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You will find in this booklet 20 problems in total, proposed by Bulgaria, Former
Yugoslav Republic of Macedonia, Republic of Moldova, Romania and
Yugoslavia (Serbia and Montenegro). We thank very much these countries for
their proposals. The proposed problems and solutions presented here are -
essentially unedited with the exception of certain minor modifications that
seemed necessary. Relatively more substantial corrections and suggestions of
the Problem Committee appear under the heading of Comments.

The problems are classified into three categories: Algebra, Combinatorics and
Geometry. There are eight problems in Algebra, five in Combinatorics and
seven in Geometry. Each problem is listed under the category that seems to
describe its content best. The problems in each category are listed to roughly
reflect their order of difficulty based on the judgément of the Problem
Commuttee.

Problem Committee:

Albert Erkip

Varga Kalantarov

Azer Kerimov

Burak Ozbagct

Mehmet Hamidoglu Tagiyev
Okan Tekman



ALG 1. A number A is written with 2n digits, each of whish is 4, and-a number B is written
with n digits, each of which is 8. Prove that for each n, A+2B+4 is a total square.

Solution.
A=444. 44 =44, 444 4=44_400..0-44.4+88.8=44.4-(10" -D+B
; \ N — N e S e e Nt N
2n n n n n n n "
2 ~2 - 2%
~4.11..1-99.9+8=2%11.13*.11..1+B=66..6-66..6+B=[3-22..21 + B
7} n n n i - n n
3. 2,.B=(3p)?
=[388.81°+B=(2B)* +B.
n
So, .
s — 3 2 o _:i 2 E"..:_". . 2 = _3.. S 2—- 3 2
A+2B+4=(3B)? +B+2B+4=(2B)? + 23 B-2+2" =(3 B+2)* =(3.88..8+2)
n

=(3-22..2+2)% =66...68°
e —

—
n n—i

. b
ALG 2. Let a, b, ¢ be lengths of triangle sides, p = % + -+ < and q =
c a

Prove that |p — q| <'L. |

oA

£
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- Solution: One has
a=c b—a
b N c
= |bc? — b%c+ alc — ac® + ab* — a?b| =
= |abc — ac? — a?b + a’*c — b%c + bc? + ab® — abe| =
= |(b — ¢)(ac — a® — bc + ab)| =

=[(b—c)(c—a)la—b).
Since [b—c| < a, c—a] <band |a—-b| < ¢ we infere

|(b—c)(c—a)(a—b)| <abc

-b
abclp — q| =abcIca +

and (5= c){c — a) e — B)

abc

lp—gql = <1.
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ALG 3 Let a b ¢ be real numbers such that a®+b*+c*=1. Prove that.

5 .
P=abs+bc+ca— 2(a+b +c) > ———2—. Are there values of @, b, ¢, such that P = —-—D—.

_ a+b+c) —ct-b-d’ (a+b+c) -1
Solution: We have ab+bc+ca= = ;

2 2
Ifput { =a+b+C weobtain
22 2 _ _ [_22_
poliml ot 4r-1_(t-2) 5,5
2 2 2 2

-

A b . . .
Obviously P=-—7— when t=2,ie a+b+c=2, or c=2—a-b. Substitute in at+b*+ct =1

L

and obtain 2a° +2 (b - 2) a+2b* —4b+3=0. Sinée this quadratic equation has solutions it follows
that (b —2)2 —2(21)2 —3b +3) >0, from where
—3b* +4b-620

ar s

3 -4b+6<0.

&
s

2
2
But 35 —-4b+6=3 (b ——;) +¥ >0 . The contradiction shows that F' = —--;— .

U 3

Comment: By the Cauchy Schwarz inequality |fl < V3, so the smallest value of P is attained at
t =3 and equals 1-2¥3=-2 46.



ALG 4.

Let a, b, c be rational numbers such that

1 1 1

+ = :
a+bc b4+ac a+b

c—3 . .
Prove that \/ is also a rational number,
c+1 w

Solution. By cancelling the denominators

(a+b)%(1 +c) = ab + c(a® + b7) + abc?

and
ablc—1)* = (a +b)*.

If ¢ =-1, we obtz’n the contradiction

1 1 1
-+ =
a—b b—a a-+b ,
Furthermbore, f
(C—3)(c+l)—_—(c._l>2__4= (a + ) 4
. 25 4
_ (o9 =(§a—b><c~1> :
: ab a+b )
Thus

\H.fc——S Vie=3)(c+1) _ la — blle - 1]
V o+ 1 | c+1 (c—{-l)[a—i—b[EQ'

as needed.
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ALG 5. Let ABC be ascalene triangle with BC' = g, AC =b and AB =,
where a, b, c are positive integers. Prove that

lab® 4 b + ca® — a’b — b’ — Fa| > 2.

Solution. Denote E = ab® +bc? +ca? — a®b — b ¢ — c?a. We have
I

E = (abc — c*a) + (ca® — a’b) + (b — b7c) + (ab® —abc) =

(b— ¢)(ac — a2 — e+ ab) = (b — c)(a Z b)(c —a).

So, |E| = la — b} |b—c| - [c — al. By hypothesis each factor from |E| is a positive
integer. We shall prove that at least one factor from |E| is greater than 1. Suppose
that ja—bl=|b—c|=|c—al=1 It follows that the numbers a —b, b—c,c—a
are odd. So, the number 0 = (a—b)+ (b—c)+(c—a) isolsoodd, a contradiction.
Hence, |[E|>1-1-2=12.
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ALG 6. )

Let a, b, c be positive numbers such that a2b? 4+ b2e? - 232 = 3. Prove that

a.-|:b+02abc-+~2.

Solution. We can consider the case a > b > c which implies ¢ < 1. The given
inequality writes -

X 212 “

4 b-2> (ab=1)e> (b= 1) = (@b— 1) %0
a > (a Ye > (ab—1)c* = (ab—1) =5 (1)
Put z = Vab. From the inequality 3a2b* > a%b® + _bzcé-i- c’a? = 3 we infer z > 1 and
from a2b? < a?b? + 52c? +c%a® = 3 we find z < V3. Asa+b > 2Vab = 97 and »
a? + b% > 2ab = 222, to prove the inequality (1) it will sufice to show that

3 - &

272

2(z —-1) 2 (z% —1)

As z — 1> 0, the last.inequality is equivalent to
4z’ > (z+1)(3 - z%)
‘which can be easily obtained by multplying the obvious ones 222 > r+1and 2> 3 -zt

Equality holds only in the case when o = b=c=1.

=

Comment: As it is,the solution is incorrect, it only proves the weaker inequality
a+b—2> (ab-1)c?, thatis: a+b+ ¢2 > abc? + 2. The problem committee could not
find a reasonable solution. Instead the problem could be slightly modified so that the
method of the proposed solution applies. The modified problem is:

ALG 6'. Let a, b, ¢ be positive numbers such that ab + bc+ca = 3. Prove that

a+b+c>abc+?2

Solution. Eliminating ¢ gives
(1 —ab)(3 —ab)

a+b+c—-abc=a+b+(1-ab)c=a+b+

a+b
. - - o= Aol *
Putx = Jab. Then a+b = 2x, and since | <xt <3 U "1252 ab) 5 (1 ")7("‘)_
faq

It then suffices to prove'that

(-G
72x -

L

2x +

This last inequality follows from the arithmetic-geometiic means inequaiiy
-4

. = xt 1 1 x3 I \~¥
9 = SRS T U SR T U R S . —
2v + o T 5x T T T3 24(,16) =2



ALGT.

Let z,y, z be real numbers greater than —1. Prove that
2 2 L2

1+z + 1+y L 1+z >0

1+y+22 l4z+22 14+z4+y2 "~

2 B Y
Solution. We have y < Hz—y—, hence ¥

1+ z? - 1+ 22,
l+y+22 ~ 1+z2+lﬂ‘§§ﬁ

and the similar inequalities.
Setting 6 = 1 +22,b=1+y% c =1+ z%, it sufices to prove that
6. b n c_ S
20+b 204+c 2b4¢ T

forall a,b,¢ > 0.
Put A=2c+b,B=2a+¢,C=2b0+a. Then
_O44B-24 A44C-28 B4 -20
; 9 ’ 9 T 9
and (1) rewrites as /
O+4B—2A+A+4C—QBJ_B+4A—2C

a

A B | ¢ =°
and consequently
.g-'_é_LBJ_4 B+C+A > 15
ATETET\ATB )=
As A,B,C >0, by AM — GM inequality we have
A B C /A B C
R T Il el st e
gtcTa=VB T A
and
B C + A 3
A B C~—7
and we are done.
Alternative solution for inequality (1).
By the Cauchy-Schwarz inequality,
o b . _c¢ a’ b* ¢? (a+b+c)

+ + = + 1
2% +b 2a+c 2b+a 2ac+ab 2ab+cb+2bc+ac“3(ab+bc+ca)Zh

The last inequality reduces immediately to the obvious a® + b* + ¢ > ab + bc + ca.



ALG 8. Prove that there exist two sets A = {z,¥,2z} and B = {m,n,p} of
positive integers greater than 2003 such that the sets have no common elements
and the equalitiesz +y+2z=m+n+p and 22 + y? + 22 = m? + n? + p? hold.

Solution. Let ABC be a triangle with BC = a, AC = b AB = ¢ and
a < b < c Denote by ma,ms, me the lengths of medianes drawing from the
vertices A, B, C respectively. Usmcf the fofmulas

4l =2(B + %) —a?, 4m} =2(® + &) - b?, 4ml=2(* + V) - &
we obtain the relations
4m? +4ml +4m? = 3a® + 38° + 32,
(4m?)? + (4m3)? + (4m2)‘2 = (2% + 2¢% — 0¥+
(2a% + 2¢ — 032 + (20° +20* — )P = 9a* + 9b* +9c” =
(3a%)? + (36%)% + (3¢%)%.

We put A = {4ma,4mb,4m2} and B = {3a?,3b?,3¢%}. Let k > 1 be & positive
integer. Let a= k41, b— k+ 2 and ¢ = k + 3. Because

+b~(k¢1) +(k+2)=2k+3>k+3=g¢
a triangle with such length sides there exist. After the simple calculations we have
A={8k+1)*-2,3(k +2)* + 4, 3(k +3)* -2},
B = {3(k+1)%,3(k +2)*,3(k +3)°}.
It easy to prove that
THY+2z :m,-i-’n.—rp—— 3k +1)% + (k+2)* + (5 +3)7],
e =m? +nt 4+ =9k + 1)+ (B +2)" + (B +3)Y.

>From the inequality 3(k + 1) —2 > 2003 we obtain k > 25. For k = 25 we have
an example of two sets

A = {2026,2191,2350}, B = {2028, 2187,2352}

with desired properties.
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COM 1. In a group of 60 students: 40 speak English; 30 speak French; 8 speak all the three
languages; the number of students that speak English and French but not German is equal to
“the sum of the number of students that speak English and German but not French plus the
number of students that speak French and German but not English; and the number of
students that speak at least 2 of those [anguages is 28. How many students speak:
a) German; ~ b) only English; ¢) only German ? )
Solution: We use the following notation. -
E = # students that speak English, F = # students that speak French,
G = # students that speak German; m = # students that speak all the three languages,
« = # students that speak English and French but not German,
y = # students that speak German and French but not English,
2 = # students that speak English and German but not French.
The conditions x+y=z and x+y+z+8=28, imply that z=x+y=10, i.e. 10 students speak German
and French, but not English. Then: G+E -y~ 8 +F—x—8— 10 =60, implies that G + 70 —
26 = 60. Hence: a) G = 36; b) only English speak 40 ~ 10— 8 =22 students; c) the
information given is not enough to find the number of students that speak only German. This '
number can be any one from 8 to 18.

Comment: There are some mistakes in the solution. The corrections are as follows:

1. The given condition is x=y+z (a0t x+y=z); thus x =y+z=10.

5 TFrom G + 70 — 36 = 60 one gets G =26 (not G =36).

3. One gets "only German speakers" as G-y-z-8=8.

4. "Only English speakers" are E-x-z-8=22 -z so this number can not be determined.
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COM 2 Natural numbers 1, 2, 3, ..., 2003 are written in an arbitrary sequence
Q), Q5,5 yggy - LEt b =1ay, by =2a,, by =3a,, ..., byy; =2003a,,,, and B be the maximum
of the numbers b5,,b,,5, .., by0; - i
_a) If q =2003, a,=2002, a; =2001, ..., @y, =2, a5y =1, find the value of B,
b) Prove that B =1002°. -

Solution: a) Using the inequality between the arithmetical and geometrical mean, we obtain
.n,+(20(34—n) o ) : ' .
that b, =n(2004 - n)< — = 1002° for n=1,2,3,...,2003 . The equality holds if

and only if 7=2004~#, Le. n=1002. Therefore, B = by, =1002x (2004 -1002) = 10027,
b) Let a,,a,,4;,...d5; be an arbitrary order of the numbers 1, 2, 3, ..., 2003. First, we will

show that numbers 1002, 1003, 1004, ... , 2003 cannot occﬁpy the places numbered 1, 2, 3,
..., 1001 only. Indeed, we have (2003~1002)+1=1002 numbers and 1002 places. This

means that at least one of the numbers 1002, 1003, 1004, ..., 2003, say a,,, lies on a place
which number m is greater than 1001. Therefore, B> ma 21002x1002 =1002%.
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COM 3. Prove that amongst any 29 natural numbers there are 15 such that sum
of them is divisible by 15.

Solution: Amongst any 5 natural numbers there are 3 such that sum of
them is divisible by 3. Amongst any 29 natural numbers we can choose 9
groups with 3 numbers such that sum of numbers in every group is divisible
by 3. In that way we get 9 natural numbers such that all of them are divisible
by 3. It is easy to see that amongst any 9 natural numbers there are 5 such
that sum of them is divisible by 5. Since we have 9 numbers, all of them are
divisible by 3, there are-5 such that sum of them is divisible by 15.

o

coM 4.

n points are given in a plane, not three of them colinear. One observes that no matter
how we label the points from 1 to 7, the broken line joining the points 1,2,3, ..., (in
this order) do not intersect itself.

Find the maximal value of n.

N

Solution. Notice that n =4 satisfies the condition. Indeed, for a concave
quadrilateral, this can be checked immediately.

Then, observe that for n > 5 one can choose four points A, B,C, D such that ABCD
is a convex quadrilateral. The diagonals AC and BD intersect at & point, hence labeling
A, B,C,D with 1,2,3,4 we reach a contradiction.

Thus, it is sufficient to proove that from five points we can select four that are vertices
of a convex quadrilateral. Consider the convex hull of the five points set. If this is not a
triangle we are done. If it is a triangle, then draw the line through the two points inside
the triangle. This line meet exactly two sides of the triangle. Let A be the common vertex
of these sides. Then the four remaining points solve the claim.
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COM 5. If m is 2 number from the set {1,2,3,4} and each.point of the plane is
painted in red or blue, prove that in the plane there exists at least an equilateral triangle
with the vertices of the same colour and with length side m.

Solution. Suppose that in the plane there no exists an equilateral t;ia{ngle with the
vertices of the same colour and length sidem =1,2,3,4.

First assertion: we shall prove that in the plane there no exists a segment with the
length 2 such that the ends and the mi&pgint of this segment have the same colour.
Suppose that the segment XY with length 2 have the midpoint 7" such that the points
X,Y, T have the same colour (for example, red). We construct the equilateral triangle.
XY Z. Hence, the point Z is blue. Let U and V be thé midpoints of the segments XZ
and YZ respectively. So, the points U and V' are blue. We obtain a contradiction,
because the equilateral triangle UV Z have three blue vertices.

Second assertion: in the same way we prove that in the plane there no exists a
segment with the length 4 such that the ends and the midpoint of this segment have
‘the same colour..

Consider the equilateral triangle ABC with length side 4 and divide it into 16
equilateral triangles with length sides 1. L. D be the midpoint of the segment AB.
The vertices A, B, C don't have the same colour. WLOG we suppose that A and B are
red and C is blue. So, the point D is blue too. We shall investigate the following cases:

2) The midpoints E and F of the sides AC and, respectively, BC are red. From
the first assertion it follows that the midpoints M and N of the segments AE and,
respectively, BF are blue. Hence, the equilateral triangle MN C have three blue vertices,
a contradiction.

b) Let E is red and F is blue. The second one position of E and F is simmetrical.
If P,K,L are the midpoints of the segments CF, AD, BD respectively, then by first
assertion P is red, M is blue and N is red. This imply that X and L are blue. So, the
segment K L with length 2 has the blue ends and blue midpoint, a contradiction.

c) If £ and F are blue, then the equilateral triangle EF'C has three blue vertices, a
contradiction.

Hence, in the plane there exists at least an equilateral triangle with the vertices of
the same colour and with length side m, where m € {1,2,3,4}.

Comment: The formulation of the problem suggests that one has to find 4 triangles,
one for each m from the set {1,2, 3,4} whereas the solution is for one m. A better
formulation is:

Each point of the plane is painted in red or blue. Prove that in the plane there exists
at least an equilateral triangle with the vertices of the same colour and with length side
m, where m is some number from the set {1,2,3, 4}.
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GEO 1. Is there a convex quadrilateral, whose diagonals divide it into four triangles, such that
their areas are four distinct prime integers.

Solution. No. Let the areas of those triangles be the prime numbers p, g, r and t. But for the
areas of the triangles we have pq=tt, where the tnangles with areas p and q have only a
common vertex. This is not possible for distinct primes.

GEO 2. Is there a triangle whose area is 12cm? and whose perimeter is 12cm.

Solution. No. Let r be the radius of the inscribed circle. Then 12 = 6r, i.e. r=2cm. But the area
of the inscribed circle is 4m>12, and it is known, that the area of any triangle is bigger than the
area of its inscribed circle. ,

GEO 3.

o

Let & be the centroid of the the triangle ABC. Reflect point A across C at A’. Prove
that G, B, C A’ are on the same circle if and only if GA is perpendicular to GC.

Solution. Observe first that GA L GC if and only if SAC* = AB? + BC’2 Indeed

4 ,
GA.LGC@rgm;+§m§=b2 & 502 =a? 4+ c°
{
/
Moreover,.
- 4 2a® +2¢2 -~ b2 9b?
GB2=— 2 = e T T p
g™ 9 5 =°

hence GB = AC = CA’ (1). Let C' be the intersection point of the lines GC and AB.
Then CC' is the middle line of the triangle ABA’, hence GC||BA’. Consequently, GCA'B
is a trapezoid. From (1) we find that GCA'B is isosceles, thus cyclic, as needed.

Conversely, since GCA'B is a cyclic trapezoid, then it is also isosceles. Thus CA' =
GB, which leads to (1)-

Comment An alternate proof is as follows:

Let M be the midpoint of AC. Then the triangles MCG and M4'B are similar. So GC
is parallefto 4'B.

GA L GC if and only if GM = MC. By the above similarity, this happen if and only if
A'C = GB: if and only if the trapezoid is cyclic.



GEO 4. Triangle 4BC is inscribed in a circle . Let D, E, and F be the midpoints of

the arcs of k, @E @4 and 9B respectively, Ae[ga Be@:\ and CeWB . Let
segment DE meets CB and CA in points G and  respectively, and segment DF meet
BC and -BA in points I and J respectively. Let M and N be the midpoints of the
segments GH and I/ respectwely
a) Find the angles of triangle DMV in terms of the angles a =@ BAC,
B =0.CBA,and » =Z.ACB.

b) If O is the circumcentre of triangle DMN and P 1s the intersection point of
AD and EF, prove that the points O, P, M and N are concircular.

Comment: Because of a compatibility problem, the signs for arcs and angles
appear as squares.

Solution: 2) Since @b—gEEa, @'—E=@=ﬁ and Q}—@—y, it follows that
g EDF = —(,6+’}f) (180°—a) 90°-%, @FED =90° - "3, #DFE=90°-L

i~

Using the properties of the angles whose vertices are inside a cu'cle, we obtain that
' EHA =-§—(%+_@—b)=-};(a+ﬁ) =%(%TD+QE)=Z.’CGE.

On the other hand, @ EHA =B.CHG . Therefore ACHG is isosceles (CH=CG). Since
CF is an angle-bisector, the midpoint M of HG lies on CF. Also, CM is an altitude in

ACHG. Therefore, 0 EMF =90°. The same way we prove that &FNE =90°. It
follows that points E, F, N, and M lie on a circle k; (whose diameter is EF). Therefore,

d.DNM =& DEF =90° _1;’_ & DMN =& DFE =90° -%.
b) Let ABNEF=K and ACAEF=L. As in a) we can prove that
A APK =B APL=90°, EFPN=90° --‘;_i and H.EPM =90° -i‘zi . Since

dAKP =ZALP =90° —% we ‘obtain AB|| PN and AC||PM. Hence
& MPN =B BAC = a. Since DMN is acute angle triangle (i.e. O is interior point) and
& MDN =90° —-% ‘we have & MON =180° — . Therefore & MON +&-MPN =180°

i.e. the points O, P, M and N are concircular.
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GEO 5. Let three congrient circles intersect in one point M and A,, A; and Aj

be the other intersection points for those circles. Prove that M is a.orthocenter
for a triangle A; A A3.

Solution: The quadrilaterals O: MO A4,, O3sMO, Ay and O; MO, 4, are
rombes. Therefore, O,A; || MOs and MOj; || O1Ag, which imply Oq4, || 0,4,.
Because OxA; = O3M = O A, the quadrilateral Oz4,4,0; is parallelogram
and then A A4; || 0,02 and A1y = 0,0,. Similary, 4243 || 0,03 and
Ay Ay = 0,03, AsA; || 030, and AzA; = O30;. The triangles A;AzA3 and
0,0,03 are congruent.

Since AsM L 0,0, and 0,0, || A1Ag we infere AzM L A;A;. Similary,
A;M L AjAsz and A|M L AyAs. Thus, M is the orthocenter for the triangle
AAxAs. /




GEQ-6. 2

kY

Consider an isosceles triangle ABC with AB = AC. A semicircle of diameter EF,
lying on the side BC, is tangent to the lines AB and AC at M and N, respectively. The
line AFE intersects again the semicircle at point P.

Prove that the line PF passes through the midpoint of the chord M N.

Solution. Let O be the center of the semidircle and let R be the midpoint of MN. It
is obvious that M N is perpendicular to AQ at point R. Since ZANO is right, then from
the leg theorem we have AN? = AR - AO. From the poweg of a point theorem,

AP .- AE = AN? = AM? = AR - AO.

Using the same theorem we infer that points P,R,O and E are concyclic, hence Z/RFPE is
right. As LFPE is also a right angle, the conclusion follows.



GEO 7. Through a interior point of & triangle, three lines parallel to the sides of
the triangle are constructed. In that way the triangle is divided on’six figures,
areas equal a, b, ¢, @, 8,7 (see the picture).

-

, \//\
/ﬁ/\ @ N\

Prove that

a
22y
[0

[NR OV

c
Y

| o

.
44

Solution: We will prove the inequality in two steps. First one is the
following

Lemma: Let ABC be a triangle, E arbitrary point on uhe side AC. Parallel
lines to 'AB and BC, drown through £ meet sides BC and AFB in points F and
D respectively. Then: Psprr = 27 Paine - Pere (Px is area for the figure
X).

The triangles ADE and EFC are similar. Then:

Peper _ Pspe _ BD _ EF _ vV Perc
2PapE Pipe AD AD "JIPADE.

Hence, Pgper = 2+/ Pape - Perc.

Using this lemma one has o = ovbe, 3 = 2/ac, v = 2v/abh. The GM-AM
mean inequality provides

a

b Bl
a BTy 7 % ey
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1 Prove that 77-1 is not divisible by 6”-1 for any positive integer .

7 2003 denars were divided in several bags and the bags were placed in several pockets. The number
of bags is greater than the number of denars in each pocket. Is it true that the number of pockets is
greater than the number of denars in one of the bags?

3. In the triangle ABC, R and r are the radii of the circumeircle and the incircle, respectively; a is the
longest side and / is the shortest altitude. Prove that R/r>alh .

4. Prove that for all positive numbers x, v, z such that x+y+z=1 the following inequality holds
l 2 2 2
y -

~

L

I+y 14z l+x

5.1s it possible to cover a 2003x2003 board with 1x2 dominoes placed horizontally and 1x3
threeminoes placed vertically?
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THE 47-th MATHEMATICAL OLYMPIAD OF REPUBLIC OF MOLDOVA
Chisindu, March 8-12, 2003 i

7.1 Let m > n be pozitive integers. For every positive integers k we define the number ar = (V5 + 2)% +
(v/5 — 2)%. Show that apirn + Gmen = Gm - Gy.

7.2 Fiud all five digits numbers abede, written in decimal system, if it is known that abede— ebeda = 69993,
bed — deb = 792, bc—ch = T72.

7.3 In the triangle ABC with semiperemeter p the points M, N and P lie on the sides (BC),(CA) and
(AB) respectively. Show that p < AM + BN +CP < 3p.

7.4 Let a and b be positive integer such, that a 4+ b < 10. Find all pairs (a,b) such, that the fraction
(2n + a)/(5n + b) are irreducible for every natural number n.

7.5 A given rectangular table has at least one column and at least one line. He is full completed by the
first positive integers, written consecutively from the left to the right and begining to the first line. It is
known, that the number 170 is written on the middle line and in the same column with him on the last line
is written the number 329. How much numbers are written in the given table.

7.6 Prove that for every positive integer n the number a = (2n 4+ 1)® — 2n — 1 is divisible by 240.

7.7 In the square ABCD the point N is the middle point of the side [AB] and the point M lies on the
diagonal (AC) so that AC = 4CM. Prove that the angle DM N is right.

7.8 The real numbers z,, 73, ..., 3_72003_53,_1;1_3& the relations z;/1 = z,/2 = T3/3=...= Zagos /2003 and
VIZ 4+ 22+, 4200388 + /2f + 23 + .+ adogs = /(T +31)2+ 2+ 22)2 + ... + (2003 + 29003)°. Prove
that z; > 0 for every 4 ='1,2,... ,2003. ' ’

8.1 Calculate the sum

244-22+_1+34+32__+'_1Jr 2003 +2008° +1 1
. 27 -2 37—3 7777 20037 —2003 ' 220032004

8.2 Let [AB] be a segment and o be one of the halfplane, determined by the straight line AB. The
segments [AP] and [BQ] with integer lengths are situated in o and are perpendicular to the straight line
AB. The intersection point M of the straight lines AQ and BP is distanced at 8 units to the straight line
AB. Find the lengths of the segments [AP] and [BQ)], if it is known that the triangle BQM has a greatest
area. -

8.3 Let ABC be an acuteangled triangle such that m(ZACB) # 45°. The points M and IV are the feets
of the altitudes, drawn from the vertices A and B respectively. The points P and Q lyes on the halfstraight
lines (M A and (N B respectively so that MP = MB and NQ = NA. Prove that the straight lines P} and
MN are parallel.

8.4 The equation z'% ~ o' +2° ~ 27 + 2% — 2° 4+ 5 — 2 = 0 has a real solution zo. Show that [z}¢] = 3,
where [a] is a integral part of the real number a.

8.5 Prove that every positive integer number n > 3 can be written as a sum of at least two consecutive
positive integers if and only if he is not a power of the number 2.

8.6 The prime number p has the following property: . the remainder r of the division of p by 210 is a
composite number which can be represented us a sum of two perfect squares. Find the number r.

8.7 Through the arbitrary point of the triangle ABC construct (explain the steps of the construction) a
straight line which divides the triangle ABC in two parts so that the ratio of they areas is equal to 3/4."

8.8 Let x be a real number. Find the smallest value of the expression z2 + 2z + 4 + /22 — /32 + 1.

9.1 In the space a geometrical conﬁgura,tioxg,, which include . n (n > 3) distinct points, is given. A point 4

< of this configuration has the following properties: if 4 is excluded from the configuration, then among the
remaining points there are no colinear points; after the elimination of A from the configuration the number
of all straight lines, that were constructed through any 2 points of the configuration, is lowered by 1/15 part.
Find the value of n.

9.2 Let 22 +-bz+c =0 be the equation, where b and ¢ are two consecutive triangular numbers and ¢ > & >
10. Prove that this equation has two irrational solutions. (The number m is triangular, if m = n(n —1)/2
for &certain positive integer n > 1).

9.3 The distinct points M and NV lie on the hypotenuse (AC) of the right isosceles triangle ABC se that
M € (AN) and MN? = AM? + CN?. Prove that m(ZMBN) = 45°. _

9.4 Find all the functions f : N* — N* which verify the relation f(2z + 3y) = 2f(z) + 3f(y) + 4 for
every positive integers z,y > 1. .

9.5 The numbers ay, az, ... , a, are the first n positive integers with i}_he property that the number 8az + 1
is a perfect square for every k = 1,2,... ,n. Find thé sum S, = a1 + a3 + ... + Q-
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9.6 Find all real solutions of the equation z* + 7z® + 62% + 51/2003 z — 2003 = 0.

9.7 The side lengths of the triangle ABC satisfy the relations a > b 2 2¢. Prove that the altitudes of
the triangle ABC can not be the sides of any triangle.

9.8 The base of a pyramid is a convex polygon with 9 sides. All the lateral edges of the pyramid and sl
the Jiagouals vl the base are-coloured in a random way in‘red orblué. Prove that thére exist at least three
vertices of the pyramid which belong to a triangle with the sides coloured in the same colour.

10.1 Find all prime numbers a, b and ¢ for which the equality {a — 2)! 4 2bl = 22¢ — 1 holds.

10.2 Solve the system z+y+z+t=6, VI— 22+ /A2 +VI-2 + V16— t? =8.

10.3 In the scalen triangle ABC the points A; and By are the bissectrices feets, drawing from the vertices

A and B respectively. The straight line A;B; intersect the line AB at the point D. Prove that one of the
angles ZACD or ZBCD is obtuze and m(£LACD) +m(£BCD) = 180°.

10.4 Let ¢ > 1 be not integer number and a # /g for every pesitive integers p > 2 and ¢ 2 1,
k = [loggn] > 1, where [z] is the integral part of the real number z. Prove that for every positive integer
n > 1 the equality

llog, 2] + [log, 3] + ... + llog, n] + [a] + [a°] + ... + [a*] = nk,

holds.

10.5 The rational numbers p,q,r satisfy the relation pg + pr + ¢gr = 1. Prove that the number
(1+p?)(1 +¢*)(L +7°) is a square of any-rational number.

10.6 Let n > 1 be a positive integer. For every k¥ = 1,2,...,7n the functions fx : R = R, fi(z) =
arz?® + bz + o with ag # 0 are given. Find the greatest possible number of parts of the rectangular plane
2Oy which can be obtained by the intersection of the graphs of the functions fi (k=1,2,...,7n).

10.7 The circle with the center O is tangent to the sides [AB], [BC], [CD] and [DA] of the convex
quadrilateral ABCD at the points M, N, K and L respectively. The straight lines M N and AC are parallel
and the straight line M K intersect the line LN at the point P. Prove that the points 4, M, P,0 and L are
concyclic.

10.8 Find all integers n for which the number logy,_; (n? + 2) is rational.

11.1 Let a,b,c,d > 1 be arbitrary positive numbers. Prove that the equations system ar — yz =
e, by —yt= —d. has at least a solution (z,y, z,1) in positive integers.

11.2 The sequences (an)n>o and (bn)n»o satisfy the conditions (1++/3)%"! = a, +bpV/3 and an. bn € Z.
Find the recurrent relation for each of the sequences {a,) and (bn).

11.3 The triangle ABC is rightangled in A, AC =b, AB = cand BC = a. The halfstraight line (A4z is
perpendicular to the plane (ABC), M € (Az so that a, 8, v are the mesures of the angles, formed by the edges
MB, MC and the plane (M BC) with the plane (ABC) respectively. In the set of the triangular pyramids
MABC on consider the pyramids with the volumes V; and V; which satisfy the relations o + B+~ =mand
a + B + v = m/2 respectively. Prove the equality (V/Va)? = (a+b+c)(l/a+1/b+ 1/¢).

11.4 Find.all the functions f': [0; +oc) — [0; +oco) which satisfy the conditions: : flzfly) Ffly) =
f(z +7y) for every z,y € [0;+00); f(2)=0; f(z) #0 foreveryx € [0;2).

11.5 Let 0 < a < b be real positive numbers. Prove that the equation [(a+5)/2]**¥ = ab¥ has af least

a solution in the set (a;b) x (a;b).

11.6 Each of the plane angles of the vertex V of the tetrahedron V ABC has the measure equal to 60°.
Prove that VA+ VB +VC < AB + BC + CA. When the equality holds?

11.7 The plane o is tangent in the points A4, As and Aj to three spheres with different radii Ry, Bz and
Rs respectively, situated in the same halfspace two by two exteriorly. The plane § is parallel to the plane
o and intersect all three spheres so that the circles Dy, D2 and D3 are obtained. Find the distance between
the planes o and 3 so that the sum of the volumes V4, Va and V3 of the cones with the bases Dy, D2, D3 and
the vertices Ap, As, Az respectively, will be the greatest.

11.8 For every positive integer 7n > 1 we define the matrix A, = (aij)i<ij<n, where a;; =
max(i, )/ min(i, ), 1<14,§ < n. Calculate the determinant of the matrix A,.
b
12.1 Prove that limp_4c0 In{1 4 2e + de? +6e° +... + 2ne”2)/n2 =1.

12.2 For every positive integer n > 2 the affirmation P, : "If the derivative P'(X) of a polynomial P(X)

« of degree n with real coefficients has n — 1 real distinct roots, then there exists a real constant C such that

the equation P(z) = C has n real distinct solutions” is considered. Prove that Py is true. Is the affirmation
Ls true? Prove the answer. -

12.8 In the circle with radius R the distinct chords [AB] and [CD] are concurrent and form an acute
. angle with mesure a. Prove that AB+ CD > 2Rsina.

Ty are
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12.4 The real numbers o, 3, v satisfy the relations sina +sin 5 +siny = 0 and cosa +cos f + cosy = 0.
Find all positive integers n > 0 for-which sin(na + 7/4) + sin{nf + n/4) + sin(nvy +7/4) = 0.

12.5 For every positive integer n > 1 we define the polynomial P(X) = X2 — X%t 4 - X 41,
Find the remainder of the division of the polynomial P(X?"*!) by the polynomial P(X).

12.8 Fie n € N. Find all the primitives of the function . ‘.

, 23 — 9% + 297 — 33
FrR= R @)= " gt 10

12.7 In a rectangular system zOy the graph of the function f: R — R, f(z) = 2* is drawn. The
ordered triple B, A,C has distinct points on the parabola, the point D € (BC) such that the straight
line AD is parallel to the axis Oy and the triangles BAD and CAD have the areas s; and sg
respectively. Find the length of the segment [AD].

12.8 Let (Fn)nen- be the Fibonacci sequence so that: Fi =1, Fp =1, Fnpyy = F, + F,_y for every
positive integer n > 2. Shown that F, < 3% and calculate the limit lmy—oo(F1/2+Fo/2% +. ..+ F;/2™).

The first selection test for IMO 2003 and BMO 2003, March 12, 2008

B1. Each side of the arbitrary triangle is divided into 2002 congruent segments. After that each interior
division point of the side is joined with opposite vertex. Prove that the number of obtained regions of the
triangle is divisible by 8.

B2. The positive real numbers z,y and z satisfy the relation z +y + z > 1. Prove the inequality

e Y E V3

y+z z+z T+y 2

B3. The quadrilateral ABCD is inscribed in the circle with center O, the points M and N are the middle
points of the diagonals [AC] and [BD] respectively and P is the intersection point of the diagonals. It is
known that the points O, M, N si P are distinct. Prove that the pomts O, M, B and D are concyclic
if and only if the points O, N, A and C are concyclic.

B4. Prove that the equation 1/a+ 1/b+ 1/c+ 1/(abe) = 12/(a+ b+ ¢) has many solutions (a, b,¢) in
" strictly positive integers.

The second selection test for IMO 2003, March 22, 2003

B5. Let n > 1 be positive integer. Find all polynomials of degree 2n with real coefficients
PX)=X"4(2n =100X* 1 4+ 0o X" 2 4 ..+ a2 X7+ (2n - 10)X + 1,

-if it is known that they have positive real roots.

B6. The triangle ABC has the semiperimeter p, the circumradius E, the inradius » and l,,1;,{. are the
lengths of internal bissecticies, drawing from the vertices A, B and C respectively. Prove the inequality
Loly + lyle + 1ly < pV/3r2 + 12Rr.

B7. The points M and &V are the tangent points of the sides [AB] and [AC] of the triangle ABC to the
incircle with the center 7. The internal bissectrices, drawn from the vertices B and C| intersect the straight
line M N at points P and @) respectively. If F is the intersection point of the swtraight lines CP and BQ,
then prove that the straight lines FI and BC ére perpendicular.
© BS. Letn > 4 be the positive integer. On the checkmate table with dimensions n x n we put the coins.
One consider the diagonal of the table each diagonal with at least two unit squares. What is the smallest
number of coins put on the table so that on the each horizontal, each vertical and each diagonal there exists
4t least one-coin. Prove the answer.

The third selection test for IMO 2003, March 23, 2003

%
B9. Let n > 1 be positive integer. A permutation (a1,a2,...,an) of the numbers (1,2,...,n) is called
quadratique if among the numbers ai, @3 + aa, ...,a1 + a2+ ...+ a, there exist at least a perfect

square. Find the greatest number n, which is less than 2003, such that every permutation of the numbers
(1,2,...,n) will be quadratique.

B10. The real numbers aj,ad,...,09003 satisfy simultaneously the relations: a; > 0 for all 1 =
1,2,...,2003; o1 +a2+...4+as0s = 2; a18s + aza3 + ...+ aspeza1 = 1. Find the smallest value of the
sum a? + a3 + ... + adggs-
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B11. The arbitrary point M on the plane of the triangle ABC does not belong on the straight lines
AB,BC and AC. If 51,52 and S are the areas of the triangles AM B, BMC and AMC respectively, find
the geometrical locus of the points M which satisfy the relation (M A2+ M B? + MC?)? = 16(5} + 83 + 53).

B12. Letn > 1 be a positive integer. A square table of dimensions n x n is full arbitrarly completed
©y the anmbure 1,5, .+»2" s0:that every number appear exachly oncein the table. from caclr line one
select the smallest number and the greatest of them is denote by #. From each column one select the greatest
number and the smallest of them is denote by y. The table is called equilibrated if 2 = y. How match
equilibrated tables there exist?

The first selection test for IBMO 2003, April 12, 2003

JB1. Let n > 2003 be a positive integer such that the number 14 2003n is a perfect square. Prove
that the number n +1 is equal to the sum of 2003 positive perfect squares.

JB2. The positive real numbers a, b, ¢ satisfy the relation a® + 5% + ¢® = 3abe. Prove the inequality

a b ¢ S 9

b2c? + c2q? + a?b? T a+b+ec

JB3. The quadrilateral ABCD with perpendicular diagonals is inscribed in the circle with center O, the
points M and N are the middle points of the sides [BC] and [C' D] respectively. Find the value of the ratio
of areas of the figures OMCN and ABCD.

- JB4. Let m and n be the arbitrary digits of the decimal system and a,b,¢ be the positive distinct
integers of the form 2™ -5™. Find the number of the equations az? — 2bz + ¢ = 0, if it is known that each
equation has a single real solution.

The second selection test for IMBO 2003, April 13, 2003

JB5. Prove that each positive integer is equal to a difference of two positive integers with the same
number of the prime divisors.

JB8. The real numbers = and y satisfy the equalities

V3z (1+;i—y> =2, \/E(L— ﬁ) = 4V2.

Find the numerical value of the ratio y/z.

JB7. The triangle ABC is isosceles with AB = BC. The point ¥ on the side [BC] and the point D on
the side [AC] are the feets of the internal bissectrix drawn from 4 and altitude drawn from B respectively
so that AF = 2BD. Find the measure of the angle ABC.

JBE&. In the rectangular coordinate system every point with integer coordinates is called laticeal point.
Let Pn(n,n+35) be a laticeal point and denote by f(n) the number of laticeal points on the open segment
(OPF,), where the point O{0,0) is the coordinates system origine. Calculate the number f(1) + f(2) +
F(3) + ...+ f(2002) + £(2003).
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_ Junior Balkan Mathematical Olympiad
‘20-25 June, 2003 Izmlr - Turkey

> EX

English Version
- 1. Let n be a positive integer. A number 4 consists of 2n digits, each of which is 4; and a
number B consists of n digits, each of which is 8. Prove that 4+2B+4 is a perfect

square. i 5

\
N3

[\

Suppose there are » points in a plane no three of which are collinear with the
following property: ’. |
[f we label these points as 41, 4, ..., 4, in any way whatsoever, the broken line
Ay Az ... A, does not intersect itself.

Find the maximal value that # can have.

3. Let k be the circumcircle of the triangle ABC. Consider the arcs A3 BE’ . &4 such
that C ¢ 1&?’9 Ag BC , B¢ CA . Let D, E and F be the mldpomts of the arcs
BC , G4 .45 , respectively. Let G and H be the points of 1ntersect10n of DE with CB
and C4; let 7 and J be the points of intersection of DF with BC and B4, respectively.
Denote the midpoints of GH and IJ by M and N, resp.ective}y.
a) Find the angles of the triangle DMN in terms of the angles of the triangle ABC.
b) If O is the circumcentre of the triangle DMN and P is the intersection point of
AD and EF, prove that O, P, M and N lie on the same circle.

4. Let x,y,z be real numbers greater than —1. Prove that

2 2 2
I+z
I+x _+ 1+y : 22,
I+y+z° 1+z+x" k+x+y

Time allowed: 4 4 hours.
Each question is worth 10 points.
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§§7th Jundior Balkan Mathematlcai Olympiad

Romanian Version

/{, :( 1. Fie n un numar natural nenul.. Un numér A contine 2n cifre, fiecare fiind 4; si un
numar B contine n cifre, fiecare fiind 8. Demonstrati ca A+2B+4 este un patrat
perfect. v Mic f:{:[é«,y;zf%

Stavga Gikovd
- 4 2. Fie n puncte 1n plan, oricare trei necoliniare, cu proprietzftea:

oricurn am numerota aceste puncte Ay, A, ..., A,, linia frintd 4; A, ... A, nu se

autointersecteaza.

v

P - s

it o : . — s ot it 7

Gasiti valoarea maxima a lui z. /( (=27 s Depfa st
P

AN
N

3. Fie k cercul circumscris triunghiului ABC. Fie arcele AB, BC, CA astfel  incét
C EAB Ag BC Be CA §$E/E 9? mijloacele acestor arce. Fie G, H punctele de
intersectie ale lui DE cu CB,.CA; fie [, J punctele de intersectie ale lui DF cu BC, BA.
Notam mijloacele lui GH, IJ cu M, respectiv N.

a) Gasiti unghiurile triunghiului DMN in functie de unghiurile triunghiului ABC.
b) Daca O este circumcentrul triunghiului DMN si P este mtersectla lui ADcu

- EF, aratati cd O, P, M si N apartin unui acelasi cerc. }3@ g%/'/( (f/ Zu SRTIEN!

4. Fie x,y,z numere reale mai mari decat —1. Demonstrati ca:

1+ x? 1+y? 1+2° -
' + + >0 oo
I+y+z° l+z+x® l+x+y? /gé%f’/ﬂ leg. —

—  [flrer /},,/ﬁ»//,

Timp de lucru: 4 ore §i jumatate.
Fiecare problema este notati czu 10 puncte



Question 1 .
I. Todo aspecial case n22.
II. To assertthat A+2B+4= (Q;QS)Z .

n—1

2n n__
107 -1 and B=8><109 1. T

ITI. To observe that A=4X

2
IV. To observe that A=3°x(2..2)’4+4x(2..2) or A= [%?) +B.

n n

I — 1 point
I1+1II — 2 points
IIl - 4points or IV— 5points

Question 2. &
I. Toclaim n=4 with example for n=4.
II. To show impossibility of the case when the set of points includes 4 points that form a convex
quadrilateral.
III. To show that every set of n =5 points contains 4 points forming a convex quadrilateral.

I — 2 points

I — 1 point

I — 4 points
II+ I — 7 points

Question 3
Part a
I. Computing the angles of the triangle DEF.
II. Observing that the lines CF L DE and that BE L DF .

I — I'point
I+1I — 3 points
Only Part a — 6 points

Partb
ITI. Completing the figure by drawing EF.

Part a + III — 7 points
Only Part b — 6 points

Question 4
2
ve+1
I. To observe that y <=
. s ' 147 1+ x°
II. To observe that 1+ y+z~ >0 and to obtain =2 =
SRR P I b
- 2

-2 -2 -2
C+4B ~A+A+4g -B+B+4? “C2,9,

ITII. To reduce to

I — 1 point
L4 IF = 2 points

I+11+IIl — 5points
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SCORES

1 ROM-6  |Adrian Zahariuc 4.0 First Prize
2 ROM-3 - |Dragos Michnea 40 . First Prize
3 MOL-6  |Alexandru Zamorzaev 30 First Pri;e
4 MOL-1  |lurie Boreico 38 First Prize
5 ROM-5 |Lucian Tureé. 38 First Prize
6 ROM-4  |Cristian Talau IE 37 First Prize
7 BUL-4 |Vladislav Viadilenon Petkov 33 Second Prize
8 HEL-1 Theodosios Douvropoulos 32 Second Prize
9 BUL-1 Alexander Sotirov Bikov 3 1 Second Prize
10 + BUL-2  |Anton Sotirov Bikov 3 1 Second Pt:ize
11 TUR-4 Hale Nur Kazagesme 3 1 Second Prize
12 TUR-6 |Sait Tune 31 Second Prize
13 BUL-5 Déyan Stanislavov Simeonov 30 Second Prize
14 HEL-3 Faethontas Karagiannopoulos 30 Second Prize
15 MCD-5 |Maja Tasevska . 29 Second Prize
16 ROM-2 SebastianADumitrescu 29 Second Prize
17 BUL-6 Tzvetelina Kirilova Tzeneva _. 29 Second Prize
18 BUL-3  |Asparuh Vladislavov Hriston 28 Second Prize
19 TUR-5  Burak Saglam 24 Third Prize
20 “FUR1  |ibrahim Cimentepe 23 Third Prize
21 YUG-4 |Jevremovic Marko 22 Third Prize
22 YUG-1  |Lukic Dragan 29 Third Prize
23 HbM-1 Beniamin Bogosel 21 Third Prize
24 YUG-5 |Djoric Milos 21 Third Prize
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’7 25 MOL-4  |Vladimir Vanovschi 2 i Third Prize

26 YUG-2 |Andric Jelena 19 ifhird Prize

27 YUG-6 Radojevic Mle}den 19 Third Prize

28 MCD-4 | Viktor Simjanovski 17 Third Prize

29 HEL-6 Efrosyni Sarla 16 Third Prize

30 TUR-2 |Tirk Gobanogiu 13 Third Prize

31 YUG-3 |Pajovic Jelena .12 Third Prize

32 MCD-2  |Aleksandar lliovski 1 }_ Third Prize

33 MCD-6 |Tanja Velkova 11 Third Prize

34 IMOL-2 Andrei Frimu ]_O Honorary Mention
B 35 MOL-5 Dan Vieru 10 Honorary Mention

36 MCD-3  |Qliver Metodijev E_Q Honorary Mention

37 HEL-4 Stefanos Kasselakis G

38 HEL-5 Fragiskos Koufogiannis 8 )

39 MCD-1  |Matej Dobrevski ; 8

40 HEL-2  |Marina lliopoulou 4

41 MOL-3  [Mihaela Rusu 4

42 CYP-1 Nansia Drakou 4

43 CYP-6 |Anastasia Solea 3

44 TUR-3  |Ahmet Kabakulak 2

A;S C;(P-4 Marina Kouyiali 2

46 CYP-5 |Michalis Rossides 2

47 CYP-2 |Domna Fanic;ou 1

48 CYP-3  |Yiannis loannides 0O
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Olimpiada Nationald de Matematica

Al cincilea test de selectie pe_ntru OIM — 19 iunie 2603

Subiectul 1

Un parlament are 7 deputati. Acegtia fac parte din 10 partide gi din 10 comisii parla-
mentare. Fiecare deputat face parte dintr-un siggur partid si dintr-o singurd comisie.
Determinati valoarea minima a lui n pentru care indiferent de componenta numerica a
partidelor gl indiferent de repartizarea sn comisii, si existe o numerotare ct toate numerele
1,2,...,10 atat a partidelor cat gi a comisiilor, astfel incat cel putin 11 deputati si faca

parte dintr-un partid gi © comisie cu numar identic.

Subiectul 2

Se di un romb ABCD cu latura 1. Pe laturile (iB C}§i C D_}existé punctele M, respectiv N,
astfel incit MC +CN + NM = 251 LMAN = %LBA_D’.
g3 se afle unghiurile rombului.

Subiectul 3

Intr-un plan inzestrat cu un sistem de coordonate X OY se numeste punct laticial un punct
A(z,y) In care ambele coordonate sunt numere intregi. Un punct laticial A se numegte

invizibil dacd pe segmentul deschis OA existd cel putin un punct laticial.

S se arate cd pentru Oricé aumir natural n, n > 0, existd un pitrat de laturd n in
care toate punctele laticiale interioare, de pe laturi sau din varfuri, sunt invizibile.

Timp de lucru: 4 ore
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Olimpiada Nationald de Matematicad 2003

‘ Al saselea test de selectie pentru OIM — 20 junie 2003

Problema 1.

Fie ABCDEF un hexagon convex. Notdm cu A’, B/, C” D', E', F' mijloacele laturilor
AB,BC,CD,DE, EF, F Arespectiv. Se cunosc a,rnle trlunghlurllor ABC', BCD', CDE',

DEF’, EFA’ FAB.
S5 se afle aria hexagonului ABCDEF.

Problema 2.

O permutare ¢ : {1,2,...,n} — {1,2,...,n} se numeste strinsd daci pentru orice

k=12,...,n—1 avem
lo(k) —o(k+1)] < 2.

S3 se giseascd cel mai mic numdr natural n pentru care existd cel putin 2003 permutari

stranse.

Problema 3.

Pentru orice numir natural n notdm cu C(n) suma cifrelor sale in baza 10. Aritati ca
oricare ar fi numirul natural k£ existd un numar natural m astfel incat ecuatia z+C(x) =

are cel putin k solutii.

Timp de lucru 4 ore



ProRoSed Problem #72

=== Valentin Vornicu ==

. June 20, 2603

Problem: A permutation o:{1,2,..., n} — {1,2,...,n} is called straight if and only if for each integer
k.1 <k <mn—1 the following inequality is fulfilled ’

lo(k) — ok + 1] < 2.

Find the smallest positive integer n for which there exist at least 2003 straight permutations.
&

Solution: The main trick is to look where n is positioned. In that idea let us denote by z, the number
of all the straight permutations and by an the mumber of straight permutations having n on the first or-on
the last position, i.e. o(1) =nor o(n) = n. Also let us denote by bn the difference z,, — a, and by aj, the
number of permutations having n on the first position, and by a;, the number of permutations having n on
the last position. From symmetry we have that 2a/, = 2al, = aj, -+ ap = an, for all n-s. Therefore finding a
recurrence relationship for {an}n is equivalent with finding one for {al }n.

One can simply compute: ay = 1, a5 = 2, ajy = 4. Suppose that n = 5. We have two possibilities for

the second position: if o(2) = n —1 then we must complete the remaining positions with 3.4,...,n thus
the number of ways in which we can do that is al,_, (because the permutation o {1,2,....n—1} —

{1.2 n—1}. o'(k)=o(k+1) forall k, 1 = k <n—1,is also a straight permutation).

PP

If on the second position we have n — 2, 0(2) =n—2,then n — 1 can only be in the last position of the
permutation or on the third position, ie. c3)=n-loro(n)=n—-11I o(n) = n — 1, then we can only
have o(n —1) =n—3 thus ¢(3) =n-—4 and so on, thus there is only one permutation of this kind. On the
other hand, if 7(3) = n — 1 then it follows that ¢(4) = n — 3 and now we can complete the permutation in
ol _5 ways (hecause the permutation o : {1,2,....n — 3} — {1,2,....n =3} o'(k) = ok + 3), for all &,
1<k <n—3,is also a straight permutation).

Summing all up we get the recurrence: .

o =a_+14a, 3= =0n1+an-3+2 V125 (1)

T

‘The recurrence relationship for {b,} can be obtained by observing that for each straight permutation

cra {2, n+ 1= {120t 1} for which 2 < 771 (n + 1) < n we can obtain a straight permutation
o {12,....n} = {12, ..,n} by removing n + L. Indeed n + 1 is "surrounded” by n and n — 1, so by
“ removing it, n and n— 1 become neighbors, and thus the newly formed permutation is indeed straight. Now,

i Ee .
. )

if T'l(’n)E {1,n + 1} then the newly formed permutation ¢ was counted as one of the an-s, minus the two
special cases in which n and n — 1 are on the first and last positions. If 771(n) & {1,n+ 1} then certainly
o was counted with the bn-g. Also, from any straight permutation of n elements, not havingn and n —1 in
the first and last position, thus n certainly being neighbor with n—1, we can make a straight n + l-element

permutation by inserting n -+ 1 between n and n — I
Therefore we have obtained the following relationship:

bpp1=0n —2+bp=2n—2, Vn24 (2)
From (1) and (2) we get that
Tp = Tp-1+ 0n—1+ Gn-3; ¥Yn>b5.

1t is obvious that {zn}, is a "fast’ increasing sequence, so we will compute the first terms using the
relationships obtained above, which will prove that the number that we are looking for is n = 16:

az =2 Tp =2 ag = 62 zg = 164

a3 =4 T3=206 app =92 =254
a4 = 8 Ty = 12 a1y = 136 T11 = 388
as =12 a5 =22 a1z = 200 x40 = 586
ag =18 zg =38 a1z =294 zi3 =878
a7 = 28 x7= 64 Q14 = 432 Ti4 = 1308
ag =42 wg = 104 ajs = 03¢ Z15 = 1940

i1 — 2863



ENUNTURILE PROBLEMELOR DIN ATENTIA JURIULUI
LA CEA DE A 7-A JBMO (KUSADASI, TURCIA, 20-25 TUNIE 2003)

A.1. Unnumir A este scris cu 2n cifre, fiecare dintre acestea fiind 4; un numir B este scris cun
cifre, fiecare dintre acestea fiind 8. Demonstrati ¢, pentru orice n, A+2B+4 este pitrat perfect.
. .. . . . a b ¢ a ¢ i
A.2. Fie a, b, ¢ lungimile laturilor unui triunghi, p=—+—+—, g=—+—+—. Demonstrati cd
: : b ¢ a c b a
‘ pP- q| <1.
A.3. Fie a, b, c numere reale astfel incat a® +5° + ¢? =1. Demonstrati ¢

P=ab +bc+ca-—2(a+b+c) > —5/2. Existd valori pentru a, b, ¢ incat P = —5/27

1 1 . . jc=3
. Demonstrati ca

-+ =
a+bc b+ac a+bd c+1

A.4. Fie a, b, c numere rationale astfel incat

este de asemenea numdr rational.
A.5. Fie ABC triunghi neisoscel cu lungimile a, b, ¢ ale laturilor numere naturale. Dempnstrati

-
ci !ab2 + |bc2[:- @2 —a*b-b*c—ctal=2.
A.6. Fie a, b, & numere pozitive astfel ca a’b” + b2c? +c*a® =3. Demonstrati cd

a+b+c='abc+?2.
‘A.6°. Fie a, b, ¢ numere pozitive astfel ca ab +bc +ca =3. Demonstrati ¢i ¢ +b+c 2 abc +2.

1+x° + 1+ y° N 1+2°

> 2.
l+y+2z2 1+z+x l+x+)?

A.7. Fie x, y, z numere mai mari ca -1. Demonstrati ca

A.8. Demonstrati ca existd multimi disjuncte 4 = {x,y,z} §i B ={m,n, p}de numere naturale

mai mari ca 2003 astfel ca x+y+z=m+n+p si P+ +z8 =m? +n*+pl

C.1. Intr-un grup de 60 studenti: 40 vorbesc engleza, 30 vorbesc franceza, 8 vorbesc toate cele
trei limbi. Numarul celor ce vorbesc doar engleza si franceza este egal cu suma celor care
vorbesc doar germana i franceza cu a celor ce vorbesc doar engleza §i germana. Numarul celor
ce vorbesc cel putin doud dintre aceste limbi este 28. Cat de multi studenti vorbesc: a) germana;
b) numai engleza; ¢) numai germana.
C.2. Numerele 1, 2, 3, ..., 2003 sunt scrise intr-un §ir a;, a, 3, ..., 82003 Fie b; = 13a;, by =23a,,
b3 =33 as, ..., b2003 =20033 az03 $i B maximul numerelor by, bz, b3, cers b3003-

a) Daca a;=2003, a,=2002, a;=2001, ..., ax003=1, gasiti valoarea lui B.

b) Demonstrati ¢4 B=1002%
C.3. Demonstrati ca fntr-o multime de 29 numere naturale exista 15 a ciiror suma este divizibila cu 15.
C.4. Fie n puncte In plan, oricare trei necoliniare, cu proprietatea ca oricum le-am numerota Ay,
As, ..., Ay, linia frintd A A;...Aq DU S€ autointersecteazd. Gisiti valoarea maxima a lui n.

C.5. Fie multimea M = {1,2,3,4} .Fiecare punct al planului este colorat in rogu sau albastru.
Demonstrati ci existd cel putin un triunghi echilateral cu latura m € M cu vérfurile de aceeasi culoare.

G.1. Existd un patrulater convex pe care diagonalele s-1 impartd in patru triunghiuri cu ariile numere
prime distincte?

G.2. Existd un triunghi cu aria 12cm’ si perimetrul 122

G.3. Fie G centrul de greutate al triunghiului ABC si A’ simetricul Jui A fata de C. Demonstrafi ¢
punctele G, B, C, A’ sunt conciclice daci si numai dacd GA G GC.

G 4. Fie k cercul circumseris triunghiului 4BC. Fie arcele 4B, BC, CA  astfel  incat



Ceg QB,A & @C,B & €A si F, D, E mijloacele acestor arce. Fie G, H punctele de intersectie
ale lui DE cu CB, C4; fie I, J punctele de intersectie ale lui DF cu BC, BA. Notam mijloacele lui
GH, IJ cu M, respectiv V.

a) Gasiti unghiurile triunghiului DMN in functie de unghiurile triunghiului ABC.

b) Dacéd O este circumcentrul triunghiului DMN si P este intersectia lui AD cu EF,
ardtati ca O, P, M $i N apartin unui acelasi cerc.
G.5. Trei cercuri egale au In comun un punct M si se intersecteazi cédte dou# In puncte A, B, C.
Demonstrati ca M este ortocentrul triunghiului ABC.
G.6. Fie ABC un triunghi isoscel cu AB = AC. Un semicerc de diametru EF situat pe baza BC
este tangent laturilor AB, AC in M, N. AE retaie semicercul in P. Demonstrati ca dreapta PF
trece prin mijlocul corzii MN.
G.7. Paralelele la laturile unui triunghi duse printr-un punct interior

impart interiorul triunghiului in sase pérti cu ariile notate ca In figura.

Demonstrati c& 2
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D Identificata drept problema piesei de 5 lei a lui Titeica.



