36. MEHBYHAPOIHUU MATEMATUNYENAN TYPHUP I'PAIIOBA
OcHoBHa jecema BapujanTa, 12.10.2014.

Muaabu y3pacrt (8. paspen ocHOBHUX U 1. paspen cpeamux IIKOJIA)

MN3pana 3amaraka Tpaje 5 catu

Pesyamam ce pauwyna Ha 0cHO8Y MpPu 3604MKQ Ha Kojuma je yuwernuk 006uo najeehu 6poj noena

IIOCHU

3a a1

Ia nu je moryhe cactaBuTu mpaBoyraoHm pam ox 99 mamryumia
nysxuHA 1, 2, ..., 997

Ia gm mocroju mecer MebhycOOHO Pa3IUUUTUX TPUPOTHUX
OpojeBa TakKBUX A je HUXOBA APUTMETUYKA CPEIUHA
BUXOB HajBehy 3ajemHUYKM meuiall TOMHOKEH ca 6;
IbUXOB HajBeNu 3ajeqHUYKN OeTnIal MOMHOMXKEH ca b7

Ha crpanunama AB u BC wkBanpara ABCD youene cy tauke K
u L, pemom, tako nma je KB = LC. Herka je P tauka mpeceka
nysxku AL m CK. IHorasaru nma cy ayxu DP u KL mebhycoGuo
HOpPMAJIHE.

Tokom mkoscke romuue, Anapuja je OeseKMO CBOje OlleHe U3
maremaTtuke (Koje mory ourtu 2, 3, 4, unu 5). HoBy oneny kojy
Tpeba na ybesexky Ha3WMBa ~HEOUEKUBAHA aKO Ce Yy J0TadAlliheM
CIIUCKY OIleHa, Ta OIleHa MOjaBJ/bUBaJia Makme IIyTa O OMJIIO Koje
npyre moezyhe ouene. (Ha nmpumep, ako je 3abene:xkmo penom
onene: 3,4,2,5,5,5,2,3,4,3, HEOUEKUBaHE OIlEHE Cy OumJie OHE Kala
je mpBu myt mobwo 5 um kKama je mo Apyru myT nobuo 4).
WcnocraBuiio ce na je Ha kpajy roauae Aumgpuja nmao 40 orena,
npu dyemy ce cBaka Moryha omena mojaBuia tayno 10 myrta (y
HEmo3HaTOM penocieny). a nu je moryhe onpenutu Tauan 6Gpoj
HEOYEKMBAHUX OIleHA Koje je Ammapuja mobuo?

Haro je N > 1 mpaBoyramx TpoyryioBa. & CBaAKOM OJ HATUX
TpoyraoBa AnmaMm je m3abpao Mo jeaHy KaTeTy U cabpao BmUXOBe
OysKUHE. 3aTuM je cabpao QyKuHE TPEeoCTAIUX KaTeTa TUX
TpoyrinoBa. Ha kpajy je cabpao my:kuHe CBUX XUIOTEHY3A.
WcnocTaBuno ce na modbujena Tpu Opoja umHe AY:KUHE CTPAHUIA
npaBoyrior tpoyria. Jlokazatu ma je ogHOC oyKUHA KarTeTa y
cBakoM on N maTmx TPOYIrJIOBa KOHCTAHTAH, aKo je

N =2,

N je mpou3BoJbaH MPUPOIAH OPOj.



36. MEHBYHAPOIHUU MATEMATUNYENAN TYPHUP I'PAIIOBA
OcHoBHa jecema BapujanTa, 12.10.2014.

Crapuju y3pact (2. u 3. pa3pen Cpeamux MIKOJIA)

MN3pana 3amaraka Tpaje 5 catu

Pesyamam ce pauyna ma ocro8y mpu 360amMKG Ha Kojuma je yuenur 000uo Hajeehu 6poj noewa

points

problems

Ia sm mocroju mecer MebhycOOHO Pa3IUUUTUX MTPUPOTHUX
OpojeBa TaKBUX Ma je HUXOBA aApPUTMETUYKA CPEIUHA
BUXOB HajBeNu 3ajeqHUYKM OesunJIal MOMHOXKEH ca 0;
BUXOB HajBeNu 3ajeqHUYKN OeTuIal MOMHOMXKEH ca b7

Temena Tpoyraa osnauena cy ca A, B u C y cMepy Kperama
Ka3aJ/bKUM Ha YaCOBHUKY, a oArosapajyhm yriosu ca «, [ u
~v. Tpoyrao ce porumpa yBeK y cCMepy KpeTama Ka3aJbKU Ha
YACOBHUKY U TO: OKO Tauyke A 3a yrao «, 3aTUM OKO Tauke B
3a yrao (3, 3atuM oko Tauke C' 3a yrao 7y, ma IMOHOBO OKO TauyKe
A, uta. (poramuja ce yBeK BPIIM Yy OIHOCY HA TPEHYTHU IIOJIOMKA]
temena). JlokaszaTu ma ce HAKOH MIECT OBAKBUX POTAIUja TPOYTao
Bpaha Ha moyeTHy mo3unujy.

Iato je 15 mebycobuo paznmumrtux neaux OpojeBa. llerap je
3ammcao cBe mMoryhe cyme ox mo cemam OpojeBa, nOk je Baca
3anmcao cBe Moryhe cyMme ox mo ocaMm b6pojesa. la nu je moryhe
na cy Ilerap u Baca 3amucanu ucty kosnekuujy 6pojesa? (Caaku
Opoj koju je 3amucao llerap mMopa OuTu 3ammcadH TAYHO TOJMKO
nyTa 1 10 crpase Bace u oGpuyTO.)

Ilato je N mnpaBoyramx TPOYIJIOBA. Y cBakOM O nOaTUX
TpoyrioBa Amam je m3abpao mo jemaHy Karery U cabpao HUXOBE
Oy:KUHE. 3aTuM je cabpao mIy:KMHE TPEeoCTaJnX KaTeTa TUX
TpoyrsoBa. Ha kpajy je cabpao ay:KuHE CBUX XUIOTEHY3A.
WcnocraBuno ce na mobujena Tpu Opoja yuHE TY:KUHE CTPAHUIA
npaBoyraor tpoyriaa. JlokazaTtm ma cy HOYeTHU TPOYTJIOBU
MebhycobHO cimyHM.

Ha moueTky ce Ha cTony Hamas3m romusia cpedOpHUX HOBUMha U
OBa TMpasHa COuCcKa. Y CBAKOM KOPaKy Moryhe je miam monaTu
3JIATHU HOBYMN U 3a0esIeKUTU TPEeHyTHU OpOoj cpeOpHux HOoBUmha
Ha TPBOM CIOHUCKY, WJIU YKJIOHUTU jemaH cpeOpHUM HOBUMN u
3abeJie;KUTU TPEHYTHU OpOj 3JIATHUX HOBUMNA HA APYTOM CIUCKY.
Hakon Hekonamkro kKOpaka, Ha CTOJY Cy OCTaJW CaMO 3JIATHU
vHopumhu. Jlokaszatm ma cy y TOM TPEHyTKy cyMe OpojeBa Ha
IPBOM M APYTOM CIKCKY Ouje jemHake.



36. MEHBYHAPOIHUU MATEMATUNYEN TYPHUP I'PAIIOBA
OcnoBna jecema Bapujanta, 26.10.2014.

Muaabu y3pact (8. paspen ocHOBHUX U 1. paspen Cpeamux IKOJIA)

N3pana 3anaraka tpaje 5 catu

Pesyamam ce pauyna #a ocko8y mpu 3a0amka Ha Kojuma je ywenur 006uo najeehu 6poj noena

IIOCHIM

3a Jalnn

Keangparna Tabsia monespeHa je HA N X N MOJba. Y TMOJOBUHU MOJbA YIIUCAH j€
3HaK +, a y APYTOj HOJIOBMHU 3HakK —. Jloka3zaTu nga IOCTOje OBE BPCTE WU
IBe KOJIOHE Y KOjuMa je YIUCaH jeaHak Opoj miaycesa.

IlorazaTu ma CBaKM TAHIMEHTHU MHOTOYTao CAAP:KU TPU CTPAHUIE O KOjUX
je moryhe cactaBuTu TpOyrao.

Ia nu je moryhe nomenutu cse nosutusHe pesauone 6poja 100! (yrmyuyjyhnu
1 m 100!) y mBa ckyma ca jemHakum OpojeM egeMeHaTa, TAKBA A4 je TPOU3BOI
eJleMeHaTa y IPBOM CKYIY jelIHAK IPOU3BOLY eJleMeHaTa y APYrOM CKYILY.

Ha kpy:kHOj cTasm HaJsaszm ce 25 MOJMIUjCKUX CTAHUIA U Y CBaKOj Ol HUX
mo jeman nosmnajan. CBaku moJsmiajan HOCU 3HAUKY, a CBUX 2D 3HAUKU CYy
HyMepucane OpojeBuma 1,2,...,25, y HeKOM penpocnieny. Y jeoHOM TPEHYTKY
noJunajuuMa je HapebheHo ma ce mpepacmnopene MO MOJUIMjCKUM CTAHUIIAMA,
TAKO Ma OPOjeBU HUXOBUX 3HAUKU KUY PEIOM IO KPY:KHO] cTtazum: 1,2, ..,25
y cMepy KpeTama KaszaJbky Ha caTy. llosmmajum cy To m3Benu Tako na je
YKymHa cyMma npebeHux myTeBa CBUX HoJMIajana Omiaa MUHUMAaJHA MOTryha.
IlokazaTtu na je 6apeM jemaH MOJUIAJAI] OCTA0 y CTAHUNU Yy KOjOj je u Ouo.

Y mpaBoyrjoM TpPOYIJYy KOHCTPYUCaHa Cy OBa MOAydapHa KpPyra KOjU ce
MeDhycoOHO moavpyjy U CBaku O BHUX NOAUPYje XUIOTEHY3Y U jeIHY KATeTy.
Hexka cy M m N pomuwpHe Tauke KpyroBa u xunotenyse. [lokaszatm na
cpenuna nysku M N mpunana cuMeTpasad IpaBOT yria OBOT TPOYTJa.

[Tpuponan Gpoj HABUBAMO PasHuUM aKO Cy My cBe mudpe jemsake (peuumo, 4,
111, 999999). Ilokazatu na ce CBaKU N-TOIMUGPEHU OPOj MOsKe MpPenACTABUTA
Kao cyMa He BuIe on n + 1 paBHuUXx OpojeBa.

[TaykoBa Mmpeska msriena kao tabaa ca 100 x 100 usoposa (omHocHO 99 X 99
nosba). Y oBy Mpexry yxBarwio ce 100 mysa, y 100 pazauuuTux 4yBoposa.
[Tayk, KOju ce Ha MOYETKY HaJa3W y YraoHOM UYBOpY, kKpehe ce mo Mpexu
npena3ehu cTasHO y CyCcenHU YBOP, MamMTeln KOJMKO je KOpaka HAIPaBUO U
jenyhu myBe ycnyt. [la nu mayk Moske na mojene cBe MyBe y He BUIIE O
2100 moTesa;

2000 moTesa?



36. MEHBYHAPOIHUU MATEMATUNYEN TYPHUP I'PAIIOBA
OcnoBna jecema Bapujanta, 26.10.2014.

Crapuju y3pact (2. u 3. pa3pen CpeAmux MKOJIA)

N3pana 3anaraka tpaje 5 catu

Pesyamam ce pauyna #a ocko8y mpu 3a0amka Ha Kojuma je ywenur 006uo najeehu 6poj noena

IIOCHIM

10

3a Jalnn

IlokazaTu ma CBaKM TAHTEHTHM MHOIOYrao CaAp:KW TPU CTPAHUIE ON KOjUX je
moryhe cacraBuTu TpOyrao.

Ha xpy:xHOj craszm Hamasu ce 25 MOJMUNUjCKUX CTAHUIA U y CBAKOj O HUX IO jedaH
nosumajan. CBaku ToJUIAjal] HOCK 3HAUKY, & CBUX 20 3HAUKU Cy HyMEpUCaHe
opojesuma 1,2,...,25, y HekoM pemociemy. Y jeIHOM TPEHYTKY IIOJIMANA]IIMA
je mapebeno ma ce mpepacmopene IO IMOJUIMjCKMM CTAaHUIAMa TaKo na OpojeBu
BUXOBUX 3HAUKU WAy PEIOM IO KpPy:kHO] crasu: 1,2,....25 y cMmepy EKperama
KazaJbky Ha cary. llomwmmajum cy TO m3Beam Tako Oa je yKymHa cyma mnpebenux
myTeBa CBUX moJjunajana Ouma muamMaana moryha. Jlokaszatu ma je Gapewm jeman
MOJIUIAjall OCTA0 y CTAHUIU Y KOjO] je m Ouo.

[puma je zamucao 100 GpojeBa Ha Tabau M M3padyHAO HBUXOB MPOU3BOI. 3ATUM
je yBehao cBaku 6poj 3a 1 m mpumMeTuo mqa je TPOU3BOL CBUX OpOjeBa 0OCTAO
HEIpOMEmeH. 3aTuM je HoBe OpojeBe yBehao 3a 1 m mpom3BOA je MOHOBO OCTAO
HempoMemeH, uTa. [IoHOBMO je 0BO k myTa M CBaku IyT je MPOM3BOI OpOjeBa OCTAO
HenpoMemen. Onpemuru Hajsehy moryhy Bpemmoct 6poja k.

Ymucamu xpyr tpoyria ABC momupyje crparune BC,CA u AB pemomy A', B’ n
C'. HOyxu AA', BB’ u CC’ umajy 3ajemamuky tauxy (G. Hera cy tauxe Cy u Cp
npeceude Tauke kpyra omucanor oko AGA'B’ ca npasama AC u BC', pazmuunre
on B’ u A’. Amanoruo nedpunumemo u tauxe Ap, Ac, Bo, Ba. Hokazatu na Tauke
Cy,Cp, Ag, Ac, Bc, By npunanajy ucTom Kpyry.

Ilerap je mpebpojao cBe wmoryhe peum cacraB/beHe OI 71 CJIOBa W3 CKyIa
{T, P, A, 11}, xoje canpsxe jemnak 6poj caosa I' u P. Baca je npe6pojao cse moryhe
peun cactasibere on 2m caosa u3 ckyna {I', P} koje canpse jenmax 6poj ciosa I’
u P. Ko je mobuo Behu 6poj?

Hecramuu Koma nma Tpoyrao cacraBsben on skuie yuju cy yraosu x°,y°, 2°. CBakry
CTPAHUILy OBOI' TPOYTJIa OH je CABMO 3a | CTemeH 1 Ha Taj HAUMH HOOMO HEKOHBEKCAH
mecroyrao ca yraosuma (z — 1)°, 181°, (y—1)°, 181°, (2 —1)°, 181°. Ilokazatu ma
TauyKe CaBMjarmba Oejle CTPAHUIE IOUETHOD TPOYTJa Y UCTOM OTHOCY.

Y jemHOM KpaJbeBCTBY OMHOC BPEOHOCTHU 3saTa u miatuae onpebyje ce momohiy msa
npuponHa 6poja g u p Ha caenehu HauMH: T rpaMa 3JaTa Bpene KOJUKO U Y rpaMa
nIaTuHe ako je £g = yp (¢ u y He Mopajy 6utu neau 6pojesu). OHor nana kKana je
kypc 6uo g = p = 1001, Pusauuapu cy majaBuau na he ce cBakor HapemsHor naHa
cMmamuBaTi 3a 1 uiam g nnu p, tako na he Hakon 2000 mama u g u p Gutu jenHAKN
jemuaunu. Huje mo3uHaro kojuMm penocienom he ce cmamuBatu ¢ u p. bankap je Ha
IaH HajaBe MOCEem0BAO jelaH KUJIOrpaM 3JaTa U jemaH kuiorpam miarune. OH keau
Ia y HAPeIHUM JaHUMa BPIIM 3aMeHy 3jaTa 3a IaTuHy u oOpHyTo (mo Baskeliem
KypCy yV JaHy pa3MeHe), TaKO Ia Ha Kpajy 3aBplu ca 6apeM aBa KUIOrpaMa 3JaTa
u 6apeMm nBa Kujorpama miatuHe. Jla Ju OH CUTYPHO OBO MOKE I8 MOCTUTHE?



TPUAIIATH IIIECTOM TYPHUP I'OPOJI0B

Ocennnit Typ,

8 — 9 kyaccel, 6ba3oBbIil BapuanT, 12 okTsabps 2014 1.

(Uror moaBoguTest mo TpéM 3aj1avuamM, 10 KOTOPBIM JJOCTUTHY Tl HAUJIY 9IIIHe PE3YJIbTATHI;
6aJLIbl 34 IyHKTHI OJTHOI 33491 CyMMUDYIOTCS. )

OalJIBl  3aJ1a4K

3 1. Ectb 99 namoduex ¢ jymuaavu 1, 2, 3, ..., 99. MoxKHO 11 U3 HUX CJIOKUTH
KOHTYD KaKOIO-HUOY/Ib MPSIMOYTOJTbHAKA !
E. B. Baxaes
2. CyImecTByIOT Jin TaKue JIECITh MOTAPHO PA3JIMIHBIX HATYPAJIbHBIX Y-
ceJl, 9TO UX cpejiHee apudmerrndeckoe OOIbIIe NX HAOOJIbIIEro 00IIero
JIeJTNTEIIs
2 a) POBHO B IIECTh pas;
2 6) pPOBHO B IATH pas?’
. @. Axyaun
3. Ha cropone AB kBajipara ABC'D ormedena Touka K, a Ha cTOpOHE
5 BC — rouka L tak, uro KB = LC. Otpe3ku AL u C'K nepecekaioTcst
B Touke P. Jlokaxkure, uro orpe3ku DP n K L neprieHuKy/IsipHbI.
E. B. baxaes

4. C magaja ydeOHOro rojga AHapeil 3aluchbIBaJl CBOU OIEHKH II0 MaTe-
maruke. [loydast ogepenyio ornenky (2, 3, 4 wim 5), OH Ha3bIBaJ €€
Heootcudarroti, eCJId JI0 STOr0 MOMEHTa OHa, BCTPEYaIach PexKe Kark10i
13 BCEX OCTAJbHBIX BO3MOXKHBIX OreHOK. (Harmpumep, ecsin 661 OH moJty-

5) YU ¢ HavaJa rojia 1mojipsijt ornenku 3,4,2,5,5,5,2,3,4,3, TO HEOXKUIAHHbI-
MU ObLIn ObI TIE€pBas MsiTepKa W BTOpasi YeTBEPKA.) 3a BeCh ydeOHBIi
rog Arpeit moyamt 40 omeHok — 1o 10 IATEPOK, UeTBEPOK, TPOEK
U JBOeK (HEM3BECTHO, B KAKOM TOpsJIKe). MoXKHO i1 TOYHO cKa3aTh,
CKOJIBKO OIIEHOK OBLITH JIjII HETO HEOXKUIAHHBIMU !

E. B. baxaes

5. Haubl N mpsgMOyTo/JIbHBIX TPEYTOJBHUKOB. ¥ KarKJI0I'0 BHIOPAJIN 110 OJ1-
HOMY KaTeTy U HalLIA CyMMY HUX JJIMH, 3aT€M HAILIX CYMMY JIJIMH
OCTaBHINXCA KaTe€TOB, M, HaKOHECI, HallJh CYMMY JJIMH BCEX TI'UIIOTE-
Hys3. OKaSaﬂOCb, 9TO TpHu HaﬁﬂeHHbIX qUCJa ABJAIOTCA AJIMHaAMMU CTOPOH
HEKOTOPOT'O MPsIMOYTOJILHOT'O TpeyroJbHuKa. /lokazkuTe, 9T0 y BCexX nc-
XOJIHBIX TPEYTOJbHUKOB OJIHO M TO K€ OTHOIIEeHHE OOJIBINEro Karera K
MEHBIIIEMY, €CJIN
2 a) N=2;
3 6) N — mo6oe HATYpaJbHOE YHUCIIO, OoJibIiee 1.
E. B. Bakaes



TPUAIIATH IIIECTOM TYPHUP I'OPOJI0B

Ocennnit Typ,

10 — 11 xuracesl, 6a30Bbiit BapuanT, 12 okTsadps 2014 1.

(Uror moaBoguTest mo TpéM 3aj1avuamM, 10 KOTOPBIM JJOCTUTHY Tl HAUJIY 9IIIHe PE3YJIbTATHI;
6aJLIbl 34 IyHKTHI OJTHOI 33491 CyMMUDYIOTCS. )

OalJIBl  3aJ1a4K

1. CymecTByOT /i TaKWe JECATH MONAPHO PA3IUIHBIX HATYPAJIbHBIX M-
ceJi, 9TO UX cpejiHee apudmerndeckoe OObINe NX HaOOJIbIIEro 00IIero

JIeJINTe I
1 a) POBHO B INECTb Pas;
2 6) pPOBHO B IATH pas?’

. ©. Axyaun

2.  Bepmmabr Tpeyrosbauka obosnadenbl 6ykBamu A, B, C' 10 49acoBoii
crpesike. TpeyrosibHUK IMOC/IEI0BATEILHO MOBOPAYUBAIOT 10 YaCOBOM
cTpeJsike: cHadaja BOKPYT Bepiuubl A Ha yros, paBubiit LA, morom —

4 BOKDYT BepINUHbI B Ha yroJi, paBHblil /B, 1 Tak jaJee 1o MUKy (Kaxk-
JIBIT pa3 MOBOPOT JEJAal0T BOKPYT TEKYINETO ITOJIOYKEHWUS OYepeTHOM
Bepiuabl ). JlokaxkuTe, 9TO TOC/IE MIECTU TIOBOPOTOB TPEYTOJIbHUK 3aii-
MET UCXOJIHOE TIOJIOZKEHUE.

B. Pacmopayes

3. Hambl 15 messix qncesi, cpejid KOTOPbIX HET OJMHAKOBBIX. [leTs 3ammucalt
Ha JIOCKY BCEe BO3MOXKHBIE CYMMBI 110 7 M3 9TUX duces, a Baca — Bce
BO3MO2KHBIE€ CYMMBI IIO 8 N3 93TUX YHUCEJI. MOF.HO JIX CJIYIUTBCA, ITO
OHU BBINNCAJIN Ha JIOCKY OJIHE U Te Ke Habopse! uncesn’ (Ecan kakoe-To
YUCJIO TIOBTOPSAETCA HECKOJIbKO pa3 B Habope y Iletu, To u y Bacu omno
JIOJIZKHO TIOBTOPSATHCS CTOJIBKO ¥Ke pas. )

. U. Bozdanos

4. JHaubl N 1psaMOYTrOJIbHBIX TpeyroabHukoB (N > 1). Y KaxK 1010 BhIOpa-
JIX TI0 OJTHOMY KaTeTy W HAIJIA CYMMY HMX JIJINH, 3aT€M HAIJIA CYMMY
JIJIUH OCTABIINXCSA KATeTOB, W, HAKOHEIl, HAIJIA CyMMY JIJIMH BCEX T'H-
nmoteHys. OKa3aj0ch, 9TO TPU HAWIEHHBIX UNUC/IA SIBJISIIOTCS JITHHAMA
CTOPOH HEKOTOPOI'o MPSIMOYTOJILHOTO TpeyroJjibHuka. Jlokaxkure, 91O
BCE UCXOJIHBbIE TPEYTOJbHUKU 10 I00HBI.

E. B. baxaes

5. Ha crose nexkana Kydka cepeOpsaubix MoHeT. KazkipiM feficTBuem oo
JI06aBJISLIN OJTHY 30JI0TYIO MOHETY U 3allUChIBAIN KOJUIECTBO cepedpsi-
HBIX MOHET Ha IIEePBBIii JINCTOK, JINOO yOUpaJIn OJIHY cepeOpsHYI0 MOHETY
) U 3alUChIBAJIA KOJIMIECTBO 30JI0THIX MOHET Ha BTOPOIi JUCTOK. B urore
Ha CTOJIE OCTAJIUCH TOJILKO 30JI0ThIe MOHETHI. JloKayKuTe, 94TO B STOT
MOMEHT CyMMa BCEX YHce/ Ha IIePBOM JIMCTKE PaBHAIACH CYMMe BCEX
qrces Ha BTOPOM.
E. B. baxaes



TPUIIIATH IIIECTON TYPHUP I'OPOJIOB

Ocennnii Typ,

8 — 9 kJ1acchl, CJIOKHBIN Bapuant, 26 okTsabps 2014 r.

(Uror momsomurcest o TpéM 3ajadaM, M0 KOTOPBIM JIOCTHIHYTBHI HAHUJIYYIIHE DE3YJIBTATHI; OaJlIbl 3a
IIYHKTBI OJJHOH 3818491 CyMMHPYIOTCS. )

OaIIBl 388491
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7.
5 a)
5 o)

Jlana kBajpaTHas Tabauia. B Kax 10l ee KjieTke ¢cTouT JnbO III0C, JTUO0 MUHYC, TIPHU-
YeM BCEro ILII0COB U MUHYCOB IOPOBHY. JloKaxKuTe, 9TO Wi B KAKUX-TO JBYX CTPOKaX,
njmm B KaKUX-TO JBYX CTOH6H&X OIMHaKOBOE€ KOJIMYECTBO IIJIIOCOB.

b. P. @penxun

Jlokaxkure, 9TO B JTIOOOM OIMMCAHHOM OKOJIO OKPY2KHOCTH MHOT'OYTOJIbHUKE HailTyTCsd
TPU CTOPOHBI, U3 KOTOPBIX MOXKHO COCTABUTH TPEYTOJbHHUK.
T. B. Kasuywvina, B. P. @pernrxun

Mozkuo 1 Bee HaTypasbhble gesuresn ducita 100! (Bkimodas 1 1 camo 9ucsio) pa3ourn
Ha JIBe TPYIIbI TaK, YTOOBI B 00eUX I'pymiax ObLIO OJUHAKOBOE KOJUYIECTBO YUCETT W
MIPOUBBEJICHIE THUCET IEPBON TPYIIIBI PABHAIOCH ITPOU3BEICHUIO TUCET BTOPOU TPYIIIIHI !

M. 1. Marxun

Ha xomb1ieBoit gopore depe3 paBHBIE TPOMEXKYTKH PACIIOIOKEHBI 2D MOCTOB, Ha KaXK-
JioM crout noJrieiickuit. [losmneiickie mponyMepoBaHbl B KAKOM-TO ITOPSIJIKE TUCTIAMI
ot 1 1o 25. Tpebyercs, 4TOOBI OHU TEPEILIN IO JIOPOre TaK, 9TOObI CHOBA HA KaXKJIOM
IIOCTY OBbLJI MOJIMIENCKHI, HO 110 YacOBO# cTpeske 3a HOMepoM 1 cToss HOMED 2, 3a
HOMEPOM 2 CTOsJI HOMED 3, ..., 38 HOMepoM 25 croga nomep 1. /lokaxkure, 9To ecyim
OPraHu30BaTh IIEPEXO/I TaK, 9TOObI CyMMapHOE PO IeHHOE paCCTOAHIE OBLIO HANMEHb-
IIIAM, TO KTO-TO U3 MOJIATIEHCKNX OCTAHETCA Ha CBOEM ITOCTY.

E. B. baxaes

BrayTpu mpaMoyrobHOro TpeyroJibHUKa IOCTPOUIH JIBE PABHBIE OKPYKHOCTHU TaK, UTO
IepBas KacaeTcsi OJIHOIO U3 KATEeTOB M T'MIIOTEHY3bl, BTOpas KacaeTcs JIPYroro Karera
U THUTIIOTEHY3BI, & €Ié 3TU OKPYKHOCTH KacatoTcs Apyr apyra. [lycte M u N — Ttoukn
KacaHHsI OKPY2KHOCTel ¢ ruroTenysoii. /lokaxkure, uro cepejnna orpeska M N jexur
Ha OMCCEKTPUCE MPSIMOro yIjia TPpeyroJabHUKa.

E. B. Baxaes

HaszoBem HaTypajbHOE YUCIO POSHBIM, €CIIH B €10 3aIMCH BCe TPl OJMHAKOBLI (Ha-
npumep: 4, 111, 999999). Jlokakure, 910 J11060€ N-3HATHOE TUCJIO MOYKHO IIPEJICTABUTD
KaK CyMMy He 6ojiee 94eM N + 1 POBHBIX UHCEI.

A. B. lllanosanos

[Taytuna umeer Bu kiaerdaroit cerku 100 X 100 y3/10B (JIpyruMu CJIOBAMHU, 9TO CETKA
99 x 99 kJteTok). B KakKOM-TO ee yriy CHuT naykK, a B Hekoropbix 100 y3/1ax K nayTuHe
MPUKJIENINCH MYyXH. 3a X0 TAYK MOXKET [TePEMECTUTHCS B JIFOOOI COCETHUI ¢ HUM Y3eI.
MozkeT Jin TayK rapaHTHPOBAHHO ChECTb BCEX MYX, 3aTPaTuB He 6ojiee
2100 xo/10B;
2000 xomoB?

H. U. Bozdanos
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1.

JlokarkuTe, 9TO B JIIOOOM OIMMCAHHOM OKOJIO OKPY?KHOCTH MHOTOYTOJIbHUKE HANIyTCsI TPU CTO-
POHBI, 13 KOTOPBHIX MOXKHO COCTABUTH TPEYTOJILHUK.
T. B. Kasuyvina, B. P. Openrun

Ha xosbrieBoit gopore depe3 paBHbIE TPOMEXKYTKH PACIIOIOKEHDBI 25 ITOCTOB, HA KaXKIOM CTO-
ut noJmneickuii. [loymneilickue MpoHyMepoBaHbI B KAKOM-TO MOPsiJIKe YucjaMu oT 1 7o 25.
Tpebyercst, 9TOOBI OHI TTEPEILIN 10 JIOPOTe TaK, YTOOBI CHOBA Ha KAXKJIOM TIOCTY OBLT HOJIHATIeH-
CKUil, HO 110 YaCOBOIi CTPEJIKE 38 HOMEPOM | CTOsLT HOMED 2, 33 HOMEPOM 2 CTOsLJT HOMep 3, . . .,
3a HOMepoM 25 crost1 HoMep 1. /lokarkuTe, ITO ec/ii OPrann30BaTh IMEPeXo] TaK, 9TOObI CyM-
MapHO€e IIPOIEHHOE PACCTOsSTHUE ObLIO HAUMEHBIIUM, TO KTO-TO U3 IOJUIEHCKIX OCTAHETCS
Ha CBOEM IIOCTY.

E. B. Baxaes

I'puma 3amnucan nva gocke 100 dmces. 3areM OH yBEIUUNI KaXKJ0€ YUCIO Ha 1 W 3aMeTHII,
aro mpousBenenne Beex 100 uumces He mameHus0cb. OH ONSITH YBEJUUMJ KayKl0e UUCI0 Ha
1, u cHOBa NpOU3BEJICHUE BCEX YHCEJ HE M3MEHWJIOCh, U Tak jaJjiee. Beero ['purra mosropusi
9Ty npouenypy k pas, u Bce k pa3 IpousBecHue Yuces He MeHsioch. Haiiaure nanbosibiinee
BO3MOKHO€E 3HavUeHue k.

I A. I'aavnepun

Oxpy»HoCTb, BincanHas B Tpeyroabauk ABC, kacaerca cropon BC, CA, AB B Toukax A’,
B’, ¢’ coorsercrsenno. Ilpavbie AA’, BB’ u CC’ nepecekatorcs B Touke G. OKpy»KHOCTD,
onmcanHass okosio Tpeyronbauka GA’'B’, Bropuano nepecekaer npsambie AC u BC' B Toukax
Cy u Cp. Anaoruano ompejessitorcst Touku Ap, Ao, Bo, Ba. Hokaxwure, uro Touku Ap,
Ac, Be, Ba, Cys, Cp nexar Ha OJHON OKPY>KHOCTH.

A. A. Bacrascrud

ITeTst mocumTasl KOJUIECTBO BCEX BOBMOXKHBIX M-OYKBEHHBIX CJIOB, B 3allUCH KOTOPBIX MOTYT
UCIIOJIB30BaThCs TOJMBKO 4derbipe OykBbl 1, O, W u N, upudyem B KaxkJoMm cjioBe OykB 1 u
O mopoenHy. Bacst mocunTas KOJUIECTBO BCEX BO3MOXKHBIX 2M-OYKBEHHBIX CJIOB, B 3aIlUCH
KOTOPBIX MOTLYT HUCIIOJIb30BaTbCs TOJIHKO JiBe OykBbl 1T u O, 1 B KaxKJIOM CJIOBE 9TUX OYKB
HOPOBHY. Y KO0 CJIOB 10Jyunsioch Goibine? (C1oBo — 970 Jirobast Hoc/Ie10BaTe/IbHOCTh OYKB. )

I A. Hoeydun

Ha crose jexxasr mpoBOJIOYHBIN TPEYrOJIBHUK ¢ yryiamu x°, 1°

, 2°. Xymuran Kosst cormyn
KaKJyI0 CTOPOHY TPEyroJIbHUAKA Ha OJIMH I'PAJyC, B pe3y/IbTaTe 4ero II0JIyYM/ICS HeBbIILYKJIbLIA
[IECTUYTOJBHIK ¢ BHyTpeHHnmu yruiamn (x—1)°, 181°, (y—1)°, 181°, (z—1)°, 181°. Tokaxkure,
YTO TOYKH CIHba HEJIMIU CTOPOHBI UCXOJHOIO TPEYTOJbHUKA B OLHOM M TOM K€ OTHOIICHUU.

U. B. Mumpogaros

B HEKOTOpPOM TOCYIaPCTBE MEHSITCS 30JI0TOH U IJIATHHOBBIA MECOK. 30JI0TO MOXKHO MEHSITh Ha
IUIATUHY, a IJIATUHY Ha 30JI0TO 10 KypPCy, KOTOPBIN OIpejegeTcs HATypaJbHbIMU IUCTaMUI
g U p Tak: T TPAMMOB 30JI0TOI'O II€CKA PABHOIEHHBI Y TPAMMAaM ILJIATUHOBOIO, €CJIU X = YP
(ancia x u y mMoryT ObITh HerebiMu). Ceitdac y GAHKHpaA €CTh 110 KUJIOTPAMMY 30JI0TOTO
¥ miaaTuHOBOTO mecka, a ¢ = p = 1001. locymapcTBo oberaeT KaxKIbIil JIeHb YMEHBIIATD
OJIHO W3 4HCeJ ¢ M P Ha eauHuily, Tak 4ro 4depe3 2000 mHeit onm 0ba CTaHyT €TUHUIIAMIU;
HO TIOCJIE/IOBATE/IbHOCTh YMEHbINEHN HenspecTHa. MoxkeT i OaHKUD KaXKJbIi JeHb MEHATH
[IECOK TaK, ITOOBI B KOHIE FapaHTUPOBAHHO IOJYIUTh XOTs OBl IO 2 KI' KaXKJI0ro IecKa?

U. 1. Bozdaros
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OaIBl 3818491

1. MoxkHo 1 packpacuThb IpaHu KyOa B TPH I[BeTa TaK, UTOOBI KarKJIbIil
IIBET IMPUCYTCTBOBAJ, HO HEJIb3s OBLIO yYBHUJIETH OJIHOBPEMEHHO TI'DaHH
BCEX TPEeX IBETOB, OTKY/a O6bI Mbl HU B3TIsAHY N Ha Ky6? (OHOBpeMEHHO
MOXKHO YBH/JIETh TOJIbKO TPH JIOObIE I'PAaHU, UMEIOIIHe OOIIYI0 BEPIIIHY. )

E. B. Baxaes

2. Ha cropone AB tpeyronbanka ABC' ormernnun Touku K n L Tak, 9T0

4 KL =BCu AK = LB. Jlokaxkure, 910 0Tpe30K K L BUIEH U3 CepeIu-
bl M croponbl AC' O, IPSIMBIM yTJIOM.

E. B. Baxaes

3. Ilera caoxui 10 mocsenoBaTe/IbHBIX CTElIeHeH JIBOMKN, HAaUNHAS C HEKO-
TOpOIi, a Bacs CI0XKUI HEKOTOpPOe KOJUYECTBO IIOC/IeI0BaTe/IbHBIX Ha-
TypaJIbHBIX 4uces, HauuHasg ¢ 1. Morim Ju OHM HOJIYYUTH OJUH U TOT
JKe pe3ysibrat?

H. 1. Asunos

4. Ha kaxoe HanMeHbIIee KOJNIECTBO KBaIPATOB MOYKHO pa3pe3aThb JIeCeH-

4 Ky u3 15 cryneneit (cM. pucyHOK)? Pe3aTh MOXKHO TOJBKO 10 IPAHUIIAM
KJIETOK.

FE. B. Baxaes

T
I

-+

5. ano 2n+1 qucen (n — HATYypaIbHOE), CPEN KOTOPBIX OJIHO YHCJIO PaB-
Ho 0, JiBa Yuc/ia PABHBI 1, JiBa YUC/Ia PABHBI 2, . .., B YUCJA PABHBI M.
5 JI1st KaKux m 9TH 9ncjia MOXKHO 3allicaTh B OJHY CTPOKY TaK, ITOOBI JJIst
KayKJI0ro HATYPAILHOTO 1 OT 1 JI0 1 MEKJLy ABYMsI IHCJIAMU, PABHBIMU
m, OBLIIO PaCIIOJIOKEHO POBHO 1M APYTUX THCE!
. . Axyarun



TPUAIIATH IIIECTOM TYPHUP I'OPOJI0B
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1. Ilera cmoxun 100 mociemoBaTebHBIX CTelleHel MBOMKU, HaYMHAS C
HEKOTOpOIi, a Bacs cJIOK1JI HEKOTOPOE KOJIUYIECTBO IOCJIEI0BATEIbHBIX
HaTypaJIbHBIX YKces, HaunHas ¢ 1. Morim in OHu MOJIyIuTh OJIMH U TOT
JKe pe3yibrar?

H. 1. Asunos

2. Kosep mmeer dopmy KBajipara co croponoit 275 c¢cm. Mosb mpoeina B
HEM dYeTbipe JIBbIPKU. MOXKHO Ji TrapaHTUPOBAHHO BbIpe3aTh U3 KOBpa
KBa/IpaTHBII KyCOK CO CTOpOHO# 1 M, He cojepzkaimuii IbIpoK? JIbipku
cYUTalTe TOYCUYHBIMU.

. . Axyaun

3. Hawno 2n+1 gucen (n — HATYpaAIBHOE), CPEJIU KOTOPBIX OJHO YHCJIO PAB-
HO 0, Ba ymcJia paBHBI 1, JiBa 4mMcja paBHBI 2, ..., JIBa YUCJIa PABHBI N.
4 JL1s KaKuX 1 9TU YUCIa MOYKHO 3aIlUCATh B OJIHY CTPOKY TaK, YTOOBI JI/Ist
KaxKJI0r0 HaTypaJabHOroO m OT 1 JI0 n MEXKLy JBYMs YHCJIaMU, PABHBIMU
m, OBLJIO PaCIIOIOKEHO POBHO 1M JPYTUX THCET!
. D. Axyaun

4. Touku K u L nenar meauany AM tpeyronbanka ABC Ha Tpu paBHbIE
gactu, Touka K jexxur mexyay L u A. Ormerwnmn Touky P Tak, 9To
KP _ PL _ KL
) rpeyroabauku K PL n ABC 1ono0Hb ( 5= 5o = AC), npudem P u C
JIe’KaT B OJIHON MOJIYILIOCKOCTH OTHOCUTEThHO TpsaMoit AM . Jlokaxkure,
aro P nexwut Ha mpsamoit AC.

E. B. Bakaes

5. Ilo kpyry 3amuceBaror 2015 HATYpaJIbHBIX YUCET TaK, YTOOBI JTIOObIE
JIBa COCEJTHUX YUCTIa PA3INYAINCh Ha UX HAUOOJIBINNI OOIINiT 1€/ TNTEIb.
Haiiure nanboJibiiiee Hatypasibuoe N, Ha KOTOPOe rapaHTUPOBAHHO Oy-
JIEeT JeJINThCs Tpon3Bejenue 3tux 2015 yucer.

I K. ?Kyxos
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Buyrpu napamwtenorpamma ABC D ormernn Touky F tak, uro CD = C'E. Jlokaxwure, 9ro orpe3ok DE
[EPIEHIUKYIISAPEH OTPE3KY, COIUHSIONEeMy cepeuabl orpe3koB AE u BC.
E. B. Baxaes

CekperHast 6a3a OKpYy?KeHa IIPO3PAYHBIM MU3BUJIUCTHIM 3200pOM B (pOpMe HEBBIIIYKJIOI0 MHOI'OYIOJIbHUKA,
cHapyKu — 6oJioro. Yepes 6010TO TPOJIOKEHA TIPsIMAast JIMHUS dJIeKTporepe/iad n3 36 croboB, JacTb U3
KOTOPBIX CTOSIT CHapy2Ku 0a3bl, & 9aCTh — BHYTPHU. JIMHUS 3JIeKTPOIIepead He TPOXOAUT Yepe3 BePIITUHbI
3abopa. [Inmon obxoauT 6a3y CHAPYKA BIOJIb 3a00pa TakK, 9TO 3a00p BCE BPEMsI IO IIPABYIO PYKY OT HETO.
Kaxkprit pa3, oka3aBmuch Ha JIMHUN SJIEKTPOIIEPEIAd, OH CIUTAET, CKOJIBKO BCEIO CTOJIOOB HAXOMUTCS 110
JieBy10 pyKy OT Hero (oH ux Bce BuauT). K MOMeHTY, Korja mmuoH oboles Bech 3a00p, OH HACUUTAN B
cymme 2015 crosiboB. CKOJIBKO CTOJIOOB HAXOIUTCSI BHYTPHU Oa3bl?

E. B. baxaes

HarypasbHble qucia , £2 1 2> HAUHHAIOTCS C OJHOI U Toi ke rmdprl. Oba3aTeIbHO 1 3Ta nudpa —

eIMHAIA !
TorT ke BOIpOC IJIA HATYPAJLHBIX dHces T, x>, x5, . .., x2015,
E. B. Baxaes

Kaxkmast cropoHa HEKOTOPOTO MHOIOYIOJIBHUKA 00JIa[aeT TaKUM CBOMCTBOM: Ha IPSIMOM, COJEpXKaIleit
9Ty CTOPOHY, JIEXKUT eIE XOTs Obl OJHA BEPIIMHA MHOTOYTOJbHUKA. MOXKEeT JiM YHCJI0 BEPINUH TOrO
MHOT'OYTOJIbHUKA,
HE TTPEBOCXOINTH JEBATH;
He TIPEBOCXOINUTEH BOCHMU?

FE. B. Baxaes

B rabmuiy 2Xn (tae n > 2) Buncanbl uncsa. CyMMbI BO BCeX CTOIONAX PAa3InIHbL. JJOKAayKUTe, 9TO MOXKHO
[IEPECTABUTD YKCJIa B TADJIMIIE TAK, YTOOBI CYMMbI B CTOJIONAX OBIIN PA3JIMYHBI U CYMMbI B CTPOKaX ObLIN
pa3IMIHBL.

B Tabamy 10 x 10 Boucanbr unciaa. CyMMBL BO BCeX CTOJIONAX pa3/IMIHbL. Beerma aum MOXKHO IepPecTaBUTh
quciia B TabJinie Tak, YTo0bl CYMMBI B CTOJIONAX ObLIU Pa3/IMYHbl U CYMMbI B CTPOKaX ObLIM PA3JIMYHbBI!

A. B. Illanosanos

BHyTpu OKpy2KHOCTH PACIIOJIOXKEH BBINYKJIbIH paBHOCTOpOHHUT N-yroibauk. Kask iy ero cropony mpo-
JJIEBAIOT B 0DOMX HAIIPABJICHHUAX JIO IEPECEYCHUS ¢ OKPYKHOCTBIO, TIOJIyYas 110 JBa HOBBIX OTPE3KA, Pac-
[IOJIOYKEHHBIX BHE MHOTOYTOJIbHUKA. 3aTeM HEKOTOpbIe 13 2N TOJIyYeHHBIX OTPE3KOB KPAaCATC B KPACHBIH
[IBET, & OCTAJbHbIE — B CUHUI 1BeT. JloKaXKuTe, 9T0 MOYKHO PACKPACUTD 9TU OTPE3KU TaK, YTOOLI CyMMa
JIJIMH KPACHBIX OTPE3KOB PABHSIACH CYMME JIJINH CHHUX.

Donvkaop, npedaoscun I. A. Faronepun

Nmmeparop npursacua Ha npa3aauk 2015 BOIIIEOHHKOB, OOPBIX U 3JIbIX, IPU 9TOM BOJIIEOHUKH 3HAIOT,
KTO JOOPBIit U KTO 37101, & nMrepatop HeT. /{oOpbIit Bo/IIIIeOHUK BCerjia TOBOPUT IPABILY, & 3JI0i TOBOPUT
qro yroguo. Ha mpa3jgHuke mMmiiepaTop B KAKOM XOYET IOPSIKE 3aJ@aeT KaXKJIOMy BOJIIIEOHUKY 110 BO-
npocy (TpefyiomiemMmy OTBeTa «JIa» WU <HET») U CAYIIAET OTBET, a II0C/Ie BCeX OTBETOB OJHOIO M3TOHSIET.
BoutieOHrK BBIXOIUT B 3aKOJIIOBAHHYIO JIBEPh, M UMIEPATOD y3HAET, J100pbIil oH O6buT mim 3i10it. [locite
9TOTO UMIEPATOP BHOBH 33/Ia€T KAXK/IOMY M3 OCTABIIUXCsI BOJIIEOHUKOB TI0 BOIIPOCY, BHOBbH OJTHOI'O M3rO-
HSET, ¥ TaK Jlajee, IIOKa UMIEPATOD He PEIIUT OCTAHOBUTHCS (3TO BO3MOXKHO TIOCJIE JIFOOOTO U3 OTBETOB,
U TI0CJI€ OCTAHOBKH MOYKHO HUKOTO He U3IOHSITh). JJOKasKuTe, UTO NMIEPATOD MOYKET M3THATH BCEX 3JIBIX
BOJIINIEOHNKOB, YIAJIUB IIPU 3TOM He HoJiee 0JIHOro JI06pOro.

U. B. Mumpogaros
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HarypasibHble qmcaa T, £2 0 2° HAMHHAIOTCH ¢ OTHON I Tol ke mudpel. Obg3aTenbHo M1 9Ta mudpa —

eMHUIA !
Tor ke BOIPOC /IS HATYPAJIbHBIX dnces &, x2, x5, . .., 22015,

FE. B. Baxaes

Ha ocnoanuu BC pasuoGenpennoro tpeyroabunka ABC ormedena Touka X, a Ha cropornax AB u AC —
cooTBeTcTBeHHO Toukn P 1 () TakuM obpaszom, uro AP X () — napaJsuienorpamm. JJokaxkure, 410 TOUKa Y,
CHMMeTPHIHAsST TOUKe X OTHOCHTEJBHO MpsAMOoit P(Q), momajaeT Ha OIMICAHHYIO OKPYKHOCTD TPEYTOIHHIKA
ABC.

@. A. Hsaes

B rabmuiy 2xn (tae n > 2) Buncanbl ancsia. CyMMbI BO BCeX CTOIONAX PAa3InIHbl. JJOKayKUTe, 9TO MOXKHO
[I€PECTaBUTD YNCIa B TAOJIUIE TAK, YTOOBI CyMMBI B CTOJIONAX OBLIN PA3JINIHBI B CYMMBbI B CTPOKaX ObLIN
PAa3JINIHBL.

B rabsumy 100x 100 Buucanst gucsiaa. CyMMbL BO Beex CTOIOMAX PA3InIHbI. Beerma jin MOYKHO IepecTaBUTh
quciia B TabJnie Tak, YTo0bl CYMMBI B CTOJIONAX ObLIU Pa3IMYHbl U CYMMbBI B CTPOKaX OBLIM PA3JIMYHbBI!

A. B. Illanosanos

BHyTpu OKpy2KHOCTH PACIIOJIOXKEH BBINYKJIbIH paBHOCTOpOoHHUT N-yroipank. Kaskayo ero cropony mpo-
JJIEBAIOT B 0DOMX HAIIPABJICHUAX JIO IEPECEYCHUS ¢ OKPYKHOCTBIO, TIOJIyYas [0 JBa HOBBIX OTPE3KA, Pac-
MTOJIOYKEHHBIX BHE MHOTOYTOJIbHUKA. 3aTeM HEKOTOpbIe 13 2N TOJIyYeHHBIX OTPE3KOB KPAaCATCA B KPACHBIA
[IBET, & OCTaJbHbIE — B CHHUI 1BeT. JloKaXKuTe, 9T0 MOKHO PACKPACUTH 9TU OTPE3KU TaK, YTOOLI CyMMa
JUTMH KPACHBIX OTPE3KOB PABHSIACH CYMME JIJTAH CHHUX.

Donvkaop, npedaoscun I. A. Faronepun

CyIiecTByIOT Ji TaKHe JIBa MHOTOYWIEHA C MEIbIMUA KoM MUITHEHTAMHI, ITO ¥ KaXKJI0r0 U3 HUX €CTh KO3(d-
durmenT, MoIyJIb KOTOporo 6oJibitie 2015, HO IPU 9TOM Yy UX MIPOU3BEIEHUS MOIY/IN BCeX K0P DUInenTon
He 6ostbIre 17

A. 4. Kaneav-Benaos

Nnmeparop npursiacui Ha mpa3gauk 2015 BOIIIEOHNKOB, TOOPBIX U 3JIbIX, IIPU 9TOM BOJIIIEOHUKHU 3HAOT,
KTO J0OpBIN U KTO 37101, a uMiepaTop HeT. JJoOpshIil BOJeOHNK BCerJa TOBOPHUT IIPABIY, a 3JI0i TOBOPUT
qaro yrogno. Ha mpasiHuke uMepaTop cHavaja BBLIAET KaXKJIOMY BOJIIIEOHUKY TO OyMarKKe ¢ BOIIPOCOM
(TpebyromunM OTBeTA «JIa» WU <HET» ), 3aTe€M BOJIMIEOHUKN OTBEYAIOT, M TIOCJIE BCEX OTBETOB UMIEPATOD
OJIHOT'O U3TOHsiET. BOJIEOHNK BBIXOIUT B 3aKOJIJIOBAHHYIO JIBEPb, U UMIIEPATOD y3HAET, JOOPBIi OH ObLI
i 35101 [locse 9Toro uMepaTop BHOBb BbIIAET KaXKJIOMY U3 OCTABIIUXCsT BOJIIEOHUKOB IO OYMarKKe C
BOIIPOCOM, BHOBb OJJHOI'O M3TOHSIET, M TAK JaJjiee, IIOKa UMIEPATOD HEe PEIIUT OCTAHOBUTLCs (9TO BOZMOXKHO
ocJie JirobOro U3 OTBETOB, U MOCJE OCTAHOBKY MOXKHO HMKOI'O HE U3LOHATH). JloKaXKuTe, 9TO UMIEPATOD
MOKeT M3THATDH BCEX 3JIBIX BOJIMEOHUKOB, VIAJIMB IIPU 3TOM He DoJjiee OJHOro 106poro.

U. B. Mumpogparos

Kaxk u3BecTHO, eciiu y 9eThbIpexyroJbHIKA CYIECTBYIOT BIICAHHAS U OIMCAHHAS OKPYKHOCTH U MX II€H-
TPBI COBIIAJIAIOT, TO STOT YETHIPEXYIOJBHUK — KBaJIpaT. A BepeH Jin aHAJIOr TOI0 YTBEPXKJIEHUs] B IIPO-
CTpaHCTBe: ec/in y KyOoua CyIIecTBYIOT BIUCAHHAS W ONHUCAHHAsi cepbl U UX IEHTPHI COBIAIAIOT, TO
sror Kybous — Ky6? (Kyboum — 970 MHOrOrpaHHUK, y KOTOPOTO 6 4eThIPEXyroIbHBIX TPaHell 1 B KaXKI0H
BEpIIMHE CXOQUTCA 3 pebpa).

M. A. Esdoxumos



TPUAIIATH IIIECTOM TYPHIP I'OPOJIOB

11 xmace, ycrHBIN TYp, 22 MapTta 2015 T

1. I'pacduk KBaJpaTHOrO TPEXUIEHA C MEJBIMUA KOI(DUIIMEHTAME TIE€pe-
cekaeT 0Ch abcIuce B Toukax X, Z, a oCb OpAMHAT B TOUKe Y (BCE TP TOYKN
pasnnanbl). Haiiinre Hanbosbiiee Bo3amoxKkHoe 3uadenue yria XY Z.

B. Openxun

2. Tpeyronbauku ABC u ADFE takoBbl, uro F jexur Ha jgyde AB,

a D jexur nHa jayue AC. Oxa3zajocb, uto Ouccektpucbl BX u DY 3Tux
TPEeyroJIbHUKOB ITepleHIuKy/Isipabl. Jlokaxkure, uro XY mapasutensao EC.
B. Moxun

3. Nsnaganmbao B OumsHec-TieHTpe OaszmpoBaymch 2" pupM, KaxKaas 3a-
HUMAaJIa HEKOTOPYIO ILJIOMIA b, BCE ILIOMAIN ObLIN Pa3JndHbl. KarKablit 1o
bupMbl 00bEIUHSINCDL B MAPBI, U B KaXKJIOi mape pupma ¢ MeHbIIeH 110~
MAIbI0 MPUCOEINHSIACHL K dupMe ¢ Oombiieit. [Ipu 3Ttom HEH B Kakoil Mo-
MEHT BpeMeHU He ObLIO JIBYX (PUPM C OJIMHAKOBO IO Ib0. Uepes n Jer
ocrasnach ofna dupma. Kakoe HanMeHbIree MeCTo 10 IUIOMAAn (canuTas OT
MeHbIIeil K GoJibleii) sTa hupMa Morjia 3aHUMATh BHaYaJe?

B. Openxun

4. Tano HaTYypaJbHOE YUCIO0 a. Jokaxkure, 9T0 J1II060€ HATYpPAILHOE UHC-

JIO 11 MOKHO JIOMHOXKHTH Ha KaKOe-TO HaTypaJbHOe Yncyo, MeHbInee 10a, Tax,
9TOOBI JeCATUYIHAS 3aIMCHh TPOU3BEIECHNsT HAYMHAJIACH Ha .

FE. Baxaes

5. B xybudeckyo KopoOKy moMecTm/iu 3 OINHAKOBLIX mapa. Jlokaxkure,
YTO B TOYHO TAKyIO K€ IIYCTYIO KOPOOKY MOXKHO IIOMECTUTH 4 TaKhX K€
mapa.

M. Esdoxumos

6. JIpa mBopiia cmopTa HaOpaJIK MKOJBHUKOB B CEKITNN. B Kaxk 101t cexmm
[IEpBOTO JIBOPIIA HE MEHBIIE, YeM II0 1 JeTell, a B KaXKI0# CEeKIMI BTOPOIro —
He MeHbIle, 9eM 110 k aereit. OKa3a/0Ch, 9T0 KayKJIbIi MKOJBHUK IIOCEIaeT
CTOJIBKO K€ CEKITHI B IIEPBOM JIBOPIIE, CKOJIBKO M BO BTOpOM. Kpome Toro,
B JIIOOBIX JIBYX CEKITUSX U3 PA3HBIX JIBOPIIOB €CTh He 00jiee OIHOr0 OOINEero
mKoJIbHUKA. JIOKaKuTe, 9TO B EPBBIH JBOPEIL IIOIAJI0 He MeHbIIe Nk meTeii.

H. Bepewgaeun, A. Pomauienxo



TPUILATH IIIECTOI TYPHUP I'OPOJIOB

11 xnacc, yecrablit Typ, 22 mapra 2015 .

Pemenusa 3amag

1. Ipagpur xeadpammozo mpéxurena ¢ UEALMU KOIPHUUUEHMAMU NEPECEKAEM 0C AOCUUCC 8 MOYKAT
X, Z, a ocv opdunam 6 mouxe Y (6ce mpu mouxu pasausns). Hatidume naubosvwee 603mooicroe 3na-
yernue yeaa XY 7.

b. Openkxun

OTset. 90°.

Pemenne. IIpumep. Tpéxuren 22 — 1.

Ouenka. Iyers O — HadaI0 KOOPJAMHAT, TPEXUJIEH uMeeT BUJ ar’ + br + ¢, a ero KOpHU PaBHBI I' 1
s. Ipeanonoxum, uro yron XY Z tynoit. Torma |OY|? < |OX||0OZ|, nockobKky 1ipu npsmvom yrie XY Z
6bLI0 6bI paBeHcTBO. 3HauuT, ¢ < |rs| = |¢/al, nHo Torma 0 < |ac| < 1, 9TO IPOTHBOPEUUT HETOUUCIEHHOCTH
auec.

Kommentapwmii. [lesiounciennocts b Ha camom jiejie He Tpebyercs.

2. Tpeyeorvruxuy ABC u ADE maxosv, wmo E aeocum na aywe AB, a D aeocum wa ayve AC.
Oxasanoco, wmo buccekmpucot BX u DY aomux mpeyzorvruxos nepnenduryaspmus. Jlokascume, wmo

XY napanrenvno EC.
B. Moxun

Pemenne 1. BriGepem na sydax AC' u AB toukun D' u E’ coorsercrBenno tak, uro D'B || DY u
D'E" || DE. Torna D'B 1 BX, tak uro BD' — Bremuss 6uccekrpuca B Tpeyrojbauke ABC, 1o ecTb
/CBD' = /D'BFE'. TlockonbKy tpeyroabiuku ADE u AD'E’' romoreruunnl, npsmas D'B sBisiercs
6uccekTpuCoii ocaearero, Tak uro /BD'C = Z/BD'E’. 3uaaut, Tpeyroasauku BCD' w BE'D' cummer-
puunbl oTHOCHTENbHO BD', orkyna BC = BE'. Ilostomy /BCE' = /BE'C = ZABC/2 = ZXBC, 10

AX AB AY
ects BX || CE'. 3naunr,

, OTKYJIa U cJjiejiyeT Tpebyemoe.

AC ~ AE ~ AE

A X C D D’

Pemenne 2. 113 nannoii nepnenpukynspHocrn umeem ZABX + ZADY + /BAD = 7/2; orciona
LABC + LADE = 2(LABX + LADY) = © — 2/BAD. 3unaunr, ZACB + ZAED = (1 — LABC —

AB sinACB sinAED AD
LBAD)+(r—£ZADE—/ZBAD) = 7. Ilo Teopeme CHHYCOB TI0JIy4aeM BC = snBAD — smBAD — DE'
AX AB AD AY

XC BC DE YE’

Buauur, OTKYJla U CJiejlyeT Tpebyemoe.

3. Usnauaavno 6 busHec-uenmpe 6a3uposasucy 2" Gupm, KaHcOaA 3aHUMANG HEKOMOPYIO NAOWAL,
6ce naowadu OvLAU pasaudHsl. Kaotcovitd 200 dupmor 0bsedurAsucy 6 napvl, U 6 Kaxcdotl nape dupma c
MEHDUWET NAOULAODI0 NPUCOEIUHUAGCH K Pupme ¢ boavwet. [Ipu smom Hu 6 KaKol MOMEHM BPEMEHU He



ova0 deyxr upm ¢ 0dunarosol naowadvio. epes m saem ocmanaco odna gupma. Kaxoe naumenvuiee
MECTOo No naowady (cuumasn om menvueld x 6oavwet) ama Gupma MO2AG 3GHUMAMD BHAYAAE T
b. @penxun

OrBet: n + 1.

Pemenune. 3anymepyem (hupMbl B OpsijiKe Bo3pacTanusa KamuTtaoB. [lycrs dupma A u3 ycmopus 3a-
Jlagu moJiyyansia Homep m < n + 1. Tak Kak oHa coxpaHuJIach Ha IIEPBOM IIare, TO K Heill IPUCOENHIIACH
HekoTopas ¢pupma B ¢ HOMepoM k < m. Bbuio emé ne Oosbie m — 2 map, B KOTOPbIe BONLIA (DUPMBbI
¢ HoMepaMu MeHbIie m. B ocrambHbx napax obe ¢gpupmbl ObLtn Oosibine, dem A u B, mosToMy y ocTas-
muxcst UPM KaIuTa Il Moy Iuscs Oosibiie, yem y A. 3anymepyeMm (pupMbl CHOBa, B MTOPSIKE BO3PACTAHUS
obpaszoBaBImxcsa KanutaioB. Torma ¢dupma A mosyant HoMmep He 6osbie m — 1. AHATOTMYHO Ha KayKJIOM
caeiyroneM mare eé Homep yoniBaeT. Tak Kak BCero maroB 1 > m, TO He 032Ke YeM Ha, IPEJITIOCIeHEM
mare A mogyanT HOMep 1 ¥ IPUCOEIMHUTCA K JIPYroii ¢pupMe — IIPOTUBOPEYNE.

Terepb mOCTPOMM OJMH U3 BO3MOXKHBIX MIPUMEPOB, Korja (n + 1)-s dupma (obosnaunm eé F') mnpu-
coeJIMHgAeT Bce ocTasibHble. [IpegcTraBum cebe, ITO 1OCE KaxKJIOTO Iara oObeJMHEeHns 00Ias ILIO0Ia/ b
YMEHBIIAETCST B JBA pPa3a. JTO 3HATNT, ITO OOJIbINeH u3 AByX (hUpM JI0CTaéTCs HE CyMMa, a cpejHee apud-
MeTH4ecKoe oM@ Ieil. ZcHo, 4To Ha KaxKJ0M Iare OyIyT OCTaBaTbCsd Te ¥Ke (PUPMBI, UTO U IIPU UCXOTHOMN
nporeaype. Termepb orMeTuM Ha YUCIOBOI MPsAMON HOJIOXKUTEIbHOE 9UCI0 f U OyJieM CUUTaTh, 9TO ITO
wiIoma b pupMbl F' 110 oOKOHYaHUHU Iporecca. OTMeTnM JiBa 9ucjia ¢ u h, CHMMeTPUIHbIE OTHOCUTE/IHHO f.
MoOKHO cYUTATD, YTO ITO IJIOMAIH, 3aHAThIe (hupMmoit F u jipyroit ¢pupmoit G riepe/1 ocae THuM 00be InHe-
nueM. Kazxmast m3 HUX ecThb cpejiHee apudMeTHIecKoe IIoma el 1ByX (bupM mepe 1 mpe bl Iy M IITaroOM.
B kadecTBe 3THX MI0MA el BHIOEPEM JIBa, YUCJIA, CHMMETPUIHBIX OTHOCUTEIBHO ¢, U JBa CUMMETPUYIHBIX
orHocuTeNLHO h. OuHo U3 Hux — wiomaab f' dupMsl F nepes npegamociaeaiuM marom. MoxKHO BBIOpATh
9TU YMCJIa TaK, 9TO JiBa U3 HUX MeHbIre f’, a oano — Oosbiie. IloBropuMm 3TOT miar, BeIOpaB 8 4uces B
KadecTBe ILIoMaeit (pupM, CyIiecTBOBABIINX epe] mpeabaymuM marom. MokHo BeIOpaTh X Tak, 9YTO
ILUIOMIA I TPEX pupM OYIyT MeHblire 1Ioma u pupmbl F', a octaisbabie Ooibiie. [IpojosKkas aHAJIOTHIHO,
MOJTyYUM B Ka4eCTBE UCXOJIHBIX ILIOMaIel pupM 2™ duceli, u3 KOTOPBIX TOJBKO 1. MEHBIIE, YeM MUCXO/THAs
wionia b ¢pupMbl F. Eciu Bce yroMsiHyThbIe 9HCIa BRIOUPATH JIOCTATOTHO OJIU3KO JIPYT OT JPyTra, TO BCe
OHH OKaXKYTCs IMOJIOKUTETbHBIMU, U MBI TOJIy9IaeM UCKOMBIH IIpuMep.

4. Jlano namypasvroe wucao a. Jlokascume, wmo a1000€ HAMYPAALHOE YUCAO T MOHCHO OMHONCUMD HA,
KaKoe-mo HamypasvHoe 4ucro, mewvuee 10a, max, 4mobv, decamuyHas 3anuct NPou3eedeHUs HaYUHAAMLCH
Ha a.

FE. Baxaes

Pemrenne. Ilycth k — HamMeHbIIee 1e10e ducio Takoe, uto n < 10F, a d — HauMeHbIee HATYPAJIbHOE
qnciio takoe, uto dn > 10¥a (unaue rosopd, k = [lgn] u d = [10¥a/n]). Torma (d — 1)n < 10%a, To ectsb
dn < 10%a +n < 10¥(a + 1); a1o 3Ha4uT, 9To UncIO dn HaunHaeTcd Ha a. 3HauuT, ecin d < 10a, To d —
TpebyeMbIil MHOXKUTE/Ib.

[IpemnonoxuM, uro d > 10a. U3 BBIGOpa d momydaeMm, uro 10Fa > 10an, To ects 10¥~1 > n, uro
nporusopednt Bbibopy k. Hakonern, ecoim d = 10a, To niesoe qucio dn/10 Takzke HAYUHAETCS HA @, TO €CTh
noaxoaut guciao d/10 = a < 10a.

5. B xybuueckyro xopobky nomecmuiu 3 odunaxosur wapa. Jlokascume, wmo 6 MouHO MaKyo HCe
NYCMYI0 KOPoOKYy MOACHO NOMECTNUMD 4 MAKUT JHCE Wapa.
M. Esdoxumos

Pemenne. [lycts pajimychl mapoB paBHbI 1; paccMOTPUM Ky0O, FOMOTETHIHBINT KOPOOKE C IEHTPOM B €€
IIEHTPe, 'PaHd KOTOPOT'O OTCTOAT OT IrpaHeil Kopobku Ha 1. Torma meHTpbI TPEX MIapoB JiexKaT B HEM, a
MoTIApHBbIE PACCTOAHUS MEXKJy HUMU He MeHble 2. Ecim npu 3rom pedpo HOBOro Kyba He KOpoue, deM
V/2, TO MOYKHO PACKPACHTh €r0 BEPIIAHBI B MIAXMATHOM TIOPSIIKE U B3ATh 4 Mapa ¢ IEeHTpaMn B 4 T€épHBIX
BepmmHax. OHM 00/18/1a10T BCeMU HEOOXOTMMBIMU CBONCTBAMI.



OcTasioch MOKas3aTh, 9TO B KyGe ¢ peGpOM, MEHBINM /2, HeJIb3sl BHIOPATH TPU TOUKH C IIONAPHBIMM
paccrosauaMu XoTs Obl 2. [Iycrs Takume Tpu Toukm Hamuiuch. CHpoerupyeM 3TH TOYKHA Ha OCh, HapaJi-
JIeIbHYIO eGPy Ky6a; MAKCHMAJIBHOE PACCTOSIHAE MEXKILY HPOEKIMSIME MEHbIIe /2 (TO ecTb ero KBajpar
MEeHbIIe 2), a CyMMa JBYX JIDYIUX PACCTOSHUI paBHA MaKCUMAJIbLHOMY (M TOrJa CyMMa KBaJpaToOB ITUX
paccrosianii Takxke MeHblie 2). [IpogesaB Takue paccyzKeHust [Tl BCeX TPEX OCell W IPIMEHsIS TeopeMy
[Tucpbaropa, moydaem, 9To cyMMa KBaIPATOB ITOMAPHBIX PACCTOSHUN MEXK/Iy TOYKaMU MeHbIe 12, TO ecTh
OJVH U3 3TUX KBaJpaToB MeHbIe 4. [IporuBopeune.

6. /[6a dsopua cnopma HabPay WKOADHUKOS 6 cekyuu. B xaocdoll cexuuu nepeozo d80pua e Menvuie,
wem no n demetl, a 6 Kaxcdoli cexyuy, 8mopo2o — He menvue, Yem no k demeti. Okadanocw, wmo xastcovil
WKOALHUK NOCEWAET, CMOALKO MHCE CEKUUT 8 NEPBOM 060pUe, CKOALKO U 80 6Mopom. Kpome mozo, 6 1100v1x
08YT CEKUUAT U3 PA3HBIT 060PUOE ecmb He boaee 00H020 0bwe20 wrosvHuka. Jokaxcume, ¥mo 6 nepeuiil
dsopey, nonano ve menvue nk demeti.

H. Bepewaeun, A. Pomawenxo

Pemenne. IIycts B mepBoMm JBOpIiie a cekiumii, a Bo Bropom — b ceknuii. [lycth obiree Kojm4aecTBO
3a/1efiCTBOBAHHBIX IIKOJBLHUKOB PABHO S, U i-il IKOJBHUK y4YacTByeT B d; CeKiuii meporo jsopia (u d;
ceknuit Broporo). Torna ectsb df 1ap CeKIuii U3 pa3HbIX JIBOPIIOB TAKUX, UTO 2-i IIKOJHLHUK XOJUT B 00e
ceknuu napbl. [[ocKoJIbKY B KaxKkj0it u3 ab map cekmuil m3 pas3HbIX JABOPIOB He 0OoJiee OJHOrO OOIIero
IMKOJIbHUKA, TIOJTydaeM

S S 2
ab>Y " d? > % > odi .
i=1 i=1

[IpocymmupyeM Tenepb KOJIMYECTBa MIKOJBHUKOB BO BCEX CEKIMAX MEPBOIO JIBOPIIA, & TaKXKe KOJIUIeCTBa
S
IIKOJIbHIKOB BO BCEX CEKIMsIX BTOPOIO JBOPIA; B 000X cirydasx moayaurces »  d;. C apyroif cTopoHsl, B

i=1
[IEPBOM CJIydae I0JIydaeTcs He MEHbIIe, 9eM an, a BO BTOPOM — He MeHbIle, dyeM bk. 3Haqur,

2

1 : an - bk

b>— d; >
“ s ; o S

Cokpariag Ha ab, morygaeM s > nk, 910 1 TpebOBAJIOCH.
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Problem 1. Is it possible to paint six faces of a cube into three colours so that each
colour is present, but from any position one can see at most two colours?

Answer. Yes, it is possible.

Solution. Colour two opposite faces of the cube in red and blue, while the other faces
in green. From any position one can not see red and blue faces at the same time. [

Problem 2. Points K and L are marked on side AB of triangle ABC so that KL =
BC and AK = LB. Given that O is the midpoint of side AC, prove that ZKOL =
90°.

Solution 1. Let M be a midpoint of AB. Then MO = 1/2BC = 1/2KL = KM =
M L. Therefore, points K, M, and O belong to a circle with radius K M and centre
at M. Since KL is a diameter of this circle, ZKOL = 90°.

[]

Solution 2. Let us draw LD || BC and CD || AB. Quadrilateral AKCD is a parallel-
ogram ( CD = LB = AK and CD || AK). Then O, the midpoint of AC' is the point
of intersection of its diagonals and therefore KO = OD. Since the triangle K LD is
isosceles (LK = BC = LD, its median LO is also an altitude. Hence ZKOL = 90°.




Problem 3. Pete summed up 10 consecutive powers of 2, starting from some power,
while Basil summed up several consecutive positive integers starting from 1. Can
they get the same result?

Answer. Yes, they can.

Solution. Indeed, let 281 4 . 2K¥10 = 1 4 2 4+ ... + n. Simplifying we see that
282(210 — 1) = n(n + 1) holds for n = 2! — 1 and k = 8. O

Problem 4. A figure, given on the grid, consists of a 15-step staircase and horizontal
and vertical bases (see the figure). What is the least number of squares one can split
this figure into? (Splitting is allowed only along the grid).

Solution. Note that each step’s corner belongs to some square and no two corners
belong to the same square. Therefore the number of squares is no less than 15.
Example that splitting the figure into 15 squares can be achieved:

777\77!’7T7777\777777‘\77\77T7777\77!’7r
| | | | | | | | | | | | | |
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Problem 5. Among 2n + 1 positive integers there is exactly one 0, while each of
the numbers 1,2, ...,n is presented exactly twice. For which n can one line up these
numbers so that for any m = 1,...,n there are exactly m numbers between two m’s?

Answer. For any n.

Solution. Observe that two sets of odd numbers, each set from from 1 to 2k + 1 can
be arranged according to the requirement with one empty space in the middle:

2k+1,2k—1,...,3,1,] [1,3,...,2k—1,2k+1

while two sets of even from from 1 to 2k can be arranged according to the requirement
with two empty spaces in the middle:

2k, 2k —2,...,2,1, | [ 1,2,...,2k—2,2k



(a) n = 2k + 1. Consider the follow arrangement:

2k+1,2k—1,...,3,1,[2k| 1,3, ... 2k—1,2k+1,2k—2,2k—4...2,[2k,0|2, ..., 2k—2

Inserting two copies of 2k as shown, we see that for any m # 2k requirement holds
and we can check that it holds for m = 2k as well.

Indeed,
1,3,...,2k—1,2k+ 1,2k — 2,2k —4...2,

includes £ 4+ 1 of odd numbers and & — 1 of even numbers, 2k numbers in total.

(b) n = 2k. In a similar way one can check that the following arrangement works:

2k —1,2k—3,...,3,1,[2k]1,3,..., 2k = 1,2k — 2,2k — 4...2,]0,2k|,2,..., 2k — 2

]



International Mathematics

TOURNAMENT OF THE TOWNS

Senior O-Level Paper Spring 2015

Problem 1. Pete summed up 100 consecutive powers of 2, starting from some power,
while Basil summed up several consecutive positive integers starting from 1. Can they
get the same result?

Answer. Yes, they can.

Solution. Indeed, let 2F+1 4 2100 — 1 4 9 4 ... 4+ n. Simplifying we see that
2FF2(2190 — 1) = n(n + 1) holds for n = 2'%° — 1 and k = 98. O

Problem 2. A moth made four small holes in a square carpet with a 275 cm side.
Can one always cut out a square piece with a 1 m side without holes? (Consider holes
as points).

Answer. One can always cut out a square piece with a 1 m side without holes.
Solution. On the picture one can see the positions of 5 non overlapping squares, four

corner squares with side of 1 m and a central square with side = 0.75v/2 > 1. Four
moths can make holes in at most four of these pieces.

"\

]

Problem 3. Among 2n + 1 positive integers there is exactly one 0, while each of
the numbers 1,2, ...,n is presented exactly twice. For which n can one line up these
numbers so that for any m =1, ..., n there are exactly m numbers between two m’s?

Answer. For any n.

Solution. Observe that two sets of odd numbers, each set from from 1 to 2k + 1 can
be arranged according to the requirement with one empty space in the middle:

2k + 1,2k —1,...,3,1,] [1,3,...,2k—1,2k+1

while two sets of even from from 1 to 2k can be arranged according to the requirement
with two empty spaces in the middle:

2k, 2k —2,...,2,1, | [ 1,2,...,2k—2,2k



(a) n = 2k + 1. Consider the follow arrangement:

2k+1,2k—1,...,3,1,[2k| 1,3, .., 2k—1,2k+1,2k—2,2k—4...2,[2k,0|2, ..., 2k—2

Inserting two copies of 2k as shown, we see that for any m # 2k requirement holds
and we can check that it holds for m = 2k as well.

Indeed,
1,3,...,2k—1,2k+ 1,2k — 2,2k —4...2,

includes k£ 4+ 1 of odd numbers and k — 1 of even numbers, 2k numbers in total.

(b) n = 2k. In a similar way one can check that the following arrangement works:

2k —1,2k—3,...,3,1,[2k]1,3,... 2k = 1,2k — 2,2k — 4...2,]0,2k|,2,... 2k — 2
O

Problem 4. Points K and L are marked on the median AM of triangle ABC', so
that AK = KL = LM. Point P is chosen so that triangles K PL and ABC are
similar (% = % = %) Given that points P and C' are on the same side of line
AM, prove that point P lies on line AC.

Solution. Let KN be median of triangle LK P. Since triangles ABC and KPL
are similar, triangles LK N and CAM are similar as well. If ZCAM = «, then
ZLKN = a. On the other hand, triangles LK N and LAP are similar (KN || AP as a
midline of triangle LAP). Therefore, ZLAP = ZLKN = «. Hence ZLAC = ZLAP
and therefore P lies on the line AC.

]

Problem 5. 2015 positive integers are arranged in a circular order. The difference
between any two adjacent numbers coincides with their greatest common divisor.
Determine the maximal value of N which divides the product of all 2015 numbers,
regardless of their choice.

Answer. N = 3. 21009,

Solution. Observe that in order to satisfy the assumptions the sequence of numbers
cannot contain two adjacent odd numbers. Therefore it contains at least 1008 even
numbers and the product of the numbers is divisible by 2!9%%.  Assume that the



product of the numbers is not divisible by 219 (so that no even number is divisible

by 4). By PHP there are two adjacent even numbers. Then their difference is divisible
by 4. Therefore one of these even numbers must be divisible by 4. Contradiction.

Let us prove that the product of the numbers is divisible by 3. Assume that no
number is divisible by 3 (so it equals 1 or 2 modulo 3.).

Moreover, reminders 1 and 2 must alternate (otherwise the difference is divisible by
3 and one of the numbers is divisible by 3). Since the total number of alternating
objects must be even we got a contradiction.

Hence the product of the numbers is divisible by at least 3 x 21909,

Example that 3 x 2199 is reached:

2, 1,2, ..., 2 1,23 4

1006 “2”, 1006 “1”




International Mathematics

TOURNAMENT OF THE TOWNS

Junior A-Level Paper Spring 2015

Problem 1. A point is chosen inside a parallelogram ABCD so that CD = C'E. Prove that
the segment DFE is perpendicular to the segment connecting the midpoints of the segments
AFE and BC.

Solution. Denote by M, N, K and L the midpoints of BC, AE, AD and ED respectively.
Since triangle EC'D is isosceles, the median C'L is also an altitude and therefore ZC'LD = 90°.
Since NK is the midline of triangle AED, NK is parallel to ED and NK = LD. Then
triangles M KN and CDL are congruent. (NK = LD, MK =CD and ZMKN = ZCDL,
as angles between parallel sides). Hence, ZM N K = 90° implying that ED is perpendicular

to MN.
M
B C
/M
N
A D
K

Problem 2. Area 51 has the shape of a non-convex polygon. It is protected by a chain
fence along its perimeter and is surrounded by a minefield so that a spy can only move along
the fence. The spy went around the Area once so that the Area was always on his right. A
straight power line with 36 poles crosses this area so that some of the poles are inside the
Area, and some are outside it. Each time the spy crossed the power line, he counted the
poles to the left of him (he could see all the poles). Having passed along the whole fence, the
spy had counted 2015 poles in total. Find the number of poles inside the fence.

]

Answer. 1.

Solution. Let Ay, By, Ag, Bo, ..., A,, B, be consecutive points where the power line enters
and exits the Area; a Spy goes along the fence so that the Area is on his right. Let us orient
the line so that when it enters the Area the Spy goes “up” and when it exits the Area, the
Spy goes “down” (see the figure). Then passing through A and By (Ay and By are not
necessary consecutive for the Spy ) the Spy counts all poles to the left from A; and all poles
to the right of By, therefore he counts 36 — ay, poles (skipping the poles a; between A and
By). Then coming back to the point he started the Spy counts 36n — x = 2015 poles where
r=a;+ay+---+a, (0<x<36). Since2016 = 2015 + 1 is divisible by 36 this equation
has an unique solution x = 1.

Ay] B, A, By /

/ \ AN /B,




Problem 3. (a) The integers z, x* and 22 begin with the same digit. Does it imply that
this digit is 17

(b) The same question for the integers x, x%, 23, ... 2?01,

Answer. No.

Solution. (a) Example: x =99, x? = 99% = 9801, 23 = 99 = 970299.

(b) Solution (Ben Wei). We use Bernoulli inequality (1 —&)* > (1 — ke) for 0 < & < 1 and
k > 1 (It can be proved by induction). Consider z = 99999 in the form x = 10°(1 — ) with
e =107, Then 2 = 10%(1 — )% > 10%%(1 — ke) > 0.9 - 10°%.

Therefore 10°%* > z¥ > 0.9 - 10°* for all k = 1,2,...,2015, meaning that all given integers
start with digit 9.

]

Problem 4. For each side of some polygon, the line containing it contains at least one more
vertex of this polygon. Is it possible that the number of vertices of this polygon is

(a) <97

(b) < 8?

Solution (a) (Ben Wei), (b) (Halim Howard). O

Problem 5. (a) A 2 x n-table (with n > 2) is filled with numbers so that the sums in all
the columns are different. Prove that it is possible to permute the numbers in the table so
that the sums in the columns would still be different and the sums in the rows would also be
different.

(b) A 10 x 10-table is filled with numbers such that the sums in all the columns are different.
Is it always possible to permute the numbers in the table so that the sums in the columns
would still be different and the sums in the rows would also be different?



Solution. (a) (Dima Paramonov). If sums of the numbers in rows are different, then the
statement holds. Assume that these sums are the same. If some column contains different
numbers, then exchanging these numbers we satisfy the requirement. Assume that in
each column the top and the bottom numbers are the same (so that both rows of the
table are identical). We can always change the order of columns in the table so that
a1 < as < agz < ... < ag. Let us consider the following permutation which affects only the
first three columns:

a1 | Ay | a2 | Qq e ag
g (A3 | Az | a4 | ... Qe

It is clear now that sums of the numbers in rows are different. Indeed, a1+a1+as < a1+as+as.
Since a1 +as < a1 + a3z < as + az < 2a4 < .... < 2ag, sums of the numbers in each column
remain different.

(b) Counterexample (Sina Abbasi). Consider a 10 x 10 table, filled with “0”s and “1”s as
follows: column ¢, i = 1,...,9 contains ¢ — 1 of 1s, the last column is completely filled with
Iswhile the remaining cells are filled with “0”s.

Since the total sum of elements in a table is the same no matter if it is calculated by columns
or by rows and all possible values of sums in rows are between 0 and 10 (11 different values
in total) we have: 04+14+2+34+4+5+64+7+8+10=0+1+4+2+---+ 10— = where z
is a value of sum in a row we must exclude (assuming that all other sums of the numbers
in rows are different). Given that 0 < z < 10, x = 9 is an unique solution. Therefore the
possible values of sums in rows are 0,1,...,8 and 10. However the existence of a row with
value 0 contradicts to the existence of a column with value 10. O]

Problem 6. A convex N-gon with equal sides is located inside a circle. Each side is extended
in both directions up to the intersection with the circle so that it contains two new segments
outside the polygon. Prove that one can paint some of these new 2N segments in red and
the rest in blue so that the sum of lengths of all the red segments would be the same as for
the blue ones.

Combined solution of Victor Rong and Frieda Rong. Standing at some point inside of the
polygon and looking towards its side z;, (i = 1,..., k, |z;] = ) denote the segments to the
left and to the right of the side as a; and b; respectively.

Consequently applying Intersecting Chord Theorem to each vertex of the polygon we get



CL1<I + bl) = bk(ak + LL’),
a2<.’13 + bg) = bl(al + .CE),
a3($ + b3) = bg(ag -+ ZE),

ap(z + b) = bp_1(ar_1 + x).
Summing up the equations and simplifying we get
a1 +as+...+a,=b+by+ ...+ b
By colouring a; and b; in red and blue we prove the statement. O

Problem 7. An Emperor invited 2015 wizards to a festival. Each of the wizards knows who
of them is good and who is evil, however the Emperor doesn’t know this. A good wizard
always tells the truth, while an evil wizard can tell the truth or lie at any moment. The
Emperor asks each wizard (in an order of his choice) a single question, maybe different for
different wizards, and listens to the answer which is either “yes” or “no”. Having listened to
all the answers, the Emperor expels a single wizard through a magic door which shows if this
wizard is good or evil. Then the Emperor repeats the procedure with the remaining wizards,
and so on. The Emperor may stop at any moment, and after this the Emperor may expel or
not expel a wizard. Prove that the Emperor can expel all the evil wizards having expelled at
most one good wizard.

Solution of Sina Abbasi. Step 1. The Emperor lists all wizards Wy, Ws, ..., Wy and asks
everyone but W if Wi is evil (It does not no matter what he asks W7).

- If all of them confirm that W is evil, W; is expelled. If he occurs to be evil, the number of
evil wizards is decreased by 1 (so the Emperor can start the next round). If W occurs to be
good then all the remaining wizards are evil, and they are expelled in next rounds one by
one.

- If wizard W; answers “no”, then he is expelled. If he occurs to be evil the number of evil
wizards is decreased by 1. If he occurs to be good we find one non-expelled good wizard (W)
and we go to Step 2.

Step 2. Assume that all wizards are lined up, starting with good wizard W;. The Emperor
asks W; (i = 1,...) if Wiy is evil (It does not no matter what he asks the last wizard). If W;
answers “yes”, W, is expelled and the Emperor can start the next round. If all wizards
said “no”, then all evil wizards are expelled and Emperor stops the trial. O
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Problem 1. (a) The integers z, x* and x® begin with the same digit. Does it imply that
this digit is 17
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(b) The same question for the integers x, z*, =

Y

Answer. No.

Solution. (a) Ezample: x =99, z? = 99% = 9801, 23 = 99% = 970299.

(b) Solution (Ben Wei). We use Bernoulli inequality (1 —)* > (1 — ke) for 0 < e < 1 and
k > 1 (It can be proved by induction). Consider z = 99999 in the form x = 10°(1 — ) with
e =107, Then z* = 10%(1 — €)% > 10%(1 — ke) > 0.9 - 10°*.

Therefore 10°% > 2% > 0.9-10°* for all k = 1,2,...,2015, meaning that all given integers
start with digit 9.

]

Problem 2. A point X is marked on the base BC' of an isosceles triangle ABC, and points
P and () are marked on the sides AB and AC' so that APX(Q is a parallelogram. Prove that
the point Y symmetrical to X with respect to line PQ lies on the circumcircle of the triangle
ABC.

Solution (Richard Chow). Consider triangles PY O and OAQ. Note that ZPYQ = ZPXQ =
/PAQ and Z/YOP = ZAOQ. Then /Y PO = ZAQO which implies that Z/BPY = /Y QC.
Since triangle ABC' is isosceles and PX || AC, triangle BPX is also isosceles and since
PX = PY, triangle BPY is isosceles as well. In similar way we can rove that triangle Y QC'
is also isosceles. Then triangles BPY and Y QC are similar. If follows that /BYC = ZBAC
and therefore quadrilateral BY AC' is cyclic.

Y 0o

]

Problem 3. (a) A 2 x n-table (with n > 2) is filled with numbers so that the sums in all
the columns are different. Prove that it is possible to permute the numbers in the table so
that the sums in the columns would still be different and the sums in the rows would also be
different.



(b) A 100 x 100-table is filled with numbers such that the sums in all the columns are
different. Is it always possible to permute the numbers in the table so that the sums in the
columns would still be different and the sums in the rows would also be different?

Solution. (a) (Dima Paramonov). If sums of the numbers in rows are different, then the
statement holds. Assume that these sums are the same. If some column contains different
numbers, then exchanging these numbers we satisfy the requirement. Assume that in
each column the top and the bottom numbers are the same (so that both rows of the
table are identical). We can always change the order of columns in the table so that
a1 < ag < az < ... < ay. Let us consider the following permutation which affects only the
first three columns:

ayp | ay | s | Aq | ... Qe
Qo | Az | a3 | A4 | ... Qe

It is clear now that sums of the numbers in rows are different. Indeed, a;+a;+as < a1+as+as.
Since ay + as < a1 +az < as + az < 2a4 < .... < 2ay, sums of the numbers in each column
remain different.

(b) Counterexample (Sina Abbasi). Consider a 100 x 100 table, filled with “0”s and “1”s as
follows: column ¢, ¢ = 1,...,99 contains ¢ — 1 of 1s, the last column is completely filled with
1s while the remaining cells are filled with “0”s.

Since the total sum of elements in a table is the same no matter if it is calculated by columns
or by rows and all possible values of sums in rows are between 0 and 100 (101 different values
in total) we have: 0+1+2+---+98+100=0+1+2+---+ 100 — z where z is a value
of sum in a row we must exclude (assuming that all other sums of the numbers in rows are
different). Given that 0 < z < 100, x = 99 is an unique solution. Therefore the possible
values of sums in rows are 0,1,...,98 and 100. However the existence of a row with value 0
contradicts to the existence of a column with value 100. O]

Problem 4. A convex N-gon with equal sides is located inside a circle. Each side is extended
in both directions up to the intersection with the circle so that it contains two new segments
outside the polygon. Prove that one can paint some of these new 2N segments in red and
the rest in blue so that the sum of lengths of all the red segments would be the same as for
the blue ones.

Combined solution of Victor Rong and Frieda Rong. Standing at some point inside of the
polygon and looking towards its side z;, (i = 1,..., k, |z;] = ) denote the segments to the
left and to the right of the side as a; and b; respectively.

Consequently applying Intersecting Chord Theorem to each vertex of the polygon we get

al(:x + bl) = bk(ak + [E),
CLQ(J] + bQ) = bl(al + ZE),
Cl3<£ll' + bg) = bg(az + LC),

ak(x + bk) = bk_1<ak_1 + x)



Summing up the equations and simplifying we get
a1+a2+...+ak:b1+b2+...+bk.
By colouring a; and b; in red and blue we prove the statement. O]

Problem 5. Do there exist two polynomials with integer coefficients such that each poly-
nomial has a coefficient with an absolute value exceeding 2015 but all coefficients of their
product have absolute values not exceeding 17

Answer. Yes, such two polynomials exist.

Solution of Central Committee. Let us call a polynomial P(x) simple if every coefficient is
either 0 or 1. Observe that if P(x) is a simple polynomial of degree n then (2™ + 1)P(z)
with m > n is also a simple polynomial. Therefore, starting with the polynomial (z + 1)
and multiplying it recursively 2016 times by polynomials in the form of (z™ + 1) with
increasing odd m we obtain a simple polynomial f(x). Note that f(z) is divisible by
g(z) = (z + 1)%17 = £2017 4 201722916 + . (Indeed, (x™ + 1) with odd m is divisible by
(z+1)). Let f(z) = g(z)h(z) where h(z) = 2 + az*' + .. .. Consider the second coefficient
of f(z). On one hand it equals to 0 or 1, on the other hand it equals to 2017 + a. Thus,
a = 2017 or a = 2016, in any case exceeding 2015. O

Problem 6. An Emperor invited 2015 wizards to a festival. Each of the wizards knows who
of them is good and who is evil, however the Emperor doesn’t know this. A good wizard
always tells the truth, while an evil wizard can tell the truth or lie at any moment. The
Emperor gives each wizard a card with a single question, maybe different for different wizards,
and after that listens to the answers of all wizards which are either “yes” or “no”. Having
listened to all the answers, the Emperor expels a single wizard through a magic door which
shows if this wizard is good or evil. Then the Emperor makes new cards with questions and
repeats the procedure with the remaining wizards, and so on. The Emperor may stop at
any moment, and after this the Emperor may expel or not expel a wizard. Prove that the
Emperor can expel all the evil wizards having expelled at most one good wizard.

Solution of Sina Abbasi. Step 1. The Emperor lists all wizards Wy, Ws, ..., Wy and asks
everyone but Wy if W is evil (It does not no matter what he asks W7).

- If all of them confirm that W is evil, W; is expelled. If WW; occurs to be evil, the number
of evil wizards is decreased by 1 (so the Emperor can start the next round). If W; occurs to
be good then all the remaining wizards are evil, and they are expelled one by one in next
rounds.



- If wizard W; answers “no”, then he is expelled. If W; occurs to be evil the number of evil
wizards is decreased by 1. If W; occurs to be good we find one non-expelled good wizard
(W1) and we go to Step 2.

Step 2. Assume that all wizards are lined up, starting with good wizard W;. The Emperor
asks W; (i = 1,...) if W;4 is evil (It does not no matter what he would ask the last wizard). If
W; answers “yes”, W, is expelled and the Emperor can start the next round. If all wizards
said “no”, then all evil wizards are expelled and Emperor stops the trial. O

Problem 7. It is well-known that if a quadrilateral has the circumcircle and the incircle
with the same centre then the quadrilateral is a square. Is the similar statement true in 3
dimensions: namely, if a cuboid is inscribed into a sphere and circumscribed around a sphere
and the centres of the spheres coincide, does it imply that the cuboid is a cube? (A cuboid is
a polyhedron with 6 quadrilateral faces such that each vertex belongs to 3 edges.)

Answer. Such cuboid is not necessary a cube.

(a) top view (b) side view i. (c) i. (d)

Solution of Central Committee. Consider two 6 x 8 rectangles with a common centre. Rotate
them ninety degrees about each other and shift at the at distance 4v/3 so that the line
connecting their centres is perpendicular to both rectangles.

Let O be a midpoint of this line. Connecting the corresponding vertices of top and bottom
rectangles we get a cuboid, with 8 vertices, 6 faces and three edges emitting from each
vertex. The distance between O and each of eight vertices is the same, equaled to R =

\/ (2v/3)2 + 32 + 42 = /37. Therefore the cuboid is inscribed into sphere with centre O and
radius R.

Now observe that each of six faces of the cuboid (2 congruent rectangles and 4 congruent
trapezoids) is inscribed in a circle of radius 5. Indeed, radius of the circle circumscribed
about rectangle equals a half of it diagonal /62 + 82/2 = 5. A lateral side of the trapezoid
equals to v/48 + 2 = v/50 while a heigh of the trapezoid equals /50 — 1 = 7. It is easy to
check that such a trapezoid is also inscribed into a circle of radius 5. Since each face of the
solid is inscribed in circles of equal radius, the centres of these circles (0;,i =1,...,6) are
equidistant from O. This implies that a sphere with centre O and radius r = OO; touches
each face at point O;. O]
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