JABAZIECET YETBPTHU TYPHHUP I'PAJZIOBA

Jecewe kono. [lpunpemna Bapujanrta, 20 oxrobap 2002.

8-9 paspen (maabu yspacr)

(Pesyarar ce pauyHa Ha OCHOBY TpHM 3ajaTKa Ha KojuMma je nobujeHo Ha-
JBUIIE TOEHA. )

1 (4 noena). Y xousexkcHoM 2002-yray je moBy4YeHO HEKOMMKO AMjaroHaa,
Koje ce He cexy yuyTap tor 2002-yrxa. Tumge je Ta] MHOTOYTAO PA3AOKEH Ba
2000 Tpoyraosa. la nm je moryhe ga TayHo jefHa MoJMOBUMHA TUX TPOVIIOBa
3a CBe TPY CBOje CTpaHUlEe MMa JM)aroHale TOr MHoroyria?

2 (5 noena). Cama m Mama cy 3amucanim no jejad npupogaH 6poj u
caomuruau ra Bacu. Baca je Ha jegHoMm nucery nmamupa s3amucao 36up Ta apa
bpoja, a Ha ApyroM AuUCTy nanmvpa muxoB npoussod. [lorom je jemam ox Tmx
AMCTOBA Cakpuo, a Apyru (Ha kojem je buo 3ammcan 6po) 2002) je nokasao
Camm 1 Maum. Kapga je sugeo Taj 6poj. Cama je pekao aa He 3Ha Koju je
6po) samucamna Mama. Yypum to, Mawa je pekaa ga He 3Ha kKoju 6poj je
samucamno Cama. Koju 6poj je sammemnna Mama?

3. a) (1 noen). Opemene je paguno kKoHTpoary Bexdy. [losnaTo je aa je
bapem ase Tpehnue 3asaTaka Ha TO) KOHTPOJAHO) Be:KOM BUIO TEIWIKO: CBaKyM o1
THX 3ajaTaka Huje peumno bapem ase tpehune yuennka. [losnato je takobe
aa je bapem ase Tpehune yuyeHUKa JoOpPO ypaauio KOHTPOJIHY BexOY: cBaku
TAKaB YUYCHMK je ypaauo bapeM ase TpehuHe 3asaTaka ca KOHTPOJHe Bexbe.
Ha am je 1o moryhe?

6) (2 noena). Ha nm he ce NPOMEHMTH OArOBOP Ha MOCTABJ/LCHO NUTAME
aKo ce ¢ByZa v yclaoBy 3anaTka ABe TpeliMHe 3aMeHe ca Tpu deTBpTuHE”

B) (2 moena). a num he ce NnpoMEeHMTHM OATrOBOP Ha HMOCTABI/LEHO MUTAHE
4KO Ce CByJa y yciaoBy 3agaTka ase Tpehune 3avene ca cenaM geceruna’

4 (5 noena). Ha crony ce nanasm 2002 kapTuua Ha KojuMa Cy HAIMCAHW
bpojesu 1, 2, 3, ..., 2002. IIpa urpaua y3sumMa)y HAM3MEHMYHO 1O JeOHY Kap-
tuny. Kaga 6yvay ysere cBe Kapruue, nobegHUK je OHa) Urpay KojJ Kora je
Beha nocneawma undpa 36upa dpojeBa Ha ogabpanunMm kaprunama. Qapeaure
KOJM O] Urpada Moke VBEK Aa o6eau He3aBMUCHO 0] TOra KaKO CYNapHMK Urpa
M 06JaCHNTE KAKO OH NpM ToM Tpeba ga urpa.

5 (5 moena). Ilat je yrao um tauka A yuyrap mwera. [Ja nu je moryhe
nosyhu Tpu npase xpo3s Tauky A, TAKo Ja Ha CBAKOM 0J KPaKOBa yria jeIHa
Ol IPECEYHNX Tayaka TUX MPABUX Ca KpakoM Jexu y cpeamuty Mely apyrum
ABeMa TauyKaMa Npeceka NpaBUX ¢ TUM MCTHUM KPaKoM.



JIBAJECET YETBPTU TYPHUP I'PAZIOBA

Jecewe xono. IIpunpemua sapujanra, 20. oxrobap 2002.

10-11 paspepg (crapuju y3pacr)

(Peaynrar ce pauyHa Ha OCHOBY TpM 3aJaTKa Ha Kojuma je nobujeHo Ha-
jBuIE TIOEHA)

1 (4 moena). Cama m Mama cy sammcanam no jegad npupogad 6poj u
caommtuay ra Bacu. Baca je Ha jegHoMm nmcTy nammpa sammicao 36up Ta gsa
fpoja, a Ha APYroM IMCTY nanvpa muxos npousson. IlotoMm je jemam ox Tmx
AMCTOBA CaKpuo, a Apyry (Ha kojem je 6uo 3ammcan 6poj 2002) je nmokasao
Camm n Mamm. Kaga je Bugeo Taj 6poj, Cama je pekao na He 3Ha KOju je
6poj 3amucimuna Mama. Yysmm to, Mama je pexna ga He 3Ha koju 6poj je
samucauo Cama. Koju 6poj je zamucmmna Mama?

2. a) (1 noen). Ogememe je paguno xkoHTpoany Bexby. I[losnarto je ga je
bapem nBe TpehuHe 3aaTaka Ha TOj KOHTPOTHO] BeXOM OGMUIO TEmKO: cBAaKM of
TMX 3afaTaka HMje pemmio HGapem ase tpehune yyenuka. [losmarto je Takohe
aa je 6bapem nse TpehuHe yyeHmka Jo6po ypaauio KOHTPONHY BexOy: cBaku
TakaB y4YeHUK je ypaauo Dapem ase tpehyHe 3ajaTaka ca KOHTpoaHe Bexbe.
Ha nm je To moryhe?

6) (1 noena). Ia nu he ce mpoMeHMTH OArOBOP HA MOCTAB/HEHO NUTAH:E
ako Ce CByJa y yCIOBY 3ajaTKa ase TpehyHe 3aMeHe ca TpM YeTBpTHUHE?

B) (2 nmoena). la nm he ce mpoMeHMTHM OATOBOP HA NMOCTABLEHO MMUTAHE
ako ce cByJla y ycloBYy 3azaTka ase TpehyHe 3ameHe ca cenaMm gecetusa?

3 (5 noena). Hekomuko npasmux, mebhy kojuma zema meBhycobHo napanen-
HUX, Aelle paBaH Ha HeKoJuKo obnactu. YHyTap jemHe on Tux obractu je
onabpasna tTauxa A. Moxaszaty ma noctoju Tauxa B ca ceojereoM ma cBaxa of
JaTuX NpaBuX pa3aBaja Tadke A u B ako M caMo ako je ob6nacT Koja cagprku
rauky A HeorpaHudeHa.

4 (5 noena). Heka cy z, y, z npoussomEn 6pojeBu u3 unrepsana (0,7/2).
Jlokasure HejegHAKOCT

TCOST + YCcosy + z2cosz . cosz + cosy + cosz
T+y+2 = 3 '

5 (5 moera) Y BeCKOHAYHOM HM3y UMjM CYy WIAHOBM NPUPOJEM Opojesu
ceaku caenehu 6poj ce gobumja Tako wrTo ce nperxogHoMm Gpojy Hoza jeaHa
meroBa IMpapa Koja je pasauuura on Hyse. lokasatu na he ce y ToMm Huzy
wahu Gap Jeman nmapan 6poj.



DVADESET CETVRTI TURNIR GRADOVA
Jesenje kolo. Osnovna varijanta, 27.oktobar 2002.
8-9 razred (mladji uzrast)

(Rezultat se racuna na osnovu tri zadatka na kojima je dobijeno najvise
poena.)

1. (4 poena) U banci radi 2002 zaposlenih. Svi zaposleni su dosli na jubilej
banke i bili su rasporedjeni za jedim okruglim stolom. Poznato je da se plate
onih koji su susedi razlikuju za dva ili tri dolara. Kolika je najveéa moguca
razlika izmedju dve plate ako je poznato da svi zaposleni imaju razlicite plate?

2. (5 poena) Sve biljke koje rastu u Rusiji su numerisane brojevima od 2 do
20000 (bez preskakanja i ponavljanja brojeva). Za svaki par biljaka je izracunat
najveéi zajednicki delitelj njima odgovarajuéih brojeva, a sami brojevi su bili
izgubljeni (zbog kvara na racunaru). Da li je moguée da se svakoj biljci utvrdi
njen broj?

3. (6 poena) Temena 50-ugla dele kruznicu na 50 lukova ¢ije su duzine 1, 2,
..+, 90 u nekom poretku. Poznato je da razlika duzina suprotnih lukova (onih
koji odgovaraju suprotnim stranicama tog 50-ougla) iznosi 25. Dokazite da se
u tom mnogouglu moze nadi par paralelnih stranica.

4. (6 poena) Unutar trougla ABC se nalazi tacka P takva da je ugao ABP
jednak uglu ACP a ugao CBP jednak uglu CAP. Dokazite da je P tacka
preseka visina datog trougla.

5. (7 poena) Konveksni n-tougao je razlozen nekim svojim dijagonalama
na tronglove (pri tome se dijagonale ne sekn nnutar mnogougla). Trouglovi
su obojeni u belo ili crno tako da su svaka dva trougla koji imaju zajednicku
stanicu obojena razli¢itim bojama. Za svako n nadjite maksimum razlike broja
belih trouglova i broja crnih trouglova.

6. (9 poena) Imamo veliki broj kartica, a na svakoj od njih je napisan jedan
od brojeva od 1 do n. Znamo da je zbir brojeva na svim karticama jednak k-n!,
gde je k prirodan broj. Dokazite da se te kartice mogu rasporediti u k grupa
tako da je u svakoj grupi zbir cifara na karticama te grupe jednak n!.

7. a) (5 poena) Elektri¢na mreza ima oblik resetke 3 x 3: ukupno 16 ¢vorova
(temena kvadratne mreze) koji su spojeni provodnicima (stranicama kvadrata
te mreze). Moguée je da su neki od provodnika pregoreli. U jednom merenju je
moguée adabrati dva &vora i proveriti da li medju tim &vorovima ide tok struje
(to jest, da li postoji lanac provodnika koji nisu pregoreli koji spaja ta dva
¢vora). Poznato je da je mreza takva da postoji tok izmedju svaka dva ¢vora.
Koji je najmanji broj merenja koji omoguéava da se to pouzdano utvrdi?

b) (5 poena) Isto pitanje za mrezu koja ima oblik resetke 5 x 5 (ukupno 36
tvorova).



DVADESET CETVRTI TURNIR GRADOVA

Jesenje kolo. Osnovna varijanta, 27.oktobar 2002,

10-11. razred (stariji uzrast)

(Rezultat se rac¢una na osnovu tri zadatka na kojima je dobijeno najvise
poena.)

1. (5 poena) Sve biljke koje rastu u Rusiji su numerisane brojevima od 2 do
20000 (bez preskakanja i ponavljanja brojeva). Za svaki par biljaka je izracunat
najveéi zajednicki delitelj njima odgovarajuéih brojeva, a sami brojevi su bili
izgubljeni (zbog kvara na racunaru). Da li je moguce da se svakoj biljci utvrdi
njen broj? ,

2. (6 poena) Kocka je prese¢ena jednom ravni tako da je u preseku dobijen
petougao. Dokazite da postoji stranica tog petougla ¢ija se duzina razlikuje od
jednog metra najmanje za 20 centimetara.

3. (6 pocna) Konveksni n-tougao je razlozen nekim svojim dijagonalama
na trouglove (pri tome se dijagonale ne seku unutar mnogougla). Trouglovi
siu obojeni n belo ili erno tako da su svaka dva trougla koji imaju zajednickn
stanicu obojena razli¢itim bojama. Za svako n nadjite maksimum razlike broja
belih trouglova i broja crnih trouglova.

4. (8 poena) Imamo veliki broj kartica, a na svakoj od njih je napisan jedan
od brojeva od 1 do n. Znamo da je zbir brojeva na svim karticama jednak k-n!,
gde je k prirodan broj. Dokazite da se te kartice mogu rasporediti u k grupa
tako da je u svakoj grupi zbir cifara na karticama te grupe jednak n!.

5. Dve kruznice se seku u tackama A i B. Kroz tacku B prolazi prava,
koja sete prvu i drugu kruznicu jos i u tatkama K i M respektivno. Prava [,
dodiruje prvu kruznicu u tacki @ i paralelna je pravoj AM .Prava QA sece drugu
kruznicu u tacki R. Prava l; dodiruje drugu kruznicu u tacki R. Dokazati da

a) (4 poena) je prava [, paralelna AK;

b) (4 poena) prave ly, I i KM imaju zajednicku tacku.

6. (8 poena) Posmatrajmo niz ¢ija su prva dva ¢lana brojevi 1 1 2, a svaki
sledeéi ¢lan niza je najmanji prirodan broj koji se jos nije pojavio u nizu a nije
uzajamno prost sa prethodnim ¢lanom niza. Dokazati da se svaki prirodan broj
Javlja u tom nizu.

7. a) (5 poena) Elektri¢na mreza ima oblik resetke 3 x 3: ukupno 16 évorova
(temena kvadratne mreze) koji su spojeni provodnicima (stranicama kvadrata
te mreze). Moguée je da su neki od provodnika pregoreli. U jednom merenju je
moguce odabrati dva ¢vora i proveriti da li medju tim ¢vorovima ide tok struje
(to jest, da li postoji lanac provodnika koji nisu pregoreli koji spaja ta dva
¢vora). Poznato je da je mreza takva da postoji tok izmedju svaka dva &vora.
Koji je najmanji broj merenja koji omogucava sa se to pouzdano utvrdi?

b) (5 poena) Isto pitanje za mrezu koja ima oblik resetke 7 x 7 (ukupno 64
&vora).



24. TYPHHP T'PAJOBA

[ Iporehno xono.
[Tpunpemua Bapujanra, 23. qpebpyapa 2003. roa.
8-9. paspea {maahu yspacr)

(PesyaraT ce padyHa Ha OCHOBY TpM 3aJaTKa Ha KojHMa je A06HjeHO HajBHMLle r0eHa)

------------------------------------------------------------------------------------------

1. (4 noena). 2003 nonrapa je pacriopeheno y HoBuaHHKe, a HOBYAHHMUM CY CMELITEHH ¥

.

2

5.

uenose. [losuato je aa je 6ppoj Hosuannka sehn oa Gpoja Aorapa y 6MA0 Kom yeny.
Jla An je Tauno aa ie Gpoj uenosa sehu oa 6poja aorapa y Hekon 04 HOBuaHKKa?
(Huje aonyurreso craBrpaTh HOBYaHMKE jeAaH y APYTH)

(4 noena). /Jlpa urpaya nausmennuno 6oje crpannue N-toyraa. [ 1peu moxe aa ofoin
cTpanuLy Koja Je cyceana ca 0 uan 2 obojene crpanuue, a APYrH CTpaHHLY Koja

je cyceana ca jeanom obojeHoM ctpanuiom. ['y6u oHaj urpad Kojit He Moxe Aa
OAMrPa MoTes. 3a Koje BPEAHOCTH N APYTH urpad Moxke Aa Mobesi He3aBHCHO O
urpe npsar?

(4 noena). Ha xpauuma AB u BC jeanakokpakor tpoyraa ABC narase ce tauke K
u L pecnextusno, takse aa je AK + LC = KL. Kpos cpeanture ayxu KL nporaan
npasa napareara ca BC, u Ta npasa ceue crpanuyy AC y taukn N. Hahu seanuu-
ny yraa KNL.

(5 noena).Y uusy npupoasiux 6pojea cBaku 6poj, OCHM NPBOT, j¢ JeaHAK 36Hpy

nperxoaxor 6poja K werope Hajsehe uuppe. Koauko Hajsuie Henapuux ysactonuux
6pojeBa MOMe CaapKaTH TAKAB HH3?

(5 noena). Mome au ce tabaa seanunne 2003 x 2003 nonrouatr aomunama
BeAHdHHe 1X 2, Koje je 103BOSEHO CTaBabaTH CaMO XOPH3OHTAAHO, H MPAaBOYrao-
nuupMa BeaumHe 1X 3, koje je A03BOMEHO cTaBrdaTH camo BepTHkaano? (/lne
napaAeAHe CTpaHHle TabA¢ YCAOBHO 30BEMO XOPHU3OHTAAHMM, @ Apyre ABE
BEPTHKAAHHMM. )



24. TYPHUP TPAJZIOBA

[Ipoaehno koro.
[Tpunpemua Bapujanta, 23. pe6pyapa 2003. roa.
10-11. paspexa (crapuju yspacr)

(Pesyarar ce pauyna Ha OCHOBY TPH 3ajlaTKa Ha KOJuMa je A06MjeHo HajBHIle MoeHa)

-------------------------------- - -

1. (3 noena). 2003 aorapa je pacniopeheno y nopuanuke, a HOBYAHHUM CY CMewITeHN Y
uenose. [losuaro je aa HoBYaHHMKa MMa Buuie Hero aoAapa y 6u.ro kom yeny. /a
AM j€ TaYHO Ja 1enoBa MMa BHILE HEro A0Aapa y HEKOM O HOBYAaHHKa?

2. (3 noena). Jlato je 100 wranuha, oa xojux ce moxe cactasutu 100-yrao. Ja an ce

MOZKE JeCHTH Aa ce HH O/ Ma Kojer Mamer 6poja Tux wranuha e moxe cacranurn
MHOroyTao?

3. (4 noena). ¥ Tpoyray ABC je oaabpana Tauka M Tako Aa MOAYNpeuHHUM onMcaninx
kpy#Hnuua tpoyraosa AMC, BMC u BMA nucy marbn 04 noaynpeunmka kpyskiue
onucane oko Tpoyraa ABC. Zlokasatu aa cy cBa yetmpu noAynpesnuka jesHaxa..

4. (5 noena). Cro 6pojesa je nopeharo y pactyhem noperxy: 00, 01, 02, 03, ... 99.
3BaruM cy oHu ucnpemeluTaHd Tako Aa ce cBaku caeaehu 6poj aobmja 3 nperxoanor
Tako IITO Ce eMy TayHo jeAHa uuppa noseha uam cmamwu 3a 1 (na npumep, nocae
29 mouxe ce nojasutu camo 19, 39 uan 28, a 20 uau 30 ce ne mory nojasurn).
Koaunko Hajsuue 6pojeBa mo#e OCTaTH Ha CBOM MecTy?

5. (5 noena). Jar je NPaBOYTaOHHK O/ KapTOHa uuje cy cTpaHuue @ cm u b em, rae je

b/2 <a<b. Joxasatu aa ra je moryhe paspesatu Ha TpH AeAra €A Kojux ce moze
CacTaBMTH KBajpar.



24. TYPHUP T'PAJOBA

[ Iporehno kono.
Ocnosna Bapujanra, 2. mapra 2003. roa.
8-9. paspea (maahu yspacr)

(Pesyarar ce pauyna Ha OCHOBY TpH 3ajaTKa Ha KOjUMa je A00HMjeHO HajBHILe roeHa)

1. (4 noena). Baca nanume Ha Taban jeanaunny ax2+ bx + ¢ = 0 ca nosuTHBHAM
uerobpojuum koeduumjentama @, b u c. [locae tora [lerap, ako :xean,
MOXe Zla 3aMeHH jeJJaH MAM JBa 3Haka + 3HakoM — . Ako ao6ujena
jeaHauuHa uma oba kopeHa uerobpojHa, oHaa nobelyje Baca, a ako nak
nobujeHa jeanauMHa Hema KopeHa (pemrersa) MAM je 6Gap jeaan oA KopeHa
Heuerobpojan, onza mnobehyje [lerap. Mome am Baca Ttako oaabpatu
KoedHLMjeHTe jeaHauuHe Aa curypHo nobeau [ lerpa?

2. (4 noena). /lar je tpoyrao ABC. Y mwemy je R- noAynpeusux onucase
KpYHHLE, I - TMOAYNPEYHHK YIHCaHe KpPyKHHLE, &8 - AyKHHa Hajayzxe
ctpanuue, h - ayxuHa Hajmame Bucuue. Jlokasatu aa je R/r > a/h.

3. Ha typuupy je cBaka oa 15 ekuna oaurpara ca CBaKOM APyrom eKHIOM TauHO
jeAaH meu.

a) (4 noena) /loxasatu aa cy ce 6apem y jesHOM Meuy CycpeAe eKHIle
Koje cy, /0 Tor Meva, y 36Hpy oaurpaie HenapaH 6poj Meuesa.

6) (3 noena) Mozke Au TakaB Meu GHTH jeAMHCTBEH?

4. (7 noena) Yokoraza obAnka jesHAKOCTPAHHYHOT TPOYFAA CTAHHLE AYKHHE N
u3jeeHa je 6pasziamMa Ha MaAe TPOYrAOBe uMje cy ctpaHuue ayzxune 1 (cBaka
CTpaHHLA je MOJedeHa Ha /1 jelHAKHX /JeAOBa, JEOHe Tayke Ha CBAKOM Mapy
CTpaHHUa Cy criojeHe Ayxuma napareanum tpehoj crpanuum). /lpa wurpaua
urpajy urpy. Y jeAHOM MOTe3sy ce MOZe OAAOMMTH TPOYTaoOHO MMapue HOKOAA/e
(ay= 6pasze), nojectu ra u ocratak npeaat npotueHuky. OmHaj koju a06muje
nocAeAme mapye - Tpoyrao crpanuue 1 - je nobeaunk. Ako urpau He Moxe Ja
oaurpa nortes, oaMax rybu urpy. 3a cBako /1 yCTaHOBHTE KOJU O] HMrpaua,
npeu (OHa) KOJH MOYMIbE) MAM APYTH, MOMKE WrpaTH TaKo Ja yBeK nobeam
(He3aBHCHO 0 Mrpe NPOTHBHHKA).

5. (7 noena) Koju je najsehn 6poj noma Tabre 9x9 xoja ce mory paspesath o
obe aujaroHare, Tako fAa ce MPH Tome TabAaa He pacnaZHe HAa HEKOAMKO
AeroBa?

6. (7 noena) Tpanes ca ocnosuuama AD u BC onmcan je oko kpyxxuuue, E je
TauKa Mpeceka Heropux AujaroHara. Jlokasatu aa yrao AED ue moxe Gurh
ourrap.



24. TYPHHUP T'PAZOBA

[ Iporehno kono.
Ocnosna BapujanTa, 2. mapta 2003. roa.
10-11. paspea (crapuju yspacr)

(Peayarar ce pauyHa Ha ocHOBY TPH 3ajaTKa Ha Kojuma je AOOMjeHO HajBHILE MOEHA)

---------------------------------------------------------------------------------------------

1. (4 noena). Jlata je Tpoctpana nupamuaa ABCD. Y mwoj je R - noaynpeunus
onucaHe cdepe, I - paaMjyc ynucaHe cdepe, a - Ay:KMHA HajAy:xe HBHUE
h - aysuHa HajMame Bucune (Ha jeany oa ctpana nupamupe). Jlokasatu a¢

je R/r> a/h.

2. (5 noena). Jlar je noannom P(X) ca pearnnm koeduumjentuma. Beckonauan
HH3 PasAMYHTHX TPHPOAHHX GpojeBa a@;, dz, @i, .. jJé TakaB Ja je
P(a,) =0, P(a,)=a,, P(a;)=a,, wura. Koju crenen moxe wnmartn
noautom P(x)?

3. (5 noena). Moxe AM ce moBpuIMHA KOLKE Y MOTIYHOCTH TIOKDHTH Ca TpE
Tpoyraa 6es npekaanama?

4. (6 noena). Y xpysumuy je ymucan mnpasoyrau Tpoyrao ABC umja
xunotenysa AB. Heka je K cpeammre ayka BC koju He caap:u Tauky A
N - cpeanwrre ayxu AC; M - tauka npeceka noaynpase KN ca kpyuuuom
Y raukama A u C cy KoOHCTpyHcaHe TaHreHTe Ha KPYKHHLLY, KOJe Ce CeKY )
tauku E. /lokasatu aa je yrao EMK npas.

5. (6 noena). Bopa je samucano ueo 6poj, sehn ox 100. Kupa kazxke ueo 6poj
d. sehu oa 1. Axo je Bopun 6poj aexus ca d, onaa Kupa nobehyje, a y
cynpotHom Bopa oaysuma oa ceor 6poja 6poj d u urpa ce HacraByva. Kupa
Hema MpaBo Ja Kaxe 6poj Koje je panuje pekaa. Kaza DBopun 6poj nocrane
neratuBad, Kupa ry6u. Moxe au Kupa tako urpatu aa curypso nobeau?

6. (7 noena). Y cBakom nony Tabauue Beanuune 4x4 je samucan smak "+" uar
"M ZlosoreHo je MCTOBpeMEHO MerbaTH 3HAK Y MPOH3BONLHOM MODY ¥
CBUM MOMHMa KOja MMajy 3ajeAHHUKy cTpaHuuy ca TeM novem. Koanko ce

PasAHYHTHX TabAHuAa Moske A06MTH, BHme mnyTa npuMerbyjyhu onmcamy
onepauujy?

7. (8 noena). Yuyrap kBagpara je 0gabpaHO HEKOAMKO Tauyaka M Te Tauke cy
cniojere ayxuma usmely cebe u ca Temenuma KBajpaTa, TAKO Aa Te AYKH He
ceky jeana apyry (ocum Ha kpajeBuma). |ume je KBajpaT MNoJendeH H:
TPOYrAOBE H TO Tako Aa je cBaka ojabpaHa TayKa TeMeé HEKOT TPOYyrAa, &
HHMjeZHA Ce He HaAa3sH Ha CTPaHMLM HEKOr TpoyrAa. 3a cBaky oaabpam)
Tauky, Kao M 3a CBAaKO TeMe KBajpaTa, npebpojaHe Cy OJaTAe [OByYeHe
ayxu. Moske Au ce aecutd za cBu Taako aobujeny 6pojeBu 6yay napuu?



Juniors
(Grades up to 10)

International Mathematics
TOURNAMENT OF THE TOWNS

O-Level Paper Fall 2002.

1

[4] In a convex 2002-gon several diagonals are drawn so that they do not intersect inside of

the polygon. As a result, the polygon splits into 2000 triangles.
Is it possible that exactly 1000 triangles have diagonals for all of their three sides?

2 [5] Each of two children (John and Mary) selected a natural number and communicated it to

3

a)

Bill. Bill wrote down the sum of these numbers on one card and their product on another,
hid one card and showed the other to John and Mary.

John looked at the number (which was 2002) and declared that he was not able to determine
the number chosen by Mary. Knowing this, Mary said that she was also not able to determine
the number chosen by John.

What was the number chosen by Mary?

2
[1] A test was conducted in a class. It is known that at least 3 of the problems were hard:
2
each such problem was not solved by at least 3 of the students. It is also known that at least

2 2
3 of students passed the test: each such student solved at least 3 of the suggested problems.

Is this situation possible?

2 3
b) [2] The same question with 3 replaced by 7

2 7
c¢) [2] The same question with 3 replaced by 10

4) [5] 2002 cards with the numbers 1, 2, 3,...,2002 written on them are put on a table face up.

5)

Two players in turns pick up a card from the table until all cards are gone. The player who
gets the last digit of the sum of all numbers on his cards larger than his opponent, wins.

Who has a winning strategy and how one should play to win?
[5] An angle and a point A inside of it are given. Is it possible to draw through A three

straight lines so that on either side of the angle one of three points of intersection of these
lines be the midpoint between two other points of intersection with that side?

Keep the problem set.
Visit: http://www.math.toronto.edu/oz/turgor/
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1 Consider a triangulation of 2002-gon satisfying the conditions. Triangles which contain at least
one side of 2002-gon we call exterior triangles. So, our problem is reduced to the following
question:

Is it possible to have exactly 1000 exterior triangles? (then we have exactly 1000 triangles
which have diagonals for all three sides).

The answer is negative. Really, every exterior triangle contains at most 2 sides of 2002-gon
and there should be at least 1001 of them. Contradiction.

2 Let j and m be numbers selected by J and M respectively. Note that 7|2002; otherwise J
would know that m = 2002 — j. Also j # 2002; otherwise m = 1 (since m # 0). So, j < 1001.

Further, the same is true for m. In addition, M knows that j < 1001. Therefore, m = 1001
(otherwise M would know j = 2002 : m).

So, m = 1001 is the only possible solution. One can check that it works.

3 Let N be the number of students in the class, M the number of the problems, P the number
of passed students, H the number of hard problems. According to definition “a problem is

2 3 7
hard” if it has not been solved by at least rN students; where r = 100 in (a), (b),(c).

Also, according to definition “a student passes” if he solves at least rM problems.

a) It is possible. Consider a class consisting of students Si, S, S3 and set of problems
Py, Py, P3. Let S; solve P, and P;, S solve P, and P; and S5 solved neither P; nor Ps.
Then 57, S5 pass and Py, P, are hard problems.

b) It is impossible. Let us write down the results of the test (“+” or “=") into N x M
table.

Let passed students be on the top and hard problems on the left of the table. Let us
estimate K, and K_, the numbers of “+” and “—” in the table. First,

K, > (number of 7 + ”got by students who passed) > P x rM > r*MN

and

K_ > (number of 7 — 7 got for hard problems) > H x rN > r*MN.
3
4

Then MN = K, + K_ > 2r?M N which is impossible for r =



c) It is impossible. Arguments of (b) do not work here since 2r? < 1. Now we denote by
K, and K_ the numbers of “+” and “—” in the top-left P x H sub-table. Then

4
K, > (minimal number of ” + 7 for hard problems got by students who passed) > PX?H

(a student cannot pass if he solves less than %H of hard problems even if he solves all
the easy problems, the number of which does not exceed %M ). On the other hand,

4
K_ > (minimal number of ” —” got by students who passed for hard problems) > H x ?P.

So, PH = K, + K_ > 2PH which is impossible.

8
7
4 The First Player (FP) wins. Let us pair all the cards (numbers): we pair k& with 1000 + £,

k=1,...,1000. Also we pair 2001 with 2002. So, in each pair save the last one both cards

have the same last digit.

FP starts and picks up 2002. From this moment his strategy is to pick up the other half of
the pair chosen by SP. So, eventually SP is forced to pick up 2001. If cards are not gone, then
FP takes any card leaving for SP to pick up the other half of the pair. At the end FP has the
sum = 45000 + 2 = 2 (modulo 10) and SP has the sum = 1 (modulo 10).

5 Let us assume that there are straight lines M Z, NY and LX passing through A such that
MN = NL and XY = YZ where M, N, L are points on one side of the angle and X, Y,
Z are points on the other side. Let us draw a straight line through X parallel to ML; it
intersects lines NY and M Z at points N; and M; respectively. AAMN and AAM;N; are
similar; so are AANL and AXAN;. Then X N; = N;M;. Given the assumption XY =Y 7
we have that lines N1Y" || M;Z, which is impossible since they intersect at A.



Seniors
(Grades 11 and up)

International Mathematics
TOURNAMENT OF THE TOWNS

O-Level Paper Fall 2002.

1 [4] Each of two children (John and Mary) selected a natural number and communicated it to
Bill. Bill wrote down the sum of these numbers on one card and their product on another,
hid one card and showed the other to John and Mary.

John looked at the number (which was 2002) and declared that he was not able to determine
the number chosen by Mary. Knowing this, Mary said that she was also not able to determine
the number chosen by John.

What was the number chosen by Mary?

2
a [1] A test was conducted in a class. It is known that at least 3 of the problems were hard: each
2
such problem was not solved by at least 3 of the students. It is also known that at least 2/3

2
of students passed the test: each such student solved at least 3 of the suggested problems.

Is this situation possible?

2 3
b [1] The same question with 3 replaced by 1

2 7
¢ [2] The same question with 3 replaced by 10

3 [5] Several straight lines such that no two of them are parallel, cut the plane into several
regions. A point A is marked inside of one region. Prove that a point, separated from A by
each of these lines, exists if and only if A belongs to unbounded region.

4 [5] Let x,y,z be any three numbers from the open interval (0,7/2). Prove the inequality

T-COSXT + Y- COSY + 2-COSZ < COS T + cosy + Cos z
r+y+=z - 3
5 [5] Each term of an infinite sequence of natural numbers is obtained from the previous term

by adding to it one of its nonzero digits. Prove that this sequence contains an even number.

Keep the problem set.
Visit: http://www.math.toronto.edu/oz/turgor/



Seniors
(Grades 11 and up)

International Mathematics
TOURNAMENT OF THE TOWNS: SOLUTIONS

O-Level Paper Fall 2002.

1 Let j and m be numbers selected by J and M respectively. Note that j|2002; otherwise J
would know that m = 2002 — j. Also j # 2002; otherwise m = 1 (since m # 0). So, j7 < 1001.

Further, the same is true for m. In addition, M knows that j < 1001. Therefore, m = 1001
(otherwise M would know j = 2002 : m).

So, m = 1001 is the only possible solution. One can check that it works.

2 Let N be the number of students in the class, M the number of the problems, P the number
of passed students, H the number of hard problems. According to definition “a problem is
2 3 7.
32 o0 (a), (b),(c).
Also, according to definition “a student passes” if he solves at least M problems.

hard” if it has not been solved by at least » N students; where r =

a) It is possible. Consider a class consisting of students Si, S, S3 and set of problems
Py, Py, P3. Let S; solve P, and P;, S5 solve P, and P; and S3 solved neither P; nor Ps.
Then S7, S5 pass and Py, P, are hard problems.

b) It is impossible. Let us write down the results of the test (“+” or “—") into N x M
table.

Let passed students be on the top and hard problems on the left of the table. Let us
estimate K, and K_, the numbers of “+” and “—” in the table. First,

K, > (number of ” 4+ ”got by students who passed) > P x rM > r’MN

and
K_ > (number of ” — 7 got for hard problems) > H x rN > r M N.
3
Then MN = K + K_ > 2r?M N which is impossible for r = 1
c) It is impossible. Arguments of (b) do not work here since 2r? < 1. Now we denote by
K, and K_ the numbers of “+” and “—” in the top-left P x H sub-table. Then

4
K, > (minimal number of ” + 7 for hard problems got by students who passed) > PX?H

(a student cannot pass if he solves less than %H of hard problems even if he solves all
the easy problems, the number of which does not exceed %M ). On the other hand,

4
K_ > (minimal number of ” —” got by students who passed for hard problems) > H x ?P.

So, PH = K, + K_ > 2PH which is impossible.

8
7



3 Let us assume that such point B exists (separated from A by each line). Then segment AB
intersects all the lines and therefore ray [BA) originated at B has no points of intersection
beyond A. Therefore, A belongs to unbounded region.

Now, assume that A belongs to unbounded region. Our region is convex, bounded by two rays
and maybe several segments. Note, that these rays are divergent. Therefore, one can draw
a ray, originated at A and lying inside of our region. Without any loss of the generality we
can assume that this ray is not-parallel to any of the lines; otherwise we can rotate it slightly.
Then the opposite ray (originated at A) intersects all the lines and any point B beyond the
last point of intersection satisfies the condition.

4  Since function cosz is a monotone decreasing on (0,7/2) we have (x — y)(cosx — cosy)
(equality holds only for z = y). Also (x — z)(cos z — cosz) < 0 and (y — z)(cos y — cos z)
Adding these inequalities we get

<0
<0.
2(zcosxr +ycosy+ zcosz) < (y+ z)cosx + (x + z) cosy + (y + x) cos z
and therefore
3(zcosx+ycosy + zcosz) < (x +y+ z)(cos z + cosy + cos )
which implies our inequality.

5 Let {ax} be our sequence. Note that 1 < a1 —ar < 9. Then the segment [9...989,9...999]
contains a term of our sequence; ar =9...99r. If r is even than ay is even. If r is odd then
ai+1 must be odd.
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1 [4] There are 2002 employees in a bank. All the employees came to celebrate the bank’s jubilee
and were seated around one round table. It is known that the difference in salaries of any two
employees sitting next to each other is 2 or 3 dollars. Find the maximal difference in salaries
of two employees, if it is known that all the salaries are different.

[\V]

[5] All the species of plants existing in Russia are catalogued (numbered by integers from 2 to 20
000; one after another, without omissions or repetitions). For any pair of species, the greatest
common divisor of their catalogue numbers was calculated and recorded, but the catalogue
numbers themselves were lost computer error). Is it possible to restore the catalogue number
for each specie from that data?

w

[6] The vertices of a 50-gon divide a circumference into 50 arcs, whose lengths are 1, 2, 3,.. .,
50, in some order. It is known that lengths of any pair of “opposite” arcs (corresponding to
opposite sides of the polygon) differ by 25. Prove that the polygon has two parallel sides.

4 [6] Point P is chosen in triangle ABC so that ZABP is congruent to ZAC'P, while /CBP is
congruent to ZC'AP. Prove that P is the intersection point of the altitudes of the triangle.

5 [7] A convex N-gon is divided by diagonals into triangles so that no two diagonals intersect
inside of the polygon. The triangles are painted in black and white so that any two triangles
with common side are painted in different colors. For each N, find the maximal difference
between the numbers of black and white triangles.

6 [9] There is a large pile of cards. On each card one of the numbers 1,2,...,n is written. It

is known that the sum of all numbers of all the cards is equal to k- n! for some integer k.
Prove that it is possible to arrange cards into k stacks so that the sum of numbers written
on the cards in each stack is equal to n!.

7 a) [5] A power grid has the shape of a 3 x 3 lattice with 16 nodes (vertices of the lattice)
joined by wires (along the sides of the squares). It may have happened that some of the wires
are burned out. In one test technician can choose any pair of nodes and check if electrical
current circulates between them (that is, check if there is a chain of intact wires joining the
chosen nodes). Technician knows that current will circulate from any node to any other node.
What is the least number of tests which is required to demonstrate this?

7 b) [5] The same question for a grid in the shape of a 5 x 5 lattice (36 nodes).

Keep the problem set.
Visit: http://www.math.toronto.edu/oz/turgor/
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1 Answer: $3002. First, let us prove that d (the difference in salaries) does not exceed 3002. Let
us number employees in clock-wise direction starting from one with the minimal salary. Let
n be the employee with the maximal salary. Then 1 and n are separated by n — 2 employees
in clock-wise and (2002 — n) counter-clockwise. So d < 3(n — 1) and d < (2003 — n). Then
d < 3(n— 142003 —n)/2 = 3003. Note, that d = 3003 is only possible if the difference
between any two neighbors is exactly 3, which contradicts to assumption that all employees
have different salaries.

Let us construct an example with the difference 3002. Let S(k) be a salary of k-th worker.
Let S(1) =0, S(2) =2, S(k) = S(k—1)+ 3 for k = 3,4,...,1002, S(1003) = S(1002) — 2,
S(k) = S(k—1)—3 for k= 1004, ...,2002. Then S(1002) — S(1) = 3002.

2 The answer is negative. It is sufficient to give an example of two numbers which have the same
ged with all the other numbers from 2 to 20,000.

Examples: a) 2!3 and 2'4;

b) 19,993 and 19, 997; both numbers are primes because they have no prime divisors less than
142.

3 Let AB be an arc from A to B in clock-wise direction. For any ordered pair of opposite arcs
AB and C'D we define d(AB) equal to the difference between arc DA and arc BC'. Obviously
d(AB) is divisible by 50 (because the difference between two opposite arcs is 25 and we have
24 pairs).

Now let us switch to next pair of opposite arcs in clock-wise direction. Note that the increment
of d(AB) is either 50, or -50, or 0. Also note that d(CD) = —d(AB). Therefore at some
moment we reach a pair of opposite arcs with difference 0.

Then corresponding sides of polygon are parallel.

4 Let usencircle AABC'. Let K be an intersection point of continuation of BP and encircle. Then
/ABK = /ACK and /CBK = /CAK (subtended by the same arc). Then AAPC = ANAKC
(A-S-A). Therefore PK 1 AC'. Similarly, we prove that AP 1 BC as well.

5 Since in N-gon the sum of all angles equals (N — 2) - 180°, then N-gon is split into (N — 2)
triangles by (N — 3) diagonals, not intersecting inside of N-gon. Side of each white (black)
triangle we call white (black); so diagonals are both black and white.

Then, there are at least (N — 3) white (black) sides; therefore there are at least [5(N — 3)]
triangles of each color. Let R(NN) be the difference in question. Let us consider 3 cases:



a) N = 3k. Then there are at least k — 1 black triangles, at most 2k — 1 white triangles and
thus R(N) < k.

b) N = 3k + 1. Then there are at least k black triangles, at most 2k — 1 white triangles and
thus R(N) < k — 1.

c) N = 3k + 2. Then there are at least k black triangles, at most 2k white triangles and
thus R(N) < k.

Let us prove that all these estimates are sharp and equalities could be reached. For N = 3,4,5
(k = 1) one can check it easily. For larger NV one can construct example by induction by k.

Let us assume that for some k we have corresponding N-gon with the required difference
(white triangles are in excess). Then we add a pentagon (2 white and 1 black triangles) to
N-gon matching black side of pentagon with the white one of N-gon. Then N increases by
3, k increases by 1 and R(N) increases by 1.

6 Let us start from

Proposition. From any set {ai,...,a,} of n integers one can choose a number or several
numbers with their sum divisible by n.

Proof. Let us assume that none of the numbers is divisible by n. Consider numbers by = aq,
by =ay+as, ..., b, =a1+ay+ ...+ a,. If none of them is divisible by n then at least two
numbers b; and b, (k < [) have the same remainders. Then their difference a;.; + ...+ @; is
divisible by n.

Let us apply an induction by n. If n = 1 then only number 1 is written on each card. So,
every card by itself forms a required group (with sum 1!).

Assume that a main statement is proven for (n — 1), meaning that if the sum of the numbers
on all cards is k - (n — 1)! then cards could be arranged into k stacks with the sum of the
numbers in each stuck equal (n — 1)!.

Lets call a supercard any group of cards with sum /-n ;[ =1,... ,n—1. We call [ a supercard
value. Any card with number n on it is a supercard of value 1. From the rest of cards with
numbers 1,...,n —1 we form supercards by the following procedure: pick any n cards; due to
proposition choose several with the sum divisible by n; they form a supercard by definition.
This procedure stops when less than n cards are left. However, their sum must be divisible by
n (since the total sum and sum on each supercard are divisible by n) meaning that leftovers
also form a supercard (sum does not exceed (n — 1)n).

Now we have a pile of supercards with values 1,...,n — 1, the total sum of the values equals
(k-n!)/n = k- (n—1)l. Then according to induction assumption, we can split supercards
into k stacks with the sum of the values in each equal (n — 1)! . Therefore the sum of cards
(normal) in each stuck is (n — 1)! - n = nl.

7 Solution for (2k — 1) x (2k — 1) lattice (4k* nodes).

For any test a technician chooses a pair of nodes. If the number of tests is less than 2k2, at
least one node would not be tested. It could happen that this node is isolated but the rest of
the wires are intact. So, at least 2k? tests are needed.



Let us numerate the nodes along the main diagonal A of the grid from 1,...,2k. Let us test
pairs of nodes (1,k+ 1), (2,k+2), ... (k,2k) plus every pair of nodes which are symmetrical
with respect to A (k + k(2k — 1) = 2k?). Assume that all tests were successful. We need to
prove that there is a link between every pair of nodes.

First, we prove that there is a link (connection) between every pair of nodes on A. Since nodes
1 and k + 1 are linked, there exits a path 7 between them formed by intact wires. Consider
a path 7’ symmetrical to m with respect to A. Notice that any node of 7’ is linked to the
symmetrical node of w. Therefore every node of 7’ is linked to node 1 and therefore all nodes
of n’ are linked between themselves.

Note that node 2 is either encircled by 7w {J#’ or belongs to both 7 and 7’. Since nodes 2 and
k + 2 are linked then the intact path between them intersects 7 |J 7’ and therefore both 2 and
k + 2 are linked to 1. Similarly, all other diagonal nodes are linked to 1; therefore all of them
are linked.

Now let us consider any non-diagonal node. It is linked with its symmetrical node; the intact
path connecting them intersects A. This means that any two nodes are linked.
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1 [4] All the species of plants existing in Russia are catalogued (numbered by integers from
2 to 20 000; one after another, without omissions or repetitions). For any pair of species,
the greatest common divisor of their catalogue numbers was calculated and recorded, but the
numbers themselves were lost (as the result of a computer error). Is it possible to restore the
catalogue number for each specie from that data?

2 [6] A cube is cut by a plane so that the cross-section is a pentagon. Prove that the length of
one of the sides of the pentagon differs from 1 meter by at least 20 centimeters.

3 [6] A convex N-gon is divided by diagonals into triangles so that no two diagonals intersect
inside of the polygon. The triangles are painted in black and white so that any two triangles
with common side are painted in different colors. For each N, find the maximal difference
between the numbers of black and white triangles.

4 [8] There is a large pile of cards. On each card one of the numbers {1,2,...,n} is written. It
is known that the sum of all numbers of all the cards is equal to k- n! for some integer k.
Prove that it is possible to arrange cards into k stacks so that the sum of numbers written
on the cards in each stack is equal to n!.

5 Two circles intersect at points A and B. Through point B a straight line is drawn, intersecting
the first and second circle at points K and M (different from B) respectively. Line ¢; is
tangent to the first circle at point ) and parallel to line AM. Line QA intersects the second
circle at point R (different from A). Further, line ¢; is tangent to the second circle at point
R. Prove that

a) [4] {, is parallel to AK;
b) [4] Lines ¢, ¢ and KM have a common point.

6 [8] A sequence with first two terms equal 1 and 2 respectively is defined by the following rule:
each subsequent term is equal to the smallest positive integer which has not yet occurred in
the sequence and is not coprime with the previous term. Prove that all positive integers occur
in this sequence.

7 a) [4] A power grid has the shape of a 3 x 3 lattice with 16 nodes (vertices of the lattice)
joined by wires (along the sides of the squares). It may have happened that some of the wires
are burned out. In one test technician can choose any pair of nodes and check if electrical
current circulates between them (that is, check if there is a chain of intact wires joining the
chosen nodes). Technician knows that current will circulate from any node to any other node.
What is the least number of tests which is required to demonstrate this?

7 b) [5] The same question for a grid in the shape of a 7 x 7 lattice (36 nodes).

Keep the problem set.
Visit: http://www.math.toronto.edu/oz/turgor/
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1 The answer is negative. It is sufficient to give an example of two numbers which have the same

2

3

gcd with all the other numbers from 2 to 20,000.
Examples: a) 2!3 and 2'4;

b) 19,993 and 19, 997; both numbers are primes because they have no prime divisors less than
142.

Proof by a contradiction. Assume that pentagon has sides ranging from 0.8 to 1.2. To get
a pentagon in cross-section of a cube, a plane has to cross five faces, two pairs of which are
parallel. Therefore the pentagon has two pairs of parallel sides. Let us consider pentagon
BCDKL with BC || DK and CD || LB. Then A be a point of intersection of BL and KD
(extended). Note that ABC'D is a parallelogram. Due to triangle inequality AL+ AK > LK,
then AB+ AD > BL+ LK+ KD. So, BC+CD > BL+ LK + KD. Then even if BC and
CD are two longest sides, BC' + CD < 2-1.2 =24 while BL+ LK +KD >3-08 =24
which is contradiction.

Since in N-gon the sum of all angles equals (N — 2) - 180°, then N-gon is split into (N — 2)
triangles by (N — 3) diagonals, not intersecting inside of N-gon. Side of each white (black)
triangle we call white (black); so diagonals are both black and white.

Then, there are at least (N — 3) white (black) sides; therefore there are at least [£(N — 3)]
triangles of each color. Let R(IV) be the difference in question. Let us consider 3 cases:

a) N = 3k. Then there are at least k — 1 black triangles, at most 2k — 1 white triangles and
thus R(N) < k.

b) N = 3k + 1. Then there are at least k black triangles, at most 2k — 1 white triangles and
thus R(N) <k — 1.

c¢) N = 3k + 2. Then there are at least k black triangles, at most 2k white triangles and
thus R(N) < k.

Let us prove that all these estimates are sharp and equalities could be reached. For N = 3,4,5
(k = 1) one can check it easily. For larger N one can construct example by induction by k.

Let us assume that for some k we have corresponding N-gon with the required difference
(white triangles are in excess). Then we add a pentagon (2 white and 1 black triangles) to
N-gon matching black side of pentagon with the white one of N-gon. Then N increases by
3, k increases by 1 and R(N) increases by 1.



4 Let us start from

Proposition. From any set {ai,...,a,} of n integers one can choose a number or several
numbers with their sum divisible by n.

Proof. Let us assume that none of the numbers is divisible by n. Consider numbers b; = a4,
b =ay+as, ..., b, =a;+as+ ...+ a,. If none of them is divisible by n then at least two
numbers b; and b, (k < [) have the same remainders. Then their difference aj41 + ...+ a; is
divisible by n.

Let us apply an induction by n. If n = 1 then only number 1 is written on each card. So,
every card by itself forms a required group (with sum 1!).

Assume that a main statement is proven for (n — 1), meaning that if the sum of the numbers
on all cards is k - (n — 1)! then cards could be arranged into k stacks with the sum of the
numbers in each stuck equal (n — 1)!.

Lets call a supercard any group of cards with sum l-n , [ =1,...,n—1. We call | a supercard
value. Any card with number n on it is a supercard of value 1. From the rest of cards with
numbers 1,...,n —1 we form supercards by the following procedure: pick any n cards; due to
proposition choose several with the sum divisible by n; they form a supercard by definition.
This procedure stops when less than n cards are left. However, their sum must be divisible by
n (since the total sum and sum on each supercard are divisible by n) meaning that leftovers
also form a supercard (sum does not exceed (n — 1)n).

Now we have a pile of supercards with values 1,...,n — 1, the total sum of the values equals
(k-n!)/n = k- (n—1)l. Then according to induction assumption, we can split supercards
into k stacks with the sum of the values in each equal (n — 1)! . Therefore the sum of cards
(normal) in each stuck is (n — 1)! - n = nl.

5 Denote the point of intersection of the two tangents by P.
Q P




(a) By Thales’ Theorem, /RBM = /RAM. Since AM and QP are parallel, we have
/RAM = /RQP. Since QP is tangent to the first circle, /RQP = /(QQBA. Similarly,
(ARP = /ABR = /ABM + /RAM = [ABM + /RAM = /QBM. By Thales’
Theorem, /QAK = /QBK. Hence /QBM = 180° — /QBK = 180° — /QAK = /KAR.
From /ARP = /K AR, we conclude that AK and PR are parallel.

(b) We have /QPR+/QBR = /QPR+/QBA+/RBA = /QPR+/AQP+ /ARP = 180°.
Hence BQPR is cyclic so that /PBQ = /PRQ = /MBQ from (a). Hence P lies on
MB.

Q P

Proposition 1. If p is prime and a sequence contains an infinite number of multiples of p then
it contains all multiples of p.

Proof. Let us assume that for some & our sequence does not contain pk. If p|a, and a,+1 # pk
then a,,; < pk. This could happen only for a finite number of terms multiple of p.

Proposition 2. Our sequence contains all even numbers.

Proof. 1t is enough to prove that our sequence contains an infinite number of even terms.
Assume that it is not the case. Then for some n all terms starting from a,, are odd. Note,
that sequence contains an infinite number of terms a,, (with m > n) such that a1 > a,.
Let d = ged(am, amy1), d is odd. Note that a,, + d < a,,41 and is not coprime with a,, and
therefore a,, + d is a term of our sequence. Note that a,, + d is even. Therefore our sequence
contains an infinite number of even terms. Contradiction.

Proposition 3. Our sequence contains all odd numbers.

Proof. Let z be the smallest odd number which is skipped in our sequence. Note that the
sequence contains all numbers 2kz. Each such term should be followed by a term which is
less than z. This could happen only for a finite number of terms.



7 Solution for (2k — 1) x (2k — 1) lattice (4k* nodes).

For any test a technician chooses a pair of nodes. If the number of tests is less than 2k2%, at
least one node would not be tested. It could happen that this node is isolated but the rest of
the wires are intact. So, at least 2k tests are needed.

Let us numerate the nodes along the main diagonal A of the grid from 1,...,2k. Let us test
pairs of nodes (1,k+ 1), (2,k+2), ... (k,2k) plus every pair of nodes which are symmetrical
with respect to A (k + k(2k — 1) = 2k?). Assume that all tests were successful. We need to
prove that there is a link between every pair of nodes.

First, we prove that there is a link (connection) between every pair of nodes on A. Since nodes
1 and k + 1 are linked, there exits a path m between them formed by intact wires. Consider
a path 7’ symmetrical to m with respect to A. Notice that any node of #n’ is linked to the
symmetrical node of w. Therefore every node of 7’ is linked to node 1 and therefore all nodes
of 7’ are linked between themselves.

Note that node 2 is either encircled by 7 {Jn’ or belongs to both 7 and 7’. Since nodes 2 and
k + 2 are linked then the intact path between them intersects 7w |J 7’ and therefore both 2 and
k + 2 are linked to 1. Similarly, all other diagonal nodes are linked to 1; therefore all of them
are linked.

Now let us consider any non-diagonal node. It is linked with its symmetrical node; the intact
path connecting them intersects A. This means that any two nodes are linked.
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1 [4] 2003 dollars are placed into N purses, and the purses are placed into M pockets. It is known
that N is greater than the number of dollars in any pocket. Is it true that there is a purse
with less than M dollars in it?

2 [4] Two players in turns colour the sides of an n-gon. The first player colours any side that
has 0 or 2 common vertices with already coloured sides. The second player colours any side
that has exactly 1 common vertex with already coloured sides. The player who cannot move,
loses. For which n the second player has a winning strategy?

3 [5] Points K and L are chosen on the sides AB and BC of the isosceles AABC (AB = BC)
so that AK + LC' = K L. A line parallel to BC' is drawn through midpoint M of the segment
K L, intersecting side AC at point N. Find the value of /KNL.

4 [5] Each term of a sequence of natural numbers is obtained from the previous term by adding to
it its largest digit. What is the maximal number of successive odd terms in such a sequence?

5 [5] Is it possible to tile 2003 x 2003 board by 1 x 2 dominoes placed horizontally and 1 x 3
rectangles placed vertically?
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1 Let S be an entire amount of money ($2003),

a; be amount of money in ¢-pocket, : = 1,2,..., M. Then
M
a; < N, S:ZCLZ<MN (1)
i=1

Let us assume that each purse contains no less than M dollars in it. Let b; be amount of
money in -purse. Then

N
b; > M, S=> b >MN. (2)
=1

Contradiction.

2 Consider three cases:

(a) n > 4. Let us show that the first player has a winning strategy. On each of his subsequent
moves, the first player colours a side which is one space away from one of already coloured
sides. Note, that doing this, he creates a “store”, which he can use later; however, the
second player can not, because of the nature of requirement. So, in the end of the game,
after the first player’s move, we are left with cases:

(i) One uncoloured side is left (plus “store”). The second player has no move.

(ii) Two uncoloured sides are left (plus “store”). After the second player’s move, the
first player wins.

(iii) Three uncoloured sides are left (plus “store”). After the second player’s move, the
first player uses his ”store”, and wins on his next move.

(b) From above, we can see that the only chance for the second player to win is in the case
(iii), when “store” is not yet created. It corresponds to the case n = 4. Really, the first
player can not produce his second move and loses.

(¢) n = 3. The first player wins.



3 Let us draw straight line K P || BC where P is a point on AC. Since K LC'P is a trapezoid, its

4

5

midline MN = L{(KP + LC) = 3(AK + LC) = KL = KM = ML. Then KL is a diameter
of a circle passing through K, N, L and therefore /K NL = 90°.

We start from
Proposition. If a is an even number, then 5a = 0 (mod 10).
Proof is obvious.

Note, that in order to maintain the row of odd terms in a sequence, given the requirements,
the last term’s digit has to be odd and the term’s largest digit even. Further, each addition
could change the term’s largest digit by at most 1. When it happens, the term’s largest digit
becomes odd and on next term the row of odd terms in a sequence is terminated. Since the
term’s largest digit stays the same through the row, the maximal number of terms cannot
exceed five due to proposition. It is possible to have a row of five: 807, 815, 823, 831, 839.

The answer is negative.

Let us colour the board with black and white strips, black in excess. Note, that since dominoes
placed horizontally and 1 x 3 rectangles placed vertically, each domino covers one black and
one white square, meanwhile each rectangle covers three squares of the same colour.

Let us assume, that it is possible to tile 2003 x 2003 board by dominoes and rectangles. Let
n be a number of dominoes. Then the numbers of black and white rectangles are equal to
(2003 x 1002 — a)/3 and (2003 x 1001 — a)/3 respectively. Therefore, the difference between
black and white rectangles is 2003 and has to be a multiple of 3. Contradiction.
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1 [3] 2003 dollars are placed into N purses, and the purses are placed into M pockets. It is known
that N is greater than the number of dollars in any pocket. Is it (always) true that there is
a purse with less than M dollars in it?

2 [3] 100-gon made of 100 sticks. Could it happen that it is not possible to construct a polygon
from any lesser number of these sticks?

3 [4] Point M is chosen in AABC so that the radii of the circumcircles of AAMC, ABMC,
and ABM A are no smaller than the radius of the circumcircle of AABC'. Prove that all four
radii are equal.

4 [5] In the sequence 00, 01, 02, 03,...,99 the terms are rearranged so that each term is obtained
from the previous one by increasing or decreasing one of its digits by 1 (for example, 29 can
be followed by 19, 39, or 28, but not by 30 or 20). What is the maximal number of terms that
could remain on their places?

b
5 [5] Prove that one can cut a x b rectangle, 5 < a < b, into three pieces and rearrange them

into a square (without overlaps and holes).

Keep the problem set.
Visit: http://www.math.toronto.edu/oz/turgor/
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1 Let S be an entire amount of money ($2003),

a; be amount of money in i-pocket, ¢ = 1,2,..., M. Then
M
a; < N, S:ZCLZ<MN (1)

=1

Let us assume that each purse contains no less than M dollars in it. Let b; be amount of
money in -purse. Then

N
b; > M, S=> b >MN. (2)
=1

Contradiction.

2  Yes, it could happen.
Example. Consider a 100-gon with sides:

1,1,2,22,...,29 29 1.

Since 1 +1+24...+2% =29 > 29 _1 it is possible to construct 100-gon with these sides.
On the other hand, one cannot construct a polygon from any lesser number of sides. Really,
consider two cases:

(a) Side (2% — 1) is among selected.
Then even if the shortest side is absent, 1 +2 + ... 4+ 2% =29 — 1.

(b) The longest selected side is 2%, 1 < k < 2%,
Then 1+ 1+...+ 281 =2k



3 Let /ZAMC = 3, /BMC = o, /AMB = ~, AC = b, BC = a, AB = ¢, R, r, r, and
r3 be the radii of the circumcircles of AABC, AAMC, ABMC and ABM A respectively.
Then formulae b = 2Rsin /B, b = 2rysin § and condition vy > R imply that sin 3 < sin B.
Similarly, sina < sin A, siny <sinC.

Note that 3 > B, a > A, v > C.

A b [

Counsider two cases:

(a) AABC is acute.
Then § > B and sin § < sin B imply that § > 7 — B. Similarly, a > 7 — A, v > 7 — C.
Then
2r=a+pf+y>3r—A—-B-C=2r
and therefore f =7 — B, a =7 — A, v = m — C which imply r; = R.
(b) AABC is not acute.
Assume that B > 7. Then 3 > 7 and

5 3
27r=&+ﬁ+’y>§—A—C:§+B.

Then B < 7. Contradiction. This case is impossible.

4 The answer is 50.

Let by be a rearranged sequence. Note, that the given operation changes a parity of the next
term. Le., if sum of the digits of by is odd/even, then sum of the digits of by ; is even/odd
respectively.

Let us assume that both b; and bxy19p remain on their original places. Note, that the parities
of by and by 1o are always different. On the other hand, to get by.19 from b, one need to
change parity an even number of times; so the parities in question should be the same. This
implies that a maximal number of terms which could remain on their places does not exceed
50.

Example, in which 50 is achieved:

00 09,19 \, 10,20 29,39 N\, 30,40 49,59 \, 50,60 " 69,79 \, 70,80 " 89,99 \, 90



Note that %b < a < b implies a < vab < b. Let us choose point E on BC such that
AE = v/ab. Tt is possible due to inequality BE = v/ab — a2 < b.

Let F' be a point of intersection of AE and DF | AE. Calculating the area of AAED in two
ways we get $AE - DF =1AD-CD. Then FD = ab/Vab = Vab.

Since AF = /b2 — ab < Vab = AE (due to inequality b < 2a) point F belongs to AE.

Now NABE, ANAF D and quadrilateral DF EC' could be rearranged into a square by parallel
translation of AABFE into ADCM and AADF into AEMK. One can justify it.
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1 [4] Johnny writes down quadratic equation
ar® + bz +c=0

with positive integer coefficients a,b,c. Then Pete changes one, two, or none “+” signs to
“—7_ Johnny wins, if both roots of the (changed) equation are integers. Otherwise (if there
are no real roots or at least one of them is not an integer), Pete wins.

Can Johnny choose the coefficients in such a way that he will always win?
2 [4] AABC is given. Prove that R/r > a/h, where R is the radius of the circumscribed circle, r

is the radius of the inscribed circle, a is the length of the longest side, h is the length of the
shortest altitude.

3 In a tournament, each of 15 teams played with each other exactly once. Let us call the game
“odd” if the total number of games previously played by both competing teams was odd.

(a) [4] Prove that there was at least one “odd” game.

(b) [3] Could it happen that there was exactly one “odd” game?

4 [7] A chocolate bar in the shape of an equilateral triangle with side of the length n, consists
of triangular chips with sides of the length 1, parallel to sides of the bar. Two players take
turns eating up the chocolate.

Each player breaks off a triangular piece (along one of the lines), eats it up and passes leftovers
to the other player (as long as bar contains more than one chip, the player is not allowed to
eat it completely).

A player who has no move or leaves exactly one chip to the opponent, loses.
For each n, find who has a winning strategy.

5 [7] What is the largest number of squares on 9 x 9 square board that can be cut along their
both diagonals so that the board does not fall apart into several pieces?

6 [7] A trapezoid with bases AD and BC is circumscribed about a circle, E is the intersection
point of the diagonals. Prove that /ZAED is not acute.
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1 ANSWER: Yes.

EXAMPLE. Consider quadratic equation 22 4+ 5x + 6 = 0. It could be transformed into one of
the following four equations:

(a) 22 + 5z + 6 = 0 (roots —2, —3;
(b) z* + 5z — 6 = 0 (roots —6,1);
(c) > — 5z + 6 = 0 (roots 2, 3);

(d) > — 5z — 6 = 0 (roots 6, —1).

2 The longest side of the triangle is a chord of a circumscribed circle and thus it does not exceeds
its diameter: a < 2R. Projection of incircle onto the shortest altitude is contained strictly
inside of the projection of the triangle onto this altitude. So 2r < h. Since all the numbers
are positive we can multiply these inequalities: 2r - a < h - 2R which implies a/h < R/r.

(a) ANSWER: Yes. Let us assign to i-th team a number a; = 0, if prior to the game it already
played even numbers of games and a; = 1 otherwise. Note, that a; changes after each
game in which i-th team participated.

Assume, that all games were “even”, meaning that prior to the game both teams had
the same parity.

Consider the sum A = a; + as + - - - + ay5 of the parities of all teams. After each game
played by two teams with the same parity A changes by +2 =2 mod 4.

Initially we had a3 = ay = -+ = a;5 = 0, therefore A = 0. In the end we have
a; = as = -+ = a;5 = 0 (each team played an even number of games (14)) and again
A=0.

Since the total number of games 15-14/2 = 105 is odd, so in the end of the tournament
A=2 mod 4.

Contradiction.

(b) ANSWER: Yes. We will construct an example of a tournament with one “odd” game.
Let us consider a graph, in which vertices represent teams and edges represent games. It
is enough to draw edges in such a way that every time (but one) we connect the vertices
of the same parity. Let us split all the vertices into three sets of five: Ai, Ao, ... As;
Bi,...,Bs5; C1,...,C5. We proceed in three steps:



(i) Step 1. Let us connect all vertices in each set in the following order: 1 —2, 3 — 4,
2—-3,2—-5,1-51-3,1—-4,4—5,2—4,3—5. One can check that each time
we connect vertices of the same parity and in the end of this step all vertices have

parity 0.

(ii) Step 2. Now, consider a cycle Ay B1C1AsB2Cy . .. A5 B5C5. Let us connect vertices
in order Ay — By, Cy — Ay, ..., A5 — Bs (the same parity 0), Bs — C5 (opposite
parities - the only odd connection), then Cs — Ay, By — C}, ..., Cy — A5 ( the same

parity 1). Note, that now all the vertices have parity 0.
(iii) Step 3. Now consider 5 sequences of five connections:

Ay — By, Ay — By, ..., A5 — Bs;
Ay — By, Ay — B3, ..., A5 — By;
Ay — Bs, Ay — By, ..., As — Bs;
Ay — By, Ay — Bs, ..., A5 — Bs;
Ay —B5,A2 — DBy,...,As — By.

We already made the first sequence. With each sequence the parities of vertices
Ay, ..., Bs change; so after 4 sequences executed parities are restored to 0. Now all
connections A; — B; are done.

In the same way we make remaining 20 connections of B; — C; and then remaining
20 connections C; — A;.

(b)" Second solution. We construct an example for each n = 4k — 1, applying induction by

k. For k = 1,n = 3 we make connections 1 — 2, 2 — 3, 3 — 1 with only second connection
odd.
Let us assume that the statement has been proven for n = 4k — 1; we will prove it for
n = 4k + 3, proceeding from k to k+ 1. So, we add extra 4 points. Already we have n old
points connected between themselves with one odd connection. Now all these vertices
are even because each of them is connected with n — 1 = 4k — 2 others. Let us split old
points in £ — 1 quartets and one triplet. Consider an old quartet @1, ..., and a new
one Ny,..., Ny and make the following 4 sequences of 4 connections each:

Q1 — N1, Q2 — No, Q3 — N3, Qy — Ny;

Q1 — Noy Q2 — N3, Q3 — Ny, Q4 — Ny;

Q1 — N3, Q2 — Ny, Q3 — N1, Qq — No;

Q1 — Ny, Q2 — N1, Q3 — Noy, Q4 — N3.
After each sequence the parities of all points in both quartets change and in the end
they are restored. Let us repeat this procedure, connecting points Ny, ..., Ny with all
old points except T1, Ty, T3 (last triplet).
Then we make connections 77 — Ny, To — N, T3 — N3 (all points but N, become odd).
Now connect:

Ny — N3, N3 — Ny, Ny — T3, Ny — Ny, Ny — T3, Ny — Ny, Ny — Ny, Ny — 11, Ny — N3.

One can check easily that all these connections are even. Each new points is connected
with other points.



4 ANSWER: if n is prime, Second Player has a winning strategy; otherwise First Player has.

(i) Let n be a prime number. Let First Player eat a triangle with side k. Leftover is a trapezoid
with sides (k,n — k,n,n — k). Denote a = max(k,n —k) b = min(k,n — k). Note that
a # b because ged(a,b) = ged(n,n — k) = 1. Second Player eats a triangle with the side

n — k, leaving the parallelogram with sides a and b.

(A) Now, if First Player eats triangle with side less than b, then Second Player repeats
his move symmetrically (with respect to the center of the parallelogram), and wins since

First Player has no move.

(B) If First Player eats triangle with side b, leftover is the trapezoid with sides (a—b,b,a,b),
where ged(a — b,b) = ged(a, b) = 1. The game is over when a = b = 1, meaning that the

last triangular chip is left after First Player’s move. Therefore, Second Player wins.

(ii) Let n be a composite number, p any prime divisor of n, n = kp. First Player eats triangle

with side p. Consider two cases:

(A) If Second Player eats triangle with a side, not equal to n — p, then First Player eats

triangle with side 1 and wins.

(B) If Second Player eats a triangle with the side n — p, then leftover is a parallelogram
with sides p and (k — 1)p. First Player eats the triangle with side p. Again, if Second
Player eats triangle with side, not equal to p, then First Player eats triangle with side
1 and wins. So, in the end, after First Player’s move, leftover is a triangle with side p.
We are in the situation (A) now; however, Second Player has the first move, therefore,

he loses.

5 ANSWER:21
(I) Example: Fig. 1

Fig. 1 Fig. 2



(IT) Let us prove, that 21 is a maximum.

First, note that cutting any square on the border results in the board falling apart. Cutting
any two adjacent squares also results in failure. Let us divide 7 x 7 board without central
square into four rectangles 3 x 4 as on Fig. 2. Let us show, that no more then five squares
can be cut in each rectangle. Assume, that it is possible to cut at least six. Since row of 3 x 4
rectangle contains no more than two squares cut, so we have exactly two squares cut in each
row. Consider two cases:

(i) The first line is cut (X--X). Then in the second row only one square could be cut.

(ii) The first row is cut (X-X-) or (-X-X) then second line is cut (-X-X) or (X-X-) and the
third line is cut like (X-X-) or (-X-X) again:

However, this results in the board falling apart. Contradiction.

(IT)" Second proof that 21 is a maximum. First of all, we cut all 81 squares. Let us prove
that one needs to repair at least 60 squares in order to restore integrity of the board. Really,
all squares are cut, the board splits into 180 pieces (9 triangles along each border and one
diamond at each pair of adjacent squares; there are 8 pairs of adjacent squares in each row
and column of the board; so we get (4 x 9+ (9+9) x 8 =180) of pieces.

Repairing one square we join no more than 4 different pieces, decreasing their total number

79
by no more than 3. So, to get 1 piece we need to repair at least {?W = 60 squares.

6 Let O be the center of incircle, K and L tangency points with sides AD and BC respectively.
Solution 1. We start from two following statements:
LEMMA 1. Points K, E, O and L are colinear.
PROOF (see Fig.1 on next page). Note that OK and OL are perpendicular to bases of the

trapezoid and thus are parallel. So, O belongs to K L. One can assume with no loss of the
generality that AD > BC (if AD = BC our trapezoid is a rhombus and ZAED = 90°).

Let N be a point of intersection of AB and C'D. Let K’ be a point of tangency of incircle
of ABCN with side BC. From the property of tangents (drawn from the same point to the
circle) we have

BK + BN =CK + CN
K'C+ BN =p

where p is a half-perimeter of ABCN. So, BK = CK’.



BE  BC BE BK

N hat ABEC ~ ANDFEA (B AD). Then — = — herefore — = ——. Thi
ote that C (BC || ) en 2 BAED an;}t( erefore —— = 7 is
implies that ABKFE ~ ADLE (/KBE = ZLDFE and D = E) Then /BEK = Z/DFEL
which means that points K, F/, L are colinear. 0
K
C
P
E
M
O
L D
Fig. 2

Fig. 1

LEMMA 2. Let S be a midpoint of side PQ) of APQR. If RS = %PQ then /PRS = 90°. If
RS < %PQ then ZPRS > 90°.

Proor. Consider a circumference with diameter PQ). Then R belongs to this circumference
in the former case and lies inside of it in the latter case. U

Let M be a midpoint of C'D (see Fig. 2); then OM is a midline of trapezoid KCDL, and
therefore it is parallel to its bases and is equal to (KC + LD)/2 = (PC + PD)/2 = CD/2
where P is a point of tangency with C'D. Then by lemma 2 ZCOD = 90° and O belongs to a
circumference with diameter C'D and a center M. Since MO || CK, therefore MO L KL, we
conclude that KL is tangent to this circle at O. Then all points of K'L (but O) are outside
of this circumference. Therefore ZDFEC does not exceed 90°, so AED > 90°.

Solution 2. Extending AD beyond A (see Fig. 3), we choose point D’ such that AD’ = BC.
Also extending BC' beyond B we choose point C” such that BC' = AD. Then CC'D'D is a
parallelogram. Select point N on C'C’, such that C'N = D’A = BC.

5



Since AC'BD is a parallelogram (C'B = AD, C'B || AD) then C'A || BD. Therefore
/BEC = ZC"AC. So we need to prove that ZC'AC > 90°. Let M be a midpoint of C'C’;
then M is a midpoint of NB. Then CC" = AD+ BC = AB+ CD (property of circumscribed
quadrilateral), and C'D = AN (because ANC'D' is a parallelogram) and AB + AN > 2AM
(triangle inequality). Then ZC"AC > 90° due to lemma 2.

Cl N M B

Fig. 3
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1 [4] A triangular pyramid ABCD is given. Prove that R/r > a/h, where R is the radius of the
circumscribed sphere, r is the radius of the inscribed sphere, a is the length of the longest
edge, h is the length of the shortest altitude (from a vertex to the opposite face).

2 [5] P(z) is a polynomial with real coefficients such that P(a;) = 0, P(a;41) = a; (1 = 1,2,...)
where {a;};—12,. is an infinite sequence of distinct natural numbers. Determine the possible
values of degree of P(x).

3 [5] Can one cover a cube by three paper triangles (without overlapping)?

4 [6] A right AABC with hypothenuse AB is inscribed in a circle. Let K be the midpoint of
the arc BC' not containing A, N the midpoint of side AC', and M a point of intersection of

ray KN with the circle. Let E be a point of intersection of tangents to the circle at points
A and C.

Prove that /ZEM K = 90°.

5 [6] Prior to the game John selects an integer greater than 100.

Then Mary calls out an integer d greater than 1. If John’s integer is divisible by d, then Mary
wins. Otherwise, John subtracts d from his number and the game continues (with the new
number). Mary is not allowed to call out any number twice. When John’s number becomes
negative, Mary loses. Does Mary have a winning strategy?

6 [7] The signs ”+” or ”-" are placed in all cells of a 4 x 4 square table. It is allowed to change
a sign of any cell altogether with signs of all its adjacent cells (i.e. cells having a common
side with it). Find the number of different tables that could be obtained by iterating this
procedure.

7 [8] A square is triangulated in such way that no three vertices are colinear. For every vertex
(including vertices of the square) the number of sides issuing from it is counted. Can it happen
that all these numbers are even?

Keep the problem set.
Visit: http://www.math.toronto.edu/oz/turgor/
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1

Solution 1. The longest edge of the pyramid is a chord of the cir-
cumscribed sphere and thus it does not exceed diameter of the sphere:
a < 2R. Projection of insphere onto the shortest altitude of the pyra-
mid is strictly contained in the projection of the pyramid onto this
altitude. So, 2r < h. Multiplying inequalities we get 2r -a < h - 2R,

a
which is equivalent to 7 < —.
r

Solution 2. Let us calculate the volume of the pyramid in two ways:
V = %Hij and V = %7’(51 + Sy + S5 + S4), where S; is the area of
j-th face, and H; is a corresponding altitude. Thus H; = 3V/S; and
h = 3V/Smax, where Spax = max;S; is the area of the face with the
largest area.

Therefore, r = 3V/<S1 + SQ + 53 -+ S4) Note that (Sl + SQ + Sg + 54) >
2Smax- Really, if we project the pyramid onto one of its faces (treated
as a base) then a projections of the lateral faces will cover the base.
Since area of projection is less than the area of the face itself (because
none of lateral faces is parallel to the base) we get our inequality.

Then

>

R R(Si+ 52+ 53+ 54) - 2RSmax _ 2R
ro 3V 3V.  h

> e

2 ANSWER: deg P = 1.

SOLUTION. We consider a more general problem when a; are integers
(not necessarily positive).

(i) degP = 0 then P = ¢ = const and all a; = P(a;4+1) are equal
which contradicts conditions.

(ii) deg P = 1 is possible: for example, a; =i, P(z) =z — 1.



(iii) m = deg P > 2. Let us prove that such sequence {a;} does not
exists.

LEMMA. If m > 2 then there exists a constant C such that
Ve :|z| > C |P(x)| > |x|.

PROOF. Let P(z) = bpx™ + bpp12™ ! + -+ + by with b, # 0.
Then for |z| > 1

P(2)] 2l - o] = ([bt] + b + -+ |bo|)) 271 >
|x|m-1(|bm| el = (B + by + - -+ |bo|))

which is larger than [z]™™! as 2] > (|byn-1| + |bm—2 + - -+ + |bo| +
1)/|bm| and in turn |z|™ > |z|. O

Since a; are distinct integers, for any C' there exists M such that
Vi > M |a;| > C. Then according to Lemma, for i > M |a;| =
|P(ait1)| > |ai+1| and therefore |a;| are bounded. Contradiction.

First let us notice that no vertex can be covered by an interior of a
triangle. So, it should be covered by edges. Note that if an interior of
edge covers a vertex, the sum of adjacent angles covered by triangle is
exactly 180°. At the same time the sum of angles adjacent to vertex of
cube is 270°. Therefore, at least 90° at each vertex should be covered
by angles of triangles. So angles of triangles cover at least 8 - 90° and
there should be at least 8 - 90°/180° = 4 of triangles.

Consider T-shaped envelope of a cube, consisting of two rectangles.
Each of them can be covered by 2 triangles. So, it is possible to cover
a cube by 4 triangles.



Let O be a center of the circle. Since AABC' is a right triangle, O is
a midpoint of hypotenuse AB. Then ZNOK is a right angle. Really,
midline NO of AABC is parallel to BC and OK L BC (arcs CK and
K B are equal).

Note that right triangles AECO and AEAO are congruent (by side
and hypotenuse). So FO is a bisector of ZAEC'

Further, AAEEC is isosceles (AE = EC as tangents to the circle).
Then median EN is also a bisector. Therefore, EN and EO are both
bisectors of the same ZAFEC; so E, N, O are colinear.

Furthermore, A, £/, C' and O belong to the same circumference (ZECO =
ZEAO = 90°). By power of the point we have

AN x NC = EN x NO,

AN x NC'=MN x NK
which imply that

MN x NK = EN x NO,

meaning that M, K, E' and O belong to the same circumference (by
power of the point).



Then /ZEMK = ZFOK (subtended by the same arc). However,
ZFEOK = 90°; therefore ZEM K = 90°.

5 ANSWER: Mary has a winning strategy.
Consider John’s number modulo 6.

Mary calls 2. If John continues to play, then his number was odd:
J=1,3,5 mod 6. His new number J; = J—-2=1,3,5 mod 6 is also
odd.

Mary calls 3. So, if J; = 3 mod 6, Mary wins on her second move.
So, after two moves John’s number is Jo, = J; —3 = 2,4 mod 6 or
Jo=2,4,8,10 mod 12.

Mary calls 4. John continues to play, if Jo = 2,10 mod 12 or J3 =
Jo—4=10,6 mod 12.

Mary calls 6. If J3 = 6 mod 12 then J; = 0 mod 12, meaning that
Mary wins. So, J; =4 mod 12.

Mary calls 16. J5; = 0 mod 12 and Mary wins. Note, that John’s last
number is not negative, for the most he subtracted is 2+3+4+6+16 =
31.

There are other sequences of numbers of Mary’s moves.

6 ANSWER: 2'2
Let A be a 4 x 4-table consisting of “+” and “—".

Since it is allowed to change a sign in any cell (altogether with signs
of all adjacent cells), we have 16 elementary transformations T;; (7,5 =
1,...,4); all other transformations are compositions of elementary ones.

Note, that elementary transformations commute: if from table A we
get table V' applying some sequence of elementary transformations,
then applying to A the same sequence, but in different order, we get V
again. Also note, that changing sign in a cell (and in its neighboring
cells) of table A twice we will get A again; therefore every elementary
transformation needs to be applied no more than once.

Let T be a 4 x 4-matrix of transformation consisting of “0” and “1”.
The number 0(1) in cell (¢, j) shows that elementary transformation 7;;
is applied 0(1) times.



It is clear, that if table A and matrix T" are given, then the resulting
table V' is uniquely defined. Note, that if we apply two transformations
with matrices 7" and S, then resulting transformation corresponds to
matrix 7'+ S (corresponding elements are added modulo 2).

(i) First, let us get an upper estimate. One can check that the following
matrices do not change a table:

01107 [1111] [1001] [0000 0001 0010
1001| [0110| {1111} |0000| . _ {0011} . _ |0111
1001| ’ {0110| * | 1111 [0000] ’ 0101 ] 1000’
0110| [1111] [1001] |0000 1110 1011

from matrix H we can get 3 more matrices with the same property by
90° rotations; from matrix G we can get 7 more matrices with the same
property by rotations and a mirror reflection. Altogether, we have at
least 16 (2%) matrices P, (o =1,...,16), which preserve tables.

Now let us divide all transformation matrices into equivalence classes
in the following way: T ~ S if applied to table A both produce the
same result. Note that for any matrix of transformation S and any
a=1,...,16 we have S ~ S + P,. So each equivalence class contains
at least 2* elements and since there are 2'% matrices of transformations,
there are at most 216/2% = 212 different equivalence classes. This means
that table A can generate no more than 2!2 different tables.

(ii) Let us get a lower estimate. Let us color our table as a chess board
with white top-left corner.

1. Note that any table could be transformed into a table with “—” in
all black cells (if some black cell contains “4+” we can change it to “—"
without affecting all other black cells).

2. Now we show how with some special transformations we can make
“—” in 4 white cells of the lower half of our table without affecting
black cells. Let us consider the following matrices of transformations:

0100 1100 0100 1100
1110 1000 1110 1010
=010l 2= |oooo|® = |o101|® = |o111
0000 0000 0011 0010



One can check that applying transformations with matrices Sy, Ss, Ss,
Sy we change signs only in cells, marked by 1 (all of them are white):

0000 1010 0000 1000
; _ [o101 7 _ |o000 7. _ |0100 7. _ |0000
! 0000|’ 2 1000 “* |oooo|’ 0010

0100 0000 0001 0000

Note that each of matrices I; has exactly one “1” in the lower half-table.
Therefore, if table A has “+” in some white cells of lower half-table,
we can change them into “—” applying corresponding transformations
S; without affecting black cells.

2

Now, we have “—” in all cells except 4 white cells in the upper half-
table. Thus we can transform A into one of 16 tables of this type; call
them canonical tables.

Inversely, if one can reduce table A to canonical table V', one can restore
A from V by the same transformation. We already proved in (i) that
each table can be transformed into no more than 2'? tables; since there
is 2%6 tables and only 2* canonical tables, each canonical table can be
transformed into exactly 2'? tables.

Therefore, every table can be transformed into exactly 2'? tables.

7 ANSWER: No.

SOLUTION. Let us introduce degree of vertex P, the number of seg-
ments issued from P.

Let us assume that degrees of all vertices are even.

LEMMA. Let degrees of all vertices be even. Then one could paint all
the triangles into two colors so that every two triangles with a common
side would have different colors.

ProOF. Let us consequently paint adjacent triangles into opposite
colors, every time connecting the centers of consequent triangles by a
curve passing through their common side.

Assume that on some step we painted a triangle and found that an
adjacent triangle had been already painted into the same color. Con-
necting centers of conflicting triangles we get a closed path, intersecting



an odd number of segments; each of them is intersected only once. This
path bounds some region D.

Consider directed segments issued from vertices belonging to D. Their
total number i equals the sum of degrees of vertices belonging to D
and is even by assumption. On the other hand, the number of directed
segments with both ends in D is also even because each such directed
segment is paired with the opposite one. Therefore the total number
of (directed) segments intersecting our path must be also even.

This contradiction proves lemma. O

Let us paint triangles according to Lemma. Due to the assumption that
vertices of the square have even degrees as well, all the “boundary”
triangles are painted in the same color, say, white.

Let W and B be the numbers of white and black triangles respectively.
We assume that every inner segment has two sides; one is colored in
black and the other in white colors. Then the total number of white
sides is 3W while the total number of black sides is 3B. Note that
xactly 4 white sides do not have black counterparts; they are sides of
the square. So, 3(W — B) = 4 which is impossible. Contradiction.



