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PEIIYBJIMYKA KOMHWCHWJIA
33 TaKMMUeH,a M3 MaTeMATHKEe 32 YUYeHUKe cpeMBNX INKoJa
mE. 1998/1999

ot

- Amnubli Mp Msan, Maremaruuku dasyarer v Beorpany

. Apcenopnli ap Munom , MatemaTuuru dhaxynrer v Beorpany

Banruh Baampawp, Martemariusn daxyarer y Beorpany

baasull ap Hosmua, Marematuuru dgarvarer v Beorpaay

Byramposuh up Josan, Maremaruusy darynrer y Beorpany

Fajuh mp Gopuenas, Marewatuusy nucturyr CAHY

Hopocnosauru ap Pane, Paxynrer rexamykux nayvka y Hoesom Cany
Hocramnh qp Muayruan, Maremarnarm paxyarer y Beorpamy
Aparceuh zp Baamgmnp, Maremarwuwn uncturyr CAHY — npence mank
10. Ayroustja np Bophe, Matemamuuru daxynrer y Beorpany

11. Janprosuh ap Brammmup, Matemarnysn daxynrer v Beorpany

12. HanenBypr ap 3opak, Marematuusm dakynrer v Beorpaay

13. Fuemesunh Muman, Matematiusu daxynrer vy Deorpany

14, Rprunnhi Doplhe

15, Jaynanosuh Mragen, Martemaruuxu daxyarer v Beorpany

16. Munaasenosnh np IMasne, Maremaruuru dpaxynter v Georpany

17. QOrmanonuhh mp Cphan, npopecop Maremarnure rinnasuie y Georpany
15, Hasnosuh Mean, npodecop ruvrazuje Byvx Kapayuh, JTozuuna

19, Ilerposuh ap Bojucnas, Ilpoposuo-MaTematnurn gaxyrrer v Hosom Camy
. Pagposuh mp Munena, MaremaTuuru uncturyr CAHY

Cresanoruh up Hparan, @unozodceku daxynrer y Humy

Tanmoeuh np [Ipenpar, Matemariukm mneruryr CAHY

Tonoposuh mup Pane, Maremaruurn phaxynrer v Georpamy

Tomuh Msanra, npodecop ruMuasuje v Bamesy

TomuTi ap Parko, Ilpupoaro-Matematnuxu pakynrer y Hosom Caxy
Uppenkonuli ap Cummma, IIpupomuo-uaremar. daxyrrer y Horom Cany
Yyruh ap JbyBoumup, I'pabesunckn daxyrrer y Beorpany
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ONIMITUHCKO TAKMMUYEILE U3 MATEMATHEE 06.02.1999.

B xareropuja

IIpeu paspen
. Ogpenurr dyrxkuujy f: R — R ako 3a cBe © € R paxn
2f(z) + f(—z) =22 —3.
. Ila ax noctoje nprpoaEn 6pojesu n 1 m (m > 1) Takeu Ja BaKH

n'™ = 50000000000500000000005
(Tpn meTune u mameby mux no 10 Byna)?
. Komuko nma meroundpennx 6pojesa dopMuparux og nudapa 0, 1, 2, 3, 4, 3
TAKO AAa Ce HyJa He HANA3H HH HA OPBOM HH HA NOCTeNmeM MECTy M Ja ce
HujeqHA THOpPA He NOHABLAT
. Konuko nenux Gpojesa r 3agonossasa Hejenmauuny ||z| — 1] < 19997
. Uconratu ga au je 6poj
19000098% 4 190000987 - 19000099* + 19000099°

NOTOVE KBAIPAT HEKOT npupoasor Gpoja’?

Hpyru paspen

. Ilara je jemmaumna x° + (3a — 1)z +a =0, a € R. Halin unrepsan y xome ce
MOpa HANA3WTH jedad o KOpeHa Na Ou aApyru OMO no3MTHBAH.

. Hexa cy z u u komnaexcuu Opojesn, z # 4, u # i. [okasaTn na je
uzi +u 4z F 1.

. Heka cy E n F nonmoxja sopmana u3s tadku B u C Ha cumerpany AD yrma
CAB tpoyrna ABC (D npunaga BC). INokazatu ja je Tana

AE-DF = AF - DE.
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1 1
Heka jen € N min = ( - - . Oppeautn cBe 1 Taku Ja
VI—2v6  V5+26

Opo] m Ovie pAnHOHATAH.

Heka cy @ u y peanun Gpojesn selin on 1. Jorasarw na sawun

Ty A L
l+zy 147 14y

Tpehn paspen

¥ apoyrao ca crpamunaMa o = 20, b = 13, ¢ = 11 youcas je NOJTVERYT 4uju
J€ BEHTAp Ha HAJIYKO] CTPAHMOM M KOJM QOIUPYje NpeocTale ABe CTPAHRIE.
MzpayyHarn DVEHHY NOAYHPEYAMKA TOT MOAVKPYTA.

Hapatenorpast uuje ¢y crpanune ayxume 10 u 18, a noppmuEa Y je ocHOBA
nupayunge. Bucura nupamuzae je 6, a meno DoZEOKje je npecek gujarcEana

ocrose. Mspauysarn noppmusy oMoTada nupammne.

Hahn cpa peaasa pemema Hejeagagmae

% 73 - 'lezlﬂgtg i Hi" €+ 10gtg 2 COBT + 2 Iﬂgtg T 2:' :: IUgsiL: iy tg i+ 1ﬂgsin T Ctg i
¥ sapylineRY EYRY YnUcam4 je cepa momvapeunura r. Manomanna KVIe HAr-
HYTd4 J& NPEMA PABHE OCHOBE 104 yraoMm ¢. V3pauyHaTn mOBPmMWHY 0MOTAYA
3apyimere xyne.
HIra je sehe cos{—2204%) man sin 2656°7

Yerrprtu pazpen

Oapesurs peaTnn MApaMeTaAp 4 TAKO ga monuHoM 77 + ar + 1 mma jeony
JBOCTPYEY W JeIHY Je HOCTPYEY HVIY,

Y JEUHAKOCTPAHUYHN TPOYTAC CTPAHHLE 0 VIHCAH je RpyT. ¥ TA] KPYT YOHCAH
J¢ HOBH JeIHAKOCTPAHMYHE TPOYTAO. Y Tdaj TPOYTao MOHOBO je VIMCAH KPYL
nrx. OapesnTn 30up HOBPIIHEA CBHX THX KpYTOBA.

Onpeauti 06nacT BpegaocTR GyHEEDN]E

2 o
£ S +
- : &R, wtlow3.

)= 32 — 4+ 3 =
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4.

5.

OapeauTia MOILYT M APrYMERT KOMIIexkcHOr Opoja

"—1~-fﬂ.':rﬁ-l—if:jl-i-":—w"-"dnl@i
it E} [ g +

Hus pyrxumja fo(x), n € N gedurucas je Ha cnenelin maunn:

; 1 ;
- i 1 falx) = 1= Jat2(2) = Faga(fu(z)), neN.

filz) =

Halin fapoo(z).
A xareropmuja
IIpeu pazpen

Komuxo nua penanyja eKBHBANCHIM]C HA CKYIY O WeCT eleMeHaTa Tako ma
CBAKO] KIacH eKpuBajJeHnuje npunazajy Dap aea enemerTa’

Hera cy = u y nean 6pojesn. Axo je 6z + 11y memumo ca 31, nowazatn aa je
u ¢+ Ty takobe nemuso ca 31.

IIpupoaan 6poj obauka 4n + 1 moxke ce npeacrasuTy y obnuky 30upa mpa
KBANPATA AKO M caMo ako ce Opuj obamka Sn+ 2 Moxke IPeICTABUTH ¥ 0ONHKY
3bupa apa kpagparta. Jorasarn!

¥ RyTHjy je cTapmeHo £ MABHX EyTHja. 3aTHM Ce ¥ HEKe 0] MalkHX KYTH]A

CTABMA N0 k jOm MAmMX KVTH]a M OBaj NIPONEC e DOHOBH HEKOJIHKD OyTa. AKO

je Ba kpajy amely CcBHM THM KyTHjaMa m HAOYEEHHX, KONUKO UMa DPAZHHX

(KyTHja je HANYHEHA AK0 ¥ HmO] UMA Hera Mawma)?

Haliu cee spegrocTu a € R 3a xoje jegHa4HEA
lz—eal+ja—-1|=1
MMa JBa pemema. OapeluTH Ta DeleHmha.

Hpyru paspen

. Momxe am ce Kpyr HPeKpHUTH Ca JBA Mama Kpyra’

=1



z a
. Heka cy a, b, ¢ € N, Tako za
a

2 =0 (a.b,c) = 1. Ioxrazatn ga je a — b
NOTOYH KBAIPAT.

Halin peanna pemema jenmaunne:
{IEIEUG i 1}{y2Gﬂ i 1) = lﬁ{ry}mﬂ.

a—b
¢c—h

Hexa cy a, b, ¢, d veTupn pasauuura koMITekcHA bpoja. Axo je Bpoj

c—d i e ; Ha—b d—rc
ANAH, JOKA34ATH Ia je .
a—d "’ J d—b a—-c

peanas.

Hoxasatn ma y npomssomroM tpoyray ABC saxu OH < 3r, rme je H —
opronesTap, () — HEHTAD ONMCAHE KPYHHUNE M © — NOJNYIPEYHHK OMUCAHE
KPYAHHIE OKO TOT TPOYIIA.

Tpehnu paspen

Pemurn jeanagunny

1 1
log.-(2sinzrcosz — 3 COST) = 3 + log,(— cos ).

3
IIrta je sehe tg — nan ctg g?
m

Hahu cee npuponse 6pojese n 3a koje je N = 25 +2'1 42" gpanpar npupommor
opoja.

Mapauynatu nospmusy mapanenorpama umje cy gujaroEame pug(p>gq)m
YMjH je OIMTApP YTAo .

Y paBHHM je 3amaT xomBekcaH moaurod A;Asd;... A, (n > 3) uuja crpamrmma
Aj Ap 41 mma gymxuny ag (Ang = 41). Aro MPOjJEeKINja TOT NOJMIOHA Ha MpABY
KOja caapsu cTpasuny AxAgy: uMa ayxumy di, 10KA3ATH g4 BAKH

i
— 4 =2,

d dn



Yerspry paspen

1. Ja nm ce Kpyr NONYOpeYHHEA 5 CM MOKe NPEeKPHTH Ca TPH Kpyra nojaynpe-
YHUKA 2 M, 3 cM B 4 cM?

2. Yromuko log,(3* —1), log, (949" —7-3%) u log,(3—3%) unHe y3acTONHE YnaAHOBE
apuTMeTHuke nporpecuje, mahu T

3. IorazaTH jeQHAKOCT:

2442 4oq (2 22
g n(n+1) 22440442 2} 3a n MapHo
A e g n+1

2

(IR, g SRR —1)? 3a n HEmapHO .

4. IokazaTu Aa OPOM3BOJ MECT Y3ACTONHUX NpUpOIHHX GpojeBa HUje MeTH CTe-
neH DpHpoOOHOT Bpoja.

5. Y papmu je szamar xousexcad nomurod A A.A;. . A, (n 2 3) unja cTparuma
Ap Ay nua oyruny ap (A, = 4;). Ao npojexnmja TOr HONUIOHA HA TPABY

koja caapxu crpasMnoy ApAdrs; mua gysmay dip, JOKa3aTH Ja BakH

3 (e
Dot =32
dy dy

OEKPYAHHO TAEKMUUYEKRE U3 MATEMATHERE 20.02.1999.
b rareropuja
Ipeu pazpen

1. Axo je n npupogan 6poj sehin on gpa, Zokazatu ga je 6poj

n'? — 128n% + 4096
{n® — 4n? + 8n — 8)2

IOTOYH KBAIPAT OPHPOLHOT BpPOja.
2. JlaT je moaMHOM
P(x) = 2% — 20002%% + 2000'%%® — - - - + 2000z” — 2000z + 2000.

9



HMapauymaru P(1999).

Hera cy Tause & u L penom cpesumrTa crparnnga CD, u AD keagpara ABCD,
a & mpeceyna Tauka ayxm BK u CL.

a) loxkasaru zma je wersopoyrao ABSL retusuu.

6) JokazaTue ga je Tpoyrao ASEB jesHaxoxkpaku.

HNar je ckyn A. Meby merosuM TOACKYNOBHMA AedMHMIIEMO pelanujy ~:
X, YCA X ~Y & XnY =0 Ucourars aa 1A je ~ pedaexkcHBHA,
CUMETPHYHEA, AHTUCHMETPHYHA MW TPAH3UTUBHA.

Hahu cse npocte Gpojese p Taxse na cy u Gpojesn 4p® + 1 u 6p° + 1 npoctn.

Hpyru paspen

. Ha nu jemmaumua m® — n® = 1999 uma pemema y cxymy neminx Gpojesa’

Halin MumHuMyM B MakcHMyM QyHKOH|E
y=—-2"+3lz—1]+2
Ha uETepBany [—2,2].
3a K0je BPeJHOCTH PEANHOr NapaMeTpa p CHCTEM HejelHAYMHA

32+ pr—6

<0
2 —r+1

—O.<

BHJKM 34 CBE PeajHe BPENHOCTH &7

2
: ° +1
Pemutn jegsayuuny: =% -1

2/
Hexa je A4, texumna gyx Tpoyrna ABC. Axo je X Tauxa mysu BA; u t
npasa koja canpmu X u mapanensa je ca AAdy, ozsaummo ca Y u Z Taure
npecexa npape t ca npasama AB u AC pezom. Iloxasatu aa 3bup OyEUHA
nyxu ZX u Y X me sasucu o usbopa Tauxe X.

Tpehwu paspen

. Pemuru HejeqHauMBY:

v I“"_ st
VZT=310g| .. ﬂ[%ﬁ%)

1 < |cosz|

10



2.

3.

4l

5.

Y mpaBy kyny BUCHHE i M M3BOXHWIE § VIMCAH jé NPAB Bajbak TAKO Oa je
ODOBPIHHA OMOTAYA BaJbEA jE,,EI;H&I{H. MNOBPIMHHEH OMOTa4Ya JeJa KYIe H3HAD BaJb-
ka. OgpenuTH BHCHHY Ba/bKa.

Heka cy @ = af+bj u ¥ = ¢T+dj xonuneapun sexropu wad—be # 0(a, b, ¢, d €
R). Horazaru ma cy T u § Takohe xonuueapsm.

: 3
2 +tgi'2- nomohiy a m b.

Aro je sina+sinff = a, cosa+cos = b, uspasuru tg 5

¥ 3aBHMCHOCTH 0J, PEANHHX HAPaMeTPa a4 M D PemHTH CHoTeM:

ztaytz=3
T+2ay+z=4
br4y+z2=4.

Yerrpru pazpen

. Pemuryn vejenpagunny:

veEr—3 I':’g| e | ( ::;2 2y 1:-.-1z T} )

1< |cosz|

Hera je &k > 1 u n mapan npupogas 6poj. Pemutn nejenpaunny mo r:

._{._ :]‘1-

Tk logs(z® —2).

logg * — 2k logg: z + 3k7 loggs £ — - - +n(—k)"  logg. = >

F je monunoM uYeTBpTOr cremena taxas aa je P(1) = P(=1) n P(2) = P(-2).
lokaszatu ga je raga P: R — R napua d¢ymenuja, Tj. ga saxu Plz) = P(—1)
3a ceako T € R.

Hahiu cpe apurmerwure nporpecuje ca pasnurom d = 2 KOO KOJHX OJHOCH
Ssn t Sy 36upa npeux 5n ¥ NpeuX n cabUpaka He 3ABHMCE O 7t

¥ cipepy noayupeuynura 3 cm yOMcaHa je KyDa MaxcHManHe sanpemuie. Halin
BHCHHY W MOIYVOPEYHHE OCHOBE KYIIE.

11



A rareropuja

IIpen paspen

. Iar je xorsexcad neroyrao A, d;A; A4 A5, Heka cy By, B, Bg, By cpemumTa

crpamnna A; Az, A4z, AsAy, Agds pemom. Osmaunmo ca M m N cpenumTa
nyau BBy u By Bs. Oapeautn oggoc Ay:xuHa qy:xm MN 1 4345,

Ilar je moIuHOM
P(x) = %90 — 20002'%%° 4 2000299 — - - - + 20002 — 2000z + 2000.
MapauyraTu P(1999),

Konnko uva naposa (z,y) pamuosansux bpojesa raxo ga je 2z + 5y° =17

Har je cxkyn A. Meby meropuM nonckynobuMa Ae(MHAMEMO PENalu]y ~:
X.YcAd X~Y & XnY # 0. Mcnuratn pa au je ~ peduekcHeHA,
CHMETPHHYHA, AHTHCHMEeTDHYHA HJIH T]:JH-HEHTHBH&.

Heka je M yayrpamsa tauxka napanemorpama ABCD. Horasatn ma je MA+
MB+ MC + MD vame o 06uMa DapanenorpaMa.

HP}FI‘H pazpen

Pemutn jexsaunmy:

84/12 + 16x — 1622 + 4x — 42° = 33.

@ b ;
Hexa cy a. b, ¢ € R 3a koje pamxu 5 + 3 +c¢ = 0. dokazatu ga jesHadHHa

ar® + br + ¢ = 0 mva Hap jesuo pememe y uaTepsany (0,1).

Hexa je ABCD npasoyraonuk nospmuse S u M Tauka ynyrap mera. Jloka-
satn ga je S<AM - CM + BM - DM.

lla nn nocroje z, ¥y, 2, ¢ € Q Tako ma Bawar
(z+yv2)? + (2 + tV/2)? = 5+ 4/27

Ha taxmmuemy ce cpeno 7 ydernuka. Cpakm o BMX TOBODHM HAjBHIE JBa
jesura. Jokasaru ga melly mMMa mocToje Tpm Tako Ja CBa TPOjuL@a roBope

12



HCTHM je3MKOM MM Ja HHEOjA OBA 04 Te TPOjHIe He TOBOPE 34]eQHIYEAM
JEIMKOM.

Tpehn pazpen

Hexa cy Oz, Oy, Oz Tpu MOAYNpaBe ¥ NPOCTOPY €A 3ajeAHUYKOM NOYETHOM
raukom . Axo 3a B6uno koju m3bop tauaxa A, B, C pazamuurux og O,
penoM ca nomympasux Oz, Oy, Oz saxu aa je Tpoyrao ABC omrpoyris,
Moka3aTH jga cy noaynpaee Melycobro HOpMmanHe.

. Pemuty Hejennavuny:

{1—_ ]‘:'E| ey { 142+ min ;-!J

1< |cosz|" i T

. P je mommmom weTppTOr cTemena TakaB ma je P(1) = P{-1) u P(2) = P{-2).

Tokazatu aa je taga P: R — R napna ¢yernuja, 1j. na amun P(zr) = P(—x)
3a cBako r € R.

3anaTH CY NO3UTHBEE OPOjEBM Ty, . ... Ty, KOJH YMHE APHTMETHHRY NpOTpecH]y
ca pasaukoM d. Hoxasatu ga je
1 1 d d d
S=—+:4+—+ + +oe o ———t
Ty In r1Ta Tady Tp—1Ln
d* d® dr—1t n
z +“‘+_'—+"'+.—"'"_':"'_1
T1Laly Typ—2lp—1Tn L&z ... Ty Iy
rae ¢y yaeru ceBu Morylim npou3BOM eNeMeHATA Ti,... Ln-

Hat je Tpoyrao ABC ca crpasunama a > b > ¢ W OpOU3BORHA TAUKA 0]
y YHyTpammo0CcTH Tor Tpoyraa. Heka npase AO, BO, €O cery cTpanuume
tpoyria ABC y taukama P, @ u R. Jokasatu na je (}P 4+ 0Q +OR < a.

Yerppry pazpen
PemwTy HejeqHAYUHY:
J'_ 1+2ﬁ| win =}
1< |cosz|¥"*" 108, oo (FoT e o1 )

Peansu nonuaoM P 4eTBPTOT CTENEHA MMa ABOCTPYKY Hyay © = 1, a nONHHEOM
Q(z) = P(z) + 4 mva asocrpyky myay & = —1. OapeauTn noruEOM P axo je

Q(0) = -2.
13



3.

5.

3a cparu npupoaan 6poj k moctoju npuponas Bpoj n Takap ga je n - 2% + 17
oOTHYyH Kpanpat. JokaszaTw.

. Ha mpasoj je uzabpano 1001 pasnwyurux Tauvaka Ay, Ag,..., Agor. Hexra je

M cryn cpemmmTa cBHX myvamM Aid;, 1 <1 <3 < 1001. Konmko HajMambe
Tadaka Moxke na byne y ckymy M7

dat je tpoyrao ABC ca cTpasmmama a > b > ¢ u NpOu3BO/EHA Tauka O
Y ¥YRyTpammocTu Tora tpoyraa. Heka npase 40, BO, CO CEKY CTpaHUIe
Tpoyria ABC y raukama P, Q u R. Jokazarn ma je OP 4+ 0Q +0OR < a.
PEIIYBJIMYKO TAKMUYEWE U3 MATEMATUKE 20.03.1999.

B kareropuja

IIpeu paspen

. Hdar je xoEBekcam mectoyrao ABCDEF. Cpapa on aujaronana AD u BE

ACTH MECTOYrao Ha ABAa Jeia jeAHAKUX nospmumma. lokazarh ma je derso-
poyrao BDEA rpanes.

HokazaTe na me noctoju mommEOM P(z) ca nenobpojuum koedunujenTuma 2a
xoju je Pla) = b, P(b) = ¢, P(¢) = a, rae cy a, b, ¢ Tpn pasnuuuTa uena
opoja.

- Aro ¢y @, b, ¢ nyxune crpannna TPOYTaa, MOKA3aTH Ja je u3pas

(5® + €% — a?)? — 4p2c?
HETATHBAH.

Hla mm mocroje npupoasu Gpojesu m M n TakeM na cyum?’+nun®+m
KBanpaTi nennx Gpojesa? (Oarosop obpasnoxuTu!)

Axo je ad —be = 1, gokazatu na je a® + b + ¢ + 42 +ab+ed # 1.

14



Jpyrn paspen

. Aro cy AA;, BB; u CC, sucuee omrpoyraor Tpoyriaa ABC, a Ay, Bs, Cs
Tauyke y kojuMma npase AA,, BB;, CC| cery xpyr onucas oko Tpoyraa ABC,
JOKAZATH OA je
A4 BE. cC
P24 2oy
A4, BB, CC

- Hexa cy a > b > ¢ > 0 peannn Gpojesu, Taxsu ma /3a(b —c) — /cla - b) = 0.
Ako ¢y x, ¥, z, p peanan GpojeBH, olpemuTH koM ox ckymosa N, Z \ N,
Q\Z, R\ Q unu C\ R npunana spegEocT H3pasa:

flzy,2,p) = G— %) (?p—z‘vﬁ) (—;-y;z—iy) -
+ (é . %) (2 +ip) l(%e —z-:) 2 —m:)] |

. Pemutn vejennaguny

2:125"=3:50°-9-20°4+10-8" < 0.

. Ha nn je 6poj

VE+V34+1
VIO— V5 +v6—-v/3+v2-1

paunonanas unu npanuoranad’ (OOGpasnomuTn ogrosop!)

. Hahu cra pemema jenmauune

gt — 2P 1022 + 2 + 4 = 0.

Tpehn paspen

. OgpenuTn cTpaHdume HeNnpaBoOYINOr TPOYLIA uMja je noppmmua neo Gpoj, a
OYKHHE BeroBMX CTPaHuia Cy TPH y3acTomHA HajMama Morylhia napra 6poja.

. llara je mpaea kyma monynpeunmka ocHope R u mucune H = 2R. Onpennru
NONYNPEeMHUE OCHOBE M BACHEY NPABOr BAJBKA YVOHCAHOT ¥V TY KYOY KOJM MMAa
HajBeNy MOBpmMMHY OMOTAYA.

15



4.]

Haliu reoMeTpHjcko MECTO TaYaka CHMeTPHYHHX HKHEH napaboie ¥ =pry
OOHOCY HA CBe TaHreHTe nmapabome.

Hoxaszatn ga onpupogas bpoj uuju je 36up oudapa jeapar 5 me Moxe OGUTH
NOTIYH KRaIpPAaT.

. Onpemmtn cBe BpeaHOCTH napamerpa a € R 3a koje ¢y jeanaunne

a(2a — 1) sin® z + 3cos® & — 2a® sinz = 0
i
logy2(3tgz — 1) —log,(3tgz +1) — lﬁgﬁ{ﬁ —tgz)=1
CHEBHUBAJIEHTHE.

UYeTspTH paspen
Hahu cBe nomuuome P Takee ma 3a ceakm peanan O6po) © Bamu
Plz®+1)=P(z)* +1 u P(0)=0.

] el

2 o
Hokasaru na 3a x > 0 pawu: arctgr <z — 5 + 5

Hat je mus komMmirekcHux OpojeBa a;, dg,...,0s¢ KOJH CY CBH pemema jel-
gaause r° = 1. Opn JaTor HU3a ce y CBAKOM KOPAaky (OpMHUpa HOBH HH3
(102, 0243,...,0q:01. JIOKAZATH na ce mocne HEKONHMKO KOpaka OBHM HOCTYI-
KoM HoDMja DOTA3HH HU3.

Komuko pemema y uaTepsany [0, 1] uma jennagusa
- 8x(22® —1)(82* —8x* +1) =17
Opnpenurs cBe EpeaHoCcTH mapameTpa a € R 3a koje cy jemsayvune

a(2a — 1) sin® z + 3cos® £ — 20?sinz =0

log; j2(3tgz — 1) —log,(3tgz +1) — 105&5{5 —tgz)=1

EKBHBAJICHTHE.
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A rareropmuja
IIpeu pa3zpen

Hat je ronsexkcan mectoyrao ABCDEF. Csaxa og mujaroHana AD m BE
OeaM WECTOYTAO HAa ABA Jena jeaHakux noppmusa. [okazaTu jga je 4eTBO-
poyrao BEDEA Tpanes.

Hat je ckym A C {1,2,...,100}, roju cagpxu 10 exemenara. IokazaTu aa
nocToje ABa OUC]VHEKTHA ¥ Henpassa nogexyona S u T cxyna 4 taxo ma je 30up
eneMeraTa cxkynma S jemmak 30upy enemeHata cryma T

Heka je rm gatwn neo 6poj. Jokasatn ga mocroju Dap jesan nmap (r,y) meaux
DpojeBa Tako 04 BaMKH:

222 + 1oy + 127 + 42 + 5y + 6 = 2m.

Y paemu cy pare kpyaxmune ky, ka,....kiges. Kpywmmume £y u kg ce cnoma
poaupyjy v rauku Ay, ko u k3 v Taurm Az, . . ., kjoee u Ky ¥ TaurM Ajggp.
Hera je M € k; nponssomua Tauka, My npecedna Tagsa npase A3 My n kb,
My npeceuna Tauka opase A Ms w ks, wra., m Maggp Dpecedsa Tavyka Upase
AjosoMioge 1 kpymuune k. Jokazatu ga cy taure M) u Mygge gujamerpanso
cynpoTtHe Ha k.

IIpuponan 6poj n = 2 menw ce, pegoM, CBEM OPUpPOIHUM OpojeBHMA KOjU CY
O WEera MamM ¥ 3anucyjy ce csu qobujenm ocranu. Hahwm cese n 3a xoje je
30MD CBHX PAINMYHMTHX OCTATAKA jeIHAK 7.

Ilpyru pazpen

Axko cy AAi, BB, n CC; sucure omrpoyriaor tpoyria ABC, a 4, Bs, Cs
Tauke y kojuma npase A4y, BB, CC\ cexy xpyr onucan oko Tpoyraa ABC,
OOKA3ATH Ja e

AAs BB; n CCq ik

A4, BB, CC

Heka cy a, b, ¢ noanTusar peansm Bpojeen, a > b > ¢ Tako ga Baxu

v3a(b —¢) — v/e(a = b) = 0.
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Axo ¢y ¥, ¥, 7, p peanan Gpojesm, ogpemnTn kKoM oA ckymosa N, Z\ N,
Q\Z, R\Q uma C\ F npunajga BpelEOCT M3pa3a:

fey.zp) = G - 1) (3?3?" ?'-v@) (-% . -—?:—iy) +

e

Ha tabar je manucan mapas f(x) = 2* +ax? + br + ¢. Iea yuenuxa urpajy
cnenehiy urpy: npsu uabpume NIpou3BOEAH O HapaMeTapa a, b u ¢ 1 3aMeHu
ra HeKUM peanmuM GpojeM. 3aTM APYTH TO HCTO YPaad Ca HEKUM 0J npe-
OCTANNX Hapamerapa. Ha Kpajy NpeEu 3aMeHH DOCHeNRH DAPAMETAD DealTHHM
fpojem. Axo molHjeHH DOAMHOM HEMA DO3HTHBHMX KOpeHA OHJA je mobemuo
YYeHHMK KOJM OPBH HTpa. ¥ CYOPOTHOM Hrpy no0Mja ApVIH VUeHEMK. Foju ox
yueEHKa Moxke ma nobemm m kako Tpeba ga urpa’

Hera cy f ¥ g paznyyuyuTit KBAOPATHY TPHHOMM Ca HAajCTaAPHM]UM KOe(UIH]eH-
Tom 1. Axo je f(20)+ F(3)+ f(1999) = ¢(20) + g(3) + g(1999), sahn cre r € R
3a Koje je f(x) = g(x).

MaremaTnuap ce uarybMo y myMH Koja noxpusa obmact obiuka DeckOHaYHE
Tpake mupume 1 km. JoxasaTu a MaTeMaTHdap mMo:xe M3abpaTu Takas
HASIH KpeTama koju [ie ra uspecTi u3 myue nocie Hajpume 2v/2 km opelenor
Iy TA.

Tpehu pazpen

¥ rerpaeapy ABCD, upuna AC je wopuanua ma BC, a AD na BD. Hokaszatn
CcD
Ja je kocuAve yraa uadmehyv npaenx AC n BD mawwm oxn 1B

Heka cy 2y, 23 KOMIIeKkCHH GpOjeBH KOjH 3am0BOMLAaBajy yciaose |z — 22
2m z -z = 1. Hokasatu ma je uersopoyrao ABCD unja Ttemena uMmajy
KOMOMEKCHE xoopauHaTe —1, 23, 1, 23 jeHaKkOKpaKH Tpames.

Roanko ce HajRUIEe jeJHAKOKPAKAX KpcTuHha nmoBpmmeEe 5 MOMKE U3Pe3aTH U3
Tabne 6 x 67

Y paBH# je 3aJaTO 1 BEPTHEANHMX M n XOPH3OHTATHMX NPABHX KOj€ C& CEKy
v n? tauaxa. Ilpaee cy o6ojene nnasom, npsenom uinu senesom Bojom. Hexa
je mpecer ABe HJIaBe Opape IJ4BA TAYKA, [Be NpPBeHe NpaBe INPBEHA TAYKA,
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ABe 3eJIeHEe NPAaBEe 3€eHA TAMKA, OPECeK IIARE M NPBEHE NPARe 3eJeHa TAYKA,
EPBEHE 1 3eieHe NDABE IIABA TAYKA & 3IeNCHe ¥ NIaBe MPABE IDBEHA Tadkd.
Ha Taj mauns je mobujeno n® obojenux tauvaxa. Komnko pazmmuurax Gojesma
n® Tavaka nobujamo pasnamumrnM mzGopom Gojema NpPABHX !

OnpeanTn cBe BpeIHOCTH napamerpa a € F 3a koje cy jegnayume

a(2a — 1) sin® x + 3cos® ¢ — 20" sinr =0

log; 2(3tgz — 1) — log,(3tgz + 1) — iogﬁ(fx —tgr)=1

EHRBMBAJECHTHE.

YereprH paspen

Hexra je ABC tpoyrao ca oarosapajvhmum gvsxmmpama crpasnga a, b, c. Ho-
HEA3ATH da ¥ npocTopy mocToju Tauka [ takea za je DA = vibe, DB =

Vea, DC = ab.

Hexa S(n) o3nauasa 36up CBHX NpUpOmHMX Jeruaama npupoasor Gpoja n
(vemyuyjvhun 1 u n). Hexa je ny, ng. ng,... crporo pacryhn Beckomauan
HMU3 npMpogHux Opojeea Taxkas ma je 3a csako t € N : S(n;) —n, = m.
Oapeoutu m.

Hat je muz xoMnaexcHHX GpojeBa ap, ag,....d3 KOJH CY CBH pemema jei-
mgagnme 3° = 1. Opx gator ®Em3a ce ¥ CBakoM KOpaky (opMHpa HOBHM HH3
@103, 0203, ...,03+01. JlOKa3aTH A4 ce NOCNe HEKOIMKQ KOPAKa OBHM IOCTYII-

kKoM J0oOHja MOMA3SHA HHU3.

Y paBHH je 33maTC N BEPTHRAMHUX M 71 XOPH3OHTANHHX NPaBMX KOje C8 CeKy
v n° rauaxa. IIpase cy obojere nnasoM, upserom nal sexesonm Bojom. Hexa
je npecer Ipe OHAaBe OTpake TNAaBa TAYRa4, IOBE OPEeHEe DpRAaBE NPBEHA TaYRd,
JABe 3eJIeHE MPABE 3€J6HA TAavYka, IPeCceK NIABe ¥ IPBEHE NPABE 3¢IeHA TAUKA.
UpPBEHE W 3€JeHe NpPABe [IABA TAYKA 4 3CJICHE M IJABe NpaBe IPBeHA Taukd.
Ha Taj rauun je nobmjeno n® obojernx Tavaxa. Konuxo pasmuanTnx Bojema
n? tawaka nobujamo pasmuumram niabopom Bojema npasux?

Konuko ce HAjBHIIE jeQHakOKpakux kpcTulia DoBpmmHEE 5 MOMe H3PE3ATH U3
tabne 6 x 67
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PEINERA 3ANATARKA CA OIIHITUHCREOT TAKMMWUYEILA
B kareropmja

IIpBu paspen

1. 3ameHoM —r yMecTO T ¥V Jary penanujy sanazmmo 2f(—x)+ f{z) = =2z — 3.

Rako je f(—z) =2:—3—2f(x), u3 2(22—3-2f(z))+ f(z) = —22 — 3 manasumMo
flz)=2r-1.

Jaru 6poj je memsun ca 3, a Huje ca 9 (CAMYHO Ce 3ARBYUV]E U 13 jé Jemusn
ca o, a HWje ca 25) na #He Mose DUTH m-TH CTenes Hexor npHpolsor bpoja n
za m > L.

5:5-4-3-2-5-4-3-2=480.

Ma —1999 < || —1 £ 1999, j. —1998 < |x| < 2000, ogxocuo —2000 < = < 2000
Ce BUOM 4a gaTy HejeaHauuuny s3anopossasa 4001 meo 6poj.

. Ozraunyo 19000098 ca a. Taga je garu Gpoj Mo#e 3AOIUCATH

e’ +a*(a+ 1)V +{a+1P=a*+a' +20° +a* +a* +2a + 1
=a*'+2a* + 30" +2a+1=(a’+a+1)°

HNpyrn pazpen

L apFae =1=3a, riro = a; r1+xe = 1-3x139, o1 +331200 = 1—za, 11(14322) =

1—;132 .
1—x4, 1) 71 = arko je iy >0, o je xa € [—=, 1
2y T). I3 1+ 3z, Je I Je Iz (3

).

. IIpeTnocTaBuMO CYNPOTHO.

uzit+u+z—i=0&
wlzi+1)—ifzi+1)=0&

(zi+ 1) u—1) =0«
z—i)lu—t)=0:=1t I u=1

CF AF

H3 camunoctu tpoyvrnosa AFC u AEB umamo BE = 15 4 M3 CIMYMHOCTH
a FDC »w EDB LI 2 Na HAJAINMO E - D2 T]
TROYLAOBA ; HMaMO BE _ DE’ a v 4E - DE’ ]

AFE.FD=AF - -DE.
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2.4,

2.5.

3.1.

3.2.

Younmo ga je (v3+v2)2 =5+ 26, Haxne

T S G 4 P, S, SV A W
o= ‘({ﬁ-ﬂ}(mﬁ}) =

EBpoj m je panuoHANAH AKO W CAMO aAKo je n mapaHd 0poj.

JlaTa HejenpaKoCT je EKBHBAJNICHTHA CA

t+y _w(l+y)+y(l+x)
1+ xy A+ 1+y) -

(2 4+ 9)(1+2)1+y) < (1 +xy)(z+ay +y+ay),

OJHOCHO
s4+y+attay+ay+t + 2%+ 0 <z +y+ 2oy + 2y + oy + 2058,

tj. x? +y* < 20%%. locnenma HejenmaxocT je Tauna jep sa ¢ > 1, y > 1
Baxu x° < 2%y? n y? < 2297

Tpehu pazpen

[Moppmusaa Tpoyraa ABC mome e H3pAYVHATH 00 XEpOHOBO] QOPMYIR:

P = /s(s —a)(s—b)(s —c) =66

C npyre crpame, ako je O meTap MOIYKpPYTa

e  bor
P = Papoa+ Pacosa=—+— =12r,
PR W
na pobujamo r = 75 = .
90 90
Bucune ocHose cy hy = i 9u hy = T 5, a amoreMe mupamune h, =
0 G ha\* '
H? + 51 = 7.5 hy = (H2+ = = 6,5, n1a je NOBPMMHA OMOTAHA

v oo PRl BRY
M_E( oo 2)—192.



3.3. Hew,nmmnua,uma emucna 3a 72 —=x2 >0, sinz >0, cosx >0, tgx > 0, ctgxr >

T w
0, tgz#1, sinw# 1, Tj. 3ax € (H"E) u (4 2). 3a ope ¥ HejeAHAYMHA je
CKBHBAJICHTHA CA

V2 — a2 log,  4sinrcoss = l0gg, . 1 =0,

Tj. log, . 2sin2z > 0. [MocMmaTpajuo gRa caydaja

(1} = € (0, E}. tga < 1, Taga u3 2sinzr < 1 ganasumo 0 < 2z < %? Tj. 0<z < :—2
et . T o T
(2) z € (E' 5}’ tgz > 1, u3 2sin2¢ > 1 Hanasmio = < 2z < =, ORHOGEO 15 <
T -I na cy pemema YV OBOM CHy4a]y = <R JT-
o 4 12

Ilaxne, pememsa OaTe HejemqHAYNHEE CY CBH peaidn DpojeBu 3a KOj& BAXH T €
T A
(0.55]
412
3.4, Hera cy Ry n Rs nonynpeunnum ocEoBa 3apy0bmere xyne. Kako je y Ty Eyny

ynucaga cfepa, To je Herpopoyrao nobujer y OCHOM NPeCceKy TAHIeHTHH, 04

BAXKH 1A cy 30MPOBHM BErOBHX HACIPDAMHEMX CTPAHULA JeHAKH, Tj. _Rl-i-ERj =
dr®

2s (s je masomuna 3apyomene kyne), Haxne, M = (Ri+Ry)ms = wed =

’ , 2r
Lo -8 =
JEp ) o

5111 {E

3.5
cos(—2204%) = cos 2204° = cos(44”)

sin(2656") = sin 136" = sin(180" — 136")
= sin 44" = cos46° < cos44”
= cos(—2204") > sin 2656°.

YerepTH paspesn

4.1. Kaxo je % + ax + 1 —{T-b}{m—r}?‘::r — (b+ 2c)x +L{“b+c}1—bc , TO je
b+ 2c =0, L[?h+ c) =au —be* =1. 3amemon b= -2cy tpefiy jenmauuny
1

‘Tl
— u b= —-5= (¢, b € R), na u3 apyre

7

ganaspumo 2¢® = 1, onakne ¢ =

i 3
jequadiHe HATASHMO @ = — —~=.

_Eﬁ
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4.2.

4.3.

4.4.

4.5.

Ilonynpeurus OpBOT Kpyra je rp = %ﬁ Ipyvru Tpoyrao je CIMHMaR Hp-
oM (KOeUUMJeHT CIWYHOCTH j€ 5]? na je rp = %?‘1 lﬂ} 3 u, pame: ry =
%rz. Fy= %raf .... 30Hp DOBpmMIHHA CBHX KpPyroBba je
r%f+1"§ﬂ+?‘gﬂr+---=wf[1+}.+ 1 Ty W7‘¥1=E.
1716 T=% 9
Hzy= E% nobujamo 2(y — 1)+ 2(—4y +5) + 3y — 7= 0. [ncrpmuum-

WHAHTA OBe KBAJPATHE jegsaunse Mo r (¥ # 1) mopa OUTH HeHETATHBHA. M=

D = 4y* — 3 nanasmvo |y| > —-. Jaxne, 00nacT BpeAEOCTH HatTe hyarunje je

(2

) ; 10 : 105 5 sin? 5 ~ isin B - i

— 08 — — Bl —— = & — A . e
9 0 9 4 9
b o 5% 5

= 23in —(s5in — — icos —

9 ( 0 }

A T %5

T Tl R Nz T

2sin — (cm 5 1sm{ })

.. bx T o ;
= 2sin E (ms(—ﬁ} i EEID(F,I_S‘J)
ki)

2 (o isn ).
Maxne, |z] = 2sin % arg s = 1_’;3_
Hanazumo
fole) = Fol @) =1 =2, fal@) = Hlh@) = ;-
i) = flo@) = 228, fola) = SsUlatw) = 3
) = fols @) = =2 = A0, o) = Foldolo)) = 75 = Fole).

3akmyuyjemo na je wua (fu(r)) nepuommuan ca NepuONOM WIECT, Ha je

fagoolx) = fg{:r} =

11—z
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| 2 2

(a)

(6)

(»)

(r)

did
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1.4,

A gareropuja
Ilpsu paspen

Tpaskumo 6poj pasbujama CKyNa ca WECT eleMeHaTa Ha cKynose on fap asa
eIleMeHTH. DEG ce MOEe HEBIJI.IIHTH Ha CHE,I[EHE HAMMHO:

65 2
2+ 2+ 2: 33 OpBH OBOMAAHW NOACKYN MMa —— = 1D HAYMHA, 3a APYTH |OI
4

2
-7:;— = § mayuHa; vEyoEo 15-6 = 90 saumsa. JlomTo ¢y cEymoBM pABHONPABHH,
5H'Gea'ﬂgﬂ il 15
0] o JL B — = = {1,
poj non J Y G

-

3!

343: 2a OpPH TPOYMAAHN NOMCKYI HMA = 20 gauMHA; TOMTO Cy CKYIOBH
: .. 20
paBHOUNpABHEM, Dpo] nojena je T 10.

-

= 15 HaumHEA, WTO

4 + 2; npoeneMEHTHH ODOJCEVI C€ MO/ke u3abpaTtnH Ha
je ¥ vEynan bDpoj HayMHA.

6; 1 Havun.
Vryuas Opoj peranuja exsupanennuje je, gakne, 15+ 10+ 15+ 1 = 41

6a+ 11y = 62+ 42y — 31y = 6(x + Ty) — 31y. 31 |6+ 11y = 31| 6lz+Ty) =
31| x4+ Ty jep je (31,6) = 1.

Sn+2=2r+1)7+(2y+1)?% = dn+l=(x+y+1)2+(z-y)

(2a+26+1P+(2b-2a+1)°, b>a

dn+1=(20)* +(2b+1)° = 8Bn+2=
! B } {{Ea+2b+1}ﬂ+(2ﬂ—?’5+1}3~ b<a.

Yrynan 6poj kytuja je mk+1 (oBae je 3a cBaky 01 HAIYHEHUX MABNX KyTH]a
pauVHATO N0 k EyTHja CTABBEHHX ¥ BY U JeliHa, NpBa KYTHja 01 KOje ce
nomao). AKO je m KyTHja HanymeHo, IpasEux uma mk + 1 —m xyTHja.

Da<l, #>a z—a+(l-m =1, x=2¢ Arojer <a, Tagaa—z+(l—a)=

1, £ = 0. Jakne mopa dute 2a Zaunl<aul # 2a. 3naun a € flﬂ.,lr:l.

azxl,gza (z—a)+(a-1)=1, x=72, Axo jea >, Tajaa—r+a—1=

1, 2a—2 =, na v OBOM CIy4Yajy jeIHAYMHA UMA 1B pemema 3a a € [1,2).
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¥ A

2.2
1)

2)

s

s
1

e

3.1

Hpyru paspen

He moxe. Bam jegor mamer Kpyra octajy Dap ape qH)aMeTpalHo CYIPOTHE
taure seher gpyra. Houx je Eemoryhe npexputn apyruM MamHUM KPYIOM.

Hera je p?*—1 | a—b, p** a—b, p-upoct. Taga p* | a umu p® | b (jep a—b | ab).
la = pPla=(a=b)=b = plc = (a,b,c)# 1. Koarpagurumja,
p"|b = pPlb+(a—bl=a = p|c = (a,bc)## 1. Ronrpagurnuja.

1 1
L 100 100 -—
(4;L + —;m-lﬂl'l) : (y -+ Jmﬁ') =4

. : 1 1 _ 1
Ixam;@a+—32nn.+—=‘3&a:lnaﬁm;{aJEJ!zm”-l— o5 = 2 "
" a 1 a 4x
100 = 100 _ 100 = : .
¥+ =2. 2V =-pny=1lz= +1 (yryneO 4 pemema).
y 100 4 VF
: . : 1 1
Hera je X mpen, a Y apyrm 6poj. Jlaxo ce suau na je ¥ty < 1, ma

Teplieme BAKH.

. Mozuato je ga tauxe O, T, H npunagajy npasoj koja ce masupa Ojreposom

IpABOM TPOVLAA, M ga npH Tome sawu OH = 3 - OT. Melyruym, Tewumre T
TPOYFA4 OPUNAJA YHYTPAWEBOCTH TOT TPOYLHAA, & CAMMM THM M YHYTDAIIH-
jocTH Epyra onucasor oxo tor tpoyraa. Haxme, OT < r. Crnemm ma je
OH =3-0T < 3r.

Tpehu pazpen

Mmamo 1 3
Elugg[(isiua: - Ej cosz) = = + log,(— cosx)

1

: 1
Elu:gali— cosT) + = 1053{% — 2s8inz) = 3 + logg(— cosx)

3

1
1053{5 — 2sinz) =1+ 2logs(— cos )
Iﬂga{é — 2sinx) = log, 3 cos” i,

1 , : 1 .
va venope — — 2sinz > 0, cosw < 0. Iaxkae u3 jefHaumEe - — 2sinr =
"y ! | 6+£6-3 2 |

. Us yenosa |sinz| <
18

3(1 — sin” ) cmeroM sinx = t mobujamo ty 3 =
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3.3.

2)
3)

3.4.

4.1.

T
. ctg§=ng-, =2

o | b

1 zaxmyuyjemo: t; = — C oBaMpoM HA NDOCTABBCHE YCIOBE MMaMO I =

. 2 ; 2
= arcsm{—g} + (2n 4 1), ogHOCHO T = a,rcsin{E]I +(2n+1)r, n€ Z.

3 3
= & 18 > w?. Hakme, tg — > ctg ;—r

ol 3

1)n <8 N =28 4211 197 =971 + 28" 4 211~} opaj Gpoj je mpousson
mapHOr ¥ Hemapsor Gpoja u ma OGm 6uo moTmyH EBagpar, n Tpeba na Oyae
mapuo. 7 =2, 4, 6, 8 Ee 3a40B0BABAJY YCIOBE.
n=29 N=2%14+2%42)=2%.11 - uuje kpagpar.
n > 10, N=28(1+ 2% +278) = 28(g - 2n~%) = (24)3(9 + 2"P). 9+ 278 mopa
BUTH KBAJPAT M TO HemApHOT Gpoja, pemumo 2k+1. 9+2"~% = 4k +4k+1, k €
.
278 — (kP + k—2) =2}k - 1)(k+2)
2»10 = (k- 1)(k +2)

k—1, k+2 ey pasnuunte napEoctu na je k—1=1,1j. k=2 20 =4 n
=}

2 _ g2
4

p? =a? + b + 2abcosa, ¢° =a’+b* — 2abcosa. p* —¢* = dabeosa,

P — g

abeosa/ tga, tga = absina = S.

. Jlywuna mpojexnuje TOr NONMIOHA HA OPABY KOja Caap:ku CTPAHULY dp je

CTPOTO MaBka 04 noayobnMa TOT HOMHIOHA p. 3akkby4yjeMo cana,

i1 i i £l 1
L T “}._1+,..+j=_[ﬂ]+...+ﬂu:|
dl IIir: P p .F

]

et i) =2,
I‘]-1+"'+ﬂ,ﬂ|:1 4}

YerspTn pazpen

EKpyr nmonyopedsnra 4 CM MOMKe Ja OpeKpHje HA]JBMINE IVE HAJ TeTHBOM AV-
swmre 8 oM majsefier kpyra. CHAu4HO, KPYT DOAYNpPedYHHMKA 3 CM MOXe J4
npeKpHje HajBuUmEe AYK HAL TETHBOM JIyXKHHE 6 cq. Oparne mobujamo ma
aujaMeTap durype kojy Tpeba ga NpexpHje KpyT HOIynpevyHHKa 2 ¢M MIHOCH
10 cm. .
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4.2. Kako ¢y TO TPM V3ACTONHA 4IAHA aPUTMETHYKE TPOTPECH]€ BAKH
log,(3% — 1) + log,(3 — 3%) = 2log,(9 + 9* — 7- 37)
yayeaope ¢ >0, x<1,94+9 =73 >0

log,(3* —1)(3—3") =logy(9+9° - 7-37), 0<zr<l,
(B -1){3-3")=(9+9°-7:3%), O<z<l
3

3
3 =¢ W —-11t+12=0, {4 =4, 2 = 5 3 =4 nau 3* = h JMako ce

nposepu 1a je & = logy § = 1—log 2 jeauHo pemeise 3ajaTka.

4.3, Hoka3 moe MATeMATHYKOM HWHIVEIHjOM Ca KOPAKOM 2.
1) 3an=1,1=1%,3an=2 1+3=4=2%
2) TlpermocTaBumo aa Basxu 3a n = 2k

2k(2k + 1)

- =22 4 4%+ 4 (20)%

143464+

I n=2k= n=2k+2.

ok(2k +1)  (2k+1)(2k+2)  (2k+2)(2k+3)
2 5 9 T 2

= (447 4+ +(2k)%) + 447 + 8k + 4
=27 447 4 (20 + (2k+2)°

1+3+6+-+

San=2k-1

i (2k — 1)2k

5 =12 + 8% 4 .+ (25 — 1),

14346+

n=2k—1 = n=2k+1

(2k—1)2k  2k(2k+1) | (2k+1)(2k+2)
+ +
2 2 2
= (12422 4+ (2k = 1)%) + 4k + 4k +1
=12 432 - 4 (2k — 1)% + (2k +1)°

143464+

4.4. Moramumo aa je Gap jemam o4 6 yzacTonHux npupogEux Gpojera yzajaMHO
OpOCT Ca OCTATWMAa: TY e Hajxase 3 HemapHa Opoja, 04 KOjUX Je TAYHO jenas
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1.2

JedB ca 3 ¥ HajBuiue jenan gemsuB ca 5. dakae mocroju Opoj Koju HHje
memus ca 2, 3w 5. OH je viajaMHOo nNpocT ca ocTanuMa (VEoJIuko OB uMao
3aje JHUYKM Ca HEKUM of youeHux Gpojesa, Taj sajeauuaru 61 Mopao aa menw
M BMXOBY pa3auky koja muje neha on 5. Komrpanukmuja.)

Hera cy yvouenw Gpojesm 1 — 2, 2 —1, =, o+1, o+ 2, o+ 3, x> 3. Onaj
Y3AJAMHO OPOCT Ca OCTANHM MOPa da Oyae netu creneH, a Taxkolje m npon3eog
npeocTanux 5 Mopa ga bvae nmern cremen. [Ipomseon Tex 5 Bpojesa je Bap

(z = 2)(z = Dx(z + 1)(z + 2) = P(z) = 2° — 52% + 42? 4 4z,
A HA]BHIE je
Q(z) = (x = Da(z + 1)(z + 2)(z + 3) = 2° + 52* + 5% + 2° — 62,
KHako 3a r > 3 pasn
(z+1)% > Q(z) > P(zx) > (x - 1)°

TO Taj NpOM3BOM Mopa fa Gyae 9 na 6u 6Mo meTH cremen mTo je memoryhe.

. Bunan pememe 3agatsa 3.5.

Oszmpaunmo ca a Bpoj 1999, Taza je

P(1999) = Pla) = 6% — (e + 1™ + ... —fa+ Da+a+1
— 2000 _ 42000 _ 1999 . (1999 . 4 2 0?7 a4 ail1=1,

a) ABKC = ACLD, = ZBSL = /CS8K =180° — £SCK — £SKC = 180" —
ZLCD - ZDLC =90%. /BAL + ZBSL =180°.
6} £ZASE = £ZALB (jep je uersopoyrao ABSL rertupnn) JALB = /CKEB =

LZWBA Chnegm AS = AB.

1.4.

1) A =0. Taza je ~ pedIeKCHBHA, CHMETPHYHA, AHTHCHMETPHUYHA U TPAH3-

HTHEHA.
2 A# 0. Tana ~ muje au pedIeKCHBHA, HM AHTHCHMETPHMYHA, HH TPAH3H-

THBHA, 4 jeCTe CHMeTPHYHA.

1.5. Jenuno pememe je p=5. p=5k+1, 5|4p° +1. p=5k+£2, 5|6p° + 1.

Jpyru paspen
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2.1

]
[ o]

2.3.

K]
fLon

[Ipeo npumetuymo ga je 1999 npocr Bpoj. Axo 3a Heke Iene Bpojese m u o
paxn m° —n” = 1999, onga je

m—-n=1.m*+mn+n° = 1999 nan

m—n=1999, m* +mn+n°=1.

IIpusmerrMo ga cayuaj m —n = —1, mi+mn+n® = -199 um—-n =
—1999. m? + mn + n? = —1 vucy moryhm jep m® > n® & m >n.

Y mpeou cayuajy gobujamo m=mn+11u (n+1)°+(n+ 1)n+na* = 1999 oxaxre
cnenu nt + n — 666 = 0, mTo je KOETPAIMKIM]A jep Ce NAKO Joxasyje a
nobujena kBaJpaTHA JeAHAYHEA HEMA NeauX pemema. CINYEO Ce NPOBEpPABA
oa u ApYTH CAyY¥a] JOBOIH 40 KOHTDAIUKIUje.

. Paaamevjemo mBa caygaja: 1) 1 <z <2: y=—z" +3z—1. Ha opom

: 3 9
MHTEPBANY (PYHKHHjA ZOCTIKE MAKCHUMYM ¥ Tg = 5 M U3HOCH Ymer = 7, @
MHHUMYM 32 2 =1 8 & = 2 M3HOCH Ymin = 1. )
3
2) —2<zx<1;: y= —1% — 3z + 5. MarcumyM ce DOCTHEE 34 Tg = =5 "

BITOCH Hmpe =7 MuHMMYM je Mama 07 BPEOHOCTH V KPAjeBHMa, NaKIe 34
r=1, H M3HOCH Ymin = 1.

. 29
Oarosop. Makcuuym ¢yarnuje Ha [—2, 2] nsgocu T a MuHIMYM 1.

3aceako ¢ € Beaxu: 22 —r+1>0. —9r°+97—-9 < 322+ pr—6 < 62" — 62 +6.
(1) —122 +(9—p)x-3<0, D=(21 —p)(-3—-p) <0, =3 < p<2L

(2) 3z + (—6—-plr+12>0, D=(-6+p)(p+18), -18<p<6.

Oarosop. =3 < p<6.

4. 12 =1>0, £>0 = > 1. Kpagpupawmo:

2t 120 + 1 =42(2” - 1)
2l =42t + 22 +42r+1=0

I:;!::2 2 -1 =0

212 = 1% 2, 360r z > 0 pemere je 2 =1+ /2.

2.5. M3 camumoctd tpoyraoea CZX un CAA; wmamo: ZX : A4, = CX : CA;.

Cnuuno, w3 carusocTH Tpoyvraosa BXY u B4, A muamo: XV - A4, = BX .
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BA,. Uz yvcnoea 3azaTka 3gamo u B4d; = A,C u BX + XC = BC.
cX BX A4

ZX+XY =AA — 4+ AA  — = b ;
+ 1 G’A1+ 1 BA, B.fll{'f:!{ + X B)
BC
_ B _
AAy BA 244,

Tpehn paszpen

Y 3
3.1. ¥cnosu cy |cosxz| >0, |cosz| #£1, 20 —3>0, 1 —2cos" = > 0. Jarne z > =
V2 .
ul<|cosz| < 5 Taga je HejeqHAYMHA EKBHBAIEHTHA VCJIOBY
1+ 2+/3| sin 2}
V2r—3- log < (.
=} conl (8{] - 2cos?z) | T
V2

: 3 . 3
[puMmerEMo ma je © = 5 Jeamo pememe. 3a & > 5 0 < |cosxz| < %
jenHadHHAa Ce CBOOHM HA

1+ 2+/3lsinx
10g|¢¢51“| ( l |> E {

&(1 — 2cos? x)

1 + 2+/3| sin z|
8(1 — 2cos® 1)
16 cos® . ¥3 emeny |sinz| = 2, monasumo no Hejegnaunne 1627 — 2432 -9< 0.

: : 33 i V3 3 =
Mz nocnegme penauuje mobujamo -5 < |sinz| £ —, 1j. ——- Ssing <

=

> 1. Kako je 1—2cos® x > 0 mmamo 1+2+/3|sinx| > 8—

OJHOCHO

2
?3. Sajenno ca ycnmosoM 0 < |cosz| < % nofHjaMo KOHAYHO pemeihe:
2 T tak<es<Etak, kel 2W+T‘I¢:T{3W+wi 1 € N,
gl g o E g g s gty BRI
3.2. Osmauumo ca B spx kyne. Hera je M npecer nasozuune BA u ropwe ocHOBe
passka. Uznauumo ca D v H npojernuje tauke B 5a ropmy OCHOBY BaJEKa H Ha
ocHoBY kyne. Hera je P npojernuja tauke M ua ocHopy kyne. TMB-MD =
BD -
2aMD - MP = BM =2MP (s, = 2hi). BM = ﬁf, MP =h,, BH =
{h—hy)s hs

3 =2|FE-1 = hl:.‘iﬁ*?hh

T =

h, BD = h—h,.
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3.3, @ % ¥ = (af + bif) % (cF + d) = ad¥ x § — bcZ x § = (ad — be)(F X ).

3.4
: ] g o 8 & R o o
E:nlnzcﬂﬁ2+smgms2_ sin —;
2

PR g o a 8
cos § cos § cos § cos 3

2sin 252 cos 228

k

cos ‘—';"3 (ma —“‘g” + cos ——“;3)
4(sin a + sin 3) B da

= 4 cos? “—;—é + 2{cos @ + cos 3) a4 b4 20

jep je a? + b? =2 + 2(cosacos f +sinasin J) =2 + 2cos(a — ) = 4 cos®

35. D=a(1—b), D. =1—2a, Dy=1-b, D.=4a—2ab—1.

D D D.
1) a#0, b#1 jequncTReHo : 2= —, Y= —, 2= —.

2) a = 0 HeMa pememka.

1
Nb=1, a#F 3 HeMa peliemka.

4)b=1. a= % pememe (2—a,2,a) a € K.

YerepTH paspen

4.1, Buou pememe 3a0aTKA 3.1,

K "
L -=2
1+ & 0g3( )

logg = < logy(x® — 2)

logg a(l —k+ k2 — -+ (=k)" ) >

gt —2 g2 —xg—-2>0, s < —1unuz>2.
Quarosop: ¢ > 2.
4.3. P(z) = az? +b2® + ez’ +-dz +e.

P(l)=a+b+c+d+e=P(-1)=a-b+c—d+e
P(2)=16a+8b+4c+2d+e=P(-2) = 16a — 8+ dc—2d + ¢

31
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1.4,

1.1,

1.3.

1.4.

P(1) — P(—=1) = 2b+2d =0
P(2) — P(=2) = 16b+4d =0

Pememe cuctema je b =d = 0 nma je P(x) = ar*4ca’+e = a(—a) +e(—x)?4e =
P(—2) 2a crako r na je napsa.

Ssn %{Ea; + (5 —1)-2)
( )

5. 22 +(n-1)-
5(bn+m —1)
g —1
5n+8a; —5=cn+ea; —¢ ¢=25, 5{a; —1)=25(a; —1). =a;=1. Hus: 1,
& Sen.  25nd
3. B Tyoves E—_:: — e
P2+ (H—3PF =3 = 12 =¢6H-H. V(#H) = %rwa = %{ﬁﬂf — HY).

VAR = %{IEH —3H)=rH4-H). H>4, VI(H)<0;H <4, V(H)>0
Viaz jée3a H=4rm, r= V'8 .

A raTeropmja
IIpen pazpen
Hera je P cpegumre nywu 4,4, Taza je By PB;B, napanenorpam, ma je

N cpemumTe myxu PB.; MN je cpeama aunuja rpoyraa B, PBy, 1j. MN =

@
r—;-PE_i. Kaxo je PB, cpenma anauja tpoyvrna 4, 4445, cnenm ga je MN = 1

. Bugu pememe zazmatea 1.2. B kareropuje.

2 2
Heracy py, p2, g € Zu H3M(py,p2.g) =1, TELBH,IL&JE‘T(I;]') +a (}:;) =3 5

Ta;la je 2p? + 5p2 = ¢, oamocHo ¢ = 2pi(mod5). Sraun 5| qu 5| p, na 25 |
Spi. Hawme 5 | p2. To je konTpaguxmuja ca npernocraskom H3(p1, pa,q) = 1.

1) A =0, Tana je ~ CUMETPHYHA, AHTHCHMMETPHYHA M TPAH3MTHUEHA, & HH]E
PeihIeKCHBHA.

2) A uma TauHO jemam exemenT. Tama ~ Huje pednexcHBHA, 4 jecTe CUMET-
pPHYHA, AHTHCHMETPHYHA ¥ TPAHIWTHBHA,
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2.3,

b2
]

2.3.

3) Axo 4 uma Dap mpa eneMeHTa, Tala ~ HHUjE HH DepIeKCHBHA, HM AHTH-
CHMETPUYHA, B TPAHINTHBHA, 4 JeCTe CHMETPUYHA.

Hera npaba koja npoaasu kpos M u mapanensna je ca BC cede AB m DC y
taukama P n R, a npasa woja caapsu M u napanensa je AB mexa ceue AD
u BC y taukama S u Q. Tazna je MA < AP+ MP = A5 + AP. Cauuso
MB < PB+QB, MC <CQ+ RC., MD < DR + DS u cabupamem nobujemo
Tepbeme.

Ilpyru paspen

VBenuMo cMery y = V3 + 4z — 4r?. Pemapamo jegmaummy —36 + 16y + y° =

0, y > 0. 360r ycnosa, onbanyjemo pememe y2 = —18. 3a iy = 2 aobujamo
Sli=:i=s
2
£ 5 1
1Ja=0, b#0, zg===, - =—=. Cremu 2o = - € (0,1}. a=0, b=0 =
b 2 2

¢ =0 u cpaxo r € R je pememe.
29 a # 0. IoBosmuo je pasmarpatm cayuaj a > 0 (3a a < 0 amanorso).
flz) = az® + bz +c.

1 a b [ )
f(_):_+§+czz—§=—n—rf:ﬂ_

b
20 ¢ < 0. f[lj=a+b+::=2(%+§+ D) =2A5+s-3-0)=2A

1
1" f{0)=¢> 0. Cneau ga DOCTOjNM pememe ¥V MHTEPRATY ( E)
2(
Cunenu na mOCTOJH Pemielme ¥ UHTEPBATLY (-2-, 1),

Heka npasa kpo3 tauky M napanenza ca AB ceve crpammne AD u BC ¥
TagkaMa X u Y. Hmamo

S =Sapyx +Sxvep = 28aanm +25ap0 M-

i

Hexra je N tausa sam npapoyraouuxa ABCD, taxo aa je AN =CM n BN
DM. Caga vmamMmo:

S =2(Spnapm+ Saasn) =25ansy = 25a4anM +25ABMN
i:- J'qiw - JqN + BJM ' BJ.FI'II- = .44"I-"I " C_hf + B;ﬂl'f g DJH.

33



3.1.

3.3.

4. 3a panuosansge bpojese x, Yy, z, t Baxn

(z+yvV2P + (z+ 02 =5+4V2 &
(z—yV2)® + (z = tv/2)2 =5 —4V2.

Kako je 5 — 42 < 0, 101a3uM0 00 KOHTDAANKIHe.

. MMocwarpajmo npoussosHor yuenuka A. Axo nmocroje JBa OX OPeOCTANMX

VUEHHEA KOjM FOBOPE MCTHM jE3MKOM kao M A, Taja MMaMo TPOJKY VYeHHKA
KOj CBM IOBODE MCTHM je€3MkoM. AKO, makK, 3a CBAKM OJ Hajsuume 2 jesuxa
Koje ropopH yuemmk A mocrojn Hajsume 1 y4eEMK Koju TakoDe TOBOPH Taj
jesur, Tama Gap 4 y4eHMKa He paaymejy ydeHmra A. [Tocmatpajmo meby
THM VUISHMIUMA NPOM3BOEHOr yuenura B. Ako moctoje ABa OO OIPEOCTATHX
VUEHHEA KOjM FOBOPE MCTHM je3MKOM kao M B, Taga mmaMo TPOJKY VUeHHKa
KOJM CBH TOBODE MCTHM jesuxom. AK0, nak, MeDy yuenMumMa Koju He pasyMejy
vaeEnka A 2a cBaku OJ HajBMme 2 Je3MKA KOjé TOBOPH YHEHHK B nocrojr
najsume | yuemux koju Takole ropopu Taj jesux, taja Dap jenaH yUeHHK
(o3maummo ta C) He pazyme yuenuxa B. Tana ox Tpojune yuernka A, B, C
HHKOJi OBA HE IOBOPEe MCTHM JE3HKOM.

Tpehu paspen
OA=n, OB=b, OC=¢, ZAOB =+, LAOC =3, LBOC =0

AB? = a® 4+ b — 2abcosy
BC? =b* + ¢* - 2bccosa

CA? = c® +a® — 2accos

AB?+BCI—CA? >0 = 2b*—2abcosy+2c(—bcosa+acos ). Pukcupamo a, b.
Caemn —bcosa+acos 3 > 0 3a npouzsosnste a n b. Cnequ cosa <0, cosf 2 0.
Coamumo cos3 < 0, cosv > 0 cosy < 0, cosa > 0 cmegu cosa = cosfd =
cosy=0 = a=3=v=290°"

. Bumn pememe sagatre 3.1. b raTeropuje.

Bumu pememe zagatea 4.4, b rkareropmje.
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3.4.

3.5.

4.1.

4.2.

Jlako ce smau ma je

d~5+1=(1+i)-(1+i).,,,.(Hi):
T T2 P

Ty +d To+d mn+d_:c,,+d__a:1+nd
I Ia ITa 1 T

Onarne aobujamo d- § = iz ma je § = i
T T

Hdy®x Koja cmaja TeMe TPOYIJa Ca HEKOoM TA4YKOM Ha HACIDAMHO] CTPaRH-
nu 2ealieMo weaujana Tpoyraa. JacHo je ma je uyepmjama kpahia om Bap
jedHe CTpAHMOE TPOYINA KOja CAJp:HW TEMEe U3 KOPA je NOBYYEHA 4YeBMjaHA.
Croeon ma je HajoyXa CTPAaHHOA TPOYria Ay:ka oJ cBux depdjasa. lawme,
a>AP, a> BQ, a > CR.
Hyvawu OX u OY napanenme pemom crpamunama AB u AC, rme cy X u Y
TAYKE HA CTPaHULM a, obpaayjy Tpoyrao OXY canuan tpoyvray ABC. Kako
je a = BC majaywa crpasuna Tpoyraa ABC, To je oarosapajyha crpasuna
XY - majoyxa crparuna y tpoyray OXY. 3aro je XY > OP.
Heka cy X8 u YT aysxu napanenue penom nysuma CRu BQ, rnecy Su T
pemoM Tavke HA cTpanunama ¢ ¥ b, Tana je Tpoyrao BX S cauvad Tpoyrmy
BCHR. Kako je BC Hajayxa cTpanuna y tpoyray BCR, To je ogroeapajvha
crpasuna BX - majayxa y tpoyrnmy BXS. Ilpema Tome, BX > SX = OR
(u3 mapanenorpama RSX Q). Aranorno je YO > YT = OQ, na cabupajyhnu
nobujamo

OP+0Q+0R< XY +YC+ BX = BC.

YerrpTH pazpen
Buan pememe 3anatsa 3.2. b karTeropuje.
P(x) = (z = 1)%(az® + bz + ¢) = (z° — 2z + 1)(az® + bz + ¢).

Plz) = az* +(b—2a)2® + (@ = 2b+ c)2? + (b — 2c)z + ¢
Q(z) = az* + (b — 2a)a® + (a — 2b+ c)a® + (b~ 2c)z + c + 4

Q0)=-2=c+4 =% c=-6.

Qz) = az* + (b—2a)2® + (a — 2b— 6)2® + (b + 12)x — 2
Q'(z) = 4az® + 3(b - 2a)z” + 2(a — 2b — 6)x + (b + 12)
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4.3.

4.4,

Kaxo je £ = —1 gsocTpyka Hyna noammoma Q(x) 7o je Q(-1) =Q'(—1) =0.

Q-1)=a—-(b-2a)+(a—20—6)—(b+12)=2=0
Q'(-1)=—da+3(b—2a) = 2(a—2b—6)+ (b+12) =0
Tj. gobujaMo cucTeMm
40 —4b-20=0
—1204+8+4+24=10

-

a—b=35 3a-20=6 = a=—4, b=—9. 3uaun P(r) = —4z*—2®+82*+32-6.

3a k=1 nobujamo 42+ 17 =52, 3a k = 2 nobujamo 2-2° +17=5% 3a k=3
pobujamo 1:2% 417 = 52, Ilpernocrasumo fa 3a Hewo k > 3 M HERH IPUPOIAH
6poj n pasu - 2% + 17 = 2%, ¢ € N. Ouurnenno je v senapar 6poj. Axo je
n=2m, ougam-2"M +17=2? 2 € N. Axo jen=2m+1, onna je

(z4+y)P =2 +y2x+y)=Cm+1)-2* + 17T+ y(2x +y),
na za y = 2! mobmujamo

(z+y)?=(em+1)-25 17+ 2" (22 + 2%71)

= (2m+1+a+287%) 2" +17

2a

=gkl 17,

Pemuheno 3agatak y onmTeM caydajy kaj ymecro 1001 ¢urypume duno KOJH
npupogau Gpoj n.

Aro je A1ds = Asdy = -+ = A,_1A,, cxyn M cacTojm ce OJf Tauaka
Ay, Ag. ..., A,_y o cpemmmTa ayxu Ay A, Asds, ... ApaAn. Y TOM
cayuajy M cagpasm 2n — 3 Tauke.

Huayrmjom hesmo fokazatu ga M He MOXe 13 Calpidy Mame 0l 2n—3 Tayke.
3an = 2 To je ouurdemso. IlpernocraBnmo ga je Tepheme N0KA3aHO 34 k
raYaka M MOCMATpajMo Ha npasoj k + 1 Tauara Aj, Az, ..., Ak Bea
VMABHBARA ONMTOCTH MO/KEMO Y3eTH Ia je NpaBa XOPHU3OHTAlHA WM Ha C¥
rTauke HymepucaHe cuesa Hamecmo. [lo npeTmocrabuu waayEnuje, ckyn M)
CpeqMIITA AYEM ca kpajesuma v Taukama Ay, Az, Ay cagpszu bap 2k —
3 rauaka. Jlako ce puaM ga ce cpemmmTa avaM Ap_jArgr ¥ Apdgy me
MoKnAnajy ¥ ga neske gecHo of cBux Tawaxa u3 M. Iaxxe, cryn M, nopen
rauaxa u3 M, canpsu Gap jom mse Tauke, Tj. uma bap (2k—3)+2 = 2k+1)-3
TAYAKA.
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Y mamem cavyajy je n = 1001, ckyn M canpszm Gap 1999 Tauaka.

4.5. Bugu pememe 3agaTtsa 3.5.

PEIIEIGA 3AJNATAKA CA PENYBJMUYKOT TAKMWYEIBA
b kareropuja

Iipswu paspen

1
1.1, Psgep = Ppope(= $Papeper). Paapp + Papnpe = Pagpp + Papse.
Prapp = Prngpp. Cneoun na AE | BD.

L
P(I] =, ”‘n-'rﬂ + ﬂ;;_li.{:“_ L o pECICRL S o i a + iy
Pla) = apa™ + an_10" " +---+ma+ay
_PI:I?III = ﬂ.ubn + flﬂ_lll.in_.l + I!,-!,lh =+ Gy
P(a) — P(b) = an(a” = b") + @na(a™™" — 1) 4+ - +ai(a—b)
na waxo (@ —b) | (a* = b*) 1o (a—b) | (Pla) — P(b}) = b—ec Cauuno ce
nobuje (b—c) | (P(b) = Ple)) =c—amn (¢ —a) | (P(c) = Pla)) =a—b. Raxo
(a—0b) | (b—¢) | (c—a) | {(a—b). Caean la—bl = |b—¢c = |lc—a|l. Axo je
a—-b=b-connajec—a=(c—b)=(a—b)= —2(a.— b) a xaxo je |a—b] =|c—a]
cread a — b = ¢ —a =0 mTo je KOHTpAIUEDHja cA 9iHkeHHNoM 1a oV 4, b, ¢
pasmuunTa Gpojeen. Axo je a —b = —~(b—¢)=c—b = a =cu oner
KOHTPAIHKIM]A.
13

[= (8 +c% —a®—2bc)(b® + ¢ —a® +2be) = ((b— )2 —a?){(b+ ) +a?)
=(L—s-u]{b—c+a}[h+r:-l—cf.]l(-!:-irr—ﬂ] <0

jep je mpBu uMHAIAN HECATHBAH, & OCTANA TPM CY NOIUTHBHA.

1.4. Heka je m > n. Taza saxu m® <m®+n < m? +m < (m+1)?, na m* +n "nje
HOTOYH KBAApAaT,



1.5.

2.4,

2.5,

Filcl =

3.2.

IIpernocrasumo ga je

a+ P+ +d:+ab+ed=1.

Haxne,

2a* + 2b° + 2¢% + 2d° + 2ab + 2ed = 2(ad — be)
(a+b)2+{c+d)?+(a—d)?+(b+e)?=0

a+b=ctd=0—dt +10 < 0, (2t —

=3

VE+V3+1

5Mt+2)(t—-1) < 0. Kavo je t +2 > 0
5 BXY 5
Huduﬂlﬁt{—,lﬂ(ﬁ) {EJ:E[D]

V5+v/3+1 1

VaV2Z-1)+V3(v2-1)+(v2-1)

: 1+
Axo Je

1
v2-1

T

—F‘EQTH.,E&V{_——-EQ na je

T e-1(ve+vE+l) vE-1

HpanuoHaIaH.

\r_

[Ipso momenumo ca T°, a mMOCAE YBOAUMO CMERY & — — = {
&

, 4
I+F

P +d=1—10=0, 8t =3, tz=-2. -

=t 4+ 4.

s
I

3+ 17

_31"—31-' ﬂ Iy 2= 5

x-gz-'}'., 2428 —2=0, T34 =-1++/3.

T

Tpehu pazpen

\/s{s—aj(.s—bja;—r:}, a=2n—-2 b= c=2m+2,8=3n, P=

nvan? —12. 3n? —12 = 42, 3n? = A2 +12 = 3| A4, A =3k 3n? =

gk‘2+121 Tl'-z =3k2+4- kzuylrzf.--qaﬂn.rr-. 33 = 2 :. 3k2+4= 16 —
npasoyrau tpoyvrao 6, 8 10 . . . 3a k = 30, 3k2+4="52. n=52 : a=
102, b=104, ¢ =106, P = 4680.

H I R
I = 2rrh. —— = —, =—H—h M =2z—=(H - h)h. M. 32
M = 2rmh H-—hH = ( ). H( )
H-—h=h = ;I:EHT:E-
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3.3.

3.4

4.1,

4.2,

4.3.

t:y:%::t:+§; (kogE O med y:—%(m—g). 2Tt =15} S(ﬂ’gi;&)'
P p

F (_i’ I) ['eoMETPH]CKO MECTO TAYAKA j¢ AMPERTDHMCA & = —
36up nudapa Gpoja a je 5, na je a obauxa 9k +5 (k € Z), naxme a = 3 + 2,
1 € Z. Mebyrum xpamparn nenux Gpojesa cy obmuxa 31 wam 31+ 1 (l € Z).

h-;"i =

AKO je T pellelme OPyre jeJHAUNHES, Tajla BakH

5—tgx)?
(3 g — 1){3 tgx -+ l]l = {—-EE..:I_‘
= ; 27
orrocHO tgr = 1 uom tge = 1 Pemema jemmaunne tgr = ST mHCY
1

1 Ly : e
pemera Apyre jeirauune, 3a pasiuky 0n = o + 7k, k € £ koja ce nobujajy

uz tgr = 1. 3amenom n0OGWjeHNX BPEIHOCTH Y TPBY jeAHAUMHY MMAaMO 2a% 4

a—3 =10, ogeocHO a1 = 1 M ag = ~3 Ilposepa moxasyje ma je a; = 1
TpaseHa BPeAROCT NapaMeTpa. (Y caydajy a = —3 pemera npae jeaHAYHEE
Cy ¥ pememna jegHaumee tgr = —2).

YerapTH pa3pel

Hera je ap = 0 m a, = a2_; +1. Hus a, je meorpammden u Baku fa Je
Pla,) = a,. Hoka3s: MmaTeMaTwyka WHIYRKUH]A : 1) P{0) = 0; 2) Axo je
Plan-1) = -1 = Plan) = P{ulﬁ—l +1) = P{ﬂ’n—.l}g +1= ﬂ'-i.—l +1 = an.
Cana 3a nomusom Q(r) = P(z) — ¢ saxn ga je Qla,) =0, 1j. Q ce anynupa
v BeckoHauEO MEOrO Tadaka na je Q =0, 1j. Pl =3,

3 5
Hexa je flz) = arctgr —r + Lq — % Tana je
G
") = B o, S
Fa) 1 422 L 14 22

Kako je f{0) =0 mmamo f(z) <0 3a x> 0.

HMokasyjemo uEgyknumjom no p € N ga ce nociue 3P gopaka 0J] MOJAAZHOD HMZA
(1, b2y« ,0gk ﬂﬂﬁﬂjﬂ. HH3 01 %3r4+1, To03p4g, ..., 030030,
P= 1 ayas... gk —* Ay, Aoy, ...y Bk

2 3.3 3 3.3
— ﬂ-lﬂ-%ﬂa, ﬂgﬂ-gﬂ.;}, < wa g flghfly iz — 4 u2ﬂ3ﬂ4, ﬂ-zﬂ-gﬂdﬂ-ﬁT g gy dody
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4.4.

1.1.

T

Lo

Tj. G104,@205,...,0z003 jEp je g =,

p — p+l

1.803,. 0. gk —F Q1037414 020304240 -0 Bakgr

2 2 !
— Qpay gy e.ars), @2lge Lolbagred. .oy gk g G230
. 3 3 3 3 3 3
Q1030 4305 30310330 41, 0203, L2000 40 120330425 - - ; B3k Qgn Qg 3n 03.3¢

IDTO j& HHM3 G1Qg3e+1y, @a0gn+i4a,.. . Agedge+r. llocae 3* kopara, makne, 40
Guja ce mu3 af. al,....a%, a mocme 2- 3% opaka — mus aj, ai,....ay. Ti.
g, 0, -0y gk
Yeemumo cMmeny r =cost, t € [0,7/2]. Jeauauuna ce cpoau HA

Sm-st[ﬂmsgt ~ 1){8cos*t — Beos?t+ 1) =1,

oamocEo Scostcos2icosdt = 1. Muoxehn ca sint mobujamo sin8f = siut,

2k 21 41 ,
Hagnet= —, k€2 nan t = T:‘T? | € Z. Uuarepsany [0, 7 /2] npunagajy
f
T 2r W T 2w m 5
0, =, — ®u 3 Pemema ¢y COS o, COS — H COS 7. 3HauM jegHAUMHA MMa 3
peniemna. !

5. Buau pememe 3anatia 3.5 B kateropuje

A rareropuja
IIpeu paspen
Bunern pememe 3agarka 1.1 b xaTeropuje.

Mocroju 210 —1 = 1023 senpassux nogckynosa ckyna 4, nox je 6poj moryfux
36uposa 3a cBe monckynoee A jemmax 955 (ox 1 mo 91 + 92 4+ .-+ 100). Ilo
JNWpuxne0BOM TPHEUMOY, OOCTOj€ OBR PA3THYUTa DOACKYIA B u C ca jex-
nakuu 36upoBuma enemenara. Heka je D = BnCuS=B\D T=0C\D.
Taza cy nonckymosu S u T ZMCjyHKTHH ca jefHAKHM 3DMPOBMMA €XIEMEHATA.
Va1 To cy u Henpasmw, jep ako § =0, tana B = BNC ma je b npaBd NOACKyN
on (., mto je gemoryhe jep muajy jenaake 30MpOBe eIEMEHATA.

Hanumuo jeanaunny y obmuky (22 +3y)(z +4y) + 4z +5y +6 = 2m u y3uumo
9 : - f B
majedy ==2r, 7). ¥ = —E.l Janmenom aobujamo ma je dr+5- (-Er +6 = 2m

nIu Ez—%:r—l—ﬁ =m, 6x—5z+9 = 3m, s =3m-9, y=6-2m3ame Zox hEL.

L

4()



1.4. Hera cy Oy,... . O1g99 DEETPH Kpysuuua ki,...,kgee. Jlako ce Bumm Ia Ccy
sexTOpu Oy Ms 1 Oy My napanensau u CYNpPOTHO OPHJEHTHCAEM, | Ja HCTO BAKH
3a mapose O: Mz v O3Ms, . . . , OragoMigeo m O1 Maong. Onatne cy O, M, u
(1 Magpp MCTOr mpaBna ¥ CYOPOTHOD CMepa, Ia replheme cueqn.

1.5. n = 10. (1) n = 2k. IIpu gememy Gpojan can—1,....k+1 mnobuhie ce

e kik—1 2
ocTamu 1, 2, ..., k—1 4ujm je 30up LQ——} Kako ce np Jememy OCTAIHM
Gpojesnuma mamum oa n (k,..., 1) mory nofuri camo octans Mammu of k, o
: Elk —
je 36Mp CBMX Pa3NTUYHTHX OCTATAKA YIPABO —{?— 3aTo j { —5 =4 =2k,

1j. k=5 na je n = 10.
(2) n = 2k + 1. Tlpu pememy Opoja n Gpojesuma 2k, 2k—1,....k + 1 mo-
k(k+ 1)

5 . Kaxo ¢y u oBo cBu moryhu

tuhie ce ocramu 1,....k umjn je 36Up

ﬁzil—} =2k+1, tj. k(k—3)=2. Raxo

opa jegEadnHa Hema nenobpojEMX pellema TO He nocToju Hemapad Dpoj ca
TPaeHHM CBOJCTBOM.

octamm, To je norpebuo ga Byne

llpyru paspen

2 1. Tauxe Aa, B u (2 cy cumerpuure opronertpy H Tpoyria ABC y ozmocy
ga npase BC, CA u AB. Kopucrehin Ty 4nmeHHLY MMAMO
AA, BB,  CC; A Aq B1B; CyCs
+ = =1+ 1+ 14
AA BB TG 7V R Tl )
_a Papen | Pacan | Paass _
=3+ =4
Prnapc Paase FPaasc
: 1/1 1 1 1 .
2.2 Ws yenosa mobmjamo = [ —— ) = |+ — = |. Onarne mobujamo
3\a b b ¢

VO SO DO . N T LU l_l)m

a ¢/ \a b b ¢/ 3\a b
4 ' 3.
3



2.3.

]
o

3.1.

Mose na nmobemu mrpau | ako y npsoum moTesy urpa ¢ = L. 3aTum, axo II
- 4

dupa b, I urpa e = T Axo II urpa a, I Gupa b = % Y mppoM caydajy

nobuje ce MOTHHOM
I~ . b %
* il o Tmz +hr+1=2"+ (ET + 1)

a v Ipyrom
3 “ l'.',!-2 a2
€T +u-:If”+Ta:+1::r-(;1:—|—3) +1

KOJM OYHCIEIHG HeMaly DO3MTHBHH KOPeH.

. fl':.i"j =-".T:2+"L11I+Bl1 :I;'{:I'}=:Ifz+.‘lg:l‘:+3-2: f{.’.!’jl :y[.’r]l = {A]_—.-'lg].'!‘--l‘-{ﬂl—

By) = 0. f(20)+ f(3) + £(1999) = g(20) + g(3) + ¢(1999) = 2022(A;, — A2) +
3(B=B3) =0 = 674{A) —A2)+(B1—By) =0 = f(z)=glx)sar= 674. Axo
je flz) = g(x) 3a mexo = # 674, f(x)— g(z) je nuueapra dysknmja xoja y ase
pasnuumTe Tadke yauMa ppeamoct 0, Cmeaw na 3a cearxo x € R f(x) = ¢(=),
mWTo je xoETpaauknuja. Hakae, jeaumso pememe je x = 674,

MatremaTruap Tpeba ga ce, nonaselin us npoussosHe rauke 4, xpelie npaso-
JIMENJCKH ¥ OPOHM3BOEHOM CMEpY V2 km, mo mexe Tauxe B, 3aTuM Ja CKpeHe
HOA OpaBuM yriaoM i kpefie ce NpaBOMMEM]jCKH V2 km, go tauxe C. Cag ce
nako mokasyje ma Gap jeama ox Tpm tauke A, B, C muje y mymm. Ilper-
NOCTABUMO CYOPOTHO, Tj. Ja €e Tauke A, B p» C mganaze y yHYTPAMBOCTH
tpake. Bucuna BB; w3 temeza B npaeoyrior Tpoyria ABC uma IDyasHBY
1 km. Ilocmarpajmo mopavany uz B ma rpammume npase Tpake. Heka oHa
ceue xunoterysy AC y Tauxe B', a rpamuume npase Tpake y Tayrama P u Q.
Tana je 1 = |BB;| < |BB'| < |PQ|, rj. 1 < |PQ|, mTo je KOATpaIMKIH]a.

Tpehn paspen

Honyrmmo AABC no mpasoyracsuka AEBC. Axo je O cpegumTe AB, om-
na tauxe A, B, C, D, E nexe ma chepu ca mentpom y O m moaympe-
AEB

qnukom B = ——. Ilpamerumo ga je opga ACDE takole npapoyrim m 13

je D = £ = cos ZDCE, a xa je Z{AC,BD) = £DBE. Crora je Hejen-
AB CE oD
sakoct cos Z(AC, BD) < IE. expupanenTHa ca cos ZDBE < cos ZDCE, Tj.
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3.3.

3.4.

ca ZDBE > ZDCE. Oso ce moxe GokasaTu xopHeTelin cHEycHy Teopemy:

DE
M3 ADCE muano ———— = 2R u —————
2 NP Sin ZDCE " sin ZDBE
onucanor xpyra oxko ADBE, v < R (6yayhn ga tpoyraoc DEBE me nexu y
aABEM KOja nponasy Kpo3 nentap O chepe). Haxn L > D

T H ; - L 3 Tw X L]
: ']_ : p_ B P b ® S £DCE " sin ZDBE
ouHocHO sin ZDCE < sin ZDBE, na, yseemu y 063up aa je ZDCE omrap,
ako je w ZDBE owrap. 1epheme cnemn us 1aTe HejeJHAKOCTH CHHYCA, 4 AKO

je mpae uan TVO - CIead HenoCPeXlHo.

= 2r, rae je r IOXYOpeYHENE

HomTo je |21 — 22| = 2 = |AC| = |BD|, noso®xHO je foka3aTn ma je ABCD
TeruBHHA. [Ipumermao ga je

:-_g—li—l)'l::2—:1:1—3{+:2—$132:}“ERI
1—(-1}) 1-=2 2z — 21) 2
: zg+1  zZa— - . .
Gpojenn o wmajy ucTe aprymente, 1j. ZDAC = ZDBC, na je
2 —

ABCD Terusan.

Jaxo ce nahe 4 xperuhia koju mory Aa ce mapesxy. Ilokasmumo ga BUIme 04
gerupu He mome, OGojumo tabny y mer 0oja, O3HAYEHUX OX 1 no 5 penou.
Taga cy ¢Ba yraona moma o3adera ca 1. Kako kperuli He Moxe ga nokpuje
HUjeOEC OO OBHX HOJA, MOMKEMO Ja WX MCKBYHHMO H3 Ja/ber PpasMATDAA.
Cpaks xpeTnll TOKPUBA N0JbA O3HAYeHa ceuM Dojama. Rakxo cy mpeocTalre Ha
taban caMo 4 jeIMHMNE. BHOMMO 03 He MOKEe Ja Ce H3peke BUME O] 9eTHDPH
kpeTuiia.

PazanuuTaX DOjema NPABHX MMAMO 32n  JMorazalieMo ma tauno Tpu Dojema
npasux 3adajy ucro bojeme n? tavaxa. IlocmaTpajMo npecaukasama [ H g
Ha Cryny oDOjeHdX mpaBux, KOja ¢y AeHHUCAHA cal

fin)=mw flw)=3 f(3)=m
glny =3 glu)=mn; g(3) =0

Hexa maMm je 3amaTo Gojeme npapux. Jlako ce youaea fa ce nobujeno bojeme
n? Tauaka He MeHA, VKOIHNKO HA 7T BEPTHKAJHMUX NPABHX NPUMCHUMO TpPEC-
AuEaBama [, 4 HA N XOPH30HTAIHMX OPABHUX [NPHMEHHMO IpeCcIUEABAILE §,
WAM VEOJAMKO HA 1 BEPTHKAIHUX WPABHX NPHMEHHMO NPeCIUKABAEKE §, a4 HA
n XOPHM3OHTAJHEHX npecnmeasame f. Jom ocraje Aa Ce NOKAKe Ha 3aLaTOM
Bojemy n’ Tauaka He 0JroBapa BUme of Tpu Dojema DpaBUX. [MpumeTHMO 1A,
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YKONMKO HaM Je 3a1aTo bojeme n? Tauaka, 3aJaBameM jenHe PUKECUDAHE NPABe

jenpozragno oapelyjemo ocTanux 2n — 1 npasux. $PurcHpany npasy MOMKEMO

n3abpaTy Ha TPH HAYMHA, DA CE 3ATATO bojeme Ta4aKa nobuja on TAYHO TPH
2

T

Gojema npapux. [lakne, paanuuntux bojema n® Tauaka MMa Syt gt

3.5. Buau pememe sanatka 3.5 B xateropuje.



4.1.

4.2,

4.3.

4.4,

4.5.

YerepTH pazpen

Momto je a+ Vb > va+b > ¢ (cimuro octane Tpm), HOCTOjU TPOYTAo
ca crparumama +/a, vb, /. Kako pamm (y/a)? + (V)2 = a+b > (/c)? ouna
je Taj Tpoyrao omTpoyrid. 3ato nocToju TeTpaemap DA, B C) Takas nga je
DAy = BiCy = y/a, DBy = A;C = Vb, DC, = B1A; = \/e. Onabepumo
cana tauke Ag, Bp. Cp Ha nonynpasama DA, DBy, DC, penou, Takse Oa je
DB, Vb +be DA

Ap = DBy = 3 — : 18— T e = :
.D‘lu \/FQ i ‘/’EE, DCQ JE HMomTo Je D.’il ﬁ ﬁ D’Bg

AgB DA
ro ¢y Tpoyraosu DA1B, u DBpAp cniuyEm ¥ Taja Bakn .QTB‘E = ﬂBj =
W/ be ; .
ﬁ = /¢ ma je AgBy = ¢ cimuno ByCo = o u CpAp = b. Maxae nocrojahe

TAKEA TAYKA [,

Ogrosop: m = 1.

(1) Ako je n mpoct onza je S(n)-n=n+1-n=1.

(2) Ako je n cnaoxen oRAa je Bap jenaH meros geamaan d > vr > 1 ma je
Sin)—n>n+yn+1-—n>n

Ako ¢y cen GpojesH AaTOr HM3a OPOCTH OHJA je m = 1, Ako je y IaToM HU3Y
Gap jeman cuowsen, onma cy csu croskenn 36or (2). Tana je moryhe mahw n,
Takas ma je S(n;) —mn; > \/n; > m 3a ceako m € N. [akne mopa Gutu m = 1.

Buau pememe zamatka 4.3 b kareropuje.
Buau pememe zanarka 3.4 A raveropuje.

Bumu pememe sagatka 3.3 A kareropuje.
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CANPAHAIT

OnmTUAECKD TAKMIYSH?

OEpy®EHEO TAKMUYETLE

Peny0Onmuro TakMiyere

Pemerna 3a/1aTAKA CA ONITHHECKOT TAKMUYEHA
Pewen.a 3amaTaka ca OKPYAHOD TAKMWYEHA

Pemema 3ajartaka ca penyOandkor TakMUYERha
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