
XX Ìåæäóíàðîäíàÿ Æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå. Óñëîâèÿ è ðåøåíèÿ çàäà÷.

Çàäà÷à 1

Àëôàâèò ñîñòîèò èç n áóêâ. Ñëîãîì íàçîâ¼ì ëþáóþ óïîðÿäî÷åííóþ ïàðó, ñîñòîÿùóþ èç äâóõ íå îáÿçàòåëüíî

ðàçëè÷íûõ áóêâ. Íåêîòîðûå ñëîãè ñ÷èòàþòñÿ íåïðèëè÷íûìè. Ñëîâîì ÿâëÿåòñÿ ëþáàÿ (êîíå÷íàÿ èëè áåñ-

êîíå÷íàÿ) ïîñëåäîâàòåëüíîñòü áóêâ, â êîòîðîé íåò íåïðèëè÷íûõ ñëîãîâ. Íàéäèòå íàèìåíüøåå âîçìîæíîå

êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ, ïðè êîòîðîì íå ñóùåñòâóåò áåñêîíå÷íûõ ñëîâ.

Îòâåò.
n(n+1)

2 .

Ïåðâîå ðåøåíèå. Äîêàæåì, ÷òî êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ íå ìîæåò áûòü ìåíüøå n(n+1)
2 , èíäóêöèåé

ïî n. Ïðè n = 1 àëôàâèò ñîñòîèò èç îäíîé áóêâû a, è åäèíñòâåííûé ñëîã aa äîëæåí áûòü íåïðèëè÷íûì,

èíà÷å ñóùåñòâóåò áåñêîíå÷íîå ñëîâî aaa . . . .
Ðàññìîòðèì àëôàâèò èç n áóêâ. Õîòÿ áû äëÿ îäíîé áóêâû äîëæíû áûòü íåïðèëè÷íûìè âñå íà÷èíàþùèåñÿ

ñ íå¼ ñëîãè (â ïðîòèâíîì ñëó÷àå äëÿ êàæäîé áóêâû x åñòü áóêâà, êîòîðóþ ìîæíî íàïèñàòü ïîñëå x, äåéñòâóÿ
òàêèì îáðàçîì, ìîæíî íàïèñàòü áåñêîíå÷íîå ñëîâî). Îñòàëüíûå n − 1 áóêâ ïî ïðåäïîëîæåíèþ èíäóêöèè

äîëæíû îáðàçîâûâàòü íå ìåíåå (n−1)n
2 íåïðèëè÷íûõ ñëîãîâ (èíà÷å áåñêîíå÷íîå ñëîâî óäàñòñÿ ñîñòàâèòü óæå

èç ýòèõ n− 1 áóêâ). Òàêèì îáðàçîì, âñåãî ïîëó÷àåòñÿ íå ìåíåå (n−1)n
2 + n = n(n+1)

2 íåïðèëè÷íûõ ñëîãîâ, ÷òî

è òðåáîâàëîñü äîêàçàòü.

Ïðèìåð n(n+1)
2 íåïðèëè÷íûõ ñëîãîâ, äëÿ êîòîðûõ íå ñóùåñòâóåò áåñêîíå÷íûõ ñëîâ â àëôàâèòå a1, a2, . . . ,

an, äîñòàâëÿþò âñå ñëîãè âèäà aiaj ñ i ≥ j. Ïðè òàêèõ íåïðèëè÷íûõ ñëîãàõ â ëþáîì ñëîâå èíäåêñû áóêâ

äîëæíû ñòðîãî âîçðàñòàòü, è ñëîâî íå ìîæåò áûòü áåñêîíå÷íûì.

Âòîðîå ðåøåíèå. Äëÿ êàæäîé áóêâû a ñëîã aa äîëæåí áûòü íåïðèëè÷íûì, ÷òîáû íåëüçÿ áûëî íàïèñàòü

áåñêîíå÷íîå ñëîâî aaa . . . . Äëÿ äâóõ ðàçëè÷íûõ áóêâ a è b õîòÿ áû îäèí èç ñëîãîâ ab è ba äîëæåí áûòü

íåïðèëè÷íûì, ÷òîáû íåëüçÿ áûëî íàïèñàòü áåñêîíå÷íîå ñëîâî ababab . . .
Ïîýòîìó êîëè÷åñòâî íåïðèëè÷íûõ ñëîãîâ äîëæíî áûòü íå ìåíåå n+ (n−1)n

2 = n(n+1)
2 .

Ïðèìåð ñ òàêèì êîëè÷åñòâîì íåïðèëè÷íûõ ñëîãîâ ïðèâåä¼í â ïåðâîì ðåøåíèè.

Ñõåìà îöåíèâàíèÿ. ×àñòè÷íûå ïðîäâèæåíèÿ

1.1. Çàìå÷åíî, ÷òî êàæäûé ñëîã âèäà aa íåïðèëè÷íûé: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

1.2. Çàìå÷åíî, ÷òî õîòÿ áû îäèí èç ñëîãîâ ab è ba íåïðèëè÷íûé: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 áàëë

1.3. Çàìå÷åíî, ÷òî õîòÿ áû äëÿ îäíîé áóêâû äîëæíû áûòü íåïðèëè÷íûìè âñå íà÷èíàþùèåñÿ ñ íå¼ ñëîãè:

1 áàëë

1.4. Äîêàçàòåëüñòâî òîãî, ÷òî íåïðèëè÷íûõ ñëîãîâ íå ìåíåå n(n+1)
2 : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

II. Ïðèìåð.

2.1. Âåðíûé ïðèìåð n(n+1)
2 íåïðèëè÷íûõ ñëîãîâ ñ äîêàçàòåëüñòâîì: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

2.2. Âåðíûé ïðèìåð n(n+1)
2 íåïðèëè÷íûõ ñëîãîâ áåç äîêàçàòåëüñòâà: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 áàëëà

III.

3.1. Ðåøåíèå çàäà÷è â ïðåäïîëîæåíèè, ÷òî íå ñóùåñòâóåò ñëîãîâ èç äâóõ îäèíàêîâûõ áóêâ, îöåíèâàåòñÿ

íå áîëåå ÷åì 4 áàëëàìè.

3.2. Ðåøåíèå çàäà÷è äëÿ êîíå÷íîãî êîëè÷åñòâà êîíêðåòíûõ çíà÷åíèé ÷èñëà n îöåíèâàåòñÿ . . â 0 áàëëîâ.

Áàëëû çà ÷àñòè÷íûå ïðîäâèæåíèÿ âíóòðè îäíîãî ïóíêòà íå ñóììèðóþòñÿ äðóã ñ äðóãîì.

Ïîëíîå ðåøåíèå.

4.1. Ïîëíîå ðåøåíèå çàäà÷è îöåíèâàåòñÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â 7 áàëëîâ.

4.2. Ðåøåíèå çàäà÷è, êîòîðîìó äëÿ ïîëíîòû íå õâàòàåò òîëüêî îáîñíîâàíèÿ ïðèâåä¼ííîãî ïðèìåðà, îöå-

íèâàåòñÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â 6

áàëëîâ.
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Îêðóæíîñòè Ω è Γ ïåðåñåêàþòñÿ â òî÷êàõ A è B. Ëèíèÿ öåíòðîâ ýòèõ

îêðóæíîñòåé ïåðåñåêàåò Ω è Γ â òî÷êàõ P è Q ñîîòâåòñòâåííî òàê, ÷òî îíè

ëåæàò ïî îäíó ñòîðîíó îò ïðÿìîé AB, ïðè÷¼ì òî÷êà Q ðàñïîëîæåíà áëèæå

ê ýòîé ïðÿìîé. Ïî òó æå ñòîðîíó îò AB âçÿòà îêðóæíîñòü δ, êàñàþùàÿñÿ
îòðåçêà AB â òî÷êå D è Γ â òî÷êå T . Ïðÿìàÿ PD âòîðè÷íî ïåðåñåêàåò δ
è Ω â òî÷êàõ K è L ñîîòâåòñòâåííî. Äîêàæèòå, ÷òî ∠QTK = ∠DTL.

Ïåðâîå ðåøåíèå. Áåç ïîòåðè îáùíîñòè, ïóñòü D ëåæèò áëèæå ê A ÷åì ê

B. Ïóñòü M � ñåðåäèíà äóãè AB îêðóæíîñòè Γ, íå ñîäåðæàùåé òî÷êó Q.
Ïî ëåììå Àðõèìåäà òî÷êè T , D,M ëåæàò íà îäíîé ïðÿìîé. Òîãäà, ñ îäíîé

ñòîðîíû, DA · DB = DT · DM , à ñ äðóãîé, DA · DB = DP · DL, òî åñòü
DT ·DM = DP ·DL, ïîýòîìó ÷åòûðåõóãîëüíèê LTPM âïèñàííûé, îòêóäà

∠KLT = ∠QMT . Òàê êàê δ êàñàåòñÿ Γ, òî ∠TKD = ∠TQM , êàê óãëû

ìåæäó ïðÿìîé TM è îáùåé êàñàòåëüíîé â òî÷êå T . Â òðåóãîëüíèêàõ TKL
è TQM íàøëèñü äâå ïàðû ðàâíûõ óãëîâ, ïîýòîìó, â íèõ ∠LTK = ∠MTQ,
îòêóäà ∠LTD = ∠KTQ.

Âòîðîå ðåøåíèå. Êàê è â ïåðâîì ðåøåíèè, ââåä¼ì òî÷êó M , äèàìåò-

ðàëüíî ïðîòèâîïîëîæíóþ òî÷êå Q â îêðóæíîñòè Γ è çâìåòèì, ÷òî îíà

ëåæèò íà ïðÿìîé TD ïî ëåììå Àðõèìåäà. Ïî òîé æå ëåììå, ñóùåñòâóåò

îêðóæíîñòü µ, êàñàþùàÿñÿ ïðÿìîé AB è îêðóæíîñòè Ω â òî÷êàõ D è L
ñîîòâåòñòâåííî. Ðàäèêàëüíûé öåíòð X îêðóæíîñòåé Γ, µ è δ � ýòî òî÷êà ïåðåñå÷åíèÿ AB è êàñàòåëüíûõ ê Γ
è Ω â òî÷êàõ T è L ñîîòâåòñòâåííî. Ñëåäîâàòåëüíî, XL = XT = XD. è X � öåíòð îêðóæíîñòè, îïèñàííîé

îêîëî òðåóãîëüíèêà TDL. Çíà÷èò, ∠DTL = 1
2∠DXL = 90◦ − ∠XDL = 90◦ − ∠KDB. Ñ äðóãîé ñòîðîíû,

∠QTM = 90◦ êàê îïèðàþùèéñÿ íà äèàìåòð, ïîýòîìó ∠QTK = 90◦ − ∠DTK = 90◦ − ∠KDB = ∠DTL.
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Ñõåìà îöåíèâàíèÿ

Íåäîâåäåííîå ñ÷åòíîå ðåøåíèå (â êîîðäèíàòàõ, â êîìïëåêñíûõ ÷èñëàõ,

â âåêòîðàõ, òðèãîíîìåòðè÷åñêîå, è ò.ä.): . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

×àñòè÷íûå áàëëû ê ïåðâîìó ðåøåíèþ.

1.1. Äîêàçàíî, ÷òî òî÷êè T , D, M ëåæàò íà îäíîé ïðÿìîé: 0 áàëëîâ

1.2. Äîêàçàíî, ÷òî LTPM � âïèñàííûé ÷åòûðåõóãîëüíèê: . . .3 áàëëà

1.3. Äîêàçàíî ðàâåíñòâî ∠TKD = ∠TQM èëè âïèñàííîñòü ÷åòûðåõ-

óãîëüíèêà TKQP : . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà
×àñòè÷íûå áàëëû êî âòîðîìó ðåøåíèþ.

2.1. Äîêàçàíî, ÷òî òî÷êè T , D, M ëåæàò íà îäíîé ïðÿìîé: 0 áàëëîâ

2.2. Ââåäåíà â ðàññìîòðåíèå îêðóæíîñòü µ: . . . . . . . . . . . . . . . . 0 áàëëîâ

2.3. Äîêàçàíî, ÷òî êàñàòåëüíûå ê δ (èëè Γ) è µ â òî÷êàõ T è L ïåðå-

ñåêàþòñÿ íà ïðÿìîé AB, èëè äîêàçàíî, ÷òî íà ýòîé ïðÿìîé ëåæèò öåíòð

îïèñàííîé îêðóæíîñòè òðåóãîëüíèêà TDL: . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

2.4. Îäèí èç ôàêòîâ â 2.3 ÿâíî ñôîðìóëèðîâàí (íî íå äîêàçàí), è óòâåð-

æäåíèå çàäà÷è ñâåäåíî ê ýòîìó ôàêòó: . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

×àñòè÷íûå áàëëû ê ðàçíûì ðåøåíèÿì íå ñóììèðóþòñÿ ìåæäó ñîáîé.

Ëèøü ôîðìóëèðîâêè ôàêòîâ, óïîìÿíóòûõ âûøå, áåç ÿâíîãî äîêàçàòåëüñòâà îöåíèâàþòñÿ â

0 áàëëîâ.



Çàäà÷à 3

Íàòóðàëüíîå ÷èñëî d íå ÿâëÿåòñÿ òî÷íûì êâàäðàòîì. Äëÿ êàæäîãî íàòóðàëüíîãî ÷èñëà n îáîçíà÷èì ÷åðåç

s(n) êîëè÷åñòâî åäèíèö ñðåäè ïåðâûõ n öèôð äâîè÷íîé çàïèñè ÷èñëà
√
d (öèôðû äî çàïÿòîé òîæå ó÷è-

òûâàþòñÿ). Äîêàæèòå, ÷òî ñóùåñòâóåò òàêîå íàòóðàëüíîå A, ÷òî ïðè âñåõ íàòóðàëüíûõ n ≥ A âûïîëíåíî

íåðàâåíñòâî s(n) >
√
2n− 2.

Ðåøåíèå. Íàì ïîòðåáóåòñÿ ñëåäóþùåå ñîîáðàæåíèå: åñëè äâîè÷íàÿ çàïèñü ÷èñëà êîíå÷íà è ñîäåðæèò k
åäèíèö, òî ëþáîå ïðåäñòàâëåíèå ýòîãî ÷èñëà â âèäå ñóììû ñòåïåíåé äâîéêè ñ öåëûìè ïîêàçàòåëÿìè ñîäåðæèò

íå ìåíåå k ñëàãàåìûõ. Äåéñòâèòåëüíî, ïðåäñòàâëåíèå ÷èñëà â âèäå ñóììû ðàçëè÷íûõ ñòåïåíåé äâîéêè ñ

öåëûìè ïîêàçàòåëÿìè (òî åñòü äâîè÷íàÿ çàïèñü) åäèíñòâåííî. Ñ äðóãîé ñòîðîíû, åñëè â ïðåäñòàâëåíèè ÷èñëà

ñóììîé ñòåïåíåé äâîéêè åñòü îäèíàêîâûå ñëàãàåìûå, èõ êîëè÷åñòâî ìîæíî óìåíüøàòü, ïðîèçâîäÿ çàìåíû

âèäà 2s + 2s = 2s+1; ðàíî èëè ïîçäíî òàêèå çàìåíû çàêîí÷àòñÿ, è òîãäà âñå ñëàãàåìûå ñòàíóò ðàçëè÷íûìè,

òî åñòü è ïîñëå ñîêðàùåíèé èõ áóäåò íå ìåíüøå k.
Ïóñòü m � êîëè÷åñòâî ðàçðÿäîâ â äâîè÷íîé çàïèñè ÷èñëà [

√
d], òî åñòü 2m−1 <

√
d < 2m. Çàïèøåì ïåðâûå

n öèôð äâîè÷íîé çàïèñè ÷èñëà
√
d:

√
d− 2m−n <

k∑
i=1

2si <
√
d

(íåðàâåíñòâà ñòðîãèå, òàê êàê
√
d èððàöèîíàëüíî). Âîçâîäÿ â êâàäðàò, ïîëó÷àåì

d− 21+m−n
√
d+ 22m−2n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

Ëåâàÿ ÷àñòü áîëüøå, ÷åì d− 21+2m−n, òàê ÷òî

d− 21+2m−n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

Ñðåäíÿÿ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà ìåíüøå íàòóðàëüíîãî ÷èñëà d íà ÷èñëî, ìåíüøåå 21+2m−n, òî åñòü

ïðè n > 2m + 1 â å¼ äâîè÷íîé çàïèñè íå ìåíåå n − 2m − 1 åäèíèö. Ñ äðóãîé ñòîðîíû, îíà ïðåäñòàâëåíà â

âèäå ñóììû k(k+1)
2 ñòåïåíåé 2. Â ñèëó çàìå÷àíèÿ èç ïåðâîãî àáçàöà ïîëó÷àåì k(k+1)

2 ≥ n − 2m − 1. Çíà÷èò,

åñëè k ≤
√
2n− 2, òî

k(k + 1)

2
≤ (

√
2n− 2)(

√
2n− 1)

2
= n− 3

2

√
2n+ 1,

÷òî ïðè äîñòàòî÷íî áîëüøèõ n ìåíüøå, ÷åì n − 2m − 1. Çíà÷èò, ïðè âñåõ äîñòàòî÷íî áîëüøèõ n èìååì

k >
√
2n− 2, ÷òî è òðåáîâàëîñü äîêàçàòü.

Ñõåìà îöåíèâàíèÿ

1. Çàìå÷åíî, ÷òî êâàäðàò ñóììû k ñòåïåíåé äâîéêè ïðåäñòàâëÿåòñÿ â âèäå ñóììû k(k+1)
2 ñòåïåíåé äâîéêè

1 áàëë

2. Äîêàçàíà îöåíêà s(n) >
√
2n− C ñ íåêîòîðûì ïîñòîÿííûì C . . . . . . . . . . . . .5 áàëëîâ (íå ñóììèðóåòñÿ ñ

ïðåäûäóùèì).



XX International Zhautykov Olympiad in Mathematics. Problems and solutions.

Problem 1

In an alphabet of n letters, a syllable is any ordered pair of two (not necessarily distinct) letters. Some syllables are

considered indecent. A word is any sequence, �nite or in�nite, of letters, that does not contain indecent syllables.

Find the least possible number of indecent syllables for which in�nite words do not exist.

Answer.
n(n+1)

2 .

First solution. We will prove by induction on n that the number of indecent syllables cannot be less than n(n+1)
2 .

For n = 1 the alphabet contains only one letter, say, a, and the only syllable aa has to be indecent, otherwise an

in�nite word aaa . . . exists.
Consider an alphabet of n letters. There is at least one letter such that all the syllables beginning with it are

indecent (otherwise for each letter x there is a letter that can be written after x; acting in this way we can write

an in�nite word). By the induction hypothesis, the remaining n− 1 letters form at least (n−1)n
2 indecent syllables

(otherwise there is an in�nite word made of those n−1 letters). Thus, in total we have at least (n−1)n
2 +n = n(n+1)

2
indecent syllables, q.e.d.

An example of n(n+1)
2 indecent syllables for which there is no in�nite word in the alphabet a1, a2, . . . , an is

the set of all syllables aiaj with i ≥ j. When all such syllables are indecent, the indices of letters in any word form

a strictly increasing sequence, and the word cannot be in�nite.

Second solution. For every letter a, the syllable aa should be indecent, otherwise an in�nite word aaa . . . exists.
Moreover, for any two di�erent letters a and b, at least one of the syllables ab and ba should be indecent, otherwise
there exists an in�nite word ababab . . .

Therefore, the number of indecent syllables is at least n + (n−1)n
2 = n(n+1)

2 . An example with this number of

indecent syllables is presented in the �rst solution.

Marking scheme

Partial progress

Part I. Lower bound.

1.1. Observation that every syllable of the form aa is indecent: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points.

1.2. Observation that at least one of the syllables ab and ba is indecent: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 point.

1.3. Observation that there exists a letter such that all syllables starting from that lettes are indecent: 1 point.

1.4. A complete proof that the number of indecent syllables is at least n(n+1)
2 : . . . . . . . . . . . . . . . . . . . . . . . 3 points

Part II. Construction.

2.1. A correct example of n(n+1)
2 indecent syllables, with proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points.

2.2. An example of n(n+1)
2 indecent syllables, without proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 points.

Part III.

3.1. Solution made on the supposition that there are no syllables with two identical letters: at most 4 points.

3.2. Solution of the problem for a �nite number of particular values of n is worth . . . . . . . . . . . . . . . . . . . 0 points.

Points for partial progress inside one part are not to be added to each other.

Complete solution.

4.1. A complete solution is worth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 points.

4.2. If the construction lacks the proof in an otherwise complete solution, it is worth . . . . . . . . . . . . . . . 6 points.



Problem 2
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Circles Ω and Γ meet at points A and B. The line containing their centres

intersects Ω and Γ at points P and Q, respectively, such that these points lie

on the same side of the line AB and point Q is closer to AB than point P . The
circle δ lies on the same side of the line AB as P and Q, touches the segment
AB at point D and touches Γ at point T . The line PD meets δ and Ω again

at points K and L, respectively. Prove that ∠QTK = ∠DTL.

First solution. Assume without loss of generality that D is nearer to A than

to B. Let M be the midpoint of the arc AB of Γ that does not contain Q. By
Archimedes' lemma, the points T , D, and M are collinear. Then, on the one

hand, DA · DB = DT · DM , and on the other hand DA · DB = DP · DL,
that is, DT ·DM = DP ·DL, therefore quadrilateral LTPM is cyclic, hence

∠TLK = ∠TMQ. Since δ touches Γ, we have ∠TKL = ∠TQM as angles

between the line TM and the common tangent at point T . The triangles LTK
and MTQ have two pairs of equal angles, therefore ∠LTK = ∠MTQ, whence
∠LTD = ∠KTQ.

Second solution. As in the �rst solution, we introduce the point M opposite

to Q in Γ and notice that the points M , T , and D are collinear, due to

Archimedes' lemma. By the same lemma, there exists a circle µ tangent to AB
and to Ω at D and L, respectively. The radica; center X of the circles Γ, µ, and
δ is the meeting point of AB and the tangents to Γ and Ω at T and L, respectively. Hence XL = XT = XD,.and
thus X is the circumcenter of the triangle TDL. Therefore, ∠DTL = 1

2∠DXL = 90◦−∠XDL = 90◦−∠KDB. On

the other hand, ∠QTM = 90◦ by Tðales' theorem, and hence ∠QTK = 90◦ −∠DTK = 90◦ −∠KDB = ∠DTL.
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Marking scheme

Incomplete analytic solution (using coordinates, complex numbers, vectors,

trigonometry and so on) is worth 0 points

Partial points along the �rst solution.

1.1. Proof that T , D, and M are colinear: . . . . . . . . . . . . . . . . . . . . . 0 points

1.2. Proof that LTPM is cyclic: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 points

1.3. Proof that ∠TKL = ∠TQM or, equivalently, that TKQP is cyclic:

3 points

Partial points along the second solution.

2.1. Ptoof that T , D, and M are collinear: . . . . . . . . . . . . . . . . . . . . .0 points

2.2. Just an introduction of circle µ: . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

2.3. Proof that the tangents to δ (or Γ) and µ at T and L meet on AB, ot,
equivalently, proof that the circumcenter of TDL lies on AB: . . . . . 3 points

2.4. One of the facts in 2.3 is explicitly formulated (yet not proved), and

the problem is reduced to that fact: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

Partial points along di�erent solutions are not to be added to each other.

Just stating the facts mentioned above without direct proofs is worth no points.



Problem 3

Positive integer d is not a perfect square. For each positive integer n, let s(n) denote the number of digits 1 among
the �rst n digits in the binary representation of

√
d (including the digits before the point). Prove that there exists

an integer A such that s(n) >
√
2n− 2 for all integers n ≥ A.

Solution. We will make use of the following

Observation. If the binary representation of a number is �nite and contains k digits 1, then every representation
of this number as a sum of powers of 2 with integral exponents contains at least k terms.

Indeed, the representation of a number as a sum of powers of 2 with distinct integral exponents (that is, its

binary representation) is unique. On the other hand, if a representation of the number as a sum of powers of 2

contains equal terms, the number of terms can be reduced (by changes of the form 2s + 2s = 2s+1) until all the

terms are distinct.

Let m be the number of digits in the binary representation of [
√
d] (that is, 2m−1 <

√
d < 2m). Then for the

�rst n digits of the binary representation of
√
d we have the inequalities

√
d− 2m−n <

k∑
i=1

2si <
√
d

(the inequalities are strict, since
√
d is irrational).

Squaring this inequality we get

d− 21+2m−n < d− 21+m−n
√
d+ 22m−2n <

k∑
i=1

22si +
∑

1≤i<j≤k

2si+sj+1 < d.

The middle part of this inequality is less than the positive integer d by a number smaller than 21+2m−n, that is,

for n > 2m + 1 its binary representation contains at least n − 2m − 1 digits 1. On the other hand, it is a sum of
k(k+1)

2 powers of 2. It follows from the above observation that k(k+1)
2 > n− 2m− 1. If k ≤

√
2n− 2, then

k(k + 1)

2
≤ (

√
2n− 2)(

√
2n− 1)

2
= n− 3

2

√
2n+ 1,

which is less than n− 2m− 1. Thus k >
√
2n− 2 for large enough n, q.e.d.

Marking scheme

1. An observation that the square of a sum of k powers of 2 is a sum of k(k+1)
2 powers of 2: . . . . . . . . . . 1 point.

2. The inequality s(n) >
√
2n−C is proved for some constant C:5 points (not additive with the above point).



Çàäà÷à 4

Ó÷èòåëü âûäàë äåòÿì 10 ðàçëè÷íûõ ïîëîæèòåëüíûõ ÷èñåë. Ñåð¼æà âû÷èñëèë âñå 45 èõ ïîïàðíûõ ñóìì;

ñðåäè íèõ íàøëîñü ïÿòü ðàâíûõ ÷èñåë. Ïåòÿ âû÷èñëèë âñå 45 èõ ïîïàðíûõ ïðîèçâåäåíèé. Êàêîå íàèáîëüøåå

êîëè÷åñòâî èç íèõ ìîãëè îêàçàòüñÿ ðàâíûìè?

Îòâåò. 4.

Ðåøåíèå. Ïóñòü ñðåäè ïîïàðíûõ ñóìì âñòðå÷àåòñÿ ïÿòü ðàç ÷èñëî 2s. Î÷åâèäíî, îäíî è òî æå ÷èñëî íå

ìîæåò âñòðå÷àòüñÿ â äâóõ ñóììàõ, ðàâíûõ 2s (âòîðûå ñëàãàåìûå òîãäà òîæå äîëæíû áûëè áû ñîâïàäàòü).

Ïîýòîìó â ïÿòè ñóììàõ, ðàâíûõ 2s, âñòðå÷àþòñÿ ïî îäíîìó ðàçó âñå 10 ÷èñåë. Â êàæäîé èç íèõ îäíî ñëàãàåìîå

ìåíüøå s, à äðóãîå áîëüøå. Óïîðÿäî÷èì ñëàãàåìûå, ìåíüøèå s, ïî âîçðàñòàíèþ: a1 < a2 < a3 < a4 < a5.
Çàïèñûâàÿ 2s = a1+a10 = a2+a9 = a3+a8 = a4+a7 = a5+a6, ïîëó÷àåì óïîðÿäî÷åíèå âñåõ äåñÿòè èñõîäíûõ

÷èñåë: a1 < a2 < a3 < a4 < a5 < a6 < a7 < a8 < a9 < a10.
Åñëè è íåêîòîðîå ïðîèçâåäåíèå t2 âñòðå÷àåòñÿ ñðåäè ïîïàðíûõ ïðîèçâåäåíèé ïÿòü ðàç, òî àíàëîãè÷íûì

îáðàçîì êàæäîå èç äåñÿòè ÷èñåë âñòðå÷àåòñÿ ðîâíî â îäíîì èç ïÿòè ïðîèçâåäåíèé, ðàâíûõ t2. Åñëè ÷èñëà,

ìåíüøèå t, â ýòèõ ïðîèçâåäåíèÿõ ñóòü b1 < b2 < b3 < b4 < b5 è t2 = b1b10 = b2b9 = b3b8 = b4b7 = b5b6, òî
b1 < b2 < b3 < b4 < b5 < b6 < b7 < b8 < b9 < b10 � òàêæå óïîðÿäî÷åíèå èñõîäíûõ ÷èñåë. Íî òîãäà ai = bi ïðè
âñåõ i, òî åñòü a1 + a10 = a2 + a9 è a1a10 = a2a9. Îòñþäà ñëåäóåò, ÷òî a1 = a2 è a9 = a10, ïðîòèâîðå÷èå.

Ïðèìåð, â êîòîðîì ðàâíû ÷åòûðå ïðîèçâåäåíèÿ, ñòðîèòñÿ, íàïðèìåð, òàê. Ïîëîæèì x1 = 0, 9, x2k = 2 −
−x2k−1 ïðè 1 ≤ k ≤ 5 è x2k+1 =

1
2k ïðè 1 ≤ k ≤ 4. Ïðè ýòîì x1+x2 = x3+x4 = x5+x6 = x7+x8 = x9+x10 = 2

è x2x3 = x4x5 = x6x7 = x8x9 = 1. Ïîñêîëüêó, î÷åâèäíî, x < 1
2−x < 1 ïðè 0 < x < 1, èìååì x1 < x3 < x5 <

< x7 < x9 < 1 < x10 < x8 < x6 < x4 < x2, òî åñòü âñå ïîñòðîåííûå 10 ÷èñåë äåéñòâèòåëüíî ðàçëè÷íû.

Ñõåìà îöåíèâàíèÿ

Äîêàçàòåëüñòâî òîãî, ÷òî â 5 ðàâíûõ ñóììàõ âñòðå÷àþòñÿ âñå ÷èñëà ïî îäíîìó ðàçó: . . . . . . . . . . 0 áàëëîâ

Äîêàçàòåëüñòâî òîãî, ÷òî ðàâíûõ ïðîèçâåäåíèé íå áîëåå 4: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 áàëëà

Ïðèìåð 4 ðàâíûõ ïðîèçâåäåíèé: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 áàëëà

Ïîëíîå ðåøåíèå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 áàëëîâ

Â ïðèìåðå íå äîêàçàíî, ÷òî ÷èñëà ðàçëè÷íû: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −1 áàëë



Çàäà÷à 5

Äàíà òàáëèöà m × n, ãäå mn äåëèòñÿ íà 6. Â ýòîé òàáëèöå ïîëîñêîé íàçîâ¼ì ëþáîé ïðÿìîóãîëüíèê 1 × 3
èëè 3× 1, à äîìèíîøêîé � ëþáîé ïðÿìîóãîëüíèê 1× 2 èëè 2× 1. Òàáëèöó çàìîñòèëè ïîëîñêàìè. Äîêàæèòå,
÷òî ïîâåðõ ýòîãî çàìîùåíèÿ òàáëèöó ìîæíî çàìîñòèòü äîìèíîøêàìè òàê, ÷òî â êàæäîé ïîëîñêå äâå êëåòêè

áóäóò íàêðûòû îäíîé äîìèíîøêîé è åù¼ îäíà � äðóãîé. (Ïðè çàìîùåíèè ïðÿìîóãîëüíèêè ïîêðûâàþò âñþ

òàáëèöó è íå ïåðåêðûâàþòñÿ ìåæäó ñîáîé.)

Ðåøåíèå. Íå îãðàíè÷èâàÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî ÷èñëî m ÷¼òíîå. Ðàññìîòðèì îòäåëüíî äâà ñëó÷àÿ,

â çàâèñèìîñòè îò ÷¼òíîñòè ÷èñëà n.
Ñëó÷àé 1: n ÷¼òíî. Ðàçîáü¼ì òàáëèöó íà êâàäðàòèêè 2× 2. Çàìåòèì, ÷òî â êàæäîé ïîëîñêå íåêîòîðûå äâå

ñîñåäíèå êëåòêè ëåæàò â îäíîì êâàäðàòèêå, ïîêðîåì ýòè êëåòêè äîìèíîøêîé. Òåïåðü äëÿ êàæäîãî êâàä-

ðàòèêà âûïîëíåíà îäíà èç òð¼õ âîçìîæíîñòåé: 1) âñå åãî êëåòêè ïîêðûòû äîìèíîøêàìè; 2) ïàðà ñîñåäíèõ

êëåòîê ïîêðûòà äîìèíîøêîé, à äâå äðóãèå êëåòêè íå ïîêðûòû � ïîêðîåì èõ íîâîé äîìèíîøêîé; 3) âñå

÷åòûðå êëåòêè íå ïîêðûòû � ïîêðîåì èõ äâóìÿ íîâûìè äîìèíîøêàìè. Íåòðóäíî âèäåòü, ÷òî ïîëó÷åííîå

çàìîùåíèå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.

Ñëó÷àé 2: n íå÷¼òíî. Ðàçîáüåì ïðÿìîóãîëüíèê m × (n − 1) íà êâàäðàòèêè 2 × 2, à îñòàâøèéñÿ ñòîëáåö

m × 1 � íà ïðÿìîóãîëüíèêè 2 × 1. Ñíîâà, â êàæäîé ïîëîñêå íåêîòîðûå äâå ñîñåäíèå êëåòêè ëåæàò â îäíîì

êâàäðàòèêå 2× 2 èëè ïðÿìîóãîëüíèêå 2× 1, ïîýòîìó ìû ñìîæåì ïîëó÷èòü òðåáóåìîå çàìîùåíèå àíàëîãè÷íî

ïåðâîìó ñëó÷àþ.

Ñõåìà îöåíèâàíèÿ

Ðàññìîòðåíèå ñëó÷åâ, â êîòîðûõ m èëè n ïðèíèìàåò êîíå÷íîå ÷èñëî çíà÷åíèé: . . . . . . . . . . . . . . . . 0 áàëëîâ

Ïîïûòêè ïîøàãîâîãî ïîñòðîåíèÿ òðåáóåìîãî çàìîùåíèÿ, êîòîðûå íå ïðèâåëè ê ïîëíîìó ðåøåíèþ: . . . 0

áàëëîâ

Ââåäåíèå â ðàññìîòðåíèå ãðàôà ñ âåðøèíàìè�ïîëîñêàìè è ð¼áðàìè, ñîåäèíÿþùèìè ïàðû ïîëîñîê, êîòî-

ðûå ìîæíî çàìîñòèòü òðåìÿ äîìèíîøêàìè ñ ñîáëþäåíèåì óñëîâèÿ: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0

áàëëîâ

Äîêàçàòåëüñòâî òîãî, ÷òî ãðàô, îïèñàííûé âûøå, ÿâëÿåòñÿ äâóäîëüíûì : . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ

Ðåøåíèå çàäà÷è â ïðåäïîëîæåíèè, ÷òî m è n ÷¼òíûå: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 áàëëà
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Ìåäèàíû òðåóãîëüíèêà ABC ïåðåñåêàþòñÿ â òî÷êå G. Ñðåäè øåñòè óãëîâ GAB, GAC, GBA, GBC, GCA,
GCB åñòü íå ìåíåå òð¼õ, êàæäûé èç êîòîðûõ íå ìåíüøå α. Ïðè êàêîì íàèáîëüøåì α ýòî ìîãëî ïðîèçîéòè?

Îòâåò. α = arcsin 1√
3
= arctg 1√

2
= arccos

√
2
3 .

Ðåøåíèå. Îáîçíà÷èì α0 = arcsin 1√
3
.

Äëÿ íà÷àëà ïðåäúÿâèì òðåóãîëüíèê, â êîòîðîì òðè èç ðàññìîòðåííûõ óãëîâ íå ìåíüøå α0. Ýòî áóäåò

ïðÿìîóãîëüíûé òðåóãîëüíèê ABC, â êîòîðîì ∠C = 90◦, AC = 2 è BC =
√
2. Òîãäà ∠BAC = α0. Ïóñòü

M è N � ñåðåäèíû ñòîðîí AB è AC ñîîòâåòñòâåííî. Ïðÿìîóãîëüíûå òðåóãîëüíèêè NCB è BCA ïîäîáíû,

òàê ÷òî ∠NBC = α0. Òðåóãîëüíèê MAC �ðàâíîáåäðåííûé, ïîýòîìó ∠MCA = ∠MAC = α0. Íàêîíåö,

∠MCB = 90◦ − ∠MCA = 90◦ − α0 > α0. Èòàê, êàæäûé èç óãëîâ GBC, GCA è GCB íå ìåíüøå α0.

Îñòàëîñü äîêàçàòü, ÷òî â ïðîèçâîëüíîì òðåóãîëüíèêå ABC ìàêñèìóì äâà èç ðàññìàòðèâàåìûõ øåñòè

óãëîâ ìîãóò îêàçàòüñÿ ñòðîãî áîëüøå α0. Ìû äîêàæåì, ÷òî ìàêñèìóì îäèí èç óãëîâ GAB, GBC è GCA
ìîæåò ïðåâûøàòü α0; äëÿ îñòàëüíûõ òð¼õ óãëîâ ðàññóæäåíèå àíàëîãè÷íî.

Ïðåäïîëàãàÿ ïðîòèâíîå, ìîæíî ñ÷èòàòü, ÷òî óãëû ∠GAB è ∠GBC ñòðîãî áîëüøå α0. Òîãäà êàæäûé èç

íèõ ìåíüøå, ÷åì 180◦ − α0, èáî èõ ñóììà ìåíüøå 180◦. Ïîýòîìó ñèíóñ êàæäîãî èç ýòèõ äâóõ óãëîâ áîëüøå,
÷åì sinα0 =

1√
3
.

Ïóñòü K � ñåðåäèíà BC, òîãäà KA = 3KG. Ñ äðóãîé ñòîðîíû, ïî òåîðåìå ñèíóñîâ èìååì

KA

KB
=

sin∠KBA

sin∠KAB
<

1

sinα0
, àíàëîãè÷íî

KB

KG
=

sin∠KGB

sin∠KBG
<

1

sinα0
.

Îòñþäà

3 =
KA

KG
=

KA

KB
· KB

KG
<

1

sin2 α0
= 3.

Ýòî ïðîòèâîðå÷èå çàâåðøàåò ðåøåíèå.

Ñõåìà îöåíèâàíèÿ

1. Òîëüêî îòâåò . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ.

2. Ïðèìåð (ñ îáîñíîâàíèåì), â êîòîðîì òðè óãëà íå ìåíüøå α0 = arcsin 1√
3
. . . . . . . . . . . . . . . . . . . . . . 2 áàëëà.

3. Äîêàçàòåëüñòâî òîãî, ÷òî íàèáîëüøåå çíà÷åíèå α áîëüøå 30◦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 áàëëîâ.



Problem 4

The teacher has given 10 disinct positive numbers to his students. Serge found all their 45 pairwise sums; �ve of

these sums are equal. Pete found all their 45 pairwise products. What maximum number of equal products can be

among Pete's numbers?

Answer. 4.

Ðåøåíèå. Let 2s be the number that appears �ve times among the pairwise sums. One number obviously cannot
appear in two of these sums (otherwise the other summands in these sums are also equal). Therefore the �ve

sums equal to 2s contain each of the ten numbers exactly once. In each of these sums one number is less than

s and another is greater than s. Let the terms less than s, in increasing order, be a1 < a2 < a3 < a4 < a5.
Writing 2s = a1 + a10 = a2 + a9 = a3 + a8 = a4 + a7 = a5 + a6, we obtain the ordering of all the ten numbers:

a1 < a2 < a3 < a4 < a5 < a6 < a7 < a8 < a9 < a10.
If some product t2, too, appears �ve times among the pairwise products, then, similarly, each of the ten numbers

appears exactly once in those �ve products. If the smaller factors in these products are b1 < b2 < b3 < b4 < b5 and
t2 = b1b10 = b2b9 = b3b8 = b4b7 = b5b6, then b1 < b2 < b3 < b4 < b5 < b6 < b7 < b8 < b9 < b10 is also an ordering

of the original numbers. But then ai = bi for all i, that is, a1 + a10 = a2 + a9 and a1a10 = a2a9. It follows that
a1 = a2 and a9 = a10, a contradiction.

An example with four equal products can be constructed in the following way. Let x1 = 0, 9, x2k = 2− x2k−1

for 1 ≤ k ≤ 5 and x2k+1 = 1
2k for 1 ≤ k ≤ 4. Then x1 + x2 = x3 + x4 = x5 + x6 = x7 + x8 = x9 + x10 = 2 and

x2x3 = x4x5 = x6x7 = x8x9 = 1. Since obviously x < 1
2−x < 1 for 0 < x < 1, we have x1 < x3 < x5 < x7 < x9 <

< 1 < x10 < x8 < x6 < x4 < x2, and the 10 numbers in this example are indeed distinct.

Marking scheme

Proof that the �ve equal sums contain every number exactly once: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Proof that �ve products cannot be equal: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points

Example of 4 equal products: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 points

Complete solution: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 points

In the example, the numbers are not proved to be distinct: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .−1 point



Problem 5

A table m × n is given, where mn is divisible by 6. In this table a stripe is any 1 × 3 or 3 × 1 rectangle, and a

domino is any 1 × 2 or 2 × 1 rectangle. The table is tiled with stripes. Prove that on top of this tiling the table

can be tiled with dominoes so that in each stripe some two cells are covered by one domino and the remaining cell

is covered by another domino. (The table is tiled by rectangles if the rectangles cover the entire table and do not

overlap with each other.)

Ðåøåíèå. Without loss of generality suppose m is even. Consider two cases depending on the parity of n.
Case 1: n is even. Partition the table into 2×2 squares. Note that in each stripe some two adjacent cells belongs

to the same square, let's cover them by a domino. Now for each square there are three possibilities: 1) all it's cells

are covered by dominoes; 2) one pair of adjacent cells is covered by a domino and other two adjacent cells are

uncovered � let's cover them by a domino; 3) all it's cells are uncovered � let's cover them with two dominoes.

Clearly, we ontained the required tiling wih dominoes.

Case 2: n is odd. Partition the table m× (n− 1) into 2× 2 squares and partition the rest m× 1 column with

2× 1 rectangles. Again, in each stripe some two adjacent cells belongs to the same 2× 2 square or 2× 1 rectangle,
hence we can obtain the required tiling similarly to the case 1.

Marking scheme

Considering any cases where m and n have �nite number of values: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Unsuccessful attempts to construct the tiling step by step: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Introducing the graph with vertices�stripes and the edges connecting the stripes which can be tiled with two

dominoes: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points

Proof that the graph described above is bipartite: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 points

Solution of the problem for even m and n: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 points



Problem 6

The medians of a triangle ABC concur at point G. Among the six angles GAB, GAC, GBA, GBC, GCA, GCB
there are at least three angles each of which is at least α. Determine the largest α for which this is possible.

Answer. α = arcsin 1√
3
= arctan 1√

2
= arccos

√
2
3 .

Ðåøåíèå. Denote α0 = arcsin 1√
3
.

We start with presenting a triangle in which three desired angles are at least α0. Let ABC be a right triangle

with ∠C = 90◦, AC = 2, and BC =
√
2. Then ∠BAC = α0. Let M and N be the midpoints of AB and AC,

respectively. The right triangles NCB and BCA are similar, so ∠NBC = α0. The triangle MAC is isosceles, so

∠MCA = ∠MAC = α0. Finally, ∠MCB = 90◦−∠MCA = 90◦−α0 > α0. Hence each of the angles GBC, GCA,
and GCB is at least α0.

It remains to prove that, in an arbitrary triangle ABC, at most two of the six angles can be strictly larger than
α0. We will show that at most one of the angles GAB, GBC, and GCA is larger than α0; the argument for the

other three angles is similar.

Arguing indirectly, we may assume without loss of generality that ∠GAB and ∠GBC are both strictly greater

than α0. Then each of them is also less than 180◦ − α, as their sum is less than 180◦. Therefore, the sine of either
angle is greater than sinα0 =

1√
3
.

Let K be the midpoint of BC; then KA = 3KG. On the other hand, by the sines theorem, we have

KA

KB
=

sin∠KBA

sin∠KAB
<

1

sinα0
and, similarly,

KB

KG
=

sin∠KGB

sin∠KBG
<

1

sinα0
.

Therefore,

3 =
KA

KG
=

KA

KB
· KB

KG
<

1

sin2 α0
= 3.

This contradiction �nishes the proof.

Marking scheme

1. The answer only: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points.

2. An example (with proof) with three angles greater or equal to α0 = arcsin 1√
3
: . . . . . . . . . . . . . . . . . . .2 points.

3. Proof that the largest α is greater than 30◦: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 points.




