJiestyeT, 9ro p | S,. 3HAUUT, JBa MOAPSJ WIIYIIAX JEMEHTA S, U S,.1 JEJATCI Ha P, 9TO, KaK MBI yiKe
JTOKA3aJ11, HeBO3MOYKHO.

[IpeooKuM, 9To B TOCIE0BATENILHOCTH (S, ) HalilyTCsl JIBa 9JIEMEHTa, KPATHBIX P U UJYIIUX Yepes3
onu. Eciu p | 8,9 u p | s,, T0o u3 ypasuenus (1) u yciosus (o, p) = 1 ciegyer, 9o p | $p,_18,41. Torma p
JIETTAT S,, ¥ OJWH U3 COCEIHHUX JEMEHTOB, YTO CHOBA IPUBOJIUT K IPOTUBOPEYUMIO: HA P AEJIATCs JMbO JBa
COCEIHUX 3JIEMEHTA, II0CJIeA0BATEILHOCTH, JIUOO ABA 3JIEMEHTa, HOMEPa KOTOPBIX OTJINYAIOTCA Ha TPU.

3 noKa3aHHBIX yTBEPXKIACHUI CJIeIyeT, 9TO HOMepa JIBYX 3JIEMEHTOB II0CJIEI0BATCILHOCTH, ICISIIXC
Ha p, OTJINYAIOTCS 110 KpaiiHeil Mepe Ha 4. 3HAUUT, BCera MOXKHO BLIOpATh TPU MO UIYIIAX 3JIeMEHTa,
B3aMMHO IIPOCTBIX C .

(6) Boibpas Tpu moAps WIYIHX SJeMeHTa, B3aMMHO TIPOCTHIX C P, MOXKHO Haiitu 3uadenune T (mod p?)
o dopmyiie (24). Uuade ropops, 3Haderne T — MOCTOSHHOE PAIMOHATIBHOE YUCJI0, 3HAMEHATE/ T KOTOPOTO
He KpaTeH p.

Pentenune 3amaum 22. [Ipoepum, 4To 3Ha4eHUE S, 19 mod p” OJHOZHAYUHO ONPEJIE/IACTCA OCTATKAMM,
KOTOpBIE TIPU JIeJIEHUN HA P JTAIOT Spi1, Sny Sn_1, Sn—2, Sn_3. JlefICTBUTE/ILHO, JIJIs HAXOXKJICHUS Sy, 40 NOd p7
6y/ieM IpUMeHATh peKyppeHTHbIe coorHormenus (1) u (7), 3anucaHuble B BHJE

_ 2y —1
Sn+2 = (a3n+15n—1 + Bsn)sn—Q (mOd p’y)v

Spny2 = (M8n+18n—2 + Vsnsn—l)ST_Li3 (mod pV) (30)

[TepBoe u3 HUX MMeET CMBIC, ecin (S,_2,p) = 1. Bropoe, — ecim (s,_3,p) = 1. Ho xors GBI 0100 13 9THX
YCJIOBHIT BCEryia BBIMOJHEHO, T. K. JIBA COCEIHUX JIEMEHTa, TTOCIe0BATEIbHOCTH (S,) HE MOTYT JIEJIUTHCS
Ha OJIHO W TO Ke TPOCTOe YUCJIO P OJHOBPEMEHHO (CM. perenne 3a1aan 21).

Ecjin Mbl paccMoTpuM 1iepsbie p°7 IATEpoK BUAA (S,_3, Sn_2; Sn_1, Sn, Sni1), TO CPEJIM HUX HajlyTcst 110
KpaiiHeil Mepe JiBe, B KOTOPBIX BCE COOTBETCTBEHHbIE YUCJIA JIAIOT OJIHU W Te YK€ OCTaTKH OT JeJIeHHUs Ha
pY. U3 jioKa3aHHOIO BBIIIE CJIEJYET, YTO MOC/IE0BATEIBHOCTD 110 MOJLY/II0 P 3aIlUK/IUTCS.

Pemenne 3amaun 23.

(a) Iycrs T; — mepuos nocsepoBarenbHocT (a,) mo moaymo p* (i = 1,2,...,1). Torga st ja06o-
roi = 1,2,...,0 u goboro neaoro n GyJeT BBINOIHATHCA CPaBHEHUE Gnir = a, (mod p)*), rme T =
(11, Ty, ..., T|] — Haumenbiee obIiee KpaTHOE BCEX MepHoJI0B. [I0CKOJIBKY BCe YrcIa p;’ TOHapHO B3AUMHO
[POCTBI, TO U3 MOJIyIE€HHBIX CPABHEHUIl CIIE/YeT, 9TO dyir = a,, (mod m) (n € Z).

(6) IIycts m = p{*...p]' — Kamommueckoe pasnoxenue uuciaa m. U3 yciaosus (af,m) = 1 caemyer

(aB,pi) =1 nast 1 < i < [. [ToroMy BBILOJIHEHBI YCJIOBHsE 331291 22 U 110 KazK oMy Moiyimo p)t, 1 < i <
TI0CJIE/IOBATE/ILHOCTD ($,,) mepuouana. Torya 1mo nmyHKTY (&) oHa HEPUOANYHA U TI0 MOYJIIO M.

(B) IocaemoBarensnocts Comoc-(4) yIoBaeTBOPsET yCIOBHAM IMyHKTa (0), & IOTOMY SIBJISETCH II€PUOIN-
YeCKOil 110 JITI0OOMY MOJLYJIIO.

2
Permtenne 3agauu 24. [lpu nmpoctoM p moCae0BATEIbHOCTD S, = p™ yuoBJIeTBopsieT ypaBHeHHo (1)
ca=0,3=7p Ho He ABnseTca MepuoAMYECKOil 110 MO0 p7 A5 JH060T0 ¥ > 0.

IlocaenoBarenpuoctu Comoc-5

Perntenue 3amaum 25. Jlokazkem yrBepKienne mo usaykimn. [Ipu n = 0 Mbl uMeeM msiTépKy (Sg, S1, S2, S3,
(1,1,1,1,1), B KOTOPOIi BCe YKCIa TOMAPHO B3AUMHO TPOCTBI. I1yCTh (Sy14, Snts; Snt2, Snil, Sn) — ITO MEp-
Basd HATEPKA, B KOTOPOIl HAIINCH HE B3AUMHO IIPOCTHIE Ynca. Toraa ecTh MpocToe p, KOTOPOE JIENT Sy 44
U OJIHO U3 YUCET Spi3, Spi2, Snil, Sp. 110JIB3ySCH PEKYPPEHTHBIM COOTHOIIEHUEM Syi4Sp_1 = Spi3Sn +
Sp+2Snt1, HAXOJUM, UTO €CJIU P | Spyg WIK P | Sy, TO P | SpyoSpi1. B p | s,10 wim p | Spy1, T0 D | Spi3Sn.
B sro6om cayaae p | (Sn438n, Snt28nt1), 9TO MPOTHBOPEYUUT CJIEJTAHHOMY IIPEJIIOIOKEHUIO.

Pemienne 3agaun 26.
(a) Honarast h, = f fni1, uIMeeMm
hn—lhnhn—l—l = /Lhn + v

84)



(6) U3 npeapLayIero myHKTa MOy IaeM

I v 7 v
h = h _ = — . 1
i hn—l * hn—lhn’ "l hn * hn—lhn (3 )
SHagwuT,
1 1 v v I
= —h,_ = Rpi1 + —.
a (hn—l * hn) - hn—lhn ? i hn—l +1 * hn
[TosTomy
J:hWyHM4+m+hM :m4+hWHMH+#< (32)
n—1 n

DTO U ecTh TpeOyeMblil MHBAPUAHT.

(8)

1 1 v
J(@y,z)=zy+yz+p| —+— | +—5.
Ty Yz ry?z

Pemenne zamaun 27.
(a) Tonoxkum z, = fr_1fnfns1. Torma pekyppenTroe coorHorienue u3 3agaun 13(6) mepenucbBaeTcs B
BHJIE
TnTpy1 = Wfnfor1 + 1,

OTKY/Ia

)% 14 )% 14
Tpt+1 = +—. Tp_1= + )
fnfl T, fn+1 Tn,

3HauNnT,

( - >+ ‘ bt b r
— = Tp— - = Ip —_ .
H fn+1 fnfl Tn ! fnfl i fn+1

D10 MAET Jazxke /1Ba (JOMOTHSIONNX JIPYT JApyra) HOUTH-HHBAPUAHTA:

1 v "

1
Kl(ﬂf,yﬂ):M(EﬂL;) +x_yz u Kz(x,y,z):xyz~|—§, (33)

HOCKOJIBKY Kl(fn—la fm fn-i—l) - KQ(fn—2> fn—la fn) u HaO6OpOT'
(6,B> s JOKa3aHHOI'O CJIEAYET, 9TO B Ka4deCTBeE I rouTcd CyMMa JABYX IOYTHU-UHBaAPUaHTOB BbIIIC:

1 1 1
I(m,y,z)—Kl(x,y,z)—l—KQ(x,y,z)—myz+u<—+—+—> + . . (34)
x Yy oz Tyz

HpI/I 9TOM MO2KHO TaK2K€ 3alluCaTb JAPYIrue BbIpazKCHUA [OJId 3HAYCHUA 3TOI'O MHBapHaHTa, pacClluCaB

I, = ](fn—h Jns fn+1) = Kl(fn—la fn»fn+1)+K1(fn7fn+1a fn+2) = KQ(fn—ly Jns fn+1)+K2(fna Jntt, fn+2) =

= (1+i+ 1—1——1)—1—1/( ! + ! )—
—H fn—l fn fn-i—l fn+2 fn—lfnfn+1 fnfn+1fn+2 B
:fn_lfnfmﬁfnfnﬂanw<i+ ! ) (35)
fn fn—i—l

Pemenne zagaum 28. Jlokaxkem 3T0 yTBep:KeHNe UHIYKIME 110 n. Baza nHaykmmum: s = ... = s4 =
1. ITycte s - mesoe mrst sioboro k < n + 2. Obo3HAYNM S, o = A, Sp,_1 = b, Sy, = ¢, Spi1 = d, Spyo = €.
Torya usz cooTHoIeHUst T: S, 3 1esoe, ecu be + cd =0 (mod a).

O6a unBapuanta J un I nocienoBaresbHoctn Comoc-(5) mo 3amadam 26 u 27 paBHBI 5 U UX MOXKHO
3alliCaTb B BUJE:

ad be be cd n i (36)

e Ted Tad T Tae
b2 2 d? ae bd
I=— 4t — o+ — (37)

J:



Torna momuoxus (36) u (37) na abede no momymio a noayanm be? (be+cd) = 0 (mod a) u b*d(be+cd) = 0
(mod a) coorBercrBenno. Tak Kak b, ¢ u d 1o 3ajade 25 B3aUMHO IIPOCTHI € a, TO be + cd nennTest HA a B
000MX CJTydasX.

Pentenue 3amaum 29. 3adukcupyeMm mpocroe p, HaTypasibHoe . okaykeM MHIYKIUEH 10 n, 9TO S,
KOPPEKTHO ompe/iesieHo 1o Moayo pY. Baza unaykium: so = ... = s4 = 1. Ilycrs s (mesoe st siro60ro
k 1o 3amade 28)- KOPPEKTHO OMPEJEIeHO M0 MOy p? jjs joboro k < n + 2. ObosHauum s, o = a,
Sn_1 =0, S, =¢C, Spy1 =d, Spio = €.

Ecnu a ve menurces Ha p, TO S,13 = @

o 25 Ha p He jendarcd b, ¢, d, e.

KOPPEKTHO OIIpejiesieHo 1Mo Moy pY. Ecin ke genutcsd, TO

Torma onpesiesiensl fr,—1, fn, far1 (mod p?). IIpeobpasyem muorowsen (34) u nogcraBum y = fi,, 2 = fri1:

f§f3+15€2 + (fo+ forr = Lfafosr)z + fofay1 =0

I —
DTOT MHOTOYJIEH MMeeT JBa KOPHA [, 1 U f,io. [lo Teopeme Buera f,.o = f"f"Jr]}Q f(Qf”Jrf"“) — foo1,
nJIn+1
2
28
OTKY/JA f 1o OIPEIEJIEHO KOPPEKTHO IO MOJYJIO pY, & MOTOMY U Spi3 = Int2tnis orpeeeH0 KOPPEKTHO

Sn+1
110 MOJIYJIXO p’Y' TaKI/H\/I O6pa3OM, BCd II0CJIEOBATCJIbHOCTHL KOPPEKTHO OIIpeje/ieHa 110 MOJIYJIIO p’Y n 110

npunnuiny Jlupuxie HalyTCs JBe MATEPKH TOIPSIT WYX 3JIEMEHTOB, OJIMHAKOBBIE 110 MOy 0 p7. OHuI
U cocTadaT mepuoj nocieaosareasroctn Comoc-(5) mo moyito p?.
st mepexosia K IpOU3BOJIBHOMY HATYPAJIBHOMY 171 OCTAJIOCh BOCIIOJIB30BATHCA 3a1adeit 23(a).

Pemrenne 3amaum 30. Bocnosbsyemcst pesyibratamu 3agad 26(a) u 26(8). Beegem nociemoBaresnb-
HOCTB h,, = fpnfni1, JJIS KOTOPO# BBITIOJTHEHBI COOTHOIIEHUST

oot = ph + v, (38)

1 v
J=hp1+h, — —_— 39
't * s (hn—l - hn) * hn—lhn ( )

[Ipeobpazyem Besmmaumy

Sp—4Sn+4
S—2+ = hn—3hn—2hiflhihn+lhn+2 - hn—lhn(ﬂhn—2 + V) (th+1 + V)-
n
Uckmogast hy,_o 1 hy,y 1 ¢ oMoIbio paBeHeTs (31), packpbiBast CKOOKH U yauThiBasg (39), moydaem ypas-
HeHue, sKkBuBaseHTHOE (1):

Sn—4Sn+4

Sp—2S

*°n n+2 *
5 — — + 0
Sn

= VP hp_1hy + p(p’ + 20" + o J) = a =

rae of = v u §* = pu(p? + 20% + uvJ).

[TosryuenHoe ypaBHEHHe O3BOJISIET, B YaCTHOCTH, pemuTh U 3aga4dy 9. g nociaemosarenbnocru (¢y,)
HapaMeTphl YCTPOEHDI CiIeayfomuM obpasom: o = 3 =1, T = -2, p = -3 = -1, v = o> + T = —1,
J = —1. Buauur, o* = * = 1, T. e. HOCJAEIOBATENLHOCTD S, = (12,_3) YIOBJIETBOPSIET YDABHEHUIO
Snt9Sn_2 = Spi1Sn_1+ S2. A Tak Kak mepBble YeThIPE 3JIEMEHTA TO MOC/IE0BATEILHOCTH — €IUHHUIIBI, TO
9TO TocsieioBaTebHocTh Comoc-(4).

JlokazaHHOe yTBEpKIEHIE MMO3BOJIAET MOJIYIUTh OoJtee pocToe pererne 3agaqu 19 . CormacHo 3a1ate
15, mociiemoBarebaocTh Comoc-4 yaosierBopsier ypaBHenuto Comoc-b ¢ KoaddurmentaMmn & = —[ u
B = a2+ BT. Hpumenss 3agady 30, HAXOAUM, UTO [HOCIEI0BATENBHOCTE COMOC-4 VIOBIETBOPSIET ypaBHE-
auio (27) ¢ kosddummentamn of = o = (2 = (> + BT u B/ = B* = &* + af(26 + aJ) = B* — B(a? +
BT)(2a% + BT).

Pemenne 3agaum 31. HeoOXoiuMBIM U JIOCTATOYHBIM ABJIseTcs cooTHomenue 12 = 4(v + pJ).

[IpoBepum HEOOXOMMOCTD ITOrO yCaoBus. [lycThb mocemoBarebHOCTD siBiisiercst Kak Comoc-4 (¢ Koad-
dburmenramu o u §), Tak u Comoc-5 (¢ koapdunuenramu p u v). B 3amade 15 6b1m HaligeHBI (HOPMYJIIBI
p=—08,v=a?+ BT. TakxKe MOKHO HaliTU CBA3L MeKJy UHBapuaHTaMu: u3 dhopMmy/bl (35) BbITeKaeT
IIpeJICTaBIICHIE

I= fnflfnfnJrl_|’fnfnJrlfn+2"i_,u (fl"i_ f1+1> = (Oé+ fﬁ) -+ <Oé—|— fﬁ_;.l) _B (fl"— f1+1) = 2067




a u3 ¢opmyibl (32) — npejcraBeHme

J = fn—lfn + fnfn—H + fn+1fn+2 + fn]ijz—i-l = fn—lfn + fnfn+1 + <% + fn£+1> - fn£+1 =1T. (40)

[TosTomy
I? =40 = 4(a® + BT — BT) = 4(v + uJ).

Jlns jloKasaTesbeTBa JlocTaTodHocT yeaopua 12 = 4(v + pJ) s3aMeTuM, UCHosb3yst 06o3HauYeHHst U3
pemennii 3a1a4 26 u 27, 4T0

_ BN( o m v LR A |
4(U+uj)_4(xn+fn) (fn1+fn+1+l'n) =1 <xn+u(fn fnfl fn+1) l'n) 7

TaK 49TO
12— 4y + ) = (fnlf"f”“ I (fl B f1_1 B f1+1) CTon +1> |

[Tosromy pasencreo 2 = 4(v + pu.J) oznagaer, 4o

1 1 1 v
Jo—1fafnr + 1 (— - - ) - = 0. (41)
* fn fn—l fn+l fn—lfnfn—i—l
U3 (34) u (41) monygaem ypasuenue f,_1fyfoi1 + fﬂn = [/2, conagaroriee ¢ 13(a) npu p = —f u I = 2a,
TO €CTh TOCIe0BATEILHOCTD ecTh Comoc-4 ¢ napamerpavu 3 = —pu o = /2.

Pemenue 3anauu 32. Ilpu 3amene Sy, — tsg, (t # 0) nepeMenuble f,, MEHSIIOTCS CIEAYIONM OOpa-
30M: fop, = t 2 fon, fons1 = t2fons1. CilesoBaTenbHo, 3HaUeHHe UHBAPUAHTA .J He M3MEHUTCH, a IIOYTH-
unBapuanTsl Ky u Ky (Beraucsienusie npu 96THOM n) mepeiayT B K, 1(t) u K, »(t), tae

1 1 1 ) v Koa
Kn t = 5 + + e 2 ,
’1( ) £ <f”_1 fb+1 t2fn—1fnfn+1 12
pit®
K'n,’Q(t) = t2fn_1fnfn+1 —+ f_ — t2K072'

Bnaunut, [ 3amenstercst na I(t) = Ko /t? + Koot?. Cornacuo 3agaue 31, jist Toro, 9To0bl OC/IEI0BATE b
Hoctb Comoc-b ObLIa 1mocsaenoBaTeabHOCThI0 Comoc-4, HEOOXOANMO U JIOCTATOTHO, UTOOBI BBIIOJIHSIIOCH
yenosue I(t)? = 4(v + pJ). D10 ypasHenue Ha ¢ uMeeT KOMILIEKCHOE PelleHHe BCerjla, KpoMe, BO3MOXKHO,
cirydad, Korga Ko = Koo = 0.

DTOT MOCJETHUN CIydail O3HAYAET, UTO

w(foifo+ o) +v=fafifi+u=0.

B srom ciyuae, oboznavas f_; = a, fo = b, fi = ¢, Mbl umeeM p = —ab’c, v = —p(ab + be) = abdc(a + c),
J = ab+ bc — (ab+ bc) + b(a + ¢) = ab + be. Torna I? — 4(v + pJ) = —dab3c(a + ¢) + abc - (ab + be) = 0,

TO €CTb YCJIOBHE Y2K€ aBTOMaTHUYICCKU BbIIIOJIHEHO.

CBsI3b C 3JUINITUYECKUMU KpunBbIMUA

Pemenne 3agaau 33. Ilycrs Touxku P u () uMmeror koopaunars! (Tp, yp) U (2g, Yg). I1o npeanonoxkennto
3aJIa90 Tp # T, TTOITOMY IIpsiMasi, IIPOXOJAIas depe3 ToUku P u (), 3a71aéTcs ypaBHeHIeM

(y —yr)(zq —ap) = (. —2p) (Yo — yp)-
Berpaszum u3 Hero y:

Y — yp :myQ_?JP +ZUP93Q—37P?/Q
rg —xp Tg — Tp rg—2xp

y=yp+ (v —zp)



Iyt TOTO, UTOOB HAHTH TOYKH IIepecedeHus JAHHOM IPIMOii ¢ 3/IMITHIECKON KPUBOIi, I0CTATOYHO MO/
cTaBUTL Y B ypasHenue 42 = 23 + ax + b.

2
(ny r vr7e a;pr) =2 + ax +D.
T —Tp T —Tp

[ToyunTca Kybmaeckoe ypaBHEHIE OTHOCUTEIBHO £, Y KOTOPOT'O YK€ €CThb JBa KOPHA Tp U Zg. OTMeTHM,

. . —yp 2
YTO TOIJIa Y HErO €CTh U TPETHUil KOpeHb, 1o Teopeme Buerta paBHbIi (%) — Tp — 2. (BOBMOXKHO, OH

COBIIAJIET ¢ KAKMM-TO M3 [IEPBBIX JBYX KOpHeii). [1o mpebiiyeMy paBeHCTBY, eMy COOTBETCTBYET 3HAUCHUE

((%)2 —zp —q) (Yo — yp) L YpTQ —TrYq
T —Xp T —Tp
((vo —yp)* — (xp +20)(rq — 7p)°) (Yo — yp) | YP2q — Tryg
(zg —zp)? rg—2xp

1o Touka R'. B 3amade Tpebyercst mocTpouTh TOUKy R, €€ KOOpIAMHATHI Oy/IyT

vo—ur\" oo (e —yp)® = (zp +20)(wq —xp)*)(ye — yp) | Yrq —Tryq
((IQ—xp) v (xp — xq)? L ) )

Cayuait coBragaromnmx Touek P u () pasbupaercs B 3aaade 38.
[Toyaennas popMysia cCMMMETPUIHA OTHOCUTENIBHO P 1 (), IO9TOMY CJIOKEHUE KOMMYTATHBHO.

Pentenune 3amaum 34. Ecin P — obObrunas Touka, () — 6ecKoHEYHO yaénnas, To npamad P() Oyuer

BEPTUKAILHOM, R’ cOBIagET ¢ TOUKOI, cuMMeTpudHOil P oTHOCHTEILHO ocu abcrucee, u Toraa R coBnagaér
c P.

CyMMa JIByX OOBITHBIX TOYEK HA IJLIUITUIECKON KPUBOH JacT OECKOHEYHO VIAJIEHHYTO, ecyin rpsiMas PQ)
Oy/ieT BEPTUKAIBHOI. DTO BOBMOXKHO B JIByX CJIydasx: ecyin P u () CMMMeTPUYIHBI JIPYT APYTY OTHOCUTEIHHO
ocu abcruce u ecau P = () n KacarejbHasg B 9TON TOUYKE BEPTUKAJILHA.

Pentenue 3agaum 35. Ilycts npameie [y, lo, I3, My, Mo, M3 381a10TCsI YpaBHEHUSIMUI

Ll(xvy) = Oa L2(£>y) = 07 Lg(l’,y) = 07
Mi(z,y) =0, Ma(z,y) =0, Ms(z,y) =0,

coorBercTBeHHO. OBO3HAYMM ypaBHEHUE, 3aJafolee UINITUIeCKY0 KpuByio, depes F(x,y) = 0. oka-
JKeM, 9TO HafiyTcs Takue duciia o, [3, 9To

F(l'7y) = OéLl((L',y)Lg(l',y)Lg(l',y) + 5M1({L‘,y)M2(ZL‘,y)M3(ZL‘,y). (43)

O603HaYNM TaK:Ke TOYKHU IepecedeHns: MPAMbIX [, ls, I3 ¢ my: i Nmy = A, lbNmy = B, IsNm; = C.
Bribepem na my emgé touky D = (di, ds), ormmanyio or A, B, C. [lockoibKy oHa He JIEXKUT HU Ha OJIHOI
U3 UPAMBIX [y, lo, I3, umeem: Ly(dy,ds) # 0, Lo(dy,dy) # 0, L3(dy,ds) # 0. Ilogcrasngs B pasencTBo (43)
KOOpAMHATHI TOUKH (d1, ds), TIOJIydaeM ypaBHEHUE

F(db dz) = 06L1(d1, dz)LQ(dl, dz)L3(d17 d2),
13 KOTOPOro MOKHO HafitTu «. [Ipu sToM 3HaUYeHNN (v Pa3HOCTH

F(%,y) - ole(:c,y)Lg(:c,y)Lg(:c,y) - BMl(xvy>M2(xvy)M3(xvy) (44)

oOpalraeTcs B HOJIb B 9ETBIPEX TOYKAX MPAMOii M. [ToCcKOIbKY paccMaTpuBaeMasi Pa3HOCTh — MHOTOUJIEH
CTEIeHN He BBIIIE TPEThell, U3 ITOro CJe/lyeT, YTO BBIIUCAHHAST PA3HOCTD JIeJUTCA Ha MHOTOYIeH M (z,y)
(TO He OUEBHJIHO, HO JIETKO JOKA3BIBACTCH ).

PaccmarpuBasi aHATIOTHIHBIM 00PA30M YeThIpe TOUKH Ha HPSMOM [ (TPU TOUKH MepeceveHns ¢ IPsAMbl-
MM M; U OJTHY JIOTIOJTHATEBHYIO), OAOUpaeM napaMeTp (3, 4Jist KOTOPOTro 10 AHAJIOTHYHBIM PACCY 7K ICHUSIM



paccMaTpuBaeMasi pa3HOCTb Oyjer jesmrtbesa Ha Li(x,y). B urore jyist qanabix av, f 9ra pasHocTb Gyjer
UMETH BU]L

Ll((li,y)Ml((L’,y)N(l',y),

riae N — MHOrO4YJIeH CTEIIeHN He BBIIIEe HepBOfI.

Tenepb mo/CTABIM B 9TO BBIPAYKEHEE €IIE KAKYIO-TO U3 33JIAHHBIX TOUeK, mycTb G = (g1, g2) = lo Nmyg.
Nnmeem

0= F(ghgz) - OéLl(gl,92)L2(91792)L3(91792) - 5M1(91792)M2(g1>92)M3(91792) =
= L1(91,92)M1(91,92)N(91,92)-

IToCKOIBKY 10 yCIOBUIO 331891 IIPEJIIOIAraJI0Ch, 9TO BCE JIEBATH TOYEK MePecedeHus MPAMBIX Pa3JIngHbI,
Mbl umeeM Li(g1, g2) # 0, Mi(g1,92) # 0, u rorna N(g1,92) = 0. Ananornano misg touek H = (hy, hy) =
lsNmg u I = (i1,i3) = lo N'my (1u1s1 Beex, Kpome TOUKHU [3 M M3, TPUHAJIIEZKHOCTH KOTOPOH K SJIIHIITHYIE-
CKOfi KPUBO# MbI XOTHM JI0Ka3aTh) nosydaem, 9ro N (hy, hy) = 0 u N (i1, i) = 0. [Toayuaem, uro npsimasi,
sajiaBaeMas ypasuenneM N (x,y) = 0, coBIaJaeT OJHOBPEMEHHO U C IPSIMOH [y, U ¢ TIPAMOI My, TPOTUBO-
pedne, 3HAUUT, 3TO ypaBHeHue nMmeer crerenb 0, a He 1, 1 TOXKJIECTBEHHO HYJIEBOE, TOCKOJILKY 3aHY/IAeTCS
B Touke G = (g1, g2). 3HAa4INT, pasHocTh (44) obparmaercs B HOJIb, OTKYJa U CJEIyeT, 9T0 TOUKa l3 M mg
JIEZKUT Ha SJIAIITUYICCKON KPUBOI.

Pemenue 3amaun 36. Hazoém Geckoneuno yianénnyio Touky O u onpejiesinM — P Kak TOUKY, CyMMa
koropoii ¢ P maér O. Jlas qokasareIbcTBa acCOMUATUBHOCTH ciioxkeHus P, (), R paccMOTpuUM cJieryionime
LIpPSIMbIE:

[ aepes Toukn @), —Q — R, R; Iy aepe3 touku —P — @, O, P+ Q; I3 wepe3s P, Q + R, —P — (Q + R);

my depe3 toukn ), —P — @), P; my depe3 Touku —Q) — R, O, Q) + R; mg 4epe3 touku R, P + @,
—R—(P+Q).

[TockoJIbKY W3 BBINHCAHHBIX TOYEK Bce, Kpome —P — (Q + R) u —R — (P + Q), yXKe Jexar Ha 3J-
JIMTITHIECKO KPUBOIA, 110 MIPEAbIIYINe 3a1atde (3 M ms TakKe JeKUT Ha JUINITHIECKON KPpUBOil. 3HAYNT,
IsNmg=—P—(Q+R)=—R— (P+(Q), u ciioXxKeHre TOYEK aCCOIHATUBHO.

Pemenne zamaum 37. 113 bopmyir ciepyer, 4To Jyid paluoHaIbHBIX T p, Yp, TQ, Yo KOOPIUHATEL TR, YR
TakKe Beerja OyiayT parnuoHaiabHbL. (B ciyuae P = () HaJ0 BOCHOJIB30BATHCS CJISIYOIIEN 3ajadeil u
PaIMOHAJIBHOCTBIO KO3 unneHTos a u b.)

Pemenne 3agaun 38. Ilpomnddepentmposas GyHKImo 2° + ax +b— y? M0 & U 110 Y, MOTYINM, 9TO eé
rpaJaueHT eCTh (3x2 + a, —2y). 3HaunT, ypaBHEHUe MPsAMO, KACAIOIIEHCs HAIIEH SJTUITHIECKO! KPUBOii B
TouKe (Tp,Yp), UMEET BUJL

(323 + a)(z — xp) — 2yp(y — yp) = 0. (45)
D10 ypaBHeHHe 33J1aéT NPSIMYI0 BO BCeX cydasX, Kpome ciydasd 3z% + a = —2yp = 0. Hecroxuas
IpoBepKa IMOKa3bIBaeT, YTO BBLIIOJIHEHHe YCJIoBUil 315 + a = —2yp = x% + axp + b — y% = 0 BieddT

4a3 4 27b* = 0, 9TO 3aIPEIIEHO 110 YCIOBHIO.
Hastee nipu yp # 0 perierne aHaJIOrMIHO perennto 3aja4qu 33. Beipasum y u3 ypasuenus (45):

(x —zp)(32% + a)
2yp .

Yy=yp+

HO,ILCT&BI/IM B YpaBHEHUE SJLJIAIITIYIECKON KpHBOﬁI

_ 312 2
(yP+ (z $P2)( JUP"‘@)) — 3 Lar b
yp

MpbI 3HaeM JiBa KOpHs 9TOrO ypaBHEHUs, OHU paBHBI xp. Takxke 1o Teopeme Buera cymma KopHe# 3TOro

ypaBHEHUS paBHA MUHYC KO3(hQUIMEHTy P T2, TO eCTh

(3:&; + a)2
2yp '



Orcrozia TpeTnit KOpeHb (Bcerja CyIecTBYeT ) paBeH

((?)I?”Jra)2 —2xp — xp)(3a:§3 +a)
2yp

Y

a I10CJIe OTpazKeHUsd OTHOCUTEJILHO OCH a6cm/1(:c IIOJIY9YUM TOYKY C KOOpAMHaTaMHA

x2,4a\ 2

((3@%)2 2 () —3xp><3x%+a>>

— | —<Tp, —Yp — :
2yp 2yp

Pazbepém Takxke ciay4dait yp = 0. B aToM ciiydae KacareabHas BepTUKAJIbHA, £ = Tp, U B KAUECTBE TPEThEIl
TOYKHY [I€PECEUCHNs C HAIIEH SJITUITHIECKON KPUBOH MOy InM HECKOHETHO yIaJIeHHY 0 TOUKy O. 3ameTnm,
qTO TaKnMX TOYeK (Zp,() Ha Hamel KpUBOH MaKCHMyM TPHU, OHH COOTBETCTBYIOT KOPHAM YPaBHEHUA T° +
ar + b = 0. Ha kaprunke u3 paszjena 7 TaKuxX TOYEK TPH.

Permtenne 3agaan 39. (a) Vmeem

T 1 Y 2ce
X=—-——, Y:—<TX— ——)z——T 402 .
4oy 2X2 @ 4oy IQ( v+ da’+y)

[Tocsie TOJICTAHOBKH IOJTy9IaeTCsl ypaBHEHIE
(Tx + 40* +y)? — (2 + 8a’Tx + 32a* + 8a?y) + 4B2° — (2T°%2* + 8a*Tx + 2T wy) = 0,

nJjim
y* =1+ (T? — 48)2® + 80’ Tx + 160, (46)

(6) TlepenmenyeM KOODJIMHATY X U3 OPEJbLLYIIEro myHKTa B 2'. YToObl IPUBECTH K CTaHJIAPTHOMY BHJLY,
JIOCTATOYHO cetath 3ameny = o’ + (T2 — 43) /3. TlonyunTcs ypaBHenue

(T? — 48)° 2AT? — 48  8a°T
3 ) v ( E

y? =2+ <8a2T — (T% — 48) + 16a4> : (47)
Bameuanne 1. Uro0bl CK/I/BIBATH TOUKK HA JIMITHIECKON KPUBOM, Yallle BCEro JO0CTATOYHO 3HATH
UX KOOD/JMHATHI, HO HE ypaBHeHHe Kpuboil. [I03ToMy HEloCpejCTBEHHBIN BU KOODJUHAT TOUYEK JJIsi HAC
[peJICTaBIsAeT OOJIBIIYIO TIEHHOCTD, HeXKesin ypaBHenue (47) (XoTs u mocseiHee IPUTOInTCs).
Sameuanue 2. B ycsioBue 3aKpasiach HEKOTOPasi HETOYHOCTb. VIMEHHO, MBI BCerjia MOJIydaeM HOC/Ie10-
BATEJLHOCTh TOUEK Ha KyOW9ecKo# KpuBoOii TpeGyeMoro Buja — HO He BCerja 3Ta KpUBas SJUIMIITUIHA.
O/1HaKO B HETPUBUAIBHBIX CIydasix 9TO Tak!

Pemrenne 3amaun 40. B s1oMm perennn Mbl Oy/ieM OIb30BAThCs PE3YIbTATAMU CJIEIY IO 3a,1auu.

(a) Umeem o = B =1u T = —2, u3 npeaplaymieii 3aa4m noaydaeM Kpusyio y? = z° — 16x + 16 u Toukn
Po(=4fn, =41 + 2fn + 2f2fns1)). Tenepsb uz ciemyiomeit 3ajauu nosydaercs, aro P, = nP jaug Touxku
P(0,—4).

(6) YsteHbl TOCTIEI0BATEILHOCTH ¢ HEYETHBIMI HOMEPaMK COOTBETCTBYIOT Telephb Toukam @, = (—3P) +
n-Q, e Q = 2P = P, = (4, —4) (MbI cpa3y COBEPIININ HYKHBIH CIABUI UHIIEKCOB).

[Iycrs t, = (—1)"S2,_3; mycTh (g,) — OTHOPOHAST TOCIEOBATEILHOCTD, COOTBETCTBYIOIIAS OC/IEI0BA~
resibHOCTH (,,). O603HAUNM uepes (t)) u (g),) mocrenoBarenspHOCTh CoMOC-(4) U €6 OTHOPOIHYIO MOCIIEI0-
BaTEJIbHOCTb. Bujaum, uro t, =t/ npu n =0, 1,2,3 (u, cieposaresbuo, g, = ¢, npu n = 1,2).

BameTuM, uTo napamerpbl o = 3 = 1, T' = 4 3a1a10T UMeHHO KpuBylo y? = 23 — 162 + 16 u mporpeccuio
¢ pasHocThio (Q = (4, —4). Ilpu sTOM 9Ta Hporpeccus Jyist WIEHOB ¢; = g4 = 1 crapryer ¢ ToukH ()1 =
(0,4) = P_;. 3uaqur, mocsIe10BaTeIbHOCTH (g),) COOTBETCTBYET MMEHHO IIOCJIC/I0BATEIBHOCT TOYEK (()),),
OTKYyJa sICHO, 4TO ¢, = ¢, upu Bcex n. Hakomern, nockombKy ¢, = t, npu n = 0, 1,2, 3, orciona ciefyer,
uTo t) = t, Upu Beex n.



3ameuvanme. MoxeT OKa3aTbCs, UYTO 9TO peIlleHre PaboTaeT, TOJIbKO €CJIM Mbl 3HAEM, K YeMy XOTUM
npuiita. OIHAKO HETPYIHO MOKA3aTh, 9TO 410004 apudMeTHIecKas MPOTrPeccus Ha JITUITUIECKON KPUBOi
COOTBETCTBYET HEKOTOPOI OJIHOPOJIHON I110C/Ie0BATE/IbHOCTH, U3 KOTOPOIl yKe MOYKHO HalTHU U COOTBET-
CTBYIOIILYIO TIocseoBaTe bnocth Comoc-4. Tak 910 Bce mapaMerpbl MOXKHO OBLIO HAWTH U 10 XOJLY.

Pemenne 3amaun 41.
(a) B obrmem ciyuae wa Haleil KpUBOii MOJIyYal0TCsS TOUKH

T2 — 43

Pn = (mnayn) = <_4afn + 3

4a(Tfn —a— 2fr%fn+1)) .

Haiiném trouky P = P,y — P, = P11 + (—P,) ¢ koopaunatamu (z,y); HAIA 11€JIb — M0Ka3aTh, 9TO OHA
He 3aBUCHUT OT 1.
Mg magasia yopocrum Gopmyity i yriioBoro Kosdduimenta npsamoit (—F,) P, 1:

= Yot T Yo —T(fu + for1) + 20+ 27 foin + 2 fni1 fare

T+l — Tp fnJrl - fn
:T_anfn+1+ fn+1 ( T+ —— +fnfn+1+fn+1fn+2) :T_Q.fnfn—I—ly
fnJrl fn fn+1
1 IIOTOMY

k= (T - 2fnfn+1)2 =77 + 4(fT2Lf72L+1 - Tfnfn+1> =77 - 4a<fn + fn—l-l) - 4ﬁ‘
SHaYUT, UMeEM

2(T% —4B) T2 —4p
3 -3

=k — Tnt1 — Tn = T — da(fo + frr1) — 48 +4dalfu + forr) —

U OTCIONA

—Y=—"Yn + (iIZ’ - LCn)k = 4a(_Tfn +a+ 2fr%fn+1) + 4afn(T - 2fnfn+1) = 4042'
T2-45
3

6) Ecim P, = nP, to Py = 0 — 0ecKOHEYHO yIaJeHHAsd TOUYKa. SHAYUUT, fp JOJXKHO OOpaIlaThbCs B
(6) A p
OECKOHEYHOCTh, TO ecTh Sg = 0.

Wroro, Touka P = ( ) —4a2> [IOCTOSIHHA, UTO U TPEeOOBAJIOCH JOKA3aTh.

Pemenne 3amaunm 42. PexkyppeHTHOE COOTHOIIEHUE /IS 9JIEMEHTOB MOCe0BaTeIbHOCTH (1,) B OJI-
HOPOJTHBIX KOODJMHATAX [, = Yn_1Uni1/ wi IIPUHUMAET BU/T

fosrfofoor = fo+ 1. (48)

[To mavanbabiM 3HadeHUsAM fo = —1, f3 = 1 MbI MOKeM HafiTu 3HadeHue naBapuanTa: ' = —2. [losTomy
B BBIYUCJIEHUAX MBI MOXKEM I10JIb30BaThCA (hOpMyIaMu

fnfn 1+f”fn+1+ f fn fnfn—l

o

,HOKa}KeM 110 MHAYKIIUN PaBE€HCTBO

- (—fm I (fi - fn_1>) - (50)

Koopaunarer Touku Py = 2P; BBIYHCISAIOTCS HEOCPEICTBEHHO 110 hopMmysiam yiaBoenust: Py = (1, %) Sna-
auT, papercTBo (50) BbimosHsiercs npu n = 2. [Ipeamosoxkum, aro paserctso (50) BEpHO JJIT HEKOTOPOTO
n > 2 ¥ MPOBEPHUM €ro ClpaBe TuBOCTL Jiid N+ 1. [Ipu cioxkenun Touek nP u P koddduimenT yrioBoro
HaKJIOHA CEKYIIel mMeeT BU/T

B 2
kn = L 2 = ! <f (fn+1 - fn 1= 1) = _(fnfn+1 + 1)

Tp — L1 _fn



3HaUNUT,
2 2
Tpt+1 = kn —Tn — L1 = (fnfn-i-l + 1) + fn = _fn—i-l-
[Tocse aTOTO OCTAéTCA HAWTU OPJIMHATY TOYKH P, q:

2
Unt1 = —kn(Tpp1 — 1) —y1 = —(faSns1 + 1) frosr — 3= n; (fr42 — fn).

Ha mocsreinem tare nmpeobpasoBanuii 6bLIO MCIIOJIB30BAHO PEKYPPEHTHOE cooTHoIIeHre (48) u dhopmyiibt
nst uaBapuanTa T (49).

Pemenue zanaunm 43. 3navenue nunpapuanta T = 2(a+3x?) 114 nocyenoBaTebHOCTH (1), ) HAXOMATCS
10 HadaabHbIM yeiaoBuaM (9). Takum o6pa3oM B BEIYHCIEHUSIX MBI MOYKEM I10JIb30BATHCs (DOPMyIaMn

JlokazkeM 110 MHIYKIMH PaBEHCTBO
2
nP = (_fm f(fnﬂ - fn—l)) : (52)

KoopuaaTer To9kn 2P HAXOJATCS HEMOCPEJICTBEHHO 10 (hOPMYJIaM yBOEHHsI. SHAUUT, PAaBeHCTBO (5H2)
BhInosHsIeTcst ipu n = 2. [Ipennonoxkum, ato paBeHCTBO (52) BEPHO JIsi HEKOTOPOTO N > 2 U TPOBEPUM
ero crupaBeJiyInBocTh it n + 1. [Ipu cioxkenun Todexk nP u P kosadduimenT yriioBoro HakjaoHa CeKyIeit
MMeeT BU/T

ky = = - \Un+l = Jn—-1 — = ——2fnfn = T).
T, — 71 1 <4y<f+1 Jn1 y) 4y(ff+1 )
3HaguT,
1
Tpyr = k) — 2 — 21 = @(anfn—kl —T)? =22+ fr =2 — fus1.

[Tocse aTOTO OCTaéTCA HAWTU OPJIMHATY TOYKH P, q:
1 i1
Yn+1 = _kn(‘rn-‘rl - xl) — U= _@(anfn—i-l - T)fn—I—I —Yy= Z_y(fn—i-? - fn)

Ha nocreanem mare npeobpasoBannii GbIJI0 HCIOIB30BAHO PEKyppeHTHOe cooTHolenne (48) u dopmysibr
quta naBapuanTa 1 (51).

Comoc-4 ectb Comoc-m

Pemenne 3amaun 44. YTBepxKIaeHne 3aa9U BbITEKAET U3 PABEHCTB

1(1+1)

2.2
SnptSn=a s, (1>0),  spppse=a" Vs, s, (120),

KOTODBIE IIPOBEPSIIOTCS ¢ TOMOIIBI0 hopmyaibl (20).
Pemenne 3agaun 45. Kak u B npeapayiei 3a1a4e, yrBep:K/IeHUe CIeLyeT u3 sBHbIX (opmy (21):
1(141)/2

20—-2
SntiSn—1 = & Snl—28n—1+2 (l > 2)7 Sn4i418n—1 = & Sn4+18n (l > 0)

Pemenne 3amaum 46. BsejéMm HOBBIE IepeMeHHbIE

Fm = Sntkink (53)

H
B gacrHocTH, Fo(n) =1, Fl(") = fn, Fz(n) = af, + (. Torga paserncrso (12) MOXKHO HeperucaTb B BUJIE

F,gn) = Ckfn - dk (54)



n n
Tak kaxk F kE )= F (k), TO JIOCTATOYHO OTPAHUYINTHCA HEOTPUIIATEIbHBIMI 3HaYeHusaAME k. O9eBUIHO, 9TO

pasenctBo (54) Gyjer BBIIOJHATHC Tpu k = 1 u k = 2, ec/iu M0JIOKUTh
C1 = ]., d1 = 07 Co = O, d2 = —5

s naxoxkieHus KOIMMUIUEHTOB C i1, djy1 1O U3BECTHBIM 3HAYCHUAM Ck_1, dg_1, Ck, dj BOCIOIb3yEMCH
paBeHCTBOM

(n—1) 7(n+1)
Fkgn)l — Ly 'F, k 2
+ n n?
B

KOTOpOe cJieflyeT u3 onpeesenus (53).
[Ipeo6pasyem 3T0 paBEHCTBO ¢ MOMOIIBLIO hopmysibl (54):

(ckfro1 — di)(ckfrs1 — dk)fz _ Chfra1 2 st — Crdi f2(fuo1 + fosr) + A2 f?
Ch—1Sn — dr—1 " Ch—1Sn — dp—1 .

B lii)l =

K npasoit wactu npumennm coornomenns (48) u (6):

ct(afn+ B) = exdi(Tho — ) + di f

F(”) —
b Ck—1fn — dr—1

_l’_

3Ha4InUT, paBeHCTBO F k(i)l = Cga1fn — dky1 PABHOCUJIBHO TOMY, UTO

di 7+ e fulacy — Tdy) + cr(Bex + ady) — (o1 fo — dpr1) (ch—1 fr — di—1) = 0.

[IpupaBuuBas K HY/II0 KO(DDUIMEHTHI IPU Pa3IUIHBIX CTEleHdX f,, HoJiydaeM HepeonpeaeEHHYIO
CHCTEMY YPABHEHUN C HEM3BECTHBIMU Cgi1, A1

Cry1Ch1 =df, (55)
Ch—1py1 + Cry1dp—1 = — cp(ocy, — T'dy), (56)
dk—ldk—H :ck(ﬁck + adk) (57)

Pemienne 3agaun 47.
C1 = 1, d1 = 0, Co = O, dg = —ﬁ

C3 = d% = 62, d3 = —Cg(OéCg — ng) = —CY(Oéz + 5T>

Pemenne zamaun 48. Ilpu k = 2 mocsenHee ypaBHeHHe BLIPOXKIaeTcs, U 3HaUeHus cz = (32, d3 =
—a(a? + T8) naxoaaTcs U3 NepBbIX JABYX ypapHenuii. [Ipu k > 3 cobmecTHOCTh cucteMbl (55)—(57) Hyzx-
Jaercs B 000CHOBaHUU. Bymem mpejmosiararb, 9To 3HAYEHUs! Cpiq U dgi1 HAXOAATCs u3 ypaBHeHuil (55)
u (57), To ecTb

d2 Cp Bck -+ Oédk
Chp1 = _’f’ dp1 = Q (58)
Cr—1 dk—l
IToncraBiagasa ux B ypaBHEHUE (56) U Jens Ha cgdy, IIoJIy4aeM ycCJIOBU€ Ha COBMECTHOCTL CHUCTEMBI:
1 1
Jk—10x + & (— + —) + g =T, (59)
9k—1 Gk Jk—19k

rae g, = dy/cg. VI3 paBencts go = —f3/a, g3 = —a(a? + TB)/B? cnenyer cupasenmeocts dopmysibt (59)
upu k = 3. [logenus Bropoe u3 pasercts (58) Ha EpBOe, HAXOIUM, YTO TOCIEIOBATEILHOCTD (g) YIOBIIe-
TBOPSAET PEKYPPEHTHOMY COOTHONIEHHIO, COBNAIAIONEMY C PEKYPPEHTHBIM COOTHOINEHUEM JJIsl 3JIEMEHTOR
nocseoBaTesbHocTn ( fi):

Gr-198 91 = agi + 5.

[Tosromy crpaseymmBocTb (opmyssl (59) BeITekaer u3 3amaun 14.
Jl1s1 3aBepIIeHns pemennst HeoOXoIMMO 060CHOBATH KOPPEKTHOCTD ONPEIEICHUs MOCIeI0BATEILHOCTEH
(cr) u (dg) ¢ momoIbIo pekyppeHTHbIX cooTHommenuii (58). Kak ormedasioch BbIlie, MOCIEI0BATEILHOCTD



Sp = N ABJISIETCS MOCIEI0BATEILHOCTHI0 COMOC-4 1 yI0BJIETBOPAET PEKYPPEHTHOMY YPABHEHUIO Sy, 28, o =
481 15,—1 — 3s2. Ona ynossersopser coornomennto (54) npu ¢ = k?, dj, = k* — 1. TIosTOMY 3/1€MEHTHI T10-
caetoBaresibHocTel () 1 (dy ), BeraucaenHbie o popmysam (58), ABISIOTCS He DABHBIME TOXK JI€CTBEHHOMY
HYJIIO paIMOHAIBHBIMA (DYHKIUAMEA OT TmapaMeTrpoB «, [, T'. Takum 0Opa3oM, 3JIEMEHTBI TOCIEI0BATE b
wocreil (cx) u (di) (3a uckmodenneM d; = 0) He oOpaIAIOTCH B HOJIb U OITOMY JEHCTBATEIHHO MOTYT
BBIUUC/IATEHCS 110 hopmyrtam (58).

Perenne 3agaam 49. ITlocienoBareibHOCTS ( f,,) N3HAYAIBHO CTPOUIIACH 110 TOCJIEI0BATEILHOCTH (Sp, ).
[TosTOMYy aHAJIOTHYHOMN TIOCIIEI0BATELHOCTH (g,,) JIOJZKHA TAKZKE COOTBETCTBOBATH HEKOTOPAs IIOCIIEI0Ba~
tesbrocTh CoMoc—4, KoTopyio GyaeM o6o3Hadarh depes (wy,). I3 paBeHcTBa gy = Wy, Wgy1/W; CIAEIIYET,
9TO NPH 3aJIAHHBIX 3HAYEHUSX (), = dj/Cj SJEMEHTBI MOCIEI0BATEILHOCTH (W) ONPEIENEHbl OJHO3HAY-
HO C TOYHOCTBIO JI0 YMHOYKEHUsSI HA TEOMETPHUYECKYIO [IPOTPECCUI0. DJIEMEHTHI [OC/IeI0BATEIbHOCTH (W, )
NPUHAMAIOT HauboJIee IPOCTyIo (POPMY, €CIIU CIUTATh, YTO Wi = i, Wy W11 = di (k= 1,2,...). Torna,
UCXO/Ig U3 HAYAIBHBIX yCJIoBUH wows = 0, w? = 1, w3 = (v, €CTECTBEHHO BLIOPATH TIEPBbLIE 3JEMEHTHI
HOCJICOBATEILHOCTH CJICAYIOIIIM 0OPA30M:

wo =0, wy=1, wy=—va. (60)
OcraJjibHbIE JIEMEHTHI OJJHO3HATHO HAXOJATCS U3 PABEHCTBA Wy Wiy, = di, (k= 2,3, ...). Hampuwmep,
ws =—f, wy=Va(a® +Tp), ws=p"—a*(®+Tp). (61)
B repMunax nocieoBaresibHocTH (w,) paBeHCTBO (54) 3amuchiBaeTcst B Buje
WS4 kSn—k = WiSnt15n—1 — Wei1Wh_152, (62)

aro coBragaer ¢ gopmysoit (14).

Pemrenue 3amaun 50. Dopwmysa (62) npumeHnMa, B 9aCTHOCTH, W K IIOCTIEIOBATEIBHOCTH S, = Wy,.
Orcrona u nosyvaercs (15).

Pemenue 3amaum 51. OdeBuHO, 9TO B Ka9eCTBE HAYAJIBHBIX YCJIOBUI JIOCTATOYHO B35ITh

U,():O, 00:—1, u1:1, U1 =0.
KoaddbunuenTsl, naiijienusie B 3aja4e 15, MoKasblBaloT, 4o Uy = — 3, vo = —(a? + T3).
BBeiéM HOBbIE TI€peMEeHHbIe
(n) _ Sn+k+1Sn—k
G = Sntkilonk (63)
SnSn+1

B ugacrnocrn, G(()n) =1, ng) = hy, ng) = hp_1hphpy1 = —Bh, + o + TS. Tenepn pasenctso (13) MoxkHO
LePEINCATh B BUJIC

(n) _ ()
Tak xkax G, = G}.”, T0 [yIsl IOKA3aTeIbCTBA JIEMMBI JOCTATOYHO ONPEAENUTD (uy) U (V)) /I HEOTPHILa-
TeJIbHBIX 3HAYEHUN Kk ¥ TOJIOKUTD U_j = Ug_1, V_p = Vg1 (k > 1).
g Haxoxkienns KodMMUITMEHTOB Uy, 41, Vg1 1O U3BECTHBIM 3HAYEHUAM Uk _1, Vk_1, Uk, Ux BOCIIOJIb3YEMCS
PaBEHCTBOM

G§c+)1 = —F Ty,

KOTOpoe ciiejlyer u3 onpejenenus (63). TIpeobpasyem 510 paBeHCTBO ¢ TOMOIIBIO hopmyJbl (64):

(uk+1hn - UkJrl)(ukflhn - qu) = (Ukhnq - Uk)(ukthrl - Uk)hn-

C nomompio dhopmyst (38) u (32) (u ¢ yuérom TOro, UT0, KaK MBI BBICHWIN B 33jade 31, J = T) 310
PaBEHCTBO IPUBOIUTCS K BHJLY

h2 (g1 tp—1 — Wetk) — Py (U101 + Up1Ops1 — Buij — wpvpT + v7)+
+ (k101 — up (@ + TB) + upvg3) = 0.



[TpupasauBast K Hy/10 KO3(MD(MUIUEHTHI IPU PA3IMYHBIX CTENEHAX A,, HOJydaeM IepPeoIpeIeIEHHY 0
CHCTEMY yPaBHEHU{l ¢ HEM3BECTHBIMU U1, Vg1 (kK > 2):

Uk +1Uk—1 =UL Vg, (65)
Up11Vp—1 + Up—1V1 =PUj + uppT — vy, (66)
Ve 1Uk1 =i (a® + TB) — upup3. (67)

Pentenue 3agaum 52. U3 upeabiyineit 3a/1a4u moJydaem

u0:07 U(]:_l, U/lzl, U1:O, U9 = —, 'UQI—(sz—i—Tﬁ),
us = B(a® +TB), vy=0+ (2 +THTE— (o® +TB)* = §° — a®(a® + TB).

[ToscraBiissi 3HAYEHUsT Ug 1 U Ugi1, BbIpaykeHHble u3 (65) u (67), B ypasaenue (66) u messt Ha Uk,
HOJIy4aeM YCJIOBHE Ha COBMECTHOCTDH CHCTEMBI

2
€k1+’5k_5( 1) o + 15 _

a + f_k + —gkflgk =T, (68)

B KOTOpOM & = vi/uy. B gactHOCTH,

f2:(12—|—T67 53253—a2(a2+Tﬂ)'

3 Bla2+TB) 7

HOJICTaBIIsIst, yOexKmaeMcst, 9T0 paBeHcTBO (68) BbimosHsiercs mpu k = 3.

[Mogenus (67) Ha (65) NPUXOAUM K PEKYPPEHTHOMY COOTHOIIEHHIO Ha 3JIEMEHTHI TT0C/Ie10BaTe IbHOCTH (& ):

Ehm1&klpr = =B + (2 + TP). (69)

Ono coenamaer ¢ coornomenuem (38) npu p = —f u v = o + TS. Takum 06pasoM CHpPaBeIIMBOCTD
dbopmysst (68), a TeM caMbIM, I COBMECTHOCTH cucTeMbl (65)—(67) BbITekaeT u3 pernennst 3aaqn 26.

KoppekrHocts pekyppenTHbIx coornomennii (65) u (67) (orcyTcTBHE JeieHns Ha HOJb) HPOBEPACTC
TakK e Kak 1 B 3aj1a4de 48.

Pertenne 3agaun 53. Diiements! nocseoBareabaoctu (hy,) cTpomsucs 1o mnocsepoBareasaoct Co-
Moc-5 ($,) 1o dopmyiie
by = fofot1 = M (70)
SnSn41
OnHaKo Ha caMOM Jlejie KazK/asl MOy Jalolascs MOCIeI0BaTeIbHOCTE (R, ) COOTBETCTBYET HEKOTOPOIl MO~
caenoBaresibiocT Comoc-4. [leficTBuresibHO, M0 3a1aue 32 MOCIeI0BATEIBLHOCTD (S,) MOXKHO TPeobpa3o-
BaTh B CoMoC-4, YMHOXKUB 9JI€HBI ¢ YETHBIME HOMEpAMH Ha KOHCTaHTY. DTO HpeoOpa30oBaHue He MEHsieT
nocseoBaresnbHoctn (hy,).

[Tosromy mocsteioBarebHOCTH (&, ) TaKzKe JIOJZKHA COOTBETCTBOBATE Moc/emoBarebHocTh Comoc—4. Oka-
3BIBAETCS, UTO ITO OYJIeT Ta ¥Ke I0CIe0BaTeIbHOCTD (W, ), KoTopast Obljla OMUCaHa B PEIeHn o 3a1a9u 49.
JeiicrBurenbHo, npu k = 2,3 paBeHCTBO & = wl’f);llu—tﬁz nposepsiercst ¢ omotibio hopmyn (60) u (61), a
upu k > 4 OHO cylejtyeT U3 COBIAJEHUS PEKYPPEHTHBIX coorHomenuii (38) u (69) (31ech MBI mOIB3yeMCst
3ajadeii 15, 1o ecrb TeM, uro (wy,) ecrb mocienoBareabHocTb Comoc-5 ¢ Kodddunmenramu = —f5 u
v=a’+T38).

Terepb HETPYIHO JOTAIATHCS, UTO

Wi W1 Wr4+2Wg—1
U = —, Vp = ————.
w1W2 w1W2
Yr0o0b1 yOEIUTHCA B 9TOM, JOCTATOYHO 3aMETUTh, YTO 3TU PABEHCTBa BepHBI Ipu k = 1,2, u TPOBEPUTH,
YTO 9TU paBeHCTBa coryacyiores ¢ dopmynamu (65)—(67). Pasencrso (65) oKasbiBaeTCS TOXKIECTBOM, Pa-
BeHCTBO (67) — pekyppeHTHBIM cooTHOmeHneM CoMoc-5 JIJIst OCIe0BaTeIbHOCTH (W, ), & paBeHCTBO (66)
umeer Buz (40).



Taxkum obpazom, coorrorerne (13) MOXKHO HepeIncaTb B BUJIE

WW2 Sy k4 18n—k = WEWh41Sn428n—1 — We2Wk—1SpnSn41- (71)

B wacrtHoCTH, TIDT S, = W,

U W2 W1 Wi = WyWhp 1 Wpg2Wpn—1 — Wit 2Wh—1 Wy Wp 41 (72)

Pemenne 3agaum 54. Paccmorpum cravana ciaydaii, kKorga k 4+ +m +n =0 (mod 2). Ilepexons
napaMerpam

:k+l+m—|—n b:k:—|—l—m—n c:k—l—l—m—n d:k—l—m+n (73)

a 9 - 5 3 )
2 2 2 2

paBeHCTBO (16) MOXKHO IepercaTb B BIJIE
SatbSa—bWerdWe—d + SatrdSa—dWhtrcWh—c — SatecSa—cWhidWp—d = 0. (74)

Y T06BI IPOBEPHUTH CIIPABE/INBOCTD ITOIO PABEHCTBA, JOCTATOTHO KO BCEM IIPOU3BEICHUSIM BU/IA Sy tySz—y
U Wy pyWy—y TpUMeHUTH hopmyiinl (14) u (15) coorBeTcTBEHHO.

Paccmorpum teneps ciayuaii, korga k + 1+ m +n = 1 (mod 2). Samenoit k& — k + 1 dopmyna (16)
HPUBOUTCS K BHJLY

Sk+i+15m4+nWk—14+1Wm—n + Sk4n+151+mWk—n+1Wi—m — Sktm+1Si+nWk—m+1Wi—n = 0, (75)

e k+ 1+ m+n=0 (mod 2). Ta e 3amena nepemenubix (73) nmosposisier nepenucatsb dpopmyrty (75) B
BUJIE
Satbr18a—bWetdr1We—d + Satd+1Sa—dWhtct1Wp—c — Satct1Sa—cWptd+1Wh—d = 0. (76)

Kax u B npeapiaymem ciydae, Jjis 3aBepIIeHns J0Ka3aTe/IbCTBA OCTACTCA KO BCEM IIPOU3BEICHUSIM BHJIA
Sutyt1Sz—y U Wytyt1Wy_y IpUMeHNTH hopMysinl (71) u (72) cOOTBETCTBEHHO.

3ameuanne. JlokaspiBasg TOXKIeCTBa I nocyaeoBareabaocreii Comoca, Mbl (DAKTHYCCKH Ha 3JICMEH-
TAPHOM SI3BbIKE CTPOMM TEOPUIO LIUITHYeCKUX (byHKIniA. OQHUM U3 BarKHBIX HHCTPYMEHTOB 9TOi Teopun
saBisiercsa o-QyHknus Belieprrpacca. 910 (QyHKIMSA KOMILUIEKCHOIO apryMeHTa, KOTopasl SBJISeTcs JIBY-
MEPHBIM aHAJIOIOM CHUHYCA, OHa 0OpallaeTcs B HyJb B y3JaX JaHHON PeléTKY

A= {xlwl + Towsg 1 T1, T2 € Z},

r7e Wy, Wo — JIBa JIMHEHHO He3aBUCUMBIX BEKTOPa Ha KOMILIEKCHOM 1ockocTr. Onpesensercsa o-(QyHKIs
Jepe3 6eCKOHETHOe TTPOU3BE/IeHIE

z 22
o(z) ==z H (1 - 5) ew 2w,

weA\{0}
Papencrso (74) siBiisieTcst aHAJIONOM TPEXUJIEHHOIO TOXK1ecTBa Beitepinrpacca
og(a+b)o(a—0bo(c+d)o(c—d)—o(a+c)o(a—c)o(b+ d)o(b—d)+
+o(a+d)o(a —d)o(b+c)o(b—c) = 0.
B tepmunax o-dyHKIMN BhIUCHIBaeTCs u o0Iee pertenne ypapaennst Comoc-4:

o(z0 +nz)
o(2)"

s, = AB™

[MTectn mapamerpam, KOTOpbIE 3a/1al0T MOCIe10BaTe/IbHOCTE CoMoc-4, B 9TOi (popMysie OTBEUAIOT JIpyTrue
IeCTb CBOOOIHBIX mapaMeTpoB A, B, z, zg, 1 HESIBHO IIPUCYTCTBYIOIINE W1, Wy. JIst mocsiemoBaTeIbHOCTER

() bopmyma mporme:



Pemenne 3agaum 55. OrmeruMm cHadasa, 9TO PABEHCTBO S, = (—1)"y, 3 BBINOJIHIETCS TPU N =
0, 1,2, 3. ITosTomy, 9TOOBI JJOKa3aTh PABEHCTBO THUX JIBYX IIOCJIEI0BATEILHOCTEN, JIOCTATOTHO ITPOBEPUTD,

aro gucsa t, = (—1)"bg,_3 YIOBIETBOPSIIOT TOMY K€ PEKYPPEHTHOMY COOTHOIIEHHIO, KOTOPOE 3a/1aéT
nocsegosarensHocts Comoc-(4).
DJIeMEHTBI [OC/Ie0BaTeIbHOCTH (1),) YI0BIeTBOPsiioT ypaBHenuto (15) ¢ k = 2 BKyle ¢ ycJoBHIMI

o = 0, ¥y = 1. Dro o3nauaer, uro K HUM IpuMeHnma u dopmysa (17). Samenum B Heil napamerpst k, [,
mun #a 2k + 1, 4, 2 u 0 coorBercrBenno. [lomyunm paBeHcTBO

Yok 5Wor—32W_2 + Yoy 310 — V3 b6ty = 0.

[MoncraBistst B Hero 3uadeHus vy = 1, ¢y = 1, g = —1, 11 nepeMenHbIX ty = (—1)"g,_3 mOIyIaeM
HY>KHO€ YpaBHEHUE T yolp_o = tpy1lp_1 + ti.

Permtenne 3agauu 56. Ilpesparum ypashenue (16) B HyKHOe HaM PeKyppeHTHOe cooTHornenue. st
9TOro BhIOEpeM IapameTpsl k, [, m,n paBHBIMUA COOTBETCTBEHHO

1 1 1 1
E(an—l—b—l—i%a), §(an—|—b—|—a), §(an—|—b—3a), §(an—|—b—a).

B wurore nonyunrcs ypasaenne CoMoc-4: T, 10T, oW, W_q + TnHTn_lw%a — Tﬁwgawa =0.

3ameuanwne. /Ipyroe perrenue 5Toi 38,1491 MOKHO IOy IATH METOJAME 13 IIPEIBIIY3€Er0 pasiesa, 3aMe-
THUB, 9TO At0baA apudMeTHIecKas IPOrPECCHsl Ha SJUITUITHIECKON KPUBOH 3a,1a8TCsI TTOC/Ie0BATETLHOCTHIO
Comoc-4.

CiiokHbBIE 3a4a4n

K sTum 3aja1aM MbI IIPUBOIUM JIMIIL OTBETHI UM HaOpocku perennii. Jletaau mpejjiaraeM BOCIOJTHUTH
WHTEPECYIONIEMYCS IYUTATEJTIO.

Pemenue 3amaum 57. VYpasuenue nocsenoBaresbHoctu CoMoc-6 B OJTHOPOIHBIX TIEPEMEHHBIX TPUHU-
MaeT BU]

fn+2f2+1f3 1fn 2—04fn+1f Joo1 + Bfn + 1.
VY Heé ecTh /1Ba HE3ABUCHMBIX HMHBAPHAHTA
32 ¥
fifafsfa * flfzgf§f4Jr
+a < Lyt >+ ﬂ( +1+1+1>+57<1+1>—
K fife  fafs  f3fa i fo fs  fa fifofafs \fo  f3)

=v(fifofs + fafafa+ fafafs) + B(fifafafa + fafafafs) +ay (flfg f31f4) +ap <f2 ;3 + ;4) ;

Ty =v(fifofs + fofsfa) + Bfifafafa +

- 9 49 1 1 9 9 1 1
Ty =vf1fs f3fa+aB(fife + fafz + f3fa) + By <f1f2 + ofa + f3f4> + (@*B +~7) <f1f2f3 + f2f3f4> +
Ao B oy (L L) et e e (L 1)
e ( T ) T\AEE T RiEn) T REER T RERR T RERR\E T
=Y([1f3 15 fa+ fofsfifs) + aB(fife + fafs + fafa+ fafs) + By < + 1) +
Jafs  f3fa
N W T
“”( i ) O e T
Pemenne 3amaun 58. Ilycrs B nocienoaresnbuoctu Comoc-(6) 3/1€eMEHTHL S, S, ..., S, — IeJIble
aucsia. Torga B 1000i TpoiiKe (Sg_2, Sk—1,Sk), e k = 2,...,n, 9ucja B COBOKYITHOCTH B3aUMHO IMPOCTHI

(ecJii HEKOTOPOE MPOCTOE P JIENUT Sg_2, Sk_1 U S, TO P JICJIAT U Sk_3). TakK Ke Kak ¢ TOMOIIbIO MHBAPUAHTA
T MBI JIOKa3aj1, 9TO MPOU3BOJIbHAsA MOCIe0BaTEIbHOCTE CoMoc-4 YIOBIETBOPSAET PEKYPPEHTHOMY COOT-
HOIIEHUIO TOPsiiKa b, jist mocseoBaresbHocT Comoc-(6) MOKHO MOJIyInTh PEKYPPEHTHBIE COOTHOIICHUST



nopsikoB 9, 10 u 11 coorBeTCcTBEHHO:

Sn+55n—4 = —Sn+45n—3 — Sn+35n-2 T Sp425n—1 1 34Sn+15na (77)
2
Sni5Sn—5 = SntaSn—a + 15Sp 12802 — 198,118,1 + 34s;, (78)
Sn455n—6 = Snt35n—4 + 198,128, 3 + 348,418, 2 + 1985, 1. (79)
[IpeAmonokuM, 910 9UCaa S, S1, - .., Spia — Heable. Torga us yciaoBus (S,_4,Sp—5,Sn-6) = 1 1 pa-

BeHcTB (77)—(79) ciremyer, 9TO U YUCTIO Sy, 14 TAKXKE ABJISETCS TIETIBIM.

Pertenne 3amaum 59. B npeipiayieii 3ajade Mbl JOKA3ajd, 4TO JIOObIE TPH COCEJHUX JJIEMEHTa
nocyeoBaresibioctu Comoc-(6) B3auMHO POCTBI B COBOKYITHOCTH. SHAYUT, JIJIst JIIOOOI0 MOy Bujaa
x0Tsi 661 OJIHO U3 TPEX coorHorenuii (77)—(79) mo3BosisieT HAXOAUTH 3HAUEHHE S, 15 mod p? pu yCJIOBUH,
YTO U3BECTHBI OCTaTKH S,,_; mod p7, rne ¢ = —4,—3,...,5,6. Tak kKaK HAOOPHI OCTATKOB IIOBTOPSIIOTCSI, TO
HOCJIEeI0BATEILHOCTE (S, mod p7) asisercsa mepuoudeckoii. Ilockombky dopmyist (77)—(79) mo3BossioT
HAXOJIUTH He TOJIBKO CJIEJIYOIIUE SJIEMEHTBI, HO U TIPE/IbIIYIIIe, OC/IeI0BATETLHOCTS (8, mod p7) aBisercs
YUCTO MEPUOMIECKON. 3HAUUT, OHA Gy/IeT NEePUOJANIECKOll U 110 IIPOU3BOJIHLHOMY MOJLYJIIO.

Pemenue 3agauu 60. Ypasuenne Comoc-7 nMeer Tpu HE3aBUCHMBIX WHBapuaHTa. [lepBblit u3 HEX B
OJTHOPOJTHBIX TIEPEMEHHBIX f), UMEeT BH/I

1 1 2
Ho =Bfrfafsfofs +v (fifafs+ fofafa+ f3fafs) + B <f +E+E+ﬁ+ f5> +M

1 1 1 B2 < 1 )
T <f1fzf3 T hhh T f3f4f5> Fihafafifs = f1f2f§fff5 A

Z[JIH 9TOI'0 MHBAapMWaHTa MOXKHO HallMCaTb W BTOPOE IIpeJICTaBJICHUE

H B< +1+1+1>+ ( SR >+
CTNE T B TR R) T\ RER T s
+8 (frfafsfofs + fafsfafsfe) + v (fifefs + fofasfa + fafafs + fafsfe),

n3 KOTOpOTro BUIHO, 9TO 7-[0 = F(flvf?af37f47f5) + F(f27f37f47f57f6)7 rae

1
f3 f5> fsz

— YHCJIO, HE MeHdIomeecd TP USMEHEHUN BCEX MHJAEKCOB Ha 2.

F(f1, f2, f3, fa, f5) = af < + Bfifafsfafs + v (fifafs + fafafs)

Emg¢ nBa nnBapmanTa ymobHeil 3ammcarh, UCIOAb3Ys TiepeMennbie hy = fi fri1:

hihs  hohy
ha * hy )

+a%8 1 +i+i+i+ ha y hs ) g, 1 +i+i+i
@ ho hs hy hihg hohy

H1 =vhihohshy + af (hihg + hihg + haohy) + oy <h1 +ho + h3+ hg +

+a21+1+1+1+1+21+ rapr (b ]
T\ hihy " hohs  hsha " hihs  hohs) " \hihs  hohs hihoh  hihsha

as I SRS S S 1,1
« «
T\ hihahshs © hih3ha " hihZha T\ hih2hshy  hihah2hy)’

hi  hyg 2 1
hihohs + hohsh hi+ha+hs+h
Ha =7 (hihahs + hohsha) + a8 (b1 + ha + hg + 4)+a’y<h4+h1> ﬂ<h1h3 h2h4>
1 9 1 OéBQ
o <h1h2 * hahs * h3h4> *7(a%+) <h1h2h3 " h2h’3h4> i hihahshy

+as L1 N ay?
T\ ih3hsha " hahoh3h) " hih3h3ha



S0omos sequences

[.I.Bogpanov, G.A.GOLOVANOV, K.G.KUYUMJIYAN,
A.V.MIROSHNIKOV, A.V.USTINOV, B.R.FRENKIN

Introduction

The first nontrivial example of a Somos sequence is a sequence Somos-4. It is given by the recurrence
relation

Spt28p—2 = ASp11Sp—1 T Bsia (1)

where o and [ are arbitrary constants. The ‘4’ in the name of the sequence is the order of the recurrence
relation (1). It shows how many initial elements of the sequence (s,,) are needed to determine all the others.
For Somos-4 usually sg, s1, so and s3 are given.
Taking coefficients & = = 1 and initial conditions sy = s; = s3 = s3 = 1, we obtain the Somos-(4)
sequence
S0,81,-..=1,1,1,1,2,3,7,23,59, 314, 1529, 8209, 83313, .. ., (2)

which surprisingly occurs to be integer-valued. Another its unexpected feature is periodicity modulo an

arbitrary integer.

o0
n=—oo

Definition 1. In general, a sequence (s,)
recurrence relation of k-th order (k > 2)

is called a Somos-k sequence if it satisfies a quadratic

SmikSn = D OjSnik—iSnij, (3)
1<j<k/2

where o; (1 < j < k/2) are some constants.

We assume that all elements in the sequences as well as their parameters are complex numbers. (If you
wish, you usually may confine to real numbers.)

Definition 2. By Somos-(k) we denote the sequence Somos-k such that all parameters and initial
conditions are equal to 1, and so this sequence is determined by the initial elements sy = 51 = --- = s,_1 =1
and the relation

Sn4kSn = E Sn4k—jSntj-
1<j<k/2

It occurs that not only Somos-(4) but also the sequences Somos-(k) for k& = 5,6,7 are integer-valued.
For greater k this feature is lost. Nevertheless for each k > 4 there is a wide class of Somos-k sequences
which are integer-valued.

Integer values of the elements are a clear sign that the sequence in question possesses rich arithmetical,
algebraic, combinatorial, and analytic properties. For instance, integer-valuedness and periodicity of Somos-
(4) form just the tip of an iceberg. They hide invariants not seen at first glance, concealed addition
theorems, tropical arithmetic, perfect matchings and so on. For Somos-4 and Somos-5 the explanation
consists in elliptic curves behind these sequences. Since Somos-6, the situation becomes more complicated
and interesting.

The project is aimed first of all to get acquainted with the ideas behind Somos-4. Furthermore you are
suggested to apply these ideas to Somos sequences of higher orders in hope for advancement in unsolved
problems.

1 Getting started

The initial conditions sg, ..., Sx_1 uniquely determine the whole sequence (s,) if all its elements are
nonzero. Otherwise some additional conditions are needed for specifying its elements.

In this project, we always assume that the sequences Somos-k contain no zeros unless otherwise indicated.
For Somos-(k) this is provided by Problem 1(a).

Problem 1.
(a) The sequences Somos-(k) are correctly defined: no their elements are zero.



(b) The sequences Somos-(2) and Somos-(3) are trivial: they consist of ones only.
(c) The sequences Somos-(k), k > 4, are nontrivial: present a non-unit element.
(d) The sequences Somos-(k) are symmetric: for any positive integer n we have s_, = S,15_1-

Problem 2. Suppose a Somos-2 sequence is given by the equation s, 25, = asZ, ;. Obtain a formula
for its elements, which expresses s,, through a and the initial conditions sq, ;.

Problem 3. Suppose a Somos-3 sequence is given by the equation s,35, = as,i25,11. Express s,
through s_1, sg, s_1 and «a.

Problem 4.
(a) Suppose k > 2, a,b,c,q € R, ¢ > 0 and (s,) is a Somos-k sequence. Then (¢®**+?Fcs ) also is a
Somos-k sequence. For k = 4, find the recurrence relation for the new sequence, given the relation for the
initial one.
(b) Suppose k > 2 is odd, v € C and (s,,) is a Somos-k sequence. Then the sequences (a,,) and (b,,) of the

form
Sp,  for m even, vSn, for n even,
Gy, = and b, =

vSn, forn odd Sp,  for n odd

are also Somos-k sequences satisfying the same recurrence relation.
(c) Suppose (s,) is a Somos-3 sequence; then there exist Somos-2 sequences (a,) and (b,) such that
a,, forn even,

b,, formnodd.
2 Elementary properties of Somos-4 sequences

Sp =

Remind that a Somos-4 sequence is a sequence satisfying the relation

Sp4+28n—2 = ASp41Sp—1 + Bsia «, 5 e C. (4)

Problem 5. Suppose a sequence (s,,) satisfies a linear recurrence equation of the second order s, o =
USpy1+v8p, u,v € C. Prove that (s,,) is a Somos-4 sequence. Express the constants a and 3 in the equality
(4) through u and wv.

Problem 6. Prove that the sequence
s0 = (An + B)g ™ ttne (5)

is Somos-4. Express the constants o and 3 in (4) through A, B, a,b, ¢, q.
Problem 7. Prove that the Somos-(4) sequence is not a sequence of the form (5).
Problem 8. For the sequences (n?), (2") determine whether they are (a) Somos-4, (b) Somos-6.

Problem 9*. Let (s,) be a Somos-4 sequence subject to (4) for & = f = 1. Suppose sg = 0, s = s =
sy = 1, s3 = —1. (It is natural to complete this sequence for negative indices by oddness: s_, = —s,.)
Then the sequence is uniquely determined and its elements with odd indices form the alternating Somos-(4)

sequence. !

3 Somos-(4)
Problem 10. Suppose in the Somos-(4) sequence the elements so, ..., s, are integer. Then in any
four-tuple of consecutive elements (sy_3, Sk_2, Sk_1, Sk), where 3 < k < n, any two numbers are coprime.

Problem 11.
(a) Suppose in the Somos-(4) sequence the elements s,_3 = a, s,—2 = b, S,—1 = ¢, and s, are integer.
Using Problem 10, express the values of s,11, Spi2, Spi3 modulo s,.
(b) Prove that all elements in the Somos-(4) sequence are integer.

Tf this problem seems difficult to you, you may postpone solving it up to obtaining more information about Somos-4
sequences.



Remark. The Somos-(5), Somos-(6) and Somos-(7) sequences also consist of integers. This is not the
case for Somos-(k) sequences with k > 8. For instance, the beginning of Somos-(8) looks as follows:

420514
o, 1,1,1,1,1,1,1,1,4,7,13,25, 61, 187, 775, 5827, 14815, 075

In the project we consider various approaches to the proof of integer-valuedness of Somos-(4) and Somos-
(5). In the sequel they will be useful for the case of Somos sequences of higher orders.

Problem 12. A sequence aq,as,as, ... is given by the initial conditions a; = 1, a3 = 1 and the recurrence

relation )
as_, + 2
a, = In=1 © % (n > 3).
Ap—2

Prove that all elements of the sequence are integer.

4 A hidden invariant of a Somos-4 sequence

As we see from Problem 4(a), a Somos-k sequence satisfies the same equation after certain substitutions.
This often can be used to decrease the order of the recurrence relation.

Specifically, let (s,) be a Somos-k sequence. The corresponding homogeneous sequence (f,,) will be given

by

__3n715n+1
Jn= T
Observe that the change (s,,) + (¢"*¢s,) does not affect the homogeneous sequence.

Problem 13.
(a) Let (s,) be a Somos-4 sequence. Find a recurrence relation of order 2 for the homogeneous sequence
(fn)-

(b) Let (s,) be a Somos-5 sequence. Find a recurrence relation of order 3 for the homogeneous sequence
(

fn)-

Problem 14. Let (s,) be a Somos-4 sequence with the corresponding homogeneous sequence (f,,).
(a) Prove that the value of

Ty = focifo+ fafust + — (6)

is independent of n.
(b) Find the expression T'(x,y) such that T,, = T(f,, fns1)-

Remark. To curious participants, we recommend to think about a way to invent the expression (6)!
This will be of use in the sequel.

We see that for a given (s,) all the expressions of the form T'(f,, f,+1) take the same value .
Definition 3. The above value of T" is called the invariant of the given Somos-4 sequence.

Problem 15. Let (s,) be a Somos-4 sequence subject to relation (4); let T" be its invariant. Prove that
(sn) is Somos-5 as well, so it satisfies an equation
Sn+385n—2 = MUSn4+285n—1 T VSn415n

for some constants p and v. Express these constants through o, 5 and T'.
Remark. A more general fact holds: any Somos-4 sequence is a Somos-k sequence, k > 4. The proof of
this fact will be a subject of a specific section.

Problem 16. Using Problem 14 (and Problem 10), obtain one more proof that all elements of the
Somos-(4) sequence are integer.

Problem 17. Using Problem 15 (and Problem 10), obtain yet another proof that all elements of
Somos-(4) sequence are integer.

Problem 18. (a) For which Somos-4 sequences their integervaluedness can be proved using the same
ideas as in Problems 16 and 177



(b) Try to derive a criterion of integer-valuedness of a Somos-4 sequence.

Problem 19*. Let (s,) be a Somos-4 sequence. Prove that the subsequences of its elements with even
and odd indices (s3,) and (S2,41) are Somos-4 as well.

5 Periodicity of a Somos-4 sequence modulo an arbitrary integer

Problem 20. Prove that Somos-(4) contains no multiples of 5.
Definition 4. Let us call a sequence (s,,) primitive if all its elements are integers coprime in total (there
is no divisor common for all of them and greater than 1).

Problem 21. (a) Suppose p is a prime, and (s,,) is a primitive Somos-4 sequence satisfying the recurrence
relation (4) with integer coefficients such that (a3, p) = 1. Then in this sequence there exist three consecutive
elements coprime with p.

(b) Under the conditions of part (a) the sequence (s,,) has a correctly defined invariant 7' (mod p?), v € N.

Problem 22. Suppose p is a prime, 7 € N and (s,,) is a primitive Somos-4 sequence subject to the
recurrence relation (4) with integer coefficients such that (o, p) = 1.. Then the sequence of the remainders
of the elements from (s,) modulo p” is periodical.

Problem 23. (a) Let m = p]"...p/" be the canonical factorization of an integer m into primes. The
sequence (a,) is periodical modulo each p/*, 1 <i <. Prove that (a,) is periodical modulo m as well.
(b) Suppose m € N, and (s,) is a primitive Somos-4 sequence subject to the recurrence relation (4) with
integer coefficients such that (af,m) = 1. Then the remainders of elements of (s,) modulo m form a
periodical sequence.

(c) The remainders of elements of Somos-(4) modulo an arbitrary positive integer m form a periodical
sequence.

Problem 24. Prove that in Problem 22 the condition (a/3,p) = 1 cannot be removed.
6 Somos-5 sequences

Problem 25. Suppose in the sequence Somos-(5) the elements s, ..., s, are integer. Then any five
consecutive elements sp_4, Sk_3, Sk_2, Sk_1, Sk, Wwhere 4 < k < n, are pairwise coprime.
Suppose (s,,) is a Somos-5 sequence subject to the recurrence relation

Spt3Sn—2 = [Snt25n—1 + VSpi15p. (7)

Denote the respective homogeneous sequence by (f,) as above.
The following two problems are devoted to the search of two independent invariants of Somos-(5),
analogous to the invariant 7" of a Somos-4 sequence.

Problem 26. (a) Show that in the resulting equation of Problem 13(b) one more change of variables
is possible such that the order of the equation is decreased (and the equation is simplified).
(b) Find an expression of the form J,, = J,,(fn_1, fn, fas1, fnire) With the same features as T, in Problem 14a.
In other words, the value of .J,, is to be constant on any homogeneous sequence ( f,,) but these values must
not be equal for all sequences subject to the given relation (7).
(c) Find a nontrivial function J(z,y, z) which is an invariant of a given homogeneous sequence (that is,
the value of J = J(fp, fus1, fnie) is independent of n).

Problem 27. (a) Express the relation for (f,,) in another way to find an essentially different almost
invariant: an expression K (z,y, z) such that the values of K(f,_1, fa, fnsr1) are equal for all even n.
(b) Find one more (essentially different from that in in Problem 26!) expression of the form
Iy = Li(fu—1, fa, fat1, fare) with the same features as the expression from Problem 26b,
(c) ...and use it to obtain one more invariant I(z,y, z) of the sequence (f,,).
Remark. If you don’t understand the condition of two above problems, please apply for explanation!

Problem 28. Using each one of Problems 26, 27 prove that all elements of Somos-(5) are integer.



Problem 29. Suppose m is a positive integer, and (s,) is the Somos-(5) sequence. Using invariants
from Problems 26, 27 prove that the remainders of the elements from (s,) modulo m form a periodical
sequence.

Problem 30*. Suppose a sequence (s,) is subject to the recurrence relation (7). Prove that each of the
subsequences (s%) = (s2,) and (s%) = (S2,,41) consisting of elements with even and odd indices respectively,

satisfies the Somos-4 equation

Spi2Sn_o = Q'S, 18, 1+ B*(sp)?.

What are the expressions for o* and 5*7

Problem 31*. Let (s,) be a Somos-5 sequence subject to (7). Find the conditions on the values of its
invariants I and J, equivalent to the fact that (s,) is a Somos-4 sequence.

Problem 32. Prove that multiplying the elements with even indices from a Somos-5 sequence by some
complex number, we can obtain a Somos-4 sequence.

7 Connection with elliptic curves

In this project an elliptic curve is understood as a curve in the plane determined by an equation of the
form 3% = 23 + ax + b under the restriction 4a® + 27b? # 0. First of all we are interested in rational points
(that is, points with rational coordinates) of such curves. However the main feature (first of all, existence
of a group structure on the curve) are valid for all points with real or complex cooerdinates as well.

YA

P

\/

Y x

P+a

In general, a line meets an elliptic curve at three points. Let us assume that the sum of these three points
is zero. The strict formulation is as follows.

Definition 5. Consider two points P and ) on an elliptic curve, not mutually symmetrical about the
OX-axis. Define the sum P+(Q as follows: draw a line through P and @), consider the third point R’ of meet
of this line with the elliptic curve, and reflect R’ about the OX-axis (observe that our curve is symmetrical
about OX-axis). The resulting point R is considered as the sum of the original points, notation: R = P+(Q).

Problem 33. Prove that the definition is correct, and write down the coordinates of R. Prove that
P+Q=Q+P.

Let us add one more point, the infinite point, to our elliptic curve. We assume that it is the point of
meet of all vertical lines.

Problem 34. What is the sum of a finite and the infinite point? In what case the sum of finite points
of an elliptic curve is the infinite point?

Problem 35*. Consider two triples /1, {5, {3 and mq, mo, m3 of lines in the plane. Prove that if they
have nine distinct points of meet and eight of these belong to an elliptic curve E then the ninth point of
meet belongs to F as well.

In the sequel, the result of Problem 35 may be used without a proof.

Problem 36*. Check the identity (P+Q)+ R = P+ (Q+ R) for points of an elliptic curve (associativity
of addition).



Problem 37. Suppose the coefficients a, b are rational. If the coordinates of P and @) are rational then
the coordinates of P + () are rational as well.

A remark for those acquainted with the notion of group: we have just proved that the points of an elliptic
curve form an Abelian group under addition, and the rational points form a subgroup in this group.

Problem 38. What is the definition for P + P? Write down the formulas for its coordinates. What is
the definition for 3P, 4P?

Now suppose (s,) is a Somos-4 sequence, and (f,) is the corresponding homogeneous sequence. The
invariant 7' informs that the points of the form (f,, f.+1) lie on a curve of the fourth order

XY+ a(X+Y)+B8-TXY =0. (8)

It occurs that the order of this equation can be decreased.

Problem 39.
(a) In (8) change the variables: z = —4aX. y = 4a(TX — o — 2X?Y). What is the resulting equation?
(b) Reduce the above equation to the standard equation of an elliptic curve.

Problem 40.

(a) Consider the sequence defined in Problem 9 and the corresponding homogeneous sequence (f,,) (what
is fo?). Suppose P, is the corresponding sequence of points on the cubic curve constructed in the previous
problem. Prove that P, = nP;.

(b) Solve Problem 9.

Problem 41.
(a) Prove that the sequence of points corresponding to an arbitrary Somos-4 is an arithmetical progression,
that is, P, = P,_1 + P, where P is a constant point.

(b) What does it mean that the resulting progression is of the form (nP)?

Suppose there is an elliptic curve E determined by the equation y? = 23 + ax + b and a point P = (z,y)
on it. It occurs that the coordinates of several initial points of the form nP are of special form. There is

always a polynomial ¢,, = ¥, (x,y) € Z[z,y, a,b] such that nP = (—2, ¢—3> . Here is the beginning of this
sequence: o

Yo=0, ¥1=1, =2y, o3=231"+6ar’+ 12bz —a’
Yy = 4y(2° + bax* + 2002 — 5a*x? — dabx — 8b* — a?). 9)

Furthermore it occurs that the values of 15, ¥, . ..can be determined using the recurrence relation

Vi nsotn_n = Y3ni1¥n_1 — Y15, (n > 3)

or the pair of relations

7bZn-i-l - ¢n+2¢2 - wn—1¢2+1 (n > 2)7

7ﬂ2n = 15_; (¢n+2¢721_1 - ¢n—2¢i+1) (n > 3)

The polynomials ¥, (z,y) related to an elliptic curve E are called division polynomials. For a chosen
curve with a chosen point on it the sequence ¢, (z,y) becomes a sequence of numbers.

Problem 42. Check that to the elliptic curve y? = 23 —x+%1 and the point P = (0, %) there corresponds
the sequence
Yo, Y1,...=0,1,1,-1,1,2,—1,-3,-5,7,—4,—-23,29,59,129, ..., (10)

determined by the initial conditions ¥; = 1 = 1, ¥»3 = —1, )4 = 1 and the recurrence relation

Vni2Wn—2 = Yns1¥n_1 + U2 (n > 3).

Prove that in terms of the variables f,, = 1,19, _1/%?2 the coordinates of a point nP for n > 2 have the
form

2
nP = <_fn> ?(fn+1 - fnl)) :



Problem 43. Prove that for an arbitrary curve y?> = 23 + ax + b and a point P = (z,y) on it, the
coordinates of nP for n > 2 are of the form

2

where Pn = »’17%21 - ¢n71wn+17 Wp = t(¢n+2wg—1 - wn72w721+1>'
To this end establish that the sequence (1),,) has the invariant T' = 2(a+ 32?), and the slope of the secant
through nP and P equals k,, = —ﬁ(anan =T).

8 Somos-4 is Somos-m

One of features of low-order Somos sequences is that they satisfy recurrence relations of higher orders.
Problem 44. Prove that an arbitrary Somos-2 sequence is Somos-m for every m > 3.

Problem 45. Prove that an arbitrary Somos-3 sequence is Somos-m for every m > 4.
A similar fact holds for an arbitrary Somos-4 sequence: it is Somos-m for every m > 5. Moreover a
stronger assertion holds: there exist sequences (cx)52; and (dy)%2, such that

2
SntkSn—k = CkSnt15n—1 — diSy,, (11)

and sequences (ug)5> . and (vg)52_ ., such that
Sn+k+1Sn—k — UkSn+2Sn—1 — VkSnSn41- (12)

The subsequent problems are devoted to the proof of this fact and its consequences.

Problem 46. For k > 2 find the formulas for calculation of the coefficients ¢ 1, dgyq through cp_q,
di-1, Ck, dy.

Problem 47. Find the values of ¢, d; for k= 1,2, 3.

Problem 48. Write down the relation between parameters c,_1, di_1, ¢k, di which provides for k£ > 3
that the values cp11, dgy1 can be determined using the recurrence formulas from Problem 46. Prove that
this relation really holds.

Problem 49. Prove that in fact the formula (11) can be written in the form
WS4 kSn—k = WiSnt15n—1 — W1 Wh_15-, (13)
where (w,,) is a Somos-4 sequence. What initial values for this sequence are the most suitable?
Problem 50. Prove that the elements of the sequence (w,,) from the above problem satisfy the equation
WIWy 4k Wy = WilWp 1 Wy — Wy 1 W1 W2 (14)
Problem 51. For k > 2 find formulas which provide determination of the coefficients w1, vi1 of the

recurrence relation (12) through wy_1, vg_1, ug, v.

Problem 52. Write down the relation between parameters ug_1, vx_1, ug, vx which provides for k > 3
that the values ugy1, vp11 can be determined using the recurrence formulas from Problem 51. Prove that
this relation really holds.

Problem 53. Express ug, vy through elements of the sequence (w,,) from Problem 49.
Problem 54. Suppose the numbers k, [, m, n are either all integer or all semi-integer. Prove that
Sk+1SmAnWk—1Wm—n + Sk4nSi4mWk—nWi—m — Skt+mSi+nWk—mWi—n = 0. (15)
In particular,

W Wippn We— [ Win—p, + Wit n WigmWk—nWi—m — W4mWi4nWk—mWi—pn, = 0. (16)



Problem 55. Using the formulas of the preceding problem, give another solution for Problem 9:
prove that the elements of (10) are relted to the elements of Somos-(4) by the equation s, = (—1)"1,_3
(boldface in (10)).

Problem 56. Let a sequence (s,) be Somos-4. Prove that for any a and b the sequence (7,) = (Santb)
is Somos-4 as well.

9 Difficult problems

Problem 57*. Determine the invariants of a Somos-6 sequence satisfying the equation

Sn+3Sn—3 = ASpt28n—2 + BSnt18n-1 + ’73317 a,B,v €C. (17)

Problem 58*. Prove that Somos-(6) consists of integers.
Problem 59*. Prove that the sequence Somos-(6) modulo an arbitrary positive integer is preiodical.

Problem 60*. Determine the invariants of a Somos-7 sequence satisfying the equation

Spt4aSpn—3 = ASp13Sp—2 1 ﬂSnJrQSnfl + YSn41Sn, «, 67 v E C. (18)

10 Unsolved problems

Problem 61*. For a Somos-6 sequence prove the «addition theorem» similar to the formula (13).
Problem 62*. For a Somos-7 sequence prove the «addition theorem» similar to the formula (13).

Problem 63*. Is it possible to multiply a constant by the elements with odd indices in a Somos-7
sequence so that the resulting sequence is Somos-67

Problem 64*. Prove that Somos-(7) modulo an arbitrary positive integer is periodical.
Problem 65*. Prove that Somos-(8) is not a Somos-k sequence for k # 8.

Problem 66*. It is not hrd to see that the Somos-k sequences for k = 4,5, 6,7 are particular cases of
Gale — Robinson sequences determined by recurrence relations of two types: a two-term relation

SnSn—k = QOSp—Sp—k+1 T 63n7m5n7k+m7
where 0 < | < m < k, or a three-term relation
SnSn—k = ASpn—pSn—k+p + ﬁsn—qsn—k—l-q + VYSn—rSn—k+4r,

where 0 < p < g <r <k and p+ g+ r = k. Find an approach to such sequences, which enables us to
determine their invariants, to prove periodicity or addition theorems, ...

Solutions

Getting started

Solution 1. All asertions are proved by induction.
It is suitable to begin with part (d). The base of induction n = 0 is valid by condition. Suppose that for
m < n we have s_,, = S;1r_1. Then the recurrence formula implies

1 1
S_p = p E S—n+k—jS—n+j = E Sn+j—1Sn—j+k—1 = Sn+k—1-
Ry <j<nge <<k

Now in view of part (d) we may consider the assertions about Somos-(k) sequence for positive integers
only. Part (a) is true since the numerator is strictly positive.



2

Part (b) is proved by induction. The base is valid by condition. The induction step: s, 4o = S’;zl = % =1

for Somos-2 and s, 13 = 224 = 2 =1 for Somos-3.

For part (c), it suffices to consider the element sj, = [k/2].

Solution 2. The formula is
S§p = "D/ 2glmgn (19)

We prove it by induction. It fits for n = 0 and n = 1. Suppose it is valid forn =k —1and n =k (k > 1).
Then for si;1 the recurrence relation gives the required representation:

k(k—l)sg(l—k) (k—l)(k—2)/28(2)k8%—k _ ak(k—&—l)/QSngllc-ﬁ-l.

_ 2 -1 _ 2%k  —
Sk+1 = QSES. 1 = -« S«

Solution 3. The formula is

QMg 52 for n even;
Sp — —-n n
Oé(n2_1)/48(_11 )/235 +1)/2’ for n Odd

The proof is similar, by induction.

Solution 4.
(a) It suffices to prove separately the following: if the elements of (s,) are multiplied by ¢ € C, ¢" or ",
then it remains a Somos-k sequence.
For (gs,) we have to check the equality

(C]Sn+k)(q3n): Z aj(q3n+k—j)(q3n+j)a or q23n+ksn: Z ajq28n+k—j3n+j'
1<j<k/2 1<j<k/2

It is obtained from the original one by multiplication by ¢>.
For (¢"s,) the required equality has the form

(qn+k5n+k)(qn5n>: Z aj(qn+kij3n+k*j)(qn+j5n+j>7 or q2n+k5n+k5n: Z Oéjq2n+k5n+kfj5n+j-

1<j<k/2 1<j<k/2

It is obtained from the original one by multiplication by ¢?"**.

For (q”2 $n) the equation changes. We wish to obtain an equality of the form

n 2 n? ntk—j)? n+j)?
@ 0@ 50) = 0 Ba D s )0 )
1<j<k/2

which can be transformed to

SntkSn = Z <ﬁjq2j272kj) Sntk—jSntj-
1<j<k/2

Thus it suffices to choose f; = ;¢ =%,
(b) Observe that if k is odd then for any integer j the integers n + k — j and n + j are of different
parity. Hence ay4x—jantj = bnyi—jbntj = YSn+k—jSn+j, and we can cancel v # 0 in every summand of the
recurrence relation.
(¢) The result of Problem 3 implies that for even n we should have a, = o/ 43:711/ 2303711
of Problem 2 rather easily implies that a sequence of the form

/ 2; now the result

a, = (al/Z)n(n—l)/2(a1/4($1/s_1)1/2)n80

does fit if for instance a'/* denotes a complex number 3 such that 5* = «. The resulting sequence satisfies

. o 1/2,2
the relation a, 2a, = « / Ay

Tne sequence (b,,) is constructed similarly and satisfies the same relation.



Elementary properties of Somos-4 sequences

Solution 5. Suppose v # 0. If 8,10 = us,;1 +vs, then s, o = —%s, 1 + %sn. Thus

U 1
Sny28n—2 = (USpi1 + VSy) —oSno1t sa | =

2 U2 u 2 U2 u2
=85, = —Sn—15n41 T Sp | "Sn41 — USp—1 ) = S, 1+—| - —Sn—1Sn+1-
v v v v
Hence o = —u?/v and 8 =1+ u?/v.
The case v = 0 gives the recurrence formula s, = us,_1, whence s,, = u"sg. Then s,,95, 5 = u2”3§ =
5721 = Sp11Sn_1- Thus s, is a Somos-4 sequence for any «, 5 such that a + § = 1.

Solution 6. Substitution s, = (An + B)g® "¢ in (1) leads to the equality
(A%(n* — 4) +2ABn + B*)¢*™ = a(A*(n® — 1) + 2ABn + B*)¢* + B(A*n® + 2ABn + B?),

which is to be valid for all integer n. This means that the coefficients at any power of n are to be equal in
both parts of the equality. Comparison of the coefficients at n? and at n° leads to the system of equaions

q8a — Oé(]Qa—f-ﬁ, (_4A2 +B2)q8“ — Oé(—A2+BQ)q2a+BBQ.

The equality of coefficients at n! also reduces to the first equation. The system has the unique solution
a=4¢", f = =3¢

Solution 7. If Somos-(4) is of the form s, = (An + B)g* "¢ then according to Problem 6 we have
equalities ¢% = 1/4, ¢®* = —1/3. But these two equalities are incompatible since otherwise it would be
474 — q24a — _373‘

Solution 8. On one hand, if s, = n?

must have

is a Somos-4 sequence then for some «,  and all integer n we

n* —8n% 4+ 16 = a(n* — 2n* + 1) + pn’.

Comparison of coefficients at various powers of n leads to an inconsistent system of equations for o and
(. Hence s,, = n? is not Somos-4. On the other hand, it is Somos-6 since there exist coefficients o, 3, v
such that for all integer n we have

n' —18n% + 81 = a(n' — 8n® +16) + B(n' — 2n* + 1) + yn’.
Comparison of coefficients at various powers of n leads to the system
l+a+p6+vy, —-18=-8a-—-28, 8l=16a+p

with the single solution of the form («, 5,v) = (6, —15, 10).

Substitution s, = 2" in the equation (1) leads to the equality 224" = 026"+ . This equality cannot hold
for all integer n since the left side grows faster than the right side when n — co. Similarly we check that
the sequence s, = 27" cannot be Somos-k for all k& > 2. In particular, this sequence cannot be Somos-6.

Solution 9. See the solutions of Problems 30, 40 and 55 below.

Somos-(4)

Solution 10. Let us use induction. For n = 0 we have the four (s, s1, s2, s3) = (1,1, 1,1) whose elements
are pairwise coprime. Suppose (S,i3, Sni2, Snt1,Sn) are the first four elements such that some of them
aren’t coprime. Then there exists a prime p which divides s, 3 and some of s, 9, S,11, Sp. The recurrence
relation $,438,—1 = Sp128, + 554, implies that if p | sp40 or p | s, then p | spi1. I p | spiq then p | spia8,.
In any case p | (Sn, Spi2Sns1), which contradicts the assumption.



Solution 11.
(a) In our notation, s, 3 = a, $,_2 = b, s,_1 = c. Then 5,8, 4 = ac + b?, and s, divides ac + b?.
According to Problem 10, we have (abe, s,) = 1. Thus we may repeatedly apply the recurrence relation
Sk41Sk—3 = SpSp_2 + 52_1 modulo s, for k=n, n+1, n+ 2:

Spi1@ = 8,0+ ¢ = ¢ (mod s,),that is, 5,41 = c2a™' (mod s,);

Snyob = Spi1€+ 82 = sp41c (mod s,), that is, s, = c*a” b (mod s,);
2 _ 2 . _ 3.-2

Sp43C = SptaSy, + 5,1 = s, (mod s,), that is, 5,13 = c’a™* (mod s,).

Here we always assume that the inverse element ? is determined modulo s,,.

(b) Let us check that if s, 4, ..., Sn, ..., Spt3 are integer (obviously this is true for n = 4) then s,,4 is
integer as well. By induction we obtain that all s,, are integer.

In view of the above formulas, our segment of the sequence modulo s,, looks like

a, b, ¢, 0, cfat, Sa'v, Sfa

The next element s,.4 is to be determined from the equality s,$,14 = Spi1Sp43 + si 4o But now we can
check divisibility of the right side by s, replacing the integers by their residues modulo s,,:

Snt1Sni3 + SZH =cPlac+bv?)a?b? = (mod s,,).
Thus s,, divides s,,115,43 + 831_,_2, and s, is integer.
Solution 12. By induction, we shall prove that all a,, are integer. Suppose n > 3 and ay, ao, ..., a, are
integer. Let us check that a,; is integer.
The initial conditions and the recurrence relation imply that all integers aq, ao, ..., a, are odd. This in
turn implies that for £ = 2,...,n — 1 the integers a;_; and a;, are coprime. (If not, and k is the minimal

number such that d = (ap_1,a;) > 1, then the equality as_ja;.1 = a2 + 2 implies d = 2. But this is
impossible since d is odd.)

The value of a,; is determined from a, 1a, 1 = a + 2, and a,, surely is integer if a? +2 = 0
(mod a,,_1). The recurrence relation implies

2
an—2

a2 +2\° a?_(a®_, +4)+2a,_1a,
ai+2: ( n—1 ) +9= n71< n—1 ) 1 +1.
Ap—2

Since (ay_1,a, 2) = 1, after cancelling the numerator and the denominator by a?_, the numerator still is
a multiple of a,_y, hence (a? + 2)/a,_ is integer.

The hidden invariant of a Somos-4 sequence

Solution 13. (a) fuo1f2fus1 = afu+ B, (6) furtf2f2 1 fure = ffufur +v.

Solution 14.
(a) Rewrite the relations from Problem 13(a) in two forms:

o I6; o B
fnfn+1 - + and fn—2fn—1 =—+ (20)
fh—l fﬁ—lfh n fﬁ—lfh
(in the second case we shift the index by 1). Subtracting one equality from the other one, we get
! !
Jnfner + 4 = faafo1 + .
! fﬁ fhfl
Adding f,,_1f. to both sides, we get T,, = T,,_1 as required.
(b) Express f,_1f, through f, and f,.; to see that the function
1 1
T(x,y) =2y + « <—+—> +£
r oy Ty
2The integer inverse to a modulo m is the integer a=! such that aa=' = 1 (mod m). The inverse element exists iff

(a,m) = 1. In the sequel, in all congruences the inverse elements are considered just in this case.



does fit.

Solution 15. Let us pass to the homogeneous sequence (f,,). By Problem 13(b) the equation (7) takes
the form

fn+2f§+1f§fn—l = ufnfn+1 + v.
Let us try to choose coefficients p and v such that the equation does hold. The recurrence relation 13(a)
implies
B B
) fn 1fnfn—1:a+_-
fnJrl " fn

Multiplying one equality by the other one, we see that u and v must satisfy for any n the relation

<Oé—|— B )(a—i_ﬁ) :/J’fnfn—i-l_"yy

fn—l—l n

fn+2fn+1fn =a+

which is equivalent to

EPCIN 1.1 i
Y ‘- anfn+1 - O‘B (fn * fn—H) * fnfn-i-l‘ (21)

The right side occurs to be similar to the formula (6) for the invariant 7". In view of this formula we see
that p and v must satisfy the relation

v—a’=pT— (B4 1) fafotr-

Since the product f,, f,41 is not a constant, the last equality implies y = — 3. Now we find that v = o2+ ST
The necessary conditions for p and v just obtained are also sufficient to provide the formula (21) equivalent
to (7).

Solution 16. Rewrite the expression (6) in terms of the sequence (s,) to obtain

2
Sn—28n+1 Sn—18n+2 as,,
+ +

T = , (22)
Sn—15n SnSn+1 Sp—1Sn+1
whence T ) ;
Sna1SnSn—1 — So.1Sn—2 — QS
Spis = n+19n°on—1 ; n+1°n—2 n (23)
Sn—l
For Somos-(4) the invariant 7" equals 4. Assume that n > 3 and the elements sy, ..., s,.1 are proved to

be integer. Then the recurrence relation implies that s, os,.2 is integer, and the above relation implies
that siflsmg is integer as well. Hence the denominator of s, in irreducible form divides both s, o and
s> . Since they are coprime, this implies that s, is integer. By induction, the whole sequence Somos-(4)
consists of integers.

Solution 17. For Somos-(4) the invariant 7" equals 4. By Problem 15 this sequence satisfies the equation
Snt+2Sn—3 = —Sp+1Sp—2 981 Sn—1- (24)

Now we use induction as above: since s, 125, 2 and s,,25, 3 are integer and moreover (s, g, S,_3) = 1,
the element s,, .5 is integer as well.

Solution 18. (a) We shall find some sufficient conditions for integer-valuedness of the sequence in
question, using the idea from Problem 15 (existence of two recurrence relations). Suppose that the coefficients
«a and 3, the invariant T" and five initial elements sg, s1, . .., s4 are integers. Then every subsequent element
of the sequence can be determined using the formulas

2
Snt+2Sp—2 = ASp415p-1 + /68n7 Sn+28n—3 = USp+1Sn—2 + VSpSp—1,

where = —f and v = o? + BT are integer.

If so, s1, ..., Spy1 are integer then s, o will be integer for sure if (s,_9,,_3) = 1; otherwise any prime
divisor p of (s,_2, Spy3) can appear in the denominator of s, and of all the subsequent elements. The
condition (s,-2, $,—3) = 1 would be valid for all n > 3 for sure if (sg,s1) =1 and 8 = £1.



If B # 41 then all elements in the sequence are integer for sure if no prime divisor p of £ is a divisor of
any element of the sequence. This implies the requirement that («,p) = 1. Then we have the congruence
Spt2Sn—2 = Spt18,—1 (mod p) which implies that the elements of the sequence are not multiples of p if
this is valid for sg, s1, S92, S3.

(b) The precise criterion for integer-valuedness of elements in a Somos-4 sequence is not known. A little
later we will get some useful instrument, see the section «Somos-4 is Somos-m>».

Solution 19. Let us find constants o’ and S’ such that
Sn44Sn—4 = a/3n+25n72 + B/Si' (25)

In terms of f, it becomes a recurrence relation of the sixth order

fn+3f7%+2fr?+lf1;1 271fn272fn73 = O/fn+1f3fn—1 + ﬁ/-

In view of the equalities

fn+3f72z+2fn+1 = afn+2 + B7 fnf3fr%f2fnfl = afnf2 + ﬁv fn+1f2fn71 = O‘fﬂ + ﬁ:

the order can be decreased to 4:

(@furz + B)(efuz + B)afu + B)° = o/ (afy + B) + 5. (26)

Now let us remove f,1o and f,_o. Their positions in the formula are symmetric. Thus the reduction to
fni1, fn and f,_q is possible if the product f, of._2 and the sum f,,o+ f,_o are expressed through them.
Similarly any symmetric polynomial in f,.; and f,_; can be expressed in f,, since
af,+ B Tfn—«

I3 7
To begin with, let us simplify the product:

Frsof _ fn+2f3+1fn : fnfgflfn72 fQ _ (afn+1 +B)(Oéfn—1 + 5)
n+2Jn—2 n (Oéfn +B)2

wirfala

The last transformation uses the equalities (27).
Now let us simplify the sum:

afn+1 + ﬁ + O-/fn—l + 6 _ Oéfn+1fn*1(fn+1 + fnfl) =+ B( erl + fgfl)
7%+1fn frzz—lfn (afn +6)2

Remove f,.1, fn,—1 once more, using equalities (27) to get

—2aff + (T + BT? — 26%) f,, — a(a® + BT)
(aufn + B)?

Substituting the obtained representations for f, of, 2 and f,. o + f,_2 into (26) we obtain an equation
in a single variable f,:

fnJrlfnfl = and fn+1 + fnfl = (27)

o _olo® 0TV + B2F
" (afu+ B)?

fn+2+fn—2: fs

fn+2 + fn72 -

(0’ fu + afT fu + B2f7) + aB(=20Bf; + (o°T + BT* — 26°) fu—
—a(a® + BT)) + B*(afn + ) = o'(afu + B) + 5.

The coefficients at f? in this equation cancel. Equality of coefficients at f! and fO results in a system of two
equations with two variables o/ and 3’. Solving the system, we find the only possible values o/ = (a?+T)?,
B = B — B(a® + BT)(2a* + BT). Since all transformations were invertible, these o/ and 3’ satisfy the
recurrence relation (25).

The assertion of the problem also has a simpler proof, see the comment to Problem 30.

We may remark that this problem enables us to solve Problem 9. However below we will obtain several
more conceptual solutions.



Periodicity of a Somos-4 sequence modulo an arbitrary integer

Solution 20.
The remainders of s,, modulo 5 are of the form

1,1,1,1,2,3,2,3,4,4,4,4,3,2,3,2,1,1,1,1, . ..

Thus s, = Sp416 (mod 5) for n = 0, 1,2, 3. Between fours of consecutive units there are no zeros. Thus
any subsequent remainder also can be computed using the recurrence relation

_ 2
Spi2Sn—2 = Spi1Sn—1 + s, (mod 5).

In particular, this implies that the remainders repeat with period 16, and no zeros occur.
We get one more solution using the recurrence relation (24). Considered modulo 5 it turns into the
congruence
Sp+2Sn-3 = —Sp+1Sn—2 (mod 5).

Suppose s,1o is the first element in the sequence which is a multiple of 5. Then this congruence implies
that s,.18,-2 =0 (mod 5). Hence one of the integers s, 11, s,_2 must be a multiple of 5, which contradicts
our assumption.

Solution 21.

(a) First observe that the sequence (s,) cannot contain two consecutive multiples of p. Indeed, if p | s,,_2
and p | s, then (1) and (8,p) = 1 imply p | s,,. Repeating this argument we get that all elements in the
sequence (s,) are multiples of p. Hence our assumption contradicts primitivity of (s,,).

Suppose there are two elements divisible by p and having indices which differ by 3. Then we get a
contradiction again. Indeed, if p | s,_o and p | s,41 then (1) and the condition (5,p) = 1 imply p | sp.
Hence two consecutive elements s,, and s, are multiples of p which was already proved impossible.

Suppose now that the sequence (s,,) contains two multiples of p with indices which differ by 2. If p | s,,_»
and p | s, then (1) and the condition («,p) = 1 imply p | sp—15p4+1. Then p divides s, and one of the
neighboring elements. This leads to a contradiction as well since p can divide either two neighboring
elements of the sequence or two elements with indices which differ by 3.

The above implies that the indices of two multiples of p in the sequence differ by 4 at least. Hence it is
always possible to choose three consecutive elements coprime with p.

(b) By lemma 10 the sequence (s,,) contains three consecutive elements coprime with p. This enables us
to find the value of T (mod p”) from formula (22).

Solution 22. Let us check that the value of s, 2 mod p” is uniquely determined by the remainders of
Snils Sny Sn_1, Sn—2, Sn—3 when divided by p?. Indeed, let us find s,,,» mod p? using recurrence relations (1)
and (7) in the following form:

Snt+2 = (a5n+15n—1 + 55721)5;;2 (mOd p7>7

Stz = (@Sn415n-2 + Bsnsn_1)s,25  (mod p"). (28)

The first relation makes sense if (s,_2,p) = 1. The second one makes sense if (s,_3,p) = 1. But at least
one of these relations is valid since two consecutive elements of (s,) are coprime (see the solution of
Problem 10).

Consider the first p>7 fives of the form (s, 3, S, 2,541, 8n, Snt1). There are at least two of them such
that their corresponding elements have equal remainders when divided by p”. Formulas (28) imply that
the sequence is periodical modulo p”.

Solution 23.
(a) Suppose T; is the period of (a,,) modulo p)* (i = 1,2,...,1). Then for any i = 1,2, ..., and any integer
n we have a, 7 = a, (mod p)*), where T' = [T, T5,...,T}] is the least common multiple of all periods.
Since all p)* are pairwise coprime, the above congruences imply a,+r = @, (mod m) for n € Z.
(b) Suppose m = p{*...p]" is the canonical decomposition of the integer m. From (a3, m) = 1 we get
(af,p;) = 1 for 1 < i < [. Hence the conditions of Problem 22 are fulfilled, and the sequence (s,) is



periodical modulo each of p)*; 1 <i <. By part (a), the sequence is periodical modulo m as well.
(c) The sequence Somos-(4) satisfies the conditions of part (b), hence it is periodical modulo any integer.

Solution 24. For a prime p, the sequence s, = p™" satisfies (1) for a = 0, B = p®, but it is not periodical
modulo p” for any ~v > 0.

The Somos-5 sequences

Solution 25. We prove the assertion by induction. For n = 0 we have five pairwise coprime consecutive
elements (s, $1, S2, 83,54) = (1,1,1,1,1). Suppose (Spi4, Snt3, Sni2, Snil,Sn) is the first five not consisting
of coprime integers. Then some prime p divides s,4 and one of s,.3, Sy12, Spt1, Sp. Using the recurrence
relation S, 48,1 = Sp13Sn + SniaSnt1 we find that if p | s,43 or p | s, then p | spio8n11. If p | spyo or
P | Sny1 then p | s,138,. In any case p | (Sn3Sn, Sni2Snt1), & contradiction with our assumption.

Solution 26.
(a) Set hy, = fufaur1 to get
hn—lhnhn—l—l = Mhn + .

(b) From part (a) we get

) v ) 14
[ Y R .
i hn—l * hn—lhn ? hn * hn—lhn
Thus ) )
v 1 f
— = R — Pyt + .
a (hn—l * hn> N hn—lhn ? * hn—l +1 * hn
Hence ’ "
J = hn72 + hnfl + hn + n = hnfl + h'n + thrl + h_ (29)
n—1 n

This is just the required invariant.

(c)

14

11
J(x,y,Z)=$y+y2+u(—+—>+ 5
Ty Yz TY*Z

Solution 27. (a) Set x, = f,_1fnfnr1. Then the recurrence relation from Problem 13(b) takes the form

TnTnt+1 = ,ufnfnJrl + v,

whence " y " y
Ln+1 = + —. Tp1 = + N
fn—l T fn+1 T

< L, )+ - + - + -2
— = Tp— =Ty .
s fn+1 fn—l Tn ! fn—l i fn-‘rl

This gives even two (complementary) almost-invariants:

Thus

1

1 v
K1<1’,y,2) :H’(E—{_;) +l’_y2' and K2(x7y7z):$yz+ga (30)

since Kl(fn—la fna fn—l—l) = KQ(fn—Qa fn—h fn) and COI]VGI‘SGly.

(b,c) The above argument implies that for I we can take the sum of two above almost-invariants:

1 1 1
I(z,y,2) = Ki(z,y,2) + Ka(x,y,2) = xyz + p (— + -+ —> + —. (31)
Ty oz TYz



Moreover we can obtain other expressions for the value of this invariant:

[n = I(fnfla fna fn+1) = Kl(fnfla fn,fn+1)+Kl(fn7fn+la fn+2) = K2(fn717 fna fn+l)+K2<fna fn+l> fn+2) =

= (1 +i+ ! —I—L)—i—l/( ! + ! >—
s fnfl fn fn+1 fn+2 fnflfnfn+1 fnfn+1fn+2 B

- fn 1fnfn+1 + fnfn+1fn+2 +,u < ! ! ) : (32)
fn fn+1

Solution 28. We will use induction in n. The base is sg = ... = s4 = 1. Let s, be integer for any
k <n+ 2. Denote s, 5 =a, s,-1 =0b, s, =c¢, Spu1 = d, S,12 = e. Then the relation7 implies that s,.3 is
integer if be + cd =0 (mod a).

Both invariants J and I of Somos-(5) are equal to 5 by Problems 26 and 27. They can be presented in
the form

ad be be ed A
P Tl R (33)
b2 2 A& ae bd
= 4
S R (34)

Multiplying (33) and (34) by abcde modulo a, we get bc*(be + cd) = 0 (mod a) and b?d(be + cd) = 0
(mod a) respectively. Since b, ¢ and d are coprime with a by Problem 25, in both cases be + ¢d is a multiple
of a.

Solution 29. Choose a prime p and a positive integer 7. Let us use induction in n to prove that s, is
correctly defined modulo p?. The base is sy = ... = s4 = 1. Suppose s (integer for any k& by Problem 28)
is correctly defined modulo p” for any k < n + 2. Denote s, 2 =a, s,_.1 = b, S, = ¢, Sp11 = d, Spio = €.

If a is not a multiple of p then s, .3 = be+6d is correctly defined modulo p”. Otherwise p” does not divide
b,c,d,e by Problem 25. Then f,_1, ... fn+1 (mod p?) are correctly defined. Transform the polynomial 31
and substitute y = f,,, 2 = faoi1:

f'r%fr%—i-le + (fn + fn+1 - Ifnfn—i—l)x + fnfn+1 - 0
Ifnfnor=(fntfni1) f
n—1,

This polynomial has two roots: f,_1 and f,.o. By Vieta’s theorem, f, o = 77
nJn+1

2
hence f,.o is correctly defined modulo p?, then s,.3 = M is correctly defined modulo p” as well.

Thus the whole sequence is correctly defined modulo p”. By the pigeonhole principle there exist two fives
of consecutive elements which are the same modulo p?. They form the period of Somos-(5) modulo p”.
To pass to an arbitrary positive integer m, it suffices to use Problem 23(a).

Solution 30. Let us use the results of Problems 26(a) and 26(c). Consider the sequence h,, = f, fui1
such that the following relations hold:

hn_1hphpi1 = phy, + v, (35)

1 1 3
J=h,_ h, — . 36
! * o (hn—l * hn) * hn—lhn ( )

We have

Sp—45n
% = hn—Shn—th_lhihn+lhn+2 = hn—lhn(ﬂhn—Q + V) (Mhn—&-l + V)-

Remove h,,_s and h, 1 by means of equalities

M 14 M v
h —9 = h =
e hn * hn—lhn’ i hn—l * hn—lhn

and use (36) to obtain an equation equivalent to (1):

Sn—4Sn+4 o

Sn—28n+2
. P 4 B
Sn

Vo hnhn + (4 20° 4 v J) = o” =3



where o = v? and * = p(p?® + 20% + v J).

This equation in particular enables us solve Problem 9. For the sequence (1)) the parameters have the
following values: a = 3 =1,T = -2, uy= =1, v=a?+ BT = —1, J = —1. Hence o* = B* =1, so
the sequence s,, = (1)9,_3) satisfies the equation s,198, 2 = Spy150-1 + st. Since the first four elements of
this sequence are units, this is Somos-(4).

The assertion just proved enables us to obtain a simpler solution of Problem 19. By Problem 15, a Somos-
4 sequence satisfies the equation for a Somos-5 sequence with the coefficients @ = —f3 and 8 = o2 + ST.
Now apply Problem 30 to establish that a Somos-4 sequence satisfies the equation (25) with coefficients
o =a* = B2 = (a2 + BT)2 and B = B* = a* + aB(26 + aJ) = B — B(a? + BT)(20* + BT).

Solution 31. The relation I? = 4(v + uJ) is necessary and sufficient.

Let us check its necessity. Suppose a sequence is both Somos-4 (with coefficients o and ) and Somos-5
(with coefficients 1 and v). Problem 15 provides formulas = —f3, v = o? + 8T. Moreover there exists a
connection between the invariants: the formula (32) implies the presentation

I = fuctfufust + fufasifara + 1 (fl f1+1) _ ((Hfﬁ) ; (M fﬁ) 5 (%* flﬂ) 2,

and the formula (29) implies the presentation

J:fnflfn+fnfn+1+fn+1fn+2+ fn 1fn+fnfn+1+ ( 5 ) - B =T. (37)

fnfn+1 fn fnfn+1 fnfnJrl

Hence

I? =40 = 4(a* + BT — BT) = 4(v + uJ).

To prove sufficiency of I? = 4(v + puJ) observe that in the notation from the solutions of Problems 26
and 27 we have

7] 2 YN i_i_i _r i
4(V+MJ) _4( fn) (fn—l * fn—f—l + l’n) _I <xn+ﬂ (fn fn—l fn-l—l) [L’n) 7

and thus ?
1 1
]2_4(V+Mj)z(fn 1fnfn+1+:u(f f_l_f+1)_f_1;f+1) .

Hence the equality I? = 4(v + p.J) means that

1 1 v
Snctfutnir + 1 (fn . fn+1) e (38)

From (31) and (38) we get the equation f,—1f, fns1+ 4 = I/2 which coincides with 13(a) for y = —f and
I = 2av. Hence the sequence is Somos-4 with § = —p and o = /2.

Solution 32. The replacement sy, — tso, (t # 0) acts on the variables f,, as follows: fo, > t72 fon,
foni1 +> t2 fony1. Hence the value of J does not change, and almost invariants K; and K, (computed for
even n) turn to K, 1(t) and K, »(t), where

[ 1 1 ) v Ko
Koi(t) = = + + T
1) t2 <fn1 Jo+1 2 fo-1fofni £

2 NtQ 2
Kno(t) =t foifofoi1 + 7 = t"Kop.

Hence I is replaced by I(t) = Ko,/t? + Koat®. According to Problem 31, the necessary and sufficient
condition for a Somos-5 sequence to be Somos-4 is the equality I(¢)* = 4(v + uJ). As an equation in ¢ it
always has a complex solution perhaps except the case Ko; = Ky2 = 0.

This last case means that
p(fafo+ fofr) +v=fafifi+n=0
Denoting f_1 = a, fo = b, fi = ¢, we get u = —ab’c, v = —pu(ab + be) = ab3c(a + ¢), J = ab+ bc — (ab +
be) + bla + ¢) = ab + be. Then I? — 4(v + pJ) = —4ab*c(a + ¢) + ab*c - (ab + be) = 0, so the required
condition is satisfied automatically.



Connection with elliptic curves

Solution 33. Let points P and () have coordinates (zp,yp) and (zg,yq). By condition, xp # ¢, thus
the line through P and @ is determined by the equation

(y —yp)(zq —xp) = (z — 2p)(Yq — Ypr)-

Express y from this equation:

— — To — X
P)yQ yP:ny yP+yPQ PyQ‘

y=yp+(r—x
T —Tp T —Tp T —Tp

To find the points of meet of the given line with the elliptic curve, it suffices to substitute y into the
equation y? = 23 + az + b:

2
(a:yQ LAy L :cpr> — 2%+ ax +b.
T —Tp T —Tp

We get a cubic equation in x, two roots of which are zp and zg. Observe that this equation has a third

YyQ—Yyp
TQ—Tp

equality, it corresponds to the value of y

root, by Vieta theorem equal to ( )2 —xp—x¢ (maybe it equals one of the other roots). By the above

—yp 2
((zzfz};) —Tp— xQ)(yQ - yP) 4 Yypg — TprPYqQ _
T —Tp T —Tp
((wo —yp)* — (xp + 20)(2q — p)?) (v — yPr)

= +

YrTg — TPYQ
(zg —xp)? '

T —Xp

This is the point R’. The problem was to construct the point R, its coordinates are

vo—ur\ oo o —yp)* = (zp + 20)(2q — 7p)*)(yo — yp) | YrTq — TrYq
((QJQ—ZCP) e (zp — 2q)° T ) 39

The case of coincidence of P and @) is elaborated in Problem 38.
The resulting formula is symmetrical in P and @), thus addition is commutative.

Solution 34. Let P be a finite point, and @ the infinite point. Then the line PQ is vertical, R’ is
symmetrical to P about the z-axis, hence R coincides with P.

The sum of two finite points of en elliptic curve ia the infinite point if the line P() is vertical. This is
possible in two cases: if P and () are mutually symmetric about the z-axis or if P = () and the tangent in
this point is vertical.

Solution 35. Let the lines [y, I, 3, m1, msy, m3 be determined by the equations

Ll(xay) = O, LQ(x7y) = 07 Lg(ﬂ?,y) = 07
Ml(xay) = Oa Mz(l',y) = 07 M3($7y) =0

respectively. Let the equation of the elliptic curve have the form F'(x,y) = 0. We shall prove that for some
numbers «, 5 we have

F(z,y) = al(z,y) Loz, y) Ls(w, y) + BM; (z,y) My (2, y) M3(2, y). (40)

Denote the points of meet of [q, 5, 3 with mq as follows: [y "m; = A, I, Nmy = B, I3Nmy; = C. Choose
a point D = (dj,ds) on my, distinct from A, B,C. Since it doesn’t belong to any of Iy, [y, l3, we have
Ly(dy,dg) # 0, La(dy,ds) # 0, Ls(dy, d2) # 0. Substitute the coordinates of (dy, ds) into (40) to obtain the
equation

F(dy,dy) = aLy(dy,d2)La(dy, da)Ls(dy, da),



which enables us to determine «. For this value of «, the difference

F(x,y) — ali(z,y)La(z,y) Ls(x,y) — BM, (2, y) Ma(z,y) Ms(z,y) (41)

vanishes at four points of m;. But it is a polynomial of degree 3 at most, thus the difference in question
is a multiple of M;(z,y) (this is not obvious but is easily proved).

Arguing similarly, consider four points on /; (three points of meet with m;’s and an additional one) and
find the parameter 3 such that the difference in question is a multiple of L;(z,y). For obtained values of
«, [ the difference has the form

Ll(xv y)Ml(xa y)N(ZL’, y))
where N is a polynomial of degree 1 at most.

Choose one more of the given points, say G = (g1, g2) = lsNmg3, and substitute it to the above expression.
We have

0= F(g1,92) — aL1(g1,92)La(g1, 92) L3(g1, 92) — BM1(g1, g2) Ma2(g1, 92) M5(g1, g2) =
= L1(91,92)Mi1(91,92) N (91, g2)-

By condition, the nine points in question are distinct, so L1(g1, g2) # 0, M1(g1, g2) # 0, hence N(g1, go) = 0.
Similarly for points H = (hy, ha) = l3Nmg and I = (iy,12) = loNmg we get N (hq, hy) = 0 and N (i1,i3) = 0
(thus we have this for all points of meet except 3 Nmg, for which we intend to prove that it belongs to the
elliptic curve). So the line with the equation N(x,y) = 0 coincides both with [y and my, a contradiction.
Hence the equation has the degree 0, not 1, and it determines the identical zero since it gives zero at
G = (g1, g2). Hence (41) is zero, and this implies that I3 N mg lies on the elliptic curve.

Solution 36. Denote the infinite point by O, and let —P be the point such that its sum with P
equals O. To prove associativity of addition of P, ), R consider the following lines:

[ through points Q, —Q — R, R; Iy through —P — @, O, P + Q; l3 through P, Q + R, —P — (Q + R);

my through @, —P — @, P; my through —Q — R, O, Q + R; m3 through R, P+ Q, —R — (P + Q).

All the above points except —P — (Q + R) and —R — (P + Q) belong to the elliptic curve for sure. Hence
by the preceding problem [3 N mg3 belongs to the elliptic curve as well. Thus I3 N'm3 = —P — (Q + R) =
—R — (P + @), so the addition of points is associative.

Solution 37. The formulas for addition imply that if zp, yp, xg, yg are rational then xp, yr necessarily
are also rational. (In the case P = @) use the next problem and rationality of a and b.)

Solution 38. Differentiate the function z* + ax + b — y? by z and by y to see that its gradient is
(3224 a, —2y). Hence the equation for the line tangent to our elliptic curve at point (zp, yp) is of the form

(32 +a)(z — xp) — 2yp(y —yp) = 0. (42)

This equation determines a line in all cases except 3z% + a = —2yp = 0. It is not hard to see that the
conditions 3% +a = —2yp = % + axp + b — y% = 0 imply 4a® + 27b* = 0 which is forbidden by definition
of an elliptic curve.

The further argument for yp # 0 is similar to the solution of Problem 33. Express y from the equation (42):

(x —zp)(32% + a)
2yp .

Yy=yp+

Substitute this to the equation of the elliptic curve:

(yp N (x —zp)(37% +a

2
)> =22 +ax+b.
2yp

Two roots of this equation are equal to xp. Furthermore by Vieta theorem the sum of the roots of the
equation equals the coefficient at 22 with the opposite sign, that is,

(Sx?g + a)g
2yp '



Hence the third root (exists for sure and) equals
32 ’
(xp_ﬂl> 2.
2yp

((2252)? —22p — 1) (323 + a)

2yp
2yp

The y-coordinate of this point equals

Yy=yp+

Y

and the reflection about x-axis gives the point with coordinates

322 4a\ 2

<(3x%4_a)2 , (( ﬁ: )-—3xpﬂ3x%-+a)>

5| —4Tp, —Yr — :
2yp 2yp

Now consider the case yp = 0. Then the tangent is vertical: x = xp, and the third point of meet with the
elliptic curve is the infinite point O. Observe that there are at most three such points (xp,0) on our curve,
and they correspond to the roots of 2% 4+ ax + b = 0. The picture in Section 7 shows three such points.

Solution 39. (a) We have

T 1 Y 2c
D — Y:—(TX— ——)z——T 402 + ).
dov 2X2 “ T xz( Tt +y)

This gives the equation
(Tz + 40” + y)? — (2° + 8aTx + 32a* + 8ay) + 4B8x* — (21°2* 4 8a*Tx + 2Txy) = 0,

or
y? = 2® + (T? — 48)2* + 8a°Tx + 16a*. (43)

(b) Rename the coordinate x from the preceding part into z’. To get the standard form of the equation,
it suffices to substitute x = 2’ + (T? — 43)/3. We get the equation

2 =2+ <8a2T - w) T+ (2<T22_745)3 - SO‘;T(W —48) + 16a4) : (44)

Remark 1. Addition of points on an elliptic curve usually involves their coordinates but not the equation
of the curve. Hence the specific values of the coordinates of points are more significant for us than the
equation (44) (although it also can occur to be useful).

Remark 2. There was some inaccuracy in the condition of the problem. Namely, we always obtain a
sequence of points on a cubic curve of the required form but this curve is not always elliptic. However it
is so in the nontrivial cases!

Solution 40. In this solution we use the result of the next problem.

(a) We have « = 8 =1 and T = —2. From the preceding problem we obtain the curve y* = z* — 162+ 16
and points P, (—4f,, —4(1 +2f, +2f2fn+1)). Now the next problem implies that P, = nP for P(0, —4).

(b) The elements of the sequence with odd indices correspond to the points Q,, = (—3P) +n - @, where
Q = 2P = P, = (4, —4) (we have shifted the indices as needed).

Suppose t, = (—1)"S2,—3; let (g,) be the homogeneous sequence corresponding to (¢,). Denote by (/)
and (g/,) the sequence Somos-(4) and its homogeneous sequence respectively. We see that ¢, = ¢t/ for
n=20,1,2,3 (and so g, = g}, for n = 1,2).

Observe that the parameters o« = = 1, T = 4 determine just the curve y?> = 3 — 162 + 16 and the
progression with difference ) = (4, —4). For ¢; = ¢, = 1 this progression starts from ¢ = (0,4) = P_;.
Hence for the sequence (g/,) the corresponding sequence of points is (Q),,). This implies that ¢/, = g, for all
n. Finally, t/ =t, for n =0,1,2,3 implies ¢, = t,, for all n.

Remark. It looks so that the solution works only if we know the required result. However it is not
difficult to see that every arithmetical progression on an elliptic curve corresponds to a homogeneous



sequence which in turn enables us to determine the corresponding Somos-4 sequence. So all the parameters
could be determined in the process of solution.

Solution 41.

(a) In general, we obtain the following points on the curve:

T2 — 48
3

P, = (xmyn) = <_4afn + ) 40‘(Tfn —a— 2f72Lfn+1)> .

Let us find the point P = P,y — P, = P11 + (—P,) with coordinates (z,y); we aim to show that it does

not depend on n.
To begin with, simplify the formula for the slope of the line (—F,) P, 1:

= Yot Yo =T(fu + forr) + 20+ 27 foin 4+ 2fni1 fare

Tp+1 — Ty fn+1 - fn
_ 2fns1 «Q .
=T -2fpnfop1+——F | -T+ + faforr + fovifore )| =T = 2fnfoy1,
fn+1 - fn fn+1
hence
k= (T - 2fnfn+1)2 =T + 4(fT2LfT2L+1 - Tfnfn+1> =T%— 4a<fn + fn+1) — 4.
Thus
2(T? — 4 T2 — 4
m:kg_mn—i-l_xn:T2_4a(fn+fn+1)_4ﬂ+4a(fn+fn+1)_ ( 3 5) = 3 6’

whence

—Y=—"Yn + (:U - xn)k = 40‘<_Tfn + a4+ 2f73fn+1> + 4@fn(T - 2fnfn+1) = 40(2.

So the point P = <T2;46, —4042) is constant, Q.E.D.

(b) If P, =nP then Py = 0 is the infinite point. Thus fy must take the infinite value, so so = 0.

Solution 42. The recurrence relation for the elements of (¢,) in homogeneous coordinates f, =
VUn_1¥ny1/1? has the form

fosififoa = o+ 1. (45)
Using initial values fo = —1, f3 = 1 we find that "= —2. So we may use formulas
Fudor + Jufur 4 = Fufur 4+ 5+ = 2. (16)
Jn JESST R (Y
Let us prove the equality ,
P = (~ho s = £ (4"

by induction. The coordinates of P, = 2P; are computed directly by duplication: P, = (1, 3). Hence (47)
is valid for n = 2. Suppose (47) is valid for some n > 2. Let us check it for n 4+ 1. When we add nP and
P, the slope of the secant has the form

k, = n — 1 = ! <?n(fn+1_fn1_%> :_(fnfn+1+1)'

Tp — 1 _fn

Thus
Tn+1 = kfz —Tn —T1 = (fnfn—l—l + 1)2 + fo= _fn—i—l-
It remains to determine the y-coordinate of P, 1:
2

1 "
Yn1 = _kn(xn—l-l - 331) — Y1 = _(fnfn+1 + 1)fn+1 - 5 = 2+1 (fn+2 - fn)

The last transformation uses the recurrence relation (45) and the formulas (46) for the invariant 7.



Solution 43. The value of the invariant 7' = 2(a + 3z?) for the sequence (¢,) is determined from the
initial conditions (9). Thus we can apply the formulas

fiei 4 b+ 5 = b (7 1) 4 =T =20+ 32 (18)

Let us prove the equality
2
nP = (_fm ?n(fn-i-l - fn—l)) (49)

by induction.

The coordinates of 2P are determined directly by duplication. Hence the equality (49) holds for n = 2.
Suppose that (49) is valid for some n > 2. Let us check it for n + 1. When we sum up points nP and P,
the slope of the secant has the form

Yn — U1 1 2 1
ky, = = L foa1 — foe1 — = ——2fufr1—=1T).
P <4y(f +1— fam y) 4y( Jafnir =T)
Hence ]
Tn+1 :ki_‘rn—xl :Fyz(anan—T)2—2$+fn=$—fn+1-

It remains to determine the y-coordinate of P, 1:

2

1
—4—y(2fnfn+1 — D) fup1 —y = Z; (fura — fn).

Yn+1 = _kn($n+1 - 331) — U=

The last transformation uses the recurrence relation (45) and the formulas (48) for the invariant 7.

Somos-4 is Somos-m

Solution 44. The assertion of the problem follows from the equalities

2.2
Sp4iSn—1 = @ Sy, (l > 0)7 Sn4i41Sn—1 = &

l(l+1)sn+1sn (1>0),

which can be checked using (19).
Solution 45. As in the above problem, the assertion follows from the explicit formulas (20):

1(141)/2

20—2
SntSnol = O SppoSpoive ([ >2), Sppip1Sn-1 = Sng15n (1 >0).

Solution 46. Introduce new variables

Fk(") _ Sn+kSn—k (50)

e
In particular, FO(") =1, Fl(”) = fu, FQ(n) = af, + 3. Then the equality (11) can be presented in the form

Since F k(”) = FY,?, it suffices to consider nonnegative values of k. Clearly (51) is valid for k =1 and k = 2
if we set
C1 = 1, d1 = 0, Co = O, dz == —ﬁ

To determine the coefficients cyy1, di11 from the known values of veg_1, d_1, ¢, di, let us use the equality

(n—1) 7(n+1)
Fén)l — Ly 'F, k 2
+ F]En) n

-1

which follows from definition (50).



Transform this equality using (51):

(crfn1 — di)(Crfrni1 — dy)

Cifn—lf'r%fn-f—l - dekfg(fn—l + fn-I—l) + dzfg
Ch—1Jn — dr—1 .

P Ch—1fn — dr—1

fo=

Apply (45) and (6) to the right side:

w  Glafa+B) — ady(Tf, — o) + di f?
Foy = :
Cr—1Sn — dp—1

Hence the equality F éi)l = Cga1fn — diry1 18 equivalent to

d2 f2 + cpfo(acy — Tdy) + cr(Ber + ady) — (ces1fn — drr1)(Coo1fn — dr_1) = 0.

Setting the coefficients at various powers of f,, equal to 0, we obtain an overdetermined system of equations
in the variables cxy1, dgiq:

Ck4+1Ck—1 :d%, (52)
Ch—1py1 + Crp1dip—1 = — cp(acy, — T'dy,), (53)
dkfldk+1 =Ck (Bck + Oédk) (54)

Solution 47.
C1 = ]_, dl = 0, Co = (, dg = —ﬁ

s =d3 =% ds = —cy(acy — Tdy) = —a(a® + BT)
Solution 48. For k = 2 the last equation degenerates, and the values c3 = %, d3 = —a(a® + Tf)

are determined from the first two equations. For k > 3 consistency of (52)—-(54) needs an explanation.
Suppose that the values c,y1 and di4y are determined from (52) and (54), that is,

d? ck(Bei + ad
oy = T g alBatad) (55)
Cl—1 dkfl

Substitute these to (53) and divide by cxdj to obtain the condition for consistency of the system:

1 1
Jk—19k + (— + —) + 8 =T, (56)
k-1 9k 9k—19k
where g, = di/cx. The formula (56) follows for & = 3 from g, = —f/a, g3 = —a(a® + T3)/3%. Divide
the second equality (55) by the first one to get that the sequence (gi) satisfies a recurrence relation which
coincides with the recurrence relation for the elements of (f):

gkqgigkﬂ = agy + 0.

Thus the formula (56) follows from the result of Problem 14.

To complete the solution, it is necessary to justify correctness of the definition of (¢j) and (di) by
recurrence relations (55). As mentioned above, the sequence s,, = n is Somos-4 and satisfies the recurrence
equation s,428, 2 = 48,115,_1—3s2. It satisfies the relation (51) for ¢, = k2, dj, = k*—1.Thus the elements
of (¢x) and (dg), calculated from (55) are rational and not identically zero functions of the parameters a, g,
T. Thus algebraic independence of «, 8 and T provides that the elements of (¢x) and (dy) (except d; = 0)
don’t vanish and hence in fact can be determined by (55).

Solution 49. The sequence (f,) was constructed using (s, ). Thus the similar sequence (g,,) must also
have a corresponding Somos—4 sequence that will be denoted by (w,). The equality gy = wy_1wg11/w;
implies that for given g = di/cx the elements of (w,) are uniquely determined up to multiplication
by a geometrical progression. The elements of (w,) take the simplest form if we assume that w} = ¢,



wi_1wpr1 = di (K =1,2,...). Then for the initial conditions woews = 0, w} = 1, w3 = « it is natural to
choose the starting elements of the sequence as follows:

wo=0, w =1 wy=—Va. (57)
The other elements are uniquely determined from the equality wy_jwg1 = di, (k= 2,3,...). For instance,
ws = —fF, wy=+al@®+TB), ws=pa—a*(a®+TH). (58)
In termas of (w,) the equality (51) takes the form
WSy kSn—k = WiSpp15n—1 — W1 Wh_15-, (59)
which coincides with (13).

Solution 50. The formula (59) can be applied for instance to the sequence s, = w,. This implies (14).

Solution 51. Obviously it suffices to choose the initial conditions of the form
UOZO, Uoz—l, Ulz]., UIZO.

The coefficients obtained in Problem 15 lead to us = —3, v, = —(a? + Tf3).
Introduce the new variables
G = Sntk+1Sn—k (60)
SpSn+1
In particular, G(()") =1, Gg") = h,, G;") = Ny_1hnhpi1 = —Bh, + o® + TS. Now the equality (12) can be
presented in the form

Since G(f,z = G,(i)l, for the proof of the lemma it suffices to determine (uy) and (v;) for nonnegative k and
put u_ = Ugp_1, v_p = vp—1 (k> 1).
To determine the coefficients w1, vi1 from the known values of ug_1, vi_1, ug, v we use the equality
G}(Cn—l)chn—i—l)

(n) _
G = =t
k—1

which follows from Definition (60). Transform this equality using (61):

(W1 P, — V1) (U—1 by, — Vg—1) = (Ughn—1 — Vg) (Ughnt1 — Vg) P

Using (35) and (29) (as well as the equality J = T established in Problem 31) this equality is reduced to
the form

2 (W1 tg—1 — UkVk) — I (U 1051 + Up— 1041 — Buj, — ugvrT + V) +
4+ (Vp— 141 — Ui (a® + TB) + upvp) = 0.

Setting the coefficients at various powers of h,, equal to 0, we obtain an overdetermined system of equations
in variables ug. 1, vgr1 (k> 2):

D
[\
SN—

Ug+1UE—1 =UEVE, (
2 2
Up1Vk—1 + Up—1Vp1 =Puy, + wpvp T — vy, (

Ve V1 =Us(a? + TB) — upvp.

—~
S O
B~ W
SN— —r

Solution 52. From the previous problem we get

uD:O7 U0:_17 U1:1, Ulzoa u2:_57 ’U2:_(a2+Tﬂ)7
uy = B(a® +TB), wvy=0+(>+THTE — (® +TB)* = §° - a*(a® + TB).



Substitute the values w41 and vg41 obtained from (62) and (64) into the equation (63) and divide by
urvr. We obtain a condition for consistency of the system

1 042—|—T5_

1
gk—l + gk - /6 (@ + f_k) + m T, (65)
where &, = vy, /uy. In particular,
¢ P+ T8 ¢ = (?+Th)
oo Y Be+TR)

the substitution into (65) shows that it is valid for k = 3.
Divide (64) by (62) to get a recurrence relation for the elements of ():

Eh1&kli1 = — B + (2 +TP). (66)

It coincides with the relation (35) for u = —f and v = o + T'3. Thus the formula (65) and, consequently,
consistency of the system (62)—(64) follows from the solution of Problem 26.

Correctness of the recurrence relations (62) and (64) (absence of division by zero) is checked as in
Problem 48.

Solution 53. The elements of (h,) were obtained from the Somos-5 sequence (s,,) using the formula

Sp—15n

SnSn+1

However every resulting sequence (h,) corresponds to some Somos-4 sequence. In fact by Problem 32 the
sequence (s,) can be transformed into a Somos-4 sequence by multiplying elements with even indices by
a constant. This transformation does not change (h,,).

Thus to the sequence (&,) there also corresponds a Somos-4 sequence. It occurs that this is (w,) that
was described in the solution of Problem 49. In fact for £ = 2,3 the equality &, = w?’;;;—i:if is checked
using formulas (57) u (58), and for k > 4 it follows from the coincidence of the recurrence relations (35)
and (66) (here we use Problem 15, namely the fact that (w,) is Somos-5 with coefficients p = —f and
v=ao?+Tp).

Now it is not difficult to see that

we = wkwarl’ v = wk+2wk71‘
Wiwsz wWiwsz
To check this, it suffices to observe that the equalities in question are valid for k = 1,2, and to check that
these equalities agree with (62)—(64). The equality (62) occurs to be an identity, (64) is the recurrence
relation for the sequence (w,) to be Somos-5, and (63) is the equality (37).

Thus the relation (12) takes the form
W1 WoSn 4 k4 15n—k = WrWhi1Sn425n—1 — Wh42Wh—15nSpt1- (68)
In particular, for s,, = w,, we have
W WWy k1 Wn—f = WWhp 1Wp42Wp 1 — Wi 2Wk 1 Wy Wy 1. (69)

Solution 54. To begin with, consider the case k + 1+ m +n =0 (mod 2). In terms of

0L:lc+l+m—|—n7 b:k—irl—m—n7 C:k—l—l—m—n’ d:k:—l—m+n, (70)
2 2 2 2
the equality (15) takes the form

Sat+bSa—bWetrdWe—d + Sat+dSa—dWhtcWh—c — SatecSa—cWhtdWp—d = 0. (71)



To check this equality, it suffices to apply (59) or (14) to all products of the form s,,5,_, Or Wy w,_,
respectively.

Now consider the case k+ 1+ m+n =1 (mod 2). After replacement k — k + 1 the formula (15) takes
the form

Sk+i+15m4+nWk—14+1Wm—n + Sk4n+151+mWk—n+1Wi—m — Sk+m+1Si+nWk—m+1Wi—n = 0, (72)

where k + 1+ m +n =0 (mod 2). The same replacement (70) enables us to present (72) in the form

Satbr18a—bWetdr1We—d + Satdt1Sa—dWhictr1Wp—c — Satct1Sa—cWptd+1Wh—d = 0. (73)

As in the preceding case, to complete the proof it suffices to apply (68) or (69) to all products of the form
Syty+18z—y O Wyityt1Wy_y Tespectively.

Remark. When we prove identities for Somos sequences, in fact we develop the theory of elliptic function
using elementary language. One of important tools of this theory is Weierstrass o-function. This is a
function of complex argument, the two-dimensional analogue of sine. It vanishes at the nodes of a given
lattice

A= {1’1&)1 + Towsy I T, To € Z},

where wy, wy are two linearly independent vectors in the complex plane. The o-function is defined by the

infinite product
22

o(z) ==z H (1 - i) ew a7,

w
weA\{0}

The equality (71) is the analogue of the Weierstrass three-term identity
o(a+b)o(a—b)o(c+d)o(c—d)—o(a+c)o(a—c)o(b+d)o(b—d)+
+o(a+d)o(a—d)o(b+ c)o(b—c) = 0.
The general solution for the Somos-4 equation can be expressed in terms of the o-function:

Sy = ABHO(ZO——HZZ)
o(z)"

In this formula, to the six parameters that determine a Somos-4 serquence there correspond the other six
free parameters A, B, z, zp and the implicit parameters wy, ws. For (¢,,) the formula is simpler:

o(nz)
(2™

wn:

Solution 55. Observe that the equality s, = (—1)"g,_3 holds for n = 0, 1,2, 3. Thus the coincidence
of the sequences would be proved if we check that ¢, = (—1)"),,_3 satisfy the same recurrence relation as
Somos-(4).

The elements of (1),) satisfy the equation (14) for & = 2, along with the initial conditions ¢y = 0, ¥, = 1.
This yields that we can apply the formula (16). Replacing k, [, m and n by 2k + 1, 4, 2 and 0 respectively,
we arrive to the equality

Yopr5Par—30ath_o + Yok s 3ok 105 — Yag, 16ts = 0.

For the variables t;, = (—1)™9,_3 in this equality, substitute the values 1o = 1, ¢4 = 1, ¥ = —1 to get
the required equation tj oty o = tii1ti_1 + ti.

Solution 56. Let us transform the equation (15) into the required recurrence relation. For this end,
choose the parameters k, [, m,n equal to

1 1 1 1
i(an—l—b—l—?)a), E(an+b+a), §(an—|—b—3a), §(an+b—a)

respectively. We get the equation for Somos-4: T, 12Ty 2WaW_g + Tyi1Tn_1Wa, — TEW3qWa = 0.

Remark. One can obtain a different solution of this problems implementing methods from the previous
section. For that purpose, it suffices to show that any arithmetical progression on an elliptic curve corres-
ponds to a Somos-4 sequence.



Difficult problems

To these problems, we show either answers, or sketches of solutions. A curious reader may fill the details.

Solution 57. The equation for a Somos-6 sequence takes the following form in homogeneous variables:

fn+2f5+1f3f3—1fn—2 = O‘fn+1f72Lfn—1 + Bfn + 7.

It has two independent invariants:
52 ,72
st TR
+a<1+1+1)+ B( Ly 1+1>+ By <1+1)—
T\nke " ofs " fafs fi o fs fa Nfafsfa\fe f3)

(ﬁhﬁ+¢wwx+ﬁﬁﬁwwﬂﬁhﬁﬁ+ﬁﬁﬁﬁy+v<ﬁ;3 hh>+ 5(ﬁ ;J+A>’

1 1 2 2 1 1
=y 1[5 fifa+ aB(fifa+ fafs + fafa) + By <f1f2 o f3f4> + (@8 +77) <f1f2f3 + f2f3f4> T

Ao S (B LY e et e (1 1)
'“”(h'*ﬁ R Y T Ay 7 B oYY Y O T P Y S P A
=y(f1f3fafa+ fof3fifs) + aB(fifa + fofs + fafa + fafs) + By <fl + 1) +
2ofs  f3fa
oo (B2

Ty =v(fifofs + fofsfa) + Bfifafafa +

2 2 1 2 1
> Tty )f2f3f4 T 7f2f32f4'

fa f2
Solution 58. Assume that the elements sg, s1, ..., s, of the Somos-(6) sequence are integers. Then in
each triple (sp_o,Sk_1,8k) With & = 2,...,n the numbers are coprime in total (if a prime p divides s;_,

sk—1 and s then p divides s;_3 as well). Using the invariant 7" we have proved that any Somos-4 sequence
satisfies a recurrence relation of order 5, and for the Somos-(6) there exist recurrence relations of orders
9,10 m 11:

Sn+5Sn—4 = —Sn+4Sn—3 — Sn+3Sn—2 + Sn+2Sn—1 + 345n+13n7 (74)
Sn4+58n—5 = Sn4+4Sn—4a + 15Sn+23n—2 - 193n+15n—1 + 343317 (75)
Sn455m—6 = Sn+3Sn—a + 198,198,_3 + 348,415,—2 + 195,5,_1. (76)
Suppose that sg, s1, ..., Sy14 are integer. Then the condition (s,_4, Sp_5, Sn—6) = 1 and the equalities (74)—

(76) imply that s,4 is integer as well.

Solution 59. In the preceding problem we have proved that any three consecutive elements of the
Somos-(6) sequence are coprime in total. Hence for any p? at least one of the relations (74)—(76) enables us
to determine s,,5 mod p” if we know the residues s,_; mod p” for i = —4, —3,...,5,6. Since the residues
are periodical, the sequence (s, mod p?) is periodical as well. Since (74)—(76) enable us to determine not
only subsequent but all preceding elements, the sequence (s, mod p”) is entirely periodical. Hence it is
periodical modulo any integer.

Solution 60. The Somos-7 equation has three independent invariants. First of these has the following
form in the homogeneous variables fj:
1 1 1 1 > 72

Ho =Bf1fofsfafs +v (frfafs + fofsfa+ f3fafs) +aB <f +E+E+ﬁ+ 3 +m

1 1 1 B2 < 1 )
_Hw<ﬁhh+waz+hhk> Fihafafids = ﬁﬁﬁﬁﬁ*ﬂnﬁﬁﬁﬁ ’

This invariant also has another presentation

a5< +1+1—|—1>+a ( L. >+
fo fs fi fs 7 fofsfa  f3fafs
+B (fifofsfafs + fafsfafsfe) + 7 (frfofz + fofafs+ fafafs + fafsfs),




which shows that HO = F(flaf27f3’f47f5) + F(f?af37f4>f5af6)) where

F(f1, f2, f3, fa, f5) = af <f3 ! > + Bfifafsfafs + v (fifafs + f3faf5)

fs

does not change when all indices are changed by 2.

f2f3f

To express two more invariants, it is suitable to use the variables hy = fi fit1:

hih hoh
H1 =vhihahghs + af (hihs + hihy + hoha) + ary <h1 +hy+ hg+ hs + % + }2L4>
4 1
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Hpysbst OpoadatT 1o rpady

[IpoekT npencrapisior Bypcuan O., Koxacs /., Koxach K., Perunckuit B.

B sToii 3amatue Mbl paccMaTpuBaeM KOHEYHBbIE HEOPUEHTUPOBAHHBIE Ipadbl 0€3 meTe/ib U KpaTHBIX pebep.
Eciun G — rpad, To 1epe3 V(G) obosnadaercss MHOXKecTBO ero Beprn, E(G) — MmHo)kecTBO pebep, §(G) —
MUHUMAaJIbHAs CTEIIeHb BepInHbl. KpoMe TOro, Mbl UCIIOJIL3yeM CTaHIapTHBIE 0bo3Hadenud rpados: P, — nyTb
u3 n Bepimn, C), — IUKJ U3 N BepimuH, K, , — IOJHBIN ABYI0ILHEII rpad ¢ JOIAME 110 M U 1 BEPIINH, Ipad
K 5,—1 6yneM HasbIBaTh 36€3001 n 0603Ha4aTh Star,. Bepmuna g rpada G HaspIBaeTcsa moukot covnenenus,
ecJIi 1ocJie ee yaajeHus u3 rpada (G KOJIMIeCTBO KOMIIOHEHT CBSI3HOCTH B 0OpasoBaBIIeMcs rpade GoJIbIIe,
geM B ucxojHoM. Csi3HbIN rpad 6e3 TOUeK COWIeHEeHUs Ha3bIBaeTcs deyceasHvim. Mocm — 510 pebpo uwv,
[IpH yIaJIEeHHH KOTOPOTO rpad pacmamaercs: Ha JIBe KOMIIOHEHTHI. EC/in HE OfHA W3 BEPINUH U, ¥ HE SBJISTETCS
BHCsueil BepmuHOil rpada G, 6yaeM Ha3bBaTh MOCT cyujecmseermvim. I'pad H Ha3BIBaETCS UHIYUUPOBAHHHLM

norpacdom rpada G, ecrin V(H) C V(G) u E(H) = {w € E(GQ) :uw e V(H),v € V(H)}.

1 Wrpa B 15

losoBosiomka «Mrpa B 15» 6bu1a n3obperena npubiaunzureabuo 150 jer Haza. Bbl Moxkere mpodecTh 0 Heil B
kypaasie Ksant [1]. Tam ke npuseiero 060011eHre 5TOM UIPBI Ha IPOU3BOJIbHBIE rpadbl (310 06001eHIE MbI
TOXKe Oy/IeM HasbIBaTh UI'POii B 15, X0oTs uncio BepmuH rpada MoXKeT ObITh MPOM3BOJIBHBIM, a He TOJLKO 16)
U JI0Ka3aHa TeopeMa YHUJICOHA, KOTOPAasi OIUCHIBAET BCE rpadbl, HA KOTOPBIX Urpa B 15 «cobupaercsi».

Teopema Yusicona. Mycte gaH rpacd G, KOTOpbIii YAOBAETBOPSIET YETLIPEM YCAOBUSIM:

1) oH He siBnsieTcst yukaom Cp, n > 4, 2) He sIBNsieTCS ABYAOJIBHBIM,

3) HE COAEPXXNT TOHEK COUTIEHEHMS, 4) He coBnagaet c rpacom «O>» (cm. puc. cnpasa).
Torpa Ha rpade G ronosonomka «15» cobupaercs!

Ha camom sienie Yuicon jiokasaj HECKOIBKO 6ostbine: ecin G # O, G # C), — NBYCBSI3HBIN JIBY/IOTHHBIH
rpad, To B urpe 15 Ha HeM MMeeTCsl J[Ba KJacca HESKBHUBAJEHTHBIX IIEPECTAHOBOK. HKcnm ke G = O, nmeercst
6 KJTaccos.

1.1. a) IIpu n > 3 uposepsre, uro eciau d(G) > n/2, o Ha rpade G rojgoBojoMKa «15» cobupaercs.
b) Cobepercst i urpa «15» Ha TMPOU3BOJIBLHOM CBA3HOM Tpade ¢ JBYMsl IYCTBIMU BEPITHHAMU?

1.2. Ectb rekcaronajbHas JOCKa CO CTOPOHOI M KJIETOK, Ha €€ KJIETKAX JIeXKAT MeCTUYTOJIbHbIE TLIAT-
KU, TPOHYMEPOBAHHBbIE HATYypaJbHBIMU ducjaaMu. /IBe coce/iHre KJIETKHU JIOCKU OCTaBJIEHBI ITyCTHIMU,
Oaroapd 4emy IUIMTKA MOXKHO JBUTaTh. JIBe cocemnme 1o cropone
[UIATKA TIOMEHsII MecTaMu (CM. TIpuMep Ha pucyHke). Jlokazkure, 9ro
npu n > 3, IBUTas IJINTKHU, HE YJACTCS U3 IIEPBOTO ITOJIOXKEHNS IOy INTh
BTOpOE.

[Ipumeuanue. YToObI MOJABUHYTH IUIUTKY G, PSJIOM JTOJZKHBI HAXO/IUTh-
cd JIBe IIyCThble KJIeTKHU. Hampumep, ecim oHM PACIOJIOXKEHbI CIIpaBa OT

IJINTKU @ (CM. JIEBBIH PHC.), MBI MOXKEM IIOJBUHYTbH Ty IJINTKY BIIPa- 68 C@
BO, TIOKa OHA He YIPEeTCst YoM (PHC. B IEHTPE), MOCJIe Yero ee MOYKHO ‘
CJIBUHYTDH BIIPABO BBEPX WJIM BIIPABO BHU3 (PHC. ClIpaBa).

1.3. Hokaxwure, uro B urpe B 15 Ha sro6oMm asycessHoM rpade G (tme |V(G)| = 3) mobyo dumky
yJIaCTCs TIEPEJIBUHYTH B JIIOOYIO BepIiuuy rpada.

1.4. B 100-Bepiuanom rpade G 1oboit uuyupoBanubiii moarpad wa 30 Bepimunax csseH. /lokaxku-
Te, ITO cyriecTByer Takoit 30-BepmmuHbIil oarpad B G, Ha KOTOpoM mrpa «15» Bcera codbupaercs.
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2 JIpy3bda opoasar 1o rpady

[IycTh mMmeeTcs rpyiina u3 n 4eJ0BeK, HEKOTOPbIE M3 KOTOPBIX JAPYXKAT, UX OTHOIIEHUE <JIPYKOa» OIUCHIBA-
ercs rpacdom Y. Camux Jrofeit Mbl OyJileM OTOXKJIECTBJISITh ¢ BepinHaMu rpada Y. U mnycts jgaH emme ofguH
rpad — rpad X us n BepiuH, OyJAeM yCJIOBHO HA3BIBATH €0 «T€OrpapUIecKuM», B €r0 BePIITHHAX MbI OyIeM
paccraBiaTh Jrojein u3 komnanun V(Y) — Beerja mo ojHOMY YeJIOBEKY B KaxKJoit Bepmiuse. /IBa uesioBe-
Ka, HAXOJISIIIUECs] B COCEIHUX BepImmHax rpada X, MOIYT HOMEHSIThCS MeCTaMU, €CJIM OHU JPY3bsl. Takyto
oneparyo OyaeM HasbBaTh 06merom. Ilocrpoum HoBbIil rpad FS(X,Y'), Beprmmubl KOTOPOro — 9T0 BCEBO3-
MOXKHBIE PACCTAHOBKH Jitojleil Ha rpade X, pebpamMu coeuHEHbl PACCTAHOBKHY, [TOJIYYalOIIHecs: JIPYT U3 Jpyra
¢ TOMOIIBIO OJIHON oreparuu oomeHa. PopMAIIBLHO TOBOPsi, paccmanoska Jiojieil Ha rpade — 310 OuekIus
7: V(X) — V(Y), koropasi Jyst Kaxoii Bepuuael u € V(X)) nokaseiBaer, kakoii denosek 7(u) € V(Y) moi-
JKEH 3aHATDH 9Ty BEPINUHY. ByieM roBopuTh, 9TO MHOKECTBO (BCEBO3MOXKHBIX) PACCTAHOBOK Jojieil Ha rpade
ceasno, ecau rpad FS(X,Y) casen. st 060ii paccranoBKu Jirojieil B BepinmnHax cBsi3Horo rpada X Oyuaem
FOBOPUTB, YTO JIBa YeJIOBEKA U, ¥ € Y 00pa3yioT nepecmarosouHyo napy, eCju CyIecTByeT 1enouKka oOMEHOB,
B pe3yJibTaTe KOTOPOH % M ¥ MOMEHSIOTCS MECTaMU, & BCE OCTAJIbHBIE OCTAHYTCH HA MPEKHUX MECTaX.
Ecin S — nponsBosibHOE MHOXKECTBO, TO 4depe3 |S| Mbl 0603HaYAEM UHCIIO SJIEMEHTOB MHOXKeCTBa S.

2.1. Jlokaxure, rpad FS(X,Y) msomopden rpady FS(Y, X).
2.2. Jlokaxkure, uro rpad FS(X,Y') Bcerma aBym0/IbHBIIL.

2.3. [Iycts X n Y — casusie rpader, [V (X)| = [V(Y)| > 3. Ilycrs xp — Touka counenenns rpada
X u nocsie ee yjajenus rpad X pacrajiaercd Ha KOMIOHEHTBI X1, ..., X,; Yo — TOYKA COUTCHEHU
rpacda Y u nocse ee ynajnenus rpad Y pacrajiaeTcs Ha KOMIIOHEHTHI Y7, ..., Y. Obo3naunm depes M
MHOXKECTBO MaTPUIL 1" X § U3 HEOTPUIIATEIBHBIX IEJIbIX YHCEJ, B KOTOPBIX IIPU BCEX ¢ CYMMa 3JIEMEHTOB
i-it crpoku pasma |V (X;)|, u upu Bcex j cymma ssmementoB j-ro crosbma pasua |V (Y;)|. dokaxure,
YTO YUCJIO KOMIOHEHT cBst3HOCTH rpada FS(X,Y) He MeHbIe ueM KOIMIECTBO TAKUX MATPHIL.

2.4. JTokaxKuTe, UTO €CJIN JIJIs KazKJI0 pacCTaHOBKMU JIIO/Iel Ha cBA3HOM I'pade X Ti00ble J1Ba YesoBeKa
u3 Y, okaszaBIlnecs B BePIIMHAX, COEJMHEHHBIX peOPOM, 00pa3yioT MepPecTaHOBOYHYIO Mapy, TO rpad
FS(X,Y) cBasubiit.

2.5. llyctb X u Y — cBasubie rpadbl HA 1 BEpIIMHAX, [IPU 9TOM XOTd ObI Y OJIHOTO HYe/IOBeKa u3 Y
He Menee k npyseit (k > 2), n Kaxk/plil MHIYIIMPOBaHHBIN k-BeprmHHbI nogrpad B X cBssen. [lyctsb
ofHa m3 BepmuH X HA3BIBAETCH «YroJI», a KaKOro-To vesjoBeka m3 Y 30ByT Bacsa. [lokaxkwurte, uTo
JuTst JTI000# paccTaHOBKH JTojieil Ha rpade X ¢ momorbio oneparuii oomena Bacio yiacres momecTuTn
B yTOJI.

Crenyromue 3ajia1u 0006ma0T Teopemy 06 urpe B 15.

2.6. a) Ecyiu rpacder X u Y jsyjosnbuble Ha 1 Bepmuaax (n > 3), To rpad FS(X,Y') HecBs3HbIil.

b) Ilycts rpader X u Y asygomsmsie, V(X) = Ax U Bx, V(Y) = Ay U By — pasbuenust ux
MHOKECTB BepIMH Ha josn. Jlokaxkure, 4ro ecin jBe paccranoBku jogeit o, 7: V(X) — V(Y) naxo-
nATCs B 01HOM KoMmmonenTe cBasnoctn rpada FS(X,Y), To gerHocTh mepectanoBku o~ o T coBmajaer

¢ eTHOCTBIO "ncsa |T(Ax) N Ay| — [o(Ax) N Ay|.
2.7. Hokaxure, uro rpad FS(K,.,, K, ,) uMeeT ABe KOMIOHEHTHI CBA3HOCTH.

2.8. Ilycrs aBynonbhblil rpad X yaosiaersopsier yeaosusim 1), 3), 4) Teopembl Yuiicona, rpad Y — sto
rpad «3Be3na» K, K KoTopomy jgobasyeno oino pebpo. Jlokaxkure, uro rpad FS(X,Y) cBasubrii.

2.9. Ilycts X — rpad, B koropom n > 4 Bepmun. Hoxaxure, rpad FS(X, Ky, o) cBasen Torga u
TOJILKO TOTJIa, Korja X — CBA3HBIN HEJIBYI0JIbHBIN rpad 0e3 cyriecTBeHHbIX MOCTOB U X # ().

a) = b) <
2.10. IIycteb X u Y — cBasuble rpadbl Ha 1 BEPIIMHAX, IIPU 9TOM XOTA ObI y OJIHOTO 4e/IoBeKa u3 Y
ne Menee k jpyseit (k > 2), u Kaxplil MHAYIMPOBaHHBIN k-BepimHubIii nogrpad B X csssen. [lycrnb
HU3BECTHO, YTO CYIIECTBYET XOTsI Obl OJIUH k-BEPIIMHHBIN WHIYIIUpOBaHHBII moarpad X,y rpada X, Ha
KOTOpOM urpa B 15 cobupaercs. Tokaxure, aro rpad FS(X,Y) cBasubrii.
2.11. [Tycre X u Y — cBasuble rpadbl Ha n BepIINHAX, U IYCTb L1, Tg, . .., Lq (d = 1) — 9T0 «IMHHBIT
MocT» B X, T.e. IyTh B X, KOHI[bI KOTOPOI'O — TOYKH COUJICHEHUS, & BCE IMPOMEXKYTOTHbIE BEPITNHbI
Tg, ..., Tqy_1 uMetorT creredb posHo 2. [Tycrs 6(Y') < d. Jokaxkure, aro rpad FS(X,Y) necsazen.
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3 Jpy3bs XOOsAT Kpyramu

3.1. Ilycrs cHavasa npy3bs xoaqar 1o npsimoii. Jlan rpad Y — naruyronsank ABC DE ¢ quaronajssMu
AC u AD. CKoJIbKO KOMIIOHEHT cBsA3HOCTH MMeeT rpad FS(Ps,Y)?

IIycts man rpacd Y. BeemeMm Ha HeM OpHEHTAIMIO, 3a/aB HaIpaBleHHe Kask1oro pebpa. OpmenTanus o
HA3BIBACTCS QUUKAUNECKOT, €CTTH B PE3yJIbTaTe He 06pa30BaIoCh HU OJHOIO IUKJIAa. Feu 3a1ana opueHTanus o,
PacCMOTPHM BCEBO3MOXKHBIE PACCTAHOBKM BeplnH rpada Y Baosb npsamoil (= B Bepmmnax rpada P,), amus
KOTOPBIX BCE CTPEJIKH BEJYT CJieBa HAaupaBo. MHOXKECTBO TAKMX PACCTAHOBOK 0003HauuM vepes L(«).

Cremyromas 3a7a9a — 9TO IPUMEDP «MaTeMaTHIeCcKo# 30os0runy». Kcam Bce akKypaTHO W MIPABUILHO 000-
3Ha4Y€HO, TO JOKa3blBaTb HEYeIro.

3.2. Ilycte X = P, |V(Y)| = n. lokaxKkure, 910 /151 KazKJI0H AIlUKINICCKOI OPHEHTAIIUH (v JIOTIOJTH-
tesibHOTO Tpada Y MHOKecTBO L((v) TpescTaBisier coboit KoMoHeHTy cBsa3HocTn rpada FS(P,,Y).

3.3. Jledeney Ly,, — s1o rpad ¢ k + m BepumHAMU, IIPEJICTAB/IAIONINI COOON M-K/IUKY, K OJIHO 13
BEPIIMH KOTOPOI MOJBEIIEH «XBOCT» (T.€. IPOCTO IyTh) U3 k BEpIIUH.

a) Ilycro Y — rpad ma n Bepmmmnax, takoil 110 rpad FS(L,_pmm,Y) cBasen. Jokaxkure, 9410
d(Y)=2n—m+ 1.

b) Ilycrs Y — rpad ma n Bepmmuax. Jokaxure, aro rpad FS(L,_33,Y) cBssen Toraa u TOIBKO
Torja, Korya 6(Y) > n — 2.

c¢) llyctb n > 4, D,, — 510 yTh P,_1, BEPIIMHBI KOTOPOrO MPOHYMEPOBaHbl OT 1 10 m — 1, K KO-
TOpOMY J106aBJIeHa BEPIIHHA ¢ HOMEpOM n 1 pebpo (n — 2) — n. (Dr1or rpad nomydaercs u3 JeeHIa
L,,_3 3 ynanerneMm oxHoro pebpa ma 3-nmkie). Ilycrs Y — rpad ma n Bepmumnax. lokaxwure, ato rpad
FS(D,,Y’) cBasen rorja u TobKO Toraa, korma 6(Y) > n — 2.

3.4. ITo kpyry cToaT 2n YeI0BeK, 00Pa3yoIuX N CynpyKecKux nap. Coceu MOryT MEHSIThCSI MeCTaM,
eciM OHU He Cynpyru. BepHoO Jin, 9T0 MOXKHO Beex mepectaBuTh B Jirobom nopsiyike? (IlepecranoBku,
OTJINYAIONINECS TUKIUYECKUM CJIBUTOM, CUUTAIOTCS PA3JINIHBIMI. )

3.5. Ilo kpyry cTouT 3n 4esl0BEK — 3TO N ceMell «MaMma-Trana—pedeHOK». JIo0ble Ba demoBeKa, CTOsI-
IIMe PAJIOM, MOI'YT IIOMEHSThCS MECTaMM, KPOMe CiIydast, Korjia peOEHOK MeHsieTCsl MECTOM C OJTHUM M3
cBOUX pojuTesieit (31o He paspereHo). [Ipu Kakux n ¢ TIOMOIIbIO0 TAKIX OOMEHOB JIIO/Iell MOXKHO paccTa-
BUTBH 110 KPYTY B Jir000M mopsijike? (IlepectaHoBKY, OTIMUIAIOIINECS TUKIMIECKUM CJBUTOM, CIHTAIOTCS
pa3JInIHBIMU. )

3.6. Ilycts Y = K} ,,_j. CKoslbKO KOMIIOHEHT cBsizHOCTU uMeet rpad FS(C,,Y)?

3.7. Ilycre X = C,,, n > 3, a jonosHuTenbHbIl rpad Y mpeacTaBisger coboil KaKoil-To CBs3HBI rpad
Ha n BepmuHax. /lokakuTe, 4TO JIIOOBIE JIBEé PACCTAHOBKHU, OTIMYAIONINECS IMUKJINIECKUM CIBUTOM,
JiekaT B Pa3HbIX KOMIOHeHTaX cBsisHocTu rpacda FS(C,,Y), B gacTHOCTH, OH HMeeT KAaK MUHUMYM
7 KOMIIOHEHT CBA3HOCTH.
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ITocsie npoMe>KyTOYHOro (OUHHIIIA

1.4. b) Ilycrs n > 2k — 1 u rpad G Ha n BepuIMHAX TAKOB, YTO JIHOOOI €ro MHIyIIMPOBAHHBI 110/ rpad
Ha k BepIIMHAX SIBJISETCS CBA3HBIM. Toria cpeau MHIyIUpOBaHHBIX moarpados G Ha k BeprimHax
Haiiiercst Takoit moarpad Go, aro FS(Gy, Stary) cBsi3Hblii.

3.8. [lycte X = C),, n > 3, a jmonoHUTENBHBIN Tpad Y mupejcrapiger coboit gepeso. Jlokaxkure, 9To
rpad FS(C,,Y’) cocrour poBHO U3 1 KOMIIOHEHT CBA3HOCTHU, KOTOPBIE MOMAPHO W30MOPMHBI.

3.9. Ilycte X = C,, n > 3, a jonoinuTeabHbIA rpad Y HpeacTaBisgeT coboil jec u3 jepeBbe 17,
Ty, ..., T,. Honoxnm v = HOL(|V(TY)],|V(T3)], ..., |V(T})|). Torna rpad FS(C,,Y) cocrout us v

KOMIIOHEHT CBA3HOCTH, KOTOPbLIE IIOIIaPHO I/I3OMOpCbeI 1 MMEIOT IIO n'/u BEPIIHXH.

3.10. Ilycts X = C,,, n > 3, a J0NOJHUTENbHBIH 'pad Y IpeacTaBiseT coboi HECKOIBKO KOMIIOHEHT
cssnocru Y, Yo, ..., Y, Tonoxum v = HOL([V(V))],|V(Ya)l,...,|V(Y,)]). O6osnaunm wepes
fs(X,Y) xommvecTBo KOMnoueHT cBsiznocTr rpada FS(X,Y). lokaxnure, 1aro

S s(Clyvvy, Yi
fs(Cn,Y):yH—( "VVE;?)" )

=1

4 T'apanTupoBaHHas CBA3HOCTDb

Kak mb1 Bugienu, ecsim rpadet X u/uan Y umeror «masio» pebep, rpad FS(X,Y') gacro nosydyaercss HeCBSA3HbBIM.
[MocraBuM Takyio 3a/1a4dy: HaliTH (OIEHUTH) MUHUMAJIBHOE d,, /U1 KOTOPOTro Jiio0ble n-BepiinHHble rpadbr X
u Y,y koropbix §(X) = dp, 0(Y) > d,, nator ceasubiii rpad FS(X,Y). Urobbl uzberarh aHajim3a <«Kpa-
eBbIX 3(PDHEKTOB», BBl MOXKETE B CBOUX PEIICHUIX HAKJIAIHIBATH KaKue-Iud0 apudMeTHIECKNe OrPAHUTEHUST
Ha 71 (4TOOBI JOKA3aHHAsI BAMHU OIEHKa paboTasa MyCTh He JJIs BCeX, HO MO KpaiiHell Mepe Jyisi GeCKOHETHO
Muorux n). 3azada 2.6a) laer HaMm OHeHKY dn > §.

4.1. loxazkure, 4to ecam rpacel X 1Y coepzkaT BEPIIMHBI CTETIEHN He MeHbIe 3, To rpad FS(X,Y)
He MMeeT N30 IMPOBAHHBIX BEPIINH.

4.2. Jlokaxure, 910 d,, > %n — 2.

4.3. Ilycts X n Y — cBasuste rpador, 6(X) < 0(Y) u 0(X) + 26(Y) > 2n. Jokaxure, aro rpad
FS(X,Y) casubilii.

Ecin B yrBep:kaenun 3anaun 4.3 B3sth rpadsl X u Y, s koropbix 6(X) = 6(Y), Mbl moydaeM OmeHKy
cBepxy d, < %n + const.

4.4. [loxkaxure, uto d,, < %n + const.

Honst neynosbabix rpados X un Y rpad FS(X,Y) umeer He MeHbIIe [BYX KOMIIOHEHT CBSI3HOCTU U MOXKHO
[IOCTABUTH BOIIPOC O MUHUMAJIBLHOM CTEIICHN BEPIIUHbBI, KOTOpast TapaHTUPYET HAJTMINE POBHO JBYX KOMIIOHEHT.
IIycrs b, — MuHUMAJIBHOE HATYPAJIBLHOE YHUCIO, JIjIT KOTOPOTO JiIo0ObIe JIBa JIBYIOJIbHBIX rpada X u Y ¢ moaamu
o 7 Beprmd 1 §(X) = by, §(Y) = by, naor rpad FS(X,Y) ¢ AByMs KOMIIOHEHTAMH CBSI3HOCTH.

4.5. a) Jokaxure, aro b, > [3H].
b) Haiimure kakoe-auby 16 v € (0, 1), matoree onenky cBepxy b, < ar.

4.6. [Iyctb r > 2, a HaTypaJbHbIE YUCTA 07 U Og YIAOBIETBOPSAIOT YCIOBUSM

3r
51+52:L?J, 51<T, (Sgg?".
Jlokazkure, 9TO CyUIeCTBYIOT JABYI0/bHbIE padbbl X u Y ¢ gossvu no r seprua u 6(X) = 0y,

0(Y) = 62, 1ua koropeix rpad FS(X,Y) nmeer Gosbie 1ByX KOMIIOHEHT CBSI3HOCTH.
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Pemienus

1 Wrpa B 15

1.1. a) Hukro Besb He crparmmuBaet, Kak oHa cobupaercs. [IpocsT mpoBepuTh PoCcTo, 9T0 cobUpaeTcs.
Omna cobupaercs 1o TeopeMe Yuscora. [Toromy aro rpad co cTosib OOMBITUME CTEEHIMI BEPIITITH He
SABJISIETCS HU ITUKJIOM, HU OJIHOCBSI3HBIM, HU JIBYJIOJIbHBIM, HU ©.

b) OrBer: Boobme roBopst, Her. Ecau rpad cofepKuT k MyCTHINEK W «JIMHHBIA MOCT» U3 k
BEPIINH, TO HE YIACTCS MOMEHSTH MeCTaMu (DUIIKH U3 PA3HBIX KOMIIOHEHT.

1.2. ByneMm cunTarh, 9TO OJTHA ITyCTad KJIETKA Ha CAMOM Jiejie HAKPbITa «IIPO3PAYHON» IIJIMTKOM U, BTO-
pas 1mycTas KJIeTKa — IJIUTKON v, a TIPH JIBUYKEHUU «HACTOSIIENRY KJIETKU ¢ IMPOUCXOJUT ITUKJIMIECKUHA
CJ/IBUT: @ 3aHUMAET MECTO U, U 3aHUMAaeT MeCTO U, & U — MECTO d.

[IpoBepuMm, 9TO ec/ii TpH ABUKEHNUN TLJIUTOK ITYCTBIKA % U ¥ BEPHYJINCH HA JIBE UCXO/IHbIE KJIETKH,
TO KaXKJlasi M3 HUX BEPHYJIACh HA CBOE MCXOJHOE MeCTO (He MOIJIO ObITh TaK, 9TO % U U MOMEHSITHChH
MeCTaMn).

YT00BI JIETKO pa3/imdaTh MyCTHIKN, OYJIeM PUCOBATH BEKTOD, UIYIIUI U3 TIEHTPA KJIETKH U B IIEHTP
kjeTkn v. Kak BUJIHO U3 Npeblaynieil KapTUHKU, NPU JIBUXKEHUH HACTOSIIEH IJIMTKUA ITPOUCXOIUT
IIOBOPOT 9TOro BeKTopa Ha +120°. /1 TOro 4To0b! MyCTHIIKN ITOMEHSIUCH MECTAMU, BEKTOD JTOJIZKEH
MOBEpHYTHhCd Ha 180°, 04EeBUTHO, UTO ITOTO HE MOXKET ITPOU30UTH C ITOMOIIHIO TOBTOPEHUS OIEPAITNA
rmoBopoTa Ha +120°.

I/ITaK, MbI YCTaHOBMJIX, 9YTO €CJIX IIpU JBU2KCHUH IIJIMTOK JAB€ HaCTOAIIUC IIJINTKU IIOMEHAJJINCH ME-
CTaMM, a BCE OCTaJIbHbIC IIJIMTKU BEPHYJIUCH Ha II€pBOHaYaJ/IbHbIE MeCTa, TO IIPO3PpavYHble IIJIMTKU TOXKE
BEPHYJ/INCH Ha ITIEPBOHAYAIBLHBIE MECTA, U TAKIM 00Pa30M paccMaTpuBacMast IepecTaHOBKA — 9TO TPAHC-
no3unud. Ho Tpancnosuiins — 9To0 HeveTHas nepecTaHoBKa. [[oyunTh ee, 1oc/ie1oBaTe/IbHO BBITIOTHSS
3-TIKJIBI, HEBO3MOYKHO.

1.3. Pemenue 1. Ilycrs dpumra crour B Beprmmue Ay, MecTo, Kylda J0JKHA OHA IOINACThb, — BEp-
muaa A (Ag, A € G). Tak kak G — CBSI3HBIN, TO B HEM CYIIECTBYET IYTh, CBA3BIBAIONIMNA STH JIBE
Beprmabl, Ay, Ay, Ay, ..., As = A. Ilycts mycreimika crout B Bepmuae By (B; MoxkeT coBmajarh
geprmHamu Ap, ..., Ay). Tak kak rpad G — ABycBsA3HBI, TO MexK 1y mapoii Bepmud A; u By ecThb
nBa mytu. Ha xorsg Ob1 ojiHOM M3 9THX 1yTeir He crouT dumika. [IpoBejieM MycTHINKY 10 3TOMY IIy-
™ B Ay, IPU 9TOM ILUINTKHU CABUHYTCS, HO (DUITKA OCTAHETCd Ha IpekKHeM Mecrte. Ternepb MOMeHsieM
MecTaMu (DUIIKY U IIYCTHIMIKY, PACCTOSHUE MeXKy (PUIMKON U IeJIbI0 COKPATUIOCH HA OJIWH Iar, a
IIyCTBINKA CTOUT B BEPIINHE, KOTOPYIO MBI 0003HAUNM Bs, P 9TOM JJIUHA IIyTH OT (DUIIKH JI0 [IeJIN
yMenbImiach Ha 1. [Ipumernm To ke paccyxkjenune i napbl Bepimul A, u By u tak jasee.

Pemenne 2 ([4, Lemma 3.1]). Ecim G — s1o mmksr win O, yrBepxeHune odeBuao. Ecmn G
HE JIBYOJIbHBIN, TO PE3Y/IbTAT CJAEIYeT U3 TeOpeMbl Y UacoHa. UTo KacaeTcs JABYCBSI3HBIX JIBY/I0/IBHBIX
rpadoB, yTOUHEHHAsT TeopeMa Y IJICOHA YTBEPKIAET, UTO TaM €CTh BCErO JIBa K/Iacca HeIKBUBAJIEHTHBIX
[IEPECTAHOBOK, KOTOPbIE Pa3/IMIaloTCsl MHBAPUAHTOM

«YETHOCTHb CYMMBI: 9€THOCTD Bcell HepeCcTaHoBKH IIJIIOC HOMED JO0JIN, I'JIE CUJIUT IIyCTbhIIIKa».

Herpyano mocrpouts Takue JiBe MepecTaHOBKU v U 3, YTO B 00EUX IYCTHINKA CHJIUT B OJHOW U TOI
2Ke J10J1e, a 3aJlaHHad (BUITKa HAXOIAUTCH B HYKHOW BEpIUHE, HO 3HAYeHNEe MHBAPUAHTA JIJIA ITepecTa-
HOBOK pa3yimdHO. Torma 17 1000 NCXOMHON TepecTaHOBKH MBI CMOXKEM, JBUTasd (DUIIKH, TOTYIATH
MEPECTAHOBKY (v MJIN [3, TIOCKOJIbKY OJHA M3 HUX B TOM JKe KJIacce SKBUBAJEHTHOCTH, UTO U UCXOTHAS.

1.4. a) [Iyukr a) 310 wacrHeii caydait n. 6) npu n = 100, £ = 30. OH uMeer cieayiommee COBCEM
[IPOCTOE DEIeHHe.

Hab6miogenne. 3amernm, 9ro y 0600l BEPIIUHBI CTelleHb He MeHblie n— (k— 1), nHade B3sB 3Ty
BepinHy 1 k — 1 He CMeKHBIX ¢ Hefl BEPIIUH, Mbl 0Ty YUM HH/YIIIPOBAHHBINA I'pad ¢ H30JHPOBAHHON
BEPIIUHONA.



Hpy3bs 6poadaT 1o rpady 6

D10 HADJIIOJIEHNE TIOUTH Cpa3y PeIaeT HaM IyHKT a). JleficrBurenbHo, BosbMeM pebpo ab u erre 28
BEPIINH, CMEXKHBIX U C a, 1 ¢ b. HeTpyHO BUETH, YTO MH/IYIIUPOBAHHBIN 1To/rpad Ha STUX BepIIUHAX
VJIOBJIETBOPSIET TeopeMe Y UJICOHA.

Bor jpyroe periienne, HaiijieHHOE YIACTHUKAMU.

[To zasaue 1.1a) mocrarouno HaiiTu uHIyIMpoBaHHblil nojrpad G; #Ha 30 Bepmunax ¢ 6(G;) > 15.
[Ipeamonoxum, uTo Takoro mojarpada He CyIIecTBYeT, U OIeHNM obIee 9ncio antupedep B G cBepxy
1 CHU3Y.

Kaxk ciresryer u3 HaO/OAe s BbIIe, y 1000 BepiuHbl rpada G MenbIne 29 antupedep. 3HAYNT,
Bcero Kosm4uectBo antupebep B G menbine dem 29 - 100/2 = 1450 (cymma cremneneii BepIinH paBHA
YJBOECHHOMY KOJITIECTBY pebep).

PacemorpuM iponsBoibHBI HH Ty IMpoBaHHbIi oarpad G’ #a 30 Bepmmaax. BosbMmem nmponsBoib-
uyto BepummHy A uz G’. Tak kak mbl npenonoxun, aro 6(G') < 15, yucio antupebep sayTpu G/,
BBIXOIAINX U3 Bepmuubl A, 6osbine win paBao 14. Boikuaem stu anrupebpa. Temeps paceMmorpum
WH/TYIMPOBAHHBIN TIOrpad Ha TeX yKe BEpIINHAX, HO BMeCTO A Bo3bMeM ojiHy u3 70 BepIInH, HE [pU-
najyiexkamux G'. [omyaum eme 14 antupedbep, KOTopble TOXKe BhIKHHEM. Il Tak cienaem s KazK 1o
u3 70 BepmmH. Beero Beikunysm 14 - 71 antupebep, npudeM y KazKJIOro U3 HUX OJUH KOHEI] JIEKUT B
muoxectse V (G')\{A}. Teneps Bossmenm 70 Beprnum, me npunaieskamux G, u otaesnnm ot aux 30, Ha
KOTOPBIX TIOCTPOUM MHIyIMpoBaHHbIi oarpad G”. Bosbmem npoussosbhyto Bepimuny A’ uz G”. Ana-
JIOrUIHO, yucio antupedbep BuyTpu G” y A’ Gosbine win pasao 14. Beikunem stu antupebpa. Tenepb
paccMOTpUM WH Ly IIMPOBAHHBIA mojrpad Ha Tex ke BepmuHax u3 G, Ho BMecto A’ BoZbMeM OJHY 13
40 pepmun, ne npunagiexkanmux G u G”. Tlonyuum eme 14 antupebep. 11 Tak caemaem jist KaxKioii
u3 40 Bepmun. Beero Beikunyiu 14 - 41 antupebep. Uroro, 66110 Boikunyto 14 - 71 + 14 - 41 = 1568
anTupedep, cper KOTOPBIX HET coBlaJaomux. [IporusBopeqne.

6) MbI mpejiaraem JiBa J0Ka3aTeIbCTBA.

JokaszarenbcTBo 1. Ilockonbky n > 2k — 1, B cuty HabJ/IIOAEHUS CTEIIEHb KayKJI0W BEPITUHbBI
He MeHbIe k. PaccMoTpuM pon3BOIBHYIO BEPIIUHY v U WHYITUPOBAHHBIN rpad Ha k CMEXKHBIX ¢ Hel
BepinHax. [lo ycioBuio stor rpad cBasen. Mbl MoxkeM yIauThb OJHY M3 BEpHIMH I'pada ¢ coxpa-
HEHMEeM CBSI3HOCTH (HAIpUMEp YIAJIMB JINCT OCTOBHOrO jepesa). Toryma Ha wHynmpoBaHHOM Tpade,
COCTOSINEM U3 BEPHIMHBI ¥ U k — 1 ocTaJIbHBIX BEPIIUH, Urpa «15» cobupaercsd. lelicTBUTEIBHO, 9TOT
rpad> 09eBUJIHO YiI0BJIETBOpseT yeaoBusaM 1), 2), 4) reopembl Yuicona. Touek codsieHeHUs] OH TOXKe
HE UMeET, [IOTOMY YTO BEPIINHA ¥ CMEXKHA CO BCEMU, & ITOCJIe VAAJeHUH v T'pad OCTAETCs CBI3HBIM 110
ITOCTPOEHUIO.

HokazareabcrBo 2 (|4, theorem 1.2]). Byaem mokassiBarh nHmyKiweil mo £, aro G comepKuT
noarpad G, koToprIit ABIAETCA TBYCBAZHBIM I COlIepKUT Tpeyroabnk K. Torma rpad FS(GY, Star,) —
cBsi3HBIN 110 Teopeme Yuicona (3 < ¢ < k). Ilpu £ = k moaydaum tpebyeMoe yTBepK/IeHHe.

CuadaJjia 3aMeTHUM, UTO MOCKOJIBKY JIF0O0I MHYIMpOoBaHHBIH moarpad Ha k BepmmHax B G CBs3€H,
KazkJias BepiimHa B (G MMeer crereHb 1o Kpaitueit mepe n — k + 1. (B nporuBHOM citydae namuach Obl
BEPIIINHA, KOTOpas He cBsg3aHa pebpamu ¢ k — 1 Beprmaamu G, a 3HAYUT, oArpad, WHILYIIUPOBAHHBIM
Ha 9TOii BepinHe 1 9TuX k — 1 BepimHax, He ObLT ObI CBSI3HBIM).

Bosspamasich Kk Teopeme, mokaxkeMm, 9To rpad G comepKuT TpeyroabHuK. JIs 3Toro, moib3ysich
Ha0OJII0/IeHIeM, OIIeHIM KOJIMIeCTBO pedbep B rpade:

B@) =25 >tk =
IET SR 1

(mocJie/iHee HEPABEHCTBO MOCJIe COKPAIIEHUs HA N 9KBUBAJEHTHO HepaBeHcTBY n > 2k — 2). Torma no
reopeme Typana G cojepKuT TPeyroabHUK, TO ecTh K.

Baza nnykimn £ = 3 nokazana. Mbr Hanmui noarpad GG = Ky, KOTOPEIil COMEPAKAT TPEyTOIbHIK
(To ecTh caMm cebst), He SABIAETCS JBYAOJBHBIM U TIpu 3ToM rpad FS(Kj, Stars) sBasgercs CBI3HBIM
(mpoBepsiercs epebopoM ).

JlokazkeM MHYKITMOHHBIH Tiepexo]. CoriacHO MHYKITMOHHOMY ITPEJIITOIOKEHUIO CYIIECTBYET Ipad
GU=Y_ xoroperii sBusiercs noarpadom G Ha { — 1 BepumHAX, JBYCBA3CH U COJEPIKHT TPEYTOJIBHUK.
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Iycrs A — MHOXKecTBO BepiiuH nojarpacda G| a B — MHOKeCTBO Beex ocTaIbHBIX BepiinH rpada G,
qucyio pebep mexy A u B, obosnaunm depes s. JJokaxkem, aro s > n — £+ 2. Eciu 510 yKe cienano,
TO, Tak Kak |B| = n—{+1, no npunnumy dupuxie Haiinercs Bepiimua v € B, nMerorias XoTs Obl IBYX
cocesieit B A. Toria MoKHO 6Y/IET MOCTPOUTH IBYCBA3HBIN HHyIHpoBanHblii moarpad G, nobasus v
k Muozkectsy Beprmn G, O Gymer TaksKe cojepKaTh TPEYTOILHUK, TOT ¥Ke caMbrii, ato B G

Urak, mposepum, uto s = n — { + 2. Kaxnasa sepmuna u3 A, kak u Jyiobas Beprmaa G, mmeer
cTerieHb He MeHbIle n — k + 1, ceoBarebHo, OHa UMeeT B MHOXKecTBe B xorst 66t n — k + 1 — (£ — 2)
cocejieit. 3HAYNUT,

sz2(l—=1)(n—-k—-1+3).

Hawm ocrasocs nokazars, aro ({ —1)(n —k — £+ 3) > n — £ + 2. O6o3HaqnM
p(l) ==+ (n—k+5)0—(2n—k+5).

[Tocste mpuBeieHns 10 IOOHBIX YJIEHOB TOJIyYa€TCsI, YTO HYKHO JI0Ka3aTh, 9TO KBaIPATHBI TpeXtIeH
p(¢) neorpunaresen npu 3 < £ < k. DTO BBIOJIHEHO, TaK KaK

p(3)=-3*+3n—k+5) —-2n—k+5) =n—-2k+1>0

pk)==k+n—k+5)k—2n—k+5)> -k +02k—1-k+5k—(22k—1)—k+5) =
=k +2k* —k— Kk +5k—4k+2+k—-5=k—3>0.

OrMmerum, 9aTo pu n = 2k — 2 yTBepKJIeHne TeOPpEeMbl HEBEPHO, KOHTPIIPUMEPOM SIBJISETCS TTOJIHBIIH
IBYIZONbHBIH Tpad Ki_1 5—1.

2 JIpy3bsa opoagar 1o rpady

2.1. B stom Jierko ybeaurhes, ecau Kaxkioit sepinae o rpada FS(X,Y) (manomuum, 9to o — 310
orobpaxkenne u3 mMuoxkectsa V(X) B muoxkecrso V(Y)), Mbl comocraBuM Bepmmuy o ' (oGpaTHOE

orobpazkenue) rpada FS(Y, X).

2.2. Oroxnecrsisss MHOKecTBa V(X)) m V(y) ¢ MHOXKECTBOM HATYPAJIbHBIX YHCEJT OT 1 JI0 1, MBI
nostydaeM, 9to Beprmabl Tpada FS(X,Y) ecrecTBeHHO 0TOXKIECTBIAIOTCS € TPYIIIOi BCEX I€PECTAHO-
BOK S,,. Torma o4eBHUIHO, 9TO PEOPOM COEMHSIIOTCST TEPECTAHOBKU PA3HON Y€THOCTH.

2.3. |5, Proposition 2.6] dxs paccranosku o € V(FS(X,Y)), rae o(xg) = yo. onpeaennm MaTpHUILy
unnugentaoctu M (o) = (my;(0)), nonaras m;;(o) = |o(V(X;)) NV (Y;)|. fdcno, uro M(c) € M. dna
KaKJI0il U3 OCTAJIBHBIX PACCTAHOBOK T IIOJ0E€PEM DACCTAHOBKY O, HOJIYYEHHYIO II€PeCTaHOBKON T(x()
u Yo, u nosoxuMm M (1) = M(0o).

JocTaTodHo TpoBEpUTh, 9TO JTH0ObIe JiBe PACCTAHOBKE 0 U 0 JIesKaT B PA3HBIX KOMIIOHEHTaX rpada
FS(X,Y), ecmn M (o) # M(o'). Jomyctum, 910 9TO He TAaK U CYIIECTBYET IEMOYKa OOMEHOB, II€PEBO-
ndmas o B 0. PaceMoTpuM B 9TO 1IEIIOUKe J[BE MOC/IE0BATEIbHBIC DACCTAHOBKI T U T', JIJIsh KOTOPBIX
BIepBble ciryanioch, uto M (1) # M(7'). Ilycrs nepecranoBka 7' moJiydaercst u3 7 0OOMEHOM BEPIIHH
Y1 ¥ Yo. 3aMETUM, UTO Yy 7 Yo U Y2 7 Yo, ¥ Pa3 MBI MOKEM [IPOBECTH OOMEH, ¥; U Yo CMEKHBI, & 3HAUNT,
nexar B ofguoil kommonente Y;. Ho torga M (7') ne moxer ormmaarses or M (7).

2.4. |2, lemma 2.9| [Tycts B rpadax X u Y 1o n BepummH, Torja sepuiuabt rpada FS(X,Y') ecrecrerto
OTOXKJIECTBJISIIOTCS ¢ TPYIION BCeX repecTaHoBok S,. Kaxmoe pebpo (i,7) B rpade X ompenesnser
TpaHcosunuio (1 j) € S,, u ycuoBue 3ajaun o3Hadaet, uro B rpacde FS(X,Y') mobas Bepimna, T. €.
[epecTaHoBKa 0 € S, coe/lnHeHa pebPOM ¢ TIepecTaHOBKOM 0 o (i j) (Tak Mbl 0603HAYAEM [TPOM3BEICHIE
[IEPECTAHOBOK, T.€. WX I0CJIeJ0BATeIbHOE BBIIOJIHEHNE B TIOPsijiKe clipaBa HaJeBo). CiegoBaTesibHO,
e Beprmabl 0 U o' B rpade FS(X,Y') nexar B o1HON KOMIIOHEHTE CBSI3HOCTH, €CJH CYIIECTBYET
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[0CJIEJIOBATE/ILHOCTE Tpancrosutwit (i1 1), (o Ja), - .., (ix jx), cooTBeTCTBYIOMUX pebpam rpada X,
Takas 4To
o' =0 o (i1 j1)o (ia j2) o+ 0 (ik jr)-

Takum o6paszoM, IS JTOKA3aTeIbLCTBA YTBEPKICHUA 3a0a91 JOCTATOYHO HPOBEPUTH, 9TO JII0OAd I1e-
pecTaHoBKa U3 S, €CTh IIPOU3BeJIeHIe HEKOTOPOro Habopa TPAHCIO3UIUI, COOTBETCTBYIOIUX pebpaM
rpada X.

DTO yTBEpXKIEHKE IMUPOKO U3BECTHO Jiuisd ciydasd X = P,: mobast mepecTaHoBKa IPeJICTaBUMAa B BA-
JIe TIPOU3BEJICHUsT TPAHCIIO3UII COCEJIHUX JIEMEHTOB. JIJIs1 IPOU3BOJILHBIX CBA3HBIX IPad)OB MOXKHO
OrpaHUYINTLCA ciydaeM Korga X — gepeso. Torma 9To yTBep:KIeHne Jerko MOoayYaeTcsa NHAYKIUEH 10
YHCJTY BEPIIUH.

2.5. MbI okasbiBaeM ciefyroryio jgemmy (|4, lemma 3.2]).

Jlemma. Ilycte X — cBasmblit rpad ¢ MaKCHMMaJbHON CTEIEHbIO BEPIIMHBLI kK > 2, mycTb Y —
CBA3HBIH rpad, /1000 MHIYIUPOBAHHbIH TTOrpad KOTOPOro Ha k BEpIINHAX ABJISETCA CBA3HBIM. [[is
qroboit Bepimuabl o rpada FS(X,Y) u ans moboro x € V(X) uy € Y cymecrsyer o' € FS(X,Y),
Takast 9T0 0'(r) = y u o' UpUHAJIEKUT TOil XKe KoMIoHeHTe csasnoct FS(X,Y'), uro u 0.

B repMunax 3aja4um £ — 310 yroJ, y — 910 Bacs, o(x) — 910 4esioBek, cTodAmuii B yriy B paccra-
HoBKe 0 (HazoBem ero Kerra); BO3MOXKHOCTE 3arHarh Bacio B yrosi o3Hadaer Hajudue myTu B rpade
FS(X,Y), Hauajio KOTOPOro — 310 0, a KOHEI[ — TaKasl PacCTaHOBKa, IpU KOTOPoii Bacs crout B yrite.

Ecmun T' — sro ocroroe nepeso rpada X, to FS(T,Y) asaserca moarpadbom rpada FS(X,Y),
[I09TOMY JIOCTATOYHO JIOKA3aTh JIEMMYy I Caydas, Korjga X — JepeBo (B KOTOPOM MaKCHMAJIbHAs
crernieHb BepimHbl pasHa k). Ecim Baca yxke crour B yriy, T.e. o(x) = y, TO JOKa3bIBATH HEYETO,
JaJIblie cauTaeM, 9to o(x) # y.

Hokaxkem jemmy jyist cirydasi, korja Kemma apyzxut ¢ Baceii, T.e. (o(z),y) aBisiercs pebpom B Y.

[Ipumenum maayKIuio 110 n. baza n = k + 1. B srom ciaydgae X — 3710 rpad-3Be3/1a, CBA3HOCTD
JIF0OOr0 MHLYIIMPOBAaHHOTO mojrpada B Y Ha k BeplIMHAX dKBHUBaJeHTHa JBycBsa3Hoctu Y. Torma 1o
yTBeP:K/IeHnIo 3a/1a9n 1.3 momydaem Tpebyemoe.

Nuykimonnsrit nepexod. [lycts Terteps n > k4 2. Ilycth ¢ — BepiuHa B jiepeBe X MaKCUMAaJIbLHOM
creniern k. Torma B rpade X Beerja Haifjercss Takoil JIUCT u, 9TO U # ¢ W U HE SABJIAETCS COCEJIOM
BepIuHbl ¢. PaccMoTpuM Tpu cirydas.

Cnywuait 1. [lycTs Hamescsa JUCT 4, KOTOPBI HE SBJISETCS YyIJIOM U B KOTOpPOM cTouT He Bacs
(o(u) # y). Torma orpexkem juct u ot rpada X (HOBBIH rpad Hazoem X'), o cTaHer jepeBoM Ha n— 1
BepInHe, MAKCUMAJIbHAsI CTEIIeHb BEPIIUHbI B HEM He U3MEHUTCs (TaK KakK Mbl HE TPOraJiid BEpIIUHY ¢
u ee cocelieit). Yoepem u3 rpada Y desioBeka, CTOSIIEro B JucTe (BepimHy o (1)) BMECTe ¢ BeLyIIMU
B Hee pebpamu (HOBBI rpad HazoBem YY), Jr000it wHyIMpoBaHHbIH moArpad Ha k BepmmHax B Y/
Oy1eT 10 MpeXKHEMY CBSI3HBIM. 110 HHYKIIMOHHOMY IIPEJIIIOIOKEHIIO TeopeMa, BbIoHeHa it X' u Y.
Torya mocsreoBaTeIbHOCTE JApyKecKux oomeroB B rpade FS(X')Y') moxer paccMaTpuBaThbesi Kak
nocJie1oBaTeIbHOCTh 0OMeHOB B rpade F'S(X,Y') (a yesoBek B BepIuHe u MpocTo He GyIeT IBUTaThCs ).

Cunyuait 2. [Iycts stor jiuct m ectb yros. Torjia oObsSBUM HOBBIM YIVIOM COCEJa STOTO JIMCTA,
a crapblil yros yuaaum u3 rpacda X, a dejgoBeka, B HeM crosiiero, (sro Kerra) yaamum us rpada Y.
Torma onsgTh MOYXKHO OTPE3ATH JINCT U BOCIIOJIB30BATHCS MHLYKITMOHHBIM MIPEIToIOKeHneM. Bacst BcTa-
HET B BEPINNHY, COCETHIOI0 C YIJIOM, & TaK KaK OH JPYKUT ¢ Kerreii, To OH IPOCTO MIOMEHSIETCS ¢ HUM.

Cayuaait 3. Ilycts B 9TOM Jicte u crout Bacs. Torma Bosbmem ojmoro u3 jpyseit Bacu u Oyiem
CYUTATH €ro BpeMeHHO Baceil, a HOBBIM YIVIOM cunMTaeM JUCT u. Torja JieficTBys, Kak B ciydae 2,
MbI 3arHayim HoBoro Bacio B u. Ilpu sTom crapeiit Bacs Bbiny»K/1eH ObLT IOKUHYTH BEPITUHY U, B HEl
Terepb CTOUT JApYr Bacu u j1ajibiie MOXKHO J1eiiCTBOBATD, KaK B ciry4ae 1.

W=y KIIMOHHBIN TIePexXo/T JOKA3aH.

Ecm ke Kemra ne apyxkut ¢ Baceit, To B cuity cBa3HocTH Y CyIIecTByeT IyTh Mexkay Kemeit u
Baceit, obozHaunmM 1epBoro 4esiopeka Ha 3ToMm mmyTu Bacsy, Broporo — Bacsi, u Ttak jasee jo Bacn.
CuaugaJjia 3aroauM B yroJt Bacioy, koropsriit gpyzxut ¢ Kerreit, motom Bacioy, koTopsrit apyxut ¢ Baceit;
U TakK JaJjiee, IIOKa TaM He OKazkeTcsa Bacs.
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2.6. a) [5, Proposition 2.7] Mbr Mmoxem cuurtars, uro V(X) =V (Y) = {1,2,...,n}. Obo3naunm yepes
Ax n By nosm rpacda X, Ay u By jposm rpada Y. Torma Kaxkgast pacCTaHOBKa Jirojeii Ha rpade X —
9TO IPOCTO SJIEMEHT I'PyHisl S,. s o € S,, moaokum

p(o) =lo(Ax) N Ay| + %(Sgn(a) +1).

HpOBepI/IM, YTO YE€THOCTb 3TOM BEJIMYMHBI HE MEHSIETCSI IIpXU BBIIIOJIHEHUHN OII€pallun 06MeHa.

[eiicTBuresbHO, ecan jBa desoBeka u € Ay n v € By MEHSIOTCS MeCTaMi, TO OHU PACIIOJIOXKEHBI
B BEPIIMHAX U3 pasHbIX jgojeil rpada X. [Ipu srom u mepexomut n3 onHoil oM B APYryIO, 3HAYHT,
sesmanta |0 (Ax )N Ay | uamensiercs Ha 1. HeTHOCTD IepecTaHOBKU 0 B PE3yJIbTaTe TON TPAHCIIO3UIUN
MEHSIeTCs Ha POTHBOIIONOKHYIO, B Pe3yJIbTaTe Uero 3Hadenne apoou 1 (sgn(o) + 1) Toxke n3Mensercs
Ha 1.

OTrmeTnM, 9TO IPUBEICHHBIN MHBAPUAHT — 9TO €CTECTBEHHOE 0000IEeHNe NHBAPUAHTA, PEIIAOIIETO
rojioBosioMKy «Urpa B 15».

b) |2, Proposition 2.5] IlycTs paccraHOBKa T HOJIyYaeTcss M3 PACCTAHOBKU O C HOMOIIBIO TTOCTIEI0-
BaTeJIbHOCTU OOMEHOB (ay by), ..., (a; by), vie ay, asz, ..., ag € Ax u by, by, ..., by € Bx. [onoxkum
oo=0,0;,=0;10(a; b;) upui=1, ..., L. Torja umeem TeJECKONUIECKYIO CYMMY

J4
[7(Ax) N Ay| = |o(Ax) N Ay| = (loi(Ax) N Ay| — |oi-1(Ax) N Ay]).

=1

JTocTaToOuMHO MPOBEPUTD, YTO KazKJI0€ cJaraeMoe 9TOil CyMMbl paBHO +1, Torja 9eTHOCTh BCeil CyMMBbI
copnagaer ¢ sgn(o~' o) =sgn((a; by)o...o (as by)). Dra mpoBepKa aHAIOIUTHA IPOBEPKE U3 IL. a).

2.7. Kak Mbl 3H8eM 13 Ipeasaymieil 3agaan, rpad FS(K,.,., K, ,) uMeeT He MEHbIIE [BYX KOMIIOHEHT.
Mpr oKazKeM, 9TO UX POBHO JIBE, ITOKa3aB, YTO MPOU3BOJIbHAS PACCTAaHOBKA (PHUINTEK MOYKET OBIThH IIPH-
BeJIeHA C ITIOMOIIHI0 OOMEHOB K OJJHOMY U3 JIBYX CTaHJIaPTHBIX BUJIOB. Byiem cautars, 4To J0/IM HAITIX
rpadOB IMOKpPAIIEHbI B Y€PHBIH 1 O€JIbIil I[BET, a BEPIIUHBI KarXK 0 JI0JIH IIPOHyMepoBaHbl. PaccMoTpum
IIPOU3BOJILHYIO PACCTAHOBKY uriek Ha rpade. llycTh B 4epHBIX BepiMHAX CTOUT § YEPHBIX (pUIlleK
(0 < s <r)u(r—s) 6eabix, Torga B 6€IbIX BePIIMHAX CTOUT § Oesiblx U (17— s) depubix dumiek. C momo-
IBI0 OOMEHOB TIOMeHsieM MecTaM¥ (7 — §) YepHbIX (bUIIIEK, CTOAIIUX B OeJIbIX BepIIuHAX, U (7 — ) GesIbIx
durek, crodmmux B YepHBIX. B pe3ysibrare Bce depHble (UINKKA OYIYyT CTOATH B Y€PHLIX BepIIUHAX,
a Gesibie — B O€JIbIX.

Bymem roBoputh, uTo UepHbIe U Oe/ible (DUITTKU HAXOAATCH B CTAHIAPTHOM MOPSIJIKE, €CJIU TIPU BCEX 1
- JepHas (PUIKa HaXOIUTCA B 1-i YepHOI BeplluHe, a i-g Oejiasg — B 1-i1 OesIoii.

Jlaee mMbI monpobyem repecTaBUThL (DUITKU TaK, 9TOOBI OHU PACIIOJIOKHIIUCH B CTAHIAPTHOM I10-
psake. [l sroro Oyaem cucTeMaTHYecKHu MPUMEHATH CJeyrolne 1enoykn oomenon. [lycts a n b —
HOMEpa JIBYX YePHBIX (uiiiek. XUTPbIM OOMEHOM HA30BEM CJIEIYIONLYIO IEMOYKY OOMEHOB, B KOTO-
PBIX KpOME YIIOMSIHYTBIX YE€pPHBIX (DUINIEK YUaCTBYIOT IepBas u BTOpas Oesbie duriku: al, b2, a2, bl.
B pesysibrare xurporo obmeHa depHble GUIKK ¢ U b mOMeHsTCh MectaMu (6esibie (bUIIKE TOXKe TI0-
MEHSIIICh, HO HAC TI0Ka He WHTEePEeCyeT 3T0 0OCTOSITETBCTBO).

[Top3ysach XUTPBIMU OOMEHAMH, PACIIOJIOKUM BCe YepHble (DUITKH B CTAHIAPTHOM Hopsdke. Tenepn
Oy/leM IPUMEHSITh aHAJIOTUIHbIE OOMEHBI K OeJTbIM (pUITkaM — B pe3yJIbTaTe 0OMeHa BhIOpaHHbIe OesTbie
duiku a u b TOMEHSIIOTCST MECTaMU, & KPOME TOT0, TIepBasi U BTOpasi YepHas (PUINKA TOXKE MOMEHAIOTCS
Mectamu. [lob3ysach XuTpbiMu oOMeHaMM, PACIIONIOKUM Bce Oestble (PUINKKA B CTAHJIAPTHOM IOPSIKE.
MpbI moJiyum/in pacCTaHOBKY, B KOTOPOi#l Bce (DUINKU HAXOJIATCA B CTAHJIAPTHOM IOJIOYKEHUU, KPOME,
OBITH MOKET, [IePBOil U BTOPOii 4epHBIX (uiliek (OHU MOI'YT CTOATH «HAOOGOPOT» ).

YTBep:KaeHne 3aja4qu B3ATo B |2, Proposition 2.6|, rie mokasbiBaercst 6osiee obimii daxt, yrBep-
xarormuit 1o rpad FS(K,,—p, Ksps), tme 1 <r<n—1,2 < s < n—2, COCTOUT U3 J[BYX KOMIIOHCHT
CBSI3HOCTH.

2.8. [5, Remark 2.8| Yrounennas teopema Yuicona yrepxaaer, 1ro rpad FS(X, K ,_1) cocrour u3
JIBYX KOMIIOHEHT. B 9TOM cJlyuae KOMIIOHEHTBI Pa3/InIaioTcsi HHBAPUAHTOM U3 peleHust 3a1adu 2.6 a).
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Ho ecin x rpady K ,—1 100aBUTH 01HO pedPO uv U PACCTaBUTH Jojeit Ha rpade X Tax, 4TOOLI © U v
CTOSLT B CMEXKHBIX BEPINUHAX, TO MOXKHO BBIIIOJIHUTH TPAHCIO3UIMIO (U V), H3MEHSIONLYI0 YeTHOCTh
nHBapuaHnTa. B pesysibrare JiBe KOMIIOHEHTBI CKJIESITCS B OJTHY.

2.9. |6, theorem 1.4] a) Ilycrs rpad FS(X, Ky,_2) cBasen. fcno, uro torga rpad X ToxKe CBS3EH.
Ipad X e Moxker ObITH JBYJIOJBHBIM B CHJIy pe3ysbrarta 3ajgaqdu 2.6a). I'pad X He moxker ObITH
IIUKJIOM, TTOCKOJIbKY B 9TOM CJIyYae UUC/I0 KOMIIOHEHT CBSI3HOCTU BEJIMKO U IMOJICYUTAHO B 3ajade 3.6.
Hakoner, eciim B rpacde X ecTb CyIIeCTBEHHBIN MOCT uv, IPU yIaJeHU KOTOPOro rpad paciagaercs
HA JIBE KOMIIOHEHTDI, BEPIITUHBI U3 PA3HBIX KOMIIOHEHT, HE COBITQIAIONINE C U U U, HE CMOT'YT TIOMEHSIThCS
MecTaMi (9TO OYEBUJIHO, €CJIM PACCMATpPUBaTh Ha rpade urpy «15» ¢ IByMsl IyCTHIITKAM).

6) O6o3HasMM JIIO/Iell U3 JBYX3JIEMEHTHON Josn Ko ,_o depe3 Py u Ps. Ilpu nepemernennu gesiose-
ka P; mo rpady X Oymem obo3Hadarh depes p; (epeMeHHYI0) BepIInHY, B KOTOPO HaxoauTces P.

Jlemma 1. P u P, 06pa3yioT 1mepecTaHOBOYHYIO I1apy.

oxazameavcmeo. Ilockonbky X — He ABYIOJBHBIN rpad, B HEM €CTh ITUKJI HEYETHON Junbl 2k + 1.
ﬂOCTaTO“IHO Hay4IUTHCA MEHATb MECTaMU P1 41 PQ, KOoTr'la OH HaXOJATCAd B COCEIHHUX BEPIIMHAX 3TOI'O
nukJa. Bo3bMéM BepruHy P; 1 TpoBeIEM e€ TI0 MUKJTY, YTOOBI OHa OKa3aJIach B COCEIHel BEPITHE 10
JPYTYIO0 CTOPOHY OT Py (OCTaIbHbBIE JIIOAU TIPU STOM CABUHYJIUCH BJIOJIL IHKIa Ha 1). Terepb Bo3bMEM
Bepiuuy P, 1 nmpoBeéM e€ 1o UKy, YTOObI OHA OKa3aJiach B COCEIHEH BEPIIUHE 0 JPYTYIO CTOPOHY
or P, (ocrajbHble JHOAM TIPH 9TOM CIBUHY/INCH BIOJIb nukia emé Ha 1). Coepmus 2k + 1 Takmx
TPAHCIIO3UINN MBI TTOJIYIUM, UTO | nFP, MOMEHATNCH MECTAMU, & BCE OCTAJILHBIE JTIIOU BEPHYIUCH Ha
CBOU MecCTa. [

Bnaromaps semme 1 MOXKHO cumTaTh, 4TO BepiuHbl P; 1 P, B rpade Y coemquneHbl pedpoMm, a
Takke, 9To P, u P, o0pa3yioT IepecTaHOBOYHYIO Mapy ¢ JIOObIM coceioM B X. B 9acTHOCTH MOXKHO
CUYNTaTh, 9YTO Ha rpade X MPOUCXoauT urpa B 15 ¢ ABYyMS ITyCTBINTKAMU.

Jlemma 2. 1) Urpa B 15 Ha 1ukJ/ie ¢ Bucsideil BePIIUHON U JIBYMsI IIyCTBIIKAMUA COOUPAETCSI.
2) Urpa B 15 Ha 1uKJ/e ¢ JABYMsl BUCAYMMU BEPIIMHAMU U JIBYMs IIyCTBIIKAMUA COOUPAETCS.

Jokxasamenvbcmeo. DTU yTBEPKIEHUST OUEBUIHBI KaXKI0MY, KTO XOTh HEMHOI'O TIOUTPaJl B Urpy B 15.

]

Yrobot gokazars, 9ro rpad FS(X, Ky, _2) cBA3€H, ZOCTATOMHO HPOBEPUTDH, ITO B JI0OOIT paccTa-
HOBKe o JiroObIe J1Ba desioBeka A u B, crosiiue B BepiuHax a u b, coe mHEHHBIX pedpoM B X, 00pa3yroT
[I€PEeCTAaHOBOYHYIO TIapy.

Ecmu {A, B} N { P, P,} # &, yrBep:KjeHue 04eBUHO. B IPOTUBHOM cJiydae MOCKOJIbKY B X HeT
CYIIECTBEHHBIX MOCTOB, peOpo ab JIe2KNUT B KaKOM-TO ITuKJIe. Paccmorpum taxoit nuki Cp, ;, MUHIMAJIBHO
Bo3MoxkHOI Jymnubl. [Tockonmpky rpad X cBaseH, cyliecTByeT IyTh OT BepHIHHBI P 10 nukia Cyp.
C momoIpio 1enodkn OOMEHOB IepeJBUuHeM P 10 9TOMy IIyTH, MOKa P, He OKaxKeTcs B BepIuHe,
CMeKHOU ¢ a min b, mm nonaJér Ha Uk C,p. AHAJIOIMYIHO IepeMecTHM P, oKa P, He OKaxKeTcs B
BepIINHe, CMEXKHOI ¢ a, b nmu p;, mbo nonanét Ha mukia Cyp. B pesynbraTe BOZMOXKHEBI CIIEIYIONTHE
BapuUaHThl PACIIOJIOKEHUST BEPIIUH a, b, Py, Pa.

1) D1u gernipe BepuMHbI Hax0OAATCs Ha nuK/Ie Cyp.

2) Oxma U3 BepIINH Py WA Py J1eKUT Ha HUKIe Cyyp, a APyras CMEKHA C I[HKJIOM.

3) O6e BepIIUHBL Py U Py CMEXKHDL ¢ TUKIOM Cy p.

4) BepumHbl p; u py JiexkaT He Ha IUKJIE, P; COEUHEHA ¢ ¢ Win b peBpOM T, a Py CMeKHA C Py.

[Tocneaunit caydait CBOIUTCS K JIBYM IPEIBLIYIIIM: €CJIM BEPIIUHA P CMEXKHA U a, U ¢ b, BO3bMEM
TpeyroabHuK abp; BMecto mukia Cpp U HOTyIuM ciydait 2. lHade HOCKOJIBKY 1 — He CYIIeCTBEHHBIN
MOCT, HafineTcd IyTh oT p; J10 nukia Cyp, He Ipoxofdnuit uepe3 pedpo r. IIposeném P o kpaTdaii-
IeMy TaKOMY IIYTH, IIOKa p; He IOMaIeT Ha IUKJ WIK He CTaHeT CMEXKHOM ¢ a win ¢ b, a Py moctaBuMm
Ha 0CBOOOUBINIEECT OT P MECTO — TOJIYIUTCA PaCIOIOKEHUe U3 ciiydas 2 uin 3.

B ciyuasix 2 u 3 o jiemMe 2 nostydaem, uro (A, B) — mepectaHoBoYHas napa.
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B cayuae 1 gobaBum K mukiy abe Topuartee u3 Hero pebpo (OHO CyIIECTByeT, Tak Kak rpad X —
He 1UKJI, & MUK C,p BLIOUPAJICS C yCJIOBHEM MHUHHMAJIBLHOCTH) H OISTH BOCIIOJIL3YEMCs JIEMMOIl 2.
Nrak, mbr iepectaBisiem A u B MectaMu, TOCIe 9ero BO3BPAIaeM OCTAJbHBIX ITepCOHaXKeil 00paTHOM
IIENIOYKOI OOMEHOB K PACCTAHOBKE 0.

2.10. Teopewma (|4, theorem 1.1]). Ilycrb X — cBsi3Hblil rpad Ha n BepHIMHAX U MaKCHUMAaJIbHAs
crenenb ero BepiuH pasia k > 2. Ilyers Y — cBsasubiii rpad na n Bepumnax, o000 ero MHILyupo-
BaHHBIA noArpad Ha k BeplIMHAX CBA3€H U CYIIECTBYET TAKO ero MmHIyupoBanublii noarpad Yy, 94To
rpad FS(Stary,Yy) asusercsa ceasubiv. Torma rpad FS(X,Y) — cBasmbrii.

Ecmu T — 510 ocroBHOe nepeso rpada X, to FS(T,Y) asagerca noarpadom rpada FS(X,Y),
[I03TOMY JIOCTATOYHO JIOKA3aTh TEOPEMY JijIsl ciiydas, Korga X — JepeBo.

[Tpumenum wnayknuio mo n. baza n = k+ 1 > 3. (Ilpu n = 3 yTBepKeHne NPOBEPSIETCsT HETIO-
cpescTBenno.) B arom ciyuae rpad X — 910 3Be31a, CBA3HOCTD JIIOOOTO UHJLYIUPOBAHHOTO Hojrpada
B Y Ha k BepmmHax skBuBajieHTHa jBycBasHoctu Y. Ilockonbky FS(Stary, Yy) — csasubiii rpad, To
Y me moxer ObITh IuKIOM win O. Takxke B cuity csasnoctu rpada FS(Stary,Yy) rpad Yy me mo-
’KeT ObITh ABYAOJIBHBIM, a CIeJI0BATEILHO, 1 Y TOXKe He ABYAOJIbHBIA. [TosroMmy 1o Teopeme Yuiicona
FS(Star,,Y) — cBasubiit rpad.

Nupyknmonnsiii nepexos. [Tyers Tenepb n > k+ 2. [lycts ¢ — Bepumna B Jepese X MaKcHMaIbHOM
crerienu k. Torga B rpade X Beerpa Haiijercsa Takoil JIMCT X, 4TO & # ¢ U T HE SIBJISIETCS COCEIOM
Beprmabl ¢. Bosbmem sobyto Bepmuny y € V(YY) \ V(Yp). Ilyers 7 — Bepmmna rpada FS(X,Y),
Jytst KoTopoii 7(x) = y (T. e. 9Ta paccTaHOBKA CTaBUT UYejIOBeKa Y B BepimHy ). Temepb pacemMorpum
npou3BosibHYI0 Bepimay FS(X,Y'), paccraHoBKy 0, U JOKayKeM, 9TO MeKJLy STHUMU BEPITHHAME €CTh
IyThb, 3T0 1 OyJeT O3HaYaTh TpedyeMoe YTBEepXK IeHHeE.

[To yrBepxkaenuto 3ajadn 2.5 CyImecTByeT pacCTaHOBKa ¢, Takas 4TO ¢(x) = y W [PH ITOM €CThb
nyTh Mexay o u o B rpade FS(X,Y). Vaamum mucr x u3 X u BepumHy y u3 Y, Ha30BeM HOBbIE
rpadbl X' 1 Y’ OHI yJIOBIETBOPSIOT YCIOBHIO TeOpeMbl. Toraa 1o MHYKIIMOHHOMY IPEJIITOJI0XKEHITO
CyIIeCTBYeT myTh Mexiy o |x u 7|x B rpade FS(X',Y’). Ha Hero MOXKHO CMOTPETh Kak Ha IyTh B
rpade FS(X,Y). Ocramoch JoM0IHATE €ro myTeM u3 ¢’ B 0.

2.11. ITockoubky job6aBiienne pebep B Y He MOXKeT MpUBECTH K morepe cBs3Hoctu rpada FS(X|Y),
JIOCTaTOYHO pa3obparh ciay4vaii, korma 6(Y) = d. Ilycrs yo — Bepmmna rpada Y crenenu d, a yi,
., Yqg — ee cocequ. IlockoybKy o1 U T4 — TOUYKHU couwlenenus rpada X, HaiijryTcst 1Be BEpIIUHBL: T,

COCEJIHAA C Ty, U Tgi1, COCEJIHAA C Tg, KPATIAUIINAN TYTh MEXK/Iy KOTOPBIMU ITPOXO/UT IO JIITMHHOMY
Mocty. [Ipu ymanennn ns rpada X JJINHHOTO MOCTA STU BEPIIUHBI OKayKyTCS B PA3HBIX KOMIIOHEHTaX
CBA3HOCTH, 0003HAYNM |Yepe3 R MHOYKEeCTBO BEPIINH KOMIIOHEHTBI, B KOTOPOIl HAXOIUTCH L.

Paccmorpum paccranosgu o,0’: V(X) — V(Y), nna xoropsix o(zg) = yo, 0/ (T441) = yo. Mbr
YTBEPKJIaeM, UTO 9TU PACCTAHOBKH JIEZKAT B Pa3HBIX KOMIIOHeHTaX cBszHocTu rpada FS(X,Y). Dro
KaXKeTCsl OUYEBU/IHBIM: UTOOBI Y€JIOBEK Yy MMEPEMECTUJICH U3 BEPIIUHBI Lo B L4 1, OH JOJKEH ITPOUTHU 110
JIJIMHHOMY MOCTY, CJleJlaB IIPDH 9TOM He MeHbIle d + 1 oOMeHa, 9TO IIpeBBIINaeT ero KOMMYHUKATHBHBIE
BO3MOYKHOCTH.

st cTpororo 00OCHOBAHUS IIPEJIIIOIOKUM, UTO Mbl IIPUMEHSEM HEKOTOPYIO IEIMOYKy OOMEHOB K
paccranoBke o. [IpoBepuM, 9TO IpH BBIIOJHEHIHN KaXKJIOTO 0YEPETHOTO OOMEHA BBITIOJIHAETCA OJIHO U3
JBYX CBOICTB:

1) desioBeK Yy HAXOJUTCS B KOMIIOHeHTe R

2) 4eJIOBEK Yy HAXOAUTCSA B HeKOTOPOi Bepumuhe x; (1 < i < d) u npu 5T0M He MeHee i U3 BepIIuH
Y1, - .., Yqg HAXOJATCA B MHOXKecTBe R U {x71, ..., 2; 1}.

B wacrHocTH CBOiCTBO 2) 1pu ¢ = d O3HAYAET, UTO Yo HE MOXKET [EePeiiTH U3 BEPIIUHbI Tg B Tgi1,
IIOCKOJIbKY BCE €r0 JIPY3bs HAXOJAATCI «II0 JIDYT'YIO CTOPOHY» OT Pedpa Xyl qiq.

[IpoBepka BBIIOJIHEHUS CBOTCTB 1, 2) jemaercs: iepebopoM BapUAHTOB, KAKWe 13 BEPIINH 3aTPOHY-
ThI OUepeHBIM 0OMeHOM. MbI He Oy/ieM ee 3/1eCh IPUBOJUTD, YKEeJAIONNe MOTYT ITPOYECTh €€ B CTaThe
[5, Theorem 6.1], u3 KOTOPOIit MBI B3sL/IK 3Ty 3a/1a4y.
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3 JIpy3bs XOOsAT Kpyramu

3.1. OrBeT: 8 KOMIIOHEHT CBA3HOCTH.

Cunraem, uro rpad X = P5 HapucoBaH Ha NOPU30HTAJLHON mpsimoit. I'pad Y comepzkut pebpa
MeXKJTy JIIOOBIMU JBYMs BepiunHaMmu, kKpome pebep DB, BE u EC. JInsa Kaxjgoro u3 3tux pebdep
HA3HAYUM, B KAKOM TIOPSIJIKE BJIOJIb MPsIMOil (C/ieBa HAIIPABO) PACHOJIOXKEHBI ero KOHIbl. Harmpumep,
noctanoBuM, uto D jeBee B, E jesee B, C npasee E. Bcero mmeercs 8 BapuaHTOB TaKUX HA3HAUCHUI.
OueBuHO, 9TO MPHU OOMEHAX HA3HAUEHHBIE B3AMMOPACIIOIOKEHNST BEPIINH N3MEHUTHCA HE MOT'YT.

JL1a KarkJ10r0 Ha3HAYEHUs IIPUBEJIEM JTIOOYIO PACCTAHOBKY PACCTAHOBKY JIIOJIEH, YIOBJIETBOPSIOILY IO
9TOMY Ha3HAYEHNIO, K CTAHIAaPTHOI popMe ciremyromniero sua. IlockobKy Ha 0OMeHBI ¢ A OrpaHnIeHns
OTCYTCTBYIOT, IocTaBuM A Ha camoe JjieBoe Mecto. Jlasiee, Ha obMenbl ¢ C' ecTh OJHO OrpaHUYEHHE —
ecau 1o «C' npasee E», crapum C' Ha camoe mpaBoe mecTo, a ecyan «C' jgeBee E» — Ha camoe JieBoe
CBODOIHOE MECTO, T.€. Ha BTOpPOE CJIeBa MeCTO, TaK Kak Ha mepBoM crouT A. Temeps aHagormaHo
nocrynaem ¢ D: eciin «D jieBee By, ctaBuMm D Kak MOXKHO JieBee (caMble JIeBble MeCTa MOTYT 3aHUMATh
Au (), aeciu «D npaBee B», crapum D Kak MOXKHO Tipasee. Uto Kacaercs Beprind B u E, onu camu
110 cebe 3aHsIIn MeCTa, IMOINHASCH ITOCIeIHEMY OTPAHUIEHHIO.

Takum 06pa3oM, KOJIMIECTBO KOMIIOHEHT cBsisHOoCTH rpacda FS(Ps,Y') paBHO KoJimdyecTBY Ha3HAUe-
HUIA.

3.2. |5, theorem 3.1| Paccmorpum paccranoeky na rpade P, n3z muoxkectBa L(«). Eciu genoBexk A
crout sieee B u o1 A K B Bejer crpeiika (3Haunt, A u B He JApyzKar), TO IPU COBEPIIEHUN 0OMEHOB
A Bcerma Oyier naxoauTbes Jiesee B. IlosToMy Bce paccTaHOBKH, MOJIYJAIONIMecs U3 PACCMATPUBAa-
eMOii PacCTAHOBKH C MOMOIIBI0 00MeHOB, Jyiexkar B L(«). Takum obpazom, L(a) ecrb o0benHeHne
HECKOJIbKIX KOMITOHEHT cBsizHOCTH Tpada FS(F,,Y).

[IpoBepumM, 91O Ha caMoM Jieie i Kaxka0ro rpada Y u KaykI0# aluK/JIMIecKOl OPUEHTAITMH o
rpacda Y MHOMkKecTBO L(Qr) COCTONT BCETO JIMIh U3 OHON KOMIOHEHTHI cBasnocTH rpada FS(P,,Y).
st sToro ybemmmcst B ToM, 9TO JI0ObIe JiBe paccTaHoBKU w3 L(qv) ToJydaroTcsd Jpyr w3 Jpyra ¢
ITOMOIITHIO OOMEHOB. DTO JIE/IAeTCs CIIYCKOM 10 KOJIMYECTBY M30JIMPOBAHHBIX BepIInH rpada Y.

Basa: rpad Y COCTOUT U3 7 M30JIMPOBAHHBIX BEPIIMH — TPHBHAJILHA.

Nuykimonnstit nepexon k — k — 1. Ilyers Y1 — rpad Ha n BepimHax, nmeommii k — 1 uzo-
JIMPOBAHHBLIX BEpIIHH. IIyCTh (j_; — HPOM3BOJIbHAA AIUK/IHYCCKas opuenTanus rpada Y, ;. Ilycrs
u € V(?k_l) — cToK (MMeeT XOTsl Obl OJIHO BXOJIsIee pedpo U HU OJHOrO BbIxojsiiero). O6osHadnm
gepes Y, rpad, mosrydaonuiics u3 Y ,_; ylaJeHneM Bcex pebep, BeLVINX B BEPIIAHY U, & 9epe3 o, —
AIMKJIMIECKYIO OPHEHTAIIO Y j, 33/ JaHHYIO OCTABIINMECH PebpaMu. D393, JaJIbIIe OUeBIIHO.

3.3. a) Cpasy cieayer u3 3ajgaqn 2.11.

6) [5, Corollary 6.3] Heobxomumocts nepasencrsa §(Y) > n — 2 caexyer u3 1. a). JocrarodnocTs
JIETKO JIOKA3bIBACTCS MHYKIHEHl 110 n.

¢) Eciim §(Y') < n—3, 10 10 pesyiibraTan IpeabLIyIuX MyHKTOB HecBsaszeH naxe rpad FS(L,_33,Y),
B KOTOPOM 0O0JIbIIIe CBOOOJIBI JIJIsl IIePEMEITEeHUST JTIOJIEI.

[ycts 6(Y) > n — 2. Torma §(Y) < 1, T.e. Y — 3T0 HAGOP M30IMPOBAHHLIX pebep 1 W30MPOBaH-
HBIX BepHuH. JI10/1, COOTBETCTBYIONIME U30TMPOBAHHBIM BEPIIMHAM, MOI'YT IIEPEMEINATHCSA 10 rpady
D,,, MEHSISICH MeCTaMu ¢ CocelAMU 6e3 BCAKUX orpanndenuii. JIioam, cooreTcTByoime pebpam, MOTyT
cBOGOIHO TepeaBurarhbes 1o rpady D, 3a HCKIIOYEHIEM BO3MOKHOCTH HEIIOCPEICTBEHHO ITIOMEHAThH-
csl MeCTaMU JIPYT € JIPYTOM, HO MbI MOYKEM OCYIIECTBUTH MX OOMEH, 3arHaB OOOUX B <«TYIIMKOBDLIE»
(n — 1)-10 1 n-10 BEPIIUHBI, U «J0CTaBasg» UX OTTYJa B HY?KHOM IMODsiJIKe. B pesysbrare Mbl BCerja
MOZKEM TIOCTABUTD IIEPBOIO YeJIOBEKA B IIEPBYIO BEPINUHY, [OCJIE€ Y€r0 WHJLYKIIMOHHBIM PacCy K JIeHueM
paccTaBuTh OCTaJIbHBIX. Basa nposepsiercst ipu n = 5 ([Ipu n = 4 yTBepK/ieHne HEBEPHO).

Bosee dhopmasibHOe JoKa3aTeIbecTBO MOXKHO IpodecThb B crarbe |5, Theorem 6.5], u3 KoTopoit B3O
YTBEPKJICHUE 3a/Ia9H.

3.4. OTBeT: HeT.
Pazopsem kpyr B 11060M MecTe 1 B 00pa30BaBIIeiics IIepeHTe MOJICINTaeM THICJIO CYIPYKEeCKUX map,
B KOTOPBIX »K€Ha CTOUT JieBee MyzKa. UeTHOCTb 9TOI BeJIMINHBI HE MEHSIETCs IIPU IIePEeCTAHOBKAX.
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3.5. OrBeT: Takux n He cymiecrByeT. Ha camom sese TyT nmeercss Tpu KIacca SKBUBAJEHTHLIX pac-
cTaHOBOK. HO MBI IpOBEpHUM JIUITH TO, YTO CYIIECTBYET MHBAPUAHT, IPUHUMAIONIUN TPU 3HAYEHUSI.

Bynem caurarh, 9T0 JIOMK CTOAT B MIepeHry (ABYX KpailHHX mpu 9TOM cauTaeM cocensivn). Otmpe-
JIEJIIM BEC KaXKJI0i CeMbH: PACCMOTPUM, KaK 9TH TPOE CTOAT B IEPEHTE, eC/i PeOEHOK CTOUT TIEPBBIM,
roJjiaraeM Bec PaBHBIM 1, ecian BTOpbIM — 2, ecn TpeTbuM — (. HeTpymaHo mpoBepuTh, 9TO 1IpU BBI-
IIOJTHEHUN OTIEPAaIii CMEHbI MeCT CyMMapHBIN BeCc ceMeil 110 MOJYJ/II0 3 He MeHsercd. B wacTHOCTH,
u3 JI000# PAcCTAHOBKU HAM HE YIACTCS TOJYIUTH PACCTAHOBKY, IJie PEOCHOK TOMEHSIICA C OJIHUM W3
poauTeneit, a Bce ocTajbHbIE JIIOJIM OCTAJIUCH Ha TeX K& MeCcTax.

3.6. |6, Lemma 2.7 Orset: I'pad FS(C,,, Ky —i) nmeer HO(k,n—k)-(k—1)!(n—k—1)! kommomnent
CBSA3HOCTH.

IIycts A u B — 310 nomu rpada K ,—k, a e — durcuposanHoe pebpo mukiia. O4ueBu/IHO, YTO IPH
HECOBIIAIAIONINX ITapax MUKIMIECKUX YIIOPAI0YeHnil MHOXKeCTB A n B paccTaHOBKHU JieXKaT B Pa3HbIX
kommnonentax rpada FS(C,,, Ky, ,,—x ). Takux map umeercs (k—1)!(n—k—1)!. Paccranosku ¢ ogunakoBoi
apoil MUKJINIECKUX YIOpsiodeHnit MHOXKeCTB A u B pa3obbém Ha k(n — k) MHOXKECTB, Ompe/iesise-
MBIX Mapoii («IepBas 10 9acoBOW CTPeJIKe OT e BepiirHa u3 A», «lepBas MPOTHB YacOBOI CTpeJKH
or e BeprmuHa U3 B»). Kaxoe U3 9THX MHOXKECTB JIEXKUT B OJHON KOMIIOHEHTE CBA3HOCTH Ipada
FS(Cy, Kjn—k) — DACCTAHOBKU U3 3TUX MHOXKECTB IIOJIyYalOTCs APYT U3 JAPYra C IOMOIILIO OOMEHOB,
HE 3aTparuBaionux pedpo e, 310 dakTudecku mposepsieTcs B 3ayade 3.2. C MOMOIIBI0 OOMEHOB de-
pe3 pebpo € COBOKYIHOCTh 9THX MHOXKECTB MOYKHO pasbuth Ha Kiaccel o HOK(k,n — k) muOXKecTB
B KazKJIOM (IIOTOMY YTO JIpY2KeCcKuil oOMeH Ha pebpe e ciasuraer oba sj1eMeHTa Hapbl Ha 1 110 UKLy ).
[Tockonbky umeercs k(n — k) muoxects, Mbl mosyaaeM HOJ(k, n — k) kaccos.

3.7. lokazarenbcrro 1 (|5, Proposition 4.4]). Jomycrum, 4ro cyliecTByeT pacCTaHOBKa Jiojiedi o,
13 KOTOPOH € MOMOIIBIO TIEMOYKN OOMEHOB YJIA€TCsl MOy IUTh PACCTAHOBKY O, IJIe BCE JIIOIH (IHKJIH-
YeCKM) CJBUHYJIUCH Ha k 110 1acoBoii crpesike (1 < k& < n—1). 3ajaaum Bec KayKI0My Y€JI0BEKY: MIyCTh
B PaCCTAHOBKE 0 BEC KayKJIOI'O PABEH HYJIIO, IPU CJABUTE YeJI0BEKA Ha OJIHY MO3UIIMIO 110 YACOBOI CTPeJI-
Ke BeC yBeJIMYMBaeTCs Ha 1, a IPU CJBUTE MPOTUB YaCOBOW CTPEeKN — yMeHbInaercsa Ha 1. Torma B
pPACCTAHOBKE 0 BEC KaXKJIOI'O YeJIOBEKa CPABHUM C k IO MOJIYJIIO N, B YaCTHOCTH, BeC He OyzeT paseH 0.
[TockonbKy KaxKiblli 0OMeH M3MeHsieT BeC OJHOTO YesioBeKa Ha 1, a Jpyroro Ha —1, cyMMapHBIil Bec
BCeX JII0JIell B paccTaHOBKe 0y octasicsd paset 0. Cjie/1oBaTeIbHO, YACTh JIIOJEH UMEET ITOJI0KUTE/IbHbII
BeC, a 9acTh — oTpunareabubii. O6o3naunM depes YT MHOKECTBO JIIOACH B paCCTAHOBKE 0, MMEIOIIIX
MTOJIOXKUTEJIbHBIN Bec, a depe3 Y~ — MHOMKECTBO JIIOJIeil B paCCTaHOBKE 0y, NMEIOIINX OTPUIIATE/THHBIIH
Bec. ¢IcHO, UTO MK BBIIOJIHEHUN 0OMEHOB JTI000i Yenosek y= € Y n moboit genosek y~ € Y~ 1omk-
HBI OBLIM COBEPIINTH OOMEH. 3HAUUT, KazKIbIi YeI0BeK U3 Y T JPYKUT ¢ KasKJIbIM YeJOBEKOM u3 Y .
Ho 310 nmporusopeunt cpasnocTu rpada Y, nockoieky YUY ™ = V(Y).

HoxkazarenbcTBo 2. Pa3zopsém Kpyr B JIIOOOM MeCTe, a TaKKe [ePEHYyMepyeM JIEO/IeiH TnuCIaMu
or 1 s10 n. Jjist KazKJ10if pacCTAHOBKM JIIOJIEH PACCMOTPHM AIMK/INUECKYIO OPHEHTAIMIO (v rpada Y:
KazK10e pebpo OPUEHTUPYEM OT JIEBOT'O YeJIOBEeKa K IpaBoMy. BecoMm opueHTHpOBaHHOTO pedbpa e : a — b
HA30BEM KOJIHYECTBO BepInnH rpada Y 1ocie yuajieHns pebpa e B KOMIOHEHTe CBSI3HOCTH, COlepIKAIIei
Bepmmny a. Becom amukimdeckoi opuentanun w(a) rpacda Y GymeM Ha3bIBaTh CyMMY BECOB BCEX
OPHEHTUPOBAHHBIX PEOED, KOTOPBIE MIYT OT YEJOBEKA C MEHBIITUM HOMEPOM K YeJIOBEKY K OOJIBIINM
HOMEPOM.

Tora pu jir060M 0OMeHe, Kpome oOMeHa JIpy3eil Ha EPBOM U N-M MecTax, alluKJImdecKas OpueH-
Tamysd, a, CJIeJ0BATE/bHO, U €€ BeC He MEHSIOTCS.

Jlemma. Ecim B aluk/IMyecKoil OpHEHTAIIMN (v BHIOPATh CTOK ¥ U W3MEHUTh HallpaBJIEHUE BCEX
pébep, BXOAAIUX B U, TO Jisl Beca IOJIy4eHHol opuenTanuu ' BepHO cpasaenue w(a') = w(a) — 1
(mod n).

Aoxasamenvcmeo. 1lyctb aq,...,as u by,...,b, — BepIIUHBI, COCUHEHHBIE C v, IPUIEM a; < v < b;.
Ob6oznaunm 4epes ¢; u d; Beca pédoep v — a; 1 v — b; coorBercTBenHo. Torna npu u3Menennn pedpa
¥ — @; OHO YUUTBIBAJIOCH C BECOM C;, & CTAHET yIUThIBAThCsA ¢ BecoM 0. A pebpo v — b; yIUTHIBAIOCH
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¢ BecoM 0, a craner — ¢ Becom n — d; = —d; (mod n). B urore cymmapio Bec m3MeHHUTCH Ha

a+...cs+di+...+d,=n—1=-1 (mod n).
[l

Taxum obpaszom, mpu oOMeHax JIpy3eil, CTOSIUX Ha MEPBOM U N-M MeCTax OJIMH CTOK ITpeBpaliia-
eTcs B UCTOK, a OJIMH UCTOK — B cTOK. [lo jilemMe mepBoe mpespariieHue BeraTeT 1 U3 Beca, BTOpoe —
npudaBUT 1, B pe3ysibTaTe BeC OPUEHTAIINN IO MOJLYJIIO 12 COXPAHSAETCS.

Haxkowner, npu nmuk/jIm4eckoM cJBuUre Ha k MeCT MO Oodepe/in kK CTOKOB IPEBPAIIAIOTCS B UCTOKH.
CrieioBaTe/IbHO, BEC OPUEHTAIINN M3MEHUTCA Ha k, W IMOJyIUTCS PAcCCTAHOBKE, HE SKBUBAJIEHTHAS UC-
XOJTHO.

3.8. YcioBue 3aa4an B3saTo u3 |5, Proposition 4.4]. Mbr npusogum 6oJiee IpocToe pereHme.

[Iponymepyem Jrogeit u3 Y uauciamu ot 1 710 n. JJokazkeM, 9TO TPOU3BOJIBHYIO PACCTAHOBKY JTIO/ICH
Ha C,, MOYXKHO IIPUBECTU K CMandapmHol pacCTaHOBKe, IJie, HAUNHAS C IIEPBOIO YeJIOBEKa, BCE JIIOIN
CTOST MO BO3PACTAHUIO MO YacOBOil CTpe/Ke (B KAKOl MMEHHO BEpIIMHE HAXOIUTCS TEPBBIN TeI0BEK,
MBI TIPU 9TOM He OTCJIE’KMBaeM). DTO YTBEPXKJIEHUE JOKa3biBaeTcsd WHJyKIweil o n. basa mig n = 3
oueBmHA. JIJIs 1epexosia or n — 1 K n paccMoOTpuM Bucsdyio sepmuny K rpada Y, n, <IPHTBOPHB-
IIIUCh ITO €€ He CYIIEeCTBYET», PACCTABUM OCTABINMECS 7 — | BEPIINH MO0 BO3PACTAHUIO. DTO JIe/IaeTCs
€ TIOMOIIIBIO TETIOYKH TEePECTAHOBOK, KOTOPas CYIIECTBYET IO TPEJITOI0KEHNI0 HHyKInn. Eciu B ipo-
ecce mepecTaHoBoK coceiam K (crosiium 1o o6e cTopoHbl oT K) Tpebyercst IIOMEHsIThCsS MECTaMH,
npumennm « TPIOK»: crauana momensiem K ¢ tem u3 cocejieif, ¢ KoTopeiM K JIpyKuT (3T0 BO3MOK-
HO, TIOCKOJBbKY K — BHCAuas BepHMHA B Y, W 3HAUNUT, €fl 3alPeIeH0 MEHAThCs JIUIIb C OJHOH 13
OCTAJILHBIX BepIiuH). Termepb, Koryia Bee BEPIINHBL, KpoMe K| CTOST [0 BO3pACTaHWIO, puBeaeM K Ha
CBOE MeCTO, JIBUTas ee JIMOOo 10, JIMOO IMIPOTUB YacOBO CTPEJIKH. TakuM oOpa3oM, JI0OYI0 PacCTaHOBKY
MOXKHO IIPUBECTU OOMEHaMH K CTaHIapTHON. 3aMeTHM, 9TO BCEe PACCTAHOBKU 110 BO3PACTAHHUIO OT/INYIa-
I0TCA MUKJINIECKUME CIABUTAME U 110 3ajatde 3.7 sIBISIOTCS IPEICTaBUTENISIMI PA3JINIHBIX KOMIIOHEHT
ceasnocru rpada FS(C,,Y).

3.9. Mer B3stun 510 yrBepKaenue B [5, Corollary 4.12.], Ho npemaraem 6oJiee sJIeMEHTAPHOE PEIICHUE.

i—1
[Tponymepyem Jrojieit u3 Y, npudem JjrojsiM w3 1; BBIIAIUM HOMEpPa, OT (Z \V(T])D +1 10
j=1

i
> |V(Tj)|. HasoBem paccranoBky Jiofeiil cmandapmnotl, eciin, HadnHas C IEPBOTO YeI0BeKa, BCE JIO-
i=1

JIL CTOST 110 BO3PACTAHUIO HOMEPOB 110 YacoBOi CTpesiKe. B Kakoil MMEHHO BepIHe 1K1 HAXOIUTCS
IEPBLIil TeJI0BEK, MBI BCE €IIé He oTcIeknBaeM. TakimM o6pasoM, pactosaras JIo/eil 10 MUKy W BHOCH
Kakie-mb0 M3MEHEeHUs! B UX IMKJIMIECKUil TTOPAI0K, MBI JOIIYCKAEM, UTO B PE3yJIbraTe IPOBOIMMBIX
0OMEHOB MOTYT HPOUCXOJUTD IMKJINYECKHe CIBUrH Beeil Kondurypamuu. OTMernm erre, 4To B CTaH-
JAPTHON PacCTaHOBKE BCE BEPIIUHBI KAyKJIOT0 MHOXKeCTBA 1} CTOAT 10 KPYTY HOJIPSIJIL.

Anajormano pemnteHuio 3agadu 3.8 J0KaxKeM, 9TO IIPOU3BOJIBHYIO PACCTANOBKY JIOJEH Ha IUKIIE
C), MOXKHO TIPHBECTH K cMandapmioll pacCTaHoBKe. JIeficTBUTEIbHO, MBI MOYKEM JJOCIOBHO IOBTOPHUTD
PACCYKICHIS 3a/[a91 3.8, MBICJICHHO JOCTPOHE Y JI0 JlepeBa. 3aMeTHM OJHAKO, UTO Teleph HEeKOTO-
pble IUKJIMYECKUE CJBUIH CTAHIAPTHOI PACCTAHOBKU MOIYT JieKaTh B OJIHOM KoMmoHeHTe. Ecim Mbl
nocsieioBaresibHo tposeeM n — |V (T;)| 0o6MEHOB HPOTUB 4YacOBOI CTPEJIKU JIJIsd KaxKJOH BEPIIUHbI
MHO)KecTBa T}, HaUMHAS ¢ HAMMEHBIIEro 0 HOMEpY U Wil 110 BO3PACTAHUIO HOMEPOB (3aMETHM, UTO
mo0ble /1Ba YeI0BeKa U3 PasHBbIX KOMIOHEHT 1; u T BCerma MOIyT MEHSTHCS MECTAMH), MBI HOJLY IHM
CTAHJIAPTHYIO PACCTAHOBKY IWK/ndecku capunytyo Ha |V(7T;)| mosunmit mo gacosoit crpeske. Ore-
pUpysl CIABATAMU TAKOTO THIIA, MBI MOXKEM IMOJIYUUTH CABUI HA JIOOYIO IEJOUUCICHHYIO KOMOUHAIIIO
> |V (T;)|. lockonbKy v siBiIsteTCs TaKoi mestoducaeHnoi kombnnanueii, B rpadge FS(C,,, Y') ne 60see
V KOMIIOHEHT.

Tereph 0KaxKeM, ITO KOJMIECTBO KOMIIOHEHT HE MeHbIe V. PaccMOTpHM CTaHIAPTHYIO paccTa-
HOBKY 0 W IOJIyYaeMylo U3 Heé IENOYKOil OOMEHOB PACCTAHOBKY O, IJie BCE JIOAM (IMKJIMICCKN)
CABUHYJIMCH Ha k 10 9acoBOil cTpesike. 3a/1a/ MM BeC KazKIOMy YeJIOBEKY: IyCTh B PACCTAHOBKE 0 BEC
KaKJ[OI'0 YeJIOBeKa PABEH HYJIIO, IIPH CJIBUTEe YeJI0BEKa Ha OJIHY MO3UIIUIO 110 YacOBOI CTPEJIKE ero Bec
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yBeJIMYnBaeTCd Ha 1, a IIpH C/IBUTEe MIPOTHUB YacoOBOU cTpesku — yMmenblnaercd Ha 1. Torma B paccra-
HOBKE ) BeC KaxKJIOI'O Ye/I0BeKa CPpaBHUM ¢ k 110 MOJIYJIIO 1, a cyMMa BcexX BecoB pasHa (. Bostee Toro,
y JIOjiel, coeIMHEHHEBIX pebpoM B Y, Beca oquHakoBble. OTCIONA HETPY/IHO IIOIYUHTh, UTO JJIA BCEX 4
BCe BEPIIMHBI MHOXKECTBa T; NMEIOT OJIMHAKOBBIN BEC, IyCTh 3TOT BeC paBeH a;n + k. 3ammuimeM B 3THX
0003HAYEHNsX, 9TO CyMMa BceX BecoB paBHa ():

r

> (IVTam + k) =0

=1

nJjin, 3KBUBaAJIEHTHO,

FSO V= = 30 (V)

=1

[Mockombky Y |V(T;)| = n, mocsestee paBeHCTBO MOXKHO 3allUCATh B BUJIE

= —nZ!V )|

CokparuB 0be 9acTH paBeHCTBa Ha N, MOJYUIUM 9TO k — TejouncienHas Kombunarms auces |V (T;)],
a 3Ha4UT, k KpaTHO V.

3.10. /Ina cssnoro rpada Y onpenemm rpad FS'(Y). Bepmmubr sToro rpadga coBnagamoT ¢ Bepm-
namu rpacda FS(Clyy),Y). [Be Bepmmubl ¢ u 7 coemHeHbI peOPOM, €M OHH COCJMHEHBI B Tpade
FS(Cv(vy, Y), nm e 5Tu JiBe PACCTAHOBKU OTJIMYAIOTCS IUKIMYecKuM casurom. Torya mobas pac-
CTAHOBKA U BCe €8 IMUKJMYECKHe CIBUIU JIeXKaT B ojHoil Kommonente cessHoctu rpacda FS'(Y), mo,
KaK cJejiyeT u3 3a/a4u 3.7, B pasHbIX KOMIOHeHTaX cBsizHOCTH Tpada FS(Cly vy, Y). CrenoBaresbHo,

fs(Clvivy, Y)

rpad FS'(Y) cocrout porno us W KOMIIOHEHT CBSI3HOCTH.

Omnerka cauzy. Bo-niepsbix, mocmorpum Ha Beex jiojieii u3 V(Y;) u BbimuieM ux B mopsike o6xo/a
nuka C), 10 9acoBOil CTpeJiKe, HauMHasi ¢ KOro-HuOy/ib. [loryaurcs paccTaHOBKa JITO/e U3 KOMITO-
HEHTBI Y; 10 IUKJIy. 3aMeTUM, YTO KOMIIOHEHTa CBA3HOCTH HOJIy4YeHHoil paccranosku B rpacde FS'(Y;)
HE€ 3aBUCUT OT HadaJla O6XO,ZLa 1 HEe MCHAETCA IIpUu O6M€HaX, a IIOTOMY <BJIdE€TCAd MHBapUAHTOM JIJIfA
KaXKJI0TO 1.

Bo-BTOpbIX, U3 periennd 3a1a49u 3.9 caeyeT, 4To eCJii B3ATh IPOU3BOJIHLHYIO PACCTAHOBKY JIIOJICH U3
rpacda Y 1o nukiry u npoBepuyTh €€ Ha 0, 1, . . ., v—1 1mo3uniuii, To HOJIYIUTh 9TH ¥ PACCTAHOBOK JPYT U3
JIpyTa ¢ MOMOIIBIO APYKECKIUX 0OMEHOB HEBO3MOXKHO. Taknm 0Opa3oM, y HAC UMEETCsI 1 UHBAPUAHTOB:
KOMITOHEHTBI CBSI3HOCTU COOTBETCTBYIONINX PACCTAHOBOK B I'pade FS’( 7), ¥ JIsl KasKJI0T0 BIOOPA 9TUX
MHBApUAHTOB HaMIeTCA He MeHee UV IOMapHO HEIKBUBAJEHTHBIX paccTaHoBOK. Cre10BaTe/IbHO,

fs
fs(C,, Y) /uH SC'V | Gy Ya)

OL[eHKa CBepPXYy. HOKa.}KeM YTO €eCJIn KOMIIOHEHTDBI CBA3HOCTH COOTBETCTBYIOIINX PaCCTaHOBOK B
rpade FS'(Y;) dukcuposanbl, TO HESKBUBAJIEHTHBIX PACCTAHOBOK He Gosiee v. JlenaeTcst aHAJIOrUIHO
zajsage 3.9.

4 TapanTupoBaHHas CBA3HOCTH

4.1. Ilycrte a € V(X), A € V(Y) — Bepmmmusl crenenu e Menbite 3. Ilycrs o: V(X) — V(Y) —
[POU3BOJIbHAS PACCTAHOBKA JIFOJIeil. T. e. BepimHa rpada FS(X,Y'). Jokaxkewm, uro B rpade FS(X,Y)
BeplliHa o He m3osmpoBanHasg. O6o3HaunM 4depe3 U MHOXKECTBO JIOJEH, CTOAIMX B COCEJHUX C @
sepmmuax rpacda X, rorma U C V(Y) \ {A}, |U| = §. U nycrs W — muoxecTBO spy3eit A, Torma
W Cc V(Y)\{A}, [W| = 5. flcno, uro muoxecrsa U u W nepecekaioTcs, T.e. CyImeCTBYeT 4ejloBeK B,
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KOTOPBIH siBjIgeTcss apyrom A m crout B coceaueii ¢ A Bepimne. 9To 3HAYUT, UTO JIJIsT PACCTAHOBKU O
BO3MOXKeH oOMeH AB.

4.2. |2, Proposition 5.1] TTocrpoum rpadsr X u Y, y KOTOPBIX MHOXKECTBO BEPIITHH — 3TO MHOXKECTBO
quces or 1 j10 n. g ynoberBa camrtaem, 9To n JgeauTcsd Ha 5. PazobbeM MHOXKECTBO |mcesa oT 1
JIO N Ha IATh HelepeceKalomuxcst moamuoxkects Ay, As, Az, Ay, As. Pebpa B rpadax X u Y 3amaaum
caepytonuM obpaszom. Ilyctes o € A;, y € Aj u x # y. B rpade X Bepmuns!  u y coenuHIM pebpoM
TOJBKO ecin ¢ — j #Z £2 (mod 5), a B rpade Y 3Tu BepmuHbl coenHEHBl PEOPOM TOJBKO B CIIydae
i — 7 # 1 (mod 5). Kak HeTpymHO BHJETH, BCe BEDIIUHBI MMEIOT CTEIleHb %n — 1. IIpoBepum, [TO
rpad FS(X,Y') HecsasHbIii.

PaccMoTpuM MHOXKECTBO PacCTaHOBOK JIIOjIElH, IpU KOTOPOil Jitonn u3 Kaxoi vactu A; C V(Y)
3aHUMAIOT B KAKOM-TO TIOPsIJIKe BEPIIUHBI, 3ajannbie Toil ke dacrbio A; C V(X). s 060t Takoit
PACCTAHOBKHM JIPYKECKUIT OOMEH JBYX YEJOBEK U U U BO3MOXKEH TOJIBKO JIUIhL B CiIydae, Korjaa oba
pUHAJJIe’KAT O/HOI 1 Toii ke yactu A; C V(Y'). B pesynbrare Takoro ooMeHa Moy 9uTCst PACCTAHOBKA
U3 TOT'O YK€ MHOYKECTBa PaCCTAHOBOK.

Ecnu ke n He nenwrcesa Ha 5, cieyeT BbIOpaTh «IIOYTH» paBHbIE YacTH A;, M TOrIa IMpUBeIeHHOEe
paccyKaeHue 1acT 9yTh XYIIIYIO OUEHKY d,, > %n — 2.

4.3. Pemenmnue 1 (|3, theorem 1.5]). Paccmorpum nmponsBosbHyio paccTaHoBKy Jnojieit Ha rpade X u
BO3bMEM [IBYX IPOU3BOJIBLHBIX YesioBeK U u V| CTOAIINX B COCEIHUX BepIIMHax u U v. Jlokaykem, 4To
U u V obpazytor nepecranoBounyio napy. [lo yreepxkiaenuto 3agaun 2.4 orciofa ciejyer, 4to rpad
FS(X,Y) cBasubiit.

Paccmorpum noarpad B X, cocrodiuii u3 BepIIUHbBI U, BCEX ee cocejieil 1 pedbep, COeIMHSIIONINX U
C COCeIHUMU BepIuHaMu, 0603Ha1uM 10T moarpad Star. [lycrs @ C V(Y') — 910 MHOXKeCTBO J0J1€1,
cToAIMX B BepmrHax rpada Star. ObosHaumM depes Yy MHIAYIMPOBaHHBIN moarpad B Y Ha MHOXKeCTBe
Bepum (). Joxazxkem, 1ro 6(Yy) > %|Q| [l1st TOrO BO3bMEM BEPINUHY Y € () MUHUMAJIBLHON CcTerenu
(B rpade Yy) u mposepuM, 9TO ee creneHb OOJIbIIe %|Q| O6osnaunm yepe3 N (y) MHOXKeCTBO JIpy3eii
y B rpade Y. Torna crenens sepmmnbl y B rpade Yy pasna

0(Yo) = IN(y) N Q| = [N(y)| + Q| = IN(y) U Q| = [N(y)| + Q] — n.

Taxum 06pasoM, JOCTATOMHO IPoBepuTh, uTo [N (y)| + |Q| — n > §|Q| mm, sxsuBasenTHO,
2[N(y)| + Q| > 2n.

910 Tak, nockoabky |N(y)| = d(Y), |Q| = 6(X) + 1.

Urak, 6(Yy) > 3|Q|. Torma no yrsepxenmo 3ajaun 1.1a) na rpade Yq cobupaercs urpa «15».
dto snaunt, aro rpad FS(Yy, Star) ceasuniit! Ho torma u rpad FS(Star, Yy) Toxe cBA3HBIH, 3HATHT
HOJIb3YACH JIPY?KECKIME CBA3AME U3 Tpada Yy u pebpamu rpada Star Mbl CMOZXKeM IIOMEHATH MeCTaMn
U un V. ra nenoyka oOMEHOB BbIOIHUMA 1 B Oosiee mmmpokux rpadax X u Y, t.e. Bepmmnst U u V
00pa3yIoT MepecTaHOBOYHYIO Tapy.

Pemenwue 2. Bocronbsyemes cummerpuanoctbio rpada FS(X,Y): mokaxem, aro ecmu X n Y —
ceszuble Tpadbl, §(Y) < (X)) u20(X)+(Y) = 2n, To rpad FS(X,Y) cBasusrit. s sroro gocrarod-
HO 1poBepuTh yesosue 3a1aan 2.10. Bosbmém k = 6(Y') u npoBepuM, 9T0 KazKbIil WHIYITMPOBAHHBII
k-sepmmunbiii mogarpad B X cazen. U3 kaxkjoit Bepmumnbl rpada X makcumym n — k pébep BeaeT
BHE MH/IyIIUPOBAHHOTO Mojrpada. A Mo3TOMYy CTeleHb KarK 01 BePINUHBI NH/IYTHPOBAHHOTO o arpada
I(X)—(n—=46(Y)) > L;() He MeHee MOJIOBHHBI YHCJIa BEPIINH HoArpada, M03TOMY HHLYIHPOBAHHBIIT
noArpad CBsI3eH.

asee mpoepuM ycjioBue Hajmuans k-sepmunnoro nojarpada Xy, Ha KoTopoMm urpa 15 cobupaercs.
BaMeTuM, UTO BO BTOPOM JOKa3aTe/bCcTBe 3aja4u 1.40 MbI JI0Ka3aau Oojee CUJIbHBIN (hakT: ecian B
rpade X KazKJIiblil MHYIIUPOBAHHBIN k-BepITUHHBIN TofArpad B X cBA3eH, a cTeneHb KayKJI0il BEPITUHbBI
He MeHbIIle k, TO CPeJin WHJIyIUPOBAaHHBIX MojrpadoB Ha k BepmmHax HaiijeTcd Takoil mojarpad o,
KOTOPOM Hrpa «15» cobmpaercs. Bocmob30BaBINCH STUM yTBEPK/IEHNEM, Mbl 3aKaHINBAEM ITPOBEPKY
ycaoswmit 3aaqn 2.10, kotopas yreepxaet, uto rpad FS(X,Y') cBazubrii.
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4.4. Dror pesyabrar nokazaH B [3, theorem 1.4].

4.5. a) (2, Proposition 6.1] Cuuraem, uro r memurcsa wa 4. [Tocrpoum aBygosnbhbie rpadbt X u Y,
IMeOIIe 110 7 BepiuH B Kaxkiaoit jgose. Ilycrs Ay, Bx, Cx, Dy — HOIapHO HelepeCKAIOIecs
MHOZKECTBa, COCTOdAIIUE U3 5 3j1eMeHToB Kaxkjoe. [Tycrs muoxkectsa Ax U By u CxUDy OyjyT jlonsamu
rpada X. Anamornyano 3amaaum Ay U By u Cy U Dy — nomm rpada Y. 3adurcupyeMm Ipon3BOIbHYIO
ouekiio o: V(X) — V(Y), mas koropoit 0(Ax) = Ay, 0(Bx) = By, 0(Cx) = Cy, 0(Dx) = Dy.

Bajaaum MHOXKeCTBO pebep rpada X. Kaxayro Bepmnny Ax coenuanM ¢ Kaxkaoi seprmmHoi C'y,
a KarkIylo BepIInHy By COeIMHMM ¢ KaxKao#l BepmmHOi Dyx. Mexk 1y BepImmHaMu U3 MHOXKECTB Ax
u Dx 1mpoBejieM JIUINB TOJIOBUHY BCEX BO3MOMKHBIX pebep — Tak, 9TOOBbI U3 KaXKJI0H BEPIIMHBI MHOYKe-
crBa Ax BBIXOMUIO 7 pebep U B KasK/Iyl0 BepIIMHY MHOXKecTBa Dy BXOJWIO § pebep. To HEeTPYIHO
CJIeIAThD.

Teneps 3aa11uM MHOXKECTBO pebep rpada Y. Kaxkayio Bepiinay Ay COeIMHIM € KaxKI0H BEPITITHON
MHOXKeCTBa By, a kaxiaywo Bepmuny Cy coeuHUM ¢ Kaxk10i Bepiinnoit Dy . Mex 1y BeprimHamu u3
MHOKeCTB Ay 1 Dy TIpoBejieM JIUIIb MOJIOBUHY BCEX BOZMOYKHBIX pedep, HAXOISAIINXCA B «[IPOTUBO(dga3e
pebpam rpada X OTHOCUTEIHLHO OUEKITNN 0%, 8 MMEHHO: BePIMUHLI U € Ay n v € Dy coeauHeHbl pebpoM
B TOM 1 TOJILKO TOM cJIydae, Korja B rpacde X sepumubt 0~ (u) u o1 (v) HE coepunenst. Anajoruano
BepinHb § € By ut € Cy coeinHeHbI peOPOM B TOM U TOJIBKO TOM CJIydae, Korja B rpade X BepIInHbI
o~1(s) u o71(t) ne coemunensr.

B pesynbrare Bce Bepinnbl rpadoB X un Y uMmeror creneHb %r. [IpoBeieHHAsT KOHCTPYKIIAS TapaH-
TUpYeT, UYTO 0 — u3osmposanHas Beprmuna rpada FS(X,Y'). Torna B cuty yreepxkuenus 3amaun 2.6,
rpad FS(X,Y') umeer He MeHbIe TPeX KOMIOHEHT CBSI3HOCTH.

B ciyuae, korja r e jgenurca Ha 4, ciepyer B3aTh mMuHoxkecrsa Ax, Dy, cocrogime us [5] Bep-
mmH, 1 MHOXKecTBa By, Cx, cocTodiume u3 || BEPIIMH, a TaKxKe HaJIeXKaIuM o0pa30M IOIPaBUTh

. 2
OJTHOPOJHOCT: M3 KaxKJI0i BepmuHbl Ax JTOJI?KHO BBIXOIUTH Vré—]J pedep K BepmuaMm dactu Dx 1 B

KasK/IyI0 BEpPINHY MHOXKecTBa Dy BXOJUT CTOJIBKO Ke pebep; a Mex 1y dactamu By, Cx — 1o L%J
pebep m3 KaxkJ10il BepmUHBI. TOra CTeleHn BCeX BEPIIMH ITOCTPOEHHBIX rpadoB OyJIyT HE MEHbIIIe
it -1,

b) Ilycrs r gemmresa na 8. Jlokaxkem oreHky by, < gr + 1. Ham nonajiobuTces ciiejiyioniee «JIBy-
JIoJbHOEe» 0bobIenue 3agadu 2.4.

JJemma 1. ITycte X 1Y — jaByjo/ibHbIe rpadbl ¢ JOJISIME 110 7 BEPIIUH U JIFOOBIE J[Ba YeJIOBEKa U3
pasHbIX J0Jei rpada Y, Haxousmuecst B pa3HubixX 10X rpada X, 06pa3yior mepecTaHoBOYHYIO Hapy.
Torna rpad FS(X,Y') comep:kur poBHO JiBe KOMIOHEHTHI.

Jloxazameavcmeo. DTo Tak, IMOTOMY UTO YCJIOBHE JIEMMBI IIPEIOCTaB/IgeT HaAM TaKylo Ke CBOOOJY B
obMeHe Jojielt, Kak ecym ObI peds mita o rpade FS(K,. ., K, ), KOTOPbIil, KaK MBI 3HaeM U3 3agadn 2.7,
IMeeT JIBe KOMIIOHEHTHI. ]

Jlemma 2. Ilycts X — rpad, nomyvaronuiica u3 rpada Ks3 ¢ gomamu {x1, x5, x5} 1 {2, T4, Te }
yaajaenueM pebep x1T2 U Tzxg, u Y — rpad, nomyudaonmiica u3 rpada Kiz ¢ monasamu {y1,ys, ys} u
{Y2, Y4, Ys } yrmamenuem pebep y1ys 1 ysys. llycrs o: V(X) — V(YY) — «roxkKIecTBeHHas» pacCTaHOBKA
x; — 1;. Torna BepmuHbl Y, 1 Yo Tpacda Y 0oO6pa3yioT mepecTaHOBOYHYIO Mapy. 10 Ke yTBep:K/ieHue
BEPHO JIJISI PACCTAHOBKHU 0’ KOTOpasi IIEPEBOAUT BEPIIMHLI X1, Tg, ..., L COOTBETCTBEHHO B Y1, Y2, Y4,

Y3, Y6, Ys-

Joxazameavcmeo. st pacCcTaHOBKM 0 TOJIOMIET TIOC/IEI0BATETLHOCTH OOMEHOB

U1Ye, Y3Ya, Y3Ye, Y2Ys, YaYs, YsYe, Y2Ys, Y2U3, Y1¥Ye, Y1Ya, Y3Y4.

Paccranoska o’ j1erko cBoguTcs K o. ]
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st nokazaTebeTBa YTBEPKICHUS 381211 JIOCTATOYHO ITPOBEPUTD, UTO IIPH b, = %T + 1 rpacdor X
u Y ynosierBopsior jiemMe 1. Pacemorpum aByx desoBek u3 pasubix jogeit Y u Ys rpada Y, Haxoms-
mecst B pasHbix gosax X, u Xo rpada X. OO0o3HaIMM 3TUX JIIOJEH Y| U Yo, & BEPIIUHBI, B KOTOPBIX
OHH CTOAT, 0003HAYUM X1 U To. JokazkeM, uTo B rpade X MOKHO TaK BBIOpATH €Ille YeThbIpe BEPITNHbI
X3, T4, T5, Tg, U B TPade Y — 4YeTbIpeX JesIOBeK Y3, Y4, Ys, Y6, ITO TOArpadbl, OIpeaeIdeMble STUMA
BEPIIUHAMHE, YJIOBJIETBOPSIOT JieMMe 2. DTo Oy/eT 03HAYaTh, YTO Y U Yo 00OPA3YIOT MEPECTAHOBOTHYIO
napy, 9YTo HaM u Tpedyercs.

Paccmorpum smogeit, crosmux B sepumuax gomm X \ {#1}. [Iycrs ne menbmte § u3 HUX npuHa-
JieXKaT MHOYXKECTBY Y7, 0003HaYMM MHOXKECTBO 3TUX JIIOJEH depes 171 Torma me MenbIne 3 4esoBexk,
HAXOJSAIIMXCS B BepIIMHAX 13 MHOXKecTBa X \ {Z2}, npuHaiekar MHOXKeCTBY Ys, 0003HAYNM MHO-
2KEeCTBO 3TUX JIIO/Iell depes 172 [TockobKy M3 BepIMH Ty, Y1 BBIXOJUT He Gostee g — 1 anTupebep, MbI

CMOZKEM BBIOpATh 7 +2 BEPIIMHBI U3 Y3, TaK ITO BHIODAHHBIE JIIOJH JIPYZKAT C Y1 U HAXOJATCA TIPH STOM
B BepmmHax rpada X, coelmHeHHBIX ¢ 1. HaMm Ha caMoM Jiejie He Hy?KHO CTOJIBKO HAPOJLY, IOCTATOIHO
TOT'O, YTO MOYKHO BBIOPATh OJTHOTO YeJIOBEKa, 0OO3HAYUM €ro ¥4, & BEPIINHY, TJie OH CTOUT, — T4. Te-

1Iepb, MOCKOJILKY U3 BEPIIUH Y, Y4, Ta U T4 BBIXOJUT He Oosiee ¢ — 1 aHTHPEOED, MbI CMOXKEM BbIODAThH

4 BepHIMHBI U3 Y], TaK UTO BBIOpAHHBIE JIIOJM JPYKAT C Yo U Y4 W HAXOJMATCA IIPU STOM B BEPIITUHAX
rpacda X, COeIMHEHHBIX C Lo U T4. 3/1€Ch HAM OIATH JOCTATOYHO TOT'O, ITO MbI MOYKEM BBIOPATH OTHOIO
JesoBeKa (a He YeThipex), 0O03HAYNM €r0 Y3, & BEPIIUHY, TJe OH CTOUT, — x3. Jlajee aHAJOTHMIHO MbI
BBIOEpEM YeJIOBEKA g € }72 \ {y2}, KOTOPBIl IPYKHUT C Y1, Y3, & CTOUT B BEPIIUHE Tg, COSTMHEHHOI C T
u x3. VI HaKOHell, aHAJIOTUYHO BbIOEPEM YeJIOBEKa Ty € }71 \ {x3}, KOTODBIiI IPYKUT C Yo U Yy, & CTOUT
B BEPIIUHE T5, COCIMHEHHON C Lo U Xy. MBI mosyunin TpedyemMyio KOH(MUTYPAIHIO.

Ecim B paccyzkjilennu B Hadajie IpeblLyIero ab3ala He MeHbIIe 5 4eJIOBeK MPUHaJIezKaT MHOKe-

cTBY Yo, MBI, AeHCTBYs aHAJIOMMYHO, IPUIEM KO BTOPOl PACCTAHOBKE U3 JIEMMBI 2.
B crarne |2, Proposition 6.2] mokazana ontuMasbHast OneHKa b, < (%W

4.6. DroT pesysabrar JoKasaH B |3, theorem 1.11].
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Friends wander on graph

Project team: O. Bursian, D. Kokhas, K. Kokhas, V. Retinskiy

In this problem we consider finite undirected graphs without loops and multiple edges. If G is a graph,
then we denote by V(G) the set of its vertices and by E(G) the set of its edges, denote by §(G) the minimum
degree of its vertex. Besides that, we use standard graph notation: P, is the path with n vertices, C,, is the
cycle with n vertices, K, 5 is the complete bipartite graph with parts of sizes m and n, a graph K1 ,_1 is called
a star and is denoted by Star,. A vertex xy of graph G is called a cut vertex, if the number of components
of connectivity increases when we remove this vertex from graph G. Connected graph without cut vertices is
called biconnected. A bridge is an edge wuwv, whose removal would disconnect the graph. If none of vertices u,
v is a leaf vertex of graph G, we call the bridge essential. Graph H is called induced subgraph of graph G, if
V(H) CV(G)and E(H) ={w € E(G) :uec V(H),ve V(H)}.

1 15-puzzle

15-puzzle has been invented approximately 150 years ago. You can read about it in journal [?], where a
generalization of this game to arbitrary graphs is given (this generalization we also call 15-puzzle, though the
number of graph vertices may be arbitrary, not only 16) and Wilson’s theorem is proved, which describes all
the graphs, on which 15-puzzle is solvable.

Wilson’s theorem. Let graph G satisfies the following four conditions:

1) it is not cycle Cy, n > 4, 2) it is not bipartite,
3) it does not contain cut vertices, 4) it does not coincide with graph «©>» (see fig. to

the right).
Then 15-puzzle on graph G is solvable!

Actually Wilson proved a stronger statement: if G # ©, G # C), is biconnected bipartite graph, then in
15-puzzle on this graph there exist exactly two classes of nonequivalent permutations. And for G = © there
are 6 classes.

1.1. a) Check that if 6(G) > n/2, then 15-puzzle is solvable on graph G.
b) Is 15-puzzle solvable on an arbitrary graph if we allow two empty vertices?

1.2. Hexagonal pieces numbered by positive integers are placed on the
cells of a hexagonal board with side n. Two adjacent cells are left empty,
and thanks to it some pieces can be moved. Two pieces with common
sides exchanged places (see an example in the figure). Prove that if n > 3
the second arrangement cannot be obtained from the first one by moving
pieces.

Note. Moving a piece a requires two adjacent empty cells. For instance,
if they are on the right of a (left figure), a can be moved right till it
touches an angle (middle figure), and then it can be moved upward right
or downward right (right figure).

Q &

1.3. Prove that for any biconnected graph G' (where [V(G)| > 4) any tile may be moved to any graph
vertex in 15-puzzle on G.

1.4. In 100-vertex graph G any induced subgraph on 30 vertices is connected. Prove that there exists
a 30-vertex subgraph of GG, for which 15-puzzle is always solvable.
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2 Friends wander on the graph

Let a group of n people be given, any two of them are friends or strangers, which people are friends with each
other is encoded in a graph Y. And let another one graph X on n vertices be given, we call it «geographic»
conditionally, the people of company V(Y') are standing at its vertices, always one person is at each vertex.
Two friends standing at adjacent vertices of graph X, may swap places. Such operation is called friendly
swap. Construct a new graph FS(X,Y’), whose vertex set is the set of all possible people arrangements on
graph X, the two arrangements are connected by edge, if they are obtained from each other by one swap
operation. Speaking more formally, people arrangement on graph X is the bijection 7: V(X) — V(YY) that
for each vertex u € V(X)) shows, which person 7(u) € V(Y') has to occupy this vertex. We say that the set
of all possible people arrangements on graph X is connected, if graph FS(X,Y") is connected. For any people
arrangement at vertices of connected graph X we say that two persons u,v € Y are an exchangeable pair, if
there exists a sequence of swaps, as a result of which v and v swap their places, and all the others are on the
previous places.
If S is an arbitrary set, we denote by |S| the number of the elements of set S.

2.1. Prove that graph FS(X,Y) is isomorphic to graph FS(Y, X).
2.2. Prove that graph FS(X,Y") is always bipartite.

2.3. Let [V(X)| = |V(Y)| = 3. Let zg be a cut vertex of graph X and graph X falls into components
X1, ..., X, after removing it; 39 be a cat vertex of graph Y and graph Y falls into components Y7,
..., Yy after removing it. Let M be the set of X s matrices with non-negative integer entries in which
the i-th row sums to [V(X;)|, and j-th column sums to |V (Y;)|. Prove that the number of connected
components of graph FS(X,Y) is at least the number of such matrices.

2.4. Prove that if for each people arrangement on graph X any two persons of Y located at adjacent
vertices form an exchangeable pair, then graph FS(X,Y") is connected.

2.5. Let X and Y be connected graphs on n vertices, and at least one person of Y has at least £ friends
(k > 2), and each induced k-vertex subgraph of X is connected. Let one of the vertices of X be called
«corner», and some person of Y have name Vasya. Prove that for any people arranegment on graph X
Vasya can be placed in the corner by friendly swaps.

The following problems generalize the theorem about 15-puzzle.

2.6. a) If X and Y are bipartite graphs on n vertices (n > 3), then graph FS(X,Y) is disconnected.
b) Let X and Y be bipartite graphs, V(X) = Ax U Bx, V(Y) = Ay U By be partitions of sets of

their vertices into parts. Prove that if two arrangements of people o, 7: V(X) — V(YY) belong to the

same connected component of graph FS(X,Y), then the sign of the permutation 0~! o7 coincides with

the parity of number |7(Ax) N Ay| — |o(Ax) N Ay|.

2.7. Prove that graph FS(K, ,, K, ,) has two components of connectivity.

2.8. Let bipartite graph X satisfies conditions 1), 3), 4) of Wilson’s theorem, graph Y is the star graph
K, to which one edge has been added. Prove that graph FS(X,Y) is connected.

2.9. Let X be a graph with n > 4 vertices. Prove that graph FS(X, K5 ,_2) is connected if and only
if, when X is connected not bipartite graph without essential bridges and X # C,,.

a) = b) <
2.10. Let X and Y be connected graphs on n vertices, and at least one person from Y has at least
k friends (k > 2), and each induced k-vertex subgraph of X is connected. Let there exist k-vertex
induced subgraph X, of graph X, for which 15-puzzle is solvable. Prove that graph FS(X,Y) is
connected.

2.11. Let X and Y be connected graphs on n vertices, and let the vertices 1, xs, ..., x4 (d > 1)
form a «long bridge» in X, i.e. a path in X, which endpoints are cut vertices, and all the intermediate
vertices X, ..., r4_1 have degree exactly 2. Let 6(Y) < d. Prove that graph FS(X,Y) is disconnected.
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3 Friends walk along the circles

3.1. First, let the friends go along a line. Let graph Y be pentagon ABC'DE with diagonals AC' and
AD. How many components of connectivity has graph FS(Ps,Y)?

Let graph Y be given. Define an orientation on it by choosing a direction for each edge. An orientation o
is called acyclic, if it does not contain a directed cycle. If orientation « is given, consider all the possible
placements of vertices of graph Y on the line (= at the vertices of graph P,), for which all the arrows are
directed from left to right. The set of such placements is denoted by L(«).

The next problem is an example of «mathematical zoology». If all terms are accurately and correctly
defined, then there is nothing to prove.

3.2. Let X = P,, |V(Y)| = n. Prove that for each acyclic orientation a of the complement graph Y
the set L(«) is a component of connectivity of graph FS(P,,Y).

3.3. The Lollipop graph Ly, is the graph with k 4+ m vertices, consisting of m-clique and a tail of k
vertices (i.e. just a path Kj) hanged to one of the vertices of the clique.

a) Let Y be a graph on n vertices such that graph FS(L,_, m, Y) is connected. Prove that 6(Y) >
n—m+ 1.

b) Let Y be a graph on n vertices. Prove that graph FS(L,,_33,Y) is connected if and only if
0(Y)=n—2.

c) Let D,, be the graph obtained from path P,_; (with vertices numbered from 1 to n — 1) by
adding new vertex with number n and new edge (n—2) — n. (This graph can be obtained from lollipop
L,,_3 3 by removing one edge on 3-cycle). Let Y be a graph on n vertices. Prove that graph FS(D,,,Y")
is connected if and only if, when 6(Y) > n — 2.

3.4. 2n people are standing around in a cycle, they form n married pairs. The neighbours may
interchange, if they are not husband and wife. Is it true that it is possible to rearrange the people in
an arbitrary order?

3.5. 3n people forming n families of a mother, a father and a child, stand in a circle. Every two
neighbours can exchange places except the case when a parent exchanges places with his/her child
(this is forbidden). For what n is it possible to obtain every arrangement of those people by such
exchanges? The arrangements differing by a circular shift are considered distinct.

3.6. Let Y = Ky ;. How many components of connectivity has graph FS(C,,,Y)?

3.7. Let X = C,, n > 3, and the complement graph Y is a connected graph on n vertices. Prove that
any two people arrangements differing by a circular shift belong to distinct connected components of
graph FS(C,,,Y), in particular, it has at least n components of connectivity.
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BBenenue

HazoéM 1-MKJIOM (CHMILIUIUAIBHBIM, 110 MOJLYJIIO 2) B Tpade MuoxkectBo C' pebep Takoe, 9To
KakJiasl BepIUHA MPUHAJIEKUT deTHoMy ducyay pedbep m3 C. Hampumep, UK/ B CMBbIC/IE T€OPUN
rpadoB — 310 1-1uKJI, HO He HA0GOPOT. JIerko MPoBepUTh, YTO CyMMa, (TI0 MOJYJIIO 2) 1-TIMKJIOB TOXKe
ABJIAETCA 1-IIMKJIOM.

B sTOoM TekcTe MBI u3ydaeM ciieyrolme 3a1a9u: HaiTn

® KOJIMYIECTBO BCeX 1-IUKJIOB B JIAHHOM rpade;

e 1HeDOJIBbIIOE KOJIMIECTBO 1-IIUKJIOB B JJAHHOM rpade TaKux, 9To Jiro0oi 1-1UK/I ABISeTCsa CyMMO
HECKOJIbKHMX U3 HUX.

Mbr Takzke paccmarpuBaem 0000IieHust (3TUX 3a/a4) Ha Tpadbl ¢ CUMMETpUeil U Ha 2-UuK.Abl
B deymeproir eunepepagaxr (Bce BBIJCICHHBIE KYPCUBOM IIOHSTHSI ONpe/ieieHbl Hizke). OCHOBHBIE
zajiaan — 3710 1.1.f, 1.3.e, 1.4.b, 1.5.ab, u 3.1.cf, 3.2.cf. HauBbiciime moctuzkeHus 9Toro Tekcra —
pesysbraThl 00 1- u 2-1mKiIax B keadpame epaga (3amaqaun 2.5.c, 5.5.cd, 5.6.ab u 5.10.d).

[Tonstue 1-nukia u ero oOOOIEHUS UMEIOT MHOTOYUCIEHHDBIE ITPUJIOYKEHUS B TOTIOJIOTUU, Hanbo,J1ee
npocThle U3 HUX oM., Hanpumep B [Sk20, §§4.11, 6, 9], [Sk, §§1, 8, 9]. Xors sTOT TEKCT SsIEMEHTA-
peH, OH MOTUBUPOBaH TepejHuM Kpaem Hayku, cM. |[FHI10, MS17, SS23| u cebuiku B sTux paborax.
OtkpoeiThiMEu pobsIeMamu gBJjstiores 2.9.cdfg u 5.10.1.

Nzy4denne nmyTéM perieHns 3aaa4

Baj1an MpOHYMEPOBaHbI, CJIOBO «3aJlavday OIyCKaeTcs. Ken yeoBre 3a/1a4u siBJIIeTCsT (DOPMYITH-
POBKOI yTBEPXKJIEHUsI, TO B 3aJiade TpedyeTcsl 9TO YTBEPKIEHUe T0Ka3aTh. 3araJKOil Ha3bIBaeTCs
He chHOPMYJTMPOBAHHBII YETKO BOIPOC; 37€Ch HYKHO MPUIyMaTh M IETKYIO (POPMYIUPOBKY, U JI0-
Ka3areabcTBO. Ecim 3a/1ava BbIJEIEHA CJIOBOM «TeopeMas («JIeMMay, «CJIEeJICTBHE» U T. J.), TO eé
yTBep2KieHue 6oiee BaxkHoe. Kak mpaBuio, Mbl IPUBOIUM (B BUJIE 3a/a491) OPMYAUPOEKY KPACUBO-
r'0 WJIH BaXKHOTO YTBEPKIeHUS neped ero dokaszamesvcmeom. B Takux ciydasx Jjisd JOKa3aTe/IbCTBa

3. Aaxun, C. owcenorcep, A. Cronenros: MocKOBCKUT HUBUKO-TEXHUIECKUI HHCTUTYT.
0. Hukxumenko: Anrafickuii TeXHUIECKAN YHUBEPCUTET.
A. Cronenxos: HezaBucuMblil MOCKOBCKUIl yHUBEpCUTET, https://users.mccme.ru/skopenko/.
Jlanubiit Teker (3a UCKJIIOUEHUEM 33184, OTMEYEHHBIX 3BEI0YKOM) ObLt peacrasien B 2023 na Mex aynapoauoii Jlet-
ueii Kondepenmu Typuupa [opogos, eum. https://ru.wikipedia.org/wiki/Typuup ropomnos. Mbr 61aromapust . Bor-
nanoBy, A. PabudaeBy u O. Creipry 3a moJsie3ubie 00CyKIeHUsI, a TakKe A. PabudeBy 3a MOATNOTOBKY 3JIEKTPOHHBIX
Bepcuil HEKOTOPBIX PUCYHKOB.


https://users.mccme.ru/skopenko/
https://ru.wikipedia.org/wiki/Турнир_городов
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MOTYT HMOTPEOOBATBHCS MTOC/IEAyIoNue 3a1a49u. Mbl gaeM mofcKa3Ku 00 3TOM TOC/Ie YTBEPKICHUIA, HO
MBI He JjiriiaeM Bac yIoBOIbCTBUS caMOCTOSTEIBHO HANTH MOMEHT, KOT/Ia Bbl HAKOHEI-TO CMOXKeTe
JIOKa3aTh Takoe yTBepkIenue. Boobire, eciim Bol 3acTpd/in Ha KAKOH-TO 3aja4e, Tonpo0yiiTe mepeiTu
K CJIEJIYIOIIUM, OHU MOTYT OKa3aTbhCsl TOJI€3HBIMU.

B Tekcre onpejiesieHns BaXKHBIX MOHATHI TTOMEYeHbI 2KUPHBIM IITPUQTOM, YTOOBI UX OBLIO TPOIIE
HAWTH.

K mnpeacraBsiennio Ha JieTHeill KoHdepeHInn

[Ipurnamaem Bac obcyorcdams ¢ Kiopr BOZHUKAIOIIHE BOIIPOCHI. 1€, KTO YCIEITHO PabOTaI0T Ha/T
IIPOEKTOM, 3aBOIOIOT ITPABO MOJIYIUTH UHTEPECHBIE JOMOAHUMEAbHVIE 300a4U OAf UCCACIOE8AHUSA.

Komanda, paboTatorias HaJ [ MIPOEKTOM, MOYKET COCTOATH U3 JIIOOOI0 YUC/Ia YIACTHUKOB. 3a KarK-
Jloe peleHne, HAIIMCAHHOE JJisl MOJIb30BaTeJisl, OIEHEHHOE B «+» WM «-+.», KOMaHIa [OJIyJaeT
ATh «6000B» (CcM. pekoMmeHganuu https://www.mccme.ru/circles/oim/home/pism.pdf). lomos-
HUTEJIbHBIE O0OBI MOTYT BBIJIABATLCS 38 KPACUBbBIE PEIIEHNUsI, PEITEeHUsT CJIOXKHBIX 3a/1a1 WU 0hopMJIe-
HUEe HEKOTOPBIX perienuii B cucreMe TEX. VY Kiopu 0€CKOHEYHO MHOTO O000B. ¥ KazKJIOr0 y9aCTHUKA
(mm KazK 10l KOMaH/Ibl) B HavdaJse msTh 0000B. Perernst MOXKHO CIABATH U YCMHO, U KAK HANUCGHHbLE
das coasmopa, ecau y KOMaHIbl ecTb 060061, Komanma ormaer ogua 600 3a KayKIyIO HOIBITKY CIadn
(yaadmyto win Her).

1. OJHOMEPHBIE LIMKJ/IbI B TPA®AX

Crporoe onpejenenue rpada jgano B Hadase §2. JIo aToro Moxkuo paborarh ¢ rpacdamMu Ha UHTY-
UTHUBHOM YPOBHE.

OboszHagunM yepe3

o [n]:={1,2,...,n};

e K, mouHblil Tpad Ha MHOXKeCTBe [n| BepIuH;

o K, ,, momHbI ABYA0abHBI Tpad ¢ gomsamu [m] u [n]’ (Mbr obo3mataem 4epes A’ kommio
obberTa A).

IIpocTbiM HUKIOM v10; . ..V AJAAHBLI k B rpade HA3BIBAETCS MHOXKECTBO {U1vUg, Uals, . . ., Uk }
pebep Takoe, YTO BEPIIUHBI Vg, . . . , Uy HOIMAPHO PAa3JIUIHbL. [Ipocmbim YukAOM HA3BIBAETCS TPOCTOI
UK/ TPOU3BOJILHOM IyIMHBI. MBI IPOIyCKaeM CJI0OBO <«IIPOCTON», €CIM OHO HOHATHO U3 KOHTEKCTA.
OueBniHO, UTO JIFOOOI TPOCTOI UK siByIgeTca 1-mukiioM. Onpeesienne 1-1uKia J1aHO BO BBEICHUN.

CyMMoii (cyMMOif 10 MOJLYJTIO 2, FJIH CHMMETPUYECKOi PA3HOCTHIO) MHOXKeCTB A 1 B Ha3bIBaeTCA

A+B:=(AUB)\ (AN B).

1.1. (a) Cymma 1-nuKI/IOB SABJISIETCS 1-ITHKJIOM.
(b) JlroGoit 1-nuks B K, siBIsIeTCS] CYyMMOI HECKOJIBKUX IUKJIOB JIJTHHBL 3.
(¢) Ecim xaxmoe pebpo HeKOTOpOro 1-1ukiia B K, COAepKUT BEPIIUHY 7, TO 9TOT 1-IIUKJI IIyCTO.
(d) Ckosbko umeercs 1-nukiios B K7
(e) Hust mro6uix BepruH a, b, c,d B K, BBIIOIHEHO paBeHCTBO abc + abd + acd + bed = 0 (Mbl
oboznagaeMm 0 1= &).
(f) JlroGoe simHEHOE COOTHOIIEHNE MEKJLy IUKJIAMU JIJIMHBL 3 sIBJISETCS CyMMON HECKOJBKUX CO-
oTHOIIeHuit u3 1. (e).
Hanpumep,
e cootHomenue 123 + 124 4 134 4 235 + 245 + 345 = 0 aBiseTcss cyMMOiI COOTHOIIEHUIA
123+ 124 4+ 134 + 234 = 0 u 234 + 235 + 245 + 345 = 0;
e CyMMa I'DaHUI] TPEYTOJIbHUKOB JIF000i Tpuanrysisiiuu cdepbl uian Topa (puc. 1) pasua 0.
Ctporo roBopsi, AUHETHOE COOMMHOWEHUE — ITO MHOXKECTBO IUKJIOB JUMHBI 3 B K, Takoe, 4TO
KaxKj10e pedpo rpada K, colep:KUTcd B Y€THOM YHUCJIE IIUKJIOB U3 3TOT0 MHOXKecTBa. [loaromy cTpo-
rast ¢popmysnupoBka 1. (f) TakoBa (MBI OTOXKJIECTBJISIEM UK/l JUIHHBI 3 B K, ¢ 3-31eMEHTHBIMI
noavHoKecTBaMu Muoxkecrsa [n]). Ilycrs R — nabop 3-3/1eMEHTHBIX MTOJMHOXKECTB MHOXKECTBA [N
TAKOM, 4To JIIO0E 2-37IEMEHTHOE MOJMHOYKECTBO MHOXKECTBA [1] CONEPIKUTCSI B U€THOM KOJIMIECTBE


https://www.mccme.ru/circles/oim/home/pism.pdf
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1 2 3 4 5 6 7 1

12 3 45 6 71

Puc. 1. Tpuanrynasnus Topa (7-BepiinHHAs )

3-9JIEMEHTHBIX TIOJIMHOYKECTB, sIBJISIONUXCA djieMeHTamu Habopa R. Torma cyiiecTByeT cemeiicTBO
R’ cocrosiiiee u3 4-3/1eMEHTHBIX TIOJIMHOXKECTB MHOXKECTBA, [n] Takoe, 9T0 3-3JIeMEHTHOE MOJIMHOKe-
crBo B mHOXKecTBa [n| cojepxkurcs B R TOrja U TOJBKO TOIJIA, KOrjia B COJAEPKUTCA B HEUYETHOM
KOJINYECTBE 4-3JIEeMEHTHBIX IIOJMHOMKECTB, SABJIAIONNXCS dJIeMeHTaMu ceMeiicrsa R

1.2. (a) JIwoGoit 1-nuks B rpade gBJISETCsS CyMMON HECKOJIBKUX IPOCTHIX MUKJIOB.

(b) Jlwoboit 1-tuksi B rpade sBisieTcss CYyMMOIl HECKOJIBKUX MPOCTBIX IUKJIOB, He COJIEPIKAIIIX
xop/1. Xopdoti B IpOCTOM IHUKJIe Ha3bIBaeTCs pedbpo rpada, KoTopoe He TPUHAJJIEIKAT JTAHHOMY
UKLy (T. €. pedpo MeKJIy JIByMsl HEIIOC/IE[0BATETLHBIMI BEPITMHAME ITUKJIA).

(c) Jlroboit 1-tuksi B K, sBIS€TCS CyMMON HECKOJBKHUX W3 CJIEJYIONUX [UKJIOB: 123 U IUKJIbI
IJIMHBI 4.

d) Hukir 123 He sBisiercs CyMMOl HUKAKUX ITUKJIOB JUMHBL 4 B [,.

(

1.3. (a) JIob6oit 1-nuxn B K, ,, gBIsSETCS CyMMOIl HECKOJILKHUX IIUKJIOB JIHHBI 4.

(b) Ecim kazmoe pebpo Hekoroporo 1-mukina B K, , COAEPKUT [0 KpaiiHeil Mepe O/Hy U3 BepIIHH
n wm n', To 3TOT 1-IUKJI IyCTOiA.

(c¢) Cxosbko umeercs 1-nuxios B K, .7

(d) st sroboro HaGopa momapHO pasaudHbIX a,b, ¢ € [n| n pazmmunabix v/, v € [n]
au'bv’ 4+ bu'cv’ 4+ cu'av’ = 0.

(e) JIroboe smHeiiHOE COOTHOIIEHNE MEK Ty IUKIAMU JUIHHBL 4 B K, ,, ABJIS€TCS CyMMOI HECKOJIb-
KUX cooTHomenuit u3 1. (d), u anagornaubix coornomenuii a'ub'v+b'udv+cdua’v = 0. (Crporo
TOBOPSL, AUHETHOE COOMHOWEHUE — ITO MHOZKECTBO IUKJIOB JIHHBI 4 B K, ;, TAaKOe, 9TO KaXK10€e
pebpo rpada K, , COAEPKUTCH B I€THOM KOJIMYECTBE IIMKJIOB U3 9TONO MHOXKECTBA. )

! BBITIOJTHEHO

1.4. CrosbKO nMeerca 1-mKJIOB
(a) B ;mepese?
(b) B cBazHoM rpade ¢ V Bepumnamu u F pebpamu?

Ob6ozHnagum uepes lf(vn rpad, nosydeHHslii u3 K, , yIajJeHneM BeeX «JUaroHaJbHbIX» pebep jj’, j €
[n]. Hampumep, K3 — 1o muk 12'31'23" mymunbt 6. 9ot rpad ecrecTBeHHO NOABIAETCS B 3aj1a4e 5.8.

1.5. (a) Ecau n > 4, 1o arob6oit 1-1uki B K,, apsercs CYMMOI HECKOJIbKUX IUKJIOB JJTMHDI 4.

(b) Jlroboit 1-ruka B f(vn ABJIAETCA CyMMOIl HecKoJbKuX 1ukiIoB Cyj = 12'31"i5" nya pebep ij’ u3
K, Takux, 9ro 4,7 > 1 u (i,75) # (3,2).

(c) Ipencrasaenue u3 u. (b) exuHCTBEHHO.

Muoxkecrso B C Hy(K) nasbiBaercst 6asucom muoxkecrsa A C Hi(K), ecim Kaxkplil 1-1uK/1 u3
A nMeeT e IMHCTBEHHOE Hpe,ZLCTaBJIeHI/Ie B BUJIE CyMlVH)I HECKOJIbKUX 1-HI/IK.HOB nus3 B

1.6 (cummerpuunble 1-mmkibn). * O6o3HaUNM depes t: K, — K, cumyerpiio (MHBOJTIOTINIO), TIE-
pecTaBJIsIIONLy 0 70U rpada, TO eCTh IMepecTaBiIsdonyo j u j' mia kaxmgoro j € [n]. Hepes tQ
obozHaunM 1-1ukJI, cumMerpudHblil -ty ). Hanpumep, tKy = Ky u t(12'31%5") = 1'23'1i'j,
1-tuk1 () HA3BIBaeTcs t-cummempuyinvim, ecin t(Q) = (). Hanpumep, }?;, SIBJISIETCS 1-CUMMETPUIHBIM.
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(a) CroJIbKO MMeeTCsl t-CUMMETPUIHBIX 1-TIHKJIOB B K,?

(b) JT1060ii t-cMMeTpUHHDI 1-IUKI B K, SIB/ISETC CyMMOil HECKOJIBKIX 13 CJIe/AYIONX 1-IHKIOB:
I?; u Q)+ tQ s muKIoB () JIMHEBL 4. -

(¢) MuoxectBo Beex 1-mukios B K, nmeer 6a3uc, cocrosmmii u3 (t-cummverpuanoro l-nukia) Kj
U TIap B3AUMHO CHMMETPUYHBIX (OTHOCHTETHHO t) 1-IUKJIOB.

1.7 (menouncaenusie 1-mmkisl). * [Tycrs K — rpad ¢ opuentuposanubsiMu pebpamu. PaccranoBka
MeJIBIX Yncea Ha Beex pebpax rpada HasbBaeTCs (CHMIUIAIMATBHBIM) UEAOUUCAENHbIM 1 -UuK.a0M,
ecJIn JIJIsl KayKJI0i BEpIIUHBI CyMMa 3HAYEeHHUI Ha BXOJISANMX pedpax paBHA CyMMe 3HAUEHUIT HA NCXO-
Jsmmx pebpax (mpasuio Kupxroda).

(a,b) Cdhopmyaupyiite u gokaxkuTe aHagoru 3a1ad 1.4.a,b Jyist eJ0UNCIeHHBIX 1-ITUKIIOB.

(c) st mamnoro Habopa w opueHTanuii Ha pebpax rpada K obosnaunm vepes HY (K;7Z) muo-
JKECTBO IIEJIOIUCIICHHBIX 1-I[MKJIOB, C ollepalueil IOKOMIOHEHTHON cyMMbl. JIjist pasmnaabix HaGopoB
w, W' OPHEHTAIMI CyIECTBYET B3aUMHO OJHO3HAYHOE cooTBercTBre @ HY (K 7Z) — H¥ (K ;Z) Taxoe,
aro p(r +y) = ¢(x) + ¢(y) 1a Beex nap z,y € HY (K Z) (1. e. epynnoe Hy(K;7Z) 1 pa3inaabix
HabOPOB OpueHTANNiT Pebep U30MOpPHDL).

1.8 (koromosiorun). * ITycrs Ha pebpax rpada 3ajjaHa HEKOTOpasi pacCTAHOBKA 3HAKOB + WM —.
Omnpesiesium Ha rpade CIeAYIONYIO0 OMEPAINIO: BHIOMpAEM IMPOM3BOILHYIO BEPIIUHY W WHBEPTHPYEM
3HAKH y BCeX pedep, KOTOPBIM OHa MPWHA/JIEYKUT.
(a) st mepeBa, mpuMeHsist OMUCAHHYIO BBIIIE OMEPAIMI0 HECKOJIBKO Pa3 (K Pa3/IMIHBIM BEPIIU-
HaM), Mbl MOXKEM U3 JIFO0Oil PaCCTAHOBKM 3HAKOB MOJIYIUTH JIIOOYIO JIPYIYIO.

(b) Paccmorpum csasubiii rpad ¢ V seprimnamu u E pebpamu. Haiijure nHanbosibiiee KOJIMIecTBO
TaKUX PACCTAHOBOK 3HAKOB + MM — Ha pebpax rpada, 9To HU OJHA U3 HUX HEe MOXKET ObITb
[TOJTy9€Ha HU U3 KAKOM JIPYTOi ONMMCAHHBIME BBIMIE OMEPAIIASIMA.

2. OJJHOMEPHBIE UKJIbl B KBAJIPATE 'PADA

I'pad — 1o napa (V, E) usz koneanoro MuoxkectBa V' 1 MHOXKecTBa F| COCTOSIIIETO 13 2-3/1eMEHTHBIX
HOJIMHOXKECTB (Ha3bIBAEMbIX «pebpaMu» ) MHOXKeCTBa V.

B amom mexeme K — epagh. Hnozda mur 0603nawaem pebpo {a,b} xopomxo uepes ab.

Ompenennm xongueypayuro (Ha HHTYUTHBHOM yPOBHE) KakK Iapy MypaBbeB (OJMH KPacHBI 1 OIMH
CUHWIT), PACIIOJIOXKEHHBIX B JIBYX BeplinHax rpada (MypaBbi MOI'YT 3aHUMATH OJIHY U Ty K€ BEPIIH-
Hy). HazoBéM 1iBe KOH(MDUTYPAIUH CMEHCHbIMU, €CITTH OJTHA W3 HUX MOXKET ObITh MOJIydeHa U3 JIPyToil
HepeMeIeHreM OJTHOTO U3 MyPaBbeB BJI0JIb KaKoro-mmbo (oauoro) pebpa. Bor crporoe onpeesenue.
Bepmmunnl rpacda K22 — 310 ynopsiiodennsie napbl (a,b) sepmmn rpada K. Eciu sepmmns b u ¢
rpada K coeaunenst pe6pom, To Bepumnbl (a,b) u (a, c) rpada K2 coemunenn: pebpom, 06o3HauA-
embIM (a, bc), a Bepumunbl (b, a) u (c,a) coeaunenbl pebpom, obozradaembiM (be, a). Ipyrux pebep B
rpade K2 ner.

Bor npumeps! mpocThix 1ukios B K52 (manomuum u3 §1, uTo mpocToii UK 0603HAUACTC Bep-
IIITHAME, Y€pe3 KOTOPBIEe OH ITPOXOJNT):

® 2paNUYQ

abOuv := (a,u)(b,u)(b,v)(a,v),
Jist pebep ab u wv B K (npoussesienue ab X uv sIBASETCS TPSIMOYTOJIBHUKOM, c¢M. §4, a abJuv =
J(ab X uv) sBjIsIeTCsT €ro rpaHuIeii);
o Jduazorasvrvle, 6HEUAZOHAALHE T AHMUOUAZOHANOHBLE UUKADL

diag(123) := (1,1)(1,2)(2,2)(2,3)(3,3)(3,1), (1,2)(1,3)(2,3)(2,1)(3,1)(3,2),
mo (1,1)(2,1)(2,3)(3,3)(3,2)(1,2) B K%
[ ] JLGGbLG, anLS’bL(J, 0ua20Ha,/Lmee, GHGC?UCLZOHCLJM)H@LE, nu aumuduaeo%aﬂbmwe uwmm

axC:=(a,v)...(a,vr), Cxa:=(vy,a)...(vga),
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diag C' := (vy, v1)(v1,v2)(ve, Vo) . . . (Vk, vk ) (g, v1),  (v1,v2)(v1,v3)(Va2, V3) - .. (Vk, V1) (Vk, V2),

u  (v1,v1)(ve,v1)(v2,vk) . .. (Vg, v2)(v1, V2)
JIUIsE BEPIIUHBL @ 1 pocToro mukiaa C = vy ... v, B K;

o mpuoduneckuts yura (1,3)(1,1)(1,2)(1',2)(3,2)(3,1) ... B K5, nue Toukamu 0603HadeHa YaCTE,
CUMMETPUYHAS BBIIUCAHHON YaCTU; MPuoduteckum U4uKAOM TAK¥Ke Ha3bIBAETCS aHAJIOIMIHBIN UK,
cooTBercTBylomuii K3 j-noarpady rpada K.

MbI paccMaTpuBaeM cuMMeTpHIo (HHBoJONMIo) rpacda K2 nepecTaB/siontyio KOMIOHEHTHI (T. e.
IepeCTaB/ISoNLy o To9ku (x,y) u (y, x)), u coorBeTcTBYIOMIEe oTobpazkenne Ha 1-mukiax. (O mpume-
HEHUN CUMMeTpUYIHBIX 1-1ukioB cM. [Sk23, §1.6], [Sk, §1.6].)

2.1 (zaragka). Kakue rpadbnr K2 nosmyuarcs, eciu
(a) K = Ky uyTs Ha Tpex Bepumuax; (b) K = K 1uk/I Ha Tpex BepIINHAaX;
(c) K = K3, tpuog; (d) K = Ky.

2.2. (a) JIoboit 1-1ukma B KQDE ABJIeTCd CyMMO# HECKOJIbKUX I'DaHMUIL.

(b) Tpuommaeckuit muka B K 35% ABJIAETCA CYMMOII HECKOJIbKUX I'DaHMUII.

(c) JIioboit 1-nmka B K E% ABJIACTCA CyMMO HECKOJIbKUX I'DaHMIL.

(d) Ectu K — nepeso, To jmo6oit 1-ukna B K72 apiisercss cyMMolt HECKOJLKIX TDAHMUIL,

Ilodckaska. Nokaxkure, ato ecau K u L cymo depesva, mo 060t 1-yuka 6 epage K O L (ompe-
JIEJIEHHOM HUZKE) ABAACMCA CYMMOU HECKOALKUT 2panuy. JIoKayKuTe 9TO MO WHIYKIUNH, HCIOJIb3Ys
yJaJieHue BUCAYEHl BePIINHEI.

(e) Amasiercs Jin Kakoii-ymbo JIEBbIi UK CYyMMO#l HECKOJIbKUX I'PAHUIL?

(f) fBnstercs m KaKOR-IMG0 JMATOHATBHBIN KT CYMMON HECKOJIBKUX TDAHUIL?

Criestytoriiue MOHSITHSI TIOJIE3HBI, B 9aCTHOCTH, JiTst 3a71a4 2.2.def.

[Iycte K u L cytsb rpadsl. Bepmmaamu epaga npoussederus K O L aBadroTcs yrnopsiiodeHHbIE
napsl (a,b) Bepuun a rpada K u b rpada L. Ecau seprmust b u ¢ rpada L coeaunenbl pebpoM,
torja Bepimubl (a,b) u (a,c) rpada K O L coequnennr pebpoM, obo3HadaeMbiM Kak (a, be). Ecin
BepimHbl b 1 ¢ rpada K coenunensl pebpoM, Torya Bepimussl (b, a) u (¢, a) rpada K 0L coeauHeHbI
pebpom, obosHavaeMmbiM Kak (be, a). pyrux pebep 8 K O L Her.

Jesoti npoexyuet Cy nig 1-mukiaa C' B K O L HaspiBaeTca MHOXKECTBO Beex pebep o B L Takoe, 9TO
MMeeTCsl HedeTHOEe KOJIMIecTBO BepimH a B K takux, 1to a X 0 € C. (Ecau C gBiagercs nukiom, 1o
C, SIBJIsIeTCS MHOXKECTBOM BCeX pebep, 110 KOTOPBIM CHHHI MypaBeil IPOXOIUT HEIeTHOE THCJIO Pas.)
IIpasas npoexyusa C, onpenenseTcs: aHAJOTTIHO.

2.3. (a) JTuaronanbublit uka B K52 sB/sieTcst CyMMOii JIEBOTO UK/, TPABOTO IUKJIA, 1 HECKO/Th-
KUX TPaHUIIL.

(b) Bremaronaabubiit k1 B K52 siBisteTcst CyMMOit TUATOHAIBHOTO IUKJ/Ta X HECKOJTLKIX IPAHHUII,

(c) AnTHmaroHa bHLIH MUK B K52 gBisgeTcss cyMMOll IHaroHaIbHOTO TIHK/Ia U HECKOTLKIX I'Pa-
HUII,

(d) Cummempusosarnnviii yurs a X C + C X a asiagerca cymmoit nukia diag C' 1 HECKOJIBKIX
I'DaHMUIIL.

(e) Asnsiercs g K = Ky sieBbtii nukit 1 X 234 cyMMOii HECKOJIBKUX JIUANOHAJIBHBIX [UKJIOB U
rpaHuir?

2.4. Haiinre Kou4ecTBO 1-TUKJIOB IO MOJIYJIIO TDAHUIL B:
02, 02. 02. 02
(a) K32 (b) K2,2a (c) K2,3a (d) K~
Iodckasxka. KomuaecTBo 1-1UKJIOB 110 MOJLYJIIO TPAHUI] — 9TO MaKCHMAJIbHOE KOJIUIECTBO 1-1IUKJIOB,
HU OJINH U3 KOTOPBIX HE SBJIAETCA CyMMOI KaKUX-JIu00 JAPYTUX, U HECKOJBbKUX rpanuil. /s Hekoro-
PBIX IIyHKTOB 9TOM 3aja4u OyjeT 1moJje3na Teopema Kionnera 2.5.c.

Jpa 1-nukna C, C' 8 K72 naspBaiorcst 20moa02uMmvtmy (WM CPABHUMBIME 110 MOJIYJTIO TDAHHMIL),
eciu C' + C' gBysiercst cyMMOit HecKobKuX rpanut. O6osnadenne: C' ~ C'.
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2.5. (a) Eciu rpad K cBsizen u T'— nepeso, 10 jyist jit06bix 1-nukiaa C'8 K 07T u Beputunbt a B T'
cymecTByer eanacTBennblil 1-muka C7 B K taxoit, uro C' ~ C X a. bonee toro, C' ~ C,, X a.

(b) Ecru Z apnserca 1-mukiom B K92 takum, uro Z, = 0, To Z ~ a X Zy 1 11000l BepIINHEL @.

(c) (reopema Kionnera) Ecmu rpad K ceasen, To jus mobbix 1-mukiaa C' B K72 u sepmunbl a
B K cymectBytor eguHcTBeHHbIe 1-11uK/bl C7, Cy B K Takue, uro C' ~ Cy X a + a x Cy. BoJjee Toro,
C~Cyxat+axC,.

Cuemytomee (Kak u K2, onpejiesieHHblil B §5) sBJIsIeTcst TEOPETUKO-IPadOBbIM aHAJIOIOM MHOKECTBa
pasmerniennii. PaccMoTrpum /1Byx MypaBbeB Ha K, KaK OIMCAHO BbIIE, KOTOPBIM TENEPhb 3aIpPerieHo
HAXOIUTLCA B ofHoil Beprmmue. CTporo rosops, BepimHaMu rpada K2 gpagiorcs yHopsagodeHHbIe
aphl pasJmIHLIX BepmuH rpada K. Bepmune rpada K2 coemunenst pebpom B K72, ecomm onm
coetHeHbI pebpoM B K2,

2.6. (zarasika) Kaxue rpadsr K72 nomyuarces B cirydasx (a,b,c,d) u3 samaqn 2.17

2.7. Haiinure Kosm4uecTBO 1-IIUKJIOB B

(a) K32 (b) Ky3; (o) Ko3;  (d) Ki% (o) Kgs  (F) K5™.

(a’-f”) Haiigure komuectso 1-nmukios B K2 o mosymo rpanur (comepskamuxced) B K52 (1. e. 1o
MOJLYJIIO I'PAHUIL, COOTBETCTBYIOIINX MapaM HECMEXKHBIX pebep).

Ilodckaswu. (a’-d’) Ecim muoxkectso rpamun B K52 mMeeT Hy/IeBYIO CyMMY, TO 3TO MHOMKECTBO
IyCTO.

(e)), (f') Cymma Beex rpanui B K72 pasna Hy/mo. DTo eMHCTBEHHbIH HelycToil HabOp TPaHMUI] B
K2 cymmMa KOTOPBIX paBHA HYJIIO.

2.8. * (a) Eciam cymma rpaHuil CHMMETPUYIHA, TO OHA SIBJISIETCS CUMMEMPU30BAGHHOT 2panuyed,
T. €. CyMMOI HECKOJIbKUX CyMM B + B’ jijIsi HEKOTOPBIX B3aMMHO CUMMETPUYHBIX Tap rpanui B, B’

(b) JTro6oit cummerprunblii 1-1ukt B K72 sBistercst cyMMON HECKOJIBKIX CHMMETPH30BAHHBIX K-
JIOB U HECKOJIKHMX CUMMeTPH30BaHHbIX rpanuil. (CiieoBaTe/bHO, 3T0 CyMMa HECKOJIbKUX JINArOHATb-
HBIX [UKJIOB U HECKOJIBKUX TPAHMUIL; 0OpATUTe BHUMAHKE, 9TO JIMArOHAIBHBII ITUKJI CHMMETPUICH 110
MOJLYJTIO TDAHMUIL )

Ilodcxasxa. Cnemyer us . (a) u Teopembl Kronuera 2.5.c.

(¢) dost cesrsnoro rpada K orobpazxkenne C' +— C X a+ax C omnpeesisieT B3aUMHO OJIHO3HATHOE CO-
oTBeTCTBHE MexK Ty 1-rukaamu B K i cuMMeTpraabME 1-rimkaamu B K2 10 MOIyTo cuMMeTpIaHBIX
rpannt. O6paTnoe coorsercTBHE 3amaeTca dopmymnoit C' +— Cp = Cy,.

(d) OHO3HAYHO JIH OIIPeIeIeTCs KOIMIeCTBOM V' BepInnH 1 KosmdecTBoM E pebep (11151 CBA3HBIX
rpados K) KoamuecTBo cuMMeTpuuHbIX 1-1ukios B K27 (Mbl He 3HaeM pelleHns 3Toil 3a/1a4H. )

2.9. * Ilycrs K — cBasublit rpad.

(a) TpuoauvIecKuil UK HE ABIAETCA CYMMON HUKAKUX TDAHUIL B 5 2

(b) SIBjsiercs Jiu aHTHMArOHAIBLHBIN UK cymMMoit 1-tmkia B K52 u rpanun B K72,

(c) (runoresa) B K™2 nukaxoit BHeMArOHAILHBII UK/ He ABJAETCS CyMMO HUKAKUX CUMMeTPH-
30BAHHBIX IMKJIOB, ¥ I'DAHMIL.

(d) JT1o6oit 11 BHEMATOHANBHDI B UK Ky > SBISCTCE CyMMOIl HGKOTOPBIX CHMMETPH30BAHHBIX
[IUKJIOB, TPUOAMYECKUX IUKJIOB, U IPAHMIL!

(e) B K™2 mo6oil cuMMeTpu30BaHHbIH MUK/ ABJIACTCA CyMMOH BHEIMArOHAILHBIX IUKJIOB, TPHO-
JITIECKUX IUKJIOB, U IPAHMUII,

(f) (rumoresa) B K™% mo6oit 1-1uK/I sB/IsSieTess CyMMOit JIEBBIX IIUKJIOB, TIPABBIX IUKJIOB, BHEHA-
IOHAJILHBLIX [UKJIOB, TPHOJMYCCKUX IIUKJIOB, U IPAHUII.

(g) (runoresa) SIpnsercsa ju Jo6oit cuMmMerpuaHblil 1-muka B K72 cymMMmoil BHeIMAroHabHBIX
IUKJIOB, TPUOJMYECKUX MUKJI0B, u rpanul (B K72)? To xe ¢ «...rpanunamu B K257 To xe, eciu
«IPAHMIBI» 3aMEHUTH «CHUMMETPU30BAHHBIMU IPAHUIIAMEY 7

Hononaurensryto undopmarmio cm. B [CPGJ.
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3. LIMKJIbl B TUIIEPTPA®AX

MmuoromMepHbie TUKJIBI B Tutnieprpadax MosBISgIOTCSd, B YACTHOCTU, KAK COOTHOIIEHUsT MexKTy 1-
uKJaMu B rpade, cm. yrBepxkaenus 1.1.ef.

3.1 (cp. zamaga 1.1). Hazosém 2-yukaom muoxectBo C, cocrosiiiee u3 3-37€MEHTHBIX MTOJMHO-
KecTB (Ha3bIBAEMBIX «I'DaHSIMU» ) MHOYKECTBA [n], Takoe, YTO KarxKJ0e 2-3JIEMEHTHOE MOJMHOKECTBO
MHOZKECTBa [Nn] COIEP:KUTCH B YeTHOM KOJIMYeCTBe MoaMHOXKecTB MHOXKecTBa C'. Hampumep, mycroe
MHOZKECTBO siBJIsgercs 2-nuK/aoM. g 4-simementroro nojavuozkecrsa A C [n] HazoBéM mempasdpom
T4 MHOXKECTBO BCEX 3-3JIEMEHTHBIX HOJIMHOXKECTB MHOKecTBa A. JIpyrumMu cjaoBamu, Jijisi IOHAPHO
pasuyHbIX a,b, ¢, d € [n] onpenesum mempasdp

Tiaped = {{a, b,c},{a,b,d},{a,c,d}, {b,c, d}}

OueBn/IHO, 9TO JIOOOI TETPAIIP ABJISIETCS 2-IIUKJIOM.
(a) Cymma 2-TIUKJIOB SIBJISIETCS 2-ITHKJIOM.
(b) Ecim kaxas rpaib 2-1UKJI COMEPKUT YUCIO 1, TO ITOT 2-IUKJI IyCTOM.
(c) JIroboit 2-1uKIT ABJIAETCA CyMMOIT HECKOIBKIX TETPA3IPOB.
(d) Crkosbko mmeeTcs 2-IUKJIOB Jyist [n]?
(e) [dns mobGoro 5-smementroro nogmuoxecTsa A C [n] Bemosseno Y Ty = 0.
jEA
(f) Jlroboe nmHeitHOE COOTHOIIEHNE MEXKIY TETPA’3IPAMU ABJSETCS CYMMOl HECKOJIBKUX COOTHO-
mennit u3 1. (e). (Jdaiire crporyio hopMyImpoBKy, aHAJIOTHYHYIO yTBepK aernio 1.1.1.)

3.2. HazoBéM padom TOIMHOKECTBO MHOMKECTBA [n]z BEKTOPOB JJIMHBI £, ToJTydaemoe (bukcaru-
eif Bcex KoOpJmHAT, KpoMe ojnoit. Onpeemam aadetitwiti yuka KaK TOJAMHOKECTBO MHOXKecTBa [n)¢,
coJiepKalliee YeTHOe KOJIMIECTBO BEPIIUH B KaxKJI0M pdy. Hampumep, myctoe MHOXKECTBO SIBJISIETCH
JlaJleHbIM KoM, HazoBéM napassesenunedom moaMuokecTBo P X ... X Py, C [n]e, rie P; cyTb
2-3JIEMEHTHBIE TIOJIMHOKECTBA MHOXKeCTBa [n]. O4eBUIHO, YTO J1I06OH TapasIesenune] aBJIgeTCs Jia-
JIEUHBIM ITUKJIOM.

(a) Cymma Ja/iefiHBIX [IUKJIOB SIBJISIETCS JIaICHHBIM ITHKJIOM.

(b) Eciu B sazgeiinom nukie HeT 3J€MEHTOB U3 [n — 1](Z , TO 9TOT JIAJENHBIA IUKJI IIyCTO.

(c) JIroboii JiaefiHbIi TIUKIT SIBISETCS CYMMOIT HECKOJIBKUX MTapaJlIeJIeluIeI0B.

(d) CxrombKO MMeeTcs TaIeiHbIX TKI0B B [n]¢?

e) Jlis MoObIX TIOTApHO PasJuYHbIX a,b,c € [n] m mapamnenenunena P C [n]~! Bemosmeno
P x{a,b} + P x {b,c} + P x {c,a} = 0.

(f) JTroboe JuHElHOE COOTHOIIEHIE MEXK Ty TapaJlIeenueaMu B [n]° aBJiseTcst cyMMON HECKOJIb-
KIX COOTHOIIEHUH 13 (€), U COOTHOIIEHN, TI0JlydaeMbIX u3 (€) nepecranoBkamu koopausat. (Crporast
dbopmysmposka anasorndna yreepxkiaenusam 1.3.e u 3.1.1.)

Ilodcxasra. Cuadana pasbepure ciaydait £ = 2, cp. 3ajgaqda 1.3.

14

3.3 (3aFa,ZLKa). [TpuymaiiTe 1 JI0KaKuTe MHOIOMEDPHBIH aHaJIOr 3a1a49n 3.1.

3.4. * Hazosém 2-2unepepagom (nBymepHBIM rumeprpadoM, win 3-0JHOPOIHBIM Tureprpadom)
napy (V, F') u3 KoHe4HOro MHOXKecTBa V' 1 MHOXKeCTBa F', COCTOSIIIEro U3 HECKOJIbKUX 3-3JIEMEHTHBIX
IOJIMHOXKECTB («rpaneil») muokecTBa V. HazoBém 2-yukaom (CHMITHIMATBHBIM, 110 MOJYIIO 2) B
2-runieprpade (V, F)) muoxkectBo C' rpaseil Takoe, 9TO KazKJ0e 2-3JIEMEHTHOE IIOJIMHOYKECTBO MHO-
»KecTBa V' COEPXKUTCSA B 9€THOM KOJIMYECTBE TIOJIMHOXKeCTB MHOKecTBa C.

(a) CymecTBytoT JiBa c6A3Hbix ruteprpada, MMerIre 0JNHAKOBOE KOJMYECTBO BEPIINH, pebep
(T. e. 2-3JIeMEHTHBIX TIOJIMHOXKECTB TDaHeil), U IpaHeii, HO pas3Hoe KojuuecTBo 2-1ukj0B. (Cp. 3a1a-
qa 1.4.b.)

(b) Iycrs L = (V, F) —runeprpad. Obo3naunm depe3 E MHOKecTBO pebep, depes by KoJimde-
CTBO KOMIIOHEHT CBSI3HOCTH, depes 2P KoImdecTBo 1-IIIKIIOB ¢ TI0 MOYJTIO TPaHNI] Tpameil, depes 202
KomdIecTBo 2-1ukioB. Torma by — by + by = |V| — |E| + |F)|.
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4. 'EOMETPUYECKOE OTCTVIIJIEHUE: IEKAPTOBO ITPOU3BEAEHUE I'PA®OB

Cuadgajia MBI JI@/INM UHTYUTHBHOE OIIPE/Ie/IEHUE IIINHJIPA, 8 3aTeM CTPOTOe.

Bosbmem npsimoyrobHUKI-IeHTOUKH aa'b'b, coorBercTBytomue pedbpam ab rpada K. Ckienm KOH-
IIeBbIe OTPE3KU JIEHTOYEK, COOTBETCTBYIOIIUE O/IHON 1 TOH »Ke BepIInHe, TaK, 9TOObI IITPUXOBAHHBIE
OYKBBI CKJIENBAJINCH OBl CO MTPUXOBAHHBIMA. [losTyueHHast 1ByMepHas (Urypa Ha3bIBAETCT UUAUH-
dpom HaJ rpadom K.

Hanomuum, uro RY — 310 d-MepHoe eBk/ua0B0 mpoctpanctBo (st d = 2 u d = 3 370 oObIYHbIE
IJIOCKOCTD U IIPOCTPAHCTBO, KOTOPBIE MMPOXOIAT HA YPOKAX reoMeTpui). [[uiundpom HaJ TOIMHOKe-
creoM U C RY masniBaercs

Ux Ky :={(z,t) eR™ : zcU tec|[-1,1]}.

Hanpumep, numunapel Hag Ko, K3, K31, 1 K5 nokazanbl Ha puc. 2; TUIMHADP HaJ, K 1 «BBINIAIAT>
KakK KHUTA C k JIMCTAMU.

A Ajg /

Puc. 2. Humanaper nag Ky, K3, K31, Ks

4.1. JTioboit rpad MokHO HapucoBaThH O€3 IepecedeHnsd pedbep Ha KHUT'e ¢ HEKOTOPBIM KOJIMYEeCTBOM
mmctos (puc. 2, K3 1), 3aBucsmmum ot rpada. Bosee crporo, fyist 1106010 n CymecTByer mesioe Iucio k,
a Takzxke n To9eK u n(n — 1)/2 HecamMonepeceKaNMXCcsl JJOMAHbIX Ha KHUTE ¢ k JINCTAMU TaKuX, ITO

e KaxKJiasl mapa TOYEK COe/IMHEHa JIOMAHOM, 1

e HIKAKas JJOMaHasg He [epeceKaeT BHYTPEHHOCTD JIPYTO#l JIOMaHOMA.

4.2 (zaragxa). Humunap Hag o6biM rpadoM peaiusyem Ges camoriepecedenuii B R3.
g nomvmoxkects U,V C RY ux (2eomempurneckum) npoussedenuem Ha3biBaeTCs
UxV:={(z,y) eR* : 2€U, yeV}

B wacrroctn, xsadpam mopmuoxkectsa U C RY—st10 U? = U x U. Hanpumep, kajgpar K2 — 3T0
OOBIYHBIN KBaJIPAT Ha IJIOCKOCTH, a KBajpaT K3 (HazblBaeMblil mopom) TIOKa3aH Ha puc. 4, B IIeHTpe.

4.3 (zarajka). Hapucyiite B R3
(a) mpomssenenue K3 x K3; 6e3 camorepecedeHuii.
(b) xBaapar K3 |; caMomepecedes JIOIyCKaOTCL.

3ameuanme. norma ciioBo «rpad» UCHOJIB3YyeTCs I MOHATHUS <«Tesao I'paday, OlpeienseMo-
ro ciemyiommm obpaszoM. IlycTh HEeKOTOpoe HOIMHOXKeCTBO B R? HAXOIUTCA BO B3AMMHO OJHO3ZHAY-
HOM COOTBETCTBUU C MHOXKECTBOM BepInH rpada K, mputueM HU OJUH OTPE30K, COOTBETCTBYIOIIMIA
KakoMy-1u60 peOpy rpada K, He mepecekaeT BHyTPEHHOCTh HUKAKOTO JPYTrOro TaKoro orpeska. le-
aom rpada K gaBisiercs o0ObeuHeHne STOTO TOJIMHOYXKECTBA, & TaKyKe BCEX TAKUX OTPE3KOB.

Ha sTom szbike K52 — 370 MHOMKeCTBO (KOH(MHUIYpaIMOHHOE MPOCTPAHCTEO) YHOPSIOICHHBIX Tap
(x,y) Touek rpacda K (TouHee, ero Tesia) Takux, UTO T WK Y fBJseTcs BepiuHoil rpada K. MHo-
kectBo K2 apserca obbeuneHreM KOHEIHOTO YHCIa OTPE3KOB, T. €. ABJdeTcs rpado.
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Ananornano, K2 —s10 MHOXKecTBO (KOH(MUrYpaIlMOHHOE MPOCTPAHCTBO) YIOPSIOUEHHBIX IIap
(x,y) Touek rpacda K (TouHee, ero Tenaa) TAKWX, YTO T WM Y sBJseTcs BepumHOil rpada K, un
T,y He IPHHAJJIEKAT OJHOMY pebpy. MHoxkecTBO K2 dBjsiercss 0ObeIMHEHIEM KOHEYHOTO YHCIIA
OTPE3KOB, T. €. ABJIsIeTCs TPacOM.

5. JIBYMEPHBIE IIUKJIbI B KBAJIPATE IPA®A
(Kombunamopnoim) npoussedenuem rpados K n L HasbiBaeTCs
K x L:={(o,7) : 0,7 asiasiorcst pebpamu rpada K, L cOOTBETCTBEHHO }.

Knerknu (o, 8) u (0,7) B K X L Ha3BIBAIOTCA CMEHCHBLMU, €CITT
e b0 o = 0 U [5, T UMEIOT ODIILYIO BEPIIUHY,
e b0 § =T U (v, 0 UMEIOT ODIILYIO BEPIITHHY
(T. e. ecair oHE UMeroT ob1ee pebpo B K O L).
Ecim ckiienTh cMexKHBIE KJIETKU 10 UX «o0ImuM pédbpam» B K O L, OJIy9IUTCd T€OMETPUIECKOe
Ipou3BejieHne, obcykaaemoe B §4.
Keadpamom rpacda K naswisaercs K2 := K x K. KnerounbiMm 2-tukiioMm (B K?) nasbiBaercs
noamuozkeerso C' C K2 takoe, uTo [yl KazK10il BepIuHbl @ u pebpa 3 rpada K
® UMeeTCsl YeTHOe KOJIMIecTBO pebep o B K makux, uto o S a u («, f) € C, a Takxe
® UMeeTCsl YeTHOE KOJMIecTBO pebep o B K makux, uto o S a u ([, ) € C.
Nnpivu cinosamu, C' C K? gpisercsa KICTOUHBIM 2-IUKJIOM, €CJII K JI060MYy pebpy <«IIPUMBIKACT»
4éTHOE YnCy0 KiaeTok u3 C.

5.1. (a) s momvuoxectsa C' C K? cymma rpanut o O 7 1o Beem (0,7) € C paBiy HyJIO TOr/a
¥ TOJIBKO TOrjia, Korja C' sABJIeTCs KJICTOTHBIM 2-1[HKJIOM.

(b) MommuozkectBo C' C K? sgBIgeTCst KIETOMHBIM 2-TIMKJIOM TOTJIA M TOJBKO TOTJIA, KOTJIa JIJIst
KaK10ro pebpa 0 B K 06a MHOKeCTBa («BEPTUKAIBHOE CEUYEHUE» M «OPU30HTAIBHOE CEYCHHE> )

Co.i={7 : (0,7)€C} u C,:={r: (1,0)€C}
ABJITIoTCs 1-mukaamvu B K.

5.2. (a) Ilpoussenenne JOOBIX TPOCTHIX MUKJIOB B K (mop) sIBIASETCA KJIETOYHBIM 2-ITHKJIOM.

(b) Cymma 110 MOLYIIIO 2 KJIETOUHBIX 2-IIMKJIOB SBJISETCA KIETOUHBIM 2-I[HKJIOM.

(c) Cymecrsyer mu gepeso T u HemycToil KiaeTounbrii 2-1mukia B 127

(d) CymecrBytor s rpad K, nepeso T C K u HelycToii KJIETOYHbINH 2-I[UKJI, COJAEPKAIIUINCS B
T:=TxKUKXT?

5.3. Haitnure KOJIMIECTBO KJIETOYHBIX 2-ITUKJIOB B
(a) K3; (b) K35 (o) K35 (d) K.

Ilodcxaska. st HEKOTOPBIX IIYHKTOB 3TOH 3aa41 OYIyT MOJE3HBI CJIEIYIONINE 34 atM.

Toopst HecTporo (1 HeTOYHO), KOMOMHATOPHBIN B3pe3aHHbI! kBagpar K2 rpada K — 310
MHOKECTBO YIOPsiJIOUeHHbIX Tap (x,y) Todek rpada K Takux, 4To T,y He NPUHAJJIEKAT COCEJI-
M pebpam. MuozkecTBo K2 MOMKHO IPEICTaBATH B BUJE OOBEIMHEHIA TPAMOYTroabHnKoB. CTporo
roBopsi, KOMOMHATOPHBIN B3pe3aHHbIA KBaapat rpada K — 310

K%:={(0,7) : 0,7 cyrh mecMexxnbIe pebpa rpada K }.

Bameuanne. Muoxkectso K2 1 ero ob600IMIEHNs NMEIOT MHOTOUNC/ICHHBIC TPUJIOYKEHHS, B TacT-
HOCTH, JIjI aJITOPUTMa PACIIO3HABAHUS PeaU3yeMOCTH TuneprpadoB B MHOTOMEPHBIX €BKJINJIOBBIX
npocTpaHcTBax, cM. 0630pbl [Sk06, Sk18]. IToamuoxkecTso K2 C K2 Menbine, yem K2, 1103TOMy HHO-
rj1a ero Jierde Hapucosarh. Hampumep, K:=K:= K%l =g.

CxJyenM cMexKHbBIe KJIEeTKH BIOJb X «0b1ero pebpay. Torma KoMOnHATOpPHBIE B3pe3aHHbIE KBaIpa-
THI IIyTH Ha O BEpIINHAX, IIUKJIA Ha O BepimmHax, rpada Ky, rpada Kj 3, n rpada K5 BRIIIAIAT Kak
HECBsI3HOE OObeINHEHNE JIBYX JINCKOB, KOJIBIIO, KyDOOKTasIp 6e3 TpeyroibHbIX Ipateil (puc. 5), chepa
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C 4eTBIPbMSI PyUKaMu, u cdepa ¢ ImecTsio pydkamu coorsercrsento. (s K = K33 u K = K Mox-
HO JIOKa3aTh, 4To K2 BLIIVIS/IT KaK CBA3HAS OPUEHTHPYeMasl JIByMepHas HOBEPXHOCTD, 1 IIPIMEHUTD
TeopeMy 0 KiraccuduKaImu IBYMEPHBIX TIOBEPXHOCTEN; ¢M. ogpobrocTH B [Sadl, Teker nocre 3.4.1].)

5.4. (a) CymecTByIOT JI1 HeIyCThle KJIeTOIHbIe 2-IMKIbL B K2 s yukaa K7

(b) Amasormunsrit Boupoc mist koseca K, T. e. mias rpada ¢ muoxecrsoM {0} U [n] Bepuum, u
pedpastit {n, 1}, 0,5} 1 {j,j + L} ana j € [n— 1].

(c) TommmozkecTBO K?%3 B K3 5 SIBISIETCS KIIETOUHBIM 2-IIKJIOM.

(d) Anamoruunoe yrBepkiaerue st K.

(e) Cymectyer rpad K Taxoii, uto K2 nmeer Heryctoe cOGCTBEHHOE MOMHOMKECTEO, sIBJIAIOIICECST
KJIETOIHBIM 2-TTHKJIOM.

2
5.5. (a) Ilpencrasbre K33 B BUJIE CyMMBI HECKOJIBKIX TOPOB.

(b) TIpeacrasbre K2 B BUje CyMMbI HECKOJIBKIX TOPOB.

(¢) JTioboit knerounbrit 2-nuk (B K?) sBagercs cyMMOl HECKOJIBKIX TOPOB.

(d) CkosbKo mmeeTcs KJIeTOIHBIX 2-UKJI0B B K2 i cessHoro rpada K ¢ V sepmunavu u F
pebpamu?

Ilodckaska x (¢, d). 1-nuka o onpejesen B perternn 3agauu 1.4.b. Bocrnob30BaBImes 0TBETOM Ha
sazaay 5.2.d, mosyamM, aTo o6oit Kiaetounsrit 2-muka C' B K2 pasen Z PO X OT U OIHO3HAMHO

(o,m)EC-T

OIIPE/IEIISCTCS CBOMMH KJICTKAMU BHe 1 .

Obosnavum wepes Hy(K) mnoocecmeo ecex 1-uyukaos 6 K, ¢ onepayuets cromncenus.
O6osnaqum wepes Hy(K?) mrosicecmeo ecex kaemounvia 2-uyukaos 6 K2, ¢ onepavueti caoscenus.

5.6 (Teopema Kronnera). (a) Cymecrsyer 6asuc C1, . . ., Cy 8 H1(K) taxoit, aro C; xC}, 1,5 € [q] —
6asuc B Hy(K?).

(b) Ecom Cy,...,C,—6asuc B H(K), 0 C; x C}, 1,7 € [q], — 6asuc B Hy(K?).

(T. e. Hy(K?) = H{(K) ® H(K). Basuc MHOMKecTBa KJIETOYHBIX 2-IUKJIOB OIMPEJIEIACTCS aHaIO0-
IUYHO CJTydaro 1-1UKJIoB. )

5.7. (a) TIpoussenenne JOOBIX BEPIINHHO-HETIEPECEKAIONIIXCS TIUKJIOB B K SIBJISIETCS] KIIETOYHBIM
2-nmkjoM B K2

(b) fBnstercs mu 06O# KaeTOUHbIH 2-1uKI B K2 cyMMOii HECKOJIBKUX TIPOU3BEICHUIT BEPHIMHHO-
HEIIEPECEKAOIINXCS UKIOB?

5.8. (a) CKOJIBKO MMEETCs KJIETOUHBIX 2-1UKJIOB B K2 7

(b) Cymecrsyer B3amMHO OfHO3HAYHOE cooTBercTBUe Hy (K2 ) — Hy(K), ).

—~2

(c) CymecTByer B3anMHO OJIHOBHAYHOE COOTBETCTBUE Mexky KZ u K, , COXpaHSIONIEe CMeXK-
HOCTb.

Ilodcxkasxka: pemaiite 1. (a-c) B 0OPATHOM MOPSIJIKE.

PaccMoTpuM cuMMeTpHIo (MHBOJIONKIO) Ha K2, epecTaB/IsIoNLyio KOMIOHEHTHI (T. €. TlepecTaBJIs-
fo1yio To4uku (x,y) u (y,)), 1 COOTBETCTBYIOIIEE OTOOPaKeHIEe Ha KJIETOYHBIX 2-TIHKJIaX.

5.9. * (a) s mobbix npocTbix UKIOB @, R B K cummempusosanmviii mop Q@ X R+ R x Q
SABJIAETCd CUMMETPUYHBIM KJIETOYHBIM 2-TIUKJIOM.

(b) Cymma 110 MOJLYJTIO 2 CUMMETPUYHBIX KJIETOUHBIX 2-1[UKJIOB SIBJISIETCSI CUMMETPUIHBIM KJIETOY-
HBIM 2-ITUKJIOM.

(c) fBasiercst in T1000H CUMMETPUYHBIN KJIETOYHBI 2-TIUKJT CYMMO# HECKOJIBKIX CHMMETPH30BaH-
HBIX TOPOB?

(e) OIHO3HAYHO JIN ONIPEIEJISIETCsT KOJMIeCTBOM V' BepIUH U KoJmdecTBoM F pebep (J/1st CBA3HBIX
rpadoB K) KOJIMYECTBO CUMMETPHYHBIX KJIETOUHBIX 2-1TUKJIO0B B /K27
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5.10. * (a) Jlo6oit cuMMeTpUIHBIH KJIETOUHBIH 2-TIUKJI, cojepzkarmuiics B K 2, gBJsieTcs CyMMOit
HECKOJIbKIX CUMMETPU30BAHHBLIX TOPOB.

(b) CKOJIBKO UMeETCs] CHMMETPUIHBIX KJIETOUHBIX 2-1THKJIOB B K’r%,n?

(¢) B3aMMHO OJTHO3HAYHOE COOTBETCTBUE U3 yTBEP:KIeHUs 5.8.b 0T0bpazkaeT KJIeTOIHbIe 2-1TIKJIbI B

K32, nepecrap/isieMble CHMMETPHEH, B K/I€TOUHbIEC 2-IIUK/IBI B f(vnQ, nepecTaByIgeMble CUMMeTpreit 2.
31ech cuMMerpus t: f(vn — [/(vn onpesiesiena B 3agade 1.6, u t2(z,y) := (tz, ty).

(d) JTioGoit cuMMeTpuyHBIiT KIeTOUHBI 2-1MKJT B K2, ABJIAETCS CyMMOfl HECKOJIBKHX U3 CJIeJLyTO-
IUX IIUKJIOB: ’

® CIMMEeTPH30BaHHbIe TOPEI () X R+ X () 171 BepIIHHHO-HelepeceKalomuxcs IUKIIoB (), R s 4
B K n;

e KOMOMHATOPHBIN B3pe3aHHbI KBagapaT K. ?%3 noarpada Ks 3 rpada K, .
—~2
(e) JToboit t*-cummerprdeckuii KiaeToanbii 2-mukya B K, ABIsS€TCS CyMMON HECKOJLKUX U3 CJle-
—~2
JYIOMIX: t2-CHMMeTPUIHBIX TOpoB Q X R +tQ X tRn K5 .
(f) Bepen s anasor 1. (d) s K, u noarpada (romeomopduoro) K5 rpada K7
ITodckasku. (d) Tpebyerca reopema Kionnera 5.6, yreepxenue 5.8.b u 1. (e).
(e) Tpebyercst yrBepxenue 1.6.c.

5.11. * (a) Cnenyromee yrBepxkaenne [Sa9l, 3.4.2] HeBepHo, mazxe st CBA3HBIX rpadoB: CyIie-
crByeT Kierounbrii 2-muka C' B K2 Taxoit, uro mo6oil KiaeTounblil 2-muka B K2 gpiagerca cyMMoit
HECKOJIBKUX M3 CJIEJIYIONIUX KJIETOYHbIX 2-1UKJI0B: C' U IIPOU3BE/IEHUS BEPITMHHO-HEIIEPECEKAIOTIXCST
[IUKJIOB.

(b) (orkpsITas npobiaema) Bepro s yrBep:kaenne u3s 1. (a) 1y 3-cBA3HbIX rpados?

(c) JTioboit KiaeTounblii 2-uka B K2 sBjgerca cyMMOil HECKOJBKUX HMPOU3BEJICHUIA BEPHIMHHO-
HEIIEPECEKAIOINXCA [IUKJIOB, U HECKOJLKUX KOMOMHATOPHBIX B3PE3aHHBIX KBaIPATOB IOArpad OB, ro-
MeoMopdHBIX rpady K5 nma K 3.

(d) (zarayka) CroJIbKO MMeETCS KJIETOUHBIX 2-1TUK/I0B B K2 1y1g cstznoro rpadga K ¢ V sepumnamu
u E pebpamu (ucrmosib3yiiTe MONOTHUTEIBHbBIE TaHHbIE O Tpade, ecin HyKHO)?

Ilodckasku. (a) Bosbmure qu3bioHKTHOE 06beanHeHre AByX Komuil rpada K5. Caemnaiite 510 06b-
eJINHEHNE CBSI3HBIM, COEJIMHUB J[BE KOIIUU PEOPOM.

(c) Dro cremyer uz [Sadl, 3.4.1], moroMy 4TO MUHUMAJBHBIE TT0 BKIIOYEHUIO 2-IIUKJIbI TOPOKJIAIOT
rpyniy Ho(K2) (cp. [Sa91, mauaso 1. (3.3)]). Cm. muan jokasarenbeTsa B o6HOBIEHHOM [SS23)].

6. OTBETHI, IIOJICKA3KU 1 PELIEHUSI

1.1. (a) Ilycrs C u Cy — 1-nukiisl B rpade. BosbMmenm npoussosibHyto Bepriuay v. HazoBem cre-
neHbio de(v) Bepmuabl v B Habope C' pebep KosmdecTBo pedbep Habopa C'; KOTOPBIM MTPUHAIEIKHIT
Beprmua v. Torga de, 1o, (v) = de, (v) + de, (v) — 2deyne, (v) gerro. TTosTomy C) + Cy — 1-1mKoL.

(b) JIroboit pocroit ks 6e3 xopx B rpade K, nmeer jymny 3. [Tosromy (b) cremyer u3 yrsep-
Kaenus 1.2.b.

Sameuanue. Koukpernoe mpejcrasienne 1-1uKaa B BUE CyMMBI HECKOJIBKUX ITUKJIOB JITHHBI 3
JaHo B 1. (d).

(c) Ecau B 910M 1-1111KJ1€ €CTh XOTs OBl OJ{HO PEOPO, TO B HEM €CTh BUCSUAsl BEPIIUHA.

(d) Omsem: gttt

Hodckaska. [pouzsonbubiit 1-muka C' B K, paBeH cymme C = > ijn MEKJIOB ijn MO BCEM

ijeC, i,j<n
pebpam ij € C, He cozepKaIuM BEPIIMHY 7. DTO CJIeJlyeT U3 TOro, 4To Kaxkjoe pedbpo B C + C
COJIEPZKUT BEPIIUHY 7, OTOMY B CHJIy II. (¢) Mbl uMeem C' + C = 0, e C= C.

Bosee Toro, Takoe mnpejcraBieHne eIMHCTBEHHO, CM. TIOAPOOHOCTH B JIOKA3ATEIHCTBE YTBEPKIE-

nusg 1.4.b.

(f) B crporoii hopMynpoBKe 310 yTBEPK/IeHIe SKBUBAJEHTHO yTBEP:KIeHUIO 3.1.c.
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1.2. (a) HokaxkeMm, uro j1t060i 1-1UK/I B Tpade sBIIsieTcst CyMMOil HECKOJIBKUX pebepHO Herepece-
KaIOIINXCsl IPOCTHIX IUKJIOB, IPUHAJIeXKAINX JaHHoMY 1-1ukJiry. [IocKoIbKy Bce BepIuHbI 1-1uK/1a
NMEIOT JeTHYIO CTelleHb, pebep B HeM He MeHbIle, ueM BepiuH. CiemoBaresbHO, B JI0O0M 1-TIK/Ie
eCTh MPOCTON MUKJI. Yaajsis u3 1-1nukia pebpa IpocToro MuKJIa, Takzxke mnoaydaeM 1-mukir. [Ipomos-
JKas, TOJIyYUM HaDOp pebepHO HelepeceKaroluXcs MPOCTHIX MUKJIOB, CYMMa KOTOPBIX PaBHA MCXOJI-
HOMY 1-TIUKJTy.

(b) JTro6oii 1-nuK.I siBJIsIeTCS CyMMOI HECKOJIBKUX POCTHIX IUKJIOB. JIr0basi Xop/ia MpocToro 1ukKJia
JUTUHBI | JIaeT IpejicTaB/lIeHne IUKJIa B BUJIE CYMMBI JIByX IIPOCTBIX IUKJIOB JIJTHHBI MEHBIIE [.

(c¢) Cymma JBYX IUKJIOB JUTMHBL 3, UMeIOIuX o01ee pedpo, sBiisiercs nukjioM juinabl 4. [Tosromy,
€CJIM UKJI (v JIJTUHBI 3 SABJIAeTCS CyMMOI 1uKia 123 ¥ NUKJI0B JUIMHBI 4, TO 9TO BEPHO U JIJIsd JII0O0I0
[UKJIa JUIMHBL 3, uMerorero obiee pedopo ¢ «. CrremoBaTe/bHO, BCE IMUKJBI JJIMHBI 3 UMEIOT 9TO
cpoiicTBo. Temeps (c) caemyer mo yreepxaenuto 1.1.b.

(d) s xomeurnoro MuoxkectBa X 0003Ha4INM depe3 | X |2 KOJIHIECTBO 9JIEMEHTOB B MHOX)KeECTBE X
no momystio 2. Torma mas mobsix 1-mukiaos C, C’ semonneno |C 4 C'|y = |Cla + [C]s.

Mot wacmo coxpawsaem o(x) do px das 0bpasa x nod deticmeuem omobpasrcenus @, u {o} do o
oas 1-aaemernmmozo mmodicecmea.

1.3. (a) [Jannoe yrBep:KjeHue cieayer u3 yreepxiaenus 1.2.b.

Samevarue. Ipyroit criocod npejcrapienus 1-nukiaa C' B BUJIE CYMMbI HECKOJBKUX IUKJIOB JITH-
Hbl 4 — 310 P, ONpeJIe/IeHHBIN B HAIIEM PeIleHn 1. (¢).

(¢) Omesem: 2017,

Sameuanue. Cpapaure ¢ yrBepxkaeHuem 1.4.b.

Jloxazamesvemeso. JlocTarogHO J0Ka3aTh, YTO CYIIECTBYET B3AUMHO OJHOZHAYHOE COOTBETCTBHE
mexkay l-nuxinamu B K, , 1 [O/IMHOKECTBAMI K, _1n-1. Onpegennm orobpazkenue

v: Hi(Kypn) — 211 popmymoit  oC = C' N Ky 1n-1.

s moboro pebpa 0 = ab’ B K,,_1,-1 oboznaunm 4epe3 po muki abnn’ gmunast 4. Onupegennm
oToOparkeHue
p: 281t 5 H(K,,)  dopmymoit  §D = Z po.
oceD

Iockonbky @po = {0}, umeem ppD = D nyst moboro D C K,y 5,-1.

Bosbmenm smoboit 1-muxn C' € Hy (K, ,). Tak kak pC u C asisores 1-muknami, o O = ppC+C
Toxke siBisgercsa 1-mukiom. [pumenss oD = D nna D = oC', nonygaem oC’ = 0. Tlostromy C' C
Kpn \ Kn-1n-1. Orciona, mo (b), mmeem C" = 0, nosromy ppC = C.

Takum 06pasoM, ¢ ABIAETCA B3AMMHO OJHO3HAYHBIM COOTBETCTBUEM.

(e) Cm. yrBepkenue 3.2.1.

Samevarue. 3asada 1.3 SKBHBAJEHTHA YACTHOMY cirydalo 3ajaadn 3.2 mst { = 2. Pebpo ab’ € K, ,,
coorsercryer nape (a,b) € [n]®. Bepmmua a € [n] coorsercrByer psgy r = a, Bepmmnaa b €
[n]" coorBercTByer psiyy y = b. PeGpo, comeprKaliee BepIInHy, COOTBETCTBYET JIEMEHTY MHOXKECTBA
[n)?, npunamnexxamemy pagy. Torma 1-mukisr B K, , COOTBETCTBYIOT JalefiHpiM 1ukiam B [n]?. B
YaCTHOCTH, IIUKJIBI JIJTMHBL 4 COOTBETCTBYIOT TTapaJiie/ienueiaM (Koropble pu £ = 2 MOXKHO HA3BATh
napaJLeiorpaMMaMi ).

1.4. Omeem: (a) 1;  (b) 2F-V+L

(b) Jokxazameavcmeo. Ilycts T — MakcumaibHOe JepeBo csi3Horo rpada K. locrarouno moka-
3aTh, YTO CYIIECTBYeT B3aMMHO OJIHO3HAuHOe cooTBeTcTBUe Mexk ity Hy(K) u muoxkecrsom 25T moji-
MHOKecTB pebep u3z K — T

Orpesieium 0TOOparKeHme

@: Hi(K) =251 dopmynoit  ¢C = CN (K —T).

Mnorna o6osnauenue rpada K mncmoabyercs st MHOXKECTBa peGep 31oro rpada (unu, HAIIPOTUB, O6O3HAYEHYE
«NK» ucrosb3yercs Jyis ollepaliii «orpanudenre Ha K'» Ha MHOXKecTBe pebep).
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st moboro pebpa o € K —T obozHaunm depe3 o mpocToii kI B K, 06pa3oBaHHblii 0, U IIPOCTHIM
nyrem B 1T, coeuHAOMMUM KOHIIBI 0. OupeaenM oTodbpaskeHne

@: 25T - H|(K) dopmymoit @D := Z po.

oceD

[Tockonbky @po = {o}, umeem @D = D nnst moboro D € 25T,

Beibepem stio6oit 1-mukn C' € Hy(K). Tak kak ppC u C apasiiorest 1-mukiaamu, C' = ppC + C
Toxe siBiisiercs 1-tukiom. [Ipumensist oD = D st D = pC', ostyaaem oC”" = 0. Hostomy C' C T.
Orcrona, nio (a) umeem C' = 0, mosromy ppC = C.

Takum 06pazoM, @ SIBJISETCS] B3AUMHO OJIHO3HAYHBIM COOTBETCTBUEM.

1.5. (a) IIpocroit muka B K, 06pazoBaH [-3J1eMEeHTHON MUKJIMIECKON TTOCIE0BATETLHOCTHIO BEP-
IIIAH TAaKOM, YTO

e q1CjI0 [ YeTHoe 1 OoJIbIe 2;

® B I10CJICJIOBATEILHOCTH YePeIYIOTCS BEPIINHBI U3 PA3HBIX J0JICi;

® BHYTPHU KaxKJIOW OT/IEJIbHOMN JIOJU BEPIINHBI HE TIOBTOPSIOTCS;

® He CYIIECTBYET ABYX IOC/IEI0BATE/bHBIX BEPIIUH m u m/’.

[IpemmooKum, 910 TAKOM IUKJI He mMeeT Xop 1. Toraa Jrobdble IBe Heloc e 0BaTeIbHbIe BEPIITUHbI
He SBJISIOTCA CMEXKHBIMU, T. €. JIMOO HAXOUATCd B OAHON mosie, qubo gapisgiorea m u m'. Jlobas

BEpIIIHA UMeeT L — 2 Heloc/Ie10BaTe/IbHBIX BePHIMH U3 jpyroi josm. Torma L — 2 < 1, tak uro

2 2
[ €{4,6}.

20 1

Puc. 3. Iuki jymasl 6 gBiseTcs CyMMO# Tpex ITUKJIOB JIJIMHBI 4

B npocrom mukiie jmHbl 6 6e3 Xop JI00bIe ABe IPOTUBOIIO/IOKHDBIE BepIHbl paBubl m u m’. Cie-
JIOBATEIBHO, IIUKJI PaBEH (1my, mj, ms, M/, Mg, M%) JJIs HEKOTOPBIX MOIMAPHO PA3IHIHBIX 11, Ma, M.
Tak kak n > 4, To cymecrsyer a € [n] — {my, mg, m3}. Torna nuxna pasen

(m17m,27m37 Cl/) + (m27m€’)7m17 Cll) + (m37m/17m27 a/)a

cM. puc. 3. Tenepn TpeOyewmblii pe3yJsIbTaT BBIIOJIHAETCA 110 yTBepKaennio 1.2.D.

(b,c) Ilycrs S — muO)KecTBO Beex pebep i)' B K, Takux, uro i, > 1 u (i,7) # (3,2). YTBepxK eHust
JIOTUYECKHU BBITEKAIOT (aHAJIOrMYHO 3aja4e 1.4.b) u3 Toro, uro

® pebpo €' € S conepxures B nuKIe C, TOT/IA U TOJIBKO TOIJIA, KOTjla € = €;

e rpad K, — .5, nonyuennstii us K, yanenuneMm scex pebep u3 S, sAB/ISETCH JEPEBOM.

Bropoe u3 sTux yrsepx/ennit ciejyer us toro, 4ro pebpa K, — S pasubl umenno 32" u 17,41,
rje ¢ > 1, mosromy K, — S nosydaercs coeguaennemM pebpom 32’ «3BE3JHBIX» JIEPEBBEB, COCTOSIINX
u3 pedep 1i' nupu ¢ > 1 u pebep 1'i upu i > 1.

2.1. (a) Cerounstii rpad 3 x 3, cm. puc 4, ciesa.

(b) Cwm. puc 4, 1o 1ieHTpy (rjie rpaHuvHbIE IUKJIBI 3aKPAIeHbl cepbIM 1BeToM). [Ipyrum croco-
oom rpacd K32 moxkno nomyuuth uz rpacda B 1. (a), 106aBuB pebpa MeIy COOTBETCTBYIONUMU
BEPIIIMHAM:

e 1-it m 3-it cTpPOK;

e 1-ro u 3-ro cToJIOIOB.

(Cpasuure ¢ nosyuenneM rpada K3 w3 myru 123 nobasienneMm pebpa mexay 1 u 3.)

(c) Cwm. puc 4, cipasa.
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Puc. 4. Cnesa: K33, r. e. cerounsiii rpad 3 x 3. Henrp: K5 na rope K3. Cupasa: K53

(d) Beprunbl — 910 y3ubl cerku 4 X 4. JIBe BepIinHbl coepmHeHbl peOPOM TOTJIa U TOJIBKO TOT/IA,
KOIJ[a OHM HAXOJISITCS B OJJHON CTPOKE WJIM B OJIHOM CTOJIOIIE.
2.2. (b) Tpuomuueckuit ipkn 8 K55 pagen >, il'0 51",
0. €3] i
(e,f) Omsemui: Her.
(e) Iodckaska. JleBast mpoekiust r060i rpaHunbl (¥, CJIeI0BATEIBHO, OO0 CyMMBI I'DAHUIL) IIy-
cra.

2.3. (a) Bormosreno pasencrso diag(123) =1 x (123) + (123) x 1 +12023 4+ 12031 4+ 230 31.
(b) Bremaronambubiit muka B K52 pasen 1 x Kz + K3 x 1+ 12031 +31012.

(¢) AHTHIMATOHABHBIH IUKJT B KD2 pasen 1 x K3+ K3 x1+23031+31023+31031.

(d) Bemosreno pasencrso 1 x C+C x 1 =diagC+ >, (i +1)0j5(+ 1), tmen+1:=1.
(

i,j€[n],i<j
e) Omesem: Her.

2.4. Omeemui: (a) 2%; (b) 2% (c) 2%; (d) 2°.

2.5. (a) [okaxkure 9T0 MHIYKIMEH IO KOJIMYIECTBY BEPUIMH B ', UCIOJIB3YS yjaJeHue BUCTICH
BEPIIUHBI.

(b) D10 MOXKHO JT0KA3aTh MHIYKIMETT 110 Juc/Iy nap pebep B Z, MPOeIUpyeMbIX CIeBa HA OJHO U TO
2Ke pebpo B K. baza nHyKIum mpu HyJIeBOM YHCJIEe MOXKET OBITH J0Ka3aHa WH/IyKITHEl 110 KOJIMIeCTBY
Beprne b B K takux, uro Z N (b x K) # &. Jljs MHAYKTUBHOIO Mepexojia BO3bMEM TaKyio Hapy
{(o,v1), (0,vk)}, BO3bMEM Ty Th V1 ... v B K u 3amennm Z Ha Z + 0 Dvivg + ... + 0 O vp_ 1.

(¢) Cormacuo (b), ecm Z, = Z, = 0, to Z ~ 0. Ilpumensig sto k Z = C + Cy X a + a x Cy, MbI
nostydaeM mpejicrapienne u3 (¢). EquHcTBEHHOCTH CjlejyeT u3 Toro, 9To JieBasi U mpaBas IPOEKIN
CYMMBI rpanui] paBHbI (.

2.6. Omesemui.

(a) Obbemunenue AByX Helepecekaromuxcs Koruii rpada Ko .
(b) Huks na 6 BeprunHax.

(c) Luka ma 12 Bepummnax.

(d) Obbeaunenue pébep KyboOKTasIpa, CM. puc. 5.

2.7. Omeemu

(a) 2% (b) 2% (c) 2'7; (d) 2'%; (e) 2% (f) 2",

(a7) 215 (b)) 215 (') 2 (&) 275 () 25 (F) 212

;Y%aSaHue. HpI/IMeHI/ITe sazady 1.4.b, arobbl nomyants (a)-(f).

3.1. (c¢) HocraTouano moka3arh, 9T0 Ipou3BosIbHE 2-1uk/1 C' pasen cymme C' 1= > T ke
{i,5,k}€C, i,5,k<n
1eTpadApoB T kn HaJl 3-5/1€MEHTHBIMU LHOJMHOKECTBAMI {i,j,k} € C, ue conepxamumvu n . 1o
CIIEJLyeT U3 TOro, 4T Kazkias rpanb B C + C COIepKUT N, HOSTOMY, B CUILY (b) nmeem C' + C =0,
T.e. C=C.
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13 12

13 x2

43 42 /134 x 2

32
43 X 2

21 31

Puc. 5. Cnepa: kybookTasip; oobeannenne pedep ects K 4[] 2 (BBLIIEJIEHBI TPH U3 IECTH
IPAHMIL); JIOMOJTHEHNE K TPEYTOJIbHBIM I'PAHSM €CTh K % CrpaBa: TO ke ¢ HEKOTOPBIMH
IIOsAACHEHUAMM, Ha PUCYHKE HE IIOKa3aHa HeBUIAMMAad 9aCTb, IIPOECKIIUA KOTOpOfI I10JIy-
JaeTcs n3 M300parkeHHO! MTPOEKIMHI TIOBOPOTOM Ha /3

(f) Crporas bopmynnpoBKa TakoBa (MBI OTOXK/ICCTBIISEM TETPAIPHI B [n] ¢ 4-371eMEHTHBIMHE T10/I-
muokectBamu [n)). Ilycrs R — Habop 4-5/1eMEHTHBIX ITOJMHOXKECTB MHOYKECTBa [n]| Takoii, 4To r060e
3-3JIEMEHTHOE OJMHOXKECTBO MHOYKECTBA [N] COAEPKUTCS B I€THOM KOJMIECTBE 4-3JIEMEHTHBIX 1O/I-
MHOYKECTB, sIBJISIIOIIIXCs djieMeHTaMn Habopa R. Torma cymecrByer cemeiicrBo R/, cocrosiiiee u3 5-
9JIEMEHTHBIX [TOJIMHOYKECTB MHOXKECTBa [n] Takoe, 4To 4-371eMEHTHOE MOJMHOXKECTBO B MHOXKecTBa [n]
cofiepKUTCs B R Tor1a 1 TOJILKO TOT/a, Korja B COIepP:KUTC B HEIETHOM KOJIMIECTBE 5-9IeMEHTHBIX
IO/IMHOYKECTB, SIBJISIONIUXCS dJIeMeHTaMu cemeiictsa R

DT0 yTBEPXKIEHUE SIBJISIETCS MHOTOMEPHBIM aHAJOIOM YyTBepxKeHus 3.1.¢; 10Ka3aTe/bCTBO aHa-
JIOTHYHO.

3.2. (c) s a € [n — 1)° obosnaumm wepes P(a) = {n,a;} x ... x {n,a,} naparenermmnes c
POTUBOIOJIOKHBIME BEPIIUHAME @ 1 (N, . .., n). JIoCTATOUHO 10Ka3aTh, 9TO JH000# JIaaefiHbIi KT
C C [n)* pasen cymme C napamenenunenos P(a) nag a € C N [n — 1¢. Cymma C + C susercs
nageitabiv mukiton. Tockousky Pla) N [n — 1% = {a}, bt umeem (C + C) N [n — 1]¢ = @. o (b)
nMeeM C’+6:®, T.e.C=C.

(f) Hodckasxka. Jloboit napasienenunesn P ¢ HekotopbiM P; C [n— 1] sBiisieTcst cyMMO#i HECKOJIBKIX
3aJIAHHBIX COOTHOIIEHUIT U JIByX HapaJljIeJIeNuIe/ 0B, HOJIydYeHHbIX u3 P 3aMeHOil Ha n OJHOrO U3
JBYX 9J€MEHTOB B P;. 3HAUNT, B Ka)KJOM U3 9TUX [BYX Hapa/UIC/ICIUIC0B KOJIHIeCTBO map P, e
COJIEPZKAIINX N, MeHblIe, YeM B P. Ciie1oBaTesibHO, JII060e COOTHONIEHNE MEXK /Ly MapaJlJIeIeIIUIIeIaMu
SIBJISIETCSL CyMMOIT HECKOJIBKHX 3a/IaHHBIX COOTHOIIeHNiT i cooTrHommenus Pay)+. ..+ P(as) = 0, qys
HEKOTODBIX TIOMAPHO PA3/IMYHBIX a1, .. ., as € [n — 1]%.

[Tocsemee cOOTHONIEHNE TPUBHAIBHO, OCKOJIBKY

@ =(P(a) +...+Pla))N[n—1]" = {a,...,a,}.
3/1ech BBINOJIHAETCS BTOpoe paBeHcTBo, Tak kKak P(a) N [n — 1]¢ = {a}.

4.2. Ilycts O, V, Ay, ... Ay, — toukn B R3, HUKaxue 4 U3 KOTOPLIX HE JIEXKAT B OJIHOMN ILJIOCKOCTH.

st xazxoro p € [n] BosbMeM TOUKy Ag, Takyio, uto OAs, = OV + OA;,. Ecim V' gocrarouno
ommska K O, 1o Touku Aj,, j € {1,2}, p € [n| —uckomble, T. €. 0ObEANHEHIE APAIIETOIDAMMOB
Ay, AspAsy A, maer nsobpakenue mumHapa vag K, B R

4.3. (b) Cm. puc. 6.

5.1. (b) B sTom perternn o, 7 — pebpa rpada K, v — Bepiiuna rpada K:

{o: 030, (0,7) € C'}| gerno mys m00bIX v U T

C—2-mukn & { {7: 730, (0,7) € C}| gerHO Jy151 JIFOOBIX U U O
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Puc. 6. Nzobpaxkenne rpada K3271 B TPEXMEPHOM IIPOCTPAHCTBE

{7 € Cy. : 0> v} gerHo s JOOLIX ¥ U O 7

o {o € C.. : 0> wv}| gerno st 106X v U T C. ;— l-mukn g aoboro 7
Cy,. — l-mukm jy1a joboro o.

5.2. (a) Iycers C := C} x Cy C K? — npoussejenue npoctbix mukjios Cy u Cy 8 K. Jlna mo6oro
pebpa o rpada K muoxkectBo C,. 1HO0 paBHO 52, Jmmbo mycro. s moboro pedbpa T rpada K
mHOKecTBO C. . ymmbo paBHO Cf, nmubo mycro. Vcmonssysa yreepzxkaenue 5.1.b, momyunm, aro C —
KJIETOYHBIN 2-1TUKJI.

(c) Omeem: uer.

Pewenue. Ilycrs C — knerounsrit 2-mukn B 12, Ilockonnky 1 — nepeso, W3 yTBepKaenus 5.1.b
nosrydaeM, 4to C,. = 0 s ymoboro pedpa o nepesa 1'. Crenosarensro, C' = 0.

(d) Omsem: ner.

Pewenue. Ilycts C — kirerounstit 2-1mki1 B 1. ITockonbky T — siepeBo, u3 yTepzienns 5.1.b mo-
ayqaem, aro C,. = 0 s goboro pebpa o rpada K \ T. Cremosarensuo, C' C T x K. ITockoiabKy
T — nepeso, u3 yrBepxkJenusd 5.1.b nomaygaem, aro C., = 0 mis modoro pedbpa o rpada K. Cueso-
Baresbo, C' = 0.

5.3. Omeemui: (a) 2; (b)) 2; (c) 2% (d) 2%

Pewenuas.

(a, b) Iycrs C' — kaerounstit 2-muka B K2 rakoit, uto C' # K, 1. e. (0,7) ¢ C 17151 HEKOTOPBIX
pebep o, T rpada K. Ilo yreepxkaenmo 5.1.b, muoxectBo C,. aBiagerca l-mukiaoMm. Taxk xak K —
rpad-muki, o C,. = 0. Torma (0,0) ¢ C. Crenosarensno, C C K — o. Vcnons3ys orBer Ha
zaytaay 5.2.d, momydaem, aro C' = 0.

(¢) Ucnobayst orer Ha 3a71a1y 5.5.d, OIydaeM, 9T0 KOJINIECTBO 2-1TUKJIOB B K. 22’3 pasro 2
22* = 16.

(d) Ucrnonssys orser Ha 3a1ady 5.5.d, mOIygaeM, 4To KOIHYecTBo 2-uK/I0B B K2 pasmo 208~V =
23" =29 = 512,

5.4. (a) Omeem: Her.

Pewenue. Ilyers C' — xierounsrii 2-nmukya B K2, BosbMem pebpo o rpada K. Ilo yrsepxie-
Hito 5.1.b, MHOXKecTBO C,,. aABIdAeTCs 1-1uKI0M. IlockomnbKy C, . — IOIMHOXKeCTBO pebep rpada-1ry T
K — o0, 10 C,. = 0. Cnenosarensno, C' = 0.

(b) Omeem.: uer.

Pewenue. Tycrs C' — kierounsiii 2-uuka B K2, Tlo yreepxkaenuio 5.1.b, muokecrsa C,., C.,
ABIAIOTCA 1-1uKIamMu j1j1g Jioboro pedpa o rpada K. Tak xak u Cy;., 1 C. o; — IOIMHOXKECTBa pedep
rpada-tyru K —0—j mist smoboro j € [n], o Cy;. = C.; = 0 gyst mo6oro j € [n]. Torna C C (K—0)2
st rpada-tmkia K — 0. Orcioma, o (a), umeem C' = 0.

(c) Honoxum C' := K 3%3. s mpomssosibHOTO pebpa o rpada K33 u C, ., u C. , — NUKIIBI IIHHBI 4.
Torna Tpebyemblil pe3ysbTaT caeayeT U3 yTBEpXKaeHusd o.1.b.

E-V+1)2 _
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(d) HMonoxkum C := K 5% st mponsBospHOTO pebpa o rpada K5 u C, ., u C. , — IUKIIBL IIHHBI 3.
Torga TpebyeMblil pe3ysibTar cjeayeT u3 yrBepxaeaus 5.1.b.

(e) Bosemem K := K¢ u C' := 123 x 456. Tax kax (12,34) ¢ C, npoussejicHue IPOCTHIX IIUK-
10 C' ecTb HelycToe cOOCTBEHHOE HOIMHOXKECTBO KOMOMHATOPHOIO B3pesaHHoro Kpajpata K2. Ilo
YTBEPKJAEHUIO 5.2.a, MHOXKECTBO C' ABJISIETCS KJIETOYHBIM 2-IIUKJIOM.

5.5. (a, b) Iodckaska: TpebyemMble MpejicTaBIeHEsT MOXKHO TOJYYUTh U3 JIOKA3aTeIbCTBA II. (C).

(c) DTOT MYHKT JIETKO CJIEJYeT U3 YaCTHOrO cjydas Jisd CBsA3HOro rpada K, 9To MBI jajee U
IIPE/III0JIAraeM.

[Tycrs T — makcumasibHOe JiepeBo cBszHoro rpada K. Onpejennm orobpakenue

(o H2<K2> — 2K27T CbOpMYJ_IOﬁ QDC — C N (K2 . T)

Hns mo6oro pebpa o € K\ T B qokazatenbcrBe yTBepKaenns 1.4.b onpenenen 1-muka po. Ompe-
JIeJIUM OTOOparkeHue

L fT Hy(K?) opmymoit @D = Z po X QT.

©)

Ucnonbays orser Ha 3ajady 5.2.d, noayuum, uro ppC = C mis moboro C' € Hy(K?), T. e.
IPOU3BOJILHBI Kierounblii 2-1uk1 C' B K2 ecTh cymma Topos o X T 1o Beem napam (a,7) € ¢C.

(d) Omeem: 2B-V+1)?,

Pewenue. B 1. (¢) Mb1 onpeenmmmn orobpazkenust ¢ : Hy(K?2) — 25°-T y & 2K°-T 5 H,(K?) qst
MakcuMaJsbHoro fepesa T’ ceasnoro rpada K u jokazanu, uro poC = C nya moboro C € Hy(K?).
Taxxke ¢pD = D g moboro D € 2K =T Taxum 06paszowm,  — B3aUMHO OJIHO3HAYHOE COOTBETCTBUE.
CrenoBaTesbHO,

|Ho(K?)| = [2K°7T| = [0\ | = o(B-V+1)?,

5.6. (b) O6osmaunm B := {C; x C; : i,j € [¢]}. B craenyomux ayx ab3amax MBI JJOKayKeM,
9TO KazKJbli 2-1MKA B K2 ecTh CyMMa HEKOTOPBIX 2-IIMKJIOB U3 B W 9TO TaKoe IpeJCTaBJIeHHe
eJIMHCTBEHHO, COOTBETCTBEHHO.

[Tpumenum yraep:kenue 5.5.c. Kaxpiit Top C) x Cy C K?, B ¢BOIO 0uepe/ib, eCTh CyMMa HEeKOTO-
PBIX 2-IUKJIOB U3 B, moToMy 4T0 Kazk bl 13 npocThix nuk/aos O, Cy IpeIcTaBiasercs B BUIE CYMMbL
HeKOTOpBIX 1-nukios u3 C, ..., C,.

O6ozraunM gepe3 N KOJTUIeCTBO KOMIIOHEHT cBsi3HOCTH Tpada K. Axamornano yreepxaennto 1.4.b,
|Hy(K)| = 25~V Tlockombky C, . .., Cy — 6asuc B Hy(K), 10 27 = |H (K )|, 3naunt ¢ = E—V+N.
Cnenosarennho, |B| = ¢ = (E —V + N)2. O6o6masg yreep:xaenue 5.5.d jijis MpousBobHOro rpada
K H.(K2)| = 9(E-V+N )2 ”

, MBI nostydaeM |Hqo(K*)| = 2 , TIIe IOcjIe/iHee 3HavYeHne COBIAIAeT C YKMCJIOM JIMHEHHBIX
KoMOuHaImii 2-1ukjaoB u3 B. IlociiegHee BiiedeT e MHCTBEHHOCTD IIPEJICTaBICHUIM.

5.7. (a) Hodckaska: aro ciemyer u3 yrBepxKjeHus 5.1.b.

(b) Omeem.: uer.

Pewenue. Bosbmem K := K5 (wmn K := K3 3) u C := K2 Ilo yreepxaenuio 5.4.c (mm 5.4.d), C' —
KJIeTOuHbIH 2-1nKJ1. [[ockobKy B rpade K He cylecTByeT JIByX HEITYCTBIX BEPITUHHO-HEIIePECeKaIONUXC sl
IIUKJIOB, TO 2-TuKJ1 C' He sIBJISeTCsT CyMMO# HEKOTOPBIX ITPOM3BEIeHNI BePITMHHO-HEITEPECEKAIOTTITXCS
IIUKJIOB.

2_ 2

5.8. (a) Omeem: 207" —3n+1)7,

. / /

(¢) Iodckaska. BamMHO OHO3HAYHOE COOTBETCTBHE oOInpesnessiercs dbopmymoit f(oy0h, T175)
(0171, 0974) s meemesknbIx pédep o, 7 € [n|?. (Hamomuuwm, aro g a, b € [n] vepes al’ mbl 0603Ha-
qaem pe6po, coemuusionmee sepmuabl a u b'.) Knerkn a, 8 € [n] x [n]’ X [n] x [n]" emexxnn B K2,
TOIJIA ¥ TOJILKO TOT/Ia, KOTJIa, OHU Pa3JINvaioTcst POBHO IO OJHOM U3 deThipex KoopauHaT. [lockombKy

—~ 2 2
K2 'K, CK2? toamunfs K2, cMexHB TOIJA U TOJLKO Tora, Korjga fa u f3 B K, cMexHBI,

n,n? n,n?’

T. €. [ cOXpaHseT CMEXKHOCTb.
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~

Samevanue. OmupenesmM B3aUMHO OJHO3HAUHOE COOTBeTCTBHE [ Mexky pebpamu rpada KE% u
—~ 02 . .
pebpamu /F\pa(ba K, , olycTuB OJHY M3 NEPEMEHHBIX 07,04, Ty, Ty B (bopMin\e orobpaxkenus f (Ha-

upumep, f(o1,7174) = (0171, 75)). Herpyaro mokazars, uro coorBercTBust f, f COXpaHSIIOT WHIIUIECHT-
Hocth. (Hamomuum, uro pebpo n u 2-rierka a = (€, () unyudenmuo, eciiu n = & wiu 1 = (.) lpn
9TOM HE CyIIEeCTBYeT B3aMMHO OJHO3HAYHOIO COOTBETCTBUS MEXKILy BEpIIMHAMHU, KOTOPOe ObI coXpa-
HAJIO UHIUAEHTHOCTD. JleficTBUTEIHLHO, He CYIIECTBYeT B3aUMHO OJIHO3HAYHOTO COOTBETCTBUS MEZK LY

l-mpknamvu B K2 u B Knm. Hanpuwmep, mia n = 3 umeem |H1(K3D2)| = 2% B ormume or orBera
Ha 3aJ1a4y 2.7.e; KpoMe TOro, B K3D2 YeThIpe MUK/ 110 MOJYJ/IIO IPAHUI], B OTJIMYME OT OTBETA Ha
zajgaqay 2.7.e’.

Jlnst Habopa KBapaToB ¢ OPUEHTUPOBAHHBIMEI CTOPOHAME Pa300bEM 3TU CTOPOHBI Ha mapbl. CKJie-
UM KaK-TO CTOPOHBI B COOTBeTCTBUU ¢ pasdmermeM. OKa3bIBaeTCs, 3TO MOXKHO CIeIaTh Pa3HBIMU
criocobaMu, TOJIYYUB T€M CAMbIM pas3Hble moBepxHocT. Hanpumep, Kak ObLI0 OOOCHOBAHO BBIIIEC B

. . 2 . .
PEIIeHNN, TIPU OJIHON CKJIeliKe MOXKHO HOMyHuuTh K3 3, ABssttonuiics cepoii ¢ 9eThIpbMsl pyIKaMu,

~2
a Ipu JIpyroii ckjeiike —Top K3 .
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Introduction

A (simplicial) 1-cycle (modulo 2) in a graph is a set C' of edges such that every vertex is contained
in an even number of edges from C'. E.g., a cycle in the sense of graph theory is a 1-cycle, but not
vice versa. It is easy to check that the sum (modulo 2) of 1-cycles is a 1-cycle.

In this text we study the following problems: to find

e the number of all 1-cycles in a given graph;

e a small number of 1-cycles in a given graph such that any 1-cycle is the sum of some of them.

We also consider generalizations (of these problems) to graphs with symmetry, and to 2-cycles
in 2-dimensional hypergraphs (all the italicized notions are defined later). Main problems are 1.1.f,
1.3.e, 1.4.b, 1.5.ab, and 3.1.cf, 3.2.cf. The peaks of this text are results on 1- and 2-cycles in the
square of a graph (Problems 2.5.c, 5.5.cd, 5.6.ab and 5.10.d).

The notion of a 1-cycle and its generalizations have many applications in topology, for simpler ones
see e.g. [Sk20, §84.11, 6, 9], [Sk, §§1, 8, 9]. However elementary, this text is motivated by frontline of
research, see [FH10, MS17, SS23] and the references therein. Open problems are 2.9.cdfg and 5.10.f.

Learning by doing problems

In this text we expose a theory as a sequence of problems, see e.g. [Sk21m, Introduction, Learning
by doing problems| and the references therein. Most problems are useful theoretical facts. So this
text could in principle be read even without solving problems or looking to §6 ‘Answers, hints and
solutions’.

Problems are numbered, the words ‘problem’ are omitted. If a mathematical statement is formu-
lated as a problem, then the objective is to prove this statement. Open-ended questions are called
riddles; here one must come up with a clear wording, and a proof. If a problem is named ‘theorem’
(‘lemma’; ‘corollary’; etc.), then this statement is considered to be more important. Usually we
formulate beautiful or important statement before giving a sequence of results (lemmas, assertions,

E. Alkin, S. Dzhenzher, A. Skopenkov: Moscow Institute of Physics and Technology.
0. Nikitenko: Altay Technical University.
A. Skopenkov: Independent University of Moscow, https://users.mccme.ru/skopenko/.
This text (except for problems marked by star) was presented in 2023 at the International Summer Conferences of
the Tournament of Towns, see https://en.wikipedia.org/wiki/Tournament_of_the_Towns. We are grateful to L.
Bogdanov, A. Ryabichev and O. Styrt for useful discussions, and to A. Ryabichev for preparing computer versions of
some figures.
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etc.) which constitute its proof. We give hints on that after the statements but we do not want
to deprive you of the pleasure of finding the right moment when you finally are ready to prove the
statement. In general, if you are stuck on a certain problem, try looking at the next ones; they may
turn out to be helpful.

Important definitions are highlighted in bold for easy navigation.

On presentation at the Summer conference

Participants are welcomed to consult the jury on any questions on the project. If they successfully
work on the project, they can get interesting extra problems.

A team working on this project may consist of any number of participants. For every solution
written for a user marked with either ‘4’ or ‘+.” a team gets five ‘beans’ (see recommendations in
p. 3, ‘How to write a proof for a user’ of https://www.mccme.ru/circles/oim/multicomb.pdf).
The jury may also award extra beans for beautiful solutions, solutions of hard problems, or solutions
typeset in TEX. The jury has infinitely many beans. Every team initially has five beans. A team
may submit a solution in oral form or as written for a developer if the team has some beans. A team
loses a bean with every attempt (successful or not).

1. ONE-DIMENSIONAL CYCLES IN GRAPHS

The rigorous definition of a graph is given at the beginning of §2. Before that you can work with
graphs at an intuitive level.
Denote by
o [n]:={1,2,...,n};
e K, the complete graph on the set [n] of vertices;
e K, , the complete bipartite graph with parts [m] and [n]" (we denote by A" a copy of A).
A simple cycle v,v; ... v, of length k in a graph is a set {vjve, vovs, ..., vpv1} of edges such that
the vertices vy, ..., v, are pairwise distinct. A simple cycle is a simple cycle of some length. We omit
‘simple’ if this word is clear from the context. Clearly, any simple cycle is a 1-cycle. The definition
of a 1-cycle is given in the introduction.
The sum (the sum modulo 2, or the symmetric difference) of sets A, B is

A+B:=(AUB)\ (AN B).

/

.1.  (a) The sum of 1-cycles is a 1-cycle.

b) Any l-cycle in K, is a sum of some cycles of length 3.

c) If every edge of a 1-cycle in K, contains the vertex n, then the 1-cycle is empty.

d) How many 1-cycles in K,, are there?

e) For any vertices a, b, ¢,d in K,, we have abc + abd + acd + bed = 0 (we denote 0 := @).
f) Any linear relation on cycles of length 3 in K, is a sum of some relations from (e).
E.g.

1
(
(
(
(
(

e the relation 123 4 124 4 134 4 235 + 245 + 345 = 0 is the sum of relations
123 4+ 124 4+ 134 4+ 234 = 0 and 234 + 235 + 245 + 345 = 0;
e the sum of boundaries of triangles from any triangulation of the sphere or of the torus (Figure
1) is zero.

Rigorously, a linear relation is a set of cycles of length 3 in K, such that every edge of K, is
contained in an even number of cycles from this set. Thus a rigorous formulation of (f) is as follows
(we identify cycles of length 3 in K, with 3-element subsets of [n]). Suppose that R is a set of
3-element subsets of [n] such that any 2-element subset of [n] is contained in an even number of those
3-element subsets that are elements of R. Then there is a family R’ of 4-element subsets of [n] such
that a 3-element subset B of [n] is contained in R if and only if B is contained in an odd number of
those 4-element subsets that are elements of R'.

1.2. (a) Any l-cycle in a graph is a sum of some simple cycles.
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FIGURE 1. A T7-vertices triangulation of the torus

(b) Any l-cycle in a graph is a sum of some simple cycles for which there are no chords. A chord
in a simple cycle is an edge of the graph which does not belong to the cycle (i.e., an edge
between two non-consecutive vertices).

) Any l-cycle in K, is a sum of some of the following cycles: 123 and cycles of length 4.

) The cycle 123 is not a sum of some cycles of length 4 in K.

3.

(a) Any l-cycle in K, ,, is a sum of some cycles of length 4.

b) If every edge of a 1-cycle in K, ,, contains at least one of the vertices n or n’, then the 1-cycle

is empty.
(c) How many 1-cycles in K, , are there?
(d) For any pairwise distinct a, b, ¢ € [n] and distinct v/, v" € [n]’ we have au'bv'+bu'cv'+cu'av’ = 0.
(e) Any linear relation on cycles of length 4 in K, is a sum of some relations from (d), and
analogous relations a’ub'v + b'uc'v + c'ua’v = 0. (Rigorously, a linear relation is a set of cycles
of length 4 in K, ,, such that every edge of K, , is contained in an even number of cycles from
this set.)

(c
(d
1.
(

1.4. How many 1-cycles are there
(a) in a tree?
(b) in a connected graph with V' vertices and E edges?

Denote by K, the graph obtained from K, by deleting all ‘diagonal’” edges jj’, j € [n]. E.g., K
is the cycle 12'31'23' of length 6. This graph naturally appears in Problem 5.8.

1.5. (a) If n > 4, then any 1l-cycle in K is a sum of some cycles of length 4.

(b) Any 1l-cycle in K is a sum of some of the cycles C;; := 12'31'¢j' for edges ij’ of K such that
i,j7>1and (4,7) # (3,2).

(¢) The representation of (b) is unique.

1.6 (symmetric 1- cycles) * Denote by t: K, — K, the symmetry (involution) switching the parts,
ie. sw1tch1ng j and j’ for every j € [n]. Denote by tQ the 1-cycle symmetric to a 1-cycle Q. E.g.
th = K; and t(12'31'i5") = 1'23'17'j. A 1l-cycle @Q is called t-symmetric if tQQ = Q. E.g. K is
t-symmetric.

(a) How many ¢-symmetric 1- cycles are there in K,?

(b) Any t-symmetric 1-cycle in K,, is the sum of some of the following 1-cycles: K3 and Q + tQ
for cycles @ of length 4.

(c) The set of all 1-cycles in K, has a base consisting of (the t-symmetric 1-cycle) K3 and pairs of
1-cycles going to each other under ¢.

1.7 (integer 1l-cycles). * Let K be a graph with oriented edges. An assignment of integers to
oriented edges of K is a (simplicial) integer 1-cycle if for every vertex the sum of integers assigned
to incoming edges equals the sum of integers assigned to outcoming edges (Kirchhoff rule).

(a,b) State and prove the analogues of Problems 1.4.a,b for integer 1-cycles.
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(c) For given set w of orientations on edges of K denote by HY(K;Z) the set of the integer 1-
cycles, with the componentwise sum operation. For different sets w,w’ of orientations there is a
1-1 correspondence ¢: H¥(K;Z) — H¥ (K;Z) such that o(x 4+ y) = p(x) + ¢(y) for every z,y €
HY(K;Z) (i.e., the groups H,(K;Z) for different sets of orientations are isomorphic).

1.8 (cohomology). * Fix an assignment of + or — to edges of a graph. For any vertex one can
inverse the sign of every edge containing this vertex.

(a) For a tree, by the above operations for different vertices one can obtain any assignment from
any other assignment.

(b) Consider a connected graph with V' vertices and E edges. Find a maximal number of assign-
ments of + or — to edges such that none of these assignments can be obtained from any other by
the above operations.

2. ONE-DIMENSIONAL CYCLES IN THE SQUARE OF A GRAPH

A graph is a pair (V| F) of a finite set V and a set F of 2-element subsets (called ‘edges’) of V.

In this text K is a graph. We sometimes denote edge {a,b} shortly by ab.

Intuitively, a configuration is a pair of ants (one red and one blue) sitting at two vertices of a
graph (ants may occupy the same vertex). Configurations are called adjacent if one can be obtained
from the other by one of the ants moving along one edge. This is rigorized as follows. Vertices of
the graph K2 are ordered pairs (a,b) of vertices of the graph K. If vertices b and c of K are joined
by an edge, then the vertices (a,b) and (a,c) of K"2 are joined by an edge denoted by (a,bc), and
vertices (b, a) and (c, a) are joined by an edge denoted by (be,a). There are no other edges in K2,

E.g., the following are simple cycles in K2 (recall from §1 that a simple cycle is denoted by vertices
it passes through):

e the boundary

abOuv := (a,u)(b,u)(b,v)(a,v),
for edges ab and wv in K (the product ab X uv is a rectangle, see §4, and ab O uv = d(ab X uw) is its

boundary);
e the diagonal, off-diagonal and antidiagonal cycles

diag(123) := (1,1)(1,2)(2,2)(2,3)(3,3)(3,1), (1,2)(1,3)(2,3)(2,1)(3,1)(3,2),

and (1,1)(2,1)(2,3)(3,3)(3,2)(1,2) in Ky
e the left, right, diagonal, off-diagonal, and antidiagonal cycles

axC:=(a,v)...(a,vr), Cxa:=(vy,a)...(vga),

diag C' := (v1,v1)(v1,v2)(v2,v2) . .. (Vk, V) (Vk, v1),  (v1,v2)(v1,v3)(V2,v3) . .. (Vg, v1)(Vk, V2),

and  (vy,v1)(vg, v1)(ve, Ug) - .. (Vk, V2)(V1, Vo)

for a vertex a and a simple cycle C' = vy ... v, in K;

e the triodic cycle (1,3)(1,1)(1,2)(1',2)(3,2)(3,1') ... in K57, where dots denote the part symmet-
ric to the written part; a triodic cycle is also the analogous cycle corresponding to a K ;-subgraph
of K.

We consider the symmetry (involution) of K2 switching the factors (i.e., switching points (z,y)
and (y,z)), and the corresponding map on 1-cycles. (For an application of symmetric 1-cycles see
e

.g. [Sk, §1.6].)
2.1 (riddle). Find graphs K2 for
(a) K = K» a path on three vertices; (b) K = K3 a cycle on three vertices;
(C) K= Kg’l a tI'lOd7 (d) K= K4.
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2.2. (a) Any 1-cycle in K37 is a sum of some boundaries.

(b) The triodic cycle in K57 is a sum of some boundaries.

(¢) Any l-cycle in K3} is a sum of some boundaries.

(d) If K is a tree, then any 1-cycle in K72 is a sum of some boundaries.

Hint. Prove that if K and L are trees, then any 1-cycle in the graph K O L (defined below) is a
sum of some boundaries. Prove this by induction, using deletion of a leaf vertex.

(e) Is some left cycle a sum of some boundaries?

(f) Is some diagonal cycle a sum of some boundaries?

The following notions are useful, in particular, for Problems 2.2.def.

Let K and L be graphs. Vertices of the product graph K O L are ordered pairs (a, b) of vertices a
of K and b of L. If vertices b and ¢ of L are joined by an edge, then the vertices (a,b) and (a, c) of
K O L are joined by an edge denoted by (a,bc). If vertices b and ¢ of K are joined by an edge, then
the vertices (b,a) and (¢,a) of K O L are joined by an edge denoted by (bc,a). There are no other
edges in K O L.

The left projection Cy of a 1-cycle C'in K O L is the set of all edges ¢ in L such that there is an
odd number of vertices a in K such that a x o € C. (If C' is a cycle, then C,, is the set of all edges
passed by the blue ant an odd number of times.) The right projection C, is defined analogously.

2.3. (a) The diagonal cycle in K2 is a sum of a left cycle, a right cycle, and some boundaries.
(b) The off-diagonal cycle in K3 is a sum of the diagonal cycle and some boundaries.

(c) The antidiagonal cycle in K is a sum of the diagonal cycle and some boundaries.

(d) The symmetrized cycle a x C' 4+ C X a is the sum of diag C' and some boundaries.

(e) For K = K, is the left cycle 1 x 234 a sum of some diagonal cycles and some boundaries?

2.4. Find the number of 1-cycles up to boundaries in

() K% (b) K3 (o) K§%:  (d) K2

Hint. The number of 1-cycles up to boundaries is the maximal number of 1-cycles such that none
of them is the sum of any other and some boundaries. For some parts of this problem the Kiinneth
theorem 2.5.c will be useful.

Two 1-cycles C,C" in K2 are said to be homologous (or congruent modulo boundaries) if C' + C”
is a sum of some boundaries. Notation: C' ~ C".

2.5. (a) If K is connected and T' is a tree, then for any 1-cycle C'in K OT and vertex a in T there
is a unique 1-cycle C; in K such that C' ~ C x a. Moreover, C ~ C,, X a.

(b) If Z is a 1-cycle in K72 such that Z, = 0, then Z ~ a x Z, for any vertex a.

(¢) (Kiinneth theorem) If K is connected, then for any 1-cycle C' in K™2 and vertex a in K there
are unique 1-cycles C,Cy in K such that C' ~ €y x a + a x Cy. Moreover, C ~ Cy x a + a x Cj,.

The following (and K2 defined in §5) is a graph-theoretical analogue of the set of arrangements.
Consider two ants on K as above, but now forbidden to sit in the same vertex. Rigoriously speaking,
vertices of the graph K2 are ordered pairs of distinct vertices of K. Vertices of K2 are joined by
an edge in K2 if they are joined by an edge in K2

2.6. (riddle) Find graphs K2 in cases (a,b,c,d) of Problem 2.1.

2.7. Find the number of 1-cycles in

(a) K3% (D) Ka3; (o) Ko (d) K% () Ka3;  (F) K5™.

(a’-f’) Find the number of 1-cycles in K™2 up to boundaries (contained) in K2 (i.e., up to bound-
aries corresponding to pairs of non-adjacent edges).

Hints. (a’-d’) If a set of boundaries in K2 has zero sum, then the set is empty.

(e’), (f’) The sum of all boundaries in K2 is zero. This is the only non-empty set of boundaries
in K2 that has zero sum.
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2.8. * (a) If a sum of boundaries is symmetric, it is a symmetrized boundary, i.e., a sum of B + B’
for some pairs of boundaries B, B’ symmetric to each other.

(b) Any symmetric 1-cycle in K™2 is a sum of some symmetrized cycles and some symmetrized
boundaries. (Hence it is a sum of some diagonal cycles and some boundaries; note that a diagonal
cycle is symmetric up to adding boundaries.)

Hint. Follows by (a) and the Kiinneth Theorem 2.5.c.

(¢) For K connected, the map C'+— C' x a+ a x C defines a 1-1 correspondence between 1-cycles
in K and symmetric 1-cycles in K™2 up to symmetrized boundaries. The inverse correspondence is
given by C — C, = C,,.

(d) For K connected, is the number of symmetric 1-cycles in K2 uniquely defined by the number
V' of vertices and the number E of edges? (We do not know solution of this problem.)

2.9. * Let K be a connected graph.

(a) A triodic cycle is not a sum of some boundaries in K. 5 %

(b) Is an antidiagonal cycle a sum of a 1-cycle in K72 and some boundaries (in K52)?

(c) (conjecture) In K2 any off-diagonal cycle is not a sum of symmetrized cycles, and boundaries.

(d) In K 45 2 is any off-diagonal cycle a sum of symmetrized cycles, triodic cycles, and boundaries?

(e) In K2 any symmetrized cycle is a sum of off-diagonal cycles, triodic cycles, and boundaries.

(f) (conjecture) In K72 any 1-cycle is a sum of left cycles, right cycles, off-diagonal cycles, triodic
cycles, and boundaries.

(g) (conjecture) Any symmetric 1-cycle in K2 is a sum of off-diagonal cycles, triodic cycles, and
boundaries (in K7?)? The same with ‘... boundaries in K72". The same with ‘boundaries’ replaced
by ‘symmetrized boundaries’.

See more information in [CPG].

3. CYCLES IN HYPERGRAPHS

Higher-dimensional cycles in hypergraphs appear, in particular, as relations on 1-cycles in a graph,
see Assertions 1.1.ef.

3.1 (cf. Problem 1.1). A 2-cycle is a set C of 3-element subsets (called ‘faces’) of [n] such that
every 2-element subsets of [n] is contained in an even number of subsets from C. E.g. the empty set
is a 2-cycle. For a 4-element subset A C [n] let the tetrahedron T4 be the set of all 3-element subsets
of A. In other words, for pairwise distinct a, b, ¢, d € [n| define the tetrahedron

Tapedy = {{a, b,c},{a,b,d},{a,c,d}, {b,c, d}}

Clearly, any tetrahedron is a 2-cycle.
(a) The sum of 2-cycles is a 2-cycle.
(b) If every face of a 2-cycle contains the number n, then the 2-cycle is empty.
(¢) Any 2-cycle is a sum of some tetrahedra.
(d) How many 2-cycles for [n] are there?
(e) For any 5-element subset A C [n] we have %TA_{J} = 0.
je
(

f) Any linear relation on tetrahedra is a sum of some relations from (e). (Give a rigorous
formulation analogous to Assertion 1.1.f.)

3.2. Recall that [n]* is the set of all vectors of length ¢ whose entries are numbers from [n]. A line
is a subset of [n]¢ given by fixing all coordinates except one. A rook cycle is a subset of [n]* containing
an even number of vertices of every line. E.g. the empty set is a rook cycle. A parallelepiped is a
subset P; x ... x P, C [n]*, where P; are 2-element subsets of [n]. Clearly, any parallelepiped is a
rook cycle.

(a) The sum of rook cycles is a rook cycle.

(b) If a rook cycle contains no elements from [n — 1]¢, then the rook cycle is empty.
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(¢) Any rook cycle is a sum of some parallelepipeds.

(d) How many rook cycles for [n]® are there?

(e) For pairwise distinct a,b,c € [n] and parallelepiped P C [n]*"! we have
P x{a,b} + P x {b,c} + P x {c,a} = 0.

(f) Any linear relation on parallelepipeds in [n]® is a sum of some relations from (e), and rela-
tions obtained from that by permutations of coordinates. (A rigorous formulation is analogous to
Assertions 1.3.e and 3.1.1.)

Hint. First try the case ¢ = 2, cf. Problem 1.3.

L

3.3 (riddle). Invent and prove a higher-dimensional analogue of Problem 3.1.

3.4. * A 2-hypergraph (a two-dimensional hypergraph, or a 3-uniform hypergraph) is a pair (V, F)
of a finite set V and a set F' of 3-element subsets (‘faces’) of V. A (simplicial) 2-cycle (modulo 2)
in a 2-hypergraph (V) F') is a set C of faces such that every 2-element subset of V' is contained in an
even number of subsets from C'.

(a) There are two connected hypergraphs having the same numbers of vertices, edges (i.e., 2-element
subsets of faces), and faces, but different numbers of 2-cycles. (Cf. Problem 1.4.b.)

(b) Let L = (V, F) be a hypergraph. Denote by E the set of edges, by by the number of connected
components, by 2% the number of 1-cycles up to sums of some boundaries of faces, by 2°2 the number
of 2-cycles. Then by — by + by = |V| — |E| + |F].

4. GEOMETRIC DIGRESSION: CARTESIAN PRODUCTS OF GRAPHS

First we give an intuitive definition of a cylinder, and then a rigorous one.

Take rectangle bands aa’bb’ correponding to edges ab of a graph K. Glue the end segments of the
bands corresponding to the same vertex, so that the hatched letters would stick together with the
hatched ones. The obtained two-dimensional figure is called a cylinder over graph K.

Recall that R? is the d-dimensional Euclidean space (for d = 2 and d = 3 this is the usual plane
and space which one studies in elementary geometry class). The cylinder over a subset U C R? is

Ux Ky :={(z,t) eR" : 2 €U, te[-1,1]}.

For instance, the cylinders over Ky, K3, K31, and K5 are shown in Figure 2; the cylinder over Ky ;
‘looks like” the book with £ sheets.

FIGURE 2. The cylinders over Ky, K3, K31, K;

4.1. Any graph can be drawn without edges crossing on a book with a certain number of sheets
(Figure 2, K3;) depending on the graph. More precisely, for any n there exists an integer k, as well
as n points and n(n — 1)/2 non-self-intersecting polygonal lines on a book with k sheets such that

e every pair of points is joined by a polygonal line, and

e no polygonal line intersects the interior of another polygonal line.
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4.2 (riddle). The cylinder over any graph is realizable without self-intersections in R3.
The (geometric) product of subsets U,V C R? is
UxV:={(z,y) €eR* : 2 €U, yeV}.

In particular, the square of a subset U C R? is U? = U x U. For instance, the square K2 is the
ordinary square in the plane, and the square K3 (called the torus) is shown in Figure 4, middle.

4.3 (riddle). Draw in R?
(a) the product K3 x K3, without self-intersections.
(b) the square K3 ; self-intersections are allowed.

Remark. Sometimes the word ‘graph’ is used for ‘the body of a graph’ defined as follows. Sup-
pose that a subset of R? is in 1-1 correspondence with the set of vertices of K, and no segment
corresponding to an edge of K intersects the interior of any other such segment. The body of K is
the union of the subset, and of all such segments.

In this language K2 is the set (the configuration space) of ordered pairs (z,y) of points of a graph
K (or rather of its body) such that either x or y is a vertex of K. The set K2 is a union of a finite
number of segments, i.e., is a graph.

Analogously, K72 is the set (the configuration space) of ordered pairs (x,y) of points of a graph
K (or rather of its body) such that either z or y is a vertex of K, and z,y do not belong to the same
edge. The set K™2 is a union of a finite number of segments, i.e., is a graph.

5. T'WO-DIMENSIONAL CYCLES IN THE SQUARE OF A GRAPH
Let the (combinatorial) product of graphs K and L be
K x L:={(o,7) : oisan edge of K, 7 is an edge of L}.

Cells (o,7) and (7,d) in K x L are said to be adjacent if either

e 0 =, and 7,0 have a common vertex, or

e 7 = ¢, and o, have a common vertex.

(i.e., if the cells ‘share a common edge’ in K O L). If we glue adjacent cells along their ‘common
edges’ in K O L, we obtain the geometric product discussed in §4.

Let the square of K be K? := K x K.

A cellular 2-cycle (in K?) is a subset C' C K? such that for every vertex a and edge 3 of K

e there is an even number of edges o of K such that a 3 a and («, ) € C, and

e there is an even number of edges o of K such that a 3 a and (8, a) € C.

In other words, C' C K? is a cellular 2-cycle if every edge in K™ is ‘contained’ in an even number

of cells (o, B) € C.

5.1. (a) For subset C' of K2, the sum of boundaries o O 7 over (o,7) € C is zero if and only if C
is a cellular 2-cycle.

(b) A subset C' C K? is a cellular 2-cycle if and only if for every edge o of K both sets (‘column
section’” and ‘row section’)

Co.i={r : (0,7)€C} and C,:={r : (1,0)€C}
are 1-cycles in K.

5.2. (a) The product of any two simple cycles in K (the torus) is a cellular 2-cycle.

(b) The sum modulo 2 of cellular 2-cycles is a cellular 2-cycle.

(c) Does there exist a tree T', and a non-empty cellular 2-cycle in T?%?

(d) Does there exist a graph K, a tree T' C K, and a non-empty cellular 2-cycle contained in
T:=TxKUKXxT?
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5.3. Find the number of cellular 2-cycles in
(a) K3;  (b) K3 (c) K35 (d) K%
Hint. For some parts of this problem the following problems will be useful.

Intuitively (and not precisely) speaking, the combinatorial deleted product K2 of K is a set of
ordered pairs (z,y) of points in the graph K such that x,y do not belong to adjacent edges. The set
K2 could be represented as a union of rectangles. Rigorously, let the combinatorial deleted product
of K be

K2 :={(0,7) : 0,7 are non-adjacent edges of K}.

Remark. This set and its generalizations have many applications, notably to algorithm recogniz-
ing realizability of hypergraphs in higher-dimensional Euclidean spaces, see surveys [Sk06, Sk18]. The
subset K2 C K? is smaller than K2, and so is sometimes easier-to-draw. E.g. K3 = K3 = K->, = @.

Glue adjacent cells along their ‘common edges’ in K=2. Then the combinatorial deleted product
of the path on 5 vertices, of the cycle on 5 vertices, of Ky, of K33, and of K5 look like the disjoint
union of two disks, the annulus, the cuboctahedron without triangular faces (Figure 5), the sphere
with 4 handles, and the sphere with 6 handles, respectively.

(For K = K33 and K = K3 one proves that K2 looks like a connected orientable two-dimensional
surface, and uses the classification theorem for two-dimensional surfaces; see details in [Sa91, the
text after 3.4.1].)

5.4. (a) Are there any non-empty cellular 2-cycles in K2 for a cycle K?

(b) Analogous question for a wheel K, i.e., for the graph with the set {0} U [n] of vertices, and
edges {n, 1}, {0,5} and {j,j + 1} for j € [n —1].

(c) The subset K32,3 of K3 is a cellular 2-cycle.

(d) Analogous statement for K.

(e) There is a graph K such that K2 has a non-empty proper subset that is a cellular 2-cycle.

5.5. (a) Express K?%S as a sum of some tori.

(b) Express KZ as a sum of some tori.

(c) Any cellular 2-cycle (in K?) is a sum of some tori.

(d) How many cellular 2-cycles in K? are there, for a connected graph K with V vertices and F
edges?

%Imt to (¢, d). The 1-cycle po is defined in the solution of Problem 1.4.b. By answer to Prob-
lem 5.2.d any cellular 2-cycle C' in K? equals Z po x pr, and is uniquely defined by its cells

o (o,7)EC-T

outside 7.

Denote by Hi(K) the set of all 1-cycles in K, with the sum operation.

Denote by Hy(K?) the set of all cellular 2-cycles in K?, with the sum operation.

A set B of 1-cycles is called a base of a set A of 1-cycles, if every 1-cycle from A has a unique
representation as a sum of some 1-cycles from B (cf. Assertions 1.5.bc). Analogously one defines a
base of a set of cellular 2-cycles.

5.6 (Kunneth theorem). (a) There is a base C1, ..., C, in Hy(K) such that C; x Cj, i,j € [q], is a
base in Hy(K?).

(b) If Cy,...,C, is a base in Hy(K), then C; x C}, i,j € [g], is a base in Hy(K?).

(Le., Hy(K?) = H(K) ® H(K).)

5.7. (a) The product of any two vertex-disjoint cycles in K (i.e., two cycles which do not have
common vertices) is a cellular 2-cycle in K2.
(b) Is any cellular 2-cycle in K2 a sum of some products of vertex-disjoint cycles?

5.8.  (a) How many cellular 2-cycles in K2 are there?



10 E. ALKIN, S. DZHENZHER, O. NIKITENKO, A. SKOPENKOV, A. VOROPAEV

(b) There is a 1-1 correspondence Hy(K2, ) — Hg(f(vn2).

—~2
(c) There is a 1-1 correspondence between K%n and K, that respects the adjacence.
Hint: solve parts (a-c) in the reverse order.

Consider the symmetry (involution) of K? switching the factors (i.e., switching points (z,y) and
(y,x)), and the map induced by this symmetry on cellular 2-cycles.

5.9. * (a) For any simple cycles Q, R in K the symmetrized torus @ x R+ R X @ is a symmetric
cellular 2-cycle.

(b) The sum modulo 2 of symmetric cellular 2-cycles is a symmetric cellular 2-cycle.

(c) Is any symmetric cellular 2-cycle a sum of some symmetrized tori?

(e) For K connected, is the number of symmetric cellular 2-cycles in K? uniquely defined by the
number V' of vertices and the number E of edges?

5.10. * (a) Any symmetric cellular 2-cycle contained in K2 is a sum of some symmetrized tori.
(b) How many symmetric cellular 2-cycles in K2, are there?
(¢) The 1-1 correspondence of Assertion 5.8.b moves cellular 2-cycles in K2 transposed by the

symmetry to cellular 2-cycles in IA(T transposed by the symmetry ¢2. Here the symmetry ¢ : f(\; — l?;
is defined in Problem 1.6, and t*(x,y) := (tz, ty).

(d) Any symmetric cellular 2-cycle in K2 is a sum of some of the following ones:

e symmetrized tori @) X R+ R x @ for Vertex—disjoint cycles @, R of length 4 in K, ,;

e the combinatorial deleted product K2 33 of the subgraph K33 of K, .

(e) Any t*-symmetric cellular 2-cycle in Kn is a sum of some of the following ones: t2-symmetrized

tori Q x R+1tQ) x tR, and K3 :
(f) Is the analogue of (d) for K,, and the subgraph (homeomorphic to) Kj; of K,, correct?
Hints. (d) One needs Kiinneth Theorem 5.6, Assertion 5.8.b and (e).
(e) One needs Assertion 1.6.c.

5.11. * (a) The following assertion [Sa9l, 3.4.2] is wrong, even for connected graphs: there is a
cellular 2-cycle C' in K2 such that any cellular 2-cycle in K2 is a sum of some of the following cellular
2-cycles: C and products of vertex-disjoint cycles.

(b) (open problem) Is the assertion of (a) correct for 3-connected graphs?

(c) Any cellular 2-cycle in K2 is a sum of some products of vertex-disjoint cycles, and some
combinatorial deleted products of subgraphs homeomorphic to K5 or to Ks 3.

(d) (riddle) How many cellular 2-cycles in K2 are there, for a connected graph K with V vertices
and FE edges (use additional data of K, if required)?

Hints. (a) Take disjoint union of two copies of K5. Make the disjoint union connected by joining
the copies by an edge.

6. ANSWERS, HINTS AND SOLUTIONS

1.1. (b) The assertion follows from Assertion 1.2.b.
Remark. A specific representation of a 1-cycle as a sum of some cycles of length 3 is given in (d).

(d) Answer: gty

Hint. An arbitrary 1-cycle C' in K, equals the sum C = > ijn of cycles ijn over all edges
ijeC, ij<n
1) € C' not containing the vertex n. This follows because every edge in C' 4+ C' contains the vertex n,
so by (¢) we have C'+C =0, i.e., C =C.
Moreover, such a representation is unique, see details in the proof of Assertion 1.4.b.
(f) In the rigorous formulation this is equivalent to Assertion 3.1.c.
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1.2. (b) Any 1-cycle is a sum of some simple cycles. Any chord for a simple cycle of length [ gives
a representation of the cycle as the sum of two simple cycles of lengths less than [.

(¢) The sum of two cycles of length 3 having a common edge is a cycle of length 4. So if a cycle «
of length 3 is a sum of 123 and cycles of length 4, then any cycle of length 3 having a common edge
with a is such. Therefore, all cycles of length 3 are such. Now (c) follows by Assertion 1.1.b.

(d) For a finite set X denote by | X, the size of X modulo 2. Then for any 1-cycles C, C’ we have
|IC 4+ C'|s = |Cl2+ |

We often shorten p(z) to wx for the image of x under ¢, and {c} to o for 1-element subset.

1.3. (a) The assertion follows from Assertion 1.2.b.

Remark. Another way of representing 1-cycle C' as a sum of some cycles of length 4 is g C' defined
in our solution of (c).

(c) Answer: 2017

Remark. Compare to Assertion 1.4.b.

Proof. 1t suffices to prove that there exists a 1-1 correspondence between 1-cycles in K, , and
subsets! of K,_1n-1. Define a map

P Hl(Kn,n) — 2Kn_l’n_l by SOC =CnN Kn—l,n—l-
For any edge 0 = ab' in K,,_1,-1 denote by po the cycle ab'nn’ of length 4. Define a map

p: 2fn1nt 5 H(K,,) by @D := Z po.
ceD

Since ppo = o, we have ppD = D for any D C K,,_1 1.

Take any C' € Hy(K,,,). Since both $pC and C are 1-cycles, C" := ppC+C is a 1-cycle. Applying
opD = D for D = ¢C, we obtain pC’ = 0. So C' C K, \ Kn—1,-1. Hence by (b) we have C" = 0,
so ppC = C.

Thus, ¢ is a 1-1 correspondence.

(e) See Assertion 3.2.1.

Remark. Problem 1.3 is equivalent to a particular case of Problem 3.2 for ¢ = 2. Anedge ab’' € K,,,,
corresponds to (a,b) € [n]®>. A vertex a € [n] corresponds to the line x = a, a vertex V/ € [n]
corresponds to the line y = b. An edge containing a vertex corresponds to an element of [n]?
belonging to a line. Then 1-cycles in K,,, correspond to rook cycles in [n]?. In particular, cycles of
length 4 correspond to parallelepipeds (which for ¢ = 2 may be called parallelograms).

1.4. Answers: (a) 1; (b) 2F-V+L,

(b) Proof. Let T be a maximal tree of a connected graph K. It suffices to prove that there exists
a 1-1 correspondence between H;(K') and subsets of K \ T.

Define a map

o: Hi(K) = 25\T by oC:=Cn(K\T).
For any edge o € K \ T denote by po the simple cycle in K formed by ¢ and the simple path in T’
joining ends of o.
Define a map
p: 2"\ — H\(K) by @D:=) o
oceD

Since ppo = o, we have ppD = D for any D € 2K\T.

Take any C' € Hi(K). Since both gpC and C are 1-cycles, C" := ppC + C'is a 1-cycle. Applying
opD = D for D = ¢C, we obtain ¢C’ = 0. So C" C T. Hence by (a) we have C" =0, so ppC = C.

Thus, ¢ is a 1-1 correspondence.

1.5. (a) A simple cycle in [A(:l is formed by an [-element cyclic sequence of vertices such that

ISometimes the notation for a graph K is used for the set of edges of K (or, alternatively, the notation ‘NK’ is
used for the ‘restriction to K’ operation on the sets of edges).
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e the number [ is even and greater than 2;

e the parts of vertices alternate in the sequence;

e within each separate part, the vertices are not repeated;

e there are no two consecutive vertices m and m’.

Assume that such a cycle has no chords. Then any two non-consecutive vertices are not adjacent,
i.e., they either are in the same part or are m and m’. Any vertex has é — 2 non-consecutive vertices

from the other part. Then £ —2 < 1,501 € {4,6}.

FIGURE 3. A cycle of length 6 is the sum of three cycle of length 4

In a simple cycle of length 6 having no chords, any two opposite vertices are m and m’. Hence
the cycle is (mq, m}, mg, m), mg, m}) for some pairwise distinct my, mg, mg. Since n > 4, there is
a € [n] — {my, my, m3}. Then the cycle equals

(mlvm/27m37 (l,) + (m27méam17 (l,) + (m3a m/17m27 (l,),

see Figure 3. Now the required result holds by Assertion 1.2.b.

(b,c) Let S be the set of all edges ij" of K, such that 4,7 > 1 and (1,7) # (3,2). The assertions
follow (analogously to Problem 1.4.b) because

e an edge ¢ € S is contained in the cycle C, if and only if e = €;

e the graph ]?; — S obtained from f(\; by deleting all edges of S is a tree.

The second of these assertions follows because the edges of K, — S are exactly 32" and 14,41,
where 7 > 1, so f(vn — S is obtained by connecting with edge 32" the ‘star’ trees consisting of edges
17" with i > 1, and of edges 1'i with i > 1.

1.6. (a,b) The natural projection I?; — K, gives a 1-1 corespondence between t-symmetric

1-cycles in K, and 1-cycles in K,,. Use Assertions 1.1.d and 1.2.c.
(c) Take the base given by Assertions 1.5.bc. Then the 1-cycles

K3 = Cyy, Cij/, Cogy — Cj,’/, where ¢>7>1 and (Z,j) 7£ (3,2),

also form a base. This base is as required because Coy — Cj = 14j1'32'12'31'23" = 13'j1'23" = tC};0.

Alternatively, one can take the cycles K3, 1542/, 1'ji'2, where j > i > 2, and 123/, 1’12’3, where
1> 3.

1.7. (a) Statement. There is only one integer 1-cycle in a tree. It assigns 0 to all edges.

Hint. Start with proving that any integer 1-cycle on a tree assigns 0 to all terminal edges.

(b) Statement. Let T be a maximal tree of a connected graph K. Every assignment of integers to
edges of K \ T has a unique extension to integer 1-cycle in K.

Proof. Note that the sum of integer 1-cycles is an integer 1-cycle.

Denote by @z(o) the integer 1-cycle in K

e assigning 1 to all edges of po oriented in po in the same way as o,

e assigning —1 to all edges of po oriented in po the opposite way, and

e assigning 0 to all edges in K \ @o.

For every assignment D of integers to edges of K \ T' denote $D := > D(o)pz(o). Then D

ceK\T

is an integer 1-cycle extending D.

Take any integer 1-cycle C'in K extending D. Then C' — @D is an integer 1-cycle that assigns 0’s
to all edges in K'\T. So by (a) integer 1-cycle C'— @D also assigns 0’s to all edges in T'. So C' = @D.
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1.8. (b) Answer: 25-V+L,

FIGURE 4. Left: K37 is the 3 x 3 grid graph. Middle: K3? on the torus K3. Right: K57

2.1. (a) The 3 x 3 grid graph, see Figure 4, left.

(b) See Figure 4, middle (where boundary cycles are drawn in grey). Alternatively, K3 is obtained
from the graph in (a) by adding edges between corresponding vertices:

e of the 1st and the 3rd rows;

e of the 1st and the 3rd column.

(Compare to obtaining K3 from the path 123 by adding an edge between 1 and 3.)

(c) See Figure 4, right.

(d) Vertices are nodes of a 4 x 4 grid. Two vertices are joined by an edge if and only if they are
in the same row or in the same column.

2.2. (b) The triodic cycle in K57 equals Y 41’51’

i,J€[3],i#]
(e,f) Answers: no.
(e) Hint. The left projection of any boundary (and hence of any sum of boundaries) is empty.

2.3. (a) We have diag(123) =1 x K3+ K3 x 1+12023 + 12031 + 230 31.

(b) The off-diagonal cycle in K32 equals 1 x K3+ K3 x 1+ 12031+ 31012.

(c) The antidiagonal cycle in KD2 equals 1 x K3+ K3 x 1423031+ 31023+ 31031.
(d)WehaveGC+Cx1—d1agC'+ >oi(i+1)0g(+1), wheren+1:=1.
(e)

1,5€[n],i<j
e) Answer: no.
2.4. Answers: (a) 2% (b) 22; (c) 2%; (d) 26.
2.5. (a) Prove this by induction on the number of vertices of T', using deletion of a leaf vertex.

(b) This can be proved by induction on the number of pairs of edges of Z left-projected to the
same edge of K. The inductive base when the number is zero can be proved by induction on the
number of vertices b of K such that Z N (b x K) # @. For the inductive step, take such a pair
{(a,v1), (0,v)}, take a path vy ... v, in K, and replace Z by Z + o Ovvg + ... 4+ 0 O Uk_1 V.

(c) By (b), if Z, = Z, =0, then Z ~ 0. Applying this to Z = C'+ C; x a+ a x C,, we obtain the
representation from (c). The uniqueness follows because the left and the right projections of sum of
boundaries are equal to 0.

2.6. Answers. (a) The disjoint union of two copies of Ks ;.
(b) The cycle on 6 vertices.

(c) The cycle on 12 vertices.

(d) The union of edges of a cuboctahedron, see Figure 5.

)
2.7. Answers
(a? ( ) ( ) 217 ( )2137( 43 f 241

) 2
() 21 () 2% (¢) 2% (@) 27; (¢) 2% (F) 22
Hint. Apply 1.4.b to obtaln (a ) (f).
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/\ AX 2
13 43 42 /134 X 2 39

43 X 2

FIGURE 5. Left: cuboctahedron; the union of edges is K (three of the six boundaries
are highlighted); the complement to triangular faces is K f.

Right: the same with some explanations; the figure does not show the invisible part
whose projection is obtained from the pictured projection by rotation through /3

Remark. Cf. examples before Problem 5.4.

2.8. (a) It suffices to prove the result for K connected. It suffices to prove that if a sum of pairwise
distinct boundaries is a symmetric 1-cycle, then either the sum is zero, or there are two summands

symmetric to each other. The analogous result for K2 replaced by K OT |J T O K, where T is
TOT
a tree, is proved by induction on the number of vertices in T', using deletion of a leaf vertex. For

reduction of (a) to this analogous result, use the equality ZO’Z O7; = 0 for two simple cycles in
7]
K having consecutive edges o7 ...0; and 71 ...7,. Using this equality we replace the given sum of

boundaries by an equal sum not containing summands ¢ O 7 corresponding to edges o, 7 outside a
maximal tree of K.
3.1. (c) It suffices to prove that an arbitraty 2-cycle C' equals the sum C = > Tiikn
{i,4,k}e€C, i,j,k<n
of tetrahedra ﬂ Jikn over 3-element subsets {7, j, k} € C not contalnlng n. This follows because every
face in C' + C contains n, so by (b) we have C+C=0,ie,C=C.

(f) A rigorous formulation is as follows (we identify tetrahedra in [n] with 4-element subsets of [n]).
Suppose that R is a set of 4-element subsets of [n] such that any 3-element subset of [n] is contained
in an even number of those 4-element subsets that are elements of R. Then there is a family R’ of
5-element subsets of [n] such that a 4-element subset B of [n] is contained in R if and only if B is
contained in an odd number of those 5-element subsets that are elements of R'.

This statement is a higher dimensional analogue of Assertion 3.1.c; the proof is analogous.

3.2. (c) For a € [n—1]* denote by P(a) := {n,a1} x ... x {n,a,} the parallelepiped with opposite
vertices a and (n,...,n). It suffices to prove that any rook cycle C' C [n]* equals the sum C of
parallelepipeds P(a) over a € C'N[n—1]°. The sum C+C is a rook cycle. Since P(a)N[n—1]° = {a},
we have (C'+C)N[n— 1] = @. By (b), we have C + C = @, ie., C = C.

(f) Hint. Any parallelepiped P with some P; C [n — 1] is a sum of some given relations and two
parallelepipeds obtained from P by replacing with n one of the two elements in P;. So in each of the
two parallelepipeds the number of pairs P; not containing n is smaller than in P. Hence any relation
between parallelepipeds is a sum of some given relations and a relation P(a;) + ...+ P(as) = 0 for
some pairwise distinct ai,...,as € [n — 1]°. The latter relation is trivial because

@ = (Play) + ...+ Pla,)) N [n—1]" ={ay,...,as}.
Here the second equality holds because P(a) N [n — 1]¢ = {a}.
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4.2. Let O,V, Ay, ... A1, be Eoints in R? of which no 4 lie in the same plane. For every p € [n]

T —
take a point Ay, such that OAy, = OV + OA,,. If V is close enough to O, then the points Aj,,
J € {1,2}, p € [n], are as required, i.e., the union of parallelograms A;,A,As,A4;, forms the drawing
of the cylinder over K, in R3.

FIGURE 6. To drawing of K3, in 3-space

4.3. (b) See Figure 6.
5.1. (b) In this proof by o, 7 we denote edges of K, and by v we denote a vertex of K:

Cis a 2cvele {o: 030, (0,7) € C'}| is even for any v and 7
Y {7: 730, (0,7) € C}| is even for any v and o
- {oeC., : 0 3>v}|iseven for any v and 7 C.. is a 1-cycle for any 7
{r € Cy. : 0> v}|is even for any v and o C,.. is a 1-cycle for any o.

5.2. (a) Let C := Cy x Cy C K2 be the product of simple cycles C, and C, in K. For every edge
o of K the set (.. is either Cy or the empty set. For every edge 7 of K the set C. ; is either C or
the empty set. Hence by Assertion 5.1.b, C' is a cellular 2-cycle.

(c) Answer: no.

Solution. Let C be a cellular 2-cycle in T?. Since T is a tree, by Assertion 5.1.b C,. = 0 for any
edge o of T. Hence C = 0.

(d) Answer: no.

Solution. Let C be a cellular 2-cycle in T. Since T is a tree, by Assertion 5.1.b C,. = 0 for any
edge o of K\ T. Hence C' C T x K. Since T is a tree, by Assertion 5.1.b C., = 0 for any edge o of
K. Hence C = 0.

5.3. Answers: (a) 2; (b)2; (c) 2% (d) 2°.

Solutions.

(a, b) Let C be a cellular 2-cycle in K? such that C' # K, i.e., (o,
K. By Assertion 5.1.b, C,. is a 1-cycle. Since K is a cycle graph, C,.
C C K — 0. By answer to Problem 5.2.d, C' = 0.

(c) By answer to Problem 5.5.d, the number of 2-cycles in K34 equals 2F=V+D* = 22° = 16.
2

(d) By answer to Problem 5.5.d, the number of 2-cycles in K7 equals QE-VHD* — 93° — 99 — 519,

5.4. (a) Answer: no.

Solution. Let C be a cellular 2-cycle in K2. Take an edge o of K. By Assertion 5.1.b, C,. is a
1-cycle. Since (.. is a subset of the path graph K — o, then C,. = 0. Hence C = 0.

(b) Answer: no.

7) ¢ C for some edges o, 7 in
= 0. Then (0,0) ¢ C. Hence
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Solution. Let C be a cellular 2-cycle in K2. By Assertion 5.1.b, C,., C., are 1-cycles for any
edge o of K. Since both C;. and C.; are subsets of the path graph K — 0 — j for any j € [n], then
Coj. = C.o; = 0 for any j € [n]. Then C' C (K —0)2 for the cycle graph K — 0. Hence by (a), C' = 0.

(c) Denote C' := K?%:s. For any edge o in K33 both C,. and C., are cycles of length 4. Then the
required result follows by Assertion 5.1.b.

(d) Denote C' := KZ. For any edge ¢ in K5 both C,. and C., are cycles of length 3. Then the
required result follows by Assertion 5.1.b.

(e) Take K := K4 and C := 123 x 456. Since (12,34) ¢ C, the product C' is a non-empty proper
subset of K2. By Assertion 5.2.a, the product C of cycles is a cellular 2-cycle.

5.5. (a, b) Hint: the required representations can be obtained from the proof of (c).
(c) Part (c) easily follows from the particular case of connected K, which we further assume.
Let T be a maximal tree of K. Define a map

o Hy(K?) — 25T by oC:=Cn(K>-T).
For any edge o € K \ T the 1-cycle po is defined in the proof of Assertion 1.4.b. Define a map
5: 28T 5 Hy(K?) by @D:= > o x §r.
(o,7)ED

By Assertion 5.2.d, ppC = C for any C' € Ho(K?), i.e., an arbitraty cellular 2-cycle C' in K? is
the sum of tori po x @7 over (o,7) € ¢C.

(d) Answer: 2E-V+1D?, B B

Solution. In (c), we defined maps ¢ : Hy(K?) — 25°-T and & : 2K°-T — H,(K?) for a maximal
tree T' of connected graph K and proved that $pC = C for any C' € Hy(K?). In addition, @D = D
for any D € 25°~T. Thus, ¢ is a 1-1 correspondence. Hence

AS)

|H2(K2)‘ = ]2K2_T\ = IQ(K\TP’ — o(B-V+1)?

5.6. (b) Denote B := {C; x C; : i,j € [q]}. In the following two paragraphs we prove that every
2-cycle in K2 is a sum of some 2-cycles  from B, and that such a representation is unique, respectively.

Apply Assertion 5.5.c. Every torus C1 x Cy C K 2 is in turn a sum of some 2-cycles from B, because
both C; and Cy are sums of some 1-cycles from Ci, ..., C,.

Denote by N the number of connected components of K. Analogously to Assertion 1.4.b, |H(K)| =
2F=VHN " Since C),...,C, is a base in H,(K), it follows that 2¢ = |H,(K)|, so ¢ = E —V + N.
Therefore |B| = ¢* = (E—V + N)?. By generalization of the answer to Problem 5.5.d to an arbitrary
graph K, we have | Hy(K?)| = 2B=V+N)? wwhich is the number of linear combinations of 2-cycles from
B. This implies the uniqueness.

5.7. (a) Hint: this follows by Assertion 5.1.b.

(b) Answer: no.

Solution. Take K := K (or K := K33) and C' := K2. By Assertion 5.4.c (or 5.4.d), C'is a cellular
2-cycle. Since there are no two non-empty vertex-disjoint cycles in K, the 2-cycle C' is not a sum of
some products of vertex-disjoint cycles.

5.8. (a) Answer: 207 ~3m+1)%

(c) Hint. The 1-1 correspondence is defined by the formula f(o10%, 717}) := (017, 0275) for disjoint
edges 0,7 € [n]®2. (Recall that for a,b € [n] we denote by al/ the edge joining a and ¥'.) Cells
a,B € [n] x [n] x [n] x [n] in K2, are adjacent if and only if they differ only at one of their four

n,n
~2
coordinates. Since K2, K, C K7, it follows that o and 8 in K2, are adjacent if and only if fo

—~2
and ff in K, are adjacent, i.e., f respects the adjacence.

-~ ~ 12
Remark. Define a 1-1 correspondence f between edges of KE% and edges of K,, by skipping

o~

one of 01,04, 7,75 in the formula for f (e.g. f(o1, 7)) = (017],7)). One can check that the



CYCLES IN GRAPHS AND IN HYPERGRAPHS 17

correspondences f, frespect incidence. (Recall that an edge n and a 2-cell o = (§,() are incident
if n =& or n = (.) Note that there is no 1-1 correspondence between vertices that saves incidence.

—~ 2
Indeed, there is no 1-1 correspondence between 1-cycles in K72 and in K, . E.g. for n = 3 we

n,n

~ 2 . ~ 2
have |H, (K3 )| = 2%, as opposed to the answer to Problem 2.7.e; besides, in K3 there are four
1-cycles up to boundaries, as opposed to the answer to Problem 2.7.e’.

5.9. (c¢) Answer: no.

Solution. Take K = K3 and C' = K?. Then C is a non-empty symmetric cellular 2-cycle in K2.
Since K x K + K x K = 0, there are no non-empty symmetrized tori in K2. Hence C is not a sum
of some symmetrized tori.

5.10. (a) For any symmetric cellular 2-cycle C' in K2 we have
c¥ goxar2 Y (§ox@r+arx o).
(0,7)€C—T {0.7}: (0,7)EC-T
Here
e (1) holds by the formula in the hint to Assertion 5.5.c, and
e (2) holds because C' —T is symmetric, and C —T C C C K2, so o # 7 for any pair (o,7) € C—T.
(c,d,e) See the details in [SS23].
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JlekoMmo3unuu MHoro4wieHoB, miu Ilepsasg Teopema Purra
Astopsr: f. Abpamos, A. Ileryxos, A. Teprepsiu

1 Bcrynuenne

DTOT MPOEKT MOTHBHUPOBAH 3ajiadeil 0 KIacCuPUKAIMA KOMMYTHPYIOIIIX MHOTOYJIEHOB, T.e. TAKHX
nap MuorowieHos f(x) u g(x) omnoit nmepemennoit, uro f(g(x)) = g(f(x)). Ilpemmaraem durareso
caMOMy TIOUCKATh HECKOJIBKO TaKuX map. B pasbHeiinem Mbl Oy/1eM 0603Ha9aTh KOMIIO3HIHIO MHOTOYIEHOB
OJIHOIl IepeMEeHHON TakK:

fog=[lyg(x)).

JIaHHBIIT TPOEKT MOCBSIIEH U3y YeHNIO BCIIOMOTATEIbHOI 331491 Pa3/I0KeHIsI MHOTOWIeHA B (DY HK-
[UOHAJIbHY0 KoMmmosunuio Apyrux: F(z) = Ao B = A(B(x)). Dra 3a1a4a BOSHUKAET €CTECTBEHHO
U SBJISIETCS YACTbIO 3aJa49i KJIACCH(MUKAIME KOMMYTHUPYIONMX MHOTMOWICHOB. EcTecTBeHHO H3y-
YaTh pa3/oyKeHue B KOMIO3UIMIO MHOIOUJICHOB, Jajiee Hepa3IoKUMbIX. Mbl IPHJIEM K CIIeyomeMy
PE3YJILTATY O PA3JIOKEHNH [IPON3BOJIBLHOTO MHOTOU/ICHA B HEPA3JIOKIMBIE J]aJIee MHOTOUJICHBI, CUIIBHO
HATIOMIHAIOIIEMY TEOPEMY O DA3JIOXKEHUH YUCJIa Ha MPOCThIE MHOKHUTEJIH.

IlepBasa Teopema Putta. /[j1s AByX pasjioKeHUil MHOTOU/IEHA B KOMIIO3UIIAIO HEPA3IOKIMbBIX
MHOTOYJICHOB

F(z)=Gio...0G,=Hjo...0H;

(rme deg G; > 1, deg H; > 1) BblmosHsieTcs CIeyIolee:

1) r = s, T.e. JIMHA PA3JIOKEHUsT OJMHAKOBA,

2) HabopbI creneHeil MEOrOWwIeHOB pasyioxenus (deg Gy, ..., deg G,) u (deg Hy, ..., deg H,) nmoayvarorcs

JIPYT U3 JAPyTa MepecTaHOBKOIl WJICHOB,

3) CyIeCcTBYeT MOCIE0BATELHOCTD IIPOMEKYTOUHBIX pa3JioKenuii F = Flm o...0oF" takas uro
Fl=g a<i<r),

JBa COCCIHUX YJICHa B II0CJIeI0OBATCJIbHOCTU OTJINYar0TCA TOJILKO 3aMeEHOI JABYX COCEJIHUX MHOI'OYJICHOB
(CTeHeHI/I IepecTraB/dioTcd IIpu 3aMeHe U B3aMMHO HpOCTI)I) n

F"=loH;ol™ (1<i<r),

ryie [(z) — xakas-To juHeitnas dbynknus, a [~1(z) — obpaTHas K Heii, T.e. Takas urto [(I7}(z)) = z.

ITpumep. g paznoxkennit 212 = 22 ox?02? = 2202?02® npoMmeskyTOUHAS HOC/IEI0BATEILHOCTD
COCTOUT U3 emé ojHoro pasioxkennd r'? = 2 o 23 o 22,
Ob6o3HayeHus:

B nmanbneiinem GyjiemM cHuTATh, 9TO:

1,7, k, 1, m,n — Kakue-TO HaTypaJbHbIC YHUCJIA;

A,B,C,D,F,G,H,P,Q,R,S,T — kakue-r0 MHOrOWIeHbI (OJHOIl [IEpPEMEHHOI, eC/in He YKa3aHO
WHOE), T, Y, 2 — HepeMeHHbIe MHOTOUJICHOB;

a, b, c,d — Kakue-TO JIeCTBUTEIbHBIE YNC/IA;

M, N — Kakue-TO MHOYKECTBA.

2 3Bamadm 0e3 HmoJIcKa30K

B nanbueiinem mpu perieHun Jirob0i 33/ 1a41 MOYXKHO CChLIATHCA HA PE3YIbTaThI JIIOOOH Mpe b Iy Iel.

1. JlokazknTe, 9TO CyIIECTBYeT TaKOil MHOTOUJIEH
a) T(x), 6) Ty(x), B) Tu(x), v) T,(2),
qro T, (cost) = cosnt npu mo6om HaTypasbHoM n. Boeipasure T, o(x) gepe3 T,y (x) u T, (x).

Onpepesenne 1. Muorouien T,,(x) HasbIBaeTcs n-M MHOrO4IeHOM eObInIéBa.




2. Jlokaxkure, 9TO CYIIECTBYET TAKOH MHOTOWICH
a) DQ(x)>
6) D3(':C)7
B) D4((L’)7
F) Dn(l‘)7

aro D, (t 4 1) = t" + 7= npu M06OM HATYPAJILHOM .
Beipasure D, o(x) gepe3 D, q1(x) u Dy, (x).

Onpenenenne 2. Muorounen D, () nasbiBaercs n-M MHOroweHoM Jlukcona.

Onpegnesnienne 3. Jlekommosunpeil MHOro4IeHa [ Ha3bIBAETCA TaKas MOCICI0BATEIHLHOCTh MHOIO-
YIeHOB fi,...,fr, uT0 f = fi o ... o0 f.. Ha30BéM MHOrOYJICHLI, MOJyYaIOIIUECS JIPYT M3 JIPyTa,
npeobpazosanuem suga f — "' o fol (tne l(x) — muneitnag Gynxums), conpsxeénnbivu. Hazoém

JIBe JeKOMIIO3UTIAA f1, ..., fr U g1, ..., ¢, MHOTOUWIEHA f COMPSKEHHBIMU, €CIU f; = li’1 og;oliy1, e
l;(x) — nuueitnag dynkuus, l; = x, [, = .

3. Pasnoxure muorouien a) T,,(z), 6) D,,(x) B KOMIO3UIMIO HEPA3IOKUMbIX.

4. a) Ilycrs F = GoH. okaxure, uro F(x)— F(y) kak MHOrO4JIeH OT Z, y aeaurces Ha H(x)— H (y).
6) Ilycrs manbt muorowrenst A(x) u B(z). lokaxkure, 910 cyiiecTByeT He 60jIee OJJHOIO MHOTOUJICHA

C(z), rakoro uro A = C' o B.
B) Ilycts F' = G o H. Jokaxnre, uro F'(x) nenmnrcs kak Muorowien na H'(x).

Onpegenenune 4. MHOro4ieH Ha3bIBAIOT NPUGEIEHHBILM, €CTIU €r0 cTapInii KosdduimenT papeH 1.

5. /lokarknuTe, 9TO KOJIUIECTBO JAEKOMIIO3UIIMI IIPUBEAEHHOIO MHOIOUIeHa Oe3 CBOOOIHOTO UjieHa B
KOMITO3UIIUIO IIPUBEIEHHBIX MHOIOWIEHOB 0€3 CBOOOIHBIX YJIEHOB KOHETHO.

6. [lokaxkure, 9TO

a) Jiis JIIoboro puBeIEHHOr0 MuOrOWIeHa A(x), Takoro uro deg A = nr, cymecTByer u e JMHCTBEHEH
takoit npusenénusiii C(x), aro deg(A — C") < n(r — 1),

6) a ecau em@ ecrb jekommnosumua A = Po @, deg@ =n, 1o A= BoC.

7. a) Ilycrs ocrarok or menenns muorodnena G(x) va H(z) pasen R(x). okaxkure, 910 0CTATOK
ot genennsd G(F(x)) na H(F(x)) pasen R(F(x)).

6) Iycte F' = Po A = Q o B. Jlokaxure, uto F' = Ro C, rue degC = HOK (deg A, deg B),
C=A0A=DB;0B.

8. a) [lyctb Po A= Po B, rie A u B — upusejénnbie Mmuoro4senbl. Jlokaxkure, uro A = B.
6) llycts C o F = Do F, tiae F' — npusenéunbiii maorowren. Jlokaxnre, aro C' = D.

9. * Ilycte F'= Po A= Qo B. loraxure, uro F' = Ro C, tie deg C = (deg A, deg B).

10. Ilycte fi,...,fr w ¢1,...,9, — nABe Jexkommosuiun MHorouieHa F(z) (mpuuém Bee f; u g;
Hepaszaoxumbl) u deg f; = deg g;. Tokazkure, 9T0 9TH JiBe JEKOMIIO3UIIN COMPSZKEHDI.

. KaykKuTe, 9T
11. * (IlepBas Teopema Purra, cdpopMmynpoBaHHasl B HOBbIX TepMmuHax)! lokaxkuTe, 4T0
JTst JIBYX JIEKOMIIO3UIIUIT MHOTOUJIeHA B Hepasiokumble F' = Gio...0G, = Hyo...o H, (degG; > 1,
deg H; > 1) BepHo ciejtyroree:
1) r=s,
2) nocaenosarenpaoctu (deg Gy, ..., deg G,.) u (deg Hy, . .., deg H,.) SIBISIFOTCS TepeCTAHOBKAMHE JIPYT
Apyra, i i

CYMIECTBYET TI0C/IEI0BATE/ILHOCTL Jekomnosunuit F' = F{” o ... o F;" Takast uTo jBe cocejnux
3 0 0 0 OMIIO F = F] ,
JIEKOMIIO3UIMU B HEil OTJIMYAIOTCS TOJBKO 3aMEHOM JIBYX COCEJIHUX IOJUHOMOB (CTEIEeHU IMepecTaB-
JIAIOTCS TIPU 3aMEHE U B3aMMHO IIPOCTHI ),

1 _ :
B 05 ES7)
n n
(FY", ..., F?") conpsixena (Hy, ..., H,).

I'BcnomorartesbHBIE 3314 C MOJACKA3KAMH II0 33J1a49aM CO 3Be3J0YKAMHU oyayT Beiganbl 4.08 u 7.08.




3 Teopema PurTa: nepBas nmoprnusi BCIIOMOraTeJIbHbIX 3a/1a4

12. Ilycre F(z) = G(H(z)), degG = m, deg H = n. Onpegesny MHOTOYJIEHBI 1 IEPEMEHHBIX
e; Tak: y o ot'ei(yi, Yo, .. yn) = (E — y1)(t — y2) ... (t — y,) (OHE Ha3LIBAIOTCS SJEMEHTAPHBIMU
cUMMeTpUYecKuMu MHOrodaeHaMn). Ilycrs y muoroutena F'(x) poBro mn kopheii. Jlokaxure, 9ro
KOpHI MHOTOWIeHa F'(2) MOXKHO pasbuTh Ha M IPYIII 10 7 ITYK C11, - -+, Clp,y €21, « - « y Cmpy, TAK, ITOOBI
upu @ > 0 661710 €;(C11,C12, -+ -5 C1n) = €i(C21,Ca2y - -+, Con) =« oo = €i(Cm1, Cm2y -+ -+ Con) -

13. Moxer s 6piTh (2 — 1)(2 — 2) ... (z — 999) KOMIO3UIMEH MHOrOYICHOB creneneit 27 u 377

Emé npu pemenun mnpeabliyniero pasjienna HaM HPUTroxKaach njiess MHOXKECTBA BCEBO3MOYKHBIX
BBIPAsKEHUI OT JAHHOTO MHOTOUJIEHA, JINOO BBIPAYKEHMI OT HECKOJIBKIAX JAHHBIX MHOTOUJIEHOB. DT
ujest 0000IaeTCs 10 IMOHATHN W3 BBICIIEH MaTeMaTHKN: KoJjiel u 1oJieit. Kosiblla — 3To BCE, 9To
MOXKHO TOJIYyYATH W3 JJAHHOT'O MHOYKECTBa IIyTEM CJIOXKEHWs, BHIYUTAHUS W YMHOYKEHUs, a TaKKe
J06aBIeHnsT KOHCTAHT. A 10JIsT — TO 2Ke caMoe, HO el u ¢ onepanueit genenust! Hawm mpurogurcs
reopeMa Jlopora (3ajaua B KOHIIE JINCTKA).

3.1 Koabia

Onpegenenne 5. Koavyom? Ha3bIBAIOT MHOXKECTBO [ ¢ TpeMs olepanuaMy Ha HEM, Ha3bIBACMBIMI
cioxenneM (a + b), ymaoxenueM (a - b) n B3sTHEM IPOTUBOIOIOKHOIO (—a), IPUIEM STH OICPAIIIH
VJIOBJIETBOPSIIOT CJIE/IYIONAM YCJIOBHSIM:

HepeMeCTUTebHbIE 3aKOHbl: 1) a-b=0-a,2) a+b=0b+a,

coueraresbhble 3aKOHBL: 3) a - (b-¢) = (a-b)-¢,4) a+ (b+c¢) = (a+b) +c,

pacipesenTesbheiit 3akoH: 5) a - (b+¢) = (a-b) + (a-¢),

cBoiicTBa HyJIs1: 6) ecTb Takoii smement 0 € R, ato a+ 0 = a ajs gwoboro a € R, 7) a+ (—a) = 0,

8) cymecTByeT Takoit ssement 1 € R, uro a - 1 = a mig moboro a € R.

IIpumepsr. Kak n3BecTHO u3 MKOJIBHON Iporpammel, MuoxecrBa Z, Q, R ¢ ecrecrBeHHHBIME
olepanudaMml yaI0BJIETBOPAIOT 3TUM YyCJIOBUAM.

14 (Yupaxuenue). st npou3BoibHOTO KoJiblia M onuiure (BBeUTE) ONEPAIIUH CIOKEHUS, YMHOKEHUS
U B3ATUsI IPOTUBOIIO/IOKHOIO HA MHOYKECTBE BCEX MHOTOWIEHOB ¢ Ko dunuenramu B M (aHajsorndnbie
oreparnusM Ha MHOTOYJIEHAX C JIeHCTBUTEIbHBIMI KOI(DMUITMEHTAMIE).

Onpenenenne 6. Onucannoe BblIIe KOJIBIO Mbl 0003HatnM depe3 M[z] (rae © — mepemennas, M
— MHO>KeCTBO KO3(hPUINEHTOB).

ITpumep. s Kojiblia MHOTOYJIEHOB OT N IepeMeHHbIX R[x1, . . ., 2| coorBercTByiomee Rlz1, . . ., x,][y]
— KOJIBIIO MHOTO4IeHOB OT (n + 1) nepemennbix Rlxy, ..., z,,y].

Omnpenenenne 7. [loamuoxkecTBO A B KOJIbIle R HA3BIBACTCS NOOKOALUOM, €CJIU OTIEPATIAN CJIOKEHWS,
YMHOYKEHUsI U B3ATUSI [IPOTUBOIOJIOKHOTO He BBIBOJAT 13 MHOXKecTBa A (TO ecth eciu a,b € A, 10

a+b,a-b(—a) € A.
HpO,Z[el\/IOHCTpI/IpyeM, qT0 ,ZLaéT IIOHATHUE KO.HI)H&, KaKHNM MOIIIHbIM I/IHCTp}IMeHTOM OHO 4BJIdE€TCHd.

15. Dra 3aJa9a MOCBAIIEHA JIOKA3ATEILCTBY CJIELyIONeli TeOpeMbl: eC/I JaHa, MOCIeI0BATEIbHOCTh
MHOTOWIEHOB f1(Z), ..., fu(2), ..., TO cymecTByeT Takoe k, 94T0O Jjisi JIFOOOTO 1 BBIIOTHSIETCSI

fu(@) = Fu(fi(@), . frl@),

riae F,(yi1,...,Yx) — MHOTOUJIEHBI.

a) Ilycrb M — MHOXKECTBO BCeX BbIDarKeHUii, MOJIYJaloNUXCsl U3 3JIEMEHTOB 3TOH MOC/Ie10BATE b
HOCTH MHOT'OYJIEHOB MHOTOKDATHBIM IIPUMEHEHUEM OTlepaIuil CJI0XKEHUsI, YMHOKEHNS, BbIMUTAHUS W
YMHOKeHHUs Ha KoHcTaHTy. Jlokaxkure, uto M obOpasyeT MOJKOIbIO B KOJILIIE MHOTOYJIEHOB OT .
6) Ilycte N — MHOXKeCTBO Beex crerneneii amementoB u3 M (r.e. Beex menbix gucen deg f s f

2A TO9HEEe, KOMMYTaTHUBHbBIM KOJIBIIOM C eﬂHHHILefI.



u3 M). JlokaxKure, 9T0 OHO 3aMKHYTO OTHOCHTEIbHO YMHOYKEHHUSI €0 3JIEMEHTOB HA MPOU3BOJIHHbIE
HATYpaJbHBIC YUC/IA U CJIOXKEHUS ero 3JIeMEHTOB.

B) Jlokaxkutre, 9T0 B MHOKECTBO [N TIOPOXKJIEHO OTHOCUTE/IHHO CJIOZKEHUsI 1 YMHOXKEHUS HA HATY PAJIbHbIE
YHCJIa BCETO JIMIIb KOHEIHDBIM YUCIOM €r0 3JIEMEHTOB: JII00O0I €ro 3JIeMEeHT MOTyIaeTesd B PE3yIbTaTe
HECKOJIbKUX TaKUX Olepalyii n3 GpUKCUPOBAHHOIO KOHEYHOTo Habopa B N.

r) JlokaxKure, 9TO MOIKOIBIO M MOPOKIEHO BCETO JIUIL KOHETHBIM YUCIOM €r0 3JIEMEHTOB.

1) dokaxkure Teopemy.

3.2 Iloaa

Omnpenenenne 8. [loaem HA3BIBAIOT MHOXKECTBO [ ¢ 4eThIPbMS ONEpaIusaMu Ha, HEM, HA3bIBAEMbBIMU
cioxenneM (a + b), ymHO)keHneM (a - b), B3ATHEM IIPOTUBOIOIOKHOIO (—a) U B3sdTHEM 0OPaTHOIO
IS HEeHyJIeBOTO 3jieMenTa (@~ '), MpUuéM 3TH olepaluy yJI0BAeTBOPSIOT CJIELYIONUM YCIOBHsIM:

1-8) Te ke cBoiicTBa, UTO U B OIPEJIEJEHUN 5 KOJIbIIA,

9) a-a =1 na moboro a # 0 us F.

ITpumepsbi. MuoxkectBa Q, R ¢ ecTecTBeHHBIME OTIEPAITUSIMU YIOBJIETBOPSAIOT 3TUM YCJIOBHUSIM.

3ameuanne. He Bce mpuBbIYHbIE OTIEpanuy onpesesennl B moagx. Hanpumep oneparius n3Biedenns
KBa IPATHOr0 KOPHs 00LIYHO HepbimoHuMa B mose Q (kax mssectro, v/2 ¢ Q).

16 (Yupaxuenue). nsg mons F Beexute (ommimure) onepariin CJIOKEHUsT, YMHOKEHHsI, B3ATUS

[POTUBOJIOKHOIO U B3ATHsI OOPATHOIO Ha MHOYKECTBE BCEX DAITMOHATBHBIX (DYHKINi (BbIpazKeHWi
P . A(z)B B
BUJIA ﬁ, rie P, () — MHOro4JIeHbI, IPUYEM CYUTAETCS, YTO A%ng = ng) ¢ koadduipenTaMu B

F (anajoruvnble oneparysiM Ha PAIMOHATIBHBIX (DYHKIUAX C JefcTBUTEbHBIMEI KOdhhUImenTamm).

Onpepesienne 9. Onmcannoe Beime mose 0bo3uadnM depes F(z).

17 ([denenne mHOrO4UIeHOB ¢ octaTkoM). Jlokazkure, uro s muorowieno A(x), B(x) € Flz]
(B(z) # 0) maitnyrcsa takue muorowtensl Q(x), R(z) € Flz|, uto A = B - Q + R u deg B > deg R.

18 (Yupaxnenune Ha noHuManue). Pazjieinre ¢ OCTATKOM MHOTOYJIEHBI OT X ¢ KO3 bUIMeHTaMu B
nosie R(y, z) (r.e. Haiiaure muorowiensl Q () n R(x) U3 npeapLayIei 3a1asdu, puaéM KodhQUINEHTh
STUX MHOTOWIEHOB MOYKHO OPATh B BHUJIE PAIMOHAJIBHBIX (DYHKIHNA OT Y U Z):

a) (r+y+z2P -2 -y -2 wmar+y,6) (r+y+2)°—2°—1y°—2°na(z+y)(r+2).

19 (HauGosbimmii obimuii jesiuress Muorodwtenos). JJokaxkure, uro jyist muorousienos A(zx), B(z) €
€ Flx] a) cymectByer HOD(A(z), B(z)) 6) uw HOD(A(z), B(z)) = A(x)P(z) + B(x)Q(z) mua
Hekotopeix P(x), Q(z) € Flx].

20 (Bapumanr semmsr aycca). Ilycrs C(x), D(z) — asa muorowrena uz S[z|, rge S — KOJIBIO
muorouieros R[t] (r.e. C'u D — mHOro4wIeHsl or x, a ux Ko3(hQUINEHTHI — MHOIOYICHBI OT t).
Hokaxure, aro y ux npoussenennst C(x)D(x) Bce xodbdurmenTs B3auMHo IpocTsl B S[t] (T.e.
B3aMMHO IPOCTBI KAK MHOTOYWIECHBI OT t), €CJIN Y KazKJ0T0 M3 HUX KOI(MQUIMEHTHI B3AUMHO TIPOCTHI
(KaK MHOTOYJIEHBI OT ).

Onpepenenne 10. Tlomvmroxkectso A B mosie F HazpiBaeTcss nodnoaem, ecim omeparin CIOKeHHs,
YMHOKEHNsI, B3ATHs TPOTUBOIOJOKHOIO U B3ATHs 0OPATHOIO He BBIBOAAT U3 MHOzKecTBa A (TO ecThb
ecin a,b € A, 0 a+b,a-b,(—a) € Auecima##0,10a! € A).

21. Jlokaxkute, uTo MHO)KeCTBO Beex F(g(x)), rue g(z) — dbukcuposannasi, a F(r) — npousBoJIbHASI
panuoHabHble (DYHKIMH, siBJIsieTcs mojmnoaeM B R(x).

22 (Teopema JTiopora®). * JlokazkuTe, uTo J11060e npoMexkyTounoe noimnose R C K C R(z) asaserca
[OJIEM PAIMOHAJIBHBIX (DYHKIMH 0T Kakoi-HUOY b parmonasbaoil dynknun g(z): K = R(g(x)).

23. Jlokaxkure, 4TO €cjqu B IMpoMexyTodHoMm moanose R C K C R(x) jexkur MHOrodYIeH, TO
obpasyroriyio g(z) B Teopeme JIIopora MOXKHO BBIOPATH TOXKE MHOTOUJIEHOM.

24. JJokakure, 910 MHOIOUWIEH F Hepasaooicum TOTa U TOJIBKO TOTJA, KOTJIa JII060e IPOMEXKY TOTHOe
nogmnosie R(F) C L C R(xz) — sro smbo R(F), mmbo R(x).

3BTopas mopuusa BCIOMOTaTeIbHLIX 3a7a4 C I0oACKa3KaMu 1o TeopemaMm Purra u JIropota 6ymer 7.08.
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4 Teopema Purrta: BTOpas mopius BCIIOMOIraTeJIbHBIX 3a1a4

4.1 Teopema JIopoTa n «e€ mpuMeHeHUusI B HAPO/IHOM XO3s1iCTBE»

OnpeﬂeﬂeHHe 11. Cmenenvio pannoHaJIbHON (DYHKITUH, PEICTABUMOIT B BU/Ie HECOKPATHMOMN TPOOM

q(w ) £ 0, naspisaior max{deg p(z), deg ¢(z)}.

ah(z)+b
ch(z)+d

25. Jlokaxure, uro jisg a,b,c,d € F, h(x) € F(x), ad — be # 0 crenenn pasna crenenu h(z).

Omnpepesienne 12. Hazorém mogmuoxectso M B noste F C R(x) noposrcdarowyum, ecnn us ero
9JIEMEHTOB MOYKHO IOJIYUNUTH BCE JIEMEHTHI MMOJIst [F, MHOTOKPATHO NMPUMEHsIsI OTlePaIlii CJI0KEHN,
YMHOKEHHSI, B3ITHS TPOTHBOIOJIOKHOTO, B3ITHSI 0OPATHOINO U YMHOYKEHHUSI Ha KOHCTAHTY.

26. (reopema Jlropora)

OTa 3a/1a4a IOCBAIIEHa JOKA3ATEILCTBY CIIeLyIONel TeopeMbl: Jyist joboro mojst K, rakoro 1ro R C
K C R(x), naiinéresa rakas z(x) € R(z), auro K = R(z(x)). Mbl npuseméM aaropuT™ HOCTPOCHUST
Takoii bysknnn z(x).

s panuonansaoit Gyukmun g(x) obosuatum depes Py(x) n (Qy(x) MHOrOWIEHBI, ABIISIONIAEC €€
YUCJIUTEJIEM U 3HAMEHATEJIEM:

rae (P, Qy) =1 u Qu(x) — upuBeéHHBIIL.

Nsyunm s panmonasnsHoit dynkiun ¢(r) BermomoraTenabHOoe Beipazkenue Py(y) — g(x)Qy(y) or
[EPEMEHHBIX T, Y. 3aMeTHM, 9TO OHO IpHHaIesKuT Koubity R(g(z))[y] (T.e. aBigeTcs MHOrOUICHOM
ot y ¢ koapdburmenramu B nosie R(g(x))).

a) Homycrum, uro M — MHOKeCTBO (He 00s13aTe/IbHO KOHETHOE), MOPOKJIAIOIIEe MPOMEKYTOTHOE
nomnosie K. st Beex g(x) € M paccMoTpuM HAMOOJIBINN{T OOIIHI TeINTEIb HAINX BBIPAZKEHH

D(z,y)
d(x) ’

HODgenr (Pg(y) - g(x)Qg(Z/)> -

riae D(x,y) u d(x) — muorounensl. Jokaxure, uro D(x,y) geanres Ha y — .
6) Hokaxkure, auro HOD ep | Py(y) — 9(2)Qy(y) ), ecm pazgennts ero ma crapimii kosddunuenr,

oyner umeTh KodpburmenTs! B noje K.

B) [okaxure, 410
Py(2)Qy(y) — Py(y)Qy(2) = D(,y)Cy(z, y),

rae Cy(x,y) — MHOTOYIEH OT 1, Y.

r) Ilycts m — HamMenblas creneHb parpoHaabHol dhyukimm uz M u f(x) € M — Takas parwo-
HasbHag dynknus, uro deg f = m. Jlokaxure, uro ecrm deg, D(z,y) < m, To deg, Cy(x,y) > 0 n
deg, D(z,y) <m

1) Ilyers deg, D (x y) < m. Jokaxkure, 9T0 Bce KOIDOUIUEHTHI
B nojie K ¥ UMEIOT CTeleHb MEeHbIIe, IeM M.

e) OmpeesM CJIeYIONIYIO TPOIEAYPY Haj MHOKecTBOM M: 100aBUM K HEMY BCe HEMOCTOSHHBIE

D(z,y) = M 3
KOSCI)@)I/IHI/IGHTI)I MHOTI'OYJI€HAa —d(x) 1 Ha30BEM HOqueHHoe MHOZKEeCTBO (1) aTeM IIOCTPOUM IIO

D(z,y)
(@)

KaK MHOI'OYJICHa OT Y JiezKaT

MHOzKecTBY M(1) MHOro4jIeH d((x’y) HODgyenm,, (P (y) — g(x)Qg(y)> 1 j100aBUM €ro HEIOCTOSH-
Hble KO3(M@UIMEHTEI, MOIyYuB MHOXKECTBO Mgy, u T.1. JloKaxKuTe, 4TO HOBTOPHAS 3Ty IPOLEIYyDPY

MBI HpI/I,Z[éM K CUTyanuu, Korjaa

HODyens(Fy() = 9(2)Qy(w) ) = () (Puly) = h()Qu(v))

11t HeKoToporo h(x) € M.
k) Jokaxkure, aro Py (y)—h(x)Qn(y) (rme h — u3 npeabyiyero myHKTa) Hepa3/IoKUM Ha MHOXKUTEIN
B kosbtie R[A(z), y].



3) Hokazkure, aro P,(y) ue pemurcs na Py (y) — h(z)Qn(y) mag momem R(A(x)).

(Bameuanue: HaroMHHM, 4TO KO3 durmenTsl Py(y) — BelleCTBEHHbIE YHCJIA, & 3HAUUT, IPUHAIE-
xkar oo R(h(x))).

u) Ilycrs s mekoroporo u(z) € M ocrarku or nenenus P,(y) u Qu(y) na Py(y) — h(x)Qn(y) naz

Qh(z)y) - S(h(z)y) Qh(z)y) _ S(h(z).y)
nosem R(h(z)) pasuer <7758 u =525 coorsercrsenno. Jokaxure, uro = 5758 = u() =505

K) Jokaxknre, 910 u(r) U3 UpeAbLILyINero myHKTa npuHaiekut R(h(z)).
1) Hokaxkure, uro K = R(h(x)).

27. Hokaxkure, uro eciun K = R(hy(z)), To hi(z) = ZZ((;C))IZ

4.2 OcraTok JoKa3aTeJbCTBa INEPBOil TeopeMbl Purra

Onpepesnenne 13. s nsyx noseit K, L, takux aro R C K C L C R(x), nHazosém
crenenbio pacumpenus nojeit [L: K] caenyromee uncino. Ecom L = R (f(z)), To K = R(g(f(x)))
(o Teopeme Jliopora). Crenennio [L: K| Ha30BEM cTeneHb paloHaIbHON GyHKIMN ¢(x).

28. Jlokazkure, 9TO OIPEJIeIEHNE CTENIeHN KOPPEKTHO (He 3aBUCUT OT BHIOOpa 00PA3yIONHUX B IOIIIOJISIX ).

29. Ilycts H = r(F'), tne H, F' — MHOTOUJIeHBI, a 1 — paruoHajbHast dbyHkius. [Jokaxure, 9T0
7 — MHOTOYJIEH.

30. Jokaxure, uro crenenn [R(F): (R(F)NR(G))] u [R(G): (R(F)NR(G))] B3auMuo IpocTsL.

31. a) Ilycrs R(y, z) — nenynesoit muorowien, f(x) — pannonanbuas dbynkmusg u R(f(x),x) =0 —
ToxkectBo. [okaxure, aro deg, R(y, z) > deg f(z).

6) Ilycre h(x) — pammonanbras dyuknus. Haiinnre wemynesoit mHorounen T'(y, z) HanMeHbIIeR
BO3MOXKHOI cTerneHn no z, takoit aro T'(f(x),x) = 0 — ToXK1€CTBO.

B) Ilycrs S(y,z) — menynesoit muorournen, g(z) € L C R(z) u R(g(x),x) = 0 — ToXKIECTBO.
Hokazxure, aro deg, S(y, z) > [L: R(z)].

32. Ilycrs H(x) — muorowren, Takoii uro R(H) — moe, mopoxkaénnoe muorowrenamu F'(z) u G(x).
Hoxkaxkure, uro deg H = HOD(deg F, deg G).

33. (Bcnommuaem zagaay 9*.) okaxwure, uro ecim F(z) = P(A(z)) = Q(B(x)), T0 cymecTByer
takoii Maorowren C(z), aro degC'= HOD(deg A,deg B) u A(z) = A1(C(z)), B = B1(C(z)).

34. JlokazkuTe, 9TO MHOTOYICHBI A1 1 Ay IOPOKIAIOT OJIHO M TO Ke IIOJIIOJE TOI/Ia ¥ TOJBLKO TOIJIA,
korna A; = aAsy + b.

35. (Komer mokasaresbpcTBa mepBoit Teopembl PurTa. )

a) Ilycts R(G,) # R(Hs). Hokaxure, ato R(P) = R(G,) N R(Hy), rne P — MHOroO4/IeH CTEICHH
deg GG, - deg H.

6) Ilycrs MuOrOwIen P u3 npebliyero myHKTa TakoB, 910 P = Ao G, u A = Aj o Ay. [lokaxure,
qro Torga smbo R(P) = R(As o G,) (n Torma deg A; = 1), mubo R(Hy, Az o G,) = R(z) (u Torma
deg A; = deg A).

B) [lokaxwure nepsyto teopemy Purra.

36. *** TlonpoOyiiTe npuayMaTh aHAJIOTH C(POPMYJINPOBAHHLIX JIEMM U TEOPEM JIJIsA PAIMOHAJILHBIX
dyukmuit. YTo-TO, KOHEUYHO, TpUBUAILHO. MOXKHO y4YUTBHIBATH, HAIPUMEP, TO, YTO ODOOIICHUEM
HOHSITHsI CTEIIeHU JIJI PAIMOHATBHBIX (DYHKIINI sIBJISETCS KPATHOCTh KOPHS a Jyist pyHKIwu f(x) —
— f(a) (mommmaemyio kak KpaTHOCTb KOpHsi B ypasuennu P(x)Q(a) — Q(z)P(a) = 0): crenenb
MHOTOYJIeHA P () 3a9aCTYI0 HOHMMAETCsI KAK KPATHOCTh TOTO, CKOJIBKO Pa3 OH MEPeBOJINT OECKOHETHOCTh
B cebsl, YTO CTAHOBHUTCS IOHATHEE, €CJIU 3aMEHUTh KOODJIMHATY Ha %, T.e. PACCMOTPETH KOPHU

BBbIpaXKeHU zﬁ —0.
x



Pwnrr: peamiennsda Koe-KakKnux 3a/1a4

Pewenue 3adavu 1. TlousTHO, 9TO0 17151 Kazkgoro n € N Takoit MHOTOUYIeH He DoJjiee YeM e TMHCTBEHHBI: 1Ba,

Pa3TMYHBIX MHOTOYIEHA HE MOTYT COBIAJIATh HA oTpe3ke [—1, 1] — obiacru 3Hadenuii Kocunyca. Takike
MOHATHO, YTO NOAXOAAT MHOro4wneHsl 1T1(z) = x, Th(x) = 2x? — 1, Toraa ganee peKyppeHTHO ONPEIe UM
nocsiegoBareabaoctrb 11, Ty, Ty, . .. yeaosuem Thyo() = 221,41 (x) — T, (), v 110 MHIYKIMU JIOKAZKEM, 4TO

9TO B TOYHOCTHU ITOCJIeA0BATE/JIbHOCTb HY2KHbBIX MHOI'OYJICHOB.
Baza Bepna no moctpoenuio, a nepexoj cjaejgayer u3 popmMyJibl

cosacos B = %(cos (a+ B) + cos (o — 53)),
TMeeM:
Thia(cost) = 2costcos ((n+ 1)t) — cos (nt) = cos ((n + 2)t) 4 cos (nt) — cos (nt) = cos ((n + 2)t).
Bameuanne. Cornacuo ¢gpopmysie MyaBpa, STOT MHOTOWIEH MOXKeT ObITh HalijieH 1mo (opmyie

(x+\/2962T1)n + (I*\/fj)’n
2

To(z) =

]

Pewenue s3adayvu 2. JeiicrByeM aHAJIOTHYHO HPEAbLAYIIEH 3a/1a9e: TaKOil MHOTOUYIEH He DoJiee 4em euH-
CTBEHHBII: JiBa PA3JIMIHBIX MHOIOYJIEHA HE MOI'YT COBIIQJIATh HA MHOXKecTBe (—00, —2]U[2, +00) — obractu
snauennii bynkuun f(t) =t + 1. 3arem onpeneasiem Dy (z) = x, Dy(x) = 2% — 2, m jasnee peKyppeHTHO:
Dyio(z) = Dpyr(z) — Dy(x). Ilo unayxnun nokassisaeM uto Dy, (t + 1) =t + ;& : mpu n € {1, 2} s10
SICHO, a IIAr HHAYKIMA CJEIyeT U3 BHIKJIAIKM:

1

1 1
Dy o(t + ;) = (t+ ;)(t”*l +

tn+1

1 B n_i:tn+2+ 1

nt2 tn nt2 :

1 1
)—(t"+—):t”+2+t—n+t”+

t?’L

Sameuanune. Ilo dbopmyre MyaBpa, 3TOT MHOTOUJIEH CBA3aH C MHOTOWIeHOM YeOBIIIéBAa COOTHOIIEHUEM

D, (x) = 2T, (x/2). O
Pewenue sadavwu 3. Habmogenne. Muorowien npoctoit crenenn HEPa3I0KnuM.

Zokxazamenavcmeo nabarodenua. CTeneHb pasoKUMOTO MHOTOWIEHA paBHA MPOU3BEIEHHUIO CTeleHeil KoM-
[IOHEHT HETPUBHAJIBLHOI'O PA3JIOKEHUsI, TU CTEIeHU OOJIbIIe e IMHUILBI. L]

[Iycte m = py - ... pg — PA3/IOKEHUe YUCJA M Ha MPOCTbie MHOKUTENN (CPeJId MHOKUTEIeH MOTyT
OBITH PaBHBIE).

[Tycrb n, k — upoussosibHble HaTypaJjibhbie uyncjaa. st Beskoro enysesoro t € R umeem: D, (Dy(t +
+ %)) = D, (t* + tik) = (") + # =tk 4 t%k = Dp(t+ %), 3HAYUT MHOTO4YIeHH D, u D, o D), coBmagaor
Ha (—oo, —2| U [2, +00) (o6nactu suavennit dynxuuu f(f) = ¢ + 1), 3nauur onu cosuajaior. Torua
nmeem gexomvmnosunuio Dy, = D, o...o D, . B cuiy nabmaionennd, jajaee 10CTATOYHO IOHATH YTO CTelleHb
KasK 10 KOMIIOHEHTHI — MPOCTOE 9uC/10. JIJIs1 3TOr0 0CTATOYHO MOHSATh, ITO JIJIs JTFOO0TO HATYPAJIBLHOTO 17
crenenh MHOrOYIeHa D, paBHa n. A 310 TpuBHAILHO Mo nHAYKIMK: pn n € {1, 2} 310 BepHO, a Mepexo
TpuBnajeH u3 coornomenus Dy, o(x) = xDyyq(x) — Dy,(x). TIOTHOCTBIO AaHAJOIUIHO JOKA3BIBAETCSA UTO
Ty =1, 0...0T,, — uckoMnag JeKOMIO3ANAA 1,. O

n__pn _ _ _
Pewenue 3adawu 4. 4a) Xopomo mspectno, uro “=0% = q"~! 4 "2+ ...+ b"7'. Orcrona HeMeLIeHHO

caenyer, uro muorowien F'(a)— F(b) nenurcsa wa Mmuorousier a — b. Ilojcrasisig BMECTO a U b MHOIOUJIEHBI
H(z), H(y), mosydaem HCKOMO€e YTBEpPKICHHE.
48) o dopmyne npoussogHoii cioxuoii byukuun uveem F'(z) = H'(2)G'(H(x)). O



Pewenue 3adavu 5. Ilycts muorownen F(z) mpeacraBum B Buge kommosunun G o H B COOTBETCTBHHU C
ycaoBueM 3ajiadn. JlocTarodHO Jl0Kas3aTh KOHEYHOCTH YHUC/IA TaKUX Pa3J/IOKeHuil it (pUKCHPOBAHHOIO
uabopa creneneit d, = degG,d;, = deg H(degG - deg H = deg F'). Muorounen H npusenén, 4ro OTKyaa
caepyer, 9ro crapmuii koaddunnent muorowiena H' pasen dy. Y muorounena F/ ecTh TOJIBKO KOHEUYHOE
YUCJI0 MHOXKHTE el co ctapmuM KoddduiumenToM dy. OTKy/Ia HCKOMOE YTBEPKICHUE U CJIeIyeT. O

Pewenue 3adawu 6. Iousrno, uro crenens Takoro muorodiena C(x) moiKua ObITH paBHa N.
Cravasia J0KazKeM eUHCTBEHHOCTD: IIycTh Takux Muorowienos C(x), Cy(x) xorst 66t gBa (062 mpuBeIEHHDIE
crenenn n). Torga deg(Cy — C%) < n(r —1). C apyroii cTopoms!,

(CT—C3) = (C1 = Co)(C7TH+ ...+ C57 ).

Beaymmuit kosbbUIHERT y KazKI0T0 U3 CIaraeMbIX BTOPOro coMHOzKATeNs pasen 2"~V orkyna exymmmit
koabdpuiuent Broporo comuozurens pasen rz"" Y, Eciu nepsbiit coMuozKuTeb ne 0, TO CreneHb BCero
Beipazkenus C] — C§ 6yaer xorst 661 n(r — 1). IIporuBopeune.

Temepsb gokazkeM cymiecrBoBanne Takoro muorowiena C(x). Pacemorpum npuBeI@HHBI MHOrOUIEH
C(z), nasa xoroporo Boipaxkenue deg(A — C") MEHEMATIBHO (€CIH TAKAX HECKOJIBKO — BO3BMEM JI000I).
[Momoxum d := nr — deg(A — C"). Ecau d > r, to muorowren C(x) u ectb uckoMblit. Takum obpazom
MBI MOZKeM cauTarh, uto d < r — 1. deg(A — (2™)") < nr, u, cregoBarenspuo, d > 1. Ilycrs Begymmii
koappurment A — C” pasen kx" 9. Paccmorpum soipaxkenne (A — (O + %x”_d)). JIerko BujieTh, 4T0

deg(A — (C + ﬁx"‘d)) <nr—d.
T

YT0 NPOTHBOPEYHT HAIIEMY HPEINOI0KEeHNI0 0 MUHUMAJIBLHOCTH Jjisi MHOrowieHa C(z). [

Pewenue 3adawu 7. T7a) ToxmecTBo mag OCTATKA M HEMOJHOIO YACTHOTO OCTAETCS BEPHBIM, a YCJIOBHE
deg R(F(x)) < deg H(F(z)) oueBuHo.

76) IMomenmns A u B Ha ux crapime Ko3bDUIMEHTH, CYUTaeM UX Jajiee NPHBEJIeHHbBIMA. Bo3bMéM
muorowien D = S(A) = T(B) nanmeHblleil crenenn, siBISIONMIACS OJHOBPEMEHHO MHOTOYIEHOM OT A u
muorowtenoMm ot B (S u T Beibupaem npusegennsivu). [Iycts

deg A = ag,deg B = bg, g = HOD(deg A, deg B),deg D = daby.

Toryna deg S = bd, deg T = ad. Tlo 3amaue 6(a), cymecrByer npuBejenbiii Muorowten U crenenu b, Takoii
aro deg(S(A) — U4(A)) < b(d — 1)a, a TaxzKe cymecTByeT NPUBEICHHbIH MHOrOWIeH V CTeneHu a, Takoil
uro deg(T(B) — V4(B)) < a(d — 1)b. Torua

deg(U(A) — VY(B)) = deg(U*(A) — T(B) + T(B) — V!(B)) = deg(U"(A) — S(A) + T(B) = V¥(B)) <
< max(deg(U%(A) — S(A)),deg(T(B) — VYB))) < a(d — 1)b.

IIpu sToMm
UYA) —VYB) = (UA) = V(B)UYA) + ...+ VIYDB)).

Crenenn kaxka0ro ciaraemoro B cymmve UL (A)+. ..+ Va1 B) ogunaxosst u pasubt (d—1)ab, a crapumii
ujien Besje pasen 1. 3mauut, crenenn sroporo muokureis B (U(A) — V(B))(UL(A) + ...+ V41(B))
pasra ab(d—1). ITpu 3TOM camMo TPON3BE/IEHNE NMeeT CTeleHb, MeHbIY0 ab(d—1), corIacHO HATMCAHHOMY
panee. 3uauut, U(A) — V(B) = 0. Torma, eciun d > 1, 1o U(A) = V(B) — MHOTO™WIEH MEHbIIeil CTemneHw,
yeM D, IBILIOMNICA OJTHOBPEMEHHO MHOIOWIeHOM 0T A m MHOorowienoMm or B. IIporusopeune. I13 Toro,
o deg F' jiesiures Ha deg D u 3aja4u 6(6) Torga cieyer, uro F' sjgercss MEHOro4jieHOM ot 3toro D. [

Pewenue 3adawu 8. 8a) Ilpsmoe caencrsue u3 3amaqn 6(6).
86) Muorowren C'— D paBeH HyJ0 Ha 00JACTH 3HAUYEHUIT MHOTOUIeHA F', 3HAYMT, 110 TeopeMe Besy, ou
PaBeH HYJITO. 0



Pewenue 3adavwu 10. 3amernm, 9TO, COTJIACHO 3ajade 70, MHorowiensl F; = f;o fiyi0...0 f, u G; =
= (;00i+10...0 gy ABIAIOTCA MHOTOYJICHAMU JAPYT OT APYTa, & 3HAYNUT CBA3aHbI APYT C JAPYIOM JIMHEHHBIM
coorrorenneM F; = a;G; + b;. Dro qmueitnoe coornomenue u Oyzer l;(y) = a;y + b; u3 onpenenennst
COTIPSIYKEHN . O

Pewenue 3adavu 10 6e3 ucnoavsosarnus 3adavwu 76.

Jlemma 1. Ilycts P — mHorouien crenenu n > 1, u a, b —BemecrBennbie uncia, a # 0. Torja:

(1) Eciin n — HeuéTHOE, TO CyIECTBYET MHOTOUYJIEH | TIePBOi CTeleH: Takoii, 4to P ol mMeer crapiimii
ko3 duireHT a u ciaeayomuii 3a HuM Koddurment b.

(2) Eciiu n — 4éTHOE, M YUCJI0 a UMeeT TOT ¥Ke 3HAK 4TO W crapuimii Koadduiuent Maorodsesa P o
CYIIECTBYIOT MHOTOWJIEHBI [, [ mepBoii crenenu Takue, 9To Pol, u Pol_ uMmeior craprmit Koaddunuent
a u caeaytommii 3a auM Kodddunuent b, u y [ crapmuit koaddunuent monoxkuresien a 'y [ orpunaresie.

Proof. Ilycts A — crapmmit koaddurnuent P, B — Ko3hUIUeHT Caeayomuii 3a HIM.
(1) Jocrarouno s3ats [(x) = 3/Ta + (n( /) A) " - (b— B(3/2)"1).
(2) Hocrarouno B3aTh [y (z) = Q/%x + (n( ﬁ)"—lA)—l - (b— B( ﬁ)n—%
(@) = = /%o = (n(3/5) A b+ B/ ). 0

Jlemma 2. Ilycrs A, B, P,(Q — uenocrosinubie Muorodwtensl, A(P) = B(Q), deg A = degBuy Au B
COBITQIAI0T TIepBBIe JABa KoddduimenTa. Toraa ecan BBHITIOJHEHO XOTS-Obl OJTHO U3 JIBYX YCJIOBHi

(1) deg A — neuérna.

(2) y P u () coBOajiatoT 3HAKU CTAPIINX KOI(DDUIHEHTOB.
ToA=B,P=0Q.

Proof. Tlycre m = deg A. Tousitro, uro P u () UMeT 0JNHAKOBYIO cTeneHb (100

A(P) = B(Q), uy A u B onuHakoBble HEHyJIeBble cTerenu), obo3naduM eé n. Ilycrs P(z) = kzopkxk,

Q(r) = S qua®, A(z) = Y arz®, B(z) = . bra*, n a,b — nepsoie asa kosdbdunmenta A (onm ke
k=0 k=0 k=0

nepsble aBa Koabdunuenra B.) Tokazxem unpykimeii mo d € {1,...,n+1} aro nepsbie d ko3bduruenTon
MHOrowieHoB P u () cOBIIaIaioT.

y A(P) crapmmii koaddunument pasen a(p,)™, ay B(Q) ou pasen a(q,)™, T.e. (p,)™ = (gn)™, 71€rK0
BHJIETDH 9TO Kazkjo0e u3 ycjaoBuil (1) u (2) BMecTe ¢ 9TUM PABEHCTBOM BIICUET P, = ¢y, T..0a3a r = 1 BepHa.
Hanee ocymecrsum nepexog or d =1 € {1,...,n} xk d=r+ 1.

BosmoxkuabI poBHO 2 cirydas, criepBa PaCCMOTPHM UX OTAETbHO:

m

m

1) r = n. Eciu B cymme A(P) = 3 ap P* 6o7ee aByx ciaraeMblx, To KazKI0e KpoMe MOCTEIHHX IBYX
k=0
— MHOTOWJIeH cTeneHu He Bbime n(m — 2) < nm — n, noyromy Kodpduipent npu mn — n—oii crenenu

y A(P) raxoit xe, KaK Y @, P™ + a,,_1P™!. B cayuae, Korja ciaraeMbIx BCero JBa 3TO, pa3yMeeTcs,
TakzKe BepHO. Amasoruduo mojydaeM uto y B(Q) koadduiuent npu mn — n—oil cremneHu Takoii e,
Kak ¥ b, Q™ + b,,_1Q™, T.e. yuuThBag @ = Gy, = by, b = Ap—1 = by,—1 MOTYHaeM UTO Y MHOTOUJIEHOB
aP™ +bP™ ! u aQ™ +b%m — 1 oaunakossie K03bMHUIMEHTH IPU M7 — n—O0ii crenenn. TpPUBHATIBLHO, ITO
koabduuenTsl npu 3roit crenenu y bP™ ! u bQ™ ! pasubt b+ (p,)™ ' u b+ (q,)™ ! coorsercTBenno, T.e.
COBIAIAIOT B CHIIY 0a3bl MHAYKIMU. SHAYUT COBMAIAIOT KOIMMUIMEHTHI IPH 3TOH CTENEeHN y MHOI'OYJIEHOB
aP™ 1 aQ)™. DTa creneHb ecTb Mmn — .

m—1 m—1
2) r < n: [onarno, urto Y. apP* u > by P* — muorowiens crenenu we suime (m — 1)n, a r+ 1—brit

ko3 dumuent muorowiena A(P) = B((Q) sro koabdunuent npu crenenn mn — r >
> mn —n = (m — 1)n, 3HAYAT OH COBHAIAET ¢ KOIDQHUIMEHTOM IPH CTENeHH MmN — I Y MHOTOWIEHOB



m—1 m—1

A(P)— > axP* u B(P)— Y. b.P*, 1e. ¢ stum xosddunuentom y Maorowtenos aP™ u aQ™. 3nauut u
k=0 k=0

B 9TOM CJiydae nojaydaeM 941o y aP™ u aQ)™ coBunagaor Ko3hOUIUEHTH P MmN — r—O0il CTelneHn.

Urak, B soboMm ciaydae y aP™ n a@QQ™ coBnamaor koxhduiuenTsl npu mn — r—oii crenenn. M3 storo
paBeHCTBa KO3 (DUIIMEHTOB NMeeM PaBEeHCTBO

a.ZHpsj :a.ZHqu, (%)

IJIe CyMMUPOBAHUE BEJIETCS 110 BCEM YIIOPsJIOUEHHBIM HADOPaM (S, . . ., S, ) HEJIbIX HEOTPUIATEIbHBIX THCEl
He IIPEBOCXOJIANINX N, TAKUM, 9TO S1+. ..+ S, = Mmn—7r. 3aMeTUM, 9TO B CHJLY HPEJIIOJI0KEHIS WH/LYKIUN
cJlaraemble B JIEBOIT U TIPABOIl YacTsiX (*) OTBeYAIOIie OJHOMY W TOMY Ke HaBOPY COCTOSIIIEMY U3 THCesT He
MEHBINHUX 1+ 1 —7 paBHBI IPYT JAPYTY, TOTJIa PABHBI CYMMBI CJIATAeMbIX B () OTBEYAIONHX BCEM 0CINAAbHOLM
uHabopam. Eciu oiHo u3 yucen Habopa He GOJIbIIe 4eM n—1 TO CyMMa OCTAJbHBIX paBHA mn—n = n(m—1),
7 KazKJioe M3 3TUX M — 1 OCTAJTbHBIX He OOJbIe YeM 1, 3HAYUT KaryKJI0e U3 ITUX 1M — 1 OCTaJbHBIX PAaBHO
N a MOCJIe/IHee PABHO N — I'. 3HAYUT BCE 0CMAALHbIE HAOOPHI — B TOYHOCTH HADOPBI B KOTOPBIX OJHO W3
YUCeT PABHO N — T & OCTAJIbHBbIE PABHBI 1, U TAKUX POBHO M IMTYK. 3HAYUT PABEHCTBO COOTBETCTBYIOIINX
CYMM TIEPENNCHIBACTCS B BUJE mpﬁ[lpn,r = mqgjlqn,,ﬂ, YTO B CHJIY 0a3bl MHIYKIUU BJICYET Dy = (pr,
U mepexoJ T0Ka3aH.
Taxum obpazom Bce Koadduimentsr y P u () coBnagaiot, 3Ha4uT P = (), 1 uMeem

A(Q) = A(P) = B(Q), u @ He KOHCTaHTa, 3HAYUT B CUIy 3aja4u 46 nveem A = B.

[

JlokazpiBaem yTBepzKaenue nnaykiueit mo r € N. Baza npu r = 1 TpuBnasbHa, OCYIIECTBUM TTE€PEXO]T
orr =k kr=k+1, BO3MOXKHBI POBHO J[BA CJIydasi KOTOPbIE PACCMOTPUM OTJIETBHO.

1) Ecam deg gy — HedérHa, TO mycTh ly — MHOTOYJIEH TEPBO CTeNeHH Takoii, 9To y ¢ o ly nepBbie jBa
K03GUIIEeHTa COOTBETCTBEHHO COBIAIAIT C MEePBLIMHU JAByMst Koaddunuentamu f;, cormacuo Jlemme 1
Takoii I, cymecrsyer. Torma mveem (g1 oly) o (It ogao...0gri1) = fio(fao...o0 fip1). Torma cormacno
Jdemme 2 gioly = fi,u (' oge)o...0ges1 = f20...0 fry1, U IPAMEHSS K TOCAETHEMY PABEHCTBY
HPEJIIOJIOZKEHUE UH/IYKIIUU TIOIydaeM TpebyMoe.

2) Ecain deg gy — 4érHa, 10 3HaK crapiiero kosxdduipenta y KOMIO3UIUH §10(g20...0 gk 1) COBIAIALT
€O 3HAKOM cTapimero kKodguimenTa y ¢, aHaJIOTHIHO 3HAK cTapirero koddduimenTa y f; coBmamaer co
3HAKOM crapiiero koaddunuenrta y fi o (fyo...0 fry1), T.e. 3HaKE crapmux kKodbdunueHtos y fi u g;
copmagaoT. Ilycts Torma [ m [ — MHOrOYJIeHBI MEPBOil CTENEHN C MOJOXKUTEJIHHBIM U OTPHUIATETHHBIM
crapmuM K03hGUIIEHTOM COOTBETCTBEHHO TaKhe, 9T0 Y MHOTOWIeHOB ¢ ([ ) 1 g1 (I_) mepBbie nBa Kodddumenta
COBIIQIAIOT C TEePBBIMU JBYMsi KO duimentTamu y MHOTO4IeHa, f1, — Takue [, u [_ CyIecTBYIOT B CHTY
Jlemwmsbr 1. Paccmorpum kommnosurnun K, = ljrl 0gy...0 g1 u K_ = [1ogy...0 Jk+1 — Y HUX 3HAKHU
cTapimx Ko3(pOUIUEeHTOB MPOTUBOMOJIOXKHBI, TTOITOMY Y OJIHON M3 HUX 3HAK cTapiiero kKoddduiuenta
TaKoi Ke, KaK y crapuiero Koddduimenta KOMIO3UIUA fo 0. .. 0 fr 1, TOTJa ecIu 3HaK Takoil ke y K To
BO3BMEM [y = [, mHAUe [y = [_. BHOoBB mMeeMm (gy 0ls) 0 (l2_1 0g20...00kr1) = fro(fo0...0 fry1), Uy 5THX
KOMIIO3UIH{ BBIIOIHSIOTCS YC/J0BHs JI@MMBI 2., 103TOMYy BHOBb uMeeM gioly = f1, 1 (I 0gs)o. . .01 =
foo...0 fry1, W IpUMEHSIST K TIOCJIeTHEMY PABEHCTBY MPEIIIO/I0KeHe WHYKITNH oIydaeM Tpedymoe. [



Purt: pemenns eiie koe-KakKnux 3a1a4

Pewenue 3adawu 12. Ilycts (v — ay)(x — az) ... (x — @) = F(z) = G(H(x)), degG = m, deg H = n.
Torna y G(x) 10712KHO GBITH POBHO m KOpHeii. IlycTh 31U KOpHU — by, by, . . ., by,. Torma

F(x) = (H(x) - b)(H(z) = by) ... (H(x) = by).

Torya yactb KopHeil F'(x) — kopuu muorowiena H(x) — by, apyras yacrb — kopau H(x) — by, ..., — u TaK
MBI iepebepeM Bee Kopuu F'(x). Ynopsmpounm kopuu F'(x) Tak, 9To0b epsbie 1 Oblin Kopasaymu H (x) — by,
BTOpbIe N WTYK - KOpHsaMu H(x) — by, ... Jokaxem, 4ro 310 jaér uckomoe pasbuenue. B camom e,
Do irt —by=H(x) —bj = (x —cj1) ... (x — ¢ju) = D1 g eilcy)a”. O

llepsoe pewenue 3adavwu 13. Ilycts 310 moaydmaoch. Pa300béM KOpHH Ha m TPYII IO N 3JIeMEHTOB B
KazKJI0i 10 MPUHIUIY W3 YCJIOBHS MPeIbIIyIIeil 3a/1aqu.

Boigesnm Bce KOpHH, KpaTHbIe IIPocTOMYy 4nciay p. I[lokazkem, 9T0 Bce Takme KOPHH PaCHpeIe/IeHbl
HOPOBHY MeXK/[y HEKOTODbIMH I'pymiamu pa30OueHnsi KOpHeii (B OCTalbHble T'PYNIbI PH 3TOM OHHU He
nonaayT Boobine). Ilycth B Kakux-To aByx rpynmax A; m Ay comepxkurest 0 < ky < ky KOpHeii, KpaTHBIX
P, COOTBETCTBEHHO. TOraa MHOTOWIEH €, k, (T1,...,T,) ABJISIETCS CYMMON BCEBO3MOYKHBIX MPOU3BEICHMUIL
n — kj IepeMeHHbIX CPeJIN 1, . . . , L, 03 MOBTOpeHuit MuoxkuTeei. Torma aasg rpynnsl A, 3HAUYEHUE €,_j,
He OyJer KpaTHO D (T.K. POBHO OJHO cjaraemoe He jesutcs Ha p). Opnako juis rpymnmsl Ay 3Hadenue
en — ki AeuTcs HA P. DTO MPOTUBOPEYUT BHIBOJAY MPEABLAYIIEil 3a1a4u 0 TOM, 9T0 it ¢ # () 3HAYeHUus
€; OT KOpHEil 13 pa3IndHbIX TPYII PABHbI.

[Tooxkum Temeps p = 23. Kopmeil, nendamuxca #Ha 23, poBHO [%] = 43. CorjacHo paccyzK/IeHUI0
BBIIIIe, BCe KOPHU JOJI?KHBI pa3OUBATBHCS Ha HECKOJBKO PABHBIX TI'PYII, a 3HAYUT JUOO BCE STH KOPHH
JIOJIZKHBI COJIEPZKATHCS B OJHOI rpyiie, Jub0 B KaxKJI0# rpyliie J0J2KeH ObITh POBHO OJMH TaKO# KOPEHb.
Oba cirydast HEBO3MOKHBI, TIOCKOJIBKY B KazKJI0# TPYIIIe COAepKUTCs 00 27, b0 37 3JIeMEeHTOB B BCErO

rpymn jubo 37, aubo 27. O

Bmopoe pewenue 3adavu 13. Ilycrs aro nonyunnocs u (x—1)(x—2) ... (x—999) = F(G(z)). Cranpapraoit
TexXHUKON fejaeM F(z) u G(x) npuBesieHHBIMH.

O6o3naunmM KopHu mpousBoxHoii G(x) 3a ay,as,...,a,. Ux Ha omHy Mmenbine, yem degG, T.K. y
npoussouoit F'(G(x)) mo Teopeme Posta 998 kopreii, crenens (F(G(x))) = G'(x)F'(G(x)) pasua deg G —
1+ (deg F — 1) deg G u, Takum obpasom, y G’ u F'(G) MakcuMaabHO BO3MOMKHOE YIHCIO KOpHeil. Taknmm
obpazom, n+ 1 = deg G — medeTHoe uncao. Takke 0603HAUUM ag = —00, Apy1 = +00. OOO3HAYUM KOPHU
F'(x) xak by < ... < by,. 3Bamernm, 4T0 B CUJLy TOTO, YTO Y JE€KOMIIO3UPYEMOr0 MHOrO4YJIeHa PoBHO 999
kopueit, To (m + 1)(n + 1) = 999. Torma kopuu F'(G(x)) pasbusaiorcss wa m rpynn mo n + 1 mryk (1o
TOMY Mpu3HaKYy, deMy paBHo G(z) B 3T70M KOpHe). OBO3HAYNM ITH TPYIIIHI

11 < ... < Cintls

C21 < ... < Contl;

Cm,1 < ... < Cmn+tls

upudeMm G(c; ;) = b;.

Torga 1o Teopeme Posst Mexky ¢; j  ¢; j+1 ecTb Kopenb G'(z) u OH J0J2KeH OBITH DaBeH ;. 3HAYWT,
HEKOTOPBIE HA3BAHHBIC YACJIA YIOPAIOYEHDBI TaK: C;1 < A1 < Cio < A2 < ... < Gy < Cjntl- Ha nmpomexxyTke
(aj; a;41) dyskmus G(r) MOHOTOHHA, IPHYEM HA HPOMEXKYTKaX (do;a1) U (an; apt1) OHA BO3PACTALT, & HA
IPOMEKYTKAX MeKJIy HUMH OHA YepejlyeTcs B CBOICTBe BO3pacTaHusl/yObIBAHUS.



O6o3naunM Tenepb Kopau F(x) 3a dy < dy < ... < dpy1. Torma dy < by <dy < by < ... <by < dpni1
u muoxectBo {1,2)...,999} pasbusaercss va m + 1 MHO)KecTBO KOpHeit ypasuenuit G(x) = d; no n + 1
mryke B KazkaoM. O003HAYMM 3TH MHOXKECTBA KaK

hig <hip<...<hipgr;

hot < hop <...<hgpir;

g1 < hmgi2 < oo < Byt ng,

npuaém G(h; ;) = d;. Torna mo Teopeme Pomsa hip < ay < hig < as < ...<ap < hjpi1.
[Monywgaercsa, uto o m+1 < ay <m+2,2m+2<ay <2m+3,...,nm+1)<a, <n(m+1)+1,
a KpOMe TOro

Gl)=di<G2)=dy<...<Gm)=d,, <Gm+1)=dp1 =
=dpy1 =Gm+2)>Gm+3)=d, >...>G2m+1)=dy >G2m+2)=d, =
—d = GOm+3) <do=G2m+4) <...<GBEM+2) =dp < GBm+3) = dpy1 =
=dm1=GBm+4)> ...
.>Gn(m+1)=d =
=di=Gnm+1)+1)<dy=Gn(m+1)+2) <...<dy=G(998) < dpy1 = G(999).

Torga nmo mpeapiaymeii 3amade ei(1,2m +2,2m + 3,4m +4,... ., n(m+ 1),n(m + 1) + 1) = e1(2,2m +
1,2m+4,4m+3,...,n(m+1)—1,n(m+1)+2), 9r0 HEBO3MOKHO, IOCKOJIbKY OHH pa3HOil yerHocTH. [

Tpemve pewenue 3adavu 13. Tpennonoxkum, sro rak. T.e. (z — 1)(z —2)...(x —999) = F(G(x)), rae
F,G — muorounensl, deg ' = m, deg G = n, u {m,n} = {27, 37}. Cornacuo npenpiaymieii 3ajave qncia
1,2,...,999 paszbwsaroTcst Ha m TPYMI MO N MTYK TakK, YTO KayKIblil dJ1€MEeHTAPHbIH CHMMEeTPUIeCKMit
MHOPOWIEH (OT 1 MePEeMEHHBIX) CTeIleHH MEHbBINEe 7 MPUHUMAET OJHO M TO ¥Ke 3HAYeHHe BO BCEX TOYKAX
Buga (ty,...,t,) oae ty,...,t, — B TOYHOCTH BCe UHC/IA W3 OJHON rpymmbl. MHOrOWIEH

Soo(x1, ..., xy) = x%Q +:U§2 +.. .+xi2 BbIPAZKAETCH YePe3 3/IeMEeHTaPHbIe CUMMETPHYECKIE MHOTOUYJIeHbI (0T
N MepeMeHHbIX) cTernenn He 6oJibine 22 < 1. 3HAYUT OH TaKKe HPUHUMAeT OJHO M TOXKe 3HAYEeHHe BO BCeX
TOYKAX BUJA (tl, o ,tn) rae tq,...,t, — 9uca U3 OJHON Ipynmbl. 22—as cTeneHb BCIKOIO HATYPaJIbHOTO
qrcaa He KpaTHOro 23 cpaBHEMa ¢ 1 mo moaymio 23, a yncsaa KpatHoro 23 — ¢ 0 mo moaymio 23. Ilycts
(ay,...,a,) — OPOU3BOIHHAS TPYIIIA, TOTIA B CHJIY BBINIE HATHCAHHOTO

aB +aP + ...+ aff CPABHUMO 110 MOJIYJII0 23 ¢ KOJUYECTBOM YMCE] He KpaTHbIX 23 B 3TOH IpyIie, T.e.
CPaBHUMO C 9HCJIOM PaBHBIM "'n MuHYC ""KOJIMYIECTBO duce/1 B 3Toit rpymme kpatubix 23." " Takum obpazom
B KaKJIO IpyIile OJIMHAKOBOE IO MOJLYJ/IIO 23 KOJMYECTBO 4Yucesl KpaTHbIX 23. Beero cpeam narypabHBIX
quces1 oT 1 10 999 posuo 43 kpatubix 23. Eciu 661 B Kakoii-To rpymie 0b10 0 9mces KpaTHbIX 23, TO IO
JIOKQ3aHHOMY BBIINIE B KaxKJOW TPYIIIEe KOJ-BO YHCe] KPaTHBIX 23 ObLI10 OBl KpaTHO 23, HO TOrjaa ObI U B
obbeiMHeHnH BeexX I'pylil ObL1o Ob1 KpaTHoe 23 KOJI-BO 4YKcesl KpaTHbIX 23, HO TaM uXx 43, a 43 He KpaTHO
23. Ilo npunmuny /lupuxiie B Kakoii-To rpyiie He 0ojiee 4eM OJHO YUCJI0 KpaTHoe 23 T.K. 2m > 43, 3Hadur,
B CHJIy TIOKQ3aHHOI'O BBINIE — B KAKOH-TO rpyIiie POBHO OJHO 4uc/o Kparuoe 23. Torja B KaxKa0ii rpymme
KOJI-BO YHCEJT KPATHBIX 23 cpaBHUMO ¢ 1 10 MO0 23, TOI/a KOJI-BO YHCEJT KPATHBIX 23 B 00beuHEeHUN
BCEX TPYII CPABHUMO ¢ m 1O Moyt 23, r.e. umeem m = 43 (mod 23). Ho 3to we tak ubo m € {27, 37}
— MPOTUBOpEYNE 3aBePINAIOIIee pereHne 33 a49m.

[]



Pewenue sadawu 14. Cnoxenue: Y a;x" + > . bix' = (a; + b;)z’
Vamomenne: (35, aa’) - (30 bal) =d7 2 Y7, aib;.
[Iporusononoxubiit: — Y, a;x" = > (—a;x").
[TepecTanoBOYHBIE 3AKOHBI:

A(z) + B(x) = Z a;x’ + Z bix' = Z(ai + b))z = Z(bZ +a;)z" = Z bir' + Z a;x" = B(x) + A(z),

i

A(z)-B(z) = (Zaixi)-(z bz’) Z > ab; = Z > bja; = ij:cj)-(Zaia:i) = B(z)-A(x).

i+j=l jti=l

[IpoBepka ompeaenenns: CodyeTareTbHBIE 3aKOHBI:

(Alz) + B(x)) + Clx) = Y ((ai +b;) +c)a’ =Y (a; + (b +¢;))a’ = Ax) + (B(x) + O()),

% %

(A(z) - B(2))-Cle) =) o' Y aibjer = Az) - (B(z) - O(a)).

i+jt+k=l

Pacnpegenmurenbubrit 3aKoH:

A(z) - (B(x) Z > ailbj ) =) () abi+ Y aie;) = Alx) - B(z) + Az) - C().

itj=l ! itj=l itj=l

CroiicTBa HyJI4:

Z ZOa,_o

i+j5=l
CBOICTBO €IUHUIIGL:
1-Ax) = Z (la; + Z Oa;) :Zal:ﬂl:A.ﬁE
i+75=L,i>0 l
Takum 06pazom, Bee paBeHCTBA (1-8) BBIMOTHSIOTCS JIJIsI JTIOOBIX MHOTOUJIEHOB. O

Pewenue 3adawu 15. 15a) B camom Jesie, onepammn CJIOKeHUsI, YMHOXKEHUsI U BBIYUTAHUS He BBIBOJIAT
n3 MHOXKecTBa M: uX pe3yabTaThl JAIOT MPOCTO CYMMY, HPO3BeJeHHe W PA3HOCTb COOTBETCTBYIOIINX
BBIpAKEHNUl, KOTOPbIE TOYKe SABJISIOTCSA BBIPAKEHUSIMH OT YKA3aHHBIX MHOTOYJIEHOB, & CJIeI0BATEIbHO, O
ompeneeHuo, gexar B M.

156) Bamernm, aro deg(F - G) = deg F' + deg G, a deg F™" = ndeg F. 910 nokaspiBaer Tpedyemoe.

158) ITycrs m — nawmenbimii smement B N. Torma Bce kparTubie emy Toxke npunajiexar N. [Tycrs
r1,T9,...,Ts — BCe BO3MOXKHBIE OCTAaTKH OT jejieHus daeMeHToB N Ha m. O6o3HaunM 3a k; HauMeHbIIHI
sjmeMeHT B N, Jafolmuii ocTaToK 7; Opu jgejeHund Ha m. Torma Bce umcaa Buga k; + Im, roe | — mesoe
HeoTpuIaTe/IbHOe, TOXKe puHaiexkar N, coriacHo 3aja4e 15(6). Yucsia takux BUJIOB HCYEPLBIBAIOT BCE
N. Takum obpazom, N HOPOKIEHO daeMeHTaMu M, ki, ks, . .. ks, KOUX KOHEUYHOE THCJIO.

15r) [ycrb dy, . . ., d, — nabop nopox gatomux it N. [ycrs g1 (z), .. ., g-(z) — npuBeeHHBIE MHOTOYIEHBI
STuX creneneil. JTokaxkem, aro M nopoxaeno nvn. B camom jeste, mycth f(2) — MHOrOUYJIEH HauMeHbIel
creneHn B M, He BbIpAa3uMbIil 4yepe3 ¢i,...,¢.. llomenus ero Ha crapmmii Ko3ddunuenT, caemaeM ero
npusegenabiM. Torga deg f = nidy + ... +n,.d,. Torna deg(f —g1"g5%...90") <degfu f—gi"g5 ... g
npunayiexkut M, HeBbIpa3uM depes3 ¢; U UMeeT MeHbIIyio crenedb, yem f. [IporuBopeune.

151) docrarodno B3sTH KOHedHble HAOODHI f;, depe3 KOoTOpble BhIpazkaercs ¢j. OObennHeHHEe ITHX
HAOOPOB JaeT Tpedyembril Crucok fi. O]



Pewerue s3adayvu 16. Oupemennm onepamnuu Tak : % + % Lo 510 R G R T R

p 0 Q1Q2 Q1 Q2T @QiQ2’ Q1T Q1
-1 ._
(Q—ll) =3, npu Py # 0.

[TpoBepuM KOPPEKTHOCTH 3ajaHusi oneparyii (He3aBHCHMOCTh OT BBHIOOPA KOHKDETHOH pean3arun

,

panuoHATBHON (DYHKIMH B BHIE OTHOIIEHHS MHOTOWIeHOB). Ilycts Pi, Q1, Py, Q2, Py, Q1, P2, Qs Takue

MHOTOUJIEHBI, IYTO % = % u % = %, T.C. Plévl = EQl u PQZ); = EQQ. Nnmeewm:
1 2
JUTST CYMMBL: P1Qa+PQ1 P1Q2@@+£2Q1@;§; — EQlQQ@"‘EQJI@:QQ _ E@-ﬁ-@;@;
Q1Q2 Q1Q201Q2 Q1Q20Q1Q2 Q1Q2
. PP PiPQiQy . PiPQiQ2 _ PP

OM3BEJICHUS: = wle2 — vi&2 — 53
Aot mpousse eni @1Q2 Q1Q2Q1Q2 Q1Q201Q2 1Q2
J1191 B3ATHA HpOTHBOHOJIO}KHoro:A:Q—Ij1 = *QP: 1629'11~: *Qfl’ 1@9,11 = %'
@ _ @b _ @l &
P PPy PPy P
Wrak, omepamnuu 3a1aHbl KOPPEKTHO, TeMePh MPOBEPUM akcHOMbI 1ojst: [lycts Py, Q1, P, Qo, P3, Q3

— MPOU3BOJIbHBIE MHOTOWIEHBI, TaKue, IT0 (1, )2, ()3 — HeHyaeBble. KOMMYyTaTHBHOCTDL CJIOXKEHHS, TO,

qTO0 % *HeI‘/JITpaJII)HbII‘/JI 9JIEMEHT IIO0 CJIO2KEHHIO, U TO YTO Yy BCAKOI'O dJIEMEHTa €CTb HpOTI/IBOHOJIO}KHbIﬁ 1o

CJIOZKEHHNIO — TpUBHUAJIBHO. HpOBepI/IM aCCOIMATUBHOCTD CJIOZKEHU !
P Py P3 _ PiQa+Po Py P1Q2Q3+PQ1Q3+Q1Q2P3 _ Pp PoQ3+P3Q2 . P Py P3
(Ql T Q2) + Qs Q1Q2 + Qs Q10Q2Q3 - 0 + 0205 T 1 + (Q + Q3)' asee,

TPUBUAJIBHBI TaK2KE€ KOMMYTATUBHOCTb YMHO2KEHHU A, aCCOIMUATUBHOCTL YMHOXKE€HUI, TO, YTO % — HeﬁTpaHbeIfI

9JIEMEHT 110 YMHOXKEHHUIO, W TO, YTO y KarK/IOI0 HEHYJIEBOI'0 3JeMEeHTa eCTh OOpaTHBIN 10 YMHOXKEHUIO.

TpuBnasbno u To 4TO % #* %. [IpoBepsiem aucTpuOYyTHBHOCTD:
(ﬂ &)& _ PIQo+PQ1 Py _ PiQoP3+PoQiPs _ PiQaP3Q1Q2Q3+PQ1P3Q1Q2Q3 _ P1QaPs PQ1Ps

JLns B3saTHsT 06paTHOTO:

Q1 Q2/ Qs Q1Q2 Qs Q1Q2Q3 Q1Q2Q3Q1Q2Q3 Q1Q2Q3 Q1Q2Q3
_ P TR i M & WS i W & R i1 ]
@Q1Q3 Q2Q3 Q1 Q3 ' Q2 Q3°
Pewenue s3adavwu 17. B ciyuae, xorma B = b — HeHyJieBasi KOHCTaHTa — YTBEPZK/IEHUE TPUBHUAIHHO:
n

A =1b-(b'A) + 0. Ilostomy nanee mMoxkem u Oymem cumtarh, uro B(z) = Y bjzl, tme n € N —
7=0

crenenb B. Jloka3piBaeM HYKHOe yTBepXKIeHNe WHAYKIneid mo crenedn A : s A co cTeneHbo MeHbIei
n yTBepzKIeHne TpuBuaabHO: momoiayT (Q = 0, R = A. Ocraérca m0Ka3aTh, 9TO eCJId YTBEPKIEHHe BEPHO

JII BCEX MHOTOWIEHOB A CO cTemeHbIO He BBINE Kk, Tae kK > n — 1 TO OHO BepHO U JJIsT MHOI'OYJIEHOB CO
k+1

crenensio k + 1. Crenaem sro. Ilycts A = )" ajz? — IpOM3BOJBHBEI MHOTOWIEH cTemeHn k + 1, Torma
i=1

A—ap1(b,) L BaFH1=" — \morousten crenenu He BBIe k, U 10 TPeITOIOMKEHNIO WHLYKINH I/ HEKOTOPHIX

MuorowieHos ), R ¢ deg R < deg B BbIIOJIHEHO

A — aj11(b,) B = B(z) - Q(x) + R(z), 3madut

A(z) = B(z) - (Q(x) + agy1(by) t2"17") 4+ R(x) — 310 TO 4TO HYXKHO. O

Pewenue zadauu 18. a) (z+y+2)* —2® —y® — 22 = 3(z + y)(y + 2)(z + 2) + 0 IPOBEPUTHL 3TO MOKHO
packpbiTHeM cKoGoK. Ho MOXKHO 1 MHave: TPUBHAILHO, YTO B 0GEUX IaCTAX PABEHCTBA CTOAT MHOTOICHBI
2—0ii CTemeHu OT T, TOITOMY JOCTATOYHO (COTIACHO AHAJIOTY TeopeMbl Besy s moseil) MpoBepuTh
COBIIA/ICHKE UX 3HAYeHUil B TPEX pasnndnbix Toukax u3 R(y, z). Jlerko Bugers 4T0 3HAYEHUS COBHAJAIOT
upu x € {—y, —z,0}.

0) (t4+y+2)°—12°—y =2 =5(x+vy)(x+2)(y+2)(x*+y*+ 22 + zy + zz + yz) + 0, nposepuTsH
9TO MOJKHO DACKPBITHEM CKOGOK. Ho MOXKHO M MHave: TPUBHATHLHO, 9TO B 0GEHX YACTAX PABEHCTBA CTOAT
MHOTOWICHBI 4—0if CTeneHu OT T, TOITOMY (COTJTACHO AHAJIOTY TeopeMbl Besy s moseit) J0CTATOMHO
IPOBEPUTH COBLAJIEHUE MX 3HAYEHUIN B LATH PasauuHbiXx Toukax u3 R(y,z). Ilpu z = —y, u o = —=z
coBlajienue TpuBKaabHo. [lpu z = —y — 2z umeem: (x +y+2)° — 2% —y° — 20 = (y+2)° —¢° — 2° =
S5ytz 4 10y3 22 + 10y%2% + 5yzt, n
Sx+y)(w+2)(y+2) (22 +y P+ 22 +ay+ze+yz) +0=5(=2)(—y)(y+2)(z+y+2)* —ay —xz— z2y) =
=5yz(y + 2)(—zy + (2 +y)%) = 5yz(y + 2)(2° +yz + ) = 5y2(2° +y2* + 2 +y° +y2° +y’2) =
= byz(23 + 222y + 2297 + %) = 52y + 10239y% + 10223 + 5zy?. [lpu 2 = —y — 1 umeem



(+y+2P—2° -y =22 =(>2—-10° -2+ (y+1)° —¢y° = =521+ 1023 — 1022 + 52 — 1 + 59" +

+ 102 + 1002 +5y +1 =5(y* — 24+ 203 + 223+ 292 — 222+ y+2), un

S(e+y)(z+2)(y+2) (@2 +y2+ 22 +ry+ze+yz)+0 = —5(z—y—1)(y+2)((z+y+2)?—z(z+y) —zy) =
=5(y+1-2)y+2)(z—1)°4+24+v*+y) =by+2)(y+1—2)2>—z2+1+y*+y) =

=5 +y—z2ytay+z—2H)E—z4+1+9 +y) =50 —22+z2+9)2—z+1+9y*+y) =
(2 +y) — (=)W +y) + (22 —2)+ 1) =5("+y)? - (* =2+ (¥ +y) — (2 —2)) =

=5yt + 23+ — 24223 — 22y — 224 2) = 5(yt — 21+ 22 + 223 4+ 292 — 222+ y + 2). Anasornuno
3HQYEHNs COBIAIAIOT IpU & = —2z — 1. O

Pewenue s3adavwu 19. Cunraem, 9T0 XOTS OBI OTMH U3 MHOTOYJIEHOB HeHYJIeBOil. Ecym ouH u3 MHOTO4/IeHOB
HYJIEBOiI — TPUBHATIBHO, 4TO JApYyToit aBiasgerca HOD—oM u TpeacTaBisdeTcs B HYKHOM BHJE, MOITOMY
Jasiee caurtaeM, 9to cpean A, B — Her HyJsieBbIX MHOrOWIeHOB. [lajiee moka3biBaeM 06a yTBepKaeHus (J1Jist
HEHYJIEBBIX MHOIOYJIEHOB) BMecTe uHAyKnueil mo n = min(deg A, deg B). [Ipu n = 0 Tpusnasbio, uto 1
sipyisiercst HOD—oM u TIpeicTaB/IsIeTCsT B HYKHOM BH/IE.

Tar waaykmun: [lyets aasa n = k > 0 yTBepKAeHUS BePHBI, TOKayKeM 9TO OHU BepHBI A1d n = k + 1.
He ymansasa obmuoctu deg A > deg B. Pazmenum A wa B ¢ ocratkom: A = BD + R. Ecimw R = 0 1o
TpuBuaJibHO, uT0 B aBiasercas HOD—om A u B u npejacrasisiercss B HyzkHOM Buje. FEcim ke R # 0, To
napa MHOTo4wieHOB (B, R) yaoBieTBOpsieT Mpe/ioJoKeHH0 HHAYKIMH, mycTh Torga X = BV + RW =
= HOD(B,R), rne V,W — wmuorounenn. T.k. A = BD 4+ R TO HETPYJHO TOHSATH, YTO MHOXKECTBO
obmux jgeuTesieit MEorowienoB A u B coBmagaeT ¢ MHOKECTBOM OOIIUX JeauTesell MHOrowienoB B u R.
Buaunt X sasnserca takxke 1 HOD—om A u B. Hakounerpy X = BV + (A— BD)W = AW + B(V — DW),

U TIar UHIAYKIUN JTOKA3aH. [

Pewenue sadawu 20. Ilycrs xkoaddumuentsr R(x) = C(x)D(z) ne B3ammuonpocrsl. Torma ecte A € C
IPH TOJICTAHOBKE KOTOPOro BMecTo ¢t B R(x) momydaercs 0; Mbl 0003HAMHM TaKyIO MOACTAHOBKY R(T) |¢=.
Torna C(z) |t=r -D(x) |1=a= 0. To ecrb win C(x) |=x= 0 wau D(z) |t=x= 0. Y10 u TpeboBaiocs. O

Pewenue 3adavwu 21. D710 MpaKTUIECKW OYEBHIHOE YTBEDKIEHWe, HO JaBaiiTe MPOBEPUM UYTO OHO-TaKM

BBIIIOJIHEHO (TO €CTh, 4TO omeparuu “+” u “-’ cOXpaHAIT 3asgBJIEHHOE TMOIMHOKECTBO MHOTOUYJIEHOB BUJIA

E(g(x)))-

L. Alg) | Cl@) _ (A-D+B-O)g(x)

Blg@) ' Dlg)  (B-D)gla)
Alg(a)) Clg(a)) _ (A-O)(gl)
Blg@@) Dlg) ~ (B-D)g@)

[]

Pewenue sadawu 23. Ilycrs ects nenouka mosteit R C K C R(z) u K comepzxur muorowren g(z) € R[z]\R.

[Tposepum, uro K = R(f(x)) mas nekoroporo muorounena f(z). Ilo reopeme Jlropora, K = R(f) mas
nekoropoit yukuun f € R(x); f = ;—f, vae fi, f- € Rlx]u (fy, f-) =1

Bamernm, uaro R(g(z)) C K = R(f), n, caegoBarensHo, CymecTByeT

s € R(z): s(f) = g(w);

Iy
s+(75)

s = e sy,s_ € Rlz] u (s4,s_) = 1. Torma +(;; = g(x). O6o3madIUM 4Yepe3 oy, ..., Q,, KOPHH
_ s (E

MHOTOYJIEHA Sy, & depe3 [, ..., (,_ KOpHH MHOTOYIeHa s_, obo3HaunM depe3 C'y, C_ Beaymue K03 OUIueHTh
MHOTOYJIEHOB S§; U S_ COOTBETCTBEHHO.
Bes orpanunuenus obmnoctu canraem, uro f_ ¢ R. Vcnob3ys Bce 31u 0003HAYECHUsI CPA3Y UMEEM:

g(at) — &f—i_n+(f+ - Oélff)(er - OéQf,) . (f+ — Oén+f—)
C =BT =Bt ) (=B f)

3




Bamernm, uro jyist o # [ umeem (fy — afo, f1 — Bf2) = 1. Tak xe umeem, uro (fo, f1 — v f2) Ais Beex
v € C. To ecrb Bce MHOXKUTE/ M 13 (DOPMYJIbI BBIIIE B3AUMHOIPOCTBI, H, CJIEJ0BATE/IbHO, HUKAK HE MOIYT
JpyT apyra cokpamarb. 13 roro, 4ro g(z) BCé ke MHOrOWIEH, caeayer, 4to (1) win (2):

(1) n = 0;

(2) no >0 u deg(fy — Bif-) =0 mas Beex 4,1 <i < n_.
B cayuae (1), ecim ny = 0, o g(x) € R (uT0 HEBO3MOKHO); a ecam ny > 0, To MEOKHUTEAD [~ " cozmaér
HeTPUBHUAJIbHBIN 3HAMeHaTesb Jyist ¢(x) (To ecTb B 910M ciydae ¢g(T) He MHOIOUWIEH, HIPOTUBOPEYHE).

B cayuae (2) umeem f, — (1 f- = Cy st HekoTopoii HewnyseBoit KouctauThl Cp. A U3 9TOrO ciejyer,

aro K = R(f) = R(f+) — 4ro u Tpe6oBaIocs. O

Pewenue zadawu 24. Tycrs F € R[z] paznoxum, To ecThb
F(z) =G(H(z)) nia G,H € Rlz] n deg G > 1,deg H > 1.

Torna aus L = R(H(x)) nmeem: R(F) C R(H) € R(z). D10 JoKa3biBaeT HCKOMOE yTBEPKJICHUE B OJHY
CTOPOHY.

Ocraioch POBEPUTH, UTO, €CIM ecTh Kakoe-To npomexyTtounoe noie L, R(F) C L C R(z), o F(x)
PA3IOKUM. 3aMeTHM, 4To 1oJe L comepkut Muorowien F, u, ciemosarenbuo L = R(H (x)), H € R[z], no
3amade 23. 113 Teopemsr Jliopora cieayer, uto cymectsyer G € R(z), s koroporo F(z) = G(H(x)). Ilo
aHaJIOrUK C pe/blayiieil 3aa4eii npejcrasum G(x) B BUje OTHONIEHUS JBYX MHOTOYJIEHOB, PACCMOTPUM
KOPHH KaKJIOTO M3 3THUX MHOIOYJIEHOB M uX crapinue kodddumuentsl. [logyunm dhopmyiy:

Q
=
=
|
2
=
&
|
o
[\

(H(@) =)

Kak m B mpemplaymieil 3agade, Bce COOTBETCTBYIONIHE MHOXKHTETH B3aHMHOIPOCTHI, H, CJIeJ0BATENbHO,
F(z) moxkeT OBITH MHOTOYJIEHOM TOJIBKO €CJIH BCE MHOYKHTEJIH, HAXOJASIINECT B 3HAMEHATEJE SIBJISAI0TCH
KoHCTaHTaMu. A 910 Bo3Mmoxkuo uin ecan H(z) € R, nnn ecam ny = 0. Ilepssrit coryuail HeBo3Mozxken B
cuy Boibopa H(x). Bropoii ciayuaii rapantupyer, uro G(z) € R[z], o ecth uro F(x) — paznoxkum. [



Purt: emée koe-Kakue penieHus eIfe Koe-KakKnx 3a71a4

Pewenue 3adavwu 26. Mbl cpa3y 6ymeMm cuntars uTo K He coBmamaeT ¢ R.

a) 1o moCTpOeHUI0 T — KOPEHb BCEX HAIIUX BbIPAYKEHUiT, MOITOMY OHHU KPaTHbI i — =, B KoJbIe R(z)[y]
JasibHeiiee sscHo B cuity caejcrsuii Jlemmvbr Faycca (wim "eenust B crosiouk")

6) Pacemorpum kanonmueckoe pasioxenue HOD-a 1o creneHsiM HEMPUBOAUMBIX MHOTOYJICHOB, JIJIsI
KasK/IOTO MHOZKHUTEJISI BIOEPEM Hallle BRIPAYKEHNE B KOTOPOE 3TOT MHOXKHUTEh BXOJUT B TOYHOCTH B TAKON
crenenn Kak B HOD. MbI BeIOpa/in KOHEUHOE KOJI-BO BhIpazkeHuii, u 1o mocrpoennio ux HOD coBmamaer ¢
HOD-om Bcex Hamux BbeIpazkeHuii. /s KoHeIHOro KoJ-Ba BeIpaxkenunit H(OD M0:KHO HaflTH aJiropuTMOM
€BKJIN/IA, €0 UTePAIUK He BbIBOJAIT KO3 duimentor u3 1moJisg K, 103TOMy OTHOILIEHHE JIFOOBIX JIBYX KO-
dburmenTos (ecim 0HO onpeesenHo) Jexkut B moste K.

B) Cuteflyer W3 BO3MOKHOCTH PA3JIOKEHUST JIEBOl 9aCcTH Ha MHOYKUTETH ¥ HECOKPATHMOCTH %.
Jlamee MbI Oymem BeIOHpaTh mocTopoeHHblit HOD mpuBe¢HHBIM MHOTOWIEHOM, TOI/IA B pean3alun

D(E”’)y) y D(z,y) € Rlz|[y] crapmmii kosddumuent pasen d(z), u Bce koadpdbunuentsr D(x,y) B3aUMHO

IPOCTHI B COBOKYITHOCTH KAaK 3JeMeHThl R[x].

r) IIpsamo u3 oupegenenus cremenu panuonanbuoit dynuun ciaeayer, aro Pr(y)Qp(x) — Pr(z)Qr(y)
— MHOTOYJIEH CTEelleHN M M0 KazKJOW W3 MepeMeHHBIX, W MOHITHO 4TO OH KococuMmerpudeckuii. Torma
ycaosust deg, D(x,y) < m u deg, C¢(x,y) > 0 paBHOCHJIBHBL APYT APYTY, U JOCTATOYHO JOKA3ATh BTOPOE.
I[Ipeamomnoxum ono me BoimosHeno. T.e. Cy(x,y) — MHOrOWreH 0T Y. 113 KOCOCHMMETPHIHOCTH MOy IaeM
aro D(z,y)C¢(z,y) memurca na Cy(y,x) — muorowren or z, t.e. D(z,y) aemurca wa Cy(y,z), HO ero
K03 UNNEHTH B3AHMHOIIPOCTHI B COBOKYIHOCTH Kak 3geMeHTsl R[z], 3nauut Cf(y,r) = ¢ — KOHCTAaHTA.
Buaunt crenens Pr(y)Qs(x) — Pr(z)Qf(y) no soboit mepemennoit takast e kak y D(z,y) me. m —
IPOTHBOPEYHE.

1) VI3 mpepIayInux myHKTOB y Ke 3HaeM 910 KoadbdunneHTs texkar B K, MIOCMOTPUM €Ié pa3 Ha Halmy
pean3aI|io Ipobbio, PO CTENeHb YHCIUTENs HYKHOE JOKA3aHO, a JIJId 3HAMEHATE/S 9TO BEPHO T.K. OH
ecTh crapumii K03 OUIHEHT TUCTUTENTsT PACCMOTPEHHOTO KaK MHOTOUJIEHO OT Y.

e) Ilpeamonokum, 910 Mbl He HPHJIEM K TaKOW curyanuu. PaccMorpum Torja o0yl WTepayio, u
peasu3yeM Bhipazkenue st HOD depes Dd((“;j%’) C COIJIANIEHUSIMHI YKA3aHHBIMU B MPEIBIAYIINX MyHKTAX, 0
nycth f panponaabHas GyHKINsS HANMEHBITIeil CTeeHn m B MHOYKeCTBe Ha 9Toil nTepanuu. 11o gokazaHHOMY
Boite Pr(y)Qr(x) — Pr(2)Qf(y) = Ct(y,x)D(z,y), 1 cupaBa cToaT MHOTOWIEHb. [IOHATHO, ITO CTeneHb
D(z,y) no x HE MEHBIIE M.

Ilepseiit corydaii: cremenb nmo y pasHa m, torna Oy = C — koncranra. [lo ompenesnennio HO/la
muorounen Pr(y) — f(2)Qr(y) = CD(( )) JeJTATCST HA Dd(( )) Torya i HEKOTOPOTO () BEPHO %c(z) =
D(:L“,y

() - JHaduT f(z) € M sasiercst TeM caMbIM KOTOPOTO HET IO HAIIIEMY MPEOI0KEHUIO — B 9TOM CJIydae
HOJIYYITH TPOTUBOPEYNE, T.e. OH HEBO3MOKEH.

3HAYNT HA KAXKION UTEPAIINE PEATHIYeTCs CIydail Koraa crenedb D(x, y) M0 Yy MEHbBIIE TeM 171, COTJIACHO
IYHKTY J[) B 9TOM cJiydae Bce KO3bDUIUEeHTbI Dd(é’i’) MMEIOT CTEeleHb MEHbIIE 1M, T.€. HOCJIe BbIIOJHEHUSI
UTepalui MHOZKECTBO MOTOJHSAIOTCS HOBOM HETPUBHAJIHHON PAllMOHAILHO (DyHKIIMEH MEIONUil MEHBIILY O
CTeINeHb YeM BCe UMEIOIINECsT B MHOYKeCTBe 10 3Toro. Ho B K ecTh HeKasi HeTpUBHAIbHAS PANUOHATIBHAS
GbyHKIUSA HaMMEHbINeil CTeNeHn, MO9TOMY KOJUYIeCTBO TAKUX HTEepPANUil He MOKeT OBITh OECKOHEUHBIM, a
OHO TAKOBO — MPOTHBOPEYIHE.

K) Muorowien P,(y) — h(x)Qp(y) umeer nepsyio crenenb mo h(z). Ilosromy, ecin oH pas3noxum B
R[h(x),y], T0o onqun w3 MHOXKHUTEEll B HETPUBUATIBHOM DA3JIOKeHHH — MHorodsiexa or y. Torma P, u Q)
UMEIOT HETPUBUAJIBHBIH OOIuil Je/ e/ b NTPOTHBOPEIHE.

3) Hdokaxem or mporusroro. Ilycrs P,(y) memurca ua Py(y) — h(z)Qn(y) B R(h(2))[y] C Kly], Tk
9(2)Q,4(y) memurcsa na Py (y) — h(z)Qn(y) B K[y] T0 3naunT P,(y) 1 Q4(y) nMeIOT HeTpUBHATLHBIH 0OIHil
neaurenb B K[y, onnako mbl 3naeM, 9ro ux HOD maxoaurcst npuMeHenneM ajaropurva EBkinaa, HO B
nogkosbie R(A(z))[y] amropurm Ekiunaa npusogut k tpunaibaomy HOD—y nporuBopeune.




u) Ilycrob

T(h(z),y)
Pu(y) = (Pa(y) — h(z)Qn(y))v(h(z)) +
t(h(y))
’ S(h(a).y)
L)Y
Quy) = (Pu(y) — h(2)@n(y))w(h(z)) + :
s(h(y))
Torna
T(h(z),y) S(h(z), y)
Pu(y) — u(@)Quly) = (Puly) — h(2)Qn(y))(v(h(2)) — u(z)w(h(z))) + — == — u(x) :
t(h(y)) s(h(y))
Paszuocts P, (y) — u(z)Q,(y) u pasnocrs % - u(x)% npu geiaennn Ha Py(y) — h(z)Qn(y) nator
onmuakoBbie octarku Haj K. Ilpum srom mepswiii Muorousen geaurcs wa Pp(y) — h(x)Qn(y), mosromy
BTOPOil MHOTOUIeH Toke geiutcs Ha Ppn(y) — h(z)Qn(y) nang K. Crenens Tt((h}f(xy));"’) — u(z) (?((;))) o y
Menpie, ueM crenendb deg, (P (y) — h(2)Qx(y)), mo mocrpoenmio. ITosromy T((h(f;)’)y) — u(x)sizgz))) 0.
K) MHOrowiens! or y ¢ 06eux CTOPOH PABEHCTBA ((}L}L((:’:y))’i/) = u(x) SS(ZEEC;)Z)’) He paBHbI TOXKAecTBeHHO 0 (110
uyskry 3). [losromy u(x) aexur B R(h(x)) kak orHOIICHHE.
1) h aexur B K, nosromy R(h(z)) C K, obparHoe BKIOUEHHE TOKA3AHO B MPEBIAYIIEM MyHKTE.
[

Pewenue zadayu 27. Iycrs R(h) = R(hy) mis vekoropsix h, hy € R(z). Torpa cymecrsyor f,g € R(z),
st kKoropweix f(h) = hy,g(h1) = h. Hocrarouno mokasarb, uro deg f < 1. Ilpeacrasum f B BHE
HECOKPATUMOii jpodu f = ;—f, (f+,f-) = 1. Ecim f_ xoHcranta, T0 f — MHOrOYJIEH, a TOLJA 10 BTOPOii
JaCTH pelleHus 3aJa49u 24 MoJydaeTcs, 9YT0 g — TOKe MHorowien. Tormia

degh = deg f(g(h)) = deg f deg g deg h.

Orkyna deg f = 1. Anajorn4uno paccMaTpuBaeTcda caydail g € R.

Hamnee cautaem, uro f_ g ¢ R. Ilo anajoruu ¢ paccyzKJIeHueM U3 pPeIleHus 3aa9u 23, MpeICTaBUM
f(x) B Buje orHOLIEHHs JIBYX MHOIOYIEHOB, PACCMOTPUM KOPHHU KAXKJIO'O M3 ITUX MHOIOWIEHOB U MX
crapie Koddduruentst. [losyaum dopmyiy:

_ CCr gt T (g —a1g) (g4 — a2g-) - (g — iy g-)
h =) = T e = Bag) . (@ —Brg)

Bce MHOXKHTEIN YHCTATENS M 3HAMEHATE sl IPABO 4acTu 9Tol (pOpMYJIbI B3aNMHOIIPOCTEI.

[Iycte n_ = ny. 3aMeTuM, 9TO MOCTOAHHBII MHOKHTE/Jb He MOYKET BO3SHUKHYTH W B UHCJIHUTENE, U B
3HamMenaresie onuoBpemenno. Orkyaa n_ = ny = 1, u, ciegoaresbio, deg f = 1.

[Iycte n_ # ny. Torma h ~ ¢" """, u, B wactnoctu, n_ —ny = 1l un_ > 1. Ecim ny # 0, T0
B dopmysie OyjeT 1Mo KpaiiHeil Mepe JBa HEMOCTOSTHHBIX ¥ B3aWMHOIPOCTHIX MHOKHUTENsA. [IporuBopedne.

Cnenosarenvno, n_ = 1,n, = 0,deg f = 1. O

Pewenue zadawu 28. Tlycrs ectwb asa nonst K = R(f) C L = R(g). I3 ycnosuss K C L caienyer, 910 ecTh
HeR(z): f=H(g).
[To 3amaue 27, Bce obpasyiomue 1moJjid K UMeT BU/I

a2g+ba
cog+da’

a1 f+b1
c1f+dy’

aody —bycy # 0. OTciona caemyet, 9To GYHKIUH Tepexoia H (ms apyrux 06pa3yonux )

a1d; — bycp # 0, a Bce obpasytoriue moJis L

UMeIOT BH,

UMeIOT BUJL

ayH(25582) 4 by

aH (s td




JlocTaTovHO TPOBEPHUTH, UTO

aH +b ar+b
= deg(H d—b )
cH—i—d) g (cx+d))’a 70

deg H = deg(

PasenctBo deg H = deg(zgis), ad — bc # 0, mpoBepsieTca B 3ama4de 25. To ecTh 0CTAIO0Ch MPOBEPUTH, ITO

_ +b
deg H = deg(H (£-;)), ad — be # 0.
Qukcupyem a,b,c,d € R, mns koropeix ad — be # 0. Ilo anasorum ¢ paccykaeHuUEM U3 PeIeHust
samaun 23, mpejacrasuM H(z) B BuJe OTHOIIEHWs IBYX MHOTOYIEHOB, DACCMOTPUM KODHH KayKJIOrO W3

9THX MHOTOYJIEHOB M uX cTapimue Kodddunuentrl. [lonyunm dbopmymy:

H(

ax + b) _ Oy (cx +d)" " ((ax + b) — ai(cx + d))((ax + b) — as(cx + d)) ... ((ax + b) — o, (cx + d))
cx+d  C- ((ax +b) — Bi(cx + d))((ax +b) — Bo(cx + d)) ... ((ax +b) — B_(cx + d)) '

U3 sroit bopmy.isl oueBuino, 9T0 deg H(%) < deg H. Tak kak H(z) = H(Z;’IS), e

d —c
ad—bcx + ad—bc
a

—b
adfbcx + ad—bc

’y:

T0O U3 Heé ke caexyer, yro deg H < deg H(%). OrKya uMeeM, 4To
ar +b
deg H =deg H.
& (cx + d) &
[
Pewenue sadavu 29. Pemenne 3T0it 3a/1a9u HAMMCAHO BO BTOPOil 9acTu pereHus 3agaqn 24. O]

Pewenue sadavwu 30. V13 ycnosug u HOK-semmbl coreryer, uTo ectb MEHOTOUWIeH H, 1 kotoporo deg H =

HOK(deg F,deg G) u R(H) C R(F) NR(G). Orkyna nmeem
(R(F) : R(H)], [R(G) : R(H)]) = 1.

Ocrasiocs 3ameruts, 9ro [R(F) : R(F) N R(G)] nemmr [R(F) : R(H)|, a [R(G) : R(F) N R(G)] aeanr
[R(G) : R(H)] rak kak R(H) C R(F) NR(G). O

Pewenue sadawu 31. a) Ipennosoxum mporusaoe — mycrb deg, R(y, z) < deg f(x). Bamerum, 910 n :=
deg, R(y,z) > 1 (B mmom ciygae R(y, z) me 3aucur ot y, orkyaa R(—,z) = 0). Torma R(y,z) = Ro(z) +
Ri(2)y+...+ Ru(2)2", tne R; € R[z],deg R; < deg f nna mo6oro i. Ho Torma deg R, (x) f" > deg R;(z) f*
JUtst JIF000T0 4, oTKy1a Obl caenoBaio 4ro R(f(x),z) # 0. IIporusopedne.

6) IlpexcraBum h B BHje HECOKpATHMOIl 1pobH Z—f Torpna, oueumno, T(y,z) = h_(2)y — hy(2)
ynosaerBopsteT yeaosuio 1'(h(z),z) = 0. Ilposepmm, uto T'(y, z) aBAseTCS HANMEHBIINM MO CTEHEHH IO
z TakuM MHorodsaeHoMm (ero crenens pasua deg H). Ilycrs ecrb muOrowIeH T(y, z) Menbieii crenenm.
Tonoxum d := deg T(y, z). Toraa hT(y, z) = Q(y, 2)T(y, z)+R(z) ans nexoropuix Q(y, z) € Rly, 2], R(z) €

R[z]. U3 ompenenenus T caenyer, uro R(z) = 0, To ectb R = 0. Torzma

W ()T (. 2) = Qu. =)T(y. ).
U3 3amaqan 20 caemyer, uro Q(y, z) = h‘i(z)@(y, 2),T(y,z) = h" (z)f(y, 2) st HeKoTopbix Q(y, z)f(y, z) €
R[z,y],a,b € Z>o,a+b = d. Ho Torna h(x) nemurcs na h_(x)?, aro BozmoxkHO ToabKo ecyin b = 0. OTkyma
a=dmu
T(y,2) = Qy, 2)T(y, 2)-
Yro nporusopeunt npenonoxenno deg, T'(y, z) > deg, T(y, 2).
B) 3amernm, uro [L : R(z)] = [L : R(g(x))][R(g(x)) : R(z)]. Yro nossossier 3amenuts L Ha R(g(z)).

A ana L = R(g(x)) yrBepK/ieHue myHKTa B) COBIAJACT ¢ yTBEPZKJICHUEM IYHKTA 0). O

3



Pewenue zadawu 32, /oxazameavcmeo HO/-nemmu.. Ilycts okazamocs, uro R(F,G) = R(H) u deg H <
HOD(deg F,degG). Torna ' = A(H), G = B(H). Torna R(A, B) = R(z). Ilpu stom, cormacao HOK-
Jemme (3aja4a 76) cymecrByor trakue P u @, aro P(A) = Q(B) u deg P(A) = HOK (deg A, deg B).

Hokazkem, aro muorouwsten R(y,z) = P(y) — Q(z) — MUHUMAJBHBIA [0 CTENEHN JJIsi PACTITHPEHHST TOJIsI
R(A, B) nag R(A) u3 upeapiaymeii 3agauau. B camom jeste, ecyii 6bl GbLI MHOIOYJIEH MEHbIIEl CTeleHH,
IIPHU TIOJCTAaBHOBKe B KOTOpoil A m B momydascsa 661 0, To He0OX0MuMO ObLIO ObI COKPATHTE CTAPIIHi TIeH
110 z B nexom A*B! co crapmum wienom kaxoro-to apyroro A* B! Torpa (k—s)deg A+ (I—t)deg B=0nu
k — s # 0 penurcs Ha HOD(gsgideg 7j» T-€. CTeleHb 9TOr0 MHOrozena Obiia bt X0Ts Gbl HOD(gzgideg 5 =
_ HOK(deg A,deg B) _ deg P

deg A
Ho Torma
deg A — [R(z) : R(A)] = [R(A, B) : R(4)] = 19K (ieegg 2’ deg B) _ — (j:gg i T < s
IIpoTuBopeune. ]
Pewenue sadavu 33. Cunenyer u3 3agaun 32 u 3agaan 29. O
Pewenrue 3adavu 34. Cnenyer u3 3amaun 27 u 3a1a4un 29. ]

Pewenue sadauu 35, Hokazameavcmeo Ilepsoti Teopemvr Pumma. Bymem moka3biBaTh yTBEp:KIEHHE TEO-
pembl o uHayKiuu 1o deg F'. Jlna deg F' = 1 yTBepKaeHue 04eBUIHO.

Eciu G, nu Hy uMmeoT oauHAKOBYIO cTenedb, T0 (. = aHy + b u J0cTaToOYHO J0Ka3aTh yTBEPKICHUE
g Gyo...G._10(ax+b)=Hyo...0oH q, 9T0 ceyer n3 WHAYKTHBHON TUIIOTE3HI.

Ecim G, nu H, uMerorT pa3Hyio CTeleHb, TO 9TH CTEIeHH B3aWMHO HpPOCThI, mHade, corjgacao HOJI-
Jemme (3a1a4da 9) numeeM, aro oun pasznoxkumbl. Torma, cormacno HOK-semme (3amaua 76), cymectByor
vuorounensl C', D u Dy, Takue uro Gio...G,_1 =CoDy, Hio...oH,_ 1 =CoDy, DioG, =Dyo H,,
deg Dy = HOK(degG,,deg H)/deg G, = deg H,, deg Dy = HOK (degG,,deg Hy)/deg Hy, = degG,.
Torma, coracHo UHIYKTUBHOI MUIOTE3€, BCE YTBEPXKIeHUS BEPHBI I/ MHOTOWIeHOB Hio...0H, 1 = CoDy
n Glo---Gr—l :CODl.

Ecom C = C) o...0 ()} — ngexkomnosuiuss C' B HEpas3oKuMble, TO jgexommosuiuu Cyo...oCjo Dy u
G1o...G,_1 yaoBIETBOPSIOT Teopeme PuTra, a 3HAYNT CTPOUTCS MOCJEI0BATETHLHOCTD TTPOMEKYTOTHBIX
nemmnosunuii. OHa TpaHchopMupyeTcs myTeM 100aBIeHNs B KOHEIT KazK 0l JJeKOMIIO3UIIN MHOTOwIeHa (...
A 3aTem oHa MOXKeT OBITH IIPOJOJIKEHA IIyTeM JT00aBIeHIs AHAJTOIMIHBIX IPOMEXKYTOUHBIX JTeKOMIIO3UITHMA
Mexy Cio...oCioDyu Hio...oHy 4. O



Decompositions of polynomials, or the First Ritt Theorem
Authors': Ya. Abramov, A.Petukhov, A.Terteryan

1 Introduction

This project has been motivated by the problem of classification of commuting polynomials, that is,
of polynomial pairs f(z) and g(x) in a single variable, such that f(g(z)) = ¢g(f(x)). We recommend
to find out several such pairs on your own. In the sequel we denote the composition of polynomials
in a single variable as follows:

fog=[flyg(x)).

The project is devoted to the auxiliary problem of decomposition of a polynomial into a func-
tional composition of other polynomials: F'(z) = Ao B = A(B(x)). This problem arises naturally
and is a part of the famous problem of classification of commuting polynomials. It is natural to study
decomposition into indecomposable polynomials. We shall arrive to the following result regarding
decomposition of an arbitrary polynomial into indecomposable ones, which resembles the theorem
about decomposition of a positive integer into primes.

The first Ritt Theorem. Given two decompositions of a polynomial into a composition of
indecomposable polynomials:

F(z)=Gio0...0G,=Hjo...0H;

(where deg G; > 1, deg H; > 1), we have the following:

1) r = s, thus the length of the decompositions is the same,

2) the sequences (deg Gy, ...,degG,) and (deg Hy, ..., deg H,) of the degrees of the polynomials in

the decompositions are permutations of each other,

3) there exists a sequence of intermediate decompositions F'(x) = Fl[i] o...0 Frm, such that
Fl=aq, a1 <i<r),

two its successive terms are connected by interchange of two neighboring polynomials (the corre-
sponding degrees interchange and are coprime),

F"=loH;ol™" (1<i<r),

where [(x) is a linear function, [~*(x) is its inverse, that is, ("} (z)) = .
Example. For decompositions 212 = 23 022 0 22 = 22 0 2% 0 22 the intermediate sequence consists

of a single decomposition z'? = 22 o 23 o 2.

Notation

In the sequel we assume the following:

1,7, k,l,m,n are arbitrary positive integers;

A,B,C,D,F,G,H, P,Q, R are arbitrary polynomials (of a single variable if the contrary is not
indicated);

x,1, z are variables of polynomials;

a, b, c,d are arbitrary numbers;

M, N are arbitrary sets.

Itranslated into English by B. Frenkin



2 Problems without hints

1. Prove existence of a polynomial
a) Ty(x), b) Ts(x), ¢) Tu(x), d) T, (x)
such that 7T),(cost) = cosnt for any integer n. Express T, 1o(z) in T, 41(2) u T),(x).

Definition 1. The polynomial 7}, (z) is called nth Chebyshev polynomial.

2. Prove existence of the polynomial
a) Dy(x), b) D3(x), ¢) Da(x), d) Dn(x)
such that D, (t + }) = " + 3 for any integer n. Express D, 2(x) in D,11(x) and D, ().

Definition 2. The polynomial D, (x) is called nth Dickson polynomial.

Definition 3. A decomposition of a polynomial f is a sequence of polynomials fi, ..., f,, such
that f = fio...0f,.. We will call two polynomials conjugate if they are connected by a transformation
of the form f(x) — I7' o f ol (where [(x) is a linear function). Two decompositions fi,..., f, u
g1,---,g- of a polynomial f will be called conjugate if f; = I;! o g; o l;11, where [;(x) is a linear
function, l; =z, [, = =.

3. Decompose the polynomial a) T,,(z), b) D,,(z) into a composition of indecomposable polynomials.

4. a) Prove that if F' = Go H then F(x)— F(y) as a polynomial in =,y is a multiple of H(z)— H (y).
b) Prove that for given polynomials A(x) and B(z) there exists at most one polynomial C'(x) such
that A= Co B.

c¢) Prove that if F' = G o H then F’(x) as a polynomial is a multiple of H'(x).

5. Prove that for a polynomial f(z) with leading coefficient 1 and intercept 0 the number of decom-
positions into polynomials with the same properties is finite.

6. Prove that

a) for any polynomial A(z) such that deg A = nr there exists the single C'(x) with leading coefficient 1,
such that deg(A — C") < n(r — 1),

b) if moreover there is a decomposition A = Po(@), deg @) = n, then A = BoC for some polynomial B.

7. a) Suppose that the residue of a polynomial G(x) modulo H(z) equals R(z). Prove that the
residue of G(F(z)) modulo H(F(z)) equals R(F(z)).

b) Prove that if F = Po A = Q o B then FF = R o C, where degC = LCM(deg A, deg B),
C=A,0A=DB,0B.

8. a) Suppose P o A = P o B for A and B with leading coefficient 1. Prove that A = B.
b) Suppose C o F' = D o F for F' with leading coefficient 1. Prove that C' = D.

9. * Prove that if F = Po A= Qo B then F = Ro C, where deg C' = GCD(deg A, deg B).

10. Suppose fi,..., f. and g1, ..., g, are two decompositions of a polynomial F', where all f; and g;
are indecomposable and deg f; = deg g;. Prove that these decompositions are conjugate.

11. * (The first Ritt theorem formulated in alternative terminology.) 2 Prove that for any two

decompositions of a polynomial into indecomposable ones ' = Gy o...0G,. = Hyo...0o Hy (where
degG; > 1, deg H; > 1), the following holds:

1) r=s,

2) the sequences (deg Gy, ...,deg G,) and (deg Hy, ..., deg H,.) are permutations of each other,

3) there exists a sequence of decompositions F' = Fl[i] 0...0 r[i]’ such that any two successive
terms in it are connected by interchange of two neighboring polynomials (the corresponding degrees

interchange and are coprime), F{'! = G; (1 <i < r), and (F™, ..., F")) is conjugate to (Hi, . .., H,).

2For starred problems, some auxiliary problems with hints will be given on August 4 and August 7.
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3 Ritt theorem: first portion of auxiliary problems

12. Let F(z) = G(H(z)), degG = m, deg H = n. Define polynomials in n variables e;’s as:
S otei(yi, Y2, Yn) = (E —y1)(t —y2) ... (t — yn) (they are called elemenatry symmetric polyno-
mials). Let polynomial F'(x) has exactly mn roots. Prove that roots of polynomial F'(z) can be orga-
nized in m groups of n elements ¢y, . . ., C1p, €21, - - -, Cp SUch that for ¢ > 0 holds e;(¢11, ¢19,. .., C1p) =

= ei(cm, Co9, ... ,an) = ...= el'(le, Cm2, - - - 7Cmn)~
13. Is it true that (x — 1)(z —2) ... (z —999) is a composition of polynomials of degrees 27 and 377

In the solutions for the preceding sections we have already made use of the idea of the set of
various expressions in terms of a given polynomial or of several given polynomials. This idea can be
generalized to some notions of higher mathematics, namely rings and fields. A ring is what we can
obtain from some elements using addition, subtraction, multiplication and including constants. The
case of fields is similar but the operation of division is also adjoined! We will make use of Lueroth
theorem (the problem at the end of the section).

3.1 Rings

Definition 5. A ring® is a set R with three operations on it, called addition (a + b), multiplication
(a - b) and taking the opposite element (—a), such that the following holds:

commutativity: 1) a-b="0b-a,2)a+b=0>b+a,

associativity: 3) a-(b-c)=(a-b)-¢,4) a+ (b+¢)=(a+b)+c,

distributivity: 5) a- (b+¢) = (a-b) + (a- ¢),

properties of zero: 6) there exists an element 0 € R such that a + 0 = a for any a € R,

7) a+ (—a) =0,

8) there exists an element 1 € R such that a -1 = a for any a € R.

Examples: as you know from the school curriculum, the sets Z, Q, R, C with natural operations
have the above properties.

14 (Exercise). For an arbitrary ring M introduce (describe) the operations of addition, multiplication
and taking the inverse on the set of all polynomials in a single variable with coefficients from M
(similar to the natural operations with polynomials).

Definition 6. The above ring will be denoted by M|z| (where x is the variable, M is the set of
possible coefficients).

Example. For the ring R[xy, ..., z,] of polynomials in n variables, the corresponding Rz, . . ., z,][y]
is the ring R[z1, ..., z,,y| of polynomials in n + 1 variables.

Definition 7. A subset A in a ring R is called a subring if it is closed under the operations of
multiplication, addition and taking the opposite element (that is, if a, b € A then a+b,a-b, (—a) € A).

Now let us see how useful and powerful is the definition of the ring.

15. This problem is devoted to the proof of the following theorem: given a sequence of polynomials

fi(z),..., fu(z),..., there exists k such that for any n we have
fn(‘r) = Fn(fl(x)a ) fk(l’)),
where F,(y1,...,yx) are polynomials.

a) Consider the set M of all expressions obtained from the elements of this sequence using addition,
multiplication, subtraction and multiplication by a constant. Prove that M is a subring in the ring
of polynomials.

b) Consider the set N of all powers of elements of M. Prove that it is closed under addition and

3More precisely, a commutative ring with unit.



under multiplication by positive integers.

c¢) Prove that the set N is generated by a finite subset under multiplication by positive integers and
addittion: every its element is obtained by these operations from a finite subset of N.

d) Prove that the ring R is generated by a finite number of its elements.

e) Prove the above theorem.

3.2 Fields

Definition 8. A field is a set F with four operations called addition (a + b), multiplication (a - b),
taking the opposite element (—a) and taking the inverse element for a nonzero element (a~'), such
that the following holds:

1)-8) the same properties as in Definition 5 of a ring,

9 a-a!=1foranya#0inT.

Examples. The sets Q, R with natural operations fulfil these conditions.

Remark. Not all customary operations are defined in the fields. For instance, the operation of
root extraction is usually not executable in the field Q (as is well-known, v/2 ¢ Q).

16 (Exercise). For a field F introduce (describe) the operations of multiplication, addition, taking

the opposite and the inverse element on the set of all rational functions (expressions of the form Ple)

Q(z)’
ﬁggggg = gg;) with coefficients from F (similar

to the operations for rational functions with real coefficients).

Definition 9. This field will be denoted by F(z).

17 (Division with remainder). Prove that for polynomials A(z), B(x) € F[z] (B(z) # 0) there exist
polynomials Q(z), R(x) € F[x] such that A= B -Q + R and deg B > deg R.

18 (Exercise for understanding). Divide with remainder the polynomials in z with coefficients
from R(y, z) (in the notation of the preceding problem, determine Q(z) and R(z) taking their coef-
ficients from the set of rational functions in y and z):

a) (r+y+z)P’ -2’ -y’ =2 byr+y b) (x+y+2)°—a®—y’ -2 by (z+y)(z+2)

where P, () are polynomials with convention that

19 (Greaterst common divisor of polynomials). Prove that for polynomials A(z), B(x) € F[z] a) there
exists GCD(A(x), B(x)) b) and GCD(A(x), B(x)) = A(x)P(z) + B(x)Q(z) for some P(z), Q(x) €
€ Flz].

20 (A version of Gauss lemma). Suppose C(x), D(z) are two polynomials from S[z], where S is the
ring of polynomials R[¢] (that is, C' and D are polynomials in x, and their coefficients are polynomials

in t). Prove that all coefficients of their product C(z)D(x) are coprime in S[t] in general (that is,
coprime as polynomials in t) if each of them has coefficients coprime as polynomials in t).

Definition 10. A set A in a field F is called a subfield if it is closed under operations of
addition, multiplication, taking the opposite and the inverse element A (that is, if a,b € A, then
a+b,a-b,(—a) € A and if moreover a # 0, then a™! € A).

21. Prove that the set of all E(g(z)), where g(x) is a fixed, and E(x) is an arbitrary rational function,
is a subfield in R(x).

22 (Lueroth theorem?). * Prove that any intermediate subfield R C K C R(z) is the field of rational
functions in some rational function g(z): K = R(g(x)).

23. Prove that if some intermediate field R € K C R(x) contains a polynomial then the generator
g(x) in Lueroth theorem can be chosen among polynomials.

24. Prove that a polynomial F' is indecomposable if and only if then any intermediate subfield
R(F) C L C R(z) is either R(F') or R(x).

4The second portion of auxiliary problems with hints regarding Ritt and Lueroth theorem will be delivered on
August 7.




4 Ritt theorem: the second portion of auxiliary problems

4.1 Lueroth theorem and «its application in national economy»
Deﬁnition 11. The degree of a rational function, which can be expressed as irreducible fraction

q(at L £ 0, is max{deg p(z), deg q(x)}.

25. Prove that for a,b,c,d € F, h(z) € F(z), ad — be # 0 the degree of z;f(i)is equals the degree
of h(x).

Definition 12. A subset M of a field F C R(x) is called generating if all elements of F can be
obtained from the elements of M by repeated use of addition, multiplication, taking the opposite
and the inverse element and multiplication by constants.

26. (Lueroth theorem)

This problem is devoted to the proof of the following theorem: for any field K such that R C K C
C R(z) there exists z(z) € R(x) such that K = R(z(z)). We give the algorithm for constructing
such z(z).

If g(x) is a rational function then let the polynomials Py(z) and Q4(x) be its numerator and denom-
inator:

_ Pg@)
g(z) = 0u(2)’

where GCD(P,,Q),) = 1 and the leading coefficient of Q4(z) is 1.

For the rational function g(x) let us consider an auxiliary expression Py(y) — g(z)Q,(y) in vari-
ables x,y. Observe that it belongs to R(g(z))[y] (is a polynomial in y with coefficients from R(g(x))).
a) Suppose that M is a generating set (not necessarily finite) for an intermediate subfield K. For all
g(x) € M consider

D(z,y)
d(z)
where D(z,y) and d(x) are polynomials. Prove that D(x,y) is a multiple of y — x.
b) Prove that GCD e (Pg(y) - g(x)Qg(y)>, after division by the leading coefficient, has the coeffi-

cients from K.
c¢) Prove that

GCDgen (Pg(y) - g(af)@g(y)) =

Py(2)Qq(y) — Py(y)Qqy(z) = D(z,y)Cy(z,y),

where Cy(z,y) is a polynomial in z, y.
d) Let m be the least degree of rational functions in M, and f(z) € M be a rational function such

that deg f = m. Prove that if deg, D(x,y) < m then deg, C’f(x y) > 0 and deg, D(x,y) <m

e) Suppose deg, D(x,y) < m. Prove that all coefficients of 2 xjy) as a polynomial in y lie in K and

have degree less than m.
f) Define the following procedure on M: append all nonconstant coefficients of Dd((z)y) to M and

D, (w,y) _
di(z)

= GCDyenmy,, <Pg(y) — g(x)Qg(y)> and append its nonconstant coeflicients to get the set M), and

so on. Prove that repeating this procedure we arrive to the situation when

denote the resulting set by M. Now starting from M) construct the polynomial

GODyerr (Pyfy) = 9(@)Qy(0)) = c(a) (Paly) = hi(x)Qu(w)

for some h(z) € M.
g) Prove that P, (y)—h(x)Qn(y) (where h if from the preceding item) cannot be factorized in R[h(z), y].
h) Prove that P,(y) is not a multiple of P, (y) — h(z)Qn(y) over R(h(z)). (Remark: remind that



the coefficients of P,(y) are real and hence belong to R(h(z))).
i) Suppose that for some u(x) € M the remainders of P (y) and Q,(y) when divided by P,(y) —

— h(z)Qn(y) over R(h(x)), are equal to ;(h((’;))y and 2 S(h( ))i/) respectively. Prove that Q(h(( )))) =
- o2ty

j) Prove that u(x) from the preceding item belongs to R(h(z)).
k) Prove that K = R(h(z)).

27. Prove that if K = R(hq(z)) then hy(z) = %.

4.2 The rest of the proof of the first Ritt theorem

Definition 13. Let K, L be two fields such that R € K C L C R(z). The degree of the field extension
[L: K] is the following integer. If L = R (f(z)) then K = R (¢(f(z))) (by Lueroth theorem). Then
the degree [L: K| is the degree of the rational function g(x).

28. Prove that the definition of the degree is correct (that is, independent of the choice of generators
in the subfields).

29. Suppose H = r(F'), where H, F' are polynomials, and r is a rational function. Prove that r is a
polynomial.

30. Prove that the degrees [R(F): (R(F) NR(G))] and [R(G): (R(F)NR(G))] are coprime.

31. a) Suppose R(y, z) is a nonzero polynomial, f(x) is a rational funcxtion and R(f(x),z) = 0 is
an identity. Prove that deg, R(y, z) > deg f(z).

b) Let h(x) be a rational function. Find a nonzero polynomial T'(y, z) of minimal possible degree
in z, such that T'(f(x),x) = 0 is an identity.

c) Let S(y, z) be a nonzero polynomial g(x) € L C R(z) and R(g(x),x) = 0 be an identity. Prove
that deg, S(y, 2) > [L: R(z)].

32. Let H(z) be a polynomial such that R(H) is a field generated by polynomials F'(z) and G(z).
Prove that deg H = GC'D(deg F,deg G).

33. (Remind Problem 9*.) Prove that if ' = P o A = @ o B then there exists a polynomial C(z)
such that degC' = GCD(deg A,deg B) and A= A;0C, B=B;oC.

34. Prove that A; and A, generate the same subfield if and only if then A; = aA; + b.

35. (The end of the proof for the first Ritt theorem.)

a) Suppose R(G,) # R(H,). Prove that R(P) = R(G,) N R(H,), where P is a polynomial of degree
deg G, - deg H.

b) Let the polynomial P from the preceding item be such that P = Ao G, and A = A; o A,.
Prove that either R(P) = R(As o G,) (and then deg A; = 1) or R(H,, Ay 0 G,) = R(z) (and then
deg A; = deg A).

c¢) Prove the first Ritt theorem.



Ritt: solutions for some problems
Translated by Ya. Abramov, A. Petukhov and A. Terteryan and edited by B. Frenkin

Solutiom for Problem 1. 1t is clear that for all n € N such polynomial is unique if it exists: two different
polynomials can’t take the same values in every point from [—1, 1], range of cosine. It is also clear that
we can pick Ty (z) = z, To(z) = 22% — 1, and then we define sequence Ty, Ty, Ty, ... by recurrence relation
Thio(z) = 22T, 41(x) — T'(z), and by induction proof it is exactly what we need.

The base is true by construction, and the step follows from the formula
cos avcos § = 3(cos (a + 3) + cos (. — 3)). We have:

Thia(cost) = 2costcos ((n+ 1)t) — cos (nt) = cos ((n + 2)t) 4 cos (nt) — cos (nt) = cos ((n + 2)t).
[

Solution for Problem 2. We act similarly to the previous problem: such polynomial is unique if it exists:
two different polynomials can’t take the same values in every point from (—oo, —2] U [2, +00), the range
of function f(t) = ¢+ ¢. We define Dy(z) = x, Dy(z) = 2* — 2, and recurrently

Dyyo(z) = 2Dy (x) — Dy (2). By induction we prove that D, (t 4+ 1) =" + o : if n € {1, 2} then this is
clear, and the induction step follows from

1 1 1 1 1 1 1
Dppa(t+ =)=+ )"+ —) = (t"+ —) ="+ — +¢" R
+2( + Zf) ( + t)( +tn+1) ( +tn) +tn + +t”+2 tn +t"+2

]

Solution for Problem 3. Observation. A polynomial of prime degree can’t be decomposed into the com-
position of two polynomials of degrees greater than 1.

Proof. Suppose A = B o C is such decomposition. Then deg A = (deg B) - (deg C) is not prime, a
contradiction. O]

Let m = p; - ... pg be a decomposition of m into prime factors (perhaps some factors are equal).

Let n, k be arbitrary positive integers. For every non-zero t € R we have: D, (Dy(t+7)) = D,(t"+3) =
(tF)n+ (t,})n = t""+ - = Dyy(t+1), therefore polynomials D, and D,,0 D, coincide on (—oco, —2]U[2, +00)
(the range of the function f(t) =t + %), so they are equal to each other. This implies that we have a
decomposition D,,, = D,, o...0o D, . By the above observation, now it will be enough to prove that the
degree of every component is a prime number. For this, it will be enough to prove that for every positive
integer n the degree of D, is equal to n. And this is trivial by induction: for n € {1, 2} it is true, and the
inductive step is trivial by relation D, o(z) = £D,41(x) — D, (x). Exactly the same argument shows that
T, =T, o...0T,, is a suitable decomposition of 7},. O

Solution for Problem 4. 4a) We have ©=2" = q"~1 4 ¢"=2p+ ...+ b"~!. This implies that the polynomial
(a — b) divides the polynomial F'(a) — F'(b). Replacing a and b by H(x) and H(y) we obtain the desired
statement.

4c¢) We have F' = H'(x)G'(H (x)). O

Solution of Problem 5. Assume that F'(x) = G o H with F,G, H as in Problem 5. It is enough to show
that the list of such decompositions with fixed d, = deg G, d;, = deg H is finite (deg G - deg H = deg F)).
Polynomial H is monic and thus the leading term of H’ is dyx® ~!. Polynomial F’ has only finitely many
multiples with the leading term dyz? ~'. This implies the desired result. O



Solution for Problem 6. 1t is clear that deg C'(z) = n.

Firstly we will show that such a polynomial C(z) is unique under the assumption that C(z) exists.
Assume to the contrary that there are two such polynomials C}(z), Cy(x). Then deg(C] — C%) < n(r —1).
We have

(O] = C3) = (Cr = Co) (O + ...+ G5 7).

The leading term of each summand of the second multiple is 2*"~1). Therefore the resulting leading term

of the second multiple is 72"~ If the first multiple is nonzero then deg(C7 — C%) > n(r — 1). This is a
contradiction.

Now we show that at least one such C(z) exists. Consider polynomial C'(x) with the minimal possible
deg(A — C™) (if there is more then one such polynomial, we take any one). Set d := nr — deg(A — C").
If d > r then C(z) satisfies the desired condition. This allows us to assume that d < r — 1. We have
deg(A — (z")") < nr and therefore d > 1. Then the leading term of A — C" is kx™ = for some coefficient
k. Consider (A — (C + £2m=%)). It is easy to see that

deg(A — (C + ﬁx"’d)) <nr—d.
r

This contradicts our minimality assumption on C(x). O

Solution for Problem 7. Ta) The identity for the remainder and the incomplete quotient is the same and
the condition deg R(F'(z)) < deg H(F'(x)) is obvious.

7b) We can assume that the leading coefficients of A and B are 1. Consider the polynomial D =
S(A) = T(B) of least possible degree which is a polynomial both of A and B at the same time (we choose
the leading coefficients of S and T to be 1). Let

deg A = ag,deg B = bg, g = GC'D(deg A,deg B),deg D = dabg.

Then degS = bd, degT = ad. From Problem 6a we have that there exists a polynomial U of degree b
with leading coefficient 1, such that deg(S(A) — U%(A)) < b(d — 1)a, and also there exists polynomial V/
of degree a with leading coefficient 1, such that deg(T(B) — V4(B)) < a(d — 1)b. Then

deg(U*(A) = V(B)) = deg(U"(A) — T(B) + T(B) — V*(B)) = deg(U*(A) — S(A) + T(B) — V*(B)) <

< max(deg(U%(A) — S(A)),deg(T(B) — VYB))) < a(d — 1)b.

Also we have
UYA) = V4YB) = (UA) = V(B)(UHA) + ... + V4 HB)).

The degrees of each summand in U4 1(A) + ... + V471(B) are the same and equal to (d — 1)ab, and
the leading coefficient is everywhere 1. So the degree of the second factor in (U(A) — V(B))(U41(A) +
+ ...+ V¥ Y(B)) equals ab(d — 1). At the same time the product itself has degree lesser than ab(d — 1),
according to the previous argument. So U(A) — V(B) = 0. If d > 1 then we have U(A) = V(B), a
polynomial of lesser degree than D, which is a polynomial of both A and B, a contradiction. Since by
Problem 6b deg F' is a multiple of deg D, we have that F' is a polynomial of D. O

Solution for Problem 8. 8a) A direct corollary of Problem 6b.
8b) The polynomial C' — D equals zero on the image set of the polynomial F', so by Bezout Theorem
C and D are equal. |

Solution for Problem 10. Note that, according to problem 7b, the polynomials F; = f; o fiz10...0 f,
and G; = g; 0 g;+1 © ... 0 g, are polynomials of each other, hence they are connected by a linear relation
F; = a;G;+0b;. This linear relation will be the desired /;(y) = a;y+b; from the definition of conjugation. [J



Ritt: solutions for yet more problems
Translated by Ya. Abramov, A. Petukhov and A. Terteryan and edited by B. Frenkin

Solution for Problem 12. Let (v — a1)(x — ag) ... (x — amn) = F(z) = G(H(z)), degG = m, deg H = n.
Then G(x) has exactly m roots. Let these roots be by, by, ..., b,. Then

F(x) = (H(x) - b)(H(x) = ba) ... (H(x) = by).

Then a part of the roots are roots of H(x)— by, another part are roots of H(x)— by, ..., and so we exhaust
all the roots of F'(x). Rearrange roots of F'(z) so that the first n of them would be roots of H(z) — by, the
second n ones would be roots of H(z) — by, .... Let us prove that we obtain the desired partition. Indeed,

Soiohia' —bj=H(x) —bj = (x —cj1) ... (x — ¢jn) = D_igeilc;)’. O

Solution for Problem 13. Assume it happened to be as required in the Problem. Let us divide roots into
m groups of n elements in each similarly to the previous Problem.

Select the roots divisible by some prime number p. Let us prove that these roots are distributed equally
between some of the groups of the above distribution (the other groups include no such roots). Let there
be groups A; and Ay with 0 < k; < ko roots respectively, divisible by p. The polynomial e,,_g, (z1,...,x,)
is the sum of all possible non-repeating products of n — ky variables in the list zq,...,x,. Then for group
A; the value e,,_x, won’t be divisible by p (i.e. exactly one summand won’t be divisible by p). But for the
group A, the value e,,_j, is divisible by p. This contradicts with the result of the previous problem that
for i # 0 the values e; for roots from different groups would be equal.

Set now p = 23. There are exactly [999] = 43 roots divisible by 23. According to the above statements
all the roots (which are divisible by p) should be distributed in several equal groups, and so either all these
roots are in one group or each group includes just one element. Both cases are impossible, because all the
groups are either of 27 or of 37 elements and there are either 27 or 37 groups in total. [

Solution for Problem 1j. Addition: Y, a;a’ + Y, bix" = > (a; + b;)2"
Multiplication: (37, a;z®) - (32, bja?) = 30,2 37, aib
Negation: — > . a;z" = > (—a;x").
Checking of agreement with definition:
Commutativity laws:

Zax +be—2al+b)x—Zb+azx—be —|—Zax— z)+ A(z),
A(:p)-B(x):(Zaixi)-(ijx] Z > ab _Z > bja; = ( ijmj)-(Zaixi):B(x)-A(x).

i+j=l Jt+i=l
Associativity laws:

(A(z) + B(x)) + C(z) = > ((a; + b)) + )2 =Y (a; + (b + c;))a' = A(z) + (B(z) + C(x)),

(A@) B@) - Cw) = Y 3 b = Alx) - (Bla) - Cla).
Distributivity law:
A(z) - (B( le a;(b; + ¢;) le(z a;b; + Z a;c;) = A(x) - B(x) + A(x) - C(x).

Properties of zero:

Az) + (=A(2) = ) _(a; — )z’ =0,

i



O-A(:L'):le Z Oa; = 0.

I iyl
Property of unit:
1-Alx) = Z (la+ > 0aj) => ax' = A(z).
i+j=1,i>0 I
So, all the conditions (1-8) hold for any such polynomials. O

Solution for Problem 15. 15a) Indeed, the operations of addition, multiplication and subtraction don’t lead
out of the set M: their results just give sums, products and differences of the corresponding expressions,
which are also expressions in terms of the given polynomials, so they belong to M by definition.

15b) Note that deg(F' - G) = deg F' + deg G and deg I’ = ndeg F. This proves what is needed.

15¢) Let m be the least element in N. Then every number, divisible by it, also belongs to N. Let
r1,72,...,7s be the list of all possible remainders under division of elements of N by m. Denote by k;
the least element in N which equals r; modulo m. Then all the numbers of the form k; + Im, where [ is
nonnegative integer, also belong to N, according to Problem 15b. The list of the numbers of such form
exhausts N. So N is generated by elements m, ki, ks, ... ks and this list is finite.

15d) Let dy,...,d, be a set of generators for N. Let ¢;(z),...,g,(x) € M be monic polynomials with
these degrees. Let us prove that they generate M. Indeed, let f(x) be a polynomial of the least degree
in M and not expressible in g¢y,...,¢g,.. By dividing it by its leading coefficient we make it monic. Then
deg f = nidy + ... + n,.d,. Furthermore deg(f — ¢7'g5*...g") < deg f and f — g{"g5%... g € M is not
expressible in g;’s and has lesser degree than f. Contradiction.

15e) It is sufficient to take finite sets of f;’s, generating all of the g;’s. O
Solution for Ezercise 16. Define the operations in the following way : %—F% = %, %~% = 51522,
—bH.— =P and

PQ1 '1 Q
(Q_11>_ = P17 for P, # 0.

Let’s check that the operations are well defined (the result of an operation doesn’t depend on choice
of polynomials in realization of a rational functlon) Let P, Q1, P>, Qs, P, Q1, P>, ()2 be polynomials, such
that Pl = gg and £2 = 52 ie. PLQ, = PQ, u PQy = PQ,. We have:

Q2
for sum: 2Q2tPo1 _ P1Q2Q1Q2+P2Q1Q1Q2 _ P1Q1Q2Q2+P2Q1Q1Q2 _ H@j@r@@?
' @1Q2 Q1Q2Q1Q2 Q1Q2Q1Q2 QiQ2
For product: PP P1P2Q1Q2 _ P1P2Q3Q\2/ _ ﬁlfg

Q1Q2 T Q1Q2Q1Q2 Q1Q20Q1Q2 Q1Q2°

For th 1 . =P ZPQ _ P _ B
or the opposite element 0 20 06, o,
For the inverse element: & — QP — Qi _ Q_

Pl PP P1P1
The operations are well defined, then let’s check that the axioms of field are satisfied. Let P, Q1, P, Q2, P53, Q3
be arbitrary polynomials such that (), ()2, Q)3 are non-zero. It’s trivial that addition is commutative, % is
the neutral element under addition, and for every element there exists the opposite element. Let’s check

associativity of addition:
P P Py PiQa+PQs P3 — P1QoQ3+PrQ1Q3+Q1Qas P1 PoQ3+P3Q2 _ P P, | P3
(Ql + )_'_ o Q1Q2 + o Q1Q2Qs3 + Q2Q3 o +( 2 + Q3

it’s trivial that multiplication i 1s commutatlve and assomatlve, and 1 is the neutral element under multipli-
cation, and for every non-zero element there exists the multiplicative inverse. It’s trivial that % #* %. Let’s
check distributivity of multiplication relative to addition:

). Furthermore

(P1 + Pz)Ps _ P1Qa+PQ1 Py PiQaP3+P@Q1P3 . PiQaP3Q1QaQ3+ P01 3Q1Q2Q3 . PiQals Py Py
Q1 Q27 Qs Q1Q2 Qs Q1Q2Q3 Q1Q2Q3Q1Q2Q3 Q1Q2Qs3 Q1Q2Q3
— Db PPy P B P By ]

T @Qi1Qs T @2Qs Q1 Qs " Q2 Qs
Solution for problem 17. In the case when B = b, a non-zero constant the statement is trivial: A =

b-(b7'A) + 0. Therefore we can (and we do) assume that B(x) = Z bjx?, where n € N is the degree of B.
=



We prove our statement by induction by degree of A. For A with degree less than n the statement is trivial:
we can pick Q@ = 0, R = A. So, it’s enough to prove that, if our statement is true for every polynomial A

with degree not greater than k, where & > n — 1, then it is true for polynomials with degree k + 1. Let
k+1

A = 3" a;a7, an arbitrary polynomial with degree k+ 1, then A —agy1(b,) ' Bz"*™~" is a polynomial with
j=1

degree not greater than k. By inductive assumption, for some polynomials @), R with deg R < deg B we

have

A — aj11(b,) ' B = B(z) - Q(x) + R(z), therefore

A(z) = B(z) - (Q(z) + agy1(bp) *xF17") 4+ R(x), as required. O

Solution for problem 18. a) (v +y +2)3 —2® —y®> — 23 = 3(x + y)(y + 2)(x + z) + 0, this can be checked
directly. But we have another way: it’s trivial that, in both parts of equation we have polynomials with
degree 2 (in x). In view of this, it will be enough to check that the values of parts coincide at 3 different
points from R(y, z). It’s easy to see that values coincide when x € {—y, —z,0}.

b) (x+y+2)°—2°—y’ =2 =5(x+y)(x+2)(y+2)(x® +y*+ 22+ 2y + 22 +yz) +0, it can be checked
directly. But we have another way: it’s trivial that, in both parts of equation we have polynomials with
degree 4 (in x). In view of this it will be enough to check that the values of parts coincide at 5 different
points from R(y, z). It’s trivial that for x = —y, and = = —z values of parts coincide. When z = —y — 2
we have: (z+y+2)° —2° —9° — 25 = (y + 2)° — y® — 2° = 5ytz + 109322 + 10y%2° + 5yzt, and
Sx+y)(x+2)(y+2) (@ + P+ 22 +ay+ze+yz) +0=5(—=2)(—y)(y+2)(z+y+2)* —ay —zz—zy) =
=5yz(y + 2)(—2y + (2 + ¥)?) = byz(y + 2) (22 + yz + y?) = byz(2® + y22 + v’z + > + y22 +9%2) =
= byz(23 + 222y + 2297 + 9®) = 52y + 1023y% + 10223 + 5zy*. When x = —y — 1 we have
(r+y+2P—2® =9y -2 =(2—-1P5 -2+ (y+1)° —¢° = =524 +1023 - 1022 + 52 — 1 + 5yt +
+10y% + 1002 + 5y + 1 = 5(y* — 22 + 23 + 223 + 2y% — 222 + y + 2), and
S(x+y)(x+2)(y+2) (@ +y?+ 22 +ry+ze+yz)+0= -5 z—y—1D(y+2)((z+y+2)2—z(z+y)—ay) =
=5y+1-2)y+2)((z—1)24+z2z4+v*+y) =by+2)(y+1—2)2>—2+1+y*+y) =
=5 +y—2ytazy+z—2H)E —z4+1+9*+y) =50 —22+z2+9)2—z+1+9y*+y) =
5((2 +y) = (22 =) (WP +y) + (22 = 2) + 1) =5((y° +y)* = (2 = 2)* + (¥ +y) — (:* = 2)) =
=5yt + 283+ — 2t 4228 — 22yl Yy — 22+ 2) =5(yt — 2+ 29° + 223 + 292 — 222 + y + 2). Similarly
the values coincide when x = —z — 1. 0

a) (x4+y+z2)P—ad -y =22 = (e +y)P+3@+y) 2 +3@+y)2+2° — (e +y) (@ —zy+y°) — 2° =
=@@+y)((z+y)?*+3x+y)z+32>— 2> +xy —y°) +0.

Solution for Problem 19. We assume that at least one of the polynomials is not zero. If one of the poly-
nomials is zero then it’s trivial that another one is the GC'D and can be written in the form that we need,
therefore further we assume that A, B are non-zero polynomials.We will prove both statements together
(for non-zero polynomials) by induction by n = min(deg A, deg B). When n = 0 it’s trivial that 1 is the
GCD and it can be written in the form that we need. Inductive step: Suppose for n < k (where &k > 0)
the statements are true, let’s prove that they are true for n = k£ 4+ 1. Without loss of generality we can
assume that

deg A > deg B. Divide A by B with remainder: A = BD + R. If R = 0 then it’s trival that B is the
GCD of A and B and it can be written in the form that we need. If R # 0, then pair (B, R) satisfies the
conditions of the statement of inductive assumption, then let X = BV + RW = GCD(B, R), where V. W
are polynomials. As A = BD + R, it is not hard to see that the set of all common divisors of polynomials
A and B coincides with the set of all common divisors of polynomials B and R. Therefore X is the GC'D
of A and B. Finally we have X = BV + (A — BD)W = AW + B(V — DW), and the inductive step is
proved. O

Solution for Problem 20. Assume that the coefficients of R(x) = C(z)D(z) are not coprime. Then there
exists A € C such that R(x) becomes zero if we replace ¢ by A; we denote this substitution R(z) |,=. We



have C(x) |i=x -D(x) |t=x= 0. Therefore either C(z) |;=x= 0 or D(z) |;=x= 0. This implies the desired
result. [

Solution for Problem 21. This statement is straightforward but let’s check it (we need to check that “+4”
and “-” preserve the mentioned set of functions E(g(z))).

L. All@)  Clle) (A4 D+B-C)y(z))
"~ Blg(z))  D(g(w)) (B-D)(g(x))
Alg(z)) Clg(x)) _ (A-O)(g(2))
B(g(z)) D(g(z)) (B-D)(g(x))

]

Solution for Problem 23. Assume that there exists a sequence of fields R ¢ K C R(z) and K contains a
polynomial g(z) € R[z]\R. We will check that K = R(f(x)) for some f(x) € R[z|. Liiroth theorem implies

that K = R(f) for some f € R(z); f = =, with f1, f- € R[z] u (fi, ) = 1.

Note that R(g(z)) C K = R(f), and thus there exists

s € R(z): s(f) = g();

e
I+

_(5)

and denote by 1, ..., B,_ the roots of s_; set C'y, C_ to be the leading coefficient of s, and s_ respectively.

Without loss of generality we can assume that f_ ¢ R. Combining the notation we have:

o) = Ce S — e[ ) —0nf ) (s = S
C =B — Bt ) s =B )

Note that if o # § then (f; — afs, fi — ff2) = 1. Further we have that (fy, fi — vf2) for all v € C. This
means that the factors in the above formula are mutually coprime and hence they can’t cancel. The fact
that g(x) is a polynomial implies that either (1) or (2):

(1) n_ = 0;

(2) n_ >0 and deg(fy — Bif-) =0forall i,1 <i<n_.
If (1) then ny = 0 and therefore g(x) € R (this is a contradiction); if n, > 0 then the factor f=~ " will
provide a nontrivial contribution into the denominator of g(x) (and this contradicts the fact that g(z) is a
polynomial). If (2) then f, — ,f_ = Cj for a nonzero constant Cy. This implies that K = R(f) = R(fy)
as desired. O

s = 2=, with s;,s_ € R[z] and (s4,5_) = 1. Hence = g(z). Denote by as, ..., o, the roots of s,

Solution for Problem 24. Assume F' € R[z| is a decomposable polynomial, i.e., F(x) = G(H(z)) for some
G,H € R[z| with degG > 1,deg H > 1. Then set L := R(H (x)); for this L we have: R(F) C R(H) C
R(z). These arguments solve a half of our problem.

To solve the other half we need to check the following statement: let L be a field with R(F) C L C R(z),
then F'(z) is decomposable. Note that L contains polynomial F' and therefore L = R(H (x)), H € R[z] due
to problem 23. Liiroth theorem implies that there exists G € R(z) such that F'(z) = G(H(x)). Repeating
the arguments of problem 23 we represent G(x) as a ratio of two coprime polynomials, consider the roots
of these polynomials and their leading terms. This provides the following formula:

_CL(H(@) —an)(H(x) — ) ... (H(x) — )

C_ (H(z) = f)(H(z) = B2) ... (H(z) = Bn_)
All the factors will be mutually coprime (this is completely analogous with what we have in problem 23)
and hence F'(z) is polynomial only if all the multiples of the denominator are constants. This can be the

case only if either H(z) € R or ny = 0. We have H(x) ¢ R and this excludes the first case. The second
case guarantees that G(z) € R[z] and thus F(z) is decomposable as desired. O

F(x)
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Solution for Problem 26. We will make trivial assumption that K is not R.

26a) By construction x is a root of all our expressions, so they are divisible by y —x in the ring R(z)[y],
and the rest is clear from corollaries to Gauss Lemma.

26b) Let us consider the canonical expression of GCD as a product of powers of irreducible polynomials.
For each multiplier we choose the expression such that this multiplier counts there in the same degree as it
counts in the GCD expression. We have chosen a finite number of expressions, and by construction their
GCD coincides with the GCD of our expressions. For finite number of expressions their GCD can be found
by Euclid’s algorithm, its iterations doesn’t lead coefficients out of field K, so the quotient of each two
coefficients (if defined) also belongs to K.

26¢) Follows immediately from possibility of factoring left side and irreducibility of fraction Dd((”;j;’) )

From now on we will choose the constructed GCD as a polynomial with leading coefficient 1. So, in its
realisation as Dd((a;’;“’) polynomial D(z,y) € R[z|[y] will have leading coefficient d(z), and all coefficients of

D(z,y) will be coprime in total as elements of R[z].

26d) Directly from the definition of the degree of a rational function we have that Pr(y)Qs(z) —
Pi(z)Q¢(y) is a polynomial of degree m in each of the variables. It is clear that this polynomial is
antisymmetric. Then conditions deg, D(z,y) < m and deg, Cf(x,y) > 0 are equivalent, so it is sufficient
to prove the second one. Assume it doesn’t hold. So Cy(x,y) is a polynomial in y. From antisymmetry
property we have that D(z,y)C(z,y) is not divisible by C(y, x), which is a polynomial in z. So we have
that D(z,y) is divisible by C¢(y, ), and its coefficients are coprime in total as elements of R[z]. Hence
Cy(y, x) = const. Then the degree of P;(y)Qs(x) — Pr(z)Q¢(y) in each variable is the same as for D(z,y),
i.e. equals m. Contradiction.

26e) From the previous parts we have that the coefficients belong to K. Consider once again our
expression as a fraction. For the degree of the numerator the needed was proven, and for the denominator
this holds since it is the leading coefficient of the considered expression as a polynomial in y.

26f) Assume that we haven’t come to this situation. Then consider an arbitrary iteration and express

GCD as D(( ’i’) under agreements from the previous parts of this Problem. Let f be a rational function of

the least degree m in the set given by this iteration. By what is proven above, P;(y)Qf(x)— Pr(x)Qs(y) =
Ct(y,z)D(x,y), and on the right side there is a product of polynomials. It is clear that the degree D(x,y)
in z is not less than m.

First case: the degree in y equals m, so C’f = (' is a constant. By definition of GCD polynomial

Pi(y) — f(2)Qy(y) = CDf((g;’y is divisible by 2 i )) Then for some = we have g(f(’f))c(:c) = Dd((x’i”) Hence

f(z) € M is a function such that doesn’t exist by our assumption. Contradiction.
So on each iteration the degree of D(z,y) in y is lesser than m. From 26e we have that all of the

coefficients of (’3)") have degree less than m, i.e. after the iteration the set M) contains some new
nontrivial rational function with degree less than all functions in M;_;). But there is a nontrivial rational
function in K of the least possible degree, so the number of such iterations is finite, which leads to
contradiction.

26g) Polynomial P, (y) —h(x)Qp(y) has degree 1 in h(z). Hence, if it is reducible in R[A(x), y], then one
of its multilpiers in a nontrivial reduction is a polynomial in y. Then P, and ()5 have a common nontrivial
divisor. Contradiction.

26h) Assume the contrary. Let P,(y) be divisible by Pj,(y) — h(x)Qx(y) in R(h(x))[y] C Ky]. Since
9(2)Q,4(y) is divisible by Py (y) — h(z)Qn(y) in Kly|, this means that P,(y) and Q,(y) have a common
nontrivial divisor in K[y]. However we know that their GCD can be found by Euclid’s algorithm, but in
subring R(h(x))[y] Euclid’s algorithm leads to trivial GCD. Contradiction.



261) Let

Pu(y) = (Pu(y) — h(2)Qn(y))v(h( ))+T7EZEZC;)7;J)
and

Qu(y) = (Puly) — h(z)Qn(y))w(h(x)) + Si?f(bf;)jy 3
Then

Pu(y) — u(@)Quly) = (Puly) — h(2)Qn(y))(v(h(2)) — u(z)w(h(x))) + — 7= )y)

)

Difference P,(y) —u(z)Q,(y) and difference (Uffy));/) u(x)% when divided by Py, (y) — h(z)Qn(y) give

equal remainders over K. Along with this we have that the first polynomial is divisible by P,(y) —
h(x)Qn(y), so the second polynomial is also divisible by P,(y) — h(x)Qn(y) over K. The degree of

W - u(x)% in y is less than the degree deg,(Py(y) — h(2)Qx(y)) by construction. Hence

T(h(x)y) S(h(z)y) _
ey~ @) Sag) = 0

26j) The polynomials in y from both sides of equality % = u(x)% don’t identically equal 0
(by 26i). Hence u(zx) belongs to R(h(z)) as a fraction.
26k) h belongs to K, so R(h(x)) C K, and the inverse inclusion was proven in 26;.

]

Solution for Problem 27. Let R(h) = R(hy) for some h,h; € R(z). Then there exist f,g € R(z), for
which f(h) = hy,g(hy) = h. It is sufficient to prove that deg f < 1. Express f as an irreducible fraction
f= ;—f, (f+,f-) =1. If f_ is a constant then f is a polynomial, hence by the second part of the solution
for Problem 24 we have that ¢ is also a polynomial. Then

degh = deg f(g(h)) = deg f deg g deg h.

Hence deg f = 1. The case g_ € R is analogous.

From now on we assume f_,g_ ¢ R. By analogy with the solution for Problem 23, express f(x) as a
ratio of two polynomials and consider roots of both these polynomials and their leading coefficients. We
will have the formula:

C'+ 9= " (g+ —a1g-)(gr —29-) .. (9+ — A g-)
H9) = & — B s - Bog) . (95— Brg)

All the multipliers in numerator and denominator of the right hand of this formula are coprime.

Assume n_ = n,. Note that constant multiplier can’t arise both in numerator and denominator at the
same time. Hence n_ =n, =1 and then deg f = 1.

Assume n_ # n,. Then h ~ ¢" " and, in general, n_ —n, = 1 and n_ > 1. If n, # 0 then
in formula above will be at least two nonconstant and coprime multipliers. Contradiction. Hence n_ =
1,n, =0,deg f = 1. O

hlz

Solution for Problem 28. Let there be two fields K = R(f) C L = R(g). From the task K C L we have
that there is H € R(z): f = H(g).

By Problem 27, all of the generators of field K are expressable as glljfiz ,a1d; — bycy # 0 and all of the

asdy — bycs # 0. Hence we have that transition functions H

generators of field L are expressable as ng—j:fl;’,

(for other generators) are expressable as

a2x+bo
alH( 02w+d2) +h

clH(Grs) +di

2



It is sufficient to check that

aH +b ar + b
deg H = deg(CH n d) = deg(H(m)), ad — be # 0.
Equality deg H = deg(zgis),ad — bc # 0 was checked in Problem 25. So it is sufficient to check that
deg H = deg(H(%42)), ad — be # 0.

Fix a,b,¢,d € R, for which ad — bc # 0. By analogy with the solution of Problem 23 express H(z)
as a ratio of two polynomials and then consider the roots of each of those polynomials and their leading
coefficients. We get the formula:

ar+b. Oy (cx +d)" " ((ax +b) — ai(cx + d))((azx + b) — ao(cx + d)) ... ((ax + b) — ay,, (cx + d))

H _
<c:17+d) C_ ((ax 4+ b) — Bi(cx +d))((ax + b) — Ba(cx + d)) ... ((ax +b) — B,_(cx + d))
From this formula we have that deg H(Z;IZ) < deg H. Since H(z) = H(Zgis), where
d —c
y = adfbc'r + ad—bc
b a_
adfbcx + ad—bc
this formula also leads to deg H < deg H (%) Hence we have that
ar +b
deg H = deg H.
8 (cx + d) 8
[
Solution for Problem 29. The solution is written in the second part of solution for Problem 24. O

Solution for Problem 30. From the condition and LCM-Lemma (Problem 7b) we have that there is a
polynomial H, for which deg H = LCM(deg F,deg G) and R(H) C R(F) NR(G). Hence we have

(IR(F) : R(H)),[R(G) : R(H)]) = 1.

It is sufficient to notice that [R(F) : R(F)NR(G)] divides [R(F) : R(H)] and [R(G) : R(F)NR(G)] divides
[R(G) : R(H)], since R(H) € R(F) NR(G). O

Solution of Problem 31. a) Assume the contrary: let deg, R(y,z) < deg f(x). Note that n := deg, R(y,z) >
1 (otherwise R(y, z) doesn’t depend on y, so R(—, z) = 0). Then R(y, z) = Ro(z)+ Ri(2)y+. ..+ Ru(2)z"

where R; € R[x],deg R; < deg f for any . But then deg R, (z)f" > deg R;(z)f* for any i,which leads to
R(f(z),z) # 0. Contradiction.

b) Let us express h as an irreducible fraction Z—j Then, obviously, T'(y, z) = h_(2)y — hy(z) satisfies
T(h(z),z) = 0. Let us check that the degree of T'(y,2) in z is minimal for such polynomials (this degree
equals deg H). Assume that there is a desired polynomial Tv(y, z) with lesser degree. Set d := deg Tv(y, z).
Then h*T(y,2) = Q(y, 2)T(y, z) + R(z) for some Q(y, z) € Ry, z], R(z) € R[z]. From the definition of T
it follows that R(z) =0, i.e. R =0. Then

he ()T (y. z) = Q(y, 2)T(y, 2).

From the Problem 20 it follows that Q(y, z) = h (2)Q(y, 2), T(y, z) = h* (2)T(y, z) for some Q(y, 2)T(y, z) €
R[z,y],a,b € Z>p,a + b = d. But then h, () is divisible by h_(z)°, which is possible only if b = 0. Hence

a = d and
T(y, Qy, 2)T(y, 2).

This contradicts to the assumption that deg.T(y, z) > deg, T(y, z).

z) =

(v,

c¢) Note that [L : R(z)] = [L : R(g(z))] - [R(g(x)) : R(x)]. This allows to consider L as R(g(z)). And
for L = R(g(z)) the statement follows from 31b. O



Solution for Problem 32, Proof of GCD-Lemma. Let R(F,G) = R(H) and deg H < GCD(deg F, deg G).
Then F = A(H), G = B(H) and R(A, B) = R(z). Also, according to LCM-Lemma (Problem 7b) there
exist polynomials P and @ such that P(A) = Q(B) and deg P(A) = LCM(deg A, deg B).

Let us prove that polynomial R(y,z) = P(y) — Q(z) is minimal by degree for field extension R(A, B)
over field R(A) in the sense of the previous Problem. Indeed, if there is a polynomial of lesser degree,
vanishing under the substitution of A and B, then we should cancel the leading monomial in x of some A*B?
with the leading monomial of some another A*B'. Then (k — s)deg A+ (I —t)deg B =0, and k — s # 0
is divisible by GCD(degB i.e. the degree of this polynomial should be at least deg B =

deg A,deg B)’ GCD(deg A,deg B)
_ LCM(deg A, deg B) __ deg P

deg A
But then
deg A — [R(z) : R(A)] = [R(4, B) : R(4)] = Z¢2 (C(lffg ’2’ deg B) _ - (;;g 2 T < s
Contradiction. O
Solution for Problem 33. Follows from Problems 32 and 29. n
Solution for Problem 34. Follows from Problems 27 and 29. [

Solution for Problem 35, Proof of Ritt’s First Theorem. We will prove the statement by induction on deg F'.
For deg F' = 1 the statement is obvious.

If G, and H, have equal degrees, then G, = aH, + b and it is sufficient to prove the statement for
Gio...G,_yo(ax+b)=H,o...oH,q, which follows from the inductive hypothesis.

If G, and H, have different degrees, then this degrees are coprime, since otherwise (according to Problem
9) they are reducible. Then (by Problem 7b) there exist polynomials C', Dy and D such that Gjo...G,_1 =
CoDy,Ho...oH; 1 =CoDy DyoG, = DyoH,, degD; = LCM(degG,,deg Hy)/ deg G, = deg H,
deg Dy = LCM (deg G, deg Hy)/ deg Hy, = deg GG,.. Then by inductive hypothesis all the statements of the
theorem hold for polynomials Hyo...o H,_; =Co Dy and Gyo...G,_1 = Co Dj.

If C =Cio...0C;is a decomposition of C' into irreducible polynomials, then for decompositions
Cio...oC;0Dy and Gy o...G,_1 Ritt’s theorem holds, hence there exists a sequence of intermediate
decompositions. It can be modified by adding the polynomial G, to the end of each decomposition. And
then it can be continued by adding analogus intermediate decompositions between C; o...o0 C;o Dy and
H1 O0...015 1. ]



IIpo BnucanHble OKPYy2KHOCTH
N.®posos
ITpoexT npeacraBasitor A.3acnaBckuii, I1.Ko>xkeBHUKOB

YacTte 1

3amaua 1. ("Jlemmovr 0 6opobusz")

(a) Ha croponax AB u BC tpeyroasauka ABC BbiGpanbl Toukn P u @ coorBeTcTBeHHO Tak, uro AP = CQ.
Hokazkure, uro okpyKHocTh (BPQ) npoxomut depes cepenuny ayru ABC.

(b) Ha croponax AB u BC tpeyroasauka ABC BeiGpansl Touku P u () cooTBeTcTBeHHO TaK, uto AP+ CQ = AC.
Hokazkure, 9ro oKpyKHOCTH (BP()) NpOXOauT Yepes3 IEeHTP BIMCAHHONW OKPYKHOCTH TpeyrojbHuka ABC.

3amauya 2. Bruucannasi okpyzkHoCTh Tpeyroyibanka ABC kacaercs AC B touke D. Ha cropone AC Bbibpana Touka P.

(a) dokaxkure, 9T0 Bropas o0Iasi BHYTPEHHssl KacaTesbHas K BIUCAHHBIM OKPYKHOCTSAM TpeyrojbHukoB ABP u
C BP upoxomut gepe3 D.

(b) ITycrs Iy u Iy — 1neHTpH! BuucanHoii oKpyzkHOCTH TpeyroabHukoB ABP u CBP. lokaxure, uro Touku 1, I,
D u P nexat Ha OJHON OKPY?KHOCTH.

3amava 3. Buyrpu yrina ABC B3sta Touka P. Ilycts [T u I — 1EHTPBI BOUCAHHBIX OKPYKHOCTEH TPEyroJIbHUKOB
PABwu PBC, a BL, u BLy — GuccekTpuchl 3TuX TpeyrojabHukoB. Jlokaxure, uyro npsimbie I1Io u Ly Lo niepecekatorcst
Ha BHerHell buccekTpuce yria APC win mapasiesibHbl eif.

3apaua 4. Yersipexyroiabauk ABC D Buucan B OKpY>KHOCTD. [Ipsimast £ — BTopas obIas KacareJbHas K BIMCAHHBIM
okpykHOCTAM Tpeyroabaukos ABC u ABD. Hokaxure, uro ¢ || CD.

3amaua 5. Yersipexyronbuuk ABCD Brnucan B okKpyKHOCTh. Touku I3 u Is — NEHTPHI BIUCAHHBIX OKPYKHOCTEH
tpeyroibHuKoB ABC 1 ABD. Toukn J; u Jo — 1eHTPBI BHEBIUCAHHBIX OKPY:KHOCTEH Tpeyroibaukos ACD u BC'D,
Jiexkanux Hanporus Bepmd C u D coorBercrBenno. Jdokazkure, uro Iy, I, Ji, Jo jexar Ha OZHON LPSIMOI.

3amaua 6. Ha cropone AD ommcannoro dersipexyrosibanka ABCD Beibpana touka P. Jokaxkure, 910
(a) Touka P u 1eHTpbI BIMCAHHBIX OKpYyzKHOCTE TpeyroabaukoB PAB, PBC, PCD sexar Ha 0JHON OKPY>KHOCTH;

(b) Brmcamubie okpyzxkuOCcTH Tpeyroabuukos PAB, PBC, PC'D umMeror ofILy10 KacaTe bHyIO.

YacTp 2

3amaya 7. Buyrpu onmcansoro dersipexyroibauka A BC D B3sta Trouka P. Ilycrs Iy, I, I3, I — 1eHTPHI BIIMCAHHBIX
okpyzxHocTeit Tpeyronsaukos PAB, PBC, PCD, PD A coorsercrBento. Jlokakure, 4T0 BHEIIHsIsI OUCCEKTPUCA YTJIa
APC upoxofur depe3 Bropylo TOUKy nepecedenus okpyxuocreit (PIils) u (PI3ly) win kacaercs ux.

3agaua 8. Buyrpu Beinykiioro dersipexyroibauka ABC D B3ara Touka P, He nexamas Ha guaronasiax. [lycrs I,
I, I3, I, — NeHTPBI BOMCAHHBIX OKPY:KHOCTEH Tpeyronbunkos PAB, PBC, PCD, PD A coorsercreenno. Oka3asoch,
qro upsamble [11; u I3, nepecekatorcst Ha BHemnHeil buccekrpuce yria APC. Jlokaxkure, uro upsmbie Iols u 111y
[IEPECEKAIOTCsT HA BHelHell Obuccekrpuce yriia BPD nim napajjesbHbl eif.

Samaua 9. Yersipexyroabuuk ABCD onmcan OKOJIO OKPY»KHOCTH w ¢ meHTpoM [. IlycTh wi m we — BumcaHnHble
okpykHOCTH TpeyroiabHuKOB [AB u IBC. IlycTb w3 — BHEBIHCAHHAS OKPYXKHOCTH TpeyrosibHuKa [CD, nexarmas
nanpotus Bepuiuasl C. Jlokaxkure, 910

(a) OKPY?KHOCTH W1, W3 U W UMEIOT ODIIYIO KACATEIbHYIO;
(b) OKPY?KHOCTH w1, Wy U W3 UMEIOT OOILYIO KACATEJIbHYIO;

(¢) UEeHTPBI w1, Wy, W3 U BHEBHUCAHHONU OKPYKHOCTHU TpeyroJbHuKa [ DA HAIPOTUB BepliuHbl A JIeXKAT Ha OJHON
OKPY2KHOCTH.

3amauya 10. Buyrpu napasmutensorpamma ABCD Basara touka P, takas uro /PDA = /PBA. Ilycts w1 u wy —
[IEHTPBI BHEBIIMCAHHBIX OKPY:KHOCTeHl TpeyroyibHUKOB PAB u PDA, nexamue Hanporus Bepmunbl A. Ilycts wo u
w3 — BIIMCaHHBIE OKpYyKHOCTH TpeyroyibHukoB PBC u PCD. Jokaxwure, 9410

(a) onHa u3 OBIIUX KAcATEJbHBIX K w1 U ws HapaJsulesibia AD;
(b) OKPYKHOCTH W1, Wa, W3 U Wy UMEIOT OBIIYI0 KACATEIbHYIO, IIPOXOJAIINYIO Yepe3 IEHTD apaJIeIOrPaMMa;

(¢) HEHTPBI W1, W, W3 U Wy JIEKAT HA OJHONH OKPYKHOCTH.

Bagaua 11. VY Boinykiioro verbipexyrojibuuka ABCD yribst A u C pasubl. JJokaxkure, 94ToO 0JHA U3 OOIIMX Kaca-
TEJIbHBIX K BIUCAHHBIM OKPYXKHOCTIM TpeyroabHukoB ABD u BC' D npoxonut uepes cepeauny AC.



Sagaua 12. Ilycts I — nenTp BrmcanHoit oKpykHOCTH Tpeyroibanka ABC. Bruncanuast OKpy»KHOCTb TPEYTOJTHHIKA
AIC xacaercss cropoubl AC' B Touke E. Jlokaxkure, 94T0 BTOpasi 00Ilasi BHYTPEHHssS KacaTeslbHasi K BIIMCAHHBIM
OKpYy2KHOCTsIM TpeyrosbaukoB AIB u BIC upoxogut depes E.

Creryromas 3a/1a4a J1aeT Cocod CTpOUTh OKpYyKHOCTH ManbhaTrTu B TpeyrobHUKE.

3apaua 13. Touka [ — nenTp Buucannoi okpyxkuoctu Tpeyroabunka ABC. B yrisr A, B, C COOTBETCTBEHHO BIINCAHDI
MOTIAPHO KACAIOIINECS OKPYKHOCTH Wg, Wh, We. JLOKazKUTE, ITO 00Iast BHYTPEHHSIST KACATETbHAS K Wy M W, KACAETCS
BIIMCAHHBIX OKpYyXKHOCTel TpeyroabuukoB AIB u AIC.

3agaua 14. Oxkosio Tpeyronbuuka ABC onucana okpyx)uoctb (). TlosyBnucanuast OKpy>KHOCTh Kacaercs ) B TOY-
ke P u xacaercs cropon AB u BC'. Brucannast okpykHocTh Tpeyronbanka APC kacaercs cropoubt AC' B Touke F.
Jokazkure, 910 BrOpast o0IIas BHYTPEHHSIsI KacaTeJbHasi K BIMCAHHBIM OKPYXKHOCTSM TpeyrojbaukoB APB u BPC
poxoauT yepe3 F.

3amava 15. [uaronasm ommcanHoro derbipexyroibanka ABC D nepecekatorcsi B Touke P. JIokaxXuTe, 9TO IEHTPbI
BIMCAHHBIX OKpYy2KHOCTE Tpeyroibaukos PAB, PBC, PCD u PDA nexat Ha OTHOI OKPY?KHOCTH.

3amaya 16. Yersipexyronsauk ABC D BrucaH B OKpYKHOCTB € 1leHTpoM O U OIUCaH 0OKOJI0 OKpy2KHOCTH. JloKaxkuTe,
YTO HEHTPBI BIUCAHHBIX OKpYXKHOCTeH Tpeyroabuukos OAB, OBC, OCD u ODA nexar Ha OIHO# OKPYKHOCTH.



IIpo BnucanHble OKPY2KHOCTH

Yacts 3

Samava 17. Yernsipexyrosbauk ABC' D onmncaH 0K0JIO OKpYzKHOCTH ¢ ieHTpoM I. BHyTpu Hero B3sita Touka P. IlycTb
PL u PK — 6uccekrpucsl Tpeyrojbaukos PAC u PBD. Ilycrs Iy, 15, I3, Iy — 1IEHTPBI BIMCAHHBIX OKPYXKHOCTEH
tpeyrosbaukos PAB, PBC, PCD, PDA coorsercrBerHo. Torma ciemyromniue 9eTbipe YTBEPKICHUS SKBUBAJIEHTHBI:

(1) Touku L, K u I sexkar Ha OTHON NPSMOIL.

(2) Ipsambie 1115 u I, nepecekarorcst Ha BHerHedi 6uccekrpuce yriaa APC.
(3) Touku Iy, I, I3, Iy nexar Ha OIHON OKPYKHOCTH.
(4)

4) O6pazsl Touek A, B, C'; D npu uHBepCcHE C IEHTPOM P SIBJISIFOTCsI BEPITUHAME OIMACAHHOI'O Y€THIPEXYTOJIbHUKA.

3amauya 18. Yersipexyronpauk ABCD onucan 0K0j0 OKpyKHOCTH w. Touka P takoBa, uro ABC P — BBITyKJIbIi
YeTBIPEXYTOJIBHUK, cojepxkamuii Touky D, u ZAPD = /BPC. Ilyctb wy, ws, W3, Wy — BIUCAHHBIE OKPY’KHOCTU
tpeyroibaukoB PAB, PBC, PCD, PDA, a I, I, I3, I, — ux niearpsl, coorBercrBenno. Torma

(a) OKpy2KHOCTH W1, W3 U W UMEIOT OBIIYI0 KACATEIbHYIO (& TAKKE Wy, W4 U W UMEIOT ODILIYIO KACATEJbHYIO).
(b) Oxpy»KHOCTH W1, Wa, W3, Wq UMEIOT ODIIYIO KACATEIBHYIO.
(¢) Toukwu Iy, I, I3, I4 nexkar Ha OJHON OKPY?KHOCTH C IIEHTPOM Ha IpsaMoil Pl.

d) Touka Mukens gersipexyrosnbuuka 115314 coBuanaer ¢ P.

YHacTs 4

Bamaua 19. Ilycrs weBmanwt AA;, BBy, CC; tpeyronsuuka ABC' nepecekaiorcss B Touke P. Jlokaxkure, 4T0 B
CJIETYIONIUX CIyYasX MEHTPbI BIUCAHHBIX OKpYy¥KHOCTel TpeyroasunkoB APBy, APCy, BPCy, BPA;, CPA,, CPB;
JexKaT Ha OIHOII KOHUKE:

(a) eciu P — nenTp Brucanuoi okpyxxuoctu rpeyrosubuuka ABC|

(b) ecoiu P — Touka Toppuuesnau rpeyronasauka ABC.



IIpo BnucanHble OKPYy2KHOCTH
N.®posos
ITpoexT npeacraBasitor A.3acnaBckuii, I1.Ko>xkeBHUKOB

Pemenus

Yacrs 1

Bamaua 1. ("Jlemmov, 0 60pobvaz’”)

(a) Ha croponax AB u BC rtpeyrousuuka ABC Boibpanbl Touku P u () coorsercrBenHo Tak, uro AP = CQ.
Hoxkaxkure, aro okpykH0CcTh (BPQ) npoxonur yepes cepenuny W nyru ABC.

(b) Ha croponax AB u BC rtpeyroabsuuka ABC Bbibpanbl Touku P u () coorsercrenno tak, uro AP+ CQ = AC.
Hokaxkure, 410 OKpy2KHOCTH (BP()) IPOXOAUT Yepe3 IEHTD BIUCAHHOI OKpyKHOCTH Tpeyroibauka ABC.

Joxazamenvemso. (a) Tpeyroasrauku APW u CQW pasubl, nockosibky ZPAW = ZQCW u AW = CW. Caenosa-
tesibHO, /BPW = /BQW , orKyma ciiejiyeT UCKOMOE YTBEPXKIEHHE.

(b) IIycrs C; u A; — TOUKHM KacaHus BIUCAHHOH OKpyzkHOCTH co croponamu AB, BC' coorBercrsenHo. Tak
kak ACy, + CA; = AC, o C1P = A:Q. 3uauur, tpeyrosbauku C1PI u A1QI pasubl, 1.6 /PIQ = LAIC; =
180° — /PBQ. O

3amauya 2. Bruucannasi okpyzkHOCTh Tpeyroybanka ABC kacaercs AC B touke D. Ha cropone AC Bbibpana Touka P.

(a) dokaxkure, 9T0 Bropas O0Iasi BHYTPEHHssI KacaTesbHas K BIMCAHHBIM OKPYKHOCTSAM TPeyrojbHukoB ABP u
CBP upoxomur uyepes D.

(b) IIycre Iy u Iy — neHTpBI BUMCAHHBIX OKpY:KHOCTElH TpeyrojabuukoB ABP u CBP. okaxure, uro Touku I,
I5, D u P nmexxaT Ha OHON OKPYKHOCTH.

Jokasameavcmeo. (a) Ilycrs Bropast obmast BHyTpeHHsIst KacareibHasa nepecekaer AC uw BP B Toukax D' u X co-
orsercTenno. Torna D'A — AB = D'X — XB = D'C — CB. Jlerko BujieTh, uro DD — enuHcTBeHHas Touka Ha AC),
yaosJsiersopstionias pasenctsy DA — AB = DC — CB, suauut, D = D'.

(b) Ouerugno, uro £I; PI; = 90°, a u3 n. (a) nomyuaem, aro £I DI = 90°. O
3amaya 3. Buayrpu yrina ABC B3sta Touka P. Ilycts [T u I — 1EHTPBI BIMCAHHBIX OKPYKHOCTEH TPEeyroJIbHUKOB

PABwu PBC, a BL, u BLy — GucceKTpuchl 3TuX TpeyrojbHuKkoB. Jlokaxure, uyro npsimbie I1Io u Ly Lo niepecekatorcst
Ha BHerHell buccekrpuce yria APC win mapasie/ibHbl eif.

Jokasameavemeo. Ilycrs Bremuss 6uccekrpuca yria APC nepecekaer Ly Lo B Touke T'. I1o cBoiicTBY GHCCEKTPUCHI

B,  BP BI,  BP LT PL
LLL, PL;’ I,L, PLy’ TL, PL,
[Ipumensist k Tpeyrombuuky BLiLs Teopemy Menenasi, mosydaeM yTBEpKICHUE 3aIa9H. O

3amaua 4. Yersipexyronpauk ABC D Briucan B OKpyKHOCTE. [Ipsimast £ — BTopasi o01as KacareabHas K BIUCAHHBIM
okpyzKHOCTAM TpeyroabaukoB ABC u ABD. Hokaxure, uro ¢ || CD.

Joxaszameavemeso. Ilycrs Iy u [ — 1eHTPBI BOIUCAHHBIX OKpYy2KHOCTEH TpeyroabuukoB ABC u ABD. Tlpsmbie Cl;
u DI nepecekaiorcst B cepemuae M nayru AB onmcannoit okpyx)uoctu. Ilycte N — cepemuna myru C'D. Tak kak
MI, = MIs, to I1Is L MN. Hostromy Z(AB,MN) = Z(MN,¢). Jlerko Buzers, uro L(AB,MN) = Z(MN,CD),
suauut, ¢ || CD. O



3amaua 5. Yersipexyroapauk ABCD Brnucan B okpyKHOCTh. Touku I; u Is — IEHTPHI BIMCAHHBIX OKPYKHOCTEM
tpeyrosibHukoB ABC u ABD. Touku Ji u J; — IeHTPbl BHEBIIUCAHHBIX OKpY:KHOCTeH TpeyroyibaukoB ACD u BCD,
Jexanmux Hanporus BepmmH C' u D coorBercrBenno. Jokaxkure, uro I, I, Jy, Jo JexKar Ha OIHON IPSMOIA.

Zloxazameavcmeo. Kak mokasano B perennn npebiaymeit 3agaan, 1l L MN, rne M u N — cepenunbl qyr AB
u CD omucannoit okupykHocTu. Ilycte K u L cepenunnl ayr AD u BC. Ussectno, uto M N L K L. ITockonbKy
KJ, = KA = KIy; u KL — Baemusgs 6uccekrpuca yriaa Jy K I, nonyaaem, uro Jy I || K L. CrenoBarensho, Ji Jiexkut
ua I, nisa Jo m0Ka3aTeIbCTBO aHATOTHIHO. O

3amaua 6. Ha cropone AD ommcannoro yersipexyrosibinka ABC D Beibpana touka P. Jokaxkure, 910
(a) Touka P u 1eHTpPbI BIMCAHHBIX OKpyzKHOCTEH TpeyroabaukoB PAB, PBC, PCD nexar Ha 0JHON OKPY>KHOCTH;

(b) BumcanHble OKpyKHOCTH TpeyroabHukos PAB, PBC, PCD umeror o0IIy10 KacaTesJbHYIO.

D

Crema nepsozo dokasamesvcmea. (a) Ilyctb I — IEHTP OKPYXKHOCTH, BIHCAHHON B ueThipexyrosbHuk ABCD. Tax
kak /BIC + ZI1115 = 180°, y Touku I ecTb M30rOHAJILHO COIPSI?KEHHAsT OTHOCUTEJILHO 1deThipexyrobuuka BC I3l .
Omna cosmagaer ¢ Iy, motomy uro ZCBI = /11 Bls w /BCI = ZI3C 5. 3uaunt, ZBI;C+ £/11 1513 = 180° u mogcaeTom
YIJIOB OJIyYaeM HCKOMOE yTBEpK/IEHUE.

(b) IIycrs m — upamast, cummerpudnast BP oraocurensio I1 I (T.e. Bropas ofimasi BHy TPEHHsIS KacaTeIbHas K Wi
U wo), a upamMasd n cummerpudna C'P oraocurensuo Iolz. Vcnonb3ys 1. (a), HOACUY€TOM YIJIOB HOJLydaeM, 91o m || n,
CJIEJIOBATENIHHO, M U N COBIAJAIOT. O

Crema emopozo doxasameavcmea. (b) Ilycrs £ — Bropas obiias kacareiabHas K wy U wz. OG03HAYMM TOYKHU I1€pecede-
uusi £ ¢c BP u CP gepe3 K u L, Touku niepecevenust wi ¢ AB, BP, AD, { uepe3 X1, X, X3, X4, a TOUKH IIepeCceIeHUsI
ws ¢ CD, CP, AD, { aepes3 Y1, Ys, Y3, Y, coorBercrBenno. Torna

0=AB+CD—-AD—-BC=X1B+(CY; — X3Ys —BC =X2B+CYs — X4Y,—BC=KB+C(CL—-KL—-BC

CaenoBarenbHo, deTbipexyroabank BC' LK — onucaHHbBIN.

(a) Beomurest us n. (b) cyerom yriios. O
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Bapgaua 7. BuyTpu onucannoro derbipexyroyibauka A BC' D B3ara touka P. Ilycrts Iy, Is, I3, I4 — TeHTPBI BOUCAHHBIX
okpyzxHocTeit TpeyroabaukoB PAB, PBC, PCD, PD A coorserctBento. Jlokaxkurte, 9T0 BHEIIHsIsI GUCCEKTPUCA YTJIa
APC upoxomur depe3 Bropylo TOUKY nepecedenus okpykuocreil (PIils) u (Pl3ly) win kacaercs ux.

Cxema doxazamenavcmea. IlpumernM HECKOJIBKO pa3 3aady 1. O

3agaua 8. Buyrpu Beimykiioro gersipexyroibauka ABC D B3sTa Touka P, He nexamas Ha jguaronasisax. Ilycrs I,
I, I3, Iy — neHTpBI BIUCAHHBIX OKpYy2KHOCTel Tpeyroibuukos PAB, PBC, PCD, PDA coorsercreerro. Okas3aJjoch,
qro upsambie 111> u I3], nepecekatorcst Ha BHemnHeil ouccekrpuce yria APC. Jlokaxkure, aro npsivmbie Iols u 111y
repeceKaroTcs Ha BHeImHel OuccekTpuce yriia BPD win napaJuie/ibHbL ei.

Crema dokazamenvcmea. CreslaB MHBEPCHIO C TIEHTPOM P, mpuMeHNM yTBep2K/IeHNe TPEIbIAYINeil 3a1a9u 1 00paTHoe
K HEMY. O

Samaua 9. Yersipexyroabauk ABCD onucan OKOJIO OKPY»KHOCTH w ¢ neHTtpoM [. IlycTs w; m we — BOmcanHble
okpyzkHOCTH TpeyroabHuKOB [AB u IBC. Ilycth w3 — BHEBIHCAHHAS OKPYXKHOCTH TpeyrosibHuKa [C D, nmexarmast
Hanporus Bepmuabl C. Jlokaxkure, 910

(a) OKpY’KHOCTH W1, W3 U W MMEIOT ODIIYI0 KaCATeIbHYIO;
(b) OKPY2KHOCTH w1, Wy U W3 UMEIOT OOIILYI0 KACATEIbHYIO;

(¢) HEeHTPBI w1, Wy, W3 ¥ BHEBIUCAHHON OKPYKHOCTH TPEyrojabHuKa [ DA HAIPOTUB BepimuHbl A JIeXKaT Ha OJHOI
OKPY2KHOCTH.

Jokazameavemeo. OBO3HAYUM TIEHTP OKPYKHOCTH Wy, depe3 .

(a) Obmas KacaregbHag w M wq cuMMerpudHa npsamoit AB ornocuresnbro 117, a ofmas KacaTejbHas w U w3
cummerpuana mpsimoit C'D ornocurenbuo I13. Jlerko Bugers, uro L1113 = LAID. Tlockonbky tpsimbie AB u C'D
cummMerpuuabl AD oraocurenbao [ A, ID cooTBETCTBEHHO, OHU TaK»Ke CUMMETPUIHBI OTHOCUTEbHO [ 11, 113 mpsMoii,
nosrydaeHHoit u3 AD noBoporoM BOKpyr I Ha yaBoeHHBbIl yros AII. Dta npsimast u Oymer oOIell KacTeJbHOH Tpex
OKPY2KHOCTEH.

(b) OboznaunmM muHBL KacaTeJbHbiX K w u3 A, B, C, D uepe3 a, b, ¢, d coorsercrBenno. Torma mmmna obiieit
BHeIIHell KacaTeJqbHONH K w n wy paBHa b — (a + b+ BI — Al)/2, nauna oOmieii BHeIHe# KacaTeJIbHON K W U ws
paBHa (c +d+ CI+ DI ) / 2 — ¢, a obmieil BHEITHEH KacaTeJIbHOR K Wi U W3 — Pa3HOCTU ITUX OTPE3KOB (1/13 IIYHKTa
(a)). Mocuuras aHAJIOrMYHO JJIMHBI OOIIMX BHYTPEHHUX KACATEJNbHBIX K Wi U Wy, Wy U w3, YOEAMMCs, 9TO OJUH U3
MOy IE€HHBIX OTPE3KOB PaBEH CyMMe JBYX ApyruX. V3BeCTHO, ITO OTCIONA CJEeAyeT CYIIEeCTBOBAHHE MCKOMOI 0bIIeit
KacaTeJIbHOM.

(c¢) Obmasa kacareabHasd K wi, we U w3 cumMerpudna npambiM I B, IC ornocurensuo Il u Iols coorBercrBen-
vo. Orcroma Haxomum yrou IIsl3. Anasormuno maxomum yroJ 111413, tme Iy — UEHTp 4YeTBEPTO OKPYXKHOCTH, U
yOeXKIaeMcsI, 9TO UeThIpe MEeHTPa JeXKAT Ha OHON OKPYKHOCTH. O]

3amaya 10. Buyrpu napaJuresiorpamma ABCD B3sita Touka P, takas uyro /PDA = /PBA. Ilyctb wy u wy —
[IEHTPhI BHEBIIMCAHHBIX OKPY:KHOCTell TpeyroyibHUKOB PAB u PDA, nexamue Hanporus Bepmunbl A. Ilycts wo u
w3 — BIIMCaHHBIE OKpYyKHOCTH Tpeyrosbuukos PBC u PCD. Jlokaxwure, 410

(a) omHA U3 OOIMX KACATEIBHBIX K W1 U ws NapaJsieibHa AD;
(b) OKpyKHOCTH W1, Wy, W3 U Wy UMEIOT OBIILYI0 KACATEIBHYIO, TIPOXO/AIILYIO Uepe3 TEHTD MapalIeIorPaMMa;
(¢) UEHTPBI W1, Wo, W3 U Wy JIEKAT HA OJHON OKPYZKHOCTH.

Crema dokasameavcmea. U3 ycnoBus cienyer, yro paauychl okpyzkuocrein (PAD) u (PAB) pasubl. Torma okpyx-
nocru (PBC) u (PCD) uMeloT Takne e PajuycChl.

(a) Tloce mapaJjuIeIbHOrO IIEPEHOCA HA BEKTOD I@ — AD 3aJla9a peBpaIaercs B Takywoo: JlaH Ipon3BOILHBIN
BIUCAHHBIA eThipexyroabauk C'PDQ. Torna omna n3 o6MUX KaCATEIbHBIX K OKPY?KHOCTH, BIMCAHHON B TPEYyTOJIHHAK
PCD u BueBnmcannoit jiyist rpeyroibauka C' D@ nanporus Bepiuabl D, mapasensia PQ).

ITociennee anasornyano 3agade 4.

IToxpobuee cm. Typuup roposios, ocenb 2021, cioxubiit Typ, 10-11.5.

(b) PaBHocuibHO ciiemyromeii 3a1ade.

(¢) BeiBommres u3 nyukTa (b) anajormaso myHKTY (C) mpepuiyieil 3a1aqm. O

Samaua 11. V seiaykioro dersipexyroiabauka ABCD yruibt A u C' pasubl. JJokaxkure, 9T0 0JHA U3 OOIIUX Kaca-
TEJIbHBIX K BIHCAHHBIM OKPYXKHOCTSM TpeyroiabHukoB ABD u BC' D npoxonut 4epes cepepuny AC.



Hoxaszameavemeo. Cwm. 3amaay 10.4 XVIII ommmvmuanst M, [lapeiruna, 2022. O

Samaua 12. Ilycts I — nenTp BrnmcanHoit oKpykHOCTH Tpeyroibanka ABC. Brncanuast OKpy»KHOCTh TPEYTOJTLHIKA
AIC xacaercs cropoubl AC' B Touke E. Jlokaxkure, 94T0 BTOpast 00Ilasi BHYTPEHHsS KacaTeslbHasi K BIIMCAHHBIM
OKpYy2KHOCTsIM TpeyrosbaukoB AIB u BIC upoxoaut depes E.

Crema doxasamenvcmsa. Ilycrs D — TO4YKa KacaHUsl BIMCAHHON OKpyKHOCTH Tpeyrosbauka ABC co croponoit AC
U 1mycTh £ — BTOpasi BHYTPEHHsIA KacaTeJIbHasl K BIIMCAHHBIM OKPYKHOCTAM TpeyroibHukoB AIB u BIC. Tlpumenum
Bagaay 9(b) x (BbipoxKIeHHOMY) OnucanHOMYy deTbipexyroibuuky ABCD. Tlosydanm, uro ¢ Kacaercs BHEBIIMCAHHBIX
okpyzxkHocTeit TpeyroabaukoB AI D u C'1D, nexamux nanporus Beprma A u C' coorBercrBento. OcTaeTcs MPUMEHUTD
anasor 3agaun 2(a) Il BHEBIMCAHHBIX OKPY KHOCTelN K Tpeyronbauky AIC u touke D Ha cropone AC. O

IIpumeuanune. Kak mokazas I.Tamsanun yTBepKaenne 3a/1a4n J0MyCKaeT ciemyioriee obobmenne. Eciau Ttouku P
1 () M30rOHAJIBHO COIPSI?KEHBI OTHOCUTEJIBHO TpeyrojabHuka ABC, To 061asi BHyTpEHHsIsI KacaTe/bHasi K BIIMCAHHBIM
OKPYZKHOCTAM TpeyrojbuukoB APB u BPC, oriimanas ot upsimoii PB, npoxoauT yepes Touky Kacanusi cropoust AC
C BIIMCAHHOW OKPY?KHOCTBIO Tpeyroabauka AQC.

Crenyromas 3a1a49a, 1aeT Cliocod CTPOUTb OKPYXKHOCTU MajibdarTu B TPeyrojbHUKE.

3amadua 13. Touka I — nieaTp BrucanHoit okpyzkHoctu Tpeyroiabunka ABC. B yrust A, B, C' cOOTBETCTBEHHO BIIUCAHBI
MIOTIAPHO KACAIOIINECST OKPYXKHOCTH Wg, Wh, We. JlOKazKUTE, 9T0 00IAasi BHYTPEHHSIsI KACATETbHAS K Wy U W. KACAETCsI
BIIMCAHHBIX OKpY2KHOCTel Tpeyroabunkos AIB u AIC.

Jloxazameavcmeo. ObosHaunM depes a, b, ¢ o0IIe BHyTPEHHNE KacaTe/bHbIE K BIMCAHHBIM OKPY>KHOCTSIM TPEYTOJIb-
nukoB IAC u IAB, IAB u IBC, IBC n [ AC, ornmuunbie ot 6uccektpuc ABC, a uepes A', B', C' — Toukn kacanns
OKpyzKHOCTEH, Brimcanubix B Tpeyroiasuuku [ BC, TAC, [AB c coorBercrByiomumu croponavu ABC.

JlemMma 1. JlaHbl TpU OKPY2KHOCTH, KaKJlasd U3 KOTOPBIX JIEYKUT BHE ABYX Apyrux. K Kaxkjoil mape oKpyKHOCTeH
MIPOBEJIEHA O/THA U3 OOIMX BHYTPEHHUX KacaTeJbHbIX. OKA3aJI0Ch, 9TO TPHU ITU MPAMBbIE IEPECEKAIOTCsT B OJIHOI TOYKE.
Torna Tpu apyrue obIyie BHyTPEHHIE KaCATEIbHbIE TAKXKE IIEPECEKAIOTC B OHOU TOYKE.

VYkazauue. Toukn niepeceveHnsi TPOEK KACATEIbHBIX M30IOHAJIBHO COMPSI)KEHbI OTHOCUTEIHLHO TPEYTOJIbHUKA, 00-
Pa30BaHHOIO IEHTPAMU OKPYKHOCTEI.

Cormacuo jqemme 1, mpsimble a, b, ¢ mepeceKaroTcst B OaHOI Touke X .

Hanomuum 10BosIbHO u3BecTHBIA hakT (ero mepedopMyaupoBKoii spisercs 3amzada M1918.).

Jlemma 2. IIycte OZ — 6uccekrpuca yria XOY. OkpyKHOCTh w1, BiucanHas B yroia X OZ, Kacaercs IpsaMoi
OX B Touke U, a OKPY2KHOCTb wo, BIucaHHas B yroa Y OZ, kacaercs npsmoit OY M touke V. Torna kacarenbHas,
npoBejieHHas u3 U K ws, paBHA KACATEJIHHON, TPOBEJAeHHON u3 V K w;.



Vl

X

Tenepb HETPYIHO MOKa3aTh, UYTO KaxKIbIH m3 derbipexyronbankos X A'CB’, XB'AC’, XC'BA’ asnserca onn-
canubIM. JleficTBUTE/ILHO, pa3HOCTL JuH, Hanpumep, orpeskoB X A’ u X B’ paBHa pasHOCTH JJIMH KacaTeIbHBIX K
OKPY’KHOCTH, BIIUCAHHOI B TpeyroibHuk I AB, nposenennbix uz A’ u B’. IlockosbKy 3TH KacaTeabHbIe PaBHBI Kaca-
TEJILHBIM, IIPOBeJAeHHbIM 13 C! K OKpy?KHOCTSIM, BuucanHbIM B Tpeyroabnuku I BC' n IAC, ux pa3sHOCTb €CTh IPOCTO
JUIIHA, 00IIel BHYTpEHHE! KacaTeIbHONW K 3THM OKPY?KHOCTSIM, KOTopas, ouesuano, pasaa C A’ — CB'.

Ocrajioch ToKa3aTh, YTO BIUCAHHBIE B 9TU YETHIPEXYTOJLHUKU OKPYKHOCTU KACAIOTCS JPYT JIpyra. 3aMeTuM, 9TO
OKPYZKHOCTb, BIIMCAHHAs B TpeyroJibHUK I AB BlucaHa B TpeyroJbHUK, 0Opa30BaHHbIA IpsAMbIME @, b 1 AB, a Kaxaast
13 OKPYXKHOCTeIli, BIUcaHHbIX B deThipexyronbanku X B'’AC" u XC'BA’ kacaeTcst 1ByX CTOPOH 3TOrO TpPeyroJbHHUKA
n upamoit XC', paspesaromieii ero Ha aBa TpeyroJbHuKa. Haliist OTPe3KM KacaTeJbHBIX K 3THM OKPY?KHOCTSIM W3
Bepmmabl C ) y6exx1aeMest, 9TO OHU PABHBI. O

3agaga 14. Okoso Tpeyrombanka ABC onmcana okpy:kHOCTE (2. [lomyBnmcanHast OKpy?>KHOCTb Kacaercs §) B TOU-
ke P u xacaercs cropon AB u BC'. Brucannast okpykHocTh Tpeyrosbanka APC kacaercs cropoubt AC B Touke F.
Jokazkure, 910 BrOpast o0IIas BHYTPEHHSIsT KacaTeJbHasi K BIMCAHHBIM OKPYXKHOCTSM TpeyrojbaukoB APB u BPC
npoxouT yepes F.

Zloxaszamenvcmeo. Bocnonbdyemcest copMyIUpOBaHHBIM Bbilie 0606menunem 3agadn 12. Touka P M30roHaibHO CO-
NpsKeHa OECKOHEUHO Y/IaJIeHHON TOYKe HarejunaHbl u3 BepmmHbl B. [Tosromy obrmas KacaTesbHas K OKPYYKHOCTSIM,
BIHMCAHHBIM B Tpeyrosbuuku APB u BPC, npoxomur 4depe3 Touky Kacauus AC ¢ OKpYKHOCTBIO [, Kacaromeics
NpSMBIX @ U ¢, MapaJileJIbHbIX Hareaunane u npoxoaanux deped A u C' coorBercBenno. O4UeBUIHO, YTO OGUCCEKTPUCHI
yrioB Mexkty npsmbiMu a 1 AP ¢ m C'P npoxonsar depe3 I. Ho 6uccekrpuca yria APC takxke npoxonut 4epes I,
CJIEIOBATENILHO, TOYKY KacaHus U OKPYKHOCTH, BIucanHo# B Tpeyroabauk APC, ¢ AC coBnaaor. O

3amava 15. /lumaronasnu onucanuoro dersipexyroibauka ABC D nepecekatorcst B Touke P. Jlokaxknre, 9TO MEHTPHI
BIMCAHHBIX OKpYyxKHOCTEN Tpeyrosbaukos PAB, PBC, PCD u PDA nexat Ha OIHON OKPY?KHOCTH.

Zloxazameavcmeo. N3BecTHO, 94TO BIECaHHBIE OKpYyKHOCTH TpeyroabHukoB ABC u ADC Kacarorcs B HEKOTOPOil TOY-
ke E. Ilycre Iy, I, I3, Iy — UeHTpHI BOMCAHHBIX OKpyXKHOCTeH Tpeyroibuukos PAB, PBC, PCD, PDA coorser-
creerHo. ITo 3amadge 2(b) npsimasi PE — pajukaibHast ock oKpyKHOcTeii (PI11o) n (Pl3ly). (9T0 yrBep:KiaeHne —
BBIPOKJICHHBIH CiIy4dail 3amadm 7).

[Iycrs J; n Jo — meHTpBI BIUCAHHBIX OKPY:KHOCTEN TpeyroabuukoB ABD u C'BD. o Teopeme e3zapra st Tpe-
yrosibaukoB Al J1 u ClyJs npsimbie AC, J1Jo u I Is nepecekatorcst B 0/1HO# Touke T wju napaJijiesibHbl. AHAJIOTMYHO,
upsimast IsIy npoxomut vepes T, orkyaa T1; - TIo = TP -TE = TI3 - Tl (B ciayuae napamrenssocru Iy IoI314 Gymer
pPaBHOOOKOH Tparenuei).

Jlpyroe penienne MoxkHO Hajitu B «Pemenune 3agaun 15245 // Ksant. 1996. N 3. O]

3amaya 16. Yersipexyrossuuk ABC D Brumcas B OKpy2KHOCTB ¢ 1ieHTpoM O U OIIUCaH OKOJIO OKpy2KHOocTH. Jlokazkure,
YTO NEHTPBI BIMCAHHBIX OKpYXKHOCTEH TpeyroabuukoB OAB, OBC, OCD u ODA nexar Ha OIHON OKPYKHOCTH.

Joxasameavemeso. Ilyers Iy, Is, I3, [4 — NeHTPBI BIMCAHHBIX OKpYy2KHOCTEH Tpeyroasuukos OAB, OBC, OCD, ODA
COOTBETCTBEHHO; a J1, Ja, J3, J4 — IEHTPBI BHEBIHUCAHHBIX OKPYKHOCTEH 9TUX YKe TPEYTOJIbLHUKOB, JIeyKaIlie HAIIPOTHR
Bepmuabl . 3aMeTnM, 9TO MHBEPCHUS OTHOCUTEIHLHO ONMMUCAHHON OKpy2kHOCTH §) mepesomut I, B Jy.

[To 3ajade 7 Buemmsst 6uccexkTpuca ¢ yrima AOC mpoxoauT depe3 BTOPYIO TOUKY IepecedeHusi OKPYZKHOCTEH
(OI115) u (OI31y). Aranormuaso, ¢ IPOXOIUT |Uepe3 BTOPYIO TOUKY ImepecedeHus: okpyxkuocreit (OJ1J2) u (OJ3Jy).
CreaB MHBEPCUIO OTHOCUTEJIBLHO (), mojtydnM, 9To npsimbie I11o u I3], mepecekarorcst B HeKOTOPOil Touke T Ha ¢, wiaun
napajuiesbunl e, orkyna TIy - Tlo = TP -TE = TI3 - Ty (B ciyuae napauiensuocru Iy IoI31, Gyner paBHOGOKOI
Tpanerueii).

Jpyroe pemrenne MOXKHO HaiiTu B 3acaasckutl A. «O BOUCAHHO-OMMCAHHBIX Y€THIPEXYTOIBHUKAX, MOJIEISIX MeOMET-
puu Jlob6auesckoro u «iemme Huosas» // Maremarundeckoe npocsemmenue. Cep. 3. Bem. 25. M.: MITHMO. 2020. C.
163-166. O
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3amaua 17. Yersipexyronbank ABC D onucan 0KoJIo OKpYKHOCTH ¢ rieHTpoM . BayTpu Hero B3sita rouka P. Ilycts
PL u PK — 6uccekrpucsl TpeyrojibaukoB PAC u PBD. Ilycrs Iy, Is, I3, Iy — 1eHTPBI BIIMCAHHBIX OKPYXKHOCTEH
tpeyrosibaukos PAB, PBC, PCD, PDA coorsercrBerHo. Torma ciemyromniue 4eTbipe yTBEPKICHUS SKBUBAJIEHTHBI:

(1) Touku L, K u I siexkar Ha OHON IPAMOIL.

(2) Ilpsambie 1115 u Iy nepecekatorcst Ha BHerHeji 6uccekrpuce yriaa APC.
(3) Toukwu Iy, Io, I3, Iy 1exkar Ha ONHON OKPYKHOCTH.
(4)

4) O6pazet Touek A, B, C, D npu uaBepcHn ¢ EHTPOM P SIBJISIIOTCS BEPITHHAME OMUCAHHOTO YeThIPEXYTOJbHUKA.

Jokasamesvcmeo. PaBHocmibHOCTb yTBEp2KIenuii (2) u (3) cienyer u3 3ama4u 8.

PaprocusbHOCTD yTBepXKIeHNUit (2) u (4) cemyer u3 aHasgora 3a1a4n 7 JJisl IIEHTPOB BHEBIIMCAHHBIX OKPYKHOCTEN
HAITPOTUB BePIUHBI P.

Hoxkaxkem paBHOCHIIbHOCTD yTBepkaenuil (1) u (4). Jlerko Buzers, 410 (4) pABHOCHILHO PABEHCTBY

AB_, CD _ BC . AD )
AP-BP ' CP-DP _ BP-CP ' DP-DP

Touka L mesur orpesok AC B ornomenuun PA/PC,| a rouka K nenur orpesok BD B ornomenuu PB/PD. By-
JieM 00603HAYaTh OPUEHTUPOBAHHYIO ILIOIMA b TpeyroibHuka XY Z 4depe3 Sxyyz. U3 nuHeitHOCTH OpUEHTHPOBAHHOM

IJIoa/au 1moJjaydaeM
PC -Skgra+ PA-Skrc

SKIL = PA+ PC -
PC-PD-Sgia+PC-PB-Spra+ PA-PD-Sgic+PA-PB-Sprc
- (PA+ PC)(PB + PD) -

r PC-PD-AB—PC-PB-DA—PA-PD-BC+ PA-PB-CD
T2 (PA+ PC)(PB + PD)

(rme 7 — paapyc BIMCAHHON OKPYZKHOCTH), IIOCKOJIbKY Tpeyronbuuku BIA u DIC opueHTUPOBAHBI B OJ[HY CTODPOHY, &
tpeyronbaukun DIA u BIC — B npyrywo. Iomyuaaem, uro pasenctso Sk, = 0 paBHOCHIBHO paBeHCTBY (). Ocraercs
3aMETHTh, YTO paBeHCTBO Sk, = 0 paBHOCHIBHO yTBepXKaeHuo (1) 3amaxm. O

3amaua 18. Yersipexyrompuuk ABCD omnucan okojio okpyzkuocTa w. Touka P takoBa, uro ABCP — BBIIyKJIbIi
9eTBIPEXyTOIBHUK, cojepxkarmuii Touky D, u ZAPD = /BPC. Ilycth wi, ws, W3, Wy — BIUCAHHBIE OKPY’KHOCTH
tpeyrosibaukos PAB, PBC, PCD, PDA, a I, I, I3, I, — ux nenTpsbl, cOOTBeTCTBEHHO. Torma

(a) OKpy:KHOCTH W1, W3 U W UMEIOT OBIIYI0 KACATEIbHYIO (& TAKKE Wy, W4 U W UMEIOT ODIIYIO KACATEIbHYIO).
(b) OKpy2KHOCTH W1, W2, W3, W4 UMEIOT OOILIYI0 KACATEJILHYIO.
(c) Toukn Iy, I, I, I, nexar Ha OfHOI OKPY?KHOCTHU C TIEHTPOM Ha Tpsmoi Pl.

d) Touka Mukens gersipexyrosnbuuka Iyl I314 coBuanaer ¢ P.

Jokasamesvemeso. (Cxema pereHus)

(©), (d).

Bamernm, uro PI — obmas 6uccekrpuca yrimos APC' u BPD. ([JokasaTh 5T0 MOXKHO, HAIIPUMED, U3 CBOWCTB
M30TOHAJILHOTO compsizKeHust: | m30oroHasbHa camoii cebe orocurenbuno ABCD, nosromy [ m3oronajbHa caMoi ce-
6e ornocurennpuo yria APC| rne P — na kybuke dorycoB ABCD. JIpyroe moka3aTeJibCTBO MOYKHO TOJYYUTH W3
npoiicteennoit T/IU: orpakenue otHOCHIBHO GuccekTpuckl yrioa APC u BPD 3amaer NpOEKTUBHYIO MHBOJIIOIHIO
II(P) — II(P). Dra unHBOJIONUS JOJKHA MEHATH MECTAMU KacaTebHble u3 P K OKPYKHOCTHU W, OTKY/Ia CPa3y CJeiyeT
Tpebyemoe: 6uccekTpuca PI yria Mexy KacaTeJbHBIME COBIIaIaeT ¢ buccekTpuoii 6uccekrpuca yriaoa APC u BPD.)

Buynm, aro juist P BbinosiHeHO yesnosue, anagornanoe 17 (1). 13 vero (anasormyaso 3amaue 17, yeiosue (24) MOXKHO
MOJIyIUTD, uTO I, Is, I3, [4 — Ha OJTHON OKPY2KHOCTH.

Mozkno noaygurs (anajgorunduo 3agade 17, ycaosue (2)), uro touku X, Y mepecedenus IPOIOJIZKEHUI IIPOTUBO-
[TOJIOKHBIX CTOPOH BIIMCAHHOTO YeThipexyrosbuuka I1lolsly sexkar Ha BHemHelt O6uccekrpuce yria APC. Ha sroit
6uccekrpuce, noMuMo X u Y eCrb TOJBKO OiHa TOYKaA, u3 Koropoih AB u DC' BuiHbI 1107, paBHBIME (OPHEHTHPOBAH-
HBIMH) — 3TO TOYKa MUKessi BIUCAHHOTO YeThIpexyrodabHuka I1Iol3ly. (DToT hakT MOXKHO BBIBECTH U IIO-JIPYTOMY:
nokasarhb pasenctso Pl - PIs = Pl - P14, u BMecte ¢ HUM TOT (baxT, uro PIiI, u PlyI3 coBMeIamoTcs TOBOPOTHOM
romMoTerueii, NeHTp KOTopoit — rouka Mukess.)

Tax xKax 1 BINCAHHOTO Y€THIPEXYTOIbHIKA TOUYKA MUKess — MpoeKIus IeHTPa OIMUCAHHON OKpyKHOCTH HA X Y|
TO 3TOT IEHTP JIEXKUT Ha TepreHauKysipe Kk XY, nmpoxojsimieM depe3 P, T.e. Ha buccekrpuce yria PAC.

(b)

MozkHO moKasaTh, uro npsamast Obepa m derbipexyronbauka I1 1[5 131, — HyKHast HaM 001Iast KacaTeIbHAs K OKPY K-
HOCTSIM w;. Vljiest — paceMoTpeTh YeThipe OKPYKHOCTH w, ¢ reHTpamu I;, Kacawommecst m. Jlajee orpaxkast m OTHO-
curenbHo npambix 111y, Io1s, Isly, 1,17, nonyunm npsimbie a, b, ¢, d — obinme KacaTejJbHbIE K TapaM OKPYKHOCTEH
Iyu Iy, I u Iy, Iy u I3, Is u Iy coorsercrBenno. IIpu sTom Bece 4 upsimbie a, b, ¢, d upoxoggar depe3 P (Tak Kak



orpazkeHre Touku Mukesi OTHOCUTEIBHO CTOPOH HonaaeT Ha npsamyo Obepa), a uz-3a suucanuocru Iy IoI3ly yrib
Z(a,c) n Z(b,d) umetor oburyto 6uccekrpucy. HecI0KHO MOHSITH, UTO IOJYJIEeHHBIE YCJIOBUS (DUKCUPYIOT UETBEPKY
OKDY>KHOCTEl W) OJIHO3HAYHO. MOITOMY KaxKJas U3 W, COBIIQJAET C w;, ITO 3aBEPIIAeT PEIleHHe.

(dpyroii noixo COCTOUT B CJIELYIOMEM: OTPA3UB OBIIYI0 KacaTeJbHylo PB OKPYyKHOCTE! w3 U Wy OTHOCATEIHLHO
JIMHUYU TeHTPOB 3]y, molyanM apyryto ObIIyI0 KacaTesbHYIO ¢ OKPYKHOCTEH w3 U wy. AHAJIOTUIHO CTPOUM OOIIYIO
KACATEJIbHYIO S OKPYKHOCTell w1 U wy. Ternepsb napajuiesibHOCTD ¢ || $ HETPYAHO IIOJIyYUTh U3 CUYETa YIVIOB — TaK Kak
P — touka Mukess, Mbl 3HaeM, 9TO yroa Mexay Isly u I;Is paBen yriy moBoporHoit romoretuu Pl Iy ~ Plyls, T.e
nojiopute yria BPD. Jlajiee MOXKHO IIOHSITh, YTO Ha CAMOM JieJie ¢ U § COBIIAIAIOT, Halijisl XOTs ObI OJHY OOIILYI0 TOYKY
9THUX TPSAMBIX. )

(a) (T Tansous).

Obiesn kacarenbHas m u3 nyukra (b) mosmyuaercss orpaxkenuem PA ornocurenvuo I1ly, uwim orpaxenunem PB
ornocuresbao Ioly. Orciona naxomurcs LIy I1Iy = (m — LADC)/2 = 1 — LA B. TlosyuenHoe paBeHCTBO O3HAYAET,
YTO TOYKa [| MMEET M30TrOHAJIBHO COIPSI)KEHHYI0 TOYKY OTHOCHUTEJIbHO derhbipexyrojbHuka AlylsB. Ilpocroit cuer
yriioB nokazbiBaer, yro Al; u Al — wmzoronasm B yrue I[4AB, a Bl u BI — wusoronasu B yrie IoBA. 3uaqur,
9Ta M30TMOHAJILHO conpsikeHHas Touka — [. Orcioga moumaem, uro LIy Il = ©# — LAIB = /ZDIC. Jlanee cuer
YIJIOB TIOKA3bIBAET, YTO OTpayKeHue odieil Kacatibuoit AD OKpy:KHOCTEH w U w4 OTHOCUTEJHLHO JIMHUU TEHTPOB [4]
apaJjuIeJibHO OTpaXkeHuio obIreil Kacatibuoit BC' OKpy»KHOCTE! w U Wy OTHOCHTEJIBHO JIMHUU TEeHTPOB Io], T.e. 31O
OyzeT o/lHA M Ta YKe KacaTesbHas K w, KOTOpasl TaKyKe KacaeTcs wg U Wy.

O

Yacts 4

Samaua 19. Ilycrs weBmanwr AA;, BB;, CC;1 tpeyronsuuka ABC nepecekaiorcs B Touke P. Jlokaxkure, 9TO B
CJIEJIYIOIIMX CJIydasiX IEHTPbI BIIMCAHHBIX OKPY2KHOCTell Tpeyrossuukos APBy, APC;, BPC,, BPA,, CPA,, CPB;
JIe’KaT Ha OJITHOI KOHUKE:

(a) eciu P — nenTp Brucanuoi okpyxkuoctu tpeyroabuuka ABC|

(b) ecoiu P — Ttouka Toppuuesnu rpeyronasauka ABC.

Zloxazameavcmeo. OBO3HAUNM IEHTPHI BIMCAHHBIX OKPYXKHOCTEH w1, ..., ws Tpeyrojsuukos APCy, BPCy, BPA;,
CPA,, CPBy, APB; uepes Iy, ..., Is cOOTBETCTBEHHO,

(a) (I".Tamanun) O6osuaunm ocnoBauus 6uccekrpuc Ly = ITTNAB, Lo = I1I,NAB, Ly = II3NBC, Ly = II,NBC,
Ls = II; N CA, Lg = ITs N CA.

Jlemma 1. Bl u Bl nsoronaibusl B yrie ABC.

Jokasameavcmeo. IlycTh OKPY’KHOCTH W) CHMMETPUYHA W] OTHOCHTENbHO Guccekrpuckl BI. Torma meHTpBI TOMO-
TETHH € OTPHUIATETBHBIM KO3 durmenTom yist wy U wy — 310 I, fays wy u w) — mexkur #Ha BI, nosromy meHTp
FOMOTETHH € MOJIOKATENBHBIM KoabduimenTom Juist w) u wy nexxur Ha BI, a tak kak BC' — obmias KacaTeabHasI
W} U Wy, TO FTOT NEHTP roMoTeTHd — 310 B. BujauM, 4T0 OKPYy?>KHOCTH w1 U W4 BUJHBI U3 B 10 PABHBIME yIJIAMH.
OTciona ciie/iyeT yTBEPKICHUE JIEMMBI. L]

JlemMma 2. Lq,..., Lg — Ha OJHON KOHHUKE.

Zloxaszamenvcmeo. 1lo Teopeme Ilackasst, npumenennoit K Ly LgLsL4Ls Lo, mocrarouno mousats , 9o Ly Lg N LyLs €
BI. 910 MOXKHO JI0OKa3aTh, IPUMEHUB CBONCTBO H6UCcceKTPUCH] 1 TeopeMmy Meneast jiyist TpeyrosibiukoB ABBy u C BB,
¢ cexkymumu L1 Lg n LyLs cCOOTBETCTBEHHO. O

Cormacuo TIU, nyuok xouuk < LoLsgLsLg > 3amaer mpoeKTUBHYIO HHBOJONN f Ha mpsimoit L1 Ly. B3ss B aToM
[Iy4YKe KOHUKY U3 JIEMMBI 2 U BBIPOXKIEHHYIO KOHUKY Lo Ls M L3 Lg, Bumum, aro f menser mecramu Ly u Ly, u f(I) = 1.
CumMeTpHsi OTHOCUTENBHO OuccekTpuchl Bl 3a/@aeT MPOeKTUBHYIO WHBOJIONUIO Ha Iyuke Hpambix 11(B), koropas, B
CBOIO OUEpeJib, 3aJ1a€T IPOEKTUBHYI0 MHBOJIIONUIO ¢ Ha npsamoit Ly Ly. BuauMm, uto g(I) = I u g mensier mectamu Ly
u Ly, a Takxke, coryacHo jemMme 1, g mensier mecramu I u Iy. Torga f = g (coBuagaror o6pasel B Tpex TOYKax), a
pasenctso ¢(I1) = I 6ymer osuagars, uro Lo, L3, Ls, Lg, I1, Iy — Ha 07Ol KOHUKE.

Hasee 6epem myuok < LzLgliIy > n upsmyo Lo Ls. IlpoBoanM, aHAOTMYHBIE PACCYKIACHUS, UCIIOIb3Ysd KOHUKY
Lo, L3, Ls, Lg, I1, I, n moanmaem, uto Ls, Lg, I1, 14, I, Is — 1a oHOI KOHUKE.

Haxomner 6epem nydox < Isl511 14 > u mpsmyio LsLg. [IpoBoanm, anajgornanbie paccyKeHUs, UCIOIb3YsT KOHUKY
L3, Lg, I, 14, I5, I5, n iouumaem, aro I, 14, I, Is, I3, I — Ha OJIHOI KOHUKe.

Ipyroe pererne MOXKHO Haiitu B Tososukos M. «I'eomeTpuyeckoe JOKa3aTEILCTBO TEOPEMbI 00 MHIIEHTPAX U eé
anaJioroB», Maremarmdeckoe mpocerenue, Boiryck 29, 2022 rom, c. 171-182.

(b) ycrs Jo, Jp, J. — HeHTpBI BOUCAHHBIX OKpyKHOCTell Tpeyrosbaukos BPC, CPA, APB, ouu jexar Ha
AA;,, BBy, CC; coorBercrenno. Ilo 3amaue 3 npsimbie Ipl3, JpJ. and I ]; niepecekatorcss B HEKOTOPOH Touke X, .

Jp X, Jp P
Kpowe Toro, e Ja = I Onpenenum toukn X, u X, anagorudso. [To reopeme Menenast 1jist TpeyrojabHuka J, JpJ,
avc C
Touku X4, Xp, X, JIeKAT Ha OJHOU MPAMOI. 3a/a9d Temepb Ciellyer m3 Teopembl llackasist g mMecTuyroJibHIKA
I IslglI415. O



On incircles
I.Frolov
Presented by P.Kozhevnikov, A.Zaslavsky

Part 1

Problem 1. (a) Let P and @ be points on the sides AB and BC of a triangle ABC such that AP = CQ. Prove that
the circle (BPQ) passes through the midpoint of the arc ABC.

(b) Points P and @ are chosen on the sides AB and BC of a triangle ABC such that AP +C@Q = AC. Prove that
the circle (BPQ) passes through the incenter of the triangle ABC.

Problem 2. The incircle of a triangle ABC' is tangent to the side AC at D. Let P be a point on the side AC.

(a) Prove that one of the common internal tangent lines to the incircles of the triangles ABP and CBP passes
through D.

(b) Let I; and I be the incenters of the triangles ABP and CBP. Prove that the points I;, I, D and P are
concyclic.

Problem 3. Let P be a point inside an angle ABC. Let I; and I5 be the incenters of the triangles PAB and PBC,
and let BL; and BLy be the angles bisectors of these triangles (L; lies on PA and Lq lies on PC). Prove that the
lines I1 15, L1 Lo and the external bisector of the angle APC are concurrent.

Problem 4. Let ABCD be a cyclic quadrilateral and let £ be the second common external tangent line to the incircles
of the triangles ABC' and ABD. Prove that ¢ || CD.

Problem 5. Let ABCD be a cyclic quadrilateral and let I; and Is be the incenters of the triangles ABC and ABD.
Let J; be the C-excenter of the triangle ACD and let Jy be the D-excenter of the triangle BC'D. Prove that the
points I, I, Jy, Jo are collinear.

Problem 6. Let P be a point on the side AD of a circumscribed quadrilateral ABC'D. Prove that
(a) the point P and the incenters of the triangles PAB, PBC, PCD are concyclic;
(b) the incircles of the triangles PAB, PBC, PCD have a common tangent line.

Part 2

Problem 7. Let P be a point inside a circumscribed quadrilateral ABC'D. Let I, I3, I3, I4 be the incenters of the
triangles PAB, PBC, PCD, PDA respectively. Prove that the external bisector of the angle APC passes through
the second intersection point of the circles (PI115) and (Pl3ly).

Problem 8. Let P be a point inside a convex quadrilateral ABC D, which does not lie on AC and BD. Let Iy, I,
I3, I4 be the incenters of the triangles PAB, PBC, PCD, PDA respectively. Suppose that the lines I115, 131, and
the external bisector of the angle APC' are concurrent. Prove that the lines I515, I1I; and the external bisector of the
angle BPD are concurrent.

Problem 9. Let ABCD be a circumscribed quadrilateral with incircle w and incenter I. Let w; and wy be the
incircles of the triangles TAB and IBC. Let w3 be the C-excircle of the triangle IC'D. Prove that

(a) the circles wq, ws and w have a common tangent line;
(b) the circles wy, wy and w3 have a common tangent line;
(c) the centers of wy, wa, w3 and the A-excenter of the triangle IDA are concyclic.
Problem 10. Let P be a point inside a parallelogram ABCD such that /PDA = /PBA. Let w; and wy be the

A-excircles of the triangles PAB and PDA. Let wy and ws be the incircles of the triangles PBC and PCD. Prove
that

(a) one of the common tangent lines to w; and ws is parallel to AD;
(b) the circles w1, wa, ws, wa have a common tangent line which passes through the center of the parallelogram;
(c) the centers of the circles wy, wa, w3, wy are concyclic.

Problem 11. Let ABCD be a convex quadrilateral with ZA = ZC'. Prove that one of the common tangent lines to
the incircles of the triangles ABD and BC' D passes through the midpoint of AC.

Problem 12. Let I be the incenter of a trianlge ABC'. The incircle of the triangle AIC' is tangent to AC' at E. Prove
that the second common internal tangent line to the incircles of the triangles AIB and BIC passes through F.

The next problem provides a way to construct the Malfatti circles in a triangle.



Problem 13. Let I be the incenter of a trianlge ABC. Let w,, wp, w. be pairwise tangent circles, inscribed in angles
A, B, C respectively. Prove that the second common internal tangent line to w, and w, is tangent to the incircles of
the triangles AIB and AIC.

Problem 14. Let 2 be the circumcircle of a triangle ABC. A mixtilinear incircle is tangent to Q at a point P and
tangent to the sides AB and BC. The incircle of the triangle APC is tangent to AC at F. Prove that the second
common internal tangent line to the incircles of the triangles APB and BPC passes through F'.

Problem 15. The diagonals of a circumscribed quadrilateral ABCD intersect at P. Prove that the incenters of the
triangles PAB, PBC, PCD, PDA are concyclic.

Problem 16. Let O be the circumcenter of a bicentric quadrilateral ABC D. Prove that the incenters of the triangles
OAB, OBC, OCD, ODA are concyclic.



On incircles

Part 3

Problem 17. Let P be a point inside a circumscribed quadrilateral ABC'D. Let PL and PK be the angle bisectors of
the triangles PAC and PBD. Let Iy, I, I3, I; be the incenters of the triangles PAB, PBC, PCD, PD A respectively.
Prove that the following four conditions are equivalent:

(1) The points L, K and I are collinear.

(2) The lines I 15, I3, and the external bisector of the angle APC are concurrent.
(3) The points I, I, Is, I, are concyclic.

(

4) The images of the points A, B, C, D under inversion with center P are vertices of a circumscribed quadrilateral.

Problem 18. Let ABCD be a circumscribed quadrilateral with incircle w. Let P be a point such that ABCP is a
convex quadrilateral containing D and ZAPD = Z/BPC. Let w1, ws, ws, wy be the incircles of the triangles PAB,
PBC, PCD, PDA, and let I, I, I3, I respectively be their centers. Prove that

(a) The circles wy, w3 and w have a common tangent line (and so do the circles wy, wy and w).
(b) The circles wy, wa, w3, wy have a common tangent line.

(¢) The points I, I, I3, I4 lie on a circle whose center lies on the line PI.

(d) The Miquel point of I1I5I314 coincides with P.

Part 4

Problem 19. Let AA;, BBy, CC1 be cevians of a triangle ABC' intersecting at point P. Prove that the incenters of
the triangles APB;, APC,, BPCy, BPA,;, CPA,, CPB; lie on a conic in the following cases

(a) if P is the incenter of the triangle ABC;
(b) if P is the Fermat—Torricelli point of the triangle ABC.



On incircles
I.Frolov
Presented by P.Kozhevnikov, A.Zaslavsky

Solutions

Part 1

Problem 1. (a) Let P and @ be points on the sides AB and BC of a triangle ABC such that AP = CQ. Prove that
the circle (BPQ) passes through the midpoint W of the arc ABC.

(b) Points P and @ are chosen on the sides AB and BC of a triangle ABC such that AP +C@Q = AC. Prove that
the circle (BPQ) passes through the incenter I of the triangle ABC.

Proof. (a) The triangles APW and CQW are congruent because ZPAW = ZQCW and AW = CW. Therefore
/ZBPW = /ZBQW and the result follows.

(b) Let Cy and A; be the common points of the incircle and the sides AB, BC respectively. Since AC1+CA, = AC,
we have C1 P = A;Q. Thus the triangles C; PI and A1 QI are congruent and /PIQ = LA,1C, = 180° — ZPBQ. O

Problem 2. The incircle of a triangle ABC is tangent to the side AC' at D. Let P be a point on the side AC.

(a) Prove that one of the common internal tangent lines to the incircles of the triangles ABP and CBP passes
through D.

(b) Let I; and Iy be the incenters of the triangles ABP and CBP. Prove that the points Iy, Iz, D and P are
concyclic.

Proof. (a) Let the second common internal tangent line to these incircles intersect AC' and BP at points D’ and X
respectively. Then D’A — AB = D'X — XB = D'C — CB. Tt easy to see that D is the only point on AC satisfying
DA —- AB=DC —-CB, hence D =D'.

(b) Tt is clear that ZI1 PIo = 90° and part (a) implies that £I; DIs = 90°. O
Problem 3. Let P be a point inside an angle ABC. Let I; and I5 be the incenters of the triangles PAB and PBC,

and let BLy and BLs be the angles bisectors of these triangles (L; lies on PA and Lo lies on PC). Prove that the
lines I1 15, L1 Lo and the external bisector of the angle APC are concurrent.

Proof. Let the external angle bisector of the angle APC intersect the line L1Ls at T. By a well-known property of
angle bisectors

BI, BP Bl,  BP LT PL,
LL, PLy I,L, PLy’ TL, PLs
The result now follows from the Menelaus’s theorem for the triangle BLq Lo. O

Problem 4. Let ABCD be a cyclic quadrilateral and let ¢ be the second common external tangent line to the incircles
of the triangles ABC and ABD. Prove that ¢ || CD.

Proof. Let I; and Is be the incenters of the triangles ABC' and ABD. The lines CI; and DI, intersect at the
midpoint M of the arc AB of the circumcircle. Let N be the midpoint of the arc CD. Since MI; = MI5, we have
Il L MN. This implies that Z(AB,MN) = Z(MN,¥), since Z(AB,I1I5) = Z(I112,¢). It is easy to see that
Z(AB,MN) = Z(MN,CD), thus ¢ || CD. O

Problem 5. Let ABCD be a cyclic quadrilateral and let I; and I be the incenters of the triangles ABC and ABD.
Let Ji be the C-excenter of the triangle ACD and let Jy be the D-excenter of the triangle BC'D. Prove that the
points I, I, Ji, Jo are collinear.



Proof. In the solution to the previous problem we proved that 11 1 MN, where M and N are the midpoints of
the arcs AB and C'D of the circumcircle. Let K and L be the midpoints of the arcs AD and BC'. It is well-known
that MN L KL. Since KJ; = KA = KI; and KL is the external bisector of the angle J; KI5, we have J1I5 || KL.
Therefore Jy lies on I I, similarly for Js. ]

Problem 6. Let P be a point on the side AD of a circumscribed quadrilateral ABC'D. Let wq, we, w3 be the incircles
of the triangles PAB, PBC, PCD and let Iy, I, I3 be their centers. Prove that
(a) the points Iy, I, I3 and P are concyclic;

(b) the circles wy, wa, w3 have a common tangent line.

D

Sketch of first proof. (a) Let I be the incenter of ABCD. Since ZBIC + £I1113 = 180°, the point I has an isogonal
conjugate with respect to the quadrilateral BCI3l;. It must be the point Is since ZCBI = ZI1BIs and Z/BCI =
LI3CIs. Thus £BI;C + ZI1 1515 = 180° and the problem follows by angle chase.

(b) Let m be the reflection of BP about I1I5 (i.e. the second internal common tangent to w; and ws), and let n
be the reflection of CP about I>I3. Using part (a) and angle chase one can see that m || n, hence m coincides with n
and we are done. O

Sketch of second proof. (b) Let £ be the second external tangent line to wy and ws. Denote the intersection points of
¢ with BP and C'P by K and L. Denote the common points of wy with AB, BP, AD, ¢ by X1, X5, X5, X4 and the
common points of wsg with CD, CP, AD, ¢ by Y1, Y3, Y3, Yy respectively. Then

0=AB+CD—-AD—-BC=X1B+CY; — X3Y3 — BC =XoB+CY, — X,Y,—BC=KB+CL—-KL-BC

Therefore the quadrilateral BCLK is circumscribed, as required.

(a) Follows from part (b) by angle chase. O



On incircles

Solutions

Part 2

Problem 7. Let P be a point inside a circumscribed quadrilateral ABCD. Let Iy, I, I3, I be the incenters of the
triangles PAB, PBC, PCD, PDA respectively. Prove that the external bisector of the angle APC passes through
the second intersection point of the circles (PI115) and (Plsly).

Sketch of proof. Use problem 1 several times. O

Problem 8. Let P be a point inside a convex quadrilateral ABC D, which does not lie on AC and BD. Let I, I,
I3, Iy be the incenters of the triangles PAB, PBC, PCD, PDA respectively. Suppose that the lines I, 131, and
the external bisector of the angle APC' are concurrent. Prove that the lines I513, I, and the external bisector of the
angle BPD are concurrent.

Sketch of proof. Perform an inversion in P and apply previous problem with its converse. O

Problem 9. Let ABCD be a circumscribed quadrilateral with incircle w and incenter I. Let w; and wy be the
incircles of the triangles TAB and IBC. Let w3 be the C-excircle of the triangle IC'D. Prove that

(a) the circles wq, ws and w have a common tangent line;
(b) the circles wy, wy and w3 have a common tangent line;

(c) the centers of wy, wa, w3 and the A-excenter of the triangle IDA are concyclic.

Proof. Denote the center of wy as Ij.

(a) The common tangent to w and w; is the reflection of AB about II;, and the common tangent of w and ws is
the reflection of CD about II3. It is easy to see that ZI1I1I3 = ZAID. Since AB and CD are the reflections of AD
about I A, ID respectively, they are also the reflections about IIy, II3 of the line obtained from AD by a rotation
around [ to the doubled angle AII;. This line is the common tangent of three circles.

(b) Denote the lengths of tangents to w from A, B, C, D as a, b, ¢, d respectively. Then the common tangent to
w and w;y equals b — (a + b+ BI — AI)/2, the common tangent to w and ws equals (¢ +d + CI + DI)/2 — ¢, and
the common tangents to w; and ws equals to the difference of these circles (by (a)). Finding similarly the lengths of
common tangents to wy and ws. we and ws we can see that one of these segments is the sum of the remaining ones.

(c) The common tangent to w, wo, and ws is the reflection of I B, IC about I1 Iy and IsI3 respectively. This allows
to find the angle I I515. Finding similarly the angle I 1415, where I4 is the center of the fourth circle we see that these
four centers are concyclic. O

Problem 10. Let P be a point inside a parallelogram ABCD such that /PDA = /PBA. Let w; and w4 be the
A-excircles of the triangles PAB and PDA. Let wy and ws be the incircles of the triangles PBC and PCD. Prove
that

(

a) one of the common tangent lines to w; and ws is parallel to AD;
(b) the circles wq, wa, w3, wy have a common tangent line which passes through the center of the parallelogram;

(c) the centers of the circles wy, wa, ws, wy are concyclic.

Proof. (Sketch) We have that the radii of circles PAD and PAB are equal. Then the circles PBC and PCD also
have the same radii.

(a) Translating by the vector P_Q = AD we obtain the following problem: Let CPDQ be a cyclic quadrilateral.
Then one of common tangents to the incircle of triangle PC'D and the excircle of triangle C'D@ opposite to D is
parallel to PQ.

This follows from the known fact: the line joining the corresponding incenters (excenters) of triangles PCD, QCD
is parallel to the bisector of the angle between C'D and PQ (and this follows from the trident theorem).

See details in Towns Tournament, autumn 2021, A-level, 10-11.5.

(b) This ix equivalent to next problem.

(¢) Follows from (b), similarly to part (c¢) of previous problem.
O

Problem 11. Let ABCD be a convex quadrilateral with ZA = ZC. Prove that one of the common tangent lines to
the incircles of the triangles ABD and BC'D passes through the midpoint of AC.

Proof. See Sharygin olympiad 2022, problem 10.4. O

Problem 12. Let I be the incenter of a trianlge ABC'. The incircle of the triangle AIC' is tangent to AC' at E. Prove
that the second common internal tangent line to the incircles of the triangles AIB and BIC passes through F.



Sketch. Let D be the touch point of the incircle of ABC with AC, and let ¢ be the second common inner tangent to
the incircles of ATB and BIC. Apply Problem 9(b) to (degenerate) circumscribed quadrilateral ABC'D. We obtain
that ¢ is tangent to excircles of AID and CID opposite to A and C, respectively. Now it suffices to apply analogue
of Problem 2(a) for excircles to triangle AIC and a point D on AC. O

Remark. G.Galyapin proved the following generalization of this problem. If P and @) are isogonally conjugated
with respect to triangle ABC, then the common internal tangent to the incircles of triangles APB and BPC distinct
from PB passes through the touching point of AC with the incircle of triangle AQC.

The next problem provides a way to construct the Malfatti circles in a triangle.

Problem 13. Let I be the incenter of a trianlge ABC'. Let w,, wp, w. be pairwise tangent circles, inscribed in angles
A, B, C respectively. Prove that the second common internal tangent line to w, and w, is tangent to the incircles of
the triangles AIB and AIC.

Proof. Recall the following known fact

Lemma. Let OZ be the bisector of angle XOY. A circle w; inscribed into angle XOZ touches OX at point U,
and a circle wy inscribed into angle YOZ touches OY at point V. Then the tangent from U to ws, equals the tangent
from V to w;.

Y

X

Now it is easy to see that each of quadrilaterals X A’CB’, X B’AC’", XC'BA’ (in notations of previous problem) is
circumscribed. In fact, for example the difference of lengths of segments X A’ and X B’ equals the difference of lengths
of tangents to the incircle of triangle IAB from A’ and B’. Since these tangents are equal to the tangents from C’ to
the incircles of triangles /BC' and I AC, this difference equals to the length of the common tangent og these circles,
which equals CA’ — CB’.



Now we have to prove that the incircles of these quadrilaterals are tangent. Note that the incircle of triangle IAB
is also the incircle of triangle formed by a, b, and AB, and each of incircles of quadrilaterals X B’AC’ and XC'BA’
touches two sides of this triangle and the line X’ dividing it into two triangles. Finding the lengths of tangents to
these circles from C’ we see that they are equal. O

Problem 14. Let  be the circumcircle of a triangle ABC. A mixtilinear incircle is tangent to {2 at a point P and
tangent to the sides AB and BC. The incircle of the triangle APC' is tangent to AC at F. Prove that the second
common internal tangent line to the incircles of the triangles APB and BPC passes through F'.

Proof. Use the generalization of problem 12. The point P is isogonally conjugated to the infinite point of the nagelian
from B. Thus the common tangent to the incircles of triangles APB and BPC passes through the touching point of
AC with a circle 8 touching lines a and ¢ parallel to the nagelian and passing through A and C respectively. It is
clear that the bisectors of angles between a and AP, ¢ and CP pass through I. But the bisector of angle APC also
passes through I, therefore the touching points of 5 and the incircle of triangle APC with AC coincide. O

Problem 15. The diagonals of a circumscribed quadrilateral ABCD intersect at P. Prove that the incenters of the
triangles PAB, PBC, PCD, PDA are concyclic.

Proof. 1t is known that incircles of ABC and ADC touch at some point E. Let Iy, I3, I3, I4 be the incenters of
PAB, PBC, PCD, PDA, respectively. By Problem 2(b), PE is the radical axis of circles (PI 1) and (PI3ly). (This
statement is a degenerate case of Problem 7).

Let J; and Jo be incenters of triangles ABD and CBD. By Desargue theorem applied to trinagles Al;J; and
ClyJs, lines AC, J1Jo and I 15 are concurrent at T' or parallel. Similarly, I3l passes through T', hence T'Iy - Tl =
TP -TE =TI;3-TI, (in case of parallel lines I 5131, is an isosceles trapezoid).

Another solution could be found in Kvant, 1996. N 3 (problem M1524). O

Problem 16. Let O be the circumcenter of a bicentric quadrilateral ABC'D. Prove that the incenters of the triangles
OAB, OBC, OCD, ODA are concyclic.

Proof. Let Iy, I, I3, Iy be the incircles of OAB, OBC, OCD, ODA, respectively, and let Jy, Jo, J3, Jy be the
excenters of these circles opposite to O. Note that the inversion in the circumcenter 2 maps I to J.

By Problem 7, the outer bisector ¢ of angle AOC passes through the second intersection point of circles (OI113) and
(OI31y). Similarly, £ passes through the second intersection point of circles (OJ;J3) and (OJsJy). Perform inversion in
Q) and obtain that I1I> and I314 meet at some point T of ¢, or parallel to £. Therefore, TI,-T1s =TP-TE =TI3-T1,
(in case of parallel lines Iy IoI31, is an isosceles trapezoid).

Another solution could be found in A.Zaslavsky On bicentric quadrilaterals, models of Lobachevsky geometry, and
jithe Nilov lemmay // Matematicheskoe Prosveschenie. Ser. 3. N. 25. Moscow.: MCCME. 2020. P. 163-166. O

Part 3

Problem 17. Let P be a point inside a circumscribed quadrilateral ABC'D. Let PL and PK be the angle bisectors of
the triangles PAC and PBD. Let I, I, I3, 14 be the incenters of the triangles PAB, PBC, PCD, PD A respectively.
Prove that the following four conditions are equivalent:

(1) The points L, K and I are collinear.

(2) The lines I11s, I314 and the external bisector of the angle APC' are concurrent.

(3) The points I, I, Is, I, are concyclic.

(4) The images of the points A, B, C, D under inversion with center P are vertices of a circumscribed quadrilateral.

Proof. Equivalency of (2) and (3) follows from Problem 8.
Equivalency of (2) and (4) follows from an analogue of Problem 7 for the P-excenters.

Let us prove equivalency of (1) and (4). Easy to see that (4) is equivalent to equality

AB_ . CD __ BC _, AD »
AP-BP ' CP-DP BP-CP ' DP-DP

Hence L divides AC in ratio PA/PC, and K divides BD in ratio PB/PD. Denote the oriented area of triangle
XY Z by Sxyz. By linearilty,

PC -Skgra+ PA-Skrc

Skir = PA Tt PC -
PC-PD-Spra+PC-PB-Spra+PA-PD-Sgic+ PA-PB-Sprc
- (PA+ PC)(PB + PD) -
_,r PC-PD-AB—PC.PB.DA-PA-PD-BC+PA -PB-CD

2 (PA+ PC)(PB + PD)



(here r is the inradius of ABCD), since BIA and DIC equally oriented, while DI A and BIC are oriented differently.
We obtain that equality Sk;r = 0 is equivalent to equality (). It suffices to note that Skrr, = 0 is equivalent to
(1). O

Problem 18. Let ABCD be a circumscribed quadrilateral with incircle w. Let P be a point such that ABCP is a
convex quadrilateral containing D and ZAPD = Z/BPC. Let w1, ws, ws, wy be the incircles of the triangles PAB,
PBC, PCD, PDA, and let Iy, I, I3, I respectively be their centers. Prove that

(a) The circles wy, wz and w have a common tangent line (and so do the circles wa, wy and w).
(b) The circles wy, wa, ws, wy have a common tangent line.

(c) The points Iy, I, I3, I4 lie on a circle whose center lies on the line PI.

(d) The Miquel point of I I5I314 coincides with P.

Proof. (Sketch of solution)

(c), (d).

Note that PI bisects angles APC and BPD. (This follows for example from the properties of isogonal conjugation:
I is conjugated to itself with respect to ABCD, hence I is conjugated to itself with respect to angle APC for any point
P on the foci cubic of ABC'D. Another proof can be obtained from the Desargue involution theorem: the bisectors of
angles APC and BPD define a projective involution II(P) — II(P). This involution transposes the tangents from P
to w, which yields the required assertion: the bisector PI of angle between the tangents coincides with the bisectors
of angles APC and BPD.)

We see that P coinside to the assumption 1 of problem 17. Therefore I, I, I3, Iy are concyclic.

Similarly to problem 17 (assumption 2) we can obtain that the meeting points X, Y of opposite sidelines of I1 5131
lie on the external bisector of angle APC. There exists a unique point of this bisector distinct from X and Y such
that AB and DC' are seen from it with equal angles — this is the Miquel point of I1 I3I51,. (This also can be obtained
from equality PI; - PI3 = PIs - PI,, and the fact that PI;I; can be transformed to PI;I3 by the spiral similarity
centered at the Miquel point.)

Since the Miquel point of a cyclic quadilateral is the projection of the circumcenter to XY, this circumcenter lies
on the perpendicular to XY from P, i.e. on the bisector of angle PAC.

(b)

We can see that the Aubert line m of I1I5131, is the required common tangent to w;. The idea is to consider four
circles w; centered at I; and touching m. Reflecting m about I1ls, IoI3, I3ly, I4]; we obtain lines a, b, ¢, d — common
tangents to Iy and Iy, I; and Is, I and I3, I3 and Iy respectively. All lines a, b, ¢, d pass through P (because the
reflections of Miquel point about the sidelines lie on the Aubert line), And since I 5131, is cyclic Z(a,c) and Z(b,d)
have a common bisector. This define the circles w} uniquely, hence each w] coincide with w;.

(Another approach: reflecting the common tangent PB of circles w3 and ws about I3l4 we obtain the second
common tangent ¢ of circles ws and wy. Similarly construct the common tangent s of w; and wy. Now it is easy to
obtain that ¢ || s: since P the angle between I3y and I 5 equals to the angle of spiral similarity P11 ~ PI4l3, i.e
a half of angle BPD. Also we can see that ¢t and s coincide finding some common point of these lines. )

(a) (G.Galyapin).

The common tangent m from (b) is the reflection of PA about I;14, or the reflection of PB about I3I;. From
this L1411, = (1 — LADC)/2 = w — LAI; B. This means that there exists a point isogonally conjugated to I; with
respect to Al4I,B. It is easy to see that AI; and Al are isogonals with respect to angle I4;AB, and BI; and BI are
isogonals with respect to angle Is BA. Thus this point is I. Therefore ZI4 1l =7 — LZAIB = ZDIC. Now the count
of angles yields that the reflection of the common tangent AD of circles w and wy with respect to I4I is parallel to
the reflection of the common tangent BC' of circles w and wy with respect to 51, i.e. this is the same tangent to w
touching also wo and wy.

O

Part 4

Problem 19. Let AA;, BBy, CC be cevians of a triangle ABC' intersecting at point P. Prove that the incenters of
the triangles APB,, APC,, BPC,, BPA,, CPA,, CPB; lie on a conic in the following cases

(a) if P is the incenter of the triangle ABC;
(b) if P is the Fermat—Torricelli point of the triangle ABC.
Proof. Denote the incircles of the triangles APC,, BPC,, BPA,, CPA;, CPBy, APBy by wi,...,ws and their

incenters by I, ..., Is respectively.

(a) (GGalyapln) Let Ll = Ill ﬁz4B7 L2 = IIQHAB, L3 = I[gﬂBC, L4 = II4ﬂBC, L5 = II5ﬂCA, LG = IIGDCA
be the feet of bisectors.

Lemma 1. BI; and B, are isogonals with respect to ABC.



Proof. Let w) be the reflection of w; about BI. Then I is the internal homothety center of w; and wy, and the
internal homothety center of w; and wj lies on BI, hence the external homothety center of w] and wy lies on BI, but
BC is the common tangent of w] and wy, thus this center coincide with B. Since the angles between the tangents
from B to w; and w4 are equal we obtain the required assertion. O

Lemma 2. L,,..., Lg lie on a conic.

Proof. Applying the Pascal theorem to Ly LgL3L4LsLo we obtain that it is sufficient to prove that Ly LgNL4Ls € BI.
This follows from the bisector property and the Menelaos theorem for the triangles ABB;, C BB; and the lines L Lg,
L4 L5 respectively. O

By the Desargues involution theorem the pencil of conics < LsL3L5Lg > define a projective involution f of the
line L1L4. Taking a conic from lemma 2 and the degenerated conic LoLs N L3Lg we obtain that f transposes L
and L4, and f(I) = I. The reflection about BI define a projective involution of the pencil II(B), and so a projective
involution g of line Ly Ly. We see that g(I) = I, and g transposes L; and Ly, also by lemma 1 g transposes I; and Iy.
Therefore f = g, and g(I1) = I4 yields that Lo, L3, Ls, Lg, I1, I4 lie on a conic.

Similarly considering the pencil < LsLgl1I4 >, the line LyLs, and the conic Lo, L3, Ls, Lg, I, I4, we obtain that
Ls, Lg, I1, 14, I5, I5 lie on a conic.

Finally taking the pencil < IsI51114 >, the line L3 Lg, and the conic Ls, Lg, I1, 14, I2, I5, we obtain that I, Iy, I, I5, I3, I
lie on a conic.

Another solution can be found in M. Tolovikov, ”Geometric proof of the incenter theorem and its analogues”
Matematicheskoe Prosveshhenie, no 29, 2022, p. 171-182 (in Russian).

(b) Let Jgu, Jp, J. be the incenters of the triangles BPC, CPA, APB, the lie on AA;, BBy, CC respectively. By

Jp Xq Jy P .
Problem 3 the lines I>13, JpJ. and I,I; intersect at some point X,. Moreover, Xb 7 = PbiJ' Define points X, and
X, similarly. By Menelaus’s theorem for the triangle J,JyJ. the points X,, X anad S(c are c%llinear. The result now
follows from the Pascal theorem for the hexagon I5131g111415. O



3asada ApHoJibjda 0 KOH(Urypanugax mpaMbIX I TeopemMa dekKaHoOBa

FOpmnit Yekanos, Anekceit Benos-Kanenn, ®enop Hunos, Nibsa Usanos-Tloromaes, Auron Berenkunii

A Bpenenmne. Kondurypanum npaMbIX U ILIOCKOCTel

A1l n mpaMbIx o0IIEro MOJOKEeHHUs AT II0CKOCTh Ha dacTH. CKOTBKO MOTYUIUTCS JacTeii?

A2 n jydeit geaaT MI0CKOCTH HA YacTH. KaKOBO MaKCHMAJIBHOE BO3MOXKHOE YUC/I0 YaCTei”!

A3 n miockocteil 001IEro MOIOKEHU AT HPOCTPAHCTBO HA YacTh. CKOJIBKO HMOJIYIUTCS dacTeit?

A4 Tot ke Bonpoc A k-MepHOTO IPOCTPAHCTBA.

A5 n nosymiockocTeil JesIST MPOCTPAHCTBO HA YacTH. KaKOBO MUHUMAJIHLHOE BO3MOXKHOE YUC/I0 YaCTei”!
A6 n moaymIOCKOCTEl IeIST MPOCTPAHCTBO Ha YacTu. KakoBO MakcHMaIbHOE BO3MOYKHOE IUCJI0 dacTeii’
A7 Tot ke BOIpOC IJis YeTHLIPEXMEPHOTO IPOCTPAHCTBA.

A8 Tor xe Bonpoc st k-MepHOTO MPOCTPAHCTBA.

A9 n npsaMbIX 00IIEro MOJIOKEHUs JeAT IJIOCKOCTh Ha YacTu. /lokaxKkuTe, 94TO cpejiu dYacTeil pa3ouenus
Oymer mo Kpaitueii Mepe a) n/3 6) (2n — 1)/3 TpeyroibHUKOB.

A10 n mpsaMBIX OOIIETO MOJOKEHUS JIeIAT MIOCKOCTh Ha JacTu. [IpuBeguTe mpumep, KOrjia Cpeau dacTeit
pa3buenus OyjeT n — 2 TPEeyroJibHUKA.

A11 n runepriockocTeii OOIIEro MOJIOKEHUsT JeIIT k-MepHOe IMPOCTPAHCTBO Ha dacTu. [IpuBeanTe mpumep,
KOIJIa cpeJid JacTeil pa3douenus Oyger n — k CUMILIEKCOB.

A12 n > 2 upsMbIx 00MIEro moJIoKeHus (T.e. OOJBIINX KPYroB) gesar cdepy Ha dacTu. Jlokaxkure, 4To
cpejin yacreit pa3zdouenust OyjieT Xorsd Obl 21 TPeyroJibHUKOB. JloKazkuTe, 4T0 MUHUMYM JIOCTUTAETCS.

A13 Oo6ob6mnTe 331249y /1151 k-MepHOit cephl.

A14 n npampIx o0MIEro MOJOYKeHUs JeJIAT ILIOCKOCTh Ha JacTu. JlokazkuTe, 94TO cpean JacTeil pa3dbueHus
oymeT x0T O6BI N — 2 TpeyroJabHUKA.

Ykazaume. n1g kaxpoit npavoit L paccmMoTpuM n — 1 ToUeK, B KOTOPBIX OHa MepeceKaeT JIpPyTrue MpsMble.
[Tocse sToro mas KazKALIX IBYX IIOCIAeNOBATEJbHEIX TodeK A = L NS u B = L NT nepecedenus U IPsSIMBIX 1
PaccMOTpUM TPEYTOIbHUK, 00pa3oBaHHblil upsiMbivu L, S u T, mocjie 4ero nocraBuM METKY * BHYTPH TOTO
TPEYTOJBHUKA PIIOM ¢ cepeantoit croponsl AB. Takum obpaszom, Bross mpamoit L7 umeerca n — 2 MeTOK, 1
cJIeJI0BaTe/IbHO Beero noJrydaercs n(n—2) merok. C 1pyroi CTOPOHbI, JOKaKUTE Jt00as HETPEeyroibHAS YacTh
P w3 Tex, HA KOTOPBIE IJIOCKOCTH pa3duTa JaHHBIMU MPSIMBIMU, MOYKET COJIEP2KATH He Hojiee AByxX MeToK. llpu
moficueTe YUCIa YacTell YITUTe, UTO POBHO 2n W3 HUX HEOTPAHWIEHHI.

A15 AnpTepHAaTHBHOE TOKA3ATEIHLCTBO COMEPIKUTCA B CTATHE
http://kvant.mccme.ru/1992/11 /treugolniki i katastrofy.htm O6o6ruure ero pnst paszbuenus npocrpaHcrsa

TUNEPILIOCKOCTAMMA Heo6mero IIOJIOZKCHUA.

A16 O06o6muTe J0Ka3aTeIbCTBO, HAMeYeHHOe B yKa3aHuU. Brpodem, oCcyIecTBUTH 9TO aBTOpPaM IPOEKTA
HE yIaJ0Ch.
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B1

B2

B3
B4

B5

B6

B7

B8

B9

B10

B11

B12

BBojiHbIe 33/1a4u. DJUTUNITUYECKNE KPUBbie (KyOUKN) U CJI0XKe-
HIIe TOYeK.

Paccmorpum okpyzkuocts S @ z% + y? = 1. U3 touku (0,1) nposesin panuoHajbHYIO TpsMyto L.
Jlokaxkute, 910 Bce TOUKH mnepecedenuss L N S panuoHATHHBI M 9TO BCE PAIMOHAJIBHBIE TOYKH HA S
TaK MOTYT MOJYYHUTHCH.

IlycTh 7,7, 2 — B3aMMHO TIPOCTEIE HATypaJbHble UncIa, Takue 9rTo 72 4 y? = 22, x gerno. JlokaxknTe,

qro Torna T = 2uv,y = u’ — v%, 2 = u? + v? 119 HEKOTOPBIX MeJbIX U, V.

O6o6muTe pe3yabTaT g ypaBHenus 2 + 2y° = 22

[Tocrapaiirech 10JIy4uTh BO3MOXKHO DOJiee 00IIue Pe3y/ibTaThl.

IIycte C : y? = ax® + bx® + cx + d — Kybuueckasg KpuBad ¢ PAIHOHATBHBIME K03 MUIHEHTAMH.
JlokaxkuTte, 9TO TpAMas, COeIUHSIONIAs JIBe palnoHaIbHble TOYKN HA C' cofepxKut eme omHy. Ecan
tpu Touku X, Y, Z na kpunoit C' j1iezkat HA OHON npsiMoit Oyiem 910 obo3nadarh Tak: X +Y 4+ 7 = 0.
(X =Y o3navaer kacanue).

(Teopema o seBsaru Toukax). Eciau 8 u3z 9 Tovek nepecedeHus JByX TPOEK LPSMbIX (HA PUCYHKE —
CHHHX M KPACHBIX) JiexKaT Ha KyOuke (KpuBOii 3 mopsijika, 96pHO), TO JeBsiTas TOXKE JIeKUT HA Heil.

Boisequre Teopemy Ilackans: Fcau wecmuyzorvnuk 6nucan 6 KOHUYECKOE CEYEHUE, MO MOYKU
nepeceuenus MPEexT nap NpPoMuUEONOAOACHLLT CMOPOH AEAHCAM Ha 00HOT NPAMOT.

Ecmm muOrOoyronpHuk ¢ 4n + 2 cTopoHAMU BUHUCAH B KOHHYECKOE CeYeHHe W MPOTHBOIMOJOXKHBIE eTo
CTOPOHBI HPOJOJIZKEHbI TaKuM 00pa30M, 4TO0bI 1epecedbcss B 2n + 1 To4uke, TO €cjiu 2n 3TUX TOYEK
JIeZKaT Ha HPAMOil, TOC/Ie/IHssT TOYKa OYIeT JieyKaTh Ha TOU YKe MPsIMOi.

(Teopema IMTassi) Eciin B 1pOeKTHBHON ILIOCKOCTH JiBe KyOUKH uMeoT 9 obmux To4eK, 10 Jrdast
JIpyrasi KyOuka, mpoxo/siiasi yepe3 8 u3 HUX, MPOXOJUT U Yepe3 JeBSATYIO.

Touku A, B,C, D, E, F' nexxat Ha 0JHOM KOHHYECKOM cedeHunu. Torma mpsaMbie [lackass mecTuyron-
wukoB ABFDCE, AEFBDC v ABDF EC nuepecekaiorcsi B OJIHON TOUKE.

(Teopema Ilanma) Ilycts A, B, C' — Tpu Touku Ha oHoil npsamoii, A, B, C' — tpu ToUKHN HA APYTOl
upamoii. Ilycrs Tpu npamoie AB', BC', C'A’ nepecexaror tpu upamsie A'B, B'C, C' A, coorBercTBeHHO,
B Toukax X,Y, Z. Torna toukn X, Y, Z jiexkar Ha O/HON MPAMOii.

Badukcupyem Ha Kybmueckoit kpuBoii Touky O. Ecim A + B + O = 0, To nonoxkum B = —A. Ecan
A+ B+ (—C) =0, ro nojoxum C = A+ B. ZdcHo, uro Haia onepaius CJI0KEeHUs KOMMYTATHBHA.
BreiBeaure n3 TeopemMbl 0 9 TOUKAX ee aCCOIUATUBHOCTD.



C

C1

C2

C3
C4
C5
C6
Cc7
C8

C9

C10

D2

Teopema CuabBecTpa

(dBoiicrBennasi Teopema CuibBectpa) Eciu Ha 1JI0CKOCTH JAHO TaKOe KOHEYHOE MHOZKECTBO
HPSAMBIX, 9TO 4Yepe3 JII0OYI0 TOUKY IepeceveHus JIBYX JIAHHBIX MPSAMbBIX ITPOXOJIUT ellle OJHa U3 HUX,
TO BCe OHU ITPOXOJST Yepe3 OJHY TOUYKY WJIU MapaJiie/ibHbI.

(Teopema CusbBectpa) Ha niockoctu JaHo KOHEYHOE YHCIO TOYEK, HPUIEM TAKOe, 4TO JII0Oast
npsiMasi, MPOXO/sIasi depe3 JABe W3 JAHHBIX TOYEK, COJAEPKHUT ellle OJHYy JaHHYI0 TOUYKYy. Tormga Bce
JaHHBIE TOYKH JIE€KAT HA OJHON TMPAMOA.

Amnajsiormaro nmpoctparncTBam R”, COCTOSIIM W3 YIOPSIOYEHHBIX HADOPOB 1 J€HCTBUTETHHBIX UNCET,
PacCMaTPUBAIOT AHAJIOIMYHBIE MPOCTPAHCTBA, TJIe JeHCTBATE/NbHbIE YAC/IA 3aMEeHEeHbl OCTATKAMHE IO
MOAyTIO p (moste Z,) Wi KOMIIIEKCHBIMI THCIaMH (I0JIe KOMILTeKCHBIX 1mcen). Torma roBopsar o npo-
cmparcmee 1ad COOTBETCTBYIONMM 110j1eM. [IpsiMble U HOAIPOCTPAHCTBA OLPEIEIISIOTCs AHAJIOIHYHO.

Bepno sin anajiorunyHoe yTBepzKjaeHue [ IJIOCKOCTH HaJ 1oseM Z,?
Bepno jn anasiorndnoe yTBepIKIeHUe IJIsi KOMILIEKCHBIX 9HCes?

Bepho /i1 anasioruasoe mpoCTPaHCTBEHHOE yTBEPZK ieHue: B npocmpancmee dano KonewHoe 4ucio mo-
wer, NPUYEM MaKoe, Mo A100a4 NAOCKOCMb, NPOTOJAULGA “Yepes3 MpPU U3 OAHHLLT MOUEK, codepaHcum
ewe 00ny darnyro mouky. Tozda ece darHvie mMouku Aexcam Ha 00HOT NAOCKOCTU.

Jlokazkure, 9410 Yepe3 5 Todek 0OIIero MoJI0KeHns IPOXOJAUT €MHCTBeHHAs KBaJIpHKa (KpUBasi BTO-
pOTO MOpsijiKa).

Jokazkure, 410 depe3 9 Touek 06IIero MoJI0KeHUs IIPOXOJAUT €JMHCTBeHHAs KyOUKa (KpHBasi TPEThero
IOPSIJIKA).

O6obmuTe yTBepzK IeHe JIJI THIEPIOBEPXHOCTE cTeneHn k B M-MEPHOM IPOCTPAHCTBE.

Hux.a — 5T0 npsMast THO0 OKPYZKHOCTH. Ha II0CKOCTH JTaHO KOHEYHOE YHCJIO TOUYEK TaKoe, UTO JIo0oit
MUK, TPOXOMIINI depe3 TpU U3 HUX, MPOXOJIUT elle depe3 OJHYy JaHHYI0 TOUKY. Torma Bce JTaHHBIE
TOYKH JIEYKAT HA OJHOM IUKJIE.

Ha mrockocTu J1aHo KOHEYHOE YUCI0 TOUYEK, MPUIEM TaKoe, UTO JI0bas KBaJIpHKa, MPOXOIdIias depe3
IATh U3 HUX, COJAEPKUT elie OJHYy. Torjga Bce JaHHble TOYKH JIeXKAT Ha OJIHON KBaJIpUKE.

3ajgada ApHOJIbIA

(B.1.Apuouba) Packpacum 06J1acTH, Ha KOTOPBIE d TPAMBIX OOIIErO MOJIOKEHUS JIEJST TLIOCKOCTD,
B JiBa 1BeTaM GeJiblil u uepHbiii (cocejnue 06/1aCTH OKPACUM B pasHble 1BeTa). Torjga 4ucjo 4epHbIX
obacTeil acCHMIITOTHYIECKH He TIPEBOCXOIUT YIBOEHHOIO YHCJIa OeJIbIX.

WNubiMu cjioBaMu, 9UCI0 YePHBIX MUHYC YABOEHHOE YHCJIO Oesibix obJiacteil it KoHpuUrypamuu u3 n
MPSIMBIX JINOO OTPUIIATEIBHO, JIMOO ACUMIITOTUYECKN MEHBIEe OOIIEero 4ucjaa 00acTeil.

Bemwuanusl a, u b, acumnmomuuecku paéusi, ecau a,/b, — 1 npm n — 0o, BeJUYNHA @, PACTET

acumnmomuuecky Gucmpee by, eciun by, /a, — 0 (obo3natenne b, = o(ay)).

(OcnoBras gemMa) Ha 11/10CKOCTH MOYKHO PACHOJIOKUTH P TOUEK TaK, 4TO0bl acCUMITOTHYeCKH p? /6
NPSAMBIX (P — 00) MPOXOIHMJIN POBHO Yepe3 TPU TOUKH.
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BriBejieTe M3 OCHOBHOI JIEMMBI, 9TO OIeHKa u3 D1 acHMITOTHYECKH JTOCTUTAETCH.

Ykazauue. [IpoekTUBHO-IBOMCTBEHHOE PACIIOJIOKEHNE COCTOUT W3 P MPSAMBIX, TEePeCeKAIONNXCS 10
Tpu B p?/6 Toukax. BriGepeMm J0CTaTOUHO Majoe € W 3aMEHHM KazKIylo HPAMYIO IBYMS IPAMBIMH,
orcTodmuMu oT Hee Ha €. [lomyuntca nckomas kouduryparnus u3z d = 2p NpaMbIX.

Jlokazkure, 9TO /715 J11000r0 P MOKHO HaliTU MOATPYIILy TOUeK KyOUKH, U30MOPGMHYIO Zy,.

[Tostyaure D2 u3 DA4.

HaI'?'I,ZLI/ITe ACUMIITOTUKY MaKCUMaJIbHO BO3MO2KHOI'O YUCJIa TPEYI'OJIbHUKOB 1IPDU pa36I/IeHI/II/I IIJIOCKOCTH
N NpAMbIMH.
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3amadya ApHOJIbJAa 0 KOH(MpUTrypauax NPsAMbIX 1 TeopeMa dekaHoBa.
JonosiTHnTEABHBIE 3aJIa9N

IOpuit Yekanos, Anekceii Besos-Kanenn, ®enop Hunos, Unba Usanos-Ilorogaes, Anron Besenkuii

Teopema CuabBecTpa

Ha mrockoctn oTMetueHO HECKOJIBKO TOYEK, HE BCe Ha OMHON mpsMoii. Torma MOXKHO yKa3aThb TaKue TPHU U3 HUX, UTO
CTPOI'0 BHYTPU OKPY2KHOCTH, IIPOXOALIEN Yepe3 3T TPU TOYKH, HET OTMEUYEHHBIX TOYeK.

Ha mrockoctn oTMeueHO HECKOJIBKO TOYEK, HE BCEe HA OMHON mpsMoii. Torma MOXKHO yKa3aThb TaKHE TPHU M3 HUX, UTO
BHYTPHU WJIM Ha I'DaHUIle OKPY2KHOCTH, IIPOXOJAIEil Yepe3 3T TPU TOYKHU, JIE?KAT BCe OTMEYEeHHbIe TOYKU.

WccnenyiiTe mpocTpaHcTBEHHBIE 000OIIEHNST.

Habpocok gokasarenbcrBa IllTeiinGepra Teopembl CuiibBecTpa. /[okasbiBaeM OT NMPOTUBHOrO. PaccMOTpuM KOHEUHOE
MHOXKecTBO Touek M. JIiobyio mpsiMyro, MpOXOSILYIO Yepe3 JBe TOYKU MHOxKecTBa M, MbI Oy/ileM Ha3bIBATb COEUHUMENLHOU.
IIpsimyro, TPOXOISIIYIO0 POBHO Yepe3 JiBe TOYKU MHOXKecTBa M, Mbl GymeMm HasbiBaTh npamolti Cuaveecmpa. Beibepem Touky X
u3 M u npsimyto L, mpoxopsiyo depe3 X, He comepxkariyio apyrux todek M. IlycTts HE ogHA M3 COENMHUTEBHBIX MPSIMBIX,
[IPOXOAANUX Yepe3 Touky X, He sisercd npamoii Cunbecrpa. Cpeay TOUEK IepeceveHrsi COeUHUTENbHBIX MPAMBIX C IIPsi-
moit L BbIOepeM TOUYKY Y Takyio, 9TO oTpe30K XY He IepeceKaeTcs JPYIUMH COEJIMHUTEIbHBIMKU MpsAMbIMU. JloKaxkure, 9TO
coeJIMHUTEIIbHAS TIPsIMasi, IPOXOJAIIAs depe3 TOoUKy Y, siBjsiercs npsimoit CusibBecTpa.

a) ITyecre ABC — TpeyroJbHUK Ha IJIOCKOCTH, a PQR — BHOUCAHHBIH B HErO TPEYTOJBHUK. JIOKayKuTe, ITO IIIONIA b
OJIHOTO M3 TPEeX TPEyrOJbHUKOB, OCTAONIUXCs ITOCJIE BBIKUIBIBAHUS TpeyrojbHuKa PQR, He IpeBbIIIaeT IJIONAJIN
TpeyroyibHuKa PQR;

b) HabGpocok mokasarenbcTBa DakuHca u 3aiinenGepra. lokaxkure nsoiicTBenHyo Teopemy Cuibsectpa, nc-
[IOJIb3Ysl IPeIbIIYIIEe YTBEPIK IEHNUE.

Ha miockocTr maHo KOHEYHOE YUC/IO OKPYyKHOCTeH. 3BecTHO, UTO Ji0ObIe JiBe OKPYKHOCTH WMEIOT JBE WJIU OJIHY
obmme Touku. a) BepHo sin, 4To HalleTCs TOYKA IIepeceueHns, Yepe3 KOTOPYIO IPOXOIUT He 0oJiee TPeX OKPy KHOCTeH?

b)* A eciu j106ble j1Be OKPYKHOCTH MMEIOT POBHO JIBE€ TOUKH IlepecevueHus?

Ha mmockocTu 1amo KOHEIHOE UNCI0 KOHUK. V3BecTHO, 9ITO JIIOObIe IBe KOHWKHU MMEIOT 4 pa3judHble OOIne TOUKH.
a) BepHo J111, UTO HAliETCsI TOUKA [IEPECEUEHNsT, UePe3 KOTOPYIO IPOXOAUT He GoJiee UeThIpex KOHUK; b)* He Gosee nsru
KOHUK? ¢)* A eciu HEKOTODbIE U3 OOIIUX TOUEK MOIYT COBIAJATH?

Ha miockocTy JlaHO HECKOJBKO OKpyzKHOcTeil. OTmeTnian Bce TOUKM UX mepecedenusi. OKas3auoch, 9TO Ha KaxKJIOH
OKDY>KHOCTH JIEXKUT POBHO 7 OTMEYEHHBIX TOYEK, & YePe3 KarXK/IyI0 OTMEUEHHYIO TOUKY [IPOXOJST POBHO 1 OKPYKHOCTEH.
Mozker jn n 6617 paBHO a) 4; b) 5; ¢)* Gombie 57

B mpocTpaHcTBe JaHBI HECKOJIBKO TOYEK M HECKOJBKO MJIOCKOCTel. V3BecTHO, UTO depes JIIoOble JBe TOYKU MPOXOJIST
POBHO JIBE IIJIOCKOCTH, & KaXKJIasi IMJIOCKOCTh COJIEPYKUT HE MEHBIIE YETHIPEX TOYEeK. BEPHO JIM, 9TO BCE TOUKH JIEsKAT HA
OJIHOM MpPsIMOii?

Nmeercs 9 Touek Ha IIIOCKOCTU: TPU KPACHbIe, TPU CUHKE, TpH 3esiéHble. Hukakue 4 He jie2Kar Ha OIHOM IHKJIE (OKPYXK-
HOCTH WJIM UPsMOR). Jlyeamu yukaoe GyeM Ha3bIBATDH JIyTH OKPYKHOCTEH M OTPE3KHU HpAMbIX. Jlokaxkure, 9TO CyIe-
CTBYIOT TPU HellepeceKaloluecs JyTru IUKJa, Ha KaXXJ0M U3 KOTOPBIX JIE2KUT II0 TOYKe KaKJIOro LIBEeTa.

3asaua ApHouaba

D7 Tlocrapaitrech mosryunts anajgornduaoe D1 yTBeprkiieHue [1isi TPOCTPAHCTBA.

D8 Tor e Bompoc it n-MEPHOTO MIPOCTPAHCTBA.

D9 Tlocrapaiirech moIydnTh OMEHKHU I MAKCHUMAJIBHOTO JHC/Ia TETPAIIPOB B TPEXMEPHOM ITPOCTPAHCTBE.

D10
D11

ToT ke BOIpOC TSI N-MEPHOTO TPOCTPAHCTBA.

a) N OKPYKHOCTEH JIEJIAT IUIOCKOCTh HA YACTU. DTH YaCTU [PABUILHO PACKPACHIIM B YepHbIH u Gesblit nsera. Kakum
MOKeT OBIThb OTHOIIEHUE YUCJa YepPHBIX 4dacreil K uuciay Gesbix? 6) Tor ke Bompoc i cirydasi, KOUa OKPY2KHOCTH
ronapHo nepecekarorcs. [locrapaiitech MOMyIUTH pa3yMHbIE OIEHKH.



Arnold problem for line configurations and Chekanov theorem
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Yu. Chekanov, A. Ya. Kanel-Belov, F. Nilov, I. Ivanov-Pogodaev, A. Beletsky

Introduction. Configurations of lines and planes

n lines in general position split the plane into parts. How many parts will there be?

n rays split the plane into parts. What is the largest possible number of parts?

n planes in general position split the space into parts. How many parts will there be?
The same question, but for the k-dimensional space.

n half-planes split the space into parts. What is the minimal possible number of parts?
n half-planes split the space into parts. What is the maximal possible number of parts?
The same question, but for the 4-dimensional space.

The same question, but for the k—-dimensional space.

n lines in general position split the plane into parts. Prove that among these parts there will be at
least a) n/3; b) (2n — 1)/3 triangles.

n lines in general position split the plane into parts. Give an example where exactly n — 2 of these
parts are triangles.

n hyperplanes in general position split the k-dimensional space into parts. Give an example where
exactly n — k of these parts are (k-dimensional) simplexes.

n > 2 lines (i.e. great circles) in general positions split the sphere into parts. Prove that among these
parts there will be at least 2n triangles. Prove that this bound can be obtained.

The same question, but for the k-dimensional sphere.
n lines in general position split the plane into parts. Prove that among these parts there will be at

least n — 2 triangles.

Hint. For each line L consider n — 1 points of intersection of L with other lines. Now, for any two consecutive
points A= L NS and B=LNT on L consider a triangle formed by L, S and T, a place a mark * inside this
triangle near the middle of the segment AB. In the say, along L we have n — 2 marks, giving n(n — 2) marks
in total. Now, prove that any non-triangular part P contains at most 2 marks. Keep in mind that exactly 2n
parts are unbounded.

Alternative proof (in Russian) can be found here:
http://kvant.mccme.ru/1992/11 /treugolniki i katastrofy.htm
Generalize it to the case of the k-dimensional space and hyperplanes that are not necessarily in general

position.

Generalize the hinted proof to this case. Keep in mind that the authors couldn’t do that, though.
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Introductory problems. Elliptic curves (cubics) and addition on
them.

Consider a circle S : 2 + y* = 1. Consider a rational line L trough a point (0,1) (i.e. its slope is
rational). Prove that all points of intersection L NS are rational and that all rational points on S
canbe obtained in this way.

Let z,y, z be coprime, and let 22 +y? = 22, where z is even. Prove that we have x = 2uv,y = u? — v2,

2 = u? + v? for some u,v € Z.

Generalize this result to the case of the equation z? + 2y? = 22.

Find further possible generalizations.

Let C : y* = ax® + ba® + cx + d be cubic curves with rational coefficients. Prove that a line going
through 2 rational points on C' contains one more such rational point. Whenever points X, Y, and Z
on C' lie on the line, we denoted it by X +Y + Z = 0.

(Nine points on a cubic curve theorem). If 8 among the 9 points
of intersection of the two line triplets (see the picture) lie on a
cubic curve, then the last point also lies on that curve.

Prove Pascal’s theorem: If all vertices of a hexagon lie on
the conic curve, then the points of intersection of pairs of its
opposite sides lie on the line.

If all vertices of a polygon with 4n + 2 edges lies on a conic curve, and each pair of its opposites sides
is continued to their intersection, then if 2n of these intersection points lie on the line, then the last
intersetion point also lies on that line.

(Cayley-Bacharach theorem) Assume that two cubics C; and Cy in the projective plane meet
in nine (different) points. Then every cubic that passes through any eight of the points also passes
through the ninth point.

Points A, B,C, D, E,F lie on the conic. Then Pascal’s lines (see B7) ABFDCE,AEFBDC Pé
ABDFEC intersect at one point.

(Pappu’s hexagon theorem) let A, B, C' be three points on a line, and A’ B', C" be three points on
another line. Denote intersections of AB’, BC',CA" with A'B, B'C,C'"A by X,Y,Z. Then X,Y, Z lie
on the line.

Fix some point O on the cubic curve. If A+ B+ O =0, we write B=—-A. lf A+ B+ (—C) =0, we
write C' = A+ B. It is clear that this operation is commutatove. Derive its associativity from B6.

Sylvester-Gallai theorem

(Dual Sylvester-Gallai theorem) For any finite set of lines on the plane, if any point of intersection
of these lines has at least three lines passing through it, then all of those lines are either parallel or
pass through a single point.

(Sylvester-Gallai theorem) For any finite set of of points in the plane, if there is no line that passes
through exactly 2 points, then all of those points lie on a single line.
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Analogous to the space R", consisting of tuples of n real numbers, we can consider the spaces Z; and
C", where numbers are taken from either Z, or C. Lines and subspaces are defined in the same way.
These are called vector spaces over Z, and vector spaces over C, respectively.

Does the Sylvester-Gallai theorem hold for the plane over Z,?
Does Sylvester-Gallai theorem hold for the plane over C?

Is the same true in 3-dimensional space? For any finite set of points in space, if any plane passing
through three of these points passes through at least another one, then all of those points lie on a plane.

Prove that given five points in general position, there is a unique conic (i.e. quadratic curve) passing
through all of them.

Prove that given nine points in general position, there is a unique cubic (i.e. cubic curve) passing
through all of them.

Generalize this result to the case of hypersurfaces of degree k in n-diensional space.

A cycle is either a line or a circle. Suppose you are given a finite set of points, such that every cycle
passing through 3 of them passes through at least another one. Then all of these points lie on the
single cycle.

Suppose you are given a finite set of points, such that every quadric passing through 5 of them passes
through at least another one. Then all of these points lie on the single quadric.

Arnold’s problem

(Arnold’s problem) n lines split the plane into parts. Color these parts in black and white, such
that two parts sharing an edge have different colors. Then the number of black parts is asymptotically
not more than twice the number of white parts.

In other words, number of black parts minus twice the number of white parts is either negative or
asymptotically less than the total number of parts.

We call a, and b, asymptotically equal , if a,/b, — 1 when n — oo, and we cay that a, grows
asymptotically faster than b, if b,/a, — 0 (we write b, = o(ay)).

(Main lemma) There exists a configuration of p points on a plane such that asymptotically p?/6
lines (p — 00) go through exactly 3 points.

Use main lemma to prove that the bound in D1 can be obtained.

Hint. Projective dual configuration consists of p lines that intersect in p?/6 points. Fix small enough
¢ and replace each line with a pair of lines shifted by . the resulting configuration of d = 2p lines is
the answer.

Show that for every p there exists a subgroup of points on a cubic curve that is isomorphic to Z,.
Derive D2 from DA4.

Find (asymptotically) the maximal number of triangles when splitting the plane with n lines.
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