IBALECET TPERM TYPHUP T'PAJIOBA

Jecewe xono. [lpurnpemua Bapujanta, 21. okTobap 2001.

8-9 paspen (Mnabu yapacT)

(Pesynrar ce pasyHa Ha OCHOBY TpW 3allaTKa HA Ko JuMa Je Hobu jexo
HA |BMlle noeHa; MoeHU 3a Tayke jenHor 3anarka ce cabupajy)

noeHd 3anaum
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4
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4

3.
4
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4

S.
4

Iatu cy tpanes ABCD ca ocHosuuama AD u BC m 1auxa K ua
werosoM xpaxy AB. Kpoa rauky A KoHcTpyucaHa Je npasa
1, mapanenna npasoj KC, a kxpo3a tauky B koHCTpyMcasa Jje
npasa m, napasenda npasoj KD. JlokazaTu na Tavka npece-
Ka npaBux 1 ¥ m nexu Ha xpaxky CD.

CnaBko Je NOMHOXMO NpBUX N NpypolHUMx Gpo JeBa, a Bane-
puje Je NMOMHOXMO TpPBMX M NAPHMX MpUponHMX 6pojesa (n M
m cy Behu on 1). O6ojuua cy nobSwim Jeman Te MCTy Gpoj.
lloxazaru pa Je Gap Jeman o nevaxa Morpemmo.

Y KommHoJ xonekuu ju ce Hanase yYeTupu uapcka HoBuyuha on
no ner pybana. Pexam cy My ma cy Hexa aBa Meby numa
HeucrpaBHa, Koma xohe na npopepu (ma noxaxe wunu na
onosprue), ma au cy mehy HopuMhvMa TauvHO HBA HeucTHpas-
Ha. Moxe ;M OH TO pa ypamu nomMohy nsa Mepewa Ha Tepa-
anjama 6es Teropa? (HeucnpasHu HoBuUMhM cy jenHaxux Te-
XMHAa, MCIpaBHM Cy Takohe jenHakux TexmMHa, ajM Cy Heuc-
NpaBHM JIAKIM OfI UCIIPaBHMUX. )

flo mpaBoj ce y Jjemsdom cMepy xpely 5 jearakux Kyrauua,
a y cycper uM ce xpehy S5 Opyrux MCTHUX TaKBUMX KyrJMua.
Bpaune cBux kyrimua cy JjenHake. [lpuimmkom cymapa Gudio
xoje mBe Kyriuue oHe ce oabMJy Ha CynpoTHe CTpaHe C
uctom GpaMHOM C KO JOM cy ce Kperase o cynapa. Konmko
he ce yKyIHO cynapa HecuTd mehy Kyriavuama?

OmabGpano je Hexosauko (Bume on Tpu) TAauaka y paBuu. [lo-
3xato Je na axo ce u3bauM MpOM3BORHA TadKa, MNpeocrane
he 6GUTHM CHMMeTpM4YHE Yy OHHOCY Ha Heky npasy. la mu je
TAMHO [a Je Leo CKyn Tavyaka Takohe cuMeTpu4YaH Yy omnHOCY

Ha HeKy npaBy?



NBAIECET TPERM TYPHUF I'PAIIOBA

Jecene xono, [Ipurnpemia Bapy jandrta, 21. okrofap 2001.

10-11 paspen (crapuu yapacrt)

(PeaynraT ce pauyHa Ha OCHOBY TPM 3anaTka Ha Kojuma Je Nob6yujeHo
Ha jBuile NoeHa; MOEeHM 3a Tayxe JenHor 3alaTka ce cabupajy)
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HazoBuMO BMCHMHOM METOYria OTCeYaK HOopMale chnyllredHe W3
TeMeHa Ha HacnpaMHy orpanmity. HazoBmmo menu jaHom nero-
yrya oTcevyak Ko U rnopeasy je Teme ca CpelMuUTEM HaclpaMHe
crpanmue. [loaHato je ma cy OyXuHe CBMX BUCHMHA M CBUX
MeIM jaHa HeKor Mneroyrna JjenHake jemHoM uMCTOM 6pojy.
Ilokazaru na Je rta] neroyrao npasunaH (ro JecT na cy My
CcTpaHule JjenHake M Oa Cy My YrJioBM JenHaku).

MocTo ju 1000 yaacTomHUxX nNpuponHux Opo jesa Mely ko juma
Hu JenaH Huje npoeT (Ha mpumep: 1001!+42, 1001143, ... ,
1001!+1001). A na s noctoju 1000 ysacTOrHuX NPUPOoIHUX
Gpo jeBa, Mely Ko jumMa je TadHo S npocTHx?

[lo npaBoj ce y jemHoM cmepy Kpehy S jemHakux Kyriamia.,
@ y cycpeT MM ce Kpehy 5 Apyrux HCTHX TakBUX Kyrimua.
Bpaune cBux xyriamua cy Jensaxe. [lpumvxoMm cymapa Guno
Ko je IOBe Kyrimue oHe ce OnOMjy HA CYNpoTHe CTrpane C
ucroM GP3MHOM C KO JjoM cy ce KXperane Ho cynapa. Komuxo
he ce YyKYNHO cynapa IecuTH Mely Kyrimuama?
TPoYrAAcTe

Ha xpanpatTHoj TOPTHM cy pacnopelieHe kBaEpeTHe YOXohanm-
ue, kxoje ce melbycobho He noaupyly. Jla nu Je ysex mMory-
he ucehy TOPTY HA KOHBEKCHE TMOJMIOHEe, TakKo Oa CcBaku
NOJMroH CampXu TauyHo JjeoHy Yokosammuy? (CMarpamo na je
TOpTa paBaH keanpar., Ourypy HaausaMO KOHBEKCHOM, aKo
OHa Ca MPOM3IBORHE IBe CBO je Tadke calpXu M OyX Koja ux
noseayJe. )

Y nesom pomeM yriy maxoBcke Tabne, a Taxkole Ha cycen-
HOM FOPHEM M CYCEHNHOM MAeCHOM Moay Hanma3u ce no Gemm
Ton. [Jo3BoRreHO je MNOBJAYMTM MoTe3e Mo yobuua JeHum npa-—
BUJIMMAR, AWM TaKo Jia loclie cBakor loTe3a CBakKM On Tolo-
pa Gyne noj IAWTUTOM HeKOor apyror Tona. Mory mm ce y
HEKOJIMKO T10Te3a IPEMECTUTH Ta TPU TOMRA TaKOo Ia CBakKW
[OCHe Ha MNojke CHMMEeTPUMHMHO [MOJIR3HOM Yy OOHOCY Ha nujaro-
Hany Ko ja noBeayje NecCHUM HOHM M JieBUM rOpwM yrao rabnae?
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S orpanesy ADBCD ca ocnopmitasia AL u BC na Gownoj crpanvne A3 yara
Je rauna N. Kpos rauny A pocrapiena je qipasa {, napajiceiaia npapaj
K. a kposz rauxy [ nocrapiena je ppana n, napajciia npangoj NI,
Hokazarn ga rauks upecexa tupamax [ wom ppHgana Godno] cTpaisim
.
Pemrewe. Osnaumio ca O tadky npeceka Bodnmx crpanuia Tpanesa, a ca L u
M rauke npecera npasux [ von ca crpanvion G, W3 napageadocti npapux
KO w AL cancam camanocr Tpoyraosa CON v LOA, na je
ON  CO
o4 SO
Aunagoruo, vz cnaioctn tpoyrsosa DOK v MOB jobujano
ON DO
OB MO
Hdame,
o DO
oA O’
ra caeiau , .
L0 OoA-CO  0B-DO VO
N NO NO B

omuocho, rauke L u W ce nokaanaly, na ce npase [ ¥ m cery na crpamnim C',

CUtaBr o je MOMHORHO HPBUX N NpUpoaux Gpojesa, a BemKo J¢ HOMHOKWO
(APBHX M NapHUX Tpupodaux Opojesa (nowom cy Behu on 1), npu demy cy
obojuna noGuin ucrr pesyvarar. JHoxaszars qa je Gap jenmawr of fedaxa
MOrpeitie Yy padynamy.



O6jaBeHo Ha 23.9.2022

Pomome, Hpena yeaomasia saparia, Chanio jo nobinn Gpoj nl, a Beao Gpoj 2
dess o= 2" anl Byavhe an ey obolrin Jo0HIm Morr peayiimive, SKLY Y Jeao
ancje o= je 2" = (4 Jim+2). .. (n = . Kako ey m v on nelin
] I, ENeNA Gt O U STMHAQLHIA Y HADeIeioN ll]rnH:HH':Jl_v Yaacralim ﬁl'—'"{jf‘llu
nel i ot jesiniiie, THUon npouanod je crolel Anojke, 1 je erora i -4 | = 2",
Melyrun, MIAVEIHIOM e AAKO nokasyje o je 2% % a4 1 s = 1, fia ediejin
Il _III"' Iil.‘g’lll.’ll““”l' ANJIONCHBCTTH CRMO A0 T = [, 111'1"71‘_']!" ¥OOMITPOTHOCTA Gl YOOI
angivrii, JLasde, Gap JeJunn oL e Jo HorpeiIide ¥ pady iy,

I oG] KOAERII I DB 0 GEPH P PO 3JHCTHER D 04 Het fry Db,
Kokt Jo pedeno g oy HORA JUE0 00 IS G a i, 1a o ol o0y i
S PO (SR IGR O AR GO pEHe) 0 0 00 NCDY IheroBHA 3R THRINN
e rasno i A, i s one to pogke dac ypasat nosolty
sepeiba i repaadfasi Ges o reronn?

(.Hn;t-:m-l LIRVTIIIH ) HeTde TOAHIE, PIT'H,”-'HHH! 'f':'!h'HfJ'f.'. it H *-",1‘ SELHC T
JUAVKHEE /1 IUJ.‘H:H.Y.}

Pomewo, Moxe, Youumo, Hpno, Ja Koma Mopn a cranm (1o Jma aantidis i
CHAKK TAC P CIKORM Aepeiby. Y ROJIHo G e CONo NG JeJiat Sirimeg
i enakK rae Morno Ouoan wobe v oewryaimgy an oy oba g woobn npani
VopanHOTeRW, i e O Ouo v sorylinoe Ty an e Guie kakny wijany o Gpojy
HAATIAX SEVTHHED Y ILETON0] KOJCRIIjH,

Moyl ey i HexXoi ipnor Mepeiba

(1) Taconu ¢y v papporesd, T'o sy i ce na cnngoa Tacy nanam nern bBpoj
J}jii'l.lllﬂ],‘\' H oHAaAc X SHariidka, T _it‘ JOBOIGID TPROUCePRATA il Ha Casb _il!’,’lllf.'l.\i
racy. nkae, y o apyrom sMepeiby ynopeliyjesmo anatingke on jeanor tacn, ARo
TACOUM HHCY ¥ DARMOTOH M, SANILYUVJOALD JIA ¢0 Y KONCKIMM AR50 PAUn0 filh
paserfurronann, ¥ eyuporios, Gpop gadacngusonanmx Je 0w 4,

(2) Taconw ey y pannoreain, To suaum Jiee Yy RONeKIATM ITIRSH tajMare 1,
H H-':'l.]ll”'lllll.‘ THH |I|5'|Jl!'F'|lI||"|-h'r.’l”\lfi'l F|“”-"||"'|IH1: Y APV TCRE JUCTRCILY AAMCTTFM Y MEeCT
_jt'_rmr.'u' ST ARG cae et radn MW _].t'.,'lllhl' AR CR e ol ada, Y e i
¥ HIKON TOrL PACGHW ¥ DIBNOTeARW, ¥ i\'ﬂ.'."u'lf.'l\'.ll.l"lllllfl CY TR QI 'l“'.””'|'1.|I|H|\'.'|'JFF1\'||;|-
POTIMRA, ¥ eytpornos, Hpoj dadeumharonaias o | niu 3,

fTo npavoy ey jegaion carepy i genoa seliyeotioan pacitojahy gpehe poi
JOJUTARHY KYPAMIa, f IHMA Y cyeper oo Kpelie jolll ner TAKnux Ky iy,
Clne wyramie co wpehy peroar Gpadgoar. Hpe eyanpy HpoB3nodnie e
KYDIHIE, aie Jaetamnay aia oo Kpehy s#oroar Dpasiion, ajau y cynpori
exvepondsia, Koauko cvanpa he Oprn pely kyronnasa?

Pemente. 25 eviapn,

H}'JL}'IIH JULCY CNIIRDM KY PAHLIE TOTHY HO SARCTHYT, BRI CYID MOACOMO [100-
REVEEVTH IO 3AMOHY Mectn JiBe RYPinie I{U_it-' It|}f..t,Ly}h::1IH|_'|}' i Lo I\'.|.1|:f'|_\' ¥ 0-
HETHG BJLECEOR CMEpY. Claia |t Ii;wlm S De conia KYPHWIE SAMOITMITH MOCTo eh
CHBRON OJ] KY PG I\'t'.‘:jt‘ lj{}j HAY Y eyoper, ']‘J. ei O ORYPUMLD, T JI YryrnH ﬁpuj
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i ; PR L i : :
AN MCCTR, T CYILREL e J'i," = 20 ('f W OV [ Pasiy e Jine 1y,

JUP Y CHOROM CYIAPY YHCCTUY]Y JABC KYPARLIE).
Hanomewn, 3ngarak oo pome yonmrama, Ako e y obn emepa kpehie no
Ky i, Yeyia Gpoj eyanpn he Gura o,

N opanmm oo voveno pewoauio raaara (inne ogr rpwa), Hosaro jooaa,
AKO Ce HAGAI MPOHAIGILIR 0 tns, upeoctide e Gurd cuserpuvie
LR AL o T R .IH'I\.'_V ”fh’”i_'l.'. ,."I.Ira'l ﬂ”ljf' TR A J-\“ Thi'd {'HJ'” ‘1.'1‘..”-”‘””.‘( THYH A
CHAMCTRHYAT Y OAHGCY 1M HeRy upany

Poureone, e ravno, Hocamerpajme jejuakokpasu rpoyveao A BC udju jo
vino ZANC nna oenonvnon jeanar 369 A yraonn Ha ocHoBMIE T2%, 3aTual jo
¥ orpoyeay nobyuciin cuserpada AL vis L0 (ene e B ppecoann ravika
cunierTpadie ca crpaniost 207 Konepanpuaep je esyn maaga {4 O D
Ao wibmmaio rauky A, AoBujaao Tpr ThaEe 1 Jeno] npana), o ey ope
CHMOTPAMIEe YOIy a1y iy, Ao I-1'ii'-.'1ll|-n\|n O Y 0 DPeaeTiidgy rivnga
JOBHIIMO JCANIEOR HIKE TROYTAONC, KO Y 0010 CHMOTPHMIe ey pe, i ey
YOHOBKH ANJUVTRIV 30O BOJReTT

M unto s ey ki {4, 4000 D) nuje octio caaierpiiii,

[T PnmMALG. eXYNpPOTIO, HEKD Jo o och CUReT e, IKAKo co i erpatiaigg 136
PR AT TP TR e W OBOE CRY I, @70 i oy ﬁ:lp AN CAME e ,i“Jle'! J[lll\"|'|'}.i
NOOULHOCY THL fry T ,i“ PO 16 “.(I MO C IR IL*.‘.‘ 1T ChkEY ('l'ﬁl', FHE TasIh
A MO LA OCTRHE FHY CHOR MOCTY TP t'ldhli"l‘pl.-iliu, [SHHIIL :iilliJI.}'\-l}'lit‘J‘.If) ALiv ,-! & i
Togw Je poacuia rpoyiaa ADC, naoravka B e ogronapay hy enmerpusiny
TAMEN ¥ INEACHOM CEYIY (Jep DI o i oo npeciaign i rauky npane 12600,
LT _i'(' Y OUNVHROTHOCTH ¢ DRGNP TS T oM,

10 « 11 PA3PEN

Brcunosr peroyran Bearo ity 0peedar mapysage i TeMeHa 1 [1i-
CHPAMITY CTRAIHIY, & MEJEPIION TEToy P e Ha3HRaTH VK Ko cnnja
TEME CRCPOAHNTON facipasie crpantite, Hoanaero joeoaa oy aymuaine com
BHCHH M CHX Hedijain nesol Horoyran sehyveoGuo jesitike.  dokisinry
HA JOTA] HEeTAYIAG HPANHNEL,

Pewewe. Hewa jooanr nevovieao ARCDED Tpoyenosw A0 BOE, (13A,
DEB v 2AC ey jepumkokpasu, Gyayhy J vsl o0 HOKIA]Y TeARAIINE JANdje
ca ouuronapaylia nreriaa, Oeral Tora, Hako ¢e 3akdyuyje jia ¢y ol u
sebyeobue noayaapua, My manesiene nojiviapioctn caepn A = BO = 0D =
PE = EAw LADDR = LBEC = LOAD = LDBE = £/5C'A = o, Cnan jo
JARKO HApauyiary yraone neroyidaa ALC DL

F

LABC = LABD + LOBE — LD = 180° - % + 180° — % — v = 180% — 2ev.
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Hawde, nevoyrao ABCDE waa jejgnase crpanmie v jeanke yraone, ma je ipan-
Wilit.

Hoarnnro je ah NoeTofH NHBAAY VALCTOIS npapomsmyx Gpojena, mely ko-

Juat et ttjeanor npocror Gpoga (nap, 100142, 1001143, .,100114-1001,

oo pocrope xpunaay Vaactoriiy dpupodnins Opajena siely gofeaa fo
radHe O npoerax?

Pemeane. THoeroju, Hega je nonpi on TOO0 vaacronndy npuapoiimns Opojeni
Wotern Je p(n) Gpoj npocrus Bpojena sehy noesarpars, Toaowe mely 1000
vaacroniiy Spojenn off Kojus je npiu a1 usin v pli) 4 1 (ako je n clomen, o
He 1000 poer) wam p(or) (e ey o o LOO0 wi oBanpocrn uim ofin cliomenn)
waw pln) =1 (axo jo o apoer, w4 1000 cnomen), oanoeno, Bpo) npoerus Gpojenn
ce el najorme jeaat, Kako o p(l) = 168, a p( 1001 4 2) = 0, 1a oenony
APETXOAHON PAAsT AL e Ja wastehy 1 u 100 T2 nocropu 1000 yaacerommx

Gpojeisa noderiy ot Heol g, s woje je pla) = 0.

Ho ”J“‘””.j ey ,fi.".»'HFHM CMOEPY I TR steliveaDneag paerajany ;,;;w.‘rr' ey

JOMHAREY KYTUHI, B LHAG Y eyeper eo Kpelio Joi fer TR Ky T,

Cloe wyedntige co wpehy wedosr Opoadtioni, T eyadpy Hpodinodsie e
KVPAEHLe, ol i”1i'"f'h-”‘.-rhnllljl‘\' EIT Hﬂt'h_'l' HiTTesd ﬁfi'!””“.‘-h AAED N CY TN
careponuate, Woauo cyaapa lie Dirn sielly gy caaniasas

Begter pemeine A ananrsn s 880 paospesn

Ha ropra 00HHKE KRAAQLTA HAHLSC C0 TPOVTLHNe YOKOJLARIEe Kojo oo
nu*}_,-lw;'uﬂuu 1 ,ma,,u:r,-:;,:j_\-'. A g j'f Yuer aoryvhie paspeaats ropry Ha
KONHEORONE MHoPoVPAoRe, Thka Ah ol MHGPGY e SR i i J'-f.',HH‘l"

v ot ey

Pemaise. Huje, Cheerumo topry ¥ Aeapron npanoyran Keopiaintim cres
PUAL, TG S ey restetn ror Keagpara o pebeon casisasin (0007, (0.10), (10,10)
M (“J,U) HOHOOTARAMO 11 LY SHETH R TRV POy o Yok oMo o
TOMELIVALL N TN

s A0, T), (G0 C(6,T):

Apyras 207,100, B9 A4), (7, 4),

rpeha: G(10,3), H{A, 1), H{4,4);

wernpia: J(3,0)0 A1 G) L(3.6),

Taan Taven ea Koopauiarasia (5.5) (Hewrap Kpagpariv) ue iUy e inon
KOHOSKCNOM Y Topre, .i“l‘-‘ GO 0 IIp|I'|1','LI|.'| O eIy e Brfid v oo
Y HOTA.L

N ONCHOM J0Ih e YIVIY Hiaxapere Tadijre, Kao | o Ihimy CYCCANEM TTOJhEN
Cil Papine BOoHecne orpiiie, IR C0 _;'r'.u.'m Gear Ton. dosposmeno ;c
H_';‘hjal froieso flo _','nﬁjalq;l_je'mr,\f l”.?."lf“-'l'..'l'f-'l.\!.'l, i THAL ,Jr.-:._;'c- IOk cirakol frodesi
CRUOKH TOM TR 3HTHTOM el Jpyiar ralla, .HFH- JIH ._I;f‘ M!.H‘_'i'“l'J HUMHFI‘Y
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HERKOQAARK G TTOTeS8 NHOCTREETE TOITOone rakey it OO0 CHANE H(’l._f-)l[" Hea 1MTaJhy KUJ'-IE"
J.(;‘ CHMETREHYHG HhOCPOROM TOWETHOM HOJBY Vo adIacy Ha _IHJ‘]‘-.“I.I“{'H'TEL.H_}F Ift'J_}'&.

(,'H&lj(’l- AeCHG NGHEe WOJFeRo upibLe V0o HodLe Cri frae.

Pewene. Huje. Haxon epakor norezs ToHOBM ce HAaNaze ¥ TEMCITAMA TPaBoy-
CACE TPOYFIA HHJe €Y KAaTeTe Napadeste WBrilaam maxoscke rabne, O3magunio
ronone v noderHo] noswipgun al. a2, bl pegom ca A, B owu O Tla 1a) nauun
onun oapehyyy rpovrao ABC koa kora reaiciin wayhu v eniepy Kasaiike 1na caty
nomaze pegos A — B — (7 CUBaky TOI NRKOH 0JUIPALIOr [IOTe30 GCTAJE ¥ HeTa)
MONYPABHU ¥ OJUIOCY HA NPABY KOJA HPOIACH KPo3 TaUuKe ¥ KOJUMA ¢e HALse e
OCTAMA JIRA TOMA Tj. He Melha co opujetrtanma rpoyiiaa. dakne, kaja co Torony
naby ¥ voproes Aeciios vy inuxon noxoway e Guaw (M8, g8, A7) oanocio,
rpovrrao A BC he nposicnwra opujenranmy v oL — (= B ureo jo ¥ exupoTHocTy

Cit VOAOBHALL 3anTRa.



OBAHECET TPERM TYPHMP I'PANOBA

Jecene rkoso. UcHoBHa Bapyjarara, 28. oxkréGap 2001.

# - 9 paspen (Mnabu yspact)

(Pesynrat ce padyHa Ha OCHMOBY TP JIaNATKa Ha Xojiem je noGujeno
Ha jeuuwe fnoewa. )

1. loctoje mu Taksu npuponHm 6pojeBu a;<az<as<...<aipon.
4 na Je [a]oa2]>[a2033]>"->[399aa10017
(fa,b] jJe uajvamn 32 jemmwuxu campxanau Gpojesa a u b,
TJ), nHajrasu npupoman G6po) koJx Je nenms M ca a M ca
bl ]

2. N upseHmx ¥ N nnasux rtasaxa, xoje ce cTporo cMenyljy,
5 nene XpxHuuy Ha ZN nyxosa, TAKO (A [POM3BOHa NBa Cy-
cenda Jiyka MMaJy pasivuuTe nyxuee. [lpy Tome Je NyxRMHA
CBaxor on Tux Jyxosa Jennaxa jemxoM onl Tpu Spoja: a, b
s c©. Jlokesaty na N-TOYrao ¢ UpPBEHMM TemeHMMA o
N-Toyrao ¢ nnaBum TeMeHuMMa uMajy Jeadake ofbume M Jjen-

HEKE MOBPUMHE., '

3. Jara Jje ra6mu@a (n-2)lxn, n>2, y unje Je cBaxo mMone

=] ynucan ueo 6poj o 1 no n, npu HeMmy cy ¥ cBako,) BpCTH
cBu Opojesy pasiMuMTH M y cBakoj konoHu ceu Gpojesn
pasmeorH,. Jloxasatu A2 Jje Ty Tabmuy moryhe nOMyHHTH

no xpagpatne TaGmue nxn, y uuje Je cBako HoBO None

Takohe ynMcaH Hexu neo 6poj on 1 OO n, TAKO OA Xao M

parmle y cBaxoj BpCTM M CBaxo) xonoHu Spojenm Syny pa-
INUATH.

4. lpasunas (2n+l)-yrac je pasnoxed ImjaroHanama Ha 2n-1
5 Tpoyraosa. [loxasaru nma cy mely swra OGap Tpu jeanako-
KDAKM,

S. Caua nocrasha TOMNOBe HA NPa3Hy WAXOBCKY Taliy: 0OpBoOor —
B rae xohe, a csakor cheneher MOCTaBRna Tako a8 TyUHe He-
mapaH 6po) panuje mnocraBaeHux Tonosa. Koju wHajpehm
6po) TomoBa oH mMoxe Taxe ma noctaeu? (Kao u oOMuMO,
TOMOAKX TYKY Jenan Ipyror MO BepTHKANM M XOpUBOHTAIM
camMO AKo Mely BMMA HeMAa NOPYTrHX Tonosa. |

6. ¥ sBpetn Je sanucano Hexonmkoe Opojesa, Csaxe <exyumne
8 pobor Gupa Mexu nap Gpojesa xo M croje jenaH 20 Opy-
ror, y kome Je nesu G6poj Behu on mecHor, Mema uM MecCTa
u npu ToMm oba Gpoja rsioxu ca 2. Jloxasaru pa riocne He—
xor sBpemeHa Mehe Ouru moryhe Oa ce H3IBpuM cheneha Tax-
Ba onepauuja.

7. losmare je fa 6po) 2°°° wma 101 ludpy M ma nouwhe uggr
g pom 1. Kommko Gpojesa y muay 2, 4, 8, 16, ... ,
nouume wagpom 47
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1.

Ha 1m nocroje npupoiv 6pojesn a; < ds < ag < ... < d1gg, TAKBY a je
NZD(ay, as) > NZJD((L*_:, (13] Sl B .NZD{G.QQ, amg]?

Pememe. Jeman uns koju 3aj0BoimaBa yelioBe 3ajaTka je a, = 2190 — 2100-7
Quuraenno je, namme, na je on pacryhn. Hokamwumo na je NZD(ay,, apy1) =
A00 . ? —nge 9=y

299-1 Jacho je na oy gy = 2100-0(08 - ).y anyy = 29977(27+1 — 1) nemusy
ca 297", Auu Bpojesn 2" — 1 n 2" — | ey y3ajammo npoctu, na je 2% — 1 u
HajeelM 3ajeiHnUKn aedniiall o, W dy41.

Ha kpymuauuy je nocrapibeno n upBeddx M 7 [IABMX Tadyaka, CTPOro HaW3-
MEHHUHO, TIPKM YeMY OHM Jcde KpYy:KHMILY Ha 2n NyKoBa, Tako [AAa CY CYCEeNHHU
JYKOBM PDA3IMUUTUX Ay muna. Jlymuue sykoBa cy jejiHAKe jeHOM o Tpu Gpoja:
a, buc. HokazaTy fa n-yraoluk ca UPBCHUM U N-YIaOHHK Ca [JIABUM TeMelMMa
MMajy uceTe obuMe M Wete NoBPIInHE.

Penreme. Hexa melly nykonuna va Koje gare Tauke gese KPYKHALY BUX & UMa
NyEuny a, wux [ ayauny b, a wux m ayxuay . JIyKkoBu Ha Koje KpyKHMILY
Jelie LpBeHe TadKke UMajy AyAnHe a+ b, a+c n b+e¢. Osnaunmo Bpojese nyxkosa
TUX AYZKUAA peaom ca &, y, z. OQuuraenno paxku r+y =k, z+:=luy+z =m.
llakye, GpojeBe &, Yy, > MOMKEMO U3pasutu npexo k, [, m. IlornyHo ananorso,
kpehyhu ox sykoBa na Koje KpyzKuuIy jeJsie rjiage Tavke Jo0MjaMo jla TaKBUX
ayxune @ + b, a + ¢, b+ ¢ vna pegoM &, y, . 3HaUM, N-YTJIOBH Ca TeMeHUMA Y
LPBEHUM M IJIABUM TAUKAMA MMAjy UCTE JyKUHE CTpaHMila, caMo Yy PasIAunTOM
penocaeny. Quarie caeinn jia cy obMMM U IIOBPUIMHE THX MHOIOYIJIOBA jeHAKM.

. Hara je tabmuna (n—2) X n, 1 > 2, Py yeMy je ¥ CBAKO H-EHO NMoJbe YIIUCaH Leo

6poj oa 1 10 n, TAKO Ja ¢V ¥V CBAKO] BPCTU M CBaKo] KOJOHU ¢BM Bpojenu melhy-
coBHOo PazJMuUMTH, JF_[(}K d30TH Ila ce JaTa '1'216J|P‘EL[EI— MOKe JONYHUTH IO KBajJpaTa
n X n ynMcuBameM HeKol' uelior 6poja o4 | jlo n y ¢cBako HOBO I0Jbe, TAKO jAa y
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CRAKO] BRETH M cpako) Kodoii e Gpojeirn Oyay meljyeobuo pasauumra,

Petreine, Y cnako] KOJAOHA TABANMLIE NOJAILY e co n— 2 edementa, <DPopaupi)ao
exynone A; (1= 1,2,. .., 0) rako Jia ce ¥y A nadiase olia b eieMenTa Koja nucy
y =10] koo, [puserHso i ce epak of Gpojesn 1,2, ..., 1 Jal/bi TAMHO
y an oa tMx ckynonn, 3arum opaupajyo mmaone {a; 00 € {1,2,.., . n}} u
{b vi e {1,2,...,n}} onakor wexa je by = 1 u a; uugexe Sugo gojer oj Ja
exynn A; y kojem ce japina L bs aipyea eaenent wa Ag, aoas wiaeke apyror
cKyna y Kojem ce jamisa b oara. Hawae, exyn A, caapasm eaemenre by w by
(A, canpucn byow b)), Cadta (00— Deny npery ralinie nonyudMo rhaeo mme y
ai-TO NOJLC YOUINeMo Gpoj by o =Ty Opery Tako o Y -T0 O YITAIICMEO
|'lJ,'.|. j -

Hanoarenn, Ono ‘i:‘ CIVNIO {'Ili‘ILIv'IIiH-'I-'\II AN (LRSI TS Nodin, Haupee, cueremopm
PASAMUHTHAY npeaeraniin (o pan) daamange ceynonn {A As, oA, ) sonesio
ClYTT {E"|1.‘"_l| . ..1r”} Ol 1 HGAHMATHY CAeMeiaTa TARB|E i o © .'1, an i =
1,2,. .., n Teopema Xoan waace o ammanmgn { A, Asy oo Ay ) v eopan, akko
yija Brio Kojux b ckynoim te asididje wain Gap & esesenara, [pusieisyjyhin
"|y '['{_!t"}l}{"h‘|y ||H‘|”i)l‘ i ('I{:‘f”ﬂll{‘ ,'1 I ,"'1!| H ,'1” M .'l.l'l)l_i"l'l'l‘;il.l AT | Oy YO
By koje dopaupanio Wabanyjyhu w3 A; enesMentT yiuean y i-1o nodse (o — 1)-ne
npere JUA PTG JlnﬁH_i.‘l.Mu eI EN

Hpasumn (2n+ 1 )-yrao pastujen je gujaronanasa na 2n—1 rpoyrac. Jokazars
i Fi R Md:ljy FsMMO T nae Fmp TP _]c'_rul.'llir,)lq]m.'-m WTpPOyYIra.

Penremse, CaakW 0JL TPOyraona i koje je pasbinjen (2n 4 1)-yrao maia sa erpa-
e Hajmiiie jige crpamine (2o - 1)-yraa, bap ana oi tux tpoycaona (i,
AicrAiAigr v Ay ApAjp) waagy 1y ocobuiy (jep umamo 2n = | rpoyraona
n 2n 4 1 crpamna) BoouM jecy jeanagokpaku. I pernoctanuMo Ja ¢n ocTaiu
TROYI'IOBH HM:-l_iy an CTphlkIe _iirJl.lly CrTpaliany (‘-_J-n + l)-}'l‘nﬂ. W e Iherone JiE-
Jaronane, [lopebajmo epe rpoyraone vy s Hesa 1) Gyne AA;_ A A0, Ty
TPOYTAG KOJH ¢ IhHM MMa Jeflily 3ajeiiniiy erpannity; yorrre, T J¢ Tpoyrao
pagauumt o Ty koju en Tr MMA Jeiiiy SnjeHduRy erpaduiy, a Th, - jo
DA A Ay OBediexinnio cady (1= 1,2,..,,2n = 2) aajejiinugy crpaiivay
Ty Tipy. Quurnenuo je nns aywuna dy, éy, ..., d, —y erporo pacrylin, na d,
Mopa GUTH Hagayxa djaronana (2o | svean, Kao je s dy, dyp0 dogos
erporo onaaayhm, v d,, mopa Gur aujaronana uajuche ayasuie, Jlacae, d, ) =
ey Tia je W T, jefiakokpaky Tpoyrao,

(.I.:I'.‘rll.ii'l- NMOCTARIL TOIHOREe Ha DPpadily inaxonctky 'I‘I"IﬁJI}" 1 ﬂ'JII‘)Lt*IIH AN Do
nocTand rie xolie, a satus conkor caedelier nocTabi TG 1 ol T HETTL N
El.lﬂj HPeTXOHO DOCTREJLCHAX TOHORA, {.}JHJCJEH'I'H MORKCHMAOI O ﬁl.]ﬂ‘i TR l\.'d')_it‘l'
OH MOME I NoCTARK HA '1‘."LﬁJII_\' T OITEnM oL,

Pemremse, Coux 64 rona nemorylie je nocranny; samera nko npernocTanuMo
CYNPOTHO TO 3HAYMH Aa e v enaki ofl yriona GutH noctanssen tor, Meljyrum,
MnaciearM Ojf Th -*; TOMA |'|[':H n::f‘.'rn.:,j.ﬂ.ﬂlhy I'w 'I'I)f'l'm na ;,mh POCTAILGH O,
Konrpaausipja.
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Hoxkazxumo aa je morylie nocrasuru 63 Tona. Tpeba nocrasuru tonose Hajnpe
wa nosba al, a8, h8, 3atum y npboj xopusoHraiu ox bl go ¢l, na y nocnesboj
pepTukasan oa h2 no h7. 3aTum 1onyisaBaMo BepTUKANe 04 NpBe [0 cejMe, O
jqodie Harope: a2 o ai, b2 o b8, nra.

6. Y Bpery je 3armcano Hekoamio Bpojesa. Cpake cexynie poBor Bupa nap cyce-
uux 6pojeBa y BpeTH, Takap ja je deBu 6po] Belin o ecHOr M 3aMEHM MM MecTa,
npu vemy oba 6poja jour momMuozxku ca asa. Jokazaru ga nociie U3BeCHOT Bpe-
meHa podoT Bulie Hehe BUTH y cTaiby M@ BPUIM ONMCAHy ONepalmjy.

Pemreme. Ilokasaheno na apa enemMenTa BPCTe KOJUMA €Y JEAHOM 3aMeH:EHA
MecTa, He MOy oler BuTH 3ameisena. [Ipernocranpumo cynpoTho, M HeKa ce To
NpPBY OYT Joroamio ca exementva A u B, tj. A je 6uo Behin on b 1 ca merose
JeBe CTpaHe, a 3aTHA je 13, ouTo je HeKOJIMKO Iy Ta NoMIoxKeH ¢a 2 nocrao sehu
oia A. To zuaum aa je B Buo npeckoven oj crpatie Hekoauko Spojena Belinx on
hera, Koju cy ce nortom Hamiay mamelly mera u A, Anu, kako B Tpeba can aa
npeckodn A, manmehy mux nema sunie 6pojesa. [lourro onM HMCY MOTIM MOHOBO
na 3amene mecta ca B (jep 6w rTo sHaumio ga aBocTpyka 3ameHa A um b Huje
npBa TaKBa) OHWM ¢y Mopasau aa npeckode u A. Jlakne, A Je yasoctpyuen Bap
OHOJIMKO NyTa kKoauko u B, te B nuje morao nocraru pehu. Kouauwo, nomro
cBaka [Ba eJieMeHnTa Mory BuTH 3aMeibeHa Hajsuuie jeinom, bpoj Mory hinx s3amena
je konauau, u pobor he mopartu aa crate.

7. Tosnaro je xa 6poj 2% uma 101 undpy v noumme ca 1. Konvko GpojeBa y Hu3y
2,4,8,16,...,2%3 nounmwe ca 47

Peurerse. Quurieano je ja 3a cpaku npupojiad 6poj N MocToju jeMiHcTBeH
npupoaan 6poj k Takas ja N < 2F < 2N, Ipumersyjyliu To Ha 6pojese 1071, 2.
1071, 5 - 10"~ ! zaramyuyjemo na 3a csaxu npuposan 6poj n:

e [IOCTOJW TAUHO JejlaH ¢TeneH JBOJKe ca n undapa Koju novuisbe mudhpom 1;

e [OCTOJM TAUHO Jejal CTeneH ABOJKe ¢a N uMdapa Koju MOUMH:e LAPpoM 2
MM 3;

® IIOCTOJM TaMIO JefaH CTereH [BOJKe ca n uMdapa KOJW TMOYHIbe LHAPpPOM

5,6,7,8 unm 9.

Cunemv ja tauno 100 o narux 6pojesa nouniby umdpom 1, 100 nudppom 2 mim
3, u 100 wmdpom 5,6,7,8 mim 9. Ilpeocrajy 33 Gpoja Koja mOUMILY UETBOPKOM.
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Jecewe xono OcxosMa Bapy laprta, 28, oxrtoGap 2001

10 = 11 paspen (crapuju yapacrt)

(PesynraT ce payyna Ha OCHOBY TPWM Salartka HAa Ko JjuMa Je J106M jeHo
HajBMWe MNoeHa; NOeHW 3a Tauke JenHor 3azatxa ce cabupajy)

- — . ———— - - - — -~ - -

[oeHun 3anaum
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S
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Y paBHM Cy mate TPM UpPBeHE Tauke, TPW Niape Tauxe M
Jow Tauxa 0. loawato Je na tauxa O nexu yHyrap Tpoyrna
C UPBEHMM TEMEHMMA M YHYTAD TPOYria ¢ MIABMM TeMeHuMA,
npu ueMmy Je pacrojane on O no npouIBonHe UpBeHe Tauvke
Mane on pactojasa on O g0 npouaBoaHe nnase Tauxe. Mory
AW cBe UpBeHe ¥ CBe fMABe Tauke Oa Nexe wa Jemsoj xpy-
XHMLM?

lloctoJe nu Taxeu npupoaHu Opo jesu ag<az<az<...<ajgo,
ma Je [a;,azl>lag.a3l>...>[agg,a10017

([a,b] Je majmanu 3ajemmmuxu campxanau Gpojesa a u b,
T). BHajmamu npuposad GpoJ xoju Jje nenus m ca a um ca
b.)

Nona wmaxoBcke Tathe cy Hymepucada Gpojeswma on 1 no
64, Taxko ma cycemnHu O6po jeBM Nexe HA CYyCeOHMM MOnMMAR
(ca zajemmmuxom crpanmuom). Koja Je Hajmana moryha cy-
Ma GpojeBa Ha M jaroHanmu?

Hexa Je Fy, Fa, Fa3, ... HM3 XOHBEXCHMX veTBOpOyrnosa,
roe ce Fyoq (3a k=1,2,3,...) nobuja osaxo: Fy ce pace-
Ye 1o aMjaroHasM, Jenas ol nenoBa ce MnpeBpHe M Chenu
no JsuHWJM paceuana C apyruM nenom, Koju Ha jsehu Gpo
PAIMMMMTMX HETBOPOYTIOBA MOXe QNIa CAaIpxM Ta) HM3?
(PasmumMTn Cy OHM MHOIOYrnoBM, KO JM ce He MOry npecim-
KATH KperaweM JemaH y mpyror.)

Y GecxoMauxo] apuTMeTHYKo]) nporpecuju cem cy OpojeBm
npupoany. Y ceakor 4naxy Je moryhe noasyhu jemmy wunm
HEeKOJIMKO Y3acTOlHMX uMpapa, Tako na Jje y MNPBOM uNaHy
nonayvexa uwmdppa 1, y apyrom - 2, ¥ taxo nane (3a npou-
3BORAAH NpUpoRaH Gpoj N y N-TOM YNaHy Ccy nojisBydeHe umd-
pe koje ¢opmupa)y Bpo) n). Jllokasaru na Je paasmka npo-
rpecuje crenexd Gpoja 10.

. Y peny croje 23 xyTtule ca gyramuama, OpW Yemy 3a 0po-

uapoaHo n on 1 no 23 nocroJu kytuja y xoJjo) ce Hanasu
Tauso n Xyrauua. Y Jemnmo]j onepaumin je moryhe npemec-
THTH Yy NPOU3BOAHY KYTHJy Jom Tonmxo Xyriuia Xo/iMxo ce
y woJ meh wanaau, ua Ouno xoje apyre xyTuje y xojoJ Je
pume xyramua. Jla s Je ypex moryhe rakeum onepaum jama
no6uTK na ce y nppo) KyTulu Mabe 1 kyramua, y apyroj -
2 kyramue, u tako mane, y 23-0j - 23 xkyrauue?

Y xoopoMMaTHO) pasHM Je nocrasmeH TPOyrao, Tako ma ce
Merose cnuxe nobGu jeHe TpaHchaumjama 3a BexTOope C ueno-
6po jHUM KoopaMHATaAMA He fpexpusajy.

a) Moxe s noBpuMHA TAKBOr Tpoyrna GuTu peha on 1/27
6) Hahu wuajsehy moryhy nOBPpEMHY Taxpor Tpoyraa.



IOBAIIECET TPERU TYPHUP T'PAIOBA
llponehHo koso. IlpuripemHa Bapyu jaHTa, 24. ¢ebpyap 2002.
8 - 9 pazpen (Mnahu yspacrT)

(PesynraT ce pauyyHa Ha OCHOBY TpPM 3amaTka Ha Kojuma Jje mnobu jeHo
Ha jBMIle TOeHa; TI0eHM 3a Tauyke JjemHor 3ajaTka ce cabupajy. )
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Iato Jje myHo jeOHakKuX IpaBOyraoHMX KapTOHA IMMEH3U ja
a x bcm, roe cy a u b neim 6pojesu, npu yemy je a
mMape onm b. IlosmaTto je pma ce oO TaxXBuUX KapToHa MOTY
cacTaBuTyU mpaBoyraoHuk 49 x 51 cm, ¥ mpaBoyraoHuMk 99
x 101 cm. Ja M ce Ha OCHOBY THUX Mojaraxa Mory jemHo-
3HA4YHO oxpemUTH a U b?

Moxe /i ce OmMiO0 Ko Jju Tpoyrac paspe3aTH Ha HYeTHUPU KOH-—
BEKCHE ¢uUrype: Tpoyrao, |YeTBOpOyrao, IeToyrao M mec—
TOYyrao?

3a mnpupopHe 6pojeBe X M y 6poj x2+xy+y2 ce y OeKanHoOM
3anucy 3aBpuwaBa HyJlom. [loka3aTu Oa Ce OH 3aBpilaBa ca
6ap use nHyle.

Crpanmue AB, BC, CD u DA uersopoyrisa ABCD pomupyjy
HeKy Kpyxaully y Tauykama K, L, M u N pemom, S je Tauxka
npeceka gyxu KM m LN. [lo3HaTo je ma ce OKO 4YeTBOPOyr-—
na SKBL Moxe ommcaTy KpyxHuia. JloxasaTy Oa Ce OKO 4e-
TBOpoyrJia SNDM TakoBe Moke ommcaTy XKpyXHHMIA.

a) Iato je 128 HoBumha nOBejy pasiMYUTHX TEXWHA, HOB-
yuha cBake oJ1 TexuHa Mol jenHako MHoro. Kako nma ce mo-
Mohy Tepasuja 6e3 TeroBa curypHo Haby nBa HoBuuha pa-
3JIMYATE TEeXMHe ca He Bume on 7 mMepena?

6) Iato je ocaM HOBuMha NBejy pPasiMuUMTHUX TeXMHa, HOB-—
yuha cBake O TexXyHa ronjemHako MHoro. Kaxo ma ce ro-
Mohy Tepasnja 6e3 TeroBa CuUrypHo Haby nsa HoBuMha pa-
3MYUTE TEeXMHEe ca [Ba Mepenar?
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1. [1] Hdaro je atforo jeAlakKux KapTOHCKHX HPABOYTAGHHKA BeJIUMYMIe a X b,
rie cy « Wb apupominn Gpojenn w a < b, lHosnato je da ce cacrapimaibent
THX ApaBpoyraolurki Ges HpeRJganaiba aome nodurn u upasoyracuns A9 x 51
u npapoyraouwur 99 x 0L, da su cy na ocnosy rora jeanosnauno oapcelienn
Gpojepu a u b?

Pewewe. Iloppumiia KapToHcKor NPaBoyraolmia je ab, rma ¢y v nospuidie npaso-
yraonura 49 x D1 u 99 x 101, ykonmro je soryhie M3ppuiaTi Tpazkcuo noniosanaibe,
pessupe ca ab. Melyrunm, taja cy ca ab penumisu Spojesn 99 - 101 u 4 - 49 - 51, kao n
IBUXOBA PAa3JnKa

90 - 101 —4-499-51 =99. 101 — 93 . 102 = 3,
ofaKae ¢y, ¢ obauMpon Aa je 0 < a < b a u b jeanosnaviuo onpelienn ca a = L v b = 3.

2. [5] Ha s cpaku TPOYIAO MOMKE Jd Ce HOCHE R HCTHPH KOUBEKCIA LeHa:
TPOYTa0, HeTBOPOYIaw, NEeTOYIAQ U IHECTUYyTao?

Pememe. Moxe. JeaHo on pewerba je npuasalio ta ciauum.

3. [0] dexaann zaume Gpoja «= + xy+ i, PAe €V & Wy Apupomin Gpojen,
sappmasa co wdpos 0. Moxasaru na ce onf viaax sappriasa ca 6ap npe iyse.
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Pewemwe. Wa o 4 oy 4+ y* = 10k cnoun
af =yt = (=)t g yt) = W0k(e — ) = 2 5k{x - ), (%)

A aakmyayjeso an ey oot nonpesn rose W mog, Gpojen nete HapHGeTH,

Yroamko Gun oba Guan nenapnn, o ey -+ g7 O Guo abup rpn nenapna Gpoja,
ojnacno, nenapiil Gpaj, o je tesiory e, s0oi jemmdsoeti ea L0, Coiein i ey & iy
TN ﬁ]m,if‘lﬂd. Jiocio @ = 2m K = 20, olinnie 1t

. ‘ i . iy ]
7 riy + y? = A A A A0 = AQGn” 4 omin 4 n?),
na je garn Gpoj acinn ca
Tause, W (o) 3ucanyay jesto w2 w0 g7 0 cnnung THM M OE WY LY METH OCTRTIK

NPY aeasehy ea f,
Ao eyoba ednn ¢ b, cdegin o= hpow = 0y, «

b

w by oyt = 20p7 A Wpg 4 29" = 25007 4 g ),

i jo fiacied Gpoj fediii e 25,
Ako oba ,,r,m‘j}' g 1 (= 1) npi Jdeaeiny e boenesin o = hpde lw oy =hyd 1, n

a4yt = 2ptE Wp L Mpy ke hp by 4 142007 £ W0+ 1 =
= 50 )£+ )+ 3,

T JIARTH ﬁ]'-'n'.'l_i IIM‘ii.“ JICIRADE R r} e "Ii‘ Y ONHPOTHOCTH ¢ VOJNORMNML 30UV R,
Al{n obia _I[il_i_\-' [STRMEH NI '.3 [—2) A JLedheiy i -"1, CHEiM i = .'-rp:b '..? H Y= .":)r'.' J_ 2o

atbay oyt = 25Tk 20p A A4 Dpg £ L0p 10g 4 A+ 2567 £ 204 + 4
200" gt ) B0+ )+ 12,

li
|

i i BPoj Hrje ediii e g, o Je Y eYHPOTHOCTH €l VEAOIMML LTI,
Ma npersoine Rinamie cOead JU ey Moe Wy ek en 10, naje Gpoj 7 ey +
ALEEILIALT I.{]“. CLILTETTIO, AL € 41 f'm|r AL Ty e,

4. 8] Crpannue AL, BC, CD on DA uerpopoyran ABCLD joanpyjy jesmy
gpyaouiry ¥ oraurasin K, L, Mo N opeaost, tauka S Jo dpecen ayvaa WM ou
LN, Hosnavro je qn je SKBL rerunnm vernopoyrao, downawrw an jo nw SN DM
TETHRITH S9eTHOPOYIaY,

Pemwowe, Qsunuvno ZN BL = 2ow AN DM = 24, W rerunnoe i werpopoyriia
SKBL enepw Ja |t EWSEL = |8UY — Y, tia |t WOLhealy Y pean yiao ENSM =
1807 — 2ev, Taata jo ZNAN = 2o,

Kako je uersopoyrao ARCD eanvenran, eneam o jo N o= B (vaeeerne
aymu), ua je LOKL = LABLKN = 90° = o, Canuno, v JeJUiRoeTd tireirimng
ayswun DN v DM cenepn ZMND = LNMD = 9()° = j.

[Tpunierionr reopesie o yray wasiehy tanrenre u rernne pobujanio ZKN S = ZBK L =
90 —av M LZSKN = LMND = 90° = 4. Hoesiarpajsio Tpoyrac SN K. 30up e
ropux yraopa jo 180% = 00° — o + 90° — 0 4 2o, ojakdie enefin aan je o = 3, na je
ENSM + LN DM = 180°, 1), uernopoyrao SN DM je rerunan,
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O, (a) [3] HMaaso 128 nopuslia unje Temuie ALY ABE PAIIHUYHTE BPEAHOCTH,
no G4 popuplia cnave ppeve. KNawo heso pponahin ana nopunha pasianaurux

fia

TOMHHRE Ch HJIJHH”IL’ £ MEepCHit HiL 'I'I‘.‘j”l-.'.lHJIJ'I-M#I. ca A rach Ged reropn”

(6) [3] Haamo 8 nonumhia udje Tesmie uhiajy ane paiguynte npemioct, no d
”ﬂ”"f”“”- CHLKEe npoere, f\r:’lﬂ:“ l“'i"“? ot ir“'l A ”U”"”‘fl‘”l PAGJTHYHTHY TE R
(a1 ”"Jl”‘f””." AN MEREHR L 'l'f'f”lu'ﬂ'ul‘l.l'!f\'l caoAna taea Oes reronat

Pemwemwe. (a) Pemmliemo npobaes y onmerest chiyvaagy, Heka je da fouetky JAato
'2"'“ ||t;1|n.”:|}'|,.'1., 1 '.;!” OJL CHAREe BPEre A ek T ji' HiV pacioaarby n I I BTN T
TepAaMjaMa ¢ JiBA Tach Bed Teronn,

Mi-'.|u'|r.n. |2-!'I1.J'|1-1'i1y_it‘[\lt'.l Ty PTG B Gl OJL Thconnie T '.d;" H“Il‘-IHIIiI. k =
L2, ...,n. ¥ nppos Mepeisy i enaku tae cranamo no 2" nonuuha, Jacio je an npu
CHAKOM Mepeihy MOMe HACTATH Jeaan oyt caeneha o cayunja

Ilpou cayunj. Taconu cy y pannoresu,

. Yh'(”ll‘"\'.{? Ii{" CH3L ('H'F'yi”ll’[]‘ﬂ HRACTHIN Y 1=ToM (Hl“"}lilﬂ{'”"‘ﬂlM‘[‘-l) MOPCHY, A
CHAKONM TREY O THEE TIO JUT [ HEATA ST ||'-"-‘”"H"|I'IH.

e YKonuro je oni cnryanmjn nactann v kertost mepeiny (k< on — 1), yasesio ea
HNPOMIIOILION TACH PPYIY 01 20=k+1 anuubia v noaeauso na ane o 2078
CTRIEMMO P TR0,

Hpyru cayunj. Taconm uney y panioresin,

e YEOAMKO j& ona crryalldja naeradn y v lorom (nocie/ihbem) Mepeiny, 1a Taco
BUMA ce HAAA3IW 10 Jejiul novuull ot coake npere,

¢ YKOIHKO je OBA CHTYALM]A HACTAIR Y k—ToM Mepeiby (A < 0), HOJeHuo cunky
rpyiy oa gn=k+l engulin na ape o 2778 Heka JU ARINA PPYTEL DOA0e i
rpyrie A W B, a resa un rpyne Cw [,
Jacno, ra jo A4 12 < C 4 D0 Cranaso na eacone A 4 D B4 O Tana je
mory he enenelie;
Ao je A4 12 < B4 7 onan je o< O i Jidee Mepeibe R TARTBIMO 110 MeTon
nprimny e rpynasi A on O
Ao je A4 D = B4 C o je 3= 12 00 Jidne Mepeinie e iMoo MeTom
fpuinmny ca rpynasa Ao 0,

(6) Hewcn ey aarm nomualin rexcnn a v b w neka jo, Ges yainisersa omproerd, a < b

Hpno sepeme;: Ha enngwm rae repaan)a eranuao no A nonunbia, Tt mory macraru
caepelin apa cayuaja:

[Mpou cayunj: Tepamje cy ¥ pannoresu.

r].l“J[,-f.\- Ca I CRAKOM TACY HIJAe 1o . H“”"H’llllﬂ OJU CHalke npeTe. ()Jlt“l'[’”“h“hi”
nopuuhie ea jegnor raca,

Apyro mepeme: la cnngy mae Tepasmjn crannso no 2 nondrhia o npeoeranny 4,

- yl{th.um;cn CY oM NOHOBO Y PHEHOTO A, Ha CHBARKOMN GJL HAX O THVIIEA T Iil.‘,}lll-]l
II(JH'-!HI'I OJI CHAKE BPeTe, THY CMO THRONEVITEITE JTHEL |1-=‘\-'1-‘Ilrf1'-li'l'l'il-



O6jaBeHo Ha 23.9.2022

e YKOJAMKO TacoBH HHUCY ¥ paBloTezid, 1a CBAKOM Ce Hadlase 1o 2 IIOHHHI-’IE]. QJL 1uere
BpcTe, ma ¢ [ap pasirunTuX Aobuja Y3unaibes o jejuior topuynlia ca ¢pakor
Taca.



IOBAIECET TPERM TYPHUP I'PAILOBA
IIponehso xono. [IpunpemHa Bapu janTa, 24. ¢ebpyap 2002.
10 - 11 paspen (crapuju yspacTt)

e - —— . . o e . e . . e e S o . . S S . . S . S S . S S B . S . . . S

(Peaynratr ce pavyHa Ha OCHOBY TPM 3alaTka Ha Ko juma Jje HoobujeHo
Ha jBHUllEe [oeHA. )
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[NCeHu 3allall

1. 3a npupomHe GpojeBe X M y 6poj x2+xy+y2 ce y OeKaIHOM
4 3anucy 3aBpumaBa HyJioM. JlokasaTu Oa ce OH 3aBpliaBa ca
Sap mBe HyJle.

2. On mammpa cy wu3pesana [Ba jepHaka Tpoyrya ABC u
5 A’B'C' ¥ monoxeHa Ha CTO, IIpu 4YeMy Je JemaH oO HMX
npeBpHYT. Jokaszaru pa cpemmmra nyxu AA’, BB' u CC’

jexe Ha jegHo] mpaBoj.

3. Jlato Jje 6 KoMana cupa pasl3imMuuTUX TexuHa, [lo3Haro je
5 O2. Ce CUp MOXe MNOoNeJuTH Ha OBe romMuile oX Mo Tpu KoMa-
oo, Tako na ofe romuie uMajy JjemHaxe rtexune. Kaxko je
T0 Moryhe M3BeCTH ca OBa Mepena Ha Tepasujema 6e3 Te-
TOBa, aK0 Ce 3a CBaKa IOBa KOMala BHIM OIOKa Xoju Je
TEXU?

4. Ha xomuxko je HaumHa Moryhe pacrnopemuTu 6pojese on 1
5 o 100 y mpaBoyraohuxk 2 x 50, Tako ma 6mio Koja nsa
6poJja xoju ce paanukyjy sa 1 6ymy y nommMMa Xoja mMMajy

3a jemHMYKy CTpaHuily?

5. Ia 5 mocToju NMpaBMiIHA TPOYraoHa IIpUu3Ma Kojy Jje mory-
6 he obnermru (6e3 MNpeknanana) PA3NMYATUM JjeOHAKOCTpa-—
HMYHUM TpoyrioeuMa? (Jlo3BOBEHO Jje MNpeBH jaTu TpoyrJioBe

NMpeKo MBULa IPU3Me. )



HNBALECET TPEBRM TYPHUP I'FAIOBA

[lponehHo KoJsio, OcHoBHA BapMjadTra, 3. Mapt 2002.

8 - 9 paspen (miaby yspact)

(Pezynrar ce padyHa Ha OCHOBY TpM 3ajlaTKa Ha kKo juma je nobujeHo
Ha jBuule TIoeHa. )

noeHn

A

3anaim

Heka ¢y a, b ¥ c nyxuHe crpanuua Ttpoyrna. Jlokazatu
He jepHakocT a +b” +3abc>c’.

Ha waxoBCKo ] Tabnu auMeHauja 23x23 noska CTOje HYeTHUpH
durype: y JneBoM JOReM M [eCHOM I'opkeM yriy Ttablie o
Gena ¢Urypa, a y JEeBOM FOpHREM WM NeCHOM [HOWeM yriy Ta-
6ne no uUpHa. bene ¥ HpHe ¢urype ce noMepajy HansMeHM-
YHO, T[lOUMHY Oenle, CpakyM [NoTe3cM jeoHa oa ¢urypa ce
roMepa Ha IIpoM3BoRHO cycemHo (ca 3ajelHMUYKOM CTpaHu-
uoM) caoGomHo none. bBene durype Hacroje ma cTUrHy Ha
opa cycenHa roka. Mory mu upHe ¢urype ma Mx clpede y
TOME?

Y xoHBeKCHoM YeTBopoyrily ABCD tauke E u F cy cpemmura
crpaamua BC u CD pepmom. [yxu AE, AF u EF pasnaxy der-
BOpOyrao Ha YeTHPM TPRoOYria uKMje Ccy MoBplUKHE jelHake
y3acTollHMM npuponHuM 6po jeBuma. Ko ja je Hajeeha Mory-
ha noppuMHa Tpoyraa ABD?

Y Huz Je mopelaHo n cujanuua M HekKe O BUMX cy yrake-
He. Cpaxkol' MMHYTa lloCcile Tora cBe cMjanuie kKoje cy 6Gu-
Je ymnaleHe MNPOTeKJor MAHYTa ce race, a yraleHe cuja-
nMile KOJje cy TPOTeKNor MMHYTa Oulle CycelHe ca TadHo
JjenHoM ylajkeHoM CHUjanuiioM ce Tafe. 3a Koje n je Mory-
he Tako YHalMTyU HEeKe CcHUjanuile Ha [o4deTKy, mHa I[ocle
Tora y CBakKOM MOMEHTY Gap jenHa cujasmua Oyne yrnane-—
Ha?

Ourpoyrii Tpoyrao ce paslpeldyje NpaBOJMHUJCKUM pe30oM
Ha mpa (He ofaBeaHo TpoyracHa) pena, zaTuM ce JedaH
ol TuxX HeloBa OIeT pas3pesdyje Ha aBa fena, U Tako Ha-
Be: y CBakKOM Kopaky ce ©6upa jenad on Beh nocto jehux
nenoBa M paspesayje ce (mo mpasoj) Ha npa peaa. [locne
HEKONMKO Kopaka ce MCNocTaBMio [a je [OJAa3HM Tpoyrao
paznoxeH Ha HeKOoNMKO Tpoyriosa. Mory mm cBu oHM O6UTU
TYTIOYT STAY

Y pacryheM GeckKoHA4HOM HUBY INpUpPOIHMX Opo jesBa cBaxu
6poj, moueB om 2002-or, Jje penunall 36Mpa NOpPeTXOOHMAX
6po.jesa. [lokasatm nma je y ToM Huzay ceBakyu 6poj, Moden
Ol HEKOr MecTa, JjenHak 36Mpy npeTXoOHUX Opo jepa.

C HmM30M HOOMMH2, TMopebaHMM Mo yobOW4a jeHWM NpaBuiiuMa,
no3BoneHoO je obaBnaTu cllepgehy onepaudjy: Oupa ce on—
cevak OO0 HEKOIMKO Y3ACTOIMHMX JIOMWHA ca jelHakuM os3Ha—
KamMa HA KpajeBuma oncevxa, obphe ce M nocraBma Ha Me-
To MecTo. [lokazaTy Oa ako OBa HM3a cacTaBheHa oI aBa
Jjennaka KOMILIETa OOMMHA MMajy jelHaxke o3HakKe Ha Kpa-
JjeBuMa, OHAA ce MOO3BONREHMM oOrflepalljaMa MoxXe JNoburH na
nopemak IOMWMHa Y IOpyroM HU3y Oyle JjedHakK [opeTkKy no-—
MHHa Yy T[IPBOM HU3Y.



JNIBAILECET TPERU TYPHUP [PAJIOBA

MponehHo kono. OcHoBHAa Bapy jautra, 3. mMapt 2002.

10 - 11 paspen (crapuju yspacr)

{PezynraTt ce paMyHa Ha OCHOBY Tpu 3ajaTKa Ha XojuMa je nobujexo
Ha jBuue ToeHa. )

————————— T . e ot o o i o S i S T ——— - — ——————— ——— -

TaureHcu yrinoBa HeKor Tpoyria cy uem 6pojesu. Hahwu
Te TaHreHce.

> ; 3
Jla v je TayHo nNa Ha rpagmky dQyHKumje y=x 1ocTo ju
Tauka A, a Ha rpajgmuky ¢yuxumje y=x +|x|+1 nocroju Ta-
yka B, Tako ma pacrto jane AB M je Behe om 1/1007

Y pactyhem GecxoHauHoM HU3Y MNpuponuux 6po jepa cBakyu
6poj, mnoveB on 2002-or, Jje nemunan 36Mpa NpeTXOOHMUX
6pojesa, llokazaru Oa je y TOM HM3y cBakmk 6poj, rnodves
oIl HeXor MecTa, jenHak 306upy nOperxoaHux Gpo jepa.

lpyna rnepanata Jje xynuia cBe KapTe Yy JjemHoM peny,
ajM cy TaMmo loceflajd Ha TIPOM3IBOJAH HAYMMH, TIpM Hemy
HMKO HMje ceo Ha CBOje MecTo. Pa3BoOHMK Moxe na IIpo-
MEHM MeCTa MPOM3BORHMM CycelMMa KO JjU He cene Ha cBo-
Jjurt mectuMa, ¥ Tako sume nyta. Jla sm je TavHo Oa Upu
NMPOM3BOBHOM TIOYMETHOM paclopelly pa3BOIHUK Moxe, panehu
TAKO, CBakKor rihefaola na CMecTH Ha CBO je MecTo?

Hexa cy AA,, BB; u (CC; BucuMHe omrpoyrior tpoyrna ABC;
04, Op M Op = UEHTpM KpyroeBa yOucaHMX Yy Tpoyrioge
AB1Cy, BCyAy u CAy1By penom; T, Tg u Tc ~ Tauke nonu-
pa Kpyra ymmcaHor y tpoyrao ABC ca crpanuuama BC, CA
u AB peyioMm. JlokaszaTtu nza cy cBe CTpaHMIE MmMecTOoyTra
TaOcTgO0aTcOp JemHaxe.

. limin on 52 kapte Jje pacnopeheH y oO/MKY IpaBoyraoHuka

4x13. Ilosuaro je ma axo aABe Kapre nexe jemHa no Apyre
0 BEepTUKAJM MIM M0 XOPMI30HTAJM, OHOa cy oHe ucte 6o~
je wim mucte BpenHocTH. JlokazaTu na cy y CBAKOM XOpu-
aontaniom peny (on 13 xapara) cee Kapre ucte 6o je.

Ila 4 nocTtoje TakBu MpalUMOHANHKM OpojeBM a u b, na je
a>1, b>1, u ma Je [a"] pasmmumro on [b" ] 3a npoussan-
He ripupolxe 6pojeBe m u n? ([x] ozsxHauyama peo neo Gpo-
Ja %, To ject HajBehu ueo 6poj Ko ju HMje mehm on x.)



International Mathematics
TOURNAMENT OF THE TOWNS

Junior O-Level Paper Fall 2001.

1.

In the quadrilateral ABC'D, AD is parallel to BC. K is a point on AB. Draw the line
through A parallel to KC and the line through B parallel to K D. Prove that these two lines
intersect at some point on CD.

Clara computed the product of the first n positive integers and Valerie computed the product
of the first m even positive integers, where m > 2. They got the same answer. Prove that
one of them had made a mistake.

Kolya is told that two of his four coins are fake. He knows that all real coins have the same
weight, all fake coins have the same weight, and the weight of a real coin is greater than that
of a fake coin. Can Kolya decide whether he indeed has exactly two fake coins by using a
balance twice?

. On an east-west shipping lane are ten ships sailing individually. The first five from the west

are sailing eastwards while the other five ships are sailing westwards. They sail at the same
constant speed at all times. Whenever two ships meets, each turns around and sails in the
opposite direction. When all ships have returned to port, how many meetings of two ships
have taken place?

On the plane is a set of at least four points. If any one point from this set is removed, the
resulting set has an axis of symmetry. Is it necessarily true that the whole set also has an
axis of symmetry?

Note: Each problem is worth 4 points.



Solutions to Junior O-Level Fall 2001

. Let C'K cut the extension of DA at R and DK cut the extension of C'B at (). Let the line
through A parallel to KC cut C'D at H and the extension of BC' at P. Then APCR is a
parallelogram, so that AR = C'P. We have to prove that BH is parallel to KC. Let the
extension of BH cut the extension of AD at S. Now triangles BK() and AKD are similar,

as are triangles BKC and AKR. Hence % = % = ﬁ—g. Similarly, g—g = ‘é,—IDD. Hence
BQ = 824D — BGAD — DS Tt follows that BQDS is also a parallelogram, so that BH is

indeed parallel to K D.

Q B C P

K H
R A D S
. Suppose n! = 2™m! for some m > 2). We must have n > 3 so that both n! and m! are

divisible by 3. In each product, every third factor is a multiple of 3. In order for both
products to be divisible by the same power of 3, n! can have at most two more terms than
ml. fn=m+1=2" wehave m=1. f n=m+2, (m+1)(m +2) = 2™ leads to m = 0.
Both contradicts m > 2. Hence either Clara or Valerie had made a mistake.

. Kolya can decide as follows. Label the coins A, B, C' and D. In the first weighing, put A and
B on one side and C' and D on the other. Suppose A+ B = C + D. In the second weighing,
put A on one side and B on the other. If A = B, then we have A= B =C = D. If A # B,
exactly one of A and B is fake, and exactly one of C and D is fake.

Suppose A + B # C' + D. In the second weighing, put A and C on one side and B and D
on the other. If A+ C = B + D, then the number of fake coins is even but not 0 or 4. If
A+ C # B + D, the number of fake coins is odd.

. Let us consider what happens when two ships meet. Each continues where the other would
have gone. Since we are interested in the total number of meetings rather than the numbers
of meetings for individual ships, we may pretend that the ships just sail on. Since there are
5 ships from each side, the total number of meetings is 5 x 5 = 25.

. Let ABC be a triangle with AB = AC' and /CAB = 36°. Let D be a point on AC such that
BC = BD. Then /BDC = /BCD = /ABC = 72° so that /ABD = /DBC = 36°. Hence
BD = AD. Consider the set {A, B,C, D}. It does not have an axis of symmetry. If A is
removed, we have BC = BD. If B is removed, A, C' and D are collinear. If C' is removed,
we have AD = BD. If D is removed, we have AB = AC. Each subset of three points has an
axis of symmetry.



International Mathematics
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1.

An altitude of a pentagon is the perpendicular drop from a vertex to the opposite side. A
median of a pentagon is the line joining a vertex to the midpoint of the opposite side. If
the five altitudes and the five medians all have the same length, prove that the pentagon is
regular.

. There exists a block of 1000 consecutive positive integers containing no prime numbers,

namely, 1001! + 2, 1001! + 3, ..., 1001! 4+ 1001. Does there exist a block of 1000 consecu-
tive positive integers containing exactly five prime numbers?

On an east-west shipping lane are ten ships sailing individually. The first five from the west
are sailing eastwards while the other five ships are sailing westwards. They sail at the same
constant speed at all times. Whenever two ships meets, each turns around and sails in the
opposite direction. When all ships have returned to port, how many meetings of two ships
have taken place?

On top of a thin square cake are triangular chocolate chips which are mutually disjoint. Is it
possible to cut the cake into convex polygonal pieces each containing exactly one chip?

. The only pieces on an 8 x 8 chessboard are three rooks. Each moves along a row or a column

without running to or jumping over another rook. The white rook starts at the bottom left
corner, the black rook starts in the square directly above the white rook and the red rook
start in the square directly to the right of the white rook. The white rook is to finish at the
top right corner, the black rook in the square directly to the left of the white rook and the
red rook in the square directly below the white rook. At all times, each rook must be either
in the same row or the same column as another rook. Is it possible to get the rooks to their
destinations?

Note: Each problem is worth 4 points.



Solutions to Senior O-Level Fall 2001

1. Let the pentagon be ABCDE. Let A, B', C', D' and E’ be the respective midpoints of
CD, DE, EA, AB and BC. The median AA’ is at least the length of the altitude from A,
and since they have the same length, AA’ is also an altitude. Similarly, every median is an
altitude. Now AA" = CC'" and /ACA' =90° = /CAC'. Hence triangles AC A" and CAC" are
congruent, so that CD = 2C A’ = 2AC" = EA. Similarly, FA = BC = DE = AB. Hence
ABCDE is equilateral. The congruency of ACA' and CAC’ also yields /ACD = /EAC,
and /BCA = (CAB folllows from AB = BC. Hence /BCD = /FAB, and it follows that
ABCDE is equiangular also. Hence it is regular.

2. Starting with the given block, we shift it back by replacing the largest number in the block
with the number 1 less than the smallest number in the block. Then the number of primes
in the block changes by at most 1 in each shift. By the time we shift the block to the first
1000 positive integers, the number of primes in the block is greater than 5. Thus somewhere
in between, we must have hit a block of 1000 consecutive positive integers containing exactly
5 primes.

3. Let us consider what happens when two ships meet. Each continues where the other would
have gone. Since we are interested in the total number of meetings rather than the numbers
of meetings for individual ships, we may pretend that the ships just sail on. Since there are
5 ships from each side, the total number of meetings is 5 x 5 = 25.

4. This is not always possible. The diagram below shows four congruent triangles inside a square,
each with a right angle, a blunt angle and a sharp angle. The line joining the centre of the
square to the vertex of any sharp angle is blocked by the blunt angle of another triangle. Thus
the centre cannot belong to any convex polygon containing exactly one of the triangles.

5. The following moves will accomplish the task: bl to hl, al to b1, bl to b2, b2 to h2, a2 to
g2, h2 to h8, g2 to g8 and hl to h7.



International Mathematics
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1.

Do there exist positive integers a; < as < --- < aygp such that for 2 < k < 100, the greatest
common divisor of a;_; and ay is greater than the greatest common divisor of a, and a7

Let n > 3 be an integer. A circle is divided into 2n arcs by 2n points. Each arc has one of
three possible lengths, and no two adjacent arcs have the same length. The 2n points are
coloured alternately red and blue. Prove that the n-gon with red vertices and the n-gon with
blue vertices have the same perimeter and the same area.

Let n > 3 be an integer. Each row in an (n — 2) x n array consists of the numbers 1,2, ..., n
in some order, and the numbers in each column are all different. Prove that this array can be
expanded into an n X n array such that each row and each column consists of the numbers 1,
2, ..., M.

Let n > 2 be an integer. A regular (2n + 1)-gon is divided into 2n — 1 triangles by diagonals
which do not meet except at the vertices. Prove that at least three of these triangles are
isosceles.

. Alex places a rook on any square of an empty 8 x 8 chessboard. Then he places additional

rooks one rook at a time, each attacking an odd number of rooks which are already on the
board. A rook attacks to the left, to the right, above and below, and only the first rook in
each direction. What is the maximum number of rooks Alex can place on the chessboard?

Several numbers are written in a row. In each move, Robert chooses any two adjacent numbers
in which the one on the left is greater than the one on the right, doubles each of them and
then switches them around. Prove that Robert can make only a finite number of such moves.

. It is given that 233 is a 101-digit number whose first digit is 1. How many of the numbers

2k 1 < k < 332, have first digit 47

Note: The problems are worth 4, 5, 5, 5, 6, 8 and 8 points respectively.



Solutions to Junior A-Level Fall 2001

1. For1 < k <100, let a = 2% +2% ... 42100k Then a; < ay < -+ < ayg9. For 2 < k < 100,
the difference between a;_; and a; is 2'°°%. Since it divides both a;_; and az, 2'°°~% is in
fact their greatest common divisor. Similarly, the greatest common divisor of ay and a1 is
2100=(k+1) " which is less than 2'90~%_ Thus there exist 100 positive integers with the desired
properties.

2. Let a, b and c be the three arc lengths. Let there be x arcs of length a, y arcs of length b and
z arcs of length ¢. Then z +y+ z = 2n. Each side of the n-gon with red vertices is subtended
by an arc of length b+ ¢, ¢+ a or a +b. Of these n arcs, x of them contains an arc of length
a, so that the number of arcs of length b+ ¢ is n — x. Similarly, the number of arcs of length
¢+ a is n —y, and the number of arcs of length a + b is n — 2. Exactly the same thing can
be said about the n-gon with blue vertices. Hence the two polygons have the same perimeter.
By the same reason, the area of the part of the circle outside the n-gon with red vertices is
the same as that of the n-gon with blue vertices. It follows that the two polygons also have
the same area.

3. Each column is missing two of the numbers, and each number is missed by exactly two columns.
Construct a graph with n vertices representing the numbers. Two vertices are joined by an
edge if the numbers they represent are both missed by the same column, so that there are
exactly n edges. Moreover, each vertex has degree 2. This means that the graph is a union
of cycles, including degenerate cycles of length 2. In each cycle, we orient the edges so that
they are all directed clockwise. Then each vertex has in-degree 1 and out-degree 1. For each
column in the expanded square, locate the directed edge joining vertices representing the
numbers missing from this column. Putting the number represented by the initial vertex in
the (n—1)-st row and the number represented by the terminal vertexin the n-th row. Clearly,
all the numbers in each column are distinct. Since each vertex has in-degree 1 and out-degree
1, each number appears exactly once in the (n — 1)-st row and exactly once in the n-th row.

4. For 2 < k < n, consider a path consisting of £ consecutive edges of the regular (2n + 1)-gon.
The diagonal joining the endpoints of this path is said to have span k. Note that a diagonal
of span 2 cuts off an isosceles triangle whose equal sides are sides of the original polygon. If
in our triangulation, there is a triangle formed by three diagonals. This divides the remaining
parts of the original polygon into three pieces, each of which must contain a diagonal of span
2. It follows that we will have at least three isosceles triangles. The only other case is that
each triangle in the triangulation shares a side with the original polygon. Thus the triangles
form a sequence such that each shares a diagonal with its neighbours. The first and the last
triangles in this sequence are cut of by diagonals of span 2, and are isosceles. The diagonals
shared by neighbouring triangles increase in span to n from both directions. Since there are
2n — 2 diagonals, there are two diagonals of span n, which forms the third isosceles triangle
with a side of the original polygon.



5. After three corner squares have been occupied, a rook at the fourth corner square will always
be attacking two existing rooks. Hence at least one corner square must be empty, so that the
maximum number of rooks that can be placed is sixty-three. The diagram below shows how
Alex can place as many as sixty-three rooks in three stages labelled A, B and C.

Al C B

Y A 4

B

Y

6. Let the numbers be a;, as,..., a,, and we maintain these labels even though the values of
the numbers change with the doubling. We claim that two numbers can exchange places at
most once. It will then follow that Robert must stop after at most (g) moves. Assuming to
the contrary that there are two numbers which exchange places at least twice. Consider such
a pair of exchanges that occur the closest together. Let the numbers be a; and a; such that
a; > a; during the first exchange. Then a; < a; during the second exchange. In between, a;
must have grown more than a;. In any exchange involving a; or a; with a third number ay, it
must come between them after their first exchange and get out before their second exchange.
If a) gets in through one and goes out through the other, it has no effect on the relative size of
a; and a;. The only way a; can outgrow q; is for it to exchange twice with some a;, in between
its two exchanges with a;. However, this contradicts the assumption that the two exchanges
between a; and a; are the closest together. This justifies the claim.

7. The number of digits is non-decreasing along the sequence {2¥ : 1 < k < 332}. Clearly, this
number cannot increase by more than 1 at a time. Every time an increase occurs, the new
power of 2 must have 1 as its first digit. Since 2333 is an 101-digit number, there are exactly
99 numbers in our sequence whose first digit is 1. When the number of digits does not change,
the first digit changes in one of the following sequences: 1-2-4-8, 1-2-4-9, 1-2-5, 1-3-6 or 1-3-7.
Now the 99 numbers above divide our sequence into 100 blocks, each of length 2 or 3. Let
there be x blocks of length 2 and y blocks of length 3. Then x +y = 100 while 2z + 3y = 232,
which yield z = 67 and y = 33. Now each block of length 2 does not contain any number
whose first digit is 4, while each block of length 3 contains exactly one number whose first
digit is 4. It follows the exactly 33 numbers in our sequence whose first digit is 4.
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1.

On the plane is a triangle with red vertices and a triangle with blue vertices. O is a point
inside both triangles such that the distance from O to any red vertex is less than the distance
from O to any blue vertex. Can the three red vertices and the three blue vertices all lie on
the same circle?

Do there exist positive integers a; < as < --+ < ajgo such that for 2 < k < 100, the least
common multiple of a;_; and ay is greater than the least common multiple of a; and ag,1?

. An 8 x 8 array consists of the numbers 1, 2, ..., 64. Consecutive numbers are adjacent along

a row or a column. What is the minimum value of the sum of the numbers along a diagonal?

Let F be an arbitrary convex quadrilateral. For &k > 2, F}, is obtained by cutting F}_; into two
pieces along one of its diagonals, flipping one piece over and then glueing them back together
along the same diagonal. What is the maximum number of non-congruent quadrilaterals in
the sequence {Fy}?

Let a and d be positive integers. For any positive integer n, the number a + nd contains a
block of consecutive digits which constitute the number n. Prove that d is a power of 10.

In a row are 23 boxes such that for 1 < k& < 23, there is a box containing exactly k balls.
In one move, we can double the number of balls in any box by taking balls from another
box which has more. Is it always possible to end up with exactly k balls in the k-th box for
1<k <237

. The vertices of a triangle have coordinates (z1,y1), (2,y2) and (x3,y3). For any integers h

and k, not both 0, the triangle whose vertices have coordinates (z1+h,y1 + k), (xo+h,y1 +k)
and (z3 + h,ys + k) has no common interior points with the original triangle.

(a) Is it possible for the area of this triangle to be greater than 17

(b) What is the maximum area of this triangle?

Note: The problems are worth 4, 5, 6, 6, 7, 7 and 346 points respectively.



Solutions to Senior A-Level Fall 2001

1. Suppose all six vertices lie on a circle with centre M. Let the line through O perpendicular
to OM cut the circle at K and L. Since M is inside the triangle with red vertices, at least
one red vertex lies on the minor arc KL and at least one red vertex lies on the major arc K L.
The same is true of the blue vertices. However, every point on the minor arc KL is inside
the circle with diameter K L, so that its distance from O is at most OK. On the other hand,
every point on the major arc KL is outside the circle with diameter K L, so that its distance
from O is at least OK. This is a contradiction.

L

2. We use a,, to denote the n-th term, even though its value may be modified along the way.
In step 1, we set agg = 9 and ajg0 = 10, with lem(agg, a190) = 90. In step k > 1, define
a100—r = 10ajg1—r — 1 and then redefine a,, for each n > 100 — k to be 10 times its former
value. Hence in step 2, we define ags = 10agg — 1 = 89. We also redefine agg = 90 and
apo = 100. We have lem(ags, agg) = 8010 > 900 = lem(agg, a100). We continue until step 99
has been completed. Note that once we have lem(a,,—1,a,) > lem(ay, a,41), this remains true
thereafter since in all subsequent modifications, each of a,_1, a, and a,; is multiplied by
the same number. We only have to check this inequality when a,,_; is first introduced. At
this point, a, 1 = a, —1 = a,.1 —11. Now 10a,,_1 > a,_1 + 11 = a,; since a,,_1 > 1. Hence
lem(ay,_1,a,) = ap_q1a, > %ananﬂ = lem(ay, anyq).

3. Since consecutive numbers occupy sqaures of opposite colours, we may assume that all numbers
on black squares are odd and all numbers on white squares are even. The diagram below shows
that the sum may be as small as 14+3+5+7+9+11+13+39=88.

> 39
13
1P
9
FE
5
3 4




Suppose it is possible to improve on this. Clearly, the diagonal in question should contain
odd numbers, and the largest would have to be at most 37. Once this number is put down,
we must remain on the same side of this diagonal. There are exactly 16 black squares and
12 white squares on each side. Hence that largest number is 37 and only one square on the
largely empty side of the diagonal has been filled. However, there are 13 odd numbers from
38 to 64 but we have at most 12 white squares to accommodate them. Hence improvement
over 88 is impossible.

. Let F} = ABC\D; and let Fy, = ABC} D, be obtained from F} by reflecting Dy to Dy across
the perpendicular bisector of AC;. Reflecting alternately across the two diagonals, we obtain
F3 = ABCQDQ, F4 = ABCQDg, F5 = ABOng, F6 = AB03D4 and F7 = ABO4D4 This
sequence of transformations permutes the sides while preserving the sum of the opposite
angles. We have ZABOl + ZClDlA = ZABC4 + ZC4D4A, BCl = BC4, ClDl = C4D4 and
DA = D,A. If AC, > ACy, then L/ABC, > /ABCy and /C1D1A > /CyD4A. We also have a
contradiction if AC; < AC,. Hence AC; = AC}, and it follows that F; and F; are congruent.
Thus the sequence {F},} consists of at most six non-congruent quadrilaterals. If F} has sides
of distinct lengths and the sum of neither pair of opposite angles is 180°, we indeed have six
non-congruent quadrilaterals.

. Let the number of digits of d be k, and that of a be m. Consider the term a + 10°d where t is
an integer such that ¢ > max{k, m}. It must contain a 1 followed by at least m zeros, so that
k > m. The next term a + (10" + 1)d must contain two 1’s separated by exactly ¢ — 1 zeros.
Since t > k, this can only happen if the first digit of d is 1 and the remaining digits are 0’s,
which means that d is a power of 10.

. We shall prove by induction on the number n of boxes that the task is always possible. This
is clearly true for n = 1. Suppose it is true for some n > 1. Consider the next case where we
have n 4+ 1 boxes. Line up the boxes from left to right in increasing order of the number of
balls in them, without regard to the box numbers. Transfer balls from each box to the next
one to its left, starting with the rightmost one which contains n + 1 balls.

1 2 3 -+ n-1 n n—+1
2n 1
n—2 n+1
n
6
4 4
2 3
2 3 4 - n n+1 1

This sequence of moves results in a cyclic permutation of the numbers of the balls. We perform
this a number of times until the (n + 1)-st box contains n + 1 balls. The rest of the boxes can
be sorted out by the induction hypothesis.



7. (a) The tiling on the left of the figure below shows that the area of the triangle may be 2.
The coordinates of the vertices of a copy of the triangle are (0,0), (3, 2) and (2, 3).

373 33
/\ A
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(b) Let ABC be any triangle with the desired properties. Let D, F and F' be the midpoints
of BC, C'A and AB respectively. Extend ED to G and F'D to H so that ED = DG and
FD = DH, as shown on the right of the figure above. We claim that integral translates
of the hexagon BGHCFEF do not have common interior points. It will then follow that
its area is at most 1, and that the area of ABC is at most % This maximum is attained
by the example in (a). Suppose to the contrary that BGHCEF has a common point
with an integral translate B'G'H'C'E'F’. We may assume that either £’ or F” is inside
the quadrilateral BGHC'. There are three cases. If E’ is inside triangle DBG, then B
will be inside the integral translate A’B'C" of ABC'. Similarly, if F’ is inside triangle
DCH, then C will be inside A’B’C". Finally, if either £’ or F’ is inside triangle DG H,
then A’ will be inside ABC'. Since we have a contradiction in each of the three cases,
the claim is justified.
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1 [4] There are many a X b-rectangular cardboard pieces (a and b are positive integers, and
a < b). It is given that by putting such rectangles together (without overlapping) one can
make 49 x Hl-rectangle, and 99 x 101-rectangle. Can one uniquely determine values of a and
b from these conditions?

2 [5] Can any triangle be cut into four convex figures: a triangle, a quadrilateral, a pentagon,
and a hexagon?

3 [5] The last digit of the number z? + zy + y? is zero (where x and y are positive integers).
Prove that two last digits of this number are zeroes.

4 [5] Quadrilateral ABCD is circumscribed about some circle and K, L, M, N are points of
tangency of sides AB, BC', C D and DA respectively, S is an intersection point of the segments
KM and LN. Tt is known that the quadrilateral SK BL is cyclic. Prove that the quadrilateral
SNDM is also cyclic.

5

a) [3] There are 128 coins of two different weights, 64 of each. How can one always find two
different coins by performing no more than 7 weightings on a regular balance?

b) [3] There are eight coins of two different weights, four of each. How can one always find two
different coins by performing two weightings on a regular balance?



Solution to Junior O-Level Spring 2002

1. The only common divisors of 49 x 51 = 3 x 72 x 17 and 99 x 101 = 32 x 11 x 101 are 1 and
3. Since a < b, ab > 1. So ab = 3 and we must have a = 1 and b = 3.

2. If either x or y is odd, 2%+ xy + 32 is also odd. Hence they are both even. If one is a multiple
of 10 and the other is not, 22 4+ xy + y? is not a multiple of 10. Suppose both = and y are not
multiples of 10. Then z? and y? end in 4 or 6, while 2y cannot end in 0. So we cannot have
one ending in 4 and the other in 6. If 22 and y? both end in 4 or both end in 6, then zy must
also end in 4 or 6. It follows that the only possibility is for both x and y to be multiples of
10, so that x? + xy + y? will indeed be a multiple of 100.

3. One such dissection is shown in the diagram below.

4. Since BK and BL are tangents, /BKL = /KML = /BLK. Denote their common value by
6. Then /BKL = 180° — 26. Similarly, /DMN = /MLN = /DN M. Denote their common
value by ¢. Then /M DN = 180° — 2¢. Now /KSL = /SLM + /SML = 0 + ¢. Similarly,
[MSN =60+ ¢. Since SKBL is cyclic, /KBL + /KSL = 180°, which implies that 6 = ¢.
Then /MDN + /MSN = 180°, which implies that SM DN is cyclic.




D.

(a)

Weigh 64 of the coins against the other 64. If they balance, discard one set. Weigh 32 of
the remaining ones against the other 32, and continue. If they always balance, then after
6 weighings, we are down to 2 coins which must consist of a heavy one and a light one.
Suppose balance is not achieved somewhere along the way. We may as well assume that
it occurs at the first weighing. In the second weighing, weigh 32 coins from the heavier
side against 32 coins from the lighter side. If they balance, discard this 64 coins. If not,
discard the 64 coins not involved in the second weighing. Continuing this way, we will
be down to 2 coins after 7 weighings. They must consist of a heavy one and a light one.

Weigh 4 of the coins against the other 4. If they balance, discard one set. Weigh 2 of the
remaining 4 coins against the other 2. If they balance, take both coins from one side. If
not, take 1 coin from each side. Suppose one side is heavier in the first weighing. Weigh
2 of these coins against the other 2. If they balance, all 4 are heavy. Take 1 of them and
1 from the lighter side in the first weighing. If they do not balance, then the heavier side
consists of 2 heavy coins while the lighter side consists of 1 heavy and 1 light coin. We
can accomplish the task by taking the 2 coins on the lighter side.
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1 [4] The last digit of the number 2% + zy + y? is zero (where x and y are positive integers). Prove
that two last digits of this number are zeroes.

2 [5] Triangle ABC' and its mirror reflection A’B'C" are arbitrarily placed on the plane. Prove
that the midpoints of the segments AA’, BB’ and C'C’ lie on the same straight line.

3 [5] There are 6 pieces of cheese all of different weight. For any two of them one can determine,
just by looking at them, which of them is the heaviest.

Given that it is possible to divide them into two groups of equal weights (three pieces in each
group) demonstrate how to find these groups by performing two weightings on the regular
balance.

4 [5] In how many ways can one place the numbers from 1 to 100 in a 2 x 50-rectangle (divided
into 100 little squares) so that any two consecutive numbers are always placed in squares with
a common side?

5 [6] Does there exist a regular triangular prism that can be covered (without overlapping) by
different equilateral triangles? (One is allowed to bend the triangles around the edges of the
prism.)



Solution to Senior O-Level Spring 2002

1. If either  or y is odd, 22 + 2y + 2 is also odd. Hence they are both even. If one is a multiple
of 10 and the other is not, 22 + zy + v? is not a multiple of 10. Suppose both z and y are not
multiples of 10. Then 22 and y? end in 4 or 6, while zy cannot end in 0. So we cannot have
one ending in 4 and the other in 6. If 22 and 3? both end in 4 or both end in 6, then xy must
also end in 4 or 6. It follows that the only possibility is for both x and y to be multiples of
10, so that 2% + zy + y? will indeed be a multiple of 100.

2. Let M be the midpoint of AA” and N be the midpoint of C'C’. Then A and A’ are equidistant
from M N, as are C and C’. Let A”B"C" be the reflection of ABC across M N. Then A and
A" are equidistant from M N, as are C' and C”. Hence A’A” and C'C" are both parallel to
MN. Now A”B"C" is congruent to ABC" and opposite in orientation. Hence it is congruent
to A’B’C" and in the same orientation. It follows that A’B'C’ and A” B”C" may be obtained
from each other by a translation in the direction parallel to M N. Hence B’ and B” are
equidistant from M N. It follows that so are B and B’, so that the midpoint of BB’ indeed
lies on M'N.

B// B/
AQ A
C o
N
M
C
A
B

3. The only possible groupings are (126,345), (136,245), (146,235), (156,234) and (236,145).
First weigh 146 against 235. If they balance, the task is accomplished. If 146 is heavier, then
156 will be heavier than 234. Then we weigh 136 against 245. If they balance, the task is
accomplished. If 136 is heavier, then 236 will be heavier than 145. Hence 126 must balance
345. If in the first weighing 146 is lighter, then 136 will be lighter than 245, 126 will be lighter
than 345 and 145 will be lighter than 236. Hence 156 must balance 234.

4. We first solve the problem for a 2 x 5 table. Each successful placement of the numbers is
replaced with a continuous path from one number to the next. Suppose first that 1 and 10
are also adjacent, so that the path could have linked up to form a cycle. The cycle could be
broken up in any of 10 places. Hence there are 10 paths of this kind. Suppose now that 1 and
10 are not adjacent, so that we have an open path. We classify them according to whether
the vertical segments are in one, two or three groups, where vertical segments on adjacent
columns are considered to be in the same group. Note that apart from a path obtained from
the cycle, each end column must contain a vertical segment.



For paths in which all the vertical segments are in one group, this means that each column must
contain a vertical segment. This path, shown in the first figure below, is unique if we assume
for now that the left endpoint must be on the bottom row. For paths in which the vertical
segments are in two groups, we cannot have each groups containing at least two segments.
On the other hand, if each contains exactly one segment, then we have a path obtainable
from the cycle. Hence exactly one group contains exactly one segment. Continuing to assume
that the left endpoint is on the bottom row, we have four paths as shown in the next four
figures. Finally, for paths in which the vertical segments are in three groups, each end group
must contain exactly one segment. This unique path is shown in the last figure. Lifting the
restriction that the left endpoint be on the bottom row, we have 12 paths. Along with the
10 obtained from the cycle, we have a total of 22. Since each path may be traversed in either
direction, there are 44 different placements of the numbers.

We now solve the given problem. There are 100 paths obtainable frmo the cycle. Among the
others, there are 2 in which all vertical segments are in one group. For those in two groups,
the larger group may consist of 2 to 48 segments. Since the larger group may be on either end,
and the left endpoint may be on either row, there are 4 x 47 = 168 paths of this type. Finally,
for those in three groups, the middle group may consist of 1 to 46 segment. For 1 < k < 46,
these segments may have 46 — k possible locations. Since the left endpoint may be on either
row, the total number of paths of this type is 2(46 + 45 4 --- + 1) = 2162. Thus the total
number of paths is 100 4 2+ 168 4+ 2162 = 2432, and the total number of different placements
of the number is 2 x 2432 = 4864.

. The diagram below shows a regular triangular prism covered without overlap by three equi-

lateral triangles of different sizes.
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1. Let a, b and c be the sides of a triangle. Prove that a® + b® + 3abc > ¢3.

2. A game is played on a 23 x 23 board. The first player controls two white chips which start in
the bottom-left and the top-right corners. The second player controls two black ones which
start in the bottom-right and the top-left corners. The players move alternately. In each
move, a player can move one of the chips under control to a vacant square which shares a
common side with its current location. The first player wins if the two white chips are located
on two squares sharing a common side. Can the second player prevents the first player from
winning?

3. Let F and F' be the respective midpoints of sides BC' and C'D of a convex quadrilateral
ABCD. Segments AE, AF and EF cut ABCD into four triangles whose areas are four
consecutive positive integers. Determine the maximal area of triangle BAD.

4. There are n lamps in a row, some of which are on. Every minute, all the lamps already on
will go off. Those which were off and were adjacent to exactly one lamp that was on will go
on. For which n can one find an initial configuration of which lamps are on, such that at least
one lamp will be on at any time?

5. An acute triangle was dissected by a straight cut into two pieces which are not necessarily
triangles. Then one of the pieces was dissected by a straight cut into two pieces, and so on.
After a few dissections, it turned out that all the pieces are triangles. Can all of them be
obtuse?

6. In an increasing infinite sequence of positive integers, every term starting from the 2002-th
term divides the sum of all preceding terms. Prove that every term starting from some term
is equal to the sum of all preceding terms.

7. Some domino pieces are placed in a chain according to the standard rules. In each move, we
may remove a sub-chain with equal numbers at its ends, turn the whole sub-chain around,
and put it back in the same place. Prove that for every two legal chains formed from the
same pieces and having the same numbers at their ends, we can transform one to the other
in a finnite sequence of moves.

Note: The problems are worth 4, 4, 6, 7, 7, 7 and 8 points respectively.



Solution to Junior A-Level Spring 2002
. We have

a® + b+ 3abc — & = a® + b+ (—c)® — 3ab(—c)

= (a+b+9—0))(a®+ b+ (—c)* = b(—c) — (—c)a — ab)
1

= Slatb=)((b+ 0+ (ct+a)f + (a—b)°).

This is positive since a + b — ¢ > 0 in a non-degenerate triangle.

. Initially, the four chips determine a rectangle, with chips of the same colour at opposite
corners. After a move by the first player from such a position, there is no victory since the
two white chips are in different rows and different columns. Moreover, the four chips will
no longer determine a rectangle. However, the second player can restore this position in his
move. Thus there is no victory for the first player.

. Denote the area of the polygon P by [P]. Then
[BAD] = [ABEFD] — [BEFD] = |[ABE] + [AEF] + [AFD] — 3[BCD).

In order to maximize [BAD], BC'D must have the smallest area among the four triangles
whose area are four consecutive integers. The maximum value of [BAD] is [BCD] + 1 +
[BCD]+2+ [BCD] +3—3[BCD] =6.

. Denote by 0 a lamp which off and by 1 a lamp which is on. The following diagram shows that
for n = 1 or 3, there are no initial configurations which lead to perpetual light.

1}—{o] | oo

A

111

A

011 101 110

A

Y

100 > 010 = 001

For even n, the initial configuration 1001100110... will work since it will alternate with
0110011001.... For odd n > 3, just add 010 to the previous configuration. It will alter-
nate with 100 since the third light will not go on because of the fourth. Hence this part will
alternate with 100, independent of the second part. In conclusion, perpetual light is possible
for all n except 1 and 3.



5. Consider a convex n-gon. It is potentially n — 2 triangles. Suppose it is cut into a convex
a-gon and a convex b-gon. Then the number of potential triangles is a — 2 + b — 2. There are
essentially three way of cutting the convex n-gon: through two vertices, through one vertex or
through no vertices. In the first case, we have a + b = n + 2, so that the number of potential
triangles is n — 2 as before. No new obtuse angles can be created since no angle of the convex
n-gon can be divided into two obtuse angles. In the second case, we have a +b = n + 3, so
that the number of potential triangles is n — 1, an increase of 1. As before, the end of the
cut through a vertex cannot create a new obtuse angle, but the other end which ends on a
side can create one, but no more than one, new obtause angle. In the third case, we have
a+ b = n+ 4 so that the number of potential triangles is n, an increase of 2. Each end of
the cut can create one, but no more than one, new obtuse angle. It follows that an increase
in the number of potential triangles is at best matched by an increase in the number of new
obtuse angles. Since there is one triangle with no obtuse angles initially, this will remain the
case throughout. Thus the task is not possible.

6. Let the sequence be {a,} and let S,, denote the sum of all the terms up to but not including a,,.

For n > 2002, a,, is a divisor of S,,. Hence there exists a positive integer d,, such that a, = g—n
Then S,;1 = S, +a, = (d"H)S” If dpi1 > dy + 1, then a4y < 52 = a,, and this contradicts
the hypothesis that {a,} is Strlctly increasing. Hence {d,} is ncn)n decreasing for n > 2002.
However, this sequence cannot maintain a value k£ > 1 indefinitely as otherwise {S,,} becomes
a geometric progression with common ratio %—1 starting from some term. However, k and
k 4 1 are relatively prime, and we can only divide the first term of the geometric progression
by k finitely many times. It follows that d,, = 1 eventually.

7. We use induction on the number n of domino pieces in the chain. For n = 1 and 2, the result
holds trivially. Consider the general case where the first number is a. Let the first piece in
the initial chain be (a,b) and that in the final chain be (a,c). If b = ¢, we can appeal to the
induction hypothesis. Assume therefore that b # c¢. Then the piece (a,b) is now further down
the chain. If it has been reversed to (b,a), we simply take the sub-chain from (a,c) to (b,a)
and reverse it. Then we appeal to the induction hypothesis. Assume therefore that (a,b) has
not been reversed. The proof will be complete if we can show that (a,b) can be reversed.
In the initial chain, let (d, e) be the first piece which does not appear after (a,b) in the final
chain. Let the piece before (d, e) in the initial chain be (f,d). Then this piece appears in the
final chain after (a,b), possibly reversed. On the other hand, the piece (d,e) appears in the
final chain before (a,b), also possibly reversed. We consider four possible configurations of
the final chain, and verify that in each case, (a,b) is reversed.

Case 1. (a,¢),...,(d,e),...,(a,b),... (f,d)

We reverse the sub-chain from (d, e) to (f,d)

Case 2. (a,¢),...,(d,e),...,(a,b),...,(d, f),....

We reverse the sub-chain from (d, e) to (g,d), where (g,d) is the piece right before (d, f).

Case 3. (a,0),. (ed) S(ab), ... (f,d),. ...

(f,d), where (d, h) is the piece right after (e, d).

Case 4. (a, ),...,(e,d),...,(a,b),.. ,(d, f)
We reverse the sub-chain from (d, i) to (j,d), Where (d,i) is the piece right after (e,d) and
(7,d) is the piece right before (d, f).
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1. In triangle ABC, tan A, tan B and tan C' are integers. Find their values.

2. Does there exist a point A on the graph of y = 2® and a point B on the graph y = 23 + |z|+ 1

such that the distance between A and B does not exceed ﬁ?

3. In an increasing infinite sequence of positive integers, every term starting from the 2002-th
term divides the sum of all preceding terms. Prove that every term starting from some term
is equal to the sum of all preceding terms.

4. The spectators are seated in a row with no empty places. Each is in a seat which does
not match the spectator’s ticket. An usher can order two spectators in adjacent seats to
trade places unless one of them is already seated correctly. Is it true that from any initial
arrangement, the usher can place all the spectators in their correct seats?

5. Let AA;, BB, and C'C; be the altitudes of an acute triangle ABC'. Let O4, Op and O¢ be
the respective incentres of triangles AB,C, BAC7 and CA;B;. Let Ty, Tg and T be the
points of tangency of the incircle of ABC' with sides BC, C'A and AB respectively. Prove
that TAOcTgOAT-Op is an equilateral hexagon.

6. The 52 cards in a standard deck are placed in a 13 x 4 array. If every two adjacent cards,
vertically or horizontally, have either the same suit or the same value, prove that all 13 cards
of the same suit are in the same row.

7. Do there exist irrational numbers ¢ and b such that @ > 1, b > 1 and [a™] differs [b"] for
any two positive integers m and n?

Note: The problems are worth 4, 4, 5, 5, 6, 7 and 8 points respectively.



Solution to Senior A-Level Spring 2002

1. First, note that we have

tan A 4+ tan B
1 —tanAtan B

1
= A B)(1-
(tan A + tan ) ( 1— tanAtanB)

tanA+tan B +tanC = tanA-+tan B —

tan A + tan B
S tan Atan B
1—tanAtan B an Atan

= tanAtan BtanC.

Let tan A = a, tan B = b and tan C' = ¢ where a, b and c are integers such that a+b+c = abc.
ABC' cannot be a right triangle. Suppose /A is obtuse. Then a is negative while b and ¢ are
positive. If b = ¢ =1, then abc = a < a+2 = a+b+c. Any increase in the values of b or ¢ will
increase that of a + b+ ¢ while decrease that of abc. It follows that ABC is an acute triangle,
so that a, b and c are all positive. We may assume that a < b < ¢. Then abc = a+b+c < 3c,
so that ab < 3. We cannot have a = b = 1. Hence a = 1, b = 2 and ¢ = 3. Finally, the
diagram below shows a triangle ABC' with tan A = 1, tan B = 2 and tan C' = 3.

A

\

B ¢

/

2. Consider the points A(a,a®) and B(b,b* + b+ 1) where a > b > 0. We wish to choose a and b
such that a —b < 5 while a® =0 +b+1. Let t =a—b> 0. (From (b+1)* =b*+b+1, we

have 3tb* — (1 —3t*)b— (1 —1°) = 0. If t < 355, the constant term of this quadratic equation is

negative, so that it has one positive root and one negative root. Thus a and b can be chosen

so that AB < ﬁ.

3. Let the sequence be {a,} and let S,, denote the sum of all the terms up to but not including a,,.
For n > 2002, a, is a divisor of S,,. Hence there exists a positive integer d,, such that a, = g—:.
Then S,41 =5, +a, = W. Ifd,.1 >d,+1, then a,.1 < g—z = a,, and this contradicts
the hypothesis that {a,} is strictly increasing. Hence {d,} is non-decreasing for n > 2002.
However, this sequence cannot maintain a value k£ > 1 indefinitely as otherwise {S,,} becomes
a geometric progression with common ratio 1%1 starting from some term. However, k and
k + 1 are relatively prime, and we can only divide the first term of the geometric progression

by k finitely many times. It follows that d,, = 1 eventually.



4. We use induction on the number n of spectators. The case n = 2 holds as a single switch
fixes the derangement. Suppose the result holds from 1 to n for some n > 1. Consider the
next case with n 4 1 spectators. Let Sy be the spectators with the ticket k. Suppose S, 11 is
in seat m for some m < n. If the spectators in seats m to n + 1 constitute a derangement
among themselves, we can appeal to the induction hypothesis. Otherwise, there exists a seat
¢ which is the first after seat m to be occupied by some S, where x # ¢ — 1. This means that
for m < k < ¢, seat k is occupied by Si_;. We perform a chain of switches from seat ¢ back
to seat m + 1, we still have a derangement since S is now in seat k + 2 for m < k < £. This
brings S, to seat m + 1 and we can now switch her with S,,,1, bringing the latter one seat
closer to her correct place. We can now repeat the above process until S, 1 is in seat n + 1,
and then appeal to the induction hypothesis.

5. Since BC'B,(C is cyclic, triangles ABC and AB;C; are similar. Tthe ratio of similarity is
cosa where o = /CAB, since AB; = ABcosa. Let O be the incentre and r the inradius of
ABC, and let T be the point of tangency of the incircle of AB;C; with AC. Now OTg = r,
OAT =rcosa, AT = ATgcosa, ATg = rcot § and

TTy = AT — AT = ATs(1 — cosa) = rcot% (2 sin? Z‘) = rsina.

Hence O Tg = vOAT? +TgT? = r. By symmetry, the other sides of the hexagon are also
equal to r.

A

6. If two adjacent cards are of the same suit, we say that there is a suit bond between them.
If they are of the same rank instead, we say that there is a rank bond between them. By
hypothesis, there is either a suit bond or a rank bond between two adjacent cards, and it
cannot be both since each card is unique within a deck. So we have twelve columns each
consisting of four horizontal bonds, and three rows each consisting of thirteen vertical bonds.
We claim that in each row and each column, the bonds are of the same type. Assuming to
the contrary that there are both suit bonds and rank bonds in a column. Then there is one
of each kind in two adjacent rows. Of the four cards in question, let the top two be the Ace
and King of Hearts. The bottom two are of the same rank. If this rank is Ace, then there is
no bond between the King of Heart and the card below. Similarly, this rank cannot be King.
Now not both cards at the bottom can be Hearts. Hence one of them will not have a bond
with the card above. This justifies our claim. Considering the types of bonds for each of the
three rows of vertical bonds, we have eight cases.



(i) All three rows are rank bonds. This yields the desired conclusion.

(ii) All three rows are suit bonds. This means that the 52 cards are in 13 groups of 4, with
cards in the same group being of the same suit. This is impossible since 13 is not a
multiple of 4.

(iii) Only the top and bottom rows are suit bonds. This means that we have 26 disjoint pairs
of cards of the same suit. This is impossible since 13 is not a multiple of 2.

(iv) Only the top and bottom rows are rank bonds. Consider the 13 inside pairs of cards in
the second and the third rows, with a suit bond between each pair. We may assume that
the first pair are Spades. There must be a first pair which are not Spades, say Hearts.
Consider first the case where the two outside cards in the first column are of the same
suit, which cannot be Hearts. We may assume it is Clubs. Then the two outside cards
on the column with Hearts inside must be Diamonds. When the inside pair change suits
again, it must go from Hearts to either Spades or Clubs. It follows that each column of
4 cards have the same colour. However, there are 26 red cards and 26 is not a multiple
of 4. Consider now the case where the two outside cards in the first column of different
suits. Then they must be Diamonds and Clubs. Then the two outside cards on the
column with Hearts inside must be Clubs and Diamonds. It follows that all the Spades
and Hearts form 13 inside pairs, but there are 13 Spades and 13 is not a multiple of 2.

(v) Only the top two rows are suit bonds. We may assume that the top three cards in the
first column are Spades and that the bottom card is Clubs. This remains the case until
we encounter the first column of horizontal suit bonds. Then the four cards in the next
column must all be red. It follows that the four cards in each column are of the same
colour. However, there are 26 red cards and 16 is not a multiple of 4.

(vi) Only the bottom two rows are suit bonds. This is analogous to Case (v).

(vii) Only the top two rows are rank bonds. This means that there are 3 cards of the same
rank in each column. Since there are only 4 cards of each rank, all 13 columns consist
of different ranks. Hence the first row of horizontal bonds are are suit bonds, so that
all columns of horizontal bonds are suit bonds. This forces all the vertical bonds in the
bottom row to be rank bonds too, contrary to our assumption.

(viii) Only the bottom two rows rae rank bonds. This is analogous to Case (vii).

7. Let a = v/6 and b = sqrt3. Suppose |a™| = [b"] for some positive integers m and n. Denote
their common value by k. Then k? < 6™ < k> +2k + 1 and k> < 3" < k2 +2k + 1. It
follows that 2k > |[6™ — 3" = 3™|2™ — 3" ™|. Clearly, n > m so that |2 — 3"™™| > 1.
Hence 2k > 3™ so that % < k* < 6™. Now the only positive integral values of m for which
1 < (3)™ holds are 1, 2 and 3. We have [a] =1, |a*] =6 and [a*| = 14. On the other hand,
1b] =1, |¥?] =3, |a®] =5, |a*] =9 and |a®] = 15. Tt follows that |a™] # [b"] for any

positive integers m and n.



