XX Meowcdynapodnas 2Kaymukosckas 0iumMnuada no Mamemamuke. Yeaoeus u pewenus 360a%4.

3aga4ga 1

Andasut coctout u3 n 6ykB. Caozom HA30BEM JIIOOYIO YIOPAIOIEHHYIO TIAPY, COCTOAITYTO U3 IBYX He 00I3aTENBHO
passmunbix OyKB. Hekoropwie cioru camraiorcs nenpuauunvimu. Caosom asiasiercs jobast (KoHedHast uiam 6ec-
KOHEYHasI) MOCIE0BATEIbHOCTE OYKB, B KOTOPO HET HENPUINYHBIX Ca0roB. Haiiaure HamMeHbimee BO3MOKHOE
KOJITIECTBO HEMPUINIHBIX CJIOTOB, TIPH KOTOPOM HE CYIIECTBYET ODECKOHEUHBIX CJIOB.

OrBer. w

1 "
IlepBoe perienne. JlokaxkeMm, 9T0 KOIUIECTBO HEMPUIANTHBIX CJOTOB HE MOXKET OBITH MEHBITIE "(”274_), WHAYKIAEHR

mo n. Illpu n = 1 andasur cocrour u3 ogHON OYKBBI @, ¥ €IUHCTBEHHBIN CJIOT G JOJXKEH OBITH HEIPUJIUIHBIM,
WHATe CYMECTBYeT GECKOHETHOe CIOBO aad . . . .

Pacemorpum andasut n3z n 6yks. Xorst Obl 1715 0JTHOM OYKBBI J0I2KHBI OBITH HEITPUIMIHBIMU BCE HAUMHAIOIITHECS
¢ Heé croru (B MPOTUBHOM CJIy4ae [ KaxK 10 OYKBBI & eCTh OyKBa, KOTOPYIO MOXKHO HAIUCATH TIOCTe X, AeHCTBys
TakuM 00pa30M, MOKHO HAIHMCATh GeckoHedHoe c10BO). OcranbHble 1 — 1 OYKB 0 TIPEANOIOKEHUIO WHIYKITHN

(n—1)

TOJIZKHBI 00Pa30BBIBATL HE MEHEE Tn HEIPWINIHBIX CJIOTOB (nHAaYe OECKOHETHOE CJIOBO YIACTCSA COCTABUTD YIKE
u3 atux n — 1 6ykB). Takum o6pa3om, BCEro mosrydaeTcst He MeHee @ +n= w HEIMPWINYIHBIX CJIOT0B, UTO
7 TpeboBaIOCh T0KA3ATh.

IIpumep ”(#ﬂ) HEMPUINIHBIX CJIOTOB, /IJ1d KOTOPBIX He CyIIecTByeT O€CKOHEUHBIX CJI0B B ajadasure ai, az, . - .,
(p, JOCTAB/IAIOT BCE CJIOIM BUJAA a;aj ¢ ¢ > j. IIpu Taxux HENPUIMYHBIX C/I0rax B JIIOOOM CJI0BE MHJEKCHl OyKB

IOJIXKHBI CTPOTO BO3PACTATH, M CJAOBO HE MOYKET OBITH DECKOHEUHBIM.

Bropoe perienne. g kaxmoit OyKBbI @ CJIOT GG JOJIKEH ObITh HEMPUINIHBIM, ITODBI HEJB3s OBLIO HAIUCATH

HeckoHevuHOE CJI0BO aad . ... Jns AByx pasjudubix OyKB a u b x0T Obl OfiMH U3 cJ0roB ab u ba noykeH OBITH
HEPUINYIHBIM, 9TOOBI HETb3s OBIIO HANKUCATH OECKOHEIHOe CJ0BO ababab. . .
-1 1
ITosToMy KOJIMYECTBO HENPUJIUYHBIX CJOTOB JOJKHO OBITH HE MEHee M + (n > n n(n; ),

IIpumep ¢ TakuM KOJMIECTBOM HEMPUINYHBIX CAOTOB IIPUBEIEH B IIEPBOM PEITCHUN.

Cxema oneHuBaHusi. HacTu4yHbIe HPOABUIKEHUSA

1.1. BameueHo, YT0 KaXKIbIi CJIOT BAJA (0 HEIPUIIATHBIT ..o\ttt ettt et i e ae e e 0 6aJu10B

1.2. BameueHo, 9T0 XOTsT OB OJUH W3 CJOTOB @b U ba HETTPUJIMTHBIN: ...\ttt 1 6asn

1.3. Bamedueno, uTo x0T OBI /151 OAHON OYKBBI JOI2KHBI OBITH HETTPUINIHBIMI BCE HAUUHAIOTINECS C HEE CIIOTH:
1 asr

1

1.4. Toka3aTeJpCTBO TOTO, YTO HEMPUJIMYIHBIX CJIOTOB HE MeHee %: .............................. 3 basa
I1. IIpumep.

. n(n+1)
2.1. Bepmuplit mpumep — 5 HENPUIUYHBIX CIOTOB € JOKABATEIBCTBOM: . t\ttttt et et ae e 3 basra

" n(n+1
2.2. Bepwubrit mpumep % HEMPUINIHBIX CJIOTOB 0€3 TOKABATETBCTBAL « « vt v v e et eee e e aeee e 2 basra
III1.

3.1. Pemenne 3a1a9n B TPEIIOI0KEHAN, YTO HE CYIIECTBYET CJIOTOB M3 ABYX OAMHAKOBLIX OVKB, OIEHUBAETCS
He boJiee yeMm 4 GasuIaMu.
3.2. Pemenne 3ama9m /19 KOHEIHOTO KOJUIECTBA KOHKPETHBIX 3HAYEHM 9UCIa N OlleHuBaercda .. B 0 6asios.

Bassbl 3a 9acTudHble IPOABU2KEHUS BHYTPH OJHOIO IMIYHKTA HE CYMMHUPYIOTCS APYT C JAPYTOM.

ITonnoe pemenwne.

4.1. TTomHOE perTeHne 3aMATN OTTEHIBACTCS .« . vt vttt e e e ettt et e e e et eeeenns B 7 DaJIoB.

4.2. Pemenne 3ama4un, KOTOPOMY JJIsI IOJHOTBEI HE XBATAET TOJBKO OOOCHOBAHMS IPHUBEIEHHOIO IPUMEPA, OIle-
217152V 1 B 6
HasLIoB.



3amaua 2

Oxkpyxuoctu  u [ nmepecekatorcst B Toukax A u B. Jlunus 1meHTpoB 3THX
okpyxKHOCTel mepecekaeT 2 u ' B Toukax P u () COOTBETCTBEHHO TaK, UTO OHU
JIEXKAT 110 OJIHY CTOPOHY OT npamoit A B, nupuuém Touka () pacionokena Ganxe
K 370t mpsimoit. ITo Ty ke cropony or AB B3dTa OKPY’KHOCTE 0, KACAIOIIASICST
orpeska AB B Touke D u I' B Touke T'. [Ipamasg PD BTopuuHo mepecekaer &
u Q B roukax K u L coorBercrBenno. Hokaxure, aro ZQTK = /DTL.

IlepBoe perntenne. bez nmotepu obmHOCTH, ycTh D sieskut Ganke K A gem K
B. Ilycre M — cepenuna ayru AB okpy:kuocru [', e comepxKaiieii Touky Q.
ITo nemme Apxunmena rouku 1, D, M jexar na onuoit mpsimoii. Torma, ¢ omHoit
cropourl, DA- DB = DT - DM, a ¢ gpyroit, DA- DB = DP - DL, To ectb
DT-DM = DP-DL, nosromy udersipexyroiibuunk LT PM Brucanublii, OTKy1a
JKLT = ZQMT. Tak kax 0 gacaerca I', to Z/TKD = ZTQM, Kak yrijbl
mex iy npsamoit T'M u obiieit kacareabuoii B Touke 1. B rpeyronbuukax T KL
u T'QM wamnuuch JBe Maphbl PABHBIX YTJIOB, T03TOMY, B HUX LLTK = /ZMTQ),
orkyna ZLTD = /KTQ.

Bropoe pemnienmne. Kak u B iepBoM pellleHWH, BBeIEM TOUuKy M, nmamer-
PaIbHO MPOTHBOMOJIOXKHYIO TOUKe () B OKpy:kHOCTH ' U 3BMETHM, 9TO OHA
JqexuT Ha upsaMoit T'D mo nemmve Apxmumena. [lo Toif ke semMe, cymmecTByeT
OKPY2KHOCTB U, Kacarorascs: mpsmoit AB u okpyx#uocTr 2 B Toukax D u L

P
0
Q
r
K
b
A D B
L
M

cooTBercTBenno. Pannkanpuniii neatp X okpy:xuocreit I', 4 1 § — 910 Touka mepecevdenns AB u KacaTelbHbIX K I
u Q B toukax T u L coorsercreerno. CrenoBarenbio, XL = XT = X D. u X — 1eHTDP OKPYKHOCTH, OIUCAHHOM
okoJyio Tpeyroibauka 1'DL. 3uaunt, L/DTL = %ADXL = 90° — LZXDL = 90° — ZKDB. C apyroit CTopoHsI,
ZQTM = 90° kak onumparwmuiica Ha auamerp, nodromy LZQTK =90° — LDTK =90° — ZKDB = /ZDTL.

Cxema orieHUBaHUS

P

Henoseennoe cuernoe pertenue (B KOOPANHATAX, B KOMILIEKCHBIX IUC/IAX,
Q B BEKTODAX, TPUTOHOMETPHUECKOE, M TJ1.): «versrsraeanneanaenn.. 0 6asu10B

YacTtuyHble 0a/JIBI K TIEPBOMY PEIIEHUIO.
0 1.1. Hokazano, uro Touku 1, D, M nexar wa oxnoit upamoit: 0 6anios
1.2. Jokazano, uto LT PM — BOUCAHHBIA YeTHIPEXYTOIbHUK: ...3 Dasuia

Tr
K 1.3. Hokazamno pasercto LT KD = /TQM wuin BOUCAHHOCTH YeThHIPEX-
5 yrombHUKA THKQP: 3 basma
5 Yacruunble 0a/1/ibl KO BTOPOMY PEILIEHUIO.
NI . .

XA D 2.1. Hokazano, uro Touku 1, D, M nexar ua ojHoii npsamoii: 0 6asios
L 2.2. Beesmena B pacCMOTPEHUE OKPYKHOCTD 41 « v vevvvennnn... 0 bas0B
2.3. JTokazano, uro kacarenbubie Kk 0 (mmm I') u p B Toukax T u L nepe-
CEeKaloTCsT Ha NpsiMoit AB, min 1oKa3aHo, UTO Ha, 3TOW MPSIMO JIEXKUT IEHTP
OTIMCAHHOM OKPYKHOCTH Tpeyrombuuka T'DL: .. ... ....... .. ... 3 basa
M 2.4. O e u3 dakToB B 2.3 sBHO ¢hOPMYIUPOBaH (HO HE TOKA3aH), U YTBED-
JKJICHUE 337[QUN CBEIEHO K 3TOMY (PAKTY: .« oot iiteeee e ieeennnn.. 3 G6asmna

YacTuyHble 6a/IBI K padnbimM PENIEHUAM HE CYMMUPYIOTCH MeXK/ 1y coboil.
Jlumib opmysuposru pakToB, YIOMAHYTHIX BblilIle, 0€3 sSIBHOIO JOKa3aTeJ/IbCTBA OLIEHUBAIOTCS B

0 6as10B.



3amaya 3

Harypasbroe aucio d e sgBasgercd TOYHBIM KBaApaToM. g KayKI0ro HATYPaIbHOrO 9ucjia n 0003HAMUM depe3
s(n) KOMMYECTBO €JWHUIL CPEAU TEPBBIX N UMD ABOMYHON 3aOUCH IHC/IA Vid (ubpbl 10 3amATON TOXKE yUIH-
ThiBatOTCs ). JloKaxKuTe, 4TO CylecTByeT rakoe HarypasbHoe A, uro npu BCeX HATypasbHbIX 1 > A BBIIOJIHEHO
repasencTro s(n) > v/2n — 2.

Pentenue. Ham morpebyerca ciemyromiee cooOpazkenue: €C/iM ABOUYHALA 3AMUCh YUCIA KOHEUHA, W COIEpPXKUT k
eJMHUIL, TO JII0O0€e TPECTABIEHNAE STOTO YUCJIa B BUJIE CYMMbI CTEITEHEN TBOWKY C TEJTBIMU MOKA3ATESIMEI COMEPIKUT
He MeHee k cjaraeMbix. JleficTBUTEIbHO, TMpeICTABIEHe YUCIa B BUJAE CYMMBI PA3AUYHLIL CTENeHed TBONKU C
eJIBIMHU TOKA3ATEISIMHI (TO €CTh IBONTHAS 3aUCh) eMnHCTBeHHO. C PYroit CTOPOHBI, €C/IH B MPEICTABICHUN THCIIA
CyMMOfI cTelreHen ,Z[BOﬁKI/I €CTh OAWMHAKOBBIE CJara€Mble, MX KOJUYICCTBO MOXKHO yMEHBIIATH, IPOU3BOAA 3aMEHDBI
Buga 2° 4+ 2° = 25! papo wim m037HO TAKMe 3aMeHBl 3aKOHUYATCS, U TOIVIA BCE CIaracMble CTAHYT Pa3IHYHBIMH,
TO €CTh U MOC/I€ COKpAIeHui ux Oyger He MeHbire k.

IIycTh m — KOTIYIECTBO pas3psA0B B ABOMUHOI 3amcy uca [vd], To ects 2™~ 1 < v/d < 2™, Bammmem mepssie
n uudp ABOUUHON 3amucn ducaa v d:

k
Vid — 2 < ZQSZ‘ <Vd
=1
(nepasencrBa crporue, Tak Kak v/d uppauuonaibno). Bossous B KBajgpar, HOJLydaem

k
d— 2T d 4 22T < Y T2y N gt < g,

i=1 1<i<j<k

21+2m—n

JleBast vacTh bosibire, weM d — , TAK 9TO

k
d— 21+2m—n < 22281' + Z 281'-"-8‘7'-"-1 < d

i=1 1<i<j<k

Cpe/Hsst 9aCTh TIOC/IEIHET0 HEPABEHCTBA MEHbIIE HATYDPAJILHOrO umcia d Ha 9ucio, MeHbinee 2112M~" 1o ecth

npu n > 2m + 1 B e€ naBouuHoil 3anucu He Menee n — 2m — 1 expunaun. C Apyroit CTOPOHBI, OHA MPEICTABJICHA B
k(k+1 Ny E(k+1

BHJlE CyMMBEI % creneneii 2. B cuiy 3ameuanus u3 mnepsoro abzaia mnosayydaem % > n —2m — 1. 3uauwnr,

ecm k < v/2n — 2, TO

k(k+1 2n —2)(v2n —1 3

(+)§(v )(V2n ):n_7h2n+17
2 2 2

9TO TIPHU JOCTATOUHO OOJBIIHX 7 MEHBINE, YeM n — 2m — 1. 3HAUHUT, OPH BCEX OOCTATOYHO OOJBIIAX 7 MMEEM

k > +/2n — 2, 9T0 1 TpebOBAIOCH JOKA3ATH.

Cxema oneHuBaHUs

1. 3ameueno, 9TO KBaIpaT CyMMBbI k CTeNeHel JBONKHU IIPEICTABISIETCS B BUIE CyMMBI @ CTeneHeEN IBONKNT
1 6amn

2. Jokazana onenka s(n) > v/2n — C ¢ nekoropsim nocrosusabit C . ............ 5 6asioB (HE CyMMUPYEeTCsi ¢

TIPEBITY M ).



XX International Zhautykov Olympiad in Mathematics. Problems and solutions.

Problem 1

In an alphabet of n letters, a syllable is any ordered pair of two (not necessarily distinct) letters. Some syllables are
considered indecent. A word is any sequence, finite or infinite, of letters, that does not contain indecent syllables.
Find the least possible number of indecent syllables for which infinite words do not exist.

n(n+1)
Answer. ——5—.
First solution. We will prove by induction on n that the number of indecent syllables cannot be less than n(n;l).

For n = 1 the alphabet contains only one letter, say, a, and the only syllable aa has to be indecent, otherwise an
infinite word aaa ... exists.

Consider an alphabet of n letters. There is at least one letter such that all the syllables beginning with it are
indecent (otherwise for each letter x there is a letter that can be written after x; acting in this way we can write

an infinite word). By the induction hypothesis, the remaining n — 1 letters form at least (”_Tl)n indecent syllables
(otherwise there is an infinite word made of those n— 1 letters). Thus, in total we have at least w +n= %
indecent syllables, g.e.d.

An example of @ indecent syllables for which there is no infinite word in the alphabet ai, a9, ..., a, is

the set of all syllables a;a; with @ > j. When all such syllables are indecent, the indices of letters in any word form
a strictly increasing sequence, and the word cannot be infinite.

Second solution. For every letter a, the syllable aa should be indecent, otherwise an infinite word aaa ... exists.
Moreover, for any two different letters a and b, at least one of the syllables ab and ba should be indecent, otherwise
there exists an infinite word ababab . ..

Therefore, the number of indecent syllables is at least n + (”_21)" = "("2+1). An example with this number of
indecent syllables is presented in the first solution.

Marking scheme
Partial progress

Part I. Lower bound.

1.1. Observation that every syllable of the form aa is indecent: ......... ... ... ... . .. ... ... .. 0 points.
1.2. Observation that at least one of the syllables ab and ba is indecent: ............................. 1 point.
1.3. Observation that there exists a letter such that all syllables starting from that lettes are indecent: 1 point.
1.4. A complete proof that the number of indecent syllables is at least @: ....................... 3 points
Part II. Construction.

2.1. A correct example of "(nTH) indecent syllables, with proof: ... ... ... ... .. 3 points.
2.2. An example of % indecent syllables, without proof: ...... ... .. ... .. . ... 2 points.
Part III.

3.1. Solution made on the supposition that there are no syllables with two identical letters: at most 4 points.
3.2. Solution of the problem for a finite number of particular values of nis worth ................... 0 points.

Points for partial progress inside one part are not to be added to each other.

Complete solution.
4.1. A complete solution is Worth ... ... .. 7 points.
4.2. If the construction lacks the proof in an otherwise complete solution, it is worth ............ ... 6 points.



Problem 2

Circles Q2 and I' meet at points A and B. The line containing their centres
intersects €2 and I' at points P and @), respectively, such that these points lie
on the same side of the line AB and point @ is closer to AB than point P. The
circle § lies on the same side of the line AB as P and @, touches the segment
AB at point D and touches I' at point T. The line PD meets § and {2 again
at points K and L, respectively. Prove that ZQTK = ZDTL.

First solution. Assume without loss of generality that D is nearer to A than
to B. Let M be the midpoint of the arc AB of I" that does not contain (). By
Archimedes’ lemma, the points T, D, and M are collinear. Then, on the one
hand, DA- DB = DT - DM, and on the other hand DA- DB = DP - DL,
that is, DT - DM = DP - DL, therefore quadrilateral LT PM is cyclic, hence
LTLK = /TMQ. Since § touches I', we have /TKL = /TQM as angles
between the line T'M and the common tangent at point 7'. The triangles LT K
and MTQ have two pairs of equal angles, therefore ZLTK = ZMTQ, whence
JLTD =/KTQ.

Second solution. As in the first solution, we introduce the point M opposite
to @ in I' and notice that the points M, T, and D are collinear, due to
Archimedes’ lemma. By the same lemma, there exists a circle y tangent to AB
and to Q at D and L, respectively. The radica; center X of the circles I', u, and

P
0
Q
r
K
b
A D B
L
M

0 is the meeting point of AB and the tangents to I and €2 at T and L, respectively. Hence XL = XT = X D, .and
thus X is the circumcenter of the triangle T DL. Therefore, ZDTL = %ADXL =90°—4ZXDL =90°-ZKDB. On

the other hand, ZQT M = 90° by Tpales’ theorem, and hence ZQTK =90° — Z/DTK =90° — /ZKDB = Z/DTL.

Marking scheme

Li Incomplete analytic solution (using coordinates, complex numbers, vectors,
Q trigonometry and so on) is worth 0 points

Partial points along the first solution.
1.1. Proof that T', D, and M are colinear: ..................... 0 points
Q 1.2. Proof that LTPM is cyclic: ......... oiiiiiiiiiii . 3 points
r 1.3. Proof that ZTKL = ZTQM or, equivalently, that TKQP is cyclic:

K 3 points
d Partial points along the second solution.

2 ) B 2.1. Ptoof th.at T, D, ?Lnd M.are collinear: ..................... 0 points
2.2. Just an introduction of circle p: ....... ...l 0 points
L 2.3. Proof that the tangents to § (or I') and p at 7" and L meet on AB, ot,
equivalently, proof that the circumcenter of T DL lies on AB: ..... 3 points
2.4. One of the facts in 2.3 is explicitly formulated (yet not proved), and
the problem is reduced to that fact: ......... ... ... ... .o 3 baJsia

Partial poi]r%s along different solutions are not to be added to each other.
Just stating the facts mentioned above without direct proofs is worth no points.



Problem 3

Positive integer d is not a perfect square. For each positive integer n, let s(n) denote the number of digits 1 among
the first n digits in the binary representation of v/d (including the digits before the point). Prove that there exists
an integer A such that s(n) > v/2n — 2 for all integers n > A.

Solution. We will make use of the following

Observation. If the binary representation of a number is finite and contains k digits 1, then every representation
of this number as a sum of powers of 2 with integral exponents contains at least k terms.

Indeed, the representation of a number as a sum of powers of 2 with distinct integral exponents (that is, its
binary representation) is unique. On the other hand, if a representation of the number as a sum of powers of 2
contains equal terms, the number of terms can be reduced (by changes of the form 2% + 2% = 2571) until all the
terms are distinct.

Let m be the number of digits in the binary representation of [v/d] (that is, 2™~' < v/d < 2™). Then for the
first n digits of the binary representation of v/d we have the inequalities

k
Vd—2m <y 2% < Vd
=1

(the inequalities are strict, since Vd is irrational).
Squaring this inequality we get

k
d _ 21+2m—n < d _ 21+m—n\/g_|_ 22m—2n < 22251 + Z 25i+5j+1 < d
i=1 1<i<j<k

The middle part of this inequality is less than the positive integer d by a number smaller than 2'72™~" that is,
for n > 2m + 1 its binary representation contains at least n — 2m — 1 digits 1. On the other hand, it is a sum of

Lk;l) powers of 2. Tt follows from the above observation that w >n—2m—1.If k < /2n — 2, then

kk+1) _ (V2n=2)(V2n—1) 3 5o
2 - 2 2 |

which is less than n — 2m — 1. Thus k > v/2n — 2 for large enough n, q.e.d.

Marking scheme
1. An observation that the square of a sum of k powers of 2 is a sum of k(kTH) powers of 2: .......... 1 point.
2. The inequality s(n) > v/2n — C' is proved for some constant C:5 points (not additive with the above point).



3amaua 4

Vuaurens Bbiaan gersM 10 pasindsHbIX HOJOKATETBHBIX ancei. Cepéxa BbIYUCTUI Bee 45 UX MOMapHBIX CYyMM;
Cpeju HUX HAILIOCh NATh PaBHBIX dnces. Ilera Beraucsun Bece 45 ux nomapHbiX npousseenuii. Kaxoe naubosbiiee
KOJIMYECTBO U3 HUX MODJIM OKA3aThCs PABHBIMAY

OrtBer. 4.

Pentenmne. Ilycrs cpean momapHBIX CYMM BCTPEYACTCA IATh Pa3 ducao 2s. OUeBHIHO, OJHO W TO K€ UHUCIO0 He
MOXKET BCTPEYAThCS B JBYX CyMMAax, PABHBIX 25 (BTOpbIE CraraeMble TOT/A TOXKE JIOJKHBI ObLIM OBl COBIAJIATS).
[losToMy B IITH CyMMaX, PaBHBIX 28, BCTPEYAIOTC 0 OMHOMY pa3y Bee 10 uncen. B KaxX 01 U3 HUX OHO CaraeMoe
MEHBITIE S, & APYroe O0JIbIne. YNOPII0UNM CJIAraeMble, MEHBINNE S, MO BO3PACTAHUIO: a1 < a2 < az < a4 < as.
3amuceiBag 28 = a1 +aig = a2 +ag = az+ag = a4+ a7 = a5+ ag, TOJYIaeM YIOPII0IEHHE BCEX TECITH UCXOMIHBIX
uucesI: a; < ag < az < ag < as < ag < ay <ag < ag < apg.

Eciu u HeKoTOpoe Ipom3BejieHne t2 BCTPEUaeTCs CPe/IH NOMAPHBIX [IPOU3BEIeHHH IATh Pa3, TO AHAJOTHIHBIM
06pa3OM KaXK0€ U3 JeCHATH YUCEJ BCTPEYAeTCs POBHO B OJHOM U3 LSATH IPOU3BeneHuil, paBubix t2. Eciu gucia,
MeHBIIIe ¢, B 3TUX MPOM3BEJCHUSIX CyTh by < by < b3 < by < by u t? = bibig = babg = bgbg = byby = bsbg, TO
b1 < by < bz < by < by <bg <by <bg < by < big — TakXKe ynopsaodeHne UCXoanbix uncea. Ho rorma a; = b; upn
BCEX i, TO €CTh a1 + ajpg — az + ag M aja1g — aga9. OTCIO/ILEL cjIeayer, 4To a1p = a2 u ag = a10, IpoTUBOpEYNE.

IIpumep, B KOTOPOM paBHBI YeTHIPE TPOU3BEJIEHNSI, CTPOUTCS, HarpuMep, Tak. llomoxum 1 = 0,9, o = 2 —
—xop—1upn 1 <k <b5uaxgpy) = i mpu 1 < k < 4. Tlpustom x1+2x2 = x3+24 = x5+ = T7+2g = xg+x19 = 2
U ToT3 = T4T5 = Texy = xgT9 = 1. IIoCKONBKY, 09eBUIHO, T < ﬁ <lmpm 0 <z <1, umeeM 1 < 23 < x5 <
<axr<zrg<l<zipg <y <x6 < Ty < T2, TO €CTh Bce nocTpoentbie 10 uuces aeficTBUTENIBHO PA3IUYHDI.

Cxema olieHUBaHUS

JlokazaTeIbCTBO TOTO, UTO B O PABHBIX CYMMAaX BCTPEYAIOTCSI BCE YUCIIA IO OTHOMY Pa3y: .......... 0 6anmoB
JlokazaTeabCTBO TOTO, UTO PABHBIX MPOU3BEICHUI HE 00166 4: ... .. e 3 basra
IIpuMep 4 PABHBIX MPOMBBEIMEHIMI . . ..ottt ettt ettt e e e e e e et e e et 3 basna
TIOMHOE POITIEHIE: . .. .ttt e e e e e e e e e e e e et e e e e e e ettt 7 6aJL10B

B npuMepe He TOKA3aHO, TTO TUCTA PABTTITHDBLL .. vttt ettt ettt et ettt e et et e e e —1 6aswt



3amaya 5

Janma Tabsuna m X n, rae mn geaurcd wva 6. B sroit Tabiune noaockoli HazoséM Jir000# npaMoyroabHuK 1 X 3
w3 X 1, a domunowkoti — a000i mpaMoyroabHuk 1 X 2 mam 2 X 1. Tabauny 3amocruan mosockamu. JlokakuTe,
YTO HOBEPX TOT0 3aMOIIEHUS TabJINIY MOXKHO 3aMOCTHUTH JTOMUHOIIKAMU TaK, 9TO B KAXKJOW MOJIOCKE JBE KJIETKH
Oy/lyT HAKPBITHI OHOM JOMUHOMKON n emé omna — apyroit. (Ilpu 3aMommennn npsMoyroEHIKA MOKPBIBAIOT BCIO
TabJINIly U He TEPEKPBIBAIOTCS MEXKIY COOOI.)

Peinenue. He orpanunuuBas o6ITHOCTH, TPEIIIOIO0ZKAM, UTO YACI0 M 4€THOE. PaccMOTpUM OTHIENBHO JIBa CiIydas,
B 3aBUCHUMOCTH OT YETHOCTH HHCJIA 7.

Cnyuaii 1: n 4étHo. Pazobbém Tabauily Ha KBaJApaTHKH 2 X 2. 3aMeTHM, UTO B KayKI0# TTOJOCKE HEKOTOPHIE TBE
COCEe/IHME KJIETKM JIE’KAT B OJIHOM KBAaJPATHKE, TTOKPOEM dTH KJETKW JOMUHOIIKON. Terepsb st KaxkJ0ro KBa/l-
paTHKa BBIMOJHEHA OJIHA M3 TPEX BO3MOMKHOCTEH: 1) BCE €ro KJIETKH MOKPBITHI JTOMUHOIIKAMHI; 2) Mapa COCEIHUX
KJIETOK TIOKPBITA JOMHHONIKON, a JIBe APyrHe KJIETKH He HOKPBITHI — IMOKPOEM HX HOBOH JOMMHOIIKOI; 3) BCe
JeThIpe KJIETKH He TMOKPBLITHI — MOKPOEeM WX JBYMsS HOBBIMHU JOMHUHOIIKaMU. HeTpyaHO BUAETH, UTO MOJyYIEHHOE
3aMOIIEHUE YAOBICTBOPSET YCIOBUK 3aaUNU.

Cnyuaii 2: n HeuéTHo. Pazobbem mpsiMoyrosbHuK m X (n — 1) Ha KBagpaTmKy 2 X 2, a OCTaBIIMiCS CTOIOEI]
m X 1 — Ha npsMoyronbaukn 2 X 1. CHOBa, B KaXK/10# MOJIOCKE HEKOTOPHIE IBE COCETHUE KJETKU JIEKAT B OJTHOM
KBRIPATUKE 2 X 2 WK TPAMOYTOJbHUKE 2 X 1, TOITOMY MBI CMOXKEM TOJIYIUThL TpebyeMoe 3aMOIIeHe AHATOTHIHO
TTEPBOMY CJIYYAIO.

Cxema orieHUBaHUIA

Paccymorpenne ciygueB, B KOTOPBIX M WK N IPUHAMAET KOHEUHOE GHCIO0 3HATCHHA: ........oovvn.... 0 6ajI0B

]__.[OHI)ITKI/I IIOLIaroOBOIO HOCTpoeHI/IH Tpe6yeMoro SaMomeHHH, KOTOpre HE HpI/IBeﬂI/I K HOHHOMy pelHeHI/HO: - 0
OaJLIOB

Bsenenne B paccmoTpenne rpada ¢ BEPIIMHAMU—TIONOCKAMHI B PEOPAMU, COETUHSIIONINMEA APl TOJOCOK, KOTO-
pble MOXKHO 3aMOCTUTH TpeMH JOMUHOIIIKaMM C CO6J’[IO,Z[€HI/I€M ch’[OBHHZ ........................................ O
6aJLI0B

JlokazaTeabCTBO TOTO, UTO Ipad, ONMUCAHHDBIN BBITIE, ABIAETC JBYAOIBHBIM | .« utee e e neneannn 0 6amioB

Pemenne 3agaun B TPeANOTOKEHTH, TTO M T 70 TETHBIE! .« et nttttt et ettt e e e e e eaieeens 4 basuia



3ama4da 6

Memuanbl Tpeyroabanka ABC nepecekarorca B Touke G. Cpenu mecru yriaos GAB, GAC, GBA, GBC, GCA,
GCB ecthb He MeHee TPEX, KAXKIBIN U3 KOTOPHIX HE MeHbITe «v. [Ipr KakoM HaubOIBINIEM (v 9TO MOTJIO TTPOM30HTH !

OtBer. o = arcsin —— = arctg—L- = arccos /2.
g 2 3

V3
Pemrenne. O603HawNM (g = arcsin —=.
0 V3

Jns Hagaja mperbsiBUM TPEYTOMLHUK, B KOTOPOM TPH W3 PACCMOTPEHHBIX VIJIOB HE MEHBINE (y. ITO OyeT
npsMOyTobHBI Tpeyrombunk ABC, B kotopom ZC = 90°, AC = 2 u BC = /2. Torna ZBAC = ag. Iycrs
M wu N — cepemunnt cropodn AB u AC' coorBercreenno. Ilpsmoyromsabie Tpeyrossauku NCB u BC'A 1ojnobHbI,
tak aro ZNBC = «qg. Tpeyrompauk M AC — pasuobeapennsiit, mostomy L MCA = LMAC = «y. Hakomerr,
/MCB =90°— ZMCA = 90° — ag > ap. Urak, kaxyapiit u3 yrnos GBC, GCA n GCB ne menbie ay.

Ocramoch 10Ka3aTh, 9TO B MPOU3BOJIHHOM Tpeyronbauke ABC MakCHMyM [Ba U3 pacCMATPUBAEMBIX IIECTH
YTJIOB MOTYT OKAa3aThCsl CTPOTO GOMbIe . MBI okaxkeMm, dTo MakcuMyM oaumu u3 yriaos GAB, GBC u GCA
MOYKET TIPEBBIMIATE (y; JJIsI OCTAJBHBIX TPEX YIJIOB PACCYKICHUE aHAJIOTHIHO.

[Ipeamonarast MpOTUBHOE, MOYKHO CUIUTATDH, ITO yriibl /GAB n /G BC ctporo 6osbine . Torma Kaxbiit w3
nux Menbine, geM 180° — ag, nbo ux cymma menbie 180°. [TosTromy crHyC KaxkKa0r0 m3 9TUX ABYX YIJIOB DOJIBIIIE,

: 1
qeM SIn oy = 7
3

IIycts K — cepennna BC, torma KA = 3KG. C apyroit CTOpOHBI, TI0 TeOpeMe CHHYCOB HMeeM

KA sinéKBA< 1 KB sin/ZKGB < 1
= AHAJIOTUIHO = .
KB sin/KAB " sinag’ KG sin/ZKBG ~ sinag
Orcrona
KA KA KB 1
3= = . <= — =3
KG KB KG sin“ag
DTO MPOTUBOPEYNE 3ABEPIIAET PEIEHNE.
Cxema orieHUBaHUA
1. TOMBKO OTBET ottt ittt ettt ettt e et e e e e e e e e e e e e e e e e 0 6asmoB.
2. Tpumep (c obocHOBaHMEM ), B KOTOPOM TPH yIJIa HE MEHbBIIE () = arcsin % ...................... 2 baJuna.

3. HokazaresbcTBO TOTO, uT0 HamboJibiee 3HadeHre o OoJibitre 30° ... ... i 0 6asm0B.



Problem 4

The teacher has given 10 disinct positive numbers to his students. Serge found all their 45 pairwise sums; five of
these sums are equal. Pete found all their 45 pairwise products. What maximum number of equal products can be
among Pete’s numbers?

Answer. 4.

Peinenue. Let 2s be the number that appears five times among the pairwise sums. One number obviously cannot
appear in two of these sums (otherwise the other summands in these sums are also equal). Therefore the five
sums equal to 2s contain each of the ten numbers exactly once. In each of these sums one number is less than
s and another is greater than s. Let the terms less than s, in increasing order, be a; < az < a3z < a4 < as.
Writing 2s = a1 + a19 = a2 + a9 = a3 + ag = a4 + a7y = a5 + ag, we obtain the ordering of all the ten numbers:
ap<ay<az<ag<as<ag<ay<ag <ag < ajg-

If some product 2, too, appears five times among the pairwise products, then, similarly, each of the ten numbers
appears exactly once in those five products. If the smaller factors in these products are by < by < b3 < by < b5 and
2 = b1b1g = babg = b3bg = bsby = bsbg, then by < by < bz < by < by < bg < by < bg < bg < byg is also an ordering
of the original numbers. But then a; = b; for all ¢, that is, a1 + a19 = a2 + ag and aja19 = agag. It follows that
a1 = ao and ag = ajg, a contradiction.

An example with four equal products can be constructed in the following way. Let 1 = 0,9, 2o = 2 — Top_1
for 1 <k <5 and zop41 = i for 1 <k<4. Then 21 +2x9 =23+ T4 = T5 + Tg = T7 + 8 = Tg + 19 = 2 and
TolTy = T4Ts = Texy = TgTg = 1. Since obviously z < ﬁ <lfor0<x <1, wehave 11 < 3 < x5 < 7 < Tg9 <
<1<z <zg <6<y <29, and the 10 numbers in this example are indeed distinct.

Marking scheme

Proof that the five equal sums contain every number exactly once: .......... ... .o .. 0 points
Proof that five products cannot be equal: . ... ... .. 3 points
Example of 4 equal products: ... ... 3 points
Complete sOlULION: ..o e 7 points

In the example, the numbers are not proved to be distinct: ........ ... ... ... —1 point



Problem 5

A table m x n is given, where mn is divisible by 6. In this table a stripe is any 1 x 3 or 3 x 1 rectangle, and a
domino is any 1 x 2 or 2 x 1 rectangle. The table is tiled with stripes. Prove that on top of this tiling the table
can be tiled with dominoes so that in each stripe some two cells are covered by one domino and the remaining cell
is covered by another domino. (The table is tiled by rectangles if the rectangles cover the entire table and do not
overlap with each other.)

Pemenue. Without loss of generality suppose m is even. Consider two cases depending on the parity of n.

Case 1: n is even. Partition the table into 2 x 2 squares. Note that in each stripe some two adjacent cells belongs
to the same square, let’s cover them by a domino. Now for each square there are three possibilities: 1) all it’s cells
are covered by dominoes; 2) one pair of adjacent cells is covered by a domino and other two adjacent cells are
uncovered — let’s cover them by a domino; 3) all it’s cells are uncovered — let’s cover them with two dominoes.
Clearly, we ontained the required tiling wih dominoes.

Case 2: n is odd. Partition the table m x (n — 1) into 2 x 2 squares and partition the rest m x 1 column with
2 x 1 rectangles. Again, in each stripe some two adjacent cells belongs to the same 2 x 2 square or 2 x 1 rectangle,
hence we can obtain the required tiling similarly to the case 1.

Marking scheme

Considering any cases where m and n have finite number of values: ............ ... ... .. ... ... ... 0 points
Unsuccessful attempts to construct the tiling step by step: ... oo i 0 points
Introducing the graph with vertices—stripes and the edges connecting the stripes which can be tiled with two
0 o) 441410 Y= 0 points
Proof that the graph described above is bipartite: ...... ... . 0 points

Solution of the problem for even m and m: ... ... 4 points



Problem 6

The medians of a triangle ABC concur at point G. Among the six angles GAB, GAC, GBA, GBC, GCA, GCB
there are at least three angles each of which is at least a. Determine the largest o for which this is possible.

Answer. o = arcsin 1 = arctan L = arccos \/2
V3 V2 3

Pemenne. Denote oy = arcsin %

We start with presenting a triangle in which three desired angles are at least ag. Let ABC be a right triangle
with ZC = 90°, AC = 2, and BC = /2. Then /ZBAC = «ag. Let M and N be the midpoints of AB and AC,
respectively. The right triangles NCB and BC'A are similar, so ZNBC = «ap. The triangle M AC is isosceles, so
LIMCA=/MAC = «ap. Finally, ZMCB = 90° — ZMCA = 90° — a9 > a. Hence each of the angles GBC, GCA,
and GCB is at least ay.

It remains to prove that, in an arbitrary triangle ABC, at most two of the six angles can be strictly larger than
ap. We will show that at most one of the angles GAB, GBC, and GCA is larger than «ag; the argument for the
other three angles is similar.

Arguing indirectly, we may assume without loss of generality that /GAB and /G BC are both strictly greater
than ag. Then each of them is also less than 180° — «, as their sum is less than 180°. Therefore, the sine of either

angle is greater than sinag = %

Let K be the midpoint of BC'; then KA = 3K (G. On the other hand, by the sines theorem, we have

KA sin/ZKBA < 1 4. similar] KB sin/ZKGB < 1
= and, similar = .
KB sin ZKAB " sinag ’ ¥ KG~ sinZKBG " sinag
Therefore,
KA KA KB 1
3= =" .7 < =3
KG KB KG sin®ag
This contradiction finishes the proof.
Marking scheme
1. The answer Only: ... o e 0 points.
2. An example (with proof) with three angles greater or equal to ag = arcsin %: ................... 2 points.

3. Proof that the largest « is greater than 30°%: ... ... . 0 points.





