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OIIITUHCKO TAKMUUEIE, 3. debpyap 2001.
IIpeu pasapen - A kaTeropmja

Heka cy a; < as < - - < a, Aatu peansu 6pojesn. Hahu ese peanne 6pojepe
r 3a Koje Je uapas: |z —ay|+ e —as|+ -+ |r — a,| najmamn.

Halhiu cpe Tpojke mebycobno pasnuuurtux aexkajanmx uupapa a, b, c > 0 Tako

Aa pasnoMil %-E M T UMA]y WCTY BPEAHOCT.

Y rpanesy ABC D, 36up yraopa na ocnosumi A7 je 90°. HokaszaTtu ga je oy
KOJa ClIRJa CPeAHIITA OCHOBKUIA TOD TPae3a je/IHaKi HoJY pa3iiMii OCHOBHIA.

Y ovaememy je 30 yyvenmka, Cpakor gana Tpoje wmux umaly obDasesy je-
WMYPCTBa ¥ IDKOCKo) kvxuibM. loraszatn na umje moryhe Tako HanpaBuTH
]']a'-‘!.'[fFI[lE}E‘?jj, ﬂﬁ}l{_‘y’p[‘f"[]’jﬂ ﬂ.i-i. CHALKM ]_EEiI'.I }’HF‘,IIHHE. TAWIO jﬂ}[liﬂhl 5}"}1& E&ieﬂ“ﬂl Ha
AEAHY POTHY.

Ma m je moryhe, kopucrehn camo cnosa A u B, nanpasuti ckyn ca: 3 peun
on 110 4 cnopa, 10 peun ox o 5 cnosa, 30 peun oa o 6 cnopa u 5 peun ox
no 7 clioBa, ¥2 yoloB Ja ModeTak HM JelHe peudd M3 cKyIa He CMe W caM ja
Byae ped 13 cryna 7

Jpyru paspen — A kaTeropuja
Axo cv ca by, Iy w I, o3HAYeHe AVIKMHE TEMMIIHWX [NYKA KOJe OIIOBADPA)Y

: Lydlyfi,
cTpaHuuaMa a,b ¢ gator Tpoyria, M ako jo i = "‘Hi'f‘;dt‘h', AOKA3ATA Ja ce
NOBPIIMHA S OBO TPOYIAA MOME M3pauViaTh GopMyloM:

g = %\/’;{r — )ttt =),

2. Axo cy a, booo IPrdaHHLEe ThOVETa W § BeloR ]'EDJI}-'L‘J-E'I-HLL ADHAZATH II-I"‘L"|l'.‘..i'IH‘rlHD£"1'I

3.

| 1 1 1 1 1
G + 22(_4'__"-.)'

=1 s—h  s—0r

Hoxasaru aa je 1g9° —1g27° —1g63° +1g81° =41,



[}

. Hahwu ona peuiewa cMcTeMa jeHaumHA:

y+2=(3—z)*
(2 —y)ly+2) =9+ 4y
:['2+zz:d;r

KOja 3al0BoJbaBaly ycohos z > 0.
Hokasatn na je 2+ +/3 upaumonanan 6poj.

Tpehmn paspen — A kaTeropuja

. 3a kakpe peante Bpojese p CMCTEM jeHAYMHA:

2r —log.(1+4%)=p
—z 4 cosy=19-p?

HMa TAuyHO JelIHO pellerhe”

Hewa je z =c053§1+isinl’;—“ zak=01,....p=1, rae je p npoct 6po}. 3a

Ma KoJu npupojan 6poj n, M3pauyHatH zg + 2y + -+ 5.

IlaTa je ocnosa kylie Koja ce cacToju oa KBaapaTta cTpanuMue 8 M KpajapaTa
cTpanulle 4, Tako ja kyha MMma wecT cno/bHUX 3ua0Ba ayxuba 12, 8, B, 4, 4 n
4. On HMBOa oJIyKa, KPOB ce Hajl CBAKMM 3MI0M Y3/MKe 101 JeHAKUM YI'IOM
45°. Inepano ca Buio Koje Tauke KpoBa, KPOR ce COyIITa npema Hajbamwkem
3IUAY; KPOB ce JedM Y Taukama nobefHako yiaadenus oj suie 3unosa. Ha-
LUpTaTH NOBPII KPOBa, a 3aTHM M3payuyYHaTW 3anpeMuHy UCIIOL KpoBa.

lara cy asa xpyra k; ¥ ks KOJM ce DoAMpPY]y cnoska ¥ Tadkd A. Heka cy B
u (' npomeHsuBe Tauke Ha ky W ky Takee ga je ZBAC = nf2, u nexa je D

noanoxje yvinpasue uz A wa BC. Hahwu reomeTpujcko mecto Tauaka f).

HMipauyHaTH BpeiHOCT AeTEpPMMHAHTE peja n:

& g 0 ... 0
0 =z y 0
0 0 0 Y
y 0 0 T



o

YeTBpTH paspes — A KATETOpPHja

HokaszaTu jeanakoct:
n! = | n—gk (ﬂ.) f.’"‘_
Z{ s S

Ha kpysuuum je pacnopebheno nekoiauko peannux Gpojesa. Awo cy a, b e, d
geTHpK Bpoja Koja THM pPejloM ¢Toje jejaH 3a ApYrUM Ha KpyHRHMIM, ¥ Ko je
(a—d){b—c) > 0, no3sosmeno je 3amennty b u c. JlokasaTn aa, 10CIE HEKOJIHED
ropaka, Hehe 6uTi Moryhie M3BecTH HM jeOHY TAKBY 3aMeny.

Hahwu najmamu npuposan 6poj n takan aa ce 6po) 717710 ¥ ACKAAHOM 3alMCy
3aMMCY)e caMo jedUHHIAMA.

Hera je p noauHoM ca ledobpojHuM koeduinujenTtuMa takas jaa je p(d) = —8,
p(7) = =2 n p(12) = 13. JlokaszaTu Aa OH He MOME HMATH UeloBpojHUX Hy#a,

Heka cy vy, ra, ..., rm panmonanm Spojenu ua wnrepnana (0, 1) umjn je 36up
1. 3a csaku npupoaau Gpoj n neka je f(n) = n— 3 [men]. Onpenntn
Hajpehly W HajMamy BpeJocT kojy Moske yaeTd f(n) 3a npupoaHe Gpojese n.

IMpsu paspen - b kaTeropmja

Konmko mava npupoaguux Bpojesa mamux o 1000 koju nuey aesemnsn nm ca 2
(]

oM ocad umoca b "
Jloxazaty ja je;maumna r°— 10y" — 22— 10y—2 = 0 mema 1egobpo) IMx pemiciba.

¥ pasmm je gato 1T mpasux. oa kojux je § smebycobno napaxenno, a o
ocTamux 11 nmkoje aBe wuey tapadesie, HWTH cy napajejiue ca uppumx B
npapux. OapeauTn Gpo] TPOYCAORA YMje CTPAHUIE JICHE Ha JATHM NpaBaMa.

. Howasaru na 6poj V5 + V3 — V8 nuje paimonana.

Konuko uMma npecausasama Fous ckyina A = {abedoe, [} vy coyn B =
{1,2,3,4,5,6} ca ocoBunama: Fla) > 4, F(c) <4 u Fle) =4 7 Koauko je
mebhy muma 1-1 npecourasama”
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Adpyrn pazpen B kareropmja

. Mpasa p je 3ajesHMyka CNOJB/HA TAHreHTa Kpyroba k; v ks KOju ce cnotea

Aoaupyjy. Kpyr k& cnoma moaupyje ofa Ta kpyra v npaey n. Ao cy rp, T2
W r NOAYNpeYHUIH Kpyrona ky, ke 1 k pejgoM, A0KA3aTH jeAHAKOCT:

1 1
= —_— 4 —.

1
VT L /T2
Peunry vejejuadmHy:

b+ 2— 3+ 1|
2V 42— 4 1

=1,

Crpanuie npapoyraouuka ABCD wanoce: AB = 12, B = 10. Tauxa A
cnojeHa je ca cpeanmTes F eTpammile BC o va radke [ nosydeHa je HOpMaJla
DM wa nyx AE (M je noanoswje Hopmadne). MapauyHaTi aysuiy ay+u DM,

’ : : i : B s
AKO cy ) W 7 peHICHhAa KBAOPATHE jeaHaAYMHHC ©r° 4 pr — 5 = 0, rae je p# 0

peanan 6poj, AOKA3ATH a4 Baku: T + T3 > 2+ V2.

Heka je z komnnexcan 6po) pazamunt o 1 u -1. Jilokazatu na je 6poj f‘l‘:‘
YMCTO UMATMHAPAH ako M caMo ako je [z| = 1.

Tpehu paspen — B kaTeropuja

. Peumtn nejeanauuny:

ok - 1 !

2 ]

sin“xy + -+ sin®x e ety SR e < 2000.
A s sIn° &y sin”® Tiooo

¥ zapybiaeny wyvioy je moryhe ymucaru chepy. IlpuTom je moayrnpeuHMk
onvcane chepe oko sapybiaene kyne 30 nyra sehin oa noaynpevyHura ymu-
cane cpepe. Oape/MTH yrao KOJHU 3akjana U3BOAHUIIA KYTIE ca PABHM OCHOBE.

Nokasarn aa je cos24° + cos48° — cos B4° — cos 12° = 4.

Heka je ag nponzsomal neo 6poj u anyy = 4+ apay .. .a, (n > 0). Jlokaszatn
aa cy cBM Bpojesu a, (n > 2) noTnyHM KBaIpaTH.



T

Ha texumuoj aysm AA; tpoyrna ABC nahim Tauky M Tako ma 36up AM? 4
BM? 4+ CM? Byse munumanan.

YersptHu paszpen — B kateropuja

. lara je pyHxkumja f: R — K ca:

2 —4z4+6, =<2
HI]_{ —a + 4, x> 2

JlokasaTu Ia MOCTOjU HeHA MHBEP3HA GYHKUMjA M WipadyHaTH [~ (z).
Hoxasatu ga je tg 10° upaunonanan 6poj.

Y uusy: ay = 2, az = 3, az = 6, ag = 11... paanuke ysactonuux bBpojesa
YMHE apMTMeTHUYKY NporpecH)y. MapauyHaTH azoo-

Har je koman nanmupa KBaJpaTHor obJjiMKa, cTpanuie n. Konuko je HajMame
caRujama (HapajellHo cTpaHuiamMa koMaja) norpefuo aa 6u ce 106M0 KoMal

KBajgparTHor ofaMka, crparuue 1 7

IokaszaTh aa je npetnocaeima uMdpa Gpoja 37 y AekajiHoM 3anMcy napHa (n
Je npuponan Gpoj).

OKPYKHO TAKMUUEILE, 24. doGpyap 2001,

Mpeu pazpen - A xkateropuja

. Hahw cpe Tpojke (z,y, z) npuponnux Gpojesa, 3a KOJC BakH:

yz +xy+xz+yz +x+y+z=2000.

Qupenvri cee npupoaHe Bpojcee n 3a Koje je: 4" 4+ 7" 4 11" = 6" 4 8" + 9%,

Y pabum cy narn jennakocTpasnunu rpoyriaoeu ARC w PQR, rako aa ce
rauka H Hamasm yvHyTap Jysan AB, a tauka ' ynyrap aysu PQ, upwn wemy
ce Tadke A u P wanase ca mcre crpade npane C'H. [flokasaru aga cy npane
AP n BQ napanenne.



. Taurke A, B,C, D, E nanaze ce Ha MCTOM Kpyry, Tako aa cy A u [) ca pa-
INMUMTHX cTpaHa npase BC, a B u F ca pasnmuutix crpana Cf). Axo je

ZABC = ZBCD = LCDE = 45°, nokasatu aa je AB* + CD? = BC* + DE*.

. Yerupu TemeHa nartor npapMiHoOr cocmoyria Tpeba ofojuTH nzasoMm, a npe-
ocTaja YeTHpH upeedoM BojoM. Iea Gojema cMATPAMO EKBUBAJCHTHUM AKO
NOCTOJM POTAlM]a PABHM TOI OCMOYIJIA KOja CBAKO BEroBO TeMe NpPeBoiu v
Teme ofojeno ueToM Bojom. Konuko mMa HeekpuBallcHTHUX Dojema’”

Ipyru paspen — A kateropmja

- Ako cy z, y ¥ z peannu DpojeBd, TAKBM Ja je sinr +siny +sinz > 2, odaa je
cos @ + cosy + cosz < /. Jokasatu,

. Hahu cre peanne Bpojene a, 3a koje nocToje pealinm Bpojesn T M y Tako Ia
HAMM: ]
z? + 2zy — Ty > —ﬂ, 3z + 10zxy — 5y° < -2,
—a+l =
. Pemwuty pejeamaumy:
{EUUII}]-?UMI + {EUUI‘JIJI—EMIIH S [EUUIEUD]:}l—EU{II?"n" 2 2001

¥ CKYNY HEHEraTHMBHWMX peannumx Gpojena,

. Y paBHM cy AATH jefHAKO OpHjeHTHcaHu kpanpaty Ay B C1D; v AxBaCh Dy,
Ilokasaty na cy cpeamwrra nysxum Ay Aa, B1Bs, 105, DD, Temena kpaapara.

. Purypy y paBHM, KOJY YMHH HM3 OJ] UeTHMPM PA3NWMYMTA KBAAPATA CTPAHMIIE
1, Tako aa y3acTONMHM KBAOPaTH ¥ HHU3Y MMAa]y 3ajelHHYKY CTPAHWIY, & OHH
KOJM HMCY V3aCcTOMHW Cy JAMC]YHKTHM WM MMa]y 3ajejlHHuko Teme, 3pahemo
"amujuya”. Kpagpatua Tabna 4 x 4 npexpuBena je ca YeTMpu " aMujune” :
HPREHOM, *YTOM, IUIAROM M 3elleHoM, koje ce He npeksana)y. J[lokasatu na
noctoju Gap jeaHa BpcTa, KOJOHA UAM AMjaroHana KBaapathe Tabjie, ynja cy
nosa obojena ca yeTupu pasnuuumre Goje.

Tpehn paspen — A kareropuja
. Axo je 1 < ¥ < y < z, noKa3aTH aa je

log, (log, y) + log, (log, z) + log, (log, ) > 0.



=

Hus (z,) peanuux Bpojesa, 3amaT je ca:

1 i
1=a8>0 Tx=0>10 znzmzan}}].
Tn-z N

WapauyHatu za00; ¥ PyHEUMIM o a u b,

ara je pasan a, v tauke A u B saH wme, Koje ce Hanale ca MCTe cTpaHe
Te papu. [locmaTpajmo kpysuule Koje caapske Tauke A u B w monupyjy o.
OnapeauT reoMeTprjcKo MECTo A0AMPHHY TAMAKA CBUX TAKDMX KPYHHUILA ca
paBHU .

. Y paBum cy gartu npasoyraoumun ABCD w CEFG, AB = CE, BC = EF,

D—-C—FE, B-(C-=(@, ca ncrakaytum aujaronanava AC u (. [lospomeno

je npapoyraoink ABC D npecamkaty cHMMeTpUYNO ¥ OAHOCY HA HEKY O] He-

IOBMX CTPAHMILA, Ha TAKo A0BMjend NpanoyraoHMy HIPUMEHUTH MCTY Onepanm-

Iy, wra. Ja am je, npuMeHoM HeKoIMKO TAKBUX lpechMikasama, moryhe Taj

IIPaBOYraoHUK JORECTH A0 Nokaanaina ca O FEFG Tako Jla UM ce M MCTaAKHyTe
adjaropane noxnone?

Hera je S = {r!+ri+- +rie | rira,....75 € Z}. JlokazaTu aa je ckyn N\ S
BeckoHAYAH.

YerepTH paspen A KaTeropHja
Aro je 1 < » < y < z, JIOKa3aTH Za je
log, (log, ¥) + log,(log, z) + log, (log, =} > 0.

dokazarm ga je moryhe wahu 10000 aecetoumdpennx npupoannx Gpojepa,
AEBUBKMX ca 7, TAKO da ce CBaka JiBa MOr'y JOGMTH jejiaH ol Apyror 3amMeHoM
MecTa ludapa.

HNara je pasan &, 1 Tauke A u B san me, Koje ce naaas’e ca MOTe CTPpaHe
Te pabHd. IlocMmarpajmo Kpy:EHULE Koje cagapske Tauke A v B u qoampy)y .
OapeayuTy reoMeTpHCKO MECTO AOAMPHUMX TAYaKa CHMX TAKBUX KpYsuWla ca

PABHM .

Keaapar crpanuile | uMapesan je wa k npasoyronwka. J[okasatu na 36up
JAyruua kpahux crTpaswna TMX IpaBsoyraouMka HMje Maibi oa 1.
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(]

Heka je S = {ri+r3+---+7r)5 | r1,7r4,...,mi5 € Z}. Jlokazatu aa je ckyn M\ S
DecKOHAYAH.

IMpeu paspen - B kareropuja

. Hahu cee napose (z, y) ueanx 6pojena, 3a koje sawu: (z+y+2)? = 3(zy+1).

Har je jennakokparw tpanes ABCD, AB || CD. Axo je E npecek merosux
avjaronana, a (J uenrap Kpyra onucador oko Tpanesa ABCD, nokasatv aa
Tauka I npunama kpyry onmcanom oko rtpoyraa AQD.

Ako cy a, r. y peannun Gpojesn, Takeu na je 2ar + 3y # 0w y > 1, noxkasaTu
Na HamW:

20°2* 4 azy — 3y’  dazy+ 3y —ax—y 1 —Gy+ 9y’
T4z + 3y I —3% By — 1

>0

Hat je jeanawokpaku Tpoyrao ABC, koMme je yvAyTpammu yrao y temeny A
tyn. Hera je [) Tauka Ha merobo] ocHoBMUM, Takpa ga je ZBAD =00° u K
rauka Ha crpanumm AC rakea ma pawu AR = AD. Mapauywatu yrao EDC.

YeTupu TeMena gaTor NpabMaHor ocMoyriaa Tpeba ofojury nnaBoM, a npe-
ocTaja YeTupu LpeBeHoM BojoMm. [lpa Gojema cMmaTpaMo EKBMBANEHTHUM aKo
NOCTOJH POTAUM]a PaBHM TOI OCMOYIia KOJa cBako REerOBO TeMe NPeBoau ¥
Teme obojeHo uctom Bojom. Konwko uma HeekBMBalcHTHUX Bojema”?

Hpyru paspen - B kareropuja

. Hahn cpe napose (z,y) uenux Gpojepa, 3a koje pamu: z° — 3y° = 2,

Heka je D OMCKpMMMHAHTA KBAAPATHOP TPUHOMA az° + br + ¢ ¢a UeJUM KO-
edunmjentima a, b u ¢. fla nu D mome na 6yne jeaHaro:

a) 2001;  6) 2002; ) 2003 7

. Iat je npasoyraouwk ABCD, koa wora je AB = 6cmn, a BC = 3Jem. Tauka

E nHanasu ce vHa crpanmun AB, BE = 2em, a Ttauka F wa crpanmum BC,
BF = lem. Y neroyrao AEFCD Ttpeba ynucatu npasBoyracHuk Hajpehe
moryhie noepumbe. Konuka je Ta noepumHa?

Y paBumM cy maTu jeiHako opujeHTucanm kBanpatu A ByC1Dy n AxBoCyDs.
Ioxazatu na cy cpeamwra ayxu A Az, By B, C1Cy, Dy Dy Temena kpanpata.
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Haru cy Tpoyraoen ABC w Ay B1C) Ttarsu na je ZOAB = L0, 4, 8, u ZABCH+
. BO AC
LA 8,C = 180°. Jloka: aje = :
1810 OKAIATH Ja |t HI{.'l .’1](.!.

Tpehu paspen - b kateropuja

AKo ¢y £, y M 2 peajtid BpojenM, TAKBM Aa o sina +siny +sinz > 2, olda je
cose+cosy+cosz < ﬁ HNaknsaTia.

Hexa cy a, b, ¢, {FH(‘THPH JEAMHMYTA ROKTOPA 30 KOJC BAKK. 0 + b+&+d=0.
Hapauvuaty speadoceT mapasza: d-b+a- v+ d-d+b-F4b-d4+¢-d

. Ha erpammuama AR, AC', B jeanakocrpanwunor tpoyraa ABC aare oy

penom Ttayke 'y, By, Ay takse aa je AC, = BA = OB, = AB/3. ¥ rom
OAHOCY CTOje moppiudne Tpoyraa AHMC uw rpoyraa koju rpase npase A,
BBy, CCy, ?

. ¥ cryny peanuux Gpojena. pemwTe JeHasHny

: T ) (x — 1)08(loRate=117"=7 - (I 1 J) -

2\ -1 r+1 1
Heka jo 5 = {ri+r8 4+ - +of; | v, 00, . o5 € 2}, Jlokasatn aa je exyn T\ S
BECHOHAYAH.

Yerepru paspen -~ B kateropmuja

Ako cy a, b, ¢ pemema jeanaunie @' —r4+1 = 0, pspauynarTi ppegHorT uapasa
a® + b8 + %

Pemmsryt cueres joadHaSHHa;

z'y+y+ay +2 =182y
w2y + 7 + 2y 4 2% = 208270

Oxo kyne BucHHe h U NOAYIPEUHMKL OCHOBE I, ONUCY]Y €0 KyIe ca HeHTpuMa
OCHOBE Y BpxXy datre kyne. Qupeadrd Bucuiy one oj THX ONMCanux Kylia Koja
MMa HA]Malky 3alpeMuiy.
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. Maru cy ckynoen A = {: € C ||z 4+ 1| =|z—14]}, B={:€C||z-5| = 2}.

OQuapeanwtn MUIKMMYM M3pasa |z — 22|, kana z; € A, 22 € B.
. Heka je S = {ri+r3+ - +ris | ri.re,..., 75 € £}. [okasatu aa je ckyn M\ S
DecKoHavaH,

PEIIY BJINMYKO TAKMMWYEILE, 24. mapT 2001.

IMpou pazpen - A gateropuja

. Jla nwm ce npBUX cTo npupolHux BpojeBa MOTY NOACIAWTH ¥ TPH Cpylie, Tako

aa je 36Mp Gpojesa npee Aeaus ca 102, 36up Gpojesa apyre acsaus ca 203,
v 3BMp Bpojesa Tpelie Aemus ca 3047

HNart je omrpoyrau Tpoyrao AB('. Heraje BN, K € AU, cumerpana meronor
yHyTpammer yraa y temeny B, D sucuna, N € CD tauka taksa ga je
KN 1 BC uw{M}=BKnNCD. Aro je P upeceysa Tauxa Kpyra OINMCaHOT
oko Tpoyraa BAN u npase A, P # B, nokaszatu aa je PK = PM.

. Hera cy a, b, ¢ noawrunun Gpojenn, taksm aa je a > ¢ 1 b > ¢. Jokazamu:

viela—=e)+ elb—e) < Vab.

. Jlar je kpyr k noaynpeunuxa 3lmm u manosmmsena auauja £ gysxune Glmm

k0jo) ce obe Kpajibe Tauke Hajiaze na ToM kpyry. JokazaTe ia mocToju 1paBa
P KOJA caapiku HeHTap kpyra k, Takpa ga ce cBe Tavke MazoMmisene iunuje £
HANAZC CA MCTe CTpaHe lpabe p.

dar je ckyn A oa 2000 ravara v paBHM, Tako aa Meby mHMa He noctoje TpU

koiuHeapie. JlokazaTu aa ce ope Tadke Mory cnojuru ca 1000 nnasux, 1000
upseHux 1 1000 wy Tvx Ay:HEH, TAKD 1A BaEH:

(1) cpaka Tayka ckyna A cnojeHa je ca Tavno 3 apyre ckyma A;

(2) u3 ceake tauke ckyna .4 nonasze JQymH TPH pasiauuuTe Boje;

{3) aymm paznuumuTux Boja Hema]y 3aje/HMYKAX YHY TPallibMX TAYaka.

Ipyru pazpen — A kateropuja

. Oapeaury cKyn CBHMX pPCajlHAX BPEIHOCTH NAPAMeTpa a 3a KOje HejcAHaYMHa

x* —ala + l]lr+n3£ﬂ
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MMa TaYHO MeT uejaobpojHUX pellemha.

Hahu nsa ceamoundperna Bpoja, TakBa Aa CY WMXOB 30Mp, HMXOBA paiiuKa
¥ 30Mp umMdapa jeaHor o mMX, hakTopujenn Hekux Dpojesa.

CBaka IM)aroHala KOHBEKCHOD' IeTOYIa OJCella TPOYrao JeIMHHYHE NOBpPIIH-
He. MapauyHaTi MOBpUWIMHY TOr NMeTOYTIA.

Ha noaykpyry nonynpedddka 1| ca npeunuxom AD, mate cy tauxke B un C.
Ilokaszatn aa Basm: AB*+ BC* 4+ CD* 4+ AB-BC-CD=4.

Ila am ce Gpojesn 1, 2, ... 2001 mory nopehatu no kpyry Tako ga pa3iMka
cBaka ABa cyceiHa Bpoja npunasa watepsaay [(500,999] 7

Tpehn paspen - A karcropuja
Y ocuynoy peanHuy Dpojesa PellMTH, CUCTeM jedHAYMHA:
=927 272 - 27 =0
27— 9y* + 2Ty =27 =0
r =927 4 272 — 27 =0

Axo cy a, b v ¢ aywmbe cTpanvua. F? noppuimia ¥ s noinyobuM HeKOr Tpoyria,
JIOKA3ATH jla BarkK HEJeIHAKOCT:

3.].(']5 r l:ﬂ.ﬂ'lﬂl ¥ b‘!ﬂl’ll] + {,!DUI} 2 Qiﬂﬂl . F1ﬂ{lﬂ i

HNoxazaTH ia je MepHM Bpo) NoBPIIMHE HOPMATHE IIPOJEKIM]e JEMHWYHE KOlKE
Ha TTPOM3BOJEHY paRaH & je/JHAK MCPHOM Bpojy AVHWHC HOPMAJIHE NPOjeruu)e
KOLIKE Ha NpPAaBY 17 HOPMAaJiHY Ha a.

Ha rabau je nanucan npuposan bpoj a. [flozssoseno je nogaTtu tom Dpojy
HEKM IEFOH Aeiniiall pasivuuT oa Tor 6poja u jeamunne, Ha nobujenn &poj
A03BOJBEHO Je IPUMMEeHUTH UoTy npoucaypy, wed. Qapeanin cne Bpojese koju
ce Ha Ta] HauMH Mory jgobutu nonazehu on Gpoja o = 4.

Hahu cse pyuxumje f: Q) = § rasse aa je 2f(z) = flr —y) + f(z +y), 3a cne
o ye Q.
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YerepTH paspen — A kateropmja

Fonuko uma dyurimja f [ — Y Ttakeux aa 3a cuakon € 4 pakn f(n) > 1 u

fln+3)f(n+2) = f(n+1)+ f(n) +36 7

Aro cy a, b u e ayvauHe crpannna, P noppluimiaa B £ 1oayobUM HEKOD TPOYT A,
JOHAZATH 14 BaAW HEje JHAKoCT:

HEELZ' ) {“'_‘I:-L"l e b'.illl"']i g {,r:."lllll} 2 QEIIIH 3 Pll!”'li:' g

dokazaTi fa Jo MepHy Gpa)] NOBPIIMHC HOPMAJIHE NPOJEKIM]C JeamiMgHe KOllke
Ha [IPOWM3IBORHY pPaBaH a JCOHAK MepHOM Bpojy AVAHHE HOPMaIHEe [Ipojexrimnje
KOLKC HA [IpaBy 1 HOPMaJily Ha .

Y uyTHM ce Hanaze 4 kyrauue uyvepucane Spojesuma 1,2 3.4, lpa urpaua
UIPA)Y WIPY ¥ KOJO] HAMAMeHWUo Dupa)y ca upaliameM jejany Kyrimuy ui
kyTuje. Wabopwu cy mebycobine HezasmcimM, 4 cBaka KYTAMITA MMA BCPOBA-

'E'"Qll:ﬁr _.I.. Jla ‘EII}'-,I[I" H.;EI.E].JH.HH. :‘r‘ CHaKOM HD[]HKF. H]'llﬂ (o = ."]ﬂﬂl'.l“ii’l]'iﬂ :_I." TPCHYTEY
kajda je 3BUp cruX o raga maabpanux Bpojena acaun ca 3, nobegom urpada
KOJM je nociemmsn Gupao kyrauny. Quapemwrn sepopatHohy norabaja na ce
urpa sappti nobolonM Urpadn KojM jo IpBM GHP20 KYVUIMIY.

Hatu cy peanmm Bpojesu © u v, |r| < Hwus (s, ) 3anarT je ca:

i

1 . n—12
8| = 5 8 =t e teos(2t T ia)y n > L

/lokasaTy 1a CY CBM YIAAHOBM TOT HM3a HENEraTUBHMW.
psu paspen - B sateropuja

Ako je
|’:+r' @
r= - —- = —
& Y .-1-+

¥

[ a+EJ
"TT b T a

(abe £ 0)

I

JAOKA3ATH JIa BpeHOCT u3pasa »° + y° + z* — xyz He 3anucu on a, b e

Kpyr ynucau y Tpoyrac ABC monupyje crpanune B0 w B A peaom v Tauxkama
M u N. Awo je K npeceuna rauka cumetpane yria BAC ca npasom MN,
napauyHaTt yrao AKNC.
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Homahuna je HanpasMia TopTY okpyrior obivKa, ajlM He 3HA TAYHO KOIMKO
he nmaTte rocTH)y — Tpoje win dYeTsopo. Kojn je nHajMamu Bpo) MpagomMHM]-
CKMX pe3oBa TOpTe Koje oHa Tpeba na nmanpasu npe Hero mto aohy roctH,
TAKO A ¥ CBAKOM Cly4ajy, Des JonyHCKUX peioBa, CHAKW rocT Jobuje jeaHaky
KONMYMHY TOopTe?

ITpouzson npupoouux Gpojera ¢ 1 y je Tpoumbpen Bpo) ca jeaHakuM 1Mdpa-
Ma, a ILMX0B 30up je apoumdpen, takobe ca jeadakuv mdppama. Hahwu cee
Takpe Dpojese T 1 Y-

IlaT je ckyn A on 2000 Tavarka y pasuu. Tako Aa Meby BHMa He HOCTOje TpPH
konuHeapHe. lokaszaTu na ce oBe Tauke Mory cnojuru ca 1000 nananmnx, 1000
upseHUX W 1000 sMyTUX OYKH, TAKO 14 BAKM:

(1) cBaka Tauka ckyna .4 cnojeia je ca tauso 3 apyre ckyna A;

(2) m3 ceake Tayke ckyna A momasc my:xu Tpn pazmmuuTe Goje;

(3) myxm pasnmuuTux Boja HeMAa]y 3AjCOHMYKMX YHYTDALUTHRWUX TAYAKA,

Jpyrmn paspen — b kareropmja
QapeanuTi CKyl CBMX PEaiHMX BPEeJHOCTH llapaMeTpa d 3a Koje HejeaHaumiia
2?* —ala+ )z +a® <0
UMa TAYHO TCT UCAODPOJHUY pellieha.
Y papuw cy naté kpyroeum ky u ki ca uentpuma Oy v Oy, [lonynpase Oa u

O1h noampyjy kpyr ks w cexy ky y taukama A v B, a nonynpase Oye u Oud
AoamMpy]y k1 M cery kg y taukama C m . Ilokazamu ga je AB =C1.

. Hexa cy a, b, ¢ nosurusHM GpojeeM, Taken da je a > c u b > c. JlokasaTi:

cla —¢) + /elb — ) < Vab.
'D, PE,}IHTH CBC BpPedHOCTH DPCATHOLD Tl piiMﬁ“l‘}]"rL 4 TAaHO Ha j(:.FI.IiE'l‘-II-THE'I
4 — (a+ 32 +4a—4=0

HMa TadTin _iEﬂH{} PEaJHO BETTTCIRC,
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5. lla am je 6poj

1 1 1 1

i % g
V14 1v2  3V242v3  4/3+3/4 9v/8 + 8/

pauMoHaiad uian upauuoranan” OQarosop obpaszaoHUTH.

Tpehu pazpen - B xareropuja

1. [lokazaTu aa je:
(z+y)l —zy) _1
(1 4+ 22)(1 + %) — 2

1
izt
2-—-

3a CHe pealHe Dpojese T U .

2, Crtpanuuie Tpoyria cy TpM y3acTolHa Npupoada Opoja, a jellad o4 yrJoBa
Tpoyraa je apa nyta Behw oa jeanor oa mpeoctasa asa yraa. Oapeawtn
LY AHHEe CTPaHHLA TOD Tpoyria,

3. Horasatm aa je Mepuu 6po) NOBPIIMHE HOPMAJIHE MPOjeKiM]e (e AMHHYHE KOLKe
Ha [POMIBOLHY PaBal a jejJHak MepHoM Bpojy Ay»MHe HOPMAaJHe Ipojexiu)e
KOLIKE Ha MpaBy n HOPMAJHY HA .

4. Axo cy a,b,c AysuHe cTpaHMlla TPOYria, JOKA3ATH [a J€ TPUHOM

az* +(b—c—a)z+c

NO3UTUBAH 3a CBe pealiHe DpojeBe .

5. Heka cy a,b, c Mmehy cobom pazanunTh peannn Bpojesn, pasiiMuMTH 01 HYIE.
JokasaTu na je BpeOHOCT NeTEPMMHAHTE

a b

h e a
a b c
ab b rca

pPA3INHYHTA OO HYJE.
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. Jlara je peanna pyurumja f(z) =

17
Yerspru paspen - B kareropuja

Y cryny peanuux DpojeBa, pellMTH CHUCTEM jedHAYMHA:

I
4= =
d 7
; g 4l
z? + yz 4z =—
4
Bpoo® B o :I
:r'_l,r"z + rfzz + .xzy:"’ = —5_
flaT je npuponad Bpoj a W ApUTMeTHMYKH HU3 a, Ja, Ha, Ta ... “YnaHoBu Tor

HM3a rpynucanu cy Ha cneiehn HaumH: UpBY TPYNY 4YMie NPBUX @ 4iIaHO-
Ba Hu3a, apyry ciaenehwux 2a unanosa, Tpehy cneaehux 3o wnamopa, M1
JokazaTn ga je 30Mp elleMaHaTa ¥ CBaKo] rpynm jeanak kyOy Gpoja ciacume-
HaTa Te Ipyne.

Hokazatu aa je MepHd Gpo) NOBPIUIMHE HOPMAJHC HPOJeKInje JeMHUYHE Kollke
Ha MIPOM3BOJBHY PABAH a JCAHAK MEpHOM DPOojy JVAUNS HOPMAJHE [IPOjekim]e
KOLKE HA LPaBy N HOPMAaNHY Ha a.

. Jlara je dyurmmja f : N — M| rakea ma je f(f(m) + f(n)) = [(f{m)) + f(n),

3a cre npuponde Gpojese m U n. Axo je f(1) =29 u f(29) = 58, mapauynaTtu
f(2001).

ar + b

,rae ey a b o d natu peanum BpojeBm,

ad—be # 0. /lokazaTty Aa je oBa GYHKIMjA JeAHAKA CBOJO] MHBEPAHO) §YHKIIM]H
AKO WM caMo ako BawM a +d = 0.
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1.1.

L3

1.4,

1.5,

PEINMEH:A S3AITATARA CA OINIITHUHCROT TAKMWUYER A
Ilpou paspen - A kareropmja

HocMmarpajmo murepsan (o, d;4q1) 3a cako i € {0,1,...,n} (y3 o3nake: ag =
—o0, Gpy1 = +00. Ha ToM maTepsany je speasoct uipasa |r —ay| + |¢ —aa| +
‘4 | —an| jennaka (z —a)) 4+ (r—ay) + (i — )+ o+ (e —x) =
(i={(n—i))z+a=(2{i —n)r+a, raec je a uekn peasan Bpaj (He 3arucH o
r) koju ce gobuja cpebhupamem napaza. Mera popMyna BasM M ¥ KpajihuMm
TAuKaMa MHTepRaia, ako cy konaunie, (Ctora, ako je 2i < n, BpeIHOCT M3pa3a
onaja Ha JaTOM MHTepBaly, ako je 2i = n oHA je KOHCTANTHA M ako je 2i > n
BpeadocT pacre. [peu cayvay: n wenapuo. Hapas uajmamy BpeaHoct ysuwma
Yy TAYKM T = @Gu41)/2, Oyayhn ga werop spejnocT onaza ao T, a 3aTuM
pacre. Jpyeu cayvai: n napio. Mspas he najmamy speanocT y3eTu y Ma Kojoj
TAYKM MHTEPBala (4, 0, 0n/041], JOP je HA TOM MHTEpPBaAY BPEejHOCT W3pa3a
KOHCTAHTHA, HA IPeTXOJHAM MHTepBAMMa ollaja, a Ha caeaehum pacte.

. (] ¥
JlaTy jeaHakocT TpaHChOpMUIIEMO V %ﬁ = 2, 7). ¥ 9afc = b) = bla — ¢).

Nakne, bla—c) je aemupo ca 9. OBaupom aa je 0 < la—¢| < 8, 1o b Mopa BuTH
AenuBo ca 3. 3a crary moryhy speadoct b umamo oarosapajvhy jemtauuny
no ¢ ¥ ¢. Pasmarpamem cayuajesa b = 3, b= 6 n b = 9, nobujamo ana cy
pemea: (a,b, e} € {(1,6,4),(2,6,5),(1,9,5),(4,9,8)}.

Heka je (O npecek npasuy kKoje cajpse Kpake rTparnesa M koje cy smebycob-
no ynpasne. Tawkobe, neka cy M w N cpegumra ocHosuua AR, ogHochHo
CD. Kaxo je ZAOM = £LOAB = £0DC = £LDON, 1o cy Tauke O, M u N
konuneapue. Crora je MN = OM —ON = AB/2 - CDJ2 = (AB - CD)/2.

Onabepumo ma wor yucuuka. OQa ocranux 29 yucHuka, ogabpann yuennk Gu
ca cHakuM Tpebado ja je JelHOM HA JeKY PeTiY, [P YeMy O YBCK JIcHypa ca
Mo JIBa YHeHWEKDS W UM Jejlal o4 Ta asa ydenuka nehe Gurw na apa jexyporsa.,
Hakne, 29 yuyenuka 6w rpefano pazburi na NAPORC YHEHMKAE KOJW desypa)y
3ajeaHo ca oaabpauusM ydeHWMKoMm, wmo je Hemoryhe.

[lpeTnocrapuMo ga je TakaB u3bop peun moryhi. Ceaky o peyu ca Mame o
T cnopa npoaywxuhemo na ese moryvhe paunie 1o peun o 7 cnona (oa peun
ca 4 ciaoBa Tako JobujaMo 1o HOBUX 8 peyd, 0 pedd ca d ciona - 1o 4, on
peud ca 6 - no ase peun). Cee oBe peun cy Mebhycobno pasmuumre. Crora
Bu yEynHo Tpebano ga nocroju Bap 3-8+ 10-4+30-2+5 = 129 cenmocnosinx
peusn, WTo je HeMoryhe jep peun oa cenam crnosa A, b uma yxymio 128,
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'

2.4

2.9,

19

lpyru paspen — A kaTteropuja

Heka cy AAy, BB, CCy Texxumne ay»xu tpoyrna ABC, T tewuwre u S cpe-
anmre ayxu BT. [Moppmmua tpoyraa TSCy je nonosuna NoOBpUIMHE TPOYTIa
TBC,, wecrtnna noppwmie tpoyraa C'BC), T). ABaHaecTHHA NMOBPIIMHE Le-
nor Tpoyrina ABC. Crpanune tpoyrna T'SCy cy: TS = 4,/3,TC; = {./3 w
SC, = TA/2 (cpeawa nuuuja y tpoyray ABT) = ta/3. Ioayobum my je,
aakne, (ta/3 + /3 +t./3)/2 =t/3. Crora, meroea nospmuna no XepoHOBOM
obpacity maHocH £/t{t —t,)(t — tp)(t —t.). Mospumua uenor Tpoyrna ABC
Je 12 nyra seha, wro je M Tpebano goxkazaTH.

[loznaTta je HejegHaKoCT: % + 5 > riy KOja BaKM 3a MO3MTHBHE T M Y. AKO ce

npuMeHHn, pejioM, Ha napoke (s—a,s—b), (s—b,s—¢), (s —¢,5—a), nobuja ce:
1 1 & 1 4 _1 1 4

e g - 2 i e e ar 7=s T 3=a > ¢, oflakie, cabupamem U Je/berhem

ca 2, goBmjaMo TpameHY HejelHaKoCT.

2 % % oy _  sin90° sin 90°
WO+ AL (b 2T = cos9° cos 81°  cos 27° cos 63°
cos 27° cos63° —cos 9% cos 81° _2cos27° cos 63° — 2cos 0° cos B1°

cos9° cos81° cos27% cos 63° 2cos9° cos 81° - 2 cos 27° cos 63°
o 090" 4+ cos 36° — cosB0° — cos T2 cos36° — cos 727
" T (cos 90° + cos 72°){cos 90° + cos 36°) cos 36° cos 720
% 2 sin 54° sin 18° _ 4
sin 24° sin 18° '

Tpeha jeanaunna ce mowe sanucatm y obamky: (r — 2)* + 2% = 4, onakne
ce v3 ycnos z > 0 gobuja 0 < z < 2. Axo je y = =1, gpyra jeaHauuHa
HEMa pCll€kha, a ¥ cyNpoTHoM ce qobuja aa je z = %%ﬁ Hakne, 3a ceako
pemewe cUceTeMa je uenymedo: () < .{;%ﬁ < 2. Jeaune BpeaHocTH y 3a
KOJ€ |& 0Ba] CHCTCM HejeJHAUMHA 3al0BO/eH cy ¥ = —3 u y = —1. 3arum,
3AMCHOM ¥ V TIOJIa3id cucreM jobujasmo Jenuno peweme: (x,y,z) = (2.—1,2),
Jep ¥y = =3 He 3aa0BOhABA [IPRY jCAHAMMHY CHMCTEMA.

Heka je ¢ = ¥2 4+ /3. Onma je (g —v3)° = 2, 1j. V3 = iﬁ;_{;—" Axo
6u q Guo paumonanan Gpoj, Taaa B6u M V3 6uo pauMoHagad 6poj, wWro je
KOHTPaIUKIM)a.
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3.2,

3.3.

3.4.

Tpehwn paapen — A kareropmja

JacHo je na, ako je (z,y) peweme cuctema, u (&, —y) je pememe. Crora, na
61 pemewe Buno jemunctieHo, mopa Bur y = 0. Ouna ce cucTeM cBOIM
Ha: 2r = p, —xr + 1 = 19 — p*, 3a koju, aAa 6M MMao pemema, Mopa BHUTH
2p* —18) = p, T). p= —4 wm p = 9/2. Tposepom ce yrBphyje na 3a ose
BPEAHOCTH CMCTEM 3aMCTa UMA JEAMHCTHEHO PEIleke,

Hera je z = z; = cos(2n/p) + tsin(27/p). Youumo na cy ceu ocranu Gpojesm
zp cTenenw opor: zx = z*. Cfrora je Tpamenu 3bup jeaHax Zi;;{z“}lk. To je
CYMa reoMeTpMjcke nporpecuje ca noderaum unanom (z7)Y = 1 n rkoauunn-
koM " = cos(2nw/p) + tsin(2nx/p). Ako je n je genMpo ca p, CEM YNAHOBM
I'EOMETpM|CKE LIporpecKje cy jeaHaky | M cyma M3HocH p, AKO n HUJE Ae/BUBO
ca p, MMaMO ga je 30Mp joaHak :::_“Il =

Kpos narte kyhe, zajeHo 3a NpoOcTOpoOM MCIOL, MOMe ce HOACAWTH Ha JeJny
HpaBAMHY YeTBOPOCTPaHyY nupamMuiay (Han mehum kBagpaToM) M kKocy Tpo-
CcTpaHy Npu3My (KpoB Hal MakKUM KRAAPATOM, 3ajefHO 3a JelioM [pHClo-
WeHuM Ha npdavmumay ). Bucuaa nmpavuaoe je 4, na je sanpemuHa jejHaka
8% . 4/3 = 256/3. Ha GucMO HAIAM IANPEMHUHY NPHU3IMe, PACENMMO je 10
paBHM paBHU 3uja npebauuMo MoK Aeo Ha ppx npusme. JfloBuja ce HoBa
fnpaBa NpM3Ma WoTe 3allpeMuHe, 4YMja je sucuHa 4, a ocHOBA jeQHAKOKPAKH
npaBoyramM Tpoyrao ca ocuosom 4. Mbheroea nopplumba je 4, a 3anpeMuHa
npuasme M3nocu 16. YrynHa sanpemuna ucnoa kposa je 256/3 + 16 = 304/3.

Kawo je AB 2ajennnuka Hopmana 3a FFB u AC, 10 je FB napanenno ca AC.
Crora, XoMoTeTHja MW TPAHCIaUM]a Koja npeciankasa k; v ks ciimka M Tauky
B vy tauky C, Taro ma y cayuajy ma cy kb u k; HejeaHakMx 110AYIPeYHHER
npapa BC nponazm kpos uentap xomotetje X na npasoj (010, a y caydajy
a cy JeAHAKUX NOJYNpevynuKa - napanenna je ca 0., Tako y npsoM chyua-
jy Tauka D) nexkn Ha Kpyry Han nmpeuHukom AX, a y Apyrom - Ha HOpMAaawn
Ha (0 kpoz A. Cem tora, [) neswu, sanpaso, Ha NYKY OBOT Kpyra vame By
tavaka [ ¥ Do, y kojuma oBaj kpyr ceue Tanrente uz X na kpyrose ky u ko
¥ cayda)y pasjiMMHTHX NMOoJynpevHHKa, oAHOCHO Ha ayxM mameby tagaka [y
u [y y kojuma HopMana cede MebhycoBHo napaleiHe 3aje IHUYKE TAHTEHTE ¥
cayyaly jesHakux noaynpevnmka. [Ipuae, tauka /) ce He mokjgana ca TavukoMm
A. O6puyTo, ako Tauka [) 3a/10B0/BABA CBE HARE/ICHE YCIOBE, OHAA Y CAy4ajy
JEJHAKNX Nonynpeddrka napanena ca )0y ceve kpyr ky v Bap jeaHo] Tadku
B w rpancnammjom ky no ks pobujamo O a v cnyyaly paziMuMTHX N0Jaylpe-
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YyHuka, npasa DX ceue kpyr ky y Bap jenwo) rtauxkd [ tauky C aobujamo
xoMoTeTHjoM. ¥ oba cny4aja je ['H napanenno ca AC, na je AB, 6yayhu na
je Hopmanna Ha F'B nopmanua u Ha AC, rako ga tadxe 3 u C 3anosomanpa-
J¥ ycaose 3anaTka, gok je AD ouwmrnenno Hopmanua Ha BC y oba cnyuaja.
Hakne, TpakeHO reoOMeTPH)CKO MECTO TAYaKa |e YHM]a ABa KpyrkHa ayka Alh
m ADy (ako ky 1 ky mmajy pasauumTe HOAVIPEUIMKE) WIKM YHU]A HBC VA
ADy u ADy (axko cy nmoaynpedHUUM jeMHAKH).

3.5. Paspojesm geTepMHHaHTE MO NpBO| KOJoHK, A0DH]a ce fla je oHa JelHaka 3DMpy
ABe]Y AeTEpMMHAHTH TPOYTaOHUX MATPHIA, NMa ce Jako mgobuja mela npe-
maocT: &2 4 (=1l T = 2% - ()"

YernpTu pazpen - A kaTeropuja

4.1. llpebpojarafieMo cre GyurKuUMje wkoje camkajy ckyn S = {1.2, ... . n} ¥ cebe.
Heka cryn A; unHe oue o4 THX QyHKIM]a Koje He VauMa)y speaHoct i, CKyn
A; mva (n = 1)" caemedara. llpecek no k exynosa A; je ckyn GyHKUM)A Koje
HE YIUMa]y HEeKMX £ BPeIHoOTH CKYLA S (T). YMM CKYI CHMED |€ cajpHaan
Yy HEKOM 1 — k-daauoM ckyny) u Taj upecek maa (i — k)" enemenata, Cpux
PyurmM)a uMa n" | na kopuorelin GopMyIyY YEBYUYCHA M MCRLYUEHA MOMCMO
nahu Opo] onMx (yHEUIM]A Koje He NpUIAAA]Y HU jejiioM o ckynopa AW, a
TO je yUpaBo jJecHa crpana Aate jeanakoctd. Mebhyruat, 6poj diyHEOMja Ban
cuMx ckynosa (; jo, sanpapo, 6po] coux nepyyTtanmja ckyna 5. Foux uma n!,
YMME |f JAaTa JeAHAROCT AOKASAIN,

4.2 Axoje(a=d){b—c) > 0, onga je ab+be+cd > ac+ch+ bd. Cxoauo Tome. nocne
usBplicHe 3aMene b 1 ¢, 30Mp cuMX TpoMsBoja cycejHux Gpojesa Ha Kpyry
he onactu., [Mourro noctojn konauvan 6po) moryhux pacuopena Gpojesa na
Kpyry, 6poj Moryvhux sBUpona ¢y Nponisoia cyceidnns Bpojena je Kouauau,
Tako Aa je moryhe MsBpIIMTH cAMO KOHAUIO MHOTO 3aMeHa.

4.3, [Ipakrnuno, nahu hemo najvamm Gpo] zanMcall caMo jejIMHMIIAMA KOJM o
aeauns ca 7777, Kawko je 7177 =T 1111, npn wemy ¢y 7T u 1111 y3ajamuo
MpoCcTH, AOBOJAHO je McnuTaTH kada he Bpoj 6wty aenus ca Twu 1111, llpe
CBEI'd, OH J& JA8/BWH Ca T AKO M caMo ako je Bpoj 10™ — | gemun ca 7, 1). oHAa
kada Gpoj L0™ aaje octatak 1 npe acakemy ca 7. Qerauw Koje, peaos, dajy
10, 10%, ..., 10% upu gememy ca 7 ey 3. 2, 6,4, 5, 1, ¥ noche 1ora ce 0cTalm
noHanmajy. fakne, 10™ — 1 (a Tame u z) j¢ Ae/MBO ca 7 ako M CaMO AKO
6 | m. C apyre cipane, kKalda ce Bpoj £ nosenn ca 1111, nobuja ce ocraTak
0.1, Il mam 111 npema ToMme ga A je OCTATAK NpH Jcaemy m ca 4 jejanak
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1.2

0,1, 2 nan 3. ilakne, x je genupo ca 1111 ako w camo ako 4 | m. Konayno,
Bpoj £ je AesuB ca TT77 ako ¥ camo ako b | m u 4 | m, na je HajMamwn Takas
6poj m = 12, a Tome oaroepapa n = 14287143.

Kako je p noauHoM ca uenobpojHMM KochHIMjeHTHMA, ako je & = y(mod n) za
Heke 1ene Bpojere r ¥ y W npupoaad 6poj n, saxuhe u p(z) = p(y)(mod n).
Heka je m ma koju neo 6poj. Ako je m = 0{mod 3), onna je u m = 12(mod 3),

na je p(m) = l{mod3). Awko je m = 1{mod3), onia je u m = T{modd), na
je plm) = 1{mod3). Axo je m = 2(mod3), oniaa je u m = j{mod3), na je
plm) = l{mod3d). Jlawne, p(m) = 1{mod3) 3a crakn ueo Gpo] m, na marm

NOJMHOM HeMa UeNoDpojHUX Hylia.

. O6aupom aa je [rgn] < men < [ren] + 1, cymupajyhin no k, aobujamo:

m m

n— Zm: rgn < n— Z[r;_.n] < - Z{W‘H -1},
k=1

k=1 k=1

Tj. 0 € fin) < m. [akne, f(n) ve mome vzerm sehy npeawoct on m — 1
HUTH mamy of 0, na Tpeba jowr Aoka3aTy Oa ce Te JBe DPCIHOCTH 3aMcTa
AOCTWRY. Y3MMMO Tg = §142...¢m. lana je, 3a ceako k, Bpo)] reng Ueo, na
je u [reng] = remg m f(ng) = 0. ¥Yamumo cana n; = ng— 1. OB3aupom na je
0<ry <1, TO je rgny = rgng — 1y, Aakie rgng — 1 < regny < rpng. OTyna je n
[reny] = reng — 1, na cymupajyhin no k aobujamo: f(n)=m—1.

IIpsu pazpen — B kaTeropuja

Bpojesa aemrupux ca 2 uma 499, ca 3 uva 333, ca 5 uma 199, ca 2 u 3 (nakne
ca 6) mma 166, ca 2 m 5 (naxne ca 10) uma 99, ca 3 u 5 (aakae ca 15) uma 66
M, Haj3an, ca 2, 3 u 5 (nakne ca 30) uma 33. Oznaummo ca A, B, C. D . E F.G
penoM Bpoj oHuX BpojeBa koju cy JekhMBYA caMo ca 2, caMo ca 3, camo ca j,
camo ce 21 3, camo ca 2 m j, camMo ca 3 M 5, u ca cBa Tpu Bpoja. Mmamo:
G=33,D+G=166 (D=133), E+G=99 (E=66), F4+G =66 (F=233),
satum A+ D+ E+G =499 (A=267), B4+ D+ F+4+G =333 (B=134) n
C+E+F+G=199 (C =67). Crora je A+ B+C+ D+ E+F+G =733, wro
Je 6poj Bpojera Mamux oa 1000 xoju cy aenusn Hap jeanum oa Bpojera 2, 3,
5. OcTaje 999 — 733 = 266 6pojepa Koj¥W HMCY Ie/LMEH HH jelHMM o] Bpojepa
2, 3,5,

Jennaunna ce Mowe TpaHcdopmucati yv: (x — 1)% = 10{1* — y) + 3. Ona nema
pewema jep 6u noTnyH kpaupat (r — 1) mMopao 3appmasaty uMdpom 3.
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Bpoj rpoyrnoea uMja HM jegHa cTpammia Huje Ha natmx O nmpasux je Bpoj
HauuHa fa ce oj npeocranux 11 npasux onabepy 3. [Ipea ce moxke onabparu
Ha 11 waumna, apyra na 10, rpehia na 9, anu o63mpom ga nopelak Huje DUTaH,
no 6 raxkemx mabopa maje mcru Tpoyrao. [lakne, 6po] TAKBMX TpOyriopa je
11-10-9/6 = 165. Bpoj Tpoyriosa uMja je jeana crpasuua ta qaTux 6 npasux
Je Bpo) naymHa jna ce onabepe Ta npapa M aa ce ogaBepy jou ABe npape Ol
ocranux 11. llpea ce mome omabpatu mwa 11 naumna, a apyra ma 10, aam
KaKo Mopegak Huje Burad, no gea u3bopa aajy ueruw tpoyrao. Jlakne, 6poj
Tpoyraoea je: 6 - 1—1‘,;;19 = 330. ¥rynHo uma 165 + 330 = 495 Tpoyraosa.

Heka je ¢ = VB+v3— V8. Tana pana: (¢+v8)? = (VB+VE)?, 1j. ¢* +29V8 =
215, 1). ¢* +4¢°/B+ 32¢° = 60. Axo Bu q 6uo paumonanan 6poj, onaa 6u u
Bpo) \/E = @_11—1?75'1?3— Dro paumoHanat, ITO j¢ KOHTPAaLUKLM)a.

3a ['(a) mocToju 3 moryhnocru, 3a F(c) 4 moryhuoctn, za Fle) jeana mo-
ryfiHooT U 3a ocTane enemedrte ckyna A no 6 morvhaocTw. Yeynan 6poj
npecidkasama je, aakae, 3:-6-4.6-1-6 = 2592, Tpasumo dpoj 1-1 npeciuka-
Bawa, 3a F(e) nocrom jemsa moryhuocr. 3a Fla) noeroje 2 moryhuoern
(jep je Beh Fle) =4). 3a F(r) noctoje 3 moryhuoctu (jep je Beh F(e) = 4).
3a I'(b), F(d), F(f) nocroje no 3, 2, omiecno 1 moryhuoct uabopa, penow
(He cme ce nmpechaukatH y Beh uckopmthienw enement). ¥Yxynan 6poj 1-1
npecivkaBata je, dakne, 1-2-3.3-2-1 =136,

Hpyru pazpen B kareropmja

Hera cy Oy, Oa, O nenrpu kpyrosa kq, ks, k peaom, n nexa cy Hy, Ha, Il noaio-
#)a YIPABHMX M3 OBMX llenTapa Ha npaBy p. Ozvaummo: HH, =2, HH. =y,
HiH: = 2 = 2+ y. Cnywrajyhy wopmany w3 O wa Oy Hi, ¥ npumeHom
[Muraropuse Teopeme, mobujamo: z = 2./rir. Cnuwuno, cnywrajyhu mop-
maay w3 O va O2Hy nobujamo: y = 2,/ror. Hajszan, cnymrajyhn nopmany
u3 O3 na O, mobujamo: z = 2/riry. M3 jennakoctu z = = + y, nobuja ce
ThamaoHa jelHakocT.
TpebBa yountn aa je umennaan 3a ceako r noswrupan. Haume, 3a ¢ < () cen
cabupum y umermoly cy seseratvsum (m 1 > 0), 3a 0 <z < | je 2" > 0,
-

2¥(z%=1) > 0, z'~r = z(2*-1) > 0m 1 > 0. Crora ce HejenHaumna U3 3aAaTKa
CBOAM HA HejeaHauuHy: r° +z2+2 — 3z + 1| > 0. Ako je z > —1/3, nocneawa
Hejeanavnia ce csomu Ha: (z—1)° >0, 7). va ¢ # 1. Axo je z < —1/3, csomm



24

2.4.

2.5,

3.1,
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cena: °4+4r+3 > () unja cy pemema: # < —3uz > —1. Kana ce oBa pemera
objelMHe, CKYT pellleiha Mojia3He HejeqHaumie je: (—oo, =3)U{—1, 1)U(]1, 4o0).

. Mpumenom Iwraropune reopeme nako ce wipauyna AN = 13, Tpoyraosu

AMD u EBA cy camunu, Crora je DM ; DA = AB : AE, onakne ce nobuja
na je DM = 120/13.

W3 Bujerosux npaBuna je ry 422 = —p, riz2 = —1/2p*, na je ridz] = pz-i—}#.
Hame je: 21+ 23 = p* + P—l,, + 2. Kopucrehiu HejeaHaKOCT apUTMETHYKE M

reoMeTpujcke cpeaune, gobuja ce: pf 4 p—].‘— = V2, Tako na je ri+zs> 2 +v/2.

H i ; o Te 2—1 e b —143ib | o T i
Hexa je z = a +ib. Tana je I3 = —“'—“'—1—{“1,;“ , TaKO fla Je Bpo) 77 49MeTo
UMarMHADAH 4X0 M caMo ako je a® 4+ b — 1 =0, 1j. ako u camo ako je |z| = 1.

Tpehn paspen - B kareropmja

[MocmarpalieMo caMo oHe BPEAHOCTH NPOMEHLHBMUX T1,...,0000 38 Kojo jo
HejeaHaurHa qe@uHaMcada (T). r; AMje obauka k7 za uenodbpojuo k). Tana je
sin® T; NO3WTMBHO, OBsupowm Ja 3a noawruead 6poj § samu: {4+ 1/1 > 2, npu
YEMY JeAHAKOCT BasKM AKO M caMo ako je t = 1, 1o cy cnu cabupum oBanka
sin® ; + ﬁ sehin nam jeanaru 2, 1ako aa je nepa cTpaHa Hejeanaunne pehia
uan jeanaka 2000, e je mama Mau jeqiaka 2000 ako ¥ camMo ako je jeHaka
2000, a cBu caBupim obimkEa sin® r; + r.lni”:.'. cy jennarud 2. To ce aemana ako

M caMo ako je sinz; = £1, T). =y = 7/2 + k7, rae ey kb uenw Bpojesu koju ce
MOT'Y NPOM3BOJBHO M HedapucHo ogabpaTH.

Mocmarpajmo nonpednn npecek ABC T kyne ca Buiao kojoM panHM Koja ca-
apsu ocy kyne. Heka cy nonynpeunuiin aatix chepa R u A3, Awo je
H uwounoxje nopmane us tauke [} va AB, wmamo: Bl = (AB 4+ CD)/2 =
(AD 4+ BC)/2 = AD = 2R/sina, rae je o tpaxenu yrao, Otyna je BD =
VBM?*+MD? = ;“;‘EEﬂEV 1+4sin” a. C apyre crpane je BD = 2R\/30sina, Tj.

1+ sin? @ = 30sin" a. Oxarae, sina = 1/5, Tj. @ = arcsin ;;lrg

cos 24° + cos 48° — (cos 84° + cos 12°) = 2cos 36° cos 12° — 2 cos 48° cos 36°
= 2008 36°(cos 12° — cos 48°) = 4 cos 36° cos 18° cos 30° = 2 cos 36° sin 18°
_ 4sin18°cos18° cos 36° _ 2sin36°cos36°  sin72° 1
- 2cos 18° T 2cosl8°  Zcosl8 2
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Obs3uMpoMm aa cy CBM 4JIaHOBHM HM3a ueJu DpojeBu M ada jo
@tz = 4+ aody .. .Qnlnp1 = 44+ (Gng1 —4)8ng1 = ﬂ§+1 —4an 41 +4 = (Bapr —2)2,

3an > 2, To cy CBM YIAHOBM HW3A MOYEB O] a3 NOTNYHW KBAAPATH.

Heka cy a, b, ¢ cTpanMiie Tpoyraa, Heka je [ = {, TEXUIIHA 1Y KOja oArosapa
cTpaHuuM a v Heka je AM = Al. W3 kocunycue Teopeme je cos £B = (a® +
c2 — %) /2ae, u t* = ¢ + (a/2)? — cacos £B, na 3amenom poBujamo t2 = c? +
a’f4d — (a® + ¢ — b2)/2 = b?/2 + /2 — a®/4. Cana, npumeHoM KOCHHYCHE
Teopeme Ha Tpoyrao BAA; sakmyuyjemo: cos ZBAA; = (¢? + 1% — a®[4)/2¢t.
3aTuM, NPUMEHOM KOCHMHYCHEe TeopeMe Ha Tpoyrao BAM nobujamo: BM? =
e+ (M)? — 2cMcos ZBAA; = ¢ + A2 — AMe? + 1% —a?[4). Cnuuno, npumenom
KOCHHYCHE Teopeme Npso Ha Tpoyrao UAA;, a satm na CAM |, zaknyuyjemo
na je CM? = b3+,3u212—l{52+12—n2ﬂ}. Kako je jom AM? = A2, nobujamo:
AM? 4+ BM? + CM? = 32%% — A(b* + ¢ — a?/2 + 27) + (b + %) = 3122% -
4t?X 4 (b* 4 ¢*). Omo je kBaapaTHa (pyHKIMja N0 A, KOja NOCTHME MUHMMYM
s3a A=2/3. Hpyrum peunma, tauka M ca Tparmenum ocobHHaMa je TeMIITe
tpoyrna ABC.

UerepTu pazpen - B kareropuja

Heka je nat peanan 6po) y. [lpernocrapumo na je y > 2. Ako je —z+4 =y,
oHida je = 4 -y < 2. Axo je ! —4r 4+ 6 = y, onaa je AMCKPMMMHAHTA
jeauauune no r jegHaxa 4y — 8 > 0 u pemema cy: 113 = 2+ /y— 2, opu
yeMmy je o < 2 ur; > 2, vim x; = rp, = 2. [lakne, axo je f(z) = y, 2a
r<2jenr’—4r+6 =y, na yenos r < 2 3ajloBOMaBA CAMO T = T3, 4 3a
r>2je —r+41=y, WTO je ¥ KOHTPAAMKIM]KM ca T > 2. CxoaHo TOME, aKo je
flz) = y > 2, nocToju JeIMHCTBEHA BPEAHOCT T Koja TO 3al0BOJBABA M TO je
r=2—/y—2. Hekajecanmay<2 Akoje —r+d=y oHnajer=4—y>2
C apyre crpase, AMCKPUMMHAHTA jeanauube r° — 4z + 6 = y je HeraTusHa,
Na Ta jeJHauMHa Hema pellema no r. Jlakne, ako je f(r) =y, 3az < 2 je n
22 —4r 46 =y, mTo je nemoryhe, azar>2je —z+4=y, Tj. t=4—y "
safopokana ¢ > 2. CUne y cieMy, 3a CHAKO PEaiiHO ¥ NOCTOJH jeIMHCTBEHO T
Takso da je f(r) = y. Hakne, pyuxumja f je Bujekumja u nocenyje MHBEP3HY
dyuxumjy. Mlrasmme, f~Hy)=2—y—2zay>2,u f(y)=4—yzay<2

Arxo 6u tgl)® Bmo paumonanan Bpo), paumonanan Bm Guo u HGpo) tg20° =

2rg1n® - tEp20®4ep 10°
tgrroey @ oHma m tgd0° = Tiiapeiige. Mebymm, tg30° = 1/v3 - upa-

umoHanau 6poj. KonTpammkimja!
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M manio; doggy = 1 + I:ﬂg = |'_l1:] -} l:ﬂ'.:'; = EIQ:l + - {Lﬂ:r’llﬂl. == ﬂgnﬂn] =2+ |:| + 4+
54 -4 3999) = 2 + 2000% = 4000002.

Mubumanan Gpoj capujamma Je yeer napad.  Hause, ako npy MuauManiom
Gpojy capMjaiba BRIMMO k& CABM]aIba HDAPANLING JeAIN0] CTPANW KBaapaTa 1 |
canvjama NapalenHo Apyraj, Mopa Gatn & = [ jep 6w, unade, Hip. npyu k < |
Buao mory he ymecto onnx | caBujama w3spiudT k camjama (MOTOBETHUX KO
Beh MapplleHux &) M McTH UG OW ce nocturao ca 2k < k + 1 capmjaima. Axo
jen =25 nokamumo aa je munumanan 6poj casujama 2k, HauMe, ounraciaso
je& TONMKO caBMjarka J0BOBHO (IPEmoidoBMMO & TVTa KAKO UIMPHMHY, TaKo W
Bucuiy kBagparta). ('a mMame capmjama je vemoryhe aoburu kpanpar 1 x 1,
oB3MpoM A ce NpH CRAKOM CABM]alky NOBPITMHA KOMAJA IAMUpa CMahy|c Ha-
Jeume 2 uyTa, Tako da ako je | 6po) caBujama kojuma ce Jobuja KBAJApar
1 x 1, noppumua nodaszyor nanupa je najpwme 2. 3uajvhu aa je nospum-
Ha Tosassor koMmasaa nanupa 2°F, poBujamo | > 2k. Ako je 28 < n < 28F,
HOKaHMMO Ja jo MuHumanan 6po] caBujamsa 2(k + 1). llpc ceera, nako je
ca 2 capijama A06MTH koMaj dopmarta 2k x 2k, koju ce saTuM ca jom 2k
capyjarhba nperpopu y koman 1 % 1. Ia je To muaumanan Gpo), aobuja ce
NMOHOBO pasMalpameM NoupHMHe. Y OBOM CAVYAjY. ako jo NoBofHO | cabu-
jama, DoBpUIMHA NoJasdor namMpa je majeuuie 2. Mebyrum, 10 je cana sehe
on 2% vj. 1> 2k. OB3upom ga je munumanad Bpoj casujama nefin ox 2k u
napan, o je | = 2(k+ 1).

[Mocnenmwe ape mudpe HBpoja 3k zapvce caMo 0J1 NocACIBWX OBe]y Mdapa
Bpoja k. Crora, MomeMO HCOMCATH Napose nochaeamux mmdapa 3a 37: 03,
09, 27, 81, 43, 29, 87, 61, 83, 49, 47, 41, 23, 69, 07, 21, 63, 89, 67, 0l.
3aTuM ce NapoBy [ocheabuX wadapa nonasmajy. OQuurienno, npeTnocjiensa
umppa je yBek NapHa, WTo je U Tpebalio JOKAIATH.

PEHNIEHA S3AITATAKA CA OKPYHHOI' TAKMMWUYEH: A
IIpen pazpen — A raTeropmja

Rako je zyz+zy+rz+yz+z+y+z+1 = (z+1)(y+1)(z+1), aara jeanaunna
J€ eKBMBaJIeHTHA jeaHaduHm (z + 1)(y <+ 1)(z + 1) = 2001. llpernocrapmmo aa
jeld <z <y<z Kawoje 2001 = 3-23-29, nobujamo peuweive (2,22, 28), us3
KOra NepMyToBakeM JobM]aMo OCTalux O peuciha.



1.2, Ouurnemno je ga n = 1 3afoBoikaBa jejHaudiy. Axo je n > 2, Taga je:

1.3.
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117 — 0% = I L T2 9 b 97 1)
> (8" 8T T T (67T 6”5+ 57T
- {Sﬂ _Tﬂ-} +{ﬁ" _5!’1}

Cnenm na je, 3an 2 2, 5" 4+7T"+ 11" > 6" + 8"+ 9", na je n = | jeauno
peIEHhEe,

Mewro je ZCAR = £ZRPC = 60°, uerBopoyrao ARCP je rerupan, na je
LAPR = ZACR. AmanorHo, £FBQR = ZBCR. Onarne, ZAPC + £BQC =
ZAPR+/ZRPC+ZBQR+ZRQC = FACR+60°"+ZBOR4AB0® = ZACB+120° =
180°, na je u AP || BQ.

LCBE = ZCDE = 45°, kao nepudepujcku yraoou naj rerusom C'FE. Onatie
je yrao ABE npas, u AE je npeunur kpyra. Avxw BO' u DE cy napanenue
(3zB0r noayaapHoOCTH HAM3MeHWUYHMX yraosa BCD w ('DE), na je uyeTBopo-
yrao BCFED jeanakokpakum tpanea. Jlujaronane ') w BE Ttor rpanesa cy
noayiaapue. Umamo: AB*4+CD? = AB*+BE? = AE?, na ocnopy Iutaropune
reopeMe, Cauuno ce nokasyje aa je n BC*+ DE? jenuako Kpaapary Npednika
kpyra, na je AB*+ CD* = BC* + DE?.

. Q3naunmo TemMeHa ocMoyraa peaosm Gpojesuma o 1 ao 8. Y eayuajy kana cy

CBA YETUPM LIPBEHA TeMeHAa Y3acTollna, cBa Gojema cy ckeMBalenTHa, Axo cy
TP LPBEHA TCMCHA Y3ACTONMHA, A YETBPTO UPBCHO MM HUJC CYCCAHO, NocToje 3
HeeKBUBaJicHTHa Bojema: UpBeHa cy Temena 1,235 wum 1,236 v 1,2.3.7.
Cea Gojersa y KOJMMa MOCTOJE TaMHO JABA CYCEAHA IPREHA TeMeHa, eKBUBa-
JIeHTHA ¢y jendoMm on cnenehia Tpu: upsena temena cy 1,246, vam 1,247,
umm 1,2.5.7. bojema y kojuMa nocroje Asa napa CyCcIHMX LIPBEHUX TeMeHa,
HNpH YeMy TH [1APOBM HUCY CYCCIOHHM, eKBMBajienTHa cy 6ojemuma 1,245 nan
1,2,5.6. Konauno, nocTojM camMo |eJiH0 HEeKBMBAJeHTHO Dojeibe ¥ KoMe HeMa
Y3ACTOIHMX 1pBeHUX TemeHa. Jlakne, ykynau Bpoj sweexksupancutux Bojema
jemnak je 1+ 3+3+2+4+1=10.
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Hpyrn paspen — A rareropmja

Kopucrehu aa je 2ab < o? 4 §?, umano:

(sinx + siny 4 sin 2)? =sin® r + sin® y + sin® =
+ 2(sinxsiny + sin ysinz + sin zsin )

< sin” z 4 sin’ y + sin® z 4 2(sin® z 4+ sin” y + sin” 2)

=3(sin® z + sin? y + sin? z2).
Anasorso je (cos + cosy + cos z)? < 3(cos® 2 + cos® y + cos? z}. [lpema Tome,
(sinz +sin y+sin z)? 4 (cosx +cosy+cos z)* < 9. Axo je sinz+siny+sinz > 2,
OHOa je cosT + cosy+cosz < vO—4 = V3.

2

Hejeanaunne momemo HamMcaTu y obamuky —z’ — 22y 4+ Ty € 1 = T
a

327 + 102y — 5y® < —2. Kana nomuosumo npey Hejeanauuny ca 2 u cabepemo

ca apyrom, acBujamo (r + 3y)* < - Kako je jaesa crpasa yBek HeHe-
a

+1
raTuBHa, nobBujamo aa mopa Buth a < —1. Jlokaszahemo na 3a csako a < -1

> 10,

3aMcTa N0CTOJM pelleihe cHCeTeMa HejeaHadumHa, Kako je tana — g
a
"

NOBOMNO je nokasatn aa cucreM (r + 3y)? = 0, 3z° + 102y — 5y* = —2 uma
4 1 3 1
pewemna. Jako ce nposepasa ga cy penieihba OBOI CHCTEMA [-E Ej' (E, —E}
20017 > 1= 1-2001% < 0 = (20017)1=2001° < | OQspaunmo ca S nesy crpany
nejeaHauune. Onaa mmamo S < 2001, na mopa 6utn S = 2001, 1j. z = 0.

Oanaummo cpeammTa aywu A1 As, B1Ba, C1Ca, D1Dy ca A, B, C, D peaom.

l, — — 1 —3 —

5 (A1B1 + A2By), xao u BC = 5(BiC1+ B:Cy).
MowTo ce sexktopu By C,, B2Cy nobujajy oa sexktopa A By u A; By porammjom
3a 90° ¥ wcTom cMepy, clleau na ce w Bektop BC noBdja McToM TOM poTaumjom
oa AB, na cy ayaxu BC w AB mebycobro Hopmantde w noaynapie. Mcro ce
MOKa3yje ¥ 3a MpeocTalie napoBe cyceaHux cTpanuua yetsopoyraa ABCD,

na OH 3aMcTa JecTe KRAIpPAT.

Jlako ce nokasyje ga je Jﬁ =

[IpuMeTHMo Ja cBaka 3MMJMLA MOPA MMATW 3ajeiHWdkn kpaaparuh ca Bap
jeaHoM o4 aujaroHana. AKo cBaka oJ YeTHPM 3MMJMLIEC WMa 3a)cAHMYKHM KBa-
Apatuh ca ofe aMjaronaine, Taga cy Ha aMjaroianama pasHoBojHa nolsa.
3aTo NpeTnocTaBMMo Aa NOCTOJU 3MHjHIIA KOja MMa 3ajcIHWYKM KBaapaTuh
o .' » = i A - . ; ulz - oy B 2 L -
'}i_.l-“f—:fj._l" ,_I—."la — c.‘--.i.r-’ % L TDLU -I-: = 2—5

Heby HSp 3= K€ |<

.:;Il- -".'.‘_I; ) L e = ' = J’I W Gt ol R T
..:_ L o _Il ) oo i ik A
GO TR BiD e e GEc Iriin WD g athtepq
ce A~ ardlareblio) ey AN 4.
ad A N s it v e
iy S 4 = p] R ! i
1= =338, /o -
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camMo ca jeqHoM aujaroHanom. Jlako je BuaeTH na je Ta amujuua ¥ GaOMKy cio-
Ba ', M ma ce cea meHa noka Mopa)y Hanaswru y3 py6 Tabne. Bes ymameisa
OMIUITOCTH, MOMEMO [PETHNOCTARMTH A OHA NOKPWUBA [0Je Y JIOHREM JeBOM
yray tabie, ABa no/sa M3HAM HEra, ¥ Mojke A0 mera. Y KOIWKo npeocTtase 3
IMHJMLEe UMajy No jeaaH 3aje Huukn kpaapatwh ca Tom amjarodHamom, Taga
Cy Ha BO) pazauunTe Goje. Y CYNPOTHOM, HEKa O NpeocTale J 3MHUJHLE MMa
3ajeJHUHYKMX NMoJba caMo ca JPYroM AWJaroHajiom, 1na oHa Mopa GuTH oner y
obauky crnopa ', npu yemy nokpwea JomK AecHu yrao Tabne. Jeamam Takas
pacnopell sMMjUIIA jecTe ca joll ABe 3MHjuIe ¥y obauky cnosa I, kana cy
apyra u Tpeha Bpera obojene pazauunuTtum Bojama.

Tpehwn paspen — A kaTeropuja

Uay>z>1cnenmlog. y > 1 mlog, (log, y) >log, (log, y). U3l <z < z ciieam
0<log,z < 1,ansl<y<zcnemm log, (log, =) > log, (log, ). dobujamo:

log(log, y)+ log, (log, z) + log, (log, )
> log, (log,. y) + log, (log, z) + log,(log, z)
= log, (log, y - log, z - log, r) = log, 1 = 0.

. L+b l+a+b l+a 3
Kakro je ry = T4 = e B = e T = 0. T = b, To je aaTu Hu3
) ;
NePHOAMYAN Ca MEePHUOLOM D, A |& Tagy = .

Ipau cayvay: npasa AB cede panan a y Tayru 0. Heka je k kpyr Koju caapsu
tauke A, B, u noaupyje a y Tauxku K. Tana je OK tanreura Tor kpyra, na je
noredimja Tauke O y oanocy Ha k jeamaka OA-OB = OK?, Nakae, Tauka K
ce HaJjasu Ha kpyry £ ca nenrpom O u nonynpeunukom vOA -OB. Heka je N
Npou3BO/EHA Tauka kKpyra £, M n Kpyr koju caapsxu tauxe A, B, N. [Horenumn)ja
Tauke 0 ¥y oamocy Ha Ta] kpyr jeamaka je OA OB = ON?, na ON mopa
buTH meropa TanrenTa. l[lowTo je ON npeceuna npapa pasHM a W papim
Kpyra n, cieau ia n fgogupyje a. Tume je gokazamno ja je kpyr £ TpameHo
reoMeTpMjcko MecTo Tauaka. Jpyzu cayuay AB || o, Heka je 3 cumerpania
papan ayxu AB, u s = a N B. Hera je k& kpyr koju caapsn tauke A, B, u
Joaupyje a y radkn K. Arko K & [, onna B Tadka cuMerpuuHa ca Ry
omHocy Ha /7 6uaa jom jeaHa 3ajeHMuka Tadka kpyra k w pasmm a. [lakne,
K € 5. Hera je N € 5 npouanosmua Tauka. Jlako ce mokasyje na Kpyr olHcaH
oko Tpoyraa ABN somupyje pasad a. llakie, y oBOM cIy4ajy, reoMeTpM)cKO
MECTO TadaKa JH ]I[J!'].HEI.. 3.
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fa 61 ce OpEM NPABOVIAOHWEK NOKIOIKMO Ca APYEUM. NOTPeBHO j& TpUMed-
M napan Gpoj npecmmkabama. MebByrasm, muse he weraknyTa IMjaroHana
OCTATH HApANelHA choM lodeTiox Noloxa)y. Makae, HUje morvhe.

[Mourro yeTspTH crened HeuapHor Bpoja yeex adaje octarak | npu gemeisy ca
16, caenm aa je 36up obauka r) + - -+rf5 Jemue ca 16 ako n caMo ako ¢y CBH
cabupuu napiy, na paxu 16n € S < n e S [Mowro 31 € 5, onaa nm jesan on
bpojera obauka 31 - 16" umje y 5, na je M\ 5 Beckonavan ckyi.

Yerepprr paspen - A kateropuja

Buaw zagarak 3.1,

: ]
Meby aecerommdpenny Bpojesuma, mma Gap = - 0. 10° > 107 nesusux ca

7. 3a apa aecetonmdpeda Gpoja, pehu hHesmo jaa oy ueoror Tvna, ako ce
JEKAJHM 3alMC JeAH0r Mo@e JA0BHTH M3 JACKAIHOr 3aiMca ApYIror npesenrra-
heM IMpapa. Bpoj pasnuurTHx THNOBA AeceTolMippenux Gpojesa jeanak je
{Il:]l — 1 = 92377 < 10°. llo Aupuxneopom npuuipny. Gap jejan THI Caupru
Bap 10°/10° = 10000 Gpojera acisMBux ca T.

Bunn szanatar 3.3,

[Ipasoyraocumee nopehbaso na cnegehy naums, CTapuMo NPBY NPABOY IAOHUE
TAKD Ja MY | Jy#a cTpanuila Ha r-ocu, a Kpaha na y-ocu. Ha mera crasm-
MO ApYTrH, Tako Aa My je kpaha erpanuna na y-ocH, a ayHoM ce Haclaka
HA HpBEM, M TAKO CBE JIOK He CTaBMMO W LHocHeiih npasoyraoddi. Jobujeny
HUIYpPY MOMEMO CMECTHTM ¥y IpaBoyraoHuk crpabnvita 1 u f, rae je { sbup
Ayauba kpahux crpanmna. [Hospimmna te gpurype jeaHaka jo NOBPIMIMHKA KBa-
ApaTa, Tj. |, & MoOBpIIMIIA NPABOYIAOVHHKA ¥ KOJH je OHA CMeIITela jeHaKa
jel. Oaarne, [ > 1.

Buan zanarak 3.5.
IIpeu paspen - B kareropuja
e+ y+22 = 3z+p4+2=Nz+y+2)?* = 3zy+ 1. Tpeba aa byae

(2m-4y+4)5+ 30" =60
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z+y=1{mod3) u zy = 2(mod 3). Ilpsa penaumja Ban y ciydajesuma:

l.z=1,y=0{mod3) = zy = 0{mod 3)
2. 2=0,y = 1{mod3) = zy = 0(mod 3)
3. z=2,y=2(mod3) = zy = 1({mod 3).

Hakne, nukaga uvje ty = 2(mod 3}, u oBaksm uenu BpojeBM He MocTOjE.

ADEC je jemnakokparm, na £FECD = Z/CDB = ¢. Onatne, £ZDEA = 2¢, kao
cnosmawmmu yrao y ADEC. IHane, ZAOD = 2¢, kao ueHTpalHM yrao Han
tetuBoM AD. llowro je ZAOD = LDEA, uersopoyrao AOED je TeTunaH.

20’z + azy - 3y* Bazy4+ 3y —az—y 1 —-6y+9°

2az + 3y 1—3y Jy—1
_(az—y)(2az +3y) _ (az+y)By—1)  (3y—1)?
o 2az + 3y 1 -3y dy-1

=ar—y—(az+y)+3y—1=y—-1>0

Heka je FABC = ZACB =8, ZADE = ZAED=¢ u ZEDC =z. Ua AABD
jed+r=0490° aus ADEC — ¢ =z 4+ #. W2 ope ape penaumje, ncbuja
ce r=45°,

Buau sanarak 1.5 3a A kateropujy.

HOpyru paspen — B xareropuja

Ouuraeano mopa 6utu = > 0 u y £ 0. BaksyuyjeMo u 1a r HKje Ne/sMB ca 3.
Taxobe je x £ 3k 4+ 1, jep BucMo y TpoTHBHOM MManM Jja je - = (3k+ 1)° =
dn4+1=2+3y% 1j. 32 Hexw HeHeraTHBaH ueo 6poj n, Gumno Bu I(n —y?) = 1,
wro je wemoryhe. Ocrtaje jeawna moryhxocr ga je # = 3k + 2, 3a Heku neo
6poj k. Tana je 2% = (3k+2)% = 3(94% + 1847 +12k + 2) +2 = 2+ 3y?, onakue je
y? = 9k3 + 18k2 4+ 12k + 2, 7). ¥° = 3p+ 2 3a newn ueo 6poj p. Konrpammkumja.
Hakne, Takspu nenu HpojeBu © M ¥ He TOCTOD)E.

a) Moxe, Ha npumep 3a a = 500, b = 1, ¢ = —1. B) He momxke, jep je 2002
6poj obnuka 4k + 2. Ako 6w 6uno b? — dac = 4k + 2, Taga 6u b® Buno nemuBo
ca 2, na je u b napuo, b = 2[. Tana je 4 — dac = 4k + 2, wro je nemoryhe,
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2

3.1.

3.3,

B) He mowe. M3 b° —dac = 4k + 3 caeaw na je b venapno, b = 2m + 1. Tana
je D=4(m* 4+ m —ac)+ 1 = 4k + 3, wro je nemoryhe.

Heka je Ay B,C1} yiiMcany NpaBoyraoimg, Tako .}a je Ay € AD, By € EF,
2 : g il d—z ; I ‘
Cy eCD. Hekajer=00C1, y= A4d:. Rako e { s T TO je y = I—E__ na je

: r r
NOBpIUIMHA NpaBoyraotuka jeanaka (6—z)(3—y) = (6—x)(2+ E:I =3 +r4+12.
w %,
. M Taga je jemniaka —cm?

Ona je makcumania sa z = | (h y= 2

3)

. Buaw zamarak 2.4 3a A kateropujy.

. Bea ymamema onnTocTH, MOMKEMO TIpeTHOCTABUTH da ce A u A, nokaanajy,

Aa cy Tauke A, #, B) konuHeapue, npu uemy ce # w [ nanase ca mcre crpane
rauke A, a ga ce rTauke C' » ('} Hanase ca pasuux crpaua npase AH. Hexa
je Ca = BOC N AC,. llpapa AB je cumerpana YHYTpalllber Yria y TeMceHY

A rpoyraa ACC,, na je HE =. B':E. Kako je BCs || By€’), Ha ocHory
AC ACs
BC» By

Tanecope TEOPENMEe HMaMOo:

ﬁ _ B
AC = .‘1]{:[ .

e —. W3 ose ase jeadarocTH aobmujamo
ACE ;4.1{';1

IITO j& eKBUBAJIEHTHO TPAKEHO] JeTHAKOCTH.
Tpehu paspen — B kareropuja

Bunm 3anatax 2.1 3a A kaTeropujy.

Ozpaummo @ = AB, § = LAAB, § = ZAAB, P = AANCC, @ = AAnN
BB, R= BB, NCC,. Ouna je P(AABC) = a*\/3/4. Tlpumenom xocunycue
teopeme Ha AAA;C, noBujamo A4, = ay/T /3. IlpuMeHOoM CHHYCHE TEOpEME Ha
AAALB, noBujamo sin 8 = /3/(2v/7), siné = 3v/3/(2v7), a menom npumenom
na AAPC), notujamo na je AP = a/+/7, u ua AQA B, nobujamo aa je
QA = a/(3/7). HNakne, P(APQR) = PQ*/3/4 = a®/3/28. Tpawenu oanoc
je T:1.
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3a r > 1 ce gobuja:
6
2 0,5(logy(z—1))i-7 _ [T —1
. = v 2 —
ok 1

(= ”u,.'.{lug.,{:.--l}*j*—s - ("" = 1)5
3 ;

JIOI."E.PHTMDHH!LEM 3a OCHOBY 2 umamo:;

(% (2log,(x — 1]}2 - B) logy(z — 1) = 6logy(z — 1) — Glog, 4
(2logs(z — 1) — 8) log,(z — 1) = Glogy(z — 1) — 12.

Yeeaumo cmeny log,(r — 1) =t. Hobujamo: t* ~Tt+6=0. t; =1 =z, = 3,
9
hr=d=2:=d.l3g=—d3=>23= 3
Buwim zanatak 3.5 3a A KaTeropujy.
Yernptu paspen - B kateropmja

[Ipema BujeTtosum dopmynama umamo a+b+c =0, ab+ac+be = =1, abe = —1.
Ounartane, 0 = (a+b+c)? = a®+b* +c? +2(ab+ac+be), na je a®+b*+c? = 2. Nlame,
ad=a-1=2a'=a'~-a=>a®=a' - 20 +a* = 2¢° - 3a + 2. Ananoruo b® =
202 —3b4+2 u e® = 2c?—3c4+2, na je a®+b8+c® = 2(a? 467 4+¢?)—3(a+b+c)+6 = 10.

Jeano pemeisve je (0,0). Axo je z £ 0, onna je u y # 0, u oGpuyro. Kana npey

; i , 1 1
JeAHAYMHY NOAe/IMMO ca Ty, a ApYyry ca :.-:-jy'*, Jnobuja ce ¢ 4 ; + 4 ; = 18,

1 1
r-l- -I‘SI' +J—:Eﬂ3. }"BEJI.HMDCML']{}HI+E=u,y+§=u, Hs

u4+nv= 18 u? 4 v? = 212, manasamMo uy = 4,y = 14, us = 14,2 = 4. Cana
1
je = + — =4 y -|— — = 14, nau obpuyTo. Pemema cuerema cy napoen: (0,0),

{2+v’“1?+4f [2+J?—4J1 (2-V37T+4/3), (2-V3.7—4/3),
(T+4v3,24+3), (T+4v3.2— V3), (T — 43,24 V3), (7 — 4v/3.2— /3).

H-~h
Heka je K nonynpeunur ocHoee, a H sucuua ormucane xyne. M3 % = i
2rr3
Hanazumo f = Hr—fh’ na je V = REH = ; ﬁ Kako je V'(H) =

{T"H* 1ICE + 4 )= #F}:J
(egt41 )(Xly™) 220872

=}

\

; {}ﬂA?}H-—- P“P

[ (a1 (AT=2p)= 2oLp"

hQJ -—‘J—r.‘p-l—"-}l_i] L—iﬁ_#h 4 Y by
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L1

L2

1.3.

1.4

e H?
3 (H-h)pP
Hakne munumym byuximja V' goctioxe 3a H = 3h.

(H —3h), sa H>3hje V'(H) >0, asaH<3hje V'(H)<0.

OsznaunMo ca & ¥ y peaoM peanHu M UMaruHapHu jeo Gpoja z. Tanpa je cryn
A npasa y=—z, a B kpyr (z=5) 47" = 4. Hajmame oacrojamse Tauaka oBe

p.
npaBe M KpyTra e 7 - 2.
2

. Buam zanatak 3.5 3a A kaTeropmujy.

PEHIEH:A SAMATARKA CA PEINYBJIMYRKOI' TAEMMYEH A
IIpeu paspen - A kareropmja

[petnocrasumo nma je To moryhe. Tana je 3bup Gpojesa TUX TpHjY rpyna
Jennar 102k, 203m n 304n. Hmamo: 102k +203m 4+ 30dn =1+ 24 ... 4 100,
7). 101(k+2m+3n)+ k4+m+n=101-50, na 101 | k + m+ n. Oaatie je
k+m+n > 101, na je u 101(k+2m+3n)+k+m+n > 101-50. Konrpagukum)ja.
Hakxne, nemoryhie je npeux cTo NpUpojHUx BpojeBa NOJENWTH Y TAKBEe TPU
rpyie.

Heka je P’ tauka npape AB 3a wojy je KP' = MP'. llpumernmo aa je

3
LEKEMN =180° —£BRKC — ZKCM = 180° — (rr+ fj—) —(90* — ) = 90° - % —
90° — /KBC = /MKN. Onasae saxspyuyjemo KN = MN. Kako je MP' =
KP', umamo na je AKNP' = AMNP'. Opnarne cnemn: £/P'KN = ZP'MN
M PN 1L BK, na je M oprouentap Tpoyrna P'BN. 3aro, ZP'MN = 180° —
ZP'BN = ZP'KN. Nakne, tauke P', B, K, N nesxe Ha jelHOM KpyT'y, OZHOCHO
Pl P,

Aro jea > couga je a= (14 z)e, rae je £ > (. Canuno, b= (14 y)e, y > 0.
Tpakena HejelHaKOCT je eKBUBaieHTHa ca /2 +/F < /(1 + z)(1 + y), onaxne
KBaApupatmem aobujamo 2,/7y < 1+ zy, 1j. (1 - /7Ty)* > 0.

Ozravymmo ca A u B kpajese nuuuje £, u ca C € k Tauky aMjameTpanHo
cynpotuy Ttauku A. Taga je B # C, jep je nyxuHa uilomibene auHuje £
Makma 04 npeunmka kpyra. Hewxa je p cumerpana ayxm BC'. [lpernocrasu-
MO Ja nocToju Tayka D 3zajeannuka 3a p u £ Jleo nuumje mamehy D u B
NpeciMKaMo CUMETPMYHO ¥ ogHocy Ha p. Tako goGujaMo M3JIOMJIBEHY HHHH]Y
ayaune 6lmm, koja cnaja A u C, wro je Hemoryhe.
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Hera je s npaBa Te paBHM, KOja HH]e NapalellHa HH JedHO] O/l IPABUX OJipe-
Hennx meema taukama ckyna A. [lopyumsmo kpos cmaky Tauky ckyna A npany

napanenHy ca s. O3nauyuMo Te Npamse ca sp,..., 8,00, TAko Aa |& Mpasa
s nexxu usmeby sp_; w spyy, 3a cee 2 < k < 1999, n Tauke cxyma A ca
Ay, oo, Aggop Tako ma A € 5, 3a cpe k. YeTsopke Tadaka

{Ar, Az, As, As}, ..., {41007, A19ss, A199s, As000}

oapeby]y 4eTROpOyIIOBe KOJM HeMajy 3ajeaHMukMx Tadaka. O6ojumo ape
HAacnpaMHe cTpaiulle cBakor 4eTBOpoYria 11JaBo, Apyre ABe HacllpaMHe cTpa-
HWIE HPBEHO, M AWjaroHale #xyTo. Tako cy MCIYHBEeHM YCI0BM 3alaTka.

Hpyru paspen — A kareropuja

Pemema oarosapajyhe jemmasmue cy a u a®. Kako ce mameby osa asa Gpoja
mopa Hahiu b nenux, mopa Butd a ¢ [0, 1], na je pememe HejeIHaYMHE UHTED-
Bau [a, a?]. Kako on caapsu Tauno 5 uenux Gpojena, mopa outnd < a’—a < 6.

B T

Hpeu cayvay: —2 < a < —F - Cryny peweiha npunajajy -1, 1, 0, a 6po-
NG
2

Cryny pemema curypio npunaiajy 3 v 4, a 6pojesun 3, 6 u 7 ako M camo ako

je 7 < a® < 8. Oarosop: a € (-2, -3 U[V7,v8).

jebn 2 u 3 ako u camo ako je 3 < a® < 4. Jpyeu cayuay:

Heka cy © u y Tpawenun Gpojesu, r > y. Hbuxos 36up mome Butu camo 10! =
3628800, jep je 9! mecTounden, a 11! = 39916800, wro ve moxe Gutn 36up aApa
ceamounppena 6Gpoja. C apyre crpane, 36up mupapa ceamounbpenor Gpoja,
aKo je To hakTopujed, Moxe Burn camo 2, 6 nam 24, Axo je z —y= k!, onna
je k<5 ¥ nporusHoMm 6M u z M y Buan Aeimuen ca 9, na 6u UM m 3BMpoBu
umpapa Guan gemueu ca Y. MebyTum, 6pojesn 2, 6, 24 uucy nemusu ca 9.
[Ipema ToMe, T M ¥ 3aJOBOMLABA]Y cHcTeM T +y = 3628800, zr —y=F&!, k < 5.
[Iposepom, HanasMMo Aa Cy CAOBM 3ajaTka 3a/0Bo/beHM 3a kb = 5. u Tana je
r = 1814460, y = 1814340. 36up undapa Gpoja r jeanak je 24.

Herka je ABCDE matw neroyrao v P = CE N BD. llowro je P(ABC) =
P(ABE), pacrojama Tauaka C u E oanpase AB cy jeanaka, na je CFE || AB.
Cmuuno, BD || AE, na je dyersopoyrao ABPFE napaaenorpam u P(BPFE) =
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P(AER) =1. Haae,

P(BPC) _ BP _ P(BPE)
P(DPC)  DP ™~ P(DFE)
P(BFF) P(BPC _ _P(BPC)

P(DPE) ~ P(DBC)— P(BPC)  1-P(BFC)

Kako je P(BPC) = 1= P(DPC) = P(DPE). osnauMMo MOBpIIKMHE TPOYIJIOBA

BPC w DPE caa. Tana je L = l oJaKkle je a = V51 . P(ABCDE) =

l—a a 2
P(ABE) + P(BPE) + P(BPC) + P(EDC) = = :ﬁ-

Oanaunmo AB=a, BC =b, CD =¢, AC = &, LADC = a. Ilo kocuHycHOj
Teopemu, AB® + BC? = 1* — 2abcosa, jep je LABC = 180° —a, na je a* +
b* + ¢ 4 abe = 2% — 2abcosa 4 ¢ 4 abe = 2% + ¢* + ablc — 2cosa) = 4, jep je
r*+cf=4nec="2cosq.

. IpernoctapuMo Aa je To Moryhe, w nogenumo fate BpojeBe ¥ ABe Kiace:

A={1,2...,500}u{1502,1503, ..,2001} »w B = {501,502,...,1501}. ¥ knacu
A wma 1000, a y B 1001 6poj. Jlako jc BUAeTH Oa Ha KpYTY CBakM Bpo) M3
A croju wamehy nea Gpoja w3z B. Tana nocroje by u by w3 knace B koju cy
CYCeNHM Ha KPpYTY, M MMa)y join mo jenuor cyeena uz A Bpojesw 501 w 1501
MMajy camo no jegsor moryher cycena uz 4, a o cy 1 1 2001, To zuaun na
mopa Guri {by,62} = {501,1501}. Aam, 1o je wemoryhe, jep Ta asa Gpoja He
cMmejy Buti cyceana! Jlakne, oaropop je HeraTHRan.

Tpehn paspen — A kareropuja

Cuctem mamammmo y obmmky: y° = 0f(z), 2% = 9f(y), #* = 9f(z2), rne je
flt)=1* -3t +3. Kako je f > 0, r,y z mopajy Guru nosurupan. Cabupamem
jeanaunna, aobujamo (z — 3P + (v -3 +(2 -3 =0. 3a z > 3 us rpehe
jeAHAUHEEe CUCTeMA MMAaMO z > 3, a 3aTHM M3 Apyre ¥ > 3, mTo je Hemoryhe.
ClMubHO ce efIAMMHMIIE chayuya) kaia je © < 3. Jeiuno pelleme cUcTeMa je

(3,3, 3).

50 < 2

83: w2 (X2 i ;j‘”:'-
2 > RS = < =

2o G2 2 7Y ne

i
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B Al L A Y (DD
2
> w2 Vs -a)-bs—e =P
WP a+b+e 2 EWVEE‘°“1+I:2““L+.:?“U1

=gae Ty = 3
2@ 2000 25 E:!I'.'m]. + b?ﬂﬂl 'l' cil:lﬂl
3 '3 s 3 :

OaEne Clleid TpameHa HEjEﬂHaHGCT.

. Bea cmamema onurtocTH pasmMaTpatba, MOHEeMO OpeTnoCTABUTH da Ce Lela

kouka ABC DA, B,C D) Hana3u ca jelHe cTpaHe paBHM o, W ja je Teme D
Ha)Dauike (MamM Jeado on Ha)biawsux ) To) papar. O3HauMMo ca ¢ yrao uaMeby
pasui ACD; n a. [lospiimaa HOpMaiHe NpojexIMjé KOlke Ha a jefIHaka je
(V2)? V3.
4
cos¢ = V3cos #. Hopmanwa npojekumja kolke na npasy n L o noknana ce
Ca HOPMaJHOM NpojexuMjom aujarodane DB). Kako je Z(DBy, n) = ¢, 10 Je
AyAMHA Te npojekumje jemuaka DB cosé = V3 cos¢.

ABOCTPYKO] MOBPUIMHA HOpMAaJHe npojekuuje Tpoyraa AC D, , 1). 2-

. Ha onucanu Hauuu, nonazehu on Gpoja 4, Mory ce J0BUTH CBU CIOMEHH

bpojesu. Cpaky napum 6poj ce Moxke 10BUTH Y3aCTONMHUM JOJABAKEM JBOjKE.
Hera je mn uHenapaH caoxen 6poj, rae je m > 2, n > 2. [lpso noBujemo
mapau Gpoj 2/m, 3aTUM nojaBameM JdenuTesa m gobujamo mn. [lpoct Bpoj p
Hemoryhe je goBuTH, jep ce nocle cBakor jojaraka Bpojy @ Hekor meropor
Aemvressa d > 1, gobuja Gpo] gemus ca d.

5. Axko je n € M, r € I, v { dyHKUM)a KOJa 3a/0BOEABA |EIHAYMHY, MMaMO;

2f(nz) = f(nz—z)+ finz+2z) = f((n+1)z)= f(nz) = f(nz)—[({n—1)z), na
je #ua (f(nz))nen apurmerwurn, 1), f(nz) = f(0) +n(f(z) = F(0)). Onarne je

fin) = a+bn, ta= f(0), b= f(1)= f{0)). 3az= %__ m e Z, n € N gobujamo:
fim) = a+n(f(T)—a) maje () = atb™. Mawne, f(z) =a+be 3a

cee r € (J, rac cy a,b natu paumonanum Bpojesu. Jlako ce npoBepaBa na
cBakKa OBaKkBa GyHKUM]a 3al0BobaBa AaTy GyHKUMOHAJIHY JeaHaYHHY.
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Yerppra paspen - A kaTeropmja

4.1. Heka ¢pynkumja [ zadopoiapa yojope 3ajaTea. Taja, 3a cBARM NMpUPodaH
Gpoj n, Baku f(n) > 2, ma je 2{f(n+3)+ fin+2)) < fin+3)f(n+2)+4=
fin+ 1)+ f(n) +40. Onarane caeam ua je f(n+3) + f(n+ 2) < max{f(n +
1) + f(n), 40}, ma je f(n) + f(n + 1) < max{f(1) + f(2), f(2) + f(3),40}, 3a
cee n € M. Jlakne, dpynxkimja f je orpannuena, Kako Tpu ysacTonna umana
uusa (f(n))nes ocapeby)y caeaehu unan, u ckyn BpeaHocTH pyHrumje f je
oI'paHHYeH, Ta] HU3 mopa BuTh nepuojuuan. Heka je ny npupojan 6po) za
koju Basat flng) = M = maxgep f(k). Tasna je flng+ )M = flng — 1) +
flng—=2)4+ 36 m fing+ 2)f(ng+ 1) = M+ f(np — 1} + 36. OnaTne nobujamo:
0<M—f(ng—2)= f(np+ 1){f{nog + 2) = M) < 0. Mpema Tome, f(ng —2) =
f(ng+2) = M, na cienn ja je ceakd Apyry 4aad nusa f(n) jeanak MakcuMyamy
M. Ananorno n0Kasyjemo jga cy NPeocTaiM YIAHOBM JeAHAKM MHHUMYMY
m. Wz ycmoBa Mm = M + m 4+ 36, aobujamo (M — 1)(m — 1) = 37, na je
m=2, M = 38. Jlakne, noctoje ARa HM3a Koja 3aJ0B0BFARA]Y VCIOB 3aJlaTKA:
(2,38,2,38,...) n (38,2,38,2,...)

4.2. Buiw sanarar 3.2.
4.3. Buau saaarak 3.3.

4.4. 3a i € {1,2}, ypemumo canepche osmake: p; — peposatHoha noBeae npsor
MI'pada ako je oH Ha noTesy, a 36up nperxojno uizabpanux Gpojesa je obiiMka
3k 4+ i; ¢; — mepopatHoha nobele npsBor Mrpada, ako je JpyrM Ha NOoTesy, a

36up nperxoano naabpauux Gpojesa je obamnka 3k +:1. Tana parwe jeaHakocTH;
s { [ | 2 2.4 1 1 2 1

1
=g tanty 9z.rn=a+4ql+ B =Pt o Py 0e = Pt e B TP aINERA

pepoBaTHoha je: P = 1 + Eth + 792 Pemapamem cucreMa jeaHaumHa, nobuja
11 7 13

f'-t‘fh:ﬁ. ?2=E.HF=§E-
1

4.5, OuMraeano je ga cy 8 U 8§ = §+rcns:t: Heneratusan. Heka je fly) = reosy+
r4cos2y. ®yHrumja [ je nepuoaHyHa M avdepeHuMjabuiTHA, TTa AOCTHNKE MM-
HUMYM ¥ HEKO) TaukM yg, y kojoj je f'(w) =0. f'(y) = —rsiny(l +4rcosy), na

jeyo = km, k € Z, wam cosyy = ——. ¥ npsom cayuajy je flyo) = r?+(=1)"r 2

—i, a y apyrom f(ya) = & pd > —%. [pema Tome, fly) > —% 3a CBE ¥.

.ﬁa)*w"caaba + 2 (2008 Y- -1
= 0202 4 —"""'5”3"3 =i
-gm‘i cealgr L) - g

¥ =

£

B

>-r?
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Basu: |
Sang1 = 5 + flz) +rf(dz) + - + rin2 (47 1)
> %— g (l+:—’-"+.. _|_,.£tn—1})
S NN
= % B 4;(7:-1‘1 - ; ,14,4 o 22.i+[ 50,

na je Sanga = Sapp1 + 7 loos 222 > s9n4 — 5-;-,5—,— > (. Hakne, cBu 4JIaHOBH
HU3a Cy HEHEraTHUBIHN.

IIpen paapen — B kateropmja

he oo as 2 2 2

2 e Ao A . S a® ¢ g omr o,

a® b 2 a® L 4

= :‘5+E+I+F+h—z+l+b_g+a—z = 4.
) i . B b}
Heka je O uentap ynucanor kpyra AABC. Tana je ZC0K = §+E — ‘BD“—E,

LEKEMB=90°- =, u ZKMB = 180° — ZKMC, na je yersopoyrao COKM
terBad M ZAKC = ZOKC = Z0MC =90°, kao nepudepujckn Haag OC.

TR

Momohy asa pesa, gomahumua ropry mosxke nojenwTH HajBue ua 4 gena.
Tw womanm mopajy mopajy GMTH JeaHaku, 3a cayya) na joj aoby veTupw
rocra. MeByTuMm, ykonuko joj aobiy Tpu rocra, ona MM HE MOME NOAEHMTH
TOPTY Ha jefHake jenoRe. Jlokamumo aa Jomahuua mMoske Topry NOAECIWTH
nomohy TpM peza kpos nentap Topre. Jlpa pesa cy no MelycoBHO HOpMAaNHAM
nmpeunuiiuma, a Tpehu nog yrmom on 30° v onnocy Ha jeman on mux. Ha Taj
HAYMH, TOPTA je Noje/keda va 6 napunha: no asa ox 30°, 60° u 90°. ¥Ykonuko
aobhy 4 rocra, nomahuua he apoje nocayxutu napunmhwmma ox 90°, a awoje
no jeaaum napuerom oa 30° u 60°. Axke ux aobe Tpoje, asoje he nocaymuTH
no jeanum napderom oa 90° u 30°, a rpeher apama napuaauma o 60°.

ry=maaa =a- 111 = a-37-3. Onartae nobujamo aa je jenan oa Gpojesa r,y
Aedsue ca 37, Ha npuMep r. Kako r He mowe OWUTH Tpoumdpen 6poj, MMaMo
ase moryhnoctu. Mpeu cayxay: = = 37, y = 3a. Ilpoeepom ce aobuja a = 6,
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2.1.

2.2,

2.9

2.5.

3.1.

3.2.

). y = 18. Apyzu cayqaj: v =237, ¥y = 3a/2. Mpovepom ce nobuja a = 2, 1j.
r="T4 y=43.

0. Buam zanartak 1.5 3a A kareropujy.

Hpyru paspen - B kateropuja
Buan 3anatak 2.1 3a A wkareropujy.

Oanaummo ca r; ¥ ra DoAyinpedHuke Kpyrosa ky »m ke, ca X OOoUIMpHY Tauky
nonynpase (ya ca ks, u ca Y npecek ayxmn 0102 w AB. Tana cy Tpoyriosm

AY s e

O AY v 010X cnuunm, najt; E’T = mr;, Tj. AB =24Y = 251—(3_—2. Canuno
ce nmokasyje w ja je CD =2 L2 na je AB=CD.
Oy O

Buam 3anatak 1.3 3a A kareropujy.

4. Cumenom | = 2% aobujamo 1* — (a+ 3)t +4a—4 =0, unja cy pemena t; =a—1

M ts = 4. [la 6u nonasfa jegHauMna MMana Tauno jeiHo peuiere, TpebGa aa
6yae a— 1 <0 wmm a—1 =4, [laxne, a € (—o0, 1}jU {5}.

3a k € H, nvamo: : - [k+”ﬁ_k'k+l =_1_
‘ N VR RERT G R—Fk+) - VR
1

na je TpameHu 36uMp jeanak 1 —

_?EIQI
E+1 /9 3 '
Tpehu paspen - B xkaTeropuja
. 2z 1-—z? ~ 1—-y* 2y
Nocmarpajmo pektope d = | ——s, —— |, M b= | —— —— |. Ta-
RS e (14-:-:? i+m2) : (1+y2 1+ y?

e S e - 7 _ olzty)(l—zy) . = -
ja je' lg|l = |bl = 1, m @+ b = T+2) 1157 la -8 < |alle] =1 =

5 T+ y)(1 —zy)
(14 22)(1 + ?)

Heka jea=n—-1, b=n, e=n+1. Tana je a < # < v, u moryha cy

< 1.

. ; sin 2o
Tpu cayuaja. [Ipeu cayuaj: 8 = 2a. W3 cunycue Teopeme: cosa = e
B e E a M3 KOCMHYCHE TeopeMe: cnsa—-u2+b2+CE*
2sina = 2a  2(n-1)’ e o s - 2be -

n+44

2An+1)’ onakie jen=2, 7). a=1, b=2, ¢= 3, wro je nemoryhe. Upyzu
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4.2,

4.3.

4.4
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; n+1

cayqa): vy = 2a. M3 cuHyclHe Teopeme: coso = m, A M3 KOCHMHYCHE

n+4 " :
COBax = ————,o0naknejen=56ua=4 b=5, c=6. Tpehu cayuay: v = 24.

2(n+1)

n-41 n?+4+2

M3 cunyche Teopeme, cos f = ——, a U3 KocuHycne cos § = ———, na ce
2n 2(n? - 1)

3+4/13

2
Ca HaBeJeHUM CBOJCTBMMA uMma cTpaHuie 4, 5 u 6.

Jobuja ny 2 = , mTo nucy npupoaau Bpojeen. [lakne, Jeluuu Tpoyrao

Buin zagatak 3.3 3a A kareropujy.

IloBomsHo je gokazaTu ja je nmckpumuanta D = (b— ¢ — a)* — dac = b +
c? + a® = 2bc — 2ca — 2ab weratuBHa. MeljyTuM, 3a cTpaHMle TpoOyTia BaXH:
lb—¢el <a, le—a|l <b |la—bl < e nace nocne kpaapupamwa u cabupamwa
OBMX HejenHakocTH, aobuja: a® + b° + ¢ < 2{ab+ be 4 ca), mTo je u TpeBamno
AOKA3ATH.

. D= (a—b)(b—c)(c—a)#0.

Yerspru paspen - B kateropuja

i . 11
UMz r+y+:z= 3! (z+y+z)*—2ry+yz + z2) = T nryz(ey + yz + zz) =

3 3 :
—5 HamasuMmo Y+ yz + 2z = 1, zyz = ~g Ha ¢y r,y, z peliema |e/IHaYrHe
W TP+ 2+3=(t=1)(t=3){2t+1) = 0. [lakne, pememe cHcTeMa je TpojKa

1 . . .
(_ﬁ' 1,3) M oIl MeT NpeMyTalija opux Dpojena.
Bpo) cBUX eneMenaTa HM3a [Ipe NpROr eJeMelTa n-Te rpyne je a+2a+3da+ -+

an(n - 1) an(n — 1)
{ﬂ— ].}ﬂ “?—

anocnemmu a+a’n(n—1)+2a(na—1) = a’n(n+1)—a. 36up coux enemenara

n-te rpyne je S, = %u[u +a*n(n— 1) + a’n(n + 1) — a] = (na)’.

. ITpsy unau n-Te rpyne je a+2a = a+a’n{n—1),

Bumu zanarak 3.3 3a A wareropu)y.

Horxaxwumo wnayknujom ga je f(k-29) = (k+ 1) 29 3a ce k € M. 3a
k = |, To crojcTRO Bamu. Jlokamumo ra u 3a k=2 Hs f(f(1) + f(1)) =

FOF(1))+ f(1), noGujamo f(2- 2'33} F(29)429 = 58429 = 3-29. IlpernocTraBmmo
ga je k > 2, W Da je TparkeHa je/IHAKOCT MenymeHa 3a 1,2, ..k — 1. Mmamo:
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FUFQ)+F((k=2)-29)) = F(F(1)+ F((k=2)-29) = 2-29+ (k—1)-29 = (k+1)-29.
Hakne, nowro je 2001 = 69 - 29, umamo ga je f(2001) = 70 -29 = 2030.

_yfex+by  ar+4b _dt=b . o de— 5
i (ﬂl‘-f‘tf)_ cx+d :>I_n.—rr'”‘1"ﬂf {:}_u—rzm' CIOB

ff-r—t';_u:r+b

a—cr er+d
0, omHocHO ako ¥ caMo ako a+d=0wmb=c=a—d = 0. JApyry morvhuoer

eauMuBMlieno, 36or ac — bd # 0.

Ba#HU 3a cBe T aKo U caMo ako roeld+al+z(d” —a?)—bla+d) =
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