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LINEAR ALGEBRA

Problem 1. Let Ae A% (R). Suppose
&1 a
A:( 11 12]
a @

2 2 2 2 1
dp1 +ap +ay +ax <§.

satisfies

Show that I + A is invertible.
Solution. We have
det(l + A) =1+8q1 +ayy + 1890 —aypayg .
Since
+ab>—1(a”+b?) forall a,beR, we get

det(l + A)=>1+a; +ay —%(alz1+a122 +a§1+a%2) >1+a1+ay —%.
Also, afy <1, 50 |agy < % , and similarly for a,,, therefore
2 1
det(l + A) >1 510 >0
so | + A isinvertible.
Remark. The problem is a particular case of a well known result in matrix theory: if ||-|| is a

sub-multiplicative norm (that is, || XY || <|| X ||-]|Y || for all matrices X, Y) and || A|<1, then I, + A
is invertible.



Problem 2. Let

1 cose 0
A=|sinp 1 —cose¢ |, go;t%, meZ.
0 sing 1
Calculate A",
Solution. We present the matrix A in view of
A=l3+H,
where 15 is the identity matrix and
0 cose 0
H=|sihp 0 —cosg|.
0 sing 0
Then
sinpcosep 0 —COSZgo
H2=| 0 0 0 and H3=0;,

sin? ¢ 0 —singcose
where Os is the zero matrix. We expand

n
A" =(lg+H)" = z@HMQ—k - g
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1y enH 20D 2
1+—n(n4_1)sin 29 ncosg __n(nz—l) cos? ¢
= nsine 1 —ncos g
n(n_l)sinzgo nsing 1- n(n4—1)sin2¢



Problem 3. Consider the nxn matrix

1000 ..01
1100 .00
0110 .. 00

A=|0 0 1 1 .. 0 0
0000 .1
0000 .. 1 1]

Find the values of n, for which A, is invertible.
Solution. We first need to find the characteristic polynomial of A, .

1-x 0 0 0 .. 0 1
1 1-x 0 O 0 0
0 1 1-x 0 0 0
a(®M=[0 0 1 1-x 0 0
O 0 0 0 . 1-x O
O 0 0 0 .. 1 1-x

=1-x)"+C)™, forneN.
For n=2k, itis A, (x):(l—x)2k +(—1)2k+1, and xl;(A] (x), so A, is not invertible (it has
the zero as an eigenvalue).
For n=2k +1, itis A, (x):(l—x)2k+1+(—1)2k+2, and x}(;(A“ (x). So, A, is invertible for
n odd.



Problem 4. Consider a natural number n>1 and a continuous real valued function f defined
on the interval [a, b]. Show that there is only one polynomial function p of degree <n such that

p(a) = f(a), 1)
and

b

[(F09-pO))a(dx =0, @

a
for any polynomial function g of degree <n-1.
Solution. On the vector space of continuous real valued functions defined on [a, b] take the
inner product

b
(f,9y=[ f(x)g(x)dx,
a

so that (2) can be written as
(f —p,q)=0. ®)
Denote by P, the vector space of polynomial functions of degree <n. In B, take a basis of
orthogonal polynomials,
@0 PLi- @ (deggp <deggy <...<degpy).
Represent p with respect to this basis as
n
p=2 i,
i=0
and write (3) in the equivalent form
n
(f - Zaiqo,,(oj)zO, j=01..n-1,
i=0
which implies

a = (f0) i _o1.n1
(#.9)
Now, condition (1) emerges as
> (@)= (@) @

Since all the roots of ¢y, are in (a, b), we have ¢, (a) #0, so that (4) yields

1 n-1
(f(a)- 2 cigi(a)).

Ch, =
" (@) i-0




Problem 5. Calculate the determinant

G AD A D S 1t
D) @ @D - () G 1
Gsh A G - B (B 1
™H G ™ . @ @ 1
(6 TR % N G IR ¢ 9 W i W
1 1 1 1 1 1

Solution. We transform the identity (§)+(,";)=("t") into ("¢ —( ") =) . We present

the determinant A, in view of

G G G - 6D G 1

G2 G G - () (D) 1

G G AB - (B 1

An=| ..

™ & " . B 6 1

) I e O G N o W

"hH D) D . @ © 1

Subtracting the adjacent rows we obtain

G A ED -G 6D o

G G2 GD) - (D) (5 o

@3 @D @) - (D @D o

6 I s T ) B € B C) B

0 T G O o WU i NN G B

1 1 1 1 1 1

Expanding the determinant with respect to the last column we have

G G AD) - D G 1
G2) ) Q) - () () 1
@) @) @) - 0D D 1
Ap=Anq=
G BN C) B G B ) N € B
G D "D . @ Q) 1
e T i W G WP ) IR Cy B




Note that A,,_; is the upper right (n—1)x(n—1) block of A,,. Subtracting the adjacent rows again
we have

anh AP AL L) D oo
@) G A L0 (B o
A A AP LB 0D o

G "H P . @ B o
" A "D . 3 G o
o IS TS NP 4 B o

After an expansion the determinant A,_; becomes

T ED) AP LD () 1
G G G ) ) 1
G G ED L D 1
Apg=| .. :
e T ) T v N ) B ') B
@ D D . Q@ 1
"hH ) D . B Q) 1

which means that
Ap=Ang1=Ap2 .
Continue with the same arguments we have
n
(n_]_)

Ap=An1=An2=48p3=...542 = n-1
(h-2

:‘ (_1) (n_z) (n ) 1.



Problem 6. Consider an nxn symmetric matrix A with real entries aj , and let 4 be the
largest eigenvalue of A.

a) Prove that & < /4, Vi=12,..,n.

b) Show that, if for a some ie{L,2,...,n}

& =4
holds, then
aj=0 for j=i,j e{12,..n}.
Solution. Denote by
M 24 2.2 4, -the eigenvalues of A,

My 1(RR) - the vector space of nx1 column matrices with real entries,
€1,€,,...., - the canonical basis of M (IR), and by

(u,v) - the Euclidean inner producton M ;(RR):

0 T T
(u,v)=> Uy,  with  u=(uy,...,uy) ,V=_(Vq,...,Vp) .
i=1

As any symmetric matrix, A can be expressed as
A=QDQ', (1)
where Q is an orthogonal matrix and D is the diagonal matrix D = diag(/y,...,4,) -
a) Using (1) we deduce
gjj = (Aei ,ei) = (DQTei ,QTei) = ﬂ,lez +... +ﬂ,an%,
with x =QTei . Since || x||=1, relation (2) immediately implies
8ji <A OF +. X3) = A [ X[P= 4. vy
Obs. A straightforward answer to question a) uses the inequality
2 2
Ao X7 (A%, X) < A [T X 1%,
valid for any nx1 column matrix x: here one takes x=g¢;.
b) Assume a;; = 4 for a some i, that is, see (2),
MY+t AgX2 =2y ®3)
Let r denote the multiplicity of the eigenvalue /.
For || x||=1, assumption (3) can be written as

/‘lelz +...+/11xr2 +/12xr2+1 +...+Zﬂxr2] =/11(x12 ..+ xrz,),
implying
(g = A)X 1+t (= 20) ¥ =0,
and hence X,,q =...=X, =0. This gives Dx =4 x. Finally,
ajj =(Ag;,e}) =(QDQ ¢ &) =(QDx.ej) = 4 (Qx.€}) = 4 (i) = 45,
where &j; is the Kronecker symbol. Consequently, aj; =0 for j=i.



Problem 7. Let A B e.4%,(R) be two matrices satisying the conditions AZ = A, B?=B and
rank A=rank B .

Prove that A and B are similar matrices. (A and B are similar matrices if there exists a
nonsingular matrix C € A4, (R), such that A= c'BC )

Solution. First of all, let us remark that the eigenvalues of the matrix A can be 0 or 1, only. Let
A be an eigenvalue of A and X be the correesponding eigenvector.
We have:
2 G 2
AX =AX = AX=1AX = AX=1AX = AX=A°X
(A-2)X =0y () X#O0y (@ = A-4°=0 = Ai=0ori=L

In the following, we will prove that the matrix A is diagonalisable.
If we suppose the contrary, the matrix A has a Jordan canonical form having at least one
Jordan block of order k, for instance:

0
0 .0
‘]k: e :ﬂ“lk"'Ek'
00 .. 1
0
Therefore,
22 22 1 0
0 1% 22 0
IZ=(Al +E )2 =221 +24E +EZ =
0 0 O 21
0 0 O 22

Taking into account the condition from hypothesis, we obtain:
AZ=AA=PIPL AZ= P32t = 5223,
On the other hand, JE # Jy , for all eigenvalues of the matrix A. So, our supposition was wrong and

consequently, the matrices A and B are diagonalisable.
The diagonal forms of the matrices A and B have on the diagonal only 0 and 1. Taking into
account the condition rank A=rank B it follows that the diagonal forms of A and B contain the same
number of entries 1 on the diagonal and O in rest.
So, we can choose the same diagonal matrix for both matrices A and B:
10 0 .. 0
01 0 ..0
D =diag(1%,...,1,0,...,0) =| ... ...
—
p n-p 0 0

o
o

where p=rank A=rank B .
Of course, we have the same diagonal matrix but it is obtained from A and B using different
modal matrices P,S € A%, (R),detP =0 and detS=0:

A= PDP 1 B=spst.

10



Thus,
D=PAP,D=5"1BS = PlAP=57!BS
= A=PsiBsp~t=(sp ) IB(SPY).
Denoting
C=SP1eM,(R), detC=detS -detP™10
we obtain the conclusion.

11



Problem 8. a) Let A, B be two mxn matrices over R . Show that if A and B have the same
image, then there is an invertible matrix P e .44, (R) such that A=BP . (The image of an mxn
matrix A is the subset {Ax|xeR"} of R™))

b) Let
0 0 0 O
A= 9 and B = )
X% 2(X +1) 2 X

be two 2x2 matrices over the polynomial ring R=7[X]. Show that A and B have the same image,
but there is no invertible matrix P € 4% (R) such that A=BP.

Solution. a) Set M =ImA=1ImB. This is a subspace of R™, and let r =dimM . We then
have M =R" hence we may assume ImA=ImB=R".
Since A:R" > R" is surjective there is A'e A%, (R) such that AA'=1, . Then

R" =ker A@ImA', and since dimker A=n—r there is a matrix X' € My (n-r)(R) whose columns

form a basis for ker A. Thus the matrix (A'| X") e A4, (R) has the property that its columns form a

A
basis for R", hence it is invertible and its inverse has the form [X ] )

Similarly, we get a matrix (B'|Y") whose columns form a basis for R" and its inverse has

B
the form ( ]
Y

A B
Since the matrices [Xj and (Yj provide bases for R" they differ by an invertible matrix,

and we are done.
b) To show that ImA=ImB is straightforward.
Suppose there is an invertible matrix P € 4% (R) such that A=BP . Set

23

o[ X2 (X+D)-X%g
1-2f 29
Since P is invertible we have detP=+1 . But detP=(X +1)(2f—1)+ng . f

From A=BP we get

(X+D2f -1+ ng =-1 we send X to 0 and get f(0)=0, hence f = Xf;. Plugging this into the
previous equation one gets (X +1)(2Xf; —1) + X 2g =-1, equivalents
2X2f — X +2Xf + X%g =0.
This gives 2Xf; —1+2f; + Xg =0, and sending again X to 0 one obtains 2f;(0) =1, a contradiction.
If (X+1(2f —1)+X2g =1 we send X to 0 and get f(0)=1, hence f = Xf; +1. Plugging
this into the previous equation one gets (X +1)(2Xf+1)+ ng =1 , equivalents

2X2f1+X+2Xf1+X2g=0. This gives 2Xf; +1+2f; + Xg=0 and sending again X to O one
obtains 2f;(0)=-1, a contradiction.

12



Problem 9. Let A and B be two 3x3 complex matrices such that
2Tr((A+B)®) + (Tr(A+B)) % 3Tr(A+ B)Tr((A+B)?),
where Tr denotes the trace of the matrix in cause. Prove that A+ B is invertible, and
A((A+B)™1B)"(A(A+B) HMB-B((A+B) 1AM (B(A+B) ™ H)"A
is the null matrix for all m,neN.
Solution. Taking into attention the eigenvalues of of the matrix A+ B, denoted here by 4, 4,
and /3, the following equalities may be used :
Tr(A+B) =4 + A + A3, Tr((A+B)?) =22+ A% + 2%, Tr(A+B)*)=>2+ 23 + 3.
In this way, remarking that
6y = (M + Ap + A3)° —3(Jy + Ay + Ag) (A2 + 2 + A2) + 208 + A3+ 43)
the relationship
2Tr((A+B)®) + (Tr(A+B))2 £ 3Tr(A+B)Tr((A+ B)?)
offered by hypothesis, is easily transposed into the following one: 414,43 #0.
This means just that det(A+ B) =0, which ensures that A+ B is invertible. In other words, it

can be next counted on the matrix (A+ B)_l.
It is noticeable now that A(A+ B)_lB =B(A+ B)_lA, by virtue of the following sequence of
equalities:
A(A+B)B=(A+B-B)(A+B)'B=B-B(A+B)™'B
=B(A+B)}(A+B)-B(A+B)'B=B(A+B) A

On such a basis, it is inductively inferred the fact:

A((A+B)B)"=(B(A+B) )" A, forall neN.
At the same time, one can similarly be seen the fact:

(A(A+B) H"B=B((A+B)*A)™, forall meN.

Finally, the nullity of the matrix specified in this problem derives by the substraction of suitable
products of terms in latter two equalities.

13



Problem 10. Let Ae A4, (R) be a diagonalisable matrix, and V € A4, (R) be another matrix,

such that V2 = Ih
a) Prove that, for any ¢ >0 sufficiently small, the matrix equation AX +&£X =V has an
unique solution X e .47, (IR), denoted by X (¢).

b) Prove that
lim &-Tr(VX(g))=null A

-0,

Solution. a) Remark that the matrix A+ ¢l has the eigenvalues 4 +¢,..., 4, +¢&, where by
M, An We have denoted the eigenvalues of A. If all 4 are nonzero, for any ¢>0 sufficiently
small, 4 +¢,..., 4, +& are nonzero, hence the matrix A+ ¢l is nonsingular. If 0 is eigenvalue for
A, again, the matrix A+ ¢l has as eigenvalues ¢ or 4 +¢&, with 4 =0, which are nonzero for any
¢ sufficiently small, therefore A+ ¢l,, is nonsingular, too.

b) Since A is diagonalisable, A+¢l,, is diagonalisable. There is an nonsingular matrix

P e A4, (R) suchthat A+&l, =PD,P™%, where

M+e 0 0
0 12 +& .. 0
D, =
0 0 . Ante
For every &> 0 sufficiently small, A+ ¢l,, is invertible, and its inverse can be written as
1
g o .. 0
0 L .. 0
(A+el,)t=P. Apre pL
1
0 0 Ante
It follows that
llig 0
1 0 £ .. 0 B
eX(g)=e(A+el,) V=P Aote Py,
0 0o . £

Ante
and, furthermore, using that V2= I,, Tr(AB) =Tr(BA), and the fact that the traces of similar matrices
are equal, we obtain

eTrVX (£)) =Tr(eX (V) =Tr(e(A+el ) W) =54 +-<

M+e Aate’

Then lim &-Tr(¢X(g)) =k, where k is the number of zero eigenvalues of the matrix A, i.e.,
-0,

null A.

14



Problem 11. Given a triangle ABoCo . on its sides are built squares outside the triangle to
form a new triangle A;B,C; with vertices the centers of these squares. Continuing in the same way an

infinite sequence of triangles is obtained and Sgp,S;,...,S,,... are the areas of them.

a) Let .4 €3 -3 be linear operator defined by the matrix
010
0 01
1 00

and ag,bg,cy are the complex numbers corresponding to the vertices Ay, By,Cy of the triangle
PyByCo, and vector 20 =(30:20:%0) prove that
So =51m(A29,20),
where (e,¢) is the standard inner product in c3.
b) Prove that
Sn =254 —%Sn_2,N>2
and

Sh = %((Sl —02Sg)at — (S1 —%Sg)a3)

&

where qlzﬁ,qz =28,

&q,a,..

Solution. a) We will prove more: if AL Ao A are vertices of polygon and -Am are

dy,..

the their corresponding complex numbers, and w = (g, +8m) then his area is

S =2 Im(Aw,w)

where 4w =(ay,a3,...,ay,d) -

m
Really, if a, =ry (cosgy +isingy ), then Im(4wW, W)= > fhi,1Sin(@ 1 — o) (A =a1)-
k=1

Let us denote that Im(.4w,w) doesn't change in translation (i. e. in addition to W of a vector
v=k(LL...,1),keC)

b) First note that .4 is unitary operator and A3 =1d. Put zy = (ay,by,cy) where a,by,cy
are the corresponding complex numbers to the vertices A.,B,,C, . Let us define the operator

B=aA+aA®, where a:%(l+i) . It is not difficult to see that z, =&z, 4, k=1, and

Sk =%Im(,42k,zk) , k>0.
It is sufficient to prove requested equality for n=2.
By using the properties of the unitary operators, we obtain consecutively
(Az,21) = (A29,20) + % (20,20) - 5 (A°29,2)
whence
258, =Im(Az2y,21) =2Sg - Imiz(AzzO,zo) +%(zo,zo) .
Similarly,
282 = |m(.422,22) Z%SO + (Zo,Zo) —Im i(.4220,20) .

15



From the last two equalities follows requested result.
Finally, characteristic equation of sequence S, s q2—2q+%:0 with  roots

G =2+—2*/§,q2 :2‘—2‘/§. Then S, has the form S, =Cyqi +C,q5 where the constants C; and C, are

obtained from the system
{SO = Cl + C2
51 =G +Ca0p

16



Problem 12. Let Ae 44,(IR) be a fixed non-zero matrix. Define the function
fa o Ah(R) > A (R),
fA(X)=AX = XA, VX € A4 (R).
a) Show that fp =@ ifand only if A=A1,, where I,, is the identity matrix.
b) Show that fp o fg = fg o fp if and only if AB=BA
c) If A isa matrix with n distinct real eigenvalues, find the dimension of ker(fy).
Solution. a) Since fa =8, it follows that AX — XA=0,,, VX € A4 (R).
Denote by Ej; the matrix with 1 on the (i, j) position and O elsewhere. For X =E;;, we
have AEj =EjA
AE;; is the matrix whose j-th column is the i-th column of A and 0 elsewhere, and Ej;A is
the matrix whose i -th column is the j-th column of A and 0 elsewhere. For i= j, one has
& =ajj, i=1.,n, j=1..,n, and for i= j, one has a =0, a; =0, k=i, k=1,...,n. It follows that
A is a diagonal matrix, A=Al .
b) One has
facfg="Tgofa
< (fae fg)(X) =(fg o fA)(X), VX e A4 (R)
< ABX + XBA=BAX + XAB, VX € A7, (R)
< (AB-BA) X = X(AB-BA), VX € A4 (R).
If AB=BA, then fpo fg=1fgofy.
If fpofg="fgofa then
(AB-BA) X — X(AB—-BA) =0, VX € A4 (R),
hence fag_ga(X)=0,,VX € A4 (R). Using a), it follows that
AB-BA=A1l,.
Since Tr(AB —BA) =Tr(Al,), it follows 0=nA, hence A=0, and, finally, AB =BA.
c) We have
ker(fp) ={X e A4, (R): AX = XA}.

We prove that all the matrices X e ker(f,) have the same eigenvectors, due the condition
that A is a matrix with n distinct real eigenvalues.

Indeed, take an eigenvector v corresponding to the eigenvalue A for A. Then

AXvV = XAV = X AV = A Xy,

hence Xv is an eigenvector for A corresponding to A. But since the eigenspace corresponding to 1
has dimension 1, it follows that there is « such that Xv=av, hence v is an eigenvector for X.
Since X can have at most n eigenvectors which are linearly independent, and all the eigenvectors for
A are eigenvectors for X , it follows that X has the same eigenvectors as A.

Observe that every X is diagonalisable, since its eigenvectors are linearly independent. We
want to prove that there exist a polynomial f of degree at most n—1 such that

X =f(A).

Denote by o,...,a, the eigenvalues of X, and by 4,..,4, the eigenvalues of A Then

X =PDy P_l, and A= PDAP_l, where by P we have denoted the matrix whose columns are the

17



eigenvectors of A and X (which are the same), and the relation X = f (A) reduces to Dy = f(D,),
or

@ 0 .. 0) (f(A) O .. O
0 a .. 0| | 0 f(i) .. O
0 0 . a 0 0 . f(4)

Since 4,...,4, are distinct, the Lagrange interpolation polynomial, of degree n—1 in our case,
satisfies f(4)=¢, Vi=1..,n. Itfollows that {I,, A, A2,...,A”_1} generates ker(f,). Moreover, the

linear independence of {I,,, A, A2, A”‘l} reduces to the fact that the Vandermonde determinant

1 x4 . A
(R PR
14, . At

is nonzero, which is true due to the fact that 4; are all distinct. Then, {I,, A, AZ,..., A“‘l} form a basis
in ker(f,), so the dimension of ker(f) is n.

18



ANALYSIS

Problem 1. Let f be continuous on [0,1] and differentiable on (0,1). Suppose that
f(0)=f(1) =0 and that there is x5 <(0,1) such that f(xy)=1. Prove that | f'(c)|>2 for some
ce(0]).

Solution. Suppose first that Xg ¢%. Then either [0,xg] or [xy,1] has length less than 1.

Suppose, for example, that this is [Xg,1]. By the mean value theorem,
1 _fO-T00) ¢y
1- XO 1- XO

and consequently, | f'(c)|> 2.
Suppose now that xg = and that f is linear on [0,3]. Then f(x)=2x for x<[0,3]. Since

f '(%) =2, thereis X >% such that f(x)> 1. In this case, the assertion follows from the mean value

theorem applied to f on [%,1]. Finally, suppose that f is not linear on [0,3]. If there is X, € (0,3)
such that f(x,)>2x,, then to get the desired result it is enough to apply the mean value theorem on

[0,X2]. f(xy)<2Xy, then one can apply the mean value theorem on [xo,%] :

19



Problem 2. Draw a tangent line of parabola y=x2 at the point A(L,1) . Suppose the line

intersects the x-axis and y-axis at D and B respectively. Let point C be on the parabola and point E on
AC such that 2—E=k1- Let point F be on BC such that %: ko, and k; +k, =1. Assume that CD

intersects EF at point P. When point C moves along the parabola, find the equation of the trail of P.
Solution.The slope of the tangent line passing through A is y'(l) =2. So the equation of the

tangent line AB is y =2x—1. Hence coordinates of B and D are B(0;—1),D(,0) . Thus D is midpoint

of the line segment AB.
1+ k1X0
1+ kl

Consicer P(x;y),C(x,X§). EC4, Y F (i2.¥2) . Then by ==k, we get -

1+ kX3 k —1+koX@ . .
yy=——=0C From BF _ ko, We get X, = 2X0 Yo = 2X0 Therefore the equation of line EF
1+kg FC 1+k, 1+k,
iS
y_l+k1x§ X_1+k1xo
1+kg 1+kg

Lk 1rkpd  koXo Ttkaxo
ek, Lk Tk Itk

Simplifying it, we get
[(ka — k)Xo — L+ ko)ly =[(kp —k1)X§ —3Ix+1-Xg —kpX§ . (1)

When xg ;t% the equation of line CD is

2X3X — X3
y:O—XO_ )
2X0 -1
Xg +1 X0 P . .
From (1) and (2), we get X=T, y:?. By elimination of Xy, we get the equation of the trail of
point P as
1 2
=—(3x-1°.
y 3( )

1 . . . .
When x, =2 the equation of EF is =3y =(3k, %k —3)x+3 —1kj, the equation CD is x=1.

Combining then, we conclude that (X, y):(%,%) is on the trail of P. Since C and A cannot be
2
congruent, xg #1,x# £

Therefore the equation of trail is y = %(3x —1)2 , X# % :

20



Problem 3. The function f(x) has a derivative of order two in the interval [a,b] with a
length 2, f(a)= f(b)=0 and there is a point x e (a,b) such that f(x)>0. Prove that

inf f"(x)+ max f(x)<0.
xe[a,b] xela,b]

Solution. Let xy e(a,b) be such that max f(x)=f(xy) and m= inf f"(x) . By the
xe[a,b] xg[a,b]

Taylor’s Theorem we have
0=f(a)=f(x)+ f'(Xp)@—x0) +3 f"(&)(a-%)°
0= f ()= f(xp) + F'(X0)(b—X0) + 1 (&) (0~ X)°

forsome &,a<& <Xy and &, xg <& <b.
Because Xy €(a,b), f'(xg)=0 and we obtain

f(x0)+1(f"(&)@—x0) + (&) (b —%))?) =0,
and
f (%) + 2 ((@—%0)* +(b—%0)*) <O
(obviously m<0).
The maximal value of the function y(x)=(a—x)2+(b—x)2 in [a,b] is equal to 4, which
proves the requested inequality.
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Problem 4. Prove the inequality
1 X
| g S x> 2+7 .
S1(1+3%°@+x9) 16In3

X

Solution. First stage. Let us denote f(Xx)=

» 9(X) =——= . The function f(x) is

1+3%)? C1+x3)
evensince f(x)— f(—x)=0. That is why the product f(x)g(x) is also an even function. Therefore
1 X 1 X
i 3 dx — 3

2 dx
C1+39)% 1+ x%)2 0 (1+3%2(1+x?)?
Computing the derivatives:
X[ X
_3°(-1+3 ;InS and g'(x) = — 4x2 '
1+3%) 1+x°)

we conclude that both functions are decreasing in [0,1] . Additionally, f(x) and g(x) are positive.

f1(x) =

Second stage. The above properties of the functions f(x) and g(x) make valid Chebishev’s

inequality

e ey
2 X >2 X X. Q)
0 (L+3)% L+ x%)? 0(1+39)%  p+x?)?

We continue with the antiderivatives of f(x) and g(x):

F(x):—;, G _—( 5 + arctan xj.
1+3%)In3 2\1+x
Therefore:
1 X 1
| 3 5 dx = 1 and | lzzdx=2+7z.
0(1+3X) 4In3 0(1+X ) 8

It remains just to replace the latter results in (1) to complete the proof.
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Problem 5. Let f be a nontrivial function, of class CZ, continuous, such that
f:[1,2] >[0,R], 0<R<w and f (1) = f(2)=0. Prove that

2 (1)
[l 1dt>2x, for xe[L2].
1

Solution. It is enough to prove the following inequality

f
j| f((tt))|dt>4

Let M = max | f(x)[>0.The
x€[1,2]

J| 04t 1) 1200 (1)
f(t) M ] '
Thereisa Xy €(1,2) such that M = f(xo) It's clear that xy #1,2. From mean - value theorem:

- Thereisa & e(l %) suchthat (&)=Y,
- Thereisa & e(X,2) such that f'(&)= —M
From (1) and Cauchy-Schwarz inequality in Engel form, since Xg €(1,2), we have

12 152 1 52
I>V{|f"(x)|dxzvg| froq) dx> 2| [ f"(x)dx]
1

=R (&) - F@ - M- ML

2
(1+2) -4

=1 41 5_ U+)
=2 xTxas (2-x)+(x-1)
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Problem 6. a) Calculate the limit

n+1
dx 1

. logx logn
lim = T
N— Jog(n+1)  logn

b) Let f:(a,00) >R (a>0) be differentiable such that f' is monotone, has no roots and

; f'i(n) _
nligof'(nﬂ)_l'Prove that

n+1
[ f(x)dx—f(n)
: _1
n'inw BN
Solution. b) Using Taylor's formula with the Lagrange remainder for the function
t
F(t)=[f(x)dx, t>a
0
we obtain that for every n>a, there exists some x, € (n,n+1) such that

F(n+)=F(n)+F'(n)+3F"(x,),

hence
n+1
[ fOqdx—f(n)=2f'(x,).
n
Similarly, for every n>a, there exists some y,, € (n,n+1) such that
f(n+1) =f(n) + f'(yn).
hence

n+l

{ f (x)dx—f (n) )

f(ne)—f(n) 2 'y,
Note that f' has the Darboux (i.e. intermediate value) property, while being nonzero on (a,«),
which leads to f' having constant sign (without any loss of generality, we may assume that f'is
positive on (a,) ). Next, using the monotonicity of f ', it follows that

f'(n) f'(x,) _ f'(n+D)
Fined) = Flyn) ~ F1(0)

hence

M—ﬂ, as Nn—oo
f'(Yn)

which leads to the conclusion.

a) We apply B) for f(x) =$ .
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Problem 7. Let f eCl(R) is a positive valued function. Prove that

2 2 2
| CFO0) dx—(F ()% [ f (x)dxl< max | £ 1(] f®)dt)?.
0 0 0<x<2 0
Solution. Let M =(|)max2| f'(t)]. We have
<t<

—Mf (t) < ') f () <MF(t), Vte[0,2].
Integrating on [0, x] :

M f f (t)dt s)j( f(t) F@)dt< M f f ()t
0 0 0

-M f fOdt<2((F(x)* - (F(0)*) <M f f (t)dt.
0 0
Multiply the last inequalities by f(x):

—Mf (x))[( F(O)dt <2 ((f () - (£(0))? £ () < Mf (x))j( f (O)dt
0 0
M (f f (t)dt)'-)j( Fdt <1 ((F(0)° - (F(0)? F(0) <M (f f (t)dt)'-)j( f (t)dt
0 0 0 0

—%«(f) F(D)d)?) <L ((F(0)° = (F(0))* f (%)) s%«({) f(t)dt)?)".

Intergrating on [0,2]:
X

(] £ x4 [(F 003010 £ 000k YT (] F Ot
00 0 0 00

_%(T f(B)dt)? < %f(f (x))dx -1 (f (0))2f f(x)dx < %(T f (t)dt)?
0 0 0 0

2 2 2
[ CFOO)3dx—(f(0)?] F(x)dx|< max | £(x)|(] f(t)dt)?,
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Problem 8. Let f :IR — IR be a continuous function. Prove that
4 3
[ f(x(x=3)?)dx =2] f (x(x—3)?)dx..
0 1

Solution. Let g:[0,4] > R defined by g(x)=x(x—3)2. Then g'(x) =3(x—1)(x—3) and the
behaviour of function g is given in the following table:

X 0 1 3 4
g'(x) + + 0 - 0 + +

9(x) U 4 N 0/ 4

Let g1,05,03 be the restrictions of g over (0,1), (1,3) and (3,4), respectively, and let hy,h,,hs be
their inverses:

h :(0,4)—>(0,1), hy,:(0,4) > (13), hz:(0,4) —>(3,4)
where, for every t €(0,4),

x = hy (t) is the solution of x(x—3)% =t in (0,1),

Xo =hy (t) is the solution of x(x—3)2 =t in (1L3),

X3 =hg(t) is the solution of x(x—:%)2 =t in (3,4).
Using the changes of variable x=h;j(t) (i=12,3), we have that

3 3
? f(x(x —3)2)dx - 2[ f(x(x— 3)2)dx = } f(g(x))dx —j f(g(x))dx +}1 f (g(x))dx
0 1 0 1 3

0 4
f(t)-hy(t)dt— [ (t)-ho (t)dt + [ f (t)-hg(t)dt
4 0

(1) (hy (1) + hy () + g (D) dlt.

O+—h O—h

Since the sum of the roots of the polynomial equation x(x —3)2 =t is 6, it follows that
hy (t) + ho (t) + s (t) =6 for every t(0,4),
hence
hy (t) + hy (t) + g (t) =0 for every t<(0,4),
which concludes the proof.

Remark. Since g'()=g'(3)=0, it follows that I}'L(4), h'Z(O), h'2(4) and hé(O) are infinite,
4 , 4 , 4 ,
hence the integrals [ f(t)-|hy(t)|dt, [ f(t)-|hy(t)|dt and [f(t)-|hg(t)|dt are improper, yet

0 0 0
convergent, because they where obtained from proper integrals by a change of variable.

26



Problem 9. Let f :[0,00) >R be the function denned by f (x)=log;(3* —x), ¥x[0,).

a) Considering the sequence {X,}nen » Where X :% and x,,.1 = f(x,) forall neN,

o0
evaluate > X, .
n=0
b) Calculate

2016
lim (<O [(x - f (x))In3= > k~xk317hy.
x—0 k=1
Solution. a) It is useful to be observed that 3* >e* > x+1, ¥x €[0,0). Thus it is guaranteed
that f(x)>0, vxe[0,0). Consequently, x,>0 for all neN . At the same time, seeing that

3 3%+ =x, >0, VneN, one can deduce that X, > X,,7, VneN. These mean that the sequence

{XnInen IS decreasing and bounded below. So it is convergent. By taking | = lim x,, and relying on
N—o0

the equality 3" —3%+ =Xy, it appears that 1=3 -3 =0. Therefore, the necessary criterion for

o0
convergence of the series > x,, is accomplished. More than that, inasmuch as
n=0

n n
> X =Y (3% —3%1) =30 3% and |im (3% ~3%11) =31
k=0 k=0 n—o0

o0
we may conclude that ) x,, is a convergent series and its sum is J3-1.

n=0
b) Taking into account that f(x):log3(3x—x):x—log3(1—3ix)=x—ﬁln(1—3ix) ,
Xk XDk
vx e[0,0) and In(1—t)=— t? Vte(-11), it is obvious that (x—f(x))In3=3 k);kx , because
k=1 k=1

SAX <1, Vxe[0,). Then it follows that

2016 0

(x—f()In3—"y kK™= 3 X yxepo,0)
k=1 k=2017 k3
and so
2016
x2O[(x= f(x)In3= ¥ k~xkK37yt =L wxe[0,o).
k=1 X
k=2017 k3

Accordingly, we obtain:

2016
lim (x®Y7[(x— f(x))In3— 3 kxK3711y=2017.
x—0 k=1
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Problem 10. Given is the function f eCZ(R\{O}) for which lim f(x)=co0, lim f'(Xx) =00
x—0 x—0

and
lim ™) _q. *)

x—0 f2(x)

We define the function
()= x=0."
a) Prove that g(x) has a primitive on R, (i.e. 3G(x):R — R so that G'(x) =g(x)). Is this

true if the condition (*) is not satisfied?
b) Let G(x) be a primitive of g(x). Prove that exists a function £(x), satisfying the condition

G(x) —G(0) = xg(&(x)) where &(x) is between 0 and x, and this function has points of discontinuity
randomly near zero.

{sm f(x), x=0

X
Solution. a) Let us define G(x)=jg(t)dt for x=0and G(0)=0. If x=0 by the Newton-
0

Leibniz Theorem we have G'(x) = g(Xx) . It remains to prove that there exists G'(0) and G'(0)=0, By
definition

G'(0) = nr%G(X) lim 1jg(t)dt

We consecutively obtain (for example for X>0)

p - Xsinf(t)
0 €—>0+g ( ) .

After integration by parts we have

P o cosf ()X T (t)cosf(t) 1 cosf(x) F"(Qcos () 4
_([)g(t)dt_g“m ( f’(t) |£ J- f'z(t) dt)_ f,(X) .[ va(t)

Now,

>

G'(0) = lim (- cosf(x) 17 f'(t)cosf(t) dt) =0

x»0 00 xa£2

by the L’Hospital rule and the condition (*).
Note that the statement is not true if the condition (*) is not satisfied, for example

f(x)=In|x].
b) Such a function &£(x) exists (for example for X> 0) by Lagrange Theorem. Let us assume

that there exists € >0 such that ¢ is continuous in (0,&). Then the function f(&(x)) transforms
the interval (0,&) onto infinite interval and lim sin f (£(x)) does not exist contrary to the fact
x—0

I|m g(&(x)) = I|m w

=G'(0)=0
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Problem 11. Assume that g is a continuous function from R\{0,1} to R, such that
g(x)+ g(l—%) denoted by h(x), is admitted to be known for every x € R\{0,1}.

1
1) Find [g(x)dx, when h(x)=In?|x]|.
0

2) If h issothat j(h(x)+h( ))dx+— jh(l )dx+4, prove the existence of a number

r €(0,1) such that g(n=Inrin(l-r).
Solution. First of all, it is important to realize that the following relation is in effect:
29(x) =h(x) + h( ) h1- ), vxeR\{0,1}. (1)
Based on this, noting that, at 1),
h(x) +h(z%) -h@-$) =2In| x|In|x-1|, ¥xeR\{0,3},

one may be found that g(x) =InxIn(1—x) forall x in (0,1) . Therefore, in this case, we have:

1 1
[9(x)dx = [InxIn(1—x)dx . 2)
0 0
1
Inasmuch as the improper integral jln xIn(1—x)dx is convergent, and its value can be
0
calculated on the path of the following sequence of equalities
K '} 1 0 B B
jln xIn(Ll—x)dx =— kzl (j)x In xdx_kzlk(k 1 kZ::lk(k“Ll) > > 1) ( ), @3
we obtam.
1 2
(j)g(x)dx:Z—%. 4)

In the situation of 2), taking into account the assumption in effect and once again the relation
(1) we deduce that, in fact, the equality (4) occurs. Having in mind (3), this means (2) , that is:

}(g(x) —InxIn(1-x))dx=0.

0
From here, applying the mean value theorem for integrals, the desired conclusion is finally achieved.

29



Problem 12. Find all functions f :[0,2]— (0,) of class ct satisfying the following

conditions:
2

j[f '(x)]? dx+jf( )dx<4 and

,/f(g) ~1+/(0).

w(N

Solution. We have

L9y

N

1 dx-—
f()d 2

O'—-wh\)
O —wN

O<[[f (x) - ﬁ] dx<j[f "(x)]2dx +

<4-4 f(x)§:4—4(M—M)=O.
Thus,
z
(J)[f'(X) \W] dx =0,
and since f is C, it follows that
f'(x)= W vx [0, 2].

We obtain

[f2(x)] 3o f(x)_3(x+C)<:>f(x) 4329(x+(:)

The condition ‘ff(%) =1+,/f(0) leadsusto C=0 and C =—%. Consequently, we obtain two

functions satisfying the hypotesis:

f(x)= ﬁ%xz and f(x)= ;ﬁ%xz —3x+1.
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Problem 13. Let p>1 be a real number, and let C[0,1] denote the set of all continuous

functions f :[0,]] > R.Find max I(f) where
feC[0]]

I(f):}xp|f(x)|dx—}x| f(x)|P dx.
0 0

1

1 p
Solution. Answer: max I(f):iz(pl‘p —pP).
- fC[0,1] P+

Let g =% be the conjugate of p (i.e. %+%=1). By virtue of the Holder inequality we

have
1 1 pi1 Logp-ty 11 1
[XPIfOLdx=[x" PxPf)[dx<([x Pidx)?-([x] f(x)[P dx)P.
0 0 0 0
Since
1 1 1
qu(p p)dx=jx'°+1dx=L2
0 0 b

it follows that

1 1 1
[xP]f(x)|dx< 1p;1(jx|f(x)|pdx)p.
0 (p2) P O
1
Letting azp =—2— and A= x| f(x)|P dx we deduce that

(p+2) P 0

1
I(f)<apAP —A.

An elementary computation shows that the function g:[0,00)—>R defined by
1 P
g(y)=apy” -y, has a unique critical point, namely y, =(a—;) =L In addition, g is increasing on

[0, yo] and decreasing on [yg, ) . Consequently, we have
p

()< g(R) < 9(yo) =ap ()1 - ()P,

whence
p 1 P

() <ap (- -—4) =55 (P -pHP).
pP™  prl

1
Equality holds, for instance, in the case of the function f (x) = p*Px forall x<[0,1].
Remark. This problem is a generalization of problem B5 in the 2006 William Lowell Putnam

mathematical competition.
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( )n+1

Problem 14. Consider the series ) ———— and the sequence X :1—1, n>1. Define the
n=1 n
function
_n\h+l
> ) , Xe[0,1)
f 0 ->R, f(X)=<55 N

0, x=1.

a) Study the continuity of f.

1
b) Prove that f is Riemann integrable on [0,1] and compute | f (x)dx.
0
n+1

,n>1. It is clear that the series ZL is
n=1

convergent, the sum of the series is S=1In2, and that the sequence X, is increasing to 1 and all its
terms lie in [0,1]. Given x€[0,1), because X, —1, there is some n, e N such that x, >x for all
n>n,. Taking n, the smallest one with this property, and taking into account that (x,) is increasing,
then

(_ n+1

Solution. a) Denote by a, =

f()= X aq =SSy 1,

n=n,
which is finite. Here, S,, denotes the partial sum sequence associated with the given series. In this
way, one can write
S, x=0
S-S, xe(0,4]

£(x) = §—52' xe($,4]

n-1 n_
$-Sp, Xe ( "N+l

It follows that f is continuous at every XE(”T‘l,niﬂ) for every n>1. Furthermore,
f(x, +0)=S-S,,, and
f(x, —0)=f(x,)=S—-S,1.
Thus, f is continuous at every x €[0,1]\{x, |n>1}, is continuous from the left at every x,, and is
not continuous from the right at any x,, n>1.
b) Observe that f is bounded, since (S,) is convergent (hence bounded). Then, f is
Riemann integrable over [0,1], since is bounded and its discontinuity set is at most countable, and

o Xni1

jf(x)dx_z | f(x)dx—z(s Sn)(R — nT_l):OZO:(S_Sn)(% 1)
n=1

n=1 Xn

o0
Denote by T, the partial sum of the series 3 (S —Sp)(: ——23). Then
n=1
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=-5)E-D)+ (-5 -+ + (5 -5k L)
—8(1—n+1 -[81G-D+5pG -+ 8t -1 ]
=S(1--19)- [lsl+2(sz—sl)+3<ss S2)+.+ 18y = Spg) [+

2 ay
—S(l—m) ( +.+ )+n+1

- n+ - - - - -
Consider now the series Za—nnz Z%. This is absolutely convergent so its associated partial
n=1 n=1 N

. . . S
sums sequence is also convergent. Moreover, because (Sp) is bounded, it follows that n—:l—>0 as

n—oo. Thus, (T,) is convergent and
1 o0 n+l
[0gdk=s-3 o
0 n=1 "

( 1)n+1

it follows that

Because S=In2 and 2 =5

n=1

}f(x)dx:InZ——
0
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1
Problem 15. a) Let n>0 be an integer. Calculate j(l—t)”etdt.
0

b) Let k>0 be a fixed integer and let (x,)n>k b€ the sequence defined by

=3 (13-4 b,

i=k
Prove that the sequence converges and find its limit.

1
Solution. a) Let Inzf(l—t)”etdt , n>0 . We integrate by parts and we get that

0
I, =-1+nl,_, n>1 which implies that %:—% (r']“—l)
h _ 1_1 1_ 1_1 1
m=lo—g-g =gy
Thus,
In=nle-1-4-%—..-1),n>0
b) We have
1
X1 —Xn = ("F)(e - 1—%—%—...—@»0

hence the sequence is strictly increasing.
On the other hand, we have based on Taylor's formula, that

=1 1 1
for some @ e (0,1). It follows that
1 1 1 e
O<e_]__'__|_ _ ( )i

Therefore

L 2
1 _e¢1.,1 1
Izk(k)(H_l) Slf I_Ek( Y —%(m+ﬂ+...+—(n_k)!)ﬁ—i!

which implies the sequence is bounded. Since the sequence is bounded and increasing it converges.

Tofind lim x, we apply part &) of the problem and we have, since
nN—o0

that

U it 17 (a-t)*
xnz_Z(k)ﬁj(l—t)edt il @- ke (Z o )dt .
= 0
i—k i—k
Since lim Z(l V" et and Z(l D gl , We get based on Lebesgue Dominated
nomig (7K)! (i-k)!

Convergence Theorem

lim x, = j(l t)keleltdt =

k+1 I
n—00 O ( )!

Remark. Part b) of the problem has an equivalent formulation

é(L)(e—l—%—%—... )= i



Problem 16. Let C be the set of all real numbers x for which the series

> sin2(27rn!x) (D)
n=1
converges. Prove that:
a) QcC,but C+Q.

b) There exists a dense subset A of R suchthat AcR\C.

Solution. a) If x:g Is an arbitrary rational number, with p,qeZ, q=0, then for every

n>q| we have sin2(27rn!x)=0, hence the series (1) converges. Therefore, we have Q< C. In

order to prove that C = Q, we show that e e C . It is well-known that for each n>1 there exists some

g
6, €(0,1) such thate =1+%+'"+#+n._?1! , Whence

le= (1+1 1 1 hi1 _ 27z, 270
2znle 27zn.(1+1! +ot (D + (n+1)_(n+1)!) 27K, + ”+1+—(n+1)2 ,

where kn =nl(1+4+...+-) is a positive integer and 6,4 €(0,1) . Taking into account that

sin® x =O(x2) as x —0, it follows that

. 2 _einl( 2z 271001y _ 2 270,12y _ 1
sin“(2znle) =sin (nf1+—(n+;)2)_O((nf1+—(n+;)2) )—O(nz),as n—o.

o0 o0
Consequently, the series Zsin2(27zn!e) has the same nature as the series le which is
n=1 n=1"

convergent. This shows that e e C, as claimed.
b) We prove first that %¢C . Indeed, for each positive integer n>3 there exists some

&, €(0,2) such that

276,
3n '’

1 1

1 1
GO IR AR G

o

1 [/
27ant€ =27 R (L+ 4+ +00) =27y + 22 (n(n—1) +n+1) +

where

-1)(n-2
=0t ) =D 09 s )

is a positive integer. Therefore, we have
in2 e\ il (27 (N2 276,
sin (27m!§)_sm (?(n +1)+T”).

If n=0(mod3), then n? +1=1(mod3), whence

. . . . 2 .
lim sm2(27zn!%)= lim smz(%’f(n2 +1)+g—9”)=sm2%”=
n—>co N—>0 n

n=0(mod 3) n=0(mod 33)

3
2

e8]
Consequently, the series Y sin? (272'[1!%) diverges, showing that %e C, as claimed.
n=1

Now set A={%}+@ :{%-i- x| xe@}. If x :% is an arbitrary rational number, with p,qeZ,

q=0, then for every n>|q| we have sin2(27rn!(%+ X)) =Sin2(27rn!%) , Whence %+ x¢C . It follows

that AcR\C and A is obviously a dense subset of R.
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Problem 17. Consider the function f :[0,00) — R given by f(x)=xe .

1) Prove that, for every ¢ (0,1), there exists 5 (0,1) such that, for every xe(1—5,1+9),
one has:

1)2
2 (1_8) ]

(x-1)? (x
1 1 1
e 2 M) o fiy<e

2) Prove that:
n
lim LT ft)t" ot =1,
n—oo N! 0 2
3) Compute the limit:
SR R LI
lim e '(ZW)‘
n—o0 k=0
Solution. 1) Observe that f achives a strict maximum at 1 and that f(0)=0 and
lim f(x)=0. Consider g:(0,.0) >R given as g(x)=In(f(x)). Remark that g(1)=-1, g'(1)=0

X—»00

and g"(1) =-1. Then, by the Taylor formula, there exists a function « such that lim a(x)=0 such
x—1

that
x—1)?
g(x):—l—%(lﬂx(x)).
Using lim a(x) =0 it follows that for every ¢ < (0,1), there exists 6 €(0,1) such that, for every
Xx—1

x € (1- 5,1+ 6), one has |a(x)| < &. The conclusion follows.
2) Denote by

nN—oo I3

.11 n-1
£=lim = f(t)-t"dt.
n! 4

By the change of the variable nt = x, one has

n+l 1
/= lim [ (xe7)dx.
n—w Nl 0

Denote
1 1
Iy = [(£())"dx = [ (xe™*)"dx.
0 0
Observe that, in view of 1), that for every ¢ €(0,1), there exists ¢ € (0,1) such that
1 1 x-1)2
> [ (xe™)dx> | e_n_%mg)ndx
1-5 1-6
hence, using also the Stirling formula, there exists 6, —1 such that

’

n+l n+l n+1 1 (x?
n n n 1 - 1+£)n
[e 2 W gy

l, = I, > i
nt " nr(Me, T Ve ()G, e 1

Now, observe that, by the change of variable ~/(1+g)n(x—1):—y, the integral
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1 (x-1)2 S\(L+&)n
Y (+e)n
e 2 dx becomes —— e 2dy
1J5 Ve “’")” cf)
It follows that
nn+1 1 6‘f(1+5)n _ﬁ
I, > e 2dy.
nt " g, f2x(1+¢) ({ d

o0 y2
Passing to the limit for n — o and using the fact that fe 2dy= */_ we obtain that £>;.
0 ﬁ/(1+ £)

For the upper bound for 1, observe that

1 1-5
In— [ (e™)"dx= [ (x™*)"dx<( max _f(x)" 1.
15 0 xe[0.1-5]
Since mg = Enax f(x)< f(l):%, it follows that
€|0,1

_5]

1
ns [ (xe_x)”dx+m§_1-llz(m5e)”-in-l—l,
1-5 &

hence for every ¢ €(0,1), there exists 6 €(0,1), A :=msee(0,1) and k :=n'1—1>0, such that
o
1 —Xy\n n
In< [ Oe™)Ndx+k-(£)"

1-5
Then, reasoning as above, it follows that

n+1 n+1 n+l 1 (D%,
"y =" Iy <—2 2 e 2 Mk ()]
n! «/Znﬂ(ﬂ)”e ijn;r(ﬂ)”en €15
6,/(1 £)
=1 j e 2dy+ k . Jn A"
hAJ27(1-¢€) 0 \/_7[
. - . 1
Passing to the limit for n — oo, it follows that { < ————.
2/(L-¢)
In conclusion,
! <L< !

21+ ¢) 2Ji-¢)
for every £<(0,1), hence (==

3) Observe, integrating by parts, that

n
je_tt“dt:n!—e_”(n”+n-n”‘1+n(n—1)-n”_2+...+ n).
0
Using 2), it follows that
2= lim lje 'dt=1- lim ™" - (Z

Hence, the desired limit equals 1 5 ?
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DISCRETE MATHEMATICS

Problem 1. Let n>1 be an integer which not divisible by 2017. Consider two sequences

a =i+—1_ (i=123,...,2016)
2017

bj:j+%

] (J :1,2,3,...,n_1).
Writing all members of these two sequences in the increasing order, we get the sequence

C]_SCZ SCgS...SCrH_ZOlS.
Prove that
Ckyg —Ck <2, forall k=1,2,3,...,n+2014.
Solution. Replace 2017 by the number m which not divide n. Let

a =i+ (i=012,...m)
m

bj =i+, (j=0.L2,...,n).
n

We show that these sequences have the same property. We have
ag=0<g <ay<...<ap g <anp=m+n,
bp =0<by <by <...<b, 1 <b, =m+n.

We may assume that n<m. Then

Qi1 — 9 :1+£<2.
m
For each k=1,...,m+n—2 there is unique j such that
aj <¢ <aju, (0<j<n-1).
Then ¢,1 =aj,4 and

Ck+1 —Ck Saj+1—aj <2.

38



Problem 2. Let (T,,)>o be the sequence of polynomials defined by
To:R->R, To(x)=1 (xeR)
T:R>R, Ti(x)=x, (xeR)
TR R, Th1(X)=2xT,(X)-Th4(x), (xeR,n>1)
and (F,)nso the sequence of numbers defined by
Fo=0, R =1
Fog =Fy +Fooge (n20).
Prove that:
a) Fy1F —F2=(=1)", forevery n>1,
b) Tp(-2)=1+(-1)"-3F7 forevery neN.
Solution. a) Proof by induction, or by other methods - this is a well-known identity of the

Fibonacci sequence (any method is accepted).
b) We give a proof by induction. It is easy to check that the conclusion takes place for n=0,1

. We assume the relation to be true for n=0,1,...,k (k>1) and prove it for k +1. Since
Tea(-P=1+ (D3R
T (-9 =1+ ()-SR,
by using the recurrence that defines T,,, we have that
Tk () =3T3 ~Tka () =4+ (D" - 3BRE ~RZ4]
S0 we need to prove the identity:
1+ () SRZ) =4+ ()" S[BRZ - RZ4]
which is equivalent to
Réw 3R +Rey =2(-1)".
We have
Ré—3R¢ +Réy = (R + Rn)? —3RE+ Ry
=2(R%4 — R + ReFea)
= 2[R 1 (R + Fe) - R
= 2(Fe-1Fcn) ~ RO
=2(-Dk

by a), which concludes the proof.
Remark: T, are the Chebyshev polynomials, defined for x e[-11] by

T, (X) = cos(narccos x) .
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Problem 3. Given a positive integer n, let T, denote the set of all permutations of {1,2,...,n}

without fixed points. Find Y. &(o) where g(o) denotes the sign of the permutation o .
oel,

Solution. We have

1
0
1
DYoo) =l e e
o€ty 111 ..01
11 1 ..
111 .11

By adding all the lines 2,3,...,n to the first line we get

11 1
10 1
110
S () == e e e
o€ty 111 ..01
111 .10
111 .11

By subtracting the first line from each of the lines 2,3,...,n we obtain

11 1 .. 1 0
0 -1 0 ..0 0 0
00 -1..0 0 0
S oe(@)=(N=Dle e e e
o€ty 00 0 .. -1 0 0
00 0 .. 0 -1 0
00 0 .. 0 0 -1

Whence
> &(0)=(-)"(n-).

o<l
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Problem 4. A group of students is arranged on a circle around their professor. The professor
gave each student a positive number of coins. The game begins when student gives the “extra-half” of
his coins (it means that if the number of his coins is even, hi gives the half of his number and if not, he
takes one more coin from the professor and gives the half) to the friend standing on his right side.
Then this one, after receiving the coins from the former, gives the “extra-half” of all his coins to the
friend standing on his right side, and so on. Prove that we shall arrive at situation where if a student,
at his turn, gives the “extra-half” of his coins not his friend, but to the professor, then each student
will have the same number of coins.

Solution 1. Consider two students A and B standing next to the each other, in the order of
passing coins. At the moment n when A is giving X, coins to B, suppose A has a,, coins and B has b,

coins (X, coins not belong to both A and B at this moment). Let M, R, be the maximum and the
minimum number of coins of all students at the moment n (not including x, ).

At the moment n+1 when B is giving x,,; coins to the next student, the number of coins that B has
is

Dt itp 4 x seven
Bt = Xn41 =
o PatXnt1 e Ly s odd
2

At this time, the student next to B has not received any coin, and the number of coins of each student
except B is unchanged in comparison with the moment n.
Consider following cases:

1) If a,=x, =b,, then b4 =b, =a,, thus M., =M, and B, ;1 =F,.
2) If ap =x, #b,
a) Consider M, 4 :

bn+xn+1SMn+Mn+1:Mn+1
2 2 2

Since M, and by, are integers, we have by, ,; <M, therefore M,.; <M,

bra <

From 1) and a), we conclude that {M} is increasing integer sequence.
b) Consider PBRyq: if x,<b, then b,>x,+1l=a,+1>R,+1 . If Xx,>Db, then
Xn = b, +1= B, +1. In both cases, we always have

bn+anPn+Pn+1=Pn+1
2 2 2

Since both B, and b,,; are integers, b,,q =P, +1. Therefore, either B, > P, if at the

brs1 2

moment n, there is exactly one b, =PR,, or B;; =B, if there is least one student different
from B having P, coins.
Generally {P,} is non-decreasing integer sequence. Moreover, when by, = R, <a,, then at the moment
n+1, we will have b,,; >R, +1, hence {P,} strictly increasing sometimes.
As {M_} is non-increasing integer sequence and {PR,} is non-decreasing integer sequence and strictly
increases sometimes, there must exist a moment k such that M, = B.. At that moment, all students
have (including coins in giving process) equal number of coins.
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Solution Il. Let us consider two students A and B next to each other. When the student A
possess 2x; coins and he should give x; coins to the student B, we correspond the following sequence
of coins

X1, X2,s oo Xin Xy Xig1s Xig2s - Xn (N is the number of students).
The the next sequence will be

Xqy Xy ooy Xjy it S e o X,y (i X5 + X4 IS even number)

or
Xi+Xig+l Xj+Xq+
2 2
We should prove that after finite number of steps all terms of the sequence will be mutually equal.
Let M be a sufficiently large number, such that each student has less than M coins at the initial

moment. Then for each sequence of n+1 terms vyy,..., Y, We map into the following positive

X, X2, oo X, X2, .- Xy (If X + X441 is odd number).

integer S =(M —y1)2 + ...+ (M —yn+1)2. Hence the obtained sequence of numbers Sy, S,,... is
non-increasing. Indeed,
2 2 2 2 2
Sk=MM=x)"+..+(M=x%)"+(M=x%)"+(M = X1)" +..4+(M —x,)
> (M =%)? 4.+ (M —x)? + (M =252 (M = 525y2 0 (M —x)% = Sy
and also
Sk =(M=x)?+..4+ (M =x)2+(M = %)% + (M = X;1)% + ..+ (M = x,)?
> (M =%)? 4.+ (M =) + (M = 35)2 4 (M = B2 (M - x,)?

2 (M =5t (M- %) = Sy

>(M =%)% 4.t (M = %)% +(M — 1

Xi +xi+1+1)
2

Hence, Sy 1 <S¢ for each k. Since $;, S,,... is a non-increasing sequence of positive
integer numbers, there exists a positive integer m, such that Sy, =S;,;1 =S;;2 =... and it is easy to
see that this is satisfied only for constant sequence yj,...,Yn4q , i-€.onlyfor y;= ... =ynq.
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Problem 5. Let (x,)n=0 b€ the sequence defined by
Xg=0,% =1 X =1 and X,,3=Xy.2 + X1+ Xp +N, VN=0.
o0
Prove the series Y :—r”] converges and find its sum.
n=1

Solution. Let vy, =xn+%. It follows that the sequence (y,)nsp Verifies the recurrence

formula yn,3=Yni2 +Yna+ Yo, YN=0. The characteristic equation of this recurrence relation is

3 -t?-t-1=0 . We have, based on the study of the graph of the function

f:R>R, f(t) =t3—t% —t -1 that the equation f(t)=0 has a real root t; € (1,2) and two complex
conjugate roots,
t, = p(cos@+ising) and t3 = p(cosd —isinb).

We have, based on Viete’s formula, that ttot3 =1 which implies t1p2 =1. Thus, p:ﬁ<l. It
1
follows that

Yy, = Ap" cosnd+Bp"sinnd +Ct{',
for some constants A, B,C eR. This implies that

Xp =Y —2 = Ap" cosnd + Bp" sinnd + Ct;’ —%.
Since t; € (1,2) and pzfe(o,l) we have that
1
0] t [oe]
e z'xn<(|A|+|B|)z(p> +|C|z(1) +33 5 <o
n=12 n=1? n=

0
.. . . X
and this implies the series >’ =% converges.
12"
n=

Let S= Z .We prove that S =6. We have

n1

1.1 & Xp_gt+Xn_p+Xn_g+N-3
1,1 n-1T""n— n—
s_2+4+n§32n +Z on

3.1 % X% < 1 v %3, < n-3
AN te DW= 2 DI S

4 2 n—l 2 n2 3 n-3 n

n=32 2" n=32 2" n232 n=4 2

o0

since )’ ”—f’z% (This follows from the geometric series). This implies that S =6 and the problem
n=4

is solved.
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