Problems of 3rd Iranian Geometry Olympiad 2016 (Elementary)

1. Ali wants to move from pomt A to pomt B. He cannot walk inside the
black areas but he is free to move i any direction inside the white areas (not
only the grid hmes but the whole plane). Help Ali to find the shortest path
between A and B. Only draw the path and write its length.
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Proposed by Morteza Sagha fian

2. Let w be the circumcircle of triangle ABC' with AC > AB. Let X be a
point on AC" and Y be a point on the circle w, such that CX = C'Y = AB.
{The pomts A and Y lie on different sides of the line BC'), The line XY inter-
sects w for the second time in point P. Show that PB = PC.

Proposed by I'an Maghsoudi

3. Suppose that ABCD is a convex quadrilateral with no parallel sides. Make
a parallelogram on each two consecutive sides. Show that among these 1 new
points, there is only one point inside the quadrilateral ABCD.

Proposed by Morteza Sagha fian



1. In a right-angled triangle ABC (ZA = 907), the perpendicular bisector
of BC intersects the line AC in K and the perpendicular bisector of BK inter-
sects the line AB in L. If the line 'L be the internal bisector of angle €7, find
all possible values for angles B and €',

Praposed by Mahdi Etesami Fard

5. Let ABC'D be a convex quadrilateral with these properties:
ZADC =135 and ZADB=ZABD = 24DAB = 4ZCBD. If BC = 2CD
prove that AB = BC' + AD.

Proposed by Mahdi Etesami Fard
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Problems of 3rd Iranian Geometry Olympiad 2016 (Medium)

1. In trapezoid ABCD with AB || €D, w; and ws are two circles with di-
ameters AD and B, respectively. Let X and Y be two arbitrary points on w,
and ws, respectively, Show that the length of segment XY is not more than
half of the perimeter of ABCD,

Proposed by Mahds Etesami Fard

2. Let two circles ('} and (' intersect in points A and B. The tangent to
'y at A intersects Yy in P and the line P8 intersects €'y for the second time
in ) (suppose that @ is outside €% ). The tangent to €'y from (@ intersects €y
and 'y in € and D, respectively (The points A and D lie on different sides of
the line P}). Show that AD is bisector of the angle CAP.

Proposed by I'man M aghsoudi

3. Find all positive integers N such that there exists a triangle which can
be dissected into N similar quadrilaterals.

Proposed by Nikolat Beluhov ( Bulgaria) and Morteza Sagha fian

4. Let w be the circumecirele of right-angled triangle ABC (£A — 907}, Tan-
gent to w at point A intersects the line BC in point P. Suppose that M is the
midpoint of (the smaller) are AB, and PM intersects w for the second time in
€. Tangent to w at point ¢ intersects AC' in K. Prove that ZPKC — %0,

Proposed by Davood Vakili

5. Let the circles w and @' intersect in points A and B. Tangent to circle
w at A intersects w’ in €' and tangent to circle &' at A interseets w in 1),
Suppose that the internal bisector of ZCAD intersects w and w' at K and F|
respectively, and the external bisector of ZC AL} intersects w and w' in X and
Y, respectively, Prove that the perpendicular bisector of XY is tangent to the
circumeircle of triangle BEF,

Proposed by Mahdi Etesami Fard



Problems of 3rd Iranian Geometry Olympiad 2016 (Advanced)

1. Let the cireles w and &' intersect in A and B. Tangent to circle w at A
interseets w’ in €' and tangent to circle w' at A intersects w in [, Suppose that
the segment 1) intersects w and w’ in K and F, respectively (assume that £
is between [ and 7). The perpendicular to AC' from [ intersects w' in point
P and perpendicular to AD from F intersects w in point @ (The points A, P
and @ lie on the same side of the line €'0)). Prove that the points A, P and ¢}
are collinear.

Proposed by Mahdi Etesami Fard

2. In acute-angled triangle ABC, altitude of A meets BC at D, and M is
midpoint of AC'. Suppose that X is a point such that ZAXEB = ZDXM = 90
{assnme that X and C lie on opposite sides of the line BM). Show that
LXMB = 2£MBC,

Proposed by Davood Vakil:

3. Let P be the intersection point of sides AL and BC of a convex qualri-
lateral ABC' ). Suppose that [; and /2 are the incenters of triangles PAB and
PDC, respectively, Let O be the circumecenter of PAR, and H the orthocenter
of PDC', Show that the cireumecireles of triangles Al; B and DHC are tangent
together if and only if the circumeireles of triangles AOB and DI, are tangent
together,

Proposed by Hooman Fattahirmoghaddam

4. In a convex quadrilateral ABCD, the lines AB and €D meet at point
£ and the lines AD and BC meet at point F'. Let P be the intersection point
of diagonals AC' and BD. Suppose that wy is a circle passing through D and
tangent to AC at P, Also suppose that ws is a circle passing through €' and
tangent to B at . Let X be the intersection point of w; and AD, and Y
be the intersection point of ws and BC'. Suppose that the circles wy and w»
intersect each other in @ for the second time. Prove that the perpendicular
from P to the line K'F' passes through the circumcenter of triangle XQY.

Proposed by Iman Maghsoudi

5. Do there exist six points Xy, X0, Y7, Y5, Z,, Z5 in the plane such that all
of the triangles X,Y;Z, are similar for 1 < i, j, k <27

Proposed by Morteza Saghafian



Solutions of 3nd Iranian Geometry Olympiad 2016 (Elementary)

1. Ali wants to move from point A to point B. He eannot walk inside the
black areas but he is free to move in any direction inside the white areas {not
only the grid lines but the whole plane), Help Ali to find the shortest path
between A and B. Only draw the path and write its length.

Proposed by Morteza Sagha fian

Solution.

According to Pythagorean theorem, the length of the path AB is equal to:

V343234 P41+ V2 + 22+ 1 =T+ 5v2




2.Let w be the circumeirele of triangle ABC with AC' > AB. Let X be a point
on AC and Y be a point on the circle w, such that CX = €Y — AB. (The
points A and Y lie on different sides of the line BC). The line XY intersects w
for the second time in point P, Show that PB = PC.

Proposed by I'man Maghsoudi

Solution.
We know that CX = C'Y therefore:

LYXC = LXYC =AP +CY=PC

e T s T T

Also we have AB = C'Y therefore AP (T};'zAP + AB=PB,so0 PB = PC,




3. Suppose that ABC[) is a convex quadrilateral with no parallel sides. Make
a parallelogram on each two consecutive sides, Show that among these 4 new
points, there is only one point inside the quadrilateral ABC .

Prapased by Morteza Saghafian

Solution.
It's clear that the ray from B parallel to AD passes through the quadrilateral
if and only if ZDAB + ZABC > 1807,

We have to find a parallelogram such that both of it’s rays pass thorough
ABCD, Among A. B and €, D there is exactly one set with sum of angles
greater than 1807, Also among A, D and B, D there is exactly one set with sum
of angles greater than 180°. These two good sets have a vertex in common, say
A. So both of the rays from B parallel to AD, and from D parallel to AB, are
inside the quadlirateral.



4. In a right-angled triangle ABC (£ZA = 907), the perpendicular bisector of
BC intersects the line AC in K and the perpendicular biseetor of BR intersects
the line AB in L. If the line C'L be the internal bisector of angle €', find all
possible values for angles B and .

Proposed by Mahdi Etesami Fard

Solution.
We have three cases:
Case 1. AC > AB. We know that:

LZLBK =ZLKB=a = LKLA=20 = ZLKA=9" =2a
LBKA 5° a

= 45" - —

- -

BK =CK = ZKBC=/KCB-=

Let T be a point on BC such that LT LBC'. We know that the line CL is the
internal bisector of angle €', so LT = LA also we have LB — LK therefore two
triangles BT'L and K AL are congruent.

= ZLBT =/LKA = 45° 4 % — 00" —20 = a=18§°

Therefore £B =457 + § = 54° and £C' = 36°




Case ii. AC' < AB. We know that:
LLBK = ZLKB=a = {LKLA=2a = LLKA=9°"-2«

Let T be a point on BC such that LT LBC. We know that the line C'L is the
internal bisector of angle €', so LT = LA also we have LB = LK therefore two
triangles BT L and K AL are equal.

= LLBT = ZLKA =% —2a = ZCBK =/4BKC =% —a
On the other hand we have:
BK =CK = ZCBK =/ZBKC=60° = a=30°

Therefore ZB = 907 — 2a = 30" and ZC = 60°

Case iii. AC' = AB. In this case, K = A and L is the midpomt of AB. Let T'
be a point on BC such that LT L BC. We know that the line C'L is the internal
bisector of angle ', so LT — LA = LB which is impossible.
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5. Let ABCD be a convex quadrilateral with these properties:
ZADC = 135° and ZADB~ZABD = 2/DAB = AZCBD. If BC =\2CD
prove that AB = BC' + AD.

Proposed by Mahdt Etesani Fard

Solution,
Suppose that ZOBD = @, so ZDAB = 2a. therefore:

LADB — LABD =4a ., ZADB | ZABD = 180° - 2a

= ZADB=90°+a , LZABD =90°-3a = ALDAB{/ZCBA=90°

Let P be intersection point of AD and BC. So we have ZAPEB — 90°. On the
other hand we know that ZPDC' — 45°, therefore PD — 32@(/'[) = BT’

Let the point @ be the refiection of point 12 in point P, Thus QD — 2PD — BC.
We know that two triangles DPB and QFPB are congruent. So ZCBID -
ZOCBQ — o, therefore ZABQ — 90° — ov. On the other hand ZDAR = 20, 50
the triangle ABQ is isosceles,

= AB=AQ = AB=DQ+ AD = BC + AD



L1

Solutions of 3nd Iranian Geometry Olympiad 2016 (Medium)

1. In trapezoid ABCD with AB || €D, w; and w2 are two circles with di-
ameters AD and BC, respeetively. Let X and Y be two arbitrary points on wy
and wo, respectively, Show that the length of segment XY is not moere than
half of the perimeter of ABCD.

Proposed by Mahdi Etesamt Fard

First solution.
Let O and O be the centers of circles wy and wy, respectively. It's clear that
O, and O, are the midpoints of AD and BC, respectively.

: C
,\’o,:i“,ﬁ , Y(),:B‘_f' , o,(),zﬂ"T_Q

= XY <XO+0,0:+Y0: = AB+ BC T(,D+DA

2
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Second solution.
The farthest points of two cireles lie on their center line.

X 4 0,

D

w2

B

And it's clear in the figure that:

AD AB+CD . BC
XO1=—= , Oy=—p— , YOy ==
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2. Let two circles €'y and €5 interseet in points A and B, The tangent to ()
at A intersects (' in P and the line PB intersects (V) for the second time in ¢}
(suppose that € is outside %), The tangent to 'y from @ intersects ') and
C’y in ' and D, respectively (The points A and D lie on different sides of the
line PQ). Show that Al is bisector of the angle C"AP.

Proposed by Tman Maghsoudi

Solution.
We know that:
LOAB = 2CQB . ZDAB = £ZBDQ

= LOAD = LCAB + £DAB = £2CQB + £BDQ — £ZPBD — ZPAD
Therefore Al is the bisector of ZC AP,




3. Find all positive integers N such that there exists a triangle which can be
dissected into N similar quadrilaterals.

Proposed by Nikolai Beluhov (Bulgaria) and Morteza Sagha fian

Solution.

For N = 1 it's clear that this is impossible. Also for N = 2 this dissection is
impossible too, because one of the two quadrilaterals is convex and the other is
concave. For N > 3 we can do this kind of dissection in equilateral triangle.

o
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4. Let w be the circumcirele of right-angled triangle ABC' (ZA = 90°), Tangent
to w at point A intersects the line BC in point P. Suppose that M is the
midpoint of (the smaller) are AB, and PM intersects w for the second time in
2. Tangent to w at point @ intersects AC in K. Prove that ZPKC = 90,

Proposed by Davood Vakili

Solution.
Suppose that AB < AC'. It’s enough to show that PK | AB.
A AQ _PQ o » MB_PB
APMA ~ APAQ MA - PA APMB ~ APCQ = oC ~ PO
AC PA

APBA ~ APAC = BA=PB

We know that M A = M B, so according to above three equations we can say

that:
" AQ_BA
Qc - AC
5 e KA KQ AQ KA AQ, .
PB  PA BA PB BA .,
’ ~ y —— T —— i | — — | — =
APBA ~ APAC = PA-PC-AC = Pc (A(') (3)
KA PB

(1,(2,(8) = E==7F5 = PK|AB
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The solution is the same in case of AR > AC,
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5. Let the cireles w and w’ intersect in points A and B. Tangent to circle w at A
intersects w’ in € and tangent to circle &’ at A interseets w in D. Suppose that
the internal bisector of ZCAD intersects w and w’ at F and F, respectively, and
the external bisector of ZCAD intersects w and w’' in X and Y, respectively.
Prove that the perpendicular bisector of XY is tangent to the circumeirele of
triangle BEF.

Proposed by Mahdi Etesams Fard

Solution.
Suppose that P is the intersection point of X E and Y F. We know that:

LEXA=LFEAC =LFEAD=4FYA=a = PX=PY
LABE =/FEXA=a , LZABF =180° — ZFY A =180° —
= LEBF = ZXPY = 180" —2a = PEBF : cyclic
EF1XY = LPEF =/ZAEX = LAFY = PE=PF

We proved that PE = PF and the quadrilateral PEBF is cyvclic. Therefore, P
is the midpoint of are E'F in the circumeirele of triangle BEF. Also we know
that the perpendicular bisector of XY is parallel to E'F and passes through P.
So the perpendicular bisector of XY is tangent to the cirenmecircle of triangle
BEF at P.
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Solutions of 3nd Iranian Geometry Olympiad 2016 (Advanced)

1. Let the circles w and w' interseet in A and B. Tangent to circle w at A
intersects w' in €' and tangent to circle w' at A intersects w in D). Suppose that
C'D intersects w and w' in E and F, respectively (assume that £ is between £
and 7). The perpendicular to AC from E intersects w' in point P and perpen-
dicular to AD from F intersects w in point @ (The points A, P and @ lie on
the same side of the line €°D). Prove that the points A, P and @ are collinear,

Proposed by Mahdi Etesami Fard

Solution.
We know that:

LAFC = LZAED = 180" — LCAD |, £LAEF = 180" — ZAQD

= ZAFD = ZAQD

So the point @ is the reflection of the point F' in the line A, Similarly we can
say the point P is the reflection of the point I in the line AC'. Therefore:

£DAQ = LDAF = LACD |, £LCAP = LCAE = ZCDA
= LDAQ + LOCAD + LOAP = LZACD + LCAD + ZCDA = 180°

So the points A, P and Q are collinear.



2, In acute-angled triangle ABC, altitude of A meets BC' at D, and M s
midpoint of AC". Suppose that X is a point such that ZAXB — ZDXM =
90" {assume that X and O lie on opposite sides of the line BM). Show that

LZXMB =2LMBC.

2

Propased by Davood Vakili

First solution.
Let N be the midpoint of side AB. So MN | BC and ZMBC — ZNMB,

Therefore it’s enough to show that the line M N is the bisector of ZX M B.
ZADB = LZAXB =00 = AXDB : cyclic

= LBXD =4BAD =% -ZABC = ZBXM = 180° -ZABC = ZBNM
= BNXM;cyclic , AN=NX=BN = 4ZBMN =4ZXMN




Second solution.
Let P be the intersection point of XM and BC'. Suppese that @ is the point
such that the quadrilateral ADBQ be a rectangle. We know that:

LDXP = LADP = 9" = ZADX = ZXPD

Also we know that AX DBQ is evclie, so:
ZADX = LZAQX = LAQX =/LXPD

So @, X and P are collinear because AQ || BP.
AM = MC and AQ| BP = QM - MP

Now we know that ZQBC = 9%, thus:
QM =BM =MP = ZXMB=2/MBC

P
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3. In a convex qualrilateral ABCD. let P be the intersection point of AC and
BD. Suppose that Iy and Iy are the incenters of triangles PADB and PDC
respectively. Let O be the cirenmcenter of PAB, and H the orthocenter of
PDC. Show that the circumeireles of trangles AL B and DHC are tangent
together if and only if the circumeireles of triangles AOB and DI, C are tangent
(l)g(‘dl('l'.

Proposed by Hooman Fattalamoghaddam

Solution.

Suppose that the circumecireles of triangles A B and DHC is tangent together
at point K. Let Q be the second intersection point of cirenmeircles of triangles
AKD and BKC', we know that:

LDHC = LDKC = I80° — 4P

ZP 4+ ZPDK + ZPCK = ZDKC = /PDK + £PCK = 18(° - 2£P
AQKD :eyclic = ZAQK =180° — ZPDK
BQKC : eyclic = ZBQK = I180° — ZPCK
= ZAQB = /PDK+/PCK = 180°-2/P = 180°—ZAOB = AOBQ: cyc

Also we have ZAKD = ZAQD , ZBKC = /ZBQC and £LAQB = ZDKC ~ 4P,
S0 L0QD = LAKB + ZP = 180° — ZAILB + £P = W + & = ZCLD.

P




So the qudrilateral CD@I, is eyelie. So we have to show that cireumeireles of
triangles AOB and DI, is tangent together at the point €. It's enough to
show that:

LABQ + ZDCQ = £AQD

We know that the circumeireles of triangles Al B and DHC' are tangent to-
gether at the point K, so we have:

LZABK + ZDCK = ZAKD

= (LABQ + LK BQ) 4+ {£DCQ - LKCQ) = LAKD
We know that ZKBQ = ZKCQ and ZAK D = ZAQD, So:

LABQ 4 ZDCQ = LAQD

Therefore the circumeireles of triangles AOB and D1,C are tangent together
at point €2,

On the other side of the problem, Suppose that the circumecireles of triangles
Clo D and AOB are tangent together at point Q. Let the point K be the second
intersection of eireumeireles of triangles AQ D and BQC'. Similarly we ean show
that the circumeircles of triangles AL B and DHC are tangent together at the
point K.

Comment.
Also there is another solution using inversion with respect to a cirele with
Michel's point of the quadrilateral as its center.
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4. In a convex quadrilateral ABC D, the lines AB and €' meet at point £
and the lines AD and BC meet at point I, Let P be the intersection point
of diagonals AC and BD. Suppose that w; is a circle passing through D and
tangent to AC at P, Also suppose that ws is a circle passing through € and
tangent to B0 at P. Let X be the intersection point of w; and AD, and Y
be the intersection point of wy and BC'. Suppose that the cireles wy and ws
intersect each other in @ for the second time. Prove that the perpendicular
from P to the line E'F passes through the circumeenter of triangle XQY.

Proposed by I'man Maghsoudi

First solution.

Lemma 1. In the convex quadrilateral ABCD, the lines AB and C'D meet
at point F and the lines AD and BC meet at point ', Let point I” be the
intersection of AC' and BD. Suppose that X and Y be two arbitrary points on
AD and BC| respectively. If BCNPX = U and ADNOPY = V, then the lines
XY, UV and EF are concurrent.

proof.

Let point Z be the intersection of XY and V. Suppose that PFn UV = L
and PN CD = K. We know that:

(Z,L,V,U)==1 , (E.K,D,C)=~I

If ZF intersects €' in E', so we can say that (E', K, [).(") = —1. Therefore
E = FE' sothe lines XY, UV and E} are concurrent.

F

7
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Lemma 2. In the eyclic quadrilateral ABC D with circumeenter O, the lines
AB and C'D meet at point £ and the lines AD and BC' meet at point £. If
point P be the intersection of AC" and BD, then POLEF.

proof.

Lel w be the circumcircle of quadrilateral ABC'D. Suppose that point R is the
intersection of tangents to circle w at A and ', and point S is the intersection
of tangents to circle w at B and D.

According to Pascal's theorem in Hexagonal AABCCD and ABBC DI, we can
say that points R and S lie on line EF.

We know that polar of the point R with respect to circle w passes through P.
So polar of the point P with respect to circle w passes through R. Similarly,
we can say that polar of the point P with respect to circle w passes through S.
Therefore polar of the point P with respect to circle w is FF. So PO LEF.
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Suppose that PX intersects BC in point U, and PY intersects Al in point V.,
ZXQP =a = ZXDP =~LXPA=ZUPC=a
LYQP =0 = LYCOP=LYPB=LVPD=20

= ZXVY = ZXQY = ZXUY =a+80 = QVXYU : eyelic

Let point O be the cireumeenter of QVXY U, According to lemma 1, we can
say that XY, UV and EF are coneurrent at point Z. Now according to lamme
2, we can say that POLEF. So the perpendicular from P to EF passes through
the circumcirele of triangle XQY.



26

Second solution.

Suppose that point O is the cireunmeenter of triangle XQY . The inversion with
respect to a cirele with center P trasnforms the problem into this figure. Suppose
that X' is the inversion of point X wrt P. We have to show that the line PO’
is the diameter of circumeirele of triangle E'PF’. Let O" be the circumeenter
of triangle X'Q'Y’. We know that the points P, O" and O" are collinear. So
we have to show that he line PO" passes through the circumeenter of triangle
E'PF’.

Suppose that Oy, Oy, Oy and Oy are the centers of circles in the above figure
and K be the intersection point of 004 and O20;. We know that point K
lies on perpendicular bisector of PE" and PF’, thus K is the circumecenter of
triangle PE'[. So we have to show that P, K and O" are collinear. On the
other hand, we know that the quadrilateral D'B'Y'Q’ is isosceles trapezoid. So
the point O" lies on perpendicular bisector of B'[)’. Similarly, the point O lies
on perpendicular bisector of A'C”, Therefore, the point O" is the intersection
of A'C" and B'D".
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Suppose that:
o“l(‘, M 010'1 = J‘I 3 A’(., M ()3()4 = 7'

B'DNOyOy,=N . BD'n0O0Oy =1L

Let points 7 and V' be on A'C" such that KU LA'C" and O"V LA'C". Also let
points i and S be on B'1) such that KRLB'D' and O"SLB'D'.

We know that O,0; and O30, are perpendicular to A'C. So 0,0, || O304
Similarly 0,04 || Q;04, therefore the quadrilateral O,0,050; is a parallelo-
gram. It means that the point K lies on the midpoint of the segments ;04
and 0,04, So UM = UT. Also we have A'M = PM and C'T = PT

= PV=AV-AP=(PM+PT')-2PM =PT - PM

= TV=PT-PV=PM = UP=UV

Similarly, we can show that RP? — RS, so point K lies on the perpendicular
bisector of PV and PS. It means that K is the citcumeenter of triangle PSV.

Therefore the points P, K and O" are collinear,
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5. Do there exist six points Xy, Xy, Y], Yo, Z), Z in the plane such that all of
the triangles X,Y;Z) are similar for 1 < 5.k < 2.

Proposed by Morteza Saghafian

Solution. (by Iya Bogdanov from Russia)
Suppose a triangle XY Z, in such a way that XY = 1, YZ = t?, ZX = t* and
LZ = LX +24Y.

Such a triangle exists, because for the mininmm possible value of ¢, we have
LZ > £ZX +22Y and for t = 1 we have £Z < £X + 2£Y. So there exists a
triangle with the above properties. Now consider the following 6 points, these
points have the properties of the problem.




29

So there exist the points Xy, X2,Y7.Y52, 7, Zy in the plane such that X;Y;Z
be the similar triangles for all of | < ¢, .k <2



