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NMPEATOBOP

Knueasa e wediepiia ao musaidia xruen iiod macios "Buwa maitie-
Matiuka”. Tue ce pesyniiaini na fipepaboidica Ha yuebnurxow "Ipe-
oasarva iio suwa Mmaliemadiuka” 00 uciliuiie asiopu, Kojuiidio (o
“ipu aioma) usnese od ievaiti co 1970-71 coduna. IIpsuitie wipu
KHUeu ce locaeilienu, eJ1AGHo, HA ougheperyujantoitio u UHWe2pasl-
Holo cmediarse Kaj peannuiie gynkyuu 0d edna u iosere peastHu
UpOMeNJIUBU, U BURINO Ce PA3IIKYGAaili 00 YueGHUKOM “Ipedasa-
ra o suwia Maiemaiiuka”. 3a pazauka 0d Hus, welllePIaca KHu-
eu CoOpxKuU pasznosuden maiiepujan, a umero, cekoja 00 Hej3uHuitie
weitupu enasu VII - X obpaboitiyea fioceGna obnacii 0d maiiie-
Madiukaiia. oconemuoii den 0d Maiiepujaiodi 6o Gpeuitie wpu
enasu VII - [X e fipesemen 00 ciiomenaiinoii yueorur "TIpedacarsa
{0 auwa malliemaimiuka”, a 1o6u ce pasdenuizie VI 1.5 (Oboiwitie-
HU UHGep3ud Ha maiipuyu), VIL 3.5 (Hpociiopu co CKaJIapen upous-
600), VIL.3.5 (Op@ioconanmu cuciiiemu sekwiopu), iapaepaghoi
IX.9 (Komiinexcrnu maipuyu) u uscecen Opoj 3adauu 6o cexbuilie.
Hocnednaitia enasa X ipediciiasyea ipepabodien u Apowtupen Ma-
wepujan 00 §§ 42, 43, 44 co "llpedasara iio uwa maidemaiiin-
ka". 3adauudie enedanu kako yeswna, umaami cex6oceH Kapak-
iep, 10 eden 0es1 00 HUG ce KOPUCTIU 3a QoKakyaare ceojcilica
W0 ce camo Gopsyspanu o pabodinuod den, a 3a U3HECYBUIE
HOBU cBojcilica.

H osaa kimiea (kako iipetixodnuiiie ipu) uM e Hamenedida, iiped
cé, Ha ciliyoeHi@udie 00 Mawunckuoii daxyniiedi so Ckoiije, a ce
Hadeaame Oeka Ke ja kopuci@aiii u ciiydentiuitie 00 Opyzuitie
wexuuniky Qakymemiu, Kako u ctayoeHiiu 00 Hexou epyitu Ha Ipu-
POOHO-MAH e MATGUUKUOT Qdaxynimeni. Aswopuitie Ke cmeiliaaii
Oexa ycitewio ja uzspuiune ceojatiia 3adaua, ako ciliydeHiuudie iio-
uysciisysaai iolpeba da ja KOHCYJWIUpAQil KHUCAGA U OIKAKO
Ke eu fonoxaii upedasudeHuitie uciiuidiy iio Maie Maiiuka, d U KaKo
QUITIOMUDAHL UHAKeHEDU. '

Ckoiije, jysiu 1994 Astliopuitie
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VII. IUHEAPHA AJI'EBPA

Bo obaa ryaBa ce BpUIM HaTaMoLUNa auanM3a Ha MOMUMMTE BEKTOp, NeTep-
MHHAHTA U CUCTEM JIMHEADHW PABEHKH, LUTO CE PasriefyBaHW U MOPaHO, MAABHO
8o I'n. IV. Cxopo o uenata rnasa, ocHopHa yliora UMaaT MaTpuLMTe.

VII. 1. MaTpumu

Bo omoj naparpad ke ce 3anosHaeme co MoyeTLMTE €JIEMEHTU O TeopujaTa Ha
MaTPULMTE U JETEPMHUHAHTHTE.

1. 1. NpaBoaroasu maTpuum

Heka ce JafjeHn mn peaJiHU GPOCBM (l'lpM ITO HEKOM OO HUB MOXE
da ce C,[[HaKBM), pacnopeicHu BO cieffHaBa NnpaBoarojiHa nieMma:

ay ap A
Gy An a4y, 6))
A A2 Ayun

Ibemara (1) ce Buka mMarpuua ox obanx mxn, viv MxN-MaTpHuna, a
Opoesute a,,.a,,....,a,, - cieMeHTH Ha MaTpuuaTa. MannuyTe obudHo run
O3HauyBaMe CO TroJiemuTe GykBM on nNaTWHMUaTta: A,B,... Xopu3oHTamrHMTE
HW3W BO MaTpuuara (1) ru BUKaAMe pefHIM, a BEPTUKATHMTE HWSW KOJOHH
(wm cTommyH) ma matpuuata. 3a nokpatko, maTpuiaTa (1) ja o3HagyBame

co [a;;],., WM camo co [a;;]1. ako ¢ jacHo 3a KakoB BMI MaTpULM ce
pabotm.

Matpuua mro uMa camo emHa peamua (te. wma dopma 1xn):

[al (]2 . a"] F



2 VI. TMHEAPHA AJITEBPA

ce BUKA PEAHINA MATPHIA VIV BEKTOp-peAHnHa. MaTtpuua nak wro wMa ca-
MO emyia KonoHa (T.e. uMa dopma mx I): b,

.bm

ce BUKa KOJOHHTHA (Te. CTOABMTHAE) MATPULIA WIN BEKTOP-KOJIOHA. (Ho, 3a
m=n=1, HaTaMy Hema 1a npasuMe paiiuka Mery 1xl-maTpuuaTa A =[a]
u. peanuunot 6poj a.)

3a gee MaTpuumn A =la;;| 4 B=[b;;] cc Benn neka ce 6AHaKBH AKKO
uMaat uera dopma (MxH) ¥ COOIBETHMTC EJIEMEHTU MM CC EAHAKBM, T.C.

| a;=b; sacure i=12..m j=L2..n

Ke nedpuumpame jpe onepau;m: MHOXCH-¢ Ha MaTpuia co O6poj v

cobHparse Ha JBC MaATPDHIH.

ala;;1=aqg;]; 2
[ai] ]m‘fn +[bij ]mxn = [aij +bij ]m‘.-:n- (3)
Jla 3abenexuMme neka ce coOUpAQili MApuyu camo 00 uciui o6k, a cobupa-

HETO Ce BPIIM Taka [UTO ce cobUpaar COOJBETHUTE EJNEMEHTHU.
Ha pasriefaMe eieH TIpUMEp:

4 2 3 1 4 2 1 2
1) Axo A=[O 2 0], B=[__2 2 3], C=|:3 4il, Torati

1 56 5 1, {2 1 3/2
A"B—[—z 0 3]’ 5““[0 -0 ]
wo M A v C, Hu B n C ue moxat na ce cobepat, 3allTO HEMaaT UCT oBJIUK.

Ia ro osHauume co M, MHOXECTBOTO Ofl CUTE MAaTpULK Of obamk
mxn. Ke JokaxeMe [Be CBOjCTBAa BO BpCKa co norope gemMHMpaHuTe onepa-
N E

1°. M, . (+) e komymaiiuena epyia.

2°. 3a cexoja deojka peasnu Gpoecu a.b € R u kou 6usio Mampuyu

A,B e M, , ounu ce pasenciusaiua:
' (a+b)A =aA+bA, (ab)A=a(bA), a(A+B)=aA+aB.

I o k a 3. Jleka 36UpoT Ha 1Be MATpWiMU A,BeM, , e nak maTpuua
ox obaMK Mxn cleayBa on'(3). Hexa [a;;], 16; ; ],[c,-j],eM,,,‘,,. HUmajkn nipel-
BUJ JeKa COBMPAHLETO Ha peaHUTe GpocBM ¢ KOMYTaTUBHO M 2COLM jaTUBHO,
obupame: '

[dij]"'[bij]:[aij +b;;1=1b; +aij]=[bij]+[aij],
(Ia; ;1+1b; ;D +le i1 =1a;, +b; ;1+[ci; 1=1(ay; +b;;)+¢;]=

la;; +(b;j +c|'j)]=[aij]+[bij +cij]=[aij]+([bij]+[cij])v

-
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IITO 3HAUM jleka COBUPArbETO Ha MATPUIM € KOMYTATHBHA W 4colMnjaTMBHA
onepaiuja. )
Marpuuara 0,,, co dopma mxn npu KOja CHTE EIIEMCHTH ce HyJa,

Te. 0,,=[0],.,, cc Buka Hyxra Mxn-maTpuna. 3a Hea M 3a koja Bwio
mxn-mMatpuua A =[a;; ] nobupame: '

A+0O,, = la;;1+[0],,., = [a;; +0] = [a;;1=0,,,+A,
Te. O, € HeyTpasieH eleMeHT Bo A,

IToToa, Heka A =la,;]eM,,; na ja onpegenume matpuuata B=[b,]

co b, =-a, . Toram umawme:
A+B= [aij]""[bij]: [aij +bij]= [()]nl>‘n = Om.n =B+A
na B e uHeepien enement Ha A o O[THOC Ha onepaumjata cobupatbe. Baka

onpelleiienata Matpuua B ke ja osHauyBaMe co ~A U ke ja suxame cnpo-
THBHZ Ha A. 3uaum: —[a,.j]=[—a,.j]=(‘—l)[a,.j].

Co T0a ro mokaxasme csojcteoTo 1°. Ha 4uutatenor mema na My 6uae
TEWIKO caM Ja ro fMoKaxe cBojcTBoTo 2°. [J

L. 2. MHoxemwe Ha MaTpuim

Heka A =[q,],.,. B=[b,],., Mon nponssox na matpunyure A u B
Jja nogpaiupame matpuiata C=|c;,],.« onpemenena co:

AB = C=[¢;; ]ms ¢, =anb; tayb, ++a, b 4)

in“nye
Cnopen Toa, apoussodoii AB Gociion ako u camo axo 6pojoii na
Koslonuide na mamlipuyaiia A e ednaxos co 6pojois na peduyuiie na Maitpu-
yaiia B. Tlputoa, 3a na ce nobue enemenTtor ¢;; ol Matpvuata C=AB,
NOTPeGHO € f1a ce NOMHOXAT COOMBETHUTE El1EMEHTH ol penvuarta i Ha A
M koloHata j Ha B, a notoa Tue npowseoau na ce cobepat. Harnegno toa
MOXE [1a ce NMPETCTABM Ha CNEIHUOB HAMMIL:

2) Ha npumep:
1 -2
[1 0 -1]. » o [1-1+0-2+(—1)-

w W

32 =203 " T3 1+42:2+(-2)-

1-(=2) +0-0+(~1)-1
3.(=2)+2-0+(=2)-1

i

|
— D
o ds
—_
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Ke nokaxeMe HEKOJIKY CBOjCTBa 3a NpPOW3BONOT 'Ha MaTRULMK:
3°. Hexa A =[aij]. A’ =[a);], AV =[a;}] ce Maitipuyu 00 06Uk MXH,
B=[h,]. B'= 5,1, B = 16/} 1 Maiupuyu 00 o6k nx k u C=[c,;] Maupuya
00 obnuk k x s. Toeaw e
A(BC)=(AB)C. A(B'+B')=AB'+AB".. (A'+A")B=A'B+A"'B,

Gi.e. MHOWCHCIIO HA MATpUYU € acoyujaiusna oiepayuja u Ouciipubyiiuena
ciipema cobuparselio.

J o x a 3. Ao cTasume [d,.J.]=A(BC), [d,.’j]=(AB)C gobviBaMe:
dij =ay (b + - +hyey )+ an(bnay; +oetbype Vbt Gy (bycyy + ot by ) =
= (abyy + Apbsy +0 0+ by )y +eomt(ay by Faghy, +o+a,bye, ;= dj;
snaym A (BC) =(AB)C.

Ha MCT HauMu ce JOKaxyBaaT W APYTMTe JIBe paseHcTsa. [

' Matpuuara E, =[e; ;] co popma 71X/, Takea WTo ¢, =l une,;=0nm

i#j, Te. 1 0 -0
E - 01 of
0 0--1

nxn

ce BUKA EAMHHIHA MaTpHia o4 N-TH pcl.
4°. Heka A =[a,,| e upoussosina mx n-maipuya, O, ; e nynuama k x s-
mampuya u E, =e; ;] e edunwunainia mapuya 00 k ~iau ped. Toeaus:
EmA =A= AEn’ Or.mA = Or.n * AOnJ = Om.r'
IO ok a3 Axo crasume E,A=B=[5,] u 0,,A=C=[c,], ke nmame:

b,-j =)+t i+t Cinyy = iy
¢,; =0-ay, +0-a,, +--+0-a,, = 0

Te. B=A n C=0_,.

Jlpyrute aBe paBeHCTBa Ce [JOKaXyBaaT Ha WCT HaiWH. ad

5°. Ako A e maiapuya 00 06uk Mxn, B 00 o6auk nxk u a apoussonen
peanen Opoj, wocaiu

a(AB) = (aA)B = A(aB)

Joka3oT My ro npenymirtame Ha 4Mratesor. [

Ilpyra, 4ecTo KOPUCTeHa (yHapHa) onepaumja e UpaHCUOHUDArbe Ha
maimpuya. ImMeHo, nexka A =[aq;;] e mxn-matpuua. CTabajku a,.Tj =aj;, no-
" fuBaMe M X M-MaTpuua [a,-}-] =[a;;] kojawTo ja BUKamMe TPaHCHOHHPAHA MAT-

pHIa Ha A ¥ ja O3Hadypame cO AT
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3na4M, TpaHcnoHupaHaTa Matpuua AT ce nobuBa kora peguuMTe “of
A T'M noctaBuMe Kako (coomBETHHM) KOJIOHW a KOJOHWTE - Kako {coomBeTHH)
peavun. Ha npumep, ako

- - 1 3
A=l _4,Toram AT=| 0 2.
32 -5 42

Jlecuo ce mokaxysa nmexa:
6°. Ako A u B ce mx n-magpuyu, C e nx p-Maldpuya u a e peasien
6poj, iocaut:

a) (aA)" =aAT; 6) (A+B)T=AT+B"; 1) (AT)T = A: r) (BC)T = CTB. [

1. 3. Kpagpatuu matpuum:

Cexoja Mafpuua A on obiaMK MXN ke ja. BMkame KBajgpaTHa Mar-
PHIUZ ON N-TV pEJI, a MHOXECTBOTO O/l CUTE TaKBU MAaTPULM Ke Io O3HadyBa-
Me co Af,. Og ceojcrata 1°, 3° n 4° (ako ce uma npemeun u 3abenemixa-
Ta oa 1.5.1) ce nobupa neka: '

1°. M, (+.-) e apcizien co eduniya. Edunuyaiiia na apciienom ¢ E = E,.
anynaiia 0=0, .0 ‘ ’

3a n 22 hpcinenoii M (+.) e HeKoMyiaiiiucen. Ywine Hosexe, Gociio-
Jaiti nenyiau maimpuyu A u B uj iUpouseod e nysa. Ha npumep:

3) 3a
11 1 010 - 0
A0 00 0 . B= 010 0
000 -« 0 010 0
HMame ’
O n 0 - 0 .
aB=? 00 " %0, w BA-O
‘ 00 0 0

3a kBajpaTHaTa MaTpula A BejiuMe geka e HECHHI'YJ2apHA, aKo
nocton Mmarpvua B, Takea miTo
AB=BA=E.
Baxpata matpuua B ja Buxame HHBEp3Ha 3a A.
Ha npetnocrabume nexa 3a KsajgpaTHaTa Matpuua A, nokpaj B, noc-
Tou Matpuua C co csojetBoto AC=CA=E. Torani, xopMcTejku ja acolm-
JaTMBHOCTa Ha NPOUIBOAOT Ha MaTpuuu, gobusame

C=EC=(BA)C=B(AC)=BE=B.
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Cnopen Toa:

8°. FInsepsnaiia Mamipuya 3a edHA HeCUNCYJIUPHA MAlpuya A e edno-
3Hauho oupedenena. [

HHBep3HaTa MaTpula 3a A ke ja O3HadyBaMe CO A-'. la nokaxeme
yIITE €IHO CBOJCTRO 332 HECMHTYJApHUTE MAaTpUUM.

9°. Axo A u B ce necuncynapnu mamipuyy, wocaw A”' u AB ce ucio
WaKd, HECUHSYSIAPHU MATAPUYYU HPU UL

(A=A, (AB) ! =B-1A-1.

Il o x a 3 IlppoTo paBeHCTBO cilefyBa oi AehuHMUMjaTA 33 WHBEp3HA
MaTpMua, a BTOPOTO OJ CJEHHWTE PaBEHCTBA:

(AB)B-'A-1)= A(BB1)A~! = AEA-1 = AA-l =E,
(B-'A")(AB)=B'(A'A)B=B'EB=B'B=E. O

3a eqHa MaTpuua A KOJalUTO HE ¢ HECUHIY/lapHa BelIMME [i€ka ¢ CHH-
ryJapra. 3Hauy, MaTpvuata A e CHHIYJapHa aKo 3a Hea HE NOCTOM MH-
Bep3Ha Matpuua. [IpuMep 3a cuHTyfapHa MaTpWua € HyJITaTa MaTpula o0,
mojexa Nak eIMHMYHaTa MaTpuiia E ¢ HecuuHrynaapsa, 3amto E!'=E.

Bo cieanvoT naparpag ke U3HcceMe efieH KpUTEpUyM 33 pacno3HaBahe
Jady AafeHa MaTpuli@a € HECUHTYJlapHa, a NoToa M HauvH 33 OApEayBakbe
Ha MHBEp3HATa MATPMLA 32 CCKOja HECHMHIYJIapHd4 MaTpuua. Osiic ke ce 3a-
APXUME Ha CHEUMJaTHMOT Ciydaj Kora KBajpaTHWTC MAaTpUUM ce Ol BTOP
pen.

Ja zabenexume acka:

[ d -b d - b 0 1 0]_[d -b][a b
[‘cl d][—(c a]=[‘l 0 ad—bc]=(“‘"”")[o 1}=[—c a][c d]‘

On u3HeceHOTO cleaypa Jiexa:

10°. Maimpuyaina A = [Z 3,] € HeCUHSYJIAPHA dKO, U CAMO dRO

A = ad—bc # 0. Bo @ioj cy1aj uneep3naimia Maiiipuya ce GpecyMeiyea uo ¢op-
AMyJiaiaa:

Ha npumep:

b ot I3 of T2

Jla 3abenexume fcka MaTPULUMTE [UTO TO WCNOJNHYyBaaT ycjlOBOT
A = AT, HapeueHM cHMeTpnIHM MaTpHim (TakBa ¢ MaTpuuara non 6) Bo
NPETXOMHUOT TNpPUMEP), MMaaT CcneuMjanHa yjaora Mery KsajgpaTHUTE MaT-
. pyum.
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1. 4. Cucremm Jsiuneapumn pascHku ]
‘
-

KC W3HCCEME €liMa NMpUMeHa Ha ouepauuja‘ra MHO)KCI-bc Ha MaTpyuM W
Ha HUHBCP3IHATA ManVIl.,la. “MCHO, Ke ro pasrjcfaMe CIACAHUOT CHCTEM oqn

JTHHCAPHH PABCHKH CO 1 NHCHOIHATH
a;X) +a),3X; +etay,x, =b
Ay X)) +An Xy +-oo+ay,x, = b,

A Xy + a0 X, +--+a,,x, =bn'

On cucremor (5) moxeme aa ru (popMupame mMaTpuumTe:

an Gy a4y, x
aw] Ay oo ”7" x.'..’

A=l - - . X= B=
Ay Ap An Xn

©®)

Cucremot (5) cera moxeme na ro fnpercrapume Bo obiaMk Ha eIHA TH-

Heapnd MAaTPpHIHA PaBCHKE CO HeMnoHata maTpuna X:

AX =B.

(6)

AKo MaTpuuaTa A ¢ HeCHHI'yJapHa, Toralu paBeHkaTta (6) e expuBa-

JIEHTH& €O CJIC[HABA PaBEHKa:
X=A"B,

(6")

jawto A7 (AX) = (A TA)X=EX=X. Cnopen Toa, ako ja 3naeme unsepsna-
lda Mamipuya na madpuyaitia A, iiocau co koMow Ha (6") Mowenme da eu oi-

pedeunse pewenujaitia na cucitie Mo (5).
5) Ja ro pemmme cucremor JINHEAPHM paBeHKMU:

2x+3y =8,
4x+7v=18.

()BOj CHUCTEM € EKBMBAlIEHTEH CO Clie/iHaRra MATPUYHA paBEHKa:

2 3[x)_J 8
4 Ti|v| 18]
Ol Kajae WTo ce nobuna:

HEEERE

T x=],p=2.
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1. 5% O6onmreuy WHBCP3MM HA MATPUILK

OB,[lc ke ro oboluTUME [OUMOT mmepmja‘na KBaJpaTHA MATpUlA,
Apy LITO Ke Jonyiutame COOIIBCTHMTC MATpUUM M [1d HE CC KBAJPATHM.

Axo A,B cc MaTpuiy ol 0BJIMKOT MX 1, NXM COOLBETHO, TAKBU ILUTO

AB=E, (M

Toram BeJIMME fieka A ¢ JJeBa HHBEp3Hja Ha B, a B gecna wmupepsnja va A.

Tonony ke (hopMyaupaMe HEkOJKY CBOjCTBA YMU JOKa3M ke OMOAT CKU-

UMpaHu Bo HapeaeHUTe Bex6Gu. Tlputoa ke npernoctabyBaMe feka A e mat-
pyua ox obimk MxH.

11°. Ako A uma decna (onHocHO Jiesa) uneepsuja, wocaut m<n (op-
HocHO #n<m). (Bex6a 29 Bo 4.6.) [J

12°. Ako A unma u neda u decna unadepsuja, ocaws m=n u A e HeCuncy-
sapna. (Bex6a 29 Bo 4.6.) O

13°. Ako m=n, @ocaw c.neOnuie wpu mepderba 3a Mmailipuyaiia A ce
EKGUBATICHIHHU:

i)y A e necuncynapna. iily A uma decna uncepsuja. -

iiiy A wuma nesa unsepsuja.

Bo iioj cayuaj A7 e edunciigena y1eaa u eQunciidena 0eCHd UNBEP3UU hd
A. (Bex6a 15 Bo 2.7.) O

On dopMynupaHuTe CBOjCTBA, NOKpaj APYroTo, cicoyBa Aeka, 3a KBal-
paTHU MaTpULM, OBJIE BOBEACHWUTE TIOMMM 3a WHBEPIUU CE COBMaraaT co Co-
OABCTHUOT MNOMM JedrHupaH Bo 1.3.

Co uen na nokaxeMme aeka cfiHa MpaBoarojlHa MaTpylia MoxXe Jla UMma
Jrepa (OHOCHO Jlecta) MHBEp3Wja, ke o pasriefiaMe CJIEIHWUOB €IHOCTABEH
npumep.

5) Jlecuo ce npoeepysa neka 3a kou Guno Gpoesn ¢ U b, ce ToYHU paBeHCTBaTa:

o 8 el aplo 0 S e )

00 a b
Ol 1UTO cnefysa [eka eQHa maTpulla MOXe a uMa 6eckOHEYHO MHOTY IIeBU (OJIHOC-
HO JICCHH) WUHBEP3UH.

1 00
Cekoe oj cpojereata 11°, 12° uMnauMumpa Aexka MmaTpuuatTa [0 1 0]

HeMa JieBa MMBEpP3Uja, a Ke ce YBCpUME BO TOd M CO JMPEKTHa NpoBEpKa.
HaeyvicruHa, xakpa M ga ¢ marpuuata C (o) obimk 3x 2), cuTe CIEMEHTH Ha

1 00

TpeTaTa KOJIOMA O]l MaTpuuaTa C'[() 10

] ce HyJM, MITO 3HA4YM JIeKa Taa

MaTpula HE € eJIMHUYHAaTa.
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Ke ce sanpxume cera yurre na cien s WHBCP3IUU HA MATPULM, LUTO
(nocnenHuTe TpUCCETUHA ropMHM) Aol 3HAYUTE]IHA IIPUMCHA BO CTATMC-
TMkaTa. ! _

Ako Matpuunte A, B ro 3aJI0BOJ1YBAdT PAaBEHCTBOTO

ABA=A, (8)
Toraiu seaume icka B ¢ obomiurrerra uupepsmuja (cxpateno: obnHB) Ha A.

(3Haum, ako A" ¢ xoja 6uno obuHe Ha A, Toram AA"A=A)

TourocTa Ha crieinuTe NET CBOjCTBA € EBMJICHTHA.

14°. Axko A e 00 ofuk mxn u ako B e o6uns na A, foecaw B e 0d
o6k nxm. O

15°. Cexoja maiipuya 00 ofmux nxm e 0buna na HyJHGaama Maiapuya
0,,,. HO nuedna nynisia maipuya ne sowe da 6ude o06une na HeHVJIia
Mawpuya. 13

16°. Axo B ¢ ofiunc na A, fiocaut BT e obunc na AT.

17°. Ako A e keadpaitina necuneyapna saiupuya, docaws A~ e nejau-
Hatia eounciicend o6una. [

18°. Axo A e .stesa uneepsuja na B (i.e. B e decna unsepsuja na A),
wocaws B e obuns na A, u A e 06unc na B. 0

Bo 5.4, ke nokaxeme neka:

19°. Cexoja mamipuya usa Gapen edna obuns. ( Bex6a 24 Bo 5.4) [

Cropen 13° eama cuurynapua KBa/[paTHA MaTpuiia HeMa JIeBa HU
llecHa. uHBep3uja, Ho cnoped 19°, Taa uma o6ums. Ja ro niryctpupame osa
CO elieH npumep. i

- 6) Axo A=[{ {], Toranr A =2A, A-%A~A=A, ol IUTO cJjelyBa [exa
B=(1/4)A e 06uup Ha A. Ucro raka, C=(1/2)E e obuus Ha A.

Ja ro onpenesmume MroxkecTnoto on cute obuHB Ha A. Wmetio, sieciio ce 1mo-
Kaxyea Ieka Matpuuara B e obuuB Ha A akko:

1 a b]
B=—mm R
a+b+c+d [" d i ®

kane wro a+b+c+d =().

Caenroto cBojcTBO Hé moBegyBa [0 crneuujaied Bua obOHIUTEHU WM-
BEP3MU, NIpPK LITO Ce MPETIIOCT4BYBA fleka ce paboTH 33 MaTpMLM HAJ TOJNETO
ol pealHUTe Gpoesu. .

20°. 3a cexoja maiipuya A Gocimou, edno3nano oupedesiena Maipuya
A" co cniednuse caojcilica: .

i) At e obunc na A . ii) A e obunce na A+

iii) (AA*)T = AA*;  jv) (A*A)T = A*A. (bex6a 35 on VI1.5.4.) O

1) Ja ce sunu, wa npumep, Pao cTp. 39-40.



10 ' VIl. THHEAPHA AJITEBPA

(32 A* BeauMe ncka € [ICCBAOHHBCP3 2 na A)

Kako nocnenuua on 20° nobusame jexa:

21°. 3a cexoja Maiipuya A, HOWHU Ce PaBeHCIIBAUA:

) (A*)* =A; iy (AT) T =(A")T. O

Axo A ¢ maTpuuaTta oJf npuMcpoT 6, JIeCHO ce TpoBepysa Jicka
A+ =(1/4)A rn 3anosoiuysa yciosute i), if), iii), iv), HO pakoBofejkn ce
on ¢aktoT MmTo TepAckwero 20° wHe ro gokaxaeme, Bo Bexbarta 27 ke

TIOK4XeMe JIcKkd Taa € CAMHCTBCHATa MaTpulla Co Toa CBOjCTBO.

1. 6. Bex6u

1. Ja ce uajoar matpuunre A+B, A-B, 2A u -3B axo:

2 30 42 12 3 0o 1 -2
a)A=|1 -2 -1|. B=|-1 1 3:6 A=[ ] B=[ "].
S PR 2 0 YA=2 5 4 3o-bd
T6 S T
Oarosop a) A+B=|0 2. A-B=} 2 -3 -4
5 4 -1 1

0 -12 -6 -3

2A=|2 -2 -3B= 3 =3 -9

4 =2 6 6 0 -6

0
2. Jla ce najuar matpuumre AB u BA axo:

a) A=[_} %] ;;{-3 (;}_ 6) A=B' ‘}] B:[j‘, 2‘]

B) A=[1 2 2], B=[—§:l.

b9 —

—— A

&
Lo

0

6 107, _=2 -4]
Onronop. a) AB=|:]4 15]’ BA"[—I 23]‘

6) AB=[‘§ J}, BA=[12 ';] B) A=[1] . BA={—3 3 —g}

3. Ja ce nokaxe nexka AB=BA 3a marpuuwmre:
I 2 3 -2 -1 6
-3 2 12 - _

2) Hda ce suau, Ha npumep, Pao crp. 40, 71
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3
4. la ce nokaxe nexa AB=O 3a cienumee matpuum: a) A=|. 0 0 4
0

022 1 =3 5 0 -3 -3 | 2 4
B=|0 1 1[.6) A=|0 0 2|, B=|0 -I —l;n)A:[_z 3_5],B=‘
000 0 01 0 0 0 S

5. Hla ce nokaxe neka 34 MaTpULMTE:

1 20 1 2 3 1.2 3
A=| 1 1 0] B=1 1 -I|. C=|1 1 -l
-1 4 0 21 0 0 1

—_ st
S X 00 B
—

BaXi paBeHCTBOTO AB=AC. On oea na ce 3akiyuu neka 3aKoHoili 3a Kpaiierse:
AB = AC = B = C, 3a Mailipuyu He 8axu.
6. Ako ATA=AAT =E, torawr matpunata A ce puka oproroHaisHa. [la
Ce I0KaXe /1eKa C& OPTOrOHAJHU MaTPULIMTE:
l:cosa -sina ()} | V2 1 -3
A =[sina cosa Of B=—|2 -2 0]

0 0 N

7. Oa ce nokaxe neka A2 = A 3a cekoja O clieHMBe MaTpUIN:

. 2 -2
25 =207, 2 1. g o
2) [30 -24]‘ ®) [-2 —1]* B) |- 3

19wt

1 -2 -3

MatpuumnTe co oBa CBOJCTBO CE& BUKAAT HMAEMIIOTEHTHU.
8. Exna kpanpatHa MaTpuua A ce Buka MHBOJIyTOpHa ako A? = E.
Ja ce nposepn nanu ce UHBOAYTOPHM cheqHupe MaTpULM:

4 3 3 S RS | i
a)y|-1 0 -1;6)| 0 1 o0 p) _[’ ‘].
-4 -4 -3 0 0 1 2l -l

Onroegop. a)u 6) Hda p) He.

9. Kpanpatiara mMaTpuua A, 3a xoja A” = O, kane 1ITo p € npuponaen 6poj, -
Ce DUKa HHIIOTEHTHA. AKO p € HajMaluoT npupones 6poj 3a koj AP = O, Toraw
befiMMe neka A e HWIIIOTEHTHA CO HHEKC p.

Ja ce noxaxe neka maTpuuara
1 I3
A= 5 2 6
2
€ HUINOTEHTHa co uHiekc 3.
Peuewumne Hmame:
0 0 o0
A= 3 3 9} A¥=A2.A=0.
-1 -1 -3
10. Bo 1.3 crnomuaeme naeka egna MaTpvua A Koja e eQHaKpa co cmojara

TPaHCMoHUpaHa, Te. AT = A, ce BuKka cumerpuyra. Axo AT =-A, Toraur marpu-
uata A ce BUKa KOCocHMETpuyHa. [la ce noxaxe neka:
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a) Cekoja cuMeTpMyHa (KOCOCUMETPUYHA) MaTpUlla € KBANPATHA.

6) 3a cexoja MaTpuua A, MaTtpuimre ATA M AAT ce cumeTpuuHM.

B) Cekoja kBajpaTHaZ MATPUIlW A MOXE [Oa C€ HAMMIIE KaKO CymMa Ojl elHa Cu-
METPHUYHA U elHa KOCOCUMETPUYHA MaTpHIld.

') Axo A u B ce cumeTpuuHmn n X n maTpuiM, Toraut ‘AB ¢ CUMETPUYHA 4KO
M camo ako A u B komyrTupaar.

P e m e v u e B) Marpruata C=(A+A')/2 e cumerpudua, a
D=(A-AT)/2 e kococumerpu4na. bunejkn A = C+D, TepreiseTo € nokaxaHo.

r) Ja npernoctasume deka A u B komyrupaat, AB=BA. toram (AB)' =

=BTAT = BA = AB, na 3uauu martpullata AB e cumerpuuHa.

O6patHo, Heka ¢ AB cumerpuuna, (AB)' = AB: 6unejku (AB)! = BTAT = BA,
umame AB=BA 1e. A u B xomyTupaar.
11. a ce uajue uiHBEp3HaTa MAaTPULA 3a CEKOja O] MaTPULUTE:

a)[]% g] 6)[2z 1] oo 1 3|

B ‘ - 0 0 1
5 2] 1[4 - -2 7
Oﬂronop.a)[3 _1].6)5[__3 2].::)1:8 (1)—21

3a.1a ce nobue omIroBOpOT fioj B), TpebGa ma ce peulaT CAEIHUTE CUCTEMM DPABEHKM:

X +2y -3z =1, X 42y, =32, =0, X342y -3z, =0,
W+2z, =0, Yo +2z, =1, Vy+2zy =0,
z; =0, 2z, =0, zy=1,

Kon ce nobusaar on MATPUYHATE PADCHKA

1 2 =3f[[x X x 1 00
O 1 2]y v »ml=0 1 0f
0 0 Yiz, zo 2z, 0 0 1

12. [da ce pewlaT MaTrpuuHMTe PABEHKW:

1 2 5 2 1 12 1} 2.1
‘”[3 4]":[6} 5){2 1]"‘:[2 1]* “)x'{z I
-
Oaromsop a) X=E[ g] 6) x=[2(l(i-a) l—-Zb]’ kage wto @ U b ce
 npoussonHM peanHu Gpoesu. B) Hema pelnermue.

13. da ce wajoat cure Matpuiv X WITO KOMyTHpaaT co maTpuuaTa

A =\:; ﬁ] Te. Taken urro. AX = XA.

Pewewuue 3ana umaaT cMucia W asata npoussoga XA u AX, matpu-

X X
nmata X Mopa ga 6ujie KkpajpaTHa co pen 2; Heka X =|: ! _3]. Toraur on

Xy Xy

T A e T
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ce no6MBa CUCTEMOT ol 4 pPUBEHKMU:
20 +3x, =2x, =0,
X +x;-x =00
3.\:: —213 =1().
3x, —2x, =0,

Crapajku ¥, =a, x, =2b, nobupame feka x, =3b n X, =a+3b; X:[{}) aib.‘b]_

14. Ja ce Hajnart cure KRajpaTHKM MatpuuM X ON TpeT pen koM ro Mmaar
CBOjJCTROTO: '

1 0 0] 1 oo 0107 [o 1 0] -
a)X0 -1 0f={0 -1 0].X. &)X.{0 0 1|=|0 0 1|-.x
0 02| o o2 1 oo}l |10 o

' a 00 a b ¢
Onrorsopa)|0 b 0L6)|c a b|(a.b.ceR).
0 0 ¢ b ¢ a

15. Ja ce usrpumM crenenypasero:

" Cam 117
a 1], cosoL sindL |,
a) [() a] . 6) [—sina cosa] . B) {: : {J :
a 1T a | | 22
. _|a a _la* 2a
Pe weuue a) Umame [() a} -l:() a]'[() a]"[o a?]'

k
Cla 1T _lab kak .
Ja npernocrapmme nexa [() a] _l: 0 ak | Toraw

a 17" Ta 17Ta 1 _[a* ka*1]Ta 1 _|a*t (k+Dat
0 a O a0 alT) 0 ak 110 al|™| o ak+l |
fla Cropen TPUHLUMNOT Ha MaTeMaTWYKaTa WMMIYKUMja MMaMeE:
" " n-1
[g ‘]’] =[“0 "‘['l” ] 3a cexkoj n e V.
. ol
cosHoL  sinna nel.
6)I:—sinMOL cosna:l' B)3 } { }

16. Mla ce najne keanpatHata 3x 3 matpuua X, Takea wto

G <L [

-4 12 0
Onrosop X=—| 7 -6 -5|
. 2014 12 o

17. Na ce nokaxe neka: axo A e HECUHTYNapHa MaTpula co pen #n, a B mnpo-
M3BOJTHA MaTpHUua CO ped M, TOrawl € TOYHO PaBeHCTBOTO;

(A7'BA) = A-1B*A.
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Pewewumne Axo (A-'BA) = A-'B¥A, Toraw _
(A-'BA)**! = (A-'BA)* (A~'BA) = A"'B*AA~'BA = A-'B+*1A,

a 6UIejkv PADEHCTROTO € To4HO M 3a Ak = |, Toa € ToyHo 3a cekoj npuponeH 6poj k.

18. Nla ce nokaxe iexa: ako A e KBaipaTHa MaTpuLa co cBojcToBoTo A% =0,
toraut matpuiata E—A e uHpepanbunna u neka (E—A)' = E+A+AZ+---+ A

Pe we uu e Burjn (E-A)(E+A+A2+--+A*)=E=(E+A+A?+
4.4+ A% 1) (E-A) clefypa lieka TBPIEHETO € TOYHO.

19. Ako A 1 B ce HecHHrynapHu KpaIpaTHM MaTpULM, Ia c& NoKaxe Jeka

AB=BA < AB'=B 'A< A-'B' =B-'A"!

Peuwewnue Heka AB=BA; toraiu B-'AB=A, na B'A =AB~'. Oxoe-
ne, A-1B-'A =B~} na A-'B-!=B-'A-'. On nocsentono nax cnenysa AB=BA.

20. Na ce noxaxe jieka MHOXeCTBOTO Af MaTPULUM oIl 0GJIMK

[ * -V]=x (x,y€R) )

-y x

¢ foJle BO ONHOC HA ONEpauMuTe cobuparke U MHOXEHE Ha MaTpHLM.
Pe weuue Heka

x ¥ X, ¥
X, =| B N ox, = ¥
Vo5 B R T
X, +X, =| Bt¥ Nty | X ¥
PP oy =y, X+, -y x|f

Te. 3a cekoj map maTpuuu on A/ v uupHuoT 36up e Bo AJ, cnenyea neka M (+) e
rpynoua. MaTtpuuata
00
[—-0 0]-0

€ HYIITU eJIEMEHT BO M, a marpulara

{ (-x) (—.v)]

-(-y) (-0)]
KOjalITO € CIpOTUBHA Ha X, vcro Taka My npumara Ha M. AcoumjarusHocTa M
KOMYT4TMBHOCTa NpY CcOOBMPAaHETO Ha MaTPpULU BaXaT BO OMUT ciydaj, ma 4 3a

matpuumte o M. Cropen Toa, Af(+) € KOMYTaTHBHA rpyra.
Bunejkn

Bunejku

XX, =|: TR TAY AR +}’|X3] (=X;-X;).

~WXa — X V2 X Xa — Vs
Te. X,,X, eM = XX, €A/, cnenysa pexa M () e rpynoun (v Toa KOMYTaTHUBEH ),

a NopalM acoUMjaTMUBHOCTA HA MHOXEHeTy Ha MaTpuuu, A () € mnoiyrpyna.

b 1

e om obmuxoT (*) u e HeyTpajeH eneMeHT Bo Af(:). 3a npou3BonHa MaTpuua

Marpuuara
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X( 0) co obnuk (*), matpuilaTa

L [x - =X-!
X+ v: v X

My npunara Ha M v e uupepava na X, Te. XX ' =X"'X=E. 3uaun u Af() e Ko-
MyTaTuMBHa rpyna. JacHo e neka BaXW M AMCTPUMBYTUBHMWOT 3aKOH, Ha O]l CeTo Toa
. clienysa neka Af(+.-) e none. ([a ce suau L1.6.)

21. Ha ce peluar cleQHUBE CUCTEMW JIMHEAPHW PaBEUKM CO MMOMOWI Ha
MATPULM:

2x+3yv= |, 2x+3y=1, 3x~2y+ =0, ax+y+ =0,
a) Y ly= 9 x-2y=4. B gx-4y+3=0 ") x=v+a=0.
Onarosop a)x=~1/7, y=3/7.6) x=2, y=-1. 8) CucremoT ¢ exeu-

BAaJICHTEH CO CUCTEMOT

S HEE P TS|
=518 SIG-)

Ol UITO CNelyBa NeKa MHOXECTBOTO pelleHMja € onpenesieHo co: x=2f, y=3f, z=0,

Crnopen Toa:

npu wto t € R e npouspolieH.

r) Ako a#-—l, toraw co x=—f, yv=(a=1)t, z=¢, telR, e UCLUPMEHO MHO-
XECTROTO pellleHnja Ha cuctemoT. 3a a =—|, pewenue e cekoja Tpojka Y =—n—v,
v=u, z=v(u,v € R).

22. Bo oBoj naparpa paboresme camMo BO MONETO O peATHMTE 6poenu.

a) Jla ce BOOYM NEKa WUCTWTE Pe3y.TaTW ce NOGMBAAT KOra NOJETO Ha pPealHM-
Te GpPoeBU ce 3aMeHU CO MPOU3BOIHO fnone P.

6) Ma ce pasrnena cnemwmjanHuor ciydaj xora P ={0.1} e nonero co npa
€NEMEHTa M lla ce [okaxe JIeka MocTojaT ToyHo 16 MaTpuum on BTop pen Han P.

B) Jla te HajmaT cure HECUHIYNapHM MaTpULM Mery HWB, 2 M HUBHMTE WH-
BEP3HM MaTpULIM.

O ar oer o p v) Hecurrynapuu ce: E=[(l) ?] A=[(l) (l)], B, =l:} (l)],

1 1 0 0 1 - 0 1
Bz=|:0 1], B3=|:l ]], B4=[l' l]' Ipuroa: E-'=E, A'=A, B, l=|:l l]:

23. Bes na ce xopucTaT cmojcTata 12°, 13°, ma ce nokaxe neka: axko B e
necua, a C jeBa vHBEp3auja Ha m X n-maTpuuata A, Toraw B=C,

Pewewnwue On E,=AB, E,=CA, crenysa neka C=C-E, = CAB
=E,B=B. :
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24. Jla ce npopepd NaiM maTpullaTa A WMa [iecHa MHBEP3Uja, a DO MOTBPAEH
CNyuaj Ila ce ONPEACNIAT CUTE [ECHW WMHBEP3UM Ha A.
X 14

110 L 1o
3) A=[o 1 I]; 6) A=[2 2 o]-

Pewewuwue a)3a kou 6uno 6poesu x, v, maTpuuata B=|]-x -v|e
x=1 l+y
IecH2 WHBEp3vja Ha A, a M, yluTe Mopeke, cexoja IECHA WHBEp3Uja Ha A e of
HaBeneHMoT OBJMK.
6) A Hema necHa MHEBep3uja.

25. lla cc nokaxe Jeka B e necHa MHBep3Mja Ma A axkko 5 BT e nepa
MHBEp3Uja Ha AT,

26. Hexa B e secua hHaépmja Ha A, 1 dHeka X,Y ce maTpuuu o1 obIMK
nxm,a U Von obnuk mxn. Ja ce nokaxar cleqHWBe 3aKOHH 3a KpaTere.

a) XA=YA=X=Y; 6) BU=BY=U=V.

27. JHa ce nokaxe Heka, ako A e Marpuuata o npviMepoT 6), Toraut
A* =(1/4)A e ennucTeeHaTa MaTpULA IUTO I'M 3a]0BOIYBA YCIOBUTE 7)-iv) on 20°.

P e w e n u e Tlpso, on auckycujara no 6) cienypa neka A* =(1/4)A ru sa-
noBOJTyRa CITOMEHATUTE YCIIOBM, KAKO M Jieka cekoja obuup B Ha A e ox obnmxor (9).
ITotoa on paseHcTBaTa:

1 ljja b}_la+c b+d a bi[l l]_[a+h a+b
1 1j{c d]| 7 |a+c b+d]| |[c dl|l 1|7 |c+d c+d
clieflysa JIeKa YCJIOBUTE iii) n iv) ke Gm}aT MCMOJIHETO 4KKO C& TOYHU paBeHCTBaTa

a+c=b+d, a+b=c+d, 1e. a=d,hb=c.

1 a b]
Bz— ,
2(a+b)[b a
OJl WITO cJienyBa AcKa: .

1 a bl 1lla b]_111 1
BAB= g s allt L6 )=l 1)

na 3Hayu A e o6uHB Ha B akko a =b =1, Te.
11
=3l 1=

28. Jla ce mokaxe meka IMCEBIOMHBEP3OT Ha:
a) HyjITa MaTpulla € HyJITa MaTpHla;
- 6) cuMeTpWuHa MIEeMIOTEHTHA MaTpuua A e A

Cropen Toa:

LITO U CaAKABME A TOKaXeMe,

3) TepMMHOT akKO € kpaTeHka 3a M3pa3oT "ako W camo ako”
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29. Axo A =[: }] Haa mogneto P ={0,1} (Bumu pex6a 22), na ce ompenemu

"MEHOXECTBOTO 0Jl cuTe MaTpuun B, Takeu wto B e obuus wa A.

L
) U fa2p][1 17, 117 [a b
Pe we uue INopaau [1 l][b'a][l 1]—(a+h+c+d)|:l 1], [b a]e

06MHE Ha A akko a+b+c+d =1, on wro cnenypa neka B e o6uim Ha A akko:

‘*G{[%_S]’[‘é o1 5108 S oI 040 1))

. Ila ce mokaxe mexka ako A e kako Bo MpeTXonHATa BeX6a, Torail He
mocTou Manuua A* TO r'M 3anoBosTyBa cuTe ycnonu 1) - iv) ox ceojcteoTo 20°.
(Osoj peaynmr HE € B0 cnpoTUBHOCT co ceojcTBoTo 20°, BUaejkn TaMy ce npernoc-
TaByBa leKa ce paboTH 3a MaTPULM HaJl NONETO ol peanHuTe 6poesit.)

31. Oa ce onpemenu IICEBIAOMHBEP3OT A* Ha MaTpuuaTa A=[; 8] MpU LITO

(32 pasnuka on nperxomuMTe pe pex6n) ce paboTW Halx noneTo o peasHUTE
6foenn.

Pe e n ue Tpoo, necro ce npoeepypa neka B.—.[z Z] e obuHB Ha A

b

akko @ +h =1, TToroa, AB=[Z /7] € CUMETpUYHA aKko b =a, a BA=[a+b 0]

c+d 0
cumMeTpuyHa akko d =—-c¢. Cnopex Toa, A* =B ru 3a/10BOJIYDA ycnéBwTe i), iil) u
iv) akko B uma obmmk B:[Iﬁ_z ”3], kale Wro ¢ e koj 6uiio peasned 6poj. U, na

kpajot, paseuctsoro BAB=B Mimuvpa ¢=0. On cero Toa cremysa neka

Lo
A “5[0 0]'

32. Da ce nokaxe neka, ako a e 6poj pasnuyen o HynaTa, Torau

a) (aA)* =(1/a)A+; 6) A2 =uA = A" =(1/a2)A.

33. Heka A, B u C ce matpuum taksu mwro AC= B, v neka A e 06uHE Ha
A, re. AA"A=A. Jla ce mokaxe nexka ako Xo =A"B, Ttoram AX, =B.

Peuewuue Uvame B= AC = AA;AC =AA B = AX,.

34. Na ce nokaxe neka 3a cekoja mMaTpuia A (Han R) ce TouHu paBeHCTBaTa:

a) (A*)TATA=A; 6) AAT(A*)T =A

Pewewune Ma soounme npso nexa yenosute Iii) v iv) on 20° moxar nma
ce IIPETCTABAaT M Baka:

iii') (A")TAT = AA*, iv') AT(A*)T = A*A.

Muoxejku ro iii' ) onmecHo co A, nobusame: (A")TATA=AA*A=A, Te a).
Canvno, on iv') ce nobuba 6).
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35. Jla ce moxaxke Neka 3a cexoja maTpuua A, ako (ATA) e obune Ha ATA,
Toraul ce TOYHW paBeHCTBaTa:

a) A(ATA)Y ATA=A: 6) AAT(ATAY A=A

Peweu ne Muokejku ro papercteoto ATA(ATA)"ATA=ATA, oaneso
co (A*)T, cropen sexbara 34,' nobviBame

A=(A")TAA=(A*)TATA(ATA)"ATA=A(ATA) ATA,
T.. TOYHOCTA Ha a). ‘

Criopen 16% n (ATA)"T e obuns Ha (ATA)' =ATA, na, cnopea a), “Mame:
A(ATA)YTATA =A. Crapajkv BO MOCNIENHOTO PaBEHCTBO Al namecto A, nobvieame:

AT(AAT)AAT = AT, on wITO, CO TPaHCNOHYVpatHe, ce N06uBa 6).

VIL. 2. JleTepMUHAHTH

Bo IV. 2 ru neduHUpasme NETEPMUHAHTATE O BTOp W TPET pen. Ospe ke ro
"0BOMUITUME OBOj MOMM ¥ Ke nepuHUpaMe NETEPMUHAHTHU OL N-TW pel 3a TNpOU3BOJIEH
npvponeH 6poj .

2. 1. JleTepMMHaHTHU oA n-TU pea

Jla ja pasriefaMe KpaapaTHaTa MaTpuua oil TpeT peil
a3
A=lay ayp ax| (*)
az A4y 03
kafe ITo a; ce peajHn Gpocsu. Cnope/l aegMHNUM]aTA Ha [CTEPMMHAHTUTE
on Tpet pen (1V.2.2), umame:
ay dp 4
det A =0y Gy G| = a30nds55 01305303 T 330,03 ~ (%)

as;; adyp 4

33

—A130203 — Q1202333 — A1 Q3303

Ila ro aHaJusupame 3BMPOT Ha WeCTC MPOM3BOAU CO MOMOIL HA KOW ©
nedpuHUpaHa oBaa [AcTepMMHaHTa. Boouypame jcka Kaj CUTe TUE IPOU3BOAM
NPBATC UHICKCHM CE BO NMPUPOICH pacnopci 1 2 3, jojieka BTOpUTE MHJIEKCH
ro MeHypaat pacnopeioT. Criopejl T0a, UMame

det A =3 tay, g, i, -

Ja BuaMME [UTO € 3aCHHHUYKO kKaj OHME TIPOW3BOIAM IUTO CC 3EMEHU CO
jyak "+”, a ITO Kaj OHWEe cOo 3HaK "_ " Thejamc feka co 3Hax "+" ce
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3CMCHWM: NPOM3BOAMTC HWUM BTOPU WHUCKCH WMaaT efHa of CleAHUBE Wep-
MyTtaumm: 12 3,231, 312 Tlpsata on HuB € o npuponen pacnopef, a Bo
BTOpaTa Toj pacnopen ce Hapyluysa fapanatw, Gunejku 2 v 3 ce npea L u Bo
312 umame npanatu HapyllyBake Ha NPUPOAHMOT pacriopen, Gumejkr 1 u
2 ce nocye 3. Cekoe HapyluiyBathe Ha NPUPOJHUOT PACIOPEN 'O BUKAME HE-
Bepsnja. Criopeq Toa, BO CHTe Tue TPU NEpMYTaUMU uMmaMe faper 6poj un-
sepsuu. [lepMyTaunnte Ha BTOpUTE MHEEKCH O/l MPOM3BOAMTE IUTO CE 3EMEHHU
coHak "~ "ce:321,213u132 Bo NpBaTa O HUB WMa TPU HHBEP3IUM,
4 BO BTOpaTa M TpeTaTa I efHA. 3HA4YM, BO CMTC TPWU MMaMe Helapen 6poj urn-
sepsuu. Oj1 M3HeceHOTO clleyBa jieka, ako co 1, ro o3snaumme 6pojoT Ha
WHBCP3NUTE Ol NepMyTallMjaTa o) oL, 05, TOFalll K& UMaMe:

det A =3 (=)'« Aq, Arq, Asq, - €TY)
o

IMpuroa, %’, O3HauyBa Jicka TepMyTauujata & Tpefa fa ce MEHyBa BO MHO-
KECTBOTO 01 cUTE 6 NEpMyTallMM O TPU CNEMEHTM, U fa ce cobepat cure
nponssonn (~1)'«ay, iy, A3, -

JacHo e cera kako Tpeba pasenctsoTo (+%7) na ce uckopuctm 3a gegu:
HUpathe ACTCPMUHAHTA Of 7-TH pef.

Ilpen na ja u3neceme AehMHUUMjaTa HA AeTepMUHaHTa ol n-THU peq,
ke ro oGONINTMME NOMMOT 3a MHBep3Mja NpU nNepMyTauUMTe OO /1 eJEMEHTM.
Heka o ooy o...00, € nepmytaumja on Gpocsute 1,2.3. .. .n. Axo
o; >w; 3a i<j, Toram 3a jpojkara (o;. ® ;) BeMme Oeka ofpalypa HHBED-
3mja Bo nepmyTaunjata o. Co [, ke ro 03HauMMe 6pojoT Ha cuTe MHBEp3UU
Ha nepmytaumjata o. Ha npumep, ako e a: 4 5123 6 8 7, nmame J =T7.

Ha ja pasrincuame cera KBaapaTHaTa MaTpuua of A-TU pes

ay ap-ayy,
Ay Q30 @y,

A= . : )
Ap Ay - Ay

AKO O e gafeHa nepMyTalMja Ha MHOXECTBOTO iL.2.....n}, ro dopmu-
paMe NpoUu3BOAOT
(—l)lu alql a?,a: '"ana" s (2)

kage mito /, ¢ 6pojoT Ha MHBEp3MMTE Ha nepMyTaumjata ob. Ako o ce Me-
HYBd BO MHOXECTBOTO OJ CUTE NEPMYTAlMK Ha {1.2.....n}. ke mobueme n!
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npoussoam ol oBJINKOT (2). 36upoT Ol cUTe TAKBW NMPOU3BOAMW TO BUKaMe Je-
TCpMWHAHTa H2 MaTpHUATE A u ro o3Hauysame co det A. Criopea Toa:

detA = Z(—l)lu Ay, Ayq, g, - (3)
o

NpM 1TO 3HAKOT 2 O3HAUyBa NIeKa tpeba nia ce cobepaT cuTE MOXHM n!
a
NPOM3BOM [UTO MM OLrOBapaaT Ha CMTC MOXHW nepmyTaumn on {1.2....n}.
ITpoun3sogoT (2) ro BUKAME FICH Ha uerepMuHaHTaTa detA.
M BO onuIT cllyuaj ACTEpMMHaHTaTa Ha MaTpulara A ce o3HadyBa Co:
@y i7" i

Ay Uyy = @
det A =721 722 In

................ )

Tlorope BMaoOBMe J€ka OBAE NalleHATa gehuHMIMja 33 NETCPMUHAHTATA,
3a n =3, € BO cOrjacHoct co peuHULMjaTa BO 1V.2.2. HUctoTo BaXy ¥ 3a

n =2 uMeHo, cnopen (3) uMame:

ay 92
ay Ay

0 -1
= (-1)° apapp +(=1) Appa =dndzn ~ G-

a Toa 3Ha4K - kako Bo IV.2.1.

Cnopen Toa TOYHO € CJICHOBO TBPE/ICHCE:

1°. [deghuruyuuitie 3a delfiepMunaniiu 00 BLop U wipeini ped dadenu 6o
IV.2 ce coeaachu co depunuyujaiiia 3a deiiepMunanitia 00 n-itiu peo. O

Cropes 1°, AeTepMMHAHTH OIL BTOp M TPeT peil ce NpecMeTyBaaT KaKo
W nopaHo, a Tod ¢ (kKako mTO 3HaeMe) PeNaTUBHO JIECHO. Ho 3a n24 (3ace-
ra) MoxkeMme J1a ja KOpUCTMME CaMmo dopmynata (3), a Taa 3a NPaKTUHHM LC-
JIM, peumcu e Heynotpebausa. o KpajoT Ha OBOj naparpad ke rv oboniuTu-
Meé CKOpO CMTE CBOJCTBA Ol IV.2, co wro ke rnobueme mnopeke Ha4YMHU 32
pecMeTyBakbe Ha HETEPMUHAHTN OL npowssosied pel. Ilpso ke pasrielame
TpHU TIPUMEPH.

1) 3a n=1, Hema na npapnMe pasiika mery marpuuata A ={a] u detA=a.
(Ho, 3a n22 cexoralu Baxu detAzA) .

2) KeajgpaTHaTa MaTpulid A =]a,] BenvMe neka € ropHO TPHAroJHa aKo

ay =0 3a i>/j Te A uva ofmvk:

ap dpy Gy
0 ayp ay- -ty

A=|0 0 az--—-as | 5)
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Ha ja npecmerame netepMuHaHTaTa ol onaa MaTpula. [0 BooyyBame 4neHoT

-1
(~1Yeay, ay,, -a Ay

n-la "

n-1
3a na we 6ume Toj npouison HyJla, noTpebHo e o, =#; NoToa O, j; MOXE Ia He

Ouje Hyna camo 3a k=n-1 u k=n, na 3raum mopa na 6une o, , =n~1. Ilpo-
NoIDKYBajkM ja opaa nocTarika 106MBaMe [leka MoxXe jJa He Buje Hyna caMo 4JIeHOT
(=D%ay a4 ---a,,. OI WTO cienypa leKa
detA=a), 0+ -a,,,
T.e. HeKa OelliepMunUHIAailia 1a edua copho [PUaALOJIHG MATAPUA ¢ edHaKea Ha upous-
800011 00 esteMeHTTUIlie WO C¢ HAOSAdTl H( eaaaHAITia QUjdeOHAA.
3) Ha ro onpeienvMe 3HAKOT co Koj Npy1 npecMeTyBaweTo Ha det A Tpeba na
CE 3EME TNPOMU3BONOT @, d., +--d, ON EIEMEHTUTE Ha 'criopemHaTa IMjarodama”.

Ilepmytaumjara nn—1...321 uma:

n-D+(n-2)+2+l=—=

n(n-1)
2.

nta-1

MHBEpP3WH, Of1 WITO clexypa neka ke umame (—1) 2 a,a, a

n=1"""4

2. 2. CpojcTBa HA JETEPMHHAHTHUTE

Opje ke nokaxeMe HEKOJIKY CBOJCTBA 3a JETEPMUHAHTMTE, KOM, Mery
IpYroro, K¢ HW Io OJleCHAT HMUBHOTO NpecMeTyBakbe. Ke noyHeme co emno
CBOJCTBO 32 MNEPMYTalMUTE,

3a elHa HepMyTauMja OLlol O,-- O, BEJIUME JIeka € AapHa ICpMyTaIH-
Ja, ako e napeH 6pojoT Ha MHBEP3MMTE BO Taa nepMmyTaluMja, a HenapHa - BO
cnpoTUBHUOT ciy4aj. Heka ¢ manena nepmyraumjata

a:al...ai-..aj...a"
M CO Hej3MHAa NOMOLI Heka ja GopMupaMe nepMyTalujaTa

f.

(x 'a]'"a’j'“g'i"'an'
BeianMme nexa o e gofiMeHa ojl O cO MOMolll HA €fHA TPAHCIIOSHIH 2. 3Ha-
4M, TPAHCNO3ULMjA Ce BPIUM HA TOj Ha4YMH LUTO BO JafeHa NepMyTalMja cu
I'M pasMEHYBaaT MecTaTa [Ba ejleMeHTa (BO CIYy4YajoT o; U o j), Hofeka mapy-
TUTE €JIEMEHTH OCTAaHYBaaT Ha CBOUTe MecTa. Jla fokaxkeme cera Jeka:

2°. Co uzsputysarbe na edna Wpanciosuyuja ce memysa dapHociiia na
uepmyiiayujaiia. v

J o x a 3. Ke npernoctaBume mpeo fieka j =i+1; Toram pgo6uenara
nepMyTauMja Ke uma obaMK o)...0_; O, &, O ,5...0,. Crioped Toa, Bo Hea
CUTE 4YJICHOBU MMaaT WUCT MeryceGeH OJHOC Kako W BO NpPBOGMTHATa, OCBEH
napot (o;.;,1). Ako (o;.0,,,) He NpaBM MHBEP3Mja, T.e. aKO O; <

i+1» TO-
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ram (o;,,.0;) ke 6uae MHBEP3Mja; 3HA4M, BO OBOj cny4aj HoBaTa TiepMyTa-
LMja ke UMa elHa WHBep3nja nopeke. O6paTHO, axo O, <O, TOram HOBaTa
nepMyTaliMja ke MMa eQHa MHBEp3Wja NOMAJKY. Bo cekoj cny4aj nmapHocta
Ha [ameHaTta NepMyTauMja € CAPOTMBHA Of MapHOCTa Ha jJofueHaTa.

JIla To pasrienaMe ciy4ajot kora j>i-+1. Akxo ujeHoT o; ro pasme-
HyBa TIOCJIEJOBATETHO MECTOTO CO Cljyy » Ojp2.---.0 ;1. O; ke ja jmobueMe mep-

MYTaLMjaTa Oy ... Oy Objyere Oy O ;00 ... 0L, TlpuTOa, j—i Math ¢ npo-
MeHeTa TIapHOCTa Ha MoYeTHaTa nepmyTaumja. [Tomartamy, O; Heka ro pai-
MEHM MECTOTO NOCIENOBATENHO CO O, |,...,0;,; Taka ke ce aobue nepmyra-

LMJaTa Oly... 06 q OL; O e O i OOl .. 0L, KOJa OM ce no0uiaa v AMPEKTHO

aKo o; M aj ' pa3MEHEa MecTaTa. le/l JOBCAYBAHCTO Ha G.J- Ha MECTOTO

Ha O.; Ce W3BPIUECHM yIUTe j—i—] NPOMEHM HA TapHOCTa, Taka IITO 3a Na ce
nobue MapHOCTa Ha MNociefHaTa NepMyTaumja, morpebuo e j—i+(j—i-1)
=2(j—i)~1 natm ga ce NMpomeHM NapHOCTd Ha NPBOGUTHATa NepMyTaluja.
On Toa cnemgyea Jeka npeobuTHaTa W jo6veHaTa nNepMyTauMja MUMaar
CTIPOTMBHA MapHOCT, [ITO M cakaBMe Ja Jgokaxeme. L[]

3°. AKko cuiie enemenitiu 00 eOHa peduya na eona OeiepMuHnaniia ce

foMHOXAT co eden ucili 6poj k . wocaw dobuenaiia deiliepMunaniua e edHakea
Ha dpeobunaia, Ao MHOKena co k .

I o k a 3. Heka ay =b,-j 3a i#v, a bw' =k-a‘7-, T.e. Heka MaTpuuaTa
B=[b;] ¢ nobueHa on A =[a;] Ha TOj Ha4MH [ITO CHTe ¢JIEMEHTH O pe-
AMIATA V ce NIOMHOXEHW co kK, a ApYruTe pefuL OCTaHyBaaT McTH. To-

ram w“uMame:
detB =3 (-1)'e bla, "'bvav "'bna.,, =
o

=k'Z(—1)l“ A, Ay, *** A, =k-detA. O
S ‘

Kaxo nocieavua of opaa TeopeMa, dobusame:

4°. Ako cuitie eJleMeniau 00 eOna peduya Ha maiapuyaiia A ce nyu,
wocaw detA =0. O ‘

Ha mcT HauuH Kako TeopemaTa 3° ce JoKaxysa M ClieIHaBA TeopeMa:

5°. Hexa cekoj enemeniii a;; 00 peduyaiia i na maipuyaitia A uma obuK

) 2]
a; =aj +aj-

Hexa A' u A" ce Maifipuyu Kouwisio ce cosaalaaii co A 80 cuide peduyu oc-
er 60 peduyaiiia i , Kojawiao 60 mampuyaida A' ja obpasysaaii eneMeninue

!

al] s

a 60 maimipuyaina A"’ enemeniauine aj . Tocaw
) detA =detA’+detA”. O
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6°. Axo 60 edna Oeiliepmunaniia ou pasMenaid 3aemno meciwaiua Ose
pasuny peouyu, Mocd Oeifep Munaniiaii <o MEHYBA 3HAKOW.

A o x a 3. Hexka A =la;] n Hexa

a; =b; 38 i#r.s a;=by.ay =b,. ¢
Cnopen Toa, maTpuuara B=[b,-j] ce nobuea on A Kora coomBeTHMTE elie-
MCHTM O peauuutTe ¥ W S 33aeMHO TI'M pasMeHaT MecrtaTa. [la Boouymme
encH 4wien (—1)/« bla,"'bnx’ "'b_\-al"'bm" ox detB. Ako ce uma npegeug ¢,
ke ce nobue neka TOj NPOU3BOJ € CIHAKOB CO:

(=Da g, *+ A, Gy -

. e,y =(=D0aa, ca. eq. ..
s, Ty, =(-D g,y gy A

r nall'
Ipwnroa, mpernoctasysame mexa I, ¢ 6pojoT Ha WHBep3MM Ha nepMyTalMja-

Ta oy...o,...0,...0,. Ako [y e 6pojoT Ha MHBep3MMTE Ha flepMyTaumjaTa

oy.eaOy...0, ..., cnopeld 2° k& MMaMe -

(=Dfe =—1.(=1y"%.
Ox Toa cienysa TounocTa Ha paBeHCTBOTO:

(__l)I(x bla1 ...b’a’ ...bm: ...bna" - (_l)l; a]dl ...am:...am’ ...ana" .

Na 3HaYU cekoj of 4ieHosuTe Ha detB e 4ieH W ua detA, Ho co cnporu-
BeH 3HaK. 3Ha4um: detB = —det A, mto v cakaeme Ia mokaxeme.

7°. Ako coodeeiinuitie esiemeniziu 00 dae Pasiu peduyu ce ednakeu,
locau epednociia na Oelldepymunarninaina e Hyna. :

IO o x a 3 Hexka cooaseTHUTe elneMeHTH Ha peIMuuTe ¥ U 5 on
JeTepMMHaHTaTa A ce CIHAKBM, W HeKd NPU pa3MeHa Ha HUBHATA
MerycebHa monoxba ce nobue IetepMuHanTa  A*. Cropex 6° wumame
A" =—A, a jacHo ¢ M geka A = A* (6uaejkr MecraTa TH pa3MeHaa egHakBu
€JIEMEHTH), NMa 3Ha4M uMaMe A=-—A, te. A=0. a

8°. Axo cuilie enemeniziu 00 edna peduya ce AoMHOKail cO eder ucii 6poj
u Oobuenuite apouzsodu ce dodadaili Ha coodseilinuiie eNlemenitiu 00 nexoja
opyea peduya, iwoeam OeiddepMunaniziaitia nema da ce upomenu.

I o x a 3. Heka eneMenture on peaMuaTa r ce NMOMHOXAT €O €leH MCT
'6poj @ W ce nomagat Ha coomBeTHWTE eJieMeHTH ol peavuata s. ITo usepnue-
HOTO fofaBaibe Ke ja nobueMe metepMMHaHTaTa A%, 3a Koja elleMEHTHTE of -
peiMuaTa s uMaat obIMK a-a,; +ag, a cuTe IPYTM PEAMLM Ce UCTH Kako M
Npn no4eTHarta AeTepMuHaHTa. Cnoped TeopeMaTa 5° ke UMame

. A* = A+ A™,
Kafe [ITO eJIeMEHTUTe OJl peaMuaTa § Ha A™ wmaat obiuk 4-a,, a cure
JAPYTH ce MCTH Kako U Bo A. Kopuctejkn ja' teopemata 3°, moxeme ol
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eNeMeHTHUTEe Ha pexmnarta s (20 A™) ga ro wisjeveme 3a€[HUIKMOT dakTop
a npea 3HAKOT 32 NCTCPMMHAHTATA, CO LITO ke jlobuveMe ACTEpMMHANTA YUM

peavuM » M § Cc €dHaKBW, na cropel 7°, nobupame A™ =0, Te. A"=A, a
Toa Y cakaBM¢ J4 Jlokaxewmc. U

-

2. 3. CuMeTpHja Mel'y peiMIIMTe M KOJOHHUTE

Co ,IIC(I)HHMI.[VIjaTa Ha JETEPMMHAHTMUTC, HA peaAuLUTE UM € nancHa no-
cebua yjiora, a u CcUTC CBOjCTBa WITO ' W3HECOBME TNnorope cc OJHECyBaaT
0 peavuuunTe. OBIIC Ke TokKaxeMe heka WUcTa yJjlora WMadT M KoJIoHUTe. 32
Taa lej ke pasrjcjaMe €lcH WMCT Nnpou3BoJ 0Of ofJIMKOT: 7

—yls*!

(=D apy, apy, 9y, (6)
xage wto B, P,...P, M ¥{Yy---Y, C€ IBE NEpMYTaUMK HA MHOXECTBOTO
{1,2....n}, a 113' nu 17 6pojoT Ha HMBHMTE WHBEP3UU. Bo nepmyTtaumute 3 M
Y Ke W3BpLIMME TO €QHA TPAHCMO3WLMja, Taka [ITO K& WM TI'U 3aMCHWUME
MecTaTa Ma uieHosuTe co Mugekcu i wm j. Taka ke rm nobueme mepmyTa-
wte By...B;..-Bi-By Vi YjeYioYa, co 6poj Ha mHeepwn Ig . m 17
coompeTHo. Cnopen Teopemata 2°, / ['; ¥Ma CNpOTUBHA NapHocT of /g, a 1;’
on I,. On oea ciemysa fexa (=Dl = (=l

Ila ro pasriegaMe cera IBMport:
Ig+! - :
%(—l) " Apyy, Way, " By, (7

wTo ce NOBMBA Kora B ce MeHyBa BO MHOXKECTBOTO of cuTe n! mepMyTa-
M, a ¥ ¢ jukcHa nepmyTaumja. Bo npoussogoT (6) uMa no efeH MHOXW-
Tesl OJ CeKoja peAMlia W ceKoja KOJIOHa, IWITO 3HAaYM Jieka BO 36upotr (7) ce
jaByaaT Kako COOGMPOLM MWCTUTE NpoOM3BOIAM Kako M BO detA, xage iUTO
A =[ag;] Ke nokaxeMme JeKa CEKOj O THMe COBMpOLM YYeCTBYBa CO MCT 3HAK
go (7) xako u Bo detA. 3a Taa Uen BO IPOMIBOJAOT (6) ma ro mosegeMe Ha
npeo Mecto (akTopoT a4, , Kage WTo f, =] Cropéa norope M3BpIUeHaTa

JUCKyCcHja MMaMe:

Ig+1 .
(=1)*" v apy, -y, =

.

13+17 ’
—(=1)'s . e
( l) ! alYk aﬁﬂz aBk-ﬂk-\"nm aﬁm’nu aﬁﬂn > .
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kane wro /3 ¢ 6pojoT na WHBEp3IUUTE O)t IRy BroayBrer' By o @ 17 on
YiYaeo-Yiea¥1Ygar---Y». PaboTcjkM Ha ucT nauuH, MoxeMe Kako BTop (ak-
TOp /1a I'o NOBEAEME ay, WTH. JIofieka He cc Jiobue

1 -+
(__l)/a+ ! aBIYI '..aBnYu = (—l)lo a al"ll al“z .”.a""‘n °
.0,
12...n, 1e. /5 =0. Co Toa nokaxasme neka 36UpoT (7) ¢ enHakon Ha detA.

npu wto /[, ¢ 6pojoT Ha WMHBEPIMM HA NEPMYyTAlMjaTA O O,...0t,, @ 5 Ha

Ha cocema uWCT Hauum ce fnoxaxypa jicka detA € €QHAKBA U €O
CJIEAHUOT 30Up:

Z(~I)Il‘ i aYlpl aY:F’: '“a’/uﬂn . (8)
Y

TouHa e, 3HauM, cieaHaBa TCOpeMa:

9°. Hexa A =|a,; ] e keadpaiina madipuya co ped n. Cekoj 00 36uposuiiie
(7) u(8) e ednakos co det A. O

Axo Bo (7) 3eMeMe Y, V,...y, H4 ce COBNaJHE CO MACHTUYIIATA nepmy-

Taumja 12...7, Toram kako cneumjajeH ciydaj on 9° ja gobusame ciaeqHapa
TeopeMa: '

10°. detA =%—1)’n ap,1 A2 ap 5. O

l'[opano 3abesiexaeMe neka cuTe caojcma IITO €€ OJHECYBAaT No peau-
LUMTC BaXAT U 32 KOJOHUTE HA AECTEPMUHAHTUTE. Tounocra Ha Taa 3abene-
liKka cjenysa oJf cljieHaBa TcopeMa:

11°. Edna Oeitieprunanitia ne ce MenyGa axo peduyuilie u KOJAOHUTE U
3aMeHalli Meciiamia, .e. JIOMHO € PABEHCINGOILO:

T ayy, ay ax ---ay

2 Ayl _ (T2 G330y

J o k a 3. Heka A =[a;], B=[b;], xane wmro by #ai]-. Kopucrejen ja
nocjiefHaTa TeopeMa, A06uBame [IeKka

detB =3 (~D)/ebyy, bag, b, = T(~Day by b, , = det A.

o

" TeopemaTa 11° MoxeMe [a ja MCKaXeMe W Baka;
11". Ako A =[a;] e nxn-maiipuya, Gocaw

det A =det(AT). O
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Ke wi3HeceMe ymITe efHa BaXHa Teopema: ‘

12°. Axo A u B ce kaadpaiinu maitipuyu 00 UCIH ped n, Rocaut
det(AB) = (det A)(det B)

Jd o k a 3. Ako peloT Ha MaTpMLUMTEe ¢ 2, MpoBepkaTa ce CNpPOBEIYyBa
auvpekTtHo. Ke pnaneme 1lenoced fiokas 3a n =3, HanoMeHyBa)kM Acka HUILTO
OUTHO He 6M ce NMPOMEHWNIO U BO Cly4ajoT jJa ce paboTH co MPOU3IBOJIHO 7.
Heka A =|a;], B=[b;], C=AB=|[c;]. Cexoj emement ¢|;, on npeara pe-
Jvia Ha C, Aa ro Hanuiueme Bo OOJIMKOT

iy =anby; +ayb,; +ayhy;

u Ha detC Jsia ja mpuMmenmme Tteopemarta 5°; ke jgobueMe:
p

anbyy apbiy  apbis| |apby  apby  apby| |apby apbsy  agsby

detC=| ¢, € Gy |t Gy Cn € |H € €22 23

€31 Cs2 C33 C31 C32 €33 C3 C32 C33

[ToTtoa, paboTejku co BTOpaTa pemuua, cekoja ol THe TPU HeTEPMUHAH-
TU MOXeMe fa ja NpeTcTaBMMe Kako 30Mp of Mo TPM HETCPMMHAHTH M, Ha
KpajoT, co NMoMOIl Ha TpeTaTta peauvua, AetepMuuantata Ha C ke ja mper-
cTaBUMe kako 0up om 27(=33) NerepMUHaHTH oj OGJUKOT

ball ba,l bal3
Ay, Aaa, B3a, Payi Doz Doyl (%)
ball busl ba33

IMpuroa, (o,.0,.03) € Hekoja Tpojka dopmmpana of 1, 2, 3.

AKo OBa cJIEMEHTa O/l Taa Tpojka ce ¢IHaKBW, JcTepMHMHaHTaTa ke 6u-
e HyJa, 3a1uTo JBe Hej3MHU peavuu ce eauaksu. Cnopel Toa, NMpeocTaHyBa-
at 6 (=3!) merepMMHaHTW of OBAMK (%), Kale WTO &) @, &, € NEPMyTaUMja
on 1 2 3. 3emajku nmeka J, e 6pojoT Ha WHBEpIUUTE Ha o) a, &3, c0 [,
NMaTU Pa3MecTyBailbe peaVliM BO JeTEPMUHaHTAaTa OJ [eCHATa cTpaHa Ha (x)
ke pobuneme:

by b b3
(-D0aay, Gy, 3, b2y by byl (x)
by b3 by

36upoT Ha cuTe 6 W3pa3u o obamkor (x’) ke bume det(’, na 3Hadu

\
det (AB) =detC = (Z(—l)’a Aio, A2, B3 JdetB =

a

= (det A)(detB). O
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2. 4. MuHopu M anrebapcku KoOMILIEMCHTH

Hexa A =[a;] e xpagpatia maTpuua o n-TM pel, M Heka co A, e
o3layeHa KBajpaTHa MaTpuua co pex n—1, wto ce nobusa kora om A ce
W30CTaBaT pefularTa / v xonowata j. Toraw 3a metepmuHanTaTta detAij =
=Ay; ke BeimMme feka ¢ mMmurop | ua A (W na detA) wrro omrosapa Ha

cjeMeHToT a;. Cnopen Toa nMaMe, Ha npumMmcep,
)

IlocraByBame cera 3aflasa na ro onpedefume 3BUPOT O CUTE HJICHOBU
Ha det A, Bo xoM ce jaByBa kako (akTop (PUKCHMOT eleMeHT a,.

3a Taa uen, nerepmuHatata detA ke ja HanuuieMe BO OBIMKOT
_ To+]
det A =3 (=D Vagay - -a,.p Qg ay, . ©9)
a

kafe wro /; e 6pojor ma uueepsumte Ha B fB,...03,, a I, wa rl12..r-1
r+1...n; cnopen Toa, umame I, =r-1, 6uucjkn r e po HWHBep3vja co 1, 2
-...#—1, a B0 & Hema apyrm umupep3un. Hac né WHTEpECUpaaT OHUE 4YJIEHO-

BM 32 kOM 3, =5, & HUBHMOT 3Up ke uMma obiuk
I,+1y
“”;H’ N, Gorp, Grorp,, g s (10)

kajie wto f* e nepmyrtaumjata B, B;...f, on 12...s—1 s+1...n. Osnauysaj-
KM ro co 1;} 6pojoT Ha uHBepIMMTE Ha B Py Bs...5,, ke mobueme mexa

Ig=15+s~1, 6ugejkn o ﬁ:ﬁ,ﬁz...ﬂ", By =5 € Bo wnHBep3uja co 1.2,...,
s—1, a Tve wHBepauM v Hema Bo F°. MMajku ro Toa npeasug U ¢aktoT

WTo (~1)7** = (~[)7*+5-2, nobusame gmeka 36mpor (10) ¢ emqHakos co

. I;
(“1)’.*‘Y Qs ;(_l) ﬂalﬂz Craep, ar*’lﬁrﬂ T Gng, : (11)

1) 3a 7=3, 0BOj NOMM € cornaced co MOMMOT MUWHOp BoBeneH Bo 1V.2.2. 3a n=2,
MUHOpUTE Ce NETEPMMHAHTM OL MPB PEl, a T0A C& COOABETHW ENEMEHTU Ha A,

Te. Ha detA.
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Jda craBume: b,-j=a,-,-, 1@ i<r, j<s§ h,-j=a,-_1.j

by=a; ;4 % i<r, j>8 hj=a,_y ;4 3 i>r, j>s. Vcro Taka, Heka

ja I>r, j<s§;

Vo=Bus 1 Bon <5, 8 Vo =P~ 3 B..1 >s. Toram nobueame neka Y
¢ nepmyTaumja ox 12...n1—1, a jacuo e acka Taa MMa TOJKY WMHBEP3UU. Ko.-
Ky u f, Te. umame 1;}:1},. HmMajku 1o Toa NpeBUjl, MOXEME /la Hanuiueme

17 \
%(—l) ﬂa]ﬁ._._ Qg Ariag,, "'an/f,, = Z(—].)lr bly, b?,y: “'hn-fly,,__l .
4

O mMa4mHOT Ha Kkoj ¢ onpejeieHa Marpuuata B=[h;] ce riena-neka Taa
ce nobusa xora ofi A ce M30CTABAT pejlMuaTa r M- KojoHara s, Te. Jeka
detB=A,. Oxn Toa cienypa jexa (11} moxc 4 ce NpeTBOpU Bo ODJIMK:

(-\y**a,A, =a.a,

rstrs

Kaace mTo
* r+s .
ar, =(-1)""A,:

a; ce BUKa FArcbapckH KOMIJICMCHT 2 Ha ejleMeHTOT 4, BO MaTpULaTa
A (uau BO JeTepMuHaHTaTa A =detA).

Axo ejieH ojy BpocBUTe r, s o (UKCUpame, a IpyrvoT ce MeHysa of 1
Ao 1, ke ja no6ueme BPELHOCTa HA HSTCPMMUHAHTATA, T.€. UMAME:

—_— * *
detA =a,, -a}, +a,,-a;, +--+a,, -a, (12)

detA =ay, -a], +a,, a5 +-+a,-a, (12")

ns’

Ilpu oBa € MckopucTeH (GAKFOT LITO 41EHOBUTE Ha IETCPMMHAHTATA
coapkaT MO €IEH, M CaMo MO CJCH MHOXMTE] Ol CeKoja pPeamuau cexoja
KOJIOHA.

JlobueHroT pe3yatar ke ro GopMmymiipame Bo efHa Teopema.

13°. Hexa A =|a;] e keadpaiuna maiupuya 00 n-ifiu ped u neka A, e mu-
HOPOIL HA eJle MeHIGOM a,, GO Mad Maupuya. AKo a; = (D" A, (lu.e ako a,
e aneebapckuoii KoMineMenii na a,,), mocaw ce wownu pasenciusama (12) u
(12"). 0O : '

TMputoa BenumMe neka Bo (12) geTepMHHAHTATa ¢ pa3BHEHAa 110 pCAH-
nara r, a Bo (12°) no KkoJIOHATA 5.

3emajky NpeaBusi eka aareGapckMoT KOMAJICMEHT q € €IHaKoB Ha
MMMOPOT A (MIM cc pa3iMKyBa O HEro caMo Bo 3nak), AoKaxaHara Teo-
peMa HM OBOIMOXKYB2 NPECMETYBarheTO HA ¢lHA JAeTEPMMHAHTA Ol N-TH pell
12 TO CBEJMME Ha TIPECMETYBAHETO Ha N1 ICTEPMMHAHTH CO pen n-1. Ke pas-
riegame jsa nmpuMmepa.

2) Bumv 1 IV.2.2.
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4) PaspupBajkv ja npuiioxenasa NETepMMHAHTAa MO NpBaTa penuua, noGusame:

L 2 -1 4] 1o 4l |12 a4l |1 o2 4
5 53 ) _4|=v3 -1 =s|-1]2 -1 -s|e12 3 =s|er|2 -3 -1f=-142
37313 1211 3 20 31 301 2

Hcrata nerepmuHauta 61 ce mpecMeTalla MHOTY Mo6pry ako npeTxomHo on ©
BTOpaTa, TpeTaTa M 4eTBpTaTa KONOHa ce oja3emellie npsaTa. Taka 6u ce no6uio Imeka
najeHaTa QEeTepMHHAHTA € e[HakKpa Co:

10 0 0| || L, 4
L1 =2 3|/ _| o 3 3l__ism
2 -5 -3 7= 3 =1
3 -2 -1 8 =
5) IHevepmunanTaTa co obmmk
1 1 1
] ay n
Ay=laf @ a
u;'.k.l.....a.,z.l._.l .......... ‘.l."._l

€ TMo3HaTa NOJ MMETO BAHIEPMOHAOBA 3 JETCPMHHAHTA.
Ako Bo An ceKoja pelrla ce MOMHOXWU co —a, W ce Nofajie Ha HapenHaTa,
Ke ce nobvie NeTepMMHaHTa MPHU KOja CUTE €NeMEHTU Ofl /-TaTa KOJIOHA, OCBEH TpPBM-

or, ce Hyan. Ilo paseuBareTo M0 H-TATa KOJIOHA W W3IBJIEKYBALETO Ha 3aeRHUYKMUTE
dakTopK OX cekoja peaMua Npel 3HAKOT 3a JETePMUHAHTaT4, K& nobueme:

A, =(a,—ayNa,—ay)--(a,—a, )A,_|, (13)
kane wro A, , € of nucT ofIMK Kako W A,. Axo ce uMa NpeNBML U PaBEHCTBOTO:
1 1
A, = @ a =da,—a,
on (13) nobusame:

2. 5. AnBep3ayu MaTpuiu

Ke nokaxeme ymTe ase TeopeMu 3a JIETEPMMHAHTHTE, & KaKo HUBHA
‘mociiefMua ke ja nobueme dopMynata 3a npecMeTypalhe Ha WHBEp3Ha MaTpH-
LA oJf €0HAa HCCUHIYJIapHa MaTpHulIa. '

Heka e panena xpajpatTHa MaTpula A=[a,-j] OJl 1-TVM pell, U HeKka BO
Hea QukcupaMe JBe pasMuHKU peamity I u k. TloToa, Heka ceKoj eJeMEHT
O/l peAmMuaTa kK TIo0 3aMEHUME CO COOJIBETHMOT €JICMCHT OJ1 pefuuaTa i ; Ta-
ka ja jo6uBame JETepMMHAHTATA:

3) Anexcaupap Bawuaepmonn (dlexandre Théophile Vandermonde, 1735-1796)



30 VII. IMHEAPHA AJITEBPA

an G - Oy,

a, a, .. a, peavua i
A* =] coeenens e

G GGy .. @, | peamua k

anl an?. ann

Bpentocrta ma metepMumaHTata A* € HyJa, 3AMITO ABE HEj3SUHM pPCIu-
umn ce ennaksu. Op apyra cTpana, MMHOPWTE Ha eleMeMTUTE Of peluuara k
Bo A® ce eHaKBM CO MMHOPUTE OJI COO/ABETHUTC €leMEHTM Ha pefuuarta k
B0 A; Toa e TouHo 6ujejkn A M A* ce palMKkypaaT caMo Bo peauuaTta k, a
NpU ONPCIE/YBAhETO Hd MUHOPUTC [UTO OMI'0BAPA4T HA €JIEMEHTMTE OJ Taa
peaMiia, Hea ja npeupTysaMe. AKO ja pa3lBUeME ACTepMUHaHTaTa A* no pe-
avuata k, nobusame

0=A" =aq,a;, +a,a;,+--+a,a;, .

3aMeHyBajKkM I'M CIAEMEHTWTC OJI KOJIOHATA § CO COOHBETHUTE EJIEMEHTH

O/l KOJIOHATa /, Ha UCT HAa4UH KaKo HOrope, ro jlofupaMe paBerLiCTBOTO;
0=aya), +a,;a3, Hoeta,an .

Jobriennte pesynratu, sacaHo co Teopemarta 13°, MoxaT fa cc dopMmy-
JMpaaT N4 CICAHWUOB HAYUH:
14°. Hexa A =|a;| e ksadpaiwna maiepuya 00 n-iwu ped, u nexa a,.;. e
aneeB6apckuoE Komitnesenw na a,. Toeaw
» detA 3a i=k,
Apn =

* "
nflakl +(1,-3(1k2+"'+a 0 a ik,

n

detA 3a j=ys.
0 3a j#s.

*

al_fal.f

+ayal +eetaan = {
3a marTpuuata A* =[a*;| senMMme Jcka e peHHIPOTHA MATPHHA HA
A TIpUTO4, Kako U jocera, a*y € ajirebapckUoT KOMIIEMEHT Ha a; Bo A.
Marpuuara (A*)T cc Buka agjyur#pana wa A, a ce o3nadysa u co adjA.
Kc ja /lokaxeMe ccra TOYHOCTa Ha CJIC/IHABA TEOpEMA:
15°.3a cexoja veadparana Mmai@puya A co peod 1 ce o Pasenciaeaid:
A(A")T = (det A)E = (A")TA,
kade wio E e eOunununaria vaiipuya co ped n.

A o x a3 Ja crasume (A*)T =B=[h;] ¥ C=AB=|C,-,-]' Criopea Toa
umaMe by =(a*;)T =a*; n

detAsai=j,

h 0 zai=j.

— —~ LI * L -
Cyj = Apby; +sby  ++ayh, = a)a” i +a;,a" 24 +a,0" —{
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On Toa cnemysa neka:

A(A")T=C= =(detA)-E. O

Cera JiccHo cc [OOWMBZ KDHTCPHMYM 34 HCCHHIYJAdpHOCT HA CIHA
KBaJlpaTHa MaTpulla, Kako W @opMyna 34 IIPECMETYBAHC HIIBEPIHA
MaTPHLA Ol HECUHTYJdpHA KpajJIpaTHa MaTpulla:

16°. Keadpatunaiwa madpuya A e necuneyaapna axo, u camo ako
det A = 0. Bo fwoj cnyuay: :

ATl = (AT = — A, (14)

A o x a3 Heka e detA #0. Toraw cnopen 15° no6usame:

I 1 1
Al —anm =L .(aam)T)= detA)E < E,
(dan( .)) delA( (an7) dor A LdetA)

U CIUYHO: [ (A*)T)A =E. On Toa cheuysa neka A e HecUHIyJapHa

det
MaTpulia 4MjallTo MHBCP3IHA MaTpuUUa ¢ maTpuuata A~! onpeuesicHa co (14).
O6patHo, Heka 1locToM Matpuua B Taksa mTo AB=E. Toraw,
cnopen 12° u 2,
I =detE = (det A)(det B).
on xage mwTo ciaegypa jgeka det A 0. TeopeMata e jokaxaHa, [
Ja pasrsicname jsa npuMepa.

6) A:B ﬁ], detA =-2, A" =[_§ _?] (A7) =[—-‘; —2|]"

112 0 30
7) A={-1 0 1| detA=3 A =|-1 -3 2|
20 1 =31

0 -1 1 (fo =1 1
(A")' =f{3 =3 -3| A'=={3 -3 -3|
0 2 1 o 2 1

(Hobpo € na ce npobepypa HOGMEHMOT PE3yNTaT, CO TOA ILITO K& CE& MPECMETA MPOMW3-
Boziot A 'A)

8) Axo A u B ce nmanenu kpampartHu MaTpUuM, NPU 15T A € HECUHTY.apua,
J1ecHo ce onpenenysaar mMatpuuute X U Y kou ce pellleHUja Ha pabeHKUTe

AX=B. YA=B.
Hmeno, umame
X=A'B. Y=BA"

(Tlopanm HekomyTaTUBHOCTa Ha MHOKerbeTo, X 1 Y MokaT Ta 6uiar v pasnudun.)
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2. 6. KpaMepoBo npasuiio

JobuenaTta dopMyna 3a npecMeTyBaihe Hda WHBEP3IHA MaTpuld Xe ja Mc-
KOPUCTUME TIPU [10KaXybarheTo Ha KpamepoBOTO NpaBuiio, UMK CrELMjaTHU

cnyyam 3a n=2 n n=3 ce pasraecaauu o IV. 2. 1 n IV. 2. 3.
Kako mrto cnomenasme v Bo 1. 4, axo € JafieH CUCTEMOT

an X, +a; X, +-+ay,x, =b.

Ay Xy + Ay Xy+e-+ay,X, =b,,

.................. ' (15)

H aKo CTaBUMC

ay Qe ay
a a a \'I bl
2 1
11 | n X, b2
A=] coeiiiin. N X = N B= R
X bn
Apy Apa - Ay

Toraw TOj ce CBellyBa Ha MaTpUYHATA paBeHKd
AX =B, 1s")

kajie wTo X € Herno3HaTa MaTpuud.
Axo MaTpuuata A ¢ HECUHIYJlapHa, MHOXejkW ja pasenkata (15') on-
Jieo co A~!, mobusame

A}

ade)B.

X=A“B=( L
det A

3a perepmuHaHTaTa A =detA ke pesuMe Neka € JETGPMHHAHTA Ha

cucremor (15). Axo matpuuara (A*)TB ja o3nauume co C=[c],.,, aobuame
C.
Xj = XJ
‘ Ke ro onpegesmme o6ankoT na ¢;. Umame:
* * *
G a‘n a*a--a*m || b apby +ay by +---+a, b,
* L *
Cy - (A*)TB= a*z a*n---atma || by | | @by +agbste-tab, )
M N R R T T .; ........ ;‘ ............. ;...
Cn a*in a*an--G%mn b, alnbl +alnb2 +”'+annbn

* * * .
on wTo ciaenysa ¢; =bya;; +bya; +--+b,a,.. Ako co A, ja O3HauUMMe jeTep-

MMMaHTaTa [To c¢ JIOBMBA KOI'a BO JCTCPMUHAHTATd HA CUCTEMOT HaMeCTO
KOJIOHaTd / ja cTaBuMMc KoJioHaTa Hd cJI0BONHUTE YJIEHOBH, T.E.
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Ay boa e,

A, =950 b, Az )00y,
'] --------------------------------- °

A==y b, Apjr1™ Ay

TOralll pa3BMBAjKW ja oBaa JETEPMMHAHTA N0 KOJNOHATA J . nobusame
Aj =bay, +bza;j +---+b,,a;] =c;
Co Toa ja mokakaBme To4HOCTa Ha clegHaBa Teopema:
17°. (Kpameposo * npasuiIo). AKo detgepmunanieada A na cucte Mo
(15) ne e nyna, focaw @oj cucitesm ume edna u camo eoHa n-ka pewuenuja
(x). %5 .....X,) o@pedenena co:
A _
X =T (j=L2....n). O
3a n=2.3 oBa npasmiio Getue mokaxaHo nopano (IV. 2. 1, TV. 2. 3).
AKO cuTe CNOBOJHM 4JICHOBM BO CHUCTEMOT (15) ce Hymm ro mobupame
CIOCMHVIOB CHCTEM Of N XOMOICHM IHHEAPHH PaBEHKH,
ap Xy +ay; X3+ 4ay, x, =0,
Ay Xy + 055 X3+ +-+a,, x, =0,

(16)

Ap Xy +a,5 X3+ +a,, x, =0.

Jacmo e neka x) =x, =...=x, =0 e egno pewienue Ha oBoj cucteM. Toa pe-
WEHNE To BUKaMe TPHBHJA/NHO, WIN HYATO. AKO NETEPMMHAHTATA Ha CHUC-
TEMOT HE ¢ Hyna, A= 0, nopaau Toa mwTo A; =0 33 cexoj i=1,2.....n, cno-
ped nmpaBuioto Ha Kpamep nobuBame gmexa cucteMorT (16) wma emuHcTBeHO
pelieHune, MMeHo TpuBmjaiHoTo. Yecto naTw, Meryrtoa, of WHTEpeC € Oa ce
HajIaT W JIpyru pereHWja, ako TakBW nocrojaT. Cnoped rophmute 3abejen-
KW, To fobuBame ClENHMOB NMOTPeBEH yCIoB.3a HETPpUBMjaTHU peleHU]a:

18°. Axo eden cuciiiem 0 n xomocenu JIUHEAPHU DAGEHKYU UMA U HedpUSU-
Jannu pewenuja, wocaw detiep Munarwiiaia na (%Oj cuciwem e eDnaKea na Hya.

Tlomouna, Bo 8° of 5. 3, ke BMOUME aeka OBOj YCJIOB € U foBoneH.) [J
y

Co nomomr Ha 18° ce fgokaxysa W ciemnaBa Teopema:

19°. Axo cuciwe morzc 0d n+1 JTUHEQPDHU DABEHKU CO N MEROIHATTEU
an Xy +apx; +eeta,x, =bh. -
Ay Xy + Ay Xy +cta,, x, =b,,
................................... an

Ay Xy +8,005 Xy +oo4a, 1, X,

4) I'abpuen Kpamep (Gabriel Cramer, 1704-1752)

.



34 VII. JIUHEAPHA AJITEBPA

uMa peutenuja, oA € UCHOJINETHO PAGEHCUBOHO:
ay a, @, b
ay Gp @, b

22 2 | =o0. (18)
an+ll (l”+|2 Apiin bn+1
I o k a 3 Ja npernocraBume faeka cuctemoT (17) Mma pelueHue
(x°.....x%). Toraw (n+1)-kata (x%..... x%,.—1) ke Bume perueHWe Ha -Xo-
MoreHuoT &ucTeM:
ay x; +ap;x, +e+a, X, +b,x,,, =0.
Ay X + Ay Xy HeHAy, X, by X, =0,
Apyqy Xy + B ppy Xy Fooe+ 0y, X, +by i X, = 0.

na, cnopej TnpeTXxoAgHaTa TeopeMa, OeTepMMHAHTATa Ha OBOj CUCTEM €

equaksa co 0. Ja 3abenexume feka yciosoT (18) He € N0BOJICH 33 CUCTEMOT
(17) na vma pemenuja. [
Jla pasriefaMe HEKOIKY NMpUMeEpU.
9) Ke ro pelmme cucteMot
) "X +X; +Xx3 +x,=10,
X, =Xy +X3 —X3=-2,
2x, =3xy +4x; +x, =12,
3x, +4x, = 3x; +9x, =38.

Jlecto ce nobupa: A =-—~68, Ay =-068 A, =-136, A;=-204, A, =-272, a
on Toa cneaysa: X, =1,x5=2,x3=3,x, =4 .

10) Ha ro onmpenenmme Gpojot k Taka umito cucteMoT
kx +y +z = 0
x+ky - :
2x - y+z = 0,
la MMa HETPWBMJAIIHM peLIEHH ja.
AKo ja npecMerame NETEPMMHAHTATA Ha CUCTEMOT, ke nobueme
A=(k+1)(k-4),
Ma 3Ha4y 3a Ja MMa HETPUBMJaAITHU pemel-uua Tpe6a ma 6une k=-1 v k=4. Ke
[IoKaXeMme [eKa BO KOHKPETHMOT Cly4Yaj HAaBMCTWHHA MOCTOjaT TaKeH HEHYJITWU pelle-
HMja.
3a k =-1 ru nobuepame papeHKUTE:
—x4+y+z=0, x-y-z=0, 2x-y+z=0.
On npeaTa W TperaTa pabeHxa nobusame: ¥ +2z=0, Te x=-2z u y=-3z. Axo
0BME BPEIHOCTH 3a X M V I'M 3aMeHMMe BO BTOpaTa, IHobueame —2z+32—z=0. 3ua-

4M cekoja Tpojka Gpoesu x =-2f, y=-3t, Z=1{, ro 3afnopoiyBa NaNeHWOT CHUCICM,
Ol WITO CNENyBa [eKa MMOCTOjaT HEeHYNTH PELUeHM ja. '
Ha McT HauMH cé NpoBepyBa JieKa Tea Baxu M 3a k =4.
11) Ja ro pasriename cycTeMOT O TPM PaBEHKM CO [IBE HEMO3HATH:
" 2x-2y=3, x-y= I, 5x-Sy=1
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HyxHuWoT ycrior 3a ersucTeHuMja Ha pelieHue € MCnoIHer bunejk1 Mmame:

Cenak pelelde He moctom, Gumejkm Kkoj 6UII0 moTcMcTeM co Mo Be paaemcn LTo
MOXe Ila ce (pOPMMPpA OIl TOj CHCTEM, HEMa peLLeHMe.

2. 7. Bex6u

1. Cmerajiu hexa 1 23456789 e moverna nonox6a, ma ce onpenenar j u
k Taka wITo NepMyTauMjaTa

a)1274;556k9 nae napua; 6)12,5k4897 gae uenapHa.

Onrorop a)j=8 k=3 6) j=6, k=3.

2. la ce uajne 6pojoT Ha VHBEP3UUTE BO NEPMYyTalLu jaTa

a)12789103465; 6)135...2n1 24... 2nm
B)36...3n 14...302 25...3n3
Oanrosonp a) 17. 6) n(n-1)/2. B) n(3n+1)/2.

3. EnemenTture ayy,8x, 7,4, Ja YMHAT rjaBHaTa IMjarodalla Ha NeTepMU-
HaHTaTa (4), a a,,d,, ), ,q, “tnopenHaTa.

a) l]a Cce onpenenaT 3HallMTe Ha NMPOU3BOIUTE

anlyy -y, U Apdop1 Ay

6) Ha ce nokaxe neka BpenMocTa Ha HETePMUHAHTATA € ay,aj,---a,, aKo

a;=0 3a i< j. (HeTepMUHaHTUTE cO Bakom OBIMK C& BMKAAT ZOTHO TPHAroIHH,
B. U npumep 2).)
O nroeop a)3uakor Ha NPEMOT NpPoU3BON € + (ILTyC), A 3HAKOT Ha BTO-
PHOT € eHAKOB CO 3HAKOT Ha M3pasoT (-|)#-1/2,

4. la ce nmokaxe neka:

00..0 01 ) P P
00...020]_ w12 I S .
a) =(~])t nl; 6)|a & 0 0 0]=0
............... d d 0 0 0
n0.000 e e 0 0 0

B) det A =(n—1)!, kame wrro A=[a;] e kpampaTHa maTpuua onm n-Ti pen
onpenenena co d, =i, a; =1, 3a j= ;. '

11 1 1

1 1 1 1 1

2 3 4 5 . 1 3 11 1
Dl 9 16 25=12 o1 14 11 =120,

8 27 64 125 % } { ? 61
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r) 6poesute x = —a+b+c, x=a-b+c, x=a+b-c. x=—-a-b-c, ce Kope-
HM Ha paBeHKaTa

l aaa........ a
x a b ¢ 02aa........ a
a x ¢ b|_, 003 a......... al_
b ¢ x a =00 ey T =n!
c b a x 0000n-1t a

IT o M o u. B) [IpraTta pemvua ma ce ofseme OJL MPEOCTAHATATE M [@ Ce MCKO-
pucTK pesyiraToT ol Bex6aTa 3 6).

r) Cekoja oIl peIuLMTe [Ja CE NMOMHOXM €O —2 W Ja C€ [0Nale Ha HapenHaTa;
fI0TOa BTOpaTa peiMlia [a ce [IOMHOXW ¢o —3 W [da ce [ojade Ha TpeTaTa, a TpeTa-
Ta pelMua MoMHOXeHA co —3 fa ce IOojajle Ha 4eTBpTaTa; Ha Kpaj, TpeTaTa pemvua
Ia ce MOMHOXM co0 —4 W [a ce Jojale Ha 4eTBPTaTa; Mo ceTa u3mplueHa paboTa ke
ce mobue TpuaroiaHa merepMmunHaHTa. 1) Kako u B).

r) Ha npeaTa peauua na W ce nojane BTOpaTa, a WUCTO Taka TpETaTa U HeTBp-
TaTa pelvua [a ce MOMHOXAT co —1 W Ia ce JogajaT Ha MpsaTa, ako Bo fAobueHaTa
IeTepMHUHAHTa CTaBMMe X = —a+b+c, cATe enemMeHTW OIl MpBaTa pexuua ke 6umnar
eqHaKBM Ha HYJa;, CIW4YHO M 3a JAPYruTe TpU BPEXHOCTH.

e) Ha ce uckopvctu pexbata 3 6).

5. Jla ce mpecmeTaaT IETEPMUHAHTHTE:

X X x x 1

a a a a+x x x x 2 x

a a a+x da x x 3 x x

a) Aﬁ P . B) Am| oo
a+x da a a X n x X Xx

x X X X X

Peweu e a) AKO Ha NppaTa KOJNOHa W M JIONAZEME CUTE OPYTH, NO-
OuvBame:
na+x a ... a d+x 1

na+x a ... a+x a
.............................. =(na+x)| -

na+x a ... da a 1 a4 ... a a
Mruoxejky ja cera npparta koioHa co —4d U noapajkd ja Ha cuTe apyru, moGueame
TPUAro/lHa HETEPMHHAHTA (CUTE 4IIEHOBM TOJ CIIOpEHaTa IHjaroHala ce HyiM), fna
- -1/2 -1
A, = (=102 (na+x)x""1.
6) Ako ja MOMHOXKMME MpBaTa KOJIOHA €O -1 W ja JomajmeMeé Ha CUTE IPYrw,
nobupame TpMAarolHa IeTePMUHAHTA (CO HYNM Mol CropenHaTa Iu jaronama) na
A= (=)D 2x(l-x)...(n-x).
6. Jla ce nmpecMeTaaTt CIEOHMBE JETEPMUHAHTH:

-3 0 00 a b ¢ d 0 -a -b -d
2 2 0 0] b a d c a 0 -c¢c -e
Al 13 g0 9Dicdaobf Blp ¢ 0 of
-1 5 35 d ¢ b a d e 0 O
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1 0O 0 1 11 11 ab 0...00
Il a 0 0 0 x -1 Oab...00
)L 1 b 0 0F m)A,={1x1-11 FY A, =] coreeeeeeenn
I 01 ¢ Oy | 000...a b
L 0 1.d I1-Txl 00..0a
a, + X a, dy ay a, a+l a 0...0 0
a4 ay +x as a4, a, 1 a+l a...0 0
€) | e %K) A, = e
a4 dy dy...ay+x a, 0 0...1 a+l a
a a; 4 d,_| Gy +Xx 0 0..0 1 a+l

Onrorop a)30 6) (a+bte+d)-(a+b-c—d) (a—b+c~d)- (a—b—c+d).
B) (he—cd)?. r) abed—abc+ab-a+1. n) (=ly=i(x=1y=1 1) a" +(=1)=1b". €) (a, +

tas+..+a, +x)x 1 k) (@' -1)/(a-1) 3a a#], a n+] 3a a=1. (Bo nocnenna-
Bd, NPBO Ma C& MOKaXE TOYHOCTA HA paBeHCTBOTO A, =(a+1)A,_, -al,_, Kane 1To
Ay € IeTepMWMHAHT4 Ol MCTUOT BMIL Kako galleMaTa co pen k IloToa na ce mokaxe
mexa Ay =ad, +1.. A, =a),_ | +1)

"n-

7. Ha ce npobepu masM [ajeHMTe MaTpULM ce HECUHTYJapHU M, BO n0TBp11eH
ciaydaj, la ce HajlaT HUBHWUTE MHBEP3HU MATPULLAL:

12 -3 203 o1 oy
a) () I 2k 6|1 =1 Il gyl 1 -1f r) A= - .
TS T T

0 0 12 U=l 1 1

- -1 1

1 0 1 1 1
B) |1 0O -I| r) Al =ZA.
2

I -1 0

Onrosonp.

1 -2 7 1[-3 =5 4
a) [0 1 =2 6)-—|-2 4 -1]
0o 0 " o2 -s

8. a ce pewm maTpuuHata paperka AX =B, ako:

I -1 1 I 2 I -1 1 0 -1},
a)A=| I 1 -1|. B=j2} 6) A=j0 1 2| B=|{0 1 1|
-1 1 | 3 3 -1 -2 I -1 0
21 0 1 31
B)A:—l 0 1, B={ 2 -1 1]
-1 2 =2 ~1 1

13 1 3
Oanrosop a) X=—{5[ 6) X=—| 2
2 9| -1

ll:-l 7 —1}
.B) X==1 9 7 9|

13 0 6

IR
|

00 3w

[

~

9. Ma ce nokaxe nexka MHOXECTBOTO Ol CHTE HECUHIYJIapHWU KBaZpaTHH MaT-
PMUM CO pell n € Ipyfa BO OOHOC Ha OllepalldjaTa MIOXKEFE Ha MaTpULM.
10. Ja ce nokaxke neka MHOXECTBOTO MATPULM O OBIIMK
tE+xT+yJ+zK, (1, x,v.z € R),
kane wrto E e equHMYHaTa maTpuua o YETBPTU pen, a
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0O -1 0 0 0 0 -1 0 00 0 -1
1 00 0 o0 0 00 -1 0
0 00 =t Y=l 0 o of X=slo1 0 o)
o o1 o 0o -1 09 1 0 0 0
€ Telo 5, HO HE 1N O JI €, BO OIHOC Ha onepaumnTe coﬁwpame U MHOXEHE Ha MaT-
PULIA.
IT o m o us. Ilpeo [ta ce ysnam neka

22J2=K2=-E WN=K. JK=L KI=J. Ji=~K. KJ=-1L IK=-J.

Tlotoa na ce W3BpIUM TNPOBEPKAa Ha cWTe cBojcTea (oCBeH KOMYT4TUBHOCTZ) Ha MHO-
XereTo kako W Bexbata 20 on 1. 6.

Ileka e e nogne, ce rnema on cnemrvon npumep: =K, vo JI=-K.
11. da ce pewlaT crefHWBe CUCTEMM JIMHEAPHM DABEHKMH:

I=

x+‘2_v+ z=4, 2x+ y=5, x+2y-4z=1,
a) 3x-5v+3z=1, 6) x+3z=16, B) 2x+ y-S5z=-1,
2x+7y- z=8, S5p— z=1): x- y- z=-2;
2x- y+ z=-2, x+ y+z=1, acd y+ =10
r) x+2y+3z=-l, o) 2x+2y+2z=3, ) x+a+ =,
x-3y-2z=3 Ix+3v+3z=4, X+ y+az=a’.
Pemeunuea) x=1,y=1,z=1 6) x=1,y=3,z=35.

B) A=A, =A, =4, =0; nerepMuHanTaTa 0 BTOp pel COCTaBeHa 01 xoehuun-
eHTUTE MpeIl X W V BO NPBUTE IBE paBeHku & §=-3=0, na cMeTajku ro z 3a mnosHa-
To of cucteMoT X+2v=1+4z, 2x+y=>5z-1 ro onpesenyeame x=2z~—1 # y=z+1;
Taka, 3a MPOW3ROIHO Z, Tpojkata X =2z-—1, y=2z+]1, z, r1 3aj0BONIyBa MpBUTE IBE
paBeHKM ON [AJEeHWOT CMCTEM Oj1 TPUTE JMHEAPHW PaBEHKU. Co npoBepka ce yBepy-
paMe JIeKa OBaa Tpojka ja 3aJ0BOJIyBa W TpeTaTa paBeHka Ol CUCTEMOT, T.e. CUCTEMOT
vMa Geckpajlio MHOry peileHuja kou ce nobusaar on x =2z—1, y=2z+1, z 3a npo-
W3BOJTHU BPEIHOCTU Ha Z.

r) A=0, Ho A_=1]2(#0), Na CUCTEMOT HEMA pewieHue (3alUTo BO CIIPOTHB-
HMOT Cily4aj 6M MOCTOEN X,, Takos WITO Ax, = A_); 3HA4U CUCTEMOT € NPOTUBPEHEH.

n) A=A, =A,=A.=0, Ho cucremoT e npotTMBpeder (He NocTou HuenHa Tpoj-
Ka GpoeRu X;,Vy,Z, WITO 64 v 3aloBOlyBanNa, Ha (IPUMEP, lIPBUTE [BE papeHKu).
DA=a?-3a+2=(a-DNa+2) A, =-a*+a*+a-1=—-(a- D2-(a+1)» A=
=a=-2a+1=(a-1)2, A =a'-2a?+1=(a-1)?-(a+1)?. Crnopen Toa: 3a a#1.-2
CHUCTEMOT MMa EIUHCTBEHO pellieHue
2
_a+1’ - 1 i Z=(a+l) .
a+2 T a+2 a+2
3a a=1 cuctemMoT uMa 6e3bpoj MHOry pelueHuja; 3a a =—2 CHUCTEMOT € MpPOTUBPEUEH.
12. a ce HajnaT curte pellleHMja Ha CUCTEMOT:

2x+ v- z=0, x- y-z=0,
a) x+2y+ z=0, 6) x+4y+2z=0,
2x— y+3z=10. 3x+Ty+ 3z=0.

5) AKO Ol AKCMOMMTE  Ha MONe €& W30CTaBW akcuomara 3a KOMYTaTUBHOCT Ha MHOXe-
bETO, C& J0OMBA CUCTEMOT AKCUOMU Ha TeJIO. 3Hauu, foJle e KOMVIRAtueHo eJo.
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Peweumne a) Mopamm A=18#0 cucreMor Hema veuynTu pellueHu ja.

6) A=0, ma cucreMoT wuma OeckpajHo MHOTY  peLieHm ju; 6unejkn
NETEPMUHAHTATA Ol BTOP pEll COCTaDeHa Ol KOEPUUMEHTHIE Npex X WU Vv BO IpPBUATE
IBe papeHKU € 5=15, cMeTajku 1o z 3a noﬁaTo, O]l TUE paBEHKM [06uBMe x =2z/5,
y=-3z/5, crapajku z =35/, 3a NPOMINOJHMM BPENHOCTH Ha ! TpojkaTa x =2f,
v =-3t, 2=5t NpeTcTaByBa pelllEHWE Ha CHUCTEMOT.

13. da ce peuwat cucremure:

X +x;—-  x,=3, X +2x, +3x3 +4x, +5x, =13,

2x, - X, + 3x, =4, 2x)+ %y +25 +3x, +4x, =10,

a) X+ x,+3x;- 6x, =5 6) 2, +2x + X3 +2x, +3x, =11,
X, = 2%y =3+ 9x, = -1, 2x) +2x, +2x,+ x;+2x5 =6,
2x, +4x; -10x, =8, 20 420, 420, 422 + x5 =3,

O aronop a)CucreMOT & TIPOTUBpEUEH M NOKPAj Toa WITO
1 0 1 -1 3
2 -1 0 3 4
1 1 3 -6 5|=0
1 -2 -3 9 -1
0 2 4 -10 38
(cnopean co 19°).  6) x; =0=x,, Xy =2=-xy, X =3.

14. Jla ce najue paBedxaTa Ha KpyXHMLaTa LITO MUHYBA HU3 TPUTE AaleHU
ToukW ALy (xp, vy ), My (s, v,), Mi(xy, 5).

Pe w e n ue Papeuxara Ha kpyxHuua uma obmmk x2 +y2 +ax+by+c=0.
Axo M;, M,, M; ne nexart Ha enwa npaea, nocrou KPYXXHMUA LUTO MUHYBAa HW3
HHB, Na CUCTEMOT
x2+y? +ax+ by +c=0.
X} +yi +ax, +hy, +c =0,
x3 +¥3 +ax, +by, +c=0.
X3 +v3+ax, +hyy +c =0,

nMma peuteune no a, b, ¢. Criopes Teopemata 19°, mopa Ia e

x2+y? x oy

{
x+yviox oy 1=0’

1

1

X+v: ox v,
X+V: X3 W

a Toa e GapaHarTa papeHKa.
15. a ce nokaxe cpojctooro 13° on 1. 5.

Pewewnue Ako A e HecuHIrymZapHa Martpuua, Torawr A-' e u Iema u
necHa wHBep3uja Ha A. Jla npetnocraBume necka B e necHa vumepauja Ha A, Te.

AB=E. Toraw, cnopex 12°, umame |=detA. detB Te detA=0 u detB=
=(det A)~'. Cnopen Toa, A n B ce HecHHTyllapHu.

16. Ha ce obpasnoxu Topnerweto neka cpojcreata 19, 3°19° paxaT u Bo
ciayyaj xora /R ce 3aMeHu co koe 6uno none .

O6pas3noxenue INppo, geduunumjara na det A, (xora ay €P, =

cekou i,j=1,2,...,n) e ocMucnena, bunejkn ako k € VN, x € P, toraw kx e 36upor
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Ha Kk cobupouun cexoj on kou e x; Ox =0, a (-k)x=—(kx). Iocton none P co
CBOJCTBOTO
2x=x+x=0. 3a cexoj xelP.

Cekoe fone co 0Ba CBOJCTBO C& BUKa Hojle co Kapakrepucruka xpa. (Takeo e
nonero P ={0,1} (B. Bex6a 22 on 1.6), a 1M noorniuTo, cexoe none co 2” e€NEMEHTH,
kame wro m=1) Ako ce rorneaHe Ioxa’oT Ha 7° Ke C& BOOYM NEKA 3AKIYYOKOT
A =0 e nmobueu kako mocnenuua Ha 2A =(, ma 3dayu [0Kka3oT € nobGap c