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Apudmerndeckue cBoiicTBa OMHOMHAJIBHBIX KO3 dUImeHToB

Ha xoudepennuu Bam Oymer mpemiozkeHO HECKOJBKO HMCCJIEI0BATEbCKIX MPOEKTOB. 1lelb — Kak MOXKHO JAJIbIE MPOBU-
HYTbCSI B KAKOM-TO M3 IPOEKTOB. 331291 MOXKHO PeIlaTh KOJJIEKTUBHO, O0bEIMHUBIINICEH B JIO0bIE KOMAH/IBI (JICHBI KOMAHIbI
MOr'YyT GBITh U3 PA3HBIX FOPOJIOB). BBl MOXKETE pemars 3a7a9n cpa3y n3 HECKOJABKHUX IIPOEKTOB, IIPUYEM 10 PA3HBIM IIPOEKTaM
Be1 MoxkeTe yuacTBOBaTH B pa3HbIX KOMaHJaX. K JIWHCTBEHHOE, Yero He CJIEIyeT Je/aTh, — 3TO MPUCBAMBATL cebe TyKue
pPE3YJIBTATHI, TAKOE CJIYYIaeTCsl, €CJIM KOMAH/a CJIUIIKOM BEJIMKA M He BCE M3 Hee aKTUBHO DEIIAloT 33/a4Yi JAHHOIO ITPOEKTA.

DTO 03HAKOMUTEJIbHAsI OJI00PKA 33/1a4 110 TeMe O OMHOMUAJILHBIX KoddduimenTax. 3aja9u CaeyeT PeliarTb MUCbMEHHO
n cnasars Koxacro K.II. (Baron 15, mecro 17). B TeGepae naGop 3amaq GyeT CyIIeCTBEHHO PACIIMPEH U BCE 3a/1a4l, KPOMe
3amadn 1.2, MoxkHO Oyjier caaBaTh u mo3xke. [lo 3ajade 1.2 peleHusi MPUHUMAIOTCS TOJIBKO B I0€3]1e, IOCJIE 9TOr0 3ajiada
CHUMAETCS C KOHKYPCa.

1 3adavu 6 noesd

1.1. Jlokazute, uro a) CF | = (=1)* (mod p); 6) C%, = (—4)"C%., (mod p) upu n < 251,

p—1
p 2
1.2. JlokaxxuTe, YTO KOJUIECTBO HEUETHBIX OMHOMUAIBLHBIX KOI(PDUIIMEHTOB B N-if CTPOKE TPEYTOJLHUKA
ITackans paBuO 2", TIe 7 — KOJMYECTBO €JIWHUIL B IBOMTHON 3aIUCU TUCTIA 1.

1.3. 3adukcupyem HaTypasibHOe unciao m. HazoBem m-apudmerundeckum TpeyrosbHUKOM [lackasist Tpe-
YTOJIBHUK, B KOTOPOM BMECTO UHCeJI Cﬁ paccTaBjIeHbI UX OCTATKHU IO MOay/0 m. Kpome Toro, mbl 6ymaem
paccMaTpuBaTh MOXOXKHUE TPEYTOJBbHUKUA U3 OCTATKOB, Y KOTOPBIX BJIOJIb DOKOBBIX CTOPOH BMECTO €IMHHUIL
CTOSAT OJMHAKOBbIE OCTATKHU ¢ IO MOJY/II0 m. Takume TPEeyroJbHUKA MOXKHO YMHOXKATh Ha, UUCJIO, & TaK¥Ke
CKJIAJIBIBATH (eC/In pa3Mepbl COBIAJIAIOT), MPUYEM OyIeM CYMTATh, YTO OIEPAIMH TOYKE BBIMOJHSIOTCS T10

MOJLYJIIO M.
a b a+b a ax
a a + b b = a+b a+b - Ja a = ar ax
a 2a a b 2b b a+b 2(a+bdb) a+bd a 2a a ar 2ax ax
a 3a 3a a b3 3bb a+b 3(a+b) 3(a+b) a+bd a 3a 3a a az 3az 3az ax

IIycts B s-it cTpoke m-apudmerndeckoro Tpeyroibuuka [lackasis Bce 3/ieMeHTBI, KpOMe KpaiiHux, — HYyJIN.
JlokaxkuTte, 9TO TOTJIA STOT TPEYTOJbHUK UMEET BU/I, IOKA3AHHBIN HA puc. 1. alITPUXOBAHHBIE TPEYTOJIb-
HUKU COCTOAT U3 HyJIeH, & TPEYyTI'OJIbHUKHI Afl COCTOAT U3 § CTPOK U NOJYUHEHDI CJICYIOMNAM COOTHOIICHUSIM:

1) AR+ AR = AR 2) Aj = G+ Af (mod m).

Tosososiomka XaHoiickasi GAIIHST IIPEICTABISIET COOON TPU CTEPIKHsI, HA KOTOPbIE HAJIEBAIOTCSI JUCKU PA3HOH BEJMIUHBL.
BHauajie Bce JUCKH yIOpsiJJOU€HBbI IO pa3Mepy (6oJiee KpyIHBbIE — HUXKE) M HAXOMSITCs Ha IIEPBOM CTepKHe. Pasperiaercst
CHATBH CO CTEPXKHS OJMH BEPXHHI JMCK M IEPEMECTHTH €ro Ha JPYTroil crepkeHb. IIpwm TOM 3ampemiaercs Gosee KpyTHBIA
JUICK KJIACTH Ha JIICK MEHBINEro pa3Mepa. B rosioBosioMke Tpebyercsi epesIoXKUTh BCe JUCKU C IIEPBOTO CTEPXKHsI Ha BTOPOH.

ITycrs koMuecTBO MUCKOB paBHO n. Pacemorpum rpad T H,,, BEPIIMHBL KOTOPOIO — 3TO BCEBO3MOXKHBIE PACIIOJIOKEHNUSI
JIICKOB X aHOHCKO# Gamam, a pebpa COeNHSIOT Te COCTOSTHUS MOJIOBOJIOMKH, KOTOPBIE TIOJIY Ial0TCsA IPYT U3 IPYTa 38 OJIUH XO7.
Paccmorpum Taxke rpad Py, BEPIIMHBI KOTOPOI'O — 3TO €JMHUIIbI, DACIOJIOKEHHBIE B IIEPBBIX 2" CTPOKax 2-apudMeTHIeCKOro
TpeyronbHuKa [lackasst, a pebpa COeJUHSIIOT COCEJHUE eUHUIBI (T.e. COCEHUE B CTPOKE WJIU B JBYX CMEXKHBIX CTPOKaX I0
JINArOHAJIN ).

1.4. Jdoxkaxxure, aro rpacdor T H, u P, n3oMOpdHDI.

1.5. JJoxkaxkure, uro B nepsbix 108 crpokax 2-apudmernueckoro TpeyronbuuKa I1acKais e MHHUILI COCTAB-
JstioT Menbine 1 %.

1.6. JlokaxknTe, 9TO €cjin M JEJUTCS Ha p — 1, TO crty Cﬁ(p‘” + Cf;(”‘l) +...+C'=1 (mod p).
Wom jtyame pokaxkure B obmem Buge: ecoin 1 < j,k<p—1lun=k (mod p— 1), To

Ci 4 Cp~VH L c2-U4 L 3=+ =Y (mod p).
Ab
AIN/AL
AU 2 1 3
AN/AN /A2

AAVZANAVANAV/AY

APN/AN/AIN/DNIN/AG

Puc. 1. Puc. 2.
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Apudmerndeckue cBoiicTBa OMHOMHUAJIBHBIX KO3 dunmeHTos — 2

OdunuainbHbIM “TeopeTHIecKuM MaTepuasoM” Jisi 9TOro LUMKJA 33Jad CJay>KuT crartbst O.B. BunbGepra [1]. B wacraOCTH,
CUUTAIOTCS M3BECTHBIMHU CJIETYIOIIE TEOPEMBI.

1. TEOPEMA BuIbCOHA. [Iyst Becex npocThIX p (M TOJBKO JJIsl IIPOCTHIX) BBIIOJHEHO cpasHerue (p — 1)! = —1 (mod p).

2. TEOPEMA JIIOKA. BanumeMm uncsaa n u k B CUCTEME CIUCJICHUS 110 OCHOBAHUIO P:

1

n = nap® +na—1p® " + ...+ nip + no, k= kap® +ka_1p® " + ...+ kip + ko. (1)

k — kg kd—1 ky vk
Torga Cp, = CpiChiy”1 ... - CptCRY (mod p) .
3. TeorEMA KVMMEPA. Ilokazaresns ord, C* pagen umcity nepeHOCOB 1IpH CIIOKEeHHH cTobuKoM uncen k u £ =n —k B
P-UYHOH 3aIIUCH.
4. TeopeMA BoscTERXOMMA. Hpup > 5 C% =2 (mod p®) mmm, uro To ke camoe, C5 'y =1 (mod p®).
Hanomenm, uro no onpegenenmio Cg =1, C¥ =0 npu k > n u upu k < 0.
Bcerogy 6ykBoii p Mbl 0603HAUAEM IIPOCTOE YUCJIO. JlJisi IPOM3BOJIBHOIO HATYDAJIBHOIO ducja n 06o3HaunM depes (n!),

MpOU3BeJIeHNEe BCEX HATYPAJTBHBIX YUCET OT 1 70 n, He Aesimuxcs Ha p. Ecam 3aaH0 YUCTO p, TO CUMBOJIAMY 1, M; U T. 1.
0603HAYAIOTCs UMPPHI P-UIHOM 3AIUCHA YKUCEs N, M U T. 1.

2  Apupmemuueckuti mpey20avHUK U 0EAUMOCTND

2.1. a) Jokaxkure, 9T0 B TepBBIX 3* cTpoKax 3-apudMeTHUeCKOro TpeyroibHuKa Ilackass comepsKuTcs
%(6k + 4F) emumum n %(6]g — 4F) npoex.

b) Haiiure 9HCI0 HYJIEBBIX SJEMEHTOB B HepPBRIX 5¥ cTpokax 5-apudbmernueckoro Tpeyroabuuka Ilac-
KaJId.

c¢) HaityuTe 9uC/IO HEHyJeBbIX 3JEMEHTOB B TepBBIX P cTPOKax p-apudMETHYECKOTo TPeyToIbHUKA
TTackarrs.

2.2. /Tokaxure, 4TO KOJIMIECTBO €JUHUIL B IIEPBBIX 1M CTPOKaxX 2-apudmerndeckoro Tpeyroibuuka [lackass
paBHO

n—1
Z m; - O hZi M gi
=0
Tlonarass m = 241 4+ 2% 4 ... 4 2% e a1 > g > ... > (., MOXKHO TO K€ BbIparkeHue 3alncaTh B BUJIE

391 4 9.3%2 4 92 .35 4 4 or—l gar

2.3. Paccmorpum n-10 cTpoky 2-apudmerndeckoro tpeyroJibanka [lackass kak JBOMYHYIO 3aIUCh HEKOTO-
poro mHarypaJjbHnoro uncia P,. Jlokaxkure, aTo

P,=F, ... F

s

. . . i
e 41, ..., is — HOMEpA Pa3pPsJIOB, B KOTOPBLIX B JBOMYHOI 3aIlMCH UHCIIA N CTOAT euHuIsl, 1 Fy = 22" + 1
— 4-e yncyio Pepma.
2.4. JlokaykuTe, YTO KOJUIECTBO HEHYJIEBBIX JIEMEHTOB B M- CTPOKE p-apUPMETHIECKOTO TPEyTOTHLHIKA
d

[Mackasst pasuo [ (n; + 1).

=0
2.5. a) st Toro 9robbl Bee GUHOMUATBHBIE KOIDQUIUEHTHI C’Tlf, e 0 < k < n, geqmmch Ha p, HEOOXOIUMO
U JOCTATOYHO, YTOOBI 1 OBLIO CTENEHBIO UUCTA P.

b) Huist Toro 4Tobbl Bce GuHOMUATBHBIE KOIMDMUIIEHTHI Cﬁ,

XOIUMO U JIOCTATOYHO, 9TOOBI 1 + 1 /IenIoch Ha pd, WHBIMU CJIOBaMU, 9TOOBI BCe TMUMPHI P-UTHON 3aInch

rae 0 < k < n, He Aenauch Ha p, HEOD-

YUCTIa N, KpoMe cTapiieii, 6buin paBHbl p — 1.

2.6. Ilycts 0 < k < n + 1. JToxkaxure, uro ecim C¥=1 /pu Ck /p, 1o CSH / p, Kpome cydasi, KOrja
n + 1 nenurca na p.
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3 0Obobuerue meopem Buavcona u Jhoxa

n—(ng+...+n1+ng)

p—1 '
3.2. Jokaxure cienyromue 0600IeHns TeopeMbl BriibcoHa. a) (=1)Pl(n!), = ng! (mod p);
b) IIpu p > 3 BBINOJIHEHO CpABHEHUE

3.1. Joxazure, aro ordy(n!) =

(p")p=-1 (mod p?),

a upu p = 2, ¢ > 3 BoiosHeno cpasuenne (pi!), =1 (mod p?).
|
c) n_u = (—1)"np!n1!...ng! (mod p), rae p = ordy,(n!)
p

3.3. O6obmennas Teopema Jloka. Ilycrs r =n — k, £ = ord,(CF). Torna

%CsE(—l)€< no! >( ny! ) (n_d") (mod p)

P k‘o'?“() k‘l'?“l kd!rd.

3.4. a) [okaxure, uro (1 + x)pd =1+ g7 (mod p) mpu Becex x =0, 1, ..., p— 1.
b) Hokaxkure Teopemy Jlioka anreGpandecku.
3.5. a) Ilycrs m, n, k — marypanabuble wucia, npudeM (n, k) = 1. JTokaxwure, aro CF, =0 (mod n).
b) Bc n 't pF,m fp, 1o C+ pk
d

n
3.6. Ilyctn fr,0 = Y. (CF)*. Hokawure, uto fno = [[ fai.a (mod p).
k=0 1=0

4 Bapuauuu na memy meopemwv. Boacmenxoama

1 1 1
4.1. JTokazxkure, 9TO 1 + 3 +...+ o 0 (mod p?) mpu p > 5.
p—
4.2.11 4k + 3 Haii L i Ly ! (mod p)
L. CTh = — IIPOCTOE YUCJIO. anjnTe N ——— (1o .
yerp P N AT 1 T2 p—12+1 b

4.3. a) Ilycre HarypanbHoe 4nciao k TakoBO, UTO sl KAXK/I0r0 [IPOCTOro Jeiauress p ancaam k f(p—1).

Jokaxkurte, 4TO
1 1 1

1—k—|—2—k+...+ - =0 (mod m).

(m—1)
B,ZLQCL CYMMHUDPOBaHHE€ DACIIPOCTPAHACTCA Ha BCE€ Cjara€MbI€, SHaMeHaTe/In KOTOPBIX B3aMMHO IIPOCTHBI C 11.

1 1 1
-4+ =+...+ ——5 =0 d p?).
T ort +(p_1)k (mod p©)

4.4. Jloxaxxure, uro cpasuenne (12) uz crarbu BunGepra BBINOIHEHO 110 MOAyTIO pt.

b) [Iycrs k mewerno u (k+ 1) /(p — 1). Jokaxwure, aro

4.5. JlokayKuTe 3KBUBAJEHTHOCTD CJIEJIYIONUX CpaBHEeHUA. 1) C’Qp ;=1 (mod p 4);

1 1 1 1 1 1
2) - +—-+...+——=0 d p®); 3) s +=+... 7_0 d
)T Hg Tty =0 (modpY); )@ttt oy =0 (mod ).

pm m\ : .2
4.6. a) Jlokaxkure ajredpanvdecKu, 4To /I BCSIKOTO IMPOCTOrO P U MPOU3BOJBHBIX k 1 1 (Cpk‘ - Cp) pt

B crarbe Bunbepra sror dakr jlokazaH KOMOMHATOPHO.

b) Hokaxure yreepxenue (9) u3 crarbu Bunbepra: /st BCIKOro pocToro p =5 U HPOU3BOJIBHBIX k U n
(€ — o)

4.7. Ilycrs p > 5. Jokaxkure, 9ro  a) Cp = C; (mod p°); b) CP bt =D° (mod p?5+3).

4.8. Jlokakure, 4TO C’g = ng (mod p®).
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Apudmerndeckne cBoiicTBa OMHOMUAJIbLHBIX KO3(ddUIimeHToB — 3

Zlonoanenus x npedvldyuwum memam

2.7. Jlokaxkure, 9TO C!;n_l = (=1)% (mod p), rme Sy — cymma mudp p-udHO# amick Uncia k.

2.8. JlokazkuTe, 4TO ecym GuHoMmUATbHbIT Koadbdurment CF meyeren, (1. e. B oboznavenusx us (1) k; < n;
npu Beex ¢ =0, ..., d), TO

d
H ki_ini+king_1 (mod 4)_

2.9. Jlokakurte, 9TO €CJIM B JBOMYHON 3aIllCU YHUC/Ia N HET JABYX €IUHUIL IMOAPsJI, TO BCE HEUYETHDLIE UMC/Ia
B n-#1 cTpoke TpeyroiabauKa llackass cpaBHEIMBI ¢ 1 0 Moyio 4, & B IPOTUBHOM CJIyYae POBHO ITOJIOBUHA
U3 HUX CpaBHUMA ¢ 1 110 MoJyJio 4.

2.10. /TokaxxuTe, ITO KOJTUIECTBO ISITEPOK B KAXKJOU CTpOKe S-apudMeTndeckoro Tpeyroibunka [lackasis
PaBHO cTeleHU JIBOWKM. 10 yKe KacaeTcs eIWHUIl, TPOEK U CEMEPOK.

2.11. ,Z[OK&)KI/ITG, YTO €CJId BCe 3JIEMEHTHhI ABYX MHOXKECTB
1 3 5 2 -1
{02"71’02”71’02”715"' } n {1 3 5 - 1}

paccMaTpuBaTb KaK OCTaTKH 11O MOJLYJIIO 2”, TO 9T MHO2KECTBa COBIIaJalOT.

2.12. JlokaxkuTe, 9TO 3JIEMEHTBI OJJHON CTPOKU TPEYroJibHUKa [lacKasis He B3aMMHO ITPOCTHI B CJIEIYIOIIEM
JIOBOJILHO CHUJIBHOM cMbIcie. s kaxkmoro uucia € > 0 cymectByer N, Takoe, 9TO IIPU BCEX HATYPAIbHBIX
n> N u ky,ko,..., koo < €y/n BepHO, 9TO UuCIA

Cn—i—kl Cn+k2 Crn-i-/ﬂoo

UMEIOT OoOIuil JemnTeb.

2.13. a) Jlaunr narypansnbie uncaa m > 1, n, k. Jlokasure, aro xoTa 6b1 oano u3 uncen Ck. CF 1y s
Ck 4} HE JleuTes Ha m.
b) Jlokazkure, 4O JIst M0GOTO A HaiieTcss 6ECKOHETHO MHOTO TaKuX 7, 9To Bee uncaa CF, Cf;‘ 1y e

qu;—k—l JeJISITCST Ha, M.

-1
4.9. Jlokaxkure, 9T0o TIipn 1 > 1 C2n+1 0222 nemmrest Ha 22712,

p—1 P=L

4.10. Jlokaxure, uro npu p = 5 (—1)"2 C, % = 4P=1 (mod p?).
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Apudmerndeckue cBoiicTBa OMHOMHAJBHBIX KO3(ddummueHros — 4

Zlonoanenus x npedvldyuwum memam

4.11. IIycts m — mpom3BOJBLHOE HATYpAJbHOE YUCTO0, P = 5 — mpocroe. Jlokaxkure, 910

SR ! 0 (mod p?)
e —— = mo .
mp+1  mp+2 mp+ (p—1) P
4.12. Tlycrb p u ¢ — pasiudHble TPocThie Yucia. JJoKaxKure, 9T0 CpaBHEHHE ngqill =1 (mod pq) BbiOI-
HEHO B TOM M TOJIBKO B TOM CJIydae, KOIJIa C’gpill =1 (mod q) u ngill =1 (mod p).
5  Cymmo burHomuasvbHur Koapduyuermos
3¢—-1
5.1. a) lokaxmure, uto Y. C%, nemures na 3; b) nemmrcs ma 3%.
k=0

n
5.2. Ilycrs Cy = %HC& — IOCJICIOBATENLHOCTEL umcesn Karanzana. JJokaxkure, 9o kzl Cr =1 (mod 3)
TOrJIa U TOJBKO TOTJA, KOIJIa TPOMIHOE pasJIoykeHue ducia n + 1 comepkut xors Obl oany nudpy 2.

5.3. Ilycts p > 5, k = [2p/3]. Hokaxure, 9ro cymma C; + Cg +...+ C’II; JeJIuTCs Ha p.

5.4. Ecou n * (p — 1), nae p — HeYeTHOE IPOCTOE, TO

CPl 4 207D L o30=D) 4 =14 p(n+1) (mod p?).

5.5. Jlokaxure, aronmpu 0 < j<p—1<nugq= [ZT_H

> (=1)™C™ =0 (mod p?).

m:m=j (mod p)

5.6. /lokaxkuTe, 9TO €Cu p — HEYETHOE IPOCTOE, TO N (p + 1) TOrJa U TOJIBKO TOTJ/Ia, KOIJia
I — ci+=h) L cit2=1) _ ci3e-D 1 =0 (mod p)

npu Bcex j=1,3, ..., p—2.
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Pemenuga

1 3adavu 6 noesd

1.1. a) Pemenue 1. C’;ffl = (P = 1)(11) _22)k: (= k) = (_1)£_§)k(_k) = (-1)* (mod p).

Pemenue 2. Ilo dpopmyisie st OuHOMUATBHBIX KOIMDMUIUEHTOB OUEBUJIHO, 9TO C’; mpu 1l <i<p—1

nenuTcs Ha p. KpoMe Toro, mMeeT MeCTO OCHOBHOE PEKYPPEHTHOE COOTHOITIEHNE C;f:ll —1—05_1 = C;f. Tak xak

C) 1 =1=1 (mod p)u (Cy_;+C,_,) " p,sakmouaem orcioma, uro C) | = —1 (mod p). Ho C} 1 +C7_,
TOXKE JICJTUTCA Ha P, SHAYWT, Cg_l =1 (mod p) u 1.

y

2
2KZIEHUE JIETKO IIPOBEPAECTCA 110 MHYKITNN. Ho mbr IpeJIOZKUM IIPAMO€ BbIYUCJ/ICHUE U3 [3]

1-3---(2n—1)
. n!

6) to zamaua [3, samaua 162]. ockobky apobu Chil +12 JC%, m O /C™ | cnnbho cokpaTHMbL, yTEED-
2

Kak merpymnuo Bumers,

cp, = 2"

IIpu sTom

130 20— 1) = (C1)"(1D(3) -+ (<204 1) = (S (p - Dp—3) - (p— 20+ 1) =

S () () () s (5 (5 ) (55 ) -
(20!

= (-1)"2" (p_l (mod p).

E=—n)!
BN e o
m—(— ) = (mod p).
1.2. DT0 HENOCPeJICTBEHHO CJIEJIyeT U3 CAMOIIOIO0HON CTPYKTYPhI apudMeTHIecKoro rpeyroybauka [lac-
KaJlsd, OIMMCAHHON B CJIEIYIONINX 3a/a9ax. JTO TakKe Cpasy cieayer u3 TeopeMbl JIoka. JlokazareabcTBo

Taxum obpasom, Cy, = (—1)"4"

MOKHO IIpOYecTb B cTarbe Bunbepra [1].

1.3. Mb1 orpannanmcsi HeGOJIBIIUM CO3ePIAHNEM, [OJIHOE PellieHue cM. B [3, 3ajaua 133).

[TockosbKy B $-if CTPOKe PACIOJIOXKeH JIMHHbINA psiji U3 Hysteil, B (s + 1)-if ¢cTpoKe 11071 STUMU HyJIsIMU
TAK’Ke PACIOJIOKEH psiJi U3 Hysieli (Ha eguHUIly Kopoue), B (s + 2)-if crpoke — olsiTh psiJi U3 Hyseii (CHOBa
Ha 1 Kopoue) i T. /1. DTuM 06bsICHAETC s HAJHIHE ceporo Tpeyrosbhuka cuuzy ot AJ (puc. 1).

Jlastee, HEHyJIEeBbIE 3JEMEHTBHI S-ii CTPOKM paBHBI 1, TOrya Psibl YUCEI, WAYIIAX BJAOJIh HAKJIOHHBIX
IPAHMUIT CEPOTO TPEYTOJIbHUKA, COCTOSIIETO U3 HyJIeli, — 9TO TOXKe BCE CILIONIb €IUHUIIBL (10 PEKYPPEHTHOMY
[pPaBUILy TIOCTPOeHUsT Tpeyroybanka [lackans). Takum o6pasoM, BIOJIb GOKOBBIX CTOPOH TPEYIOJLHUKOB
A u Al pacniooxensl eJIMHANBI, U 3HAYAT, 06a STHX TPeyroJbHUKa UAeHTHIHBI Af.

Tenepnb MOHATHO, KaK BBIISIUT 25- CTPOKa TpeyroJbHuKa. KpaiiHue 37eMeHThl B Heit — eJIuHMIb,
OCTAJIBHBIC 3JIEMEHTHI — HYJIM, KPOME HMEHTPAJbHOTO 3JIEMEHTa, KOTOPBIH paBeH 2, KaK CyMMa JBYX Bbl-
mecrostmux eauaui. OTcofa moydaeM, 9To CHU3Y OT 25-ii CTPOKHM HaXOJATCS JIBA CEPhIX HYJIEBBIX TPE-
YTOJILHUKA, 10 KpasiM oT HuX — Tpeyroabunkn A n A2 nnenrudanbie A), a Mexry HUME — TPEYTOTLHUK
Al, v KOTOpOTO B0/ BOKOBBIX CTOPOH DACIOJIOMKEHBI JBOHKH. KaK HeTpyHO MOHATL, 9TO 3HAYHUT, YTO
Al =2-A).

Hy u Ttax nasee.

1.4. Dror croxker Mbl B3siin B cTarbe [21], 11e HekoTOpble haKkThl 0 GUHOMUAIBLHBIX KOIMDMOUIMEHTOB 10~
Ka3bIBAIOTCA C TIOMOIIBIO PACCMOTPeHnst XaHoiickoii 6ammnu u rpada T H,,.

ITycTh Ha TEpBOM CTEpyKHE CaMblii BEPXHWIT JINCK MMEET JuaMeTp @, Ha BTOPOM — Juamerp b, Ha
TperbeM — ¢, a < b < ¢, TOrJa B 3TOM IOJIOXKEHUH €CTh TPU BO3MOXKHBIX XOJa: C @ Ha b mim Ha ¢, aubo
¢ b Ha ¢; AHAJIOTMYHO MMEETCsl TPHU XOJIa, €CJIM JMCKHA 3aHUMAIOT JIMINh JBa CTepXKHs. FCam ke Bee JIMCKH
HAXOJIATCS Ha OJHOM CTEpyKHE, BO3MOXKHBIX XOJ0B TOJIBKO JiBa, 0003HaunM Takue Koudurypamuu Ai, As,
A3 10 HOMEpPY CTEeprKHsl, Ha KOTOPBIil HAHU3AHBI JUCKH.

Bamernm, uTo 2°-9 cTpoKa TpeyrosibHuKa Ilackaiass COCTOMT M3 ONHHMX €JUHUIL — 3TO CJIEAyeT U3
3aji@4n 1.2 WM IpOBepsieTCsl HEeIOCPEeJICTBEHHO ¢ nomolbio dopmyisl Jlexkanapa (4). Orcrona ciey-
er, uto rpad P, uMeeT MOBOPOTHYIO CUMMETPHUIO TPETLETO ITIOPSJIKA, IIOCKOJbKY OCHOBHOE COOTHOIIEHUE
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Ay

As A2
A3 AQ

Ao ANJAL A3

Puc. 3.

Cffl + Cﬁ = Cﬁ 1, IPU IIOMOII KOTOPOTO MbI CTPOMM Tpeyroybhuk Ilackass “ceepxy Bnuz’, B apudme-
THKe 110 MOJLy/IIO 2 paBHOCW/IbHO cooTHomennsm CE—1 = Ck 4+ CF | u CF = Ck=1 4 CF |, ¢ HOMOH_H)IO
KOTOPBIX MOXKHO aHAJIOTMYHO HMOCTPOUTH Tpeyroybuuk [lackasis “cieBa cHu3y — BIpaBo BBepx U ‘‘clipaBa
cHu3y — BJeBo BBepX . Kpome Toro, orcioza ciejyer (u3 npejaplyineii 3aa4m), 9ro TpeyroibHuk [lackass
B 2 pa3sa 0oJIbIIIEro pa3Mepa COJIEPYKUT TPHU KOIHMH UCXOHOTO TPEYTOJIbHUKA.

JlokarkeM 110 MHAYKIWH, YTO CyliecTByeT Ouekius mexiay 1'H, u P,, npu KOTOPOI BepIIMHAM Tpe-
yroapuuka P, cooTBerTcTByIoT Kouduryparuu Ai, Ao, As. Baza n = 1 oueBuina.

Joxkaxxem niepexos. Ilycts mbl yxe ymeem crpouth bueknuio mexxny 1T H,, u P,. Paccmorpum 2-apudme-
THYECKHIl TPEYTOJILHIK TPeyroabHuK Ilackais co croponoit 2!, on colepKuT TpH KOMME TPeyroJbHIKA,
co croponoit 2". IIporymepyeMm Kommu 1 pa3MeTUM UX BEPIIMHBI, KaK MTOKa3aHo Ha puc. 3. Paccmorpum Bee
MOJIO2KEHUsT XaHOWCKON OAIlTHU, B KOTOPBIX CAMBIil KPYIHBIH JUCK HAXOJIUTCS Ha CcTepxKHE ¢. Fciau Mbl He
JIBUTAEM TOT JIUCK, TO BCE OTH IOJIO?KEHUS U TIePEKIIbIBAHIS OCTAJIbHBIX JTUCKOB 33J1a10T rpad, n30Mopd-
ubiit T'P,. C OMOIIBIO y2Ke UMEOIeiicst OUeKINU OTOXK/IECTBUM 3TOT rpad ¢ rpacdom P, pacioioKeHHbIM
B 4-if KOIMI TPEyTroJILHUKA, IpudeM HoTpedyeM, 4ToObl Kondurypanuu A; ObLIM OTOXKIECTBICHBEI B COOT-
BETCTBUU C pa3MeTKoil BepiuH. [lepemeriienne caMoro KpyImHOTO JIUCKA, CKAXKeM, C IIEePBOIO CTEPXKHS HA
BTOPO#l BO3MOYXKHO, TOJIBKO €CJIU BCE OCTAJbHBIE JINCKU HAXOJSTCS HA TPETHEM CTEPXKHE. DTO B TOUYHOCTH
COOTBETCTBYET peOpPY, COCTUHSIONIEMY COCeHIE BepIUHbl A3 Ha JleBoit OOKOBOII CTOpOHE TPEyTroJbHUKA,
AHAJIOTUYIHO OOCTOSAT JIeJIa C JIDYTUMU IIEPEMEICHUSIMU caMOro O0JIbIIOrO jucka. TakuM obpa3om, mocTpo-
€HHOE COOTBETCTBUE JIEHCTBUTENBHO JlaeT nsomopdusm rpacdos 1P, u P.

1.5. Bueknus ¢ Xanoiickoii 6amrteii jaeT IpocTyio siBHYI0 (hopMyity (Korjia 4ucsio CTPOK — CTeleHb JBOWKHM ):
B nepBbIx 2F crpokax Tpeyrombuka [ackans conepskurcs 3F eunmm,. Ta ke bopMysia Jerko JoKasbBaeTcs
[0 MHIYKOWUN U3 peKyppeHTHOCTH 331a4u 1.3. Ilonp3ysice stuMm dhakToM Jjerko IojgydaeM OIeHKy. Tak
kak 106 < 220 xommaecTBo 37M€MEHTOB B THX CTpOKax PaBHO 3 1.106(10% + 1), a xomuecTBO eumuIL He

npesocxonut 320, JTosist eMHAT] HE TPEBOCKOIUT < 0.01.

m
1.6. Ml B3siin 910 yTBEpKIeHUEe B 0630pe [18].

Pemenue 1 ([CSTTVZ|). Ilpu p = 2 yrBepKeHne 3aja4u JErkKo HpoBepsieTcs. ByjeM jajee cuau-
TaTh, YTO p — HedeTHoe 1pocroe. Ilycrs n = x(p — 1) + k. ByjaeMm j10ka3biBaTh yTBEPKICHUE UHIYKIHELt
o .

Basa z = 0 rpusnanbua: CJ = C’g (mod p).

st moKa3aTe/IbCTBa Iepexo/ia BOCIO/IL3yeMC sl CBOMCTBOM OMHOMHUAJIBLHBIX KOI(DDUITMEHTOB

Corp = Z csmicy (cyMMUpOBaHUE B €CTECTBEHHBIX I'DAHUIAX ),

KOTOPOE BBIPaXKaeT JIBa CIocoba MMo/IcueTa InC/ia BApUAHTOB B3STh S IIAPOB U3 KOPOOKH, B KOTOPOI JIEKUT
a depHbIX 1 b Gesbix mapos. [lycrs n=m + (p — 1). 3amerum, 4ro

p—1
Chr It = C ) ﬁi—ZC“’ DRI = 3 ()OI (mod p)
=0

(mocsieiHee cpaBHeHHE — TI0 yTBep:KIAeHMo 3ajga4an 1.1a). OrMernM, 4ro B mocseqHeil cymMMe HepBoe u
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[OCJIEJTHEE CJIaraeMoe IPUCYTCTBYIOT €O 3HAKOM Iutoc. [Ipeobpasyem Tereph HHTEPECYIONIYIO HAC CYMMY.

St =
)4

= (C), - Cit . ) H(CeIT —cptTl 4 C;’,L)+(C§L(P‘1>+j — o2ty C,(j;—l”j) +...

=Y (-1)'Cl, + > CHrH (mod p).
=0 4

3Jiech mepBasi CyMMa paBHA HYJIIO, a BTOpPAasl 10 IIPEJIIIOJIOKEHNI0 WHIYKIINA CPABHIMA C C,]g (mod p). aZg

Pemenue 2 (ocHoBHOE pekyppeHTHOE TOXK1ecTBO, |J|, [T]). YrBep)ienue nokasbiBaeTcst MHIyKIHeil
no n. Baza n < p — 1 TpuBManbHA: JeBasg 9aCTh COIEPXKUT BCErO OJHO CIaracMoe — TO K€ CaMOe, 4TO U B
npapoit yactu. Ilepexon;

C+CE 4 = (Ci_y + CZY) + (G 4 e 4 -

= (Cii+e PP ) (G o T L)

Cl_ +CI-1=0C] (mod p).

Ho Tyr cnemyer umers B Buy, 9T0 B (DOPMYJIUPOBKE YTBEPXKICHUS B CJIydae, Korja rnapaMerpbl j u k
nendTcd Ha p — 1, oHu npupaBHHBaOTCT K p — 1, a #He K 0. Takum 06pa3oM, BBITHCAHHOE COOTHOIIEHUE
TpebyeT oT/iesIbHOrO paccMmoTpenus npu j = 1 wim k = 1. Mbl orpannydnMcs paccMOTPEHHEM YacCTHOTO
ciydast, KoTopoe mposcusieT curyaruio. [Iycts p = 5, j = 1 u Mbl moKa3biBaeM mepexorn K n = 13. Nmeem

(1]~

1 1 6 11 _ (1 6 11 0 5 10
Ci = Ci3+ CP3 + Cp3 = (C1p + Oty + Cha) + (Chy + Oy + C13)
3/1ech mepBast CKOOKa JlaeT 110 WHLYKIMOHHOMY Tpejinosioxkenuto octatok Cf (a osce ne Cf, Kak Moriio
[OKA3aThCsl [0 IPEJIbIYIIEeMy BbIYUCIEHNI0). Bo BTOPOIil CKOOKe 11epBoe ciiaraeMoe He yqacTByeT B MHJLyK-
IIHOHHOM TIPE/IIOJIOYKEHNH, & CyMMa OCTATBHBIX cpasHuMa ¢ CYF. 3ammcwsas jyis scHoctn p — 1 Bmecto 4,
nosryuaeM, uro Best cymma cpaguuva ¢ Cp_y +C)  +C) 1 = C] (mod p), uro n TpeGyercs.

Pemenue 3 (anrebpandeckoe paccyx/jenue ¢ reopemoii Jloka, [18]). Mumykius o n. Bazan < p—1
TpuBHabHa. IlycTh Temepb n > p, 3alMIIEM BCE BCTPEYAIONIMECcd IapaMeTpPbl B CUCTeMe CYHUC/ICHUS IO
OCHOBAHUIO P, cymMMy mudp duciaa m OymeMm obosnadarb op(m). OdeBmano, ecim m = j (mod p), To
op(m) = j (mod p). Torma mo Teopeme Jlioka nnTepecyrommas Hac CyMMa paBHA

> croc ... e (mod p),

Ijle CyMMHPOBAHIE PACIPOCTPAHIETCS Ha BCE M = g ... MMy < N, I KOTOPLIX op(m) = j (mod p).
DTa cyMMa B TOUYHOCTH paBHA cyMMe Kodddurmentos npu 2/, 2 P~1 2J +2-1) g BBIpaKEeHUU

(I4+z)14+z) ... (1+z)" = (14 z)7",

Ho oueBusino, aro ykaszanHas cymma Ko3(hUITMEHTOB paBHA

> G
1<r<op(n)
r=j (mod p—1)

KOTOpasi yJIOBJIETBOPSIET MHIYKIMOHHOMY HPEIIONIOKEHHIO, Tak Kak 1 < op(n) < n — 1, n maer myxHoe
HaM CpaBHEHHE, IIOCKOJIbKY 0p(n) =n = j (mod p).

Pemenue 4 (HeMHOTO 3/paBOro CMbICTA W JHHEHHON aire6pot, [[I]). Muorounensr z, 22, ..., xP~

JIMHEIHO He3aBUCHMBI HaJ| Z, n obpa3yiorT Oasuc B mpocrpancrse dyukuuit f: Z, — Zp, f(0) = 0. Ilo
mautoit Teopeme ®epma (1 + 2)" = (1 + z)* (mod p). Peaynupys JieByio 4acTh ¢ IOMOIIBIO COOTHOITEHM
2=l = 21 pojyyaen, 4TO HHTEPECYIONIAs HAC CyMMa KAK SJEMEHT Z,, paBHa Ko3bdunueHTy npu

1

B npasoit gacr, T.e. CY.
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2 Apudpmemuueckuli mpey201oHUK U 0eAUMOCTNb

2.1. a) D10 pesynbrar Pobeprca [27]. OGo3nadiM KOJIMYECTBO eIMHMIL B MEPBLIX 3F cTpokax uepes ay,
a KOJITIEeCTBO JBOEK b — uepe3 by. [lob3ysich pekyppeHTHOCTBIO n3 3a/1a4u 1.3, moJiydaeM COOTHOIIEHUS:

ag41 = dag + by, bri1 = Sby + ag.

OTCIO,IL& yTBEP2KJICHUE 3a/la9n JIETKO CJIEyeT 11O MHAYKIIUH.

b) OrBert: % . 5’“(5"; +1)— 15%. O6oznagast HICKOMYIO BEJIMUNHY G, AHAJOTUIHO IPEABbIIYINeil 3a1a4e
IOJIy9aeM COOTHOIIIEHNE
5F(5% — 1

Ap41 = 15ak + 10 - %

I 5% (5% 41)

OCKOJIBKY B II€JIOM TPEYTOJBHUK COJIEPKAT ~——5——

_ SR
- 2

9JIEMEHTOB, €CTECTBEHHO BBECTU 3aMEHY IIE€PEMEHHBIX

ag —by. Torga Jyist nepeMeHHOM by, IpeIbIIyIee COOTHOIIEHNE 3aIUChIBAETCS B BUJIE by1 = 15by.

c)Orser: (I@)k. 9o pesysbrar Paitna [13]. OH aHAJIOIHYHO MPEBIIYIIMM IyHKTaM 0Ty aeTCst
110 UHAYKIIUA U3 PEKyPPEHTHOCTH 3aja49u 1.3.

2.2. Pemenne 1. Unnyknus mo a;. Basa mua a; = 0,1 jserko nposepsiercs. Ilycts myist Bcex a; < a
yTBepXK/JieHne yxke jgokazano. Jlokaxkem ero st ay = a. OueBuyno, m — 2% < 291, [lyctb B 0b603HaUEHUIX
sagaqan 1.3 s = 29, Yucay m = 29?2 + 29 + ... + 297 COOTBETCTBYeT CTPOYKA B TPEYTOJbHUKE Ag. B sroit
CTPOKE U B CTPOKAX HAJl HEHl 110 WHIYKIIMOHHOMY HPEIIIOJI0KEHUIO COIEPIKUTCS

392 42.3% 4 427723 (2)

eyummt. Torya ey m = 1+ 21 COOTBETCTBYeT CTpOUKa, nepecekaiontas Tpeyroabauku Ay u Al (uren-
THYHBIE TPEYTOILHEKY AY, TTOCKOMBbKY y Hac 2-apudMeTnka). B 9Toil CTPOKe I BBITITe HAXOUTCS TIeTHKOM
TpeyrombHIK A (B HEM 10 TIPeJIIONOKeHNIo HHYKIMH 3% eIMHAIL) U /[Ba HEMOJIHBIX Tpeyroibinka Ad n
Al B KaxKI0M W3 KOTOPBIX IO eIUHAI 3a1aeTcst hopmyitoit (2). B cymme momydaem

391 4 2(3%2 £2.3% 4 ... 2772, 30)

€JINHUI], IYTO U TPEOYEeTCs.

Pemenue 2 (kombunaTopHbIil cMbIcT KO3hdunuentos — pasbusaem Ha cyou, |[T]).

Jemma 1. Ilycrs uncno eaunui B k-it crpoke paBHo 27 (Wi, 9TO TO Ke camoe, OMHApHAs 3AINCh
qucsia k CONEpXKUT 7 eIUHUI) U IIyCTh (p > Qg > -+ > Qup, 297 > k. Torjga 4ucio euHUIl B CTPOKe
¢ HoMepoM 2% + 292 4 2%m 4 k papHO 2T

HloxaszaTesubcTBo. OueBnjiHo, OMHapHas 3amuCh nucyaa 24 + 292 4 . 4 29" 4 L comepKUT m + r

2m+r

eJINHUI] ¥ TOTJIa B CTPOKe Tpeyrojbauka [lackais ¢ sTumM HOMEpOM €JIUHUII. ]

Jlemma 2. CyMMapHoe KOJIMYECTBO €IUHUIL B CTPOKaX C HOMEpaMu
200 4292 4 4 2%m-1 0 Q0L 4 902 4 2%l ] L, 2% 4292 4 20l 4 2% ]

pasHo 2F3%m

HoxkazaTeabcTBo. [lo jeMme 1 KOJIMYECTBO €UHUIL B CTPOKE C HOMEPOM 271 4 292 4 || 4 20m—1 44
pasuo 2Fx;, e x; — KommuecTBO eauHUIL B i-if crpoke. Torya cyMMapHOe UHCIO eIMHUIL B YIOMSIHYTHIX
crpokax pasno 28 3" ;. Ho Y. x; — 310 umcio ejunu B meppeix 2% — 1 crpokax Tpeyrosbauka [lackaiis,
OHO paBHO 3“™ (3TO HAM M3BECTHO, HAIPUMED, U3 3aja4n 1.4). ]

OcraJjioch IPOCYMMMHPOBATDL IIO M KOJIHUYECTBa €AWMHUIL U3 JIEMMbI 2.

2.3. MbI B3siin yTBepxKJeHue 3ajaqdn u3 crarbu Buubepra |1, a pemenue uz crarbu ['pansmiis [18].
YTBEepK/IeHNe BBIBOJAUTCA U3 TeopeMbl JIIoKa ¢ MOMOIIBIO CJIEYIONIEro HAOIOIeHus (TOXKE YIOMSIHY TOTO
B [1]): GuHOMUAIBbHBIA KO3 UIIEHT C’,’j HEeYEeTEeH B TOM U TOJIBKO TOM CJIydae, KOIJla €IUHUIIbI B JIBOMYHOM
PA3JIOXKEHUH YHCJIa k MOTYT CTOSITH JIUIIb B T€X paspsijiax, TJe CTOAT eJUHUILI B 3amnucu aucia n. Orcioma
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cpasy ciemyer, uro P, = Y 2F rme cymmmpoBamme pacnpocTpaHsercs Ha BCE WHCIA K, OIICAHHBIC B
IpeJIblIyIeM Ipe/iokennn. B obosnauennsix dopmysst (1) upu p = 2 nosoxum S, = {i : n; = 1}. Torna

N I I

ICS, iel 1ESH

2.4. Dror pesynbrar Paitna [13], 1947 r, — upocroe cieacrsue Teopembl Kymmvepa. YTo6b1 GMHOMAATBHBIH
KO3 PUIHEHT ij He JIeJINJICS Ha P, He JOIXKHO OBITH IIEPEHOCOB TP CJIOYKEHUN dnces k u n—k, 3aIMcaHHbIX
B CHCTEMe CUYHCJIEHHS 110 OCHOBaHMIO p. llpm pUKCHPOBAHHOM 7 9TO O3HAYAET, UTO BBIOOD i-if IHQPHI
P-M9HON 3amucy auciaa k MOXKHO craenaTh n; + 1 crmocoboM.

2.5. a) D10 cpasy cieryer u3 GopMyIIbl, JOKA3aHHON B IPeJIblLyIeii 3a/1a9e, IOCKOIbKY pedb HJIeT O CTPO-
Ke, B KOTOPO# POBHO JIBa dJIEMEHTa He JIeJIsITCI Ha P.

b) [13]. Ecm (n 4+ 1) : p¢, o n = a(p—1)(p—1)...(p — 1) B cucTeme cUUC/IEHNUs TIO OCHOBAHHIO P.
Torma g kaxmgoro k, 0 < k < n, kaxgag mudpa dncia k He IPEeBOCXOIUT COOTBETCTBYIOMIEH IH(PHI
quciia n. Torga Bce OuHOMuAIbHBIE KOI(DMDUITMEHTHI Cﬁ: He paBHbI HYJIIO (B TOM YHCJIe, 110 MOJLYJIIO D) U 110
teopeme Jloka CF ne nemurcs Ha p.

B obpatmyio cropony. Ilycts Bee Gunommasbibie koadbdmmmentsr CF we nensarcs na p, wo wmcio n
sipsisiercst aucsioM Buga a(p — 1)(p — 1) ... (p — 1). D10 3HauuT, uro onHa u3 1uUdp, CKaXKeM n;, MEHbIIEe
p—1. Bosemem k = (p—1)-p’. Torma k; = p — 1, ciegosarensho, Cﬁ; = 0 u o Teopeme Jloka ij JEeTUTCS
ua p. [IporuBopeune.

2.6. D10 M3BECTHOE yTBEPIKJIEHNE MbI [OUepHHY/IH B [12].
Pemenue 1. Jonycrum, aro C*~1 /p u CF [ p, wo upu srom Cf;rl = (Ck=1 4 CF) 1 p. Torma

Ck = —Ck=! (mod p). Tax Kak 06a GUHOMHUATLHEIX KODMUITIEHTA HE JICIATCS Ha P, MBI MOYKEM COKDATHTh
IpaByIo U JIeByIO JacTh. Ilomydaum "’I]fl = —1 (mod p), orkyna n+ 1 =0 (mod p).

Pemenue 2 (|K|). Xorss yrBep:K/eHMe BBINISIUT OYEHb €CTECTBEHHBIM, HAIIOMUHASI HAM OCHOBHOE
TOXKJIECTBO I OMHOMUAJIBLHBIX KOI(hMDUIIMEHTOB, 9acTh “Cﬁ’l / p” B HeM JmmmHsis. JleficTBuTebHO, eciin
(n+1) /p, 100 < ng < p— 2. Hockonsky C¥ 7 p, 1o 10 Teopeme Kymmepa npu Beex i BEPHO HEPABEHCTBO
k; < n;. Ho Torma amajoruvmbie HEPABEHCTBA BEPHBI U I MAPBI duces k U 1 + 1, TOCKOJIbKY Y YHCIIa
n + 1 Te ke nmudppl, 9TO U y N, KpoMe MUdPbI B CAMOM MJIAJIIEM pa3psijie, KoTopas y dncia n + 1 Ha 1
6ospie. Cresiosarensbho, CF 11 /D

2.7. [2|. Cpasy crenyer u3 teopemst Jloka u 3amadn 1.1.a)

2.8. Bajaua u3 crarbu Bunbepra [1]. Maayknus no uucity mumdp. Basa tpusnanbha. st mepexoma J10-
baBysieM odepeaHyIo nmudpy B KOHeI[ Yucjia. B cuiy HedeTHOCTH OMHOMHUAILHOIO Koddduimenra n; = k;.
Honnzysich pekyppentHocThio CK = CS:%+C§_1, repebupast pa3Hble BAPUAHTHI YETHOCTH 1 U K C ITIOMOIIBIO
reopeMbl Kymmepa u 3a1aun 4.6a) CBOIUM BCe K MHJLyKI[MOHHOMY IIPEJIIOJIOXKEHHIO.

Hamnpumep, npu megernom n = 20 + 1 u getiom k = 2m, ecm k1 = 1, o k = ...10, n = ... 11
(mBomunble 3ammcu), Torma (n — k) = ...01 (moromy 4ro 10 Teopeme Kymmepa He JIO/KHO OBLIO GBITH
nepenocoB), (k—1)2 = ...01, snaunt, no Teopeme Kymmepa mpu cioxenun (k— 1) 4+ (n — k)2 ectb poBHO

1 mepenoc, T.e. Cﬁj =2 (mod 4), oTky/a
Cp=Ch 1+ Chy=—Cpy =—C3" = -C{"  (mod 4),

noceee — 110 3ajade 4.6a). DTOT MUHYC B TOYHOCTH COOTBETCTBYET MHOMKHTEO (—1)Foritkino,

2.9. 3ajaua u3 crarbu Bunbepra [1|. YrBep:kienue cieyer u3 pesysbraTa Mpeablayieil 3aaaan. Ecam B
3aIucu N HET JABYX €JIUHUIL MOMAPsJI, TO BCe mokazareynu k;_1n; + k;n;_1 paBHBLI HYJIIO U BCe OMHOMUAILHDIE
K03 PUIMEHTHI JAaloT ocTarok 1 mpu jgenenun Ha 4. Eciam »Ke 3ammch 49mcia n COAEPXKHUT yYIACTOK U3
eJIMHUI], HaYMHAIONMiiCA ¢ n; = 1, TO y II0JIOBUHBI HEYETHBIX OMHOMMAJILHBIX Kodddunuentos k; = 0,
a y Apyroii nojaosunbl kj = 1 1, KaKk HeTPYIHO BHJIETh 110 bopMyJie U3 IpeblIyIeii 3a1a4du, 10 MoLyIIo 4
9THU MOJIOBUHBI OTJINIAIOTCST 3HAKOM.

2.10. DTomy 3aIyTaHHOMY CIOXKETy HOCBsiIIeHbl nBe crarbu B Monthly [19, 20].

2.11. Dra 3anaua 1. Jxxykuda 6buta B 2002 1. Ha onumnuajie 239 mkosbl 1. Cankr-IlerepOypra, a morom
3acBerwiach B mopt-aucre IMO-2008.
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[TockombKy Bee GnHOMUATBHBIE KOIDMUIIMEHTHI 13 YCIOBHS 33[a4i HEUYETHBI (110 TeopeMe .HIOKa) s
JIOKa3aTeIbCTBA YTBEPIK/IEHUS JOCTATOYHO IPOBEPUTH, YTO BCE UHUCJIA an 1) an 15 - c2 -1 _{ JamwT
pa3Hble ocTaTKy 1pu jejennu Ha 2". Janbie MOXKHO J1efiCTBOBATE TO-PA3HOMY.

Pemenue 1 (|1]). peamonoxmm nporusroe, mycts Cy, | = CH | (mod 2") npu HedeTHBIX k 1 m,
k > m. 3amerum, 9TO

Ch o =Ck —ckt =ck -k o = =0k ok v os - et e

B wactHocTn,
chk,—cklyck2— . —0mt =0 (mod 2").

Teopema Kymmepa 10o3BosIsieT st KasKJOro 7 JIEPKO BBIYUC/INTH IIOKazaresib ords Cj., a MMEHHO, eCcin
ordor = a, TO mpu ciaokeHun r u 2" — r OPOU3OIIET M — @ TMEPEHOCOB (9TO OYEBHUIHO W3 AJITOPUTMA
cJI0KeHHsI CTOJIONKOM), u 3HauuT, ordy C%, = n —a. B wacraocru, C, nesmrcs Ha 2™ 1pU HEYETHOM 1, UTO
[TO3BOJISIET OTOPOCHUTH B IOCJIETHEM CPABHEHUU IOJIOBUHY CJIAraeMbIX:

ChlyCh34 40P =0 (mod2").

Jlpyroe cjieJicTBHe U3 NPUBEJEHHBIX DACCY?KJEHMII COCTOUT B TOM, UTO y Beex ciaraembix Ch, B JieBoit
YacTH mapaMmerp ¢ 9eTHbIH u mosromy orde CF, < n. JlokaxkeMm Terepb, ITO BBIIOJHEHHE 3TOI0 CPABHEHUS
HEeBO3MOXKHO. BribepeM x, mjist Kotoporo ordg CF, nMeeT MUHHMaJIbHOE 3HadeHne. Tak kak ordg C5, <n, HO
IIPU 3TOM BCsI CyMMa JlesnTest Ha 2™ Hafigercs y, 1uist koroporo ords CF, = ordy C3,.. Ho Torga Gunaphbie
3AIUCH YHUCET T W Y OKAHIUBAIOTCS Ha OJMHAKOBOE YUCJIO HYJIEH, TOSTOMY MEXKIY & U Y HAHIETCS IHUCIIO 2,
oKaH4YMBaoleecs: Ha Oosbiee uncso wyseit. Torga ords C5. < ordsy CF,, 9TO IPOTUBOPEYUT MUHUMAILHO-
CTH.

Pemenmne 2 (|CSTTVZ|). Ilpenonoknm mpoTuBHOE, IIyCTh HAILINCEH ducia k u £, k # ¢, Takue 910
C’Qlngl = C%Jrl mod 2™, 0 < k,¢ < 2" — 1. Kpome Toro, Mbl OyjileM BECTH PacCy»KJIE€HUsI 110 WHIYKIUH,
CYMTAas, UYTO JIJIsT MEHBIITUX 3HAUYECHUN N yTBEPKICHUE 3a/[a91 yKe JIOKA3aHO. 3aMETUM, ITO

CQ’““:(?—1)<%—1>...(2k2—:1—1):
:(?—1)(%—1)...(%—1)-(?—1)(%—1)...(%—1): (3)
:(?_1)<%—1>...(%—1)-C§n_115

= (—1)FCk . | (mod 2").

W ananornyno C’QeJrl = (-1 )“‘105” 1_; (mod 2"). ITo miryKIMOHHOMY MPEIOJIOKEHIIO, OTCIONA CIIe/IyeT,
T 2 —1—r
4T0 k 1 ¢ He MoryT ObITh 00a HedeTHbIMH. Kpome Toro, B cuity cummerpun Cg, | = C5, " yTBepxKJeHIe
38191 O3HAYAET TAK¥Ke, UTO BCe OUHOMMATLHBIC KOI(hMUIMEHTH ¢ YeTHBIME ToKazaTenamn — Can | —
TOXKE TIOMAPHO PA3J/IMIHBI U 110 MOJIYJII0 2" 00pa3yioT TO K€ MHOXKECTBO, YTO U OMHOMUAJbHbIE KOI(hDUIN-
€HTBI ¢ HEUIETHBIME MTOKazaressmu. [losTomy k u £ He MOTYT OBITH 0068 T€THBIMH.
Ocrasiock pazobpars ciay4ail, korjna k u ¢ pazuoit yernoctu, nyctsb k = 2a + 1, £ = 2b. Torna

0223+11 + Czn 1.1 = 0 (HlOd 2") .

HpI/I a = b 310 CpaBHEHHE HEBO3MO2KHO, TaK KaK Czn 1 HEYETHO "

-1

2"l —1-2q 21
0223:’—11 + CQn 11— CQn 1_ (1 + 20,—-|—1> an 11" m = 2”71 (mod 2”) .

Ecmn ke b # a, To C _1 #* C2n 1_1 110 UHJYKIIMOHHOMY HPE/IIOIOKEHHIO U TaK KaK CQn 1t 02a+1

on—1
C2a+ 1 on— 1

nesmrest na 27, cyMMa C2n 1 HEe MOXKET JIeJUThCA Ha

2.12. D71y 3ama1y HAM COOOIIIIIT A. Besos. SaMeTI/IM, 4TO
nn—1)...(n—k+1)
m+1)(n+2)...(n+k)’

n+k; n
C CQn '
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u TakmM oGpazom, Cp* mveer MuOro 061X MEOKHTEE ¢ Cl) | KPOME TeX, KOTOPble COKPATHITACEH CO 3HA-
MeHaTeseM JIpobH. 3aMeTHM, YTo 3HAMeHaTesb He npesocxonut (2n)F. Hamuimem amajormamnbe paBeHcTsa
C”+k2 , Cg; k100 HanGombimmit o6t qesmress Beex
3HAMEHATEesel B IPABbIX YaCTAX ITHX paBeHCTB e npesocxoqur (n+1)(n+2)... (n+ [ey/n]) < (2n)=V,
Ho mpu 6ompmnx n ounoMuasibubiil Koaddurment Cg,, — cyliecTBeHHO Oojiee KPYITHOE YHCII0, TI09TOMY Jla-

2Ke eCJId COKpPpaTUTb €ro Ha HanOOJILIINH O6H_II/II‘/JI JCJINTEJIb BCEX 3HaM6HaT6JIGI71, OCTaHETCdA BECbMa KPYIIHOE

JIIs BCeX OmHOMUasIbHbIX Koaddunuentos C; n'H“

JacTHOE, KOTOPOe U OyIeT OOIIUM JIe/TUTE/IEM BCEX CTa OMHOMUAIBLHBIX KO3(DDUINEHTOB.
[Tosicuum mocsteiHee coOOparkKeHre ¢ TOMOIIBIO OIEHKH. 3aMETUM, UTO
2n 2n—1 n+1

Y = . > 2™,
| 1

IIpu sTom (271)1005\/H = 9eVnloga eV Qyepnpo, 115 KazKI0ro (GUKCHPOBAHHOLO € cymecTByeT N, Takoe
4910 1pu BceX n > N Oy/ieT BLITOJHEHO HEPABEHCTBO

g > eyv/nlogyn + ev/n.

Ecimn nns rakux n nogermrs Cg, na HOJIL Bcex 3HaMeHaTelieli, dacTHOe OyIeT He MEHBIIe on/2.

2.13. a) Bagaua npemiaragack B 1977 r. Ha JIeHUHrpaCKON OJTMMIINAJIE TKOJIHLHUKOB.
Pemenune 1 (6e3 Teopembr Kymmepa). Mbl npuBoguM periieHne 3 3aMedaTeIbHON KHUKKY [4].
Jomyctum, 9TO BCe 9TU Yncaa JesTcs Ha m. Torma gumcia
k k
Cn-i—k 1 C CTLJrk*l ’

k k
Cn-i—k 2 CTLJrk*l - Cn+k72 ’

k—1 _ ik k
Cn - Cn+1 - Cn

TaKKe JIeJATC Ha m. AHAJTOTUYIHO, Ha 1M JEJISITCI U BCe TUC/Ia c’ wiis D€ © < J — IPOU3BOJIbHBIE HEOTPH-
naTe/ibHbIe TeJble ducja. Ho cpean HUX eCcTh YUCIOo Cg (1 =7 = 0), koropoe pasto 1. IIporusopeune.

Pemenue 2 (reopema Kymmepa). ITycrs p — npocroit MHOXKUTETH uncaa m. [Ipoepum, 910 ojHO
u3 umcesn CF Cn L1 Cﬁ 4 He jemures Ha p. Sanumiem k B cucreme cuuciienus 1o ocHosanuio p. ITo
TeopeMe KyMMepa JIOCTATOYHO HaiiTu Takoe ducio £ (rae n—k < ¢ < n), 4robbl cioxkenue k + £ B cucreme
CUYHUCJIEHHUS 110 OCHOBAHMIO P BBIINOJIHSJIOCH 0€3 IEPEeHOCOB, TOrja OMHOMMAILHBIA KoM MUIMEHT C,’j L HE
OyIeT JIeJINThCs Ha P.

OT0 cuenarb coBceM HeTPYIHO. Mbl OrpaHMYMMCS PAaCCyXKJIEHHEeM Ha KOHKPEeTHOM mpumepe. Ilycrb
p =17, k=133 (31ech u Jlajee duciIa 3alUCaHbl B CEMUPUYHON crcTeMe cuncienus ). IJocKoIbKy nuanasoH,
B KOTOPOM MBI HIIEM 4uCI0 £, conep:KuT k + 1 dmciio, HaM Beerja yaacTces BhIOparhb £ Tak, 4TOObI THCJIO

k + £ OBLIO OTHUM U3 YUCEJI CJIEIYIONIETO BUIA
2133, ...233, ..., ...633.

(HamomuaumMm, uro nmdpa 6 B Hammem npumepe camasi crapiiasi.) Torjga O4eBUIHO, 9TO IpHU CIoKeHun k + £
He OBLJIO HU OJ[HOT'O MEPEHOCA.

b) Yreepxkaenue B3saro us [2|. Takue n HeTpyHO HOCTPOUTH ¢ TOMOIIBID Teopembl Kymmepa. Ilycrs
ord,m = s, u 3amuch uncia k B CHCTeMe CUMCIEHHs 1O OCHOBaHmIO p comepxkur d + 1 nudp. Ilycrs
n : pdtstl Torma wncna n —k, n—k+1, ..., n — 1 conepskar B paszpsaiax ¢ (d + 2)-ro no (d + s + 2)-it
udpbl (p—1), HO3TOMY TIPH CJIOKEHUU 3TUX YUCEJT € k B YKA3aHHBIX pa3psijax Oy/LyT BOZHUKATH EPEHOCHI.
Taxum obpaszom, o Teopeme Kymmepa mosrydaeM, ITo nHTEPECYIOIINE HAC OMHOMUAILHBIE KOI(DDUITNEHTRI
BCE JIeJIATCA Ha po.

[ToCKOJIbKY yCJIOBHsI, HAJIOKEHHBIE Ha 7, JIEFKO COBMENIAIOTCA JJIsi PA3HBIX P, MbI MOJJYyYaeM OTCIOJA
Tpebyemoe.
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3 0Obobuerue meopem Buavcona u Jhoxa

3.1. Kak usBectHo, ordy(n!) = Zk [1%] Ecin n = ndpd + nd_lpd_l + ...+ n1p+ ng — 3anuUCh B CUCTEME

d—k—1 T,

CYMCJIEHHS 110 OCHOBAHMIO P, TO [1%] =ngp®F +ng_1p .+ np1p + ny 1 dopmyty aist ord,(n!)

MO2KHO 3alliCaTb B BH/IE

ord,(n!) = Z

d
k=1

. d
s y ‘ ‘ L opi-1 2 mip' = 2
(2 =

MpbI oIy9u/in B TOYHOCTH TpedyeMoe BbIparKeHHe.
YTBepKIeHIe 3a/1adK TaKyKe HeTPY/HO J0Ka3aTh MHIyKIWeil 1o n, cM. [5].

3.2. a) Pasbusasi MHOXKHUTe/IH, COCTABJISIONINE BbIpaykeHue n!, Ha rpymnsl 10 (p — 1) mryk, noaydaem

[5)-1
() = J[((kp+1)-(kp+2) - (kp+p—1)) - ([2lp+1)([Zp+2)... (Zlp+n0)= (1) /ng!  (mod p).
k=0

6) Dro yrBepxkienue Bcrpedaercs y Laycca [15]. B npoussegenne (p?!), BMecTe ¢ KazKIbIM COMHOXKH-
TeJieM BXOJUT U ero oopaTHbIil 1o Moy o p?, u npousBegeHue 3Toil mapbl paBuo 1 mo momysto p?. Takum
00pa3oM, HAM CJIEJIyeT JIAIIb IIPOCJIEJUTDh 38 TEMU MHOXKHUTEISIMHU 11, KOTOPbIE COBIAJAI0OT CO CBOUMU O0-
PaTHBIMHE, T.€. yJIOBJETBOPSIOT CPABHEHUIO

m? =1 (mod p?).

st meverHOro p cpaBHenue uMmeeT 2 pernenus: +1. lna p = 2, ¢ > 3 cpaBHeHUE UMeET ellie mapy pPereHuii:
2071 4+ 1.

c¢) Tak xak n! = (n!), - p[%} ([%])!, YTBEPKJICHUE JIETKO JOKA3BIBAETCS 10 MHJYKIIMU C IIOMOIIBIO CpaB-
HEHUs U3 II. a).
3.3. M1 B3sn yrBepikenue co crpanndku ['pansmiis [17]. [Tomumo reopembr Kymmepa, mmpoko n3sect-
Ha IpsiMasl ¥ He CTOJIb cuMuaTudHasi dhopmydia Jyist qucia ¢ (dopmyra Jlexkanapa):

R (o ) R (R 4 )

O6o3HaunM Jyisi KpaTkocTu N = [n/p] u T.1. n Hanumem dhopmyity Jyist GMHOMUAIbHOIO KoadduImenTa,
cobpaB OTJEIHLHO BCE MHOXKUTEJIU, JEISIINECS Ha P:

ok — 0y pt/7) n!
(kD) ' plk/pl . plr/pl TR

3iech mepBasi 1pobb MOXKeT OBITH IIPeobpa30BaHa 110 MOJYJIIO P B COOTBETCTBUH C ODODIEHHON TEOpeMOi
| o

Busbcona (3a1aua 3.2, 6) K BbIPazKeHUIO %, TPEThsI APOOH MO3BOJIAET JeHCTBOBATD 110 UHIYKIINH, 8 CPel-

Hsisi JIpoOb (1 3HAK U3 0600IIEHHOl TeopeMbl Buibcora, KOTOPBI Mbl He yroMsiHyin) 110 dhopmyste (4) macr

BCe HYXKHbBIE BBIpaXKeHUsI, cojep:kariue /.

d
3.4. a) Packpuisas ckobkn B Bepaskenuu (14x)P", MbI MoxkeM Bocmosb3oBaThest TeM, uto mpu 1 < k < pd—1
GuHOMUATILHBIN KoM huImenT C;fd nennrest Ha p (aHagorngno 3ajade 1.1 nam o reopeme Kymmepa).

b) Honoxkum n = n'p+ng, k = k'p+ k. To yreepxaenmio m. a) (1+z)P" = (1+2P)" (mod p) Torua
(14+z)" =04z (14+2)°=1+2")"(1+2)" (mod p).

YKa3zaHHoe cpaBHEHUE HAJIO MTOHUMATL B TOM CMBICJIE, YTO MBI IPe0OPa30BbIBAEM KOI(MDPUITUEHTH MHOTO-
4JIeHa C METBIME KO (MHUIMERTAMI ¢ TOYKN 3pEHHst uX JenuMoctd Ha p. Koaddumument npu ¥ B mesoit
qacTU paBeH Cﬁ. IIpu packpbiTuu CKOOOK B IPaBOil YACTU MbI BHJIUM, UTO BCE IIOKAa3aTeIu B IIEPBOI
CKODKE JIeJIATCS Ha P, TOITOMY €JIMHCTBEHHBINH CIOCO0 TOJYYUTh OJIHOYJICH ZPF TR0 570 IIEPEMHOXKNATH
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!/
2PF" u3 mepsoit ckobkm n £ u3 Bropoit. Mroroseiit Koadduiment 6yaer paser Ck Cko Taxkum ob6paszom,
Ck = Ck ijg, OTKyJ1a Teopema JIfoKa ciieflyer 1Mo WHIyKIIUN.

3.5. a, b) IIpocroe cneacreue Teopembl Kymmepa.

3.6. [9]. B crieayromem BBIYUCIEHAN MBI HCIOJIB3YEM TO, ITO C’,’jz = 0 pu k; > n;; 9TO TMO3BOJIAET, IPUMEHUB
TeopeMy JIioka, OTOPOCUTDH NMPHU CYMMUPOBAHUU DOJIHIIIOE YUCIO CJIAraeMbIX.

ndg—1
R SCIED S S 9) | (G 1 D SC TR | ET
kg=0kq_1=0 =04=0 i=0 k; =0

4 Bapuauuu na memy meopemwv. Boacmernxoama

4.1. D10 yupakHeHHe Ha YTEHHE CTATbHU. Y TBEPXKIeHHe JT0Ka3aHO B cTaThe Buobepra, HO JOKa3aTeILCTBO
HE BBIJICJICHO SIBHO. 3aMETUM, YTO

S Tt T Lo
AP Db O D et
i=1 i=1 p i=1 ‘WP

Takum obpazoMm, paccMaTpuBaeMasi CyMMa JEJUTCA HA p. TaK KaK [0 MOJYJIIO P BbIPAXKCHUS % n——=

p—1
PaBHBI, HAM OCTAETCsl [IPOBEPUTH, UTO .
o
1
Z z= 0 (mod p).
11 1 =1 1 2 92 2
Vi, mOCKONBKY 73, 52, -+, poqyz — 9TO TOT e Habop ocTaTKoB:, 4To 1 1%, 2 ., (p—1)%, mocrarouno
[IPOBEPUTH, ITO
p—1
i?=0 (mod p). (5)
i=1
Iycro Z i = s (mod p). Ilpu p > 5 Beerma MOKHO BBIOPATH OCTATOK a, Taxoit uto a’ Z 1 (mod p).
i=1
Torma muoxkectBa {1,2,...,p — 1} u {a,2a,...,(p — 1)a} coBnagaror (I0Ka3aTEILCTBO KaK B CHOCKE) U

5—212 Zaz _CL2Z’LQE s (mod p).

=1 =1 =1
[Mosromy s =0 (mod p).
Pazymeercs, atoT pbakT HETPYIHO MOKA3ATH HEMOCPEICTBEHHO, HOJIL3YSACh COOOPAXKEHUEM % = g¥(m)-1
(mod m). MbI ucnosb3yem 3Ty TEXHUKY B TPEThEM DEIeHUH CJICYIONIeH 3a/1auu.

4.2. Oreet: 2k + 2. Dra 3ayaga A. C.lojoBaHoBa npeiarajack Ha ojymmnmaje Tyiimaamsa B 2012 r. Mbr
IpUBOIUM Tpu pemtenus. OrmeTnM, arTo npu p = 4k + 3 ypasuenne z2 + 1 = 0 He UMeer perneHnii B m0JIe
OCTaTKOB 10 MOJIYJIIO P, CJIeJ0BaTEIbHO, 3HAMEHATEN BCEX PACCMATPUBAEMBIX JPoDeil He paBHBI HYJIIO.

Pemenue 1. O603maunm a; = i2+1, g i = 0, ..., p— 1. Torma paccMaTpuBaeMoe BEIPAYKEHHE PABHO
Up—l(a07 at, ... 7a'p—1)
Up(a(), at,y ... ,ap_l)

riae o; — OCHOBHOM CI/IMMeTpI/I‘{eCKI/Iﬁ MHOI'OYJIEH CTENEHN ¢. HafmeM MHOI'OYJIEH, KOPHAMU KOTOPOI'O ABJIA-
I0TCd 9ucJja a;, T. €.

p—1
H(x —1-i?).
=0
! HanoMHMM [10Ka3aTeIbCTBO: %, %, RN ﬁ ul, 2 ..., (p—1) — 310 OMH U TOT ke HAGOP OCTATKOB, IOTOMY HTO

7 B TOM, U B JApyroMm Habope 1o p — 1 3j1eMeHTyY, IpH STOM OYEBUIHO, YTO B KaXKJIOM HA0OOpe BCe OCTATKH DA3JUIHBI U HE
PaBHBI HYJIIO, 3HAYNT, KayKJIblil HAOOp COMEPKUT BCEe HEHYJIEBbIE OCTATKHU 10 MOYJIO p. Torma st KBaJpaToB yTBEp:KIeHIE
OYeBUIHO.
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Creras 3ameny @ — 1 = t2, HOTyYUM MHOTOYUJICH

p—1

[[# -7 = ﬁt—zl:[t—i—zz P t)(tP —t) =t — 2P 42
=0

i=0
Temepn, cieraB obpaTHyio 3aMeny, moaydaeM s p = 4k 4 3

p—1
[[e-1-&=@-1P -2 -1D)F +(@-1)=a"+...+(p+2 2 + D)z — 4.
=0

ITo Teopeme Buera, 0, =4 (mod p), 0,—1 =2 (mod p), mosTOMY Jg;l =1=2k+2 (mod p).
Pemenue 2. PazobbeMm Bce HEHY/IEBBIE OCTATKHU 110 MOJYJIIO P, KpoMme F1, Ha mapbl B3aUMHO OOPATHBIX.
Torma nmonyuurcs 2k nap u B Kaxjioit nape (i, 7)

ij=1 & ??=1 e (@@)?*+¥+77+1=i*+;°4+2 (modp).

CremoBaTeibHO,

T ) ke e W e i SRS SRS SN
T OEED@EE) @) 2l 2 o

Taxum obpa3om, Hallla cymMMa paBHA OQ{H + 1211 + (71)12“ + 2k = 2k + 2.

Pemenue 3. Kak mbr 3HaeMm, Onaromapsi masioii Teopeme Pepma, IIPU BBIYUCIEHUU IO MOIYJIIO P

omepamun T — ' u x — P72 1al0T OJMHAKOBLIN pe3yiabraT. TakuM o6pa3oM, JIOCTATOYHO BBIMHC/IHUTH

CyMMY

p—1 p—1 p—2 p—2
Sty =N O S, ()
=0 =0 m=0 m=0
p—1
rie Som = 3. 2?™. Ouepmuno, Som = —1 (mod p) upu m = 251, Joxaxenm, uto Sz, = 0 (mod p)

z=0
IIpH OCTAJIbHBIX 3HAYCHUAX 171, HEC IIPEBOCXOOAIINX D — 1. ,HGIL/'ICTBI/ITGJH)HO, JJId KazKJI0T'0 TaKOro 1m MOZKHO

110/106paTh HEHyJIeBOi OCTaTOK a, Takoit uTo a?™ # 1 (mod p) 1 Tor/]a MOXKHO MPOBECTH PACCYZKIeHIe KaK
B (5) Bosspamasice kK uaTepecytomnieir nac cymme (6), moaydaem

Lo a (D) Ak @h ) (2):(8). (k)

4.3. MbI Hanum oba yreepxKaenus B [16].

a) [y KazKJI0ro IpoCTOro JENUTEJNIsl P IHCIa M HOA0ePEM HHCIO Gp, JJIS KOTOPOIO (a’{;‘ —-1) /p
C momormpio KUTafiCcKoii TeopeMbl 00 OCTaTKaxX BbIOEpEM HHCJIO @, TAaKoe 4TO a4 = a, (mod p) mpu Beex p.
Tenepb pe3y/brar 0JIyvYaeTcsi aHAJIOTMYHO paccyKieHusM (5).

b) Bamerum, uro npu HederHeX k 1m0 dbopmyste Gunoma i* + (p — iF) = ki*1p (mod p?). Torma

-1

p—1 p—1 p—1 & Nk » . 1

1 1 1 _ i+ (p—1)F ki B )
222'_’“_2(2‘_’?—'—(19_1’)16)_2 Z‘k(p_i)k :Zik = pz k+1 (mod p*).
i=1 i=1 i

i=1 i=1

CymMa B paBoif 4acTu CpaBHEHUs! JIEJIUTCS HA P B CUJLY YTBEPXKJICHUS II. a).

4.4. Kak nokaspiBaeTca B [24], cpaBHeHEe BBIIOIHEHO JayKe 110 MOJLYJIIO P, HO MBI He Gy/IeM 3aX0/UTh TaK
) b
nasexo. eiicTBysi Kak B crarbe Bunbepra [1], HO ciiefis 3a creneHsMu J10 p*, monyuaaem

e _po D=2 4D (2_10_1) (2_10_1).___.(2_19_1) _

p! 1 2 p—1
p—1 1
_ § 2 § E 4
:1—2p +4p P 1 Z]k_lﬁ (modp ) (7)

1<j i<j<k
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BpraBI/IM IIOCJIEIHIOIO CYMMY Y€pPE3 CTEIIEHHbIE CyMMDbI:

p—1 3 p—1

1S3 58, &3 1
.Zklz'jk 3 5 T g ek sz
1,),k=

=1
1<j<k
Kax wmbI 3Haem, S; u S3 genarcsa na p? (mocneamee — u3 3amaun 4.36). IlosTomy mociiesmee ciaraemoe B
dbopmysie (7) MOKHO OTOPOCUTH.

4.5. Bagauda u3 [1], obcyxenne Bapualuii Ha 9Ty TeMy MOXKHO IIpOYecTb B |14].

ITockombky
p—1 p—1 p—1 .9 2 p—1
1 1 1 K2+ (p— k) 1
2 — = (— ) = =-2 mod
ZkQ > k2+(p—k)2 . K2(p— k)2 Zk(p k) (mod p°)
k=1 k=1 k=1 k
p—1 1
yTBEpZK/IeHne 3) SKBUBAJEHTHO COOTHOIIEHUIO Z m =0 (mod p?). YrBepxenue 2) Toxe SKBABA-
D —
k=1
p—1 p—1 1
JICHTHO 9TOMY COOTHOIIIEHUIO, TaK KaK 2 2 ( ) =2 —— . Hakoneri, kak Mbl
’ LD ST
3HAEeM U3 IpebLIyIedi 3a1aum,
p—1
ch- 1_1—])223, 22 (mod p).
i=1 z(p ij=1"
1<J
Takum 006pazom, yTBep:K/eHue 1) SKBUBAJIEHTHO CDABHEHUIO
p—1
- =4 (mod p2 . 8
T zl ) ®)
- 7]

1<j
IIpeobpasyem BbIpaskeHne B IIPaBOil YaCTH:
1

p—1 p—1
1
Bk —(>1) —2%:2(2;) S i
INES 1 =
1<J
CyMMa B CKO6K€ JeJINTCA Ha P, €€ KBaJapaT JCJIUTCA Ha p2 1 9TO CJiaraeMO€e MOXKHO OT6pOCI/ITb. HO,ZLCT&BJ’IHH
p—1
1

B (8), mosyvaem, 4To ¥ 1epBOe yTBEPXK/ICHIE PABHOCUIILHO CPABHEHUIO Z m =0 (mod pQ).
p

4.6. a) Pemenne 1 (|5, npemnoxkenne 2.12|). Wnnykims o n. PaCKpoeM CKOOKM B DABEHCTBE
(a+b)"" = (a+b)"" D (a +b)
I[pupasusiem Koddbduimentsr mpu aP™pPn—m).

m __ ~pm 0 pm—1 1 pm—p+1 1 pm—p
C{,’ Cp(n 1)CerCp(n 1)C' . Cp(n 0 Cg +Cp(n71)Cp

B mpaBoif 4acTi Bce ciaraeMble, KpoMe KpailHuX, JeJSTCsS Ha P>, HOTOMY HYTO KazKIblii GMHOMMAIbHLII
KO3 PUITMEHT B HUX JIeJUTCs Ha p 110 TeopeMe JIoka. CieoBareibHo,

— pm p(m—1) 2
cn'=C pin—1) T Cp(nil) (mod p?).
Tlo mpearoyoKeHno WHITYKITNN

Con O = O+ O = O (mod ).
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Pemenwue 2 (|[]). doxaxewm, aro C,Z;p = C" (mod p?) umuyximeit o m.
Baza m = 1. Tpebyercss npoBepurb, 9T0 Cgk — C,i =0 (mod p?). TIpeobpasyem 3Ty PasHOCTD:

pk(pk—1)...(pk—p+1)  ((pk—1pk-1)...(pk—p+1)
7 = -1 )l

B uncnaurene 6osbinoit gpobu deTHoe Umciao comHokuTesaeii. Pa3obbeMm nx Ha mapbr:

9)

Ch—Cj =

(pk — i) (pk —p +i) = pi® —4i>  (mod p?).

Kak BHUM, 110 MOJIYJIIO p? IPOU3BEICHUE UHCEN B IAPAX HE 3aBUCHT OT k. I109TOMY BBIUHC/ICHHE PA3HOCTH
(9) mo Momysio p? JlaeT oNMHAKOBLIT pesymbraT mpu Beex k. Ho mpm k = 1 BBIYHC/IsgeMOe BBIpasKeHHE
pasuo 0.
(m=1)p _ ~m—1 2
Iepexon. Ilycrn Ckp =Cy (mod p?).

gt @ =m) D) 1) k=) +p) _
pm(pm —1)...(pm —p+1)
_ gt @m0 ) k)t =) Fom
(pm—1)...(pm—p+1) m

C

(10)

OrmeTnM, 4T0 06€e Jpobu KOPPEKTHO OIlIpejiesieHbl 110 Moayio p’. Kak u B Joka3aresbcTBe 6a3bl, BbIpa-
JKEHHE B 9HC/HTENe OOJIBINON Jpobu 1o Mouymio p? He zasucut or k. Torma juis BeIYHCICHHS GOJBIIOLN
Jpobu MOXKHO B3aThb k = 0, ¥ MbI Cpa3y HOJIYUUM, UTO IO MOAY/IO p° jpobb pasHa 0. IToab3ysch sTHM
coObpazKeHNeM ¥ TIPEJITOIOKEHINEeM WHYKIIMI, Mbl MOYKEM 3aMEHHUTH mpaByio dacThb (10) Ha
=cprt. kom¥l Cm™ (mod p?).
m

b) Pemenune 1 (kombunaroproe). Kak u pekomenjyercs B |1, paccmarpusaem BbiGopku kp mpejme-
TOB U3 OOIEro KoJIM4ecTBa pn mnpeamMeroB. [lojaraeM, 9TO MCXOJIHOE MHOXKECTBO IIPEJIMETOB pa30uTo Ha
6s10ku 10 p mTYyK. KosmdecTtBo OJI0YHBIX BBIOOPOK PABHO Cﬁ. Taxum obpazoM, ocTaeTCsi TPOBEPUTH, ITO
KOJITIECTBO HEBJIOUHBIX BBIGOPOK jesmTes Ha p3. Kak ofbscHAeTCS B cTaThe, KOJHMIECTBO HEOIOUHBIX Bbl-
6OpOK ¢ TpeMst 1 Gostee GokaMu mesuTcst Ha po. Tak kak npu k > 1 srobast HebI0UHAST BBIOOPKA COIEPIKIT
He MeHee Tpex OJIOKOB, TO B 9TOM cCjiydae Bce JiokazaHo. Ocraercs pazobparh ciydail, korja k = 1 u Mbl
[IOJICYUTHLIBAEM KOJIMIECTBO HEOJIOUHBIX BHIOOPOK P IIPEIMETOB U3 M3 ODIIEro MHOXKECTBA B 2P IPEIMETOB.
DTO KOJINIECTBO PABHO Cgp — 2, uTo 10 TeopeMe BoJicTeHXOMIMA, JIeIUTCs HA PO,

Pemenue 2. Hamumem dpopmysny st OHHOMHAILHOTO KOdhdUImenTa Cg = %W, pa3bus

YUCIUTE/Ib U 3HaMeHaTe b Ha, OJIOKY U3 P COMHOXKHUTEIEH, II0C/Ie Yero COKPATHM IIePBble MHOXKUTEIN B KazK-
oM OJIOKe, a JacTHBIE coOepeM B OTIAeIbHOe BbIParKeHUe:

oo _mB(mp—1)... (mp—(p—1)) (m-1)§-((m-Lp—-1)...((m (1))
kg (kp=1)... (kp—(p-1)  (k=1p- ((k-1p—1)...((k— (r—1))
- ((
)1

1)
y (m—k+1)p- (m—k+1)p — m— k—i—l - (p-1))
p-(p—
- (mp—1)... (mp— (p—l)) o ((m—k‘—i—l)p— ) ((m—k+1)p— (p—l))
" o(kp—=1)...(kp—(p—1)) (p—1)...1 '

OcCTasI0Cch IIPOBEPHTH, UTO IIPOU3BEIeHNe APoOeil 1aeT ocTaToK 1 Ipu gesieHns Ha p3. JIJIs 9T0ro 10CTaToIHO
[IPOBEPUTH CPaBHEHUE
(np—1)... (np — (p—l))
(rp—1)... (’I“p — (p—l))
WJIM, JIy4Ille, BOT TAKOe CPABHEHHE
(np—l)...(np—(p—l)) _(rp—l)...(rp—(p—l)) 3
T = (mod p°).

(p—1)!

=1 (mod p?)
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D10 BEPHO, TaK KaK obe JacTu CpaBHUMBI C 1 no MO/LYJIIO pg, 9TO yCTaHaBJIMBACTCA aHaAJIOTUYIHO JIOKa3a-
TEJILCTBY TE€OPEMbI BouJicrenxoima.

4.7. a) |5, reopema 2.14]. IIpeobpasyem pasHOCTD

2/ 9 2
052—05:7’(pli;.)'-'-'-_(z(?p_gz;p 1))_p:ﬁ((l—ﬁ)(?—ﬁ)---((p—l)—pQ)—l-?----(p—1)>-
OCTaJIOCb OpoBEPUTDH, 9TO

1=-p)2=p")...(p-1)—=p)=1-2-...-(p—1) (modp").

Packpoem ckobku B JeBoit qacTu:

1 1
(1-pH)(2=p%)...((p—1)—p*) = 1-2-...-(p—1)+p? (1+§+. . .+]Tl>(p—1)!+‘lﬂeHbI nensiecs: Ha pt.

ITo yrBepxaennio 3a1aun 4.1 BTopoe caraeMoe JenTcs Ha pt.

b) Kak HeTpyIHO BHIETD, Cg 1 = p° - Cg ;1171, IIO3TOMY JIOCTATOYHO ITPOBEPHUTH, YTO C’g ;1171 =1
(mod p*+3).
ot @ -DET -2 (1) (p N\ () L
piHi—1 1-2---(p—1) 1 2 p—1
1 1
= (1Pt 4 ptt (1 + 5 +...4 —) (mod p*T3).
p—
DTo U ecTh TO, 9TO Tpebyercs, MOCKOMbKY (—1)P~1 =11 1+ % +...+ ﬁ =0 mod p.

B craree [14]| nokasbiBaercs dyTh Gosee obmmit haxr.

4.8. Bajiaua u3 crarbu Bunbepra [1], perenne |T].

() ()G (20)
o)) G2 ([T -

ptk

JlocTaTOYHO IIPOBEPHUTH, UTO BRIPAXKEHHUE B IOCIeHell cKobKe jemTest Ha p’ . [IpeobpasyeM mpoussejieHue

2

P21 p~—1 p2-1 p2-1
_ 3 2 3 3 2 6 5 2

P P P p’—p _ 5 1 7
|| ——1:|| | —1:|| £ 2 11)=1 —157 d p").
(ks ) (k >(p2—k‘ ) (k@?—k)*) TP ) gy (medr)
k=1 k=1 k=1 k=1
ptk ptk ptk ptk

OcraJjioch IIPOBEPUTDH, 4YTO IIOC/IEAHAA CYMMa AECJIUTCA Ha p2. SIVe} TaK, IIOCKOJIbKY IIO 3aJa4de 43&)

2 2

p°—1 pe—1
2 1 1 5
— = — — = d .
k(p?—F) > 2 =0 (mod p7)
k=1 k=1
plk plk

4.9. D10 |6, Teopema 5|. Bosree obmmit dakr mokazan B [7].
Pemenmue 1 (|5, upemnoxkenne 2.19]). Bocmomb3yemcst TeM, IT0 PasHOCTH 022:+1 - 022:_1 paBHa KO-

s dbunmenty npu 22 B MHOrOWIeHE
(+0 " = 1= = (0 (140 - (-0 =

= (1+ Cha + Cha? 4. +a?) - 2(Cha + Cha® + .+ CE 71?7,
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- - k
HOCKOJH)Ky BTOPOU MHOTI'OYJIEH CO/JICP2KUT TOJIBKO MHOXKUTEJIX HECYETHOU CTEIIEHU, KOS(b(bI/IHI/IeHT npn IE2

B IIPOM3BEJICHUN PaBEeH
2(CLCET 4 CLCE™ + .+ CETICh).

[To yrBep:kaennio 3aaun 3.56) KarK/blil GHHOMUAJBHBIH KOI(DMUIMEHT B 9TOM BbIPAYKEHUU JICTUTCS Ha, 2k
KpPOMe TOr0, KayKJioe cJlaraeMoe B CyMMe BCTpevaeTcs 2 pasa, a nepej cyMMoil crout kodddunment 2.
B mrore Bce BhIpazkenue jesurcs Ha 2282,

Pemenne 2 ([CSTTVZ|). Tak xax C3,,, = 202! on ' ., mocTaTouno okazaTh COOTHONICHHE

C'QnJrl = Czn - (mod 22”+1).
Ananornuno (3) nosnyvaem

2n+1 2n+1 2n+1 gn—1_1
zt = (Z0 ) () (2 ) e

JocTaTouHo mTpoBEPUTH, UTO

2n+1 2n+1 2n+1 -t
L=(—-1 —=1)... | =——1) =1 24m .
) ) () =1

DTO Tak, MOCKOJIbKY

. 1 1 1 1
B Y (AP S =
(=1) 13ty Tty

=1-2"* A - ek
- 1-(2n—1) " 3-(2n-3) T (2l-1)(2n1+1)

L

1 (mod 22"*1),

4.10. 1o Teopema Mopim [26].
Pemenmue 1 (aBropckoe pemenne n3 crarbu 1895 roga). OHO JHINL 9yTh-4yTh BBIXOJUT 3a PAMKH
IIKOJIbHO# IIpOrpaMMBbl.

BosbmeMm opmyity, ¢ MOMOIIBIO KOTOPOii COS
2n+1

2n+1 I BbIpazKaeTCd 9€pe3 KOCMHYChbI KPaTHbIX yI‘JIOB,1 njiun,

T B BUJE, yJIOOHOM )i MHTEIPUPOBAHUS:
2n+1) -2 2n+1)-2n... 2
%COS(QTZ—?))QH—..A-( ntl)-2n...(n+ )cosx.

n!
Hy, a pa3 sToT Buj y100eH Jijisi ”HTErPUPOBAHUsI, TO U MIPOUHTEIPUPYEM 00€ IacTH

KaK I'OBOpMJIN B T€ BpeMeHa, 3alluIlleM COS

221 cos?" g = cos(2nH)z+(2n+H) cos(2n—1)x

? 1o mpomexkyTky [0, 5]:

in(2 1 2 1
22 [ cos? M pdx = sin2n + 1) il + sin(2n — 1)z + ...,
2n+1 2n -1

w/2

1 2 1
22”/0082”+1xdx:(—)”< o —i—)

2n +1 2n —1
0

Ho Jro0oii 11epBOKYpPCHUK 3HAET, UTO Kyja IPOINE 3TOT UHTErPAJ BBIUUCISETCH C MOMOIIBIO (DOPMYJIBI
MTOHV2KEHUS, JIJIS TIOJTyYeHUsT KOTOPOU HYKHO BCETO JIMITH IIPOUHTETPUPOBATDH 110 YaCTAM:

w/2 w/2 /2 w/2
™
Iopi1 = / cos®™ M pdx = / cos®™ z cos x dx = cos®™ zsin +2n / cos™ L zsin®zdx =
0
0 0 0
w/2
=0+2n / cos?" 1 z(1— cos? x)dr =2n-Ion—1 —2n - Iopiq,
0

! Yprarens, nHTEpeCyOmMUACS BOIPOCOM “Ile MBI €€ BO3bMeM’ M HE YIOBJICTBOPEHHBIA OTBETOM “B CIPABOYHUKE”, MOXKET

IIPOCTO BOCIOJIB30BaThCs (HOPMYJIoii Ditstepa cos p = %(ew + 7)) u Bo3BECTH TPaABYIO YACTb B cTeneHb 2n + 1 1o dbopmyse
OuHOMA.

2 Korza Mbl y4nM OpaBAJIa yMHOXKEHHs, Mbl 3aoMuHaeM GopMy/Ily “MUHYC Ha MUHYC GyzeT mmoc”. B sroit dopmyte MbL
[lepEMHOKAeM 3HAKU. SHAUNT, €CJIM HaM HY>KHO IIEDEMHOXKHUTD 1 MUHYCOB, KarKeTcsl BIIOJIHe yMecTHOH 3anuchk (—)". [Tosromy
MBI OCTaBJIsIEM CTAPOMOJHOe obo3HadeHne (—)™, Kak y aBTopa, BMeCTO coBpeMeHHoro (—1)".
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2n
OTKYa HaXOIWUM, UTO [y 1 = 5 T -Iop 1. YaureiBas uro [ = 1, npuMensist 5Ty GOPMYJIY N pa3 MOAPSII,
HaXO/IAM, 4YTO n+

w/2

o - (2n—2)...2
2n+1 _

/COS T = e T —1)...3"
0

IIpupaBuuBast 3Tu mBa Criocoba MojCYeTa UHTErPaia, Mbl [TOJyYIaeM TOXKIECTBO

on 2n-(2n—2)...2 _ () 1 _2n+1+ +(271—1—1)-271...(714—2)
2n+1)(2n—-1)...3 2n+1 2n—1 n! ’

Eciu B3sTh p = 2n 4+ 1 — mpocroe 9ucsIo, To JIOMHOXKAs Ha P, MbI Cpa3y MojrydacM TpebyeMoe CpaBHeHHe
on 2n-(2n—2)...2

(2n—1)(2n—3)...3 = (—)" (mod p?).

Pemenue 2 (|CSTTVZ|). Beesem neckosbko obozHadenuii. Ilycrs

1 1 1
A:;;, B= > 5 ©= > -

1<i<j<et 1<i<p—1
p 1 17 HEYETHO

Ouesnno, A% = Z +2B = 2B (mod p) no 3ayaue 4.3b). Utax, A% = 2B (mod p). danee,

=1
wra= Y 2 222 Z%—o (mod p?).
i=1

1<i<p— 1
i HEYIEeTHO

_ 1 2
Taxum obpasom, C'= —5A (mod p?).
Teneps 1peobpazyeM 110 MOJLY/IIO P> IIPaBYIO U JIGBYIO YACTH JIOKA3LIBAEMOIO CPABHEHHs. JleBas JacTb:

(—1)%0;_; = (1 — I) (1 — g) (1 — %) =1-pA+p’B=1—pA+ %pQA2 (mod p?).
2

it mpeobpazoBaHus TPABOil TaCcTU 3aMETHM, UTO

-1 _ 24 (p—1) (p+1)---(2p-2) (p+1)---(2p—-2)

1.2...17_51 1%1...(1,_1) 1-3-5---(p—2) -

p P P _ L 5 o 1 L 9.9 3
— (2 1)(— 1)(— 1):1 C+2p2C2=1——pA+ —p2A dp?).
(1—1— 3—|— p—1+ +p —|—2p 5P —|—8p (mod p°)

Orcroa nosyyaem
1 1 1
gp—1 = (1 — —pA + p2A2) =1—-pA+ Zp2A2 +2- §P2A2 =1—-pA+ 5102142 (mod p?).

Takum obpazom, JieBasi YacTh SKBUBAJIEHTHA IIPABOii.

4.11. Mub1 B3sim yrBepkenue B [10].

S S )
kzlmp+k_2k:1 mp+k mp+p—£k/
2m+1 = 2m+1 = )
= Z = 25 (mod p*).
Pt (mp+k)(mp+p—k) —

4.12. Mb1 B3sin yrBepxkenue B [8]. Tak kak 2pg—1 = (2g—1)p+p—1, y uncna 2pq— 1 nocyeausis nudpa
P-UIHOI 3armmcu — 3T0 p — 1, a ocTajbHbIE UMPBI 00pa3yIOT 3anuch ducia 2g — 1. AHAJIOTMYHO B 3aIUCH
qncsta pgq — 1 mocnemusas nudpa — p — 1, a ocranbable udpbl 00pas3yloT sammch yncaa ¢ — 1. Ilo Teoepeme
Jhoxa Cy - 1= ng_ 1105: 02q 1 (mod p). C ;prroﬁ CTODOHBI, OYEBHJIHO, YTO TAK KaK ng;_ll =1
(mod pq), To C2pq 1 =1 (mod p). Takum o6paszom, C

— ' =1 (mod p). Ananoruano C¥ oy ' =1 (mod g).
B obpaTHyI0 CTOPOHY YTBEDZKIEHHE OUEBHIHO.
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5  Cymmol burHomMuasvbHbr Koapduyuermos

5.1. a) D10 cpasdy cieyer u3 pesysabrara 3ajgaqan 1.3. Ecam Ag — 3TO TPEYTOJbHUK U3 TPEX MEPBBIX CTPOK
3-apudmerndeckoro Tpeyroiabuuka [lackasist, To, KaKk HETPYJAHO BUJIETH CyMMa IMEHTPAJIbHBIX K03dduiu-
€HTOB B HeM JeiuTcd Ha 3. IIpm mpomsBosbHOM a mM3ydaeMmas CyMMa COJMEPXKUT IJEMEHTHI HECKOJIBKUX
NEHTPATLHBIX TPEyTOIbHEKOB, KpaTHbix AJ. TTosToMy cymMma Toxe jeiuTes Ha 3.

I[pyroe pemeHHe (|CSTTVZ]) nomyuntes:, ecim Mbl Bocnosb3yeMes Toxaecrsom Chy = Z CZ Torna

39— =
Z ch = Z Z CZ [Mockompky 12 = 22 = 1, 02 = 0 10 MOYIIIO 3, HOCJIEIHAA CyMMa, PABHA, O MOJY-
k=0 i=0

.HIO 3 KOJIMIECTBY HEHYJIEBBIX JIEMEHTOB B IEPBBIX 3% cTpoKax TpeyrojibHuKa llackajss. 9To KOJIUIECTBO
[OJICYUTAHO B 3ajade 2.1a), oHO jmesuTest Ha 3.

39—-1

b) Ipusomum pemenue [[I]. Hyxuast nam cymma siBiisiercst KoabGUIMEHTOM Ipu & MHOT'OYJIEHA

@t 1 22+ ax+1
xT

- :C2 . xga_

(@ +1)?°  (z+1)* T o e
1(1+ + .+ ) =2 7! =

2?3 4 Cgga - a®¥ N 4 CFga - a® 2 4 41—
_ - (z—1).

Yrobbl HAWTH HYXKHBIH KO3(M@UIMEHT, JTOCTATOYHO IOAE/JUTh YUCAUTEIbL Ha 3HAMEHATEeIb ‘B CTOJIOHK’,
U II0OTOM JIOMHOXKHUTB pe3ysbraT Ha (z — 1). Takum o6pasom, He Hy»KHO jazke JJOBOJUTD JIeJIEHUE JI0 KOHIIA,
JIOCTATOYHO JIOBECTH €r0 JI0 HAXOMKJCHNs KO(PDHUIMEnTa Ipn > —2, KpOMe TOr0, HAIIOMHIM, PE3Y/ILTaT
HAC WHTepecyeT JIUMb 110 Moy o 3% Ormerum, uro npu b /3 Bce GuHOMEUAJIBHBIE KOIPDUITHEHTHI CSBG
nesisites Ha 3% o reopeme Kymmepa. CrpynmnupyeM ciiaraeMblie ¢ 3TuMu KodbdUImeHTaMu u OyieM JIeJInTh
ux cymmy Ha 2° — 1 ormenbro. QueBnHO, BCe KO3(DDUIMEHTH YaCTHOIO OyIyT TOXKE JIeJUThCA Ha 3%,

[IO3TOMY BCE 3TH CJIaraeMble MOXKHO OTOpOCUTh. OcTaeTcst BhIpaskeHue

223+ C3a0 2?4 C8 g0 2?0 1 =28
x3—1

(z—1).

3J1ech BCe MOKA3aTeN B YUCIUTEE JIeIATC Ha 3, TIOC/Ie JeJleHns Ha x° — 1 Bce IIoKa3aTe I 4acTHOIO TOMKe
OyIyT JeIuThCA Ha 3, a KOT/a MBI JIOMHOXKHM YaCTHOE Ha & — 1, y Hac He HMOSIBUTCA HHU OIHOIO ITOKA3aTeJIsI
Buga 3k + 2. Takum obpazoMm, nckombiii koaddunuent mo moxaysio 3¢ pasen 0.

5.2. Bazada 6bura omybsmkosana B Monthly [25]. Tak kax

2 1
Cpitly = 4G5, =2+ Z2CF, —4C3, = =2y,

_ n+1 n o
to Cp, = C30» — C3 (mod 3). IlosTomy cymMMa 110 MOJYJTIO 3 sIBJISIETCS TeJIeCKOIIIeCKOil,

Y Cr=(Cofly = C3) + (C5, = O3ty +...) = Cofly +1 (mod 3).

Takum 0b6paszom, o Teopeme Kymmepa HaM ocTaeTcst BBISICHUTD, B KAKOM CJlydae caoxkeHue dnciaa (n + 1)
¢ caMuM cODO#l B TPOUYHOM CHCTeMe CUMCJIEHUsI IPUBOJMT K ITOSIBJIEHUIO XOTsI ObI OJIHOTO Tepenoca. Ode-
BHJIHO, 3TO MOXKET OBITh B TOM U TOJIBKO TOM CJIydae, KOrja B 3alUcu N + 1 ecTb XOTs ObI OJIHA JIBOUKA.

5.3. 9o zayaga A5 Putnam Mathematical Competition, 1998. ITockosibKy C" = # (mod p), mo-
JIy9aeM, 9TO
k k _ k [k/2] k p—1 p—1
1 )t 1 1 1 1. 1
_ = = - —92 — = — —_ = - = 0 d
255 S oy sy =Y S =25 =0 (modp)
n=1 n=1 n=1 n=1
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B cymme, pacriosiokKeHHON HEIoCpeICTBEHHO CJIeBa OT PABEHCTBA, MOMEYEHHOIO 3Be3JI0YKOH, Ha CaMOM
Jlejie cyMMupoBaHue Bejiercst or n = k + 1 (B aroM HerpyaHO ybenuThes: npu p = 6r + 1 umeem k = 4r u
p— [%] =4r + 1=k + 1, anajoruuno npu p = 6r + 5).

5.4. 910 yrBepxenue u3 [11]. PemeHI/Ie [CSTTVZ] Wnpyknus o n. Basa rpusnanbia. JJokazkeM mepexos
orn=n—-(p—1) xn. ITycrs ¢ = 5. Tak xax

a:( 1) 1)—
nf_p 1 Z IC # s

MbI MO2KEM 3alliCaTb U3ydacMylo CyMMY B BUJIE

q p—1 p—1 q
crtyp e L o3y =8NS onT ( 120“51’1”) (11)
n
=1 1=0 =0 =1
Io yreepenmio sajaun 1.1a) G} = (=1)" (mod p), uycre C}_; = ap + (=1)". Tlo yreepxiennio
q ; . .
sajaun 1.6 pu ¢ = 0, 1, ..., p—2 BBIIOJIHEHO CpDABHEHHE » CZ,(p_l)_Z =C,, = (—=1)" (mod p); nycrs
q . . =1
> Cz,(pil)ﬂ =bp+ (—1)". Torua
=1
q
‘ 1)
Ciy > CnP T = (ap+ (—1)7) (bp + (1 “(ap + bp) =
=1
=1+ (-1 ( 1+Zcp1 ) ( 1+Zcp1 )—1 (mod p?).
HamomunmM, aTo 310 npeobpas3oBanme BepHo npu 0 < ¢ < p— 2. MbI MOkeM 1pPOJI0JIKUTL paBeHcTBo (11),

BbIJICJINB OTJEJIbHOE CJlaracMoe IJId 1=p—1:

= ! : p=2 q ) q—1
Z (C;l Z Crf/(pl)z> = Z <(_1)Z < Ii;fl + Z C;;:/(pl)l) . 1) i Z Czll(pil) _
= o =0

1=0 =1

q q—1
S S (o Ser) -o-nsas Sow.
r=1

z:O r=1

3ech mepBast cymMMa paBHa —1, Tak Kak 3HAKOIEPeMeHHAasl CyMMa Cg_l - C;_l + Cg_l + ... pasna 0. Ilo
TOit 7Ke npuuuHe Bropas (jBoiinas) cymMa BMecte co ciaraembim CY, pasna 0. ITocenss ke cymma 1o
IpeIoIoKe o nHykiun pasia 1+ p(n’+1). Uroro Bee Boipazkenne pasao —14+0—p+1+1+p(n'+1) =
1+pn’. D10 KaK pas To, uTo Tpebyercs, mockoIbKy 1+p(n+1) =1+p(n'+p—1+1) = 1+pn’ (mod p?).
5.5. 9ro pesynsrar Pireka, 1913 1., mpr y3naium o Hem u3 [18|. Pemenne [CSTTVZ|.

IIpu p = 2 cymma He 3HAKOIEpeMEeHHas U Pe3yJbraT oueBuieH. lasmee cuuraem, uro p #Hederno. Mu-
JAyKius 1o q. Basza cienyer u3 yreepxKenus 3agaun 2.5a). Jokaxkem nepexon or n’ = n — (p—1) k n.
Huxe BbIpazkenne ) . 0003Ha4aeT CyMMHPOBAHHE [0 & B €CTECTBEHHBIX I'DAHUIAX (T.€. B TPAHMIAX JJIs
KOTOPBIX OIpeJieIeHbl OMHOMUAJIbHBIE KOIMDMUIMEHTH! [0/l 3HAKOM CYMMUPOBAHHUS ).

p—1 p—1
£ DO = YO = DI Y GG = 3 G R e
m:m=j (mod p) z x =0 1=0
)xcz‘;v—i—j—i

nemures Ha pd~1, o yrBepaienuio 3amauu 1.1 a) Ctl =

ITo npexnnosnoxkenuto uupyKmn » (—1 b
xr

(=1)! (mod p), ciegoBaTebHO,

p-1 p!
Z » Z xp+] - Z(_l)z Z(_l)zcﬁlﬂrjfi (mod pq) .
i=0 =0 ‘

BHEMATeILHO [OCMOTPEB Ha HOCJIE/HIO JIBOHHYIO CyMMYy, MOKHO 3aMETHTb, 4TO 9T0 oHa pasHa CU, —
1 2 3 —

C.,+C.,—Co +...=0.

5.6. D10 pesynsrar Backapana (1965 r.), Mbl B3siim ero B [18], pemenne |[CSTTVZ).
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Ob603Ha9UM

F(n,j) = CI — Ci+=D) 4 Cd+26-1) _ c+3-1 4

Nuanykius o n. Baza n = p+ 1 TpuBnajibHa, OTMETHUM JIUIIIh, 9TO C 41 =1 (mod p)upni=0,1,p,p+1,
a B OCTAJIBHBIX CJIyYasiX 3TOT OMHOMUAJIbHBIN KO3 MUIMEHT jiesinTcst Ha p. JJoKarxKeM WHJIYKIIMOHHBIH I1e-
pexog or n’ =n — (p+ 1) k n. Braronaps cienannoMy 3aMevanuio,

p+1
Jj+(p—1)k Jj+(p—1)k—i _ j+p—1k—i _
Cn 4 p+1 Z C P+1 = Z Cn’ -
i€{0,1,p,p+1}
= Cij‘(P—l)/f + CZL/—l‘F(P—l)k + Cil—l‘f'(l’—l)(k—l) + CZL/—Q‘F(P—U(/?—U (mod p).
[Mockonbry f(n,j) = Zk(—l)kCﬂ#k(p -0 3HAKOYEPETYIONAsACT CyMMa, TPU CyMMUPOBAHUN TO k TIOJI-

YEePKHYTBIE BbIPAzKEeHHsI COKPATSTCS B TUIIOBOM CJIAraeMOM (& HECOKDATHBIINECS BbIPAYKEHUs] B KPalHUX
cyiaraeMbIX paBHbI () [0 IPUYMHE HEKOPPEKTHOCTH OMHOMHAJIBLHOrO KoddduimenTa). Takium 06paszom, Mbl
[IOJTyIaeM COOTHOIIIEHUS

fn,g)=f('j) — f(n',j—2) mpmj>1, fn,1) = f(n/,1) + f(n',p—2).
Temepb 9acTh “TOJIBKO TOTA” JTIOKA3BIBAEMOT'O YTBEPKICHUS CPa3y CJEAyeT U3 WHIYKIIMOHHOTO IIPEIII0I0-
JKeHHs, a 9acTh “rorya”’ B obmem-To Toxke: ecu f(n,j) =0 (mod p) mpu j=1,3, ..., p—2, 10
fp=2)=fn'p—-4)=...=fn, ) =-f(n',p-2),

orkyza f(n',j) =0 (mod p) npu Beex myxubix j u Torma n’ : (p+ 1), aTormaun : (p+ 1).
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Amazing properties of binomial coefficients

Several research topics will be set to you at the conference. Your aim is the maximal advance in one of these topics. You can
co-operate in the solving of problems, arbitrary teams are allowed (i.e. the team may consist of participants from different
cities). If you solve problems in different topics you may take part in different teams. The only thing you should avoid is to
sign up the solutions of those problems that you really were not solving (this may happen if the team is too big and not all
of its members solve the problems of some topic actively).

The following is the introductory set of problems about binomial coefficients. You may hand in the (written) solutions to
Kokahs K. (coach 15, seat 17) In Teberda the set of problems will be enlarged a lot and you may hand in your solutions of
this set of problems, except 1.2, in Teberda, too. You can hand in the solutions of the problem 1.2 in train only.

1 Problems for solving in train

1.1. Prove that a) (pgl) = (-1)* (mod p); b) (27?) = (—4)"(%1) (mod p) mpu n < p—gl.
1.2. Prove that the number of odd binomial coefficients in n-th row of Pascal triangle is equal to 2", where

r is the number of 1’s in the binary expansion of n.

1.3. Fix a positive integer m. By a m-arithmetical Pascal triangle we mean a triangle in which binomial
coefficients are replaced by their residues modulo m. We will also consider similar triangles with the
arbitrary residues a instead of 1’s along the lateral sides of the triangle. The operation of the multiplying
by a number and addition of triangles of equal size are correctly defined. We will consider these operations
modulo m.

a b a+b a ax
a a + b b = a+b a+b - Ja a = ar ax
a 2a a b 2b b a+b  2(a+b) a+bd a 2a a ar 2ar az
a 3a 3a a b3 3bb a+b 3(a+b) 3(a+b) a+bd a 3a 3a a az 3ax 3az ax

Let all the elements of s-th row of m-arithmetical Pascal triangle except the first and the last one be equal
to 0. Prove that the triangle has a form depicted on fig. 1. Shaded triangles consist of zeroes, triangles A¥
consist of s rows and satisfy the following relations

1) AR AR = AR 2) Ak = Ck. AY (mod m).

The well known puzzle Tower of Hanoi consists of three rods, and a number of disks of different sizes which can slide onto
any rod. The puzzle starts with the disks in a neat stack in ascending order of size on one rod, the smallest at the top, thus
making a conical shape. The objective of the puzzle is to move the entire stack to another rod, obeying the following rules:
1) only one disk may be moved at a time; 2) each move consists of taking the upper disk from one of the rods and sliding it
onto another rod, on top of the other disks that may already be present on that rod; 3) no disk may be placed on top of a
smaller disk.

Let n be the number of disks. Let T H,, be a graph, whose vertices are all possible correct placements of disks onto 3 rods
and edges connect placements that can be obtained one from another by 1 move. Consider also graph P, , whose vertices are
1’s located in the first 2" rows of the 2-arithmetical Pascal triangle and edges connect neighboring 1’s (i.e. two adjacent 1’s
in the same row or neighboring 1’s by a diagonal in two adjacent rows )

1.4. prove that graphs T H,, and P,, are isomorphic.

1.5. Prove that that first 10 rows of 2-arithmetical Pascal triangle contain less than 1% of 1’s.

1.6. Prove that if n is divisible by p — 1, then (pfl) + (2(p”_1)) + (3(17”_1)) +...+ (Z) =1 (mod p). Or,
even better prove the general statement: if 1 < j,k <p—1un=k (mod p— 1), then

(;L) ’ ((p—%ﬂ) ! <2(p—nl)+j> ! (3(p—nl)+j> e (f) (mod »).

Af
ATN/AL
ACAV/NAV/Y:
ASN/ASN/AGN/AS

ANAV/ANAV/AVAVAAVAY

Puc. 1: Puc. 2:
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Amazing properties of binomial coefficients — 2

“The official theoretical source” for this set of problems is Vinberg’s article [1]. Particularly the following theorems are
considered to be known.

1. WILSON’s THEOREM. For any prime p (and for primes only) the equivalence holds (p — 1)! = —1 (mod p).

2. LUKAS’ THEOREM. Write the numbers n and k in base p:

n =nap® +na—1p”"" + ...+ nip + no, k= kap” + ka—1p® "+ ...+ kip + ko. (1)
Then (3) = (i) Gig=t) -+ (1) (&) (mod p).
3. KuMMER’s THEOREM. The exponent ord, (Z) is equal to the number of “carries” when we add k and £ = n — k in
base p.

4. WOLSTENHOLME’S THEOREM. If p > 5 then (QP") =2 (mod p?), or, that is the same, (2;’:11) =1 (mod p%).

Remind that (8) =1, (Z) =0 for £ > n and for £ < 0 by definition.
We denote by p a prime number. For any natural n denote by (n!), the product of all integers from 1 to n not divisible
by p. If a number p is given the symbols n;, m; etc. denote the digits of numbers n, m etc. in base p.

* ok ok

2 Arithmetical triangle and divisibility

2.1. a) Prove that the first 3* rows of 3-arithmetical Pascal triangle contain %(6’“ + 4F) residues “1” and
(6% — 4%) residues “2”.

b) Find the number of zero elements in the first 5¥ rows of 5-arithmetical Pascal triangle.

¢) Find the number of non-zero elements in the first p¥ rows of p-arithmetical Pascal triangle.

2.2. Prove that the number of 1’s in the first m rows of 2-arithmetical Pascal triangle equals

n—1 L

n— .
E m; - 22k:i+1 mE 3%
=0

Ifm=2"42% 4 ., +2% where a3 > as > ... > «,, then we can rewrite the last expression in the form

30142392 4+22.3% 42730,

2.3. Consider n-th row of Pascal triangle modulo 2 as binary expansion of some integer F,. Prove that

P,=F, ... -F_
where i1,...,1i, are numbers of positions where 1’s occur in the binary expansion of n, and F; = 2% + 1 is
t-th Fermat number.

2.4. Prove that the number of non-zero elements in n-th row of p-arithmetical Pascal triangle equals
d

T (ns + 1).

=0

2.5. a) All the binomial coefficients (Z), where 0 < k < n, are divisible by p if and only if n is a power of p.
b) All the binomial coefficients (Z), where 0 < k& < n, are not divisible by p if and only if n + 1 is

divisible by p?, in other words, all the digits of n, except the leftmost, in base p are equal to p — 1.

2.6. Let 0 < k < n+ 1. Prove that if (kﬁl) /p and (Z) / p, then (”Zl) /p, except the case, when n + 1 is

divisible by p.
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3 Generalization of Wilson’s and Lukas’ theorems

3.1. Prove that ordy(n!) — " dt it no)

p—1
3.2. Prove the following generalizations of Wilson’s theorem. a) (—1)Pl(n!), = ng! (mod p);
b) Prove that for p > 3

(P")p= -1 (mod p?),

and forp=2,¢>3 (p¥), =1 (mod p?).
|
c) ]% = (—1)*no!ni!...ng! (mod p), where p = ord,(n!)
3.3. Generalized Lukas’ theorem. Let r = n — k, £ = ord,((})). Then

(0 = 0 () () - (o) o

3.4. a) Prove that (1 + x)pd =1+ 27 (mod p) forallz=0,1, ..., p— 1.
b) Prove Laukas’ theorem algebraically.

3.5. a) Let m, n, k be nonnegative integers, and (n,k) = 1. Prove that C¥,, =0 (mod n).
b) Prove that if n: p¥, m /p, then (") p".

m
n

d
3.6. Let fro= > ((Z) )%. Prove that fn o = [[ fn,a (mod p).
k=0 i=0

4 Variations on Wolstenholme’s theorem

1 1 1
4.1. Prove that 7ttt p— =0 (mod p?).
1 1
4.2. Let p = 4k 4+ 3 be a prime number. Find + +...+ (mod p).

0241 12+1 ° (p—1)2+1
4.3. a) Let k be a nonnegative integer such that for any prime divisor p of the number m & is not

1 1
divisible by (p—1). Prove that T + o" +...+ + =0 (mod m) (summation over all fractions whose

(r—1)
denominators are coprime to m).

, 11 1 )
b) Let k be odd and (k+1) /(p—1). Provethatl—k—i—Q—k—i—...—i—m:O (mod p?).

4.4. Prove that the equivalence (12) from Vinberg’s article holds in fact modulo p*.

4.5. Prove that the following properties are equivalent 1) (2;’:11) =1 (mod p*);
1 1 1 1 1 1
2)-+—-—+...+4—=0 d p%); ) =+=+..+— =0 d p?).
)1+2+ +p—1 (mod p°); )12+22+ +(p—1)2 (mod p~)
4.6. a) Prove algebraically that for any prime p and arbitrary k& and n ((5:1) — (TIZ)) . p2. (In Vinberg’s
article this fact is proven combinatorially.
b) Prove the statement (9) form Vinberg’s article: for any prime p > 5 and arbitrary k and n ((pk) — (k)) D p3.

pm m

S

4.7. Let p > 5. Prove that a) (Ii) = (1) (mod p°); b) (ps;l)
4.8. Prove that (gz) = (1;2) (mod p®).

2$+3).

p* (mod p
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Amazing properties of binomial coefficients — 3

Additional problems to previous topics

2.7. Prove that (pnlgl) = (=1)% (mod p), where Sy, is the sum of digits of k in base p.

2.8. Prove that if the binomial coefficient (Z) is odd i.e. k; < n; for all : = 0,1,...,d in the notations of
(1), then

(Z) _ ﬁ(_l)kilnﬁrkiml (mod 4).

i=1

2.9. Prove that if there are no two consecutive 1’s in the binary expansion of n then all the odd entries in
n-th row = 1 (mod 4), otherwise the number of entries = 1 (mod 4) equals the number of entries = —1
(mod 4).

2.10. Prove that the number of 5’s in each row of 8-arithmetical Pascal triangle is a power of 2. Prove the
same for 1’s, 3’s and 7’s.

2.11. Prove that if we consider all the elements of the two sets

{(2”1—1>(2”3—1>(2”5—1>(;Z:D} and {1,3,5,...,2" —1}

as a reminders modulo 2", then these sets coincide.

2.12. Prove that elements of a row of Pascal triangle are not coprime in the following sence. For any ¢ > 0
there exists IV, such that for all integer n > N and ki, ko, ..., k100 < &y/n the numbers

< 2n > ( 2n ) ( 2n >
n—l—k:l ’ TL-I—]{JQ L TL+]€100

2.13. a) The non negative numbers m > 1, n, k are given. Prove that at least one of the numbers (Z),
("N, ..., ("1*) s not divisible by m.

b) Prove that for each k there exist infinite set of numbers n, such that all the numbers (Z), ("Zl), cee
n+k—1
("%

4.9. Prove that forn > 1 (2;:1) — (23:

4.10. Prove that for p > 5 (—1)1)7_1 (1;:11) = 4P~! (mod p?).

2

have a common divisor.

) are divisible by m.
92n+2

~—

is divisible by
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Amazing properties of binomial coefficients — 4
Additional problems to previous topics

4.11. Let m be a non negative integer, p > 5 be a prime. Prove that

1 1 1
mp+1  mp+2 mp+ (p—1)

=0 (mod p?).

4.12. Let p and ¢ be primes. Prove that (qu—l) = 1 (mod pq) if and only if (2p71) = 1 (mod ¢) and

o1 pg—1 p—1
(qq—l) =1 (mod p).

5 Sums of binomzal coefficients

3¢—1
5.1. a) Prove that the sum ) (Qkk) is divisible by 3; b) is divisible by 3°.

k=0

n
5.2. Let C}, = %_H(Qkk) be Catalan numbers. Prove that >  Cy =1 (mod 3) if and only if the number n+1
k=1

contains at least one digit “2” in base 3.
5.3. Let p > 3, k = [2p/3]. Prove that the sum (11?) + (g) 4+ ..+ (Z) is divisible by pZ.

5.4. Let n: (p — 1), where p is an odd prime. Prove that

<pi1> + (2(pn_ 1)> - (3(pn_ 1)) b =14pm+1) (modp?).

5.5. Prove that if 0 < j<p—1<nand qg= E] then

> (1) =0 tmeap,

m:m=j (mod p)

5.6. Let p be an odd roime. Prove that n : (p 4 1) if and only if

@ _(j+<Z—1>>+(j+2Z)—1))_<J+380—1>>+"EO ety

forallj=1,3,...,p—2.
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Solutions

1 Problems for solving in train

_=Dp=2)...(p=k) _ (=D(=2)... (k) _
)_ 1-2---k - 1-2---k = (=1)" (mod p).

Solution 2. It is evident by the formula for binomial coefficients that (I;) is divisible by p when
< i < p—1. Since (gj) + (pgl) = (?) and (pal) =1=1 (mod p), then ((pal) +(*7") ¢ p, and therefore
1

1) = —1 (mod p). But (le) + (pgl) is divisible by p also, hence (p 1) =1 (mod p) etc.

1.1. a) Solution 1. (pgl

1
(P
6) This problem is taken from [3, problem 162|. Since the fractions (*?)/(*") and (n+11) /(%) are

n+1 n n
highly reducible, the statement can be easily proven by induction. But we suggest a direct calculation

from [3].
It easy to see that <

2n :2n.1-3---(2n—1)
n n!
and

130 (20— 1) = ()" (-1)(=3) -+ (<204 1) = (-1 (p = D(p—3) - (p— 20+ 1) =
Srr () () - (B () () -

m (P;l)! p—1
Therefore =(-)""—2"— = (-4)"( 2 | (mod p).
1.2. It follows directly from self-similar structure of an arithmetical Pascal triangle, that is described in
the next problems. It follows from Lucas’ theorem also, you can read the proof in [1].

1.3. We restrict ourselves with small contemplation, the full solution can be found in |3, problem 133].

Since the s-th row contains a long sequence of zeroes, then below these zeroes in (s+ 1)-th row we have
the sequence of zeroes, too, (it is one element shorter than the upper sequence); in (s + 2)-th row there are
the sequence of zeroes also (it is one element shorter again) and so on. This explains the presence of the
grey triangle below AJ (fig. 1).

Further, the non-zero elements of the s-th row are equal to 1, hence the numbers situated along the
sloped sides of the grey triangle all are 1’s (due to the recurrence for binomial coefficients). So all the
numbers along the sloped sides of the triangles AY and Al are 1’s, and therefore both triangles are identical
to A9.

Now it is clear, what is the (2s)-th row of the triangle. The left- and the rightmost elements are 1’s, all
other elements equal 0, except the central element that is equal to 2, because it is a sum of the two upper
I’s. Thus we obtain that two grey triangles are situated below 2s-th row, the triangles Ay and A2 to the
left and to the right of them are identical to AJ, and the triangle Al with 2’s along its sloped sides is equal
to 2- Ag.

And so on.

1.4. This statement we found in [21], several facts about binomial coefficients are proven there via Tower
of Hanoi and the graph T H,,.

Let a be the diameter of the upper disc on the first rod, b be the diameter of the upper disc on the
second rod and ¢ be the diameter of the upper disc on the third rod. W.l.o.g. a < b < ¢, then we have 3
possible moves in this configuration: from a to b or ¢ and from b to ¢, we analogously have 3 moves if one
rod is without discs. If all the discs are placed on one rod then we have 2 possible moves only; let Ay, Ao,
As denote the configurations of this type.

Observe that by the problem 1.2 all the elements of 2°-th row of Pascal triangle are 1’s. Therefore graph
P, has the rotational symmetry of the third order, because the recurrence (kﬁl) + (Z) = ("+1) that allows
us to construct the triangle from top to bottom, is equivalent in arithmetic modulo 2 to the recurrences
(kﬁl) = (Z) + ("Zl) and (Z) = (kﬁl) + ("Zl), that allows us to construct the triangle from the low left
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Ar
1
Az Ao
A3 AQ
2 3
Ao ANJA1 A3
Puc. 3:

corner in the upper right direction and from the low right corner in the upper left direction. It follows also
that the triangle of the double size contains 3 copies of the initial triangle.

Now let us prove by induction that there exists a bijection between T'H,, and P,, such that the vertices
of the triangle P,, correspond to the configurations Ay, Ay, As. The base n =1 is evident.

Proof of the step of induction. Assume that the bijection between T H,, and P, has been constructed.
The 2-arithmetical Pascal triangle with the side length 2"*! contains 3 copies of the triangle with the side
length 2™. Number the copies and mark its vertices as shown on fig.3. Consider all the configurations of
the Tower of Hanoi for which the (n+ 1)-th (biggest) disc is placed on rod i. If we fix the placement of this
disc then displacements of other discs correspond to the graph that is isomorphic to T'P,. By induction
hypothesis we can choose a bijection between this graph and the graph P, in the i-th copy of the triangle,
such that the configurations A; correspond to the vertices of the triangles with the same marks. When we
move the biggest disc, say, from the first rod to the second, all other discs must be on the 3rd rod. This
move correspond to the edge connecting two neighboring vertices As on the left sloped side of big triangle.
The same reasons concern other moves of the biggest disc. Therefore we obtain an isomorphism between
TP,+1 and P,.

1.5. The bijection with Tower of Hanoi gives us a formula (when the number of rows is a power of 2): the
first 2% rows of 2-arithmetical Pascal triangle contain 3% 1’s. The formula can be also proved by induction
via recurrence from the problem 1.3. Using this formula we can obtain an estimation. Since 10% < 220, the
total number of elements in these rows equals % -10%(105 + 1), and the number of 1’s is at most 3%°. The

proportion does not exceed ﬁ;&l) < 0.01.

1.6. We found this statement in [18].

Solution 1 (|[CSTTVZ|). For p = 2 the statement can be easily checked. So we can assume that p is
odd prime. Let n = z(p — 1) + k. We use induction on z.

The base z = 0 is trivial: (l;) = (l;) (mod p).

To prove the step of induction we need the following property of binomial coefficients:

b b
(aj ) = Z (s i z> (2) (summation in natural bounds),

both sides of which calculate in how many ways we can choose s balls in the box that contains a black and
b white balls. Let n = m + (p — 1). Observe that

(6(19—?) +j> - (Zpt(113113> = pi (e(p—1;n+j ) 1) (P; 1> _ S(—l)i@p_lﬁj - 1) (mod p)

=0 i=0

(the last equivalence is due to problem 1.1a). Remark that the sign of the first and last terms in the last
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sum is “plus” . Now transform the sum from the problem statement:
n —
2;(HP—D+J>:
m m m m m
() -G )+ () = G by o) = (7)) +
m m m
" ((2(1?—1) +J’> - (2(p—1) +j - 1) et (2(p—1) +j>> T

=2 ()+Z< Up— 1+]> (mod ).

the first sum is equal to 0, the second sum is equivalent (];) (mod p) by the induction hypothesis.

Solution 2 (|J], [T]). Induction by n. The base n < p — 1 is trivial: both sides contain the same
term. Prove the step of induction.

()l o= (07 GE) e (o 0+ (o)) o
) ) ) (G5 o) o)
=(15)(50) =) twetn

But it should be accurate in cases when p — 1 divides j or k, because the induction hypothesis does not
hold for 7 = 0 or k = 0 (it uses the value p — 1 instead of 0). Therefore we must consider more carefully
the cases when j = 1 or k = 1. We restrict ourselves by consideration of one partial case only. Let p = 5,
j =1 and we fulfill step to n = 13. Then we have

1 13 13 13 12 12 12 12 12 12
(1) 200 ()= () = () + (6) + () + ((0) + (5)+ ()
By induction hypothesis the sum in the first parentheses has a residue (11) (and not (?) as the previous
calculation shows). In the second parentheses the induction hypothesis covers all the terms except the first
one, so the sum has residue (102) + (g). Writing p — 1 instead of 4 for clarity, we obtain that the whole sum
is equivalent to ("61) + (p;l) + (pal) = G) (mod p), as required.

(1]~

Solution 3 (algebraical reasoning with Luka’s theorem, [18]). Induction by n. Base n < p — 1 is
trivial. Now let n > p, write all parameters in base p, let o,(m) denotes the sum of digits of m. It is clear
that if m = j (mod p), then o,(m) = j (mod p). The sum under consideration is equal by Luka’s theorem

to
S (o)) (i) tmod .

where the summation is over all m = g ... mymg < n, for which o,(m) = j (mod p). This sum is equal
to the sum of coefficients of 7, x7+P~1, x]+2(p 1), ...in the expression

(I+z)" (1 +z)" ... (1 +z)" = (14 2)7™)
But it is evident that this sum of coefficients equals
Z <Up(”)> ’
1<r<op(n) "
r=j (mod p—1)

which satisfy the induction hypothesis because 1 < 0,(n) < n—1, and supply the desired equivalence since
op(n) =n=j (mod p).

Solution 4 (linear algebra, [D]). The polynomials z, 2%, ..., zP~1 are linearly independent over Z,
and form a basis in the space of functions f: Z, — Z,, f(0) = 0. By Fermat’s little theorem (1 + z)" =
(1 4+ x)* (mod p). Applying the relations zitar—1) = 2 o the left hand side, we obtain that our sum as
an element of Zj, is equal to the coefficient of 27 in the right hand side, i.e. (];)

1
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2 Arithmetical triangle and divisibility

2.1. a) This result is due to Roberts [27]. By a; denote the number of 1’s in the first 3 rows, and by by,
denote the number of 2’s. Due to the recurrence from problem 1.3 we obtain

ag41 = Sag + by, bri1 = Sby + ag.

Now the statement of problem follows by induction.

b) Answer: % -5%(5F 4 1) — 15*. By aj, denote the number of nonzero elements in the first 5¥ rows.
As in previous problem we have a recurrence

5E(5% — 1)

arx+1 = 1bap + 10 - 5

. . . 5% (5% +1) . . _ 5R(5F+1)
Since the whole triangle consists of ——=— elements, it is natural to change variables a, = ——5— — by.
Then we can rewrite the previous relation in terms of by as by = 15b.

c)Answer: (p(p—ﬂ))k. This is Fine’s result [13]. It can be obtained by induction by means of recurrence

2
of the problem 1.3.

2.2. Solution 1. Induction by «;. The base a; = 0,1 can be easily checked. Let the statement has
been proven for all @y < a. Prove it for a; = a. Evedently m — 2% < 2%, Let s = 2°! (in notations of
problem 1.3). Consider the m-th row in the triangle Ag, where m = 292 42 4 . 4 2%, By the induction
hypothesis the number of 1’s in this row and above it equals

392 42.3% 4 422,30 (2)

Then for the number m = m + 2% we have a row that intersects the triangles A} and Al (due to
2-arithmetics they are both identical to triangle Ag). The part of Pascal triangle from top to this row
contains triangle A (containing 3! 1’s by induction hypothesis) and partially triangles A} and Al (the
number of 1’s in them is given by (2)). So the total number of 1’s is

391 42(3%2 £2.3% 4., 42772, 307),

Solution 2 (combinatorial sense of coefficients, |T]).

Lemma 1. Let the k-th row contains 2" 1’s (or, equivalently, k£ contains r 1’s in base 2) and let
a1 > g >0 >y, 297 > k. Then the row with number 2% 4292 4 . 4+ 2% L k contains 21" 1’s.

Proof. It is clear that the number 2% 4 292 4 ... + 2% + k in base 2 contains m + r 1’s and hence
the corresponding row contains 2™%" 1’s. O

Lemma 2. The rows with the following numbers
201 4292 4 4 2%m—1 0 Q0L 4 902 4 4 2%l ], L., 291 4292 4 20l 4 2% ]

contain 2F3%m 1’s,

Proof. By lemma 1 the row with number 2%t + 292 4 |, 4 2%m~1 4 4 contains 2k x; 1’s, where z; is
the number of 1’s in i-th row. Then the total number of 1’s in these rows equals 2¥ 3" z;. But 3 z; is the
number of 1’s in the first 2%m — 1 rows of Pascal triangle, this number is equal to 3*m (it is known, for
example, by problem 1.4). O

The statement of problem follows from lemma 2.

2.3. The problem is from [1], the solution is from [18]. The problem statement follows from Luka’s theorem
due to the following observation (it is also mentioned in [1]): a binomial coefficient (}}) is odd if and only
if the set of 1’s in the binary expansion of k is the subset of the set of 1’s in the binary expansion of n.
Therefore P, = 3" 2*, where the summation is over all k described in the previous phrase. For p = 2 let
Sy, = {i : n; = 1} in notations of formula (1). Then

PeS I =15

I1CSy iel 1€Sn
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2.4. This result of Fine [13] (1947) is an easy corollary of Kummer’s theorem. If p does not divide (),
then there are no carries when we add k£ and n — k in base p. For a fixed n it means that we can choose
i-th digit of k£ in base p by n; + 1 ways.

2.5. a) It follows from the formula proven in the previous problem because here we have a row with 2
elements only not divisible by p.

b) [13]. If Ecqx p? | (n + 1), then n = a(p — 1)(p — 1)... (p — 1) in base p. Then for any k, 0 < k < n,
each digit of £ does not exceed the corresponding digit of n. Therefore all the binomial coeflicients (Zl) are

not equal to 0 and # 0 (mod p). By Lukas’ theorem (}) is not divisible by p.
The reverse statement. Assume that all the coefficients (Z) are not divisible by p, but n is not the

number of the form a(p —1)(p — 1) ... (p — 1). Therefore one of its digits, say, n; is less than p — 1. Choose
k= (p—1)-p'. Then k; = p — 1 and hence (ZI) =0, and p | (Z) by Lukas’ theorem. A contradicition.
2.6. This problem we found in [12].

Solution 1. Assume that (") /pand () 7. but (") = (1) + (7)) - Then (1) = —(")
(mod p). Since both binomial coefficients are not divisible by p, we can reduce the equivalence and obtain
—"JIEH = —1 (mod p). Therefore n +1 =0 (mod p).

Solution 2 ([K|). Though the statement remind us the main recurrence for binomial coefficients, the
part ¢ (kT_ll) / p” is unnecessary. Indeed, if (n+1) /p, then 0 < ng < p—2. Since (Z) / p, then by Kummer’s
theorem k; < n; for all + But analogous inequalities hold also for the pair k and n+ 1, because n and n+ 1
have the same digits except the lower ones that differs by 1. Hence (”:1) /p.

2.7. [2]. It follows from Lukas’ theorem and problem 1.1.a).

2.8. The problem is from [1]. Induction by number of digits. The base is trivial. For the proof of induction
step add one more digit to the rightmost position. Since the binomial coefficient is odd we have the
inequalities n; > k;. Now we will use the recurrence (Z) = (Zj) + (";1) and consider distinct variants
of parity n u k. Applying Kummer’s theorem and the problem 4.6a) we will reduce the question to the
induction hypothesis.

For example, let n = 2¢ + 1 be odd and k = 2m be even. Consider a subcase k; = 1. Then we have
binary representations k = ...10, n = ...11, k —1 = ...01 and n — k = ...01 (the latter because by
Kummer’s theorem there are no carries when we add k£ and n — k). Now when we add k£ — 1 and n — k we

have 1 carry, i.e. (Zj) =2 (mod 4), and hence

()= G2+ () =10 =) = () e,

the latter equivalence is by problem 4.6a). The minus sign in it corresponds to the multiplier (—1)*om1+kino,
2.9. The problem is from [1]. The statement follows from the previous problem. If the binary representation
of n does not contains two consecutive 1’s, then for all £ all the exponents k; _1n;+k;n;_1 are equal to 0 and
all the binomial coefficients in n-th row have are equivalent 1 modulo 4. But if the binary representation
of n contains several consecutive 1’s starting from n; = 1 then the one half of all coefficients have k; = 0,

and one half of them have k; = 1. By the formula of previous problem these two halves differ by a sign.
2.10. Two articles in Monthly [19, 20| discuss this dark problem.
2.11. This is a problem of D.Dzhukich was presented at the olympiad of 239 school of St.-Petersburg,
2002, and after that appeared at short-list of IMO-2008.

All the binomial coefficients in the problem statement are odd by Lukas’ theorem, therefore, it is

sufficient to check that all the numbers (2nf 1), (271:; 1), cee (32:1) have distinct reminders modulo 2".

Solution 1 (|D]). Assume by the contrary that (an_l) = (27;;1) (mod 2") for odd k and m, k > m.
Observe that

G- () () ()
- (21:) - <k2—nl) - <k2—nz) —em (mQ: 1) + <2nn; 1),
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()-(E ) ()= (5 )= i

Calculate the exponent ords (2:) by Kummer’s theorem. If ords r = a then we have n —a carries in addition

In particular

r and 2" — r (it is clear by the standard algorithm of addition), hence ords (2:) = n — a. In particular
2" | (2:) for odd r, that allows us to consider only one half of summands:

(7)) oo () =0 e,

Now all the (2:) in the left hand side have even parameter ¢, therefore ords (2:) < n.

We will prove that this congruence is impossible and obtain a contradiction. Choose x with minimal
ords (2:) Since ords (2:) < n and the whole sum is divisible by 2", there exists y, for which ords (2:) =
ords (2;) Then the binary representations of x and y end with equal number of 0’s, and hence there exists
z between x and y which binary representation ends with bigger number of 0’s. Then ords (2;) < ords (2:),
a contradiction.

Solution 2 (|[CSTTVZ]). Induction by n. We prove the step of induction. Let the statement be proven
for all numbers less than n. Assume by the contrary that there exist k and ¢, k # £, 0 < k, ¢ < 2" —1, such

that @ZH) = (222;11) mod 2"™. Observe that

(een) = (F-)(F 1)~ (1) -
)G () () ) )
)G ) 1)

2n—1

z(—1)k+1( k_1> (mod 2")

and analogously (32;11) = (-1t (Qn_g _1) (mod 2"). It follows by induction hypothesis that both k& and
. n—1 -1

¢ can not be odd. Besides, due to ;he symmetry ( . ) (27_14

the “even” binomial coefficients (2 2;1) are pairwise distinct modulo 2™ and form the same set of residues

as “odd” binomial coefficients (22:;%) Therefore k£ and ¢ can not be even simultaneously.

It remains to consider a case when k and ¢ have distinct parity, say k = 2a + 1, £ = 2b. Then

2nt -1 2nt -1 n
(2a+1>+( o >:O (mod 2").

If @ = b the congruence is impossible because (271;;_1) is odd and

2n71 -1 2n71 -1 2n71 -1 2n71 —1-9 2n71 -1 2n71
+ = L . =2""! (mod 2").
2a+ 1 2a 2a 2a + 1 2a 20+ 1

If b # a, then (2%171) =+ (2%171) by the induction hypothesis, Since (2%171) + (2%171) is divisible by

) the problem statement means that all

2(11 21b 2a 2a+1
2n~1 the sum (2 2b71) + (22a+11) can not be divisible by 2"~

2.12. The author of this problem is A. Belov. Observe that
(2n)_<2n> nn—1)...(n—k+1)
n+k) \n) m+1)n+2)...(n+k)’

and therefore (n%fk) have many common divisors with (2:), because the denominator is not very big,

more precisely, it does not exceed (2n)*. Write the analogous equalities for all binomial coefficients (nfﬁﬁ),
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(ni%), ceey (n+2]?100) Then GCD of all denominators in the right hand sides of the equalities does not

exceed (n+1)(n+2)... (n+[ey/n]) < (2n)*V". But for big n the binomial coefficient (2”) is much greater,

n

so after reducing by GCD the quotient is very big, and it divides all 100 binomial coefficients.
Explain more accurate the last reasoning. Observe that

2n _ 2_n . 2n — 1 - n+1 < 9n and (2n)1005\/ﬁ _ 9ev/nlogy ntey/n
n n n-—1 1

For each ¢ there exists NV such that for all n > N we have the equality § > ey/nlogy n+ ey/n. If we reduce
(2:) by GCD for these n, the quotient is at least 27/

2.13. a) The problem was presented at Leningrad olympiad, 1977.
Solution 1 (without Kummer’s theorem). This is solution from the excellent book [4]. Assume that
all these numbers are divisible by m. Then the numbers

()= (-7 ),
()=

(-0 ()

are also divisible by m. Then analogously m divides all the numbers (”;H), where 7 < j are arbitrary

nonnegative integers. But (8) (1 = j = 0) is not divisible by m. A contradiction.

Solution 2 (Kummer’s theorem). Let p be a prime divisor of m. Prove that at least one of the

numbers (Z), ("Zl), o ("Zk) is not divisible by p. By Kummer’s theorem if we choose ¢ (n —k < £ < n)

such that the addition k + ¢ fulfills in base p without carries then the binomial coefficient (k#) is not
divisible by p.

We will explain how to choose £ by giving a concrete example. Let p = 7, k = 133. We will write all
the numbers in base 7. Since we try to choose ¢ in the set of k + 1 numbers, we can always choose ¢ such

that k + ¢ to be one of the following numbers
133, ...233, ..., ...633.

(Remind that 6 is the greatest digit in our example.) It is clear that the addition k + ¢ fulfills without
carries.

b) We found this problem in [2|. It is not difficult to construct n by Kummer’s theorem. Let ord, m = s,
and k have d + 1 digits in base p. Let n : p4*5+1. Then the representations of numbers n —k, n—k+1, ...,
n — 1 contain digits (p — 1) in positions from (d + 2) to (d + s + 2). When we add k to these numbers we
have carries in these positions. Therefore by Kummer’s theorem all the corresponding binomial coefficients
are divisible by p°.

Since it is not difficult to combine our reasoning for distinct p, the statemetn is proven.

3 Generalizations of Wilson’s and Lukas’ theorems

3.1. It is well known that ord,(n!) =", [,%] If n = ngp? +ng_1p®' + ... + nip + ng (representation in

base p), then [1%] = ngp?F +ng_1p? 1 + ...+ npp1p + ny and we can rewrite the formula for ord,(n!)

in the form ) )
= (S y ‘ ; L op-1 > np' = 3 ng
ordy(nl) =) < > nz‘plk> = ;nz‘(ﬂl +p 7P+t = ;nl T =0 =0

¢ = =

k=1

— p_l

This is exactly what we need.
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3.2. a) Split the factors of n! on groups of (p — 1) factors:

() = J[((kp+1)-(kp+2) - (kp+p—1)) - ([2lp+1)([Zlp+2)... (2lp+n0)= (—1)Fng!  (mod p).
k=0

6) This statement can be found in Gauss works [15]. The product (p?!), contains factors in pairs: a
factor and its inverse modulo p?, the product of each pair is 1 modulo p?. So we need to watch on those
factors m which equals to its inverse, this factors satisfy the congruence

m?=1 (mod p?).

For odd prime p the congruence has 2 solutions: +1. For p = 2, ¢ > 3 the congruence has two more
solutions: 2971 £ 1.
(5]

¢) Since n! = (n!), - p'»'( (2 ])!, the statement can be proven by induction by means of the congruence
of statement a) of this problem

3.3. We found this problem on the web-page of A.Granville [17]. It well known Legendre’s formula for the

S ) R (I ) R (O ) ES

Denote n = [n/p|] for brevity and so forth, and collect all terms divisible by p in the the formula for
a binomial coeflicient:

n (n!) [n/p] Al
<k> ~ (KD, (), plE/El plr/el T Ry A
By generalized Wilson’s theorem (problem 3.2, b) the first fraction equals + -2 o 'To' (mod p), the third fraction

allows us to apply induction, and the middle fraction (together with the sign of the first fraction) supply
all the expressions containing ¢ by the formula (4).

3.4. a) Expand brackets in (1 + x)p use the fact that p | (5, ) for 1 < k < p? — 1 by Kummer’s theorem.
b) Let n = n'p+ ng, k = k'p + ko. By the previous statement (14 z)P" = (1 + 2)"” (mod p). Then

(14+2)"=1+z) (1+2)™ = (142")"(1+2)" (mod p).

This congruence means that we transform the coefficients of the polynomial modulo p. The coefficient of
z* at the Lh.s. equals (Z) All the exponents in the first brackets at the r.h.s. are divisible by p, hence the

only way to obtain the term ZPF +Ro g multiplying the 2P’ from the first bracket and ¥ from the second.
Thus we obtain (7,) (Zg) and so () = (Z,) (% i °). Now Lukas’ theorem follows by induction.

3.5. a, b) It follows from Kummer’s theorem.

3.6. |9]. In the following calculation we use that (Zl) = 0 for k; > n;; this allows us to apply Lukas’ theorem
and truncate a lot of summands:

b= (1) =X X ST SIS (1) =T o

k=0 kg=0ky_1=0  ko=01i=0 i=0 k;=0

4 Variations on Wolstenholme’s theorem

4.1. This is an exercise on reading an article. The statement is proven in article [1]. Observe that

p—1 1 p—1 p—1

1 1 1
DI N i Sr =y

1=1 =1
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Hence the sum under consideration is divisible by p. Since % = —Iﬁ (mod p), it remains to check that
p—1
1
Z 7= 0 (mod p).
=1
But %2, 2%, cee ﬁ modulo p is the same set as', uro 12, 22, ..., (p — 1)2. Therefore it is sufficient to
prove that
p—1
i?=0 (mod p). (5)

1

(2

p—1
Let Y 2 = s (mod p). It p > 5 we can always choose a, such that a®> # 1 (mod p). Then the sets

=1
{1,2,...,p—1} and {a,2a,...,(p — 1)a} coincide (the proof is the same as in the footnote) and

p—1 p—1 p—1
s= ZiQ = Z(ai)Q =a®) i*=a*s (mod p).
i=1 i=1 i=1

Thus s =0 (mod p).

4.2. Answer: 2k + 2. This problem of A. Golovanov was presented at Tuimaada-2012 olympiad. Observe
that for p = 4k + 3 the equation 22 + 1 = 0 has no solutions in the set of residues modulo p, and hence the
denominators of all fractions are non zero.

Solution 1. Let a; =i*4+ 1,7 =0,...,p — 1. Then the expression equals

Up_l(ao, at, ... ,ap_l)
Up(a(),al, ce ,ap_l)

)

where o0; is an elementary symmetrical polynomial of degree ¢. Find the polynomial for which the numbers
a; are its roots:

p—1
H(x —1—4%).
=0
Change the variable 2 — 1 = t? and obtain
p—1 p—1 p—1
[[E-® =Tt ][t+) = -t)t? —t) =t — 20F 12,
=0 =0 1=0

Now apply the inverse change of variables and obtain for p = 4k 4 3

p—1
[[e-1-&=@-1-2-1F +(@-1)=a"+...+(p+2 2 + D)z — 4.
=0

o-pfl = l
op T 2

By Viete’s theorem o, =4 (mod p), 0,—1 =2 (mod p), therefore =2k + 2 (mod p).

Solution 2. Split all nonzero residues modulo p, except &1, on pairs of reciprocal. We obtain 2k
pairs and in each pair (i, 7)

ij=1 & ?2=1 e (@@)?+?+2+1=i®+;24+2 (modp).

Therefore,
U e e e e BGE SRNE S PP
T @EEDEED @) 2l 2 o

So, the sum is equal to 0214_1 + 1211 + (_1)12+1 + 2k = 2k + 2.

! These sets coincide because they contain p — 1 element each, and it is clear that all the reminders in each set are non
zero and pairwise distinct.
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Solution 3. By Fermat’s little theorem the operations = — 2~ ! and 2 — 2P~2 modulo p coincide.
So it is sufficient to calculate the sum

L Zmz( = (1) s ©)

p—1

where So,, = Y. 2?™. Evidently Sa, = —1 (mod p) for m = p%l. Prove that Sa,, = 0 (mod p) for all
=0

other m < p — 1. Indeed, for each m we can choose a non zero residue a such that a®™ # 1 (mod p) and

after that we can reason as in (5). For the sum (6) we have

S () () () - )
(=2) - (=3)...(2k +2)

- =2 2 .
1-2-... (2k+1) k42 (modp)

4.3. We found these statements in [16].

a) For each prime divisor p | m choose a, such that p { (alg —1). By the Chinese reminder theorem
choose a such that a = a, (mod p) for all p. Then the result can be proven by reasoning as in (5).

b) Observe that for odd k by the binomial formula we have i¥ 4 (p — i*) = ki*~!p (mod p?). Then

-1 . -1

p—ll p—1 1 1 p ’Lk—i—( )k D kkl )
Q;i_k:Z(i_kJr(P—i)k):Z i+ (p — i) Ezzk = PZ k+1 (mod p7).

i=1 =1 =1

The sum in the r.h.s is divisible by p by the statement a).

4.4. The congruence holds even modulo p” (see [24]), but it goes a bit strong. We can reason as in [1],
tracing all powers till p*, and obtain

G- ) ()

_1—2pz +4p22 P Z ij (mod pt). (7)

i,j= 1 i,5,k=1
1<j 1<j<k

The last sum can be expressed via power sums:

p—1 3 p—1

1 Sg 5152 Sy 1
E — here S), = E —.
ynd 12]145 3 2 + 6’ WHEEE Ok ik

i=1
1<j<k
We now that S; and S3 are divisible by p? (the latter due to problem 4.3b). Therefore the last term in the
formula (7) can be omitted.

4.5. The problem is from [1], variations can be found in [14]. Since

= 1 R+ (p—
S-S ) - S
ZkQ Zk2+(p—k)2 kQ(p k ka k mop)
-1 k=1 k=1
p—1 1
the statement 3) is equivalent to the congruence Z =% =0 (mod p?). The statement 2) is equivalent
k=1
p—1 p—1 1 1 p—1 1
to the same congruence, because 2 Z = 2 (E + m) =2p Z W Finally we know from the

k=1 k=1 k=1
previous problem that

% —1 Ut Pl
) =1 p? 4p? — d ph).
<p_1) P gt g tmed )
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So the statement 1) is equivalent to the congruence

p—1 1 p—1 1
ZZZ(]H) Zj (mod p?) (8)
i<j

Rewrite the expression in the r.h.s.:

p—1 1 p—1 1 2 p—1 1
1Y =2(X1) e =
i,j=1 k=1 k=1

1<j

p—ll 2 p—1 1
>7) N D)

k=1

The sum in brackets is divisible by p, its square is divisible by p?, and we can omit this term. Then from
p—1
1
(8) we see that the statement 1) is equivalent to the congruence E -
p—
k=1

4.6. a) Solution 1 (|5, proposition 2.12]). Induction on n. Expand brackets in the equality

=0 (mod p?).

(a+b)" = (a+ )" D(a + by
Equate the coefficients of aP™pP(n—m).
-1 -1 -1 -1
pn\ _ (ple=DN\(p\ (P =D)\(p\ . ( pn—1) PN (Pe= DY (P)
pm pm 0 pm —1 1 pm—p+1/\p—1 pm—p ) \p
All summands except first and last are divisible by p?, because by Lucas’ theorem each binomial coefficient

()= () (50

By the induction hypothesis

(o) G = () () = () it

Solution 2 (|D]). Prove that (:f;) = (:1) (mod p?) by induction on m.

To prove the base m = 1 we have to check that (ppk) — (lf) =0 (mod p?). We have

(pk> B <k> _pkk =1k —p+1) (<pk—1><Pk—1>---<Pk—P“) _1>. 9)

p - p! (p—1)!

is divisible by p. Hence

1
Split the multipliers in the numerator onto pairs:
(pk — i) (pk —p +1i) = pi® —i>  (mod p?).

We see that the product modulo p? of each pair does not depend on k. Therefore the difference (9) modulo p?
does not depend on k, too. Since it is equal to 0 for k = 1, it is equal to 0 for all k.

The step of induction. Let ((mlipl)p) = (mk_l) (mod p?). We have

(57) = (17, e )+ . =)+
mp (m—1)p pm(pm —1)...(pm —p+1)

:( kp >.(p(k—m)+1)(p(k—m)+1)...(p(k—m)+p—1).k—m—l—l

(m—1)p (pm—=1)...(pm —p+1) m

(10)

Remark that both fractions are correctly defined modulo p?. As in the proof of base, the expression in the
numerator of big fraction does not depend (modulo p?) on k. Then we can put k = 0 for the calculating
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the fraction modulo p? and obtain that it is congruent to 0. For the remaining part of the expression we
can apply the induction hypothesis and obtain

() () i

b) Solution 1 (combinatorial). As it has been suggested in 1], consider samples of kp objects from
the set of pn objects. Let the initial set be split on blocks of p objects. The number of block samples equals
(Z) Hence it remains to check that non block samples is divisible by p3. But the number of non block
samples with 3 or more blocks is divisible by p? (see [1]). For k > 1 every non block sample consists of at
least 3 blocks, so in this case the statement is true. It remains to consider a case when k = 1 and we count
the number of non block samples of p obJects from the set of 2p objects. This number equals ( ) — 2, by
Wolstenholme’s theorem it is divisible by p3.

Solution 2. In the formula (Z) = % split the numerator and the denominator onto blocks

of p terms, reduce the first terms in each block, and collect the quotients in a separate expression:

<mp> _ mp-(mp—1)... (mp — (p—l)) . (m—1)p- ((m—l)p— 1) ((m 1) (p—l)) .
kp kp-(kp—1)...(kp—(p-1))  (k=1)p- (k=D)p—1)...((k— (»—1))
y (m—k+1)p- ((m— k:+1)p 1) ...((m— k:+1 —(p-1))
p-(p—1)...1
_ (m> (mp — 1)...(mp—(p-1)) o (m—k+1)p—1).. ((m k—i—l - (p-1))
k) (kp—=1)...(kp—(p-1) (p—1).. '

It remains to check that the product of fractions is congruent to 1 (mod p?). For this prove the congruence
(np—1)...(np— (p—1))
(rp—1)... (’I“p - (p—l))

or, even, it would be better to prove the following congruence

(np—1)...(np—(p—1)) _ (rp—1)...(rp— (p—1)) 3
(p—1)! N (p—1)! (mod 77}

This is true because both parts are congruent to 1 (mod p?), that can be shown analogously to the proof
of Wolstenholme’s theorem.

4.7. a) |5, theorem 2.14|. Transform the difference

(p2>_<p> :p2(p2_1)...(p2—(p—1))_p:%((1 —p?)(2—p?).. ((p—l)—pz)—l-Q-.._-(p_1)>,

=1 (mod p?)

D 1 1-2-...-(p=1)p (p—1)!
It remains to check that
1-p)2-p") .. (p—1)—p*)=1-2-...-(p—1) (mod p*).

Expand brackets in the Lh.s.:

1 1
1-pH2=pH)...(p—1)—p*) =1-2-...-(p—1)+p? (1 + 5 +...+ —1>(p—1)!+terms divisible by p*.

p —
By the problem 4.1 the second summand is divisible by p?.
b) Observe that (pSpH) =ps (ps+1 1) hence it is sufficient to prove that ( +_1_1) =1 (mod p**3).

<p8+1 - 1> _ @M -Dertt-2). et - (p 1) <p8+1 B 1> (ps“ B 1) (P 1> _

p—1 1-2---(p—1) 1 2 p—1

1 1
= (—1)1’*1 +ps+1 (1 + 5 4+ ...+ ]Tl) (mod p3+3).

Since (—1)P"'=T1and 1+ +...+ p%l =0 (mod p?) we are done.
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4.8. The problem is from [1], we present solution |T].
p3 B p2 ) p3_1 B p2_1 _
p? p p* -1 p—1
3 3 3 2 2 2
—p( () (B 1) (S ) (o) (B o) (1)) =
1 2 -1 1 2 p—1
2 2 2 PPl 3
p p p p
=p|l—-1)|—=—-1]... -1 ——1)-1
A=) G5 | L)

ptk

It is sufficient to prove that the last bracket is divisible by p”. Transform the product:

2_4 p2—1 p2-1
p?—1 3 = 3 3 2 6 5 2
p p p p°—Dp _ 5 1 7
——1) = ——1 —-1) = —+1 ) =1 —1 A d .
1 (k > 1 <k )(p?—k > 1 <k<p2—k>+ ) 1) 3 gy (med 2
k=1 k=1 k=1 k=1
ptk ptk ptk ptk

Now we have to check that the last sum is divisible by p?. This is true because by problem 4.3a)

2

p2-1 p -1

: 1 1 5
Z 7]{(1)2_]{:) = — Z e =0 (mod p%).
k=1 k=1

ptk ptk

4.9. The statement is taken from [6, theorem 5|, its generalization can be found in [7].
Solution 1 ([5, proposition 2.19]). Use the fact that the difference (2;1) - (2,{1) is equal to the
coefficient of 22" in the polynomial

Q1+ —a -2 =142 ((1 v - (1- x)2’“) -

2k 2k\ o 2k 28\ 4 2k k1
:<1+<1>x+(2)m +...+x -2 (1>x+<3)x +...+<2k_1):c .
Since the second polynomial contains odd exponents only, the coefficient of 22" in the product equals
2k 2k 2k 2k 2k 2k
2 e .
()0 ()6 -+ 0 ()
By problem 3.5b) 2% divides each binomial coefficient in this expression, moreover each term occurs twice

in the sum, and the sum itself is multiplied by 2. Thus all the expression is divisible by 22¢+2,

Solution 2 (JCSTTVZ|). Since (2;:1) =2(

2ntl —1
(o)
Similarly to (3) we obtain

2n+1 -1 2n+1 2n+1 2n+1 on _ 1
= -1 —-1]... -1 - .
2n —1 1 3 2n —1 on=1_1

It is sufficient to prove that

2n+1 2n+1 2n+1
L= —1 —1)... —1)=1 (mod 2*"*1),
1 3 n — 1

ontl_1
2n_1

<23_1__11> (mod 22"F1).

), it is sufficient to prove that
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This is true because

L=(-1)2"" -2 <I+§+S+"'+2n—1

n n ik
=1-2ontl =1 d 227ty
<1-(2n—1) NN (2n1—1)(2n1+1)) (mo )

4.10. This is theorem of Morley [26].

Solution 1 (author’s proof, 1895). It goes a bit beyond the school curriculum.

Take the formula which expresses cos?” !z via cosines of multiple angles,! or, as they were saying in
that times, write cos?”t! 2 in the form handy for integrating:

(2n+1) - 2n
1.2

2n+1)-2n... 2
cos(2n—3)x+...+( n+l) n' (n+ )cosx.
n!

221 cos?" g = cos(2nH)z+(2nH) cos(2n—1)z+

Now integrate it? over the interval [0, Z]:

021 [ cos?n ! 4 g — sin(2n + 1)z N 2n +1
2n+1 2n—1

sin(2n — Dz + ...,

w/2

1 2 1
22”/c082”+1xd:c:(—)”( n + >
0

m+1 2mn—1 '~

Every first grade student of university knows that it is convenient to use integration by parts for calculating
this integral:

/2 /2 /2
w/2
Iopy1 = / cos? gy dy = / cos®™ z cos z dx = cos®™ rsinx +2n / cos? L xsin? xdr =
0 0 0 0
w/2
=0+2n / cos? 1 z(1— cos? x)de =2n-Isn_1 —2n - Iopiq,
0
therefore Io,11 = % - Iop—1. Since Iy = 1, we can apply the formula n times and obtain

w/2

2n-(2n —2)...2
2n+1 _
/COS T = G T —1)...3"

0
Equating of these two results give us the formula

n 2n-(2n—-2)...2 1 2n+1 (2n+1)-2n...(n+2)
i (2n—|—1)(2n—1)...3_(_) (2n+1_2n—1 ot n! >

Let p = 2n+1 be a prime number. We obtain the desired congruence by multiplying the last formula by p:

on 2n-(2n—2)...2
2n—1)(2n—3)...3

(=) (mod p?).
Solution 2 (JCSTTVZ]). We will use the following notations:
1 1 1
A= - B = — C= -

s

! The reader who is interested in question “from where do we take it” and not satisfied by the answer “from some text-book”
may wish to use the Euler’s formula cos ¢ = %(ei“’ + e~ %) and raise its r.h.s in power 2n + 1 by the binomial formula.

2 When we were learning the rules of multiplication, we just memorized that “minus by minus equals plus”. In this formula
we multiply signs. If we need to multiply n minuses, the record (—)" seems to be appropriate. So we leave the old-fashioned

notation (—)", used by the author, instead of the modern one (—1)".
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p—1

2
Then A% = %2 +2B = 2B (mod p) by the problem 4.3b). So A? = 2B (mod p). Further,
i=1

0 (mod p?).

p—1
2
2C+A= =
D D Z 2 =2
1<isp— 1 i=1
i HEYETHO
So C' = —1A4 (mod p?).
Now transform modulo p? the parts of the given congruence. The Lh.s. is

(—1)p21(ppj11) = (1— ?) (1—%) (1— %) =1-pA+p°B= 1—pA+ 3P 2A%  (mod p*).

2

For transforming the r.h.d observe that

-1 _ 24 (p-1) (p+1)---(2p-2) (p+1)---(2p—-2)
1.2 P2 Bt (p—1) 3:5---(p—2)
_ (P p p _ oo 1 1o .0 3
—(1+1)<3+1)...( _1+1>_1+pc+2p0_1 SPA+pPA? (mod pY).

Then we have
-1 1 L o5 2)? L 5o Lo 2 L 509 3
4P E<1—§pA+§pA) El—pA—i—ZpA —|—2-§PA :1—pA+§pA (mod p°).

So the L.h.s. is congruent to the r.h.s.
4.11. We found this statement in [10].

R
= mp + E 2 —\mp+k mp—l—p—k N
2m+1 = 2m+1 | )
= Z —5 =0 (mod p°).
pt (mp+k)(mp+p— k) klk

4.12. We found this statement in [8]. Since 2pg — 1 = (2¢ — 1)p + p — 1, the last digit of the number
2pq — 1 in base p is p — 1, and the remaining digits form the number 2¢ — 1. Similarly the last digit of
the number pqg — 1 in base p is p — 1, and the remaining part forms the number ¢ — 1. By Lukas’ theorem
(2;’5__11) = (2qq_11) (g_}) = (2qq__11) (mod p). On the other hand since (2;;(’_ 1) =1 (mod pq), then (2pqq_ 1) =1
(mod p). So (2q 1) =1 (mod p). Analogously (2p 1) =1 (mod q).

The inverse statement is trivial.

5 Sums of binomzal coefficients

5.1. a) It follows from problem 1.3. If AJ is a triangle consisting of the first 3 rows of the 3-arithmetical
Pascal triangle, then the sum of its central binomial coefficients is divisible by 3. For arbitrary a the sum
under consideration contains elements of several central triangles, which are multiples of Ag. So the total

sum is divisible by 3, too.
k 3%—-1
Another solution ([CSTTVZ|) we can derive from the identity (215) =, ( ) Then Z ch. =

=0

31 k
> (f)Q Since 12 = 22 = 1, 0> = 0 (mod 3), the last sum modulo 3 equals the number of nonzero
k=0 i=0
elements in the first 3% rows of the Pascal triangle. This number is calculated in the problem 2.1a), it is

divisible by 3.
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3%—-1

b) Solution of [D|. The sum is a coefficient of = in the polynomial

(@+1)? 4 2+x+1

xT

a 1 2:3% a a
x3a_1<1+(x+1)2+(x+1)4+ +(x+1)2(3 1)>:%—1wga_1 (x +1)23" — 43
x x? 2371

2% (23Y) L 2301 (23%) 2392 ) 80
_ (1) x(32_)1 (z—1).

In order to find this coefficient we will perform the long division of the numerator by the denominator
and then multiply the result by (xz — 1). We do not need to find the quotient at whole, it is sufficient to
perform the division till the moment when the coefficient of 23" =2 will be found, remind that we are trying
to find this coefficient modulo 3% only. Since for b /3 all the binomial coefficient (Q'bga) are divisible by 3%
(by Kummer’s theorem), we can collect all these coefficient in a separate sum. When we divide this sum
by 2% — 1 all the coefficients of the quotient are divisible by 3% therefore we can discard this sum. The
remaining expression is

23 (2B 2303 4 (23%) 12376 4 L] _ .37
(3) 3536_)1 (x—1).

All the exponents in the numerator are divisible by 3, hence after division by z3 — 1 all the exponents of
the quotient are divisible by 3, too, and after the multiplying it by x — 1, there will be no exponents of the
form 3k + 2. So the coefficient that we seek equals 0 (mod 3%).

5.2. This problem was published in Monthly [25]. Since

2 2 2 2 1/2 2
n + 4 n _ 9. n + n 4 n — 20, |
n+1 n n+1\n n

then C,, = (2::12) - (2:) (mod 3). Therefore this sum is telescopic modulo 3:

n
2n+2 2n 2n 2n — 2 2n 4 2
= — — ) = 1 d 3).
o= () - G+ () - () ) = () oo
So by Kummer’s theorem we have to clarify when we have at least one carry in the addition of the number
(n + 1) with itself in base 3. It it clear that it happens only if n + 1 contains at least one 2 in base 2.

5.3. This is problem A5 of Putnam Math. Competition, 1998. Since %(fl) = # (mod p), we have

k 1k k
Z%(i)EZ%:Z%_Q %EZ%—F %EO (mod p).

n=1 n=1 n=1 n=1 n=1

The summation in the sum to the left of asterisk really starts from n = k + 1 (it is easy to check: for
p=06r+1 we have k = 4r and p — [%] =4r+1=k+ 1, similarly for p = 6r + 5).

5.4. This statement is from [11]. Solution [CSTTVZ]. Induction on n. The base is trivial. Prove the
induction step from n’ =n — (p— 1) to n. Let ¢ = 1%' Since

()50 o ")

we can rewrite the sum under consideration in the form

<pﬁ1> i (2<pn—1>) i (3<pn—1>) L ZZE <p;1> <x<p—n1/> - ) -
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By the problem 1.1a) we have (p_.l) = (—1)" (mod p); let (7 ) = ap+ (—1)*. By the problem 1.6 we have

7

. q / .
(_1)Z (mOd p) fOI' ’L = 07 17 R p_27 let Z (:E(pill)fi) - bp + (—1)Z. Then
=1

’

3 () = 07

<p;1>zq:<$(p—n1/) —i) = (ap+ (=1)") (bp + (=1)") =1+ (=1)"(ap + bp) =

e () () -2 ( ) )
<

Remind that these transformations hold for 0 < i < p — 2. We can continue equality (11), by separating

the summand for 1 =p — 1:

i;§<<pf>§;<x<pf;>_i>)z’?” () o)) ) E ) -

0
) B ) ()£ )

p—1

The first sum here equals —1, because ( 0 ) — (p _1) + (p_l) + ... = 0. By the same reasons the second

1 2

(double) sum together with the summand (') equals 0. The last sum equals 14 p(n’ + 1) by the induction
hypothesis. Therefore the whole expression equals —1+0—p+1+1+p(n’+1) =1+ pn'. This is exactly
what we need because 1 +p(n+1)=1+pn'+p—1+1)=1+pn’ (mod p?).

5.5. This is result of Fleck, 1913, it is cited in [18|. Solution [CSTTVZ].

For p = 2 the sum is not alternating and the result is trivial. Let p be odd. We use the induction
on ¢. The base follows from the statement 2.5a). Prove the induction step from n’ =n — (p—1) to n. The
expression ) below denotes the summation over z in natural bounds (i.e. in bounds for which all the
binomial coefficients are correctly defined). We have

LR, )R ()T 6 )
- :: (p; 1) Zx:(_l)x (xp +n;' — z)

By the induction hypothesis p¢~* | > (—1)* (xpf;_i); by the problem 1.1 a) (pzl) = (—1)¢ (mod p). Therefore
T

]:z;i(p;l);(—m(xpﬂ_z) pz; Z <xpfj-z> (mod p7).

The last (double sum equals (%/) - (q/) + (g) - (%/) +...=0.
5.6. The result of Bhaskaran (1965), it is cited in 18], solution [CSTTVZ|.
Induction on n. Let

000 () o) (o)

The base n = p + 1 is trivial, but observe that (inrl) = 1 (mod p) for i = 0,1,p,p + 1, otherwise this
binomial coefficient is divisible by p. Prove the step of induction from n’ = n — (p + 1) to n. By the
observation above we have

<f f:(;pjl;;) :]:ié (j +(p fll)k - z> <p ; 1> = 2 (j +(p fll)k - z> -

1€{0,1,p,p+1}

:<J-+<§/_1)k)+(j_1ﬂ;_1)k)+<j_1+(p”_'1)(k_1)>+(j_2+(p7il)(k_1)> modp).
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Since f(n,j) = Zk(_l)k(j+k&—1)) is an alternating sum, the underlined summands cancel (except the
first and the last, but these summands are equal to 0 due to incorrect binomial coefficietns). So we obtain
the equalities

fn,g)=f('j) — f(n',j—2) mpuj>1, fn,1) = f(n/,1) + f(n',p—2).
Now the part “only if” of the problem statement follows from the induction hypothesis, and the part “if”,
too: if f(n,7) =0 (mod p) for j =1, 3, ..., p—2, then

f(n/ap_2) Ef(n/’p_4) EEf(TL/,l) E_f(n/’p_2)a
from where f(n/,j) =0 (mod p) for all required j, and then n’ : (p+ 1), hence n: (p+ 1).
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Apudmerndeckue cBoiicTBa OMHOMHAJIBHBIX KO3 dUImeHToB

Ha xoudepennuu Bam Oymer mpemiozkeHO HECKOJBKO HMCCJIEI0BATEbCKIX MPOEKTOB. 1lelb — Kak MOXKHO JAJIbIE MPOBU-
HYTbCSI B KAKOM-TO M3 IPOEKTOB. 331291 MOXKHO PeIlaTh KOJJIEKTUBHO, O0bEIMHUBIINICEH B JIO0bIE KOMAH/IBI (JICHBI KOMAHIbI
MOr'YyT GBITh U3 PA3HBIX FOPOJIOB). BBl MOXKETE pemars 3a7a9n cpa3y n3 HECKOJABKHUX IIPOEKTOB, IIPUYEM 10 PA3HBIM IIPOEKTaM
Be1 MoxkeTe yuacTBOBaTH B pa3HbIX KOMaHJaX. K JIWHCTBEHHOE, Yero He CJIEIyeT Je/aTh, — 3TO MPUCBAMBATL cebe TyKue
pPE3YJIBTATHI, TAKOE CJIYYIaeTCsl, €CJIM KOMAH/a CJIUIIKOM BEJIMKA M He BCE M3 Hee aKTUBHO DEIIAloT 33/a4Yi JAHHOIO ITPOEKTA.

DTO 03HAKOMUTEJIbHAsI OJI00PKA 33/1a4 110 TeMe O OMHOMUAJILHBIX KoddduimenTax. 3aja9u CaeyeT PeliarTb MUCbMEHHO
n cnasars Koxacro K.II. (Baron 15, mecro 17). B TeGepae naGop 3amaq GyeT CyIIeCTBEHHO PACIIMPEH U BCE 3a/1a4l, KPOMe
3amadn 1.2, MoxkHO Oyjier caaBaTh u mo3xke. [lo 3ajade 1.2 peleHusi MPUHUMAIOTCS TOJIBKO B I0€3]1e, IOCJIE 9TOr0 3ajiada
CHUMAETCS C KOHKYPCa.

1 3adavu 6 noesd

1.1. Jlokazute, uro a) CF | = (=1)* (mod p); 6) C%, = (—4)"C%., (mod p) upu n < 251,

p—1
p 2
1.2. JlokaxxuTe, YTO KOJUIECTBO HEUETHBIX OMHOMUAIBLHBIX KOI(PDUIIMEHTOB B N-if CTPOKE TPEYTOJLHUKA
ITackans paBuO 2", TIe 7 — KOJMYECTBO €JIWHUIL B IBOMTHON 3aIUCU TUCTIA 1.

1.3. 3adukcupyem HaTypasibHOe unciao m. HazoBem m-apudmerundeckum TpeyrosbHUKOM [lackasist Tpe-
YTOJIBHUK, B KOTOPOM BMECTO UHCeJI Cﬁ paccTaBjIeHbI UX OCTATKHU IO MOay/0 m. Kpome Toro, mbl 6ymaem
paccMaTpuBaTh MOXOXKHUE TPEYTOJBbHUKUA U3 OCTATKOB, Y KOTOPBIX BJIOJIb DOKOBBIX CTOPOH BMECTO €IMHHUIL
CTOSAT OJMHAKOBbIE OCTATKHU ¢ IO MOJY/II0 m. Takume TPEeyroJbHUKA MOXKHO YMHOXKATh Ha, UUCJIO, & TaK¥Ke
CKJIAJIBIBATH (eC/In pa3Mepbl COBIAJIAIOT), MPUYEM OyIeM CYMTATh, YTO OIEPAIMH TOYKE BBIMOJHSIOTCS T10

MOJLYJIIO M.
a b a+b a ax
a a + b b = a+b a+b - Ja a = ar ax
a 2a a b 2b b a+b 2(a+bdb) a+bd a 2a a ar 2ax ax
a 3a 3a a b3 3bb a+b 3(a+b) 3(a+b) a+bd a 3a 3a a az 3az 3az ax

IIycts B s-it cTpoke m-apudmerndeckoro Tpeyroibuuka [lackasis Bce 3/ieMeHTBI, KpOMe KpaiiHux, — HYyJIN.
JlokaxkuTte, 9TO TOTJIA STOT TPEYTOJbHUK UMEET BU/I, IOKA3AHHBIN HA puc. 1. alITPUXOBAHHBIE TPEYTOJIb-
HUKU COCTOAT U3 HyJIeH, & TPEYyTI'OJIbHUKHI Afl COCTOAT U3 § CTPOK U NOJYUHEHDI CJICYIOMNAM COOTHOIICHUSIM:

1) AR+ AR = AR 2) Aj = G+ Af (mod m).

Tosososiomka XaHoiickasi GAIIHST IIPEICTABISIET COOON TPU CTEPIKHsI, HA KOTOPbIE HAJIEBAIOTCSI JUCKU PA3HOH BEJMIUHBL.
BHauajie Bce JUCKH yIOpsiJJOU€HBbI IO pa3Mepy (6oJiee KpyIHBbIE — HUXKE) M HAXOMSITCs Ha IIEPBOM CTepKHe. Pasperiaercst
CHATBH CO CTEPXKHS OJMH BEPXHHI JMCK M IEPEMECTHTH €ro Ha JPYTroil crepkeHb. IIpwm TOM 3ampemiaercs Gosee KpyTHBIA
JUICK KJIACTH Ha JIICK MEHBINEro pa3Mepa. B rosioBosioMke Tpebyercsi epesIoXKUTh BCe JUCKU C IIEPBOTO CTEPXKHsI Ha BTOPOH.

ITycrs koMuecTBO MUCKOB paBHO n. Pacemorpum rpad T H,,, BEPIIMHBL KOTOPOIO — 3TO BCEBO3MOXKHBIE PACIIOJIOKEHNUSI
JIICKOB X aHOHCKO# Gamam, a pebpa COeNHSIOT Te COCTOSTHUS MOJIOBOJIOMKH, KOTOPBIE TIOJIY Ial0TCsA IPYT U3 IPYTa 38 OJIUH XO7.
Paccmorpum Taxke rpad Py, BEPIIMHBI KOTOPOI'O — 3TO €JMHUIIbI, DACIOJIOKEHHBIE B IIEPBBIX 2" CTPOKax 2-apudMeTHIeCKOro
TpeyronbHuKa [lackasst, a pebpa COeJUHSIIOT COCEJHUE eUHUIBI (T.e. COCEHUE B CTPOKE WJIU B JBYX CMEXKHBIX CTPOKaX I0
JINArOHAJIN ).

1.4. Jdoxkaxxure, aro rpacdor T H, u P, n3oMOpdHDI.

1.5. JJoxkaxkure, uro B nepsbix 108 crpokax 2-apudmernueckoro TpeyronbuuKa I1acKais e MHHUILI COCTAB-
JstioT Menbine 1 %.

1.6. JlokaxknTe, 9TO €cjin M JEJUTCS Ha p — 1, TO crty Cﬁ(p‘” + Cf;(”‘l) +...+C'=1 (mod p).
Wom jtyame pokaxkure B obmem Buge: ecoin 1 < j,k<p—1lun=k (mod p— 1), To

Ci 4 Cp~VH L c2-U4 L 3=+ =Y (mod p).
Ab
AIN/AL
AU 2 1 3
AN/AN /A2

AAVZANAVANAV/AY

APN/AN/AIN/DNIN/AG

Puc. 1. Puc. 2.
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Apudmerndeckue cBoiicTBa OMHOMHUAJIBHBIX KO3 dunmeHTos — 2

OdunuainbHbIM “TeopeTHIecKuM MaTepuasoM” Jisi 9TOro LUMKJA 33Jad CJay>KuT crartbst O.B. BunbGepra [1]. B wacraOCTH,
CUUTAIOTCS M3BECTHBIMHU CJIETYIOIIE TEOPEMBI.

1. TEOPEMA BuIbCOHA. [Iyst Becex npocThIX p (M TOJBKO JJIsl IIPOCTHIX) BBIIOJHEHO cpasHerue (p — 1)! = —1 (mod p).

2. TEOPEMA JIIOKA. BanumeMm uncsaa n u k B CUCTEME CIUCJICHUS 110 OCHOBAHUIO P:

1

n = nap® +na—1p® " + ...+ nip + no, k= kap® +ka_1p® " + ...+ kip + ko. (1)

k — kg kd—1 ky vk
Torga Cp, = CpiChiy”1 ... - CptCRY (mod p) .
3. TeorEMA KVMMEPA. Ilokazaresns ord, C* pagen umcity nepeHOCOB 1IpH CIIOKEeHHH cTobuKoM uncen k u £ =n —k B
P-UYHOH 3aIIUCH.
4. TeopeMA BoscTERXOMMA. Hpup > 5 C% =2 (mod p®) mmm, uro To ke camoe, C5 'y =1 (mod p®).
Hanomenm, uro no onpegenenmio Cg =1, C¥ =0 npu k > n u upu k < 0.
Bcerogy 6ykBoii p Mbl 0603HAUAEM IIPOCTOE YUCJIO. JlJisi IPOM3BOJIBHOIO HATYDAJIBHOIO ducja n 06o3HaunM depes (n!),

MpOU3BeJIeHNEe BCEX HATYPAJTBHBIX YUCET OT 1 70 n, He Aesimuxcs Ha p. Ecam 3aaH0 YUCTO p, TO CUMBOJIAMY 1, M; U T. 1.
0603HAYAIOTCs UMPPHI P-UIHOM 3AIUCHA YKUCEs N, M U T. 1.

2  Apupmemuueckuti mpey20avHUK U 0EAUMOCTND

2.1. a) Jokaxkure, 9T0 B TepBBIX 3* cTpoKax 3-apudMeTHUeCKOro TpeyroibHuKa Ilackass comepsKuTcs
%(6k + 4F) emumum n %(6]g — 4F) npoex.

b) Haiiure 9HCI0 HYJIEBBIX SJEMEHTOB B HepPBRIX 5¥ cTpokax 5-apudbmernueckoro Tpeyroabuuka Ilac-
KaJId.

c¢) HaityuTe 9uC/IO HEHyJeBbIX 3JEMEHTOB B TepBBIX P cTPOKax p-apudMETHYECKOTo TPeyToIbHUKA
TTackarrs.

2.2. /Tokaxure, 4TO KOJIMIECTBO €JUHUIL B IIEPBBIX 1M CTPOKaxX 2-apudmerndeckoro Tpeyroibuuka [lackass
paBHO

n—1
Z m; - O hZi M gi
=0
Tlonarass m = 241 4+ 2% 4 ... 4 2% e a1 > g > ... > (., MOXKHO TO K€ BbIparkeHue 3alncaTh B BUJIE

391 4 9.3%2 4 92 .35 4 4 or—l gar

2.3. Paccmorpum n-10 cTpoky 2-apudmerndeckoro tpeyroJibanka [lackass kak JBOMYHYIO 3aIUCh HEKOTO-
poro mHarypaJjbHnoro uncia P,. Jlokaxkure, aTo

P,=F, ... F

s

. . . i
e 41, ..., is — HOMEpA Pa3pPsJIOB, B KOTOPBLIX B JBOMYHOI 3aIlMCH UHCIIA N CTOAT euHuIsl, 1 Fy = 22" + 1
— 4-e yncyio Pepma.
2.4. JlokaykuTe, YTO KOJUIECTBO HEHYJIEBBIX JIEMEHTOB B M- CTPOKE p-apUPMETHIECKOTO TPEyTOTHLHIKA
d

[Mackasst pasuo [ (n; + 1).

=0
2.5. a) st Toro 9robbl Bee GUHOMUATBHBIE KOIDQUIUEHTHI C’Tlf, e 0 < k < n, geqmmch Ha p, HEOOXOIUMO
U JOCTATOYHO, YTOOBI 1 OBLIO CTENEHBIO UUCTA P.

b) Huist Toro 4Tobbl Bce GuHOMUATBHBIE KOIMDMUIIEHTHI Cﬁ,

XOIUMO U JIOCTATOYHO, 9TOOBI 1 + 1 /IenIoch Ha pd, WHBIMU CJIOBaMU, 9TOOBI BCe TMUMPHI P-UTHON 3aInch

rae 0 < k < n, He Aenauch Ha p, HEOD-

YUCTIa N, KpoMe cTapiieii, 6buin paBHbl p — 1.

2.6. Ilycts 0 < k < n + 1. JToxkaxure, uro ecim C¥=1 /pu Ck /p, 1o CSH / p, Kpome cydasi, KOrja
n + 1 nenurca na p.
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3 0Obobuerue meopem Buavcona u Jhoxa

n—(ng+...+n1+ng)

p—1 '
3.2. Jokaxure cienyromue 0600IeHns TeopeMbl BriibcoHa. a) (=1)Pl(n!), = ng! (mod p);
b) IIpu p > 3 BBINOJIHEHO CpABHEHUE

3.1. Joxazure, aro ordy(n!) =

(p")p=-1 (mod p?),

a upu p = 2, ¢ > 3 BoiosHeno cpasuenne (pi!), =1 (mod p?).
|
c) n_u = (—1)"np!n1!...ng! (mod p), rae p = ordy,(n!)
p

3.3. O6obmennas Teopema Jloka. Ilycrs r =n — k, £ = ord,(CF). Torna

%CsE(—l)€< no! >( ny! ) (n_d") (mod p)

P k‘o'?“() k‘l'?“l kd!rd.

3.4. a) [okaxure, uro (1 + x)pd =1+ g7 (mod p) mpu Becex x =0, 1, ..., p— 1.
b) Hokaxkure Teopemy Jlioka anreGpandecku.
3.5. a) Ilycrs m, n, k — marypanabuble wucia, npudeM (n, k) = 1. JTokaxwure, aro CF, =0 (mod n).
b) Bc n 't pF,m fp, 1o C+ pk
d

n
3.6. Ilyctn fr,0 = Y. (CF)*. Hokawure, uto fno = [[ fai.a (mod p).
k=0 1=0

4 Bapuauuu na memy meopemwv. Boacmenxoama

1 1 1
4.1. JTokazxkure, 9TO 1 + 3 +...+ o 0 (mod p?) mpu p > 5.
p—
4.2.11 4k + 3 Haii L i Ly ! (mod p)
L. CTh = — IIPOCTOE YUCJIO. anjnTe N ——— (1o .
yerp P N AT 1 T2 p—12+1 b

4.3. a) Ilycre HarypanbHoe 4nciao k TakoBO, UTO sl KAXK/I0r0 [IPOCTOro Jeiauress p ancaam k f(p—1).

Jokaxkurte, 4TO
1 1 1

1—k—|—2—k+...+ - =0 (mod m).

(m—1)
B,ZLQCL CYMMHUDPOBaHHE€ DACIIPOCTPAHACTCA Ha BCE€ Cjara€MbI€, SHaMeHaTe/In KOTOPBIX B3aMMHO IIPOCTHBI C 11.

1 1 1
-4+ =+...+ ——5 =0 d p?).
T ort +(p_1)k (mod p©)

4.4. Jloxaxxure, uro cpasuenne (12) uz crarbu BunGepra BBINOIHEHO 110 MOAyTIO pt.

b) [Iycrs k mewerno u (k+ 1) /(p — 1). Jokaxwure, aro

4.5. JlokayKuTe 3KBUBAJEHTHOCTD CJIEJIYIONUX CpaBHEeHUA. 1) C’Qp ;=1 (mod p 4);

1 1 1 1 1 1
2) - +—-+...+——=0 d p®); 3) s +=+... 7_0 d
)T Hg Tty =0 (modpY); )@ttt oy =0 (mod ).

pm m\ : .2
4.6. a) Jlokaxkure ajredpanvdecKu, 4To /I BCSIKOTO IMPOCTOrO P U MPOU3BOJBHBIX k 1 1 (Cpk‘ - Cp) pt

B crarbe Bunbepra sror dakr jlokazaH KOMOMHATOPHO.

b) Hokaxure yreepxenue (9) u3 crarbu Bunbepra: /st BCIKOro pocToro p =5 U HPOU3BOJIBHBIX k U n
(€ — o)

4.7. Ilycrs p > 5. Jokaxkure, 9ro  a) Cp = C; (mod p°); b) CP bt =D° (mod p?5+3).

4.8. Jlokakure, 4TO C’g = ng (mod p®).
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Apudmerndeckne cBoiicTBa OMHOMUAJIbLHBIX KO3(ddUIimeHToB — 3

Zlonoanenus x npedvldyuwum memam

2.7. Jlokaxkure, 9TO C!;n_l = (=1)% (mod p), rme Sy — cymma mudp p-udHO# amick Uncia k.

2.8. JlokazkuTe, 4TO ecym GuHoMmUATbHbIT Koadbdurment CF meyeren, (1. e. B oboznavenusx us (1) k; < n;
npu Beex ¢ =0, ..., d), TO

d
H ki_ini+king_1 (mod 4)_

2.9. Jlokakurte, 9TO €CJIM B JBOMYHON 3aIllCU YHUC/Ia N HET JABYX €IUHUIL IMOAPsJI, TO BCE HEUYETHDLIE UMC/Ia
B n-#1 cTpoke TpeyroiabauKa llackass cpaBHEIMBI ¢ 1 0 Moyio 4, & B IPOTUBHOM CJIyYae POBHO ITOJIOBUHA
U3 HUX CpaBHUMA ¢ 1 110 MoJyJio 4.

2.10. /TokaxxuTe, ITO KOJTUIECTBO ISITEPOK B KAXKJOU CTpOKe S-apudMeTndeckoro Tpeyroibunka [lackasis
PaBHO cTeleHU JIBOWKM. 10 yKe KacaeTcs eIWHUIl, TPOEK U CEMEPOK.

2.11. ,Z[OK&)KI/ITG, YTO €CJId BCe 3JIEMEHTHhI ABYX MHOXKECTB
1 3 5 2 -1
{02"71’02”71’02”715"' } n {1 3 5 - 1}

paccMaTpuBaTb KaK OCTaTKH 11O MOJLYJIIO 2”, TO 9T MHO2KECTBa COBIIaJalOT.

2.12. JlokaxkuTe, 9TO 3JIEMEHTBI OJJHON CTPOKU TPEYroJibHUKa [lacKasis He B3aMMHO ITPOCTHI B CJIEIYIOIIEM
JIOBOJILHO CHUJIBHOM cMbIcie. s kaxkmoro uucia € > 0 cymectByer N, Takoe, 9TO IIPU BCEX HATYPAIbHBIX
n> N u ky,ko,..., koo < €y/n BepHO, 9TO UuCIA

Cn—i—kl Cn+k2 Crn-i-/ﬂoo

UMEIOT OoOIuil JemnTeb.

2.13. a) Jlaunr narypansnbie uncaa m > 1, n, k. Jlokasure, aro xoTa 6b1 oano u3 uncen Ck. CF 1y s
Ck 4} HE JleuTes Ha m.
b) Jlokazkure, 4O JIst M0GOTO A HaiieTcss 6ECKOHETHO MHOTO TaKuX 7, 9To Bee uncaa CF, Cf;‘ 1y e

qu;—k—l JeJISITCST Ha, M.

-1
4.9. Jlokaxkure, 9T0o TIipn 1 > 1 C2n+1 0222 nemmrest Ha 22712,

p—1 P=L

4.10. Jlokaxure, uro npu p = 5 (—1)"2 C, % = 4P=1 (mod p?).
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Apudmerndeckue cBoiicTBa OMHOMHAJBHBIX KO3(ddummueHros — 4

Zlonoanenus x npedvldyuwum memam

4.11. IIycts m — mpom3BOJBLHOE HATYpAJbHOE YUCTO0, P = 5 — mpocroe. Jlokaxkure, 910

SR ! 0 (mod p?)
e —— = mo .
mp+1  mp+2 mp+ (p—1) P
4.12. Tlycrb p u ¢ — pasiudHble TPocThie Yucia. JJoKaxKure, 9T0 CpaBHEHHE ngqill =1 (mod pq) BbiOI-
HEHO B TOM M TOJIBKO B TOM CJIydae, KOIJIa C’gpill =1 (mod q) u ngill =1 (mod p).
5  Cymmo burHomuasvbHur Koapduyuermos
3¢—-1
5.1. a) lokaxmure, uto Y. C%, nemures na 3; b) nemmrcs ma 3%.
k=0

n
5.2. Ilycrs Cy = %HC& — IOCJICIOBATENLHOCTEL umcesn Karanzana. JJokaxkure, 9o kzl Cr =1 (mod 3)
TOrJIa U TOJBKO TOTJA, KOIJIa TPOMIHOE pasJIoykeHue ducia n + 1 comepkut xors Obl oany nudpy 2.

5.3. Ilycts p > 5, k = [2p/3]. Hokaxure, 9ro cymma C; + Cg +...+ C’II; JeJIuTCs Ha p.

5.4. Ecou n * (p — 1), nae p — HeYeTHOE IPOCTOE, TO

CPl 4 207D L o30=D) 4 =14 p(n+1) (mod p?).

5.5. Jlokaxure, aronmpu 0 < j<p—1<nugq= [ZT_H

> (=1)™C™ =0 (mod p?).

m:m=j (mod p)

5.6. /lokaxkuTe, 9TO €Cu p — HEYETHOE IPOCTOE, TO N (p + 1) TOrJa U TOJIBKO TOTJ/Ia, KOIJia
I — ci+=h) L cit2=1) _ ci3e-D 1 =0 (mod p)

npu Bcex j=1,3, ..., p—2.
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Pemenuga

1 3adavu 6 noesd

1.1. a) Pemenue 1. C’;ffl = (P = 1)(11) _22)k: (= k) = (_1)£_§)k(_k) = (-1)* (mod p).

Pemenue 2. Ilo dpopmyisie st OuHOMUATBHBIX KOIMDMUIUEHTOB OUEBUJIHO, 9TO C’; mpu 1l <i<p—1

nenuTcs Ha p. KpoMe Toro, mMeeT MeCTO OCHOBHOE PEKYPPEHTHOE COOTHOITIEHNE C;f:ll —1—05_1 = C;f. Tak xak

C) 1 =1=1 (mod p)u (Cy_;+C,_,) " p,sakmouaem orcioma, uro C) | = —1 (mod p). Ho C} 1 +C7_,
TOXKE JICJTUTCA Ha P, SHAYWT, Cg_l =1 (mod p) u 1.

y

2
2KZIEHUE JIETKO IIPOBEPAECTCA 110 MHYKITNN. Ho mbr IpeJIOZKUM IIPAMO€ BbIYUCJ/ICHUE U3 [3]

1-3---(2n—1)
. n!

6) to zamaua [3, samaua 162]. ockobky apobu Chil +12 JC%, m O /C™ | cnnbho cokpaTHMbL, yTEED-
2

Kak merpymnuo Bumers,

cp, = 2"

IIpu sTom

130 20— 1) = (C1)"(1D(3) -+ (<204 1) = (S (p - Dp—3) - (p— 20+ 1) =

S () () () s (5 (5 ) (55 ) -
(20!

= (-1)"2" (p_l (mod p).

E=—n)!
BN e o
m—(— ) = (mod p).
1.2. DT0 HENOCPeJICTBEHHO CJIEJIyeT U3 CAMOIIOIO0HON CTPYKTYPhI apudMeTHIecKoro rpeyroybauka [lac-
KaJlsd, OIMMCAHHON B CJIEIYIONINX 3a/a9ax. JTO TakKe Cpasy cieayer u3 TeopeMbl JIoka. JlokazareabcTBo

Taxum obpasom, Cy, = (—1)"4"

MOKHO IIpOYecTb B cTarbe Bunbepra [1].

1.3. Mb1 orpannanmcsi HeGOJIBIIUM CO3ePIAHNEM, [OJIHOE PellieHue cM. B [3, 3ajaua 133).

[TockosbKy B $-if CTPOKe PACIOJIOXKeH JIMHHbINA psiji U3 Hysteil, B (s + 1)-if ¢cTpoKe 11071 STUMU HyJIsIMU
TAK’Ke PACIOJIOKEH psiJi U3 Hysieli (Ha eguHUIly Kopoue), B (s + 2)-if crpoke — olsiTh psiJi U3 Hyseii (CHOBa
Ha 1 Kopoue) i T. /1. DTuM 06bsICHAETC s HAJHIHE ceporo Tpeyrosbhuka cuuzy ot AJ (puc. 1).

Jlastee, HEHyJIEeBbIE 3JEMEHTBHI S-ii CTPOKM paBHBI 1, TOrya Psibl YUCEI, WAYIIAX BJAOJIh HAKJIOHHBIX
IPAHMUIT CEPOTO TPEYTOJIbHUKA, COCTOSIIETO U3 HyJIeli, — 9TO TOXKe BCE CILIONIb €IUHUIIBL (10 PEKYPPEHTHOMY
[pPaBUILy TIOCTPOeHUsT Tpeyroybanka [lackans). Takum o6pasoM, BIOJIb GOKOBBIX CTOPOH TPEYIOJLHUKOB
A u Al pacniooxensl eJIMHANBI, U 3HAYAT, 06a STHX TPeyroJbHUKa UAeHTHIHBI Af.

Tenepnb MOHATHO, KaK BBIISIUT 25- CTPOKa TpeyroJbHuKa. KpaiiHue 37eMeHThl B Heit — eJIuHMIb,
OCTAJIBHBIC 3JIEMEHTHI — HYJIM, KPOME HMEHTPAJbHOTO 3JIEMEHTa, KOTOPBIH paBeH 2, KaK CyMMa JBYX Bbl-
mecrostmux eauaui. OTcofa moydaeM, 9To CHU3Y OT 25-ii CTPOKHM HaXOJATCS JIBA CEPhIX HYJIEBBIX TPE-
YTOJILHUKA, 10 KpasiM oT HuX — Tpeyroabunkn A n A2 nnenrudanbie A), a Mexry HUME — TPEYTOTLHUK
Al, v KOTOpOTO B0/ BOKOBBIX CTOPOH DACIOJIOMKEHBI JBOHKH. KaK HeTpyHO MOHATL, 9TO 3HAYHUT, YTO
Al =2-A).

Hy u Ttax nasee.

1.4. Dror croxker Mbl B3siin B cTarbe [21], 11e HekoTOpble haKkThl 0 GUHOMUAIBLHBIX KOIMDMOUIMEHTOB 10~
Ka3bIBAIOTCA C TIOMOIIBIO PACCMOTPeHnst XaHoiickoii 6ammnu u rpada T H,,.

ITycTh Ha TEpBOM CTEpyKHE CaMblii BEPXHWIT JINCK MMEET JuaMeTp @, Ha BTOPOM — Juamerp b, Ha
TperbeM — ¢, a < b < ¢, TOrJa B 3TOM IOJIOXKEHUH €CTh TPU BO3MOXKHBIX XOJa: C @ Ha b mim Ha ¢, aubo
¢ b Ha ¢; AHAJIOTMYHO MMEETCsl TPHU XOJIa, €CJIM JMCKHA 3aHUMAIOT JIMINh JBa CTepXKHs. FCam ke Bee JIMCKH
HAXOJIATCS Ha OJHOM CTEpyKHE, BO3MOXKHBIX XOJ0B TOJIBKO JiBa, 0003HaunM Takue Koudurypamuu Ai, As,
A3 10 HOMEpPY CTEeprKHsl, Ha KOTOPBIil HAHU3AHBI JUCKH.

Bamernm, uTo 2°-9 cTpoKa TpeyrosibHuKa Ilackaiass COCTOMT M3 ONHHMX €JUHUIL — 3TO CJIEAyeT U3
3aji@4n 1.2 WM IpOBepsieTCsl HEeIOCPEeJICTBEHHO ¢ nomolbio dopmyisl Jlexkanapa (4). Orcrona ciey-
er, uto rpad P, uMeeT MOBOPOTHYIO CUMMETPHUIO TPETLETO ITIOPSJIKA, IIOCKOJbKY OCHOBHOE COOTHOIIEHUE
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Ay

As A2
A3 AQ

Ao ANJAL A3

Puc. 3.

Cffl + Cﬁ = Cﬁ 1, IPU IIOMOII KOTOPOTO MbI CTPOMM Tpeyroybhuk Ilackass “ceepxy Bnuz’, B apudme-
THKe 110 MOJLy/IIO 2 paBHOCW/IbHO cooTHomennsm CE—1 = Ck 4+ CF | u CF = Ck=1 4 CF |, ¢ HOMOH_H)IO
KOTOPBIX MOXKHO aHAJIOTMYHO HMOCTPOUTH Tpeyroybuuk [lackasis “cieBa cHu3y — BIpaBo BBepx U ‘‘clipaBa
cHu3y — BJeBo BBepX . Kpome Toro, orcioza ciejyer (u3 npejaplyineii 3aa4m), 9ro TpeyroibHuk [lackass
B 2 pa3sa 0oJIbIIIEro pa3Mepa COJIEPYKUT TPHU KOIHMH UCXOHOTO TPEYTOJIbHUKA.

JlokarkeM 110 MHAYKIWH, YTO CyliecTByeT Ouekius mexiay 1'H, u P,, npu KOTOPOI BepIIMHAM Tpe-
yroapuuka P, cooTBerTcTByIoT Kouduryparuu Ai, Ao, As. Baza n = 1 oueBuina.

Joxkaxxem niepexos. Ilycts mbl yxe ymeem crpouth bueknuio mexxny 1T H,, u P,. Paccmorpum 2-apudme-
THYECKHIl TPEYTOJILHIK TPeyroabHuK Ilackais co croponoit 2!, on colepKuT TpH KOMME TPeyroJbHIKA,
co croponoit 2". IIporymepyeMm Kommu 1 pa3MeTUM UX BEPIIMHBI, KaK MTOKa3aHo Ha puc. 3. Paccmorpum Bee
MOJIO2KEHUsT XaHOWCKON OAIlTHU, B KOTOPBIX CAMBIil KPYIHBIH JUCK HAXOJIUTCS Ha CcTepxKHE ¢. Fciau Mbl He
JIBUTAEM TOT JIUCK, TO BCE OTH IOJIO?KEHUS U TIePEKIIbIBAHIS OCTAJIbHBIX JTUCKOB 33J1a10T rpad, n30Mopd-
ubiit T'P,. C OMOIIBIO y2Ke UMEOIeiicst OUeKINU OTOXK/IECTBUM 3TOT rpad ¢ rpacdom P, pacioioKeHHbIM
B 4-if KOIMI TPEyTroJILHUKA, IpudeM HoTpedyeM, 4ToObl Kondurypanuu A; ObLIM OTOXKIECTBICHBEI B COOT-
BETCTBUU C pa3MeTKoil BepiuH. [lepemeriienne caMoro KpyImHOTO JIUCKA, CKAXKeM, C IIEePBOIO CTEPXKHS HA
BTOPO#l BO3MOYXKHO, TOJIBKO €CJIU BCE OCTAJbHBIE JINCKU HAXOJSTCS HA TPETHEM CTEPXKHE. DTO B TOUYHOCTH
COOTBETCTBYET peOpPY, COCTUHSIONIEMY COCeHIE BepIUHbl A3 Ha JleBoit OOKOBOII CTOpOHE TPEyTroJbHUKA,
AHAJIOTUYIHO OOCTOSAT JIeJIa C JIDYTUMU IIEPEMEICHUSIMU caMOro O0JIbIIOrO jucka. TakuM obpa3om, mocTpo-
€HHOE COOTBETCTBUE JIEHCTBUTENBHO JlaeT nsomopdusm rpacdos 1P, u P.

1.5. Bueknus ¢ Xanoiickoii 6amrteii jaeT IpocTyio siBHYI0 (hopMyity (Korjia 4ucsio CTPOK — CTeleHb JBOWKHM ):
B nepBbIx 2F crpokax Tpeyrombuka [ackans conepskurcs 3F eunmm,. Ta ke bopMysia Jerko JoKasbBaeTcs
[0 MHIYKOWUN U3 peKyppeHTHOCTH 331a4u 1.3. Ilonp3ysice stuMm dhakToM Jjerko IojgydaeM OIeHKy. Tak
kak 106 < 220 xommaecTBo 37M€MEHTOB B THX CTpOKax PaBHO 3 1.106(10% + 1), a xomuecTBO eumuIL He

npesocxonut 320, JTosist eMHAT] HE TPEBOCKOIUT < 0.01.

m
1.6. Ml B3siin 910 yTBEpKIeHUEe B 0630pe [18].

Pemenue 1 ([CSTTVZ|). Ilpu p = 2 yrBepKeHne 3aja4u JErkKo HpoBepsieTcs. ByjeM jajee cuau-
TaTh, YTO p — HedeTHoe 1pocroe. Ilycrs n = x(p — 1) + k. ByjaeMm j10ka3biBaTh yTBEPKICHUE UHIYKIHELt
o .

Basa z = 0 rpusnanbua: CJ = C’g (mod p).

st moKa3aTe/IbCTBa Iepexo/ia BOCIO/IL3yeMC sl CBOMCTBOM OMHOMHUAJIBLHBIX KOI(DDUITMEHTOB

Corp = Z csmicy (cyMMUpOBaHUE B €CTECTBEHHBIX I'DAHUIAX ),

KOTOPOE BBIPaXKaeT JIBa CIocoba MMo/IcueTa InC/ia BApUAHTOB B3STh S IIAPOB U3 KOPOOKH, B KOTOPOI JIEKUT
a depHbIX 1 b Gesbix mapos. [lycrs n=m + (p — 1). 3amerum, 4ro

p—1
Chr It = C ) ﬁi—ZC“’ DRI = 3 ()OI (mod p)
=0

(mocsieiHee cpaBHeHHE — TI0 yTBep:KIAeHMo 3ajga4an 1.1a). OrMernM, 4ro B mocseqHeil cymMMe HepBoe u
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[OCJIEJTHEE CJIaraeMoe IPUCYTCTBYIOT €O 3HAKOM Iutoc. [Ipeobpasyem Tereph HHTEPECYIONIYIO HAC CYMMY.

St =
)4

= (C), - Cit . ) H(CeIT —cptTl 4 C;’,L)+(C§L(P‘1>+j — o2ty C,(j;—l”j) +...

=Y (-1)'Cl, + > CHrH (mod p).
=0 4

3Jiech mepBasi CyMMa paBHA HYJIIO, a BTOpPAasl 10 IIPEJIIIOJIOKEHNI0 WHIYKIINA CPABHIMA C C,]g (mod p). aZg

Pemenue 2 (ocHoBHOE pekyppeHTHOE TOXK1ecTBO, |J|, [T]). YrBep)ienue nokasbiBaeTcst MHIyKIHeil
no n. Baza n < p — 1 TpuBManbHA: JeBasg 9aCTh COIEPXKUT BCErO OJHO CIaracMoe — TO K€ CaMOe, 4TO U B
npapoit yactu. Ilepexon;

C+CE 4 = (Ci_y + CZY) + (G 4 e 4 -

= (Cii+e PP ) (G o T L)

Cl_ +CI-1=0C] (mod p).

Ho Tyr cnemyer umers B Buy, 9T0 B (DOPMYJIUPOBKE YTBEPXKICHUS B CJIydae, Korja rnapaMerpbl j u k
nendTcd Ha p — 1, oHu npupaBHHBaOTCT K p — 1, a #He K 0. Takum 06pa3oM, BBITHCAHHOE COOTHOIIEHUE
TpebyeT oT/iesIbHOrO paccMmoTpenus npu j = 1 wim k = 1. Mbl orpannydnMcs paccMOTPEHHEM YacCTHOTO
ciydast, KoTopoe mposcusieT curyaruio. [Iycts p = 5, j = 1 u Mbl moKa3biBaeM mepexorn K n = 13. Nmeem

(1]~

1 1 6 11 _ (1 6 11 0 5 10
Ci = Ci3+ CP3 + Cp3 = (C1p + Oty + Cha) + (Chy + Oy + C13)
3/1ech mepBast CKOOKa JlaeT 110 WHLYKIMOHHOMY Tpejinosioxkenuto octatok Cf (a osce ne Cf, Kak Moriio
[OKA3aThCsl [0 IPEJIbIYIIEeMy BbIYUCIEHNI0). Bo BTOPOIil CKOOKe 11epBoe ciiaraeMoe He yqacTByeT B MHJLyK-
IIHOHHOM TIPE/IIOJIOYKEHNH, & CyMMa OCTATBHBIX cpasHuMa ¢ CYF. 3ammcwsas jyis scHoctn p — 1 Bmecto 4,
nosryuaeM, uro Best cymma cpaguuva ¢ Cp_y +C)  +C) 1 = C] (mod p), uro n TpeGyercs.

Pemenue 3 (anrebpandeckoe paccyx/jenue ¢ reopemoii Jloka, [18]). Mumykius o n. Bazan < p—1
TpuBHabHa. IlycTh Temepb n > p, 3alMIIEM BCE BCTPEYAIONIMECcd IapaMeTpPbl B CUCTeMe CYHUC/ICHUS IO
OCHOBAHUIO P, cymMMy mudp duciaa m OymeMm obosnadarb op(m). OdeBmano, ecim m = j (mod p), To
op(m) = j (mod p). Torma mo Teopeme Jlioka nnTepecyrommas Hac CyMMa paBHA

> croc ... e (mod p),

Ijle CyMMHPOBAHIE PACIPOCTPAHIETCS Ha BCE M = g ... MMy < N, I KOTOPLIX op(m) = j (mod p).
DTa cyMMa B TOUYHOCTH paBHA cyMMe Kodddurmentos npu 2/, 2 P~1 2J +2-1) g BBIpaKEeHUU

(I4+z)14+z) ... (1+z)" = (14 z)7",

Ho oueBusino, aro ykaszanHas cymma Ko3(hUITMEHTOB paBHA

> G
1<r<op(n)
r=j (mod p—1)

KOTOpasi yJIOBJIETBOPSIET MHIYKIMOHHOMY HPEIIONIOKEHHIO, Tak Kak 1 < op(n) < n — 1, n maer myxHoe
HaM CpaBHEHHE, IIOCKOJIbKY 0p(n) =n = j (mod p).

Pemenue 4 (HeMHOTO 3/paBOro CMbICTA W JHHEHHON aire6pot, [[I]). Muorounensr z, 22, ..., xP~

JIMHEIHO He3aBUCHMBI HaJ| Z, n obpa3yiorT Oasuc B mpocrpancrse dyukuuit f: Z, — Zp, f(0) = 0. Ilo
mautoit Teopeme ®epma (1 + 2)" = (1 + z)* (mod p). Peaynupys JieByio 4acTh ¢ IOMOIIBIO COOTHOITEHM
2=l = 21 pojyyaen, 4TO HHTEPECYIONIAs HAC CyMMa KAK SJEMEHT Z,, paBHa Ko3bdunueHTy npu

1

B npasoit gacr, T.e. CY.



Apudmernyueckue cBoiicTBa OMHOMHUAJBHBIX KoadduimerTor. Bepcust 1.2 9

2 Apudpmemuueckuli mpey201oHUK U 0eAUMOCTNb

2.1. a) D10 pesynbrar Pobeprca [27]. OGo3nadiM KOJIMYECTBO eIMHMIL B MEPBLIX 3F cTpokax uepes ay,
a KOJITIEeCTBO JBOEK b — uepe3 by. [lob3ysich pekyppeHTHOCTBIO n3 3a/1a4u 1.3, moJiydaeM COOTHOIIEHUS:

ag41 = dag + by, bri1 = Sby + ag.

OTCIO,IL& yTBEP2KJICHUE 3a/la9n JIETKO CJIEyeT 11O MHAYKIIUH.

b) OrBert: % . 5’“(5"; +1)— 15%. O6oznagast HICKOMYIO BEJIMUNHY G, AHAJOTUIHO IPEABbIIYINeil 3a1a4e
IOJIy9aeM COOTHOIIIEHNE
5F(5% — 1

Ap41 = 15ak + 10 - %

I 5% (5% 41)

OCKOJIBKY B II€JIOM TPEYTOJBHUK COJIEPKAT ~——5——

_ SR
- 2

9JIEMEHTOB, €CTECTBEHHO BBECTU 3aMEHY IIE€PEMEHHBIX

ag —by. Torga Jyist nepeMeHHOM by, IpeIbIIyIee COOTHOIIEHNE 3aIUChIBAETCS B BUJIE by1 = 15by.

c)Orser: (I@)k. 9o pesysbrar Paitna [13]. OH aHAJIOIHYHO MPEBIIYIIMM IyHKTaM 0Ty aeTCst
110 UHAYKIIUA U3 PEKyPPEHTHOCTH 3aja49u 1.3.

2.2. Pemenne 1. Unnyknus mo a;. Basa mua a; = 0,1 jserko nposepsiercs. Ilycts myist Bcex a; < a
yTBepXK/JieHne yxke jgokazano. Jlokaxkem ero st ay = a. OueBuyno, m — 2% < 291, [lyctb B 0b603HaUEHUIX
sagaqan 1.3 s = 29, Yucay m = 29?2 + 29 + ... + 297 COOTBETCTBYeT CTPOYKA B TPEYTOJbHUKE Ag. B sroit
CTPOKE U B CTPOKAX HAJl HEHl 110 WHIYKIIMOHHOMY HPEIIIOJI0KEHUIO COIEPIKUTCS

392 42.3% 4 427723 (2)

eyummt. Torya ey m = 1+ 21 COOTBETCTBYeT CTpOUKa, nepecekaiontas Tpeyroabauku Ay u Al (uren-
THYHBIE TPEYTOILHEKY AY, TTOCKOMBbKY y Hac 2-apudMeTnka). B 9Toil CTPOKe I BBITITe HAXOUTCS TIeTHKOM
TpeyrombHIK A (B HEM 10 TIPeJIIONOKeHNIo HHYKIMH 3% eIMHAIL) U /[Ba HEMOJIHBIX Tpeyroibinka Ad n
Al B KaxKI0M W3 KOTOPBIX IO eIUHAI 3a1aeTcst hopmyitoit (2). B cymme momydaem

391 4 2(3%2 £2.3% 4 ... 2772, 30)

€JINHUI], IYTO U TPEOYEeTCs.

Pemenue 2 (kombunaTopHbIil cMbIcT KO3hdunuentos — pasbusaem Ha cyou, |[T]).

Jemma 1. Ilycrs uncno eaunui B k-it crpoke paBHo 27 (Wi, 9TO TO Ke camoe, OMHApHAs 3AINCh
qucsia k CONEpXKUT 7 eIUHUI) U IIyCTh (p > Qg > -+ > Qup, 297 > k. Torjga 4ucio euHUIl B CTPOKe
¢ HoMepoM 2% + 292 4 2%m 4 k papHO 2T

HloxaszaTesubcTBo. OueBnjiHo, OMHapHas 3amuCh nucyaa 24 + 292 4 . 4 29" 4 L comepKUT m + r

2m+r

eJINHUI] ¥ TOTJIa B CTPOKe Tpeyrojbauka [lackais ¢ sTumM HOMEpOM €JIUHUII. ]

Jlemma 2. CyMMapHoe KOJIMYECTBO €IUHUIL B CTPOKaX C HOMEpaMu
200 4292 4 4 2%m-1 0 Q0L 4 902 4 2%l ] L, 2% 4292 4 20l 4 2% ]

pasHo 2F3%m

HoxkazaTeabcTBo. [lo jeMme 1 KOJIMYECTBO €UHUIL B CTPOKE C HOMEPOM 271 4 292 4 || 4 20m—1 44
pasuo 2Fx;, e x; — KommuecTBO eauHUIL B i-if crpoke. Torya cyMMapHOe UHCIO eIMHUIL B YIOMSIHYTHIX
crpokax pasno 28 3" ;. Ho Y. x; — 310 umcio ejunu B meppeix 2% — 1 crpokax Tpeyrosbauka [lackaiis,
OHO paBHO 3“™ (3TO HAM M3BECTHO, HAIPUMED, U3 3aja4n 1.4). ]

OcraJjioch IPOCYMMMHPOBATDL IIO M KOJIHUYECTBa €AWMHUIL U3 JIEMMbI 2.

2.3. MbI B3siin yTBepxKJeHue 3ajaqdn u3 crarbu Buubepra |1, a pemenue uz crarbu ['pansmiis [18].
YTBEepK/IeHNe BBIBOJAUTCA U3 TeopeMbl JIIoKa ¢ MOMOIIBIO CJIEYIONIEro HAOIOIeHus (TOXKE YIOMSIHY TOTO
B [1]): GuHOMUAIBbHBIA KO3 UIIEHT C’,’j HEeYEeTEeH B TOM U TOJIBKO TOM CJIydae, KOIJla €IUHUIIbI B JIBOMYHOM
PA3JIOXKEHUH YHCJIa k MOTYT CTOSITH JIUIIb B T€X paspsijiax, TJe CTOAT eJUHUILI B 3amnucu aucia n. Orcioma
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cpasy ciemyer, uro P, = Y 2F rme cymmmpoBamme pacnpocTpaHsercs Ha BCE WHCIA K, OIICAHHBIC B
IpeJIblIyIeM Ipe/iokennn. B obosnauennsix dopmysst (1) upu p = 2 nosoxum S, = {i : n; = 1}. Torna

N I I

ICS, iel 1ESH

2.4. Dror pesynbrar Paitna [13], 1947 r, — upocroe cieacrsue Teopembl Kymmvepa. YTo6b1 GMHOMAATBHBIH
KO3 PUIHEHT ij He JIeJINJICS Ha P, He JOIXKHO OBITH IIEPEHOCOB TP CJIOYKEHUN dnces k u n—k, 3aIMcaHHbIX
B CHCTEMe CUYHCJIEHHS 110 OCHOBaHMIO p. llpm pUKCHPOBAHHOM 7 9TO O3HAYAET, UTO BBIOOD i-if IHQPHI
P-M9HON 3amucy auciaa k MOXKHO craenaTh n; + 1 crmocoboM.

2.5. a) D10 cpasy cieryer u3 GopMyIIbl, JOKA3aHHON B IPeJIblLyIeii 3a/1a9e, IOCKOIbKY pedb HJIeT O CTPO-
Ke, B KOTOPO# POBHO JIBa dJIEMEHTa He JIeJIsITCI Ha P.

b) [13]. Ecm (n 4+ 1) : p¢, o n = a(p—1)(p—1)...(p — 1) B cucTeme cUUC/IEHNUs TIO OCHOBAHHIO P.
Torma g kaxmgoro k, 0 < k < n, kaxgag mudpa dncia k He IPEeBOCXOIUT COOTBETCTBYIOMIEH IH(PHI
quciia n. Torga Bce OuHOMuAIbHBIE KOI(DMDUITMEHTHI Cﬁ: He paBHbI HYJIIO (B TOM YHCJIe, 110 MOJLYJIIO D) U 110
teopeme Jloka CF ne nemurcs Ha p.

B obpatmyio cropony. Ilycts Bee Gunommasbibie koadbdmmmentsr CF we nensarcs na p, wo wmcio n
sipsisiercst aucsioM Buga a(p — 1)(p — 1) ... (p — 1). D10 3HauuT, uro onHa u3 1uUdp, CKaXKeM n;, MEHbIIEe
p—1. Bosemem k = (p—1)-p’. Torma k; = p — 1, ciegosarensho, Cﬁ; = 0 u o Teopeme Jloka ij JEeTUTCS
ua p. [IporuBopeune.

2.6. D10 M3BECTHOE yTBEPIKJIEHNE MbI [OUepHHY/IH B [12].
Pemenue 1. Jonycrum, aro C*~1 /p u CF [ p, wo upu srom Cf;rl = (Ck=1 4 CF) 1 p. Torma

Ck = —Ck=! (mod p). Tax Kak 06a GUHOMHUATLHEIX KODMUITIEHTA HE JICIATCS Ha P, MBI MOYKEM COKDATHTh
IpaByIo U JIeByIO JacTh. Ilomydaum "’I]fl = —1 (mod p), orkyna n+ 1 =0 (mod p).

Pemenue 2 (|K|). Xorss yrBep:K/eHMe BBINISIUT OYEHb €CTECTBEHHBIM, HAIIOMUHASI HAM OCHOBHOE
TOXKJIECTBO I OMHOMUAJIBLHBIX KOI(hMDUIIMEHTOB, 9acTh “Cﬁ’l / p” B HeM JmmmHsis. JleficTBuTebHO, eciin
(n+1) /p, 100 < ng < p— 2. Hockonsky C¥ 7 p, 1o 10 Teopeme Kymmepa npu Beex i BEPHO HEPABEHCTBO
k; < n;. Ho Torma amajoruvmbie HEPABEHCTBA BEPHBI U I MAPBI duces k U 1 + 1, TOCKOJIbKY Y YHCIIa
n + 1 Te ke nmudppl, 9TO U y N, KpoMe MUdPbI B CAMOM MJIAJIIEM pa3psijie, KoTopas y dncia n + 1 Ha 1
6ospie. Cresiosarensbho, CF 11 /D

2.7. [2|. Cpasy crenyer u3 teopemst Jloka u 3amadn 1.1.a)

2.8. Bajaua u3 crarbu Bunbepra [1]. Maayknus no uucity mumdp. Basa tpusnanbha. st mepexoma J10-
baBysieM odepeaHyIo nmudpy B KOHeI[ Yucjia. B cuiy HedeTHOCTH OMHOMHUAILHOIO Koddduimenra n; = k;.
Honnzysich pekyppentHocThio CK = CS:%+C§_1, repebupast pa3Hble BAPUAHTHI YETHOCTH 1 U K C ITIOMOIIBIO
reopeMbl Kymmepa u 3a1aun 4.6a) CBOIUM BCe K MHJLyKI[MOHHOMY IIPEJIIOJIOXKEHHIO.

Hamnpumep, npu megernom n = 20 + 1 u getiom k = 2m, ecm k1 = 1, o k = ...10, n = ... 11
(mBomunble 3ammcu), Torma (n — k) = ...01 (moromy 4ro 10 Teopeme Kymmepa He JIO/KHO OBLIO GBITH
nepenocoB), (k—1)2 = ...01, snaunt, no Teopeme Kymmepa mpu cioxenun (k— 1) 4+ (n — k)2 ectb poBHO

1 mepenoc, T.e. Cﬁj =2 (mod 4), oTky/a
Cp=Ch 1+ Chy=—Cpy =—C3" = -C{"  (mod 4),

noceee — 110 3ajade 4.6a). DTOT MUHYC B TOYHOCTH COOTBETCTBYET MHOMKHTEO (—1)Foritkino,

2.9. 3ajaua u3 crarbu Bunbepra [1|. YrBep:kienue cieyer u3 pesysbraTa Mpeablayieil 3aaaan. Ecam B
3aIucu N HET JABYX €JIUHUIL MOMAPsJI, TO BCe mokazareynu k;_1n; + k;n;_1 paBHBLI HYJIIO U BCe OMHOMUAILHDIE
K03 PUIMEHTHI JAaloT ocTarok 1 mpu jgenenun Ha 4. Eciam »Ke 3ammch 49mcia n COAEPXKHUT yYIACTOK U3
eJIMHUI], HaYMHAIONMiiCA ¢ n; = 1, TO y II0JIOBUHBI HEYETHBIX OMHOMMAJILHBIX Kodddunuentos k; = 0,
a y Apyroii nojaosunbl kj = 1 1, KaKk HeTPYIHO BHJIETh 110 bopMyJie U3 IpeblIyIeii 3a1a4du, 10 MoLyIIo 4
9THU MOJIOBUHBI OTJINIAIOTCST 3HAKOM.

2.10. DTomy 3aIyTaHHOMY CIOXKETy HOCBsiIIeHbl nBe crarbu B Monthly [19, 20].

2.11. Dra 3anaua 1. Jxxykuda 6buta B 2002 1. Ha onumnuajie 239 mkosbl 1. Cankr-IlerepOypra, a morom
3acBerwiach B mopt-aucre IMO-2008.
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[TockombKy Bee GnHOMUATBHBIE KOIDMUIIMEHTHI 13 YCIOBHS 33[a4i HEUYETHBI (110 TeopeMe .HIOKa) s
JIOKa3aTeIbCTBA YTBEPIK/IEHUS JOCTATOYHO IPOBEPUTH, YTO BCE UHUCJIA an 1) an 15 - c2 -1 _{ JamwT
pa3Hble ocTaTKy 1pu jejennu Ha 2". Janbie MOXKHO J1efiCTBOBATE TO-PA3HOMY.

Pemenue 1 (|1]). peamonoxmm nporusroe, mycts Cy, | = CH | (mod 2") npu HedeTHBIX k 1 m,
k > m. 3amerum, 9TO

Ch o =Ck —ckt =ck -k o = =0k ok v os - et e

B wactHocTn,
chk,—cklyck2— . —0mt =0 (mod 2").

Teopema Kymmepa 10o3BosIsieT st KasKJOro 7 JIEPKO BBIYUC/INTH IIOKazaresib ords Cj., a MMEHHO, eCcin
ordor = a, TO mpu ciaokeHun r u 2" — r OPOU3OIIET M — @ TMEPEHOCOB (9TO OYEBHUIHO W3 AJITOPUTMA
cJI0KeHHsI CTOJIONKOM), u 3HauuT, ordy C%, = n —a. B wacraocru, C, nesmrcs Ha 2™ 1pU HEYETHOM 1, UTO
[TO3BOJISIET OTOPOCHUTH B IOCJIETHEM CPABHEHUU IOJIOBUHY CJIAraeMbIX:

ChlyCh34 40P =0 (mod2").

Jlpyroe cjieJicTBHe U3 NPUBEJEHHBIX DACCY?KJEHMII COCTOUT B TOM, UTO y Beex ciaraembix Ch, B JieBoit
YacTH mapaMmerp ¢ 9eTHbIH u mosromy orde CF, < n. JlokaxkeMm Terepb, ITO BBIIOJHEHHE 3TOI0 CPABHEHUS
HEeBO3MOXKHO. BribepeM x, mjist Kotoporo ordg CF, nMeeT MUHHMaJIbHOE 3HadeHne. Tak kak ordg C5, <n, HO
IIPU 3TOM BCsI CyMMa JlesnTest Ha 2™ Hafigercs y, 1uist koroporo ords CF, = ordy C3,.. Ho Torga Gunaphbie
3AIUCH YHUCET T W Y OKAHIUBAIOTCS Ha OJMHAKOBOE YUCJIO HYJIEH, TOSTOMY MEXKIY & U Y HAHIETCS IHUCIIO 2,
oKaH4YMBaoleecs: Ha Oosbiee uncso wyseit. Torga ords C5. < ordsy CF,, 9TO IPOTUBOPEYUT MUHUMAILHO-
CTH.

Pemenmne 2 (|CSTTVZ|). Ilpenonoknm mpoTuBHOE, IIyCTh HAILINCEH ducia k u £, k # ¢, Takue 910
C’Qlngl = C%Jrl mod 2™, 0 < k,¢ < 2" — 1. Kpome Toro, Mbl OyjileM BECTH PacCy»KJIE€HUsI 110 WHIYKIUH,
CYMTAas, UYTO JIJIsT MEHBIITUX 3HAUYECHUN N yTBEPKICHUE 3a/[a91 yKe JIOKA3aHO. 3aMETUM, ITO

CQ’““:(?—1)<%—1>...(2k2—:1—1):
:(?—1)(%—1)...(%—1)-(?—1)(%—1)...(%—1): (3)
:(?_1)<%—1>...(%—1)-C§n_115

= (—1)FCk . | (mod 2").

W ananornyno C’QeJrl = (-1 )“‘105” 1_; (mod 2"). ITo miryKIMOHHOMY MPEIOJIOKEHIIO, OTCIONA CIIe/IyeT,
T 2 —1—r
4T0 k 1 ¢ He MoryT ObITh 00a HedeTHbIMH. Kpome Toro, B cuity cummerpun Cg, | = C5, " yTBepxKJeHIe
38191 O3HAYAET TAK¥Ke, UTO BCe OUHOMMATLHBIC KOI(hMUIMEHTH ¢ YeTHBIME ToKazaTenamn — Can | —
TOXKE TIOMAPHO PA3J/IMIHBI U 110 MOJIYJII0 2" 00pa3yioT TO K€ MHOXKECTBO, YTO U OMHOMUAJbHbIE KOI(hDUIN-
€HTBI ¢ HEUIETHBIME MTOKazaressmu. [losTomy k u £ He MOTYT OBITH 0068 T€THBIMH.
Ocrasiock pazobpars ciay4ail, korjna k u ¢ pazuoit yernoctu, nyctsb k = 2a + 1, £ = 2b. Torna

0223+11 + Czn 1.1 = 0 (HlOd 2") .

HpI/I a = b 310 CpaBHEHHE HEBO3MO2KHO, TaK KaK Czn 1 HEYETHO "

-1

2"l —1-2q 21
0223:’—11 + CQn 11— CQn 1_ (1 + 20,—-|—1> an 11" m = 2”71 (mod 2”) .

Ecmn ke b # a, To C _1 #* C2n 1_1 110 UHJYKIIMOHHOMY HPE/IIOIOKEHHIO U TaK KaK CQn 1t 02a+1

on—1
C2a+ 1 on— 1

nesmrest na 27, cyMMa C2n 1 HEe MOXKET JIeJUThCA Ha

2.12. D71y 3ama1y HAM COOOIIIIIT A. Besos. SaMeTI/IM, 4TO
nn—1)...(n—k+1)
m+1)(n+2)...(n+k)’

n+k; n
C CQn '
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u TakmM oGpazom, Cp* mveer MuOro 061X MEOKHTEE ¢ Cl) | KPOME TeX, KOTOPble COKPATHITACEH CO 3HA-
MeHaTeseM JIpobH. 3aMeTHM, YTo 3HAMeHaTesb He npesocxonut (2n)F. Hamuimem amajormamnbe paBeHcTsa
C”+k2 , Cg; k100 HanGombimmit o6t qesmress Beex
3HAMEHATEesel B IPABbIX YaCTAX ITHX paBeHCTB e npesocxoqur (n+1)(n+2)... (n+ [ey/n]) < (2n)=V,
Ho mpu 6ompmnx n ounoMuasibubiil Koaddurment Cg,, — cyliecTBeHHO Oojiee KPYITHOE YHCII0, TI09TOMY Jla-

2Ke eCJId COKpPpaTUTb €ro Ha HanOOJILIINH O6H_II/II‘/JI JCJINTEJIb BCEX 3HaM6HaT6JIGI71, OCTaHETCdA BECbMa KPYIIHOE

JIIs BCeX OmHOMUasIbHbIX Koaddunuentos C; n'H“

JacTHOE, KOTOPOe U OyIeT OOIIUM JIe/TUTE/IEM BCEX CTa OMHOMUAIBLHBIX KO3(DDUINEHTOB.
[Tosicuum mocsteiHee coOOparkKeHre ¢ TOMOIIBIO OIEHKH. 3aMETUM, UTO
2n 2n—1 n+1

Y = . > 2™,
| 1

IIpu sTom (271)1005\/H = 9eVnloga eV Qyepnpo, 115 KazKI0ro (GUKCHPOBAHHOLO € cymecTByeT N, Takoe
4910 1pu BceX n > N Oy/ieT BLITOJHEHO HEPABEHCTBO

g > eyv/nlogyn + ev/n.

Ecimn nns rakux n nogermrs Cg, na HOJIL Bcex 3HaMeHaTelieli, dacTHOe OyIeT He MEHBIIe on/2.

2.13. a) Bagaua npemiaragack B 1977 r. Ha JIeHUHrpaCKON OJTMMIINAJIE TKOJIHLHUKOB.
Pemenune 1 (6e3 Teopembr Kymmepa). Mbl npuBoguM periieHne 3 3aMedaTeIbHON KHUKKY [4].
Jomyctum, 9TO BCe 9TU Yncaa JesTcs Ha m. Torma gumcia
k k
Cn-i—k 1 C CTLJrk*l ’

k k
Cn-i—k 2 CTLJrk*l - Cn+k72 ’

k—1 _ ik k
Cn - Cn+1 - Cn

TaKKe JIeJATC Ha m. AHAJTOTUYIHO, Ha 1M JEJISITCI U BCe TUC/Ia c’ wiis D€ © < J — IPOU3BOJIbHBIE HEOTPH-
naTe/ibHbIe TeJble ducja. Ho cpean HUX eCcTh YUCIOo Cg (1 =7 = 0), koropoe pasto 1. IIporusopeune.

Pemenue 2 (reopema Kymmepa). ITycrs p — npocroit MHOXKUTETH uncaa m. [Ipoepum, 910 ojHO
u3 umcesn CF Cn L1 Cﬁ 4 He jemures Ha p. Sanumiem k B cucreme cuuciienus 1o ocHosanuio p. ITo
TeopeMe KyMMepa JIOCTATOYHO HaiiTu Takoe ducio £ (rae n—k < ¢ < n), 4robbl cioxkenue k + £ B cucreme
CUYHUCJIEHHUS 110 OCHOBAHMIO P BBIINOJIHSJIOCH 0€3 IEPEeHOCOB, TOrja OMHOMMAILHBIA KoM MUIMEHT C,’j L HE
OyIeT JIeJINThCs Ha P.

OT0 cuenarb coBceM HeTPYIHO. Mbl OrpaHMYMMCS PAaCCyXKJIEHHEeM Ha KOHKPEeTHOM mpumepe. Ilycrb
p =17, k=133 (31ech u Jlajee duciIa 3alUCaHbl B CEMUPUYHON crcTeMe cuncienus ). IJocKoIbKy nuanasoH,
B KOTOPOM MBI HIIEM 4uCI0 £, conep:KuT k + 1 dmciio, HaM Beerja yaacTces BhIOparhb £ Tak, 4TOObI THCJIO

k + £ OBLIO OTHUM U3 YUCEJI CJIEIYIONIETO BUIA
2133, ...233, ..., ...633.

(HamomuaumMm, uro nmdpa 6 B Hammem npumepe camasi crapiiasi.) Torjga O4eBUIHO, 9TO IpHU CIoKeHun k + £
He OBLJIO HU OJ[HOT'O MEPEHOCA.

b) Yreepxkaenue B3saro us [2|. Takue n HeTpyHO HOCTPOUTH ¢ TOMOIIBID Teopembl Kymmepa. Ilycrs
ord,m = s, u 3amuch uncia k B CHCTeMe CUMCIEHHs 1O OCHOBaHmIO p comepxkur d + 1 nudp. Ilycrs
n : pdtstl Torma wncna n —k, n—k+1, ..., n — 1 conepskar B paszpsaiax ¢ (d + 2)-ro no (d + s + 2)-it
udpbl (p—1), HO3TOMY TIPH CJIOKEHUU 3TUX YUCEJT € k B YKA3aHHBIX pa3psijax Oy/LyT BOZHUKATH EPEHOCHI.
Taxum obpaszom, o Teopeme Kymmepa mosrydaeM, ITo nHTEPECYIOIINE HAC OMHOMUAILHBIE KOI(DDUITNEHTRI
BCE JIeJIATCA Ha po.

[ToCKOJIbKY yCJIOBHsI, HAJIOKEHHBIE Ha 7, JIEFKO COBMENIAIOTCA JJIsi PA3HBIX P, MbI MOJJYyYaeM OTCIOJA
Tpebyemoe.
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3 0Obobuerue meopem Buavcona u Jhoxa

3.1. Kak usBectHo, ordy(n!) = Zk [1%] Ecin n = ndpd + nd_lpd_l + ...+ n1p+ ng — 3anuUCh B CUCTEME

d—k—1 T,

CYMCJIEHHS 110 OCHOBAHMIO P, TO [1%] =ngp®F +ng_1p .+ np1p + ny 1 dopmyty aist ord,(n!)

MO2KHO 3alliCaTb B BH/IE

ord,(n!) = Z

d
k=1

. d
s y ‘ ‘ L opi-1 2 mip' = 2
(2 =

MpbI oIy9u/in B TOYHOCTH TpedyeMoe BbIparKeHHe.
YTBepKIeHIe 3a/1adK TaKyKe HeTPY/HO J0Ka3aTh MHIyKIWeil 1o n, cM. [5].

3.2. a) Pasbusasi MHOXKHUTe/IH, COCTABJISIONINE BbIpaykeHue n!, Ha rpymnsl 10 (p — 1) mryk, noaydaem

[5)-1
() = J[((kp+1)-(kp+2) - (kp+p—1)) - ([2lp+1)([Zp+2)... (Zlp+n0)= (1) /ng!  (mod p).
k=0

6) Dro yrBepxkienue Bcrpedaercs y Laycca [15]. B npoussegenne (p?!), BMecTe ¢ KazKIbIM COMHOXKH-
TeJieM BXOJUT U ero oopaTHbIil 1o Moy o p?, u npousBegeHue 3Toil mapbl paBuo 1 mo momysto p?. Takum
00pa3oM, HAM CJIEJIyeT JIAIIb IIPOCJIEJUTDh 38 TEMU MHOXKHUTEISIMHU 11, KOTOPbIE COBIAJAI0OT CO CBOUMU O0-
PaTHBIMHE, T.€. yJIOBJETBOPSIOT CPABHEHUIO

m? =1 (mod p?).

st meverHOro p cpaBHenue uMmeeT 2 pernenus: +1. lna p = 2, ¢ > 3 cpaBHeHUE UMeET ellie mapy pPereHuii:
2071 4+ 1.

c¢) Tak xak n! = (n!), - p[%} ([%])!, YTBEPKJICHUE JIETKO JOKA3BIBAETCS 10 MHJYKIIMU C IIOMOIIBIO CpaB-
HEHUs U3 II. a).
3.3. M1 B3sn yrBepikenue co crpanndku ['pansmiis [17]. [Tomumo reopembr Kymmepa, mmpoko n3sect-
Ha IpsiMasl ¥ He CTOJIb cuMuaTudHasi dhopmydia Jyist qucia ¢ (dopmyra Jlexkanapa):

R (o ) R (R 4 )

O6o3HaunM Jyisi KpaTkocTu N = [n/p] u T.1. n Hanumem dhopmyity Jyist GMHOMUAIbHOIO KoadduImenTa,
cobpaB OTJEIHLHO BCE MHOXKUTEJIU, JEISIINECS Ha P:

ok — 0y pt/7) n!
(kD) ' plk/pl . plr/pl TR

3iech mepBasi 1pobb MOXKeT OBITH IIPeobpa30BaHa 110 MOJYJIIO P B COOTBETCTBUH C ODODIEHHON TEOpeMOi
| o

Busbcona (3a1aua 3.2, 6) K BbIPazKeHUIO %, TPEThsI APOOH MO3BOJIAET JeHCTBOBATD 110 UHIYKIINH, 8 CPel-

Hsisi JIpoOb (1 3HAK U3 0600IIEHHOl TeopeMbl Buibcora, KOTOPBI Mbl He yroMsiHyin) 110 dhopmyste (4) macr

BCe HYXKHbBIE BBIpaXKeHUsI, cojep:kariue /.

d
3.4. a) Packpuisas ckobkn B Bepaskenuu (14x)P", MbI MoxkeM Bocmosb3oBaThest TeM, uto mpu 1 < k < pd—1
GuHOMUATILHBIN KoM huImenT C;fd nennrest Ha p (aHagorngno 3ajade 1.1 nam o reopeme Kymmepa).

b) Honoxkum n = n'p+ng, k = k'p+ k. To yreepxaenmio m. a) (1+z)P" = (1+2P)" (mod p) Torua
(14+z)" =04z (14+2)°=1+2")"(1+2)" (mod p).

YKa3zaHHoe cpaBHEHUE HAJIO MTOHUMATL B TOM CMBICJIE, YTO MBI IPe0OPa30BbIBAEM KOI(MDPUITUEHTH MHOTO-
4JIeHa C METBIME KO (MHUIMERTAMI ¢ TOYKN 3pEHHst uX JenuMoctd Ha p. Koaddumument npu ¥ B mesoit
qacTU paBeH Cﬁ. IIpu packpbiTuu CKOOOK B IPaBOil YACTU MbI BHJIUM, UTO BCE IIOKAa3aTeIu B IIEPBOI
CKODKE JIeJIATCS Ha P, TOITOMY €JIMHCTBEHHBINH CIOCO0 TOJYYUTh OJIHOYJICH ZPF TR0 570 IIEPEMHOXKNATH
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!/
2PF" u3 mepsoit ckobkm n £ u3 Bropoit. Mroroseiit Koadduiment 6yaer paser Ck Cko Taxkum ob6paszom,
Ck = Ck ijg, OTKyJ1a Teopema JIfoKa ciieflyer 1Mo WHIyKIIUN.

3.5. a, b) IIpocroe cneacreue Teopembl Kymmepa.

3.6. [9]. B crieayromem BBIYUCIEHAN MBI HCIOJIB3YEM TO, ITO C’,’jz = 0 pu k; > n;; 9TO TMO3BOJIAET, IPUMEHUB
TeopeMy JIioka, OTOPOCUTDH NMPHU CYMMUPOBAHUU DOJIHIIIOE YUCIO CJIAraeMbIX.

ndg—1
R SCIED S S 9) | (G 1 D SC TR | ET
kg=0kq_1=0 =04=0 i=0 k; =0

4 Bapuauuu na memy meopemwv. Boacmernxoama

4.1. D10 yupakHeHHe Ha YTEHHE CTATbHU. Y TBEPXKIeHHe JT0Ka3aHO B cTaThe Buobepra, HO JOKa3aTeILCTBO
HE BBIJICJICHO SIBHO. 3aMETUM, YTO

S Tt T Lo
AP Db O D et
i=1 i=1 p i=1 ‘WP

Takum obpazoMm, paccMaTpuBaeMasi CyMMa JEJUTCA HA p. TaK KaK [0 MOJYJIIO P BbIPAXKCHUS % n——=

p—1
PaBHBI, HAM OCTAETCsl [IPOBEPUTH, UTO .
o
1
Z z= 0 (mod p).
11 1 =1 1 2 92 2
Vi, mOCKONBKY 73, 52, -+, poqyz — 9TO TOT e Habop ocTaTKoB:, 4To 1 1%, 2 ., (p—1)%, mocrarouno
[IPOBEPUTH, ITO
p—1
i?=0 (mod p). (5)
i=1
Iycro Z i = s (mod p). Ilpu p > 5 Beerma MOKHO BBIOPATH OCTATOK a, Taxoit uto a’ Z 1 (mod p).
i=1
Torma muoxkectBa {1,2,...,p — 1} u {a,2a,...,(p — 1)a} coBnagaror (I0Ka3aTEILCTBO KaK B CHOCKE) U

5—212 Zaz _CL2Z’LQE s (mod p).

=1 =1 =1
[Mosromy s =0 (mod p).
Pazymeercs, atoT pbakT HETPYIHO MOKA3ATH HEMOCPEICTBEHHO, HOJIL3YSACh COOOPAXKEHUEM % = g¥(m)-1
(mod m). MbI ucnosb3yem 3Ty TEXHUKY B TPEThEM DEIeHUH CJICYIONIeH 3a/1auu.

4.2. Oreet: 2k + 2. Dra 3ayaga A. C.lojoBaHoBa npeiarajack Ha ojymmnmaje Tyiimaamsa B 2012 r. Mbr
IpUBOIUM Tpu pemtenus. OrmeTnM, arTo npu p = 4k + 3 ypasuenne z2 + 1 = 0 He UMeer perneHnii B m0JIe
OCTaTKOB 10 MOJIYJIIO P, CJIeJ0BaTEIbHO, 3HAMEHATEN BCEX PACCMATPUBAEMBIX JPoDeil He paBHBI HYJIIO.

Pemenue 1. O603maunm a; = i2+1, g i = 0, ..., p— 1. Torma paccMaTpuBaeMoe BEIPAYKEHHE PABHO
Up—l(a07 at, ... 7a'p—1)
Up(a(), at,y ... ,ap_l)

riae o; — OCHOBHOM CI/IMMeTpI/I‘{eCKI/Iﬁ MHOI'OYJIEH CTENEHN ¢. HafmeM MHOI'OYJIEH, KOPHAMU KOTOPOI'O ABJIA-
I0TCd 9ucJja a;, T. €.

p—1
H(x —1-i?).
=0
! HanoMHMM [10Ka3aTeIbCTBO: %, %, RN ﬁ ul, 2 ..., (p—1) — 310 OMH U TOT ke HAGOP OCTATKOB, IOTOMY HTO

7 B TOM, U B JApyroMm Habope 1o p — 1 3j1eMeHTyY, IpH STOM OYEBUIHO, YTO B KaXKJIOM HA0OOpe BCe OCTATKH DA3JUIHBI U HE
PaBHBI HYJIIO, 3HAYNT, KayKJIblil HAOOp COMEPKUT BCEe HEHYJIEBbIE OCTATKHU 10 MOYJIO p. Torma st KBaJpaToB yTBEp:KIeHIE
OYeBUIHO.
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Creras 3ameny @ — 1 = t2, HOTyYUM MHOTOYUJICH

p—1

[[# -7 = ﬁt—zl:[t—i—zz P t)(tP —t) =t — 2P 42
=0

i=0
Temepn, cieraB obpaTHyio 3aMeny, moaydaeM s p = 4k 4 3

p—1
[[e-1-&=@-1P -2 -1D)F +(@-1)=a"+...+(p+2 2 + D)z — 4.
=0

ITo Teopeme Buera, 0, =4 (mod p), 0,—1 =2 (mod p), mosTOMY Jg;l =1=2k+2 (mod p).
Pemenue 2. PazobbeMm Bce HEHY/IEBBIE OCTATKHU 110 MOJYJIIO P, KpoMme F1, Ha mapbl B3aUMHO OOPATHBIX.
Torma nmonyuurcs 2k nap u B Kaxjioit nape (i, 7)

ij=1 & ??=1 e (@@)?*+¥+77+1=i*+;°4+2 (modp).

CremoBaTeibHO,

T ) ke e W e i SRS SRS SN
T OEED@EE) @) 2l 2 o

Taxum obpa3om, Hallla cymMMa paBHA OQ{H + 1211 + (71)12“ + 2k = 2k + 2.

Pemenue 3. Kak mbr 3HaeMm, Onaromapsi masioii Teopeme Pepma, IIPU BBIYUCIEHUU IO MOIYJIIO P

omepamun T — ' u x — P72 1al0T OJMHAKOBLIN pe3yiabraT. TakuM o6pa3oM, JIOCTATOYHO BBIMHC/IHUTH

CyMMY

p—1 p—1 p—2 p—2
Sty =N O S, ()
=0 =0 m=0 m=0
p—1
rie Som = 3. 2?™. Ouepmuno, Som = —1 (mod p) upu m = 251, Joxaxenm, uto Sz, = 0 (mod p)

z=0
IIpH OCTAJIbHBIX 3HAYCHUAX 171, HEC IIPEBOCXOOAIINX D — 1. ,HGIL/'ICTBI/ITGJH)HO, JJId KazKJI0T'0 TaKOro 1m MOZKHO

110/106paTh HEHyJIeBOi OCTaTOK a, Takoit uTo a?™ # 1 (mod p) 1 Tor/]a MOXKHO MPOBECTH PACCYZKIeHIe KaK
B (5) Bosspamasice kK uaTepecytomnieir nac cymme (6), moaydaem

Lo a (D) Ak @h ) (2):(8). (k)

4.3. MbI Hanum oba yreepxKaenus B [16].

a) [y KazKJI0ro IpoCTOro JENUTEJNIsl P IHCIa M HOA0ePEM HHCIO Gp, JJIS KOTOPOIO (a’{;‘ —-1) /p
C momormpio KUTafiCcKoii TeopeMbl 00 OCTaTKaxX BbIOEpEM HHCJIO @, TAaKoe 4TO a4 = a, (mod p) mpu Beex p.
Tenepb pe3y/brar 0JIyvYaeTcsi aHAJIOTMYHO paccyKieHusM (5).

b) Bamerum, uro npu HederHeX k 1m0 dbopmyste Gunoma i* + (p — iF) = ki*1p (mod p?). Torma

-1

p—1 p—1 p—1 & Nk » . 1

1 1 1 _ i+ (p—1)F ki B )
222'_’“_2(2‘_’?—'—(19_1’)16)_2 Z‘k(p_i)k :Zik = pz k+1 (mod p*).
i=1 i=1 i

i=1 i=1

CymMa B paBoif 4acTu CpaBHEHUs! JIEJIUTCS HA P B CUJLY YTBEPXKJICHUS II. a).

4.4. Kak nokaspiBaeTca B [24], cpaBHeHEe BBIIOIHEHO JayKe 110 MOJLYJIIO P, HO MBI He Gy/IeM 3aX0/UTh TaK
) b
nasexo. eiicTBysi Kak B crarbe Bunbepra [1], HO ciiefis 3a creneHsMu J10 p*, monyuaaem

e _po D=2 4D (2_10_1) (2_10_1).___.(2_19_1) _

p! 1 2 p—1
p—1 1
_ § 2 § E 4
:1—2p +4p P 1 Z]k_lﬁ (modp ) (7)

1<j i<j<k
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BpraBI/IM IIOCJIEIHIOIO CYMMY Y€pPE3 CTEIIEHHbIE CyMMDbI:

p—1 3 p—1

1S3 58, &3 1
.Zklz'jk 3 5 T g ek sz
1,),k=

=1
1<j<k
Kax wmbI 3Haem, S; u S3 genarcsa na p? (mocneamee — u3 3amaun 4.36). IlosTomy mociiesmee ciaraemoe B
dbopmysie (7) MOKHO OTOPOCUTH.

4.5. Bagauda u3 [1], obcyxenne Bapualuii Ha 9Ty TeMy MOXKHO IIpOYecTb B |14].

ITockombky
p—1 p—1 p—1 .9 2 p—1
1 1 1 K2+ (p— k) 1
2 — = (— ) = =-2 mod
ZkQ > k2+(p—k)2 . K2(p— k)2 Zk(p k) (mod p°)
k=1 k=1 k=1 k
p—1 1
yTBEpZK/IeHne 3) SKBUBAJEHTHO COOTHOIIEHUIO Z m =0 (mod p?). YrBepxenue 2) Toxe SKBABA-
D —
k=1
p—1 p—1 1
JICHTHO 9TOMY COOTHOIIIEHUIO, TaK KaK 2 2 ( ) =2 —— . Hakoneri, kak Mbl
’ LD ST
3HAEeM U3 IpebLIyIedi 3a1aum,
p—1
ch- 1_1—])223, 22 (mod p).
i=1 z(p ij=1"
1<J
Takum 006pazom, yTBep:K/eHue 1) SKBUBAJIEHTHO CDABHEHUIO
p—1
- =4 (mod p2 . 8
T zl ) ®)
- 7]

1<j
IIpeobpasyem BbIpaskeHne B IIPaBOil YaCTH:
1

p—1 p—1
1
Bk —(>1) —2%:2(2;) S i
INES 1 =
1<J
CyMMa B CKO6K€ JeJINTCA Ha P, €€ KBaJapaT JCJIUTCA Ha p2 1 9TO CJiaraeMO€e MOXKHO OT6pOCI/ITb. HO,ZLCT&BJ’IHH
p—1
1

B (8), mosyvaem, 4To ¥ 1epBOe yTBEPXK/ICHIE PABHOCUIILHO CPABHEHUIO Z m =0 (mod pQ).
p

4.6. a) Pemenne 1 (|5, npemnoxkenne 2.12|). Wnnykims o n. PaCKpoeM CKOOKM B DABEHCTBE
(a+b)"" = (a+b)"" D (a +b)
I[pupasusiem Koddbduimentsr mpu aP™pPn—m).

m __ ~pm 0 pm—1 1 pm—p+1 1 pm—p
C{,’ Cp(n 1)CerCp(n 1)C' . Cp(n 0 Cg +Cp(n71)Cp

B mpaBoif 4acTi Bce ciaraeMble, KpoMe KpailHuX, JeJSTCsS Ha P>, HOTOMY HYTO KazKIblii GMHOMMAIbHLII
KO3 PUITMEHT B HUX JIeJUTCs Ha p 110 TeopeMe JIoka. CieoBareibHo,

— pm p(m—1) 2
cn'=C pin—1) T Cp(nil) (mod p?).
Tlo mpearoyoKeHno WHITYKITNN

Con O = O+ O = O (mod ).
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Pemenwue 2 (|[]). doxaxewm, aro C,Z;p = C" (mod p?) umuyximeit o m.
Baza m = 1. Tpebyercss npoBepurb, 9T0 Cgk — C,i =0 (mod p?). TIpeobpasyem 3Ty PasHOCTD:

pk(pk—1)...(pk—p+1)  ((pk—1pk-1)...(pk—p+1)
7 = -1 )l

B uncnaurene 6osbinoit gpobu deTHoe Umciao comHokuTesaeii. Pa3obbeMm nx Ha mapbr:

9)

Ch—Cj =

(pk — i) (pk —p +i) = pi® —4i>  (mod p?).

Kak BHUM, 110 MOJIYJIIO p? IPOU3BEICHUE UHCEN B IAPAX HE 3aBUCHT OT k. I109TOMY BBIUHC/ICHHE PA3HOCTH
(9) mo Momysio p? JlaeT oNMHAKOBLIT pesymbraT mpu Beex k. Ho mpm k = 1 BBIYHC/IsgeMOe BBIpasKeHHE
pasuo 0.
(m=1)p _ ~m—1 2
Iepexon. Ilycrn Ckp =Cy (mod p?).

gt @ =m) D) 1) k=) +p) _
pm(pm —1)...(pm —p+1)
_ gt @m0 ) k)t =) Fom
(pm—1)...(pm—p+1) m

C

(10)

OrmeTnM, 4T0 06€e Jpobu KOPPEKTHO OIlIpejiesieHbl 110 Moayio p’. Kak u B Joka3aresbcTBe 6a3bl, BbIpa-
JKEHHE B 9HC/HTENe OOJIBINON Jpobu 1o Mouymio p? He zasucut or k. Torma juis BeIYHCICHHS GOJBIIOLN
Jpobu MOXKHO B3aThb k = 0, ¥ MbI Cpa3y HOJIYUUM, UTO IO MOAY/IO p° jpobb pasHa 0. IToab3ysch sTHM
coObpazKeHNeM ¥ TIPEJITOIOKEHINEeM WHYKIIMI, Mbl MOYKEM 3aMEHHUTH mpaByio dacThb (10) Ha
=cprt. kom¥l Cm™ (mod p?).
m

b) Pemenune 1 (kombunaroproe). Kak u pekomenjyercs B |1, paccmarpusaem BbiGopku kp mpejme-
TOB U3 OOIEro KoJIM4ecTBa pn mnpeamMeroB. [lojaraeM, 9TO MCXOJIHOE MHOXKECTBO IIPEJIMETOB pa30uTo Ha
6s10ku 10 p mTYyK. KosmdecTtBo OJI0YHBIX BBIOOPOK PABHO Cﬁ. Taxum obpazoM, ocTaeTCsi TPOBEPUTH, ITO
KOJITIECTBO HEBJIOUHBIX BBIGOPOK jesmTes Ha p3. Kak ofbscHAeTCS B cTaThe, KOJHMIECTBO HEOIOUHBIX Bbl-
6OpOK ¢ TpeMst 1 Gostee GokaMu mesuTcst Ha po. Tak kak npu k > 1 srobast HebI0UHAST BBIOOPKA COIEPIKIT
He MeHee Tpex OJIOKOB, TO B 9TOM cCjiydae Bce JiokazaHo. Ocraercs pazobparh ciydail, korja k = 1 u Mbl
[IOJICYUTHLIBAEM KOJIMIECTBO HEOJIOUHBIX BHIOOPOK P IIPEIMETOB U3 M3 ODIIEro MHOXKECTBA B 2P IPEIMETOB.
DTO KOJINIECTBO PABHO Cgp — 2, uTo 10 TeopeMe BoJicTeHXOMIMA, JIeIUTCs HA PO,

Pemenue 2. Hamumem dpopmysny st OHHOMHAILHOTO KOdhdUImenTa Cg = %W, pa3bus

YUCIUTE/Ib U 3HaMeHaTe b Ha, OJIOKY U3 P COMHOXKHUTEIEH, II0C/Ie Yero COKPATHM IIePBble MHOXKUTEIN B KazK-
oM OJIOKe, a JacTHBIE coOepeM B OTIAeIbHOe BbIParKeHUe:

oo _mB(mp—1)... (mp—(p—1)) (m-1)§-((m-Lp—-1)...((m (1))
kg (kp=1)... (kp—(p-1)  (k=1p- ((k-1p—1)...((k— (r—1))
- ((
)1

1)
y (m—k+1)p- (m—k+1)p — m— k—i—l - (p-1))
p-(p—
- (mp—1)... (mp— (p—l)) o ((m—k‘—i—l)p— ) ((m—k+1)p— (p—l))
" o(kp—=1)...(kp—(p—1)) (p—1)...1 '

OcCTasI0Cch IIPOBEPHTH, UTO IIPOU3BEIeHNe APoOeil 1aeT ocTaToK 1 Ipu gesieHns Ha p3. JIJIs 9T0ro 10CTaToIHO
[IPOBEPUTH CPaBHEHUE
(np—1)... (np — (p—l))
(rp—1)... (’I“p — (p—l))
WJIM, JIy4Ille, BOT TAKOe CPABHEHHE
(np—l)...(np—(p—l)) _(rp—l)...(rp—(p—l)) 3
T = (mod p°).

(p—1)!

=1 (mod p?)
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D10 BEPHO, TaK KaK obe JacTu CpaBHUMBI C 1 no MO/LYJIIO pg, 9TO yCTaHaBJIMBACTCA aHaAJIOTUYIHO JIOKa3a-
TEJILCTBY TE€OPEMbI BouJicrenxoima.

4.7. a) |5, reopema 2.14]. IIpeobpasyem pasHOCTD

2/ 9 2
052—05:7’(pli;.)'-'-'-_(z(?p_gz;p 1))_p:ﬁ((l—ﬁ)(?—ﬁ)---((p—l)—pQ)—l-?----(p—1)>-
OCTaJIOCb OpoBEPUTDH, 9TO

1=-p)2=p")...(p-1)—=p)=1-2-...-(p—1) (modp").

Packpoem ckobku B JeBoit qacTu:

1 1
(1-pH)(2=p%)...((p—1)—p*) = 1-2-...-(p—1)+p? (1+§+. . .+]Tl>(p—1)!+‘lﬂeHbI nensiecs: Ha pt.

ITo yrBepxaennio 3a1aun 4.1 BTopoe caraeMoe JenTcs Ha pt.

b) Kak HeTpyIHO BHIETD, Cg 1 = p° - Cg ;1171, IIO3TOMY JIOCTATOYHO ITPOBEPHUTH, YTO C’g ;1171 =1
(mod p*+3).
ot @ -DET -2 (1) (p N\ () L
piHi—1 1-2---(p—1) 1 2 p—1
1 1
= (1Pt 4 ptt (1 + 5 +...4 —) (mod p*T3).
p—
DTo U ecTh TO, 9TO Tpebyercs, MOCKOMbKY (—1)P~1 =11 1+ % +...+ ﬁ =0 mod p.

B craree [14]| nokasbiBaercs dyTh Gosee obmmit haxr.

4.8. Bajiaua u3 crarbu Bunbepra [1], perenne |T].

() ()G (20)
o)) G2 ([T -

ptk

JlocTaTOYHO IIPOBEPHUTH, UTO BRIPAXKEHHUE B IOCIeHell cKobKe jemTest Ha p’ . [IpeobpasyeM mpoussejieHue

2

P21 p~—1 p2-1 p2-1
_ 3 2 3 3 2 6 5 2

P P P p’—p _ 5 1 7
|| ——1:|| | —1:|| £ 2 11)=1 —157 d p").
(ks ) (k >(p2—k‘ ) (k@?—k)*) TP ) gy (medr)
k=1 k=1 k=1 k=1
ptk ptk ptk ptk

OcraJjioch IIPOBEPUTDH, 4YTO IIOC/IEAHAA CYMMa AECJIUTCA Ha p2. SIVe} TaK, IIOCKOJIbKY IIO 3aJa4de 43&)

2 2

p°—1 pe—1
2 1 1 5
— = — — = d .
k(p?—F) > 2 =0 (mod p7)
k=1 k=1
plk plk

4.9. D10 |6, Teopema 5|. Bosree obmmit dakr mokazan B [7].
Pemenmue 1 (|5, upemnoxkenne 2.19]). Bocmomb3yemcst TeM, IT0 PasHOCTH 022:+1 - 022:_1 paBHa KO-

s dbunmenty npu 22 B MHOrOWIeHE
(+0 " = 1= = (0 (140 - (-0 =

= (1+ Cha + Cha? 4. +a?) - 2(Cha + Cha® + .+ CE 71?7,
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- - k
HOCKOJH)Ky BTOPOU MHOTI'OYJIEH CO/JICP2KUT TOJIBKO MHOXKUTEJIX HECYETHOU CTEIIEHU, KOS(b(bI/IHI/IeHT npn IE2

B IIPOM3BEJICHUN PaBEeH
2(CLCET 4 CLCE™ + .+ CETICh).

[To yrBep:kaennio 3aaun 3.56) KarK/blil GHHOMUAJBHBIH KOI(DMUIMEHT B 9TOM BbIPAYKEHUU JICTUTCS Ha, 2k
KpPOMe TOr0, KayKJioe cJlaraeMoe B CyMMe BCTpevaeTcs 2 pasa, a nepej cyMMoil crout kodddunment 2.
B mrore Bce BhIpazkenue jesurcs Ha 2282,

Pemenne 2 ([CSTTVZ|). Tak xax C3,,, = 202! on ' ., mocTaTouno okazaTh COOTHONICHHE

C'QnJrl = Czn - (mod 22”+1).
Ananornuno (3) nosnyvaem

2n+1 2n+1 2n+1 gn—1_1
zt = (Z0 ) () (2 ) e

JocTaTouHo mTpoBEPUTH, UTO

2n+1 2n+1 2n+1 -t
L=(—-1 —=1)... | =——1) =1 24m .
) ) () =1

DTO Tak, MOCKOJIbKY

. 1 1 1 1
B Y (AP S =
(=1) 13ty Tty

=1-2"* A - ek
- 1-(2n—1) " 3-(2n-3) T (2l-1)(2n1+1)

L

1 (mod 22"*1),

4.10. 1o Teopema Mopim [26].
Pemenmue 1 (aBropckoe pemenne n3 crarbu 1895 roga). OHO JHINL 9yTh-4yTh BBIXOJUT 3a PAMKH
IIKOJIbHO# IIpOrpaMMBbl.

BosbmeMm opmyity, ¢ MOMOIIBIO KOTOPOii COS
2n+1

2n+1 I BbIpazKaeTCd 9€pe3 KOCMHYChbI KPaTHbIX yI‘JIOB,1 njiun,

T B BUJE, yJIOOHOM )i MHTEIPUPOBAHUS:
2n+1) -2 2n+1)-2n... 2
%COS(QTZ—?))QH—..A-( ntl)-2n...(n+ )cosx.

n!
Hy, a pa3 sToT Buj y100eH Jijisi ”HTErPUPOBAHUsI, TO U MIPOUHTEIPUPYEM 00€ IacTH

KaK I'OBOpMJIN B T€ BpeMeHa, 3alluIlleM COS

221 cos?" g = cos(2nH)z+(2n+H) cos(2n—1)x

? 1o mpomexkyTky [0, 5]:

in(2 1 2 1
22 [ cos? M pdx = sin2n + 1) il + sin(2n — 1)z + ...,
2n+1 2n -1

w/2

1 2 1
22”/0082”+1xdx:(—)”< o —i—)

2n +1 2n —1
0

Ho Jro0oii 11epBOKYpPCHUK 3HAET, UTO Kyja IPOINE 3TOT UHTErPAJ BBIUUCISETCH C MOMOIIBIO (DOPMYJIBI
MTOHV2KEHUS, JIJIS TIOJTyYeHUsT KOTOPOU HYKHO BCETO JIMITH IIPOUHTETPUPOBATDH 110 YaCTAM:

w/2 w/2 /2 w/2
™
Iopi1 = / cos®™ M pdx = / cos®™ z cos x dx = cos®™ zsin +2n / cos™ L zsin®zdx =
0
0 0 0
w/2
=0+2n / cos?" 1 z(1— cos? x)dr =2n-Ion—1 —2n - Iopiq,
0

! Yprarens, nHTEpeCyOmMUACS BOIPOCOM “Ile MBI €€ BO3bMeM’ M HE YIOBJICTBOPEHHBIA OTBETOM “B CIPABOYHUKE”, MOXKET

IIPOCTO BOCIOJIB30BaThCs (HOPMYJIoii Ditstepa cos p = %(ew + 7)) u Bo3BECTH TPaABYIO YACTb B cTeneHb 2n + 1 1o dbopmyse
OuHOMA.

2 Korza Mbl y4nM OpaBAJIa yMHOXKEHHs, Mbl 3aoMuHaeM GopMy/Ily “MUHYC Ha MUHYC GyzeT mmoc”. B sroit dopmyte MbL
[lepEMHOKAeM 3HAKU. SHAUNT, €CJIM HaM HY>KHO IIEDEMHOXKHUTD 1 MUHYCOB, KarKeTcsl BIIOJIHe yMecTHOH 3anuchk (—)". [Tosromy
MBI OCTaBJIsIEM CTAPOMOJHOe obo3HadeHne (—)™, Kak y aBTopa, BMeCTO coBpeMeHHoro (—1)".
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2n
OTKYa HaXOIWUM, UTO [y 1 = 5 T -Iop 1. YaureiBas uro [ = 1, npuMensist 5Ty GOPMYJIY N pa3 MOAPSII,
HaXO/IAM, 4YTO n+

w/2

o - (2n—2)...2
2n+1 _

/COS T = e T —1)...3"
0

IIpupaBuuBast 3Tu mBa Criocoba MojCYeTa UHTErPaia, Mbl [TOJyYIaeM TOXKIECTBO

on 2n-(2n—2)...2 _ () 1 _2n+1+ +(271—1—1)-271...(714—2)
2n+1)(2n—-1)...3 2n+1 2n—1 n! ’

Eciu B3sTh p = 2n 4+ 1 — mpocroe 9ucsIo, To JIOMHOXKAs Ha P, MbI Cpa3y MojrydacM TpebyeMoe CpaBHeHHe
on 2n-(2n—2)...2

(2n—1)(2n—3)...3 = (—)" (mod p?).

Pemenue 2 (|CSTTVZ|). Beesem neckosbko obozHadenuii. Ilycrs

1 1 1
A:;;, B= > 5 ©= > -

1<i<j<et 1<i<p—1
p 1 17 HEYETHO

Ouesnno, A% = Z +2B = 2B (mod p) no 3ayaue 4.3b). Utax, A% = 2B (mod p). danee,

=1
wra= Y 2 222 Z%—o (mod p?).
i=1

1<i<p— 1
i HEYIEeTHO

_ 1 2
Taxum obpasom, C'= —5A (mod p?).
Teneps 1peobpazyeM 110 MOJLY/IIO P> IIPaBYIO U JIGBYIO YACTH JIOKA3LIBAEMOIO CPABHEHHs. JleBas JacTb:

(—1)%0;_; = (1 — I) (1 — g) (1 — %) =1-pA+p’B=1—pA+ %pQA2 (mod p?).
2

it mpeobpazoBaHus TPABOil TaCcTU 3aMETHM, UTO

-1 _ 24 (p—1) (p+1)---(2p-2) (p+1)---(2p—-2)

1.2...17_51 1%1...(1,_1) 1-3-5---(p—2) -

p P P _ L 5 o 1 L 9.9 3
— (2 1)(— 1)(— 1):1 C+2p2C2=1——pA+ —p2A dp?).
(1—1— 3—|— p—1+ +p —|—2p 5P —|—8p (mod p°)

Orcroa nosyyaem
1 1 1
gp—1 = (1 — —pA + p2A2) =1—-pA+ Zp2A2 +2- §P2A2 =1—-pA+ 5102142 (mod p?).

Takum obpazom, JieBasi YacTh SKBUBAJIEHTHA IIPABOii.

4.11. Mub1 B3sim yrBepkenue B [10].

S S )
kzlmp+k_2k:1 mp+k mp+p—£k/
2m+1 = 2m+1 = )
= Z = 25 (mod p*).
Pt (mp+k)(mp+p—k) —

4.12. Mb1 B3sin yrBepxkenue B [8]. Tak kak 2pg—1 = (2g—1)p+p—1, y uncna 2pq— 1 nocyeausis nudpa
P-UIHOI 3armmcu — 3T0 p — 1, a ocTajbHbIE UMPBI 00pa3yIOT 3anuch ducia 2g — 1. AHAJIOTMYHO B 3aIUCH
qncsta pgq — 1 mocnemusas nudpa — p — 1, a ocranbable udpbl 00pas3yloT sammch yncaa ¢ — 1. Ilo Teoepeme
Jhoxa Cy - 1= ng_ 1105: 02q 1 (mod p). C ;prroﬁ CTODOHBI, OYEBHJIHO, YTO TAK KaK ng;_ll =1
(mod pq), To C2pq 1 =1 (mod p). Takum o6paszom, C

— ' =1 (mod p). Ananoruano C¥ oy ' =1 (mod g).
B obpaTHyI0 CTOPOHY YTBEDZKIEHHE OUEBHIHO.
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5  Cymmol burHomMuasvbHbr Koapduyuermos

5.1. a) D10 cpasdy cieyer u3 pesysabrara 3ajgaqan 1.3. Ecam Ag — 3TO TPEYTOJbHUK U3 TPEX MEPBBIX CTPOK
3-apudmerndeckoro Tpeyroiabuuka [lackasist, To, KaKk HETPYJAHO BUJIETH CyMMa IMEHTPAJIbHBIX K03dduiu-
€HTOB B HeM JeiuTcd Ha 3. IIpm mpomsBosbHOM a mM3ydaeMmas CyMMa COJMEPXKUT IJEMEHTHI HECKOJIBKUX
NEHTPATLHBIX TPEyTOIbHEKOB, KpaTHbix AJ. TTosToMy cymMma Toxe jeiuTes Ha 3.

I[pyroe pemeHHe (|CSTTVZ]) nomyuntes:, ecim Mbl Bocnosb3yeMes Toxaecrsom Chy = Z CZ Torna

39— =
Z ch = Z Z CZ [Mockompky 12 = 22 = 1, 02 = 0 10 MOYIIIO 3, HOCJIEIHAA CyMMa, PABHA, O MOJY-
k=0 i=0

.HIO 3 KOJIMIECTBY HEHYJIEBBIX JIEMEHTOB B IEPBBIX 3% cTpoKax TpeyrojibHuKa llackajss. 9To KOJIUIECTBO
[OJICYUTAHO B 3ajade 2.1a), oHO jmesuTest Ha 3.

39—-1

b) Ipusomum pemenue [[I]. Hyxuast nam cymma siBiisiercst KoabGUIMEHTOM Ipu & MHOT'OYJIEHA

@t 1 22+ ax+1
xT

- :C2 . xga_

(@ +1)?°  (z+1)* T o e
1(1+ + .+ ) =2 7! =

2?3 4 Cgga - a®¥ N 4 CFga - a® 2 4 41—
_ - (z—1).

Yrobbl HAWTH HYXKHBIH KO3(M@UIMEHT, JTOCTATOYHO IOAE/JUTh YUCAUTEIbL Ha 3HAMEHATEeIb ‘B CTOJIOHK’,
U II0OTOM JIOMHOXKHUTB pe3ysbraT Ha (z — 1). Takum o6pasom, He Hy»KHO jazke JJOBOJUTD JIeJIEHUE JI0 KOHIIA,
JIOCTATOYHO JIOBECTH €r0 JI0 HAXOMKJCHNs KO(PDHUIMEnTa Ipn > —2, KpOMe TOr0, HAIIOMHIM, PE3Y/ILTaT
HAC WHTepecyeT JIUMb 110 Moy o 3% Ormerum, uro npu b /3 Bce GuHOMEUAJIBHBIE KOIPDUITHEHTHI CSBG
nesisites Ha 3% o reopeme Kymmepa. CrpynmnupyeM ciiaraeMblie ¢ 3TuMu KodbdUImeHTaMu u OyieM JIeJInTh
ux cymmy Ha 2° — 1 ormenbro. QueBnHO, BCe KO3(DDUIMEHTH YaCTHOIO OyIyT TOXKE JIeJUThCA Ha 3%,

[IO3TOMY BCE 3TH CJIaraeMble MOXKHO OTOpOCUTh. OcTaeTcst BhIpaskeHue

223+ C3a0 2?4 C8 g0 2?0 1 =28
x3—1

(z—1).

3J1ech BCe MOKA3aTeN B YUCIUTEE JIeIATC Ha 3, TIOC/Ie JeJleHns Ha x° — 1 Bce IIoKa3aTe I 4acTHOIO TOMKe
OyIyT JeIuThCA Ha 3, a KOT/a MBI JIOMHOXKHM YaCTHOE Ha & — 1, y Hac He HMOSIBUTCA HHU OIHOIO ITOKA3aTeJIsI
Buga 3k + 2. Takum obpazoMm, nckombiii koaddunuent mo moxaysio 3¢ pasen 0.

5.2. Bazada 6bura omybsmkosana B Monthly [25]. Tak kax

2 1
Cpitly = 4G5, =2+ Z2CF, —4C3, = =2y,

_ n+1 n o
to Cp, = C30» — C3 (mod 3). IlosTomy cymMMa 110 MOJYJTIO 3 sIBJISIETCS TeJIeCKOIIIeCKOil,

Y Cr=(Cofly = C3) + (C5, = O3ty +...) = Cofly +1 (mod 3).

Takum 0b6paszom, o Teopeme Kymmepa HaM ocTaeTcst BBISICHUTD, B KAKOM CJlydae caoxkeHue dnciaa (n + 1)
¢ caMuM cODO#l B TPOUYHOM CHCTeMe CUMCJIEHUsI IPUBOJMT K ITOSIBJIEHUIO XOTsI ObI OJIHOTO Tepenoca. Ode-
BHJIHO, 3TO MOXKET OBITh B TOM U TOJIBKO TOM CJIydae, KOrja B 3alUcu N + 1 ecTb XOTs ObI OJIHA JIBOUKA.

5.3. 9o zayaga A5 Putnam Mathematical Competition, 1998. ITockosibKy C" = # (mod p), mo-
JIy9aeM, 9TO
k k _ k [k/2] k p—1 p—1
1 )t 1 1 1 1. 1
_ = = - —92 — = — —_ = - = 0 d
255 S oy sy =Y S =25 =0 (modp)
n=1 n=1 n=1 n=1
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B cymme, pacriosiokKeHHON HEIoCpeICTBEHHO CJIeBa OT PABEHCTBA, MOMEYEHHOIO 3Be3JI0YKOH, Ha CaMOM
Jlejie cyMMupoBaHue Bejiercst or n = k + 1 (B aroM HerpyaHO ybenuThes: npu p = 6r + 1 umeem k = 4r u
p— [%] =4r + 1=k + 1, anajoruuno npu p = 6r + 5).

5.4. 910 yrBepxenue u3 [11]. PemeHI/Ie [CSTTVZ] Wnpyknus o n. Basa rpusnanbia. JJokazkeM mepexos
orn=n—-(p—1) xn. ITycrs ¢ = 5. Tak xax

a:( 1) 1)—
nf_p 1 Z IC # s

MbI MO2KEM 3alliCaTb U3ydacMylo CyMMY B BUJIE

q p—1 p—1 q
crtyp e L o3y =8NS onT ( 120“51’1”) (11)
n
=1 1=0 =0 =1
Io yreepenmio sajaun 1.1a) G} = (=1)" (mod p), uycre C}_; = ap + (=1)". Tlo yreepxiennio
q ; . .
sajaun 1.6 pu ¢ = 0, 1, ..., p—2 BBIIOJIHEHO CpDABHEHHE » CZ,(p_l)_Z =C,, = (—=1)" (mod p); nycrs
q . . =1
> Cz,(pil)ﬂ =bp+ (—1)". Torua
=1
q
‘ 1)
Ciy > CnP T = (ap+ (—1)7) (bp + (1 “(ap + bp) =
=1
=1+ (-1 ( 1+Zcp1 ) ( 1+Zcp1 )—1 (mod p?).
HamomunmM, aTo 310 npeobpas3oBanme BepHo npu 0 < ¢ < p— 2. MbI MOkeM 1pPOJI0JIKUTL paBeHcTBo (11),

BbIJICJINB OTJEJIbHOE CJlaracMoe IJId 1=p—1:

= ! : p=2 q ) q—1
Z (C;l Z Crf/(pl)z> = Z <(_1)Z < Ii;fl + Z C;;:/(pl)l) . 1) i Z Czll(pil) _
= o =0

1=0 =1

q q—1
S S (o Ser) -o-nsas Sow.
r=1

z:O r=1

3ech mepBast cymMMa paBHa —1, Tak Kak 3HAKOIEPeMeHHAasl CyMMa Cg_l - C;_l + Cg_l + ... pasna 0. Ilo
TOit 7Ke npuuuHe Bropas (jBoiinas) cymMa BMecte co ciaraembim CY, pasna 0. ITocenss ke cymma 1o
IpeIoIoKe o nHykiun pasia 1+ p(n’+1). Uroro Bee Boipazkenne pasao —14+0—p+1+1+p(n'+1) =
1+pn’. D10 KaK pas To, uTo Tpebyercs, mockoIbKy 1+p(n+1) =1+p(n'+p—1+1) = 1+pn’ (mod p?).
5.5. 9ro pesynsrar Pireka, 1913 1., mpr y3naium o Hem u3 [18|. Pemenne [CSTTVZ|.

IIpu p = 2 cymma He 3HAKOIEpeMEeHHas U Pe3yJbraT oueBuieH. lasmee cuuraem, uro p #Hederno. Mu-
JAyKius 1o q. Basza cienyer u3 yreepxKenus 3agaun 2.5a). Jokaxkem nepexon or n’ = n — (p—1) k n.
Huxe BbIpazkenne ) . 0003Ha4aeT CyMMHPOBAHHE [0 & B €CTECTBEHHBIX I'DAHUIAX (T.€. B TPAHMIAX JJIs
KOTOPBIX OIpeJieIeHbl OMHOMUAJIbHBIE KOIMDMUIMEHTH! [0/l 3HAKOM CYMMUPOBAHHUS ).

p—1 p—1
£ DO = YO = DI Y GG = 3 G R e
m:m=j (mod p) z x =0 1=0
)xcz‘;v—i—j—i

nemures Ha pd~1, o yrBepaienuio 3amauu 1.1 a) Ctl =

ITo npexnnosnoxkenuto uupyKmn » (—1 b
xr

(=1)! (mod p), ciegoBaTebHO,

p-1 p!
Z » Z xp+] - Z(_l)z Z(_l)zcﬁlﬂrjfi (mod pq) .
i=0 =0 ‘

BHEMATeILHO [OCMOTPEB Ha HOCJIE/HIO JIBOHHYIO CyMMYy, MOKHO 3aMETHTb, 4TO 9T0 oHa pasHa CU, —
1 2 3 —

C.,+C.,—Co +...=0.

5.6. D10 pesynsrar Backapana (1965 r.), Mbl B3siim ero B [18], pemenne |[CSTTVZ).
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Ob603Ha9UM

F(n,j) = CI — Ci+=D) 4 Cd+26-1) _ c+3-1 4

Nuanykius o n. Baza n = p+ 1 TpuBnajibHa, OTMETHUM JIUIIIh, 9TO C 41 =1 (mod p)upni=0,1,p,p+1,
a B OCTAJIBHBIX CJIyYasiX 3TOT OMHOMUAJIbHBIN KO3 MUIMEHT jiesinTcst Ha p. JJoKarxKeM WHJIYKIIMOHHBIH I1e-
pexog or n’ =n — (p+ 1) k n. Braronaps cienannoMy 3aMevanuio,

p+1
Jj+(p—1)k Jj+(p—1)k—i _ j+p—1k—i _
Cn 4 p+1 Z C P+1 = Z Cn’ -
i€{0,1,p,p+1}
= Cij‘(P—l)/f + CZL/—l‘F(P—l)k + Cil—l‘f'(l’—l)(k—l) + CZL/—Q‘F(P—U(/?—U (mod p).
[Mockonbry f(n,j) = Zk(—l)kCﬂ#k(p -0 3HAKOYEPETYIONAsACT CyMMa, TPU CyMMUPOBAHUN TO k TIOJI-

YEePKHYTBIE BbIPAzKEeHHsI COKPATSTCS B TUIIOBOM CJIAraeMOM (& HECOKDATHBIINECS BbIPAYKEHUs] B KPalHUX
cyiaraeMbIX paBHbI () [0 IPUYMHE HEKOPPEKTHOCTH OMHOMHAJIBLHOrO KoddduimenTa). Takium 06paszom, Mbl
[IOJTyIaeM COOTHOIIIEHUS

fn,g)=f('j) — f(n',j—2) mpmj>1, fn,1) = f(n/,1) + f(n',p—2).
Temepb 9acTh “TOJIBKO TOTA” JTIOKA3BIBAEMOT'O YTBEPKICHUS CPa3y CJEAyeT U3 WHIYKIIMOHHOTO IIPEIII0I0-
JKeHHs, a 9acTh “rorya”’ B obmem-To Toxke: ecu f(n,j) =0 (mod p) mpu j=1,3, ..., p—2, 10
fp=2)=fn'p—-4)=...=fn, ) =-f(n',p-2),

orkyza f(n',j) =0 (mod p) npu Beex myxubix j u Torma n’ : (p+ 1), aTormaun : (p+ 1).
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[Iprnoxkenns K Teopun KoJiell, HeMHOTO UCTOPUN

A. 4. Benos, M. . Xapuronos

2 aprycra 2012 .

PaccmoTpuM MHOXKECTBO, € 3JIeMEHTaM#W KOTOPOTO MOYKHO ITPOBOJNTH ONEPaIun CJI0-
JKeHusd, TpuIeM

1. jgist F0OBIX 371eMeHTOB a, b, ¢, a+b=0b+a, (a +b) +c=a+ (b+ ¢);

2. ecTb cuenuasbHblil 3meMenT 0 Takoii, uTo a + 0 = a 114 Bcex a;

3. JUIs KayKJIOr0 JIEMEHTA & CYIIECTBYeT MPOTUBONOJIOKHBIA (—a) Takoii, uro (—a) +
a=a+(—a)=0.

IIpumepsi: pa3andabie OCTATKA MPHU JeJeHUH Ha 1) MOBOPOTHI IJIOCKOCTH Ha pas3-
JIMIHBIE YTJIBI OTHOCUTETbHO (DPUKCUPOBAHHONW TOYKU U T.]I.

MoxkHO Takzke J100aBUTH €lle OJIHY eCTEeCTBEHHYIO OIlepallfio, YMHOXKEHHEe, TaKKe
VAOBJIETBOPAIONLYIO ACCOUUAMUBHOCTNU:

4. a(bc) = (ab)c nns Beex a, b, c.
Ec/in npu BCeX 9THX CBOHCTBAX yMHOXKEHUE U CJIOZKEHHE YJIOBJIETBOPSIOT YCJIOBUIO

ducmpubymusHocmu:

5. a(b+c) = ab+ac, (b+ ¢)a = ba + ca nyist Beex a, b, ¢, TO MHOZKECTBO € YKA3aHHBIMU
OTIepAIUAMH HA3BIBACTCSA KOJTBIIOM.

HpI/IMepr: OIIATb 2K€ OCTaTKH (BbI‘-IeTbl oo MO,ILyJIIO); MHOI'o4JieHbl OT OJHOI'O HJIN
HECKOJIbKHX 3JIEMEHTOB.

Bamaua 0.1 Ilpusedume npumepvl Korey ¢ OCAUMEAAMU HYAA, MO ECMb KOAEY, 20€ CNb
anemenmo, a, b maxue, wmo ab = 0;

Omnpenenenne 0.1 Epununeil kobna mim HefATPaIbHBIM 3J1€MEHTOM HA3BIBACTCS JJI6-
ment E takoii, uto EA = AE = A nnsa Bcex A € R. Obparusrit snement A~ onperers-
ercst paperctBom AA™! = .

Samaua 0.2 Jlokaorcume, 4mo 6 xoavue ¢ eQunuyet aKCuoma KOMMYMamueHoCmu CAo-
JACEHUA BBIMEKAEM U3 IPY2UT GKCUOM.

Bamaua 0.3 Ilocmpotime KoAbUO U3 4 INEMEHMOB, KANHCOBIT HEHYAEBOT INEMERIT, KOMO-
po20 0bpamum.

Bamaua 0.4 [locmpotime HEKOMMYMAMUBHOE KOABYO, MO eCMb MAKOE, 4MO CYUECTNEY-
tom a, b maxue, wmo ab # ba;



Bamauga 0.5 Ilycmo R xoavuo, 2de a106a4 CYMMa HECKOALKUL OUHUY, HE PABHA HIYAH0.
nycmo aaemenmol €, f, g maxosw, wmo ee = e, ff = f, 99 = g ue+f+g = 0. Hoxaxncume,
wymoe=f=g=0.

Omnpenenenne 0.2 Muorouren f = f(xy,...,x,) Ha3pIBA€TCS TOXKIECTBOM KoJbHa A,
eCJIH OH TOXKIEeCTBEHHO obpamaercs B Houb Ha A. Toxmecrso [ ciaemyer m3 Habopa TOXK-
gectB {g;}, ecm Bezme, e BBIIOJHSETCS HAOOD {g;}, Takxke Boimosnsiercs f. Huoria
mumyT TOXKAecTBO B Buge [ = 0.

Bagauga 0.6 Cyuwecmeyiom au HempusuabHile KOALYG, YO0BACMBEOPAIOULUE MONCOCCTNEAM
22 =0; 2y = yx?

Omnpenenenne 0.3 Eciin Kaxkablii HEHYJIEBOH 3JIeMEHT 0OPATHM, TO KOJIBIIO HA3BIBACTCS
tesioMm. Kosbro kKommyTaTuBao, ecan ab = ba mis Bcex a,b € R. KomMyraruBHOE TEJI0
ecTh T0JIe.

IIpumepsr.

[Toste BeECTBEHHBIX YUCEIL, 110J1€ KOMIJIEKCHBIX YUCEJI, KOJIBIO MHOIOYJIEHOB, KOJIBIIO
Z, OCTATKOB 10 MOjyJii0 n. Eciu n npocroe, 10 Z, — 1oJe.

Hekommyrarnsroe kosbio marpui; ecan A = (a;;) u B = (b;;), 0 A+ B = A =
(aij + bi), AB = (3_; ai;bjx). Temo KBaTepHHOHOB eCTb MHOZKECTBO BbIDasKeHHIl BHIA
ai + bj + ck + d, tae a,b, c,d ecTb BelecTBEHHBIE YHCIA U TP 3TOM 1] = —jt = k, ki =
k=g k= —kj=d,i®=2=k>= 1.

Samaua 0.7 Ilposepvme, wmo npusedentvie viuse 00sekmvL JeTCMEUMeNvHo ABAAIOMCA
KOALUAMU.

Omnpenenenne 0.4 CBoboaHAas acconmuaTHBHAS aJredpa HIH KOJIbIO HEKOMMY TATHBHBIX
MHOIOYJIEHOB HaJl KOJIbIIOM R: 3T0 HAbOphl BhIpakeHHit BHIa ZZ a;v;, a; € R, v; — cioBa.
Ecmmv =), a,v;, =) bv, rou+v=> (a+b)v, v = Z” a;bjv;v;. CBobogHAS
accoruaTuBHasI aarebpa mepectaér ObITh CBOOOJHOLH, eC/IH B HEH BBIIIOTHSIIOTCS HEKOTOPBIE
toxkgecTBa. IloHsaTne ToXKaecTBa aareOphl IPHBEICHO HIKE.

Bameuanue 0.1 /lasee nod anzebpoti 6ydem nodpasymesams acCoOUUAGMUBHYIO ar2ebDl.

Ounpenenenune 0.5 Muorournen f = f(xq,...,%,) HA3BIBAETCSI TOXKIECTBOM aareOpsl A,
ecJii OH TOXKJIeCTBEHHO obpaiaercs B Houb Ha A. Toxkaecrso f ciaenyer u3 nHabopa rox-
aects {g;}, ecam Besme, rae BoIIOMHSETCT HAOOD {g;}, Takxke Bomoansiercs f. Mnoraa
manryT ToxkgectBo B Buge f = 0.

ITpumepsi. ToxkgecTBo kKommymamushocmu |[a,b] = ab — ba BBHITIONHAETCA HA BCEX
KOMMYTAaTUBHbIX KOJIbIlaX. B 110J1€ BbIYE€TOB I10 IIPOCTOMY P BBIIIOJIHAETCA TO2K/1€CTBO xP—x
(masast Teopema Depma). (a + b)? = a® + ab + ba + b?, nosromy u3 ToxecTsa r2 = ()
caeayer ToxaecTBo ab + ba = 0.

Banaua 0.8 1. Jokasicume, wmo 6 anrzebpe Mampuy, 6mopozo nopadka 6bnoAHAECMCA
mootcdecmeo [[z,y]%, 2] = 0 (Toxaectso Xosna,).

2. Joxasrcume, wmo 6 aszebpe Mampuy, 6mopozo nopaoka GulNOAHACTNCA MOHCIECTEO
g —
> e, (1)) Tay = 0 (cTammapTHOE TOKIECTBO cmenenu 4).

2



BaMe‘-IaHI/Ie. B aﬂre6pe MaTpUIL 1-T0 TOPsAJKa BBITTOJIHAECTCA CTaHIaPTHOE TOXKIECTBO
crereru 2n (Teopema Amuirypa-JleBunkoro). MI3BecTHO, 9TO BCe TOXK/IECTBA aJreGpbl MaT-
PHUII BTOPOTO MOPSAKA BBHITEKAIOT M3 CTAHIAPTHOTO TOXKJIECTBa CTemeHH 4 W TOXKIECTBA
Xoumna (910 10BOJBHO Tpy/AHAst TeopeMa, jokazannas FO. II. PasmbicioBeiv B 1973 ro-
ay). OnHako 6a3uc TOXKIECTB HEM3BECTEH JayKe JJisi MATPHUIL TPEThero Mopsijika BILIOTH
JI0 HACTOSIIIIETO BPEeMeHH.

Omnpenenenne 0.6 Ajrebpa A HazpIBaeTCs HUIb-aredpoii, ecin ectb pyHKIIsI N © A —
N rakas, aro aas mo6oro x € A Bermosasiercs pasenctso r™) = 0. Ecam ke B Heif
BoIIOJTHSAETCST TOXRAecTBO " = 0, To A HaspiBaercs HuIb-aarebpoit mugekca n. A —
HIJIBIIOTEHTHA UHIEKCA K, eCJIM B Heil BBIITOJHSIETCS TOXKIECTBO X1 -+ - X = 0, A — HUIb-
HOTEHTHA, €CJIH OHA HUJIBIOTEHTHA HHIEKCa K 1mpu HeKOTOopoMm k. T — 3jieMeHT ajredpbl

A — naspiBaercst ajaropanaHpIM HHIEKCA k, ecyiu Jist HEKOTOPBIX 9JIEMEHTOB (1, Gg, . . . , A
k

u3 aareOper A Bermosasiercst pasenctso y | T'a; = 0. Asrebpa A anreGpawuna wngekca k,
i=1

ecJId KayKIIblii ee 3/IeMeHT ajarebpandeH HHaeKca k HaJ OCHOBHBIM ITOJIEM, H ajrebpanvHa,

ec/i KazKJIblii ee 2JileMeHT ajredpandeH HeKOTOPOIro HHJEKCa (3aBUCSIIEr0 OT 9JIEMEHTA,).

3amaua 0.9 1. Jlokaostcume, umo 6 anszebpe, anrzebpauswnoti undexca k, 6binosHACMCA
HEMPUBUANDLHOE MOHCIECTNEO.

2. Jlokaotcume, wmo anzebpa mampui, n-20 nopadka anszebpauina uHoekca n.

3. Jokasrcume pasencmeo (noaspusayuio)

J i<k

H(=D)"TY DAl = we) - T
7

O’GSn

Zx? _Z(l’l+"‘+fj+"‘+$n)n+2(l’1+"'+fj+"‘+@c+“‘+xn)n+"‘
i=1

(Ecau nepemernvie T; KOMMYMUPYIOM, MO 6 PE3YALMAME NOAYYUMCA NTy « - - Tp.)
4. okaosicume, wmo mootcdecmeo x" eaevwem mootcdecmeo ZUESn To(1) " To(n)-

5. Hdokastcume, wmo Kastcdoe mostcdecmeo umeem nosuaunetnoe (m.e. aunetinoe no
Kaotcdotll ceoeli nepemennotl) caedcmeue mot sce cmenenu.

Bagaua 0.10 Ilycmov 6 anzebpe A svinoansemcs nosusunetnoe mosxcdecmso cmenenu
n. Jlokastcume, wmo ca060, ABAAOWEECA N-PA3OUBAEMBIM, MOHCHO NPEACTNABUMD 6 8UJe
AUHETHOT KOMOUNAUUY AEKCUKO2PAPUUECKU MEHDUIUL CAOB.

A. T. Kypom B 1941 rogy mocTaBuI CJIeyIONRil BOIPOC.

ITpo6aema A.I.Kypormia. Bepto au, 4mo ana2ebpauveckas KoHewHO-NoPOHCIeHHAA
anzebpa, 6 Komopoti 8LINOAHAECNCA HEKOTNOPOE MOHCIECTNEO CeENneHy N, KOHeUHOMEPHA?

[TepronagasbHoe perrerne npobembl Kyporira, moiydeHHOe H3BECTHBIMI MaTeMaTH-
kamu JleBunkum n KammanckuMm IecsaThbio rogaMu CIycTst, ObLIO JAJIeKO He 3J1eMEHTAPHBIM,
noka A.I.IupIimoB He pa3zpaboTa IPUHIUIHAILHO HHON, YMCTO KOMOMHATOPHBII METO/T,
HO3BOJIUBIINI pemuTh u npobiaemy Kypoima, 1 BOmpochl HUJIBIOTEHTHOCTH.

+



Bagnaua 0.11 Bocnoavsosaswuco meopemot [upwosa o evicome, pewume npobremy
Kypowa. Jlokascume maxoice, wmo l-noposcdennvie Hunv-aa2e0pv. uHlekca N HuAbIO-
menmuol undexca k(n,l).

Hama pasbreiimas neab — nojayvenne oneHok na dbyuxumio k(n,l).

OrneHkn BBICOTHI B KOMOMHATOPUKE CJIOB MPUBOAAT K TaKUM K€ OIEHKAM B TEOPUU
kostern. [lepBonaganpuast omenka A. V. [llupmoBabbiia oYeHb 3aBBIIEHHO, OJHAKO €ro
paboThl comepzKaT ryboKme maen, maTepecHble 10 cux mop. A.T.Komoros B 1982 romy
Moy <9I ABoiiHyio sxcmonenty (1), rae [ — ameao 06pas3ylomux, n — CTelleHb TOKIeCTBA.
A. 4. Besios B 1990 rofy morydm1 3KCIOHEHIUAILHYTO OLEHKY opsiKa n3[3"
yayuamagiack A.Kueitrom B 2000.

B 1991 roay E. . 3eapmanoB moctaBu cjeayoninii BOIpocC.

, 9Ta OIEHKA

“INyems Fy ., — c60b0droe 2-nopostcdénnoe accoyuamuenoe Koavyo ¢ mostcdecmeom
™ = 0. Bepno au, 4mo kaacC HUABROMERMHOCMU KoAbYa I pacmém skcnonenyuans-
Ho no m?”

Bamaua 0.12 /lokaostcume, 4mo 3aKA0UMEALHAA 360040 UUKAQ “DKCNOHEHUUANLHAA OUCH-
ka” npoexma “Ilepuoduurocmsv u nopadournocms” daem NOAOHCUMEALHBLT 0MEEM HA 60-
npoc 3eAvMaH08aE.

B 2010 roxy A. ¢1. Besio u M. 1. XapuToHOB MOy YnIN CYOIKCIOHEHITHAIBHY O OICH-
KY.

B 3T0it cBA3M BO3HUKAET CIEAYIONIasd HepelleHHas 3aa9a;
Bamayga 0.13 lloayuumsd NOAUHOMUGADHYIO OUEHKY HG BBLCOMY.

Bouee Toro,

3amaua 0.14 Cywecmeyem Au 6ePIHAL OUEHKA HA BBLCOMY, NOAUHOMUAALHAA OMHOCU-
MEALHO CMENEHU U NUHETHAA OMHOCUMENDHO YUCAG 0YKE 6 aspasume?

U, makoHell, BO3HUKAET

3amaua 0.15 [oayuumds Kax MoHcHO OOAEE MOYHYN HUHCHIOW OUEHKY HA 6bLCOMY.



[lepro AMIHOCTE U MOPAJOIHOCTD

A. A. Bemos, M. . XapuToHos
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1. IIpegucaoBue

Pacemorpum npousBoabHOe ca0BO. Ecau HaMm odenb moBe3éT, TO OHO OyaeT “mnepuopmde-
CKuUM’, TO eCTh MAJEHBKUM CJIOBOM, MOBTOPEHHBIM MHOT'O Pa3 MOAPSIL. DTO MATEHBKOE
CJOBO HasbIBaeTcsa mepuoaoM. IlocTaBuMm Temepb B HAIIEM CJIOBE 3HAKU YMHOXKEHUA MeXK-
Iy KaXJIBIMU COCeIHUME OyKBamu (OIepanus yMHOKeHUs OYKB — HEKOMMYTATUBHA, TO
ecThb ab # ba). Temeps 0 HaIlleM MEPUOAUIECKOM CJIOBE MOKHO TOBOPUTH KAK O CTENEHN
nepuoa.

OHAKO TPOM3BOJIBHBIE CIOBA PEIKO OBIBAIOT mepumoamdeckumu. HamuOro warme cio-
BO ABJIAETCS MPOU3BEJEHUEM HECKOJbKUX TePUOAUIecKunX CI0B. HazoBéM Takoe CJI0BO
KyCOUHO-TIepuoaundeckuM. Kpome Toro, o60e CI0BO MOXKHO MPEICTABUTH KAaK IIPOU3-
BeeHUE TMEePUOUTCCKUX MOACTOB U “MPOKJIATOK’ MEXKIY HUMI.

PacemoTpum MHOXKECTBO €10B Haa aadasurom A = {aq,. .., as}. Tlopagok Ha MHOXKE-
cTBe OYKB (] < Q9 < -+ < Qg MHIYOIUPYET JEKCUKOTPAPUIECKUN MTOPITOK HA MHOKECTBE
ciaoB. [lycte U < V', ecam nepsas Oyksa cioBa U Menble epBon OYKBBL V', IpU UX COBIIA-
MEeHUU CMOTPHUM Ha BTOpbIe OYKBHI 1 T.1. Eciam e om1HO U3 €JI0B eCTh HadaJdbHasA dacThb
apyroro, To cioBa U u V' cauraiorcsa necpasnumvimu. [I[puvepHO TaK paclooxKeHbl CI0Ba
B caoBape (TOABKO (Gojaee KOPOTKME CJIOBA U3 HECPABHUMBIX CUYATAIOTCA MIAANIIMME). B
ca0BaxX HAOJIIOAAIOTCA Oecnopadku — KOrja crapimasd OyKBa UaeT mepen MJaajiren. boiBa-
10T, OMHAKO, Oecriopaaky pasHou cuabl. HazoBem k-6ecnopsadkom nabop u3 k Hemepekphl-
BAIOIIUXCA MOACJAOB, UAYIIAX B MOpAIKe YOBIBAHUA, a CJIOBO, UMeoiee k-6eCropsanoK, —
k-pazbusaempim. CioBo HasbiBaeTca k-nopadounvim, ecau oHo k-pasbusaemo, Ho He (k+1)-
paszbuBaemo. Hampumep, croBo aacbchb — 3-mopAag0vHO, TaK KaK B HEM €CThb 3 MOICI0BA,
uaymme B Mopsaake yObIBaHWS, a UMEHHO - ¢, be, bb.

Oka3pIBaeTCSA, 9TO CTEIEeHb PA30UBAEMOCTH CJIOBA U KOJIMIECTBO MEPUOTUIECKUX 10T
CJIOB TE€CHO CBA3aHBI. [JaHHBIN MPOEKT TMOCBSAMIEH CBA3M MEXIY YIOPATOYEHHOCTHIO U KY-
COYHOU pa3zbUBAaEMOCTBIO B CIOBAX.

Teopema IIlupimoBa 0 BbICOTE YTBEPXKIAET, UITO CYHIECTBYET HEKOTOpas (PYHK-
uusi H(k,s) Takas, 4ro Bce He k-pasbuBaemble ¢JI0Ba MOXHO pa3buthb Ha H(k, S) KycKoB,
KaXK /B 13 KOTOPHIX €CTh MOACJIOBO TIEPUOIUIECKON TOCJIeTOBATEILHOCTH C JIJIUHOU ITe-
puoja MeHbIIe k.

[naBHOU 3ajaden MpPOeKTa SBAAETCA MOMydeHue Hamaydmen ouenku Ha H(k,s).Ilpu
HOJIYYEeHUN TaKOU OIEHKHM MBI OyJeM HCIOJb30BaTh Teopemy /[miyopca, koTopas cdop-
MYJPOBAHA B IIaBe 3.

[Tpu mokazareabcTBe Teopembl llupmoBa BaxkHa JeMMa, chOpPMYyIUPOBAHHAS KAK 3a-
raga 2.10.



[Tenbi0 MpOEKTA ABIACTCSA TOLYI€HNEe KOHCTPYKTUBHEIX OoleHOK Ha (yukmuio H(k, S).
[pyrou HaIel UeAbI0 SABAACTCA MEPEeIUCICHUE NoAusuHeldnbir cJIoB (T.e. Kaxaaa OyKBa
BXOJUT B TaKOE CJIOBO TOJBKO OJUMH pa3), He uMmeomux k-Gecnopsaakos. KoandecTso 1mo-
JUIAHEUHBIX He 3-pa30buBaeMbIX CJIOB ecTh dncio Kararana.

Mur uzygaem Takxke KOIMIeCTBO KyCKOB (DMKCUPOBAHHOTO mepuoaa. [Ipu a3Tom Bo3HU-
KaloT KOMOMHATOPHBIE BOMPOCKH! Teopuu rpacdhoB Tuna Teopun Pamces.

KroyeBeiMu 3a1a1aMu 10 TpOMEXKYTOIHOTO (puHUIIA ABAA0TCA 3aga4un 2.10, 3.7, 4.11,
4.12.

OTxeabHO OT MPOEKTAa MBI HPUBOAMM Takxke cepuio “IIpumioxkeHus K Teopuu KOJell,
HEMHOT'0 MCTOpUU’ , TOCBAMIEHHYIO TMPUWIOKEHuAM K Teopun Komern. Cama pra cepus He-
3aBUCUMa OT OCTAJbHOTO MaTepuaaa, HO OHA MaeT MOTHBUPOBKY, MOKa3biBasd, KaK W3
TE€OPEMBI O BBICOTE BHITEKAET PEIIeHUe PAaa A0IT0 CTOABIIAX MPOOJeM TEOPUU KOJIEII.

2. IInmkn “KoMm6uHaTopuka”

3agadga 2.1. Kapacow moxcem nucams moabko me cA08a, KOMOPbLE He cO0ePHCam 1no0-
ca06 u3 J6Ys padiuunblr 6yre. Ckoabko ca06 daunbl n moxcem nanucamsv Kapacon, ecau
8 caosape | byke?

3ama4a 2.2. B caosape naemenu Bunnu—Ilyros 20 cao8. B ¢dpasar ur A3vika 603M0xHc-
Wbl ar00ble couemanus amur ca08. Cywecmsyrom 064 MARUMECKUT 3AKAUHAHUS, “FeMmasn
cmoum wa seaurom kpoxoduae” u “Kaxcoviii seuep kpokodua aaomaem coanye”, Komo-
pPble 8bI3LIBAIOT YPA2AH, U NOITOMY BCAYL MONCHO NPOUSHOCUTNL MOALKO Makue @pasvl,
6 KOMOPHIT IMU NOCACI06AMEALHOCTIU CA06 He scmpeuaromes’. Croavko ece2o @Ppas3 u3
decamu ca08 MONCHO NPOUBHOCUNL BCAYL?

3ama4a 2.3. B aagasume cmewapuros | 6yks. Moocem au 6 ur caosape codeprcamocs
cA080 daunbl I, Yy KOMopo2o poeHo

a)l+1

b) L -1

c) 2l

PABAUNHBIE NODCA08B.

3anma4a 2.4. B aagdasume undetiyves N o6yxe. U3 nur undetiyvt cocmasasiom caosa. Ms-
8E€CMHO, YUMo A1000€ CA0B0, NOBMOPEHHOE DBANHCIbL, 0ZHAUAEN MO HCE CAMOE, YMO U CAMO
CA0B0, 4 3AMEHA NOJCAOBA HA €20 KBAOPAM HE MEHAEM CMbICAG 6Ce20 caosa. Hanpumep,
COPOPOA 03Hauaem mo ke, 4mo u ropon. Jokaxcume, wmo 6 A3vike undetiyes KoHeu-
HOE YUCAO MOHAMUL, eCAU.

a) N =2;

b*) N = 3.

c**) Aas npouzsoavnozo N

3agada 2.5. Ha306Em 3aPETOM CA060, KOMOPOE Myl 3ANPEULAEM UCTLOADIOEAMD 6 K-
yecmee nodcaosa. Coomeemcmeenno ca060, ne codepicau,ee 3anpemos, Ha3vi6aeM pPas-
pewénnvin. Kaxoe MURUMAAbHOE YUCAO 3ANPEMO6 HYHCHO 3a0aMb, YMOobGbL cpedu cmoby-
keennviz ca06 posno dea — (ab)® u (ba)®® — Gbiau paspewenvi?

! Maxe ecau cioBa B APYruX CJIOBAPHEIX (POPMAX.



3anuch u! o3HAYAET CAOBO U, HATIUCAHHOE t Pa3 MOJPAL.

3aga4a 2.6. [Iycmb k,t — nexomopvie namypasvubie wucaa. JoKaxcume, wmo ecau 6
canose V. daunvt k -t ne 6oavwe k paszauunbix nodcaos daunvt k, mo das mexomopoezo
ca06a v ca060 V ekaouaem 6 ceba nodcaoso suda vt

3aga4a 2.7. Ycemanosume Ouexyuio mencoy caedyiouums 06YMa MHOHMCECTNE AMU:

® nocaedosameabrnocmu Hamypasvnuir yuces 1 < a1 < as < ... < Ay, 2de a; < 1

® nepecmanosky wuces 1,2,... .0, y Komopuix dauna Kaxcdot yovieawet nocaedo-
B8AMEALHOCTU HE DoAbULE 2.

3agaga 2.8. Cmo awdoedos npuerasu na nup. Obedarwwut awdoed npozaambisaem
yeaukom cebe nodobnozo. Iloobedaswuti 11000€0, KOHEUHO, MONCEM U CAM COCAYHCUMDb
o6edom dasn dpyeozo ceoezo cobpama. Tax u cocmasasromes nuwesvie yenouku. [au-
HOU YENOUKYU HA30BEM KOAUUECTEO 41000008, 6a0xcennbiz dpy2 8 dpyea. Bonpoc: xaxot
MAKCUMAALHOT OAUNDL YENOUKA MOUHO NPUCYMCMBYEM, ECAU U3BECMHO, YMO KAKUE Obl
decamp 11000006 Mbl He 83A4U, cPedu HUT HatTdYmcsa 0684 IKIEMNAAPA, 00UH U3 KOMOPLLL
nokoumca 6 sxceaydxe dpyeoz0?

Sagaqu Tuna 2.8 Ber moxere mauTu B ukie “Teopema /luryopca’”.

Onpenenenune 2.1. C1oBo u Ha30BeM HENUKJIUICCKUM, €CIH U HEIb3A IMPEICTABUTH B
Buge v*, rae k > 1.

3aga4da 2.9. [Tycmb u U U — PA3AUUHbIE HEYUKAUUECKUE CAOBA OAUHDL M U T COOMEEM-
emeenno. Caoso W codepacum nodeaosa u' = u™"™ uv' = v™". Jokaxrcume, umo dauna
oowet wacmu y u' u v ne boavwe m+n — 2.

3agaua 2.10. Ha 6ecrxoneunoti aenme 6 kaxcdoti auetixe nanucanvt yudpsvr om 1 do 9.
Aoxaxcume, wmo moeda aubo u3 Heé modcHo sbipezamyv 10 menepecexaouurcs mvica-
YEBHAUKDIT UUCes 6 NopAdKe Yobi8aHUA, AUOO KAKOE-MO YUCAO Oaunbl meHbure 10 nosmo-
pumcs 50 paz nodpso.

3. Hukna “Teopema /[mryopca”

3agaga 3.1. U3 4006bix AU NAMU PABAUYHDIT YUCEA, BBINUCAHHBIL 6 PAOD, MONCHO 6bl-
bpams mpu, cmoswue 6 IMoM PAdY 8 nopadre Yobl8aAHUA UAU 8 NOPAJKE 803PACTMAHUAY

3agada 3.2. U3 1100bir au 0e8AMU PABAUNHDIT YUCEA, BLINUCAHHLIT 6 PAJ, MONCHO 6bil-
bpams uemuipe, CMOAUWUE 8 IMOM PAJY 6 nopadke YObI8aAHUA UAU 8 NOPAJKE 603PACTNA-
HUA?

3agaua 3.3. Joxaxcume, 4mo u3 A10061x 0eCAMU PA3AUUHBLE YUCEA, BLINUCAHHBLT 8 PAOJ,
MONHCHO B8bIOPAML YEMbIPe, CMOAWUE 6 IMOM PAdY 6 Nopadre YObIBAHUA UAY 8 NOPAJKE
803PaACMAHUA.

3agaua 3.4. Aoxaxcume, umo cpedu awoviz mn + 1 pasauunvic wucea natidymes aubo
m+ 1 6 nopadke ybvisanus, aubo n+ 1 6 nopadke 603pacmanus.



Yacruano ynopsagodenaoe MuoxkecTBo (1YM) M — 570 MHOXKECTBO, A5 TIOOBIX IBYX
DJIEMEHTOB &, b KOTOPOro M3BECTHO, HAXOAATCSA OHA B HEKOTOPOM OTHOIICHUN < WJIU HET.
[Tpu >TOM TOMXKHBI OBLITH BHITIOJHEHBI CJAEIYIONINEe AKCHOMBI:

Xecma<bub=<c 10a~<c

X ecau a < b, TO a HE paBHO b.

3agaua 3.5. BoamodcHo au, umo nepasencmsa a < b u b < a 8binoanenvt 00H08pEMEH-
Ho?

3agaua 3.6. Joxaxcume, umo caosa obpasyrom Y M npu omuowenuu, noporcoénnom
AEKCUK0ZPAPUUECKUM NOPAIKOM.

Onpeaenenue 3.1. MuoxecTBo, JI00BIE ABa 2JI€MEHTA KOTOPOI'O CPABHUMBI, HA3BIBAIOT
AUKETHO YNOPAJOUEHHIM HIH, KOPOTKO, YENDHIO.

3agadga 3.7. ITycmb m,n — Hekomopbie Hamypasbubie wucaa. B wacmuumno ynopadouen-
HOM MHOKHcecmEe u3 mn—+1 saemenmos ecmpb Aub0 yensb u3 udYyWUT 6 nopadke 603pacma-
nus m—+ 1 saemenmos, aubo n+ 1 nonapro KECPa8HUMBIE IAEMERMOE (MakK HA3bIEAEMAS
anmuyeny ).

3ama4a 3.8. O6oznauum uepes d naubosvbuLee KOAUUECTNBO IAEMEHMOE UENU JAHHO020
KOHEUH020 UaACmUUHo ynopsdouennoz2o muwoxcecmea M. Toeda M moxcrno pazbums na d
armuyene.

Bouaee Toro, Bepen caenyomun (pakT, KOTOPLIN OKAXKET HAM CePbE3HYIO IMOMOIIL B
TAJLHEHUIIIEM:

Teopema Amiryopca. O6o3naduMm depes n HAMOOJAbIIEEe KOJIMIECTBO DJIEMEHTOB aH-
TUTENN TaHHOTO KOHEYHOr'0 YaCTUIHO yrnopsanodenHoro muoxkectsa M. Toraa M moxHO
pas3sbuThL Ha N Iemen.



4. IInkn “OKcrnoHeHIIMAJIbLHAA OIleHKa”

[IycTs mam anpasur cocrout us OyKB ag, ds, . .. ,ds. Bygem caurarh, 9T0

a; < ay < -+ < as. Takum obpaszom, Mbl ynopsagoduiu OykBel aapaBura. PaccmoTpum
Teneph ABa CAOBA U ¥ ¥. ECaM OIHO N3 HUX ABIACTCA HAYAJIOM APYTOrO, TO HA30BEM CI0BA
U MU HECPasHUMbLMY (IO OTHONIEHWIO APYT K ADPYTrY). B IpOTUBHOM ciaydae HAUTYTCSA
cioBa w,u', v Takme, 9ro u = wu', v = wv’, npuIéM mepBele OYKBHI y CI0B u' U v’
— pasanunbie (w MOXeT ObITh mycThiM, u' u v — Her). Ecau mepsas Gyksa ' Goabime
nepBor OyKBBI ', TO CYMTAEM CJIOBO U GOJBIIE CAOBA U, B OOPATHOM CAydae CIMTAEM U
MerbIe v. Takum 06pa3oM, MBI 9aCTUIHO YHOPALOYUUIN CAOBA. [IpUBEIEHHBIN MOPALOK
HA3BIBACTCA dekcukozpaduueckum (MBI yiKe 0OCYKIAIN ero B mpeaucaosun). He crout
TakxXke 3a0bIBATh, YTO HEKOTOPLIE CJAOBA TAaK M OCTAINCH HECPABHUMBIMA.

3agaga 4.1. Ilycmv aadasum cocmoum u3 mpéxr 6yks: a, b u c. Beedém na Huz no-
pador a < b < c. Cocmasvme u3 npuBedénnozo nuxice Cnuckae ca06 Haubosee JAUHHYIO
8o3pacmanwyo nocaedosamensvrocmy. Karxue napvl ca08 A6AA0OMCA HECPABHUMBIMU Y

cb, abe, bac, abb, b, ccc, abe

[l manbHenten paboThl HaM TOTPEOYEeTCsS BBECTH HECKOIBKO BCIIOMOTATEIbHBIX OTIPe-
NeJEeHNN.

Onpegenenune 4.1. CroBo W — n-pazbuBaemMo, ecim HAMIYTCA CAOBA Uy, U, - - - o Uy Ta-
Kue, 970 W = v - uq + - - Uy, IPA DTOM Uy > ... > Uy,.

Onpenenenune 4.2. C1oBo Ha3bIBa€TCA k-TIOPATOTIHBIM, €CIH OHO k-pa3OHmBaeMo, HO HE
(k + 1)-pasbuBaemo.

3agaua 4.2. Hatidume wucao
a) 1-nopadounwiz
b) 2-nopadounvix
CA06 OAUHDL S, BCe OYKBbL KOMOPLLT PA3AUUHDL
¢) 1-nopadounviz ca06 daunbl S, 6YKk6bL KOMOPHIT HEOOAZAMEALHO PABAUUHDL.

3agadga 4.3. a) [lycmb n — nexkomopoe HaAMYPaIbHOE UUCAO, U — HEYUKAUUECKOE CAOB0
daunol ne menvwe n. Jokaxcume, 4mo ca060 u?" AGAAEMCA N-Pa36u6aeMblLM.

b) Mycmv u — nexomopoe ca060 daunvt (n — 1). Jokaxcume, umo cao6o u*™ — wne
n-pazbusaemoe.

Ounpepenenne 4.3. a) Ca0BO v — XBOCT CJIOBA U, €CIH HALJETCA CJIOBO W TaKOE, ITO
U= wv.

6) Ecam B ciioBe v cOAepKATCA TOLCI0BO BUJA ut, To 6ygem roBopuTh, ITO B C.IOBE U
COMEPAKUTCA MEPUO] TAKINIHOCTH T.

3agaua 4.4. [lycmv x, d — nexomopvie HamypaabHbie wucaa. Joxaxrcume, 4mo 6 ca06e
W dauner x aubo nepevie [x/d] r60cmos nonapno cpasrumvl, aubo 6 caose W naiidemes
nepuod daunvt d.

3Iech U JaJjee: ecau B (pOPMYyIUPOBKE 3aa41 BCTPEIAIOTCA YUCIa N U d, TO CIUTAEM,
qro n < d.



Onpegaenenne 4.4. Cioo W — (n, d)-cokpaTumoe, ecam 0HO 1160 N-pa3éuBaeMO, 1100
gargerca u — mogcroBo croa W,

3agaua 4.5. Joxaxcume, umo ecau 8 caose W natidymes n 00unakosbir nenepecexar-
wuzces nodcaos daunbt 1, mo W — (n,n)-coxpamumoe.

Onpenenenune 4.5. CioBo W 6ygem Ha3eIBATH N-pa3ousaemvbim 6 T60CMOBOM CMBICAE,

€C/IM HAHTYTCA XBOCTBI U, . .. , U, TAKHE, ITO U] > Uy > ... >= U, H LIA JI060r0 i =
1,2,... ,n— 1 mHava1o u; cieBa oT HaTaJIA Uiy .

3ama4a 4.6. /oxaxcume, umo ecau cao8o W asasemcsa
a) n3d-pazbusaembim 6 L60CMOBOM CMbICAE,
b) 3n?d-pazbusaemvim 6 TEOCMOBOM CMbICAE,
c¢) And-pazbusaemvim 6 TOCMOBOM CMbICAE,
mo ono — aubo n-pazbusaemo, aubo W codepaicum nodcaoso 6 cmenenu d.

3agaga 4.7. [as xaxncdot napvr wamypasvrniz wucea (n,d) (kpome napwi (1,1)) npuse-
dume npumep caosa W daunwt (nd — 1) maxoeo, umo W — ne (n + 1,d)-coxpamumo u
He coOepAHcum nocaiedosamespbHoCmy 603Pacmauus £60cmos daunbt (n + 1).

3ama4a 4.8. Ilonpobyiime yayuwwums oyenky 6 3adaue 4.6.

Pukcupyem andasurt u3 s 6yks, caoso W nmunst (W) Hag sTum andaBuToM u HATY-
paabuble yncaa n < d. [lamee 6ygem cauTaTh, 9T0 W He COIepXKUT MOACJIOBA B CTENEHN d
u c1oBo W He 4nd-pazéuBaeMo B XBOCTOBOM CMEICIe. Paccmorpum ero nepssie [r(W)/d]
XBOCTOB (ganee GymeM 0603HAYATH HTO MHOXKECTBO XBOCTOB 3a (). Torga mo Teopeme
Muryopca ux MOXKHO packpacuThb B (4nd — 1) uBeToB Tak, 9T00BI XBOCTHI OJHOIO IBE-
Ta UK B MOPAIKe Bo3pacTaHus. /|11 pelneHus caeqyrommx 3a1ad ciefyeT M0Ib30BaAThCA
IPEeIBIIYIINME 3a1a9aMy U3 [HKIA.

3agaga 4.9. Jowxaxcume, wmo cpedu awbviz 4nd?> reocmos uz Q watidymes dea 00Ho-
YBEMMBLL TEOCMA, Y KOMOPLIL OMAUUANOMCA HAUAALHBLE N00CA06a Daunbl 4nd.

3agaua 4.10. B Oeckoneunom napaamenme y kaxcdoz0 we boqee 8 epazos. [orxazamy,
YMO €20 MOHCHO Pa30umv Ha 2 nasambl Mmak, ¥mo y kaxcdozo 6ydem wne boaee 00H020
8paza 6 ce0el nasame.

Temepb nmepecTanem (pUKCUPOBATH IUCIA S, N, d U caioBo W. Bymem cuurarh, 910 5,1, d
— HEKOTOpBIe HAaTypaJdbHbIE YHCIA Takue, 9To n < d, a caoBo W — HeKoTopoe CI0BO
Hal aadaBUTOM U3 S OYKB.

3apgada 4.11 (Jlemma IMupimosa). Joxaxcume, umo cywecmeyem Gynkyus om Ha-
mypaavnvir apeymenmos f(s,n,d) maxas, wmo das awobozo caoea W nad aadasumom
daunvt s, ne asamoweeoca (n,d)-coxpamumvin, (W) < f(s,n,d).

3agaua 4.12. Aoxaxcume,umo f(s,n,d) < s(4nd)d+2,



5. YaydIleHue 3KCIOHCHIIMAJIbHOU OICHKN

[l HEKOTOPBIX HATYPAJIbHBIX YHUCENI S, N, d TaKuX, 9T0 d > N, NPEANOI0KNAM, 9TO CIOBO
W nan andasurom mamHB S — He (n,d)-cokpaTumoe (TO ecTh GO N-pasdbuBaeMoe,
au60 maigerca u — mogcaoso caosa W). IlycTs ) — MHOXKeCTBO XBOCTOB cioBa W,
KOTOpbIe HAUXHAIOTCA ¢ ero nepseix [r(1V) /d] 6yks. HamoMHEM 9TO XBOCTHI pACKPAIIEHBI
B 4nd — 1 uBeroB (»TU MOHATUA OBLIA BBEIEHBI B LUK/IC “ODKCIOHEHIMAJIbHASA OLEHKA” ).
Beexém o6o3nadenne p, 4 = 4nd. Bygem massBaTe PE-nauarom HeKOTOPOro C10Ba CIOBO,
COCTOSAIIEeEe W3 €ro MePBHIX k OYKB.

2
3amaga 5.1. Ilycmbv 6 muoxcecmase () waui0cy Ppa T Pna + 1 z6ocmos odnozo yeema
¢ nonapHo pasauunbimu 2k-navasamu, 2de k — nexomopoe mamypaabroe uucao. fora-
scume, umo cpedu IMuUL L80CmMo6 Hatdymca 084, ¢ Pa3AUYHBIMY k-HAUAAALMU.

3agaga 5.2. [Jowasxcume, wmo cpedu aoboix (d + 1)pt , zeocmos us Q natdymes dea
00HOUBEMHBIT TEOCMNG € PASHBIMY Dy 4/ 2-HAUAAAMU.

3agaua 5.3. Joxaxcume, umo cpedu aobvix (d + 1)p! , zeocmos uz Q natidymes dea
00HOYBEMHBIT TEOCTNA € PABHLIMU Py, ¢/ 4-Hauasamu.

Bygem caurarh, 9TO pp g = 2' 118 HEKOTOPOrO HATYPAIBLHOIO UUCIA .

3agaga 5.4. Joxaxcume, umo cpedu awoovir (d + 1)p}fd3t r80CMOB U3 mMHoxcecmaa €2

Hatidymea 08a 00HOYBEMHBLT TEOCTNG C PA3AUYHBIMY 1-Hauasamu.
3agaga 5.5. Joxaxcume, umo ecau dauna caosa W 6oavwe, uem (d+ I)Qpit;’ts, mo 0Ho

aubo n-pazbusaemoe, aubo aubo natidemes u® — nodcaoeo caosa W.

[Tonb3ysace mouaTuaMu Jauctka “Ilpuaoxkenus K KoabllaM, HEMHOT'O UCTOPUU~ W 341~
Jenr 5.5, MOXKHO MOJYYUTH OTPHUIATETLHBIN 0TBeT Ha Bompoc K. U. 3easmanosa, mocra-
BreHHBIM B 1991 roxy:

“Iycmv Fy,, — c60000n0€ 2-noporcdénmoe accoyuamuenoe Koabyo ¢ morco0ecmeom
2™ = 0. Bepno au, 4mo Kiacc HUAbNOMEHMHOCTIU KOAbYA ) 1 pacmem sKecnonenyuaib-
no mo m?”

Bymem caurars, uTo n = 29 1ad HEKOTOPOTO HATYPAIBLHOIO YHUCIA (.

3agadga 5.6. I[Iycme [' — (Oeckoneunoe) muoocecmso, cocmosuee u3 cao6 daunbl < n
Ha0 aAPasuUMoM OAUHDL S U UL 8CEB03MONCHIT cmenenet. loavaysace 3adauamu 4.3a, 5.5,
dokaxcume, umo ecau ca080 W — ne n-pazbusaemoe, mo €20 MOHCHO NPEICMaABUMb 8
sude npouzeedenus menee, wem n'%%s caos uz mmoncecmea Gamma.



[leprouIHOCTD U MOPSIIOYHOCTD *

A. 4. Benos, M. 1. Xapuronos, C. I'. I'puropses, A. B. Ileryxos
11 aBrycra 2012 1.

PaccMorpuM MHOXKECTBO, ¢ 3jieMeHTaMH KOTOPOTO MOXKHO IPOBOJUTDL ONEPAIu CJIO-
JKeHusd, TpudeM

1. jgist F0OBIX 371eMeHTOB a, b, ¢, a+b=0b+a, (a +b) +c=a+ (b+ ¢);

2. ecTb crenuaJsbHbiil 3jiemMenT (0 Takoit, uto a + 0 = a j1d Bcex a;

3. JUTS KayKJIOTO 9JIEMEHTa a CYIECTBYeT MPOTUBOMOIOKHBIN (—a) Takoii, uro (—a) +
a=a+(—a)=0.
MoKHO TakzKe J00ABUTH €lle OJHY €CTECTBEHHYIO ONEPAIMIO, YMHOKEHUE, TAKKe
V/IOBJIETBOPSIIOILYIO YCJIOBUIO GCCOUUAMUBHOCTIAL

4. a(bc) = (ab)c nns Beex a, b, c.
Ecin npu Bcex 9THX CBOHCTBAX YMHOMKEHHE U CIOKEHHE YIOBIETBOPSIOT YCIOBUIO

ducmpubymusHocmu:

5. a(b+c¢) = ab+ac, (b+ ¢)a = ba + ca nyist Beex a, b, ¢, TO MHOZKECTBO € YKA3aHHBIMU
OTIepAIUAMH HA3BIBACTCSA KOJTBIIOM.

Bagaua 0.1. IIpusedume npumepnvl Korey, ¢ deAUMessmu YA, MO eCb KoAey, 20 eCmb
anemenmo, a, b maxue, wmo ab = 0;

Pewenue. Pacemorpum muOKecTBO map (a,b) messix ancesn. C mosmeMenTHO# oneparieii
CJIOJKeHUS M TO3JIeMEHTHOl omeparmeiil ymaoxkenus. OueBuHO, 5T0 KOIbo. Exnnnna B
sroM KoJiblle coorBercrByet mape (1, 1), a wons — (0,0). Torma (1,0) - (0,1) = (0,0), T.e.
(1,0) u (0,1) — nesmrenu nysms. [

Omnpenenenne 0.1. Exununeii Kobrna min HeRTPaJIbHBIM 3J€MEHTOM HA3BIBACTCH JJI6-
menr F rtakoii, yro EA = AE = A s Bcex A € R. O6parubiit sasnement A~' onpeses-
ercst pasercrom AA™! = E.

Bagaua 0.2. Jlokascume, umo 6 Koavue ¢ edunuyet aKCuoma KOMMYMAMUEHOCTU CAO-
HCEHUA BLIMEKAEM U3 OPY2UT AKCUOM.

Pewenue. 3amerum, 4To

ab+a+b+1=(a+1)(b+1)=ab+b+a+1.

*Eciu  Bbi  3aMerure OmMOKHM B yCJIOBHAX WM DPENIEHUAX 33Jad, IUIIATE 10  aJIPecy
krab8nog@yandex.ru.



CnenoBarensno, a +b = b+ a. O

Bamaua 0.3. Ilocmpotime KoabUuo U3 4 snemenmos, Karcovili HEHYACB0T INEMEHM KOMO-
P020 0bpamuM.

Ipumep. O603HAUINM 3j1eMeHTHI KoJibIla 3HakamMu 0, 1, a, b. Bo3aMOKHBIE TaOJIHUIHI CJIOKE-
HUS U YMHOYKEHHS KOJIbIIA IPUBEIeHbl HUKe

+

TN | = OO
| THO| ==
= ooy |
ol || T o
T | = O X
(en]l Nen) Nan)l Nen) Ran]
T = O
=T | o)
SN Ronl Rl RS )

0
1
a
b

[IpoBepka acconmaTHBHOCTH U KOMMYTATHBHOCTH TOTO CJOYKEHUS U YMHOYKEHUS BBIIIOJI-
HaeTcda mepebopoM. TakzKe Kak W MPOBEpPKa JUCTPUOYTUBHOCTH. ]

Bamaua 0.4. ITocmpotime HeKoMMYMaMuEHOe KOAbYUO, MO ECMb MAKOE, YN0 CYULELCTNEY-
tom a, b maxue, umo ab # ba.

IIpumep. Konbmo marpur 2x2, BBoguMoe mocye onpeaenennd 0.3, aBasgeTcs MpuMepoM
HEKOMMYTATHUBHOT'O KOJIbIIA. O

Bamaua 0.5. [lycmv R xoavuo, 20e 410004 cymma HECKOAOKUT eOUHUY, HE PABHG HYAO.
IIyemv anemenmor e, f, g maxosw, wmo ee = e, ff = f,g9 = gue+ f+g = 0.
Loxaotcume, wmo e = f = g = 0.

Hoxasamenvcmeo. IlocTponM KoJibIio, y/I0BIETBOPSIONIEE YCIAOBUAM 33141, JJIs KOTOPO-
ro e, f, g # 0 B aBa mara.
[Tepserit mar. [Tomoxum, aTo €, f, g mexkar B KoJbie 2 X 2 MaTpuIl ¢ KodhuIimenTaMmn

B Zo U
10 0 0 10
(o) =(01)7-( V)

Jlerko BugeTnb, uro €2 = e, f2 = f,¢*> = g,e + f + g = 0. K coxayennio, yasoennas
eJIMHUTIA dTOTO KoJiblia paBHa (.

Paccmorpum anredpy, cocrosuryio u3 map (z, M), rue z — nesoe uncio, a M — 2 X 2
Marpuia ¢ KoaddumuenramMu B Zs. ITomoxum

=05 g pr=0(y S pr=o(y )

Jlerko Bujern, uto € = e, f2 = f,¢°> = g,e + f + g = 0. Exqununa sroro koswua (1,

10 N
01 ), CJIO2KeHHast ¢ cOBOii JIT000e YUCIO pa3 JAaéT He HOJIb. O]
Onpexnenenune 0.2. Muorouwren f = f(x1,...,T,) Ha3pIBA€TCS TOXKIECTBOM KOJbIa A,

ecJIH OH TOXK/[eCTBEHHO obpamiaercst B HOJib Ha A. Toxmecrso f cienyer n3 Habopa TOXK-
gectB {g;}, ecam Be3me, e BBIIOJHSETCS HAOOD {g;}, Takxke Boimosnsiercs f. Huoria
nuury T ToxkAecrso B Buje f = 0.

Bagaua 0.6. Cywecmsytom au HeEMPUBUAALHBIE KOALUA, YIOBAEMEBOPAIOULUE MOdHCIe-
emeam 22 = 0; zy = yx ?



IIpumep. Paccmorpum Bhipazkenust Buja (a,b,c), rue a,b € Z, a ¢ — 0CTaTOK NpH JIeJIe-
Hun Ha JiBa (Beruer). OmpeeuM CJI0KeHHe B 9TOM KOJIbIe [IOTOYEYHO, a MPOU3BEIeHHe

dopmyoit
(a1,b1,¢1) - (ag, be, c2) := (0,0, a1 + azb;(mod2)).
JIerko BuIeTh, 4YTO YKa3aHHOE KOJIbIIO Y/IOBJIETBOPSAET COOTHOIIECHUSM
vy =yxr u 2% = 0.

]

Omnpenenenne 0.3. Ecin KaxK/aplii HEHYI€BOI 371eMeHT 0OpATHM, TO KOJIBIIO HA3BIBACTCS
resioMm. Kosbro kxommyratuBao, ecian ab = ba st Becex a,b € R. KomMyraruBaOe T€/10
ecThb 110JIe.

Omnpeaenenne 0.4. CpobonHast accOuaTHBHAS aJarebpa HJIH KOJIBII0 HEKOMMY TATHBHBIX
MHOTOUJICHOB HaT KOJIBIOM R: 5T0 HaGOPHI BRIpaskeHHIi BHIA Y . 4;V;, a; € R, v; — coBa.
Ecmv =), av;, u=> b, tou+v=>(a;+ bj)v, uv = Z” a;bjv;v;. CobosHast
acconuaTuBHasl ajarebpa mepectaér ObITh CBOOOJIHOI, eCJIH B HEil BBIIIOJIHIIOTCS HEKOTOPBIE
TO>KIeCTBa. HOHHTHG TO>KJIEeCTBa Mre6pr NIpUBEIEHO HUXKE.

Ounpenenenune 0.5. Muorowren f = f(xq,...,2,) HA3BIBAETCS TOXKIECCTBOM aJareOpbl
A, ecmm oH TOXKIECTBEeHHO oObOpaiaercs B HOJb Ha A. Toxaecrso [ ciaeinyer u3 mabopa
roxects {g; }, ecin Besjie, rie BoioHsIeTcst HAb0p {g; }, Takke Bermonsiercs: f. Uaora
mumyT ToxK1ectBo B Buge f = 0.

Bamaua 0.7. 1. Jlokaosicume, wmo 6 aszebpe mMampuy, 6Mopo2o nopAoKka 6bnoAHAECMNCA
mootcdecmeo [[z,y]?, z] = 0 (toxaecrso Xosuia).

2. Joxasrcume, wmo 6 aszebpe Mampuy, 6mopozo Nopaoka SulNOAHACTNCA MOHCIECTNEO
g —
Y ves, (=1)7To() Toa) = 0 (cTARTAPTHOE TOXKTECTBO cmenenu 4).

Jlokasamesvemeo. JoKa3aTeqbCTBO MYHKTA a) PACHaIaeTcsl B TPH YTBEPKICHNUS, KarK10e
13 KOTOPBIX JIETKO JIOKa3bIBAeTCsl HEIIOCPEICTBEHHO.

1. Cuen KOMMyTaTOPA JIBYX MATDHI[ DABEH HYJIO (CJIeJ MATPHUIIBI — 9TO CyMMa eé
JANAarOHaJIbHbBIX SﬂeMeHTOB);

A0
A

2. KBagpar MaTpuIlpl IBa Ha JBa CO CJIEJIOM HOJb UMEET BH]

3. Kommyrarop Jjit000ii MaTpuiibl ¢ MaTpuiieil yKazaHHOro Bbilie Bujia pasex 0.

g marpunn A ob6osnaunm eé caen yepes trA. Ilpamas nposepka IOKa3bIBaeT, 4To
2 (trA)2—trA?2
A* = AtrA+ —5—— =0
T BestkOi MaTpuibl A (MBI PEKOMEHIyeM HAYATH ¢ MPOBEPKH 9TOTO YTBEPKICHUS s

MaTpUIl BUIA ). loacrasasst BMmecro A marpuny [Xi, Xo|, umeem

1
0 A
_ (trA)2—trA2 tr(A2)
0= A2 — AtrA 4 WAPtd o uld?)

To ke TOXKIECTBO OYIeT BBIIOJHEHO, €CIH Mbl moacTaBuM BMecTo A Marpunpt [Xs, Xy] u
(X1, Xo] + [ X3, X4]. Orkyna caenyer, uro



(X1, Xa][Xs, Xa] + [Xa, Xa)[X, Xp] =trieelFetllRaslButl (1),

Ha3zoBéM asvmepruposaruem HEKOMMYTATUBHOTO MHOTOUIeHA [ (1, ..., T,) OT N Hepe-
MeHHBIX HEKOMMYTATUBHBIII MHOTOYIEH

ALL(f) (21, -y zn) == D s80(0) (o), s Tom))-

JESn

Torpa 2n-cTangapTHOe TOXKAECTBO 3armminercs Kak Alt(zy....22,) = 0. [Ipumenss onepa-
muio Alt k Bepazkennio (1) nmeem,

Alt(X1X2X3X4) = %tr Alt(X1X2X3X4)

Crangapraoe ToxkaectBo crenenu 4 nepenuceiBaercs, kak Alt (X; X X3X,) = 0. Takum
06pa30M, HaM JIOCTATOYHO JoKa3aTh, uro tr Alt(X; X X3X,) = 0.
[Ipsamas mpoBepKa MOKa3LIBAET, YTO I BCAKUX Marpul, A u B uMeercs TOXKIECTBO

tr(AB) =tr(BA).

OTKyaa Jierko BHJAETh, 9TO

tr(X1X2X3X4) tl"( X1X2X3) tr(X3X4X1X2):tr(X2X3X4X1),
tr(X1X2X4X3) tI'(X X1X2X4):tr(X4X3X1X2):tr(X2X4X3X1),
tr(X1X3X2X4) tI‘(X X1X3X2):tr(X2X4X1X3):tr(X3X2X4X1),
tr(X1X3X4X2) tI‘(X X1X3X4):tl"(X4X2X1X3):tl‘(X3X4X2X1),
tr (X1 Xy X5 X3 )=tr( X3 X1 X3 X)) =tr( X5 X5X1 X4 )=tr( Xy X X5X1),
tr (X1 Xy X3 X ) =tr( X3 X5 X1 X4 )=tr( X3 X2 X1 X4 )—=tr( X, X3 X2X1).
U, crepoBarensuo, aro Alt tr(X; X X3Xy) = 0. O
Omnpenenenne 0.6. Ajirebpa A HasblBaeTCcss HWIb-aJreOpoil, ecan ecrb (GyHKIHSI N
A — N rakas, aro st Jmoboro © € A Bemosasercs pasercrso ™% = 0. Ecim xe
B HEIf BBIIOJHAETCI TOXKJIECTBO " = O, TO0 A Ha3bIBAETCS HI/IJIb—aJIFe6p0ﬁ nHIeKCa 7.
A — HWIbLOTEHTHA MHJeKca k, eciu B HeH BbIIOJHIETCS TOXKAecTBO XT1--- T = 0, A

— HMJIBIIOTE€HTHAa, €CJIW OHa HHUJIBIIOTEHTHa HHJICKCA k pu HEKOTOpPOM k. T — ssemeHT

aJIFe6pr A — Ha3bIBaCTCA aJIF6paI/ITIHbIM HHIEKCAa k’, ecjin Jijisdd HEKOTOPBIX 3/IEMEHTOB
k

ay,as, . ..,a 03 arredpsl A BeIIOIHSETCS paBeHCTBO » |, T'a; = 0. Asrebpa A anreGpandna
i=1

UHJIeKCA Kk, ec/id KaxkJIbli ee dJIeMeHT ajredpaudeH HHJeKca k Haji OCHOBHBIM IIOJIEM, H

asireOpanvHa, ecJd KaXK/Ibli ee 3JIeMeHT ajreOpaimdeH HEKOTOPOro HHEKCa (3aBHCSIIEr0

OT 3JIEMEHTA).

3amaua 0.8. 1. Jlokaostcume, wmo 6 anzebpe, anzebpauunoti undexca k, 6binoiHiemcs
HEMPUBUANLHOE MOHCIECTNEO.

2. Jloxaostcume, wmo anzebpa mampuy, n-20 nopacka arzebpaudna urderca n.

3. Jlokastcume paserncmeo (noaapusayuio)

(Zx?) _Z(Cﬁl+"""fj""“+Q3n)n+2(5€1+"'+1/'\j+"""@c"’"“"xn)n‘i‘"‘
i=1 j

i<k

1)”‘lj£:1€:= j{:'xau>"'xaow

UGSn



(Ecau nepemernvie T; KOMMYMUPYIOM, MO 6 PE3YALIMAME NOAYYUMCA NT1 « - - Tp.)
4. Hoxaostcume, umo mootcdecmeo x™ eaeuwem mootcdecmeo ZUGS” To1) " To(n)-

5. Hokastcume, wmo Kastcdoe mootcdecmeo umeem nosusuHedroe (m.e. AuHetHOe no
Kaotcdoli ceoeli nepemennoti) caedecmeue mot sce cmenenu.

Bamaua 0.9. [lycmo 6 anzebpe A 6vinosnaemca NoAUAUHETHOE TOHCOECTNEO CMENEHU,
n. Jlokastcume, wmo cao60, ABAAOWEECA N-PA3OUBAEMBIM, MOHCHO NPEICTNABUMD 6 8Ule
AUHETHOT KOMOUNAUUY AEKCUK02PAPUIECKU MEHDUWIUL CAOB.

A. T Kypom B 1941 rogy mocTaBmi CJieytOmuii BOIPOC.

ITpo6aema A.I.Kyporia. Bepto Au, 4mo an2ebpauveckas KoHeuHO-nopoHcIeHHan
anz2ebpa, 68 Komopot 8LINOAHAECMCA HEKOMOPOE MONHCIECTNEO CMeneHy N, KOHeYHOMEPHG?

[IepBonavasibnoe perrerue mpobieMbl Kypoiia, moydeHHOe U3BeCTHBIMU MaTeMaTH-
kamu JleBunkum n KammanckuMm JecaTbio rofaMu CIycTs, ObLIO JaJIeKO He 371eMeHTaPHBIM,
noka A.V.Iupmos He pazpabora NIPUHIUIIMAILHO KHO, YMCTO KOMOMHATOPHbBI MeTO/I,
MO3BOJIMBINUI permuTh u mpodsemy Kypora, 1 BOmpockl HUJIBIIOTEHTHOCTH.

Bamaua 0.10. Bocnoavsosaswucy meopemoti [llupuwosa o swvicome, pewume npobaemy
Kypowa. /lokascume maxoice, wmo l-noposicdenmvie Huib-aa2e0pvl UHOEKCA N HUABTIO-
menmuo, undexca k(n,l).

Hamma panbueiinas mejb — mojyuenne onenok Ha gpyuxmuo k(n,l).

OneHKH BBICOTBI B KOMOMHATOPHUKE CJIOB IPHUBOJAT K TaKUM K€ OIlEHKAM B TEOPHH
koserl. Ilepponauanbuas omenka A. V. IllupimoBabblia oveHb 3aBBIIMIEHHONR, OJHAKO €0
paborsl cogepzkar riybokue ujen, marepecusie 10 cux mop. A.T.Komoros B 1982 roxy
nosryun apoitayio sxcronenty (1), e | — wucao 06pasyomux, n — CTeneHb TOWKIeCTBA.
A. 1. Betos B 1990 roy mOIyUnI SKCMOHEHIMAIBHYIO OIEHKY mopsaka nl>", sra omenka
yayamaaack A.Kieitaom B 2000.

B 1991 roay E. 1. 3enbMaHOB MOCTABUI CJIEAYIONIHI BOIPOC.

“Iycmv Fy,, — c60b0dnoe 2-nopostcdénmnoe accoyuamuenoe KoAvyo ¢ moatcdecmeom
™ = 0. Bepno au, 4mo kaacc HUABROMEHMHOCMU KoAvYa Iy pacmém skcnonenyuans-
Ho no m?”

Bamaua 0.11. Jlokastcume, wmo 3aKA0vumMesbHaA 360040 YUUKAG “DKCNOHEHUUANDHAA
ouerra” npoexma “Ilepuoduurocmo u nopadowrnocms” daem nosorcumesvHvil 0meem Ha
80NPOC 3eAbMANOGA.

B 2010 roxy A. ¢1. BesoB u M. 1. XapuToHOB MOy UnIH CYOIKCIIOHEHIINAIBHY O OIIEH-

KY.
B 3700t cBA3W BO3HUKAET CJeayONIasd HepelleHHasd 3aa9a:

Bamauga 0.12. [loaywumbd nOAUHOMUAADHYIO OUEHKY HG GHLCOMMY.
Bomee Toro,

Bagaua 0.13. Cywecmeyem Au 8epTHAAL OUEHKEA HA BLCOMY, NOAUHOMUGALHAAL OMMHOCU-
MeABHO CMENEHYU U AUHETHAA OTHOCUMEABHO YUCAL bYKS8 6 asdasume?

U, makoHell, BO3HUKAET

3amaua 0.14. loaywumb Kax MOHCHO Ooaee MOUHYIO HUHCHIONW O0UEHKY HA BDLCOMY.



2 Iunka “KombunaTopuka’

B HEKOTOPBIX JT0Ka3aTebCTBAX IMPUCYTCTBYET TEPMHH  k—XBOCT”, KOTOPBIl O3HAYAET TO
JKe camoe, 910 TepMuH “k—nadaso’.

Bamaua 2.1. Kapacon moscem nucams moabko me cA08a, KOMOPbIE He CO0ePHCAm nod-
cA08 U3 06Yx passuunus 6yke. Ckoavko ca06 daunbe 1 moxcem nanucams Kapacon, ecau
6 caosape | 6yke?

Omeem. KapJjicoH MOXKeT nmucarh CJI10Ba, COCTOSIIIE U3 BCEX OJMHAKOBBIX OYKB, & KX POB-

HO [. O

Bapaua 2.2. B caosape naemernu Bunnu-Ilyroe 20 caos. B ¢pasar ux Asvika 603mod1c-
HoL A100be covemanus dmur caos. Cywecmeyrom 0686 Ma2UMECKUT 3aKAUHAGHUSA, “3emas
cmoum wa seaukom kpokoduse” u “Kaotcovld eeuep xpokodun sromaem coanue”, Komo-
pole BLL3BLEAIOM, YPa2aH, U NOIMOMY BCAYL MOACHO NPOUSHOCUMSD MOALKO MaKue Hpasol,
6 KOMOPLIT MU nocaedosamervHocmu cio6 ne ecmpevaromea. Ckoavko ecezo dpas us
decamu €cA08 MONACHO NPOUSHOCUMD BCAYT ?

Omeem. 2010 — 12 -20° + 4. O

Bamaua 2.3. B aagasume cmewapuros | 6yxe. Mooscem au 6 ux crosape codepircamuves
CA080 OAUHDL L, Y KOMOPO20 POBHO

a)l+1
c*) 2l

PaA3AUYHBLT nodc.a0s.

Pewenue. a) dua [ = 1 rakoro csioBa, odeBujno, He cymecrsyer. Jnsg | = 2 rakoe
caoBo cymiecrByer: ab. Hajaee mbr camraem, aro [ > 3. Pacemorpum cioBa, cocrosiiime
13 OJMHAKOBBIX OyKB. B HuUX poBHO [ pa3anvubix moca0B. Ecau B ciioBe OyaeT XoTst ObI 2
pasyimIHble OYKBBI, TO TaM OyJIeT KaK MHHUMYM 2 pa3JUYHBLIX IOJCI0BA JJIMHBI 1 U XOTH
ob1 2 a2 (I > 3). Torma Beero nojcsioB GyieT He MeHbIe, 4eM [+ 2, 9ro yzke Goblie,
JeM HaM HYZKHO.

b) dusi | < 4, Bce oueuno. st [ = 5 npumep: ababa. s 1 = 6: aaaabb. s 7:
aabbabb.

[Tpumepsr 115t Beex | > 8 CTPOSITCS 10 WHAYKIWA: K CJIOBY JJIUHBI [ — 3 MPUTTHACHIBAETCS
B KOHeIl TPU OyKBBI, OTJIMYAIONIAECA OT BCEX ITPEIbIIYIIHX.

¢) Cayuaii [ < 4 (kak 6oJiee TPOCTOli) MBI OCTaBJIsIeM YATATEN0. PaccMoTpum crydaii
[ > 5. it Toro aroosr c¢jioBo W nmesno poBHO 2] pa3judHbIX IMOACIOB, TPeOyeTcss 9T00bI
B HEM OBLJIO XOTsI OBl 2 pasiuanabie OykBbl. [Ipu 3TOM ycaoBuu, s jobdoro 1 < k < |
Pa3IMIHBIX MOJACJIOB JUIMHBI Kk X0Tst OBl iBa (MHAaYe Bce OYKBbHI MOACI0BA OY/IYT OJHHAKO-
BBI). PaccMOTpuM pa3imdHbie MOJCI0BA JJIUHBL 1Ba . EC/Iu UX POBHO JBa, TO CJIOBO HMeET
BT

ababab...ab, wmu ababab...aba, wau abbb...b, nnn aaa...ab.

B s1ux cioBax mMenbline, yem 20 pa3udHbBIX [OJICJIOB U, CJIEJ0BATE/]IbHO, OHH HE YI0BJIE-
TBOPSIIOT yCJIOBUIO 3a/1a4u. [[o aHaIOrndubIiM COOOpPaYKeHNsIM TIOJICJIOB JIJIMHBI 3 XOTsI ObI

! Maxke eciiu cioBa B JPYIUX CJOBApHBIX (GOPMaX.



3. B wmrore, pasmnanbix moaciaos W ono kpaitneii mepe 2 +3 + 3 4+ ... + 2 + 1 (Bcero [
cJaraeMbix). YkasaHHas cyMMa paBHa 20 + 1 u, ciegoBarebHo, He cyiiecTByeT cioBa W
JUIAHBL [ > 5, coaep:Kaliero poBHO 2 MOICIOB. O

3anaua 2.4. B aapasume undetivee N 6yxse. Uz nux undetiuyv, cocmasasom ciosa. U3s-
BECHO, 4MO A1000€ CA060, NOBMOPEHHOE 08aNHCADL, 03HAUAE MO HCE CAMOE, YN0 U CAMO
CAOBO, G 3AMEHA NOOCA0BA HA €20 KBAOPAM HE MEHACM, CMBLCAL 6ce2o caosa. Hanpumep,
TOPOPOL, 03Ha1aem mo stce, ¥mo u Topox,. lokascume, wmo 6 A3vike undetiyes KoneuHoe
YUCAO NOHAMUL, eCAU:

a) N =2;

b) N =3;

¢) npoussorvroe N.

okasamenavcmeo. CHadana BBeJieM oHO obo3HadeHne. HazoseMm c10Bo  Hecokpamumvim,
ecJIM HET CJIOBA KOPOYe € TAKUM YKe CMBICJIOM. J[0Ka3bIBaTh yTBep:K/IeHue 3a/a9u Oy1eM
o uaayknun 1o N — gucay OykB B andapure. Basa s N paBHOIO eJuHUIE OYEBHIHA.
okaxkem nepexosi or N Kk N + 1. ITo npeaiiosioyKeHuio HHY KA HECOKPATUMbBIX CJIOB B
andasute ¢ N OykBamu Koredno. O0o3HaINM 32 d MIPOU3BOJIHHOE TUCIO0, OOJIBITEE JITHHBI
KazKJ0T'0 U3 HECOKPATUMBIX CJIOB 3TOro ajdanuTta. Teneps paccmorpum adasut uz N+ 1
oyxsoL. IlycTh B HEM HaiileTcs HeCOKPATHMOe CT0BO JTHHB X0Td 061 (d+1)(N+1)42, Dro
CJIOBO MOZKHO pa3burh na (N + 1)d+2 6J10KOB JiyHBL d + 1 [JIFOC, BO3MOKHO, €Il 4TO-TO.
Cpeau 9Tux 6JI0KOB HalyTCst 2 OIMHAKOBBIX, T.K. BCEIO BO3MOXKHBIX O/10KOB jituabl (d41)
poero (N + 1)1 wro mennme (N + 1)472. O6o3naunm 1Ba 0 MHAKOBBIX GJI0KA JJTHHBI
(d+ 1) 3a B (ouu ue mnepecekatorcs). Eciau 661 B B 6b110 He Gostee, yeM N pasaudHBIX
OYKB, TO IIO IIPEJIIOJI0KEHIIO HHIYKIIMH 3TO CJIOBO OBLIO ObI cOKpaTuMo. Cjie10BaTe/IbHO,
B 3amucH B y4acTBYIOT Bce OYKBBI HaIlero aadaBHUTA.

[Tokaxkem, 4To ecuu cjoBO B comepkut Bce OykBbl ajidasura, a C' — jr0boe CJI0BO,
to 3uadenne BCB coBnajaer co 3uadeHueM B (ecjau 9T0 Tak, TO CJIOBO TOJYYEHHOE B
npeblayInem maparpadge cokpaTuMo n 3ajaava 2.4 perrena).

[Tokazkem, 4To cymiecTByeT Takoe Y, uro ciaoBa B u BC'Y umeroT oquHAKOBBI CMBICIT
(ecsm 9TO TakK, TO CJIOBA

B < BCY < BCBCY <« BCB

MMEIOT OJIMH U TOT 2Ke CMbICI 1 3aja4a 2.4 pemena). [lycre C' = c¢yco...cx. Tak kak ¢
BXOJIUT B B3,

B = SClM.

Torma B cosnamaer o embicay ¢ Bey M. Tak kak co Bxogut B B, B = Ecy D n cMbICI CJIOB
B{M u BecicoDey M onunakos. 1 tak masee. Takum obpazom, # Y HMEIOT OJMHAKOBBII
CMBICJT JIJIsI HEKOTOPOTO Y.

Buaunt, B andasure gauabl N + 1 He ObIBaeT HECOKPATUMbBIX CJIOB JIJIMHBI OOJIBIIET,
gem (d + 1)(N + 1)42, a, caepoBaTenbHo, YHCI0 CIOB B 3TOM aabaBUTe KOHETHO. O

Bamaua 2.5. Ha306ém 3aIIPETOM CA060, KOMOPOE Mbl 3ANPEWAEM UCTIOABIOGAMD 6 KaAUe-
cmee nodcaosa. Coomeemcmeento cA060, He COOEPHCAUWLEe 3ANPEMOS, HA3LEAEM DA3Pe-
wérnvMm. Kakoe MunumMasvHoe wucao 3anpemos HysdHcro 3adamo, 4mobv, cpedu cmobyk-
sennoir caoe poero dea: (ab)™ u (ba)®® — Gwiau paspewero,?



Pewerue. Paccmorpum Bee coBa mmiabl 100, cocTosime u3 ofnHaKOBLIX OyKB. X poBHO

| m y HEX HeT OOImUX MOACJ0B. 3HAYNT, HAM TpebyeTcsd KaK MUHUMYM | 3ampeTos.
[Tokazkem, uTo [ 3ampeToB xBaTaeT. /leiicTBUTE/ILHO, CJI0Ba 0Oe3 3ampeToB aa, bb, ¢, d

U BCEX OCTaBIIMXCHA OYKB — 3T0 poBHO abab....ab u baba...ba. O]

Banuch u! 03HaYaeT CJI0BO U, HAIIUCAHHOE ¢ pa3 MOIPSI.

Bagaua 2.6. Ilycmov k,t — nexomopwie namypasvhoie wucaa. okasrcume, 4mo eciu 6
caoee Vo daunwr k -t e boavwe k pasauunvir nodcaos daunve k, mo 0as Hexomopozo
cro6a v cao60 Voexaouaem 6 ceba nodcaoso suda v

Zokasamenvcmeo. Jlokaxkem Jiemvy mHayknueil mo k. basa mpu k£ = 1 oueBumana. O6o-
3HaunM depe3 V'~ caoBo V', ¢ BeIOpoOIeHHO#T ocieiHeit OykBoit. Ecun B V'~ HaxonuTcsa He
6osbmie, wem (k — 1) pazaumanoe noacaoso pamunbl (k — 1), To npuMeHsieM MH/y KIMOHHOE
upejnosoxenne (jiuuna V- He menbie, yem (k — 1)t).

[Iycte V'~ comep:kut He MenbIne, deMm k noacaoB aauabl k — 1. Tak kak V'~ comep:kut
He 00JIbIITe, YeM k pasIudHbIX MOJACIOB JJINHBI Kk, TO B MOACIOBe V IJIMHBI Kk TIOCJIETHSIS
Oyksa onpejensercs no (k—1) npeapayeit. Takum 06pazom, cpeu nepBbix k+1 mocion
quuabl (k — 1) ecTh He MeHbIIe JBYX OJNHAKOBBIX. [IyCTh OHU MUMEIOT HOMEpa i, ] u i > j
(orMeTuM, 9TO i-0e HOJCJOBO U j-0Oe IOJCJ0BO JUIMHBI k Takzke coBnajaor). Torga i-as
OykBa coBnajaer ¢ j-oit, (i+1)-as ¢ (j+1)-oii, (i+k)-as ¢ (j+ k)-oii. Tak kax (i —j) < k,
V ecth moacsioBo Vlﬁ(j,l)Vjoj(Fl), rae Vi j—1) — moaciaoso B V, Haunnalomeecs B 1-oif
Oykse, a Konuatomeeca B j — 1, a Vj_,;_1) — nozacnoso V', naunnaromeeca B j-oii Oykse, a
konuaoreecst B (i — 1)-oil. Tak kak i — 1 < ku i — j < k, V comep:Kur He MeHbIIe, yem
L-yI0 crenenb HOACAOBA Vj_y(i—1). SHAYUT, V' COAEPKUT IOJCIOBO BUIA vl ]

Bagaua 2.7. Yemanosume 6uekyuto mMexcoy caedyrowsumu 08YMa MHOHCECNEAMU!
o nocaedosamenvrocmu HamyparvoHur yuces 1 < ay < as < ... < ay, 2de a; < 1

o nepecmanosku wucen 1,2,....n, Yy Komopux dsuna kaxrcdol youearouset nocaedo-
samesvHocmU He boavwe 2.

Jlokasamesvemeo. PaceMoTpuM MHOXKECTBO nepecTanoBok SY wucen 1,2,...,m, y KOTO-
PHIX JJINHA KayKI0i yOBIBAOIIEil TTOCIe0BaTeIbHOCTH He GOble 2 (MBI pPACCMATPHBAEM
IIEPECTAHOBKHU, KAK MOJIMHOKECTBO MHOKECTBA CJI0B). [lig Besakoil mepecranosku o € S,
o6o3HaUnM depe3 b(0) JIMHY MAKCUMATBHON BO3PACTAIONIEH MOMOCIeI0BATEIbHOCTH, KO-
HEll KOTOPOil coBmaaer ¢ KOHIOM o. Jljist Bcakoro m < m u Jiyjisi Kazk/10#l mepecTaHoBKA
o € 5 0603naunM Yepe3 o[m| nepecTanoBKy, IOJyIaeMyIo U3 0 [m] BEIOpAChIBAHUEM BCEX
ances, Goapumx m. Kaxaas nepecranoBka o € S) 331aéT M0C/I€10BATEILHOCTD THCET

by :=b(o[1]), by := b(0[2]), ..., b, := b(o[n]).

Bamernm, uro by = 1,b;11 < b;+ 1,1 < b; < 4. Bagaaum Tenepb mocjie10BaTeIbHOCTD {a; }
HpaBUIOM a; := ¢ + 1 — b;. 3ameTnum, 9To

alzl,lgaigi,aigaj.

Taxum 06pa3oM, KazKI0l nepectanoBke o € SY, B KOTOPOii HET yObIBAIOIIEH NOCIE10-
BaTEJLHOCTH JUIMHBI 3, Mbl COMOCTABUJIM BO3PACTAIONLYIO TOCe 0BaTeIbHOCTh 1 < a1 <
as < ... < Qyp, JJIT KOoTOpoit a; < 1.

JIerko BuIeTh, UTO 3aJJaHHOE COOTBETCTBUE OMeKTUBHO. IlocTpoenune obpaTHoit PhyHK-
[N OCTABJISETCSA YATATENIO B KAUeCTBe YIPAaKHEHUS. O]



Pemrenne sroit 3amaun Takyke Haxoautcsa B npoekte Jlomenko “YUucna Karamzawma un
ecTeCTBeHHbIE 0TOOparKeHusI” Ha OJTHOM M3 IPeIblIYINNX KOH(epeHIuil TYpHIpa TOPO/IOB.

Samaua 2.8. Cmo arodoedos npuexaru na nup. Obedarousuti a1000ed npo2aamuieaem ue-
Aukom cebe nodobrozo. Iloobedasuiuti 21000€0, KOHEUHO, MONACEM U CAM COCAYHCUMD 00€-
dom 0as dpyzozo ceoezo cobpama. Tax u cocmasasomes nuwesve yenowky. Jiunot ye-
NOYKYU HA306EM KOAUYECMBO A1000€008, 8A0dCEHHVT IpYye 6 dpyea. Bonpoc: kakol makcu-
MAALHOT OAUHDL UENOUKE MOYHO NPUCYMCMBYEM, ECAU USBECMHO, YMO KaKkue 0b, decamb
21000006 Mol He 83ANU, CPedu HUT Haldymcs 064 IKIEMNAAPG, 00UH U3 KOMOPHLT NOKO-
umeca 6 oceaydke dpyz020?

Joxazamenvcmeo. PaccMOTpUM Beex 9THX JIIOJ0€/I0B B BUJE rpada: caMu JIIOI0€/Ibl - 3TO
BepIINHBI Tpada, a OPUEHTHPOBAHHBIE pedpa HUIYT OT MOOOETABIIEro JTIOI0eIa KO BCEeM
ero zkeprBaMm. 3aMeTuM, 9T0O 3TOT rpad siBisiercs jiecoMm (T.e. 00beJNHEHHEM J€PEBbER).
[Toasecum rpad 3a Jir010€10B, KOTOPHIX He ¢hesn. [1o oueBuHBIM cOOOparKeHnsIM Ha TTPO-
M3BOJILHOM YPOBHE YHCJIO BEpINWH He 00Jiee IEBSTH, & U3 9TOr0 SICHO, UYTO €CTh IEeNnovYKa
JUIHHBL X0Ts ObI 12. A Temepb MOKaykKeM, 9TO MOZKeT OBITh POBHO 12: /T HAUYAIa IOCAIIM
99 o10€e10B B 9 KoMHAT 110 11 JT10/10€710B B KaxKA0M, U MMyCTh OHU MO00EJAI0T TaKUM 0Opa-
30M: BTOPOIi ¢'beJaeT IIePBOro, IOTOM TPETHIl BTOPOro U Tak jajee. A m0TOM OCTaBIIUACS
JIFOJIOE]T CheCT BCEX BBIZKUBIINHMX B KOMHATax. Y pa. ]

Omnpenenenne 2.1. C10BO © HA30BEM HENMKJIUIECKUM, €CJIH U HEJIb3s MPEJCTABHTH B
e v*, e k > 1.

Bagaua 2.9. Ifycmov u u v — PA3AUNHBIE HEUUKAUYECKUE CAOBG OAUHDL T U T COOMBEEM-
cmeenno. Caoso W codeporcum nodceaosa v/ = u™™ u v’ = 0™™. Jlokasrcume, wmo druna
obweti wacmu y u' u v ne boavwe m +mn — 2.

Pewenue. Ilyctb m > n u mycThb mepecedeHne ABYX MEePpHOANIECKUX MoAcaoB u™" m v™"
uMeer JIAHY XoTs ObI m + m — 1. Obo3nadunm ux mepecedenue 3a S, a ero OyKBbI —
S1y ...y 8 (I — mmuma ). Tlokazkem, 9T0 B 9TOM CIydae CJIOBO U — MEPUOAUTHO ¢ TIEPHOTIOM
d :=HO(m,n).

Hocrarouno nokasarb, uro ecin k =I(mod d) u 1 <kl <m+n—1, 10 s, = 5.

O6o3HaunM Kak 7 ocraTok npu jgenerun k va d. [lycrs r # 0. Torma k —r = an — bm
JII KaKuX-TO ducen a,b € Zx. [loctponm mocsregoBarenprocTn k;, a;, b; mo ciemyrommm
paBUIAM:

1. ]CO = k’,ao = a,bg = b,

ki-f—l = k’l +n,q41 = a; — 1, bi—i—l = bi, ecm a; > 0 n k‘, <m
2. ki+1 :ki—m,aiﬂ :ai,biﬂ :bl—l, eCJIn aZ:0Hb1>O .
1 — BIil WIEeH MOCJIeI0BATEILHOCTH — MOCaeIHuil, ecaun a; = b; =0

N3 onpenenenns: 31oit m0C/1€10BATEIHHOCTH BHJIHO, 9TO

1. ki —r =a;n — bym pus Becex © > 0;

2.d /k; nna Beex i > 0;

3.1 <k <m+n—1 nng scex 7 > 0.

4. Ecin k; — nocaeqnuil 9iieH 1moc/ie0BareIbHOCTH, TO k; = 1.

13 9Tux mpaBuiI cilefyer, 9ro Si,,, = S, U, B YaCTHOCTH, S = §;, ecan k = [(mod d).

[Iycts r = 0. [lokaxkem, 9TO 5 = S, = Sy, L7151 3TOTO MOCTPOMM TIOC/TETOBATETHHOCTH
ki, a;, b;, 3aJaHHBIE CJIEAYOIIUME PABUIAMIE:

1. ko =n,a0=m/d—1,by =n/d — 1,



ki—i—l =k; + n,a;41 = a; — 1, bi—l—l = bi7 ecim a; >0um k; <m
2.8 kivi=ki—m,a;.1 = a;, b =b; — 1, ecima; =0u b; >0 .
1 — BIil WIEeH IOCJIeI0BATEIbHOCTH — MOCaeanuii, ecan a; = b; =0

OtmeTnM, 9TO

1. k;, —n = an — bym nnsa Beex 1 > 0;

2. k; * d nns seex 1 > 0

3.1<k;<m+mn—1 gna sBcex i > 0.

[Iycts k; = n. Torga na; = mb; u, B vacraocru, wim a; = 0, wiu a; > m/d. Tak kak
HocJaeiHee HeBO3MOXKHO, 10 a; = b; = 0. Haobopor, eciu a; = b; = 0, To k; = n. Takum
obpasom, B nocseposareabuoctsax {a;}, {b;},{ki} posuo m/d + n/d — 1 unen. Iokaxem
Tenepk, 9To JMI00BIE ABa, YIeHa nocaeaoBareabuoctn {k; } pazmuannt. /lefictBurenno, ecau
ki = k;, 1o n(a; — aj) = m(b; — b;). B gactoctu a; > m/d. Yro meBozmoxkuo. Takum
06pa3oMm, JroOble JIBa YieHa Mocae0BaTebHoCTH {k; } OnapHO pa3iuvIHbl, TPUHATTEZKAT
MHOXKeCTBY {d, ...,d(m/d 4+ n/d — 1)}, a Bcero 371eMeHTOB B 9TOi MOCTEIOBATETLHOCTH —
m/d+n/d—1. OTkyga caeayer, 9T0 4WIeHbl 3TOI MOC/IeI0BATEILHOCTH UCIEPIBIBAIOT BCE

ancia, gensmuecs Ha d, ot d go d(m/d +n/d — 1), u, Tak KaK Sk, = Sk, ,, Sk = Sn = Sm.

i1

B uacrnocru, orciona caeayer, uyro ecam k,l 2 du k =1 (mod d), to sy = s;. Tak kak
nepecevdeHne AByX MePHOANICCKAX MHOKECTB UMEET JITUHY M +n — 1 1 d-nepuoguaHo, To
KazKJI0€ U3 CJIOB U, U (OHM UMEIOT JUInHY MeHbInyo m~+n—1!) nepuomuano. [Iporusopeune.
CnenoBaresibHO, epecedenue u™" u v™" He MOXKeT UMeTh JJINHY, OoJbInyio m—+n—2. [

Bamaua 2.10. Ha 6eckoneunoti senme 6 kastcdoti avetike nanucanv, yugdpov, om 1 do 9.
Joxaostcume, umo moada Aub0 u3 Heé M0o2HcHO supesams 10 Henepecekaowurcs moulca-
YEIHAYHBLT YUces 6 nopadke YyooeaHus, AUOO KaKoe-mo wucso daurv, mervwe 10 noemo-
pumcea 50 pasz nodpad.

Zlokasamenavcmeo. PaccMOTpUM MOMEHT, ¢ KOTOPOTO Bce BeTpedaeMble 1000-3HaYHBIE YHC-
Jla TIOBTOPAIOTCs HGecKoHeuHoe ducyo pa3. Ecam ux xora 6u1 10, To Halijgem HauboJIbIIee,
3aTeM Jiajiee Hero HaiijeM BTOPOIi o BenunHe u Tak gaqee. A ecan ux menee 10, To Torma
cymiectByeT 2 onuHAKOBBIX 1000-3HAYHBIX €JIOBA, Y KOTOPBIX PACCTOSHUE MEXK/y Hadasla-
mu Meree 10. SHauuT, TaKOe YHCIIO (YACTHYHO) HEPHOAMIHO € TepuojioM He Gosee 10. A,
3HAYMT, MbI HaILM Tpedyemoe 50-TH pa3oBoe MOBTOPEHUE CJIOBA, JAUHBI MeHee 10). O]

3 Iwuka “Teopema Iusiyopca”

Bagaua 3.1. U3 mobux AU namu pasisusholl 4Ucen, SuNUCGHHOLL 6 PAJ, MONCHO BGbi-
bpamb mpu, cmoauLue 8 IMom Pady 6 nopadke Youearus U 6 NOPAJKe 603PACTAHUALY

Joxazamenvcmeo. ZBisiercs 4acTHBIM cydaeM 3aja4qu 3.4. O

Bagaua 3.2. 13 41006 AU 0e6AMU PASNUMHOLT YUCEN, SLINUCGHHBIL 68 PAOD, MONHCHO Gbi-
bpamv wemuipe, CMOAWUE 8 IMOM PAJY 6 NopAdke YOu8AHUA UM 8 NOPAIKE BO3PACTNA-
HUA Y

Pewenue. Her, He u3 mobuix. Hampumep, 3-2-1-6-5-4-9-8-7. O

Bagaua 3.3. Jlokaostcume, wmo u3 A1006LT 0CAMU PA3AUMHBLET YUCEN, BLINUCAHHLET 6 PAOJ,
MOHCHO BHLOPAMY YEMBLPE, CMOAULUE 8 IMOM PAJY 6 nopadke YoueaHus Uil 6 NopAdke
603PACTNAHUA.
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Aokxazamenvcmeo. ZIBasieTcst 9acTHBIM ciydaeM 3a1a9u 3.4. 0

Bamaua 3.4. Jlokaosicume, wmo cpedu mobvix mn + 1 pasiusvnuix wuces watdymes Aubo
m + 1 6 nopadke yoweanua, aubo n+ 1 6 nopadke eo3pacmarus.

Joxazamenvcmeo. Tlonoxum, aro a > b, ecam a > b u a crour nocyue b. A Bce ocrajib-
HbIe Mapbl Ha30BeM HecpaBHUMbIME. U3 3a1aum 3.7 Mbl MokeMm Haiitu b0 m + 1 nenb
OTHOCHTETHHO > (YTO COOTBETCTBYET m + 1 3jeMeHTy B MOpsiIKe BO3pacTaHwusi), JU60
n + 1 momapHO HECPABHUMBIN 3J1eMEHT OTHOCHTEIBLHO >, 9TO COOTBETCTBYET yObIBAIOIIei
[IOCJIeI0BaTeJILHOCTH 13 1 + 1 371eMeHTa. ]

Hacruano ynopsaouentoe MHOKecTBO (UYM) M — 910 MHOXKeCTBO, [Jist TIOOBIX ABYX
3JIeMEHTOB @, b KOTOPOTO H3BECTHO, HAXOJAATCA OHH B HEKOTOPOM OTHOIICHHH — WM HET.
ITpu sTOM 10/IZKHBI OLITH BBITIOJHEHBI CJIeIyIONIHe aKCHOMBIL:

Xecma<bub<c t0a<c

X ecsim a < b, TO a HE paBHO b.

Bamadua 3.5. Boamootcno au, wmo vepasencmea a < b u b < a svnosnensv, 00Hospemenno?

3amaga 3.6. /okaosrcume, umo caoea obpasyrom YYM npu ommnowernuu, noporcoénrom
AEKCUKO2PAPUIECKUM NOPAIKOM.

Onpenesienue 3.1. MHo>kecTBO, JIIOOBIE JIBa JIEMEHTa KOTOPOTO CPABHHUMBI, Ha3bIBAIOT
AUHETHO YNoPAJOUEHHILM HITH, KOPOTKO, UENnbio.

Bamaua 3.7. Ilycmv m,n — nekomopovie Hamypasvhvie wucaa. B wacmuuno ynopadoven-
HoM Mrodcecmee u3 mn—+1 aaemernmos ecmo Aubo yenv usd udYWUT 6 NOpAdKe 603pacma-
nua m—+ 1 anemenmos, Aubo n+ 1 nonapro HECPABHUMbBLT IANEMEHMOE (MAK HA3LBAEMAA
anmuyens ).

Joxazameavcmeo. BynaeMm 0Ka3bpIBaTh MO UHAYKIUU 10 ducay m. baza ama m = 0 ode-
BuaHa. /lokaxkem mepexoa. Pacecmorpum nam YUY M. Hazosem 9mncio MaKCUMATLHBIM, €CTTH
HET HHKAKOro, OOJbIIero ero. PaccMorpum Bce MakCHMaJIbHBIE dncjaa. V3 onpemeneHuns
BHJIHO, 9TO HUKAKHE 2 MaKCHMAJIbHBIX HE SIBJIAIOTCA CpaBHUMbIMA. Ecu ux xoTst Ob1 n+1,
TO MBI HAIILJIN TpedyeMyio aHTuienb. Ecim n3 e OoJiee, 1eMm n, TO 3a0y/1eM BpeMEeHHO PO
HUX U HafijieM Cpean OCTaBIuXcs (KOTOPLIX He MeHbine, yeM n(m — 1) + 1 gubo anTu-
nenb JmHbl 1+ 1 (yxke mobesa), ubo menb JIuHbL m. Bo BTOpoM ciiydae paccMOTPUM
MaKCHUMAJILHBIA 3JIEMEHT 3TOH 1enu. Pa3 oH He 3a0BIT, TO €CTh 3a0BITOE YHCI0, DOJIbIIee
JIAHHOT'O, &, COOTBETCTBEHHO, U BCEX 3jieMeHTOB 1enu. /lobaBuM 3abbiTOE YUCIIO, U, TEeM
CaMbIM, TIOCTPOUM TPeOYeMyIo Ienb JIIMHBL m + 1. O

Bagaua 3.8. Obosnauum wepes d HaubosbUIEE KOAUMECTNBO IAEMEHMOE UENU O04HHO020
KOHEYH020 YaACMUYHO Ynopadowennozo mmuoxncecmea M. Tozeda M mootcho paszbumsv wa d
anmuyenet.

Pewenue. (Bce HoBbIe onpenesiennst ecth B pernrennn 3ajgaqu 3.7) Paccmorpum Bce mMak-
CHMAaJIbHBIE 3JIEMEHTHI W O0BEIUHUM WX B OJHY AHTHUIEIb. 3a0yJaeM Mpo HUX. 3aMeTuM,
YTO HE OCTaAJIOChH HeHeﬁ JJIUHBI 11, TaK KaK WHa4vYe BMeCTe C 3&6bITbIMI/I MBI MOXKEM HaUTu
nenb JuHBL 1+ 1. 1 Oyaem aeiicTtBoBaTh TakKuM 00pa3oM U JAJbIIe. Y pa. ]
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Bosiee Toro, Bepen cieayionuii haxT, KOTOPHIHI OKayKeT HaM CEPbE3HYI0 TOMOIb B
JaJIbHEeHNIeM:

Teopema Iumayopca. O60o3HaUnM depe3 n HAHOOJbIIee KOJTHIECTBO JIEMEHTOB aH-
THIEIN JAHHOIO KOHEYHOI'O0 YaCTUYHO YIopsiaodeHHoro Maozxkecrsa M. Torma M MoxKHO
pa3buTh Ha N Ienei.

JlokazaresncTBa TeopeMbl Jlmiryopca w Jpyrux 3ajad u3 TMOCBAIMIEHHOTO eif IUKJIa
MOKHO HPOYHTATH B [17].

4 lnkia “OKcioHeHIaJbHAas OIeHKAa”
[Tycts mam andaput coctout u3 OyKB aq, as, . ..,a;. bBygem canrtarh, 910
a <ag < -+ <q.

Takum o6pa3zoM, MBI yIOPSIOININ OYKBHI addauTa. PaccMoTpuM Temeph JABa CJI0Ba U U
v. Ecti 01HO n3 HUX SIBJISIETCS HAYaJI0M JIPYTOr0, TO HA30BEM CJIOBA U U U HECPAGHUMBLMU
(1o oTHOIIEHUIO IPYT K ApYTY). B mporuBHOM citydae HaiigyTes cioa w,u’, v’ takue, 910
u = wu', v = wv', npuuém nepsbie OYKBBI ¥ ¢a0B ' n v’ — pasaudanbe (W MOXKeT OBIThH
nycreiM, u' u v’ — uer). Eciau nepsasg Gyksa u' Gosibiiie 1mepBoii OYKBBI v/, TO cunTaem
CJIOBO U OOJIBITIE CJI0BA U, B OOPATHOM CJIydae CIATaeM U MeHbIe v. Takum ob6pa3zoM, MbI
YACTUIHO YIOPSIOIIIH C10Ba. [IpuBeiéHHDII TOPSI0K HA3BIBACTCS AEKCUK02PAPUYECKUM
(MBI yzKe 00cyzKaaau ero B npeauciaosuu). He cront takzxke 3abbIBaTh, 4TO HEKOTODPbIE
CJIOBa TaK W OCTAJIUCH HECDABHUMBIMU.
Perennst 60JIbIITHCTBA 33129 5TOro naparpada MOKHO HailTh B cTarbe [15].

Bamaua 4.1. [lycmv argasum cocmoum us mpéxr 6yxse: a, b u c. Beedém wa nux no-
padox a < b < c. Cocmasvme u3 npuedéHH020 HUMCE CNUCKA CA08 HAUubOAEe ONUHHYNO
sospacmarowyro nocaedosamervrocms. Kakue napv. cr08 AGAANOMCA HECPASHUMBLMU Y

cb, abe, bac, abb, b, ccc, abe.

Pewenue. Hanbonpimas Bo3pacTaronias I0AI0CIeI0BaTeIbHOCTE: abb, abe, b, cb, ccc.
[Tapsr HECpaBHUMBIX CJI0B: b <> bac, abc <> abc. O

JLna manbHeiinreit paboThl HaM MOTPEOYeTCst BBECTH HECKOJIHKO BCIIOMOTATE/IHHBIX OTIpe-
JeJIeHn .

Omnpenenenne 4.1. CioBo W — n-pasbuBaemo, ecjn HAHIYTCS CJA0BA Uy, U, . . . , Uy, Ta-
ke, 9T0 W = v - Uy - - - Uy, IPH 3TOM Uy > ... > Uy,

Omnpenenenne 4.2. C10B0 Ha3bBA€TCs k-TIOPSIIOYHBIM, €CJIH OHO k-pa3OuBaeMo, HO HE
(k + 1)-pas6uBaemo.

Bagaua 4.2. Hatidume wucao

a) 1-nopadounulz cr06 0AUKbL S ¢ NONAPHO PASAUYHMU OYKEAMU;

b) 2-nopadounvir ca06, 6 KOMOPHLT ucnoavayemcs posuo | byke.

¢) l-nopadounvx cro6 daunbve S, OYKEHL KOMOPHLEL HEOOAZAMENLHO PA3AUNHYL (CUU-
mamov, wmo 6 aagasume — l 6yks).
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Pewenue. a) Orser: CL,

b) Orser: -~ Cb,.

I+1
N3 3amaqm 2.7 cmemyer, 9TO HCKOMOE YUCJIO CJIOB PaBHO YHCTY TOCTEI0BATETHHOCTEMH
HaTypaJibHbIX dnces 1 < a; < ag < ... < ag, /Ui KOTOPBIX a; < 7. Takue 1moc/ie/ioBaTe/ib-

HOCTHU Oy/JieM Ha3bIBaTh Koppekmuvimu. [IycTh ¢, — 9UCI0 KOPPEKTHBIX MOC/IEI0BATE b=
HoCTell u3 n 31eMenToB. [Ijisi KOPPEKTHOM MOC/Ie0BATEIbHOCTH {a; } TOJI0KIM

Stup(a’b as ... 7an+1) = Sup {ai = Z}
1<i<n+1

Ouesnyno, uro 1 <stup({a;}) < n. Torga KOppekTHBIE TOC/IEI0BATETLHOCTH, 3aIaHHBIE
g nekoroporo 1 < j < n+ 1 yenosuem stup(ag, as ..., ayy1) = J, MOKHO 33/1aTh TAKKe
CJIEIYIOTIUM HAGOPOM YCJIOBHIA:

a; <iana 1 <j; a;j=7; a;<i—17a1a1> j.
Takum 06pazom, 4UCI0 KOPPEKTHBIX OC/I€/I0BATE/IbHOCTE, J11s KOTOPbIX
stup(ar, az ..., any1) = 7,
PaBHO Cj_1Cpt1—j. TaK KaKk j MOKeT IPUHUMATD BCe HaTypPaJbHble 3HAYeHUs B AUala3one
1 <7 <n+1, agpyrux 3nadennii fpuHIMATH HEe MOYKET, TO TMOJTydaeM, 9TO
Cntl = CoCn + C1Cn—1 + ...+ cpco. (1)

1

llokazxem reneps, 4To ¢, = =5

Cy,. st aroro BBenéM byHKIHIO
f(x) =co+cx+cr® + ... +cpr™ + ...

Torpa u3 coornomenus (1) cremyer, uro f(x) = co + xf%(z). Orkyna

11 —der  ,1+v1—4dx

2 2

()
Tak kak f(z) me umeer mosoca B 0,

1 1 3
—(1-4 1 1
f(z) = =222 (1296 2)? _ > %(—1)”*24”+1C,§+1x” =5 4"*1—(2”2ni)2 =" —nil noa,
n>0 n>0 n>0

_ 1
Otkyzna ¢ = ;7Cy.
¢) B 1-mopsamousom croBe 6GyKBBI HayT 1Mo Bo3pacTtanuio. Cie10BaTebHo, 1-opsiI0THbIe
CJI0Ba HAXOJATCS BO B3aMMHO OJHO3HAYHOM COOTBETCTBUH C YIIOPSIAOYEHHBIMU HAOOpaMu
HeOTpHUIATEILHBIX Heabix ancea (ki ..., k), nrsa koropeix ki + ... + k; = s. Kak n3secrtno,

4nCI0 TaKuX Habopos pasno CF ., ;. O

Bamaua 4.3. a) [Tycmov n — nekomopoe HamMypasvoHoe Yuca0, U — HEUUKAUYECKOE CAOBO
daunvl ne menvwe n. Jokastcume, wmo ca060 u*" Acaaemca n-pasbusaeMmuLM.

b) Ilycmv v — nexomopoe caoso daunv, (n — 1). Jokascume, wmo cro6o u*" — mne
n-pasbusaemoe.

2To, uT0 co=1 mpoBepgeTCA HEMOCPEICTBEHHO.
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Jlokasamesvcmeo. a) VI3 coBa w JIJIWHBL M 2 N ¢ TOMOIIBIO UKIHIECKHX MEPECTAHOBOK

MOYKHO TOJIYIUTH 1M CJOB: Ug, Uy, . . ., Up—1. 1aK KaK CJIOBO U — HEMUKJIUIECKOE, TO BCe
CJIOBA U; MOMAPHO Pa3andHbl. IIpeamotoKuM, 94To B JeKCUKOTPA(PUUIECKOM CMBICTIE Uiy >
Uiy > oee > Uy, - Hpe;LCTaBI/IM KaxK/10e CJOBO U; B BHJAE U; = V;W;, TAe U = W;V;.

Paccmorpum Terepb ¢jioBO

2n

U = Wiy Vi Wiy Vi Wy, Uy Wi Uy« - - Wy, Vi Wi V4
Homoxum wj, = vy, wi, v wi,,, Ama k=0,1,...,n—2;
ro— s oy = ws
uin—l - Ulnflwlnflth—l? ’y - w’Lo'
Torga ciaoso u*" npeacraButcs B Buge u? = yuj uj ...u; . Tak Kak

/ / !/
2n
OJIyIaeM, 9TO CJIOBO u”" gBjsierTcs n-pasbuBaeMbiM (cM. Takzxke [18]).

b) Ilyctb u = uy...us, tae s < n — 1. Ilyers u?® — n-pasbuBaemoe CJI0BO, TO eCThb
COJIEPXKUT HellepeceKalonuecs MOJICJA0BA V1, ..., Uy, UJYLIHE B HOPsjiKe yobiBanud. [lycrs
T1,...,T, — HOMEpa, CUNTad ¢ HaUajga CJa0Ba u’", MepBBIX OYKB Ui,...,U,. B cmiy Toro
aro s < n, cymecrsyior 1 < 4,j < n, s koropeix 1; = r;(mod s). Torma nubo v;
IOJICTIOBO Vj, THOO v; HMOACIOBO v;. B moboM ciaydae, v; U v; HeCPaBHEMBI JTHOO DaBHEL,

9TO MPOTUBOPEUAT N-pazbuBaeMOCTH u". O

Ounpenenenne 4.3. a) C0BO v — XBOCT CJIOBA U, €CJH HAHTIETCS CJOBO W TaKOE, ITO
U = wu.

6) Ecn B cJI0Be U CONEPIKATCS MOJACIOBO BHAA U', TO OyZeM rOBOPHTD, 9TO B CJIOBE U
COIEP>KUTCST TePHO/] TAKJINIHOCTH 1.

Bagaua 4.4. Ilycmov x, d — Hekomopvie namypasvhovie wucaa. lokancume, wmo 6 ciose
W daunoe x aubo nepswvie [x/d] xeocmos nonapro cpasrumol, aubo 6 caose W natidemes
nepuod diurs d.

Pewenue. Tlycrb B ciiose W ne mauiiocs ciosa sujga u?. Pacemorpum nepsoie [z/d] xBo-
croB. Ilpeanosioxkum, 910 Cpeji HUX HAIINCH 2 HECPABHUMBIX XBOCTa U1 U VUy. llycTh
v = u - vy. Torma vy = u - v3 A1 HeKoTOporo vs. Torma v, = u? - vs. Ilpuvenss Ta-
KIe PacCy:KIeHHd, HOAYInM, 9To v; = u? - vgy 1, Tak Kak |u| < z/d, |ve| = (d — 1)z/d.
[Tporusopeune. JIoKa3aTeIbCTBO TaKykKe HAMUCAHO B pabore |15, semma 2.1]. O

B1ech u gajiee: ecyim B GOPMYJIHPOBKE 331491 BCTPEUAIOTCS YHCIa N U d, TO CIUTAEM,
qro n < d.

Onpenenenune 4.4. Ciroso W — (n, d)-cokparumoe, ecim oHO OO N-pa3duBaemMo, Ju60o
maiigercst u? — mogcroso caosa W.

3anmaua 4.5. /lokascume, umo ecau 6 crose W natidymes n 00unakosus Henepecerkaro-
wuxes nodeaos dauno, n, mo W — n-pazbusaemoe.

Joxasamenvemeo. Tlpeanonokum npoTuBHoe. PaccMOTPUM XBOCTBI Ui, Uz, . . . , Uy CJAOBA
U, KOTOPbIe HAYUHAIOTCS C KaxKJIOo#W u3 ero nepBbix n Oyks. [lepenymepyem XBOCTBI Tak,
9TOOBI BBIMOJIHSIUCH HEPABEHCTBA: U1 > ... > Upy. VI3 jJemMMbl 1 OHM HECpaBHUMBI.
PaceMoTpnM MOJCII0BO Uy, JlesKalee B CAMOM JIEBOM 9K3eMILISIPe CJI0Ba U, MOJCIOBO Uy —
BO BTOPOM CJIEBA,. . . , U, — B N-0M cJesa. [losyunnn n-pasbuenue caosa W. [Iporusopeune
(em. Takzke [15, memma 2.3]). O
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Onpenenenne 4.5. Ciaoo W 6ynem HA3bIBATH N-pa3dbucaemvim 6 LEOCTOBOM CMDBLCAE,

eCcJIn HaHIyTCAd XBOCTBI Uj, ..., Uy, TAKHE, 9YTO U1 > Uy > ... > U, A JJII J1060r0 1 =
1,2,...,n — 1 Havgag0 u; caeBa oT HATIATIA Ujiiq.

Ob6osnauum uepes |W/| pauny ciosa W.

Bamaua 4.6. /[oxascume, wmo ecau caroso W sasasemcs
a) ndd-pasbusaemvim 6 TEOCOGOM CMbICAE,
b) 3n?d-pasbucaemvim 6 TEOCINOBOM CMBICAE,
¢ dnd-pasbusaemvim 6 TEOCTNOBOM CMbICAE,
mo ono — aubo n-pazbusaemo, aubo W codeporcum nodcaoso 6 cmenenu d.

Pewenue. Mpl JOKazKkeM TyHKT 0) MYyHKT &) U3 HETO OUEBHIHO CJIEJyer.
[IpeamosioxKuM MpoTHBHOE. PaccMOTpuM MOpsIKOBBIE HOMepa IMO3UIHil OYKB a;, Ile
a1 < as < ... < G324, C KOTOPBIX HAYMHAIOTCS XBOCTHI U;, pasouBatome W. IlycThb

Xi = {nd — xBocrer u; | i = 3knd +1,...,3knd + 2nd} .

Torpa a1 MPOW3BOJBHBIX PA3IWYHBIX 4YUCET ¢ W j ecan u € X4,V € X, TO u n
v He mepecekarTcsa. B aTom ciaydae Halimzercss k Takoe, 9To JIIOObIE HelepeceKaroInecs
c0Ba U, v U3 X} HeCpaBHUMBI. Be3 orpannvenust OOITHOCTH MOYKHO CUATATh, 9T0 k = 1.
[IycTh moac/10BO v; ecTh N - d-XBOCT u;. [lofacaoBa v U Uy He TIepeceKaroTcs I JTI000T0
¢ € [1,nd]. BuauuT Uyg1 s = Upgry aas 006X 1 < 8 < ¢ < nd, a Tak KaK pgyp— Qpars > N,
TO TIOJCJI0BA,
ULy Und+1y Und+d+1) Und+2d+1y - - - » U2nd—d+1

He nepecekaiorcs. CienoBaTeIbHO, OHU HECPABHUMBI, a, 3HAYUT, c¢J1oBO W gapisgercsa n-
cokpaTtuMbIM. IIpoTuBOpeune. ]

Bamaua 4.7. /s kastcdol napv. Hamyparvuur wuces n,d npusedume npumep ne (nd —
1)-pasbusaemozo 6 reocmosom cmuicae caosa W marozo, wmo W — ne (n+1)-pasbusaemo
u we codeporcum nodcaosa 6 cmeneny d.

Pewenue. Tlpumep, mocrpoennsiit kKomangamu “XapbkoB” u “/leBymku’
[Iycts B andapute 2 6ykBel a < b. Vlckomoe ciioBo W paBHO

W = (an—lb)d—lan—ll

Bagaua 4.8. [lonpobyime yiyuwwums ouenky 6 3adave 4.6.

Kommenmaput. Ecau takas oneHka ecTb, T0 oHa 6osbire (n — 1)(d — 1), Tak Kak s
d—1_d—1 d—1

andasuta ¢ OyKBaMH a1 < Gz < ... < Qp_1 < ... < Ag CJIOBO @] @4  ...Q,_; ABIIeTCd
(n—1)(d—1)-pa3buBaeMbIM B XBOCTOBOM CMBICJIE, HO HE N-pa3buBaeMO B OGBIYHOM CMBICJIE
U He CONEP:KHUT Iepuojia B creneHu d. O

®ukcupyem asdasut u3 | 6yks, caoo W mmunst 7(W) Hazg stum andaBuroM u HATY-
panbuble uncia n < d. lamee Oyaem cautaTh, 9To W He cOMEPKUT MO/ICI0BA B CTeleHn d
u ciioBo W He 4nd-pasbusaemo B XxBocTOBOM CMmbicae. Pacemorpum ero nepsbie [r(W)/d]
XBOCTOB (masiee Oymem 0603Ha4YaTH 9TO MHOXKecTBO xBocToB 3a (). Torma mo Teopeme
Juayopca ux MoxKHO packpacuth B (4nd — 1) uBeToB Tak, 4To0Obl XBOCTHI OJHOTO I[BETA
IILTH B TIOpsJIKe Bo3pacTaHus. J[s pemeHus caeayromux 3a1ad CJIeyeT IOJb30BATHCS
IpeIblIYIUIMA 3aJa4aMyi U3 IMHKJIA.
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Bamaua 4.9. /lokascume, wmo cpedu mobuz dnd? xeocmos us Q watidymea dsa 0dmo-
YBEMHBLL TEOCTNA, Y KOMOPBHLL OMAUNAIOMCA HAYAAbHBLE N00CA08G daunv, 4nd.

Pewenue. [JokazarenbcrBo Hanucano B pabore |15, nauano §3|. m

Bamaua 4.10. * B 6eckoneumnom napaamenme y xascdozo ne boaee 3 epazos. Joxazamo,
YMO €20 MOHCHO Pa3dbumsv Ha 2 nasamo. Mak, wmo Yy kastcdozo bydem we boaee 00H020
6paza 6 ceoel nasame.

Jlokasamenvemeo. Byjem roBoputh, 4T0 jiBa napjaMenTépa (Jasee, jijisi KpaTKOCTH, 1I.)
A u B ceasanvl danrékoli epascdoti, ecam cyiecTByer memnodka i. Ag, ..., Ay, 11 KOTOPbIX
Ao = A, A, = Bu B, 1 Bpaxayer ¢ B; st Besskoro @ < n. O4eBUIHO, 4TO 9TO OTHOIIEHUE
CHIMMETPUYHO U TPpaH3UTHBHO. TakzKe 0YeBUIHO, UTO UUCJIO II., CBI3AHHBIX C JAHHBIM II.
Janékoir BpaxKaoit cuérHo. Takum oOpa3oMm, Bech MapJiaMeHT paclaIaeTcs Ha TPYIIILI
TaK{e, 9TO 9IeHbl PA3HBIX I'PYIIl HE BPAXKIAYIOT MEKJIy CODOH M 9TO YUCI0 YJICHOB B
Pa3HBIX I'PYNIIax CYéTHO. IIOHATHO °, 9TO JOCTATOYHO J0KA3aTh, UTO KAZKIAYI0 TaKyIo
IpyNIy MOXKHO pa3OUTh Ha JIBe MaJiaThl TaK, 4TOOBI y KayKJI0ro eé 4jeHa ObL1 He OoJiee,
YeM OJIUH Bpar.

Jlamee MBI cumTaeM, 9TO YUCJO I. CIETHO. 3aHYMepyeM HX HATYpPaJbHBIMU UHUCTAMU.
Byaem obo3nagars dyepe3 P, MHOKECTBO u3 1I. ¢ HOMepaMmu 1,..., n. Pa3buenune Ha maJjarb
MbI Oy/IeM MOHUMATh Kak MHOKecTBO dyukunii f : P, — {1,2} (st kazx10ro m. Mbl yka-
3bIBaEM OTHOCHTCSI OH K MEepPBOil ajare uin BTopoii). MHokKecTBO pa3bnennii Ha naiarh,
B KOTOPOM y KazKjioro 1. u3 P, mebosiee oaHOrO Bpara B cBoeil majare obozHauum H,
(HazoBéM Takue pazbuenust donycmumovimu). OUEBUIHO, UTO OIPAHUYEHUE JOTYCTHMOTO
pasbuenns ¢ MHOXKecTBa 1. P, Ha MHOXKecTBO 1. P, (m < n) — momyctumo. Mer 6yaem
0603HaYATH MHOKECTBO orpanwuenuii H, ua H,, xax (H,)|n,.

[Tokazkem, 9TO JIJIs1 KazK/ 1010 N MHOXKecTBO M, He mycro. Pa3zmectum Kak-HUOYIb BCeX
n. B aBe maJjaTel. /lajee, eciim Kako#-TO M. WMeeT JBYX BPAroB B CBOei MaJiaTe, TO MBI
ero mepeMenaeM B Jpyryio maaary. [Ipu aTom dmcio map BparoB B cCymMMe BHYTPH 00eHX
najarax majgaer. Tak Kak BCero YUCJI0 Map BparoB KOHEYHO, TO MOCJE KAKOTO-TO JHCIA
orepaluii y KaxkKJioro napJjiaMeHnTépa Oyjier He Oojiee 0JIHOTO Bpara B cBoeil nasare. T.e.
MBI TTOKA3aJ/Id, 9TO JI/Isi BCAKOTO M MHOXKecTBO H,, Hemycro.

Bamernm Terneph, 9To ecan m > n > k, 10 ((Hp)|n) |k = (Hm)k, B 9actroctn, (Hy,)|x C
(Hpm)|n. Ji1st BCIKOTO 1 MOJIOKUM

(Hoo)n = mmzn((HM)‘n)

[TokazkeM, 4To Jist Besskoro n > 1 muoxectBo (Hy), Hemycro. Hamomuum, 4to eciu
my > mg > n, 10 (Hp,)|ln C (Hpy)n- Takum o6pasom, ecin (Hy), = 0, To (Hp)|, = 0
JI/Isl KAKOTO-TO M > n. UT0 HEBO3MOXKHO.

3aMeTnM TakKe, 4TO €CJu M > N, TO

(Hoo}n = ((HOO)m)|n (2)

Temepb noctpoum nenodky { fi}(fi € (Hx);) mo caenytomemy npasuwiy: fiivi|p, = f; (Ta-
Kast GYHKIWM f; 11 00s3aTeIBHO CyIIecTBYeT Jist Kazk 1ol pyukimu f;, tak Kak ((Heo)it1)|i =
(Hy);). DTa menouka 3agaéT pasbuenne BeeX I. HA JIBA MAPJIAMEHTA: -blii 1. HAXOIUTCS
B f;(7) namnare. O

4J7a 331292 MMeeT MaJioe OTHOIIEHHE K TeMe mpoekTa. OHA JOCTATOYHO MHTEPECHA caMa Mo cebe n
BbI3BaJjla OKHUBJIEHHUE CPpEON IJI€HOB 2KIOPH.
53j1eCh MBI NOJIb3yeMCsa aKCHOMOI BbIGOPA
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Teneps nepecranem pukcuporath uncia [, n,d u cioso W. Bynem caurars, ato [, n, d
— HEKOTOpPBIe HATYpaJIbHbIE YHCIa TaKue, 9To N < d, a caoBo W — HEKoTopoe CJI0BO HAT,
andasuTom u3 [ OYKB.

Bamaua 4.11 (Jlemma [Mupmosa). Jlokascume, wmo cywecmeyem GyHruus om Hamy-
panrvuoir apzymenmos f (1, n, d) makas, wmo das 06020 crosa W nad andasumom dauro
l, ne asamowezocs (n,d)-coxpamumovim, (W) < f(l,n,d).

Joxazamenvcmeo. JlokazarenbecrBo jgemMmbl [upimoBa ciaeayer u3 3amadn 5.5. Opurn-
HaJbHOe Jl0Ka3aTeabeTBo [upimosa cogepxurcsa B pabore [18]. ]

Bamaua 4.12. Jokasicume,umo f(I,n,d) < [(4nd)*nd+2,

oxazamenavcmeo. Jlokazaresabcrso jiemmbl [upmmosa cienyer u3 3ajgadu 5.5.

5 VYiydllleHue 3KCIIOHEHINAJbHOI OIeHKH

Pemenus 3amaq 5.1 — 5.5 naxoaurcs B naparpade 3 paborst [15], 5.6 perena B maparpa-
dax 4 u 5 Toit )Ke cTaThu.
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Amazing properties of binomial coeffcients 1

Amazing properties of binomial coefficients

Several research topics will be set to you at the conference. Your aim is the maximal advance in one of these topics. You can
co-operate in the solving of problems, arbitrary teams are allowed (i.e. the team may consist of participants from different
cities). If you solve problems in different topics you may take part in different teams. The only thing you should avoid is to
sign up the solutions of those problems that you really were not solving (this may happen if the team is too big and not all
of its members solve the problems of some topic actively).

The following is the introductory set of problems about binomial coefficients. You may hand in the (written) solutions to
Kokahs K. (coach 15, seat 17) In Teberda the set of problems will be enlarged a lot and you may hand in your solutions of
this set of problems, except 1.2, in Teberda, too. You can hand in the solutions of the problem 1.2 in train only.

1 Problems for solving in train

1.1. Prove that a) (pgl) = (-1)* (mod p); b) (27?) = (—4)"(%1) (mod p) mpu n < p—gl.
1.2. Prove that the number of odd binomial coefficients in n-th row of Pascal triangle is equal to 2", where

r is the number of 1’s in the binary expansion of n.

1.3. Fix a positive integer m. By a m-arithmetical Pascal triangle we mean a triangle in which binomial
coefficients are replaced by their residues modulo m. We will also consider similar triangles with the
arbitrary residues a instead of 1’s along the lateral sides of the triangle. The operation of the multiplying
by a number and addition of triangles of equal size are correctly defined. We will consider these operations
modulo m.

a b a+b a ax
a a + b b = a+b a+b - Ja a = ar ax
a 2a a b 2b b a+b  2(a+b) a+bd a 2a a ar 2ar az
a 3a 3a a b3 3bb a+b 3(a+b) 3(a+b) a+bd a 3a 3a a az 3ax 3az ax

Let all the elements of s-th row of m-arithmetical Pascal triangle except the first and the last one be equal
to 0. Prove that the triangle has a form depicted on fig. 1. Shaded triangles consist of zeroes, triangles A¥
consist of s rows and satisfy the following relations

1) AR AR = AR 2) Ak = Ck. AY (mod m).

The well known puzzle Tower of Hanoi consists of three rods, and a number of disks of different sizes which can slide onto
any rod. The puzzle starts with the disks in a neat stack in ascending order of size on one rod, the smallest at the top, thus
making a conical shape. The objective of the puzzle is to move the entire stack to another rod, obeying the following rules:
1) only one disk may be moved at a time; 2) each move consists of taking the upper disk from one of the rods and sliding it
onto another rod, on top of the other disks that may already be present on that rod; 3) no disk may be placed on top of a
smaller disk.

Let n be the number of disks. Let T H,, be a graph, whose vertices are all possible correct placements of disks onto 3 rods
and edges connect placements that can be obtained one from another by 1 move. Consider also graph P, , whose vertices are
1’s located in the first 2" rows of the 2-arithmetical Pascal triangle and edges connect neighboring 1’s (i.e. two adjacent 1’s
in the same row or neighboring 1’s by a diagonal in two adjacent rows )

1.4. prove that graphs T H,, and P,, are isomorphic.

1.5. Prove that that first 10 rows of 2-arithmetical Pascal triangle contain less than 1% of 1’s.

1.6. Prove that if n is divisible by p — 1, then (pfl) + (2(p”_1)) + (3(17”_1)) +...+ (Z) =1 (mod p). Or,
even better prove the general statement: if 1 < j,k <p—1un=k (mod p— 1), then

(;L) ’ ((p—%ﬂ) ! <2(p—nl)+j> ! (3(p—nl)+j> e (f) (mod »).

Af
ATN/AL
ACAV/NAV/Y:
ASN/ASN/AGN/AS

ANAV/ANAV/AVAVAAVAY

Puc. 1: Puc. 2:
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Amazing properties of binomial coefficients — 2

“The official theoretical source” for this set of problems is Vinberg’s article [1]. Particularly the following theorems are
considered to be known.

1. WILSON’s THEOREM. For any prime p (and for primes only) the equivalence holds (p — 1)! = —1 (mod p).

2. LUKAS’ THEOREM. Write the numbers n and k in base p:

n =nap® +na—1p”"" + ...+ nip + no, k= kap” + ka—1p® "+ ...+ kip + ko. (1)
Then (3) = (i) Gig=t) -+ (1) (&) (mod p).
3. KuMMER’s THEOREM. The exponent ord, (Z) is equal to the number of “carries” when we add k and £ = n — k in
base p.

4. WOLSTENHOLME’S THEOREM. If p > 5 then (QP") =2 (mod p?), or, that is the same, (2;’:11) =1 (mod p%).

Remind that (8) =1, (Z) =0 for £ > n and for £ < 0 by definition.
We denote by p a prime number. For any natural n denote by (n!), the product of all integers from 1 to n not divisible
by p. If a number p is given the symbols n;, m; etc. denote the digits of numbers n, m etc. in base p.

* ok ok

2 Arithmetical triangle and divisibility

2.1. a) Prove that the first 3* rows of 3-arithmetical Pascal triangle contain %(6’“ + 4F) residues “1” and
(6% — 4%) residues “2”.

b) Find the number of zero elements in the first 5¥ rows of 5-arithmetical Pascal triangle.

¢) Find the number of non-zero elements in the first p¥ rows of p-arithmetical Pascal triangle.

2.2. Prove that the number of 1’s in the first m rows of 2-arithmetical Pascal triangle equals

n—1 L

n— .
E m; - 22k:i+1 mE 3%
=0

Ifm=2"42% 4 ., +2% where a3 > as > ... > «,, then we can rewrite the last expression in the form

30142392 4+22.3% 42730,

2.3. Consider n-th row of Pascal triangle modulo 2 as binary expansion of some integer F,. Prove that

P,=F, ... -F_
where i1,...,1i, are numbers of positions where 1’s occur in the binary expansion of n, and F; = 2% + 1 is
t-th Fermat number.

2.4. Prove that the number of non-zero elements in n-th row of p-arithmetical Pascal triangle equals
d

T (ns + 1).

=0

2.5. a) All the binomial coefficients (Z), where 0 < k < n, are divisible by p if and only if n is a power of p.
b) All the binomial coefficients (Z), where 0 < k& < n, are not divisible by p if and only if n + 1 is

divisible by p?, in other words, all the digits of n, except the leftmost, in base p are equal to p — 1.

2.6. Let 0 < k < n+ 1. Prove that if (kﬁl) /p and (Z) / p, then (”Zl) /p, except the case, when n + 1 is

divisible by p.
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3 Generalization of Wilson’s and Lukas’ theorems

3.1. Prove that ordy(n!) — " dt it no)

p—1
3.2. Prove the following generalizations of Wilson’s theorem. a) (—1)Pl(n!), = ng! (mod p);
b) Prove that for p > 3

(P")p= -1 (mod p?),

and forp=2,¢>3 (p¥), =1 (mod p?).
|
c) ]% = (—1)*no!ni!...ng! (mod p), where p = ord,(n!)
3.3. Generalized Lukas’ theorem. Let r = n — k, £ = ord,((})). Then

(0 = 0 () () - (o) o

3.4. a) Prove that (1 + x)pd =1+ 27 (mod p) forallz=0,1, ..., p— 1.
b) Prove Laukas’ theorem algebraically.

3.5. a) Let m, n, k be nonnegative integers, and (n,k) = 1. Prove that C¥,, =0 (mod n).
b) Prove that if n: p¥, m /p, then (") p".

m
n

d
3.6. Let fro= > ((Z) )%. Prove that fn o = [[ fn,a (mod p).
k=0 i=0

4 Variations on Wolstenholme’s theorem

1 1 1
4.1. Prove that 7ttt p— =0 (mod p?).
1 1
4.2. Let p = 4k 4+ 3 be a prime number. Find + +...+ (mod p).

0241 12+1 ° (p—1)2+1
4.3. a) Let k be a nonnegative integer such that for any prime divisor p of the number m & is not

1 1
divisible by (p—1). Prove that T + o" +...+ + =0 (mod m) (summation over all fractions whose

(r—1)
denominators are coprime to m).

, 11 1 )
b) Let k be odd and (k+1) /(p—1). Provethatl—k—i—Q—k—i—...—i—m:O (mod p?).

4.4. Prove that the equivalence (12) from Vinberg’s article holds in fact modulo p*.

4.5. Prove that the following properties are equivalent 1) (2;’:11) =1 (mod p*);
1 1 1 1 1 1
2)-+—-—+...+4—=0 d p%); ) =+=+..+— =0 d p?).
)1+2+ +p—1 (mod p°); )12+22+ +(p—1)2 (mod p~)
4.6. a) Prove algebraically that for any prime p and arbitrary k& and n ((5:1) — (TIZ)) . p2. (In Vinberg’s
article this fact is proven combinatorially.
b) Prove the statement (9) form Vinberg’s article: for any prime p > 5 and arbitrary k and n ((pk) — (k)) D p3.

pm m

S

4.7. Let p > 5. Prove that a) (Ii) = (1) (mod p°); b) (ps;l)
4.8. Prove that (gz) = (1;2) (mod p®).

2$+3).

p* (mod p
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Amazing properties of binomial coefficients — 3

Additional problems to previous topics

2.7. Prove that (pnlgl) = (=1)% (mod p), where Sy, is the sum of digits of k in base p.

2.8. Prove that if the binomial coefficient (Z) is odd i.e. k; < n; for all : = 0,1,...,d in the notations of
(1), then

(Z) _ ﬁ(_l)kilnﬁrkiml (mod 4).

i=1

2.9. Prove that if there are no two consecutive 1’s in the binary expansion of n then all the odd entries in
n-th row = 1 (mod 4), otherwise the number of entries = 1 (mod 4) equals the number of entries = —1
(mod 4).

2.10. Prove that the number of 5’s in each row of 8-arithmetical Pascal triangle is a power of 2. Prove the
same for 1’s, 3’s and 7’s.

2.11. Prove that if we consider all the elements of the two sets

{(2”1—1>(2”3—1>(2”5—1>(;Z:D} and {1,3,5,...,2" —1}

as a reminders modulo 2", then these sets coincide.

2.12. Prove that elements of a row of Pascal triangle are not coprime in the following sence. For any ¢ > 0
there exists IV, such that for all integer n > N and ki, ko, ..., k100 < &y/n the numbers

< 2n > ( 2n ) ( 2n >
n—l—k:l ’ TL-I—]{JQ L TL+]€100

2.13. a) The non negative numbers m > 1, n, k are given. Prove that at least one of the numbers (Z),
("N, ..., ("1*) s not divisible by m.

b) Prove that for each k there exist infinite set of numbers n, such that all the numbers (Z), ("Zl), cee
n+k—1
("%

4.9. Prove that forn > 1 (2;:1) — (23:

4.10. Prove that for p > 5 (—1)1)7_1 (1;:11) = 4P~! (mod p?).

2

have a common divisor.

) are divisible by m.
92n+2

~—

is divisible by
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Amazing properties of binomial coefficients — 4
Additional problems to previous topics

4.11. Let m be a non negative integer, p > 5 be a prime. Prove that

1 1 1
mp+1  mp+2 mp+ (p—1)

=0 (mod p?).

4.12. Let p and ¢ be primes. Prove that (qu—l) = 1 (mod pq) if and only if (2p71) = 1 (mod ¢) and

o1 pg—1 p—1
(qq—l) =1 (mod p).

5 Sums of binomzal coefficients

3¢—1
5.1. a) Prove that the sum ) (Qkk) is divisible by 3; b) is divisible by 3°.

k=0

n
5.2. Let C}, = %_H(Qkk) be Catalan numbers. Prove that >  Cy =1 (mod 3) if and only if the number n+1
k=1

contains at least one digit “2” in base 3.
5.3. Let p > 3, k = [2p/3]. Prove that the sum (11?) + (g) 4+ ..+ (Z) is divisible by pZ.

5.4. Let n: (p — 1), where p is an odd prime. Prove that

<pi1> + (2(pn_ 1)> - (3(pn_ 1)) b =14pm+1) (modp?).

5.5. Prove that if 0 < j<p—1<nand qg= E] then

> (1) =0 tmeap,

m:m=j (mod p)

5.6. Let p be an odd roime. Prove that n : (p 4 1) if and only if

@ _(j+<Z—1>>+(j+2Z)—1))_<J+380—1>>+"EO ety

forallj=1,3,...,p—2.
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Solutions

1 Problems for solving in train

_=Dp=2)...(p=k) _ (=D(=2)... (k) _
)_ 1-2---k - 1-2---k = (=1)" (mod p).

Solution 2. It is evident by the formula for binomial coefficients that (I;) is divisible by p when
< i < p—1. Since (gj) + (pgl) = (?) and (pal) =1=1 (mod p), then ((pal) +(*7") ¢ p, and therefore
1

1) = —1 (mod p). But (le) + (pgl) is divisible by p also, hence (p 1) =1 (mod p) etc.

1.1. a) Solution 1. (pgl

1
(P
6) This problem is taken from [3, problem 162|. Since the fractions (*?)/(*") and (n+11) /(%) are

n+1 n n
highly reducible, the statement can be easily proven by induction. But we suggest a direct calculation

from [3].
It easy to see that <

2n :2n.1-3---(2n—1)
n n!
and

130 (20— 1) = ()" (-1)(=3) -+ (<204 1) = (-1 (p = D(p—3) - (p— 20+ 1) =
Srr () () - (B () () -

m (P;l)! p—1
Therefore =(-)""—2"— = (-4)"( 2 | (mod p).
1.2. It follows directly from self-similar structure of an arithmetical Pascal triangle, that is described in
the next problems. It follows from Lucas’ theorem also, you can read the proof in [1].

1.3. We restrict ourselves with small contemplation, the full solution can be found in |3, problem 133].

Since the s-th row contains a long sequence of zeroes, then below these zeroes in (s+ 1)-th row we have
the sequence of zeroes, too, (it is one element shorter than the upper sequence); in (s + 2)-th row there are
the sequence of zeroes also (it is one element shorter again) and so on. This explains the presence of the
grey triangle below AJ (fig. 1).

Further, the non-zero elements of the s-th row are equal to 1, hence the numbers situated along the
sloped sides of the grey triangle all are 1’s (due to the recurrence for binomial coefficients). So all the
numbers along the sloped sides of the triangles AY and Al are 1’s, and therefore both triangles are identical
to A9.

Now it is clear, what is the (2s)-th row of the triangle. The left- and the rightmost elements are 1’s, all
other elements equal 0, except the central element that is equal to 2, because it is a sum of the two upper
I’s. Thus we obtain that two grey triangles are situated below 2s-th row, the triangles Ay and A2 to the
left and to the right of them are identical to AJ, and the triangle Al with 2’s along its sloped sides is equal
to 2- Ag.

And so on.

1.4. This statement we found in [21], several facts about binomial coefficients are proven there via Tower
of Hanoi and the graph T H,,.

Let a be the diameter of the upper disc on the first rod, b be the diameter of the upper disc on the
second rod and ¢ be the diameter of the upper disc on the third rod. W.l.o.g. a < b < ¢, then we have 3
possible moves in this configuration: from a to b or ¢ and from b to ¢, we analogously have 3 moves if one
rod is without discs. If all the discs are placed on one rod then we have 2 possible moves only; let Ay, Ao,
As denote the configurations of this type.

Observe that by the problem 1.2 all the elements of 2°-th row of Pascal triangle are 1’s. Therefore graph
P, has the rotational symmetry of the third order, because the recurrence (kﬁl) + (Z) = ("+1) that allows
us to construct the triangle from top to bottom, is equivalent in arithmetic modulo 2 to the recurrences
(kﬁl) = (Z) + ("Zl) and (Z) = (kﬁl) + ("Zl), that allows us to construct the triangle from the low left
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Ar
1
Az Ao
A3 AQ
2 3
Ao ANJA1 A3
Puc. 3:

corner in the upper right direction and from the low right corner in the upper left direction. It follows also
that the triangle of the double size contains 3 copies of the initial triangle.

Now let us prove by induction that there exists a bijection between T'H,, and P,, such that the vertices
of the triangle P,, correspond to the configurations Ay, Ay, As. The base n =1 is evident.

Proof of the step of induction. Assume that the bijection between T H,, and P, has been constructed.
The 2-arithmetical Pascal triangle with the side length 2"*! contains 3 copies of the triangle with the side
length 2™. Number the copies and mark its vertices as shown on fig.3. Consider all the configurations of
the Tower of Hanoi for which the (n+ 1)-th (biggest) disc is placed on rod i. If we fix the placement of this
disc then displacements of other discs correspond to the graph that is isomorphic to T'P,. By induction
hypothesis we can choose a bijection between this graph and the graph P, in the i-th copy of the triangle,
such that the configurations A; correspond to the vertices of the triangles with the same marks. When we
move the biggest disc, say, from the first rod to the second, all other discs must be on the 3rd rod. This
move correspond to the edge connecting two neighboring vertices As on the left sloped side of big triangle.
The same reasons concern other moves of the biggest disc. Therefore we obtain an isomorphism between
TP,+1 and P,.

1.5. The bijection with Tower of Hanoi gives us a formula (when the number of rows is a power of 2): the
first 2% rows of 2-arithmetical Pascal triangle contain 3% 1’s. The formula can be also proved by induction
via recurrence from the problem 1.3. Using this formula we can obtain an estimation. Since 10% < 220, the
total number of elements in these rows equals % -10%(105 + 1), and the number of 1’s is at most 3%°. The

proportion does not exceed ﬁ;&l) < 0.01.

1.6. We found this statement in [18].

Solution 1 (|[CSTTVZ|). For p = 2 the statement can be easily checked. So we can assume that p is
odd prime. Let n = z(p — 1) + k. We use induction on z.

The base z = 0 is trivial: (l;) = (l;) (mod p).

To prove the step of induction we need the following property of binomial coefficients:

b b
(aj ) = Z (s i z> (2) (summation in natural bounds),

both sides of which calculate in how many ways we can choose s balls in the box that contains a black and
b white balls. Let n = m + (p — 1). Observe that

(6(19—?) +j> - (Zpt(113113> = pi (e(p—1;n+j ) 1) (P; 1> _ S(—l)i@p_lﬁj - 1) (mod p)

=0 i=0

(the last equivalence is due to problem 1.1a). Remark that the sign of the first and last terms in the last
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sum is “plus” . Now transform the sum from the problem statement:
n —
2;(HP—D+J>:
m m m m m
() -G )+ () = G by o) = (7)) +
m m m
" ((2(1?—1) +J’> - (2(p—1) +j - 1) et (2(p—1) +j>> T

=2 ()+Z< Up— 1+]> (mod ).

the first sum is equal to 0, the second sum is equivalent (];) (mod p) by the induction hypothesis.

Solution 2 (|J], [T]). Induction by n. The base n < p — 1 is trivial: both sides contain the same
term. Prove the step of induction.

()l o= (07 GE) e (o 0+ (o)) o
) ) ) (G5 o) o)
=(15)(50) =) twetn

But it should be accurate in cases when p — 1 divides j or k, because the induction hypothesis does not
hold for 7 = 0 or k = 0 (it uses the value p — 1 instead of 0). Therefore we must consider more carefully
the cases when j = 1 or k = 1. We restrict ourselves by consideration of one partial case only. Let p = 5,
j =1 and we fulfill step to n = 13. Then we have

1 13 13 13 12 12 12 12 12 12
(1) 200 ()= () = () + (6) + () + ((0) + (5)+ ()
By induction hypothesis the sum in the first parentheses has a residue (11) (and not (?) as the previous
calculation shows). In the second parentheses the induction hypothesis covers all the terms except the first
one, so the sum has residue (102) + (g). Writing p — 1 instead of 4 for clarity, we obtain that the whole sum
is equivalent to ("61) + (p;l) + (pal) = G) (mod p), as required.

(1]~

Solution 3 (algebraical reasoning with Luka’s theorem, [18]). Induction by n. Base n < p — 1 is
trivial. Now let n > p, write all parameters in base p, let o,(m) denotes the sum of digits of m. It is clear
that if m = j (mod p), then o,(m) = j (mod p). The sum under consideration is equal by Luka’s theorem

to
S (o)) (i) tmod .

where the summation is over all m = g ... mymg < n, for which o,(m) = j (mod p). This sum is equal
to the sum of coefficients of 7, x7+P~1, x]+2(p 1), ...in the expression

(I+z)" (1 +z)" ... (1 +z)" = (14 2)7™)
But it is evident that this sum of coefficients equals
Z <Up(”)> ’
1<r<op(n) "
r=j (mod p—1)

which satisfy the induction hypothesis because 1 < 0,(n) < n—1, and supply the desired equivalence since
op(n) =n=j (mod p).

Solution 4 (linear algebra, [D]). The polynomials z, 2%, ..., zP~1 are linearly independent over Z,
and form a basis in the space of functions f: Z, — Z,, f(0) = 0. By Fermat’s little theorem (1 + z)" =
(1 4+ x)* (mod p). Applying the relations zitar—1) = 2 o the left hand side, we obtain that our sum as
an element of Zj, is equal to the coefficient of 27 in the right hand side, i.e. (];)

1
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2 Arithmetical triangle and divisibility

2.1. a) This result is due to Roberts [27]. By a; denote the number of 1’s in the first 3 rows, and by by,
denote the number of 2’s. Due to the recurrence from problem 1.3 we obtain

ag41 = Sag + by, bri1 = Sby + ag.

Now the statement of problem follows by induction.

b) Answer: % -5%(5F 4 1) — 15*. By aj, denote the number of nonzero elements in the first 5¥ rows.
As in previous problem we have a recurrence

5E(5% — 1)

arx+1 = 1bap + 10 - 5

. . . 5% (5% +1) . . _ 5R(5F+1)
Since the whole triangle consists of ——=— elements, it is natural to change variables a, = ——5— — by.
Then we can rewrite the previous relation in terms of by as by = 15b.

c)Answer: (p(p—ﬂ))k. This is Fine’s result [13]. It can be obtained by induction by means of recurrence

2
of the problem 1.3.

2.2. Solution 1. Induction by «;. The base a; = 0,1 can be easily checked. Let the statement has
been proven for all @y < a. Prove it for a; = a. Evedently m — 2% < 2%, Let s = 2°! (in notations of
problem 1.3). Consider the m-th row in the triangle Ag, where m = 292 42 4 . 4 2%, By the induction
hypothesis the number of 1’s in this row and above it equals

392 42.3% 4 422,30 (2)

Then for the number m = m + 2% we have a row that intersects the triangles A} and Al (due to
2-arithmetics they are both identical to triangle Ag). The part of Pascal triangle from top to this row
contains triangle A (containing 3! 1’s by induction hypothesis) and partially triangles A} and Al (the
number of 1’s in them is given by (2)). So the total number of 1’s is

391 42(3%2 £2.3% 4., 42772, 307),

Solution 2 (combinatorial sense of coefficients, |T]).

Lemma 1. Let the k-th row contains 2" 1’s (or, equivalently, k£ contains r 1’s in base 2) and let
a1 > g >0 >y, 297 > k. Then the row with number 2% 4292 4 . 4+ 2% L k contains 21" 1’s.

Proof. It is clear that the number 2% 4 292 4 ... + 2% + k in base 2 contains m + r 1’s and hence
the corresponding row contains 2™%" 1’s. O

Lemma 2. The rows with the following numbers
201 4292 4 4 2%m—1 0 Q0L 4 902 4 4 2%l ], L., 291 4292 4 20l 4 2% ]

contain 2F3%m 1’s,

Proof. By lemma 1 the row with number 2%t + 292 4 |, 4 2%m~1 4 4 contains 2k x; 1’s, where z; is
the number of 1’s in i-th row. Then the total number of 1’s in these rows equals 2¥ 3" z;. But 3 z; is the
number of 1’s in the first 2%m — 1 rows of Pascal triangle, this number is equal to 3*m (it is known, for
example, by problem 1.4). O

The statement of problem follows from lemma 2.

2.3. The problem is from [1], the solution is from [18]. The problem statement follows from Luka’s theorem
due to the following observation (it is also mentioned in [1]): a binomial coefficient (}}) is odd if and only
if the set of 1’s in the binary expansion of k is the subset of the set of 1’s in the binary expansion of n.
Therefore P, = 3" 2*, where the summation is over all k described in the previous phrase. For p = 2 let
Sy, = {i : n; = 1} in notations of formula (1). Then

PeS I =15

I1CSy iel 1€Sn
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2.4. This result of Fine [13] (1947) is an easy corollary of Kummer’s theorem. If p does not divide (),
then there are no carries when we add k£ and n — k in base p. For a fixed n it means that we can choose
i-th digit of k£ in base p by n; + 1 ways.

2.5. a) It follows from the formula proven in the previous problem because here we have a row with 2
elements only not divisible by p.

b) [13]. If Ecqx p? | (n + 1), then n = a(p — 1)(p — 1)... (p — 1) in base p. Then for any k, 0 < k < n,
each digit of £ does not exceed the corresponding digit of n. Therefore all the binomial coeflicients (Zl) are

not equal to 0 and # 0 (mod p). By Lukas’ theorem (}) is not divisible by p.
The reverse statement. Assume that all the coefficients (Z) are not divisible by p, but n is not the

number of the form a(p —1)(p — 1) ... (p — 1). Therefore one of its digits, say, n; is less than p — 1. Choose
k= (p—1)-p'. Then k; = p — 1 and hence (ZI) =0, and p | (Z) by Lukas’ theorem. A contradicition.
2.6. This problem we found in [12].

Solution 1. Assume that (") /pand () 7. but (") = (1) + (7)) - Then (1) = —(")
(mod p). Since both binomial coefficients are not divisible by p, we can reduce the equivalence and obtain
—"JIEH = —1 (mod p). Therefore n +1 =0 (mod p).

Solution 2 ([K|). Though the statement remind us the main recurrence for binomial coefficients, the
part ¢ (kT_ll) / p” is unnecessary. Indeed, if (n+1) /p, then 0 < ng < p—2. Since (Z) / p, then by Kummer’s
theorem k; < n; for all + But analogous inequalities hold also for the pair k and n+ 1, because n and n+ 1
have the same digits except the lower ones that differs by 1. Hence (”:1) /p.

2.7. [2]. It follows from Lukas’ theorem and problem 1.1.a).

2.8. The problem is from [1]. Induction by number of digits. The base is trivial. For the proof of induction
step add one more digit to the rightmost position. Since the binomial coefficient is odd we have the
inequalities n; > k;. Now we will use the recurrence (Z) = (Zj) + (";1) and consider distinct variants
of parity n u k. Applying Kummer’s theorem and the problem 4.6a) we will reduce the question to the
induction hypothesis.

For example, let n = 2¢ + 1 be odd and k = 2m be even. Consider a subcase k; = 1. Then we have
binary representations k = ...10, n = ...11, k —1 = ...01 and n — k = ...01 (the latter because by
Kummer’s theorem there are no carries when we add k£ and n — k). Now when we add k£ — 1 and n — k we

have 1 carry, i.e. (Zj) =2 (mod 4), and hence

()= G2+ () =10 =) = () e,

the latter equivalence is by problem 4.6a). The minus sign in it corresponds to the multiplier (—1)*om1+kino,
2.9. The problem is from [1]. The statement follows from the previous problem. If the binary representation
of n does not contains two consecutive 1’s, then for all £ all the exponents k; _1n;+k;n;_1 are equal to 0 and
all the binomial coefficients in n-th row have are equivalent 1 modulo 4. But if the binary representation
of n contains several consecutive 1’s starting from n; = 1 then the one half of all coefficients have k; = 0,

and one half of them have k; = 1. By the formula of previous problem these two halves differ by a sign.
2.10. Two articles in Monthly [19, 20| discuss this dark problem.
2.11. This is a problem of D.Dzhukich was presented at the olympiad of 239 school of St.-Petersburg,
2002, and after that appeared at short-list of IMO-2008.

All the binomial coefficients in the problem statement are odd by Lukas’ theorem, therefore, it is

sufficient to check that all the numbers (2nf 1), (271:; 1), cee (32:1) have distinct reminders modulo 2".

Solution 1 (|D]). Assume by the contrary that (an_l) = (27;;1) (mod 2") for odd k and m, k > m.
Observe that

G- () () ()
- (21:) - <k2—nl) - <k2—nz) —em (mQ: 1) + <2nn; 1),
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()-(E ) ()= (5 )= i

Calculate the exponent ords (2:) by Kummer’s theorem. If ords r = a then we have n —a carries in addition

In particular

r and 2" — r (it is clear by the standard algorithm of addition), hence ords (2:) = n — a. In particular
2" | (2:) for odd r, that allows us to consider only one half of summands:

(7)) oo () =0 e,

Now all the (2:) in the left hand side have even parameter ¢, therefore ords (2:) < n.

We will prove that this congruence is impossible and obtain a contradiction. Choose x with minimal
ords (2:) Since ords (2:) < n and the whole sum is divisible by 2", there exists y, for which ords (2:) =
ords (2;) Then the binary representations of x and y end with equal number of 0’s, and hence there exists
z between x and y which binary representation ends with bigger number of 0’s. Then ords (2;) < ords (2:),
a contradiction.

Solution 2 (|[CSTTVZ]). Induction by n. We prove the step of induction. Let the statement be proven
for all numbers less than n. Assume by the contrary that there exist k and ¢, k # £, 0 < k, ¢ < 2" —1, such

that @ZH) = (222;11) mod 2"™. Observe that

(een) = (F-)(F 1)~ (1) -
)G () () ) )
)G ) 1)

2n—1

z(—1)k+1( k_1> (mod 2")

and analogously (32;11) = (-1t (Qn_g _1) (mod 2"). It follows by induction hypothesis that both k& and
. n—1 -1

¢ can not be odd. Besides, due to ;he symmetry ( . ) (27_14

the “even” binomial coefficients (2 2;1) are pairwise distinct modulo 2™ and form the same set of residues

as “odd” binomial coefficients (22:;%) Therefore k£ and ¢ can not be even simultaneously.

It remains to consider a case when k and ¢ have distinct parity, say k = 2a + 1, £ = 2b. Then

2nt -1 2nt -1 n
(2a+1>+( o >:O (mod 2").

If @ = b the congruence is impossible because (271;;_1) is odd and

2n71 -1 2n71 -1 2n71 -1 2n71 —1-9 2n71 -1 2n71
+ = L . =2""! (mod 2").
2a+ 1 2a 2a 2a + 1 2a 20+ 1

If b # a, then (2%171) =+ (2%171) by the induction hypothesis, Since (2%171) + (2%171) is divisible by

) the problem statement means that all

2(11 21b 2a 2a+1
2n~1 the sum (2 2b71) + (22a+11) can not be divisible by 2"~

2.12. The author of this problem is A. Belov. Observe that
(2n)_<2n> nn—1)...(n—k+1)
n+k) \n) m+1)n+2)...(n+k)’

and therefore (n%fk) have many common divisors with (2:), because the denominator is not very big,

more precisely, it does not exceed (2n)*. Write the analogous equalities for all binomial coefficients (nfﬁﬁ),
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(ni%), ceey (n+2]?100) Then GCD of all denominators in the right hand sides of the equalities does not

exceed (n+1)(n+2)... (n+[ey/n]) < (2n)*V". But for big n the binomial coefficient (2”) is much greater,

n

so after reducing by GCD the quotient is very big, and it divides all 100 binomial coefficients.
Explain more accurate the last reasoning. Observe that

2n _ 2_n . 2n — 1 - n+1 < 9n and (2n)1005\/ﬁ _ 9ev/nlogy ntey/n
n n n-—1 1

For each ¢ there exists NV such that for all n > N we have the equality § > ey/nlogy n+ ey/n. If we reduce
(2:) by GCD for these n, the quotient is at least 27/

2.13. a) The problem was presented at Leningrad olympiad, 1977.
Solution 1 (without Kummer’s theorem). This is solution from the excellent book [4]. Assume that
all these numbers are divisible by m. Then the numbers

()= (-7 ),
()=

(-0 ()

are also divisible by m. Then analogously m divides all the numbers (”;H), where 7 < j are arbitrary

nonnegative integers. But (8) (1 = j = 0) is not divisible by m. A contradiction.

Solution 2 (Kummer’s theorem). Let p be a prime divisor of m. Prove that at least one of the

numbers (Z), ("Zl), o ("Zk) is not divisible by p. By Kummer’s theorem if we choose ¢ (n —k < £ < n)

such that the addition k + ¢ fulfills in base p without carries then the binomial coefficient (k#) is not
divisible by p.

We will explain how to choose £ by giving a concrete example. Let p = 7, k = 133. We will write all
the numbers in base 7. Since we try to choose ¢ in the set of k + 1 numbers, we can always choose ¢ such

that k + ¢ to be one of the following numbers
133, ...233, ..., ...633.

(Remind that 6 is the greatest digit in our example.) It is clear that the addition k + ¢ fulfills without
carries.

b) We found this problem in [2|. It is not difficult to construct n by Kummer’s theorem. Let ord, m = s,
and k have d + 1 digits in base p. Let n : p4*5+1. Then the representations of numbers n —k, n—k+1, ...,
n — 1 contain digits (p — 1) in positions from (d + 2) to (d + s + 2). When we add k to these numbers we
have carries in these positions. Therefore by Kummer’s theorem all the corresponding binomial coefficients
are divisible by p°.

Since it is not difficult to combine our reasoning for distinct p, the statemetn is proven.

3 Generalizations of Wilson’s and Lukas’ theorems

3.1. It is well known that ord,(n!) =", [,%] If n = ngp? +ng_1p®' + ... + nip + ng (representation in

base p), then [1%] = ngp?F +ng_1p? 1 + ...+ npp1p + ny and we can rewrite the formula for ord,(n!)

in the form ) )
= (S y ‘ ; L op-1 > np' = 3 ng
ordy(nl) =) < > nz‘plk> = ;nz‘(ﬂl +p 7P+t = ;nl T =0 =0

¢ = =

k=1

— p_l

This is exactly what we need.
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3.2. a) Split the factors of n! on groups of (p — 1) factors:

() = J[((kp+1)-(kp+2) - (kp+p—1)) - ([2lp+1)([Zlp+2)... (2lp+n0)= (—1)Fng!  (mod p).
k=0

6) This statement can be found in Gauss works [15]. The product (p?!), contains factors in pairs: a
factor and its inverse modulo p?, the product of each pair is 1 modulo p?. So we need to watch on those
factors m which equals to its inverse, this factors satisfy the congruence

m?=1 (mod p?).

For odd prime p the congruence has 2 solutions: +1. For p = 2, ¢ > 3 the congruence has two more
solutions: 2971 £ 1.
(5]

¢) Since n! = (n!), - p'»'( (2 ])!, the statement can be proven by induction by means of the congruence
of statement a) of this problem

3.3. We found this problem on the web-page of A.Granville [17]. It well known Legendre’s formula for the

S ) R (I ) R (O ) ES

Denote n = [n/p|] for brevity and so forth, and collect all terms divisible by p in the the formula for
a binomial coeflicient:

n (n!) [n/p] Al
<k> ~ (KD, (), plE/El plr/el T Ry A
By generalized Wilson’s theorem (problem 3.2, b) the first fraction equals + -2 o 'To' (mod p), the third fraction

allows us to apply induction, and the middle fraction (together with the sign of the first fraction) supply
all the expressions containing ¢ by the formula (4).

3.4. a) Expand brackets in (1 + x)p use the fact that p | (5, ) for 1 < k < p? — 1 by Kummer’s theorem.
b) Let n = n'p+ ng, k = k'p + ko. By the previous statement (14 z)P" = (1 + 2)"” (mod p). Then

(14+2)"=1+z) (1+2)™ = (142")"(1+2)" (mod p).

This congruence means that we transform the coefficients of the polynomial modulo p. The coefficient of
z* at the Lh.s. equals (Z) All the exponents in the first brackets at the r.h.s. are divisible by p, hence the

only way to obtain the term ZPF +Ro g multiplying the 2P’ from the first bracket and ¥ from the second.
Thus we obtain (7,) (Zg) and so () = (Z,) (% i °). Now Lukas’ theorem follows by induction.

3.5. a, b) It follows from Kummer’s theorem.

3.6. |9]. In the following calculation we use that (Zl) = 0 for k; > n;; this allows us to apply Lukas’ theorem
and truncate a lot of summands:

b= (1) =X X ST SIS (1) =T o

k=0 kg=0ky_1=0  ko=01i=0 i=0 k;=0

4 Variations on Wolstenholme’s theorem

4.1. This is an exercise on reading an article. The statement is proven in article [1]. Observe that

p—1 1 p—1 p—1

1 1 1
DI N i Sr =y

1=1 =1
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Hence the sum under consideration is divisible by p. Since % = —Iﬁ (mod p), it remains to check that
p—1
1
Z 7= 0 (mod p).
=1
But %2, 2%, cee ﬁ modulo p is the same set as', uro 12, 22, ..., (p — 1)2. Therefore it is sufficient to
prove that
p—1
i?=0 (mod p). (5)

1

(2

p—1
Let Y 2 = s (mod p). It p > 5 we can always choose a, such that a®> # 1 (mod p). Then the sets

=1
{1,2,...,p—1} and {a,2a,...,(p — 1)a} coincide (the proof is the same as in the footnote) and

p—1 p—1 p—1
s= ZiQ = Z(ai)Q =a®) i*=a*s (mod p).
i=1 i=1 i=1

Thus s =0 (mod p).

4.2. Answer: 2k + 2. This problem of A. Golovanov was presented at Tuimaada-2012 olympiad. Observe
that for p = 4k + 3 the equation 22 + 1 = 0 has no solutions in the set of residues modulo p, and hence the
denominators of all fractions are non zero.

Solution 1. Let a; =i*4+ 1,7 =0,...,p — 1. Then the expression equals

Up_l(ao, at, ... ,ap_l)
Up(a(),al, ce ,ap_l)

)

where o0; is an elementary symmetrical polynomial of degree ¢. Find the polynomial for which the numbers
a; are its roots:

p—1
H(x —1—4%).
=0
Change the variable 2 — 1 = t? and obtain
p—1 p—1 p—1
[[E-® =Tt ][t+) = -t)t? —t) =t — 20F 12,
=0 =0 1=0

Now apply the inverse change of variables and obtain for p = 4k 4 3

p—1
[[e-1-&=@-1-2-1F +(@-1)=a"+...+(p+2 2 + D)z — 4.
=0

o-pfl = l
op T 2

By Viete’s theorem o, =4 (mod p), 0,—1 =2 (mod p), therefore =2k + 2 (mod p).

Solution 2. Split all nonzero residues modulo p, except &1, on pairs of reciprocal. We obtain 2k
pairs and in each pair (i, 7)

ij=1 & ?2=1 e (@@)?+?+2+1=i®+;24+2 (modp).

Therefore,
U e e e e BGE SRNE S PP
T @EEDEED @) 2l 2 o

So, the sum is equal to 0214_1 + 1211 + (_1)12+1 + 2k = 2k + 2.

! These sets coincide because they contain p — 1 element each, and it is clear that all the reminders in each set are non
zero and pairwise distinct.
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Solution 3. By Fermat’s little theorem the operations = — 2~ ! and 2 — 2P~2 modulo p coincide.
So it is sufficient to calculate the sum

L Zmz( = (1) s ©)

p—1

where So,, = Y. 2?™. Evidently Sa, = —1 (mod p) for m = p%l. Prove that Sa,, = 0 (mod p) for all
=0

other m < p — 1. Indeed, for each m we can choose a non zero residue a such that a®™ # 1 (mod p) and

after that we can reason as in (5). For the sum (6) we have

S () () () - )
(=2) - (=3)...(2k +2)

- =2 2 .
1-2-... (2k+1) k42 (modp)

4.3. We found these statements in [16].

a) For each prime divisor p | m choose a, such that p { (alg —1). By the Chinese reminder theorem
choose a such that a = a, (mod p) for all p. Then the result can be proven by reasoning as in (5).

b) Observe that for odd k by the binomial formula we have i¥ 4 (p — i*) = ki*~!p (mod p?). Then

-1 . -1

p—ll p—1 1 1 p ’Lk—i—( )k D kkl )
Q;i_k:Z(i_kJr(P—i)k):Z i+ (p — i) Ezzk = PZ k+1 (mod p7).

i=1 =1 =1

The sum in the r.h.s is divisible by p by the statement a).

4.4. The congruence holds even modulo p” (see [24]), but it goes a bit strong. We can reason as in [1],
tracing all powers till p*, and obtain

G- ) ()

_1—2pz +4p22 P Z ij (mod pt). (7)

i,j= 1 i,5,k=1
1<j 1<j<k

The last sum can be expressed via power sums:

p—1 3 p—1

1 Sg 5152 Sy 1
E — here S), = E —.
ynd 12]145 3 2 + 6’ WHEEE Ok ik

i=1
1<j<k
We now that S; and S3 are divisible by p? (the latter due to problem 4.3b). Therefore the last term in the
formula (7) can be omitted.

4.5. The problem is from [1], variations can be found in [14]. Since

= 1 R+ (p—
S-S ) - S
ZkQ Zk2+(p—k)2 kQ(p k ka k mop)
-1 k=1 k=1
p—1 1
the statement 3) is equivalent to the congruence Z =% =0 (mod p?). The statement 2) is equivalent
k=1
p—1 p—1 1 1 p—1 1
to the same congruence, because 2 Z = 2 (E + m) =2p Z W Finally we know from the

k=1 k=1 k=1
previous problem that

% —1 Ut Pl
) =1 p? 4p? — d ph).
<p_1) P gt g tmed )
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So the statement 1) is equivalent to the congruence

p—1 1 p—1 1
ZZZ(]H) Zj (mod p?) (8)
i<j

Rewrite the expression in the r.h.s.:

p—1 1 p—1 1 2 p—1 1
1Y =2(X1) e =
i,j=1 k=1 k=1

1<j

p—ll 2 p—1 1
>7) N D)

k=1

The sum in brackets is divisible by p, its square is divisible by p?, and we can omit this term. Then from
p—1
1
(8) we see that the statement 1) is equivalent to the congruence E -
p—
k=1

4.6. a) Solution 1 (|5, proposition 2.12]). Induction on n. Expand brackets in the equality

=0 (mod p?).

(a+b)" = (a+ )" D(a + by
Equate the coefficients of aP™pP(n—m).
-1 -1 -1 -1
pn\ _ (ple=DN\(p\ (P =D)\(p\ . ( pn—1) PN (Pe= DY (P)
pm pm 0 pm —1 1 pm—p+1/\p—1 pm—p ) \p
All summands except first and last are divisible by p?, because by Lucas’ theorem each binomial coefficient

()= () (50

By the induction hypothesis

(o) G = () () = () it

Solution 2 (|D]). Prove that (:f;) = (:1) (mod p?) by induction on m.

To prove the base m = 1 we have to check that (ppk) — (lf) =0 (mod p?). We have

(pk> B <k> _pkk =1k —p+1) (<pk—1><Pk—1>---<Pk—P“) _1>. 9)

p - p! (p—1)!

is divisible by p. Hence

1
Split the multipliers in the numerator onto pairs:
(pk — i) (pk —p +1i) = pi® —i>  (mod p?).

We see that the product modulo p? of each pair does not depend on k. Therefore the difference (9) modulo p?
does not depend on k, too. Since it is equal to 0 for k = 1, it is equal to 0 for all k.

The step of induction. Let ((mlipl)p) = (mk_l) (mod p?). We have

(57) = (17, e )+ . =)+
mp (m—1)p pm(pm —1)...(pm —p+1)

:( kp >.(p(k—m)+1)(p(k—m)+1)...(p(k—m)+p—1).k—m—l—l

(m—1)p (pm—=1)...(pm —p+1) m

(10)

Remark that both fractions are correctly defined modulo p?. As in the proof of base, the expression in the
numerator of big fraction does not depend (modulo p?) on k. Then we can put k = 0 for the calculating
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the fraction modulo p? and obtain that it is congruent to 0. For the remaining part of the expression we
can apply the induction hypothesis and obtain

() () i

b) Solution 1 (combinatorial). As it has been suggested in 1], consider samples of kp objects from
the set of pn objects. Let the initial set be split on blocks of p objects. The number of block samples equals
(Z) Hence it remains to check that non block samples is divisible by p3. But the number of non block
samples with 3 or more blocks is divisible by p? (see [1]). For k > 1 every non block sample consists of at
least 3 blocks, so in this case the statement is true. It remains to consider a case when k = 1 and we count
the number of non block samples of p obJects from the set of 2p objects. This number equals ( ) — 2, by
Wolstenholme’s theorem it is divisible by p3.

Solution 2. In the formula (Z) = % split the numerator and the denominator onto blocks

of p terms, reduce the first terms in each block, and collect the quotients in a separate expression:

<mp> _ mp-(mp—1)... (mp — (p—l)) . (m—1)p- ((m—l)p— 1) ((m 1) (p—l)) .
kp kp-(kp—1)...(kp—(p-1))  (k=1)p- (k=D)p—1)...((k— (»—1))
y (m—k+1)p- ((m— k:+1)p 1) ...((m— k:+1 —(p-1))
p-(p—1)...1
_ (m> (mp — 1)...(mp—(p-1)) o (m—k+1)p—1).. ((m k—i—l - (p-1))
k) (kp—=1)...(kp—(p-1) (p—1).. '

It remains to check that the product of fractions is congruent to 1 (mod p?). For this prove the congruence
(np—1)...(np— (p—1))
(rp—1)... (’I“p - (p—l))

or, even, it would be better to prove the following congruence

(np—1)...(np—(p—1)) _ (rp—1)...(rp— (p—1)) 3
(p—1)! N (p—1)! (mod 77}

This is true because both parts are congruent to 1 (mod p?), that can be shown analogously to the proof
of Wolstenholme’s theorem.

4.7. a) |5, theorem 2.14|. Transform the difference

(p2>_<p> :p2(p2_1)...(p2—(p—1))_p:%((1 —p?)(2—p?).. ((p—l)—pz)—l-Q-.._-(p_1)>,

=1 (mod p?)

D 1 1-2-...-(p=1)p (p—1)!
It remains to check that
1-p)2-p") .. (p—1)—p*)=1-2-...-(p—1) (mod p*).

Expand brackets in the Lh.s.:

1 1
1-pH2=pH)...(p—1)—p*) =1-2-...-(p—1)+p? (1 + 5 +...+ —1>(p—1)!+terms divisible by p*.

p —
By the problem 4.1 the second summand is divisible by p?.
b) Observe that (pSpH) =ps (ps+1 1) hence it is sufficient to prove that ( +_1_1) =1 (mod p**3).

<p8+1 - 1> _ @M -Dertt-2). et - (p 1) <p8+1 B 1> (ps“ B 1) (P 1> _

p—1 1-2---(p—1) 1 2 p—1

1 1
= (—1)1’*1 +ps+1 (1 + 5 4+ ...+ ]Tl) (mod p3+3).

Since (—1)P"'=T1and 1+ +...+ p%l =0 (mod p?) we are done.
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4.8. The problem is from [1], we present solution |T].
p3 B p2 ) p3_1 B p2_1 _
p? p p* -1 p—1
3 3 3 2 2 2
—p( () (B 1) (S ) (o) (B o) (1)) =
1 2 -1 1 2 p—1
2 2 2 PPl 3
p p p p
=p|l—-1)|—=—-1]... -1 ——1)-1
A=) G5 | L)

ptk

It is sufficient to prove that the last bracket is divisible by p”. Transform the product:

2_4 p2—1 p2-1
p?—1 3 = 3 3 2 6 5 2
p p p p°—Dp _ 5 1 7
——1) = ——1 —-1) = —+1 ) =1 —1 A d .
1 (k > 1 <k )(p?—k > 1 <k<p2—k>+ ) 1) 3 gy (med 2
k=1 k=1 k=1 k=1
ptk ptk ptk ptk

Now we have to check that the last sum is divisible by p?. This is true because by problem 4.3a)

2

p2-1 p -1

: 1 1 5
Z 7]{(1)2_]{:) = — Z e =0 (mod p%).
k=1 k=1

ptk ptk

4.9. The statement is taken from [6, theorem 5|, its generalization can be found in [7].
Solution 1 ([5, proposition 2.19]). Use the fact that the difference (2;1) - (2,{1) is equal to the
coefficient of 22" in the polynomial

Q1+ —a -2 =142 ((1 v - (1- x)2’“) -

2k 2k\ o 2k 28\ 4 2k k1
:<1+<1>x+(2)m +...+x -2 (1>x+<3)x +...+<2k_1):c .
Since the second polynomial contains odd exponents only, the coefficient of 22" in the product equals
2k 2k 2k 2k 2k 2k
2 e .
()0 ()6 -+ 0 ()
By problem 3.5b) 2% divides each binomial coefficient in this expression, moreover each term occurs twice

in the sum, and the sum itself is multiplied by 2. Thus all the expression is divisible by 22¢+2,

Solution 2 (JCSTTVZ|). Since (2;:1) =2(

2ntl —1
(o)
Similarly to (3) we obtain

2n+1 -1 2n+1 2n+1 2n+1 on _ 1
= -1 —-1]... -1 - .
2n —1 1 3 2n —1 on=1_1

It is sufficient to prove that

2n+1 2n+1 2n+1
L= —1 —1)... —1)=1 (mod 2*"*1),
1 3 n — 1

ontl_1
2n_1

<23_1__11> (mod 22"F1).

), it is sufficient to prove that
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This is true because

L=(-1)2"" -2 <I+§+S+"'+2n—1

n n ik
=1-2ontl =1 d 227ty
<1-(2n—1) NN (2n1—1)(2n1+1)) (mo )

4.10. This is theorem of Morley [26].

Solution 1 (author’s proof, 1895). It goes a bit beyond the school curriculum.

Take the formula which expresses cos?” !z via cosines of multiple angles,! or, as they were saying in
that times, write cos?”t! 2 in the form handy for integrating:

(2n+1) - 2n
1.2

2n+1)-2n... 2
cos(2n—3)x+...+( n+l) n' (n+ )cosx.
n!

221 cos?" g = cos(2nH)z+(2nH) cos(2n—1)z+

Now integrate it? over the interval [0, Z]:

021 [ cos?n ! 4 g — sin(2n + 1)z N 2n +1
2n+1 2n—1

sin(2n — Dz + ...,

w/2

1 2 1
22”/c082”+1xd:c:(—)”( n + >
0

m+1 2mn—1 '~

Every first grade student of university knows that it is convenient to use integration by parts for calculating
this integral:

/2 /2 /2
w/2
Iopy1 = / cos? gy dy = / cos®™ z cos z dx = cos®™ rsinx +2n / cos? L xsin? xdr =
0 0 0 0
w/2
=0+2n / cos? 1 z(1— cos? x)de =2n-Isn_1 —2n - Iopiq,
0
therefore Io,11 = % - Iop—1. Since Iy = 1, we can apply the formula n times and obtain

w/2

2n-(2n —2)...2
2n+1 _
/COS T = G T —1)...3"

0
Equating of these two results give us the formula

n 2n-(2n—-2)...2 1 2n+1 (2n+1)-2n...(n+2)
i (2n—|—1)(2n—1)...3_(_) (2n+1_2n—1 ot n! >

Let p = 2n+1 be a prime number. We obtain the desired congruence by multiplying the last formula by p:

on 2n-(2n—2)...2
2n—1)(2n—3)...3

(=) (mod p?).
Solution 2 (JCSTTVZ]). We will use the following notations:
1 1 1
A= - B = — C= -

s

! The reader who is interested in question “from where do we take it” and not satisfied by the answer “from some text-book”
may wish to use the Euler’s formula cos ¢ = %(ei“’ + e~ %) and raise its r.h.s in power 2n + 1 by the binomial formula.

2 When we were learning the rules of multiplication, we just memorized that “minus by minus equals plus”. In this formula
we multiply signs. If we need to multiply n minuses, the record (—)" seems to be appropriate. So we leave the old-fashioned

notation (—)", used by the author, instead of the modern one (—1)".
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p—1

2
Then A% = %2 +2B = 2B (mod p) by the problem 4.3b). So A? = 2B (mod p). Further,
i=1

0 (mod p?).

p—1
2
2C+A= =
D D Z 2 =2
1<isp— 1 i=1
i HEYETHO
So C' = —1A4 (mod p?).
Now transform modulo p? the parts of the given congruence. The Lh.s. is

(—1)p21(ppj11) = (1— ?) (1—%) (1— %) =1-pA+p°B= 1—pA+ 3P 2A%  (mod p*).

2

For transforming the r.h.d observe that

-1 _ 24 (p-1) (p+1)---(2p-2) (p+1)---(2p—-2)
1.2 P2 Bt (p—1) 3:5---(p—2)
_ (P p p _ oo 1 1o .0 3
—(1+1)<3+1)...( _1+1>_1+pc+2p0_1 SPA+pPA? (mod pY).

Then we have
-1 1 L o5 2)? L 5o Lo 2 L 509 3
4P E<1—§pA+§pA) El—pA—i—ZpA —|—2-§PA :1—pA+§pA (mod p°).

So the L.h.s. is congruent to the r.h.s.
4.11. We found this statement in [10].

R
= mp + E 2 —\mp+k mp—l—p—k N
2m+1 = 2m+1 | )
= Z —5 =0 (mod p°).
pt (mp+k)(mp+p— k) klk

4.12. We found this statement in [8]. Since 2pg — 1 = (2¢ — 1)p + p — 1, the last digit of the number
2pq — 1 in base p is p — 1, and the remaining digits form the number 2¢ — 1. Similarly the last digit of
the number pqg — 1 in base p is p — 1, and the remaining part forms the number ¢ — 1. By Lukas’ theorem
(2;’5__11) = (2qq_11) (g_}) = (2qq__11) (mod p). On the other hand since (2;;(’_ 1) =1 (mod pq), then (2pqq_ 1) =1
(mod p). So (2q 1) =1 (mod p). Analogously (2p 1) =1 (mod q).

The inverse statement is trivial.

5 Sums of binomzal coefficients

5.1. a) It follows from problem 1.3. If AJ is a triangle consisting of the first 3 rows of the 3-arithmetical
Pascal triangle, then the sum of its central binomial coefficients is divisible by 3. For arbitrary a the sum
under consideration contains elements of several central triangles, which are multiples of Ag. So the total

sum is divisible by 3, too.
k 3%—-1
Another solution ([CSTTVZ|) we can derive from the identity (215) =, ( ) Then Z ch. =

=0

31 k
> (f)Q Since 12 = 22 = 1, 0> = 0 (mod 3), the last sum modulo 3 equals the number of nonzero
k=0 i=0
elements in the first 3% rows of the Pascal triangle. This number is calculated in the problem 2.1a), it is

divisible by 3.
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3%—-1

b) Solution of [D|. The sum is a coefficient of = in the polynomial

(@+1)? 4 2+x+1

xT

a 1 2:3% a a
x3a_1<1+(x+1)2+(x+1)4+ +(x+1)2(3 1)>:%—1wga_1 (x +1)23" — 43
x x? 2371

2% (23Y) L 2301 (23%) 2392 ) 80
_ (1) x(32_)1 (z—1).

In order to find this coefficient we will perform the long division of the numerator by the denominator
and then multiply the result by (xz — 1). We do not need to find the quotient at whole, it is sufficient to
perform the division till the moment when the coefficient of 23" =2 will be found, remind that we are trying
to find this coefficient modulo 3% only. Since for b /3 all the binomial coefficient (Q'bga) are divisible by 3%
(by Kummer’s theorem), we can collect all these coefficient in a separate sum. When we divide this sum
by 2% — 1 all the coefficients of the quotient are divisible by 3% therefore we can discard this sum. The
remaining expression is

23 (2B 2303 4 (23%) 12376 4 L] _ .37
(3) 3536_)1 (x—1).

All the exponents in the numerator are divisible by 3, hence after division by z3 — 1 all the exponents of
the quotient are divisible by 3, too, and after the multiplying it by x — 1, there will be no exponents of the
form 3k + 2. So the coefficient that we seek equals 0 (mod 3%).

5.2. This problem was published in Monthly [25]. Since

2 2 2 2 1/2 2
n + 4 n _ 9. n + n 4 n — 20, |
n+1 n n+1\n n

then C,, = (2::12) - (2:) (mod 3). Therefore this sum is telescopic modulo 3:

n
2n+2 2n 2n 2n — 2 2n 4 2
= — — ) = 1 d 3).
o= () - G+ () - () ) = () oo
So by Kummer’s theorem we have to clarify when we have at least one carry in the addition of the number
(n + 1) with itself in base 3. It it clear that it happens only if n + 1 contains at least one 2 in base 2.

5.3. This is problem A5 of Putnam Math. Competition, 1998. Since %(fl) = # (mod p), we have

k 1k k
Z%(i)EZ%:Z%_Q %EZ%—F %EO (mod p).

n=1 n=1 n=1 n=1 n=1

The summation in the sum to the left of asterisk really starts from n = k + 1 (it is easy to check: for
p=06r+1 we have k = 4r and p — [%] =4r+1=k+ 1, similarly for p = 6r + 5).

5.4. This statement is from [11]. Solution [CSTTVZ]. Induction on n. The base is trivial. Prove the
induction step from n’ =n — (p— 1) to n. Let ¢ = 1%' Since

()50 o ")

we can rewrite the sum under consideration in the form

<pﬁ1> i (2<pn—1>) i (3<pn—1>) L ZZE <p;1> <x<p—n1/> - ) -
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By the problem 1.1a) we have (p_.l) = (—1)" (mod p); let (7 ) = ap+ (—1)*. By the problem 1.6 we have

7

. q / .
(_1)Z (mOd p) fOI' ’L = 07 17 R p_27 let Z (:E(pill)fi) - bp + (—1)Z. Then
=1

’

3 () = 07

<p;1>zq:<$(p—n1/) —i) = (ap+ (=1)") (bp + (=1)") =1+ (=1)"(ap + bp) =

e () () -2 ( ) )
<

Remind that these transformations hold for 0 < i < p — 2. We can continue equality (11), by separating

the summand for 1 =p — 1:

i;§<<pf>§;<x<pf;>_i>)z’?” () o)) ) E ) -

0
) B ) ()£ )

p—1

The first sum here equals —1, because ( 0 ) — (p _1) + (p_l) + ... = 0. By the same reasons the second

1 2

(double) sum together with the summand (') equals 0. The last sum equals 14 p(n’ + 1) by the induction
hypothesis. Therefore the whole expression equals —1+0—p+1+1+p(n’+1) =1+ pn'. This is exactly
what we need because 1 +p(n+1)=1+pn'+p—1+1)=1+pn’ (mod p?).

5.5. This is result of Fleck, 1913, it is cited in [18|. Solution [CSTTVZ].

For p = 2 the sum is not alternating and the result is trivial. Let p be odd. We use the induction
on ¢. The base follows from the statement 2.5a). Prove the induction step from n’ =n — (p—1) to n. The
expression ) below denotes the summation over z in natural bounds (i.e. in bounds for which all the
binomial coefficients are correctly defined). We have

LR, )R ()T 6 )
- :: (p; 1) Zx:(_l)x (xp +n;' — z)

By the induction hypothesis p¢~* | > (—1)* (xpf;_i); by the problem 1.1 a) (pzl) = (—1)¢ (mod p). Therefore
T

]:z;i(p;l);(—m(xpﬂ_z) pz; Z <xpfj-z> (mod p7).

The last (double sum equals (%/) - (q/) + (g) - (%/) +...=0.
5.6. The result of Bhaskaran (1965), it is cited in 18], solution [CSTTVZ|.
Induction on n. Let

000 () o) (o)

The base n = p + 1 is trivial, but observe that (inrl) = 1 (mod p) for i = 0,1,p,p + 1, otherwise this
binomial coefficient is divisible by p. Prove the step of induction from n’ = n — (p + 1) to n. By the
observation above we have

<f f:(;pjl;;) :]:ié (j +(p fll)k - z> <p ; 1> = 2 (j +(p fll)k - z> -

1€{0,1,p,p+1}

:<J-+<§/_1)k)+(j_1ﬂ;_1)k)+<j_1+(p”_'1)(k_1)>+(j_2+(p7il)(k_1)> modp).
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Since f(n,j) = Zk(_l)k(j+k&—1)) is an alternating sum, the underlined summands cancel (except the
first and the last, but these summands are equal to 0 due to incorrect binomial coefficietns). So we obtain
the equalities

fn,g)=f('j) — f(n',j—2) mpuj>1, fn,1) = f(n/,1) + f(n',p—2).
Now the part “only if” of the problem statement follows from the induction hypothesis, and the part “if”,
too: if f(n,7) =0 (mod p) for j =1, 3, ..., p—2, then

f(n/ap_2) Ef(n/’p_4) EEf(TL/,l) E_f(n/’p_2)a
from where f(n/,j) =0 (mod p) for all required j, and then n’ : (p+ 1), hence n: (p+ 1).
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Applications to ring theory and some history

A. Belov, M. Kharitonov
August 2, 2012

We consider a set S with a binary operation “+” such that
1. for any a,b,c € S, we have a+b=b+a, (a+b)+c=a+ (b+c);
2. there exists a special element 0 € .S such that a +0 = a for all a € 5;

3. for any a € S, there exists an element, denoted by (—a), such that

Examples: remainders modulo some number; rotations of a plane with a fixed point.

We say that a set with an addition is a ring, if it has a multiplication, i.e. a binary
operation which satisfies the following conditions

1. a(be) = (ab)c for all a, b, ¢ € S (associativity);

2. a(b+c¢) = ab+ ac, (b+ c)a = ba + ca for all a, b, ¢ € S (distributivity).

Examples: remainders modulo some number; polynomials of one or more variables.

Problem 1.1. Provide an example of a ring with a zero-divisor, i.e. such ring that there
exists two non-zero elements a, b such that ab = 0.

Definition 1.1. We call an element a unit of a ring R or a neutral element of R (and
denote it 1), if we have 1A = Al = A for all A € R. We say that an element of R is an
inverse to A (and denote it A™'), if AA™' = ATA=1.

Problem 1.2. Prove that in a ring with a unit commutativity axiom for an operation
“4+” follows from the other axioms.

Problem 1.3. Construct a ring R with 4 elements such that any non-zero element of R
has an inverse.

Problem 1.4. Construct a non-commutative ring R, i.e. such ring R that ab # ba for
some a,b € R.

Let R be a ring with a unit. Let n € Z>; be the smallest number such that
1+1+1+ ...+ 1I(n times)=0.

Then n is called the order of the unit of R. If such number n does not exist, we assume
that the order of the unit of R equals 0.



Problem 1.5. Let R be a ring such that the order of the unit of R equals 0. Assume
that there exist elements e, f,g € R such that e2 = ¢, f2 = f,¢g? =gand e+ f + g = 0.
Prove that e = f = g = 0.

Definition 1.2. A non-commutative polynomial f = f(xy,...,2,) is called an identity of
aring R, if f(xy,...,z,) = 0 for any x1,...,x,, € R. We say that the identity f(x1,...,x,)
follows from a set of identities {g;}, if one can deduce f(z1, ..., z,) = 0 from g;(z1, ..., x,) =
0 algebraically.

Problem 1.6. Provide an example of a ring with a non-zero multiplication in which the
identities 22 = 0 and zy = yx are satisfied.

Definition 1.3. If any non-zero element of a ring R is invertible, then R is called a
skew-field. A ring R is called commutative, if R satisfies the identity xy — yx = 0. A
commutative skew-field is called a field.

Examples.

1. Field of real numbers, field of complex numbers, ring of polynomials, ring Z, of
remainders modulo n. If n is prime, then 7, is a field.

2. A fundamental example of a non-commutative ring is a ring of matrices. We
construct it now. The elements of this ring is n X n tables filled by numbers. We use
index A;; to denote the number puted in i-th line and j-th column. We put

(A+ B);; = Ai; + Bj; (pointwise addition).
To define multiplication we put
(AB)ir. = (3_; AijBjk)-

3. The skew-field of quaternions is a set of elements ai + bj + ck + d, where a, b, c,d
are real numbers, with a pointwise addition and multiplication defined by the following
relations:

ij = —ji=kki=—ik=jjk=—kj=1i’=j>=k>=—1.
Problem 1.7. Check that all mentioned sets with addition and multiplication are rings.

Definition 1.4. By definition, an N-free associative algebra over ring A (or the ring of
non-commutative polynomials of the ring R), is a set ZZ a;v;, where a; € R, and v; are
words in alphabet {ai,...,an}. If v= )", av;, u =), byv;, then we set

u+v =73 (a; + bi)vi, uv =3, (a;b;)(vivy).

Remark 1.1. In the rest of the problem set any algebra considered is an associative
algebra with a unit.

We put [a,b] := ab — ba.
Examples.

1. Commutativity identity [a,b] = ab — ba is satisfied by definition in all commutative
rings.

2. Let p be a prime number. Identity 2? — x = 0 is satisfied for a ring of remainders
modulo p (small Ferma’s theorem).



3. Hence ab+ba = (a+b)* — a® — b?, the identity ab+ ba = 0 follows from the identity
a? = 0.

Problem 1.8. 1. Prove that Hall’s identity [[x,y]? 2] = 0 holds for 2 x 2 matrices.

2. Prove that standard identity of degree 4

20654(—1)"xg(1) ey = 0
holds for 2 x 2 matrices.

For any algebra for which some non-trivial identity is satisfied, is satisfied the standard
identity of some degree. An algebra of n x m matrices satisfies the standard identity of
degree 2n.

It is known that for algebra of 2 x 2 matrices all identities follows from the Hall’s
identity and the standard identity of degree 4 (this is quite complicated theorem which is
proven by Yu. Razmislov in 1973). Even for 3 x 3-matrices the basis of identities is not
known yet.

Definition 1.5. An algebra is called a nil-algebra, if there exist a function n : A — N
such that, for all x € A, we have 2™®) = 0. If for some n the algebra satisfies identity x",
then it is called a nil-algebra of index n.

Definition 1.6. An algebra A is called nilpotent, if the identity xi...x; = 0 is satisfied
for some k.

k
Definition 1.7. An element 7 € A is called algebraic of index k, if > 7'a; = 0 for some

=1
ay,...,ar € Z. An algebra A is called algebraic of index k if any element of A is algebraic
of index k. An algebra A is called algebraic if any element of A is algebraic of some index
(depending on the element).

Problem 1.9. 1. Prove that any algebraic algebra of index k satisfies a non-trivial
identity.

2. * Prove that algebra of n X n-matrices is algebraic of index n.

3. Fix n € Z>o. We denote by SS,, the set of all subsets of {1,...,n}. For a 7 €SS,, we
put S; := ) ... x;. Prove the following equation (is called polarization):

> (=DS) =3 s To) -+ To(m)-

TESSH

(If we assume that x; commutes on with each other, then the right-hand side will
equal nlzy - xy,.)

4. Prove that from the identity ™ follows the identity Zaesn To(1)** To(n)-

5. Prove that any identity has a polylinear (i.e. linear over any variable) analogue of
the same degree.



Let ay, ..., a; be some elements of some algebra A with a unit and w = a;,a;,...a;, be a
word of alphabet with letters {a1,...,a;}. We denote by w(a) the element a;, - a;, - ... - a;
of A.

s

Problem 1.10. Let A be an algebra which satisfies an identity of degree n and a4, ..., q
be some elements of A. Let w be an n-divisible word of alphabet {ay,...,a;}. Prove that
w(a) = > c;w;(a). For some finite set of words w; and some ¢; € Z 1.

w;<w

A. Kurosh have posed in 1941 the following question.

Kurosh’s problem. Is it true that any algebraic finitely generated algebra, which
satisfies some identity of degree n, is finite-dimensional?

First solution of Kurosh’s problem, obtained by Levitskii and Kaplanskii in 1951, and
use highly non-elementary methods. In 1957, A. Shirshov develops purely combinatorial
technique, which provides another approach to Kurosh’s and other nilpotency-related
problems.

Problem 1.11. a) Resolve Kurosh’s problem using Shirshov’s theorem of height.
b)* Prove that [-generated nil-algebras are n-nilpotent of index k(n,1).

Our next goal is to receive estimates for a function k(n,l). Estimates for height in
combinatorics of words straightforwardly leads to estimates of k(n,l). First estimate of
A. Shirshov are extremely overwhelming but his works contains deep ideas which still stay
in focus of researchers. A. Kolotov receives in 1982 twice exponential estimate for k(n,!)
of type (I'"), where [ is a number of generators and n is a degree of identity. A. Belov
receives exponential estimate n3/>" in 1992, this estimate has been upgraded in works of
A. Klein in 2000.

E. Zelmanov have posed the following question in 1991.

Problem 1.12. Let F;,, be a free 2-generated associative ring with the identity 2™ = 0.
Is it true that the nilpotency class of F5,, depends exponentially on m?

Problem 1.13. Prove that the last problem from Section “Exponential estimates” pro-
vides a positive answer to Zelmanov’s question.

A.Belov and M. Kharitonov receive in 2012 a subexponential estimate for a height. In
connection with these results appear the following problem:

Problem 1.14. Receive a polynomial estimate for height.
And another one.

Problem 1.15. Does there exist an estimate for a height which is polynomial with respect
to degree and linear with respect to the number of letters in an alphabet?

And the last one.

Problem 1.16. Receive lower height estimate.

! Boobie roBops, anrebpa ompefeneHa HaJ MOJeM ¥ HaJ, HAM Ke OIpele/eHbl COOTHONICHHA. Y Hac
00 3TOM PA3roBOpa HET U IIOTOMY BOIIPOC O TOM, I/ XKUBYT C; — CJIOXKEH.
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Periodicity and order
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1 Introduction

We consider words in some alphabet. We fix some word W. If we are very lucky, W is
periodic, i.e. it is some short word w repeated many times. This word w is called period of
W. We write ¢ = ba, for words a, b, ¢, if ¢ is obtained from b and a by gluing together (we
note that any word is a product of several letters an that this product is noncommutative,
i.e. ab # ba, even if a, b are letters). From the point of view of this product, any periodic
word is a power of some (short) word.

An arbitrary word does not tend to be periodic. More often a word is a product of
several periodic words. We call such words piecewise-periodic. Any word can be expressed
as a product of several periodic words and some small pieces inbetween them.

Let now fix an alphabet A = {ay,...,as}. Order a; < ay < -+ < a, on the set of
letters induces a lexicographical order on the set of words. We write U < V', whenever
the first letter of U is smaller than the first letter of V, if they coincide, if the second
letter of U is smaller than the second letter of V e.t.c.

If a word U starts from a word V', U and V are incomparable, i.e. neither U < V|
nor V' < U. Similarly words are ordered in a dictionary (in this case the shortest from
two incomparable words usually goes earlier). A given word A may have a property to be
lezicographically ordered: this means that a letter with a smaller index always goes earlier
than a letter with a bigger index. If a word W is not ordered, it has several disorders.
There are more powerful and less powerful disorders. We say that a word W has a k-
disorder if W contains k subwords W7, ..., W), such that
1) W; does not intersect W; for i # j;

2) if i < j, then W; goes earlier than W;
3) if 1 < 7, then W; > Wj.
By definition, a word W is k-divisible, if W has a k-disorder.

It appear so that the “degree of divisibility” of a word W and the number of periodic
subwords of W are closely related. In this project we convert this metamathematical
statement to a theorem and try to amuse participants by related facts. We present this
theorem right now.

Shirshov’s Theorem of height. The set of non k-divisible words is piecewise-
periodic with period (k—1) or less, i.e. there exists a function H(k, s) such that any word
is either k-divisible, or can be splitted on H(k, s) pieces such that any piece is a subword
of a periodic word with a length of period (k — 1) or less.

The main goal of this project is to produce estimates for the function H(k,s) of type
H(k,s) < sk®™F where C is some constant, which does not depend on k and s. To



achieve this goal we will need some deep combinatorial results, in particular Dilworth’s
theorem. Another goal is to count polylinear ! words, which have no k-disorders 2. We
also estimates the number of subwords with a given period, and here the graphs point of
view is useful, in particular we explain a connection with a Ramsey’s theory.

The key problems in the first problem set are 2.10, 3.7, 4.11, 4.12.

We also attach to a project a problem set called “Application to ring theory and
some history”, which is dedicated to the mentioned topics. This problem set is completely
independent from all other problem sets, but it provides an area of mathematics, for which
the results of our project are also very interesting. It turn’s out that the Shirshov’s theorem
allows to solve some problems of this area, which seems to be completely nonrelated to it
and stay unsolved for more than 20 years.

2 De arte kombinatoria

Problem 2.1. Karlsson know how to write only words which does not contain subwords
with two or more different letters. How many words of length n Karlsson know how to
write, if his alphabet contains [ letters?

Problem 2.2. The dictionary of Winnie-the-Pooh tribe has 20 letters. The language of
this tribe consider as a phrase any combination of this words. There exists