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ALGEBRA
Al nNLY
Let x, y, z be real numbers, satisfying the relations

x =20,

v =40,

z 21675,
x+y+z=2015.

Find the greatest value of the product P=x-y-z.

Solution 1:
By virtue of z 21675 we have
y+z<2015 < y < 2015-z < 2015-1675 < 1675.

Ttfollows that (1675 y)-(1675-2) < 0 < y-z < 1675-(y+2-1675).

2
By using the inequality -y < [";v) for all real numbers u, v we obtain

x+y+z-1675Y
P=x-y-z <1675-x-(p+2-1675) < 1675.| ——————| =

2
1675-[M) =1675-170° = 48407500 .
x+y+z=2015, x =170,
Wehave P=x-y-z=48407500 < {z=1675, o {y=170
x=y+z-1675. z =1675.

So, the greatest value of the productis  # = x- y-z = 48407500.

Solution 2:
Let S ={(x,»,2)| x220,y 240,22 1675,x+ y+2z=2015} and IT={x-y-z|(x,p,z)e S}
We have to find the biggest element of /7. By using the given inequalities we obtain:

20 < x <300,

40 < y <320,

1675 < z <1955,

y<1000 <z
Let z=1675+d . Since x <300 so (1675+d)-x=1675x +dx <1675x+1675d =1675-(x +d)
That means that if (x,,1675+d)e S then (x+d, y,1675)€ S, and
x-y-(1675+d)<(x+d)- y-1675. Therefore z=1675 must be for the greatest product.

2 2 2

Furthermore, x-y < (x’;y] =(2°'5;'675] =(¥J =170, Since (170,170,1675)e S
that means that the biggest element of 17 is 170-170-1675 = 48407500




A2 ALB

3) If x*-3 /3 x249x-3 /3 -64=0, find the value of x®-8x>+13x*-5x*+ 49x2-137x+2015.
Solution
-3 V3xM49%-31/3-64=0 >(x-v3 =64 &> (x-/3)=4 & x4=1/3 <> x2-8x+16=3 >
x2-8x+13=0

x5-8x>+13x%-5x+ 49x2-137x+2015=( x2-8x+13)(x*-5x+9)+1898=0+1898=1898
A3 MNE

Let @,b,c be positive real numbers. Prove that
228 JE + -'JE >2
b Yc Ya
Solution:

Starting from the double expression on the lefi-hand side of given inequality, and applying
twice the Arithmetic-Geometric mean inequality, we find that
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which yields the given inequality.

(Ad) e
Let a,b,c be positive real numbers such that a+b+c¢=3. Find the minimum value of

2-a 2-% 2-¢&
+ + :
a b c

i

Solution:
We rewrite 4 as follows:



ol 3 _ 3
P .. 3B 8 pat =2(l+l+l)-a’—b2—c’=
a b ¢ a b ¢

2(M]-(a2 +b +ch)= 2(9-bib”c“)—((a+b+c)’ —~2(ab+be +ca)) =
abe abc

2(ab+bbc+caJ_(9_2(ab+hc+ca))=z(w)+2(ab+bc+ca)—9 =

abc abe
2(ub + be + ca)[L+ l)— 9
abe

Recall now the well-known inequality (x+ y+z)° 2 3(xy + yz + zx) and set
x=ab,y=be,z=ca, to obtain (ab+be+ca)’ 23abe(a+b+c)=9%bc where we have used
a+b+c=3. By taking the square roots on both sides of the last onec we obtain:

ab+be+ca>3Jabe , (1)
Also by using AM-GM inequality we get that

1 ’ 1
—+122,— . (2
abc abc @

Multiplication of (1) and (2) gives:

(ab+bc+ca)(-1—+1]z 3abe -2JL =6.
abe abe

So 42>2-6-9=3and the equality holds if and only if @ =b=¢c =1, so the minimum value is
3.

Remark: Note that if f(x)=

2-x°

,x€(0,3) then f(x) = ——2, 0 the function is
X

convex on x € (0, %/5) and concave on x € (VZ_ ,3) . This means that we cannot apply Jensen's
inequality,

A5 Med

Let x, y, z be positive real numbers that satisfy the equality x* + * +z* =3. Prove that
2 2 2
;r+yz+g'+zx zz+xy52l
x“+yz+l y+z+l z°+xy+l

Solution:
We have



2 2 2
B e BRI LR S PR
x“+yz+l1 Y+zx+l °+x4l
2 2 2
x2+}’z+l+y2+zx+l+zz+xy+lsz+ 5 1 4 ; 1 + 1 o
x“+yz+4+1 y'+z=x+1 2z°4+x9+1 x+yz+1 y“+z=x+1 zz+xy+l
324 5——F 51—+ 1
4+l y4+m=m4l T4+l
et —s 1 51
4+l yY+ax+l 2%4ap4l
1 : 1 : 1 9 -
2 s F% 2 2 2 -
x"+yz+1 y "4zx4+1 2°4xy+1 x“+yz+14+y°+z=x+14+2°4+xp+1
9 > 9 -
Ly by tyrn+3 2 x4 y2 2% 43
The first inequality: AM-GM inequality (also can be achieved with Cauchy-Bunjakowski-

Schwarz inequality). The second inequality: xy+ yz+ = £ x% + y2+ 2% (there are more ways to
prove it, AM-GM, full squares etc.)

=

GEOMETRY
Gl nC

Around the tangle ABC the circle is circumscribed, and at the vertex Ctangent ¢ to this
circle is drawn. The line p which is parallel to this tangent intersects the lines BC and AC

at the points D and E | respectively. Prove that the points 4, B, D, £' belong to the same
circle.

Solution:
Let O be the center of a circumscribed circle k of the triangle A8C, and let 7 and G be

the points of intersection of the line CO with the line p and the circle &, respectively (see
Figure). From p||t it follows that p L CO. Furthermore, ZABC = ZAGC, because these

angles are peripheral over the same chord. The quadrilateral AGFE has two right angles at
the vertices 4 and F, and hence, ZAED + ZABD = ZAEF + ZAGF =180°. Hence, the
quadrilateral ABDE is cyclic, as asserted.




o nLp

The point P is outside of thecircle Q. Two tangent lines, passing from the point
P, touch the circle © at the points 4 and B. The median AM, M e(BP),

intersects the circle Q at the point C and the line PC intersects again the
circle Q at the point D. Prove that the lines AD and BP are parallel

Solution:
Since £ BAC = ZBAM = ZMBC, we have AMAB = A MBC.

M B

We obtain Mi:ﬂ:ﬂ. The equality MB=MP implies M=£ and
MB MC BC MP  MC

£ZPMC = ZPMA gives the relation A PMA = A CMP. 1t follows that

£ BPD=/MPC =/ MAP=Z CAP=/CDA=/ PDA. So, the lines 4D and BP

are parallel.
G3 ne

Let ¢=¢(0:%) pe g circle with center O and radius R and 4, B be two points on it, not
belonging to the same diameter. The bisector of the angle ABO intersects the circle € at
point C, the circumcircle of the triangle AOB, say © at point K and the circumcircle of

the triangle AOC', say 2, at point L. Prove that the point K is the circumcenter of the
triangle AQC' and the point L is the incenter of the triangle AOB.

Solution:
The segments OB,0C are equal, as radii of the circle €. Hence OBC is an isosceles

triangle and (1)




The chord BC is the bisector of the angle OBA , and hence

The angles B , and (), are inscribed to the same arc OK of the circle  and hence

Bz=6‘=i. (3)

The segments KO,KC are cqual, as radii of the circle €2, Hence the triangle KOC is
isosceles and so
0,=C =2 @
From equalities (1,(2),(3) we conclude that
0,=0,=%,
and so OK is the bisector, and hence perpendicular bisector of the isosceles triangle OAC'.
The point K is the middle of the arc OK (since BK bisects the angle OBA ). Hence the

perpendicular bisector of the chord AQ of the circle ! is passing through point K . It means
that K is the circumcenter of the triangle OAC .

From equalities (1+(2:(3)we conclude that B, =C, = % and so AB// OC = OA4B = 40C
that is /.1, + ;1, = é, ¥ é,and since 0, = 02 = X, we conclude that
A +A4,=20,=2%. )

The angles 4, and C, are inscribed into the circle 2 and correspond to the same arc OL.
Hence

-~

4,=C,=%. (6)
From (5) and (6) we have .;!, = ;12 ,i.e. AL is the bisector of the angle BjO A

\(;4| &7 \{ F

Let AABC be an acute triangle. The lines (&), (g2) are perpendicular to 4B at the points 4,
B, respectively. The perpendicular lines from the midpoint M of 48 to the sides of the
triangle AC., BC intersect the lines (ry, (£2) at the points £, ¥, respectively. If [ is the
intersection point of EF , MC , prove that =

LAIB=LEMF = LCAB+ ZCBA

Solution:
Let H, G be the points of intersection of ME , MF', with AC, BC respectively. From the
similarity of triangles AMHA and AMAE we get

MH _ M

MA ME

thus, M4*> = MH - ME (1).
Similarly, from the similarity of tnangles AMBG and AMFB we get
MB _ MG
MF MB
thus, MB® = MF - MG ().
Since MA = MB , from (1), (2), we have that the points £, H, G, F are concyclic.



Therefore, we get that ZFEH = ZFEM = ZHGM . Also, the quadrilateral CHMG is cyclic, so
ZCMH = ZHGC . We have
ZFEH + ZCMH = ZHGM + ZHGC =9%0°
Thus CM L EF . Now, from the cyclic quadrilaterals FIMB and EIMA, we get that
ZIFM = ZIBM and ZIEM = ZIAM . Therefore, the triangles AEMF and AAIB are similar, so

ZAIB = ZEMF . Finally,
LAIB=ZAIM + ZMIB = ZAEM + /MFB=/ZCAB+ ZCBA .

G5 PoU

Let ABC be an acute tnangle with AB # AC. The incircle @ of the triangle touches the sides

BC, CA and AB at D, E and F, respectively. The perpendicular line erected at C onto BC
meets £F at M, and similarly, the perpendicular line erected at B onto BC meets EF at N. The
line DM meets @ again in P, and the line DN meets @ again at Q. Prove that DP = DQ.

A

S

Solution:



Proof 1.1.
Let {T'} = EF N BC. Applying Menelaus’ theorem to the triangle ABC and the

TB EC FA . TB s—c s—a
transversal line F — F — TWBOthnTC'm'-F;E'—l Le. 'T-,—C"-s_—a‘m—l,
w18 _ 5=t

7€~ s—¢'
TB BN
This means that triangles TBN and TCM are similar, therefore —— TC =M From

t.heaboveltfollowsgﬁ=s-b BD_"b and ZDBN = ZDCM = 90°,

cD
which means that triangles BDON and CDM are sumlu' hence angles BDN and
CDM are equal. This leads to the arcs DQ and DPbemgequal and finally to
DP = DQ.

Proof 1.2.
Let S be the meeting point of the altitude from A with the line EF. Lines
BN, AS, CM are parallel, therefore triangles BNF and ASF are similar, as are

BN BF ., AS AE

tna.nglesASEandCME'.WeobtmnAS FA dCM-EC

BN BF AE BF BD
Multiplying the two relations, we obtain CM - FA EC—EC - DC (we have
used that AE = AF, BF = BD and CE = CD).
It follows that the right triangles BDN and CDM are similar (SAS), which leads

to the same ending as in the first proof.

where the notations are the usual ones.

NUMBER THEORY

NT1 SAU

What is the greatest number of integers that can be selected from a set of 2015 consecutive
numbers so that no sum of any two selected numbers is divisible by their difference?

Solution:
We take any two chosen numbers, If their difference is 1, it is clear that their sum is divisible

by their difference. If their difference is 2, they will be of the same parity, and their sum is
divisible by their difference. Therefore, the difference between any chosen numbers will be at
least 3. In other words, we can choose at most one number of any three consecutive numbers.
This implies that we can choose at most 672 numbers.

Now, we will show that we can choose 672 such numbers from any 2015 consecutive
numbers. Suppose that these numbers are a, a + 1, ..., a + 2014, If a is divisible by 3, we can
choosea+ 1,a + 4, ..., a + 2014. If a is not divisible by 3, we can choose @, @ + 3,...,a +
2013.



NT2 BUL

A positive integer is called a repunit, if it is written only by ones. The repunit with » digits
will be denoted by 11...1. Prove that:

a) the repunit 11...1 is divisible by 37 if and only if » is divisible by 3;

b) there exists a positive integer & such that the repunit ] 1...1 is divisible by 41 if and only if n

is divisible by k.

Solution:
a) Let n = 3m + r, where m and r are non-negative integers and r <3.
Denote by 00...0 a recording with p zeroes and gbeabc...abe recording with p times abe. We
H—/ T
’ prade
have: ; H.. -11 100 00..0+11,..1=111-100100...100100...0 o+u 1

3Imir (m~1)x 100 r

Since 111=37-3, lhe numbers 11 ...1 and ...! are equal modulo 37. On the other hand the
numbers 1 and 11 are not divisible by 37. We conclude that ] 1...1 is divisible by 37 if only if

r=0,i.e. if and only if n is divisible by 3.

b) Using the idea from a), we look for a repunit, which is divisible by 41. Obviously, ! and 11
are not divisible by 41, while the residues of 111 and 1111 are 29 and 4, respectively. We
have 11111=41-271. Since 11111 is a repunit with 5 digits, it follows in the same way as in a)
that ]1...1 is divisible by 41 if and only if n is divisible by 5.

NT3 Mb

a) Show that the product of all differences of possible couples of six given positive integers is
divisible by 960 (original from Albania).

b) Show that the product of all differences of possible couples of six given positive mtcgexs
is divisible by 34560 (modified by problem selecting committee).

Solution:
a) Since we have six numbers then at least two of them have a same residue when divided by

3, so at least one of the differences in our product is divisible by 3.

Since we have six numbers then at least two of them have a same residue when divided by 5,
so at least one of the differences in our product is divisible by 5.

We may have:

a) six numbers with the same parity

b) five numbers with the same parity

¢) four numbers with the same parity

d) three numbers with the same parity

There are C; =15 different pairs, so there are 15 different differences in this product.

a) The six numbers have the same parity; then each difference is divisible by 2, therefore our

product is divisible by 2" .



b) If we have five numbers with the same parity, then the couples that have their difference
odd are formed by taking one number from these five numbers, and the second will be the

sixth one. Then C; =15=5 differences are odd. So 15-5=10 differences are even, so
product is divisible by 2'°

¢) If we have four numbers with the same parity, then the couples that have their difference
odd are formed by taking one number from these four numbers, and the second will be from
the two others numbers. Then 2-C, =8 differences are odd. So 15-8 =7 differences are
even, so our product is divisible by 2’ .

d) If we have three numbers with the same parity, then the couples that have their difference
odd are formed by taking one from each triple. Then C,-C} =9 differences are odd, therefore

15-9=6 differences are even, so our product is divisible by 2°.
Thus, our production is divisible by2°-3-5=960.

b) Let a, a,, a;, a,, 4, a, be these numbers. Since we have six numbers then at least two

of them when divided by 5 have the same residue, so at least one of these differences in our
product is divisible by 5.

Since we have six numbers, and we have three possible residues at the division by 3, then at
least three of them replies the residue of previous numbers, so at least three of these
differences in our product are divisible by 3.

Since we have six numbers, and we have two possible residues at the division by 2, then at
least four of them replies the residue of previous numbers, and two of them replies replied
residues, so at least six of these differences in our product are divisible by 2.

Since we have six numbers, and we have four possible residues at the division by 4, then at
least two of them replies the residue of previous numbers, so at least two of these differences
in our product are divisible by 4. That means that two of these differences are divisible by 4
and moreover four of them are divisible by 2.

Thus, our production is divisible by 2*-4?-.3*.5 = 34560
—— '
(NT4 ) rup prwhrt

V-
Find all prime numbers a, b, ¢ and integers & which satisfy the equation
a’+b*+16-¢* =9k +1.

Solution:
The relation 9-4* +1=1(mod 3) implies

a’+b*+16-c* =1(mod 3) & a®+b* +¢* =1 (mod 3).
Since @’ =0,1(mod 3), b’ =0, 1 (mod 3), c* =0, I (mod 3), we have:

a? 0 0 0 0 | 1 1 1
b? 0 0 1 1 0 0 1 1
c? 0 1 0 I 0 1 0 1
A +b*+c? 0 1 1 2 1 2 2 0

From the previous table it follows that two of three prime numbers a, b, care equal to 3.
Casel. a=b=3. Wehave
@’ +b*+16:¢" =9k +1 & 9.k ~16-c* =17 > (3k—4c)-(3k+4c)=17.



Ik —dc=1, =2
{ o=l e {” , ad (abck)=(323)

3k+4c=17, k=3,

3k"4€=—|7, c=2,
£ d £)=(33.2-3).
l {3k+4c=—|, then {k=_3, and (a,b,¢,k)=(3.3.2,-3)

Case2. c¢=3. If (3,b,,c,k) isasolution of the given equation, then (b,,3,c,k) isa
solution, too.

Let a=3. We have

@ +b*+16-¢* =9-k*+1 & 9-k'-b' =152 & (3k-b)-(3k+b)=152.
Both factors shall have the same parity and we obtain only 4 cases:

{;: ;z : :7‘16 {: :’; and (a,b,c,k)=(337,313).
If {;’; ;z ::8 then {: _ '77 and (a,b,c,k)=(3.173,7).
{;:;2 : :;6 th {i :3_ 713 and (a,b,c,k)=(337,3-13).
If {; : :z z js {i Z 1_77 and (a,b,c,k) = (3,17.3,~7).

In addition, (a,b,c,k) € {(37,3,3.13), (17,33,7), (37,33,-13), (17,33-7)}.

So, the given equation has 10 solutions:
_[3733.3), (1733,7), (37,33-13), (17,33-7), 337.3,13), (317,3,7), (3.37,3-13),
- {(3,1 73,-7), 3.3,2,3), (33,2-3). }

NT5S RNE

Does there exist positive integers a, b and a prime p such that
a’ - b*=4p™?

Solution:

The given equality may be written as

() (a - by(a@®+ab + b*) = 4p>.

Since a — b < a*+ ab + b, it follows from (1) that

(2) a-b<2p.

Now consider two cases: 1. p= 2, and 2. p is an odd prime,
Case 1: p=2. Then (1) becomes
(3) (a@—b)a@*+ab+ b*) = 16:
In view of (2) and (3), itmustbeca—b=1ora—b=2.Ifa- b= 1, then substituting @ = b+1
in (3) we obtain

b(b+1)=5,
which is impossible since b(b + 1) is an even integer.
If a — b =2, then substituting @ = b+ 2 in (3) we get

3b(b+2)=4,
which is obviously impossible.
Case 2: p is an odd prime. Then (1) yields a — b | 4p*. This together with the facts that
pisaprime and that by (2) a— b <2p, yieldsa - b € {1, 2,4, p}.
If a— b =1, then substituting « = b + 1 in (1) we obtain

b+ 1)+ 1 =4p%,



which is impossible since 35(h+ 1)+ | is an odd integer.
If a — b =2, then substituting @ = & + 2 in (1) we obtain

3%+ 6b+4=2p%,
whence it follows that

2(p* — 2) = 3(b*+ 2b) = 0 (mod 3),

and hence
(5) p? =2 (mod 3).
Since p? = 1(mod3) for each odd prime p > 3 and 3? = 0(mod3), it follows that the
congruence (5) is not satisfied for any odd prime p.
If @ — b= 4, then substituting a = b+ 4 in (1) we obtain

302+ 126+ 16 =p7,
whence it follows that b is an odd integer such that

3% = p* (mod 4),
whence since p? = 1(mod 4) for each odd prime p, we have
(6) 3b% =1 (mod 4).
However, since b* = 1(mod 4) for each odd integer b, it follows that the congruence (6) is
not satisfied for any odd integer b.
If a — b = p, then substituting @ = b + p in (1) we obtain
p(3b*+ 3bp + p* —4p) =0,

i.e.
(7N 307+ 3bp + p? —4p=0.
If p > 5, then p* — 4p > 0, and thus (7) cannot be satisfied for any positive integer b. If
p =3, then (7) becomes

3(b*+3b-1)=0,
which is obviously not satisfied for any positive integer b.
Hence, there does not exist positive integers a, b and a prime p such that @* — 5* = 4p”.

COMBINATORICS
c1 Bl

A board nxn (n = 3) is divided into #° unit squares. Integers from 0 to » included are written
down: one integer in cach unit square, in such a way that the sums of integers in each 2x2
square of the board are different. Find all n for which such boards exist.

Solution:

The number of the 2x2 squares in a board axn is equal to (n —1). All possible sums of the
numbers in such squares are 0, 1, ..., 4n. A necessary condition for the existence of a board
with the required property is 42 +1> (n —1)? and consequently n(n —6) < 0. Thus n <6 . The
examples show the existence of boards nxn forall 3<n <6.
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er” Shu

2015 points are given in a plane such that from any five points we can choose two points with
distance less than 1 unit, Prove that 504 of the given points lie on a unit disc.

Solution:

Start from an arbitrary point A and draw a unit disc with center A. If all other points belong to
this disc then we are done. Otherwise, take any point B outside of the disc. Draw a unit disc
with center B. If two drawn discs cover all 2015 points, by PHP, one of the discs contains at
Jeast 1008 points.

Suppose that there is a point C outside of the two drawn discs. Draw a unit disc with center C.
If three drawn discs cover all 2015 points, by PHP, one of the discs contains at least 672
points.

Finally, if there is a point D outside of the three drawn discs, draw a unit disc with center D.
By the given condition, any other point belongs to one of the four drawn discs. By PHP, one
of the discs contains at least 504 points, concluding the solution.

C3 mb

Positive integers are put into the followin table
1 3 6] 10 15| 21| 28| 36
2 5 ol 14| 20| 27| 35( 44
4 8| 13| 19] 26| 34| 43| 53
71 12| 18] 25| 33| 42
1] 17] 24| 32| 41
16| 23

Find the number of the line and column where the number 2015 stays.

Solution 1:
We shall observe straights lines as on the next picture. We can call these lines diagonals.




On the first diagonal is number I.
On the second diagenal are two numbers: 2 and 3.
On the 3rd diagonal are three numbers: 4, 5 and 6

On the n-th diagonal are n numbers, These numbers are greater then gn—z_l)n and not greater

nn+1)

than (see the next sentence!).

)

On the ﬁrslndingonalsare1+2+3+...+n=" 3 numbers.

If m is in the -th row /-th column and on the n-th diagonal, then itis m = @H and

n+l=k+I.So, m=(k+l-22Xk+1_l)+l.

We have to find such numbers #, & and / for which:

(n—lk(zowsn(lﬁl) (1)
2 2

n+l=k+! (2)
20]5=(k+l—2Xk+lﬁ+l &)
(1), 2), 3) = n* —n<4030<n’ +n.=>n=63, k+1=64,2015= (64'2264'1)+1=>

{=2015-31-63=62, k=64-62=2
Therefore 2015 is located in the second row and 62-th column.

Solution 2:
Firstly, we can see that the first elements of the columns are triangular numbers. If g, is the

i{i-1)
>
The second elements of the first row obtained by adding the first element 2.
The second elements of the second row is obtained by adding the first element 3.
And so on, then the second element on the n-th row is obtained by adding the first element
n+l
Then the third element of the n-th row is obtained by adding n+2, and the &-th element of it is
obtained by adding &.
(m=1)n
2

Since the first element of the n-th row is

(—":21—)"+l+(n+l)=£2+1)+2_

first element of the line 7, we have a, =

+1, the second one is

The third one i(n%'—l)+l+(n+2)=£’ﬂ§"—+2-2+3 so the k-th one should be
(n+k—2Xn+k—l)+
2

k-



("+*-ZZX"+"‘_’)+1¢=2015¢u’+n(2k—3)+k’-k—4028=0

To have a positive integer solution (2k—3)‘ —4(k’ —k—M)=16121-8k must be a perfect
square.

From 16121—8k = x*, it is noticed that the maximum of x is 126 (since k> 0).
Simultaneously can be seen that x is odd, so x< 125.

161218k = x* &> 125" +496 -8k = x"

So 496—8k=0, form that k=62

From that we can find n=2.

So 2015 is located on the second row and 62-th column.

C4 GRE

Let n>1 be a positive integer. A square of side length # is divided by lines parallel to each
side into #* squares of side lengthl. Find the number of parallelograms which have vertices
among the vertices of the n* squares of side length 1, with both sides smaller or equal to 2,
and which have the area equal to 2.

Solution:
We can di\'ride all t'hesc pax"allclogrlams int<|> 7 class.es (lypcls I- VI'[), accor'ding to ?’igurc.

e e it s G e

B o e

Type I: There are n ways (0 choose the s(ri'p for the horizontal (shdrter) side of the
parallelogram, and (n—]) ways to choose the strip (of the width 2) for the vertical (longer)
side. So there are n(n -1) parallelograms of the type I.

Type II: There are (n—l) ways 1o choose the strip (of the width 2) for the horizontal (longer)
side, and n ways to choose the strip for the vertical (shorter) side. So the number of the
parallelogram of this type is also n(n—l).

Type 111: Each parallelogram of this type is a square inscribed in a unique square 2x2 of our
grid. The number of such squares is (n—1)'. So there are (n—1)" parallelograms of type T1l.
For each of the types 1V, V, VI, VII, the strip of the width 1 in which the parallelogram is
located can be chosen in n ways and for each such choice there are n—2 parallelograms

located in the chosen strip.
Summing we obtain that the total number of parallelograms is:



2n(n=1)+(n—1) +4n(n—2)=7n* ~12n+1

(C_:S) P

We have a 5x5 chessboard and a supply of L-shaped triominoes, i.e. 2x2 squares with one
comer missing. Two players 4 and B play the following game: A positive integer k <25 is
chosen. Starting with A, the players take alternating turns marking squares of the chessboard
until they mark a total of k squares. (In each turn a player has to mark exactly one new
square,)

At the end of the process, player 4 wins if he can cover without overlapping all but at most 2
unmarked squares with L-shaped triominoes, otherwise player B wins. It is not permitted any
marked squares to be covered.

Find the smallestk , if it exists, such that player B has a winning strategy.

Solution:
We will show that player A wins if k=1, 2 or 3, but player B wins if k=4. Thus the smallest

k for which B has a winning strategy exists and is equal to 4.
Ifk=1, player A marks the upper left corner of the square and then fills it as follows.

X

If k=2, player A marks the upper left comner of the square. Whatever square player B marks,
then player A can fill in the square in exactly the same pattern as above except that he doesn't
put the triomino which covers the marked square of B. Player A wins because he has left only
two unmarked squares uncovered.

For k=3, player A wins by following the same strategy. When he has to mark a square for
the second time, he marks any yet unmarked square of the triomino that covers the marked
square of B.

Let us now show that for k=4 player B has a winning strategy. Since there will be 21
unmarked squares, player A will need to cover all of them with seven L-shaped triominoes,
We can assume that in his first move, player A does not mark any square in the bottom two
rows of the chesshoard (otherwise just rotate the chessboard). In his first move player B marks
the square labeled 1 in the following figure.
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If player 4 in his next move does not mark any of the squares labeled 2, 3 and 4 then player B
marks the square labeled 3. Player B wins as the square labeled 2 is left unmarked but cannot
be covered with an L-shaped triomino.

If player A in his next move marks the square labeled 2, then player B marks the square
labeled 5. Player B wins as the square labeled 3 is left unmarked but cannot be covered with
an L-shaped triomino.

Finally, if player A in his next move marks onc of the squares labeled 3 or 4, player B marks
the other of these two squares. Player B wins as the square labeled 2 is left unmarked but
cannot be covered with an L-shaped triomino.

Since we have covered all possible cases, player B wins whenk=4.




