Sequences with zero sums
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Problems

1 Zero-sequences

For any nonnegative integer n let Z, denote the set of residues modulo n equipped with operation “+” (addition mod n).
We say that the sequence in Z,, is a zero-sequence if its sum equals 0 € Z,,.

1.1. Let n be a nonnegative integer. Let k£ be the minimal number such that every sequence of length k in Z,
contains a zero-subsequence. Prove that k = n.

1.2. Describe all the sequences in Z,, of length n — 1 that do not contain zero-subsequences.
1.3. Describe all the sequences in Z,, of length n — 2 that do not contain zero-subsequences.

1.4. What is minimal m such that every sequence of length m containing at least 81 different elements of Z1qg
has a zero-subsequence of length 1007

1.5. Find a minimal m such that every sequence of length m in Z1¢g, consisting of exactly 4 distinct elements, has
a zero-subsequence of length 100.

1.6. Prove that every sequence in Z15 of length 23 contains a zero-subsequence of length 12.

1.7. Let S be a sequence of length 502 in Zs4; that has exactly 10 different elements. Prove that S contains a
zero-subsequence.

1.8. Let S be a sequence of length 10 in Z;7 that does not contain zero-subsequences. Prove that some element
of Zy7 occurs in S at least 4 times.

1.9. Let S be a sequence of n integers coprime with n. Prove that every residue modulo n is a sum of some
subsequence in S.

1.10. Let S be a sequence in Z,, of length 2n — 1. Assume that some element a occurs at least [n/2] times in S.
Prove that S contains a zero-sum subsequence of length n.

1.11. Let p be an odd prime number. Consider the following sequence in Z,: 0,0, 1,1,2,2, ..., p—1, p—1.
How many zero-subsequences of length p does this sequence have?

1.12. Let n > 2 be an integer. Let S be a sequence of length n in Z,, \ {0} with nonzero sum. Prove that there
exist at least n — 1 different zero-subsequences in S.

2 Extremal problems

For every nonnegative integer n by Z¢ denote the set of all arrays of the form (m1,ma,...,mq), where each m; is a residue
modulo n. We equip this set with operation “+” (addition modulo n in each coordinate). A zero-sequence in Z< is a sequence
that has zero sum (i.e. the sequence whose sum equals (0,0, ...,0) € Z%). By g(n,d) denote the minimal number M such
that in every subset of Z¢ consisting of M elements there exist n elements with zero sum. By s(n,d) denote the minimal
number M such that in every sequence a1, ..., ap € Z& there exists a zero-subsequence of length n. In other words there
exist different indices i1, ..., in, where 1 <41 <i2 < --- < i, < M, such that a;; + ...+ as, = 0. Thus different sequences
may coincide if considered simply as lists.

2.1. Prove that s(2,d) = 29 + 1.

2.2. Prove that (n —1)2¢ +1 < s(n,d) < (n — 1)n? + 1.

2.3. Prove that s(nins,d) < s(ni,d) +ny (s(nQ, d) — 1).

2.4. Prove that aro ¢(3,3) > 10, s(3,3) > 19. (Actually ¢(3,3) = 10, s(3,3) = 19.)
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2n —1 for odd n;
2.5. Prove that g(n,2) > " oroda
2n+1 for even n.

2.6. Consider a square 3 X 3 on the grid paper. Let 9 points be marked in the nodes of the grid (including the
boundary of the square). Prove that the center of mass of some 4 of these points is a node of the grid too. In other
words prove that ¢g(4,2) = 9.

2.7. Prove that s(2048, d) = 2047 - 2¢ 4 1.
2.8. Prove that s(432,2) = 1725.

3 FErdds — Ginzburg —Ziv theorem and related questions

3.1. [Cauchy —Davenport theorem| Let p be a prime number, A and B be two nonempty subsets in Z,. Prove
that |A+ B| > min{p, |A| + |B| —1}.
3.2. [Erdds— Ginzburg —Ziv theorem| Prove that every sequence in Z,, of length 2n—1 contains a zero-subsequence.
We can use these theorems in the subsequent problems.
Many of the following problems are valid in a more general context. A commutative finite group is a finite set equipped

with the operation “+” that satisfies the usual axioms for this operation: commutativity a + b = b + a; associativity
a+ (b+c¢) = (a+ b) + ¢; existence of zero element with the property 0 + a = a for all a; and existence of inverse element:

for any a there exists b such that a + b = 0 (we write b = —a). We can define a difference of two elements using the last
axiom: a — b is defined to be equal to a + (—b). A typical finite commutative group looks like Z[: fix the set of numbers
k1, ..., kn and a set of “vectors” (z1,x2,...,Tn), where z; € Zy,, and the operation “+” is usual coordinatewise addition

(modulo k; for i-th coordinate).
We mark the problem by the sign T if its statement is valid for an arbitrary finite commutative group. Solutions that
do not use specific properties of Z,, and remain valid in the case of an arbitrary finite commutative group are especially

welcome.
3.3. Let p be a prime number; let Ay, A, ..., Ay be nonempty subsets in Z,. Prove that
k
|A; + As + ...+ Ag| > min{p, (Z|Ai|) —k+1).
i=1
3.4. Let p be a prime number and let S = (a1, ...,a2,—1) be a sequence in Z, such that its elements a1, ..., as

are pairwise distinct (s > 2). Prove that S has a zero-subsequence of length p that contains at most one of the
elements aq, ..., as.

3.5. a) Take a regular 12-gon on the plane. We consider all symmetries and rotations of the plane which preserve
the 12-gon. Prove that for any 47 transformations there exist 24 of them such that their composition (in some
order) is an identity transformation.

b) Prove a similar statement for the symmetric group Sj.

3.6. Let p be a prime number, T be a sequence in Z, \ {0} of length p, h be a maximal multiplicity of elements
in T. Prove that every element of Z, is a sum of at most h elements of T'.

3.7. Assume m > k > 2, and let m be divisible by k. Prove that every sequence of integers of length m + k — 1
contains a subsequence of length m whose sum is divisible by k.

3.8.1 [Kemperman — Scherk theorem| Let n be a nonnegative integer. Let A and B be two subsets of ZZ, such that
0 € A, 0 € B and the equation a + b = 0 has only the trivial solution a = b =0 if a € A, b € B. Prove that
|A+ B| > min{n9, |A|+ |B| - 1}.

3.9.1 Let k and r be nonnegative integers and let A = {ay,...,ar+,} be a sequence in Zj, such that 0 is not a
k-sum of this sequence. Prove that the sequence has at least r 4+ 1 different k-sums.

3.10.1 Let S be a sequence of length n? in ZZ, let h be a maximal multiplicity of elements in this sequence. Prove
that S contains a zero-subsequence of length at most h.

3.11. Let p be a prime number and 2 < k < p — 1. Consider a sequence of length 2p — k in Z,, such that every p

elements of this sequence have a nonzero sum. Prove that some element occurs in the sequence at least p — k + 1
times.
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3.12. Let By, Bs, ..., By, be a collection of subsets in Z‘fl. Let m; = |B;|. Assume that 2?21 m; > n?. Prove
that for each j we can choose at most one element b; € B; in such a way that the sum of the resulting nonempty
collection of chosen elements is 0 € Z2.

3.13. Let n > 4 be an odd number. Let S be a sequence of length k in Z,,, where "T“ < k < n. Assume that S
does not contain zero-subsequences. Prove that some element of Z,, is contained in S with multiplicity 2k —n + 1.

3.14.1t Let A C Z2, |A| > n?/k. Prove that there exists a number 7, 1 < r < k, and a sequence ay, ..., a, (of not
necessarily different elements of A) such that > a; = 0.

3.15. Prove that the sequence of length 2n — 1 in Z,, has a unique zero-subsequnce of length n only if it consists
of n copies of some number a and (n — 1) copies of number b.

3.16.1 Let S be a subset of ZZ containing k elements. Assume that S does not contain a subset with zero sum.
Prove that there exist at least 2k — 1 distinct elements of ZZ that can be represented as a sum of several elements
of S.

3.17. Let M = {(a1,b1),(az,b2),. .., (azp—1,b2p—1)} be a subset in Z2. Assume that every element of Z, is
contained in the sequence ai, ..., agzp—1 at most twice. Prove that the set M contains a zero-subsequence of
length p.

3.18. Prove that the minimal m such that every sequence of length m in Zg contains a zero-subsequence is equal
tod(p—1)+1.

4 Semifinal. Additional problems

2.9. Find ¢(8,2) and, if possible, g(2",2).
2.10. Prove that there exists a function f(d) such that s(n,d) < f(d)n for all n, d.
3.19. Prove that if 3p elements of Zf) with zero sum are given, then one can choose p of them with zero sum.

3.20. Let S be a sequence in Z,, of length at least (n + 3)/2, n > 3 without zero-subsequences. Prove that S
contains an element coprime with n.

3.21. Let p be a prime number. Let A C Z, such that [A| > 2,/p.
a) Prove that A contains a subset with zero sum.
b) Prove that each residue mod n can be represented as a sum of some subset of A.

5 Open questions

4.1. g(p,2) = 2p — 1 for odd prime p.
For p = 3, 5, 7 it has been proved by Kemnitz (Kemnitz A., Exremalprobleme fiir Gitterpunkte. Ph.D.Thesis.
Technische Universitat Braunschweig, 1982), and for p > 67 by Gao and Thangadurai. The first step in the
latter is problem 3.17.

4.2, g(n,2) = 2n —1 for odd n
L gm A= 2n+1 for even n

4.3. s(n,2) =4n — 3.
This is Kemnitz’s conjecture. It was has been proved last year by combination of algebraic and combinatorial

methods. The sequence of 4n — 4 elements without zero-subsequences of length n is the following: (0,0)"~1,

(O’ 1)’”717 (1’ 0)n717 (17 1)n71
4.4. Let p be a prime number, A and B be two nonempty subsets in Z,. Denote by A 4+ B the set of all sums of
the form a + b, where a € A, b € B u a # b. Prove that |A 4+ B| > min{p, |A| + |B| — 3}.

This statement is the conjecture of Erdés—Heilbronn. It is proved though no combinatorial proof is known.
4.5. Let S be a sequence of 4n — 4 elements of Z2. If S does not contain a zero subsequence of length n, then S
consists of 4 distinct elements with multiplicity n — 1 each.

This is Gao’s conjecture. He has checked that this conjecture is multiplicative, i.e. if it is valid for n = k and
n = £, then it is valid for n = k¢.
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Solutions

1.1. The sequence 1, 1, ..., 1 (n units) does not contain zero-subsequences. Therefore k > n. Now let a1, aq, ...,
a, be an arbitrary sequence of length n. We prove that it contains a zero-subsequence. Consider n sums

ai,

ay + ag,

a1+...+an,1,
a1+ ...+an—1+ay.

If neither sum is equal to zero then two sums are equal (as elements of Z, ). Their difference determines a zero-
subsequence.

1.2. Answer: these are sequences containing an element a with multliplicity n — 1, where a coprime with n.
Indeed, let aq1, ag, ..., a,—1 be a sequence that does not contain zero susequences. Suppose that a; # as.
Consider n sums

ai ,
as ,
a1 + az,

a1 +az +as,

a1+...+an_1,
a1+ ...+an—1+ay.

Since neither of the sums is equal to zero, there are two sums that coincide as elements of Z,,. Then their difference
determines a zero-subsequence. A contradiction. Therefore the sequence could not contain two different elements.

1.3. Answer: these are sequences consisting of n — 2 copies of some element a, or sequences consisting of n — 3
copies of some element a and one element 2a.

We found this fact in [16].

The case n < 5 is left to the reader. Let the sequence contain two distinct elements a; # a2. For any other
element as we conclude analogously to the previous solution that there are two identical elements among the
elements aq, as, a1 + a3, as + az, a1 + a2 +as, ..., a; + -+ + ap—_2. But in this set of sums only the sums
a1 = as + as or as = a1 + a3z may coincide, whence

az = :I:(a1 - ag) .

Thus for every element ag we have an equality a3 = £(a1 —a2). Since our sequence could not contain elements that
are equal to both aq — ag and —(a; — az2) (because their sum is 0), we have the same sign for all possible elements
as in the last equality. That is all elelemnts of the sequence except a; and as are equal to the same number a. But
a1 # ag, therefore one of numbers ay, as, say a1, is not equal to a. Then analogously all the elements except a;
and a are equal, i.e. for n > 5 we obtain that as = --+ = a,—2 = a. And in the case a1 # a,2a a zero-subsequence
can be easily constructed.

1.4. Answer: m = 102.

Let A = {a1,as,...,as1} be distinct elements of some sequence. If the sequence has length 101 and the sum
of all elements does not belong to A, then the sum of all elemnts except one could not be equal to 0. Now let the
sequence have length at least 102. Without loss of generality we may think that the length is exactly 102. Let its
sum equal to s. It is not difficult to choose two elements a; and a; in the set A such that a; + a; = s. Now by
removing these elements we obtain a zero-subsequence of length 100.

1.5. Answer: 197 coins.

1.6. From the given sequence choose 11 pairs of numbers with even sum of numbers in each pair. Divide all the
sums by 2. We obtain numbers by, bs, ..., by1. From these numbers choose 5 pairs with even sum of elements in
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each pair. Again, divide the sums by 2. We obtain numbers ¢, co, ..., ¢5. Now consider these numbers modulo
3. It is easy to see that either some resudue mod 3 has multiplicity 3 in this sequence or all 3 residues occur in
it. In both cases these three residues have sum 0 mod 3. And recalling the way we have obtained the residues we
obtain a desired zero-subsequence mod 12 of length 12.

1.7. This is a partial case of the theorem of Erdés and Eggleton [7]. Denote the number 502 by n, then 541 = n+39.
Let aq, ao, ..., a, be given sequence. Suppose that it does not contain a zero-subsequence. Fix for a moment a
number m, 1 < m < n. Observe that all the sums obtained as sums of subsequences of first m numbers of the
sequence S could not be equal to sums of the form 22:1 a;, where m + 1 < r < n (because the difference of such
equal sums would determine a zero-subsequence) . We will show that it is possible to choose m in such a manner
that the first m members of S will determine at least m + 39 different sums.

Since S contains only 10 different elements, there is an element a # 0 that occurs in S at least 51 times. 541 is
a prime number, hence we have the operation of division in Zs4;. So we can divide all elements of S by a. We will
interpret the result of each division as a number from 0 to 540. So we may assume that a; = a2 = ... =as; = 1 and
that all the other elements of S are numbers from 0 to 540. If all these numbers do not exceed 51 then every number
from 1 to Y " | a; can be represented as a sum of some a;’s. But Y ;a;, 2 1+2+...+10+ (n —10) > n + 39.
A contradiction.

If otherwise S contains a number greater then 51 we may assume that ase > 51. (Observe that aze < 488
because in the opposite case we can construct a zero-sequence containing aso and several 1’s). Let m = 52. It is
obvious that the first m members of the sequence S determine at least m + 51 sums, as we wish.

1.8. Partial case of 3.13.

1.9. Let a1, a2, ..., a, be a given sequence. It is trivially checked by induction that the set of sums of all
subsequences aq, asg, ..., a; mod n contains at least ¢ different residues mod n.

1.10. We take this proof from [16]. Let S be a given sequence of length 2n — 1. Assume a € Z,, occurs s > [n/2]
times in S. We may also assume that s < n — 1 because otherwise the statement is obvious.

Consider shifted sequence S — a, it contains zero s times. Let 77 be a subsequence of S that consists of all
nonzero elements of S, it contains at least 2n — 1 — s > n elements. By the result of the problem 1.1, we know
that T} contains a zero-subsequence. Denote it by T5. Assume T5 contains to elements, 2 < t2 < n. We may also
assume that the sequence T» has maximal possible length (among the sequences of length at most n). If s+t¢2 > n,
then we can construct a zero-subsequence of length n by adding several 0’s to T'. Therefore we may assume that
s+ t2 < n whence ty < [n/2] (because we still have a lot of zeroes).

Now we can easily obtain a contradiction. Since s + to < n, it follows that 77 \ T» contains at lest n elements
and has a zero-subsequence T3 of length ¢3, t3 < t2 by the maximality of T. But t2 < [n/2], whence t3 + t2 < n.
This contradicts the maximality of 7.

1.11. Answer: %(Cgp — 2) + 2. This problem is from IMO1995. We take a solution in [1]. We may assume that
the sequence is a union of two identical sets B and C, where B = C = {0,1,2,...,p — 1}.

Split all the p-element subsequences of our sequence except B and C into the groups of p subsequences. For
every set X = {x1,...,2p} C B denote by X + ¢ the set {x; + ¢,..., 2 + £} C B, where addition is mod p
(i.e. X +{ is a usual cyclic shift of the set X) For a sequence A we place into one group the following subsequences

Ag=4A; A1 = ((ANB)+1)U(ANC); Ao =((ANB)+2)U(ANC); ..., 41 =((ANB)+p—-1)U(ANCQO).

If AN B| =g¢, 0 < g < p, then the sums of subsequences A; and A; differ by (j — i)¢g. Therefore all the sums of
subsequences in one group are pairwise distinct. Hence the sum of exactly one subsequence is divisible by p.
Thus we have (2;)”) p-element sequences, two of them (with zero sum) we throw off and between others 1/p part

has a zero sum. So the answer is (C5, — 2) + 2.

1.12. Let A = (a1,...,ay) be a given sequence. In the solution of problem 1.1 we describe how to construct a
zero-subsequence elements of which run successively in a given numbering. I.e. the sequence we have obtained
in such a way has a form a;, aj+1, ..., aj, where 1 < i < j < n. The sequences of this type we will be referred
to as intervals. After we have constructed several zero-sequences we can try to “mix” all numbers by changing
enumeration in order to each of our sequences would not be an interval. In case of success of these attempts we
can construct one more zero-subsequence by the method of the problem 1.1. This subsequence will be an interval
and therefore it will not concide with those that we have constructed previously. Proceeding in this manner we
will construct n — 1 desired subsequences.
In order that this plan works, it remains to prove the following statement.
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Lemma. Let k < n — 2 subsequences (of the initial sequence A) be given such that they have length n and
contain from 2 to n — 1 elements each. Then we can rearrange the elemnts of A in such a manner that none of
subsequences will be an interval in a new enumeration.

Proof. When we do not look after the order of elements we will use the word “set” instead of “sequence”.

We use induction by n. Base of induction n < 4 can be easily checked by consideration of all possibilities.
Suppose that the statement is proven for some n > 4. Then we will show that it is valid for n + 1 by proving the
following statement.

Let the sequence B = (b1,ba,...,byy1) be given. Let D1, ..., Dy be its subsequences containing from 2 to n
elements each, k < n — 1. Then there exists a new enumeration of the sequence B such that all sequences D; are
not intervals.

Since we have at most n — 1 sets D;, then there exists an element b; that belongs to at most one two-
element set D;; without loss of generality we may assume that this is b,+1. Remove the element b,,+1 from the
initial sequence and from all subsets containing it. If a pair D; containing b,41 exists then drop it. If a set
Dj; ={b1,...,b,} exists then drop it too. If neither first nor second set exists then drop an arbitrary set D,y,.

We can apply induction hypothesis to the remaining elements and sets because now all the sets contain from
2 to n — 1 elements each. We try to find a place in the obtained sequence where we can insert an element b, in
order to satisfy all conditions. If an arbitrary D,, has been dropped it is sufficient to insert b,41 in such a manner
that elements of D,, would not run successively. Clearly it is possible. Otherwise if we have had a pair D; then
we can not insert b, 1 on the two positions adjacent to the second element of the pair. And finally if we have had
the set D; then now the “prohibited” positions are at the beginning and at the end of the sequence. Since total
number of positions for b, 11 is n+1 > 5, we have at least one “allowed” position. Insertion of b, 41 in this position
provides us a desired sequence.

2.1. The elements of ZJ are all possible collections of d zeros and ones equipped by the operation of addition
modulo 2 in each coordinate. There are 2% such collections, and the sum of any two different collections is not
a zero collection. If we take 2¢ + 1 collections, then two of them are identical. Their sum will be equal to zero.

2.2. The upper estimate follows from the fact that if a sequence consists of (n —1)n? 4 1 elements of Z¢ then some
element occurs at least n times. For the lower bound let us give an example. We consider 2" collections of the
form (mg,...,mg), where each m; takes value 0 or 1. We construct a sequence containing each of these collections
exactly n — 1 times. It is clear that the sum of any n elements of this sequence is not equal to 0.

2.3. Suppose a sequence containing s(ni,d) + ni(s(ne,d) — 1) elements is given. We will consequtively choose
groups, containing n; elements, with the sum in each group divisible by n1, using the definition of s(ny,d). We can
choose s(ns,d) groups in this way. Now divide the sum of elements in each group by n; thus obtaining a sequence
of s(ng,d) elements. After this we can choose ny elements of this sequence with the sum divisible by no.

2.4. Here we give an example of nine elements of Z3, such that no three of them have zero sum. It was given
in [10]:

2 0 0 0 0 1 1 1 1
11, (0), (O], (LX), |1}, {0}, ({0}, 1], (2
2 0 1 0 1 0 1 2 2

Furthermore, if we take each vector two times, we get an example of the sequence of 18 elements, such that no
three of them have zero sum.

2.5. See [8]. For odd n we can take the following subset of Z2:
(0,0),(0,1),...,(0,n—2), (1,1),(1,2),...,(1,n—1).

This set conyains 2n — 2 elements. If its subset contains n elements then it has nonzero sum. For even n we can
similarly consider the following subset of Z2:

(0,0),(0,1),...,(0,n—1), (1,0),(1,1),...,(1,n—=1).

This set conyains 2n elements. If its subset contains n elements then it has nonzero sum.

2.6. This fact is taken in [8] but the proof there is too technical. If we consider integer vectors aq, as, as, aq then
a1+a2+a3+a4
2

gotuploalon — >—=—. Split 9 marked points into 4 groups according to the parity of both coordinates. In
each group z1, s, ..., 2, compute 1rr2 ‘"“;”33, ..., 4dTe Tt yvields k — 1 integer vectors which are pairwise

distinct as elements of Z3. Having considered all 4 groups, we get at least 9—4 = 5 vectors with integer coordinates.
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We can choose two vectors with the coinciding parities of both coordinates of them. The pairs of initial vectors
corresponding to them were received from different groups, so they provide the required 4-tuple.

2.7.
2.8. This statement has been proven in AlonDubiner2 by non elementary methods.

3.1. The simple case |A| 4 |B| > p is left to the reader. We may therefore consider subsets satisfying the condition
Al +[B] < p-.
Assume that, in contradiction with our assumptions, the set A and B satsfy the inequality

|A+B| <|A|+|B|]—-1. (%)

For definiteness, assume that |B| > |A|. Among all pairs satisfying the above inequality (*) we choose pairs such
that |A 4+ B| achieves its minimum possible value. Among those pairs take an arbitrary pair A, B such that the
cardinality of the smaller A achieves its minimum.

If |A| =1 then the inequality is obvious.

Consider the case |A| > 2. If instead of the set A we consider for an arbitrary ¢ € Z,, the shifted set A+ ¢, then
the set A + B is also shifted by ¢, and in particular its number of elements remains the same.

Assume that we may shift the set A in such a way that the sets A and B have a nonempty intersection, but
A ¢ B. Consider the sets Ay = AN B, By = AU B. By definition |A;| + |Bi| = |A| + |B|. But 4; + By C A+ B,
whence |A; + B1| < |A 4+ B| and the pair A;, B; satisfies the inequalty (x). Since |A1| < |A], the set A is not
minimal, which contradicts our assumptions.

Now we prove that we may shift the set A in such a way that the sets A and B have a nonempty intersection
but A ¢ B. Indeed, assume that such a shift is impossible, i.e. any shift of A is either contained in B or does not
intersect B. Let a, b € AN B, A C B. Shift the set A by b — a and denote A’ = A + (b — a) (all arithmetical
operations in our formulas should be understood mod p). The point a is taken by our shift to the point b, and
therefore A’ and B have a nonempty intersection, whence A’ C B and b, b+ (b —a) € A’ C B. We now shift A’
by b — a and obtain the set A”. Observe that A” and B have a nonempty intersection. Proceeding inductively we
obtain that all points

a, b, b+ (b—a), b+2(b—a), b+3(b—a),

belong to the set B. But the set of all such points exhausts the whole set Z;,, and we arrive at a contradiction.

3.2. First assume that we have proved our statement for prime values of n and derive it for all n by induction on
the number of prime divisors of n. Let n = pm, where p is prime. Let a1, as, ..., as,—1 be our sequence.

By our statement for prime p we may choose an array I; of p elements with zero sum mod p. From the remaining
2(m — 1)p — 1 elements we may choose another such array I>. Proceeding in this way we obtain 2m — 1 distinct
arrays I1, Is, ..., Io;u—1. (Note that after 2m — 2 arrays have been chosen the remaining number of elemnts is
at least 2pm — 1 — (2m — 2)p = 2p — 1.) For each i, 1 < i < 2m — 1, denote a} = %Zjeh a;. By the inductive
hypothesys the sequence a; contains a zero sum sequence of m elements. We denote this elements by a; , aj_, ...,
a; . The union of arrays I;,, ...I;, is the desired set of pm elements with sum divisible by n.

We now prove our statement for prime p. Arrange our sequence in increasing order: 0 < a1 < az < ... < agp—1.
If a; = ai4p—1 for some ¢, then a; + aj+1 + ...+ @itp—1 = pa; = 0 (in Z,) and the statement is proved. In the
opposite case denote 4; = {a;,a;4p—1} for 1 < i < p — 1. Using the Cauchy —Davenport theorem several times
we obtain |A; + As + ...+ A,—1| = p (one may also use problem 3.3 here). Therefore, every element of Z, may
be represented as a sum of p — 1 elements of the sequence a1, ag, ..., asp—2. But then the element —as,_; also
admits such a representation, and we obtain the desired zero subsequence.

3.3. An obvious induction.

3.4. This problem is taken from [8].

The statement is obvious if some element occurs p times in S. Assume that each element occurs at most
p — 1 times. Denote A1 = {as,...,as}, and split other elements of S into p — 1 sets Az, ..., A,_1. By the
Cauchy—Davenport theorem,

A1+ ...+ A4, 2min{p,2|A¢|—p+1}:min{p,2p—1—p+1}:p.

Hence Ay + ...+ A, = Z,, which implies the desired statement.

3.5. A composition of two axial symmetries is a rotation. We can interpret a rotation of a 12-gon as an element of
the group Z,2. Let us decompose our collection of transformations into pairs of two symmetries or two rotations
(there will be one transformation without a pair; we will not use it). Fix an arbitrary order of elements in each
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pair. There are 23 pairs, and the composition of elements in each pair is a rotation; these compositions form a
collection of 23 elements of Z15. Applying the Erdds— Ginzburg —Ziv theorem to this collection, we obtain the
required result.

3.6. Let us split all the elements of T" into h sets Ay, As, ..., Ay in the following canonical way: we denote by A;
the set of all elements appearing in T at least 7 times. Then any element has equal multiplicities in 7" and in the
sets A1, ..., Ap; moreover, A; contains all different elements of T. All the sums of not more than h elements of

h
T form the set A; + Y (4; U{0}). By the Cauchy—Davenport theorem, we obtain
i=2

h
’Al +y (AU {0})‘ > min{p, [Ai| + A2 U{0} +... + |4, U{0}| —h+1} =p
=2

as required.

3.7. Using the Erdés— Ginzburg—Ziv theorem one can find a zero subsequence of k numbers. Delete them from
the sequence and repeat the procedure. This process can be repeated until there are less than 2k — 1 numbers left
in the sequence. When this is the case, we obtain m/k groups with zero sums as required.

3.8. This statement is proved in [13].

Assume the contrary. As in the proof of the Cauchy—Davenport theorem, we may restrict ourselves to the case
|A| + |B| — 1 < n?. From all pairs (A, B) contradicting the statement of the problem, choose a pair with minimal
|A|. Note that there exists an element b* € B such that b* + A ¢ B. Actually, assuming the converse we have the
equality a; + B = B for any 0 # a1 € A. In particular, a; + b; = 0 € B for some b; € B which is impossible.

We will use this element to redistribute our pair of sets. Denote by A* the set of all a € A for which a +b* ¢ B.
Let A’ = A\ A*, B’ = BU (b* + A*). Obviously, 0 ¢ A*, hence 0 € A’. Moreover 0 € B’ D B.

The equation o’ + b = 0 has only a trivial solution on the sets A’, B’. Actually, if a; + (b* + a3) = 0, where
a; € A', ag € A*, then (a1 4+ b*) + a3 = 0, which is impossible since a3 + b* € B, as € A, as # 0. On the other
side, if a1 +b; = 0 for 0 £ ay € A’, by € B, then we obtain a nontrivial solution of the initial equation again.

Additionally, recall that A’ + B’ C A+ B.

Finally, we obtain a new pair (A’, B') satisfying the same conditions though with |A’| < |A]. Contradiction
with minimality of |A|.

The solution is valid for any finite abelian group.

3.9. This statement is taken from [11]. The Erdés— Ginzburg—Ziv theorem implies that r < k — 2.

If we add some number to all elements (this operation will be referred to as a shift of a sequence), then all
k-sums remain the same, so one can consider only the case when 0 has the maximal multiplicity in A. Denote by
L a subsequence of A, consisting of all zeroes. Obviously, £ < k — 1. Consider all subsequences in A \ L of length
not exceeding k — 1. Let S be the subsequence of maximal length in this set. Denote s = |S|, £ = |L| (possibly
S =@ and s =0). Then £+ s < k — 1 (conversely, we obtain a zero subsequence by adding to S some zeroes from
L).

Then, |[A\ (LUS)| = r+ 1. Let T be an arbitrary subsequence of length r in A\ (L US). Let h be the
maximal multiplicity of an element in 7. Then h < ¢ by the definition of ¢. Split 7" into h sets X1, ..., X, in a
canonical way and denote X! = X; U{0} (¢ =1, ..., h). Note that 0 ¢ T and for any 1 < j < h no j elements
of T have zero sum. On the contrary, we can add these elements to S obtaining a new zero subsequence of length
j+s<h+s<{l+s<k—1, which contradicts to the choice of S. Hence, we have verified the conditions of the
Kemperman—Scherk theorem. Applying this theorem, we obtain

IXi+...+ X, > |X1|+...+|Xn|+1=r+1.

In other words, if we add h zeroes from L into T, then the obtained sequence has at least r + 1 h-sums. Adding
the remaining (k + ) — (r + h) elements of A to all these sums, we obtain r + 1 different k-sums as required.

The Erdés— Ginzburg —Ziv theorem is in fact a corollary of this statement. The arguments are valid for any
finite abelian group.

3.10. This result is a consequence of the Kemperman—Scherk theorem. Actually, there is nothing to prove if 0 € S.
Suppose 0 ¢ S. Distribute elements of S into h subsets By, ..., By, in a canonical way and let A; = {0} U B; for
1<i<h-—1.If an equation a; + a2 + ...+ ap—1 = 0 has a nontrivial solution with a; € A;, then we obtain the
required result. In the opposite case we have

h—1
Ay + As + oo+ Apy| > (Z|A¢|)—(h—1)+1:(nd+h—1—|Bh|)—(h—1)+1:nd+1—|Bh|.
=1
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This implies that there exists an element of Z¢ of the form (—b), where b € By,, which can be represented as a sum
of the form a1 +as + ... +an_1, a; € A;. Then aq, as, ..., an_1, b is a required zero subsequence.

3.11. This statement is found in [8].

The p-sums remain the same under a shift. Hence, having made a shift we may assume that 0 has the maximal
multiplicity h. Let T be a subsequence consisting of all nonzero elements, and s be the sum of its elements. Assume
that the statement is not valid and h < p — k. Then |T'| > p. Since 0 ¢ T', s can be represented as the sum of not
more than h elements of T' by problem 3.6. Let @ be a subsequence formed by these elements, and set Ty = T\ Q.
Clearly, T} is the zero sequence, and p — h < |T1| < |T] — 1.

Suppose |T1| < p. Then one can easily obtain a zero sequence by adding some zeroes to T;. Hence the only case
remaining is 71| > p. Again, applying problem 3.6, we can eliminate not more than h elements from 77, obtaining
the subsequence T, with zero sum, and so on. Finally, for some T; we will obtain p — h < |T;| < p, QED.

3.12. This statement is equivalent to the problem 3.10.

3.13. Found in [5].
Assume the contrary: each element has multiplicity not more than 2k — n in S. Note that for a,b € S, a # b,
elements a, b and a + b are pairwise distinct since S does not contain zero subsequences.

Lemma. Suppose a,b,c € S are pairwise distinct elements. Then there are at least 6 different sums modulo n
among all the sums of the set {a,b, c}.
Proof. Consider the following equations in Z,:

at+b=c¢, a+c=b, b+c=a.

Suppose that two of them are satisfied (wlog 1st and 2nd). Adding we obtain 2a = 0 which is impossible since n is
odd. If, on the contrary, two of these equalities (again 1st and 2nd) are NOT satisfied, then one can easily check
that the sums a, b, ¢, a +b, a+ ¢, a + b+ ¢ are pairwise distinct. Actually, if, for instance, a + b+ ¢ = a then b+ ¢
is a zero sum. The lemma is proved.

Let us choose one by one nonintersecting triples of pairwise distinct elements (and eliminate them from the
sequence). Assume that we can choose j triples A;, As, ..., A;, and the rest of the sequence does not contain
such a triple. Then the rest contains only 2 different elements a and b with multiplicities A and u, A > p > 0.
Our assumption implies that A < 2k —n. We can make p pairs {a,b} = Ajy1 = --- = Aj4, and XA — p singles
{a} = Aj 41 == Ajq from these elements.

We have split our sequence into j + A sets A;. So,

E=3j+X+p.

For any A; we introduce the set ¥ A; of all sums of subsets of A;. By Lemma we have |[¥A4;| > 6 for triples;
moreover, |XA;| = 3 for all pairs and |XA4;| = 1 for singles. It follows that

J+A
D OIBA|=6j+3u+A—p) =2Bj+p+A) —A=2k—A>n.

i=1

It remains to apply the statement of the problem 3.12.
Remark. The statement of the problem is also valid for even values of n. For this case, one should add some
technical corrections into the solution; these corrections will deal with the case when n/2 is present in S.

3.14. A straightforward consequence of problem 3.12 where all sets are supposed to be equal.

3.15. Suppose a sequence of 2n — 1 elements of Z,, is given in such a way that it has a unique zero subsequence
of length n. Let us remove any element appearing in this zero subsequence. Then the remaining sequence S does
not have a zero subsequence of length n at all. Let a be an element with maximal multiplicity in S, and s be
its multiplicity. Again, we will consider the shifted sequence T' = S — a instead of S, 0 being its member with
multiplicity s. Let T be the subsequence consisting of all nonzero elements of 7', and Sy be the subsequence
consisting of all zeroes.

Clearly, s < n. If s = n — 1, then |T1| = n — 1 and T} does not contain nonempty zero subsequences at all.
By problem 1.2, T; consists of n — 1 equal elements. Hence S has only two different elements, each being with
multiplicities n — 1.

Suppose s < n — 2. Then |T1| > n, and the multiplicities of its elements do not exceed s. By problem 3.10, we
may choose a zero subsequence Sy in 77 of length s; < s. If s + s1 > n, then we may construct a zero sequence of
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length n, adding some zeroes to Sy. If s+ s1 < n—2, then we may find another zero subsequence Sy C Tp = T\ 51
of length sy < s, and so on. Finally, we will obtain either s + s1 + --- + s > n (hence we may find a zero
subsequence of length n by adding some zeroes to S;U---USg) or s +s1+---+ s =n— 1.

If Tpy1 = T1\ (S1U---USE) does not contain zero subsequences, then by problem 1.2 all its elements are equal,
which is impossible since the maximal multiplicity is s < n — 1. Otherwise there exists a zero subsequence U of
length u, and u+ s+ s1 + - - + s, > n. Removing from the sequence Sy U.S; U... S, UU a suitable number of .S;
and then a suitable number of zeroes, we will obtain a zero subsequence of length n. Contradiction.

So, we have shown that S has only two different elements, each being with multiplicities n — 1. Now let us
return the removed element and throw another one appearing in the zero subsequence. Again, we will obtain a
sequence with exactly two values; this means that the first deleted element was equal to some other. It follows
that the sequence has the required form.

3.16. This is a particular case of another theorem of Erdés—Eggleton [7].

Let f(k) be the least possible number of elements of ZZ which may be represented as a sum of some subsequence
of S, where S is an arbitrary k-sequence without zero subsequences. Let us prove that f(k) > 2k — 1 by induction
on k. Obviously, f(1) = 1.

Suppose that f(k) > 2k — 1. Consider a sequence S = (a1, as, .. .,art+1) without zero subsequences. We should
check that there are at least 2k 4+ 1 elements which can be represented as a sum of some its elements.

Case 1. Some element of S (say ar41) cannot be represented as a sum of some other elements of S. By the
induction hypothesis, the set of all sums of S\ {ax4+1} consists of at least 2k — 1 elements, and this set contains
neither ajy1 nor Zf:ll a; (otherwise the difference of this sum and its representation yields a zero subsequence).
Moreover, these elements are obviously different. Hence we have found 2k + 1 different sums.

Case 2. Each element of S can be represented as a sum of some other elements. Recall that S does not contain
zero subsequences, hence we can apply the Kemperman—Sherk theorem to the sets A = B = {0,a1,...,ax+1}
obtaining |A + B| > 2k + 3. Moreover, each element of the form 2a; can be represented as the sum of different
elements of S since one can change a; by its representation as a sum of some other elements. Hence, each nonzero
element of A+ B can be represented as the sum of some elements of S, hence we have in fact found 2k + 2 of such
elements.

3.17. A result from [8]. Since we deal with p-sums, we may shift our sequence again. Then we can assume that
there is exactly one 0 and exactly two entries of any other element of Z, in our sequence. Then

(an) = ((Oa Z)a (1,1‘1), (layl)v (2,1‘2), (2;2/2)7 ceey (p - 17xp—1)a (p - lvyp—l))a

where z; # y; for all ¢ (since (i, z;) and (7, y;) are different elements of M). Note that 0+1+2+...+(p—1)=0
in Z,. Denote C; = {z;,y;}. By the Cauchy-Davenport theorem 3.3, we have

[Ci+Co+...+Cpi| 22(p—1)—(p—1)+1=0p.
This means that zero may be represented as 0 = Zf;ol zi, where zp = z and for each ¢ either z; = x; or z; = y;.

The corresponding elements of our sequence form a required subsequence.

3.18. This is a result of Olson [14].
Let us show that the number in this statement cannot be made smaller. Take d “basic” vectors

(the unit is on the ith place in the vector e;), each having multiplicity p — 1.
The proof of the remaining part of the statement is much more complicated.

3.19. This fact is proved algebraically in [4].
3.20.
3.21.
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Anrebpamveckne rpynnbl 1 npobsiema bepHcaiiga

A. 4. Kaneas-Benos N. A. anos-Iloronaes A. C. MaymcroB

JIaHHBIA TPOEKT IMOCBAIIEH KOMOMHATOPHO-TEOMETPUIECKOMY METO/LY, ITO3BOJIMBIIEMY pPe-
IIIUTH HECKOJIBKO CJIOYKHBIX MPOOJIEM B TEOPHH T'PYII, B TOM YHC/E TOCTPOUTH OECKOHETHYIO
KOHEYHO-TIOPOZK/ICHHYIO TPYIILY ¢ ToKiecTBoM €™ = 1 (orpanmvennas mpobiema Beprcaiina).
DTa KOHCTPYKIINS sIBJIAETCS TJIABHOM IIeJIbI0 HACTOAIIErO IMUKJIa. B OCHOBHOM, MBI OyIeM cire-
noBarh mocTpoerusiM A. FO. Ousbinanckoro. CyTh MeTOIa COCTOUT B CyIIECTBOBAHUN HATJISTHOM
reOMeTPUIEeCKO MHTEPIIPETAIINN BBIBOJA CJACACTBHUI IPU U3yUYeHUN aOCTPaKTHBIX ajaredpamde-
CKIX OOBEKTOB.

[Tocne BBe/ieHMST HEKOTOPBIX MOJIE3HBIX MOHATHII, MBI IIepeiijieM K ITOCTPOCHUIO JUATrPaMM
Ha, IJIOCKOCTH, OOBIYHO IPEJICTABJISIONINX cOOOil KapTy M3 MHOI'OYTOJIbHUKOB. B 3TOM cMbIciie
II0JIE3HBI CJIEJIYIONIAE BBOHBIE 33/Ia4H.

¢ Al. Bomykasrit 1993-yroibHuK paspe3aH Ha BBIIYKJIbIC CEMHYTOJIbHUKH. JlOKaxkuTe, 4TO
HaIIyTCs deTwIpe coceqaue Beprmuabl 1993-yroipauKa, NpuHAJJIEKAIIIE OJHOMY CeMHYTOJIb-
uuky. (Bepiiuaa ceMuyroibHUKa He MOXKET JIeXKaTh BHYTPH cTOpoHbI 1993-yroibHuKA. )

¢ A2. MoxxHo jin pa3pe3arhb IIOCKOCTh: &) Ha BBIITYKJIbIC CEMUYTOJBHAKH; b) HA O[HHAKOBBIE
BBIITYKJIbIC CEMUYTOJbHUKH !

¢ A3. Moxno Jim paspe3aTh IMJIOCKOCTh Ha BBIIIYKJIBIE CEMHYTOJbHUKH TaK, 9TOOBI JIFOOO
eJMHHIHBII KPYT ITepecekas He 60/iee MUJIIHOHA W3 HUX !

¢ AA4. Ilnockocts pa3bura Ha BBITYKJIbBIC CEMUYTOJBHUKH, THAMETPBI KOTOPBIX HE IPEBBIIa-
for 1. ITycrs n(R) — KoJIMYecTBO CeMUyTroJIbHIKOB, HONABIINX B KpyT pajuyca R ¢ nenrpom B
HavaJie KoopauHar. /[okazaTh, 9To cymecTByIoT ducaa Ry u A > 1 takue, 4ro st Bcex R > Ry
Bepro n(R) > A\

Pacemorpum koneunsrit asibaBut L, cocrodmuit n3 OYKB
a,a b, b, c,c, ...

B nam andasur 6yKBLI BXoAAT mapami: @ 1 a~ 1, b u b~™! u tax ganee. Taxue GyKBbl Gyiem
HA3bIBATH 00pamHvimu. VI3 OYKB MOYKHO COCTaBJISTH CJIOBA —- MIPOU3BOJIbHBIE KOHEYHbBIE I10-
cienoBaTebHocTH OykB — HampuMep: aba, aba tab~lc, ala"'bbca~!. Crosa moxmO
1peobpa30BbIBAThL, yOUpas WM BCTaBJdd Mapbl PAJOM CTOAIIMX OOpaTHLIX OYKB. Tak, ciio-

Bo aba~tab~lc npusomurea x Buay ac: aba"lab~lc = abb—lc = ac. Hexoroprie ciosa
(mampumep, b~ taa1b) MoKHO IpUBECTH K IIYCTOMY CJIOBY, KOTOpoe OyjieM 0603Ha9aTh Kak 1.

Basiaium HECKOJIBKO CJIOB, paBHBIX 1 110 onpejenenuio, nanpuvep: {aba b~ = 1; ca =
= 1}. Takue paBeHcTBa Gy/IeM HA3BIBATH ONPEOCAANOUUMY COOMHOWeHUAMY. VI3 HIUX MOXKHO
U3BJIeKaTh caeacTsud. Hampumvep, BosbMeM cootHomenune aba~1b~! = 1 u nonmimem ciupasa B
060UX YaCTsIX ITOIO pABEHCTBa CJI0BO ba (910 HaszbiBaercs “yMHOXKEM cipasa Ha ba”). Tloryanm
paserctBo aba~'b~lba = ba. CoxpamaeM B JeBOH YacTu oOpaTHBIE OYKBBI U IIOJIyHYaeM
ab = ba. Teneps jonuiiem B Hauade oboMX dacreil paBeHcTBa € (“yMHOXKHUM cJieBa Ha C).
[Tonyaum cab = cba. [lonbsysick ca = 1, nosydaem b = cba.
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Nrak, 3a/1aHne onpee/sonuX COOTHOMIEHU ITPUBOIUT K TOMY, YTO HEKOTOPbLIE CJIOBa CTa-
HOBSATCS 9KBUBAAECHMH MU WA PAGHDLMU: OJTHO MOYKHO ITPUBECTH K JIPYTOMY HOJIB3YSCh OIIpe/ie-
JIAIOTIIMHU COOTHOIIICHUSMHU U COKPAIICHUIMI 00paTHbIX OYKB. JlormycTM, HaM U3BECTHBI Olpe-
Jlesistionue cooTHorenns. MoxkHO Jin y3HATH 10 3a/IaHHON TIape CJI0B, PaBHBI OHU W HET?
OxkasbIBaeTcs, 00IIEero aJropuTM™a, Jjisi ITOTO He CYIECTBYeT, U 9TO OY€Hb CEPbE3HbIN pe3yIbTaT
B BbICIIeH ajredpe. OIHAKO, €C/Id ONPEIEISIONIe COOTHOIIEHUST YAOBIETBOPSIOT HEKOTOPBIM
OT'PaHUYEHUSIM, TAKON aJrOPUTM MOXKET CYIIECTBOBATh.

OcuoBHoi1 Bonpoc. Ilycrs mist 1000t mapbl ompejesonux cootnomennit A = 1 u
B = 1 ux obmiee Havgas0 b0 IMycTo, 6O M0 JIJINHE COCTAB/IIeT MeHee /g or qunst A u B.
Torma cymecTByeT aaropuTM, MO3BOJISIIONII /11 JIFOOOI ITaphbl CJIOB BBISICHAUTH, PABHBI OHU WJIN
HET.

K ocnoBHOMY BOIIpOCY MBI BepHEMCs, CHava1a MONPaKTHKOBABIINCH Ha O0Jiee TTPOCTHIX IPHU-
Mepax. Besse janee Mbl nipejimoiaraeM, 9To ajihaBUT COCTOUT TOJBKO M3 OYKB, YIIOMHHAEMBIX
B OIPEETAIONNX COOTHOIEHUSIX.

PaccMorpumMm errie oJinH BBIBOJL, CJIEJICTBUS U3 OIPeedonux cooTHorenuii. [lycrs aba =
= 1, bab = 1. JlokaxkeM, uto a = b. JleiicrButeasno, a = abaa™'b™! = a7 b1 =

= a1b~'bab = b. Takum 06pa3oM, IPU JAHHLIX OIPeJIe/IONNX COOTHOIIEHUAX CyIIeCTBYeT
TOJILKO TPU HEeSKBUBAJEHTHLIX cjloBa: 1, a, a?.

B nasbHefinmeM, eciin B CJI0BE BCTPEYaeTCs MOBTOPAIONIAACH OYKBa, Oy/IeM UCIOIb30BaTh B
3allCH CTelleHb: HalpuMep, mucaTh a® BMecro aaa. s oTpUIaTe/LHBIX CTeleHeil 1o orpe-
nenennio 6yjem cunrarh ¥ = (1)~ K npumepy, a=2 = (a71)3.

¢ BL1. Ilycrs umeercs oxno omupenessmomiee coorHomenne ba = ab. /lokaxkure, 4T0 TOIIa
JIF060€E CJIOBO MOXKHO IMPHUBECTH K By a'™b™, rie m, m — HeKOTOPBIE IIe/Ible JHC/IA.

¢ B2. CKko/bKo cymmecTByeT pasImdHBIX CJIOB, €CJH 3aJaHbl ONPEESIONEe COOTHONICHHS:
a* = b = (ab)? =17

¢ B3. Ckoibko cymecTByeT pas/IudHbIX CJOB, €CJIH 3aJaHbl ONPEIe/ISIONe COOTHOICHHS:
aba%ba = b3 =17

¢ B4. CKoJIbKO CymecTByeT pasziHdHbIX CJIOB, €CJTH 3aJIaHbl ONPEIEISIONIEe COOTHOIEHHS:
a? =b* = (ab)™ =17

CymecrByeT c11ocob, MO3BOJISIIONTII Ipadudeckn n300pa3uTh BBIBOJ, CJIEJICTBHUS U3 OIPEIe-
JIgomuX cooTHormeHuil. [Ipeacrasmenne o TakoM crocobe MOXKHO IOJIYIUTh U3 PUCYHKOB, DI
HOKa3aH BBIBOJ ciiesicTBuA a?b® = b3a? u3 coornomenns ab = ba u BoBoj cirencrsus b8 = 1
3 cootHomenuit b = a u a® = 1: npu o6xo1e 060§ 06JACTH KAPTHI YUTACTCA OIHO N3
3aIAaHHBIX OMpPEIEIAIONINX CJIOB, a IPU 00X0/1e TPAHNIIBI BCEl KapThl IUTAETCS CJIeICTBUE, €CIIN
NIpU JIBUZKEHUU TTPOTUB CTPEJIKA OYKBA CUMTAETCS KaK oOpaTHas.
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b_ b_ b_
A A
a b (IT b CLT b a
> > >
oA b‘aT b‘aT b‘au
b
puc. 1 puc. 2

Nrak, mI0CKOCTh pa3duBaeTcss Ha HECKOJIBKO MHOTOYTOJIbHUKOB. ['paHUIbl MHOTOYTOJILHU-
KOB OyzmeM HasblBaTh pebpamu. OOIACTH KapThl, JIEXKAILYI0 BHYTPHA KAKOTO-JIMOO0 MHOTOYTOJIb-
HUKa, OyJIeM Ha3bIBATD K.AemKot. Pa1oM ¢ KazKJIbIM peOpOM Ha KapTe IuIieM OyKBY ajihaBuTa
TaK, 9TO CJOBA, OTBEYAIONINE OOXO/Y JIF0OOH KJIETKH OTBEYAIOT KAKOMY-JTHOO OIPEIe/IAioneMy
COOTHOIIIEHUIO.

¢ Bb5. Hapucyiite KapTy, nJTIOCTPHPYIONLYIO BBIBOJ ciaeicTsusd a2b?c? = 1 u3 coorHomeHmii
a®=1,3=1¢c2=1,cba =1.

¢ B6. Hapucyiire kapTy, mLmocTpupyIomyio BoiBos ciegcrsus ab~ltaba=1b = 1 u3 coor-
nomennii a® = 1, b3 = 1, abab = 1.

Ha camom jieste, 06cyk1aeMble HAMU CTPYKTYPBI CJIOB C COOTHOIIIEHUAMU UMEIOT CBOE HA3Ba-
uue. [lycts nmeercss muoxkectBo G. IlycTh Ha 9TOM MHOYXKECTBE OIPE/Ie/IeH HEKOTOPBIH 3aKOH,
[0 KOTOPOMY KaxKJI0il yIIOpsIOUeHHOI TTape 9J1eMEeHTOB (1, Y) COMOCTaB/IeH HEKOTOPBIN 3JIEMEHT
z. Byjiem 0003Ha4YaTh 9TO COOTBETCTBHE C IIOMOIIBIO 3HAYKA *: 2z = x 1. [[pn 9TOM roBopgT, 910
Ha MHOYKECTBE OIIpejiesIeHa OIepalsd *. 3aMeTHM, 9TO B OOIEeM CjIydae pe3y/aIbTaT olepariun
3aBUCUT OT MOPSJIKa JBYX 3JIEMEHTOB: X * Y U Y * T Pa3JIMUHbI.

OGBbIYHO pacCMATPHUBAIOTC TaKue Oleparmu, 910 (r * y) * 2 = x * (Y * 2z) JIsl Jo0bIX
9JIEMEHTOB X, Y, Z. B 9TOM CJIydae rOBOPST, UTO BBINOJIHEHA ACCOUUAMUESHOCTNG (UAU ONEPAUA *
ACCOUUAGMUBHE).

Ha MHO2KECTBE CJIOB B KOHEYHOM a.HCbaBI/ITe MOZKHO BBECTHU OHepaHI/HO HpOI/I3Be,ZLeHI/Iﬂ: HpOI/I3-
BEJICHUEM JIBYX CJIOB @1Q3 ... Ag U b1bs . .. b, cauraercsa cjioBo a1as . ..agb1bs ... b, — pe-
3yJIbTAT HPUIKCHIBAHKUS BTOPOIO CJIOBA K HepBoMy. OYeBUIHO, YTO 9Ta Ollepallist acCOIUaTUBHA.
CMBICJI aCCOIUATUBHOCTH COCTOUT B TOM, UTO PE3YJILTAT IPOU3BEICHUS XL * Ly * « + « % L,y HE 3a-
BUCHUT OT PACCTAHOBKU CKODOK, TO €CThb IPOM3BEICHUA (L1 %X2)* (T3*Xy) 1 1% ((T2*x3)*x4)
JIAIOT OJINH U TOT 2Ke Pe3YJIbTaT.

Onpenenenne. MuoxectBo G ¢ Onpejie/IeHHOI HA HEM Ollepaliieii * Ha3bIBaeTCA 2pynnot,
€CJIN BBITIOJTHEHBI TPU YCJIOBUS:

(i) Onepanusi * accoluaTHBHA, TO €CThb JJIA JIOOBIX T, Y, 2z € G BBIIOJIHEHO PABEHCTBO
(x*xy)*xz=x*(y*2);

(ii) B G cymecrByer ssement, obosnadaeMblii 1, Takoii, uro € * 1 = 1 % & = x jy1s1 1106010
sneMenTa € € G; vemMenT 1 Ha3bIBAETCS €JIMHUIIEH;

(iii) JIns soGoro siementa @ € G cymecTByer obpaTHBI saeMeHT £~ 1 € G, Takoil 4To
cxrx =z lxz=1.
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s ynobeTBa 3amnucu, ecjii MOHATHO O KaKOW OIepalii UJIeT pedb, 3HAK * OIYCKAIOT, U
Uy T, Hanpumep, ab = ¢ wim xy = yx. Mbl OyaeM 3TUM M10JIb30BATHCS.

CroBa B andaBuTe, KOTOPHIE MBI 00CYK 1AM, 06pPa3yIoT TPYIILY: eIUHATCH B Heil ABIgeTcs
1ycroe cioBo (KOTopoe Mbl 0603HauaeM 3HauKoM 1), a 06paTHOe CJIOBO TOJTydaeTcsa U3 JaHHOTO
3aMEHOI BceX OyKB Ha oOpaTHbIC W BBIIKUCHIBAHUEM CJIOBa B oOpaTHOM mopsiake. Hampuwmep,
obpatabpM 115 abedxryz Oyner cioso z ly lz"ldlc 'b~la"!, a gna ab lcab~lal Oy-
ner cioso aba=le lba~!. Eciu npunucarh obpaTHbe CI0Ba APYT K JIPYTY, IIOIYdHUBIIHCCS
IpoU3Be/IeHIe MOXKHO NPeodpa3oBaTh JI0 MyCTOro cjloBa (eJIUHHIb).

IToce BBEJACHUSA OIIPpCAC/IAIONNX COOTHOIIECHUIT HEKOTOPLIE CJIOBa CTaHOBATCA IKBHUBAJICHT-
HBIMU: MO2KHO CUHUTAaThb, YTO OHHU IIPEACTABJIAIOT OAWH IJIEMCHT I'DYIIIIbLI. HpI/I BLBIIIOJIHCHHNHM OIIE-
paHHﬁ C KaKHM-TO 3JIEMEHTOM I'DYHIIBI MOXKHO BBI6I/IpaTb J060e 13 IpeaCcTaBJIAIONINX 9TOT
QJIEMECHT 3KBHBAJICHTHBIX CJIOB.

I'pynna G Ha3bIBACTCS KOMEWNOU, CCJI KOHEUHO MHOXKECTBO €€ 9JIEMEHTOB. THCiIo s/1eMeH-
TOB KOHEYHOH I'DYIIIBI HA3BIBAIOT ee nopAdkom 1 obozHadaoT |G|.

[pymna zHasbiBaercs abenesotl (W KOMMYMaMueHotl) eC/In TY = YT BBIIOJHEHO JIJIs BCEX
z,y €GqG.

¢ B7. Joxaxkure, uTo ecjm /s 1000r0 971eMeHTa X BhIIoJIHeHo 2 = 1, To rpyima abeesa.

Onpenenenne. [lodepynnoti rpynnsl G HasbiBaioTcs Herryctoe noamuokectso H C G
TaKoe, UTo:

(i) ecm a, b € H, 10 ab € H;
(ii) ectua € H, 0 a™! € H.

U3 onpesesnenust cpa3y BbITeKaeT, 4To eauHuna rpymmnsl G cogepxurcs B H (Bo3bMem
a € H,tornraa™! € H,uaa™! € H). Ciegoparensio, H sBjsercs IPyIoi OTHOCATEILHO
orepalnm, onpeereHnoit B G.

BamMeTnm, 9TO B JIIOOOH I'PyIITe eCTh JABe TPUBUAJIbHBIE TOATPYIIILI: BCI TPYIITA U TPYIIIa U3
OJIHOM €JIMHUIIBI. DTHU MOATPYIIIBI HA3BIBAIOTCA Hecobemeennvimu. OcTaabHble HA3bIBAIOTCA COO-
cmeennoimu. Kak HaxoauTh coOCTBEHHBbIE TOArPYIIbl! Bo3dbMeM HEKOTOPBIN 3jieMeHT a € G 1
Oy/eM BO3BOIUTH ero B pasubie crenenn. [logvmoxkectso {a*}, rae k — mesoe 1ncio apagercs
abesieBoil (KoMMyTaTUBHOIT) oArpynmoi B G. Takue mOArpymnbl HA3BIBAIOTCS UYUKAUYECKUMU
noarpynmaMu rpynmbl GG, a 37eMeHT a — noposcdarowum drementoM. [loarpymma, nopostcden-
nas daeMeHTOM @ obosnadaercsa {(a). Ecim (a) = G, 10 ectb @ nopoxgaer Bcio rpymiy, G
Ha3bIBAETCH UUKAUYECKOU 2PYNnnoii.

Ecm a® = 1 npn kakoM-1m60 HaTypaabHoM k, TO CyMIECTBYeT TaKoe MIHIMAJILHOE T3, UTO
a™ = 1. Takoe n HasbiBaeTCs nopadkom djieMenTa a. Eciu ke HUKaKas CTEIEeHb JIEMEHTa a4
HE paBHa €JIMHUIIE, TO T'OBOPST, YTO IJIEMEHT MMeeT O€CKOHEUHBIN TOPSI0K.

HHKHH“IGCK&H I'PYIIIIa IIOPO2KAaEeTCA OAHUM CBOUM SJIEMEHTOM. Yro IIOJIYIUTCA, €CJIN B Ka-
geCcTBe IIOPO2KIaIoIIero MHOZKECTBa HCIIOJIb30BaThb HECKOJILKO 9JIEMEHTOB?

[Iycrs S — nommuo)kectBo B G. O603HaunM kak (S) mogmuokecTBo B G, cocTosiiee u3
BCEBO3MOKHBIX KOHEUHBIX ITPOU3BEICHMIA

(e %1 a2 g

gir g2 " ...gr ",

4
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e g; € S, a; = £1,4 = 1,...,k. Hdcuo, uro (S) saBagerca noarpynmoit B G, npuaem
00OpaTHBIM 3JIEMEHTOM K BBIIMCAHHOMY IIPOM3BEIECHUIO OyIeT

gkﬁkgk_lﬁk—l .. 9151,
rie B; = —a;. Hoarpynna (S) HasbiBaercs MOArpyIIoi, TOPOXKIEHHONH B G MOJAMHOKECTBOM
S, a caMu 3JIeMeHThI S — MOPOXKAAIOIMIMMHI SJIeMEHTAMI /I 9TOM IOATPYIIIIHL.

Jlo cux mop MBI paccMaTpHUBaJ/Ii CI0Ba KaK KOHEUHBIE MOcaeaoBaTeIbHOCTH OyKB. O1HaKO,
KOIJIa MBI H300pazkaeM KaKoe-HUOYIb OIIPeIeIsIoNee OTHOIIEHNE 1y « « « Gy, = 1 rpadudeckn
B BHUJIE IIMKJIa CTPEJIOK, (PhaKTUIeCKN TepsieTcss NH(MOPMAIs, Kakasd OYKBa sSIBJISIETCS ITEPBOil B
CJIOBE, TaK Kak Jisl [UKJIMIECKUX CJIBUTOB HAIIEro CIOBa (G203 . ..0n41, G304 . .. GpG1Qg U
TaK Jiajiee) MUKJI CTPEJIOK OyIeT TOYHO Takoii xke. Takum o6pa3oM, UMeeT CMBICJT BMECTO OObIU-
HOT'O CJIOBA PaCCMATPUBATD UUKAUUECKOE CAOBO: COBOKYITHOCTH BCEX €TI0 MUKINICCKUX CIABUIOB.
[Moxcnoso (Herukmueckoe!) mukmaeckoro cyioBa X 9TO TIOJC/IOBO OJHOIO M3 IUKJIXIECKUX
cABUTOB 0OBIYHOTO cjioBa X . Hampumep, B CHHCOK IOJCIOB JIUHBI 3 IMUKIXIECKOIO CIIOBA
a’ba Bxonar a?b, aba, ba?, a3. ByneMm Has3bBaTh CJIOBO UUKAUNECKU HECOKPAMUMDBLM, €CIIHA
BCE €ro NUKJIMYECKHE CIBUTU HECOKPATUMBI B OOBIYHOM CMBICJIE.

B rpynmax nukiamdeckue ¢IBUTA UMEIOT cBOil anasor. Ba syemenTa a u b rpymmner G 6ygem
Ha3BIBATDL CONPANCEHHLMU, €CIIN CYIIeCTBYeT Takoit aneMentT € € G, uto a = xbx 1. Slcno,
YTO BCE IUKJIMIECKHE CJIBUTU OJHOI'O CJIOBA IIOIAPHO COIPSYKEHBI.

¢ B8. Jlokaxkure, yro B rpyiie, 3aJjaHHOI HEKOTOPBIMH OINPEIE/ISTFOIIHMH COOTHOIIECHUSIMH,
KazKJioe CJIOBO COMNPSI?KEHO C MUKJIAYCCKH HECOKPATHMBIM.

¢ B9. Ilycrp rpymma 3agana onpenessiiomuymu cootHomenusivu Uy = 1, ..., U = 1. /lo-
kaxkure, 4ro eciu W = 1 (ciobo W npuBoquTest K 1ycToMy), TO CYIIECTBYIOT TAKHE CJIOBA
Xy, ..., X,, 9T0 ciaoBo

XWUE X, ' XUE X XU X

rae 1 < 5 < k, npusonurcsas K W ToJIBKO COKpalleHUAMHI PsJIOM CTOAIINX B3aHMHO-OODaTHBIX
9JIEMEHTOB.

Eciim B HEeKOTOpOil TpyIiie BBIIOJHEHBI COOTHO-
mernnd a® = 1, bab™! = ¢, To 0ueEBHUNO, BBLIIOJI-
HAeTCs U cooTHoIeHne ¢ = 1. DTOT BLIBOJ, MOKHO
OTPa3uTh C MOMOIILIO pucyHKa 3. OOX0J BHYTpEH-
Hell TPeyroJjIbHOM KJIETKH IIPOTUB YaCOBOU CTPEJIKU
naeT coBo a3, 06xos J000i W3 UeTHLIPEXyTOMBHBIX
KJIeToK — cba~1b™!, a mpoBomia 06x0/ rpaHNIIEI Bee-
I'o PUCYHKa HOJIydaeM CJIOBO €3, JIeBYIO YacTh CJIe]l-
crug coornomrennii a® = 1 u cba=1b~1 = 1.

puc. 3

Onumien, Kak CTpoATcs MOA00HbIE TpuMepbL. [yt 9T0ro moapobnee mpoBeeM BBIBOJ, CIIeI-
creug a*b~ta?b® = 1 us coornomennit a® = 1 u b®> = a (1o ectp b?a™! = 1). Cnauamna
sarmimeM cioso a®b~ta?b® B Buge (a®)(b~1a®b)(b~ta~'b?b). Tem cambIM MBI 3aIUCHIBACM
HAIlle CJIOBO B BUJIC NPOM3BEJICHUS ONPE/IESIONINX CJI0B U UX CONPSAXKEeHHbIX. V300paszuM co-
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MHOKHUTEJIN B BHJ/IE TpeX ITOCJaeJ0BaTe/IbHbIX JICIIECTKOB (CM puc. 4)

puc. 4

Kazkiplit 13 HUX HapucoBaH B BHJIe KPyTa ¢ HOXKKOI (BO3MOXKHO, 1ycToit). OKpy»KHOCTH pasMe-
9ajoTCA TaK, 9TOOLI ITPOYNTATL COOTBETCTBYIOMIEE OIpeesionee CaoBo (B JAHHOM HpHMepe,
a® wm a~'b?), a Ha HOXKKe HalMCaHO colpsiraiomiee caoBo (B JaHHOM Ipumepe, b™' wmmm
mycroe coso). Torma, o6XoIs MOCIe0BATELHO JEIECTKH, MOXKHO IPOYATAThH MPABYI0 HacTh
paBeHCcTBa

a®*b 'a’b® = (a®) (b~ 'a®b) (b 'a'b%D).

YT065! HOMYIUTH CI0BO, TPaIUECKH COBIAIAIONIEE C JICBOII YaCTBIO 3TOI0 PABECTBA, HyK-
HO JOIIOJTHUTEJIbHO IIPOBECTU COKpPAaIIlCHUA. STI/I COKpalleHusd B CJIOBE, 3allMCaHHOM Ha KOHTYPE
PHUCYHKA, MOKHO OCYIIECTBUTE IIyTEM [IOCIEI0BATEILHLIX CKICHBAHMI COCeHIX pebep KOHTypa,
C OIMHAKOBBHIME MeTKaMu (1 COTJIacOBAHHO HAITPaBJEHHBLIMH CTpeJKaMm). B mamHoM mpumepe,
CcHavaJIa, CKJICHBAIOTCA HOXKKH, TOTOM TI0 OJTHOMY peOpy BTOPOIi U TpeTheil OKpy»KHoCTeil. B pe-
3yJbTaTe MOTydaeTcs JuarpaMMa, Ha KOHTYpe KOTOPOil HallcaHo B TouHocTH cyioBo a®b~ta?b3.

Taxum ke cr1ocoboM MOXKHO IOCTPOUTH JHArPAMMY BBIBOA JIFOOOTO CJIEICTBUS OIPEIEIs-
fomux coorHomennii. [Ipuaem, maxke s oanoro ciaejacrBusd W = 1 nuarpaMMbl MOTYT OBITD
KJIETOYHO HE3KBUBAJIEHTHBI.

¢ C1. JIEMMA BAH KAMIEHA. [Iycte W — npon3BojibHOE HEIIyCTOE CJIOBO B ajihaBuTe
L =LUL'U1l. Croso W = 1 B rpymite ¢ onpenessomumu cootHommennsyvu U Toria
U TOJIBKO TOIJla, Korja cyiiecTByeT auarpamma Haj U, MeTka KOHTypa KOTOPOI rpadpuiecKu
pasaa W.

[Iycrs rpynmna 3ajgana onpempesstomumu cootromenusivu U = {U; = 1,...,U, = 1}.
YenoBumcest, 9To Kaxkioe cioBo U; BbIOMpaeTcss HE TOJHBKO HECOKPATUMBIM, HO U ITUKJIMICCKH
HeCOKpaTUMbIM. 1IycTh, KpomMe TOTO, BMecTe ¢ KazKJIbIM cjI0BoM R B crcTeMy OIpeJIe/IioNnX
cooTHOIIeHN{T BXoUT U rpadudeckn obpaTHoe cioBo R~ u ecim XY — HeKoTopoe ompe-
Jesistioriee ¢J1oBo, To Y X — TOXKe HEKOTOpoe olpejessiorniee cioBo. CucreMy OTHOIIEHUI, B
KOTOPOIi BBITIOJIHAIOTCS BCE 3TU YCJIOBUsI, HA30BEM CUMMEMPU308aHHOT. fIcHO, 9TO J00aBIeHmne
O6paTHbIX CJIOB 1 IIUKJIMYECKHUX CIABHUI'OB HE MCHAET MHOXKECTBa BCEX C.TIe,ILCTBHfI, a SHa4YUT "
rpymibl G.

Ecm XY; u XYs — paznuunbie ciioBa u3 U ¢ obmum wHavagom X, To X Ha3bIBaeTCA
kycrxom ornocuTesibHO U. T'oBopar, uro rpynna G, 3ajjaHHast OIPe e/ ITIONUMA COOTHOEHUAMEI
U sasnsercs 2pynnoti Maibx cokpauserutl, ecid Jirodoi Kycok X mMeeT JIJIMHY, MEHBIIYIO YeM
Y nimubl 1106010 U3 CJIOB B KOTOPOE OH BXOIHUT. DTO YCJIOBUE O3HAYAET, YTO B HPOU3BEJICHUN
mo0bIX n1ByX omnpefesnsgiomux cioB U;U; cokpammaeTcs Masasd 9acTb. DTHM OIPaB/BIBACTCH
HA3BaHNE «YCJIOBHE MaJIbIX COKPAIIEHU>.
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Postb ycmoBusi MaJIbIX COKpaIEeHUil COCTOUT B TOM, 9TO B CJICJCTBUAX OCTAETCS MHOTO «CJIe-
JOB» OIPEIETAIONINX COOTHOIIEHIH.

¢ C2. [lycro G — rpymnma ¢ ycjioBueM MaJjibix cokparienuii. Paccmorpum jgmarpammy moat
G. Ilycrp meTka ¢(q) KOHTypa IMUKIMICCKH HECOKPATHMA U B IUKJIMICCKOM cjoBe ¢(q) Her
cobcTBeHHBIX 110J1cI0B, paBHbIX B G exunniie. Torma cymecrByer kjiaetka P, BremiHsis jyra
KOTOpOIi nMmeeT JIHHYy OoJjiee MOJJOBUHBI TIEPHUMETPa KJIETKH.

¢ C3. Ilycrp G — rpymma ¢ ycjaoBueM MaJIbIX COKPAIeHHH, 3aJaHHasT HAOOPOM OIIPEIEISTIO-
mux cooTHONIeHn . JIokaxkuTe, ITO CyIecTBYeT ajrOpHTM, IMO3BOJISIOIIHI M0 3aJaHHBIM JIBYM
9JIEMEHTAM OIPEEHTh, PABHBI OHH HJIH HET, TO €CTh KBUBAJEHTHBI JIH CJIOBA, MPEICTABJISIO-
II[He 9TH JIEMEHTHI.

Jobasiienust

¢ Ab5. Moxno jin pa3pesarb IJIOCKOCTb Ha BBIIIYKJIbIe CEMUYTOJbHUKH C JHAMETPOM He 0O0-
Jtee 1 Tak, 9T00OBI JTF0OOI €MHIIHBIN KPYT Hepecekas He 0oJiee MUJIIHOHA U3 HUX !

¢ BT7.5a. Pacemorpum rpynmy c aiacpasurom {a, b}. /lokaxkure, uro ecim jijist t060ro s.ie-
MeHTa T M3 I'PYIIIbI BLITOIHeHo 2 = 1, To rpyina KoHedHa.

¢ B7.5b. Paccmorpum rpymmy ¢ aagasurom {a, b, c}. lokaxkure, aro ecau jist 06010
dJIEMCEHTa & U3 I'PYIIIbI BbIIIOJIHEHO w3 = ]_, TO rpyiiia KOHEIHaA.

omosHuTEIbHBIE COOOPaXKEeHUS

Breniem dopmasbibie onpesesnenus. [IponsBosbHoe pazdueHue mI0CKOCTH Ha MHOTOYTOJIb-
nukn-Kjaetkn U B gasibHedineM OyieM Ha3biBaTh kapmot. OpueHTHpOBAHHBIE CTOPOHBI pa30une-
nus U naswiBaeM pebpamu kapmot. Takum obpa3om, BMecTe ¢ KaxKIbIM pedpoMm e B U 1osiBiisgeT-
cs1 1 pebpo e~ ¢ IPOTUBOIOJIOKHOI opueHTalmeil (cocTogIee U3 TeX JKe TOUeK HOBEePXHOCTH,
gro u cropora B U). Ilpumem coryaienue, 1o KOTOPOMY KOHTYPBI BCEX KJIETOK OOXOJISITCSI
10 4JacoBoii cTpesnike. Eciaum kommonenTa Y Kpas COCTOUT M3 70 CTOPOH, TO, B COOTBETCTBUU C
orpeiesIeHHOM Ha Y OpHeHTaIel, 9T CTOPOHBI MOXKHO 3a/1aTh peOpaMu €1, €s, . .. €,, TAKUMH
9TO €. . . €, — IeTJIsI, KOTOPYIO HAa30BeM KoHmypom KapThl U. AHAJIOITIHO MOXKHO OIIPEIE/NTh
KOHTYP KJIeTKi. KOHTYp KapThl MbI OyIeM 9aCcTO pacCMATPUBATH C TOUYHOCTHIO JI0 IUKJIMIECKO-
ro capura. Eciam pebpo e BXOJAUT B KOHTYD €1.. . €, (KIeTKN WM KapThl), TO Oy/1eM TOBOPHUTH,
9T0 € npunadiexcum Koumypy (COOTBETCTBEHHO, KJIeTKHN mim KapTel). Llenouky pebep eq, es,

., €n, TaKylo, 9TO KOHEI] e; COBIIa/laeT C HaJaJoM €;41 JiId Bcex ¢ = 1,...,n — 1, OGynem
HAa3bIBATD NYIMEM.

Ilonsarye nozImyTn aHAIOrMYHO HOHATHUIO NOJCIOBA: IYTh P — NOJnYymo g, eCu g = P1P2
JIIsl HEKOTOPBIX TIyTelt Py, P2. [lycTh ecTh HekoTOPHBIH KoHeuHblil axdasut L. Oboznaunm L =
LUL7tU1, e L™ - andasur o6paTHbIx GYKB.

IIycTs namee Kaxkaomy pebpy e Kapthl U comocrapmsercss nekoTopas 6yksa ¢(e) us L.
Ecm npu stom ¢p(e™) = ¢p(e)™t, to xapry U mazosem duazpammoti nad U. Jnsa myrn
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p = e1...ey, B gnarpamme U nax L memxoti ¢(p) nasviBaercs cioBo ¢(eq)...¢o(ey) B
andasure L. Eciu n = |p| = 0, 1o ¢(p) = 1 no onpenesennto. Merka KOHTYpa KJIETKU
WA TUArPAMMBI OIIPEIEIeHa ¢ TOUHOCTBIO 0 IMUKIMIECKOTO CIABUrA, TO €CTh 9TO MUKITICCKOe
CJIOBO.

Haszosem kiierky K R-xaemrkoti, ecin MeTKa @(p) ee KOHTypa rpadudecku paBHa (¢ TOY-
HOCTBIO JI0 TIMKJIMYECKOTO CJBUIA) HEKOTOPOMY CJIOBY M3 YHCJIA ONPEJIEJISIONNX COOTHOIIEHNU
i 06paTHOMY K HHUM € TOYHOCTBIO JI0 BCTABKH HECKOJIbKUX CUMBOJIOB 1. (fcHO, uTo BHIOU-
pas HavaJI0 U HallpaBJIieHre 00X0/1a U UTHOPUPYS CUMBOJ 1 BCeryja MOXKHO ITPOYUTATDH CJIOBO U3
OIPEJIEISIONIEr0 COOTHOIIECHNSI. )

Knerky K nazoem 0-xaemxkot, eciim Mmerka W ee KOHTypa €j ... €, rpadpuiecKu paBHa
o(e1)...d(en), tae Bce dp(e;) = 1 (rpaduueckoe paBeHCTBO) JUOO JIJIST HEKOTOPBIX & 7 jJ
o(e;) = a, p(ej) = a™*, re a — Gyksa u3 andasura, a st ocranbubx k # 1, j ¢p(ex) = 1.
Pebpa ¢ merkoii 1 nazosem 0-pebpamu, a pedpa, METKA KOTOPBIX HeTpUBHAJIbHOE (He paBHoe 1)
csioBo u3 andasuta, HazoeM U -pebpavu. Jlauna |p| TpOU3BOIBHOTO IIyTH OIPEIENIeTCs KakK
qucisio ero U-pebep. [lepumerp KiIeTKu Wi JuarpaMMbl — 3TO JJIMHA €€ KOHTYpa.

B paccmorpennbix Bbie npumMepax He BcTpedaercs (-xirerok. Ho muorga mx ympobHo BBO-
JINTH 110 creytomeit npuyanne. [Ipumepst Ha pucynkax 1-3 SBJISIOTCS TOJTHOICHHBIMU JIHCKOBBI-
MU JFarpaMMaMi: [IpU yJIaJeHnr KOHTypa OHU He PaclaJialoTcs Ha jiBe dactu. V3o0parkenue
HA PUCYHKE 4 He fABJISeTCs JUCKOM, IIPU yJIaJeHIN KOHTYypPa pPaclajaeTcs Ha JIBe KOMIIOHEHTDI
CBS3HOCTH. DTO MPUBOIUT K HEKOTOPBIM TEXHUIECKUM TPY/IHOCTIM, HAIIPUMED, [IPU BbIPE3aHUN
HOJ/THArPAMM JIJIst TPOBEICHIA NHIYKTHBHBIX paccyzkaeanii. C moMoIbio 0-KIeTOK JHarpaMmy
Ha pUCyHKe 4 MOXKHO CJleJlaTh JIUCKOBOI (puc. 5). B manbHeiinem MOXKHO MPeJCTaBITEL cebe
0-KJIeTKM B BHJIE “OYUeHb TOHKUX KJIETOK (Md B BuJe “ToCTHIX pebep”’), a 0-pebpa Kak “oueHb
KOpOTKHE’ pedpa 10 CpaBHEHHMIO ¢ pedpaMu, IPeICTaBIAMIMI OYKBY aadaBUTA.

puc. 6

Urak, duazpammoti nad epynnoti G 3aganHoi cooTHommenusMu Ry ... R,, Ha30BeM BCAKYIO
ararpaMMy HaJ HammMm ajidgasuroMm U, KaxKkgasl KjaeTKa KOTOPOi siBjigercss R-KIeTKo# mim
0-KJIeTKOTIA.

Nuorna 6nBaeT mose3no npoBoauTh 0-udmensvuenue quarpaMmbl. [lycTh KieTka mpejcras-
JigeT coOOM MHOTOYTOJILHUK. Pacro/iokuM BHYTpH MHOTOYTOJTbHUKA MEHBIIHI IO pa3Mepy IMo-
JIOOHBII MHOTOYTOJIbHUK U COEJMHUM WX COOTBETCTBYIOIIUE BEPIIUHLI. BHyTpeHHWiT MHOTO-
YIOJIbHUK pa3MeTHuM OyKBaMU aHaJOrmdHO BHerrHemy. /lobaBiienHble peOpa oTmedaeM 1 Kak
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0-pebpa. [Tomygaem O-msmesbieHne KIeTKA. AHAJOIMIHO MOYKHO IIPOBECTH pPa3dsoeHue Iy TH.
Kazxmoe pebpo HEKOTOPOTO IyTH pasje/seM Ha JBa pebpa, ¢ aHaJorndHoi pa3merkoit. [losry-
qaeTcd ABa IIyTU, C COBHAJIAIOINUMI HAYAJIOM U KOHIIOM.

Saaun mukiaa D SBISIOTCS IOANOTOBUTEILHBIMA K OCHOBHBIM 3aJ1adaM IuKaa K.

¢ D1. Jlana 6eckonedHast epHoJHIeCKas IIOCAEJOBATEILHOCTh ¢ HAUMEHBIIIAM IIEPHOJOM T
U JIBa €€ OJHMHAKOBBIX ITOJC/JI0Ba JJIAHBI 1 — 1.
1. Jlokaxkure, 9TO UX Ha4daJbHbIE OYKBbI HAXOJIATCH Ha PACCTOTHUAK, KPDATHBIX 72.

2. Bepno jmn aHasiornuHoe yTBEpKIEHNE [JIA JIBYX OJMHAKOBBIX IOJCIOB JIJIUHBI 1o — 27

¢ D2. PaccmarpuBarorcss caoBa HaJi KOHEUHBIM ajipaBuToM. VIMeercss KOHEUHBIH CJI0Baphb
HexopomIux cJoB. V3BecTHO, 9TO mMeeTcss GeCKOHEUHOe CJIOBO be3 HeXopoImnx MoicaoB. [lo-
KaskKuTe, ITO HMeeTCsI OeCKOHETHOe MTePUOHIECKOE CJIOBO O€3 HEXOPOIIIHX MOJCJIOB.

¢ D3. Jlokaxkmre, uTo B ajgaBure 3 JByX OYKB CYIECTBYIOT CJIOBA CKOJIb YTOJHO OOJIBIIOMH
JUIHHBI, HE coJlepKaliiie TPEX OJMHAKOBBIX MOJCTIOB, HAYIIHX MoApsiy (becKyOHbIe cioBa). Y Ka-
3aHMWE: pacCMOTpPEThH cJIoBa a, ab, abba, abbabaab, ... HTobb oJIyIuTh C/I€AYIONIEE CI0BO,
B HpeAbIyIIeM IIPOU3BOJITCS 3aMeHbl a — ab, b — ba.

¢ D4. Jlausr jgBe paziudHbie EePHOATICCKHE TIOCAEI0BATEIBHOCTH ¢ MUHUMAJIHLHBIMU TTEPHO-
JTaMJ T ¥ M, COOTBETCTBEHHO. J[OKaXKuTe, 9TO €CJIM OHU UMEIOT OOIIHE KyCOK JTUHBI M —+n—1,
TO OHH HUMEIOT CKOJIb YT'OJIHO OOJIBIITHE O0IHe KYCKH.

¢ D5. Vkaxkwure tounyro omnenky B D4, paccMoTpeB ciydan B3aHMHO IIPOCTBIX U HE B3AHMHO
MIPOCTHIX T U M.

¢ DG6. TpeyrospHuk pa3douT Ha BBIIYKJ/IbIE UETBIPDEXYTOJIbHUKH. JIOKaXKuTe, 9TO CpeId HHUX
HaIETCsT 9eThIPEXYTOJBHAK ¢ yIJIoM He MeHee 120°.

¢ D7. CymecrByer jim MHOTOrpaHHHUK, Y KOTOPOI'O Kazk/jasl rpaHb UMeeT He MeHee 6 cTopoH?

¢ D8. V muororpanumnka #e menee Tn rpaxeii. /[okaxkure, 9T0 y Hero Hai/1éTcs M rpaHeii ¢
OJTMHAKOBBIM YHCJIOM CTOPOH.

¢ DO9. Ilnockocts pa3buta Ha BBIIYKJIble K-yroJbHUKH JHaMeTpa, He IpeBocxoasiero 1. 3a-
¢urcupopana touka O. Ilycrs Sk (R) — kommdecTBo k-yrobsHUKOB, HOMABIINX B KPYT DAy Ca
R c nearpom B Touke O. Jlokaxkute, aro cyiiectByer Rg Takoe, aro a1 Bcex R > Ry Bep-
o Sk(R) > AR rue Buecro A moxkno nogcrasuts k/10. Iocrapaiitech mOIyIuTh JLy9IIyTo
OIICHKY JIJIST .

¢ D10. Ioaymiockocts pa3buta Ha BBIIYKJIbIEe K-yroJbHUKH jgHaMeTpa, He IIPEBOCXOJSIIE-
ro 1. Cpenu rpanuyanbix k-yrosasaukoB BelaesieHo L cocennnx. Ilepsvim caoem Ha30BeM Takme
k-yr'O.]IbHI/IKI/I, KOToOpbI€ rpaHudaT C BbIE€/ICHHbBIMMH. FpaHHLIaU_H/Ie C IIEPBBIM CJIOEM k-YFOﬂbHHKH
Ha30BeM 6mopuvim caoem. Jlokaxkure, 1To Bo BropoM cjioe k-yrompunkos ne menee L(k/10)2.

¢ IlIpobaema Bepucaiizma. Ilycrs 3ajan0 Hatypasbaoe ducao . CyiecTByer Jid KOHEIHO-
MMOPOXKJIeHHAsI (TO €CTh B KOHEYHOM aJihaBuTe) GECKOHEUHASI TPYIIIA, B KOTOPOI JIFOOOI IeMEeHT
T yJOBJIETBOpSIET cOOTHOIIeHno €™ = 1.

A TO. ObIancKuit OCTPORI TaKyIo IPYHILy Jylsd HedeTHOro m, Gosbirero, dem 1010, Mur
Oy/ieM cJieJI0BaTh OCHOBHBIM HJIESAM 9TOTO TIOCTPOCHUS.
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Nrak, narma 3aj1a4a pa3duBaeTcsd Ha JiBe 9acTH. [lepBas 4acTb MOCBAIIEHa CAMOMY ITPOIECCY
BBEJIEHUsI OIPEJIEISIONINX COOTHOIIEHNI. DTOT IPOIECC COCTOUT U3 CUETHOTO YUCIa Iaros. Ha
KasKJIOM II1are Bbl BBOJUM HECKOJIBKO OIPEIEISIONNX COOTHOIeHn Bujga A™ = 1, npu 3roMm
CJICIUM 3a TeM, ITOOBI JTI060e CI0BO Ha KAKOM-JIHOO dTare Mporecca CTajio HePHOIUIHBIM (TO
ecThb JuI Jr06oro ciioBa X coorHornerHne X ™ = 1 ObLIO BBIBOANMO U3 OIPEIEISIONINX COOTHO-
IIeHUii, BBEJIEHHBIX 3a KOHEYHOe YHCJIo Maros). /IBa cjioBa B MOJIyYEHHON TPYyIIe CIUTAIOTCS
PABHVLLMU, €CJTH OJTHO MOXKET OBITh NMPUBEIEHO K JAPYTOMY C HMCIIOJIH30BAHHEM KOHETHOI'O UHC-
JIa OIIPEJIE/IAIONINX COOTHOIIIEHU, BBEJIEHHBIX Ha KaKUX-JIMOO ImaraxX. B pesyibrare mporecca
MOJIyJaeTcs IPYIIa, KaxK Iblil 3JIeMEeHT KOTOPOil Oy/IeT IMepuoImIHbIM.

Bropas gacTh KacaeTcsd JOoKa3aTeJIbCTBA OECKOHEYHOCTHU I'pynibl. /s sToro Heobxom-
MO JIOKa3aTh, UTO IOC/Ie KaXKJIOTO OYepEIHOrO Iara Haiijgercs cioBo, He paBHoe 1. s sToro
HY?KHO JIOKa3aTh, YTO HE MOXKET CyIIEeCTBOBATH KAPTHI, BCE KJIETKH KOTOPOH SABJISIIOTCS MTEPUO-
JINYECKUMU CJIOBAMHE C JIOCTATOYHO OOJIBIIIUM TIEPUOJIOM, a IO EPUMETPY HAIUCAHO CJIOBO, HE
cojiepzkaliee MEePUOMIECKUX MOJCIOB ¢ GOJIBINUM MeprooM (Hampumep, 6eckybHoe i Gec-
KBaJipaTHOe ¢JI0BO). Jljist moKa3are beTBa 9TOro hakra MpOBOJUTCS MCCIEI0BAHIE PA3THIHBIX
CJIy9aeB TMPUMBIKAHUS KJIETOK JPyr K Apyry. KjeTkn oTBedaioT BBEJICHHBIM OIPEIE/ISTIONIAM
COOTHOIIEHUSIM Ha Pa3HBbIX dTAllax, Ha dTale ¢ OOJILITUM HOMEPOM CJIOBO JiymmHHee. Takum 00-
pPa3oM, KJIETKU MOTYT ObITh pa3HBIX PA3MEPOB.

Cradasta JI0Ka3bIBaeM, UTO “O0JIbIme” KJIETKH He MOTYT CHJIBHO “IPUMBIKATE JIPYT K JAPYTY.
BareM paccMaTpuBaeTcs CIydail, Koraa K O0JIbIION KIeTKe MPUMBIKAET HECKOJIBKO “CiIoeB” Ma-
JIEHbKHX KJIETOK. 3J1€Ch UCIIOIb3YeTCsl SKCIIOHEHITUABHBII POCT KOJIMIECTBA MHOTOYTOJIbHUKOB
B 3anadax D9 u A4.

puc. 7

Takum obpasom, corytacHo 3aj1ade D9, MoxkHO 3a cueT BeiOOpa k 100UTHCS TOrO, 9TOOBI y2Ke BO
BTOPOM ¢JI0e OBLIIO 0YeHb MHOTO KJIeTOK. Bbi6op k (KoimdecTBa CTOPOH Y MHOTOYTOJIbHUKOB) MBI
MOYKEM MIPOU3BOINTE 3a CYeT BHIOOPA 1 — OCHOBHOI CTENEHN MEPUOJIMNIHOCTH IPYIILI. 10 ecTh,
Ha TIEPBOM dTalle JIJTHHA BBEJIEHHBIX COOTHOIIIEHU paBHA M1, Ha ¢-OM dTale — ne. TakuM obpas3oM,
MHOI'OYT'OJIbHUKHA 6y,ILYT coaepzkaTb JOCTATOYHO MHOI'O YIVIOB, W IIPU 3KCIIOHECHIIUAJILHOM POCTE
y2Ke BO BTOPOM CJioe OyJIeT MHOT'O KJIETOK.

< %
~ )

puc. 8

B ocrapmemcst caydae, MexK Iy JAByMs OOJIBIIMME KJI€TKAMU €CTh OJINH CJIOH MAJIBIX KJIETOK.
Bsenem mostesnoe monaTue.

Kierku A 1 B Ha3bIBAIOTCS COKPAMUMDLMU, ECITH:

1. A u B umeror Ipyr ¢ Jpyrom obInyio rpanuiy, (Jubo coeuHsAoTcs depe3 mnernoduky 0-
KJIETOK) ;

10
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2. A u B uMeior OIuHAKOBLIE METKH.

B cityuae, ecsin B imarpamMmMe BCTpeUYaIOTCs COKPATUMbIE KJIETKI, MOXKHO ITPOJIETIATD CIIETyIO-
IIYIO OTIEPAIIAIO: BHIPE3aTh U3 JUATPAMMBI JTUCK — 00bEIMHEHNE 9TUX JIBYX KJIETOK — U BCTABUTD
BMECTO HEro HecKOJIbKO 0-KJieTok. TeM caMbIM B JHarpaMMe YMEHBITIEHO YUC/I0 HETPUBUAIbHBIX
keToK. Jlmarpamma, He comepzKaliasi COKPATUMBIX KJIETOK, HA3BIBAETCS NpusedéHHoT.

¢ El. Ilpumep y3Koii 110JIOCHI, €CJIY TOKA3aTeJdb — YeTHbIN. /[0OKayKuTe, 9TO CYIECTBY-
er npusenéunas quarpaMMa D, Bce KiaeTknm KoTopoii cyTh coorHomenns X* = 1, mmeronjas

CJIETYIONLYIO CTPYKTYDY:
1. D conepxut aBe kinetkn A u B, Takne, 9TO BCe OCTATbHBIE KJIETKU COCEJICTBYIOT C HUMMT;

2. Ilepumerpnr kmerok A u B B j11000e Hamepes 3aJaHHOe UHUCI0 pa3 OoJIbIe IePUMETPOB
OCTaJIbHBIX KJIETOK.

¢ E2. [lycrs B nmpuBenéHHOM guarpaMMe HMEIOTCS KJIETKH JBYX BHIOB: «OOJIBIIHE» H3 MM
O6YKB U «MaJjibley u3 n. Merka Kazk/0if KjIeTKn — rnepuoamdeckoe caoBo Buga A™. Kakoit Han-
6OJIBIIII OOIIHIT YyIaCTOK MOI'YT HMETh JIBe OOJIbIIHE KJICTKH !

¢ E3. Ilycrp Bce KaeTkn NpHBEIEHHOH JHarpaMMbl HMEIOT epUMeTp JIHOO 1My, JTHOO M, IPH-
geM N> 01 METKH BCEX KJIETOK repuoqudabl. Pacemorpum kiaetky A ¢ nepumerpom . Ilycrs
K Helf IPUMBIKAIOT TOJIHKO KJIETKH ¢ riepumerpoM m. Hazosem nepsvim caoem HEocpecTBeHHO
npumbikamorue K A kiaerku. Hazosem k-toiv ciioem (k > 1) kiaerku, npumbikaroriie K k — 1
cioro. Ilycrn Ay komdectso kjaetok B k-tom cioe. Jlokaxkure, uro Ay > (m/100)*

¢ EA4. Ilycrp Bce kIeTKH NPHUBEIEHHOH JHATPAMMBI HMEIOT IMEePHUMETD JIHOO 1My, JTHOO M, IPH-
geM 1, > M 0 MEeTKH BCEX KJICTOK MEPHOUIHBI ¢ HEYETHBIM 1TepuosioM. IlycTh 10l U3 MaJjIbIx
KJIETOK 3aKaT MeXKJy JIBYMsl GOJIBIIAMU KJIeTKaMu (cM puc. 8). BepHo Jii, 9To MeTKa KOHTYDa
JTHarpaMMbl IEPHOIHIHA?

11
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Pemenus

¢ Al. Dra 3amada npejjeragach Ha OCEHHEM Type TypHHpPa ropoioB B 1993 romy.

[Tomcunraem aByMst criocobamu cpetauit yrosi. C oHO CTOPOHBI, CPEIHUI YTOI CEMIYTOTh-

5
HIKa PaBeH 7

C apyroit CTOPOHBI, €CJIM HECKOJBKO YIJIOB CXOJATCA BO BHYTDPEHHEH BepIUHE, TO UX I10
KpaitHeit Mepe 3, 1 UX CpeTHUIT YTOJI He IPEBOCXO/IAT gﬂ'. Ecin yke HECKOJIBKO YTVIOB TPUMBIKAIOT
K CTOpOHE, TO UXKpaifHeil Mepe 2 U COOTBETCTBYIONUN CPETHUNYTOJT HE MIPEBOCXOTUT g

OrnenuM cpegamii yroJi, npuxogdnmiica Ha BepmuHy 1993-yronpanka. CymMMa TaKuX yIJIOB
paBHa 19917, a ecim HuKakwe 4 TOJPsAT WAYIIUX BEPITMHBI HE MPUHAJIEXKAT OTHOMY CEMMU-
g, IIOTOMY CPJHUIYIOJI OKa-
< %T&'. B uTore nostydaercs, 94To cpegHUil yroa y CeMUYTOJLHUKOB

YIOJBHUKY, TO KOJUYECTBO NMPUMBIKAIONINX yIJIOB He MeHee 1993
1991 3
1993 2
7T, 9ero He MOXKeT ObITh.

3pIBacTCAHE DoJiee
2
3
¢ A2. a) OrBer: jJa, COOTBETCTBYIONIAsT KOHCTPYKIHSI JIETKO CTPOUTCS.

MEHBbIIIe

6) Orset: Her. [IpoxomsT Te e paccyKJIeHUsT CO CPeIHUM yryIoM, 9To 1 B 3ajade Al. [lycrs
D — nuameTrp ceMUyTroJbHUKA.

Pacemorpum kpyr ¢ rieatpom O u pajimycom R. Torma KoamdecTBO CeMUYTOJIbHIKOB, ITepe-
CEKAIOIIMXCs C TPAHUIIEH 9TOro Kpyra, He npeBocxouT 47w DR, a KoJIm1ecTBO CeMUyTO/IbHIKOB,
IONABMINX BHYTpb He Menee 1eM wD(D — R)?/S, rue S — miomaap ceMuyrobHIKA.

CpeHuii yroa B CeMUyroJIbHUKE, C OJIHOM CTOPOHBI PaBEH 57“, C APYrO#l CTOPOHBI, CPEeAHUNA
YIoJI B Kpyre He IIPEBOCXOAUT %71’.

JIerko BUIETDH, UYTO rpaHUIHBIME 3 dheKTaMu MOKHO Hpenedpedb. [oapodHo 06 3TOM MeTO-
ne cM. B kaure A. f. Kanens-Benos, A. K. Kosaiszxu "Kak pemraior HecranapTHbIe 3a1a9n" .

¢ A3. Otser: menb3s. [Ipoxomut permenne A2, MOCKOIBKY KOJUIECTBO CEMUYTOJILHIKOB, TIe-
pecedéHHbIX KpyroMm pajuyca R, pacTér B sToM ciydae He ObicTpee, yeM C' R, rie C' — Heko-
TOpast KOHCTAHTA.

¢ AA4. Byzem paacyXiaTh, Kak U B HpeJIbLAymux myHkTax. [lycrs IN — KOJIU9IeCTBO YIJIOB,
MOTIABIINX BHYTPb Kpyra pajuyca R. VIx cpennee apudmerudeckoe He MPEBOCXOIUT %71‘. C
JIPYTOil CTOPOHBI, PACCMOTPHUM CEMHUYTOJbHUKU ¢ STuMu yriaamu. Cpegree apudMeTnIecKoe nx
5.0 — 2 1
YIJIOB PaBHO ZT0 = 37 + ..
Jlerko BHJIETH, UTO HYKHO J00aBUTH JIONOJHUTEILHO Oojiee IN % JIOTIOJTHATETHHBIX YTJI0B

(ecyin OHU BCe PaBHBI 7T, TO POBHO CTOJIBKO).
Takum oOpazom, KomdecTBO yriioB, nomasimux B nmojocy R < r < R + 1 ne menee N %.
ITycts N (R) — kommdecTBoymios B kpyre pajnyca R. Torga mbr nmeem, uro N(R+1) >
NR)(1+ 2
Takum ob6pazoM, KOJIMIECTBO YIJIOB, IIONABIINX B KPYT pajuyca R, a BMecTe ¢ HUM U YHUCJIO
CEMUYTOJIbHUKOB, PACTET IKCITOHEHIUATBHO.
¢ B1. ecrb jrerkoe yupaxkKHeHHe.
¢ B2. Ortser: 24.
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HokaxkeMm, aTo ux He 60jee 24. Bymem paccMaTpuBaTh TOJBKO MOJOKUTETHHBIC CTEICHU
OYKB, MOTOMY 9TO MBI MOEXK CJI€JIATh UX TaKUMU, IIpUOaB/isisd K cTerneHn a 1o 4, Kk crenenu b
o 3. PaccmoTpum ciieyroriue mpeodpa3zoBaHus:

6.

a* — 1

b — 1

bab — aaa, Tak xkax abab = aaaa =1

aba — bb, Tak kax abab = bbb = 1

aaabb — ba, Tak xKak aaabb = aaaaba = ba

aabbaa — baab, Tak kak aabbaa = aaabaaa = babbbab = baab

JL1s1 KazKJI0r0 CJI0Ba pacCMOTPUM PaBHOE €My ¢ HAUMEHBIITUM KOJIUIECTBOM OYKB @, CPEJId HUX C
HAMMEHBIITIM KOJITIeCTBOM OyKB b. 3aMeTuM, UTO KazKJ1as olepalins MO0 yMeHbIIAeT ePBhIit
napameTp, JItOO YMEHBINAeT BTOPOil, He U3MeHsisl epBbhIil. Temepsb mocuuTaeM Bce BOZMOXKHBIC

CJIOBa

1.

8.

e

(cioBa ¢ GYKBBI @): @ — OJIHO CJIOBO

4 2 3

(coueranna ab.) ab —* abb —? abba —3 abbaa —" abbaab —* abbaabb —?
abbaabba. Ilo (3) creyiomas 6yksa He b, o (6) — He a. Kaxkuplii mar ogHO3HAYHO
oIIpe/JIeJIeT CJIEIYIONLYI0 OyKBY, II0O9TOMY Bcero He OoJiee 7 cjIoB, codeTanuii ab.

4 3

(coueranue aab.) aab —* aabb —* aabba. He a 1o (6), ne b no (4). [omyaaem 3

CJIOBa.

(coueranue aaab.) lanee ne a no (3), ve b no (5). Beero ono cioso.

CioBa ¢ 6ykBbI b:
b — omno ciaosBo

(Coueranue ba.) ba —* baa; baa — baaa —' baaab, ve a o (4), me b no (5);
baa — baab —* baabb —7 baabba, ne a 1o (6), ne b no (3). 7 coB.

(Coueranue bba.) bba —3 bbaa —7 bbaab, ne a no (4), ne b no (8). Beero Tpu ciosa.

Mpur nosryumiin Takue 24 ¢I0Ba, YTO JII0OOE IPYroe PaBHO OJHOMY U3 HUX.

Tenepb mokazkeM, 910 ux He Menee yem 24. Pacemorpum B rpyie Sy nepecranosku (1,2, 3, 4)
u (1,3,4). Jlerko mpoBepuTh, 4TO STUMHU JBYMs [EPECTAHOBKAMU OPOXKJIAETCS BCs TPYIINA,
1 COOTHOIIEHUsI JIJI HUX BBIMOJHEHBI. JTO 3HAYUT, UYTO U CHAYAIA PA3IHIHBIX CJIOB OBLIO He

Menee yeMm 24.

¢ B3. Hcuo, uro npu yKazaHHBIX IPe0OPA30BAHUAX KOJIUIECTBO OYKB @ B CJIOBE HE MEHSIETCS,
MIO3TOMY CJIOBA C Pa3HBIM YHCJIOM OYKB @ OKa3bIBAIOTCA Pa3HbIMU. TakmM 00pa30M, KOJIUIEeCTBO
9JIEMEHTOB B I'pyTiie 6eCKOHEYHO (CYETHO).

¢ B4. Ortser: 2n.
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CrauaJia 1oKazKeM, 9T0 KOJMIECTBO 5JIEMEHTOB He [PEBOCXOIUT 271, YICHO, UTO HETCMbICTIA
paccMaTpuBaTh CJI0Ba, CoJepKalue Mojaps L e OYKBbI @ min jaBe OYKBbl b. Takum obpazom,
JIOCTATOMHO PaccMOTpeTh MHOKecTBO ciiok (ab)®, (ba)¥, a(ba)®, b(ab)*, k < n

Ianee jierko 3ameruth, uto (ab)®(ba)*® = e, orcioma (ab)® = (ba)™™* u b(ab)* =
a(ba)™*~1. Taxmm obpasom, muoxecrsa {(ab)*}7_, u {(ba)*}7_,, a takxe {b(ab)*}7_,
u {a(ba)¥}7_,, coBnasaior u jocrarouno paccmorpersb 2n snementos (ab)® u b(ab)k.

Ocraérest TpOBEPUTDH, YTO TPYIITA COJAEPXKUT 0 KpaiiHeir Mepe 2n sjaemeHToB. [l sToro
PACCMOTPUM TPABUIBHBIN 72-yTOJBHUK. DJIEMEHTOM @ OY/IeT CHMMETPHsT OTHOCUTEIHLHO TPSAMOIA,
HPOXOJIAIIEl Yepe3 IEHTP U BEPIINHY, b —cuMMeTpus OTHOCUTE/IHHO MTPSIMOit, TTPOXOIIeil yepes
IEHTP U COCEIHIOI Bepiuny. JIerko mpoBenTh, YTO MOydYeHHAd TPYIIa YIOBIETBOPAET BCEM
COOTHOITIEHUSIM U COJIEPKUAT 271 JIEMEHTOB.

¢ B9. Paccmorpum snemenTapHble Ipeobpa3oBaHus YeThbIPeX TUIIOB:

1 Beraska B3anMHOOOpPATHBIX OYKB aa ~!;

2 Viajenue B3auMHOOOPATHLIX OYKB aa ™ !;

3 Bceraska onpegessrorniero cioa Uy;
4 Vnanenne omnpenessiomiero ciaosa Usj.

[Iycts ciioBo W' BBIBOAMTCS M3 IyCTOrO CJI0Ba 1 ¢ MOMOIIBIO HECKOJIBLKUX OIepalnii yka-
3aHHOTO BUJia. Fc/im BBIBOJI COCTOUT U3 OJHOMN OIlepaIiui, TO CyIIeCTBOBAHUE TPEOYEeMOro BUA
y W oueBnnno. [lycts TpeOyemblil Buj cymiecTByeT y ciaoBa W, BBIBOIUMOTrO ¢ MOMOIIBIO [N
oneparnui:

W = X U, P X7 XU, B X5 XU T X

PacemorpuM geThipe citydasi BHIIOJIHEHHS ellle OJIHOl onepanuu—tepexoma K ciopy W', IIpeani-
nymiee ciaoBo W npejcraBisercsd B BUje Npou3BesieHus O0JIOKOB Bujia X UiﬂX —1 g pas-
JIMIHBIX onpejensionux cjaoB U; u conpsratomux cioB X. Cioso W nosydaercs u3 Tako-
ro BUJIa COKPAIlEHUeM HEKOTOPBIX MOAPS UIyIuX oOpaTHbix OYKB. [lokaxkem Kak MOJIy4HUTD
aHajoruanbii Bug g ciaosa W', Tlocieausst omnepaiys — 9TO BCTaBKa WM YJIAJECHHE HEKO-
TOPOTO olpe/iesioniero ciaosa U uin JaByx o6paTHbIx OyKB aa ™! B Halle cjioBo. PaceMorpum
BcTaBKU. BeraBka mpuxoaurcs mbo Mexk Ty Ookamu X UiilX ~1 (oueBmambIil cay4ait), 1u60
BHYTph Hekoroporo X (X ~1) mmbo suyTps nekoroporo U;. Ecim 3T0 Beraska B3auMHOOGpaT-
HbIX O6yKB aa ! B HekoTopslil 610k X, aHAJIOMMYHYIO0 BCTABKY MOYXKHO clenaaTh B 6ok X 1.
[Tosyuum Tpebyembiii Buja y W', Eciu ke aa™' okaswisaercs BuyTpu nekoroporo U (To
ectb U = Yaa™'Z), to sror 6510k Menstem na 6710k XY aa 'Y 'Y ZYaa 'Y 71Xt To
ecThb II0JIydaeTcs colpszKeHne olpe/esioniero ciosa Y Z ¢ nomommpio XY aa 'Y 7L Ilycrs
Terepb MOCJe Hss Oolepalldsd 9TO BCTaBKa ompesensiomniero cjiosa U. Ilycrs BcTaBka npomns-
BOJUTCA B Kakoe-To cjiopo U, Tt ( To ecTh U* = AB u U — AU B). Torna 6510k
X Ufth i 1 \MOKHO 3aMeHUTD Ha 1Ba nozps uaymux 6oka X AUAT X1 XABX ™! (Mb1
Berasum ciobo A7 X 1 X A). Ecin ke BcraBKa NPOM3BOIUTCA B Kakoe-To cioBo X (To
ectb X = YZ, X — YUZ) 1o 610k XUX ™! mensiem na aBa moapsaj wiymux O/10Ka
YUY 'YZUZ'Y ! (mb1 Berasumm cioso YY 1),

[TomobHBIM 006paszoM paszduparoTcs CJIydand yIaJeHHs OIPEJIEJISIONIEero CJI0Ba WU ITOIPST
Wy X 06paTHbIX OYKB (yIpayKHEeHue).

¢ C1. 1. Ilycre D jaumarpamma ¢ KoHTypoMm p. Ecim Kjerka B gumarpaMme TOJIBKO OJIHA, TO

Bce oueBuiHO. Ecm Kierok OoJsiee oiHoil, To DD pa3pesaeTcss HEKOTOPBIM IIyTeM & Ha JIBE JTha-

IPAMMBI ¢ MEHDBIIAM YHCIOM KJIETOK. IIyCTh P& U Pa® ! KOHTYPDI /ISl 9TUX JIBYX THAIPAMM,

U p = pips. I[lo OPEANOIOKEHNIO UHIYKIUA IIyTH P1T U Po 1 OTBEYAIOT CJIOBAM PaBHLIM
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enunuie. Toria p = pi1ps = P1TT 1p, ToXKe OTBeYaeT eJUHIYHOMY cioBy. 2. [Iycts W = 1
B G. Ucnonb3ys B9, npejcrasiasgem W B Buje

X U, B XTI XU, X7 XU, T X

’fﬂ:1
\Us

AU A .

~_." ] °

Xo | A
A 2N
X1 \\\\

puc. 1

[TocTpoum Ha IJIOCKOCTH JIOMAHYIO P71, PA3JC/INM €€ Ha OTPE3KH U HAIUIIEM HA HUX OYKBBI, TaK
9TOOBI BIIOJTb P1 OBLIO Hamucano cjioBo Xi. OKPY>KHOCTH €1, TPUKPEIIEHHYIO0 K KOHILY JIOMa-
HOIT pa3MeTHM TaK, YTOOBI IIPU ee 0OXOJe M0 YaCOBOI CTpEeJIKe YNTAJIOCH OIPE/IETIONee CJI0BO
U;,. Y10o0bl 1OIyYnTh MMEHHO JUCKOBYIO JuarpamMmy, rnpupucyeMm 0-KJIeTKHd K Pi, c:i, 01_11
(em. pucynok 1). ITomyunm amarpanmmy, o KOHTYpPy KOTopoii nammcano cioso X, U; = X .

. —1
[To mocnemnemy peOpy HpHUKIENM K HEll aHAJIOTUIHYIO ,ZLI/Ianal\:l/I:My ,ZLJllﬂ osoka XoUs;, :th2 .
Anajorndnere onepanuy IpousseaeM co Becemu baokamu X Ui, 1x i - B uTore nosryunm jua-
IrPaMMy, OTBEYAIONIYIO CIIOBY

XU, P XTI XU, X7 XU, T X

OT jaHHOrO CJI0BA MOXKHO mepeiitu K ¢jioBy W ¢ TOMOIIBIO CJIeIyoMuX Ipeobpa3oBaHuii: a)
BbIuepKuBaHue 1 B HEKOTOPOM Mecte; 6) BcraBka 1; B) COKpallleHne B3auMHOOOPATHBIX OYKB;
I') BCTaBKa Mapbl B3auMHO oOpaTHbIX OykB. Kakjoe u3 31ux mnpeobpasoBaHUil MOKET OBbIThH
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IIPOBEJICHO C ITOMOIIBIO TTPUKJIEUBAHUA HECKOJBKUX (-KJIETOK, KaK MOKa3aHo Ha pucynke 2. B
UTOre TOJIydaeM TPeOyeMyIo JuarpaMmy.

¢ C2. Ilocrponm Bciomorarenbublii rpacd H. Bepmunbr H BbibepeM BHYTPH 3HATHUMBIX KJTe-
ToK (He 0-KJIETKHN) JUarpaMMbl ILIFOC OJ[HY BEPIINHY DACIOIOKUM BHE JUAIDAMMbI. BepIriHb!
COEJIMHUM pPeOPOM, €CJTM OHM HMPUMBIKAIOT JAPYT K JPYTY JIMOO €CJu MOTYT OBITH CO€IMHEHDI
qepes 1enodky 0-kaerok. BepimumHa BHe auarpaMMbl COEINHSAETCS ¢ BEPIIMHON BHYTPU KaKOii-
JinOO KJIETKH, €CJIM 9Ta KJIeTKa MMeeT yYacTOK Ha KOHTYpe, JINOO COeIUHSIETCH C KOHTYPOM
gepe3 1enodky 0-kjerok. B mosydennom rpadpe Her meresb, TaK KaK BCe KJIETKH OTBEYAIOT
IUKINIeCK HECOKPATUMBIM CJIOBaM, W HET KPATHBIX pebep, TaK Kak JIIoOble JIBe KJIETKHU MbI
coeIMHSAIN He OoJiee deM ojuuM pedbpom. [Iycrs n — gmcsio Bepmun B rpade, r — 9ucjao pebdep.
N3 dbopmynsr Ditnepa cienyer, aro r < 3n — 6. Tenepb, B IPEIIION0KEHIH, 9TO B IMarpaMMe
HET IPAHUYIHBIX KJIETOK, Y KOTOPBIX 0oJiee IMOJOBUHBI IIEpUMETPa IIPUMBIKAET K KOHTYDPY, J0Ka-
’KeM HepaBeHCTBO, poTuBopedarree r < 3n — 6. Kaxioe pebpo, coeuHsIIONIee 1Be BePITNHbBI
rpada, HaXOIsIIIecss BHYTPU KJIETOK, PA3/Ie/IUM TIOoIaM, 1 OyIeM CINTaTh, 9TO K JBYM KJIET-
KaM, COOTBETCTBYIOIIMM 3TOMY PeOpYy OTHOCHUTCA IO T0JIoBHHE pebpa. Ecim pebpo coequmser
BEPIINHY B KJETKE C BEPINUHON BHE JUATPAMMBI, TO MMOJHOCTHIO OTHECEM 3TO Pedpo K JIaHHOMN
KJleTKe. TakuM oOpa3oM, Bce pebpa pacipeiesieHbl.

He rpanuvarnias ¢ rnmepuMeTpoM KJETKa JUArpaMMbl COCEJCTBYET HE MEHee YeM C CEeMbIO
JPYTUMA KJIETKaMH, TaK KaK KarK/Iblil y9IacTOK MPUMBIKAHUA y Hee MeHee 1/6 ee mepumerpa.
SHaYnT, K TAKOH KJeTKe OTHOCUTCs He MeHee 3,5 pebep. IlycTsb KiteTKa rpaHuvIuT ¢ IepuMeTpoM
o oxHoit jiyre. Torma sta ayra He OoJiee TTOJOBUHBI IIEPUMETPA, U COCEJIeH Y TaKOi KJIeTKH He
MmeHee 4. 3HauuT, K Heil orHOCHTCs He MeHee 4/2 4+ 1 = 3 pebep (BHemHee pebPO OTXOAUT K
9TOM KJIETKe TIOJIHOCTBIO). Ecsin y Kilerku JiBa BHeNTHUX pebpa, To Ha ee TlepuMeTpe YepeIyoTcs
YYaCTKU, SABJFIONINECT KOHTYPOM JInarpaMMbl U He ABJISIONINECd TAKOBBIME. Torja y Hee, Kak
MIHUMYM, JBO€ COCE/Ie Cpe/ii KJIeTOK U K Heil oTHOcHTCs He MeHee 2 /242 = 3 pebep. Ecm y
KJIeTKU 00Jiee TpexX KOHTYPHBIX YIaCTKOB, TO K Hell oTHOCcUTCs He Menee 3 pebep. VTak, MOXKHO
clenarhb BeIBOJ, 910 T > 3(n — 1) (K BepiuHe BHe JuarpaMMbl Mbl pebep He OTHOCHJIM, a K
OCTAJILHBIM OTHeC/IN, Kak MuHuMyM, 110 3). [Tosyuaem nporusopedne ¢ r < 3n — 6.

¢ C3. Cioa U u W paBubl Toryia n ToJbKo Torma, korma UW ™! = 1. Onumem Kak
OIPEJIENINTh, PABHO JI CJIOBO 1. $ICHO, 4TO MOXKHO CYMTATh CJIOBO IUKJINIECKH HECOKPATHMBIM.
[To peamnoIoKeHIIo NHIYKIIMKA MOYKHO [IPOBEPUTH PABHBI JIK 1 CJI0Ba, IBJISIIOIIMECS TIOCI0BAMU
JanHoro. Ecim Takne cioBa €CTh, TO MOXKHO YMEHBIIUTD JIJIMHY MCXOJIHOIO CIoBa. Ilycrh Takmx
coB HeT. Vconb3ys C2 3akmouaeM, 9ro Ecan B cioBe ecth mocioBo X, takoe ato XY = 1 —
ompeessoniee coorrorenne n | X | > %|X Y|, To X moxkuo 3amenuth Ha Y T ¢ nonnkennem
JamHbL. Ecim ke Takoro mojcoBa He Haiigercs, To ucnoyb3ysa C2 3akimodaeM, 4ro aisg W Her
nuarpamMMmbl, 3HaquT W £ 1.

¢ D1. Jlna pemenus 3aja4du JOCTATOYHO 3aMETHTb, UTO KOJMYECTBa OyKB JIIOOONO COpPTa B
[epuojie He 3aBUCHUT O TOI'O MeCTa, OTKY/a Iepuoj HauuHaeTcd. 1loaTomy, eciu B3ITh OTPE30K
nepuojia JtuHON . — 1, To m3 cooOpakKeHuit OasjiaHca OJHO3HAYHO OIpE/ie/IeHa CJIeIyIONast
oyksa. [loaTomy, eciim coBIIaIAIOT JiBa OTPE3Ka JJIMHON 12 — 1, TO COBIIA IAIOT BCE TIOCIETYIOIIHE
OykBbI. [losTOMY CIBUT, IepeBOSIINI OJIHO BXOXKJeHue cjoBa V B cBepxcioBo W B joboe
JIpyroe, KpaTeH MUHUMAJILHOMY Tiepuosy. [[ocko/IbKy 1 — MUHUMAJIBLHDBINA TIEPUO/T, 3TO CJIBUT Ha,
BEJIMYUHY, KPATHYIO T0.

6) [Tpumep: paccMOTPUM OCJIEJ0BATEIBHOCTD, TIEPHO/I KOTOPOH COCTOUT U3 OJ[HOMN €INHUIIBI
u AByX HyJseil. B Heit MOKHO HailiTH jBa ydyacTka m — 2 HyJIeil, HaXOJAdIUXCd Ha €JIMHIIHOM
PACCTOSTHUM.
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¢ D2. Ilycrs n — 1 — MakcuMaIbHas JJIMHA, TIJIOXOTO CJI0Ba. ZICHO, 9TO HEKOTOPOE IOJICTIO-
BO JyIMHBI M B cBepxciose W noBropurcs Oosiee uem m pas. Torma B W Haiinércsa aBa He
nepecekaomuxcsa Bxoxkaeans U, To ectb nogcaoo UV U. Torma Bce mojacioBa AIUHBI < 7
nepuojindeckoii mocsaenosaresbaoctu UVU VUV ... 6yayr nojgcinoamu UV U, 1o ecTh 1101
cnoBamu W TO ecTb Bce OHU Oy/IyT TPUIUIHBIMU.

¢ D3. Jlannag 3aja4ua HOCUT TexHUIecKuit xapakrep. OHa jaBajiach Ha ocHOBHOM Type Typ-
Hrpa ['0pojIoB a TakzKe Kak OJUH U3 TEXHUYIECKUX IIYHKTOB Ha 4 JieTHeil KoHdepenimn (3a1a4a
“ciioBa u xaoc”).

¢ D4. Cwm. crarsio Camosoia, 2Kypasiiea, Aunennbayma B xxypradse ‘“Maremarudaeckoe mpo-
ceemenne” 3a 2006 . Tam sra 3ama4da pasbupaercs. Pemrenne 3amadu BHIBOAUTCS € IIOMOIIBIO
OYeBUIHON MHIAYKIVUA U3 CHAEAYIOIIEH JIEMMBI.

Jlemma. /lan yuacTok jjuabl 1 + m + 1. Ecaun cuMBOJIBI, HaXOIdnecss Ha PACCTOTHUN
M, paBHBI, I CUMBOJIbI, HAXOJIAIINECS HA PACCTOSHUU 71, PABHBI, TO PaBHbI M CUMBOJIbI, HAXO-
JIAIecs Ha PacCTOSTHUM 1M — M.

¢ D6. Jlocrarouno mokazarh HaJimaue TPOIHON pazBuiku. VHade mojcanraeM JIBYyMsl CIIO-
cobaMuCpeTHUI Yo HAIUX 9eThIpEXYTrobHUKOB. C OJIHON CTOPOHBI, OH JOJI?KEH ObITH paBeH
90°, ¢ apyroii B deTBepHOii pa3Buike oH 90°, B pa3Buiike OOIBINETO TOPSIIKA - MeHbIIe. AHaJI0-
rugHbIM 06pasom CpefHue yIiibl IPUMBIKAOMNX K cTopore 90°; a cpejiHue yIriioB, MPUMBIKAIO-
UX K BEPIIUHAM Tpeyrojbauka He 6osbire 60°. B urore obiiee cpejiiee OKa3bIBA€TCsI CTOPOTO
MenbIiite 90°, 9To U Ja€T HYKHOE IIPOTUBOPEUHE.

¢ D7. Jenaerca ananorngno. Eciu Takoit MHOrOrpaHHUK CYIIECTBYET, TO CPEJIHUIT YToJI rpa-
uu He menee 120°. C jipyroit CTOPOHBI, B BEPIINHE CXOJSATCS HE MeHee TPEX IpaHeil U cyMma
COOTBETCTBYIOMNX yTJIOB cTporo Menee 360°. [loaTomy m3 OIEHKU JABYMS CIIOCOOAME CPEJIHErO
apruMeTHIecKOro 1moJrydaeM HyKHOe TPOTHBOPEYHE.

¢ D8. Unesa pemenust: cpeauuit yroa y rpanu crporo menbie 120°. /lamee 3amernm, 9T0
cpeqnue yribl y k-yrosbunuka npu k < 6 menbwine 120°, npu kK = 6 posno 120°, a ipu kK > 6
ctporo 6osbirie 120°, mpu4ém ¢ pOCTOM YHCJIa CTOPOH BKJIAJ MHOTOYTOJIbHUKA B CPEJIHUI yTOJI
pacTér. B KagecTBe ONTUMAIBHOIO JOCTATOYHO B3ITh MHOTOYTOJIBHUK € 18 — 1 TPEX-, 9eThIPEX-,
[ATH-, TECTH-, CEMU-, BOCbMU-, JIEBATUYTOTLHUKAME. Y JIOOOTO JAPYTOro CPeIHUil yroy OyeT
bosibire. V13 paccMOTpenms 3TOr0 MHOTOI'DAHHUKA TOJIy9aeM HYKHOE ITPOTUBOPEYNE.

¢ D9. Pemenne komanasr Omcka (Kynpik Hukwura, Marsees Koncranrum)

[Iycts MHOTOYTOIBHUK ¢ S cTOpoHAMU paszdouT Ha 1 k-yroabHUKOB. BHyTpu nmMerorcs: Bep-
IIUHBI JIBYX THIIOB: T€, KOTOPbIE BEPIIUHBI JJisl BCEX COJEPKAIUX UX K-yroJbHUKOB (IyCTh X
m), 1 Te KOTOPble CTPOro BHYTPU CTOPOHBI KAKOrO-HUOY b k-yroiabauka (myctsh ux 1).

nk —2)r =2mrm+nwl+ (s — 2)7w

CYET YIJIOB
y

nk—-—2)=2m+1+s—2 (1)

Kpowme Toro,
nk <3m+2l+s (2)

(KOJIMYeCTBO TOYEK, BHYTPEHHUX U HA KParo). BbrareM U MOy dnM:

2n<m+1l+2>m+1 (3)
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W<2n (rak kak m + 1 > m + £, 10 ectb n(k — 6) <

U3 (1) u (3) BuIBOAMM
s —2< s).

[Iycrs caemytommii cioii cocrour uz ¢ k-yroibHUKoB, 8/ — KOJIMYECTBO CTPOK Y HOBOIO
(paccmoTpenHoro Muoroyroibauka. 8 > (k — 6)(n + t), rak xak kt > s + s’ (oueBuHO,
Tak Kak kt — uuciao cropon), to ectb kt > (kK — 6)(n+t) + (kK — 6)n — t > %n,
TO €CTh B KazK/IOM JIOLIOJHATENBHOM CJI0e MHOOYTOJILHIKOB B & pa3 Goilblie, ueM ObLIO B S-

R
YTOJILHIKE, 3HAMUT, BHYTpH Kpyra paiumyca R, maummas c¢ mexoroporo Rg, Gyzer > (7%)
MHOTOYTOJIbHUKOB.

¢ D10. Orpaszum moOJYIIOCKOTCh HA JIPYTYIO TOJIOBUHY, TOJIYYIUM 2K OTMEYEHHBIX MHOIO-

yroabaukoB. Ucnosb3ys D9, nosrydaeM, 9T0 9UCI0 TPUMBIKAIONUX K HUM K-yTrOoJLHUKOB (mep-
k—6

2 .
U Tak Jajee, ..., B 4-OM CJI JT
3 21 aK jaJiee, , B -OM cJioe DoJiee

L
10’

BBII CJ10it), GoJIbIne %Zl, BO BTOPOM CJIO€ (

_6\*? —
(M) 21, yaursiBas, 4To Jijisd 60bIHX K % MOJTy9aeM, 9TO TpeOyeTcs.

3



Groups And Burnside Problem

A. Ya. Kanel-Belov . A. Ivanov-Pogodaev A.S. Malistov

This project is focused on the combinatorial-geometrical method that has enabled to solve
several complicated problems within the group theory like the construction of a infinite finitely
generated group with identity ™ = 1 to name one (The restricted Burnside problem). The
goal of this project is the construction of this group. The following results were obtained by
A. Yu. Olshanskii. The fact that group relations’ consequences could be presented geometrically
is the essence of the method.

We should introduce some useful ideas and definitions. Then we begin constructing diagrams
on a plane. Usually the diagram is a polygon map. So it is interesting to handle the following
preliminary problems.

¢ Al. A convex 1993-gon was cut to convex 7-gons. Prove that exist four neighboring vertices
of the 1993-gon which belong to same 7-gon. (A vertex of a 7-gon cannot belong to an edge of
the 1993-gon.)

¢ A2. Can one cut a plane: a) to convex 7-gons? b) to equal convex 7-gons?

¢ A3. Can one cut a plane to convex T-gons such that any unite circle intersects with less
then million of them?

¢ AA4. Let us consider a plane divided into 7-gons which diameters are less or equal to 1. Fix
a point O. Let N(R) be the number of 7-gons falling into the circle with diameter R and center
O. Prove that there exists A\ > 1 such that N(R) > \.

Let us consider an alphabet L. Let L contain the following letters:
a,a L, b, bl ¢, c, ...

For any letter in our alphabet there exists a pair: @ and a=!, b and b—! and so on. These letters
are called inverse letters. These letters can be used to construct words (some finite sequences of
letters). Examples: aba, aba=tab e, a~'a~'bbca'. Words can be transformed by either
cancelling or inserting two neighboring inverse letters. Thus aba~tab™'c transforms into ac:
aba~'ab™lc = abb~'c = ac. Some words (for example, b= *aa~1b) can be transformed into
an empty word. Let this word be labeled zero.

Suppose that some words equal to 1. For example, {aba™b~' = 1; ca = 1}. Such
relations are said to be defining relations. We can use these equalities to obtain new ones.
For instance, suppose that aba=tb™! = 1. Let us add a word ba to both sides on the right.
(“multiply by ba on the right”), We obtain aba='b~'ba = ba. Having cancelled inverse letters
on the left side, we obtain ab = ba. Having added ¢ to both sides of the equality (on the left)
we get cab = cba. Since ca = 1, we get b = cba.

After considering the defining relations we see that some words are equivalent or equal.
We can multiply an equality by the same factor or cancel inverse letters. Thus we obtain new
relations (equal words). Suppose we have some defining relations. Let us consider two words.

1
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Can we find out whether these words are equal? The thing is that there is no general algorithm.
This is a very important result in higher algebra. Nevertheless if the defining relations satisfy
certain terms, such an algorithm exists in fact.

The main issue. Let the common begining of any pair of defining relations A = 1 and
B = 1 be either empty or its length constitutes less then !4 of the A and B lenght. Thus
there exists an algorithm enabling for any pair of words to find out if they are equal or not.

The main issue will be discussed below. First we should practice with simple examples.
Herewith, we assume that the alphabet consists of the letters from the defining relations only.

Let us consider an example. Suppose aba = 1, bab = 1. Let us prove that a = b. Indeed,
a = abaa b = a7'b7! = a'b~'bab = b. So there exist three nonequivalent words: (1,
a, a?).

Consequently, if a letter occurs in a word twice, we shall use powers in our notation. So
we shall write a® instead of @aa...aa. If a power is negative, we put =*¥ = (z=1)=*. In
—_—

k
particular, a=3 = (a™1)3.
¢ B1l. Let ba = ab® be a defining relation such that k is a nonzero integer. Prove that any

word can be transformed to the form a™b"™; here m, n are integers.

¢ B2. Consider defining relations a* = b® = (ab)? = 1. How many different words there
are?

¢ B3. Consider defining relations aba=2ba = b® = 1. How many different words there are?

¢ B4. Consider defining relations a®> = b* = (ab)™ = 1. How many different words there
are?

There exists a way which lets illustrate consequences from defining relations. Look at the
pictures illustrating the two following consequences: a?b3 = b3a? with the relation ab = ba;
and b% = 1 with the relations b> = a and a® = 1. If we move around any cell then we read
one of the defining words, and if we move around the whole map then we read the consequence.
If we move in the opposite direction then we read letters as inverse ones.

b_ b_ b_
CL“ b (IT b CLT b a“
> > >
oA b‘aT b‘aT b‘au
puc. 1 puc. 2

Hence the plane can be divided into some polygons. Now we shall give some definitions.
The area inside any polygon is said to be a cell. The e dges of the polygons are called the edges.
Let us write a letter near each edge on the map such that the words written arround any cell
correspond to the defining relations words.
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¢ B5. Draw a map for the consequence a?b?c® = 1 using the defining relations a® = 1,
b®*=1,¢2=1, abc=1.

¢ B6. Draw a map for the consequence ab= aba=1b = 1 using the defining relations a® = 1,
b3 =1, abab = 1.

In fact, the discussed above structures of words with relations have their own name.

Let us consider finite or infinite set of elements G. We assume the law, according to which
a third element z is uniquely obtained from any two equal or different elements x and y of such
a set, is known. This operation is called composition or symbolic multiplication of elements and
it’s result is called the product of the elements x and y. We denote the product of x and y by
x % y. We note that the law of composition may be such that the result depends on the order
of the elements multiplied. So x * y is not in general equal to y * x.

We will discuss the operations such that an equality (z % y) * 2 = = * (y * z) holds for any
x, y, z from G. In these cases we say that the operation x is associative.

Let G be a set of all words in our finite alphabet. We can assign a product operation on
G: a word W is called the product of two words A and B if W is a result of attaching of B
to A. Specifically, If A = ajas...ax, B = biby...b, then W = ajas...apbibs...b,.
Obviously, this operation is associative. It is easy to understand the meaning of the associativity.
The overall result of a product @y * x5 * - « - * x,, is not depends on brackets placement. So the
products (xq * xa) * (€3 * x4) and @1 * ((z2 * x3) * T4) are equal.

Definition. A set G with an operation * is called a group if the following three conditions
hold:

(i) For any x, y, z € G the following condition holds: (x * y) * 2 = x * (y * z). So the
operation is assotiative;

(ii) There exists an element 1 in G such that 1 = 1*x = « for any « € G. This element
is called an identity;

1 —1

(iii) For any @ € G there exists ax™ € Gsuchthat z s z™' =z ' xx = 1.

We shall often ommit the * sign and write (for example) ab = ¢ or xy = yx.

The set of all words in a finite alphabet is a group: an empty word is an identity. If we
replace any letter in a word with inverse letter and rewrite the word in the reverse order then
we obtain an inverse word. For example, the word z 'y ~tz~'d=lcb~la~! is inverse for the
word abedzyz. And aba=lc 1ba=! is inverse for ab~lcab'al. If we write two inverse words

one after another then we can obtain an empty word (identity) by several transformations.

Now assume defining relations. It is easy to see that some words become equivalent. Let us
consider these words as the same element of the group. So if we want to make some operations
with this element we can choose any of these words.

The number of different elements of a group may be finite, in which case the group is called
finite and the number of its elements is called its order. The order of a group is denoted by |G]|.

A group is abelian (or commutative) if xy = yx for all ¢, y € G.
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¢ B7. Prove that if for any = from a group 2 = 1, then the group is abelian.

Definition. A nonempty subset H C G is called a subgroup of a group G if the following
conditions hold:

(i) if a, b € H then ab € H;
(ii) if a € H then a™* € H.

It is easy to see that the identity of G belongs to H (suppose a € H, then a=* € H and
aa™! € H). Hence H is a group with respect to the mother-group G operation.

Note that there are two trivial subgroups in any given group: the whole group and the group
with one element {1}. These two groups are called improper. Any other group is called proper.
How can one find any proper group? Suppose a € G. Let us find some powers of a. The set
{a*} is an abelian (commutative) subgroup in G. This group is called a cyclic subgroup of G
and is denoted by (a). The element a is said to be a generator of (a). If (a) = G, then we
say that G is a cyclic group.

Suppose n is the minimal integer such that a™ = 1. The integer n is called an order of
element a. If there are no such n, then we say that a has an infinite order.

A cyclic group is generated by its unique element. Let us try to generate a group by several
elements.

Suppose that the subset (S) in G possesses all finite products

(e %1 g

e dr 7,

a2
.

g1 g2

gi € S, a; = x1,1=1,...,k. It is easy to see that (S) is a subgroup in G. The inverse
element for the product above is

g g1t g
B; = —a;. If every element of a group G is the product of a finite number of elements and

inverses of elements from S, then we call the subset S a set of generators of G and call the
elements of S generating elements.

Up to this point we considered every word as a finite letter sequence. Nevertheless, let us
have a diagram for the defining relation aias ...a, = 1. If we look at this diagram, than we
cannot find out which letter is the first in the word. Hence it is good to consider a set of all
cyclic shifts of a word. This set is called a cyclic word. Let a subset of a cyclic word (that is
not cyclic!) be a subset of one of a word’s cyclic shifts. For example, a?b, aba, ba?, a® are
subwords of lenght 3 of the cyclic word a?ba. A word is called cyclic irredundant if every of

it’s cyclic shifts is irredundant.
Cyeclic shifts appear in groups too. Two elements a and b are called conjuagate if there exists

x € G such that a = xbx™'. It is easy to see that all cyclic shifts are pairwise conjuagate.

¢ BS8. Consider a group with some defining relations. Let us take a word. Prove that there
exists a conjuagate cyclic irredundant one.
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¢ B9. Ilycrp rpymma 3ajgana onpenessiomiuymu cootHomrenusivu Uy = 1, ..., U = 1. Jlo-
kaxxkure, 4ro eciu W = 1 (cioBo W npuBoauTcest K 1ycToMy), TO CYHIECTBYIOT TAKHE CJIOBA
X1, ... Xg, 4TO cj0BO

XU X, 7' XU X5 X U X

IIPpUBOIATCA K W' rojbko COKpaAaIlleHUAMHU PAJOM CTOAIITHUX BSaI/IMHO-O6paTHbIX 9JICMEHTOB.

¢ B9. Consider the group with the following defining relations: Uy = 1, Uy = 1, ... Uy, = 1.
Suppose that W = 1. Prove that there exist words Xy, Xa, ... X, such that one can transform
the word

XU X, ' XU X500 XU X

into an empty word using only the cancellations of neighboring inverse letters.

Suppose a group satisfies the following equalities:
a® = 1, bab™! = c. Hence we obtain the relation
c¢® = 1. This conclusion can be illustrated by the
picture 3. Indeed, if we move around any triangle
cell, then we read the word a3. If we move around
any quadrangle cell, then we read the word eba='b~1.
If we move around the edges of the whole map, we
read the word ¢®. This word is a consequence of the

equalities a® = 1 and ecba™1b~1 =1

puc. 3

Let us describe how to construct such examples. In order to do this, we consider the
conclusion a® = 1, b2 = a — a®b~1a?b® = 1 in detail. First we convert a®b~1a?b3 = 1 into
the form (a®)(b™ta3b)(b~*a~1b2b). (Here we present our word as a product of some defining
relation words and its’ inverses.) Let us draw a petal for each product efficient. (see pict. 4.)

puc. 4

Every petal is a circle with a stem. Then we mark every circle with a letters. Finally we obtain
defining relation words (in this example a® wim a~*b?) on the circles and conjugating words
(in this example b~! or an empty word) on the stems. Now walk around all the petals. It is
easy to see that we can read the right part of the equality

a®*b7'a’b® = (a®) (b 'a®b) (b~ 'a'b%b).

We want to obtain the word graphically equal to the left part of this equality. So we need to
do some cancellations. We do these cancelations by a conglutination of the stems and two edges
of the second and the third circles. Finally we obtain the diagram with the word a3b—'a?b3
on the outline.

The construction of any other conclusion is performed in a similar way. However there are
many different diagrams for one conclusion W = 1.
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¢ C1. THE VAN KAMPEN LEMMA. Suppose that W' is a nonempty word in the alphabet
L =LUL1U1;then W = 1 iff there exists a diagram which label graphically equals W .

Consider the group with the following defining relations: U = {U; = 1,...,U, = 1}. Let
us agree that every word Uj is a cyclic irredundant one and if a word R belongs to the system
of the defining relations then R~ also does. Also we may assume that if XY = 1 is a defining
relation, then Y X = 1 is a defining relation too. A system of defining relations is symmetric
if it satisfies all these conditions. It is easy to see that an addition of inverse letters and cycle
shifts does not change the set of all consequences. Hence it does not change the group G.

If X is a common beginning of two different words XY; u XY from U, then we say that
X is a piece with respect to U. Consider the group G with the system of defining relations U.
Suppose that the lenght of every piece X is less than /s of the length of any word this piece
belongs to. Then we say that the group G is a group with small cancellations. This condition
means that only small part could be cancelled in the product U;U; of defining relations.

If we transform words in a group with small cancellations then we «leave many traces» of
the defining relations.

¢ C2. Suppose that G is a group with small cancellations. Let us consider a diagram over
G. Suppose that the label of the outline ¢(q) is a cyclic irredundant word and there are no
proper subwords in the cyclic word ¢(q) which are equal to 1. Then there exists a cell P with
an external arc which length is more than half of the cell perimeter.

¢ C3. Suppose that G is a group with small cancellations defined by a set of relations. Prove
that there exists an algorithm enabling for any pair of words to find out if they are equal or
not.



Groups and Mosaics

Mistakes

It is reasonable to fix some mistakes in the problems text.

¢ A4. Let us consider a plane divided into convex 7-gons which diameters are less or equal
to 1. Fix a point O. Let N (R) be the number of 7-gons falling into the circle with diameter
R and center O. Prove that there exists XA > 1 such that N(R) > \E.

¢ Bl. Let ba = ab be a defining relation. Prove that any word can be transformed to the
form a™b"™; here m, n are integers.

Additional problems

¢ AS5. Can one cut a plane to convex T-gons such that diameters of the T-gons are less or
equal to 1 and any unite circle intersects with less then million of them?

¢ B7.5a. Consider a group over an alphabet {a, b}. Prove the following statement: if for
any x from a group &3 = 1, then the group is finite.

¢ B7.5b. Consider a group over an alphabet {a, b, c}. Prove the following statement: if for
any x from a group &3 = 1, then the group is finite.

Some additional technics

Now we shall give the following notation. Consider a cutting of a plane to some polygons
(cells). This cutting is called a map and is denoted by U. An oriented edge of a cutting U is
called an edge of a map. So if there exist an edge e, then there exist an opposite oriented edge
e~ 1. This edge e~ belongs the same points of the plane as the e one. Let us make an agreement
that outlines of all cells should be read mo wacosoit crpesnke. Consider the outline of all map.
This outline belongs n edges. Let us denote these edges eq, es, ... e, using the orientation of
the map. A lap e;...e, is called an outline of a map U. We can define the outline of a cell
by the same way. We shall consider an outline of a map regardless of cyclic shift. Suppose an
outline (of a cell, or of a map) e;...e, belongs an edge e. A chain of the edges ey, e, ...e,
is called a way if the end of e; is congruent to the begin of e;44 forany 2 =1,...,n — 1.

A subpath is similar to a subword: p is a subway of g it ¢ = p1p2 holds for some ways p;
and po. Consider a finite alphabet L. We denote L = L U L= U 1, here L~ is an alphabet
of inverse letters.

Let us assign a letter ¢(e) from L to each edge e of map U. The map U is called a
diagram over U if ¢p(e™") = ¢(e)~". Consider a path p = ey ... e, in the diagram U over
L. A label ¢(p) is a word ¢(ey) ... ¢(e,) in the alphabet L. By definition, put ¢(p) = 1 if

7
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n = |p| = 0. It is easy to see that a label of cell (or diagram) outline is defined up to cyclical
shift. So it is a cyclical word.

A cell K is called a R-cell if it’s outline label ¢(p) is graphically equal (up to cyclical shift)
to some word from defining relations or its inverse (up to pasting some amount of symbols 1).
It is clear that if we choose the beginning and direction of “reading” and ignore the symbol 1,
then we can read a defining relation word.

A cell K is called a 0-cell if it’s outline label eq . . . e,, is graphically equal ¢(eq) . .. d(en),
where all ¢(e;) = 1 (= means a graphical equality) OR if for some ¢ # j ¢(e;) = a,
¢(e;) = a™* a belongs to alphabet and for all other k # %, 7 @(ex) = 1. An edge is called
a 0-edge if it’s label is equal to 1. An edge is called a U -edge if it’s label is non trivial word. A
length |p| of an arbitrary path is a number of it’s U-edges. Perimeter of a cell or a diagram is
just a length of it’s outline.

There are no 0-cells in the examples presented above. However, it is reasonable to introduce
them by following reason. The examples shown on the figures 1-3 are truly disk diagrams: if we
delete the outline, then the diagram doesn’t brake onto several parts. Diagram on the picture
4 is not a disk: if we delete the outline, then it divides into several parts. This problem cause
some technical difficulties. For example, we need to cut the subdiagram for induction reason.
If we use 0O-cells, then we can make a disk diagram with the diagram on the picture 4. It is
reasonable to think of O-cells as “thin” cells (or “fat” edges) and 0-edges as extremely “short”
edges.

pic. 6

Thus, a diagram over an alphabet U is called a diagram over group G defined by the
relations R; ... R, if it’s every cell is R-cell or 0-cell.

It is reasonable to do a 0-cutting of a diagram. Let a cell be a polygon. We draw a second
polygon inside the first one. The second polygon is similar to the first one. Let us connect
corresponding vertexes of the polygons with additional edges. Then we label the second polygon
with letters as the first one. The additional edges are 0-edges. Let us label them with 1’s. So we
obtain the 0-cutting of a cell. Similarly, we can obtain a doubling of a path. Draw an additional
edge for every edge of a path. Then we label the additional edges by the same way as the
corresponding original edges. So we obtain two paths with the same beginning and ending.



Groups and mosaics

Corrections

¢ B9. A group is presented by defining relations Uy = 1, ..., Uy = 1. Assume W =1 (i.e.,
the word W may be reducedto the empty word). Then words Xy, ..., X,, may be chosen in
such a way that the word

XUS X, X US XY XU X

(here 1 < t; < k), may be reduced to W by using cancellations of elements adjacent to their
inverses only.

Additional Problems
Problems of the cycle D prepare the problems of the main cycle E.

¢ D1. We are given an infinite periodic sequence of minimal period n. Assume this sequence
has two identical subwords of length n — 1.

1. Show that the distance between initial letters of these subwords is a multiple of n.

2. Does a similar statement hold for subwords of length n — 27

¢ D2. We consider finite words over a finite alphabet. There is a finite dictionary of forbidden
words. Assume that there exists an infinite sequence which does not contain forbidden subwords.
Prove that there exists an infinite periodic sequence which does not contain forbidden subwords.

¢ D3. A finite word is called cube-free if it never contains three consecutive entries of the
same subword. Show that there exist arbitrarily long cube-free words over the alphabet of two
letters.

Hint: Consider the words a, ab, abba, abbabaab, ... Here the next word is obtained
from the previous one by using the substitution a — ab, b — ba.

¢ D4. We are given two distinct periodic sequences, whose smallest periods are m and m
respectively. Assume that these sequences have a common subword of length m +n — 1. Show
that they have arbitrarily long common subwords.

¢ D5. Give a precise estimate in D4. Consider separately the cases when m and n are coprime
and not coprime.

¢ D6. A triangle is partitioned into convex quadrilaterals. Show that one of the quadrilaterals
must have an angle of at least 120°.

¢ D7. Does there exist a convex polyhedron whose every face has at least 6 edges?

4 D8. A convex polyhedron has at least Tn faces. Show that at least n faces have the same
number of edges.

¢ D9. The plane is partitioned into convex k-gons. The diameter of each k-gon is at most 1.
For a given point O, let Si(R) be the number of k-gons contained in the circle of radius R
centred at O. Show that there exists Ry such that for all R > Ry we have Si(R) > AE.
Show that we may take A = k/10. Try to obtain a better estimate for X.

9
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¢ D10. The half-plane is partitioned into convex k-gons. The diameter of each k-gon is at
most 1.

We mark L adjacent k-gons at the boundary of the half-plane. We define the first layer to
be the set of k-gons adjacent to the marked ones. The set of k-gons adjacent to those of the
first layer is defined to be the second layer. Show that the number of k-gons in the second layer

is at least L(k/10)2.

¢ The Burnside Problem. We are given a positive integer m. Does there exist a finitely
generated infinite group such that its every element x satisfies the relation *™ = 1 (‘“finitely
generated” here means that the group is defined over a finite alphabet).

A.Yu. Olshansky has constructed such a group for odd n > 10'°. We shall follow the main
ideas of his construction.

The solution to the Burnside problem is carried out in two steps. The first step is an
inductive construction of defining relations. At each step we add several new relations of the
form A™ = 1. We must verify that every word eventually becomes periodic (i.e., for any
word X the relation X™ = 1 is deducible from defining relations introduced at some stage).
Two words are declared equal if one may be reduced to the other using finitely many defining
relations introduced.

We thus obtain a group whose every element is periodic.

The second part of the argument is the proof that the group we have obtained is infinite.
To this end we must show that after every step there exists a word not equal to 1. For this we
must show that there does not exist a chart all whose cells are periodic words with a sufficiently
large period and along the perimetre we have a word without periodic subwords with a larger
period (e.g., square-free or cube-free). To establish this fact one investigates different cases of
the adjacency of cells. Cells correspond to defining relations introduced at various stages of the
inductive process; at each consecutive stage the word is longer. Cells may thus be of different
sizes.

First we show that “large” cells cannot have “large adjacency”. Then we consider the case
when a large cell is adjacent to several layers of small cells. Here we use exponential growth of
the number of polygons in problems D9 and A4.

\ J

p
-«/.//////,/7//////,.

Pic. 7
Thus according to problem D9, by carefully choosing k one may achieve the effect that already
the second layer already has hugely many cells. The choice of k (i.e., the number of sides of our
polygons) is controlled by the choice of n (the degree of periodicity of the group). Le., at the
first stage the length of defining relations is n, at the ¢-th stage it is ne. Polygons will thus have
sufficiently many angles, and the exponential growth will force a huge number of cells already

in the second layer.

< %
~ )

Pic. 8
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It remains to consider the case when there is a layer of small cells between two large cells.
We shall need the following definition.

Cells A and B are called reducible if the following holds:

1. A and B either have common boundary or are joined by a chain of 0O-cells ;
2. A and B have the same labels.

If our diagram has two reducbile cells, we may carry out the following operation. We cut
out from our diagram the disk formed by the un ion of two cells and insert several 0-cells. This
operation reduces the number of nontrivial cells. The diagram which does not contain reducible
cells is said to be reduced.

¢ E1. Example of a narrow strip for the even exponent. Show that there exists a
reduced diagram D all whose cells have the form X* = 1, and, which, additionally, has the
following structure:

1. D contains two cells A and B such that all cells are adjacent to them:;

2. The perimetres of cells A and B may be arbitrarily larger than perimetres of all other
cells (i.e., the ratio of these perimetres may be arbitrarily large.

¢ E2. Assume that a reduced diagram has cells of two types: «larges cells of m letters and
«smalls cells of n letters. Each cell is labelled by a periodic word of the form A™. What largest
common segment may the two large cells have?

¢ E3. Assume that perimetres of all cells of a reduced diagram are equal either to m or to
n, where n >> m and labels of all cells are periodic. Consider the cell A with perimetre n.
Assume that all adjacent cells have perimetre m. As before, the first layer is the set of cells
adjacent to A . The k-th layer (k > 1) is the set of cells adjacent to the k — 1-th layer. Let
Ay, be the number of cells at the k-th layer. Prove that Ay > (m/100)*.

¢ E4. Assume that perimetres of all cells of a reduced diagram are equal either to m or to
n, where n >> m and labels of all cells are periodic with an odd period. Assume the layer
of small cells is squeezed between two large cells (see Pic. 8). Is it true that the label of this
contour is periodic?
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OYHKIIMOHAJIBHBIE YPABHEHUM A

IlepBsbrit 3Tam

A) ®yHkumoHaIbHOE YPaBHEHHME — 9TO ypaBHEHUE, KOTOPOE COJEDPIKUT OJHY WJIN
HECKOJIbKO HeM3BeCTHBIX (DYHKIHMI (¢ 3aJaHHBIMU 00JIACTSIMU ONIPE/Ie/IeHNs] U 3HAYECHNIH ).
Pemmuth dyHKIIMOHAIBHOE YpaBHEHHE — 3HAYUT HAWTU Bce (DYHKINU, KOTOPbIE TOXK/IE-
CTBEHHO €My VIOBJIETBOPsAIOT. DYHKIMOHAJBHBIE YPaBHEHHS BO3HUKAIOT B CaMbBIX pa3-
JIMTYHBIX 00/IaCTAX MaTeMaTUKH, OOBITHO B TeX CJydasx, KOIjia TpedyeTcs OIHMcaTh BCe
dyHKIMH, 00J1aIa0NKe 3aJaHHBIMI CBOWCTBAMMU.

Brauase — HeKOTOpbIe TUIIMYIHBIE TPUEMBI perteHns PyHKIMOHAJIBHBIX YpaBHeHnil. Ya-
€TO OBIBAET I0JIE3€H METO/I MOJACTAaHOBOK. OH COCTOUT B TOM, UTO IIePEeMEHHBIE 3aMe-
HAIOTCS HEKOTOPBIMEU HOBBIMEU (DYHKIUSIMU (BO3MOYKHO, KOHCTAHTAMH), UTO IO3BOJISIET
IIPUBECTH ypaBHEHHE K Oojiee yI00HOMY BHU/LY.

1. Pemture cieyitonue (pyHKIIMOHATbHBIC YPaBHEHUA.

Flz) +2f (i) _ 30 (a)
f@)+ 1 () =2 (v
flx+y) + flx—y) =2f(x)cos y. (c)

B) Pacemorpum Ternieph HEKOTOpBIE PA3HOBUIHOCTU (DYHKIMOHAJILHBIX ypaBHeHuit. Bo
MHOTHX (PYHKIIMOHAJBHBIX YPaBHEHUSX 33/[aHa HEKOTOpas UTeparius UCKOMON (hyHKITHN.
Crentyroryto 3aja4y siKoObI JII0OWT j1aBaTh PeffHMan CBOUM MOJIOJIBIM COTPY/IHUKAM.

2. Cymecrsyer jmn takag dynkiua f(z) : R — R, aro f(f(x)) = 2% — 2 g Beex
BEIIIECTBEeHHBIX T

3. Haityure Bee dynkmuu f : R? — R, ynosiersopsionye (hbyHKITOHAILHOMY ypaB-
HEHUIO

FOo f(f(zr,22),23) ..., Ta006) = T1 + o + T3 + ... + T2006-

C) Tlpu perernn GyHKINOHAIBLHOTO ypPaBHEHUs PE3YJIbTAT YACTO 3aBUCHT OT TOTO,
TpebyeTcst JIM OT UCKOMBIX (DYHKIMI HENPEpPLIBHOCTDL. B HAIIMX 3aJadaX CTPOroe OIpe-
JleleHne HellpepbIBHOCTH He norpebyercd. Hy»KHO b 3HATH, 9TO J1I0OO0N MHOTOYJICH,
9KCIIOHEHTa, JiorapudM (IIPU MOJOKUTEIBHBIX ), CUHYC, KOCHHYC HENPEPBIBHBI U UTO
HenpepbiBHas (PYHKIMA Beeraa o0IagaeT CaeLyoMuMI CBOCTBAMM.

(a) Ecoim B Toukax a u b menpepbiBHas (yHKIUS IPUHAMAET PA3JIUYHBIC 3HAUCHUS,
TO J110060€ IPOMEXKYTOUTHOE MEXK/ly HUMHU 3HAUCHHE HPUHUMAETCA XOTSA ObI B OJHOI TOUYKE
orpeska [a;b] (TeopeMa 0 TPOMEKYTOTHOM 3HAYECHIN ).

(b) Eciu npe HenpepbiBHbIe (DyHKINN, 3a/[aHHbIE HA BEIECTBEHHOI OCH, COBIAIAIOT BO
BCEX PaIMOHAJIBHBIX TOYKAX, TO OHH COBIAIAIOT BCIOLY.

(¢) Ecin menpepbiBHast (byHKINS B3aMMHO OJHO3HAYHA, TO OHA CTPOrO MOHOTOHHA.
(Pasymeercsi, BepHO 1 obpaTHOE.)

(d) HemnpepsiHast yHKIMs HA OTPE3KE OrpaHUYEHHA.

[Tpu perrennn (HyHKIUOHAIBHLIX YpaBHEHUIT 9acTO ObIBAET TaKzKe BayKHa MOHOTOH-
HOCTL (DYHKIIWH.

4. Ecom dyukimst f(z) ¢cTporo MOHOTOHHA, Y4TO MOYKHO CKA3aTh O HAIIPABJICHUH U3Me-

nenusi ynkuuu f(f(x))?



5. CymecrByer Jin Takast HenpepbiBHas dyukius f : R — R, aro dyukuus f(f(x))
CTpPOTO yOBIBAET?!

6. Henpepoisuas dyuknus f(x) takosa, aro f(f(x)) = —x? a1d Beex BEIECTBEHHBIX
x. Hokazxwure, aro f(x) < 0 11 BCeX BEIIECTBEHHBIX .

JloromnuTeIbHbIE BOIIPOCH K 3aj1ate 6.

(a) CymrectByer Jjin BoobIie hyHKIHs, YIOBIETBOPSIONIAs YCIOBUSIM 32191 !

(b) CyrecTBeHHO JiU 371€Ch YCJIOBHE HEIPEPBIBHOCTHU !

7. CymecrByer jm Takas HenpepbiBHas byekius f(z) : R — R, aro f(f(z)) =
= 22 — 1/2 nna Beex Bemectsennnix z? (Cp. ¢ 3amaueit 2.)

D) Temnepb paccMOTpUM caMoe U3BECTHOE U3 (DYHKIMOHABHBIX YDABHEHUil - -
TUBHOe ypaBHeHue Koim, KoTopoe 9acTo Ha3bBalOT MpocTo ypaBHeHuem Korrm:

flx+y)=fx)+ fly) (v,y €R).

8. Haiisiure Bce HenpepbIBHBIE PEIICHUs a/JINTHBHOTO ypapHeHus Korm.

Kaxoe u3 cBoiicts (a)-(d) menpepbiBHBIX QyHKIWMIT 371€Ch Bcnoab3oBano? Crocob pere-
HAs QYHKIMOHAJIBHBIX YPABHEHUI B HEIPEPHIBHBIX (DYHKIMAX C MCIOIB30BAHUEM ITOTO
cBoiicTBa HasbiBaeTcsd MeTogoM Kormm.

Kax ussecrno, (zy)" = z"y", exp(x +y) = exp(x)exp(y) (z,y € R) u In(Jzy|) =
= In(|z|) + In(|y|) (z,y € R\ {0}). Honb3ysich sTuMu dakTaMu u pe3y/IbTaToM 3a1atdn 8,
peITe CJIeYIONIYIo 3a/1ady.

9. Haiiure BCce HenpepbIBHBIE pellenns ypaBHeHUit Komm:

flzy) = f(z) + fly) (v,y € R\{0}); (a)
flx+y) = fley) (z,y € R); (b)
flzy) = f(x)f(y) (v,y € R). (c)

Basuc 'amesist — 570 TaKoe MHOXKECTBO BEIIECTBEHHBIX YHCEN, UTO JIF0O0E BEleCTBEH-
HOE YHUCJIO MOXKHO TIPEJICTABUTD, IIPUYIEM €IMHCTBEHHBIM 00pa30M, B BUJE 1 + . . . I'pQly,
e n — HaTypaJibHOE YUCTIO, T1,...,7T, — PalllOHAJIbHbIE YHUCIA, & (1,..., (, IpUHAJIE-
)kar gannomy 6asucy [amesrst. CymectBoBanne 6a3uca ['aMesrst T0Ka3bIBATCSI ¢ TIOMOIIBIO
AKCHOMBI BBIOOPa, MBI IIPUMEM €ro Kak (hakT.

10. CymecTByOT i pa3pbIBHBIE penteHus aaauTuBHOro ypasuerus Kommu? Ecnn na,
TO KaK OIMCATh BCIO COBOKYITHOCTBH pelreHuit 3roro ypasHenusi? Kak omnmcarsh perreHust
9TOr0 ypaBHEHUs, HeoTpurarejabubie nupu x > 07

Tenepb 1151 cpaBHEHHS PENIUTE CJIEIYIONIYIO 3a/1ady.
11.

flz+y) = f"(z)+ f"(y) (x,y € R; n — bukcupoBaHHoe HATYpaJIbHOE YHCIO, N > 1).

E) ¥Ypasuenune Ilekcuaepa nosydaercs: U3 ajIiTUBHOTO ypaBuenust Koru, eciiu Bee
BXOXK/JIeHUST (DYHKIMHU f 3aMEHUTb Ha Pa3/IMdHble (PYHKIINU:

k(z +y) = g(x) + h(y).

12. (a) Pemure ypasuenue Ilekcuepa.
(b) Haiinure BCe ero HermpepbIBHbIE PEIEHNS.



OYHKIIMOHAJIBHBIE YPABHEHUM A

Bropoii aTan

[TonpaBka K mepBOMy STaILy:
9b. Haiiymure Bce HenpepbIBHBIE pelllenns ypaBHenus Korm

fle+y)=f@)fly) (z,y€R).

F) [lycrs dyHKIMSA g yIOBIETBOPSIET YPABHEHUIO

glr+y) = g(x)+g(y),

rae Touka (7,y) NPUHAJIEKUT HEKOTOPOMY TMOAMHOMKeCTBY Z myockoctn RZ. Ecm e
MOXKHO ITPOJIOJIZKUTH JI0 (PYHKIHHU [, YIOBJIETBOPAIONICH aHAJOTUIHOMY YPaBHEHUIO IIPH
Beex o,y € R?, To MBI TOBOpHUM, uTO f — addumusroe npodosscenue GyHKINH g.

13. [lokaxkure, 9TO ec/in Z — €IUMHUYHBIN KBaJIpaT, TO Ji0bas (PyHKIHA ¢, YIOBIECTBO-
psiforiast ypapHeHuo Ko Ha 7, I0IIyCKaeT €IMHCTBEHHOE aJINTHBHOE IIPOIOJIKEHIE Ha,
BCIO ILJIOCKOCTb.

14. [TpuBeaute nmpuMmep 6€CKOHETHOIO MHOXKECTBa /£ 1 (DYHKIIUHU ¢, KOTOPasl YI0BJIETBO-
psieT ypaBHeHnnto Komm Ha 3ToM MHOXKECTBE, HO He JIOIYCKAeT aIIMTUBHOIO IIPOI0I2KEHIS
c Z na R%

[Tonydennble pe3yabTaThl HAILIM IPUMEHEHHE, HAIIPUMED, B CJIEYIONIEe SKOHOMUKO-
maTeMarnaeckoit mogean ([1], c. 95-96).

15. IlycTh HYKHO pa3jeUTbh CYMMY JIEHET, PABHYIO S, MEXKJy m > 2 KOHKYyPHUDPY-
fomuMe mpoekTamu. Kaskiplii u3 n 9KCIeproB JaéT CBOM peKoMeHjanuu (j-it sKcmepT
IpeJyIaraer JaTh i-My HPOEKTY CyMMY T;;), I B HTOT'€ OIIPEIENISeTC COIVIACOBAHHOE Pac-
IIpe/JieJIeHne

Gi(Ti1, .. xm) (G=1,...,m)

(U1t KazKJI0ro MpoeKTa 9TO PACIpeJIesIeHne OPeIessieTcss CyMMaMU, KOTOPbIe BbIJIEJIsi-
JINCH 9KCIEPTaMU UMEHHO Ha 9TOT IMPOEKT, NPUIEM BHUJI 3aBUCHMOCTU MOYKET ObITH pas-
JIMYHBIM JJI PA3JIMIHBIX TIPOEKTOB). IlycTh BBIOJHEHBI CJIEIYIONINE JIBA €CTECTBEHHBIX
YCJIOBUA.

(i) Eciin HUKTO U3 9KCIIEPTOB He BBIJEJISIET JICHET Ha, JIAHHBII IIPOEKT, TO IPOEKT HUIErO
He oJIy4YaeT U B COIVIACOBAHHOM pacCIIpe/leJIeHUN:

$:(0,...,0)=0 (i=1,...,m).

(il) Eciu kaxkoe u3 mpejjiaraeMbIX pacipejie/ieHuii ncyeprbBaeT BCIO CyMMy S, TO

U COIIACOBAHHOE DACIpejiesieHne UcUYeplblBaer BCio cymmy: uz > = S (j = 1,...,n)

m
ciejyer '21 Oi(Tit, .o Tim) = S.
1=
[Tokaxkure, 9TO MPU yKA3aHHLIX YCJIOBUAX BCe (DYHKIIUM ¢; COBIAJAIOT C HEKOTOPOI
dynxmmeit Y w;é;, roe w; > 0, Yw; = 1.

G) 16. Haiizure Bce HENpepBIBHBIE BEIIECTBEHHbIE (DYHKIMU MOJIOKUTEJIHHON Belle-
CTBEHHOI IIepeMEeHHOil, yA0BJICTBOPAIONINEC YPABHCHUIO

f(xy) = a(x) + b(z)c(y).



Muorune NIKOIbHUKA 3HAIOT, YTO HMHTETPAJI OT CTeleHHOH (DyHKINN — cTeneHHas PyHK-
st ¢ KO3(DUIMEeHTOM (€ TOYHOCTHIO 0 aJIUTUBHOM KOHCTAHTBI), 38 €IMHCTBEHHBIM
UCKJIIOYEHUEM, KOIJ[a BMECTO CTeNeHHOi (hyHKInuu moaydaercsd jorapudm. B cranmapt-
HOM KypCe aHAJIM3a 3TOT (haKT JIOKA3BIBACTCS C MTOMOIIBIO AuddHepeHInpoBatust, TPUIEM
OTJIEJIHHO JIJIsl TIOKa3aTe sd —1 1 OTJEIbHO JIJIsi OCTAJLHBIX IMOKa3aTesIei.

17. Onupasic Ha pe3dyiabrarthl 3aja4 16, 9a u 9c, Haiiure mHTErpa or %, TIE T —
MIOJIOYKUTEIbHAS BEIeCTBeHHAs IepeMeHHast, a — MPOu3BoJIbHas Kouctanta. /luddepen-
[IAPOBATH HEJIb3s!

H) 18. Haiinure Bce HenpepbiBHBIE perienusi ypaBHeHus /lanamGepa

fo+v)+ flo—v)=2f(0)f(¥)
pu yeaosun f(m/4) = +/2/2.

19. Moxkete Jiz BBl yKa3aTh Terepb (DYHKIIMOHAJILHOE YpaBHEHNE:

(a) mist cunyca?

(b) must Tanrenca?

x20. Ncnonmb3ys pe3yabTaThl 33084 8 U 18, TOKaXKuTe, 9TO CJI0KEHUE BEKTOPOB B TPEX-
MEPHOM €BKJIMJIOBOM IIPOCTPAHCTBE — €MHCTBEHHAsI Ollepallis Ha/Jl TapaMy TaKUX BEKTO-
POB, KOTOpas YJOBJIETBOPSET CJIEIYIONIIM YCJIOBUSIM:

(i) ecim 0ba BeKTOpa MOJBEPraloTCsi OJMHAKOBOMY BPAIEHUIO, TO U Pe3yJIbTaT Ollepa-
[N TIO/IBEPraeTcsl TAaKOMY Ke BPaIleHHIO;

(ii) omeparust KOMMYTATHBHA U aCCOIUATHBHA;

(iil) J71s1 BEKTOPOB OJIMHAKOBOIO HAIIPABJICHUsI OLEPAINS CBOJIUTCS K CJIOYKEHUIO JIJIHH;

(iv) cymMa JIByX BEKTOPOB PaBHOII JIJTMHBI HEIIPEPBIBHO 3aBUCAT OT yTjIa MEXKIy HUMU.
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OYHKIIMOHAJIBHBIE YPABHEHUM A

(Perterus)

IlepBsbrit 3Tan

A) ®yHkumoHaIbHOE YPaBHEHHME — 9TO ypaBHEHUE, KOTOPOE COJEDPIKUT OJHY WJIN
HECKOJIBKO HEM3BECTHBIX (DYHKIWI (C 3a/IaHHBIME 00JIACTSME OIIPEJIC/ICHUsT U 3HAYEHUI ).
Pemuts dyHKIMOHAIBHOE ypaBHEHUE — 3HAYUT HAWTU BCe (PYHKIUU, KOTOPBIE TOXK/JIE-
CTBEHHO €My YAO0BJETBOPAIOT. DYHKIMOHAJBHBIE YPaBHEHHS BO3HUKAIOT B CaMbIX DPa3-
JIMTYHBIX 00/IaCTAX MaTeMaTUKH, OOBITHO B TeX CJydasx, KOIjia TpedyeTcs OIHMcaTh BCe
dyHKIMH, 0018/ a01IHe 33/ ]AHHBIMU CBOHCTBAMH.

Brauajge — HeKOTOpbIe TUIWYHBIC TPUEMBI perieHus (PyHKIINOHAJILHBIX yYPABHEHUIN.
YacTo ObIBaeT 1moJjie3eH MeTO/I, HoACTaHOBOK. OH COCTOUT B TOM, 9TO II€pEMEHHBbIE 3a-
MEHSIOTCS HEKOTOPBIMU HOBBIME (DYHKIUSIMU (BO3MOYKHO, KOHCTAHTAMH ), YTO TO3BOJISET
[IPUBECTH ypaBHeHME K Oojiee yI00HOMY BU/LY.

1. Pemure crefytonue (pyHKITMOHAIbHBIE YPaBHEHUS.

(a) F(x) +2f (é) — 3z (z £ 0).

(b) f@)+ s (o2) =20 e #0)

(c) flx+y)+ flz —y) =2f(z)cosy.

Pemenue. (a) [onoxknm y = 1/x. Torma f (i) +2f(y) = % u f(y) + 2f(§) = 3y.

Orciona f(y) = % — .
r—1

y—1 y N
(b) Honoxum y = , 3aTeM 2z = ——. [lonyunm cucteMy TPEX JIMHEHHBIX ypaB-

Henuit oraocuresibho f(x), f(y), f(z), u3 KOTOpOit HaXOIUM

1 r—1

11—z T

(c) Homoxkus y = m/2, nomysaem f(x+ 5)+ f(r — %) =0 maa moboro x, oTKyaa
f(r 4+ 7) = —f(r). Bamenus y na y + 7, momy4aem
T ™ .
flaty+5)+ fla—y—5)=-2f(x)siny.

3aMeHuB Tenepb T — 4 Ha T, UMeeM

™ .
fle+y+m)+ flx—y)=—-2f(x+ §)smy
1 ¢ YIETOM IPEIbLIYIIero

flo+y) — fla—y) =2f(x + 3)siny.



ITomoxkus x = 0, IIoJIiydaeM OTCIOJa U M3 MCXOJHOI'O YpaBHEHUA
N
£(5) = F(0) cosy + f(5)sinmy.

Taxum obpazom, uckoMas (pYHKIUS JOKHA UMETh BUJ @ cosy + bsiny, rie a,b — Kon-
cTaHTbl. JIerKo MpoBepuTh, 9TO Jitobas Takasd PYHKIUS YAOBICTBOPSAET UCXOTHOMY ypaB-
HEHUIO.

B) Pacemorpum Ternieph HEKOTOpBIE PA3HOBUIHOCTU (DYHKIMOHAJILHBIX ypaBHeHuit. Bo
MHOIUX (bYHKIMOHAIBHBIX YPABHEHUsIX 3a/I[aHa HEKOTOpas MTeparus UCKOMON (yHKITHHN.
Crenyronryo 3ajady Ko0Obl J100u1 gaBarh OefiHMaH CBOMM MOJIOJBIM COTPY/THUKAM.

2. Cymecrsyer s Takag dynkius f(z) : R — R, aro f(f(x)) = 2% — 2 g Beex
BEIIIECTBEeHHBIX 7

Pemenne. Her. Ilycts g(x) := f(f(z)) = 2* — 2. V ypasuenns g(r) = r nBa Kopus:
x = 2, —1. OueBuHO, KOpHHU ¢(x)— ABaA0TCA KopHamu g(g(x))—z. Paznenus g(g(x))—x
Ha () —x 1 Halijig KOPHU TI0JIyYeHHOTO KBaJIPATHOrO TpEXWieHa, BuauM, 9to g(g(x))—x

uMeeT KOPHU

—1+v5  —1-+5
o o MT T
IIycrs @ € {1,2,3,4}. Paccmorpum mocsenoBarensuocts x;, f(x;), f(f(z;)),. ... Hucao 4
SIBJISIETCST €€ TIepUOJIOM (BO3MOYKHO, HE HAMMEHBIINM ), TI09TOMY BCE €€ UJIeHBI sIBJISTIOTCS
kopusimu ¢(g(x)) — x. Tak xaxk xy5 — Kopuu ¢(z) — x, To upu i = 1 Wi ¢ = 2 9UCIO
2 TakKe SBJISIETCs TIEPUOJIOM JTOM MMOC/IE0BATEIbHOCTH, U IIOTOMY B HEE MOT'YT BXOJHUTh
JIIb 71 1 To. Ipu ¢ = 3,4 uncio 4 gasiagerca HaAUMEHBIIUM II€PHOJIOM, TaK KaK T34 He
ABJISIOTCA KOpHsAME ¢(x) — . 3HaduT, B mocjeaoBareabuoctn s, f(z3), f(f(x3) Bee Tpu
YHC/Ia Pa3JIMIHbI U IIOTOMY KaKOe-TO M3 HUX PaBHO T1 WK Tz. Ho Tora 1o JoKa3aHHOMY
BCe TI0C/IE/LYIONINE YIEHBl PABHBI T WJIN Ty, TOTJA KaK IIATHIA 9IeH M0CIe0BATeIbHOCTI
JIOJI2KeH ObITH paBeH 3.

T =2, 1o=—1, 13 =

3. Haityure Bee dynkmuu f : R? — R, ynosiersopsionye (byHKITOHAILHOMY ypPaB-
HEHUIO

FO. f(f(z1,m2),23) ..., T2006) = T1 + T2 + T3 + ... + Ta006-
Pemenne. f(z,y) = f(0+0+...+ 0+ z,y) (c 2005 myaamu). OTciona

flz,y) = f(f(.. f(f(0,0))...,2)y) = f(0,0) +0+ ...+ 0+ 2+ y = x + y + const.

[TosxcraBuB B MCx0aHOE ypaBHeHHe, moaydaeM const = 0, re. f(z,y) =z +y.

C) Ilpu perrernn HyHKINOHATIBHOTO YPABHEHUST PE3YJILTAT YaCTO 3aBUCAT OT TOTO,
TpebyeTcs JIn OT MCKOMBIX (DYHKIIMIT HEIPEephIBHOCTh. B HammMx 3aj1agax cTporoe orpe-
JieJieHe HelpepbIBHOCTU He rorpedyercs. HyKHo uimb 3HATH, 9TO J1I000H1 MHOTI'OYJIEH,
9KCIIOHEHTA, Jiorapudm (IIPU TOJIOKUTETBHBIX T), CHHYC, KOCHHYC HEIPEPBIBHBI U YTO
HelpepbIBHAA (DYHKIINS BCerja 00J/IajlaeT CAeyIONUMUA CBORCTBAMMU.

(a) Ecim B Toukax a u b HenpepbiBHas (DYHKIMS MPUHAMAET DA3JIMYHbIE 3HAUCHUS,
TO JTI0060€ TTPOMEXKYTOUHOE MeK/Iy HUMU 3HaYeHNe MPUHUMAaETCs XOTd Obl B OJHON TOUKe
orpeska [a;b] (TeopeMa 0 POMEKYTOTHOM 3HAYECHIN ).

(b) Eciu npe HenpepbiBHbIe (DYHKINN, 3a/[AHHbIE HA BEIECTBEHHOI OCH, COBIAIAIOT BO
BCEX PAIMOHAJILHBIX TOYKaX, TO OHU COBIIAJIAIOT BCIOLY.



(¢) Eciun menpepbiBHast (byHKINS B3aMMHO OJHO3HAYHA, TO OHA CTPOrO MOHOTOHHA.
(Pazymeercsi, BepHOo u obpaTHOe. )

(d) HempepsiHast dyHKIMsI HA OTPE3KE OrpaHUYEeHHA.

(a) Ecoim B Toukax a u b menpepbiBHas (yHKIUS IPUHAMAET PA3JIUYHBIE 3HAUCHUS,
TO JII0O0E MPOMEXKYTOUHOE MEXKJly HUMM 3HAYCHUE IIPUHAMACTCS XOTs ObI B OJHON TOUYKe
orpeska [a;b] (TeopeMa 0 IPOMEKYTOTHOM 3HAYUCHUN ).

(b) Eciin niBe HenpepbiBHBbIE DYHKINMHI, 3a/IaHHBIE HA BEIIECTBEHHO OCH, COBIIAIAIOT BO
BCEX PaIMOHAJILHBIX TOYKAX, TO OHH COBIAIAIOT BCIOLY.

(¢) Ecin wenpepoiBHast byHKINS B3aMMHO OJHO3HAYHA, TO OHA CTPOrO MOHOTOHHA.
(Pazymeercsi, BepHO 1 obpaTHOe.)

(d) HenpepbiBaas (byHKIMsT Ha OTpe3Ke OrpaHUYeHHA.

[Tpu perrennn HyHKIUOHAIBHBIX ypaBHEHUT 9acTO ObIBAET TaKKe BaykKHa MOHOTOH-
HOCTb (DYHKIIUH.

4. Eciin dynkiust f(x) ¢cTporo MOHOTOHHA, YTO MOYKHO CKa3aTh O HAIPABJIEHUN U3Me-
nenns Gynaknun f(f(z))?

OrtBer. Oynkuus f(f(x)) crporo Bo3pacraer.

5. CymecrByer i Takas HenpepbiBHas dyukims f : R — R, aro byskmusa f(f(z))
CTpPOTO yOBIBAET?!

Permenne. Her, ue cymecrsyer. Ecau dyuxims f(f(x)) crporo yobiBaer, T0 OHa B3a-
uMHO ojiHO3HauHa. Torya f(r) B3auMHO OJIHO3HAYHA ¥ 110 CBOHUCTBY (C) CTPOrO MOHOTOHHA.
C yuérom pesyabrara 3agaun 4 f(f(z)) cTporo Bozpacraer — mpoTHBOpEYHe.

6. Henpepoisnast bynkius f(z) takosa, uro f(f(x)) = —x? 115 Beex BeleCTBEHHBIX
x. Hokazxwure, uro f(x) < 0 11 BCeX BEIIECTBEHHBIX .

Permenne. B kaxoit u3 obmacreit x > 0,2 < 0 dynknus f(z) B3auMHO OJHO3HATHA
u 10 CcBOiCTBY (C) CTPOro MOHOTOHHA. BBUY pesysbrara 3ajadn 4 3HAK MOHOTOHHOCTH
passiieH Ha JByX nosyocsx. Tak kak f(f(z)) ve orpanmdena cHusy, 910 BepHO U st f ().
Buaunt, f(z) Bospacraer npu < 0 u yopiBaeT npu x > 0, a HOTOMY HMeET MAKCHMYM
npu z = 0. Ocraéres samerutn, uro f(0) = f(—0%) = f(f(f(0))) = —f(0)* <0.

JomnoanTrebHble BOIPOCH K 3aj1a4e 6.

(a) CymecrByer Jin BooOIIEe (DYHKIWS, YAOBJICTBOPSIONIAs YCJIOBUAM 349!

Otrser. Ta: f(z) = —|z|V2.

(b) CyrecTBeHHO Jin 371€Ch YCJIOBHE HEIPEPBIBHOCTH !

Otser. /la: usmennM byHKIMIO U3 1I. (&), MOJOXKUB, HaIIpuMep, f(2) = V2,

7. CymecrByer jm Takas HenpepbiBHasg byekius f(z) : R — R, aro f(f(z)) =
= 22 — 1/2 nia Beex emectsenunix z? (Cp. ¢ 3amaueit 2.)

Pemrenne. Her. Pemenne 3amaun 2 31ech HenmpuMennMo (modemy?), 3aT0 MOXKHO HC-
[0JIb30BaTh NPUEMBI U3 perenus 3agadn 6. [Toaygaem, uro dyuxmus f(x) goKHa yObI-
Barh npu = < 0 u Bozpacrars npu = > 0. Torma B cuity cBoiicrsa (d) ona npu z > 0 Bo3-
pacraer meorpanndento. [lycrs f(0) = a. Torma a — murnmanbuoe 3nadenue f(z), a # 0
u noromy —1/2 = f(a) > f(0) = a. Bnaunr, cymecrsyer takoe b > 0, uro f(b) = —1/2.
Ho b = f(c) mna mekoroporo ¢ # 0, orkyma ¢ — 3 = f(f(c)) = =%, me. ¢ = 0 —
[POTUBOPEUHE.

D) Tenepnb paccMOoTpuM camoe M3BECTHOE U3 (DYHKIMOHAILHBIX yDABHEHUNH — aIiu-
TUBHOe ypaBHeHmne KoIim, KoTopoe 9acTo Ha3bIBAOT MPocTO ypaBHenuem Koimu:

flx+y)=fx)+ fly) (v,y €R).



8. HaiiyiuTe Bee HENpEepbIBHBIC peleHus I JUTUBHOrO ypaBHenus Kommm.

Pemtenne. Ilomoxum ¢ = f(1) u mocaenoBarensho naiiném f(m), f(m/n), f(0) u
f(—=m/n) ansg HaTypaabHbIX M, n, a 3aTeM npuMeHnM cBoiictso (b). [omywnM, aro f(x) =
cx.

Kaxkoe u3 cBoiicts (a)-(d) HenpepblBHBIX GyHKIHNIT 3/1€Ch Hcob30Ban0? Criocob perre-
Hust (DYHKIMOHAJIBHBIX YPABHEHUII B HENPEPBIBHBIX (DYHKIUAX C UCIOJIH30BAHUEM STOTO
cBoficTBa HasbiBaercs Mertogom Korm.

Orset: ucnob3oBano ceoiictso (b).

Kax n3BecrHo,

(zy)" = 2"y", exp(x +y) = exp(x)exp(y)  (z,y € R)

n(lzyl) = n([z]) +In(ly[) ~ (z,y € R\ {0}).

[Tonb3ysich sTuMu pakTaMi U Pe3yaIbTaTOM 3aJa49i 8, PEIIUTE CJICIYIONLYIO 3a/1ady.
9. Haiijture Bce HenpepbIBHBIE pelienns ypaBHeHuit Komm:

(a) flay) = flz)+ f(y) (z,y € R\{0});
(b) fl@+y)=flzy) (z,y€R);

(b) fle+y)=f2)fly) (z,y€R).
(c) flzy) = f(2)f(y) (z,y € R).

Pertenmne. (a) Ilycrs aavane z > 0. [Tomoxum g(x) = f(e*). Torma

glaz+y) = f(e™) = f(e®e’) = f(e") + f(e¥) = g(x) + g(y),

T. e. g(x) ynosmerBopsier ajyuruBHOMY ypasHeHuio Komm. Tak kak e” u f(z) Hempe-
PBIBHBL, TO 1 ¢(x) HeNpPepbIBHA U COIVIACHO PE3YJIbTATy 3aJaud 8 UMeeT BUJ CX, TIe ¢ —
koncranta. Toryma f(z) umeer Buj cln .

B wactaoctn, f(1) = 0. [onoxkus x = y = —1, nonygaem f(1) = T
f(=1) = 0. g mpomussosbroro = < 0 moayuaem f(z) = f(—z) + f(—1) = f(—=).
Orcrona f(z) = ¢ln |x| amsa npoussosbHOrO T # 0.

(b) Iomoxus y = 0, moaygaem f(z) = f(0), .e. f(x) = const. OueBnno, aro 0bas
KOHCTAHTA, [OJXOJIHT.

(b") Eciu f () = 0 qyist HekoToporo x, o f(z) = f(x) f(z—x) = 0 ays soboro z. B mpo-
TUBHOM Cjiydae (DYyHKIms, Oy/lydn HEIPEPBIBHOMN, BCIOLY UMeET OJMH U TOT ¥Ke 3HaK. Tak
kak f(2x) = (f(x))?, TO 3TOT 3HAK MOJIOKUTEJIEH U MOKHO PACCMOTPETH HEIPEPLIBHYIO
dynknmio g(z) := In f(z). Umeem g(z+y) = In(f(2) f(y)) = In f(z)+In f(y) = g(x)+9(y),
T.¢. BBIIOJIHEHO a/ymTuBHOE ypasuenue Komm. Orciona g(x) = cx Jyist HEKOTOPOro ¢, U
f(z) = e®. Takum obpasom, mubo f(x) =0, mubo f(x) = €.



(¢) Ecrm f(z) = 0 ana nekoroporo = # 0, 1o f(2) = f(z-27'2) = f(z)f(z712) = 0 nna
moboro z. B nporusnom ciydae mycrs x> 0. Torga @ = 2% g nekoroporo z, u f(x) =
f(z%) = (f(2))* > 0. Pacemorpum dyukimio In f(x). Ona nenpepbiBHa, yJIOBICTBOPSET
a/yIMTUBHOMY ypasHenuto Ko u coryiacHo pesysbrary 3aja4dn 9a umeer Buj ¢lnz st
HEKOTOPOi KOHCTAHTHI ¢. 3HaunT, f(z) npu x > 0 umeer Bu 2.

Tak kak f(z) moyzkHa ObITH HenmpepbiBHA B Hyse, TO ¢ > 0. Ilpn & < 0 mmeem:

fl@) = f((=1) - (=2)) = f(=1) f(—2) = f(=1)(—2)".
Kpowme Toro,
L= f(1) = f((-1)- (1)) = (f(=1))*,
orkyna f(—1) = £1. Oba 3nadenus moaxoaar. Takum obpazom, smmbo f(z) = 0, mmbo

f(z) = |z|¢, mbo f(x) =a“upu x > 0u f(x) = —|z|° npu x < 0 (¢ — HEOTpUTIATEIHHAST
KOHCTAHTA).

Basuc 'amesist — 570 TaKoe MHOXKECTBO BEIIECTBEHHBIX THCEN, UTO JIF0O0Ee BEleCTBEH-
HOE YHUCJIO MOXKHO TIPEJICTABUTD, IIPUIEM €JIMHCTBEHHBIM 00pa30M, B BUJE 1 + . . . I'pQly,
rie n — HaTypaJabHOe JUCTIO, T1,. .., T, — PAIHOHAJIbHBIE UNCIA, & (/,. .., (X, IpUHAJIE-
kar gannomy 6asucy [amesrs. CymecrBoBanne 6a3uca ['amesrst T0Ka3bIBA€TCSI ¢ TIOMOIIBIO
AKCHOMBI BBIOOpa, MBI IIPUMEM €ro Kak (hakT.

10. CymecTByOT i pa3pbIBHBIE penteHus aaanTuBHOro ypasuenus Kommu? Ecnn na,
TO KaK OIMCATh BCIO COBOKYITHOCTDH pelreHuit 3roro ypasuenusi? Kak omnmcarsh penreHust
9TOTO ypaBHEHUsI, HeoTpunareabube mpu r > 07

Pemntenwne. [IponsBosibio 3a7auM 3nadenusd HyHKIUN Ha Oasuce ['aMesss u mpoioJi-
KuM 110 ajuruBHocTH. Heorpurarenbhble perennst umeror sug f(z) = cx, tae ¢ > 0.
HeiicTBurenbro, byHKIMI Takoro Bua moaxondt. O6patHo, ecm perenne f(x) He mveer
TaKOT'O BHUJIA, TO JJIsi KAKUX-TO JIBYX YHCes] X,y u3 Oasuca [amesns nmeem

v_, fW_
E—oz, f(x)—ﬂ<oz.
IIycTs m/n — panponanbhoe umcio, Menbiiee o u 6ombiree 3. Torma ™ < ar =y u
f(oa) = = f (@) > Bf(x) = ().
OTKY/1a
Jly—=a) = (8= ") f(x) <0

Tenepnb 1 cpaBHEHHS PENIATE CJICIYIONLYIO 3a/ady.
11.

flx+y)=f"(x)+ f"(y) (x,y € R; n — duxkcupoBanHoe HATYPAJIbHOE YUCJIO, N > 1).

Pemenne. Ilonoxkus ¢ = y = 0, maxomum, aro f(0) = 2f"(0), orkyma f(0) pas-
mo 0, 271 pm (mpu HeuérHOM N > 1) —2-Y (=1 Tlocrosinable (DYHKINN C TAKIMA
SHAYECHUSIMU YJIOBJIETBOPSIOT UCXOJHOMY ypaBHenuio. [1ojiokuB rerepb y = 0 mpu mpo-
u3BOJIbHOM z, noiydaeM f(z) = f"(x) + f™(0). Bnaunr, f(r) npunumaer He Gosee N
pas/IMIHbIX 3HadeHuii. Tenepn 1MOIOKUM Yy = x npu Npou3BoabHOM 2. C yUETOM Npeibl-

aymero f(22) = 2f7(x) = 2f(x) — 2f*(0) = 2f(x) — £(0). Hosrony ecn f(x) > f(0),



to f(z) < f(2z). Buaunt, f(2x) > f(0), f(4x) > f(2z) u T.x1., Torma Kak f HpUHEMAET
JIAIIB KOHEUHOE MHOKecTBO 3Hadenuit. Ciayvait f(x) < f(0) amamornuen.

E) YpaBuenue Ilekcuaepa nosydaercs us auTusaoro ypasuenus Korn, ecm Bee
BXOXK/JIeHUST (DYHKIMHU f 3aMEHUTb Ha Pa3/IndHble (PYHKIINU:

k(z+y) = g(x) +hy).

12. (a) Pemure ypasuenue Ilekcuepa.
(b) Haiigure Bce ero HelpepbIBHBIE PEIIEHMUS.
Permrenne. (a) [Tomoxum

a=g(0), b=h(0), f(z)=—-a—b+k(z).
Torma f(z +y) = f(x) + fy), k(z) = f(z) +a+b, g(z) = f(z) +a, h(z) = f(z) +0.

Bagagum f(x) Ha HEKOTOpOM Gaszmce ['aMesist U IPOJOJIZKUM 110 8 ITATUBHOCTH.
(b) C yuaérom pesyibrara 3agaaun 8 u 1. (a) k(z) = cx+a+b, g(x) = cx+a, h(x) = cx+b,
rie a, b, c — Ipou3BOJIbHbIE KOHCTAHTHI.



OYHKIIMOHAJIBHBIE YPABHEHUM A

(Perterus)

Bropoii saTan

F) [ycrs dyHKImMA g yIoBIETBOPSIET YPABHEHUIO

g(r+y) = g(x)+g(y),

rje Touka (r,%y) IPUHAJICKHUT HEKOTOPOMY MOJIMHOXKeCTBY Z Tiockocru R?. Ecim eé
MOXKHO TPOJIOJIZKUTE 110 (PyHKIUU [, YIOBIETBOPSIONIEH aHAJIOTHIHOMY YPABHEHUIO TIPU
Beex x,y € R?, To MBI roBopuM, uTO f — addumusHoe npodossicerue GYHKINN ¢.

13. [lokaxkuTe, 9TO ec/in Z — €UMHUYHBIN KBaJIpPaT, TO Ji00as (PyHKIHA ¢, YIOBIECTBO-
psroniasg aINTUBHOMY ypaBHeHUIo Kormm Ha Z, JomycKaeT eIWHCTBEHHOE aJ[JIMTHBHOE
MIPOJIOJI?KEHNE Ha BCIO TIJIOCKOCTb.

Pemntenne. Begkoe gncio x npejcrasisercs B Buje ny, riae n € N, y € Z. llonoxum
g(x) = ng(y). KoppekTHOCTD, a//TATUBHOCTD ¥ €IMHCTBEHHOCTH [TPOBEPSIIOTCH.

14. [TpuBeaute nmpuMmep 6€CKOHETHOIO MHOXKECTBa /£ 1 (DYHKIIMHU ¢, KOTOPasl YI0BJIETBO-
psieT ypaBuenuio Kormu Ha 9TOM MHOXKECTBE, HO He JI0IYyCKAeT aJJIATUBHOTO MIPO/IOJIZKEHUST
c Z na R%

IIpumep. Z = {(z,{z})} | € R; g(z) = {z}, tue {z} — nenas gacrp yncmna .

[Tonydennbie pe3yabraThl HAILIM TPUMEHEHHE, HAIIPUMED, B CJIEIYIOIICH SKOHOMUKO-
maTeMaruaeckoit mogean ([1], c. 95-96).

15. IlycTh HYKHO pa3jeuTb CYMMY JI€HET, PABHYIO S, MEXKJy m > 2 KOHKYPHUDPY-
IONUMHI TpoeKTaMu. KasKiplii U3 n 9KCIEePTOB JAET CBOM pPeKOMeHIaruu (j-it sKcrnept
IpeJyIaraer JaTh {-My HPOEKTY CYMMY Z;;), I B HTOT€ OIIPEIENISeTC COIVIACOBAHHOE Pac-
IpeJiesIeHme

Oi(Ti, - Tim) (i=1,...,m)

(11 KazKJI0ro MpoeKTa 3TO PaCIpejiesieHne OIPeIessieTcsi CyMMaMU, KOTOPbIe BbIJIEJIs-
JINCh SKCIEPTaMH MMEHHO Ha TOT IPOEKT, IMPUYIEM BHUJI 3aBUCUMOCTH MOYKET OBITh pas3-
JIMIHBIM JIJIS PA3JIMIHBIX MTPOEKTOB). IlyCTh BBITOTHEHBI CJIEIYIONIHE JBa €CTECTBEHHBIX
YCJIOBUSI.

(i) Ecoin HUKTO U3 9KCIEpTOB He BBIJE/ISET JIEHEr Ha JaHHBINA IPOEKT, TO OH HUYEro He
MOJIy4YaeT B COTJIACOBAHHOM paclpee/IeHUN:

$:(0,...,0)=0 (i=1,...,m).

(il) Eciau kax0e u3 mpejjiaraeMbIx pacipejieieHuii ncyeprbBaeT BCIO CyMMy S, TO

m
U COIVIACOBAIIHOE PACIPEJIe/ICHIe UCIEPILIBACT BCIO CyMMy: u3 ». x;; = S (j = 1,...,n)
=1

1=
m
caenyer > &(Ti, ..., Tin) = S.
i=1
[TokaxkuTe, 94TO MPHU YKA3aHHDLIX YCJIOBUAX BCe (DYHKINU ¢; COBIIQJIAIOT ¢ HEKOTOPOI
dbynknumeit Y w;x;j, tae w; > 0, Yw; = 1.
Permtenne. /Ina kparkoctn 6ymem o6o3Hadats (S, ..., S) gepe3 S, a (x;1, . . ., Tiy,) depe3
X;. 3aMeTuM, 9T0 ycyoBue (ii) paBHOCHIBHO

m m

> di(xi) + ¢1(S — Zzzxi) =5

=2



IIpu xp = ... =x, = 0 noayvaem orciona ¢1(S) = S (i = 1,...,m). Ecm xe x3 =

.= Xm = 0, 10 monygaem ¢1(S — x) = S — ¢o(X) 11 npousBosbHOrO X. Ilomokus
X4 = ... =Xy =0, Xo = X, X3 =y, nosyuaem ypasuenue [lekcuzgepa (s KaxK1oi
KOODJINHATHI ) :

P2(x+y) = d2(x) + ¢3(y) (x,y,x+y € [0;5]").

[Momoxkum 31ech x = 0. Torma ¢o(y) = ¢3(y). Anajgorndno mosydaem, 9To BCe ¢; paB-
HBI OJIHO# u Toit ke dyukmuu ¢. [Ipuxoaum K ypasHeHuio ¢(x +y) = ¢(x) + ¢(y) s
x,y,x+y € [0;S]". OueBngno, ¢(&1,...,&,) = ¢(&1,0,...,0) + ¢(0,£,0,...) + ... +
#(0,...,0,&,) = f1(&)+ fa(&) +. ..+ fu(&) (Brech &, ..., &, — BellleCTBEHHBIE TIEPEMEH-
uble). Kaxgas us dyuknuit f1, ..., f, yaoBaerBopser aJauTuBHoMy ypasuenuio Ko Ha
[0; S]. 3uavenust Bcex paccMaTpuBaeMbIX (BYHKIUN O CMBICTY 3a/a9i HEOTPHUIIATEIbHBI,

n
u ¢ yaéroM pe3ysapTaros 3a1ad 13 u 10 momydaem, 4To ¢(x) nMmeer BUI ¢(X) = Y. wjé;,
j=1

n

rae w; > 0. Iockombky ¢(S) = S, 10 Y. w; = 1. ObparHo, DYHKIUK TAKOrO BUAA YI0-
j=1

BJIETBOPAIOT YCJIOBUSM 3aIadH.

G) 16. Haiinure Bce HenpepbIBHBIE BEIECTBEHHBIE (DYHKIMU OJOKUTEIbHON Bele-
CTBEHHOI IepEeMEHHO, yAO0BJICTBOPAIONINAE YPABHCHUIO

f(zy) = a(x) + b(z)c(y).

Otser. 1) f(z) =a(x) = K (K — npoussosbnas Koucranta, b(x) = 0, ¢(y) — npous-
BOJIbHAsT HEIIPEPbIBHAs (DYHKIUSI.

2) f(z) = Ki,a(z) = Ky — b(z)Ky (Ki, Ky — npou3BoJIbHBIE KOHCTaHTHI), b(T) —
POM3BOJIbHAs HenpepbiBHast GyHKIws, ¢(y) = Ko.

3)
flz)=Kilnz+ Ky, a(x) =K Inz+ Ky — K3Ky,
Kl
o) = K. ely) = =5 + K
3
(K1, Ky, K3, K4 — npousBosibHBIe KOHCTAHTHI, K3 # 0).
4)
flz) = Kqi(z® = 1)+ Ky, a(z)=Ki(z® — 1)+ Ky — K3K 2,
Ki(z® -1
ba) = Kaa®, oly) = MV g,
K3

(K1, Ky, K3, K4, « — nipousBosibHBIe KOHCTAHTEL, K3 # 0, a # 0).
Pemenne. [lomoxum

file) = fz) = f(1), ery) := e(y) — e(1), ar(x) := a(x) = f(1) + b(x)e(1).

Torma

() filzy) = ar(z) + b(z)er (y),

(") A1) =¢ (1) =0.



[Momoxus y = 1, moayuaem fi(z) = ai(x). Ecim a; = 0, 10 b miam ¢; — TOXKIECTBEH-
HBII HYJIb, M MbI [OJIydaeM Kiacchl dbyHkiumii 1 u 2 u3 orBera K 3ajgade (cM. Bbie). B
IpOTUBHOM cjrydae mojioxkum x = 1. Torma

fily) = b(Hea(y),
orkyna b(1) # 0. [Tomoxum

bi(z) := b(x)/b(1).
Torna fi(zy) = fi(x) + bi(z) f1(y), oTKyDa
fi(zyz) = fi(zy) + bi(zy) f1(2) = fi(z) + bi(2) f1(y) + bi(zy2) f1(2),
fi(zyz) = fi(z) + b1 (2) fi(yz) = fi(x) + b1(2) f1(y) + bi(2)bi(y) f1(2).
CpaBHUE 3TH paBeHCTBa W B3sB 3HaYeHne 2, Ipu KoTopoM fi(z) # 0, nomydaem

bi(xy) = by(x)bi(y).

Tak kak b;(0) # 0, To cornmacHo pesyabrary 3a1adu 9¢ umeeM by (z) = x%, rae o — Ipo-
u3BosbHas KoHcrauTa. Orciona fi(zy) = fi(x) + 2% fi(y). Ecim a = 0, T0 ¢ yuérom
pesyabraTa 3a7a4uu 9a mogydaem kiaace dyakimit 3. Ilycrs Teneps o # 0. BozbMém mipo-

usBosbHbIe 7,y # 1. Tak kak fi(zy) = fi(x) + 2 f1(y), fi(zy) = fi(y) + y“fi(x), TO

fi(z) _: f1(y)
@ —1" y*—1

Tak Kak JieBasg 4acTb He 3aBUCUT OT ¥, a IpaBag 4acThb OT T, TO OHU SBJAIOTCS KOHCTaH-
TaMU, ¥ MbI TIOJIy4IaeM Kjacc pyHKImit 4.

Mmuorue KOJILHUKY 3HAIOT, YTO MHTErPaJl OT CTEIeHHOW (PYHKIINN — cTernennas (hyHK-
st ¢ KO3(pDUIMeHToM (€ TOYHOCTHIO JI0 aJIUTUBHOM KOHCTAHTHI), 3a €IMHCTBEHHBIM
MCKJTIOYEeHNEM, KOTJI[a BMECTO CTelleHHOI (pyHKIUU rmoaydaercs jgorapudm. B crammapr-
HOM KypCe aHaJM3a 3TOT (paKT JTOKA3BIBAETCS C MMOMOIILIO (D depeHnnpoBaHus, TPUIEM
OT/EJIBHO 171 TIoKa3aTe s —1 ¥ OTJeIBHO JIJIsl OCTAIBHBIX ITOKa3aTesell.

17. Onwmpasick Ha pe3dyabraThl 3aga4 16, 9a u 9c, HaiiguTe WHTErpas or %, TIe T —
MIOJIOYKUTEIbHAS BEIleCTBEHHAs [epeMeHHast, a — MPOn3BoJIbHas KoucTtanta. /luddepen-
[UPOBaTh HEJIb34, TIOKa He ToJIyunTe (pyHKIMOHAIBLHOE YpaBHeHue!

Pemtenne. [lycrs g(x) = 2%, f(z) — mepBoobpasnas or ¢g(z). MoxkHO caurarh, 9TO

f(1) = 0. Tax kak g(zy) = g(z)g(y), T0

flay) = [" gt = [“gt)+ [ g(t)at =

= f@)+ [ gltn)d(ta) = () + gla)e [ g(t)dt =

= f(z) + 2" f(y).
Beoinosirensl yeiosus 3agadu 16, npuaém f(x) = a(x) # const, b(z) = f(z), c(y) = 2.
Ecmn a = —1, To Mbl umeem ciaydait 3 mpn Ky = Ky = 0, K3 = 1, te. f(z) = K;lnz.

Ecmu ke a # —1, To nmonydaem ciay4ait 4 ipu a« = a+ 1, Ky = K4 = 0, K3 = 1, Te.
f(x) = Ky(z®™ —1).



H) 18. Haiizure Bce HenpepbiBHBIE perienusi ypaBHeHusi /lanamGepa

fo+0)+ fo—v)=2f(9)f(¥)

IPU YCJIOBUH
(xx) f(m/4) = \/5/2

Permenne. [lomoxnm ¢ = 0: moaygaem f(0) = 1. Torga mis nekoroporo C' > 0 mveem
f(z) > 0 upu z € [0, C]. [onoxkum ¢ = ¢ = x/2: moaydaem

(s * %) f(x) +1=2f(x/2)%

[Iycrs f(C) < 1. Torma f(C') = cos a muist mekoroporo « € [0;7/2). Beugy (x * %) mmeem
f(C/2) = cosa/2 u mo munykmuu f(C/2") = cosa/2" nias Bcex HaTypasbHbiX n. U3
HCXOJIHOTO YPABHEHHUST TI0JTy YaeM:

k+1 k 1 k—1
f( = C>=2f<2—nC>f<2—nC)—f< - o>:
= 2cos <2£na> cos <2a_n) — COS <k2_n 1a> = cos <%a> .

Torna o menpepsisHocTu (cBoiictso (b)) f(Cx) = cos ax ans moboro x. [Tonoxus ¢ =
a/C, Cx = ¢, mvmeem f(x) = cosco. I3 yemoBus (kx) ciemyer, aro ¢ = 8k £ 1.

[Tycrs Tenepn f(C') > 1. Torma aHajorudHble paccyKIeHus MOKa3bIBAIOT, 9To f(¢) > 1
pu JIFOOOM ¢, TIO9TOMY YCJIOBHE (%) HE BBIOJTHEHO.

Kommenrapuii. [Tpu C' > 1 u orcyrerBun ycjioBus (*%) ypaBHEHHE UMeeT DeIlleHre
e’ +e’ "

2
19. Moxkere i BBl yKa3aTh Ternepb (bYHKIIMOHAIBHOE YpPaBHEHME:
(a) g cunyca?
(b) must Tanrenca?
Perienne. (a)

f(z) = ch(czx), tae ¢ — mpousBosbHAsS KOHCTaHTa, ch(z) 1=

v T ™ T
f(¢>+w+§)+f(¢>—w+§)=2f(¢+§)f(w+§)

Opu yeaoBum ().
(b) flz+y) = —fﬁ@&;}?y))

x20. Ncnonmb3ys pesyabTaThl 3a/a4 8 U 18, OKaKuTe, 9TO CJI0KEHHE BEKTOPOB B TPEX-
MEpPHOM €BKJIMJIOBOM ITPOCTPAHCTBE — €JMHCTBEHHAd Olepalinsd HaJ| MapaMi TaKUX BeK-
TOPOB, KOTOPas YA0BJIETBOPSIET CJEIYIONIIM YCIOBUSIM:

(i) ecom 06a BEKTOpA MOJBEPTAIOTCs OJMHAKOBOMY BPAIIEHUIO, TO U PE3Y/IbTaT Ollepa-
MM TI0/IBEPraeTCsl TaKOMY Ke BpallleHUIO;

(ii) omeparust KOMMYTATHBHA 1 aCCOIMATHBHA;

(iil) J71s1 BEKTOPOB OJIMHAKOBOIO HAIIPABJICHUsI OLIEPAINS CBOJIUTCS K CJIOYKEHUIO JIJIHH;

(iv) cymma JIByX BEKTOPOB PABHOI JIJIMHBI HEIIPEPBIBHO 3aBUCUT OT YIJIA MKy HUML.

Paccemotpure jiBa ciydast:

upu ycsiosuu, Hanpumep, f(mw/4) = 1.



(a) oba BeKTOpa UMEIOT PaBHYIO JIIMHY (CKayKeM, eJIMHUIHYIO);

*(6) BEKTOPBI UMEIOT POU3BOJILHYIO JJIHHY.

Cxema pemtenus (cu. [1], c. 13-18). O60o3HaUNM paccMaTPUBAEMYIO OLIEPAIAIO TePe3
o, a eé pe3ysbTaT OyaeM Ha3blBaTh cymmol BekTopos. 13 (iii) caemyer, ato po0 = p jis
moboro BekTopa p (0 — Hymnesoit Bektop). [Tpumenus (i), umeem —pop = 0. C yuaérom (ii)
[OJIy JaeM:

(V) OTHOCHTEJIBHO OIIEPAIU © BEKTOPBI 00pa3yioT abesieBy rpyliy, B KOTopoii 0 siBJisi-
ercs HyJEM, & —p — IIPOTHBOIOJIOKHDINA JIEMEHT JIJIS P.

U3 (1) 1 KOMMYTATHBHOCTHU OIIEPAIMH O CJIEJIYET, YTO CYMMa JIBYX BEKTOPOB OJIMHAKOBOI
JUIMHBL JICKUT Ha OMCCEKTPUCE OJHOIO M3 JBYX YIVIOB MexKjy HUME. Eciam HampasieHue
BEKTOPOB OJIMHAKOBO, TO B cuiy (iii) 910 MeHbinmii (Hysesoit) yroa. Ecin mug kakux-
TO BEKTOPOB PABHOMW JIJIMHBI TO GOJIBIIKI yroJI, TO 110 HempepbiBHOCTH (CBOiicTBO (iv))
JIsl KAKUX-TO BEKTOPOB He HPOTUBOIOJIOKHOIO HalpaBjeHusl cymMma pasHa 0, HO 9TO
nporuopednt (v). [TosTomy cymma Beeryia JiesKUT Ha OUCCEKTPHUCE MEHBIIErO YIJIa MEK Ly
BEKTOPaMHU.

DurcupyeM Terepb yros ¢ MeXxJy JAByMs BeKTopamu. Ecim jaHa ux jUiMHa T, TO B
cuny (1) ompegeniena u jyHa ux cymmbl ¢(z). Jnuny BekTopa v obosnauum |v|. Ilycrs
BEKTODBI Py ¥ P2 UMEIOT OJIMHAKOBOE HAIPABJICHUE, TaK K€ KaK U BEKTOPBI ¢ U G2, IPUIEM
YroJl MeXJy p; U ¢ paset . Eciu |p1| = |q¢1| = = u |p2| = |q2| = y, o cornacuo (iii)
[p1 o pa| = |q1 0 2| = 7 +y. Ipu sToMm [p1 o qu] = g(z), [p2 © ¢2| = g(y). Torma

glz+y)=|piop)o(grog) =|pio(P2oq)oq|=

= [p1o(mop)oq=I[pioq)o(p2og)=g)+g(y)
Mb1 nostyumnu ypasaenne Komm 1711 HeOTpUIATEIBHBIX T, ¥, IIPUYEM €ro PellleHne HeoT-
punaresibio. CoriacHo pesynbrary 3ajgadn 10 g(x) = cx miug zekoroporo ¢ > 0. Ha
camoM jiesie ¢ > (), T.K. cyMMa HEHYJIEBBIX BEKTOPOB HEIIPOTUBOIIOJIOXKHOT'O HAIPABJICHUA
owtnana ot 0 (cM. Bole).

Ecmm yron mex ity BeKTOpaMu €IMHUYHON JIIMHBI paBeH 2¢, TO JJINHY UX CYMMBI 000-
suaanM 2f(¢). Ilycrb JaHbl BEKTOPBI P1.D2, ¢1, G €TUHUIHON JJIMHBL, TPUIEM YTOJT MEK LY
P1, P2 ¥ MEXKJLY (1, G2 PABEH 21, YOI MEXKIY p1,¢1 paBer 2(¢ + 1), a yrom Mexy pa, g
pasen 2(¢ — 1)). Torma yroa Mexty p1 © pa, q1 © g2 paBeH 2¢. OTcioqa MOXKHO IOy YUTD,
9TO

flo+d)+ f(o—v) =2f(0)f(¥)

mpu 0 < ¢ < ¢ < 7. Qynkuua f(¢) nenpeprisna B cuty (iv), pasma 0 mpu ¢ =
u ormmana or 0 mpn 0 < ¢ < 7. U3 pemenns sagaun 18 ciemyer, uro f(¢) = cos ¢,

OTKY/Ia CJIeJIyeT YTBEeP2KJIeHIE 3 1a4u JIjIsI BEKTOPOB paBHO# JinHbl. Ha cirydaii HepaBHOIt
JIJTUHBI OHO 0000IIAETCSI TOCPEICTBOM I'€OMETPHIECKIX PACCYK/ICHU, He UCIIOJIb3YIONNX
dbyHKIHOHATBHBIE ypaBHEeHUs; cM. [1], ¢. 17-18.
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FUNCTIONAL EQUATIONS

First stage

A) A functional equation is an equation including one or more unknown functions
(having prescribed domain and range). To solve a functional equation means to find
all functions which satisfy it identically. Functional equations arise in various areas of
mathematics, usually when we have to describe all functions having given properties.

We start with some typical methods for solving functional equations. The method
of substitution is often useful. It consists in replacing variables by some new functions
(maybe constants) in order to reduce the equation to some more handy form.

1. Solve the following functional equations.

flx)+2f (%) = 3x. (a)
f@)+ 1 () = 2 (v
flz+y)+ flz—y) =2f(x)cos y. ()

B) Now we shall consider some specific kinds of functional equations. Many functional
equations include some iteration of the unknown function. The following Problem 2 is
said to be often given by Feynman to his young colleagues.

2. Does there exist a function f(z): R — R such that f(f(z)) = 2? — 2 for all real x?

3. Find all functions f : R? — R which satisfy the functional equation

FO f(f(zr,22),23) ..., Ta006) = T1 + To + T3+ ... + T2006-

C) The result of solving a functional equation often depends on whether we impose the
requirement of continuity on the functions sought. We shall not need the strict definition of
continuity here. It suffices to know that any polynomial, exponent, logarithm (for z > 0),
sine, cosine are continuous, and that any continuous function has the following properties.

(a) If the values of a continuous function at the points a and b are different then any
intermediate value is achieved in some point of the interval [a; b] (the Intermediate Value
Theorem).

(b) If two continuous functions defined on the real axis coincide at all rational points
then they coincide everywhere.

(¢) If a continuous function is 1-1 then it is strictly monotonic. (The inverse is obvious.)

(d) A function continuous on a closed interval [a; b] is bounded on this interval.

Monotonicity of a function also is sometimes important for solving functional equations.

4. If a function f(x) is strictly monotonic, what can you say about growth and decrease
of the function f(f(z))?

5. Does there exist a continuous function f : R — R such that f(f(z)) strictly
decreases?

6. A continuous function f(z) is such that f(f(z)) = —2? for all real x. Prove that
f(z) <0 for all real .



Supplementary questions for problem 6.

(a) Does there exist any function satisfying the conditions of the problem?

(b) Is the continuity condition essential here?

7. Does there exist a continuous function f(x): R — R such that f(f(z)) = 2? —1/2
for all real 27 (Compare with Problem 2.)

D) Now we shall consider the most famous functional equation, namely the additive
Cauchy equation, often simply called the Cauchy equation:

flx+y)=f(x)+ fly) (v,y €R).

8. Find all continuous solutions for the additive Cauchy equation.

Which of the properties (a)-(d) of continuous functions has been used here? The method
of finding continuous solutions of functional equations using this property is called the
Cauchy method.

As is well known, (xy)" = z"y", exp(z + y) = exp(x) exp(y) (z,y € R) and In(|zy|) =
In(|z]) + In(Jy|) (z,y € R\ {0}). Using this facts and the result of Problem 8, solve the
following problem.

9. Find all continuous solutions for the Cauchy equations:

flay) =f(@)+ fly) (z,y € R\{0}); (a)

fla+y)=flzy) (z,y€R); (b)

flay) = f(@)f(y) (z,y € R). ()

A Hamel basis is a set of real numbers such that any real number has a unique
representation of the form rjaq + ...7,a, where n is a positive integer, r1,...,r, are
rationals, and a4, ..., a, belong to the given Hamel basis. The existence of a Hamel basis

is proved using the axiom of choice, and here we assume it as a given fact.

10. Do there exist any discontinuous solutions of the additive Cauchy equation? If yes,
then how can the set of all its solutions be described?” How can one describe the solutions
of this equation that are non-negative for x > 07

For comparison, now solve the following problem.

11.

flx+y)=f"(x)+ f"(y) (z,y € R; nis a fixed positive integer, n > 1).

E) The Pexider equation is obtained from the additive Cauchy equation by replacing
all occurences of f with different functions:

k(z+y) = g(x) +hy).

12. (a) Solve the Pexider equation.
(b) Find all its continuous solutions.



FUNCTIONAL EQUATIONS

Second stage

The improvement for First Stage:
9b. Find all continuous solutions for the Cauchy equation

fle+y)=f@)fly) (z,y€R).

F) Suppose a function g satisfies the equation

g(r +y) = g(x)+g(y)

where the tuple (x,y) belongs to some subset Z of the plane R?. If g can be extended to a
function f satisfying the same equation for all 2,y € R? then we say that f is an additive
extension of g.

13. Show that if Z is the unit square then any function g satisfying the Cauchy equation
on Z has a unique additive extension to the whole plane.

14. Give an example of an infinite set Z and a function g which satisfies the Cauchy
equation on Z but has no additive extension from Z to R

The above results have an application, for instance, in the following economic-mathematical
model described in [1], pp. 95-96. Suppose we have to divide an amount S of money
between m > 2 competing projects. Each of n experts makes a recommendation (expert
J suggests to grant the project ¢ with the sum §&;;), and finally the 'consensus’ allocation
is given by some function

Gi(&ity - -+ 5 &in)-

Observe that for each project the consensus allocation is determined by the sums recommended
by the experts for this project only, but the form of this dependence may vary for different
projects. We impose two natural requirements.

(i) If all experts allocate zero sum to some project then this project obtains 0 in the
consensus allocation:

6i(0,...0)=0 (i=1,... n).

b) If all the allocations recommended by the experts exhaust the sum S then this is true

for the consensus allocation as well: Y z;; =S (j = 1,...,n) implies > ¢;(wi1, ..., i) =
=1 i=1

S.
Show that under the above conditions, all the functions ¢; have the same (not depending
on 7) form Y w;&; where w; >0, Y w; = 1.

G) 16. Find all continuous real functions of a positive real variable which satisfy the

equation
fzy) = alz) + b(z)c(y).

Many of you know that the integral of a power function is again a power function (with
a coefficient) with the only exception: the integral of 1/x is the logarithm (all integrals
are, of course, defined up to an additive constant). In a standard course of calculus, this
fact is proved with the help of differentiation, and the cases of degree —1 and of all other
degrees are treated separately.

17. Find the integral of x® where x is a positive real variable, a an arbitrary constant,
using the results of Problems 16, 9a and 9c as the base for your argument. It is not allowed
to differentiate!



H) 18. Find all continuous solutions of the d’Alembert equation

fo+0)+ [0 —v)=2f(9)f(¥)

under the condition f(7/4) = v/2/2.

19. Now can you present a functional equation defining

(a) the sine function sin x?

(b) the tangent function tan z?

x20. Using results of Problems 8 and 18, show that the vector addition in 3-dimensional
Eucledean space is the only operation on pairs of such vectors which satisfies the following
conditions:

(i) if both vectors are subject to the same rotation then the result of the operation also
is subject to the same rotation;

(ii) the operation is commutative and associative;

(iii) two vectors pointing in the same direction yield a vector of the same direction
whose length is the sum of the lengths of our initial vectors;

(iv) the sum of two vectors of equal length depends continuously on their angle.
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FUNCTIONAL EQUATIONS

First stage

A) A functional equation is an equation including one or more unknown functions
(having prescribed domain and range). To solve a functional equation means to find
all functions which satisfy it identically. Functional equations arise in various areas of
mathematics, usually when we have to describe all functions having given properties.

We start with some typical methods for solving functional equations. The method
of substitution is often useful. It consists in replacing variables by some new functions
(maybe constants) in order to reduce the equation to some more handy form.

1. Solve the following functional equations.

(a) flx)+2f <§> = 3x.
(b) f(x)+f<x;1> — 9.
(c) flx4+y)+ f(x —y) =2f(z)cosy.

Solution. (a) Denote y = 1/x. Then f (é) +2f(y) = % and f(y) +2f(§) = 3y. Hence
fly)=2-y.
r—1 y—1 ) . :
(b) Denote y = ——, then z = =——. We obtain a system of three linear equations
T

for f(z), f(y), f(2), from which we ﬁndy

1 rz—1

(c) Put y = m/2, then f(z + 5) + f(z — 5) = 0 for any x, hence f(z + 7) = —f(x).

Replace y with y + 7, then

flety+35)+ flo—y—3)=—2f()siny.

Now replace x — 7 with x, then

f+y+m)+f(z—y) = —2f(a+ 3)siny,
and according to the above
fla+y) = fle—y) = 2f(x+ 3)siny.
For x = 0, in view of the original equation we have
Fly) = f(0) cosy + f(3) siny.

So the desired function must be of the form f(y) = a cos y+bsiny where a, b are constants.
We easily check that any such function satisfies the original equation.



B) Now we shall consider some specific kinds of functional equations. Many functional
equations include some iteration of the unknown function. The following Problem 2 is
said to be often given by Feynman to his young colleagues.

2. Does there exist a function f(z): R — R such that f(f(z)) = 2? — 2 for all real x?

Solution. No. Suppose g(z) := f(f(z)) = 22 —2. The equation g(z) = z has two roots:
x = 2, —1. The roots of g(x) — x obviously are roots of g(g(z)) — x. Dividing g(g(z)) — =
by g(x) — x and determining the roots of the resulting quadratic polynomial, we see that
g(g(x)) — z has roots

_ —1+45 _—1-+5

-T2 o MT T

Suppose i € {1,2,3,4}. Consider the sequence z;, f(z;), f(f(x;)),.... It has a period 4
(maybe not the least one), thus all its terms are roots of g(g(x)) — z. Since 1 » are roots
of g(x) —x, for i = 1 or for i = 2 the sequence has the period 2 as well, hence the sequence
contains z; and xs only. For ¢ = 3,4 the number 4 is the least period because z3 4 are not
roots of g(z) — x. Thus in the sequence w3, f(x3), f(f(x3) all three numbers are distinct,
so one of them equals x; or x,. But then the above implies that all subsequent terms
equal z1 or x5 while the fifth term must equal x5.

€Ty = 2a Tg = _17 €3

3. Find all functions f : R? — R which satisfy the functional equation

FO. f(f(m1,m2),23) ..., T2006) = T1 + T2 + T3 + ... + Ta006-
Solution. f(z,y) = f(04+0+...+0+ z,y) (with 2005 zeroes). Hence

flx,y) = f(f(... f(f(0,0))...,2)y) = f(0,0)+ 0+ ...+ 0+ 2 +y = x + y + const.

Substituting this formula in the original equation, we get const = 0, that is, f(z,y) = z+y.

C) The result of solving a functional equation often depends on whether we impose the
requirement of continuity on the functions sought. We shall not need the strict definition of
continuity here. It suffices to know that any polynomial, exponent, logarithm (for z > 0),
sine, cosine are continuous, and that any continuous function has the following properties.

(a) If the values of a continuous function at the points a and b are different then any
intermediate value is achieved in some point of the interval [a;b] (the Intermediate Value
Theorem).

(b) If two continuous functions defined on the real axis coincide at all rational points
then they coincide everywhere.

(c) If a continuous function is 1-1 then it is strictly monotonic. (The inverse is obvious.)

(d) A function continuous on a closed interval [a; b] is bounded on this interval.

Monotonicity of a function also is sometimes important for solving functional equations.

4. If the function f(z) is strictly monotonic, what can you say about the direction of
growth of the function f(f(z))?

Answer. The function f(f(z)) is strictly increasing.

5. Does there exist a continuous function f : R — R such that f(f(z)) strictly
decreases?

Solution. No. If f(f(x)) is strictly decreasing then it is 1-1. Then f(z) is 1-1 as well
and thus it is strictly monotonic by property (c). By the result of Problem 4, f(f(x))
strictly increases — a contradiction.



6. A continuous function f(x) is such that f(f(x)) = —2? for all real x. Prove that
f(z) <0 for all real .

Solution. In each of the domains z > 0,2 < 0, the function f(z) is 1-1 and hence
strictly monotonic by property (c). According to the result of Problem 4, the sign of
monotonicity is different for these two areas. Since f(f(x)) is not bounded from below, the
same is true for f(z). Hence f(z) increases for z < 0 and decreases for > 0 and thus has
maximum at z = 0. It remains to observe that f(0) = f(—0%) = f(f(f(0))) = —f(0)? < 0.

Supplementary questions for problem 6.

(a) Does there exist any function satisfying the conditions of the problem?
Answer. Yes: f(z) = —|z|V2.

(b) Is the continuity condition essential here?

Answer. Yes: modify the function from (a), putting for example f(2) = 2V2.

7. Does there exist a continuous function f(x) : R — R such that f(f(z)) = 2% —
for all real 7 (Compare with Problem 2.)

Solution. No. Here we cannot apply the solution of Problem 2 (why?) but we may
use method of solving Problem 6. We obtain that f(z) must decrease for # < 0 and must
increase for z > 0. Then by property (d) it is not bounded from above for z > 0. Suppose
f(0) = a. Then a is the minimum value of f(z), a # 0 and thus —1/2 = f(a) > f(0) = a.
Hence there exists b > 0 such that f(b) = —1/2. But b = f(c) for some ¢ # 0 and so
¢ — = f(f(c)) = —3, that is, ¢ = 0 — a contradiction.

D) 8. Find all continuous solutions for the additive Cauchy equation.

Solution. Put ¢ = f(1), find step by step f(m), f(m/n), f(0) and f(—m/n) for
positive integers m, n and then apply property (b). We get f(z) = cx.

1
2

Which of the properties (a)—(d) of continuous functions has been used here? The
method of finding continuous solutions of functional equations using this property is
called the Cauchy method.

Answer: we have used property (b).

As is well known,

n

(zy)" = 2"y", exp(r +y)=exp(r)exp(y) (v,y € R)
and
In(jzy]) = In(jz|) + In(jy|])  (2,y € R\ {0}).

Using this facts and the result of Problem 8, solve the following problem.
9. Find all continuous solutions for the Cauchy equations:

(a) fley) = f(x) + f(y) (x,y € R\{0});
(b) flx+y)=flry) (z,y € R);
(b) fle+y)=f@)fly) (zv,y€R).



(c) fley) = f(2)fly) (z,y € R).
Solution. (a) To start with, let # > 0. Set g(x) = f(e”). Then

glx+y) = f(e) = f(e"e?) = f(e") + f(e¥) = g(x) + g(y),

and so g(x) satisfies the additive Cauchy equation. Since e¢” and f(z) are continuous, g(x)
also is continuous, and according to the result of Problem 8, the function g(z) has the
form g(x) = cx where ¢ is a constant. Then f(z) is of the form c¢Inz.

In particular, f(1) = 0. Putting + = y = —1, we obtain f(1) = 2f(—1) and hence
f(=1) = 0. For arbitrary x < 0, we obtain f(z) = f(—xz)+ f(—1) = f(—=x). Hence
f(z) = cln|z| for arbitrary x # 0.

(b) Put y = 0 and obtain f(x) = f(0), so f(x) = const. Any constant obviously fits.

(b") If f(xz) = 0 for some x then f(z) = f(z)f(z —x) = 0 for any z. Otherwise
the function, being continuous, does not change its sign. Since f(2z) = (f(z))?, this
sign is positive and we may consider the continuous function g(z) := In f(z). We have
glx+y) =In(f(x)f(y)) = Inf(x) +1Inf(y) = g(x) + g(y) and so the additive Cauchy
equation is satisfied. Hence g(z) = cx for some ¢, and f(z) = e*. Thus either f(z) =0
or f(x) = e,

(¢) If f(z) = 0 for x # 0 then f(2) = f(z-27'2) = f(z)f(z7'2) = 0 for any =z.
Otherwise let > 0. Then z = 22 for some z, and f(z) = f(2?) = (f(2))? > 0. Consider
the function In f(x). It is continuous and satisfies the additive Cauchy equation. According
to the result of Problem 9a, our function is of the form c¢Inz for some constant ¢. Thus
f(z) for x > 0 has the form x°.

Since f(x) has to be continuous at zero, we have ¢ > 0. For # < 0 we have:

f(@) = f(=1) - (=x)) = f(=1) f(=2) = f(=1)(=2)".

At the same time, 1 = f(1) = f((=1)-(=1)) = (f(—1))?, hence f(—1) = £1. Both values
do fit. Thus either f(x) =0, or f(z) = |z|¢, or f(z) = z¢ for > 0 and f(z) = —|z|® for
x < 0 (where ¢ is a non-negative constant).

A Hamel basis is a set of real numbers such that any real number has a unique
representation of the form ra; + ...r,a, where n is a positive integer, ry,...,r, are
rationals, and «q, ..., a, belong to the given Hamel basis. The existence of a Hamel basis
is proved using the axiom of choice, and here we assume it as a given fact.

10. Do there exist any discontinuous solutions of the additive Cauchy equation? If yes,
then how can the set of all its solutions be described? How can one describe the solutions
of this equation that are non-negative for x > 07

Solution. Let the values of the function on some Hamel basis by arbitrary. Extend
the function by additivity. Non-negative solutions are of the form f(z) = cx where ¢ > 0.
Indeed, functions of such form do fit. Conversely, if some solution f(z) is not of this form
then for some two numbers x,y from a Hamel basis we have

y_ [y

—~ =0<a.

“ @)



Suppose m/n is a rational number which is less than « and greater than (3. Then
mn
— < axr =y and
t m
f(—
n

2) = (@) > Bf(x) = J(y)

and hence

For comparison, now solve the following problem.
11.

flx+y) = f"(x)+ f"(y) (z,y € R; nis a fixed positive integer, n > 1).

Solution. Putting z = y = 0 we get f(0) = 2f"(0), hence f(0) equals 0, 271/(*=1
or (for odd n > 1) =27/~ Constant functions with such values satisfy the original
equation. Put now y = 0 for arbitrary x. We get f(x) = f"(z)+ f™(0). Thus f(z) has not
more than n distinct values. Now put y = x, x arbitrary. Taking the above into account,
we get f(2x) = 2f"(x) = 2f(x) — 2f"(0) = 2f(z) — f(0). Thus if f(z) > f(0) then
f(z) < f(2x). Hence f(2z) > f(0), f(4z) > f(2x) etc., but f has only a finite number of
values. The case f(x) < f(0) is similar.

E) The Pexider equation is obtained from the additive Cauchy equation by replacing
all occurences of f with different functions:

k(z+y) = g(x) +hy).

12. (a) Solve the Pexider equation.
(b) Find all its continuous solutions.
Solution. (a) Denote

a=g(0), b=h(0), f(z)=—a—b+k(z).

Then f(z+y) = f(2) + f(y), k() = F(2) +a+b, g(z) = F(z) +a, h(z) = f(z) +b. Take
arbitrary values of f(x) on some Hamel basis and extend it by additivity.

(b) In view of the result of Problem 8 and of (a), we have k(z) = cx+a+b, g(x) = cx+a,
h(x) = cx 4+ b where a, b, ¢ are arbitrary constants.



FUNCTIONAL EQUATIONS

Second stage
F) Suppose a function g satisfies the equation

g(x+y)=g(x)+g(y)

where the tuple (z,y) belongs to some subset Z of the plane R?. If g can be extended to a
function f satisfying the same equation for all z,y € R? then we say that f is an additive
extension of g.

13. Show that if Z is the unit square then any function g satisfying the Cauchy equation
on Z has a unique additive extension to the whole plane.

Solution. An arbitrary number z may be represented as ny where n € N, y € Z.
Set g(x) = ng(y). Then correctness of the definition, additivity and uniqueness are easily
checked.

14. Give an example of an infinite set Z and a function g which satisfies the Cauchy
equation on Z but has no additive extension from Z to R2.

Example. Z = {(z,{z}) | € R; g(x) = {x}} where {z} is the integer part of z.

The above results have an application, for instance, in the following economic-mathematical
model described in [1], pp. 95-96.

15. Suppose we have to divide an amount S of money between m > 2 competing
projects. Each of n experts makes a recommendation (expert j suggests to grant the
project ¢ with the sum §;;), and finally the ’consensus’ allocation is given by some function

Gi(&irs - - Ein)-

Observe that for each project the consensus allocation is determined by the sums recommended
by the experts for this project only, but the form of this dependence may vary for different
projects. We impose two natural requirements.

(i) If all experts allocate zero sum to some project then this project obtains 0 in the
consensus allocation:

$;(0,...,0)=0 (i=1,...,n).
b) If all the allocations recommended by the experts exhaust the sum S then this is true
for the consensus allocation as well: 3 z;; =5 (j = 1,...,n) implies > ¢i(2i1, ..., Tin) =
‘ i=1

S, .

Show that under the above conditions, all the functions ¢; have the same (not depending
on i) form Y w;&; where w; >0, Y w; = 1.

Solution. For brevity, denote (S,...,5) by S and (z;1, ..., ) by x;. Observe that
condition (ii) is equivalent to

ng)i(xi) + d)l(S — ZXi) =GS.

i=2 i=2
For xo = ... =Xy, = 0 we deduce ¢1(S) =S (i =1,...,m). For x3 = ... = xn = 0 we
get ¢1(S —x) = S — ¢o(x) for arbitrary x. Putting x4 = ... = x5, = 0, X3 = X, X3 =,

we obtain the Pexider equation (for each coordinate):

Ga(x +y) = da(x) + ¢3(y) (x,y,x+y € [0;5]").



Put x = 0. Then ¢9(y) = ¢3(y). Similarly we deduce that each ¢; equals the same
function ¢. We get the equation ¢(x +y) = ¢(x)+¢(y) for x,y,x +y € [0; S]". Obviously
¢(€17 s 7&1) = ¢(§1a 07 R 0)+¢(O>€27 07 . )+ : +¢(O> R Oa fn) = f1(§1)+f2(€2)+ St
fn(&n) (here &y, ..., &, are real variables). Each of functions fi,..., f, satisfies additive
Cauchy equation on [0;S]. The sense of the problem implies non-negativity of values of
&, f1,- -, fu. In view of the results of Problems 13 and 10, we see that ¢(x) has the form
d(x) = > w;é&; where w; > 0. Since ¢(S) = 5, we have Y w; = 1. Conversely, functions
j=1 j=1
of this form satisfy the conditions of the problem.

G) 16. Find all continuous real functions of a positive real variable which satisfy the

equation
fzy) = alz) + b(z)c(y).

Answer. 1) f(z) = a(x) = K (K is an arbitrary constant, b(z) = 0, ¢(y) an arbitrary
continuous function.

2) f(z) = Ky,a(x) = K1 —b(z)Ky (K, Ky are arbitrary constants), b(x) an arbitrary
continuous function, ¢(y) = Ko.

3)
flz)=Kilnzx+ Ky, a(x) =K Inz+ Ky — K3Ky,
K1
o) = K. ely) = =5 + K
3

(K1, Ko, K3, K4 are arbitrary constants, K3 # 0).

4)
f(z) = Ki(z® = 1)+ Ko, a(z) = Ki(2® — 1) + Ky — K3K,2°,
b(x) = Kzx®, c(y) = w + K,
3

(K1, Ko, K3, K4, a are arbitrary constants, K3 # 0, a # 0).
Solution. Put

filz) = fz) = f(1), ay) = cly) — (1), ar(z) == a(z) — f(1) + b(z)c(D).
Then

() filzy) = ar(z) + b(z)er (y),

(") A1) =¢ (1) =0.

Putting y = 1, we get fi(z) = ai(x). If a; = 0 then either b or ¢; is zero constant and we
obtain classes 1 and 2 of functions in the answer (see above). Otherwise put # = 1. Then

fily) = b(D)es(y),

whence b(1) # 0. Put
bi(z) := b(x)/b(1).
Then fi(xy) = f1(x) + by(2) f1(y), hence

filzyz) = filzy) + bi(xy) [1(2) = fi(2) +0u(2) f1(y) + bi(zy2) [1(2),



filzyz) = fi(z) + bi(2) fi(yz) = fi(z) + bi(2) f1(y) + bi(2)bi (y) f1(2).
Compare these equations and take a value of z such that fi(z) # 0. We get

bi(zy) = bi(x)bi(y).

Since b1(0) # 0, we have, in view of the result of Problem 9(c), bi(z) = x* where « is
an arbitrary constant. Thus fi(zy) = fi(z) + 2® f1(y). If @ = 0 then in view of the result
of Problem 9(a) we obtain the class 3 of functions. Now suppose o # 0. Take arbitrary

z,y # 1. Since fi(zy) = fi(z) + 2 fi(y), filzy) = fi(y) +y* fi(z), we have
fi(z) L f1(y)

¢ —1" y*—1

Since the left side does not depend on y and the right one on x, both are constants, and
we obtain the class 4 of functions.

Many of you know that the integral of a power function is again a power function (with
a coefficient) with the only exception: the integral of 1/z is the logarithm (all integrals
are, of course, defined up to an additive constant). In a standard course of calculus, this
fact is proved with the help of differentiation, and the cases of degree —1 and of all other
degrees are treated separately.

17. Find the integral of x® where x is a positive real variable, a an arbitrary constant,
using the results of Problems 16, 9a and 9c as the base for your argument. It is not allowed
to differentiate until you obtain the functional equation!

Solution. Suppose g(x) = x%, f(z) is the antiderivative for g(z). We may assume

f(1) = 0. Since g(zy) = g(x)g(y), we have

fay) = [T g = ["gv)+ [T gt =

= f@)+ [ gltn)d(ta) = () + gla)e [ g(t)dt =

= f() + 2" f(y).
We are in the conditions of Problem 16 with f(z) = a(z) # const, b(x) = f(x), c¢(y) =
2T If a = —1, we have case 3 with Ky = K;, =0, K3 =1,s0 f(z) = K;Inxz. If a # —1,
we get case 4 witha =a+1, Ky = K, =0, K3 =1, and so f(z) = K;(2*" —1).
H) 18. Find all continuous solutions of the d’Alembert equation

fo+4)+ [0 —v)=2f(9)f(¥)

under the condition f(7/4) = v/2/2.

Solution. Putting ) = 0, we get f(0) = 1. Then for some C' > 0 we have f(x) > 0 for
x € [0,C]. Putting ¢ = ¢ = x/2, we get
(% * %) f(z)+1=2f(x/2)%

Suppose f(C) < 1. Then f(C) = cos a for some a € [0;7/2). By (x*x) we have f(C/2) =
cos /2, and using induction, we get f(C/2") = cosa/2™ for all positive integers n. The
original equation implies:

E+1 k 1 kE—1
f( = C>=2f<2—nC>f<2—nC)—f< - o>:

3




<k ) <a) <k—1> <k+1>

=2cos | —a|cos|— | —cos al| =cos|——a].

2n 2n 2n 2n

By continuity (property (b)) f(Cz) = cosax for any z. Putting ¢ = o/C, Cz = ¢, we
have f(x) = cosc¢. Condition (xx) implies ¢ = 8k £ 1.

Now suppose f(C') > 1. Then similar argument shows that f(¢) > 1 for any ¢, thus
condition (xx) fails.

Comment. For C' > 1, if we omit condition (#x), the equation has the solution
f(z) = ch(cx) where ¢ is an arbitrary constant, ch(x) := %
19. Now can you present a functional equation defining
(a) the sine function sin z?

(b) the tangent function tan x?

Solution. (a) f%fd)(%—)l/) %}(g))—i- f(e—=v+3)=2f(¢+75)f(¥+7) under condition (*x).
r)+ [y

W70 = 1 1)

%20. Using results of Problems 8 and 18, show that the vector addition in 3-dimensional
Euclidean space is the only operation on pairs of such vectors which satisfies the following
conditions:

(i) if both vectors are subject to the same rotation then the result of the operation also
is subject to the same rotation;

(ii) the operation is commutative and associative;

(iii) two vectors pointing in the same direction yield a vector of the same direction
whose length is the sum of the lengths of our initial vectors;

(iv) the sum of two vectors of equal length depends continuously on their angle.

The pattern of the solution (see [1], p. 13-18). Denote the operation under consideration
by o and call its result the sum of the vectors. Condition (iii) implies that po0 = p for any
vector p (0 is the zero vector). Applying (i), we have —p o p = 0. Taking (ii) into account,
we obtain:

(v) for the operation o, vectors form an Abelian group whose neutral element is 0, and
—p is the inverse element for p.

Condition (i) and commutativity of o imply that the sum of two vectors of equal
length lies on the bissector of one of two angles between them. If the vectors have the
same direction then this is the smaller angle by (iii). If this is the greater angle for some
two vectors of equal length then by continuity (property (iv)) some two vectors of non-
opposite direction have zero sum but this contradicts (v). Thus the sum always lies on
the bissector of the smaller angle between vectors.

Fix now the angle ¢ between two vectors. If their length x is given then the length
g(x) of their sum is determined by (i). Denote the length of a vector v by |v|. Suppose two
vectors p; and p, have the same direction as well as two vectors ¢; and g9, and suppose
the angle between p; and ¢ equals ¢. If |p1| = |¢1] = x and |ps| = |g2| = y then in view
of (iii) we have |p; o po| = |1 © ¢2| = & +y. We also have |p; o ¢1| = g(z), |p2 0 2| = g(v).
Then

under condition, for instance, f(mw/4) = 1.

glz+y)=|piop)o(grog) =|pio(p2oq)oq|=
=|pio(qop2)og|=|(pioq)o(p20q)|l=g(x)+gy)



We have obtained the Cauchy equation for non-negative x,y which has non-negative
solution. According to the result of Problem 10, g(z) = cz for some ¢ > 0. In fact ¢ > 0
since the sum of two nonzero vectors of non-opposite direction is not 0 (see above).

If the angle between two vectors of unit length equals 2¢ then denote the length of
their sum by f(¢). Suppose vectors p;.ps, g1, e of unit length are given, and the angles
between p1, ps and ¢, g2 equal 290, the angle between py, ¢; equals 2(¢ + 1), and the angle
between po, g2 equals 2(¢ — ¢0). Then the angle between p; o ps, g1 © g2 equals 2¢. One can
deduce that

flo+d)+ f(o—v) =2f(0)f(¥)

for 0 <1 < ¢ < 7. The function f(¢) is continuous by (iv), it equals 0 for ¢ = 7 and
does not equal 0 for 0 < ¢ < 7. The solution of Problem 18 implies that f(¢) = cos ¢,
and this in turn implies the assertion of the problem for vectors of equal length. It can
be extended to the case of unequal length by means of geometrical argument not using
functional equations; see [1], pp. 17-18.
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Teopema 0 BbICOTaX TPEyroJIbHUKA M TOXKJIECTBO fKOOM

C. Hopuuenko u M. CromneHkoB

Henp manHOTO IMUKIIA 387089 — MO3HAKOMHUTH C KPacuBoOil mieeii akagemuka B. V. ApHosibia 0 CBsi3u T€OpEMBI O
BBICOTaX TPEYTOJIbHUKA C TOXKIecTBoM fxobu [1].

Pacckazxem mpexk e Bcero 06 0JHOM WHTEPECHOM IIPUMEHEHUHN ITOH maen — 0O0OIeHn TeOpeMbl O BBICOTAX Ha
cJIydail TPeXMEPHOTO MIPOCTPAHCTBA!

TeopeMa o BbIcoTax ’TpexcropoHHHKa’ '. IlycTh a, b 1 ¢ — TpH HOmapHO HemapajuleJbHBEIC IPsSMBIE B IIPO-

crpanctse. [lycts a’, b’ u ¢ — Tpu 06IIUX IepIeHIuKy/Iapa K IapaM IpsMBIX b u ¢, ¢ u a, a u b. Haxonen, mycts a”
b" u ¢ — Tpu o6UWX MepIeHUKYIApa K napaM IpsaMbix a u a’, bu b/, ¢ u ¢’ (maHo, 9T0 yIOMSIHYThIE TAPHI TTOMAPHO
HenapaJutesbabl). Torga Tpu npamere o, b’ u ¢’ numeror ojuH o6muit nepreHUKyAp (T.e. IPSIMYTO, TIEPECEKAIOTLY IO
UX BCE W TEPIEH IAKYISIPHYIO UM BCEM ).

0. IIpoBepbTe, 4TO ecsiu HpsiMblE a, b U € JIEZKAT B OJHOU ILIOCKOCTH, TO 3T TEOPEMAa IIPEBPAIIAETCS B TEOPEMY O
BBICOTAX TPEYTOJbHUKA.

Mpb1 HaYHEM €O 3HAKOMCTBa €O ¢heprUIecKoil reoMeTpueii, B KOTopoii ujest ApHOJIbA MPOSIBJISIETCS HAMOOJIEE SIBHO.

Croxkert Ilepssoriii. Cpepudeckass reoMmeTpusi 1 BEKTOPHOE MPOU3BEJIECHUE.

Paccmorpum eauaunanyio cdepy B TpexMepHOM IpocTpancTse. HazoseM Goavwoli oxpyorcrocmsio (edepuseckots
npamoti) cedenue 3Toil cdepbl MPOM3BOJBLHOI ILIOCKOCTBIO, IIPOXoJdiieil uepe3 ee mneHTp. OTOXKIECTBUM JuamMer-
paJIbHO IIPOTUBOIIOJIOXKHBIE TOYKH Ha Hallleil cdepe.

Kaxxkmoit Touke Ha cepe comocTaBuM BEKTOD, UAYIIUI 13 IeHTpa chephbl B JaHHYIO TOUKY. ByaeM cunrarh, 910
BCE BEKTOPBI, [OJIYYaIONUECs] U3 JAHHOTO YMHOXKEHUEM Ha YUC/IO ([OJOKUTEJbHOE UM OTPULIATEIHHOE), COOTBET-
CTBYIOT TO# >Ke caMO TOYKe.

Kaxkmoit cpepudeckoit mpsiMoit cormocTaBuM 1000 BEKTOP, MEPHEHINKYISIPHBIN TJIOCKOCTH, COIEPIKAIIEH TaH-
HyI0 cdepruydecKyio IpsAMyIo. ByjeM cuuTaTh, 9TO BCe BEKTODBI, IOJIyYAIOIMINECS U3 HErO yMHOXKEHHEM Ha YUCIIO
(1oJI0KUTENIBHOE Ml OTPUIIATEIBHOE), COOTBETCTBYIOT TOii 2Ke caMoil cepryuecKoii npsaMOii.

B pasbmeiiniem nog TO9KoOiR (OpsiMoii) Mbl OyjeM IOHUMATL TOUKY Ha cdepe (COOTBETCTBEHHO, ChEPUIECKYIO
upsaMyo). Mbl ocTaB/igeM B Ka4ecTBe YIPAaXKHEHUS OIPEJIEJICHUs NPYIUX eCTECTBEHHBIX O0BLEKTOB C(epruuecKoil
FeOMETPUU — OTPEe3Ka, TPEYroJbHUKA, HEPICHIUKYIApa U T. JI. B 3a/adax, rje CHPaIIHBAETCS O FeOMETPUIECKOM
CMBICJIE HEKOTOPOT'O TOXKJIECTBA, HE IIPE/IIIOJIATAeTCsl OJHO3HAYHOTO OTBETA — TAKUX CMBICJIOB MOXKET OBITH HECKOJILKO.

Bynem obo3nauaTh TOUKM OONBIIAME OYKBAMHU, MPIMble — MAJEHBKUMH, a8 BEKTOP, COOTBETCTBYIONINN TOYKE
(upsimoit) — Toii e caMoit GyKBOii, YTO U caMy TOYKY (IIPAMYIO), CO 3HAYKOM BEKTODA.

Econ A u B — 1pa BEKTOpa, TO 1Yepe3 [ff, é] OymeM 0bO3HAYATHL UX BEKTOpHOE IpousBeienue. HamoMmunMm, 4To
8eKMOPHOE Npouseedenue IBYX BEKTOPOB Au B — s10 BEKTOD, MEPIEHIUKYJISPHBII JAHHBIM BEKTOPAM U PaBHBIN
10 MOJLYJIIO ILJIOIIA M HATSHYTOrO Ha HUX HapaJsuiesorpamma. Hampasienne 3T0ro BEKTOPa OIPEIEIIsIeTCs IIPABUIOM
upasoit pyku. Yepes (A, B) 6yuem 0603HaYaTH CKAJISIPHOE IIPOU3BEICHUE BEKTOPOB.

1. Ilyctb A u B — xaBe touku Ha cdepe. [lokaxkure, 9T0 BEKTOD [fl’, E] COOTBETCTBYET ChEePUIECKON MPIMOI,
npoxojsineit yepes rouku A u B.

2. Ilyctb a u b — aBe cdepudeckue npsimbie. Jlokazkure, 970 BEKTOP [c;, 5] COOTBETCTBYET MX TOUKE [epecevueHusl.
3. IIycts A — touka, b — npsmasi. Jlokaykure, 9T0 BEKTOD [Zl,l_;] (ecsin OH HEHYJIEBOI1) COOTBETCTBYET LIEPIEHUKY-
JISIPY, OIYIIEHHOMY U3 TOYKU A Ha MpIMYyIo b.

4. Ilycrs A, B u C — Tpu Touku. Yro o3navaer FeOMETPUIECKH yCIIOBHE A+B+C=0?

5. Ilycte a, b u ¢ — Tpu TIpsIMBIE. Yro O3HAYAET yCJIOBHE a + b+c=0?

6. Hoxaxure roxznectso [A, [B, C]| = B(A,C) — C(A, B) (‘6ay, munyc yab’).

—

7. Hokaxkure mootcdecmso Sxobu njist Bekropos A, B u C:
[4,(B,C]] + B, [C, A + [C, [4, B]) =

8. Ilyctn A B u C — BepIIuHBI C(hEePUIECKOr0 TPEYroJbHUKA. UTO 03HAYAET FreOMETPUIECKHU TOXKIeCTBO AKOOU j11st
Bektopos A, B u C?

1310 yTBeprKIeHne TIpeITaragoch B KauecTBe 3aadu Ha OT6OpOvHOM Type Mex-mara MI'Y Ha CTyleHuecKyo MeyK Iy HapOIHYIO OJTHM-
nuaty B oToMm romay. ITonpobyiite ero gokasars!



9. Jlokazkure, uro B Teopeme o BbicoTax 'Tpexcroponuuka’ npameie a”’, b’ u ¢ nmapasmienbubl oHOIl IOCKOCTH.
10. IIycrs A u B — nBe touku. Ilycrs Au B — edurnunmnmie BEKTOPBI, UAYIHE B 9TU TOYKH U3 IMEHTPaA CGhEphI.
Kakoii Touxe coorsercTByer BekTop A + B?

11. Kakoit reomerpuueckuii cmbica mmeer roxectso [A, B+ C] + [B,C + A + [C, A+ B] = 0?

12. Iycrs A, B u C — eaunmumsle sextopsl, uaymue B Touxku A, B u C' u3 nenrpa chepbl. Kakoii ToUKe coOTBET-
creyer sextop |A, B] + [B,C] + [C, A]?

13. Ilyctb a u b - e npsmbie. Ilycth a u b — COOTBETCTBYIOIIUE MM BEKTOPBI, npudeM |a| = |b] 1. Kaxoit

[b] =
reOMETPUYECKHIT CMBIC/I UMEET CKAJISIPHOE IIPOU3BEICHUE (c; , 5) U MOJLYJIb BEKTOPHOTO [IPOU3BEICHIUSI |[c;, I;] |? Haiigure
OTBET Ha TOT K€ BOIPOC JJIs JIBYX To4ueK A u B; nis Trouku A u mpsimoii b.

14. Kaxoii reomerpudeckuii cMbica nveet evemannoe npoussegenue ([A, B], C) u roxnectso (4, [B, C]) = (B, |4, C]) =
(C,[4,B))?

15. Jlokaxkure, 9TO B C(hePUIECKOI reoMeTpun He ObIBAET MOJOOHBIX TPEYTOJbHIUKOB — YIJIbI TPEYTOJbHUKA OJTHO-
3HAYHO ONPENEJISIOT €r0 CTOPOHBI.

16. ITonbITaiiTech HANTH T€OMETPUIECKHUIT CMBICT KaK MOXKHO OOJIBIIIETO UHUC/Ia aJIredpamdecKux OO0bEeKTOB U TOXK-
necrB. TeMm caMbIM [OJIy4HUTe 10KA3ATEIHCTBO COOTBETCTBYIOMUX TeopeM chepryecKoii reoMerpun (e, HaobopoT,
caMuX aJrebpanvecKuX TOXKJIECTB, €CJIU COOTBETCTBYIOIIE T€OMETPUIECKUE TEOPEMbI YKe U3BECTHDI).

17*. HazoseM oxpyoicnocmuvio cedenne cepbl IPOU3BOJILHON IIOCKOCTLIO. Touka Ha cdepe u cepraecKas IpsMast
— YaCTHBIE CJIydYan OKPY2KHOCTU. V3yunTe, KAK MOXKHO OOOOIIUTDH HAIIIE COOTBETCTBUE MEXK/Ly BEKTOPAMEU M TOYKAMUI
(upsimbiMu) Ha cdepe Ha ¢Iydaii IPOU3BOIBHON OKPYKHOCTH, U IIOJIyYUTE HOBBIE TEOPEMbI C(DEPUUECKO FeOMEeTPUH.
(IToxpobree MBI pacCMOTPHM STOT BOIIPOC B 3aa4ax II0CJIe IIPOMEXKYTOYHOro (bUHHUIIIA. )

Cdepuueckast reomerpust — npumep HeeskAudosoti zeomempuu. OHa Ga3zupyercst Ha TeX YKe aKCHOMAaX, 4TO U
reomerpus EBKIMIa, 38 UCKIIOYEHHEM 'TATOrO IOCTYJIaTa’ — aKCHOMBI O MapaJuleIbHbIX IPAMbBIX. B me#l ocraiorcs
CIPaBEIINBLIMI MHOTHE TEOPEMBI 3JIEMEHTAPHON reOMEeTPHUH, He NCIOJIbL3YIONIUE IIITOrO IOCTY/IATa.

18%*. TlonpoGyiiTe JoKa3aTh TeopeMbl chepUuIecKoil reoMeTpun, ycraHoBieHHble Bamu Boie (HalpuMep, B 3a1a9ax
8 1 11) 4MCTO reOMETPUYECKH, UCXOJI U3 AKCUOM I'€OMETPUM, KPOME aKCHOMBI O [apaJslle/IbHBIX.

Crietyromuit CIo’KeT HOCBAIIEH JI0Ka3aTeIbCTBY TeopeMbl O BBICOTAX 'TPEXCTOPOHHUKA' .

Croxket BTopoii. IIpsimble B mpocTpaHCcTBe U OMBEKTOPHI.

BadukcupyeM B (TpexMepHOM, eBKJIUIOEOM) TpocTpancTie Touky O. ComocTaBuM KazK10i IpsMOil B TIPOCTpaH-
CTBe Mapy BeKTOPOB (u;v) cJepyiomumM o6pa3oM: Bo3bMeM JiBe Touku A u B Ha 3roii npsiMoii u nojioxxum u = AB,
v = [OA, OBJ. Ilapbl BeKTOPOB OyJieM B JAJbHEHIIEM HASBIBATD GUSEKMOPAMU.

19. IIpoBepbTe, ¢ TOYHOCTDHIO JI0 YMHOXKEHHST 0OOMX BEKTOPOB % U ¥ HA OJIHO U TO YK€ YUCJIO MOCTPOEHHBIN OHUBEKTOD
He 3aBHCHT OT BbIOOpa ToYeK A u B Ha JaHHON MpPsMOii.

20. [IposepbTe, 9TO OCTPOEHHBIH GUBEKTOP OTHOZHAYTHO OIIPEJIE/ISET UCXOMHYIO MPSMYIO.

21. TIposepbre, 9TO TAKUM 06PA30M MOXKHO IHOJIYIUThH Jii000i 6uBekTop (u;v) ¢ u# 0u v L u.

ITpomoskuM Halle cOOTBETCTBUE MEXKJy IPSMBIMU U GuBeKTOpaMu Ha OUBEKTODPHI (u;v) ¢ v L u. O6o3HaYMM
Yepes pr v MPOEeKIUI0 BEKTOPA ¥ HA IJIOCKOCTD, IEPIEHIUKY/ISIPHYI0 BEKTOPY 4. Bymem caurars, yro 6usekTop (u;v)
COOTBETCTBYET TOii Ke IpsMOii, 4To u GusekTop (u;prov). Bysem 0603HauaTh GUBEKTOP U COOTBETCTBYIONLYIO €My
MIPSIMYTO OJTHOM | TOM »Ke OyKBO#, HaJl 0003HAMEHNEM OMBEKTOPA Oy/IeM CTABUTH 'KPBIIIEUKY — 3HAYOK i

Hycrs a = (u;v) u b = (u';v') — xBa GusexTopa. ONPEAEIIM UX CYMMY TOKOMIOHEHTHO: a+ b = (u—+u';v +v').
Oupenenum ux npoussederue HGOpPMyIOi

[a,b] = ([u,u]; [u, V] + [v,u]).

CyMMma u Ipou3BejieHne JByX OUBEKTOPOB — CHOBa OMBEKTODBI.

3ameuanue*. D10 onpeeeHne TPOUCKXOIUT U3 (HDOPMYJIBI JJIsl KOMMYTATOpa B ajaredpe JIu rpyInsl IBUKEHUH TPEXMEPHOTO
npocrpancra. OIHOM U3 reOMETPUIECKUX MHTEPIPETAIM HAIMMX GUBEKTOPOB SIBJISIIOTCS CKOAL3AWUE BEKMODPYL [3].

22. TlycTe npsimble a 1 b He mapaJsenbhbl. JlokaxkuTe, 9T0 GUBEKTOD [a, b] COOTBETCTBYET OOIIEMY TIEPIEHIUKYIISIPY
K IPsIMBIM a 1 b.

23. IlycTh mpsiMble a u b He mapasieabubl. JlokaxKuTe, 9TO mpsiMasi, COOTBETCTBYIONIas OUBEKTOPY a+ (A), repeceKkaeT
00Ut TTEPIEHIUKYIISAP K MPAMBIM @ 1 b.

24. Jlokaxxure, 9TO MPOU3BEIeHNE ONBEKTOPOB YIOBIETBOPSIET TOXKIACCTBY ZKOOM.

25. Jlokaxxure Teopemy 0 BbICOTAX 'TPEXCTOPOHHUKA'

26. [TonpobyiiTe OJIyIUTh APYTUE TEOPEMBI CTEPEOMETPUN TAKUM CIIOCOOOM.



Teopema 0 BbICOTaX TPEyroJibHUKA M TOXKJIECTBO fKOOU

A. Sacnasckuit 1 M. CkomeHKOB

B aTOM croxkere MbI MOKasKeM, KaK ¢ IOMOIIBIO Wjied APHOJIb/A TOJIydaTh TEOPEMbl, B KOTOPO yYaCTBYIOT HE
TOJILKO TOYKU U IPsIMbIe, HO U OKPY?KHOCTH. BOT 0OJIMH U3 IpUMepoB:

Teopema o buccekTprcax KPpMBOJUHEMHOrO TpeyroJabHUKa. IlycTs a, b u ¢ — Tpu monapHO IepeceKaronuecst
OKPY?KHOCTH Ha, ILJIOCKOCTH. Uepe3 [IBe TOYKH IepecedeHusl OKPY?KHOCTel a U b IIpoBeieM OKPY2KHOCTL ¢, 00pasy-
IOILYIO C 3THUMHU OKPY>KHOCTSMHU PABHBLIC YTJIbI, H UMEIONLYIO OOIIUe TOYKHU C IIepecedeHrueM BHYTPEHHOCTel KpyToB,
OorpaHUYeHHBIX OKPY?KHOCTAME a 1 b. Anajoruuno onpejaenum okpyzkuocru a’ u b’. Torna tpu okpyxuoctu a’, b’ u
¢ uMeroT oBIIyI0 TOUKY.

27. Jdoxaxure Teopemy o 6ucceKTprcax KpUBOJIUHEHHOTO TPEYTOJILHUKA.

28*. BadukcupyeM HEKOTOPYIO OKPY*KHOCTD | Ha miockocTr. HazoseM o6uwum nepnendukysspom K Iape OKpyAKHO-
cTeit a u b OKPYKHOCTD, IEPIEHINKYISIPHYIO BCEM TPpeM OKpyKHOCTaM a, b u . Jlokaxkute, 7To Teopema 0 BbICOTax
"TPEXCTOPOHHMKA OCTAHETCsI CIPABEIJINBOI, e B Hell ¢10BO 'ipsiMast’ (B IPOCTPAHCTBE) BCIO/LY 3aMEHUTH HA CJIOBO
"OKPY?KHOCTB (Ha MJIOCKOCTH).

Mpbl HaYHEM, Kak OOBIYHO, C PACCMOTPeHUs chepudecKoil reoMeTpun, B KOTOPOi uiest APHOIbIA IPOSIBJISETCS
HamboJIee SICHO. 3aJa4Yn STOrO CIOXKETa MOYKHO pellaTh HE3aBUCHUMO OT OCTAJbHBIX.

Croxet Tpernii. CymMmupoBanue oKpy>KHOCTE!A.

Hazosem oxpyosrchocmuvio cedenne cdepbl TPOU3BOJIBHON IJIOCKOCTHIO, HE 0032 TeJIbHO IPOXOIAIIE Yepe3 IEHTD
cdepnl. Kaxkmoit OKpy2KHOCTH, COTIOCTABUM BEKTOD, MEPIEHANKYIAPHBIA 9TOM IJIOCKOCTH, HAITPABJIECHHDBIN B CTOPOHY
9TOH IJIOCKOCTH, ¥ PaBHbI 110 Moymio 1/h, tiae h — paccrosiHue OT 3TOH IIOCKOCTH 10 HeHTpa chephl.

Bcerony B nasipHeiinem 3ariaaBHble OYKBbI 0003HAYAIOT HEKOTOPBIE OKPYKHOCTU. BEKTOD, COOTBETCTBYIONIII HEKO-
TOPOI OKPY2KHOCTH, 0O03HATAETCH TOH 2Ke OYKBOil, ITO U caMa OKPYKHOCTh, CO 3HAYKOM BeKTopa. Byiem o6o3HavaTh
qepe3 d 4 JJIMHY KacaTeIbHOM, MPOBeIeHHON K Harmeil cdpepe n3 KOHITA BEKTOPA A.

29. YTo o3HAYAET TEOMETPUIECKH YCIIOBUE A + B + C =07
30. Jlokazxure dpopmyay (A, A) =1+ d4.

31. Yro osmauaer reomerputecku pasencrso (A, B) = 17
32. Kakoii 0OKpy>KHOCTH COOTBETCTBYET BEKTOP

33. Yro o3nauaer reomerpudecku yciaosne A — B+ C — D =07
34. Kaxoit OKpy>KHOCTH COOTBETCTBYET BEKTOD

dp - da =
A- B?
dp —da dp —da

35. Ucnosb3yiite nanabie pakThl 1 ajaredpandecKue TOXKIAECTBa, YTOOBI Oy IUTh TEOPEMBI IIAHUMETPUM.
Homnostaenne. IlpencraBienne oKpy>KHOCTell TOYKaMU ITPOCTPAHCTBA

ITycTh OKpY?KHOCTDL Ha IUIOCKOCTH 3ajaercs ypasHenneM 2 + 32 + ax + by + ¢ = 0. ITocTaBuM B COOTBETCTBHE
eil TOYKy IpocTpaHcTBa ¢ Koopaunaramu (a, b, c).
36. Ilpu kakux a, b, ¢ cyiecTByeT OKpY2KHOCTb COOTBETCTBYIOMIast Touke (a, b, ¢)?
37. Ilycts Jana OKpPYKHOCTB, COOTBETCTBYIOMIas Touke P. Haiiiure reomeTprmyeckoe MECTO TOUEK, COOTBETCTBYIONTUX
OKPYZKHOCTSIM, TTEPIEHIUKYJISIPHBIM JAHHOM.
38. Kakwue mapbl TO9eK COOTBETCTBYIOT JIBYM

a) [ePeceKalOIIUMCS;

6) He HepeCeKAIONIIMCS;

B) KACAIOUIAMCsI OKPYKHOCTSIM?
39. Hokaxure ciemyrontyio Teopemy (B.FO.IIporacos).
IIycTb maHbl TPU OKPY2KHOCTU: TIEPBasi BHYTPU BTOPO#l, BTOpas BHYTPHU TpeTbheil. PaccMaTpuBaloTcs oYK OKPY K-
HOCTeH, Kacaloluxcd IIepBOil U TpeTbeil U3 JaHHbIX, TAKUe, 9TO OAHA U3 TOYEK IIePECeYCHUs COCEJHUX OKPYZKHOCTENH
MEMOYKY MPUHAJIEKUT BTOPOit U3 JAHHBIX OKPYKHOCTeH. Ecu sTa 1menouka 3aMbIKaeTCs IPU HEKOTOPO# HavdaTbHOIT
OKPY2KHOCTHU, TO OHA OyJIeT 3aMBIKATbCS U IIPU JIFOOO0H HAYAIHLHON OKPY?KHOCTH.
40. Jana cdepa, Kacaomascs ee II0CKoCTb 1 9eTbipe Touku A, B, C, D B sToii mimockocrn. [Tycts D’ — Touka mepe-
cedeHus I0cKocTel, mpoxoagamux dyepes npsimbie AB, BC, C'A u kacaonmxcsi cpepbl. AHAJOTHYHO OIPEJIEISTIOTCS
rouku A’, B’, C'. Iokaxwure, uro Touku A’, B’, C', D’ nexart B 01HOIl IJIOCKOCTHU, Kacalolleiicss cdepbl.



Teopema 0 BbICOTaX TPEyroJibHUKA M TOXKJIECTBO fKOOU

M. CkomenkoB

Peutenus 3aga4, npejio>KeHHbBIX /10 IPOMEXKYTOYHOTO (hUHUIIIA.

1. O6o3uaunm gepe3 O nenTp Harel cdepbl. PaccMoTpuM miockocTh, mpoxosiyio yepe3 Touku O, A u B. Ilycrs

¢ — chepuyeckast npsiMasi, TOJIyJaroasics B cedeHnn cepbl 3TOi IJI0CKOCThI0. Torga ¢ — 910 B TOYHOCTH chepu-

JecKas IpsiMasi, TIPOXosinas yepe3 Touku A u B.

C napyroit CTOPOHbI, BEKTOPBI, COOTBETCTBYIONIIE TOYKAM A u B — 3T0 BEKTODBI A=0Au B =0B. Ilo ompee-

JIEHUIO, BEKTOP [A B] [EPIEHIUKYIISIPEH 000UM BEKTOPAM OA u OB. 3HAYNT, OH MEPIEHIUKYJISIPEH U HAIIEH T10C-

koctu OAB. Tlo Hamemy OIpesesieHuI0, BCe BEKTOPBI, MEPIEH INKYISPHBIE HEKOTOPO# IJIOCKOCTH, COOTBETCTBYIOT

cdepraeckoil psIMOIA, MOJIyJaroIeiicss B cedeHnn c¢epbl 3Toi I0cKoCcThio. [TosToMy BekTOp [/T, é] COOTBETCTBYET

cepuaeckoil mpsaMoii c.

Urak, BekTOp [ff, E] COOTBETCTBYET C(PEPUIECKOI MIPsIMOIi, Ipoxosieil yepes Touku A u B.

2. JIBe cdeputeckue mpsiMble TEPECEKAIOTCS 0 Mape AMaMeTPAIbHO IMPOTUBOMOJIOXKHBIX TOUeK Ha cdepe. IlycTh

touka C' — 0JIHA U3 TOUEK IepecevdeHns: C(PePUIeCKUX MPSIMbIX @ U b.

Jlokaxkem, 9TO BEKTOD oC mapaJuIe/ieH BEKTOPY [5 l;] O6o3HaunM vepes « T/IOCKOCTD cdepuaeckoit mpsimoit a. [To

OIIPEJIEJIEHHIO COOTBETCTBHS MKy ¢(PepHIeCKIMY IPAMBIMU U BEKTOPAMH BEKTOD ¢ a [IEPIEHIUKYIISIPEH ILIOCKOCTH
. Orpe3ok O JeXUT B ITON IJIOCKOCTH, IOITOMY oC 1 a. MHAJIOTUIHO, OC 1 b. 3HAYNT, BEKTOPHI OC u [a b]

LApAJIIE/IbHBL, & CJIEJ0BATEIBHO — IPONOPIUOHAIBHEL.

Orcrofia oIy 9aeM, 9To BEKTOD [a b] coorBercTByeT Touke C' (IIOCKOJBKY Mbl CIMTAEM, YTO BCE BEKTOPBI, [IOJIY Yar0-

ecs U3 BEKTOpa oC YMHOXKEHHEM Ha YUCJI0, COOTBETCTBYIOT Touke C'.)

3. IlycTs ¢ — neprenuKyIsp, OLyIIeHHbIi 13 Toukn A Ha IpAMyIO b, TO ecTh cdepuiecKas HpsMast, IPOXOJLAIIiasL

uepes TouKy A u nepnenaukyispHas npsamoit b. Ham jocrarouno nokasaTs, 1m0 BEKTOP ¢, COOTBETCTBYIOMINIL IPAMOIL

¢, TIEePIIEHINKYJIIPEH 000UM BEKTOPaM Aub. (Torpa BEKTOP ¢ IPOIOPIUOHAJIEH [A b] a IPOTIOPIINOHAJIBHBIE BEKTOPA

COOTBETCTBYIOT o;LHoﬁ U TOA JKe MPAMOIi. )

Toxazkem, uro ¢ L A. Pacemorpum LJIOCKOCTB cpeputeckoil npsamoit ¢. Tak kax ¢ mpoxoaut vepes Touky A, To A

JIeXKUT B 970i miockoctu. Hosromy clOA=A.

Jokazxkem, ITO ¢ L b. Tax Kax ceputeckre MpsaMbIe b U ¢ TePIEHINKYISIPHBI, TO COAEPIKAIIIE UX IIJTOCKOCTH TaKKe

epHeHuKyIApHbl. Ho Torma yros Mexy JiioObIM BEKTOPOM, MEPIEHIUKY/ISIPHBIM IEPBOil IJIOCKOCTH, W JIIOOBIM

BEKTOPOM, TEPIEHINKYJISTPHBIM BTOPOI IJIOCKOCTH, TakxKe paBer 90°, 4To u TpebOBAIOCH.

4. Omeem: tpu Touku A, B g C JIe2KAT Ha OJHOIL IIPSAMOIL.

Pewenue. I3 ycnosus A +B+C =0 CJIEJIYET, ITO BEKTOPBI A BudC apaJjiebHbl HEKOTOPOU MJIOCKOCTH

m. IlpoBeseM depes HeHTP cdepbl IIOCKOCTh, Hapajuiebuyio 7. Torma Touku A, B u C jexar Ha cdhepudeckoi

MIPSIMOM, TTOJTyJaloIeiicsa B cedeHnu chepbl ITOH MI0CKOCTDHIO.

5. Omeem: Tpu UpsiMble G, b U ¢ TIEPECEeKAIOTCsT B OJTHON TOUKE.

Pewenue. U3 ycioBus a+b+c=0 CJIEJIyeT, 9TO BEKTOPBI a, b1 ¢ mapasIeIbHbL HEKOTOPOIl ILIOCKOCTH 7. PaceMoTpiM

touky P Ha cdepe, takyo aro OP 1 7. IIpoBepum, uTo Bce Tpu cdepruueckue mpsiMble @, b U ¢ TPOXOIAT depe3

touky P. Ilockonbky orpe3ok OP nepreHuKyasipeH T, TO OH HePIeHIUKYISIPEH BEKTOPY @, KOTOPBIH JIESKUT B 3TOf

[IJIOCKOCTHU. M 9TO 3HAYUT (CMOTPU pellleHre 33249 3), 4T0 TOUYKa P JIeXKUT Ha IPAMOIl (. MHAJIOIMYHO JOKA3bIBAETCH,

qT10 P JIeXKuT Ha mpsaAMbIX b 1 c.

6. Hu sesast, mu npasas sacrs Toxzaecrsa [A, [B,C]] = B(A,C) — C(A, B) ne usmenntcsi, eciu K BeKTOpy A

J106aBUTH JIIOOOI BEKTOP, IPOIMOPIIMOHABHBIN BEKTOPY [E, C_"] [TosTOMy MOYXKHO CYNTATBH, YTO TPU BEKTOPA A Bu

C napasiesbHbl 0IHOI LIOCKOCTHL.

Hamee, 0be TacTu HAIIETO TOXKIECTBA HE U3MEHSITCS, €CJIN K BEKTODY B 106aBuTb J11060it BEKTOP, HPOIOPIHOHAIILHbIIT

BEKTODY C'. C nomompio JIAHHOTH OTePAIII MOXKHO CJICIATE BEKTOD B napasienbHbIM BeKTOpy A (eciu TOJILKO BEKTOP

C ne TAPAJLIE/IeH BEKTODY A) [ToaToMy JOCTATOYHO JOKA3ATH TOXKJIECTBO TOJIBKO JJIsl 3TUX JBYX CJIydaeB — B I A

wmt C || A.

Iycrs, muist omnpeneneHtoctn, B I A. Jlobasnsist k Bekropy C BekTOp B, yMHOKEHHBIH Ha IOIXOZIIee IeiicTBI-

TEJIbHOE YUCJIO, MBI MOXKEM JIOOUTHCS YCIOBUS ¢ 1B TlosToMy Hale TOXKIECTBO JOCTATOYHO JOKA3ATD JIJIs CJIyIast

C L B || A. B srom npocreiiien ciIydae OHO JIErKO HPOBEPSIETCS HEIOCPEACTBEHHO: 06e actn pasusl |A| - |B| - C

3amevwarue. JJaHHOE TOXKIECTBO MOJIYIAETCS TAKXKE U3 COOOPaYKEHU JIMHEHHOCTH.

7. ToxnectBo k06U TOTydaeTCst CyMMUPOBAHUEM TPEX TOXKJIECTB, MOJIYyIaeMbIX U3 TOXKJIECTBA 3a/a49u 6 IUKIIe-

CKOI 3aMEHOU IIepEeMEHHBIX.



Teopema 0 BbICOTaX TPEyroJIbHUKA M TOXKJIECTBO fKOOM

A. Sacnasckuit 1 M. CkomeHKOB

Penienus 3amaq.

IIpusenem BHA4UasE TAOIUILY, COEPIKAIILYIO0 OTBETHI KO BCEM 3aJa4daM, B KOTOPBIX CIPAIIABAETCS O FEOMETPHYECKOM

CMBICJIe aJaredpandecKux 00bLEeKTOB:

Anrebpamdeckuit 06beKT

T'eomeTpuuecknit cMbIc

A Touka A
a cepuueckast npsaMast a
[ff, E] npsiMas, poxojsinasa yepe3 A u B
[@, b] TOYKA [I€PECceueHus] IPSIMBIX @ U b
[ff,g] TIEPIIEHTUKYJISIP, OMYTIEHHBIN U3 TOYKH A Ha Ipamyio b
A+ B cepeauHa orpe3ka AB
(d, l;) KOCUHYC yIJIa MEXKJy a U b
1@, b CHHYC yTJIa MEXIY a U b
(ff, E) KOCHHYC JyIuHbI oTpe3ka AB (1o ectb gyru 6osbuioil okpyzkHOCTH MeXay A u B)
A, B]| CHHYC JJIMHBI OTpe3Ka AB
(A', Z) CUHYC paccTogHusA oT A 10 b
|[/Y, g]| KOCHHYC paccTostHust oT A 10 b
A+B+C=0 1) rouku A, B u C nexar Ha OTHON TPAMOW

2) uenTpsl okpyzkHocreit A, B n C jexar Ha OJHOI IPAMON
G+b+¢c=0 psiMbIE @, b U ¢ IEPEceKaloTCs B OHOM TOYKe
[4,[B,C) +[B,[C, A + [C,[4,B]] =0 BBICOTBI TpeyronabHnka ABC nepecekaioTcst B OHOI TOYKe
[A,B+C]+[B,C+ A +[C,A+ Bl =0 | mexumanni tpeyronbuuka ABC 1epeceKaloTcs B OHOM TOUKE
[ _’, E] +[ _', C_"] [C_", ff] LIEHTD OIHUCAHHOI OKpYKHOCTU TpeyrosbHuka ABC
(A', _’, _') cuUHyC IyIuHBI oTpeska AB - cunyc paccrosinus ot C' 1o AB
(/Y, [E, 5]) = (E, [6, ﬂ]) = (5, [A, B]) TeopeMa CUHYCOB Jjis Tpeyrojbuuka ABC
(/Y, B)=1 OKpy2kHOCTH A 1 B nepnesauKy/isipHbl
[A‘B]J(rf[i ]’;ét[c’ ] OKDY?KHOCTb, TIepIIeHIMKYJIsipHast OKpyKHOcTsiM A, B u C
A-B+C-D=0 CYIIECTBYET OKPYKHOCTh, EPIEHINKYIsIpHas okpyxkuoctsasm A, B, C'u D
dBd_BdA A- dBdfdA B buccekTpuca OKpyxHocteit A u B

8. Ilyctn fY, Bul — BEKTOPbI, COOTBETCTBYIOIME BepiuaaMm cdepudeckoro Tpeyroibanka ABC. Cormacuo 3agade 1 BekTOp
[E, E] COOTBETCTBYET CeprudecKoii npsmoii, npoxossieii yepe3 A u B. Torna no 3agage 3 BekTop [/Y, [E , 6] COOTBETCTBYET
NIEPIIEHIUKYJISDY, ONMYIeHHOMY n3 Toukn A Ha npsimyto BC, TO ecThb npsIMOii, copepzKaireil Boicory ha Tpeyrosasuuka ABC.
AHaJIOrTIHO BEKTOPDI [E , [5 , ff] u [6 , [E, E] COOTBETCTBYIOT MPSMBIM, COAEPKAIIUM JBE APYTHUE BHICOTHI Tpeyrojbuuka ABC.
TTosTomy ToxmecTBO SIKOOM, BBU Iy 3a/Ja49n 5, O3HAYAET, 9TO MMOCTPOCHHBIE TPH TPSIMBIE TIEPECEKAIOTCA B OJTHON TOYKE, TO €CTh
MBI [TOJIy9aeM TEOPEMY O BBICOTAX TPEYTOJBHUKA B CHEPUUECKON FeOMEeTPUN.

9. O6GozHauuM 4uepes d HanPasAAwul 6EKMOp NPIMON @, TO €CTh JIIOOOH BEKTOP, Mapajie/bHbIH TPAMOi a. AHAIOrUYHO
yCTD b 1 € — HAIPABIIIONIHE BEKTOPLI IPAMEIX b 1 ¢. Tora, 0IeBIARO, BEKTOD [5, ¢] napasuiesier obmeMy NepHeHAuKYIIsIpy K

npsMbIM b 1 ¢, To ecThb TipsiMoii a’. [losTomy BekTOp (4, [b, €]] mapastesien obmeMy HepHeHIUKYISApY K IPSAMBIM @ 1 @, TO eCTh

npsmoit a”. Amamormano sekrops! [b, [C, d@)] u [¢, (@, b]] napamiensusr npambv b 1 ¢’ coorBercrBerno. U3 Tk IecTBa SIK0GH
CJIEJlyeT, U4TO TPH IOCJIEJHNX BEKTOPa HapaJllelbHbl OHOM IJIOCKOCTH. 3HaduT, u Tpu npsiMble a”, b’ u ¢’ mapasuesbHbl

OJHOI IIJIOCKOCTH.

10. U3 coobparkeHUit CHMMETPHU JIETKO CJIEAYET, 9TO BEKTOD A+ B COOTBETCTBYET CEepeINHe AYTH OOJIBIION OKPY’KHOCTH,
npoxozsineit uepe3 To4Ku A u B. DTy TOUKY €CTECTBEHHO CUNTATDH cepeduroti chepruIeckKoro orpeska ¢ konnamu A u B.

Bameuanue. Ilockonbky cdeprueckast npsiMast IpeAcTaBisieT co0ON OKPYKHOCTh, U MbI HE pa3J/IvaeM JUAMeTPaJIbHO IIPOTH-
BOIIOJIO?KHBIE TOYKHY Ha cdepe, TO mapa Touek A u B Ha mpsiMoit ompeiesisieT He OJIUH, a IBa oTpe3Ka. Kcim odun U3 e IMHIIHBIX
BEKTOPOB A u B samennts Ha IIPOTHUBOIIOJIOXKHBIM, TO HX CyMMa Oy/IeT COOTBETCTBOBATDH CEPEMHE APYTOro OTPE3Ka C KOHI[AMH

Au B.

11. Ilyctb fY, Bul — eIMHUIHBIE BEKTOpHI, uaymme B Toukn A, B u C u3 nenrpa cdepsr. Torma mo 3amage 10 BekTOp
B+ C coorsercrByer cepeaute cdepuueckoro orpeska ¢ konnamu B u C. Torzpa o 3anade 1 sexrop [A, B+ C] coorsercrByer




- -

meduane cepuueckoro tpeyroibauka ABC. A Torpa, mo 3amade 5, TOXKIECTBO [ff, B+ 6] + [ﬁ, C+ ff] +[C,A+B]=0
O3Ha4aeT, 94To MeJuaHbl cdepudeckoro rpeyrojibunka ABC nepecekaroTcsi B OJHON TOUYKE.

Teopemy 0 Memmanax cpepuIECKOro TPEyrOJbHUKA MOYXKHO JOKA3aTh TAK¥Ke, PACCMATPUBAs BEKTOD A+ B+C.

Bameuvanue. (A. Madycamos) OkaspBaercs, y T€OpEeMbl 0 MeauaHax chEPUIeCKOro TPEYTOJIbHAKA €CTh BHEITHUE AHAJIOTH
(KaKk y TeopeMbl O GUCCEKTPUCAX TPEYTOJIBHUKA), OTCYTCTBYIOIIME B €BKJIMJOBON reoMeTpuu. A MMEHHO, HA30BeM 6HewHel
meduarnoti ma chepuaeckoro tpeyroiabanka ABC cdepudeckyio mpsaMyio, TPOXOALAILYIO Yepe3 TOYKy A U cepeiuHy Iyru
B(C’, rae Touxa C’ na cdepe muaMeTpaabHO TPOTHBOHOIOXKHA Touke C. Torma, okasnIBaeTcs, ITO d6e SHeuHUE MeOUaHvL M A
U MB, U 00HG HYMPEHHAR (MO ecMb 00bIuHaA) MEOUGHA MC NEPECEKAOMCEA 8 00HOT MmouKe. DTa TEOPEMa €CThb B TOYHOCTH
YTBEPKIEHUE O TIePECeICHUN (06LIqu1x) MeJIHaH, HO JUIsl TPeyTOIbHIKA ABC'.

12. JlokaxkeMm cHadaJjia, 9TO BEKTOPBI A-— B B-CulC-4 COOTBETCTBYIOT CEPEIUHHDIM NEPNEHOUKYAAPAM K CTOPOHAM
cdepuueckoro rpeyrosbanka ABC. JleificTBUTEIBHO, TOCKOJIBKY

— —

(A-B,A+B)=(A,A)—(B,B)=1-1=0,
TO HpsAMagd, COOTBETCTBYIOIAsA BEKTOPY A- g, IIPOXOJIUT Yepe3 cepeauny cdepudeckoro orpeska AB. A mockosbKy

(A—B,[A,B]) = (A, [A, B]) - (B,[4, B]) =
TO 3Ta IpsiMas NEPIEHIUKYIApHA oTpe3ky AB. 3Haunt, BekTop A — B COOTBETCTBYET CepeJUHHOMY MepIeHIUKY/IAPY K
orpe3ky AB.
O6ozuaunm V' = [A, B] + [B,C] + [C, A], n nycts V — Touka Ha cdepe, KOTOpas COOTBETCTBYET STOMY BeKTOpy. IIpoBepum,
9TO TOUKa V JIEKUT Ha BCEX TPEX MOCTPOCHHBIX CEPEIUHHBIX TEePIeHIUKYIspax. JlefCTBUTENBHO, TOCKOIBKY

(‘7714‘_5) = ([B‘,C—"],g) - ([67A‘]7B‘) =0,

TO Touka V JIEXKUT Ha cepeIfHHOM IIPSIMOi, COOTBETCTBYIOMeH BeKTOPY A — B. AHAIOTHYHO JOKA3BIBAETCH, ITO V JIEKHT Ha
JIBYX JIDYTUX CEPEJMHHBIX MepHeHauKyaapax. rak, V — meHTp onmcanHoil okpyKHOCTH Tpeyronbauka ABC.

3ameuanue. To, 4TO TPU CePeIMHHBIX NEPIEHMKYIAPA K CTOPOHAM TPEyTroJbHUKA EPECeKalOTCs B OJHOM TOUKe, Cieyer
Taxxe 3 Toxaectsa (A — B) + (B — C) + (C — A) = 0 u sanaum 5.

13. Jdaxum BHAUaJE (B4 €CTECTBEHHBIX OIPEIEJIeHMs, HEOOXOMUMBIX, ITOOBI chOPMYIMPOBATH OTBET K 9TOH 3axade (mpu-
BezZieHHbIH BbIme). HazoBeM yesom Mexky nByMsi CDEPUUECKUME IPSIMBIMU YIOJI MEXKJYy KACATEJbHBIMA K HUM B UX TOUYKE
nepecedeHus. (DTO TO Ke caMoe, ITO yTOJ MEXKIy IJIOCKOCTSIME, B KOTOPBIX Jie?KaT JaHHble ccepuaeckue npsimbie). HazoBem
daunotli ceprieckoro orpeska AB jyuHy 1yru GobIoi OKPYKHOCTH, IPoXO/sIell yepes Toukn A u B.

Pemenue sroit 3asiam cpasy nosyuaercs u3 popnys (a,b) = |a| - |b] - cosy u |[a,b]| = |a| - |b] - sin~y, rae v — yrom mexay
BEKTOPAMU aub.

14. ITycTh BEKTOPDI fY, Bul pasubl o Moaysto 1. Torma uz 3agaqu 13 nosrygyaem, 9To |([Aﬂ7 E], 6)| =sin ABsin hc, toe he -
JIJIMHA BBICOTHI Tpeyronbhuuka A BC, nposenennoii u3 seprunbt C. ToxmecTBo (E, [E , 6]) = (E , [6 , }T]) = (6, [E, E]) O3HAYAET,
gytro sin ABsinhc = sin BCsinhay = sinCAsinhp (1) 3anuceiBasi aHAJOTUYHOE TOXKIAECTBO sl €IUMHUYIHBIX BEKTOPOB,
COOTBETCTBYIOIIUX TIPSIMBIM, COJEPKAIIMM CTOPOHBI Tpeyrojbunka A BC, noyuum pasenctso sin /C'sin he = sin /Asinhg =
sin /Bsinhp (2). llogenus pasenctso (1) Ha paBeHCTBO (2), MOMYINM CHEPUIECKYIO MEOPEMY CUHYCOB:

sinAB _ sinBC _ sinCA
sin/C ~ sin/A  sin/ZB’

3amenanue. CMemanHoe TIPOU3BEIEHAE TPEX BEKTOPOB MMEET PO3PATHBIN FeOMETPUIECKA CMBICT — OOBEM TTapaJlyIeIIeTuIIe-
Ja, IOCTPOEHHOIO Ha 9TUX TPeX BEKTOPax, o 3HaKOM. HaM He U3BECTHO CTOJIb K€ eCTECTBEHHOH MHTEPIIPETAIN STOIO YHC/IA
B TepMHUHax cPepUIECKONl TEOMETPHHU.

15. Ilepsoe pewenue. To, 910 cmMoporv, cHEPUIECKOrO TPEYTOIBHUKA OFHOZHATHO ONPEIENSAIOT €r0 YTUIBI, JOKA3bIBACTCS
Tak ke, Kak B reomerpuu EBkimia. Temepb ocTaercs pacCMOTPETh TPEYTOJIbHHK, 'JBOICTBEHHBIH naHHOMY (TO ecTh Ta-
KO TPEYTrOJIbHUK, YTO UAYIINE B €r0 BEPIIUHBI BEKTOPHI IMEPIIECHAUKYIAPHBI IIJIOCKOCTAM, COACPZKAIIUM CTOPOHBI UCXOIHOT'O
TPEYTOIbHUKA. )

Bmopoe pewienue. AHATOTIMHO PEMICHIIO 3a1a4i 6 MOXKHO gokasars roxaectso ([d@,d, [b,e]) = (@, b)(E, &) — (&,&)(b, é). Hpu-
MeHsIsl pe3yJIbTaThl 3aa41 13, mony4aeM orciona GopMyity (meopema KoCuHyca 0af chHepuneckoeo mpeyzoivHuKa,)

sin ZAsin /B cos AB = cos LC — cos LAcos LB.

Orcrosia y»Ke HEelloCPEICTBEHHO CJIEJYeT, YTO yIUIbl c(hepUIeCcKOro TPEyroJbHIKA OJIHO3HAYHO OIIPEJIEIISIOT €r0 CTOPOHDIL.
Bamevanue*. TlorydeHHbIe BBIME TEOPEMBI C(DEPUIECKON TE€OMETPUH COXPAHSIOT CHUJIy TaKKe JJis TeoMeTpuu Jlo6adeBcKoro,
TTOCKOJIBKY OHA IEPEXOIUT B CPEPUIECKYIO IPU YMHOKEHUN BCEX KOOPAMHAT HA MHUMYTO equHuIty ¢. [lpu sToM citoBa 'mpsimbie
IIePECEeKAIOTC B OJHON TOYKe' HY>KHO 3aMEHUTh Ha 'TPsIMble NMPUHAJIEXKAT OJHOMY Iydky’, a 'cos AB’ BO Bcex dopMmysiax
— ua 'ch AB’. Eciu npeactaBuTh ILIOCKOCTh JI06a4eBCKOro Kak eIuHuYIHYyI0 cepy B ICEBIOEBKJIUIOBOM MPOCTPAHCTBE, TO
bOPMAIBHO TPOXOISIT TPEABIIYIIIE PACCYKICHUS ¢ BEKTOPHBIM IIPOU3BEICHUEM [E, E] = *(/Y A E) [1].

19. Herpyauo yb6eauThesi, 9TO HAIIPABJIEHUsT 000UX BEKTOPOB U U ¥ HE 3aBUCAT OT BhIOOpa ToueK A u B: BeKTOp u mapaJuiesien
Haleil npsMoii, a BEKTOP v MEPIEHIUKY/IsIPEH IIJIOCKOCTH, TPOXOIAIIell yepe3 Halry npsaMmyio u Touky O. Ilpu sTom Momynb
BeKTOpa U paBeH A B, a MOIy/Ib BEKTOPa ¥ PABEH YIABOEHHOI miommaau tpeyroiabanka ABO, To ectb AB-h, rie h — paccrosinue
ot Touku O 110 Hameil npsmoii. [Tosromy npu uaMenenuu Touek A u B BEKTOPBI 4 ¥ ¥ yMHOXKAIOTCSA HA OIHO M TO YK€ IUCJIO.



20. JleitcTBuTesIbHO, Hallla IpsAMas 00sg3aHa JIeXKaTh B MJIOCKOCTH, Impoxonsieit depes O U HepHeHIUKYISPHOI BEKTOPY v.
Hama npsimast Takke J0J2KHA ObITH lapaJijleJbHa BEKTOPY U, & PACCTOsIHUE OT Hee 10 Touku O JOJKHO paBHATHCA |v|/|ul.
IIpu sTOM BEKTOp [u,v] yKa3bIBaeT, B KaKOH 'CTOpOHE' OTHOCHTENBHO TOUKM O pacHosIOKeHa JaHHas TpsaMas. TeM caMbIM
HaIlla, IpsMasl OIpeessgeTcs Tapoii BEKTOPOB U U U OTHOZHATHO.
21. IocTpoenue TpebyeMoil MpsIMOIi 110 BeKTopaM 4 U U (paKTUYeCKU IPUBEJeHO B PeIlIeHUH IPeIbIIyIeil 3a1a4M.
22. (3Ta ofHA U3 CAMBIX TPYIHBIX 3aJa4 U3 JAHHOTO crmcka) Onpemenum ckaasproe npoussederue GUBEKTOpoB a = (u,v) u
b= (u',v") dbopmymoit R

(d, b) = ((u7 U); (u7 U,) + (u,’ ’U))
CkaJisipHOe IIpOM3BEJIeHNe JIBYX OGUBEKTOPOB — 3TO napa 4ucen. HerpynHo nposeputs, uro (d,[a, 13]) = (i), la, 13]) = (0;0).
IlosTomy Hamma 3aada cpa3y ClelyeT U3 TAKOH JIeMMBI:

Jlemma. Ecin (G,b) = (0;0), To upsimble a 1 b IepeceKaroTCs, 1 yroJl MeXK/1y HUMU — IPIMOiL.

Joxasameavcmeo aemmul. To, 910 IpsiMbIe @ U b TIEPIEHIUKYJIAPHBL, CJI€yeT Cpa3y U3 TOTO, 9TO 0GpallaeTcs B HyJIb IepBas
KOMIIOHEHTa, CKAJISIPHOTO IIPOU3BEIeHNs GUBEKTOPoB d 1 b: (u,u’) = 0. Ocraercs mokaszarh, 4o ecin (d, b) = (0;0), T0 npsiMbIe
a u b mepecekaroTcs.

Paccmorpum BHauase cirydait, korga v L v mwu’ L v’

IIpoBepuM, 9TO CKaJIIPHOE TIPOU3BEIeHNe OUBEKTOPOB He 3aBUCHT OT BbIGopa Touku O. [Ipemoioxum, 9To B caMOM Hadare
MBI ukcnposam apyryio touxy O:. Ilyers a; = (ui,v1), by = (u},u}) — GHBEKTODHI, KOTOPBIE MBI HOCTPOM/IA O IPSMBIM
a u b, cunras purcupoBaHHOH TouKoil Touky Oi. Torma HemoCpenCTBEHHO IIPOBEPSIETCsl, UTO U1 = U, V1 = U + [u, O—Of] u
up =u, vy =0 + [, O—Oﬂ ITosTomy

(&17 l;l) = ((u7 ul); (u7 U/ + [’U‘lv O—Ol)]) + (U + [u7 0—01)17 ul)) = ((u7 u/); (u7 UI) + (’U, ul)) = (&7 ZA)),

Tak Kak (u, [u', O—Of]) + ([u, O—Oﬂ7 u’) = 0. Urax, meiicTBUTENbHO, CKAIPHOE TPON3Be/IeHre GIBEKTOPOB HE 3aBICHT OT BHIGOPA
toukn O.

IlosToMy MOXKHO Ge3 orpaHmveHusi OOIIHOCTU CYUTATh, 9T0 Touka O JexuT Ha npsamoii a. Torma v = 0. [losTomy ycioBue
(a, l;) = (0; 0) osHawaeT, 9TO BEKTOD U MEPIeHINKYIsaper BekTopy v'. Ecim v’ = 0, To Bce mokazamno, Tak kax Torma O — obmast
Touxa npsaMeix a u b. Ecim v # 0, To Torma obe npsiMble J1eXaT B IJIOCKOCTH, TIPOXo/AIieit uepe3 Touky O MeprIeHIuKyISIpHO
BeKkTOpy v', a ciefoBaTenbHO — nepecekaiorcest. Tem cambiM caydait w L v u v’ L v' nosmHocTbio pazobpa.

PaccmoTpum Temeph cirywait, Korma He obszarensro u L v w u’' L v, (DTOT caywait ocobeHHO BaskeH I JaSbHEHIIEro,
IIOCKOJIBKY JIa7Ke €CJIi GUBEKTODBI & 1 b 06/Ia[a/11 yKA3AHHBIM CBOMCTBOM, s GUBEKTOPA, [d, b] OHO MOYKET He BBIIOIHSTHCS. )
B arom cayuae, o onpejesnenuto, GuBeKTOp @ = (U, V) COOTBETCTBYET TOH Ke IpsAMOii, uro u 6usekTop (u, prv). ObozHaunM
HocIeIHAN GUBEKTOD ¥epe3 @ | . 3aMEeTHM, 9TO Pru = ¥ + qu JJIs HEKOTOPOTO IHCIa . AHAJIOTHYHO ONpeIesnM GHBeKTOp b |
u ancio (. Torma, ecu (a,b) = (0;0), o (ar,b.) = ((w,u'); (u,v") + Blu, u’) + (v,u') + a(u, u')) = (a,b) = (0;0), mocKOMBKY
(u,u") = 0. Tem cambIiM BTOpOIi ciiyuail B HaIell JJeMMe CBOJUTCS K TIEpBOMY, U JIeMMa, JTOKa3aHa.

3ameuarue*. Onpenenenne IPOU3BeIeHUs OGUBEKTOPOB MPOUCXOMUT U3 (DOPMYJIBL JJIsi KOMMYyTaTopa B ajarebpe JIu rpymmst
JIBUZKEHUH TPeXMepHOro npocrpancTsa. OMHOM U3 reOMEeTPUIECKUX UHTEPIIPETALUI HAIINX GUBEKTOPOB SABJIAIOTCS CKOAb3AULUE
sexmopoi [3].

23. Bamerny, uro (a+b, [a,b]) = (a, [a, b)) + (b, [a, b]) = 0. [osToMy 10 EMMe U3 pemrenns 3a1adu 22 IPAMAS, COOTBETCTBYIO-
mast BEKTOPY @ 4 b, IIepecekaeT IpsiMyIo, COOTBETCTBYIOILYIO BEKTODY |@, b]. A 10 3amade 22 mocie/Hss IpsiMast — 9T0 oGIuii
HEePIEHIUKYJISAD K NPSAMBIM @ U b.

24. Toxxpectso sIkobu [71s TPOU3BEIeHNs GUBEKTOPOB MOJIyYaeTCsl HEIIOCPEICTBEHHO U3 TOXKIeCTBa SIKOOH st TPOU3BeIeHus
BEKTOPOB.

25. [IpuMeHsisi HECKOIBKO Pa3 3aady 22, [MoIydaeM, 9to GuBeKTopsI [d, [b, é]], b, [¢,a]] u [, [b, 4]] coorercrByIOT UIPsMBIM 0,
b u ¢ (B Taxom nopsake). Us Toxaectsa dkobu crenyer, aro [é, [b, a]] = [a, [b, &]] + [b, [¢, a]]. Torma no samaue 23 upsmas ¢’
nepeceKkaeT obmuil TlepneHuKynap K npambiM @’ u b’ KoTopsrit Mbl 0603HauMM depes h. Ilo 3amaue 9 yron mexmy ¢’ u h —
npsamoit. I[Tosromy h — obmmit neprenaukyasap kK a”’, b’ u ¢/, n Teopema 0 BbICOTaX 'TPEXCTOPOHHUKA' ITOKA3aHA.

27. B pemrennu JaHHON 3a1a9M MBI Oy/IeM ONUPATHCS HA HEKOTOPBIE (DAKTHI, JOKA3aHHBIE B MOCTEIYIONNX 3aJa9aX.
Tpebyemoe yTBEepKJEHUE JOCTATOUHO JOKA3aTh IS OKPYKHOCTel Ha cdepe (Tak Kak IJIOCKOCTb MOXKHO OTOGDA3UThH Ha

cdepy ¢ nmoMorpio crepeorpadudeckoil npoekyn). BygemM 0603HaMaTh BEKTOP, COOTBETCTBYIOMINI TAHHOM OKPYZKHOCTH, TOMH
dy 7

»ke OYKBOIt, UTO W caMy OKPY?KHOCTb, CO 3HAUKOM BekTopa. Torma mo sagade 34 & a— mb, aHAJIOTUIHBIE

dp
dp—da
dopmysl MoxkHO HanucaTh a4 @ u b'. Torma
dc—dp_,  da—dcs  dp—da

b =0.
dodp @+t dadc + dpda ¢

[Ipumensisi temMy u3 permtenus 3amadu 34, MOTyIaeM, 9TO TPU OKPYKHOCTH @, b U ¢ IPOXOAAT Yepe3 OIHY TOUKY.
Bamevanue*. B 3aBmcmmocTr OT TOro, 06pa3yloT JIM OKPY>KHOCTHU 'BBINMYKJIBIA WA 'BOTHYTHIH TPEyTOTBHUK, 3Ta TEOpeMa
03HA4YAET TEOPEMY O OMCCeKTprcax B chHepHUIeCcKOil reoMeTpuu Ul reomerpun JIo6aueBCKOro COOTBETCTBEHHO.

28*. (Pemenme A. Madycanosa) Ilpusenem ntan perenus TaHHOR 3a1a4H1, OITyCKasd TEXHUIECKHE JIETaIu. Pemmenne 0CHOBAHO
Ha CJICAYIOIIEl 3JIeraHTHOI TeopeMe:

TeopeMa 0 BBICOTaX KPUBOJMHEHHOrO TpeyToJbHUKA. Ilycth A, B u C' — Tpoiika IOIapHO MepeceKalonmXcs OKpPY K-
HocTeil Ha mIocKocT. Uepes Be TOYKH IepecedeHms oKpyskHocreil A u B mposemeM okpyzknocTh C’| MepIeHIuKyISpHYIO
okpyxuocta C. Amajormano onpegenuM okpyxuoctu A’ m B’. Torma tpu okpyxuoctu A, B’ n C' npuHamae:kar omHOMY
nyuKy. (B 9acTHOCTH, ec/im JiBe W3 HUX MEPECceKaloTCsl, TO BCe TP OKPY KHOCTH MTPOXOJIAT Uepe3 OfIHy TOUKY.)



MozKHO TPOBEPUTH, UTO YTBEPKIAEHNE 3a0a49n 28 — 9TO B TOYHOCTU TEOPEMa O BBICOTAX JJIsi KPUBOJUHEIHOTO TPEYTOJTHHUKA
a'b'c.

Jloxasameavcmeo meopemoi. Ilycts D — pammkajabHBIN HEHTP Tpex okpyzkHocTeit A, B u C. Obo3HaunM depe3 d CTeleHb
TouKM [D OTHOCHTEIBHO JAHHBIX OKpY:KHOCTel. Paccmorpum cdepy pammyca \/m /2, Kacalonyiocs IJIOCKOCTH B TO4IKe D.
IIpoussenem crepeorpaduiecKyo MPOEKIIUIO IOCKOCTH Ha JTaHHYIO cdepy. BO3MOKHBI TpH cirydas:

Cayuait d < 0. Torga MoKHO poBepuUTh, 4TO OKpy2kHOCcTU A, B 1 C nepeiiayT B Tpu 6OJbINNE OKPY>KHOCTH Ha Haleil cdepe.
B sToM cirywae mama Teopema CIeyeT U3 TEOPEMBI O BLICOTaxX chEepPHIECKOTO TPEYTOMbHUKA (3amada 8).

Cayaait d = 0. Coemaem naBepCcuio oTHOCHTETBHO Touku D. Torma Harma Teopema mepeifieT B TEOpEMY O BBICOTAX €BKIUIOBA
TPEYTrOJIbHUKA.

Cayuait d > 0. B aroMm ciiygae MOXHO TPOBEPUTH, 4TO OKpyxKuHOCTU A, B u C nepeiiayr B Tpu okpyzkHOCTH Ha cdepe ¢
IIEHTpaMu Ha OMHOU cdepmaeckoil mpsmoit. O603HAYNM 3Ty CchEepUUIecKyto TpsMyto depe3 p. PaccMoTpum cedenme cdepbl
IJIOCKOCTBIO, cojiepxKaieil p. CresiaeM OpTOroOHAJIBHYIO POEKIMIO Hallel cdepbl Ha 9Ty IJIOCKOCTh. Toriaa Tpu MOCTPOEHHBIX
OKPY?KHOCTHU Ha cdepe mepeiiayT B Tpu XOpAbl okpykHOCTH p. O603HaUnM 31r xopasl yepe3 KL, MN u PQ. Okpy>KHOCTb
C' TIpu KOMIIO3HIAHN HaIIeH cTepeorpadpITecKolt TPOEKITH I OPTOTOHAILHOMN IPOEKINH IIEPEXOIUT B HeKOTopyIo xopay P'Q’.
MoxkHO TIpOBEPUTH, 4TO TpsiMas XY JIO/KHA MPOXOAUThH Yepe3 TOUKy nepecedeHus: npsaMbix KL u M N, a TakxXKe TOUKY
HepecedeHnsl KacaTeJbHBIX K OKPY’KHOCTH p B Toukax P u Q. Amanormuno crpostes xopasl K'L' u M’'N’. Ham my»xmHo
mokasaTh, uto npamele K'L', M'N' u P'Q’ mepecexaioTcss B omHOM Touke. DTO yTBEP:KICHHE MOXKHO JOKA3aTh, HAIIPHMED,
npuMeHsist TeopeMy Uesbl B Tpuronomerpuieckoii popme. (Ha camoM zeste nostydeHHOe yTBEPXKIEHUE €CTh TEOPEMa O BHICOTAX
TpeyroibHuKa B reomerpun Jlobagesckoro, chopMymupoBannas B Mmojenn Kieiina.)

29. Ilycte A1, B1 u C1 — ’uenmpo,’ OKpy>KHOCTEM, COOTBETCTBYIOIINX BEKTOPAM }T, BudC (To ecTb Takme Toukm Ha cdepe,
9TO KACATEINbHAS IIOCKOCTD B KazK/I0ff TO'Ke NapaJljlesbHa IIOCKOCTH COOTBETCTBYIOMefH okpyzkHocTH). Torga BeKTOPEI OA, ,
OB; OC, mapaJiieIbHbBI BEKTOPaM A Bud. Paccymaaﬁ AHAJIOTMYIHO PEIIeHno 3a7a49u 4, morydaeM, ato toukn Ay, Bi, Cq
u O jiexaT B OJJHOH ILIOCKOCTH, TO €CTh, YTO 'eHTpbl’ OKpyxKuOocTei A, B u C yexkar Ha ofHON chepudecKoil mpsMoii.

30. IIycrs A1 — Takasi Touka, 4TO OA, = A. Obosnatmym uepes d4 JJIMHY KacaTeJbHOI, IPOBeIeHHON n3 Toukn A; K Hameit
cdepe. Boszbmem mpousBosbayio Touky C mHa okpyxkuoctu A. ITo teopeme ITudaropa muist tpeyrombuuka OA1C nomydaem
0A2 = 0C? + A1C?, 10 ecTb (/Y, ff) =1+ d?%, uro u Tpe6OBAIOCE.

31. Pemmenne nannoii 3aa4u moaydaeTcs U3 ciaeayomieii 6osee obuieil popMysIbl s yIiIa Y MEeXKLy OKpy»KHocTaMmu A u B:

(A,B) —

COS =
v dads

Jokaxkem Ty (bopMyny HyCTb C' — omHa u3 TOYEK TepecedeHus: okpyzkuocTeit A m B. O6oznadnm ¢ = OC. 3amernm,
YTO BEKTOPbI [A C] [B C] rapaJijiesIbHbl KaCaATeJIbHBIM K OKPYXKHOCTSIM A u B COOTBETCTBEHHO, IIPOBeJeHHbIM B Touke C.
ITosromy

A, Cl,[B,C
oo = (ALCLIB.C)
[, Cll - 1B, C|
IIpuBeIEeM IPaByIo YACTD JAHHOTO PABEHCTBA K Hy KHOMY BUAy. Jlerko y6emurncs, aro |[A, C| = |A|-|C|-sin £(A,C) = da.

IlosTomy 3HaMeHaTe b JAHHOTO BhIpaxkeHusi umeeT Bu dadp. Temepb mpeobpa3yeM YHCIUTEND, MOIb3YICh TOXKIECCTBOM U3
BTOPOTO pelieHus 3a1a49u 15:

TloncraBisis B Hallle PABEHCTBO BBIPAXKEHUsI JIJIsl YUCJIUTENS U 3HAMEHATEJIs, oJIyduM TpebyeMyio (hopMyJry.
[4,B]+[B,C]+[C. 4]
(A,B,C)

W HE CYMIECTBOBATDL, B 9TOM CJIy9ae NAHHBIA BEKTOP HE MMEET T€OMETPUIECKON MHTEPIPETAIAN ). 3AMETHM, ITO

32. IIpenmnosioxuM, 9T0 BeKTOp P = COOTBETCTBYET HEKOTOPO# OKPYKHOCTH P (Takoif OKpy?>KHOCTH MOXKET

- =

[B,C]) +0
50

= =1
(A, B
Suauut, 1m0 3amade 31, OKPyKHOCTb P neprnenaukyaspHa OKpy>KHOCTH A. AHAJOrMYHO, OKPYXKHOCTL P NepHeH uKyIsapHa
okpyxuocTaM B u C. Uabmmu cnoBamu, P — obwuti nepnenduxysap K TpeM okpyxuoctsm A, B u C.
Bamevarue*. OKpykHOCTH Ha chepe Gosiee eCTECTBEHHO CTABUTh B COOTBETCTBUE HE BEKTOD, a Mapy (ff, h), toe A — eauHMHBI
BEKTOD, NEPIEHIUKYIAPHBINA IJIOCKOCTH OKPYXKHOCTH, a h — paccrosiuue oT 3Toil miockoctu 10 Touku O. VubivMu cioBamu,
KaxKJI0# OKPY?KHOCTH CTABUTCS B COOTBETCTBUE HEKOTOPBIN KBATEPHUOH. ByieM 0603HAYATEL €ro TOM Ke GyKBOIi, YTO U camy
OKPY2KHOCTb. ByJieM cuuTarb, 4TO BCe KBATEPHUOHBI, IIOJIYYAIONIHECs U3 JAHHOIO YMHOXKEHUEM Ha JEeHCTBUTELHOE YUCIIO,
COOTBETCTBYIOT OJHOH U TOH ke OKpyKHOCTU. Torna, Hanpumep, KBarepunod AB — BA coOTBETCTBYeT MPSMOI, MPOXOAAIIEH
4gepes 1eHTphl okpyKuocTeit A u B, a kBarepunon ABC — ACB+ BCA — BAC + CAB — C BA cooTBETCTBYET OKPYKHOCTH,
MepIIeH UK YJIAPHON TpeM oKpyKHocTsM A, B u C. A Bor KomMmyTaTop yerBepku KBarepuuonos ABCD — ABDC + ... Bcerna
PaBeH HYJIIO, U 3TO TOXKJECTBO MO3BOJISAET MOJIYyUYNTh, HAIIPUMED, TAKYI0 T€OMETPUIECKYIO TEOPEMY:

VYreepxxaenne. Ilyctb D — meHTp onucanHol okpyskuoctu Tpeyroabiuka ABC, a A', B’ u C' — HeHTpbl OMUCAHHBIX
okpyxxHocTeit Tpeyronpaukos BCD, CAD u ABD coorsercrsenno. Torma mpamsie AA', BB’ u CC’ nepecexkarorcs B omHOiT
TOYKe.



33. Ilycrs A-B+C-D=o. Paccmorpum BexTOp P= W. IIpenmosoxum, 9T0 OH COOTBETCTBYET HEKOTOPOI

okpyzxuoctu P. Torna o 3agade 32 P — obuuit nepunenaukynasap Kk A, B u C. 3ameruMm, 9T0
(P,D)=(P,A-B+C)=1-1+1=1,

TO ecThb 1O 3ama4de 31 OKpyKHOCTb P neprnenaukyisipaa okpyuoctu D. Nuabimu cioBamu, derwbipe okpyzkuoctu A, B, C' u
D umeroT oOmuit mepUeHIUKYIsIP.
34. /lokaxkeM BHaYaJIe OJTHO BCIOMOTATEJIFHOE YTBEPKIEHUE:

JIemmMma. Ecin nalinyTcsa HeHyJeBble YuCia &, Y U 2, Takue 4T0 £ +y + 2 =01 zA+ yé +2C = 0, To okpyxuoctu A, B u
C 1poxomdAT yepes OJHYy TOYKY.

/okaszameavcmeo. YcaoBue IaHHON JIEMMbI O3HAYAET, YTO KOHIIBI BEKTOPOB ff, B u € nexar na oxHoil npsimoit. I[Iposenem
IUTOCKOCTh 7 depe3 3Ty mpsmyto u Touky O. IlycTh w — OKpyKHOCTB, MOJYyYAIOIIAsICS B CEYEeHUU CPEPhI TIOCKOCTHIO 7.
IIycre H — mouitoc Hameil mpsiMoil B IJIOCKOCTH 7T OTHOCHUTEJIBHO OKpyzkHOcTH <. IIpoBenem uepes touky H mnpsimyio h,
MEPIEHUKYJISIPHYIO TJI0CKOCTH 7. Torga MOXKHO HpPOBEpUTh, YTO BCe Tpu OKpyzkHocTH A, B m C npoxomdr depe3 TOUYKY
nepecevdeHust chepbl U TPSIMOiL h.

Ilepeitmem x perennro Hareit 3amgaan. Paccmorpum okpy?KHOCTB C, COOTBETCTBYIOILYIO BEKTODY C = dBdedAAﬂ - ﬁé'
Torna mo mameit jemMMe okpyzkHOCTH C' MPOXOAUT Yepe3 obe TOUKM mepecedeHus okpyxkuocreir A u B. O6o3naduM yriibl
Mex 1y napamu okpyxkuocreit B u C, C u A, A u B uepe3 «, [ u v coorBercrBenHo. Torna o (opmysie u3 peneHust 3a1a4u
31 numeem 4 N 4 Lo
cosf = (A,C)—1 _ 5o (A A) — 22 (A, B) -1 _ dadp(1l — cosv)
dadc dadc de(dp —da)
BanuceiBasi aHAJOIUYIHOE BBIPAXKEHUE IJIsl COS (v, TIOJIydaeM, 9To cos & = cos 3. Mupivu ciaoBamu, C' — OKpPYKHOCTD, IIPOXOJIsi-
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Theorem on altitudes and the Jacobi identity

S. Dorichenko and M. Skopenkov

The purpose of this problem set is to introduce a nice idea due to academician V. I. Arnold on a relationship
between the theorem on altitudes of a triangle and the Jacobi identity [1].

First let us give an interesting application of the idea — a generalization of the theorem on altitudes to the case
of the three-dimensional space:

Theorem on altitudes of a ’triside’ . Let a, b and ¢ be pairwise non-parallel lines in 3-dimensional space. Let
a', b and ¢’ be the three common perpendiculars to the pairs of lines b and ¢, ¢ and a, a and b. Finally, let a”, b”
and ¢” be the three common perpendiculars to the pairs of lines a and o', b and ¥/, ¢ and ¢’ (it is given that the
pairs are pairwise non-parallel). Then the lines a”, b and ¢’ have a common perpendicular (that is, there is a line
crossing all of them and perpendicular to all of them).

0. Check that if the lines a, b and ¢ belong to one plane then this theorem becomes to the theorem on altitudes of
a triangle.

We start with an introduction to spherical geometry, in which the Arnold idea reveals most clearly.

Subject One. Spherical geometry and vector product.

Consider a unit sphere in three-dimensional space. By a big circle (spherical line) we mean a section of the sphere
by a plane containing the center of the sphere. We identify the antipodes of the sphere.

To each point of the sphere we assign the vector looking from the center of the sphere to this point. By definition
let us assume that all the vectors obtained from the given one by multiplication by a number (positive or negative)
correspond to the same point.

To each spherical line we assign an arbitrary vector perpendicular to the plane containing the given line. Let us
assume that all the vectors obtained from this one by multiplication by a number (positive or negative) correspond
to the same line.

In what follows by a point we mean a point on the sphere, and by a line, a spherical line. The definitions of
other natural objects of spherical geometry such as segment, triangle, perpendicular etc. are left as an exercise. The
problems where we ask to find a geometrical sense of an object or an identity we do not suppose a unique answer,
there can be a number of such interpretations.

We denote points by uppercase letters and lines by lowercase ones. We denote the vector corresponding to a
point (line) by the same letter as the point (line) itself with the vector symbol.

If A and B are two vectors then by [ff, E] denote their vector product. Recall that the vector product of two
vectors A and B is a vector perpendicular to both of the given vectors, with absolute value equal to the area of the
parallelogram spanned by the vectors. The direction of this vector is given by the right hand law. By (A, B) denote
the inner product of the vectors.

—.

1. Let A and B be two points in the sphere. Prove that the vector [/T, B] corresponds to the spherical line passing
through the points A and B. o
2. Let a and b be two spherical lines. Prove that the vector [a,b] corresponds to their intersection point.

- =

3. Let A be a point and let b be a line. Prove that the vector [A,b] (if nonzero) corresponds to the perpendicular
dropped from the point A to the line b.
4. Let A, B and C be three points. What is the geometrical meaning of the condition A+B+C=0?
5. Let a, b and ¢ be three lines. What is the meaning of the condition a + b+ ¢ = 0?
6. Prove the identity [4, [B, C]] = B(4,C) — C(4, B).
7. Prove the Jacobi identity: Lo Lo L
[A’ [Bv C]] + [Bv [C’ A]] + [C’ [A’ B]] =

8. Let A, B and C be the vertices of a spherical triangle. What is the geometrical meaning of the Jacobi identity
for the vectors A, B and C?

IThis statement was suggested as a problem in a selection competition in the Depatment of Mechanics and Mathematics of Moscow
State University for this year’s international student contest



9. Prove that in Theorem on the altitudes of a ’triside’ formulated above the lines a”, b and ¢’ are parallel to one
plane.

10. Let A and B be two points. Let A u B be the unit vectors facing to these points from the center of the sphere.
To which point does the vector A+ B correspond?

11. What is the geometrical meaning of the identity [A, B + C] + [B,C + A] + [C, A+ B] = 07

12. Let A, B and C' be three points in the sphere. Let A, B and C be the unit vectors pointing from the center of
the sphere to A, B and C. To which point does the vector [A, B] + [B,C] + [C, A] correspond?

13. Let a and b be two lines. Let a and b be the corresponding vectors such that |a| = [b] = 1. What is the geometrical
sense of the inner product (a,b) and the absolute value of the vector product |[a,b]|? Answer the similar question
also for two points A and B; for a point A and a line b.

14. What is the geometric sense of the mixed product ([4, B],C) and the identity (A, [B,C]) = (B,[A4,C)) =
(C,[4,B))?

15. Prove that in spherical geometry there are no distinct similar triangles — the angles of a triangle uniquely define
the sides of the triangle.

16. Try to find the geometrical meaning of more algebraic objects and identities. Obtain the proofs of the corresponding
theorems of spherical geometry (or, vice versa, the initial algebraic identities, if the corresponding geometrical
theorems are already known).

17*. By a circle we mean a section of the sphere by an arbitrary plane. A point in the sphere and a spherical line
are specific cases of a circle. Investigate how our correspondence between points and lines can be extended to include
arbitrary circles, and thus obtain new theorems of spherical geometry. (We shall discuss this subject more after the
intermediate consideration of the problems.)

Spherical geometry is an example of a non-Euclidean geometry. It is based on the same axioms as the Euclidean
geometry except the axiom on parallel lines. In this geometry many theorems not using the fifth axiom remain true.

18*. Try to prove the theorems of spherical geometry you obtained above (for example, in problems 8 and 11)
directly, in a purely geometrical way, starting from the axioms of geometry except the axiom on parallel lines.

The next subject is devoted to the proof of Theorem on altitudes of a ’triside’.

Subject Two. Lines in space and bivectors.

Fix a point O in the three-dimensional Euclidean space. To each line in space assign an ordered pair of vectors
(u;v) as follows: take two points A and B on the line and put u = AB, v = [OA, OBJ. In the sequel an ordered pair
of vectors is called a bivector.

19. Check that, up to multiplication of both vectors u and v by the same number, the constructed bivector does
not depend on the choice of points A and B on the line.

20. Check that the initial line is uniquely defined by the constructed bivector.

21. Check that in this way one can obtain any bivector (u;wv) such that v # 0 and v L u.

Let us extend our correspondence between the lines and the bivectors to bivectors (u;v) such that v £ u. Denote
by prov the projection of the vector v to the plane perpendicular to the vector u. By definition we assume that the
bivector (u; v) corresponds to the same line as the bivector (u; prv). We shall denote a bivector and the corresponding
line by the same letter, and to distinguish them, we are going to put the symbol ’hat’ (’A’) above the notation of the
bivector.

Let a = (u;v) and b = (v/;v) be two bivectors. Define their sum componentwise: a + b = (u + u'; v + v'). Define
their product by the formula

[&7 B] = ([u’ u/]§ [u’ vl] + ['U, u/])

A sum and a product of two bivectors are again bivectors.

Remark*. This definition comes from the formula for the commutator in Lie algebra of the transformation group of the
3-space. One of the geometrical interpretations of our bivectors are slide vectors [3].

22. Let the lines a and b be non-parallel. Prove that the bivector [EL, 13] corresponds to the common perpendicular to
the lines a and b.

23. Let the lines a and b be non-parallel. Prove that the line corresponding to the bivector a+ b crosses the common
perpendicular to the lines a and b.

24. Prove that the multiplication of bivectors satisfies the Jacobi identity.

25. Prove Theorem on altitudes of a ’triside’.

26. Try to obtain more stereometrical theorems this way.



Theorem on altitudes and the Jacobi identity

A. Zaslavskiy and M. Skopenkov

In this subject we shall show how to use the Arnold idea to obtain theorems not only on points and lines but
also on circles. Let us give one example:

Theorem on bisectors of a curved triangle. Let a, b and ¢ be three pairwise intersecting circles in the plane.
Draw a circle ¢’ passing through both intersection points of the circles a and b such that the angle between ¢’ and
a is equal to the angle between ¢’ and b. (There are two circles satisfying these conditions, choose the one having
common points with the interior of the intersection of the areas bounded by a and b.) Define the circles a’ and b’
analogously. Then the three circles a’, b’ and ¢’ have a common point.

27. Prove the theorem on bisectors of a curved triangle.

28%*. Fix a circle I in the plane. By a common perpendicular to a pair of circles a and b we mean a circle perpendicular
to all the three circles a, b and I. Prove that Theorem on altitudes of a ’triside’ remains true, if one replaces the
word ’'line’ (in space) by ’circle’ (in the plane) everywhere in the statement.

Let us start again with spherical geometry, in which the Arnold idea is revealed most clearly. The problems of
this subject can be solved independently from the others.

Subject Three. Summing of circles.

By a circle we mean the section of the sphere by an arbitrary plane, not necessarily passing trough the center of
the sphere. To each circle assign a vector perpendicular to this plane, looking toward the plane and having length
1/h, where h is the distance between the plane and the center of the sphere.

In what follows uppercase letters always denote circles. The vector corresponding to a circle is denoted by the
same letter as the circle, and, to distinguish them, with the symbol of the vector. For a vector A denote by da the
length of a tangent to our sphere, dropped from the end of the vector A.

29. What is the geometric sense of the condition A + B 4+ C = 07
30. Prove the formula (A4, A) = 1 + d3.

32. To what circle does the vector

correspond?
33. What is the geometric sense of the condition A — B+ C' — D =07
34. To what circle does the vector

1

1

dp - da
A— B
dB —dA dB —dA

correspond?
35. Use these facts and algebraic identities to obtain more geometric theorems!

Appendix. Presentation of circles by points in space.

Take a circle in the plane be given by the equation z2 + y2 + ax + by + ¢ = 0. To this circle we assign the point
in space having the coordinates (a, b, ¢).
36. For which numbers a, b and c¢ there is a circle corresponding to the point (a,b,c)?
37. Consider a circle corresponding to the point P in space. What is the set of all the points corresponding to the
circles orthogonal to our one?
38. What pairs of points correspond to a pair of

a)intersecting;

b)non-intersecting;

c)tangent circles?
39. Prove the following theorem (V. Yu. Protasov).
Take three circles such that the first is inside the second and the second is inside the third. Consider chains of circles
tangent to both the first and the third one and such that one of the intersection points of any two consequent circles
in the chain belong to the second given circle. If this chain is closed for some starting circle, then it is closed for any
choice of starting circle.
40. Take a sphere, a plane tangent to the sphere and four points A, B, C and D in the plane. Let D’ be the
intersection point of three planes passing through the lines AB, BC and C A respectively and tangent to the sphere.
Define the points A’, B’ and C’ analogously. Prove that the points A’, B/, C' and D’ lie in one plane tangent to the
sphere.



Theorem on altitudes and the Jacobi identity

A. Zaslavskiy and M. Skopenkov

Solutions of the problems suggested before the intermediate finish.

1. Denote by O the center of our sphere. Let v be the plane passing through the points O, A and B. Let ¢ be the
spherical line obtained as the intersection of the sphere and ~. Then c is precisely the spherical line passing through
the points A and B.

On the other hand, by our definition, the vectors A = OA and B = OB correspond to the points A and B,
respectively, and the vector [A, B] is orthogonal to both OA and OB. Therefore the vector [A, B] is also orthogonal
to the plane ~. Finally, by our definition of correspondence between vectors and spherical lines, we obtain that the
vector [A, B] corresponds to the spherical line c.

2. Recall that the intersection of two spherical lines is a pair of two diametrically opposite points on the sphere.
Let C be one of the intersection points of the spherical lines a and b. We shall now show that the vector oC is
parallel to the vector [c_i, l_;] Let « be the plane containing the point O and the spherical line a. By definition of the
correspondence between spherical lines and vectors, the vector a is orthogonal to the plane «. The segment OC' lies

=

in the plane a, therefore OC L a. Similarly, OC L b. Therefore the vectors OC and [5, b are collinear, whence the
vector [E,B] corresponds to the point C (recall here that all vectors collinear to oC correspond to the point C).

3. Let ¢ be the line passing through the point A and orthogonal to the line b. We shall say that ¢ is the perpendicular
dropped from A onto b. It suffices to prove that the vector c corresponding to the line ¢ is orthogonal to both the
vector A and the vector b (indeed, in this case the vector ¢ is collinear to the vector [Zl, 5] and we know that collinear
vectors correspond to the same line).

First we show that ¢ 1 A. Consider the plane « passing through the point O and containing the line c. Since the
point A belongs to ¢, the point A also belongs to «y. Therefore cis orthogonal to OA=A4A.

Now we show that ¢ L b. Denote by [ the plane passing through the point O and containing the line b. Since
spherical lines b and c¢ are orthogonal, the planes 3 and ~ are also orthogonal. But then any vector orthogonal to g
must also be orthogonal to any vector orthogonal to -, and our proof is complete.

4. Answer: the points A, B and C' lie on the same line.

Solution. The condition A + B + C' = 0 implies that the vectors fY, B and C are parallel to some plane 7. We may
assume here that the plane 7 passes through the point O and therefore defines a spherical line p. Then the points
A, B, and C lie on the spherical line p.

5. Answer: the three lines a, b and c all pass through the same point.

Solution. The condition a +b+c¢ = 0 implies that the vectors E, b and ¢ are parallel to some plane 7. Take the point
P on our sphere such that OP L . Then the lines a, b and c all pass through P. Indeed, since OP is orthogonal to
m, it is also orthogonal to the vector c_i, which, by Problem 3, implies that the point P lies on the line a. Similarly,
the point P lies on the lines b and c.

6. Consider the identity [A, [B,C]] = B(A,C) — C(A, B). If to the vector A one adds an arbitrary vector collinear
to [é , C_"] then neither the left nor the right part of the identity changes. Therefore it suffices to consider the case
when the vectors /_f, B and C are all parallel to the same plane.

Now observe that neither part of our identity changes if to the vector B one adds a vector collinear to C'. Since A,
B and C are parallel to the same plane, we may assume that either B or C is collinear to A.

For definiteness, assume that B I A. Adding to the vector C' a vector collinear to B we may assume that ¢ LB
But if B || A and B L C, then it is easy to check directly that both parts of our identity are equal to |A] - |B| - C.
Remark. Our identity may also be proven by using linearity of both its parts.

7. The Jacobi identity is obtained by cyclically permuting the variables in the identity of Problem 6 and summing
the resulting identities.
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Solutions.

First let us give a table containing the answers to all the problems:

Algebraic object Geometric sense
A a point A
a a spherical line a
[E, B] the line passing through A and B
la, 5] the intersection point of a and b
[ _‘,l;] the perpendicular dropped from the point A to the line b
A+ B the middle of the segment AB
(@,b) cosine of the angle between a and b
@, 5]| sine of the angle between a and b
(A, B) cosine of the length of the segment AB (i. e. the arc of a big circle between A and B)
A, B]| sine of the length of the segment AB
(A,b) sine of the distance between A and b
[A, b]| cosine of the distance between A and b
A+B+C=0 1) the points A, B and C are collinear

2) the centers of the circles A, B and C are collinear
G+b+é=0 the lines a, b and ¢ have a common point
[A,[B,C)| +[B,[C, A + [C,[A,B]] = 0 the altitudes of a triangle ABC have a common point
[A,B+C)+[B,C+ Al +[C,A+ B] =0 | the medians of a triangle ABC have a common point
(4, B] + [B,C] +[C, 4] the center of the circumscribed circle of the triangle ABC
(ff, _’, _‘) sine of the length of the segment AB - sine of the distance between C and AB
(A,[B,C)) = (B,[C, A]) = (C,[4, B) The sines theorem for the triangle ABC
(ff, B)=1 the circles A and B are orthogonal
(4 B]T%Bécét[c’ ] the circle orthogonal to the circles A, B and C
A-B+C-D=0 there exists a circle orthogonal to the circles A, B, C and D
dBd_BdA A- ﬁé bisector of the circles A and B

8. Let fY, B and C be the vectors corresponding to the vertices of the spherical triangle ABC. By Problem 1 the vector [fY, é]
corresponds to the spherical line passing through the points A and B. Then by Problem 3 the vector [fY, [é, C_"] corresponds
to the perpendicular dropped from the point A to the line BC, that is, it corresponds to the line containing the altitude ha
of the triangle ABC. Analogously the vectors [é, [é, ff] and [C_", [ff, E] correspond to the lines containing two other altitudes
of the triangle ABC'. So by Problem 5 the Jacobi identity means that the three constructed lines have a common point, i. e.
we get the theorem on altitudes of a spherical triangle.

9. Denote by @ the direction vector of the line a, that is, a vector parallel to the line a. Analogously, let b and & be the direction
vectors of the lines b and ¢. Then obviously the vector [g, @) is parallel to the common perpendicular to the lines b and ¢, that
is, to the line a’. Thus the vector [a, [l:, c)] is parallel to the common perpendicular to the lines a and o', that is, to the line
a”. Analogously, the vectors [b, [¢,d@]] and [, [d@, b]] are parallel to the lines b and ¢’ respectively. By the Jacobi identity the
last three vectors are parallel to one plane. Thus the three lines a”, b” u ¢’ are parallel to one plane.

10. By symmetry the vector A+ B corresponds to the middle of the arc of the big circle passing through the points A and
B. Tt is natural to say that this point is the middle of the spherical segment with ends A and B.

Remark. In fact a pair of points A and B on the sphere determines two distinct segments. If one of the two vectors A and B
is replaced by the opposite vector, then their sum corresponds to the middle of the other segment with ends A and B.

11. Let A', B and C be unit vectors pointing to A, B and C' respectively from the center of the sphere. Then by Problem 10
the vector B + C corresponds to the middle of the segment BC. Tkler_l‘ by dProblgmﬂl th_g vectﬂorl/f, B;: + C_"] corresponds to
the median of the triangle ABC. Then by Problem 5 the identity [A, B + C] + [B,C' + A] + [C, A + B] = 0 means that the
medians of the triangle ABC have a common point.

The theorem on medians can also be proved by consideration of the vector A+ B+C.

Remark. (A. Mafusalov) Unlike Euclidean geometry, the theorem on medians of a spherical triangle has an external analog:
two ’external’ medians m 4, mp and the opposite 'internal’ median mc¢ of a triangle have a common point.



12. First let us prove that the vectors A- E, B-Cand C—- A4 correspond to the middle perpendiculars to the sides of a
spherical triangle ABC'. Indeed, since

— —

(A-B,A+B)=(A,A) —(B,B)=1-1=0,

it follows that the line corresponding to A-B passes through the middle of AB. And since

(A - Bv [Av B]) = (A7 [Av BD - (Bv [A7B]) = 07
it follows that this line is orthogonal to the segment AB. Thus the vector A-B corresponds to the middle perpendicular to
the segment AB. Lo Lo
Denote by V = [A, B] + [B, C] + [C, A]. Let V be the point on the sphere corresponding to this vector. Let us check that the
point V belongs to all the three constructed middle perpendiculars. Indeed, since

(‘7714‘_33) = ([B‘vé]:g) - ([CH?A‘LB‘) =0,

it follows that V belongs to the line corresponding to the vector A - B. Analogously, V' belongs to two other middle
perpendiculars.

Remark. The identity (A — B) 4+ (B — C) + (C — A) = 0 and Problem 5 also imply that the three middle perpendiculars to
the sides of a triangle have a common point.

13. The solution follows directly from the formulas (a,b) = |a| - |b] - cos~y and |[Z£, 3]| = |a| - |b] - siny, where ~ is the angle
between the vectors a and b.

14. Assume that the lengths of the vectors A, B and C are equal to 1. Then by Problem 13 we obtain |([4, B],C)| =
sin ABsin heo, where he is the length of the altitude of the triangle ABC' passing through the vertex C. The identity
(/Y, [E,é]) = (E, [5, ff]) = (6, [E, E]) means that sin ABsin he = sin BC'sinha = sinCAsinhp (1). Writing an analogous
identity for the unit vectors corresponding to the lines containing the sides of the triangle ABC, we get sin Z/C'sinhc =
sin /Asinha = sin /Bsin hp (2). Dividing (1) by (2), we get spherical sine theorem:

sin AB _ sinBC _ sinCA
sin/C ~ sin/A ~ sin/B’

Remark. Mixed product of three vectors has a clear meaning — it is the volume of the parallelepiped spanned by these three
vectors, with a sign. We do not know such a natural interpretation of this number in terms of spherical geometry.

15. First solution. It is proved analogously to the case Euclidean geometry that the sides of a spherical triangle uniquely
define the angles of the triangle. Now it remains to consider the triangle dual to the initial one (that is, a triangle such that
the vectors pointing to its vertices are orthogonal to the planes containing the sides of the initial triangle).

Second solution.Analogously to the solution of Problem 6 one can prove the identity ([d@, ], [b,d) = (@,b)(¢,¢) — (@,&)(b, ).
Applying the results of Problem 13, we obtain the formula (the spherical cosine theorem)

sin ZAsin /B cos AB = cos LC — cos LAcos LB.

This implies directly that the angles of a spherical triangle uniquely determine the sides of the triangle.
Remark*. The obtained results remain true also in the Lobachevskiy (hyperbolic) geometry, because it can be transformed
to spherical by multiplication of all coordinates by i. Then the words ’the lines have a common point’ in all the formulations
above should be replaced by ’the lines belong to one sheaf’. Formally, our above proofs remain valid in this case, if one takes
the unit sphere in the quasi-euclidean space and puts [A, B] := (A A B) [1].
19. It is easy to check that the directions of both vectors u and v do not depend on the choice of points A and B: the vector
u is parallel to our plane, and the vector v is orthogonal to the plane, passing through our line and the point O. The length of
the vector u is equal to AB, and the length of the vector v is equal to two areas of the triangle ABO, that is, to AB - h, where
h is the distance between O and our line. Thus for another choice of the points A and B the vectors u and v are multiplied
by the same number.
20. Indeed, our line should lie in the plane passing through the point O and orthogonal to the vector v. Our line should also
be parallel to the vector v, and the distance between our line and the point O is equal to |v|/|u|. The vector [u,v] points, in
which ’direction’ with respect to the point O our line lies. Thus our line is uniquely defined by the pair of vectors u and wv.
21. The construction of the desired line, starting from the vectors @ and ¥, is in fact given in the solution of the previous
problem.
22. (This is one of the most hard problems of this set) Define the inner product of bivectors @ = (u,v) and b = (u’,v’) by the
formula R

(a,0) = ((u,v); (u, U,) + (u,’ v)).
The inner product of two bivectors is a pair of numbers. It is easy to check that (@, [a,b]) = (b, [@,b]) = (0;0). So our problem
is a direct corollary of the following lemma:

Lemma. If (a, I;) = (0;0), then the lines a and b intersect, and the angle between them is right.

Proof of the lemma. The lines a and b are orthogonal because the first component of the inner product of & and b is zero:
(u,u') = 0. It remains to shows that if (@,b) = (0;0), then the lines a and b intersect.

First consider the case when u | v and v’ L v'.

Let us check that the inner product does not depend on the choice of the point O. Assume that in the beginning we fix
another point O1. Let a1 = (u1,v1), by = (uf,u}) be the bivectors obtained from the lines a and b by our construction, if we



assume that the fixed point is O;1. Then one can check directly that ui = u, v1 = v+ [u,001] u v} = ', vi =" + [u/, OO1].
So
(&17 Bl) = ((u7 ul); (uv v’ + [ulv 001]) + (U + [u7 001]7 ul)) = ((u7 u/); (uv UI) + (’U, ul)) = (&7 8)7

because (u, [u/, O—OI]) + ([u, O—Of], u’) = 0. Thus indeed the inner product of bivectors does not depend on the choice of the
point O.

Therefore we may assume without loss of generality that the point O belongs to the line a. Then v = 0. Thus the condition
(a, l;) = (0;0) means that the vector u is orthogonal to the vector v'. If v' = 0, then we are done, because the point O is a
common point for a and b in this case. If v’ # 0, then both lines lie in the plane passing through the point O orthogonal to
the vector v’, and hence these two lines intersect each other. Thus the case v L v, v’ L v’ has been considered.

Now consider the case when not necessarily v | v and «' L v’. (This case is important for what follows, because even if this
condition is satisfied for the bivectors @ and b, it may not be satisfied for the bivector [a, b].)

In this case, by definition, the bivector & = (u,v) corresponds to the same line as the bivector (u,prv). Denote the last
bivector by a, . Notice that prv = v + au for some number a. Define analogously the bivector b, and the number 8. Since
(a,b) = (0;0), it follows that (ai,by) = ((u,u'); (u,v') 4 B(u,u’) + (v,u') + a(u,u’)) = (&,b) = (0;0), because (u,u’) = 0.
Then the second case of the lemma is reduced to the first one, and we are done.

Remark*. The definition of the product of bivectors comes from the formula for the commutator in the Lie algebra of the
movements group of the 3-space. Sliding vector is another geometric interpretation of our bivectors [3].

23. Notice that (a+b, [a,b]) = (a, [a, b])+ (b, [a, b]) = 0. Then by lemma from the solution of Problem 22 the line corresponding
to the vector @ + b intersects the line corresponding to the vector [a, I;] And by Problem 22 the last line is the common
perpendicular to the lines a and b.

24. The Jacobi identity for the product of bivectors follows directly from the Jacobi identity for the product of vectors.

25. Applying Problem 22 several times, we obtain that the bivectors [a, [I;, éll, [I;, [¢,a]] and [é, [l;, a]] correspond to the lines
a”, b" and ¢ respectively. By the Jacobi identity it follows that [¢, [b,a]] = [a, [b, é]] + [b, [¢, a]]. Then by Problem 23 the line
¢’ intersects the common perpendicular to the lines a” and b”. Denote this common perpendicular by h. By Problem 9 the
angle between ¢”” and h is right. So h is a common perpendicular for a”, b and ¢”, and the Theorem on altitudes of a triangle
follows.

27. In this solution we will use some facts which are proved in the further solutions.
It is sufficient to prove the statement of the problem for circles on a sphere (since a plane can be mapped into a sphere by a
stereographic projection). For some circle, we will denote the corresponding vector by the same letter with the arrow over it

— d
a— A

(e.g. the vector corresponding to a circle a is denoted by @). By problem 34, & = dBdedA mg; one can write down the

analogous formulae for @ and b'. Then we have

dc —dp ,  da—dcsy  d—da _
dodn 7V Tdnde VN Tapds €70

Applying the lemma from the solution of problem 34, we obtain that the circles a, b, and ¢ have a common point.

Note™. Three circles in this statement can form a “convex” or an “concave” triangle. According to this, our theorem is equivalent
to the theorem on bisectors in spherical geometry or in Lobachevskiy geometry.

28”. (Solution by A. Mafusalov) We will present a plan of the solution, omitting some technical details. It is based on the
following elegant theorem.

Theorem on the altitudes of a curved triangle. Let A, B, C be pairwise intersecting circles. Let C’ be a circle
perpendicular to C' and passing through two points of intersection of A and B. The circles A’ and B’ are defined analogously.
Then three circles A, B’ and C’ belong to one sheaf. (In particular, if two of them intersect, then the third passes through
their common point(s)).

One can check that the statement of problem 28 is essentially the theorem on altitudes for the curved triangle a’d’c’.

Proof of the theorem. Let D be the radical center of A, B, and C. Denote by d the degree of the point D with respect to our
circles. Consider the sphere of radius \/m /2 touching the initial plane in D. Let us perform the stereographic projection of
the plane into this sphere. Three cases are possible.

(i) d < 0. One can check that A, B and C are mapped into three big circles on the sphere. In this case our theorem follows
from the theorem on altitudes of a spherical triangle (problem 8).

(ii) d = 0. Let us perform an inversion by a point D. Then our theorem is essentially the theorem on altitudes of euclidean
triangle.

(iii) d > 0. One may check that the circles A, B and C map into three circles on the sphere, their centers lying on one spherical
line. Denote this line by p. Consider a section of the sphere by the plane containing p, and perform an orthogonal projection
from the sphere into this plane. Three circles constructed will map into three chords of p; denote these chords by KL, M N,
PQ. Applying consequently our stereographic projection and orthogonal projection to C’, we obtain some chord P'Q’. One
may check that the line XY should pass through the intersection point of KL and M N, as well as through that of the lines
tangent to p at P and Q. The chords K'L’ and M’'N’ are defined similarly. We need to prove that the lines K'L’, M'N’,
and P'Q’ are concurrent. One can prove this statement using the Ceva theorem in a trigopometric form. (This statement is
in fact the theorem on altitudes in Lobachevskiy geometry, being considered in the Klein model.)

29. Let A1, Bi, and Ci be the ’centers’ of circles, corresponding to the vectors /Y, E, and C (i.e. A is the point of the sphere
such that the plane that touches the sphere in this point is parallel to the circle A, and so on). Then the vectors O—Al)7 O—Bl)7
and O—CI are parallel to A', E, and C respectively. Arguments similar to those in the solution of problem 4 show that the
points A1, B1, C1, and O lie in one plane, i.e. the ’centers’ of the circles A, B, and C lie on one spherical line.



30. Let A; be the point such that OA; = A. Denote by da the length of a tangent from A; to our sphere. Consider an
arbitrary point C' on the circle A. By the Pythagorean theorem for the triangle OA;C, we obtain OA? = OC? + A;C?, i.e.
(A, A) =1+ d%, QED.

31. This solution is obtained from the following (more general) formula for the angle v between A and B:

(A,B)—1

COSs =
i dadp

Let us prove this formula. Let C be one of the intersection points of A and B. Let C = OC. Note that the vectors [fY, 6] and
[B, C] are parallel to the lines passing through C' and tangent to the circles A and B respectively. Hence

COs7y = ([1‘4,79]7 [BLCL)
I, 1B.C]

Let us show that the right hand part coincides with the required expression. It is easy to check that 1A, C)| = |A] - |C] -
sin L(A C) = d 4. Hence the denominator of the right hand part is equal to dadp. Now we will rearrange the numerator using
the identity from the second solution of problem 15. We have

([A7 C], [37 C]) = (A7 B)(07 C) - (A7 C)(37 C) = (A7 B) -
Substituting the expressions for the numerator and the denominator, we obtain the desired formula.
32. Assume that the vector P = W
given vector has no geometric interpretation). Notice that

corresponds to a circle P (such a circle may not exist, in which case the

—

=~ 0+ (A [B,C)+

(B, A) = (27 5 0_,.

Then by Problem 31, the circle P is orthogonal to the circle A. Analogously, the circle P is orthogonal to the circles B and
C. In other words, P is the common perpendicular to the circles A, B and C.

Remark*. It is more natural to each circle to assign a pair (f_f, h), where A is the unit vector orthogonal to the plane containing
the circle, and h is the distance between the plane and the point O. In other words, to each circle we assign a quaternion.
Denote this quaternion by the same letter as the circle itself. We assume that all the quaternions, obtained from the given one
by the multiplication by a real number, correspond to the same circle. Then, for example, the quaternion AB— B A corresponds
to the line passing through the centers of the circles A and B, and the quaternion ABC — ACB + BCA — BAC + CAB —
CBA corresponds to the circle orthogonal to three circles A, B and C. And the commutator of a quadruple of quaternions
ABCD — ABDC + ... always equals to zero. This identity implies, for example, the following geometrical theorem:

Proposition. Let D be the center of the circumscribed circle of the triangle ABC, and let A’, B’ and C’ be the centers of
circumscribed circles of the triangles BCD, CAD and ABD respectively. Then the lines AA’, BB’ and CC’ have a common
point.

33. Assume that A — B + C — D = 0. Consider the vector P = W Assume that it corresponds to some circle

P. Then by Problem 32 the circle P is the common perpendicular to A, B and C. Notice that
(P,D)=(P,A-B+C)=1-1+1=1,

hence by Problem 31 the circle P is orthogonal to the circle D. In other words, the four circles A, B, C and D have a common
perpendicular.
34. First let us prove a Lemma:

Lemma. If there are nonzero numbers z, y and z, such that x +y + 2z = 0 and A+ yé +2C = 0, then the circles A, B and
C have a common point.

Proof of the lemma. The assumption of the lemma means that the ends of the vectors fi B and C lie on one plane. Draw a
plane 7 passing through this line and the point O. Let w be the circle, which is the intersection of the sphere and the plane
7. Let H be the pole of our line in the plane m with respect to the circle 7. Draw a line h passing through the point H and
orthogonal to the plane w. Then one can check that all the circles A, B and C pass through the intersection point of the
sphere and the line h.

Now let us solve our problem. Consider a circle C' corresponding to the vector C= dB T A- T, B. Then by our lemma
the circle C' passes through both intersection points of the circles A and B. Denote by «, and 7 the angles between the
pairs of circles B and C, C and A, A and B respectively. Then by the formula from the solution of the problem 31 we have

(}T,Cﬂ)—lidB dA(‘LY H) dg— dA(A‘B‘)_lidAdB(l—COS’Y)
dadc dadc - de(dp —da)

cos 3 =

Writing down the analogous formula for cosa, we get cosa = cos (3. In other words, C is a circle passing through both
intersection points of A and B and dividing the angle between this two circles into two equal parts ('bisector’).
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BA3NCHOCTS IINIOCKUX MHO2KECTB
A. CxonenkoB u U. IIlaypuukosB
SAIOJAYN OO ITPOMEXKYTOYHOI'O ®PUHUIITA.

MoOTUBUPOBKY U COTJIAIIIEHUS.

[Mpu pertenun 13-t mpo6iembr ['unbbepTa MOSBUIOCH IOHATHE 643UCH020 6.40HceHusT. OCHOB-
HOIl Pe3ysIbTAT HACTOSIIETO IUKIIA 3amad (3amada 8b) — siieMeHTapHOe pellleHne 'TIOJIOBUHBI
npobsieMbl ApHOTBOA O XapakTepu3annu OA3MCHBIX MOMMHOXECTB INIOCKOCTHU. BaxkHewrme He-
peIlleHHbIe 3a0aYi JAHHOTO INKJIA MOCBAIIEHBI MOMBITKAM XapPaKTEPU3AIUN 24G0K0 0G3UCHBIT
MOMMHOXKeCTB tockocTu. Mur 6arogapum B. U. Apronbaa 3a mosessbie 06Cy K IOEHUS.

Tpynuble 3amaunm OTMEUYEHBI 3BE3MOYKOM, a HEpeIleHHble — OByMs. Eciu ycioBue 3amadn
SIBIISIETCST YTBEPXKIEHUEM, TO 3a0avua COCTOUT B TOM, UYTOOBI 3TO YTBEPKIEHUE OKA3AThH.

Pa3peiBHasi 6a3UCHOCTD.

1. (a) Hus mob6bix nu gyeTwipex umced fi1, fi2, fo1, foo CYIIECTBYIOT Takwe YeThIpe UHCIIA
91,92, h1, ha, uto fij = g; + hj mpum mo6bIx 7, j = 1,27

(b) Aunpeit Hukomaesnu u Baaguvmup Uropesuu urpator B urpy 'A Hy-ka, pasmoxu!’. Ha
IIIAXMATHON JOCKE OTMEYEHO HECKOJIBKO KiteTok. A. H. paccrapiser umciia B OTMEYEHHBIX KJIET-
Kax, kak xoueT. B. I. cMmoTpuT Ha pacctaBieHHble uncaa u 6epet 16 aucern aq,...,as, by, ..., bs,
T.e. 'BeCOB’ CTOJIOIIOB U CTPOK, KaK XOueT. Hcimm 4mcao B KaXKIo OTMEUEHHON KJIeTKe OKa3aJloCh
pPaBHBIM CyMMe BECOB CTPOKM U CTOJOIA HTOIl KIeTKW, TO BuhurpeiBaer B. W., a umaue (T.e.
€CJTU YHUCIIO XOTs ObI B OMHON OTMEUYEHHON KJIETKE OKA3aJI0Ch HE DABHBIM CYMME BECOB CTPOKU 1
cTosbia 5Toi KieTkn) BemrpbiBaeT A. H.

Hoxkaxurte, uro npu mpaBwibHoi urpe A. H. BemrpeBaeT TOrma u TOJIBLKO TOTIA, KOTIA
HE CYIIIeCTBYeT 3aMKHYTOIO MAPIIPYyTa JIaabl, HAYaIbHAS KJIETKA U KJIETKU TIOBOPOTa KOTOPOTO
SABIIAIOTCSA OTMEUYEHHBIME (He 06s3aTeIbHO BCe OTMEUEHHbIE KIIeTKI 3a/IeICTBOBAHDI ).

O603naunM depe3 R? mI0CKOCTb ¢ (DMKCHPOBAHHOM crcTeMoit KoopamuaT. O603HAUMM UYepe3
z(a) u y(a) xoopmmaaTsr Touku a € R2.  TlocmemoBaTenbHOCTL (KOHEWHAS WM GECKOHETHAs )
TOYEK TIOCKOCTH! {a1,...,0n, ...} C R? HaszeBaeTCA MOAHUETH, €CTTM TS KAJKIOTO i BBITIOTHEHO
a; # @11, u upu otoM x(a;) = w(a;41) nus detHsix ¢ u y(a;) = y(a;+1) IIsI HEIETHBIX .
He o6s3aTenbro Bce TOUkM MONHUYU pas3nundsbl. Koxeunas momHus {ai,...,ay, ...} Ha3bBaeTCI
3AMKHYMOU, €CIIN A1 = Qp,.

2. PacceMmoTpuM 3aMKHYTYIO MOTHUIO {d1, . .., a4y = a1 }. HazoBeMm pasaoscenuem paccTaHOBKY
YKCesI B MPOEKIUAX TOUYEK STO MOJHUU HA OCh OT U B MPOEKIUAX TOYEK HTOl MOJHUU HA OCh
Oy. MoxHo nu Tak pacCTaBUThb B TOYKAX MOJIHWE 4ucia fi,..., fn € R c fi = f,, 9T00bI mis
TI060T0 PA3IIOKEHMsI HEKOTOPOE YKo f; He 6bIIO OBl PABHO CyMMe ABYX YUCEN, CTOANMX B x(a;)
u B y(a;)?

HomvuoxecTso K C R? mI0OCKOCTH HABEIBACTCS PA3PbIEHO OA3UCHBIM, €CITH I TI060M (hyHK-
mmn f @ K — R cymecrBytor Takue dpyskmmu g,h : R — R, uro f(z,y) = g(z) + h(y) s
Kaxnon touku (z,y) € K.

3. (a) OTpesok K =0 x [0,1] C R? apiseTcs pa3pbIBHO Ga3UCHBIM.
(b) Kpect K =0 x [—1,1]U[~1,1] x 0 C R? apnseTcs pa3pbIBHO GA3UCHBIM.

4. (a) Kpumepuii pa3puienoti 6a3ucnocmu naockux muoxcecms. ITOIMHOKECTBO MIIOCKOCTH
SBJISETCS PA3PBIBHO 6A3UCHBIM TOTA U TOJILKO TOTMA, KOIIa OHO He CONEPKUT 3aMKHYTHIX MOJI-
HUN.

(b)** Kak mo HaboOpy OTMEYEHHBIX KJIeTOK B KyHe 8 X 8 X 8 y3HATh, KTO BBIUTDLIBAET B
MPOCTPAHCTBEHHBIN aHajor urpbl 'A Hy-ka pasnoxu!’, B koropom B. U. mertaercs mocraBuThb
24 yucna ay, ..., ag,b1,...,bs,C1,...,Cg TaK, YTOOBI YUCIIO B KAKIOI KileTKe (i, j, k) PaBHSIOCH
cymme a; + bj + ¢ Tpex 'Becos’?

(¢)** OnpenenuTe paspbIBHYIO 6a3MCHOCTH TIOIMHOXKECTB TpexMepHOro mpoctpancTsa. Chop-
MyJIUPYITE U [NOKAXKUTE MPOCTPAHCTBEHHBIN AHAJIOT MIPUBENEHHOTO KPUTEPUS.

1



HenpepbiBHass 6a3uCHOCTb.

Yepes |z, 20| = |(z,v), (z0,%0)| = /(¥ — 20)2 + (y — yo)? 06o3HAUAETCS OGLITHOE PACCTOSHUE
Mexmy Toukamu z = (z,y) u zg = (o, yo) maockoctu. Ilycts K — MONMHOXKECTBO IJIOCKOCTH
R2. ®ymkmua f : K — R HaseBaeTca Henpepuienoti, eciu IIs MOOBIX TOUKH zg € K u umcna
e > 0 cymecrByer Takoe umuciao 6 > 0, uro st moboit Touku z € K ¢ yciaoBueM |z, zp| < 0§
BoinostHeHo | f(z) — f(20)| < €. VHorma ymoGHO 0603HAUATE TOUKHU (X, y) BMECTO 2.

5. (a) ®yuxuus f(z,y) = /22 + y? ABIIETCSA HEIPEPHIBHON HA MIIOCKOCTH.

(b) ®yukuus f(z,y), paBHAS TEJION YACTU OT T + Y, HE ABIIAETCSI HEIPEPBIBHOI HA MIIIOCKOCT.

(c) Ecmm ay, . .., a, — pa3mmaable Toukn MHO¥ecTBa K C R?, To cyIecTByeT HempephIBHAS
dbyuxmus f: K — R, nma xotopoit f(a;) = (=1) u |f(z)| < 1 nna mo6oro x € K.

(d) Oycrs K = {a1,...,a4n+4} — MomHUs u3 4n + 4 pasaUIHBIX TOYEK HA IUIOCKOCTU U
f1y- -+, fanya — umenma, mua xoropwix |(—1)8 — fi| < 1/2n. Tycrs g(z(a;)), h(y(as)), i =
1,...,4n+4, — rakue uncna, aro f; = g(x(a;))+h(y(a;)) nns aro6oro ¢ (npu sTom eciu z(a;) =
z(aj), To g(z(a;)) = g(x(a;)), n anamornuno mwis y u h). Hokaxure, aro max;{g(x(a;))} > n.

B nmampmeiiiem Bce GyHKIUN TPEANONIATrAIOTCS HEPEPHIBHBIMIL.

[omvuoxkecTso K C R? Ha3bIBaeTCA (Henpepyléno) 6a3UCHbIM, €CITH IS M0G0 HeIIPepLIBHOM
dyukuun f : K — R cymecTByioT Takue HenpepbiBHble QyHKIME g, h : R — R, uto f(z,y) =
g(z) + h(y) nnsa xaxmnoit Toukn (z,y) € K.

6. (a) 3aMkHyTas MOIHUS He Ga3UCHA.
(b) Otpesox K =0 x [0,1] C R? asisercs 6a3ucHbM.
(c) Kpect K =0 x [—1,1]U[~1,1] x 0 C R? apasgeTcs 6a3UCHBIM.

7. (a) Eciiu momMHOXECTBO MIIOCKOCTH GA3MCHO, TO OHO PA3PBIBHO GA3UCHO.

(b) ITonoanennoti moanueti HasbIBaeTCs OObEINHEHNE TOUKA dg € R? ¢ GecKOHEIHON MOTHMeTt
{a1,...,an, ...} C R? u3 pasnuubIx Touek, crodguetica K Touke ag (T.e. mis moboro & > 0 Haii-
neTcst Takoe HaTypaibHoe N, 94To miist 1106010 i > N BBIIOIHEHO |a;, ap| < €). Iokaxure, aTo
HUKAKasl TOMOJIHEHHAS MOJIHUS HE SIBJISIeTCs 6Aa3MCHOM. (3aMeTuM, 9TO OHA SBISETCS PA3PHIBHO
6a3MCHOIN).

(c) Yepes [a, b] o6o3HaumMM O0TPE30K, coequHsonmit Touku a u b. Jlokaxure, uro kpect K =
[(—1,-2),(1,2)]U[(—1,1),(1, —1)] me aBusteTcs GasuCHBIM.

(d) Hycts m;; = 2 —3-27" + j 272, PaccMOTpUM MHOXKECTBO, COCTOSIIEE W3 TOUEK
(M 21, mi 1) 1 TOIeK (M 2;—1,Mi21—2), Tne i or 1 no co m | =1,2,3,...,2"" 1. Jlokaxwure, uaTo
5TO MOAMHOXKECTBO ILJIOCKOCTH He CONEPKHUT OECKOHEUHOU MOJIHHM, HO CONEPXKUT CKOJIb YTOIHO
IUINHHBLIE MOJIHUN.

(e) O6benuHeHEe MHOXKECTBA U3 IPENbIAYIIEro MyHKTa ¢ TOIKOH (2,2) He 6a3ucHO.

8. Ilycts K C R? — o6pas oTpeska [0, 1] npu menpepsisrOoM oTo6paxkenun [0, 1] — R2.

(a) JIo6as menpepwiBHas GyHkims K — R mocTturaeT cBoero HamGONIbIIErO U HAMMEHBIIIETO
3HAUEHUI. YKasaHue: CBEOUTE K aHAJIOTUYHOI TeopeMe Il HempepbiBHbIX (yHkuwit [0, 1] — R.

(b)* Ecmu K comepKuT CKOJIb YTOMHO IJIMHHBIE MOIHUM, TO K He 6a3ucHO.

Yxkazaunme. Ilpenmosoxum, uTo K CONEPXKUT CKOJIb YTOMHO IJIMHHBIE MOJIHUKM U Ga3UCHO.
MO}KHO CIuTaThb, 9YTO BCE€ TOYKU Ka)KlIOfI MOJIHI PDA3JINYHBI. Hnﬂ KaK10ro n BO3bMEM MOJIHUIO

{a¥,...,a}, 4} w3 4n + 4 pasmumanbx TOYUCK B K. Torpa cymiecTByeT HellpepbIBHAs (DYHKIHUSA
fn + K — R, mna xoropoit f,(al) = (=1)" u |fn(x)] < 1 mna moboro z € K. Ins Gyskium
G : K — R ee maxcumyM obosuauaercs depes |G| = maxgzex |G(x)|. Hycrs f: K - Ru

g,h : R - R — dyukuun rakwe, uro ||f — fu|| < 1/2n u f(z,y) = g(x) + h(y) mms moboit
(z,y) € K. Torma ||g|| >n ...



BA3NCHOCTS IINIOCKUX MHO2KECTB
A. CkonenkoB u . IMIuypHukoB
3aa4ym [0 MPOMEXYTOYHOro (puHUIIIA.

MoTuBUPOBKHY M COTJIAIIIEHUS.

[Tpu pemrenun 13- mpoGiembl ['unbbepTa MOSBUIIOCH TOHATHE 6a3UCH020 8.40HceHud. OCHOB-
HOIl Pe3y/IbTaT HACTOSIIETO HUKIIA 3amad (3amada 8b) — sieMeHTapHOe pelleHne TOJIOBUHBI
npobileMbl ApHOIbIA O XapakKTepu3alun 0a3MCHLIX MTOIMHOXKECTB IIOCKOCTH. Baxkneilime He-
peIlleHHbIe 3aaul JAHHOTO IUKJ/Ia IOCBSIIEHBI MONBITKAM XapPaKTePU3AlUu 24a0K0 Oa3UCHbIT
MTOMMHOXKECTB TiockocTu. Mer 6aromapum B. U. Apmonbma 3a monesHbie 00Cy KIEHUs.

Tpynuble 3amaym OTMEUEHBI 3BE3MIOYKON, & HEpeIleHHble — OByMs. Kciau ycioBue 3amadn
SIBJISIETCS YTBEPXKIEHUEM, TO 3aada COCTOUT B TOM, YTOOBI 3TO yTBEPXKICHIE MOKA3aTh.

Pa3pbiBHasi 6a3MCHOCTD.

1. (a) Husa mobbix nu geTwipex uamced fi1, fi2, fo1, foo CYIIECTBYIOT Takwe YeTHIpe UHUCIIA
91,92, h1, ha, uto fi; = g; + hj mpum mo6bIx 7, j = 1,27

(b) Aunpeit Hukomaesuu u Braamumup Uropesuu urpator B urpy 'A Hy-ka, pasmoxu!’. Ha
IITaXMAaTHON JOCKe OTMeYeHO HEeCKOJIBKO KileTok. A. H. paccrasiser umciia B OTMEYEHHBIX KJIeT-
Kax, kak xoueT. B. WI. cmoTpuT Ha paccTaBieHHble uncia u 6epet 16 uucern aq,...,as, by,. .., bs,
T.e. 'BECOB’ CTOJIOIIOB U CTPOK, KaK XoueT. Kcanm umciao B KaXXIoi OTMEUYeHHON KJIeTKe OKa3aJI0Ch
PABHBIM CyMMe BECOB CTPOKHU U CTOJIONA 3TOW KJIeTKW, TO BuurpoiBaer B. U., a umaue (T.e.
€CJIN YUCIIO XOTs ObI B OMHOW OTMEUYEHHOU KJIETKE OKA3aJIOCh HE PABHBIM CyMME BECOB CTPOKU U
cTosbiia 5Toi KieTkn) BemurpbiBaeT A. H.

Hokaxute, uTo mpu npaBmiabHOi urpe B. U. BemTrpeIBaeT TOrma m TOJIBKO TOTIa, KOTIA
HE CYIIIeCTBYeT 3aMKHYTOIO MApIIPyTa JIaabl, HAYaIbHAS KIJIETKA U KJIETKU TIOBOPOTa KOTOPOTO
SIBIISIOTCS. OTMEYEHHBIME (He 06s13aTeIbHO BCe OTMEUEHHbIE KIIeTKI 3aIeICTBOBAHBI).

O603naunM yepe3 R? mIOCKOCTD ¢ (DMKCHPOBAHHOM crucTeMoit KoopausaT. O6o3HaumM depes
z(a) u y(a) xoopmamaaTsr Touku a € R2.  TlocmemoBaTenbHOCTL (KOHEWHAS WM GECKOHEWHAs)
TOYEK TIOCKOCTHU {a1, ..., 0dn, ...} C R? HaseiBaeTCa Moanuet, ciu TS KasKIOTO i BBITIOTHEHO
a; # a1, u upu otoM x(a;) = wz(a;41) nus detHsix ¢ u y(a;) = y(a;+1) ST HEIETHBIX 1.
He o6st3aTenbHO BCe TOUKM MOTHUU pasiundsbl. Koweunas momuus {ai,. .., a1} Ha3bIBAETCS
3AMKHYMOU, €CIIN 41 = A9]+1.-

2. PaccmoTpuM 3aMKHYTYIO MOTHUIO {d1, . .., a4, = a1 }. HazoBeMm pasaoscenuem paccTaHOBKY
qmcesl B IMPOEKIMAX TOYEK 5TON MOJHAU Ha och OX U B IMPOEKIUAX TOYEK 5TON MOJIHAU HA OCh
Oy. MoxHO mu Tak pacCcTaBUThb B TOYKAX MOJIHWE 4uciaa fi,..., fn, € R c fi = f,, 9T00bI mis
T060T0 PA3IIOKEHNsI HEKOTOPOEe YO f; He 6bIIO GBI PABHO CyMMe ABYX YUCEN, CTOANMX B T (a;)
w5 y(a)?

HomvuoxkecTBo K C R? MI0CKOCTH HABBIBAETCS PA3PLIEHO OA3UCHBIM, €CITH 1T TI060M hyHK-
mmn f @ K — R cymecrBytor Takue dyskmmu g,h : R — R, uro f(z,y) = g(z) + h(y) s
Kaxmon Toukn (z,y) € K.

3. (a) Orpesok K =0 x [0,1] C R? sBisgercs pa3pbiBHO Ga3UCHBIM.
(b) Kpect K =0 x [—1,1]U[~1,1] x 0 C R? apnseTcs pa3pbIBHO GA3UCHBIM.

4. (a) Kpumepui pa3puienoti 6a3uchocmu niockur muoxcecms. IIOMMHOXKECTBO IUIOCKOCTI
ABIISIETCS PA3PLIBHO GA3UCHBIM TOTA U TOJBKO TOTIIA, KOTJA OHO HE CONEPKUT 3aMKHYTHIX MOJI-
HUN.

(b)** Kak mo mHabopy OTMeuYeHHBIX KyOMKOB B KyGe 8 X 8 X 8 y3HATH, KTO BBIUIDHIBAET B

MPOCTPAHCTBEHHBIN aHajor urpbl 'A Hy-ka pasnoxu!’, B koropom B. U. mbrrtaercs mocraBuTh
1



24 wucna aq,...,as,by,...,bs,C1, ..., Cg TAK, YTOOBI YUCIIO B KAXKIOM KyOuke (i, j, k) paBHSIOCH
cymme a; + bj + ¢ Tpex 'Becos’?

(¢)** Onpenenure pa3pbIBHYIO 6a3UCHOCTD MOAMHOXKECTB TPEXMEPHOro npocrpancTsa. Chop-
MyJIUPYHATE U OOKAXKUTE IPOCTPAHCTBEHHBIN AHAJIOT IPUBEOCHHOIO KPUTEPUS.

HenpepbiBHass 6a3UCHOCTb.

Yepes |2, 20| = |(2,y), (70,y0)| = /(z — 20)% + (y — y0)? 06o3HATAETCS OBGBITHOE PACCTOTHEE
MeXIy Toukamu z = (z,y) u 20 = (%o, Yo) mwiockoctu. Ilycrs K — MOOMHOXKECTBO MIIOCKOCTH
R2. ®yuxmus f : K — R HasbBaeTCS Henpepvisnot, eciay A JIOBIX TOUKN zg € K u uncia
e > 0 cymectByeT Takoe umcio ¢ > 0, uro mas mroboir Toukm z € K ¢ yciaoBueM |z, zo\ <90
BoinostHeHo | f(z) — f(20)| < €. VHorma yno6HO 0603HAYATE TOUKHU (X, y) BMECTO 2.

5. (a) Pysxrus f(x,y) = \/x? + y? ABILETCS HEIIPEPBIBHOI HA IFIOCKOCTIL.

(b) ®yukuus f(z,y), paBHAS LEJION YACTU OT T + ¥, He SBIIAETCS HEIPEPHIBHOM HA MIIOCKOCTHL.

(c) Ecmm aq,...,a, — pasimusble Toukn MHOxecTBa K C R?, To cylecTByeT HempephIBHAS
dbyukmus f: K — R, nas xotopoit f(a;) = (=1)" u |f(x)| < 1 nna mo6oro = € K.

(d) Oycrs K = {ay,...,a4n+4} — Momuust u3 4n + 4 pasaUUHBIX TOYEK HA IUIOCKOCTU U
Fio- o finsa — mema, mna xoroprx [(—1) — fil < 1/2n. Thyers g(x(ai)), h(y(ar)), i
1,...,4n+4, — rakue uncna, uro f; = g(x(a;))+h(y(a;)) nns aro6oro i (mpu sTom eciau z(a;) =
z(aj), To g(x(a;)) = g(z(a;)), n anamoruusno mist y u h). Hokaxure, aro max; |g(z(a;))| > n.

B nmampmeliiem Bce GyHKIUN TPEANONIATAIOTCS HEPEPHIBHBIMI.

Homvuoxectso K C R? masbiBaeTcs (menpepbieno) 6a3ucHbim, ecilu s 060 HelrpepbIBHOI
dyukuun f : K — R cymecTByioT Takue HenpepbiBHble QyHKIME g, h : R — R, uto f(z,y) =
g(z) + h(y) nnsa xaxmnoit Toukn (z,y) € K.

6. (a) BaMxHyTas MOIHUS He Ga3UCHA.
(b) Otpesox K =0 x [0,1] C R? asisercs 6a3ucHbM.
(c) Kpect K =0 x [—1,1]U[~1,1] x 0 C R? apaseTcs 6a3UCHBIM.

7. (a) Ecin monMHOXECTBO MIIOCKOCTH GA3UCHO, TO OHO PA3PLIBHO GA3UCHO.

(b) ITonoanennoti moanueti HasbBaeTCs OObEANHEHNE TOUKT dg € R? ¢ GeCcKOHEIHOlN MOTHMeHt
{ai,...,ap,...} C R? U3 pasnuuabIx TOUEK, crodguetica K Touke ag (T.e. mys moboro € > 0 Haii-
neTcst Takoe HaTypasibHoe N, u4To mitst 1106010 i > N BBINOIHEHO |a;, ap| < €). Iokaxure, aTo
HUKAaKas MOMOJIHEHHAs] MOJIHUS He sBJIsieTCs 6a3ucHoi. (3aMeTum, 4To OHA SBIISIETCS PA3PBIBHO
6a3MCHOIN).

(¢c) Yepes [a, b] obo3naumM 0Tpe30K, coequusionmin Touku a u b. Jlokaxure, uro kpect K =
[(—1,-2),(1,2)]U[(—1,1),(1, —1)] me aBuseTcs GasuCHBIM.

(d) Hycts m;; = 2 —3-27"+ j 272, PaccMOTpUM MHOXKECTBO, COCTOSIIEE W3 TOUEK
(M 21,m;2)) 1 TOek (Mg o1, Mio—2), Tne i o 1 mo oo m | = 1,2,3,...,271. Jlokaxure, 4TO
9TO MOAMHOXKECTBO INIOCKOCTHU HE CONEPKUT OECKOHEYHON MOJIHUU, HO CONEPKUT CKOJIb YTOIHO
OJIMHHBIEC MOJIHUI.

(e) O6benuHeHEe MHOXKECTBA, U3 IPENbIAYIIEro MyHKTa ¢ TOIKOH (2,2) He 6a3ucHO.

8. Ilycts K C R? — o6pa3 oTpeska [0, 1] mpu mempepsisEOM oTo6paxkenmn [0, 1] — R2.

(a) JTrobas menpepsiBHas dyukuus K — R mocturaer cBoero HanbGOIBIIErO W HANMEHBIIIETO
3HAUEHUil. YKa3aHWe: CBEOUTE K AHAJIOTMYHON TeopeMe i HempepbBHBIX dyukimit [0, 1] — R.

(b)* Ecau K comepKuT CKOJIb YTOMHO IJIMHHBIE MOJIHUM, TO K He 6a3WUCHO.

Ykazanme. Ilpenmonoxmm, uro K COmNEpKUT CKOIb YTONHO IUIMHHBIE MOJIHUU U OA3MCHO.
MOXKHO CUMTaTh, YTO BCE TOYKM KAXKION MOJHHUN PA3JIMYHBL. IS Kaxk[ooro n BO3LMEM MOJIHIIO
{a?,...,a}, 4} u3 4n + 4 pasmuumex Touek B K. Torma cyiecTByeT HempephIBHAS (yHKI
fn + K — R, mna xoropoit f,(al) = (—=1)" u |fn(z)] < 1 mua moboro z € K. s GyHKImm



G : K — R ee makcumy™m oGosHauaercs depe3 |G| := maxgex |G(z)|. Ilycts f: K — R u
g,h : R — R — dyukuun rakue, uro |f — f,| < 1/2n u f(z,y) = g(x) + h(y) ms moboit
(x,y) € K. Torma |g| > n ...

BA3UNCHOCTS IINIOCKNX MHO2KECTB
A. CkonenkoB n . IMuypuukos (npencrasmnsercs uvu u B. T'opusbiM)
3a/lavyn MMOCJie IIPOMEXYTOYHOro (PUHUIIIA.

Kpurepun 6a3zucHocTu.

IIpodoancenue yrazanui x 3adaue 8b. Oupemennm MO MHIYKIUKA IOCICAOBATEILHOCTE UNCET
Sp u dyuknun F, : K — R. Ilonoxum sg = 1 u Fy = 0. IIpennonoxum, 4to s,_1 u F,,_1 yxe
onpernenensl. BosbMmeMm dyukunu Gy, _1, H,—1 : R — R, ms xoropeix Fp,_1(z,y) = Gp_1(x) +
H,_1(y) (eciim Takux (GyHKIUI HET, TO BCe AOKa3aHO). bepem

fon
Sn>5n—1!'<‘Gn—1‘+n) n F,= n—1+%
Sn—1-
S
Torma dyskums F = ) ; me mpencrapuma B Buge G(x) + H(y) (aro Bam u ocraercs
n=1 Sn—1:

IOKA3aTh).

[TocenoBaTembHOCTE TOUEK @; MIOCKOCTU HA3BIBACTCS CTOOAWEUCA K MouwKe a, €CIU IJIs JTE0-
6oro £ > 0 maitmercst Takoe menoe N, 9T0O 1jist 706010 ¢ > N BBIIOIHEHO |a, a;| < €.

HomvuoxecTso K C R? mIOCKOCTH HA3LIBACTCA 3AMKHYMbLM, €CIIH IS TI060H GeCKOHEeUHOI
MTOCIIEIOBATEILHOCT TOUEK a; € K| cxomsieics K TOUKe @, BBITOIHEHO a € K.

9. (a) MommuokecTBo K C R? MI0CKOCTH ABMSETCS 3aMKHY THIM TOTIA U TOIBKO TOTIA, KOTIA
st mobont Touku ¢ ¢ K mammercs takoe € > (0, uTO m00asi TOYKA IIIOCKOCTHU C PACCTOSHUEM
MeHee € 0 @ He TpUHAIIeKUT K.

(b) O6pas oTpeska mpu HermpepbiBHOM oTo6paxkennu [0, 1] — R? B miockocTs sBiseTcs 3a-
MKHYTBIM TIOIMHOXECTBOM IIJIOCKOCTH.

I'eomempuuecruti xkpumepuii 6asucnocmu Ilmepngervda. 3aMKHYTOE OrpaHUUECHHOE IIOMI-
muOxkecTBO K C R? mmockocTu 6a3mcHO TOrOa W TOILKO TOrAa, Korma K He COmep:KUT CKOMb
YIOOHO OJIMHHBIX MOJIHIUI.

10. (a) YcoBue 3aMKHYTOCTH B KPUTEPUU NEHCTBUTEIHHO HEOOXOMUMO.
(b) YcnoBue orpaHUYeHHOCTH B KPUTEPUU NENCTBUTEILHO HEOOXOMIMO.
(c¢) Hokaxure 9acTh 'TOIBKO TOorma’ (=) KPUTEPHUS.

[Iycts K — momvuOxecTBO miockocTn R?. Iling kaxnoit Touku v € K HapucyeM IBe IpsaMbIe,
IIPOXOIAIIE Yepe3 v IapajlyIeIbHO KOOPAWHATHBIM OCsAM. Ecam xoTs OBl ogHA W3 3THX NOBYX
IpSIMBIX TepecekaeT K TOIBKO B TOUYKE v, TO MOKpacuM v B 6embiit 1BeT. (O6o3HaUIM uepes
E(K) mHOXeCTBO BCex ToUeK K, He SIBIISIIONIXCS GEITBIMIU:

B(K)={ve K: [KN(z=2@)|>2u KNy =y()>2}.

Oycts E?(K) = E(E(K)), E3(K) = E(E(E(K))) u T.1.

11. (a) Ecim K C R? He comep:XuWT CKOIb yrOMHO MIMHHBIX MoiHmit, To E"(K) = () nna
HEKOTOPOTrO 7M.

(b) Hokaxkure obpaTHOE.

(c)* Ecmu K C R? 3amkmyTO 1 orpanmueno, nmpmieM E(K) = (), To K 6asucHo.



(d)* Hokaxknre wacts 'Torma’ (<) kpurepus [llrepudensna. 3ameduanne. DTO MOXKHO IbI-
TaThCs HeNaTh, HOKA3aB CHavasa, 4To pasnoxenue f(z,y) = g(x) 4+ h(y) MOXKHO MOTYyIUTH IJIsI
KyCOUHO-uHeHHbIX dyukuuit f, npudem |g| + |h| < Cp|f|, rme C,, 3aBuCHT TOIBKO OT TOrO M,
nus koroporo E"(K) = ().

12. (a) Oupenenure (HenpepbIBHYIO) 6A3MCHOCTH MOAMHOXKECTB TPEXMEPHOTO MPOCTPAHCTBA.
Toxaxute, ato ex 0 x 0 x [—1,1]U0 x [-1,1] x 0U[-1,1] x 0 x 0 C R?® sBnseTcs GasucHbIM.

(b) TlomvuaoX)ecTBO MpocTpancTBa R3, cocrosmee u3 wetwipex Touek (0,0,0); (1,1,0); (0,1, 1);
(1,0,1), me 6asucuo. (Ho E™(K) # () nnsa moboro n, cM. HEIXKe.)

(c)* Ilycts mommuoxkecTBo K C R3 mpocTpaHCTBa 3aMKHYTO W OTPaHEYEHO. AHAJIOTHIHO
onpenenum E(K), ncnonb3yst BMECTO HIPSIMBIX IUIOCKOCTH, MEPIEHINKYIIIPHBIE OCIM KOODIUHAT:

E(K)={veK: |[KN(z=2x)| =2, [KN(y=y@)|=2n[KN(z=2())| =2}

Hokaxwure, uro ecim E™(K) = () mna mekoroporo n, To K 6a3ucho.

I'mangkas 6a3UCHOCTD.

IIycts K — momMHOXkecTBO miockoctu R?. ®ymrkmms f : K — R HasweBaeTcs duddepeniyu-
pyemoti, eciu OIS 060 TOUKH 2o € K CyIIecTByIoT Takme BeKTOp a € R? u GeckonedHO Masas
dyuxmms o : R? — R, uTo mas moboit Toukn z € K BEIIOIHEHO

f(z) = f(z0) + a- (2 — 20) + a(z — 20)|2, 20|

3rmech TOUKa O3HAYAET 3HAK CKAJIIPHOTO IIPOU3BENEHNUS BEKTOPOB a = (fy, fy) m 2— 29 = (z,y),
urte a-(z—20)=xzfs +yfy Pyknus a:R? — R HaseBaeTcsa 6eckoneuno Manot , €Cu s
mro6oro uncia € > 0 cyecTByeT Takoe duciao 6 > 0, uro mys 6ot Toukn (z,y) € R2

ecmm V2?2 +y?2 <6, 1o |a(z,y)|<e.

HomvuoxecTso K C R? mnockocTu HaszeBaeTcs dud@epenyupyemo 6a3ucHbiM, €CIm IJIs JIEo-
oont mupdepenrupyemoir pyuknuu f : K — R cymecTBytoT Takue nuddepeHnmupyeMbie QyHKITAN
g:R—Ruh:R— R, uro mmus moboit Toukn (z,y) € K Bumomnusercs f(z,y) = g(z) + h(y).

13. (a) (b) (c) Pemmre ananoru 3anaun 6 nis muddepeHimpyemMoi 6asucHOCTH.

14. (a) I'padux dyuxmun |z| Ha orpeske [—1, 1] aBasgercs muddepeHmpyeMo 6a3uCHBIM.

(b) Jlomanas ¢ nocienoBaTenbubiMu Bepinaamu (—2,0), (—1,1), (0,0), (1,1) u (2,0) e sBus-
ercst nuddepenmmpyemo 6a3ucHO. (3aMeTuM, YTO OHA HEIPEPBIBHO Ga3UCHA. )

(c) Hononnennas momuma {([2EL]~1/2, [2]71/2)}ec | U{(0,0)} ne aBaseTcs nuddepeHnIpyeMO
6a3ucHO. (3aMeTuM, YTO OHA He SIBJIETCS TAKXKe HEPEPLIBHO GA3MCHOIL. )

(d) Ilononuennas MoHMs {(2_[%1] ;27131120 1U{(0,0)} aBnserca nubdepentmpyemo Gazuc-
HOiT. (3aMeTum, 94TO OHA He SABJIAETCS HENPEPLIBHO GA3MCHOIL. )

(e)** CyiiecTByeT 1 HENPEPBIBHOE 0TOGPaKeHNe OTPE3Ka B INIOCKOCTh, 06pa3 KOTOPOT'O ABIIs-
eTcs nuddepeHImpyemMo 6a3UCHBIM, HO HEe HEIIPEPBIBHO 0A3MCHBIM!

15. (a) Kpect K = [(—1,-2),(1,2)]U[(—1,1),(1,—1)] me sBusercs nuddeperuupyemo 6a-
3UCHBIM. .
(b) dsmserca mu momvEOXKecTBO { (12, (lfr—t)Q)}te[

1,1] TIOCKOCTH muddepennmpyemMo 6azuc-
HBIM !
3k < o o
(c)** Haitmure kputepuit nuddepeHnupyemoit 6a3ucHOCTU st TpadOB, JIeKAIMX B ILIOCKO-

CTH.



16. Iycts K — nmomMuoxecTBo miockoctu R? u r > 0. ®yuxmusa f : K — R masbBaeTcs r
pa3 dudPepenyupyemoti, ecam s moboit ToUKn 2y € K CyIIeCTBYIOT TaKie MHOTOWICH f(2) =
?(a:, ) CTENIeHN He BBIIIE I OT IBYX IEPEMEHHBIX T U Y U GECKOHEUHO Masiask (DyHKIHS (v © R? — R,
aro f(2) = f(z—20) +a(z—20)|2, 20" mnsa moboit Touxkn z € K. (DTo onpenenenne oTamIaeTCs
0T OOLIENPUHSITOTO. )

(a) Homb pa3 muddepentmpyembie QyHKIUN — 3TO B TOYHOCTU HEIPEPBLIBHBIC, a ONWH a3
nuddepeHIupyeMble — 3TO B TOUHOCTU OUDDHEPEHITUPYEMBIE.

(b) Hnst m060ro mesoro MOJIOKUTEIBLHOTO 1 onpeneauTe r-auddepeHnupyeMyo 6a3sucHOCTD
IIOOMHO2KECTB IIJIOCKOCTU.

(c) Hma mo6oro memoro k > 0 HARmeTCs MOMMHOXKECTBO IIOCKOCTH, T-muddepeHImpyeMo
6a3ucHoe miis goboro r = 0,1, ...k, HO He r-muddepeHIupyeMo 6a3MCHOE HU NI KaKoro r > k.

(d)** Haiinure kpurepuit r-muddepeHimpyeMoit 6a3ucHOCTH it TpadoB, JEXKAIIUX B IIIIOC-
KOCTH.



BA3NCHOCTD IINIOCKUX MHO2KECTB

A .CkonenkoB, U.IMTuypunkos (npencrasnsercs umu u B. T'opunbiM)

Pemenuns 3aga4d, npenjio2keHHbIX O IIPpOMeXYTOYHOIro (1)I/IHI/IH_Ia.

PaspriBHas 6a3uMCHOCTS.
B manprediem Mbl 6yZieM UCIOIB30BATDH OIIPENEIeHNs, IPEIJIOKEHHBIE B 3a/1adax IOCIe IPo-
MEXYTOYHOIO (PMHUIIA.

1. (a) Oro mesepro. Ecmm f;; = g; + hj nusa i,j = 1,2, To f11 + fa2 = fiz + fo1, HO 570
COOTHOILIEHIE He IMeeT MeCTa IJIs HEKOTOPBIX HaOOPOB 4HCeT fij.

(b) "Tomnpko Torma” cmemyer u3 3amaum 2. JlokaxeMm yTBepxaeHue ~Torma’ WHIYKIUEN IO
KOJIMYECTBY OTMEUEHHBIX KJIETOK. KCiIM OTMeueHa TOIBKO ONHA KJIeTKA, YTBEPXKICHUE 3a0a4n
TpuBuaiabHo. (O603HaumM 3a K MHOXKECTBO IEHTPOB OTMEYEHHBIX KJIeTOK. Ilo ycnosmio, K
He CONEPXKUT 3aMKHYTBHIX MOJIHUM, cienoBarTensuo #F(K) < #K. 3HaunT, M0 UHIYKTUBHOMY
npenmnosioxkennio B.M. moxer Beiurpath Ha MHOXKecTBe F(K). Bee octasiimecs KieTku siBiis-
IOTCsS €IMHCTBEHHBIMI OTMEUEHHBIMU B CBOEWl CTpOKe mim B cBoeM crtosiome. CriemoBaTenbHO,
B.M. cmoxet BrIOpaTh U ocTaBIecs Beca Mt K.

2. Ha. Ecnu xaxmoe u3 ducen f; mpencTaBuMo B BUOE CYMMbBI OBYX UYUCEII, PACIIOJIOXKEHHBIX B
toukax x(a;) n y(a;), To f1 — fo+ fs— -+ — fr—1 = 0, HO MOXKHO JIerKO IOHOGPATH HAGOP UUCET
fi, mIIsT KOTOPOTO TO HEBEPHO.

3. (a) Homoxum h(y) = f(0,y) u g(x) = 0.
(b) Tomommy g(x) = £(z,0) m h(y) = £(0,3) — £(0,0).
4. (a) ?Tonbko Torma” crmemyet u3 3amaun 2. Iokaxkem yrepxknenue "Torma”. Pacemorpum

npou3BoibHyo Gyakumio f : K — R u moctpoum no Heit dyuknuu g u h takue, uro f(x,y) =
g(x) + h(y). Haszoeém nBe Toukn a,b € K 9K6U6GAEHMHbIMU, €CITA CYILIECTBYeT MOHUs {a =

ay,...,a, = b} C K. Bosbmém omus u3 kiaccoB skuBaseHTHocTH K7 C K um ompenemmm
dyakunn g : x(K7) - Ru h: y(K;) — R crenyrommm o6pazom. 3aduxcupyem MpOn3BOIBHYO
Touky a1 € Kj. Iomoxum g(x(a1)) = f(a1) u h(y(a1)) = 0. Ecnu {a1,aq,...,ay} — MonHus

13 TOYEK MHOXKECTBa K, TO IIOJIO2KMIM

h(y(a2r)) := flaz) — flagi—1) + - — fla1) m g(xz(an)) = flan-1) — flazg—2)+ -+ f(a1).

Ecmu {a1,a9,...,a2+1} — MOmHUS n3 TOYeK MHOXKeCTBa K, TO MOIOKIM

g(x(az41)) = flazg1) — flaz) + -+ fa1)

(3mauenue h(y(ag+1)) yxe ompemeneno). CremaeMm 5TO MOCTPOEHME IJIsI BCEX KJIACCOB HSKBUBA-
JIEHTHOCTHU OmHOBpeMeHHO. Ijist Becex xe mpounx Touek moyoxuM g(x) = 0 u h(y) = 0.

HereprBHO 6a3mcHBIE MHOXKECTBA.

5. (a) MOXHO TOJIOXUTL § = €, TOTOA YTBEPKICHUE CIIEyeT U3 HEPABEHCTBA TPEYTOILHUKA
1f(2) = f(20)] < |2, 20].
(b) Dz =1,y =0 m e = % Taxoro § me cymectsyer, T.x. |f(1,0)— f(1—2,0)[=1> 1.
(c) TlocTpouM cHawasda HempepelBHYIO dyHKImIO f : R?2 — R, yIOBIeTBOPSIOIIYIO YCIOBIIO
3amaan. O6o3HaunmM s = min;<;|a;,a;|. PaccMorpuM n muckoB ¢ meHTpaMm B TOUKAaX a; U
S

pamumycamu 3. Bme stumx muckos nomoxwum f = 0. BmyTpm i-ro mmcka cnemaem [ JTHHEHHON

dbyukmmeit ot pammyca, pasHoit (—1)" B HMeHTpe a; U Hy/TIO Ha TpaHure. Temepb OrpaHIYIM
nocTpoernyio ¢pyuknmo Ha K C R? u momyunm TpeGyeMyio HempepbiBHYIO dyuknmio K — R.



(d) Mmeem

‘(f2—f3+f4—f5+"'—f4n+3)—(4n+2)|g47127;2§3,

Oto o3Hauaer, 9T0 g(az) —g(aan+s) > (4n+2)—3 > 2n, U3 Yero HEMEIIEHHO clieyeT Tpebyemoe
HEPaBEHCTBO.

6. (a) Eciu 661 mommaus A = {aq, . .., ag41} 6b1a Gasucuoit, To f(ay)— f(az)+- -+ f(an—2)—
f(az) = 0, HO ;erko momoGparh GyHKIWMO f, IS KOTOPOU 5TO He BhINONHeHO. CpaBHUTE C
3amadent 2.

(b),(c) Amamoruuso 3amuam 3a, 3b.

7. (a) Ecim MHOXECTBO HE SBIISIETCS PA3PHIBHO OA3MCHBIM, TO OHO CONEPKUT 3aMKHYTYIO
MoHUIPO. Torma yTBepxKOeHue 3amad ciemyeT u3 6a, T.K. QyHKIUS [ MOXKeT OBITH IPOMOJIKEHA
C 3aMKHYTOI MOJIHAU Ha BCE MHOXKECTBO.

. —1)

(b) Pacemorpum dyukmmio f, mist koropoit f(a;) = % [Ipenmonoxum, aro f(z,y) =

g(z) + h(y) nmns HEKOTOPBIX HEIPEPHIBHBLIX ¢ U h, TOorna

flar) = flag) + f(a3) = f(ag) +--- = f(azr) = h(y(ar)) — h(y(az)).

Tax xak lim;_ o, h(ys) cymectByer u pasen h(y(ag)), To psn Z?lzl(—l)if(ai) CXOMUTCS TIPH
[ — c0. Ho 5T0 mpoTHBOpEYNT pacXonuMOCTU TaPMOHIYECKOTO DALA.
(c) KpecT comep:KuT 3aMKHYTYIO MOJTHUIO

-1 1 1 1 1 —1 -1 -1
k1 = (s g ) Gz = (G o)y aans = (5o o)y @k = (g 5 g0)

Omnpenenum GyHKUuio f Ha 9TOM MOJHUM, UCHONB3Ys 3amady 7(b), m mpomoinkmM eé KyCOdIHO-
JMHENHO Ha Bech KpecT. He cymectyer Takux Gyukuuit g u f, uro f(x,y) = g(x) + h(y).
(d) Hns mo6oro i Toukn (x; 2, xi,gl)%:ll u (z; 9, xi,gl_z)%;_ll 06pa3yI0T MOTHIIO 13 2° HrleMeH-
TOB.
(e) Onpenenum ¢yakuuio f(z,y) COOTHOLIEHUSIME
1 1
f((@i20,2i21)) = o ™ f(wi2n, Ti21-2)) = —oi
[Ipenmonoxum, uro f(z,y) = g(z) + h(y) mns mexkoropbix HempepbBHLIX ¢(z) u h(y). Temeps
TIJISL KAsKIIOTO 4, UCTIONb3Y S MONHUM (T 91, T;i.21) U (Tj o1, Tioi—2), Toe | = 1,2,3,...2°7 1 nomygaem
h(2—2)—h(2—2Z)=1. DTo IPOTHBEOPEUNT HENPEPLIBHOCTHU h B Touke y = 2.
Oyukmusa f @ K — R maswBaeTcs o2pawuuennoti, ecau HammeTcs umcio M Takoe, 9TO
|f(x,y)| < M nms mo6oit Touku (z,y) € K.

8. Jlemma. Henpepoisuas dyukuns f : [0, 1] — R orpannuena.

Hoxazameavcmeo. Ilpennonoxkum nporusHoe. Torma mis KaxKmoro Ieoro n CyIIeCTBYET
Takas Touka a, € [0,1], uro |f(an,)| > n. BeiGepem u3 mocienoBaTeNbHOCTH @, MONIOCIIENO-
BATEIILHOCTD (y,,, CXOMMIIYIOCs K HekoTopoil Touke a € [0,1]. W3 menpepwiBHOCTH DyHKIME f
crenyer, 9To |f(an,)| crpemurcs x |f(a)|. Ho B TO ke Bpems 5Ta mocienoBaTeIbHOCTE CTPe-
MUTCsI K GECKOHEUHOCTH [0 TOoCTpoeHuto! V3 mosryYeHHOro mpoTuBOpeunst CIIenyeT JIeMMa.

(a) Bosbmém Takoe otobpaxkenue k : [0,1] — R2, aro K = k([0,1]) u paccmoTpum Komro-
sunmio f ok : [0,1] — R. Ilycrs s ects MurmManbHOe uncio, mis koroporo f(k(t)) < s mus
Beex t € [0,1]. Ecau 661 He cymecrBoBaso takoro t, uro f(k(t)) = s, To HenpepsIBHAS (QYHKITHSI
m : [0,1] — R okaszamace 661 Heorpanmaernoi. Ho 5o HeBo3MmoxkHO 1o Jlemme. Crienosa-

TebHO, f MOCTUraeT CBOErO HAMOOIBINETO 3HAUEHUs. AHAIOTUYHO MOKA3BIBACTCS YTBEPKICHUE
IIJIST HAMMEHBIIIETO 3HaYeHusT QyHKuum f.



BA3NCHOCTD IINIOCKUX MHO2KECTB

A .CkonenkoB u U.ITuypuukos (npencrasnsiercss umu u B. Topunbim)
Pernenus 3amau, npeasioXKeHHbBIX MOCJIE IIPOMEXYTOYHOIo PUHUIIIA.

Kpurepun 6a3zucHocTu.

st dysekunu G : K — R nonoxum |G| := max,ecx |G(z)|.

8. (b) IIpenmomoxkum, uTO MHOXKeCTBO K CONEPKUT CKOJIb YIOMHO IJINHHBIE MOJIHUU U TIPU
5TOM sBJIseTCS 6a3uCHbIM. MOXKHO CYMTATh, YTO BCE TOYKM MOJIHWI pas3inmydbl. Torma mis
mo6Oro N CyIecTByeT MOIHuA {af, ..., a4, 4} u3 (4n + 4)-X pasIUyYHBEIX TOYEK MHOXKecTBa K.
B TakoMm ciydae cyIecTByeT HempepbiBHas dymkuus f, : K — R Taxas, aro f,(a?) = (—=1)" u
|fn(z)] <1 nma moboro z € K. Ilycrs f : K — R u g,h: R — R — menpepsiBuble dyHKINN,
st KoTopeiX |f — fol < 1/2n u f(x,y) = g(x) + h(y) mna aoboit toukn (z,y) € K. Torma
lg| > n mo 3amaue 5(d). Temepsr mocratouno mpennonoxuts, uro F(z,y) = G(z) + H(y) u
nokasaTb, 9To |G| > n mius xaxmnoro n. Mmeewm:

| — _
F-F,=F—F, ;- fon _ onillF Fnl‘l) fon

Sn—1-

HMonoxum f = s, 1!(F — F,,—1). Torma s, —1 > s,y apun >2u

= s I|F - ! N ! ! 11
lf = fs, | = snal|F — Fy| < Go 1) s, 2 e < Go=1) =, kz_% oF = 95
Ho B T0 x)e Bpems
f=sn1M(G(2) = Gna(2)) + 1 (H(y) — Hna(y))-
I[To 3amaue 5(d) momyuaem s,_1!|G — G,—1| > s,. CrenoBarensHo,
G|+ |G| > |G — G| > 8::! > |Groy| +n. O
9. (a) Hokaxkewm yrBepxmerue ~tombko Torma”’. Ilycts K — 3aMKHYTOE TOMMHOXKECTBO

mIocKoCTH. [Ipemnonoxum, 9To st HeKOTopoil Toukn a = (z,y) ¢ K u mis mpou3BOIILHOTO
g = % > 0 cymecTByeT XOoTs OBl OOHA TOYKA G, € K, mis KoTopoil |a,a,| < % Ho Torma
TIOCJIENOBATEILHOCTD TOUEK a,, € K cxomuTcs K Touke a, mostoMmy a € K. IIporuBopeune.
Teneps moxaxkem yTBepxkaenne ~torma’ . IlycTh HEKOTOpas MOCIENIOBATETHHOCTD Oy CXOMUTCS
K TOUKe a, He jexarrein B MHOKecTBe K. Ilo ycrmoButo cytiectByet € > 0 Takoe, 9TO OJIsI JTFOOOM
TOuKHU a, € K paccrosuue |a,a,| > . Ho 5T0 mpoTUBOpeUnT CXOMUMOCTH MOCIENOBATETHLHOCTH.
(b) PaccmoTpum mHenpepbisHoe oTobpaxkerue f : [0, 1] — R2. Tpenmonoxkum, 9T0 HEKOTOpast
HOCIIEIOBATENILHOCTL To4YeK {a;} m3 obpasa f cxomurcs K Touke a. s xaxmoro i BbibGepem
t; € f~1(a;). Temeps BBLEETMM W3 MOCIENOBATETBHOCTH {t;} CXOMANIYIOCS TONMIOCIIENOBATEb-
HocTh {t;, }. Eé npemen oboznaunm 3a ty € [0,1]. OTo6paxenue f HENPEPLIBHO, 3HAYNUT, HOCIIE-

noBaTenbHOCTE f(t;, ) cxomures K f(tg). Torma a = f(ty), cnenosarensuo, f([0,1]) 3amxHyTO.

10. (a) JIrobas Geckoneunas MonHus A, He comepKarlas 3aMKHY THIX MOJIHII U CXONSIIASICS K
Touke a ¢ A, aBusercst 6a3UCHON. DTO CIEMyeT U3 TOTO, UTO t0bast QYHKINs, OMPEeNeTEHHAS Ha
A, HenpepbIBHA.
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(b) KorTpnpumepom siBisercst MuHOX)ecTBO {(k, k)52, U {(k, k — 1)} | TOUeK IIOCKOCTH.
(¢) HokazarenpcTBO mOBTOpsieT pererne 3amadn 8(b), ncnons3ys cremyiyio Jlemmy.
Jemma. Ilycts K — mpoumsBOIBHOE 3aMKHYTOE OIDAHMYEHHOE IIOIMHOXKECTBO ILIIOCKOCTL.
Torma mobast menpepwiBHas ¢yuknus f : K — R orpanudena.

11. (a) Hpennonoxum, uro E™(K) # () mna Beex n. Ilis Kaxkmoro n paccMOTPUM TOUKY
ag € E"(K). Bmibepem Toukm a_1,a; € E"1(K) Takme, uto z(a_1) = x(ap) u y(a;) =
y(ap). Temepb MOXKHO BHLIGPATH TOUKH G_o,as € E"2(K), s KOTOPEIX {a_o,a_1,a0,a1,as}
— MOHMSL. AHAJIOTMYHO MOXHO CKOHCTPYUPOBATHL MOJIHIIO U3 21+ 1 TOUEK, JIEKAIITYIO ETUKOM
B MHOXKecTBe K. UTo m TpeboBaIoch MOKa3aTh.

(b) IIycTs Temepb MHOXKeCTBO K comep:KuT MONHUIO u3 2n + 1 Touku {a—_pn,...,a0,...,0n}.
Torna B MmuoxecTBe E(K) conepxurcs momaus u3 2n— 1 touku {a_p41, ..., an—1}. [Ipomomxkas,
nosyunm, ato ag € E™(K). Crenosarensuo, ecmu E™(K) = (), To K He cOmep:KuT MOJHUU U3
2n 4 1 Touex.

(c)* Cmorpu pemrenue 3amaun 11(d).

(d)* Hpuseném HesTIEMEHTAPHOE MNOKA3ATEIHLCTBO, OCHOBAHHOE Ha MepedOpMyYIIMPOBKE CBOI-
cTBa GA3UCHOCTU B TEPMUHAX 02PAHUUEHHBIT AUHETHLIE ONEPAmMOopos B OAHATOBHIT NPOCMPAH-
cmeax gynryut. O6o3Haunm uepes3 C'(X ) IPOCTPAHCTBO HEIPEPHIBHBIX (QyHKIWIT Ha X ¢ HOPMOI
|f| =sup{|f(z)| : = € X}. O6osuauum [ := [0,1]. O6osuaumm wepes pry(a) u pry(a) Tpoexnnn
Touku a € K Ha 0Cu KOOPIUHAT.

I momvaO)kecTBa K C I? ompenemam oTobpazkerne (aunetinbili 0nepamop cynepno3uyuL)

p:C(I)®C(I) — C(K) dopmymoir (g, h)(x,y) = g(x) + h(y).

glcro, uTo momMmuOXKecTBO K C I? 6a3mcHO TOrma M TOIBLKO TOrna, Korma ¢ smumopduo. O6o-
saaunM 4yepe3 C*(X) mpocTpancTBo orpanmueHHbIX juHenHbx Gyukimmit C(X) — R ¢ mHopMmoin
\u| = sup{|p(f)| : fe€ C(X), |f| =1}. IIna nonmuoxkectsa K C I? onpenesum oTobGpaskeHne
(deoticmeennbill Aunetinbll onepamop Cynepno3uUYUL)

" C*(K) - C*(I)C*(I) xax " u(g,h) = (u(goprz), u(hopry)).

Tax kax |p*p| < 2|p|, To ¢* orpanmuen. Ilo mBoiicTBeHHOCTH, ¢ SHUMOPGEH TOrAA M TOJIBKO
TOTIa, KOraa (p* MOHOMOpP(QEH.

(Ilpu sToM ¢* MOkeT GBITH MHBEKTUBHBIM, HO HEe MOHOMOpGHBIM. [Ipyrumm cioBaMu, He
TOJILKO JIMHEMHbIE COOTHOIIEHNS Ha i (0 3aCTaBISIIOT €ro 6bITh cTporo Menbire yem C(K), kak
MOKA3bIBAET IPUMEP HEeOGA3UCHON MTOMOTHEHHON MOJIHIIN. )

[TousaTHO, uTO (P* MOHOMOPdEH TOrIa U TOILKO TOrIa, Korma cywecmeyem € > 0 makoe, umo
|p*u| > e|lu| dag warncdozo nenyaesoeo p € C*(K).

Ocraéres mokasaThb, 9TO HOCenHee ycioBue ciiemyer u3 toro, uyro E™(K) = (). Tlpuse-
neM nokasareabeTBo it n € {1,2} (mas mpousBoIbHONO 1 OHO aHAJIOrMYHO). Mel ucHnonb3yem
crenytommit HeTpuBranbublil hakT: C*(K) cosnadaem ¢ npocmpancmeom o-addumusHbir pe-
2YAIPHBIT 6€EULECTMEEHHOZHAUNMIL bopenesckur mep na K (namee Mbl 6ymeM HA3BLIBATH UX MPOCTO
'MepaMu’; UCIIOJIb3YeTCsl TaKkKe TepMuH ‘3apsansl’). Umeem

*

O 1= (s pry),  tme i (U) = plpry'U) m puy (U) = p(pr, 'U).

Ecmu pp = pu* — u~ ecThb pasjioxkeHue Mephl [ Ha MOJOKUTEIbHBEIC I OTPUNATEIbLHEIC YaCTH, TO
lu| = 1(X), rme i = p™ + p~ ecTb abCOMOTHOE 3HAUEHUE MEPHI [i.
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O6o3raunM gepe3 D, (m D,) MHOXKecTBO Tex Touek m3 K, KOTOpble HE 3aTEHSIIOTCS JIIOOOM
T Yy ’
npyroit Toukont u3 K B z- (u y-) Hanpasienun. Bosbmem mo6yio mepy p Ha K ¢ HOpMmoit 1.
Ecmu n =1, To

E(K)=0, mosromy DyUD,=K, smaur, 1=p(K)<p(Dy)+ (Dy).

Torma, He ymensbInas obusocTH, (D, ) > 1/2. Tax kak mpoekims Ha OCb & UHbEKTUBHA Ha D,
TO || > 1/2. W3 5TOTO BEITEKaET HEOOXOMMMOE yTBEDKICHHE I € = +

5
Ecmu n = 2, To
E(E(K))=0, nosromy D,UD,=K-E(K) u E(D,UD,)=0.

Torma mpu i(E(K)) < 3/4 umeem fi(D, U Dyy) > 1/4 u, e ymensmas obmuoctn, fi(Dy) > 1/8,
3HAUNUT, KaK U B ciiydae n = 1, umeeM |u,| > 1/8, u3 yero BoITeKkaeT HEOOXOMMMOE yTBEPXKICHUE
s € = §.

IIpn @(E(K)) > 3/4 nmeem (K — E(K)) < 1/4. Kak u B ciiyuae n = 1, He yMeHbIIas
obHocTH, [ig(pre(E(K))) > R(E(K))/2. Cnenosarensho |py| > -3 — 1 = 1 u3 vero n
BEITEKAeT HeOOXOINMOe yTBEpIKICHNe UL € = .

Bamerum, uro ecmu K C R? - 6asucHOe IOMMHOKECTBO, TO MBI MOXKEM IOKa3aTh 63 MCIIONb-
30BaHUs @, 9T0 ¢* MoHOMOpGhHO. Onupenenum mureiHsii onepatop ¥ : C*(I) @ C*(I) — C*(K)
dopmymoit W(pa, py)(f) = pa(g) + py(h), roe g, h € C(I) Taxossr, uto g(0) = 0 n f(z,y) =
g(z) + h(y) mnna (z,y) € K. Scno, uto Wp* = id u ¥ orpaHndeHo, CIeHOBATEIBLHO @ MOHO-
MOpPGHO.

12. (a) Muoxectso K C R? masniBaercs (nenpepviéno) 6azucnbim, eciau mis moboit Hemrpe-
peiBHOI Qyukmuu f : K — R cymiecTtByioT HenpepsiBable QyHKInu g, h,l : R — R, Takume, uTo
f(z,y,2) =g(z) + h(y) + l(z) mmnst Becex Touek (z,y,2) € K.

st mpomssonbron pyukmun f : K — R ma kpecre K onpenemum g(z) := f(x,0,0), h(y) :=

f(0,4,0) — f(0,0,0) u I(2) := f(0,0,2) — f(0,0,0).
(b) Homoxum ¢g(0) = £(0,0,0), h(0) =0, [(0) =0,

29(1) = £(0,0,0) + f(1,1,0) + f(1,0,1) = f(0,1,1),

2h(1) = =f(0,0,0) 4+ f(1,1,0) = f(1,0,1) 4+ f(0,1,1)) m
21(1) = = f(0,0,0) = f(1,1,0) + f(1,0,1) + f(0,1,1).
(¢)* Amanornuno 3amade 11(d) [St89, §2, Jlemma 23.ii].

I'mankas 6a3UCHOCTb.
13. (a), (b), (¢) Amamoruuso 3anagam 6(a), 3(a) u 3(b).

14. (a) Ilycrs f(z,y) - muddepenmmpyemas dyukuus. Torma f(z,|z|) — f(0,0) = ax +
blx| + a(z, |z|)|(z, |x|)|. Homoxum h(y) = by, g(x) = f(z,|x|) — b|z|. Bonee nonpobro perenne
M3JI0XKEHO BMeCTe ¢ 3amadenn 16c¢.

(b) Ipennonoxum, uTo manHas soMaHas auddepeHnupyemo 6asucuHa. Mbr 3HaeM, 9T0 QyHK-
nust f nuddepennupyema B Toukax (—1,1) u (1,1). CremoBarensHO, sl TOCTATOYHO MAJIOLO
d > 0 UMEeT MeCTO CJIEMYIOIINEe COOTHOIICHNS:

f(_l +d7 1- d) - f(_17 1) = fld_ f2d+ a(—l,l)(da _d)‘(d7 _d)‘7
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f<_1 —d,1— d) - f(_17 1) = _fld - f2d+ a(—1,1)<_d7 _d)‘(_d7 _d)|7
f(l + d7 1-— d) - f(la 1) = f3d_ f4d+ a(l,l)(da _d)‘(da _d)‘ u
f(l - da 1- d) - f<17 1) = _f3d - f4d+ a(1,1)<_d7 _d)‘(_d7 _d)|

Kpowme Toro f(x,y) = g(x) + h(y), roe g(z) u h(y) muddepernupyembl. 3HaUNT,
f(=14d,1—-d)— f(-1,1) = g(-14+d) —g(-1)+h(1—d) —h(1) = ¢'(-1)d— A’ (1)d+ a(d)d =n

f(=1—d,1—d)— f(=1,1) = g(=1 —d) — g(=1) + h(1 —d) — (1) = —g'(=1)d — h'(1)d + o(d)d.

Takum obpasom, h'(1) = fy (u ¢'(—1) = f1). Aranornuno h'(1) = f,. CnenoBarensro, h'(1) =
fo = fi. Pacemorpum teneps dyukmmio f(x,y) = zy, mst veé fo = —1 # fy = 1.

(¢) TIpenmomnoxum, 9TO 5Ta MOMOJHEHHAs MOJHUA muddepeHnupyemMo 6asucHa. 1lomoxum
an = ([("F7V2572), flan) = 5 0 = 2.3, Bem f(x,y) = g(x) + h(y)
HekoTopbIx Gyukiwit g(z) u h(y), Tormna f(az) — f(as) + f(as) — ... cxomures x g(1) — g(0)
(aHanorI/Iqu 3amade 7 d). Ho sTo mpoTtuBopeunT pacxommMmocTu psma % + % + % + ...

(d) He orpanmumBas obisOCTH MOXHO cunTarh, uto f(0,0) = 0, Torma Bo3sméMm ¢(0) = 0
h(0) = 0. ITomoxum

h(2—k) — f(Q—(k—f—l),Q—k) _ f(2—(k+1)’2—(k+1)) + f(2—(k+2)’2—(k+1)) o

g(2_k) _ f(Q_k,Q_k) _ f(Q_(k‘H),Q_k) + f(2_(k+1), 2—(k+1)) o

Te TIpaBble YaCTU CyTh CYMMBI 3HAKOIEPEMEHHBIX PSOOB.
Teneps g(x) u h(y) MOryT 6bITH TPONOIKEHBI M0 muddepentupyeMbrx Gyukimit R — R.

15. (a) Onpenenum
w(0) =0, wd " 4+43)=w4 =0 n wATH+43H) =23 mm i=1,2,3,....

[Iponomkum Temeps 5Ty GYHKIUIO KyCOuHO-uHeHO 10 dyuknuu w : [0, 1] — R. Ilns kaxmoro
x € [0, 1] ompenenum f(x, —x) kax miomans mon rpadbukoM dyukmmu w Ha orpeske [0, x]. Ha
ocTasibHOM Kpecte mosoxuM f(z,y) = 0.

[Ipenmonoxum, aro f(z,y) = g(z) + h(y) mus wekoTopbix nubdepennupyembix g u h. He
orpanmumBas obHOCTH, Oynem cuntarh, 9To ¢(0) = h(0) = 0. IHokaxkem, uto g He nuddepen-
mupyeMa B Touke & = 1/4. (Taxum xe cnocob0M MOXKHO MOKa3aTh, 9TO g He nubdepeHnupyeMa
B m060it Touke Buma T = 47°.)

PaccmarpuBast mBe GeCKOHEUHBIE MOJIHUM M3 TOYEK KPECcTa, HAUMHAIOIIMECS B TOUKaX (7 +

S

d,—3 —d) u (},—7) u cxonsmmecs x Touke (0,0), 3aKmodaem, 4To

1 1 1 1 1 1 1 d 1 d 1 1

—4+d]—gl|-| = —4+d,— —d|—f|-,— —+-,—-—=—-—=|-fl=,—= ]+ ..
o(i00)=0 (1) =7 Geomima)r G- (m5-5)~ (5 s)
11 TpOM3BOILHOTO TOJIOKUTEIBHOTO d < % cymecTByeT k Takoe, 9To 473 < d/ 41 nag Beex
i>kud 3 >d/4*1. B uacrroctn 472F > 4d > 472+ Takum o6pasom,

(4d)3/4

1 1
2(9 (_ + d) —g (Z)) > 2—3(k+1) + 2—3(k+2) + 2—3(/€+3) cee> 2—3(/€+1) 2 .

4
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A 510 mporuBopeunT nuddepeHnupyeMocTn QYHKIUN § B TOUKE %.

(b) I'mmore3a. OrBer — Her. JloKa3aTenbCTBO aHAJIOTMYHO 3amade 15(a).

(c)** TumoTesa. Kycouno-mumeitasiii rpad B R? aBigeTcs raanko 6a3uCHBIM TOTIA W TOILKO
TOT[1a, KOTIa OH He CONEPXKUT CKOJIb YTOMHO IIMHHBIX MOJIHUI, U IJIS JIFOOBIX IBYX CUH2YAIPHIL
Touek a u b Bemomnueno z(a) # x(b) n y(a) # y(b). Touka a € K Ha3BIBAETCS CUNHRYAIPHOU, €CITTH
nepeceuerre K ¢ OOBIM IUCKOM C IIEHTPOM B G He SBIISIETCS IPSIMOJIMHEIHBIM OTPE3KOM.

16. Cwm. orpsiBok u3 [RZ02] Ha oTnensHOlI cTpaHUIE.

MoTuBUpPOBKM!.

[Ipu pemrennn 13-it mpo6iemer I'uinsbepra [Ar58] moSBUIIOCH TOHATHE 6A3UCHO20 BAOHCEHUTL
(CCBUIKM MAlOTCS IO BO3MOXKHOCTH HE HA OPUTHMHAJIBbHBIE pabOThI, & HA 0630pbl). OCHOBHOI pe-
3yJIbTAT HACTOSIIErO IUKIIA 3amad (3amada 8b) — smemenrtaproe perterne [MTO03] 'mosoBuabr’
npobiiemsr Aprosbaa [Arb8’] o xapakTepusanuu GasuCHBIX MOIMHOXKeCTB mIockocTu [St89]. Cwm.
rakxke [Vo81, Vo82, Sk95, Ku00, Ku03]. Hamubii nuki 3amau mepecekaercs ¢ [KS97, KS9§]
TOJIBKO TI0 HECKOJIBKUM TPUBUAIBHBIM 3aadaM. BakHeline HepeleHHbIe 3a0a4un TaHHOTO 11~
KJI& [IOCBSIIIEHEI IOMBITKAM XapaKTePU3AINI 2.4a0K0 043 UCHbLIL TIOOIMHOXKeCTB miockoctu [RZ02].
Mur 6naromapum B.M. Apuonsna u C.M. Boporuna 3a mosesubie 06Cy K IEHUS.

JIuTepaTypa

[Ar58] B. . Apuonbn, O npedcmasienuy Gynkyutl HeCKOALKUT NEPEMEHHBIT 6 6ude cynep-
nosuyuy Pyrkyul menvuweeo wucaa nepemenuvir, Mar. Ilpocserenue, 3 (1958), 41-61.

[Ar58’] B. U. Apuonwn, IIpobaema 6, Mar. Ilpocsertenue, 3 (1958), 273-274.

[Vo81] C. M. Bopounn, ®yukimonanbueil anamus, 15 (1981).

[Vo82] C. M. Bopouun, ®yukunonansueiii anamms, 16 (1982).

[KS97] B. Kypnuu u A. Ckonenkos, Fasuchbie 6aoxcenud epados 6 naockocmsp, Mar. Obpa-
3oBaHme, 3 (1997), 105-113.

[KS98] B. Kypmuu u A. Ckonenkos, Basuchbie 8a0xcenus 2pados 6 naockocmp, B KH.: 9-s
nerusist Koudepenius Typuupa [oponos, n3n-so MITHMO (1998), 34-44, 106-113.

[Ku00] V. Kurlin, Basic embeddings into products of graphs, Topol.Appl. 102 (2000), 113-137.

[Ku03] V. A. Kurlin, Basic embeddings of graphs and the Dynnikov method of three-pages
embeddings (in Russian), Uspekhi Mat. Nauk, 58:2 (2003), 163-164. English transl.: Russian
Math. Surveys, 58:2 (2003).

[MKO03] N. Mramor-Kosta and E. Trenklerova, On basic embeddings of compacta into the
plane, Bull. Austral. Math. Soc. 68 (2003), 471-480.

[RZ02] D. Repovs and M. Zeljko, On basic embeddings into the plane, preprint (2002)

[Sk95] A. Skopenkov, A description of continua basically embeddable in R?, Topol. Appl. 65
(1995), 29-48.

[St89] Y. Sternfeld, Hilbert’s 15th problem and dimension, Lect. Notes Math. 1376 (1989),
1-49.



HILBERT’S 13-TH PROBLEM AND BASIC PLANAR SETS
A. Skopenkov and I. Shnurnikov
PROBLEMS PROPOSED BEFORE THE INTERMEDIATE FINISH.

Motivation.

In the course of the solution of the Hilbert’s 13-th problem the notion of basic embedding
appeared. The main result of the present sequence of problems (problem 8b) is an elementary
solution of "half’ of the Arnold problem on the characterization of basic subsets of the plane. The
most important unsolved problems here concern the characterization of smoothly basic subsets
of the plane.

The more difficult problems are marked by a star, and unsolved problems by two stars. If the
statement of a problem is an assertion, then it is required to prove this assertion.

Discontinuously basic subsets.

1. (a) Is it true that for any four numbers f11, f12, f21, foo there exist four numbers g1, g2, hi, ho
such that f;; = g; + h; for each ¢,j = 1,27

(b) Andrey Nikolaevich and Vladimir Igorevich play the 'Dare you to decompose!’ game.
Some cells of chessboard are marked. A. N. writes numbers in the marked cells as he wishes. V.
I. looks at the written numbers and chooses (as he wishes) 16 numbers aq, ..., as, b1,...,bs as
'weights’ of the columns and the lines. If each number in a marked cell turns out to be equal to
the sum of weights of the line and the row (of the cell), then V. I. wins, and in the opposite case
(i.e., when the number in at least one marked cell is not equal to the sum of weights of the line
and the row) A. N. wins.

Prove that A. N. can win no matter how V. I. plays if and only if there does not exist a closed
route of a rook turning only at marked cells (the route is not required to pass through each
marked cell).

Let R? be the plane with a fixed coordinate system. Let z(a) and y(a) be the coordinates of
a point a € R?. An ordered set (either finite or infinite) {a1,...,a,,...} C R? is called an array
if for each i we have a; # a;+1 and x(a;) = x(a;4+1) for even i and y(a;) = y(a;41) for odd i. It
is not assumed that points of an array are distinct. An array is called closed if a1 = a,,.

2. Consider a closed array {ai,...,a, = a1}. A decomposition for such an array is an
assignment of numbers at the projections of the points of the array on the z-axis and on the
y-axis. Is it possible to put numbers fi,..., f, € R, where f; = f,, at the points of the array so
that for each decomposition there exists an f; that is not equal to the sum of the two numbers
at z(a;) and y(a;)?

A subset K C R? is called discontinuously basic if for each function f : K — R there exist
functions g, h : R — R such that f(z,y) = g(x) + h(y) for each point (x,y) € K.

3. (a) The segment K = 0 x [0,1] C R? is discontinuously basic.

(b) The cross K =0 x [-1,1]U [~1,1] x 0 C R? is discontinuously basic.

4. (a) A criterion for a subset of the plane to be discontinuously basic. A subset of the plane
is discontinuously basic if and only if it does not contain any closed arrays.

(b) Given a set of marked cells in the cube 8 x 8 x 8, how can we see who wins in the 3D
analogue of the ’Dare you to decompose!” game? In this analogue V. I. tries to choose 24
numbers aq, ..., as,by,...,bs,c1,...,cs so that the number at the cell (4, 7, k) would be equal to
the sum a; + b; 4 ¢, of the three weights.

(¢)** Define discontinuous basic subsets of the 3-space. Discover and prove the 3D analogue
of the above criterion.



Continuously basic subsets.

Denote by |z, zo| = |(z,9), (z0,v0)] = v/(x — 20)2 + (y — yo)? the ordinary distance between
points z = (z,y) u 29 = (z0,yo) of the plane. Let K be a subset of R%. A function f : K — R is
called continuous if for each point z5 € K and number € > 0 there exists a number § > 0 such
that for each point z € K if |z, zg| < 6, then |f(2) — f(20)| < €. It is sometimes convenient to
write (z,y) instead of z.

5. (a) The function f(x,y) = /22 + y? is continuous on the plane.

(b) The function f(x,y) equal to the integer part of x + y, is not continuous on the plane.

(c) Let ay, ..., a, be distinct points of K C R2. Prove that there exists a continuous function
f: K — R such that f(a;) = (—1)" and |f(z)| <1 for each x € K.

(d) Let K = {a1,...,G4n+4} be an array of 4n + 4 distinct points and f1,..., fin+4 numbers
such that |(—1)" — fi| < 5=. Let g(z(a;)), h(y(a;)), i = 1,...,4n + 4, be numbers such that
fi = g(z(a;)) + h(y(a;)) for each i. Prove that max;{g(z(a;))} > n.

In the sequel all functions are assumed to be continuous.

A subset K C R? is called (continuously) basic if for each continuous function f : K — R
there exist continuous functions g,h : R — R such that f(x,y) = g(x) + h(y) for each point
(z,y) € K.

6. (a) A closed array is not basic.

(b) The segment K = 0 x [0, 1] C R? is basic.

(c) The cross K =0 x [—-1,1]U [~1,1] x 0 C R? is basic.

7. (a) If a subset of the plane is basic, then it is discontinuously basic.

(b) A completed array is the union of a point ag € R? with an infinite array {a1,...,apn,...} C
R? of distinct points which converges to the point aq (i.e. for each & > 0 there exists a positive
integer N such that for each i > N we have |a;, ag| < €). Prove that any completed array is not
basic. (Note that it is discontinuously basic).

(c¢) Let [a,b] be the rectilinear arc which connects points a and b. Prove that the cross
K =[(-1,-2),(1,2)]U[(-1,1),(1,—-1)] is not basic.

(d) Let m;; =2—3-27"+3-272". Consider the set of points (z; 2, z; ) and (x; 211, T; 21—2),
where 7 varies from 1 to co and [ = 1,2, 3,...,2~!. Prove that this subset of the plane does not
contain any infinite arrays but contains arbitrary long arrays.

(e) The union of the set from the previous problem and the point (2,2) is not basic.

8. Let K C R? be the image of an arc [0, 1] under a continuous map [0, 1] — R2.

(a) Each continuous function f : K — R assumes its lowest value and greatest value. Hint:
reduce this problem to an analogous theorem on continuous functions [0, 1] — R.

(b)* If K contains arbitrary long arrays, then K is not basic.

Hint. Assume that K contains arbitrary long arrays and is basic. We may assume that points
of each array are distinct. Therefore for each n there is an array {a7,...,a}, 4} of 4n+4 distinct
points in K. Then there exists continuous function f, : K — R such that f,(a?) = (=1)* and
|fn(z)] < 1foreachxz € K. For each function G : K — R its mazimum is |G| := max,cx |G(x)|.
Let f: K — Rand g, h: R — R be functions such that || f— f,,|| < 1/2n and f(z,y) = g(x)+h(y)
for each (x,y) € K. Then ||g]| > n...



BASIC PLANAR SETS
A. Skopenkov and I. Shnurnikov
problems proposed before the intermediate finish.

Motivation.

In the course of the solution of the Hilbert’s 13-th problem the notion of basic embedding
appeared. The main result of the present sequence of problems (problem 8b) is an elementary
solution of "half’ of the Arnold problem on the characterization of basic subsets of the plane. The
most important unsolved problems here concern the characterization of smoothly basic subsets
of the plane.

The more difficult problems are marked by a star, and unsolved problems by two stars. If the
statement of a problem is an assertion, then it is required to prove this assertion.

Discontinuously basic subsets.

1. (a) Is it true that for any four numbers f11, f12, f21, foo there exist four numbers g1, g2, hi, ho
such that f;; = g; + h; for each ¢,j = 1,27

(b) Andrey Nikolaevich and Vladimir Igorevich play the 'Dare you to decompose!’ game.
Some cells of chessboard are marked. A. N. writes numbers in the marked cells as he wishes. V.
I. looks at the written numbers and chooses (as he wishes) 16 numbers aq, ..., as, b1,...,bs as
'weights’ of the columns and the lines. If each number in a marked cell turns out to be equal to
the sum of weights of the line and the row (of the cell), then V. I. wins, and in the opposite case
(i.e., when the number in at least one marked cell is not equal to the sum of weights of the line
and the row) A. N. wins.

Prove that V. I. can win no matter how A. N. plays if and only if there does not exist a
closed route of a rook starting and turning only at marked cells (the route is not required to
pass through each marked cell).

Let R? be the plane with a fixed coordinate system. Let z(a) and y(a) be the coordinates of
a point a € R?. An ordered set (either finite or infinite) {a1,...,an,,...} C R? is called an array
if for each i we have a; # a;+1 and x(a;) = x(a;4+1) for even i and y(a;) = y(a;41) for odd i. It
is not assumed that points of an array are distinct. An array is called closed if a1 = ag;41.

2. Consider a closed array {ai,...,a, = a1}. A decomposition for such an array is an
assignment of numbers at the projections of the points of the array on the z-axis and on the
y-axis. Is it possible to put numbers fi,..., f, € R, where f; = f,, at the points of the array so
that for each decomposition there exists an f; that is not equal to the sum of the two numbers
at z(a;) and y(a;)?

A subset K C R? is called discontinuously basic if for each function f : K — R there exist
functions g, h : R — R such that f(z,y) = g(x) + h(y) for each point (z,y) € K.

3. (a) The segment K = 0 x [0,1] C R? is discontinuously basic.

(b) The cross K =0 x [-1,1]U [~1,1] x 0 C R? is discontinuously basic.

4. (a) A criterion for a subset of the plane to be discontinuously basic. A subset of the plane
is discontinuously basic if and only if it does not contain any closed arrays.

(b)** Given a set of marked unit cubes in the cube 8 x 8 x 8, how can we see who wins in
the 3D analogue of the 'Dare you to decompose!” game? In this analogue V. I. tries to choose
24 numbers aq,...,as,b1,...,bs,c1,. .., cs so that the number at the unit cube (4, 7, k) would be
equal to the sum a; + b; + ¢, of the three weights.

(¢)** Define discontinuous basic subsets of the 3-space. Discover and prove the 3D analogue
of the above criterion.



Continuously basic subsets.

Denote by |z, zo| = |(z,9), (z0,v0)] = v/(x — 20)2 + (y — yo)? the ordinary distance between
points z = (z,y) u 29 = (z0,yo) of the plane. Let K be a subset of R%. A function f : K — R is
called continuous if for each point z5 € K and number € > 0 there exists a number § > 0 such
that for each point z € K if |z, zg| < 6, then |f(2) — f(20)| < €. It is sometimes convenient to
write (z,y) instead of z.

5. (a) The function f(x,y) = /22 + y? is continuous on the plane.

(b) The function f(x,y) equal to the integer part of x + y is not continuous on the plane.

(c) Let ay, ..., a, be distinct points of K C R2. Prove that there exists a continuous function
f: K — R such that f(a;) = (—1)" and |f(z)| <1 for each x € K.

(d) Let K = {a1,...,a4nta} be an array of 4n + 4 distinct points and f1,..., fanta be
numbers such that |(—1)" — fi| < 5=. Let g(z(a;)), h(y(a;)), i = 1,...,4n + 4, be numbers such
that f; = g(x(a;)) + h(y(a;)) for each i. Prove that max; |g(z(a;))| > n.

In the sequel all functions are assumed to be continuous.

A subset K C R? is called (continuously) basic if for each continuous function f : K — R
there exist continuous functions g,h : R — R such that f(x,y) = g(x) + h(y) for each point
(z,y) € K.

6. (a) A closed array is not basic.

(b) The segment K = 0 x [0, 1] C R? is basic.

(c) The cross K =0 x [—-1,1]U [~1,1] x 0 C R? is basic.

7. (a) If a subset of the plane is basic, then it is discontinuously basic.

(b) A completed array is the union of a point ag € R? with an infinite array {a1,...,apn,...} C
R? of distinct points which converges to the point aq (i.e. for each & > 0 there exists a positive
integer N such that for each i > N we have |a;, ag| < €). Prove that any completed array is not
basic. (Note that it is discontinuously basic).

(c¢) Let [a,b] be the rectilinear arc which connects points a and b. Prove that the cross
K =[(-1,-2),(1,2)]U[(-1,1),(1,—-1)] is not basic.

(d) Let z;;j =2 —3-27"+ 5272 Consider the set of points (z; a1, z; 2/) and (z; 2, T 2—2),
where 7 varies from 1 to co and [ = 1,2, 3,...,2~!. Prove that this subset of the plane does not
contain any infinite arrays but contains arbitrary long arrays.

(e) The union of the set from the previous problem and the point (2,2) is not basic.

8. Let K C R? be the image of an arc [0, 1] under a continuous map [0, 1] — R2.

(a) Each continuous function f : K — R assumes its lowest value and greatest value. Hint:
reduce this problem to an analogous theorem on continuous functions [0, 1] — R.

(b)* If K contains arbitrary long arrays, then K is not basic.

Hint. Assume that K contains arbitrary long arrays and is basic. We may assume that points
of each array are distinct. Therefore for each n there is an array {a7,...,a}, 4} of 4n+4 distinct
points in K. Then there exists continuous function f, : K — R such that f,(a?) = (=1)* and
|fn(z)] <1 for each x € K. For each function G : K — R its mazimum is |G| := max,cx |G(x)|.
Let f: K — R and g,h : R — R be functions such that |f — f,| < 1/2n and f(z,y) = g(x)+h(y)
for each (x,y) € K. Then |g| > n...



BASIC PLANAR SETS
A. Skopenkov and I. Shnurnikov (presented by them and V. Gorin)

Problems proposed after the intermediate finish.

The Sternfeld criterion for being a basic subset.

Further hints to problem 8b. Define integers s, and functions F,, : K — R inductively as
follows. Set sgp = 1 and Fy = 0. Suppose now that Fj,_; and s,,_1 are defined. If F,,_; is not
representable as G,,—1(z) + H,—1(y), then we are done. If it is representable in this way, then
take

s,
|

Sn—1-

Sy > Sn_1!<‘Gn_1‘ + n) and F,, = F,_1+

It remains to prove that if we can construct in this way an infinite number of s,, and F,, then
the function
— f
F=lim F, =) -
n=1

n—oo — Sp—1!
is not representable as G(x) + H (y).

A sequence of points {ai, ..., an,...} C R? converges to a point a € R? if for each € > 0 there
exists an integer N such that for each i > N we have |a;,a| < e.

A subset K C R? of the plane is called closed, if for each infinite sequence of points a; € K
converging to a point a this point belongs to K.

9. (a) A subset K C R? of the plane is closed if and only if for each point a ¢ K there exists
e > 0 such that if for a point b of the plane we have |a,b| < &, then b does not belong to K.
(b) The image of an arc under a continuous map [0, 1] — R? is a closed subset of R2.

The Sternfeld criterion for being a basic subset. A closed bounded subset K C R? of the plane
is basic if and only if K does not contain arbitrary long arrays.

10. (a) The criterion is false without the assumption that K closed.
(b) The criterion is false without the assumption that K bounded.
(c) Prove the ’only if’ part (=) of the criterion.

Suppose that K is a subset of R2. For every point v € K consider the pair of lines passing
through v and parallel to the z-axis and the y-axis. If one of these two lines intersects K only
at point v, we colour v in white. Define E(K) as the set of noncoloured points of K:

EK)={ve K: |[KN(z=2xz())|>2and |KN(y=yv))| > 2}.
Let E*(K) = E(E(K)), E3(K) = E(E(E(K))) etc.

11. (a) If a subset K of the plane does not contain arbitrary long arrays, then E™(K) = ()
for some n.

(b) Prove the converse statement.

(c)* If K is a closed bounded subset of R? and E(K) = (), then K is basic.

(d)* Prove the ’if” part (<) of the criterion. Remark. It can be proven first that for piecewise-

linear maps f there is a decomposition f(x,y) = g(x) + h(y) with |g| + |h| < Cy,|f]|, where C,,
depends only on that n for which E™(K) = ().

12. (a) Define the property of being a (continuously) basic subset of R3. Prove that the
hedgehog 0 x 0 x [-1,1]U0 x [-1,1] x 0U[~1,1] x 0 x 0 C R3 is basic.



(b) The set of 4 points (0,0,0); (1,1,0); (0,1,1); (1,0,1) is basic. (But E™(K) # 0 for each
n, see below.)

(c)* Let K be a closed bounded subset of R3. Define E(K) analogously to the above, only
instead of lines we use planes orthogonal to the axes:

EK)={veK: |[KNn(z=z))|>2, |[KN(y=yW))|>2and |[KN(z=2(v))| > 2}.
Prove that if E"(K) = () for some n, then K is basic.

Smoothly basic subsets of the plane.

Let K be a subset of the plane R?. A function f : K — R is called differentiable if for each
point zg € K there exist a vector a € R? and infinitesimal function o : R? — R such that for
each point z € K

f(z) = f(20) +a- (2 — 20) + a(z — 20)|2, 20]-

Here the dot denotes scalar product of vectors a = (f;, fy) and z—z9 = (z,y), i.e. a-(2—2p) =
zfe+yfy. A function a: R? — R is infinitesimal, if for each number € > 0 there exists a number
§ > 0 such that for each point (z,y) € R?

if Va?+y?<4, then |a(z,y)|<e.
A subset K C R? of the plane is called differentiably basic if for each differentiable function
f : K — R there exist differentiable functions g : R — R and h : R — R such that f(z,y) =
g(x) + h(y) for each point (z,y) € K.
13. (a) (b) (c) Solve the analogues of problem 6 for differentiably basic sets.

14. (a) The graph of the function y = |x|, where xz € [—1, 1], is differentiably basic.

(b) The broken line whose consecutive vertices are (—2,0), (—1,1), (0,0), (1,1) and (2,0) is
not differentiably basic. (Note that it is continuously basic).

(c) The completed array {([Z2]1/2,[2]~/2)}52,U{(0,0)} is not differentiably basic. (Note
that it is also not continuously basic.)

(d) The completed array {(2_[717“], 2151}, U {(0,0)} is differentiably basic. (Note that it
is not continuously basic.)

(e)** Is there a continuous map of arc [0, 1] to R?, whose image is differentiably basic but not
continuously basic?

15. (a) The cross K = [(—1,—-2),(1,2)]U[(—1,1), (1,—1)] is not differentiably basic.
(b) Is the subset { (¢, (1jr—t)2
(c)** Find a criterion for graphs in R? to be differentiably basic.

16. Let r > 0 be an integer and K € R? a subset. A function f K — Ris called r
times differentiable if for each point zy € K there exist a polynomial f(z)

)}te[—é,g] of the plane differentiably basic?

= F(z,y) degree
at most r of 2 variables x and y and infinitesimal function o : R? — R such that f(z) =
f(z—20) +a(z — 20)|z, z0|" for each point z € K. (This definition differs from the one generally
accepted.)

(a) Functions differentiable zero times are exactly continuous functions, and functions differ-
entiable one time are exactly differentiable functions.

(b) For each positive integer r define the property of being an r times differentiably basic
subset of the plane R2.

(c) For each integer k > 0 there is a subset of the plane which is r times differentiably basic
for r =0,1...k but is not r times differentiably basic for each r > k.

(d)** Find a criterion for graphs in R? to be r times differentiably basic.



BASIC PLANAR SETS
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Solutions of problems proposed before the intermediate finish.

Discontinuously basic subsets.
We use definitions given in problems proposed after the intermediate finish.

1. (a) It is not true. If f;; = g; + h; for each i,j = 1,2, then fi1 + foo = fi2 + f21, but this
is false for some numbers f;;.

(b) The statement ’only if’ follows from the problem 2. Let us prove the ’if” part by induction
on the number of the marked cells. If only one cell is marked then we are done. Let K be
the set of centres of the marked cells. The set K does not contain any closed array, therefore
#E(K) < #K. So by the induction hypothesis V. I. can win for E(K). Each cell from K — F(K)
is the only marked cell on its line or column, thus V. I. can choose the remaining weights for K.

2. Yes, it is. If every f; is equal to the sum of two numbers at z(a;) and y(a;), then
fi—fo+ f3—---— fn_1 =0, but this is false for some numbers f;.

3. (a) Set h(y) = f(0,y) and g(x) = 0.

(b) Set g(x) = f(«,0) and h(y) = f(0,y) — f(0,0).

4. (a) The statement ’only if” follows from the problem 2. Let us prove the ’if” part. Consider
a function f : K — R. Our aim is to construct functions g and h so that f(x,y) = g(z) + h(y).
Two points a,b € K are called equivalent if there is an array {a = ai,...,a, = b} C K. Now
take an equivalence class K; C K. Define function g : z(K;) — R and h : y(K;) — R in
the following way. Take any point a; € K; and set g(z(a1)) = f(a1) and h(y(ai)) = 0. If
{ay,az,...,a9} is an array, then set

h(y(an)) == f(a2) — f(agi—1) +---—f(a1) and g(z(an)) = f(a2-1)— f(agi—2)+---+ f(a1).

If {a1,a2,...,a241} is an array, then set

g(xz(a24+1)) == fla2t1) — flaz) + -+ f(a1)

(h(y(agi+1)) is already defined). Make this construction for each equivalence class. Then set
g =0 and h = 0 at all other points of R.

Continuously basic subsets.

5. (a) We can set § = ¢. Then the statement follows from the triangle inequality: |f(z) —
f(z0)] < |2, 20l

(b) For the point (1,0) and & = 1 there is no such § because |f(1,0) — f(1—2,0)[=1> 1.

(c) First define a continuous function f : R? — R. Denote s = min;<; |a;,a;|. Take n disks
with centers a; and radii §. Outside of these disks set f = 0. Inside the i-th disk take f to be
(—1)" in the center a;, 0 on the boundary and extend it linearly in the distance to a;. Then
restriction of f to K C R? is a continuous function K — R.

(d) We have |(fo— f3+fa—fs+ = fangs)—(4n+2)| < 422 < 3. Therefore g(az)—g(asnt3) >
(4n + 2) — 3 > 2n, which implies the required inequality.

6. (a) If an array A = {ay, ..., a1} is basic, then f(ay)— f(az)+- -+ f(an—2) — f(az) = 0.
But this is false for some functions f. Cf. problem 2.



(b),(c) Analogously to problems 3a,3b.

7. (a) If the subset is not discontinuously basic, then it contains a closed array. Hence the
statement follows by extension of f on the subset and using problem 6a.

(b) Define function f by f(a,) = =" ) . Suppose that f(z,y) = g(z) + h(y) for some g and

h. Then
flar) — f(a2) + f(a3) — f(a4) +--- — flau) = h(y(a1)) — h(y(az)).

Since lim;_, o h(y2;) exists and equals to h(y(ap)), it follows that 2?21 (—1)*f(a;) converges when
[ — oo, which is a contradiction.
(¢) The cross contains a completed array

-1 1 1 1 1 —1 -1 -1
k1 = (s g ) ke = (G o) aans = (5 o)y @4k = (g 5 gw)

Define a function f on this array using problem 7(b) and then extend it (e.g. piecewise linearly)
to the cross. Then there are no functions g and h such that f(z,y) = g(z) + h(y).

i—1

z 1
(d) For every i the set (x; 9, z; gl)l 1 YU (Ti20,%i21-2),_, is an array of 2 points.
(e) Define a function f by

1

1
f((xi,Qlaxi,Ql)) = — and f(.ri’Ql,xi,Ql—Q) = —?.

22
If f(x,y) = g(x) + h(y) for some g and h, then for every i using array of points (z; 9, z; 2) and
(i21, 5,21—-2), where | = 1,2,3,...2°"1 we obtain h(2 — &) — h(2 — Z) = 1. This contradicts
to the continuity of h.
A function f: K € R is called bounded, if there exists a number M such that |f(z)| < M for
every x € K.

8. Lemma. Every continuous function f : [0, 1] — R is bounded.

Proof. Suppose that for each integer n there exists a point a,, € [0, 1] such that |f(a,)| > n.
In the sequence a,, take a subsequence a,,, converging to a point a € [0,1]. Since the function
f is continuous, the sequence f(a,,) converges to the f(a) when i — oo. But |f(an,,)| > n; and
f(ay,) — oco. This contradiction implies the Lemma.

(a) Take a map k : [0, 1] — R? such that K = k([0,1]). Consider a composition fok : [0,1] —
R. Let s be a minimal number for which f(k(¢ )) < s for each t € [0,1]. If there were no ¢
such that f(k(t)) = s then continuous function - f(k(t)) : [0,1] — R would be unbounded. This
contradiction shows that f assume its greatest Value Analogously f assume its lowest value.



BASIC PLANAR SETS
A. Skopenkov and I. Shnurnikov (presented by them and V. Gorin)
Solutions of problems proposed after the intermediate finish.

The Sternfeld criterion for being a basic subset.

For function G : K — R set |G| := max,cx |G(z)].

8. (b) Assume that K contains arbitrary long arrays and is basic. We may assume that
points of each array are distinct. Therefore for each n there is an array {af,...,aj, 4} of
4n + 4 distinct points in K. Then there exists continuous function f, : K — R such that
fn(@?®) = (=1)" and |f,(z)| < 1 for each z € K. Let f : K — R and g,h : R — R be functions
such that |f — fn| < 1/2n and f(z,y) = g(x) + h(y) for each (z,y) € K. Then by the problem
5(d) |g| > n. It suffices to assume that F(z,y) = G(z) + H(y) and prove that |G| > n for each

n. We have (F_F
F—Fn :F_Fn—l o fsn _ Sn—l-( - n—l) _fsn.

1 > 1 1 1 1
— Js :n—!F_Fn< < _— = —
= Lol =sndllF = Fl < = Y

We have
f = Sn—ll(G(x) - Gn—l(x)) + Sn—l!(H(y) - Hn—l(y))
So by the above problem 5(d) it follows that s,—1!|G — G,,—1| > s,,. Therefore

Sn

G+ |Gna] 2 |G = Gna| >

> |Gp_1|+n. O

Sn—l!

9. (a) Let us prove the ’only if” part. Let K be a closed subset of the plane. Suppose that
for some point a = (z,y) ¢ K and for each ¢ = 1 > 0 there exists a point a,, € K (at least one)
such that |a,a,| < % The sequence of points a,, € K converges to the point a, thus a € K.
Contradiction.

Now let us prove the ’if’ part. Suppose that a sequence a,, converges to a point a and the
point a = (x,y) is not in K. There exists € > 0 such that for every point a,, € K the distance
|a, a,| > €. This is a contradiction.

(b) Take a continuous map f : [0,1] — R2. Suppose that a sequence of points {a;}52, in the
image of f converges to a point a. Select a point t; € f~*(a;). Now take a subsequence of points
{ti. } of {t;} converging to a point ¢ty € [0, 1]. Since the map f is continuous, the subsequence
f(ti,) converges to the point f(ty). Therefore a = f(to), so f([0,1]) is closed.

10. (a) Any infinite array A not containing closed arrays and converging to a point a ¢ A is
basic. This follows because each function defined on A is continuous.

(b) A counterexample is {(k, k)}22, U{(k,k—1)}72;.

(¢) The proof is the same as that of problem 8(b) by the following Lemma.

Lemma. Let K be a closed bounded subset of the plane. Then every continuous function
f: K — R is bounded.



11. (a) Suppose that E"(K) # () for each n. For each n take a point ay € E"(K). Then
there exist points a_1,a; € E""1(K) such that z(a_1) = z(ag) and y(a1) = y(ag). Analogously
there exist points a_s,as € E" 2(K) such that {a_s,a_1,ag,a1,az} is an array. Analogously
we construct an array of 2n + 1 points in K, which is a contradiction.

(b) Suppose that K contains an array of 2n + 1 points {a_,...,ao,...,a,}. Then there
is an array of 2n — 1 points {a_n11,...,an—1} in E(K). Analogously ay € E™(K). Thus if
E"(K) =0, then K does not contain an array of 2n + 1 points.

(¢)* See solution of the problem 11(d).

(d)* We present a non-elementary solution based on a reformulation of the property of being
a basic subset in terms of bounded linear operators in Banach functional spaces. Denote by C(X)
the space of continuous functions on X with the norm |f| = sup{|f(z)| : = € X}. We may
assume that K C I? := [0, 1] x [0, 1]. Define a map (linear superposition operator)

e:C(I) @& C(I) = C(K) by ¢(g,h)(z,y):=g(x)+h(y).

Clearly, the subset K C I? is basic if and only if ¢ is surjective, or equivalently, epimorphic.
Denote by C*(X) the space of bounded linear functions C(X) — R with the norm |u| =
sup{|p(f)| : f € C(X), |f| =1}. Denote by pry(a) and pry(a) the projections of a point a € K
on the coordinate axes.
For a subset K C I? define a map (dual linear superposition operator)

e C*(K) = C*(I)® C*(I) by ¢"ulg,h):= (u(goprs), u(hopry)).

Since |¢*u| < 2|p|, it follows that ¢* is bounded. By duality, ¢ is epimorphic if and only if ¢*
is monomorphic.

(We remark that ¢* can be injective but not monomorphic. In other words not only some
linear relation on im ¢ can force it to be strictly less than C(K).)

It is clear that ¢* is monomorphic if and only if there exist € > 0 such that |p*u| > e|p| for
each unzero p € C*(K).

So it remains to prove that E™(K) = () implies the latter condition. We present the proof for
n € {1,2}. The proof for arbitrary n is analogous. We use the following non-trivial fact: C*(X)
is the space of o-additive regular real valued Borel measures on X (in the sequel we call them
simply 'measures’). We have

O 1= (fa, pty), where p,(U) = p(pr;'U) and p,(U) = ,u(pr;lU) for each Borel set U C I.

If £ = u* — p~ is the decomposition of a measure p into its positive and negative parts, then
\u| = 1(X), where ji = ™ + p~ is the absolute value of p.

Let D, (D,) be the set of points of K which are not shadowed by some other point of K in
x- (y-) direction. Take any measure p on K of the norm 1.

If n =1, then

E(K)=0, then D,UD,=K, so 1=pu(K)<p(D;)+ i(Dy).

Therefore without loss of generality, a(D,) > 1/2. Since the projection onto the z-axis is
injective over D, it follows that |u,| > 1/2, thus the required assertion holds for ¢ = 1

5
If n =2, then

E(E(K))=10, hence D,UD,=K—-E(K), so E(D,UD,)=0.
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Therefore in the case when a(E(K)) < 3/4 we have u(D, U D,) > 1/4 and without loss of
generality i(D,) > 1/8. Then as for n = 1 we have |u,| > 1/8, thus the required assertion holds

_1
fore—g.

In the case when u(F(K)) > 3/4 we have u(K — FE(K)) < 1/4. By the case n = 1 above

without loss of generality fi,(pry(E(K))) > R(E(K))/2. Hence |py| > 5 -3 — 1 = %, thus the
1

required assertion holds for ¢ = 3.

If an embedding K C R? is basic, then we can prove that ¢* is monomorphic without use of
¢ as follows. Define a linear operator

U:C* (1) C*(I) — C*(K) by Y(pe,py)(f) = p(g) + 1y(h),

where g,h € C(I) are such that g(0) = 0 and f(z,y) = g(z) + h(y) for (x,y) € K. Clearly,
Ve* =id and W is bounded, hence ¢* is monomorphic.

12. (a) A subset K C R? is called (continuously) basic if for each continuous function
f: K — R there exist continuous functions g, h,! : R — R such that f(z,y,2) = g(z)+h(y)+1(2)
for each point (z,y,z2) € K.

For each functuion f : K — R on the cross K define g(x) := f(z,0,0), h(y) := f(0,y,0) —
£(0,0,0) and I(2) := f(0,0,2) — £(0,0,0).

(b) Set g(0) = £(0,0,0), h(0) =0, 1(0) =0,

29(1) = £(0,0,0) + f(1,1,0) + f(1,0,1) — f(0,1,1)
2h(1) = —£(0,0,0) + f(1,1,0) — f(1,0,1) + f(0,1,1))
and  2[(1) = —f(0,0,0) — f(1,1,0) + f(1,0,1) + (0,1, 1).
(¢)* Analogously to problem 11(d) [St89, §2, Lemma 23.ii].
Smoothly basic subsets of the plane.

13. (a), (b), (c) Analogously to problems 6(a), 3(a) and 3(b).

14. (a) See solution of 16c.
(b) Suppose the broken line is differentiably basic. Since f is differentiable at points (—1,1)
and (1, 1), the following relations hold for sufficiently small d > 0:

f(_l + d? 1- d) - f(_17 1) = fld - f2d+ a(—l,l)(dv _d)‘(dv _d)‘7
f(_l - d? 1- d) - f(_17 1) = _fld - f2d + a(—l,l)(_dv _d)‘(_d7 _d)|7
f(l +d,1— d) - f<17 1) = f3d - f4d+ a(1,1)<d7 _d)|<d7 _d)| and
f(l - da 1- d) - f<17 1) = _de - f4d+ a(1,1)<_d7 _d)‘(_d7 _d)|
Also we have f(x,y) = g(x) + h(y) and both g(z), h(y) are differentiable. Hence
F(=14d,1—d)— f(—=1,1) = g(=1+d) — g(—1)+h(1—d) —h(1) = ¢'(=1)d— K (1)d+a(d)d and

f(=1—=d,1—d)— f(—-1,1)=g(-1—d) —g(—1)+h(1 —d) — h(1) = —g¢'(—=1)d — W/ (1)d + a(d)d.

Therefore h'(1) = fo (and ¢’(—1) = f1). Analogously h’'(1) = f4. Thus h'(1) = fo = f4. But for
function f(z,y) = xy we have fy =1 # fo = —1.
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(c) Suppose that this completed array is differentiably basic. Set a, = ([2£L]~1/2,[2]71/2),
flay) := CU = 2,3,.... If f(z,y) = g(z)+ h(y) for some functions g(z) and h(y), then the

series f(ag)n— f(as)+ f(aq) — ... converges to g(1) — g(0) (analogously to Problem 7d). This is
a contradiction because the series % + % + % + ... diverges.

(d) Without loss of generality assume that f(0,0) = 0, then take g(0) = 0 and h(0) = 0. Set

h(27F) = f(27 D 27F) — (27D o= (b)) 4 (= (bF2) o= (kL)) —

g(27F) = f(27F,27F) — f2= (D 27k 4 pam kD g=(kry

where the right-hand sides are sums of alternating series. Now g(z) and h(y) may be extended
to differentiable functions R — R.

15. (a) Define
w(0) =0, wd " +43) =w4d ) =0 and w@d " +473)=2% for i=1,2,3,....

Extend piecewice-linearly to obtain a function w : [0, 1] — R. For every x € [0, 1] define f(z, —z)
as the area under the graph of w on [0, z]. Define f(x,y) = 0 on the rest of the cross.

Suppose that f(z,y) = g(x)+ h(y) for some differentiable functions g and h. Without loss of
generality we assume that g(0) = h(0) = 0. Let us prove that g is not differentiable at x = 1/4.
(In the same way one can prove that g is not differentiable at 2 = 4= for each i.)

Using two infinite arrays starting at points ( % +d, —i —d) and (i, —i) and converging to the
point (0,0) we obtain that

1 1 1 1 1 1 1 d 1 d 1 1
Shd)=g(2)=f(24ad—Z—a)—f(= = I T Y .
o(ira)o(3) = Gras-0) o G)w G i) (@ s)
For every positive d < 1 there is k such that 473" < d/4°~1 for each i > k and 473% > d/4%~1,

In particular, 4=2F > 4d > 4=2(k+1) Then

(4d)3/*

1 1
2(g <_ + d) —g (Z)) > 2—3(k2+1) + 2—3(k2+2) + 2—3(k+3) S 2—3(k+1) Z 2

4

This contradicts to the differentiability of g at i.

(b) Conjecture. The answer is no, the proof is analogous to that of problem 15(a).

(c)** Conjecture. A piecewise-linear graph in R? is differentiably basic if and only if it does
not contain arbitrary long arrays and for each two singular points a and b we have x(a) # x(b)
and y(a) # y(b). A point a € K is singular if the intersection of K with each disk centered at a
is not a rectilinear arc.

16. See an extract of [RZ02] on a separate sheet.

Motivations.

In the course of solution of the Hilbert 13-th problem [Ar58] there appeared the notion of
basic embedding (we give references to surveys not to original papers). The main result of this
sequence of problems (problem 8b) is an elementary solution [MTO03] of the ’half’ of the Arnold
problem [Ar58’] on characterization of basic subsets of the plane [St89]. See also [Vo81, Vo82,
Sk95, Ku00, Ku03]. This sequence of problems has only some trivial problems in common with
[KS97, KS98|. The most important unsolved problems here are on characterization of smoothly
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basic subsets of the plane [RZ02]. We would like to acknowledge V. I. Arnold and S. M. Voronin
for useful discussions.
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BASIC PLANAR SETS
A. Skopenkov and I. Shnurnikov (presented by them and V. Gorin)

An extract of [RZ02].

14. (a) Take a differentiable function f:V — R. Since f is differentiable at (0, 0), it follows
that there exist a,b € R such that

f(z,|z|) = £(0,0) + ax + b|z| + o(\/2? + |x|?), where z — 0.

Take h(y) = by and g(z) = f(x,|z|) — h(|x]). Clearly, h is differentiable and ¢ is differentiable
outside 0. Since g(x) = f(0,0) + ax + o(z) when z — 0, it follows that g is differentiable also at
0.

16. (a) It is clear.

(b) A subset K C R? is called r times differentiably basic if for each r times differentiable
function f : K — R there exist r times differentiable functions ¢ : R — R and A : R — R such
that f(x,y) = g(x) + h(y) for each point (z,y) € K.

(c) We can take the graph V;, of the function y = |z|¥, x € [~1,1] for k odd, and Wy, =
(Vie+1 — (2,0)) U (Vi1 + (2,0)) for k even.

Proof for k even. Let us prove that Wy is r times differentiably basic for each 0 < r < k.
Given an r times differentiable function f : Wiy11 — R, take functions h(y) = 0 and g(x) =
f(z, |z — 2signz|**1). Clearly, h is r times differentiable and f(z,y) = g(x) + h(y) for each
(w,y) € Wiy1. Since the function p(t) = [t|*! is k times differentiable and r < k, it follows
that g is r times differentiable.

Let us prove that Wy is not r times differentiably basic for k£ even and each k < r. Define
an differentiable function f : Wyy1 — R by f(z,y) = ysignz. If Wi, is r times differentiably
basic, then there are r times differentiable functions g and h such that f(x,y) = g(z) + h(y).
For x € [—1, 1] we have

g(£2+ )+ h(|z|*) = f(£2+ 2, |2MFT) = £

Since g is (k+ 1) times differentiable and k+ 1 is odd, it follows that %*|,_y = +1 and %|,_, =
—1, which is a contradiction. [

Proof for k odd.

Now we prove that Vi is r times differentiably basic for each 0 < r < k. Take an r times
differentiable function f : Vj, — R. Since f is r times differentiable at (0, 0), it follows that there
exist {a;;}; j—o C R such that

ago = £(0,0) and f(z,|z|F) = Z ai;zt|zk + o([z? 4 2®]/?), where z — 0.
4,j=0
Since
o([#? + 2¥]"/?) = 01(x"), we have f(z,|z|*) = ago + ao1|z|® + arox + - - - + aroz” + 02(x").

Take h(y) = ap1y and g(x) = f(z,|z|*) — h(|z|*). Clearly, h is r times differentiable and g is
r times differentiable outside 0. We also have g(x) = agp + a10z + - - - + ar0x” + 02(z") when
x — 0. So g is r times differentiable also at 0.
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Next we prove that V' = Vj is not r times differentiably basic for each 1 < r. Define a
differentiable function f: V — R by f(x,y) = xy, where y = |z|. If V is r times differentiably
basic for some r > 2, then there are r times differentiable functions

g,h : R — R such that f(x,|z|) = z|z| = g(z) + h(|z|]) for each z € [0,1].

Hence g(x) — g(—z) = 22%. But this is impossible because g is 2 times differentiable, hence
g(z) = g(0) + ax + bz? + o(2®) and so g(—x) = g(0) — azx + bx* + o(x?*) for x — +0.
At last we prove that V}, is not r times differentiably basic for £ odd and each k < r. Define a

differentiable function f : V3 — R by f(z,y) = 2y, where y = |z|*. If V is r times differentiably

basic for some r > k, then there are r times differentiable functions

g,h:R—TR such that f(z,|z|*) = z|z|* = g(x) + h(Jz|¥) for each =z € [0,1].

Hence g(z) — g(—x) = 2z|z|*. But this is impossible for k odd because g is (k + 1) times
differentiable, hence

g(x) = go+qrz+- -+ gprz" M +o(zF) andso g(—z) = go—grx+- -+ gpp12" T +o(aF )

for =z — 0. O
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BA3VICHBIE BJIOXKEHUS 1 13- IPOBJIEMA TIJIBBEPTA [

A. CkoneHKOB

B sroit ctaThe pacckazano, Kak mpu perrenun 13-it mpobseMbl ['ubbepra o Cyrepro3unusax
HEIPEPBIBHBIX (PYHKINN MOSBUIOCH MOHATHE OA3UCHOIO TOIMHOYKECTBA U OA3MCHOTO BJIOYKEHUS.
[IpuBoasaTcst KpacuBbie pe3yabTaThl 00 STUX MOHATUIX, OOJIbIast YaCTh KOTOPBIX JOCTYIIHA CTAp-
meKJIacCHUKY. TPH 9acTi cTaThil MOXKHO YATATH HE3aBUCUMO JPYT OT JApyTa (B HEGOIBIIOM KOJIH-
YecTBe MECT, B KOTOPBIX OJIHA YaCTh HCIOJb3YeT JIPYIYIO, TIPUBEIEHBl TOUHBIE CCHLIKN).

B nepBoit wacTn mpuBOAUTCA dIEMEHTapHOe M3JI0YKeHre UJen perteHus 13-it mpobiemsbr ['mb-
6epra o cyneprnosurusx A. H. Kommoroposeim u B. U. Apuosbiaom (o morusam [Ar58|). Ipu
9TOM MOKA3bIBAETCS, KAK €CTECTBEHHO TOSBUJIOCH MOHATHE OA3UCHOTO BJIOXKEHUSI, U OCTaeTcs 0e3
JIOKa3aTeIbCTBa BazkHeiee Mecto (ylemma Kosmoroposa o jiepeBbsix).

[omvuuoxectso K C R? HasbiBaeTcst 6a3uckvim, eCJE mjIst JTI000H HempephIBHOIM (DyHKIIHT
f: K — R cymecrByior Takue Henpepbisable dbynkimn ¢, h: R — R, aro f(z,y) = g(z) + h(y)
Jytst Kaxkoii Touku (z,y) € K.

Bo BTopoit gacTu npuBouTCs Xapakrepusaiius rpadoB, KOTOPbIe MOYKHO BJIOYKUT B ILJIOCKOCTh
B KadecTBe Oa3ucHbIX mojMuozkecTB [St89, Sk95| (pererne mpobsemsr Hltepudernbna), a Takxke
ee 0000menus [St89, Sk95, Ku00, Ku03, Ku03’|.

Tperbsi wacTh Hambosiee syeMeHTapHa (CcM., Hanpumep, 3afgadu 1b u 4a). [Tpusogures xa-
pakTepu3alus 6a3sUCHBIX MOJAMHOXKECTB IIOCKOCTH (pereHue mpobsembl ApHosbaa) [Ar58’, St89,
MKTO03, Mi09], a rakxke ee obobmienus [St89, Vo81, Vo82, RZ07|.

B rTekcre mHOrO 33124, KOTOpPble HYMEPYIOTCH YKUPHBIMU IHMPAMU U K OOJILIIIMHCTBY KOTO-
PBIX [IPUBOJSTCST Pelliennst (B KOHIe COOTBETCTBYIONIEro MyHKTa). Ecn yeioBue 3a1a9u sBIISETCSI
YTBep:KIEHuEM, TO 3aJa9a COCTOUT B TOM, UTOOBI 9TO YTBEpKIEHHE JT0Ka3aTh. | py/IHBIE 3a/1a491
OTMEYEHBI 3BE3/I0UKOI, a HEpPEIIeHHbIE — JIBYMSI.

Eciun mekoropoe 3amevanue B CHOCKE WU YCJIOBUE 3aJ@du Bam HEMOHSTHO, TO €ro HyKHO
[IPOCTO UTHOPUPOBAUTH. DTO HE NMPUBEICT K HEMOHUMAHUIO JAJIbHEHIIero MaTepualia.

Brarogapro B.. Aprnoabma, FO.M. Bypmana, C.M. Boponnna, M.H. Bamoro, A.P. Cacduna n
N.H. [IIaypaukoBa 3a moJje3nbie 0dcy:kienusd, a Takxke M.H. Bsoro 3a nmogroroBky pucyHkoB.

O PEIIIEHUU 13-11 IIPOBJIEMBI T1JILBEPTA

13-a mpobsiema 'manbepra.

[Iycrs mano HekoTopoe MHOXKeCTBO byHKIMA F = {fo(z1,...,%n,) }aca (He 06sg3aTEIBHO KO-
neunoe). Onpenennm cynepnosuyuto dbyukuit u3z F (wim gopmyasy vas F') MHAYKTUBHO:

(1) camn yuxunn f, 1 BCe IepeMeHHble T; SBIAIOTCS CylepHo3uiusamMu GyHkmit 3 F.

(2) ecmu dyukmyn f(xy,...,x,), gi(-..), ..., gu(...) gBasgIOTCH Cynepro3unusMu QyHKIUN
u3 I (e obszaresbno pasaumdaubivm), 1o u dyukiwmsa f(gi(...), ..., gn(...)) aBasiercsa cymnepro-
sunueit pynkiumit u3 F. 371ech B KauecTBe apryMeHTOB (DYHKIUIH ¢; MOYKHO MOJICTABJISITh JIOObIE
HaOOPbI TIEPEMEHHBIX (ITH MEePEeMEHHbIE MOTYT UJITH B JIIOOOM TOPSJIKE, a HEKOTOPBIE U3 [IePeMeH-
HBIX MOI'YT COBIAJIATH).

Hampumep, HOTHHOM > Qg o' - - - 25" ecrs cymeprosumust bynxmmit f(z,y) = «© + y u
g(z,y) = xy u xkoucraut. [Ipuuem ecim MOXKHO HCHOJIB30BATH (DYHKIMH OJHOM IIEPEMEHHOM, TO
s,y > 0 IpousBeieHne MOYXKHO U He HCIIOIb30BaTh, TaK Kak ry = 21082 7+os2y,

PacemorpuM ciejrytoriue BOpochl.

1 Ornenbable yacTi paboOTh MPeICTAB/IANICH Ha TeTHEX KoHdepenmusax Typuupa [opogos 1997 u 2006 romos
(B.A. Topunbiv, B.A. Kypauusmv, I.H. IITaypHuKOBBIM 1 aBTOPOM ), Ha cemuHapax Mexmara MI'Y u Ha cemuHape
o reomerpuu B MITHMO. Hekoropsie 3aja4u 0 riia kot basucHocTu npejcrapisiiuck A.A. Bapanom Ha Mex1yHa-
poauoit Koudepenrun mKoabHUKOB Intel ISEF B 2003 romy. Cebuiku marorces Mo BO3MOXKHOCTH HE HA OPUTHHAJIBHBIE
paboThI, a Ha 0O30PHI.

2Qmnpenenenne cynepno3uIIy MOYXKHO TaKKe cOOPMYyINPOBATEL TPadIIecKH, Ha, A3BIKE CXEM.


http://arxiv.org/abs/1001.4011v1

1. Mootcro au xaocoyio GyHKyuIO HECKOALKUL apeyMeHmos 3anucams 6 6ude CYnepno3utull
Pynryul ne bosee wem I8YT apeymeHmos?

2. Mootcno au kascdyro ynkuuto 08Yx apeymermos 3anucams Kax Cynepnoduyuto Gynryut
001020 apzymenma u npocmetiwet, GYHKUUL 08YT apeYMeHmos (Hanpumep, CAOHCenUs)?

[TockoJIbKY IJIOCKOCTD U IPAMas PABHOMOIIHBI, TO JIIOOYIO (DYHKIIMIO TpexX U 0oJiee IepeMEeHHbIX
MOXKHO BBIPA3UTh B BHJIE CYHEPIO3UIUN (BOOOIIE TOBODS, PaspouiHuir) (DYHKIWHA TBYX MepeMeH-
ubIx (eM. getann B [Ar58|). [Tosromy ykasamHble BOIPOCH! HHTEPECHBI TOJIBKO JIIA HENPEPOIGHDIT
dyHKIHIA.

Yepes

|xuy‘ = ‘(xlu"'vxn)v (yluvyn)| = \/(xl _y1)2 +oeet (LUn _yn)2

0603HATAETCsT OOBITHOE PACCTOSTHIE MEXKIY TOYKAME & = (T1,...,Zy) U (Y1, .. ., Yn) IPOCTPAHCTBA
R™. Ilycte K — moamuoxkectBo npoctparcTBa R”. Oyuknus [ : K — R HasbiBaeTcsa wenpepuis-
Hot, ecau Jiist JIOObIX Touku xo € K u uuciaa € > 0 cymecrByer Takoe duciao o > 0, 91o s
J060it Toukn x € K ¢ ycaoBueM |z, xo| < § Bemomneno | f(z) — f(xo)| < . Hanpumep, dyuxims
f(x1,22) = \/2% 4 23 aBJIsIeTCS HENPEPBIBHON Ha MJI0CKOCTH, a dbyHKIiwms f(x1, Ta), paBHAs 10
YacTu OT Ty + X3, — HeT. B jmanbHeiinem Bce DYHKIUKA NPEJINOIATAIOTCI HEIPEPBIBHBIMU, €CJIH
SIBHO HE ONOBOPEHO MPOTUBHOE.

fcno, aro srobast yteMeHTapHast (PYHKIMSA [PEICTaBISIETCS B BUE CYIEPIO3UINN (DYHKIU
JIByX IepeMeHHbIX. lIpocreiinine HesmeMeHTapHbe (DYHKIMH — KOPHU aJIredOpamdecKuX ypaBHE-
unii. K 1900 roay 0bLI0 U3BECTHO, 9TO JI000e ajaredpamdeckKoe ypaBHEHNE N-ii CTEIEeHN CBOIUTCS
(Ipu TIOMOIIH PaJINKAJIOB, CJIOYKEHUsI, BBIYUTAHUS, YMHOXKEHWsI M JIeJIeHHUs1) K TAKOMY, y KOTOPO-
ro xoadpdurmente! mpu 2" u ¥ pasan 1, a mpu 2”1, 2”2 u 2”3 pasmnr 0. Taxum o6paszom,
octaercss n — 4 nepemeHHbIX Kodddunuenta. [losromy ‘mpocreiimeit’ (pyHKIMe, 11 KOTOPOR He
OBbLIO U3BECTHO BBIpAyKeHME depe3 (DYHKIMHU JIBYX MepeMeHHbIX, Oblia dbyHKiusa (a, b, ¢), BbIpa-
JKalolag perenne ypasaenud x7 + ax® + bx? + cx + 1 = 0 cempMmoit crenenn. [Tostromy I'minbept
copmyaupoBas cBoro 13-10 npobyieMy Tak:

Jloxazamov, wmo ypasnenue cedvmoti cmenenu x° + ax® + bx? + cx +1 = 0 nepaspewumo 6e3
UCTOND30BAHUA PYHKUULT MPET NePEMEHHBLT.

[M'unbbepry ymaaoch moKas3aTh, YTO HEKOTOPBIE aHaAumMuyveckue PYHKIUA TPEX MePEeMEHHBIX
He SBJISTIOTCS CYTEPIO3UIUAMI aHAJUTUIECKUX Ke (DYHKIuil 1Byx nepemennbix [Ar58|. B 1954
Butymkun 1oka3aji, 9T0 HEKOTOPBIE I pa3d Henpepuieho dugddeperyupyemoie (DyHKITUN HE STBIISTIOT-
sl CYTEPIO3UIUsIMU T Pa3 HenpepblBHO uddeperimpyeMbix (byHKIMN IBYX epeMeHHbIX [Arb8,
Vio4]. dast nenpepwenvir e dynknuii rumoresa 'mibbepra Gblia onposeprayta B 1957 romy
KoamoropossiM 1 ApHOJIBIOM.

Teopema Kosmoroposa-ApHoJbaa. J/1o06as nenpepuietas GyHKUuus NPeOCasASEMCA 6 6U-
de cynepno3uyul HENPEPLIBHLLT PYHKUUT 00H020 U 08YT AP2YMEHMOE.

Teopema KosimoropoBa: K cyrieprio3uniusamM (pyHKIU TpeX nmepeMeHHbIX.

Cuauasa B 1956 r. KosiMoropoBy yaa/10ch 10Ka3aTh, 9TO NPOU3COAbHAA HENPEPLIBHAA PYHKUUA
boNEE YEM MPET NEPEMEHHBLT ACAACNCA CYNEPNOZUUUET HENPEPLIBHBIT PYHKUULT MPET NEPeMeH-
nowx. OH HCmob30Ball cieayoniee noustre. (Ecim 910 moHATHE WM TOCTEAYIONHMIA TEKCT 10
siemmbl KoJsimoropoBa 006 yHHBepcaJbHBIX (DYHKINAX MOKaxKyTcsd Bam ciioxkabimMu, Bbr moxkere
cpasy mnepeiiTu K 3Toit jemMme. pyroit BapmaHT — MPOYUTATH STOT TEKCT JId N = 2, a B ITO
JIEeMMe CHOBA BEPHYTBCsI K MPOU3BOJILHOMY 71.)

3 Ilnst byHKImit aare6pBI JJOTUKE OTBEThHI Ha 06a BOIPOCa MOMOKUTEbHBI (TIOCKOIBKY JTI00Yy10 (DYHKITHIO aare6ph!
JIOPMKY MOYKHO BBIPA3UTh uepe3 ‘u’ u ‘ue’). Annpokcumarmontas Teopema Befiepmirpaca nmokas3piBaetr, 9T0 QyHKIUs
HECKOJIbKUX apIyMEHTOB MOYKET OBITH pPasHoMepHOo Npubausicena Ha KOMIAKTHOM MHOXKECTBE IOJTHHOMAMU, T.€.
CYNEPHO3UIIAMU KOHCTAHT, CJIOKEHUS U YMHOYKEHUS.
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Puc. 1: IIpumeps! epeBbeB KOMIIOHEHT MHOYKECTB YPOBHA U pazjoxkenuit Kponposa

O6osnaunm [ = [—1;1]. Jepesom Ty xomnonenwm muooicecme yposna dbynukimu f 1 [™ — I Ha-
3BIBAETCST METPUIECKOE TIPOCTPAHCTBO, TOYKAMI KOTOPOTO SIBIAIOTCA KOMIIOHEHTHI CBSI3HOCTHA MHO-
xects f1(c), c € I, a merpuka onpesienena B http://en.wikipedia.org/wiki/Hausdorf distance

Hanpumep, JepeBo KOMIOHEHT MHOxKecTB yposHst dyukuun f : I2 — I, f(z,y) = zy, romeo-
mopduo 6ykse X. JIpyrue npumMepsl MpuBeIeHbl Ha pucyHKe (cM. mertayiu B [Arb8|).

OueBniHo, uTo Jiobas dyukius f : [" — [ OT n mepeMeHHBIX PEJICTAB/ISIETCS B BUIE KOM-

no3uruu " Z> T ENY IS HEKOTOPBIX OTOOpazKeHuit f u t #. IIpocrpancrso T MOXKHO CUUTATD
JexKaimuM 6e3 caMmollepecedennii B Kpajpare 2. [ [TosTomy t§ MOXKHO cunuTaTh Hapoil OyHKIUIT
ug, v+ I — 1. Oynknmio f MOYKHO TPOIO/IKITEL Ha Bech KBajpaT I2 (1o Teopeme YpBICOHa O
[POJIOJIZKEHNUH ), T.e. CIUTATh (DyHKIHel IBYX HepeMeHHbIX. VTak, mveeM (puc. 1) pasaoorcerue
Kponpoda
fxr, . o zn) = flup(zn, .o ), vp(T1, .., T))-

Jlemma KosimoropoBa 06 yHUBepCAJIbHBIX JiepeBbsaX. /[as 4100020 n > 2

cywecmeyrom maxue depesvs 11, ..., T, 11 u dynkyuu t; - I™ — T;, wmo

o 1100017 nenpepuenoti pynkuuy f: I™ — I om n nepemerHvLr

CYWECMBYIOM HENPEPLIBHBLE PYHKUUU 1, - - ., Jni1 - I — I om n nepemennovir, 0ii KOMOPLIT

Tgi:Ti tgi:ti n f=g1+~-~+gn+1.

Bazxmo, 1ro nepesbst T, KOMIIOHEHT MHOKECTB YPOBH: QYHKIHI ¢; (X COOTBETCTBYIOIIHE OTOO-
paskeHust t,, ) He 3aBUCAT OT f, XOTd caMu (DYHKIUE g; MOIYT 3aBHCETH OT f.

4Tlnst okazaTesIbeTBa HYKHO 1OKa3aTh, 4To 1y ABJIAETCS 0epe6oM, T. €. OJIHOMEPHBIM CTATHBAEMbIM JIOKAILHO
CBSI3HBIM KOMIAKTOM. IIpuMepsl epeBbeB HaxomsTes Ha puc. 3,4,5 Hike. Jlro6oe gepeso mianapuo [Ku68|.


http://en.wikipedia.org/wiki/Hausdorf_distance

[To-Bupmmomy, JeMma BepHa U Jjist n = 1 (HO 9TO HETPUBUAJIBLHO).

JlokazaTeabCcTBa MBI HEe HMPUBOAUM. XOTS OHO SABJISIIOTCA BasKHBIM IIArOM B JIOKA3aTe/ILCTBE
TeopeMbl KosiMoroposa-ApHOJIb/1a, HO HAIa [IEJIb — OCBETUTb UMEHHO Te Iard, B KOTOPBIX ITOSBU-
JIoch moHsITre 6asucHoro BiaoxKenusi. Kpome Toro, nmpobiaemy ['mibbepra MOXKHO PEIIUThL HAMHOIO
POITIe: CM. HUZKe CYIepIO3UINOHHYI0 TeopeMy KosMoroposa u ee j1oka3areibeTBo B [Arb8|.

N3 sremmbr Komvoroposa 00 yHUBepcabHBIX JICPEBbAX M pasjiozkenus Kpoupoja BbITeKaeT
caetytommuii pesyabrar (jgokaxkure!).

JIlemma KoJsimoropoBsa 06 yHuBepcabHbIX MYHKIUAX. /[aa 1106020 n > 3

cywecmsyem maxot nabop u3 2n+ 2 nenpepuenor Gynryuu u,v; 2 I" — 1 i=1,... . n+1)
0m N NepemerHbLT,

wmo dasa o060t nenpepuenoti pynkyuu f: I — I om n nepemennvix

cywecmeyrom nenpepuenvie gynxyuu f; - 12 — I (i =1,...,n+ 1) deyx nepemennvix, ors

KOmopuvlx
n+1

flxy,...,x,) = Zfl(ul(xl, ey ) v (X, ).
i=1

Bazkno, uro dyHKIMM Uu;, v; He 3aBUCAT OT f (1ipn (PUKCUPOBAHHOM N), XOTsT PYHKIUA f; MOTYT
3aBHUCETH OT f.
Dra JeMMa TpuBHATIbHA It n = 1 u n = 2 (mojymaiite, ouemy).

Habpocox doxazamesvcmea meopemuv, Koamozoposa o evipazumocmu weped Gynkyuu mpex ne-
pemennoir. Tns dyukuun f(z1, xe, 3, T4) 9€TBIPEX MEPEMEHHBIX UMEEM

4
(
f(ifl,ifz,l"?,,m) = fx4(551,372,173) = Zfm,i(ui(l"l,ifz,373),%'(551,372,553)) =

i=1

~

4
= § Fi(ui(xlux27x3>7vi(x17x27x3)7x4)7 rae F’i(av b7 C) = fc,i(av b)
i=1

Dynknus f,, HENPEPHIBHO 3aBHCUT OT Tapamerpa x,. PaBeHcTBo (*) mosydaercst mpuMeHeHHeM
JleMMbl Kosmmoroposa 00 yHUBepCaIbHbIX (DYHKIUAX. MbI UCIIOIb3yeM YCHJIEHHBI BapUaHT ITO
JIEMMBI, YTBEPXKIAIONINN, 9T0 KaxKaasd 3 1 + 1 PyHKIMii f; HEIpepbIBHO 3aBUCUT OT UCXOIHOM
dbynkiun f. I3 sroro BapuanTa BbITEKaeT HEIPEPLIBHAS 3aBUCUMOCTb (DYHKIUIL f;, ; OT IIapaMer-
pa x4 (i =1,2,3,4). A sro Bieder nenpepbiBHOCTh byHkmit F; (i = 1,2,3,4).

Jlns dyHKIMmM 60IbITEro KOJINIecTBa MEPEMEHHBIX paccyzKaeHne aHagornaro. QED

1. 3a oaHy KoIleliKy aBTOMAT BBIIAET 3HAaYeHHe 3aJaHHoii BaMu HempepblBHON (DyHKIMH Tpex
IepeMeHHbIX Ha 3ajiaHHoi Bamm Tpoiike dnces. 3a Kakyoo cymMmy BbI 3aBe10MO ¢MOKeTe BBIUHC-
JIUThH 3aJIAHHYIO HEIPEPBIBHYIO (DYHKIIMIO 1 IepeMeHHbIX (IIPU yCJIOBUY HaIW4us y Bac HeorpaHu-
YCHHOMN mamMsATn)?

Teopema ApHoJsibja: K cyrnepno3unusam (GyHKIHU ABYyX IIepeMeHHbIX.

Jnst mokazarenbcTBa Teopembl Komoroposa- ApHOJIbIA OCTAIOCH TPOU3BOJILHYIO HEITPEPHIB-
HYI0 (ODYHKIIMIO TPEX IEPEMEHHBIX BBIPA3UTH Yepe3 CYIIEPIIO3UINI0 HEeIPEPBIBHBIX (DYHKIMI ABYX
nepeMeHHbIX. [ 9TOro moJie3Ho cieIyolee MOHITHE.

[Tomvmozkectso 1T’ C I? HazoBeM 6asucHvim, ecau mobasd HenpepbiBHasd GyHKimd Ha 1’ MoxKeT
OBITH pa3JiozKeHa B CyMMY TpeX (DYHKIINN, KaxK/1asd U3 KOTOPBIX 3aBUCUAT TOJBLKO OT OJTHONW KOOP/IU-
Hatel. W, dpopmasbHo, ecan st 000l HenpepbiBHOM (byukiun f : T — [ cyIiecTByIOT Takue
HenpepbiBHbIe DYHKINA 1, G2, g3 - I — I, 41O

f@,y,2) = g1(x) + g2(y) + g3(2) mnma  (z,y,2) €T.



JlemMma ApHoubaa o gepeBbsax. Jloboe depeso peasusyemcs kax 6a3UcHOe NOOMHONHCECTNEO
6 I3 (m.e. monoio2uMecky SK6USAACHIMHO HEKOMOPOMY basucHomy nodmrodcecmesy 6 13 ). §

Unest oKa3aTesibCTBa BUJIHA HA IIPHMeEpPE JI0KA3aTeIbCTBA JIM00 6a3UCHON BJIOXKMMOCTH B ILJIOC-
KOCTh KOHEYHOIO JIepeBa, U3 KazK/0fi BepIIMHbI KOTOPOrO BBIXOAUT JIMOO OjHO, Jubo Tpu peGpa
|[Ar58], mmbo Gosee cHIBHOTO yTBEPK/ICHNS (C) B MPEOCIE/HEM IIyHKTE BTOPOii JacTh.

Jlemma AprHoabaa o6 yHUBepcaabHbIX pyHKOuUsIX. Cyuecmseyem maxol nabop u3 de-
eamuU Henpepvierulr Gynryun u; 2 12— 1 (1 =1,2,...,9) deyx nepemenrvix, wmo

daa moboti nenpepuenoti yrkuuu f: 12 — I d6yx nepemennolr

cywecmesyrom wenpepuisnoie gynkyuy f; I — 1 (1=1,2,...,9) odnoti nepemernoii,

dan womopwx f(x,y) = fi(ui(z,y)) + -+ folus(z,y)).

Baxxno, uro dyHKIMN u; He 3aBUCAT OT f, XOTd DYHKIWMH f; MOTYT 3aBHCEThH OT f.

oxazamensvcmeo. Bozbmem niepesbst 171, Th, T3 u3 iemmbr KosiMoroposa 00 yHUBEPCATBHBIX J1€-
peBbsix it n = 2. [To jiemme ApHOJIBIIA O JIEPEBBSIX CYIIECTBYIOT OA3UCHBIE BJIOKEHUST (U1, U, Us3)
T, — I3. Tosoxkum U3(i—1)4j ‘= Uy. BosbMeM dynKImu g, g, g3 I? — I (zaBucamue ot f) u3
JeMMBbl Kosmmoroposa 00 yHUBEPCAJIBHBIX JepeBbsaX s n = 2. lIpuMenssa anasor pas3ioyKeHUs
Kponpona u omnpejenenue 6a3MCHOCTH, TTOJTyYaeM

9i(x,y) = Gi(uin (2, y), win(w, y), wis(z,y)) = g (wir (7, ) + gia(wiz(x, y)) + gis(wiz(, y))

217151 HeKOTOPBIX pyHKimit g;; : [ — I. Ocraercst HOTOKUTD f3i—1y4; = gij. QED

Teneps Teopema Kommoroposa-ApHOJIbIa BEITEKAET U3

9

f(il?,y,Z) = fz(x7y> = Zfl,z(ul(xvy)) = Zﬂ(ui(:c,y),z), rae E(t72) = fi,z(t)'

i=1

HenpepoiBaocts dbyHKImMiT F; JOKA3bIBAETCS AHAJOIMYHO TPEJIbIIYIEMY MYHKTY (C HCHOJIb30Ba~
HUEM COOTBETCTBYIOIIErO YCUIEHUsI JIeMMbl APHOJIbIa 06 YHUBEPCAIbHBIX (DYHKITHSIX).

2. 3a o/iHy KOIIElKy aBTOMAT BbIJaeT 3HAUCHUE 3a/[aHHol Bamu HenpepbBHOM (DYHKIIUU JTBYX
IepeMeHHbBIX Ha 3a/1anHoit Bamu mape gucesr. 3a kKakyio cymmy Bbl 3aBe1oMO CMOXKeTE BBITUC/IUTD
3aJIAaHHYI0 HENPEPLIBHYIO (DYHKIUIO 7 IEPEMEHHBIX (IIPU HAJTMYUN HEOTPAHMYCHHON MaMsiTH)?

Teopema Kosamoroposa: Kk QyHKIUAM OIHON IEPEeMEHHOI U CJIOXKEHUIO.
B Tom ke 1957 roxy KosmMoropos joka3zadr ere 0oJiee CHIBHBIN PE3yIbTaT, U3 KOTOPOTI'O TaK¥Ke
BBITEKAET pelleHne npobdseMbl I 'mianbepra.

Cynepnio3urimonHasi Teopema KoismoropoBa. Jlobas nenpepvistan Gynkyus npedcmas-
ASEMCA 8 BUDE CYNEPNOZUUUY CAOHCEHUA U HENPEPLIBHLIT PYHKUUT 00HOT NepemeHHOT.

Boaee mouno, das kasrcdozo n > 1 cywecmsyem nabop n(2n + 1) maxux nenpepusnux @Gyrx-
yut ui; I —1 (i=1,...,2n+1, j=1,...,n) 0dnoti nepemenot, ¥mo

oz 110001 nenpepuenoti pynkyuy f 2 I™ — I om n nepemenrvix

cywecmeyrom wenpepviervie Gyrukuuy f1, ..., fopeq 1 I — I 000l nepementoti, dan xKomopur

2n+1 n

f(xl,...,xn) = Zfl uij(:cj)

j=

31ech BaxkKHO, UTO (QYHKIMN U;; HE 3aBUCAT OT f, xoTd (GYHKIHUH f; MOTYT 3aBHCETH OT f.
DJIeMeHTApHOE U3JIOKEHUE JIOKA3aTeIhLCTBA IPUBEJICHHON TeOpeMbl MOXKHO HaiiTu B [Ar58].

5 JloKa3aTeILCTBO JTeMMBI APHOJIL A ICIOIL3YeT TeopeMy MeHrepa o CyMIeCTBOBAHIN YHHBEPCATILHOTO JEPEBa.
Ha camowm jiesie, ApHOJIB I0Ka3aJ1 3TY JIEMMY JIJIsl JIEPEBHEB ¢ TOYKAMU BETBJICHUSI TPETHEIO MOPSIIKA. DTOTO OBLIO
JIOCTATOYHO JJIsi pereHus: mpobiembl ['mibbepra. O6muii cay4aait semmbl gokaszan Ocrpangom B 1965 [St89).



3. 3a ommuy Kormeiiky aBTomMaT JuOO CKJIAJbIBAET JiBa 3aJaHHBIX Bamu dmcia, jmbO BbIIaeT
3HaUeHUe 3a/[aHHOil Bamu HempepbiBHON (DYHKIMEM OJIHON TIepeMeHHO# B 3a/anHoit Bamu Touke.
3a Kakyio cymmy BbI 3aBe/OMO cMO2KeTe BBIYUCIUTH 33JAHHYIO HEIPEPBIBHYIO (DYHKIIUIO N TIepe-
MEHHBIX ([P HAJIMIUU HEOTDAHUIEHHON TTaMsITH)?

O6 ana/mMTHYECKUX IIPOOJIEMaX, CBA3AHHBIX C STUM BBIIAIOMUMC pe3yabraToM Komvoroposa,
eM. [St89, Vi04]. O Tomosorudeckux mpobaeMax HAIMCAHO JaJiee.

Basucuble BjIOXKeHHsI B MHOrOMEpHBIE ITPOCTPAHCTBA. §
[MogmuoxkectBo K C R™ HaszwbiBaeTcs 6a3ucHviM, €Cu Jjis JEOOO0NH HEIpepbIBHOW (DYHKIIUU
f : K — R cymecTBytorT Takue HenpepbiBHbIe QyHKIMKA f1, ..., f, : R — R, aro

flz, .o xn) = filzy) + -+ fulz,) aas (xq,...,2,) € K.

[IpocrpancrBo K HasbiBaeTca basucho saoncumvim B R eciim cymectByer Bioxkenne K — R,
obpa3 KOTOporo OA3MCHLIA.

OyHKIUNA Ha IPOU3BOJLHOM N-MEPHOM KOMIIAKTE yrKe HeJIb3sl MPEJICTaBISATh cebe Kak (pyHK-
1 n nepeMeHHbrx. OHaKO MOHSTHE OA3UCHON BIOXKHUMOCTHU JOCTABJSET aHAJIOT Pa3I0:KUMOCTH
GYHKIUI HA KOMIIAKTAX B CyHEPIO3UINI0 (PUKCUPOBAHHBIX (DYHKIUN U CIOKEHUSI.

N3 cynepnosunmonnoit TeopeMbl KoJsiMoroposa cieyer, 9To n-mepuvit Kyo 6a3ucho 8A0HCUM

n

6 R* . Jleiicrurensno, dbynkmuu u; = Y wu; (i = 1,...,2n + 1) u3 Teopembr Konmoroposa
j=1

onpeenaior basucnoe sioxkenne 1™ — 2" Ocrpansg samermn B 1965 ., 9T0 9TOT DaKT MOKHO
0000IIUTE.

Teopema Octpanga. /1060t n-meproviti komnaxm 6asucro eroscum ¢ R* 1 [St89].

Dta Teopema ycuaubaeT TeopeMmy Hebymnra—Menrepa—IlonTpsiruna o BIoXKUMOCTH JIIOOOTO 1
meproro kommakTa B R*T! [Ku68|.

Ha camom nmeme Octpan mokas3a cjeayronmit 0ojiee CUIbHBIN pe3ysbTaT, 0000Iaouii cy-
[EePIIO3UIOHHY IO Teopemy Kosmoroposa (a He TOJBKO ee CJIeJICTBIE).

Hycmo Xy, ..., X,, — xoneunomeproie mempuveckue npocmparncmsa. Ilorootcum n = dim X+
codim X, u X = X x---x X,,. Toeda cyuecmsyrom maxue nenpepovishoie pynryuy w;; + X; —
R, (i=1,....2n+1,j=1,...,m), umo dasn gynxuyui u;(x1,...,Tm) = un(T1)+ -+ Uim(Tm)
u 10601 nenpepuienoti pynkuuy f: X — R cywecmsyrom nenpepovisnvie pyrruuu fi, ..., fonit :
R — R, dan xomopuix

f(LL’l, .. .,ZL’m) = fl(ul(:cl, .. xm)) + -+ f2n+1(u2n+1(£€1, P ,ZL’m))

MeroTest n-MepHbIe TIOJM3IPhI, He BioxkuMblie B R [Pr04, Sk.

Teopema IIrepudennbna. Jas 1106020 n > 2 410607 n-meprvlil KoMnaxm (Hanpumep, m-
mepnvid ky6) ne 6aoocum basucho 6 R?™ [St89)].

Nurepecro, uro Teopema Illtepudenbaa peayrupyercas K KOMOMHATOPHO-IEOMETPHIECKOMY
YTBEPKJIECHUIO IIPHU OMOIIN MHOI'OMEPHOI'O aHaJI0ra KpUTepusl Oa3uCHOCTH, IPUBEJICHHOTO B TPe-
Thell 9aCTU HACTOAIEN CTATHU.

OueBnano, uro K 6GasmcHo BaokKMM B R Torma m TOIBKO Torda, Korga K TOMOJTOTHYECKH
BiaoxkuMm B R. U3 meopem Octpanma u Illrepudenpaa ciaemyer, aro das m > 2 xomnaxm K
bazucro eaoocum 6 R™ mozda u moavko moeda, xoeda dim K < m/2. Takum obpazom, B 1989 1.
0CTaBAJIOCh HEU3BECTHBIM JINIIH OIUCAHUE KOMIIAKTOB, DA3MCHO BJIOXKUMBIX 6 MA0CKOCTb.

69ror mynKT HesmeMenTapeH, GOPMATILHO He HCIOIL3YeTCs B JAIbHEMIIeM H MOYKET ObITh OIIYIICH THTATEJICM.
O/ 1HAKO MBI IPUBOJIUM €r0, MOCKOJIbKY OH JIAeT YeTKYI0 KAPTUHY JJIsi PA3HBIX PA3MEDPHOCTEN.
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BA3NCHBIE BJIO2KEHI4 B IIJIOCKOCTDb

BasucHasi BJIOXKUMOCTBH B ILJIOCKOCTbD.

'pad (wim komnakT) K Ha3bIBAETCs 6a3UCHO BAONHCUMDBLM B TITIOCKOCTD, €CJTH CYIIECTBYET TaKoe
Bioxkenue ¢ : K — R?, uro st jmo6oit nenpepbishoit bynkiuu f : (k) — R cylecTBytoT Takue
nenpepbiBabie Gyukmu g, h: R — R, aro f(z,y) = g(x)+ h(y) st ar060it Touku (z,y) € p(K).
(Ompeiesierne HenpepbIBHON (DYHKIINE HATIOMHEHO B HadaJje J4actu 1.)

[Tpobsiema omucanusi rpadoB (1 KOMIAKTOB), 6A3UCHO BJIOKUMBIX B ILIOCKOCTb, ITOCTABJIEHA
Mrepudensaom [St89]. Kpurepuit 6a3ucHOil BIOKUMOCTH JTNHEHHO-CBSI3HBIX KOMIIAKTOB B ILJIOC-
KocTh mostyded B [Sk95|. s koreuHbIxX rpadoB oH (hOpMyIUpyeTcst 0COGEHHO IPOCTO.

Kpurepuii 6a3ucHoii Bioxkumoctu rpados. [Sk95, cp. Sk05| Koneunwi epagp K 6basuc-
HO BA0ACUM 8 NAOCKOCTL M0206 U MOAYKO Mo20a, k0200 6biNOAHEHO 00HO U3 CACOYIOWUT 06YT
IKBUBANCHMMHBLT YCAOBUT:

(S) K ne codeporcum nodepagos, 2omeomopdrox oxpyoicnocmu S*, newmody Ty = Cy uau
kpecmy ¢ pazeemesernomu konuamu C = Cy (puc. 2);

(U) K codeporcumes 6 odnom u3 epagos R, (puc. 3).
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Onpedenenue epagpos F,, u R, (puc. 3). Illycrs Fy — tpuon, u jjist go6oro n rpad F, 1 noryden
u3 F,, pasBeTBiieHneM KaxKJ0ro Bucgdero pebpa rpada F,. I'pad R, monyuaerca usz rpacda F,
JobaBieHeM BUCsAYero pebpa K KarK/I0it TOuke BeTBJieHus rpada F,.

JlokazaTeabCTBO TPUBOIUTCS B CIIEAYIONIEM ITyHKTE.
[Ipusenem 6e3 jokazaresbeTBa perienne podsembr [IItepudensaa as 6osiee obIIero ciay4ast
(ero MOXKHO TIPOIYCTUTDH 6e3 yIuepba I TIOHUMAHMSI JIAJTbLHERIIero).

Kpurepuii 6a3ucHOil BIIOXXMMOCTHU JIMHEHHO-CBA3HBIX KOMHIAKTOB. [Sk95, cp. SkO5]
JTunetino-ceasnviti xomnaxm K 6a3ucto 6402CUM 6 NAOCKOCL Mo020a U Moabko mozda, K020a oH
ABAAEMCA NOKAAOLHO CEAZHUM (M.€. NEGHOBCKUM) U GWNOAHEHO 00HO U3 CACOYOUUL 08YT IKGU-
BANCHMHDIT YCAOGULL:

(1) K ne codepoicum nodkomnaxmos S, Co, Cy, B u, das nexomopozo n, nodxomnaxmos F, u
H, (puc. 2, 3, 4);

(2) K ne codeporcum nodxonmumnyymos S*,Cy, Co, Cs, B, F, H,, H_,hy h_ (puc. 2, 4, 5).

Beenem ucrnosnbzoBannbie obosHauenus (puc. 4, 5). Hyav-nocaedosamesvHocmvro MHOKECTB
HA3BIBAETCS ITOCJIEI0OBATETLHOCTD MHOYKECTB, JUAMETPhI KOTOPBIX CTPEMSITCS K HYJIO.

O6o3naunm yepe3 C'3 KPeCT ¢ HyJIb-II0C/IEI0BATEILHOCTBIO YT, CXOAAIINXCS K €ro 'TeHTpy u
IPUKJICCHHBIX K OIHON U3 ero 'Berneii’.

Ob6osznaanm yepe3 Cy KpPecT ¢ MOCaeI0BATEIbHOCTBIO TOUYEK, CXOAAIINXCA K €ro 'TeHTpy .

Kaxpiit u3 koutunyymos B, H,, F, H,, H_ sasiagerca obobeiunenuem orpeska [ = [0;1] u
HY/Tb-1TOCJIETOBATETHEHOCTHI

e JIyT, NPUKJICEHHBIX 3a ojuH Kouer K (0, 1) B JIBOMYHO-pAIMOHAJIBHBIX TOYKAx (it B; ode-
BUJIHO, YTO TOIOJIOIMYECKUI THUII IPOCTPAHCTBA B He 3aBUCUT OT BapHUAIIUil B 9TOM IIOCTPOCHUH );

® TPHOJOB, IPUK/ICCHHBIX K | 3a OJMH KOHeI B TOYKaX MHOxecTBa {370 + ... 437k | s <
n, 0<ly <---<ls;—uense} (mua H,);

e rpadoB F,,, IPUKJIEEHHBIX K TOYKaM 1/n 3a onHy u3 Bucsuux Bepimd (st F);

® KOHTHUHYYMOB H,,, COEIMHEHHBIX ¢ TOYKamu 1/n ayramu, nepecekatonuvu H, 8 1 € I C H,
(s Hy) mm s 0 € I C H, (nna H_).

Kourunyywm hy (cooTBeTcTBEHHO h_ ) MOJIYUEH U3 HYJIb-IIOC/IEI0BATEILHOCTH KOHTUHYYMOB H,,
ckienBarueM touek 1 € [ C H, u 0 € I C H,_; (coorBercrBerro Ttouek 0 € I C H, u
lelCH,,).

[unoresa o 6asucHoit BirokuMocTn (He 06s3aTEIbHO JIMHEHHO-CBI3HBIX) KOHTUHYYMOB B ILJIOC-
KOCTb erre 6osiee rpomoska. Ona copmynmmposana B [Sk95, RS99|.

Habpocok gokaszaresibcTBa Kpurepusi 6a3ucHOil BjoXKUMOCTH rpadoB.

JocTaTouHo J0Ka3aTh CJACAYIOIINE TPU YTBEPZKICHH.

(a) Okpysxnocts S*, nenron Ty u KpecT ¢ pasersaeHHbIME KoHlamu C' (puc. 2) He BIOXKUMBI
6asucHo B R?.

(b) Eciu xoneunsiit rpad K me cogepskut nu oaoro uz rpados S, Ty u C' (puc. 2), To K
cofepxkutcs B R, (puc. 3) Jjisi HEKOTOPOTO n.

(c) Kazxkapiit rpad R, (puc. 3) 6azucno siaoxum B R2.

Habpocox dokazameavcmea ymeepocdenus (b). okazxkem, ato depeso K ¢ n nesucawumu eep-
wuramu, ne codepaicawsee 2pagos Ts u C', codepoicumes 6 R,,. BozbmeMm npon3BOJILHYIO BEPITUHY
a € K. lockonbky K me comepxkur 15 u C, To dega < 4, npuueMm eciiu dega = 4, To a numeer
BHCgYee pedpo. 3HAUUT, OKPECTHOCTh TOUKM ¢ 3 K MOYXKHO BJIOXKWUTH B R, Tak, 9TO @ HOMIAJIET B
neHTp R,,, a 9Ta OKpecTHOCTH Iepeiiier B OKpecTHOCThL 1) merTpa R,,. C KaxK10il BepIINHOIL, co-
cefiHell ¢ a, mocrynaeM anajgornaHo. [lockonbky 'riybuna’ rpada R, (T.e. KOJIHIECTBO HEBUCIINX
BEPIIMH Ha CaMoii JJIMHHOM BETBU OT IIEHTPA) paBHA 7, & HEBUCSYMUX BepriuH B K POBHO m, TO,
IIPOJIOJIZKAST ITOT MPOIIECC JIaJIbIle, Mbl CMOXKEM BJIOXKUTH B IR, Bech rpad K. QED
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Habpocox dokazameavcmea ymeeporcdenus (c). Obosuaunm depes Ry orpe3ok. basuchbie Biio-
kenusg R, — R? crpoarca no mmpykmuu jgiaa n > 0. Buoxum Ry B [—7; 5]2 KaK JIMaroHaJlb,
coeustrontyo Toukn (—7,—7) u (5,5).

Broxenue R, — R? mosydaercs n3 BIOKeHHd Ha prc.6a J00aBIeHreM TpexX BIOKEHHi rpada
R,_1 B xBagpatuku A, B, C. Ilpoekmun A,, B,, C, KBajgpaTukoB Ha och O He IepeCceKaroTCs
JIPYT € JIPYTOM U C TpoeKImeil oTpe3ka B R,,, mapasielbHOTO TOPH30HTAIBHON ocu. AHaIOrnIHOe
YTBEpzKJIEHUE CclpaBeuBo u s npoekuuit Ay, By, C, kBagpaTukos Ha ock Oy.

JlokazkeM, 9TO IIOCTPOEHHBIE BJIOYKEHHUsI Oa3MCHbIe, IIPU IIOMOIIN WHIYKIUA 110 n. Ba3za mHIyK-
mun n = 0 ogeBugHa. JlokarkeM Iar WHIYKIIAN.

[Ilyctrb n > 1u f: R, — R — nenpepbiBaas dyukius. Qs ¢ € [0, 1] monoxum g(t) := f(t,0),

h(t) == f(t.t) —g(t) = f(t,t) = f(£,0) n g(—t):= f(=t,1) = h(t) = f(—t,t) = f(L, 1) + f(£,0).
[To mpemoI0KeHno NHIYKIUA CYIIECTBYIOT TaKue (DyHKIMH
g: A, UB,UC, —-—R n h:A,UB,UC, =R, HT0

f(x,y)=g(z) + h(y) ama (z,y) € (AUBUC)NR,.

[omoxxum
g(—t) == f(—t,t) —h(t) mmm teC, u h(t)=f(tt)—gt) m=a te(-C,)UB, —R.

[Ipomosxum nocrpoennyio dyuxnuio g @ A, U B, U (—=C,) U[-1;1] U C, — R 10 nenpepsiBHoil
dbyukmum g : [-7;1] U C, — R (manpumep, juneiino). [omxoxnm

h(t) = f(=lt, 1) —g(t) nma te[=6:4] wm g(t):= f(t,1) =h(t) mma te[1;2]U[3;5]

(10 ompesienenne coBragaer ¢ npexuuM s ¢t € [—1;1]). Tlocae sroro npogomkum g u h 10
uHenpepbiBHbIX GyHKIME R — R. fcHo, aro nmoxyaennbie dyukimu g u h — mnckombre. QED

[Ipu nokazaresbcTBe yTBEP:KIAEHUs (&) MBI HCIOJIb3yeM KpUTepuil 6a3sucHOCTH U3 dactu 3 (a
TaKKe IPHUBEIEHHOE IIepe]l HUM OIpeJe/ieHne MOJHAN U IPUBEIEHHOE IOCIe HEro OIpeeeHue
onepanun E).

Jloxazamenvcmeo 6asuctoli nesaooicumocmu okpyotcnocmu. [St89] Ilycrs 3amano BioxkeHue
okpyxnoctn S C R2?. Ha mepsom mare npumenenusa F B S 3akpammmBaeTcs B OeJIbIil BT He
6oJiee 4eThIpeX TOYEK (9TO TOUKHU, B KOTOPBIX CYIIECTBYIOT OMOPHBIE TPSIMbIE, MAPAJLICIbHBIE KO-
OP/JIMHATHBIM OCSAM U TiepeceKatoriue K poBHO B 0/IHOI TouKe). Ecu mocie n-ro mara mpuMeHeHust
E 3akparieno 6e1bIM 1IBETOM k TOYEK, TO Ha CJICIYIONIEM Iare 3aKpallinBaercs He boJiee 2k ToYeK.
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Puc. 7: ,HOKaBaTeJIbCTBO 0a3UCHON HEBJIOXKUMOCTH IICHTOJa

B camom gerne, ecam 3akparmmBaercs Todka a € E™(S), To X0Ta OBl HA OIHON W3 JIBYX MPSMBIX,
IIPOXOJAIINX Yepe3 ¢ U NapaslleIbHbIX KOOPAMHATHBIM OCAM, €CTh 3aKpallleHHas paHee Touka. B
IPOTUBHOM CJIydae KazKjas U3 9TUX [PIMbIX BbiceKaeT B £ (S) He MeHee IByX TOUEK, T.€. @ HE MO-
JKeT OBITH 3aKpariena Ha (n + 1)-m mare. Tak, ocie KOHETHOTO YuC/Ia MAaroB OyieT 3aKpalieHo
KOHEYHOE YUC/I0 ToUeK, T.e. E™(S) # () mist soboro n. QED

Loxazameavemeo basuchoti Hesroxcumocmu nerwmoda. Ipenmomoxum, aro nearon 15 6asuc-
HO BJIOZKEH B IIOCKOCTD. [Iycth d — Bepruna nenroga. Tak kak E™(T5) = () qyist Hekoroporo n, To
cyIIecTBYeT MakcuMasibHoe k Takoe, uto E*(Ts) comepKuT IpoKoIoTyI0 OKpecTHOCTL U BepIIUHbI
d B Ts. Torna ua (k + 1)-m mare B odnom u3 pebep A C T 3akparmuBaercst B O€JIbIi 1IBET HEKO-
TOpast MOCJIEI0BATE/IbHOCTh TOYEK @y, CXOALAMAsIcd K d. 3HAUUT (IIpU HEOOXOIMMOCTHU IEPEXOJist
K OJIIOC/IEIOBATEIbHOCTU B G, U MeHsIsl HAIIPABJIEHNE OCH T), Mbl MOXKEM CUHTATh, 9TO OJIHA W3
nmpambix ¥ = x(a;) wm y = y(a;) me comepxkut apyrux Todek m3 EF(Ty), kpome a;. IlockombKy
okpectaocTb (U — A) U d = T cBsi3Ha, OHA JIEXKUT TI0 OJHY CTOPOHY OT BCEX THUX IPSIMBIX, T.€.,
B nostymiockocru Ry x R. Ilpu srom E™(Ty) = 0, T.e.

nexomopwiti kpecm Ty C Ts 6asucno eaoorcen 6 Ry x R max, wmo d = (0,0).

Tenepb aHAJIOTTYIHO JTOKA3BIBAETCS, UTO

nexomopwviti mpuod Ty C Ty 6asucho eaoocen 6 Ry X Ry uau 6 0 x R max, wmo d = (0,0).

Bropoii ciyuait HeBo3mozkeH. Ternepb aHAJIOITYIHO JIOKA3BIBAETCS, UTO

nexomopwiti duod Ty C Ty basuchno saooicen 6 ayw Ry x 0 max, wmo d = (0,0).

[Honyunmu nporusopeune. QED

Jokxazamesvbemeo 6a3ucHoti HEBAOHCUMOCTU KPECMA € PA3BEMBAEHHLMY Konyamu. 1Ipemrro-
JoxkuM, 910 C' Oa3mMCHO BJIOKEH B IIJIOCKOCTh. AHAJOTUYIHO JIOKA3aTEhCTBY OA3MCHON HEBJIOKU-
MOCTH IEHTO/Ia HOJIydaeM, u4To ecau kpecm Ty basucho eaoocen 6 naockocms R2, mo odna us ezo
semaeti co0eparcum NPAMOAUHETHBIT OMPE30K € KOHUOM 6 8EPUWUHE KPECTA, NAPAANCALHBLT 00HO0T
U3 KOOPOUHAMHBLT ocet.

Teneps OazncHas HeBIOKUMOCTH rpada C' BeITeKaeT u3 ciemyomnieit jemmbl. QED

JlemmMma o cxsonbiBaHuu. [lycmv K — 6asucroe nodmmootcecmso naockocmu. Onpedenum
omobpasicenue

(z,y), r<a
q¢:R*—=R* gopmyroti q(z,y) = (a,y), a<z<b
(:L'—(b—a),y), x>0

(a) q| K —jasp)xc UNHBEKMUGHO;

(b) q(K) C R? 6asucno.

Jlokasameavcmso. (a) Ilycrs, nanporus, ase Toukn u3 K — [a;b] X ¢ CKleMBatOTCst IPU CXJI0-
nbiBarun g. Torga onn siexkat B mosioce [a;b] X R u nmetor opunakoByto opgunary d. Torma stu
Ttoukn (r1,d), (2, d) BMecTe ¢ (21, ¢), (22, ¢) ABIIOTCH BEPITHHAME IIPAMOYTOJIBHIKA CO CTOPOHA~
MU, MApaJLIeJbLHBIMUA KOOPJAMHATHBIM OCAM. DTO MHOXKeCTBO He Gazucno B R2. TIporusopeune.

(b) Hocrarouno gokazars, aro ecau ¢(K) cogepxur momaanio A = {ay, ..., a,} JIAHBI N, TO U
K conepxut Mojmuio jymnbl n. Ecm ¢~ (A) — Monnug B K, To Hy2KHOE yTBepzK/IeHHe JT0Ka3aHo.
Wnave HaiiTyTCst TOUKY G4, A;41 — BEPIITHBI BEPTUKAJIBLHOTO 3BeHa — TaKue, IT0 Py (a;) = pu(aiiq).
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Torna gobasum k ¢ 1(A) toukn (z(q¢ (a;)),c) n (z(¢ (ais1)),c) (3necy monaraem ¢ '(a,c) =
(a,c)). Tlposesias TaKkyio ONEpaIuio HECKOJIbKO pa3, MOJYYUM MOJHUI0 B K JUIMHLI 6OJIbIIe 7.

QED

Bazucuasi Bj1o2kuMOCTh B npou3BeeHne rpados.

Jexapmosovim npoussedenuem X X Y nByx mHOKecTB X M Y Ha3bIBAeTCs MHOXKECTBO BCEX
nap (a,b) takux, uro a € X u b € Y. Oupenesnenne 6a3ucHOrO BIOXKEHHsI MOXKET OBbITh OUEBH/THO
0000IIIeHO Ha BJIOYKEHUS B IIPOU3BOJIbHOE JeKapToBo npoussepenne X X Y. Eciu X 'Y — rpadmi,
TO MBI MOXKEM TIPEJICTABIIATH cebe mpousBejerne X X Y Kak JBYMepHbIi 00beKT (B HEKOTOPBIX
CJTydasix MOXKHO CIUTATD, 9TO 3TOT OObEKT PACIIOJIOKEH B TPEXMEPHOM ITpocTpancTse). O6o3HATIM
uepes 1, 3Be31y ¢ n aydamu. Hanpumep, juist tpuomga 15 npoctpanctBo 15 X I siBjisiercst 'KHUYKKOM
¢ Tpems crpanunamu’, St x I — mammaapom n St x St — Topowm. Ilpoussenenne T, x I nazosem
KHUACKOT € N CMPAHUYGMU.

3ameuanune. /[ m06vix Koneunvx epagos X u'Y wnatidemcs xoneurui epag, Komopwuii neav-
34 basucro sa0ocums 6 npouseedenue X X Y.

eficTBuTe/IbHO, 0003HAYUM |epe3 k MaKCHMaJbHYIO cTerleHb BepmuH rpadoB X u Y. [lo-
KaykeM, 9TO 3Be3fia 1Tj2,1 He BJIOKIMa 0a3UCHO U Kycouno-aunetino B X X Y. Ilpenmonoxum,
nporuBHoe. MaJjias OKpecTHOCTh IEHTpa v 3Be3Jbl B mpoussejgenun X X Y cocrout u3 He Hojee
yeMm k2 npamoyroabuukos I X J, aBISIONIIXCA TpousBeeHnsMu dacteit pebep I u J rpados X
u Y. Io npunmumny dupuxie cpemm 4k% 4+ 1 pebep 3Be3nbl HaiieTcsa 1o KpaiiHeil Mepe NgTh, Ha-
JaJia KOTOPBIX BBIXOJAT B OJWH NMpAMOyTroabHUK. [losromy cymecrByer momssesna Ty C Typz 4,
6a3MCHO BJIOXKEHHAS B OJINH U3 TAKUX MPSIMOYTOJBHIUKOB. DTO MPOTUBOPEUNT KPUTEPUIO DA3UCHOMN
BiiokuMocTu rpados. QED

Teopema yuuBepcanbuoctu. |Ku03| Jlo6ot xonewnvidi epagh 6azucho s.a0ocum 6 npousse-
denue X X I dasa nexomopozo byxema X okpyostchocmets U 0mpesxos.

Yucao oxpyotcnocmeti 6 bykeme mootcho 83amsv pasnom E—V +C' 2de B, V,C' — xoauuecmsa
8ePULUH, PEOED U KOMNOHEHM C8A3HOCMY 2paga. B wacmmocmu, aoboe depeso 6a3ucho 8.4024CUMO
68 KHUMCKY C HEKOMOPBIM YUCAOM CMPAHUY,.

Pesyibrarsl 5TOr0 IMyHKTa IPUBOJSATCS 063 JIOKA3ATCILCTBA.
Cuesyrommast rumoresa HaBesiHa TeopeMoii Pobeprcona-Cnmopa o BiokuMocta rpados B I110-
Bepxnoctu [Sk05].

TN'unoresa. (a) Cywecmeyem auws Konewnoe wucao ‘anpeusernux’ nodepaghos das 6a3uchot
BAOIACUMOCTNU KOHEWHO020 2paga 6 dannoe npoudsederue 2pados.

(b) Cywecmsyem anzopumm nposepru 6a3UCHOT BAOHCUMOCTIU KOHEUH020 2padia 6 OaHHOoe
npouasedenue 2pados.

Kpurepunii 6a3ucHoit Biaoxkumoctu rpadoB B KHUKKY ¢ n crpanunamu. [Ku00| [le-
dexToMm epaga K naszvisaemcs cymma

I(K) = (degA; —2) + -+ -+ (deg Ay — 2),

2de Ay, ..., Ar — ece sepwunvl epaga K, subo umerowue cmenens 6oavwe vemuper, aubo cme-
newu 4, me umeruwue sucavur pebep. Koneunwi epag K 6asucro eroocum 6 I x T, mozada u
MoAvKko mozda, K020a 0H ACAAEMCA 0EPEBOM U

o qubo 0(K) < n,

o aubo 6(K) = n u K codeporcum sepwuny cmenent, 604vUe YEMBLPET, UMENUYIO BUCAUECE
peobpo.

3 57010 pesy/abrara BbITEKAET HMOJIOKUTEILHOE PelleHne THIIOTe3bl it npousseaenns [ X T),.
B [Ku03| mokasanbl Takke 0600IIEHUST 9TOTO Pe3y/IbTaTa.
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BA3UICHOCTD IIJIOCKNX MHOXKECTB |1

PasppiBHasi 6a3MCHOCTD.

0. IIpeacrasere dynkmuio f : [(—1,—1),(1,1)] U [(0,0),(1,-1)] — R, f(z,y) = zy B BHIC
cymmbl g(x) + h(y) aByx QyHKIMI, KaXK/1asi U3 KOTOPBIX 3aBUCHT TOJIBKO OT OJIHON KOOD/IMHATHI.

1. (a) st m106BIX 1 9eThIpex ducest fi1, fia, fo1, fo2 CYIIECTBYIOT Takue YeThipe Yucaa g, gz, i1, ho,
410 f;j = g; + h; 1IpH MOObIX %, j = 1,27

(b) Awngpeit Hukomaesna u Bragumup Uropesuua urpator B urpy 'A ny-ka, paszioxu!’. Ha
MaxXMaTHO JOCKe OTMedeHO HeCKOJIbKO KiieTok. A. H. paccrapiser dncia B OTMEIEHHBIX KJIET-
Kax, Kak xo4deT. B. . cmorputr Ha paccraBjieHHble yncia u 6eper 16 uwucen aq,...,as, by,. .., bs,
T.€. 'BeCOB’ CTOJIOIOB U CTPOK, KaK XOo4deT. Ecin 9nciio B KaxKI0# OTMeUYeHHOI KJIeTKe OKa3aJI0Ch
pPaBHBIM CyMMe BECOB CTPOKH U CTOJIOIA 3TOi KeTKu, To Beiurpas B. ., a unade (T.e. eciiu quciio
XOTsI ObI B OJIHOI OTMEYEHHOMN KJIETKE OKA3aJI0Ch He PABHBIM CYMME BECOB CTPOKHU M CTOJIONA 9TOi
kjieTku) Bomrpas A. H.

JlokaxkuTe, 9T0 TpHW NpaBUiIbHON urpe B. 1. BmMrpbiBaeT Torma m TOJBKO TOIJA, KOTIa He
CYIIECTBYET 3aMKHYTOIO MapIIpyTa JaJibi, Hada bHasl KJIeTKa U KJIETKH MTOBOPOTa KOTOPOTO SB-
JISTFOTCSL OTMEUYEHHBIMU (He 06s3aTeIbHO BCe OTMEUEHHBIE KJIETKHU 3a/[eHCTBOBAHBI).

Onpedeneriue moanuu. Oboznaanmm depes R? mI0cKocThb ¢ (DUKCHPOBAHHON CHCTEMOi KOOPIH-
nat. O6oznaunm wepes x(a) u y(a) koopmunarsl Toukn a € R2. TlociaenoBaTenbHocTh (KoHeUHAS
1 GeCKOHeUHast) TOUEK IIOCKOCTH {dy, . . ., Ay, ... } C R? HasbiBaeTcs moanuet, eciu 1 KazK-
JIOTO 1 BBINOJHEHO a; 7# iy1, W npu 3ToM z(a;) = x(a;4q1) st dernbix @ u y(a;) = y(a;1) g
nederHbix i. (He o6g3aTe/IbHO BCe TOUKEM MOJIHUU PA3JIAYHbI. )

Koneunast mostaust {ay, . .., ag41} HASBIBAETCS 3AMKHYMOU, €CTA Q] = Qg4 1.

2. Pacemorpum 3amkuyTyio MosHuoO {ay, .. .,a, = ai}. HazoBem pas.nooicenuem paccraHoBKY
YUCe/T B MPOEKIUAX TOYEK ITONH MOJHHM Ha 0Cb O W B MPOEKIUSIX TOYEK STOW MOJHUU HA OCh
Oy. MoxXHO Jin TaK PacCTaBUTh B TOYKAX MOJHUAU 4duciaa fi,...,f, € R ¢ fi = f,, 910061 1151
JIFOOOT0O Pa3JIOKeHHsI HEKOTOPOe IHCIIO f; He ObLI0 Obl PABHO CyMMe JIBYX 9HCeN, CTOSIMX B x(a;)
u B y(a;)?

[Tomvmoxkectso K C R? MI0CKOCTH HA3LIBACTCS PaspuleHo 6a3UCHbLM, €CITH IS 000 PyHK-
mn f @ K — R cymecrsyor takue dbyukuuu g,h : R — R, aro f(z,y) = g(z) + h(y) ana
Kazk 10l Touku (z,y) € K.

3. (a) Otpesok K =0 x [0;1] C R? aBstercas paspbIBHO GA3UCHBIM.

(b) Kpect K =0 x [—1;1] U [~1;1] x 0 C R? aBasieTcst pa3pbIBHO GA3UCHBIM.

(c) Kpumeputi pazpwenoti basucrocmu. TToIMHOXKECTBO MIIOCKOCTU PA3PhIBHO GA3UCHO TOTJA
1 TOJIBKO TOTJIA, KOIJIa OHO HE COJEPIKHUT 3aMKHYTHIX MOJIHUIA.

4.** Annpeit Hukonaesua n Biaaguvup Uropesnu urparor B 3D-urpy ’A ny-ka, pasmoxu!’.
B kybe n X n X n, pasdbuToM Ha n® eIUMHMYHLIX KyOUKOB, OTMEYEHO HeCKOJILKO Kybukos. A. H.
paccTaB/IseT Yucjia B OTMEUYEHHBIX KyOmKax, Kak xodeT. B. II. cMoTpuT Ha paccTaBjieHHBbIE TUCTIA
u O6eper 3n 9ucesn ai, ...,y b1, ..., by, C1,. .., C, — 'BECOB’ KOJIOHOK, TPOJIOJBHBIX CTPOK W TIOIIE-
PEUYHBIX CTPOK (T.€. PsiJIOB, HMAapPAJIEbHBIX OCH Z, OCH & W OCH y) — Kak xoder. Ecam dmcio B
KazKJI0M OTMedeHHOM KyOuke (i, 7, k) (mocrasiennoe A. H.) okazamocs paBHbIM cymme a; + b, + ¢y,
TpeX BECOB KOJIOHKH, MPOJOJbHOM CTPOKU M TOMEPEYHON CTPOKH 9TOT0 KyOmKa, TO BhIATpas B.
U., a unaue (r.e. ecjim 9UCI0 XOTsd ObI B OJTHOM OTMEUYEHHOM KyOHKe OKa3aJI0Ch HE PABHBIM CYMME
Tpex BecoB) Bbmrpas A. H.

Kaxk o mabopy oTMeueHHBIX KyONKOB y3HATH, KTO BBINTPHIBAET?

(fcro, aTO @nzopumm pacosHaBaHUS BBHIMTPBIITHOCTH JTAHHOIO HAOOpa OTMEUYEHHBIX KyOUKOB
cymectByer. 2KeaTeIbHO HARTH TIPOCTON KPUTEPUil TUIIA TOTO, KOTOPBIN MMEeTCs JIJIsl ILIOCKOTO
aHaJjiora 1ot urpbl. VIHTEpecHb! fgazKe OTBETHI JJisi MAJCHBKUX 1. )

"IlepBElil U OCTAJIBHBIC IyHKTHI STOI YaCTH HE3ABUCHMBI JIPYT OT JPYTa.
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5.%* (a) Onpesesnre pa3pblBHYIO 6a3UCHOCTH MOJIMHOKECTB TpeXMepHOro mpocrpancTsa. Chop-
MYJIIPYUTE U JOKAXKNUTE IMPOCTPAHCTBEHHDLIN aHAJIOT TPUBEIEHHOTO KPUTEPHSI.

(b) To 2Ke 111 MHOTOMEPHOT'O CJIydasl.

Pemenua 3agad4.

1. (a) 910 meBepro. Ecim fi;j = g; + hj nsii,j = 1,2, to fi1 + fao = fi2 + f21, HO 370 cooTHOIIEHHE
HE UMeeT MeCTa Tl HeKOTOPBIX HaOOpOB umces fij.

(b) "Tousbko Torma"ciemyer u3 3amaqu 2. JJokaxkem yrBepxKienue "rorpa’ uHyKIUel 110 KOJUIECTBY
OTMEYEHHBIX KJIETOK. Fc/in oTMedeHa TOMBKO OJHA KJIETKA, YTBEPYKICHIE 3a[a4i TpUBHaIbLHO. O603HAINM
dyepe3 K MHOXKECTBO I[EHTPOB OTMEUEHHBIX KJeToK. MHuoxkecTBo F(K) OlpesesieHo B CIIeyOIeM IIyHKTe
nocisie 3amaun 9. o yemoBuio, K He CONEPXKUT 3aMKHYTBIX MOJIHUIA, ciepoBaresnbio #FE(K) < #K.
BHa4uT, 110 UHAYKTUBHOMY Ipejiosoxkenuio B.U. moxker Bomrpars Ha Muoxkectse E(K). Bee ocrasimecst
KJIETKH SIBJISTIOTCS €IMHCTBEHHBIME OTMEYEHHBIMY B CBOEH CTpOKe Wian B cBoeM cToJibre. CremoBaTebHo,
B.U. cmoxketr BBIOpaTh 1 OcTaBIIHECS Beca s K.

2. Jla. Eciu kazkoe u3 duces f; IpeJicTaBUMO B BUJE CYMMBI JIBYX YUCEJI, PACITOJIOXKEHHBIX B TOYKAX
x(a;) my(a;), ro f1 — fa+ fs—- -+ — fn—1 = 0, HO MOXKHO JIeTKO OIOOpPATH HAOOD YuCeN f;, AJist KOTOPOTO
9TO HEBEPHO.

3. (a) Honoxum h(y) = f(0,y) u g(x) = 0.

(b) Homozkum g(z) = f(x,0) u h(y) = f(0,y) — f(0,0).

(¢) "Toabko Torma"cnemyer us 3amaun 2. Jokaxkem yreepxkienue "torga". PaccMorpum nponsBosib-
uyto dyuknuo f : K — R u nocrpoum no ueit dyukuuu g u h rakue, aro f(z,y) = g(z)+ h(y). Hazoum
nBe Touku a,b € K sxeusarenmuvimu, ecau cymecrsyer Moiaaus {a = ai,...,a, = b} C K. Bospmym
ofMH U3 KjaccoB skBuBajentHocru Ky C K u onpenenum dbyukmun g : (K1) - Ru h: y(K;) - R
caenytomumM obpasoM. 3adukcupyeM Ipou3BosibHYIO Touky a1 € Kj. Iomoxum g(xz(aq)) = f(a1) u
h(y(a1)) = 0. Eciau {a1,aq,...,a9} — MonHUS U3 TOUEK MHOXKeCTBa K, TO HOIOKIM

h(y(an)) := flax) — flag—1) +--- = fla1) n g(x(ax)) = flag—1) — flag—2) + -+ f(a1).

Ecimu {ay,as,...,a9+1} — MonHUS U3 TOUEeK MHOKecTBa K, TO MOJIOKUM

9(x(ag41)) = flazg1) — flaz) +--- + f(a1)

(suavenue h(y(ags1)) yxe onpenesneno). CrenmaemM 9T0 IOCTPOECHUE JJIsi BCEX KJIACCOB SKBHBAJEHTHOCTH
onuoBpeMenHo. JIjst Beex ke mpounx touek nosiokuM g(x) = 0 u h(y) = 0.

HenpepniBHasi 6a3uCHOCTb.

[Monmuozkecrso K C R? nasbiaercs (Henpepviero) 6asuchvim, ecid Jjis oboii HelrpepbIBHOM
dyukmun f : K — R cymecrBytor Takue menpepbiBabie dyuknuu g, h : R — R, aro f(z,y) =
g(z) + h(y) ns xkaxkoit Toukn (z,y) € K. (Oupesenenne HenpepbIBHON (DYHKINE HATIOMHEHO B
nHadasie gactu 1.) C10BO "HEMPEPBIBHO  J1aJiee OIyCKaeTCsl.

IIpobaema ApHousibaa. Kakxue nodmHorcecmea naockocmu AGAAI0MES 6a3UCHHMU Y
YroObI TOJIONTH K OTBETY, PACCMOTPUM HECKOJIBLKO IIPUMEPOB.

6. (a) SBamkHyTas MOJTHUS He Oa3uUCHA.

(b) Orpesok K = 0 x [0;1] C R? siBasieTcst 6a3UCHBIM.

(c) Kpeer K =0 x [-1;1]U [~1;1] x 0 C R? aBngercst 6a3ucHbIM.

7. (a) Eciim mopMHOXKeCTBO 1I0CKOCTH Ga3UCHO, TO OHO PaspbiBHO Oaszucho. (Onpejesenue u
KPHUTEPHil PasphIBHO OA3MCHOCTH CM. B IIPE/BLILYINEM IIyHKTE. )

(b) Ionoanenroti moarueti HazbIBaeTCst OObeTMHEHIe TOUKH ag € R? ¢ GeckoneuHoit MosiHueit
{ai,...,a,,...} C R? u3 pasimunbix To4eK, crodawelica K Touke ay (T.e. st joboro € > 0
HaiijleTcs Takoe HaTypasibHoe N, 9ro Jyist J10060ro i > N BBIIOJIHEHO |a;, ap| < €). Jokaxure, 4ro
HUKAKasl TIONOJIHEHHAS MOJIHUs HE fBJIAeTCs 6a3uCHON. (3aMeTuM, 4TO OHA SIBJISIETCS PA3PBIBHO
6a3uCHON ).
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(c) Yepes [a,b] obosHaummM oTpe3oK, coemuHsOnmid ToYKH a u b. Jlokaxkure, 4TO Kpecrt
[(—1,-2),(1,2)]U[(—1,1), (1, —1)] He aBasgeTcs Ga3suCHBIM.

(d) Iycrs m; j = 2—3-27"+j-27%. PaccMOTPHM MHOKECTBO, COCTOSIIIEE U3 TOUEK (11 21, 1M 21)
U TOUeK (Mo, My—2), tne i =1,2,... ul=1,23,..., 2=1. JlokazkuTe, 9TO 3TO MOIMHOMKECTBO
ILJIOCKOCTU HE COACPKUT OECKOHETHONH MOJHUM, HO COACPXKUAT CKOJIb YTOAHO JJIMHHDBIC MOJIHHM.

(e) ObbenHenne MHOXKECTBA U3 MIPEJILIIYINEro MyHKTa ¢ TOUKOM (2,2) He 6a3ucHo.

[TocienoBaTEILHOCTD TOYEK @; IJIOCKOCTH HA3BIBACTCS CTOOAWLETCA K MOYKe A, €CJIH JIJIA JIO-
6oro £ > 0 nmaiigercst Takoe 1eaoe N, 910 Jjisi 106010 ¢ > N BBIIOJHEHO |a, ;| < €.

[Tomvmozxkectso K C R? MI0CKOCTH HA3BIBACTCH 3GMKHYMBLM, €CIH IS TI000i GECKOHEeTHOM
[IOCJIeI0BATEILHOCTH TOUeK a; € K, cxoudmeiicss K TOUKe @, BLIIOJIHEHO a € K.

8. Iommuoxkectso K C R? mmockocTn aBiIsgeTcs 3aMKHYTLIM TOTJIA U TOJIBKO TOT/IA, KOTJIa, /IS
Joboit Toukn a ¢ K Haiigercs takoe € > 0, 910 J100ast TOYKa IJIOCKOCTH C PACCTOSHUEM MEHee €
JI0 @ He IpuHaIe:KuT K.

Kpurepuii 6azucHocTu. 3amkHymoe 02paHuverHoe nooMHOACECTNEO NAOCKOCNY 6a3UCHO
mozda u MoAvKO Mo2da, K020a 0HO He COOEPAHCUM. CKOAL Y200H0 OAUHNLE MoArul [St89).

[Tpusenem 371ech 3amedanus u mepedOpMyIUPOBKY (HCIOIB3yeMyIo B oKa3aTeabcrse). Camo
JIOKa3aTeIbCTBO IIPUBOJUTCS B CJAEIYIOINIEM ITYHKTE.

9. (a) YciaoBHe 3aMKHYTOCTH B KPUTEPHU JCHCTBATEIHHO HEOOXOAUMO (T.€. ecau B (hopMyIn-
POBKE TEOPEMBI OIIYCTUTH 9TO YCIOBUE, TO IOIYINTCS HEBEPHOE YTBEPIKICHHE).

(b) YcioBre orpaHUYeHHOCTH B KPUTEPHH JIEHCTBUTEIHHO HEOOXOIUMO (T.€. ecu B hOpMYJIH-
POBKE TEOPEMBI OIIYCTUTH 9TO YCIOBUE, TO IOIYINTCS HEBEPHOE YTBEPIKICHHE).

(c¢)** Haiiniure Kpurepuit 6a3uCHOCTH I 3aMKHYTBIX (HO HEOIDAHWYICHHBIX) ITOJMHOXKECTB
IJIOCKOCTH.

[Iycte K — moamuoxkecTBo mnockoctn R2. Jlna xaxkmoit Toukn v € K mapucyeM jBe Hps-
MBbI€, IIPOXOJISIIIE YepPe3 v MapalIe/IbHO KOOPAUHATHLIM OcAM. Kcim XoTs ObI OJHa U3 9TUX JIBYX
IPSIMBIX TIepecekaerT K TOJBKO B TOYKE v, TO MOKpacuM v B Oeblit iBetT. O6o3naunm yepe3 F(K)
MHO>KECTBO BCeX TOYeK K, He sABJSIONINXCS OCJIBIMU:

E(K)={veK: |[KNn(x=z())|>2u|KN(y=y))| >2}.
Hanpumep, puc. 6b nomyuaercst uz puc. 6a onepanmeii E. Ilycrs F*(K) = E(E(K)), E*(K) =
E(E(E(K))) n ..

10. ITomvmoxkectso K C R? He coAep:KUT CKOJIb YIOJHO JUIMHHBIX MOJIHHH TOIJIAa U TOJIBKO

toryia, Korja E"(K) = () iy nekoroporo n.

12. (a)* Jloxkaxkute sseMeHTapHO (T.€. 6€3 HcHoib30Banus onucanus npocrpancrsa C*(K) B
TEPMHUHAX Mep, CM. cjeyomuii myHkT), uro eciu K C R? 3aMKHYTO M OrpaHmyeHo, mpudem
E(K) =0, To K 6azucno [Mi09].

Ykazanue. [loxyunre cHagana pasnoxkenue f(z,y) = g(z) + h(y) ais kycouno-aunetnols
dbyuxumit f, npudaem |g| + || < 5| f].

(b)** Jlokazkure 3/IeMEHTAPHO YaCTh ‘TOrJa’ KPUTEPHsi OA3UCHOCTH.

Yxazanue. To ke, |g|+|h| < Cy|f|, tme C,, 3aBuCAT TOIBKO OT TOTO N, J1Jist KoToporo E™(K) =
0.

11. BasucHOCTh MOJMHOXKECTB TPEXMEPHOI'O MPOCTPAHCTBA OIIPE/IEIeHa BBIIIe Mepe/] JIEMMON
ApHoJib/ia O JIepeBbsIX.

(a) Tokaxkure, uto exxk 0x 0x [—1;1JU0 x [—1;1] x 0U[—1; 1] x 0 x 0 C R? apigercsa 6a3ucHbiM.

(b) Mommuozkectso pocTpancTia R?, cocrosmee uz yersipex touek (0,0, 0); (1,1,0); (0,1, 1);
(1,0, 1), 6asucuo. (Ho E™(K) # () pyist smo6oro n, cM. HEXKe. )
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(c)* Ina K C R3? anamormuno onpejemum E(K), ucHonb3yst BMECTO HNPAMBIX ILTOCKOCTH,
HEepPIEeHIUKYIAPHBIC OCIM KOODIMHAT:

EK)={veK: |[KNn(x=z))|>2, |[KN(y=y(v))>2|u|KN(z=2z21))| >2}

Hokaxkure, uro ecau K 3amkuyTo, orpanndeno u E™(K) = () pias nekoroporo n, to K 6a3ucho
[St89, Lemma 23.ii|.

(d)* Huxaxoe nogmuozkectso npocrpancrsa R? (mmm gaxxe R?), romeomopdnoe asymepromy
JICKY, He sIBJIsieTcsi Oa3MCHBIM. YKa3aHue: Olpe/ieJieHle MHOTOMEPHOH MotHuu cM. B [St89, 6.12,
p-39].

Pemenus 3agad.

6. (a) Eciu 661 mommnust A = {ay,...,a941 = a1} 6b1a 6asucHoii, o f(a1) — f(az)+-- -+ f(ag-1) —
f(ag;) =0, HO Jerko nomobparsh dbyHKIUIO f, 1Jist KOTOpOoii 310 He BbinosHeHo. CpaBHuTe ¢ 3aaueii 2.

(b),(c) Anasornuno 3agadam 3a, 3b.

7. (a) Ecim MHOXKeCTBO HE sIBJISIETCsI PA3PBIBHO OA3UCHBIM, TO MO KPUTEPHUIO PA3PHIBHON 6a3MCHOCTU

U3 MPEIBIIYINEro MyHKTa OHO COAEPXKUT 3aMKHYTYIO MOJTHUIO. 1OT/Ia yTBEpKIeHNEe 3aJla9u caeayer us 6a,
TaK KakK PYHKIWS f MOXKeT OBITh IPOJOJIKEHa C 3aMKHYTONR MOJIHUN Ha BCY MHOXKECTBO.

(-1’

(b) Pacemorpum dyukimio f, s koropoii f(a;) =
JIsl HEKOTOPBIX HENPEPHIBHBIX ¢ U A, TOraa

flar) = flaz) + flaz) = flas) + - = flaz) = h(y(a1)) — h(y(az)).

. IIpexmonoxum, aro f(x,y) = g(x) + h(y)

Tak xak lim;_,~ h(yy) cymecrsyer u paser h(y(ag)), TO psig Z?lzl(—l)if(ai) cxomures upu [ — oo. Ho
9TO MPOTUBOPEUUT PACXOANMOCTH FAPMOHUIECKOIO Psiia.
(c) Kpecr comepKnT 3aMKHYTYIO MOJHUIO

-1 1 1 1 1 -1 -1 -1
Aak+1 = (4—k7 E)’ A4k+2 = (my 4_k)7 A4k+3 = (my m)a A4k+4 = (Wu m)

Oupenenum dyHKIMO f Ha 9TON MOJHUU, UCIOAB3Ysl 3a1a4dy 7(b), 1 IPOJOIIKUM ed KyCOIHO-JINHEHHO
Ha Bech KpecT. He cymecTByer Takux cbyHKLu/H/I gu f,aro f(x, y) =g(x) + h(y).

(d) Hmst mo6oro i Touku (my o7, my; 21) iy u (miar,mo— 2)12 | 00pasyioT MOJHHUIO U3 2 3JIeMEHTOB.
(e) Oupenemum byukuuio f(x,y) COOTHOIEHUAME

1

f((mi,lemi,Zl)) = u f((mi72l,mi721_2)) = —g

21
[Mpeanonoxum, uro f(x,y) = g(x)+h(y) mis HekoTopbix HenpepbiBHBIX g(x) 1 h(y). Temepsb ayst KaxKmoro
i, MCToNb3Yys MostHIH (1 91, My 1) U (M 21, My 21—2), tae | = 1,2,3,... 2071 nonyuaem h(2—%)—h(2—%) =
1. DTo HpOTUBOPEUUT HENPEPLIBHOCTU h B TOUKE Yy = 2.

8. HoxkaxkeMm yrBepxkaenne "romabko Torna". Ilyers K — 3aMKHyTOe IMOAMHOXKECTBO ILIocKocTU. IIpen-
[OJIOXKUM, UTO Jijisl HeKOTOpOoit Touku a = (z,y) € K u Jyisi IpOU3BOJILHOTO & = % > 0 cyImecTByeT XOTs
Obl 0/1HA TOUKA ay, € K, 17151 KOTOpPOii |a, ay| < % Ho Torma mociienoBaTebHOCTH TOUEK a, € K cxomurcs
K TOUKe a, mo3ToMy a € K. IIporuBopeune.

Teneps mokaxkeM yrBepxKaenne "torma'. IlycTs HEKOTOpPAs TOC/IEIOBATENBHOCTD Ay CXOIUTCS K TOUKE
a, we nexareit B maoxkectee K. Ilo yenosuio cymecrsyer € > 0 Takoe, 4TO i JiIoOOH TOUKK a, € K
paccrosiaue |a, a,| > €. Ho 970 NIpoTUBOPEYUT CXOIMMOCTH TI0CIIEI0BATEIbHOCTH.

9. (a) Jlwobas Geckoneunast MosHUs A, He cozeprKaliasi 3aMKHYTBIX MOJIHHI U CXOZSINAsCS K TOUYKEe
a & A, sBisiercst 6a3uCcHOi. DTO cyieflyer u3 Toro, uTo Jiobast GyHKIWMs, onpeedHHast Ha A, HellpepbIBHA.
(b) Konrpupumepowm siBisiercst muozkectBo {(k, k)}22, U {(k, k — 1)}?2, ToUex mIockocTH.

10. Tokaxkem vacTh 'Tosbko Tormad’. Ilpemmonoxum, uro E™(K) # () nns Becex n. s Kazkmoro
n pacemoTpuMm TouKy ag € E"(K). Boibepem Touxkn a_i,a; € E"71(K) rtakue, uro z(a_1) = x(ap) un
y(a1) = y(ag). Temepb MOXKHO BLIGPATL TOUKH a_o, a0 € E" 2(K), aasa koropex {a_o,a_1,ag,a1,as} —
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MOJIHNST. AHATIOTHYIHO MOXKHO CKOHCTPYHPOBATH MOJIHHIO U3 211 TOYEK, JIeXKAIILYIO [IEJTMKOM B MHOKECTBE
K. Yrto u TpeboBaioch I0Ka3aTh.

Hokazkem gacts 'Torga’. Ilycts MHOKeCTBO K COIEPKUT MOJHUIO U3 2n+1 TOUKYU {a_p, ..., Ag, .« . , Gy }-
Torna B muoxkecrse E(K) conepxkurcs Moanust u3 2n—1 1ouku {a_p 41, . . ., ap_1}. IIpogomnxkasi, mosyanm,
aro ag € E™(K). Crenosarensro, eciin E™(K) = (), o K ne comepKur mMoianuu u3 2n + 1 Tovex.

11. (a) s nponssosbhoii dyukmun f : K — R na exe K onpenemnm g(z) = f(x,0,0), h(y) =
f£(0,y,0) — f(0,0,0) u I(2) := f(0,0,2) — £(0,0,0).

(b) onoxum ¢(0) = £(0,0,0), h(0) =0, I(0) =0,

29(1):: f(07070)'+'f(17170)<+.f(17071)'_ f(07171%

2h(1) = —£(0,0,0) + £(1,1,0) — £(1,0,1) + f(0,1,1)) u
21(1) = —£(0,0,0) — £(1,1,0) + f(1,0,1) + £(0,1,1).

JlokazaTesbCcTBO KpuTepusi 6a3MCHOCTH.

[Iycts K — mpon3Bo/IbHOE 3aMKHYTOE OIPAHUYIECHHOE ITOIMHOXKECTBO ILIOCKOCTH. 3BecTHO, UTO
Tora Jiiobas HenpepbiBHas Gyukius f : K — R orpanmdena. @ynknusa f : K — R masbBaerca
oepanuvennotll, ecan Haiinercs qucao M rakoe, aro |f(x)| < M ana moboit toukn x € K. s
orpanndennoit dyukiun G : K — R nonoxum |G| = sup,cx |G(x)].

Havano doxazamesvemea wacmu ‘moavko moeda’ kpumepus basucrocmu. Ipeamonmoxum, Ha-
NPOTUB, 9TO K COMEPXKHUT CKOJIb YTOJHO JIJIMHHBIE MOJHUU W Oa3ucHo. Bruibupasi momocsienoBa-
TEJIbHOCTH, MOKHO JJOOUTBHCS TOr0, YTOOBI B KasK/I0M MOJIHUKM TOYKHU ITONAPHO pa3andHbl. [TosaTomy
OyJeM CUuTaTh, 9TO 3TO BhIOHeHO. Tora i1 moboro n > 4 cymecTByeT MOIHUL {af, . .., a5, 5}
u3 (2n + 5)-n pasinvHBIX TOUYEK MHOMXKeCTBa [ .

Cy1ecTByeT HenpepbiBHAS (DY HKITHS

frn: K =R makag, uro f,(al) = (=1)" u |f.(z)| <1 pna moboro z € K.

(deitcTBUTEIbHO, TOCTPOUM CHava/a HenpepbiBHylo dynkmuio f : R? — R, yJIoBaeTBopsionLyio
sruM ycaosusM. O6o3HadnM s = min,;; |a;, a;|. PaccmoTpum n 1uckoB ¢ meHTpamMu B TOUKaX a; U
pajuycamu 5. Bre stux juckos nosoxkum f = 0. Buyrpu i-ro jucka cienaem f juneitnoit ynk-
mmeit ot pajguyca, pasuoit (—1)" B menTpe a; u HyJIIO Ha Tpanuie. Ternepb OrpaHuTIuM IIOCTPOCHHYTO
bynxmumo ma K C R? u noyunm Tpebyemyio Herpepbisryio dbynkmmo K — R.)

OrnpeieiuM 110 UHJIYKITUU TIOCJIEIOBATEILHOCTE 1ucen s, u dyukmuit F, : K — R. Iomo-
xKuMm sg = 1 u Fy = 0. Ipenmnonoxum, uro s, 1 u F,_1 yxe onpemenenbl. BosbMeMm dyHKIUN
Gn-1,H,—1 : R = R, ansa koropbix F,,_1(x,y) = G,_1(x) + H,_1(y) (ecin takux dbynkuuii Her,
TO BCe JoKa3aHo). bepem

Sp > Sp_1!- ﬂ(;n_1|‘F7l) u F,=F_1+

fsn
|

Sp—1-

ZRXHHTOHHO,JOKaSaTb,qTO(byHKHHH

ue npejcrasuma B Buge G(x) + H(y).

[Ipenmomnozkum, aro, warporus F(x,y) = G(x)+ H(y) ayist nekoropbix G u H. I{ns nonydenns
POTUBOPEYHsI JIOCTATOYHO J0Ka3aTh, uTo |G| > m s Kaxkjaoro n. A Jjig 3TOro J0CTaTOYHO
OKa3aTh, 910 S,_1!|G — G, _1| > s,: Torma Gyaer

Sn

1G] + |Gea| = |G = G| > > |G_i + 1.

Sn_1!
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Jlemma. ITycmos m > 4,

o K ={ay,...,a9ms5} — MOANUA U3 2M + D PASAUNHDIT TMOYEK HA NAOCKOCTNU,

o f(a1),..., flagmss) — wucaa, das xomopwx |(—1)" — f(a;)| < 1/m u

o g(x(a;)),h(y(a;)), i =1,...,2m+ 5, — makue wucaa, wmo f(a;) = g(x(a;)) + h(y(a;)) dan
106020 i (npu amom ecau x(a;) = x(a;), mo g(x(a;)) = g(x(a;)), u anarozuuro daa y u h).

Tozda max; |g(z(a;))| > m.

Jlokazameavcmeo. MoXKHO CcIUTATD, YTO IPAMast a1Gy Tapasieabaa ocu Ox (ecyiu 310 He Tak,
TO yBeJMYNM BCe MHJEKCHI Ha 1 B mocseyromux dopmyrtax). Umeem

2m +4
|(f(ar) = flaz) + flas) — f(as) + - = flazmsa)) — (2m +4)| < — <3

Do oznavaer, 9T0 |g(z(a1)) — g(x(agmea))| = (2m +4) — 3 > 2m. Orciona cieayer Tpebyemoe

nepaserncTso. QED

Oxonuanue dokazamesbecmea 4acmu "moavko mozda’ Kpumepus Henpepueroti 6a3ucHoCmu.

Nmeem: (F_ F
FoFy=F—F,, — Jw 5l ““1)_f8n.

Sn—1! Sp—1:

[Ipumenum jgemmy K

m=5s,, a=a" f[f=s,A(F—F,1), g=s,1(G—Gn_1), h=s,1(H—H,_1).

D10 BO3MOXKHO, Tak Kak f(z,y) = g(x) + h(y) u (Tak Kak s, — 1 > s,_; upu n > 2)

1 1
=s,1!|F - F,| < <
Sn—1!] | (5p— 1) - sp p (Sp41)----- Spak (sp—1)-s

[e.e] o0

|.f - .fSn

1 - 1
ni 28 sy,

k=0
[To semme mosyunm s, 1!|G — G,_1| > s,. QED

Jlokasamenvcmso kpumepus basucrocmu [St89, §2, Jlemma 23.ii].|§ Ono ocroBaHO Ha mTEpedOpP-

MYJIUPOBKE CBOMCTBA OA3UCHOCTH B TEPMUHAX 02PAHUYEHHBIT AUHCTHOLT 0NEePamopos B 0aHATOGVIT
npocmparcmeax gynruyud. Ob6o3nadnm depe3 C(X) IpocTpaHCTBO HEMPEPBIBHBIX (QyHKIMN Ha X
c mopmotit |f| = sup{|f(z)| : = € X}. B arom gokasarenncrse obozuadum depes pry(a) u pry(a)
POEKITNH TOYKK @ € K Ha ocn KOOP/IUHAT.

Jlna nogmuozxkectsa K C I? onpenenum otobpaskenue (Aunetinoili onepamop cynepnosuyu)
¢:C(I)®C(I) = C(K) dopmynoit  ¢(g,h)(x,y) = g(x) + h(y).

Hopwma na npocrpanctse C'(1)®C(I) BBOAUTCSI €CTECTBEHHBIM CIIOCOO0M. ZICHO, 9TO TIOIMHOKECTBO
K C I? 6a3ucHo Toraa 1 TOJILKO TOIJIa, KOLIa ¢ SIUMOPMHO.

O6o3unaunm gepe3z C*(X) mpocrpancTBO orpanmveHHbX Jjuneiinbx dyuknuit C(X) — R ¢
nopmoit |u| = sup{|u(f)] : f € C(X), |f|] = 1}. Jna nonqmuokectsa K C I? onpemennm
orobpazkenue (deoticmeernvil AUHETHbIT ONePamop CYNEPRO3UUUL)

¢": C*(K) = C*(I) & C*(I) xak ¢ ulg,h) = (u(goprs), p(hopry)).
Hopwa na npocrpancrse C*(1) @ C*(I) BBoguTest ecTecTBeHHBIM criocoboM. Tak kak |¢* | < 2|u/,
T0 ¢* orpanuuen. [lo aBoiicTBeHHOCTH, ) SMUMOPDEH TOTJA M TOJIBKO TOIJA, KOTJIA ¢* MOHOMOD-

deH. &

83910 MOKA3ATEILCTBO HEdJIEMEHTapHO, (OPMATILHO He HCHOML3YeTCS B JAibHeHIIeM U MOXKeT GLITH OIIyIIeHO
qurareneM. OJHAKO Mbl IIPUBOJIUM €r0, MOCKOJIbKY HAllle U3JI0XKeHre KOpPoUe U sicHee JaHHoro B [St89].

9TIpu sTOM ¢* MOXKeT GBITh HHbHEKTHBHBIM, HO HE MOHOMOPMHBLIM. JIPYruMH CJIOBAMH, HE TOJBKO JIMHEHHDIE
COOTHOIIIEHUST HA 1M ¢ 3aCTaBIAT ero ObITh cTporo Menbine deM C(K), Kak MOKa3bIBAeT NpPUMED HeGA3UCHOI
IIOTIIOJTHEHHOM MOJIHUU.
BameTnm, aTo ecm K C R? - 6asmcHoe MOIMHOXKECTBO, TO MBI MOYKEM JOKa3aTh 6€3 HCIOIL30BAHHSA ¢, UTO ¢
monoMopdmo. Onpenesum munetinsiii oneparop ¥ : C*(I) & C*(I) — C*(K) dbopmymoit U (s, py)(f) = pa(g) +
py(h), tme g,h € C(I) Takossr, aro ¢(0) = 0 u f(z,y) = g(z) + h(y) mua (z,y) € K. fcuo, uro U¢* =id u ¥
OT'PAHNIEHO, CJIEIOBATEIHLHO ¢F MOHOMOP(HO.
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[TonsiTHO, UTO * MOHOMOpPGEH TOTJIA U TOJHKO TOIJa, KOIJa

(*) cywecmsyem € > 0 makoe, wmo |¢*u| > e|pu| daa wascdozo nenyaesozo € C*(K).

Hrob6b1 paboTaTs ¢ yeaoBueM (), ucnosb3yem cieayommuii Herpusuasbhblii pakr: C*(K) cos-
nadaem ¢ NPoCMpParcmeom o -addUMUEHHLEL PELYAAPHOIT GEULLCTNEEHHOZHAMHBLL OOPEACECKUT MEP
na K (masee Mbl GyJieM Ha3bIBATH WX MIPOCTO 'MepaMu’; UCIOJIb3YeTCs TaKyKe TEPMUH '3apsjibl’).
Nmveem

O 1= (ptas pty), 1A pia(U) = p(pr'U) w0, (U) = pu(pr,'U).

Ecim g = pt — p~ ectb pasjiokeHue Mepbl [i HA HOJIOKHUTEIbHBIE U OTPUIATE/bHbIE YaCTH, TO
|| = (X)), tne i = ™ + p~ ecTb abCOMIOTHOE 3HAYECHUE MEPDI [i.

HokazaresbeTBO TOrO, 9T0 yeaosue (*) BaedeT OTCYTCTBHE CKOJIb YTOJHO JJIMHHBIX MOJIHHIA,
OCTaBJISIEM B KaueCTBe yIpaskKHeHus. (DTo JTO0Ka3bIBAeT YacTh 'TOJBKO TOrIa’, J1Jis KOTOPOil y HAC
y’Ke eCTh JIEMEHTapHOE JIOKA3aTeIbCTBO. )

Ocrayrcs jokazars, uro ycaosue (*) caenyer uz E™(K) = (). (9o nokassiBaer yacThb 'Torja’.)
[Tpuenem nokazarenbeTBo i n € {1,2} (1715 TPOU3BOIBLHOTO 1 OHO AHAJIOTUIHO).

O6osunaunm depes D, (u D,) MHOXKECTBO TeX TOUeK U3 [, KOTOPbIe HE 3aTEHIIOTCS HUKAKOM
napyroit Toukoit u3 K B z- (u y-) Hanpasienun. Bosbmem Jo6yio Mepy i Ha K ¢ HOpMOit 1.

Ecmn =1, to

E(K)=0, mnostomy D,UD,=K, sunaunr, 1= ja(K)<p(D,)+ i(D,).

Torna, e ymenbrnas obmtaoctn, ji(D,) > 1/2. Tak kak pr, wabektusHa Ha D, TO || > 1/2.
Iosromy ycsosre (*) BbIIOIHEHO 1711 € = 3.
Ecm n = 2, to

E(E(K))=0, mosromy D,UD,=K—-E(K) u E(D,UD,) =0.

Ipu a(E(K)) < 3/4 umeem (D, UD,) > 1/4 u, ne ymennias obmmnocry, fi(D,) > 1/8, snaqur,
Kak 1 B ciiydae n = 1, nveeM || > 1/8. Tlosromy yenosue (*) Bbimosmeno s € = &
[pu p(E(K)) > 3/4 umeem (K — E(K)) < 1/4. Kak u B ciiyuae n = 1, He yMeHbIIas
obmoctu, fiy(pre(E(K))) > i(E(K))/2. Crenosarensuo |i,] > 1 -2 — 1 = 1. Iosromy ycnosue

2 4 1
(*) Bemonmeno g € = 3. QED

I'nagkass 6a3ucHOCTD.

[Iycts K — nommuoxkectso mwiockoeru R2. @ynxnua f : K — R nasbBaercs duddepenyupye-
moti (110 Yurnu), ecam jiid j1o6oit Touku 2o € K cymecTByloT Takue BekTop a € R? u 6eckonedno
Masag bynknua o : R? — R, 9T0 1714 110601t Toukn 2z € K BBIIOIHEHO

f(2) = f(20) +a- (2= 20) + a(z — 20)|2, 20]-

3/1ech TOUKA O3HAYAET 3HAK CKAJISPHOTO IIPOU3BEIEHNST BEKTOPOB @ =: (fy, f,,) m 2 — 20 =: (2,y),
Te. a- (2 — 2) = xf, + yf,. Pyukmua « : R? — R HaseiBaerca beckoneuno maot, ecau s
mo6oro uucia € > 0 cymecTByer Takoe yucyio 0 > 0, uro s o6oit Toukn (z,y) € R?

ecmn \/x?2+y? <6, 10 |a(z,y)| <e.

[Mommuozkecrso K C R? mockoctu HasbiBaercs: duddepenyupyemo 6a3uchbim, eCam s JIo-
6oit mupdepennupyemoit pyukiun f : K — R cymecrByior Takue guddepeniupyemMbie pyHKINN
g:R—Ruh:R— R, aro g moboit Touku (z,y) € K somonusgercs f(z,y) = g(x) + h(y).

13. (a) (b) (c¢) Pemure ananoru s3amaun 6 qyist nuddepenimpyemoii 6a3ncHOCTH.

14. (a) I'paduk dynknnu |z| va orpeske [—1; 1] spasiercs auddepenimpyemMo 6a3ucHbIM.

19



(b) Jlomamnas ¢ mocienoBareabubiMu Beprunamu (—2,0), (—1,1), (0,0), (1,1) u (2,0) ne as-
ssiercst mudpdepenimpyemo 6asucuoii. (3ameruM, 9To oHa Ha3MCHA. )

(c) Mononnennas mommust {([2F] 712 [2]71/2) e U {(0,0)} ne sBisercst auddepenupyemo
6asucuoit. (3amernM, ITO OHa He ABJACTCS TaKyKe GA3MCHOI. )

(d) Honomnennas mommms { (27", 2721} U {(0,0)} asnsaerca muddepenmupyemo Gasuc-
Hoit. (BameTwM, ITO OHA He ABJIACTCH OA3NUCHOIL. )

(e)** I'mmoreza . IITuypuukosa. [lononnennas mouaus {a, 122, U {(0,0)} muddepeniu-
> fan|

n=~k

pyemo basucHa TOr/Ja 1 TOJBKO TOI'/la, KOI'/la II0C/JI€JOBATE/ILHOCTD B Oorpanm4veHa.

15. (a) Kpecr K = [(—1,-2),(1,2)] U [(—1,1),(1, —1)] me asasgerca auddepenrmpyemo Oa-
3UCHDIM.

(b)** T'unmoreza. [Togmuoxectro { (2, ﬁ)}te[— 1,1) IUIOCKOCTH He siBisercs auddepeniy-
pyeMo 6a3uCHBIM. YKasaHWe: MOXKHO TBITAThCS JIEATh aHAJIOMMIHO 3aade 15(a).

(¢)** I'mmore3a. Kycouno-ymneiinblii rpad Ha MJIOCKOCTH sABJIsleTcs JuddepeHimpyemMo H6a-
3MCHBIM TOTJ/IA M TOJILKO TOIJIA, KOIJIa OH HE COJNEPKUT CKOJIb YTOJIHO JIMHHBIX MOJIHUI, W JJIst
JIIOOBIX JIBYX CuM2yAapHuix Touek a u b Buimosneno x(a) # x(b) u y(a) # y(b). Touka a € K
HA3BIBAETCA CUH2YAAPHOU, ecin niepecedenne K ¢ JIOOBIM JIMCKOM C IEHTPOM B @ HE SBJISETCS
PSAMOJIMHEAHBIM OTPE3KOM.

(d)** Haiinure kpurepuii quddepenimpyemoii 6a3ucHocTH Jjisi padOB B IIIOCKOCTH.

(e)** CymiecTByeT Ji HelpepbIBHOE 0TOOpazKeHHe OTpe3Ka B ILIOCKOCTh, 06pa3 KOTOPOro siB-
sisiercst nuddepeHmpyeMo 6a3uCHbIM, HO HE OA3UCHBIM !

16. ITycts K — nogmuozkecTso 1miockoctu R? ur > 0. @ynkius f : K — R HasbBaercs r pas
uepenyupyemoti, ecm a1 moboil TOUKH zy € K cymmecTByloT Takue Muorowen f(z) = f(x,y)
CTEITIeHN He BBHIIIE 7' OT JBYX HEepPeMeHHBIX X U Y U OecKomedno Masas dynkmua o : R — R, uro
f(2) = f(z — z) + a(z — 20)|2, 20|" ana moboit Toukn z € K. (IT0 onpeenenne OTIMIaeTCsa OT
OBIIETPUHSITOTO. )

(a) Homb pas muddepentmpyembie GQyHKIMA — 9TO B TOYHOCTH HEIPEPBIBHBIE, a OJMH Pa3
nudepeHImpyeMble — 9TO B TOYHOCTH I depeHITupyeMbIe.

(b) Huist 106010 1eJI0T0 TOJIOKUTETHLHOTO T OonpeeauTe - auddepeHipyeMyo 6a3ucHOCTh
MIOJIMHOKECTB TIJIOCKOCTH.

(c¢)* Hust moboro mesoro k > 0 Haiijercss MOIMHOKECTBO TLIOCKOCTH, r-anddbepeHInpyemo
6azucnoe s jgodoro v = 0,1, ...k, Ho He r-guddepennupyemMo da3ucHoe HU [ Kakoro r > k
[RZ07].

(d)** Haiinmure kpurepuii r-muddepennupyemoii 6azucuoctu Jijisi rpadoB B MIOCKOCTH.

Pemenus 3agad.
13. (a), (b), (c) Ananormuano 3amadam 6(a), 3(a) u 3(b).

14. (a) Ilycre f(z,y) - muddepennupyemast dbyukmus. Torma f(z,|z|) — f(0,0) = ax + blz| +
a(z, |z|)|(z, |z|)|. Honoxkum h(y) = by, g(z) = f(x,|x|) — blz|. [lonpobuee cm. [RZO7].

(b) Ipemmosoxkum, uro nanHas jgomanas guddepennupyemo 6asucha. Oyukius f(x,y) = xy qud-
dbepennupyema. Ilosromy f(x,y) = g(z) + h(y) mausa mekoropbix auddepennupyembx byaknuii g u h.

Torma
2-2d=f(l+d,1—-d)+ f(1—d,1—d) = g(1+d)+g(1 —d) +2h(1 —d) = 2g(1)+2h(1) — 2K (1)d + o(d).
Buaunt, h'(1) = 1. Ananoruano

2d—2 = f(—1+d,1-d)+ f(-1—-d,1—d) = g(—1+d)+g(—1—d)+2h(1—d) = 2g(—1)+2h(1)—2h' (1)d+o(d).

Buaunt, h'(1) = —1. IIporusopeune.
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(c) IIpemmosnoxum, 4Yro 3ra nonoJHeHHast MosHus guddepennupyemo 6GasucHa. [losoxum
an = ([BE]712,[2)7Y2), f(an) = #, n = 23,.... Ecm f(z,y) = g(z) + h(y) ms HEKOTOPBIX
dbyuxiwmit g(x) u h(y), rorna f(a2) — f(as)+ f(as) — ... cxomuresa x g(1) — g(0) (ananormano 3amade 7b).
Ho 310 mpoTruBOpeunT pacxomuMOCTH Psifa % + % + % +...

(d) He orpanmunsast obmuoctu MoxKHO caurarhb, uro f(0,0) = 0, rorma Bozbmym g(0) = 0 u h(0) =
TTosoxkum

h(27F) = f27¢*D, 27 - f(2‘(’““) 270 f(2m (), 7)) —
927" = F27F,27h) — f7ED 27 ¢ p27 ), 2 <’“+1>> o
[Jie TIpaBble YaCTH CYTh CyMMBI 3HAKOTIEPEMEHHBIX DSITOB.
Teneps g(z) u h(y) moryT 6bITH MpomoKeHbl 110 auddepeniupyembix dyuknuit R — R.
15. (a) Ompenenmm

w0) =0, w@d +43)=w@ =0 uw w@  +43)=2% ggg i=1,23,....

[TponoszkuM Terepnb 3Ty HYHKIMIO Kycouno-juueiino g0 dyuknun w : [0;1] — R. dua z € [0; 1] onpene-
mum W (x) xak mwromazp nox rpadukom dynkimn w Ha orpeske [0; z]. Oupenermmm f(z, —x) = W(z) aus
x € [0;1] and f(z,y) = 0 Ha OCTAJBHBIX TOYKAX KPECTA.
dAcno, uro f muddepennupyema sue (0,0). Moxkno nposepurs, uro f muddepennupyema u B (0,0).
[Ipeamonoxkum, aro f(x,y) = g(z)+h(y) mist Hekoropbix auddepennupyembix g u h. He orpannansast
obmuocTn, 6ynem cuntars, uro ¢g(0) = h(0) = 0. Oyukius g ne nuddepennupyema B Touke © = 1/4,
mOoCcKOJIbKY myist 0 < d < % BBIIIOJTHEHO

oo () (o (3 ) ()

1 d 1 2%k 473k (4d)3/
>W<4k+1+ﬂ>—W<4k+l>: 5 > 5 .

3xecn

® [ICPBOE PABEHCTBO JIOKA3BIBACTCS € UCIOJIB30BAHUEM JIBYX OCCKOHEYHBIX MOJIHHIT M3 TOUEK Kpecra,
HauuHaomuxXCs B Toukax (1 +d, —1 —d) u (§, —%) u cxonsmuxes k Touxe (0,0);

e k> 0 takoBo, uro 4~k > 44 > 472(k+1),

® [epBOE HEPABEHCTBO BBINOJIHEHO, TOCKOJIBKY W HeBo3pacTatomas dyHKIHs;

® BTOpPOE HEPABEHCTBO BBINOIHEHO, TOCKOIBKY % > m;

® BTOPOE PABEHCTBO BBINOJIHEHO IO ONPEEICHIIO Jucaa k.

(AHajIOru9HO JOKa3bIBAETCs, YTO ¢ He juddepeHimpyemMa HI B Kakoii Touke Buja & = 47°.)
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BASIC EMBEDDINGS AND HILBERT’S 13TH PROBLEM [
A. Skopenkov [

Abstract. This note is purely expository. In the course of the Kolmogorov-Arnold solution of
Hilbert’s 13th problem on superpositions there appeared the notion of basic embedding. A subset K of
R? is basic if for each continuous function f: K — R there exist continuous functions ¢, h: R — R such
that f(x,y) = g(x)+ h(y) for each point (x,y) € K. We present descriptions of basic subsets of the plane
(with a proof) and description of graphs basically embeddable into the plane (solutions of Arnold’s and
Sternfeld’s problems). We present some results and open problems on the smooth version of the property
of being basic. This note is accessible to undergraduates and could be an interesting easy reading for
mature mathematicians. The two sections can be read independently on each other.

HILBERT’S 13TH PROBLEM AND BASIC EMBEDDINGS

Hilbert’s 13th problem

Let us recall informally the concept of superposition. Suppose that there is a set of functions of
several variables, including all variables considered as functions. Represent each of the functions
as an element of a circuit with several entries and one exit. Then a superposition of functions of
this set is a function that can be repsesented by a circuit constructed from given elements; the
circuit should not contain oriented cycles.

For example, a polynomial a,z" + a,,_12" ' + - -+ a;x + ag is a superposition of the constant
functions and the functions f(z,y) = = + vy, g(z,y) = xy. It is clear that any elementary func-
tion can be represented as a superposition of functions of at most two variables. Is it possible
to represent each function of several arguments as a superposition of functions of at most two
arqguments?

Since there is a 1-1 correspondence between a segment and a square, any function of three
and more variables is superposition of (in general, discontinuous) functions of two variables. So
the above question is only interesting for continuous functions. From now on we assume all
functions to be continuous, unless the contrary is explicitly specified.

Hilbert’s 13th problem. Can the equation 27 + ax® + bx? + cx + 1 = 0 of degree seven be
solved without using functions of three variables?

This question was answered affirmatively in 1957 by Kolmogorov and Arnold. They proved
that any continuous function of n variables defined on a compact subset of R" can be represented as
a superposition of continuous functions of one variable and addition. For an exposition accessible
to undergraduates see [Ar58|. See also [Vi04].

Basic embeddings into higher-dimensional spacesH
Ostrand extended the Kolmogorov-Arnold Theorem this theorem to arbitrary n-dimensional
compacta [St89]. It is in the Kolmogorov-Arnold-Ostrand papers that the notion of basic subset

I This is an English version of the paper in Russian under the same title. The English version has much shorter
first section (which corresponds to two sections in Russian version), but contains solutions of problems 14a and
16¢ from the third section. Whenever possible I give references to surveys not to original papers. I would like
to acknowledge V.I.Arnold, Yu.M. Burman, I.N. Shnurnikov, A.R. Safin, S.M. Voronin and M. Vyaliy for useful
discussions, and M. Vyaliy for preparation of figures.

2skopenko@mceme.ru, http: //dfgm.math.msu.su/people/skopenkov/papersc.ps

3 Denote by

|:v,y| = |($L'1,...,$Cn), (yla"'vyn)l = \/(‘Tl _y1)2 +eee (‘Tn _yn)2

the ordinary distance between points = (x1,...,2,) and y = (y1,...,yn) of R". Let K be a subset of R™. A
function f: K — R is called continuous if for each point x¢p € K and number £ > 0 there exists a number § > 0
such that for each point = € K if |z, x| < 6, then |f(z) — f(xo)| < . E. g. the function f(z1,z2) = /2% + 23 is
continuous on the plane, whereas the function f(z1,z2) equal to the integer part of x1 + x2 is not.

4This subsection is not used in the sequel and so can be omitted.
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appeared for the first time. It was explicitly introduced by Sternfeld [St89]. A subset K C R™ is
basic if for each continuous function f : K — R there exist continuous functions ¢1,...,¢, : R —
R such that f(z1,...,2m) = g1(z1) + - - - + gm () for each point (zy,...,2,) € K.

Theorem 1. [St89] Any n-dimensional compactum is basically embeddable into R**' and,
for n > 1, is not basically embeddable into R*".

It is interesting to compare this theorem with the Nobeling-Menger-Pontryagin theorem on em-
beddability of any n-dimensional compact space into R?"*! and the example of an n-dimensional
polyhedron non-embeddable into R?".

Obviously, K is basically embeddable into R if and only if K is topologically embeddable into
R. It follows from Theorem 1 that a compactum K is basically embeddable into R™ for m > 2 if
and only if dim K < m/2. Thus, the only remaining case is m = 2 (Sternfeld’s problem).

Basic embeddings into the plane

A subset K of R? is basic if for each continuous function f: K — R there exist continuous
functions g, h: R — R such that f(z,y) = g(x) + h(y) for each point (z,y) € K.

Let us present the characterization of arcwise connected compacta basically embeddable into
the plane [Sk95] (this is a partial solution of Sternfeld’s problem). We formulate the criterion
first for graphs and then for the general case. A conjecture on embeddability of (not necessarily
arcwise connected) connected compacta into the plane can be found in [Sk95]. Compacta used in
the statements are defined after the statements.

Theorem 2. [Sk95| A finite graph K is basically embeddable into the plane if and only if any
of the following two equivalent conditions holds:

(a) K does not contain subgraphs homeomorphic to S,Cy,Cy (fig. 1), that is, a circle, a five-
point star, and a cross with branched endpoints;

(b) K is contained in one of the graphs R,, n=1,2,3,... (fig. 2).

Let F} be a triod. The graph F),,; is obtained from F), by branching its endpoints (fig. 2).
The graph R, is obtained from F,, by by adding a hanging edge to each non-hanging vertex.

Theorem 3. [Sk95] An arcwise-connected compactum K is basically embeddable into the plane
if and only if it is locally connected (i.e., is a Peano continuum) and any of the two following
(equivalent) conditions hold:

(1) K does not contain S*,Cy, Cy, B as subcompacta and contains only finitely many subcon-
tinua F,, H, (fig. 1,2,3);

(2) K does not contain any of the continua S*,Cy,Cy,Cs, B,F, H., H_,hy,h_ (fig. 1,3,4).

Let I = [0;1]. A sequence of sets is called a null-sequence if their diameters tend to zero.
Define

e H, to be the union of I with a null-sequence of triods having endpoints attached to I at
points 37 + .- 4375 where s <nand 0 < l; < --- < [, are integers;



Ry

K A

Ry

X, i

Fy

Figure 2:

B

Figure 3:

3

alibili ol

H,



H. H.
e .

g ]

H_ H,

H1 Hl
— —
H2 H2
oL |./r A \1 1\] 1e i
1-0 1-0 1-0 1 0-1 0-1 0-1
h h_
Figure 4:



e (5 to be a cross with a null-sequence of arcs attached to one of its branches and converging
to its center;

e (4 to be a cross with a sequence of points converging to its center;

e B to be the union of the arc I and a null-sequence of arcs attached to (0; 1) by their endpoints
at rational points;

e [ to be the union of I with a null-sequence of sets F;, each having an endpoint attached to
the point 1/n € I;

e H, (H_) to be the union of I with a null-sequence of continua H, connected to the points
1/n € I by arcs that intersect H,, at the points 1 € [ C H,, (0 € [ C H,,_1, respectively);

e i, (h_) to be obtained from a null-sequence of continua H,, by pasting together the points
lelICH,and0€elICH,;(0€lCH,and 1€l C H, 1, respectively).

An embedding K C X x Y is basic if for any continuous function f : K — R there exist
continuous functions g : X — R, h : Y — R such that f(z,y) = g(z) + h(y) for any point
(z,y) € K.

Denote by T;, an n-od, i.e., an n-pointed star. A vertex of a graph K is called horrible if its
degree is greater than 4 and awful if its degree is equal to 4 and it is not an endpoint of a hanging
edge. The defect of a graph K is the sum 6(K) = (degA; —2)+- - -+ (deg Ay —2), where Ay, ..., Ay
are all the horrible and awful vertices of K.

Theorem 4. [Ku99|] A finite graph K admits a basic embedding K C R x T,, if and only if K
is a tree and either 6(K) < n or §(K) =n and K has a horrible vertex with a hanging edge.

BASIC PLANAR SETS

The material is presented as a sequence of problems, which is peculiar not only to Zen monas-
teries but also to elite mathematical education (at least in Russia). Difficult problems are marked
by a star, and unsolved problems by two stars. If the statement of a problem is an assertion, then
it is required to prove this assertion.

Discontinuously basic subsets.

1. (a) Is it true that for any four numbers fi1, fi2, fo1, f22 there exist four numbers g1, go, by, ho
such that f;; = g; + h; for each 7,5 = 1,27

(b) Andrey Nikolaevich and Vladimir Igorevich play the 'Dare you to decompose!” game. Some
cells of chessboard are marked. A. N. writes numbers in the marked cells as he wishes. V. I. looks
at the written numbers and chooses (as he wishes) 16 numbers ay, ..., as, by, ..., bg as 'weights’ of
the columns and the lines. If each number in a marked cell turns out to be equal to the sum of
weights of the line and the row (of the cell), then V. I. wins, and in the opposite case (i.e., when
the number in at least one marked cell is not equal to the sum of weights of the line and the row)
A. N. wins.

Prove that V. I. can win no matter how A. N. plays if and only if there does not exist a closed
route of a rook starting and turning only at marked cells (the route is not required to pass through
each marked cell).

Let R? be the plane with a fixed coordinate system. Let z(a) and y(a) be the coordinates of
a point a € R?. An ordered set (either finite or infinite) {ai,...,an,...} C R?is called an array
if for each i we have a; # a;41 and z(a;) = x(a;41) for even i and y(a;) = y(a;y1) for odd 7. It is
not assumed that points of an array are distinct. An array is called closed if a; = ag .

2. Consider a closed array {ai,...,a, = a1}. A decomposition for such an array is an assign-
ment of numbers at the projections of the points of the array on the z-axis and on the y-axis. Is
it possible to put numbers fi,..., f, € R, where f; = f,, at the points of the array so that for
each decomposition there exists an f; that is not equal to the sum of the two numbers at z(a;)
and y(a;)?



A subset K C R? is called discontinuously basic if for each function f : K — R there exist
functions g, h : R — R such that f(z,y) = g(z) + h(y) for each point (z,y) € K.

3. (a) The segment K = 0 x [0;1] C R? is discontinuously basic.

(b) The cross K =0 x [—1;1] U [—1;1] x 0 C R? is discontinuously basic.

(c) A criterion for a subset of the plane to be discontinuously basic. A subset of the plane is
discontinuously basic if and only if it does not contain any closed arrays.

4.*%* Given a set of marked unit cubes in the cube 8 x 8 x 8, how can we see who wins in
the 3D analogue of the ‘Dare you to decompose!” game? In this analogue V. I. tries to choose
24 numbers ay, ..., as,by,...,bs,c1,...,cg so that the number at the unit cube (i, j, k) would be
equal to the sum a; + b; + ¢ of the three weights.

5.%* (a) Define discontinuous basic subsets of the 3-space. Discover and prove the 3D analogue
of the above criterion.
(b) The same for higher-dimensional case.

Solutions.

1. (a) It is not true. If f;; = g; + h; for each 4,5 = 1,2, then fi; + fao = fi2 + f21, but this is false
for some numbers f;;.

(b) The statement ‘only if’ follows from the problem 2. Let us prove the ‘if” part by induction on the
number of the marked cells. If only one cell is marked then we are done. Let K be the set of centres of
the marked cells. The set E(K) is defined in the following subsection after Problem 9. The set K does
not contain any closed array, therefore #FE(K) < #K. So by the induction hypothesis V. I. can win for
E(K). Each cell from K — F(K) is the only marked cell on its line or column, thus V. I. can choose the
remaining weights for K.

2. Yes, it is. If every f; is equal to the sum of two numbers at x(a;) and y(a;), then fi — fo + f3 —
-+« — fn—1 = 0, but this is false for some numbers f;.

3. (a) Set h(y) = f(0,y) and g(x) = 0.

(b) Set g(x) = f(x,0) and h(y) = f(0,y) — f(0,0).

(c) The statement ‘only if’ follows from the problem 2. Let us prove the ‘if’ part. Consider a function
f+ K — R. Our aim is to construct functions g and h so that f(x,y) = g(x) + h(y). Two points
a,b € K are called equivalent if there is an array {a = a1,...,a, = b} C K. Now take an equivalence
class K1 C K. Define function g : z(K;) — R and h : y(K;) — R in the following way. Take any point
a1 € K7 and set g(z(a1)) = f(a1) and h(y(a1)) = 0. If {a1,as,...,a9} is an array, then set

h(y(an)) := f(ax) — flag—1) + -+ — fla1) and g(x(ax)) = f(az-1) — flaz—2) + -+ f(a1).

If {a1,a2,... a1} is an array, then set g(w(ag11)) := f(any1) — flaz) + -+ fla1) (h(y(azy1)) is
already defined). Make this construction for each equivalence class. Then set ¢ = 0 and h = 0 at all
other points of R.

Continuously basic subsets.

A subset K C R? is called (continuously) basic if for each continuous function f : K — R
there exist continuous functions g,h : R — R such that f(z,y) = g(x) + h(y) for each point
(z,y) € K.

The Arnold problem. Which subsets of the plane are basic? [Ar58]

In order to approach a solution consider some examples.

6. (a) A closed array is not basic.

(b) The segment K = 0 x [0;1] C R? is basic.

(c) The cross K =0 x [—1;1] U [~1;1] x 0 C R? is basic.

(d) The graph V' of the function y = |z|, z € [—1; 1] is basic.

A sequence of points {ay, ..., a,,...} C R? converges to a point a € R? if for each &€ > 0 there
exists an integer N such that for each i > N we have |a;, a| < €.

6



7. (a) If a subset of the plane is basic, then it is discontinuously basic.

(b) A completed array is the union of a point ag € R? with an infinite array {ay,...,an,...} C
R? of distinct points which converges to the point aq. Prove that any completed array is not basic.
(Note that it is discontinuously basic).

(c) Let [a,b] be the rectilinear arc which connects points a and b. Prove that the cross K =
[(—1,-2),(1,2)]U[(—1,1),(1,—1)] is not basic.

(d) Let m;; =2—3-27"+ j - 272, Consider the set of points (m; ., m;2) and (m; a1, m;2-2),
where ¢ varies from 1 to co and [ = 1,2,3,...,2"!. Prove that this subset of the plane does not
contain any infinite arrays but contains arbitrary long arrays.

(e) The union of the set from the previous problem and the point (2,2) is not basic.

A subset K C R? of the plane is closed, if for each sequence a; € K converging to a point a
this point belongs to K.

8. A subset K C R? of the plane is closed if and only if for each point @ ¢ K there exists
e > 0 such that if for a point b of the plane we have |a,b| < e, then b does not belong to K.

The Sternfeld criterion for being a basic subset. A closed bounded subset K C R? of
the plane is basic if and only if K does not contain arbitrary long arrays.

9. (a) The criterion is false without the assumption that K closed.
(b) The criterion is false without the assumption that K bounded.
(¢)** Find a criterion of being a basic subset for closed (but unbounded) subsets of the plane.

Suppose that K is a subset of R?. For every point v € K consider the pair of lines passing
through v and parallel to the z-axis and the y-axis. If one of these two lines intersects K only at
point v, we colour v in white. Define E(K) as the set of noncoloured points of K:

EK)={veK: |[KN(z=x())|>2and |[KN(y=y))| > 2}.
Let B*(K) = E(E(K)), E*(K) = E(E(E(K))) etc.

10. A subset K of the plane does not contain arbitrary long arrays if and only if E"(K) = ()

for some n.

12. (a)* Give an elementary proof that if K is a closed bounded subset of R? and E(K) = 0,
then K is basic [Mi09].

Hint. It can be proven that for piecewise-linear maps f there is a decomposition f(x,y) =
9(x) + h(y) with |g| + || < 5[f].

(b)* Prove the ‘if” part of the criterion without using the functional spaces as below.

Hint. Same as above with |g| 4+ |h| < C,|f|, where C,, depends only on that n for which
E"(K) = 0.

11. A subset K C R? is called (continuously) basic if for each continuous function f : K — R
there exist continuous functions g, h,l : R — R such that f(z,y,2) = g(x) + h(y) + I(2) for each
point (z,y,z2) € K.

(a) The ‘hedgehog’ 0 x 0 x [—1;1] U0 x [-1;1] x 0U [~1;1] x 0 x 0 C R3 is basic.

(b) The set of 4 points (0,0,0); (1,1,0); (0,1,1); (1,0,1) is basic. (But E"(K) # ) for each n,
see below.)

(c)* Define E(K) analogously to the above, only instead of lines use planes orthogonal to the
axes:

EK)={veK: |[KN(z=zW)|>2, |[KN(y=y))| >2and |[KN(z=2(v))| > 2}.

Let K be a closed bounded subset of R3. Prove that if E"(K) = () for some n, then K is basic
[St89, Lemma 23.ii].



Solutions.

6. (a) If an array A = {a1,...,ag41} is basic, then f(a1) — f(a2) + - + f(an—2) — f(ay) = 0. But
this is false for some functions f. Cf. problem 2.

(b),(c) Analogously to problems 3a,3b.

(d) Take h(y) = 0 and g(x) = f(z,y).

7. (a) If the subset is not discontinuously basic, then it contains a closed array. Hence the statement
follows by extension of f on the subset and using problem 6a.

(b) Define function f by f(ay) = (—_i)" Suppose that f(z,y) = g(x) + h(y) for some g and h. Then

flar) = flaz) + flaz) = flas) + - = flaz) = h(y(a1)) — h(y(az)).

Since lim;_, o h(y2) exists and equals to h(y(ap)), it follows that Z?lzl(—l)if(a,-) converges when [ — 00,
which is a contradiction.
(c) The cross contains a completed array

2—2]@—1’2—2]6) 2—2]@—1’ _2—2k—1) _2—2]@—2’ _2—2]6—1)‘

agps1 = (=272, 272) a0 = ( , agpg3 = ( , Qgpgs = (

Define a function f on this array using problem 7.b and then extend it (e.g. piecewise linearly) to the

cross. Then there are no functions g and h such that f(z,y) = g(x) + h(y).
i 9i—1

,—; s an array of 2' points.

. i—1
(d) For every i the set (m; o, mi,2l)l2:1 U (mi 21, My 21—2)
(e) Define a function f by

Fmir,miz)) :=27" and  f(mgg,m;g—2) = —27".

If f(z,y) = g(x) + h(y) for some g and h, then for every i using array of points (m; o, m;2) and
(i 21, mi2i—2), where | = 1,2,3,...271 we obtain h(2 — %) —h(2 - %) = 1. This contradicts to the
continuity of h.

8. Let us prove the ‘only if” part. Let K be a closed subset of the plane. Suppose that for some point
a = (z,y) ¢ K and for each £ = 2 > 0 there exists a point a, € K (at least one) such that |a,a,| < .
The sequence of points a,, € K converges to the point a, thus a € K. Contradiction.

Now let us prove the ‘if’ part. Suppose that a sequence a, converges to a point a and the point
a = (x,y) is not in K. There exists € > 0 such that for every point a,, € K the distance |a, a,| > €. This
is a contradiction.

9. (a) Any infinite array A not containing closed arrays and converging to a point a ¢ A is basic.
This follows because each function defined on A is continuous.

(b) A counterexample is {(k,k)}32, U {(k,k —1)}22,.

10. Let us prove the ‘only if’ part. Suppose that E"(K) # () for each n. For each n take a point
ag € E™(K). Then there exist points a_1,a; € E" 1(K) such that 2(a_1) = z(ag) and y(a1) = y(ao).
Analogously there exist points a_s, as € E”_2(K ) such that {a_9,a_1,ag,a1,as} is an array. Analogously
we construct an array of 2n + 1 points in K, which is a contradiction.

Let us prove the ‘if” part. Suppose that K contains an array of 2n + 1 points {a_p,...,ag,...,a,}.
Then there is an array of 2n — 1 points {a_n+1,...,a,—1} in E(K). Analogously ag € E"(K). Thus if
E"(K) = (), then K does not contain an array of 2n + 1 points.

11. (a) For each functuion f : K — R on K define g(z) := f(,0,0), h(y) := f(0,y,0) — £(0,0,0)
and [(z) := £(0,0,z) — f(0,0,0).

(b) Set g(0) = £(0,0,0), h(0) =0, I(0) =0,

2¢g(1) = f(0,0,0)+ f(1,1,0)+ f(1,0,1)— f(0,1,1), 2h(1) = —f(0,0,0)+ f(1,1,0)— f(1,0,1)+ f(0,1,1)

Proof of the criterion for being a basic subset.

Let K be a closed bounded subset of the plane. It is known that each continuous function
f K — Ris bounded. A function f: K € R is called bounded, if there exists a number M such
that | f(z)| < M for every x € K. For a bounded function G : K — R denote |G| := sup,cx |G(2)|.
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Beginning of the proof of the ‘only if part of the criterion. Assume to the contrary that K
contains arbitrary long arrays and is basic. Choosing subsequences we may assume that points of
each array are distinct. Therefore for each n there is an array {af,..., a5, 5} of 2n + 5 distinct
points in K.

Then there exists continuous function

fn: K — R suchthat f,(a})=(-1)" and |f,(z)|]<1 foreach z¢€ K.

(Indeed, first define such a continuous function f : R* — R. Denote s = min;; |a;,a;|. Take n
disks with centers a; and radii . Outside of these disks set f = 0. Inside the i-th disk take f to
be (—1)" in the center a;, 0 on the boundary and extend it linearly in the distance to a;. Then
restrict f to K C R?.)

Define integers s,, and functions F), : K — R inductively as follows. Set sq = 1 and Fy = 0.
Suppose now that F,_; and s,_; are defined. If F,,_; is not representable as G,,_1(z) + H,_1(y),
then we are done. If it is representable in this way, then take

Jon

!

Sp > $n_1!(|Gno1l +n) and F,=F, 1+ .
n—1-

It remains to prove that if we can construct in this way an infinite number of s,, and F;,, then the
function
_ . _ = fsn
Felm b= 08
is not representable as G(x) + H(y).
Assume to the contrary that F(z,y) = G(z) + H(y) for some G and H. It suffices to prove
that |G| > n for each n. For this it suffices to prove that s, 1!|G — G,,_1| > s,: then we would

have
Sn

|G| + |G| > |G — Gpa| > > |Gpo1] + 1.

Sn_1!

Lemma. Let m > 4,

o K ={ay,...,asmss5} be an array of 2m + 5 distinct points,

o f(a1),..., f(agmys) numbers such that |(—1)" — f(a;)| < 1/m,

o g(x(a;)), My(a;)), i =1,...,2m + 5, numbers such that f; = g(x(a;)) + h(y(a;)) for each i.
Then max; |g(x(a;))| > n.

Proof. We may assume that ajaq||Oz. Then

2m + 4 <

|(f(ar) = flaz) + flaz) = flas) + - = flazmsa) = 2m+4)| < ——— < 3.

Therefore g(z(a1)) — g(x(agm+4a)) > (2m +4) — 3 > 2m. This implies the required inequality. O
Completion of the proof of the ‘only if " part of the criterion. We have

s n— ! F_Fn— — Js
F-F —F—F, — s _ S 1!( 1) fn.
Sn—1! sn—1!

Apply the Lemma to
m = Sp, a; = CL;-S", f = Sn—l!(F_Fn—l)u g = Sn_l!(G(SL’)—Gn_l(I)), h = Sn_ll(H(y)—Hn_l(y))

This is possible because f(z,y) = g(x) + h(y) and (since s, —1 > s, for n > 2)

1 1 =1 1
— fol=s,4|F - F,| < < §—<—.



By Lemma we obtain s, 1!|G — G,_1| > $,. O
Proof of the criterion. A The proof is based on a reformulation of the property of being a
basic subset in terms of bounded linear operators in Banach functional spaces. Denote by C(X)
the space of continuous functions on X with the norm |f| = sup{|f(z)| : = € X}. In this proof
denote by pr,(a) and pr,(a) the projections of a point a € K on the coordinate axes.
For K C I? := [0;1] x [0; 1] define a map (linear superposition operator)

¢: CUI) @ C(I) = C(K) by ¢(g,h)(z,y) = g(x)+ h(y).

Clearly, the subset K C I? is basic if and only if ¢ is surjective, or equivalently, epimorphic.

Denote by C*(X) the space of bounded linear functions C(X) — R with the norm |u| =
sup{|p(f)| = f € C(X), |f| =1}. For a subset K C I? define a map (dual linear superposition
operator)

" C*(K) = C*(I) @ C*(I) by ¢"u(g,h) = (u(gopre), u(hopry)).

Since |¢*u| < 2[pl, it follows that ¢* is bounded. By duality, ¢ is epimorphic if and only if ¢* is
monomorphic.

It is clear that ¢* is monomorphic if and only if

(*) there exists € > 0 such that |¢*u| > |u| for each unzero p € C*(K).

We leave as an excercise the proof that (*) implies the abcense of arbitrarily large arrows.
(This proves the ‘only if’ part of the criterion, for which we already have an elementary proof.)

So it remains to prove that E™(K) = ) implies the condition (*). We present the proof for
n € {1,2}. The proof for arbitrary n is analogous. We use the following non-trivial fact: C*(X) is
the space of o-additive reqular real valued Borel measures on X (in the sequel we call them simply
‘measures’). We have

O 1= (pay tty), Where 1, (U) = pu(pr;'U) and  p,(U) = p(pr,'U) for each Borel set U C 1.

If w = p*t — pu= is the decomposition of a measure yu into its positive and negative parts, then
|| = @(X), where i = pt + p~ is the absolute value of p.

Let D, (D,) be the set of points of K which are not shadowed by some other point of K in z-
(y-) direction. Take any measure p on K of the norm 1.

If n =1, then

E(K)=0, then D,UD,=K, so 1=p(K)<pD,)+nD,).

Therefore without loss of generality, i(D,) > 1/2. Since the projection onto the z-axis is injective
over D,, it follows that || > 1/2, thus the required assertion holds for e = 1.
If n = 2, then

E(E(K))=0, hence D,UD,=K —FE(K), so FE(D,UD,)=0.

In the case when (E(K)) < 3/4 we have (D, U D,) > 1/4 and without loss of generality

fi(D,) > 1/8. Then as for n = 1 we have |p,| > 1/8, thus (*) holds for ¢ = £.

5This proof is not elementary, is not used in the sequel and could be omitted.

6We remark that ¢* can be injective but not monomorphic. In other words not only some linear relation on
im ¢ can force it to be strictly less than C'(K).
If an embedding K C R? is basic, then we can prove that ¢* is monomorphic without use of ¢ as follows. Define
a linear operator

O (1) @ C° (1) = CH(K) by W(pa, py)(f) = pa(g) + py(h),

where g,h € C(I) are such that g(0) = 0 and f(z,y) = g(x) + h(y) for (z,y) € K. Clearly, ¥¢* = id and ¥ is
bounded, hence ¢* is monomorphic.
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In the case when u(E(K)) > 3/4 we have (K — E(K)) < 1/4. By the case n = 1 above
without loss of generality fi,(pr,(E(K))) > i(E(K))/2. Hence |, > -3 — 1 = g, thus (*) holds

for»s:%. O

Smoothly basic subsets of the plane.

Let K be a subset of the plane R?. A function f : K — R is called differentiable if for each
point zy € K there exist a vector a € R? and infinitesimal function a : R?> — R such that for
each point z € K

f(z) = f(20) +a- (2 — 20) + a(z — 20)|2, 20|

Here the dot denotes scalar product of vectors a =: (fy, f,) and z—z2p =: (z,9), i.e. a-(z—2) =
zf: +yf,. Afunction o : R* = R is infinitesimal, if for each number € > 0 there exists a number
§ > 0 such that for each point (z,y) € R?

if a2+ y?2<9d, then |a(z,y)|l<e.

Let V be the graph of the function y = |z|, where x € [—1;1]. A function f : V — R is
differentiable if and only if f(z, |z|) is differentiable on the segments [—1;0] and [0; 1].
A subset K C R? of the plane is called differentiably basic if for each differentiable function
f + K — R there exist differentiable functions ¢ : R — R and h : R — R such that f(z,y) =
g(z) + h(y) for each point (z,y) € K.

13. (a) (b) (c) Solve the analogues of problem 6 for differentiably basic sets.

14. (a) The graph V is differentiably basic.

(b) W :=(V —(2,0)) U(V + (2,0)) is not differentiably basic.

(c) The broken line whose consecutive vertices are (—2,0), (—1,1), (0,0), (1,1) and (2,0) is
not differentiably basic. (Note that it is continuously basic).

(d) The completed array {([2]~/2, [2]71/2)}52, U {(0,0)} is not differentiably basic. (Note
that it is also not continuously basic.)

(e) The completed array {(271"="), 2751y} U {(0,0)} is differentiably basic. (Note that it is
not continuously basic.)

(f) (I. Shnurnikov) The cross K = [(—1,—-2),(1,2)] U [(—1,1),(1,—1)] is not differentiably
basic. (This assertion and Conjecture 15a imply that the property of being differentably basic is
not hereditary.)

(g) If a graph is basically embeddable in the plane, then it is differentiably basically embeddable
in the plane. (This is non-trivial because the plane contains graphs which are basic but not
differentaibly basic and vice versa.) [RZ06]

15.%* Conjectures. (a) (I. Shnurnikov) A completed array {a,}22,U{(0,0)} is differentiably
> Jan|

n==k

basic if and only if the sequence ar] is bounded.

(b) The subset {(t?, ﬁ)}te[—%;%] of the plane is not differentiably basic.
Hint. One can try to prove this analogously to 14f. Cf. [Vo81, Vo82].
(c) A piecewise-linear graph in R? is differentiably basic if and only if it does not contain
arbitrary long arrays and for each two singular points a and b we have xz(a) # x(b) and y(a) # y(b).
A point a € K is singular if the intersection of K with each disk centered at a is not a rectilinear

arc.

It would be interesting to find a criterion of being differentiably basic for closed bounded
subsets of the plane. Apparently a simple-to-state criterion (analogous to the Sternfeld criterion)
does not exist. Another interesting question: is there a continuous map [0; 1] — R? whose image
is differentiably basic but not basic?
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16. Let r > 0 be an integer and K € R? a subset. A function f : K — R is called r
times differentiable if for each point zy € K there exist a polynomial f(z) = f(z,y) of degree
at most r of 2 variables # and y and an infinitesimal function o : R* — R such that f(z) =
f(z—20) + a(z — 20)|2, 20|" for each point z € K. (This definition differs from the one generally
accepted.)

(a) Functions differentiable zero times are exactly continuous functions, and functions differ-
entiable one time are exactly differentiable functions.

(b) For each positive integer r define the property of being an r times differentiably basic
subset of the plane R2.

(c) For each integer k& > 0 there is a subset of the plane which is r times differentiably basic
for r =0,1...k but is not r times differentiably basic for each r > k.

(d)** Find a criterion for graphs in R? to be 7 times differentiably basic.

Solutions.
13. (a), (b), (c) Analogously to problems 6(a), 3(a) and 3(b).

14. (a) Take a differentiable function f : V' — R. Since f is differentiable at (0,0), it follows that
there exist a,b € R such that

f(z,|z]) = £(0,0) + ax + blz| + a(z), where a(x)=o0(y/2?+ |z]?) when =z — 0.

Take h(y) := by and g(x) := f(0,0) + ax + a(z). Clearly, h is differentiable and g is differentiable outside
0. Since a(x) = o(z) when = — 0, it follows that ¢ is differentiable also at 0.

(b) See 16¢ for k = 0.

(c) Suppose the broken line is differentiably basic. The function f(x,y) = zy is differentiable. We
have f(x,y) = g(z) + h(y), where both g and h are differentiable. Then

2-2d = f(1+d1—d)+ f(1—d,1—d) = g(1+d)+g(1—d) +2h(1 —d) = 2g(1) +2h(1) — 2k’ (1)d+ o(d).
Hence h/(1) = 1. Analogously

2d—2 = f(=1+d,1-d)+ f(—1-d,1-d) = g(—14+d)+g(—1—d)+2h(1—d) = 2g(—1)+2h(1)—2h' (1)d+o(d).
Hence h/(1) = —1. A contradiction.

(d) Suppose that this completed array is differentiably basic. Set a,, = ([%42]7Y/2,[2]71/2), f(an) :=
CV o =2,3,.... If f(x,y) = g(x) + h(y) for some functions g(z) and h(y), then the series f(az) —

n
f(as)+ f(aq) — ... converges to g(1) — ¢g(0) (analogously to Problem 7b). This is a contradiction because
the series % + % + % + ... diverges.

(e) Without loss of generality assume that f(0,0) = 0, then take g(0) = 0 and h(0) = 0. Set
h(2—k) _ f(2—(k+1)7 2—k) _ f(2—(k+1)7 2—(k+1)) + f(2—(k+2)7 2—(k+1)) -,

9(2—k) _ f(2_k, 2—k) - f(2_(k+1), 2—k) + f(z—(k-l-l)7 2—(k+1)) —

where the right-hand sides are sums of alternating series. Now g(z) and h(y) may be extended to
differentiable functions R — R.
(f) Define

w(0) =wd +473) =w@ ) =0 and w@ 4437 =23 for i=1,2,3,....

Extend piecewice-linearly to obtain a function w : [0;1] — R. For x € [0;1] define W(x) as the area
under the graph of w on [0;z]. (This is well-defined because this area is finite.) Define f(x,—x) = W (x)
for z € [0;1] and f(z,y) = 0 on the rest of the cross.

Clearly, f is differentiable outside (0,0). It is easy to check that f is differentiable at (0,0).
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g(x)+h(y) for some differentiable functions g and h. Without loss of generality

Suppose that f(z,y) =
= h(0) = 0. The function g is not differentiable at = 1/4 because for 0 < d < %

(
we assume that g(0)

we have
1 1 1 1 1 d 1
o(3+4) o (3)=w (1+0) - w () v (z+7)-w(e) >
1 d 1 25k 473k (4d)3/
>W<—4k+1+ﬂ>—W<4k+l>: 5 > 9 .
Here

e the first equality is proved using two infinite arrays starting at points (% +d, —% —d) and (%, —%)

and converging to the point (0,0);
e k>0 is such that 472F > 44 > 4-2(k+1).
e the first inequality follows because W is a non-decreasing function;
e the second inequality follows because ii,c > 43(k—1+1);
e the second equality follows by definition of k.

(In the same way one can prove that g is not differentiable at z = 4=¢ for each i.)

o
15. (a) Hints. For the ‘only if’ part use the idea of Problem 7b and prove that if ) |a,| = oo, then

n=1

[e.e]
there is a sequence b, — 0 such that > |ay|b, = co.
n=1
For the ‘if’ part we may assume that numbers z(a;) are distinct, numbers y(a;) are distinct, z(ag;) =

x(agi+1), y(azi) = y(azi—1). If £(0,0) =0, define

g(z(az)) = f(ar) — f(az) + flas) — -~ + flagit1), g(0) :==> (=1)'f(as),
=1
h(y(az)) = —f(a1) + f(az) — flag) =+ + f(azi2) and h(0) :=> (=1)"f(a,).
i=1

Prove that g and h are differentiable at 0.

16. (a) It is clear.

(b) A subset K C R? is called r times differentiably basic if for each r times differentiable function
f : K — R there exist r times differentiable functions g : R -+ R and h : R — R such that f(z,y) =
g(z) + h(y) for each point (z,y) € K.

(c) We can take the graph V}, of the function y = |z|¥, € [~1;1] for k odd, and Wiy = (Vg1 —
(2,0)) U (Va1 + (2,0)) for k even.

Proof for k even. Let us prove that Wy is r times differentiably basic for each 0 < r < k. Given an
r times differentiable function f : Wy — R, take functions h(y) = 0 and g(z) = f(z, |x — 2sign z|F+1).
Clearly, h is r times differentiable and f(x,y) = g(x) + h(y) for each (x,y) € Wy1. Since the function
p(t) = [t|*+1 is k times differentiable and 7 < k, it follows that g is r times differentiable.

Let us prove that Wiy is not r times differentiably basic for k even and each k < r. Define a
function f : Wiy1 — R by f(x,y) = ysignz. Clearly, f is r times differentiable. If Wi is r times
differentiably basic, then there are r times differentiable functions g and h such that f(x,y) = g(x)+h(y).
For ¢t € [—1;1] we have

g(£2 +t) + h(jt]* ) = f(£2+ ¢, [t]FY) = £t

Since g is (k + 1) times differentiable and k + 1 is odd, it follows that h’'(0) = +1 and h'(0) = —1, which
is a contradiction. O

Proof for k odd. First we prove that Vj, is r times differentiably basic for each 0 < r < k. Take an r
times differentiable function f : V; — R. Since f is r times differentiable at (0,0), it follows that there
exist {a;;}} ;o C R such that

ago = f(0,0) and f(x,|z|F) = Z aijx'|z[F + o[« +z%)/?) when =z — 0.
i,j=0
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Since
o([a:2 + x2r]r/2) =o01(z"), we have f(x, \x!k) = ago + am\xlk + ajpx + - - + arpz” + 02(z").

Take h(y) = agry and g(z) = f(z, |z|*) — h(]z|¥). Clearly, h is r times differentiable and g is r times
differentiable outside 0. We also have g(x) = agp + ajox + - -+ + ar0x” + 02(2") when z — 0. So g is r
times differentiable also at 0.

Next we prove that V' = V7 is not r times differentiably basic for each 1 < r. Define a differentiable
function f: V — R by f(x,y) = zy, where y = |z|. If V is r times differentiably basic for some r > 2,
then there are r times differentiable functions

g,h: R — R such that f(z,|z]) = z|z| = g(x) + h(|z]).

Hence g(z) — g(—x) = 222 for = € [0;1]. But this is impossible because g is 2 times differentiable, hence
for x — +0
g(x) = g(0) + ax 4+ bz® + o(z?) and g(—z) = g(0) — az + bz® + o(z?).

At last we prove that Vi is not r times differentiably basic for k¥ odd and each k < r. Define a
differentiable function f : V; — R by f(z,y) = zy, where y = |z|*. If V is r times differentiably basic
for some r > k, then there are r times differentiable functions

g,h:R =R suchthat f(z,|z*) = z|z|* = g(z) + h(]z|¥).

Hence g(x) — g(—z) = 22**! for each = € [0;1]. But this is impossible for k& odd because g is (k + 1)
times differentiable, hence for x — +0

9(z) = go+ gz + -+ g™ + o
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Emennsanos JI.A., EmenbsnoBa T.J1.

Bokpyr ocHOBaHUii OUCCEKTPHUC
BBoanas yactb
Teopemuueckue ceedeHus
[Ipsmas Dinepa.
OKpy’KHOCTb 9-TH TOUEK.
OproueHntpruueckas yeTBépka. HekoTopblie CBOMCTBAa OPTOIEHTPA.
Brmcannas u BHEBIIHCAHHBIC OKPYKHOCTHU TPCYT'OJIbHHUKA, UX HCHTPHI.

CreneHb TOYKM OTHOCUTENIBHO OKPY>KHOCTH, PAaJUKaJIbHAas OChb JIBYX OKpPY’KHO-
CTEH, paIUKAIBHBIN HEHTP TPEX OKPYKHOCTEM.

3amaun

Jlemma Mancuona B nmoimHoMm Bapuante. Cepeduna oyeu AC onucauHou oxpyoic-
Hocmu mpeyeonvhuxa ABC, ne codepocawasn eepwiuny B, pasnoyoanena om
eepuun A u C, yeumpa | énucannoti okpyscnocmu u yeumpa I, 6HeenucanHou
okpyacnocmu. Cepeouna oyeu AC onucanuou oxkpyacnocmu mpeyeonrvhuxa ABC,
cooepacawas eepuiuny B, pasnoyoanena om sepuun A u C, u yenmpos I, u I
BHEBNUCAHHBIX OKPYHCHOCEII.

dopmyiibl Didsiepa 1Sl BIUCAHHOW U BHEBIMCAHHON OKPY>XKHOCTEH. Paccmosnue
MedHCOy YeHmpamu 6NUCAHHOU U ONUCAHHOU OKPYICHOCMEU mpey20/lbHUKA Gbl-
pasxcaemcs popmynoii: 10° = R* —2Rr. Paccmosinue mexncoy yenmpamu eHe-
BNUCAHHOU U ONUCAHHOU OKPYICHOCHEN MPEY20TbHUKA 8bIPANCAEMCIL (POPMYION:

1,0° =R* +2Rr,, k=123.

Teopema Iloncene (BHyTpeHHss). Eciu okpyscnocmu € u ® coomeemcmeeHHO
ONUCAHHAS U BNUCAHHAS 011 HEKOMOPO20 Mpey2OolbHUKA, MO mpeyeoibHUKO8 C
IMUMU JCe ONUCAHHOU U BNUCAHHOU OKPYHCHOCMAMU CYuecmsyem OecKOHeyHO
MHO20 u nt0das mouxka £ moodcem 6bIMb BEPUIUHOL MAKO20 mpey2oabHuKa. J1o-
Ka)KUTe, 4YTO yclioBue teopembl [loHcene skBuBasieHTHO (opmyrne Ditnepa s
BIIMCAHHOW U OMMCAHHON OKPYKHOCTEH.

Teopema Iloncene (BHewHss). Ecau okpyscnocmu € u ®, cOOmMEemcmeeHHo

ONUCAHHASA U 6HEBNUCAHHAS O]l HEKOMOPO20 MPey20JbHUKA, MO MPEY20IbHUKO
C dMUMU JHce ONUCAHHOU U BHEBNUCAHHOU OKPYICHOCMAMU Cyuecmeyem Oecko-
HeyHo MHOo20. JIOKaxknuTe, 94TO TaHHOE ycaoBHe TeopeMsl [IoHcene 3KBUBaICHTHO
dopmyne Diinepa a1 BHEBNUCAHHON U OMMCAHHON OKPY>KHOCTEH.

OcHOBaHUS BHEIIHUX OUCCEKTPUC TPEYTroJIbHUKA JIe)KaT HAa OAHOH mpsMoil. (D1a
npsiMast Ha3bIBACTCS OCbIO BHeWHUX buccekmpuc, Oynem obo3Hadats e€ /). Ips-
Mas ( meprneHauKysipHa npsamoi /0.

Bripasute paccrosinie oT TOYKdA / 10 OCH BHEIIHUX OMCCEKTPUC Yepe3 PaJnyChl
OINMCAHHOW M BIIMCAHHON OKPYXHOCTEH.



10.

11.

12.

ITycts A,, B, u C, — 0OCHOBaHHsI BHyTPEHHHUX OUCCEKTPUC HA COOTBETCTBYIOLIUX
cTopoHax TpeyronbHuka. IIpsameie 4B, =(,, B,C, =/(,, C| 4, = (, Ha3bIBaIOT-
Csl ocAMU GHYMPEHHUX Ouccekmpuc. JIOKaXKUTe, 4TO Kaxk[gas M3 ITHX IMPSIMBIX
IPOXOJUT Yepe3 OCHOBAHUE BHEIIHEH OMCCEKTPUCHI, a TAKKE, YTO ¢, MEPIEeHAU-
KynsapHa npsmoit [, 0 (k= 1, 2, 3).

['eomerpuueckuii anasior BHEMIHeH dhopmyisl Ditnepa. Ilycms okpyscnocmu Q u
®, nepecexaromcs 6 moukax P u Q. Toeoa ) aensemcs onucannou, a o, —

BHEBNUCAHHOU OKPYICHOCMbIO HEKOMOPO20 MPey2oNbHUKA M0o20d U MOIbKO Mo-
2da, kacamenvhvle K M, Nposedénuvie 6 moukax P uQ, emopuuno nepecexa-
tom ) 8 MOYKAX KACaHus oOWUX BHEUIHUX KACAMENbHbIX, NPO8eOEHHbIX K O u
©,.

[Tyctb okpyxHOCTH (2 U ® SIBJISIFOTCS COOTBETCTBEHHO OMMCAHHOW M BIUCAHHOM
JUIi HEKOTOpPOTO TpeyrojbHUKAa. Torga reoMEeTpu4ecKMM MECTOM OCHOBAaHUM
BHCITHUX 6I/ICCCKTpI/IC MHOXECTBA TPCYTOJILHUKOB C TCMHU KEC OIUCAaHHOUI U BIIH-
CaHHOW OKPY>KHOCTSIMHU SIBJISIETCS TIPSIMAsL.

ITycts OkpykHOCTH ) M ®, SBISAIOTCA COOTBETCTBEHHO ONMCAHHON U BHEBIIU-
CaHHOH (COOTBETCTBYIOIIEH BepUIuHE A) JIJIT HEKOTOPOTO TPEYTroJbHUKA, a P 1
Q — Touku KacaHus ¢ () OOUIMX BHEIIHMX KacaTeJIbHBIX ATHX OKpPYKHOCTEH.
Torma reoMeTpUYEeCKUM MECTOM OCHOBAaHUN BHYTPEHHUX OMCCEKTPHUC YTJIOB B U
C MHOXECTBa TPEYTrOJbHUKOB C TEMHU K€ OMMCAHHOW U BHEBIMCAHHOW OKPYXKHO-
CTSIMU sBIsIeTCS 0Tpe3ok PO 6e3 Touek P u Q.

Paauyc onmcanHON OKpY>KHOCTU TPEYToJbHHKA PaBeH paJuycy €ro BHEBIIMCAH-
HOM OKpY>KHOCTH TOI/Ia M TOJBKO TOIZA, KOI/Ia LIEHTP OMMCAHHON OKpPYXHOCTH
JICKUT HA COOTBETCTBYIOIIEH OCH BHYTPEHHUX OUCCEKTpPHC.

ITycte B, — cepennna nyru AC okpyxHocTH (), conepiKalien Touky B, a B,
— OCHOBaHHE BHeIlIHeN OuccekTpuchl Ha ctopoHe AC . Jlokaxure, 4yTo mpsmas
[, B, nepneHauKyisipHa npsamon B, 1 .
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Emennsnos JI.A., EmMenpsnoBa T.JI.

Bokpyr ocHoBaHui OucCeKTPUC
OcHOBHas 4acTh
Teopemultecxue ceedenusl

Touxa Harens.

Touxka XKepronsa.

H30roHaIBHOCTS.

Cumenuanbl TpEyroJibHUKA U Touka JlemyaHa.

[Monusrit ueTsipéxcroponnuk. [Ipsmeie ['aycca nu Obepa.
Teopema o TpEx HEeHTpax rOMOTETHUH.

Teopema Detiepbaxa. Touku Deiiepbaxa.

buccekrtpuca yrima A4 tpeyronbHuka ABC mnepecekaer cropoHy BC B Touke A, a
OIMCAaHHYI0 OKPYKHOCTb B TOUKe A,. AHanmoru4Ho onpenensatorcs Toukn C, u C,. I[Ipsambie
A4,C, n A,C, nepecekarorcs B Touke B, . Torna B,/ mapamiensHa ctopone AC.

B,,B — KacarenpHasi K ONIMCAHHOM OKPY>KHOCTH TPEYTOJIbHUKA.

OKpy’KHOCTb € LIGHTpOM B B, mpoxojsimas uepe3 B, (Ha30BEM €€ b, ) MPOXOAUT uepe3
I.

OxpykHOCTb b,, BTOpUUHO mepecekaercs ¢ () B Touke B,, a Ouccekrpuca yrina B
BTOpHYHO nepecekaeT B Touke B,. Torna ZB Bl =90°.

Ecim N — touka Harensa tpeyronsauka ABC, To BN u BB, — U30rOHajbHBIC IPSMBIC
yrina ABC.

ITycte L — Touka mnepeceuenuss A,C, u C,A4,, torna mpsamas LI npoxomuT dyepes
cepenuny AC.

Ecnn ananornyno B, ompeaenuts Touku A, u C,, (cM. 3amauy 13), To 3TH TpHU TOYKH

JIEKAT Ha OJHOM NPSAMOU (E OO) , TapaJlJIeIbHON OCH BHEIIHUX OMCCEKTpPUC.

burccekTpucsl yrioB TpeyrolbHUKAa BTOPUYHO IEPECEKAIOT €r0 OMUCAHHYIO OKPY’KHOCTBH B
toukax A,, B, u C,. Jlokaxure, 4TO TOYKH nepeceueHus npsmeix 4B u A B,, BC n

B,C,, CA un C,4, nexar Ha OIHOM HPAMOHN (€ 0), NapajuleJIbHOM OCH BHELIHMX
OuccekTpuc.

Hoxkaxute, 4ro npsmble (, U ¢, JEIAT PACCTOSIHUE MEXIYy LEHTPOM BIIMCAHHON
OKPYXHOCTU [/ ¥ OChIO BHEUTHUX OMCCEKTpUC ¢ Ha TPU paBHBIC YACTH.

[Tycts och BHYTpeHHHX OuccekTpuc ¢, mnepecekaer B Toukax £ u D. IlpoBeném
OKpY>XHOCTb uepe3 Toukd [/, £ u D u Ha3oBéM e€ b,. Torna b, mpoxoaut uepes LEHTPHI
BHEBIIMCAHHBIX OKpYXHOCTEN [, U [;.

. Pannyc okpyxHoctu b, B 2 pa3a Oosblie paguyca 2.

I, —uentp romoretun 2 u b, .
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IIpsimas B,/ (cMm. 3amady 13) ABnsieTcst KacaTeIbHOM K b, .

KacaTenpHble K BHEBIIMCAHHON OKPY>KHOCTU (0, , IPOBEJEHHBIE B TOYKaX €€ IePECEeYCHNUs C
Q) , ABNAIOTCS KacaTeJIbHBIMU K b, .

O003HauUM OHY M3 TOYEK IEpeceueHHs] OCH BHYTPEHHHMX OUCCEKTpUC /, C ONMHMCAHHON
OKpyxHocThI0 (2 yepe3 D, a uepe3 D' — TOUKy, IMaMETPaIbHO MPOTUBOMNOIOKHYI0 D Ha
Q). Torna oauH U3 KOHIOB 00LIEH XOpAbI OKpYX)HOCTEH Q M ®, JEeXKUT Ha npamoit D'/, , a

JIpYroi — Ha OKPY>KHOCTHU (OD 'l 2) .

Belpazute anuHy XOpIbl, 1O KOTOPOM MepecekaeTcss ochb BHYTPEHHMX OuccekTpuc /, ¢
OIMCAaHHOM OKPYKHOCTBIO (2 4uepe3 paguycsl R U 7,.

[Ipsimast OB siBisieTcs KacaTeabHOW K OKPYKHOCTH, JJI1 KOTOPOM OCHOBaHMsI BHYTPEHHEH U
BHemHen ouccektpuc yrima ABC — nuaMeTpaabHO MPOTHBOIOJIOKHBIE TOUKH.

OKpy>KHOCTb, TOCTPOCHHAS HA OCHOBAHUSAX BHYTPEHHEU U BHElIHeW Ouccektpuc yrnma ABC
KaK Ha JMaMeTpe, MepeceKaeTcss C OMHUCAHHOW OKPYXKHOCTBHIO B TOYKE, MPHHAJJICKAIICH
cumenuane yrna ABC.

IlenTp ommMcaHHOW  OKPY)XHOCTH  TpEYroJibHMUKa JEKUT Ha npsmoud  OOGepa
YEeTHIPEXCTOPOHHUKA, 0OPA30BAHHOTO YETHIPHMS OCSIMU OMCCEKTPUC.

Touka JlemyaHa TpeyroibHUKa JEXUT Ha npaMoil OOepa UYeTHIPEXCTOPOHHHUKA,
00pa3oBaHHOTO YeThIpbMsI ocsiMu Ouccektpuc. ([Ipumeuanwe: uz 3adau 31 u 32 credyem,
YUmo OpmoYeHmp MmpeyeoibHUKd, 00PA308AHHO20 OCHOBAHUAMU BHYMPEHHUX OUCCEKmpPUc,
JIeAHCUM HA NPAMOU, NPOX0OAWel Yepe3 YeHmp ONUCAHHOU OKPYICHOCU U MOYKY JlemyaHna.)
Touka B; mepecedeHus: KacaTeNbHBIX (3a1ada 26) JIKUT Ha OTpe3Ke, coenuHstomeM [ ¢
TOYKOM KacaHus ®, co croponoin AC.

Amnanornyno B, omnpegenmum toukun A, m C. Torma mnpameie AA,, BB, n CC;
IIEPECEKAIOTCA B OJHOW TOYKEe 7', JeXalled Ha MpsAMOM, NPOXOASALIEHd 4Yepe3 TOUYKY
Kepronna G u uentp tsokectu M tak, uto GM: MT = 2:1.

Ilycte F', F,, F, u F, — COOTBETCTBEHHO BHYTPEHH:Is U BHeIIHUE Touku DeiiepOaxa.

JlokaxxuTe, 9TO OCHOBAHMS BHYTPCHHHUX M BHEIIHUX OMCCEKTPHC TPEYTOJbHUKA JIEKAT Ha
LIECTH IPAMBIX, OIPEACIAeMbIX Toukamu £, F,, F, n F;.

(B. Te6o) loxaxure, 4TO TPEYTOIBHUKH, 00pa30BaHHbIC OCHOBAHUSMH BHYTPEHHHUX

OuccexkTpuc (AAIB1 Cl) u BHemHUMH Toukamu Deifepbaxa (AFl F2F3) , TOJTOOHBI.

JlokaxuTe, 4TO OKPY>KHOCTb, IPOXO/AIIAsl Yepe3 OCHOBAHUS BHYTPEHHUX OUCCEKTpUC,
POXOJIUT Yepe3 BHYTPeHHIO Touky Deiiepbaxa.



Emennsnos JILA., EMenssanoBa T.JI.

Bokpyr ocHOBaHUi1 OUCCEKTPHUC

BBoanas yactb

Pemenus 3agau

Ilycte I, — LIEeHTp BHEBIHUCAHHOW OKPYXKHOCTH, COOTBETCTBYIHOIEH BepunmHe B (puc. la).
PaccMOTpUM OKpY’KHOCTB, IIOCTPOEHHYIO Ha OTpe3ke [/, Kak Ha auaMmerpe. Tak Kak BEpIIMHBI

A un C nexart Ha 3TOH OKpY>XHOCTH, LEHTp €€ JIS)KUT Ha CEPEIUHHOM IMEePIEeHAUKYISIpe K OT-
pe3ky AC. DTOT cepeIUHHBII NEPIEHANKYIIAP NepeceKaeTcs ¢ fuaMeTpoM I/, B Touke B, —

cepeaune nyru AC oxpyxnoctu Q. CinemoBaTtenbHo, B, paBHOynaneHa oT BepmuH A, C
LIEHTPa BIIMCAHHOW OKPYKHOCTU / W IICHTpA BHEBIIMCAHHOU OKPYXHOCTH [, .

Ilycte I, m I, — UEHTPBI BHEBIUCAHHBIX OKPY’KHOCTEH, COOTBETCTBYIOMMX BepuHaM 4 u C
(puc. 1b). PaccMOoTpuM OKpYKHOCTb, IOCTPOCHHYIO Ha OTpe3ke [/, kak Ha auamerpe. Tak kak

BepiinHbl 4 n C J1exaT Ha 3TON OKPY’KHOCTH, LIEHTP €€ JIEKUT Ha CEPEINHHOM NEPIIECHIUKY-
aspe K otpe3ky AC. DTOT cepelMHHBIN MEPIEHAUKYIAp MepecekaeTcs ¢ auamerpoM 1,1, B

Touke B — cepenune nyru AC okpy:kHOcTH (), couepxalleil BepmnHy B . CienoBaTeibHo,
B, paBHOynanena ot BepmuH A4, C , ¥ IEHTPOB BHEBIIMCAHHBIX OKPYXKHOCTEN [, U /.

[Tycte C' — TOUYKa KacaHWs BIUCAHHON OKPYXKHOCTH €O CTOpoHOW AB (puc. 2a). CreneHb
Toukd | OTHOCHTENBHO OKpyskHOcTH Q pana [O° — R?> = —BI - IB,. PaccMOTpUM TpeyroJib-
Huku BIC' n BjCB,. OHu nogoOHel 1o AByM yriam (mpsMomy u ZB/2), cinenoBaTeibHoO,
BI/IC"= BB,/ B,C. Ho, no 3anaue 1, B,C = B/, 3nauut, Bl-B,/ = BB, -IC' =2Rr.
Takum o6pazom, /O —R> = 2R-r nwmm 10> = R* —2R-r.

ITycte C' — TOYKa KacaHUsl BHEBIMCAHHOW OKPYKHOCTH ®, CO CTOpOHOH AB (puc. 2b). CteneHp
TOUKM [, OTHOCHTENBHO OKpykHoctH  pasHa [,0° —R* =1,B-1,B,. PaccMoTpum Tpe-
yronbHuku Bl,C' m BjCB,. OHu nogoGHsl 1o IBYyM yriaMm (mpsmMoMmy U ZB/2), cnenosa-
tenbHo, Bl,/1,C'=B;B,/B,C. Ho, mo 3amaue 1, B,C=B,[,, 3HauuT,
BI,-B,I, = B\B,-1,C' =2R-r. Taxum 06pasom, 1,O*-R*=2R-r K
1,O*=R>+2R-r.

Paccmotpum  okpyxkuoctn Q= (0,R) u o =(/,r), ABAAOMKAECS OMUCAHHON M BIUCAHHOMN

JUIsL HEKOTOPOTO TpeyronbHuKa. M3 3amaun 2 cnenyer, uto /10> = R* —2R-r. Bribepem mpo-
W3BOJIBHYIO TOUKY B Ha ) u nmoctpoum xopasl BA u BC, kacarenbnbie K @ (puc. 3). 13 no-
no6us TpeyroasuukoB BIC' u B;CB, cinenyer: ByC/2R=r/BI, 10 ectb 2R-r =Bl -B,C,
HO u3 ¢opmynsl Diinepa cieayeT, 4TO CTENEeHb TOYKM [ OTHOCUTEIbHO L) paBHa
—2R-r=-BI-IB,. Takum ob6pazom, Bl -B,C = BI - IB,, 3HaunTt, TpeyroabHuk B CI paBHO-
oenpennblii 1 /LB IC= ZICB,, no ZBJIC=/B/2+/ICB, a ZICB, = ZB/2+ ZICA.



[Honywaem, uto £LIBC = ZICA. D10 o3HauaerT, 4ro npsmas AC cummerpuyHa npsmon BC
OTHOcUTENbHO TipsiMoit CI , mpoxXosmieit yepe3 UEeHTP OKPYKHOCTH ®, To ectb AC — Kaca-
TEJIbHAs K 3TOM OKPYKHOCTH.

Paccmorpum okpyxkHoctn Q= (O,R) n o, =(1,r,), SBrdooluecs ONUCAHHON Y BHEBIIUCAH-

HOM JI1 HEKOTOPOTO TpeyronbHuKa. U3 3anaun 2 cienyer, uto 1,0° = R* +2R -7, . Bribepem
IPOU3BOJIbHYIO TOUKy B Ha Q u nocrtpoum npsimbie B4 u BC, kacaTenbHble K ®, (puc. 4).
N3 monobus Ttpeyronsuukos BI,C' u B;CB, cnenyer: BC/2R=r,/BIl,, To ectb
2R-r, = Bl, - B,C, HO U3 QopMyisl Diijepa CleoyeT, 4TO CTE€NeHb TOYKH [/, OTHOCHUTEIIBHO
Q pasHa 2R-r, = Bl, -1,B,. Takum obpaszom, BI, -B,C = BI, -1, B, 3Ha4uT, TPEeyroiabHUK
B,CI, pasHoOenpennnii u /B I,C = Z1,CB,, no £BIC+ ZI,CB = ZBB,C= /A4, 10 ecTb
Z1,CB, = ZA /2 . Ilony4aem, uto £I,CA= LA/2+ ZB,CA=(LA+ £B) /2. Oto 03Ha4aer,
yto npsamas [,C sBisercss OUCCEKTpUCON BHEIIHero yrina B,10 ectb AC — KacaTenabHas K OK-
PYKHOCTH ©, .

CHauana JOKa)XeM, YTO OPTOLIEHTPUYECKAss OCh €CTh PaJUKalIbHAas OCh OMHUCAHHOW OKPY>KHO-
CTH U OKPY>KHOCTH JEBATH TO4eK. PaccMoTpuM nBe OokpyxkHOcTH: (2, — noctpoeHHas Ha AC

KaK Ha JMaMeTpe U o, — UMEelIas auameTpoM orpe3ok HB (puc. 5). CropoHa opToTpe-
yronbHuka H,H, sBisercst ux oOleil XopJoi, TO ecTh JICKUT Ha UX PauKaIbHONU ocu. 3Ha-
yur, H,H,-H,H = H)A-H,C. Tenepp pacCMOTPUM OIMCAaHHYIO OKPYXKHOCTb () M OKpYXK-
HOCTb JI€BATU TOYEK ®,. CtemeHp Touku /1, orHOcutenbHO Q paBHa H,A-H,C, oTHOCH-
TEJBHO O, paBHa H,H,-H,H , T0 €CTb TOYKA NEPECEYECHHUs CTOPOHBI OPTOTPEYTOJILHUKA C

COOTBETCTBEHHOW CTOPOHOW HMCXOJHOTO TPEYTOJIbHHKA UMEIOT OJMHAKOBBIE CTEIIEHU OTHOCH-
TEJIBHO OKpyskHOcTell Q u ®,. M3 3T0ro ciemyer, 4To OPTOLEHTPUYECKAsE OCh TPEYTOJIbHUKA

€CTh paJuKajbHasi OCb €ro ONMCAaHHOW OKPYKHOCTU U OKPY)KHOCTHU JI€BATH TOYEK, TO E€CTb
NEPIEeHIUKYIISIpHA IPSIMOM Diiepa 3TOro TpeyroabHHUKA.
Teneps paccMotpum TpeyrosnbHuk /,/,/,, oOpa3oBaHHBIA LIEHTpaMHM BHEBIHCAHHBIX OKPYXHO-

creil. Jlnsg Hero ucxoaHslil TpeyroibHUK ABC ABIsSETCS OPTOTPEYrOJIbHUKOM, a Touka [ —
OPTOIEHTPOM. 3HAYUT, TOUYKH MEpPEeCceUeHUs BHEIIHUX OuccekTpuc tpeyroiapHuka ABC ¢ ero
CTOPOHAMH JICKAT Ha OPTOLIEHTPUYECKON OCU TpeyroiabHuKa /,/,/; TO €CTh Ha OAHOM NMPSAMOM,

NEPIECHIUKYIAPHON NpAMoN Dinepa tpeyronsHuka /1,1, . Ho npsmas Diinepa TpeyroyibHAKa
1,1,1, npoxoaut uyepe3 opTOLEHTP (/) M LIEHTP OKPYKHOCTHU JeBATH Touek ((O) 3TOro Tpe-
yToJIbHMKA, TO €CTh COBIaAaeT ¢ npsmoil /0.

PemmMm BcoMoraTenpHy!0 3aady: AaHbl OKpyxHOCTH ®©, =(O,R) u ®, =(0,,R,), ux pa-
JMKAJIbHAs OCh NIEPECEKAET JIMHUIO LIEHTPOB B Touke P (puc. 6). Haiitn umny orpeska PO, .

Tak kak cTeneHH P OTHOCHMTENBHO OKpYXHOCTeH paBHbl, umeem PO; — R} = PO; — R,
PO; — PO} = R; — R}, 0,0, -(2PO, + 0,0,) = R; — R} . Otkyna nerko Beipasuth PO, uepe3
paznychl OKPY)KHOCTEW U PACCTOSHUE MEXKY MX LIEHTPAaMHU.

Tenepbs BO3bMEM B KauecTBE ®, ONUCAHHYIO OKPY’KHOCTb TpeyroiabHuka ABC paauyca R, a B
KauecTBe ®, — OKpyxkHOCTb (/,/,/;) paguyca 2R . Toraa paccrossHue d, ot Touku O 110 pa-
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R? + Rr
TUKaJIbHOU OCH ATHX OKpY»KHOCTeH (/) paBHO T Torna uckoMoe pacCTOsIHUE PAaBHO

—2Rr
R* + Rr 5 3Rr
O e e Y T e

Pemenne aHanorn4yHo pELICHUIO 3a1a4M 5 ¢ 3aMEHOW TpeyroiabHuka [ /,/, Ha TpEeyroJIbHUKHU
1,1, 1,1, I,1,]. 2T TpeyroJbHUKU UMEIOT OOILYI0 OKPY’KHOCTh JEBATH Touek (Q2), a
npsMeie [/, O SBISAIOTCS NPAMBIMH Dilllepa B COOTBETCTBYIOLIEM TpEYroiabHUKe. OCH Ke BHYT-

peHHux OuccekTpuc TpeyroibHuka ABC SBIAIOTCS PagUKaIbHBIMH OCSAMH OIHCAHHOW OK-
PY>KHOCTU COOTBETCTBEHHOT'O TPEYTOJIbHUKA U OKPYKHOCTH (2.

ITycte Q2 ¥ ®, — onuCaHHAas ¥ BHEBIIMCAHHAsl OKPY>KHOCTU TpeyroiabHuka ABC (puc. 8). B

CEMEICTBE TPEYrOJIbHUKOB C 3TUMHU OINMCAHHON M BHEBIIMCAHHON OKPY)KHOCTAMH €CTh JIBa
IpEJENbHBIX «TPEYroJibHUKa». PaccMoTpuM citydaid, korga cexymas AB mpeBpaiiaercs B Ka-
caTeNbHYI0 — 3TO OyzeT oOmias BHENIHs KacaTtenbHast K O U o,. [Ipu atom 4 u B TOUKH
cnuBaroTcs B Touke D, a npsimble BC u AC cnuBaroTcs B KacaTenbHyo PD .

Tenepb paccMOTpUM OKpY>KHOCTU () U ®,, /U1 KOTOPBIX KacaTeslbHas K ®,, IPOBEAEHHAs B
TOuke P uX mepeceueHus, MPOXOIUT Yepe3 TOUuKy [ KacaHus oOliel BHEIIHEeH KacaTenbHOU

Q u o,. Torna DK* +(r, - R)* = OI;, tg(£I,DK) = =t,TaK Kak /PDK =2-/I,DK

N
DK
2.t 2-r,-DK
+t° DK +r)’
DP =2R-sin(£DPK), no tak kak DP u DK — xacarensHble K ®, DP = DK . U3 3T0r0
27’2 * DK 2 2 2
————5=DP, 4R-r, = DK" +r, . Ucnons3ys Bepaxkenue i1 DK*, npuxo-
DK~ +r,

mum K popmye Diinepa 1,0° = R* +2Rr,.

umeeM sin(£PDK) = Jmuuna xopasl DP  okpyxHocTH () paBHa
1 P Py p

caenyet 2R

Tak kak okpy>kHOCTH ) U ® (UKCHPOBAHBI, a U3 PEIICHUA 3a/1a4H 6 CIEeIyeT, YTO PACCTOSTHUE
OT IIEHTPa ® JI0 OCH BHEIIHUX OMCCEKTPUC BBIPAKAETCS TOJBKO Yepe3 PaauyChl STHX OKPYK-
HOCTEH, MOJIy4aeM, 4TO OCHOBAHHUSI BHEIIHUX OMCCEKTPUC BCeX TpeyroibHUKOB [loHcene Jie-
*Kat Ha (PUKCUPOBAHHOW MPSAMOIA.

Oo6partHo. Bo3pMéM mo0yto Touky (A4,) Ha 9TOH NpsAMOM, IPOBEAEM depe3 He€ KacaTelIbHYIO K

® 1 00o3HaunM Touku nepeceueHus ¢ 2 yepe3 B u C. Ilo teopeme Iloncene cropona BC
HOPOX/IaeT TpeyroinbHUK ABC , 0CHOBaHHE BHEIIHEH OMCCEKTPHCHI KOTOPOTO U €CTh 4, .

Tak xak okpyxHocTH ) M ®, GUKCHUPOBAHBI, a U3 PEIICHUS 3aJa4H 8 CIEAYeT, YTO OCh BHYT-
PCHHUX GI/ICCCKTPI/IC ﬁl MpOXOAUT YCPE3 TOUKU KaCaAHUS OGH_II/IX BHCIHIHUX KacCaTCJIbHBIX 3TUX
OKPYKHOCTEH, TO ecTh ¢, — (PMKCHUPOBaHHAs MPSMasl.

OO6patHo. Bo3pMéM nmo0yto Touky (B,) Ha uHTepBane PQ, mpoBeAéM dyepe3 He€ KacaTelIbHYIO
K o, 1 0003HauuM TO4kM nepecedeHus ¢ ) yepe3 4 u C. Ilo BHemHel Teopeme IloHcene

cropoHa AC mopoxxaaet TpeyroibHuk ABC, OCHOBaHHE BHYTPEHHEH OMCCEKTPUCH KOTOPOTO
U eCThb B,.
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Bocnons3yemcst pesynbraroM 3anauu 8. Ilycte R =7,. DTO paBHOCHIBHO TOMY, UTO OOIIUE
BHEIIHME KacaTelabHble K () U o, napaminensHsl npsamoit O, , 3Hauut, DE — nuaMerp onu-
caHHOMU OKpyxHocTH, T.€. O € 4,C,.

"

Ilycte ®' — OKpy>XHOCTb ¢ AuaMeTpoM [B;, ®" — OKpyXHOCTb ¢ quamerpom I/, (puc.12).
IIpsamasa BB, — pagukainbHas ock o' u €, npsamasa CB, — panukanbHasg ocb ©” u Q. Cneno-
BaTeNbHO, NIpsiMast /B, — paaukainbHasd ocb @' U ®" . Ilycte K — BTOpasi Touka nepecedecHus
3TuX okpyxHocrell. Ilockoneky ZIKB| = ZIKI, = 90°, Touka K nexwur Ha npsamoit Bgl,, u,

TakuM obpasom, B/, 1L B,I .
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Bokpyr ocHOBaHUi1 OUCCEKTPHUC

OcHOBHag 4acTh

Pemenus 3agau

C ucnonvzosanuem pewenuu basxcosa U. u Yexankuna C.

13. Tak kak Ouccextpuca BB, BHemHero yria ABC (puc. 13) mapamienbHa mpsMon

¢B, CX
=——. B 1pe-
B,B, XB
yronbHuKe XBY mpsmas Bl sBisercss OMCCEKTPUCON M BBICOTOM, 3HAYUT, Bl nemut
XY nononam. Tak kak C,/ = CB A4,C, (a 3HauutT u XY) sBiIs€TCS CEpEIUHHBIM

A4,C,, coequHsONmEeN cepeuHbl JyI' OMMCAaHHOW OKPY’KHOCTH,

nepneHAnKyIsIpoM oTpe3ka BI. U3 storo cnemyer, uro BXIY — pom06 u IX H BC.

¢x ¢l ClI CB,
= j— =

XB IC IC  ByB,

3HauuT , To ecTb IB, H AC.

14. Ilockonbky B,, HaXOAUTCSA HA CEPEIUHHOM NEPIEHAUKYISIpe K oTpe3Ky Bl (puc. 13),

/By, BI = /By IB = /B,IB = /B,B, =5 BB, . 3naunr, £B,,BB, =% BB, = B,,B —
KacCaTCJibHAA K OKPYKHOCTU Q.

15. Ilockonbky B,, HaXOAUTCS HA CEPEIUHHOM NEPIEHAUKYIApE K oTpe3Ky Bl (puc. 13),
Byl =B,B.

16. ZIB,B, = /B B,B'+ /B'B;I = Z/B'BB, + Z/B'B,I (puc. 16). Tak xax £B,B0 =90°,

B'B - KacaTelbHas u Z/B'BI =5 BI . Takum o6pasom,
/B,B,I = /B'B,I+/IB,B=/B'B,B=90".

17. PaccmaTpuBasi TOMOTETHIO ® U ®, C LEHTPOM B Touke B (puc. 17), HeTpyIHO 1OKa-
3aTh, 4TO IpsiMass BN IepecekacT o B TOYKE, JUaMETPaIbHO IPOTUBOIIOJIOKHOU TOUKE
KacaHus ® co cropoHor AC . U3 storo cienyer, uto npsmeie BN u BB, nepeceka-
IOTCS B TOuke K , Tak 4To [K H AC.

Hanee, ZIBB; = ZIKB;, cnenoBaTelIbHO YETBIPEXYTroNbHUK [BBjK — BIHMCaHHBII

(puc. 17). U3 3apaun 16 caenyer, uro Touku B;, I u B, nexaT Ha OJHON HPSAMOIL.
3naunt, ZIBN = ZIBK = ZIB}K = /B,B;B, = ZB,BB,.

18. Tak xax I4,, IL, IC,, IB,, — rapmoHudecKas dyeTBEpka yyueil (puc. 18), 14, IM ,

IC, IB,, Takxe rapmMoHndeckas yeTBépka srydeid. Ho (mo 3amaue 13) 1B, H AC, cneno-
BarenbHO, M — cepenuna AC.



19. PaccmoTrpuM romoretuto ¢ rieHTpoM B Touke C|, nepeBomsamyto / B C (puc. 19). Tak
KaK IB, H B,C, To npu s10ii romoretun By, —> B,, Ay, —> A,. 3nauur, Ay B, H A,B, .

Amnanoruyso, B,C, H B,C, . Takum obpaszom, A, ,B,,,C,, 7NexaT Ha OJHON HPAMOIi,

napajuieaIbHOM £ .

. PaccMOTpUM roMOTeTHIO C IIEHTPOM B TOYKE nepesojAyo / B . Tak kak
20. P G, I 8C.T
! °x ! !
IB,||B,C, 710 mpu orOoM romoretuu By, —> B;, A, > A,. 3Hauwur,
! !/ ! !/
AB| Ay By | 4,B,. Amanoruuro, B]C;

Ha OJHOM MPSIMOM, MapajieabHON /.

B,C, . Takum obpazom, A4,,B,,C, nexat

21. IlpoBeném uepe3 Touku B, I u cepeauHy orpe3ka B/ mnpsMble, NEPIEHANKYISPHbBIE
ouccekrpuce Bl (puc. 21). Ilockoneky B[ = B, B n By, B ABIseTcs KacaTelbHON K

OKpy>kHOCTH (2 TOYKa B, UMEET OJUHAKOBbIE CTEIICHH OTHOCUTEIbHO OMHUCAHHOM OK-
pyxuoctd Q u Touku [ . Tak kak £BgIAd= ZBIA-90° = ZICA, By’ = B,A-B,C,
3HA4YWUT, B, JICKUT HA TOW K€ PaJUKalIbHOM OCH, KOTOpas COBIAAACT C MpAMOU /.
Tpeyronsauk BBl mnpsAMOyroiabHbld, ciaenosarensHo B,,B = B, [ = B, B;. B cuny
NapauIeJIbHOCTH TPEX NMPOBEAEHHBIX MPSAMBIX, a TAKKe NpAMbIX By B, u B,B,, nony-
uuM B[ = B,B, = B, B, = B,B, = B, B;. I3 oToro cienyer, 4rto OTpe30K /B, nenur-
cs npsimMbIMU £, U/, Ha TPU PAaBHBIC YACTH, OTKY/la CICAYET yTBEPKACHHUE 3aJa4u.

22. B pemeHun 3ana4u 7 IOKa3aHo, 4TO ¢, SBIAETCS PaIMKAIBHOM OCBIO OKPYXKHOCTEH
Q wu (I1,1;) . 3Ha4uT, CTENIEHHN KaKJOr0 M3 OCHOBaHMM Ouccektpuc A4, u C; oTHOCH-

TEJIbHO 3TUX OKPYKHOCTEW PaBHbI, TO €CTh TOUKM D u E , ;mexamiue Ha 3TOU paiu-
KaJbHOH OCH — 001I1e TOUKU OKpykHOocTel Q u (I1,1;).

23. Ins tpeyronbHuka 1,1, OKpy>XHOCTb () — OKpY>KHOCTb JI€BSITU TOYEK, a b, — omnu-
CaHHasl, TO €CTh OTHOLIEHHE UX PaJNyCOB PABHO 2.

24. IlockonbKy Touka /, — OpTOLIEHTp TpeyronbHuka 11,1, okpyxkHoctu Q u b, romore-
TUYHBI OTHOCUTENBHO /, .

25. Touka B, nexut Ha npsamod DE , KoTopas SBISAETCA PaAUKaIBHON OCBIO OKPY KHO-
creit Q u b,, atak kak B,/ = By B oTpe3ok B,/ — KacaTeabHas K OKPY>KHOCTH b, .

26. IIpu rOMOTETHHU ¢ HEHTPOM B Touke /, ¥ KOOP(HUIMEHTOM 3 TOUKa D TEpPeXOIuT B
Touky D,, nexamyro Ha € (puc 26). Ilockonmbky PD — kacarenbHas K o,
ZDPI, =90°. 3naunt, PD, = DD,, cienoBarenbHo KacaTeabHas K (), npoBeJEHHas B
touke D,, mapamnensHa PD u npu romoretuu [, U ko3¢p¢uiueHTom 2 nepenaér B
npsamyto PD . Ho npu Takoli TOMOTETHH OKpPY>KHOCTb (2 mepeUnér B b, , 3Hauut, PD —
KacaTelbHas K b, .

27. Tak xak DP — KacatenbHas K ®,, a DD' — muamerp Q ZDPI, = ZDPD' =90°,
3HayuT, Touku D', P wu [, nexar Ha ofgHou mpsamon (puc. 27). [anee



Z0D'l, = ZOPD'" =180" — LOPI, =180" — LOQI, . To ectb Touku O, D', I, u Q
JIeXKaT Ha OJTHOM OKPYKHOCTH.

28. Uckomass xopma DE B 2 pa3 Oonpmie otpeska DL (puc 28). Ho

KI DS R
DL=0D-sin/I,OD=R-—>=R- = JJoI? —OK? =
’ O, — JR*+2R-r, R*+2R-r} ' °

4R -,
R+2r,

Ipumeuanue: V13 310i1 GOpMysbl HETPYAHO HOIYUYHTh, YTO €ClU ¥, = R, T0 DE = 2R,

T0 ectb DE — aumetp okpyxkHocTH (Q.(3amaya 11). A Taxke SIBHO BUJHO HEPABEHCTBO
JUI PaJyCOB BHEBIIMCAHHBIX OKPYKHOCTEH: 7, <4R.

3HAuUT, JUIMHA UCKOMOM xopasl DE =2 |R -7, -

29.Tax kak /BB/B, — BHemHMH yroa TpeyroapHuka ABB, (puc 29)
ZBB B, = ZA+ /ZB/2. W3 mnpsAMOyroJbHOro TpeyrojibHuka B,B,B mnoiydaem

ZBB,B, =90" — ZA—- /ZB/2. C npyroii cropousl LOBB, = ZOBC - ZB,BC, cneno-
BaTenbHO, ZOBB, =(90° — £A4)— /B /2. 3nauur, £BB,B, = ZOBB, T0 ectb OB —
KacaTelbHasl K OKpykHOCTU (B, BB,).

AB  AK

30. Tak kak (B,BB,) — okpyxHocTh Anostonus otpeska AC (puc. 30) BC-KC 3Ha-

yut, AB-KC = AK-BC wu 4yetrbipéxyroibHuk ABCK — rapmonumueckuii. M3 »Toro
CJeyeT, YTO KacaTellbHble K (), MpoBeEHHBIE B ero BepuinHax A u C, nepecekaroTcs
B TOUKe S, nexaniel Ha nmponoskeHun auaroHanu BK. To ectb BK — cumenuana
TpeyroiapHuka ABC.

31. Kak u3BectHO, mpsimasi O0Gepa MOJTHOTO YETHIPEXCTOPOHHUKA SIBISIETCS PaIuKaIbHON
OCbI0 TPEX OKPYKHOCTEH, MOCTPOCHHBIX Ha €ro JMaroHaisX Kak Ha auamerpax. Jms
Y4eTHIPEXCTOPOHHUKA, O0OPA30BAHHOTO OCSAMHU OUCCEKTPUC TUATOHAISMH SIBISIOTCS OT-
PE3KH CTOPOH, 3aKIIOUYEHHBIE MEXIY OCHOBAHUSMU BHYTPEHHEH M BHEILIHEH Ouccek-
tpuc — otpesku A4, 4,, BB, n C,C,. U3 pemenna 3agaun 30 ciaenyer, 4To CTENEHb
Toukd () OTHOCHUTEIBLHO OKPY)KHOCTGI\/JI, IMOCTPOCHHBLIX Ha 3TUX OTPE3KaX KaK Ha Aua-

2 o~
METpax, OAMHAKOBbIE U paBHBl R~ . CnenoBarenbHOo, O JEKUT Ha paAMKaJIbHON OCU
ATUX OKPYXKHOCTEH, TO ecTh Ha mpsiMoit OGepa.

32. Crenenb Touku JleMyaHa L OTHOCHUTEIBHO OKPY>KHOCTH, TOCTPOCHHOW Ha OTpE3Ke
B,B, xak Ha auamertpe, paBHa — BL- LK (puc 30). OHa ke paBHa CTENEHU, OTHOCHU-
TEJILHO ONMUCAHHOW OKpy)HOCTH (). ClenoBaTenbHO, CTENEHH TOYKH L OTHOCHTEIHHO
TPEX OKPYKHOCTEH, MOCTPOCHHBIX HA JUArOHANIAX YEThIPEXCTOPOHHUKA, PABHBI CTEIIE-
HU TOYkH JlemMyaHa OTHOCHTENHHO OMHMCAHHON OKPY>KHOCTU TPEYTOJbHHKA, TO €CTh
Touka L nexuT Ha npsaMoit O6epa.

33. U3 3apaun 26 cnenyer, 4To TOYKa B, SABISETCS TOYKOM MepecedeHns: OOLINMX BHYTPEH-
HMX KacaTeJIbHbIX OKPY>KHOCTEHl ®, U b, cienoBarenbHO, By — LIEHTP FOMOTETHH 3TUX



okpyxHoctel. IIpu sToit romoreTnn kacarenbHast AC K ®, IEPEXOIUT B Napauleiib-
HYIO €i KacaTelbHyIO K b,, TO €CTh B IpAMYI0 /B, . 3Ha4HUT, TOYKa KaCaHHs BHEBIIH-
CaHHOH OKPY>KHOCTH (, CO CTOpOHOH AC u LeHTp [/ BIMCAaHHOW OKPY’KHOCTH — CO-
OTBETCTBEHHBIC TOYKU IIPU 3TOM rOMOTETHH. M3 3TOrO ciemyer, 4ro To4Ka By JIEKUT
Ha OTPE3KE, COCAUHSIONIEM YKa3aHHbIC TOYKH.

34. Asmopvl He 3HarOm ceomempuyecko2o peuieHus smou 3adauu. K coocanenuro e2o ne
HAWIU U WKOJTbHUKU, NOIMOM)Y NPUBOOUM NIAH BbIYUCTIUMENLHO20 peuleHus 8 bapu-
YEHMPUeCKUx KOOpOUHamax.

[To GapunienTpueckuM KoopauHatam Touku JKepronHa G 1eHTpa TSHKECTH M MOXKHO
HaWTH OapUIIEHTPUYECKHUE KOOPAMHATHI TOUkH 1, memsiied otpe3ok GM B OTHoIIe-
Hun —3. Tenepb MOXHO HaWTH OTHOIIEHHE, B KOTOPOM MpsiMass BT NeIUT CTOPOHY
AC. JJanee, nockonbKy B, nenut orpe3ok [B"” (B" — Touka kacaHus ®, CO CTOPO-

Hoit AC) B oTHOIIeHUH 2R /7, (1o 3amaye 33), MOXKHO HalTH OapUIIEHTPUUYECKHE KO-
opauHaThl TOUYkM B, . Ilocne 3Toro nocraTtoyHo yOenuTbes, 4To mpsimas BB, nenut
AC B TOM € OTHOILIEHUH, 4TO U npsimast BT .

35. OcHoBaHWE BHYTPEHHEW OMCCEKTPUCHI SBIIETCS IIEHTPOM BHYTPEHHEM TOMOTETHUH
BIIMCAHHOW U COOTBETCTBYIOLIEH BHEBMHCAHHOW OKPYHOCTEH, a OCHOBAaHUE BHEILHEH
OMCCEKTPUCHI — LIEHTPOM BHELIHEW TOMOTETUH JBYX BHEBIHCAHHBIX OKpyskHOcTel. To-
Ka F sBIA€TCS BHEUTHUM LIEHTPOM TOMOTETHH BIUCAHHOM OKPYXKHOCTH U OKPY>KHOCTH
JEBATU TOYEK, a TOUKU F|, F, u F, — IEHTpaMH BHYTPEHHHUX I'OMOTETHI BHEBIIMCAH-

HBIX OKPYXKHOCTEM M OKPYXHOCTH JACBSATH TOYEK. YTBEPKICHUE 3aJa4yM CIEAYET W3
TEOPEMBI O TPEX LIEHTPAX TOMOTETHUH.

36. Pemenue moxHo Haitu B kHure . @. [Hapsirun. «l'eometpus 9-11», 3anaua Ne 586.

37.1lo Teopeme 0 TpEX LIEHTpaxX TOMOTETUHU, TOUKU F>, By U F j1exaT Ha OJAHON NPAMOM.
Amnanoruaso mis tpoek Fs, Cy, F u Fy, Ay, F. Takum o6pa3om, TpeyrodbHUKU F1F>F5
A1B1C| nepcneKTUBHbBI OTHOCUTENIBHO TOYKH F . KpoMe TOro, 3T TpeyroJbHUKH IO-
noOHBbI (3amaya 36). [lostomy, yron CiB14;, paBHblil yriy F1F,F3, COCTaBIsET B CyMMe
c yrmom C1FA; 180°, To ecth, Touku 4, B1,C), F' — nexat Ha OJTHON OKPY>KHOCTH.
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Around of Feet of Bisectors
Introduction
Some theoretical facts
The Euler line.
The nine-point circle.
Orthocentric quadruple. Some properties of the orthocenter.
The incircle and the excircle, their centers.

Power of a point with respect to a circle, the radical axe of two circles, the radical
center of three circles.

Problems

Mansion lemma in common case. The middle of arc AC of circumcircle of trian-
gle ABC non-containing of vertex B is equidistance from vertices A and C, center
1 of its incircle and center I, of its B-excircle. The middle of arc AC of circumcir-
cle of triangle ABC containing of vertex B is equidistance from vertices A and C,
centers Iy and I; of its A-excircle and C-excircle.

Euler formula for incircle and excircle. Distance between the centers of the incir-
cle and the circumcircle satisfies to formula: 10° = R* —=2Rr . Distance between
the centers of the excircle and the circumcircle satisfies to formula:
1,0° =R’ +2Rr,, k=12,3.

Poncelet theorem (internal). If QQ and ® are the circumcircle and the incircle of
any triangle respectively then there are endless amount of triangles with the same
circumcircle and incircle and any point of ) may be the vertex of such triangle.
Prove that condition of Poncelet theorem is equivalent to Euler formula for the
incircle and the circumcircle.

Poncelet theorem (external). If Q and ®, are the circumcircle and the excircle

of any triangle respectively then there are endless amount of triangles with the
same circumcircle and excircle. Prove that the given condition of Poncelet theo-
rem is equivalent to Euler formula for the excircle and the circumcircle.

The feet of external bisectors are collinear. (This line is called the axe of external
bisectors, we note it /). Line ¢ is perpendicular to line /0.

Express distance from point / to the axe of external bisectors through the radii of
the incircle and the circumcircle.

Let4,, B, u C, be the feet of internal bisectors on respective sides of triangle.
Lines 4B, =(,, B,C, =/(,, C;4, =/, are called the axes of internal bisectors.

Prove that each of these lines passes through the foot of the respective external
bisector and that ¢, is perpendicular to line 7,0 (k =1, 2, 3).



10.

11.

12.

Geometrical analog of external Euler formula. Let circles QQ u ®, intersect in
points P and Q. Then Q is circumcircle and o, is excircle for a triangle if and
only if tangents to ®, at points P and Q secondary intersect € in tangent
points of common extangents to Q) and o, .

Let Q and ® be the circumcircle and incircle for a triangle. Then the locus of
feet of external bisectors of family of triangles with the same circumcircle and in-
circle is a line.

Let Q and o, be the circumcircle and A-excircle for a triangle, P and Q are

the tangent points of (2 and common extangents of these circles. Then the locus
of feet of internal bisectors of angles B and C of family of triangles with the same
circumcircle and A-excircle is interval PQ (without P and Q).

Circumradius of a triangle equals to exradius if and only if the circumcenter lies
on respective axe of internal bisectors.

Let B; be the middle of arc AC of Q containing B, B, be the foot of external
bisector on AC . Prove that /,B; L B,I.



13.

14.
15.
16.

17.

18.

19.

20.

21.

22.

Emelyanov L., Emelyanova T.

Around the Feet of Bisectors
Main problems
Theory

Nagel point.

Gergonne point.

Isogonality.

Symmedians and Lemoine point.

Quadrilateral complete. The Gauss line and the Aubert line.
Three homothety centers theorem.

Feuerbach theorem. Feuerbach points

Let the triangle ABC be given. The bisector of angle 4 intersects the sideline
BC in point 4, and the circumcircle in point A4,. The points C, and C, are

defined similarly. B, is the common point of lines 4,C, and A4,C,. Then the
lines B,/ and AC are parallel.

Prove that the line By, B touches the circumcircle of ABC.
Let the circle b, with center B, pass through B. Then b, passes through 7.

Let B, be the common points of circle 2, distinct from B, with b,,. Let B, be
the common points of circle Q, distinct from B, with the bisector of angle B.
Then £ZB B,I =90°.

Let N be the Nagel point of ABC. Then the lines BN and BB, are isogonal
with respect to ABC.

Let L be the common point of 4,C, and C,4,. Then the midpoint of the
segment AC lies in the line L/ .

Let the points 4,, and C,, be defined similarly to B, (see problem 13). Then
these three points are collinear. Let the line AgByy be denoted by Iy Then [y is
parallel to the external bisectors axe.

Let the bisectors of triangle ABC intersect its circumcircle in points 4,, B,, C,,
distinct from A4, B, C. Then the common points of lines 48 and A4,B,, BC and
B,C,, C4 and C A, are collinear on the line /, parallel to external bisectors axe.

Prove that the lines ¢, and ¢, divide the distance between / and the external
bisectors axe ¢ into three equal parts.

Let the internal bisectors axe ¢, intersect Q in the points £, D. The circle
passing through the points /, E, D is called b,. Then b, passes through the
excenters /, and /.



23
24
25
26

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

. Prove that the radius of b, is twice greater than the circumradius R.
. Prove that /, is the homothety center of Q and b, .
. Prove that the line B,/ (see problem 13) is tangent to the circle b, .

. Prove that the tangents to the excircle ®, in its common points with Q are also
tangent to the circle b, .

Let D be one of common points of internal bisectors axe ¢, with Q. D' is the
point of Q opposite to D. Then one of common points of Q2 and ®, lies on the

line D'I, and the second lies on the circle (OD’I 2) .

Given the radius R and r,. Find the distance between the common points of
internal bisectors axe ¢, with Q.

Prove that the line OB touches the circle passing through B and the feet of the
internal and external bisectors of angle ABC.

Let K be distinct from B common point of Q with the circle passing through B
and the feet of the internal and external bisectors of angle ABC. Prove that K lies
on the symmedian of angle ABC'.

Prove that the circumcenter of the triangle lies in the Aubert line of quadrilateral
formed by four bisectors axes.

Prove that the Lemoine point of the triangle lies in the Ober line of quadrilateral
formed by four bisectors axes. (Remark: from the problems 3/ and 32 the
orthocenter of the triangle formed by the feet of internal bisectors is collinear
with the circumcenter and the Lemoine point.)

Let B, be the common point of tangents defined in problem 26. Prove that B
lies in the segment between / and the touching point of ®, with the sideline
AC.

Let the points 4 and C; be defined similarly to B,. Then the lines A44., BB,
CC; are concurrent in the point 7'. The point 7 is collinear with Gergonne point
G and the centroid M and GM: MT =2:1.

Let F, F,, F,, F, be the internal and external Feuerbach points. Prove that the
feet of internal and external bisectors lies in 6 lines defined by F', F|, F,, F;.

(V.Tebaulf) Prove that the triangles formed by the feet of external bisectors
(AAIB1 Cl) and external Feuerbach points (AFlF2F3) are similar.

Prove that the circumcircle of the triangle formed by the feet of external bisectors
(AAIBl Cl) pass through the internal Feuerbach point.
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Around of Feet of Bisectors

Introduction

Solutions

1. Let I, be the B-excenter (fig. 1a). Let us consider the circle with diameter /7, . The vertices

A and C lie on this circle, therefore its center lies on the perpendicular bisector of AC
which intersects the diameter /7, at the midarc B, of AC of Q. Hence B, is equidistant

from 4, C, I and I,.

Let [, and I, be the A-excenter and C-excenter (fig. 15). Let us consider the circle with di-
ameter /,/,. The vertices 4 and C lie on this circle, therefore its center lies on the perpen-
dicular bisector of AC which intersects the diameter 7,7/, at the midarc B, of AC of Q
containing B. Hence B, is equidistant from 4, C , I, and /.

2. Let C'" be the touch point of the incircle and AB (fig. 2a). Power of I with respect to Q is
I0° —R* =-BI-IB,. The triangles BIC' and B/CB,are similar, therefore
BI/IC'"=B;B,/B,C. From problem 1 it follows that B C=B,I, hence

BI-B,I = B,B,-IC' =2R-r. Therefore I0* —R* =-2R-r,ie. 10’ =R’ -2R-r.

Let C’ be the touch point of the excircle m, and AB (fig. 2b). Power of I, with respect to Q is
1,O’-R*=1,B-1,B,. The triangles BI,C' and BJCB, are similar, therefore
BI, /1,C"=B;B,/B,C. From problem 1 it follows that B,C=B/,, hence
BI, -B,I, = B/B,-1,C' =2R-r . Therefore 1,0’ —R* =2R-r,ie. ,O’ =R> +2Rr.

3. Let Q=(O,R) be the circumcircle and ® = (/,7) be the incircle of some triangle. From

problem 2 it follows that /0* = R* —2R-r. Take an arbitrary point on Q, denote it B and
draw the chords B4 and BC tangent to o (fig. 3). From similarity of the triangles BIC' and
B;CB, it follows that B,C/2R=r/BI, 1.e. 2R-r = Bl - B,C. From the Euler formula it

follows that power of [ with respect to Q is —2R-r=-BIl-IB,. Therefore
BI-B,C=BIl-IB,, it means that in the triangle B,CI ZB)IC= ZICB,, but
LBJIC=/B/2+ ZICB, ZICB, = ZB/2+ ZICA. We obtain that ZIBC=ZICA. It

means that the lines AC and BC are symmetric with respect to CI, therefor AC is tangent
to ®.

4. Consider the circles Q= (O,R) and ®, = (/,r,), which are the circumcircle and the excircle

of some triangle. From problem 2 it yields that 7,0> = R> +2R-r,. Take any point B in Q
and let the lines B4 and BC be tangents to o, (fig. 4). As the triangles B/,C' and B;CB,



are similar B,C/2R=r,/BIl,, i.e. 2R-r, = BI, - B,C, but by Euler formula the degree of
point /, with respect to Q 1is equal to 2R-r, = BI,-1,B,. So, Bl,-B,C=BI, -1,B,. This
follows that the triangle B,CI, is 1soscelles and Z£B,/,C=/I,CB,, but
ZByIC+ ZI,CB = ZBB,C = /A, i.e Z1,CB, = ZA4/2. We obnain that
L1,CA=ZA/2+ £B,CA = (LA + £B) /2. It means that the line /,C is the external bisector
of angle B, therefor AC is tangentto , .

. Firstly prove that the orthocentric axe is the radical axe of the circumcircle and the nine point
circle. Consider two circles: €, with diameter AC and ®, with diameter AB (fig. 5). The

sideline H,H, of orthotriangle is its common chord so lies in its radical axe. Therefor
H H,-H,H, = H;A- H,C. Now consider the circumcircle (2 and the nine point circle o, .
The degrees of point H, with respect to Q and o, are equal to H,A4-H,C and
H)H, - H)H, respectively, i.e the degrees of the common point of respective sidelines of the
triangle and its orthotriangle with respect to Q and o, are equal. This follows that the ortho-

centric axe is the radical axe of the circumcircle and nine point circle so it is perpendicular to
the Euler line.

Consider now the triangle /,/,1, formed by three excenters. Original triangle ABC is its or-

thotriangle, and the point / is its orthocenter. So the common points of external bisectors of
the triangle 4BC with respecive sidelines lie in the orthocentric axe of the triangle 7,7,1, i.e

in the line perpendicular to the Euler line of this triangle. But the Euler line of the triangle
1,1,1, pass through its orthocenter (/) and nine point center (O), therefof it coincide with

the line /0.

. Firstly consider next problem: given two circles o, =(0,,R,)) and o, =(0,,R,), their radi-
cal axe and center line intersect in the point P (fig. 6). Find the lenght of the segment PO, .
As the degrees of P with respect to both circles are equal, PO} - R} = PO, —R;,
PO; — PO} =R; =R}, 0,0,-(2PO, +0,0,)=R; —R}. So it is easy to express PO,
through the radius of the circles and the distance O;0...

Now take the circumcircle of the triangle 4ABC with radius R as o,, and the circle (/,/,15)
with radius 2R as ®,. Then the distance d, from the circumcenter O to radical axe (/) is

R® + Rr
equal  to ﬁ Therefor  the  required distance is equal to

R? + Rr 3Rr
d=d —]0=—— R —2Rr = ———,
: VR? —2Rr VR? —2Rr

The solution is analogously to the solution of the problem 5 with replacing of the triangle
I,1,1, to the triangles I1,1,, I,1l,, I,1,1 . The circumcircle (€2) is the common nine-point

circle of all these triangles and the lines /, O are the Euler lines of respective triangles. So

the internal bisecors axis of the triangle 4ABC are the the radical axis of Q and the cir-
cumcircles of the respective triangles.



8. Let Q and m, be the circumcircle and the excircle of the triangle ABC (fig. 8). Let D be

the touching point of its common external tangent with Q. There are two limit “triangles”
in the family of triangles with QO and ®, as the circumcircle and the excircle. Consider a

case when the secant 4B becomes tangent. This will be the common external tangent to
Q and o, . Then the points 4 and B coincide in the point D, and the lines BC and AC

coincide in the tangent PD .
Consider now the circles 2 and ®,, such that the tangent to ®, in its common point P

7,
passes through the point D. Then DK’ +(r, —R)’ = OI;, tg(AIZDK)ZD—lK:t. As
2.t 2-r,-DK

= >—— . The lenght of chord
+t° DK +r,

DP of circle Q is equal to DP =2R-sin(£DPK). But as DP and DK are the tangents

ZPDK =2-/1,DK we obnain sin(£ZPDK) = "

2r, - DK , ) )
to ,, DP=DK.So 2R——>5——5=DP, 4R-r, = DK" +r, . Using the expression for
DK~ +

h
DK?* we obtain the Euler formula 7,0> = R* +2Rr,.

9. Asthecircles Q and o are fixed, and by problem 6 the distance from the center of ® to
the external bisectors axe can be expressed through the radius of these circles, we obtain
that all feet of external bisectors lies in the fixed line.

Inversely. Let 4, be an arbitrary point of this line. Let B and C be the common points of
tangent to ® passing through 4, with ). By Poncelet theorem the sideline BC generate

the triangle 4BC which have A, as the foot of the external bisector.

10. As the circles Q and o, are fixed, and by problem 8 the internal bisectors axe /, passes
through the touching points of of common external tangents of these circles, 7, is the fixed

line.
Inversely. Let B, be an arbitrary point in the segment PO .Let 4 and C be the common

points of tangent to ®, passing through B, with Q. By external Poncelet theorem the
sideline AC generate the triangle 4ABC which have B, as the foot of the internal bisector.

11. Letbe R =r,.By problem 8 this is eqivalent that the common external tangents to Q and
o, are parallel to the line OI,. So DE is the diameter of the circumcenter i.e. O € 4,C,.

12. Let o' be the circle with IB; as a diameter. Let ®" be the circle with 7/, as a diameter
(fig.12). The line B;B, is the radical axe of ®' and Q. The line CB, is the radical axe of
o"” and Q. So the line /B, is the radical axe of ®' and ®"”. Let K be the second common
point of these circles. As ZIKB, = ZIKI, =90°, the point K lies in the line B;/,, and
therefor B;/, 1L B,I .
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Around the Feet of Bisectors

Main problems

Solutions

Using solutions by Bazhov I. and Chekalkin S.

Cl BOO CIX .
=—— In the tri-
B,B, XB

angle XBY the line BI is the bisector and the altitude, it means that B/ is the median.
Because C,/ =CyB A,C, (i.e. XY) is the perpendicular bisector of B/. Therefore
GX CGI CI CB,

= = = s
XB ~ IC ~ IC ~ ByB,

13. The external bisector BB, (fig. 13) is parallel to 4,C,, hence

IXH BC . Hence ie. IB, H AC.
14. Because = B,, lies on the perpendicular bisector of  BI(fig. 13),

/By BI = /B IB = /B, IB = /B,B, =% BB, . It means that /B, BB, =% BB, = B,,B
is tangent to Q.

15. Because B, lies on the perpendicular bisector of B/ (fig. 13), B, [ = By,B.

16. ZIB,B, = /B B,B'+ Z/B'B,I = /B'BB, + Z/B'B,I (fig. 16). Because ZB,BO =90",
B'B is tangent and ZB'BI =5 BI . Then /B,B,I = /B'B,I + ZIB,B = /B'B,B=90".

17. Let us consider the homothety @ and ®, with the center B (fig. 17). It is not difficult to
show that BN intersects  in the point opposite to the touching point of ® and AC. This

means that the common point of lines BN u BB, is such point K that /K H AC.

Now as ZIBB; = ZIKB, the quadrilateral /BB;K is cyclic (fig. 17). By problem 16 the
points B, I and B, are collinear. So ZIBN = ZIBK = Z/IB}K = /B,B;B, = Z/B;BB,.

18. As the quadruple of rays 14,, IL, IC,, IB,, is harmonic (fig. 18) the quadruple /4, IM ,
IC, IB,, also is harmonic. But by problem 13 /B, H AC so M is the midpoint of AC.

19. Consider the homothety with center C, transforming / to C (fig. 19). As IB,, H B,C,
this homothety transforms B, - B,, 4,, = 4,. It follows that 4, B,, H A4, B, . Similarly
By, Cyo H B,C,.So Ay,By,C, are collinear on the line parallel to /.



20. Consider the homothety with center C, transforming / to C. As IB, H B;C this ho-
mothety transforms B,, > B,, 4,, > A4, . It follows that 4,5, H Ay By, H A, B, . Similarly
B;C; H B,C, .So A4,,B,,C, are collinear on the line parallel to /.

21. Consider the perpendiculars to Bl passing through B, [ and the midpoint of the seg-
ment Bl (fig. 21). As B,/ = B,,B and BB touches the circle 2, the degrees of B,

with respect to Q and the point / are equal. As /B4 = /BIA-90" = ZICA,
B,I’ = ByA- B,C, the radical axis of Q and I coinciding with ¢, passes through B;.
The triangle BiBI is recanguler so By, B = B[ = By By . As three considered lines are
parallel and  the  lines B, B and B.B, are  also  parallel,
Byl =B,B, = BBy = B,B, = B,B;. So the segment /B, is divided by 7/, and 7 to
three equal parts.

22. By problem 7 /7, is the radical axis of the circles €2 and (//,/;). So the degrees of bi-
sector’s feet A4, and C, with respect to these circles are equal. This means that the points
D and E lying in this radical axis are the common points of  and (//,1;).

23. The circle Q is the nine-point circle of the triangle /7,7, and the circle b, is its circum-
circle. So the ratio of their radius is equal to 2.

24. As 1, is the orthocenter of the triangle 17,7, the circles Q and b, are homothetic with
center /,.

25. The radical axis of circles Q u b, coincide with the line DE and passes through the
point B, . As B,,I = B, B the segment B,/ is the tangent to the circle b, .

26. The homothety with center 7, and coefficient 5 transforms the point D to the point D,

lying on Q (fig 26). As PD touches ®w, ZDPI, =90°. It means that PD, = DD, so the
tangent to Q in D, is parallel to PD. The homothety with center 7/, and coefficient 2
transforms this tangent to the line PD . But this homothety transforms € in b,. So PD
touches b, .

27. As DP touches w, and DD’ is the diameter of Q, ZDPI, = ZDPD' =90°. It follows
that the points D', P and [, are collinear (fig. 27). Now

Z0D'l, = ZOPD'" =180° — ZOPI, = 180" — Z0OQI, . It means that the points O, D', I,
and Q are on the circle.

28. The chord DE is twice greater than the segment DL (fig 28). But
KI DS R
DL =0D-sin/I,0D=R-—*=R- = JOI? —OK? =

O, — R*+2R-r, R*+2R-r}
_p. | ARn
R* +2R-1)°




4R -1,
So DE =2 R'FZ.R—FZ .
)

Remark: Using this formula it is easy to prove that », = R follows DE =2R i.e. DE is the
diameter of QQ (problem 11). Also the inequality for the exradius can be obtained

29. As ZBB, B, is the external angle of the triangle 4ABB, (fig. 29) ZBB,B, = LA+ ZB/2.
from the right-angled triangle B, 5,8 we obtain that ZBB,B, =90° — £Z4—- /B /2. On the

other hand, ZOBB, =/Z0BC-4ZB,BC, so ZOBB, =(90"—-ZA4A)-4ZB/2. Thus
/BB B, = ZOBB,, that is, OB touches the circle (B,B5,).

AB  AK
30. As (B,BB,) is the Apollonius circle of the segment AC (fig. 30) we have BC-KC
Thus AB-KC = AK - BC and the quadrilateral 4BCK is harmonic. It follows that the tan-
gents to () at its vertices 4 and C intersect in the point S lying in the line BK. It means

that BK is the symmedian of the triangle ABC.

31. It is well known that the Aubert line of the complete quadrilateral is the radical axis of
three circles having its diagonals as diameters. If the triangle is formed by the bisectors axis
than the segments A4, 4,, BB, u C,C, are its diagonals. By problem 30 the degrees of the
point O with respect to three circles having this segments as diameters are equal to R*. So
O lies in the radical axis of these circles.

32. The degree of Lemoine point L with respect to the circle having B, B, as diameter is

equal to — BL- LK (fig.30). The degree of this point with respect to Q is the same. So the
degrees of L with respect to three circles having the diagonals of the quadrilateral as diame-
ters are equal and L lies on the Aubert line.

33. By problem 26 B, is the common point of two common internal tangents of the circles
®, and b,. So B is the homothety center of these circles. This homothety transforms the
line AC touching o, to the parallel line /B, touching b,. So the touching point of ®, with

the sideline AC and the incenter / are the respective points of this homothety. It means that
the point B, lies in the segment between these points

34. The authors don't know the synthetic solution of this problem. The participants also didn't
find it. There is a plan of calculation in barycentric coordinates.

Using the coordinates of the Gergonne point G and the centroid M we can find the coordi-
nates of the point 7' dividing the segment GM in the ratio equal to — 3. Also we can find the
ratio in which the line BT divide the sideline AC. Now as B, divide the segment /B" (B"

is the touching point of ®, with AC) in the ratio equal to 2R /r, (problem 33), we can find
the coordinates of B; and verify that the lines BB; and BT divide AC in the equal ratio.

35. The foot of internal bisector is the internal homothety center of the incircle and the re-
spective excircle. The foot of the external bisector is the external homothety center of two ex-
circles. The point F'is the external homothety center of the incircle and the nine-point circle
and the points F;, F, u F, are the internal homothety centers of the nine-point circle and re-

spective excircles. The asertion of the problem follows from three homothety centers theorem.

3



36. The solution is in the book: I. F. Sharygin. «Geometry 9-11», problem Ne 586 (in
Russian).

37. By three homothety centers theorem the points />, B; and F are collinear. Similarly the
points F3, C}, F are collinear and the points Fj, 4, F are collinear. Thus the triangles FF»F3
and 4,B,C are perspective with center F . Also by problem 36 these triangles are similar. So
the sum of the angle C,B,4, = F1F»F3 and the angle C1FA4, is equal to 180°. It means that the
points A4;, B;,C, F are concyclic.



