[leneHune oTpeska

Yacrs 1.

BBoaka.

BriOpano uucio o, u Ha otpeske [0,1] ormeuarores Touku {o}, {20}, {3a}... {(n-1)a}.

Bcrony, rie mpsiMo HE OrOBOPEHO MPOTHUBHOE, MBI CUMTAEM, YTO O UppanuoHanbHo. Ecin
&e o = p/q, MbI cuuTaem, 4yTo n < q. Takum 06pa3om, KakoBO Obl HU OBLIO O, HUKAKUE JIBE TOUYKH HE
COBMAJIAIOT.

Tem cambim oTpe3ok [0,1] pasznenen Ha N gacteld. [lanee mbl BCrogy OyaeM CUMTATh, YTO
n>10 u 0,3<{0}<0,7. 3T0 OrpaHMYECHHE HECYIIECTBEHHO, Mbl HajlaraéM €ro, 4TOObl MCKIIOYUTH
HEKOTOpbIe TpUBHAIbHBIE dPQEKTH A Maibix yuced. Ho W3 Hero, B 4acTHOCTH, CJIEIYET, YTO
Ka)k[1ast 9aCTh MEHbIIE {0}

3aMeTuM ellle, YTO €C/IM 3aMEHHUTHh oL Ha N+0o. WM Ha N-O, TO YaCTH IOJIYYarOTCsS TOYHO
takue ke. I1o3ToMy B 3ajga4ax, IJie BOINPOC CTaBUTCSA O €IWHCTBEHHOCTH, JIEJNAETCS OrOBOPKA:
O<a<?.

Coneprkanue 3aJadyd — HCCIIEJ0BAaTh, KAaKWe HMMEHHO YaCcTH IOJYYalOTCs M KaK OHH
PacOI0KEHBI.

3agaun.

e OTHOLIEHHE JJIMH CAMOT0 JUIMHHOTO M CAMOI0 KOPOTKOI'O OTPE3KOB MbI 0003HAUMM
JI=JI(a, n).

Al. IlycTp o — panmoHaibHOE YKCIO, oL = p/q. Jlokaxkurte, 4TO CyIIECTBYET N, AT KOTOPOTO
J(n)=1.

A2, Jlisa xakux emie IeNbIX WM panuoHalbHbIX k, k>1, MOXXHO yTBepkIaTh, 4TO TIpU
T000M paroHaIbHOM O CYIIeCTBYET n Takoe, uyTo JI (n) =k ?

L4 Z[aﬂee MBI OTKAa3bIBACMCA OT MPCAIOJIOKCHUA, YTO O PALIMOHAJIBHO.

B1l. [lokaxuTe, 4TOo KakoBO Obl HM OBLJIO N, Cpeau dYacTell HMeeTcs He OoJiee Tpex
pasnuuHbiX 1o juuHe. (IIpu 5ToM, O4eBHIHO, €CIM O UPPAIIMOHATFHO, TO PAa3HBIX JIJIMH HE MEHee
IBYX).

o HpI/I JaHHOM Ol MbI 6y)1eM Ha3eIBaTh YUCIJIO0 N ((HBOf/iHBIM)), €CJIK IPH 3TOM N nmeercyd
TOJIBKO ABC Pa3HbIX OJIMHBI OTPE3KOB, U ((TpOfIHBIM)), €CJIM UX TPH.

B2. JlokaxknuTe, 94TO €CIIM 0L UPPAIIMOHAIFHO, TO CYIIECTBYET OECKOHEYHO MHOTO JIBOMHBIX U
0E€CKOHEYHO MHOT'O TPOMHBIX N.

B3. lano uppaunoHagbHoe 4uciao o; N nmpoderaeT 3HadeHus N=1, 2, ..., M. JlokaxuTte, 4yTO
€CJIn M —> 00, TO A0JIS1 IBOMHBIX YHUCEN CPEAN HUX CTPEMUTCA K HYIIIO.
[Tycte @ (M) — KOJAMYECTBO ABOMHBIX uuced N cpeau uucen n=1, 2, ..., m. OueHure

CKOPOCTB, C KOTOPO OTHOIIEHHE @ (M)/M CTPEMUTCS K HYIFO TpU M —> o0,

B4. Kakum n0OmKHO OBITH O, YTOOBI 3TO OTHOIIEHHWE CTPEMHJIOCH K HYJIIO KaK MOXHO
MeieHHee? A — 9ToObl OHO CTPEMIIIOCH KaK MOXKHO ObICTpee?

([locTtaTouHo yKaszaTh HECKOJBKO MPHUMEPOB, MPU YCIOBHHM, YTO 3TH NPUMEPHI OYyIyT
yOeIUTEeNEHBIMH).



BS. [laiiTe oueHKy cBepXy M CHM3y AJI KOJMWYECTBA JBOWHBIX YHCEN CpPEAU NEPBOIO
MWIJIMOHA (PKENaTeJbHO, KOHEYHO, Oojiee WIM MEHee TOYHYI0; OLICHKH «OOolble Tpex» He
IIPUHUMAIOTCS).

C1. CymectByer i yucio o, 1y koroporo JI > 10 st Bcex n, HaunHas ¢ n=10?

C2. n = 2.000.000. MoxeT U CIIy4UThCS TaK, YTO HA HEKOTOPOM IOIYyOTpe3ke [a, a + 2]
aexut 6oimee 1.100.000 rouek? (Hamomuum, urto mo mpeamnonoxenunto 0,3 < {a} <0,7).

C3. CymiecTByIoT 1 0., 17151 KOTOpBIX JI mpuHUMaeT

(a) 6eckoneuHoe,

(0) KOHEUHOE YHMCIIO PAa3HBIX 3HAUEHUH, Koria N mpoberaet Bce 3HaueHUs oT 10 10 .
[TpuBenuTe MpUMEPHI TAKUX O (€CJIM OHH CYIIECTBYIOT).

C4. VYkaxure Kakue-HHOYIb TOCTATOYHBIC YCJOBHSI IS TOTO, 4ToObl JI mpHHMMAIO
KOHeuHOe (OeckoHeuHoe) umciio 3HaueHuH. (Ecam BO3MOXXKHO — HaiauTte HEoOXOoauMoe |
JIOCTaTOYHOE YCIIOBUE; HO MOKHO TaK)K€ OTPAaHUYUTHCS KAKUMH-HUOY/Tb YCIIOBUSIMHU).

D1. dokaxure, 4TO npu JIt0OOM JaHHOM HPPALMOHAIBHOM (. CYIIECTBYET TaKO€ 3HAUYEHUE,
kotopoe JI mpuHuMaet Oosiee ThICSIUU pa3 (IPU pa3InvHbIX N).

D2. Jlorndecku BO3MOKHBI TPH aJIbTCPHATHBEI:

(*) xakoBO ObI HHM OBLIO O, CyIIECTBYeT 3HaueHue, kKotopoe JI mpuHHMaeT OecKOHEYHOe
YHCII0 pas,

(**) xakoBo ObI HU ObLIO 0, JI MpUHUMAET T000€ 3HAYEHUE JTUIIIHL KOHEYHOE YHCIIO Pas3,

(***) 17 HEKOTOPBIX Ol BEPHO OJIHO, a JUISI HEKOTOPBIX APYroe.

Kakas u3 stux anprepHatuB BepHa? Ecim TpeThs, TO I KaKUX O BEPHO TEpBOE, a JJIs
KaKux BTOpoe?

D3. HonycTtum, 4to s HekoToporo o JI mpuHuMaet 3HadeHus A, B xots Obl o ogHOMY
pasy (mpu n>10).

Bepho 51, uTo paBHOCWIBHBI yTBepkAeHUS: (*) JI mpuHMMaeT 3HaueHue A KOHEUYHOE YHCII0
pas, (**) JI npunumaet 3HaueHue B KkoHeuHoe yucno pas ?

HeneHwne oTpe3ka (4acTb 2)

B »rol wacTh MBI B OCHOBHOM paccMmaTrpuBacM 3aaaqyv, CBA3AHHBIC C KOHKPCTHLBIMU
3HAYCHUAMMA YHCJIa O..
1++/5
2

e (O0o03HauMM OYKBOH T 30JI0TO€ CEUEHUE: T = ~1,618....

El. [Ipennaraercs Tpu crioco0a BbIIUCaTh nocienoBaTenbHOCTh OykB AABAABABAAB...
Jlokaxxute, 4To BCe TPH CII0co0a Jar0T OJIMH U TOT e pe3yibTaT (0ojee TOUHO yTBEpKIAeHHE OyaeT
chopMyTUPOBAHO HIIKE).

CriocoObI TaKOBBI:

(1) Ha xietuaroit Oymare mpoBeneH jyd. OH HAuMHACTCS B OJHOM M3 Y3JIOB M MPOBEICH
IIOJ1 YIJIOM arcctg T K TOPU30HTAJIBHBIM JIMHUSAM CETKHU.

B HavanpHOM y371€ MBI THIIEM OYKBY A, a 3aT€M CTaBUM OYKBBI B TOUKAX IEpEeCceUeHUs Tyya
C JHMHHUAMHU CceTKUu: OykBy A Ha TIepecedyeHMH C BepTUKaJIbHOM JHmHHEH, OykBy B — ¢
TOPU3O0HTAIBLHOM (CM. pHC.).
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(2) Cravana numercs OykBa A, a 3aTeM JEJacTCs HECKOJbKO IIAroB; Ha KaKIOM IIary
OykBa A 3amensiercs Ha AAB, a OykBa B — na AB. Hampumep, mocie Tpex maroB Mbl HOJTyYUM:

cHauana AAB,

3areM AABAABAB,

Ha TpeTheM mmare AABAABABAABAABABAABAB.

Jlokaxkute, 4yTO KaKAas W3 MOJYYMBIIUXCS KOHEYHBIX IOCIEIOBATEIBHOCTEH SIBIISETCS
HayaJioM IOCJIeI0BaTeNbHOCTH U3 1I. (1).

(3) Orpe3sok [0,1] pasaenen yka3aHHbIM B Hayasie (BO BBEJACHUH) CIIOCOOOM, TIPUYEM O = T.

[TocnenoBaTenbHOCTh MONYyYaeTCAd Tak: AJS KaXJIOro N, KOTOpOE SBISETCS JIBOWHBIM
YHCIIOM, BBIIMHINEM IO MOPSIKY JJIMHBI OTPE3KOB, HaUWHAs ¢ KOHIA (T.€. OT TOYKHU 1); JUTMHHBIHI
obOo3Havaercs A, KOpOTKui — B.

JlokakuTe, 9TO CpPeld MOTYYUBIIMXCS KOHEYHBIX IMOCIEAOBATEIHHOCTEH €CTh OECKOHEUHO
MHOTO TaKWX, KOTOpBIC SIBISIOTCS HadajaoM TmocieaoBatenbHocTH w3 1. (1). TakoBwl 3TH
MOCIIEAOBATEIBPHOCTH P N1 =3 <Ny =8 < ...

E2. TlocmenoBarenbHOCTh MOCTPOCHA IO MPHBEICHHOMY BBIIIEC mpaBuiy. [lycTe B Hei
BBIOpAHO JBa Kycka, mo n OykB B kaxmoM: oT (K+1)—it no (k+n)—it u ot (m+1)—ii g0 (m+n)—ii
OykBbl. Jloka3aTh, 4TO B 3THX KycKaxX OyKB A IOYTH MOPOBHY, & UMEHHO: MX KOJHMYECTBO MOXKET
OTIU4YaThCs He Oosee yem Ha 1.

E3. Haiigure eme kakyro-HHOYIb IMOCIIEAOBATENBHOCTh, KOTOPYIO MOXHO aHAJIOTMYHO
MIOCTPOUTD TPeMsl (MIIH XOTs ObI IBYMsI) CIOCOOaMH.

e B creayromeM LUKIIE 3a7a4 Mbl [10JIaraeM, 4To oL = T .
P1. Haiinute Bce Bo3MOkHBIE 3HaYeHUs JI (pu pa3HbIX N).
P2. Kakue 3HaueHUS MOXKET MPUHUMATH JI, €citi N — TBOHHOE YUCIIO?
P3. Haiinurte Bce nBOMHBIE YKCIIA.

P4. Haiimute KOIWYECTBO JBOWHBIX YHCENT CPEeId MEpPBOTO MIULIMOHA, €CIH o = T.
JlocTaTo4HO yKa3aTh OTBET C TOYHOCTHIO A0 10 MporeHToB.

e B creayromeM HUKIIE 3a7a4 MbI [10JIaraeM, 4TO0 & = V2~ 14142... .
T1. Haiigure Bce BO3MOXHBIC 3HaueHHst JI (TIpH pa3HbIX N).
T2. Kakne 3HaYCHHS MOXET MPUHUMATH JI, ecitu N — nBoitHOE umciio?

T3. Haligute Bce BO3MOXKHBIC 3HaUeHH JI emie s Kakoro-HuOyap yrcia (KpoMe oL = T U

a:\/i).



K1. Yucno o nHemsBectHo. OOHAKO H3BECTHO, YTO KAaKOBO Obl HU ObLIO n, uucio JI
MPUHUMAET TOJBKO OJHO U3 IBYX 3HaueHUM. [Ipy Kakux oL 3T0 BO3MOKHO?

K2. 3amaya nmns wccnemnoBanus. UWCIoO o HEM3BECTHO, OJHAKO W3BECTHO, YTO MPHU CKOJIb
yroaHo OOJBIIOM N KOJMYECTBO TOYEK Ha JIFOOOM OTpE3Ke UIMHBI Y2 oTIM4aeTcst oT N/2 He Goiee
yem Ha 10. UTo MOXKHO cKa3aTh 0 yucie o? B yacTHOCTH:

(a) npuBeIUTE HECKOJIBKO MPUMEPOB TAKUX YHCEN,

(6) mpuBenUTE KAaKOH-HUOYIb TOCTATOYHBIM MPHU3HAK, KOTJA ATO HE TAK: «ECIIH O €CTh TO-TO
¥ TO-TO, TO YTBEPXKICHUE 33]]Ja4d HEBEPHO.

(B) mpuBeIHTEe KaKOW-HUOYb MPU3HAK, KOTJa MOKHO YTBEP)KJaTh, YTO KOJUYECTBO TOUEK
Ha JIFOOOM OTpe3Ke JUTMHBI Y2 HAXOIUTCS B Mpejienax ot an ao bn mist kakux-auOyas yucen a, b (a<
Y < b, 1 )KenarenbHO, KOHEYHO, YTOOBI OHM OBLIH MOOJIMKE K Y2 ).

K3. Jlano pannonansHoe yucio o = 113/248, n npunumaer 3navenus N=1, 2, 3... 246.
CKOJIBKO Cpeiv ATUX N BCTPEYaeTCs IBOMHBIX YHUCET, B CKOJIBKO TPOMHBIX ?

K4. Vkaszarte crnoco0, MO3BOJNSIOMIMA Ui JaHHOTO palMoHalIbHOrO o, o = p/q,
p<g<1.000.000 , HaiiTH KOIUYECTBO ABOMHBIX U TPOMHBIX YHCEN, KOTraa N nmpoderaet 3HaYeHHs OT 1

1o g-1, 3a pazymHoe BpeMsi (Bpy4HYIO!)

K5. JTano yucio JI = JI(100, o).
Kak onpenenuTh, ©MeETCS JIU JJI1 BCEBO3MOXHBIX N M JTAHHOTO O, TOJbKO KOHEYHOE, WU
0ECKOHEYHOE KOJIMYECTBO PA3IUYHBIX JI ?
B wacTHOCTH, UCCIIEIOBATh 3TOT BOIIPOC B CIIy4Yae:
(1) Ecinu JI — xopeHb KBaJipaTHOTO ypaBHEHUs ¢ 1eabiMu Kodddurmentamu J172+nJ1+m=0
(2) Ecnu  J — KopeHb KyOMYeCKOrOo ypaBHEHHsI C LEJIbIMH KO3 PHUIHCHTAMH
JIN3+nJIM2+mJI+qg= 0.

K6. 3BecTHO, 4TO YMCIIO O pa3iiaraercs B HEMHYI0 ApoOb C IEPBBIMU 3HAMEHATENIAMH 3, 5,
12 (t.e. oo = 1/(1+1/(3+1/(5+1/(12+...))). HaiinuTe Bce nBoitHble uncna mexay 1 u 100.



[eneHne oTpeska (peweHns n ykasaHus)

A2. OtBer: JI=2 u JI=3. [pyrue uucia He TOIATCS, YTO JIETKO MOKa3aTh HA IMPUMEpax: CKaKeM,
ecnu B34Th 0=5/12 1 a=4/13, To y HUX HET OAMHAKOBBIX 3HaYCHUH JI, KpOMe ITHX JBYX.

B1l. PaccMOTpuM OJUH M3 MOJYYEHHBIX HAMHU Ha N-M miare oTpe3koB. I1ycTh ero KOHIIBI — TOYKH
{ka}, {lo}. OueBungHO, OH MMeeT Ty ke JUIMHY, YTO OTpe3kH, orpanuueHHbie Toukamu{(k-l)a} u {(I-
Do}, {(k-2) o}, u {I-2)a} u T. 1. [TocKOIBKY 3Ta ceprsi HE MOKET ObITh OECKOHEYHOM, B HEH €CTh IEePBBIi
anement, myctb 310 {(k-S) a} u {(I-s)a}. OueBHAHO, €CTh TOJBKO TPHU MPUYHUHBI, IO KOTOPBHIM
HPEIBIIYIIHIA OTPE30K OTCYTCTBYET:
- 1mbo k=s,
- 1mb6o I=s,
- 6o, Hakonerl, orpe3ok {(k-s-1)a}, {(I-s-1)a} cymecTByeT, HO yke pa3dUT Ha JaBe yacTu. B
3TOM IOCJIEHEM Cydae OH MOXET pa30UBaThCs TOIBKO TOUKOM NOL, MHAYE OTPE30K C KOHIIAMHU
{(k-s) a}, u {(I-S)a.} TOXe OBLIT OBI yrKE pa3OMUT.
I[TepBble IBE Cepuu CYIIECTBYIOT BCET/Ia, @ TPEThs MOXKET U HE CYIIECTBOBAaTh. B 3aBUCHMOCTH OT
3TOT0 MbI UMeeM JIH00 2, THOO0 3 cepuH, BCE OTPE3KH B KAKIOH U3 HUX PABHOM JJTUHBI, YTO U TpeOyeTcs.
Orcroma BUIHO TaKXe, YTO OTPE3KH TPEThel cepuH (eCI OHM CYMIECTBYIOT) IO JJIMHE PAaBHBI
CyMMe OTPE3KOB ABYX Ipyrux cepuii. Takum o0Opa3om, [UIMHBI OTPE3KOB Bceraa paBHbl a < b < (ath),
IPUYEM TPETHEH JTMHBI MOXKET M HE OBITb.
Otcroia BUIHO TaKXke, YTO HOBAask TOUKA BCEr/a ICIUT CaMblil [UIMHHBIA OTPe30K a+b Ha yactu a, b
(B MPOTHUBHOM clTy4yae y Hac Obl BOZHUKJIIO 4 pa3HBIX JJIMHBI, YTO HEBO3MOXKHO).

Uccnenyem Teneps Bompoc o ToM, Kak MeHsieTcss uyucio JI mpu mepexome oT n k n+l. U3
CKa3aHHOI'O BBIIIE BUJHO, YTO YMCJIO N OCTAeTCsl TPOMHBIM 0 TEX INOp, MOKA MMEITCA OTPE3KH THIIA
(at+b), a B TOT MOMeEHT, KOI/1a MOCIEIHUI TaKOH OTPE30K HMCYE3aeT, OCTAIOTCS TOJBKO & U b, T.€. YHCIIO
CTAHOBUTCS IBOMHBIM.

Yr1Bepxaenue. (a) Ecu n u nt1 — tpoitabie uncna, To JI He MeHseTcs.

(6) IIpu mepexone OT TPOWHOTO YHCIa K JBOMHOMY (N - TpoitHoe, (n+1) - nBoiiHOoe) JI 3amensieTcs
Ha JI-1.

() Ilepexon0B OT ABOMHOrO YKcCIiIa K ABOMHOMY He ObIBaeT.

(r) [Ipu nepexozne oT ABOMHOTO YKMCla K TPOMHOMY BO3MOKHBI JBa ciaydas. [lycts a < b — anuHsbl
KOPOTKHUX M JJIMHHBIX OTPE3KOB Uit n. Torga:

(r1) ecnu a <b/2, To JI HE MeHsIeTCH,
(r2) ecnu a > b/2, To JI 3amensiercs va uucio JI/(JI-1).

B camom nene:

(a) B mepBOM ciTydae Kak ObLIH, TaK U OCTAIOTCS OTPE3KU TPeX JUIUH: a, b, a+b.

(6) BOo BTOpOM ciyuyae McuesaeT MOCIeIHUN OTPE30K AMUHEI (a+b), ocTaroTcs Tonbpko a<b, u ecnu
panbie 6su10 JI=(at+b)/a, To Teneps JI=b/a.

(B) B TperbeM cityuae HaJI0 BCIIOMHHTH Hallle MPEIoyiokeHne o ToM, uro n>10 u 0,3<{a}<0,7
(6e3 aTOTO YTBEP)KICHHE HEBEPHO)

(r) oba cmyuas (T) paccMaTpHUBArOTCS TaK ke, Kak (a) u (0).

B3. U3 paccyxnenuit B pemieHuu 3agaud bl BHIHO, 4TO BClieq 3a OJHHM JBOWHBIM YHCIOM
CIIEyeT CTOJBKO TPOMHBIX, CKOJBKO OBUIO OTPE3KOB HamOObmed MTUHBL. [1oCKONBKY 00Imee 4Yucio
OTPE3KOB HEOTPAaHWYCHHO BO3PACTAET, JOBOJHHO OYEBUIHO, YTO TAKXKE U YHCIIO OTPE3KOB HAUOOIBIIIEH
JUTMHBI CTPEMUTCS K OECKOHEUHOCTH, YTO U TpeOyeTcs.



BS. Ouenka cBepxy: He Oomee 500.000 — m ona He ymyumaercs. YToObl MOJYYHUTH TaKoe
KOJIMYECTBO JIBOMHBIX YHCEI, HY)KHO B34Th oL = 1/2 — ¢, € < 1/1000000. B 3TOM Ciyuae Jerko 3aMeTHUTbh,
YTO KaXK/10€ BTOPOE YMCIIO — JIBOMHOE.

OTcrozia Takke BUIHO, YTO JIOJIS JBOMHBIX YMCEN MOXKET CTPEMHUTHLCS K HYJIIO IOBOJIBHO MEIJICHHO.
A HWMEHHO, TIOKa YTO y HAC MOJYyYMUJIOCh MHOTO JIBOMHBIX YHCEN B MEPBOM MHUJUIMOHE, 3aTO MOTOM OHU
noMAyT peako — 4epe3 MWUIMOH wim  Oojmee. Ho ecnmm MBI BOo3bMeM,  jaliee
a = 1/2 - 1/1000000 — ¢, € < 1/100000000000000000, TO OKaxeTCsi, YTO OHU OYECHB JOJITO OYIYyT WATH C
YacTOTOW «OJMH HA MWIIHOHY», T.C. JIO MOPHI 10 BPEMEHHU WX JOJS OCTaeTCs CTaOWIbHOW. SICHO, 4TO
0J00HYI0 KOHCTPYKIIMIO MOKHO CTPOUTH M Jalblie, B3sAB, K npumepy, o= 1/2—1/10"6-1/10°(10"6)-c u
T.1. [Ipy 5TOM Ha KaX10M NEepeXoe 10 IBOUHBIX YMCEN, MPaB/ia, OY€Hb PE3KO YMEHBIIAETCs, HO 3aTO
nmocine »toro OUEHL, OYEHb pgoaro ocraerca Hem3mMeHHOW. VMeHHO 3TO M O3HA4yaeT, dYTO
MOCJIEIOBATEILHOCTh CTPEMUTCS K HYJIIO MEJIJICHHO.

Urto kacaercs Hanbosiee OBICTPOTO CTPEMJICHHUS JOJM K HYIIIO, TO €CTh YUCIA O, I KOTOPBIX 3Ta
noJist yosiBaeT jorapudmuuecku (IpuMepsl OyAYyT HHKE), U 3TO, BUAMMO, MAKCUMAJIbHAs CKOPOCTh. JTO
BBICOKAsl CKOPOCTh YOBIBaHHMsI, IIOCKOJIBKY 3TO O3HAYAET, YTO B MEPBOM MHJUTHOHE UMEETCSI BCETO JIMIIb
okouio In1000000 nBOMHBIX YKCEN.

C1. OtBer. Her, He cymiecTByeT, OCKOIBbKY U3 (OpMYyI, 10 KOTOPHIM mpeodpasyercs yucio JI,
BUJTHO, YTO OHO BCETJja IPUHUMAET 3HAUEHUS MEHbILIE 2.

C2. OtBer, na. Bor mpumep. [Tycts o = 1/3+ €, rae € ouenp maso. Toraa Bce 1Ba MHJUTHOHA TOYEK
Jexar BOnmmu3u Tpex Todyek: Touku 0, Touku 1/3 u Touku 2/3. CoorBercTBeHHO Ha monyorpeske [0,3 0,8]
JISKUT MMPUMEPHO JIBE TPETH BCEX TOUYEK, 4T0 MHOTO Oosbiie, yem 1.000.000.

C3. Jla, CymiecTBYyIOT T€ U IpyTHE.

Hanpuwmep, ecnu = V2, To JI npuHuMaet Bcero Jauib 3 pasHbIX 3HaYeHUs (OApoOHee 3TOT NpUMep
pazbupaercs Hmwke). C apyroil cTOpoHsl, eciu JI MpuHUMaeT Kakoe-HUOYyIb TPAHCIEHIEHTHOE 3HAYCHUE
(x mpumepy, JI paBHO uucny nu), To 3amenss JI to Ha JI-1, To Ha JI/JI-1, MbI, oueBHHO, Oy/ieM Bce BpeMs
MOJIyyaTh pa3Hble YKcia, T.€. UX OyaeT OECKOHEYHO MHOTO.

C4. Ykazanume. Ecnu JI nmpuHAMaET JWING KOHEYHOE YUCIIO 3HAYEHUH, TO B KAKOW-TO MOMCHT
3Ha4eHUs JI «BBIXOZAT Ha LIUKI»: BHOBB IIOBTOPAETCS 3HAYCHUE, KOTOpOE JI MpUHUMAO paHbIIeE.

Ho ecnu mocne Heckoapkux npeodpa3oBaHuil (KOTOpBIE, HAIOMHUM, UMEIOT B 160 JI — JI-1,
au6o JI — JI/JI-1) mbl BHOBb monyuuM 3HaueHue JI, koTopoe yxe BcTpeuanoch, To JI, kak HeTpyaHO
yOeauThCs, YA0BIETBOPSET KBAIPAaTHOMY YPABHEHHUIO C LIETIBIMU KO UIIMEHTaAMH.

Wtak, 3T0 ycnoBue sBisieTcss HEOOXOAMMBIM, U COOTBETCTBEHHO, e€ciau JI He sBIsSeTcs KOpHEM
TAaKoOro ypaBHeHHs (K mpumepy, ecnu JI TpaHCHEHJEHTHO), 3TOro JOCTaTOYHO, yToObl JI mpuHMMAaNo
0E€CKOHEYHO MHOTO 3HAUE€HUH.

JIOCTaTOUHBIM YCJIOBUEM JUI TOTO, YTOOB!I JI MpMHUMANO KOHEYHOE YMCIIO 3HAYCHUH SBIAETCS,
HalpuMep, yCIOBHE:

J72 — (n+2)J1+n =0.

TaKoBbI, B 4aCTHOCTH, 9rcia V2 i T, paccMaTpuBaeMBbIE B 3a/1a4aX HUXKE.

D1. JI mpuHuMaeT noapsii OJHO U TO K€ 3HauU€HUe 10 TeX MOop, MOKa Mbl UMEEM JIeJI0 C TPOUHBIM
YHCIIOM, UHBIMHU CJIOBAMM — CTOJIBKO pa3, CKOJIBKO UIMHHBIX» OTPE3KOB MOSBUIOCH HA OYEPETHOM XOJE.
Ho ux uncno crpemurcs k 66CKOHEUHOCTH (KaK YK€ yKa3bIBaJoCh B peleHnu 3a1aun b3)

OueBuaHO, YTO Korjga oOIIee YHUCIO OTPE3KOB CTPEMHUTCS K OCCKOHEYHOCTH, TO U YHCIIO
«UTMHHBIX» OTPE3KOB CTPEMUTCS K OECKOHEYHOCTH

D2. CnpaBennuBa TpeThsl albTEpPHATHRA.

D3. Her, HeBepHo.



[lycTh, Hanpumep, TakoBo, 4To JI BHayaje MpUHUMAET 3HAYEHUE (100+12)/(99+2). [Tockonbky
9TO YHCIIO MeHbIe 2, cienytomee 3HaueHue JI Oyaer Beramciatbes mo dopmyne JI/(JI-1), To ecthb
cienytoiiee JI paBHO 100+12. Jlanee JI mocinenoBaTeabHO OyAeT MPUHUMATh 3HAYCHUS 99-+2, 98+12,...
\2. Tlocne sroro JI IIPUHUMAET TOJIBKO 3HAYEHMS V2, \2+1, \2+2 (1 HMKaKue ApYyrue), U 3T 3HAYCHUS
NPUHUMAIOTCA OECKOHEUHOE YHCIIO Pas3.

E1. byneMm cBoaUTh IEPBOE U TPETHE OIIPENIEIEHUE KO BTOPOMY.

Ilepsoe. Tlomaumem Touky A, jexainyio Ha K- Beprukanu, Ha K equnamir BBepx. OueBHIHO, BCE
9TH TOYKH IMOMAJAI0T Ha OJHY MPSAMYI0, KOTOpas yxe oOpa3yeT ¢ TOpPH30HTalnbi0 yron arctgr (a =e
arcctgr). C npyroii CTOpOHBI, €CJIM MBI pacCTaBUM IOCIE ITOrO BCEe TOUKH B, Kak MOJ0XKEHO, TO MEXKAY
KaXIbIMU JIBYMSI A TIOSIBJISIETCS pOBHO oHa Touka B. Crenmaem k TOMy ke BTOpoe MpeoOpazoBaHHe: BCE
OykBbI A 3aMeHMM Ha B, Bce OykBol B — Ha A.

Taxum 06pa3zom, MBI HaIlIa MMOCIIEIOBATEIBLHOCTH MPe0Opa3yeTcs Mo 3aKoHy: A 3aMeHsieTcs Ha BA,
B 3amensiercs Ha A. U B pe3ynbTare, OUYEBUJIHO, Halla MOCJIEI0BATEIbHOCTh HE U3MEHUTCA, MOCKOJIbKY
€CJIM MBI TENEPb OTPAa3UM YEPTEX OTHOCUTEIbHO JUAroHaiu (IpsAMOM Y=X), TO Halll Jy4 BEpHETCS Ha
npexxHee Mecto. Ocraercs 3aMEeTHThb, YTO €CJIM IMPOU3BECTHU HANly ONEpalUi0 JABAaXIbl, TO KaK pa3 U
nostyauTcs, uto A 3amensiercst Ha AAB, B — na AB, a nmocienoBatenbHOCTh ONSATH-TAKU HE MEHSIETCSL.

3ameuyanune. DakTUYECKU MbI YCTAaHOBHJIM, 4TO IpeoOpazoBanue A — AAB, B — AB “moxHO
MPEACTaBUTh KaK MPOU3BEACHUE : ceNlaB cHavyaia npeodpaszoBanue A — BA, B — A, a 3atem A — AB,
B — A, MBI IOJTy4uM gaHHOE.

Tpemvwe. Paccyxnaem cxonubiM obpazom. [lycts N — nBoitHOE uncia0. DTO 3HAYHT, UTO UMEETCs I
JUIMHHBIX OTPE3KOB [UIMHBI & U S KOPOTKUX OTPE3KOB JUIMHBI a/T , r+s=N. Torga criemyromniee aBoiHOE
yucino M = N+, u npoaBurasch K Hemy, Mbl JI€TTUM Ka)IbIil JITMHHBIA OTPE30K Ha KOPOTKHUNA U «CaMBIii
KOPOTKUI» JUTMHBI €111€ B T pa3 MEHbIIIE.

Korna 31oT «umkim» 3aK0HUYEH, Mbl 00s13aHbl OOBSABUTH OBIBIINN KOPOTKUN OTPE30K — JITUHHBIM.
[Ipu 3TOM nonepeMeHHO «OBIBLINI IITMHHBIN» OTPE30K pa30MBAETCs TO Ha «IJUHHBIA - KOPOTKUN», TO
Ha «KOPOTKHUU - JUTMHHBIN». JTO KaK pa3 MpeoO0pa3oBaHUs, OMHMCAHHBIE B 3aMEUaHUHU K MPEABIAYIIEMY
paccyxaenuto. OTcrosa, KCTaTH, BUJHO, IOYEMY HE BCE JIBOMHBIE YHCIIA TOASATCS: UX HMPUXOIUTCS OpaThb
Yyepe3 0JJHO, YTOOBI MOJTYUHUTh «KBaJIPaT» ITOr0 MpeoOpa3oBaHMUsL.

E2. Bocnonb3yeMcsi epBbIM U3 Tpex ompeaeneHuil. Ilpeanonoxxum, 4To yTBEp)KIEHUE HEBEPHO.
Toraa Ha yde CyHIeCTBYIOT /iBa OTpe3Ka, Ha KOTOPBIX paBHOE YMCiIO OyKB, HO HAa OJHOM Ha 2 uiu OoJee
OykBbI B Gonbiie, uem Ha BTOpoM (a OYKB A, COOTBETCTBEHHO, MEHBILIE).

Ho ecnu Ha omHOM U3 OTpe3koB Ha 2 OykBbl B Oosnblie, TO €ro MpoeKius Ha BEPTHKAIbHYIO
npsMyto Oosbiie. COOTBETCTBEHHO, €CIIM Ha HEM Ha JiBe OYKBBI A MEHbIIIE, TO MEHBIIIE U €ro MPOeKLus Ha
ropu3oHTank. [I[poTnBOpeUne 04eBHTHO.

E3. Ykazanue. KiroueBsiM MOMEHTOM B pemieHuu 3anadu E1 ObI10 TO, 94TO «IMOJHUMAS TOYKH
IIEPECEUEHMs] JIyda C BEPTHKAISIMM Ha COOTBETCTBYIOIIEE YHUCJIO €IWHUL, MBbl IOJIy4aeM JIyd,
CUMMETPHYHBII ncxomHOMYy. HO MOXHO MOAHATH TOYKY, Jexkanlyto Ha K-ii BepTukamu, He Ha Kk, a Ha 2k
€/IMHUIL; JIETKO YOeTUTHCS, UTO MOTyYSHHBIH JTyd OyJeT CHMMETPHUEH UCXOAHOMY, €CIIH O YIOBJIETBOPSET
ypaBHeHHIO a2 + 20—1=0.

[ToHsTHO, YTO €CTh U APYTUE BO3MOKHOCTH.

P1, P2. Ecou n=2, To uMeercs aBa OTpe3Ka, U MX OTHOIICHHE €CTh 30J0TOo€ ceueHue. Jlaiee,
coriacHo ¢opmyne, mpuBeaeHHON B Havane (permenue 3ana4u b1), JI MoxkeTr ObITh 3aMEHEHO TOJIKO Ha
JI/(JI-1) = JI"2 = JI +1. Cnenyromiee ero 3uauenue Oyaer (JI+1)-1 = JI, u t.a. Otcroma BuaHO, uTto JI
MPUHUMAET TOJILKO JIBa 3HAYEHHUsS, a €CIM K TOMY K€ N — JBOifHOoe, To JI mpuHUMAaeT eIWHCTBEHHOE
3HauyeHue JI= 1.

P3, P4. O1BeT: ABOMHEBIE YKCIIa IIS JAHHOIO O ecTh ynciaa dubonauun, T.€. yncia 2, 3, 5, 8, 13...
(kakIIoe cleayromiee paBHO CyMMe JIBYX MPEABIIYIIUX ).

k-¢ uncno duboHayun npuOIMKEHHO paBHO T'K, W HX KOJUYECTBO B TEPBOM MHJUIHOHE
npubam3uTensHo pasHo log 1.000.000 mo ocHOBaHUIO T, TO €CTh OKOJIO 28.



Mo3xHO, KOHEYHO, YeCTHO BbImucath nepBbie 30 uncen @ubonauuu. 28-¢ uncno pasHo 832 040, a
29-¢ yxe 00JIbIlIe MUJUTHOHA.

T1, T2. 3agava ananorundna npeasiaymiei. I[lockonbky HavanpHOe 3HaveHue JI (mpu N=2) paBHO
(2-\2)/( \2-1) = N2, 10 Bce nampHeimme 3HaueHus JI GyxyT paBubl 1160 V2, 6o V2+1, 6o V2+2 (npu
JBOMHBIX N — TOJILKO MIEPBHIC JIBA BAPUAHTA).

K1. 13 npeaplaymx pacCyKaeHuil BUIHO, uTO JI TOKHO yAOBICTBOPATH cooTHomeHuto JI/(JI-1)
-1 =JI, otkyna JI — 301n0t0e ceuenne. OTcrofa HETPYAHO HAUTHU L.

K3. Ykazanme. Pa3noxum naHHOE YHMCIO B IEMHYIO JpoOb (st uucna 113/248 ona mmeer BUA
1/(2+1/(5+1/(7+1/3))). Torma aBoitHbIE yuCiIa BCTpeuaroTcs 4depe3 k, rae k — 3HaMeHaTeNnM 4YacTHBIX
HENHBIX ApoOel Ui OCHOBHOW, TO ecTh apobeit 1, 1/2, 1/(2+1/5)=5/11, 1/(2+1/(5+1/7))=36/79 u T.x.
Wrak, nBOMHBIC YKCIIa BCTPEUAOTCS BHavase yepe3 1 (T.e. Kakaoe — Ipu n=2 u n=3), 3aTeM HJeT “‘cepus’
JBOMHBIX, BCTpevarouxcs yepes 2, norom cepust yepes 11 u uepes 79. Ilpu 3ToM KOIMYECTBO ABOMHBIX
yycell B CEpUU PAaBHO OUEPEIHOMY 3HaAMEHATENI0 UCXOIHOM IpoOH, T.€. B IEPBOIi cepuu Ux 2, 3aTtemM 5 u 7.

Ecnmu Ob1 umcno o ObUT0 MPpPAMOHAIBHBIM, TaK MPOJODKAIOCH OBl O OECKOHEYHOCTH, HO IS
palMoOHAIBHOTO YKCIIa B KOHIIE 3aKOHOMEPHOCTh MHAs: BCE Ynciia, HaunHas ¢ 169 — nBoitHbIe.

Otser:

(*) umcio 2,

(**) uucna 3, 5,7, 9, 11,

(***) uncna 13, 24, 35 u T.1., 10 90,

(****) Hakomner, Bce uncia ot 169 mo 248.



The division of segment

Preliminary.

Let some number a be chosen, and one marks points {a}, {2a}, {3a}..., {(n-1)a} on segment
[0,1].

If the contrary isn' t expressly stated, we assume that o is irrational. If oo = p/q, we assume that n<q.
Thus, whatever « is, points do not coincide.

Thus, segment [0,1] is divided into n parts. Moreover let us assume that n>10 and 0.3<{a.}<0.7.
This limitation is irrelevant, we impose it to exclude some trivial effects for small numbers. It
means, in particular, that each part of division is less than {a}.

Note also that if you replace o by n+a. or n-a, then you get the same parts. So when the question
concerns uniqueness, we suppose that 0<a<1/2.
The content of the task is to investigate what parts we get and how they are located.

The tasks.
The ratio of the lengths of the longest and the shortest segments, we denote by L = L(¢, n).

Al. Let a be the rational number, o = p/q. Prove that there exist n for which

L (n)=1.
A2. Does there exist some other integer or rational k, k>1, for which one may state that for any
rational o there exist n such that L (n) = k ?

Now we reject the assumption that o is rational.

B1. Prove that for any n, there exist only 3 or less parts of different length. (Obviously, if a is
irrational, there are two or more different lengths).

For given o we call the number n "double number", if there are only two different lengths of
segments, and "triple number" if there are three of them.

B2. Prove that if o is irrational, then there exist infinitely many double and infinitely many triple n.

B3. Given the irrational number o; n runs values n=1, 2, ..., m. Prove that if m tends to infinity, the
ratio of double numbers among them tends to zero.

Let ¢ (m) be a number of double numbers n among the numbers n=1, 2, ..., m. Rate the speed with
which the ratio ¢ (m)/m tends to zero as m tends to infinity.

B4. For what numbers o this ratio tends to zero maximally slowly? And what numbers o this ratio
tends to zero maximally quickly?



(You may simply give a few examples, provided that these examples will be convincing).

B5. Estimate from above and from below the number of double numbers

if 1 <n < 1.000.000. (preferably, of course, more or less accurate; estimations like "more than
three" are not accepted).

C1. Is there a number o, such that L =L(n) > 10 foralln>9?

C2. Let n = 2.000.000. Can it happen that some interval [a, a + 2] contains more than 1.100.000
points? (Recall the assumption 0.3 < {a} <0.7).

C3. Does there exist a, for which L takes

(a) the infinite,

(b) a finite number of different values, when n runs all the values from 10 to infinity.
Give examples of such a (if they exist).

C4. Find some sufficient conditions for L to take only the final (infinite) number of values. (If
possible - find necessary and sufficient condition; but you can also give some sufficient conditions).

D1. Prove that for any given irrational o there exists such a value A that L (n) =A more than
thousand times (for different n).

D2. Logically, there are three possible alternatives:

(*) for any o there exists such value A that L=A an infinite number of times,

(**) for any a and for any A, L(n) =A only for finite number on n,

(***) for some a, the first variant is true, and for some o the second.

Which of these alternatives is correct? If the third, for which o the first is true and for which — the
second one?

D3. Assume that for some o L takes both values A anb B at least once (for n>10).
Is it true that the assertions:

(*) L takes the value A only finite number of times and
(**) L takes the value B only finite number of times

are equivalent?



The division of a segment (part 2)

In this part we deal with problems, concerning concrete values of a.

1+\/§
2

* Let tbe the golden ratio: 7 =

~1,618....

El. One proposes three ways to write down a sequence of letters AABAABABAAB...
Prove that all the ways give us the same result (see exact statements in points 2, 3).

Here are the ways:

(1) Draw a ray on a squared sheet of paper. It starts in some node and forms an angle
arcctg T with horizontal lines. We write letter A in the node where we start, and then write letters in
intersection points of the ray with lines: letter A if the ray intersects a vertical line, and B if it
intersects a horizontal line (see the picture).

B ]

L

/B/

L

A

(2) We write letter A and then fulfill the following steps: on every step we replace letter A
with AAB, and letter B with AB. So, after three steps we get:

at first AAB,

then AABAABAB,

on the third step AABAABABAABAABABAABAB.

Prove that on each step the finite sequence is a beginning of the sequence (1).

(3) Segment [0,1] is divided as in Preliminary (in the very beginning), and let a = t. Then
for every double number n we write down the lengths of parts in the reverse order (from point 1 to
0). We denote the long segment by A, the short one by B.

Prove that among these sequences there are infinitely many sequences, which are
beginnings of the sequence (1). In fact, it is true forn; =3 <ny, =8 < ...

E2. Choose two «intervals» from the sequence of Problem El, n letters in each: the first
interval contains letters from (k+1)-th to (k+n)-th, and the second one from (m+1)-th to (m+n)-th.
Prove that the numbers of letters A in these “intervals” differ at most by 1 (so these numbers are
almost equal).

E3. Find some other sequence that may be obtained analogously by the three (or at least
two) ways.

* In the next set of problems we assume that a =1 .
P1. Find all possible values of L (for different n).

P2. What values are possible for L if n is a double number?
P3. Find all double numbers.



P4. How many double numbers are in the interval 1 < n < 1076 ? It is sufficient to give
answer up to 10%.

* In the next set of problems we assume that o = V2 = 1,4142... .

T1. Find all possible values of L (for different n).
T2. What values are possible for L if n is a double number?

T3. Find all possible values of L for some other a (except o =t and o = V2 ).

Various problems
K1. You don’t know a, but you know that for any n>10, the number L takes only one of the
two values. For which a it is possible?

K2. Let L takes some value A for some n. Prove that it takes the same value A for some
double number n.

Let us formulate a «converse» statement: if L takes some value A for some n, than it takes
the same value A for some triple number n. Is it true?

K3. A problem for investigation. You don’t know o but you know that for any n the
number of points on every segment of length ' differs from n/2 by at most 10. What is possible to
say about number a? In particular:

(a) give a few examples of such a,

(b) give some sufficient condition when the situation differs: «if a is such and such, than the
statement is falsey,

(c) give some condition which enables us to assert that the number of points on every
segment of length 2 is between an and bn for some a< 2 <b (desirably a, b are close enough to '%).

K4. How many double and triple numbers are among n=1, 2, 3... 246 if o =113/248 ?

KS5. Find some method that enables you to find in a reasonable time without a computer the
quantity of double and triple numbers for a rational, a = p/q, p<q<1.000.000 (n=1, 2... g-1).

K6. Given the value of L if n=100: L(100) = A. Is it possible to determine whether L takes
finite or infinite number of values for all n and given fixed a.?

In particular, investigate the cases:

(1) A is aroot of square equation with integer coefficients A"2+qA+r=0,

(2) A is aroot of cubic equation with integer coefficients A*3+qA”"2+rA+s= 0.

K7. It is known that number oo decomposes in continued fraction and its first denominators
are 3,5, 12 (i.e. a = 1/(1+1/(3+1/(5+1/(12+...))). Find all double numbers between 1 and 100.






AJIropuT™MbI U JTAOUPUHTDI

A ¢.Benor-Kanenb, M. A .Taxxyp, 1. A.NUpanos-TToromaes, A.C.Maucros

HMuka A. 1o BBOmHBIN UK. Ero 3aja49n siBJISIFOTCSI BCIIOMOTATEJIbHBIMA U OYJIYT CHSITHI IIOCJIE IIPOMEXKYTOIHOrO (hu-
HUIIIA.

B nepsoM (BBOIHOM) IUKJIE 33849 U3y9aeTCsl CTAHIAPTHBIA KOHEUHBIH aBTOMAT: POBOT, HePEMEINAIONIUHACS 110 KJIETOIHON
mrockocTu. PoboT — 3T0 MexaHm3M, MPOU3BOISIIAI 3apaHee ONMpeIeIeHHbII Habop MeHCTBUIl IO OmpeaeIeHHON TporpaMMe.
Pobor moxker menarth ciemyroriee:

1. IlepememaThest Briepest (B COCEIHION KIIETKY);

2. IloBopauuBarbca Ha Mecte Ha 90 rpajIycos;

3. CraBuTh (PJIazKOK B KJIETKY, IJle HAXOAUTCA (ecau (JiaxkoK y HEro ecrb);

4. TIpoBepsTh Haamuue diakka B CBOEH KJIETKE.

5. Bpars diaxkok u3 cBoeit KJIeTKu.

Hasmame y pobora dbyiaKkoB (M MX KOJIMIECTBO) OroBapuBaercsi 3apaHee. [IporpaMma COCTOUT M3 IPOHYMEPOBAHHOTO
YIOPsIIOYEHHOTO HabOpa WHCTPYKIU JJist pob0Ta, IPUYeM HEKOTOPhIe HHCTPYKIIUU MOTYT 3aKJ/IF0YAThCs B IIEPEXO0JIE K JAPYTroit
nHCTpyKInu. Mbr OyzieM craBuTh 1ijist poboTa 3a7a4uu 00X0/1a, COCTOSINNE B TOM, YTOOBI ODONUTH, TO €CTh IOOBIBATH B KaXKI0H
KJIETKE HEKOTOpOil obsractu. CHadasa BBISICHUM HEKOTOPbIE BO3MOXKHOCTH POOOTA.

IIpumep. dokaxkem, 9T0 poOOT ¢ ABYMs (pyrazkKaMu MOXKET 00OHUTH JIEHTY — OECKOHEIHYIO TIOJIOCY C IMUPUHOMN B 1 KITeTKY.
IIycts B Hagasie poboT HaXOMUTCS B KiaeTKe ¢ HomepoMm 0 ¢ aByMms dutazkkamu. [loctpoum mporpamMmy pobora.

> 1. ITocraBurh (J1arkKoK.

>2. IlepeitTnn B K1eTKy 1.

> 3. [TocraButh (itazkox.

Terrepp Hy>KHO OpPraHH30BATH «4€JTHOTHOE» JBUKEHHE POOOTA MEXKTy (bIaKKaMH, C IMOILYy THBIM YBEJTHIEHHEM DACCTOSHUS
Mexk Ty HuMH. 1O eCTh, cepenHa OTPe3Ka MEXKIy (bJIa*KKaMH OCTAeTCs Ha MECTe, a (PJIaKKH pOOOT «PACTAJIKHBAECT» B PA3HDIC
CTOPOHBI. DTOr0 JOOUBAEMCSI C TIOMOIIBIO CJIEYIONIEH IPOrPaMMBbI:

>4. IToBepHyThCst Ha MecTe 2 pasa. (pasBopaunsaeMcst Ha 180 rpajiycoB)

> 5. IIpoiiTn Briepes,.

>6. [IpoBepurp Hammame dirakka.

> 7. Ecan daaxka HeT — nepeitu K 5.

> 8. B3arb ditaxkox u mepeiiTu Ha OHY KJIETKY BIIEPE/I.

>9. [TosioxkuTh pJrarkok u nepeiitu K 4.

Jlerko BuzeTh, 9T0 poOOT MOOBIBAET B KAXKIOW KJIETKE JIEHTHI.

WNurepecen Bompoc, Moxker jiu pobor 6e3 diutakkoB oboiitu jsenty? OrBer — Her. YToObI J0Ka3aTh 3TO, HEOOXOINMO
dopMaIm30BaTh KOHCTPYKIIUIO podboTa. fIcHO, U4TO AeficTBIEe, KOTOPOEe POOOT BBIIOJIHUT B CJIELYIONINIT MOMEHT, IOJTHOCTHIO
3aBHCHUT OT HOMEPpa MHCTPYKIUN, KOTOPYIO JIOJI?KE€H BBIIIOJIHUTH B )]‘aHHbII‘/JI MOMEHT pO6OT 1 OT HaJIMIUA-OTCYTCTBUA B KJIETKE
duraxkka. HazoBem stu daxTopbl enympennum cocmoanuem poboma. $IcHO, 9TO y podOTA KOHETHOE UHCJIO BO3MOYKHBIX
BHYTPEHHUX COCTOsiHUI. BoimoHNB Kakoe-mnbo jeiictBue, poboT, BoobIIIe roBopsi, ero Mensiet. [1o npunnumny Jdupuxire, uepes
KaKO0e-TO BPeMsi BHYTPEHHee COCTOsTHIe poboTa moBroputcs. IlycTs, mporwio ¢ ceKyH L u, 10 CPABHEHUIO C IIEPBBIM MOMEHTOM,
KOIJIa ¥ HEro ObLJI0 TAKoe COCTOsSTHWE, PODOT CABUHYJICS BIOPABO Ha paccrosaue a¢. OTMETHM, YTO MPOILIO0 KOHETHOE BPEM:,
U TIO9TOMY CYIIECTBYeT KJieTka K, jleBee HaUAIbHOI, e poboT emie He ObL1. [locKOMbKY cocTosHme poboTa Takoe ke, Kak
t cekyHJI Ha3a/1, erme depe3 t ceKyHJ[ poOOT CJIBUHETCS €Ille Ha @ BIPABO, OISITH He [OCETUB ITY KJETKY. JIerko BHIETH, 9TO
Jajee poboT OyIeT AeificTBOBATD, IEPUOIUIECKY CABUTASICh BIIPABO, U KJIeTKy K OH He IMOCEeTUT HUKOLJIA.

AO0. Jloxaorcume, wmo pobom ¢ o0num paadickom aenmy 060Gmu He CMOHCEM.

VYkazauue. Paccmorpure ornesnbuo ciyyan: 1) Korga pobor He ynassercs oT dJiakKa Ha paccrosHue 6oJbliee HeKOTO-
poro N; u 2) Korja poGoT OTXOMUT OT (hIIazKKa CKOJIb YTOIHO JAJIEKO.

A1. Jloxaotrcume, wmo pobom ¢ 4 daascramu moxcem 060Gmu nAoCKOCb.

A2. Jloxaotcume, wmo pobom c 3 daasckamu mootcem obotimu naockocms. Moocem au pobom ¢ 3 daastckamu 060tmu
mpexmepHoe nPocmparcmeo?

A3. ITycmo nexomopoie 2paruvl KACMOoK Henporodumovl das poboma. Pobom moorcem sudemop bapvepvl MeXCIY KAEMKGMU
(nposepamv na ux Hasuwue A0OYI0 U3 CMOPOH Kaemku, 20e ok nazodumes). Ilyemob nenpoxodumasn das poboma aunus deaum
NAOCKOCMb Ha nosyniockocmu. Jokascume, wmo pobom c 1 daasickom mooicem 060UMU NOAYNAOCKOCTVG.

A4. Joxaosicume, wmo pobom ¢ 1 daasickom e moorcem 060Gmu nAOCKOCMb ¢ Hemuipobmsa pagpedamu (pucynok 1), a ¢
J6YMA PAAAHCKAMU — MOKHCEM.

A5. Ilycrs pobor xoauT 1o BepinuHaM rpada (BO3MOXKHO, GECKOHEUHOIO).



Puc. 1: Yernipe pa3pesa Ha 6€CKOHETHOH ILIOCKOCTU

a) Hoxaosicume, wmo pobom c 1 daasickom ne moocem obotimu beckonewnoe depeso (2pad 6e3 yukaos), kasicdas sepuiuna
KOMOPo20 umeem cmenems 3.

b) Joxascume, wmo pobom ¢ 2 daascramu He mozxcem obotimu depeso (epad 6e3 4uka08), KaHcOaA SEPUUHG KOMOPO2O
umeem cmenerv 3.

A6. Joxaosrcume, wmo pobom ¢ 2 Paasckamu e moxcem 060Umu naoCKOCTb.

VYkazanue. Vcnosb3yiiTe ujien, IpuMeHSIONecs npu Jokazareaberee B AQ, A4.

[Tycrs po6Gor 6e3 (i1akKKOB IBUXKETCS B IEPBOIl 4eTBEPTH [IJIOCKOCTU. ['paHuIpl (0cu KOOpAUMHAT — HEIPOXOJAUMbBIE CTEHKH
1 pobOT MOXKET UX OOHAPYKUBATD.

AT. [Tyemwv 6 Hauase pobom naxodumes 6 kaemxe ¢ koopdunamamu (2",0). Cocmasvme yrusepcarvhyto no n (He3asu-
caugyro om n) npoepammy, nepesodswyro poboma 6 xaemxy (3", 0) ¢ nocaedyroweti ocmanoskotl 6 net.

VkazaHHBIN B 9TOH 3aja4e mepexos OyaeM Ha3bBaTh nepexodom om 2™ x 3".

AS8. Ilo anarozuu ¢ npedvdywet 3adaueti, ocyuecmeume cAedyouue neperodol:
a) om 2™ x 6™;

b) om 2" x 22",

c) om 2™ - 3™ g 2™ . 3™ . 5mn,

d) om 2" . 3™ g 2™ . 3M . FMAN,

e) om 2" % 2LVnl

f) om 2" on’

g) om 2" x 2kn e ky, ectb n-as mudpa JECATIYHOTO PA3IOKEHIS \/2;

h) om 2" % 2kn, rae k, ecTb n-ad nudpa JECATUIHOTO PA3JIOKEHUST 777

A9. Jloxaorcume, wmo pobom ¢ 3 Paarckamu Mosrcem 060TUmu n-meproe KAETOYHOE NPOCTPAHCEO.
A10. Jloxascume, wmo pobom ¢ 3 Paascramu moscem 060tmu beckoneuroe depeso, KaHcoan 6EPUWUHG KOMOPO20 UMEET,
cmenens 3.

AnropurMbl KpeCcThTHUHA.

Ectp Mmup — orpanndennoe moaMHOXKECTBO KJIETOYHOM IJIOCKOCTH, HEM3BECTHBIX 3apaHee pa3mMepos. Kaxkmas Kiierka mioc-
KOCTH OTHOCUTCS K OJTHOMY W3 CJIEIYIONINX THUIIOB:

1. Ckama. Kierka, HeioCTyIIHAS JJIsT TIOCEIICHUS.

2. Semutst. Kierka mocTymnHa Jijisi MOCEIEHUS.

3. Ozepo. Kierku HEI0CTYIIHBL [IUTst TTOCEIEHUsI. B TaKUX KJIETKAX MOXKHO JIOBUTH PBIOY, HAXO/ISICh B COCETHE IO CTOPOHE
kierke. C KaxKJI0il KJIETKOIH-036pOM CBsa3aHbI lapaMeTpbl nibble — KijieB (KOJIMYECTBO PbIObI, KOTOPOE BBLIABIUBACTCS U3
o3epa 3a 1 pa3, Ipy NPUMEHEHHU OLlePAIMH JIOBA PbIObI) 1 fish — KOJINYECTBO OCTaBIIEHCs B 03epe PhIOLL.

4. Tom. YHUKaJIbHAS KJIETKA B MUPE, JOCTYIIHA JIJIsI IOCEIeHUsI, OOBITHO KPECThsIHUH HAXOJAUTCS B Hadase B Heit. HacTo
TpebyeTcsi OTHECTH MOWUMAHHYIO PBIOY B JIOM.

Kpecrbsiaun mepemeriiaercs mo Mupy, mepexois U3 KJaeTKd B KaeTKy. Haxoisch B KJIeTKe, OH CMOTPUT B OJHY U3 YeThIPeX
CTOpOH (HAIIPABJICHUE J[BHKEHNS).

Obaacmvio deticmeus KpecThbsTHIHA OYIeM HA3bIBATH MHOXKECTBO U3 JBYX 3JIEMEHTOB: KJIETKY, TJI¢ KPECThsIHUH HAXOIUTCH,
U KJIETKY TIepeJl HUM (COCETHIO 110 HAIIPABJIEHWIO JIBUKEHNS ).

Kpecrbsinuny jpocrynsa wHOpMaIus O KJaeTKax u3 obsactu jeiicrBusi. MHdopManus 0 Apyrux KJIETKAX MHUPa €My
HEJIOCTYIHA. Y KPECThsHUHA €CTh OIPAHUYEHHOE YCIOBUSMU 33J[a9U KOJUIECTBO (bJiakkoB. OH MOXKET OCTaBJISThH (DJIAXKKHU
B KJIETKAX W TAKUM 00pa3oM wmcciaeaoBaTh mup. Kpome TOro, Haxomsich B cocefHeil ¢ 03epOM KJIETKE, KPECThSHUH MOXKET
JIOBUTH PBIOY. ¥ HEro MOXKeT OBITH IIpu cebe HEKOTOPOe KOJUIECTBO PBIOBI, He mpeBbimaomiee 10 Kr.



B kjerkax Mumpa MOUYT HAXOAMTCH pasnble 00bekTbl (diiaru, poida). C 0ObeKTaMu MOXKET ObITh CBA3AHO HECKOJBKO
MepeMeHHbIX, WH(MOPMAIUs O KOTOPBIX JIOCTYIIHA KPEeCThaHUHY. IlepeMeHHble, CBsi3aHHBIE ¢ (JIaraMU, KPECThIAHUH MOXKET
MEHSITh, B TOM 9HCJI€ MOXKHO CO3/IaBATh HOBbIE IEPEMEHHbBIE W U3MEHSITh UX 3HAYCHUS.

Kpectbsanun obianaer orpanntdeHnoil mamsarsio. OH MOXKET cO3/1aBaTh COOCTBEHHBIE TIEDEMEHHBIE W U3MEHSITh UX 3HAYe-
Husi. SHAYEHUs] COOCTBEHHBIX [IEPEMEHHBIX JOCTYITHBI KPECThsIHUHY HE3ABUCUMO OT KJIETKH, I'Jle OH HAXOIUTCS.

PopMasIbHO, KPECThIHUH MOYKET COBEPINATH CJICYIOIIIe JTeHCTBYS:

1. [Go] IlepemecTuThbest BOEpes,.

2. [Rotate| IToBeprayThest Ha MecTe B JIIOOYIO U3 YE€THIPEX CTOPOH.

3. [Read] omyunTs nHbOPMAINIO O TEPEMEHHBIX, CBA3AHHBIX ¢ OOBEKTAMHA B KJIETKAX OOJIACTH MeHCTBHUSL.

4. [SetFlag] TTocraButsh (byaxkok B KJIeTKy obaacTu JeifictBust nian yoparh dbyakok u3 Hee. TakyKe MOXKHO CO3/IABATH
IepeMeHHbIe, CBsI3aHHbIe C (DJIArOM, U U3MEHSITh UX 3HAYEHUSI.

5. [CheckFlag] TIposepurs nanuune duaxkka B 061aCTH 1eiiCTBAA.

6. [Fishing| JIoBuTb pbiOy B KJIETKE LEpPEJ HUM.

7. |GetPutFish] OcraBnars u 3a6upath peidy B OOIACTH JEHCTBUS.

8. [Write] CosmasaTh COGCTBEHHYIO IEPEMEHHYIO W U3MEHSITD €e.

9. [Math| IIpoBomurh apudmeTnyecKkne u JOrMIeCKUe ONEPAIMA HAJ IePEMEHHBIMHA. B YacTHOCTH, MOXKHO NPOBEPUTH
PaBEHCTBO HEKOTOPBIX IMEPEMEHHBIX.

Teuenune BpemeHu. Bpemst Teder juckpeTHo, 1o TakTaM. Ecim He yKazaHo uHoro, seinoiaaenne Go, Fishing u GetPutFish
IPEPBIBAIOT TEKYINUil TAKT BpeMeHH ([IPOMCXOAUT repexost Ha cueaytomuii Takt). Ocrasbhble onepain Rotate, Read, SetFlag,
CheckFlag, Write, Math me zanuMmaloT BpeMeHH, HO €CJIM B TEKYIEeM TakTe BbimosHseTca 500 Takux oneparmii, TaKT pepbl-
Baercsi. Kpome toro, Beimosinenue SetFlag Bropoil pa3 3a TakT npepbiBaeT TEKYIUA TAKT.

B zazauax Huke Tpebyercd IPEIbABATH AJINOPUTM KPECThIHUHA JJisi UX peieHud. Ajropurmel (B Buje OGJIOK-CXeM)
MOXKHO COCTaBJISITh W 3aIlyCKaTh B crenuaybHoil mporpamme «VillagerLifes, moctym K KOTOpoii BbI moIydnTe.

B kax10it 3ajiade cymecTByeT mpeieabHoe JOIyCTUMOe BpeMsi paboThl ajropurMa. PasMep KapThbl 3apaHee HEU3BECTEH.
Ecsin He cKa3aHO MHOe, KPECThSIHUH YMeeT ONpPeessaTh Kpail KapThl (€Cian HaXOMUTCs Ha Kpao). 1o o6XomoM KapThl MBI
ITOHMMAEeM IIOCEIeHNe KaXK 0 ee KJIETKH.

ITuka B. B sToMm nukje 3amperaercs UCIoIb30BaTh COOCTBEHHDBIE TIePEMEHHbIE.

B1. C nomowwio wemwiper Paazos 06o0timu koneurnoe npamMoy2oavbHoe noie 6e3 CKas U 03ep, NPu YCA0BUU, MO KPECTNDA-
HUH HEe Yymeem onpedeasms, Ymo HATo0Umcs Ha Kpalo.

B2. Ha xapme 6e3 ckan u ozep cmosm dea gaaza: odun 6 kaemke ¢ xoopdunamamu (2,0), emopoi 6 xaemxe ¢ Ko-
opdunamamu (0,y). Tpemuil ¢aae naxodumes y kpecmvanuna, Komopuwld cmapmyem 6 navase koopduwam. Tpebyemcs
yemarnosums 10600 Paae 6 kaemky ¢ koopdurnamamu ( +y,0). T,y — NOAOAHCUMEALHBIE YUCAQ.

B3. IIycmv menepv moeym 6umos ckaave v ozepa. O6otmu Kapmy ¢ NPou3EONbHBIM YUCAOM PAaICKOE (nocmasumb daae
8 Kaoicdyto docmynnylo Kiemxy).

B4. Pewums 3adawy B3 3a 2n maxmos, 2de n — “ucao docmynHur kiemoxk.

HMuka C. B sToM muKIie pasperieHo UCIoIb30BaTh COOCTBEHHBIE [T€PEMEHHBIE.

C1. Hatmu wucao docmynhuulx kAemok u 3anucamsv e2o 6 nepemerkyto SPACE. Ilompamumos Ha amo we 6oaee 2n maxmos,
20e n- YUCA0 JOCTNYNHBIT KACTOK.

C2. Hatimu wucao xaemok-03ep, 0oCmyntovi co cmapmogolt no3utul u 3anucams €20 6 nepemernyro WATER.

C3. Hatimu xpamualwee paccmosnue ud HAUaAbH020 Nnosodcerus do daaea, 6 xkomopom nepemennas TARGET=THIS.
3anucamv omeem 6 nepemennyro DIST.

C4. Hatimu xaemxky-03epo ¢ HAUOOADWUM KAEBOM. 3anuUcams K00pduHamol kiemxu 6 nepemertvie NIBBLE_X u NIBBLE_Y,
a camo 3raverue xaesa 6 nepemernyro NIBBLE.

C5. Jlaa xaotcdol xaemxu-o3epa onpedesum napamemp noiesHocmy pasHbll MAKCUMAAOHOMY YOEALHOMY KOAUYECTNGY
PoLbbL, KOMOPOE MOHCHO NPUHECTNU JOMOTE (OMHOWEHUE MAKCUMANLHOZ0 KOAUYECTNEA Pbibbl, KOMOPOE MONHCHO 634Mb 6 03€EPE,
K MUHUMAADHOMY KOAUMECTNEY TMAKMO8, MPEOYIOUULCHA 04k 064U U docmasku domol). Hatimu xaemxy-o3epo ¢ naubosvuiet
noaesnocmuio. 3anucams koopdurnamot kaemxu 6 nepemernvie USEFULNESS_X u USEFULNESS_Y, a camo 3Hauerue nose3HoCmu,
6 nepemennyro USEFULNESS.

C6. Haxonumo n ke pubvr 8 dome. Snavernue n 3anucano 6 nepemennoti FishReq, ceasannot ¢ domom.

C7. Ha xapme ecmb dom ¢ Opyeum KpecmvbAHUHOM, KOMOPHIT MOodice Yymeem A08umsd puiby (Ho He ymeem 80posamuv ee
u3 nawezo doma). Tpebyemca waxonums n ke pubv, 6 dome. SHauenue n 3anucano 6 nepemennot FishReq, cesasannol c
domonm.

C8. Ha xapme ecmbv dom ¢ Opyzum KpPECTbAHUHOM, KOMOPLHIT MOIHCE YMEEM A0BUMDL U 60posamb puoy. Tpebyemcsa
HAKONUMDB 1 K2 puibbl 8 dome. SHauerue n 3anucaho 6 nepemennoli FishReq, ceazanmot ¢ domom.



AJiropuT™Mbl 1 JTAOUPUHTHIL. OIO/IHUTE/IbHBIE 341,

A ¢.Benor-Kanenb, N.A.Taxxyp, 1. A.Upanos-TToromaes, A.C.Masucros

Huka A.

A11. (IIpengoxun YI.MurpodanoB) Ha ni0ckocmu 8 npoussosonui KAEMKAT HALOOAMCH 064 poboma, KaxHcoud ¢
deyma Paastckamu. Mootcho au 3adams KaxHcIomy npozpamMmy mak, 4mo npu CUHTPOHHOM 3aNYCKE POOOMbL Hepes KaKoe-mo
epems scmpemsmcs?

A12*. Awnansceuunwviti A11 sonpoc 0asn cayuas, %0200 pOGOMBL PACTIONOHCEHDL 8 NPOUSCONOHBLT MOUKAT TMPETMEPHO20
nPOCMPAHCMEa.

A13. Ilyemv ecmv aabupurmo, Ly, Ly u npoepammo. Py, Ps das poboma 6e3 daasickos, wmo pobom ¢ npozpammoti P;
obxodum L;. Bephno au, wmo cywecmeyem npozpamma, ob6xodawas xaxncovd us sabupurmos Ly, Lo ?

A14. Mootcem au pobom ¢ wemwvipobmsa Paadrcramu 060TUMU N-MEPHOE NPOCTMPAHCMEO 304 NOAUHOMUAAbHOE 8pema? O6-
T00OM 3G NONUHOMUAABHOE BDEMA Ha3biBaemcs makol 00xod, xozda cywecmsyrom maxue k u C, wmo mobas kiemra Ha
pacemosmuu d om Havana 06xoda Gydem nocewena pobomom vwepes epems ne boavwee, wem C X d¥ nocae cmapma o6xoda.

A15*. Mooicem au pob6om ¢ mpems Paadrckamu 060tmu n-meproe nPocmparncmeo 3a NOAUHOMUAALHOE GPeM T

Huka C.

C9. Yoasumw sce Paaeu ¢ xapmo. B xorue sanucams 6 nepemennyro FINISH anauernue 1.

C10. Ha xapme ecmo osepo. Hatimu kpamuatiwul nymos eokpye ozepa (nemaro, codepoicawuyio o3epo enympu). B konuye
aanucamys dauny nymu 6 nepemennyro PATH.

Bosmoxkno, OyyT nobasienst eme 3aga4au. Cienure 3a 0OHOBJICHUSIMI.



Anropurmbl u stadupunThl. Pemmennss A0-A10

A. 4. Benos -Kanenb, . A. Taxxyp, 1. A. Nsanos -IToromaes, A. C. MaJmcros.
10 aBrycra 2014 1.

[IpoBenem ucciemoBanme BO3MOXKHOCTEH poboTa, 13 KOTOPOro Oy IyT ciemoBaTh pernennst 3agad A0-A10.

VYupaxkuenne. a) Eciau PoGor asukeTcst BI0Ib KJIETYATOH IIPSAMOM, TO OH He IOKWHET HEKOTOPOrO JIyda.

6) Eciu ke PoGoT ryssier o KjeT4aToil MJIOCKOCTH, TO OH HE IMOKUHET MOJIYIOJIOCY OIPAHUYIECHHON IMUPUHBI, PACIIOJIO-
2KEHHOM BJIOJIb TPAMOil L ¢ panMoHAJBHBIM YIJIOM HAKJIOHA. YTJIOBOM KO(MMUIMEHT 3TON IPsAMOil paBeH O0eCKOHEIHOCTH
UJIA €CTh PAIMOHAJIBHOE YUCIO v = p/q, u ecyu p/q - HECOKpaTUMO, TO |p| + |¢| He npeBocxoauT Uucaa cocrosuuii PoGora.

ITox 06x0dom Heckoneunoro rpada I' Mbl OyleM IMOHUMATh TakKoe IoBedeHHe Pobora, 4To s J1o0oil BepmuHbL I oH
pamo uian mo3auo B Hee monasieT. [loBegenue omaoro PoboTa 0OBIYHO TPUBHAIBLHO U MBI OyJeM CHAOXKATL €ro (hJiarKKaMu.
Pobor moxker HecTn ¢ OO0 OUH MM HECKOJBKO (DJIaXKKOB, OCTABJIATH (DJIAYKOK B BEPIIUHE U MPOBEPSTH, HAXOIUTCS JIU
psiaoM (BJIaKOK U ecu 1a — TO 3abuparh ero ¢ coboit. C momompio aByx diiakkoB Pobor Moxker 000#TH BCIO KJIETYATYIO
JIGHTY: OH OyJIeT KYyPCUPOBATH MEXKJ[y HUMU M UX PACTAJKUBATH (CM. DUC. ).

[IpuBenem mporpammy:

1. BIIEPEZ; 2. ECJIA PAJIOM ®JIAT TO B3ATH MHAYE GOTO 1; 3. BIIEPE/; 4. IIOJIO?KNTH ®JIAT; 5.
PABBEPHYTBCH; 6. GOTO 1;

IL1ockocTh 06XOMUTCST ¢ TTOMOIIBIO TPpeX (JIaXKKoB aHaorndao. OHU MTOMENmAOTCs B BEPIIMHAX PABHOOEIPEHHOTO IMPsi-
MOYTOJIBHOIO TPEYTOJIbHUKA U PACTAJIKUBAIOTCS (CM.DUC. )

Yupaxkuenus. a) Hamummure cooTBeTCTBYIONIYIO IIPOIPAMMY.

6) Hanumure nporpaMmy o6xona mosyiiockocru i Pobora ¢ onuum duiarom. (Ykasanue. cM. puc. )

WMuTepecHo, 9T0 HE HEOIPAHHUYEHHYIO IIJIOCKOCTh, HU OIPAHUYEHHYIO C JIBYX CTOPOH II0JIOCY HeJIb3si 0OOWTH ¢ IIOMOIIIBIO
TOJILKO OJIHOT'O (DJIazKKa)!

JlokazaTebcTBA HEBO3MOXKHOCTH OCYIIECTBUTH OOXOJ UCIOJIB3YIOT KIEK BUPTYAJbHOIO aBTOMaTa. PaccMoTpum Juist
prMepa KJIETIATYIO MPSIMYI0 — T.€. MOJIOCY eIWHWIHON mupuHbl. Ciiydan MoJIOCHl IMUPUHBL K, & Tak:Ke HeOrpaHWYeHHON
IJIOCKOCTU aHAJOTUYHBI U OyAyT MpeaocTaBlIeHbl unTaresio. rak, modemy PoboT ¢ omHuM TOMBKO BIaKKOM HE CMOXKET
000HTH BCIO KJIETYATYIO IIPIMYIO?!

Bosmoxkubr 1Ba citydast.

Cayyaii 1. Pobor ynansiercss ot cBoero ¢Jiaykka CKOJIb YIOIHO JaJIeKo.

Cuayyaii 2. Paccrosiaue mexy Poborom u daxkoMm orpaHndeHo.

B nmepBomMm ciydae paccyzkenHus Te 2Ke, 9YTO U B 3a/a49e PO 3aKPACKY TOJBKO IEHTPA JmcTa: eciin Pobor majeko yiiger
oT dutaxkka, 60sbire YeM Ha 10 -2, £ — YUCIO COCTOSTHMI, TO KAKOE-TO COCTOSHIE ITOBTOPUTCS B IIPOIIECCE YIAJIEHUS JIBAK/IBI,
[prYeM K MOMEHTY IIOBTODEHUsI OH VJAJUThCs OT diaxkka. IIpuueM B MpOMEXyTKe MKy STHMU TOBTOPEHUSIMU OH He
Berperutr duiaxkok. Ho Torma PoboT Oyer HeorpaHWYeHHO yIajsiThCs OT CBOero (hJjrakKka W 3HAYUT, 00OIeT He OoJiblie
MOy IIPAMOIA.

Wnest BupTyasbHOro aBTOMaTa BOSHUKAET BO BTOPOM ciydae. Ecian paccrosaue mexy Poborom u durarkkom orpanunde-
HO, TO cucreMa Pobor—diaKok nMeeT KOHEYHOe YHUCJIO COCTOstHUT (He GoJiblie YeM YHCJI0 BHYTPEHHUX cocTosgHuii PoGora
X MaKCHMAJbHOE PACCTOsTHUE). DTa CHCTEMA U €CTh BUPTYaIbHBIN apToMaT. OH KOHEUeH, a JijIs KOHETHOIO aBTOMATA HEBO3-
MOXKHOCTb OOOMTH JIEHTY y2Ke JOKa3aHa.

VYupaxkuenusi. a) Ymounume paccmompenue caysas 1. Jokaocume, wmo ecau Pobom ydasumcs wa paccmosinue x + 1
om aasicka, mo on 6ydem ydarsmoca om nezo neozparuuento. (YKaszanme. Paccmompume noaosicerus Poboma 6 nepuod,
3AKAHYUBAIOWUTICHA NOAOAHCEHUEM HA Paccmosnuy T + 1 om daasicka U HAVUHAGIOUWUTCA MOMEHMOM, K0204 OH Neped Imum
nocaednuli pa3 omotidem om daadicka.)

6) Joxascume, wmo Pobom ¢ 00num Baasrckom Ha HE0ZPaHUMEHHOT NAOCKOCTU HE NOKUHEM NOAYNOAOCH, 02PAHUNEHHOU
wupurst. Jlokaoscume maroice, WMo “UCAUMENd U 3HAMEHAMEAD YeA06020 KOIPHUUUEHMA HAKAOHG 02PAHUMENDL KYOOM
yucaa sHympernux cocmoanuti Poboma.

Yupaxknaenue. Hsyuaemca nosedenue Poboma ¢ deymsa daasickamu na veozparutennoti naockocmu. Jokaseme, wmo
cYyuwecmsyem npozpamma, No360AA0WAA

a) Obotimu enmpennocmv yeaa 90°.

6) Hocemumos 6ce BHYMPERHUE KACTKY 300GHHO20 Y2Aa ,MEHBUWE20 Padeeprymozo. (Bosmooicro, wmo npu o6rode npu-
demcsa evixodumsv 3a €20 npedensi.)

JlokazareabcTBA HEBO3MO2KHOCTH OCYIIECTBUTH OOXOJ MCIOJIB3YIOT HIEI0 BHPTYAJbHOIO aBTOMaTa. PaccMorpum Juist
mpuMepa KJIETYATYIO MPSMYIO — T.€. [TOJIOCY eIUHUIHOM mmpuHbl. Cirydan moJiockl MUPUHBL K, a TakyKe HeOrDAHWIEeHHON
ITOCKOCTU aHAJIOTUYHBI U Oy/IyT MpeaocTaB/ieHbl untaresio. rak, mouemy Pobor ¢ oM TOIBKO (IaKKOM HE CMOXKET
000MTH BCIO KJIETYATYIO MPSMYIO?!



Bosmoxkubr 1Ba cirygast.

Cuay4aii 1. Pobor ynamnsiercs ot cBoero ¢bJiaykka CKOJIb YTOIHO TAJIeKO.

Cayuait 2. Paccrosnmne mexay Poborom n dhiaKKoM OrpaHmdeHo.

B nepBoM ciydae paccyzkieHus Te Ke, YTO U B 3aJia4e PO 3aKPACKy TOJBKO IeHTpa JmcTa: eciin Pobor najeko yiier
or dutakka, 6oJbie yem Ha 10-x, £ — YUCJI0 COCTOSIHUIA, TO KAKOE-TO COCTOSIHUE ITOBTOPUTCSI B IIPOIIECCE YIAJIEHUS IBAXKIBI,
IprYeM K MOMEHTY TOBTODEHUsI OH YJIAJUThCsl OT (iakka. [IpuueM B MpoMeXyTKe MeXKJy STHMU ITOBTOPEHUSIMU OH He
Berperutr dutaxkok. Ho Torma PoboT Oymer HeOrpaHWYeHHO yIaasaThbCs OT CBoero (hJrakka u 3HAYUT, 000HIeT He OoJIbIie
IOy IIPAMOIA.

Wnest BUpTyapbHOTO aBTOMAaTa BOZHUKAET BO BTOPOM ciytae. Eciu paccrosame Mex 1y PoboroMm u dh1aKKoM orpaHmntde-
HO, TO cucreMa Pobor—diiaKok nMeeT KOHEUHOe YHUCJIO COCTOstHUIT (He GoJIbliie YeM YHCJI0 BHYTPEHHUX cocTosiHuii PoGora
X MaKCHMAJbHOE PACCTOsIHUE). DTa CHCTEMA U eCTh BUPTYadbHBIN apToMaT. OH KOHEUeH, a JijIsi KOHEYHOI'O aBTOMATa HEBO3-
MOXKHOCTb OOOMTH JIEHTY yIKe JOKa3aHa.

VYupakuenusi. a) Ymounume paccmompenue caysas 1. Jokaotcume, wmo ecau Pobom ydarumes na paccmosinue x + 1
om daasicka, mo on 6ydem ydarsmoca om rne2o neoeparuuento. (YKaszanme. Paccmompume noaosicerun Poboma e nepuod,
3AKAHYUBAIOWUTICH NOAOAHCEHUEM HA paccmosnuy T + 1 om daasicka v HAWUHAGIOUWUTCA MOMENMOM, K0204 OH Neped Imum
nocaednut pas omotidem om daaxrcka.)

6) Hoxasrcume, wmo PoGom ¢ 00num @Gaadckom 1a HE0ZPaHUMERHOT NAOCKOCTU HE NOKUHEN NOAYNOAOCH 02PAHUNEHHOT
wupuro. Jokastcume MaKHCE, UMO “HUCAUMEAL U 3HAMEHAMEAD Y2A08020 KOIPHUUUEHNA HAKAOHG 02PAHUMEHD, KYOOM
yucaa sHymMperkux cocmoanuti Poboma.

Yupaxknaenue. Hsyuaemca nosederue Poboma ¢ dsymsa daasickamu ma Heozparutennot naockocmu. okascme, wmo
cyuecmeyem npozpamma, No360AA0WAA

a) O6otimu enmpennocmo yeaa 90°.

6) Hocemumos 6ce srympennue KAEmKu 3a0aHH020 Y2ia ,MEHBWE20 Padeeprymozo. (Bosmooicno, wmo npu obrode npu-
demcs evixodums 3a e20 npedenwi.)

Urak, 3HAUUTENBHBIN KYCOK IJIOCKOCTH, MMOYTH UTO MMOJIOBUHY, C MOMOIIBIO IBYX (DJIaXKKOB moceTuTh MOxKHO! OKa3biBa-
ercsl, OJIHAKO, YTO BCIO HEOI'PAHUYEHHYIO IIJIOCKOCTH JIBYMs (DJIaXKKaMU He IIOCETHTh. BoJjiee TOro, MHOXKECTBO IOJIOXKEHUN
Pobora u dh1akKoB 3a BCIO KICTOPUIO MOXKHO IMOKPBITH YIJIOM, CTPOIO MEHBIINM Pa3BEPHYTOrO B TO BpEMs KAK OIPAHUYEHHY O
[OJIYIIJIOCKOCTh — T.€. BHYTPEHHOCTh PA3BEPHYTOro yria 00oiTu MoxKHO! U HeOOX0 UMb MUHUMYM Jjis 00X0J1a, ILJIOCKOCTH
— Tpu diara. YTobbI 9TO 10KA3aTh, HY>KHBI HOBBIE UM, KOTOPbIE MbI U3BJIEYEM U3 PEIeHUs 00Jiee MPOCThIX 3a/1ad.

OpiHa u3 ujei COCTOUT B TOM, YTOOBI OIPEIEIATH COCTOSTHIE cUCTeMbl PoboT—(hiIaKoK—1abupuHT HE BOOOIIE, a B MO/
XOJIATINN MOMEHT. BoT nBa nmpumepa paboOThI 9TOH ujien:

Bagaga. Ha naockocmu nposedeno 4 bapvepa, nenpoxodumux ot Poboma, no pacnosnasaemoux um. (cm. puc.) Moocem
au Pobom ece obotimu?

JlokaxkeM HEBO3MOXKHOCTB. JIJist 9TOrO JIOCTATOYHO 3aMEeTUTh, 9TO0 PoOOT OECKOHEYHO MHOTO pa3 JIOJI2KEH MPOWTH depe3
OJIHO W3 IEHTPAJbHBIX MOJIeil — MHAYe HAYMHAsI C KAKOTO—TO MOMEHTa OH Oy/IeT BCe BPEeMsI HaXOJUTHCH TOJBKO B OIHON
YeTBEPTUHKE U HUrje 60JIbIIe.

Ho torya moBropurcst ero cocrosinre B MOMEHT IIPOXOXKJIEHIST 3TOIO 10JIst 1 POOOT OyeT Bce BpeMst TONTaThCs Ha MecTe!

VYupaxkuenus. a) Jlokaxure, 910 ¢ aByMst duaxkamu Pobor oboiiger Harry obiacTh.

6) okaxkure, uro omnoro duaxka mMano. (YKaszanue. Pazbepure jBa ciydas: Koria (BJIaXKok 0ECKOHEYHO MHOTO pa3
[IPOHOCHUTCS YepPe3 LEHTD U KO/ OH BCe BPeMsl OCTAeTCsl B OJHON U3 YETBEPTUHOK, & 9epe3 [EeHTP IIPOXOIUT TOJLKO PoboT)

3amaua (A.B.Amxanc). Ha kierdaroil jienTe MOXKHO OJMH Pa3 3alKCaTh CUMBOJIBI. PoGOT UX MOXKET 4uTaTh, HO He
MOXKeT HU [UCATh, HA CTUPATh. MOYKHO JIM pacIucaTh JEHTY U 3alporpaMMupoBaTh Pobora Tak, 4To0OBI OH ee BCio obormes?

Pemrenue. /lokakem, 94TO 9TO CJIe/IaTh HEJIb3sT; IIPEIIIOI0KAM IPOTUBHOE. Bo3aMoxKHbI Ba ciryuast. JIubo PoboT Tobko
KOHEYHOE YHCJIO Pa3 MPOXOJIUT Yepe3 HYJIEBYIO IO3UIUI0 — TOIJ/A C KAKOIO-TO MOMEHTa OH OCTAHETCs TOJIBKO B OIHOM
mosympsiMoit. ZlcHo, wro Torma oH He 0boiimeT BCio mpsaMmyo. Bo BropoMm ciaydae Pobor GeckonedHO MHOrO pa3 mpoiizer
gepe3 HyJIeBYIO IMO3UIUIO0 U TOTJA KAKHE-TO [IBA €ro COCTOSHUS B ITOU mo3umuu MOBTOpATcHA. Jlajee paccyKimaeMm Kak B
Ipeaplaylieil 3apa4ge.

VYupaxkuenne. Jlokaxure, 910 onuH biaxkok 31ech PoGory He nomoxer. (Pemraercss aHAJOIMYHO NPEIbIILYIIEMY
yupaxuenuto. Tpebyercst pacCMOTPETh MPOHOCHI (DIIAZKKA I€Pe3 HYJIEBYIO TIO3UIIHIO. )

Teneps, Korma MBI pacroJiaraeM JIByMs HEOOXOIUMBIMU UJIESIMU — UJIeeil BUPTYAJbHOIO aBTOMATA U MJIeell COCTOSHUS B
Hy>KHOM MeECT€, MOXKHO MPUCTYIUTH K JOKA3ATEIbCTBY HEBO3MOXKHOCTH OOXOJa KJIETYATON IIOCKOCTH CIIOMOIIBIO TOJIHKO
AByX (iraykkoB. MbI IpUBeZIEM TOJIBKO CXeMy pa30opa CJIydaeB CO CCHUIKONH Ha UJEU, KOTOPBIMHU 3TH CJIydYanl JIEJIAI0TCH.
DTallbl J0Ka3aTeIbCTBA 0003HaUEHbI OoJibIuME Indpamu. laHHoe mokazarTebeTBo npuHaieskuT A.B.AkaHcy.

3HaYnT, OH OECKOHEYHOE YHCJIO Pa3 JaJIeKO YXOIUT OT KaxKjoro duaxkka. A ecim Pobor majeko yies oT JTaHHOIO
daaxkka, To Oyner yaanaTbed U Jajbiie (CM. PelieHre 3aa4u...) IOKa He HATKHETCs Ha JAPYroil. SHAUUT, JaJeKo yiijus or
OTHOTO (DJTa2KKa, OH JIOJI?KEH IOMACTh K JAPYTrOMY.

IIycts X — unciio ero BHyTPEHHUX COCTOSTHHIA.

SaBepuiuM J10Ka3are/bcTBO. rak, Mbl mMeeM pexkum paborbl Pobora, Kak B ynpaykHeHuu.... OH KypCUpPyeT MeXKLy
drarkkaMu, PacIOJIOXKEHHBIMI B I0JIOCe IMUPUHBI H ¢ IMaHHBIM PAIMOHAJIBHBIM YTJIOM HakJjoHa «. Joiga no duiaxkka
Pobor "BzammopeiicTByer"c HUM ¥ CABUraeT ero Ha OIPDAHUYEHHOE HEKHMM YHCJIOM d PACCTOSHHE; 3aTe€M HUIET K JIPyTOMY.
Capuru GakKKoB yCTPOEHBI Tak, 9TO 002 BCe BpeMs HAXOMSTCS B HEKOTODPOIl IOJIOCE yKA3aHHOrO Buza (IIPU 9TOM CaMa
[IIOKPBIBAIOIIAs UX I10JIOCA MOXKET TOJBKO CABUIATHCH).



Bocmonsayemcest nzeeit "moBTopeHust COCTOSIHUI B MOAXOSINEM MecTe': pacCMOTPUM COCTOSIHUsI CUCTEMBI B MOMEHT Ha-
xoxgennst Pobora, ckaxkem, y JeBoro (daxkka, moj "cocrosinuem"bymeM MOHUMATHL BHYTpeHHEe cocTosinne Pobora miroc
IIPOEKITUIO Ha HOPMAJIb K 1oJjioce. IlycThb 1Ba cOCTOSIHMST MOBTOPUJIUCH, TPUYEM MKy ITUMU TOBTOPEHUSIMHE JIPYTHUX [TOBTO-
penuit HeT. 3a 9TO BpeMs OH He OoJiee 2 X H pas mporiescs Tyjia — 00paTHO OT OJHOIO (PJIaykKa K JIPYroMy, U, CTajio OBITh,
CHBUHYJI KasK Bl (bJIasKOK Ha paccTosHue He 6osbine 2 X H2. Mbl uMeeM ciieLylomuii pesKunM: (DJIaxKKN PACTATKIBAIOTCH 1
casuraiorcs. Kax JIerko BUIETD, MoJioxkenns Pobora 3aMeTaioT yroJ (CM.puc. ).

Bagaua. Haiigure ommbKy B IPUBEJIEHHBIX PACCYKICHUIX U UCIPABLTE €e.

IleproaAMYIHOCTD U OCTATKH.

OmubKa B pelreHnn Ipeablayleil 3a1a4un 3aK/II09eHa B IIocjeaHeli ero yactu. Ilycrs aBa cocrostHust Po6oTa B MOMEHT
IIO/IX0/Ia K I1epBOMy (bJIakKKy IMOBTOPMJINCH. IIycTh mpM 9TOM IOBTOpMIIACH NMPOEKITHS Haphbl (PJIaXKKOB Ha HOPMaJb K IIO-
goce. B oboux ciyuasx B3anmo/eiicrBue Pobora ¢ mepBbiM DIIaXKKOM a CTaJI0 OBITh U OTXOJ, KO BTOPOMY (hJakky OyayT
OJIMHAKOBBIMU. HO 3TO HE 3HAYUT, YTO U HPUXOJ KO BTOPOoMy (JiaxKKy Oyier Takum xKe!

B 4em ke 31meck aeo0? Ilycts Pobot oroiizs oT jeBoro dbiakka u ABUTAsICh, KAK HAM U3BECTHO, IEPUOIMIECKUM 00Pa30M,
npuresa K npasomy. OT 4ero 3aBucUT B3auMojeiicTere?

Ieno B TOM, 94TO BCTpeda, BOOOINE I'OBOPs, MOXKET IPOU30iTH B JIFOOOM MecTe IIepruojia. SHAYUT, COCTOsAHUs Pobora B
MOMEHT BCTPEYH C IIPABBIM (DJIAXKKOM MOLYT Pa3/IndaThCsl, JIaKe eCIu HadaJlbHbIe COCTOSIHUS B MOMEHT OTXO0/1a ¥ COBIIAJIAJIN.
CoOTBETCTBEHHO, PA3HBIM MOXKET OKa3aThCs U B3anMmojeiicTBue PoboTa ¢ mpaBbiM (JIaykKKOM, a 3aTeM — 1 OOpaTHBII TPUXOJ]
K JIEBOMY.

Kaxk ucnpasurs omubky? Iloiimem, Korma OJIMHAKOBOCTD OTXOJA BEJET K OJUHAKOBOCTH TMPUXOJA. DTO MOU3O0HIET, eCiu
nyTh PoboTa B 000UX CIydasix OTJIUIAETCS TOJHKO Ha, IeJI0€ UUCIO MEPUOIOB.

1 snauwnt, B nonsitue "cocrosinue' cucreMsl ciieyeT BKIIIOYUTD €Ile U "0CTaTOK OT BEKTOPA F , COeTUHSIONTEro (hIaKKU
10 MOJLYJIIO Tiepuoja’a 3areM ybeIuThes, 9TO YUCI0 Takux "octarkoB'"koHeuno. Bripodyem, Hy2KHO elle OIpeeuTh CMbICT
cnoB "ocraTok or BekTopa mo Mojyio nepuoga’. Ilox ciosom "mepmosa"B 3TOT MOMEHT HaMm y,IL06HeI7I MIOHUMATDL BEKTOP
t, Ha KOTODBL CIBUraeTCs Po6ot. ! Dror BekTOp mapasulenen mojoce. YTounuM mouaTue "ocrarok". Bymem BeramTaTh
13 BekTopa F' BeKTOp {, MOKA He MONYYHTCs BEKTOP ¢ MHHHMAJIBHOMN IPOEKIeil Ha HAIpaBieHne HOJIoCh. JLmHHa 9T0ro
BEKTOpa He 60.J'IbIHe geM |ﬂ + H (H — IIUPUHA IIOHOCBI) ", SBHAYUT, YUCJIO TAKUX BEKTOPOB UJIM OCTATKOB OI'PaHUYIE€HO YUCJIOM

(|t] + H)?. Buauur, ecmu B nousiTie "cocTosiHue cucTeMb" BKITIOUATH €IIIe U STOT OCTATOK, TO 9HCJIO COCTOSTHU OCTAHETCH
OTPaHUYEHHBIM U HAIE JOKA3aTeIHCTBO HEBO3MOXKHOCTU 00OXOJa MJIOCKOCTH JIBYMs (DJIaXKKaMU ITPORIET.

Cremyromupe 331241 O9€Hb [TOX0KHU Ha TOJBKO 9TO PACCMOTPEHHYIO:

3amaya. [lokaxxnre, 9T0 OECKOHETHOE JIEPEBO CTEIEHN 3 HEJIb3si 000iTH

a) 6e3 QrakKoB.

6) ¢ HOMOIIBIO TOJIBKO OIHOTO (hJIaXKKA.

B) C mOMOIIBIO TOJBKO ABYX (DIIarKKOB.

B nmampmeiiem Mbl yBAIAM KaK C IIOMOIIBIO TPeX (DIIa2KKOB 00OHTH 9TO J1€PEBO.

Bagaua. C OMOIIBIO OJHOIO TOJIBKO (JIaXKKa HEJb3sT 0060WTH ToJIynpocTpancTBO. CKaXKeM OOJIbIe: MHOXKECTBO BCEX
nosioxkeHuit PoboTa MOXKHO MOKDPBITH KOHEYHBIM YHCJIOM I0J0C (1osioca — 910 H — OKPECTHOCTH ILIOCKOCTH), MMEIOIIHX
OOIILY0 IPSIMYIO, BJIOJb KOTOPOii iBuzKeTcst (hi1azkok. (Cp. ¢ yIparkKHEHWEM ...)

B kon1ie permenust 3ajiauu npo JiBa ¢Jiakka Ha IJIOCKOCTH HAM BCTPETHJIMCH ocTaTKu. [locTapaeMcst 0COBHATD, C 9eM MBI
CTOJIKHYJIUCH. B HavYa/ e KHUTH Mbl U3y9aJd OCTATKU C TOMOIIBIO UJEH MEPUOAUIHOCTH. 3/eCh YK€ Mbl HA00OpOT, U3ydYaeMm
HEePUOAUIHOCTh ¢ HOMOIIBIO nien ocrarka! OCcTaTok BBICTYIMJI HE KAK MATEMATUIECKOe MOHATHE, a Kak uiesd. (3amMerum,
YTO OCTATOK B 3ajiade Ipo (BJIaXKKM — 3TO HE COBCEM TOT OCTATOK, K KOTOPOMY MBI MPHUBBIKJIA. B mporiecce penieHus: OH
BO3HUK H€ KaK 4YeTKOe€ IIOHATHEe, 1 TOJIbKO II0OTOM 6]31.)'[ @Opl\/IaﬂI/ISOBaH.)

Posb nien ocrarka npu M3ydeHUU NEPUOIUIHOCTH 3aKJIIOYAETCsI B TOM, YTO COCTOSIHHE IIPOIECCa B MOMEHT BpPEMEHU
YIPABJISIETC OCTATKOM OT JIeJIEHUsI  HA BEJIMUYMHY TEPUOIA.

TIpumensist 370 coobpaskeHre MbI BHJIUM, UTO €CJIU PACCMATPUBATH HECKOJBKO MPOIECCOB KaK OJMH, TO TEPUOJI ODIIErO
poIeCcca eCTh HaUMeHbIee 00lnee KpaTHOe IIEPHOJOB COCTABJIAIONINX IIPONECCOB (& HPEeNepUo] PABEH MAKCUMYyMYy [PeJl-
nepuozios). Kak sumure u Gosiee CJI0KHOE TOHSITHE HANMEHBIIIETO OOIIEr0 KPATHOIO MOYKET BBICTYIIATH KAK HIesl.

Ha miockoctu nsuzkenune Pobora mnpsiMosimHeHO 1 paBHOMEpPHO. Ha IOJIyIJIOCKOCTH €ro JIBUXKEHHE TOXKEe He CJIOXKHO:
"¢ BBICOTHI ITHYLEro nojera"Oyaer HabmonaTbesa "paBHoMepHbIi" 1ox0 K Tpanuie (ecu TOJBKO OH K Heil HMOJXOINT),
B3auMojeiicrBue ¢ meii ("paccemBanue") u 3aTeM PABHOMEDHBIH OTXOJ OT I'PAHUNLI (BO3MOXKHO, B JPYIOM DEXKUME) JUOO0
Po6or Gyzer myreniecTBOBATh BIOJIbL IpaHuilbl (oH Oymer "3axBadeneio), u ero JBuKeHue OYJIET ONTh-TAKH DABHOMEDHDIM.

A kax asumxkercs Pobor 1o yerBepTuHKe 1jiockoctu? Her jin v TyT NEepUoAMYHOCTH, IOJO00HOIN TOM, KOTOPYIO MbI YKe
HabJIIOaJIM B 3aJ1a49e 1po JBa (Jiakka: He OYJIyT JIM €ro COCTOSIHUS IIPH yape, CKaykKeM, O HYKHUI Kpail, [epuojuIecKu
noBropsiThest? [lompobyeM 5T0 0Ka3aTh, PACCYXKIasl TOXOXKUM 00Pa30M.

Ecmu Pobot He B3ammoseiicTByeT ¢ KpasMu, TO €ro ABUXKEHUE HUYEM HE OTJIUYIAETCs OT IBUKEHUs 10 HEOTDAHMIEHHOMN
IJIOCKOCTH; ecjii PoBGOT TOJILKO KOHEYHOE YHCJIO pa3 yaapsieTcss 06 OIUH U3 KPaeB, TO €ro JBUXKEHUE B KOHIE HUYEM He
OTJIMYIAETCsS OT JABUXKEHMS IO TMOJIYILIOCKOCTH. VTak, HOCTATOYHO M3YUWTDH CJydail, korma Pobor GeckoHedHOe UHCIO pas3
yaapsieTcst 06 0oba kpast. JlokaxkeM epruoMIHOCTb CMEHBI cocTosiHuil PoboTa 1ipy yape o HUXKHUI Kpail JINCTa.

Paccmorpum ero cocrosiHusi B MOMEHT COYJIapeHUs ¢ HUZKHUM KpaeM. fICHO, 9TO JBa COCTOsIHUSI TOBTOPSTCsI. [j1st moBTO-
penusi cocrostauii Pobora npu ciemyromem yaape, Hago 9TO0bI IPUXOJ, K IPYTOMY KPAK M B3aMMOJEHCTBIE OCYIIEeCTBUIUCH
TEeM 2Ke MEeCTOM I[IEPUO/IA, KAK MBI 9TO y2Ke BHAJIEIU IpU pas3dope 3amaan mpo aBa durarkka. UToObl 3T0 00€CHedInTh, BKIIOINM

1& HE TO, 9TO MbI IIOHUMAJIN JO CUX IIOD U 6y,£(eM IIOHUMATh IIOCJI€ 3TOr0 MecTa — HOBTOpHIOIJ.lHﬁCH KYCOK ITI0CJIe1OBATEJIbHOCTH COCTOSTHUH.



B nonsitue "cocrostaue"elne 1 0CTaTOK OT KOOpAuHATH PoboTra o1 jenerus Ha uncyio N, KOToOpoe MbI BbIOEPEM TaK: BO3BMEM
BCe PeKUMBI JiBIzKeHns: PoboTa, u mycTsb (x;,;) — coOTBeTcTBYyIONHe BeKTOpHhI casura. U myckait N =[], ;!y;!. Teneps-to
YK 3aBEJIOMO, €CJIN TIOBTOPHUJIKCD €IIIe U OCTATKU [0 MOJIYJII0 N, TO OCYIECTBUTCS HE TOJBKO OJUHAKOBBII OTXOM OT HUYKHETO
Kpasi, HO ¥ OJIMHAKOBLIN TPUXOJI K JIEBOMY Kpaio u HaoOopoT. MTak, meprnoguIHoCcTh moBeaenuns Pobora — T.e. CMEHBI ero
COCTOSTHUII BO3JIe HUKHEr0 Kpasi, yCTaHOBJIeHa/!

3amaua. Haiinure omubKy B npepiaymux paccyxkaenusx. (Isuxenust Po6ora MOryT GbITh M HEIEPUOIUIHBIMI. )

Korma s paboran man Yeprexxuaukom Bmecre ¢ M.B.Canupom, ou coobmmit Mue

YausureabHsbiit dakt. [Tycms Aj, Ag, ..., - N0CACI0BAMEALHOCTND HAMYPANLHBIT HUCEN, U CYULLCTNEYEM NPOPAMMA,
no xomopot IBM (c beckoneunol namamviro) dan xaotcdozo n ewwucasem A,. Toeda cywecmeyem npozpamma dan Hep-
mesrcHuKa, no Komopoti on das 1106020 N, HAYAE U3 NoA0dCEHUA Ha puc.d npu K = 27, sakpacum norocky uz 24 xaemox,
ECAU AUCT, OYMA2U - YEMBEPMD NAOCKOCTIU.

Jis yMeromux BO3BOAUTL B CTEHEHb U JIOrapudMUpOBAaTh UEePTEKHUK MOMKET 3aMEHUTb KOMIbITep. (D10 3Haqut,
rosopst Ha Crporom f3bike JIOrMKOB, 9TO C €ro IIOMOIIBIO MOXKHO BBIYHCIIATEH Ji00y0 Berauciaumyo Dyuximio A(N).)
W3 sToro dakTa MOXKHO U3BJIEYH AJTOPUTMUYECKYIO HEPA3PEIINMOCTh PSJIa YTBEPXKICHUN - HAIIPUMED, YK€ YIIOMSHYTYIO
Teopemy MatusiceBuda.

Takum obpazom, HeprexkHuKa, KOTOPBIH coBceM "He 3HAKOM'"C YHC/IaMU, MOYKHO HAYYUTh "BBIYUCIISTH"BCE, YTO MOXKET
BoraucauTh IBM ¢ GeckoHedHOH MaMAThIO, HAIPUMED, IUMPBI B AECATUYHOM PA3JI0KEHUU KOPHs U3 AByX (moxpobaee 06
ajropurmax cM. Kuury B. A. Veunenckoro "Mamuna ITocra").

O tHaKo y MeHsT IOHAYAJY BO3HUKJIO COMHEHUE B "yIuBUTEIHLHOM (bakTe'"u s MOMBITAJICS ero OlpoBepruyTh. Paccyxie-
HUs OBLIM TAKUMH: JOKaXKeM, K IPUMeEPY, HEBO3MOXKHOCTH Ilepexosa oT 2" K on’ WIH, elle IIpolle, epexoja oT 2" K 3".
Eciin qncsno n - oueHsb 6oJIbIoe, TO, B IpoIecce mepexojia depTeKHUKY MPUJIETCsI OUeHb MHOTO Pa3 yJapuThCs O Kpai (3T0
nelicrurenbHo Tak. CoBeTyeM JI0Ka3aTh), a JaJiblIe MOCIEJI0BAJIO YKE OMUCAHHOE PACCYKJICHHE O IEPUOJAUIHOCTH IIOBE/Ie-
Hust YepreKHuKa Ha YeTBEPTUHKE IJIOCKOCTU. DTO PACCYKICHNE, BMECTE C HAHJICHHON B HEM OIMUOKON JIaJI0 BOBMOXKHOCTh
IIOHATDH U A0Ka3aTh "yausurenbHblii dakt". [losTomy mocrapaiitech camu ee HANWTH.

Tak Bce-Taku B ueM ke ommubdka?

Tlocrapaemcs pazobparbes. Ilycrs aBa cocrosinus Pobora Ha HUXKHEM KPaio MOBTOPUIUCH, X1 U Lo — COOTBETCTBYIOIIA
KOODJINHATA, IIPHYEM II0 yCJIoBuIo 1 = x2(modN ). Korja Pobor nepeiiier Ha JieBblil Kpaii, COOTBETCTBYOIINE KOOD/IMHATHI
OyayT Y1 u yo. lIpuxomx K jeBOoMy Kparo MPOU30MIET TeM K€ MEeCTOM I€PUO/Ia, COOTBETCTBEHHO OIMHAKOBBIM OYyJIET U B3au-
mogeiicrBue. OHAKO MOXKET IOJYUUTCH TakK, 4T0 Y1 Z Y2(modN). U nocsie HOBOro npuxoja K HUKHEMY KParo He TOJbLKO
x} # zh(modN), HO, Goslee TOTO, B MOMEHT CJIJIYIOIMErO MPUXOAa K HUKHEMY KPA0 MOTYT DAs3JUaUTCS W BHYTPEHHUE
cocrosiuust PoboTa, ¥, COOTBETCTBEHHO, PA3HBIM OKa3aThCsl B3aNMO/JIEHICTBIE ¢ KpaeM. 3JIeCh U 3aKJ/II09€Ha ONIMOKA.

TTocMoTpuM Ha IpUMepe YTO MPOUCXOIUT, U 320/HO IIOCTApaeMcst OCyIecTBUTh rnepexo 2" — 3™. Ilycrs Pobor uimer tpu
pa3a BBepX U JIBa pa3a BJI€BO. 1orja eciim T — ero HadajbHas KOODJMHATA BHU3Y, TO €r0 KOOPJAWHATA Y IOC/e IPUXOJIa Ha
JIEBYIO CTOpPOHY yruia Oyer pasaa 3/2xx. [Tycrs 3arem Pobor Bozspamaercs k ocu OX nogx yriom B 45°; torna 2’ = y = 3/2x
u (r1 — ) = 3/2 % (v — x%). Tak wro ecm x1 U 9 U GBUIM CPABHUMBI TIOMOYITIO N, TO CDABHUMOCTH T)j W T’ MOYKET
HapyIUTCsI, OOJiee TOTO, PACCTOSTHUE MEXKTY ;z;gk) u xék) MOKeT CTaTh HedeTHbIM. llocae sroro mpuxon Pobora k Kparo
OCYIIIECTBUTCS JPYTUM MECTOM IEPUO/IA U TOI0KATL BeCcTu cebs TeM ke obpaszoM PoboT me cmoxker.

Teneps monpobyem ocyrecTBuTh nepexos 2" — 3™. Eciu BHadase Pobor HaxomuTces Ha paccTosHuy © = 2™ OT BEPIIUHBI
yriaa, 10 ©' = 3/2 -z =3-2""1 ¢/ = 32272 . z(® = 3" Opnmako [s OCYIIECTBIICHMS EPEXOIa HAM HAJI0 OCTAHOBHTE
Pobora na paccrosgamm 3" or magasa. Kak sto cremars? Hamo ma obparmom mytm K ocum OX Besikuii pa3 MpPOBEPATH
YETHOCTD, JIJIsI 970 CAUTATDH YUCJI0 TAKTOB 10 MOy o 2. [loj TakToM ciieyeT TOHUMATH Tapy CABUKEHUI: HA OJIHY KJIETKY
BIIPABO U Ha OJIHY KJIETKY BHU3. /151 ciieskenneM 3a TaktaMu PobGOTY XBATHUT OHON JOTOTHUTENBHON saeiiku mamsaru. VTax,
pa300paBIINCh C OMUOKON MBI OCYIIECTBHIN Tepexo 2 — 3.

Uccnenyem noBenenne Pobora Ha dyerBepruHKe. Temephb siCHO, KaK JJIsd B3aMMHO IPOCTHIX ¢1 W ¢2 CO3/aTh IIPOrPAMMY
nuist mepexofia Pobora ¢ — ¢4, mporpammy yHEUBepcasbpHYyIO o n. Hamo meiicTBoBaTh aHAIOTMYIHO, CABUTAsCh HA ¢ TOJEH
BBEpX U Ha @1 ToJiei BieBo. Torma KoopanHaTa y MPUX0/Ia Ha JIEBBIA Kpail ¢ KOOPAMHATONW X OTX0/a OT HUXKHETO Kpas OymaeT
CBsI3aHA PABEHCTBOM Y = T - ¢2/q1. Bo3Bpaiasice nox yruiom B 45° K JIeBOMY Kpalo, CJIe/LyeT IIPOBEPITh YUCJIO TAKTOB II0
MOy ¢q. Hucso cocrosiumii Pobota Oyrer, pasymeercsl, 3aBUCETb OT ¢, U (o, HO He OT 1. A 4TO ecyiv ¢ U g2 HE B3AMMHO
npocthl? Hato B34Th @3, B3AaUMHO IIPOCTOE C (1, g2 ¥ OCYIIECTBUTH IIEPEXO/l B JBa dTAIlA:

4 =gy —qy

MozkHO OCyIecTBUTE U 0OOJIee CIIOXKHBIE TIEPEXOIbI.

Bamaua. OcymecTBurh mepexos 2" — 22" yHEBEPCAIBLHO TI0 1.

CxeMa 1epexojia.

Kak Bujure, oBeienne Pobora Ha 4eTBEPTUHKE IJIOCKOCTU MOXKET OBITh OYeHb CJIOXKHBIM; "yiuBuTe /IbHBIN (bakT" 03HAUAET,
9TO OHO MOXKET UMUTHPOBATH paboTy KOMIIBLIOTEPa ¢ HEOIPDAHWYEHHOI maMsThio. [locTapaemMcst Bo BceM 3TOM pa3o0paThes.

IIpocTerie anciia UTpatoT posIb PETUCTPOB, & IIOKA3ATE/b CTEIIEHU IIPU JJAHHOM IIPOCTOM — COJIEP2KIMOT0 COOTBETCTBYIOIIETO
perucrpa. Hac maTepecyoT mpex e Bcero mosoxkennst Pobora Ha HmKHEM Kpaio. Takoe mosioxkenne Pobora ma paccTosHun
20305¢7? o1 BepmMHBI yIiIa, K IPUMEDPY, MBI PACCMATPHBACM KAK YeTLIPE UHCIA @, D, ¢, d, KOTOPBIE 3aIMCAHBI B PEIHCTPHI,
IIOMEeYeHHbIe CUMBOJIAMU 2, 3,5, 7. DTa KOJUPOBKa Ha3biBaeTcs leseseBoit Hymepanueil. Obo3HAYATH PETUCTP IIPOCTOTO P
MBI OyzeMm ‘B.



3amMerbTe, YTO BCEro JIMIb U3 JBYX PErHCTPOB — KOOPAMHAT T U Yy PoboTa MBI HAyYHIUCH W3BJIEKATH JIFOOOE, Halepes
3aJIAHHOE YHCJIO PErUCTPOB!

Yo MOXKHO zesiaTh ¢ perucrpamu? JIBuzKkenue BIOJIb IPAMOii ¢ yrioBbiM KoadbdunuenToM HakIoHa —p wiu —1/p naer
BO3MOXKHOCTDb YBEJIMYMBATH WJIM YMEHBINATh COJEPXKHUMOe peructpa 8 Ha enuHudky. IIpoBepka IemMOCTH PaCCTOAHUS
OT Kpasl Ha P O3HA4YaeT IIPOBEPKY TOro, 3alucaH Jiu B perucrpe B Hoyb mwin HeT. Cojep:KUMOe OJHOrO perucrpa Po Mbl
MOXKEM, KaK 3TO OBLJIO MOJPOOHO MOKA3aHO JJIsT NBOWKM M TPOWKM, TIeperHaTh B JApyroit peructp P u, Gosiee Toro, cpasy
B HECKOJIBKO peructpoB Pi, Po,..., P,. dasg 31oro mocrarodno moBTOPSATH, TOKA 9TO BO3MOXKHO, CIEIAYIOIIee IeiCTBUE:
BBIYUTAHUE €JIMHIIKY U3 P € TOCIIE LY IONUM JOOABJIEHUEM 10 €IUHIYKE B KaxK bl peructp ;. C moMomnbio 3Tux orneparuii
COJIEPXKIMOE KaKJION0 PETHCTPa MOMKHO yBEJIUYIHBATH B HECKOJILKO Pa3, KOIMMPOBATh B Apyroit peructp (p§ — pi — pipl),
CKJIAJIBIBATH COJEPXKIMOE JIBYX PErucTpos (pgpl — pipi'ph — pngpg+m), a TakKe cOpachbIBaThb COJIEPYKUMOE PETrucTpa
(p"M — M).

O6parumcs caoBa k cxeme 1. Kak ocyrmecrsisiicst mepexon 2" — 22" 7 Tlocse nepexona 2™ — 2+ 3™ Mbl 1 pa3 yABanuBaJIA
COZIEPXKUMOE PEerucTpa 2. IT0 OBLIO OPraHU30BAHO C MOMOIIHIO PETUCTPa 3, BBICTYIUBIIENO B KAYECTBE CUYETUUKA: IOCJIE
KaXKJIOr'0 YJIBOEHHUS PEruCTPa 2 BBIYUTAJIACH €IMHUYKA U3 PErUCTPa 3, U JEJIAJI0Ch ITO ITOKa BO3MOXKHO. MBI ocyriecTBuIn
IUKJI C 1 =n,...,0. B obmem ciydae, mycTb MbI MOXKEM CZI€JIaTh HEKOTOPYIO OIEPAIINIO, HE 3aTPAaruBaloNnLyio peructp ‘B, B
KOTOPOM 3aIlCaHO YUCJIO 1. 1TOTa 9Ty OlepaIiio MOXKHO IIOBTOPHUTH N Pa3: 3aBepPIas €e, BBIYUTAEM, €CJIM 9TO BO3MOXKHO,
u3 perucrpa  eIMHIYKY U CHOBa BO306HOBIAEM. 110CKOMBKY a X b = a + --- + a(bpas), m a’ = a x a x --- x a(bpaz), T0
MOXKHO YMHOXKATb COJEP2KHUMOE IBYX PETMCTPOB U BO3BOJUTH B CTEIEHb. KpoMe TOT0, COMEPKUMOE JIBYX PETUCTPOB MOXKHO
cpaBHEHBATh (pTph' — pIpY'pipy’, najee BBIYUTATH, IIOKA MOXKHO, IO €JHHHYKE M3 perncrpoB Psu Py, 1 HOCMOTPETH, B
KaKOM U3 HHUX BIIEPBBIE MOsIBUTCA HOJIb. [loToM cozmepkumoe 6ydepHbIXx peructpos Ps u Py MOKHO cOPOCHUTB.

Eco MBI yMeeM BBIMHUCIATH DYHKIMO f(x), ¢ TIOMOIIBIO CPDABHEHUS] COIEPKUMOTO PErMCTPOB, MOXKHO BBIYHCJISITH U
obparnyio dynknuio f~1(y): Gygem nocienosarenbho seraucasats f(1), f(2), ..., moka npu nekoropom z f(r) He oKaxkercs
DPaBHBIM Y.

Cremyromuii iepexo/t IOHAI00UTCs Tpu 00X01€e JepeBa ¢ TpeMs (DIa’KKaMU:

273¥5% — 2¢3[#/3153249; pre i € {0, 1,2} - ocraTok uncIa Y 10 MOAIYITIO 3.

IIpusenem npumepsl 0ObEKTOB, IKBUBAJIEHTHBIX POOOTY Ha UeTBEpPTUHKE IIJIOCKOCTH:

1. (M.B.Canup) Vmeercsi jiBe HEOrpaHUUEHHBIX CIIPAaBa [IPOBOJIOUKH € KOCTSIIIKAMUA CUIET ¥ KOHEUHbIH aBTOMAT, KOTOPBIH
MOXKEeT IepedpachiBaTh KaXK Y0 KOCTSIIKY HAJIEBO-HAIIPABO U IIPOBEPSTH, KOHUYMINCH CJIEBA, KOCTSIIKHU, WU HET.

2. Koneunnrit aBTomar, CHAOXKEHHBIH 1ByMs cdeTdynkaMu. CUeTInK — 9TO PErucCTp BHEITHEH MaMsATH, K COIEPKUMOMY
KOTOPOT'O MOXKHO TPUOABJISITH WU BBIYUTATH €JIUHIUKY, a TaKxKe 1MpoBepsTh, 3amucan 0 wim #e 0. Colep:KUMbIM CYETINKA
MOXKET OBITH TOJIBKO HATYPAJIbHOE HYUCIIO.

3. Pobor Ha npsiMoii, CHaOXKEHHBII TpeMsi (DIIaKKAMU.

4. (M.B.Camnup) Po6oT Ha 9eTBepTHHKE ILJIOCKOCTH, KOTOPBI MOYKET JIBUIATHCA TOJBKO HOM yrjioM 45° K ocsaM, Ha JBe
KJIETKM BBEDX W OIHY BJIEBO, Ha TPU KJIETKM BBEDPX WM OIHY BjeBO b0 Haobopor. Ilo mpexkuemy paspernieHa mpoBepKa
HaJIMIUs KPAs.

Yro moHUMAEeTCs TOJ CJIOBAMU amu 00sekmb. axeusasenmus, Pobomy na wemesepmumnxe naockocmu? Tlosicaum 310 Ha
TperbeM mpuMepe. Kaxx 1ot nporpamme st Pob6ora Ha yeTBepTHHKE IIJIOCKOCTH COOTBETCTBYET IIporpaMmma Jjisi Pobora Ha
IPsSIMOIA cyte Ty foruM 0bpaszoM. Posib KoopJiuHAT & 1 y Oy T UrpaTh PACCTOSTHUSI MEXK LY JIEBBIM U CPEIHUM U MEXK LY PABBIM
u cpeaunM duazkkamu. Poias mposepku yeaosus "BIIEPEIN KPAII"Gymer urpars mpoBepKa TOTO, HAXOISATCS JIH J(BA
draxkka B omHOM MecTe. BMecTo mepeMernieHns Mo KOOPANHATE T WK Y MbI OyJIEM JIBUTATHCS JI0 COOTBETCTBYIONMIErO (hIIarKKa
u ero ¢asurath. CKazannoe o3HadaeT, 9To cucrema ""PoboT Ha deTBepTHHKE MIOCKOCTH " MHTEpIIpeTnpyeTcs cucremoit "Pobot
Ha TPsIMOiL ¢ TpeMst drakkamu' .

Yupaxkaeumue. [locTpoiiTe aHAJIOIMYHYIO HUHTEpIIpeTanuo obbektamu 1, 2, 4.

Mg paccMoTpesin moapobHee TpeTuit 0OBEKT, TTOCKOJIbKY OH HAaM ITOHAI00MTCs it 00xoma JjiabupuuaToB. Obmas uiest
TakKoOBa: CTaBATCA Tpu diakka B pai u opranmsyercs Marmmmaa MuHCKOTO — T.€. KOMIIBIOTED C €OTPAHUYIECHHON MaMSIThIO,
JIJIst KOTOPOT'O U IUIIIETCs IporpaMMa 06xoma gadupuuTa. [Ipu sTom ciemyer npocieiuTh 3a TeéM 9TOObI HE MTOTEPATH AMSITh
— B IIPSMOM U IIEPEHOCHOM CMBICJIE — T.€. HaJIO JIBUTAThCS BMECTE CO CBOUMU (PJIayKKaMU COXPAHSIs IPU ITOM HHMOPMAIIUIO,
3aKJIFDYEHHYIO B PACCTOSIHUAX. PacCMOTpUM IIPOCTERINII IpuMep — 00XOJI IJIOCKOCTH C IIOMOIIBIO TpeX (hyiazkkoB. KoHedHo,
9TO JIeJIaeTCsl TOPA3/I0 IIPOIIE, HO HAM MHTEPECEH TOJBKO IIPUMeEp paccyxkieHuil. Pacrosoxum BHavasre IrakKu BI0JIb OCH
OX Tak, 9T00BI PACCTOSTHIE MEXK Ty CPEIHUM U JIEBBIM OBLI0 ObI paBHO 0, 8 PACCTOSTHUAE MEXK LY CPEIHUM U IIPABBIM — CKaXKeM,
BochMu, T.e. 23, Opranmsyem, Kak o6br4HO, peructpsl 2 u 3. [leperonsis eauHmuKy u3 perucrpa 2 GyneM HOIHEMATLCS HA,
1 mar BBepx BMecTe ¢ (DJIayKKaMH. DTO OCYIIECTBJSIETCs] TaK: JOXOAUM JI0 CAMOIO JIEBOrO, IepejBUraeM ero Ha 1 mar
BBEDX, BO3BpAIaeMCsl BHI3 U MM HAIIPaBO, NPOJeJIbIBas TO e ¢ JAByMs Apyrumu daaxkamu. (Jofins mo mocueanero,
Pa3BOPAIMBAEMCHL. )

Urak, 6ymem mogarMaThCsT BMECTe ¢ (hJIayKKaMU, TTOKA COIEPKUMOE 2 He TEPETOHUTCS B 3. 3aTeM, IIEPErOHsIs COIAEPIKIMOE
3 B comepKuUMOe 2 7 OIyCKasiCh, BEpHEMCH B nucxomnoe noJiozkenne — Ha ocb OX. Mbl obomnuin 006/1acTh BBEPXY ITOH OCH.
Ob6utacTb 1o Helt 0OXOMUTCST AHAJIOTMYHO, TIOCTIE Yero K COJEPKUMOMY 2 J100aBIIsieM €IMHUYKY U [MOBTOPSIEM BECh ITPOIIECC.

st 06x0/1a TPEXMEPHOTO ITPOCTPAHCTBA MOYKHO BOCITOJIB30BATHCSI PErUCTpaMu 2 u 3 it JBuzKeHus BIoJib ocu OY ) a
perucrpamu 5 u 7 — s JABU2KeHust BoJIb ocu OZ. Besikuii pa3, meperoHsisi IMHUYKY U3 5 B 7, MbI 00XOJIUM KYCOK CJIOSI C
ITOMOIIBIO PETUCTPOB 2 1 3 U cMernaeMcsi BJ1oyib ocu OZ HyKHBIM 00pa3oM.

VYupaxkaeuue. Hapucyiite cxemy mporpammbr fjst 0bxoma Poborom ¢ Tpems ditaxkkamu k-MepHOi pemrerku. ducsio
€ro COCTOAHUI MOXKET 3aBHUCETH OT K.



aiimemcs Tenepb 6oJiee HHTEPECHBIM 0OX0JI0M CBOGOIHOIO J€PEBa CTENEHU, CKAXKEM, 3 ¢ HOMOIIBIO TpeX (MJIaXKKOB. (CM.
puc.)

Bradasie mokaxkem, Kak 0OXOJIUT 3TO JIEPEBO KOMIILIOTED ¢ HEOIPAHUYEHHOI aMsaThio. [lycts O — HadabHAs BEPIIMHA.
IIporpamma 06x0/1a cocTouT B mepebope BCeX KOHEYHBIX IryTeil, Beixoiammux n3 O. IIpoxois KaxKIplii MyTh, KOMIIBIOTED
BO3Bpalaercsd Ha3a ] B ToYKy O U IepeXoIuT K IIPOXOXKIEHUI0 HOBOI'O IIyTH. KasKIblil IIyTh KOAMPYETCS MIOCJIEI0BATEIHHO-
crbio Tdp 0, 1,2 KoTOpast 3alUCHIBAETCA TPOUIHBIM pasJioxkerneM ojguoro yucyaa X . 0 coorsercrByer Komanae "HA3ZA 1
— "HAJIEBO 2 — "HAITPABO". Tlepexos K pacCMOTPEHUIO HOBOI'O IyTH COOTBETCTBYET JOOABJIEHUIO €IMHUYKU K IUCITY
X. Yrob6b! BepHYTCsT 0OPATHO HAM HAJO IIOMHUTH B MPOIIECCE JIBUKEHUS TaK)Ke 9nCJIO Y, KOIUPYIOIIee MyTh, 00paTHBIN K
MIPOIEHHOMY OTPE3KY IYyTH, U YUCJ0 7 — KOAUPYIOIee OCTABIIYIOCsS 9acTh myTu. [locme Kaxkmoro cmernenns uncia Y u Z
usmensitores Tak: 4 = [Z/3], Y =3Y + Z, tme Z € {0,1,2} — ocrarok or Z 1o moxymio 3. (Ilpu o6paTHOM JBUZKEHHH C
HoMOIILI0 nHbOPMAIWY, 3aKOAUpoBanHoil B uucie Y, 1 coorsercreyer nosopory "HATIPABO a 2 — "HAJIEBO".) Ilyukr
B) YIPasKHEHHUS . . . [IO3BOJIFET OCYIIECTBUTH 3TOT AJrOpUTM Ha Mariuae MuHckoro.

Ho kak peanuzoBars camy marmuuy MuHckoro Ha jepeBe ¢ moMombio Tpex duakkos?! [locraBum dutaxkku B psj, ecan
UITH 10 “IpaBmily MpaBoil pyKw’ — T.e. BCe BPEMsI MOBOPAYMBATHL HAIIPABO. DTO JAET BO3MOXKHOCTH PEATM30BATH MAIIlU-
Hy MuHCKOro, oJIHaKO Kak JBUIaTbCs, YTOObI He BIacTh B OecramarcTBo? Kak He morepsars ¢uiazkku U MHEOOPMAIUIO,
CBSI3aHHYIO C HUMU B IIporiecce JBukeHus! Vljgest TAKOrO CMeIeHusl T0Ka3aHa HA PUCYHKE:

VYupaxkaeuue. Hapucyiite cxemy mporpaMmbl 00X0/1a CBODOIHOIO JepeBa creneHu k.

3ameuanue. Pobor, cHabKeHHBII JATIMKOM CJIy9YalHBIX 9UCEJI C TIOMOIIBIO BCErO JIUIIL ABYX (DJIaYKKOB MOXKET 000iTH
pelieTky J1060ii pasmepHocTr. M 9T0 HeCMOTPst Ha TO, 9YTO O€3 TAKOIo AaTUrKa eMy He 000iTH fazke I1ockoil pemerku! W es
cocrout B oprannzdarnun Mamuuasl MuHcKoro B mitockoctu, Hapassieabnoit miockoctu X OY . Ilycrs onun 3 ¢iraxkkoB 310
BOBCe U He (PJIaXKOK, a IIPOXKEKTOP, KOTOPBIil ceeTuT B10Jib oceit OX u OY . B sTtom ciryuae Mammuaa MuHCKOro opranusyercst
KaK U Ipu JBHKeHnn PoboTa Ha YeTBEPTUHKE JINCTa — IOMAJaHue MO JIyd COOTBETCTBYET yaapy o Kpait. UTobbl 0boiiTuCh
6e3 POKEKTPA, JOCTATOYHO YMETh OMPEJIeIsaTh B3AaNMHOE PacojioXKeHue JAByX (hIaxkKKOB. J[JIs 3TOro J0CTaTovaHo mpoitTun
OT OJHOrO K JPYyroMYy MOHOTOHHBIM IIyTeM (T.e. HE COJEPXKAINUM JIBUKEHUIl B IIPOTUBOIIOJIOKHBIX HAIIPABJIEHUSX ). DTOrO
JobuBaeMcs Tak: MycTb PobOT O/IyKIaeT BIOJb IJIOCKOCTH, T/ PACIOIOXKEHbI (DJIaKKW. PaHo maIM MO3aHO OH OTOWIET
OT TIEPBOTO W TMPHUIET KO BTOpOMY (DJIarKKy, B CHJIy T€OpPeMbl O Bo3Bpalenunu. byiem HaOIIOMATH TaKWe MPOXOXKJICHUS He
Tporasi GJIaxkKu, oka PoboT He mpoiijieT OT OJHOrO K JPYyroMy MOHOTOHHBIM IryTeM. [10CKOJIBKY BO3BpallleHne K MCXOTHON
TOYKEe IPU CAIYyIaifHOM OJIy2KIaHUU 110 JIOCKOCTU ITPOUCXO/UT HEOTPAHUIEHHOE YHUCJIO Pa3, TAKOe sSBJICHUE HEen30eKHO, U4TO
U TI03BOJISIET CHUMUTHPOBATH ITPOKEKTOP.

JIabupuHT, KOTOpbIii He 0boNTH.

Nrak, Mamuna MuHnckoro paBHOCHIbHA KOMIBIOTEPY ¢ OeCKOHEUYHBIMU pecypcamu. Ham ymaBasioch OpraHm3oBaTh ee
B JIOBOJIBHO CJIOYKHBIX CHUTYaIlusiX, HalpuMep, Ha jepese. Co3/aercsi BredaT/eHue, YTO €CJIM eCTh MHOIO (DJIa’KKOB, & TeM
6oJtee B3anMoieiicTByOmuX PoGOTOB, TO MOXKHO 060t Bee, uTo yromuo. OmHako 3to He Tak. CrupaBeinBa

Teopema. Cywecmseyem beckoneunvili ceaznvili epad, marot, 4wmo a0boe KoHewHoe CeEMEUCmBo u3 PAaNtCKoS U 63aU-
modeticmeyrouur Pobomos ne cmootcem nokunyms xKoweurnotd obaacmu.

Yrobbl 1puBecTH OpuMep Takoro rpada, Ham HoTpebyerTcst BBeCTU HECKOJIbKO HOBBIX HOHATHUI (X CBOJIKA — CM. IPUJIO-
JKEHHe).

Ob6pagzyrtoriue rpymnbl G — 3TO 9JIEMEHTHI, Yepe3 IIPOU3Be/IeHNe KOTOPBIX U OOPATHBIX K HUM MOXKHO BBIPDA3UTh JIFOOOI
aneMeHT rpymnnbl. Hac 6y1yT HHTEpecoBaTh TOJIBKO KOHEUHO-NOPOHCIEHHDLE TPYIIIDI, T.€. TPYIIIbI, UMEIOIINe KOHEUHbIH HAabOP
obpaszyionux. Ilo rpyune G ¢ dukcupoBanHoMm HaGopoM obpazyomux MoxkHO nocrpouts ['(G) — rpad rpymnst G. (Opun
u3 Takux rpadoB u jact Ham UCKoMblil npumep.) Ilycrs, nanpumep, G umeer ape obpasyiomue — a u b. Bepunamu sToro
rpada 6y/1yT 31eMeHThI rpy bl G, /[Ba 9TeMEHTa, §1 U §o COEIMHEHBI PeOPOM <=5 BBITIOJHEHO OJIHO U3 PABEHCTB: ¢, = (2a™!
w gy = gobt12

IIpocreitmmit mpumep: @ U b ecTh HapaJleJbHBEIE TIEPEHOCH HA eAWHUIHBIC BEKTOPHI €, 1 €y.Torma G ects rpynma
[IEPEHOCOB Ha HesiovncaeHHbie BeKTopbl 1 I'(G) ecrb obbluHAas 1I€I09UCIeHHAs PeleTKa. BoT GoJiee CI0XKHBIH IpuMep.

IIpumep. Csobodnasn 2pynna ¢ 0syms 06pa3YOUUMY — STO MHOMKECTBO CJIOB, COCTOSIINX M3 CUMBOJIOB a,b,a” !, b1,
CiioBa yMHOYKAIOTCSI MPOCTBIM ITPUITUCHIBAHUEM, C IOCJEIYIONEM COKpalleHineM OyKB ¢ obparabiMu OykBamu. llycTb, K
npumepy, u = abab~tab,v = b~ta"1ba?b. Torma vu = b~ la~tba%babab—tab, a uwv = aba’b (a" = a...a). Kak sumure,
uv # vu. Ilycroe cioBo A, He comeprKalee CHMBOJIOB, COOTBETCTBYeT efuuuIe rpymmsl. A = aa~t = bb~ L. I'pad I'(G, a,b)
[MOKA3aH Ha PUCYHKE:

VYupaxknaenusi. Paccrosiiue Mexx 1y IByMsI BepIInHAME Tpada — 5T0O MUHUMAJTIHHOE YUCJIO 3BEHBEB IyTH, UX COEJIMHSIO-
miero. (Eciu Takoro myTu Her, TO paccTOsIHUE CUUTAIOT GECKOHEYHBIM. )

a) Jlokaxkure, 9TO BBIGOD APYIUX 00PA3YIONINX MOXKET U3MEeHUTh paccTosiaust B ['(G) TOIBKO B OTpaHUUEHHOE YHCIIO Pas.

6) Hokaxkure, uro I'(G) Bcerma CBsI3eH U OJHOPOJIEH, T.e. JIOOYIO €ro BEPIIMHY MOXKHO IIEPEBECTH B JIHOOYIO JPYIYIO
noaxoamuM apromopdusmom rpada (aBromopdusm — 310 nzomopdusM Ha cebst, yBaxkaromuii pebpa). Kak ycrpoen sror
aBTOMOpP(U3M?

B) Eciu B onpeznenennn rpada rpynubl coeuHATh peGPOM BEPIIMHBI, OTJINYAIONIMECS TOJIBKO JIEBBIM YMHOXKEHUM HA
of6pasyonyo (paHee Mbl COEJMHIIN BEPIIUHBI, OTIMIAIOINECs] TOJIBKO PABBIM yMHOXKEHHEM ), To nosryantcs rpad IV, cos-
nagatomuii ¢ ', Torma m Tosbko Torma, Korga G — KoMMyTaTubHa. Jlokaxkmre, 9To M B obmeMm ciaydae rpacder I u IV
U30MOPQHBL.

2Unorma Mer 6ynem mucars (G, {a;}), tae {a;} — nabop obpasyrommx.



Daement g € G rpyumbl G HA3BIBAETCS NEPUOIUHECKUM, €CJIA TIPU HEKOTOpoM 1 > 1 g™ = e - equnUIle rpynnsl G, nHaUe
g Ha3BIBaETCA Henepuoduueckum. I'pynna G HazbIBaeTCs nepuoduveckotl, eClIU BCe ee 3JIEMEeHThI epuoandeckue. Muade, T.e.
ecin B G MMeeTcsT HeepUONIecKuil ajieMenT &, T0 (G Ha3bIBaeTCs HEnepuoduteckol.

Bapgaua. [Iycts G — Henepuoindeckas rpymia. Pacmosokus Tpu iiakka 110 HAIPABJICHUIO CTETIEeHe HeIIEPUOANIECKOTO
9JIeMEHTa X U JICHCTBYS KaK B 3aJ@a4e . . . Hapucyiire cxemy o6xo1a ee rpada ¢ MOMOIIbI0 TpeX (hJIarKKOB.

A BOT MOXKHO Jin 000#TH Tpad nepuoauyeckoi rpynnbi? KEcin oHa KoHeuHa — TO 6e3 comHenusi. OHAKO UMEET MEeCTO
CJIe Ay IO

®akr. (Teopema BepHcaiina) Cywecmsyem beckoneuwnas Konewno-noposcoennas (daoce 2-nopootcdennas) nepuodu-
yeckasn epynna G.

Tak Bort, rpad rpyumsr G — 310 T0, 9T0 HaM HaJo. CpaBejnBa

Teopema. I'(G), sne sasucumocmu om swvibopa Habopa o6pasyrouur G He 06To0Umes HUKGKUM KOHEYHM CEMETCTMEOM
Pobomos u Paasickos. Boaee mozo, ecezda mooicno ykazamo xkoneunyro obaacmo 6 T'(G), xomopylo sadannoe konewnoe
cemeticmeo pobomos U PaaNtcKos HuKko20a He NOKUHEM.

HokazaTenbcTBo. [locMorpuMm cHagasma, Kak gasuxkercsa Pobor mo I' ogmm, 6e3 daxkos. Ilockonbky mamr rpad B
KayKJION CBOeil BepINNHE YCTPOEH OJIMHAKOBO, TO POOOT 3aIUK/IATCS, & 3HAYNAT, €r0 JBUXKEHUs] HAYHYT [T€PUOIUIECKH MO~
Bropsitcs. [locmorpuM, KakoBO cMerienne 3a repuoi. U3 Bepmunsl g € G PoboT ujaer B Beprinny gazil, B 3aBUCUMOCTHU OT
CBOEr0 BHYTPEHHErO COCTOsIHUs. Korma mpoiijieT mepuoj| u JBa ero COCTOSTHUS OBTOPATCs, Po6OT mpuier B BepIiuny ¢ - h,
rje

h=as - a

g; = %1, a; u g; oupemesAIOTCS BHYTPEHHM cocTosinueM Pobora B coorBercTByommit MoMeHT. Korjga mMunyoT nsa
nepuosa, Pobor mepeiiner B Bepmmuy ¢ - h2, a korma n — g - k™. Ho pas G mepuoaudna, TO IpH HEKOTOPOM 1 h" = e m,
craJio 6e1Th, Pobor xoaut 110 kpyry! On He MOXKeT JajeKko YHTH OT TOro MecTa, KyJa ero nomMecTwiu usnadaabao! (A eciu
y Po6ora ectb npeepuos, To ero Tpaekropus cyTh "muki ¢ xocrom".) Urak, umeerca dynkius F, Takas, 970 aBTOMAT,
UMEIOIHIi TOJBKO 7 BHYTPEHHHUX COCTOsHMIA, He NOKHHET obsiacTu auamerpoM F'(n), BHE 3aBHCHMOCTH OT €r0 HAYAJBLHOIO
TOJIOYKEHUS.

Teneps mocmorpuM, moMoryT Jin Pobory dJiakKKu BBIATH M3 aKOJIOBAHHOrO Kpyra. [locMoTpum criepBa, KakK MeHsieT
jeno omun daaxkok. A mukak! Benb PoboT He MoxkeT jasieko yiTH oT byraXkkKa u, CTajo ObITh, cucrema Pobor-Diazkok
MOXKET MPUHUMATH TOJBKO KOHEYHOE YUCJIO COCTOSTHUN U ee MOYKHO PACCMATPHUBATH KAK BUPTYAJLHBI KOHEUHBIH aBTOMAT!
MozkHo (X0Tsl ¥ He 00s3aTeJHHO) OIEHUTb YUCJIO ero BHyTpeHHuX cocroguuii. Ilycrs k — yucio obpasyomux rpymmnst G.
Torna sepmmn B rpade I', HAXOAAIMXCA Ha PACCTOAHME He Bbime | oT 3ajammoil me Gosee wem (2k)!. ITostomy wmcio
COCTOSTHUIT BUPTYAIBHOTO aBToMaTa He Gosee, dem n - (2k)F (™) u cucrema poboT-hazok He HOKUHET 0GIACTH JHAMETPOM
F(n - (2k)FM),

Pacemorpum ciyuait nByx diaxkkoB. Ecau paccrosinue MexKIy HUMHU OCPDAHUYEHO, TO MPOXOJUT WJEsi BUPTYAJIbLHOTO
aBTOMaTa ¢ TeMu ke paccyxiaeHusmu. uade Pobor momken maneko pasnectu (pJiakKKu u, CTAJO0 OBITH, JAJIEKO HITH
TOJIBKO € OHUM (DJIAZKKOM, 9TO, KAK MBI y2Ke JI0Ka3aJjm, pa3bupas ciaydail ofHoro (Jiakka, HEBO3MOXKHO.

YipakHeHue. Y TOYHUTE [IPUBEeHHbIe paccykaenus. Jlokaxkure, yro cucrema "PoboT ¢ nByms dJrakkamu'He IOKuU-
HeT 00JIaCTh JuaMeTpa

F (n . F(n- (21<;)F(”))3)

Teneps obmuit ciryuait, korga diaxkoB MHOro, ckaxkeM 2004. Crenas IpenoioKeHne WHIyKITUH, Mbl MOXKEM CUATATh,
gro cucrema "Pobor menee yem ¢ 2004 diaxkkamu'"He MOKMHET orpaHudenHoil obsactu pasmepa H(n) (n — uucino BHyT-
pennux cocroguuii Pobora). A nasbine paccykJaTh aHAJIOTUYHO: JIUO0 PACCTOSHUSA MKy (JIarKKaMyu HEOIDAHUIEHHO —
Torga cucrema Pobor menee uem ¢ 2004 duraykkaMu coBepIaeT HeOTPDAHUYEHHOE IIyTeIlecTBHE, YTO HEBO3MOXKHO. JInbo,
€CJIM TAKOe PACCTOSIHUE OI'PAHUYEHHO TO IIPUMEHMM HJIEI0 BUPTYAJbHOTO aBTOMATA.

Hepmapom repon cka30K B 3aKOJIIOBAHHOM JIECY XOSIT 110 KPYTY, MeUTas HANTU MPSIMON My Th!

VYupaxkuenue. a) [loyunre ONeHKH, aHAJOIUIHbBIE IIPEABIIYIIEMY YIPAXKHEHUIO.

6) IIposenure Te ke paccykieHus Jjisi 00MIell CUCTeMbl U3 HECKOJIbKUX Po6oTOB U (hi1azkKoB.

MbI pacckazkeM Terepb, Kak JOAYMATHCS J0 TOrO, 9TOOLI B3sATh Ipad GECKOHETHON MEPUOUIECKON IPYIILI B KAYeCTBe
HEIPOXOAUMOro jgadbupuurta? fIcHO, 9T0 KOHCTPYKIWIO rpada I'PYIILI, MOHATHE HEePUOIANIECKON IPYIILI B (DOPMYJIUPOBKY
Teopembl BepHcaiia Ha 10 ObLI0 3HATH 3apaHee. J1JIsi HEIIPOXOIUMOCTH JIAOUPUHTA HYKHO, IYTOOBI Ha (hJIarKKaxX HeJIb3s ObLIO
6b1 opranuzoBarh Mammuay Munckoro, a Pobor ee opranusyer, Kak MbI 9TO BHJIEJIA HA IPUMeEPE 3aJa4H . . . , CTaBsd (DJIAKKI
BIOJIb cBoeil TpaekTopun. [losTomy y Pobora He m0/KHO OBITH JJIMHHBIX IIyTEH, 9TO MOXKHO ODECIIEUUTh 3AIUKJINBAHUEM.
13 screTutecknx coobparkeHuit XodeTcst, ITOOBI rpad ObLT ObI OJMHAKOBO YCTPOEHBIM BO BCEX BEPIITHMHAX, T.€. OJHOPO/IHBIM,
a B KadecTBe OJHOPOIHOIO rpada ecTecTBEeHHO OpaTh rpad rpymmbl. YTOOBI MyTH 3alUKIUINCH, TPYIIA JTOJ2KHA OBITH
[IEPUOINYIECKOl, a 91066l PO6OT ee He 0boIes - HECKOHEYHOIA.

Ecnu paccyxaenne comepkaTesbHO, IIyCTh OIMMOO0YHO, TO €10 OOBITHO MOYXKHO MCIIPABUATH U MOJIYYATH PE3YJIBTaTHI, IIPABIIA
HE T€, KOTOPhIE OXKUJAJINCH [T€PBOHAYAJIBHO.

Bol, BeposiTHO, 3aMeTHSIM OJIHY CTPAHHOCTH B KojaupoBke Marmmuasl MuHCKOTO: KOrja HaM TpebOBAIOCH 3alOMHUTD
HECKOJIBKO 9HCENI A1, . . ., G, Mbl PACCMATPHUBAJIK 9uCI0 2913 .. pi* (rme 2,3, ..., py — HOCIE0/BATEbHbIE IIPOCTHIE YHC-
na). Onepaiyst BO3BeIeHUs B KBAIPAT TOXKe NPOU3BOJNIACH KAK-TO CTPAHHO: MBI paccMaTpuBasm nepexon 2" — 2™, Beraer
BOIIPOC: & HeJIb3sl JIM BCE TO JIeJIATh €CTeCTBeHHee, HAIIPUMED HAIUCATH [IPOrpaMMYy JJisi HEIIOCPEeJICTBEHHOIO IIepexoa OT
n x n??



Oka3pIBaeTCs, TaKUe Iepexo/ibl HEBO3MOXKHBI. UTOOBI 3TO JI0KAa3aTh, HAM ITOHA00UTCS TO CAMOE PACCyKICHUE C IIEPUO-
JUYecKuM ToBeieHreM PoboTa Ha YeTBEPTUHKE IIJIOCKOCTH, KOTOPOE B TOT Pa3 OKa3ajoCh OMMOOYHBIM, TEEPh YK€ Mbl €r0
TO/IITPABUM.

Ipurnsganves k Hemy moBHUMaTe bHEe. IlycTh Ba BHyTpeHHUX cocTosinnst PoboTa coBIaan Ha HUXKHEM Kpae, U, KpoMe
TOrO, COOTBETCTBYIOIINE KOOPJIUHATHI X1 U Ly OKA3JIMCh CPABHUMBIMU 10 MOJYI0 N (KOTOpOe JeJUTCsi HA BCE, UTO HyXK-
HO). B 9TOM Ciiyyae mpuxon K ApYyroil CTeHKe M B3aUMOJECHCTBHE C Hell OyIyT onuHaKoBbIMHU. IpaBia, COOTBETCTBYIOIIUE
KOODJIMHATEI 1 U Yo OKaXKyTCsl, BOOOIE rOBOPs, MO MO0 N HeCcpaBHUMBIMU U naJjibHellnee mosejgenue Pobora MoxkeT
msMennThea. OHAKO, €CII T1 U T GYIyT CPABHUMBI 110 MOIYIO N2, TO Y1 1 yp GyIyT CPaBHUMBI O MOIY/I0 N.

ITokazkeM sr0. VI3 stleMMBl ... caemyet, uro y = a/b-x + ¢, rje 4ucia a, b, ¢ He IPEBOCXOIAT O MOJLYIIIO YHUCJIa BHY TPEHHUX
cocrosianit Po6ora. ITosromy 41 — y2 = a/b- (21 — z2). Ilo BEIGOPY N [ncio b memur N.

B srom ciyuae moBTrOpHTCS M cilefyioniee B3anmMOJEHCTBIE CO CTeHKOH. TOYHO Tak »Ke, ecjii £1 U To CPABHUMBI 110
Momymmio N3, 1o y; = yo(modN?) u xy = 2 (modN) u yxe B3anMoieiicTBIe CO CTEHKOH B TOYKAX Y| 1 Y GYIeT OTMHAKOBBIM.

Anasormansm obpaszom, ecn 1 = T2 (modN?F), To Ltgz) = zg)(modN 2(n—i) y pzauMomeiiCTBHE CO CTEHKAMH, A, 3HAUMUT, I
n n
nosegerne PoGora B TOuKax x1, 2, . .. ,xg )i To, Th,. .. ,xé ) COOTBETCTBEHHO, OY/IET OMHAKOBBIM.

3amadva. Haiijiure omubKy B 9TUX PacCyKJIEHUSIX.

Omubka B TOM, 9TO MBI He yasin 3pdekT yria. Bzanmoneiicreue PoboTta co cTeHKOI MOXKET 3aBUCETH U OT TOI'O, BCTPETUT
JIL OH II0 XOAy Jesia erie u Apyryio creuky. Ouxmako eciam PoGor Bce Bpems jasiek or yria (r.e. Bce xgj ) yz(j ) Gosbime
YZIBOEHHOTO YHUCJIA er0 BHYTPEHHUX COCTOsHMUIT), TO Takoro 3ddeKTa He BO3HUKAET.

Taxum o6pasom, mosesenne PoboTa st HAYAIBHBIX TOYeK & U & + aN2F 1npn mobbIX & 1 a 10 ocymecTBienus 2k-ro
yliapa O CTEHKY OyeT OIMHAKOBBIM, 33 UCKJIIOYEHUEM TOJIBKO UTO CJIEJIAHHONW ONOBOPKU.

Temephb MBI MOXKeM JOKa3aTh, ITO IPOTPAMMBI IIEPEXoa OT 1 K n?, YHIBEepCAJbHON 1o N 11 Po6oTa ¢ OrpaHIIeHHBIM
9UCJIOM COCTOSTHUI HE CYIIECTBYET.

B camom mesne: mpemamosiokuM, UITO Takas mporpamMma cyimectsyer. IlycTh | — umcio BHyTpeHHux coctosinuit PoboTa.
IIpexkyie Bcero 3amerum, 9ro mpubnkeHne Pobora K yriry Oyer IPOUCXOIUTh TOJBKO JIJI KOHEYHOI'O YMC/Ia HadaJbHBIX
[TO3UIIMIA 7, TAK 9TO BECh IIyTh P0O0TA, HAYMHAIOMIMIACS C JOCTATOYHOIO DOJIBIIOrO 71 OYIeT JIeXKaTh JIOCTATOYHO JAJIEKO OT
yIJia U COOTBETCTBYIOMUX 3pdeKToB He OymeT. B mpoTtuBHOM ciiydae m3-3a KOHETHOCTH UHCJIA, TOJIEH, OJU3KUX K BepIIUHE
yIyia, HA KakKoe-TO m3 Hux PoOOoT mpuiizer B OJHOM W TOM K€ COCTOSIHHU, HO U3 PA3HBIX HAYAJBHBIX ITOJIOXKEHWHA 11 U
ny. B aTOM ciyvae ero majbHeiiniee MOBEJIEHNE, a, 3HAYUT, W (PUHAILHOE TMOJIOXKeHne OymeT oamHakoBbIM. Ho n% # n%!
IIpoTuBopeune.

HWTaK, mycTb N — JOCTATOUHO GOJIBIIOE UHCJIO U IIyCTh B IPOIlecce Hepexoia OT n K N2 IpousolLto k yaapoB O CTEHKH.
BosbMeMm n; = n,n = n; + a - N*. B pesysbrare u3 HOBOil mo3unuu ny. Pobor mpousseser Te e k yIapoB O CTEHKY 1
TOYHO TaK YK€ OCTAHOBUTCs. U BCe PEKUMBI €ro IBUXKEHUST MEXK Ly yJIapaMu OY/IyT B TOYHOCTH TAKUMU Ke!

B nepsom caydae PoGor coseprmmi mepexox n — n2. I3 touku n + aN* Pobor nomken mepeiitu B Touky n? + 2naN* +
a’N?* ipu mobom a 3a Te xe k ynapos!

ITouenmy aT0 HeBO3MOXKHO? IloTOMY, UTO paccrosiHme BEIPOCIO B n 4+ aNF pas, a 3a oqun yaap OHO MOKET H3MEHHTHCS
e Gosee ueM B [ pa3 (mouemy?) u mpu a > I¥ Taxoe nesosmorkno. Kax BumuTe, paccy»IeHne MOKeT UMeTD IEeHHOCTH CaMo
o cebe, XOTS B OJIHUX CIIyUasX OHO MOXKET OKa3aThCsl OIMMUOOYHBIM, B JIPYTUX — HET.

Sagaun.

1. JlokaskuTe, 9TO HE CYIIECTBYET MPOrPAMMBI I1epexojia n — 1!, yHUBEpCAJIBHOI 110 n.

2. Jlokazkure, 94TO HE CyIIECTBYET IPOrPAMMBI, [TO3BOJIsIFONIEll POOOTY, cTApTYIOIMEMY ¢ HAYAJIBHOIO HOJIOXKEHUS 11, TIPHU-
XOJUTh Ha MCXOIHYIO MO3UIIUIO, €CJIU 71 — CTElleHb JIBOWKW, & B IIPOTUBHOM CJIy4ae — IPUXOJUTH B BEPIIUHY YIJIA.

3. Ilycte N — To camoe 1ucjo, Jensiiee BceBO3MOXKHbIe mepruonbl Pobora. Ilycts Pobor ocymectsun nepexom X — Y,
crenaB k yoapoB O Kpasi, ¥ HU pa3y He TPUOJIN3UIICH K BEPIIIHE yIJia B TOM CMBICJIe, KOTOPBII 00Ccy K aasics Beiie. Jlokaxure,
YTO M3 HavaIbHOrO nosoxkenns: X + - N* on ocymecrsut nepexos B mosozkenue Y +1-A- N*. rae A — parmonasbHoe €nciio,
He 3aBucsIee oT [.

Jlpyroit OJu3Kuil CIOXKeT CBsi3aH C pacnodnasaruem. 1lycrs PoboT myrerecTByeT 1mo npssMoyroyibHUKy n X k. Ero mensb —
[IPOBEPUTH, YIOBJIETBOPLAIOT UK HET N U k maHHOMY cooTHOIennio. Hanpumep, uas mox yriom B 45° Pobor Jjierko mpoBepur
CIIPaBEJINBOCTh PaBeHCTBA k = m. BBBIXO/S Ke W3 JIeBOr0 BEPXHEro YIJia U UJs 2 pa3a BIPaBO W 1 pa3 BHU3 OH IIPOBEPUT
CIIPABEIMBOCTD WJIM HECIIPABEAPUBOCTDL PaBEHCTBa k = n/2.

C moMotpio JIEMMBL. . . peraercst ciemayoriee

Yupaxkuenue. a) [lycrs «, 8 € Q. Jokaxure, uro cymectsyer Po6or, pacnosHatomuii paseHcTBo k = a - n + 3. Yucso
€ro COCTOSIHUIA 3aBUCHUT OT (v ¥ (3, HO He 3aBUCHT OT N U k.

6) AHaIOrTIHBIM 06PA30M, JIOKAXKUTE, YTO JJisl 3JAHHON CUCTeMbl R JINHEHHBIX YPABHEHUN 1 HEPABEHCTB C PAIIMOHAJ b
HbIMA KO3 DUIMEHTAMA OT [IBYX IEPEMEHHBIX, PACIO3HAETCs €€ BBITOJIHIUMOCTD HA k U M.

B) Ecitu k < n, To cupaseymusocTh pasenctsa k = 2! Toxe pacrosmaercs.

Urak, "nuHeitabie Bermum" paciiosHaioTcs. A BOT paclo3HAOTCS JIM ApyTrue, DoJiee CI0XKHbIE PABEHCTBA, HAIIPUMED, PaBeH-
crBo k = n?? JImHa IpOrpaMMbI He JIOJIZKHA, 3aBHCETh OT 1 U k.

OxasbiBaeTCs, JJazkKe TaKoe IIPOCTOe PABEHCTBO HE PACIIO3HAETCS M UJesl J0KA3aTeIbCTBA OJIN3Ka K UJee T0KA3aTeIbCTBA
HEBO3MOXKHOCTH TIepexona n — n?. JajuM HabpoCcoK MOKa3aTeIbCTBA.

[TocmorpuM, Kak aBuzkeTcs Pobot, mmeromunit [ BHyTPEHHUX COCTOSTHUM BJIOJIb TOJIOCHI MMUPUHOH n. Kro cocrosmus mepu-
OJIMYIECKU TIOBTOPSIIOTCSI, IPUYIEM [IEPHUOJL, HE IIPEBOCXOJIUT N -1, €CIIN 2Ke [TOCJIeI0BATEIHHO BBIIIICATE €10 COCTOSTHIS TOJIBKO HA,
JIAHHOM PACCTOSIHUU OT Kpasi, TO MIEPUOJ CMEHBI TAKUX COCTOsIHUI He OoJibiie [. 3a KaxXKj10e COylapeHre OH CIBUTAeTCs BJIOJIb



oJI0CHI Ha ;1 + (3, &, CTajio OBITh, Pa3 KOIJa €ro COCTOsIHUSI Ha JTAHHOM PACCTOSHUM OT Kpasi MOBTOPSITCS, TPOU30MIeT He
6ostee 2] ynapoB o kpas u PoboT ciBuHETCS HA YHCTIO yKA3aHHOTO BUAA. IIpyn 9TOM BewdwHb v; u ; PAIMOHAIBHBI U JIJTsT
HUX €CTh TOJBKO KOHETHOE YHCJIO BO3MOXKHBIX 3HAYEHUI B 3aBUCUMOCTH OT [. PaccMoTpuM BCEBO3ZMOYKHBIE BEJIMIUHBI C/IBU-
roB Pobora mMenee 1eM ¢ | COCTOSHUSIMU B IOJIOCE NMMTUPHHBI I COOTBETCTBYIONINE OJIMAKANUIIIM ITOBTOPEHUSIM €TI0 COCTOSTHUIA.
Ilycts k1 = ko 1o Bcem Takum mojaysam. Ecinu [-n < ky < ke, To adpdekTa mnpeanepno/ia He BOSHUKACT U MPSIMOYTOJTbHUKI
n X ki 1 n x ky He paznnuatorcss PobotoM. SIcHO, uro mpu Gonbmmx n n - | < n? U Beerna Haiinercs dmcio k, Gosblee
n? cpaBHEMOE ¢ n? IO JamHOMY HabOPY MOIyJel, TOraa IPIMOYTOMBHUKE N X k I n X k2 HepazmmamMmbl. TOTHO Tax »Ke
JTOKA3BIBAETCS HEPACIO3HABAEMOCTh PaBeHcTB k = n° u k = n!

VYupaxkuenue. a) Odopmure HAOPOCOK B J0KA3aTEJILCTBO. [0BOpst TOUHEe, IpH k > 2ln CyIecTByer Takoe t, 3aBUCHIIee
or n u l, aro mpu m € N npsMoyronsHuKE BUIa n X k u n X (k+mt) #e pasmuaarorcst Pobotom, B Kya Obl €ro He TIOMEeCTHIIIN
M3HAYAJBHO.

6) Paccmorpum gsuzkenue Pobora B napasutenunene n X m X k. Iycrs k > 2lmn. Torpa 1pu HeKOTOPOM ¢ 3aBUCSIIUM
or l,m,n mug moboro i, ecim k' = k + i - t, To mapamzenuneasr 1 X m X k mwn X m X k' HepazmmauMer.

B). Uccuenyiive qpyrue ciydan BO3MOXKHOCTU U HEBO3MOXKHOCTH DACIIO3HATD.



AropuT™Mbl U J1aOUPUHTHL. Perenust.

A ¢.Benor-Kanenb, M. A .Taxxyp, 1. A.NUpanos-TToromaes, A.C.Maucros

A11. Tlpusenem perenne Jjist cirydasi, KOrja poboTsl BuasT GJIakKKu Apyr apyra. IlycTs KaxK el poboT pacTaKuBaeT
cBOU (DJIAXKKM 110 CTAHJAPTHOMY AJITOPUTMY OOXOJa JIEHTHI, HO MEPBBIN — [0 BEPTUKAJIN, & BTOPOil 110 ropusonTaaun. Kpome
TOrO, €CJIU POOOT YBUE Iy2KOH (DJIA2KOK, TO OH OCTAHABIMBAETCS U KJ€T. IlycTh BepTHKAIL U TOPU30HTAJb IEPECEKAIOTCS B
touke O. Ecyin poboThl B HAYaE HAXOIATCS HA OJMHAKOBOM paccTostanu 0T O, OHU MPUJIYT B HEE OJITHOBPEMEHHO M BCTPETSITCS.
IIycTb, Temeps, s onpeeeHHOCTH, poboT A B Hauajie HaxXomuTcs Ha OoJibiieM paccrosinun or O dem pobor B. B stom
caydae, B MOMEHT mpuxoza podbora A B O, oH GyJeT HAXOJAUTCS MEXKJy JABYMs 4yKUME (DJIaykKKaMu Ha JIEHTe, [0 KOTOPOi
xomur B. B coorBercTBum ¢ asropurMoMm o6xoga, A mocraBur B KiaerkKy O bJIaskok, a yIUTHIBasi, YTO POOOTHI HAYAJN
OJTHOBPEMEHHO U CJIEYIOT OJHOMY M TOMY YK€ aJIFOPUTMY 00X07[a, 3a TO BpeMsi moKa A m00eKuT JI0 APYyroro cBoero (Jiakka
U BepHEeTCs Ha3aJ, poboT B mpo/iesiaer yTh OT OJHOrO CBOero (hJiaykka /10 APYroro u, CJIeI0BATEIbHO, IPOMRIET Yepe3 KIETKY
O. Takum 06pa3oM, OH YBUIUT Yy2KOil (pjiar ¥ OCTAaHOBUTCS. Uepe3 KakKoe-TO BpeMsi K HeMY OO0 1eT BTOPOil poboT.

Sajiauy Tak:Ke MOXKHO PElInuTh Jjis CIydasi, KOrjaa poOOThl He BT uykue (yiaru. Ke peleHne ocTaBisieM YUTATEJTIO.

A12. B tpexmepHOM mpocTpaHcTBe POGOTHI y2Ke MOTYT He TepecedbCs.
Hoxkaxkem sTo. Ham morpebyercs ciiemyioriee yTBepKIeHne, onuchiBaoiiee cucreMmy ‘Pobor— 2 drarkka’

Jemma. Hana cucmema “Pobom— 2 daasrcka” 6 n-meprom npocmparcmee. Tozda umerom mecmo credyrouue 603M0HC-
HOCTA:

1. Paccmosanue meocdy daasckamu ne cmpemumcs x beckonewnocmu. Pacemoanue meorcdy Pobomom u daasickamu we
cmpemumocs x Geckonenunoemu. Cucmema PoGom-®@aascku deuscemes makoce, kax Pobom 6es daascros (603-
MOIHCHO, € OONDUWUM HUCAOM COCNOAHUL, “wem UcTodnovili Pobom — npamosunetino u pagnomepro, 600ab npamot L,
NAPAANENDLHOT HEKOTOPOMY PAUUOHANHOMY sexkmopy. IIpu smom paccmosnue om Poboma do L oepanuueno.

2. Paccmosnue meocdy daasickamu ne cmpemumcs x beckonewrnocmu. Pacemosrue meotcdy Pobomom u daasickamu cmpe-
MumMbvea K beckonenurnocmu. Pobom deusicemces NpAMOAUHETHO U PABHOMEPHO, YIAAAACH OM PAAIHCKOE 800D NPAMOT
L, napaarseavnoli payuonasvromy eexmopy (Koopounamos K0mMopo2o He NPeGoCTO0AM “UCAL GHYMPEHHUL COCTOAHUL
Po6oma). ITpu amom paccmosanue om Poboma do L ozpanuueno.

3. Paccmostue meancdy daascramu cmpemumes k beckoneunocmu. Pobom moavko KoHeunoe wucio pas scmpevwaem 00uH
paaocox Fy. Pobom deusrcemces mpamOsUHETHO U PaBHOMEPHO, Ydassacy om Fy edoav npamot L, napasresvroti Hexo-
MopMY PAyUOHAAOHOMY eexmopy IIpu smom paccmosnue om Poboma u obeux daastckos do L oeparuvenro.

4. Paccmosanue meocdy daascramu cmpemumes x beckonewrnocmu. Pobom beckoreuwnoe wucao pas ecmpevaem oba daaic-
xa Fy. B amom cayvae cyuecmeyem maxas xoncmanma D eexmop €, Koopdunamol K0mopozo He NPEGOCTO0AM “YUCAA
snympennux cocmosnuli Poboma, npamas L(T), napasesvran €, makas, 4mo:

e Pobom u daasicku naxodames om npamot L(t) na paccmosnuu, ne npesocrodswem D.

e Pobom dsuosicemcs NPAMOAUHETHO U DABHOMEPHO MEHCIY 08YMs PAANHCKAMYU 600Ab €, OMPANHCAACH OM 00H020
Parasicra U 80368pAUGACH K OPY20MY).

o Tunos makxux deustcenull mescdy codaPeHUAMU KOHEYHOE YUCAO, U IMU MUNDL NEPUOOUUECKY NOGTNOPAIOMCA.

o Cywecmeyem napa sexmopos X = (A1,..., ) u 6 = (01,...,0,) u Koncmanma E maxue, wmo npamasn L(t),
Pobom naxodumes na paccmosanuu, e npesocrodauem E om ompeska [A/t, v/t wastcox Fy naxodumes ma

b b b
pacemosmuu, e npesocrodswem E om MW, daascor Fy naxodumea na paccmoanuu, ne npesoccodauem E om

SV,

Ilepeitnem k perteruio 3azauu A12. [Toctponm dazoByro auarpaMmMy TpOCTPAHCTBO-BPEMsi, BBEJIEM OCh 1’ U PaccMOT-
pum mMuposble Junnu Poborta u diraxkkos. [lepedopmyupyem Harmy JiemMmy.

Lana cucmema “Pobom— 2 daasicka” 6 n-meprom npocmparcmee-epemenu. Tozda cywecmeyem xoucmarnma G maxas,
YIMO UMEIOM MECTNO CACOYIOULUE GOZMOHCHOCTIU

1. B cumyauyuu 1) muposvie aunuu Poboma u daasickos narodsmea na paccmoaruy < G om nexomopoti npamot
NPoOCMPaHCmMBEa-8PEMEHU.



2. B cumyauyuazr 2)-8) muposvie aunuu Poboma u daasickos narodames na paccmosnuu < G om mexomopot napo
NPAMDBIE NPOCTPAHCINGEA-BDEMEHU, NPU IMOM 00HA U3 HUT 3A0AEMCA YCAOBUEM “NPOCMPAHCMEEHHASL KOOPOUHAA —
xoncmawma’”.

3. B cumyayuu 4) Pobom u daasicku naxodsmes na paccmosnuu < G om noseprrocmu, cocmoawel us movex 6uda

(X, T)|X € WSV,

Pemenne 3alavdu A12 BoITekaeT u3 TaKOro Ha6.HIO,HeHI/IHZ JIIOOBIE JIBa MHOXKe€CTBa, OIIMCaHHBbIC B Hpe;gbmymeﬁ JieMMe,
MOZKHO TaK CABUHYTBH BIOJIb BEKTOPA, NEPIEHIUKYJTIAPHOTO OCU BPEMEHU, 9TOOLI OHU HE IIEPECEKJIUCH.

A13. Her, 10 me BepHo. B KagecTBe KOHTpIpuMepa JABYX JaOMPUHTOB MOXKHO B3Th JBE€ TOJIYJAEHTHI. [l HUX cye-
CTBYIOT OY€BHIHBIE TPOI'PAMMBI 00X0/Ia: JJIsT JIEHTHI HECKOHETHON HAIIPABO aJITOPUTM 00X0/Ia CJIETYIOIINI: « IBUTAThCs HAJIEBO
ITOKa, He Hafi/elllb CTEeHKY BIIEPE/IU, [IOCJIE STOTO JBUrATHCsS HAIIPABO». AHAJIOTMYHBINA AJITOPUTM €CTh J1jIs OECKOHEYHOI HaJIEBO
TOJTYJIEHTHI.

JormycTuM, CyIiecTByeT yHUBEPCAIbHBIN AJITOPUTM JIJIsi OOOUX IOJIYJIEHT. 3aIllyCTHUM €ro Ha OECKOHEYHOIl B 00€ CTOPOHBI
seTe. B Kakoif-To MOMEHT cocTosiHus MOBTOPATCA. [locie aToro pobor Oymer yaaaarses audo BIPABO 1O JIEHTE, JTHOO BJIEBO.
3HaunT, BHIOPATH TAKYyIO MOJIYJIEHTY, OECKOHETHYIO TOJHKO B OJIHY CTOPOHY, 9TO OHA HAKPOET BCE KJETKH, TJe KOIJa JOo
OBLT POOOT, TLITIOC eIlle HECKOJILKO KJIETOK TJie OH HUKOTIa He OyaeT. [Ipu ob6xosie 3Toit moIy/IeHThI pOOOT HE CMOXKET OTJINIUTD
ee OT IIOJIHOM JIEHTBI U TOTOMY OOOMTHU BCIO HE CMOKET.

A14. Pemenue 310ii 3a7a4u pasbupaercsa B upuiaraemoii crarbe Janunia [ycesa (daiin gusev.pdf).
A15. Pemenne 3T0it 381891 KIOPK TTOKA HE M3BECTHO.

Hukaer B u C.

Pemenusivu 3a1a49 B ukiiax B u C gBJISIFOTCS aJITOPUTMBI-CXEMbI, KOTOPbIE MOXKHO 3aILyCKaTh B CIEINATbHOM ITPUJI0KEHUN
VillagerLife (oro mpuiiaraercs).

B mpuaraempix Mareprajiax HaXO[sITCs IAIKH, [0 OHON HA KaXKIYIO 33/ady. B HIX HAXOIATCH HECKOJIHKO TECTOBBIX
kapr (HasBanus testl.vlm, test2.vlm u T.71.), a TakKe AJrOPUTMBI, PENIAIOIINE JAHHYIO 3aa4y. Mbl IpUBOAUM AJINOPUTMBI,
KOTOpPBIE HAIIMCAJIN YIaCTHUKN KOH(MEPEHIINN, NX UMEeHa yKa3aHbl B Ha3BaHuM daitra. Eciin nMeH He yKa3aHO, aJIrOPUTM OBLI
COCTABJIEH YKIOPH.

WuTepecHble ajaropuTMbl Jjisi IPUBEJEHHBIX 3aja4 cocrausm Imurpuil Benmukos u Koncrantun Xazgaes (coBMecTHO),
Hanwrta Baiirymes, u Bpaitan Yen, KoTOpbIil SBASETCA €IUHCTBEHHBIM YYACTHUKOM, PEITUBIUM CJIOKHYI0 3amaay C10.

Bagauan Ch-C7 darTuaecku sBISIOTCS CryKeOHbIMI K C8, MM03TOMY TECThI U IPOrPAMMGBI JIJIsi HUX HE [MPUBEIEHDI.

s 3amaan C8 ecthb JBa BapmanTa TecToB: npotus jByx Al mporpamm. Takyke mpHUBEIEeH aJrOpUTM, COCTABIEHHBIHN
Hmvurpuem BenmukosbiM 1 KorctantunoM XajaeBbIM.



Algorithms and labyrinths

A. Belov-Kanel, I. Gazhur, I. Ivanov-Pogodaev, A. Malistov

Section A. This is an introductory section. These supporting problems will be removed after intermediate finish.

In the first problems of this section we will examine a standard finite automatic machine: a robot moving on a square
grid. The robot can do some actions defined by his program. These actions are:

1. Move forward (to the next cell);

2. Rotate in the current cell;

3. Drop a flag into the current cell (if the robot has a flag);

4. Look for a flag in the current cell;

5. Pick up a flag from the current cell.

Every problem defines how many flags the robot has. The program consists of numerated list with instructions for the
robot. Some of these instructions are jumps to another instructions (like GOTO operator in computer languages). We will
discuss the opportunities of walking through some sets of cells. By walking through or investigating the set of cells we mean
that the robot using his program can walk through every cell in this set.

First of all we should examine some of the robot’s skills

Example. Let us prove that the robot with two flags can explore the tape — an infinite tape with width 1. Let the robot
be in the cell 0 with two flags. Let us write the robot’s program.

1. Drop a flag.

2. Go to cell 1.

3. Drop a flag.

Now we are going to organize a shuttle-moving of the robot between these two flags. Besides, the robot will increase the
distance between the flags by «pushing» them. We can obtain this by using the program below:

4. Turn around. (turning at 180 degrees)

5. Move forward.

6. Look for a flag.

7. If there is no flag then go to 5.

8. Pick up the flag and move forward.

9. Drop flag and go to 4.

It is easy to see that the robot will explore all the cells on the tape.

Could the robot explore the tape without any flags? The answer is «no». In order to prove this we should formalize
construction of a robot. It is easy to see that every robot‘s action depends on the number of the current instruction and the
presence of a flag in the current cell. Let us call these factors by the robot’s inner condition. Obviously, there is a finite number
of various inner conditions of the robot. In most cases, the robot changes his inner condition after an action. According to
the Dirihlet Principle, some inner condition of the robot will happen again. So, let it take ¢ seconds. The robot has moved
right for a cells. It is easy to see that in another ¢ seconds the robot will also move right for another a cells. It is clear that
the robot cannot reach some cells placed to the left of his starting position.

AOQ. Prove that the robot with one flag cannot explore the tape.

Hint. You should consider two cases: 1) the robot does not go away from his flag at the distance more then some N;

2) the robot goes away from his flag at any distance.

A1. Prove that the robot with 4 flags can explore the plane.

A2. Prove that the robot with 3 flags can explore the plane. Could the robot with 3 flags explore the three dimensional
space?

Let some borders of cells be impassable. The robot can see these barriers between the cells, when he is situated in one of
these cells.

A3. The border of the half-plane is impassable line. Prove that the robot with 1 flag can explore the half-plane.

Ad4. Prove that the robot with 1 flag cannot explore the plane with four cuts. (picture 1) Prove that the robot with 2 flags
can do this.



Fig. 1: Four cuts on the infinite plane

The robot is moving on the vertices of the graph. This graph may be infinite.

AS5. a) The graph is called tree if there are no cycles. Let a tree be infinite. Suppose that any vertex of the tree has degree
3. Prove that the robot with 1 flag cannot explore this tree.

b) The same question for the robot with 2 flags.

A6. Prove that the robot with 2 flags cannot explore the plane.

Hint. Use the ideas of the problems A0 and A4.

The robot without any flags is moving on the first quarter of the plane. The borders are impassable walls. The robot can
see a wall then he is in the cell with this wall.

AT. Let the robot be in the cell with coordinates (2",0). Write a universal (not depending on n) program, for moving the
robot into the cell (3™,0) with stopping in that cell.

Let us call the transition above as transition from 2" to 3™.

AS8. Write the programs for the robot to make transitions below:
a) from 2™ to 6™;

b) from 2™ to 22",

c) from 2™ - 3™ to 2™ - 3™ . 5™

d) from 2™ - 3™ to 2™ . 3™ . 5N,

e) from 2™ to 2LV7l,

f) from 2™ to 2"2;

g) from 2™ to 2k~ the k,, is the n-th decimal digit of the v/2;
h) from 2™ x 2Fn, the k,, is the n-th decimal digit of the m;

A9. Prove that the robot with 3 flags can explore n-dimensional space.
A10. Prove that the robot with 3 flags can explore a tree with degree of each vertex equal to 3.

Villager’s algorithms.

In this section we will explore a world — connected subset of cellular plane. Usually, we don’t know its size. Every cell on
the plane has one of the following types:

1. Rock. The villager could not visit this cell.

2. Ground. The villager can walk through it.

3. Lake. This cell is impassable, but the villager can fishing here from some neighboring cell. There are following parameters
for each lake-call: nibble (the amount of fish that villager can get from lake using special «fishing» operation); and fish -
the amount of remaining fish in the lake.

4. House. This is the unique cell in the world. Usually, villager starts here. In some problems the villager should bring
home his fish.

The villager can walk thorough cell to another neighboring cell. Being in some cell he looks to the one of four possible
directions.

Villager’s action area is a set of two elements: a cell with the villager and a neighboring by villager’s direction cell.



The villager can use information from his action area’s cells. But he knows nothing about other cells. Also he has some
number of flags (limited by specific problem’s conditions). He can drop down these flags in some places and explore the
world. The villager can fish on the neighboring lake-cell. Also he can bring some amount of fish limited by 10 kg.

Cells in the world can contain some objects (flags or fish). These objects include some variables. The villager can read
this information. Also, he can change flag’s variables or create the new ones.

The villager has limited memory. He can create self variables and change its values. The villager can use self variables
and its values independently of his location.

Formally, the villager can do the following actions:

1. [Go] Go forward.

2. [Rotate| Rotate to some direction.

3. [Read] Read some information about variables on the objects in his action area.

4. [SetFlag| Set flag in the action area’s cell. Or take flag from it. Also it is possible to create some variables on the flags
and change its values.

5. [CheckFlag] Check out some flags in the action area.

6. [Fishing] Fishing in the neighboring cell (in the forward direction).

7. [GetPutFish] Get or put down some fish in the action area.

8. [Write] Create self variable or change its value.

9. [Math] Make arithmetic and logic operations using variables. For example, it is possible to check an equality of some
variables.

Passing of time. The time in the world is a sequence of time beats. If there are no special instructions, each execution of
Go, Fishing and GetPutFish operations interrupt the current beat (and we proceed to the next beat). Other operations Rotate,
Read, SetFlag, CheckFlag, Write, Math take no time but if there are 500 such operations in the current beat, we proceed to
the next beat too. Also, execution of CheckFlag second time in the same beat also interrupt this beat.

In the following problems one should find an villager’s algorithms. You can construct and run your own algorithms
(flowcharts) using special simulation application «VillagerLife». You will get access to this application.

There are some maximum working time for every problem. The size of maps is unknown. If there are no special conditions,
the villager can check the edge of the map (if he is located on the edge cell). The villager can explore a map if he can visit
every approachable cell using some algorithm.

Section B. In this section we could not use self variables.

B1. Ezplore finite rectangular map (without lakes and rocks) using four flags. In this problem villager could not check an
edge of a map.

B2. There are two flags on the map (without lakes and rocks) : one in the cell with coordinates (x,0), second in the cell
(0,y). The villager has a third flag and starts in origin (0,0). How the villager can set any flag to the cell (x +y,0)? x,y —
are some positive integers.

B3. Now our maps contain rocks and lakes. Explore a map using any number of flags. (As much as villager need). Put a
flag in every approachable cell..

B4. Solve the previous problem using 2n time beats, there n is the number of approachable cells.

Section C. In this section we can use self variables.

C1. Find the number of approachable cells and write it to the SPACE variable. Time is limited by 2n beats, there n- is the
number of approachable cells.

C2. Find the number of approachable lake-cells and write it to the WATER wariable.

C3. Find the shortest distance from house to a flag with variable TARGET=THIS. Write this distance to the variable DIST.

C4. Find the approachable lake-cell with mazximal nibble. Write its coordinates to the variables NIBBLE_X and NIBBLE_Y.
Wrrite the value of nibble to the variable NIBBLE.

C5. Let us define a usefulness of lake-cell. This is a specific mazimal amount of fish that villager can bring home (ratio
of mazimal amount of fish can be obtained in this lake and minimal number of beats used for fishing and bring fish home).
Find the lake-sell with maximal usefulness. Write its coordinates to the variables USEFULNESS_X and USEFULNESS_Y. Write
the value of usefulness to the variable USEFULNESS.

C6. Collect n kg of fish in the house. The value of n is recorded in variable FishReq on the house.

C7. There is another villager with house in the map. He can fishing too but could not steal it from our house. Collect n
kg of fish in the house. The value of n is recorded in variable FishReq on the house.

C8. There is another villager with house in the map. He can fishing too and can steal it from our house. Collect n kg of
fish in the house. The value of n is recorded in variable FishReq on the house.



Algorithms and labyrinths. Additional problems.

A. Belov-Kanel, I. Gazhur, I. Ivanov-Pogodaev, A. Malistov

Section A.

A1ll. (I.Mitrofanov) There are two robots on the plane. Each robot has two flags. Robots start simultaneously using
their own programs. Can we construct the programs such that the robots would meet?

A12*. The same (as A11) question for 3-dimensional space.

A13. Suppose that there exist labyrinths L1, Lo and programs Py, Py for robot without any flags such that robot with P;
explores L;. Is there exists a program which explores each of the labyrinths Ly, Lo ?

A14. Can the robot with 4 flags explore n-dimensional space in polynomial time? This means that there exists k and C,
such that any cell on the distance d from origin would be visited by the robot by a running time of C x d*.

A15%*. Can the robot with 3 flags explore n-dimensional space in polynomial time?

Section C.

C9. Remowve all flags from the map. At the end, write 1 to the variable FINISH .

C10. There is a lake on the map. Find the shortest path around this lake (make a loop around this lake). At the end,
write the length of this path to the variable PATH.

Probably, some problems would be presented. Stay tuned for updates.






KomMmbOunaTopHasa reomMeTpusa U packpacku rpadgos:
OT ajJredprl K BEPOATHOCTH

A.M. Pauroponackun, a rakxe B. Byrankuna u A. I'yces

1 Omnpeaenenusa u o603HAYUECHUSA

Onuu 3 caMbIX W3BECTHBIX U APKUX O0BEKTOB B KOMOWHATOPHOU TEOMETPUU  BTO IPOMATUUECKOE
yucao npocmpancmea. llpexae dem BBeCTH €ro, HAIOMHUM, 9TO HPOCTPAHCTBO R”, Ha3bIBaeMOe n-
MEPHBIM EBKAUDOBBIM NPOCMPAHCNEOM, — 3TO IPOCTO MHOKECTBO BCeX “Todek” X, KaxKgad U3 KOTOPBIX
eCTh MOCAEI0BATENHHOCTE, COCTOAIAA U3 N TeUCTBUTEIBHBIX YUCeN: X = (Z1,...,Ty,). [Ipm 23TOM MeX Iy
MIOOBIMY IBYMS TOUYKAMU X = (X1, ...,Tp) BY = (Y1, ..., Yn) MOKHO MOMEPUTEH PACCTOAHNE MO (POPMY.Ie

x -yl =Vt —y)?2+ ..+ (70— ya)2

B wacTtHOCTH, tpu n = 1 moayvaemM OOBIYHYIO TPAMYIO, TP N = 2 — OOBIYHYIO MJIOCKOCTD, MIPA N = 3 —
OOBITHOE MTPOCTPAHCTBO.

Tax BOT, XpoMaTudeckoe uncao R »1o Beamduna, o6osnadaemas y (R") n paBHas MUHUMAIBHOMY
KOJUYIECTBY IBETOB, B KOTOpPBIE MOXKHO TaK PAaCKpacUTh BCe TOYKM TpocTpaHcTBa R", 9TOOBI Mex Iy
TOYKAMHU OTHOTO IIBeTa He OBLIO PACCTOAHUA 1.

Ham mpexcrout mpouTu 1OBOJBHO OOJBIIONA MYTh OT TPOCTEAMUX (PAKTOB, KOTOPBIE U3BECTHBI MHO-
UM, XOTS U HE BCEM, 0 BECbMa MPOJABUHYTHIX PE3YJAbTATOB, MOJYIeHHBIX OYKBAJBHO B MOCJAETHUE MECAIBI
nepen JIKTIT'. I meToab1, KOTOpBIE HAM NPEACTOUT y3HATH, OYAYT pasHOOOpPA3HBI U HETPUBUAIBHBL — OT
JUHEWHOU aIreOphl 10 TEOPUU BEPOATHOCTEN U CAYyIanHBIX rpados!

2 3agavm 40 OPOMEXKYTOYTHOT'O (PUHUIIA

2.1 IIpocTeumme OHEeHKM XPOMATUYUECKOI'O YMC/IA

3agaga 1. [loxaxure, aro x(R!) = 2.

3agaga 2. J[lokaxure, aro x(R?) > 4.

3agaga 3. [loxaxure, uro y(R?) < 7.

3agaga 4. [loxaxure, aro x(R?) < 27.

3agaga 5. [loxaxure, uro x(R?) > 5.

3agaga 6. Jokaxwure, uro x(R") KoHEuHO NpH! 1H0GOM N

3agaua 7*. [lokaxure, ato Y(R") < ([/n] +1)".



3agaua 8. [okaxure, 910 B R"” ecTh MHOXKeCTBO u3 N + 1 TOYEK, MONAPHBIE PACCTOAHUA MEXKITY KOTO-
pbIME paBHBL 1, a crano obTh, X (R™) > n + 1.

3agaua 9*. Jokaxnre, aro x(R") > n + 2.

2.2 /IucTaHIMOHHBIC Ipadbl CIIEIUAILHOI0 BUAA, UX MIPOCTEUIINEe CBOUCTBA
U CBA3b C XPOMATUYECKUM YUCJAOM MPOCTPAHCTBA

HamomMHuM, 9TO CKalsApHOE MPOUW3BEIEHNWe BEKTOPOB X = (X1,...,%,),y = (Y1,.--,Yn) B R” DTO
BBIDAKCHNE

(x,y) =211 + ... + DY

HeTpynuo mpoBepuTh, 9TO Bcermga

x -y’ = (x,x)+ (y,y) — 2(x,y). (1)

[Iycts namel HaTypaabube ducaa r,s. [las kaxgoro n € N o6ozuadum G(n,r, s) rpad, y KOTOPOro
MHOXECTBO BEPIINH  3TO

Vn,r)={x=(z1,...,m,) : 7; €{0,1}, &1+ ...+ 1z, =1},

a MHOXKECTBO pebep — 3T0
E(n,r,s) ={{x,¥}: (x,y) = s}.

WubiMu cioBaMu, BEPHIMHBL — DTO BCE BO3MOXKHBIE BEKTODPBI U3 HYJEH W €IWHUII, B KAXKJIOM U3 KOTOPBIX
POBHO I €IMHUIl ¥ N — T HyJeH, a pedpaMu COeIUHEHBI T€ ¥ TOJBKO T€ Haphl BEPIINH, CKAJIAPHOE TPOU3BE-
JeHMe KOTOPBIX PABHO §. 3a cueT GopMyasl (1) MOXKHO cKazaTh, 9TO pebpa  OTO T€ M TOJBKO T€ Maphl
BEDIINH, PACCTOAHNE MEXKAY KOTOPBIMEU PABHO /21 — 2s. VMenHo noaromy rpadet G(n, r, s) Ha3BIBAIOTCA
ducmanyuornbimu. Y 100HO TaKKe NMeTh CleayIolLyo naTepnperanunio rpada G(n,r, s). Ero sepmmnamu
MOYKHO CYUTATH BCE BOBMOXKHBIE I'-DIeMEHTHBIE OAMHOXKecTBa MHOXKecTBa R, = {1,2,...,n}, a peGpamn
— mapsl MOAMHOXKECTB, MOIIHOCTE HepecedeHns KOTOPLIX paBHa §. OcosnanTe »10!

HamomMuuM, 9TO He3a6ucumMoe MHOHNCECMB0 BEPIINH Tpada  3TO MHOXKECTBO, B KOTOPOM JIOOBIE TBE
BEDIIWHBLI HE COeIMHEHBI pebpoM. Tucao wesasucumocmu o(G) rpada G DTO KOJIMYECTBO BEPIIVH B
JMI0OOM €ro MaKCHMAaJIbHOM 10 MOIIHOCTHU HE3ABUCHMOM MHOXKeCTBe. Xpomamuueckoe uwucao X(G) rpada
(G — 5TO0 MUHHMAJIBLHOE KOJUYECTBO IIBETOB, B KOTOPBIE MOXKHO TaK HOKPACATH BCE BepIIMHBI Ipada,
9TOOB MEXK Y BEPIIMHAMEU OTHOTO IBeTa He OBLIO pedep.

3agaga 10. J[lokaxkure, 9TO A1 JTOOBIX 1, 7, s Bemoaneno x(R") > x(G(n,r, s)).

3agaua 11. Joxaxure, uro mis ao6oro rpada G = (V, E) semoaneno x(G) >

3agaua 12. Hawugure o(G(n,3,1)). BeBegure u3 moiy4eHHOrO pesyabTaTa 3HAYUTENLHOE YCUICHUE
OIleHKMW 13 3amaqn 9.

3agaua 13*. Hauaure x(G(n,3,1)) mpu n = 2F. Ykazanme. Bocnoabsyiirecs 3agadavu 11 n 12, a
TAKXKe CICIYIOMen JeMMOU U WHIYKIuen 1o k.

Jlemma 1. Ilyemv n — uwemnoe wucao u P, — muoxncecmeo ecexr weynopadouvenuvir nap {a, bt namy-
n bl
PAALHBIT wucen, we npesocrodawur n. Toeda natidymes maxue muwoxncecmsa nap By, ..., B,_1, umo

Pn:BH_I...I_IBn_],



npu amom das awbozo i = 1,...,n — 1 nuxaxue dee napvi uz B; ne codepacam obwuii saemenm. [as

HEYEITMHO20 N 6EPHO PA3AOHCEHUE
P,=B U...UB,,

u maxaxce das mobo20 1 = 1,...,n nukakue dee napvl u3 B; ne codeprcam obwuti saemenm.

3agaga 14**. Hananre kak MOXHO 6oJee TOYHbIE oneHKN (B ugeane  dopmyay) ais x(G(n,3,1)) npn
JIO0BIX 7M.

3agaua 15. [oxaxute, ato a(G(n,r,s)) = Cr 571
3amaua 16*. Jokaxure, ato o(G(n,r,0)) = C' "], ecim 2r < n.
3apgaua 17. [loxaxwure, uro x(G(n,r,0)) < n —2r+ 2, ectn 2r < n.

3apgaua 18. [lokaxwure, aro x(G(n,r,s)) < C:Cr =0 + 1.

3agaga 19. [okaxwure, ato x(G(n,r,s)) < CL

Bagaua 20*. Iycrs k= [=1]. doxaxure, ato x(G(n,r,s)) < k- C3Hh.

3agaua 21*. [okaxure, aro n—r+1 < x(G(n,r,r—1)) < nopun = 2F. Ykazanme. BocnonssyhiTecs
JaeMMon 1 u MHIYKIuen mo r u k.

3apgaua 22™*. Hananre x(G(n,r,r — 1)) nim xorsa 66l yTOYHATE OLECHKN U3 3ajga4n 21.

Y6eauTech B TOM, ¥TO HU OJWH U3 TIOJYYEHHBIX BaMu pe3yabTaTOR He MO3BOJAET YIAYUIINTH HUKHUAE
onenkn Bennunuabl y (R"), Hangennse B 3agadax 9, 12. Beuay 3agaqu 11 Xopomo OB HAYIUTHCA Ae1aTh
BepXHME OIEHKHN [ncen HezaBucumocTn rpados G(n,r, s). OkasbiBaeTcs, MHOTHE W3 HUX MOTYYAIOTCS C
MOMOIIBIO TUHETHO-AJAreOpandeckKoro Mmeroga. I1loaroMy B caeayiomem pasiene Mbl HATOMAHAEM Oa30BBIE
HOHATUA JUHEUHOU AJreOpHL.

2.3 OCHOBBI JUHENHOU ANreOpnl U ee IPUMEHEHUsd

CkaxeM, 9TO BEKTOPH Xq,...,X; B R" aunetino nesasucumvl, €cim paBeHCTBO ¢1X1 + ...+ ¢x; = 0
BO3MOXHO JIWTIH TPU YCIOBUM, UTO ¢ = ... = ¢; = ().

3agaua 23. J[loxkaxure, 9T0 MAKCUMAJIBHOE YUCJIO JUHEUMHO HE3aBUCUMBIX BEKTOPOB B R™ paBHO n.

3agaua 24. JlokaxwuTe, 9TO €Caud Xq,...,X, M00ad MaKCAUMAJIbHAA CACTEMA JUHENHO HE3aBUCUMBIX
BeKTOPOB B R”, TO 110601 BeKTOp X € R” MOXKHO IPEJACTABATD B BUAE X = C1X1 + ...+ €, Xy, THE €1, ...y Cp
— penctBuTebHble Yncaa. (Cucrema X, . .., X, HA3BIBAETCA 0G3UCOM IPOCTPAHCTBA, & BEIPAKEHUE C1X1+
e X, — Aunetinoti KomoOurayuesi BEKTOPOB X1, . . . , X, C Koadduyuenmamu cq, . .., c,. B arux repmunax
10601 BeKTOp X € R™ MOXKHO NpEeACTABATH B BUJE JTNHENHON KOMOWHALINY BEKTOPOB Gasuca.)

[Tycts p — mpocroe wmeno, a Z, — MHOXKECTBO BBIMETOB 1m0 Mogyao p. IIpocrpancrso Zj, mo-
106HO mpocTpancTBy R”,  3TO MPOCTO MHOXKECTBO BCeX TOCIeLOBATETbHOCTEN uncen u3s Z,. Onepamun
CMOXKEHNA “BEKTOPOB” X,y € Z; W yMHOXKEHUA WX Ha DJIEMEHTHI Z;, OCYMECTBIAIOTCA, KaK OOBITHO,
HOKOOPAWHATHO, — HO IPHU DTOM KaXIas KOOpAWHATA GePeTcs 1m0 MOLY.IIO P.



[TouATHA TMHEMHON HE3ABUCUMOCTH, JMHEMHOU KoMOuHAIMU u Oasuca Aid Z, ONpPeeldioTca TakK Ke,
kak 114 R". Toapko B HEX Bce Umcaa ¢; — 3TO dAeMeHTH Z, — He R, — a paBeHCTBO HY.II0 TOHAMAETCA
KaK PABEHCTBO HYJIIO MO MOIYJIIO P.

3agaua 25. Jokaxure, 94T0 MAKCUMAJILHOE YUCIO0 JJUHENHO HE3ABUCUMBIX BEKTOPOB B Z;‘ PaABHO N @ 9YTO
qbad MakcuMaJabHaA cucTema obpasyeT Oasuc.

3agaga 26. Ilycre W = {x1,...,%x;} — a060e HezaBucumoe MHOXKecTBO BepumumH rpada G(n,3,1).
NlokaxuTe, 9TO BEKTOPH X1, ...,X; JUHENHO He3aBUCUMBL B Z), oTkyga «(G(n,3,1)) < n u 570 Jnmb
Yy Th-IyTh caa0ee pesyabraTa 3agadn 12!

Hycts F € {R,Z,}. Iycrs x4, ..., %, “mepemenubie” . (QdnouaeHOM OT DTUX N TEPEMEHHBIX Ha-
3BIBAETCA BBIDAXKEHWe BUAA X' - ... T'" Tme ay,...,d, HEKOTOPHIE HEOTPUIATENbHBIE [EIBIe TUCIA.
Mwno2ounen — 1o a0bas IuHEHHAA KOMOMHAINAA OXHOWICHOB. [Ipm »TOM MHOrOWIeH P npuHaIiexuT
Flzy,...,z,], ecin koddpPpunuenTsr B Hem — 510 daeMeHTs F. CKIAABBAIOT U yMHOXKAIOT MHOTOYJICHBI
1o 0OBIYHBIM TpaBuiaM. lakxke, eciu P € Flxy, ..., x,], TO ero MOXHO YMHOXUTH HA JIOOOU HJIEMEHT
F. B mo6oMm ciyvae npaBuia CIOXKEHAA U YMHOXKEHUA KOD(D(DUIMEHTOB MHOTOMJICHOB OTPEIETAI0TCA Tpa-
BUJIAMU CJOKEHUA W YMHOXKEHUs uucen B MHOxecTBe F. Cmenenp omHOMICHA DTO CyMMa CTerneHen
mepeMEeHHBIX, BXOAAMNX B Hero. CTemeHb MHOTOWIEHA ~ DTO MAKCUMYM CTeleHen ero OTHOMIeHOB. MHO-
rowien P € Flxy,...,x,| pasen nyao, eciu Bce ero xkoddduuuenTsl paBHbl Hy100 B F. MuOrowiens:
P € Flzy,...,z,],..., P, € Flxy,...,x,] auneiino nesasucumw van F, eciu 1Py + ... + ¢, P, = 0 aumb
B caydae, Korga Bce wucaa ¢, € F,... ¢, € F pasubt wymo B F. OdeBngHo, 9T0 JMI060U MHOTOWIEH
MOPOXK TAETCA OG3UCOM, COCTOAIINM U3 OTHOYICHOB.

3agaua 27. /[lokaxure, 9TO €CaIM MHOTOWIEHBI JUHEMHO HE3ABUCHMBI HAI CBOMM F', TO MX KOJIUIECTBO
He TPEBOCXOMUT YUCIA OTHOWICHOB B Oa3mce, KOTOPHIM BCE DTU MHOT OWIEHBI MOPOXK TAI0TCA.

3agaga 28. Ilycre W = {xy,...,%x;} 1060e He3aBUCMMOE MHOXKeCTBO BepimH rpada G(n,5,2).
[Mycts MuOrOUIeHB Py € Zs[y1, ..., ynl, Pa € Zs[y1, .-, ynl, -, Pi € Zs|y1, - - ., yn] 3a0arorca popmyramn

Pv(Y) = Pi(?/l; . ;Un) = (X’/:JY)((XiJY) - 1)7 i=1,...,t

Hanpuwmep, ecim x; = (1,1,1,1,1,0,...,0), xo = (0,...,0,1,1,1,1,1), To
Pi(yis - Yn) = (i+yat+ystyatys) i+ tys+yatys—1) = yi+. 4y +20102+- - +20aYs—y1—- . . —Ys,

Py, s Un) = WUn-a+Yn-s+ UYn-2+ Yn-1+Yn)Yn-a+ Yn-3+ Yn-s2+Yn1+yn— 1) =
= yfl_4+...+yi+2yn_4yn_3+...+2yn_]yn —Yn-a — oo — Yn.

Mokaxure, 910 MHOrO4YwIeHbl Pj, ..., P, qunenno mesaBucuMmbl Hajg Zsz, a crano 6bith, a(G(n,5,2)) <

C2 +2C}.

3agaga 29. Ilycre B ycroBuAx mpeabLIymien 3agadd MHODOWICHBI P; 3aMeneHs! MHOrowieHamu P/ mo
CleAYIOMeMy TpaBUIY: KaXkKIBH OJHOWICH BUIA Y7 Npeobpa3oBaH K BUAY ¥, TOCIe Tero MpUBeJeHb Mo-
no6uEIe craraemsbie. [lokaxwuTe, 9TO MHOTOWIEHBl P, ..., P/, oTBevaromme BeKTOpaM M3 HE3aBUCHMOTO
mMHOXkecTBa BepumH W rpada G(n,5,2), Tak XKe JUHEMHO HE3ABUCUMBI HAJ Zs, KAK U UCXOAHBIE MHOTO-
anenst P, ..., P, Bwegure u3 sproro dakta omnenky o(G(n,5,2)) < C? u cpaBHITe ee ¢ ONEHKOUN u3

samaum 15.



3agaua 30. BeBegure u3 pesyabraTa IpeAbLIyIIen 3a1a4u HUKHIO© oneHky mias X(R™), koropas 3ua-
YATENBHO YTOYHAET OIEHKY U3 3aga4un 12. YoeauTech B TOM, OJHAKO, 9TO BBULY 3aga4n 19 CyecTBEHHBIX
NaJbHENIIUX IpoaBuKeHun 3a caer rpada G(n,5,2) Mbl He TOLYIUM.

3agaga 31. Ilycre W = {x1,...,%x;} — J1060e HezaBucumoe MHOKecTBO BepumH rpada G(n,9,4).
[Mycts MuOTOWICHB Py € Zs[y1, ..., ynl, Pa € Zs[y1, -, ynl, - Py € Zs|y1, - . ., yn] 3a0arorca popmyramn

R(Y) = Pi(ylv - JUW) = (Xiay)((xiay) - 1)((Xi=y) - 2)((Xi=y) - 3)7 i=1,...,1

[lokaxuTre, 970 MHOTOUIEHBI Py, ..., P, TuHENHO He3aBUCUMBI HA L Zs.
3agaua 32. Kaxkas sepxusas onenka aasa «(G(n,9,4)) BeITekaeT u3 npeablaymien 3amadm’

3agadga 33. Ilycrs B ycaoBusax 3anadu 31 Morowiensl P; 3aMeHeHbl MHOTOWIeHaMu P/ 1o ciexyromemy
MPABUIY: KAXKIBIM OTHOWIEH B HUX, TMOJTYYAIIMINUCSA TOCTE PACKPBITHA CKOOOK W TPUBEIEHUS IMOT00HBIX
CIaraeMbIX, KOHEYHO, UMeeT BUI 4! - ... - yl"; ec’1m cpeam 9ucen a; ecTh GOJbInne Tu00 paBHBIE TBOUKE,
TO 3aMEHAEM BCe UX eIMHUIAMH, TTOCIe 9ero MpUBOAUM TOAO00HKIE claraeMbie. Hampumep, o HOWICH 1313
NPEBPATUTCA B 1o, U TO Ke caMoe OyJeT ¢ OMHOUICHAMHA Yoy, YiYo, U T.A. [JOKAKATE, 9TO MHOTOICHBI

I, ..., P/, oTBedaromme BekTOpaM U3 He3aBUCHMOro MHOXkecTBa BepmmH W rpada G(n,9,4), Tak xe
JUHENHO HE3aBUCUMBI HAJ Zs, KAK ¥ UCXOJHBIE MHOTOWICHB! Py, ..., P;. BeiBegure u3 5Toro pakTa OLEHKY

a(G(n,9,4)) < C!+ C3 4+ C? + C! + CY u cpasuuTe ee ¢ onenkoi u3 3azaqn 15.

3agava 34. BoBeanre u3 pesyabraTa NpeabIAyIIen 3a1a4qu HUKHIOWL oneHky misa y (R"), koTopas 3Ha-
YUTETHHO YTOIHAET ONeHKY u3 3aga4un 30. YoeanTech B TOM, OHAKO, 9TO BBUAY 3aa49n 19 CyIeCc TBEHHBIX
MaTbHENIINX MPOABUKEeHUN 3a cder rpada G(n,9,4) MBI He TIOAYINUM,

3agaua 35. IlycTh r u s TaKOBHI, UTO '—s = p, TAe p  TpocTOe uucao, npudem r —2p < (. [lokaxure,
p—1

aro torga a(G(n,r,s)) < >, C*. Cpasrure a1y onenky ¢ onenkoit u3 sagadu 15.
k=0

3agaua 36*. Uccaegyure nuxuue onenku Beandunbl X (R™), KOTOpBIE BHITEKAIOT U3 PE3YILTATOB IIPe-
OBIAYIIeR 3aga4dn. Kak 5T OEHKN COOTHOCATCA ¢ OLmeHKaMu 3 3agadu 197

3 3agaum mocJie IPOMEXYTOYHOTr O (pmHUINA

[lo mpoMeRYyTOIHOrO (PUHUIIA MBI YOEIUINCH B TOM, HACKOJIBKO BAXKHBI YUCIa HE3ABUCUMOCTH T'padoB
IS TIOJMYYeHUs HUKHUX OIEHOK XPOMATHUYECKOTO YMCAa MPOCTpaHCTBa. llpm 3TOM MBI paccMaTpuBaIu
pasHBle MOCIeI0BATEILHOCTH MUCTAHIMOHHBIX rpadoB  nocaegosaTenbHocTu {G(n,r, s)}2, ¢ 3aman-
HBIMW Hamepegs r u §. VIHTepecHO MOHATH: a KaK M3MEHATCA YNCIa HEe3aBUCUMOCTH, €CIN, BMECTO TpadoB
G(n,r,s), 6parsb ux “ocToBHBIE” MOArPAdBI, T.€. BEPIIUHBI COXPAHATH, a peOpa 4aCcTUIHO yAAIATh. Ka-
KETCA O9eBUAHBIM, UTO YUCIA HE3ABUCUMOCTH AOJKHBI CUIBHO BBIPACTH, KOJb CKOPO MBI YIAJIAM MHOIO
pebep. OIHAKO, YAUBUTEIBHBIM 00Pa3oM, MHOIAA DTO TaK, a MHOTAA W coepireHHO mHade! [as Toro,
YTOOBI MONYYIATH COOTBETCTBYIOIINE PE3Y.ILTATHI, 3aUMEMCSI HEMHODO CIy9IalHBIMU rpadaMi U TeOpuen
BEPOATHOCTEN.



3.1 Cayuaunbeiu rpacd dpaema—PeHbu u HeKOTOpPBIE ero BepOATHOCTHBIE Xa-
PaKTEePUCTUKH

[ycrs V,, = {1,...,n} — muOxecTBO BepmuH. Teoperuueckn Ha HeM MoxkHO nocTpouth C2 pebep,
ec/u 3alpeTuTh KpaTHbe peGpa, meTau u opuenTanuio. [lapaiTe kaxgoe us >tux C? NOTeHIUATLHBIX
pebep mpoBoaUTE ¢ sepoamuocmuio p € [0,1], obmen mia Bcex peGep. IIpm >TOM TOABIATHCA WU He
NOABAATHCA pebpa GyIyT He3aBUCUMO APYT oT apyra. Ilycts G = (V,, E) KaKOU-TO Tpad, KOTOPHIN
MOYKET CIyYarHO BO3HWUKHYTH B PE3yJbTaTe OMUCAHHOU TOJIHKO YTO BEPOATHOCTHOUW mpomenypel. (60-
3HAYEM BEPOATHOCTH ero BosamkHoBerus P(G). Iomarno, ato ona pasma p/Fl(1 — p)cﬁ_‘E‘. Ecm A —
KAKOe-TO CBOUCTBO rpada, To ero BepoatHocTs — P(A) — »ro cymma no Bcem rpadam G, 0612 1ai01mmM
cBOUCTBOM A, BepoaTHOCTEN dTUX IPadoB.

O6o3naMuM 2, MHOXECTBO Bcex rpadoB Ha BeprmmHax V. Jlobas ¢pyukuusa X, onpenerennas wa (1,
" TPUHUMAOMIAA TeNCTBATEIHHBIE 3HAYEHUS, HABBIBACTCA CAYYAlUHol sequuunoti. Hanpumep, qucio Tpe-
YIOJIBHAKOB B I'pade WAn YUCI0 ero CBA3HBIX KOMIIOHEHT, WX €00 YUCI0 HE3aBUCUMOCTH — 3TO CJIYIanHbIe
BeAMYnHBL. [Ipy DTOM HAJTO Y€TKO HOHUMATH, 9TO BEJUYUHBI CAYYAWHBI JUAOIL IIOTOMY, 9TO AOPUOPU MBI
He 3HaeM, Kakou rpad mosaBurcsa Ha ¢BeT. Korga rpad yxke BO3HUK, 3HadYeHHE X OIPEJIEJEHO OIHO3HAIHO!

Y caydamHbIX BEJUYUH €CTh ‘CpegHue 3HAYeHus’ TaK HA3BIBAEMBIE MAMEMAMUYECKUE 0NHCUIA-
HuA. MaTemaTmdeckoe OXWIaHUE BEIWINHBI X aTo umcao MX, onpenensemoe mo gpopmyne MX =

> X(G)P(G). Mut npocro ckaaabiBaeM 3uadenus GyHknuu X Ha rpadax, IOMHOXKEHHBIE HA BEPOAT-
GeQy
HocTu »>Tux rpadgos. EcrecTBeHHO, 5TO HEKOE B3BELIEHHOE CpegHee (Beca — BEPOATHOCTU) — CBOErO

poaa meHTp Macc. JlaBadTe HAyIMMCA CIUTATH MATEMATHYECKNE OXUIAHUA U MPUMEHATH HOJYYEHHBIE
pPe3yAbTaTHl [ U3YUEHUs CBOUCTB CAYIAUHBIX IPadOB.

3agaga 37. J[lokaxwuTe, 9TO e€CaU CIydaWHas BeJUYIWHA  DTO KOHCTaHTa ¢, ToO Mc = c.

3amauga 38. Ilycre X;, Xy — ciaydanHble BEJIUYUHBI, a ¢, Cy — (PUKCHPOBAHHBIE 4YucaIa. Pasymeercs,
a1 X1 + X5 DTO TOXe caydanHasd BeanduwHa. J[lokajkumre, 9TO ee MaTEeMaTUYIECKOE OXWIAHUE PABHO
i MX| + coMX,. 9T0 ¢BOUCTBO HA3LIBAETCA AUHEUHOCMbIO MATEMATUICCKOTO OXKY JAHU.

3agada 39. C moMoIIbI0 JUHEMHOCTH MaTEMaTHIeCKOTO OXKUIAHWA HAUAUTE MAaTEeMATUIECKUEe OXKWIa-
HUA &) YACIa TPEYTOJbHUKOB B CIyYanHOM Tpade; 6) UhCIa CBA3HBIX KOMIIOHEHT CIy4alHOro rpada,
KaxK1asd U3 KOTOPBIX ABIAETCS NUKJIOM Ha k BepumHax (kK — (PUKCUPOBAHHOE 3aIaHHOE HAIEPEN TUCIO);
B) YUCJA HE3ABUCUMBIX MHOXKECTB BEDIIUH B CIy4alHOM rpade, Kax10e U3 KOTOPBIX UMEeT MOUHOCTE k
(k  JukcupoBaHHOE 3aJaHHOE HAMEDPE] YUCIO0).

3ama4ga 40. [lokaxure nepasencmeo Maprosa: ecim X — caydanHas BeJUYUUHA, NIPUHUMAIOMIAA HEO-
TpULATEIbHbIE 3HAYEHUS, U JaHO MOJIOKUTEIbHOE YucIo a, To P(X > a) < %.

3agada 41. JokaxuTe ¢ IOMOIIBIO HepaBeHCTBA MapkoBa, 9TO ecam p =
npu n — oo (roBopar “nourm HaBeproe aG) < 2log,n”).

o P(a(G) < 2logyn) — 1

1
2

3aMeTuM, 9TO Ha CAMOM €€ IPU P = % noutu HasepHoe o(G) = (2 — ¢)logy, n npu ckoab yromaHo

MaJIoM Harepen 3agaHHoM € > (). Tounee, 7 3TO HAM MOHATOOMTCA TIO3XKe, CTIpaBeIInBa

Teopema 1. /Jas awb6020 € > 0 npu 604bUWUT N 8BINOAHEHO HEPABEHCMBO

P(a(G) > (2 —¢)logyn) >1—27",



Takum obpasom, npu p = % HOYTHU HABEPHOE YUCJIO HE3ABUCUMOCTH — ATO mpuMepHo 2 log, n. VubiMu
croBamu, 910 npoucxoaut?! Mbr 6epem moaHbI Tpad HA N BEPIIMHAX W 9aCTh €ro pebep ymaisem c
BEPOATHOCTHIO % Y Tunuaaoro rpada, KOTOPBIUI OCTAETCS B Pe3y.IbTaTe DTOU HPOIEeAyPHI, TPUMEPHO
%2‘ pebep — BIBOE MeHbIe, YeM y TOJHOro rpada. U y Tunmaaoro xe rpada IucIo HE3ABUCUMOCTH B
JorapudM pa3 GoJbIIe YUCIA HE3ABUCUMOCTH UCXOAHOrO moJaHOro rpada (y mero-to oo pasuo 1). Yro
XK, pe0ep BABOE MEHBIE, W YUCIO HE3ABUCUMOCTHU BBIPOCIO: BIOMHE ecTecTBeHHO! (KasbiBaeTcs, |UTO
115 HeKOTOpBIX G (n, 7, $) TpU CIyv9allHOM yIaJeHuu peGep MMeeT MeCTO TOYHO TaKOW ke “OxkuAaeMbii”
pe3yabTar (YMCI0 HE3aBUCUMOCTH BO3DACTAET B MPUMEPHO Jorapudm OT 4Yucia BepmuH pas). Ho dyno B
TOM, 9TO Tak noaydaercsa ue seergal [luas muorux G(n,r, s) 9UCI0 HE3ABUCUMOCTHU BOBCE HE U3MEHACTCs!
Huxe mMbl BMecTe u3yduM npuMepbl 00enx CUTYAlni.

3.2 Cuayuaunsie nmoarpadgs: rpada G(n,3,0)

[Iycts Gi/2(n,3,0) — caygamssit nogrpad rpada G(n,3,0), HOTy<IeHHBN B3aNMHO HE3ABHCHMbIM
yaanenuem pebep uz rpada G(n,3,0), Kaxa10ro — ¢ BepoATHOCTHIO 1/2.

3agaga 42. Ecau y Bac noryunnacs 3agauda 16, To Bcnomuute npocto, uto a(G(n, 3,0)) = C?_,. Nnaue
HOMPOOYUATE PEIMUTh STOT YACTHBIA CIyYal TOUW 3aJaqu.

2 1

B cepunm caegyiomux HEKe 3a1a9 MBI JOKaXKeM, 9T0 mo4Tn HaBepHoe oG /2(n, 3,0)) < C7_, (1 + m)

DTO 1M eCTh TO CaMOe yAUBATEIbHOE ABJICHUE: HUKAKOI'O POCTa B I0rapudM pa3 HeT; €CIM U eCTh POCT, TO

JWMIb B TAKOe KOJIMYECTBO Pa3, KOTOpoe caMo cTpeMuTca K 1 nmpu n — oo! MoxHO J0KasaTh U TOpPas3io
6oJee cuIbHBIE (PAKTHI, HO 3TO y¥Ke COBCeM TPYJHO, a HaM OBl CYyTh MOYYyBCTBOBATH!

B paapHedmeMm MbI Gy1eM A18 KPATKOCTH ONYCKATH HeJble YACTH y BEIMHHH, KOTOPHIE TOJXKHBI OBITH

k
neabivu.  Hampumep, samuce C, ,, 03HATACT, CMOTPA MO KOHTEKCTY, YTO HA CAMOM JeJe Pedb HIeT
O BEpXHEH WIM HUXKHE# menoi dactu wmciaa log,n. Hu ogHa u3 BHIKIAIOK OT TAakoro orpy0aeHus He

MOCTPAIAeT.

3agaga 43. Iloaoxum k = C?_, (1 + ﬁ) Cumraem, 910 k negoe (cp. 3amedaHue mepeja 3ajgaden ).
[Mycts A C V(n,3) NPOM3BONBLHOE MHOXKeCTBO BepumH rpada (G(n,3,0), uMeromee MOMHOCTH k.
O6osnaunm r(A) konmdecTBo pebep rpada G(n,3,0), oba Konna koTopeix nonagaiot B A. Tlockorbky
|A| = k > a(G(n,3,0)), acuo, aro r(A) > 0. [Iycte Xj — cay4yaliHas BeAWYMHA, DABHAA YUCIY HE3ABUCU-

MBIX MHOXKeCTB pasmepa k B rpade Gy/z(n, 3,0). Joxaxure, 910

r(A)

mvo= Y () 2)

ACV (n3): | A=k

3agaua 44. J[okaxuTe, YTO HaIla [eJb OyaeT MTOCTUTHYTA, eaBa Mbl mokaxem, 910 MX; — 0 npu
n — 0.

flcHo, 9T0 HAaLO HAyYUTHCA OueHMBaThH cHu3y Beandussl 7(A). [aa kaxnoro A oboznaunm B = B(A)
mo6oe (pa3 m HaBcerga m30paHHOE) MOJMHOXKECTBO MHOXKECTBA A, KOTOpPOE ABIACTCA HE3ABUCHMBIM B
G(n,3,0) 1 nMeeT MaKCHMATBHYIO MOLIHOCTH CPEAV BCEX MOAOOHBIX TOAMHOXKECTB MHOXKECTBa A.

3agaga 45. Ilycres A C V(n,3), |A| = k. Tlycts B = B(A). 3amernwm, uro k ~ ”2—2 [Tpeamonoxmm,

aTo |B| sHauuTensHo Menbne k: HampuMep, nycTh |B| < n'? (3geck crpamnoe wmcao 1.9 B3ATO mouTnm ¢
MOTOJIKA, JUIIL ObI CTPOTO MeHbIne, YeM 2). [JokaxuTe, 9T0 TOr1a MPU GOJIBIINX 7 3aBEIOMO BHITIOJHEHO
HepaBeHcTBo 1(A) > % (mpu mpPaBUABLHOM MOAXOAE TPOUKY B 3HAMEHATEIN MOKHO “MOYTH’ 3aMEHUTH
HA IBOUKY, HO 1a Bor ¢ Hum).



3agaga 46. Ilycre A C V(n,3), |A] = k. Ilycte B = B(A). Ilycres |B| > 9n, a eme ayume (B
NOTOMHEeHUe K npeasiayimed 3agade), |B| > n'?. Mokaxure, uro r(A) > (|B| — 9n)(|A| — |B]).

3apgaga 47. PasGenre cymmy (2) Ha ABe 9acTH: B IepBOU 4acTu OyayT aumib Te A, mus KOTOpsIX |B| <

’I’l,l'g; BO BTOpOﬁ — Bce ocTagabHble. K caaraeMbIM B 00euX 9acTax IIpUMEHUTEe OUEHKHN U3 COOTBETCTBYIOIIUX

3agad u y6eAuTeCh, 9TO BCA cymMMa (2) TaK! CTPEMUTCA K Hy M0, 1 Bee noayuntocsk! Ha 9To B BEIKIAIKAX
MOKHO OBLIO 3aMeHUThH Topor n'9?

3.3 Cuayuaunsbie noarpadsr rpada G(n, 3, 1)

[ycts Giy2(n,3,1) crydanubin noarpad rpada G(n,3,1), MOTyueHHBIN B3AaUMHO HE3aBUCHMBIM
ynanenueM pebep u3 rpada G(n,3,1), kaxgoro ¢ BepoaTHocThio 1/2. Kazanock 6w, BCce TO XKe, 9TO 1
¢ rpadgamu G(n,3,0). An Her!

Benomunm, aro a(G(n,3,1)) = n (cM. 3agagy 12).

3agaga 48*. Hanummmre aHajgor paseHCTBa (2) M IOKaXXWTe aHAIOT ONEHKHN m3 3ajga4u 45. Yoeaurech
B UTOre, 9TO cymecTByeT ¢ > 0, ¢ KoTopsiM nouTn HaBepHoe a(Gh/2(n,3,1)) < cnlog, n.

3agaua 49. J[lokaxure, aro B rpade G(n,3,1) ectb npuMepHo 5 TOMHBIX HOArPadOB, B KaXI0M 13

n
KOTOPBIX NPUMEPHO 7 BEPLIMH U KAXK/ble [BA U3 KOTOPBIX HE COEQMHEHbI peOpaMu.

3amaga 50. C nomompio OpegbIAyIIen 3a1a9u 1 TeopeMbl 1 JOKaxXuTe, 9TO A1 J60ro € > 0 moyrn
uageproe a(Gq/2(n,3,1)) = (1 — )nlog, n.

Takum o6pasom, aaa Gi/2(n,3,1), kKak n g14 ciydaiHOro rpada Dpaema-Penbu, nMeeM CHOBa yBe-
JUYEeHNEe 9UCIa He3aBUCUMOCTH B IIPUMEPHO JorapudM OT YMCIa BEPHIMH pa3. Takme BOT yIUBUTEJIbLHBIE
s(ppexTr!

3agada 51*. Ilonpo6yuTe yaydmuTh B KOHCTAHTY pa3 pesyabTar 3amgadu 50.

3.4 Cuayuaunsie nmoarpadgs: rpada G(n,2, 1)
3agaga 52. Hamaure a(G(n,2,1)).

3agaua 53. Ilycrs r(A) umeeT TOT XKe CMBICI, YTO U aHAJOTMYHAS BeanduHa B popmyae (2). lokaxure,

a0 Beerga r(A) > % — |A].

3anaga 54. BeBegure u3 npensraymen sagadm HepaBeHcTBO oGh/o(n, 2, 1)) < (% + 6) nlog, n, cnpa-
BeJIMBOE IMpHU KaxXA0oM & > () MoYTU HaBepHOe.

3agaga 55%. [lokaxure HmKHIO©O omeHKY 11d oG ja(n,2,1)), umeomyio mopagok pocta cnlogyn c
HEKOTOPBIM ¢ > 0.

3amaya 56™*. Hauagure KOHCTAHTY ¢ B yTBEPXKJIEHUU: 1A JIOO0ro £ > 0 moYTH HABEPHOE

(c —e)nlogyn < a(Gh/2(n,2,1)) < (c+¢)nlog,n.
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KombunaropHas reomeTpus n packpacKm rpadoB: OT
aJredpbl K BEPOATHOCTU

A.M. Paiiroponckuii, a takxke B. Bynanknuna n A. ['yces

1 Omnpenenenuss u o603HAYUECHUS

O/l W3 caMbIX U3BECTHBIX U SIPKUX OOBEKTOB B KOMOMHATOPHOI T€OMETPUE — 9TO TPOMAMUYUECKOE
wucao npocmparcmea. [Ipexk e 4eM BBECTH €ro, HAIIOMHHIM, 9TO HIPOCTPAHCTBO R”, HA3LIBAEMOE 1-MEPHbIM
e6KAUIOBVIM NPOCTNPAHCINEOM, — ITO TPOCTO MHOXKECTBO BCeX “ToueK” X, KayKJas U3 KOTOPBIX €CTh I10-
CJIETIOBATEIBHOCTD, COCTOSAIIAST M3 N JIEHCTBUTEIbHBIX duceT: X = (X1, ..., Ty,). [Ipu s10M Mex Iy J1I00BIME
JBYMST TOUKAMA X = (21,...,2Z,) 1Y = (Y1, ..., Yn) MOKHO IIOMEPUTH PACCTOSHIE 1O OPMYJIe

x—yl=V(@1—y)?+ ..+ (20— ya)>

B uwacthoctu, npu n = 1 nostydaem OOBIMHYIO NPAMYIO, IPU N = 2 — OOBIMHYIO IJIOCKOCTD, IIPU N = 3 —
O0OBIYHOE TTPOCTPAHCTBO.

Tak BoT, XpoMarudeckoe dncio R™ — sro Besmunua, obosnadaemas x(R™) u paBHas MUHHMAJIbHO-
MYy KOJIMYECTBY IIBETOB, B KOTOPbIE MOYKHO TaK PACKPACUTb BCE TOYKHU NpocTpaHcTBa R™, 94T0OBI MEXK Ty
TOYKAMHU OJTHOTO IIBeTa He OBLIO paccTosiHus 1.

Hawm npecrout mpoiiTut J0BOIBLHO OOJIBIION TYyTh OT MPOCTEHINNX (PaKTOB, KOTOPbIE M3BECTHBI MHOTUM,
XOTsl ¥ HE BCEM, JIO BEChMa IIPOJIBUHYTHIX PE3YJILTATOB, IOy YeHHBIX OyKBAJILHO B MIOCJIETHIE MECSIIBI ITePe/T
JIKTT. I MmeTo/1b1, KOTOpBIE HAM ITPEJCTOUT y3HATD, OY/IyT pa3HoOOpa3Hbl 1 HETPUBUAILHBI — OT JIMHEWHON
aJirebpBI 710 TEOPUH BEPOATHOCTEH U CJIydaitHbIX Tpados!

2 3ajiauul g0 MPOMeEXKYTOYHOro (puHUIIA

2.1 TlIpocreiilme oneHKA XpOMATHYIECKOTO YHCJIA
Bagaua 1. [lokaxure, uto y(R') = 2.
Perteane. OueBuHO, 9TO B OJIMH IIBET PACKPACUTH HEJIL3sI, TIOCKOIBKY TOYKM 1 ¥ 2 JIOJZKHBI OBITH

pasHbIX [[BETOB. A B jiBa MOXKHO. J1JIst 9TOro pasobbeM BCIO MPAMYIO Ha [OJYUHTEPBAJILI [a; a+ 1) s Beex
IIEJIBIX TOYEK @ U PACKPACUM 9TU WHTEPBAJIBI 110 OU€PE/IN B YePHBIH 1 Oesblil 11BeTa.

Bamaua 2. [lokaxwure, uto x(R?) > 4.

Pemenne. OueBuaHo, 9T0O IpUBEACHHYIO HIUZKe (DUTYPY HEIb3sl MPABUIBHBIM 00pPa3OM pacKpacuTh B
3 1BeTa.



Bapaua 3. [lokaxure, uro x(R?) < 7.

Pentenne. Kaxkpiit xkematommii 6e3 Tpy/ia MOKeET yOeIUThCs, UTO TOJIXOUT CJIEIYIONas PACKPaCcKa:

Bamaua 4. [lokaxwure, uro x(R?) < 27.
Pertenne. 3aa4a sIBJIsSIeTCS 9acTHBIM CJIyYaeM 3aadu 7.
Bapmaua 5. [lokaxure, uro x(R?) > 5.
Permtenne. 3aa4a siBJsieTCsl 9acTHBIM CJIydaeM 3ajadu 9.
Baga4da 6. [lokaxwure, aro x(R") KoHeuHO 1IpU JIIOOOM 7.
Pentenue. /laaiiTe cpasy permuM 3aj1ady 7, a 6 OyJIeT U3 Hee OYEeBUIHBIM CJICJICTBUEM.
Bamaua 7*. Jlokaxure, uro x(R") < ([v/n] +1)".

Pemenne. Sadukcupyem gsa umcia k € N u p € R, nocite gero pazobbem mpocrpanctso R™ Ha
Kyouku ¢ pebpom kp. Tenepb KaxKplit KyOuK pasjiesimMm Ha k™ MEHbINX KyOUKOB, ¢ peOPOM p Yy KazKJIOTo.



Badukcupyem ojinH OOJIBINON KyOUK M BCe MaJIeHbKHE KYOUKM BHYTPH HErO PACKPacUM KayKJIbIil B CBOI
1Ber (BCIO BHYTPEHHOCTH U TPAHU, [IPUJIETAIONINE K BEepIIUHEe ¢ HAUMEHBIIEH CyMMON KOOpJIUHAT. B sToT
JKe IBET KPaCcuM COEINHAOINIIe UX PEOPa, IIPU STOM BEPIIUHY KPACHM TOJIBKO OJHY, KaK Pa3 Ty, y KOTOPOIi
HAMMEHBIIasi CyMMa KOODJMHAT ), TIOC/Ie Yero TOYHO TAKUMU ZKe TIBETAMHU U B TAKOM ZKe TIOPSIKE PACKPACHM
BCe MaJlIeHbKHe KYOUKM BHYTPU OCTAJILHBIX O0/bIuxX KyboB. Tora, 9Tobbl packpacka ObLaa MpaBUIbLHOII,
HEOOXO MO, ITOOBI BBIIOJIHSIOCH 1Ba HepasencTsa: py/n < 1, (k—1)p > 1.

Ho nyist k= [/n]+1up= \/iﬁ 9TH HEPABEHCTBA, OUYEBU/IHO, BBIITOJIHEHBDI.

3agaua 8. Jlokaxkure, uTo B R™ ecTh MHOXKECTBO U3 N + 1 TOYEK, IONAPHBIE PACCTOAHNS MEXK/Iy KOTO-
pbiMu paBHbL 1, a craio 66T, Y (R™) > n + 1.

Pemtenwne. /laBaiiTe ocTpouM TakKoe MHOYKECTBO TOYEK B aBHOM Buje. [lookum

A= —;0;0;...;0;0

AQ = O,

A,=10;0;0;...;0;

[ToHATHO, YTO MOMAPHbBIE PACCTOAHNS MEK Ly STUMU 1 TOYKaMU paBHbl 110 1. A (n+1)-10 Touky Haiigem
B Buje S = (a;a;a;...;a;a).

2

SA; = | (n—1)a®+ a—g =1

1
naQ—\/ﬁa—ﬁzO.

Hecoxmo ybeuTbest, ITO IUCKPUMUHAHT 9TOIO KBaIPATHOTO YpaBHEHUs mojoxkuTeeH. U y Hac Haii-
JIyTCsI Cpa3y JBe TOUKM S7 U Sy, OT KaxKJI0i U3 KOTOPBIX JI0 J1I000it A; paccrosare paBHo 1.

Bamaua 9*. [lokaxure, uto X (R™) > n + 2.

Perntenue. Bosbmem jBe Gurypsl, aHajJorudHbie MOCTPOEHHBIM B 3ajade 8, S15:A; ... A, u paBHyIO
eit TV 158 ... B,. PasmecTuM ux B IpOCTPAHCTBE TakK, 9TOOBI TOUKa S COBIAIaJa ¢ TOUKOM 17, a paccTo-
sune STy paBasoch 1. Ecam MBI 3aX0TUM packpacuTh MPOCTPAHCTBO B 1 + 1 1BeT, TO Toukm S7 u So
OyLyT ojHOro 1Bera, u TouKu 17 u Th O6ymyT oaHOro nsera. 3HAYUT Sy U Th OyIyT OJHOIrO IBETA, HO TO
HEBO3MOYKHO.



2.2 JIucraHnmmoHHBIE rpadbl creluaJIbHOTrO BUA, UX IIPOCTeiilnne cBOiCTBa 1
CBSA3b C XPOMATUYECKNM YMCJIOM HPOCTPAHCTBA

Hamomuum, 9T0 CKaaspHOE MPOM3BEJEHNE BEKTOPOB X = (T1,...,%,),Y = (Y1,-..,Yn) B R" — 510
BbIparKeHue

(X,¥) =211 + - -« + TpYn.

Hetpyno npoBeputsh, 4TO BCerja

x—y]* = (x,x) + (y,y) — 2(x,y). (1)

[Iycrs mambl HaTypasbHble wncaa r,s. s kaxmgoro n € N obosnaunm G(n,r, s) rpad, y KOTOporo
MHOYKECTBO BEpIIUH — 3TO

V(n,r)={x=(x1,...,2,) : 7 €{0,1}, &1+ ...+ x, =71},

a MHOXKeCTBO pebep — 3To
E(n,r, S) = {{X7Y} : (X7Y) = S}‘

WubiMu c/tioBaMu, BEPIIIMHBI — 9TO BCE BO3MOXKHBIE BEKTOPHI U3 HYJIEH U €JIUHUI], B KAXKJIOM U3 KOTOPBIX
POBHO 7 €JIMHUIL U N — I HyJell, a PEOpaMu COeMHEHbI T€ U TOJBKO Te Tapbl BEPIIUH, CKAJSIPHOE TPOU3-
BeJleHne KOTOPBIX PaBHO S. 3a cuer GopmyJibl (1) MOXKHO CKazaTh, 9TO PEOPa — 9TO Te M TOJIBKO Te Taphl
BEPIINH, PACCTOSIHIE MKy KOTOPbIMU paBHO /21 — 2s. Vmenno nosromy rpadsl G(n,r, $) Ha3bIBAIOTCA
ducmanyuonHbLMU. YI00HO TaKXKe MMETh CJIe/IyIONLy o nareprnperanuio rpada G(n,r, s). Ero Bepumnanvn
MOKHO CYHTATh BCE BO3MOXKHBIE I'-3JIEMEHTHBIE TIOJIMHOXKecTBa MHOXKecTtBa R, = {1,2,...,n}, a pé6pa-
MU — Iapbl IOJIMHOXKECTB, MOIITHOCTh IIepecevdeHus KOTOPbIX paBHa S. Oco3naiiTe 310!

Harmomumm, 910 He3asucumoe mroscecmeo Bepiui rpada — 3TO MHOXKECTBO, B KOTOPOM JIIOObIE JIBE
BEpIINHBI He coeiiuHeHbl pebpoM. Hucao nedasucumocmu «G) rpada G — 9T0 KOJIMIECTBO BEPIIUH B
JTFOO0M €r0 MaKCHMAJBLHOM 10 MOIITHOCTH HE3aBHCHMOM MHOXKeCTBe. Xpomamuueckoe wucao X(G) rpada
G — 9T0 MUHUMAJILHOE KOJIMIECTBO I[BETOB, B KOTOPbIE MOXKHO TaK IMIOKPACUTH BCE BEPIIUHBI rpada, 9To0bI
MEXKJTy BEPIIMHAMU OJIHOTO I[BeTa He ObLIO pedep.

Bamaua 10. [lokaxkwure, 9T0 jijist JHOOBIX M, 7, § BhIOIHEHO X (R™) > X (G(n, T, 5)).

Pemtenue. Eciau cnenars romoreruto rpada G(n,r, s) ¢ koadbdumnmerTom TO BCe ero pedbpa

2(r—s) ’
cranyT paBHbl 110 1. VI nmpum srom on Oyzaer BJoxKen B npoctpancTtBo R™. Ilosromy, eciim Mbl cMoOKeM
pPacKpacuTh BCe MPOCTPAHCTBO B k IBETOB, TO MbI Bce BepiuHbl rpada G(n,r,s) U MOJABHO CMOKEM
PACKpaCHTh.
1%

Bagada 11. [okaxkure, 9ro Jyis aoboro rpada G = (V, E) emonneno x(G) > %

Pemenne. Kaxiplii et Oy/1eT SABJIATHCA HE3ABUCHUMBIM MHOXKECTBOM, ITO3TOMY €ro pa3Mep He Ipe-
BocxoauT «(G). Ho Torma ecii MbI KOJIMYECTBO BEPINUH KAXKOTO 1BeTa yBeauauM J0 «(G), To cyMMapHoe
KOJIMYIECTBO BEPIINH y HAaC yBeamdurced u ux crauer X(G) - a(G) = |V

Bagaga 12. Haiinure o(G(n,3,1)). BeiBenure n3 mosydeHHOro pe3ysibTaTa 3HAYUTEIHHOE YCHJICHHE
OLIEHKH 13 3aJa4n 9.



Pemrenne. Orser 3aBucuT 0T TOro, ¢ 94eM CpaBHHUMO 7 110 MOJTYJITO 4. ByﬂeM JAO0Ka3bIBaTb 11O MH/IYKIIUH,
9TO

n =0(mod 4) = a(G(n,3,1)) =n,

n=1(mod 4) = a(G(n,3,1)) =n — 1,
n =2(mod 4) = a(G(n,3,1)) =n — 2,
n = 3(mod 4) = o(G(n,3,1)) =n — 2.

Baza g k = 1,2, 3,4 He npejcraBisieT cJI02KHOCTU. Bynem jenath mepexoj oT Bcex k< n — 1 K k =n.
Bynem nmoMHuTD, 9TO BEPHINHBI HAIIEro rpada MOKHO TPaKTOBATh U KaK BEKTOPa, U KaK 3-3JIeMEHTHbIE
oIMHOXKeCTBa. KasKk bt BEKTOP COCTOUT U3 HyJel U euHUIl. 3aduKCUpyeM J000e He3aBUCHMOe MHOXKEe-
cTBO. JI10OBIE JIBE BEPIIMHBI B HEM JIOO HE IIEPECEKAIOTCsI, JTUOO MEePECEKAIOTCA POBHO IO JIBYM SJIEMEHTAM.
PacemorpuMm e mepecekaromimecst BEPIINHBI U3 HE3aBHCHMOIO MHOXKECTBa. be3 orpaHmyeHns: oOIITHO-
CTH MOYKEM CYMTATh, YTO ITO BEKTOPA (M COOTBETCTBYIOIINE MM 3-3JIEMEHTHBIE TOJMHOKECTBA)

(1,1,1,0,...,1) u (1,1,0,1,0,...,0).

Ecimm ¢ sTumm nBymda BepimmHaMu O0JIbIlle HUKAKWE He TEePeceKaloTcs, TO Y HAC €CTb JIBE BEPIIUHBI U
ocTaJioch n —4 syiemenTa. U nabIie 1o mpenooyKeHnIo HHIYKITUT ToJIydaeM YTBep:K/IeHne 3a1aun. e
€CTh ellle O/THA BEPINNHA, TTePeCceKaoNIasacsa ¢ STUMHU JIBYMs, TO 3TO OJHA W3 TPEX BEPINH

(1,1,0,0,1,0,...,0),(1,0,1,1,0,...,0) wm (0,1,1,1,0,...,0)

B nmepBoM ciryvae Bce ocTabHBIE BEPITUHBI, UMEIOIIHE 3JIEMEHTHBI CPEJ/IN IMEPBBIX YEThIPEX, MMEIOT BUJT
(1,1,0,0,...,0,1,0,...,0). Eciau takux Bepumun k, T0 Ha HUX yiigeT k + 2 3jeMeHTa, 10 PEIIOI0KEHIIO
WHJIYKITUW MBI JIETKO 3aKOHYUM OTIEHKY.

Bo BropoMm u TpeTbeM cirydae, ecjiu €CTh BEPIINHBI, B KOTOPBIX IIPUCYTCTBYIOT 3JIEMEHTHI CPEJIN TIEPBHIX
YeThIPeX, TO ITO JIUITh BEPIIUHBI, JIOMOJHSIIONNE CUCTEMY JI0 Habopa

(0,1,1,1,0,...,0),
(1,0,1,1,0,...,0), O
(1,1,0,1,0,...,0),
(1,1,1,0,0,...,0).

Takum 06pa3oM KOJHMYIECTBO 3JEMEHTOB YMEHBIINIOCh Ha 4, a BEPIINH yBEJINIUIOCH He DoJiee, 1eM Ha
4. I cHOBa 110 TIPEJIITOJIOKEHNIO MH/IYKITUN 3aKaHIMBaeM OIEHKY.

Jl st 3aBepITIeHns I0Ka3aTeIbCTBa OCTAJIOCH TpUBeCTH mpuMep. JlaBaiiTe u €ro mocTpoOUM 10 WH/LY KITHH.
Yurateab 6e3 Tpyjia caMOCTOATEIbHO IMOCTPOUT NpuMepsl i k = 1,2, 3,4. MbI ke JlaBaiiTe mOKaxKeM,
Kak 1epexoanTh oT k — k + 4. Ho aj1s1 9T0ro 10cTaToqHo Ha IMEPBBIX YeThIpeX KOOPAMHATAX HOCTPOUTDH 4
BeKTOpa, Kak B (1).

OrneHka HA XPOMATUYIECKOE THCJIO IIPOCTPAHCTBA MTOJIYIaCTC TaKast:

3 < (n—1)(n—2)

KR > X(G03,1)) > et > g




Bamaua 13*. Haiigure x(G(n,3,1)) npu n = 2F. Vkazanme. Bocnonbsyiitecsh sagadamu 11 u 12, a
TakKzKe CJIeIYIONIeH JIeMMO# 1 MHAYKIei 1o k.

Pemtenue. Pemenne qanHoii 3a1aum Bbl MOXKeTe IPOYUTATH B cTaThe [6].

JIemma 1. ITycmo n — wemmnoe wucao u P, — mmoorcecmeo ecex neynopadouenmovix nap {a, b} namypano-
HOLT wucen, He npesocrodawur n. Tozda natidymesa makxue muooicecmsa nap By, ..., B,_1, wmo

Pn:Blu...Uanl,

npu amom oas awboeo © = 1,....,n — 1 nukaxue dee napv. u3 B; He codeporcam obwutl saemenm. Jlas

HEYETNHO20 T 6EPHO PA3NOHCEHUE
P,=B U...UB,,

u maxotce oaa 00020 1 = 1,...,n nukaxue dee napv, u3 B; ne codeporcam obuyuti snemenm.

Bamaua 14**. Haiigure kak MozkHO 6ostee ToUHBIE OneHKH (B uzease — dbopmyity) mist x(G(n, 3,1)) npu
JIOOBIX 1.

Pemnenne. 3ajaua ¢ aByMs 3BEIOYKAME, & 3TO 3HAYWUT, U9TO B CJIydae €€ PerreHnst Bbl MOy YU Obl
HOBBIA pe3yJibTar.

Bamaua 15. Jlokaxure, aro «(G(n,r,s)) > C~3

Pemenue. PaccmoTpuM Jsuib Te BEpIIMHBI, y KOTOPBIX Ha MePBBIX S + 1 KoopamunaTtax crodat 1. Beero
TaK1X BEPIIUH C’:L:i,j. N nougaTHO, YTO CKAJIAPHOE IIPOU3BEIEHNE JIIOOBIX JIBYX BEKTOPOB HE MeHbIIe S+ 1,

MIO9TOMY HUKAKHWE JIBE BEPIIUHBI HE COeTUHEHBI PEOPOM.

Bagaga 16*. Jlokaxmure, uro o(G(n,r,0)) = C"~1, ecmm 2r < n.

Pemenne. /JokazarebcTBO JaHHOI 331841 BBl MOKETe IIPOYNTATh B cTaThe [6).

O6o3nauum vepes B jmoboe (pas u HaBcera BoIGPaHHOE) MOIMHOKECTBO MHOXKeCTBa BepiuH V (n, 1),
KOTOpOE sIBJIsIeTCsl He3aBUCUMBIM B G (n, 7, 0) u nmeer morHocts oG (n,r,0)).

JIemma. [liist kaxkoro s, 1 < s < n, paceMorpum MHOKecTBO Ay = {s,s+1,...,s+r— 1}, re cymma
Gepercs 1o Moymio n. Torma B B He MOXKeT cofeprKaThest 6071ee T MHOKECTB Aj.

HokazareabcTBo. 3adukcupyem nekoropoe A, u3z B. V3 Beex ocTalbHBIX MHOKECTB Ay, mepeceka-
formux Ay, cocrasum 1 — 1 map {As_;, Asyr—i}, te 1 <@ < r — 1. YTBep:KieHne JieMMbl Terepb BHITEKAET
U3 TOro, 9YT0 B He MOXKeT cojep:KaTh 60J1ee OJHOIO 3JIEMEHTa U3 KasKJION Maphl.

Tenepb u3 JieMMbI BBIBEJEM yTBEPXKICHUE 3a/1a9u. BpioepeM ciydaifHbIM 00pa3oM MePecTaHOBKY 0 Ha
muoxkectBe {1,2,...,n} u aucio i € {1,2,...,n}. lycts A = {o(i),0(i + 1),...,0(i +r — 1)}, rme
CyMMa, KaK U paHbliie, OepeTcs 10 MOJY/I0 n. B cury mpon3BObLHOCTH BBIOOPA 0 U3 JIEMMbI BBITEKAET,
aro P(A € B) < ~. Ho A Bribupaercss paBHOBEPOATHO U3 BCEX T-3JI@MEHTHBIX HOAMHOXKeCTB. [Toaronmy,

>IP’(AGB):|C£’

T
n

3|



.
Bl < =Cp = Oy

Bagada 17. [okaxure, ato x(G(n,r,0)) < n —2r + 2, eciu 2r < n.

Peinenue. /laBaiiTe B mepBbIif 1[BET IOKPACKM BCE BEPIINHBI, Y KOTOPBIX IIepBas KOOpanHaTa paBHa 1.
Bo BTOpOIi IBET packpacuM Bce HepacKpallleHHbIe BePIIUHbBI, Y KOTOPBIX BTOpast KoopiauHara pasHa 1. 1
Tak jgaJee, 10 (n—2r+1)-ro mera. [lonsarao, 4To TOrma cpen BepIH OJHOTO I[BeTa pébep He OymeT. Y Hac
ocTaJjics erie ouH 1npeT. Kakue BepIImHbl OCTAINCH HE TOKpalieHbl! JIUib Te, y KOTOPBIX BCE €MHIIKH
cpean nocaeaanx 2r — 1 koopauHat. Ho MOHSITHO, 9TO HUKaKMe JIBe TaKKe BEPIIUHBI He COeIMHEHBI PEOPOM.
[TosTOoMy MBI MOYKEM BCE OCTABIIUECS] BEPIIMHBI MOKPACUTH B ITOCJIEIHUI I[BET.

Bamaua 18. Jokaxwure, aro X (G(n,r,5)) < C:Cr =0 + 1.

Pemtenne. Yro takoe CZC)~77 D10 mpocto crenenb Kax/1oit Bepumibl rpada G(n,r, s). Ho nonsaro,
ITO ec/ii B rpade cTerneHb KayK10i BepIINHbI He IPEBOCXOIUT d, TO €ero MOXKHO packpacuthb B d + 1 1Ber.
JleitcTBuTEIBHO, JaBaiiTe TOOYEPETHO KPACUTh Bee BepIuHbl rpada. st 11000t BepHInHbI, KOTOPYIO MbI
XOTUM PACKPaCUThb, CYMIECTBYeT MUHUMYM 1 I[BET, ¢ KOTOPBIM OHA He coejmHena. /laBaiiTe B 9TOT 1[BET U
pacKpacuM.

Banaua 19. Jlokaxwure, aro x(G(n,r,s)) < CstL

Pemenue. Bribepem uz R, Bee (s + 1)-3/1eMeHTHBIE TTIOAMHOKECTBA U 3anyMepyeM ux ot 1 mo CHL.
A Terepb MOKpacuM B IEPBBIH BT BCE BEPIIUHBI, COJEpPIKAIIUE TIEPBOE MOJIMHOXKECTBO, BO BTOPOIl — BCe
HEIIOKpallleHHbI€e BEePIINHBI, COAcPp2Kallliie BTOPOe IIOJMHO2KECTBO, U TaK JJaJiee. HOHHTHO, YTO BCE€ BEPIIINHBI
TakKuM 00pa30M OY/IyT IOKpPAIIEeHbI, © BHYTPU OJIHOTO IIBeTa pedep He OYIeT.

fi)

Penienne ,ZLOKaBaTeJIbCTBO rHaHHOIL/'I 3a/1a91 Bbl MO2KETE IIPOIUTATh B CTAThHE [6]

Bagmaua 20%. Ilycrs k = [*1]. Jlokaxure, aro x(G(n,r,s)) < k-C

Bagaua 21*. Jlokaxure, uto n—r+1 < x(G(n,r,r—1)) < n upu n = 2*. Ykazanme. Bocnonayiitech
JeMMoit 1 u nHAyKImei mo r u k.

Pemenne. /s moyuennst HU2KHeEH OIEHKH JOCTATOYHO 3aMETUTh, UTO B I'pade ecTh KJINKa pasMepa
n—r+1. /Ijg 9T0r0 paccMOTPUM Te BEPIIUHBI, y KOTOPBIX HA MEPBBIX 7" — | KOOPAUHATAX CTOAT €IMHUIKU.
Takux BepriuH poBHO 1 — 7 + 1 U BCce OHU MONAPHO COEJIMHEHBI peOPOM.

Pacemorpum corywait 1 = 2. Ilokaxem, uro u3 semmbl 1 ciemayer mepasenctso X (G(n,2,1)) < n.
B camom giente, Bepmunbl rpada G(n,2,1) MOXKHO OTOXKJIECTBUTH C MHOYKECTBOM IIap HATYPAJbHBIX Y-
cen 1,...,n, Ipu 3TOM JIBe BEPIIUHBI COEJINHEHBI PEOPOM TOTIJ/Ia U TOJIBKO TOTJIa, KOTJIa COOTBETCTBYIOIINE
napbl UMeroT oOmmit ssiemenT. Takum obpas3oM, ec/ii B3d4Th B KadecTBe IIBETOB Y; = [3; U3 JieMMbI 1, TO
BeCh rpad OKarKeTcCsl IMTOKPAIIeHHBIM B . — 1 BeT [Jjist 1 = 2m U B N IIBETOB Jjisd n = 2m + 1.

JlokazaTebCcTBO BepXHEil OIEHKH MbI OyjieM ITPOBOJIMTh MHIYKIHEN 110 mapamerpy r. baza nHayKiun
JoKa3aHa BbIie. [lycTh BepxHsis OlleHKa BepHa s Bcex r < k. Jlokaxkem Imar MHIYKIWH, IJIsI 9TOIO
nokpacum rpad G(n,k,k —1).



[Iycrs n = 2'. Tpad G(n, k, k—1) Mbl Gy1eM KpacuTh nHIyKIued 1o napamerpy [. JIis jokazaTeabersa
6asbl MHIYKIMHM PACCMOTPHM MakKcuMasbHoe g Taxoe, uro 200 < k. IIpu Taxom ly mmeem Y (G(2°, k, k —
1)) = 0, u BepxHss OleHKa BhNoHeHA. [Ipenonoxenue nmrykmmm: X (G271 k k —1)) < 271, Pazobbem
MHOXKECTBO 3JIEMEHTOB Ha JIBe JacTH:

A ={1,...,n/2},
Ay={n/2+1,...,n}.

Pazobrem Bce Bepmmabl Halero rpacda Ha k + 1 HemepeceKaronuxcss MHOXKECTB
Vi={veV(G(nkk—1): [vNA|=j}, j=0,... k.

Ormernm, uro npu | = [+ 1 HeKoTOpbIe V; MyCcThI. DTO TOJIBKO YIIyUIIAT PE3y/IbTaT, OSTOMY JajbHelIne
paccyzkJieHus Oy/ieM IPOBOJUTDL TaK, Kak Oy/aro Bce V) He IyCTHL.

Pacemorpum rpad G(n/2,5,7—1) npu j = 1,..., k— 1. Ilo npeanonoxenuto uuaykmu x(G(n/2, 5,7 —
1)) € n/2, u Bce j-37MeMeHTHBIE MOJMHOXKECTBA MHOXKeCTBa A; MOXKHO Tak MOKDACUTH B 1/2 IBETOB
1, Pnj2, YTO JOOBIE JBa TAKMX IHOIMHOXKECTBa OJHOIO IBeTa He IepeceKaloTcda 10 j — 1 sjiemeH-
Ty. Obosnatum WY cemMeficTBO BeeX TaKmMX IIOJMHOZKECTB, IIOKPAIEHHbIX B IBET ¢,. Takxke BBemeMm
rpad G(n/2,k — j,k — j — 1), mocrpoenHblil Ha MHOX)KecTBe jeMeHToB Ay, Torma Bee (k — j)-s71eMeHTHBIE
IIOJIMHOZKECTBA, MHOXKECTBa, Ay TaK KpacaTcsa B IBeTa U1, ..., 1Y 2, 9TO HOKPAIICHHBIC B OJUH IIBET IOJI-
MHOYKECTBa He Iepecekaiorcs 1o k — j — 1 ssementy. O6o3nadnm W,i‘_jQ cemeiictBo (k — j)-3JeMEHTHBIX
HOJIMHOYKECTB Ay, MOKPAIIIEHHBIX B IIBET 1.

n/2
1w v v 1 1,v
Hna v e {1,...,n} nomoxnm U;" = {wy Uwy: wy € Wiy, wy € Wiyt Hyers Uy = | | U Tonarwo,
v=1

YTO JIIOOBIE JIBa MHOXKecTBa n3 nabopa U jl He niepecekalorcd 1o k — 1 syementy. lomycTum, 910 9T0 He Tak,
TO €CTh Haii[yTcsd BepiuHbl v, w € U jl, Juist Kotopbix |v Nw| =k — 1. Torma mbo v N A; = w N Ay, nmbo
v N Ay = wN Ay, TO ecTb He COBHAIAIONINE “MOJOBHHKN STUX BEPIIUH IMOKPAIIEHbl B OJMHAKOBBII IIBET.
[Tycts, Hanmpumep, v N A} = w N Ay, Torga v N Ay m w N Ay umerot He 6ostee k — j — 2 OOIIUX JIEMEHTOB.
Crajio ObITh, BEPIIUHBI ¥ U W HE MOTYT Iepecekarhed 1o k — 1 sjieMenTy, npoTuBopedne. AHAJIOTUYIHO
pasbupaercst ciydaii, kormga v N Ay = w N As.

T 6 Gop U?, 06 wi W2

aKuM 2Ke 00pasoM MOXKHO OJLy1uTh Habop U, o0beaunssa Muozkecrsa u3 Wy ¢ Muozkecrsamu Wi o,

n/2
MHOZKECTBA, U3 I/Vj?1 ¢ MuOKecTBamMu W jo2s - - MHOXKecTBa u3 Wy J/ ¢ muOXKecTBamMu W ;o AHAJIOrHYHO,

2 .
€ TIOMOIIBIO TUKJINYECKUX CABUTOB ompejensiorcsa U 33, U ]n /2, 3nech no-tipexkneMy j = 1,....k— 1. U3
IIPE/IIOJIOKEHIS NHYKITUH 110 ITapaMeTpy 1 cymecTByioT Habopsl U n U}, cocTosInue cOOTBETCTBEHHO U3
HOJIMHOXKeECTB Ay 1 Ay, He mepecekaomuxcs 1m0 k — 1 sjeMeHTy npu Kaxkaom ¢ = 1,...,n/2.

OxoHUaTeIbHO OmpesesuM mpu ¢ = 1,...,n/2 1BeT x; Kak o0beIinHeHne HabOpOB ¢ YeTHBIMU WHJIEK-
caMu:

xi=UsguUsuULU. ..
[lpui=n/2+1,...,n obobeauuuM HAOOPHI C HEIETHBIMU UHJIEKCAMHU:
xi=UTPuui o

OueBHWIHO, YTO MBI MMOTPATUIN He OOJIee M IBETOB JJIsi PACKPACKH HAIero rpada, 9To 3aBepIiaeT
HH/IYKITAIO TI0 ITapaMeTPy 7, & CTajIo ObITh, U 110 apaMeTpy 7. TeM caMbIM MBI ITOJIyYaeM BEPXHIOIO OIEHKY.



Bagada 22**. Haiigure x(G(n,r,r — 1)) miu XoTsa Ob yTOUHUTE ONEHKH U3 3ajan 21.

Pemtenue. 3ajata ¢ AByMsd 3BeJIOYKAMU, & TO 3HAYUT, U9TO B CJAydae €€ PeIleHus Bbl MOJIYyYUIH Obl
HOBBIIl pesysbrar.

YbeiuTech B TOM, YTO HHM OJIMH U3 IIOJIYYeHHbIX BaMu pe3ysibTaToB HE MO3BOJIAET YIYUIINTh HUXKHUE
onenkn Besmanabl Y (R™), Haiinennble B 3aadax 9 u 12. Beuay 3aga4an 11 xoporo 661 HAYIUTHCS J1E1AThH
BepXHUe OlleHKH uncest Hezapucumoctu rpados G(n,r,s). OkaspiBaercs, MHOTHE U3 HUX HOJIYyYAlOTCS C
IIOMOIIBIO JIMHEHO-aredpandeckoro Metosa. [losroMmy B ciaemayromiemM pasjesie Mbl HAIIOMIHAEM 0a30Bble
MOHATHUS JINHEHHOM aIreOphI.

2.3 OcHoBBI JUHEIHOI aJaredpbl U €€ MPUMEHEHU

CkazKkeM, 9TO BEKTOPHI X1, ...,X; B R" aunetino He3a6ucuMbl, €CIu paBeHCTBO ¢1X1 + ... + Xy = 0
BO3MOYKHO JIUIIH TIPU YCJOBHUHU, 9TO €1 = ... = ¢; = 0.

Bamaua 23. Jlokaxkure, 9T0O MaKCUMaJIbHOE YUCJIO JIMHEHHO HE3aBUCUMBIX BEKTOPOB B R™ paBHO n.

Pemrenne. OueBnino, uro 6asucubie Bekropa €; = (0,0,...,0,1,0,...,0), rae 1 crout Ha i-oM MecTe,
KOTOpBIe MbI OepéM 10 BceM ¢ OT 1 JI0 M, JIMHEWHO HE3aBUCUMBI, TTOCKOJbKY C1€1 + C2€3 + ... + cpe, =
(c1,Ca, ..., Cn). JoKazkem unmyKIHeil mo n, aro jobbe n+ 1 Bekropos B R” jmHeitno 3asucumMbl. basza npu
n = 1 oueBuana. Jlokazkem nepexos ot n K n+ 1. Eciu y Bcex n+ 2 BekTopos (n+ 1)-as KoopjuHaTa paBHa
HYJIIO, TO, OTOPOCUB €€, 10 IPEJITOI0KEHNI0 UHIYKIIME MOYKHO HafTH HYyJIEBYIO JTUHEHHYI0 KOMOHMHAIUIO
9THX N + 2 BEKTOPOB ¢ KO3 DUImeHTaMn He BCeMU PaBHBIMU HYJII0, KOTOpast OYeBUIHO paBHA HYJIIO U IIPU
BO3BPAIIIEHUN OTOPOIIEHHO KOOpHATEL. Ecin e y KaKoro-to BeKropa X; (n + 1) Koop/imHaTa He paBHA
HYJTIO, TO TIePeHIEM K BEKTOpaM X, Xy, . . ., X, TJe X; = X; — (a;/a;)X;, vie ap — (n + 1)-as kooppuHaTa
BeKTOpa Xy,. Torja 1o npeJoIoyKeHuio HHILYKIUN JJIs BEKTOPOB X, ..., X;_1, X}, 1,..., X o CYIIECTBYIOT
KO3(DMUIMEHTEI €1, . .., Cpq1 HE BCE paBHBIC Hyso Takue, uro 0 = ¢X) + ..., ¢X_; + ¢Xj + ... +
Cn1X) 40 = C1(X1 — (a1/a)X;) 4+ ...+ o1 (Xn2 — (Ang2/ai)X;) = a1x1 + ...+ ¢1Xio1 + (—ci(a1/a;) —
Cg(ag/ai) — ... cz-,l(ai,l/ai) — ci(aiﬂ/ai) — ... cn+1(an+2/ai)) + CiXit1 + ...+ Cn+1Xn+2- To ecTb MBI
HAIILTH PABHYIO HYJIIO JUHEHHYI0O KOMOMHAIIMIO HAIITUX BEKTOPOB B KOTOPOIl He Bce KOI(MDPUITMEHTHI PABHbI
nymo. [Iporusopeune.

Sagaua 24. [loxkaxkure, 9TO €cyu Xi,...,X, — J0Oasg MakKCHMaJbHas CHCTeMa JIMHEHHO He3aBUCHUMBIX
BeKTOPOB B R", TO /11000i1 BeKTOp X € R™ MOXKHO IIPEJICTABUTD B BUJIE X = C1X1+. . .+ Cp Xy, TJIE C1y v v vy Cpp —
JeiictBuTesibHble dnciaa. (Cucrema Xy, ..., X, Ha3bIBAETCS 003UCOM TPOCTPAHCTBA, & BbIPaXKEHUE C1X) +
X, — AunetinoT KoMOUHAUUET BEKTOPOB X1, . . . , X, C KOIPPUUUEHMAMU C1, . . . , C,. B 3TUX TepMuHAX
10601 BeKTOp X € R™ MOKHO IIPE/ICTABUTE B BHJIE JIMHEHHONW KOMOMHAIINK BEKTOPOB Ha3wuca. )

Pemenne. /Tonmycrum obparnoe. Torma cyimecTByeT BEKTOP X, He MPEICTABUMBIN B BHJIEe JIHHEHHOM
KOMOWHAIIUKA BEKTOPOB X1, . . . , X,. HO B 9TOM cilydae cucrema BEKTOPOB Xy, . . . , X,, X OyJIeT JTUHEIHO He3a-
BUCUMOI 1 OOJIBIIEl, YeM UCXOJIHAS, UTO MPOTUBOPEUYUT MAKCHUMAJIbHOCTU MCXOMHON CUCTEMbI BEKTOPOB.
JleficTBUTEIBHO, €C ¢1X1 + ... + ¢, X, + X = 0, To tub0o ¢ = 0 1 TorJa BCe ¢; PABHBI HYJIIO B CHJIy He3a-
BHCHMOCTH CHCTeMbI BEKTOPOB X;, 6o ¢ # 0, Ho Torga X = (c¢1/¢)X1 + ... (¢y/¢)X,, 9TO TPOTUBOPETHUT
IIPEIITOJIOZKEHUIO.

[Iycrs p — npocroe umncio, a Z, — MHOZKECTBO BBIMETOB 110 MOy IO p. IIpocTpancTio Z;), momobHo npo-
crpanctBy R™, — 3TO IIPOCTO MHOXKECTBO BCEX IIOCIIEAOBATEIBHOCTEN dncen n3 Z,. Onepanun CIoKeHns



“BeKTOPOB” X,y € Z, U yMHOKEHHsI UX Ha SJIEMEHTBI Z;, OCyMEeCTBIAIOTCA, KakK OOBIMHO, — IOKOOD/IMHAT-
HO, — HO IIPH 9TOM KazKJasi KOOpJAWHaTa OEepeTcs IO MOIYJIIO P.

[TonaTus uHEHOW HE3aBUCUMOCTHU, JTUHEHON KOMOMHAITUN U Oa3uca JIjist ZZ OIIPEJIEJIAIOTCS TaK K€,
kKak /719 R”. Toapko B HUX Bce 4HCIIa ¢; — 9TO 3JeMeHThl Z, — He R, — a paBeHCTBO HY/IIO MOHUMAECTCH
KaK PaBEeHCTBO HYJIIO IO MOJLYJIIO P.

3amaua 25. JlokaxkuTe, YTO MAKCUMAJIHLHOE YUCJIO JIMHEHHO HE3aBUCUMBIX BEKTOPOB B Z;L PaBHO 1L ¥ 9TO
Jobast MakcuMaJibHas cucTeMa odpasyer Oasuc.

Pemenne. /lokasaregmbecTBo abCOTIOTHO aHAJOTMIHO JOKA3aTEIbCTBY ABYX MPEIbIAYIINX 3a1ad. 3a-
METUM, YTO IPU UX PEIIEHUH MbI I10JIb30BaJUCh TOJBKO TEeM, YTO JIH000e JIeHCTBUTEIbHOE UUCI0 MOYKHO
HOAEJUTD Ha JIIo0oe sipyroe oTm4aHoe oT HyldA. Ho sTo cBoiicTBO Bepno u B Zj,, ecin HOHUMATD IO JieIe-
HIEeM JOMHOYKeHIe Ha OOpaTHBIN 9JIeMEeHT.

Bagaga 26. Ilycre W = {x3,...,x;} — m06oe HezaBucuMoe MHOXKecTBO BepmuH rpada G(n,3,1).
Jlokazkure, 9T0 BEKTOPBI X1, ...,X; JUHEHO He3aBucuMbl B 25, orkyna «(G(n,3,1)) < n, u 910 Juiib
4yTh-4yTh cjaabee pesyabrara 3ajgadu 12!

Pemenne. [Ipesamnosioxkum rmporuHoe. Torma cymecTByoT KoM UIUEHTDI C1, . . . , ¢; U3 Zo TaKUe, ITO
c1X1+ ...+ X, =0 u HE Bee ¢y, . .., ¢; paBHbI 0. Be3 orpanndennst oOMTHOCTH MOXKHO CIUTATh, 9TO ¢ # (.
JloMHOKIM 06€ 9aCcTH paBEeHCTBA CKAISIPHO Ha X1. 3aMETHM, UTO CKaJIIPHOE IIPON3BEIEHNE JIBYX BEKTOPOB,
Yy KOTOPBIX BCE KOOPJMHATHI KPOMe TPEX paBHBI HYJIIO, & OCTABIINECS TPU PaBHBI 1, MOXKeT ObITH paBHO 3,
ecain 3T BeKTopa paBHbl, 1 0, 1 win 2 B OCTAJIBHBIX caydadax. Tak Kak Hallle MHOXKECTBO HE3aBHCHMO, TO
CKaJIIPHOE MPOU3BEJICHNEe He MOXKET ObITh paBHO 1. A cJie/IoBATEILHO, B JIEBOW YaCTU IEPBOE CJIATAEMOe
Oyner paBHo 1 (MOXKeM Tak cuuTarh, MOCKOIBKY 3 = 1(mod 2)), a ocrambable — 0, YTO TPOTUBOPETUT
TOMY, UTO B IIpaBOil YACTU OYEBUIHO MOIyInTcs (.

Ilycte F' € {R,Z,}. llycts 24,...,2, — “nepemennsie”. OdnouaenoM OT 9THX N MEPEMEHHLIX Ha-
3BIBAETCS BbIPpAyKeHUe BHIA T{' - ... %" THe ay,...,a, — HEKOTOPble HEOTPHUIATEIHHBIEC IIEJIbIe THCIIA.
Mmnozourern — 310 Jobas JuHeliHasg KoMOMHAIMS O/iHOWIeHOB. [Ipn sToM MHOrowien P mpuHa IeKuT
Flzq,...,z,], eciin ko3pdunmentsr B HEM — 910 vjeMeHThl F. CKIaBIBAIOT U YMHOXKAIOT MHOTOUJIEHBI
10 0ObIYHBIM TpaBusaM. Takxke, ecan P € Fxy, ..., x,], TO €ro MOKHO YMHOXKUTD Ha JII000i1 sjeMenT F.
B moboMm cirydae mpaBmiia CIOXKEHUST U yMHOYKEHHS KO(MDMUIMEHTOB MHOTOUIEHOB OIPEIEISIIOTCS IIpa-
BUJIAMU CJIOYKEHHWS W YMHOXKEHUsI duces B MHOkecTBe F. Cmenenv OFHOUIEHA — ITO CyMMa CTeleHei

IIepeMEHHbIX, BXO/JAIIMNX B HEro. CremeHb MHOrO4JI€Ha — 3TO MaKCUMYM CTelleHell ero OJJHOYJICHOB. Mmo-

rowien P € Flxy,...,x,] pasen nyao, ecau Bce ero koadbduimenTsl paBHbl Hya0 B F. MHOroYIeHb!
P € Flzy,...,x,),..., P € Flzy,...,x,] aunetino nezasucumn nan ) ecmu ¢ Py + ... 4 ¢, P, = 0 nms
B caydae, Korja Bce umciaa ¢ € F,...,¢; € F pasubl maymo B F. OueBuaHO, 9TO OO0 MHOTOUIEH

IIOPO2KJaeTCA 6CLSUCOM, COCTOAIIIMM M3 OJHOYJICHOB.

Sagaga 27. /[lokakure, 9TO €cji MHOTOYJIEHBI JIMHEHHO HE3aBUCUMbBI HaJ CBOUM F', TO UX KOJIUIECTBO
HE TPEBOCXOJ/IUT YUCJIA OJHOUICHOB B Oa3uce, KOTOPHIM BCE 9TU MHOT'OYJICHBI TIOPOXK IAIOTCS.

Pemenne. Kaxxprit MHOTOWIEH TIPEICTABIAECTCA JIMHEIHON KOMOMHAIIMEH Oa3uCHBIX oHOYIeHOB. CIe-

JIOBATE/IbHO, KasKJIOMY MHOTOUJIEHY MOXKHO COIIOCTaBUTH HaOOp m3 n Kosdduimento u3 F, rme n —
KOJINIEeCTBO OA3UCHBIX OJHOWIEHOB. TO ecTh, KarK/Iblii MHOT'OYJIEH MOYKHO PacCMaTpUBaTh KaK BEKTOD B
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IIPOCTPaHCTBE F™. TOI‘,IL& II0 3a/1a4e 24 MaKCUMAaJIbHOE KOJNYIECTBO JIMHEIHO HE3aBUCUMBbIX BEKTOPOB B 9TOM
IIPOCTPAaHCTBE PpaBHO 7T, YTO N COCTaBJIAET YTBEP2KIACHUEC 3aJa9N.

Bamaua 28. Ilycte W = {xi,...,x;} — /moboe He3aBucuMoe MHOXKecTBO BepiuH rpada G(n,5,2).
[Iycrs muorOwteHsl Py € Zs[y1, ..., Ynl, Po € Zs[y1, -, Ynl, -+, Pi € Z3|y1, - . ., yn] 3a7ar0rcsa popmymamn

Pi(y) = Pi(y1,- -, yn) = (Xi7Y)((Xi7Y) —1), i=1,...,t

Hanpuwmep, ecoim x; = (1,1,1,1,1,0,...,0), xo = (0,...,0,1,1,1,1,1), To
Py, Un) = (12 Fys+yatys) (v Fyo+ysHyatys—1) = 2+ FyE 2yt A 200y5— Y1 —. . . —Us,

Py(yi,. . Yn) = Wn-a+ Yn—3+ Yn—2+ Yn-1+ Un) Un-a + Yn—3 + Yn—2 + Yn_1 + Yo — 1) =
=y Y 2 a3t 2 Y — Ynd — e — Yn-

Hokazkure, aro MHOrOUIeHbl P, ..., P, nuHeitno HezaBucuMbl HaJ Zg, a crajo ObiTh, a(G(n,5,2)) <

C2 +2C}.

Pemtenune. [lo anamorun c 3aga4eit 26 mpe o/ io2KuM ITPOTUBHOE U TIOJICTABUM B TIOJIYYEHHOE PABEHCTBO
BMECTO Y OJINH U3 X;, COOTBETCTBYIOIIHI F;, Tiepej; KOTOPBIM B JIMHEHHONH KOMOWHAIIMM CTOUT HEHYJIEBO
ko3 durment. [lomyanm, 9To B IpaBoii 4acTu MO-TIPEKHEMY OCTaHETCs HOJIb, & B JIEBOI BCE MHOTOYJICHBI,
kpoMme P, obuynsrcs. [leficTBUTE/IbHO, TTOCMOTPUM Y€MYy MOYKET OBITh PABHO CKaJIsipHOE ITPOU3BEJICHUE
(x4,¥). OuO Moxker ObITH paBHO 0, 1, 3 Wwim 4, U TOrga MHOTOWIEH TIO MOJYJIO 3 obHyssercs. JIBoiike
CKaJIIpHOE NPOM3BeJieHre ObITh PABHO HE MOKET, TaK KaK MHOXKECTBO B3ATHIX BEPIIUH HE3aBUCAMO. A 5
OHO MOYKET OBITh PaBHO TOJILKO B C/Iydae COBIIQJIEHUs] BEKTOPOB, UTO M JAET €JIUHCTBEHHOE HEHYJIEBOE
cJiaraeMoe.

Od4eBHTHO, 9TO MHOYKECTBO PACCMOTPEHHBIX MHOTOUYJIEHOB MOPOXKIAETCST OA3UCOM U3 OJIHOIEHOB BUIA
IIONAPHBIX POU3BEIEHNH ¥;Y/;, KBAJPATOB Y7 M OJHOUJIEHOB ¥;, KOTOPHIX KaK pa3 C2 4+ 2C!, uro naér Ham
HeOoOXOIMMOe OI'paHImYeHne Ha pa3sMep He3aBUCHMOI'O MHOXKECTBA.

o /
3agaua 29. IlycTh B yc/IOBUSAX Npespliylieil 3a/1a9l MHOTOWIEHbl F; 3aMeHeHbl MHOro4jeHamMu P; 1o

CJIELYIONIEMY MPABUITY: KasK/IbIil OJIHOUJIEH BUJa Y7 Mpeobpa3oBaH K BUJLY ¥, HOCJE Yero IpUBEIEHbI Mo-
nobubre ciaaraemple. Jlokaxkure, 4TO0 MHOTrO4YIeHbl P, ..., P/, oTBedaomue BeKTOpaM M3 HE3aBHCHMOIO
muO)ecTBa Bepiua W rpada G(n,5,2), Tak »Ke JUHEHHO He3aBUCHMBI HaJl Zs, KAK U UCXOJHBIE MHO-
rounensl P, ..., Pr. Beisenure usz storo dgaxra onenky a(G(n,5,2)) < C? u cpaBHuTe €8 ¢ OlEHKON 13

3aMa9m 195.

Pemenne. B pemnennn mnpeabiiyineii 3aa4u J1Jjisd JJ0Ka3aTe/IbCTBa JTMHEHHON He3aBUCUMOCTH MBbI I10JIb-
30BAJIICH TOJBKO 3HAYEHUSIMU MHOIOYIEHOB B TOYKAX, IJe Kaskjas IepeMeHHast ObLia pasHa b0 0, jim-
60 1. OueBHUIHO, YTO 3HAYUEHUS] HOBBIX MHOTOYWIEHOB B 3THX TOYKAX OY/IyT COBIAJIATH CO 3HAYEHUIMU
MHOT'OYJICHOB, MCIIOJIB3YEMbBIX B IIPEIBLIYINEH 3a/1a4e, a cjie0BaTeIbHO, PabOTAeT TO Ke JI0KA3aTe/IbCTBO.

OcTtajioch 3aMeTHTb, YTO IOCJIE PACKPBITHsI CKOOOK M COOTBETCTBYIOMIEH 3aMEHbI B KasKJIOM MHOTI'O-
YJIeHEe OCTAHYTCS TOJBKO IOIapHbIE IMPOU3BEIEHUs IIEPEMEHHBIX, a CJIeI0BaTe/IbHO, Oa3UC, COCTOSIIUN 13
06pas3yIONKUX OHOUICHOB 3TUX MHOTOYJICHOB, COJep:KUT He Gosee, yeM C? MOHOMOB, UTO U JaéT HaM
HEOOXOIUMYIO OTICHKY.

CpaBHuBast ¢ OIEHKOIi, TToJIydeHHol B 3ajade 15, nmoaydaem, aro o(G(n,5,2)) ~ %nz.
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Bamaua 30. Beisenure u3 pesysbraTa MpeIblIyIeil 3aa9u HUKHIOO oreHKy s x (R™), koropas 3Ha-
YUTEJIbHO YTOUYHsET OIEHKY U3 3aa9u 12. YoeauTech B TOM, OJHAKO, YTO BBULY 3aJa4n 19 cymecTBeHHbIX
JaJbHEHIIX poiBIKennii 3a ciaer rpada G(n,5,2) Mbl HE Oy IUM.

Pemenwue. ITo 3amaue 11 js cromoreruposannoro ¢ kosddunuentom 1/v/6 rpada G(n,5,2) momry-
n V] 5/2 _ 1.3 2 -

quM, gto X (R™) > s 2 On /Cr = &n° +0(n?). C npyroii croponsl, u3 3Toro rpada MblI He CMOXKeM

IIOJTyYUTh OIEHKY Ha XPOMATHIECKOe HYHCJI0 Jiydine, deM C2 410 110 MOpsjKy BEeJUYUHBI COBIAJIAET C

HalIeHHON OIIEHKOI.

Bagaga 31. Ilycrs W = {xi,...,x;} — moboe HezaBucHMoe MHOXKecTBO Bepmun rpada G(n,9,4).
[Iycts muOTOWIEHBL Py € Zs[y1, -, Ynl, Po € Zs[y1, -, Ynl, -y Pi € Zs|ys, - . ., yn] 3a7arorcs popmymamu

Pi(y) = Pi(y1, - ya) = (%0, ¥) (%5, y) — D((xi,y) = 2)((xi,y) = 3), i=1,...,tL

JlokazkuTe, 9T0 MHOTOYJIEHbI P, ..., P, TuHEHO He3aBUCUMbBI HaJl Zs.

Pemenne. [lo anayiorun ¢ 3ajaqeii 28, Oyjem JielicTBOBaTH OT MPOTHBHOIO: PACCMOTPHUM HYJIEBYIO
JIMHEHHYIO KOMOMHAIIO ¢ KAKIUM-TO KO DUIMEeHTOM, OTJINYHBbIM OT HyJ/s. [lojcTraBuB B HEE BEKTOP, CO-
OTBETCTBYIOIINN HEHYJIEBOMY CJaraeMoOMy JIMHEHHONH KOMOWHAIIMH, MbI ITOJIyUUM CJeBa OJHO HEHYJIEBOEe
cJlaraeMoe, COOTBETCTBYIOIIEE 3TOMY MHOI'OYJIEHY, & CIIpaBa — TOXKJIECTBEHHBIN HOJIb, Yero ObITh HE MO-
2KET.

Banmaua 32. Kaxkasg Bepxuss onenka 1t «(G(n, 9,4)) BolTekaeT U3 IpeabLayeil 3a1aqm?

Pemenwne. /I mosyuenns: ONEHKH HY?KHO TOCUYATATH KOJUIECTBO OJHOUICHOB, KOTOPBIMU TTOPOK1a-
0Tcda Bce BekTopa P, P, ..., P,. Ho m1g 3Toro 1ocTtaTovHoO B3sITh OJHOYJIEHBI BUIA,

YiYIYRY YiYiYks YiliVks YiYis ViVs YiVis Yilis Ui Ui, Vi, yis const.

Takum 06pa3oM BUJIHO, YTO KOJMHYECTBO TaKUX ojHOuIeHoB papHo C4 4+ 4C3 + 602 + 4C! + 1, a, snaunr,
9TOi BesmanHOi u ornennBaercst a(G(n,9,4)).

Bagada 33. Ilycts B yeiaoBusx 3agatn 31 MHOrOWIEHb! FP; 3aMeHEHBI MHOTOWIEHAMI P, 110 ciIeyomemy
IIPaBUJIY: KaxK/bIil OJIHOYWJIEH B HUX, IOJIYyYaIONIUIICA TIOCe PACKPBITHS CKOOOK WM IPUBEICHUS T0/I00HBIX
cJraraeMbIX, KOHEYHO, UMeeT BUJ Yi' - ... - Y2, ecjin Cpeiu 9uces a; eCTh OOJIbInne 00 PaBHbIe JBOIKE,
TO 3aMeHseM Bce UX eJIMHUIAMHE, [0C/Ie Yero IPUBOIUM TI0/I00HbIe ciaraeMble. Hanpumep, ojHodien y2ya
IIPEBPATUTCA B 1Yo, U TO JKe caMoe OyJleT ¢ OJHOUICHAMU Yiya, Y1}z, U T.1. JlOKaxKuTe, YTO MHOIOUICHDI

' ..., P/, orBeuatonie BekTOpaMm u3 HezaBHCHMMOro MHOxKecTBa Bepuima W rpada G(n,9,4), tak xke
JINHEITHO HEe3aBUCHUMbI HaJ[ Zs, KaK U UCXOJHbIe MHOTOUIEHbI P, ..., P,. BoiBegure u3 31010 (hakTa ONEeHKY

a(G(n,9,4)) < C2 + C3 4+ C? + C! + CY u cpasuute eé ¢ onenkoit uz 3anaqn 15.

Pemenue. B 3amaue 31 mist JokazaTebcTBa JIMHEHHON HE3ABUCHMOCTH MHOTI'OYJIEHOB MBI I10JIB30Ba-
JIACH TOJILKO IIOJICTAHOBKOII B HEKOTOPOE PaBEHCTBO 3HadeHHil y;, paBHbiXx 0 mm 1. B obomx ciaywasx
IPU COBEPIIEHUN ONFCAHHON B YCJIOBUH 3aJa9H OIl€palluyl 3HatUeHHe MHOrowieHa He um3menurcs. Crero-
BaTeJIbHO, JOKa3aTe/JIbCTBO OCTaHETCA BEPHBIM, U MBI IIOJIYIUM OICHKY YHUCJ/Ia TaKUX MHOI'OYJIEHOB Yepe3
KOJINYECTBO 06Pa3yIoNuX OJHOUIEHOB, KOTopoe Kak pas u pasHo C4 + C3 + C? 4+ C! + CY. B zanaue 15
MBI HOJIYIH/IH ACHMITOTHIECKH TAKYIO XKe OIECHKY CHH3Y.
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Bamaua 34. Beisenure u3 pesysbraTa MpeIblIyIeil 3aadu HUKHIOO oreHKy s X (R™), koropas 3Ha-
YUTEJIbHO yTOUYHsET OIEHKY 13 3aaa9u 30. YoeauTech B TOM, OJHAKO, YTO BBUILY 3aJa4n 19 cymecTBeHHbIX
JaJbHEHIIX poiBIKennii 3a cuer rpada G(n,9,4) Mbl He Oy IUM.

o | o
Pewenne. ITo ananornu ¢ sagadeit 30 nomyaaem onenky x(R™) > C5/Cor = £n® 4+ O(n*). C apyroit
CTOPOHBI, TI0 YTBEPKICHUIO U3 3a/a9i 19 MbI He CMOYKEM HOJIYIUTh 3a CUeT 3TOro rpada OleHKy Jiydllle,

qeM Cg, 9TO ,ZLaéT Ty K€ aCUMIITOTUIECKYIO TOYHOCTD.

3amaga 35. Ilycrb r u s TAKOBBI, UTO ' — § = p, IJle P — MPOCTOe Uucio, npuidém r — 2p < 0. lokaxkure,
p—1
aro Torma a(G(n,r,s)) < . Ck. Cpasrure 3Ty orenky c ornenkoit u3 sagaqm 15.
k=0
Permenue. /T o6oro mezasucumoro muoxkectsa W = {xy,...,X,} J0CTaTOYHO PACCMOTPETH MHO-
rowtensl P; € Zy,[y1, . .., Y], 3a1anabIe POpMyIaMu

P(y) = (x,y)(xy) = 1) ... ((xi,¥) — (p = 1)).

[IpoBejisg /i HUX aHAJOTUYHBIC TTPUBEIEHHBIM BBIIE PACCYKICHUS, TTOJTYyIUM HEOOXOIUMYIO OIICHKY.
Ornenka u3 3aa4n 15 JaéT HAM TY K€ aCUMIITOTHKY TOJIBKO C JIDYTOi CTOPOHBI, YTO TO3BOJISIET CJIe/IaTh

onenky a(G(n,r,s)) ~ (p_ll)!np_l.

Bamaua 36*. Vcciemyiite auzkaue onenku Bejmansbl Y (R™), KOTOpble BBITEKAIOT U3 PE3YJILTATOB IIPEJIbl-
naymieit 3agagan. Kak 3T OIEeHKH COOTHOCSTCS ¢ OIeHKaMu u3 3ajaqn 197

Pemnenne. C ygerom 0003HAUEHUN IpeIbIIyINe 3a1a91 NMeeM

Vil . C c

X(R") = x(G(n,r,5)) = o Gnrs) > =01+ o(l))(CTZ_I),

TO €CTh CyHIECTBYeT Hekas KoHcTanta ¢, 4to X(G(n,r,s)) = cin®*1, Ho ¢ apyroit croponsl s sajgaun 19

MbI 3HaeM, uTo X(G(n,r, s)) < con®™ 11 nekoit KoneranTsl ¢p. To ecthb a1 rpador G(n, T, ), y KOTOPBIX
r—§=p, TJe p — IPOCTOE YUCJIO, IPpUIEM 1 — 2p < 0, HaM yIaéTcs yCTAaHOBUTD MOPSIOK XPOMATHIECKOI'O
quca.

3 3ajiaum mocJje MpoMeKyTOYHOro (PUHUIIA

Jlo ipoMexKyTOYHOro (hUHUIIIA MbI YOEIUJINCH B TOM, HACKOJIbKO BaXKHbI YNCJIa, HE3aBUCUMOCTHU rpadoB
JUTS TIOJIyYeHUs] HUXKHUX OIEHOK XPOMATHUYIECKOI0 YHCJa MpocTpaHcTBa. IIpu 3ToM MBI paccMmarpuBasin
pasHble MOCJIeI0BATETLHOCTH JIMCTAHIIMOHHBIX TpadoB — nocienosaresnbaoctu {G(n,r, $)}0° | ¢ 3a1aHHbI-
MK Halepes r u s. VIHTepecHO TOHATDH: a KaK M3MEHSITCS YnCa He3aBUCHUMOCTH, €C/Id, BMeCTO rpadon
G(n,r,s), 6parb ux “ocroBHble” mOArpadbl, T.€. BEPIIMHbI COXPAHATH, a pedpa YacTUIHO yajaTh. Ka-
JKeTCsl OYEBUJIHBIM, YTO YUC/Ia HE3ABUCUMOCTHU JIOJIZKHBI CUJIBHO BBIPACTU, KOJIb CKOPO MbI YAAJIMM MHOI'O
pebep. OHAKO, YIUBATEHLHBIM 00pa30M, MHOT/A ITO TaK, a MHOTIA U copepimenHo mHatde! g Toro,
YTOOBI TOJIYIUTh COOTBETCTBYIOIINE PE3Y/IbTATHI, 3aiiMeMCsd HEMHOIO CIyYalHbIMU TI'padaMu U Teopueit
BEPOATHOCTEN.
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3.1 Cayuaiiabelii rpad Dpaema—PeHbn m HeKOTOpPbIe €ero BEPOATHOCTHBIE Xa-
PaKTEPUCTUKH

[Iycrs V,, = {1,...,n} — muoxecrso Bepmmn. TeopeTniecku Ha HeM MoKHO octpouts C'? pebep, ecm
3allpeTUTh KpaTHbe pebpa, memiu u opuentanuio. /lasaiite Kaxuoe u3 3tux C2 MOTeHIMAIBLHBIX PEGEp
IPOBOJIUTE ¢ gepoamuocmuvio p € [0, 1], obmieit mist Beex pebep. [Ipu 9TOM MOSIBIATHCS WITH HE TTOSBJISITHCST
pebpa OyyT HezaBrCHMO JApyT OT Apyra. [lycrs G = (V,,, E) — Kakoii-To rpad, KOTOPbIi MOXKeT cJrydaifHo
BO3HUKHYTDb B PE3yJIbTaTe OMHCAHHOI TOJIHKO UTO BEPOSATHOCTHOM mporieaypbl. OO03HAYNM BEPOSITHOCTD
ero posauknosenus P(G). Ilonarno, uro ona pasna plfl(1 — p)CEHE | Ecstn A — xaxoe-To cBoiicTBO rpada,
TO ero BeposiTHOoCTh — P(A) — 910 cymma 1o Becem rpadam G, obsiagaomum cBoiictBoM A, BeposiTHOCTEI
9TuX rpados.

Ob6ozuaanm (), MHOXKeCTBO Bcex rpados Ha BepmuHax V,. Jliobas dyakmua X, onpenenennas Ha (),
U IPUHUMAIOIIAs JIefCTBUTE/bHbIE 3HAUEHNs, HA3bIBAETCH CAYUalHol seaununol. Hampumep, 1uciao Tpe-
YTOJILHUKOB B rpade UIn YUCsI0 ero CBA3HBIX KOMIIOHEHT, UJIU €0 YHCJI0 HE3aBUCUMOCTHU — 3TO CJIydaliHble
BeJIUUHBL. [Ipu 9TOM HAJI0 YE€TKO NMOHUMATh, UTO BEJIMYUHBI CJIyUYAWHBI JIUIIb OTOMY, 9TO alPUOPU MBI
He 3HaeM, Kakoil rpad mosBuTcsd Ha cBeT. Korna rpad yke BO3HUK, 3HaUeHNE X OIPEJIEIEHO OTHO3ZHATHO!

VY ciiy9gaiiHBIX BeJIMYIHH €CTh ‘CpeJIHNe 3HAYEHUsI — TaK Ha3bIBAEMBIE MAMEMAMUYECKUE 0HCUIGHUA.
MaremaTudeckoe oxKujianue Beaudnabl X — 3710 uncyio MX, onpenensgemoe 1o dpopmyiie

MX = ) X(G)P(G).

GeQy,

Mpsr1 npocTo ckitajibiBaeM 3Havdenus pyukmun X Ha rpadax, IOMHOKEHHbIE Ha BEPOATHOCTH 9TUX I'PaOB.
EcrecrBenno, 910 HeKOe B3BeIIEHHOE CpejHee (Beca — BEPOSITHOCTH) — CBOEro pojia TeHTp Macc. /laBaiite
Hay4dnMcs CUYNTATh MaTeMaTUdeCKHhe OKWJ/IAHUS W IIPUMEHATH IOJIyHYeHHbIe Pe3yJIbTaTbl I N3y4deHns
CBOMICTB CJIydaflHbIX IpadoB.

Bamaua 37. Jlokaxkure, 9TO ecju caydaiiHas BeJIMIUHA — 3TO KOHcTaHTa ¢, To Mc = c.

Pemenne. Uto Takoe cpeiHee 3HaUE€HNE KOHCTAHTHI! DTO, OUYEBUIHO, U €CTHh caMa 3Ta KOHCTaHTA.

Bamaua 38. Ilycrte X, Xy — ciydaiinble BeJIUYIUHBI, a C1,Cy — (PUKCHPOBAHHBIE 4HCIa. Pa3ymeercs,
c1X1 + Xy — 3TO TOXKe ciydaiitHad BeJudnHa. J[oKaxkuTe, 4TO €€ MareMaTH4yecKoe OKHIaHue pPaBHO
ciMX, + oM X5, D10 CBOICTBO HA3BIBACTCH AUHETHOCTNHI0 MATEMATHICCKOI'O OXKUIIAHUS.

Peirrrenmne.

M(c1 X1 4+ 2Xa) = Y (1 X1(G) + 2 Xa(G)P(G) = 1 Y X1 (G)P(G) + 2 Y Xo(G)P(G) =
G G G

= ClMxl -+ CQMXQ.

Samaua 39. C nmoMOIIBI0 TMHEHHOCTH MaTeMAaTHIeCKOIN0O OXKIIAHIS HAlInTe MaTeMaTHIeCKIe OXKITAHUST
a) JKcsa TPEeYroJbHUKOB B ciydaiinoM rpade;

Pemenue. [TonaTno, 9ro Beero Habopos u3 tpex Bepumn C'2) n KaxK plil u3 HUX Gy/1eT TPEyToIbHIKOM
¢ BepoaTHocThIo p°. VI u3 ymueitnoctu ciaeyer, uro MX = C3p3 rne X — uckomag ciyuaiinast BelauHa.
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6) 4mc/ia CBA3HBIX KOMIIOHEHT CJIydaliHOro rpada, Kaxkjias U3 KOTOPBIX fABJIAETCS [UKJIOM Ha k Bep-
muHax (k — dbukcupoBaHHOE 3aJJAHHOE HAIIEPE] TUCTIO);

Pemenue. [lonaTHo, uTo Beero nHabopos us k BepimmH B rpade CF, n Kaxkplii 13 HUX MOXKeT 06pa-

(k—1)!
2 2

YIIOPAIOYeHHBIH HAGOp U3 k BEpIMH cTaneT MuKIoM, paHa p¥ (1 — p)(Ce=R+Fn=k) 'nockompky pébep BryT-

pu 3Toro Habopa JIOKHO ObITH POBHO k u pédep M3 3TUX BEPIIUH B OCTaJbHbIE UJATH He Jo/KHO. U u3

smunHefinoctu ciejyer, uro MX = C* @pk( 1 — p)(CE—R)t+h(n=k)

30BaTh [UKJIOB (B 3aBHCHMOCTH OT MOPsIJIKa BEPIINH BHYTPHU IHK/Ia). Hy a BeposTHOCTD, ¢ KOTOPOi

, Tie X — ucKoMasg cIydaiiHas BeJTUdrHa.

B) YucCJia HE3aBUCUMbBIX MHO2KECTB BEPIINH B CﬂyqaﬁHOM Fpa(be, KaxKJ/10€ U3 KOTOPBLIX nUMeeT MOIIHOCTD
k (k — dukcupoBanHoe 33 JaHHOE HATIEPEJ] TUCIIO).

Pemenne. Beero nabopos us k sepmn CF u kaxiplit 13 HUX CTaHET HE3ABUCUMBIM C BEPOSTHOCTBLIO
2 2 .
(1 — p)%. Tostomy MX = C*(1 — p)%%, rne X — uckomast ciydaiinast BeJIMUUHA.

Bamaua 40. Jlokaxure nepasencmeo Maprosa: eciim X — ciydaiifasi BeJIMYUUHA, IPUHIMAIONIAT HEOT-
punaTeJ bHble 3HAUEHUS, U JTAHO IIOJOXKUTEJIbHOE YUCJIO G, TO P(X > a) < M%;X.

Pernenue.

MX:ZZIP’(X:,Z) :ZZIP’(X:,Z)—l—ZzIP’(X:z) > ZaIP’(X:z) =aP(x > a).

z z=a z<a z=a

9TO0 PKBUBAJIECHTHO HepaBeHCTBY Mapkosa.

Sagaua 41. JlokazkuTe ¢ IIOMOIILIO HepaBeHCTBa MapKoBa, 9To eClin p = %, o P(a(G) < 2logyn) — 1
npu n — oo (roopstr “nourn HaBepHoe o(G) < 2log, n”).

Pemenne. BpejeMm cirydaiinyio Bemduny Xy, paBHYIO KOJMYECTBY HE3aBUCHUMbBIX MHOYKECTB BEPIITUH
pasmepa k. Torma n3 39 u 40 3a1a9 BUIHO, ITO

1 k(k—1) & 1 k(k—1) bk 1 k(k—1) 2k_1
2 n 2 ne 2 ne2 2z
P(X,>1)<MX,=CF(= <— (= <— (= — ==
(X > 1) g "(2) k! (2) 2z (2) k

Hecnoxuo Bugers, uro npu k = 2log,n sra Besmunua crpemurcs K (. 3HAYUT C BEPOATHOCTHIO,
cTpemdreiica K 1, He3aBUCUMOI0 MHOYKECTBa BEpINUH pa3Mepa k B rpade He CyIiecTBYeT.

3aMeTuM, UTO Ha CaMOM JeJie IIpU P = % nouru HaBepHoe a(G) > (2 — ¢)log, n npu CKOJIb YrOIHO

MaJIoM Harlepes 3ajianHoM € > (. Todnee, — 1 9T0 HaM MOHAIOOUTCH TT03Ke, — CIIPpaBEJINBA

Teopema 1. /[asa mo06020 € > 0 npu 60ALWUT N BHINOAHEHO HEPABEHCNEO

P(a(G) = (2 —¢)logyn) >1—27".

Takum obpaszom, mpu p = % [IOYTH HABEPHOE YMCJIO HE3aBHCUMOCTH — 3TO npuMepHO 2log, n. VHbI-

MU CJIOBaM#, 9TO rpoucxoaut? Mpl 6epeM mosHbIH rpad HAa n BepIIMHAX U YACTh €ro pédep yJajsem
C BEPOSTHOCTBIO % Y tunuunoro rpada, KOTOpblil OCTaeTCd B Pe3y/IbTraTe dTOH MPOIEyPhbl, TPUMEPHO
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02
—* pebep — BJABOE Memnble, ¥eM y nojanoro rpada. My tummanoro ke rpada UucIo He3aBUCHMOCTH B

JorapudM pa3 GoJIblle Yucia HE3aBUCHMOCTH UCXOJHOrO 10JHOTO rpada (y Hero-to oo pasHo 1). Hro
2K, pEOep BJIBOE MEHDINE, M YUCI0 HE3aBUCUMOCTHU BBIPOCJIO: BIOJIHE ecTecTBeHHO! OKa3BIBACTCS, UTO JIJIsT
HeKOTOPBIX G (n,T,s) Tpu caydaiiHOM yjajeHun pebep MMeeT MeCTO TOYHO TaKoi ke “‘oxujaeMblii” pe-
3yJIbTAaT (UHUCJIO0 HE3aBUCHMOCTH BO3DACTAET B IPUMEPHO JiorapudM OT Umcsa BepiinH pas). Ho wymo B
TOM, 9TO Tak noJydaercs He Beergal lnsg muorux G(n,r, ) 4uc/io HE3aBUCUMOCTH BOBCE He M3MeHSeTCs!
Huzke MBI BMecTe n3ydnM mpuMepbl 00enX CUTYAIIHIA.

3.2 Cayuaitubie oarpadsr rpada G(n, 3,0)

I[Tycre Gi/2(n, 3,0) — cayuaiinsit noarpad rpada G(n, 3,0), M0y deHHBIIT B3AaHMHO HE3aBICUMBIM Yla-
JenneM pédep u3 rpada G(n,3,0), KaKI0ro — ¢ BEPOSITHOCTHIO 1/2.

Banaua 42. Ecin y Bac nosyunnacs 3aja4a 16, To Beiomuure npocto, uto a(G(n, 3,0)) = C2_,. Vnaue
OIPOOYyHiTe PENIUTh STOT YACTHBIN CJIydail TOW 3a/at4u.

Pemenue. Cvorpure perenue 3aa4du 16.

B cepru cieyomux Hizke 3a1ad MBI J0KazKeM, 9To mout HasepHoe oGy /2(n,3,0)) < C2_ (1 + =),
9TO 1 eCcThb TO caMoe yJUBUTE/IbHOE SBJIEHUE: HIKAKOI'O POCTa B JIOrapudM pa3 HET; eCI U eCTb POCT, TO
JIMIIb B TaKOe KOJIMYECTBO pa3, KoTopoe caMo crpeMurcs K 1 npum n — ool MoxKHO j10Ka3aTh u ropaszo
6ostee cusibHbIE (DAKTDI, HO 9TO YK€ COBCEM TPY/IHO, & HaM ObI CYyTh MOYYBCTBOBATD!

B nasnbHeiieM Mbl OyeM st KDATKOCTHU OIIYCKAaTh IeJIble YacTH y BEeJUUIHH, KOTOPBIE JIOJIZKHBI ObITh
nestbiMu. Hanpumep, 3anmch C’l’ggZ ,, O3HAYAET, CMOTPH 110 KOHTEKCTY, YTO Ha CAMOM Jiejie pedb UJIET O BepX-
Hell WM HIRKHER 1es1oit yactu ncia log, n. Hu onna 3 BBIK/IAI0K OT TAKOro Orpy0OJIeHus He TOCTPA/IAeT.

Banaua 43. Tlomoxkum k = C?_ (1 + ﬁ) CuuraeMm, uro k 1menoe (cp. 3aMedyaHue Tepej 3ajadeit).
[Iycts A C V/(n,3) — npomusBosbHOE MHOXKeCTBO BepiH rpada G(n, 3,0), mmeroriee montaocTh k. O60-
sHaunM 4depes 1(A) kommaecto pébep rpada G(n,3,0), 0ba Koria Kotopbix nonagaor B A. [Tockosbky
|A| = k > a(G(n, 3,0)), acuo, aro r(A) > 0. Ilycrs X — caydaiiHasi BeJMIuHA, PABHASA IUCJTY HE3ABHUCH-
MBIX MHOXkKecTB pasmepa k B rpade Gij2(n,3,0). Jokaxure, 4To

1 r(A)
MX, = > 5 . (2)

ACV (n,3): |Al=k

Pemenwne. [lycts t = C’"ﬁ/l. JlaBaiiTe Kaxkjomy mojrpady Ha k BeplinHaxX MOCTABUM B COOTBETCTBHE
CIIyYIaiiHyI0 BeJIMUIUHY, PABHYIO 1, €ciu COOTBETCTBYIOMMI moarpad Ha k BepIMHAX CTaJl HE3aBUCHUMBIM,
n 0 B nporuBHOM ciydae. OO0O3HAUNM TU CIydaiiHble BeJUIUHBI Y7, Ys,...,Y;. Torma X, = Y] + Yo +
---+Y;. Ho maTemaTnieckoe oxKuianre BeJTUUUHBI Y;, OU€BUIHO, PABHO %IYJ’ rie |Y;| — kommdectBo pébep
B COOTBETCTBYIOIEM -0 ciydaiinoit Besunamae noarpade. U Ternepb u3 JIUHEHHOCTH MaTeMaTHIECKOI'O

OXKHUJTAHUA Cpas3y CJIeayeT, YTO
1 r(A)
MX,, = Z (5) .
|A|l=k

ACV (n,3):
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Samaua 44. lokaxkure, 9TO Hala Ieb OyJeT JOCTUTHYTa, €Ba Mbl JjloKaxkem, 9ro MX; — 0 mpn
n — 00.

Pemeane. HaMm xoderca goka3arh, 9TO ¢ OOJIBIION BEPOATHOCTHIO HET HE3aBUCUMBIX MHOXKECTB pa3-
mepa k, To ectb P(X) = 0) — 1 upu n — oo. Ho mouaruo, uro P(X; = 0) + P(X; > 1) = 1. Torga nam
Hy2KHO JoKazaTh, uro P(X) > 1) — 0. Ho u3 mepasenctsa Mapkosa P(X) > 1) < M Xj. U ocranocn
nokazaThb, yto MX; — 0 mpu n — oo.

fcno, 9To HaMO HAYUIUTHCS ONEHUBATL chudy Beamanusl r(A). ns kaxmoro A obosnaunm B = B(A)
m0boe (pa3 u HaBcerja W3OpaHHOE) MOJMHOXKECTBO MHOXKeCTBa A, KOTOpOe sIBJISIETCs] HE3aBUCUMBIM B
G(n,3,0) 1 uMeeT MaKCUMAJIbHYIO MOIIHOCTD CPEJIH BCEX MOJ00HBIX MOJIMHOYKECTB MHOKECTBA A.

Bagaga 45. Ilycrs A C V(n,3), |A| = k. llycrs B = B(A). Bamernm, uro k ~ %2 [Ipe ooz,
aro |B| sHauuTeIbHO MeHbIe k: Hanpumep, nycth |B| < n'? (31ech crpanunoe uucio 1.9 B3aTo mourn c
[OTOJIKA, JIIIb Obl CTPOro MeHbIle, YeM 2). /Jokazkure, 4To TOrIA TPU GOJIBINTNX N 3aBEJOMO BBIITIOJIHEHO
HepaBeHCTBO 1(A) > % (Ipu IpaBUIBLHOM IOJIX0JIe TPOMKY B 3HAMEHATEN MOYKHO “MOYTH’ 3aMEHUTDh Ha

JBOIIKY, HO j1a Bor ¢ HuMm).

Pemrtenne.
Jlist laHHOM 3a/1a91 JO0KaXKeM BCIIoMOoraTesibHyo Jlemmy.

JIlemma. B mo6oMm moarpade G rpada G, cofepxaiieM mn BepiiuH, u y koroporo «(G) < n, comep-
2 .
KHUTCs He MeHee "5 — MR péGep (m € N).

Jloka3zaTeabCcTBO.
JlaBaiiTe goKazKeM 3TO WHJYKIUEl 110 M.

Basza. m = 1.

m2n __ mn

5 5- = 0 1 yTBepK/IeHue OUeBHUJIHO.

Ilepexod. m — m + 1. B

PaccmoTpuM MakcuMmaibHOE HE3aBUCHMOE MHOXKECTBO B nojrpade G. Eciin ux HECKOIBKO, TO BO3BMEM
moboe u3 Hux. OYeBnJIHO, UTO YUCJIO HE3aBUCHUMOCTHU Tojrpada He NPEBOCXOJUT YHUC/Ia He3aBUCHMOCTHU
ucxognHoro rpada. [osromy o(G) < n. IlycTh MakcuMabHOE HE3ABHCHMOE MHOXKECTBO MMeeT pasmep k,
k < n. Buaunt, u3 ocrapimxcst (m + 1)n — k BepHiMH B 970 MHOYKECTBO HJET XOTs Obl 110 1 pebpy, nHade
MBI MOTJIA Obl YBEJIMIATH HE3aBUCUMOE MHOYKECTBO, a I10 ITPEIIIOJIOKEHII0 OHO MaKCHMaJIbHO. Torga y Hac
ectb MuHuMyM (m + 1)n — k pebep. Hu ojro ux s1ux pébep He JIesKUT BHYTPHU Hojarpada Ha OCTABIITHXCS
(m+1)n — k Bepmunax. 1 (m+ 1)n — k > mn, a 3aaqut, BHyTpH norpada Ha ocrasmuxcs (m+ 1)n —k

BEPIINHAX 110 MPEJIIOJIOKEHNIO UHYKIME COJIEPIKUTCA He MeHee "5 — "% pebep. Torma, Beero pébep me
MeHbBITe, deM Tom — mn (m+1)n—Fk > min _mnoyogpp o= mindZmndn ono o omno_ (mt1)*n _ (mil)n
) 2 2 = 2 2 2 2 2 2
[Tepexon mokazaH.
Torma 3 jeMMBI CIeyeT, 9To
(4] s[4 [4]13) z
B| |B| B | Al k—|B|, k k
() > L2 — = (3] -1) 2 g - = av ey

Baga4da 46. Ilycrs A C V(n,3), |A| = k. [lycts B = B(A). Ilycts |B| > 9n, a erme jaytiie (B A0mMOJTHE-
HUe K npeapytymmeit sanave), |B| > n'?. okaxure, uto r(A) > (|B| — 9n)(JA| — | B|).
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Permenne. Ouennm auciio pédep rpada G(n,3,0) B A. [lockonbky B — MakcumasbHoe HE3ABUCHMOE
MHOX)KecTBO BepiH rpada G(n,3,0), comepxaiieecss B A, 1ys o6oit Bepmmabl X € A\ B ectb Takas
BepimHa y € B, uro {x,y} € FE(n,3,0). [lokaxkem, 9T0 BepIInHA y JIAJ€KO HE €JINHCTBEHHAS C STHM
CBOHCTBOM. /lelicTBUTEIbHO, BEPIIUHBI X U Y COeIMHEHBI PEOPOM, a 3HAUUT, KaK 3-31eMeHTHbIE MHOYKECTBA
onn He repecekaioTcd. OneHnM, CKOJLKO MOYXKeT ObITh BepInH Z € B, KoTopble HE COeJIMHEHBI C X.
C oyiHOIl CTOPOHBI, OHU JIOJIKHBI TIEPEeCEKaThCs C X XOTs Obl 10 OfHOMY 3jieMenTy. C JApyroit CTOPOHDI,
TaKk Kak B — He3aBUCUMOE MHOYKECTBO, OHU JIO/KHBI U C y UMETh Hemycroe nepecedenue. Ho x u y He
nepecekatorcs. CTajio 6bITh, TAKUX BEPIIUH Z TOYHO He Gosbie, 1em 9In. B rekymeit curyanun |B| > n'?.
CrieioBaTesIbHO, KOJIMYECTBO BEPIIMH W3 B, ¢ KOTOpBIMHU coe/nHeHa JaHHasi Bepumna x € A\ B, He
Menblie, yeM | B| — 9n Takum obpasom,

2 n39

Cn—l 1.9
: > (]A] - —9n) > =l = :
{1y} € B(,3,0): xy € A} > (14|~ [B)(BI - 9n) > Tl = (14 (1) 1

(mocieiHMe Tepexo/ibl BO3MOXKHBI TIpH yeaosuu, uto |B| > n'?. A Bor ana mepasencrsa r(A) > (|B| —
9n)(|A| — |B|) mam mocrarouno |B| > 9n).

Bamaua 47. Pasbeiite cymmy (2) Ha JIBe acTu: B HepBoil dacTu OyyT Juib Te A, 11 KoTopsix |B| <
n'?; Bo BTOpOIT — BCe ocrambHble. K ciiaraeMbiM B 06€MX 9acTAX IPUMEHHUTE OIEHKU U3 COOTBETCTBYIONINX
3aj1a4 U yOeuTech, 4To Best cyMMa (2) Taku cTpeMUTCs K HyJI0, U Bee nosyunsiocs! Ha uro B BIKIaIKAX
MOZKHO OBLLJIO 3aMEHUTH opor ntd?

Pemenwne. /IocraTouno mpoBEepUTh, YTO C BEPOSTHOCTBIO, CTPEMSIIeiica K HYJII0, B CaydaitHOM rpade
G(G(n,3,0), 1/2) ecTb HE3aBUCHMOE MHOXKECTBO BEPIIIUH pasMepa k. DTa BepOsiTHOCTH 3aBEIOMO He OOJIbIIe
BEJIMIUHBI

Z P(A mesaBucumo B G(G(n,3,0),1/2)) = Z 9~ H{xy}eE(n30): xyeA}|

ACV (n,r),|Al=k ACV (n,r),|Al=k

HOK&)KGI\I, 9TO U IIOoCJIeIHAAd CyMMa CTPEMUTCA K HYJITO.

BosmoHbl JBa BapuanTa: 1160 1yt ganHoro A mosseno |B] < n'? = o (C2_,) (muoxectso A —
nep6ozo muna), mbo mis ganuoro A semosneno |B| > n'? (mmoxecrso A — emopozo muna).

B unTepecytoreit Hac cyMMe BBIJIEIUM CliaraeMble, Jijisi KOTOpbIX A mepporo tuna. VX cymma He rpe-
BOCXOJUT BEJIMYMHDBI

0532_(1%(1))2:%9 < 3kn3k;2—(1+0(1)) 2:12.9

2 nt
— 3k2(1+0(1))3%10g2 n2—(1+0(1))m 0.
3/1eCh MBI TIOJIb3YEMCs TEM, TTO
n?log,n = o (nz‘l) :
[Tycts Temepnr A BrOporo tuna. ITo 3amgade 45
3.9

E(n,3,0) : A} > ,
ey} € Bn3.0): xy € )] > S

T.€. CyMMa TeX CJlal'a€MbIX, KOTOPbIE B HHTepeCYIOHIefI HaC CyMMe€ OTBE€9al0T MHO2KEeCTBaM A BTOPOI'o TUlla,
HE IIPpeBOCXOIUT BEJINYINHBI

Cg%2_(1+o(1))% < gEpBho—(1+o(1) Fs _ gho(1+0(1))3% logyno—(1+o(1) on _y ()

U 3ajiava jjoka3aHa.
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3.3 Cayuaitubie noarpadsr rpada G(n,3,1)

[Tycre Gij2(n, 3, 1) — cayuaiinsit noarpad rpada G(n, 3, 1), moyrydeHHbIil B3aMMHO HE3aBHCUMBIM Y/la-
nennem pébep u3 rpada G(n,3,1), kaxgoro — ¢ BepogTHocThio 1/2. Kaszamock 6bl, Bce TO e, 94TO U €
rpadamu G(n,3,0). Ax Her!

BenomunM, uro a(G(n,3,1)) ~ n (cm. 3agady 12).

Bagada 48*. Hanumure anajor paBeHcTBa (2) U JIOKayKUTe aHAJIOT OIeHKH u3 3ajauu 45. Ybenurech B
UTOTE, YTO cymecTsyeT ¢ > 0, ¢ KoTopbiM nourn Hasepnoe a(G1/2(n,3,1)) < cnlogyn.

Pemenne. Mub1 1101poOHO BbIBE/IM OIEHKY B 3ajiate 45, m03ToMy He OyJieM JiejiaTh 9TOTO ITOBTOPHO, a
JIIIB cKazkeM, 9To BBuy «(G(n,3,1)) < n Mbl 3HaeM, 9T0 KOJIUIeCTBO pébep BO MHOKecTBe A pasmepa k
He MeHbIe, gem (1 + 0(1))%. [IbITuBbIi YnTaTe/ b MOKET yOeIUTHCS B 9TOM CaMOCTOSITEILHO, TIOBTOPUB
paccyKIeHus U3 3a1a4un 45.

[Iycrs X = Xi(G(G(n,3,1),1/2)) — s10 dyHKIMA OT ciydaiiHOro rpada, paBHasi KOJUIECTBY k-
BEPIIMHHBIX HE3aBUCUMbBIX MHOXKECTB B HEM (T.€. MHOYKECTB, 9JIEMEHTHI KOTOPBIX IOIAPHO He COEeJINHEHBI
pé6pamn). OrieHrM €€ MaTeMaTHIeCcKoe OKUJIaHne 1 IIPIMEeHNM HepaBeHCTBO Mapkosa:

MX}, = Z P(A aBisiercs HezaBUCHMBIM MHOX)KeCTBOM B G(G(n,3,1),1/2)) =
ACV (n,3), | A=k

_ Z 27\{{x,y}EE(n,B,l):x,yEA}|7
ACV(n,3), |A|=k

T.e. B [IOKa3aTe e SKCIIOHEHTHI CTOUT YiCI0 pédep noarpada rpada G(n, 3, 1), HOPOKJIEHHOIO KOHKPETHbBIM
MHOXKecTBOM BepinH A. Kak MbI yKe yIOMSHYIIH,

k? k?

2aGna1)) el

H{{x,y} € E(n,3,1): x,y € A}| > (14 0(1)) 5

Vmes Ha pyKax TaKylo OIEHKY, TOJy9IaeM, UTO

MXe< Y 2-(He)E - ok o-(re
ACV (n,3), |Al=k

X Cb < (ea b o C
OpoOIlIo U3BECTHO, 9TO U, X B ) e e OCHOBaHHE€ HATYyPaJIbHOI'O JIOFapI/I(bMa. JIeJOBaTEeJIbHO,

3\ k
MX, < <”_) o-(1+o(1) 5> _ 93klogy n—klogy k—(1+o(1) &
k

Bunno, aro cymecrsyer dyuknust k = k(n), Koropast acuMITOTHYECKH BeseT cebs Kak 4nlog, n u ¢ KoTo-
poit EX; — 0 mpu n — oo. Orciofa ¢ yaerom HepaBeHcTBa MapKoBa BBITEKAET YTBEPZKJICHUE TEOPEMBbI:

P(a(G(G(n,3,1),1/2)) < 4(1+o(1))nlogyn) =P(X, =0) > 1 —EX; — 1, n — oo.

9710 HaM 1 TPeOOBAIOCH HOKA3ATh.
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Banaua 49. J[lokaxure, 9ro B rpade G(n,3,1) ecTh IPUMEPHO § HOIHBIX HOArPadOB, B KazKIOM H3

KOTOPBIX NPUMEPHO 7 BEPINMH M KaskKJIble JIBa U3 KOTOPBIX HE COeMHEHbI PEOpaMH.

Pemenne. [[s yno6ersa cpasy Oyjiem cauraTh, 910 n gemurcea ua 4. Honoxum m = 3. Pasobbem R,
Ha yactu Ry = R, u Ry = R, \ R;. Cuepsa onuiiieM moctpoenne oHoil Kauku (1. st 57010 BO3bMeM
B R menepecekaromuecs napst {1,2},{3,4},{5,6},...,{m —1,m} (6maro m gernoe). K xaxnoii n3 srux
nap JobaBuM 3j1eMeHT m+ 1 € Ry. 9T0 u ecTh HcKoMas KauKa. Iucio sepmmn B et 5 = 7. AHaJIOrn4HO
ocTpouM ere n—m—1 Kauky Qg, . . ., Qpn_m, 100aBJISIS K KayK/I0# U3 HAIUX 11ap B Ry sjieMeHT m+2 € Ry,
snemMeHT m + 3 € Ry m tak gastee. O9eBUIHO, ITO JJIsI JIIOOBIX 4, J, ¢ # j, W JJIs JIIOOBIX X u3 (Q;, y U3
(); pebpa MexKJy X,y HeT: 9TH TPOIKH MOTYT JIHOO BOBCE HE IEPECEKaThed, OO0 IepeceKaThCs cpasy o
KakKoi-To mape u3 R;.

n

n
Ham YAaJIOCh IIOCTPOUTDH 5 KJIMK pa3Mepa 1 KazK/1asd.

Bazaua 50. C nomompo HpeabLIyIeil 3a1aun u TeopeMbl 1 JoKayKuTe, 910 Jyist Jioboro € > 0 modru
naseproe a(Gh/2(n,3,1)) > (1 — ¢)nlogy n.

Pemrenune. Kak Mmbr 3HaeM, ciyuaitastii tpad G(G(n, 3, 1),1/2) monyuaerca us rpada G(n,3,1) B pe-
3yJIbTaTE B3AMMHO HE3aBUCHMOrO BeIGOpa pébep n3 £(n,3,1) ¢ oauoil n 1ot ke BepoaTHOCTBIO 3. [TosTomy
Ha KJKax Q1, . . ., Qn_p, BOSHUKAIOT HE3aBUCHMbIe KOTIUY cJIydaiinoro rpadga Dpaema—Pensn G(m/2,1/2).
OTMeTHM, 9TO 9TH KOIUKM HE3ABUCUMBI U ¢ TOYKU 3PEHUsI TEOPUH BEPOATHOCTEl (Kak cilydaifHble 1eMeH-
TBI), U C TOYKH 3peHus Teopun rpadoB (MexKIy HUMHU HeT pebep).

ITpu p = % Teopema 1 TOBODHUT, UTO ¢ aCUMIITOTUYIECKOI BeposTHOCTHIO 1 BhiosHeHO o( G(m/2,1/2))
~ 2log,m mpu m — 00, HO M JMIIb B KOHCTAHTY pa3 Memnblne n, otkyga a(G(m/2,1/2)) ~ 2log,n
upu n — 0o0. Bojiee TOro, CKOpOCTh CTPEMJIEHUST BEPOSTHOCTH K €MHUIE OYEHb BBICOKA. 3aBEJOMO IIPH
IPAaBUJILHO MOJOOPAHHON GECKOHEUHO MAaJIONH U GOJIBIINX 1 BEPHA OIEHKA

P(a(G(m/2,1/2)) = 2(1 +o(1))logyn) > 1 —27".
A 510 3HAUYUT, YTO
P(Vi=1,....n—m a(G(Q;,1/2)) =2(1+o0(1))logyn) > (1—2"")"" =1, n— oo.

Cire1oBaTe/IbHO, € ACHMIITOTHIECKOl BeposTHOCTBIO 1 B coydaiinom rpade G(G(n,3,1),1/2) ectb n —m
HE3aBUCHMBIX MHOXKeCTB pasmepa 2(1 + o(1))log, n, Mexay KoTopeiME TOYHO HET pebep. Bmecre oHm
COCTABJISIOT, TEM CaMbIM, OJIHO HE3aBHCHMOe MHOKeCTBO pasmepa 2(n —m)(1+o(1))log, n ~ nlog, n, uro
1 TPebOBAJIOCH J0KA3aTh.

Takum obpasom, mst Gj2(n,3,1), kKak u Jyis ciaydaiinoro rpada Dpenia—Penbu, nMeeM CHOBa yBe-
JITYEHNe IUCjIa HE3aBUCUMOCTH B IPUMEPHO JorapudM OT 9HcIa BepIiuH pa3. Takue BOT yaInBUTEIbHBIE

sdpdexTn!

3amaga 51*. IlompoOyiiTe yaydmunuTh B KOHCTAHTY pa3 pe3yabTar 3agadu H0.

Pemtenue. /[ng yaydinenus OlEHKH JIOCTATOYHO MOJTHOCTBIO MIOBTOPUTH paccyzkiennsd 3aa4 49 u 50,

JIAIIB TIOJICTABUE BMECTO M = 4 3HAYEHUE M = 2 [ }, rae [x] — 9ro obbluHast Iesast YacTh THCIA .

_n_
2logy n
TOI‘,ZLa MBI IIOJIYYHUM OICHKY POBHO B JABa pa3a Jiydlle, 9eM B 3aJa4e 50.
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3.4 Cayuaitubie oarpadsr rpada G(n,2,1)
Bagada 52. Haiinure o(G(n,2,1)).

Pemenne. O4ueBniHO, 9TO 9TO IPOCTO MOKPBITHE MHOXKECTBA HEIEPECEKAIOIIMUC napaMu. A Torja
a(G(n,2,1)) = %, ecom n werno, u a(G(n,2,1)) = %%, ecam n neveTHo.

Bagada 53. Ilycrs r(A) numeer ToT 2Ke CMbIC, YTO U aHAJOIMIHAs BemdnHa B dhopmyie (2). lokaxure,

aro Beerja r(A) > % —|Al.

Pemenne. Muoxecrso A — 3T0 IOJMHOXKECTBO MHOXKecTBa R,,. Jag kaxkiaoro sjaementa i € R,
onpesenuM k; Kak [auciao Beprmud rpada G(n,2,1) — “npoex”, — npuHaIeKamux A U coJepKaliux 1.
[TonsiTHO, UTO PN (HUKCUPOBAHHOM 4 JIOOBIE J[BE OTBEYAIONNX eMy JBoiiku obpasytor pebpo B G(n,2,1).
[TosTomy

{{x.y} € E(n,2,1): x,y € A}[>> C}.
=1

n
B T0 xe Bpemsa ki + ...+ k, = 2|A|. HerpynHo mokasarb, 9T0 MHHUMYM BbIDasKEeHHS » C’,fi B 9TUX
i=1
OrpaHMYeHUAX JOCTUraeTCs pu k; = %, i=1,...,n, OTKyJa 1 CJIJyeT OlleHKa
- 2|A]?
|{{X7Y} < E(n7271) Xy € A}| > Zoli > T - |A|
i=1

Bagmaua 54. Beisenute n3 npespuiymeit sagaun zepasencrso a(Gija(n,2,1)) < (3 +¢) nlogy n, cupa-
BEeJJIUBOE IIPU KazKJIoM € > () 0YTH HaBepHOe.

Pemnenue. C yuyerom oreHKr U3 3a/a4u H3 nMeeM

2\ k
T g lbeEma: xvenl < gk -5 o (%) o (o2 _ ok 2k k(Lo 22 _
: z

ACV(n,2),|Al=k
_ 92klogy n—(1+o(1))klog, k—(1+40(1)) 22

CietoBaTeIbHO, IPU MOAXOAIIEM k ~ %nlog2 n MoJIydaemM

2k
2logon — (14 o(1))logy k — (1 + 0(1))? <0,

OTKY/Ia
2k? 2k
2klogamn — (1 +o0(1))klogy k — (14 0(1))— =k [ 2logon — (1 +0(1)) logy k — (1 + o(1))— | — —o0,
n n
To ectb Mbr oy, aro P(Xy > 1) < MX, — 0, u ornenka jokasaHa.

Bagaua 55°. Jlokaxure HiKHIOO oneHKy s a(Gq/(n,2, 1)), nmerontyio nopgIok pocra cnlog,n ¢
HEKOTOpbIM ¢ > ().

Pemenne. /lokazaTeabcTBO JIaHHOTO (haKTa MbI HE HMPUBOJIUM, MOCKOJBKY 3TO 3aliMET JIOCTATOTHO
muoro mMecra. OnHako 060it XKeaomuii MoxKeT HaiiTn ero B craTbe [5).
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Bagada 56**. Haiiure KOHCTAHTY ¢ B yTBEPKIEHAN: i 1106010 £ > () IIOUTH HABEPHOE
(c—¢e)nlogyn < a(Gij2(n,2,1)) < (c+e)nlogyn.

Penienne. K CO2KaJIEHUIO, K Ha4daJly KOH(bepeHHI/II/I JaHHad 3a/lada pelieHa HE obL1a. M mKoabHIKI
9TO HE U3MECHUJIN.
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Combinatorial geometry and graph colorings: from
algebra to probability

A.M. Raigorodskii, with the help of V. Bulankina and A. Gusev

1 Definitions and notation

One of the most famous and fascinating objects of combinatorial geometry is the chromatic number
of a space. Before we introduce it, we remind that the space R"”, which is called the n-dimensional
FEuclidean space, is just the set of all “points” x, each of which is a sequence consisting of n real numbers:
x = (z1,...,%,). Moreover, between any two points x = (z1,...,2,) and y = (y1,...,¥s), one can find
the distance using the formula

x =yl = V(@ —y)? + .+ (20— ya)*

In particular, for n = 1, we get the usual line, for n =2  the usual plane, for n =3  the usual space.

The chromatic number of R™ is the quantity denoted by y(R") and equal to the minimum number of
colors needed to color all the points of the space R"”, so that the distance between any two points of the
same color is not 1.

We will start from the simplest facts, which are widely known, and we will finally come to advanced
results obtained just few months before the Summer Conference. Moreover, the methods, which we shall
study, will be very different and nontrivial varying from linear algebra to probability theory and random
graphs.

2 Problems before the intermidiate finish

2.1 The simplest bounds for the chromatic number

Problem 1. Prove that y(R') = 2.

Problem 2. Prove that y(R?) > 4.

Problem 3. Prove that y(R?) < 7.

Problem 4. Prove that y(R?) < 27.

Problem 5. Prove that y(R?) > 5.

Problem 6. Prove that y(R") is finite for every n.

Problem 7*. Prove that x(R") < ([\/n] +1)".



Problem 8. Prove that in R” there is a set of n 4+ 1 points, whose pairwise distances are equal to 1, and
therefore, x(R™) > n + 1.

Problem 9*. Prove that x(R") > n + 2.

2.2 Distance graphs of special type, their simplest properties, and the con-
nection with the chromatic number of a space

Recall that the scalar product of vectors x = (x1,...,2,),y = (y1,.-.,ys) in R" is the expression

(x,y) =211 + ... + T

One can easily check that always

x —y[* = (xx)+ (y,y) - 2(x,y). (1)

Let r, s be some natural numbers. For each n € N denote by G(n,r, s) the graph, whose set of vertices
is
Vin,r)={x=(z1,...,m,) : 7; €{0,1}, ;1 +...+x, =71}

and whose set of edges is
E(n,r,s) ={{x,¥}: (x,y) = s}.

In other words, vertices are all possible vectors consisting of 0s and 1s, such that in every such vector one
has exactly r 1s and n — r 0s. In turn, by edges those and only those vertices are joined whose scalar
product equals s. Due to formula (1) one can say that edges are those and only those pairs of vertices
whose distance equals \/2r — 2s. This is why the graphs G(n,r, s) are called distance graphs.

It is also convenient to have the following interpretation of a graph G(n,r,s). Its vertices can be
considered as all possible r-element subsets of the set R, = {1,2,...,n}. Its edges can be considered as
pairs of subsets whose intersections have cardinalities equal to s. Please make sure that you understand
it!

Recall that an independent set of vertices of a graph is a set, in which every two vertices are not joined
by an edge. The independence number «(G) of a graph G is the number of vertices in any maximal (by
cardinality) independent set. The chromatic number x(G) of a graph G is the minimum number of colors
needed to color all the vertices of the graph in such a way that between any two vertices of the same color,
there are no edges.

Problem 10. Prove that for any n,r, s, one has x(R") > x(G(n,r, s)).

Problem 11. Prove that for every graph G = (V, E), one has x(G) > Vi

Problem 12. Find a(G(n,3,1)). Derive from the obtained result a considerable improvement to the
bound in the problem 9.

Problem 13*. Find x(G(n,3,1)) for n = 2F. Hint. Use the problems 11 and 12 as well as the following
lemma and induction by k.

Lemma 1. Let n be an even number and P, be the set of all unordered pairs {a,b} of natural numbers
both of which do not exceed n. Then there exist such sets of pairs By, ..., B,_1 that

Pn:BH_I...I_IBn_].



Moreover, for any i =1,...,n — 1, no two pairs from B; contain a common element. For odd n, we have
a partition
P,=ByU...UB,,

and, again for any i =1,...,n, no two pairs from B; contain a common element.
Problem 14**. Find sharpest possible bounds (ideally  a formula) for x(G(n,3,1)) for every n.

Problem 15. Prove that a(G(n,r,5)) = C/ 571,

n

Problem 16*. Prove that a(G(n,r,0)) = C'~}, if 2r < n.

n—1>
Problem 17. Prove that x(G(n,r,0)) <n —2r+ 2, if 2r < n.
Problem 18. Prove that x(G(n,r,s)) < C:C~5 + 1.
Problem 19. Prove that x(G(n,r,s)) < Csth

Problem 20*. Let k = [==!]. Prove that x(G(n,r,s)) <k-C}i}

(&1

Problem 21*. Prove that n —r +1 < x(G(n,r,7 — 1)) < n for n = 2¥. Hint. Use Lemma 1 and
induction by r and k.

Problem 22**. Find x(G(n,r,7 — 1)) or at least refine the bounds from the problem 21.

Please find out that none of the results that you have obtained does not allow you to improve the
lower bounds of the value x(R™) found in the problems 9, 12. In view of the problem 11, it be good to
study upper bounds for the independence numbers of the graphs G(n,r, s). It turns out that many of such
bounds can be obtained with the help of the linear algebra method. Thus, in the next section, we will
recall some basic notions of linear algebra.

2.3 Basics of linear algebra and its applications

We say that vectors x1,...,x; in R" are linearly independent, if the equality ¢1x; + ... + ¢x; = 0 is
possible only in the case when ¢; = ... =¢ = 0.

Problem 23. Prove that the maximum number of linearly independent vectors in R" equals n.

Problem 24. Prove that if x;,...,x, form an arbitrary system of linearly independent vectors in R",
then any vector x € R” can be represented as x = ¢;x; + ... + ¢,X,, where c¢q,..., ¢, are real numbers.
(The system x7,...,x, is called a basis of the space and the expression ¢;x; + ...+ ¢,%,, is called linear
combination of the vectors xq,...,x, with coefficients c¢q,...,c,. In these terms, any vector x € R” can
be represented as a linear combination of the vectors of the basis.)

Let p be a prime number. Let Z, be the set of congruences modulo p. The space Zy, similarly to R",
is just the set of all the sequences of numbers from Z,. The operations of the sum of “vectors” x,y € Z;
and of their product with elements of Z, is done, as usual, coordinate by coordinate, but, this time, every

coordinate is taken modulo p.



The notions of linear independence and of a basis for Z; are defined in the same way as for R".
However, here all the numbers ¢; are elements of Z, — not R, — and the equality to zero is understood
as the equality to zero modulo p.

Problem 25. Prove that the maximum number of linearly independent vectors in Z, equals n and that
any maximal system forms a basis.

Problem 26. Let W = {xy,...,x;} be an arbitrary independent set of vertices of the graph G(n,3,1).
Prove that the vectors x;,...,x; are linearly independent in Z} and thus a(G(n,3,1)) < n, which is only
by an “epsilon” weaker than the result of the problem 12!

Let F € {R,Z,}. Let zy,...,x, be “variables”. By a monomial depending on these n variables we
mean an expression of the form z{"-...-x%  where ay, ..., a, are some non-negative integers. A polynomial
is an arbitrary linear combination of monomials. More precisely, a polynomial P belongs to F[z1, ..., x,],
if its coefficients are from F. Polynomials are added and multiplied according to the usual rules. Also if
P € Flzy,...,z,], then it can be multiplied by any element of F'. In any case, the rules of summation and
multiplication of the coefficients of polynomials are defined by the rules of summation and multiplication in
the set F'. The degree of a monomial is the sum of the degrees of its variables. The degree of a polynomial
is the maximum of the degrees of its monomials. A polynomial P € Flxq,...,xz,]| equals zero, if all its
coefficients are equal to zero in F. Polynomials P, € Flzy,...,x,],..., P, € Flxy,...,x,] are linearly
independent over F', if c; Py + ...+ ¢;P, = 0 only in the case when all the numbers ¢; € F,...,c; € F are
equal to zero in F'. It is obvious that any polynomial is generated by the basis consisting of its monomials.

Problem 27. Prove that if some polynomials are linearly independent over their F', then their number
does not exceed the number of monomials in a basis, which generates all these polynomials.

Problem 28. Let W = {xy,...,x;} be an arbitrary independent set of vertices of the graph G(n,5,2).
Let polynomials Py € Zs[y1,...,ynl, Po € Z3[y1, -, Ynl, ---, P € Z3[y1, ..., yn] be given by formulae

R(Y) - P?(Ula - JU’H) = (XMY)((X?JY) - 1)7 1= 17 - ‘Jt'
For example, if x; = (1,1,1,1,1,0,...,0), xo = (0,...,0,1,1,1,1,1), then

Pi(yiy.. . yn) = (i +ye+ys+yatys) (i +yo+ys+yat+ys—1) = 124+ A ye 200+ o 20aYs — Y1 —. . . —Ys,

Py(yi, .o yn) = Wn-a + Yn-s + Yn—2+ Yn—1 + Un) Yn—a + Yn—3 + Yn—2 + Yn_1 + yp — 1) =
=y Y 2 aUn st 2 Y — Ynd — - — Yn-

Prove that the polynomials Py,..., P, are linearly independent over Zs and therefore o(G(n,5,2)) <
C2+2C).

Problem 29. Assume that in the conditions of the previous problem the polynomials P; are substituted
by P/ according to the following rule: every monomial of the form y? is changed by ¥;, and after that
monomials of the same form are added. Prove that the polynomials P/,..., P/ corresponding to the
vectors from an independent set of vertices W of the graph G(n,5,2) are also linearly independent over
Zs, similarly to the initial polynomials P, ..., P;. Derive from this fact the bound a(G(n,5,2)) < C? and
compare it with the bound from the problem 15.

Problem 30. Derive from the result of the previous problem a lower bound for x(R"), which considerably
improves the bound from the problem 12. Ensure yourselves, however, that, in view of the problem 19,
substantial further advances based on the graph G(n,5,2) cannot be done.

4



Problem 31. Let W = {xy,...,x;} be an arbitrary independent set of vertices of the graph G(n,9,4).

Let polynomials Py € Zs[y1, ..., ynl, Po € Zs[y1, .- Ynls ---, Py € Zs[yh, ..., ya] be given by the formulae
Pl(y) = -Pi(y17 ) yn) = (XiaY)((Xi1Y) - ]-)((XZ,Y) - 2)((XZ,Y) - 3)7 = 1a .. 'at'
Prove that the polynomials P, ..., P, are linearly independent over Zs.

Problem 32. Which upper bound for a(G(n,9,4)) follows from the previous problem?

Problem 33. Let in the conditions of the problem 31 the polynomials P; be replaced by some P/
according to the following rule: in them, every monomial, which appears after opening the brackets and
summing similar monomials, has of course the form y;* - ... - y%"; if among the numbers a;, one has some
numbers greater than or equal to 2, then we replace all of them by 1s and sum up similar monomials.
For example, the monomial y?y2 is transformed to ;4. and the same is true for the monomials y?ys, y1vo,
etc. Prove that the polynomials P/, ..., P/ corresponding to the vectors from an independent set W of the
graph G(n,9,4) are also linearly independent over Zs, just as it was with the initial polynomials Py, ..., P,.
Derive from this fact the bound a(G(n,9,4)) < Cp + Ci + C2 + C,, + Cy, and compare it with the bound

from the problem 15.

Problem 34. Derive from the result of the previous problem a lower bound for x(R™), which considerably
refines the bound from the problem 30. Ensure yourselves, however, that, in view of the problem 19,
substantial further advances based on the graph G(n,9,4) cannot be done.

Problem 35. Let r and s be such that » — s = p, where p is a prime number and » — 2p < 0. Prove

p—1
that a(G(n,r,s)) < > Ck. Compare this bound with the bound from the problem 15.
k=0

Problem 36*. Explore lower bounds for the quantity x(R™), which follow from the results of the previous
problem. How do these bounds correlate with the bounds from the problem 197

3 Problems after the intermediate finish

Before the intermediate finish we have seen how important are the independence numbers of graphs for
obtaining lower bounds on the chromatic number of a space. Moreover, we considered different sequences
of distance graphs  the sequences {G(n,r,s)}°, with given r and s. It is interesting to understand
how will be changed the independence numbers, if, instead of the graphs G(n, r, s), we take their spanning
subgraphs, i.e., if we take the same sets of vertices and partially remove the edges. It seems to be
evident that the independence numbers must become substantially larger, provided we remove many
edges. However, surprisingly, sometimes this is true, but sometimes this is completely wrong! In order to
obtain the corresponding results, let us learn some random graphs and some probability theory.

3.1 The random Erdos—Rényi graph and some of its probabilistic character-
istics

Let V, = {1,...,n} be aset of vertices. In principle, one can construct on this set C? edges, if we do not

allow multiple edges, loops and orientation. Let us each of these C? potential edges draw with probability

p € [0, 1], which is the same for every edge. Different edges appear independently. Let G = (V,,, E) be a
graph which can appear as a result of the just-described probabilistic procedure. Denote the probability



of its appearance by P(G). Clearly it is equal to pl®!(1 — p)cﬁ_‘m. If A is a property of a graph, then its

probability — P(A) — is the sum over all the graphs G, which have property A, of the probabilities of
these graphs.

Denote by €2, the set of all graphs on the vertices V,,. Any function X defined on €2, and taking
real values is called random wvariable. For example, the number of triangles in a graph or its number of
connected components, or its independence number are random variables. Here you must understand that
the variables are random only due to the fact that apriori we do not know which graph will (randomly)
come to us. When a graph is already born the value of X is determined uniquely!

Any random variable has some “mean value”  the so-called (mathematical) expectation. The expec-

tation of a variable X is the number MLX defined by the formula MX = >  X(G)P(G). We just sum up
GeQly
the values of the function X on all the graphs multiplied by the probabilities of these graphs. Of course

this is some weighted average (weights are probabilities) — a kind of the mass centre). Let us learn to
calculate expectations and apply the obtained results to the study of the properties of random graphs.

Problem 37. Prove that if a random variable is just a constant ¢, then Mec = c.

Problem 38. Let X;, X5 be random variables and ¢y, ¢; be some fixed numbers. Certainly ¢; X; + ¢3 X5
is also a random variable. Prove that its expectation equals ¢;M.X; 4+ ¢oMX,. This property is called
linearity of expectation.

Problem 39. Using linearity of expectation find expectations of a) the number of triangles in the random
graph; b) the number of connected components of the random graph, each of which is a cycle on k vertices
(k is a fixed given number); ¢) the number of independent sets in the random graph, each of which has
cardinality &k (k is a fixed given number).

Problem 40. Prove Markov’s inequality: if X is a random variable taking non-negative values and « is
a positive number, then P(X > a) < %.

Problem 41. Using Markov’s inequality prove that if p = 1, then P(a(G) < 2log,n) — 1 as n — oo (it
is used to say that “almost surely a(G) < 2log, n”).

Note that actually for p = % almost surely a(G) > (2 — €) logy n for any given arbirarily small € > 0.
More precisely, — and we shall use it later, — the following theorem holds.

Theorem 1. For any € > 0 and large enough n the inequality
P(a(G) > (2 —¢)logyn) >1—27"

holds.

Thus, for p = %, almost surely the independence number is approximately 2log, n. In other words,
what’s happening? We take the complete graph on n vertices and we delete some of its edges, each
with probability % A typical graph, which appears as a result of this procedure, has about %’% edges —
two times less than the complete graph has. And the independence number of a typical graph is in a
logarithm times greater than the independence number of the initial graph (the independence number of
the complete graph is of course 1). OK, the number of edges is two times smaller and the independence
number increases: quite natural. It turns out that for some G(n,r, s) when deleting their edges randomly,
we get the same “expected” result (the independence number becomes approximately log times bigger).
But the miracle is that this happens not everytime! For many G(n,r, s) the independence number does
not change at all! Below, we will study together examples of both situations.



3.2 Random subgraphs of the graph G(n,3,0)

Let G1/2(n, 3,0) be a random subgraph of the graph G(n, 3,0) obtained by deleting mutually indepen-
dently some edges of the graph G(n, 3,0), each with probability 1/2.

Problem 42. If you solved the problem 16, then just derive from it that a(G(n, 3,0)) = C?>_,. Otherwise,
try to solve this particular case of that problem.

In a series of problems below, we will prove that almost surely «(Gy2(n, 3,0)) < C2_, (1 + ﬁ) This
is exactly what we mentioned above speaking about a surprising phenomenon: there is no growth in log
times; if there is some growth, then it is only in such a number of times that itself tends to 1 as n — 00!
One can prove even stronger facts, but this is very difficult, and we do not want to do it here: we just
want to see the essence!

In what follows, we will for conciseness omit integer parts around quantities which must be integer. For
example, writing C’{ﬁ)gw means, depending on context, that actually we take an upper or a lower integer
part of the number log, n. None of the computations will become false after this roughening.

Problem 43. Put k= C?_| (1+ ;-). Assume that k is integer (cf. a remark before the problem). Let
A C V(n,3) be an arbitrary set of vertices of the graph G(n,3,0) having cardinality k. Denote by r(A)
the number of edges of the graph G(n,3,0), whose both ends are in A. Since |A| =k > a(G(n,3,0)), it
is clear that 7(A) > 0. Let X} be the random variable equal to the number of independent sets of size k
in a graph G1/2(n,3,0). Prove that

e A=k (%)T(A) ' 2

ACV(n,3):

Problem 44. Prove that our aim will be attained, if we will prove that ML.X; — 0 as n — oc.

Clearly we have to learn bounding from below the quantity r(A). For each A, denote by B = B(A) any
(chosen for everytime) subset of A, which is independent in G(n,3,0) and has the maximum cardinality
among all analogous subsets of the set A.

Problem 45. Let A C V(n,3), |A| = k. Let B = B(A). Note that k£ ~ ”2—2 Assume that |B| is
substantially smaller than k: for example, let |B| < n'? (here the strange number 1.9 is taken almost
arbitrarily; important is that it is strictly smaller than 2). Prove that for large enough n the inequality
r(A) > % holds (being more careful one can replace 3 in the denominator by “almost” 2, but does not
matter).

Problem 46. Let A C V(n,3), |A| = k. Let B = B(A). Let |B| > 9n or, even better (in addition to
the previous problem), |B| > n'?. Prove that r(A) > (|B| — 9n)(|A| — |B]).

Problem 47. Decompose sum (2) into two parts: in the first part, only those A will be taken, for which
|B| < n'?; in the second part, all the other sets A will be considered. To the summands in both parts
apply the bounds from the corresponding problems and make it sure that the whole sum (2) does really
tend to zero, which means that we are done!

How can we change the threshold n' in order to still get the same result?



3.3 Random subgraphs of the graph G(n,3,1)

Let G1/2(n, 3,1) be a random subgraph of the graph G(n, 3, 1) obtained by deleting mutually indepen-
dently some edges of the graph G(n, 3,1), each with probability 1/2. It seems that everything is the same
as with the graphs G(n, 3,0). This is completely wrong!

Recall that a(G(n,3,1)) ~ n (see the problem 12).

Problem 48*. Write down an analog of inequality (2) and prove an analog of the bound from the problem
45. Ensure yourselves eventually that there exists a ¢ > 0, with which almost asurely a(G4/2(n,3,1)) <
cn logy n.

Problem 49. Prove that in the graph G(n, 3, 1), there exist approximately 5 complete subgraphs, each
having about 7 vertices, such that every two of them are not connected by an edge.

Problem 50. With the help of the previous problem and Theorem 1 prove that for every € > 0, almost
surely a(G1/2(n,3,1)) = (1 —¢)nlog, n.

Thus, for Gi/2(n, 3,1), just as it was for the Erdés-Rényi random graph, we again have the growth of
the independence number in approximately logarithm of the number of vertices times!

Problem 51*. Try to improve into a constant number of times the bound in the problem 50.

3.4 Random subgraphs of the graph G(n,2,1)
Problem 52. Find a(G(n,2,1)).

Problem 53. Let r(A) be the same as in formula (2). Prove that always r(A) > AP |Al.

n

Problem 54. Derive from the previous problem the inequality a(Gy/2(n,2,1)) < (% + 5) nlog, n, which
is true for every € > 0 almost surely.

Problem 55*. Prove a lower bound for «(G/2(n,2,1)) which has order of magnitude cnlog,n with
some ¢ > 0.

Problem 56**. Find a constant c¢ in the assertion: for any ¢ > 0, almost surely

(c—e)nlogyn < a(Gq2(n,2,1)) < (c+¢€)nlog, n.
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Combinatorial geometry and graph colorings: from
algebra to probability

A.M. Raigorodskii, with the help of V. Bulankina and A. Gusev

1 Definitions and notation

One of the most famous and fascinating objects of combinatorial geometry is the chromatic number
of a space. Before we introduce it, we remind that the space R™, which is called the n-dimensional
Fuclidean space, is just the set of all “points” x, each of which is a sequence consisting of n real numbers:
x = (x1,...,2,). Moreover, between any two points x = (xy,...,2,) and y = (y1,...,Yn), one can find
the distance using the formula

|X_Y| = \/(Il _yl)2+---+ (mn_yn>2~

In particular, for n = 1, we get the usual line, for n = 2 — the usual plane, for n = 3 — the usual space.

The chromatic number of R™ is the quantity denoted by y(R") and equal to the minimum number of
colors needed to color all the points of the space R"™, so that the distance between any two points of the
same color is not 1.

We will start from the simplest facts, which are widely known, and we will finally come to advanced
results obtained just few months before the Summer Conference. Moreover, the methods, which we shall
study, will be very different and nontrivial varying from linear algebra to probability theory and random
graphs.

2 Problems before the intermidiate finish

2.1 The simplest bounds for the chromatic number

Problem 1. Prove that y(R') = 2.

Solution. Clearly, one color is not enough since points 1 and 2 should be of different colors. Two colors
suffice. Indeed, let us split the line into semi-open intervals [a;a + 1), a € Z, and color them in turn into
black and white.

Problem 2. Prove that y(R?) > 4.

Solution. Clearly, the figure below cannot be colored properly into three colors.



Problem 3. Prove that y(R?) < 7.

Solution. One can see that the following coloring is proper:

Problem 4. Prove that y(R?) < 27.

Solution. It is the particular case of Problem 7.
Problem 5. Prove that y(R?) > 5.

Solution. It is the particular case of Problem 9.
Problem 6. Prove that y(R") is finite for every n.
Solution. Problem 6 will follow from Problem 7.

Problem 7*. Prove that y(R") < ([\/n] +1)".



Solution. Let us take some k£ € Z and p € R, tile R™ with cubes of edge kp, split each edge of some
cube into k parts, it will give a splitting of a cube into £™ small cubes of edge p, then color each small
cube into its color and then shift this coloring to color the whole space. For the coloring to be proper, the
following two inequalities should hold: py/n < 1, (k—1)p > 1. But for k = [/n] + 1 and p = \/Lﬁ both
inequalities are held.

Problem 8. Prove that in R™ there is a set of n 4+ 1 points, whose pairwise distances are equal to 1, and
therefore, x(R™) > n + 1.

Solution. Let us construct such a set of points explicitly. Let

2
A= <\/—_;O;O;...;O;0>,

2
Ay = (0;\/7_;0;...;0;()),

A, = <O;0;O;...;O;\/—§>.

Pairwise distances between these n points are all equal to 1. Now find the (n + 1)th point of the form
S = (a;a;a;...;a;a). For this we need

2
SA; = 4| (n—1)a®+ (a—7> =1,

1
naQ—\/§a—§:O.

This system gives us a quadratic equation with positive discriminant. Thus, we will find two points Sy
and Sy, such that for each of them and for every j = 1,2,...,n, the distance between S; and A; equals 1.

Problem 9*. Prove that x(R") > n + 2.

Solution. Let us take two equal figures as in Problem 8, namely, S15A4;... A, and TYT2B;...B,. We
can place them in R™ in such a way that S; coincides with T}, and the distance Sy75 equals 1. Now, if we
color R™ into n + 1 color, then the points S; and Sy will be of one color, and the points 77 and 75 will be
of one color. Then S5 and 75 will be of one color, which is impossible.

2.2 Distance graphs of special type, their simplest properties, and the con-
nection with the chromatic number of a space

Recall that the scalar product of vectors x = (z1,...,2,),¥ = (y1,-..,Yn) in R™ is the expression

(x,¥) =x1y1 + ... + TpYn.



One can easily check that always

x -y’ =(xx)+(y,y) - 2(x,y). (1)

Let 7, s be some natural numbers. For each n € N denote by G(n,r, s) the graph, whose set of vertices

is

Vin,r)={x=(x1,...,2,) : 7; €{0,1}, 4 +...+ 2, =1}
and whose set of edges is

E(n,r,s) ={{x,y}: (x,y) = s}

In other words, vertices are all possible vectors consisting of Os and 1s, such that in every such vector one
has exactly r 1s and n — r 0s. In turn, those and only those vertices are joined by edges whose scalar
product equals s. Due to formula (1) one can say that edges are those and only those pairs of vertices
whose distance equals v/2r — 2s. This is why the graphs G(n,r, s) are called distance graphs.

It is also convenient to have the following interpretation of a graph G(n,r,s). Its vertices can be
considered as all possible r-element subsets of the set R,, = {1,2,...,n}. Its edges can be considered as
pairs of subsets whose intersections have cardinalities equal to s. Please make sure that you understand
it!

Recall that an independent set of vertices of a graph is a set, in which every two vertices are not joined
by an edge. The independence number a(G) of a graph G is the number of vertices in any maximal (by
cardinality) independent set. The chromatic number x(G) of a graph G is the minimum number of colors
needed to color all the vertices of the graph in such a way that between any two vertices of the same color,
there are no edges.

Problem 10. Prove that for any n,r, s, one has x(R") > x(G(n,r,s)).

Solution. The graph G(n,r, s) can be embedded into R™: first, we map every vector consisting of 0s and
1s to the corresponding point, then the distances between all points are equal to \/2r — 2s, and second, we
make a homothety with coefficient \/ﬁ, thus making all pairwise distances equal to 1. Hence, if we can

properly color the space into k colors, then we can also properly color the vertices of the graph G(n,r, s).

Problem 11. Prove that for every graph G = (V, E), one has x(G) > %

Solution. Every color should be an independent set, hence, its cardinality will not exceed a(G). Let
us increase the quantity of vertices of every color and make it equal to a(G), then the total number of
vertices will increase and become equal to x(G) - «(G) > |V|. It implies the desired inequality.

Problem 12. Find a(G(n,3,1)). Derive from the obtained result a considerable improvement to the
bound in Problem 9.

Solution. The answer depends on the residue of n modulo 4. We will prove by induction that

n = 0(mod 4) = a(G(n,3,1)) =n,
n=1(mod 4) = a(G(n,3,1)) =n — 1,
n = 0(mod 4) = a(G(n,3,1)) =n — 2,
n = 0(mod 4) = o(G(n,3,1)) =n — 2,



Every vector consists of zeroes and ones. Fix any independent set. It follows from the condition that every
two distinct vectors in it either do not intersect, or intersect by 2 elements. First we give examples which
show that a(G(n,3,1) is at least the required number. For n = 4

(0,1,1,1),
(1,0,1,1),
(1,1,0,1),
(1,1,1,0).

For n divisible by 4 we split the coordinates into groups of 4 and in every group perform the same
construction as above.

(1)

For n = 1(mod 4) we forget one coordinate and repeat the same construction as above.
For other values of n, we give another construction:

(1,1,1,0,...,0),
(1,1,0,1,0,...,0),
(1,1,0,0,1,0,...,0),

(1,1,0,0,...,0,1,0),
(1,1,0,0,...,0,0,1),

Here two first coordinates are always equal to 1, hence, every two vectors intersect in exactly two coordi-
nates. This example contains n — 2 vectors.
Now we prove that it is the maximal possible value. Take two intersecting vectors, without loss of
generality they are
(1,1,1,0,...,1) and (1,1,0,1,0,...,0).

Now take any other vector. Either it has a nonzero coordinate on the position 5-n, or it is as in (1). In
the first case the vector is of form (1,1,0,0,...,0,1,0,...), and the vectors of the second type are no more
possible, in the second case we have no more than 4 vectors which have nonzero coordinates on the first 4
positions, and we can apply the induction step. In the first case we have no more than n — 2 vectors, as
in (2). It is not more than in the answer, and we are done.

We get the following bound for the chromatic number:

¢t D=2

X(RY) 2 x(G(n,3,1)) 2 a(G(n,3,1)) ~ 6

Problem 13*. Find x(G(n,3,1)) for n = 2¥. Hint. Use Problems 11 and 12 as well as the following
lemma and induction by k.

Solution. The proof of this theorem can be found in [6].

Lemma 1. Let n be an even number and P, be the set of all unordered pairs {a,b} of natural numbers
both of which do not exceed n. Then there exist such sets of pairs By, ..., B,_1 that

P,=BU...UDB,.

Moreover, for any i =1,...,n— 1, no two pairs from B; contain a common element. For odd n, we have
a partition
P,=BU...UB,,

and, again for anyi=1,...,n, no two pairs from B; contain a common element.



Problem 14**. Find sharpest possible bounds (ideally — a formula) for x(G(n,3,1)) for every n.
Solution. This problem has two stars, hence, if you have solved it, you could obtain a new result.
Problem 15. Prove that a(G(n,r,s)) > Cr 571

Solution. Consider only those vertices which have ones at the first s + 1 positions. There are C/ %"}
such vertices. The scalar product of any two of them is at least s+ 1, hence, no two of them are joined by

an edge.

Problem 16*. Prove that a(G(n,r,0)) = C’~1, if 2r < n.
Solution. Let us denote by B any (fixed throughout the proof) subset in the set of vertices V'(n,r),
which is independent in G(n,r,0) and has cardinality a(G(n,r,0)).

Lemma. For every s,1 < s < n, let us consider the set A; = {s,s+1,...,s+r — 1}, where the sum
is modulo n. Then B cannot contain more than r subsets of form A,.

Proof. Fix any A, from a(G(n,r,0)). Take all the other sets A intersecting As and form r — 1 pairs
{A,_i, Agyri}. Now the statement of Lemma follows from the fact that B contains at most one element
from each pair.

Let us deduce the Problem statement from the Lemma. Take an arbitrary permutation o of elements
{1,2,...,n} and fix i € {1,2,...,n}. Let A= {o(i),0(i +1),...,0(i +r — 1)}, where the sum is taken
modulo n, as above. Since o was an arbitrary permutation, it follows from Lemma that P(A € B) < =.
But A is taken equiprobably from all the r-element subsets. Hence,

r | B|
—>P(Ae B)=—
n ( ) cr
and .
Bl < —C, = Cp7y.
n

Problem 17. Prove that x(G(n,r,0)) <n —2r+ 2, if 2r < n.

Solution. Let us color all the vertices having 1st coordinate equal to one into the first color. Then let us
color all the yet uncolored vertices, which have second coordinate equal to 1, into the second color, and so
on till the (n —2r+1)th color. Clearly, there will be no edges between the vertices of one color. It remains
to color some vertices, and we have one more color. But what vertices are yet uncolored? Only those who
have only ones on the last 2r — 1 coordinates. Clearly, there are no edges between these vertices, hence,
we can color them all in the remaining color.

Problem 18. Prove that x(G(n,r,s)) < C:Cr -5 + 1.

Solution. What is C2C; 707 It is the degree of every vertex of the graph G(n,r,s). It is easy to see
that if the degree of every vertex of the graph does not exceed d, then the graph can be properly colored
into d 4+ 1 colors. Indeed, let us color the vertices one by one. For every yet uncolored vertex, there exists
at least one color such that our vertex is not connected with vertices of this color. Hence, we can color it
in this color.



Problem 19. Prove that x(G(n,r,s)) < CsTL.

Solution. Let us enumerate all the (s + 1)-element subsets of R,, with numbers 1, ..., C5™!. Now let us
color all the vertices containing the first subset into the first color, all the yet uncolored vertices containing
the second subset into the second color, and so on. Finally, all the vertices will be colored, and there will
be no edges between the vertices of one color.

Problem 20*. Let k = [%} Prove that x(G(n,r,s)) < k - Clétﬁ
E

Solution. The proof of this fact can be found in [6].

Problem 21*. Prove that n —r+1 < x(G(n,r,r — 1)) < n for n = 2¥. Hint. Use Lemma 1 (see above)
and induction by r and k.

Solution. To prove the lower bound, we show that the graph contains a clique of size n —r + 1. Indeed,
let us take the vertices corresponding to the vectors having ones on the first » — 1 coordinates. There are
exactly n — r 4 1 such vertices, and they are all mutually joined by edges.

Consider the particular case r = 2. Let us show that Lemma 1 implies the inequality x(G(n,2,1)) < n.
Indeed, let us identify the vertices of G(n,2,1) with the set of pairs of integers 1,...,n, and two vertices
are joined by an edge if and only if the corresponding pairs have a common element. Hence, if we take
colors x; = B; from Lemma 1, then the graph will be colored into n — 1 colors for n = 2m and into n
colors for n = 2m + 1.

Now take arbitrary r and prove the upper bound by induction on r. Its base r = 2 is proved above.
Suppose that the upper bound is true for all » < k. Let us prove the step, for this we need to color the
graph G(n,k,k —1).

Let n = 2. To color the graph G(n, k, k—1), we use induction on I. The base will be for the maximal [
such that 2 < k. For this Iy we have x(G (2", k,k — 1)) = 0, and the upper bound is satisfied. Now we
prove the induction step. We assume that x(G(2!71 k, k — 1)) < 271, Let us split the set of elements into
two parts:

Alz{l,...,n/Q},
Ay={n/2+1,...,n}.

Split the vertices of our graph into k + 1 pairwise disjoint sets
Vi={veV(Gnkk—1)): [vnAi|=3}, j=0,....k

We note that for [ = [y + 1 some Vs are empty. It will only improve the bound, hence, below we assume
that all V; are nonempty.

Consider the graph G(n/2,7,j—1) for j =1,...,k — 1. By the induction assumption, x(G(n/2,j,7 —
1)) < n/2, and all the j-element subsets of the set A; can be colored into n/2 colors ¢4, ..., @,/ in such
a way that every two such subsets of one color intersect by a number of elements not equal to 7 — 1.
Let us denote by WY, the set of all such subsets which are colored with color ¢,. We also introduce the
graph G(n/2,k—j,k—j—1) constructed on the set of elements of Ay. Then all the (k — j)-element subsets
of the set A, can be colored with colors 91, ...,/ in such a way that subsets, colored with one color,
intersect by a number of elements not equal to k—j —1. We denote by W} ;o the set of all (k— j)-element
subsets of As, colored with the color v,,.



n/2
For v € {1,...,n}, let Ujl’” = {w Uwa: wy € Wi, we € Wy}, and let Uj1 = |_| Ujl’”. It is clear that
v=1
every two sets from the collection U jl intersect by a number of elements not equal to £ — 1. Indeed, if this
is not true, then there exist vertices v, w € Uj1 such that [vNw| = k — 1. Then either vN A; = wN Ay,
or v N Ay = w N As, hence, the non-coinciding “halves” of these vertices are colored with the same
color. Without loss of generality, we assume that v N A; = w N Ay, then v N Ay and w N Ay have at
most k — 7 — 2 common elements. Hence, the vertices v and w cannot intersect by £ — 1 elements, and we
get a contradiction. The case v N Ay = w N Ay can be treated analogously.
In the same way we can obtain the collection sz, taking the unions of sets from I/lel with sets

from W;_,,, of sets from W7, with sets from W} ,, ..., of sets from W} ]/-2 with sets from W, ,.

Analogously, taking cyclical shifts, we define U]:-”, oo U jn 2. Here 7 =1,...,k—1. By the assumption of
the induction on n, there exist collections U; U, which contain subsets of As and A, respectively, and
intersecting by a number of elements not equal to k — 1 for every i = 1,...,n/2.

Now we finally define the color x; for i = 1,...,n/2 as the union of collections with even indices:

xi=UguUsuULU. ..
For i =n/2+1,...,n we take the union of collections with odd indices:
i =UP Uty

Clearly, we colored our graph with not more than n colors, which ends the induction on the parameter n,
and, hence, it end also the induction on r. The upper bound is proved.

Problem 22**. Find x(G(n,r,r — 1)) or at least refine the bounds from Problem 21.

Solution. This problem has two stars, hence, if you have solved it, you could obtain a new result.

Please find out that none of the results that you have obtained allows you to improve the lower bounds
of the value y(R"™) found in Problems 9 and 12. In view of Problem 11, it will be good to study upper
bounds for the independence numbers of the graphs G(n,r,s). It turns out that many of such bounds can
be obtained with the help of the linear algebra method. Thus, in the next section, we will recall some
basic notions of linear algebra.

2.3 Basics of linear algebra and its applications

We say that vectors x1,...,X; in R" are linearly independent, if the equality c1x; + ... + ¢x; = 0 is
possible only in the case when ¢; = ... =¢ = 0.

Problem 23. Prove that the maximum number of linearly independent vectors in R" equals n.

Solution. The basis vectors e; = (0,0,...,0,1,0,...,0), where one is at the ith position, i = 1,2,...,n,
are linearly independent, since cie; + cses + ... + ¢ce, = (€1, o, ..., ¢,). Now we prove by induction on n
that every n + 1 vectors in R™ are linearly dependent.

Base n =1 is obvious.

Step from n to n + 1. If the (n + 1)th coordinate of all the n 4+ 2 vectors is zero, then we can forget
it, and, using the induction assumption, find a nontrivial linear combination of the given n 4 2 vectors

8



such that the resulting vector is zero. It will remain zero when we add back the last coordinate. Let a; be
the (n + 1)th coordinate of the vector x;. Now, if the (n + 1)th coordinate of some vector x; is nonzero,
then replace our set of vectors with x}, x5, ..., %), 1,X; 5, where X; = x; — (a;/a;)x;, x; = 0. Then by the
induction assumption for the vectors x/,...,x;_ |, X}, ,,...,X],,, we can find coefficients ci, ..., c,41 not
all vanishing such that

0=cXi+..., X+ X+ X0 = (X1 — (a1/a:)%;) + . . .4 i1 (Ko — (any2/a:)%;) =
= C1X1 +... +CZ'_1X¢_1 + (—cl(al/ai) _CQ(CLQ/C%) — ... —ci_l(ai_l/ai) —ci(aiﬂ/ai) — ... —cn+1(an+2/ai))xi+

+ X1+ oo+ Cur1Xng2.

Hence, we presented a nontrivial linear combination of the initial vectors resulting into a zero vector. We
)
get a contradiction.

Problem 24. Prove that if x;,...,x, form an arbitrary system of linearly independent vectors in R",
then any vector x € R" can be represented as x = ¢;X; + ... + ¢,X,, where ¢y, ..., ¢, are real numbers.
(The system xj,...,X, is called a basis of the space and the expression ¢1x; + ... + ¢,x, is called linear
combination of the vectors x1,...,x, with coefficients cy,...,c,. In these terms, any vector x € R"™ can
be represented as a linear combination of the vectors of the basis.)

Solution. On the contrary, suppose that there exists a vector x which cannot be represented as a linear
combination of vectors Xy, ..., X,. Then the system of vectors {xy,...,X,,x} will be linearly independent:
indeed, let ¢1x1 + ... + ¢,x, + ¢x = 0, then either ¢ = 0 and all ¢; vanish since x;, ¢ = 1,2,...,n, are
linearly independent, or ¢ # 0, but then x = (¢;/¢)x1 + ... (¢,/¢)x,, which contradicts our assumption.
But the set {x1,...,X,,x} contains n + 1 vectors, and we get a contradiction with the previous problem.

Let p be a prime number. Let Z, be the set of congruences modulo p. The space Z;, similarly to R",
is just the set of all the sequences of numbers from Z,. The operations of the sum of “vectors” x,y € Z;
and of their product with elements of Z, is done, as usual, coordinate by coordinate, but, this time, every
coordinate is taken modulo p.

The notions of linear independence and of a basis for Z; are defined in the same way as for R™.
However, here all the numbers ¢; are elements of Z, — not R, — and the equality to zero is understood
as the equality to zero modulo p.

Problem 25. Prove that the maximum number of linearly independent vectors in Z; equals n and that
any maximal system forms a basis.

Solution. The proof is the same as the proof of two previous problems. Indeed, every element can be
seen as a sequence of residues modulo p, the coefficients are not real numbers but residues modulo p, and
the only difference is that by 1/a we now mean the inverse element modulo p.

Problem 26. Let W = {x3,...,x;} be an arbitrary independent set of vertices of the graph G(n,3,1).
Prove that the vectors xy,...,x; are linearly independent in Z% and thus a(G(n,3,1)) < n, which is only
by an “epsilon” weaker than the result of Problem 12!



Solution. On the contrary, suppose that there exist coefficients cy,...,c; € Zs, not all vanishing, such
that
axy+ ...+ cx, =0.

Without loss of generality we may assume that ¢; # 0. Let us take the scalar product of the both
hands of this equality by x;. Note that if we take the scalar product of two vectors, each has three nonzero
coordinates equal to 1, then it equals 3, if the vectors are equal, and 0, 1, or 2 in the other cases. Since
we take vectors from an independent subset of the graph G(n, 3, 1), the scalar product cannot equal 1. If
we take the obtained equality modulo two, then the first summand of the left hand side will be equal to 1
(since 3 = 1(mod 2)), and all the others will be equal to 0, but on the right hand side we have 0. We get
a contradiction.

Let FF € {R,Z,}. Let 21,...,z, be “variables”. By a monomial depending on these n variables we
mean an expression of the form z{*-...-x% where ay,.. ., a, are some non-negative integers. A polynomial
is an arbitrary linear combination of monomials. More precisely, a polynomial P belongs to F[zy,...,x,],
if its coefficients are from F'. Polynomials are added and multiplied according to the usual rules. Also if
P € Flxy,...,x,), then it can be multiplied by any element of F'. In any case, the rules of summation and
multiplication of the coefficients of polynomials are defined by the rules of summation and multiplication in
the set I'. The degree of a monomial is the sum of the degrees of its variables. The degree of a polynomial
is the maximum of the degrees of its monomials. A polynomial P € Flxy,...,z,] equals zero, if all its
coefficients are equal to zero in F. Polynomials P, € Flxy,...,z,],..., P, € Flxy,...,x,] are linearly
independent over F, if c;Py + ...+ ¢, P, = 0 only in the case when all the numbers ¢; € F,...,¢; € F are
equal to zero in F'. It is obvious that any polynomial is generated by the basis consisting of its monomials.

Problem 27. Prove that if some polynomials are linearly independent over their F, then their number
does not exceed the number of monomials in a basis, which generates all these polynomials.

Solution. Every polynomial is a linear combination of basis monomials, and suppose that there exist n
basis monomials. Then every polynomial corresponds to a unique sequence of n coefficients from F. In
other words, any polynomial can be viewed as a vector in F". Then by Problems 24 and 25, the maximal
possible number of linearly independent vectors in this space is n, which gives the required bound.

Problem 28. Let W = {x1,...,x;} be an arbitrary independent set of vertices of the graph G(n,5,2).
Let polynomials Py € Z3[y1, ..., Ynl, Po € Z3[y1, - Ynl, -- -, Br € Z3[y1, ..., ys] be given by formulae

For example, if x; = (1,1,1,1,1,0,...,0), xo = (0,...,0,1,1,1,1,1), then
Pi(y1, .., Yn) = (i+yotys+yatys) (yi+ye+ystyatys—1) = yi+. . .+ye+2y1y0+. . +20ays— Y1 —. . .— Vs,

Po(yi, -3 Un) = Wn-a + Yn-3+ Un—2 T Yn-1+ Un) WUn-a + Yn-3 + Yn—2+ Yn-1 + Y — 1) =
=y e Y 2 aUn 3t 2Un1Yn — Ynd — - — Yn

Prove that the polynomials Py, ..., P, are linearly independent over Zs and therefore o(G(n,5,2)) <
C2 +2C}.
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Solution. As we did in Problem 26, assume the contrary: suppose that there exists a linear dependency;,
which has a nonzero coefficient at some P;. Let us substitute y by x;. Then the right hand side will remain
zero, and all P;, j # 4, will vanish in the left hand side. Indeed, the scalar product (x;,y) can equal 0,
1, 3, or 4, and then the polynomial vanishes modulo 3. The scalar product cannot be equal to two since
we started from an independent subset of G(n,5,2). It can equal 5 in the only case when two vectors
coincides, which gives us the only nonzero summand, and we get a contradiction.

Now let us count the number of possible monomials. We have products of form y,y;, squares y7?, and
linear terms y;. This gives us C? + 2C! monomials, which implies the required bound for a(G(n, 5,2)).

Problem 29. Assume that in the conditions of the previous problem the polynomials P; are substituted
by P/ according to the following rule: every monomial of the form y? is changed by y;, and after that
monomials of the same form are added. Prove that the polynomials P[,..., P/ corresponding to the
vectors from an independent set of vertices W of the graph G(n,5,2) are also linearly independent over
Zs, similarly to the initial polynomials Py, ..., P;. Derive from this fact the bound a(G(n,5,2)) < C? and
compare it with the bound from the problem 15.

Solution. Note that in the previous solution, when we used linear dependencies, we used only the values
of the polynomials at the points having coordinates equal either to 0 or to 1. Clearly, the values of the
new polynomials will coincide with the values of the old polynomials in these points, hence, the same proof
can be applied.

Now note that, if we open the brackets and perform the required substitutions, every polynomial will
contain only pairwise products of variables, hence, the basis of the corresponding space contains at most
C? monomials, which gives the required bound.

Now let us compare the bound with the bound of Problem 15. We get that a(G(n,5,2)) ~ $n?.

Problem 30. Derive from the result of the previous problem a lower bound for x(R™), which considerably
improves the bound from Problem 12. Ensure yourselves, however, that, in view of Problem 19, substantial
further advances based on the graph G(n,5,2) cannot be done.

Solution. Let us apply the homothety with the coefficient 1/v/6 to the graph G(n,5,2) and then apply
Problem 11. We obtain that

®) > s 020z = 6o 4 O(n?).

(G(n,5,2))

On the other hand, using this graph, we cannot bound the chromatic number of order greater than C?.

Problem 31. Let W = {x1,...,x;} be an arbitrary independent set of vertices of the graph G(n,9,4).

Let polynomials Py € Zs[y1, ..., Ynl, Po € Zs[y1, - Ynl, -- -, Br € Zs|y1, ..., yn] be given by the formulae
Prove that the polynomials P, ..., P, are linearly independent over Zs.

Solution. As we did in Problem 28, we take a nontrivial linear combination resulting into zero vector.
Then we find a nonzero term in this linear combination, substitute the corresponding vector x; instead
of y into the whole linear combination and obtain that on one hand we have identically zero, while on the
other hand we have exactly one nonzero term corresponding to x;. We get a contradiction.
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Problem 32. Which upper bound for a(G(n,9,4)) follows from the previous problem?

Solution. We need to count the number of monomials necessary to generate all the vectors Py, Ps, ..., P;.
It suffices to take all the monomials of the form

YR YiYiVes YiliVks Yilis YiYss ViV Yillis Yis Yis Vis Yir const.

The number of such monomials equals C;i +4C% + 6C2 + 4C} + 1, hence, a(G(n,9,4)) is bounded by the
same value.

Problem 33. Let in the conditions of Problem 31 the polynomials P; be replaced by some P/ according
to the following rule: in them, every monomial, which appears after opening the brackets and summing
similar monomials, has of course the form y{* - ... - y%; if among the numbers a;, one has some numbers
greater than or equal to 2, then we replace all of them by 1s and sum up similar monomials. For example,
the monomial 3?5 is transformed to y;7, and the same is true for the monomials 321, y1y2, etc. Prove
that the polynomials Pj,..., P/ corresponding to the vectors from an independent set W of the graph
G(n,9,4) are also linearly independent over Zs, just as it was with the initial polynomials Py,..., P;.
Derive from this fact the bound a(G(n,9,4)) < C! + C3 + C? + C! + C° and compare it with the bound
from Problem 15.

Solution. To prove linear independency in Problem 31, we substituted 0 and 1 instead of y; into some
inequalities. In the both cases, the value of the polynomial will not change during this operation. Hence,
the proof remains valid, and we get a new estimate on the number of such polynomials: it is bounded by
the number of generating monomials, which is equal to Ci + C2 + C2 4+ C} + CP. Asymptotically this
coincides with the bound from Problem 15.

Problem 34. Derive from the result of the previous problem a lower bound for x(R™), which considerably
refines the bound from Problem 30. Ensure yourselves, however, that, in view of Problem 19, substantial
further advances based on the graph G(n,9,4) cannot be done.

Solution. In the same way as we did in Problem 30, we get x(R") > C5/Ct = &n® + O(n*). On the
other hand, if we apply Problem 19, we get a bound not better than C?, which asymptotically gives the
same order of magnitude.

Problem 35. Let r and s be such that » — s = p, where p is a prime number and r — 2p < 0. Prove

p—1
that a(G(n,r,s)) < > CF. Compare this bound with the bound from Problem 15.
k=0

Solution. Fix any independent subset W = {xy,...,x,} and consider polynomials P, € Zy[y, ..., Yn]
given by formulae

Pi(y) = (xi, y)(xi,5) = 1) ... ((x5,5) — (p — 1))

As we did above, we prove that they are linearly independent and that their number is bounded from
above by the required value. On the other hand, in Problem 15 the same value was bounded from below,

which gives asymptotically the same order of magnitude: a(G(n,r,s)) ~ ﬁn”_l.
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Problem 36*. Explore lower bounds for the quantity x(R™), which follow from the results of the previous
problem. How do these bounds correlate with the bounds from Problem 19?7

Solution. We use the same notation as in the previous problem. We have

Vil C c

X(RY) > X(G(n7,9) 2 ol > ot = (14 o(1) (i)

e., there exists a constant c; such that x(G(n,r,s)) = ¢n®™!, but, on the other hand, we know by
Problem 19 that x(G(n,r,s)) < can®™! for some other constant cy. This means that we know the order of
growth of the chromatic number for the graphs G(n,r,s) with r — s = p, p prime, r — 2p < 0.

3 Problems after the intermediate finish

Before the intermediate finish we have seen how important are the independence numbers of graphs for
obtaining lower bounds on the chromatic number of a space. Moreover, we considered different sequences
of distance graphs — the sequences {G(n,r,s)}>°, with given r and s. It is interesting to understand
how will be changed the independence numbers, 1f, instead of the graphs G(n,r, s), we take their spanning
subgraphs, i.e., if we take the same sets of vertices and partially remove the edges. It seems to be
evident that the independence numbers must become substantially larger, provided we remove many
edges. However, surprisingly, sometimes this is true, but sometimes this is completely wrong! In order to
obtain the corresponding results, let us learn some random graphs and some probability theory.

3.1 The random Erdos—Rényi graph and some of its probabilistic character-
istics

Let V,, = {1,...,n} be a set of vertices. In principle, one can construct on this set C? edges, if we do not
allow multiple edges, loops and orientation. Let us each of these C? potential edges draw with probability
p € [0,1], which is the same for every edge. Different edges appear independently. Let G = (V},, E) be a
graph which can appear as a result of the just-described probabilistic procedure. Denote the probability
of its appearance by P(G). Clearly it is equal to plZ!(1 — p)Ca~IEl_ If A is a property of a graph, then its
probability — P(A) — is the sum over all the graphs G, which have property A, of the probabilities of
these graphs.

Denote by €2, the set of all graphs on the vertices V,,. Any function X defined on €2, and taking
real values is called random wvariable. For example, the number of triangles in a graph or its number of
connected components, or its independence number are random variables. Here you must understand that
the variables are random only due to the fact that apriori we do not know which graph will (randomly)
come to us. When a graph is already born the value of X is determined uniquely!

Any random variable has some “mean value” — the so-called (mathematical) expectation. The expec-
tation of a variable X is the number MLX defined by the formula MX = Z X(G)P(G). We just sum up
Ge

the values of the function X on all the graphs multiplied by the probabllltles of these graphs. Of course
this is some weighted average (weights are probabilities) — a kind of the mass centre). Let us learn to
calculate expectations and apply the obtained results to the study of the properties of random graphs.

Problem 37. Prove that if a random variable is just a constant ¢, then Mic = c.

13



Solution. What is the average value of the constant? Obviously, it is constant itself.

Problem 38. Let X, X5 be random variables and ¢y, ¢o be some fixed numbers. Certainly c¢; X + co X5
is also a random variable. Prove that its expectation equals ¢;MX; + csMX5. This property is called
linearity of expectation.

Solution.

M(e1 X1 + 2X0) = Y (a1 X1(G)P(G) + 2 Xa(G)P(G)) = c1 »_ X1(G)P(G) + ¢2 Y Xa(G)P(G) =
G G G

= ClMXl + CQMXQ.

Problem 39. Using linearity of expectation find expectations of a) the number of triangles in the random
graph; b) the number of connected components of the random graph, each of which is a cycle on k vertices
(k is a fixed given number); ¢) the number of independent sets in the random graph, each of which has
cardinality k (k is a fixed given number).

Solution. a) There are C3 choices of three vertices, and each of them will give a triangle with prob-
ability p3. From linearity of expectation, it follows that MX = C3p3 where X is the required random
variable.

b) There are C* choices of k vertices in the given graph, and each of them can form (k — 1)!/2 cycles
(here we count the order of the vertices in the cycle). The probability of such an ordered set to become
a connected component being a cycle equals p*(1 — p)(cz_k)%(”_k), since there should be exactly k edges
between the vertices of this cycle and since there should be no edges between this subgraph and the other
vertices of the graph. It follows from linearity that

MX = CF(k — 1)IpF(1 — p)(CR-R+knh),
where X is the required random variable.

c¢) There are C* choices of k vertices, and each of them is independent with probability (1 — p)sz.
Hence, MX = Ck(1 — p)Ck, where X is the required random variable.

Problem 40. Prove Markov’s inequality: if X is a random variable taking non-negative values and a is
a positive number, then P(X > a) < M%j(.

Solution.

MX =) 2P(X=2)=) 2P(X=2)+)> zP(X=2)2) aP(X =2)=aP(z>a).

z=a z<a z=a

This is equivalent to Markov’s inequality.

Problem 41. Using Markov’s inequality prove that if p = 1, then P(a(G) < 2log,n) — 1 as n — oo (it
is used to say that “almost surely a(G) < 2log,n”).

14



Solution. Introduce the random variable X} which is equal to the number of independent sets of vertices
of size k. Then from problems 39 and 40 can be seen that

1 k(k;l) k 1 k(k;l) kK 1 k(k;l) 2@ k
n n-e nez 2
P(Xy>1) SMX,=Ck( = <" (1 Ll _

It is easy to see that for k = 2log, n this value tends to 0. So, with probability tending to 1, an
independent set of vertices of size k in the graph does not exist.

Note that actually for p = 1 almost surely a(G) > (2 — ) log, n for any given arbirarily small ¢ > 0.

More precisely, — and we shall use it later, — the following theorem holds.

Theorem 1. For any € > 0 and large enough n the inequality
P(a(G) = (2 —¢)logyn) >1—-27"

holds.

Thus, for p = %, almost surely the independence number is approximately 2log,n. In other words,
what’s happening? We take the complete graph on n vertices and we delete some of its edges, each
with probability % A typical graph, which appears as a result of this procedure, has about %’21 edges —
two times less than the complete graph has. And the independence number of a typical graph is in a
logarithm times greater than the independence number of the initial graph (the independence number of
the complete graph is of course 1). OK, the number of edges is two times smaller and the independence
number increases: quite natural. It turns out that for some G(n,r, s) when deleting their edges randomly,
we get the same “expected” result (the independence number becomes approximately log times bigger).
But the miracle is that this happens not everytime! For many G(n,r,s) the independence number does
not change at alll Below, we will study together examples of both situations.

3.2 Random subgraphs of the graph G(n,3,0)

Let G1/2(n,3,0) be a random subgraph of the graph G(n, 3,0) obtained by deleting mutually indepen-
dently some edges of the graph G(n,3,0), each with probability 1/2.

Problem 42. If you solved Problem 16, then just derive from it that a(G(n,3,0)) = C?_,. Otherwise,
try to solve this particular case of that problem.

Solution. See the solution of Problem 16.

In a series of problems below, we will prove that almost surely a(G12(n,3,0)) < C2_; (1+ ). This
is exactly what we mentioned above speaking about a surprising phenomenon: there is no growth in log
times; if there is some growth, then it is only in such a number of times that itself tends to 1 as n — oo!
One can prove even stronger facts, but this is very difficult, and we do not want to do it here: we just
want to see the essence!

In what follows, we will for conciseness omit integer parts around quantities which must be integer. For
example, writing CF means, depending on context, that actually we take an upper or a lower integer

logy, n
part of the number 102g2 n. None of the computations will become false after this roughening.
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Problem 43. Put k = C?_, (1 + ﬁ) Assume that k is integer (cf. a remark before the problem). Let
A C V(n,3) be an arbitrary set of vertices of the graph G(n,3,0) having cardinality k. Denote by r(A)
the number of edges of the graph G(n,3,0), whose both ends are in A. Since |A| = k > a(G(n,3,0)), it
is clear that r(A) > 0. Let X} be the random variable equal to the number of independent sets of size k
in a graph G/2(n, 3,0). Prove that

MXp= ) G)M) - (2)

ACV(n,3): |Al=k

Solution. Let t = C’ﬁq. Let each subgraph on k vertices correspond to the random variable equal to 1
if the corresponding subgraph on k vertices became independent, and 0 otherwise. Let these random
variables be Y1,Ys,...,Y,. Then X, =Y, + Y5 + --- 4+ Y,. But the expectation of Y; is obviously equal

11Yi

to 5, where |Yj| is the number of edges in corresponding to the i-th random variable subgraph. It

immediately follows from the linearity of the expectation that

1 r(A)
MX,, = Z (5) .

ACV(n,3): |Al=k
Problem 44. Prove that our aim will be attained, if we will prove that ML.X, — 0 as n — oo.

Solution. We want to prove that with high probability there are no independent sets of size k, i.e,
P(X; =0) — 1 as n — oo. But it is clear that P(X; = 0) + P(Xy; > 1) = 1. Then we need to prove
that P(X; > 1) — 0. But Markov’s inequality implies that P(X) > 1) < M Xj. It remains to show that
MX, — 0 as n — oo.

Clearly we have to learn bounding from below the quantity r(A). For each A, denote by B = B(A) any
(chosen for everytime) subset of A, which is independent in G(n,3,0) and has the maximum cardinality
among all analogous subsets of the set A.

Problem 45. Let A C V(n,3), |A] = k. Let B = B(A). Note that k ~ ”2—2 Assume that |B| is

substantially smaller than k: for example, let |B| < n'? (here the strange number 1.9 is taken almost
arbitrarily; important is that it is strictly smaller than 2). Prove that for large enough n the inequality

r(A) > % holds (being more careful one can replace 3 in the denominator by “almost” 2, but this does

not matter).

Solution. First, let us prove the following lemma:

Lemma. Any subgraph G of graph G, with mn vertices, and with «(G) < n, contains not less than
2

mn — IR edges (m € N).

Proof.
Let us prove this by induction on m.

Base. m = 1.
2 . .
% — % = 0. It is obvious.

The induction step. m — m + 1.
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Consider a maximal independent set in the subgraph G. If there is more than one such set, consider any
of them. It is obvious that the independence number of the subgraph does not exceed the independence
number of the initial graph. Therefore, a(G) < n. So, there is at least 1 edge from each of the remaining
(m + 1)nk vertices to this set, otherwise we could increase the independent set, but by the assumption
it is maximum. So, we have not less than (m + 1)n — k edges. And no one from this edges is lying in

the subgraph on remaining (m + 1)n — k vertices. But (m + 1)n — k > mn, and so in the subgraph on

remaining (m + 1)n — k vertices there are not less than mTQ” — %% edges (by the induction hypothesis).
Then, there are not less then
m*n  mn m*n  mn m?n+2mn+n n mn (m+1)°n (m+1)n
—— Dn—Fk> - — = ————= —
g g Tmhn—kz e 2 272 2 2

edges. The induction step is proved.
So it follows from lemma that

14]” 14] 14| 2
> 2 LT (1] )52 =y

2 2 2

Problem 46. Let A C V(n,3), |A| = k. Let B = B(A). Let |B| > 9n or, even better (in addition to
the previous problem), |B| > n'?. Prove that r(A) > (|B| — 9n)(|A| — |B]).

Solution. Let us estimate the number of edges of the graph G(n,3,0) in A. Recall that B is the
maximum independent set of vertices of graph G(n,3,0) in A. Because of this, for any vertex x € A\ B
there is a vertex y € B such that {x,y} € E(n,3,0). Let us show that the vertex y is not unique with
this property. Indeed, the vertices x and y are connected by an edge, and so they do not intersect as
3-element sets. Let us estimate how many vertices z € B which aren’t connected with x can exist. On
the one hand, they must intersect with x by at least one element. On the other hand, they must intersect
with y too, cause B is an independent set. But x and y haven’t any intersection. So, there are not more
than 3*n°72 such vertices z in the current situation |B| > n®~!I-. Consequently, the number of vertices of
B, which is connected to the given vertex x € A\ B, is not less than |B| — 9n. Thus,
2 039

Cn—l 1.9
: > (]A] - —9n) > Ltnl? = :
{1y} € B(n.3,0): xy € A} > (14|~ [B)(BI - 9n) > T=Ln = (14 (1) 57—

(last transitions are possible, provided that |B| > n'Y. But for inequality r(A) > (|B] — 9n)(JA| — |B]) it
suffices that |B| > 9n).

Problem 47. Decompose sum (2) into two parts: in the first part, only those A will be taken, for which
|B] < n'% in the second part, all the other sets A will be considered. To the summands in both parts
apply the bounds from the corresponding problems and make it sure that the whole sum (2) does really
tend to zero, which means that we are done!

How can we change the threshold n'? in order to still get the same result?

Solution. It is sufficient to verify that in the random graph G(G(n,3,0), 1/2) there is an independent
set of vertices of size k with probability tending to zero. It is known that this probability is not greater
than

> P(Ais independent in G(G(n,3,0),1/2)) = Y 27 Hbxyicmna0xyeal]

ACV (n,r),|Al=k ACV (n,r),|A|=k
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Let us show that the last sum tends to zero too.

There are two options: either for the A holds |B| < n'? =0 (C?_,) ( Ais set of the first type), or for
the A holds |B| > n'? (A is set of the second type).

Let us select terms corresponding to the sets A of the first type in the sum above. This sum does not
exceed

C,(;E32_(1+o(1))2;%g < 3kn3k2—(1+0(1))2:—129 _ 3k2(1+o(1))3%21og2n27(1+o(1))2<2;£% .

Here we use the fact that r is constant and
n?log,n = o (n2'1) :

Now let A be a set of the second type. Using Problem 45,

3.9

n
: P ;
{{x,y} € E(n,3,0): x,y € A}| ST

So, the sum of terms corresponding to the sets A of the second type (in the sum above) does not exceed
C«é32—(1+0(1))% < gEp3ho—(l+o(1) Bin _ gho(1+0(1))3% logy no—(1+o(1) 20 _y ()

The result follows.

3.3 Random subgraphs of the graph G(n,3,1)

Let G1/2(n,3,1) be a random subgraph of the graph G(n, 3, 1) obtained by deleting mutually indepen-
dently some edges of the graph G(n, 3,1), each with probability 1/2. It seems that everything is the same
as with the graphs G(n, 3,0). This is completely wrong!

Recall that a(G(n,3,1)) =~ n (see Problem 12).

Problem 48*. Write down an analog of inequality (2) and prove an analog of the bound from Problem 45.
Ensure yourselves eventually that there exists a ¢ > 0, with which almost asurely a(G/2(n,3,1)) <
cnlogy n.

Solution. We explained in detail how to prove the bound in Problem 45, so we will not re-do it. We
assume that the quantity of edges in the set A of cardinality & is not less than (1 + o( 1))% If somebody
does not believe this, he should repeat inference from Problem 45 by himself.

Let Xj = Xx(G(G(n,3,1),1/2)) be a function of random graph which is equal to quantity of indepen-
dent sets with k vertices in the graph (i. e., of sets such that their elements are not mutually connected
by edges). Let us estimate its expectation and use Markov’s inequality:

EXy= > P(Aisan independent set in G(G(n,3,1),1/2)) =
ACV (n,3),|A|=k

_ Z 27\{{x,y}€E(n,3,1):x,yEA}|’

ACV (n,3),|Al=k
so in exponential factor there is a quantity of edges of subgraph of graph G(n,3,1), which is induced by
the concrete set of vertices A. As we remember
k2 k?

wm@ms ) Wy

H{{x,y} € E(n,3,1): x,y € A} > (1 +0o(1)) 5

18



So, cause of this bound, we obtain that

EX, < > 9—(1+o(1)kr _ cggg—<1+o<1>)%
ACV (n,3), |A|=k

It is well known that C® < (%)b, where e is a base of the natural logarithm. So,

k
EXk < (TL_3) 2—(1—&—0(1))% _ 23klog2n—klog2 k—(l-&-o(l))%'
k

Le., there exists a function k& = k(n), which is asymptotically equal to 4nlog,n and such that for this
subsequence, EX; — 0 where n — oo. The theorem follows from this statement and Markov’s inequality:

P(a(G(G(n,3,1),1/2)) < 4(1+o(1))nlogyn) =P(X, =0) > 1 —EX; — 1, n — oo.

QED.

Problem 49. Prove that in the graph G(n, 3, 1), there exist approximately % complete subgraphs, each
having about 7 vertices, such that every two of them are not connected by an edge.

Solution. For convenience let us assume that n is divisible by 4. Let m = 5. We divide R,, into parts
Ry =R,, and Ry = R, \ R;. First, we describe the construction of one clique (independent subset) Q.
For this, we take disjoint pairs {1,2},{3,4},{5,6},...,{m — 1,m} (cause of m is even) in R;. We add
element m + 1 € Ry to each of these pairs. This is the desired clique. It contains % = % vertices. We
similarly construct n —m — 1 cliques Qs, ..., Q,_,, by adding to all the pairs in R; element m + 2 € R,
element m + 3 € Ry, etc. Obviously, there are no edges between x,y for any i, j, i # j, x from @;, y from
(;: these triples either do not intersect at all or intersect by some pair of R;.

Hence, we have constructed % cliques, each containing 7 elements.

Problem 50. With the help of the previous problem and Theorem 1 prove that for every € > 0, almost
surely a(G1/2(n,3,1)) > (1 — e)nlogy n.

Solution. As we know, a random graph G(G(n,3,1),1/2) is obtained from the graph G(n,3,1) as a
result of mutually independent choice of edges from E(n,3,1) with the same probability % Therefore,
there are independent copies of a random graph of Erdés-Rényi G(m/2,1/2) on cliques Q1, ..., Qn_m.
Let us note that these copies are independent from the point of view of probability theory (as random
elements), and from the point of view of the theory of graphs (there are no edges between them).

When p = 1, Theorem 1 says that with the asymptotic probability 1, we have a(G(m/2,1/2)) ~
2log, m when m — oo, but m is only by a constant factor less than n, so a(G(m/2,1/2)) ~ 2log, n when
n — 00. Moreover, the rate of tending of probability to one is very high. For an appropriate choice of the
infinitesimal parameter and large n, we get the estimate

P(a(G(m/2,1/2)) 2 2(1 4+ o(1))logyn) > 1 —27".
This means that

P(Vi=1,....n—m a(G(Q;,1/2)) = 2(1+o0(1))logyn) > (1-2"")"" =1, n— oco.
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Therefore, with the asymptotic probability 1 there are n — m independent sets of size 2(1 + o(1))log, n
in a random graph G(G(n,3,1),1/2), and there are no edges between them. Together they make up one
independent set of size 2(n — m)(1 + o(1)) logy n ~ nlog, n, QED.

Thus, for G1/5(n, 3, 1), just as it was for the Erdés-Rényi random graph, we again have the growth of
the independence number in approximately logarithm of the number of vertices times!

Problem 51*. Try to improve into a constant number of times the bound in the problem 50.

Solution. To improve the bound, it suffices to repeat the proofs of Problems 49 and 50, replacing m =

by m =2 [#] , here [z] is the usual integer part of . Then we obtain an estimate of exactly two times
g2 T

better than in Problem 50.

3.4 Random subgraphs of the graph G(n,2,1)
Problem 52. Find a(G(n,2,1)).

Solution. Obviously, this is just a cover of our set by disjoint pairs. Hence, a(G(n,2,1)) = § for even n,
and a(G(n,2,1)) = 25 for odd n.

Problem 53. Let r(A) be the same as in formula (2). Prove that always r(A) > 24P |Al.

n

Solution. The set A is a subset of R,,. For every i € R,, let k; be the number of vertices of the
graph G(n,2,1) (“ twos”) which belong to A and contain i. It is clear that for fixed 4, any two “ twos”
corresponding to this i form an edge in G(n,2,1). Therefore,

{{x,y} € E(n,2,1): x,y € A}| > > C}.
=1

At the same time ki + ... + k, = 2|A|. It is easy to show that, under these constraints, the minimum of

n
> C} is achieved at k; = %, i =1,...,n, which implies the bound
i=1

2|1A)”

{{x.y} €E(n.2,1): x,y € A}|>> C} > — 4.
i=1

Problem 54. Derive from the previous problem the inequality a(G1/2(n,2,1)) < (3 + €) nlog, n, which
is true for every £ > 0 almost surely.

Solution. We know the estimate from Problem 53, so we have

2\ k
Z o-I{{xyIeEm2,1): xyeA}| _ 015227(1%(1))% < (&) 9—(+o(1) 2 _ ok 2k —ko—(1+o(1) % _
n k

ACV (n,2),|A|=k

_ 92klogy n—(1+o(1))klogy k—(1+o(1)) 2
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Therefore, for a suitable k ~ %nlog2 n we obtain

2k
2logon — (14 0o(1))logy k — (1 + 0(1))? <0,
then

2klogyn — (1 +o(1))klogy k — (1 + 0(1))271€2 =k <2log2n —(I+o0(1))logy k — (1 + 0(1))271—]{7) — —00.

That is, we have shown that P(X} > 1) < M X} — 0 and the estimate is proved.

Problem 55*. Prove a lower bound for «(Gy/2(n,2,1)) which has order of magnitude cnlog,n with
some ¢ > 0.

Solution. The proof of this fact is quite long. If you want you can find it in [5].

Problem 56*. Find a constant c in the assertion: for any ¢ > 0, almost surely

(c—e)nlogyn < a(Gr/2(n,2,1)) < (c+ e)nlogyn.

Solution. Unfortunately, by the beginning of the conference, this problem has not been solved. And the
students did not change this fact.
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Hucsta HE3aBUCUMOCTH 1 XpOMaTUIECKUe JUC/Ia CJIyUaiHbIX
1o irpadoB HEKOTOPBLIX JUCTAHIIMOHHBLIX I'papoB®

JI.N. Boromobekuit! A.C. T'ycest M.M. ITanépkun’ A.M. Paitroponckuii’

1 BBenenune

1.1 MoTuBupoBKa N3 KOMOMHATOPHOII reOMeTPUN

OTnpaBHOit TOYKOM JijIsT HaIero uccjaenoBanus ciayxut rpad G(n,3,1) = (V(n,3), E(n,3,1)), y Ko-
TOPOTO

V(n,3)={x=(z1,...,2,) : ; € {0,1}, &1 +... 4+ 2, =3}, E(n,3,1) ={{x,y}: (x,¥) =1},

rje (X,y) — CKaJspHOe IIPOM3BE/IeHNE BEKTOPOB B €BKJIMIOBOM IIPOCTPAHCTBE. VIHBIMU CJI0BAMHU, BEPIITHHBI
rpada G(n,3,1) — (0,1)-BeKTOpBI ¢ POBHO TpeMsl eJAWHHIAMHE, a pedpa — Mapbl BepIINH, UMEIOIHUX B
TOYHOCTH OJIHY OOIIYIO eIuHuIly (WJId, 9TO TO JKe camoe, Hapbl BepIINH, OTCTOSIMX JPYr OT Jpyra Ha
eBKJIMJIOBO paccrostiue 2). Beuy nocsenero obcrosiresibersa rpad G(n, 3, 1) apiasgercs ducmanyuonHim,
T.e. €ro BepIINHBI — TOYKH IPOCTPAHCTBA, a pebpa — oTpe3kn (ukcupoBanuoii aiuubt (eMm. [1]).

I'pad G(n,3,1) Buepssie nossuiicsa B pabore 2K. Hagsa 1972 roma (em. [2]), rie o ObLT ncmob3oBan
JJTsT OTHICKAHUST KOHCTPYKTUBHBIX OIeHOK uncyia Pamcest (em. [3], [4]). Apyroe BazkHOe mpuMeHEHHE STOT
rpad namres B cratbe [5] . Jlapmana n K.A. Pomkepca, koTopast Bbiia B ToM ke 1972 roiy u mocsi-
IEHA KJIACCHIECKOMY O0beKTY KOMOMHATOPHOI reoMerpuu — xpomamuyeckomy wucay X (R™) eskinmgosa
npocrpancTsa R™:

X(R") =min{y: R" =V, U...UV,, ViVx,y € V; |x —y| # 1},

rje |x —y| — eBkinioBo paccrosinue. MHade roBopsi, XpOMaTUIECKOE YUCJIO MPOCTPAHCTBA — 9TO MUHU-
MAaJILHOE KOJIMYECTBO IBETOB, B KOTOPBIE MOXKHO TaK IIOKPACUTL BCe TOYKM R™, 4TOOLI MEXKLy OJHOLBET-
HBIMI TOYKAMHU He ObLIO paccTosHus 1.

Cyrp mabmonenus Jlapmana u Pomzkepca cocrosiia B Tom, uro, odesuano, x(R"™) > x(G(n,3,1)), rae
X(G) — obbraHoe xpomaTHieckoe ducyo rpada (G, paBHOE HAMMEHBIIIEMY KOJIMYIECTBY 1[BETOB, B KOTODbIE
MOKHO TaK IOKPACUTh BCE BEPHIMHLI I'pada, 9T00BI BePIIUHBI OJHOIO IBETa He OBLIM COeIUHEHBI peGpoM.
Takum o6pas3oM, 3a1a9a OTBICKAHUS HUKHEl OLEHKN XPOMATHIECKOTO YHC/Ia IPOCTPAHCTBA ObLIa CBeIeHa
K OIIEHKE XPOMATHUICCKOIO YMC/Ia KOHEUHOro rpada.

Opna w3 Hambosee CTAHAAPTHBIX HUXKHUX OIEHOK XPOMATHYECKOro duncjia abcrpakTHoro rpada G =
(V, E) nmeer Bug x(G) > % Bnecs a(G) — wucao nesasucumocmu rpada G, paBHOE MAKCHMAJILHOMY
4ucly BepimuH rpada, KOTOpbIe MOMapHO He COeIMHEeHbI pebpaMu:

a(G) =max{|W|: Vx,y e W {x,y} € E}.

*Hacrosrmas pabora BbimosiHeHa npu ¢uHaHCcOBO# momuepxkke rpanta POOU N 12-01-00683, rpanra Ilpesunenra PO
MJ-6277.2013.1 u rpanta HIII-2519.2012.1 mo/i/tepKKH BeIyIINX HAYIHBIX ITKOJI.

fMT'Y um. M.B. JIoMOHOCOBA, MEXaHHKO-MATEMATHICCKHIT (haKy/IbTeT, Kadepa TeOPUH BePOSITHOCTEI.

IMI'Y um. M.B. JIoMOHOCOBA, MEXaHHKO-MATEMATHICCKHH (DaKy/IbTeT, Kadepa TeOPHI BePOsSTHOCTEI.

SMT'V um. M.B. JloMoHOCOBA, MEXaHUKO-MATeMATHUECKHi (baKyIbTeT, KadeIpa TEOPHH BEPOSTHOCTEI!.

IMIY um. M.B. JlomoHOCOBA, MEXaHIKO-MATeMATHIECKHH (baKyIbTeT, Kadeapa MaTeMaTHIeCKO CTATACTHKY I CITydaii-
HBIX IpoIeccoB; MOCKOBCKHUI (DU3NKO-TEXHUIECKUN UHCTUTYT (TOCYJAPCTBEHHBIN YHUBEPCHUTET), (HbaKylbTeT MHHOBAIMN U
BBICOKHMX TEXHOJIOTHH, Kadeapa IUCKPETHON MATEMATHKH.



K. Hasip j1okazadt ciie/iyiongyio Teopemy.
Teopema 1. Cnpasedausa gopmyaa

n, ecaun =0 (mod 4),
a(G(n,3,1)) =< n—1, ecrun=1 (mod 4),
n—2, ecaun=2,3 (mod 4).

W3 sToit TeopeMbl cpa3y BbITEKaJa PEKOPAHAsd Ha TOT MOMEHT OIICHKA

c3 n?
n n
X(R") = x(G(n,3,1)) > —=—2— ~ —
T a(G(n,3,1)) 6
B mpuHnume Moryo cTaTbes, 9TO OIEHKA, HailleHHas ¢ IOMOIIBIO YHCJIa HE3aBUCHMOCTH, IOJJIEYKUT
yayammenuto. OgHAKO coOBCceM HeaBHO B coBMecTHOi pabore V. Basora, A.B. Kocroukn u A.M. Paiiro-
pojckoro (cm. [6]) Gbuta oKa3aHa

Teopema 2. Ecaun = 2%, mo x(G(n,3,1)) = w. B mobom cayuae x(G(n,3,1)) = %2 +O(n).

Taxkum obpaszom, st rpada G(n,3,1) U3BECTHO U YUCJIO0 HE3ABUCHMOCTH, M XPOMATHIECKOE THCIIO.

B cnenyromem naparpade Mbl HATIOMHUM HECKOJIBKO OOBEKTOB U (DAKTOB U3 TEOPUM CJIYIAWHBIX I'Da-
dos. B mociegrem naparpade MbI TOCTABUM OJHY W3 OCHOBHBIX 3a/[ad CTATHU U OIUINEM JaIbHEHIITYTO
CTPYKTYpy paborbl. B 3aBepiienue Tekyiiero naparpada Ja/ MM HECKOJIbKO CChLIOK Ha KHUTU U 0030DHI,
B KOTOPBIX MOYKHO HAWTU MHOT'O JIOTIOJIHUTE/IHHOM nH(MOPMAIUN O JUCTAHIIMOHHBIX I'padax, NX XpoMaTu-
YECKUX YUCJIaX W YHUC/IaX HE3aBUCHUMOCTH, a TaKzKE€ O UX MeCTe¢ U POJIM B COBpeMeHHOfI KOM6I/IHaTOpHOﬁ
reomerpu: [1], [7]-[13].

1.2 MoTuBHpPOBKaA N3 TeOpuM CJIydaifHbIX rpadoB

B 1959 rony II. Dpuem u A. Penbu mpeaio:Kuin MoIe/ib CIyIaiiHOro rpada, Koropas K HACTOAIIEMY
BpeMeHH OueHb T1y6oKo usydena (cMm. [14]-(20]). Cuyuaitastii rpad G(n, p) B 9T0i MOmen — 9TO cirydaii-
HBIl 9JIEMEHT CO 3HAYCHUSIMU BO MHOXKeCTBe Bcex rpados Ha n Bepmmuax V, = {1,...,n} 6e3 neresn,
KpPaTHBIX pebep U OpUEeHTAINH, UMEIOIINii GUHOMHUAJILHOE paCIpee/IeHue, T..

P(G(n,p) = (Va, E)) = p#I(1 — p)©i-121

OtmeTuM, 9TO p — BEPOSITHOCTH pebpa — 3TO, BOOOIIE roBopst, (DYHKIHUSA OT M.

O1HO# U3 BasKHEHIIINX 33712 O CIyJallHBIX Tpadax Dperta—Penbn saBisercs 3a1a4da 00 OTBICKAHIHT X
qucel He3aBUCUMOCTH U XpoMaTudeckux duces. Jlabolr cchopmyimpoBaTh HUXKE KJIACCUIECKYIO TeopeMy 00
ACUMIITOTHIECKOM MTOBEJICHUN 9TUX UUCEJI, JIOTOBOPUMCS O HEKOTOPOil Tepmunosiornu. Bo-tiepsoix, ecm A
— 9TO KaKOe-TO CBOCTBO rpada (Hampumep, CBOWCTBO CBA3HOCTH), TO MbI Oyjem nucarb P(G(n,p) € A)
WJIH, TIPA OTCYTCTBUM pasHoYTeHuit, mpocto P(A), mMest B BUILy BEPOATHOCTD, C KOTOPOii CirydaitHblii rpad
G(n,p) obiazaer 5TUM CBOWCTBOM. 3aMeTHM, YTO B IIPHHIAIIE CAMO CBOWCTBO MOYKET 3aBHCETH OT 7N
rpad obaiaer croiicTBOM A, KOJIb CKOPO, CKazKeM, ero XpoMaTHieckoe 4ucjio 6osbie 3. Bo-BTopbIX,
MBI OyjileM TOBOPUTH, 4TO CBO¥CTBO A (Mm, TOYHee, MOCIIEI0BATEIHLHOCTL CBOHCTB A,,) peanusyercs ¢
acumnmomuueckot eepoammnocmoio 1, ecmu P(G(n,p) € A,) — 1 npu n — oo. Hakonen, mycrs f —
HEKOTOpasi (PYHKIUS HATYPAJIbHOIO apryMeHTa n, a ¢ — HeKoTopast (hyHKIINs, Olpe/Ie/ICHHAsT Ha MHOXKECTBE
Bcex rpadoB. MblI CKazkeM, 9TO ¢ aCHMITOTHYECKON BEpOSTHOCTHIO 1 BhIoHEHO cBOicTBO ¢(G (N, p)) ~
f(n), ecu cymectByer erre onHa QYHKIUS ¢ apryMeHTa 1, KOTOpasi GeCKOHEYHO MaJia 10 OTHOIIEHHUO K

f upu n — co u ¢ Koropoit
P(lg(G(n,p)) = f(n)| < ¢(n)) =1, n — oo.

Teopema 3. Ilycmov p — 3mo aubo KoHcmanma, AUOO NPOUZBONLHAA GYHKUUA, KOMOPAA CMPEMUMCH K
HYAI0 NPU T — 00, HO NPU IMOM 02PAHUNMENG CHU3Y ceaununot -, 2de ¢ > 1. Horoocum d = l%p. Tozda ¢
ACUMNMOMUYECKOT, BEPOAMHOCNDIO 1 BHINOAEHDL COOMHOULEHUSA

a(G(n,p)) ~ 2logy(np), X(G(n,p)) ~ ——

2log,(np)’



B ciayuae mocrogHHOrO p TeopeMa Oblia Jokasana B pabore B. Bosmobama 1988 roga (em. [21]), a B
cJydae MEHBINUX BEpOATHOCTEN pebpa yTBep:kienue teopembl npunaekut T. Jlyuaky, KoTopblii ycTa-
HOoBIJI ero B 1991 romay (cm. [22]). MHOTOUYNCIEHHDBIE PE3YIBTATEI, YTOTHSIONINE TeOPeMy 3, MOXKHO HafTH
B kHurax [18], [20].

EcrecrBennoe ob0b1enne Moen Jpaerta—Penbu yeTpoeHo cireytomum obpasom. [lycTs nama HeKOTO-
pas nocienosarensHocts rpados H, = (V,, E,), B koropoii |V,,| — oo ipu n — 0o. 3ameTum, 9to 371€Ch N
e 06s13aH0 ObITH uncyoM BepumH. Hanpumep, snosme romurea H,, = G(n, 3, 1), B koropoit |V (n, 3)| = C3.
Onpemenum ciydaifHbIil rpad Q(H ns p) KaK CJIyYalHbIA 3JICMEHT CO 3HAYCHUAMU BO MHOXKECTBE BCEX OCTOB-
ubix noarpados G = (V,,, F) rpada H, u ¢ GHHOMHAJBLHBIM PaCIpPEeIeIeHIEM, T.€.

P(G(H,,p) = (V,,, E)) = p'Pl(1 — p)!EnI71EI,

[Tonsitao, uro G(n,p) = G(K,,p), rue K, — noanslii rpad Ha n BepIIUHAX.

C ofHOI CTOPOHBI, OYEeHb XOPOIO u3ydeH ciaydait H, = Q", rjge Q" — 3To n-MepHBI KyD, T.e. Tpad,
BepIIUHBI KOTOPOro ¢yTh Bee (0, 1)-BeKTOpbI, a pedpa — T0 Mapbl BEPIIUH, PA3INIAIONIUXCST POBHO B OJIHO
KoopjuHate (06pasyoimux pedpo Kyba). B 4acTHOCTH, YUC/I0 HE3ABUCMMOCTH CJIydaiiHOro nojarpada Kybda
HCCIIeIOBAJIOCH B paboTe [23|, riae moka3aHo, 9To eciu p — Jobast OyHKIUA OT 1, ¢ KOTOPOH pn — 00 MpH
n — 00, TO C ACUMIITOTUYECKOil BepostTHOCTDIO 1 Bhimosneno a(G(Q", p)) ~ 2"~ 1. Ormeruwm, uro rpad Q"
010600 rpady G(n, 3, 1), ABISETCS AUCTAHIMOHHBIM.

C apyroit croponsl, B nocaeanaue 10 et 6ypHO pasBuBaeTCs HayKa O CBOMCTBAX CJIydaiiHbIX moarpadon
peryisgpHbix rpados (cum., Hanpumep, [24]). Tiyboko u3ydeHbl IOPOroBble BEPOSITHOCTH JIJIs [LJIAHAPHOCTH,
JIUIST BOBHUKHOBEHMsI TMIAHTCKONW KOMIIOHeHTHI 1 1p. OHaKo 3aja4u 0 packpackax B Takoil OOIIHOCTH
He uMeloT cMbicaa. OTmernm, Tem He Menee, uto (G(n,3,1) — peryaspHblii Tpad: creneHb KazKIoi ero
BepimHbl pasHa 3C2_,.

1.3 IloctanoBKa 3aga4m U CTPYKTypa CTaTbU

3 mepBbIx AByX maparpados sCHO, YTO OJHMM M3 OCHOBHBIX BOIIPOCOB HACTOAIICH pabOThI SBJIsET-
¢l BOIPOC 06 aCUMIITOTHYCCKOM ITOBEJCHUH YUC/Ia HE3aBHUCUMOCTH M XPOMATHYECKOTO YHC/IA, CIydYailHOro
rpada G(G(n,3,1),p). Bumecre ¢ Tem B cTaThe OY/IyT U3yUYeHbl U MHOTHE JIDYTHe OJIU3KUE 3a/1a9H.

OmnuieM Ja/IbHEHANYI0 CTPYKTYPY Hallero Tekcra. B paszene 2 Mbl ¢hopMyJIUpPyeM U JIOKAZKEM OIEHKU
sesmansbl o(G(G(n, 3,1),1/2)). Paznen 3 mbr nocsarum Bemaune x(G(G(n,3,1),1/2)). B pasaene 4 mbr
BBesieM rpadbl G(n, T, s), KOTOpble eCTeCTBEHHBIM 00pa3oM 0600mmaor rpadsl G(n,3,1) 1 KoTopble erre
GoJstee BaXKHbBI JIIs KOMOMHATOPHOI reomerpun: Mbl Hadamu ¢ G(n,3,1) jyist GosbIneit scHOCTH Ja/IbHed-
mero usJiokenust. B ToMm ke paszjiesie 4 Mbl IOy IUM PE3YILTATHI JJIs YUC/Ia HE3aBUCUMOCTHU CJIydYaifHOTO
rpada G(G(n,r,s),1/2). B pasgene 5 Mbl u3yduM XpoMaTHYECKOe YHUCJIO 3T0oro rpada. Pasobpasimcs,
TEM CaMBIM, CO CJy9aeM P = 1, MBI CKazKeM HECKOJIBKO CJIOB IIpo ofmumii ciiydaii B paszuene 6. Hakonen, B
pasjese 7 Mbl IOTOBOPUM 00 OJIHO# 3aj1ade Teopun Pamces:, KOTopas peraeTcs ¢ IOMOIILIO pa3paboTaHHON
HAMM TEXHHUKH.

2 Ywucisio HezaBucuMocTu ciaydaiinoro rpada G(G(n,3,1),1/2)

2.1 @opMyJUPOBKU Pe3yJbTATOB

MBpI y2Ke UCcIosb30Basu BbIIe TEPMUHOJIOTUIO “aCUMITOTHYECKOE PABEHCTBO BBIIIOJTHEHO C ACUMIITOTHU-
4eCKO BepOATHOCTHIO 17. B aHaIOrmYHOM CMBIC/IE MBI OY/IEM TIOHUMATh U ACUMIITOTUYIECKNE HEPABEHCTBA,
T.e. yTBepK/Ienue tuna “Boimosueno ¢(G(G(n,3,1),1/2)) < (1 +o(1))f(n) ¢ acumoroTHaecKoil BeposTHO-
crbio 17 (31ech Besikuii pas Gyger f(n) — oo npu n — 00) O3HAYAET CYIIECTBOBAHUE TAKON (DYHKIMU ¢
aprymenTa n, 9to ¢ = o(1) nupu n — co u

B(g(G(G(n.3,1),1/2)) < (L+ p(n) f(n)) = 1, n = .



Teopema 4. C' acumnmomumeckoti sepoamnocmmvio 1 cnpasediuso HeEPaseHcmeao

a(G(G(n,3,1),1/2)) < 4(1 + o(1)nlog, n.

Teopema 5. C acumnmomuueckoti 6epoamHOcMbIO 1 CNPaBedAUBo HEPABEHCTNEO

a(G(G(n,3,1),1/2)) = 2(1 + o(1)nlog, n.

Taknum o6pa30M, MBI UMe€eM IIPAaKTUYIeCKU HEeYJ/TydlIaceMbl€e OHEHKN: KOHCTaHTBI B HUX OTJINYal0TCd JIMIIb
B IIDUMEPHO JIBa pPa3a. OTMGTI/IM, 9TO OLIEHKH M3 TEeOpEM 4 1 5 MOXKHO 3allICATh B BUJIE

a(G(G(n,3,1),1/2)) = © (a(G(n, 3, 1)) log,(|V(n, 3)])) ,

rjie CUMBOJI © 03HAYAET, YTO PABEHCTBO BBIIOJHEHO C TOYHOCTDHIO JIO IMOJIOYKUTE/ILHBIX KOHCTAHT B BEpXHel
U HUKHEH OIEHKEe. DTOT Pe3Yy/IbTAT XOPOIIO COIVIACYETCS C KJIACCHIECKON TeopeMoil 3, IMOCKOIbKY TaM
a(Ky) =1, alogy(|V,|) = log, n.

B cnenytomem maparpade Mbl jjokaxkem Teopemy 4. B maparpade 2.3 Mbl IpuBeeM JI0Ka3aTe/ILCTBO
TeopeMbl 5. A B maparpade 2.4 MbI Ja/IMM HEKOTOPbIEe KOMMEHTaPHH.

2.2 Jloka3aTejibCTBO TeopeMbl 4

DTO JIOKA3ATETHLCTBO CTAHIAPTHO, HO MbI €r0 TIPUBOJIUM [TOIPOOHO, T.K. B JIaJIbHEAIIIEM Mbl Oy/IeM UMETh
JIEJIO ¢ YTOYHEHHBIME BapUaHTaMU aHAJOTUIHBIX JI0OKA3aTEIHCTB.

[Iycrs Xy = Xi(G(G(n,3,1),1/2)) — sro dyHKIma or ciaydaitHoro rpada, paBHas KOJIHIECTBY k-
BEPIINHHBIX HE3aBUCHMBIX MHOYKECTB B HEM (T.e. MHOKECTB, 3JIEMEHTHI KOTODPBIX IIONAPHO HE COETMHEHBI
pebpamn). OrieHIM ee MaTeMaTHIeCKoe OKUJIaHNe 1 PIMEeHNM HepaBeHCTBO Mapkosa:

EX) = Z P(A saBisiercs nesaBucuMbiM MuoxkecrsoM B G(G(n,3,1),1/2)) =
ACV (n,3),|Al=k
_ Z 27\{{x,y}€E(n,3,1):x,yEA}|’
ACV(n,3), |A|=k

T.e. B [IOKa3aTe e SKCIOHEHTHI CTOUT YUCI0 pebep noarpada rpada G(n, 3, 1), HOPOKJIEHHOIO KOHKPETHBIM
MHO)KecTBOM BeprinH A. VI3 kiraccudeckoit reopembl Typana (cm. [25]) caemyer, arto ecau k > «(G(n, 3, 1)),
TO MBI HE TOJIbBKO MOXKEM T'apaHTHpPOBaTh Haju4due pedbep B TakoM mojarpade, HO U MokeM 3PHEeKTUBHO
OIEHUTb CHU3Y YHCJI0 9TuX pebep. [Jabbl 3anucars ornenky, HamomManM, 4ro o(G(n,3,1)) ~ n npu n — oo,
a 3Ha4uT, k — 00 Ipu N — 00. I103TOMY B M3BECTHOM CMBIC/IE KOPPEKTHA 3allCh
k2 k‘2
H{{x,y} € E(n,3,1): x,y € A}| > (1 + 0(1))m =(1+ 0(1))%.

Nmest Ha pyKax TaKylo OIEHKY, TOJIydaeM, UTO

_ k2 _ k2
EX, < E 9—(14o(1)) 3, — ngz (I+o(1) 57
ACV (n,3),|Al=k
b
XOpOoIIo U3BECTHO, YTO C’g < (%) , TJIe € — OCHOBaHMe HaTypaJjbHoro jorapudma. CiemnoBare/bHo,
3

k
EX, < <TL_) 2*(1+0(1))§ _ 93klogy n—klog, k7(1+0(1))%.
k

Bujno, aro cymecrsyer dbynkius k = k(n), Koropas aCHMITOTHYECKE Bejer cebs Kak 4nlog, n u ¢ Koro-
poit EX; — 0 npu n — oo. Orciofia ¢ yaerom HepaencTBa MapKoBa BBITEKAET YTBEPZKJIEHUE TEOPEMBbI:
P(a(G(G(n,3,1),1/2)) < 4(1+o(1))nlogyn) =P(X, =0) > 1 —EX; — 1, n — oo.

Teopema j1okazana.



2.3 Jloka3aTejibCTBO T€OpPEMBI 5

Ecim paccykaenune u3 npeabpIyiiero maparpada ObLIo BIIOJIHE CTAHIAPTHBIM U HUKAK He UCIIOTH30BAJIO
crennduky rpada G(n,3,1) (3a UCKIOUEHHEM BeJIMYUHBI €0 YUCJIa HE3aBUCUMOCTH), TO 371eCh MbI B
bosbIeii Mepe OyeM Oommparhcd Ha CTPYKTypy Harmero rpada. IIpexke Bcero BBeseM psj 0603HAUEHMI
U TEPMUHOB.

[Iycts R, = {1,...,n}. Kaxmoii Beprumne x € V(n, 3) MOXKHO TOCTaABUTH B €CTECTBEHHOE COOTBETCTBIE
TPOIKY 9JIEMEHTOB U3 R,,: 9TO MPOCTO HOMEpPa KOOPIUHAT, Ha KOTOPBIX y BEKTOPA X HAXOIATCHA €TUHUIIH.
Torma pebpo B rpade G(n,3) — 910 mapa TPOEK, MEPECEKAIOIINXCS POBHO MO OJTHOMY JIEMEHTY.

Kauxoti B rpade HazbiBaeTcs 110001 MOJIHBIN oarpad, T.e. moarpad, B KOTOPOM IIPOBEIEHBI BCe BO3-
MOXKHBIE pebpa. Pazmep MakcumasbHOR KinKn B abcTpakTHOM rpade G Ha3bIBaeTCA KAUKOGHIM YUCAOM W
obozragaercs w(G). DTo 0b03HATEHNE XOPOIIIO COIIacyercs ¢ obo3HadeHneM uncia Hesapucumoctu o(G),
KOTOpOE B IIOHATHOM CMBICJIC rHBOﬁCTBeHHO cMYy.

g rpada G(n, 3, 1) maobast Kiarka — 9710 HAOOP Tpoek B R, MOMapHbIe MepeceveHnst KOTOPhIX NMEeOT
momuocts 1. feno, uro w(G(n,3,1)) ~ § npu n — oo (bukcupyerca OguH 1eMeHT R, a OCTaBIIACH
9aCcTh MHOXKECTBA R, pa30dUBaeTCsi HA HEIEPECEKAIOIINECs Taphl).

HasibHeiinnas ujest COCTOUT B TOM, 9TO, OKa3biBaercs, B rpade G(n,3,1) moxuo BeIGpaTh “nourn’ n

“mouTH’ MaKCUMAJIbHBIX KJIUK, MEXKTy KOTOPBIMU, OJIHAKO, HET HU OJTHOIO pedpa.

n

TToasm |+ TH€ [x] — 910 ObOBIIHAs Teaas YacTh Yncaa . Pasobbem R, Ha dacTu
2

Nrak, mooxxum m = 2

Ry = R, u Ry = R, \ Ry. CuepBa onmiieM noctpoenue ofHoi Kianku (1. s sroro BosbMeM B R
Henepecekaroruecs napst {1,2},{3,4},{5,6},...,{m — 1,m} (6maro m gernoe). K kax0ii u3 s1ux nap
n0b6aBuM 3aeMentT m + 1 € Ry. 9To u ecTh ncKoMag Kanka (M. puc. 1). ducmo Beprmmn B neii i ~ ﬁ,
n — 00, T.€. OHO OTJINYAETCA OT MAKCUMAJILHO BO3MOXKHOI'O JIUIIIb B IPUMEPHO JiorapudM pas3. AHAIOrnIHO
nocTponM ete n—m—1 KKy Qs, . . ., Qp_m, 700aBIAA K KazK 10 3 HAIIKMX 1ap B R a1eMent m+2 € Ry,
snemMeHT m + 3 € Ry u tak gasiee. O9eBUIHO, ITO JJIsl JIIOOBIX ¢, J, ¢ # jJ, W JJIs JIIOOBIX X u3 (Q;, y U3
(); pebpa MexIy X,y HET: 9TH TPOHKH MOTYT JIHOO BOBCE He IEPECEeKaThCs, 00 MePECEKAThCS CPasy 1o
KaKoii-To mape u3 Rj.

Kak mbl 3naem, ciaydaitasiii rpad G(G(n,3,1),1/2) noaygaerca us rpada G(n,3,1) B pesyiabrare
B3aMMHO HE3aBHCUMOTO BbiGopa peGep u3 E(n, 3, 1) ¢ onmoil 1 Toii 2ke BeposgTHOCTBIO 3. [TosTOoMy Ha KiMKax
Q1, - .., Qn_m BOBHUKAIOT HE3aBUCUMBbIE KOIMN CJIydaiiHoro rpada dpaema—Pensu G(m/2,1/2). Ormernm,
YTO TH KOIUU HE3aBUCHMBI M ¢ TOUKH 3PEHUsT TEOPUU BEPOSTHOCTEN (KaK CIIyIaiiHble 9JIEMEHTHI ), i ¢ TOUYKH
3pennst Teopun rpadoB (MexK Iy HUME HeT pebep).

ITpu p = % TeopemMa 3 TOBOPHUT, UTO ¢ ACUMIITOTUIECKO BeposiTHOCTBIO 1 BhinosHeno a(G(m/2,1/2))
~ 2log, m npu m — 00, HO M JuMIb B JorapudM pa3 Menbiie n, otkyaa «(G(m/2,1/2)) ~ 2log, n upn
n — 00. Bosee Toro, cKOpOCTH CTpeM/IeHHsT BEPOSTHOCTH K €JHUHHIe OYeHb BhICOKa (cM. [17], [18], [26]).
3aBeI0MO TIPU MPABUJIBHO TIOI00PAHHO OECKOHETHO MAaJIoi n OOJIBIINX 1 BepHA OIEHKA,

P(a(G(m/2,1/2)) 2 2(1 +o(1))logan) > 1 —e "
A 510 3HAUYUT, YTO
P(Vi=1,....n—m a(G(Q;,1/2)) =2(1+o0(1))logyn) > (1—e ™)™ =1, n— ooc.

CrieioBaTesIbHO, ¢ aCUMIITOTHYECKOl BepoaTHOCTBIO 1 B ciaydaiinom rpade G(G(n,3,1),1/2) ectb n — m
HE3aBUCHUMBIX MHOXKecTB pasmepa 2(1 + o(1))log, n, Mexiy koropbiMu TOUHO Her pebep. Bmecre onm
COCTABJIAIOT, TEM CAMBIM, OJIHO He3aBHCHMOEe MHOXKecTBO pasmepa 2(n — m)(1 + o(1))logyn ~ 2nlog, n,
9TO U TPeDOBAJIOCH JIOKA3ATh.

2.4 KomMmmeHTapun

YTBepKIeHne U J0Ka3aTeIbCTBO TeOPEMbI 4 MOYKHO BJIOYKUTH B CYIIECTBEHHO OoJiee OOIIMii KOHTEKCT.
CupasejinBa

Teopema 6. [Tycmv dana nexomopas nocaedosamenvrocmy epagos H, = (V,,, E,), 6 komopot |V,| — oo
npu n — 00. Paccmompum caywatinot epagp G(H,,p) ¢ npoussosvnot eepoammuocmovio pebpa p = p(n).



ITycmo k = k(n) — npouseosvran GyHkyus, ¢ Komopot 6bNOAHEHO

Z (1 J— p)‘{{xvy}eEn:xQ’eA}' _> O’ n _> Q.
ACVy, |Al=Ek

Tozda ¢ acumnmomuueckol eepoammnocmvro 1 umeem mecmo nepasencmeo «(G(Hy,,p)) < k.

JlokazaTebCcTBO TeopeMbl 6 MbI, Pa3yMeeTcs, He IPUBOJIUM.

B maparpade 2.2 Mbl Bocnosib3oBasuch onenkoit Typana g sesmuunst |[{{x,y} € E(n,3,1) : x,y €
A}|. Konewano, MO0 6bI CTaThCS, ITO 9Ta OleHKa He TouHa. OHAKO OIEHKA JOCTUTACTCST, TIPUIEM NUMEHHO
Ha KOHCTPYKINK U3 KJIUK, KOTopas cpabortasia B maparpade 2.3. JlefictBurensho, myctb 1, . . ., Qp_pm — TE
camble Kauku. [lycts k = k(n) — npousBosibHas (byHKIMsI, ACHMITOTHYIECKH Beyias cebs Kak 4n log, n.
Omnenka Typana numesna B 9TOM ciiydae BU/I

{{x,y} € E(n,3,1): x,y € A}| > 8(1 + o(1))nlogs n.

Paccmorpum j11060e MHOKECTBO A MOITHOCTH k, ¥ KOTOPOI'O MOIITHOCTH M€pecedeHrs ¢ MHOXKECTBaMU BeP-
IIMH HAIMUX KUK IPUMEPHO OJIMHAKOBBI. Toryia 3Tu MONITHOCTH acUMITOTHYeCKN paBHBI 4 log, n. 3HaunT,
qucio pebep B nojarpade rpada G(n, 3, 1), HOPOKIEHHOM TAKAM MHOKECTBOM A, aCHMITOTHYIECKH PaBHO
8nlogin. SIcHO, YTO OMMCAHHBIX MHOMKECTB A OYEHL MHOTO, M, €CJIM CTPEMUTLCA K YIyUIICHHIO HMEH-
HO BEpXHEH OIEHKHU YNC/Ia HE3aBUCUMOCTHU, TO HYXKHO KaK-TO aKKypPaTHO KJIACCHMUIIMPOBATH pa3IndHbIe
A C V(n,3) no kosmvectBy pedep rpada G(n,3, 1), KoTopble B HUX MpoBeieHbl. [lo-BupauMomy, jgaxe Jist
rpada G(n,3,1) — aro TpyaHas 3a1a4a.

B 3aBepienne naparpada HazoBeM KOHCTPYKIIUIO U3 KJIUK, TOMAPHO HE COSTUHEHHBIX PeOpaMut, 6.40K0M.
[Too6HBIE KOHCTPYKITUU TTOHAI00STCS HAM U B JaJIbHeHIeM.

3 Xpomarudeckoe ducJjo ciaydaiinoro rpada G(G(n,3,1),1/2)

3.1 ®PopMyJIMPOBKU Pe3yJIbTATOB

Creyromnast TeopeMa, SBJISETCS TPUBHAJIBHBIM CJIeJCTBHEM TeopeMbl 4 u orienkn X (G) > @) Ecre-
CTBEHHO, €e MBI He JJOKa3bIBaEM.

Teopema 7. C' acumnmomumeckoti sepoammocmvio 1 cnpasediuso HEPaBeHCME0

2

WG(G(n.3.1),1/2)) > (1 + o(1)

24 logyn’

FOpaS,HO 0ojIee TOHKHUM SBJIACTCA TOT (baKT, 9TO OIECHKY M3 TEOPEMDbI 7 HIPUHIUIINAJIBHO YJIYIIINUTD
HeJIb34.

Teopema 8. C' acumnmomuueckoti sepoamnocmuvio 1 cnpasediuso HeEPaBeHCME0

TL2

(140(1))

X(G(G(n,3,1),1/2)) < é

logon

Teopemy 8 MBI JIoKaxKeM B cieayiomem maparpade. OrmernM, 910 B paMKax HAIero IMoxoa s
XPOMATUYIECKOTO YUC/IA MTOJyIAaeTCA BIABOE OOJIBINNN 3230, HEXKEIU JIJId TUCIa HE3aBUCUMOCTH.

3.2 Jloka3aTejqibCTBO TeOpeMbl 8

Ham nonaioburcs BecriomoraTeibHas KOHCTPYKIINA: & IMEHHO, MbI pa300beM MHOXKECTBO BEPIITUH Ipada
G(n,3,1) — MHOXKeCTBO “Tpoek” — Ha cBOero pojia cjiou. Llociie 917oro Mbl 6yieM BeCTH PACKPACKY BEPIIHH
caydaitHoro rpada OTAeIbHO IO CJIOSIM.



Mrak, HauHEeM € IOCTPOEHUS IIEPBOTO CJIOf, KOTOPLIA Mbl o603HaunM S;. s sToro paszmenum n Ha 4 ¢
ocrarkoM: n = 4s1 + t1, t1 < 3. Homoum Ly = Rog,, Ry = {251+ 1,...,451}, Ty = {4s1 + 1,...,n}, tax
aro R, = Ly U R; UT}. Ilo moHsaTHbIM npuianHaM Ha30BeM L .aesol nososunkoti, R npasot nososunkol,
a T, doseckom.

Hanee, cosepuennvim napocovemanuem B 000 U3 MOJOBUHOK HA3LIBAETCA pa3OUeHMe 3TOi IOJI0BUH-
KU Ha JIByX3JIEMEHTHbIE MHOYXKeCTBa — napu.. Hanmpumep, coBokymrocts map {1,2}, {3,4}, ..., {2s1—1,2s;}
00pa3yer COBEPIIEHHOE IIAPOCOYETAHNE B JIEBOI MOIOBUHKE. XOPOIIO U3BECTHO (CM. [25]), ITO MHOXKECTBO
BCex map B L pa3buBaercs Ha HEIepeceKalonuecs COBEPIICHHBIC mapocodeTanus. II0CKOIbKY BCEero map
C3,,, & B KazK/IOM [IAPOCOYETAHNH UX S1, BBIXOJHUT, 9TO OOIIee 9IC/I0 NapocodeTaniii B pasOueHn paBHo
251 — 1. Obozuaunm 31 napocoueranusa M, ..., Mas, 1. Anasorndnble napocodetanus B [ 0603HaMMM

Nl, Ce 7N251—1-

Badukcupyem napocoderanne M;. K kaxmo0it mape B HeM go0aBuM vjieMedT j € Ri. Obpasyercs KInuka
u3 Tpoek B rpade G(n,3,1). CoBOKYITHOCTD BCeX 251 TaKUX KJIUK — 9T0 6JI0K (cM. §2.4). B obieit cyioxkHO-
cT mMeeM 251 — 1 GJIOKOB 110 251 KUK B KaxKJI0M. AHATOTTYIHO CTPOUM 251 — 1 BJIOKOB IO TapOCOUETAHUSIM

u3 upasoit nmosioBuHKN. Obo3HaunM Hamm 6J0kn Ay, ..., Ass, 1 1 By, ..., By, —1 COOTBETCTBEHHO.
MHoKeCcTBO TPOeK, KOTOpbIe MMEIOT OOIIHe 3JIeMeHThI ¢ JoBeckoM 17, obosnaumm C7. B urore B cioi
S1 MBI OTIPABUM BCe TPOUKHU u3 6JIOKOB Ay, ..., Asg, 1 1 By, ..., Bog, 1.

Kaxkwue Tpoiiku He momna/im HU B 1epBbii cioif, Hu B C7 Pazymeercs, TOIBKO Te, KOTOPBIE JINOO METUKOM
aexar B Ly, smbo neaukom jexar B Ry. Kak B rpade G(n,3,1), Tak, Tem 6ojee, U B €ro CIydaiiHOM
mojrpade TPOWKKM M3 pas3sHBIX MOJOBUHOK IOMAPHO HECMeXKHBI. [[09ToMy IIpo mpaByio MOJIOBUHKY MOXKHO
3a0bITh U KPACUTh JIAIIb COJEPKUMOE JIeBoil (cM., BIpodeM, 3aMedanne 1 B KOHIE jlokasaresbersa). C
JIEBOI 2Ke TIOJIOBHHKOM IIOCTYIIaeM POBHO TaK Ke, KaK, CTPOsI CJ10# S1, MbI IMOCTYIIIIA cO BeceM R,,. NHbIMUI
cioBaMi, moaraeM 25 = 4y +1to, to < 3, Ly = Ras,, Ro = {280+ 1,...,4s2}, To = {4sa+1,...,2s,}, Tax
aro Ly = Lo U Ry U T5. Crpoum 4S9 — 2 6JIOKOB 1 MHOKeCTBO Tpoek (o, MMEIOINX HEIyCThIE TIePeCeIeHUsT
¢ Ts. B cnoit Sy kitajieMm Bce TPOKM 13 OJIOKOB.

N Tax nasee. Ha BbIxojie mMeeM IOC/IEI0BATE/IHLHOCTD CJI0EB Sy U JIONOJHUTE/IBHBIX MHO)KecTB (). B
cioe Sy HaxXoauTcst 45y, — 2 OJIOKOB, B KaxKI0M TaKOM OJIOKe 285, KUK, U Y KayK0# U3 9TUX KJIUK S BEPIIHH.
[Ipu sToM cioit Sy, JTOKaIM30BaH B MHOXKECTBE {1, R

Teneps nepeiinem x ciayvaiinomy rpady G(G(n,3,1),1/2) u ero packpacke. IIpexe Bcero packpacum
€r0 BepINUHBI, PACIOIOKeHHbIe B MHOXKeCcTBax (. 371eCh CIydIaifHOCTh POJIM HE UT'PAET, U MbI OCYIIECTBAM
[OKPACKY € 3amacoM, T.e. c¢jenaeM ee B ucxoaHoMm rpade G(n,3,1). OueBuiHo, 9ro B 3TOM Caydae Ha
Bepiabl U3 Cy yitger He 6osbiie 3(4s, + 3) nBeros. B cymme nmeem

Z3(4sk+3)<3((n+3)+<g+3>+(g+3)+...> = O(n).

Kak BujiHO U3 yTBEpKJIE€HUsT TEOPEMbI, B KOTOPOM ODOEeIaeTcs MOPsiIKa
BHECET 3HAYUTETHHOI'O BKJIaJla B Pe3yjbTar.
Paccmorpum ciiou. CriepBa BeIOepeM U3 HUX Te, YbU HOMepa OoJibiiie Benvaunb! log, log, n+ 1. Bee atu

Togg 10 OBETOB, 9TO KOJIMYECTBO HE
2

n

CJION JIOKAJIN30BaHbI B MHOKECTBE {1, ceey [ W } CuoBa 3a0yjieM PO CJIy9aiffHOCTh M BOCIIOJIb3YEeMCS

logy
o n o
¢ 3amacoM packpackoii rpada G (Logzn , 3, 1). B pabore [6] mokazaHo, 4TO Ha 3Ty pacKpacky yiger
HOPSAIKA —5— I[BETOB, 1 9TO, OIISIThL-TAKHU, B PACTYIIEE IUCI0 Pa3 MEHbIIE BeJIUNINHbBI, OOCIIAHHOI B TeOpeMe,

log% n
KOTOPYIO MbI JOKa3bIBaCM.

Ocratorca citon ¢ Homepamu k < log,log, n + 1. BameTum, 9T0 B 9THX CJI0AX S — OO IIPU N — OO
u, 6osee Toro, log, sy ~ log, n. llycrs man Kakoit-ro u3 3Tux cjioeB. PaccMoTpuM onuH n3 GJIOKOB B HEM.
Kax jas Kivka B 370M 0JIOKe UMeeT S BepIiuH, u B cirydaitaom rpade G(G(n, 3, 1), 1/2) na neii obpasyercs
carydaiineiit rpad Dpaema—Penbu G(sg, 1/2). Ilo Teopeme 3 310ii rpad ¢ BBICOKOI BEPOATHOCTHIO KDACHTCS

Sk o o «
B (1 + 0(1))—21%2 5~ useros. Ilpu npasuiabo nonoGpannoii GeckoHeHO Maofi 1 GOJIBIIIX N “BBICOKa

BepoATHOCTE” — 310 1 —e ™% > 1 —e /1827 (cm. [17], [18], [26]). Tlocreauss Bemumna, qaze Bo3BeIeHHAA
B CTEIIeHb, DABHYIO YHCJTy BCEX KJIMK BO BCEX OJIOKAX BCEX HAIMX CJIOEB, CTPEMUTCS K eauHuIe. [losromy

C aCHUMITOTHYECKON BEPOSITHOCTBIO 1 MBI MOYXKeM KaKiplii 670K mokpacuth B (1 + 0(1))2102—’“% IIBETOB.
2



CrenoBaresbHO, Ha CJIOH yitaeT

541+ 0(1) = = (1 o(1) 2 — (1 4 o(1)) sy
s o(l))—— = o(l1))—=— = 0
g 2log, sk, log, sk 22+ ]og, n
kpacok. CyMMapHO uMeeM
log, logy n+1 9 9 9
n 1/8 n 1
Y (1t o) —— < (1+o(1 : — Z(1+o0(1)——,
(14 of ))22’“Jrl log, n (14 of ))1— 1/4 logyn 6( ol ))logzn

k=1
n TeopeMa JOKa3aHa.

3ameuanmue 1. B mporiecce jokazarenbcTBa Mbl IpeHeOpera/in HEKOTOPbIME ToJIOBUHKaMu. EcrecTBeHHO,
MBI IIPEIIOJIATaJIN, YTO HA UX IIOKPACKY YHAET CTOJILKO K€ IIBETOB, CKOJILKO YIILJIO Ha ITIOKPACKY ITOJIOBUHOK,
3aJ1efiCTBOBAHHBIX B CJI0sAX (mex owce camoir 1ieroB). Ha camom jiesie B UTOrOBOI OIEHKE BEPOSTHOCTH
CJIeI0BAJIO YINTHIBATH BCE KJIMKHU M3 TaKUM 00pa3oM “moTepsaHHbIX’ 010KoB. OJHAKO M UX He TaK MHOTO,
9TOOBI 3aCTABUTH Beandnny 1 — e "/ 1°82™ yren BO3BeIEHNs ee B COOTBETCTBYIOINLYIO CTEIEHb II€PECTaTh
CTPEMUTHCS K €JIUHHUTIIE.

4 Tpadst G(n,r,s), ux ciaydaiinbie noarpadbl U YUCIa HE3ABUCH-
MOCTHU

4.1 Omnpenenennd 1 POPMYJIUPOBKN PE3YyIbTATOB

Ompenenenns rpados G(n,r, $) MOJHOCTHIO AHAJOTHYHBI onpeesennio rpada G(n, 3, 1) u moacKa3bl-
BalOTCdA COOTBETCTBUEM ITapaMeETPOB:

Vn,r)={x=(z1,...,2,) : 7, € {0,1}, o1+ ...+ 2, =71}, En,rs)={{xy}: (x,y)=s}.

[padsr G(n,r,s) u uxX BHyTPEHHSIsI CTPYKTYpa UTPAIOT 3HAYUTEIHHYIO POJIb B PA3IHIHBIX 00JIACTIX
JUCKpeTHON MaTemaruku. [Ipexke Bcero aro, KoHeIHO, KOMOMHATOPHAs Teomerpusi. Tak, rpad G(n, 5, 2)
Bo3HUK B padotre [27| . Jlapmana 1978 roza, rje ¢ MOMOIIBIO ONEHKU YHCJIa HE3ABUCUMOCTH 3TOTO rpada
OBLIIO TOJIYYeHO yiIydiienue onenku Jlapmana—Pojzkepea us naparpacda 1.1: x(R") > en?, ¢ > 0. A B 1981
rogay I1. @panksa u P.M. Yuscon omybinkoBaan 3aMedaTe/bHy0 CTaThio (28], B KOTOPOii JoKa3a/m, 9To
X(R™) > (1.207... 4 o(1))", u st 5TOro MM MOHAIOOUINCH Ipadbl ¢ TapaMeTpaMu I ~ %ﬁn, 5~ g,
n — oo. ubivMu cjioBamu, Baxkubl rpadbl G(n, T, $) HE TOJBKO ¢ MOCTOSTHHBIME, HO U C PACTYIIUME T U S.

B roit e pabote [28] @pankiia n Yuiacona 51u rpadbl ObLIN IPIMEHEHBI K OTHICKAHUIO KOHCTDYKTHB-
HBIX OIEHOK Jmcsia Pamcest, pa/ii KOTOPBIX OHU U ObLIH BriepBble mpuayManbl Hagem (cum. maparpad 1.1).
A B 1993 romy nmMeHHO OHHU JIaJIM TIEPBBIH KOHTPIpUMED K Turore3e Bopcyka o pasOumeHmr MHOYKECTB Ha
JacT MeHbIero quamerpa (em. |7]-[9], [29]-[31]).

BrocsiesictBun qucsiaM HE3aBUCHMMOCTH U XpOMaTHIecKuM duciaam rpacdos G(n,r, s) OBLIO MOCBAIIEHO
MHOYKECTBO PaboT, cpenn KOTopbix [32|-[38]. Oxnako, Kak Mbl YBUJUM HHKE, H3BECTHO JIAJIEKO HE BCE.
Ormernm, aro rpadsl G(n,r, s) TyboKo CBsI3aHBI U ¢ Teopueil KogaupoBanus. Hamnpumep, kinka B rpade
G(n,n/2,n/4) nupu n, nensimemcst Ha 4, — 310 110 cyT Marpuna Agamapa (cm. [39], [40]).

B sToM pasjiesie Mbl H3yUUM YHCJIA HE3ABUCUMOCTH ciiydaitubix rpados G(G(n,r, s),1/2), npudem r u
S MBI OyJIeM CYMTATh MOCTOSIHHbIME TIpu 1. — 00. [laxke Besmaumnbl o(G(n, T, s)) HalieHbl JaJI€KO HE [IPH
Beex 1 u s. llepedncimm u3BecTHBIE PE3YIHTATHI.

[Ipexk e Bcero ouemHo, uTo 3anperuth (0,1)-BeKTOpaM MMeTh CKaJSIPHOE IIPOU3BEJIEHNE S MOYKHO,
3aCTABUB UX UMETH OJIHO U TO K€ MHOXKECTBO U3 § + 1 eJuHuIl. DTO 3HAUUT, ITO

a(G(n,r,s)) 2 Cr21 =0 (7).
C apyroit CTOPOHDI, MOKHO, HA00OPOT, MOTPEOOBATD, YTOOBI TOMAPHbIE CKAJIAPHBIC TTPOU3BEICHUS HE MIPe-
BOCXOJIMJIN § — 1, K&K 3T0 OOBIYHO JIeIa0T B TeOPUH KOJI0B, ncnpasistonux ommbku (em. [40]). TIpu rakom



noxozie paboraer Teopema Péma (cm. [26] u [41]), u3 KoTOpOIit crremyeT, UTO

a(G(n,rs)) = (14 0(1))% =0 (n%).

r

[TougaTHo, uTO IpU r = 25 + 1 OIEHKU UMEIOT OJIMHAKOBBIN MOPSAJIOK, Ipu r > 25 + 1 cujbHee nepBasd
OIleHKa, a IpHu r < 25 + 1 cubHEe BTOpas OIEHKA.

Bepxune OIEHKH MOTydYaloTCsa ¢ HOMOINBIO JIMHEHHO-anrebpandeckoro Merona (cm. [9]), m mus Hux
CYIIECTBEHHO, YTOOBI PA3HOCTh T — § ObLIa CTeleHbio mpocroro dncia. Hampumep, rpadot G(n,3,1) u
G(n,5,2) yIOBIETBOPSIOT 3TOMY yCI0BHIO. Eciu OHO BbINOJIHEHO, TO Teopema Ppankia—Yuucona (cM.
[28]) roBopurt, aTo

a(G(n,rs)) < (14 0(1))0}2_8—1 =0 (nr_s_l) ., r>=2s+1,

2s—r+1,r—s—1
Cn Cn

a(G(n,r,s)) < (1+0(1)) Gt

=0Mn°), r<2s+1.

Takum obpaszom, Ipu BeeX 1 1 S, PA3HOCTb KOTOPBHIX — CTEIIeHb ITPOCTOI0, MbI 3HAEM IIOPSIIOK POCTa IUC/Ia
HE3aBUCUMOCTH, & TIPA 7 > 25 + 1 U TOM Ke OrpaHmYeHNn Ha PA3HOCTb MBI JIayKe 3HAEM €T0 aCHMIITOTHKY.
Eme pas moguepkaeM, 9To 3TO creruduKa MOCTOTHHBIX 7, s. [Ipu aToMm 6e3 ycioBus Ha PasHOCTb 7" — §
OIIEHKH, KaK IPABIJIO, TOPa3I0 XyKe, I MbI He OyIeM Ha HUX OCTaHAB/INBATHCSI.

[Tepeityiem k cayuaiinbiv rpadam. MMmeer MecTo yHUBEpCabHas BEPXHsIsSI OIEHKA.

Teopema 9. C acumnmomuueckoti 6epoammocmyvio 1 cnpacedsuco HEPaGEHCME0o
a(G(G(n,r,s),1/2)) < (14 0o(1))2ra(G(n,r,s))log, n.

Ecau, ceepr mozo, ussecmmo, wmo a(G(n,r,s)) = O (nﬁ), 8 > 0, mo ¢ acumnmomuueckoli 6eposMHO-
cmuro 1 cnpasediuso HeEPaseHcmeo

a(G(G(n,r,s),1/2)) < (14 0o(1))2(r — B)a(G(n,r,s))log, n.
B wacmmnocmu,
a(G(G(n,r,s),1/2)) < (14 0(1))2(s + D)a(G(n,7,s))logon, r>=2s+1, r—s — cmenenv npocmozo,

a(G(G(n,r,s),1/2)) < (14 0(1))2(r — s)a(G(n,r,s))logyn, r<2s+1, r—s — cmenenv npocmozo.

Teopemy 9 MbI JOoKaxkeM B cieytoriem naparpade. Hukaue onenkn obecrieunBaer

Teopema 10. C' acumnmomuueckoti 6eposmmocmsio 1 cnpasediuso HepaseHcmao

Co(r = s)

a(G(G(n,r,8),1/2)) = (1 + 0(1))WT:S

log, n.

DTy TeopeMy MBI JIOKaXKeM B pasjielie b, rjie pedb MOHIeT 0 XPOMATHIECKNX YnCjIax: OHa OyIeT Cie-
CTBHEM OJIHOTO M3 ODOIINX YTBEPXKJCHHUN O PACKpacke. A ceffdac MOCMOTPUM Ha COOTHOIICHUS MKy TeO-
pemamu 9 u 10. OueBujino, 410 1IpHU JIOOBIX 7, s OreHKa B TeopeMe 10 mmeer mopsiiok n’log, n, T.e. npu
yenopusx 1 < 25+ 1 u r — s = al, rae a — npocToe YMCiIo, MbI UMEeM JIMITL KOHCTAHTHBIH 3a30D MEXK Ty
BepxHeil n HIKHel onenkamn. OHako npu r > 2s + 1 3a30p pacTeT MOIMHOMUAIBHO IO N, U JaKe TPU-
suasibhag orenka a(G(G(n,r,s),1/2)) = a(G(n,r,s)) cranoBuTcs CHIIbHEE ONEHKH U3 TeopeMbl 10, XoTst
U OHa B JiorapudM pa3, KOHETHO, MEHbIIE OIEHKH M3 TeOpeMbI 9.

meeT MecTO

Teopema 11. ITycmov r > 2s+1. Tozda ¢ acumnmomuueckoti epoamHocmvlo 1 cnpasedisuso HepaseHcmaeo

a(G(G(n,r,s),1/2)) = (14 0(1))2C: log, n.



K coxasenuio, onenka B TeopeMe 11 TOJIBKO B MOCTOAHHOE YUCJIO pa3 OoJIblie OIeHKN u3 TeopeMbl 10.
Omna 3ameuaresbHa TeM, 9To npu 1 = 2§+ 1 oHa corsacyercsi ¢ Teopemoit 5. Fe 06001ienneM oHa 1 CIIy2KUT.
Ee nmokazarenbcTBo MbI puBejieM B maparpade 4.3. 3ameTum, UTO Ipu Tex ke r = 3, s = 1 Teopema 10
JIaeT JIMIIb OICHKY BeIMHIMHON 21 10g, n, TOra Kak orenka u3 teopeMbl 5 (Teopembl 11) mMeer Besmtiniy
2nlog, n. B aTom nerrOCTH Teopemsbr 11.

Hu npu kakux r, s reopembl 9, 10, 11 He Jai0T aCUMITOTUKY YHC/Ia HE3ABUCHMOCTH. DTO HE YIUBUTEb-
HO, BeJIb Jaxe jyist rpada G(n, 3, 1) umesn mecto aBYyXKpaTHbBIH 3a30p. BupodeMm, ectb rpad, yeTpoeHHbI
HOTeHIMAaIbHO 1porie: 310 rpad G(n,2,1). nsa wero, oueBuano, a(G(n,2,1)) = [%] Torma Teopema 9
naer onenky (14 0(1))nlog, n, a reopema 10 — onenky (1+o0(1))3nlog, n. Teopema 11 3xech ne paGoraert.
Wmeer mecTo

Teopema 12. C' acumnmomuueckoti 6eposmuocmvio 1 cnpasediuso HepaseHcmao

a(G(G(n,2,1),1/2)) < (1 + 0(1))%nlog2 n.

[Tadboc B TOM, UTO, XOTS M TYyT ACHMITOTHKA He HaiijeHa, TeopemMa 12 — 5TO mepBOe yTBEPIKJIEHHUE, B
KOTOPOM HaM yJlaeTcs YCUIUTH o0nryto Teopemy 9. Bosee Toro, pu r < 25+ 1 y Hac ono ojiHo takoe. Mbr
JIoKazkeM TeopeMy 12 B maparpade 4.4.

U Bce-Takm Ipo OJIMH BayKHBIN KJ1acc TpadoB Mbl He CKa3aJ/IH HU CJIOBA. DTO KJIACC, B KOTOPOM HAXOJIATCS
rpadet G(n,r,0). Takue rpadbl HA3BIBAIOTC KHE3EPOSCKUMU TIO UMEHHI MaTeMaTHKa, KOTOPbIii B 50-€ roJIb!
XX Beka BbICKa3aJ runoresy o ToM, 910 X(G(n,r,0)) = n — 2r + 2. I'unoresy mokasasu JI. Jloac Tosnbko
B KoHIe 70-X TOJOB C IOMOIIBIO MM 2Ke Pa3paboTaHHOro TomoJjormdeckoro meroga (em. [42]). Ognako
C YHCJIOM HE3aBHCHMOCTH BCE HECKOJIBKO IpOIle. 37eCh He3aBHCHMOE MHOYKECTBO BEDIIUH — 3TO HAbOD
HOMAPHO [EPECEKAIOIUXCS T'-3JIEMEHTHBIX MOJIMHOMKECTB N-3JIEMEHTHOIO MHOXKECTBA, U IPHU IIOCTOSTHHOM
' €ro MakCHMaJIbHasl MOIIHOCTD Hafi/leHa B K/Iaccudeckoil Teopeme Dpaenta-Ko-Pamo 1961 roga (em. [4],
9], [43], [44]): ona pasma C!~i. KoHeuno, Mbl U BBITIE TIHCATH O TOM, 9TO pu 7 > 25 + 1 (oHO ceirqac
KaK Da3 Tak) M3BeCTHa acuMITOTHKA BesmanHbl o(G(n,r,s)). Ho B rekymeit curyarun u Toro Gosblie:
a(G(n,r,s)) = C'~1. Jla n He Hy>KHO TPeGOBATH, YTOOBI 7' — § = T GBIIO CTENeHbIo TTpocToro uucia. Copcem
HECJIOZKHOM SIBJISETCS

Teopema 13. [Tycmo r > 1. C acumnmomuneckoti seposmmocmvio 1 cnpasediusa acumMnmomuKa

a(G(G(n,r,0),1/2)) ~ C" 71,

Teopemy 13 MBI JIoKaxKeM B IOcjeHEM Maparpade HacTosdIero pasjena. HecMorps Ha ¢BOIO TPOCTOTY,
9Ta TeopeMa UCKII0IUTeIbHO 3HaunMa. OKa3blBaeTCst, MHOT/Ia Teopema 9 jomyckaet yiyurierue B O (log, n)
pa3, B pe3yjbTaTe 4Yero Ynuc/ja0 He3aBUCHUMOCTHU CJIyIailHOro rpada BOBCe He MEHSeTCs 110 OTHOIIEHHUIO K
YHUCITy HE3aBUCUMOCTH HCXOIHOIO rpada (cp. moxoxuii pe3ynbrar mpo Ky B pabore [23]). Ecrs manc, aro
He TOJBbKO npnu § = 0, HO U mpHu Bcex r > 25 + 1 UMeeT MeCTO TO K€ CaMoOe CBOMCTBO. DTOTO MBI ITOKa He
MOXKEM HU JIOKA3aTh, HU OIMPOBEPTHY Th.

[ToaprToxkum maparpad:

o npur < 2s+1ur—s=dl, rae a — npocroe ynco, Haiijien nops oK pocta esmunnbl oG (G(n, r, s),
1/2)) (reopemser 9 u 10);

e 1pu r = 25 + 1 Haijijensl jaytmme HuKire orenkn seanannsl «(G(G(n,r, s),1/2)), HexKenn OnEHKH
npu r < 2s + 1 (reopema 11);

e I IIapaMeTpoB 7 = 2, s = 1, KOTOpble TaKzKe YJIOBJIETBOPSIOT COOTHOIIEHUIO 1 < 25 4 1, yurydiiena
BepXHsisl OlleHKa u3 TeopeMbl 9 (Teopema 12); Apyrux aHAJOIMYHBIX AP C ycjoBueM r < 2s + 1 He
HafljeHo;

T'pacd G(n,1,0) — 310 MpOCTO MOMHEBIA rpad, ¢ HUM BCe ACHO.



® [IpU IIPOU3BOJIBHBIX 7" > 25+ 1 TOUHBIE 110 OPSJIKY OIEHKU He U3BECTHBI; 3aTO B ciydae, Korja s = 0,
YHUCJIO HE3ABUCUMOCTH ACHMITOTHIECKN MTOYTH HABEPHOE BOBCE He m3MeHsiercs (Teopema 13),  ecThb
OCHOBaHU TIPeIoararb, 9YTo 3TO BEPHO IIpH Bcex 17 > 25 + 1;

e Cjlydam, B KOTOPBIX I — § HE sIBJISETCsI, BOOOIIE TOBOPsI, CTEIIEHBIO ITPOCTOTO M KOTOPBIE OTJIUYIHBI OT
ABYX NPEABLIYINNAX, C TOYKN 3PEHNA KOHKPETA3AIINN BEPXHUX OICHOK HE PACCMaTPUBAJINCD.

4.2 Jloka3aTeJabCTBO TeopeMbI 9

Teopema 9 siBisiercsi ciejpcrsueM obieil Teopembl 6. Benmauna o = «(G(n,r, s)) Bcerya pacrer ¢
poctom n. [loaToMy MOXKHO KOPPEKTHO rOBOPUTHL 006 acMMITOTUKAX. B cuiry TeopeMbl Typana jijist 06010
muoxectBa A C V(n, ), IMEIOIIEro MOIMHOCT K > (v, BBIIOJHEHO HEPABEHCTBO

k2

H{{x,y} € E(n,r,s): x,y € A} > (1 + 0(1))2a

Buavwr,

A\ b
$ o Hbenmn: xyeal] o o, 9= (ool e (ﬁ) g-(+o()he _ gk rhkp.—ko—(1+o(1) b _
ACV (n,r),|A|=k &

_ grklogy n—(1+o(1))k log, k—(1+0(1))E2

ITocie/iHee BbIpazkeHHe CTPEMUTCS K HYJLIO, Koslb ckopo 1 logy n— (1+0(1))logy k — (1+0(1)) £ crpemures
K Munyc Oeckoneynoctu. OdueBujino, 4to, 0eps k ~ 2ralog,n, Mbl u JI0OMBaeMCsA HYKHOI'O PE3YJIbTATA.
[Tpu sTOM MBI J1a2Ke He MOJIb3yeMCsl BblunTaeMbIM log, k. Ecin ke mMbl 3HaeM, 9to oo = © (nﬁ ), £ >0, To
upu k ~ 2(r — f)alogy n umeem log, k ~ Blog, n, u 9T0T0 XBaTaer, 4ToObI Bee Bbipazkenue 1 log, n — (1 4+
0(1))logy k — (14 o(1)) £ crpemunocs K —00.

Teopema 9 nokaszana.

4.3 JlokazaTeabCcTBO Teopembl 11

U est moKa3aTeIbeTBa B TOTHOCTH Ta Ke, 9TO U B caydae TeopeMsl 5. [lomoxum m = (r—s) [(rs)ﬁ] .
- 2

Pazobeem R, = {1,...,n} na vactu Ry = R, u Ry = R,, \ Ry. anee pazoboem R; Ha mocseoBaTe b
Hble Kycku mommocta r — s: {1,2,...,r —s}, {r—s+1,....2(r—s)}, ..., {m—(r—s)+1,....,m}.
BadukcupyeM Mpou3BOIHLHOE $-3JIEMEHTHOE MOJIMHOYKECTBO MHOXKeCcTBa Ry. /lobaBumM ero K KarKjomy 3
“kyckoB”. Ilomyuanrcs kmmka B rpade G(n,r,s). Beero takux xiauk C5_ . Mexy Humm pebep HeT, T10-
CKOJIBKY BEPIIUHBI U3 PA3HBIX KJIUK, Oy/IydH 7-3JIEMEHTHBIME MHOYKECTBAMU, JINOO MTEPECEKAIOTCS XOTs ObI
mor—s=2s+1—s=s+1»snementam B Ry, 100 1mepecekaroTcs 110 He Oojiee s — 1 3jieMeHTaM B IIEJI0M.
COBOKYITHOCTD KJIMK, KAK 1 MPEXK/JIie, Ha3bIBACTCHA OJIOKOM.

Yuesro BepIIMH B KazKI0H KIUKe U3 OJI0Ka paBHO m’ = [( ) oF } [Ipn paccmoTpennn cirydaitHOTO
2

rpada Ha JaHHON KJmKe obpasyercs ciydaitabrii rpad G(m’,1/2), y koroporo

/

P(a(G(m',1/2)) = 2(1 + o(1)) logym’) > 1 — ™™

SHaunr,

P(a(G(G(n,1,5),1/2)) = 2C;_,, (L + (1)) logy m') > (1 — e™™) %=,

ITockosbKy s — koncranta, C;_, ~ CF ~ ’;—,S npu n — 00. B To xke Bpems log, m’ ~ log, n. B urore nmeem
P(a(G(G(n,r,s),1/2)) = 2C; (1 +0(1))logyn) - 1, n — oo,

n Teopema 11 mokazana.



4.4 Jloka3aTeJbCTBO TeopeMbl 12

Teopema 12, kak u obrmasa TeopemMa 9, ABJIIETCS CJIEJICTBUEM TeOpeMbl 6. YIydIlleHne JOCTUTAeTCs 3a
CYeT TOro, YTO 3JeCh yJIAeTCA YTOYHUTH TYPAHOBCKYIO OIEHKY 4ucJa pebep B TOM MJIM MHOM MHOXKECTBE
BepIH A, IMeIoIeM JaHHyo MoImHocTs k > a = (G (n,2,1)) = [%} . TypanoBckasi o1ieHKa — 9TO OIleHKa,
BEJTMIUHOMN

k? o k?
1 1)— ~ —.
(1 -+ of >>2a ;

[Tokarkem, 4TO UMEET MECTO OIEHKa BeJMYUHON = — k.

MuoxkectBo A — 3TO HOIMHOXKECTBO MHO}KeCTBa R,.. g xaxoro sjgementa ¢ € R, oupeaeanm k;
Kak qmcsio BepuH rpada G(n,2,1) — “nBoek”, — npunamexamux A u cojepxkanwx . [loHsaTHO, 9TO
pu GUKCUPOBAHHOM i JIIOOBIE J[Be OTBEUYAIONINX eMy JBOHKE 06pa3yioT pebpo B G(n, 2, 1). [losromy

{{xy}€E(n21): x,ye A} >> Cp.
=1

n
_ 2
B o ke Bpems ki + ...+ k, = 2k. HeTpyaHo mokasarh, 4T0 MUHUMYM BbIPAsKEHUsT Cj., B 3THUX Orpanu-
i=1

YEHUAX JOCTUIAeTCst IpK k; = 2%, 4 =1,...,n, OTKyJa 1 CJIeJIyeT OleHKa

22
{{x,y} € E(n,2,1): x,y € A}| > ch > k.
C ydqeTrom STONI OIICHKHN MMEEM

2\ k
Z 2—\{{x,y}6E(n72,1) x,yEA}| < Ck 1+o(1)) < (%) 9~ (1+0(1)) 22 < Qk 2kl€ k2 (1+0(1))
ACV(n,2),|A|=k k
__ 92klogy n—(1+o(1))klogs h—(1+o(1)) 2
CiteroBaTesIbHO, TIPHU MTOJIXOMAIIEM K ~ %nlog2 N TOJIydaeM

2k
2logan — (14 0o(1))logy k — (1 + 0(1)); <0,

OTKY/Ia
2k2 2k
2klogoan — (1 +o(1))klogy k — (1 4+ 0(1))7 =k |2logon — (1+0(1))logyk — (1 +0(1))— | = —o0,

n TeopeMma 12 joka3ana.
4.5 Jloka3aTeJabCcTBO TeopeMbl 13

- {c;j (1+$ﬂ

JlocTaTouHO MPOBEPUTH, YTO € BEPOSTHOCTHIO, CTpeMsineiics K Hyso, B ciaydaiinom rpade G(G(n,r,0),
1/2) ecTh HE3aBUCHMOE MHOXKECTBO BEpIINH pasMepa k. DTa BEPOATHOCTDb 3aBEJIOMO He GOJIbIe BeJMYNHbI

THosoxxnm

Z P(A nesasucnumo B G(G(n,r,0),1/2)) = Z o~ H{xy}EB(n,0): xyeA}|
ACV (n,r),|Al=k ACV(n,r),|Al=k

[Tokazkem, 9To 1 MOCIEIHsAT CYMMA CTPEMHTCA K HYJTIO.
[ockombky k > O}, moboe muoxkectso A C V(n,7), |A| = k, ne asngerca nesasucumbim B G(n, 7, 0).
Kaxkmomy Takomy MHOXKeCTBY A comocTaBuM MaKCHMAaJIBLHOE 110 MOIIHOCTU MHOXKecTBO B C A, KOTOpOE



ueszasucumo B G(n,r,0). Eciin MakCUMaIbHBIX MHOXKECTB HECKOJIBKO, COlIOCTaBIsieM Joboe u3 Hux. Pa3y-
meetcs, |B| < CI71.

Bosmozkabl ;LBa papuanTa: 6o ji1d jannoro A oimosneno |B| < nm = (C ) (MHO)KECTBO A —
nep6ozo muna), b0 s ganuoro A seimosaeno |B| > n!! (MuoxecTBO A — emopozo muna). Ecin A

HepBOFO TI/IHa, TO MBbI OHGHI/IM BGJH/ItII/IHy
{{x,y} € E(n,r,0): x,y € A}|
¢ TIOMOIIbIo Teopembl Typana:

]{72

o2npr—1.1 !

{{x,y} € E(n,7,0): x,y € A}[ > (1 +0(1))

B unTepecytoreit Hac cymMMe BBIJIEJINM CllaraeMble, /st KOTOPhIX A mepBoro tuma. MIx cymma He mpeBoc-
XOJUT BEJIMIUHBI

n2r—2

CCT (I4+0(1 ))%Tk% < 3knrk2*(1+0(1))2nf% — 3k2(1+0(1))7“%10g2 n2*(1+0(1))m 0.

3/1ecb MBI TIOJIB3YEMCsT T€M, UTO I — KOHCTAHTa, a

n"tlog,n = o (n’"_o'g) .

[Iycts Tenepb A Broporo tumna. Onennm uucio pebep rpacda G(n,r,0) B A. [lockoiabky B — makrcu-
MaAbHoe He3aBUCHMOe MHOXKecTBO BepiinH rpada G(n,r,0), comepxaiieecst B A, Jyist 1060 BEPIIAHBL
x € A\ B ecrb Takag BepummHa y € B, uro {x,y} € E(n,r,0). Ilokaxkem, 9T0 BepiiuHa y JAJ€KO He
€JIMHCTBEHHAs C 9TUM CBOHCTBOM. /lelicTBUTENHHO, BEPIIUHBI X M Y COeJUHEHBI PeOPOM, a 3HAYNT, KaK
r-3JeMeHTHbIE MHOXKECTBa OHU He IepecekaiorTcsd. OIeHNM, CKOJBKO MOXKeT ObITh BepINUH Z € I3, KoTopble
He coegnHeHBI ¢ X. C 0/HOIl CTOPOHBI, OHM JIOJIZKHBI [IEPECEKATHCS ¢ X XOTs ObI 110 OiHOMY 3JjieMeHTy. C
JIpYTOI CTOPOHBI, TAK KaK B — He3aBUCUMOE MHOYKECTBO, OHU JIOJIZKHBI U ¢ Y UMEThb HEIIyCTOe TIepeceueHue.
Ho x u y e nepecexatorcs. CTaso OBITL, TAKIX BEPIIHH Z TOYHO He 6osbine, geM r2n” 2. B Texymeit cuTy-
amun | B| > n"~11. CreoBatenbio, KOJMMYECTBO BepluH U3 B, ¢ KOTOPbIME COeIMHEeHa JTaHHAas BepITHHA
x € A\ B, He MeHblIle, YeM

|B| o 7,2nr—2 > nr—lAl . T2nr—2 — (1 4 O(l))TLT_l'l.
Takum obpaszom,

Cn . n27‘—2.1
FL o)~

[y} € E(n,r,0): x,y € A} > (JA] = [B)(1 +o(1)n ™" > 3=
T.€. CyMMa TeX CJIar'a€MbIX, KOTOPDbIC B I/IHTepeconmeﬁ HaC CyMM€ OTB€49al0T MHOXKECTBaM A BTOpPOI'oc THUIIa,
He IIpeBOCXOoaUT BEJIMYINHBI

—2.1 —2.1 2r—2.1

CCTQ (1+0(1))m < 3k: rk2 (1+0(1))m 3k2(1+0(1)) (T 1): 1052”2—(1"‘0( ))(T Dhan — ().

31ech MBI OJIb3yeMcest TeM, 4To npu 7 > 1 (r.e. 7 > 2) BpimosHeHo 2r — 2.1 > r — 1.
Teopema 13 nokazana.
OrmeTnM, 9TO BHIGOP ocTaTounoro wiena C 1/ Inn coBepmeHHo TPOM3BO/IEH I OTHIOb HE OMTHMATICH.

5 Xpomarudeckoe uuciio caydaitnoro rpada G(G(n,r,s),1/2)

5.1 ®PopMyJUPOBKH PE3YJIHTATOB

Kak u B maparpade 4.1, crout criepa cka3arb O TOM, YTO H3BECTHO OTHOCUTEJBHO Besimaunbl X (G (n, T,
s)). HukHue oleHKY sIBJISIOTCS CJICICTBHEM BEPXHUX OIEHOK YUC/Ia He3apucuMocTu. VIHBIMEU clioBaMu, pu

r —s=a', a — IPOCTOe UMCI0, BLINOJTHEHLI HEPABEHCTBA

X(G(TL, T, 8)) > — = Q (nSJrl) ) r > 2s + 17



T
X(G(n,r,s)) = G =Q(n"*), r<2s+1.
a(G(n,r,s))

Jist ostygeHusi BEPXHUX OINEHOK M3BECTHBI JiBa MOJX0ja. Bo-1epBhIX, ecTh TeopeMa Bpykca (cm. [25]),
koropas rosoput, 4ro X(G) < A+ 1, rie A — mMakcumajibHasi cTeneHb BepiHbl rpada G. B Hamem
cirydae rpadbl PEryJIsipHbL, T.€. BCe CTEIIeHN BEPIIIH B HUX OJMHAKOBBI 1 paBHbl CSCT~7 = O (n"~*). Takum
obpaszom, x(G(n,r,s)) = O (n"~*). Bo-BTOPbIX, MBI MOKEM TIOKPBITH MHO)KECTBO V (n,T) HE3aBUCHMBIME
MHOYKECTBAMH — IIBETAMHU, — KAYKJIbIH U3 KOTOPBIX COCTOUT U3 BCEX BEPIIUH, COJEpKAIuX JanHoe (§+ 1)-
3JIEMEHTHOE MOJIMHOKECTBO MHO)KecTBa R,,. Torna, koneuno, x(G(n,r,s)) = O (n**1). B urore umeem Bo
BCEX CJIydasx, KOrJa Pa3sHOCTb I — § — 9TO CTEleHb [IPOCTOr0, MOPSIOK POCTa XPOMATUIECKOIO YUCIIA.

Cay4wait s = 0 0co0blil, TIOCKOJIBKY 37ech n3BectHo, uto X(G(n,r,0)) = n — 2r + 2, npudeMm naxe
[IPOCTOTY dnCaa " = 1 — § TpeboBaTh He HyKHo (cM. [42]).

st cimydaiinoro rpada HUYKHEE OIEHKH XPOMATHYECKOIO YUCjIa — 9TO UCKIIOYUTEBHO CJIe/ICTBUSI
BEPXHUX OIEHOK YUC/Ia HE3aBUCHMOCTH, T.e. TeopeMbl 9 u ee yrounenuii. C BepXHUMM OIEHKAMW BCE WH-

TepecHee. C O,ZLHOfI CTOPOHBI, €CTb COBEPHIECHHO 06mee yTBEp2KJACHNE, KOTOPOE€ MbI IIPUBOAUM B Te€OpeMe
14.

Teopema 14. [Iycmwv dana nocaedosamenvnocmy epagos G, = (Vy, E,), y komopwzr N := |V,| — oo,
n — 00, U cmenenv Kaicdol sepwunv, ne npesocrodum eesununvs d = d(N), ede dynkyus d makosa,
YMO N10005 €€ NONOAHCUMEALHAA CENEHb pacmem buiecmpee seaununo, In N. Tozda das aobozo € > 0 ¢
ACUMNMOMUMECKOT, 8EPOAMHOCBIO 1 UMeeMm

x(G(Gn,1/2)) < (1 +5)log2d'

Teopema 14 — 310 cBOEro poja TeopeMa Bpykca jiis cirydaitnbix rpacdos. Ee MbI loKazkeM B CJie/ Iy omeM
naparpade. s rpados G(n,r, s) ona Bnosre rogures, segap N = |V (n,r)| = C otkyma In N = ©O(Inn),
Torpa kak d = © (n"~*), a crano Gbirh, In N = o (d?), ckonb Gbl Gim3Koii K HymO Hi Gblla KOHCTAHTA
B > 0. B urore noydaem

S T—S
(GG, r.9).1/2) < (14 e)
(r —s)logyn

CuriesicTBIEM U3 3TOTO sABJIsIeTCs TeopeMa 10, KOTOPYIO MbI B CBOe BpeMsI He CTaJIu JIoKa3biBaTh. Kpome Toro,
TeopeMa 14 ozHadaet, uyTo npu r < 25+ 1 ur — s = al, rae a — IpocToe YHMCIIO0, HaMIEH IOPII0K POCTa
XPOMATUYIECKOI'0 YUC/Ia ciiydaitnoro rpada. Beumy pe3ynbratos pasjena 4 MOXKHO IPEIOI0KNTh, YTO IIPU
r > 2s+1 kapruna Oyger unoit. Hanpumep, MoxkHO, 1o-BuMoMmy, jtoka3athb, 9o X(G(G(n,r,0),1/2)) ~n
upu r > 1 u n — co. OjHaKo 1oKa B ciaydae 7 > 25 + 1 Mbl UMeeM PaCTYIIUN 3a30p MeXK/Iy BEPXHUME 1
HUZKHUMU OLEHKAMK XPOMATHIECKOr0 YHC/Ia Caydaiinoro rpada.

C apyroii cTopoHbl, Kak u B ciaydae ¢ Teopemamu 10 um 11, Teopema 14 jgomyckaer yTodHEHHE IIPU
r = 2s + 1. K coxkajieHuto, ¢ pocToM § IpOIE/ypa IOJydeHHs STOTO YTOYHEHUs] CTAHOBUTCS KpaitHe
rpomosikoit. CyTh mnponeaypbl Oyaer scHa U3 JIOKa3aTeabCcTBa ciemylomeii TeopeMbl. DopmymnpoBaTh
o0t pe3y/IbTaT Mbl HE CTAHEM.

Teopema 15. C' acumnmomuueckoti 6eposmmocmsio 1 cnpasediuso HepaseHcmao

(G(G(n,5,2),1/2)) < == .
X e 147 logyn’

Teopema 15 cunbaee Teopembl 14, T.K. u3 TeopeMbl 14 BBITEKAET OINEHKa ¢ KOHCTAHTOM g. Teopemy 15
MBI J0KazkeM B maparpade 5.3. A B naparpade 5.4 MbI JaJM HEKOTOPbIE KOMMEHTAPUH.

5.2 JlokazarTesibcTBO TeopeMbl 14

[TIycrs nan rpad G,. 3anymepyem ero BepinuHbl ipoussoibHo: V, = {1,..., N}. Ham Hy»>KHO 110Ka3aTh,
9TO ¢ BBICOKOI BEPOSATHOCTBIO ero nojarpad kpacures B He 6ostee (1+ s)logid nBeToB. [Ipumenum mpocreii-
2

Uil 2Ka HBI aJITOPUTM PACKpacKU: KpacuM BepimHy 1 jganHoro ocrosnoro mnojgrpada H rpada G, B



HEPBLIi 1BET, a KOIJia MOKPAIIeHbl BEPIIUHGL 1, ..., 7 — 1, KpacuM BepIIuHy ¢ JUOO0 B IBET ¢ MUHUMAJILHBIM
HOMEpPOM, Takoii, uro B rpacde H Her pebep M3 BEPIIMHEBL ¢ B BEPIIHHBI 3T0ro 1seta cpean {1,...,4 — 1},
J00 B HOBBIH 1[BEeT. DTO cTaHgapTHAs ujes (cM., Harmpumep, [45]).

[Iycts C} — cobbITHE, KOTOPOE COCTOUT B TOM, 9TO IPHU PACKPACKE C MOMOIIBIO YKaHOTO aJTOPUTMA

d
log, d

OBLT UCIIOIb30BaH IBeT ¢ HOMepoM k. Hara 1enb — mokasaThb, 9To 1ipu k = [(1 +¢) BEPOATHOCTH

cobprtus Cy, crpemurcs K Hymo. IlonsaTHO, 4T0 cobbiTre C) BiIoXKeHO B 00begunerne coobiTuii C, ;, KazK1oe
13 KOTOPBIX 0003HAYAET, YTO BEPIIUHA § KPACUTCA KaIHBIM aJITOPUTMOM B IIBET ¢ HOMEPOM k.

OmnennmM, crajio 6bITh, BepoATHOCTD coObITHA Cf, ;. [I718 9TOr0 3aMeTHM, ITO I[BET BEPIIUHBI ¢ OJHO3HATHO
OIpeIesieTCsl paCKPaCKOil yzKe pacCMOTPEHHBIX BEPIINH, U BCE IIPOCTPAHCTBO JIEMEHTAPHBIX COOBITHI (),
cocTosIee U3 BCeX OCTOBHBEIX mnojarpados rpada G, MoxeT ObITh pas3douto Ha cobbitug Dy, Dg,, .. .,
rae coositie [, — 9TO MHOXKECTBO TeX OCTOBHBIX noarpados rpada G, Ajg KOTOPBIX BEPIITHBI CPEJIH
{1,2,...,i— 1} uMeroT packpacky ¢ B pe3y/JbTare MPUMEHEHHUs HAIIEro YKaJHOrO aJropuTMa. JalluiieM

P (Cri) =P (Cri Q) =P [ Crin | [ JDy | | <D P(Crin D).
® @

Packpacka ¢ 0/{HO3HAYHO OIIpejie/IdeT MHOXKECTBa BEPIIUH 71, Y2, . . .. MHOXKECTBO ; COJICPXKHUT Te Bep-
muabl rpada G, cpemn {1,...,7 — 1}, KOTOpbIe CMEXKHBI C BEDIIUHON § U UMEIOT B PACKPACKE ¢ IBET
J-

Pacemorpum cobbrtue Cy ;N D,,. Tak kKak ono BjaozxkeHo B Cf ;, TO 9TO 3HAYUT, YTO BePIINHA I HE MOKET
OBITH pacKpallleHa HU B OJUH u3 1(BeTOB 1,2, ..., k — 1. 9T0 paBHOCUJILHO TOMY, YTO U3 BEPIIUHBI ¢ UJIET
X0Ts OBI OIHO pebpPO B KazKJI0€ W3 MHOXKECTB 71,72, - - - , Yk—1. OO03Ha"NM E, ; COOBITHE, COCTOAIIEE B TOM,
YTO U3 BEPIIMHBI ¢ UJIET XOTdA Obl 0JIHO pedpo B MHOXKeCTBO ;. Torma

k—1
CriND, C Dy | () B,y
j=1
B cuiy Toro, uTo MHOXKeCTBa 7y; He IepeceKaloTcd MeKjy co0oil, coObTus L, ; ABIAIOTCA He3aBH-
cumbiMu. Boiiee Toro, cobwitue D, IeJIMKOM olpejesdeTcda pedpaMu, 06a KOHIIA KOTOPBIX IPUHAJIEKAT
MHOZKecTBY {1,...,7—1}, a B Kazk10M U3 cobbITHil £, ; IPUHIMAIOT yYIacTue TOJIbKO pedpa, HHIUICHTHbIE
i. CraJio ObITh, coObITHA Dy, 1 F, j TaKzKe He3aBUCUMBI, I OKOHYATETHHO HMeeM

k—1
P (CriNDy) <P(D,) [ [P(E,,).
j=1

P(Cri) <) P(CranDy) <Y (B (Dy) ﬁP(Em)

Tak Kax cobbITUA D(p ABJIAIOTCA ITIOITIapHO HECOBMECTHBIMU, TO

k—1 k-1
P(C) < X0 (PO [P (E) ) < max  [[P(E.)
J=1 J=1

®p

CreneHb BepIIUHBI { HE MPEBOCXOIUT d IO YCJIOBUIO Teopembl. (CleoBaTeIbHO, HEIePEeCeKaNNecs
MHOXKECTBa V1,72, - - -y Yk—1 UMEIOT CyMMapHbIi pasmep, He mnpeBocxojsdiiuii d. [TosTomy Kom4aecTBO TEX
MHOXKECTB 7Y, Pa3Mep KOTODBIX IIpeBbimaer ylog,d ¢ maHubIM v > (0, He IPEBOCXOAUT BEJIMIUHBI M =

[ﬁl] Crajio ObITh, KaxKji0e U3 ocraBmiuxcs | = k — m MHOXKECTB MMeeT pas3Mep, He MPEBOCXOIAIIN
2

vlog, d. Bynem cumraTh, 9TO 3TH MHOYKECTBa MMEIOT HOMepa ji,Jo,...,J;. LaKUM 0Opa3oM, JJjis JE000it
PACKpAaCKH (o BBIITOJTHEHO

HP(E%J') = H P(E%j) < H P(Esoyj)-

j=1 je{1,2,...k—1} J€{dr.g2, a1}



Onenum BepoATHOCTL cOOBITUSA F, j, €C/IM j HAXOJAUTCH B MHOXKECTBE {j1,J2s - - -, Ji}. Hamommmm, sT0
BEPOATHOCTD TOI'0, YTO BEPIINHA ¢ COeJIMHEeHa XOTd Obl ¢ O/J{HOII BepIINHOI 13 MHOXKeCTBa ;. B cuity Beidopa
IIBETOB Jj1, Jo, .- -, Ji, €€ MOXKHO OIIEHUTb KaK

P(E,;)=1-2"Mlg1-27vled =1 g7,

SHaunr,

[ PE)<a-da),

J€{dr.g2,-q1}

P

k—1
P(Cy;) <max | [[P(E,y) | < (1 —d7),
j=1

P(Cy) <Y P(Cri) S N(1—d )"

i=1
Tak kax d HeorpaHmdeHHO pacreT ¢ poctoM N, TO d~ 7 CTPEeMUTCS K HYJIIO, ¥, BOCIIOJIb30BABIIKICH
HepaseHcTBOM In (1 — x) < —z mpu x € (0, 1), mveem

P(Ck) <exp (InN —d 1) <exp (lnN —d (k — vlo;decJ) :

Hamomuum, makoner, 9To

d
k= ~l4e) -2 S
(1+¢) log, d (1+¢) log, d’ e
CresioBatebHO, TpH JIOGOM ¥ € (137, 1) MCKOMYIO BEPOATHOCTH MOXKHO TIEDEIHCATh B BULIE
P(C InN Ly 4
< — (1 1 1) — —
€ <ew (1w - (0 +a+o) -1 ) L

B nokazaresie mocJie/iHeii SKCIIOHEHTHI 13 BeJINYUHBI In N BbhrauTaeTcss OyHKIU, PACTyIasd KaK HEKOTOpas
MOJIOYKUTEIbHAs cTenenb d. [1o yc/ioBuio TeopeMbl pa3HOCTbL CTPEMUTCA K —00, U TeopeMa 14 jJoKa3ama.

5.3 lokazarejbCTBO TeopeMbl 15

B nokazarenbcrse OyaeT uciob30BaHa KOHCTPYKINs, BeChbMa OJIM3Kasi K TOH, KOTOpast UMejia MeCTO B
naparpade 3.2. [losroMmy HEXKe MBI Oy/JIeM YaCTO CChLIATHCA Ha TOT Naparpad, a TakKxKe OIyCKaTh HEKO-
TOpbIe TEXHUYECKUE JIeTAIU, KOJIb CKOPO UX JIETKO OyJ/IeT BOCCTAHOBUTH 110 AHAJIOTMHU C TEMU WJIA WHBIMU
BBIKJIAJIKaMU, TIOJPOOHO TTPOBE/IEHHBIMI B naparpade 3.2.

Bepmmunst rpada G(n, 5, 2) cyTh naTUIIeMEHTHBIE TOJMHOXKeCTBa MHOXKecTBa R, = {1,..., n} — “ng-
Tepku’. PazobbeM X Ha /10U, KakK 9TO ObLIO ¢aemano B maparpade 3.2. OnuineM IoCTPOEHHE IIEPBOTO CJI0s
Si. Jlnsg sToro pazmenum n Ha 24 ¢ ocratkoM: n = 248y + t1, t1 < 23. B 9em cMbIc/T TaKOro, Ha TEePBBIi
B3IJIsi), CTPAHHOIO JIEJIEHNs, CTAHET SICHO YyTh IO32Ke.

[Monoxum Ly = Rigs,, Ry = {1251+ 1,...,2451}, Th = {24s1+1,...,n}. Kak u B naparpacde 3.2,
9TO JieBasl IMOJIOBUHKA, IIpaBasl MOJOBUHKA U JoBecoK. Coxpamss ob03HavYeHUs TOro rmaparpada, Ha3oBeMm
('} MHOXKECTBO IISITEPOK, UMEIONINX HEIyCThie mepecederus ¢ jgoBeckom 17. B cioit xe §; ornpaBum Bce
[ATEPKH, KOTOPbIe He JIeXKaT IMEeJUKOM HU B OJHON n3 mojoBHHOK (cp. §3.2). Xodercs cioif pa3burh Ha
OJIOKN U3 KJIMK, MeXKIy KOTOPbIMU HeT pebep. 371ech eCTh JBa CYIIECTBEHHO Pa3HBIX CIydas: MATEpPKa U3
S pazbuBaercs nojgopuHKamMu L1, Ry Ha “Tpoiiky” n “aBymky”; nsrepka u3 S; pa3dbuBaercs MOJOBHHKAMUI
Ly, Ry na “gerBepky’ u “omHymiky’. Mbl MOXKeM CYNTATH, YTO B IEPBOM CJIydae TPOWKA Haxomurcs B L,
a BO BTOPOM cJjiydae B L; pacrojiozkeHa deTBepka. Keim Mbl HalijleM KOJTUYIECTBO MOKPBHIBAIONINX OJIOKOB B
TaKOM IIPEIII0JI0KEHIH, TO UTOTOBOE YUC/I0 OJIOKOB OyJIeT IPOCTO BJiBOe OosbIuM. [lepBhlit cirydait mpoiiie.



Cayqait 1. HasBoem cosepwentvim mpotikocouemaruem B JIEBOH TTOJIOBUHKE JII0OOE ee pasdueHne Ha
Herepecekaroruecs Tpoiiku. Takme pazbueHnst CymecTBYIOT, IIOCKOIBKY Besauanta |Li| = 125 mennres va
3 (9To onma u3 nmpuunH BIOOpa mapamerpa 24). Kiraccnaeckast Teopema Bapamnbsan (em. [46]) yrepzkgaer,
ITO MHOYKECTBO BCEX TPOEK B L pa36HBaeT3cs1 Ha HellepeceKaroIecst COBepIeHHbIe TpoiikocodeTanus. O0-
1ee IUCjI0 3TUX TPORKOCOIeTaHU paBHO CiTQfl ~ T72s% (acumnToTHKA TIOHUMaeTcs npu . — 00). Oun 610K
— 970 (PUKCHPOBAHHOE TPOHKOCOUeTaHNe, K KayKJI0H TPOiike KOTOPOro cliepBa Jg00aB/IeHa OJIHA JIBYIITKA U3
Ry (obpasyercs oana kiuka B rpade G(n,5,2)), norom jgobasiena Bropas jByiika u3z Ry (obpasyercs
eme ojHa Kinka B rpade G(n,5,2)), u Tak Jajee, IOKa He 3aKOHYATCS JBYIIKI, 8 BMECTE C HUMU U KJINKH
6.0ka. Mroro umeem (1 4 o(1))72s7 610koB, cocrosumx uz Ct,, KMk pasmepa 4s;. Mexiy Kiukamu
BHYTpPH OJIOKa HET pebep, T.K. IMSITEePKU U3 Pa3HbIX KJINK UMEIOT JIMOO MEHBINE JIBYX IJIEMEHTOB B Iepece-
JeHun (ec/iM OTBEYAloIe UM TPOHKN B Ly He TepeceKatoTcs), MO0 He MeHbIe Tpex OOIIIX 3JeMEeHTOB
(ecsm oTBevarorue UM TPOiiKU coBnajaoT). OUeBHIHO TaKyKe, 4TO GJOKAMHU MCUYEPHAHbl BCe NATEPKHU B
paMKax cjydas.

Eciu cpasy nepeiitu K ciaydaiinoMmy rpady, To ¢ BBICOKOI BEPOSITHOCTHIO YUC/IO IIBETOB B OITHUMaJILHO
pacKpacke KazkJI0ro 6JI0Ka He TIPEB30HIET BEJIMUNHbl 5l OTKY/a CJIe/LyeT, 9TO ODIINee YNC/IO I[BETOB

2logq(4s1)
e 6oJIbIIe
4s; 14453

21og,(4s1)  logy s1’

(14 0(1))72s2 -

CMBIC/T BBIPAXKEHUST 6blCOKAA BEPOAMHOCTG PACKPBIBACTCA B JIeTaJIdX B Iaparpade 3.2, n 3/1eCb HIKaKUX
OTJIMYHH TI0 CyTU HEe BO3HUKAET.

Ocraercst JOMHOXKHUTH OIEHKY YHCJ/Ia IIBETOB HA 2 3a CYeT CHMMETPUUIHOro ciaydas. OJHAKO eCThb elle
Cry4ait 2, KOTOpBIIT XyZKe U K PACCMOTPEHUIO KOTOPOrO MBI ceiidac mepeiiaem.

Cayqait 2. 3mech ciioxkuee 00pas3oBaTh O0KH. YTOOBI MOCTPOUTH HEYTO TMOMOOHOE KOHCTPYKIINU W3
Ciyuast 1, pazobbem JjieByio 1mosioBuHky L nHa jBe “gerBeprunku’ LLy; u LRy — JeByo u mpaByio. DTO
MOXKHO CJIeJIaTh, T.K. 128 genurcs Ha 2, U 9TO eime ofHa (He MOC/Ie/Hss) IPUINHA BBIOOpA apaMerpa
24. Takum obpaszom, |LLi| = |LRi| = 6s;. Kak moryT pacroJiaraTbCsi MHTEPECYIOIINE HAC YeTBEPKH
BayTpu L1? OHm moryT mepecekarbcs ¢ LL; mo tpoiike n ¢ LR; no ommymike (IUIOC CHMMETpHYHAST
CHUTYAIHs), MOTYT TEIISITh KKy U3 YeTBEPTUHOK 110 JIBYIIKE (371€Ch TOJBKO OJHA CHUTYAIUS), & MOTYT
HeJMKOM TionacTh B L1 (miroc cumMmerprdHas cutyarust). [lonpobyeM ONEHNTH YHCIIO IBETOB B KaZKIOM
U3 MOJIC/TYYaeB.

Iloacmywaii 2.1. IlpemnosaraeM, 9To B JIEBOIl Y€TBEPTUHKE HAXOJATCH TPOWKH, & B IIPABOM — OJIHYIII-
k1. [ToCKOJIbKY MOIIHOCTH JIEBOIT Ye€TBEPTUHKY JIEIUTCsI Ha 3 (OUepejiHoe TosiCHeHNe K BBIGOPY HapaMeTpa

24), cHOBa MpUMEHMMa TeopeMa BapaHbsin, yTBepXK/IAIOIIasi, YTO MOYKHO Pa3OUTh MHOXKECTBO BCEX TPOEK
3

B L1, Ha Henepecekalomuecs cCOBEpIeHHbIEe TpoiikocoueTanus. Ix Oyer C;ill ~ 18s2. @ukcupyem Tpoii-
KocouyeTaHue u Jo0aB/dgeM K KaxKJIoi Tpoiike B HeM JI00YI0 ojuyiiky u3 LR u jg00yio oguymky u3 Rj.
Obpasyercs KjmKa. Bcero st JJaHHOTO TpoifKocoueTanus: TakuX KMk 6si - 12s; = 72s?. BupoueM, ux
KOJIMYEeCTBO JJId HaC HE TaK BazKHO. BayKHee TO, 9TO BMeCTE€ OHH OIIATH CO31al0T 6.HOK (Me)K,ZLy HUMU HET
pebep) u uTo KoamuecTBo 60koB ecth (1 + 0(1))18s3.

Ecim cpasy nepeiitu K cirydaitnomy rpady, TO ¢ BBICOKOI BEPOSITHOCTBIO YUCJIO I[BETOB B ONITUMAJILHOMN
pacKpacke KazKJIoro 0JI0Ka He IMPEeB30MIeT BeJTMINHbI m, OTKY/Ia CJIEJIyeT, YTO OOIlee UHUC/IO IBETOB
He 6oJIbIIIe
251 1853

210g,(2s1)  log, s1’

(14 0(1))18s7 -

M cTobKO e IBETOB B CUMMETPUYHOMN CUTYaIluu.

Iloncmywuait 2.2. Ilpeamosiaraem, 910 B 006€MX YeTBEPTUHKAX HaxXogdTcd JABYIMIKH. [lockoiabKy Mmorr-
HOCTB JIEBOi YeTBEPTUHKY JEJIUTCs Ha 2 (OKOHYATeJbHOE TOsICHEHHEe K BBIOODY mapamerpa 24), MOKHO

pa3buTh MHOYXKECTBO BCeX JIBYIIeK B L[, Ha HelepeceKalolecss coBepIIeHHble napocodetanusd. x Oy-
2

cz,
JieT 3?11 ~ 6s1. QuKCHpyeM MPOM3BOJIBHOE MApOCOYeTaHNe ¥ JIIOOYI0 HyMepamuio map (JIBYIIeK) B HEM.




K mepBoii aByIike 100aBUM IEPBbIil 9JIEMEHT TIPaBoil 1MoJIoBUHKE R (uMenHo mosioBunku). Ko BTopoii
JIBYIIIKe J00aBUM BTOPOIi sjieMeHT u3 Ry. U1 Tak masee. Becero Oyzer uciosib30BaHO 351 9JIEMEHTOB IIpa-
Boit mostoBuHKY (a ux Tam 12s;1). O6pasyercst HAOOp u3 3$1 HEMEPECEKAIONUXCs TPOEK (TPORKOCOIETAHNE).
K kakmoit Tpoiike sToro Habopa Jg00aBUM B CBOIO O4Yepe/b NMPOM3BOJIBHYIO JIBYIIKY W3 MPaBOil deTBEp-
TUHKY (Ternepb UMEHHO u3 derBepTuHKHU). [lomyuurcs kiuka. ing ganHoro napocoderanus B LL; Takux
kg CF, , m onn dopmupyior 6ok, Hucno pasmuanbix 6i0koB ecth (1 + 0(1))6s;. Ho onn me mcuep-
IBIBAIOT BCE HMATEPKM B PaMKax TEKYINEro IOJICIy4ast, BeJb Mbl 3a/efiCTBOBAIM He BCE 3JIEMEHTHI B Rj.
Mpb1 MOKeM UCIPaBUTH ITOT IIPOOES CJIeAYIONIM 00pa3oM. Panbiie Mbl J100aB/ISA/IM K MTOCTIET0BATETHHBIM
JIBYIITKaM n3 (UKCHPOBAHHOI'O TTAPOCOYETAHUS TIePBbIe 351 OHYIIEK W3 ITPABOil ITOJIOBUHKH, T.€. OHYIITKI
{12s1 + 1},..., {155 }. Teneps caenaem To ke camoe ¢ opuyrmkamu {12s; + 2}, ..., {15s; + 1}, sarem —
c omuymkamu {12sy + 3},...,{15s; + 2}, u Tak jgasnee BWIOTH 70 {24s1},...,{15s; — 1}. B kaxmoii u3
stux 12s; xoncrpykmuit ecth (1 + 0(1))6s; 6/10k0B, a 3uaunt, Beero 6j0koB (1 + 0(1))72s?, u onu yxke
MOKPBIBAIOT BCE HAIN TSTEPKH.

Ecim cpasy nepeiitu K cirydaitnoMmy rpady, TO ¢ BBICOKOH BEPOSITHOCTBIO YUCJIO I[BETOB B ONTUMAJILHOMN
pacKpacke KayKJI0ro 0JI0Ka He MPeB30ii/IeT BeJUIHHbI %, OTKYJIa CJIeJIyeT, 9TO ODIlee YUC/IO0 I[BETOB
He OoJIbIlre

35, 10853
21logy(3s1)  logy sy

2
W TyT cUMMeTPUYHON CUTYaITMN HET.
HO,H‘BG,HGM IIPOMEZKYTOIHbBIE UTOT' B PaMKaX Cﬂy‘{aﬂ 2. Mu1 y2Ke HCIIOJIb30BaJIN

1853

log, 51

10853

log, 51

14453

2(1+o(1)) log, 51

+ (14 0(1)) =(1+0(1))

useros. Ho ocraercs nojctydail, B KOTOPOM YeTBEPKH HeuKoM Jiexkar B LL; (1 cMMeTpudHas cuTyarus? ).
Bujiao, aTo sToT mojcaydail kpaitae moxoxk Ha Bech Ciydait 2, Tosbko B Ciiydae 2 Mbl 3HAJN JIUITh, ITO
YeTBEPKH JIOKAJN30BAaHBl B JIEBOIl TOJIOBUHKE, a Telepb MBI UX 3arHAJN B JIEBYIO UeTBePTUHKY. Ecim Ob
pasMep JIeBOI YeTBEPTUHKH JIeJIMIICH Ha 12, TO MBI IPOJiesIaan Obl ¢ Heil aDCOTIOTHO Ty Ke TPOIELyPY, UTO
u B nojicaydadax 2.1, 2.2, u 3aruajiu Obl HEJOPACCMOTPEHHbIE YE€TBEPKHU B JieBYIO “ocbMmymiky’ . U menasm
661 MbI Tak Hopsijika log, log, n maros (cp. paccyxienue B maparpade 3.2), 9ToObl HA KaxKJOM IIare
BCe ellle KOPPEKTHO ObLIO TOBOPUTHL O “BBICOKOW BEPOSITHOCTH U YTOOBI HEJIOPACCMOTPEHHBIE YE€TBEPKU
JIOKAJTN30BaJINCh B MHOYKECTBE, MMEIOIEeM MOIIHOCTD § HOpsiaka ———. CKOJBKO OBl 1BETOB IOJIYYIMJIOCH

logy, n
TOI‘,IL&? O‘{eBI/I,ILHO, YTO YHCJIO IIBETOB Ha IMare ¢ HOMEpPOM 7 aCUMIITOTUYCCKU PaBHO

1 1853 1/ 108s3
81\ log, s 4i=1 \ log, $1

Bech BaxKHO, 4TO $; = ©O(n) U 4TO 1pH JIIOOOM U3 HAIIUX { BBIIOJHEHO log, (;—1) ~ log, s1 pu n — 0.
B cymme nmeem ne 6ostbIne
8 18s3 4 ( 108s3 36-8-3+108-4-7 s

(1—1—0(1))? 210g251 —i—(l—i—o(l))g

log, s1 7-3 . log, s1

36-108 2 1206 s
7-3 logys; 7 logysi

HHTepKI/I, OCTaBHIIMECA HEIJOKPAIICHHBIMU, O6pa30BaHbI YeTBEPKaMM U3 MHOXKECTBa MOIIHOCTHU S U O-
HYIIKaM1 U3 HpaBOﬁ IIOJIOBUHKH. VX MOXKHO TpuBHUaJIbHO IIOKPaCHUTL B C? IIBETOB (,ZLa}Ke MUHYA c.nyqaﬁ—

HOCTB ), HO
03
i — 0 () :@(—3),
log, n

n 9TO HpeHe6pe}KI/IMO MaJIO 110 CpaBHEHUIO C O}KH,HaeMOﬁ OHGHKOIL/'I.

23aMevaTeNbHO TO, UTO UETBEPKH U3 JBYX CHMMETPHYHBIX CUTYAIMH HE HePeceKaloTcs, a HOTOMY COOTBETCTBYIOIIUE
[SITEPKA He 00pa3yoT pedep U Mpo BTOPYIO CUTYAIUIO MOXKHO 3a0bITh.



Ojinako pazmep JeBoit 4eTBepTUHKY He jesnTced Ha 12. [losromy HyKHO JIe/IUTH C OCTATKOM U aKKyPaT-
HO pacCMaTpPUBAThH BO3HUKAONINE JTOBeCKU. EC/n YeTBepKu yrKe JIOKAJIM30BAHbI B MHOXKECTBe A KaKOH-TO
MOIITHOCTH S, a JoBecoK 1’ mmeeT paszmep t < 11, To Hac 6€CIIOKOAT YeTBEPKH, UMEIOIIHE HEIyCThIe Iepe-
ceveHusl ¢ JIOBECKOM, a OHM 0OPa3yloT HATepKH (BMecTe ¢ OJHYIIKAMU U3 [PABON MOJIOBUHKH), KOTOPbIE
JIerKo nokpacuthb B © (s?) uperos (puxcupys npousoabHyio Asymky B A \ T u mobyto oguymky us T).
OnenuBas, KaK 0OBIYHO, CyMMOIli FeOMeTPHIecKOil porpeccu, moydaeM © (n?) BETOB, YTO He 3HAUYUMO.

Takum obpazom, pacemorpenue Coydast 2 3aBepiieHo. B cymme 10 JByM ciiydasM (M UM CUMMETPUY-
HBIM) TIOJTy9aeM CJIeYIOIee TiCI0 [BETOB:

144-2-7+1296-2 3 4608 53
= (1+0(1)— - —1—.
(1+0(1))— log, 51

(1+0(1))

7 log, s1
M 310 MBI TOJIBKO pasobpasinch ¢ nepsvim caoem S;. Ho mambie Bce cranmaprao. CTponM BTOPOI
CJIOl BHYTPH JIEBOI TIOJIOBUHKYU U He 3a0bIBAEM PO HOBBIN JI0BeCOK. Bce pasmepnbl yMEHBIAIOTC BJIBOE,

IIO93TOMY OII€EHKa 4YHCJIa IBETOB yMEHbLHIACTCA aCHUMIITOTUYECKHU B 8 pas. B HpaBOfI IIOJIOBUHKE 6epeM Te
2Ke IiBeTa, 9YTO U B jgeBoit. I Tak cxKumaem BCe, IIOKYyda He OCTaHETCAd MHO2KECTBO, MOIIHOCTL KOTOPOI'O

n
logon *

n3
log3 n

nuMeeT IopAa0K HHTepKI/I B HEM KpPacCdATCA JlazKe oe3 ydeTa Cﬂy‘{af/'IHOCTI/I B © ( ) OBE€TOB, 4TO

npenebpexkumo Magsto. IIpm aToMm Ha KaxkjaoMm mare log, (‘;—1) ~ logy 51 ~ logyn mpu n — oo. 3HauwT,
IpUMEHIMa, OOBbITHAs OIEHKa IeOMETPUIECKON IIPOTrpeccreii, faomas OKOHIATe/bHO TaKOe YUCTIO IIBETOB:

8 4608 53 8 4608 1 n? 8 n?
7 7 logyst 77T 243 logyn 147 logyn

Haxkomerr, oTMeTnM, 9T0 BCe IISATEPKH, EPECEKATOIINECs ¢ OBECKAMH, (B 9aCTHOCTH, IISITEPKH U3 MHOYKECTBA
C} u T.j1.) Kpacsares B O (n?) nBeros, u TeopeMa J0Ka3aHa.

5.4 HekoTopble KOMMeHTapUU

BuHo, 9T0 3a30pbl B OLEHKAX YKCE/] HE3aBUCUMOCTH M XPOMATHYECKHMX UKCEJ HAIIUX CJIydailHbIX
rpadoB pacTyT ¢ pocToM 1 u S. [Io-BHAMMOMY, 3TO CBHUIETEIHLCTBYET O TOM, ITO HAINU METOJBI XOPOIIIH
JIMITh TIPU TIOCTOSIHHBIX 7', §, U HUZKE MbI TOIPOOYEM ITPOJIEMOHCTPUPOBATD 3TO.

[To cymectBy meromor y Hac 2. C OJHON CTOPOHBI, €CTh OIEHKHU, BBITEKAIOIINE W3 BEPOATHOCTHOIO
anaJiora TeopeMbl Bpykca (Teopembr 10 u 14). C apyroit CTOPOHBI, €CTh OIEHKH, TTOJIYYaeMble ¢ TIOMOIIbIO
6s10K0B 13 KiK. [Topobyem IpuMeHnTh KazKIblil U3 9TUX METO/IOB B CIydae, Korja r = 5, s = 7. Kak Mbl
yke ormedasiu B naparpade 4.1, B 9ToM ciydae kiaukamu B rpade G(n, r, §) aBisiroTcs MaTpuIibl A jamapa.
IIx pasmep, crajo O6bITh, TOYHO HE BBIIIE 1, W JIO CUX IO HE JIOKa3aHa TMIIOTE3a O TOM, UTO IPU BCEX N,
JIEIAINXCS Ha 4, CYIIeCTBYET KJIMKa pasMepa n.

Ob6cymum criepBa MeTOJT, ¢ 6JIOKAMI U3 KJIUK. 3/1eCh MPOIe KOMMEHTHPOBATH OIEHKHU YUCe]I He3aBUCH-
moctu. Jdomycrum, runoresa AaMapa BepHa U CyIIECTBYIOT KJIUKK Ha 1 BepmuHax. [Ipeamonoxkum gaee,
YTO U3 ITUX KJUK YIATOCH CJIOKHUTH OOJIBIION OJI0K. DTO 3By IUT MOYTH HECIIOMOIITHO: Ceiiuac HeT HUKAKOTO
criocoba HalTH Takoil OJIOK, BeJIb U caMU KJIUKU-TO MBI HE Beerjia uckarb ymeeMm. Ho mpejcraBum cebe, 4To
criocod maitjien. Bee paBHO y Hac ceffuyac ecThb TOJILKO MeToj ¢ Oyiokamu. Kakoro Torya pa3mepa MOXKET
ObITH TpecoByThHIH 0/10K? TlocKOJIBKY B OJIOKaX IO ONPEJIe/IEHNI0 MeXKIy Pa3HbIMU KJIMKaMu pebep Her,
pasymeercsi, KJIUK B 6JOKe TOYHO He Gouibine, yeM «(G(n,r, s)). Xopomo, mycrs ux posao o(G(n,r,s)).
[ToBTOpPHMCS: TAKOI'O CKOpPEE BCEro He ObIBAET, HO HaM K€ XOUeTCsl IOHITh IPaHUIbl IIPUMEHIMOCTH HaIIero
METO/I&, W MbI IIbITaeMCs paboTaTh 1MOITOMY B HjeasbHON curyaruu. Mrak, HaiijeHn 6JI0K, COCTOANUN U3
a(G(n,r,s)) kmuk pasmepa n. Jaxke takoe “daym0” gaer HaM ¢ BBICOKOI BEPOSITHOCTHIO HAMUIHNE B CJIydaii-
HOM Tpade HezaBucuMmoro muoxkecrsa momtaoctd 2(1 + o(1))a(G(n,r, s)) logy n. Huwero mydmero Mer Ha
9TOM IIyTH He J0ObeMcs. DTo “ujeabHast’ HUXKHAA OIEHKA B paMKaX MeTO/Ia.

C apyroii cTOpoHBI, pe3yJbTaThl THIIA TeopeM 6 1 9 rapaHTUPYIOT JIMIIb OIEHKU CBEPXY BeJMYIMHAMU
nopsiaka a(G(n,r,s))log, |V (n,r)| (cp. 3amedanue, cienannoe cpasy mociae GOPMYJIHPOBKE TEOPEMBI 5,
a TakyKe TOT (bakT, UYTO B TeopeMe 9 BesmumHa 21 log, N KaK pa3 MpaKTUYeCKN paBHA Jorapudmy oT
|V (n,r)| = CI ~ ™ HeTPY/HO TIPOBEPUTH, ITO STOT (DAKT BCETIa MMEET MecTo).

R



Yro ke MBI BMeeM B urore? A mMeeM MbI HEYCTPAHHMBIH B PaMKaX METOJa PACTYIIUil 3a30D MEKLY
oreHKaMu. JleficTBUTE/ILHO, €C/IH IPU HOCTOAHHOM 7 jjorapudm Beamaunsl |V (n, r)| (cM. BbImle) nmesr Tor
7Ke TIOPAOK POCTa, 4To n YHKIMA log, n, To Ipu r = § cnpasemso pasenctso |V (n,r)| = (2 +o(1))",
otkya log, |V (n,r)| ~ n, n 910 3HaUUTENbHO GOIBINE, YeM log, n.

Tenepb MOrOBOpUM O METOJE CO CTENEHSIME BEPIIMH. TyT HECKOJIBKO Jierde JaBaThb KOMMEHTapPUM
II0 OIEHKAaM XpoMaTHdecKux uucesl. IIpm HelHemHux mapamerpax BeimduHa d 3a1aercs Qopmyson d =

(CZ;;)Q, re.d=(2+0(1))"n logdzd = (24 0(1))". Ho oueBnamo, aro x(G(G(n,r,s),1/2)) < x(G(n,r,s)).

[Tocnemasist BesmanHa oleHnBaIach B paborax [47]-[49], u, rpy6o rosops,

X(G(n,n/2,n/4)) < (1.139...+ o(1))".

WNubivu cioBaMu, pa3Huila MeXK/ly TPUBUAJIBLHON OIIEHKON M OleHKO# Tumna Bpykca katacTpodudeckas.

6 HeckoibKko cJIOB 0 MIPOM3BOJILHOII BEPOSITHOCTH pedpa p

B sTom pazzesie Mbl JIUIIL ONUIIIEM ODIILYIO CHTYaIlUio, KOTOPYIO MBI UMeeM IIPU IIPOU3BOJILHOM BEpO-
ATHOCTU pebpa p. MBI He cTaHeM IBITATbCI JIABATH MAKCUMAJILHO TOYHBIE (DOPMYJIMPOBKU PE3Y/IbTATOB,
MIOCKOJIBKY, KaK Oy/IeT BUIHO M3 HUKECJEIYIONell TNCKYyCCUN, 3TO YUCTO TeXHUUIecKas 3a/1a9a: MOYKHO 3a-
KOIIAThCA B TS2KEJIBIX BBIKJIAJIKAX, He MPEJJIOKUB MIPU 9TOM HUKAKHUX HOBBIX Hjeil. COOTBETCTBEHHO, MBI
OCTapaeMcsl BBIJICJIUTH TOJIBKO KAYeCTBEHHO 3HAYUMbBIE MOMEHTHI.

[Ipexk e BCEro moJIOKUM q = l%p. IIpup = % nmeeM q = 2. Kakue y nac Obuin obiiue pe3yibratbl! Boi-
Jla TeopeMa 6 0 BepXHeii OT[eHKe YHC/Ia He3aBUCUMOCTH, U OHa, Y2Ke ObLIa c(hOPMYyTMPOBAHA C IIPOU3BOJIHLHBIM
p. Bce BepxHUe OlEHKM 4HCesT HE3aBHCHUMOCTH MPH KOHKPETHBIX 7, s (Teopembr 4, 9, 12, 13) mosydasuck
Tak Win nHade u3 Hee. V3 okazarenbcTB TeopeM 4, 9, 12 cpa3y BUIHO, HAIPUMED, UTO €CJIA Pn — OO
npu n — o0 (GYHKIWS p CTPEMUTCS K HYJIIO HE CJIUIIKOM OBICTPO WJIM BOBCE K HYJIIO HE CTPEMUTCS) W
p < ¢ <1, rae ¢ — KOHCTaHTa, TO B YTBEPXKJICHUAX ITUX TEOPEM HYKHO OYKBaJIbHO 3aMEHUTDH JIBOMIHBIN
Jorapudm jorapudmMomM 1o ocHOBaHUIO ¢. VI 9T0 orimyHO KOoppesupyeT ¢ Teopemoit 3. [liag momydenns
aHaJIora TeopeMbl 13 orpaHuveHre Ha P HPUIETCsT HEMHOIO yCHJIUTh: npu HekoTopoM 3 € (0,1) moskHO
OBITL pn® — 00, HO CyTh CHOBA He MEHSETCH.

Hausee, 6pumn Teopembr 10 n 14 — anasoru TeopeMbl Bpykca. Tam Toxke MeHsieTcst TOJIBLKO JBOMKA B
OCHOBAHWHU JioTapudMa Ha BCe Ty YKe BEJIMUUHY (.

Haxowerr, 6611 psijt TeopeMm “Gstotaroro Tuna’. Pazymeercs:, u B HUX (3a caeT TeOpeMbl 3) MEHIETCs TOJb-
KO ocHOBaHwme jiorapudma. OTHAKO 37eCh-TO U COJEPKUTCSI OCHOBHAST TEXHUYIECKAs 3arBO3/Ka. PaHee MbI
BCAKUI pa3 IPUMEHSIN IBHYIO SKCIIOHEHIINAIBHYIO OIIEHKY BEPOSATHOCTH B TeOpeMe 3, U ee HAM IIPH D = %
XBaTAJIO ¢ OTPOMHBIM 3amnacoM. Ecim Mbl onbITaeMcest ¢ie1arh aHAJOTHIHYIO BBIKJIQJIKY [P JAPYTUX P, TO
MBI CTOJIKHEMCS € Maccoii TpyaHocreii. Bo-1epBbix, Hai0 Oy/1eT BHITACKUBATDH U3 CTaThl 22| MakcuMaabHO
aKKypaTHbIE OIEHKU BepOodTHOCTel. TaM oHM He yKa3aHbl, U Ha Cell NpeJIMET €CTh MHOXKECTBO pPa3HOTO
pojsia pe3ysibTaToB. Hampumep, MOXKHO yXy/IIIIAThH OIEHKU U3 TEOPEMbBI 3, YJIydIlad IPU ITOM OIEHKHU Be-
poaTHOCTelt. I Ha 3TOM IyTH TOJIydaTcs JeCATKH Pe3yJIbTaTOB, CMBICJI SBHOTO OTHICKAHUS KOTODPBIX HE
BIIOJTHE fceH. BO-BTOPBIX, B TeopeMax O XPOMATHYECKUX UNCIAX MPU PacKpacke IO CJI0sM HYKHO Oyjer
OYeHb aKKYPaTHO CUYUTAThL KOJIMYECTBO KJIUK B KaXKJOM CJIO€, U 9TO COBEPIIEHHO HEMHTEPECHas 3a/1a9a.

B koHeYHOM cUeTe pe3yJsibTaThl OJI0YHBIX TEOPEM 3aBEJIOMO BEPHBI (€ 3aMeHOil ocHOBaHus Jiorapudma),
KOJIb CKOPO p CTPEMUTCS K HYJIIO MeJJIeHHee JII0OOTO MHOTOYJIEHA OT 7. UJIU BOBCE UMEET TIOPsA/IOK KOHCTAH-
TBI, OTJIEJIEHHO OT eauHuIbl. [IpocTo B 9TOM Ciiydae u3 paborsl [22] ciiesyer, 9TO BEPOSATHOCTH B TeOpeMe
3 onenuBatorcst pyukiweit suga 1 — f(n), tae f(n) crpemurcs K HyJio GbicTpee JIIOOOTO MOJIMHOMA, & B TO
JKe BpPeMsl OYEBHJIHO, YTO KOJMYECTBO KUK ¢(n) B GJOYHON KOHCTPYKIMU TTOJMHOMHUAJBHO TI0 1, OTKY/IA
(1— f(n)?™ — 1 npu n — oo.

pyrue cirydanm Mbl 371eCh PACCMATPUBATH HE CTAHEM.

BriBator, Bupodem, coBceM MaJjieHbKHE BEPOATHOCTH pedpa: HAIPUMED, P = O (%) [Ipu Takux p c
BBICOKOI BEPOSITHOCTBIO OT KarKJIOW OT/IEJIbHONU KJIUKI B KayKJI0M OJIOKE OCTAaeTCs JieC, KOTOPBI KPaCUTCsI
B 2 mBera. 3JleCh TaKyKe BOIPOC 00 ODIIeM dYHcJie IBETOB yHUPAETCS B UUCTO TEXHUUIECKYIO 3a/ady O
TOM, IIPH KAKIX YCJIOBUAX HEKOTOpble Bhipazkenus suma (1 — f(n))9"™ crpemarcs x emunune. Koneuno,



UCCJIeIOBAHUS TAKOTO POJia MOT'YT HMPUBECTH M K BOBHUKHOBEHUIO JIPYTUX, O0Jiee COJEPKATETbHBIX, UICH.
Ho B nacrosmeit pabore Mbl He OyJieM yriIyOIsThCd B 3Ty ITPOOJIEMATUKY.

7 O6 oaHoil 3asa4e Teopun Pamces

7.1 IlocranoBKa 3agadn

OpHOlT M3 KJIacCHYIecKux 3ajad Teopuu Pamcesi aBisiercst 3ajada 006 orTbicKaHuum yuces Pamces. B
YaCTHOCTH, u3ydaercst aucyio R(k), paBHOe HAUMEHBIIEMY HATYPAJIBLHOMY 71, IPH KOTOPOM Jit000ii rpad Ha
n BepIIUHAX JINOO COJMEP:KUT Kk-KJIUKY, JTUOO COMEPKUT HEe3aBHCUMOE MHOXKECTBO BepIuH molrHocTh k. B
obo3HaueHusx naparpada 2.3

R(k) =min{n: VG = (V,E), |V| =n, mbo w(G) > k, mbo o(G) > k}.

Jjist HalmX JaJibHeAIX 1eJieil BasKHbI He CTOJIBKO pPe3y/IbTaThl, B Pa3HOe BPEeMsl HOJIyUIeHHbIe JIs Be-
auanabl R(k), cKoibKO MOTHBHPOBKH Gostee obmieil mocTtaHoBKU Bompoca. 1109ToMy 3amHTEpecOBAaHHOIO
gquTaTessi Mbl oTolLIeM K ob3opam u kuuram [3|, [4], [18], [26], a camu 3aiimemcst tiepedbopmyIPOBKOiE
KJIACCHYECKOTO OIIpeJIeIeHNsl, KOTOpasi B UTOTe U IPUBEJET HAC K ecTecTBeHHOMY obobmienuio. Mrak, Bo-
1epBbIX, HaM4IKe B rpade G HE3ABUCHMOTO MHOYKECTBA PABHOCUJIBHO HAJIMYUIO KJIMKU B €10 JIOTIOJHEHUH
710 TIostHOTO Tpada, obozHaTaeMoM (. Bo-BTOPBIX, K/IMKa I TOIBKO K/THKA AB/IACTCS WHTYTTHPOBAHHBIM TOJT-
rpadom 1osHoro rpada. B rperbux, “ai060it rpad Ha n BepiimHax — 3TO TO »Ke, 9TO U ‘JIF000I OCTOBHBII
norpad nosnoro rpada K,”. B pesyibrare Mbl IPUXOIUM K TAKOMY OIPEJICJCHHIO:

R(k) = min{n : aua moboro ocrosuoro noarpacda G momoro rpada K, mmbo B G, 6o B G

ectb nojrpad Ha k BepIInHAX, ABJISIOMUICT HHIyIUPOBAHHBIM ToArpadom B K, }.

Tenepnb nepeiinem K obodbmenuto. Ilycts, kKak u B maparpade 1.2, maHa mocjaeaoBaTeIbHOCTh rpadoB
H, = (V,, E,), B xoropoii |V,| — oo mpu n — 0o. O6o3uaunm N MOIMHOCTE MHOKeCTBa Vi, T.e. N — 5T0
pacrymias dyHKIws aprymenta n. [Tycrs G — ocrosubiit ogarpad H,,. O6ozuauum H, \ G ero jponosHenne
no H,. Hanpumep, eciu G = H,, to H, \ G — 310 rpad ma N Bepummnax 6e3 pebep (HezaBHCHMOE
mMHO)KecTBO). A eciu H,, = K,,, to H, \ G = G. Honoxum

R({H,},k) = min{N : cymecrsyer takoe n, aro N = N(n)

u jy1s Jiioboro ocrouoro nojrpada G rpada H, aubo B G, nmmbdo B
H,, \ G ectb noarpad Ha k BepIimHax, sBJISIOMUNCS HHAYIMPOBaHHBIM moarpadom B H, }.

Bamernm, uto y H,, BIIOJIHE MOTYT ObITh U HE3aBUCHMbIE MHOXKECTBa, OOJIBIIIOTO pa3Mepa, a KazKoe 13 HIX,
KOHEYHO, SIBJIETCS UHLY IUpOBaHHBIM 11oArpadom H,. [Tosromy pasHuIia MexK /1y KIaCCUUECKON BeTMIMHO
R(k) = R({K,}, k) u Bemmmaunoit R({H,}, k) moxker 6bITb BecbMa cyrectBenHoit. [Tomdaepkuem, aro s
JaHHOl nocsenoBaresnbHocT rpados { H,} ancio Pamces R({H,}, k) — 910 dyHKIMSA 01HOTO aprymMenTa
k. Ot n sTa QpyHKIIUSA HE 3aBUCHT.

B pa6ore [50] akkyparno usydena seiuuuna R({G(n,n/2,n/4)}, k). Oxmnako tam e HaifIeHo TOYHBIX
10 mopsiiky oreHok. OxaspiBaercs, onenku Beimand R({G(n,r,s)}, k) TecHO CBA3aHDLI ¢ HCCIIC[OBAHNS-
MM, KOTOPBIC MBI IIPOBEJIN B IIPEIICCTBYIONIMX Pa3/iesax, U B TeX CJAydasdx, KOIja HaM y/Ial0oCh HANTH
Oam3kue BepxHue W HuKHEe oneHku i «(G(G(n,r,s),1/2)), yaaercs naiitn u GIM3KHe ONEHKH ISt
R({G(n,r, s)}, k). CoorBercTByIomue pe3yibraTbl Mbl IPUBEIEM B CJeJyoNieM maparpade, a JoKaxKeM
MBI UX B maparpade 7.3.

7.2 ®opMyJUPOBKH PE3YJIHTATOB

[ToroBopum criepBa 0 BepxHEX oreHkax. lIMeeT MecTo BecbMa OOIIHiT pe3y/IbTAT.



Teopema 16. [Tycmwb dana nexomopas nocaedosamenvrocms epagos H, = (V,,, E,), 6 komopoti |V,| — oo
npu n — oo (pocm monomonnwvit). Ionroorcum N(n) = |V, |. Horoorcum

m(k) = min{n : a(H,) > k}.

Toz0a
R({Hn}, k) < N(m(k)).

Pasymeercs, ninsa {H,} = { K, } Teopema 16 me npumennma, Begb a(K,) = 1. OnHako, Kak Mbl YBUAIM
Huzke, 111 rpacdos G(n, r, s) Teopema 16 maet BrioJiHe ajieKBaTHbIe cieacTBust. [loka copmysupyem cTosib
JKe oMMl pe3ysIbTaT 0 HUXKHUX OIleHKax Jucsa Pamces.

Teopema 17. I[Tycmov dana nexomopas nocaedosamenvrocms epagos H, = (V,, E,), 6 komopot |V,,| — oo
npun — oo (pocm mornomornvit). Ilonoowcum N(n) = |V,|. ITyemov t = t(n) — smo munumavroe wucio,
¢ KOMOoPviM OAA PYHKUUY

fot) =2 Z o—H{{x.y}eEn: x,yeA}]

ACVy, |A|=t

svinoareno nepasencmeo f(t) < 1. IlIpednosostcum, mu, 3naem nexomopyro ouenky t(n) < t'(n) (6 wacmmo-
cmu, enoane moocem boimo, wmo t'(n) = t(n)), npuvem nHavunas ¢ HEKOMOPo2o N, NOCACIO8AMEAHOCTL
t'(n) empoeo monomonro 603pacmaem u CyweCmsyem makoe ng, ¥mo 0 A106020 N = Ny, 0 KaHcI020
t" = t'(n) makorce evnoanerno nepasencmeo f,(t") < 1. Iycmo

m(k) = max{n: t'(n) < k}.
Toz0a npu docmamouro bosvwux k 6vNOAHEHO

R({Hn}, k) = N(m(k)).

Teopema 16 TpuBmayibHa, HO MBI JIOKAXKEM €€ B IIEPBOM IIYHKTE cjeiyioriero naparpada. Teopemy 17
MBI JIOKakKeM B II. 7.3.2.

[Ipusesem ciencrsus u3 reopem 16, 17 misa rpados G(n, 1, s). Begkuit pas 6yeM npeamoarars, 4to
7 — § — CTeleHb IIPOCTOr0 YHCIA.

CrnencrBue 1. [lycmo r > 2s + 1. Tozda

RUG(r ) 0) > (14 of1) - (1o )T“-1-<(“3‘”!(“3‘”>T;1,

log, k 7l 2(s+1)

UG, 7, 9)}, ) < (14 0(1)) - k= ((r =5 = )=

CraencrBue 2. [lycmo r < 25+ 1. Tozda

w3

R({G(nms)},m><1+o<1>>.( b ) .1.(

log, k 7!

s(2s —r+ D(r—s— 1)!6’35—”“ .
2(7‘ — 3) ’

RU{G(n,r, )}, k) < (14 0(1)) - k+ - % - (sIC®)>

CaencrBue 3. Buinoanenvt HepaseHcmea

R({G(n,2, 1)}, k) = (1 + o(1)) - <lo2glzk) 1



R{G(n,2,1)},k) < (1 +0(1))-2- k%

CrnencrBue 4. [lycmo r > 1. Tozda

RUG(n,r,0)}, k) ~ % (b — 1))

B 1. 7.3.3 MBI oKaxkeM cjeJcTBUASA. Y Ke cefidac BUIHO, UTO B CASJACTBUAX 1-3 ecThb JorapudMuiecKmit
3a30p Mex Iy onenkamu. OHaKO 1Mo k TOpsiIoK pocTa gucsiaa Pamces Haiimen. /laee, mapaMerps! cire/-
CTBUs 3 yJIOBJIETBOPSIOT YCJIOBUAM CJIEJICTBUA 2, U, DOJiee TOrO, BEPXHAA OIEHKA B CJICJICTBUM 3 ABJIACTCH
cuenndukalyeil BepxHeil oneHKn u3 caeJacTBus 2. Pasuunia B HzKHUX oreHkax. OIeHKa B CJIEJICTBUH 3 B
4 pa3za 6oJbire. V1 Tobko B ciiencTBrm 4 HalijieHa acCUMIITOTHKA ducja Pamces.

OxaswiBaeTcst, mpu r = 25 + 1 MOXKHO yCTPaHUTH JTOTAPUPMUIECKUN 3a30D.

Teopema 18. Buinoareno nepagencmeo

@[3

R({G(n,2s+1,s)}, k) < (1 +0(1)) - (logik) c— (s

T

Teopemy 18 mbI lokazkem B 11. 7.3.4. [logaepkueM, 9ToO B €€ yCJIOBUAX ~— —

yCTpaHeHue 3a30Pa.

= g, " 9TO KaK pa3 O3Ha4acT

7.3 JlokazareJbCTBa Pe3y/IbTATOB
7.3.1 Jloka3aTejqibCTBO TeopeMbl 16

ITo ycnosuio o Hyyy) = k, T.e. B 06om ocrosHoM nojrpade rpada Hy, ) ects noarpad Ha k Bepim-
HaxX, oOpa3yoluil He3aBUCUMOE MHOXKECTBO U SABJIAIONIMICH, T€M CaMbIM, HH/YITUPOBAHHBIM TOArpadoM
rpaca H,, ). Teopema gokazana.

7.3.2 Jloka3aTreabCTBO TeopeMbl 17

[IycTh MOHOTOHHOCTB IOC/IEIOBATEIBHOCTH t'(n) HaduHaeTcs ¢ ny. Ilomoxnm

k1 = maxt'(n).
n<ni
[Iycts k& > max{ki, N(ng)}. Bospmem soboe Takoe n, aro n < m(k) u N(n) > k. Ecan mMbl mokazkew,
uro B H, ecth Takoii ocrosublil noarpad G, uro Hu ou cam, uu H, \ G He cojep:KaT WHLyIIUPOBAHHBIX
noarpados rpada H, Ha k Bepmmuax, To Mbl i ycranoBuM oneky R({H },, k) = N(m(k)). Orpanuaenne
N(n) = k obycioBieHO TeM, 9TO WHaYe, KOHETHO, WHLyIMPOBAHHBIX TTOrpadoB Ha k BepIIMHAX HET.

Paccmorpum coayuaitastit rpad G(H,, 1/2). Ilycrs X = X(G(H,,, 1/2)) — cayqaiinas Besuduia, paBoast
KOJIMYECTBY WHLYIIUPOBAHHbBIX 1o rpados rpada H, Ha k BepImMHAX, KOTOPbIE ABJISIOTCA TaKKe MOJIrpa-
damu B rpade G(H,,, 1/2) uwmu B ero jonosuennu 10 rpada H,. Eciu EX < 1, to 1o wepasencrsy Mapkosa
B H, Taku ecTh Hy>KHBII HaMm rpad U TeopeMa JI0Ka3aHa.

Herpynuo Bumers, uro EX = f, (k). Ecim y mac n < ny, to t'(n) < kj mo onpejie/ieHuio, a 3HAUNT,
t'(n) < k. Ecm e n > ny, 10 t'(n) < k, nockosnbky n < m(k), a t'(m(k)) < k u Ha TexyieMm ydacrke
dbyukus t' mororonHo pacrer. Takum obpasom, B 06oM ciaydae t'(n) < k. B o xe Bpemst N(n) > k >
N(ng), otkyma n = ng. Beps B kKadectse t” u3 ycjoBus reopembl BesimduHy k, mosydaem, uto f,(k) <1, a
9TO U TPeOOBAJIOCH JIOKA3ATD.



3ameuanue 2. HeMmHoro crpanno, HaBepHOE, CMOTPHUTCS CTOJIb CJI0YKHAS (DOPMYIUPOBKA TOJILKO UTO JI0-
KA3aHHON TeopeMbl. 3a9aCTyI0 ee MOXKHO CHJILHO yIPOCTUTh. Harpumep, B ciiydae KJIaCCUIECKOTO THCJIa
Panmcest ciygaiinbiit rpady, KOTOpBIilt BOSHUK Obl (1 BO3HUKAET) B JOKA3aTEIHCTBE AHAJIOTMIHOTO DE3YIIbTa-
Ta, — 9T0 HpocTo caydaiinpii rpad G(n,1/2) Dpuema Penbu. B mem f,(k) = CF21-%. Tlycrs m = m(k)
— MaKCUMAJIbHOE YHCJIO, TIPH KOTOPOM Bee erie f,, (k) < 1. Biiarosaps upinentueii npocrore dbyuxmu fr, (k)
SICHO cpasy, 4To 1pu n < m tem bosee f,(k) < 1, orryna R(k) > m. K coxasenuto, B 0611eM cirydae Takoii
MOHOTOHHOCTH MOXKeT He ObITh. A Torja HepaBeHCTBO f, (k) < 1 o3nagaer jmmb, aro R({H,}, k) # m, u
9TO He Tak mHTepecHO. OTCIO/Ma 1 BCs HAIA BO3HS ¢ MOHOTOHHOCTBIO. [Ipr 5TOM MBI BBEJIN JOMOJTHUTE TH-
HYI0 (DYHKIWIO t') MMOCKOJIBKY, Kak Oy/IeT BUJIHO W3 CJIEAYIOIMIEro MyHKTA, 3TO YJIO0OHO Jisi MPUIOXKEHUI:
HaWTH ¢ WK Jlazke ee aCHMITOTUKY TPY/IHO, TeM 6oJiee TsAKeN0 JTOKA3bIBATh JIJIs Hee HYKHbIE CBOWCTBA, a
t' B peaJbHBIX CUTYyalUsiX UMK 00J1aJIaeT C OYEBUJIHOCTHIO.

7.3.3 JloKazaTejbCTBa CJI€ICTBUIA

Haunewm co ciegpcrug 1, T.e. npeanosiokuM, 4to 7 = 25 + 1. Mbl 3HaeM, 4TO B 9TOM cJiydae

nr—s—l

a(G(n,r,s)) = C) (=

—-s=1
n—s—1
Orcrofia cpasy BUJIHO, 9TO ecju JaHo k, To HamMmeHbIee n, upu kKotopom «(G(n,r,s)) = k (mosb3yemcs
TeopeMoii 16), umeer B

(14 @(k) ((r — s — Dk)==T

rie (k) — 0 npu k — 0o. Ocraercst JUIIb TOJCTABUTE MOy I€HHOE BbIDAYKEHUE B KAYeCTBE apryMeHTa B
dbyukmmo N(n) = Cl ~ ’;—,T U He 3a0bITh, YTO © — KOHCTaHTa. BepxHsis OlleHKa U3 CJIeJCTBUS 1 JJ0Ka3aHa.

[lepeiinem K nmzkHeil onenke u3 ciejcrsug 1. Hyxkuo mpaBuibio npuMenuTh TeopeMy 17. [Tocmorpum
Ha JT0Ka3aTesibeTBO TeopeMbr 9. Jla Beib Tam OykBasbao dyHKus f,(t) Hanucana! [Ipasia, Tam aprymenT
t obo3Haden k n HET yMHOXKeHUs Ha 2. B cymHocTH, Bee 910 HeyauBuTenbHO. [Ipocro namuane B rpade G
uHIyIEpoBanHoro nojrpada rpada H, paBrocuabHO Hajmuuio B rpade H, \ G HE3aBUCHMOrO MHOXKECTBA,
n naobopot. Tak MoxkHO ObLIO M umcyio Pamces ¢ camoro madasia onpeesidTb — dYepe3 He3aBUCHUMBIE
MuoxkecTBa. Ul eciim B nmaparpade 4.2 Mbl CUUTAIN CPEJIHEE UUCTO HE3ABUCUMbBIX MHOXKECTB B CJIyJailHOM
rpade, To Terneph BesmanHa f,(t) BeIpazkaeT cpejiHee KOJIUIeCTBO HE3aBUCHMbIX MHOXKECTB, COJIEPKAIIIXCST
Jibo B caMOM rpacde, JubO B €ro JIONOJHEHUU: 3TO U NPUBOJUT K yABOoeHUI0. Ho y/iBoeHune mMaJsio Ha 4TO
Biuser. V3 BIK/Ia10K maparpada 4.2 gCHO, 9T0 B KadecTBe t' MOKHO B3Th (DYHKIIUIO, aCHMITOTHIECKN
o n pasuyio 2(s + 1)a(G(n,r,s))logyn (cp. dopmymuposky reopembr 9). Ocraercs naiitu m(k), re.
pPa3peInTh HEPABECHCTBO

2(s+ 1)a(G(n,r,s))logyn < k

OTHOCHTEJILHO M U TIOJICTABUTH Pe3yJbTaT B KadecTBe aprymenta B dyukimo N (n). [loassyemes tem, aro
B Hamewm ciaydae a(G(n,r,s)) < (1 +0(1))Cr—~1 ~ (;”:—:11), (cMm. §4.1), u 3aBepiIeHnE JOKA3ATEIBCTBA —
JIeJIO HECKOJIBKUX CTAHJIAPTHBIX BBIKJIAJIOK.

okazarenbcTBa ciecTBUil 2—4 TOJHOCTBIO aHaJIorudnbl. Hajto ncnosb3oBars Teopemsr 9, 12, 13.

7.3.4 loka3aTejibcTBa TeopeMbl 18

Pacemorpim 6710k us maparpada 4.3. Ilycrs G — ocrosmblii noarpad rpada G(n, 2s+1, s),a Gy, ..., Ges
(obozmauenus u3 §4.3) — sro moarpadsl rpada G, TOpoXK IeHHbIe KanKamu 0J10Ka. K HuM npuMeHnMa Kac-
cuveckast reopust Pamces (em. [3], [51]), KoTopast roBopuT, 4T0 JJIsl KA¥KJI0r0 i € {1, ce C,ifm} 6o B G,
760 B G; (B JIOTIOJIHEHUH /10 COOTBETCTBYIOMIEH Knkn) ecTh Kimka C; pasmepa (1+0(1))21og, m’ ~ 2log, n
(m/ — aucio BepmuH B KaxK10ii Kanke 610Ka, cM. §4.3). Ilo npunruny Jupuxie 6e3 orpanudennst oOIHO-
cru ecTb xors Ob1 C5_ | ~ 2 kK 6J10Ka, Ha KazkJ10il 13 KOTOPBIX cOoTBeTcTByomuil rpad G; conep:KuT
KJIIKY TOro camoro pasmepa (1+o0(1))21og, n. Buaunt, ucxoxustit rpad G conepxkut ne menee (1+0(1)) %
kK pasmepa (1 4 o(1))2log, n, mpudem mexy HuMu Het pebep B G(n,2s + 1, s), T.e. ux o0beuHEHNE

— 370 MuynupoBannblii noarpad B G(n,2s + 1, s). Takum obpazom, B rpade ¢ C2T! = C" pepmunamu



(W B €ro JIONOJTHEHUN ) MbI C TapaHTHEH HAXOAUM WH/LYyIHPOBAHHBI oArpad MCXoaHoro rpada ¢ 4ucjioMm
sepmun (1 4 o(1))210%2n
s!
Ecim teneps nanwt k, kK — 00, TO MUHUMAJILHBIC 1, TAPAHTUPYIOIINE BBITIOJIHEHIE PAMCEEBCKOTO CBOii-

CTBa, HAXOJATCA KaK pellleHnd aCuUMIITOTUIECKOI'O paBEeHCTBa

n’log, n

k ~

Y

s!

- k-s-s! 17 Nwl k-s-s! g,
log, k rl \ log, k

OTKY/Jla

n TeopeMa JI0Ka3aHa.
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COLORING SOME FINITE SETS IN R"
JOZSEF BALOGH', ALEXANDR KOSTOCHKA*, AND ANDREI RAIGORODSKII*

ABSTRACT. This note relates to bounds on the chromatic number x(R™) of the
Euclidean space, which is the minimum number of colors needed to color all the
points in R™ so that any two points at the distance 1 receive different colors. In
[6] a sequence of graphs G,, in R™ was introduced showing that x(R") > x(G,) >
(14 0(1))%2. For many years, this bound has been remaining the best known
bound for the chromatic numbers of some low-dimensional spaces. Here we prove
that x(G,) ~ %2 and find an exact formula for the chromatic number in the case
of n =2F and n = 2F — 1.

Keywords: chromatic number, independence number, distance graph.

MSC Primary: 52C10, Secondary: 05C15.

Dedicated to the 70th Birthday of Mieczyslaw Borowiecki

1. INTRODUCTION

In this note, we study the classical chromatic number y(R") of the Euclidean
space. The quantity x(R") is the minimum number of colors needed to color all the
points in R™ so that any two points at a given distance a receive different colors.
By a well-known compactness result of Erdés and de Bruijn (see [1]), the value of
X(R™) is equal to the chromatic number of a finite distance graph G = (V, E'), where
VCR"and F = {{x,y}: |x—y|=a}.
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2 JOZSEF BALOGH, ALEXANDR KOSTOCHKA*, AND ANDREI RAIGORODSKII*

Now we know that
(1.239...+o(1))" < x(R™) < (3+0(1))",

where the lower bound is due to the third author of this paper (see [8]) and the upper
bound is due to Larman and Rogers (see [6]). Also, in [3] one can find an up-to-date
table of estimates obtained for the dimensions n < 12.

It is worth noting that the linear bound x(R™) > n + 2 is quite simple, and the
first superlinear bound was discovered by Larman, Rogers, Erdés, and Sés in [6].
They considered a family of graphs G,, = (V,,, E,,) with

In other words, the vertices of G,, are all the 3-subsets of the set [n] = {1,...,n} and
two vertices A, B are connected with an edge iff |[A N B| = 1. Larman et al. used in
[6] an earlier result by Zs. Nagy who proved the following theorem.

Theorem 1.1 ([6]). Let s and t < 3 be nonnegative integers and let n = 4s + t.
Then
n, ift =0,
al(Gp) =< n—1, ift=1,
n—2, ift=2ort=3.

The standard inequality x(G,) > [Vn|

e combined with the above theorem gives

an obvious corollary.

Corollary 1.1 ([6]). Let s and t < 3 be nonnegative integers and let n = 4s + t.
Then

(n71)6(n72)’ thzo;
X(Gp) 2 M2l =1,

n(nﬁfl) .
—5 ift=2ort=3.

The bounds from the corollary are applied to estimate from below the chromatic
numbers y(R™"1), since the vertices of G, lie in the hyperplane z; + ... + x, = 3.
Now all these bounds are surpassed due to the consideration of some other distance

graphs (see [3]). However, it could happen that actually x(G,,) is much bigger than
[Vin|

a(Gn)’
note is as follows.

the ratio

It turns out that this is not the case, and the main result of this

Theorem 1.2. If n = 2% for some integer k > 2, then

(n—1)(n—2)

X(Gn> = 6 .
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Additionally, if n = 2¥ — 1 for some integer k > 2, then

n(n—1
X(Gy) = %.
Finally, there is a constant ¢ such that for every n,
—1)(n—2
X(G,) < (n )6(n ) + cn.

Our proof yields that ¢ < 5.5. With some more work we could prove that ¢ < 4.5.
On the other hand, since n(n—1)/6 —(n—1)(n—2)/6 = (n—1)/3, we have ¢ > 1/3.
In the next section, we prove Theorem 1.2.

2. PROOF OF THEOREM 1.2

Easily,
X<G3) - 17 X(G4) = 17 X(G5> =3.

Let f(n) := %ﬁ(”_z). We show by induction on k that x(Gqr) = f(2%). For
k = 2 it is trivial. Assume that for some k we established the induction hypothesis.
Partition the set [n] = [2¥7!] into the equal parts A; = [2], Ay = [n] \ [2] of size
2% Denote by U; and U, the sets of vertices of G = Gqri1 lying in the sets A;
and As respectively. By the induction assumption, each of the induced subgraphs
G[U,] and G[U,] can be properly colored with at most f(2*) colors. Cover all pairs
of elements of A; with disjoint perfect matchings Ni,..., Nox_; and all pairs of
elements of Ay with matchings M, ..., Mor_;. We form a color class C(i,7) for
1 <i<2F—-1,1 < j < 281 as follows. Consider the matchings N;, M; and
assume that the edges are {uy, us}, {us, us}, ... in N; and {vy, vo}, {vs, v4}, ... in M;.
For j = 1,...,2¥ 1 let D(i,7) denote the following set of quadruples (indices are
considered modulo 2F):

{ur, uz, vaj-1, va5}, {us, wa, vaj1, Voot - {Uge 1, Ugk, V23, Uaj_a}
Fori=1,...,28 =1 and j = 1,...,281 the color class C(i, ) is formed by the
collection of triples contained in the members of D(7,j). The intersection sizes are
all 0 or 2, so the triples in C(7,j) form an independent set in G. Moreover, each
triple is contained in a member of some D(i, 7). The total number of used colors is

2" =12 =2) ok
)
This proves the first statement of the theorem. Since x(G,) < x(G,11), this also
implies the statement of the theorem for n = 2% — 1.
It remains to show that there exists a constant ¢ such that x(G,) < %2 + cn for
every n. Consider our coloring in steps.

2/671(2]6 - 1) 4 f'(2k) — 22/671 o 2k71 +
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Step 1: Let n = 4s1+t; where t; < 3. First, color all triples containing the elements
4s1 4+ 1,...,4s1 + t; with at most t1(n — 1) < 3n colors. Now consider the set [4s]
and all the triples in this set. Partition [4s;] into A; = [2s1] and Ay = [4s1] — [2s1]
and color the triples intersecting both A; and A, with s1(2s1 — 1) < 1 (% — 1) colors
as above.

Step 2: Since the triples contained in A; are disjoint from the triples contained in
Ag, we will use for coloring the triples contained in A, the same colors and the same
procedure as for the triples contained in A;. Consider A;. Let n; = |A;| = 251 =
459 4ty where to < 3. Since 2s; is even, ty < 2. By construction, n; < 7. Similarly
to Step 1, color all triples containing the elements 4so + 1,. .., 45, + to with at most
ta(ny — 1) < 2ny colors. Partition [4ss] into Ay = [2s5] and Ay o = [4ss] — [2s2] and
color the triples intersecting both A, ; and A;, with at most g (% — 1) new colors.

Step i (fori > 3): If 2s;_1 < 2, then Stop. Otherwise, repeat Step 2 with [2s; 4]
in place of [2s4].

Altogether, we use at most

o 5 G-0)+ (55 G ) (s )

n? 4 n? (n—1)(n—2)
<5n+8 3 6+5n 5 +5.5n—1/3

colors. The theorem is proved.

3. DISCUSSION

First of all, we note that the constant 5 in the bound x(G,) < %2 + 5n is not the
best possible. Certainly, it can be improved. However, to find the exact value of the
chromatic number is still interesting. For example, we know that x(R'?) > 27 (see

13
[3]). At the same time, x(G13) > Ffz)—‘ = 24 (due to Corollary 1.1), and the proof

of Theorem 1.2 applied for n = 13 yields a bound x(G13) < 31.

It would be quite interesting to study more general graphs. Let G(n,r,s) be the
graph whose set of vertices consists of all the r-subsets of the set [n] and whose set
of edges is formed by all possible pairs of vertices A, B with |[A N B| = s. Larman
proved in [5] that

(5) 5

a(G(n,5,2)) 148502~ 1782007
Thus, the main result of Larman was in finding the bound a(G(n,5,2)) < (1 +

0(1))1485n2. However, the so-called linear algebra method ([2], see also [8]) can

be directly applied here to show that a(G(n,5,2)) < (1 + o(1))(;) ~ "72 This

X(R") = x(G(n,5,2) = > (1+0(1))
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substantially improves Larman’s estimate and gives x(G(n,5,2)) > (1 —1-0(1))2—;. We
do not know any further improvements on this result. On the other hand, observe
that for any 3-set A, the collection of 5-sets containing A forms an independent set in
G(n,5,2), yielding x(G(n,5,2)) < (3) ~ %3. It is plausible that x(G(n,5,2)) ~ cn?
with a constant ¢ € [1/60,1/6], but this constant is not yet found and even no better
bounds for ¢ have been published.

Furthermore, the graphs G(n, 5, 3) have been studied, since the best known lower
bound x(R?) > 21 is due to the fact that y(G(10,5,3)) = 21 (see [4]). No related
results concerning the case of n — oo have apparently been published.

Now, the consideration of graphs G(n,r, s) with some small r, s and growing n is

motivated. So assume that r and s are fixed and n — oco. We have
X(G(?’L, r, 5)) < HliH{O(nT_S)7 O(ns-‘rl)}‘

The first bound follows from Brooks’ theorem, since the maximum degree of G(n,r, s)

IS C)(27) =0 o)== ™

The second bound is a simple generalization of the above-mentioned bound x(G(n, 5,
2)) < (1+o0(1))n/6.

Note that the second bound can be somewhat improved. Assume s < r/2, so
q = [(r—1)/s] is at least 2. Assuming that ¢ divides n, partition [n] into ¢ equal
classes, Aj,..., A;. Let C be the family of (s + 1)-sets that are subsets of some A;.
For each B € C, the r-sets containing B form an independent set in G(n,r, s), and
by the pigeonhole principle every r-set contains such B, hence

GG <1l =a( ") = 1+ o)

ns+1

¢*(s+ 1)

In particular, x(G(n,5,2)) < (1+ 0(1))’;—2, which improves the previous bound %3.

It is worthwhile to look at the construction in Section 2 from a different point
of view. For n = 2¥ we constructed a 4-uniform hypergraph H with the property
that every 3-subset of vertices is covered exactly once. Note that e(H) = (g) /4.
Then we decomposed E(H) into (g) perfect matchings. Each matching gives a color
class of our coloring. Note that instead of providing the explicit decomposition, we
could have used a classical theorem of Pippenger and Spencer [7], which claims the
existence of (1 + o0(1))(}) covering matchings.

This motivates the following possible approach to the case r = 2s + 1. The
discussion here is not a proof, just sketching a possible way of a generalization of our
argument. Assume that we managed to construct an (r 4+ s)-uniform hypergraph H
that covers every r-set exactly once. Then e(H) = (7)/("1*). Assume that H can be

decomposed into t hypergraphs, N7, ..., N, such that for every i and every A, B € N
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we have |[AN B| < s — 1. Then the r-sets covered by sets in N; form an independent
set, yielding x(G(n,r,s)) < t. If true, a generalization of the theorem of Pippenger
and Spencer [7] would give ¢ < (1 + o(1))(")/(") = (1 + o(1))(s!/r)n"~*. This

bound, if true, would be asymptotically best possible, since the already mentioned

linear algebra method (see [2], [8]) ensures that a(G(n,2s +1,s)) < (1 +0(1))(")
and so x(G(n,2s + 1,5)) > (14 0(1))(")/ ("), provided s + 1 is a prime power. In

n2

particular, we would get x(G(n,5,2)) ~ &.

The case of simultaneously growing n,r, s has also been studied. Namely, r ~ r'n
and s ~ §'n with any 7 € (0,1) and s’ € (0,7') have been considered. This is
due to the fact that the first exponential estimate to the quantity y(R"), x(R") >
(1.207... 4 o(1))™, was obtained by Frankl and Wilson in [2] with the help of some

graphs G(n,r, s) having r ~ r’'n and s ~ %’n Lower bounds are usually based on

the linear algebra (see [8]) and upper bounds can be found in [9].
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IlocnenoBarenbHOocTH Jie BpéitHa m YHuBepcagbHble ITUKIIbI.

Koncrantun MatseeB u san Mutpodanos

Hy,— padocmno omxauknyscs Jponm,— ayvwuwutl cnocob 06sACHUMY - MO
camomy cdeaamsv! Tax xax eam, moorcem 6vimb, Modice 36TOYEMCA NONPOLO-
8aMb 6 MOPO3HbLIT dener, wmo amo 3a wmyka Kpocc no Hnuemanyuam, a pac-
ckaorcy, wmo poum cdeaan. Ilpesicde scezo on, Kak OH 6bLPA3UACA, <«PA3ME-
MUA UHCTNAHYUIOS, — O eCb HAPUCOBAA WA 3emae Kpye (He odenb PoeHbil,
HO «MOYHOCTb MYym He 00asamervhas, ckazanr Aponwm). Hanree on paccmagsun
6CET MPUCYMCMBYIOWUT NO IMOMY KPYyey (cmpozo kak nonaao). A nomom . ..

Jvrouc Kopoan. Anuca 6 Cmpane Yydec.

ITocnenoBaresrocts 0000100110101111 mpuMedaTebHa TEM, UTO €CIU UH-
TaTh €€ O KPYTy, TO POBHO OJIMH Pa3 MOYKHO IIPOYECTh JTF000E TBOMIHOE CJIOBO
JUIAHGI 4.

Takyro mocaenoBaTebHOCTh HA3BIBAIOT IIOC/IEIOBATEILHOCTBIO e Bpéitna
WIN YHUBEPCAABHBM UUKAOM JIJTsT MHOYKECTBA JIBONIHBIX CJIOB jynHbI 4. VHorma
(cM. pazzgesn D) KosmuecTBO yHUBEPCAIBHBIX IIUKJIOB MOYKHO TOYHO IIOJCIUTATD,
HO MHOTJIa BOOOIIE HEM3BECTHO, CYIIECTBYET JIU XOTh OJIUH.

B HekoTOpBIX 3a/1a4axX ITOrO IHUKJIA, B TOM YHUCJIEe, KOHEYHO, B OTKPBITHIX
BOITpOCaX, TPUHUMAIOTCS JIFOOble YaCTUYHbBIE TPOJBIKEHUsI. Bojtee Toro, o3Ha-
KoMuBITIUCH ¢ pasnaesom C, Bam, Bo3M0KHO, 3aX09eTcs TOnpoboBaTh OCTABUTH
mepest, coboit U MOpeniaTh JIpyrue 3ajadu PO YHUBEPCATbHBIE TTHKJIIbI, 000Tra-
THUB 3Ty CPABHUTEJIHHO HEJIABHO PA3BUBAIOINLYIOCS TEOPHUIO HOBBIMUA HHTEPECHBI-
MU UJIESIMU.

A JInga maganaa

A.1 MoxHO 1 pacHoJIOKUTH qucesl IO KPYTy TaK, ITOOBI Jro0as

5
IATEPKA PA3JIMIHBIX Ynces U3 MHOXKecTBa {1,2,...100} BeTpevasach rie-
HUOY/b B ISTH OCJIEIOBATE/IbHBIX TO3UIAAX ]

A.2 CymecrByer jiu 6eCKOHEUHAsT MTOCJIEIOBATEILHOCTh HATYPAJBHBIX UUCE],
Takas 4TO Jo0as IATepKa Pas/IMYHbIX HATYPAIbHLIX YUCE] POBHO OIMH



pa3 BCTpedaeTCda I‘ILG—HI/I6yJJ,b B 9TOI II0CJICIOBATEC/JIbHOCTHU B IIATH IIOCJIC10-
BaTeJIbHbIX HO3I/II_LI/IHX?

A.3 a) MoxXHO 11 PacKpacuTh KJIETYATYIO IJIOCKOCTh B 2 I[BETA TakK, 4TOOBI
pacKpacka nepexojuia Obl B cebst Ipy ¢ABUTE Ha, 4 KJIETKU 10 TOPU30HTAJIN
WIN BEPTUKAJM, W MOXKHO ObLIO ObI HaiiTu J0Oy0 m3 16-Tm pacKpacok
KBaJIpaTuka 2 X 27

6) Mo2KHO Jin pacKpacuTh KJIETYATYIO ILUIOCKOCTh B 2 I[BETa TaK, 4TOOBL
packpacka repexoiusia Obl B ceds npu casure Ha 4 KJIETKU 110 TOPU30HTA-
JIM WJIM BEPTHUKAJIN, U MOXKHO OBLJIO ObI HaiiTH JTI0OYIO 13 16-TH packpacok
duazonanvroeo keadpamuxa (IUATOHAJIBHBIM KBaJIPATUKOM OyIeM Ha3bl-
BaTh MHOXKECTBO M3 YETHIPEX KJIETOK, COCEIHUX II0 CTOPOHE HEKOTOPOI
KJeTKe)?

B IlocnemoBarenbHocTn e DBpéitHa m opueHTH-
poBaHHBbIE Irpadbl.

Onpenenenue B.1 (IlocnemosaresnbHOCcTh Ae Bpéiina) ITocaedosamenn-
Hocmd de Bpétina panea n wad k-6ykeerHviM aidasumom — 3mo YuKAUeCKas,
nocaedosamenvHocmd u3 byke daunve k™ maxaa, wmo a106aa n-0YyKEEHHAA NO-
€AeA0B8AMEABHOCTID BCMPEUACTNCA KAK NOINOCACIOBAMEALHOCTIVD POGHO 00UH PA3.

Onpenenenne B.2 (OpuentupoBaunsbiii rpad) Opuenmuposarnod epag
G cocmoum uz mmosicecmea sepwur Vo= {vi,..., v} u mHoorcecmea pébep
v; — vj. B ném moeym 6vimov wpammvie pébpa meorcdy v; U Vj 6 000UT Ha-
NPABAEHUAT, @ MaAKHce nemau v; — v;. G HA3bIBAEMCA CUNDHO CEAZHBIM, ECAU
ug w060t sepuuns, Modicro dobpamocs 6 a0bylo dpyeyro no pébpam (Jdeuea-
b no nanpasaeruto). Ol Ha3b6aAEMCs COUAGHCUPOBIHHBIM, ECAU OAs KaHCIOT
BEPUUHDL BLOOAWAA CNENEHD (YUCAO BTO0AUWUT PEOEP) PasHo ucxodswel cme-
nenu (wucay ucrodsuwux péoep). Diiepos yuka — 3aMEHYMBLE NYMb N0 PEGPaM
epaa, npoxrodsuwuti no KaHcooMmy peopy PoeHo 0duH pas.

B.4 JlokaxkuTe, 9TO B OPHEHTUPOBAHHOM T'pade 6e3 M30IUPOBAHHDBIX BEPITHH
€CTb MIEPOB IUKJI B TOM U TOJIBKO B TOM CJIy4ae, ecin rpad CHIHLHO CBA3EH
u cOaJTaHCUPOBAH.

B.5 [lokakuTe, 4TO IIOCJIEIOBATEIHLHOCTD Jie Bpéiina panra n HaL k-OyKBEHHBIM
ayipaBUTOM CYIIECTBYET JjIsl JIIOOBIX Kk U M.

B.6 Ilyctb G — opueHTHpPOBaHHBIN Irpad, B KOTOPOM BXOJSIIAsl U UCXOISIIAS
CTelleHb KaXXJOW BepIuHbl paBHa k. Jlokaxkure, 4TO ero pébpa MOXKHO
MMOKPACUTh B k IBETOM TaK, 9TOOBI y KaXKJION BEPIIUHBI OBLIO POBHO OJIHO
BXOJISAINEE U POBHO OJIHO HUCXOSAIIEe PedPO KaxKJI0ro IBETA.

B.7 a) Jokaxure, 4TO IOCIEI0BATEIBHOCTL e Bpéitna uz cumsosios 0 u 1
paHra nm MOXKeT OBbITh IIOCTPOEHA IPU ITOMOIIHU CJIEIYIONEr0 aJrOPUTMA.
Hauwnraem ¢ n — 1 mocsie1oBaTeIbHBIX HYJIEH U IPUMIACHIBAEM CHMBOJIBI CO-
IVIACHO cJeyromeMy npasuiay. Ha kaxkiom mare nobasisiem 1, eciiu 310 He
[PUBOJUT K IIOBTOPY KAKOU-IU00 1-0yKBEHHOI IOIIOCIE0BATEIbHOCTH, B
npotruBHOM ciydae mobasisiem 0. Hemaem 2 —n+ 1 mar u paccMaTpuBaem
TIOJTyI€HHBII Pe3yIbTAT KaK IMUKIMIECKYIO TOCIeI0BATETbHOCTD.

b) Kak moxkH0 MOAuGUIMPOBATE ITOT AJTOPUTM JJisl HOJIYyYEHUsI TIOCTIe-
noBarebHOCTU Je BpéitHa paHra n Hal k-OyKBEHHBIM ajidaBUTOM?
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(I)OKYCI:)I n yHuBepcCaJibHbI€ ITUKJIbI.

Ecyin Bol pemmim HeMHOTO JIpyryro 3ajady, YeM B YCJIOBHM, PACCKAXKUTE HAM:
9TO MOXKET OBITh MHTEPECHO. A emmé OyIyT OIEHNBATHLCS PeIleHusi, paboTaoIne
«HE JIJIT BCEX N».

C.1

C.3

C.5

C.6

D

DoKyCHUK cOOUPAETCs MPOBECTH TAKON POKYC: OH HOCTAET KOJIOMY, B KOTO-
pOif B HEKOTOPOM TOPSIJIKE PACIIOJIOXKEHBI ! KAPTOYEK CO BCEMU UHCIAMU
ot 1 10 n!, u BbI3BIBaET U3 3aj1a N JTIOOPOBOJIBIIEB.

[Tocute gero ojius n3 1OOPOBOJIBIEB HECKOIBKO Pa3 CIBUTAET KOJIOY, TAKAM
00pa30oM MOPSJIOK KapT MEHSIeTCsl HeKUM MUKJImdeckumM obpaszom. [lasee n
9eJI0BEK 10 ovepenu OepyT cebe o OHOI KapTe ¢ Bepxa KoJonbl. [locse
9Yero OHU U3ydaroT KapThl (He MoKa3biBasd UX QOKYCHUKY ) U BCTAIOT JAPYT 32
JIDYTOM B IIOPsIJIKE BO3PACTAHUS YUCENI HA UX Kaprax. [V Ha TOPSJIOK,
B KOTOPOM OHU CTOAT, (POKYCHUK yrajbiBaeT ux Kaprbl. OObsCHUTE CEKpeT

dokyca.

a) DokycHUK cobupaercs IPOAeIaTh TOYHO TAKOH 2Ke (POKYyC, HO XOder
UCIIOJIB30BATh KaK MOXKHO MEHbIEe Pa3indHbiXx dnces. OT 3aroraBimBaeT
KoJioiy ¢ m! Kapramu, Ha Kaxk 10il Hamucano gucyo ot 1 jgo C) roe C' < nl.
JLo6pOBOJIBITBI COBEPIIAIOT T€ YK€ caMble JeHCTBHSI, IPU ITOM, €CJIH CPEIH N
BBITAIIEHHBIX MOJPSI]T KAPTOUYEK BCTPEUAETCs IMapa OIUHAKOBBIX, TO (POKYC
npoBasmBaercs. [lonpobyiite my1sa Kak MOKHO MeHbIero C' 10Ka3aTh, ITO
dokycuuky xBaTuT C' pa3IMIHBIX KapT.

b) B 2006 romy Ix.Pobepr I:koHCOH mokasan crosBuiyio 6osee 10 srer
TUIOTE3Y, 9TO XBAaTUT N + 1 pazimanoit kapTel. llompobyiire mosyduTnb
TaKO# Ke pe3yJIbTar.

Y dokycuuka B KoJoze 52 KapTOUYKU, HA KOTOPLIX HANKMCAHBI 4uCia (He
006s13aTesIbHO pasHble). Ha clieHy BBIXOAAT HsTh 10GPOBOJIBIEB, CABUIAIOT
KOJIOJy ¥ OepyT IO MOPsiIKy IO OfHON Kapre ceepxy. Ilocie aroro ¢o-
KYCHHUK IIPOCUT WX Pa3bUThCs Ha TPYIIBLI TaK, YTOOBI B PA3HBIX I'DYIIIAX
ObLIH OBI JIFO/IA C PA3HBIMU KAPTOYKAME, & BHYTPU KaXKJIOU TPYIIIbI 9ACIIA
Ha KapTOYKAX y BCeX ObLIN paBHBI. lusns Ha 910 pa3dbuenue, HOKYCHUK
MOKET OIPEJIEUTh PACIOIOXKEHNE BCEX OCTAJIbHBIX KapT B KoJoje. O6b-
SICHUTE CeKpeT (poKyca.

I[Ipu KaKUX 1 MOYKHO PACIIOJIOKHUTE 110 Kpyry C2 uqmcest Tak, 9Tobbl JIo0bIe
JIBa PA3IMYIHbIX Yucja u3 MHOXKectBa {1,2,...n} Berpeyanucs paaom?

Jokaxkute, 4TO ecau n > 8 U N HE JEJUTCHA HA 3, TO IO KPYry MOXK-
HO pactoyoxkuTh C3 uancesT TaK, ITo0ObI JTI06be TPU PA3IMIHBIX THCIA U3
mHOXKecTBa {1,2,...n} BCTpeyasnch Ha KAKUX-TO TPEX MOCJIEI0BATENBHBIX
MTO3UITASIX.

(orBer HemsBecten) IIpu kKakux k 1 n MOXKHO TaK PACIIOTIOKUTE [0 KPYT'Y
C* wmcen, aro6w1 mobble k pasIMuHBIX YmCcesn U3 MHOxecTsa {1,2,...n}
BCTPEYAJINCH HA KAKUX-TO Kk II0CJ/I€IOBATEIbHBIX IO3UIUIX !

HagaJjio nnepeuncienns

B sToM paszene Hac B mepByio ouepenb Oyuer uaTepecoBarb B(2,n) — uucio
nocienoBarenbuocTeil me Bpéitna panra n wag 2-0ykBennsiM asiaBurom. 1lo-
CJIe/IOBACTBLHOCTY, PA3IHIAIONINECS] TOJBKO ITUKJIMIECKIM CABUTOM, CAUTAIOTCS



ommHakoBbiMu. O603HAUNM Yepe3 €((G) UucsIo SMIepOBBIX UKJIOB B OPUEHTHPO-
BaHHOM rpade G.

Onpenenenune D.1 (Opuentuposanusiii rpad pébep) [Hyems G = (V, E)
— opuenmuposarmull epad. FEzo opuenmuposannoli epag pébep LG — opu-
enmuposannvill epad co mmoocecmeom sepwun E (pébpa epada G) u mmoorce-
cmeom pébep e — [ das mex nap pébep e u f epaga G, dasn xomopwix s(f) = t(e)
(om anesutickux source u target, nauaso pedpa [ ABAACTNCA KOHUOM €).

D.1 Ilycre y G Gostee omHOrO pebpa u HET U30JIUPOBAHHBIX BepinH. JlokaxuTe,
qto LG CBSI3€H TOTJA W TOJBKO TOTA, Korma (G CBSI3EH.

D.2 Ilycrs B rpade G mjist s11000i BEPITUHBI U UCXOAAIIAS U BXOISIIAST CTEIIEHN
pasubl 2. IIycrs BepiumHa T siBJIsIeTCsl KOHIIOM pébep P u () u HavajoM
pébep R u S, HU OJIHO U3 ITUX YETHIPEX pEGep He sBsiercs newiéit. [Tycrs
G1 — rpad, nosyuennsbiii u3 G yiaajeHueM x U ckielikoit P ¢ R u @ ¢ S
G2 — rpad, nosyuennsbiii u3 G yrajenueM x u ckieiikoit P ¢ S u Q ¢ R.
Hokaxkurte, 4TO

e(LG) = 2(e(LGY) + e(LG2)).

D.3 Haiigure B(2,n).



ITocnenoBarenbHocTu e BpeitHa u YuuBepcasbHbie ITUKIIbBI.
ITocsie mpoMexKyTO4YHOTO (DUHUIIIA.

Wnba Bornanos, Koncranturn Matsees, UBan Murpodanos.

E Topsr ne Bpeiina

Onpepenenne E.1 (Topsr ne Bpeitna) Topom de Bpetina muna (R,S,u,v), (RS = k")
6ydem Ha3LI6AMb 3ANOAHEHUE KAEMUAMOT NAoCKocmu wucaamu 1,2, ...k, unsapuarnmnoe om-
HOCUTMEABHO 8EPMUKAALH020 cdeuza 1a R u 2opusonmanvrozo cdeuza na S, daa K0mopoeo nati-
dYmea NPAMOY2OALHUKY U X U (U CMPOK U U CTMOAOY08), 3anosnennvie 6cemu k™ 803M0odtCHbIMU
cnocobamu.

Tunoresa E.2 Jlas mobvx R, S,u,v, k, maxur wvmo RS = k", R > u, S > v, cywecmsyem
mop de Bpetina muna (R, S, u,v)k.

OTa runorTesa JIOKa3aHa TOJBKO B HEKOTOPBIX YACTHBIX CJIydasX, HAIIPUMED Uit u = v = 2.
[ToMuMO KOHCTPYKIHIT U3 HUKEITPUBEJIEHHBIX 3aJ[a4, Mbl TaKXKe OyeM IIPUHUMATH BCE JIPyTHe
OEeCKOHEYHBIE CepUU KOHCTPYKITUIl, KOTOPhIE BBI IIPUILYMAETE.

E.1 Jlokaxure, uto js Beex k,u > 2, (k,u) # (2,2) cymecrsyer Top tuma (k%=1 k u,1).
E.2 Jlokaxute, uTo Jyis Beex HeueTHBIX k > 1 cymectsyer Top tuna (k2 k2%, 2,2).

E.3 Jokaxure, 9To s Bcex k,u,v > 2, KpoMe ciiydas, Korjia v = 2 u k 9eTHO, CyIIeCTBYyeT
top Tima (%, k“ u,v)y.

E.4 JlokaxuTe, 9TO TaK>Ke Jjisi BCEX YETHBIX k > 2 CyIIeCTBYeT TOP THUIIA (kQ, k2,2, 2)g.
E.5 Jlokaxure, uro jjs Beex k > 1 cymecrsyer Top tuna (k*, k% 2, 3);.

E.6 IlpenmonoxuMm, uro cymecrsyer top tuna (k" k% u,v), (uv = r + §), Takol UTO CyM-
Ma THCeNI B Ka¥KJOM CTOJONE (TO €CTh BEPTHKAJNLHOM MEpHofe JUHBI R) fenuTcst Ha K.
Jokazkure, uro cymecrsyer Top tana (k7 k5T u + 1,v)y.

E.7 Jokaxmute, uTo ana Beex k > 1 cymectsyer Top Tuma (k8 k8, 4,4);.

E.8 JlokaskuTe, 9TO JJIs BCEX HEYETHBIX k > 1, €CoIM M 9eTHO Wi k — TOYHBIA KBaJIPAT, TO
2 2
cymecrsyer Top tuma (K™ /2, k" /2 n,n)y.

E.9 Jlokaxute TO 2Ke caMoe st BCeX IeTHBIX k > 1.

E.10 Jloxaxkure, 9TO /i BeexX §,t cymecTByeT Top Thma (4st?, 453t%,2,2)04.



F IIponoakenue llepeuncienus

O6o3naunm vepes B(k,n) xomaudecTBo mocienoBaresibaocTeit ne Bpeiina panra n Haz andasu-
ToM u3 k 6ykB. Kak u mpex/ie, 1ocse10BaTeIbHOCTH, OTIMIAIONIAECs TUKINIECKIM CJIBUTOM,
CUYUTAIOTCS OJIMHAKOBBIMU

Ounpenenenne F.1 (OpuenTupoBaHHOE OCTOBHOE AepeBO) OpueHmuposartvim 0CIMoGHvLM
depesom 6 G 1HA3VIBAEMCA QUUKAUNECKUT (68 HEOPUEHMUPOBAHHOM CMbicAe) nodepad, 6 Komo-
POM 8bldeACHA BEPWUHA — KOPEHD U, U U3 410001 sepwurb u € V' cyuecmsyem eduHcmeer bl
nymo 6 v no pedpam 3mozo nodepaga. Obosrauum uepes T(G, V) KOAUYECTNEO OPUEHMUPOBIHHVILL
0CMOBHBIT JePe6bes ¢ KopHem .

F.1 Ilycrs G — cuibHO CB3sIHBINM cOaJIaHCUPOBAHHBIN OpueHTUPOBaHHbIN rpad. JlokaxKuTe, 94TO
st oboro v € 'V
€(G) =7(G,v) [ (outdeg(u) - 1)!.

ueV

Theorem F.2 Teopema JleBuna G - opuenmuposarnvitli 2pad, 6 KOMopom 8 kaxtcdyo 6ep-
wuny sxodum xomsa 6o, 00no pebpo. Ilyemov r. — nepemennas, coomeemcemeaylowas peopy e
epagpa G. Onpedesum MHO2OUAEHDL OM HECKOALKUL NEPEMEHHHLT

redge (G) — Z H Te

T — opueHTHpoBaHHOe € — pebpo T
ocToBHOEe JiepeBo B G

u
vertex _
K (LG) = E H Tt(w)-
T — opuenTupoBaHHOe w — pebpo T
ocroBHOe nepeBo B LG
Toz0a

I{vertez(ﬁG) _ K:edge(G> H( Z xe)indeg(u)fl.

veV e:s(e)=v
F.2 Berauciure B(k,n) (Bb MOXKeTe MOJIB30BATHCH TeopeMoii JleBuHa).

F.3 okaxkure Teopemy JleBumna.

G IlocaenoBarenbHocTu Jie bpeiiHa vepe3 peKyppeHTbI

Paccmorpum caeyiomnuit crmocob mMOCTPOEHUsT MEPUOIUTECKO mocemoBaTenbaoctn 3 0 m 1.
Haxnem ¢ 00001 u mabiona b 5, ckaxkeMm X 00X X . Ha kaxkioM 1mare 6y/ieM HAKJIaIbIBATD
HaIll IabJIOH Ha, [TOCJ/IeIHNE TATh (P UMEIOIIeNCsl TOC/IeI0BATEIbHOCTH U OIIPEIEISTh CJIeLy-
OILY 10 TGPy KaK CyMMY IO MOZYJIO 2 TeX nmudp, KOTOpbIe OKa3aJnch 1o 3aakoM X . B Harmem
cJiydae MbI TIOJTyYaeM

0000110110....

B o6mem madmem ¢ 0" '1 u mabaona JUIHHBL 1 (mabson nosked HadnHaTbed ¢ X ). Hazosem
MabJIOH NOAE3HbIM, €CJIN TTOJIYYaIOIIAsICs [I0CJIEI0BATEILHOCTD COIEPXKUT BCE BO3MOXKHbBIE I10/I-
ITOCJIeIOBATEILHOCTI JIUHBI 1 Kpome 0.

G.1 Jlokaxkure, 91O 1715 JIIOOOTO 71 CYIIECTBYET TOJIE3HBIH MAaOJIOH JJIUHBL N.

G.2 MoKHO JIM IPUMEHHUTH MOXOXKUE METOJBI TIPH KOHCTPYWPOBAHUU TOUTH Ji¢ BpeiiHOBCKmX
TOpoB? (OTKPBITHI BOIIPOC, KAK MOXKHO JOTaJIAThCs )



A

Al

IlocaenoBarenbHocTu ne Bpéiitna n YHuBepcajabHble IIuKbI
PEIIIEHU A

s nagaja

OrBer. Her.

[Ipenmonoxum, 9TO Takas pacCTAHOBKA CyIIeCTByeT. PaccMoTpuM Kakoe-HUOyIp uncio, nampumep, 1. [Iycts
OHO HammcaHo k pa3, Torja OHO BCTpedaercs B Hk pasnndHbix narépkax. C JApyroif CTOPOHBI, KOJIHMIECTBO
HSATEPOK, B KOTOPBIX OHO JIOJIZKHO BCTPEYATHCS — ITO KOJUIECTBO CHOCOOOB BHIOPATH 4 UNCJIa U3 OCTABIIUXCS.
Ho C§y ne menurest Ha 5, TI09TOMY MOJIydaeM TPOTHBOPEYHe.

OTtBer. Takast IOC/IEIOBATE/IBHOCTD CYIIIECTBYET.

CHauaJjia IPOHyMepyeM KaK-HUOY/Ib BCE BO3MOXKHbBIE ISITEDKM HATYPAJBbHBIX YUCE]: HAIPUMED, HSITEPKY W3
qucen (1,2, 3,4,5) 3aHyMepyeM eIMHUIEH, IIOTOM 3aHyMepyeM Bce ISITEPKU ¢ cyMMoii 16, morom ¢ cymmoii 17
U Tax JaJiee.

IIycTh ecTh Kakasi-TO KOHEUHAS ITOC/IEIOBATEILHOCTD HATYPAIbHBIX UUCEI TaKasi, 9TO B HEil BCTPEYAIOTCsT BCE
narépku ¢ 1-ii 10 k-10 ¥ HUKaKas NATEPKa He IOBTOPSeTCd JBazKIbl (I[P 9TOM MOI'YT BCTPEYATHCs HATEPKU
¢ Homepamu, Goabiumu k). [TokazkeM, 4T0 9Ty 1OC/IEI0BATEIBHOCTD MOYKHO [IPOJIOJKUATH HA KOHEYHOE YHCIIO
YJIEHOB BIIPABO TaK, ITOOBI BCTPETU/IACH MATEPKA C HOMEpOM k + 1 U He BO3HUKJIO IIOBTOPEHUIA.

B camowm jeste, ecau (k + 1)-s1 maTépka y»Ke BeTpedaercs, TO HUYero jaesiarTh He Tpebyercs. VHade monuieMm
crpasa 10 aucen by, by, b3, by, by, a1, asz, as, aq, as, vue ay, . .., a5 — ancaa (k+ 1)-it narépku, a b; — MPOU3BOJIbL-
HbIE PA3JINYHBIE YUC/Ia, OOJIbINIE BCEX OCTAIBHBIX 3AIUCAHHBIX (BKJIOYAS A1, . .., d5).

Beckonednoe Kom4yecTBO pa3 MpOIO/Kast TaK MMOCIEI0BATEIBHOCTD, MOJIYyINM OECKOHEUHYIO MOC/IEI0BATE b
HOCTb HATYPAJBHBIX 9HCeJ. 10, YTO B HEll BCTPETATCH BCe MATEPKH, 0deBUIHO. [lokakeMm, 4TO HUKaKast ISATEP-
Ka He BCTPETUTCS ABAXKBL. B caMoM ferte, IIyCTh KaKasi-TO MATEPKA 3AIMCAHA ABAXK/IbI, TOT/Ia OHA OKA3aJ1aCh
3amnmcaHa JBaXK bl [I0CJIe KAKOr'0-TO MIara, 4ero ObITh He MOIKET.

a) OrBer. MoxHo.

Ha pucynke npusenén kycok mirockoctu 8 X 8. IlonpoOyiiTe oTbICKATh TOI0OHBIN Y30D, BBIIVISHYB U3 OKHA.

6) OrBetr. Hesb3zs.

TlokaszbiBaeTcst 3TO HECJIOXKHBIM TIepebopoM. IIpeanosioKumM, 4To Takasl pacCTaHOBKa HyJIell W eIuHUI] CyIIle-
CTBYyeT, TOTJa BCEe PA3JIMYHbIE JIUArOHAJbHBIE KBAJAPATUKM PACKDPAIICHBI [0-PA3HOMY (Pa3/IMYHBIME HA3LIBA-
FOTCH JIMaroHAJIbHbIE KBAJIPATUKW, HE MEPEBOMLAIINECT JPYT B APyra MapajuleJbHBIM IIEPEHOCOM Ha BEKTOD
Buga (4a,4b).) Beé manbueitinee Gymem pucoBarh Ha pas3BépTre mopa 4 X 4, Geblil u 9EPHBII HBeTa 3aMEHUM
eJIMHIIKAMA U HYJISIMU.



CHavaJia HafiJIEM IMaroHAJIBHBIN KBaJIPATUK, B KOTOPOM CTOSIT YeThIpe HYJIsl.

ITokazkem, 9TO BO BCEX KJI€TKAX, OTMEUYEHHBIX 3BE30YKAMHE, JOJKHBI CTOSATh €IUHUIBI. DTH YeThIpe KJIETKN
10 OTHOIEHUIO K Y€THIPEM HAWIEHHBIM HYJISIM PACIIOJIOXKEHBI 00UHAK060, TIOITOMY JOCTATOYHO IMOKA3ATH IJIst
OJTHOIT M3 HUX.

ITycts B A crour 0, Torna B B u C crour 1 (unave em@ pas Becrperarcs derbipe Hyds.) Ho Torma apa pasa
BCTPETHUTCSI PACCTAHOBKA «1 CBEPXY, TPU HYJIsI CHUZY .

Ecnu na mecTe 3BE3/101€K CTOSAT €IUHUIIBI, TO y?Ke €CTh BCE BOCEMb PACCTAHOBOK €JIMHUIL U HYJeH, B KOTOPBIX
€JIMHUIL Y6THOE YUCI0. 3aMEeTUM, 9TO JII000# JuaroHaabHbIA KBaIpaTHK COCTOUT JIMOO U3 YeTHLIPEX HEOTMEUEH-
HBIX KJIETOK, JITOO U3 YeTHIPEX OTMEYCHHBIX.

B BocbMu HEeOTMEUEHHBIX KJIETKAX JOJI2KHBI BCTPEIaThCA BCEBO3MO2KHBIE DACCTAHOBKU TUIIAa «TPU HYJIA U €11~
HUDa» U «TPU €OIUHUIIBI U HYJIb».

He ymautsist obmiHoCTH, B 9€THIPEX KiIeTKaxX MudPhI CTOAT TaK Ke, KAK Ha PUCYHKE.

A B

TIpeanosozkum, aro na mecre A crour 0. Torma u3 coobparkenuit yérHoctu Ha Mecre B u C' crosT Hynu, a Ha
mecte D — equHUIA, JIETKO BUJAETH, YTO TAKasl PACCTAHOBKA HE ITO/IXOJIUT.

Eciin xxe Ha mecre A crour 1, To Ha Mecre B u C' Tak»Ke JIOJKHBI CTOATH €IUHUIBI, & Ha MecTe [ — HOJIb.
Tozke He TOIXOIUT.

IlocnenpoBarenpHocTn e BpéiitHa m opueHTUpPOBaHHBIE I'PadbI

Eciu ects siinepos muks, To, ABUrascCh 10 HEMY, B KaKJyI0 BEPIINHY 3aXOJUM CTOJIBKO K€ pa3, CKOJBKO
1 BBIXOJUM (COATIAHCHPOBAHHOCTD); MEXKJLy JIFOOBIMHU JIBYMsl PEOPAMHU €CTh IIyTh IO NHUKJY, a TAK KaK HET
M30/IMPOBAHHBIX BEPINNH, K KaXKJOW BEpIIHHE ITPUMBIKAET 0 PeOPY U MEXKIY JIIOOBIMU JIBYyMsi BEPITHHAMA
€CTb IIyTh 110 HUKJLY UKLy (CHJIbHAS CBSI3HOCTD).

IIycts oprpad cuiapnocBstzen u coasancupoBan. CylecTBOBaHMEe MI€POBa HUKJIA Oy/IeM JTOKA3BIBATH 10 WH-
JYKIUX 110 KOJu4uecTBy pébep, 6a3a (0 pébep) oueBuaHa.



B.5

Brritnem n3 Kakoi-HUOYIb BEPIIMHBI U OYJEM UJITHU 110 CTPEJIKAM, [I0OKa He IIPUJIEM B BEPIIUHY, B KOTOPOU y2Ke
opum. Takum obpasom, B rpade ectsb muka C'.

Vranum u3 oprpada pébpa sroro nukia. [lomxyaennstit oprpad Oymer cOasIaHCHPOBAHHBIM, HO HE 00sI3aTeIHHO
CBSI3HBIM.

Jlemma. Ecau cbarancuposannoili opepad cesser (mo ecmo c6asen Kak 2pad, ecau 3a6bms npo opueHmayuio
pébeEp), MO OH CUABHO CBA3EH.

Zloxazameavcmeo. PaccMoTpuM IIpon3BOJIbHYO BepinuHy v. IlycTh A — MHOXKECTBO BEPINUH, B KOTOPhIE MOXKHO
Jnobparbest u3 v, a B — Bce ocraibHbie Bepunabl. [lycrs B nemycro. Torma ecrs pébpa uz B B A, HO HeT pébep
u3 A B B, 3Ha4uT, cymMMa 110 BCEM BepIMHAM MHOXKeCTBa A KoJmdecTBa BXOISIIUX pédbep Oyiaer OoJbIlne, deM
KOJIMIeCTBa ncxoaanmx. Ho oma — HOJb m3-3a cOAAHCUPOBAHHOCTH Tpada, TPOTHBOpEUNe. O

Wrak, npu ynanaerauu C rpad pacmajaercs Ha cOaJaHCHUPOBAHHBIE CHIBHOCBSA3HbBIE KOMIIOHEHTHI, B KaXK 10 13
KOTOPBIX TI0 IIPEIIOJIOKEHIIO WHAYKIINA €CTh SMIepoB muki. Jlas KaxKmoil m3 9TUX KOMIIOHEHT OTMETHMHA
nukie C 1o omuoit Bepruie. Torga MCKOMBIH 3MIEPOB MUK BO BCEM rpade CTPOUTCS TakK: HJEM MO OTPE3KY
nukiaa C' 710 o9epesHol OTMEYEHHOM TOYKHU, TPOXOIUM M0 SUIEPOBY IUKJIY KOMIOHEHTBI, BO3BPAIIASICH B TY
JKe TOYKY, CHOBa niéM 110 C' J10 CJIeJyIoIeil OTMEYEHHON TOUYKH U TaK JaJiee.

TocrponM opueHTHpOBaHHbIH rpad, KOTOPHIH B JajbHeleM GyieM Ha3biBaTh epagiom de Bpétna G(n, k).

Bepmmaamu ero 6ymyT k™~ nocremosaTensHocTelt AnuHE 1 — 1 Hag k-OyKBEeHHBIM aIdaBUTOM, a U3 BEPIIHHEI
103 ...0n_1 BEAET pebpo B b1by...b,_1, eciu as = by, ag = ba, ..., an_1 = b,_2. Takum obpazom, pébpa
G(n, k) cooTBeTCTBYIOT HOCJIEIOBATEIHLHOCTSIM JITTMHBL 1. U UX Beero k™.

Puc. 1: G(4,2).

Boobire, KaxKI0My CJIOBY JUIMHBI 1 + @ COOTBETCTBYET OPUEHTUPOBAHDLIN IyTh JIUHBI ¢ + 1. Bepmunbr 3Toro
mytu — 310 (n — 1)-6yKBeHHBbIE HO/CIOBa HAIIErO CJI0BA B IIOPAIKE UX MOSBJICHHUS.

Ha xazxmom pebpe HammIeM mocjaeHI00 OYKBY COOTBETCTBYIONIETO CI0Ba. 10T/1a, ec/in ocaeHee pedbpo myTn
COOTBETCTBYET CJIOBY (1a2 . . . ), TO OYKBBI, HAIIMCAHHBIE HA MPeAbLLymuX k — 1 pébpax 3Toro myTu, oOpa3yor
CJIOBO Q1A2 ... GK—1-



B.6

B.7

Ucxongamasa n Bxoagmas CTelenb J000i BepIuHbl paBHbl k. ['pad cuibHO CBA3eH, TaK KAK CJIOBO G1d2 . . . Gk _1
coeuHEHO C b1bs ... bg_1 IyTéM, COOTBETCTBYIOMIUM CJIOBY 4102 .. .Ak—_101bs ... bk_1.

uauut, B G(n, k) ecrb siinepos nuki. [ukindeckas 110¢1e10BaTeIbHOCT, 0Opa30BaHHAsL OYKBAMY, 3AIIUCAH~
HBIMU Ha €0 TOCJIEI0BATEIbLHBIX PEOpax, Oy/IeT Mocae0BaATeIbHOCTEIO e BpéitHa, Tak KakK IMOJICI0BA JJTHHBI
7, COOTBETCTBYIOT Pa3/JUIHbIM pébpam rpada.

baza waaykmum: k = 0.

Ecmu mbr emoxkem BBIOpATh HECKOJIBKO PEOED TaK, YTOOBI U3 KaXKJI0W BEPIIMHBI BBIXOIMIO POBHO OJTHO BHIODAH-
HOE U B KaXKJIyI0 BEPIIMHY BXOJMUJIO POBO OJHO BEIOPAHHOE, TO MBI TOKPACUM 3THU PEOPA B TIEPBBI [[BET, Y IAJIAM
UX U BOCHOJIb3YyEeMCsl MHIYKITMOHHBIM [PEJIoIoXKeHneM st k — 1.

Bocmosibsyemcest semmoti Xoana: ecam eCTb HECKOJIBKO JIEBYIIEK U IOHOIIEH U JJTst JII0OOTro m JI00bie m I0HOMIEeH
3HAIOT B COBOKYIHOCTH XOTsI OBl M IEBYIIEK, TO MOYKHO JJIsi KaXKJIOTO OHOIIN BBIOPATH 3HAKOMYIO JEBYIIKY
TaK, ITOOBI JIjIs PA3HbIX IOHOIIEH ObLIN OBl BHIOPAHBI Pa3HbIe JE€BYIIKH.

TlomecTuM B KaxKyro BeprmHy rpada HO OHOIIE W IO JAEBYIIKE U MO3HAKOMUM KAarKJO0ro IOHOIMY C TE€MU
JEBYIIKAMU, K KOTOPBIM OT HEro BeJET OPUEHTUPOBAHHOE PeOPO.

IIpeamosnokumM, 9T0 yCJIOBUS JIEMMBI XOJIJIa He BBIMOJIHAIOTCS: €CTh IPYIIa W3 771 FOHOIIe, U OHM 3HAKT B
COBOKYITHOCTH My < My AeByliek. V3 BepInH, B KOTOPBIX CUAST TU IOHOIIN, BHIXOJAUT B COBOKYITHOCTH K11
pébep, Ipu 3TOM Bce PEOPaA UIYT B MHOXKECTBO U3 11y BEPIINH. 3HAYAT, B KAKYIO-TO M3 BEPIIUH BEJIET XOTS ObI
kmy ..

e > k pébep, mpoTUBOpEYIE.

Wrak, BoiOepeM mpu OMOIIM JIEMMbBI XOJLJIa [Taphl IOHOIIA~IEBYIIKay U BhIOEpEM B rpade COOTBETCTBYIOIIHE
pébpa. M3 Kaxkmoit BepIuHbI OyIeT BBIXOAWTHL POBHO OIHO BBIOpAHHOE, B KaKIyI0 BEPIIHHY OyIeT BXOIUTH
POBHO OJIHO BBIOPAHHOE, TOJIYYUJIN TO, 9TO XOTEJIH.

b) Yuopsmouum Bee 6yKBbI. AJropuTM OyIeT BBINJIAAETh TaK: HAYnHaeM ¢ k — 1 HyJls, Ha KaXK/IOM Iare IUIeM
MaKCUMAJIbHYIO BO3MOXKHYIO OYKBY € T€M yCJIOBHEM, YTOOBI HUKAKOE CJIOBO JUINHBI k He MOBTOPUJIOCH JIBAYKIBI.
Eciu nonyunrcst caenars tak k™ — n + 1 onepanuro, TO €CIu 3alUKJIUTh OJIYYEHHBI Pe3yJIbTaT, [TOJLy IUTCs
[I0CJIEIOBATENILHOCTD Jie BpéitHa.

Wurepuperanust: gan rpad mge Bpéiina G(n, k), naunnaem ¢ Bepiunst 000 . . . 0. Isuxkemcs 1o pébpam, Kazkablii
pa3 BbIOMpAas HENPOBEIEHHOE PEOPO ¢ HAMOOJIBINENl HATTUCAHHON OYKBOIA.

IIpeanosozkuM, 9TO TPUILIA B BEPHINHY, BCe PEOpa M3 KOTOPOIi yiKe MPOBEIEHBI. DTO MOXKET OLITH TOJHKO
nepBas BepmuHa 1yTH, To ecTb 00...0, TaK KaK BO BCe OCTaJIbHBIE BXOJMIN CTOJIBKO YK€ Pa3, CKOJIBKO N3 HUX
BBIXOJIUJIN.

B srom mytu momkHO Berpedaercs pebpo 00 .. .0, nHade MOKHO ObLIO OBI IBUTATHCS JAJIBINE, JTOOABUB €r0 K
KOHITY IIyTH.

Paccmorpum Bee pébpa, 110 KOTOPBIM TIOCTPOEHHBIH IIyTh HE IMPOXOJUT, W MOKPACUM UX B CEPBII IIBET, cephie
pébpa, Ha KOTOPBIX Hamucan (), MOKpacUM B YEPHBII I[BET.

Jlemma: opueHmuposartozo YukAG, cocmosuLe2o us wepnur pébep, nem. Ilpenmosoxum nporusaoe. Haiinéres
IIyTh JJINHBI k 13 9€PHBIX pédep, Torma moceHee pebpo 3Toro myTu coorsercrByer cyioBy 0. .. 00, HO 1Mo 3TOMY
pebpy mbI poxoauiin. I[IporuBopedne.

IIycThb ecTh XOTs OBI OJIHO YEPHOE UJIU cepoe PedPO v1v2. B BepIuHy vo BXOAUIN MeHbINE k pa3, 3HAYUT, U3 Heé
BBIXOJUJIN MeHbIe k pa3 M He BBIXOIWJIN 1O PeOpy C HAIMCAHHBIM HYJIEM. SHAYNUT, U3 Vo BBIXOJIUT HEKOTOPOE
qépHOe pebpo vav3. AHAIOIMYHO, ecTh YépHOE pebpO v3vy U TaK Jajee, B KOHEYHOM UTOre MOJIy9IUM IUKJI U3
9EpHBIX pEOEP, a ITOTO HE MOXKET OBITH IO JIEMMe.

IIyskT a) — 9acTHbI cayuail upu k = 2.
CDOKYCBI n yHuBepcCaJibHbl€ ITNKJIbI.
IlycTep ecTb nBe mOC/IEOBATEIBHOCTU HUCEN 1, a2, . ..,0n U b1,ba,..., b, Takue, 9TO B KaxK/10#l U3 IOCJIEIO-

BaTeJILHOCTE BCe YHCIIa PA3IUYHBL. ByJIeM TOBOPUTH, UYTO OHU YNoPAJoueHb, 00UHAKOSbIM 00PA3OM, ECITA IS
JI00OM apbl MHAEKCOB 4 # j b0 a; < a; u b; < bj, nubo, Haobopot, a; > a; u b; > b;.



PacemoTpum MHOXKECTBO S, CIOCOGOB yIoOpsimounTh MHOXKeCTBO {1,2, ..., n}. B S, posHO n! smeMenToB, KaxK-
JIbIH 13 HUX HA3BIBAETCS Nepecmanoskots dauros n. POKYCHUKY yaacTcst (POKYC, eCIi OH MPHUILyMaeT IUKJInde-
CKYIO [TOCJIETIOBATENLHOCTD U3 1! PA3INIHBIX YHCETT TAKYIO, UYTO BCE 1! Pa3IMIHBIX KYCKOB TOC/IEI0BATETHHOCTH
JUIHHBI 1 YTIOPSIIOYEHBI TIO-PA3HOMY.

JIJ1st 9TOTO TTOCTPOUM OPUEHTUPOBAHHBIN rpad S,,, BEPITUHAME KOTOPOI'O SIBJISIOTCS BCEBO3MOXKHBIE TIEPECTa-
HOBKU JJIMHBL 1 — 1, & pEOpa MPOBOAATCS COTJIACHO CJIeyTomeMy mpaBmiy. s Kaxkmoil mepecTaHoBKu S € .Sy,
ompeiesinM €€ Ha4aA0 KaK IePEeCTAaHOBKY JJINHBI 1 — 1, YIIOPSAIOYEHHYIO TAK YKe, KAK JJIEMEHTHI § 0e3 mocJie i~
Hero. AHAJIOTUYHO OUPEEINM KOHeY IIePeCTAHOBKU S (HAIpUMEp, y IIepecTaHoBKH 31542 HavYaioM sBIIsETCs
2143, a konrom — 1432). Hakowren, 1yist Kaxoit s € S,, mpoBesiéM pebpo 13 eé HaYaIa B KOHEI.

DJjieMeHTHI S, yJI00HO 3alMChIBATH B BUJIE CUCTEMbl HEDABEHCTB Ha IIEPEMEHHBIX I1,...,~T,, KAK [I0KA3aHO Ha
PUCYHKE.

I'pad S3

[Tokazkem, aTo B S, ecThb 3iliepoB nukJ. B camom jeste, U3 KaxKI0H BEPIIUHBI BBIXOIUT 1 pEOEp U B KAXKIYIO
BEPIIIMHY BXOJUT 1 PEGEpP, 3TO — KOJUIECTBO CHOCODOB PACIIOIOKUTH HOBOE UHCJIO HA UUCJIOBOW TPSIMOIt
OTHOCHUTEJILHO 1 — 1 pas3imyHbix qnces. [IpoBepuM CHIIBHYIO CBSIBHOCTD: IyCTh S1 U Sg — JiBE IIEPECTAHOBKU
JjymHbl n— 1. PaccMorpuM Kakyro-HUOY b TIOCIEI0BATEIBHOCTD JIJIMHBL 211 — 2, COCTOSIILY IO U3 PA3JIMIHBIX THCEJT
U TaKylo, ITO IepBble N — 1 WJIEHOB YyIOPSJIOUEHBI CIOCOOOM S1, & MOCJEIHIE 1 — 1 YJIEHOB — CIIOCOOOM So.
Torma pébpa myTH, COEAMHSIIONIETO S1 C So B Tpade S, — 3TO MepecTAHOBKU, COOTBETCTBYIOIINE BCEM KYCKaM
MOCJIEIOBATEJILHOCTH JIJTUHBIL 7.

Bribepem Kakoit-HUOYIH MIEPOB UK B S;,, MyCTh €ro pédpa B MOPSIKE CJIEIOBAHUS COOTBETCTBYIOT IIepe-
CTAHOBKAM S1, S2, ..., Spl. BO3bMEM n! MEPEMEHHBIX Y1, .. .Y, U OyJIEM CIUTATH, UTO Ypitk = Yk Kaskaas
[IEPECTAHOBKA §; 33J1a6T CUCTEMY HEPABEHCTB HA IIEPEMEHHBIX I1, ..., Tn. SAIUIIEM TaKyIO YKe CHCTeMYy Hepa-
BEHCTB, 3aMEHUB KayKJIyI0 IIEPEMEHHYIO Xf HA Y;1k—1. HaIpUMep, eciiu S3 3a/aBajia CUCTEMY To > T > I3,
TO MBI 3aIUINeM Yy > Y3 > Y5. Halra mejgbp — 3aMeHUTh [EepeMEeHHbBIE Y; YUCJIAMU TaK, 9TOOBI BBIOJHIOCH
KaKJ[0€ U3 3alUCAHHBIX HEPABEHCTR.

. . -1 ..
s kaxk ot s; poBeaéM % OPUEHTUPOBAHHBIX DEOEP MEXKIY Yi, . . . , Yitn—1, CTPEIKA Y;; — i, COOTBET-

CTBYeT HEPABEHCTBY Vi, > Y;,. MBI IIOJy4UIN HOBBI OPHEHTUPOBAHHbIA rpad H Ha BEpUIMHAX Y, .. ., Yn!.
Jlemma. B epagpe H Hem opueHmuposaHHvx UukA0S.

Joxrasamesvcmeo. Pebpo y; — y; rpada H HazoBéM udywum énpaso, ecmu j —i € {1,2,...,n—1}, u udywum
6460, €CJIU TOMY K€ MHOYXKECTBY TPUHAIEKUT 7 — j. Ilpu n > 2 kaxjoe pebpo H TPUHAIJIEKUT POBHO
OJTHOMY W3 3THX MHOXKECTB, 1 ecu B H ecTs pebpo y; — y;, To pebpa y; — y; B H mer.

IIpeamonoxum mporuBnoe. Paccmorpum B H OpHEHTHPOBAHHBIN IUKJI C HAUMEHBIIAM KOJUIECTBOM DEDGEP.
ITycrs y Hero ecrb JBa IOCJIE/IOBATEIBHBIX PeOpa, HIYIIUX B PA3HBIC CTOPOHBI — CKazKeM, ¥; — Yj, UAyliee
BJIEBO, U Y; — Yk, UJyIIee BIpaso. Bee atn pédpa mpoBe/iensl 71 IePeCTaHOBKH S} 10 TOH 2Ke IpUYHHe pedpo
Y; — Yk TAKXKe CYIIECTBYET, U HAIl [UKJI MOXKHO COKPATUTh. DTO IIPOTUBOPEYUT BBHIOOPY IUKJIA.

Urak, eciiu B H ecTh OpHEHTUPOBAHHBIN IIUKJI, TO €CTh ¥ OpUeHTHPOBaHHbI UKJ C', Bce pébpa KOTOPOro BeIyT
B OJIHOM HallpaBjieHuu — cKaxkeM, BjieBo. C JIpyroil CTOPOHBI, JIjIsi HEKOTOPOI'O WHJIEKCA { I1epeCTAHOBKA St

3a/1a6T HepaBeHCTBa X1 < To < --- < Zp; Torja B H ectb pEOpa Yiin—1 — Ytyn—2 — - — Y. Ho B
1ukje C' JOJKHBI BCTPETUTHCS JIBE BEPIIUHBL U3 Y, . . . , Yitn—1; PEOPO MEXK/Ly HUMHU OY/IeT WJTH BIPABO. JTO
IIPOTHBOPEYNE 3aBEPIIAET JTOKA3ATETHCTBO JIEMMBI. g

ITockosbKy 1uKIIBL B H OTCyTCTBYIOT, MBI MOYKEM BBECTH HA II€PEMEHHBIX ¥; JACTUYIHBIN HOPANOK: Ui > Vi,
€CJIN U3 Y;, B Vi, BeJET uyTh B H.

BozbMméM ofuH M3 MUHUMAJIBHBIX 3JIEMEHTOB, TpucBonM emy 3HadeHnue 1. BozbMéM Kakoit-HUOYIbL MUHUMAIIB-
HBII U3 OCTABIMUXCS, IPUCBONM 3HAYEHUE 2, U TaK Jiajee JJisd BCeX IePEMEHHbIX ¥;. Bce HyKHble HEDABEHCTBA
OyIyT aBTOMATHUYIECKH BBIIIOJHEHBI.



C.2

C.3

Pemenue moxxuo naiitu B crarbe J. R. Johnson, Universal cycles for permutations, Discrete Math., 309(2009),
pp- 5264-5270.

Pemenne Bo muorom anasiornuano pemnieanio C.1.

ByneMm roBopurb, 94To jBe HOCIeI0BATEIbHOCTH (A1, G2, . . ., Gy ) u (b1, ba, ..., b,) pasbumo: oduakoso, eciau s
JIOObIX ¢ # j mmbo a; = a; u by = by, mbo a; # a; u b; # bj. ObosHaumm dyepes F,, MHOXKECTBO Pa3HBIX
pa3buenuii moc/e10BaTeILHOCTEN JTUHBL N.

MozxHO poBepuTh, 9TO B P5 POBHO 52 3j1eMeHTa, TI03TOMY (DOKYC yAacTCs, ecian (POKYCHUK CyMeeT PACIIOJIO-
2KHUTD 10 OKPY?KHOCTH H2 9HCJIa TaK, 9T0 BCE H2 MOCIEI0BATELHBIX IATEPOK YUCEI OYAYT PA3OUTHI II0-PA3HOMY.

Bor npumep Takoit nmocsieoBaTeIbHOCTH:
BBBBBKUYYKKBBKKKYKYKITYYIIBIIIIBIITYIIBBKYIITIKYITYBYIIKYITIKBK

3necy BMecTo uncen croatr 6yksel 11, K, B, Y, obosHauaronme kaprodHble MacTH, U ojgHa Oyksa JI, obo-
3Havalonas JKokepa. MoKHO B34Th OOBIYHYI0 KAPTOYHYIO KOJIOAY, 3aMEHUTH ITUKOBYIO JIaMy Ha JKOKEpa 1
MPOJIEMOHCTPUPOBATH ITOT (DOKYC.

Celiqac MBI TIOKakeM, KaK MOJIYYUTh TAKYIO IOCIE0BATEIBHOCTh ¢ MUHUMYyMOM Iepebopa (IpaBia, y Hac
MOXKET MOJIYIUThCs OOJIbINE MATH PA3JIUYHBIX YUCeN); Mbl paboTaeM ¢ Ps, HO HOTOOHBIN METOM, MO3BOJISIET
HaXOIUTh YHUBEpCAJIbHBIE UKLl Ay P, mpu Bcex n > 4.

Paccmorpum opuenTupoBanHbiii rpad Py, BepimmHaAMU KOTOPOIO SIBJISIFOTCsI 3jieMeHThl Py, a pébpa coorBer-
CTBYIOT 3JjieMeHTaM Ps cireqyronium obpazom. ljist pasbuenust p u3 Py onpesgesinM ero mauaao n Koney, Kak
pasbuenus u3 Py, pazdburbie Tak e, KaK Ie€pBble U TOCaeaHuEe 1 — 1 3J1eMeHT B p, cooTBeTCTBeHHO. B rpade
P5 mys kaxporo p € Ps mposeném pedbpo or madasa 7 K ero kouiry. Ckaxkem, pasduenne 12324 3amact pedpo
1232 — 1213.

[Tokaxkem, uro P, cuibao cBssen. Ilycrs Hy:KHO HAWTH LyTh MEXKIYy pasOueHUsIMH p; U p. PaccMorpum
II0CJIEI0BATENILHOCTD JIJINHBI 21 — 2, 1IepBasi II0JI0BUHA KOTOPOil pa3bura Tak »Ke, Kak pi, & Bropasl — TaK Ke,
KaK po. Torma momamoc/ieoBaTeIbHOCTH JITUHBI N 00pa3yioT pédpa HyKHOTO My TH.

CoOaancupoBaHHOCTD TaKKe JIETKO IIPOBEPSETCS: €CJid JIeMeHT Py comepKuT k pasiudHbIX JIEMEHTOB, TO
KaXKJI0e UCXOJSAIee W BXOJsInee pedpo COOTBETCTBYET A0OABJIEHUIO HOBOTO 3JIEMEHTA, KOTOPBIH OO paBeH
OJTHOMY W3 UMEIONIUXCs, JTUOO OTJIMYEH OT BCEX; TAKUM 0ODPA30M, MCXOIAIIAsl M BXOJSAIMIAsl CTEIIEHN HAIIEro
3/IeMeHTa paBHBI k + 1.

Suauut, B rpade Ps5 moxkHO HaiiTu 3ittepoB muki. Kaxaprit sitiepos nmuki B Ps 3amaér cucreMmy paBeHCTB
U HEPABEHCTB HA MHOXKECTBE [EPEMEHHBIX Y1, ...,Ys52, PACCTABJIEHHLIX 110 IUKJY (CIOCOOOM, AHAJIOIUIHBIM
BBeénaomy B C.1.

Eciu B cucreMe ecTh paBEHCTBO Y; = ¥;, COCIUHUM STH IIePeMeHHbIe OeJIbIM PeOPOM, €CJIU K€ €CTh HEPABEHCTBO
Yi 7 Yj, TO COEIUHUM UX 4EPHBIM PeOpOM. ByaeMm roBopuTh, 4TO MOJTydeHHAs CUCTEMa IIPOTHBOPEYUHBA, €CJIU
eCTb J[Be [IepEeMEeHHbIe, MeXK/y KOTOPBIMU €CTh Y€pHOe pebpo U 1ernoyka 6esbix pébep (3T0 cooTBETCTBYeT TOMY,
YTO MOYKHO BBIBECTH COOTHOIIEHUE Y; # y;). FCam cucTeMa HENPOTUBOPEUNBA, TO HYKHYI PACCTAHOBKY IHCEJ
10 KPYT'Y MOXKHO IOJIyYHUTh, 3aMEHUB HaA OJHO U TO K€ YHUCJIO Te IePEMEHHBIE, MEXK Iy KOTOPLIMH €CTh IIyTh U3
OeJtbIx PEdeEP.

Nraxk, ocTajgoch mMoka3aTh, 9TO SUIEPOB MUK MOYKHO BBHIOPATH TakK, YTOOBI MOJTyYEHHAs CUCTEMA ObLIa HEIPO-
TUBOPEYUBO.

IIpex e Bcero, 3amermm 110 anaJsioruu ¢ C.1, 9T0 ecu crucTeMa TPOTUBOPEINBA, TO CYIIECTBYET IPOTHBOPETIE
BUJA
Yip, = Yip = - = Yiy, #yi17
rJie BCe CTPEJIKH Y;; — Yj+1 BEJYT BIPABO.
Paccemorpum nociieiosaressbrocts W = 113112222213311. Ona coorercrByer myTu ajuabl 11 B rpade Ps.

Jlemma 1. Ecau atinepos yuka codepocum ceti nymbv, Mo MOAYYAEMCA HENPOTMUBOPENUBAIL CUCTLEMA.

Zoxazameavcmeo. Pacemorpum 15 nepeMenunix (He yMaJisst OOIIHOCTH, Y1, - - - , Y15), YIACTBYIOIIUX B CUCTEMAX
pédep aToro myTu. JIerko BuieTh, 9To J000i Iy Th, BEAYIIUI BOPABO U COEINHSIIONNN KAKYI0-TH00 IIEPEMEHHY IO



Cpesa Yi,...,Ys5 ¢ KAKOH-JIMOO U3 MEPEMEHHBIX Y11, . .., Y15, COJAEPKUT XOTs ObI /Ba IEPHBIX pebpa. SHAUWT,
[IPOTUBOPEYMBOrO IIyTH yKA3aHHOTO BUIA HET. O

Jlemma 2. ITymo, onpedesénnoili nocaedosamenvrocmuoio W, npodoasicaemes do 2iaeposa yukaq.

Zloxasameavcmeo. Ynanum u3 Ps pédbpa 3TOro myTH, 3aMEeHUB UX HA OJIHO PeOpPO M3 HAYAJIa IIYTU B €r0 KOHEIT.
Hawm Ha0 nmokasars, 9T0 mOJIyUeHHBIN rpad cOaJlaHCHPOBaH U CUJIBHO CBsi3eH. [lepBoe 09eBMIHO; J1j1sT BTOPOTO
(u3-3a COAIAHCUPOBAHHOCTH) JAOCTATOYHO IOKA3aTh CIa0yI0 CBA3HOCTD.

TTokazkem, 9TO JIOOYIO TOCTIEIOBATENHHOCTD U3 4 CAMBOJIOB MOXKHO ITPOIOIKUATE BIIPABO TAK, ITO MOy ICHHAS
MTOCJIEIOBATETHLHOCTD OYIeT KOHYATHCS Ha 5 PA3NIUIHBIX IMUQP, W IPU 3TOM B HEH HE BCTPETHUTCS TOICTIOBA
JTUHBL 5, pa3bUTOro Tak ke, KaK Kakoe-Jrbo u3 mocaoB ciaosa W.

Pacemorpum nocnenosarenbHOCTD (@, b, ¢, d), TJie HEKOTOPbIE CUMBOJIBI OJMHAKOBBIE. [lonpofyeM mpunmucaTh
cupaBa abCOJIIOTHO HOBBI CHMBOJI €, 9TO IOJIYUUTCS, €CJIM HUKAKoe MoJcaoB0 W He pa3buTo Tak Ke, Kak
(a,b,c,d,e). TTonpoGyeM K TIOJIy9€HHO T10CI€J0BATEIbHOCTH IPUIIUCATD €IIE OIUH a0COIIOTHO HOBBINA CUMBOJI,
u Tak pajee. Ecim ynacresa caenars Tak 4 pasa, TO Mbl HOJIYYIWINA 9TO XOoTesu. VlHade B HeKUil MOMEHT 100aB-
JIEHUE HOBOT'O CHMBOJIA MIPUBEJIO K MOSIBJIEHUIO Pa30MeHUsI, COOTBETCTBYIOIIETO MSITHOYKBEHHOMY ITOJICTIOBY 3

w.

Yro 310 MOXKET OBITH 3a 1oJCa0B0? Ero mocsentsiss 6ykBa JOJIXKHA OTJIMYAThCS OT OCTAJIbHBIX, 3HAYUT, €CTh
TPU BapuaHTA.

(a) HosiBuoch 12113. Torga BMecTo npunuceiBanust 3 npunmineM 2345.

(b) HosiBunocs 33331. Ho Bce pébpa, uiyriue u3 Bepuiuibl, coorsercrByomieil pazbuenuo 0000, yxKe BXomsaT
B IIyTh, cOOTBeTCTBYOmuit W, TaKk 4TO 9Ty BEPIIUHY CJIELYET IPOCTO YAAJIUTH U3 HOBOTO rpada.

(¢) Tossunocs 33312. Torma BmecTo 2 npunuriem 3245.

JlemMma gokasaHa. O

OTH JiBe JIEMMBbI JIaJyT B COBOKYIIHOCTHU BCE, UTO HYZKHO.

Paccmorpum mostHBI rpad Ha 1 BepIIMHAX, 3aHyMepoBaHHBIX ducaamu 1,2 ... n. Torma To, aro Tpebyercs
cliesiaTh — 9TOi HailTu B 3TOM (HeopueHTUpOBaHHOM) Tpade iiepos k. OH, OYEBUIHO, CYNIECTBYET PU
HEYETHBIX N U HE CYIIECTBYET NPHU YETHBIX 7.

Paccmorpum oKpy2KHOCTD, Pa30UTYIO HA 11 PABHBIX YaCTel, U IPOHYMEPYeM TOUKN Pa3dbUeHust OCIeI0BaATEIHbHO
quciaamu ot 1 70 n. Torma Tpoiika uncesn 3a1aét pasdbuenne OKPYKHOCTH Ha TPU JAyru. Byaem roBopursb, 9To
JiBa, TPEXIJIEMEHTHBIX ITOJIMHOYKECTBA, UMENM, 00UH PA3HOCTHBLL MUN, €CJIA yIOPSI09eHHbIE ¢ TOYHOCTHIO [0
[UKJINIECKOTO CJIBUTa TPONKM JTMH TUX YT paBHbL. (UTOOBI ONpeseuTh JIJIUHBI YT, MOXKHO yIIOPSIOYUTh
YHUCIa U HANTH TPU NUKJITIECKUE PAZHOCTH. )

IIpumep: npu n = 8 muoxecrsa {1, 3,7} u {1, 5, 3} umetor onun pasHocrHelil Tun (2, 2,4). MuoxkecrBa {1,2,5}
u {1,4,5} umetor pasubie tunsl (1,3,4) u (3,1,4) coorBeTcTBeHHO.

c3 (n—1)(n—2)
Ecim n ne JeJINTCA Ha 37 TO KOJIMIECTBO PA3HOCTHBIX THUIIOB €CTb Tn = 6

st Hagasa mokakeM, Kak IMOCTPOUTDH TpeOyeMyIo B yCJIOBUM KOHCTPYKIHIO 1ipu n = 8. Beero ects 7 pasnoct-
HBIX THUIIOB:
(1,1,6), (2,2,4), (2,3,3), (1,2,5), (5,2,1), (1,3,4), (4,3,1).

Jlajiee Mbl XOTUM BBIOpATh B KarKJIOM THIIE (X,Y,Z) OJHY U3 YIOPSJIOYEHHBIX IAD & — Y, Y — 2 WIA 2 — X.
CreslaeM B 9THX CeMU THIIAX COOTBETCTBEHHO TaKO# BBIOOD:

1—-1, 2— 2, 3 —3, 1—2, 2—1, 1—3 3—1.

Tlonyuniacs cBs3HBIN U cOATAHCHPOBAHHBLI OPpUEHTHPOBAHHLIN rpad. B HEM ecTh 3iyIepOB MUKJI, TIPU ITOM
CyMMa Yucesl B IIUKJIe CPaBHUMA C O 10 MOJYJIIO 8:

1l-1-2-2-1-3—-3—=)1—...

BamnuiieM 3TOT UK B BHUJE OECKOHEUHOl Mepuojndeckoil mociegosaresbuoctu (ay). Torma nociempoBareinb-
HOCTB by = a1 + - -+ + ak, B3ATasg M0 MOIYJIIO 8, OYAET MEPUOTUIHA C TEPUOIOM 7 - 8 = 56.
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ITokazkem, ITO B 3TO# TIOC/IEIOBATEILHOCTH JTI00AsT TPOIKA OCTATKOB 110 MOIY/IIO 8 BCTpevdaeTcs. B camoM sete,
JIOOYIO TPOIKY OCTATKOB MOYKHO IIPEJICTaBUTh B BUjie (x, x4k, z+k1+ks) mod 8 Tak, 4To B HOC/IE0BATEIIBHO-
CTH a; BCcTpevaercs noapsy napa ki, ke. Ilycrs a; = k1, a;41 = ko. Torna a;4+8n = k1, @j4+148n = ko 11 106010
n. Tak Kak a;+---+ag =5 mod 8, To HANAETCS TaKOe N, YTO IUCIO bgpti—1 = a1+ +a;—1+n(a;+--+as)
CPaBHHUMO C X TIO MOJYJIIO 8.

Torga Tpoiika by 4i—1, bgn+ti, bsn+it1 — ITO UMEHHO TO, YTO HAM HAJIO.

Ilepeitném Kk oOITIEit KOHCTPYKITAM.

Jlemma. Jlas m06020 n > 8, ne dedsawezoca na 3, 8 KaHcOOM U3 PAZHOCTHBLT MUNOE MOAHCHO GHIOPAMD YNOPA-
—1)(n—2 . o 7
dovennyro napy max, 4mobovl % NOAYUEHHIT PEOEP 06DA306BIEANY COUAGHCUPOBAHHBLT CUADHOCBAZHBLT

opepap. (Ecmecmeenno, sepwunamu 2paga 6ydym posro me “ucaa, u3 KOMOPuT 6urodum roms 6v, 00HO
pebpo.)

Zloxasameavcmeo. PaccmoTpum j1Ba cirydas.

Cayuati 1: n wémmno. Ecim B pa3sHOCTHOM THUIIE €CTh JBa OIMHAKOBBIX UHCJIA, MBI BO3BMEM ITHU J[Ba, UHCJIA;
HOJTY9UM TIeTJIn ¢ — § it Beex 4 ot 1 o n/2 — 1. Ecau ke Bce Tpu 9ucsa pa3indHble, BBIOPOCUM HAaOOJIbIIEE.
IMonyvenustit rpad na Bepmmuax 1,...,n/2 —1 Gyger cbasaHCUPOBAHHBIM, TaK KaK BMECTE ¢ KazKJbIM PEOPOM
i — j ecTb pebpO j — @, U CUWIBHO CBI3HBIM, TaK KaK Kaykjioe U3 4ucea 2,...,n/2 — 1 coepuneHo pébpamu
oboux HaIpasjeHui ¢ 1.

Cayuat 2: n newémmuo. MHOXKecTBOM BepriuH OyayT uucaa ot 1 mo (n — 1)/2. Eciu B Tune ecth nmapa paBHBIX
quces, BEIOUpaeM eé; MoJIyJaeTcs NO MeTie Ha KaxkIoi u3 epimH. Eciau Bce Tpu 4ucsa pasHble, TO BBIODa-
cbIBaeM HamOOJIbIIIEe YUCII0, KPOME JIBYX CIydaeB. DTH ciaydan — jse Tpoitku (2, (n —1)/2—-1,(n—1)/2) n
(2,(n—1)/2,(n—1)/2 —1). Jyst Hux MBI BeIOHpaeM cooTBeTcTBeHHO (1 —1)/2 - 21 2 — (n—1)/2.

IMosyuennslii rpad cHOBa COAJAHCHUPOBAH, a CUJIBHO CBSI3€H OH IIOTOMY, YTO KaxKjoe 4ucyo, kpome (n —1)/2,

coeuueno ¢ 1 manpsamyio, a (n — 1)/2 coequneno ¢ JBOWKOIA. d
O6o3HaYUM MOCTPOEHHBIN rpad 4yepes L,; B HEM ["T_l} BepIuH u ecThb neris 1 — 1. Ham morpebyercs erré
n—1

omun rpad, kKoTopsbrit obosHatnM Ly,. B L, 6yzer n["5~] sepmun, Kaxk1asa Beprmuna Kogupyercs napoii (k, ),
rae k — ocraTok mo Momysio m, ¢ — BepmuHa B L,. s kaxmoro pebpa ¢ — j rpada L, B rpade L,
upoBomuTcs 1 pébep (o oguoMy it Kaxkzoro k) suga (k,i) — (k+1, 7).

W3 cbanmancupoBannoctu L, cienyer cbasancupoBaHHOCTh L,. [lokaxkem, uro oH cuiibHO cBsi3eH. [ljrst cOa-
JIAHCUPOBAHHOTO Ipada CHIbHAST CBSI3HOCTH YKBUBAJEHTHA CBA3HOCTH, TOITOMY JOCTATOYHO MMOKA3aTh, UTO U3
J06oit BepuuHbl MOXKHO Jo6parbes 10 (0,1). B camom jgese, tak kak B L, u3 060l BepIIUHBI MOXKHO J10-
6parbcs j10 1, To B L, u3 o6oil BepuHbl MOXKHO nonacth B Bepruuny Buga (k,1). Ilpu srom g Beex k B
L, ects pebpo (k,1) — (k+ 1,1). Idpurasces no takum pébpam, moxkuo moiiru 1o (0, 1).

Urax, B L, ecTs sitnepos muki. Ero qmma pasaa C3, u nyist moboro k u oboro pebpa i — j rpada L, B 3TOM
[UKJIe BCTPETUTCS 0cjeioBaTe/bHas Tpoiika sepuud (k, ), (k +4,7), (k + i + j,*) (nac me unTepecyer, 4ro
CTOUT HA MeCTe 3BE3/I0UKH). SHAUUT, ECIIM 3AIUCATE MOCJIeI0BATEIBHOCTD TIEPBbIX KOODINHAT BEPIINH IIUKJIA,
B 9TOM IIOCJIEIOBATEILHOCTHA BCTPETUTCS JTI00asi TPOHKa OCTATKOB 110 MOJLYJIIO 7.
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Hagano nepeunciaenus

I'pad LG cBsi3eH Torma u TOJIBKO TOIJIA, KO JJisl JTIOOBIX JIBYX pedep e1, eo rpada G ecTh OpUEHTUPOBAHHBIIA
IIyTh, IEPBBIM PEOPOM KOTOPOIO SIBJISIETCSI €1, & HMOCJIEIHUM — €g.

IIycts G cBs3en u e1, es — aBa ero pebpa. 13 KoHIIa €] MOXKHO IPHUITH B HAYAJIO €2 110 HEKOTOPOI IMOCeno-
BarTesbHOCTH pE6ep T, Torma G ectb nyTh e17es.

IIycts LG cBsizen. I'pad G Oymer cBsizeH, eciu Jiobasi BEPINIUHA SIBJISIETCS HAYAJIOM HEKOTOPOro pebpa u
KOHIIOM HEKOTOpOTO pebpa. JleficTBuTeIbHO, TOTIA /1JIs HAXOXKICHUS IIyTH U3 U] B U2 JOCTATOYHO HANUTH IIyTh
OT pebpa ¢ HAYAJIOM B U1 IO pedpa ¢ KOHIIOM B Vsg.

IIpeamonokum, 9TO 3TO HE BBIIOJIHSIETCS; HE yMAaJisdsi OOIMHOCTY, U3 BEPIIUHBI U HE BBIXOIUT HU OJHOIO Pebpa.
Tak Kak v He U30JIMPOBaHa, B Heé BXOAUT Kakoe-To pebpo e. Kpome storo pebpa, B G ecth apyroe pebpo €.
Ho Torma He cymecTByeT IIyTH, IEPBBIM peOPOM KOTOPOTO ABJIACTCA €, a nocaeaaum — e’ . IIporusopedne.

B rpade LG ucxopsimue n BXOsIINe CTEIEHN KaXKIOW BEPIIUHBI TaKXKe paBHBI 1ByM. B LG e€CcTh BEPITUHB
P, Q, R, S, u3 Bepmua P u Q unér o pebpy B R u S.

I'pad LG nonyuaercss u3z LG tak: péopa PS, PR, QS u QR ynajnsitorcs, Bepmuabl P 1 R CKjIenBatoTCs B
Bepumny (PR), a Bepmunbl Q u S ckieusarorcs B (QS). Ananorudno MoxHO onmcarb LGo: yAausiorcs Te
2Ke geThipe pebpa, Bepriuabl P u S ckieusatorca B (PS), epumnbt QQ u R ckienBatorest B (QR).

R S

P Q
Graph LG Graph LG, Graph LG4

Péopa PR, QS, PS u QP rpada LG 6yuem HasbiBaTh ocobvimu, Bepmusbl (PR), (QS), (PS) u (QP) B rpadax
LG u LG5 Takxke OyIeM Ha3bIBATH OCOOLIMHU.

HazoBém seaukoti wemeéproti HEYIOPsiIOYEeHHOE MHOXKECTBO M3 YeTHIPEX IyTeil B rpade LG Takux, 94T0 UX
MHOXKECTBa PEOEp He MEPECeKArOTCs W B 00beInHEeHNU naioT Bce pébpa rpada LG, KpoMe YeTBIPEX OCOOBIX.
Taxum 06pa30B, B KaxK10# BEJIMKOH 9eTBEPKE €CTh 110 /IBa IIyTH, HAYMHAIOINeCs B R, 1Ba Iy Tr, HAIHHAIOIIMEC
B S, JBa IyTH, 3aKaHUIUBAIOIMEcsd B (), U JBa IIyTH, 3aKaHIUBAOIecs B P.

B rpade LG, (amamorununo B LG2) BeuKas 9eTBEPKa COOTBETCTBYET YETBEPKE IIyTeil, COIEpKAIIUX BCe PED-
pa rpada, HAIUHAIONXCA W KOHIAIONMXCS B OCOOBIX BEPIIUHAX W HE COJEPKAIIX OCOOBIX BEPITUH KPOME
HAYAJIBHBIX U KOHEYHBIX. ByjieM cuurtarh, uro B rpadax LG, LG u LG BenuKas 9eTBEPKA OJJHA U Ta ¥Ke.

Kaxkprit sitsrepos 1uksa B LG ocobbiMu pEOpaMu pa3bUBaeTCsl Ha UeThIpe KyCKa, 00pa3yrolue BeJUKYIO0 YeT-
BEpKy. Anajioruano, siteposa muka B LG win LG9 depe3 KaxKIyio u3 0COOBIX BEPIINH TPOXOJAT 10 JBa PA3a
7 pa3dbUBAIOTCH HA BEJIUKYIO Y€TBEPKY.

Bamaua GyjeT pelreHa, ecii Mbl JIOKayKeM, 9TO KasKJIoH BeJaukoil yersépke B LG cooTBeTCTBYET 4 3iljepoBa
nukia, a B LG1 u LG2 cyMMapHO 2 3MJIEPOBBIX ITUKJIA.

Besnkast werBépka myreit B LG MOXKeT OBITH TPEX THUIIOB.

(a) ITo opmmomy myTu, Begymemy us3 R 8 P,us R Q, u3 SB Puus S B Q.
(b) Mo mBa myTu, Begymux u3 R 8 P uusz S B Q.
(¢) Ilo gBa nmyru, Beaymux u3 R 8 Q uusz S B P.

Paszbepém Bce caygan.

(a) Byzaem obosHauarh myTH Beaukoi deTBépku R...P, R...Q, S...Pu S...Q. Ects 6 coco6os 1uxm-
YeCKU UX yHOPSA0unTh. KaxKIplil criocob MOXKHO 3aIucarh B BUIE

X1 . V1 Xs.. . YoXs.. . YVaXy... Yy,



rme X; — 9TO Havajga myTel, a Y; — WX KOHIBI. [Ipm KaxkKgoMm criocobe BO3HUKAIOT YEThIpE Maphbl BEp-
muH Y; X;11. Ecim mMHOXKecTBaA 9THX map cosnagaor ¢ {PS, PR, QS,QR}, To 5TOMy CIOCOBY COOTBET-
crByer sinepos muki B LG. Ecan nonyuaercs {PR, PR,QS,QS}, To aro siiepos ki B LG1, ecin
{PS,PS,QR,QR} — T0 siisiepoB nuks B LG5. Beinuiem 31 ciocoosl.

(i) R...PR...QS...PS...Q — muoxecrso {PR,QS,QR, PS}, nuka B LG}
R...PR...QS...QS...P — muoxectso {PR,QS,QS, PR}, uuka B LG1;
R...PS...PR...QS...QQ —mukn B LG
R...PS...PS...QR...QQ — mukna B LG9;

R...PS...QR...QS ... P —uukn B LG,

R...PS...QS...PR...QQ —mukn B LG.
Urak, umeem 4 mukia 8 LG u 1o nukiay B LG1 u LGs.

(b) Bcé mpoucxoguT Tak Ke, Kak B IPEAbLIYIIEM IIyHKTe, HO y JIBYX Hap IyTel OyJerT oJuHakoBoe 0603Hade-
uue: jaBa (pasubix) nyru R... P u aBa pasubix nytu S ... Q.

(i) R...PR...PS...QS...Q — uukx B LG,
(ii) R...PR...PS...QS...QQ — cHoBa nuka B LG. X0oTsl HAIMCAHO TO K€ CaMOe, CJIEyeT MMeTh B
BUJLY, YTO 9TO JPYTOil MOPSIJIOK, TAK KaK JIBa U3 IyTell BEJINKOU YEeTBEPKH IIE€PECTABJIEHBI.

(iii) R...PS...QR...PS...Q — nukx B LG>;
(iv) R...PS...QS...QR... P — uukiu B LG;
(v) R...PS...QR...PS...Q — nuxn B LGo;
(vi) R...PS...QS...QR...P —uuka B LG.
4 mukna B LG n asa mukna B LGo.

(c) TToaHOCTHIO AHAJIOTMYHO TIPEJIBIAYIIEMY IYHKTY.

n—1
D.3 Otset: 22" 7,
Mpbi mpuBOIUM perienue, npejioxkenHoe A. SUMUHBIM.

n—1
Ionsitao, uro B(2,n) = €(G(2,n)). Byaem nokasbiBarh 110 uHayKmuu, uro €(G(2,n)) = 222n

Hecnoxuo nousars, aro LG(2,n) = G(2,n + 1). B camom nese, Bepmunbl G(2,n + 1) coorsercrBytor péGpam
G(2,n), a pébpa G(2,n + 1) coorBercTBYIOT OMHAPHBIM CJIOBaM JUIMHBL 1 4 1, TO ecThb myTsaM B G(2,n) myiuHbI
2.

Jlemma. ITycmo opzpadh G codeporcum n eepuiun, UCTOOAUUE U STOOAULUE CMENEHU BCET BEPULUH DAGHDL 2.
Tozda €(LG) = 2" 1e(G).

BameTnM, UTO WH/yKIMOHHBI{I IePexo/] MPHOBEHHO cjlelyeT u3 JeMMbl: B G(2,n) umuc/io BepmuH pasHo 271,
LIO3TOMY

ne1 g ognet 22"
02 —162 -n __
e(LG(2,n)) =2 2 = Jnii

Joxazamesvcmeo semmol. Bymem moka3sBaTh JeMMy HHIYKINEH 0 KogmdecTBY BepmuH. Baza: n = 1. Takoit
rpad ABJISETCH BEPIIUHOM ¢ ABYMs IETJISME, B HEM OJIWH di1j1epoB 00X0, B ero pédepHoM rpade, KaK HeCTIOKHO
yOeIUTHCS, TOXKE.

ITepexonq n — n + 1. Ilycre B G ecTh BepImHA C ABYyMs METJISIMUA, TOTJA OHA JAET OTJEJbHYK KOMIIOHEHTY
CBSI3HOCTH 1y 000uX rpadOB HET IEPOBBIX IIUKJIOB.

<
<>
<

IIycts B G ectb Bepmuua B ¢ nernéit. Torma B 9iJIepoBOM IUKJIE TTOC/IE IPOXOa 10 pedbpy AB HyXKHO ujaTu
mo nersie B — B, a mocye mo pebpy B — C. Bamenoit Bepmunsl B #a pebpo AC mosyumm rpad Gi.
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[Ipu stom €G = €G1. I'pader LG u LG orugaioTcss B 0HOM (dparmMenTte, Kak MOKa3aHO HA PUCYHKE HUXKe
(x=A—B,y=B— B,z=B— ().

Kaxkomy sitnepoBy 1mukiy B LG COOTBETCTBYIOT JBa Iukjia B LG: MBaXKIbl BXOIUM U BBIXOIUM B BEPIITHY
zyz u B LG ecTb 1Ba crocoba eé oboittu: x — y Oy — z u x — z. /IBa nuk/a nojgydarcs B 3aBUCUMOCTU OT
TOTO, B KAKOM MOPSIIIKE MbI UX TPUMEHSIEM.

Y
. .

Graph LG Graph LG,

Torma
1 1
G(G) = G(Gl) = Wﬁ(ﬁGl) = 27€(£G)
ITocmoTpuMm Temeps Ha BepIiuHY, B KOTOpOi#l HeT meresb. [loctpoum rpader G; u Go, kak B 3amade D2. B
KayKJIOM U3 HUX 1O N — 1 BepIuHe W OHU YJOBJIETBOPSIOT YCJIOBHUIO jieMMbl. Kaxkipril sitstepo nuka B G
cooTBeTCcTBYeT ofHOMY 1KLY B G1 mwiu B Go. Urak, €(G) = €(G1) + €(Ga),

((LG) = 2(e(LG1) + €(LGo)) = 2 - 27" H(e((Gh) + €(Ga))) = 2"¢(G).

Jlemma, nokazaHa.

E Topsr ne Bpeiina

OO6uiee 3ameuanme. B sroii cexiuu Mbl OyjieM paccMarpuBaTh OyKBbL asndasura X = {1,2,...,k} KaK ocrarku
10 MOJYJIO k, ITOOLI ¢ HUMH MOXKHO OBLIO MPOU3BOJIUTH apudMeTudecKue oreparmn. VMes aea0 ¢ KaeTdaToi
PeIeTKO#, Mbl 00BITHO GyjieM 0603HAUATH j-I0 KJETKY B i-ii cTpoKe 4depes (i, ).

E.1 Jlna yno6ersa mocrpoum Top tuma (k, k%=1, 1,u); 1 OTPa3suM ero OTHOCHTETHLHO TJTABHOM JHarOHaJI.

st nagasta mpeanosoxkum, ato u > 3. Ilyetsb ¢, ¢a, 3, . . ., Clu—1 - TTOCTETOBATENLHOCTD Jie bpeiina panra u— 1
nay andasurom X = {1,2,...,k}; npogo/okuM ee, 9TOOBI MOJYUHTH GecKoHeuHyio kY~ !—mepuogndaeckyro
nocsieioBaTeabHoCTh. [locrasum B Kiaerky (i, ), £ > 0, penerku aucio

4
a; g =1+ E Cs
s=1

(cITOXKEeHMe TPOUCXOIUT TI0 MOJYJIIO k). AHAIOTHYHO TPOIOKUM paccTaHoBKy u st £ < 0.

u—1

Kazk/ioe 4mCI0 BCTPEUAETCs B IIEPHOJE Cp,C,...,Cru—1 POBHO kU2 pa3; Tak Kak u > 3, CyMMa 25:1 Cs
nemurcs Ha k. Torma paccTaHOBKa JeiflCTBUTENBLHO sBjdercs k™ '-mepmommdeckoit mo ropusoHTau u k-
[IEPUONIECKOI 10 BEPTUKAJIM, TO €CTh JaeT TOP UCKOMOro padmepa. (O6paruTe BHUMAHUE, YTO IIEPUOIMIHOCTD
TAKKe BBIIOJIHAETCS JJId U = 2 1 He4eTHOro k.)

Ocraercs OKa3aTh, YTO KaXKAble U UUCEN L, . . . , Ty 1 BCTPEUAIOTCS IOIAPSI, B HEKOTOPOI cTpoke. ITockoibKy
(¢;) - nmocsenoBarenbHOCTb Jie Bpeiina, naiigercsa /¢, Jyisi KOTOPOIo Cpy; = &; — Li—q upu & = 1,...,u — 1.
ITockomnbKy 4mCIa a1 ¢, - .., ), ¢ TOIMAPHO PA3IMYHLI, HAWJETCS T TAKOM 9TO ¢ = Zo. 110 Hammeil KOHCTPYKIUK

1 i
Qrp+i = Qr e + E Cots = To + E (s —w5-1) = 4,
s=1 s=1

TO €CTh MbI HAIILJIN H€O6XO,ILI/IMI)II7I MIPAMOYTOJIbHUYIEK 1xu.

Teneps pacemorpum ciyuait w = 2 u k > 3. Ham myx)#HO0 3amogHuTh cTpokn Topa k X k wmcmamu 1,2, ...k,
TaK 4TO KaxKJasl Naps YHCesl BCTPEUaeTcs MOAPsL B HEKOTOPOii crpoke. B repmunax rpada se Bpeitna G(2, k),
OTIpeJIeJIEHHOTO B pertennn 3aa4un B.5, HaMm HyKHO pa3buTh pebpa sToro rpada Ha k IUKJIOB JJINHE k.
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E.2

E.3

E.4

Ecian k mederno, k = 2t + 1, MOXKHO HCIIOJIB30BATDH IUKJIbI
(a—=(a+1)—sa—(a+2) sa—-—a—(a+t)—a—a)

upu a = 1,2,...,k. (B 3T0oM cityuae TakKe IPOXOIAUT U IPEABIILYIIHHA METOI. )

Ecinu k gerno, k = 2t, MBI MOXKeM HAYATH C IUKJIOB
Co=(a—=(a+1l)—a—(a+2)sa—-—a—(a+t—1)—a)

mpu a = 1,2,...,2t. JlynHa KaxKI0ro U3 9TUX [IUKJIOB paBHA 2t — 2, M OHU MOKPBIBAIOT Bee pebpa KpoMme pedep
Buza © — x u £ — « + t. HecjioxkHo 1ipoBepuTh, 910 MOXKHO 106aBuTh K 1ukiay Ca;—q pebpa (t +i — 1) —
(1—1)—= (t+i—1), a x nukay Coy; aBe e 20 — 2¢ u (26 + 1) — (2i 4 1). Ioyunm uckomoe pasbueHwue.

IIyctb ...,c1,¢0,...,Ck2,... - NEPUIUIECKU MPOJIOJPKEHHAST B 00€ CTOPOHBI ITOCJIEIOBATEILHOCTE e Bpeiina
parra 2 masx amadasuroM Xi. MbI mOMecTM B CTPOKM DENIETKH CABUTU ITOI MOCIEIOBaTeJbHOCTA. B 1—it
CTPOKE 3alIHIIeM [0CJIeI0BATEeIbHOCTD, CABUHYTYIO BipaBo Ha 0+ 1+ - -+ (¢ — 1) xuerok. To ecrb i-s cTpoKa
Oy/IeT TpeJIcTaBIAThL coboit i — 1-10, capuHyTyIo Ha i — 1. Ilo cpaBHenuio ¢ iepBoit crpokoit (k2 + 1)-a ciBunyTa
Ha 1424 ---+ k;2; YTO JIeJIUTCS Ha k;2, TO €CTh PACCTAHOBKA AEHCTBUTEJILHO 33/a€eT TOP k2 x k2.

st mroboro kBasipaTuKa 2 X 2, €ro HIKHUN U BEPXHUN PsAJIbI BCTPEYAIOTCS B TIOCJIeioBaTesbHOCTH 1e Bpeitna.
Ecin BepxHmit psgji BCTpedaeTcs HA PACCTOSHUU S BJIEBO OT HHUKHETO, TO MCKOMBIN KBaIPATUK BCTPETUTCA B
obbeauHennn s-it u s + 1-it cTpoK.

Jlyist perrreHust 3TOM 3a/1a9U MOXKHO MOJIUMPUIMPOBATH MeTOJ 13 npeabiaymeit. OusiTh xKe, 6y1eM CTPOUTH TOD

(K*=1 k% vy ). Iyers R = k**~Y u § = k¥,

BosbMmeM 1ocieoBaTeIbHOCTD jie¢ Bpeitna panra w (¢ mepuogoM aymabt S). Mbl Oy1em 3a0UChIBATh €€ CIABUTH B
CTPOKH, [IPUYEM CIBUHEM {—I0 CTPOKY OTHOCUTEIHHO § — 1-ii Ha d; BupaBo (TO ecTb i—s CTPOKa OyueT CABUHYTA
OTHOCHTEJILHO HYJIeBOH Ha dy + - - - + d;. s Toro, arobsr paccraHoBka Oblia R-mieprogumdHoil o BepTHKAIN,
HAM HYXKHO ycaoBue d; 1 p = d; 1 97006l cymMMa di + - - - + dg gesaniack Ha S. YTOOBI MOIYIUTH BCe BOZMOXKHBIE
[PSIMOYTOJIBHUKHU U X U, IPOCTO HYKHO, YTOOBI BCE IOCJIEIOBATEIHLHOCTH W3 ¥ — 1 CIBUI'OB BCTPEYAJIACH B
nocienosaresnbHoctu (d;). Torma B Kadecrse (d;) MOXKHO B3sITh IIOCJIE0BATEILHOCTD Jie Bpefina paxra v — 1
Haz axpasurom Xg.

Ho cymma uuncen B nepuoge (d;) pasaa
ku(v72) . (1 +24--. +ku)’
1 3TO uucao geantest Ha kY ms k,u, v > 2, 3a UCKJIIOUEHUeM ciIydas, Korja v = 2 u k 9eTHo.

Pemenue jyisi caygas k = 2 yke ObLI0 IpuBeineHo st 3ajga4du A.3a); mosromy OyleM NperosaraTb, YTo
k>4

Iae 1. TlocTpoum mocienoBaTeabHoCTh e Bpeitna C' = (c1,...,Cx2) padra 2 ¢ JONOJHATEIbHBIM yUJIO0BUEM
cp2/2 = C2. Paccvorpum rpad ge Bpeitna G(2,k) n pasobeem ero pebpa ma rpymmst M; = {((,£ +1) : { =
1,2,...,k}. Pacupesiesinm aTu Ipynibl Ha JiBa PABHBIX ceMefcTBa, Tak 4roObl My u My_1 6blin B pasHbIX

cemeiictBax. To ecTh MBI paszenumyin Bce pedpa Mexy AByMs HoArpadamMu, KaXKIAblili U3 KOTOPBIX CHJIBHO
CBSI3HBIN M COATAHCUPOBAHHBIN.

Bozbmem 3itstepoBhI UKJIBI B 3THX HoArpadax u CKiaenM ux B 00mieil Bepmune v. Mbl mosrydnm 3iepoB UK
BO BceM rpade, KOTOPbI JJaeT HyKHYIO I10CJIeI0BATEIBHOCTD.

Ilae 2. Teneps mpojesiaeM MOYTH TaKyIo Ke mnporeaypy kak B E.2. Paccmorpum mocrpoennyio mociemnosa-
resibHOCTh C' 1 0603HaUNM 4Yepe3 A u B ee 1epByI0 U BTOPYIO HMOJOBUHBI. 3aMETHM, 9TO KaXKJas MOCIeI0Ba~
TEJILHOCTH U3 JIBYyX OyKB BCTpEYaeTCst JTUOO0 B IIOCJIE0BATEILHOCTH C IIEPUOJOM A, 1ub0 B 110C/I€/10BATEIHHOCTH
¢ nepuosioM B. (31ech Kak pa3 HPUTOKIAeTCsl JONOTHATEIBHOE CBOHCTBO MOCJIE[0BATEIHHOCTH)

IocTaBUM IIOCJIEI0BATEILHOCTD C IIepuofoM C' B CTPOKH ¢ HoMepaMi ¢ 4 1o k2, TaK 4TO OTHOCHTEILHBIE C/IBUIH
JIBYX COCEJIHUX CTPOK MpmHUMaroT 3Hadenus ot 0 1o k2 — 1, kpome 0, 1, k2/2, u k2 /2 + 1. Cymma Beex umcest
or 0 10 k? — 1 cpasuuma ¢ k2/2 no momymo k2, tax urto k*—s (Kak m HyJeBas) cTPOKa OyjieT CIABHHYyTa
OTHOCHTEJILHO deTBepToit Ha k2/2 — 2.

ITomecTrM BO BTOPYIO CTPOKY Ty K€ CAMYIO IOCJIEIOBATEHHOCTH, CABAHYB €€ Ha OJHY KJIETKY BJIEBO OTHO-
CUTEJILHO YeTBepTOi cTpoKu. HakoHer, MmoMecTHM TOCJIeI0BATEIbHOCTh C MEprogioM A B MEPBYIO CTPOKY U
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E.5

E.6

[IOCJIEIOBATENILHOCTD € TIepuojioM B B Tperbio cTpoky. CaBuHeM ux Tak, 9Tobbl Yactu A B mepBoit u BTOpoit
CTpOKe ObLIM CTPOro OfHA HAJ JPYToif W TO 2Ke camoe Jjisd JacTeil B B TpeTheit m 4eTBepTOil CTpOKax (CM.
PHCYHOK).

ITockoabKy MBI HECKOJIBKO U3MEHMJIA PACCTAHOBKY 110 cpaBHeHuio ¢ K.2, HeobxoauMo nmpoBepuTh, YTO KBaIpa-
TUKA 2 X 2 B CTPOKaX C HYJEBOH II0 YeTBEPTYIO TaKHE Ke, KaK OHM OBLIN OBbI MIPU UCIOJTH30BAHUU OOBITHBIX
HocJIe0BaTeIbHOCTel e Bpeiina ¢ orHocuTeapbHbIME casuramu 0, 1, k2 /2,1 k2 /2+1. JIerko BuiETH, 9TO KBaJI-
paTuku B cTpokax 1-2 m 3-4 Takue e, KaK OHU ObLIN OBbI Jjisi OOBIYHBIX CTPOK Jie BpeiiHa ¢ OTHOCHTEIbHBIMUI
capuramu Ha 0 m k2 /2, Torya Kak KBaapaTKn B cTpokax 0-1 m 2-3 Takue ke, KaK OHE OLLTH GBI B TAPaX CTPOK
co cupuramu Ha 1w k2/2 + 1.

N
=
N
=

O = N Wk Ot

B B B[ A B
B B A B] A
B B ~ B[ A] B
A A B | A | B
A A ] | B | A | B

Ectb meckomabko HO,HO6HBIX KOHCprKL[HfI. Mpr nzox)IM TY, KOTOpasd HUCIIOJb3YET 3a/a1y E.6

IIpemonozkum, uto k > 2. Bosbmem Top ne Bpeitna tuna (k2, k2,2, 2);,, mocrpoennsii B E.2 (11a HeueTHBIX k)
win B E.4 (s verneix k). MoxKHO IpoBepuTh, 9TO B 06€MX KOHCTPYKIMMSIX CyMMa OyKBa B KaxK0ii cTpoke 0
(TO MOYTH TPUBHAJBHO JIJIsi OOBITHOI MOCIIEI0BATENBHOCTH Jie Bpeiina, 1 1mogoBrHOK u3 3ajgaun E.4 HyKHO
BCIIOMHUTH SIBHYIO KOHCTPYKImi0). Torma mMoxkuo npumenuth E.6 K 3TOMy TOpY M OTPa3sUTh OTHOCUTEIHLHO
JIMArOHATH, ITOOBI MOMYYHTh Hy KHBI Top Tuma (k*, k2,2, 3)y.

K coxasennto, 3ToT MeTos He paboraer Juisi k = 2, MOCKOJIBKY B (B CYIHOCTH €JIMHCTBEHHON) KOHCTPYKIIUH
Topa ne Bpefina tuna (4,4,2,2)s cymMbl 10 cTpoKaM HeYeTHBI. HO MOXKHO IPUMEHUTH CJICIYIOMUI TIOIXOI.
JpBa crosbia Topa (4,4,2,2)y comep:kaT BCe BOCEMb DPA3JIMYHBIX IPIAMOYTOJLHUKOB 3 X 1, TO ecThb HyKHO
CKOMIIOHOBAaTh MX TaK, 4TOOBI IIOJIyUYUTh BCE BO3MOXKHbBIe coueranust. OQHa U3 TAKUX PACCTAHOBOK IIpUBE/EHA
Ha, KapTUHKE CHU3Y.

(=] Ren) Nl i
olo|lo|l—
=== O
—| == O
oo o=
(o] Renl i sl Ran)
el Rl
[ N
oo o=
ol —lolo
—| == O
e =l
[es] Renl Neal i
I k=] k=] Kenl
=l
o el E=l

715t TocJie Iy fo1nero MpuMeHeHUsT MBI JIOKaXKeM boJsiee obIriee yTBepKieHnet, B KoropoM R u S He 00s13aTeIbHO
crereHu k, HO IPOCTO HATYPaJbHBIE UYUC/IA, Jjisg KOTOphix RS = k"Y. PaccyxjeHue Oyner mOXoxe Ha TO,
KOTOPO€e IpuUMeHsIoCh it E.1.

Illaez 1. Tertepb HAM HY>KHO ITOCTPOUTH ITOCJIEIOBATEILHOCTD JIJIMHHEE, YeM OOBIYHAS IOC/IEI0BATE/IbHOCTD JIe
Bpeitra. A umeHHO, HAM OHAJOOUTCS IUKJIMYECKAs II0C/IeI0BaTe/IbHOCTh OyKB ajidaBura X C MIEPUOIOM
D1,D2, - -+, PSkv, TAKasd 9TO JJIsl JIEIOOOTO CJIOBA X1 ... T, U uucia £ = 1,2,..., S naiinerca rakoe i = £ (mod 5),
TaKOE 9TO Pjt] = L1, Pit2 = Ti+2, - -, Dity = LTy. L0 €CThb JI0060€ CIIOBO JINHBI v B ajidasute Xj BCTPETUTCS
poBHO S pa3 B MEpUOJIE.

Yrobbl s0Ka3aTh 310, paccmorpuM apyroi rpad G’. Ero sepmunbl 6yayT umers Buj (w;é), Ijue w - CJIOBO
Jumnbl v — 1 B andasure Xp, a1 € {1,2,...,5} (MbI OyJieM paccMaTpUBaTh UHIEKCHI § KAK OCTATKH 110 MOJLYJIIO
S). Eciu o6bransiii rpad e Bpeiina G(v, k) conepkut pebpo u3 wy B wa, npoBejieM pebpo u3 (wi;i) B (we;i+1)
st moboro 1,2, ..., S. Ouesuano, uro G’ cHalaHCUPOBAH U CUJILHO CBSI3EH, TO €CTh B HEM HaiiJercs aiiIepos
1K1, [TocMOTPEB Ha 3TOT IUKJI KaK Ha CJIOBO, MBI ITOJIY UM HAIITY TIOCJIEI0BATEIbHOCTE. HyKHOE CJI0BO X1 . . . Ty
B [O3UIUK, CPABHUMOI € ¢ 110 MOIYJII0 S, B TOYHOCTH COOTBETCTBYET PeOpY (X1 ...xTy—1;1) — (Ta...xy;i+1).

Ilge 2. Teneps nmocrponM myxxublit Top Tuma (R, SkY, u,v),. Obosnadum 1epes a, ; OykBy B mosumuu (i,j) B
nanHoM tope. Pacemorpum kierky (I, J) iB HoBom tope u mycth j = J mod S. Torma Mbl mocraBuM B 3Ty
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KJIETKY YHUCJIO
I

Ay =ps+ Y amj.
m=1
N3z-3a yC.HOBI/HU/I, HaJIOZKEHHBIX Ha HepBOHaanLbIﬁ TOP, HOBasd pacCTaHOBKa R—HepI/IOAI/I‘{Ha 110 BE€pTUKaJIN. Oqe-
BUJIHO, YTO OH& TakKe SkV-IEePUOIMIHO 10 TOPU3OHTAJIH.

Kaxkmasi crpoka HOBOrO TOpa YIOBJIETBOPSIET TEM K€ YCJIOBHSIM, YTO M IIOCIEIOBATEHHOCTH, HOCTPOCHHAS
B Illare 1. [eiicTBuTenbHO, HOACa0Ba u3 of (p;) B MOSHIUSX, CPABHHMBIX C ¢ IO MOAYIIO S - 9TO IPOCTO
BCEBO3MOZKHBIE CJIOBA, U IIPU IIEpeXojie K JAPYroil CTPOKE B TeX K€ MecTaxX Oy/IyT BCTPedaThbCs 3TU CJIOBA, K
KOTOPBIM IOKOMIIOHEHTHO ITpUOaBJIEHO (DUKCUPOBAHHOE CJIOBO.

Jlerxo BUAETD, ITO IOCTPOEHHBI TOP COAEPKUT JI060it mpsiMoyroabHuK (u+1) xv. IlycTs (z; ;) - pacmomoxenne
JHCes B TAKOM IpsiMoyrosbHuKe. IIyceTs y; j = xi41,; — @5 ;. PaccranoBka (y; ;) BCTpedaercst Tae-TO B CTapOM
Tope, ckaxkeMm, B nosunun ¢ (a + 1,8+ 1) mo (a + u, B + v). Torma HOBBI TOP COMEPKUT HEOOXOIUMYIO
paccraHoBKy B ofHOl 3 kY mosummit (a + 1,8+ 1+ pS)—(a+u+ 1,8+ v+ pS) upu p = 0,1,... kY — 1,
anayiornyno E.1.

3aMeuanue. I/ICXO,ZLS{ U3 CBOICTB CTPOK HECJIOZKHO 3aMETUTh, YTO CYMMBI B CTPOKaX IIOJIYyI€HHOT'O TOPa JAEJIATCA
Ha k. HOSTOl\Iy MOZ2KHO IIPUMEHTUTDL 9TO ﬂeﬁCTBHe HECKOJIBKO pas, Ka)K,ILbeI pa3 oTpazKad HO.Hy‘IHBHIHfICH TOP
OTHOCUTEJIbHO TJIABHON JUaroHaJIn.

Boutee TOro, MO¥KHO HOKa3aTh, 4TO JIOCTATOYHO OTPasKaTh depes pas, ecim Sk¥~2 nemures na k. leiicTBuTessHo,
MyCTb P1,...,PSkv — IIEPUOJ, B HEKOTOPOIl CTPOKE B TOPE, MOJIyUIUBIIEMCs mocye nepsoit ureparuu. Crombery
[I0CJIe BTOPOii UTepanuu OyJIeT UMETh BH]]

a, a+p, a+(pi+p2), ..., a+@Pi+-+Dske—1)

CyMma 3TuX 49ncesi CpaBHUMA, 110 MOJIYJIO k ¢

—p1 —2p2 — -+ — (SK = Dpsko—1 = —(p1 + Drs1 + - + Pswo—kt1) — 2(p2 + Pryz + -+ + Psko—ha2) — - -

B kaxkioit ckoOke sobasi 6yksa Berpeudaerca SkVT2 pas; 9T0 umcao jgeanTca Ha Kk, TO €CTh obIIasd cymMMa
TaK¥Ke JeJINTCI Ha k.

E.7 Hauas ¢ koucrpykiun n3 E.5, npuvmennm E.6 Tpukibl, 9T00BI MOy IUThH

K 622,3) 5 (538 2 (B4E5,4,3) S (8K 4,4)
nHOr 1A oTpazkas. ITobwl JoKa3aTh, uTo E.6 mpuMeHnMO B JaHHOM CIydae, HaM HYYKHO IIOKa3aTh, 9TO COOTBET-
CTBYIOIIHE CYMMBI B CTPOKE/CTOJIONE JIeNATCs Ha k Ha KaXKJOM W3 Tpex maros. s mrara (3) 3To ciemyer u3
sameuanns nocyie E.6. Ecim k > 2, To To e Bumosaeno s maros (1) u (2), mbr momywamm top (k*, k2,2, 3)
10 TOMY 7K€ aJIFOPUTMY. B MCKJIIOUUTENLHOM ciiydae k = 2, MOKHO TPOBEPUTH HEOOXOJIUMOE YCIOBHE BPYIHYIO
(kaprurka B KoHIE E.5).

B sTOM MecTe CTOUT cKazaTb, 9To He Bee Topbl Tuma (k%) k2,2, 3), yI0BIETBOPSIOT HEOOXOIUMOMY YCIOBHIO.
E.8 Jlis Hauajia JIOKaXKeM yTBEPXKJIeHUE JJIsi 9eTHBIX 1 = 2t uuaykimeii 1o t. Ciayvan t = 1,2 yxxe pa3bupauch
BBIIIIE.

2 2
Ipemmomnozkum, aro Top Tuma (k2 k2 2t, 2t) yxe 6u11 TTocTpoeH, n E.6 GLITO IPIMEHeHo HeCKOTLKO pas,
9TOOBI yBEJIMYATH BEPTUKAJIBHYIO CTOPOHY Topa. Toria gpocraTodno npuMeHnTsh E.6 erne HeCKOIbKO pas3

(K2, k% 2t,2t) — (K2, k210D 2 4 1,2t),
- (k2t2+2t+17 K2 op 41 9t + 1),
. (kQ(t+1)2’ K20 9 4 9 of 4 2),.-

Kaxprit pa3 yreepxkaeaune E.6 mpuMmennmo 61arogapst 3aMedIannio MOCIe J0Ka3aTeabCTBa.

2

[Ipenmonoxum, 9To n HedeTHo, HO k - TOYHBIN KBaapaT, TO ecTb n = 2t+ 1 u k = a*, a Hederno. Torma moxxem
2

IIPOBECTHU TOXOXKYI0 MHAYKIWIO. [l 6azoBoro ciaydas t = 0, J0CTATOYHO PACHOJIOKUTE 1,2, ...,a° B KJIeTKax
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E.9

E.10

KBaJIpaTa a X @, TaK 9TOOBI CyMMa B KayK/IOM CTOJIONe Je/miach Obl Ha Ha a? (HaM Hy’KHO 9TO YCJIOBHe, ITOObI
npumernTs E.6). st 9T0ro Hy>KHO pasbuTh 9TH YUC/Ia HA @ IPYNN ¢ PABHBIMU CyMMaM, UTO KaK U3BECTHO
BO3MOKHO.

2 2
Jtst mrara MHAYKIMHA TPEJIITOI0KIM, ITO TOP TUIIA (a(2t+1) ,aPHDT 2t 41 2t 1)1 yxe nocrpoen, u E.6 66110
[PUMEHEHO B IPOILIBI pa3, YT00bI YBEJMIUTh BEPTUKAIBHYI CTOPOHY TOpa (ecsin BOoOIIEe ObIIIO IIPUMEHEHO).
Torma mocrarouno mpumenuTs E.6 ciemyronmumM obpa3om

(a(2t+1)27a(2t+1)2,2t 12t 1)k a(2t+1)2 aPHDEAS) o 49 op 4 1)k
a2t H8HD G 2HD(23) op 1 9 op 4 2)k
o (2t+3)? LaHDEH3) op 4o op 4 3)k

0 (2t+3)° (2t+3)2’ 2 + 3,2t + 3)k

[

(
(
(
(

OHI)TB—TaKI/I, NMIPpUMEHUMOCTD CJIEAYEeT U3 3aMeYaHnd.

Ciry4ail 9eTHOrO 11 MOJTHOCTHIO AHAJOTHYEH STOMY CJIYyYal0 B IPEIbLIAyINeil 3a1ade.

IIpemmonoxum, uro n = 2t + 1 u k = a2, a yerno. Eciu n = 1, To yTBep:KaeHue o4eBUAHO. [t n > 3, MBI
TaKKe WCIOJIb3yeM WHIYKIIUIO 10 t, HO HAM HaJO CIepBa IpoBepuTh ciaydait ¢ = 1. Mer mpoBepum ero mpu
nomormu E.10. Tlo sToif 3amaue maitnercs Top ge Bpeitna tama (a°, a®,2,2). Kpome Toro, amamms KOHCTPYKITHI
B E.10 moka3piBaeT, YTO CyMMa 9HCeJl B KaXKJIO# CTpoKe JenuTca Ha k. To ecThb Mbl MOXkeM mpuMeHuTh E.6
JIBAXKJIbI, YTOOBI TIOJIy IUTh

(a®,a%,2,2), — (a97a3,2,3)k — (ag,a9,3,3)k,

KaK 1 TpeboBajIoCh.

IITar UHAYKIHUN JOKa3bIBa€TCAd B TOYHOCTU KaK B Hpeﬂ]ﬂﬂyﬂleﬁ 3a/1a4e.

Kak 06bI4HO, BBesieM obo3HadeHns k = 2st, R = 4st?, S = 453t2.

Illaz 1. Haiinem s IMUKINYECKHUX IOCIenoBaTeabrocTeil Ly, Lo, ..., Ly, Kaxknas namabsl R = k2 /8, TAaKUX 9TO
Jir00boe JIByXOYKBEHHOE CJIOBO B ajipaBuTe Xj BCTPEYaeTCs KaK II0JCJIOBO POBHO B OJHOM M3 3THX ITOC/IE/I0Ba~
TEeJLHOCTEH. DTO MOXKET OBITh CJIEJIAHO B TOYHOCTH Kak B mrare 1 m3 E.4, TOJIBKO Telnpb HYy»KHO pa3buTh BCe
pebpa nHa s rpynn Gi,...,Gs, kKaxaas u3 R pebep, Tak 9TO TH IPYMIBI JAIOT COAJIAHCUPOBAHHBIE CHJIBHO
CBsI3HBIE TTOArpadbl. DUTEPOBBI MUKJBI B 3TUX HoArpadax TOTJa JAI0T UCKOMBIE MTOCIEI0BATEIHHOCTH.

Mpur caoBa pasousaeM pebpa G(2,k) va k rpynn M; = {(¢,£+14) : £ =1,2,...,k}. B Hauane Mbl pacupejeiiseM
B (; pebpa rpymn M;_1 u Mjy_;; u3 31010 y2Ke ciemyer, 9To Bee HoArpadbl OyIAyT CHIBHO CBSI3HBL. 3aTE€M MBI
pacmpejiesisieM OCTAJIbHBIE TPYIIBI MTOPOBHY MeXKay (G; -MH. DTO 3aBepIiaer MOCTPOEHUE.

gz 2. Terepb MBI TIOCTPOUM HYKHBIH TOp. Kaxkbiit cTtosber 6yAeT CoaepKaTh JIUIIb OJIHY U3 MOCTEI0BA-
TegbHOCTEH L1, ..., Ls, CABUHYTYIO HEKOTOPBIM 0OpazomM. Mbl (pUKCHpyeM HAYaJIbHBIN JIEMEHT KaKIOi W3
ocjieoBaTeIbHOCTEN L;; moc/ie 9ero MOXKHO TOBOPUTH O CABUTAX JIFOOBIX W3 HUX JPYT OTHOCUTEIHHO JIPyTa.

IIycts C = (e1,...,C42) - TOCTEAOBATENBHOCTD Ne Bpefina panra 2 Hax andasurom X;. Teneps 3amoiaHum
CTOJIOIEI crerytomuM 0bpazoM. IlycTs I - HoMep cToJbIa, 1 § - ero 0CTATOK M0 MOJYJIO $2, Tak uTo I = i+52-5.
Torpa sror crosber 6yner comepxkarh L., , 1 OyIeT CABHHYT Ha j OTHOCHTEJILHO IPEIBIAYIIErO CTOJIONA.

Paccemorpum crosibibt ¢ HysteBoro mo S-it. Mbl yTBep:Kmaem, 910 Jr060i KBaJIpaTuK 2 X 2 BCTPEYaeTCs B 9TUX
cronbuax. JleicTBUTENbHO, It JTIOOBIX ABYX WHJIEKCOB 7,1 IOCJIEI0BATeLHOCTL L; Oymer cienoBarhb 3a L
poBHO R pas, m BCe 9TU OTHOCUTEJbHBIE CABUTH OYIyT PA3IUYIHBI; 9TO JOKA3BIBAECT HAIIE yTBEPXKICHUE.

Ocraercs HaiiTn nepuoy1 Hameit paccranoskn. ITockonbky S = Rs?, S—ii crosber 6y/1eT CIBUHYT OTHOCHTETHHO
mystesoro Ha (0+1+---+ (R —1))-s%. Ecam s geTHO, TO 3TO 9MCIIO JeuTes Ha R, TO ecTh Mbl HOJYHIIH TOP
¢ mepuogamu R u S.

ITpemosoxkum ,9ro s HedeTHO . Torna, K coXKajeHuto, o0l ¢Bur Jeaurces Toabko Ha R/2. Ho B aToM ciryuae
MBI MOXKEM TPUMEHUTH Ty ke Mojudukarnuio, 4o u B E.4. A umenno, B mare 1 Mbl MOXKeM pas3OUTh OJIHY
u3 rpynn G; (ckaxem, Ga) Ha jBe COAJIAHCUPOBAHHBIE CUJIBHO CB3HBIE [OJIOBUHKH. TOrJ@ COOTBETCTBYIONIAS
[IOCJIE/IOBATEILHOCTD Lo TaK»Ke MOXKeT OBITh IOCTPOEHA TaK, YTOOBI COCTOATL U3 JBYX IIOJIOBUHOK, 3aKAHYUN-
BAIOIIKCS Ha OJHY W Ty 2Ke OyKBy. Torma MOXKHO MPUMEHHUTH TOT ke TpIoK, uTo u B E.4. Jleranu ocraiorcs
YUTATENIIO JIJIsl IPOBEPKHU.

IIpumeuanne: [Ijs perennst 3To# 3a/1a9i MOXKHO IIPUMEHUTD U JAPYTYIO0 KOHCTPYKITHIO.
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F

F.1

F.2

F.3

IIponomkenue nepedncaeHn

SadurcupyeMm HEKOTOpOe Pedpo, BBIXOJMAIIEe U3 U, U OYJIEeM CYUTATH, YTO OHO SIBJISETCSl IIEPBBIM B JIIOOOM
9iJIepOBOM IMKJIe. PaccMOTpuM Npou3BOJIbHBIN 3itiepoB nuki C. J[jisi Kaxk0ii BEPIIUHBL U F# ¥, OTMETUM
rocJie/iHee pebpo TOro IUKIIa, Beixojdiiee u3 u. Obo3HadnM mo/rpad u3 orMeueHHbIX pédep depes 1.

TIpeanosozkum, aro B T' HAIIEJICS HECOPUEHTUPOBAHHBIH ITHKJI W; TaK KaK UCXOJSINAs CTEIeHb KaXK 0 BepITUHbBI
B T paBHa €JIMHUIIE, W TAKXKE SIBJISIETCS OPUEHTHPOBAHHBIM IIMKJIOM. Bo3bMeM B w pebPo e, KOTOPOe BCTpedaeTcst
B C nocieauum. Ilycers u = t(e); 3amMerum, uTo u # v, u60 B rpade T u3 v He BuxomUT Pédep. Ho Torma pebpo
f nEKJIa w, BRIXOJMIIEE U3 U, JTOJXKHO BecTpedaTbea B C 1M032Ke; B MPOTUBHOM cjIydae rnpu mocrpoenuun C mocie
pebpa e yKe He TOJYIATCS BEIATH U3 U, & 3aKOHIUTHCS ITUKJI JIOJIZKEH B U. DTO MPOTUBOPEUNE TIOKA3BIBAET, ITO
T anukjmaeH. 3HAYUT, ecJid TOWTH U3 Jio0oi BepunHbl rpada G 110 OTMEYEHHBIM pebpaM, PaHO UJIH [TO3/THO
MBI IIPUJIEM B BEPIINHY, U3 KOTOPOil pEGep He UIET, a 9TO MOXKeT ObITh TOJBKO v. Takum obpazom, T saBjsercs
OPHUEHTUPOBAHHBIM OCTOBHBIM JIEPEBOM C KOPHEM B V.

Urax, kaxkaoMy 3itsiepoBy nukiy C' MBI COIIOCTABAIN OPHEHTHPOBAHHOE OCTOBHOE J1epeBo 1'; MOCINTaeM, CKOJIb-
KuM TuKjIaM coorBeTcTByeT 1. OHO COOTBETCTBYET TEM MJIEPOBBIM IHUKJIAM, KOTOPbBIE, BBIHIAS U3 v M0 (HPUK-
CHPOBAHHOMY peOpY, IMPOXOIWJIA IO KAaKOMYy-TO pPebpy jepeBa T TOJIBKO TOrja, KOTJa 3TO pebpo 0CTaBaJjIOCh
€JINHCTBEHHON BO3MOXKHOCTBIO IIPOJIOJIKUTH 00X0JT; cefi9ac Mbl HAYIUMCsI BOCCTAHABJINBATH BCE STU ITUKJIBI.

B kaxx0it BepumHe u # v ecTb poBHO (outdeg(u)—1)! c1OCOGOB YCTAHOBUTE MOPSIIOK, B KOTOPOM IIUKJI JIOJKEH
IPOXOJIUTH N0 UCXonsmue u3 u pebpam He u3 T (ocrasrieecst pebpo 06s3aHO ObITH TOCIeAHNM). B Bepiimte v
ectb poBHO (outdeg(v) — 1)! crioco6oB yCTAHOBUTH HOPSIIOK, B KOTOPBIM IUKJI JOJIKEH MPOXOIUTh UCXOZAIINE
pebpa nocse dpurcuposanuoro. [Tokazkem, aro 000My BBIOOPY ITUX MOPSAKOB IEACTBUTEIBHO COOTBETCTBYET
3MJIEPOB UK.

Beriitgem u3 v o dpukcupoBaHHOMY pebpy U MOiieM o pedpaM, IPUIeP>KUBAsICh MOPSIKOB BO BCEX BEPIIUHAX,
[MOK& HE OCTAHOBUMCsI. [IpOM30fTH 3TO MOMXKET TOJBLKO B BEpIIMHE v; 0003HAYNM IOy YeHHbIH 1K dyepe3 C..
[Ipeamonoxum, yro C' He MPOIIIEIT IT0 KAKOMY-TO PeOpy W3 BEPIIUHBI %; TOTJA OH He IPOIIES 1 110 pebpy e rpada
T, BoIxozsmIeMy u3 u. Paccmorpes B T yTh u3 u B v, Mbl Haiiném B T’ Takue pebpa e u eq, 4o t(e1) = s(ea),
a C mporres 1o ey, HO He 10 e1. Ho Torma Bee pébpa u3 s(es) mosKuBI npuHaexkarb C, oqHako pebpo eq,
BXO/Isilliee B HeE, He nmpuHa iexkur C. 910 nporuBopednt cbajgancupoBanaoctu G.

Takum 00pa3oM, JAHHOMY AEPEBY COOTBETCTBYET POBHO H (outdeg(u) — 1)! pasHBIX IUKJIOB, OTKYyla U
ueV(G)

CJIeJIyeT YTBEPXKIIEHNE 3a/a4M.

3ameuanue. B kadecTBe CeCTBUS MBI HEMEJJIEHHO MOJYyYaeM, 9TO B CHJILHO CBSI3HOM COAJIAHCHPOBAHHOM

OPMEHTHPOBAHHOM Tpache TIUCIO OPUEHTHPOBAHHBIX OCTOBHBIX JIEPEBLEB C JIAHHLIM KOPHEM He 3aBHCUT OT BbI-

6opa KOpHSI.

Otser. B(k,n) = kI*" " k.

n—1
U3 ipepityieit 3a1a4m ciieyet, ato aucyio B(k,n) posro B (k—1)!*" pas GosbIme uncia opueHRTHPOBAHHBIX
_ 'kn—l
OCTOBHBIX JIePeBbeB ¢ (DUKCUPOBaHHBIM KopHeM B rpade ge Bpeitna G(k,n), o ecrb B(k,n) B % pa3

Goabiie obmero uncia 7(G(k,n)) OpHEHTHPOBAHHBIX OCTOBHBIX JepeBbeB. JlOKaxkeM MHIYKIMEH 1Mo 7, 9TO
n—1
7(G(k,n)) = k¥ ~1; orciona memeienno BocnocieyeT oTBer.

Baza misa n = 1 ogeBmgna. 3amernm, uro G(k,n + 1) = LG(k,n). Torga, moxcraBus B TOXxKAeCTBO JleBuHa
€IMHAIILI BMECTO BCEX HEPEMEHHBIX, ITOJIYIUM

T(G(k,n + 1) = 7(G(k,n)) - KEDF,
OTKY/Ia U CJIEYET IIepexXo/], MHIYKIIH.

JokazarenbcrBo npupogutcest 1o crarbe H. Bidkhori, S. Kishore. A bijective proof of a theorem of Knuth.
Combinatorics, Probability and Computing, vol. 20, is. 01, 2011, u KapTUHKHI TO3aUMCTBOBAHBI OTTY/IA K€.

Packpoem Bce ckoOKM B 00€MX TaCTsIX MPEIIIOIaraeMoro paBeHCTBa U JOKaYKeM, UTO MOJIyYIAI0TCs OJUHAKOBBIE
HabOPBI MOHOMOB. JIJIst 3TOr0 HaM MOTPedYETCs CIIEIYOIIee IOHSITHE.

Onpenenenune F.3 Jlpesechoim maccusom 6 epage G 6ydem Ha3vi8amv Habop u3 ynopadovwernvir cnuckos £,
0AA KaHcAOT 8EPUUNDL VU, YIOBAECMEBOPAIOWUT CACOYIOULUM YCAOBUAM:
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a) Kaoicdoiii cnucox £, umeem dauny indeg(v). Bee asemenmos 9mozo cnucka — pebpa, ucrodawjue ud v (603-
MOHCHO, € NOBMOPAMU,), 34 UCKAOUEHUEM NOCAEOHEZ0 INEMEHMA POBHO 00HO20 U3 CRUCKOS, COOMBEMCMBYI0-
We20 HeKomopoli GEPUUHE Vy; IMOM INEMEN, ABAACCA CUMBONAOM ().

6) Ilocaednue snemenmol, 6CET OCMAABHOIT CNUCKOS 00PA3YIOM OPUEHIMUPOBANHOE O0CMOBHOE 0ePeso ¢ KopHeM
8 8ePUUHE V.

Ha PUCYHKE HUZKE IIOKa3aH IIpUMeEp JApeBECHOI'0 MacCCHUBa.

l1=[Q]
1,=[(2,5)]
l=[(3,4)]
1,=[(4,1),(4,1)]
l5=[(5,4)]

X25X34X41X54X41

ConocraBuM KaxKJJOMy JPEBECHOMY MaCCHBY MOHOM, B KOTODBIi KaxK/[asl IlePEMEHHAs T BXOJUT B TAKOI CTelle-
HH, CKOJIBKO Pa3 pebpo e COEePKUTCsI B Maccuse. HeTpy/iHO BUJIETh TOT/A, UTO JPEBECHBIE MACCUBBI B TOUHOCTH
COOTBETCTBYIOT MOHOMaM M3 TIPaBoii 4acTu TpefyeMoro paBeHCTBa (IIPU 9TOM MACCHBBI, B KOTOPBIX IIOCJIE/IHIE
peGpa CHHCKOB 00pa3yioT (GUKCHPOBAHHOE JIEPEBO, COOTBETCTBYIOT MOHOMAaM, HOJIyYEHHBIM M3 MOHOMA 3TOIO
nepesa u3 £°%9¢(@)).

Takum 06pazoM, JJIsi JOKA3aTeIbCTBA HAIIIErO0 PABEHCTBA, JOCTATOYHO IIOCTPOUTH OUEKITIIO MEXK LY JIPEBECHBIMU
Maccusamu B G 1 ocToBHBIMHU JiepesbMu B LG, IpU KOTOPOil KaxkjioMy JiepeBy B k€% (L(G) coorsercrByer
TOT K€ MOHOM, KOTODPBIN COMOCTABJIEH COOTBETCTBYIONIEMY €My JipeBecHOMY MaccuBy. Ilycts A — MHOXKECTBO
BCEX JIPEBECHBIX MAcCHBOB B (G, a T — MHOXKECTBO BCEX OCTOBHBIX OPHEHTHPOBAHHBIX JiepeBbeB B LG. Torma
MbI COOUpaEMCsl TTOCTPOUTDH AJTOPUTMHUYECKU B3AUMHO-O0PATHBIE OTOOPAXKEHUS

AT u II: 7 — A,

00JIaTAK0IINE BBINIEYKA3AHHBIM CBOCTBOM.

[Iponymepyem Bce pebpa G TPOU3BOJILHBIM 06PA3OM.

IToctpoenune Y. Paccmorpum maccus A € A. Bynem napammusars noarpad 1’ rpada LG mar 3a marom, co-
oTBeTCTBeHHO yMeHbInast A. Mbl HaunéM ¢ mycroro T'; korja A omycreer, onpejesnM X(A) Kak 0y IUBIIAHACS
noarpad T. O6o3nauum Tekyiee cocrosuume maccusa A u noarpada T mocne k-ro mara vepes A(k) u T(k)
COOTBETCTBEHHO.

Ha (k + 1)-m mare BeiGepeM pebpo e ¢ HaMMEHBIIUM HOMepoM, He Bxojsimiee B A(k) n nmeromiee HyJIeByIO
ucxozgmyio crenenb B T'(k). Ilycrs g — mepsblit amement u3 crucka fy.y (B Maccuse A(k)). Onpememim
A(k + 1), BoikunyB ¢ U3 Hadaja 3TOro cuucka. Ecam g = (), TO 3aKOHYAM AJCOPUTM, B IIPOTUBHOM CJIydae
nobasum pebpo e — g K rpady T'(k), nonyuas T'(k + 1). Ha pucynke nuke nokazaxa pabora 9TOro mporecca
JIISL TOTO 7K€ JPEBECHOTO MACCUBA.

IIycte B G umeercst d pebep. Ilocie k maros naiiayrcs k pebep, MMEONUX HEHYJIEBYIO UCXOMSAIILYIO CTEIEHD
B T'(k), a maccuB A(k) Gyzner comepxkarb ne 6osee d — 1 — k pasnuunbix pebep. 3uaunt, Ha (k + 1)-M mare
MOXKHO Oyzier BrIOpaTh uckomoe pebpo e. [Ipu sTom crmcok £y () oKazkeTcs He MyCThIM, TIOCKOIbKY JITHHA 3TOT0
CIIMCKa yMeHbIajlach POBHO TOTJIA, KOTJa MCHO/Ib30BaIOCh BXojgmee B fy.) pebpo, To ecTh He Oojee, dem
indeg(t(e)) — 1 pas.

ITokazkem, uro B T HET OPUEHTUPOBAHHBIX IUKJOB. JleficTBUTEIILHO, €Cu MBI y2Ke J00aBUIN K IIOJAIDa T
b) bl

pébpa e; — €2, ..., €p_1 — €y), TO TOCIE STOTO JOBABUTH PeOPO €, — €1) M 3aMKHYTh IIUKJI HeJb3s, HO0 yiKe

B MOMEHT J100aBjieHus: pebpa e; — €3 pebpo €1 OTCYTCTBOBAJIO B MaCCUBE.

[Tycrs reneps M — nepeso B G, cocrositiee u3 nocjeanux pebep maccusa A, a r — ero kopenb. [Tycrs e = (u, w)
— mpousBosibHOe peGpo B M (310 pebpo sexxkutr B £y). [Ipeamnonokum, 9To B HEKOTOPBIH MOMEHT IPOIEcca
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L=[Q]
L=[(2:5]
15=[(3,4)]
l,=0(4,1),(4,1)]
Is=[(5,4)]

h=[Q]
L= [,(2’,511
L=[(34]

1,=[(4,1),(4,1)]
ls=[(5:47]

h=[Q]
|z=[%]
h=[(34)]
l=[(4-17,(4:1)]
ls=[(5-47]

h=[Q]
L=[{2/57]

li=[(347]

ls=[(4,1),(4,1)]
Is=[(5,4)]
L=[Q]

I3=[(3:4)]
l4=[(4:17,(4,1)]
Is=[(5:47]

|1=

|2=%]
=[(34)]
la=[(4:T),(4-T7]
ls=[(5-47]

crmcok £, omycren. Torga B T yxke ecTb pEOpa, BeIXOsIIHe 13 Bcex pédep rpada (G ¢ KOHIIOM B v; B 9aCTHOCTH,
UCXOJIAIIas creneHb pebpa e B rpade T He paBHA HYJIO. DTO 3HAYUT, 9TO OHO OBLIO BHIOPAHO PaHBINE, U B
MOMEHT €ro BbIOOpa OHO y2Ke orcyTcTBoBaJio B A. Torma B 3T0T MOMEHT CCOK £, ObLI y2Ke 1ycT. VTak, eciiu
CHUCOK £, B KaKOI-TO MOMEHT OITyCT€JI, TO CIIUCOK {,, OIyCTeJI JIO ITOIO.

U3 sToro ciemyer, 9T0 B MOMEHT, KOTJIa OIIYCTeET CIMCOK {,., BCE OCTAJIbHBIE CIIMCKHU JIOJIZKHBI OBITH y2Ke ITyCThI-
MH. 3HAYWUT, AATOPUTM 3aKOHUUTCsI POBHO 4epe3 d maros, 1 T = X(A) GyjaerT OpueHTHPOBAHHBIM OCTOBHBIM
nepeBoM. HecJio:KHO 3aMeTUTh, 94TO TOJIyYUBIIEECs JepeBo Oy/IeT COOTBETCTBOBATH TOMY K€ MOHOMY.

IMoctpoenmne II. PaccmorpuMm Termeph OpueHTHPOBAHHOE OCTOBHOE jepeBo S € T ¢ xopuem r. Haunmem ¢
mycroro MaccuBa B m OyJeM Imar 3a IaroM yBeJHYMBATHL ero, youpas pebpa u3 S. ObGo3HaYMM TeKyIee
cocrosinne Maccusa B u noxrpada S depes k maros uepe3 B(k) u S(k) coorBercrBeHHO.

Ha k-m mare paccmorpum Bee Bepiusnl B S(k), ucxoiginye crereHn KOTOPBIX PABHBL 1, a Bxozsinue paBHbl 0,
u BbIGEPEM CPe/I HUX BEPIIMHY € C HAMMEHbIIMM HOMEPOM (HAIIOMHUM, 9TO BepuiuHbl S(k) ABisA0TCS pEOpaMu
B G). Ilycte ¢ — f — pebpo rpada S(k), Bbixoasmmee u3 e. Yiaaaum 310 pebpo u3 S u mobasuM f B KOHeIl
crmcka £y(.). Korma B S ne ocramercs pédep (uro mponsoifaér yepes d — 1 maros), gobasum (2 B KOHeIT CIICKA
Ci(ry-

Korya angropurm npepsercs, JyinHa Kaxkaoro cuucka £, B B Gyzner pasna indeg(v). Pacemorpum noarpad M
rpada G, 06pazoBaHHblil HocaeaHUMU pebpaMu Beex cuuckoB. Ilycth B HeM ecTh pebpo f = (u, w), jexariee
B {,. Ilokaxkem, 9T0 TOrMa CIMCOK {,, 3AIIOJTHUJICS TO32Ke, YeM CIUCOK . JleficTBuTeIbHO, TTOC/IE 3AIT0THEHNS
criucka £y, BepmuHa f rpada S no/KHA OBITH H30JIMPOBAHHOI; 3HAYNT, BCe PEOPA, BXOJSIINE B HEE B HCXOTHOM
rpade S, ObLIM yKe 00paboTaHbl paHbIIEe, a TOTJa U B cuucke f, BepinuHa [ IOSBUJIACH B IIOCJIEIHUN Pa3
paHbIIe.

Orciona ciefryer, uto B ogrpade M ne OyJeT OpHEHTUPOBAHHBIX IIUKJIOB. TaK KaK B HEM U3 KarK 10 BEpITHHbI,
KpoMe £(r), HCXOUT POBHO OHO pebpo, M sIBJISI€TCSI OPUEHTHPOBAHHBIM OCTOBHBIM JIepeBOM. TakuM o6pas3oM,
B sBjigeTcs JpeBeCHBIM MACCUBOM, U MbI nojaraem B = TI(.S).

Ocrajioch MoKa3aTh, YTO aJIrOPUTMbI, cTposimue X u I1, maior B3anMuo obparubie oTobpaxKenus. [lycTsb, Ha-
upumep, ' = 3(A), u uepBble k maros ajsropurma, crposiero 3(A), ynamsior u3 A pebpa fi,...,fr u
BeraBisaloT B 1T pebpa e; — f1), ..., ex — fr B TakoM nopsiake. [lokaykem mHIyKnumeit 1o k, 94To mepeble k
nraros ajaropurma, crposimero B = II(T), serasigaior B maccus B pebpa f1, ..., fi 1 BoikuabiBaior u3 T pebpa
e1 = f1), .., €k —> fr) B TAKOM Ke MOPSAIKE.

Basa nupu k = 0 oueBuna. st nepexoma pacemorpum (k+1)-it mar padoret IT. TTo npeonokeHn o nHIy KIun,
pebpo ex+1 — frt1 ectb B moarpade T'(k). Hanee, B T(k) He MoxKer ObITh pebpa BUJA € — €41, HOCKOJIBKY
B IIPOTHBHOM CJIydae OHO ObLIO ObI jobaBiiero B 1 B mporecce pabOTHI aJirOpUTMa 3 Ha Iare ¢ HOMEPOM
¢ >k + 1; no nuepes srum marom B maccuse A(¢ — 1) yxke ne 6b110 pebpa €1 — uporusopeune. Urax, i1
umeer B T'(k) Hy>KHBbIE CTeneHu.
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C npyroit croponsr, eciim B T'(k) ecth pebpo e — €/, 1 BXomsIas CTeneHb € paBHa HYyJII0, TO HOMep e (OJIbIIe
HOMEpA €j11; B IPOTUBHOM CJIy4ae MbI JOJKHBI ObLa Obl 100aBuTh B T pebpo e — €' BMecTo €1 — fri1
Ha (k + 1)-m mare paborbl Y. Takum o6pasom, Ha (k + 1)-M mare paborsl IT MBI JeHCTBUTENBHO JIOMXKHBI
BBIKUHYTB U3 T pedpo ert1 — fr4+1 U J00aBUTH B MaccuB B pebpo fii1.

U3 nokazannoro yreepxaenus ciemayer, aro II(3(A)) = A ays Beex A € A. AHAIOIUYIHO TIOKA3BIBAETCS, UTO
S(II(T)) =T nusa moboro T € T.

ITpumeuanne. IlepBonayanbHOe 10KA3aTEIHCTBO JIeBUHA HOCHIIO a/IrebpanvdecKuii XapakTep U UCIOJIb30BAJIO
TEXHUKY PabOTHI C OIIPEJIe/IUTEISIMHE.

IlocaenoBarenbHocTU Jie bpéeiitHa yepe3 peKyppeHThI

Jloka3aTe/IbCTBO YTBEPXKIEHUS TON 3aJa4n OyIeT UCIOJb30BaTh ajredpandecKyio TEXHUKY, KOTOpasl, BO3-
MOXKHO, HEM3BECTHA YUTATENF0. EC/IM 9TO TaK, TO BBl CMOXKETEe BIIOCJIEJICTBUM BEPHYTbCS K HEMY, U3y4YUB CO-
OTBETCTBYIOIIHUE IJIaBbl ajaredpbl. Mbl Oy/ileM HCIIOIb30BATh HEKOTOPBIE KJIaCCHIecKue ajredpandeckue (haKkThl
0e3 J10Ka3aTe/IbCTBA.

WsBecTHO, 9TO 1715 JIFOOOTO 1 MOYKHO HAfTH MHOTOYJIEH f CTEIeH: N, HEIPUBOINUMBIN HaJ mosieM Fo u3 nByX
9JIEMEHTOB; [IPU 3TOM OCTATKHU II0 MOJYJII0 MHOrowieHa f obpasyior mose K uz 2" sjemenTtoB. s j1r060ro
HEHYJIEBOTO dJeMeHTa U € K BBHIIOJHEHO paBeHCTBO u’ — ' = 1; Gojlee TOroO, M3BECTHO, UTO HAHJIETCS TAKOM
nenysesoit £ € K, uro £ # 1 gy moboro 0 < t < 2" — 1; Torna Bce HEHyJIeBLIE 3JIEMEHTEI MoJId K aBIAIoTCS
CTereHsIMU 3JIeMeHTa, &.

Paccmorpum Takoil HenpuBoguMblii MHorowien g Hag Fy, uro g(¢) = 0. Torma ¢g mesur mHOrO4IEH 22" — oz,
BCE KOPHU KOTOPOT'O PA3JIMUIHBI (3TO HPOCTO BCE 3eMeHThI 1oJist K ). 3HAUUT, Bce KOPHU § TAKXKe PA3JINIHBL U
sexar B K. Ero cremnenb paBHa n, IOCKOJIBbKY B Fo(u) posHO 2™ ssiemenTos. Ilycts g = gl gkl g

rie k1 < ko < -+ < kg. Onpenenum 1mrabJioH, mocTaBuB cCUMBOJI X POBHO B MecTa ¢ HOMepamu ki, ko, ..., ks.
ycts € = £1,&9, ... &, — kopHE ¢. CucTeMa JINHEHHBIX yDABHEHUI

xr1 + 22 + s +x, = 0

Gzr +&ra+ 0 &, = 0

P G e € P, = 0

Ple g T e G e, = 1

UMeeT eIMHCTBEHHOE peIlleHre, IIOCKOJIbKY OIIPe/e/InTe/lb COOTBETCTBYIONIEN MaTPUIIbI HE PABEH HYJIIO Kak
ompesiesinTesib Bargepmonga. HeTpyaHo MOHSATH, 9TO TOC/IE10BATEIBHOCTD, 3a/laHHAST IIPU IOMOIIM HAIIErO
mabJI0HA, MOXKET OBITh OMpeesIeHa IPO TOMOIIH (hOPMYJIBI

ar = T1&F + -+ TRl

ITpu n > 1 M1 umeeM k1 = 1, HOCKOJBKY ¢ HenpuBoauM. HecsioXKHO BUZETH, UTO TIOCJIEI0BATENLHOCTD (af)
Oyner nepuoguydHa 6e3 Ipeeproia, ITOCKOJILKY 1O JI000MY ee KYCKY JUIMHBI 1 MOYKHO OJHO3HATHO OIIPE/ie-
JINTh ¥ CJIEYIONHUi, U npeaplaymmit Kycku. Ecim naiuaa mepunoia paBHa t, TO U3 PABEHCTB Gp = g, At4] =
ai,...,044n_1 = Gp_1 W €IUHCTBEHHOCTH DeIIeHUs JMHEeHHOM cucTeMbl ojtydaeM, 9to r1& = xq, ..., x,EL =
Tp,. TocKoIbKY XOTs1 GBI OJIHO U3 T; OTJIMYHO OT HyJist, To & = 1. BHaunr, t > 2" —1, Tak kak F(&;) nusomopdno
F5(u). C apyroii ctoponsl, t < 2" — 1, Tak Kak IOANOCIIE0BATENBHOCT U3 1 HyJIel B HAIeH 10c/Ie10BaTe b
HOCTHU H€ BCTPETUTC, & IIEPBOE *Ke ITOBTOPEHNE KyCKa JIJIMHBI 7 IIPUBEET K IIE€PUOTUIHOCTH.
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de Bruijn Sequences and Universal cycles

Konstantin Matveev and Ivan Mitrofanov

Why,’ said the Dodo, the best way to explain it is to do it.” (And, as you might like to try the thing
yourself, some winter day, I will tell you how the Dodo managed it.) First it marked out a race-course,
in a sort of circle, (‘the exact shape doesn’t matter,” it said,) and then all the party were placed along
the course, here and there.

Lewis Carroll. Alice’s Adventures in Wonderland

The sequence 0000100110101111 has an interesting feature: if considered as a cyclic sequence, it
contains precisely once each binary word of length 4.

D' \D
S

Such sequence is called a de Bruijn sequence or a universal cycle for a set of binary words of length
4. Sometimes (see section D) the number of universal cycles can be computed exactly, but in some
other cases it is not even known whether universal cycles exist at all.

In some problems of this project, including of course the open questions, any partial results will be
accepted. Moreover, after getting acquainted with the section C, you might want to try to pose and
solve your own problems about universal cycles, thus enriching this relatively recent theory with new
interesting ideas.

A For starters

5 integers on a circle, so that every five distinct integers from {1,2,...100}

occur somewhere on a circle at five consecutive positions?

A.1 Can one put ( 100

A.2 Does there exist an infinite sequence of positive integers, such that every five distinct positive
integers occur precisely once at five consecutive positions somewhere in this sequence?

A.3 a) Is it possible to color the cells of the square grid with two colors, so that the coloring would be
invariant with respect to horizontal and vertical shifts by 4 and it would contain a 2 x 2 square
colored in each of the 16 possible ways?

b) Is it possible to color the cells of the square grid with two colors, so that the coloring would
be invariant with respect to horizontal and vertical shifts by 4 and it would contain a diagonal
square colored in each of the 16 possible ways (a diagonal square is a set of four cells adjacent to
a given cell)?



B de Bruijn sequences and directed graphs.

Definition B.1 (de Bruijn sequence) A de Bruijn sequence of rank n in the alphabet of k letters is
a cyclic sequence of letters of length k™, such that every sequence of letters of length n occurs precisely
once as its subsequence.

Definition B.2 (Directed graph) A directed graph G consists of a vertex set V.= {v1,...,v,}
together with a set of edges v; — v;. It might have multiple edges between v; and v; in both directions
and loops v; — v;. G is said to be connected if one can get from any vertexr to any other vertex
by going along the edges (respecting the directions). It is said to be balanced if for each vertex the
indegree (the number of incoming edges) is equal to the outdegree (the number of emanating edges).
An Eulerian tour is a closed walk along edges of the graph which uses each edge exactly once.

B.4 Prove that a directed graph without isolated vertices has an eulerian tour if and only if it is
connected and balanced.

B.5 Prove that a de Bruijn sequence of rank n in the alphabet of k letters exists for each k and n.

B.6 Let G be a directed graph in which every vertex has indegree and outdegree equal to k. Prove
that its edges can be colored with k colors, so that each vertex has precisely one incoming edge
of each color and precisely one outgoing edge of each color.

B.7 a) Prove that some de Bruijn sequence of 0’s and 1’s of rank n can be constructed via the following
algorithm. Start with n — 1 consecutive 0’s and start adding symbols via the following rule. At
each step add 1 if it doesn’t cause repeating subsequences of length n, otherwise add 0. Do
2™ —n + 1 steps and consider the result as a cyclic sequence.

b) How to modify this algorithm to obtain a de Bruijn sequence of rank n in the alphabet of k
letters?

C DMagic tricks and universal cycles.

If you have solved a slightly different problem then given given to you, tell us, it might be interesting.
We will also give points for solutions that work “not for all n”.

C.1 A magician is performing the following trick. He brings a deck of n! cards marked with integers
from 1 to n! in some order and asks for n volunteers. He asks one of them to give deck a cut (i.e.
shift the order of cards cyclically). Then volunteers take each one card from the top of the deck
(in some prescribed order) and then form a line according to the relative order of their cards.
Volunteer with the biggest card comes first, volunteer with the second biggest card stands next
to him and so on. By looking at their order the magician is able to tell who has which card.
Explain how the trick might be performed.

C.2 a) The magician is performing the same trick, but now he is trying to use as few numbers as
possible. He brings a deck with n! cards, each with an integer from 1 to C', C < n!. Volunteers
do the same thing, but now if two of them get cards with the same value, the trick fails. Try to
prove that the trick can be performed for as small C' as possible.

b) In 2006 J. Robert Johson proved that one can take C = n + 1. That was an open conjecture
for more that 10 years. Try to get the same result.

C.3 The magician has a deck of 52 cards marked with integers (not necessarily distinct). Five volun-
teers give a cut to the deck and take each one card from the top. Then the magician asks them
to split into groups according to the values of the cards (people with the same value go to the
same group). After taking a look at this splitting the magician is able to tell the precise positions
of cards in the rest of the deck. Explain how this trick might be performed.



C.4 For which n can one put integers on a circle, so that every two distinct integers from

n
2
{1,2,...n} occur somewhere on a circle at two consecutive positions?

C.5 Show that for n > 8 and not divisible by 3 it is possible to put < g ) integers on a circle, so that
every three distinct integers from {1,2,...n} occur somewhere on a circle at three consecutive
positions.

C.6 (open question) For which k& and n can one put integers on a circle, so that every k

n
k
distinct integers from {1,2,...n} occur somewhere on a circle at k consecutive positions?

D The beginning of enumeration

In this section we are mainly concerned with computing B(2,n) - the number of de Bruijn sequences of
rank n in the alphabet of 2 letters. Sequences obtained from each other by a cyclic shift are considered
to be the same. Lets denote by ¢(G) the number of Eulerian tours in a directed graph G.

Definition D.1 (Directed line graph) Let G = (V, E) be a directed graph. The directed line graph
LG is a directed graph with vertex set E (edges of G), and with an edge e — f for every pair of edges
e and f of G with s(f) =t(e) (the source of f equal to the target of e).

D.1 Suppose G has more than one edge and no isolated vertices. Prove that LG is connected if and
only if G is connected.

D.2 Suppose that in G every vertex v has indeg(v) = outdeg(v) = 2. Suppose z is a vertex which is
a target of edges P and () and a source of edges R and S, none of which is a loop. Let G; be
a graph obtained from G by erasing x and identifying P with R and @ with S; G5 be a graph
obtained from G by erasing = and identifying P with S and @ with R. Prove that

e(LG) = 2(e(LGY) + €(LGa)).

D.3 Compute B(2,n).



de Bruijn Sequences and Universal Cycles.
After the Semifinal.

Ilya Bogdanov, Konstantin Matveev, Ivan Mitrofanov.

E de Bruijn tori

Definition E.1 (de Bruijn torus) A de Bruijn torus of type (R,S,u,v)y
(RS = k) is a filling of the cells of the square grid with 1,2,... k, which
1s invariant with respect to the vertical shift by R and the horizontal shift by S,
and contains a u X v (u rows and v columns) rectangle filled in each of the k**
possible ways.

Conjecture E.2 Given R, S,u,v,k such that RS = k", R > u, S > v, there
always exists a de Bruijn torus of type (R, S,u,v)k.

It is proved only in certain special cases, in particular for u = v = 2. Apart
from those listed in the problems below, we will also accept all other infinite
series of constructions of de Bruijn tori that you will come up with.

E.1 Show that for all k,u > 2, (k,u) # (2,2) there exists a torus of type
(kuil, k,u, ]-)k~

E.2 Show that for all odd k > 1 there exists a torus of type (k2,k2,2,2)y.

E.3 Show that for all k,u,v > 2, except for the case when v = 2 and k is even,
there exists a torus of type (k% k(=1 u, v)y.

E.4 Show that also for all even k > 2 there exists a torus of type (k?, k?,2,2)%.
E.5 Show that for all £ > 1 there exists a torus of type (k*, k2,2, 3)%.

E.6 Suppose there exists a torus of type (k", k%, u,v)r (uv = r + s), such that
the sum of elements in each column (i.e. a vertical period of length R) is
divisible by k. Show that there exists a torus of type (K", kST, u + 1,v)g.

E.7 Show that for all £ > 1 there exists a torus of type (k% k%, 4,4).

E.8 Show that for odd Zk > 1,2if n is even or k is a perfect square, there exists
a torus of type (k™ /2, k™ /2, n,n)y.

E.9 Show the same for even k& > 1.

E.10 Show that for all s, ¢ there exists a torus of type (4st?,4s%t2,2,2)94.

F The continuation of Enumeration

Denote by B(k,n) the number of de Bruijn sequences of rank n in the alphabet
of k letters. As before, sequences obtained from each other by a cyclic shift are
considered to be the same.



Definition F.1 (Oriented spanning tree) An oriented spanning tree of G
is an acyclic (as undirected graph) subgraph of G with a distinguished node, the
root v, in which there is a unique path from every vertex uw € V to v. Denote by
7(G,v) the number of oriented spanning trees with root v.

F.1 Let G be a strongly connected balanced directed graph. Prove that for
every v € V
e(G) = 7(G,v) [ [ (outdeg(u) — 1)!.

ueV

Theorem F.2 Levine’s theorem Let G be a directed graph in which every
vertex has at least one incoming edge. Let x. be the variable corresponding to
an edge e of G. Define polynomials in several variables

redge (G) — Z H Te

T — oriented e — edge of T
spanning tree in G

and
vertexr
K (LG) = g H Tt(w)-
T — oriented w — edge of T
spannning tree in LG
Then

Hvertea:(EG) — ,{edge(G) H( Z xe)indeg(v)fl.

veV e:s(e)=v
F.2 Compute B(k,n) (you can assume the Levine’s theorem).

F.3 Prove the Levine’s theorem.

G de Bruijn sequences via recurrencies

Consider the following way of constructing a periodic sequence of 0’s and 1’s.
Start with 00001 and a template of length 5, e.g. X00X X. At each step attach
the template to the last 5 digits of the sequence that we have at the moment
and define the next digit to be the sum modulo 2 of digits attached to X. In
our case we get a sequence

0000110110....

In general, start with 0" ~!1 and a template of length n (a template must start
with X). Call a template useful if the resulting sequence contains all possible
subsequences of length n but 0.

G.1 Show that for every n there exists a useful template of length n.

G.2 Is it possible to apply the same methods to obtain almost de Bruijn tori?
(open question as you might guess)
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de Bruijn Sequences and Universal cycles
SOLUTIONS

For starters

Answer. No.

Assume that such an arrangement exists. Assume that some number, e.g. number 1, appears k times along the
circle. Then it is contained in 5k contiguous 5-tuples. On the other hand, this number should appear exactly
once in any 5-tuple containing it. The total number of such 5-tuples is (%)), so we have k = (%) /5, which is
not an integer. A contradiction.

Answer. Such a sequence exists.

To prepare, let us enumerate all 5-tuples of positive integers: the first one is (1,2, 3,4,5), then follow all the
tuples with the sum 16, and so on.

We will construct our sequence iteratively. Assume that at some moment we have obtained a finite sequence
such that it contains all 5-tuples from Ist to kth (together with some extra 5-tuples), and no 5-tuple occur
twice. We will augment this sequence by some terms so that it will satisfy the same condition with & replaced
by k + 1.

If the (k + 1)st tuple already occurs somewhere, then we do nothing. Otherwise, if (a1, as,as, aq,as5) is the
(k+1)st tuple, we will augment the sequence by ten numbers by, b, b3, bg, b5, a1, az, as, as, as, where by, ..., bs
are distinct numbers which are greater than all used numbers (including the numbers ay, ..., as). It is easy to
see that we have obtained a desired prolongation.

Acting so, after an infinite time we will get an (infinite) sequence containing each 5-tuple exactly once. Indeed,
by the construction every 5-tuple occurs in this sequence; if some tuple occurs twice, then this happens on
some finite initial segment of our sequence, which is impossible.

a) Answer. Yes.

A picture below shows an 8 x 8 piece of plane colored in a required manner. One may look out of the window
and try to find a similar pattern.

6) Answer. No.
We will establish the answer by an easy case distinction.

Arguing indirectly, we have that all “diagonal squares” within one period are colored distinctly. We depict the
further arguments on a 4 x 4 square which is a “period” of our coloring; the two colors are replaced by zeroes
and ones, respectively. To start, let us find a square with four zeroes in it.

We claim that all cells marked by stars should contain ones. Due to the symmetry, it suffices to deal with one
of these cells. Assume that A contains 0; then both B and C' contain ones, otherwise there would appear two



B.4

squared with four zeroes in each. But then we will have two squares having the pattern “one at the top, zeroes
in all other positions”, which is prohibited.

So all the starred cells contain ones. Thus we already have all eight arrangements with an even number of
ones. Notice also that each “diagonal square” contains either four filled cells or four cells which are still empty.
Those eight empty cells thus should contain all arrangements with an odd number of ones.

Without loss of generality, four of these cells contain the digits as shown in the picture below.

A B

Assume that cell A contains 0. Then the parity reasons yield that the cells B and C' contain zeroes, while D
contains 1; one can easily see that this arrangement does not fit.

Otherwise A contains one; then B and C contain ones as well, while D contains 0. This arrangement also does
not fit.

de Bruijn sequences and directed graphs

Assume that an Eulerian tour exists. If we move along this tour, we come into each vertex as many times as
we leave it, so the graph must be balanced. Next, while moving along the cycle one can get from any vertex
to any other vertex, so the graph is strongly connected.

Conversely, assume that a directed graph is strongly connected and balanced. We will prove that an Eulerian
tour exists by induction on the number of edges in this graph. The base case when a graph has no edges is
trivial.

For the step, let us start from any vertex and move along the edges until we come to an already visited vertex.
Thus we have found some cycle C' in our graph.

Now let us delete the edges of this cycle from our graph. The remaining graph is still balanced, but it might
become disconnected.

Lemma. If a balanced graph is weakly connected (i.e. if it is connected when we regard it as a usual non-directed
graph), then it is connected.
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B.6

Proof. Take an arbitrary vertex v. Let A be a set of vertices reachable from v, and let B be the set of all other
vertices. Assume that B is nonempty. Then there are no edges from A to B, but there should be some edges
from B to A due to the weak connectedness. Now comparing the total in- and out-degree of the vertices of A
we come to a contradiction: these sums should be equal due to balancedness, but the first one is greater due
to the edges from B to A. A contradiction. O

Thus, after C' has been deleted, the graph splits into several components each of which is balanced and
connected, so each has an Eulerian tour. Then a desired tour can be constructed as follows: we move along
the edges of C until we cone to some vertex of some component; then we walk along the Eulerian tour of this
component, and then we move further along C', and so on.

Let us construct a special graph which is called a de Bruijn graph G(n, k). Its vertices are all k"~ (n — 1)-
letter words in a k-letter alphabet, and a vertex of the form a; ...a,_1 is connected to every vertex of the
form as ...a,. Thus the edges correspond to n-letter words of the form a; ... a,, and there are k™ edges.

Puc. 1: G(4,2).

More generally, each word of length n + a corresponds to an (oriented) path of length a + 1 in G(n, k). The
vertices of this path are just all (n — 1)-letter subwords of our word in the order of their appearance.

Let us write on each edge aq...a,_1 — as...a, the last letter a,, of the corresponding word. Thus, if the last
edge of a path corresponds to the word a; ... ay, then the letters written on the previous k — 1 edges form the
word ai...ap_1.

Every in- and out-degree of a vertex in G is equal to k. Moreover, the graph is connected, since for every two
vertices there exists a path connecting them (this path corresponds to a concatenation of these words).

Thus graph G(n, k) hass an Eulerian tour. The sequence of letters written on the edges of this cycle form a de
Bruijn sequence, since all the subwords correspond to the different edges of our graph.

We will use induction on k. Base fro k = 0 is clear.

If we can mark some edges, so that there is precisely one marked edge going from each vertex and precisely
one edge coming to each vertex, then we will be able to color marked edges with color 1 and use the inductive
assumption for k — 1.
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We will apply Hall’s lemma: If there are several gentlemen and ladies, so that every m gentlemen are acquainted
with at least m ladies in total (for each m), then each gentleman can propose to a lady he knows, so that there
will be no conflicts.

Put a gentleman and a lady in each vertex and say that a particular gentleman is acquainted with a particular
lady if there is an edge from him to her. Assume that conditions of the Hall’s lemma are not satisfied: there
is a group of my gentlemen who are acquainted in total with my < my ladies. From vertices in which these
gentlemen are located a total kmq edges are emanating, and these edges are all going to a set mso vertices. So

at least one of them has indegree at least kﬂT; > k, contradiction.

Now we can just select pairs «gentleman-lady» with the help of the Hall’s lemma and mark the corresponding
edges.

b) Suppose we are working over the alphabet {0, 1,...,k—1}. Algorithm will be the following: start with k —1
zeroes, on each step put the maximal possible letter, such that no word of length k is repeated. If it is possible
to make k™ — n + 1 such steps, then the resulting cyclic sequence will be of de Bruijn type.

In other words, given the de Bruijn graph G(n, k), start with the vertex 000...0 and walk along the edges,
each time choosing an edge we haven’t used yet with the maximal possible label.

Suppose we are stuck at some vertex. Then it must be 00...0.

We have already gone through the edge 00...0, for otherwise we could have proceeded along it.
Consider all unused edges and color those with label 0 in black and those with nonzero label in gray.
Lemma: There is no oriented cycle of black edges.

Assume there exists one. Then if we go along it, at some point we must go through the edge 0...00, but it is
not colored. Contradiction.

Suppose there exists at least one black or gray edge vivs. We came to vo less than k times, so we left it less
than k times and didn’t use the edge with label 0. So there is some black edge vov3, then some black edge vgvy
and so on. As a result we get an oriented cycle of black edges which contradicts the lemma.

Part a) is a particular case for k = 2.

Magic tricks and universal cycles

Let a1,as,...,ar and by, bs,...,br be two sequences such that the numbers in each sequence are pairwise
distinct. We will say that these sequences are equiordered if for every pair of indices ¢ # j we have either
a; < aj and b; < bj, or a; > a; and bj > b;.

Let S, be the set of orderings of the set {1,2,...,n}. Then S, contains n! elements, each of which is a
permutation of length n. The magician will be able to perform the trick if he finds a cyclic sequence of length
n! such that no two of n! its pieces of length n are equiordered.

For this purpose, we construct a directed graph S,, whose vertices are the permutations of length n — 1. The
edges are constructed as follows. For every permutation s € S,, we define its head as the permutation of
length n — 1 equiordered with the first n — 1 elements of s. A tail of s is defined similarly (e.g., the head and
the tail of 31542 are 2143 and 1432, respectively). Now for every s € S,, we draw an edge from its head to its
tail.

It is convenient for us to write the elements of S, as the system of inequalities in variables z1,...,z,; see
example in the picture below.

Graph S3

First, let us show that S,, admits an Eulerian tour. Indeed, the out-degree of every vertex is n (this is the
number of ways to put a new element onto a line relatively to n — 1 existing ones), as well as the in-degree of



every vertex. To check the connectedness, take any two permutations s; and s of length n — 1 and consider
some sequence t of 2n — 2 distinct numbers such that the first n — 1 of them are equiordered with s, while
the last ones are equiordered with s5. Then there exists a path from s; to ss whose edges are determined by
the n-element pieces of t.

Let us now choose any Eulerian tour in S,; let its edges correspond to the permutations sq, $a, ..., Sy (in
order of appearance in the tour). Take n! variables yi,...yn (we assume that y,1+x = yx). Each permutation
s; defines the system of inequalities in variables x1,...,x,; let us write down this system replacing each xy

by yit+k—1. For instance, if s3 determines the system zo > x; > x3, then we write down the inequalities
Yq > ys > y5. Our aim is to plug the numbers in all y;’s so that all the written inequalities hold.

. —1 .
For every permutation s;, let us draw % oriented edges between y;, ..., Y;i+n—1, namely we draw an arrow

Yiy — Vi, if yi, > yi, in s;. We obtain a new directed graph H on the vertices yi,. .., Yn-
Lemma. Graph H contains no oriented cycles.

Proof. We say that an edge y; — y; of H faces right if j —i € {1,2,...,n — 1}; similarly, it faces left if i — j
belongs to the same set. If n > 2 then every edge of H faces exactly one of two directions; moreover, if H
contains an edge y; — y; then it does not contain y; — ;.

Assume the contrary. Consider an oriented cycle C' in H with the smallest number of vertices. Suppose that C'
contains two consecutive edges facing different directions — say, y; — y; facing left and y; — y. facing right.
Both these edges are drawn according to the permutation s;, so the edge y; — yr also exists by the same
reason. Therefore, the cycle is contractible, which contradicts our choice.

Thus, all the edges of C face the same direction — say, all of them face left. Now, there exists an index ¢ such
that permutation s; defines the inequalities 1 < x5 < -+ < x,, which provide the edges yiyn—1 = Yrrn—2 —

- — 1y in H. But cycle C should contain an edge connecting two of the vertices y,...,yi1n—1; this edge
then faces right. This contradiction finishes the proof. O

Now, as H contains no oriented cycles, we may introduce a partial order on the variables y; by setting v;, > v,
if H contains a path from y;, to y;,.

Now we may take any variable which is minimal with respect to this order and assign 1 to it. Remove it from
the set of variables, take any minimal variable in the remaining set and assign 2 to it, and so on. Clearly, the
assigned values satisfy all the required inequalities.

The solution can be found in the article J. R. Johnson, Universal cycles for permutations, Discrete Math.,
309(2009), pp. 5264-5270.

The solution is similar to that of C.1.

We say that two sequences (a1, az,...,a,) and (by1,ba, ..., by,) are equipartitioned if for every two indices i # j

we have either a; = a; and b; = bj, or a; # a; and b; # b;. Denote by P, the set of all possible partitionings
of an n-term sequence.

One may check that |Ps| = 52, so the magician will be able to perform the trick if he finds a cyclic sequence
of length 52 in which no two 5-tuples of consecutive numbers are equipartitioned. Here is one such sequence:

DDDDDCHHHCCDDCCCHCHCSHHSDSSDSSHSDDCHSSCHSHDHSCHSJCDC

Here the letters S, C, D, and H denote the usual card suits, and a letter J denotes a joker. Thus one may take
a usual deck with 52 cards, replace a queen of spades with a joked, and arrange the obtained deck in order to
be able to perform this trick.

Now we will show how to minimize a case consideration in finding such a sequence (although the result may
involve more than five distinct numbers). We work with Ps, but a similar method may be applied to any P,
with n > 4.

Firstly, we construct a directed graph P5. Its vertices are the elements of P4, and the edges correspond to the
elements of Ps in a usual manner. Namely, for every p € P5 we define its head and tail as two partitions in P,
equipartitioned with the first and with the last n — 1 elements of p, respectively. Now for every p € P5; we draw
an edge from its head to its tail. For example, the partition 12324 determines the edge 1232 — 1213.
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Graph P,, is connected. Indeed, if we need to find a path from p; to p2, we may consider a (2n — 2)-term
sequence such that its first half is equipartitioned with p;, and its second half is equipartitioned with py. The
n-term pieces of this sequence determine the edges of a required path.

Next, this graph is also balanced. If an element of P, contains &k distinct numbers, then every its incoming and
outcoming edge corresponds to the addition of a new element which may be either equal to an existing one or
distinct from all of them. Thus both in- and out-degree of this vertex are equal to k£ + 1.

Thus graph Ps admits an Eulerian tour. Every such tour defines the system of equalities and inequalities on
the cyclic set of variables yi, ..., ¥ys2 in a way similar to that described in C.1.

Now for every equality y; = y; we onnect the variables y; and y; by a white edge, while for every inequality y; #
y; we connect y; with y; by a black edge. We say that this system is contradictory if there exists a white path
whose endpoints are connected with a black edge (this means that these endpoints are equal and not equal
simultaneously). If the system is not contradictory then one may obtain a required arrangement by assigning
equal values to those variables which are connected with a white path.

Thus it remains to show the existence of an Eulerian tour determining a non-contradictory system.

First of all, we may notice (by an analogy with C.1) that in a contradictory system always exists a contradiction
of the form

Yim, = Yip = = Yiy, #yiu
where all edges y;;, — y;4+1 face right.

Consider a sequence W = 113112222213311. It corresponds to a path with 11 edges in Ps.

Lemma 1. If an Eulerian tour contains this path then it determines a non-contradictory system.

Proof. Consider 15 variables involved in our path (without loss of generality, they are yi,...,y15). It is easy
to see that every path facing right and connecting one of y1,...,ys to one of y11,...,y15 contains at least two
black edges. Thus there is no contradiction of the abovementioned form. O

Lemma 2. There is an Eulerian tour in Ps containing the path determined by W.

Proof. Delete the edges of our path from Ps; and add one edge from the beginning of this path to its end. It
suffices to prove that the obtained graph is balanced and connected. The former property is obvious; for the
latter, it suffices to show the weak connectedness.

In other words, we need to prove that every 4-term sequence may be extended to the right in a way that the
last 5 digits are distinct, and no its 5-letter subword is equipartitioned with some subword in W.

Consider a sequence (a, b, ¢, d) (some symbols may be equal). Let us try to augment it by a new letter e distinct
from the existing ones; this works if a word (a, b, ¢, d, €) is not equipartitioned with a subword of W. Then we
try to repeat this procedure; itf it works four times then we are done. Thus, it remains to check the cases when
this algorithm fails at some stage, i.e. when the resulting word is equipartitioned with some subword W’ of W.

The last letter of W’ should be distinct from all other its letters. Thus we have only three options for W’.

(a) Assume that W' = 12113. Then, instead of extending the word 1211 by 3 we may extend it as 12112345.

(b) The case W’ = 33331 is impossible since all the edges from the vertex 0000 are already used in W (so
this vertex is deleted from the new graph).

(¢) Assume that W’ = 33312. Then, instead of extending the word 3331 by 2 we may extend it as 33313245.

The lemma is proved. ]

The two lemmas above provide the desired result.

Consider a complete graph on n vertices labeled by 1,2,...,n. Then we need just to find an Eulerian tour in
this (undirected) graph. For known reasons, such a tour exists when n is odd, and it does not exist when n is
even.

Consider a circle partitioned into n equal arcs, and enumerate the partitioning points consecutively from 1
to n. Then a triple of numbers determines the partition of this circle into three arcs. We say that two triples
have the same difference type if the lengths of arcs in corresponding partitions are the same (possibly after a



cyclic shift). (To find the arcs lengths one may just order the numbers and calculate their cyclic differences
modulo k.)

Example: Let n = 8. Then the triples {1,3,7} and {1, 5,3} have the same difference type (2,2,4), while the
triples {1,2,5} and {1,4,5} have distinct difference types (1, 3,4) and (3, 1,4), respectively.

. e . . n—1)(n—2
If n is not divisible by 3, then the number of difference types is (g) /n = %.
To start, let us construct a desired arrangement for n = 8. There are 7 difference types:
(1,1,6), (2,2,4), (2,3,3), (1,2,5), (5,2,1), (1,3,4), (4,3,1).

We want to choose in each difference type (x,y, z) one of ordered pairs x — y, y — z, or z — z. In the types
above we make it as follows:

1 -1, 2 =2, 3— 3, 1—2 21, 1—3, 3— 1.

These arrows form a balanced connected directed graph. This graph admits an Eulerian cycle, and the sum of
the numbers in its period is congruent to 5 modulo 8:

15122222 1-53=>3—>2)1—...

Extending this cycle periodically we get an infinite sequence (ay ). Define the sequence (bg) as by = a1+ -+ ak
mod 8; this sequence is periodic with period length 7 - 8 = 56.

Let us show that every triple appears in this sequence. Indeed, every triple may be represented as (z, z+ k1, 2+
k1 + ko) mod 8 in a way that the numbers k1, ko appear consecutively in (a;). Let a; = k1, a;+1 = k2. Then
we have a;48, = k1, @it14+8n = ko for all n. Since a1 +---+ags =5 mod 8§, there exists n such that the number
bsnti—1 =a1+--++a;—1+n(a; +---+ag) is congruent to  modulo 8. Thus the terms bg,1;—1, bgn+i, bsntit1
form a required triple.

Now we pass to a general construction.

Lemma. For every n > 8 not divisible by 8 one may choose an ordered pair in each difference type so that the
% obtained oriented edges form a connected balanced directed graph. (Naturally, the vertices of this

graph are exactly those numbers which have at least on outcoming edge.)
Proof. Consider two cases separately.

Case 1: n is even. If a difference type contains two equal numbers, we connect them with a loop. Thus we
obtain loops ¢ — 4 for all ¢ from 1 to n/2 — 1. If all three numbers are distinct then we connect two smallest
ones. The obtained graph on vertices 1,...,n/2 — 1 is balanced, since the edges i — j and j — ¢ appear
simultaneously. It is connected since each of the numbers 2,...,n/2 — 1 is connected with 1 in both directions.

Case 2: n is odd. The set of vertices is {1,2,...,(n — 1)/2}. If a type contains two equal numbers, then
we connect them with a loop. Otherwise we connect two smallest numbers, except for two cases. The two
exceptional triples are (2,(n—1)/2—1,(n—1)/2) u (2,(n—1)/2,(n—1)/2—1), in which we choose the edges
(n—1)/2 = 2 and 2 — (n — 1)/2, respectively.



The obtained graph is again balanced. Its connectedness follows from the fact that every number except for
(n —1)/2 is connected with 1, and (n — 1)/2 is connected with 2. O

Denote the constructed graph by L, ; it has [”7_1] vertices, and it contains a loop 1 — 1. We need also a larger
graph L,,. It contains n[251] vertices, each having the form (k,i) where k € {1,2,...,n}, and i is a vertex
of L,,. For every edge i — j in L,, we introduce n edges in L, ; these edges have the form (k,7) — (k+1,7) for

all admissible k.

The graph LL,, is balanced since L,, is such. Let us show that IL,, is connected. Due to balancedness, it suffices
to show a weak connectedness, so we will just show that there exists a path from any vertex (k,17) to (0,1).

In L,, the vertices 7 and 1 are connected with a path; this path induces a path in L,, from (k,4) to some vertex
of the form (s, 1). But L,, also contains all edges of the form (¢,1) — (¢ + 1,1), and one can move along such
edges to reach (0,1) from (s,1).

Thus L, admits an Eulerian tour. Its length is (g), and for every k and every edge i — j of L, this cycle
contains three consecutive vertices of the form (k,1), (k +14,7), (k+14+ j,*) (we do not care about the starred
number). Thus, if we write down the sequence of the first coordinates of the vertices in this tour we get the
sequence containing every triple of numbers from 1 to n.

The beginning of enumeration

A graph LG is strongly connected precisely when for every two edges e1, es in G there exists a (directed) path
starting from e; and arriving at es.

Assume that G is stronly connected, and e; and ey are two its edges. There exists a path T' from the target of
ey to the source of ey; then e;Tes is a desired path in LG.

Assume now that LG is strongly connected. If every vertex of G is a source of some edge as well as a target
of some edge, then G is connected. Indeed, to find a path from v; to vy it suffices to find a path in LG from
some edge with v; as a source to some edge with v, as a target.

So, assume that this condition fails, e.g., there is no edge from some vertex v. Since v is not isolated, there
exists an edge e going to v, and there exists some other edge ¢’ in our graph. But then it is impossible to reach
¢’ from e in LG. Contradiction.

The ingoing and outgoing degrees of each vertex in LG are also equal to 2. It has vertices P, Q, R, S, and
there are edges from P and @ to R and S.

LG can be obtained from LG in the following fashion: edges PS, PR, QS u QR are deleted, P and R are
glued into a vertex (PR), @ and S are glued into a vertex (QS). LG9 is similar: the same four edges are
deleted, vertices P and S are glued into (PS), vertices @ and R are glued into (QR).

R S

P Q
Graph LG Graph LG, Graph LG4

We will call edges PR, QS, PS and QP of LG the special ones, as well as vertices (PR), (QS), (PS) and
(QP) in £G1 and EGQ

By a great 4-tuple we mean an unordered set of four paths in LG such that their edge sets are disjoint and
cover all edges of LG but the special ones. So each great 4-tuple contains two paths starting at R, two paths
starting at .S, two paths ending at @), two paths ending at P.

A great 4-tuple corresponds to a 4-tuple of disjoint paths in LG (LG2), covering all edges, starting and ending
at special vertices, but not going through them in the mean time. For simplicity we will say that a great 4-tuple
is the same in LG, LG, and LGs.



Each Eulerian cycle in LG is split by the special edges into four pieces producing a great 4-tuple. In a similar
fashion, each Eulerian cycle in LG or LG5 is split into a great 4-tuple by occurences of the special vertices.

To solve the problem it suffices to show that each great 4-tuple corresponds to four Eulerian cycles in LG,
while to two Eulerian cycles in LG or LGs.

A great 4-tuple in LG can be of one of three types:

(a) One path R — P, one path R — @, one path S — P, one path S — Q.
(b) Two paths R — P and two paths S — Q.
(¢) Two paths R — @ and two paths S — P.

Let us go through all cases.

(a) Denote the paths of a great 4-tuple by R...P, R...Q, S...P u S...Q. There are precisely 6 ways to
put on them a cyclic order. Each can be written as

X . ViXe.. . YoXs.. . V3X4... Yy,

where X; are the starting points of the paths and Y; the endpoints. We get four pairs of vertices Y; X;11.
If these pairs coincide with {P.S, PR, QS, QR}, then we get an Eulerian cycle in LG. If they coincide with
{PR, PR,QS,Q5}, then we get an Eulerian cycle in LG, and if they coincide with {PS, PS,QR, QR}
we get an Fulerian cycle in £LG5. We will write down these ways.
(i) R...PR...QS...PS...Q —set {PR,QS,QR, PS}, a cycle in LG;
(ii) R...PR...QS...QS...P —set {PR,QS,QS, PR}, a cycle in LG;
) R...PS...PR...QS...Q — acycle in LG;
(iv) R...PS...PS...QR...Q — acycle in LGq;
(v) R...PS...QR...QS...P —acycle in LG;
(vi) R...PS...QS...PR...QQ —acycle in LG.
So we get four cycles in LG, one cycle in LG and one cycle in LGs.
(b) It will be similar, but two pairs of different paths R... P and S...Q will be denoted in the same way.
(i) R...PR...PS...QS...Q — acycle in LG}
(iil) R...PR...PS...QS...Q —acycle in LG. One mustn’t forget that this is a different order, since
two paths of the great 4-tuple are switched

(iii) R...PS...QR...PS...Q —acycle in LGy;
(iv) R...PS...QS...QR...P — a cycle in LG;
(v) R...PS...QR...PS...Q — a cycle in LGY5;
(vi) R...PS...QS...QR...P — a cycle in LG.
So we get four cycles in LG and two cycles in LGs.

(¢) Same argument as in the previous case.

D.3 Answer: 22" 7,

n—1
22

Clearly B(2,n) = €(G(2,n)). We will use induction to show that €¢(G(2,n)) = 5

Observe that LG(2,n) = G(2,n+1). Indeed, vertices of G(2,n+1) correspond to edges of G(2,n), while edges
of G(2,n + 1) correspond to binary words of length n + 1, i.e. paths in G(2,n) of length 2.

Lemma. Suppose a digraph G has n vertices, each of indegree and outdegree 2. Then ¢(LG) = 2" 1e(G).

The inductive step immediately follows from the lemma: there are 2"~! vertices in G(2,n), so

on
. 27171_1 2"71—77/ _ 2

Proof of the Lemma. We will prove it by induction on the number of vertices. Base: n = 1. A graph is a vertex
with two loops, it has one Eulerian cycle, precisely as its line graph.
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Step n — n+ 1. If G has a vertex with two loops, it is not connected to anything else, so both G and LG have
no Eulerian cycles.

Suppose G has a vertex B with a single loop. Then in a Eulerian cycle the loop B — B must come in between
A — Band B — C. Erase vertex B, put in edge AC and denote the resulting graph by G;. €(G) = ¢(G1). The
local difference between LG and L£G; is shown on the picture below (z =A — B,y=B — B,z =B — ().

Y
e

/
/5: Z\
Graph LG Graph LG,

FEach Eulerian cycle in LG corresponds to two cycles in LG: we go twice thorugh the vertex xyz and there
are two ways to do it in LG: z — y O y — z and * — z. We can apply them in any order, so we get two
cycles. Then
1 1
€(G) =€(G1) = ——€(LGy) = —¢

o = 5 e(LG).

Suppose now that we are considering a vertex with no loops in it. Construct G; and G5 as in D2. Each of
them has n — 1 vertices and satisfies lemma conditions.. Each Eulerian cycle in G corresponds to a cycle in G
or in Ga. As a result, €(G) = €(G1) + ¢(G2),

€(LG) = 2(e(LGy) + €(LGa)) = 2 - 2771 (e((G1) + €(Ga))) = 27€¢(G).

Lemma is proved.

E de Bruijn tori

General remark. Throughout this section, we regard letters of the alphabet X = {1,2,... k} as residues
modulo k. So it is possible to perform arithmetic operations with these letters and also obtain a letter. We will
usually denote the jth cell in the ith row of a square grid by (i, j).

E.1 For convenience, we will construct a torus of type (k, k%=1, 1,u);; a required torus can be obtained via reflection
across the diagonal.

Firstly, assume that u > 3. Let ¢y, co,c¢3,...,cpu—1 be a de Bruijn sequence of rank u — 1 in the alphabet
X ={1,2,...,k}; we extend it to obtain an infinite k“~!-periodic sequence. Now let us fill the cell (i, ¢), £ > 0
in a square grid with the number

Y
a; ¢ =1+ E Cs
s=1

(recall that addition is performed modulo k). Similarly extend it to the filling of the whole square grid.
u—1

Each number appears in the period ci,ca, ..., cpu-1 exactly k%2 times; since u > 3, the sum Zle Cs 18
divisible by k. So, the arrangement is indeed k%~ !-periodical horizontally and k-periodical vertically, thus it is
a torus of required size. (One may notice that the periodicity property also holds if uw = 2 and k is odd.)



E.2

E.3

E.4

It remains to prove that that every u numbers zy,...,z,—1 appear (in this order) consecutively in some row.
Since (¢;) is a de Bruijn sequence, there exists an index ¢ such that ¢py; = x; — ;-1 forall i =1,...,u— 1.
Since the numbers ay ¢, ..., aj ¢ are pairwise distinct, there exists an index r such that a, ¢ = z¢. Then by our
construction we have

7 7
Qroqi = Qrg + E Cors = To + E (s —x5-1) = 24,
s=1 s=1

so we have found a desired 1 x u rectangle.

Now assume that u = 2 and k& > 3. We need to fill the rows of a k X k torus by the numbers 1,2, ...,k so that
every pair of numbers appears as a pair of consecutive numbers in some row. In terms of a de Bruijn graph
G(2,k) introduced in the solution of B.5, we need to split the edges of this graph into k cyclic tours, each of
length k.

If k is odd, say k = 2t + 1, then one may use the tours
(a—=(a+1)—sa—>(a+2)sa—-—a—(a+t) > a—a)

fora =1,2,...,k. (One may also mention that the model for u > 3 works in this case as well.)

If k is even, say k = 2t, then we may start with the tours
Co=(a—(a+1l)—a—(a+2) va—-—a—(a+t—1)—a)

foralla =1,2,...,2t. Each of these tours has length 2t — 2, and they cover all the edges except for those of the
forms x — x and © — (z+1t). Next, we augment each tour Cy;_1 by two edges (t+i—1) = (i—1) = (t+i—1),
and we augment each tour Ca; by two loops 2i — 2i and (2 + 1) — (2¢ + 1). One can easily check that this is
possible, because these tours contain the vertices which are needed for such an augmentation.

Let ...,c1,co,...,¢2,... be a de Bruijn sequence of rank 2 in the alphabet X} (extended periodically). We
put this sequence into each row with different shifts. Namely, in the ith row we shift this sequence to the right
by 0+ 14---+ (i — 1) cells. Thus, the sequence in the ith row is shifted by ¢ — 1 with respect to the (i — 1)th
row. Moreover, the sequence in the (k% + 1)th column is shifted (in total) by 1+ 2 + - -+ + k?; this last sum is
divisible by k2, thus our arrangement indeed defines a k% x k? torus.

Now, for every 2 x 2 square, its first and second rows appear in our de Bruijn sequence. Assume that the
occurrence of the second one is s terms to the right relatively to the occurrence of the first one. Then this
square appears in the union of the sth and the (s + 1)th rows.

One may modify the method from the previous solution in order to work here as well. Again, we will construct
a torus of type (k*(*~1 k% v,u);. For convenience, denote R = k*(*~1 and S = k*.

We start with the de Bruijn sequence of rank u (its period length is S). We put it into the ith row shifting it to
the right with respect to the previous row by some number d; which will be defined later. (So the ith column
is shifted by d; + - - - + d; relatively to the zeroth one.) Surely we should have d;+ r = d;.

In order to provide a vertically R-periodic arrangement, the sum d; + - - - + dr should be divisible by S. Next,
as in the previous problem, in order to obtain all possible v X u rectangles, we just need all the combinations
of v — 1 shifts to appear in the sequence (d;). Thus (d;) should be just a de Bruijn sequence of rank v — 1 in
the alphabet Xg.

In particular, this means that the sum of the elements in the period of (d;) is just
u(v=2) (1424 +EkY),
and this number is indeed divisible by k* for all k,u,v > 2, except for the case when v —2 = 0 and k" is even.

k = 2 was shown in problem A.3a); thus we will assume that k > 4.

Step 1. Let us construct a rank 2 de Bruijn sequence C' = (ci,...,cg2) with an additional property that
cp2/2 = cj2. Consider a de Bruijn graph G(2, k) and split all its edges into groups of the form M; = {(¢,£+1) :
¢ =1,2,...,k}. Then let us merge all these groups into two equipotent sets so that M; and Mjy_; are in
distinct sets. Then we have split all the edges into two subgraphs, and both are connected and balanced.
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Let us take some Eulerian tours in these subgraphs and glue them at a common vertex v. We get the Eulerian
tour in the whole graph, and two of the occurrences of v are half a tour apart from each other. This provides
(by the methods used in B.5) exactly a required de Bruijn sequence.

Step 2. Now we perform almost the same procedure as in E.2. Consider a constructed de Bruin sequence C'; let
A and B be its first and second halves. Notice that each sequence of two letters appears either in the sequence
with period A or in the sequence with period B. (Here one needs to use the additional property of constructed
sequence — why?)

Let us put the sequence with period C into the rows numbered from 4 to k2 so that the relative shift of two
neighboring rows takes all values from 0 to k% — 1, except for 0, 1, ¥?/2, and k?/2 + 1. The sum of all the
numbers from 0 to k% — 1 is congruent to k?/2 modulo k2. Then the k2th (as well as the zeroth) row is shifted
relatively to the fourth one by k2?/2 — 2.

Next, we put the same sequence into the second row shifting it by one to the left relatively to the fourth row.

Finally, we put the sequence with period A into the first row, and the sequence with period B to the third one.
We shift them so that the parts A in the first and the second rows are put on the same level, and the same
holds for the parts B in the third and the fourth rows (see the left picture below).

Due to the changes made in the procedure from E.2, we need to check that the 2 x 2 squares in rows from
zeroth to the fourth are the same as they would be if these rows were just the usual de Bruijn sequences with
the relative shifts of consecutive rows equal to 0, 1, k?/2, and k?/2 + 1. It is easy to see that the squares in
the rows 1-2 and 3-4 are the same as they would be in two pairs of usual “de Bruijn rows” with relative shifts
0 and k2/2. Similarly, the squares in the rows 0-1 and 2-3 are the same as they would be in two pairs of usual
rows with relative shifts 1 and k2/2 + 1.

b
=
b
=

O = N Wk WLt

B B Bl A B] A
B B A B|] A] B
B B ~ Bl A[BJ] A
A A Bl A[ B A
A A ] | B | A] B | A

There are several such construction. We will present one using the construction from problem E.6.

Assume that k > 2. Take a de Bruijn torus of type (k?, k2,2,2), constructed in E.2 (for odd k) or in E.4 (for
even k). One can check that in both constructions, the sum of letters in each row is 0 (it is almost trivial for
the usual de Bruijn sequence; for the halves of the sequence used in E.4, one needs to involve their explicit
construction). Thus one may apply E.6 to this torus and reflect across the diagonal to get a de Bruijn torus
of type (k*, k?,2,3)%.

Pitifully, this method does not work for k& = 2, since in the (essentially unique) construction of a de Bruijn
torus of type (4,4, 2,2)s the row sums are odd. Here one may apply the method similar to those in the previous
problems. Notice that the two columns of the (4,4, 2,2)s-torus contain all eight possible 3 x 1 arrangements;
thus one needs only to combine them so that all possible pairings are present. One such arrangement is shown
in the picture below.

=== O
el il B =)
o|l—lolo
el il B =)
=l ololo
=l e =l

= o~

o) Renl Nan)

=l

ol oo

| = = =

=l

o) Ranl ol Nanl

jen) el Nenl il

o] Nen) Nl N
o] Nen) New) N

For further purposes, we will prove a more general statement, where R and S are not necessarily powers of k,
but are just positive integers with RS = k*Y. We act similarly to E.1 using some additional construction.

Step 1. Now we need a sequence longer than a usual de Bruijn sequence. Namely, we need a cyclic sequence of
letters in X with period p1, po, ..., psk» such that for every word z; ... x, and for every number £ =1,2,...,5
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there exists an index i = ¢ (mod S) such that p;+1 = ©1, Pit2 = Tit2, .-, Pitv = Tp. S0, each word of length
v in the alphabet X would appear exactly S times in the period.

To reach the goal, we consider a different graph G’. Its vertices have the form (w;é), where w is a word of
length v — 1 in the alphabet X, and ¢ € {1,2,...,S} (the indices ¢ will be regarded as residues modulo S).
If the the usual de Bruijn graph G(v, k) contains an edge from w; to wsy, then we draw an edge from (ws;1i)
to (we;i+ 1) for every 1,2,...,5. Clearly, G’ is balanced and strongly connected, so there exists an Eulerian
tour in this graph. If we now reconstruct a word from this tour in a usual manner, we get the desired sequence.
Indeed, the required subword z; ...x,) in the position congruent to ¢ modulo S corresponds exactly to the
edge (21 ...xy_1;1) = (T2...2Tp;i 4+ 1).

Step 2. Now we are ready to construct a desired new torus. Let a; ; denote the letter in position (4, j) of the
given torus. Consider a cell (I, J) in the new torus and let j = J mod S. Then we fill this cell with the number

I
Arg=ps+ Z A j-

m=1

By the conditions on the old torus, the new arrangement is vertically R-periodic. Obviously, this arrangement
is also horizontally Skv-periodic.

Next, each row of this new torus satisfies the same property as the sequence constructed in Step 1. Indeed, the
subwords of (p;) in the positions congruent to i modulo S are just all possible words, and similar subwords of
a certain row are obtained from them by componentwise addition of a fixed word.

Now it is easy to see that a constructed torus contains every possible (u + 1) x v rectangle. Let (x; ;) be
the arrangement of numbers in such a rectangle. Denote y; ; = x;11,; — «; ;. The arrangement (y; ;) appears
somewhere in the given torus, say in the positions («+ 1,8+ 1) to (a+u, 8+ v). Then the new torus contains
a desired arrangement in one of kY positions of the form (« + 1,8+ 1+ pS)—(a+u+ 1,8 + v + uS) with
pw=0,1,..., kY — 1, by the same reasoning as in E.1.

Remark. Due to the properties of all the rows, it is easily seen that the row sums of the obtained torus are
all divisible by k. Thus one may apply the same procedure iteratively, switching the directions every time.

Moreover, one may see that it suffices to switch the direction every second time, provided that Sk?~2. Indeed,
let p1,...,pske be a period of some row in a constructed torus. The row of the second iteration will have the
form

a, a+p, a+(pr+p2), ..., a+(p1+-Fpspe_1)

The sum of all these elements is congruent modulo k& to

—p1—2p2 — -+ — (SkY — D)pske—1 = —(p1 + Pry1 + -+ Pswo—rt1) — 2(p2 + Prg2 + -+ + Pskv—k2) — - -

In each bracket, every letter appears Sk¥~? times; this number is divisible by &, so the total sum is divisible
by k as well.

Starting from the construction of E.5, we apply E.6 thrice obtaining

K 622,3) 5 3.8 D (BES4,3) b (8K 4, 4)
surely sometimes we switch the horizontal and vertical directions. In order to show that E.6 is applicable in
each case, we need to show that the corresponding row/column sums are divisible by k& in each of three steps.
For step (3) it follows from the Remark after E.6. If k > 2, then the same holds for steps (1) and (2), as we
have obtained the torus of type (k%, k%,2,3); by the same procedure. In the exceptional case k = 2, one may
check the desired condition manually (on the picture at the end of E.5).

It would be better to mention here that not all de Bruijn tori of type (k*, k2,2, 3); satisfy the required condition.

Firstly, let us prove the claim for even n = 2¢ by the induction on ¢t. The base cases t = 1,2 have already been
considered above.
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Assume now that the torus of type (kztz, k2t2, 2t,2t) has already been constructed, and E.6 was applied last
time to increase the vertical side of a torus. Then it suffices to apply E.6 as

(k2t27k2t2,2t7 Qt)k . (kzﬁ’ kzt(t+1)’ 2 +1, Qt)k
N (k2t2+2t+1, th(t-i-l)7 2% + 17 o + 1)k
s (K207 20D 9 41,9t 4 2)
— (K207 R200D% 9y 9 9p 4 9) .

Each time, the claim of E.6 is applicable due to the Remark after its proof.

Assume now that n is odd but k is a perfect square, so n = 2t + 1 and k = a?. Then we may start a similar
induction. For the base case t = 0, it suffices to arrange the numbers 1,2, ...,a? in the cells of a a X a square
so that the sum in each column is divisible by a? (we need this condition in order to be able to apply E.6).
For that, it suffices to split these numbers into a groups with equal sums, which is known to be possible.

For the induction step, assume that the torus of type (a2*+D* a(2+D® 2 4 1,2¢ 4 1), has already been
constructed, and E.6 was applied last time to increase the vertical side of a torus (if it was applied at all).
Then it suffices to apply E.6 as

(a(2t+1)2,a(2t+1)2,2t 1,26+ 1)k (a(2t+1)2 (2t41)(2¢+3) ,2t+ 2,2t + )
(azt 845 (D 643) op 4 9 9f 4 2)
(a(2t+3 aPHDERS) op 49 op 4+ S)k

(a(2t+3) a3 9p 13 9p 4 3),

IR

Again, the applicability of E.6 is due to the Remark after its proof.

The case of even n is completely analogous to such case in the previous problem.

Assume now that n = 2t + 1 and k = a?. If n = 1 then the statement is trivial. For n > 3, we also use the
induction on ¢, but we need to establish the base case t = 1. We will obtain it with a help of E.10. By this
problem, there exists a de Bruijn torus of type (a°, a3,2,2). Moreover, the analysis of the construction in E.10
shows that the sum of numbers in each row is divisible by k. Thus we may apply E.6 twice to obtain

(a5,a3,2,2)k — (a9,a3,2,3);C — (ag,a9,3,3)k,

as required.

The step of the induction goes exactly as in the previous problem.

As usual, we denote k = 2st, R = 4st?, and S = 4s53¢2.

Step 1. Let us find s cyclic sequences Ly, Lo, ..., L, each of length R = k?/s, such that every 2-letter word
in alphabet X appears as a subword in exactly one of these sequences. This can be done exactly as in
Step 1 of E.4, but now we need to split all the edges into s groups Gi,...,Gs, each with R edges, so that
these groups define balanced connected subgraphs. The Eulerian tours in these subgraph will then provide the
desired sequences.

We split again all the edges of G(2, k) into k groups M; = {(¢{,£+1) : £ =1,2,...,k}. Firstly, we put into G;
the edges of groups M;_; and Mj,_;; one can see that this already ensures that the resulting subgraphs will be
connected. Then we distribute the other groups evenly between G;’s. The construction is finished.

Step 2. Now we will construct a desired torus. Each column will contain just one of the sequences Ly, ..., L
shifted somehow. We fix a starting element of each of the sequences L;; after that, we may speak on the shifts
of any of them relatively to any other.

Let C = (c1,...,cs2) be a de Bruijn sequence of rank 2 in the alphabet X;. Now we fill the columns as follows.
Let I be the number of a column, and i be its residue modulo s?, so I = i + s - j. Then this column will
contain the sequence L., and it will be shifted by j relatively to the previous column.

Consider the columns from zeroth to Sth. We claim that every 2 x 2 square appears in these columns. Indeed,
for every two indices 4, the sequence L; will follow L; exactly R times, and all their relative shifts will be
distinct; this yields our claim.
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It remains to find the period of our arrangement. Since S = Rs?, the Sth column will be shifted relatively
to the zeroth one by (0 +1+---+ (R — 1)) - s%. If s is even, then this number is divisible by R, so we have
obtained a required torus with periods R and S.

Assume now that s is odd. Then, pitifully, the total shift is divisible only by R/2. But then we may perform
the same change as in E.4. Namely, one may see that in Step 1 we can split one of the groups G; (say, G2)
into two balanced connected halves. Then the corresponding sequence L, can be also constructed in order to
consist of two parts ending by the same letter. Then the same trick as in E.4 is applicable. The details are left
to the reader.

Remark: There is also a different construction for this problem.

The continuation of Enumeration

Let us fix some edge from v; we will assume that it is the first edge in each Eulerian tour. Consider any Eulerian
cycle C'. For each vertex u # v, let us mark the last edge from u in tour C. Denote the subgraph defined by
the marked edges by T

Assume that T contains an (unoriented) cycle w. The out-degree of every vertex in T' does not exceed 1, so w is
in fact an oriented cycle. Let e be the edge of w which appears in C later than the others; let u = ¢(e). Notice
that u # v, since the out-degree of v in T" is 0. Then the edge f of w starting at u has to occur in C later than e;
otherwise, after having passed e in cycle C' we would not be able to leave this vertex. This contradiction shows
that T is acyclic. Therefore, if we start walking from an arbitrary vertex of G along the edges of T', we will
eventually reach a vertex with no outgoing edges; such a vertex should be v. Thus, T' is an oriented spanning
tree rooted at v.

Thus, to every Eulerian cycle C' corresponds some oriented spanning tree rooted at v; now we will count the
number of cycles corresponding to a particular tree T'. This tree corresponds to those Eulerian cycles which
start going from v along the fixed edge and avoid going via any edge of T' as long as possible. Now we will
show how to construct all such cycles.

For each vertex u # v, there are (outdeg(u) — 1)! possible orderings of its outgoing edges not belonging to T
(such an ordering will tell in which order the cycle should leave this vertex; the remaining edge should be the
last one). For vertex v, there are again (outdeg(v) — 1)! possible orderings of outgoing edges apart from the
fixed one. We claim that every particular choice of all these orderings indeed determines an Fulerian cycle.

Let us start walking from v via the fixed edge; then we move according to the orderings until we get stuck.
This could only happen at v; denote the obtained cycle by C. Assume that C' does not pass through some edge
from a vertex wu; then it also does not pass along the edge from u in T. Considering a path from u to v in T,
we find the edges e1, es lying in T such that ¢(e;) = s(e2), and the cycle contains e; but not e;. This yields
that C' contains all the edges outgoing from s(es) but not all edges ingoing to this vertex; this contradicts the
balancedness of G.

Thus, each tree corresponds to H (outdeg(u) — 1)! different Eulerian cycles, and the result follows.
ueV(G)

Remark. As a corollary, we obtain that the number of oriented spanning trees rooted at some vertex v of a

balanced strongly connected graph does not depend on the choice of v.

Answer. B(k,n) = k¥ /k".

I*" " times the number of oriented spanning trees with a

% times the total number 7(G(k,n)) of oriented

spanning trees in G(k,n). We prove by induction on n that 7(G,,) = k""" =1; this immediately provides the
answer.

The previous problem implies that B(n, k) is (k — 1)
fixed root in the de Bruijn graph Gy ,, i.e. B(n, k) is

The base n = 1 is clear. Notice that Gy n+1 = LGy . Therefore, plugging ones instead of all variables onto
Levine’s theorem we get

T(Grngr) = T(Gppn)kF=DE

which completes the inductive step.



F.3 We present a proof from the article H. Bidkhori, S. Kishore. A bijective proof of a theorem of Knuth.
Combinatorics, Probability and Computing, vol. 20, is. 01, 2011; the pictures are borrowed there as well.

Let us expand all the brackets in both sides of the desired equality; we are to prove that the multisets of the
monomials in both sides are identical. We introduce the following notion.

Definition F.3 A tree array in a graph G is a set of ordered lists £,, one per vertex v of G, satisfying the
following properties.

a) The length of each list £, is indeg(v). All the elements of this list are edges outgoing from v (possibly, with
repetitions), with the only exception: the last element of exactly one list £y, is some predefined symbol 2.

b) The last elements of all the lists £, with v # vy form an oriented spanning tree rooted at vg.

The picture below depicts an example of a tree array.

(1) ,=[Q]
9 2 b=[2.5)]
& l5=1(3,4)]
5 L=[(4,1),(4,1)]

X25X34X41X54X41 l5=[(5,4)]

We put into correspondence to every tree array a monomial containing every variable x. with an exponent
equal to the number of occurrences of e in this array. One can easily see that the tree arrays are in one-two-one
correspondence with the monomials in the RHS of the required equality (moreover, the arrays where the last
edges of the lists form a particular tree correspond to the monomials obtained from a monomial of this tree
in k°49¢(Q)).

So, in order to prove our equality it suffices to construct a bijection of tree arrays in G and the spanning trees
in LG such that the monomial in k**"***(LG) of a certain tree corresponds also to its tree array. Let A be the
set of tree arrays in GG, and let 7 be the set of oriented spanning trees in LG. We will construct algorithmically
mutually inverse mappings

A>T and II: 7 — A,

satisfying the abovementioned condition.

Let us fix an arbitrary enumeration of the edges of G.

Construction of 3. Take an array A € A. We will construct its subgraph T edge by edge, accordingly
reducing array A. We start with a subgraph 7" with no edges; we will define 3(A) as the obtained subgraph T
when A is finally depleted. Denote the state of A and T after having performed the kth step by A(k) and T'(k)
respectively.

On the (k + 1)th move, let us choose an edge e with the smallest number such that e is not contained in A(k)
and its out-degree in T'(k) is zero. Let g be the first item in the list £, of array A(k). We define A(k + 1) by
removing g from the beginning of this list. If g = Q then we stop, otherwise we add the edge e — g to T'(k)
forming the subgraph T'(k + 1). The picture below depicts the stages of this algorithm working on the previous
example array.

Let G contain d edges. After k steps we have k edges having nonzero out-degrees in T'(k) and at most d—1—k
distinct edges in A(k). Thus we are able to choose some edge on the (k + 1)th step. Moreover, the list £;(.) will
be nonempty, since this list decreases exactly when the in-degree of ¢(e) decreases, so at most indeg(t(e)) — 1
times before this step.

We claim that T' contains no oriented cycles. Indeed, if the edges e; — ea, ..., e,—1 — €,) are already added
to T, then it is impossible to add the edge e, — e1) completing the cycle, since e; was absent in A already at
the moment of introducing the edge e; — es.



L=[Q]
L=[(2:5]
15=[(3,4)]
l,=0(4,1),(4,1)]
Is=[(5,4)]

1,=[(4,1),(4,1)]
ls=[(5:47]

h=[Q

]
L=[(2/57]

|1=[Q]
L=[{2757]
Li=[(3:47]
4=0(4,1),(4,1)]
Is=[(5,4)]

L=[Q]
|2=pu2421
L=[(34)]
l4=[(4:17,(4,1)]
Is=[(5:47]

|1=

|2=%]
=[(34)]
la=[(4:T),(4-T7]
ls=[(5-47]

Now let M be the tree in G consisting of the last edges on the lists of A, and let r be its root. Consider any
edge e = (u,w) in M (thus this edge is in £,). Assume that at some step of the algorithm the list £, becomes
empty. At this moment, T" has already got all its edges ending at v; in particular, the out-degree of e in T is
nonzero at this moment. This means that e was chosen on some previous step. At that step, A already did not
contain e, so at that step ¢, was empty. Thus, if /, is exhausted at some moment then ¢, had been exhausted
before that.

Now consider the moment when ¢, empties; due to the arguments above, all the other lists should be empty
at this moment as well. This the process will stop in exactly d steps, and the resulting subgraph T'= 3(A4) is
an oriented spanning tree in LG. It is easy to see that the monomials corresponding to A and to T coincide.

Construction of IT. Now take an oriented spanning tree S € T rooted at r. We start with an empty array B,
and we will increase this array while removing the edges from T'. Denote the states of B and S after kth step
by B(k) and S(k), respectively.

On the kth step, we consider all the vertices of S(k) with the out-degree 1 and the in-degree 0, and we choose
such a vertex e having the least number (recall that the vertices of S(k) are edges of G). Let e — f be the edge
of S(k) from e. We remove this edge from S, and we add f to the end of list £;). When S becomes empty
(which happens after d — 1 steps), we add € to the end of £;(,).

When the algorithm halts, the length of every list ¢, in B equals indeg(v). Now let M be a subgraph in G
formed by all last edges in the lists ¢,,. Assume that M contains an edge f = (u,w) (lying in £,,). We prove that
the list £, has been completed after the list £, had been completed. Indeed, when list £, is complete, vertex f
of graph S should become isolated; therefore, all the edges which ended at this vertex in the original graph S
were worked out before; so f appeared in list ¢, or the last time before this moment.

This property yields that M contains no oriented cycles. Since each vertex of M except for ¢(r) has exactly
one out-edge, M is an oriented spanning tree. Therefore, B is a tree array, and we set B = II(S).

It remains to show that the mappings ¥ and IT are mutually inverse. Let T = 3(A), and let the first
k steps of the algorithm constructing 3(A) delete from A the edges fi,..., fr and insert to T the edges
er = f1), -, ex — fi in this order. We show by the induction on k that the first k steps of the algorithm
constructing B = II(T) insert to B the edges fi,..., fx and delete from T the edges e; — f1), ..., ex — fx)
in the same order.

The base k = 0 is trivial. For the step, consider the (k + 1)th step of the IT-algorithm. By the induction
hypothesis, the edge ex11 — fra1 exists in subgraph T'(k). Moreover, T'(k) cannot contain an edge of the form
e — ep+1, otherwise this edge would have been added to 7' on some step of 3 with number ¢ > k + 1; but
before this ¢th step array A(¢ — 1) did not contain edge ex41 — a contradiction. Thus ex41 has required in-
and out-degrees in T'(k).



On the other hand, if T'(k) contains some edge e — €’ such that the in-degree of e in T'(k) is zero, then the
number of e is greater than that of e 1; otherwise we would add the edge e — €’ to T on the (k + 1)th step
of 3 instead of e;41 — frt1. Therefore, on the (k + 1)th step of IT we indeed should delete edge ex1 — fit+1
from 7" and add edge fr11 to B.

So, we have proved that II(2(A)) = A for all A € A. The proof of the relation 3(II(T")) =T for all T € T is
analogous.

Remark. The original Levine’s proof of his theorem was algebraic, and it involved some technique using
determinants.

de Bruijn sequences via recurrencies

The proof of this statement involves some involved algebraic technique. If you are not acquainted with this
technique, you may either postpone reading this solution for several years, or read some algebraic literature
before. We use several classical facts without proof. It is known that for every positive integer n there exists

a degree n polynomial f which is irreducible over the 2-element field F5. Next, the residue classes modulo
this polynomial f form a field K with 2" elements. For every nonzero u € K the equality v2"~! = 1 holds;
moreover, it is known that there exists a nonzero £ € K such that & # 1 for all 0 < ¢ < 2" — 1. Thus all
nonzero elements of K are just the powers of £.

Now consider a polynomial g irreducible over Fy such that g(¢) = 0. Then g divides the polynomial 22" —
which has no multiple roots (since its roots are just all elements of K). Hence, g has n distinct roots in K. We
have deg g = n since |Fy(u)| = 2". So we may write g = 21~ + ... + 2%~1 4 2" where k1 < kg < -+ < k.
Now we define a template putting X exactly at the positions with numbers k1, ko, ..., ks.

Next, let £ = &1,&5, ... &, be the roots of g. The following system of linear equations

T, + zo + e +z, = 0
§1x1 + &2+ 0 + 6w, = 0
P+ P+ 2, = 0
o+ G e+ e, =

has a unique solution, since its determinant is nonzero (it is simply the Vandermonde determinant). It is easy
to check now that the sequence determined by our template can be also defined as

ar = T1&F + -+ k.

For every n > 1 we have k; = 1 since g is irreducible. One may see then that the sequence (ay) is purely
periodic, since each piece of this sequence of length n determines uniquely both the previous and the next its
pieces. Let the period have the length ¢. The equalities a; = ag, ar41 = a1,...,0¢4n—1 = ap—1 together with
the uniqueness of the solution of the system yield z1&! = z1,...,2,&, = x,. Since one of the x;’s is nonzero,
we get £& = 1. Therefore, t > 2™ — 1, since the extensions F»(&;) and Fy(u) are isomorphic. On the other hand,
we have t < 2™ — 1 since the piece of n zeroes cannot occur in our sequence, and the first repetition of the
piece of n consecutive terms yields the periodicity.
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Abstract

A universal cycle for permutations is a word of length n! such that each of the n! possible relative orders of n distinct integers
occurs as a cyclic interval of the word. We show how to construct such a universal cycle in which only n + 1 distinct integers are
used. This is best possible and proves a conjecture of Chung, Diaconis and Graham.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

A de Bruijn cycle of order n is a word in {0, 1}%" in which each n-tuple in {0, 1} appears exactly once as a cyclic
interval (see [2]). The idea of a universal cycle generalizes the notion of a de Bruijn cycle.

Suppose that F is a family of combinatorial objects with |F| = N, each of which is represented (not necessarily in
a unique way) by an n-tuple over some alphabet A. A universal cycle (or ucycle) for F is aword uju, . .. uy with each
F e F represented by exactly one u;1u;2 ... u;j4+, Where, here and throughout, index addition is interpreted modulo
N. With this terminology a de Bruijn cycle is a ucycle for words of length n over {0, 1} with a word represented by
itself. The definition of ucycle was introduced by Chung, Diaconis and Graham in [1]. Their paper, and the references
therein, forms an good overview of the topic of universal cycles. The cases considered by them include F being the
set of permutations of an n-set, r-subsets of an n-set, and partitions of an n-set.

In this paper we will be concerned with ucycles for permutations: our family F will be S,,, which we will regard
as the set of all n-tuples of distinct elements of [n] = {1, 2, ...n}. It is not immediately obvious how we should
represent permutations with words. The most natural thing to do would be to take A = [n] and represent a permutation
by itself, but it is easily verified that (except when n < 2) it is not possible to have a ucycle in this case. Indeed, if
every cyclic interval of a word is to represent a permutation then our word must repeat with period n, and so only
n distinct permutations can be represented. Another possibility which we mention in passing would be to represent
the permutation aja; . ..a, by ajaz . ..a,—1. It is clear that the permutation is determined by this. It was shown by
Jackson [3] (using similar techniques to those used for de Bruijn cycles) that these ucycles exist for all n. Recently
an efficient algorithm for constructing such ucycles was given by Williams [4]. He introduced the term shorthand
universal cycles for permutations to describe them. Alternatively, Chung, Diaconis and Graham in [1] consider ucycles
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for permutations using a larger alphabet where each permutation is represented by any n-tuple in which the elements
have the same relative order. Our aim is to prove their conjecture that such ucycles always exist when the alphabet is
of size n 4 1, the smallest possible. In contrast to the situation with shorthand universal cycles, the techniques used
for de Bruijn cycles do not seen to help with this so a different approach is needed.

To describe the problem more formally we need the notion of order-isomorphism. If a = ajaz...a, and
b = b1b> ... b, are n-tuples of distinct integers, we say that @ and b are order-isomorphic if

a,-<aj<:>bi<bj

for all 1 < i, j < n. Note that no two distinct permutations in S, are order-isomorphic, and that any n-tuple of
distinct integers is order-isomorphic to exactly one permutation in S,. Hence, the set of n-tuples of distinct integers is
partitioned into n! order-isomorphism classes which correspond to the elements of S,,.

We say that a word ujus . .. uy, over an alphabet A C Z is a ucycle for S, if there is exactly one u; {1u; 42 ... Uity
order-isomorphic to each permutation in S,,. For example 012032 is a ucycle for S3. Let M (n) be the smallest integer
m for which there is a ucycle for S, with |A| = m. Note that if | A| = n then each permutation is represented by itself
and so, as we noted earlier, no ucycle is possible (unless n < 2). We deduce that M (n) > n + 1 for all n > 3. Chung,
Diaconis and Graham in [1] give the upper bound M (n) < 6n and conjecture that M (n) = n + 1 for all n > 3. Our
main result is that this conjecture is true.

Theorem 1. For all n > 3 there exists a word of length n! over the alphabet {0, 1,2, ..., n} such that each element
of Sy is order-isomorphic to exactly one of the n! cyclic intervals of length n.

We prove this by constructing such a word inductively. The details of our construction are in the next section.
Having shown that such a word exists, it is natural to ask how many there are. In the final section we give some
bounds on this.

Our construction works for n > 5. For smaller values of # it is a relatively simple matter to find such words by
hand. For completeness examples are 012032 for n = 3, and 012301423042103421302143 for n = 4.

2. A construction of a universal cycle

We will show how to construct a word of length n! over the alphabet {0, 1, 2, ..., n} such that for each a € §,
there is a cyclic interval which is order-isomorphic to a.

Before describing the construction we make a few preliminary definitions.

As is standard for universal cycle problems we let G, = (V, E), the transition graph, be the directed graph with

V=A{(aay...ay) :a; €{0,1,2,...,n}, and a; # a; foralli # j}
E ={(a1ay...a,)(b1b2...by) :aj+1 = b; foralll <i <n —1}.

Notice that every vertex of G, has out-degree and in-degree both equal to 2.

The vertices on a directed cycle in G, plainly correspond to the n-tuples which occur as cyclic intervals of some
word. Our task, therefore, is to find a directed cycle in G, of length n! such that for each a € S, there is some vertex
of our cycle which is order-isomorphic to a. This is in contrast to many universal cycle problems where we seek a
Hamilton cycle in the transition graph.

We define the map on the integers:

i ifi <x

SX(I):{H-] ifi > x.

We also, with a slight abuse of notation, write s, for the map constructed by applying this map coordinatewise to
an n-tuple. That is,

sx(aray . ..ay) = sy(ar)sx(az) . ..sx(ap).

The point of this definition is that if a = ajas...a, € S, is a permutation of [n] and x € [n + 1] then s, (a) is
the unique n-tuple of elements of [z + 1]\ {x} which is order-isomorphic to a. Note that, as will become clear, this is
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the definition we need even though our final construction will produce a ucycle for permutations of [n] using alphabet
{0,1,2,...,n}.
We also define a map r on n-tuples which permutes the elements of the n-tuple cyclically. That is,

rlaiay...a,) = azas...az—1a,aj.

Note that (a, r(a)) is an edge of G, and that 7" (a) = a.

As indicated above, we prove Theorem 1 by constructing a cycle of length n! in G, such that for each a € §,
the cycle contains a vertex which is order-isomorphic to a. Our approach is to find a collection of short cycles in G,
which between them contain one vertex from each order-isomorphism class and to join them up. The joining up of the
short cycles requires a slightly involved induction step which is where the main work lies.

Proof of Theorem 1. Szep 1: Finding short cycles in G,,.

The first step is to find a collection of short cycles (each of length n) in G, which between them contain exactly
one element from each order-isomorphism class of S,. These cycles will use only n elements from the alphabet
and we will think of each cycle as being “labelled” with the remaining unused element. Suppose that for each
a = aiay...ay—1 € S,—1 we choose a label /(a) from [n]. Let Oa be the n-tuple Oajas . ..a,—1. We have the
following cycle in G;:

$1a)(0), 7 (510 (0a)), 7% (5130)(0a)), . . ., 7" (5100 (0a)).
We denote this cycle by C(a, [(a)). As an example, C(42135, 2) is the following cycle in Gg:
053146 — 531460 — 314605 — 146053 — 460531 — 605314 — 053416,

where arrows denote directed edges of Ge.
Note that for any choice of labels (that is any map /) the cycles C(a, [(a)) and C(b, [ (b)) are disjoint whena, b € S,
are distinct. Consequently, whatever the choice of labels, the collection of cycles

U ¢, i@y

aeS,_1

is a disjoint union. It is easy to see that the vertices on these cycles contain between them exactly one n-tuple order-
isomorphic to each permutation in S,,.

We must now show how, given a suitable labelling, we can join up these short cycles.
Step 2: Joining two of these cycles

Suppose that C; = C(a, x) and C, = C(b, y) are two of the cycles in G, described above. What conditions on a, b
and their labels x, y will allow us to join these cycles?

We may assume that x < y. Suppose further that | < x <y —2 < n — 1, and that a and b satisfy the following:

a; ifl <ag <x-—1

ai+1 ifx<ag <y-2
b; = oo T T

X ifa, =y —1

a; ify<a <n-—1.

If this happens we will say that the pair of cycles C(a, x), C(b, y) are linkable.
In this case s,(0a) and s,(0b) agree at all but one position; they differ only at the ¢ for which a; = y — 1 and
b; = x. It follows that there is a directed edge in G, from

r' (s, (0a)) = sc(a; ...an—10a; . ..a;—1)

to
P (sy(0b)) = sy (bys1 - .. ba—10by ... by).
Similarly, there is a directed edge in G, from
r'(sy(0b)) = sx(by .. .by—10b1 ... by—1)
to

r’+l(sx(0a)) =sy(@41...a,-10a; .. .a;).
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_y 053146 146023

X - X
605314 531460 —» 314602 460231
460531 314605 «+—— 231460 602314
-~ » -~
146053 023146

Fig. 1. The cycles C(42135, 2) and C(23145, 5) are linkable.

If we add these edges to C; U C, and remove the edges
r! (52 (0a))r' ™ (s (0a))
and
r! (s, (0b))r"™*! (s, (0b)),

then we produce a single cycle of length 2n whose vertices are precisely the vertices in C; U Ca.

We remark that if x = y — 1 then the other conditions imply that @ = b and so although we can perform a similar
linking operation it is not useful. If x = y then b is not well defined.

As an example of the linking operation consider the linkable pair of 6-cycles C(42135, 2) and C(23145, 5) in Gg.
If we add the edges 531460 — 314602 and 231460 — 314605, and remove the edges 531460 — 314605 and
231460 — 314602 then a single cycle of length 12 in Gg¢ is produced. These cycles and the linking operation are
shown in Fig. 1.
Step 3: Joining all of these cycles

We now show that this linking operation can be used repeatedly to join a collection of disjoint short cycles, one for
each a € §,, together.

Let H, = (V, E) be the (undirected) graph with,

V={ax):aeS,—1,x €[n]}
E ={(a,x)(b,y) : C(a, x),C(b, y) are linkable}.

If we can find a subtree 7, of H, of order (n — 1)! which contains exactly one vertex (a, x) for each a € §,_|
then we will be able to construct the required cycle. Take any vertex (a, [(a)) of T,, and consider the cycle C(a, I(a))
associated with it. Consider also the cycles associated with all the neighbours in 7, of (a, [(a)). The linking operation
described above can be used to join the cycles associated with these neighbours to C(a, [(a)). This is because the
definition of adjacency in H, guarantees that we can join each of these cycles individually. Also, the fact that every
vertex in G, has out-degree 2 means that the joining happens at different places along the cycle. That is if (b, [(b))
and (c, [(c)) are distinct neighbours of (a, [(a)) then the edge of C(a, [(a)) which must be deleted to join C(b, [ (b))
to it is not the same as the one which must be deleted to join C(c, [(c)) to it. We conclude that we can join all of the
relevant cycles to the cycle associated with (a, [(a)). The connectivity of 7,, now implies that we can join all of the
cycles associated with vertices of T}, into one cycle. This is plainly a cycle with the required properties.

The next step is to find such a subtree in H,.

Step 4: Constructing a Suitable Tree

We will prove, by induction on 7, the stronger statement that for all n > 5, there is a subtree 7, of H,, of order

(n — 1)! which satisfies:

1. for all a € S,,_1 there exists a unique x € [n] such that (a, x) € V(T,),
2. (12...(n—1),1) € V(Ty,),

3. 23...k=DIk)Yk+1)...(n—1),k) e V(T,) forall 3 < k <n,
4. (32145...(n—1),2) € V(Ty),

5. (243156...(n — 1),3) € V(T,),

6. v(31245...(n — 1)) is aleafin T},

7. v(24135...(n — 1)) is aleaf in T},.
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(2143.,5) (1432,1)

(2134,3) (2431,3)

(1234,1) — (2341,5)

z N
(2314,4) (4231,2)
P
(3214,2) (4321,4)
7 L?
(4312,5) 4213,1)
7 g T N
(3412,3) (3241,1)—(1342,4) — (1243,2)— (1324,5) (4123,3)
v A g ™~
(3421,1) (3142,3) (1423,3) (3124,5)
(4132,5) (2413,1)

Fig. 2. A suitable choice for 75.

Where, for a tree satisfying property 1, we denote the unique vertex in V (7},) of the form (a, x) by v(a).

For n = 5 a suitable tree can be found. One such is given in Fig. 2.

Suppose that n > 5 and that we have a subtree 7, of the graph H, which satisfies the above conditions. We will
use this to build a suitable subtree of H, 4.

A key observation for our construction is that the map from V (H,) to V (H,41) obtained by replacing each vertex
(a1az...an—1,x) € V(H,) by (1(a1 + 1)(az + 1)...(an—1 + 1), x + 1) € V(H,41) preserves adjacency. It follows
that subgraphs of H,, are mapped into isomorphic copies in H,+; by this map. Further, applying a fixed permutation to
the coordinates of the n-tuple associated with each vertex of H,1| gives an automorphism of H, | and so subgraphs
of H,41 are mapped into isomorphic copies.

We take n copies of T;. These copies will be modified to form the building blocks for our subtree of H,1 as
follows.

In the first copy we replace each vertex (ajaz . ..a,—1, x) by

(I(az + D(ar + D(as + D(aa + D@as + D@as + D) ... (an—1 + 1), x + 1).

7O

By the observation above this gives an isomorphic copy of 7, in Hy1. We denote this tree by 7, ;.

In the next copy we replace each vertex (ajaz...a,—1, x) by
(a3 + Dl(az 4+ (a1 + D(ag + D(as+ 1) ... (ap—1 + 1), x + 1).

We denote this tree by Tn(i)l.
Forall2 < k < n—1, we take a new copy of 7, and modify it as follows. We replace each vertex (aj, az ...a,—1, x)

by

((ax + D(ar + D@2+ 1) ... (k-1 + Dlak41 + D .o (@1 + D, x + 1),

We denote these trees by Tn(i)l’ Tn(43r)1 oo Ty

As we mentioned this results in n subtrees of H,, 1. They are clearly disjoint because the position in which 1
appears in the first coordinate of each vertex is distinct for distinct trees. Let F,+1 be the n component subforest of

H, 1 formed by taking the union of the trees Tn(i)l forO<k<n-—1.

It is also easy to see that for every a € S, there is a vertex in F;1 of the form (a, x) for some x € [n + 1]. It
remains to show that the n components can be joined up to form a single tree with the required properties.

Notice that it is a consequence of the construction of the T(k)1 thatif v(l1ly...1,—1) is aleaf in T, then the following

+
vertices are all leaves in Fj,41: !
e v(Iz+ D1+ DUs + D2+ DUs+ DU +1)...(Ih—1 + 1))

e v((l3+ D1+ D(l 4+ D(ls + Ds + 1) ... (laet + 1))
e W (k+ DU+ DB+ oo Gy + D11 + D) ooy + D)) for2 <k <n— 1.

7D
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We claim that v(12...n) is aleaf in Tn(g)l , and hence a leaf in F;,1 1. This follows from the fact that v(24135... (n—
1)) is a leaf in T;, and the remark above. We delete this vertex from Fj,;| to form a new forest.

The construction of the 7% " and the fact that (23... (k— D1(k)(k+1)...(n—1),k) € V(T;) forall 3 <k <n

means that (23 ... k1(k+ 1)(k+2)...n,k+ 1) € V(F,41) for all 3 < k < n. Further, the construction of the Tn(l_)l
and the fact that (32145...(n — 1), 2) € V(T,) means that (2134 ...n,3) € V(F,+1).

We add to F; 41 a new vertex (123...n, 1) (this replaces the deleted vertex from Tn(g)l) and edges from this new
vertex to (23...k1(k+ 1)(k+2)...n,k + 1) for all 2 < k < n. The previous observation shows that all of these
vertices are in F; 1, and it is easy to check, using the definition of linkability, that the added edges are in Hy. This
new forest has only two components.

Similarly, the inductive hypothesis that v(31245...(n — 1)) is a leaf in 7, gives that v(342156...n) is a leaf
in F,4+1 (using the case k = 3 of the observation on leaves). We delete this leaf from the forest, replace it with
a new vertex (342156...n, 1), and add edges from this new vertex to (341256...n, 3) and (143256...n,4). The

construction of Tn(-2|-)1 and the fact that (32145... (n — 1), 2) € V(T,) ensures that the first of these vertices is in Fj 1.

The construction of Tn(_?_)l and the fact that (243156...(n — 1), 3) € V(T,) ensures that the second of these vertices is

in our modified Tn(g)l.

These modifications to 41 produce a forest of one component—that is a tree. Denote this tree by 7;41. We will
be done if we can show that 7}, satisfies the properties demanded.

Plainly, 7,4+ contains exactly one vertex of the form (a, x) for each a € S,. By construction (12...n, 1), and
23...¢t1(¢+1)(t+2)...n,t+ 1) are vertices of T,y for all 2 < ¢t < n. Hence the first three properties are satisfied.

The construction of Tnﬁ)l and the fact that (123...(n — 1), 1) € V(T,,) ensures that (32145 ...n, 2) is a vertex of

T+1. The construction of Tn(i)] and the fact that (32145...(n — 1),2) € V(T,) ensures that (243156...n,3) is a
vertex of T,,41. Hence properties 4 and 5 are satisfied.

Finally, the construction of Tn(i_)l and the fact that v(31245 ... (n—1)) is aleaf in T, ensures that v(31245...n)is a
leaf in F,4. The modifications which F},;| undergoes do not change this and so it is a leaf in 7;, 1. The construction
of Tn(i)l and the fact that v(31245...(n — 1)) is a leaf in T}, ensures that v(241356...n) is a leaf in F, ;. Again,
the modifications to F; 4 do not change this and so this vertex is still a leaf in 7;,41. Hence properties 6 and 7 are
satisfied.

We conclude that the tree 7},4+ has the required properties. This completes the construction. [

3. Bounds on the number of universal cycles

Having constructed a ucycle for S, over the alphabet {0, 1, ..., n} it is natural to ask how many such ucycles
exist. We will regard words which differ only by a cyclic permutation as the same so we normalize our universal
cycles by insisting that the first n entries give a word order-isomorphic to 12...n. We denote by U (n) the number
of words of length n! over the alphabet {0, 1, 2, ..., n} which contain exactly one cyclic interval order-isomorphic to
each permutation in S, and for which the first n entries form a word which is order-isomorphic to 12...n. There is a
natural upper bound which is essentially exponential in n! based on the fact that if we are writing down the word one
letter at a time we have 2 choices for each letter. We can also show that there is enough choice in the construction of the
previous section to prove a lower bound which is exponential in (n — 1)!. It is slightly surprising that our construction
gives a lower bound which is this large. However, the upper and lower bounds are still far apart and we have no idea
where the true answer lies.

Theorem 2.

(n—

420" <U®m) < (n+ D",

Proof. Suppose we write down our universal cycle one letter at a time. We must start by writing down a word of
length n which is order-isomorphic to 12. .. n; there are n 4+ 1 ways of doing this. For each of the next n! — n entries
we must not choose any of the previous (n — 1) entries (all of which are distinct) and so we have 2 choices for each
entry. This gives the required upper bound.

Now for the lower bound. We will give a lower bound on the number of subtrees of H,, which satisfies the conditions
of step 4 of the proof of Theorem 1. It can be checked that if a universal cycle comes from a subtree of H, in the way
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described then the tree is determined by the universal cycle. It follows that the number of such trees is a lower bound
for U (n).

Notice that if we have #, such subtrees of H, then we have at least #]] such subtrees of H, . This is because in our
construction we took n copies of 7, to build 7,4+ from and each different set of choices yields a different tree. We
conclude that the number of subtrees of H,, satisfying the conditions is at least

5x6 1 5P
tSX X Xn— — ts 24

Finally, we bound #5. We modify the given 75 be adding edges from (1432, 1) to (2143, 5), from (3421, 1) to
(4132, 5) and from (4231, 2) to (4321, 4). This graph is such that any of its spanning trees satisfies the properties for

our 7Ts. It can be checked that this graph has 420 spanning trees. This gives the lower bound. [J
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Bokpyr Teopemnbl IloHcesie
E.Iuomunos, A.3acinasckuii, B.Kanamuankos, II.KoxxeBaukoB, I'.'YessHOKOB

B nauboJiee nipocroit hopme Teopema IloHcesre yTBepKIaeT ciieryrolee.

Teopema Iloncesie. Ilycth jmanbl jBe OKPYKHOCTH, OJIHA U3 KOTOPBIX JIEXKUT BHYTPHU
npyroit. I3 toakn Ag 60bImeit OKpyKHOCTH {2 MPOBEJIeM KacaTeIbHYI0 K MEeHbINE w 1 HaiigeM
BTOPYIO TOYKY Aj mepecedeHust 3Toil KacaTeJbHOI ¢ 6ojbIneil okpyzkHOCTBIO. [lo Touke A
AHAJIOTUYHO mocTpouM TOUKYy As u .1, Torma, eciim Ay = A, g Kakoii-to Touku Ay, 310
Oy/IeT BBIIIOJIHEHO U JIJId JIIOOOM JIPYToil TOUYKH OOJIBITION OKPYKHOCTU

ToBops nedhopMaIbHO, BINCAHHO-ONUCAHHLIH MHOTOYTONLHEK! MOKHO "BpamaTs" Meskiy
JBYMsI OKpPY’KHOCTSME (Ipu 9TOoM ero ¢dbopMa, BooOIe roBopsi, MeHsIeTcsl). Byjiem HasbiBaTh
Takoil "Bpamaromiuiicss" MHOTOYTOJIBHUK MHO20y20AbHuKoM [loncene.

enmpio JaHHOTO IPOEKTa SIBJISETCS JI0KA3aTeIbCTBO TeopeMbl [loHcere n n3ydenne cBONCTB
MHOTOYTOJIbHUKOB [loHCe e, a Tak2Ke 3HAKOMCTBO ¢ 00001eHnsiMU TeopeMbl [loHcese n HeKOTOphIME
JIDYTUMU TIOXOXKUMEI TEOPEMAMH.

1 Teopema lloucene ajga n = 3,4

1. ITyctp O, I — 1eHTpBI OMUCAHHON U BIMCAHHON OKPYKHOCTEH TpeyrojbHuKa, [, r — ux
pajuychl. Jlokaxkure popmyity Ditsiepa

OI’ = R?> — 2Ry.

2. lokaxkxute teopemy Ilomncesne gnga n = 3.

C KaKIbIM TPEYTOJBHUKOB CBA3aH PsiJT TAK HA3BIBAEMBIX 3aMeUATeTbHBIX TOUEK M IIEHTPOB.
Korma Tpeyronbauk "Bparmaercs" MexK Iy ONMMCAHHON W BIUCAHHON OKPY?KHOCTSIME, 3TU TOUKI
JIBUKYTCA 110 KAKIM-TO KPUBBIM. B ciremyronux 3ajadax Tpedyercss HAliTH COOTBETCTBYIOIIHIE
TPAEKTOPHUH.

3. Kakyio TpaeKTopHIO OIHICHIBAET

a) TOUKa repecedeHust Meuan M

b) opronenrp H;

&)rouka 2ZKepronua G (Touka repecedeHus OTPE3KOB, COSJIMHAIONINX BEPIINHBI TPEYTOIHHIKA,
U TOYKH KaCAHUs IIPOTUBOIOJIOKHBIX CTOPOH C BIMCAHHOW OKPY?KHOCTHIO)

dj rouka Jlemyana L, usoronajibHo conpsizkenHas M.

tpeyrosibaHuKka loncese?

4. ITycrs A, B', C" — Touku KacaHusi CTOPOH TpeyrosbHuKa [ToHcese ¢ BiimcanHoii OKPYKHOCTBIO.
Haiiginre Tpaekropuio nenrpa tsxkectu Mo tpeyronsnuka A'B'C'.

5 Han Tpeyrospnuk Iloncene m menomsmxkuas Touka P. Haitniure TpaekTopmio TOUKwH,
MU30TOHAJIBHO COIpszKEeHHOH P.

6. Jlokaxkute, aro 15 pukcupoBanHoit Touku X Ha (), ee mpsimas CUMCOHA OTHOCUTETHHO
TpeyrosbauKa [loHcese mpoxouT yepes pUKCHPOBAHHYO TOUKY Y (mprdeM, mpsivMasi £, TPOXO/IsIasi
gyepe3 Y meprenukyssipao XY, Kacaercs w).

7. ITonyBrmcarHoit OKpyKHOCTBIO Tpeyrosibanka A BC' Ha3bIBAeTCS OKPYKHOCTD, KACAIONIASICS
cropor AC, BC' u onmcanHol OKPYKHOCTH TPEYTOJTbHUKA,

a) Haiisnre TpaeKTOpHIO IEHTPa MOJIYBIMCAHHON OKPYZKHOCTH.

16yﬂ€M yHOTpe6.HHTb 9TOT TEepMHH, XOTsd Ha CaMOM JieJjie B TeopeMe Iloncene Bo3Hukaer He MHOI'OYT'OJIbHUK
a 3aMKHYTad JIoMaHasi, BOSMOZKHO, CaMOIIEepECEKAIOITaACd



b) lokazkure, 9T0 MOJIYBIICAHHASI OKPYKHOCTB TpeyTroJibHruKa [loHcese Bee BpeMst KacaeTcs,
momMuMo (), erre OTHON OKPY?KHOCTH.

¢) JJokaxkuTe aHAJIOTUIHOE YTBEPIKJIEHUE TIPO OKPYKHOCTHU, IIPOXOJISIIIIE Yepe3 JIBe BEPIITHHBI
TpeyroJibauka [loncesne u kacamomuecs w.

8 Ilycrs man rpeyroibauk ABC u Touka X . [Ipsmeie AX, BX, C'X nepecekator BC', C'A,
AB cooreerctBenno B Toukax A', B', C'. Torpa Toukn nepecevenust npsimbix A'B' u AB, B'C’
u BC, C'"A" u CA nexar Ha OJHOI HpsSMOIi, KOTOpas HA3LIBACTCA MPUIUHEHOT noaipoti X
oraocutesibHo ABC.

a) Jlokaxkure, uro TpuinHeiiHasi nosgpa dpukcupoBaHHOl Toukr X Ha () OTHOCHUTETHHO
rTpeyroJibauKa [loncese mpoxoaut vepe3 hUKCUPOBAHHYIO TOUKY Y .

b) Haiimure 'MT Y (X)

9. OKpy2KHOCTB € IIEHTPOM [ JIEZKUT BHYTPH APYToit oKpykHOoCcTH. Haiiiure reomerpuaeckoe
MECTO IEHTPOB OINUCAHHBIX OKPYXKHOCTeH TpeyroabnukoB [AB, tne AB — Xopja BHeITHel
OKPYZKHOCTH, KacaloIasicsd BHYTPEHHEN.

10. Jlanbl 1B€ OKPYZKHOCTHU, OJHA U3 KOTOPBIX JIE2KUT BHYTpH /ipyroii. Haiture reomerpudeckoe
MECTO IEHTPOB BIIMCAHHBIX OKPY2KHOCTEl TpeyrobuukoB ABC' rie AC' u BC'— xop/ibl BHemTHE
OKPYKHOCTH, KacaroIuecs: BHy TPEHHE.

11. JIe okpy»KHOCTH pajinyca | mepeceKaroTcs B IBYX TOUKAX, PACCTOSHIE MeYKTy KOTOPBIMI
takzke paBHo 1. 3 Touku C' ofHON OKPYKHOCTH ITPOBEJICHBI KO BTOPOH KacareybHbie C'A n
C' B, BTOpUYHO TiepeceKalolue MepByio OKPYKHOCTh B Toukax B’ u A’. Haiijaure paccrostaue
AA.

12. Jlana okpy2KHOCTH 1 TOUYKa P BHyTpu Hee. PaccMoTpuM napbl IepIeH UK YISPHBIX JIy el
¢ HavajoM P, mmepeceKarommx OKpyKHOCTh B To9Kax A u B.

a) Haitsiure reomerpuueckoe MeCTo cepesinH 0Tpe3koB AB.

b) Haiizure reomerpuveckoe MeCTO TOYEK IepPeCcedeHnsl KACATEIbHBIX K OKPY’KHOCTU B
Toukax A u B.

13. Jlokaxkure Teopemy Iloncene mjis n = 4.

14. Tlycts aBe okpyxxkuOCcTH ¢ nearpamu O, [ u paguycamu R, r yJI0BJIETBOPSIIOT TeOpeMe
[Toncene nass n = 4. BeiBegure cooTHOIEHNE, cBsa3biBaomiee Bequnandbl R, r u d = O1.

15.

a) Jlokaxkure, 9TO JUATOHAJN BCEX BIIMCAHHO-OMMCAHHBIX YE€THIPEXYTOJBHUKOB C JAHHBIMU
BIIMCAHHON M ONUCAHHON OKPY2KHOCTSAMU MEPECEKAIOTCI B OJTHON TOUYKe P, jiexKarieil Ha mpsamoit
OlI.

b) BeiBectu coorHomtenue, ceasbiBatoniee OP, R u d.

16. /lokarkuTe, YTO TpPsMbBIE, COEIUHSIONINE TOYKH KACAHUS MTPOTUBOIOJJIOXKHBIX CTOPOH
BIIMCAHHO-OIMCAHHOIO YeThIPEXYTOJILHIKA C BIUCAHHOM OKPYZKHOCTBIO, SIBJISIIOTCS OMCCEKTPUCaMU
YIJIOB MEXKJIy €ro JTUATOHAJISIMU.

17. Haitgure TpaekTopuio meHTpa TsiykecTu M deThIpexyro/ibHuKA.

18" JTokaxkuTe, uTo B YeThipexyrojbuuke [loncese

a) IPOU3BE/ICHIE TAHTEHCOB YIJIOB, OOPA30BAHHBIX JAUArOHAJIAME ¢ TpsaMoit OT;

b) mpousBejieHme JUTHH TuAroHaJeit

[IOCTOSTHHO.



2 Teopema IloHcesie ¢ ajgredpamdecKoili TOYKI 3peHUA

IIpu n > 4 Teopemy Iloncene Tak:ke MOXKHO J0Ka3aTh reomerpudecku. Ho nmanbheiinee
n3yvdeHrne MHOTOYroJbHUKOB [loHCee 4ncTo reoMeTpuyecKuMu MEeTO/IaMU IPEJICTaBIIIETC 3a-
TPYAHUTETbHBIM. Bostee 3(hPeKTUBHBIMU OKA3bIBAIOTC CPEJICTBA AJIN€OPAMIECKOl TeOMETPUN.
s mHavasa mOKayKeM, KaK C ITOMOIIBIO 9THX CPEJCTB MOJIYUYUTh JTOKA3ATETbCTBO TEOPEMbI
[Tonceune.

Bsejiem Ha 1y10CcKOCTH cuCTEMY KOOP/JIMHAT, HA9aJI0 KOTOPO COBIIAIAeT C IIEHTPOM OIMCAHHOM
OKPYZKHOCTH, a OCb abcmuce - ¢ Jjmnauei 1nentpos. [lycts R, r — pajuychl COOTBETCTBEHHO
OTMCAHHON M BIIMCAHHON OKPYKHOCTEM, d - pacCTOSHUE MEXKy UX IMEeHTPaMH, TaK 9TO IEHTP
BIIMCAHHON OKpyzKHOCTH nMeer Koopauaathl (d, 0). KoopauHaTer ToueK GOJIBINO OKPYKHOCTH
MOKHO 3a71aTh dopmynamu z = R(1 —¢2)/(1 +¢?),y = R - 2t/(1 + t?), npuiuem cooTBeTCTBHIE
MEKJIy TOYKAMU OKPYZKHOCTU U 3HAUYeHUAMU ¢ OyJeT B3aMMHOOJHO3HAYHBIM, €CJIH CUUTATD,

gro touke (—R,0) coorBercrByer t = oo. Takoil cmocob 3ajaHus KPUBOW HA3BIBAETCS €€
panuoHabHON mapamerpusarueit. [lycrs tg,tq,...,t,_1 — 3HadYeHud napamerpa t, COOTBET-
CTBYIOIIE BEPIIMHAM MHOT'OYI'OJIbHUKA.

19.

a) BoiBeure cooTHOIIEHNE, CBA3bIBAOIIEE to U 1.

b) BeiBejiure cOOTHOIIEHUE, CBSI3bIBAIOIIEE to U to.

¢) Jokaxkure, 1ro ty u t, cBs3anbl coorHoienueM P, (tg,t,) = 0, rue P,(x,y) — HeKoTOpbIii
CUMMETPUYIHBI MHOTOYWIEH OT JIBYX IIEPEMEHHBIX, CTEIeHb KOTOPOI'O 0 KaXK/I0# IepeMeHHO
paBHa 2.

20. Hokazxxkure Teopemy Iloncese.

Oo6obmiennass teopema lloncesie. Ilycts BHyTpHu OKpyzKHOCTH §) JIexKaT OKPYZKHOCTH
Wi, -+, Wy, IPUIEM BCE 9TU OKPYKHOCTHU COOCHBI, T.6 UMEIOT OOIIYI0 PaUKAJbHYIO OCh. Fcym
CYIIECTBYET BIUCAHHBIA B () MHOroyroiabHuk Aj...A, Takoit, auto A;A, Kacaerca wy, AxAz
Kacaercs wy,...,A, A1 Kacaercs w,,, To cymecTByeT 6ECKOHETHO MHOTO TAKUX MHOTOYTOJIbHIKOB.

21.

a) dokaxkure 0600meHHy0 Teopemy [loncere.

b) Hokaxkure "coBcem o606mmenuy0" teopemy IloHcese, B KOTOPOil BMECTO COOCHBIX OK-
Py KHOCTEl 6epyTCs KOHUKY, IIPOXOISIINE Uepe3 UeThIPe JAHHBIX TOUKU.

N3 obob1mennoit reopemsr [loncese cieyer, aro, ecim Ay . .. A, — maOroyrosibauk [loncere,
BIIMCAHHBI B OKPY’KHOCTH () M ONMHMCAHHBII OKOJIO OKPYKHOCTH w, TO ero jguaroHamn A; A;
1pu (PUKCUPOBAHHOM K KacaloTcsd HEKOTOPOH OKPYKHOCTHU, COOCHOM ¢ {2 1 w.

22. Ilycrs nyig muoroyrosibauka [lomncesre pajuychl onucannoil u BIUCAHHONW OKPYZKHOCTE
paBubl R u r, a paccrosaue Mexk, 1y ux nearpamu d. Haiiiure pajinyc okpy2KHOCTH, Kacalomeics
jnuaronasieit A;A; o U paccTosinue OT ee MEeHTPa JI0 MeHTPa ONMUCAHHON OKPYKHOCTH.

23. BoeiBesiure hopmyiibl, cBa3biBatomue R, r u d s

a) MIeCTUYTOJIbHUKA,

b) BOCBMUYTOJIbHUKA,

¢) naruyroabauka [loncere.

24. (C.Mapxkenos) Ilycte R, r u d sBISIOTCS PaJIyCaMil OMMCAHHON U BIMCAHHON OKPYIK-
HOCTell U pacCTOSTHUEeM MeK/Iy WX IeHTpaMu jid n-yrogbuuka [loncesne. lokaxkure, ato d, r n
R Tak:ke ABIAIOTCA paJimycaMi ONMUCAHHON W BIIMCAHHON OKPYKHOCTEN M PACCTOSHUEM MEXKTLy
UX IIEHTPaMHU JJIsi HEKOTOPOT'O MHOroyTrosibHuKa [loHcese, mpudem 4nc/io ero cTopoH paBHO JIOO
n, 6o 2n, aubo n/2.

25. Haitiure TpaekTopuio



a) IEeHTpa TSAYKEeCTU BEPIINH;

b) 1eHTpa TAKECTH TOYEK KaCaHWsl BIMCAHHON OKPYZKHOCTH CO CTOPOHAMME

MHOroyrojbuuka Iloncese.

26. /1aHbl IEHTPBI ONMUCAHHON U BIIMCAHHON OKPY2KHOCTEN 1 IEHTP TAKECTH BEPIITUH BIUCAHHO-
OIMCAHHOIO N-yrojibHUKA. MOXKHO T BOCCTAHOBUTBH 9TOT N-YIOJHHUK C TOMOIIBLIO IUPKYJIA U
JIMHEHKY npu

a)n =37

b) n =47

27.

a) Ilycrs ty,...,t, — 3HaYeHUs HapameTpa, COOTBETCTByoIue BepruHam Aj, ..., A, n-
yroabauka lloncene; oy = t; + --- + t,, 00 = tity + titg + -+ + ty_1ty,....0np = t1-- -1, —
CUMMeTpUYIeCKIe MHOrO4YIeHbl Buera ot tq,...,t,. Jlokaxkure, 970 BCe YeTHBIE MHOIOUJIEHBI
Buera nocrodnmbl, a HeYeTHBIE TPOTOPIIMOHAIBHBI JIPYT JIPYTY.

b) Ilycrs dy, . ..,d, — JjuHBI KacaTeJabHbIX U3 BepimH Aj, ..., A, n-yrombuuka [loncesne
K €ro BIHUCAHHON OKPY:KHOCTH; 01 = dy + -+ + dp, 09 = dydy + dyds + -+ - + dpy_1d,,. . . .0, =
dy---d, — cummerpuveckue MHOrO4YIeHbl Buera or dy,...,d,. lokaxure, 9T0 BCe UeTHbBIE

MHOTOYJIEHBI Buera mocToOsSHHBI, & HEUETHBIE MPOIMOPIMOHAJIBHBL JIPYT JIPYTY.

28" JlaHBI JIBe OKPYKHOCTH, OJIHA M3 KOTOPBIX JIEYKUT BHYTpHU Apyroil. PaccMmarpuBatorcs
somanbie Ay As ... A,y 1, BEPITHHBI KOTOPDHIX JICXKAT HA BHEITHEH OKPYKHOCTH, & 3B€Hbs KACAIOTCS
BuyTpenneii. Haiiiute reomerputieckoe MECTO IEHTPOB TSKECTH TOUYEK KACAHUSI.

29* Omupenenmum upsamyo Cumcona Touku X OTHOCUTEIHLHO BIUCAHHOTO N-YTOJBHUKA I10
UH/IYKITIN KaK MIPIMYI0, Ha KOTOPOI JiesKaT OCHOBAHUS MTEPIIEHINKY/ISIPOB n3 X Ha BCE TPsIMbIe
Cunvcona (n — 1)-yroJbHUKOB, MOJTY9IE€HHBIX BBIKHIBIBAHHEM KayKJoi u3 BepiimH. JlokaxKuTe,
qT0 it (pukcupoBanuoit Toukn X Ha () ee npsiMbie CHUMCOHA OTHOCUTETHLHO MHOTOYTOJIbHUKA
[Tonceste mpoxoaT vepe3 (HUKCUPOBAHHYIO TOUKY.

30. ITycrs Tpeyrompauk ABC Biimcan B OKpyzKHOCTS §) pajnyca 1, a npsimbie AB, BC, C'A
KACAIOTCA OKPYZKHOCTEH wy, wo, W3, MPUIEM BCE 9TH OKPYXKHOCTU COOCHBI. & PACCTOSHUS OT
IEHTPOB W1, Wa, W3 JI0 TleHTpa ) paBHbI di, do, d3. BeiBeaure coorHomenune Mexy dy, ds, ds.

3 Jlpyrue teopeMbl 3aMBbIKAHUA

Teopema Ilomncesne gBjstercst OJHUM K3 IPUMEPOB TaK HA3bIBAEMBIX TEOPEM 3aMbIKAHUS.
[IpuBemeM elre HECKOIBKO IPUMEPOB TaKUX TEOPEM.

ITopuswm IllreitHepa. /lanb! jiBe OKpPYKHOCTH: (v U JiexKaliag BHyTpu Hee 3. PaccMoTrpum
[IEITOYKY OKPYXKHOCTEH w1, Ws, . . ., KACAIOIIUXCS (v BHYTPEHHUM U (3 BHENTHUM 00OPa30M, TaKuX,
9TO Wy 1 KacaeTcs w;. Ecyin mpu HeKOTOpoM BEIOOPE OKPYKHOCTU Wy OKPYZKHOCTD W, €€ KACACTCH,
TO 3TO BBIIOJTHEHO U TIPU JIIOOOI JIpYToil OKPYZKHOCTH W1 .

Teopema o 3urzare. /lanmsr jgBe okpyxkuocTr: v u 3. Bo3bMeM mpom3BOJIBHYIO TOUKY Ao
Ha « U HaiijgeMm Ha [ Takyio TOUKy By, aro AgBy = 1. 3arem HaiigeM Ha o OTJIUIHYIO OT Ag
Touky A; Takyio, uro A1 By = 1 u 1.1. Eciu Touka A, coBnamaer ¢ Ag, TO 9TO »Ke BEPHO U JIJIA
0601t Ipyroit Tourm Ag.

OrmermM, 9TO TeopeMa O 3Ur3are BepHa JaxKe MJId OKPYKHOCTEi, He JIe;KAIIUX B OIHOI
ILJIOCKOCTH.

Teopema Dmxa. JlaHbl Tpu OKPYKHOCTH: (v, JIeyKalllasi BHYTpH Hee [ U jiexKalast BHYTPU
[ . PaccmoTpuMm 1enodKy oKpyKHOCTEN Wi, Wa, . . ., KACAIOMINXCA (v BHYTPEHHUM U 7Y BHEITHUM
00pa3oM, TaKMX, 9TO w;11 U Ww; IIePEeCceKalTcs B TOUKe, Jiexkaleil Ha 5. Kean npu HeKoTopoM



BBIOOpE OKPYKHOCTH W1 OKPYKHOCTh W, €€ KAaCAeTCsI, TO 9TO BBIIOJHEHO U IIPU JFO00 JIpyToit
OKPYZKHOCTH W .

Teopema o sjomanoit Bpokapa. /lanbl OKpy>KHOCTb w, TOYKa P BHYTpH Hee U Yroj ¢.
JL1st mpon3BoJIbHOM TOYKHU X Ha W IIOCTPOUM Takyio ToUKy X1, 4ro £/ PXy X, = ¢. Anajgorudno
1o Touke X moctpouM Touky Xo u T.;1. Ecau nia nekoropoit toukn Xg X, = X, TO 9TO BEpHO
U IS JTI000# JIpyroit Toukn Xj.

Teopema IIporacosa. Ilycts Sy, Si, So — Tpu cdepbl B IPOCTPAHCTBE, MEHTPHI KOTOPBIX
He JiesKaT Ha OJIHOM mpsiMoil. Pacemorpum cemeidictso Y cdep, Kacaromuxest S; u Sy (cdeps! u3
Y. Kacarorcsa Kaxkjoi u3 cdep S1, Sp OJIUHAKOBBIM 0OPa30M — BHYTPEHHUM WM BHEITHUM) U
HePIeHIUKYIAPHBIX So. [IycTh w — OKpPYKHOCTH B IIPOCTPAHCTBE, HE JieyKalllas HU Ha KaKoii
cdepe u3 X U He TPOXOJIAIIad Yepe3 TOUYKH, pUHaJJIexKalme 0ojee, YeM JIByM cdepam u3 2.
JL1st Tpon3BOJIbHOI TOUKHM X() HA W BO3bMEM ITPOXOJILIILYIO Yepe3 Hee cepy s; € X U Haiijgem
BTOPYIO TOUKY X IepecedeHud S; ¢ w. Bo3bMeM OTIMYHYIO OT §1 cepy So € I, MPOXOIAIILYIO
Jepe3 X1 W HalJleM BTOPYIO TOUKY Xo ee IepeceveHusd ¢ w U T.J. BEcam s HEKOTOPOil TOUKH
Xo X, = Xo, TO 3T0 BepHO U I J1I000# JApyroit Toukn Xj.

31. /lokazkuTe 3TU TeoOpeMbl aJIreOpanvIecKu.

Jliobas OKPY’KHOCTB Ha IIOCKOCTH 33J[aeTcd ypaBHeHHeM BHa x2 + y2 + ax + by + ¢ = 0.
[TocTaBuM B COOTBETCTBHE TAKOW OKPYKHOCTH TOYKY MPOCTPAHCTBA ¢ KoopauHaTamu (a, b, c).

32. fBasiercst 11 9TO COOTBETCTBHE B3aUMHOOIHO3ZHATHBIM !

33. Kakue mapbl TOU€K COOTBETCTBYIOT JABYM KACAIONIUMCsI OKPYKHOCTSAM?

34. Kakune yTBep:KJIeHHS IOJIyYaIOTCd IPU 3TOM cooTBeTcTBUU U3 TeopeM lllTeitnepa u
Dmxa’?

35. BreiBequte

a) Teopemy Dmxa u Teopemy o somanoii Bpokapa u3z reopemsr [Toucesre.

b) Teopemy Iloncese, nopusm HIreiinepa u Teopemy o 3ursare U3 TeOpeMbl IMXa.

36. Hokaxkure Teopemy IIporacosa.

37. BeiBenure u3 teopembr [IporacoBa Teopemy o 3ursare, Teopembl lloncesre m Dmxa,
nopusM Ilreitnepa.
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Bokpyr Teopemnbl IloHcesie
Pentenus.

1 Teopewma lloncene aaga n = 3,4

1. ITpoBenem npsimyto gepe3 [ u Bepmuny C' tpeyronbanka ABC n HaiiieM BTOPYIO TOUKY
(' mepecedenust 3O MpsiMoii ¢ onucanuoit okosio ABC' okpykHOCTBIO (puc.1).

Puc.1

Tak kak C'A =C'B, ZAIB=n— (LA+4B)/2=(n+£C)/2u LAC'B=71—/ZC,C" —
HEHTP OKPYKHOCTH, OIMUCAHHON 0K0JIo Tpeyrojbuuka AlB. 3unauut, [C" = C'B = 2Rsin %
C apyroit croponst, IC' = r/sin %, CJIeJIOBATE/IHHO

R2—0OI*?=CI-C'I =2Rr.

2. Ilycrs man rpeyronbauk ABC. 13 npousBosibHOi Toukn C’ Ha €ro onucaHHoil OKpyKHOCTH
IPOBEJIEM KacaTe/bHble K BIUCAHHONW OKPYKHOCTH TPEYrOJbHUKA U HaiijieM BTopble Touku A’
B’ ux mepecedenusi ¢ onmcanHoil okpyxkHocTbio. Hajo mokasars, uro npsimas A'B’ takxke
KacaeTcd BIUCAHHOU OKPYXKHOCTH.

[peanonoxum nporusHoe. Hanpumep, nycrs A’ B’ He niepecekaer BIMCAHHOM OKPYKHOCTH
rpeyroabauka ABC. Bynem ysemmuusarh yron A'C'B’, tak urobsr npsimas C'I ocraBaiach
ero ouccexkrpucoit. Torma paccrostaue or I o npambix C'A" u C'B’ 6yner yBenmauBarhes, a
10 npsimoiit A’ B’ — yMeHbIIaThCs, U B KAKOH-TO MOMEHT OKPYZKHOCTD € IEHTPOM [ U pajiuycom
r’ > r okaxercsa BrnucanHoir B TpeyrosbHuk A'B'C’. Ho u3 dhopmynbl Ditnepa ciegayer, 91o
paJinychl BIIMCAHHBIX OKpYyzKHOCTel Tpeyroibankos ABC u A’B'C’ paBHBI — IpoTHBOpEYHe.
Cutyuaii, korma A’ B’ nepecekaeT BIUCAHHYIO OKPY?KHOCTH, PACCMATPUBAETCsT AHAJTOTUIHO.

3. IIporrie Bcero Bocioib30BaThcst Teopemoit Peiiepbaxa, yTBep:K/IAOIIeil, 9TO OKPYKHOCTh
Ditsiepa, npoxosias yepes cepeaunbl Ag, By, Cy Tpeyrosbuuka ABC, Kacaercs ero BIUCAHHO
okpyzkHOcTHU. VI3 Hee ciieryer, 9To MEeHTP 9TOi OKPYKHOCTH, COBIIQIAOIINI C cepeIMHOI OTpe3Ka
OH, nexut Ha OKPYKHOCTH ¢ 1eHTpoM [ u pagmycom R/2 — r. Suaunt, touku M u H jexar
Ha obpasax 9TOoil OKpYKHOCTU mpu romoreTusix ¢ reHrpoM O u koadbdunuentamu 2/3 u 2,
COOTBETCTBEHHO.



Touka 2Kepronna takzKe JIBUKETCS 110 OKPYZKHOCTH, IMPUYEM 3Ta OKPYKHOCTH COOCHA C
OIMCAHHOW W BIUCAHHON OKPYKHOCTAMU TpeyrojbHuKa. OJHAKO, IMPOCTOE NeOMETPUYIECKOe
JTIOKA3aTeIhCTBO 3TOTO (haKTa MOKa MOJYIUTh He YIaI0Ch.

Touka Jlemyana ABUZKETCs 110 SJUIAIICY, MaJjiast OCb KOTOPOro Jjiexkut Ha mupsimoit O1. TTpoctoe
reoMeTpUYECKoe JI0KA3aTeJIbCTBO 9TOr0 (pakTa TakKyKe HEM3BECTHO.

4. ITycre A", B”, C" — Bropbie TOUKH ntepecevdenns BbIcOT Tpeyroibanka A'B'C’ ¢ BimcanHOi
okpyxuoctbio ABC. Torma A”A’, B"B', C"C" — 6uccekrpucsl yrios A”B”"C"”, 1.e. opronenTp
H' rpeyronbauka A’ B'C’ coBnajaer ¢ nenrpom Brucanuoit okpyzxuocru A” B”C”. Kpowme Toro,
HETPYIHO IPOBEPUTD, uTo croponbl A” B”C" napasienbusl coorsercTByiomumM cropodam ABC,
U 3HAYUT 3TH TPEYTrOJbHUKU FOMOTeTHYHbI. IIpu s1oit romorernn O nepexogur B I, a [ —
B H', cienosarensno, H' nexur wa npsamoit O u IH'/OI = r/R. Ilostomy npu BparieHun
TpeyrosibHuKa H'| a 3HaunT u pensmmuit orpesok H'[ B orromenun 2 : 1 nenrp tszkectu A’ B'C’
OCTAETCsT HETIO/IBUZKHBIM.

5. OrBer. [Iycts P’ — To4Ka, nHBepCcHas P OTHOCHTEIHHO OIMUCAHHOM OKPYKHOCTH TPEYTOJTbHUKA.
PacemorpuM moBoporHyto romoreruio ¢ nienrpom P’ nepesosiinyto P B I, u Haiijgem obpas )
rouku [ 1pu 310it romorernn. Vickomasi TpaeKToOpus — OKPYZKHOCTB € IeHTpoM ) (puc.2). D1o
MOZKHO JI0Ka3aTh, UCIIOJIb3YsI KOMILIEKCHBIE YrC/Ia. [ eoMeTpruiecKkoe JJOKa3aTe/IbCTBO HEN3BECTHO.

Puc.2

6. Ykazaumue. [Ipsvas CumMcona Je/TUT MOoIaM OTPEe30K MEK/Iy COOTBETCTBYIOIIEH TOIKOI
u opronenTpom H TpeyrosibHuka. [lapaienbnas eit mpsaMasi, mpoxojdinas depe3 H, BTOpuIHO
nepecekaeT OKPYKHOCTh, 110 KOTOpoii jpuzxkercs H, B bukcupoBanHoii Touke (puc.3).



Puc.3

7.

a) Jlokaxkem Gosiee obIiee yTBepzK/ICHHE.

JlaHbI J1Be OKPYKHOCTH, OJIHA BHYTPHU JApyToii. I3 mpon3BobHOI ToukN X BHENIHEH OKPYKHOCTH
IIPOBOJIATCA KacaTe/IbHble K BHYTPEHHEH U B 00pa30BaHHBIN KMU YT'OJT BIUCHIBAETCS OKPYZKHOCTD,
Kacalomasics Bremnneii. Toria reomeTpuieckoe MECTO IMEHTPOB TAKUX OKPYKHOCTEN — 3JLJINIIC,
doKycoM KOTOPOTO SABJSETCH IEHTD BHEITHEH OKPYKHOCTH.

HoxkazareabcTBo. [lycrs O, [ — 1HeHTPBI JTaHHBIX OKPYKHOCTEH, Y — TOYKA KaCAHUS.
Torma Bce xopant XY nepecekator npsamyo O B ojHOl TOUKe - 1IeHTpe H roMoTeTnn JaHHBIX
okpyxkHocTeil. [TocKoIbKyY 1eHTp Z Moy BIUCAaHHON OKPYKHOCTU ABJIAETCA TOYKOM MepecevdeHnst
npsmbix OY u [ X, o j1BmKercs 110 v/uuiicy. Irobsr Jokasarh, 910 O — (HOKYyC 3TOr0 SJLINIICA,
c/iesIaeM ToJIIpHOE TPeobpas3oBaHne OTHOCUTEIHLHO OKPY2KHOCTH ¢ TieHTpoM (. OHO mepeBeieT
touku [, H B napasuienbuble npsmbie ¢, h, a Toukun X, Y — B KacareJbHbIe T, Y K OKPYKHOCTH,
nepecekamluecs B HeKoTopoit Touke P npsmoit h. Ilycts U, V' — Touku nepecevuenus x u y
¢ i, () — BepmuHa napasteorpamma PUQV . Torna () jexut Ha TPsIMOil, CUMMETPUTHO
h oraocurenbuo i. Ilockonbky P() — derBeprasi rapMoOHUYecKasl K IMPsIMBIM X, ¥, h, oHa
nepecekaeT nepreHuKyaAp u3 O K h B 0JiHOI 1 TO#t 2Ke Touke — mnoJioce h. Crenas roMoTeTnio
C HEHTPOM B 3TOMH TOUKE, TIOJIYUIUM, 9TO Bee npsivble QU, QV (1.e. 06pa3bl TOUeK Z) KacaiTcs
OJIHOT OKPY2KHOCTH.

pyroe pemenue. /[octarodno JI0Ka3aThb, YTO BCE IMOJIyBIUCAHHbIE OKPYXKHOCTH UMEIOT
obmuii pajuKaJbHbIi 1eHTp L. [leficTBUTE/NIBHO, MyCTh p — CTeleHb L OTHOCUTEBHO BCEX
okpyxknocteit. Torma Bce onm Kacaiorcd obpasza ' mpu mHBepcuu ¢ 1MeHTpPoM L U pajinycom
$qrt|p| mim KOMIIO3UIMU TOI MHBEPCUU U CUMMeTpHHU ¢ IieHTpoM L tipu p < 0.

Badukcupyem BHeNHO0 OKPYKHOCTD [ (¢ ierrpoMm O u pajguycom R), u tieHTp I BHyTpeHHei
okpyzHOCTH 7 (ee pajuyc r MoxkeT MeHsThes ). [lycrs Z, A, B, C, DI' takossel, uro ZA, AB,
BC, CD xacatorcs . Ilycts wa, wp, we — HOJIyBIHCAHHBIE OKPYZKHOCTH TPEYTOJBHUKOB Z A B,
ABC, BCD, siucannsie B yruisl A, B, C' u kacatoruecs [ 8 toukax T4, T, Tz COOTBETCTBEHHO.
okazkeM, 910 pajMKaJIbHbIi eHTP L OKpyKHOCTEl Wy, wg, we JdexkuT Ha IO (J10Ka3aTe/IbeTBO
upeyiozkeno C.Boesbim). Torma u3 coobparkeHnilt HEIPEPBIBHOCTH OYJIET CJIeI0BaTh, 910 L —
PaJIMKAIBHBIN [EHTP BCEX MOJIYBIMCAHHBIX OKPYZKHOCTEIA.

Paccmorpum romoreruto h, nmepesossmtyio v B I'. I1o Teopeme Momzka mipsimbie ATy, BT n
C'Te nepecekatores B 1ieHTpe 1 oroit romorernn. 3uaaut, 1, [ u O jrexkar Ha OJHON IPSIMOIi.



IIycte Qap = ABNTATg, Qpc = BC N1TgTs. 3amernm, uto Qap@)pc — mnonaspa T
ornocuresibHO . Tak kak T' € 10, nmoxyaaem, ato QapQpc L 10.

[Iycts M ap, Mpc — cepemunnt qayr AB, BC'; Pyp — Touka nepecedenus 14T ¢ KacaTeabHOI
K I' B Touke M yp. Ananornyuno onpejgenum Ppe.

Papukasbuast och [(wa, wp) npoxoaut depe3 M yp 1 TOUKY IepecedeHns KacareabHbIX K [’ B
toukax Ty u Tg. [lostomy Pap — mostioc [(wa, wp) oraHOCHTE BHO . AHATIOrHYHO PR — HOJTIOC
pajmKaIbHOit ocu [(wp, we) otHOCcHTe bHO . Teneps Pap Ppe — mossipa paJiKaJIbHOTO IEHTPa
L ornocurensro I'. Yrobsl yoeaurbest, uro L € 10, octanoch nokaszarh, 9ro PP || QaQc.

[Iycts X s, Xpo — Touku kacanusa wg ¢ AB u BC'. 3amerum, aro T, X AB, M g nexar

s o o o TpXpc _ TpXap
Ha ool upsmoit, Tg, X BC, Mpc TakxKe jexar Ha OJHONW HPAMOil, u Tt = Toil s Tak
KakK romMoTerusi ¢ renrpom 1y repeBoaut wg B I
TeQBc TpXpc _ TpXap _ TBQas

TTosyuaem = =
OTyHae TePBc TgMpc TeMagp TpPaB’

9TO 3aBEPIIAECT JTOKA3aTEIbCTBO.
2Rr

PaccmoTpes cummerpuinyto otHocuTebHo O kondurypanuio, nojydaeM, 4o OL = z=5—3

rne d = OlI.

b) U3 npeapiayinero myHKTa MoJIydaeM, 9To BCe TOJIYBIUCAHHBIE OKPYKHOCTH KacalOTCsl,
HOMUMO OKpY?KHOCTH ¢ 1eHTpoM O ele OJHO# OKPY?KHOCTH C IEHTPOM B JIPYroM (DOKyce
SJLTAIICA.

¢) Ykasanme. [eoMeTpuaeckiM MeCTOM IIEHTPOB TaAKUX OKPYKHOCTEH sIBJISETCS HJIIHIC C
dboxycamu O u [.

8. ¥Ykazanwue. Tpusuneiinas no/spa TOYKN OMUCAHHON OKPY?KHOCTHU TIPOXOJIUT Y€Pe3 TOUKY
Jlemyana L u BTOPUYHO IIepeceKaeT JLIHIIC, 10 KOTOPOMY JIBUxKeTcst [ B (PUKCUPOBAHHON TOYKe

(puc.4).

Puc.4

Ol,

9. Ilycts R, r — paguycsl bosbieit u MenbIieit okpykuocteit, O — 1menTp 60JIbIeit OKPYKHOCTH,

O' — nenTp onmcaHHoi OKpyxKHOCTH Tpeyroibuuka ABI. U3 ycnosus ciemyer, auro O u O’
JIeYKAT HA CEePEeMHHOM MePIeHKY/IsIpe K maockoct AB.
JIBazK bl IPUMEHUM TEOPEeMY KOCHHYCOB — K TpeyrojbaukamM AO'O u OO'I:

R2=0'A2+0'0>-20"A-0'Ocos LZAO'O
O’ =0'I?+0'0?> —=20'T - O'O cos ZIO'O.



Breraurast 13 epBoro paBeHCTBa BTOPOE, MTOJIYYNM:
R* — OI* = 20'0(0'Acos ZAO'O — O'I cos ZIO'O =20'0 -7,

Caenosarenbio, uckomoe I'MT — okpyzxuocts ¢ nearpom O u pammycom (R — OI%)/2r.

Hpyroe pertenue. 3abukcupyeM BHENTHIOW OKPY:KHOCTH [ (¢ merTpoM O 1 pajmycom
R), u niertp I BHyTpeHHell OKpPY:KHOCTH v (ee pajmyc r MoxKeT MeHsThest ). [lycrs A, B, C' €
I' TakoBbl, at0 AB u BC' xacatorcs 7. [lycte S u R — TEHTPBI ONUCAHHBIX OKPYKHOCTEM
tpeyroibHuKoB AIB, BIC coorsercrBenno. Mol umeem OS | AB, OR | BC u SR 1 IB
(rak kKak SR — cepeunnblii neprnenukysap K IB). Ilockoasky Z(AB, BI) = Z(IB, BC),
nostyaaem, aro Z(0S, SR) = Z(SR, RO), hence OS = OR.

[Iycrs X,Y € I' u XY kacaercs vy Tak, uro Z([ X ,ﬁ/) < 7. OupenenuMm oTobpazkeHue
gr: I' = T" mak, aro g.(X) =Y. Ilycrs S, (X) — 1eHTp onmcanHO#l OKPY?KHOCTH TPEyTOJbHUKA
X1g.(X), a 0S,.(X) = p.(X). Bamerum, uro p,(X) menpepbisrao 3asucut or (X, r).

Hokaxewm, 1ro p.(X) = p.(9-(X)). Orciona 6yner caegosarsb, aro p,.(X) we 3aBucur or X.

Hazosem r pezyasaprom ecm opouta {X, g.(X), g%(X),...} mmorna B I'. [Ins kaxmoro
peryssipaoro 1 mojtydaeM, 9to p,(X) ne 3asucut or X . Ecyu rg He peryssipao (ciry4ait TpaekTopun
[Toncene), npeacraBum pp, (X) = }E?O pr(X), re r perymsipast. Torma p,(X) He 3aBucut or X
IPHU BCEX T.

Pacemorpes cuvmerpuunyio otHocuTeabHo O koudwurypanuio, moayauM, aro p.(X) =
R2-d? rae d = OlI.

2r

10. IIycrs O, D — 1eHTpbI BHEIIHEl U BHYTpEHHEH OKpyzKHOCTeil; R, r — UX pajuychl;
A, B', C" — cepemunnl qyr BC, CA, AB; I — ueHntp BHUCAHHOI OKPYZKHOCTH TPEeyTOJbHUKA
ABC Torya B Tpeyroibauke A’B'C’ I Gyjaer opTOIEHTPOM, & 3HAYUT, O = OA'+0B +0C".
Cuenosarensno, Bekrop C'I jrexkur Ha npamoit CD, a ero jnuna pasHa 2Rsin ZOA'B' =
2Rr/CD. C apyroii cropount, C'D = (R? — OD?*)/CD, Ttak uro oruomenue C'I/C'D wue
sapucut or Touku C. Ho torga n ornomenune DI/DC’ ne 3aBucur or C, T.e. Touka [ jexur
Ha OKPYKHOCTH, TOMOTETUYHON BHEIIHEH OTHOCUTEJILHO .

pyroe pentenue. 3abukcupyeM BHENTHIO OKPY:KHOCTH [ (¢ meraTpom O u pajmycom
R), w nenrp [ BHyTpeHHEil OKpYKHOCTH 7 (ee pajmyc r Moxker MeHsAThes ). [lyers A, B,C € T’
takoBbl, YT0 AB, AC, BD kacaiorcs «y. Ilycrs Al u BI Bropuuno nepecekaior I B Toukax A’
u B’ coorBercrBenno. Ilycts S u R — NeHTPbI BIMCAHHBIX OKPYKHOCTElH TpeyroibHukoB ABC,
ABD coorsercerno. Mer umeem B'R/B'l = B'A/B'I = A\ = A'B/A'] = A'S/A']. 3naunt S
u R jexxar na obpasze [' mpu romoretun ¢ nienrpom [ u koapdunumentom 1 — A.

PaccmoTpes wacTeiit caydait, HaiizeM A.

Temnepsb pelerre aHAJOTUYIHO MPEBLIYINEN 3a1ade.

11. IIycrs O — meHTp OKPY:KHOCTH, Ha KOTOPOil jexur Touka C, O — 1HeHTp Apyroii
okpyxnuocrn. Tak kak 00" = /3, npsmas A’'B’ kacaercsi BTOpoii OKpy’KHOCTH B Touke O
CnenoBarensro, ZA'O'A = LZAO'C' +3£C"0'B = 2/ABC' + LC'AB = ZCB'A' + 1 /CA'B,
LOAO = LOAB + /B'AO = 5 — LC'O'A' + % — /BCA = — /BCA — ;/CA'B =
/OB A+ %ZC’A’B’. Tak kak O'A = OA’, AO’A’O — pasnobokas Tpanerust, u AA" = 00 =
V3.

12. Ilycts C' — uersepTas Bepmuna npamoyronabiunka PACB. Tax xak OP? + 0C? =
OA%?4-0B2, C onuceiBaeT OKPY?KHOCTE ¢ rieHTpoM O. 3Ha4nT, cepemHa oTpeska AB omiceBaeT
OKPY’KHOCTbD, IIEHTPOM KOTOPOii siBjsieTcst cepennia O P, u mHBepCcHast K Hell TOUKa, mepeceveHust
KacaTeJIbHbIX TAKXKe OIUCHIBAET OKPYZKHOCTb.




13. ¥Ykazanmue. /[oka:kure, 9T0 OTPE3KH, COEIUHSIIONINE TOUKH KAaCaHUs ITPOTUBOTIOJIOKHBIX
CTOPOH YeTBHIPEXYTOJbHIKA C BIIMCAHHON OKPYKHOCTHIO, B3AMMHO ITEPIICH UK YJIAPHBI, U BOCIOJIL3YTEChH
OpeablIynieil 3a1a9ei.

14. OTBer.
l B 1 N 1
r2 (R+d)?  (R—d)?*

15. OTBer.
R+OP (R+d)?

R—0OP (R—d)*
16. U3 dbopmysibl mpeabiayIneil 3a/iaqu HeTPY/IHO MOJIYUUTh, YTO P — Ipejie/ibHas TOYKa

IIy4Ka, ITOPOXKIEHHOI'O OIUCAHHON M BIMCAHHON OKPYXKHOCTIMH YeThIpexyroyibHuKa. [loaTomy
Jisg J1i00o#t TouKu X OIHMCAHHON OKPYXKHOCTH OTHOIEHUEe paccToguug X P K KacareJbHOi

n3 X K BIUCAHHON OKPYKHOCTH OYJEeT OJHUM U TeM 2Ke. Y TBEepXKJIeHUEe 3aJla9d CJIeyeT U3
9Toro hakTa U TOro, YTO MPAMBIE, COEIUHSIONINE TOYKN KACAHUS TPOTUBOIOJIOKHBIX CTOPOH
OIMCAHHOT'O YETHIPEXYTOJILHUKA C BIIUCAHHON OKPY2KHOCTDHIO, IPOXOJIAT YePe3 TOUKY IIePeCeucHUsT
JaroHaJIen.

17. Touka M — cepeanmHa OTpe3Ka MeXK/Iy CepeJMHaAMU JIHaroHaJeil JeThIPeXyroIbHUKA.
Wcnonw3ys ToT dakT, 4TO NpaMasi, COeUHSIONIasl CepeMHbI TNaroHaJieil OMUCAHHOTO YeThIPEXYTOTbHUKA,
[IPOXOJIUT |epe3 IEHTP BIUCAHHON OKPYXKHOCTH, HETPY/JHO BBIBECTU, 4TO Tpaekrtopusd M —
OKPYZKHOCTb.

18.

a) [lycts U, V — cepesunbl nuaronaseii. Tak kak U, V' jexkar Ha OKPY?KHOCTH € THAMETPOM
OP, a npsamas UV npoxoaut depes I, moaydaem

UO-VO  Souy OI R?
UP-VP Spyy IP \ R2—0OP?

tg/UPOtg/V PO =

b) Ykazanue. /[jinnbl quaronasieil paBHbI 2\/R2 — OP2sin®* ZUPO n 2\/R2 — OP2sin®? ZV PO.

Otciofga ¢ y9eToM HpPEeIbIIYIIEro MyHKTa IOJIydaeM, 9TO IMPOU3BeIeHUE JTUaroHajeil paBHO

4RV R? — OP2.



2 Teopema IloHcesie ¢ ajgredpamdecKoili TOYKI 3peHUA

19.
a) Hanwmem ypasuenue mnpsmoit AgA; u ucnosb3yem, aro paccrosiame ot Touku (d,0) 1o
9TOi IpgAMoOil paBHO 7. B pesynbrare mosrydanm

(R+d)? = )88 = r2(83 + )+ 2(B — P)toty + (R— d)? —17) = 0

b) Vkazanme. O603HAYNM MHOTOUIECH U3 MPEIBIAYINEro MyHKTa [depe3 Py. WUckmmowms t
u3 cucrembl Pi(tg,t1) = 0, Py(t1,t3) = 0, mosryaum MHOTOWIEH OT tg, ty, CTEIEeHb KOTOPOTO IO
KazK10if mepemennoii pasna 4. Pazyenus ero na (ty — t2)?, moJIyduM HCKOMOE COOTHOIICHHME.

¢) JleitcTBy st aHAJIOTUYIHO TIPEJIBIIYIIEMY IIYHKTY, 10 WHIYKIIH [TOJIy 9UM HCKOMOE YTBEPIK ICHIE.

20. Ilycrb, HavaB U3 HEKOTOPOI TOYKH tg, MBI Ha N-HOM IlIare BEPHYJIMCH B Hee. ITO O3HAYAET,
9TO BBINOJIHEHA CJIEJyIolas cucreMa ypasuenuit: By, (to,t,) = 0 tg = t,. [logcraBus BTOpOE
ypaBHEHHE B IIepBOE, II0JIy4aeM ypaBHEHHE CTeleHH, He Bbille 4 oT OJHOA IepeMeHHoi, tg
sBJigercs ero KopueM. OJIHAKO OYEBHUIHO, YTO TAKXKE €I0 KOPHIMU SBJILAIOTCA TakKxkKe ti,to,. ..
u T. 1. OIHaKO eciu y MOJTMHOMHMAILHOIO YpaBHEHUsI KOpHEil OOJIbIlle, 9eM ero CTeleHb, TO OHO
TOXKJIECTBEHHO PAaBHO HYJIIO, M BCE UMC/IA SBJIAIOTCA €0 KOPHSIMU, UTO IPHU 71 > 5 JOKa3bIBaeT
teopemy llomnceste.

21. Ykazanue. Ilycts xopabt AgA; 1 A1 Ay Kacarorcst AByX OKpyzKHOCTel 1mydka. Hammcan
COOTBETCTBYIOIIME YPABHEHUsI JIJIsI TAPaMETPOB U MCKJIIOYUB U3 HUX t1, HMOJYIHUM MHOTOUJIEH
oT tg, ty, CTEIIEHb KOTOPOTO II0 KarKJI0i mepeMeHHOil paBHa 4. DTOT MHOIMOYIEH Pa3J/iaraercs B
[IPOM3BEIEHNE JIBYX MHOXKUTEIel, KazK Iblii 13 KOTOPBIX COOTBETCTBYET HEKOTOPOI OKPYKHOCTH
nyuka. CiemoBaresnbno, AgAs Kacaercs oIHOM U3 JIBYX OKPYKHOCTEH, B 3aBUCUMOCTH OT TOIO,
KaK BbIOMpAJINCh UCXO/HbIE KacaTe/ibHble. JaibHeiiie paccy K IeHrs aHaI0MTIHbI IPEIbLTY e
3a/1a4e.

22. Beesem ob6ozmavenust x; = 1;/(R + d;), v; = ri/(R — d;), vme 11, 79 — DPaJIIyCh
OKPY>KHOCTEH, Kacaloluxcsl CTOPOH U JuaroHaseil, di, ds — pPaccTOHUS OT UX IEHTPOB IO
IIEHTPa OIMMCAHHON OKPY?KHOCTH. PaccMOTpeB MHOIOYIOJIbHUKHI, CUMMETPUYIHbBIE OTHOCUTEIHHO
JIMHUAU TEHTPOB, HETPYIHO HOJIYUYUTH COOTHOIICHUS

=@y - 1)/ —22+v3), vi=(23+ys—1)/(1+25—1y3) (1).
peHII/IB STy CI/ICTeMy OTHOCUTEJILHO .I'Q, yg, HOHytH/IMI
zo = (1 (L+y)/ (@1 + ), v2=+VW(l+z1)/ (21 +31)) (2)

23.
a) g n = 3 mmeem dopmyny Ditnepa: 1/r = 1/(R+d)+ 1/(R—d), re. x +y = 1 nim
B mapameTrpudeckoii dhopme x = sin’t, y = cos’t, 0 < t < 7/4. lna n = 6 u3 (2) nomydaem

xr =sint /14 cos?t, y = cost -1+ sin’t.
sint-(14cost) _ cost-(1+sint)
(sint+cost) ? Y= (sint+cost) *
¢) Onpe/iesiuB BEJIMYUHBI X;, Y; U PACCyKJast, Kak npu BbiBoje (opmysibl (1), moayanm:

zg = (22 +yl —1)/(A—2? +y?), yo= (@i +yl—1)/(1+27—yd)

r=(1—23—y)/(1—a3+v3), vi=1—a3—v3)/(1+23—y3)



Pemus BTOpyIo mapy ypaBHEHUI OTHOCUTEIBHO T3, Y, IPUPABHAB JIBA BBIPAXKEHUS JIJIS Lo,
BO3BE/I B KBaJIpaT U n30aBUBIINCH OT 3HAMEHATEJIsI, TOIydnM (MHJEKC 1 MOKHO OTOPOCHTS)

r(l—y)(1 -2+ = (e +y)(@®+4> - 1)> =0

HermocpejicrBennast mpoBepKa MOKA3bIBAET, UTO 9TO ypaBHEHUE O0OPAIAeTCs B TOXKJIECTBO
npu x = —1, y =0, x +y = 1. Pazie/iuB Ha COOTBETCTBYIONNE MHOKUTEIU, TIOJIYIUM HCKOMOE
COOTHOTIIEHNE!

(z+y—1)(z+y+1)°=4dzy(z+y)

24. Ilpu zamene R na d 1 Ha00OpPOT OMpejiesIeHHAs BBIIIEe BEJIMUIMHA & OCTAETCS HEM3MEHHOIT,
a Yy MeHseT 3HaK. JIerko BujeThb, uTo, ecjiu mapa (r,y) yI0BJIETBOPSIET YCIOBUIO 3aMBIKAHUS HA
n-M 1iare, 170 (x, —y) yIOBJIETBOPSET YCJIOBUIO 3aMBbIKAHUS Ha 21-M, T.€. Yepe3 KaKoe-TO THCII0
MaroB k, sIBJISIONIEECS JeTUTeIeM 21, JIOMaHas 3aMbIKaeTcs. B ¢y CHMMETPUIHOCTH 9TOTO
yTBEp:KJIeHUsT k MOYKET PaBHATHCS TOJBKO /2, n win 2n.

25.

a) [lycTb BHeIIHssT OKPY?KHOCTD PAIMOHAJIBHO ITapaMerpus3oBana u to,ty,t_1, ... — 3HAYEHUS
apaMeTpoB, COOTBETCTBYIOIIIX BEPIITUHAM MHOTOYTOIbHUKA. 10Or/1a 13 ypaBHEHNUsI, CBI3bIBAIOIIETO
to u t; mo Teopeme Buera naiigem t; +1t_; u t; xt_;. 3areMm BbIpa3suM depes ty CyMMbI KOODIMHAT
COOTBETCTBYIOIIUX BEPIIUH 1, IPOCYMMHIPOBAB I10 ¢, HafijieM KOOPUHATDI eHTpa Tskect. Onn
6ymyr umers Bug = P(ty)/Q(to), y = R(ty)/S(to).

YrBepxkaenue 1. S = () u degl) = 2n. B camom jiesie, 3HaMeHaTe/Ib PAlMOHAIBHON
dyHKIIUN OnpeesseTcs ee MoJI0CaMu, MEHTP TSAXKECTH YXOIUT Ha OECKOHEYHOCTH TOJBKO €C/In
OJIHA W3 TOYEK N-yTrOJbHUKA IMOIaJa B OJIHY U3 2 OECKOHETIHBIX TOYEK OKpyzKHOCTH. TO ecTh ()
n S UMEIOT KOPHU UMEHHO B 9THX 27 TOYKaX.

Tereps, BIOpaB mapaMeTpu3aliuio, 100beMcs, YTOObI IIPH t(, CTPEMSIIIEMCA K OECKOHETHOCTH
IEHTP TAXKECTU HA OECKOHEYHOCTDb He ye3zKaJl. Ky KapTuHka JieficTBUTeIbHAS, TO U BRIOUPATH
Hevero — Jiobas nmapaMerpusalus ¢ JIefcTBUTe/IbHbIME Kodddurmerntamu moaxoaut. Orcoa
creniein P u R ue Gosbite crernenn (). Terepb mocMoTpuM, B CKOJBKUX TOYKAX HAIla KPUBAast
MOXKET ITePeceKaThCsl C TPOM3BOJIBHOMN tipsmoii. [ogcTaBuB B ypaBHEHME TIPAMOIT parinoHaIbHbIE
dyHKIIMN cTenenn 2n MOIYYUM ypaBHEHHE CTeleHW 2n Ha tp, y Hero 2n KOpHei, HO KaxKJIoi
TOYKe KPUBOI COOTBETCTBYIOT Nl 3HAYEHU{T MapaMeTpa, 3HAUUT TOYeK Ha KPUBOil jiBe. (BapuaHT
paccyxkjieHust: (bYHKIUNA CTEIICHN 21 ¢ COBIAIAIONTIMU 3HAMEHATE/ISIME apaMeTPU3yIOT KPUBYIO
CTeleHn 21, HO KpUBas B3sTa ¢ KPATHOCTHIO N (MBI HAILy OKPY?KHOCTH Ha Hee 7. pa3 HaMOTAJIN ),
nocemy creredb 2) Vtak, Hama KpuBasi ¢ KayKJI0i IPSMOI IlepeceKkaeTcst o 2 TOIKaM, TO eCTh
oHa 2 mopsjiKa. Ternepb MOCMOTPUM, TJie OHA IepeceKaeT OeCcKoHedHO yajeHnyo. Ecam n — 1
TOYKA CTPEMSATCA K KOHEUYHOMY IPEJIeNTy, a OJHa — K OECKOHETHOMY, TO IIEHTD THAXKECTU €JIeT Ha
OeCKOHEYHOCTD B TOM Ke Halpasyiennu. Vtak, Harra KOHUKa 1iepecekaeT 6eCKOHETHO YIAJIEHHYIO
IPSAMYIO B T€X 2Ke 2 TOYKAX, B KOTOPBIX €e IepecekaeT Jiiodasi OKPYKHOCTh, & 3HAYUT U OHA —
OKPYZKHOCTb.

b) Eciu 1ieHTp Tsi2KecTn ToUeK KacaHus JBHZKETCsI, TO €0 TPAeKTOPUS JIOJIZKHA TIePECeKATh
OeckoHevHo y/iajaeHHyo npamyo. O4eBUIHO, STO MOXKET MPOUCXOAUTH TOJIBLKO TOT/Ia, KOrJIa Ha
0EeCKOHEeYHOCTD YXOIUT OJ[HA U3 TOUeK Kacanus. Ho B OeCKOHEYHO yIa/leHHBIX TOYKAaX BIMCAHHAs
U OIHUCAHHAs OKPYKHOCTU ITIEPECEKAIOTCs, CJIeI0BATE/ILHO, JIJIsi TONO YTOOBI TOYKA KACAHUI,
HaIpuMep cTopoHbl A Ay ¢ BIMCAHHON OKPYKHOCTBIO, YIILIA Ha OECKOHETHOCTD, B Ty YK€ TOUKY
JIOJIZKEH YXOJIUTH OJMH U3 KOHIIOB 9TOW CTOPOHBI, HAIpUMEp Ap, a 3HAYNT, U TOUYKA KACAHUS C
BIIMCAHHOW OKPY2KHOCTHIO CTOPOHBI A1 A,,. IIpu 9TOM 06€ TOUKHN Kacanus JBUXKYTCA Ha OECKOHETHOCTh
B IIPOTHBOIIOJIOYKHBIX HAIIPABJIEHUSX, U [TOBEJICHUE TIEHTPA TAKECTH OIPEJIEIIeTC TTOBEIeHIeM
CepEeJ/INHBI COEIMHSIONIET0 UX OTPE3KA.



Bocronb3yemed Tenepb TeM, 9TO cepejinHa OTPe3Ka, COSIUHSIONIEr0 TOUYKHM KAacaHUs JIBYX
NPSIMBIX C OKPY2KHOCTBIO, ABJIAETCA 00PA30M IIPU MHBEPCUU OTHOCUTEIHHO TON OKPYZKHOCTH
TOYKU [TepecevdeHns STUX NPAMbIX. BBejid cTanapTHyIo TapaMeTpu3aIiiio OMMUCAHHON OKPY2KHOCTH
U UCIOJIb30BAaB XOPOIIO U3BECTHDLIE (POPMYJIbI JIJIsi NHBEPCUU, HETPYIHO yOEIUThCsA, 9TO KOTJIa
TouKa A; cTpeMuTcs K ECKOHETHOCTH, €€ HHBEPCHBII 00pa3 CTpeMUTCST K HEKOTOPOMY KOHEUHOMY
npejiesty. Takum obpasom, IEHTp TAXKECTH TOYEK KacaHWsd He YXOJUT Ha OeCKOHEYHOCTH W,
CJICJIOBATEILHO, OCTAETCS HEIO/IBUZKHBIM.

26.

a) Her. Ilycrs t,, tp, t. — 3HaYeHUs: mapamerpa, cooTBercTByiomue Bepiunam A, B, C
TpeyroyibHuKa. Koop/ImHATHI 1IeHTpa TAXKECTH SABJSIOTCH (PYHKIUSAMU ITapaMeTrpa t,, U yCJIoBUe
MONIAHNS TEHTPA TAXKECTH B JJAHHYIO TOYKY JIA€T YpaBHEHUE OTHOCUTEILHO t,. [ToCcKOIbKY 1y,
. TaK2Ke ABJIAIOTCA KOPHSIMHE 9TOr'0 ypaBHEHUA, €ro cTereHb pasHa 3. Ho kybudeckoe ypaBHenue
C MTOMOIIBIO MUPKYJISA U JTUHENKHN PENUTH HeJIb3sl.

b) Ha. Ienrp tsizkectnn M J1e2KUT HA OKPY?KHOCTU, TPOTUBOIOJIOKHBIMA TOYKAME KOTOPOIi
spiistores I u cepeuna orpeska O P. [losromy, nepnienukyisip uz M k npsmoit M I nepecekaer
OI B cepeuae OP, T.e. MbI MOXKEM HaifiTU TOUKY IepecedeHus guaronajeit P u onpenennth
paJimychl OITMCAHHON U BIIMCAHHOM OKpyzkHocTeil. [lanee, mpamas M I nmepecekaeT OKpY2KHOCTD C
nuamerpom O P B cepe/inHax inaronaJieii, 9To mo3BoJisgeT BOCCTAHOBUTD BEPIIMHBI 9€THIPEXYTOIbHUKA.

27.

a) OueBmIHO, YTO, HAIIPUMED, to U t1 CBSI3aHBI COOTBETCTBHEM, KOTOPOE AJINeOPANTHO, CHMMETPHIHO
n B3amMHO/BY3HA4HO. [loaTomy Bce Mmuorodnennsr Buera MoxkHO BbIpa3uThb depes ty. Tak Kak
BCe TU (PYHKIUU 0OPAIAIOTCI B OECKOHEYHOCTh B OJTHUX U TeX K€ TOYKaX, JIOObIEe JIBe U3 HUX
CBA3aHBI JJUHEHHBIM COOTHOIIIEHUEM, T.€. KaKJIblil 13 MHOTOU/IEHOB Buera gBiigercs JIMHEHHOI
dyuknueit o1. [Ipr 370M YeTHBIE MHOTOWIEHBI ABISIOTCH YeTHBIMU (DYHKIUAMY, & HEYEeTHBIE —
HEYETHBIMU, OTKY/IA U CJIEJIyeT YTBEPKICHIE 3a/Ia1H.

28. Jlerko BUETD, UTO BEPHA CJICLYIONIAs

JlemMma. /lambr Tpu coocHbix OKpyzKHOCTU. U3 mpomsBosibHON Toukn C' Ha OJHONW U3 HUX
nposejers! kKacarenbabie C A, C'B k nBym apyrum. Touka D genut orpe3ok AB B GUKCHPOBAHHOM
otnorrernu. Torga I'MT D — oKpy»KHOCTB, COOCHasI C JIAHHBIMU.

Teneps yTBEpKIeHNE 381291 JTOKA3BIBAETCS 110 UHJLYKIIUN.

29.

30. OueBnjiHo, 9T0 cooTHOIIEHUE MEXKIY di, ds, d3 SIBJISIETCS CUMMETPUYIHBIM U HMEET
cTereHb 2 1Mo Kax10il mepemennoit. [lostomy ero Moxkuo 3anucars B Buze P01, 09, 03) = 0, rje
P — MHOrowiIeH BTopoil creneHu, a oy, 0y, 03 — MHOTOWIeHbl Buera ot dy, do, ds. Hamee, ecin
0/IHa U3 TPeX KOHUK COBIAAET C BHEIIHEH, TO JIBE JPYTHe COBIAJAIOT JPYT C APYTOM, TOITOMY
npu dz = 0 P = (d; —ds)?, Te., c yaerom cummerpuuanoctu P = o3(acs+boy+coy+d)+0% —4o,.
Ecan noacraButh cioya di = dy = d3 = t, TO OJIyIUM ypaBHEHUE OTHOCHUTEJIHHO t 6 cTereHu.
JIBa u3 ero KopHeil paBHbI HYJIIO, & 4 OCTaJbHBIX MOXKHO HANTU, UCKJIOYAs ' U3 CJEYIOeit
cucrempr: t2 = 1 — 2r (dopmynna Ditnepa mist Tpeyroabinka) 2 — 1 = (I —t)? — r? (ycnosue
COOCHOCTH ), TJie | — abcIpcca TOUKY [epecevdensl JIUHIUK IIEHTPOB U PAIMKaJIbHON OCH.

B pesynbrare nomydaem

P = (03 - 0'1)2 + 8[0’3 - 40'2
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On the Poncelet theorem
G.Chelnokov, E.Diomidov, V.Kalashnikov, P.Kozhevnikov, A.Zaslavsky

The simplest formulation of the Poncelet theorem is next.

Poncelet theorem. Let two circles be given, and one of them lies inside the second one. A
tangent from an arbitrary point Ag of the external circle €2 to the internal circle w meets € for
the second time at point A;. Similarly from point A; construct point A etc. Then if Ag = A,
for some point Ay, this ill be true for any other point of €.

Not formally an inscribed and circumscribed polygon® can be "rotated" between two circles
(its form can change during this rotation). We will call such "rotating" polygon a Poncelet
polygon.

This project purposes to prove the Poncelet theorem and to examine some properties of
Poncelet polygons. Also we consider the generalizations of Poncelet theorem and some similar
theorems.

1 Poncelet theorem for n = 3.4

1. Let O, I be the circumcenter and the incenter of the triangle, and R, r be the radii of
the circumcircle and the incircle respectively. Prove the Euler formula

OI°> = R?> — 2Rr.

2. Prove the Poncelet theorem for n = 3.

A set of remarkable points or centers is associated with any triangle. When we "rotate" a
triangle between its circumcircle and incircle, these points move on some curves. In the next
problems we have to find the corresponding trajectories.

3. Find the trajectory of

a) the centroid M,

b) the orthocenter H;

¢) the Gergonne point G (the common point of the segments between the vertices of the
triangle and the touching points of the opposite sides with the incircle)

dj the Lemoine point L, isogonally conjugated to M

of the Poncelet triangle?

4. Let A’, B’, C' be the touching points of the incircle with the sides. Find the trajectory
of the centroid M, of triangle A’B’'C".

5% Let a Poncelet triangle and a fixed point P be given. Find the trajectory of the point
isogonally conjugated to P.

6. Let X be a fixed point of 2. Prove that its Simson line passes through a fixed point Y
(and line ¢, passing through Y and perpendicular to XY, touches w).

7. A circle touching sides AC, BC' and the circumcircle of triangle ABC' is called semi-
inscribed circle of this triangle.

a) Find the trajectory of the center of the semi-inscribed circle.

b) Prove that the semi-inscribed circle of the Poncelet triangle touches some circle distinct
from €.

c) Prove the same assertion for the circle, passing through two vertices of the Poncelet
triangle and touching w.

Lwe will use this term in place of closed broken line, which may be self-intersecting



8% Let triangle ABC' and point X be given. Lines AX, BX, C'X meet BC, CA, AB
respectively at points A’, B’, C'. Then the common points of lines A’B’ and AB, B'C" and BC,
C'A" and C'A are collinear on the line which is called a trypolar of X wrt ABC.

a) Prove that the trypolar of a fixed point X of 2 wrt the Poncelet triangle passes through
a fixed point Y.

b) Find a locus of points Y (X).

9. A circle with center I lies inside an other circle. Find the locus of the circumcenters of
triangles I AB, where AB is an arbitrary chord of the external circle touching the internal one.

10. Let two circles be given and one of them lies inside the second one. Find the locus of the
incenters of triangles ABC', where AC' and BC' are two chords of the external circle touching
the internal one.

11. Two circles with radii 1 meet at two point, and the distance between these points also
is equal to 1. C is an arbitrary point on one of these circles, the tangents C'A and C'B to the
second circle meet the first circle for the second time at points B’ and A’. Find the distance
AA.

12. Let a circle and a point P inside it be given. Two perpendicular rays with origin P meet
the circle at points A and B.

a) Find the locus of the midpoints of segments AB.

b) Find the locus of the common points of the tangents to the circle at points A and B.

13. Prove the Poncelet theorem for n = 4.

14. Let two circles with centers O, I and radii R, r satisfy the Poncelet theorem for n = 4.
Find the relation between R, r and d = OI.

15.

a) Prove that the diagonals of the Poncelet quadrilateral meet on the same point P, lying
on OI.

b) Find the relation between OP, R and d.

16. Prove that the lines joining the touching points of the opposite sides of the Poncelet
quadrilateral with the incircle are the bisetors of the angles formed by its diagonals.

17. Find the trajectory of the centroid M of the Poncelet quadrilateral.

18% Prove that

a) the product of the tangents of the angles between line OI and the diagonals;

b) the product of the lengths of the diagonals

of the Poncelet quadrilateral is constant.



2 An algebraic view on the Poncelet theorem

When n > 4 the Poncelet theorem also can be proved synthetically. By the examination of
the properties of the Poncelet polygons using only geometric methods is difficult. The meth-
ods of algebraic geometry are more effective. Firstly prove the Poncelet theorem using these
methods.

Consider center O of {2 as an origin of a coordinates system and line O as an abscissa
axis. Let R, r — be the radii of the circles, and d be the distance between its centers, i.e. I has
the coordinates (d, 0). Define the coordinates of the points of Q as z = R(1 — ¢*)/(1 + t?),y =
R - 2t/(1 + t?), this concordance between the points of {0 and the significances of ¢ will be
one-one, if point (—R,0) correspond to ¢ = oo. Such defining of a curve is called its rational
parametrization. Let tg,t1,...,%,_1 be the significances of t, corresponding to the vertices of
the polygon.

19.

a) Find the relation between t; and ¢;.

b) Find the relation between ¢, and ts.

d) Prove that ¢y and ¢,, satisfy to the relation P,(to,t,) = 0, where P,(x,y) is some symmetric
polynomial, having degree 2 on each variable.

20. Prove the Poncelet theorem.

The general Poncelet theorem. Let circles wy,...,w, lie inside circle 2, and let all
these circles be coaxial, i.e they have a common radical axis. If there exists a polygon A; ... A,
inscribed into 2 and such that A;As touches wy, Ay A3 touches wo,...,A, A; touches w,, then
there exists an infinite set of such polygons.

21.

a) Prove the general Poncelet theorem.

b) Prove "the generalest" Poncelet theorem, in which the coaxial circles are replaced by the
conics passing through four fixed points.

>From the general Poncelet theorem we obtain that if A;... A, is the Poncelet polygon
inscribed into circle 2 and circumscribed around circle w, then its diagonals A;A; s for any
fixed k touche the same circle coaxial with 2 and w.

22. Let R and r be the radii of the circumcircle and the incircle of the Poncelet polygon |,
and d be the distance between its centers. Find the radius of the circle touching the diagonals
A;A; o and the distance from the center of this circle to the circumcenter.

23. Find the relations between R, r and d for the Poncelet

a) hexagon;

b) octagon;

c) pentagon.

24. (S.Markelov) Let R, r and d be the radii of the circumcircle and the incircle of the
Poncelet n-gon and the distance between its centers. Prove that d, » and R are also the radii of
the circumcircle an the incircle and th distance between its centers for some Poncelet polygon,
having n, 2n, or n/2 sides.

25. Find the trajectory

a) the centroid of the vertices;

b) the centroid of the touching points of the incircle with the sides

of the Poncelet polygon.

26. Let an incenter, a circumcenter and a centroid of an inscribed and circumscribed n-gon
be given. Can this n-gon be restored by a compass and a ruler if



a) n =37

b) n =47

27.

a) Let ty,...,t, be the values of the parameter corresponding to the vertices Ay, ..., A, of
a Poncelet n-gon; let 0y =t1 + -+ t,, 00 = t1ts +tits+ -+ t,_1tn,...,0n0 =t1---t, be the
Vieta polynomials from tq,...,%,. Prove that all even Vieta polynomials are constant and all
odd polynomials are proportional to .

b) Let dy,...,d, be the lengths of the tangents from the vertices Ay, ..., A, of a Poncelet
n-gon to its incircle; let oy = dy + -+ - + d,, 00 = dyds + dyds + - - + dp,_1dy,. . .0, = dy - - dy,
be the Vieta polynomials from dy, ..., d,. Prove that all even Vieta polynomials are constant
and all odd polynomials are proportional to o;.

28* Let two circle be given one of them lying inside the other. Consider a broken lines
A1As ... A,yq, with the vertices lying on the external circle, and the links touching the internal
one. Find the locus of the centroids of the touching points.

297 Define the Simson line of point X wrt a cyclic n-gon using the induction as the line
containing the projections of X to the Simson lines of X wrt (n— 1)-gons, obtaining by deleting
of each vertex. Prove that the Simson line of a fixed point of 2 wrt the Poncelet polygon passes
through a fixed point.

30. Let triangle ABC' is inscribed into circle 2 with radius 1, and let lines AB, BC', C'A
touches circles wy, ws, w3, in such a way that all these circles are coaxial. Find the relation
between the distances dy, do, d3 from the centers of wq, wsy, ws to the center of(2.

3 The other closing theorems

The Poncelet theorem is the example of a closing theorem. Take some other examples of
such theorems.

The Steiner porism. Let two circles be given: o and lying inside it 5. Consider a chain of
circles wy, wo, ..., touching « internally, touching § externally, and such that w;,; touches w;.
If for some circle wy circle w,, touches wy, then this is true for any wy.

The zigzag theorem. Let two circles a and § be given. Take an arbitrary point Ay on «
and find such point By on § that AgBy = 1. Now find point A; on « distinct from Ay and such
that A1 By = 1 etc. If A, coincides with Ay, then this is true for any other point A.

Note that the zigzag theorem is correct even for two circles not lying in the same plane.

The Emch theorem. Let three circles be given: «, 8 lying inside o and ~ lying inside
[. Consider a chain of circles wq, ws, ..., touching « internally, touching v externally, and such
that w;11 and w; meet at the point lying on 5. If for some w; circle w,, touches wy, then this is
true for any wy.

The Brocard broken line theorem. Let a circle w, a point P inside it and an angle ¢
be given. For an arbitrary point X, of w construct such point X, that ZPXyX; = ¢. Similarly
for point X; construct X, etc. If for some Xy X,, = X, then this is true for any Xj.

The Protasov theorem. Let Sy, S1, So be three spheres with non-collinear centers. Con-
sider a family ¥ of spheres touching S; and Ss (the spheres of ¥ touche each of spheres S, So
by the same way — internally or externally) and perpendicular to Sy. Let w — be a circle in
the space, which do not lie on any sphere from ¥ and do not pass through the common points
of many than two spheres of . For an arbitrary point X, on w take a sphere s; € Y passing
through it and find the second common point X; of s; and w. Take a sphere s, € ¥ distinct



from s; and passing through X; and find its second common point X with w etc. If for some
Xo X,, = Xy, then this is true for any X,.

31. Prove these theorems algebraically.

An arbitrary circle on the plane can be given by an equation 22 + y? + az + by + ¢ = 0.
Correspond to such circle a point in the space with coordinates (a, b, ¢).

32. Is this a one-one correspondence?

33. Which pairs of points correspond to touching circles?

34. Which assertions correspond to the Steiner and Emch theorems?

35. Obtain

a) the Emch theorem and the Brocard broken line theorem from the Poncelet theorem;

b) the Poncelet theorem, the zigzag theorem and the Steiner porism from the Emch theorem.

36. Find the Protasov theorem

37. Obtain the zigzag theorem, the Poncelet theorem, the Emch theorem and the Steiner
porism from the Protasov theorem.



On the Poncelet theorem
Solutions.

1 Poncelet theorem for n = 3,4

1. Let the line joining I with vertex C' of triangle ABC' meet for the second time the
circumcircle of ABC' at point C’ (fig.1).

Fig.1

Since C'A = C'B, ZAIB =71 — (LA+ 4B)/2 = (n + £C)/2 and LZAC'B = 1 — £C, we
obtain that C” is the circumcenter of triangle AIB. Thus IC' = C'B = 2R sin % On the other
hand IC = r/sin 22, therefore

R*—~0OI*=CI-C'I =2Rr.

2. Let a triangle ABC' be given. Take the tangents from an arbitrary point C” of its circum-
circle to its incircle and find their common points A’, B’ with the circumcircle distinct from C".
We have to prove that line A’B’ also touches the incircle.

Suppose the opposite. For example let A’B’ do not intersect the incircle of ABC. Increase
angle A’C'B’ in such a way that line C'I stays its bisector. Then the distances from [ to lines
C'A" and C'"B’ will increase, and the distance from I to A’B’ will decrease, thus sometimes
a circle with center I and radius " > r will be the incircle of triangle A’B’C’. But by Euler
formula the inradii of triangles ABC' and A’B’'C’ are equal — contradiction. The case when
A’ B’ intersect the incircle can be considered similarly.

3. By the Feuerbach theorem, the Euler circle passing through the midpoints Ay, By, Cy of
the sides of triangle ABC' touches its incircle. From this the center of this circle coinciding with
the midpoint of OH lie on the circle with center I and radius R/2 — r. Thus the trajectories
of points M and H are homothetic to this circle with center O and coefficients 2/3 and 2
respectively.

The trajectory of the Gergonne point is a circle coaxial with the circumcircle and the incircle.
Synthetic proof of this fact is unknown.

The trajectory of the Lemoine point is an ellipse with the minor axis lying on OI. Synthetic
proof of this fact is also unknown.



4. Let A”, B"”, C" be the second common points of the altitudes of A’B’C" with the incircle
of ABC. Then A"A’, B"B’, C"C" are the bisectors of triangle A”B"C"”, i.e. the orthocenter
H' of triangle A’B’C" coincides with the incenter of A”B”C”. Also it is easy to see that the
sidelines of A”B"C" are parallel to the corresponding sidelines of ABC', thus these triangles
are homothetic. This homothety maps O and I to I to H’ respectively, therefore H' lies on Of
and IH'/OI = r/R. When the triangle rotates H' and the centroid of A’B’C" dividing H'I in
ratio 2 : 1 are immobile.

5. Answer. Let P’ be the point inverse to P wrt the circumcircle. Consider a rotational
homothety with center P’, transforming P to I and find the image @ of I. The desired trajectory
is a circle with center @) (fig.2). This can be proved using the complex numbers. Synthetic proof
is unknown.

Fig.2

6. Hint. The Simson line bisects the segment between the corresponding point and the
orthocenter H tpeyronbauka. The parallel line passing through H, meets for the second time
the trajectory of H at a fixed point (fig.3).




7.

a) Prove general assertion.

Let two circles one lying inside the other be given. From an arbitrary point X of the external
circle draw the tangents to the internal one and inscribe to the obtained angle a circle touching
the external circle. Then the locus of the centers of such circles is an ellipse having the center
of the external circle as a focus.

Proof. Let O, I be the centers of the given circles, and let Y be a touching point. Then all
chords XY meet OI at the same point — the homothety center H of the given circles. Since the
center Z of the semi-inscribed circle is the common point of lines OY and X, its trajectory
is an ellipse. To prove that O is its focus consider a polar map wrt the circle with center O. It
transforms I, H to a parallel lines ¢, h, also it transforms X, Y to the tangents x, y meeting
at some point P of line h. Let U, V be the common point of x and y with i, and let ) be the
vertex of parallelogram PUQV. Then () lies on the line symmetric A about 7. Since P() is the
fourth harmonic line to x, y, h, it meet the perpendicular from O to h at the fixed point — the
pole of h. Using the homothety with the center in this point we obtain that all lines QU, QV
(i.e. the polars of points Z) touches the same circle.

Alternative solution. It is sufficient to prove that all semiinscribed circles have common
radical center L. Suppose this is true, and all semiinscribed circles have power equal to p wrt
L. Then they all touch the image of [' under inversion with center L and radius \/m followed
by the symmetry in L, for p < 0.

Let us fix the outer circle I (let O be its center, and R be its radius), and the center [
of the inner circle v (let 7 be its radius, further r could vary). Let Z, A, B,C, D € I so that
ZA, AB, BC, CD touch 7. Let wa, wg, we be semiinscribed circles of triangles ZAB, ABC),
BCD opposite to A, B, C', and touching I' at T4, Ts, T¢, respactively. We will prove that the
radical center L of wa, wp, we belongs to 1O (we use the proof of Stoyan Boyev, he applied it
for the case of three semiinscribed circles of a triangle). By the jump argument it is sufficient
to conclude that all the circles from the family of semiinscribed circles have common radical
center L.

Firstly, we will consider the homothety h taking the + to I'. According to the Monge’s
theorem we can easily find that lines ATy, BT and C'T¢ are concurent and their intersection
point 7T is the center of homothety h. Hence T', I and O are collinear points.

Let Quap = ABNT 4T, Qpc = BC NTRTe. Note that QQ 4@ pc is the polar line of point
T wrt I'. Since T € 10, we have QapQpc L 10.

Let Mag, Mpc be the midpoints of arcs AB, BC' (take arcs opposite to I). Let Pyp is the
common point of T4yTp and the tangent to I' at Msp. Ppc defined similarly.

The radical axis l(wa,wp) passes through M,p and the common point of tangents to I'
through 7'y and Tz. Hence Pyp is the pole of [(wa,wp) wrt I'. Similarly, and Pg¢ is the pole of
the radical axis [(wp,wc) wrt I'. Thus P4pPpc is the polar of the radical center L wrt I'. To
prove that L € IO it remains to prove that P4 Pc || QaQc-

Let X 45, Xpc be touching points of wg with AB and BC. Note that Tg, XAB, M,p are

. . TsXpe _ TsX .
collinear, Tg, X BC', Mpc ;LrQe colhn;a)r(, and gg %B‘;g = 72;33 QMig from homothety with center Tz
. - - - " .
taking wp to I'. We have T’; ng = 7z M’;g =7z M’:i = Ti PAg , and thlsﬁcompletes the Proof.
Considering a particular case with symmetry in O, we obtain OL = %OI , Where
d=0I.

b) From previous result we obtain that all semi-inscribed circles touche the circle with center
O and another circle with the center in the remaining focus of the ellipse.



c) Hint. The locus of the centers of such circles is an ellipse with foci O and I.
8. Hint. The trypolar passes through the Lemoine point L and meets for the second time
the trajectory of L at a fixed point (fig.4).

Fig.4

9. Let R, r be the radii of the given circles, let O be the center of the external circle, and O’
be the circumcenter of triangle ABI. We have that O and O’ lie on the perpendicular bisector
to segment AB.

Use the cosines theorem to triangles AO'O and OO'I:

RZ=0'A>+0'0*>-20'A-0'0Ocos ZAO'O
O’ =0'1>+0'0? = 20'T - O'O cos LIO'O.

Substracting the second equality from the first one we obtain:
R* - OI* = 20'0(0'Acos ZAO'O — O'I cos ZIO'O =20'0 - 7,

Therefore the desired locus is the circle with center O and radius (R? — OI?%)/2r.

Alternative solution. Let us fix the outer circle I (let O be its center, and R be its radius),
and the center I of the inner circle 7y (let r be its radius, further r could vary). Let A, B,C € T’
so that AB and BC touch . Let S and R be circumcenters of triangles AI B, BIC', respactively.
We have OS L AB, OR L BC, and SR L IB (since SR is the perpendicular bisector of IB).
Since Z(AB, BI) = Z(IB, BC'), we have Z(OS,SR) = Z(SR, RO), hence OS = OR.

Let X,Y €T, and XY touches v so that 4([3(,]?) < 7. Define the map ¢, : I' — I' such
that ¢,(X) =Y. Let S,.(X) be the circumcenter of triangle X7g,(X), and OS,.(X) = p.(X).
Note that p,(X) is continous over (X, r).

We have proved that p,.(X) = p,(g-(X)) (we made a jump). From this jump we will derive
that p,.(X) is independent of X.

Let us call r regular if the orbit {X, g,(X),¢*(X),...} is dence in T'. For each regular
r we obtain that p,(X) is independent of X. If 7y is not regular (there are closed Ponselet
trajectories), then take a limit p,,(X) = Th_}rrrl(] pr(X) over regular r. Thus we get that p,(X) is

independent of X for all r.
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Considering a particular case with symmetry in OI, one can easily obtain p,.(X) =
where d = O1.

10. Let O, D be the centers of the given circles, and let R, r be their radii; let A’, B’, C’ be
the midpoints of arcs BC, CA, AB, and I be the incenter of ABC'. Then [ is the orthocenter
of triangle A’B’C’, thus OI = OA’ + OB’ + OC". Therefore vector C'I lies on C'D, and its
length is equal to 2Rsin ZOA’B’ = 2Rr/CD. On the other hand C'D = (R* — OD?)/CD, i.e
the ratio C"I/C'D do not depend on C. Thus DI/DC" also do not depend on C| i.e. I lies on
the circle homothetic to the given external circle with center D.

Alternative solution. Let us fix the outer circle I' (let O be its center, and R be its
radius), and the center I of the inner circle v (let r be its radius, further r could vary). Let
A, B,C €T so that AB, AC, BD touch ~. Let Al and BI intersect I' for the second time at
A’ and B’, respectively. Let S and R be incenters triangles ABC, ABD, respectively. We have
B'R/B'l = BA/B'I == AB/AT = AS/A']. Hence S and R lie on the image of I" under
homothety with center I and ratio 1 — \.

Considering special case one can calculate .

We have made a jump. From this solution follows similarly to Problem 9.

11. Let O be the center of the circle containing point C, and O’ be the center of the
remaining circle. Since OO’ = v/3, we obtain that A’B’ touches the second circle at some point
C'. Therefore ZAO'A = ZAO'C' + 1£C"0'B = 2/ABC' + LC'AB = LCB'A' + 3 LCA'B,
LO'AO = LO'A'B" + LB'AO = § - LO'O'A' + § — LBCA = 7 — ZBCA — %ACA’B’ =
LCB'A 4+ 1/CA'B'. Since O'A = OA', we obtain that AO’A'O is an isosceles trapezoid, and
AA = 00" = /3.

12. Let C be the fourth vertex of rectangle PACB. Since OP%+ OC? = OA? +0B?, C lies
on the circle with center O. Thus the midpoint of AB lies on the circle having the center at
the midpoint of OP, and the inverse common point of the tangents also lies on a circle.

13. Hint. Prove that the segments joining the touching points of the incircle with the
opposite sides are perpendicular and use the previous problem.

14. Answer.
1 1 1

2T R+d?  (R=d2

15. Answer.
R+OP (R+d)?

R—0OP (R—d)*

16. Using the formula of the previous problem we obtain that P is the limit point of the
pencil containing the incircle and the circumcircle. Thus for any point X of the circumcircle
the ratio of distance X P and the length of the tangent from X to the incircle is the same. From
this fact using that the lines joining the opposite touching points pass through P we obtain the
assertion of the problem.

17. Point M is the midpoint of the segment between the midpoints of the diagonals. Since
the midpoints of the diagonals and the incenter are collinear it is easy to see that the trajectory
of M is a circle.

18.

a) Let U, V' be the midpoints of the diagonals. Since U, V' lie on the circle with diameter
OP, and line UV passes through I, we have

UO-VO  Souy OI R?

te/UPOtg/V PO — _ L
& & UP-VP  Spyy IP R? — OP2
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b) Hint. The lengths of the diagonals are 2v/ R2 — OP2sin? ZU PO and 21/ R? — OP2sin? ZV PO.
From this and previous equality we obtain that the product of the diagonals is equal to

4RV R? — OP2.



2 An algebraic view on the Poncelet theorem

19.
a) Write an equation of line ApA; and use that the distance from point (d,0) to this line is
equal to r. We obtain

(R+d)? —rA)tat] — r?(tg +13) + 2(R? — d®)toty + (R—d)* —r*) =0

b) Hint. Denote the above polynomial as P;. Excluding ¢; from the system P;(to,t;) = 0,
Pi(t1,t2) = 0, we obtain the polynomial from ¢y, t2, having degree 4 on each variable. Dividing
it to (g — t2)?, we obtain the desired relation.

c¢) The desired assertion can be obtained by induction similarly as the previous result.

20. Let starting from some point ty we return to it through n steps. Then we have: P, (to, t,) =
0, to = t,,. Substituting the second equation to the first one we obtain the equation of degree 4
such that t, is its root. It is evident that tq, s, ... are also its roots. Since the number of roots
of this equation is greater than its degree we obtain that it is an identity when n > 5. That
proves the Poncelet theorem.

21. Hint. Let chords AgA; and A;As touche two circles of the given pencil. Writing the
corresponding equations and excluding ¢; we obtain a polynomial from %y, t5 having degree 4
on each variable. This polynomial can be decomposed to two multipliers each of them corre-
sponding to some circle of the pencil. Therefore AygAs touches one of these two circle depending
on the choice of the tangents. Now we can reason similarly to the previous problem.

22. Denote z; = r;/(R+d;), y; = r;/(R—d;), where rq, ro are the radii of the circles touching
the sides and the diagonals respectively, and d;, ds are the distances from their centers to the
circumcenter. Considering the symmetric polygons we obtain

o= (@5 +y5 = 1)/ =23 +43), = (a3+95—1)/(1+ 25 —y3) (1).
resolving this system wrt x5, y2 we obtain:
vy = (w1(L+ )/ (1 + 1), 2= V(L +21)/(x1+ 1)) (2)

23.
a) For n = 3 we have the Euler formula: 1/r = 1/(R+d)+ 1/(R—d) ie. x+y =1 or
r = sin®t, y = cos’t, 0 < t < 7/4. For n = 6 from (2) we obtain x = sint - /1 + cos?t,

y =cost-V1+sin’t.
sint-(14-cost) _ cost-(1+sint)
(sint+cost) ? Y= (sint4-cost) *
¢) Define x;, y; and reason similarly to the conclusion of (1) we obtain:

vy = (21 +yi — /A —2i+yi), o= (T+y —1)/(L+at—yi)

= (1—ay—y)/(L—23+y3), yi=(1—a5—y3)/(1+a3—y3)
Resolving the second system wrt xq, ¥y and comparing two expressions for z5 we obtain (index
1 is ejected)
r(1—y)(1—2>+y*)P - (z+y)(®+y* - 1)*=0
It is easy to see that this equation is identity when x = —1, y = 0, x + y = 1. Dividing to
corresponding multipliers we obtain:

(z+y—1)(z+y+1)°=day(z+y)
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24. When we change R to d and vice versa defined above x do not change, and y change the
sign. Since (x,y) satisfy the closing condition for the n-th step, we obtain that (x, —y) satisfy
the closing condition for the 2n-th step, i.e. the broken line close through k steps where k is
some divisor of 2n. Since this assertion is symmetric £ may be equal only to n/2, n or 2n.

25.

a) Let the external circle is rationally parametrized and ty,¢1,t_1,... are the parameters
corresponding to the vertices of the polygon. Using the Vieta theorem from the relation between
to and ¢; find t; +t_; and ¢; x t_;. Now express through #; the sums of the coordinates of the
corresponding vertices and summing for all 4, find the coordinates of the centroid. Let they be
x = P(to)/Q(t), y = R(to)/S(to)-

Lemma 1. § = ) and deg() = 2n. In fact, the denominator of a rational function is defined
by its poles. The centroid is an infinite point iff one of the vertices of the n-gon coincide with
one if two infinute points of the circle. Thus the roots of () and S coincide with these 2n points.

Now choose parametrize the circle in such a way that the centroid does not tend to infinity
when £y tends to infinity. Then the degrees of P and R are not greater than the degree of Q.
Now count the common points of our curve with an arbitrary line. Substituting the rational
functions with degrees 2n to the equation of the line we obtain an equation with degree 2n wrt
to, it has 2n roots but each point of the curve corresponds to n significances of the parameters,
thus there exists two points on the curve.

So our curve meets any line at 2 points, thus its degree is 2. Now consider its infinite points.
If n — 1 points of the circle tend to the finite point, and one point tends to the infinite point,
then the enroid tends to the same infinite point. Therefore our conic meet the infinite line at 2
points lying on any circle, i.e. it is also a circle.

b) Suppose that the centroid is not a fixed point. Then its trajectory intersect the infinite
line. This can happen only if one of touching points is infinite. But the cicumcircle and the
incircle meet at the infinite points. Therefore if for example the touching point of side A; A,
with the incircle is infinite then some endpoint of this side for example A; also is infinite. Thus
the touching point of side A; A, is infinite. When A; tends to an infinite point two touching
points move on the opposite directions and the trajectory of the centroid is defined by the
midpoint of the corresponding segment.

Now use that the midpoint of the segment between two touching points is inverse to the
common point of the corresponding tangents. It is easy to see that when A; tends to infinity,
the inverse point tends to some finite point. Thus the centroid does not intersect the infinite
line, therefore it is a fixed point.

26.

a) No. Let t,, tp, t. be the significances of the parameter corresponding to the vertices A, B,
C of the triangle. Expressing the coordinates of the centroid through ¢, we obtain an equation
wrt t,. Since t,, t. are also the roots of this equation, its degree is equal to 3. But a cubic
equation can not be solving by a compass and a ruler.

b) Yes. The centroid M lies on the circle having I and the midpoint of OP as opposite
points. Thus the perpendicular from M to line M [ meets OI at the midpoint of OP, i.e. we
can find the common point P of the diagonals and calculate the radii of the circumcircle anf
the incircle. Now line M I meets the circle with diameter OP at the midpoints of the diagonals,
which allows to restore the vertices of the quadrilateral.

27.

a) The relation between ty and t¢; is symmetric and has degree 2 wrt each variable. Thus we
can express all Vieta polynomials through ¢y. All these functions have the same poles, therefore



each of them is a linear function of oy. Since the odd polynomials are odd functions, and the
even polynomials are even functions we obtain the desired assertion.

28. It is easy to prove next

Lemma. Let three coaxial circles be given. From an arbitrary point C' on one of them take
the tangents C'A, C'B to two remaining circles. Let point D divide segment AB in some fixed
ratio. Then the locus of points D is the circle coaxial with the given circles.

Now the desired assertion can be obtained by induction.

29.

30. It is evident that the relation between dy, dy, d3 is symmetric and has degree 2 on each
variable. Thus we can write it as P(oy,09,03) = 0, where P is a polynomial with degree 2,
and o1, 09, 03 are the Vieta polynomials from d;, ds, d3. If one of conics coincide with he
external one then two remaining conics coincide i.e if d3 = 0 then P = (d; — dy)?, therefore
P = o3(aos + boy + coy + d) + 07 — 40,. Substituting d; = dy = d3 = t, we obtain an equation
wrt ¢t with degree 6. Two of its roots are equal to zero. Find 4 remaining roots excluding r from
the system: t? = 1 — 27 (Euler formula) (> — 1 = (I —t)> — r? (the condition of coaxility), where
[ is the abscissa of the common point of the center line and the radical axis.

As result we obtain

P = (0'3 — 0'1)2 + 810’3 - 40’2
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VanuaeHnum Todyek U IIPSAMbIX.

®. Husos, A. Ilonauckuii, H. Tlossincknii

Kun-op1 penymka Idpaént. [pumy-
MbIBaJl OH MHOT'O 3ajiauek. Tak BOT OJiHa~
YKJIbI OH 3arajiajl TaKyo 3arajiky.

[Iycrs Ha IJIOCKOCTH »KHBET HEKOTO-
poe KOHEUYHOE MHOXKECTBO MNpsiMbIX L 1
HEKOTOPOE KOHEYHOE MHOZKECTBO TO4YeK P.
Torya uwepes I(L, P) Gynem ob6o3HAYATE

KOJTUIECTBO MHIUJICHIH MEXK/y STUMHE
Puc. 1: Tan Dpém MHOZKECTBAMU, TO €CTh YHCJIO0 TAKUX Iap
(I,p),le L, pe P, arop el
O6oznaunm 3a I (n,m) makcumasibHoe 3Hauenne I (L, P) cpejn
Beex Takux nap (L, P), uro |L| = n, |P| = m, 31ech u najee
gepes | A| obosHaTaeM KOJMIECTBO 9JIEMEHTOB B MHOXKeCTBe A.
Boripoc: [Tosyants TouHy0 O1leHKY cBepxy st I(n, m).
[1. Dppéut npenonoKuI: cyIecTByer Takas Kouctanta C') 9o

I(n,n) <C <n4/3) :

OueBu/HO, YTO 9Ta OlleHKa Jiydlle TpusnaabHoil I(n,n) < n?.

Puc. 2: Toukn u npsiMblie ¢ OOJIBITM YUCJIOM HHITHA I



Puc. 4: Yunbam T. Tporrep

B 1983 roay jaBa marTeMa-
tuka, Cemepeau u Tporrep,
JIOKa3aJ/I1 [IOCJIEIHIOI0 OLEHKY.
OT0T (haKT U3BECTEH KaK TeO-
pema Cemepenu-Tporrepa.

Haima ocuosnas 1esnn — Jio-
Ka3aTb 9Ty TeopeMy JIByMsl
criocobamu. IlomyTHO MBI pe-
I[IIIM MHOT'O MHTEPECHBIX 3a/1a4
B IeOMeTpPUN 1 KOMOMHATOPU-
Ke.



1 KombuaaropHada 4acTb
1.1 Bseaenune. KomOnHaropHasi reoMeTpusi

1.1. Ha mrockocTu pacrioyiorkeHo KOHEeUYHOe KOJImIecTBO Todek. JlokaxkuTe,
4TO HalAETCd TaKagd NpsaMasd, 9TO B KaxK 0 U3 MOJIYIIJIOCKOCTEN!, Ha KOTOPbIE
OHa JIeJTUT TJIOCKOCTD, Oy1eT He GOJIbIIe TIOJIOBUHBL OT BCEX TOUEK (TTOJIYILIOC
KOCTBb HE COJIEPKUT CBOIO I'DAHUILY ).

1.2. Ilycrh Ha miockocTH JaHo 2n Tovek. JlokakuTe, 9YTO UX MOXKHO pas-
JeJINTh Ha Maphbl TaK, YTO OTPE3KHU, COOTBETCTBYIONINE ITapaM, He OYyIyT Iie-
peceKaThbCs.

1.3. /lano n ToYeK Ha IJIOCKOCTH, HUKaKWe TPH U3 KOTOPLIX HE JIeXKaT Ha,
OJIHOI TIpsiMOil. MexK1y HEKOTOPBIMHM M3 TOYEK IPOBEIeHBI oTpe3ku. Hazo-
BEM HAOOP OTPE3KOB MEXKIY TOUKAMU CBA3HbILM, €CIH MEXK]y JIIOOBIMU JIBY-
Msl TOYKaMK HaiiJIETCs Iy Th 110 OTpe3KaM 13 3Toro Hadopa. [locTpoen Takoit
cBa3ubIil Habop I, 9To cymma jgjmH orpe3koB B I' He OoJiblle, UeM B JIIO-
O60oM Apyrom cesi3HoM Habope. Jlokaxkure, 9To oTpe3ku u3 I' repecekaroTcst
TOJIBKO KOHIIAMU.

1.4. TlycTth Ha TJIOCKOCTH JIaHBI 1 TOYEK U 1 HENAPAJIEJbHBIX MPIMbIX.
Jlokaxkure, 9TO MOXKHO MPOHYMEPOBATH TOYKU U MPAMbBIE YUCIAMU OT 1 J10
N Tak, YTOObI OTPE3KU MEePIICHIUKY/ISIPOB, OIYIIEHHBIX U3 COOTBETCTBY OIIIX
TOYEK Ha COOTBETCTBYIOIINE IPIMbIE HE IEPECEKATUC.

1.5. Jlan HeBBITYKJIbIT MHOTOYTOIBHUK A1 As ... A,. Ecin necmexxnbie Bep-
muHbl A; 1 A; MHOTOYTOJBHIKA TAKOBBI, YTO OH JIEZKUT IETUKOM IO OJIHY
CTOPOHY OT IIpsIMOit A; A, TO MOXKHO B3ATb OJ[HY U3 JABYX JIOMAHBIX, Ha KOTO-
pole Toukn A; n A; ero pasduBalor, 1 OTpa3uTh CUMMETPUTHO OTHOCHTEJILHO
nenTpa orpeska A;A;. JlokaxKuTe, 9TO paHO WM HO3JHO MHOTOYTOJIbHUK
CTaHeT BBIITYKJIBIM.



1.2 WHIMOeHnIun MHOXKECTB

1.6. Ilycte M = {M;, ..., M} — npousBo/ibHasi COBOKYITHOCTb TPEX3JIe-
MEHTHBIX IOJIMHOKECTB M-3JIEMEHTHOIO MHOXKeCTBa, npuuaém |M; N M;| # 1
JUIsl JIIOOBIX 2, 7. Haifijinre MakcuMabHOE 3HaYEHHUE S, IIPU KOTOPOM 3TO BO3-
MOZKHO.

1.7. llycre M = {My, ..., My} — npousBo/ibHast COBOKYITHOCTb, COCTOSIIIAST

13 YeTHIPEXIIEMEHTHBIX TOJMHOZKECTB 1-3JIEMEHTHOI'O MHOYKECTBA, HPUIEM
| M;NM,;| # 2 st 100bIX 4, j. JlokazkuTe, 9T0 MAKCUMAIBHOE S, IPH KOTOPOM
5TO BO3MOXKHO, JIESKUT B 1pejenax ot |n/4]|? no n(n — 1)/4.

Omnpepesienne. [lycrs £ = {ly,...,l,} — nponsBoibHasi COBOKYITHOCTh
TOJIMHOYKECTB M~ 9JIEMEHTHOTO MHOXKecTBa P = {p1,...py,}. Hazosém mapy
(l;, pr) uryudenyued, eciu py € l;. Torma wepes (L, P) 6ynem ob6o3HaYaTH
GUCJI0 MHIMJEHTIN T, 00pa3oBaHHbix stemenTamu u3 L u P, a 1epe3 I(n, m)
MakcnmasibHoe 3uadenue [ (L, P) mo Bcem Takum mMHOxKecTBam L u P aro
|L| =n,|P|=m.

OJinH 13 BayKHBIX BOIIPOCOB BCET'O IIPOEKTA COCTOUT B TOM, YTOOBI OIEHUTD
YUCJI0 WHIIAESHIIN B ciIydae, KOorja JTaHbl KAKNe-TO YCIOBHUSI Ha MHOYKECTBA.
Ecn HeT HUKaKNUX yCJIOBHIT HA MHOXKECTBA, TO MOYKEM IOJIYIUTh JIUIIh TPU-
BrasibHyto onenky (L, P) < mn.

Ectb ciejtyrorniuit criocod BOCIPUHUMATE WHITHICHITIH:

PaccMoTpuM mycTyto TaOJNUKY, COCTOAILYIO U3 1 CTPOYEK U M CTOJIO-
1oB. CTpoku Oy/JIyT COOTBETCTBOBATH 3JeMeHTaM MHOxkecTBa {li,...,[,}, a
CTOJIOIBI — 3JIEMEHTBI {p1, ... pm}. Torga Mbl GyaeM cTaBUTH HA MO3UIUIO,
HAXOJISIIIYIOCST HA TIepecevueHnn -0t CTPOUKHU, U J-TO CTOJIOIA, 3BE3/I0UKY TO-
rJla U TOJBbKO Torja, Korjga p; € l;. Bompoc o unciie nHImJeHnuit MOKHO
Terepb MOCTABUTH TaK: CKOJIBKO 3BE3/I0YE€K CTOUT B TaOJIHIe?!

Ecmu BaM 3T0 OyjeT ymoOHO, TO MepeBojnTe 3aa4ul Ha s3bIK TadJInvIeK
(em. 3amaay 1.11.).

B ocraBiinxcs 3agadax 3Toro naparpada Mol cantaeMm, 9to n, m,r € N, L =
{li,...,l,} — npomsBo/IbHAsT COBOKYITHOCTH OJMHOYKECTB 1M~ 9JIEMEHTHOTO
muozkecTBa P = {p1,...py}, upudem |l; N1 < r s mobbix ¢ # j.

1.8. Ilycts r = 1. /lokaxkure, 9TO
a) I(L,P) <n*+m, I(L,P) <m?+n.

6) I(L,P) < \/m(n?>—mn)+m, [(n,m) < /n(m?>—m) + n.



1.9. J/lokakute, ITO

I(L,P) < \/mr(n?>—mn)+m.

1.10. Ilycte 7 = 1.

(a) Haiigure max I(L£, P) npu n < 3.

(b) Haityure max I (£, P) npu m > C?. Tlpn Kakux ycJIOBUAX JOCTUTACT-
Cs 9TOT MaKCUMyM?

1.11. Ksajgpar 13 x 13 pa3but Ha euHUYHbIe KBaIpaTuKN. [leHTpHI HeKo-
TOPBIX W3 HUX OTMeYeHbl TaK, YTO HeT MPsAMOYTOJbLHUKA C BEPIINHAMU B OT-
MEeYEHHBIX TOUYKaX M CTOPOHAMMU, TapaJlieIbHBIMI CTOPOHAM KBajipaTa. Haii-
JINTe HanOOJIbITIee BOBMOYKHOE YNC/I0 OTMEYEHHBIX TOYEK.

1.12. 100 (@) mbrmeit Bmecte rpu3yT 1000 (b) kyckos cbipa. Kazkiast MbIIib

MOZKET MOTPOOOBATHL HECKOJIBKO KYCKOB ChIpa, CIeIaB B KayKJIOM W3 HUX 110
ojiHOIt ibipKe. JI106ble JBe MBIIN UMEOT JpIpKu He Oostee deM B 10 (¢) obrmnx
Kyckax cbipa. Jlokaxkure, 9T0 unciao Jeipok He Gosibime 11000 (b + a\/b_c).
b2+4bca(a—1) >

b+
Hokazkure, 9T0 4nCJI0 JBIPOK He OoJibie 10500 ( 5



1.3 Teopema o caHaABUYE.

1.13. /lokaxxurte, 9TO e€cji Ha IJIOCKOCTHU JIaHbl KPaCHBIC M CUHIE TOYKU B
O0IIeM II0JIO?KEHUH, TO HaAETCs MpsiMasi, KOTopas OyJIeT JeJUTh IIJIOCKOCTD
Ha JIBE TaKHe IMOJIYILJIOCKOCTH, YTO B KayKJIOH M3 HUX OyJIeT HaXOJUThCs He
OoJ1ee TIOJIOBUHBI KPACHBIX 1 HE 0OJiee IMOJIOBUHBI CUHUX TOYEK.

1.14. JloxazkuTe, 4TO ecin B IpocTpaHcTBe R® MaHBI KpacHbE, CHHHIE N
3eJIEHBIC TOYKHU B OOIEM TIOJIOYKEHUH, TO HalIETCs MIJIOCKOCTh, KOTOpast Oy1eT
neanTh R? Ha JBa Takue MOJTyIPOCTPAHCTBA, UTO B KayKJIOM U3 HUX OYyIeT
HAXOJIUThCsI He DoJiee MOJIOBUHBI TOUEK KarKJ0r0 IIBETA.

1.15. IlycTh Ha IJIOCKOCTH JAHO 2mM TOYEK OOINEro IOJIOYKEHUs, U3 HUX M
KpacHBIX U m cuHuX. JloKaxKuTe, 4T0 MX MOXKHO pa3/Ie/INTh Ha IIapbl TaK, 9TO
TOYKHN B KarKJIOi Iape pa3Horo nBeTa U OTPe3KH, COOTBETCTBYIOIINE ITapaM,
He OyJIyT IepeceKaThCsl.

Bynem obosnadarh npsamyto depe3 R = R, miockocts — uepes R?, a Tpéx-
MepHoe pocTpancTBo — depes R3. IIporre Becero BOCHpUHIMATL 9T 00HEKTE
caeyonyM 00pas3oMm: R — 370 MHOYKECTBO BCEBO3MOYKHBIX BEIECTBEHHBIX
(neficTBuTebHBIX) Unces, R? — 310 MHOKECTBO Beex nap X = (1, Ta) duce
x1,79 € R, a R® — muoxKecTBO Beex Tpoek X = (1, 9, 23), IJe 1,2, 73 € R.
Ananornano onpejessiercss u R”. Dementamu R” siBistioTcst BEKTOPBI (TOY-
Ki) X = (21,...,%,), tie x; € R, i =1[,...,n (z; — KoopauHATHI).

[Iyctb aq,as,...,aq — HEKOTOpbIE AEHCTBUTE/bHLIE YHUCIA, HE pPaBHbLIE
OJIHOBPEMEHHO HYJIIO, a g — IPOM3BOJIbHOE JleficTBuTeIbHOE drcao. Hazo-

BEM 2UNEPNAOCKOCbI0 B IPOoCTpancTse RY MHOKECTBO TAKUX TOYEK X, UTO
d
> a;x; = ag, tie (x1, Ta, . .. ,x,) — KOOPJAUHATHI X.
i=1
KonTpoabHsIii Bompoc. Uro takoe runepruiockocts B R? n R3?

Teopema o cauasuue. Muoxkecrsa Ay, ..., Ay € R? — koneunste. Torna
CYIIIECTBYET TaKas T'UIEPIIOCKOCTh [, 9TO B KayKJIOM U3 IOJIyIPOCTPAHCTB,
00pa30BaHHbIX JIAHHOM IUIEPILIOCKOCTDIO, OyieT He Gosee | A;/2| Touek u3
A; (HEKOTOPBIE TOYKH MOTJIN JIZKATH B THIIEPILIOCKOCTH ).

Ecaun B ciyuae d = 3 3amenuntsh mHOKecTBa Aq, Ag, A3 Ha Xj1€0, CbIp U
BETUHHY, TO OyJeT CYIIeCTBOBATH TAKOW paspe3 HOyKeM (ILJIOCKOCTh), U4TO B
KayKJIOM M3 IOJIYYEHHBIX IOJIYIPOCTPAHCTB OYIeT OJMHAKOBOE KOJMYECTBO
KazKJIOrO U3 WHIPUUCHTOB.




Puc. 5: Pazpes cangsuya

1.16. Ilycth B mpocTpaHCTBE JJaH0 31 TOYEK ODINEro MoJIOXKeHus, U3 HuX n
KPACHBIX, I CUHUX W N 3eJ€HbIX. JloKayknuTe, 9TO WX MOXKHO Pa3/ie/InTh Ha
TPOMKHN TaK, 9TO TOYKU B KayK/J0U TPOIKE Pa3Horo IBera 1 TPEeyroJbHUKH,
COOTBETCTBYIOIINE TPOKaM, He OY/IYT MepeceKaThCs.

1.17.* JIsa Bopa yKpaJiu 0xKepesibe ¢ JAByMsl KOHIIAMI, COCTOSIIIEe U3 ILIaTU-
HOBOII IEMIOYKH, Ha KOTOPYIO HAHU3AHbI JparoleHHbie Kamuu d BuoB. OHu He
SHalOT HEHHOCTHU KazKIA0I'0 KaMH, ITIO3TOMY XOTAT IMOACJINTb KaMHU KazKJI0I'0
BH/Ia TIOPOBHY (M3BECTHO, YTO KaMHEH KarKJ0ro BHUJA Y€THOE KOJIMIECTBO).
Yro6bl MOTEPSITH KAK MOXKHO MEHbIIe IJIATHHBI, BOPbI XOTSIT CJIEJIATh Hau-
MEHbIIee YUCJI0 Pa3pe3oB. MoryT Jin OHE MOJEUThL 0KEPeJibe ¢ OMOTIBIO

a) (d — 1) paspesos?
0) d paspe3os?

Puc. 6: /Ins 1aHHOTO OXKepesibsi JJOCTATOYHO 3 pa3pe30B



2 KoHcTpykTuBHasI reoMeTpust

MugI Oy1eM TOBOPHUTD, YTO 72 TOYEK U 1 IPSIMBIX Ha ILJIOCKOCTU 00pa3yioT KoH-
Puzypayuro ng U3 TOYEK U IPAMbBIX, €CJIM Ha, JII0O0H JTaHHON IPAMOI JIEXKHUT
POBHO d JIAHHBIX TOYEK U Yepe3 JIIoOYI0 JAaHHYIO TOUYKY IPOXOJUT POBHO d
JMAHHBIX IPsAMBIX. T.e. 9ucso nHmuaeHIui Oyaer paBHo nd.

2.1. Ioctpoiite npumep Koudurypamun 93.
(Ilodckaska: nemonb3yiiTe M3BECTHYIO NEOMETPHIECKYIO TeOPEMY )

2.2.I1ocrpoiiTe mpumep KoHpuUrypaiuu 93, OTJIMIHON OT TOM, YTO BO3ZHUKJIA
B 2.1.

2.3. Ilocrpoiite npumep Koudurypanun 10s3.
(Ilodckaska: nemob3yiiTe M3BECTHYIO MEOMETPHIECKYIO TeOPEMY )

2.4. Tlocrpoiite npumep Koudurypaiun 103, oTyIndHOil OT TOi, YTO BOZHIK-
Ja B 2.3.

2.5.% Jlokaxkure, uro Haiijgercss takasg koncranrta C, 4o js aoboro N
HaiijyTes Takue n > N upambix u n > N TOYEK, 9TO YUCIO WHIINJICH-
it 3ajaBaeMoe STUMU HaOOpaMy HPsIMBIX U TOYEK Ha ILJIOCKOCTH OOJIbIIIE,
qen On'/3.

Ilodckaska (nocae npomestcymounozo gunuwa). Obparure BHUMaHIE HA
KapTUHKY Ha IePBOil cTpaHuIie.



3 Aurebpamveckue MOTHUBBI B TeOMeTPUN

[Tox zammceio g(x) = O(f(x)) Oynem nogpasymeBaTh, 9TO CYIIECTBYET TaKkas
nocrosunas C' > 0, aro |g(z)| < Cf(x) BoiosHseres mpn JoboM .

Hamn muorowten f(z,y). MuoxecrsoMm mysteit Zy muorowiena f(x,y) na-
3BIBAETCST MHOXKECTO BCeX ToUuek (x,y), mid Kotopuix f(z,y) = 0. Hazoem
CTEIEHBIO MHOIOUJICHA YHCJIO PAaBHOE HAMOOJIBIIEMY 3HAYCHUIO 4 + j Cpeu
BCex MOHOMOB BiJa 2’1y’ ¢ nenysesbiM Koaddurumenrom. Crernenb MHOIoY1e-
wa f(x,y) Gynem obosnadaers depes deg f.

3.1. [Jan muorowren f(x,y) crenenn d u npousBosibHas mpsimas [. J[Toka-
»KuTe, 4To Jinbo IpsAMag [ IepeceKaeT MHOXKECTBO Zf He Oojiee, 4eM 110 d
TOYKaM, JINOO HpaAMas [ eJNKOM COAEPXKUTCA B MHOXKECTBE J .

3.2. Jan muorounen f(x,y) crenenn d. JIokaxKure, 4TO YUCIO MPSIMbIX
KOTODBIE COJIEPZKATCST B MHOKECTBE Zf HE MPEBOCXOHT d.
3.3. TlokazkuTe, 4TO KOJMHYECTBO MOHOMOB CTeIIeHH He BbIIe d OT JIBYX
IIEpEMEHHBIX POBHO (d‘f) = M;dm.

Muorownen f(x;y) Oyiem HasbiBaTh r-messamuam (rae r > 1) st jgaH-
HOTO KOHEYIHOTro MHOXkKecTBa ToueK A C R (e |A| = n), ecim B Kaxk0if
KOMIIOHEHTE CBsI3aHHOCTH MHOzecTBa R? \ Z; GyJer cojep:KaThes He 6osiee

n/r Todek u3 A.

3.4. Jloxkaxkute, uTo 1ia jannoro muoxecrsa A C R? (rue |A| = n) cyme-
CTBYET MHOIOUJIEH CTENEeHN [1], KOTOPBIl OyIeT r-J1eJIsiiiM.

Omnpenenenue. Ilyctb d — npousBoJibHOE HaTypaJibHOE dHCi0, a D =

(d—;—Q

R? — RP. 3ajannoe cieyrouieit GopMmyJIoi:

) — 1. Omobpasicenuem Beponese cmenenu d HazoBeM oToOpazkKeHue ¢ :

p(zy) = ('Y jp<ivica € R

(Kazxoit koopunate 8 R coorsercrsyer napa (i, 7), /st KOTOPOil BBITIOJI-
HsieTcst HepaBeHeTBo 1 < i+ 5 < d.)

3aMeTHM, 4TO C IIOMOIILIO IIPUMEHEHUsI 0TobpazkeHusi Beponese crerenn 2 MOXKHO 1TOKA3aTh,
YTO JIJIsT JIFOOBIX IISITH TOYEK, CPEJU KOTOPBIX HET UeThIpeX, JEXKAIUX Ha OJHOM IPSIMOi, CyIe-
CTByeT eJIMHCTBEHHAsI KOHWMKA, [IPOXO/ISIast Yepe3 9T TOUKM (KOHUKOW HA3bIBAETCS MHOMKECTBO
HyJIeil MHOTOWIEHA OT JIBYX IePEeMEHHBIX cTernenn 2). st 9T0oro HeOOXOANMO TPOBECTH THIIED-
IJIOCKOCTD Yepe3 00pas3bl JIAHHBIX IATH TOYEK (B Hamem ciaydae D=5 M MOXKHO MOKa3aTh, ITO
gyepe3 [siTh 00pa30B TOYEK MOYKHO IPOBECTH €JIMHCTBEHHYIO THIEPIIOCKOCTD) IIPU OTOOpazKe-
nnu Beponese um paccMOTpeTh KOHUKY, ypaBHEHIE KOTOPOH UMeeT Te ke KO3 OUIIMEHTHI, YTO U

JaHHagd TUIIEPITTIOCKOCTD.



3.5. [Hanwr xoneunble mHO)KecTBa Ap, ..., A,,. Hokaxknre, 910 CymecTBy-
k+2 .
eT MHOTOYJIEeH CTelleHH He BbIle k, rie ( ; ) — 1 > m, Koropblit Oyner

Z—ILGIIHHLI/IM MHOI'OYJICHOM JJIAd KazKJI0I'0 13 JaHHbIX MHOXKECTB.

3.6. Jloxkazkure, 4To Jiist gaHHoro mMuHoxkecrsa A C R? (rme |A] = n) cy-
IECTBYET MHOTOYJIEH CTEleHH He BbIlle Cy/7', KOTOPBIH OyjeT r-Jessiium
(HampEMep, MOXKHO MOKa3aTh, 4T0 ¢ < 7)
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4 TIlepsoe gokazarenabcTBO TeopeMbl Cemepenu-TporTepa

4.1. Jokaxure, aro I(m,n) = I(n,m).

Hagtee Oynem cunrars, uto |L| = |P| = n. Iloctpoum r-jessiuit MHOTO-
wied f(x,y) i JaHHOTO MHOXKeCTBa TOYeK P.

Ob6osnaunm uepes Ly C L muoxectso npamblx [ € L, Z; C Zy, a de-
pe3 Py C P muoxecrso Touek p € P N Zy. Ilycrs muorounen f mojesnn
IJIOCKOCTb Ha § JacTeil: TouKu B ¢-0il yacTu OyjaeM obo3HavdaTh depe3 P, a
psiMble KOTOPBI MepecekaroT i-yio J9acTh depe3 L;.

4.2. JIokaxKuTe, 9TO CYIIECTBYIOT TaKne KOHCTAHTHI €1, Ca, C3, UTO
a) I(Lg, Py) < einy/r;
6) ](L \ LQ, P()) < CQTL\/F;

B) Y. I(L;, P;) < c3n?/r.
i=1

4.3. Bribpas Hy:KHOe T, JoKaxkute TeopeMy Cemepeau-TporTepa.

4.4. Jokaxure Teopemy Cemepenn-Tporrepa B 0bIeMm ciydae:

Teopema Cemepemu-Tporrepa. I(n,m) = O((nm)?? +n +m).
JJ1s1 9TOro Hy2KHO MOJIYYUTh ONEHKH, aHAJIOTUIHBIE T€M, UTO ObLIH 1101y YeHbI
B 3ajiave 4.2.
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5 IIpumenenue teopembl Cemepean-TporTepa

5.1. a) Jokazkure, 4TO YHCJIO TPSIMBIX, 4TO KazK/as U3 KOTOPHIX COIEPIKUT
110 Kpafiteil Mepe k pas3JMIHBIX TOYEK M-3JIEMEHTHOTO MHOZKECTBa P, paBHO
O(m?/k> + m/k).

6) Joxaxkure, uro Takue npamble sagaiorT O(m?/k? + m) unnmaeHuui c
JIAHHBIM MHOYKECTBOM TOYeK P.

5.2. (Teopema Bexa) Ilycrb P — MHO)KeCTBO TOYEK Ha IIOCKOCTH, a L —
MHOZKECTBO TIPSIMbIX, 0OPa30BaHHBIX [0 KpailHeil Mepe JByMsl TOYKAMU U3
P. Torga HaiiyTcst Takme KOHCTAHTBI €1, ¢y > 0, 9TO BBIIOJHSACTCS OJIHO U3
JIBYX YCJIOBUIL:

1. Haiigerca npsimast u3 L, KOTOpas COIEPKUT 1O KpaiiHeil mepe c1|P)|
TOYEK.

2. |L| > | P)?.

5.3. [Iyctb A C R — xoHegHOe MHOXKeCTBO. Toraa cymiectByer ¢ > () Takoe,
ITO

max{|A+ A|; |A- A} > ¢|AP/*.
31ech

A+ A={ar+ar:a1 € Ajas € A},A-A={a1-as:a1 € Ajay € A}.

12



VanuaeHnum Todyek U IIPSAMbIX.

®énop Husos, Anekcanjip [omsinekuit, Hukura [ossinekmuii,
npu ydactun Muxamra Xapuronosa u Uropga [Inypuukosa

Ku-6e1 penymka dpaént. [pumy-

MBIBaJI OH MHOT'O 3ajladeK. 1aK BOT ojiHa-
YKJIbI OH 3araJiajl CJIeJIYIONIYIO 3arajKy.

[TycTh Ha IJIOCKOCTH »KUBET HEKOTO-

poe KOHEUHOe MHOXKECTBO IpsIMBIX L 1

HEKOTOPOE KOHEUHOEe MHOYKECTBO ToUeK P.

Torpma 1epes I(L, P) Oynem obo3HAUATD

KOJTMIECTBO HHIUJICHIIUHA MEXKIy ITUMHE
Puc. 1: Tax Dpsénr MHOYKECTBAMIE, TO €CThb YHCI0 TaKUX Iap
(I,p),le L, pe P, arop €l
O6oznaunm 3a I (n,m) makcnmasbioe 3uadenue (L, P) cpenn
Beex Takux map (L, P), uro |L| = n, |P| = m, 31ech u najee
depe3 |A| obo3HaTaeM KOJMUECTBO 9JIEMEHTOB B MHOXKeCTBE A.
Bomnpoc: [oyanrs Tounyio onenky csepxy st I(n,m).
[1. Dpaémm npeamnooKuI: cymecTByeT Takasi Koncranta C', 9To

I(n,n) <C (n4/3) :

OueBu/IHO, YTO 3Ta OLeHKa JIydiie Tpusnaabioil 1(n,n) < n’.

Puc. 2: Toukn u npsiMblie ¢ OOJIBITIM YUCJIOM HHITH I



Puc. 4: Yunbam T. Tporrep

B 1983 roay jaBa marTeMa-
tuka, Cemepeau u Tporrep,
JIOKa3aJ/I1 [IOCJIEIHIOI0 OLEHKY.
OT0T (haKT U3BECTEH KaK TeO-
pema Cemepenu-Tporrepa.

Haima ocuosnas 1esnn — Jio-
Ka3aTb 9Ty TeopeMy JIByMsl
criocobamu. IlomyTHO MBI pe-
I[IIIM MHOT'O MHTEPECHBIX 3a/1a4
B IeOMeTpPUN 1 KOMOMHATOPU-
Ke.



1 KombuaaropHada 4acTb
1.1 Bseaenune. KomOnHaropHasi reoMeTpusi

1.1. Ha mrockocTu pacrioyiorkeHo KOHEeUYHOe KOJImIecTBO Todek. JlokaxkuTe,
4TO HalAETCd TaKagd NpsaMasd, 9TO B KaxK 0 U3 MOJIYIIJIOCKOCTEN!, Ha KOTOPbIE
OHa JIeJTUT TJIOCKOCTD, Oy1eT He GOJIbIIe TIOJIOBUHBL OT BCEX TOUEK (TTOJIYILIOC
KOCTBb HE COJIEPKUT CBOIO I'DAHUILY ).

Jlokasamenvcmso. Ilycts {ay,a9, . ..a,} — naHHbBI B yegoBHE HAOOP TOUEK,
L — npou3BoJIbHAA TI0JIYILIOCKOCTD, IPAHUIA, KOTOPOIi He IapaJliesbHa HI 01
HOMY OTPE3Ky, COeJuHsIomemMy Touku nabopa. Ilyers L; — IOIYILIOCKOCTD,
IOy YeHHAasl TapaJuIeIbHBIM IePEHOCOM HMOJYILIOCKOCTH L, 1 TpaHuiia KOTo-
pOil IPOXOJUT HYepe3 TOUKY ;. 3aMETHUM, UTO JJId KAsKJO0rO IeJIOr0 HhCIIa
j or 0 10 n Hafigéresa MOTYIIOCKOCTL Lj , cojlepzKalnas POBHO j TOUYCK U3
Habopa {a1,az, . . . a, }. Toraa rpanura nomymnockoctu L, 1 eCTh HCKOMast

n/2]
IpsMas. []

1.2. IlycTs na miaockocTn jano 2n Tovek. JlokaxKurTe, ITO WX MOXKHO pa3-
JIEJINTh Ha Napbl TaK, YTO OTPE3KHU, COOTBETCTBYIONINE ITapaM, He OY/IyT Iie-
peceKaThes.

Joxasameavcmeo. Ot nporusHoro. [IpeinosioxKkum, 9T0 pa3dUTh TOUKU Ha
napbl TpeOyeMbIM CIIOCOOOM HEJb3sl. 3aMeTHM, YTO CIIOCOOOB pa3je/uTh 2n
TOYEK Ha Mapbl — KOHEYHOE YHC/10. SHAUUT, CPEJIN STUX pasdueHuit Haiiérces
Takoe, 9TO CyMMa JIJINH OTPE3KOB, COOTBETCTBYIONINX ITapaM, He 0OJIbIe, YeM
npu J1o0oM ApyroM paszbuenun. Paccmorpum 1o paszduenue. [lo mpemmosio-
YKEHIIO HAMJIETCS JIBa TIEPECeKAIONINXCsT OTPe3Ka, mycTh 310 Oyayt AB u C'D.
Torna cymma jyinn orpeskoB AC' u BD wmenbiiie, uem AB u C'D. Tloxyanin
IPOTUBOPEYNE ¢ MUHUMAIBLHOCTBIO CYMMBI JIJTHH OTPE3KOB B PACCMOTPEHHOM
pa3jeseHny Ha Iapbl. []

1.3. /lano n Todek Ha MJIOCKOCTHU, HUKAKNE TPU U3 KOTOPBLIX HE JIeXKAT Ha,
OJIHOI TIpsiMOil. MexK Ty HEKOTOPHIMHU M3 TOYEK IPOBEJIeHBI OoTpe3ku. Hazo-
BEM HAOOP OTPE3KOB MEXKIY TOUKAMU CEA3HBILM, €CTH MEXK]Iy JIIOOBIMU JIBY-
Ms TOYKaMW HaliJIETCs My Th 110 OTpe3KaM 13 3Toro nadopa. [loctpoen Taxoit
cBsi3HbI Habop I', uTo cymMma JiinH OoTpe3koB B I' He OoJibllle, YeM B JIHO-
60oM Jpyrom cesizHoMm Habope. Jlokaxkure, uTo oTpe3kn u3 I' repecekaroTcst
TOJIBKO KOHITAMU.



Loxazameavemeo. Ot nporusnoro. Ilycrs orpeskn AC' u BD mepecekaior-
csi. [lo HepaBeHcTBY TpeyrojibHuka cymma orpe3koB AB u C' D, Kak u cym-
ma orpe3koB AD n BC, menbiie cymmbl orpeskoB AC u BD. Ilycts 2 —
MHO?KeCTBO Bcex oTpeskoB I' kpome AC u BD. Paccmorpum wHabop ores-
koB I'y = QU{AB,CD}. Ecin I'y — ne cBazen, To B 2 Her myTeil Mexty
toukamu A, B ¢ oanoit crooponsl u C, D ¢ npyroii. Pacemorpum xHabop ores-
koB 'y = Q| J{AD, BC'}. Eciiu T'y — He cBsizen, 10 B §) HeT myTell MexKLy
roukamn A, D ¢ oxnoit crooponnst nu C', B ¢ apyroii. 3uaunt, ecian u HaOOP
orpe3koB [y, m Habop orpeskoB ['y — He cBA3HBI, TO B Habope I’ HeT myTH
mexkry Toukamu A u B. Ilosyueno mnporuBopedne co cpsasnoctbio I'. Bes
orpannvennusd [y — cBasubiit. Ho cymma jmun otpeskoB B [y MenbIie, 1eM B
I'. IIporuBopeune. N

1.4. Tlycts Ha TJIOCKOCTH JaHBI N TOYEK U 7 HENapaJIeTbHBIX MPIMbIX.
JlokaxkuTe, 9TO MOYKHO NPOHYMEPOBATH TOYKU U IPAMBIE YUCIAMU OT 1 JI0
N Tak, YTOOBI OTPE3KU MEePIEHTUKY/ISAPOB, ONYIEHHBIX U3 COOTBETCTBYIOIIITX
TOYEK Ha COOTBETCTBYIOIINE IIPAMbBIC HE IIEPECEKAJIC.

Joxazameavcmeo. PaceMoTpuM TaKyro HyMepallnio, P KOTOPOil cyMMma, JIInH
HEePIEHINKYISIPOB MUHUMaJIbHA. Ecjim Takux HyMmepalinii HeCKOJIBKO, TO BbI-
OepeM Jit00yI0 U3 HEX. 3a F; 003HAYNM 7-10 TOUKY, 3a [; — 1-10 1npsimyto. [1ycTh
JJ1sl HEKOTOPBIX ¢ U J TIepHeHAUKYJIApbl 13 Touek [ n F)j 1epeceKk/ich B HeKo-
topoit Touke F. Ilycrs A u B — ocHOBaHUsI ITePIEHINKY/ISIPOB U3 ToUeK F; n
F; na npamble [; 1 [ coorsercrsenno. IIposejiém neprenanKyiapbl U3 ToUeK
F; n Fj nal; nl; c ocnopanuamu C'u D coorsercTsenno. Takum, odpaszoM,

Puc. 5:



nMeeM
F;A+ F,B=FE+FEA+F,E+BE=(EA+ F;E)+ (F,E+ BE) >

> FA+ F,B > F;D+ FC.

SHAYUT, CyMMa JIJINH TePIEH/IUKYISIPOB B BHIOPAHHONW HyMepallud He MIHU-
MaJjbHa. [IporuBopedne. [l

1.5. /lan HeBbINyKJ/IbIHT MHOTOYyTOMBHUK A1 As ... A,. Ecin Hecmeknbie Bep-
muHbl A; 1 A; MHOTOYrOJbHIKA TAKOBBI, YTO OH JIEZKUT IETHKOM IO OIHY
CTOPOHY OT mpaAMOit A;A;, TO MOXKHO B3Tb OJHY U3 JBYX JOMaHBIX, Ha KOTO-
poie Toukn A; n A; ero pazduBaloT, 1 OTPasUTh CUMMETPUYIHO OTHOCUTEIHHO
nenrpa orpeska A;A;. JlokazKuTe, 4TO paHO WM HO3HO MHOIOYTOJBLHUK
CTaHET BBIITYKJIbIM.

oxazameavcmeo. Ilycts qnig ¢ = 1,2,...,n, 7y; — MEHbIINII U3 yIJIOB, TO/T
KOTOpBIMH Tiepecekatorest A;A; 11 1 ock abenuce (B ciydae paBeHCTBA YIJIOB
~v; pasto 90 rpagycos). v, — yros npu A,A;. Paccmorpum Terneps MHOXKe-
crBo nap Buja (“mmHa orpeska’; “yros ¢ ockto abceruec”) Q = {(|A1As], 1),
(|A24s|,72), - .. (|AnA1], vn)}- Hocae xaxK0it omeparmn n3 yeJaoBHUA 3a/1a-
Ja OyJIeM ePeCINThIBATE MHOKECTBO ) JiJIsT HOBOI'O MHOT'OYTOJIbHUKA. 3a-
METHM, YTO BCE TaKUe MHOYKECTBa OY/IyT OTJIMIATHCS TOJBKO TTOPSITKOM 316~
MEHTOB. 3HAYUT, HAIIMMU ONEPAIUSIMU MOYKHO MOJYUUTH KOHETHOE UUCIO
MHOTOYTOJIbHUKOB. 3aMETUM, UTO TPU KayK0fl OMepalnu oAb MHOTO-
YTOJIbHUKA YBEJIMUNBACTCSA. SHAYNT, HACTYIIUT MOMEHT, KOT/Ia OIEPAIIi0 13
YCJIOBUSI 38124 [IPOJIeJIaTh HEJIb3st. B 9TOT MOMEHT u OyJeT MoJiydeH Bbi-

IIYKJIbIIi MHOTOYTOJIbHUK. [l



1.2 WHIMOeHnIun MHOXKECTB

1.6. Ilycte M = {M;, ..., M} — npousBojibHasi COBOKYITHOCTb TPEX3JIe-
MEHTHBIX IOJIMHOKECTB M-3JIEMEHTHOIO MHOXKeCTBa, npudaém |M; N M;| # 1
It 00bIX 4, j. Haiiinre MaxcumabHOE 3HAUEHUE S, IIPU KOTOPOM 3TO BO3-
MOZKHO.

Joxazameavcmeo. Pacemorpum A 1 B — 2 nepeceKkaronimxcst MHOYKECTBa, U3
marmieit copokynuoctu. [lycte F'= A B, G = A|J B. llyers A = {a, b, c}.
Bes orpannuenust obmuoctu B = {b,c,d}, F = {b,c}. Ilocmorpum, kakue
MHOZKECTBa MOI'YT Iepecekarh G.

Cnywaii 1: JC e M :C D F.

[Iycrs CN(AUB) # 2. Tx. C 2 F, umeem {a,d} C C. Cuenobaresb-
wo, oo C' = {a,b,d}, mbdo {a,c,d}.

Bamermm, aro vetBepra A, B, {a, b, d}, {a, ¢, d} moxker gBigTHCSA 10 MHO-
»kectBoM M. Boitee Toro, 6oJibliie HIKaAKOE MHOZKECTBO HE 13 3TON YeTBEPKU
e nepecekaercs ¢ A | J B. Hazosém Takoe oObeinHEHNE 9/IEMEHTOB YeTBEPKIH

Oy.n0uKo.
Cuayuait 2: B M ectb posHo k > 0 MHOXKeCTB, cojpepzkaiux F'.
[Tycts 51 Mmuoxkectsa: C, Co, . .. ,Cy. Canraem A; = {a;, b, c}.

ITycrs maitnéres D € M, D 2 F rtakoe, 410

pAUBUAa U4 # 2

Bes orpannvenust oburaoctn D () A # @. Ongars ke, 6e3 orpaHudeHust 001l
woctu D (A = {a, b}, nyctrb D = {a,b,2}. Ho, nx. D(\B # @, D[ A1 #
I unx # ¢, mel umeeM © = d and x = a; ojgHoBpemenHo. IIporuBopedne.
3HaunT, Takoro [ He CyIIecTBYeT.

Bamernm, uro Habop A, B, A, Ao, ... ,Ar MOXKeT SIBIATHCA OIMHOZKE-
ctBoM M. Hazosém o0bejinHeHIe 9/IEMEHTOB TaKOro HAbOpa UGEMOUKOM C
(k 4 2) wenecmramu.

Takum oOpa3oM, Hallle n-37eMeHTHOe MHOYKECTBO PacliaaeTcs Ha IoIap-
HO HellepeceKaroIecst OyJI0UKI U IBETOYKN.

3ameTnM, 9To B OyJI0UKe POBHO 4 3jIeMeHTa, B IIBETOUKE C K JielleCTKaMM
— k + 2 snemenTa.

[Tonygaem, ato s < n — 2t, rje t — KOJIUIECTBO IIBETOYKOB.

Orcrona cienyer, uro mpu n = 0, 1, 2(mod.4) MmakcuMmabHoe s = 4- 7],
JIOCTHIAETCA TIPH pa3OHeHNN MHOKeCTBa Ha, [4] Oy/10tek (emé MoryT ocTaThCst
1 wmm 2 37eMeHTa, KOTOpble HI B OJIHO MHOXKeCTBO He BxoJdT). Ilpm n =
3(mod.4) mocturaercss s = n — 2, €CJIM BCE JIEMEHTHI BKJIOUUTD B OJNH
OOJIBIIOI IIBETOYEK. H



1.7. llyctre M = {My, ..., My} — npousBo/ibHasi COBOKYITHOCTb, COCTOSIIIAST

U3 YeTBIPEXITIEMEHTHDBIX MMOJMHOYKECTB N-3JIEMEHTHONO MHOYKECTBA, MPUUIEM
| M;NM,;| # 2 st 100bIX 4, j. [lokazkuTe, 9T0 MAKCUMATIBHOE S, IPH KOTOPOM
5TO BO3MOXKHO, JIESKUT B 1pejenax ot |n/4|? no n(n — 1)/4.

Jloxasamenvcmso. 1) Bepxusist onenka. PaccMoTpum mpon3BoJIbHbII 971eMeHT
A Hamero n-sjeMeHTHOro MHoxkecTBa. Ilycts F 4 — 10JICOBOKYITHOCTB MHO-
kecTB M, comepxkanux A. PaccMoTpuM COBOKYITHOCTD TPEXIIEMEHTHBIX MHO-
KeeTB Fy, oJIydeHnyio u3 JF 4 yaaJeHueM 3jeMenTa A 13 KaxKjioro MHOMKE-
crBa u3 F 4. Jliobble JBa MHOXKecTBa U3 JFy OO HE IepeceKaloTcs, Jibo
repeceKaroTes 1o JByM sjemenTaMm. CjieoBaTe/ibHO, K HUM MOXKHO HPUMe-
HUTB 3314y 18, peménnyto sbite. ITosydaem, uro B F/y He 6osee (n — 1)-ro
MHOKecTBa. KosmuecTBo MHOZKECTB B F 4 PABHO KOJUYECTBY MHOXKeCTB Jj.
CrenoBaresnbho, B F 4 He 6os1ee (n—1)-ro muOokecTBa. st mo6oro siemenTa
HCXOJTHOTO N-3JIEMEHTHOI'O MHOXKECTBa COOTBETCTBYIOIIAS 110/ICOBOKYITHOCTh

cojiep:kuT He Oosiee (n — 1)-r0 MHOXKECTBa, B KaxKJOM MHOXKECTBE POBHO 4
n(n—1)

—.
2) Huxusisgt onenika. I[ponymepyem sjementsl ducjaamu ot 1 10 n. Pac-

cMOTpHUM MHOXKecTBa Bufa {4k+1,4k+2,4k+3,4t}, rnek =0,1,..., [§] -1,
t=1,2,...,[%]. Takux muozKecTB posHO [2]?. Hec/10,KHO IPOBEPUTD, UTO HX

3JIEMEHTa, CJIeJOBATEJIbHO, § <

COBOKYITHOCTD YJIOBJIETBODSIET YCJIOBUIO 3a/[a M.
3) Bbisoz. Mbl 110J1y 4miin, 4T0 MAKCHMAILHOE § JIEZKHUT B Lpejienax ot [4]?

~1
710 % ]
Omnpenenenne. [lycre £ = {ly,...,l,} — nponsBo/ibHasi COBOKYITHOCTh
TOJIMHOKECTB M~ 3JIeMeHTHOro MHOKecTBa, P = {p1,...p,}. Hasosém mapy

(I3, pr) unyudenyuedi, eciu py € l;. Torga wepes I(L, P) Oynem obo3HavaTh
qUCJI0 MHIMEHTIN T, 00pa3oBaHHbIxX stementamu u3 L u P a 1epes3 I(n, m)
MakcnMasbioe 3uadenne (L, P) mo BceM taknMm MuoxkectBaM L u P, 9To
|L| = n,|P| =m.

OMH 13 BayKHBIX BOIIPOCOB BCEIO IIPOEKTA COCTOUT B TOM, YTOOBI OIICHUTE
YIC/I0 MHIUJACHIUI B cIydae, KOra JaHbl KAKIe-TO YCAOBUs Ha MHOXKECTBA.
Eciin Her HUKAKUX yCJIOBUII HA MHOXKECTBA, TO MOXKEM I[OJIyYUTh JIAIIL TPU-
BrasibHyto oneuky I (L, P) < mn.

Ectb caeyromuii crocod BOCIPUHUMATEL WHITNICHITN:

PaccMmorpuM 1mycTyio TaOJIMUKY, COCTOMIINYIO U3 1 CTPOYEK U 1M CTOJIO-
11oB. CTpoku OYIyT COOTBETCTBOBATH 3jeMeHTaM MHOxkecTBa {l1,...,[,}, a
CTOJIOIBI — DJIEMEHTBI {D1, . .. Py, t. LOra MBI OyjIeM CTABUTH HA MO3UIIUIO,



HAXOJISAIILYIOCST Ha, IIepecedeHnn ¢-0if CTPOUKM, U j-I'0 CTOJIOIA, 3BE3I0UYKY TO-
IJla U TOJBbKO Torja, Korjga p; € l;. Bompoc o unciie nHnpJeHnuit MoyKHO
Telepb IIOCTABUTh TaK: CKOJILKO 3BE3JI09eK CTOUT B Tad/uie?

Eciun BaM 510 Oyier ymoOHO, TO IepEeBOJANTe 3aJa4ul Ha sI3bIK TadJIn4ueK
(em. 3amaay 1.11.).

B ocrapmuxcs 3aj1agax 9Toro naparpada Mel canraeM, 9ro n,m,r € N, £ =
{li,...,l,} — npousBOIbLHAS COBOKYIHOCTH IMOJMHOXKECTB 1M~ 3JIEMEHTHOTO
muokectBa P = {py,...pp}, upudenm |[; N 1| < 7 g m00bIx 4 # j.

1.8. Ilyctb r = 1. /lokaxkure, 9TO
a) [(L,P)<n*+m, I(L,P) <m?*+n.
0) I(L,P) < /m(n?>—n)+m, I(n,m) < \/n(m?>—m) + n.

Joxasameavemeo. a) Toxaxkem, uro I(L, P) < m? + n. Mbl MoxKkeM pasjie-
JINTH MHOYKECTBO L Ha JIBe I'PYIIIILL: IEPBOE MOJIMHOXKECTBO L1 OYJIET COCTOATH
13 Tex 3j1eMeHTOB L, KOTOpble MHINJAEHTH He Oojiee 9eM OJHOMY IJIeMEHTY
P, u nycts Lo = L\L;. Torna ouesuyno, aro I(Ly,P) < |L£1| < n. Ouennm
I(L5,P). BameTnM, 9T0 BCAKHUiT 97eMeHT p 13 P MoxkeT uMerhb He 6oJiee dem
m — 1 uHIUAEeHTHBIH 13 Lo, TTOCKOJIBKY B IIPOTUBHOM CJIydae HailyTcs Takne
7Ba sj1eMeHTa 13 Lo, KOTOpbIE OYIyT cojep:KaTh 110 KpaifHeit Mepe 2 o0Immx
snementa u3 P (p u kakoii-to eme). A noromy I(Lo,P) < m(m — 1) < m?,

Jpyroe HEpaBEHCTBO CJIeyeT U3 MPUHIINAIIA JIBOICTBEHHOCTH, 13 KOTOPOIO
Jerko BeiBect, 9t0 I(n,m) = I(m,n).

6) Bocrosb3yemcst BbIIEYOMSAHYTON aHajorueii ¢ marpureit. [lycers 7,
1 <@ < n, osHadaeT 4nciIo0 3Be3] B i-it crpoke. Takxke myctb r; = r; s
1 < J U OIpeJe/IuM YUC/I0 k ciegyrommm odbpa3om: ry = 2 ur; = 1 for ¢ > k.

(2)>2 ()

IIOCKOJIbKY B IIPOTUBHOM cJlydae HaliIyTcsl CTPOKHU, B KOTOPBIX CTOAT 2 3BE3-

Torna 3amerum

Abl B IlepecedeHnn ¢ OAMHaKOBbIMUI CTOJI6H&MH. 3HaUUT

k
m Ti n—k n—k 5 5
2n-<2>>2n- g (2)+ 5 T 3 > 1" —nl > (I —n).

1=1

[]

1.9. Jlokaxkure, 9TO

I(L, P) < y/mr(n>—n)+m.



Joxazamesvemeo. JInsg BeIBoJa POPMYJIbI HCIOIB3YHTE TY YKe apryMeHTa-
o, uto u B perrernu 1.8(b), mpu 9ToM 100aBUTHCA MHOYKHUTEND ' B JIEBOT
4acTHU IIepBOI'0 HEPABEHCTBA. [l

1.10. Ilycrs r = 1.

(a) Haiimunre max I(L£, P) mpu n < 3.

(b) Haiigure max I(L£, P) npu m > C?. Tlpu Kakux ycJIoBHsX JIOCTUIACT-
Csl 9TOT MAKCUMYM?!

Pemenwue. (b) max I(£, P) = m+ C?. Jlocturaercs py n IpsMbIX B 00-
IeM MoJIozKeHnr. BosbMeM TOUKY, Yepe3 KOTOPYIO MPOXOIUT 4 MPSIMBIX U MO~
mese/nM ee. Toria Yuc/0 MHIMACHINI u3MenuTed Ha —i+202 —(C?—1) > 0
npu ¢ > 3. Takum obpazoM, MakKCUMaJIbHOE YUCI0 MHIWIAEHIUN Oy/IeT Mnpu
PACIIOJIOXKEHUN TIPSIMBIX B OOIIEM MOJIOYKEHUH, [IPU 9TOM BCE TOUKU TI€Pece-
JeHHsT MIPSIMBIX — OTMEYEHHbIE TOUKI.

1.11. Kpaapar 13 x 13 pa3dut Ha equHUIHbIE KBaIpaTuKu. LleHTphl HEKO-
TOPBIX U3 HUX OTMEYEHBbI TaK, UYTO HET IPSIMOYTOJILHUKA C BEPIIMHAMUI B OT-
MEUEeHHBIX TOYKaX U CTOPOHAMHU, MapaJslieJJbHbIMI CTOPOHAM KBajipaTra. Haii-
JINTe HanOOJIbIIIee BOBMOXKHOE YHC/I0 OTMEYEHHBIX TOYEK.

OtBer: 52. [Ipumep cTpouTcst, ecjin KazK 0l CTpOKe OTMETUTD 110 4 TOUKI.
BepxHss oneHKa BBIBOJIUTCS U3 CJACAYIONMIEH 3a1aM.

Ar Az |As |As A5 |Ag | A7 |As [Ag |Aw| A Az| Agg
[1 * * * *
[2 * * * *
[1 * * * *
[4 * * *
[’3 %* * *
[6 * * *
[7 * *®
[8 * * *
[9 ® * *
[10 * * *
[11 * * *
[12 * * *
[13 %* * * *

1.12. 100 (@) mbrimeit BmMecte rpuyT 1000 (b) kyckos cbipa. Kazkiast MbIIinb
MOZKET TI0IPpOOOBATH HECKOJIBKO KYCKOB ChIpa, CJeJaB B KaXKJIOM W3 HUX 110
ojiHoit ibipke. JI1o6bie JBe MBIIN UMEIOT JbIpKu He Oostee dem B 10 (¢) obrmnx
KyCKax cpipa. JJOKazKuTe, 4T0 9ucio jblpok He Gombme 11000 (b + av/be).

b++/b2+4bca(a—1)
2

Jlokaxkure, 9TO 9UCI0 JbIPOK He OoJibine 10500



Joxazamensvecmeo. MoxKHO cunTaTh, YTO KayKJIblii KYCOK ChIpa €J1a XOTsI Obl
oJiHa, MbIlIb. [IycTh d; — 4ncyio KycKOB cbIpa, MOeJeHHBIX ¢ Mblmamu. O60-
3HAYUM 4YMCJI0 JIBIPOK depe3 [. Torma

- (i — 1) (a—1)
Sdi=b, Y id=1. Z”Q digc%.

7

Tora 110 HEpaBeHCTBY O cpejiHeM apudMeTHIeCKOM U KBaIpaTHuIeCKOM, IIPH-
MeHeHHOMY K 4ucjiaMm (7 — 1), B3sThIM B KOJUYECTBE d;, Oy TaeM:

I—b:Z(i—l)di:bzz_l \/22_1 L < b(cala —1) = (I = b)).

Orkyna (mpenebperast I —b 1o kopHem) oty daem [ < b+ av/be. st 6ostee
TOYHOI OIEHKH CBOIMM K KBaipaTHoMmy Hepasenctsy (I — b)? + b(I — b) —
bea(a — 1) < 0 u pemraem ero. O

10



1.3 Teopema o caHaABUYE.

1.13. /lokaxxurte, 9TO e€cji Ha IJIOCKOCTHU JIaHbl KPaCHBIC M CUHIE TOYKU B
O0IIeM II0JIO?KEHUH, TO HaAETCs MpsiMasi, KOTopas OyJIeT JeJUTh IIJIOCKOCTD
Ha JIBE TaKHe IMOJIYILJIOCKOCTH, YTO B KayKJIOH M3 HUX OyJIeT HaXOJUThCs He
OoJ1ee TIOJIOBUHBI KPACHBIX 1 HE 0OJiee IMOJIOBUHBI CUHUX TOYEK.

Jloxasamenvcmso. ObosnadnmM depe3 R(¢) MHOXKECTBO IPSIMBIX C YIJIOM Ha-
KJIOHA ¢ (OTCUUTAHHOTO MPOTUB XOJIa IACOBOI CTPEJIKI OT MOPU30HTATBHOTO
HAIIPABJIEHHUsT ), 110 00€ CTOPOHbI OT KaskKJION M3 KOTOPBIX JIEXKHUT OJIMHAKOBOE
YUCJI0 KPACHBIX TOYeK. AHAJIOMUYHO, JIJI CUHUX TOYEK BBEJIEM MHOYKECTBO
B(¢). Kaxoe uz muoxkects R(¢) u B(¢) npencrasiser coboit mojiocy (Bo3-
MOJKHO, M3 OJHON TpsiMoit), obosnaunm depes 7(¢) n b(¢p) HampapeHmble
IpsiMble, MPOXOJISIIIIe MocepeinHe STuX noJoc. Jlokazkem, 9To Jijist HEKOTO-
poro ¢ mMeeT MecTo paBeHCTBO 1'(Pg) = b(¢pg). Ecau r(0) = b(0), To ¢g = 0.
Ecmn ke r(0) # b(0), moxuo canrars, ato r(0) mpoxomut sesee b(0), eciu
cMoTpeTh Biosib Hanpasyenus 1(0). Bygem usmensits ¢ or 0 g0 . [Tockosib-
Ky npsmbie () u b(m) otmaaiores ot npsambix 1(0) 1 b(0) cooTBeTCTBEHHO
TOJIBKO Halpas/iennem, To () mpoxoaut npasee b(m). Ho r(¢) u b(¢) nenpe-
PBIBHO 3aBUCST OT ¢, U 110 TeOpeMe 0 TPOMEKYTOIHOM 3HaueHuu 1(¢) = b(¢)
JIJIsi HEKOTOPOI'O ¢ = ¢. ]

1.14. JlokaskuTe, uTo ecyu B npocrpaHcTBe R® jlaHbI KpacHble, CHHUE U
3eJIEHBIE TOYKHU B OOIEM TI0JIOYKEHUH, TO HalIETCs MIJIOCKOCTh, KOTOpast Oy1eT
neanTh R® Ha JBa Takme MOJTyNPOCTPAHCTBA, UTO B KayKJIOM U3 HUX OyIeT
HAXOJIUThCs He DoJiee MOJOBUHBI TOUYEK KarKJ0r'0 IIBETA.

Joxazamensvcmeo. OdeBuIHO, 9TO ITa 3ajada dBJIETCsI 000OIIEHUE IIPeIhbl-
nymieit. 3adukcupyeM HEKOTOPYIO cheprIecKyro CHCTEeMYy KOOpJMHAT, T.€.
CHCTEMY KOODJIMHAT JIJIsT OTOOparKEeHUsI FeOMETPUIYECKIX CBOMCTB (DUIryphl B
TPEX M3MEPEHUsIX TOCPEJCTBOM 3ajiaHus Tpéx KoopauHar (7, 0, @), rjae r —
paccTostHIe JI0 Hadaja KOOPJIMHAT, a # U ¢ — 3eHUTHBIH U a3uMyTaJIbHbII
yIuIbl cooTBeTcTBeHHO. (CMOTpUTE pHCYHOK 6.)

C nmomorpio R(¢,1)) 0603HAUNM MHOYKECTBO IJIOCKOCTE(H, NMEIOIIUX OJiU-
HAKOBBIII HOpMAaJIbHBIN BEKTOP, KOTOPBII paBeH n= (1, ¢,%), n pensammit
MOIOJIAM MHOXKECTBO KpacHbIX Touek. Takmm ke obpasom, depes G(¢p,1))
u F(¢,%)) MHOXKeCTBO ILJIOCKOCTEI, JESIIINX MOT0JaM MHOXKECTBO CUHUX I
KPACHBIX TOYEK COOTBETCTBEHHO. BbibepeMm cpejiHne IIJIOCKOCTH B MHOXKE-

croax R(9,), G(¢0) u F(¢)) 1 obosmamna ux wepes (1), g(éa)) u

f(@,10). MoxKHO cunTarh, 9TO €Cid CMOTPETDH 110 HANpPaBJICHHE BEKTOpa 1,

11



x(r,0,0)
J y

~

X

Puc. 6: Chepuueckas cucrema KoOpumHAT

to 7(0,0) snexxur Boime ¢(0,0) u £(0,0), a g(0,0) — mexay 7(0,0) u £(0,0).
Beenem otobpazkenne A. Oupegennm

A(0,0) = (dist(r(0,0); 9(0,0)), —dist(g(0,0); f(0,0))),

rae dist o3HaYaeT paccTosHue MEXKJY ILJIOCKOCTSIMU. Takum ke obpasom
onpenesnnm A(¢,)) ms Beex 3Hadenuit (¢,1)) , IpuYeM 3HAK [EPe]] PACCTO-
SIHHEM 3aBHCUT OT B3AUMHOIO PACIOJIOXKEHHUs MJIOCKOCTeH (110 OTHOIIEHUTO
K HAIPABJIEHNIO HOPMAJBHOIO BEKTODPA). 3aMeTHM, YTO 3TO OTOOpayKeHue
renpepbiBaO pn {0 < ¢ < 27} x {—7/2 < ¢ < 7/2}, u ypoBrerBopsier
caenyroremy cBoiictBy A(p,)) = —A(p+m, — 1)) mis sioboro ¢, 0 < ¢ < .
Torya ocraercst JoKa3aTh, YTO Haiijercs Takast napa (¢,1), Ipu mojCTaHOBKY
KOTOPOI 9TO 0TOOpazKeHne OOHYJISAeTCS .

[Ipennonoxum A(0,7/2) # (0,0). Sadbukcupyem mpoussosbHoe 1. Obpas
A(p,), ¢ € [0,27] siasieTcst 3aMKHYTOI KpUBOi (BO3MOXKHO TOUKOi). Ecitu
Y = 0, To u3 cuMMeTpun A cieiyer, 4To Takoil 00pas SIBJIAETCS CUMMETPHY-
abiM oTHOCHTesIbHO (0,0), n Touka (0,0) mpuHAIEKUT BHYTPEHHOCTH, OTDa-
HUYEHHOI 9TOi 3aMKHYTONH KpUBOil. Kcm Mbl MeHsieM rapameTp 1, TO TeM
caMbIM MBI HEelIpepLIBHO MEHsAEM BHYTPEHHOCTL 3aMKHYTOI KpuBoii. B uact-
HOCTH, OTCIOJIA CJIEJIYET, UTO CYIIECTBYET Takoe 1y, npu Kotopom A(p,1g) =
(0,0) u1st HEKOTOPOTO . O

1.15. IlycTh Ha MJIOCKOCTH JaHO 21mM TOYEK OOIEro IMOJIOYKEHUs, U3 HUX M
KPACHBIX U M CUHUX. J[oKayKnuTe, 9T0 X MOYKHO pa3/Ie/INTh Ha Mapbl TAK, 9TO
TOYKHU B KayKJI0H IMape pa3Horo MBeTa U OTPE3KH, COOTBETCTBYIONINE TapaM,
He OyJIyT IepeceKaThes.

12



Joxazamesvcmeo. ByneM HymepoBaTh KpacHble U CHHUE TOYKH OT 1 10 n,
1 COEJIMHNM Te Tapbl (KpacHas-CHHssI) U3 HUX, KOTOPBIE HMEIT OJIMHAKO-
BbIit HOMep. IlpejosioxKiM, 4TO He CYIIECTBYET Y/IOBJIETBOPAIOIIEH YCJI0-
BUM HyMepaluu. Torja paccCMOTPUM TaKylo HyMepalldio, Mpu KOTOpoil 00-
mast JIJINHA OTPE3KOB HamMeHnbias, u 1myctb AB u C'D - 910 jiBa 1nepece-
Karoruxcst orpeska. Hecsoxkno nposeputsb, uto AC + AD < AB + CD n
AD+ BC < AB+CD. Ho 570 NpOTHBOPEYIUT TOMY, UTO JaHHAST HYMEPAIINsT
nMeeT MUHUMAJIBHYIO OOIIYIO JTHHY OTPE3KOB. ]

Bynem obo3nauars npamyio depes R = R miockocts — depes R?, a Tpéx-
MepHOe IIpocTpaHcTBo — depe3 R3. TIpole Bcero BOCIPHHIMATE 9TH 00bEKTHI
caeyronuM oopazoM: R — 3T0 MHOXKECTBO BCEBO3MOYKHBIX BEIECCTBEHHBIX
(neiicTBuTe/bHBIX) ynces, R? — 910 MHOXKeCTBO Beex Hap X = (21, o) duces
r1, T2 € R, a R?® — MHOMKeCTBO Beex TpoeK X = (zy, X9, 13), TJE 1,2, 73 € R.
Ananorndno onpejessiercs u R”. Diaementamu R” siBisiroTcst BEKTOPHI (TOY-
Ki) X = (21, ...,2,), vne ; € R, i =1,...,n (r; — KOOpAUHATHI).

Ilycth aq,as,...,aq — HEKOTODbLIE JEHCTBUTE/ILHBIC YHCIA, HE DPABHBIC
OJHOBPEMEHHO HYJIIO, & (g — HPOU3BOJILHOE JeiicTBuTebHoe yncao. Hazo-
BEM 2UNEPNAOCKOCbI0 B IIPOCTpaHCTBe RY MHOXKECTBO TAKHX TOUYEK X, UTO

d
> a;x; = ag, tie (x1, Ta, . .. ,x,) — KOOPJAUHATHI X.
i=1
KonTpoabHsIii Bompoc. Yro takoe rutnepiuiockocts B R? n R3?

Teopema o cauasuue. Muoxkecrsa Ay, ..., Ay € R? — koneunste. Torna
CYIIIECTBYET TaKas T'UIEPIIOCKOCTh [, 9TO B KayKJIOM U3 IMOJIYIPOCTPAHCTB,
00pa30BaHHBIX JIAHHON TUIIEPILIOCKOCTHIO, Oyier He Oosee | A;/2] Tovek u3
A; (HEKOTOPBIE TOUYKH MOTJIN JIeZKATh B THIIEPILIOCKOCTH ).

Ecnun B ciyuae d = 3 3amennts mHOXKecTBa Ap, Ag, A3 Ha X110, CBIp T
BETUNHY, TO OyJIeT CyNIECTBOBATH TaKON paspe3 HoxKeM (ILJIOCKOCTD), UTO B
KazKJOM U3 IIOJIYUEHHBIX IOJIYIPOCTPAHCTB OYIET OJMHAKOBOE KOJMYECTBO
KasKJIOI0 U3 WHI'PUINEHTOB.

1.16. IIycrh B IpocTpaHCTBE JJaHO 3N TOYEK ODINEro IMOJIOXKEHUs, U3 HUX N
KPACHBIX, . CUHUX W N 3eJEHbIX. JloKaykKuTe, 9TO MX MOXKHO Pa3Jie/InTh Ha
TPONKN TaK, YTO TOYKU B KarKJOII TPOHKE pasHOro IBeTa U TPEeyroJbHUKH,
COOTBETCTBYIOIIIE TPOHKaM, He Oy/IyT MepeceKaThCs.
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Puc. 7: Paspes canjsuya

Loxazameavemeo. Ilycrs A;, 1 = 1,2,3 — 3T0 MHOXKECTBO TOYEK 4-I'0 IIBETA.
Hokaxkem napyknueit mo n. Ecim n > 1 HedeTHO, TO CYIECTBYET IJIOCKOCTD
h, nensiiast monosiaM Kazkjtoe A; un cojeprkaliast pOBHO 110 OJIHOM TOUKe Kark-
JIOTO TIBeTa. Torja ImycTh TOUKN B h 00pa3yioT TpeyrojbHukK. lajgee pacemar-
puBaeM KaxKJ0€e N3 OTKPBITBIX MOJTYIPOCTPAHCTB W MOJIb3YEeMCsl WH/TyKITAEl.
Ecin n 9eTHO, OATh BOCIOJIB3YEMCsl TEOPEMOI O COHJIBUYE, KOTOPasi IOBO-
PHUT, 9TO CYIIECTBYET ILJIOCKOCTB JeJisiasi rmomojaM Kaxkiaoe n3 A;. Ouars
paccMaTpuBaeM KarKJi0e U3 MOJYIPOCTPAHCTB W MOJb3yeMcsd WHyKineir. B
KOHEUHOM cYeTe, MPHUJIeM K CUTYyallll, KOTla BCe TOYKU OYIyT I0JIe/IeHbl Ha
Pa3HOIBETHDLIE TPOWKM, 00Pa3yIoline HellepeceKaloIecss TpeyroJbHuKn. [

1.17.* JIsa Bopa yKpaJin 0zKepesibe ¢ JAByMsl KOHITAMI, COCTOSIIIEE U3 MLIaTH-
HOBOIT IETIOYKN, HA KOTOPYIO HAHU3AHbI JAparoreHnbie KamMun d BuoB. OHu He
3HAIOT [EHHOCTN KAKI0T0 KAMHSI, TO3TOMY XOTAT TTOJEINTH KAMHU KazK0T0
BI/Ia [TOPOBHY (M3BECTHO, YTO KaMHEfl KayK/[Oro BHJA YETHOE KOJIMICCTBO).
Yro6bl MOTEPSITH KAK MOZKHO MEHBIIE IJIATHHBI, BOPbI XOTST CJIEJIATh Hau-
MEHBITIeE 1IHCJI0 pa3pe30oB. MOryT Jim OHI HOJETNTE 02KEPesIhe € OMOIIBIO

a) (d — 1) paspesos?

0) d paspesos?

Kommernmapudi. DTy 3aj1ady Mpolie BOCIPHHIMATE, €CJIH PEIUTh 3a/1a i
Ha oTobpakeHue Bepowesa.

Jlokasamenvcmeso. a) 3aMeTHM, 9TO HAM MOXKeT He XBaTuTh d — 1 paspesos.
s tokazaTebeTBa 9TOrO JIOCTATOYHO PACCMOTPETh OYKEPE/be, B KOTOPOM
cHavaJla UJIyT BCe JparolieHHble KaMHU 11ePBOro BUJIA, 10C/Ie HUX - BTOPOIO
BUJIQ U T.]I.

0) Pacrmosokum paccMaTpuBaeMoe OKepesibe B MPOCTPAHCTBE R? Brosb

14



Puc. 8: /Ins1 1aHHOTO OKepeJibsi JJOCTATOYHO 3 pa3pe30B

TaK HasbIBAEMOil KpuBoil MoMenTos . Ilyers y(t) = (¢, 12, ... ,t%) napamer-
prYecKasi 3alich 9TOi KpuBoii . BymeM cunrarh, 4To y 0:Kepesibst 1 KaMHeil.
Torma ompeennm

A; = {v(k) : k-it kamenpb sBSIeTCS TIpEICcTaBUTEEM i-r0 Buja, k = 1,2, ...n}.

Torma muOXKecTBO A; mpencrasisier coboit Bce Kamuu ¢-ro Buga. [Io reopeme
O COYHABUYE CYIIECTBYET T'MIIEPILIOCKOCTb h, KOTOpasl OJHOBPEMEHHO JIEJINT
MHOxkecTBa A; morosiam. 3ameTum, UTo h nepecekaeT KpUBYIO Y B He OoJiee
yeM d Toukax. Tormga o4eBuIHO, 9TO COOTBETCTBYIOIIIE ITON IUIIEePILIOCKOCTH
d pazpe3 gBJISI0TCA TPeOyeMbIMU. H

Puc. 9:
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2 KoHcTpykTuBHasI reoMeTpust

MugI Oy1eM TOBOPHUTD, YTO 72 TOYEK U 1 IPSIMBIX Ha ILJIOCKOCTU 00pa3yioT KoH-
Puzypayuro ng U3 TOYEK U IPAMbBIX, €CJIM Ha, JII0O0H JTaHHON IPAMOI JIEXKHUT
POBHO d JIAHHBIX TOYEK U Yepe3 JIIoOYI0 JAaHHYIO TOUYKY IPOXOJUT POBHO d
JMAHHBIX IPsAMBIX. T.e. 9ucso nHmuaeHIui Oyaer paBHo nd.

2.1. Ioctpoiite npumep Koudurypamun 93.
(Ilodckaska: nemonb3yiiTe M3BECTHYIO NEOMETPHIECKYIO TeOPEMY )

Puc. 10: Koudurypamnus [Tanmna 93

2.2.ITocTpoiire npumep KoHUryparun 93, OTJIUIHOI OT TOI, YTO BO3HUKJIA
B 2.1.

VAvAN

Puc. 11:

2.3. Tlocrpoiite npumep Kondurypaiun 10s.
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Puc. 12: Koudurypamnus dezapra 103

2.4. IToctpoiite npumep Kouduryparun 103, OTJIUIHONR OT TO, YTO BO3HUK-
Jla B 2.3.

Puc. 13:

2.5.* Jlokaxkure, 4TO Haiijercsa Takad koncranta C, aro g joboro N
HalimyTess Takme n > N mpaMmbix u n > N TodYek, 9TO YHCJIO WHIINJIEH-
Uil 3ajaBaeMoe TUMHU HabOpaMu MPSIMBIX U TOYEK Ha IIJIOCKOCTH OOJIbIIE,
aem Cn*/3.

[lodckaska (nocae npomesicymounozo gunuwa). ObpaTure BHUMAHIE HA
KApPTUHKY Ha IePBOil CTpaHUIIE.

Jlokazamenvcmeo. J1jis mIpOCTOTEI GYIeM CUUTaTh, YTo n = 4k3 IpH HEKOTO-
pom k. Joxazken, aro I(n,n) > n*3 aisa nexkoropoit naper (L, P). s BbiGo-
pa P paccmorpuM Touku nesounciaennoil pemerku {0, 1, ... k}x{0,1, ... 4k*—
1}. s Beibopa L Bo3bMeM Bce mpsiMble BMAB y = ax + b, tue (a,b) €
{0,1,...2k — 1} x {0,1,...2k* — 1}. Torga aua x € [0; k) nmeem ax + b <
ak + b < 2k? 4 2k? = 4k?, rakum obpaszom, 11d Kaxkgoro ¢ = 0;...k; — 1
KazKJiast JINHWsT cofiepkuT Touky P,y koropoit x = ¢ € {0,1,...k}. Cremno-
sarennno, I(L,P) ~ k* ~ n*/3 O
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3 Aurebpamveckue MOTHUBBI B TeOMeTPUN

[Ton zammcsio g(x) = O(f(x)) Oynem nompasymeBaTh, YTO CYIIECTBYET TaKas
nocrostatas C' > 0, aro |g(z)| < Cf(z) BbmosHsIeTcst pu JIIOGOM .

Han muorowien f(z,y). Muoxecrsom nyseit Zy muorodnena f(x,y) Ha-
3BIBACTCST MHOZKECTO BCeX Touek (x,y), /st Kotopsix f(x,y) = 0. HasoBem
CTEIeHBbIO MHOIOUJICHA UHUCJIO PAaBHOE HAMOOJILIIEMY 3HAYEHUIO § + j Cpeu
BCcex MOHOMOB BiJa 2’1y’ ¢ nenyiesbiM Koadduruenrom. Crernenb MHOIOY/Ie-
wa f(x,y) G6ynem obosnavdaers uepes deg f.

3.1. [Jan muorowren f(x,y) crenenn d u npousBosbHas mpsimas [. JToka-
JKuTe, 4To Jinbo InpsMasg [ nepecekaeT MHOXKeCTBO Zj He Oojiee, 4eM 110 d
TOYKaM, JIHOO HpsAMas [ HeJNKOM COAEPXKUTCS B MHOXKECTBE .

Jlokasamenvcmeso. 3anuiem | B napamerpudeckoii popme {(uit + vy, ust +
v9) |t € R}. Tornma nosmy4aem, aro To Toukn [ N Z(f) ecTb KOPHN HOJHHOMA
g(t) := f(urt + vy, ust + v9), Ubst cTernensb He npeBocxoauT D. 3uaqut, 16O
g ecTb ToxJIecTBeHHbIN 0, 1100 nMeer He OGoJiee [ KopHEil. ]

3.2. Jlan muorowien f(x,y) cremern d. Jlokaxkure, 9T0 YUCIO TPSAMBIX
KOTODBIE COJIeprKaTCs B MHOXKECTBE ¢ He IPEBOCXOIUT d.

Jlokazamenvcmeo. 3abukcupyem Touky P € R? He npumaiiesKanyio MHO-
xkectBy Z(f). Bynem caurars, 1to 9170 MHO)KECTBO Z(f) COMEPKUT TpsIMbIE
l1,...l;. Boibepem mpsimyto [, npoxojsdniyio depe3 P, u Koropast He TapaJ-
JIeJIbHa, HU OJTHON M3 NPSMBIX [; U HE IPOXOJIUT UYepe3 HU 4epe3 OJIHy U3
Touek nepecedenns [; N 1. (OueBnyHo, 4T0 Takas npsiMasi | CyliecTByer B
CHJIy TOTrO, 9TO MMEETCsI JIUIIhL KOHEYHOe YUC/I0 HalpaBJeHUil npsMbix [; n
KOHEYHOEe YUC/I0 ToueK nx repecedenuit.) Torma [ He comepxurcsa B Z(f) u
uMeeT k rnepeceveHuii ¢ Uleli. Bocnob3yemcest pe3yibTaToOM TTPEJIbLITy et
sajaun, Torna k < D. O

3.3. Ilokazkure, 4TO KOJIMYECTBO MOHOMOB CTEIEHU He BbIe d OT JIBYX
d+1)(d+2

IlepeMeHHbIX PaBHO (d;r2) %(Jr)

Muorowien f(x;y) Oynem HasbiBaTh r-messmam (tae r > 1) st jgaH-

HOrO KoHeuHoro MuoxkecTa Touek A C R? (e |A] = n), eciu B Kask /101l

KOMIIOHEHTE CBsi3aHHOCTH MHOzKecTBa R? \ Z; Gyner comepKarhes He 6osiee
n/r Touek u3 A.

3.4. JTokazkuTe, 4o Jyis JanHoro Muoxkectsa A C R? (rue |A| = n) cyme-
CTBYET MHOTOWJICH CTENeHH ', KOTOPbIH OyIeT r-Ie/IsAIiM.

18



Onpenenenne. [lycth d — npousBoJIbHOE HATypaJibHOE YKCIO, a [) =
2
(d; ) — 1. Omobpasicenuem Beponese cmenenu d HazoBeMm oToOpazKeHue ¢ :

R? — RP, 3anannoe ciemyomnieit hbopmMyoii:

o(z,y) = (xiyj)(i,j)|1<i+j<d € R”.

(Kazxioit koopunate B R coorsercrsyer napa (i, 7), /st KOTOPOil BBITIOJI-
HsieTcst HepaBeHcTBo 1 < i+ j < d.)

3aMeTuM, YTO ¢ IOMOIIBIO IPUMeHeHnsT 0TOOparkeHusi Beponese creneHu 2 MOXKHO I10KA3aTh,
9TO sl JTIOOBIX MATU TOYEK, CPEIM KOTOPBIX HET YeThIPEX, JIEYKAIIUX Ha, OJHON MPIMOIl, cyIie-
CTByeT eJIMHCTBEHHAsI KOHHMKA, [IPOXO/ISIIAsl Yepe3 9T TOUKHU (KOHUKOW HA3bIBAETCS MHOYKECTBO
HyJIeil MHOTOWIEHA OT JIBYX IepeMeHHbIX crernenu 2). st 9T0ro HeOOXOAUMO IPOBECTH IHIIEp-
IJIOCKOCTD 9epe3 00pa3bl JAHHBIX IATH TOYEK (B HamreM ciydae D=5 u MOXKHO MOKa3aTb, ITO
4yepe3 [ATh 00Pa30B TOYEK MOXKHO IPOBECTH €JIMHCTBEHHYIO I'MIEPIIOCKOCTB) IIPHU OTOOpazKe-
Hun BepoHese u paccMOTpeTh KOHUKY, ypaBHEHHE KOTOPO nMeeT Te ke KOI(DMUIIUEHTHI, ITO U

JaHHad TUIEPIIIOCKOCTD.

3.5. Jlanbl koneunbie MHOXKecTBa A1, ..., Ag. Ilycts [ - mponsBosbHOE Ha-

1+2
TypaJbHOE YUCJIO0, IIpUYeM (; ) — 1 > k. Jokaxkute, 94TO CyIIEeCTBYeT MHO-

IOYJIeH CTEIeHN He BBIIIe [, KOTOPBII Oyier 2-AesIsiiiuM MHOTOUJIEHOM JIJIsI
Ka KJIOro U3 JIAaHHBIX MHOXKECTB.

Joxazameavcmeo. Bocnonb3yemest 3a1adeit 3.3, yTBepzKIalolieil, 4UTo Yuc/iy

2
MOHOMOB OT JIBYX MEPEMEHHBIX CTEIIeHN He BBIIIE [ paBHO (l; ) [lycts D =

(5

CJIEJTYIONINM 00pa3oM

) — 1, u oupenerum ¢ : R? — RP omobpasicenue Beporese, 3ananHoe

P(z,y) = (xiyj)(i,j)|1<i+j<l € R”.

(Koopaunaram B R coorsercrsyer napa (i,7), msa koropoit 1 < i+ 5 < 1)
Ompeniennm obpasot A, := ¢(A;), i = 1,2,..., k, Torma mo reopeme o CoHI-
BH'€ CyIIECTBYET IMMIIEPIVIOCKOCTD A, jesisinast norosaM Muozkectsa Af, ... Aj.

OueBu/iHO, 4TO h MOXKHO 3alucaTh B popMe ypaBHeHUs aog + Y, ;2 = 0,
0]
N RP.JI
rie (i) j)h<itj<i ABaA0TCH KoopaunaTamu B RY. Jlerko mposeputsb, 4T0
._ iy j
muorownen f(x,y) := ), ;a;;x'y’ angercs TpebyeMbIM. O

3.6. okaxkute, uto Jyis jannoro muoxecrsa P C R? (tue |P| = n) cy-
IMECTBYET MHOTOWIEH CTENeHH He BBINe Cy/T, KOTODPBIH OyJeT r-Ie/saiim
(HaIpuMep, MOXKHO MTOKa3aTh, 9TO ¢ < 7)

Loxazameavemeo. Bynem crpontsb no naaykinnn zHadbop Py, P1, . . ., KarKIblii
9JIEMEHT KOTOPOI0 COCTOUT U3 HellepeceKaeMbIX MOIMHOKECTB MHOXKeCTBa, P,
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IPUYeM YHC/I0 MOJAMHOKECTB B KasKIoM sgemente |P;| < 27 g moboro j.
Haunem ¢ Py := {P}. Torga, nocrpous P;, BOCIOJIB3yeMCsl IIPebLILyIIeit
3a/1adeil, 9To0bI HocTpouTh MHOrowieH f; crenenn deg(f;) < V2 -2/, koro-
PbIil JeJIUT HOII0JIaM KazKJ0e U3 HOJIMHOXKECTB, BXoadmux B P;. g moboro
Q) € P, onpenesnnm QT Kak MHOXKECTBO, COCTOsAINEE M3 TOUEK (), JIIsT KO-
TOPBIX BbINoJHEHO f; > 0, a ()~ cocrouT u3 Takux Touek (), uro f; < 0.
Monozum Pjy := Ugep, {QF,Q7}.

KazK10e 13 MHOKECTB, Bxojigiee P; nmeer pasmep He 6ostee | P|/27. Tlyctn
t = [log 2r]; Torga kaxk1oe u3 Py umeer pasmep He 6osiee |P|/r. Onpenennm
f = fife... f;- Kak BujHO M3 1ocTpoeHnsi KOHCTPYKINKI, HU OJIHA U3 CBsI-
zaHHbIX KomnoHenT R?\ Z(f) He MoxKeT cojiepsKaTh TOYKH [BYX Pas/IMUHBIX
MHOXKECTB, BXOJAIINX B Py, MOCKOJIBbKY JIJIsI JIFOOOl KPUBOIl, COeIMHSIOIIEH
JIBE TOYKN M3 PA3HbIX MHOXKECTB, HallJIeTCd TOYKa Ha HEil, B KOTOPOIl OJINH 13
MHOTOUWIEHOB f; 0OHyJIsteTcs, a 1oToMy 9ta Kpusast nepecekaer Z (f). Takum
obpasoM, f siBigercs r-aessimM MHorowieHoM st P. OcTaioch OleHUTD
CTEIeHb

deg(f) = deg(fr)+deg(f2)+- - +deg(fi) < V2 ZW ﬂ_lzf/z eV,

rec=2v2/(vV2-1) < 7. O
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4 TIlepsoe gokazarenabcTBO TeopeMbl Cemepenu-TporTepa

4.1. Jokaxure, aro I(m,n) = I(n,m).

Jokasamenvcmeo. Ecan coBepnnTh MoJispHOE MTpeodpa30BaHme, TO TPsAMbIE
nepeiyT B TOYKH, & TOUKHU B IIpsMble. [Ipr 9ToM HHIMIeHTHBIE Tapbl ITpsiMast-
TOYKA IepeiijlyT B HHIMIEHTHYIO Mapy HpsMas-TOYKa (a4 HEeHHIMJIEHTHbIE
COOTBECTBEHHO B HEWMHIMIEHTHBIE). TakiuM obpa3oM, KOHMUIYPAIIo Ha KO-
TOpoil Yuc0 u uHIHAEHIN paBHO [(n,m) MOXKHO MEpeBECTH C TOMOIIHIO
MOJIIPHOTO TIPeoOpa30Balns B KOHMUTYPAINIO ¢ TAKUM Ke JHCJIOM HHIIN-
nennuit. Ho npsimble n Touku nomessiiuch Mectamu. Ilostomy I(m,n) >
I(n,m). AHATIOrHYHO MOXKHO TOJIyIUTh 0OpaTHOE HEPaBEHCTBO. TeM caMbiM
yAaeTcd PelInThb 3a/ady. [

Ecyin npuMeHnTH OIeHKY U3 3aja4n 1.8 cpasy, TO Mbl He IOJIyIUM JOKa-
3are/beTBO TeopeMbl Cemepeu-Tporrepa.

Hagee 6ynem canrath, aro |L| = |P| = n. Hoctponm r-aessinuit MHOTO-
wien f(z,y) s JaHHOTO MHOXKECTBa TOYEK P.

O6osznaunm uepes Ly C L MHOKeCTBO TaKUM IIPAMBIX, uTo l € Lul C Zy,
a uepes [y C P muoxkectso Touek p € PN Zy. Ilycrs Muorousien f nojiesui
IJIOCKOCTH Ha § 4YacTeii: TOUKM B i-0i yacTu Oyuem obosHadarh depes P, a
[IPsIMBbIE KOTOPBIi MepeceKkaloT i-yio 4acTh depes L.

4.2. ,ZLOK&}KI/ITG, 9TO CyIeCTBYIOT TaKHe KOHCTaHThI Cl, CQ, 03, qTO
a) [(Lo, PQ) < Cln\/F;
6) ](L \ L(), P()) < Ozn\/F;

) iI(Li, P) < Cy(na/F + n2/r).

Hokasameavemso. a) Tak Kak 4uC/I0 IPSIMBIX, COJIEPIKAIIUXCA B Zf He LIpe-
socxoaut deg f (ne npesocxousineii C14/r st HekoTopoii koucrantsl C),
cM. 3aja9n 3.2 1 3.6, a 4ncI0 TOUeK B MHOXKECTBe ) He IIPEeBOCXOIUT N, TO
13 TpuBHaJbHON orerku noydaem I (Lo, Py) < Ciny/T.

6) Tak kak Jobast npsimast u3 L\ Ly nepecekaer Z; ne bostee, ueM B deg f
Toukax, Tak Kak deg f = 1/, o I(L \ Lo, Py) < Ciny/r.

B) U3 3amaqun 1.8 ceayer, 910

S

> I(LiP) <7 (1Ll +|PP)

1=1
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O6osnaunm D = deg(f) = O(y/r). Torma > ;1 |Li| = O(D + 1)n) =
O(4/rn), TOCKOJIBKY HET HpsIMOil KoTopas Iepecekaer Gosibine, yem D + 1
MHOXKecTBO 13 P;. B urore Mbl mojyuaem

S S

D IBPP < (max|P])- Y [P = O(n?/r).

i=1 i=1
3HaunT,

S

Z I(Li, P,) <> (ILil + |P) = O(rn +n?/r).

1=1

4.3. Bribpas ny:xHoe 1, gokaxkute treopeMmy Cemepeau-Tporrepa.

,ﬂomwmmbcmso. BbI6I/Ip&H r = n2/3, MBI II0JIY9a€M JOKa3aTCJILCTBO B CJIIYy-

qae n = m. ]

4.4. Jlokaxxkurte teopemy Cemepeau-Tporrepa B o0IIeM ciydae:

Teopema Cemepemu-Tporrepa. I(n,m) = O((nm)?? +n +m).
J1s1 5TOTO HYKHO ITOJIy IUTh OIEHKI, AHAJIOTUIHbBIE TEM, YTO OBLIN IOy I€HbI
B 3ajiaue 4.2.

Jloxasameavcmeo. Mbl 06061IIM JIOKA3ATEIBCTBO JJIs1 IPOU3BOJILHOTO 171 CJie-
AyiomuM obpasoM. Bes orpanmuenus OONHOCTH MbI MOXKEM CUYUTATH, UTO
m < n. Hpeanonoxkum, 4rto /N < m, TaK Kak MHAUYe TEOpeMa CJIeLyer
3 3agadn 1.8. Torma MBI HOJOXKHM 17 = %//j Bamerum, ato 1 < r < m
JUIs yKa3aHHBIX m. Torga Mbl MPOJOJIKIM JI0KA3aTe/IbCTBO, KaK U B CIyUae
m = n. Ml nosyuaem, uro D = deg(f) = O(m?/*n'/?) u nanee nposepsen,
4TO Bee ocTasbHbIe onenkn pasub O(m?/3n?/3), [
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5 IIpumenenue teopembl Cemepean-TporTepa

5.1. a) Jokazkure, 4TO YHCJIO TPSIMBIX, 4TO KazK/as U3 KOTOPHIX COIEPIKUT
110 Kpafiteil Mepe k pas3JMIHBIX TOYEK M-3JIEMEHTHOTO MHOZKECTBa P, paBHO
O(m?/k> + m/k).

6) Joxaxkure, uro Takue npamble sagaiorT O(m?/k? + m) unnmaeHuui c
JIAHHBIM MHOYKECTBOM TOYeK P.

5.2. (Teopema Bexa) Ilycrb P — MHO)KeCTBO TOYEK Ha IIOCKOCTH, a L —
MHOZKECTBO TIPSIMbIX, 0OPa30BaHHBIX [0 KpailHeil Mepe JByMsl TOYKAMU U3
P. Torga HaiiyTcst Takme KOHCTAHTBI €1, ¢y > 0, 9TO BBIIOJHSACTCS OJIHO U3
JIBYX YCJIOBUIL:

1. Haiigerca npsimast u3 L, KOTOpas COIEPKUT 1O KpaiiHeil mepe c1|P)|
TOYEK.

2. |L| = | P
5.3. Ilyctb A C R — koneunoe muozkecTBo. Tora
max{|A+ A|; |A- A} > |A]P4
31ech
A+A={a1+ay:a1 € Ajas € A}, A-A={ajas: a1 € A,ay € A}.

Pewenue cmorpure B [2], crp.15-17, [7].
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Point-Line Incidences.
F. Nilov, A. Polyanskii, N. Polyanskii

Once upon a time there was a mathe-
matician named Erdos, who invented a lot
of striking problems. One day he gave us
the following riddle.

Given a finite set £ of lines and a fi-
nite set P of points, let I(L, P) denote
the number of incidences between £ and
P, i.e., the number of pairs (I,p), [ € L,

Figure 1: Paul Erdos JURS P; such that JUS L.

By I(n,m) denote the largest I(L, P)
among all pairs (£, P) provided that |L| = n, |P| = m. (Here
and below the symbol |A| denotes the cardinality of the set A.)

Main question: How to estimate I(n,m)?

P. Erdos conjectured: there exists a constant C' such that

I(n,n) < C <n4/3> :

Notice that this bound is evidently better than the trivial one
I(n,n) < n

Figure 2: Many point-line incidences



In 1983, Szemeredi and
Trotter managed to prove the
Erdos conjecture.  This re-
sult is called the Szemeredi—
Trotter theorem.

Our main aim is to prove it
using two different approaches.
Along the way, we will discover
some useful tricks and handle a
lot of geometric and combina-
torial problems.

Figure 4: William Trotter



1 Combinatorics
1.1 Introduction. Some Combinatorial Problems in Geometry.

1.1. Consider a finite set A of points in the plane. Prove that there exists
a line, which divides the plane into two half-planes such that each open half-
plane contains at most ||A|/2] points of A.

1.2. Consider 2n points in the plane. Prove that the points can be divided
into n pairs in such a way that there is no intersection between line segments
joining points in pairs.

1.3. Consider n points in the plane so that no three points lie on a line.
Construct a non self-intersecting polygonal line joining the given points.

1.4. Consider n points and n pairwise non-parallel straight lines in the
plane. Prove that points and lines can be enumerated from 1 to n in such a
way that any two segments of perpendiculars from the corresponding points
onto the lines don’t intersect each other.

1.5. Consider a non-convex polygon A; A, ... A,. Suppose two non-adjacent
vertices A; and A; satisfy the following property: the polygon lies completely
on one closed half-plane bounded by the line A;A;; then we reflect either the
polyline (A;...A;) or (A;...A;) through the center of the segment A;A;.
Prove that applying a finite number of reflections we must come to a convex

polygon.



1.2 Incidence Problems

1.6. Let M = {My,..., My}, M; C {1,2,...,n}, |[M;| = 3, be an arbi-
trary collection of subsets of n-set. Suppose |M; N M;| # 1; then find the
largest possible s.

1.7. Let M = {My,..., My}, M; C {1,2,...,n},|M;| = 4, be an arbi-
trary collection of subsets of n-set such that |M; N M;| # 2. Denote by S(n)
the largest possible s. Prove that [n/4|?> < S(n) < n(n—1)/4.

Definition. Let £ = {l1,...,l,}, [; € P, be an arbitrary collection of
subsets of m-set P = {p1,...pn}. A pair (;, px) is said to be an incidence if

pr € l;. Denote by I(L, P) the number of incidences formed by the elements

of £ and P. Define I(n,m) = ‘ ng){' I(LC, P).

Our goal is “how to estimate I(n,m) when P and L satisfy certain prop-
erties”. Otherwise, we have only a trivial bound (£, P) < mn.

A typical interpretation of incidences is as follows:

Consider a blank matrix X with n rows and m columns. Rows correspond
to elements of the set {ly,...,[,}, and columns correspond to elements of the
set {p1,...pm}. We will put a star in the entry w; ; iff p; € l;. Now we can
reformulate the problem: “how many stars are there in the matrix?”

Use this interpretation if it is convenient. (see problem 1.11.)

Further, it is supposed that n,m,r € N, and £ = {l,...,[,} is an arbitrary
collection of subsets of m-set P = {p1,...pm} such that |[; N{;| < r for any

i 47
1.8. Let » = 1. Prove that
(a) I(L,P) <n*+m, I(L,P) <m?+n.
(b) I(L, P) < v/m(n? —n) +m, I(n,m) < \/n(m? —m) +n.

1.9. Prove that

I(L,P) < \/mr(n? —n) +m, I(L,P) < v/nr(m? —m) +n.

1.10. Let r = 1.

(a) Find max I (L, P) if n < 3.

(b) Find max I (£, P) if m > C?. Find a configuration such for which the
maximal bound is obtained.



1.11. Let 13 x 13 square be divided into the unit squares. Some centers of
unit squares are marked in such a way that there is no rectangle with vertices
being in marked points, sides of which are parallel to the sides of the square.
Find the largest possible number of marked points.

1.12. 100 (a) little mouses are nibbling 1000 (b) pieces of cheese. Each
mouse eat some pieces making holes. But any two mouses leave holes in at

most 10 (¢) common pieces of cheese.
(a) Prove that the number of holes is at most 11000 (b4 av/bc).

(b) Prove that the number of holes is at most 10500 <b+ Y b2+§bca(a_1)> :




1.3 Ham Sandwich Theorem.

1.13. Prove that for a finite set of points in general position in the plane
each colored “red” or “blue”, there is a line that simultaneously bisects the
red points and bisects the blue points. ("Bisecting" means that each side
contains less than half of the total number of points.)

1.14. Prove that for a finite set of points in general position in space each
colored “red”, “blue” or “green”, there is a plane that simultaneously bisects
each coloured group, that is, the number of points of any color on either side
of the plane is less than half of the total number of points.

1.15. Consider 2m points, in general position in the plane, such that m
points are “red” and the others are “blue”. Prove that the points can be di-
vided into n pairs in such a way that each pair consists of a red point and a
blue point, and no two segments joining points in pairs intersect each other.

By R = R!', R? and R? denote, respectively, a line, a plane and an 3-
dimensional space. A point of R = R! is a real number, a point of R?
is a pair x = (z1,72), where x1,79 € R, and a point of R? is a vector
x = (1, %9, x3), Wwhere x1, x9, x5 € R. An element of R" is a point (a vector)
x = (x1,...,%,), where x; € R, i = 1,....,n (z; is a coordinate).

A hyperplane h of R? is a set of points x = (x1,...,24) that can be
described with a single linear equation of the following form (where at least
one of the a;’s is non-zero):

d
E a;r; = Qay.
1=1

Checking understanding. What does mean a hyperplane in R? and R3?

We will say that a hyperplane h bisects a finite set A if neither of the two
open half-spaces bounded by h contains more than ||A|/2] points of A.

Ham Sandwich Theorem. Every d finite sets Ay, ..., Ay C R? can be
simultaneously bisected by a hyperplane.

The ham sandwich theorem takes its name from the case when d = 3
and the three objects of any shape are a chunk of ham, a piece of cheese
and a chunk of bread — notionally, a sandwich — which can then all be
simultaneously bisected with a single cut (i.e., a plane).

1.16. Consider 3n points in general position in the space such that n points
are “red”, other n points are “blue” and the others are “green”. Prove that

6
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Figure 5: Sandwich cutting

the points can be portioned into “rainbow” 3-tuples in such a way that no
two triangles with vertices on points of triples intersect each other.

1.17.* Two thieves have stolen a precious necklace of nearly immeasurable
value, not only because of the precious stones (diamonds, sapphires, rubies,
etc.), but also because these are set in pure platinum. The thieves do not
know the values of the stones of various kinds, and so they want to divide the
stones of each kind evenly. In order to waste as little platinum as possible,
they want to achieve this by as few cuts as possible. We assume that the
necklace is open (with two ends) and that there are d different kinds of stones,
an even number of each kind. How many cuts are necessary to do so?

(a) (d —1) cuts?

(b) d cuts?

Comment. Solve exercises on the Veronese map for better understanding
of this problem.

Figure 6: For the necklace here, 3 cuts should suffice



2 Geometric Constructions

We will say that a set P of n points and a set £ of n lines in the plane form
a configuration ng if, for any line of L, there exist exactly d points of P lying
on this line, and, for any point of P, there exist exactly d lines of £ passing
through this point. This implies that I(L£,P) = nd

2.1. Construct an example of configuration 9s.
Hint: This is a well-known geometric theorem.

2.2. Construct an example of configuration 93 that is different from the
previous one.

2.3. Construct an example of configuration 105.
Hint: This is a well-known geometric theorem.

2.4. Construct an example of configuration 103 that is different from the
previous one.

2.5.* Prove that there exist a constant factor C' such that for any N we
can find a set £ of n,n > N, lines and a set P of n,n > N, points with
I(L,P) > Cn'/3.

Hint: Look at the figure 2 on the page 1.



3 Algebraic Geometry & the polynomial method

Let f and g be two functions defined on some subset of the real numbers.
One writes g(z) = O(f(x)) if and only if there exists a positive constant
C' > 0 such that |g(z)| < Cf(x) for all .

Given a polynomial f(z,y) = ;i a; jx'y’. The zero set Z; of f(z,y)
is the subset of points (z,y) in R? on which f(x,y) = 0. The polynomial
f(x,y) is of degree p (deg f = p) if p = max{i+ j|a; ; # 0}.

A polynomial f(z,y) is called a monomial if a; ; = 1 for exactly one pair
(¢,5) and a; j = 0 otherwise.

3.1. Consider f(z,y) of degree d and an arbitrary line [. Prove that either
lEZf, or |lﬂZf‘ < D.

3.2. Consider a polynomial f(z,y) of degree d. Prove that the number of
distinct lines contained in the set Z; does not exceed d.

3.3. Show that the number of bivariate monomials of degree at most d

equals (d“gQ) .

Hint. In other words, we must find the number of pairs (7,5) of nonnegative
integers with ¢ 4+ 5 < D.

Let P be a set of n points in the plane, and let r be a parameter, 1 < r < n.
We say that f(z,y) is an r-partitioning polynomial for P if no connected
component of R? \ Z; contains more than n/r points of A.

3.4. For any r > 1, every finite point set admits an r-partitioning polyno-
mial of degree at most r.

Definition. Given an arbitrary integer d, and let D = (d_f) — 1. A map
¢ : R? — RP is said to be the Veronese map of degree d if this map is given

by the following formula:

o(zy) = (xiyj)(z',j)|1<z'+j<d € R”.

(We think of the coordinates in R! as indexed by pairs (7,5) with 1 <i+7j <
D))

Note that we can apply the Veronese map of degree 2 to prove that any 5 points in the
plane such that no 4 points are collinear uniquely determines a conic passing through the given
points (A conic is a zero set of a bivariate polynomial of degree 2). In order to check it, we
should consider an appropriate hyperplane containing the images of the given points under the

Veronese map (we have D=5 in the considered case, and one can show that there exists a unique



hyperplane on which all five images of the points lye). It is easy to check that the conic in the

plane which corresponds the hyperplane is required.

3.5. Given finite sets Ay, ..., A;. Let k be an integer such that (kgz) —1>
[. Prove that there exists a polynomial of degree at most k that is an 2-
partitioning polynomial for every one of these sets.

3.6. For every r > 1, every finite point set P C R? admits an r-partitioning
polynomial f of degree at most O(4/7).

10



4 The First Proof of the Szemeredi-Trotter Theorem

4.1. Prove that I(m,n) = I(n,m).

In what follows, we assume |L| = |P| = n. First of all, we construct an
r-partitioning polynomial f(z,y) for the given set P.

By Lo C L denote a subset of lines [ € L, Z; C Zf, by Py C P denote a
set of points p € P N Z;. Suppose Zy bisects the plane into s parts. By P
denote points of P lying in the i-th part of the plane, and by L; denote lines
of £ passing through the i-th part of the plane.

4.2. Prove that there exist constants C, Cy, C3 such that
a) I(Lgy, Py) < Ciny/r;
b) I(L\Lo,PQ) < CQ?”L\/T“;
c) S I(L;, B) < Csn?/r.
i=1

4.3. Having chosen a certain r, prove the Szemeredi-Trotter theorem.

4.4. Prove the the Szemeredi-Trotter theorem in the general case:
Szemeredi-Trotter theorem. I(n,m) = O((nm)*? 4+ n +m).

In order to check this, you have to obtain bounds, similar to those in 4.2.

11



5 Applications of the Szemeredi-Trotter Theorem

5.1. (a) Given a finite set P, |P| = m, in the plane. Prove that the number
of lines passing through & distinct points of P is at most C'(m?/k® + m/k),
where C' is some constant, which does not depend on m, k.

(b) Prove that such lines define at most D(m?/k* + m) incidences with
P, where D is some constant, which does not depend on m, k.

5.2. Let P be a set of points in the plane and let L be the set of lines
containing at least 2 points in P. Then there exist such ¢, cy > 0 that one
of these two cases must hold:

1. There exists a line in L that contains at least ¢;|P| points.
2. |L| = | P|%.
5.3. Let A C R be a finite set. Then there exists ¢ > 0 such that
max{|A + A|,|[A- A} > ¢|AP/*.
Here

A+A:{a1+a2:a1EA,aQEA},A-A:{alc’LQ:alEA,aQEA}.

12



Point-Line Incidences.
Fedor Nilov, Alexandr Polyanskii, Nikita Polyanskii
with the help of Michael Kharitonov and Igor Shnurnikov

Once upon a time there was a mathe-
matician named Erdos, who invented a lot
of striking problems. One day he gave us
the following riddle.

Given a finite set £ of lines and a fi-
nite set P of points, let I(L, P) denote
the number of incidences between £ and
P, i.e., the number of pairs (I,p), [ € L,

Figure 1: Paul Erdos JURS P, such that JUS L.

By I(n,m) denote the largest I(L, P)
among all pairs (£, P) provided that |£| = n, |P| = m. (Here
and below the symbol |A| denotes the cardinality of the set A.)

Main question: How to estimate I(n,m)?

P. Erdos conjectured: there exists a constant C' such that

I(n,n) < C (n4/3) :

Notice that this bound is evidently better than the trivial one
I(n,n) < n?

Figure 2: Many point-line incidences



In 1983, Szemeredi and
Trotter managed to prove the
Erdos conjecture.  This re-
sult is called the Szemeredi—
Trotter theorem.

Our main aim is to prove it
using two different approaches.
Along the way, we will discover
some useful tricks and handle a
lot of geometric and combina-
torial problems.

Figure 4: William Trotter



1 Combinatorics
1.1 Introduction. Some Combinatorial Problems in Geometry.

1.1. Consider a finite set A of points in the plane. Prove that there exists
a line, which divides the plane into two half-planes such that each open half-
plane contains at most ||A|/2] points of A.

Proof. Let {ay,as,...a,} be the given set and let L be an arbitrary half-
plane, bound of which is parallel to no segment joining any two points of the
set. We define L; as a half-plane obtained by parallel shift of L, and bound
of which passes through a;. We note that for any j, 0 < 5 < n, there exists
a half-plane L;, containing exactly j points of the given set {ai,aq,...a,}.

]

This implies that the bound of L; , is a required line.

1.2. Consider 2n points in the plane. Prove that the points can be divided
into n pairs in such a way that there is no intersection between line segments
joining points in pairs.

Proof. We will prove it by contradiction. Assume that points could not be
divided in the required way. We note that 2n points can be paired in only
finitely many ways. This impies that there exists a partition with the minimal
sum Z/ of all segment lengths. By assumption, there exist two intersecting
segments AB and C'D. Then the sum of AC' and BD is less than the sum
of AB and C'D. This contradicts the minimality of the sum >, O

1.3. Consider n points in the plane so that no three points lie on a line.
Construct a non self-intersecting polygonal line joining the given points.

Proof. Consider a polygonal line I' joining the given points, which has the
minimal length. Let us prove by contradiction that the given polygonal line
is required. Let two segments AC and BD intersect each other. From the
triangle inequality it follows that the sum of AB and C'D, also as well as the
sum of AD n BC), is less than the sum of AC and BD. Let € be a union of
segments of I, except AC' and BD. Consider I'y = QU {AB,CD}. If 'y is
not connected, then there is no path in €2 joining A and B, also as well as no
path joining C' and D. Consider another union I'y = QU {AD, BC}. If I'y
is not connected, then there is no path in €2 joining A and D, also as well as
no path joining C' and B. This implies that if both collections I'y and I's are
not connected, then there is no path in I' joining A and B. This contradicts
the connectivity of I'. Without loss of generality, let I'y be connected. But

3



the sum of lengths of segments in I'y is less than in I'. Here we come to a
contradiction. ]

1.4. Consider n points and n pairwise non-parallel straight lines in the
plane. Prove that points and lines can be enumerated from 1 to n in such a
way that any two segments of perpendiculars from the corresponding points
onto the lines don’t intersect each other.

Proof. Consider an enumeration, at which the sum of length of altitudes is
minimal. By F; denote ¢-th point, and by [; denote i-th line. Assume that,
for some ¢ anf j, segments of perpendicular dropped from F; and F} are
intersected in E by each other. Let A and B be the feet of perpendiculars
dropped from F; and F}; onto [; and [; correspondently. Draw altitudes
dropped from Fj and Fj onto [; and {; with foot C' and D correspondently.

Figure 5:

Thus, we have
F,A+ F,B=FE+FEA+F;E+BE=(EA+ F;E)+ (F,E+ BE) >
> FjA+ F,B > F;D + FC.

This means that we come to a contradiction. ]

1.5. Consider a non-convex polygon A; A, ... A,. Suppose two non-adjacent
vertices A; and A; satisfy the following property: the polygon lies completely
on one closed half-plane bounded by the line A;A;; then we reflect either the



polyline (A;...A;) or (A;...A;) through the center of the segment A;A;.
Prove that applying a finite number of reflections we must come to a convex

polygon.

Proof. Let ;, i € [n — 1], be the smaller angle between A;A;,; and X-axis.
By 7, denote the smaller angle between A, A; and OX-axis. Consider a col-
lection of pairs ("segment length", "angle") Q = {(| A1 42|, 71), (|A243],72), . ..
(|AnA1], )} After each reflection, €2 will be recalculated for a new polygon.
Note that the difference between any two collections is in the order of pairs.
This implies that we can get a finitely many polygons. We also note that
the area of the next polygon is more than the area of the current polygon. It
follows that we will come to a point when the current polygon is convex. [



1.2 Incidence Problems

1.6. Let M = {My,..., My}, M; C {1,2,...,n}, |[M;| = 3, be an arbi-
trary collection of subsets of n-set. Suppose |M; N M;| # 1; then find the
largest possible s.

Proof. Consider two intersecting sets A € M and B M . Let FF = AN B,
G = AUB and A = {a,b,c}. Without loss of generality, B = {b, ¢, d},
F = {b,c}. Now let us see which sets can intersect G. We distinguish two
cases.

Case 1: No other set of M contains F, i.e., AC € M : C D F,C ¢
{A,B}.

Let C N (AU B) # @. We have {a,d} C C, since C 2 F. Thus, either
C ={a,b,d}, or C ={a,c,d}.

Notice that four sets A, B, {a,b,d} and {a, c,d} could be elements of M
at one time. Moreover, no other set is intersected by A U B. Such union of
four sets is said to be a cookie.

Case 2: There exist exactly k + 2 > 3 sets of M containing F"

{A, B, Ay, Ay, ... AL}
Assume that A; = {a;,b, ¢}, and there exists D € M, D 2 F such that
DN(AUBUA UAyU---UAy) # @.

Without loss of generality, DN A # @, DN A = {a,b} and D = {a,b,z}.
But since DN B # @, DN Ay # & and x # ¢, then we have that x = d and
r = a; at one time. It means we come to a contradiction, and there is no
such set D.

Note that this collection A, B, Ay, As, ..., A can be a subset of M. Such
collection of k£ + 2 sets will be called a flower with k + 2 petals.

Thus, n-set is divided into disjoint cookies and flowers.

We note that a cookie has exactly 4 elements, while a flower with k petals
has k + 2 elements. It follows that we get s < n — 2t, where ¢ is the number
of flowers.

This implies that we have the maximal s = 4- %] for n =0, 1,2 (mod4),
which is attained when n-set is divided into |4 | cookies (there may remain
1 or 2 elements not included in any set of M). For n = 3 (mod4), we have
s =n — 2 if all elements are included in one flower. ]

1.7. Let M = {My,..., My}, M; C {1,2,...,n},|M;| = 4, be an arbi-
trary collection of subsets of n-set such that |M; N M;| # 2. Denote by S(n)
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the largest possible s. Prove that |n/4]*> < S(n) < n(n —1)/4.

Proof. 1) An upper bound. Consider an arbitrary element A of n-set. Let
F .4 be a collection of elements of M containing A. Consider a collection F
obtained from F4 by removing A from each set of F4. Any two sets of F/
are either disjoint, or intersected in two elements. Thus, we can apply the
result of problem 1.6. We get that F’; has at most (n — 1) sets. The number
of sets in F 4 is equal to the number of sets in F;. Hence, for any A € [n], the
collection F 4 has at most (n — 1) four-element sets. This implies s < @.

2) A lower bound. Here we give an example. Enumerate elements from
1 to n. Consider the following sets {4k + 1,4k + 2,4k + 3,4t}, where k =
0,1,...,[%] —landt =1,2,...,[%]. We have exactly |4]? such sets. It is

easy to check that the considered collection is desired. ]

Definition. Let £ = {l1,...,l,}, [; € P, be an arbitrary collection of
subsets of m-set P = {p1,...pn}. A pair (I;, px) is said to be an incidence if

pr € l;. Denote by I(L, P) the number of incidences formed by the elements

of £ and P. Define I(n,m) = ‘ mTa]:;(' I(L,P).

Our goal is “how to estimate I(n,m) when P and L satisfy certain prop-
erties”. Otherwise, we have only a trivial bound (£, P) < mn.

A typical interpretation of incidences is as follows:

Consider a blank matrix X with n rows and m columns. Rows correspond
to elements of the set {ly,...,[,}, and columns correspond to elements of the
set {p1,...pm}. We will put a star in the entry w; ; iff p; € ;. Now we can
reformulate the problem: “how many stars are there in the matrix?”

Use this interpretation if it is convenient. (see problem 1.11.)

Further, it is supposed that n,m,r € N, and £ = {l;,...,[,} is an arbitrary
collection of subsets of m-set P = {pi,...pn} such that |[; N [;| < r for any
i .
1.8. Let » = 1. Prove that

(a) I(L,P) <n*+m, I(L,P) <m?+n.

(b) I(L, P) < v/m(n? —n) +m, I(n,m) < \/n(m? —m) +n.

Proof. (a) Let us prove I(£, P) < m? + n. Divide subsets in £ into two
groups: subsets in £y are incidence to at most one element of P, and let
Lo = L\Ly . Then I(£1,P) < |£4] < n. It remains to bound I(Ls,P).



Notice that any element p of P may have at most m — 1 incidences with
the elements of Ly, since otherwise there exist two elements in Lo that have
at least two common elements of P (p and another one). Thus, I(£,P) <
m(m — 1) < m?.

The other inequality follows using the geometric duality leading, in par-
ticular, to I(n,m) = I(m,n).

(b) Use the above-mentioned analogue with a matrix. By r;, 1 < ¢ < n,
denote the number of stars in the corresponding row. Let r; > r; for i < j
and let k be a such number that r, > 2 and r; = 1 for « > k. Then notice

(2)>x ()

since otherwise there exist two rows which have 2 stars in the intersection of
the same columns. Then we have

k
m r; n—k n-—=k
om - > 2n - ' — > I? —nl > (I —n)>
n <2> n (E (2)+ 5 5 ) nl > (I —n)

1=1

[]

1.9. Prove that
I(L,P) < \/mr(n>—n)+m

Proof. Use the same arguments as in the proof of problem 1.8(b) (the factor
r appears on the left-hand side of the considered chains of inequalities). [J

1.10. Let r = 1.

(a) Find max I(L, P) if n < 3.

(b) Find max I(£, P) if m > C2. Find a configuration such for which the
maximal bound is obtained.

JlobaBuTh perieHus.

Proof. (a) Assume |£| = n = 1, then max I(L, P) = m. For |L| = n = 2,
we get max [ (L, P) = m+1, since otherwise (if I(L£, P) > m+2) there exist
at least two common elements of P contained in [y and lo. If || = n = 3,
then we have max I(L, P) = m + 3,

(b) max I(L, P) = m + (3). The maximum is attained when all n lines
are in general position. ]



1.11. Let an 13 x 13 square be divided into the unit squares. Some centers
of unit squares are marked in such a way that there is no rectangle with
vertices being in marked points, sides of which are parallel to the sides of the
square. Find the largest possible number of marked points.

Answer: 52 points could be (see Figure 6). An upper bound on the number
of stars follows from the problem 1.12 (b).

A |Ay |As |Ay |As |Ag |A7 |As |Ag |Aw| Aur|Az| A
[1 * * * *
[2 * * E3 *
[% * * *
[4 * * *
[’.) * * *
[LB * *
[7 * * * *
[8 * * * *
[9 * *
[11 * * *
l12 * *
[13 * * *

Figure 6:

1.12. 100 (a) little mouses are nibbling 1000 (b) pieces of cheese. Each
mouse eats some pieces making holes. But any two mouses leave holes in at

most 10 (¢) common pieces of cheese.
(a) Prove that the number of holes is at most 11000 (b4 av/bc).

(b) Prove that the number of holes is at most 10500 (b+ Y b2+§b6a(a_1)) :

Proof. Suppose that each piece of cheese is eaten. Let d; be the number of
pieces bitten by ¢ mouses. By I denote the number of holes. Then we have

| (i — 1 1
Zdi:b, S idi =1, ZZ(ZQ )digc%.

Applying the inequality of arithmetic and quadratic means, we obtain

I-b=> (i-1)d; = b% < b\/Z(gé)Qdi < /b(ca(a — 1) — (I —b)).

Thus, I < b+ avbe. In order to get a more precise bound, we should reduce
the above-mentioned inequality to

(I —b)*+b(I —b) — bca(a —1) <0

and solve it. N



1.3 Ham Sandwich Theorem.

1.13. Prove that for a finite set of points in general position in the plane
each colored “red” or “blue”, there is a line that simultaneously bisects the
red points and bisects the blue points. ("Bisecting" means that each side
contains less than half of the total number of points.)

Proof. By R(¢) denote the set of directed lines which make an angle ¢ with
O X-axis clockwise and bisect red points. In the same way, by B(¢) denote
the set of directing lines bisecting blue points having the slope ¢. For any
fixed ¢, R(¢) is either a strip or a line. We let r(¢) be the “middle” directed
line of R(¢), and b(¢) is denoted similarly. Let us prove that r(¢g) = b(¢y)
for a certain ¢o. If 7(0) = b(0), then ¢y = 0. Otherwise without loss of
generality, we may assume that R(0) is on the left of b(0) if we are looking
across the direction of r(0). One will change ¢ from 0 to w. Notice that r(7)
is on the right of b(7), since r(7) and b(7) look like 7(0) and b(0), except the
reverse directions. For r(¢) and b(¢) are continuous on ¢ € [0,7], we finally
obtain that there exist a required ¢y. ]

1.14. Prove that for a finite set of points in general position in space each
colored “red”, “blue” or “green”, there is a plane that simultaneously bisects
the red points, the blue points and the green points.

Proof. We generalize the previous proof. Fix a spherical coordinate system in
the space. This means the position of a point is specified by three numbers:
the radial distance of that point from a fixed origin, its polar angle measured
from a fixed zenith direction, and the azimuth angle of its orthogonal pro-
jection on a reference plane that passes through the origin and is orthogonal
to the zenith, measured from a fixed reference direction on that plane (See
Figure 7.)

By R(p,1) denote the set of planes, normal vectors of which are equal to
n= (1,,%), and that also bisect red points. In the same way, by G(p, 1))
and by F'(p, 1) denote the sets of planes bisecting blue and green points cor-
respondently. We choose the middle planes of R(p, ), G(p, 1) and F(p, )
and designates them by r(p, 1), g(¢,¥) and f(p,1). Without loss of gen-
erality, assume that if we are looking along the direction of ﬁ, then 7(0,0)
is above ¢(0,0) and f(0,0), and ¢(0,0) is lying between r(0,0) and f(0,0).
Introduce

A(0,0) = (dist(r(0,0); 9(0,0)), =dist(g(0,0); f(0,0))),

10



x(r,0,0)
J y

~

Figure 7: A spherical coordinate system

where dist is a distance between planes. In the same way, define A(p, )
for all (,%) (a sign before distance depends on the positional relationship
of the planes). Notice that the considered map is continuous on {0 < ¢ <
21} x {—7/2 < ¢ < 7w/2}, and satisfy the following property A(p, 1) =
—A(p + 7, —) for any ¢,0 < ¢ < 7. There remains to prove that there is
a pair (, ), at which the function A vanishes.

Suppose that A(0,7/2) # (0,0). Fix an arbitrary ¢». We have that the
image A(p,0), ¢ € [0,27] is a closed curve (it may be a point). If ¢ = 0,
then from symmetry of A, it follows that such image is symmetrical with
respect to (0,0), and the point (0,0) belongs to the interior bounded by this
loop. Shifting a parameter v continually changes the interior of the loop. In
particular, this means that there is a 1y such that A(y,10) = (0,0) for some
©.

[l

1.15. Consider 2m points in general position in the plane such that m points

are ‘red” and the others are “blue”. Prove that the points can be divided into
n pairs in such a way that each pair consists of a red point and a blue point,
and no two segments joining points in pairs intersect each other.

Proof. One can enumerate blue points and red points from 1 to n, and join
blue and red points having the same numbers. Assume from the contrary that
each enumeration does not satisfy the condition of the problem. Consider
such enumeration that the total length of the segments is minimal, and let
AB and C'D be intersecting segments of this numbering. It is easy to check

11



that AC+AD < AB+CD, also as well as AD+ BC < AB+CD. Here we
come to a contradiction with the minimality of the sum of the segments. [

By R = R!, R? and R? denote, respectively, a line, a plane and an 3-
dimensional space. A point of R = R! is a real number, a point of R?

is a pair X = (z1,79), where z1,29 € R, and a point of R? is a vector
x = (x1, T9, x3), where x1, T2, v3 € R. An element of R" is a point (a vector)
x = (x1,...,2,), where x; € R, i = 1,....,n (; is a coordinate).

A hyperplane h of R? is a set of points x = (w1,...,z4) that can be
described with a single linear equation of the following form (where at least
one of the a;’s is non-zero):

d

E a;r; = Q.

1=1

Checking understanding. What does mean a hyperplane in R? and R3?

We will say that a hyperplane h bisects a finite set A if neither of the two
open half-spaces bounded by h contains more than ||A|/2] points of A.

Ham Sandwich Theorem. Every d finite sets A, ..., A; C R? can be
simultaneously bisected by a hyperplane.

The ham sandwich theorem takes its name from the case when d = 3
and the three objects of any shape are a chunk of ham, a piece of cheese
and a chunk of bread — notionally, a sandwich — which can then all be
simultaneously bisected with a single cut (i.e., a plane).

P L G

Figure 8: Sandwich cutting

1.16. Consider 3n points in general position in the space such that n points
are “red”, other n points are “blue” and the others are “green”. Prove that

12



the points can be portioned into “rainbow” 3-tuples in such a way that no
two triangles with vertices on points of triples intersect each other.

Proof. Let A;, 1 = 1,2,3, be a set of points of i-th colour. We proceed by
induction on n. If n > 1 is odd, there is a plane A bisecting each A; and
containing exactly one point of each color. We let the points in A form one
3-tuple and use induction for the subsets in the open half-spaces. For n even,
we invoke the ham-sandwich theorem, which provides a plane bisecting all
the A;. Then we should consider each open half-space, and this completes
proving of the inductive step. ]

1.17.*% Two thieves have stolen a precious necklace of nearly immeasurable
value, not only because of the precious stones (diamonds, sapphires, rubies,
etc.), but also because these are set in pure platinum. The thieves do not
know the values of the stones of various kinds, and so they want to divide the
stones of each kind evenly. In order to waste as little platinum as possible,
they want to achieve this by as few cuts as possible. We assume that the
necklace is open (with two ends) and that there are d different kinds of stones,
an even number of each kind. How many cuts are necessary to do so?

(a) (d —1) cuts?

(b) d cuts?

Comment. Solve exercises on the Veronese map for better understanding
of this problem.

Figure 9: For the necklace here, 3 cuts should suffice

Proof. (a) It is easy to see that at least d cuts may be necessary: place the
stones of the first kind first, then the stones of the second kind, and so on.

(b) We place the considered necklace into R? along the moment curve.
Let v(t) = (¢,t%,...,t7) be the parametric expression of the moment curve
~. If the necklace has n stones, we define

A; = {vy(k) : the k-th stone is of the i-th kind, k =1,2,...n}.

13



Let us also call the points of A; the stones of the i-th kind. By the ham
sandwich theorem, there exists a hyperplane h simultaneously bisecting each
A;. This h cuts the moment curve, and the necklace lying along it, in at
most d places. All the sets A; were assumed to be of even size, so h contains
no stones, and these cuts are as required in the necklace problem.

14



2 Geometric Constructions

We will say that a set P of n points and a set £ of n lines in the plane form
a configuration ng if, for any line of L, there exist exactly d points of P lying
on this line, and, for any point of P, there exist exactly d lines of £ passing
through this point. This implies that I(L£,P) = nd

2.1. Construct an example of configuration 9s.

Hint: This is a well-known geometric theorem.

Figure 10: Pappus’s 93

2.2. Construct an example of configuration 95 that is different from the

previous one.

VAvAN

2.3. Construct an example of configuration 10s.

Hint: This is a well-known geometric theorem.



Figure 11: Desargue’s 103

2.4. Construct an example of configuration 103 that is different from the
previous one.

2.5.% Prove that there exist a constant factor C' such that for any N we

can find a set £ of n,n > N, lines and a set P of n,n > N, points with
I(L,P) > Cn'/3.

Hint: Look at the figure 2 on the page 1.

Proof. For simplicity, we suppose that n = 4k? for a natural k. Let us prove
that I(n,n) > n*3 for some arrangement (L, P) of points and straight lines
to be constructed. For P take the grid {0,1,...k} x {0,1,...4k?> — 1}. For
L take all lines y = ax+b, with (a,b) € {0,1,...2k—1}x{0,1,...2k*—1}.
Then for x € [0; k) one has ax + b < ak + b < 2k* + 2k* = 4k*, so for each
i = 0;...k; — 1 each line contains a point of P with x =i € {0,1,...k}.
Thus I(L,P) ~ k* ~ n*/3 O
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3 Algebraic Geometry

Let f and g be two functions defined on some subset of the real numbers. One
writes g(z) = O(f(x)) if and only if there exists a positive constant C' > 0
such that |g(z)| < Cf(x) for all .

Given a polynomial f(z,y) = i« a;_jx'y’. The zero set Z; of f(z,y)
is the subset of points (z,y) in R? on which f(x,y) = 0. The polynomial
f(x,y) is of degree p (deg f = p) if p = max{i+ j|a; ; # 0}.

A polynomial f(z,y) is called a monomial if a; ; = 1 for exactly one pair
(¢,5) and a; ; = 0 otherwise (roughly speaking, a polynomial which has only
one term).

3.1. Consider f(x,y) of degree d and an arbitrary line [. Prove that either
lEZf, or |lﬂZf‘ <D.

Proof. Writing [ in parametric form {(uit + vq, ust + v9) |t € R}, we get
that the points of [ N Z(f) are roots of the univariate polynomial g(t) :=
f(urt+wv1, ust+v9), which is of degree at most D. Thus, either g is identically
0, or it has at most D roots. O

3.2. Consider a polynomial f(x,y) of degree d. Prove that the number of
distinct lines contained in the set Z; does not exceed d.

Proof. We need to know that a nonzero bivariate polynomial (i.e., with at
least one nonzero coefficient) does not vanish on all of R? . Now we fix a
point P € R? not belonging to Z(f). Let us suppose that Z(f) contains lines
l1,...l. We choose another line [ passing through P that is not parallel to
any [; and not passing through any of the intersections /; Nl; . (Such an !
exists since only finitely many directions need to be avoided.) Then [ is not
contained in Z(f) and it has k intersections with U¥_,l; . A result of the
previous problem yields £ < D. H

3.3. Show that the number of bivariate monomials of degree at most d

equals (‘%2) .

Hint. In other words, we must find the number of pairs (7,7) of nonnegative
integers with i 4+ 5 < D.

Let P be a set of n points in the plane, and let r be a parameter, 1 < r < n.
We say that f(xz,y) is an r-partitioning polynomial for P if no connected
component of R?\ Z; contains more than n/r points of A.

17



In the sequel, we will sometimes call the connected components of R?\ Z( f)
cells. Let us also stress that the cells are open sets. The points lying on Z( f)
do not belong to any cell.

3.4. For any r > 1, every finite point set admits an r-partitioning polynomial
of degree at most r.

Hint. Construct r parallel lines dividing the given set into equal parts.
Definition. Given an arbitrary integer d, and let D = (d"f) —1. A map
¢ : R? = RP is said to be the Veronese map of degree d if this map is given

by the following formula:

o(z,y) = (xiyj)(i,j)|1<i+j<d € R”.

(We think of the coordinates in R! as indexed by pairs (7,5) with 1 <i+j <
D.)

Note that we can apply the Veronese map of degree 2 to prove that any 5 points in the
plane such that no 4 points are collinear uniquely determine a conic passing through the given
points (A conic is a zero set of a bivariate polynomial of degree 2). In order to check it, we
should consider an appropriate hyperplane containing the images of the given points under the
Veronese map (We have D=5 in the considered case, and one can show that there exists a unique
hyperplane on which all five images of the points lie). It is easy to check that the conic in the

plane which corresponds the hyperplane is required.

3.5. Given finite sets Ay, ..., A;. Let k be an integer such that (R;Q) —1>
[. Prove that there exists a polynomial of degree at most k that is an 2-
partitioning polynomial for every one of these sets.

Proof. Problem 3.3 yields that (D ; 2) is the number of monomials in a bi-
variate polynomial of degree at most D. We set [ := (D +2) — 1, and we let

2
¢ : R? = R denote the Veronese map, given by

¢(z,y) == (2'y") i j)p<isj<p € R

(We think of the coordinates in R! as indexed by pairs (i,j) with 1 <i+j <
D.)

We set A, := ¢(A;), i = 1,2,... .k, and by ham sandwich theorem, we
let h be a hyperplane simultaneously bisecting A}, ...,A}. Then h has an
equation of the form agy + > a;;z +ij = 0, where (z;;)(ij)j1<it+j<a are the

0]
coordinates in R¥ . It is easy to check that f(z,y) := D i a; jx'y’ is the
desired polynomial (where here the sum includes agg t0o). O
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3.6. For every r > 1, every finite point set P C R? admits an r-partitioning
polynomial f of degree at most O(+/r).

Proof. We inductively construct collections Py, Py, . . ., each consisting of dis-
joint subsets of P, such that |P;] < 27 for each j. We start with Py := {P}.
Having constructed P;, we use the previous problem to construct a poly-
nomial f;, of degree deg(f;) < Vv2-27, that bisects each of the sets of P;.
Then for every subset ) € P;, we let QT consist of the points of () at which
fi > 0, and let )~ consist of the points of ) with f; < 0, and we put
Pj1 = Ugep, {Q7,Q}. |

Each of the sets in P; has a size at most |P|/27 . We let t = [log 2r]|; then
each of the sets in P; has a size at most |P|/r. Weset f := fifs... fi. By the
construction, no component of R\ Z(f) can contain points of two different
sets in P;, because any arc connecting a point in one subset to a point
in another subset must contain a point at which one of the polynomials f;
vanishes, so the arc must cross Z(f). Thus, f is an r-partitioning polynomial
for P. It remains to bound the degree:

t
deg(f) = deg(f1)+deg(fo)+ - +deg(fi) < V2 27 < %2”2 < e/,
j=1 -

Wherec:2\/§/(\/§—1) <. ]
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4 The First Proof of the Szemeredi-Trotter Theorem

4.1. Prove that I(m,n) = I(n,m).

Proof. Applying the polar transformation, lines are replaced by points and
points are replaced by lines. Notice that a ’line-point’ incidence enters to a
"point-line’ incidence (as well as a line which has no incidence with a point
goes to the point not incidence to the corresponding line). Thus, if we have a
set of points and lines having I(n, m) incidences, then we can transformate it
to the set of points and lines, which has the same number of incidences. This
yields I(m,n) > I(n,m). Similarly, we can get the converse inequality. [

If we apply a bound in the problem 1.8, then we will not get a proof of
the Szemeredi-Trotter theorem immediately.

In what follows, we assume |L| = |P| = n. First of all, we construct an
r-partitioning polynomial f(x,y) of minimal degree for the given set P.

By Lo C L denote a subset of lines such that [ € Land [ C Z¢, by By C P
denote a set of points p € PN Zy. Suppose Z; divides the plane into s parts.
By P; denote points of P lying in the i-th part of the plane, and by L; denote
lines of £ passing through the i-th part of the plane.

4.2. Prove that there exist constants C, Cy, C3 such that
a) ](Lo, P()) < Cln\/?;
b) I(L\Lo,PQ) < CQTL\/F;

o) 21(@-, P) < Cs(n/r + n2/r).

Proof. a) Since the number of distinct lines contained in Z is at most deg f <
C14/r, where (1 is a certain constant (see problems 3.2 and 3.6), and since
the number of points in Fy does not exceed n, then by trivial bound, we
obtain I(Lg, By) < Cin+/r.
b) Since each line of L\ Ly intersects Z¢ in at most deg f points, and since
deg f < Cy/r, then I(L\ Lo, Py) < Cony/r.

c¢) By the Problem 1.8 (a) we get

S

> I(LiP) <7 (1Ll +|PI)

i=1
Let D = deg(f) = O(y/r). We have

S

> |Lil = O((D + 1)n) = O(v/rn),

1=1
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since no line intersects more than D + 1 of the sets ;. Finally,

Y IRP< (max | Fif) - > IRl =0/r).
=1 i=1

4.3. Having chosen a certain r, prove the Szemeredi-Trotter theorem.

Proof. Setting r = n*/3, we obtain the proof of the Szemeredi-Trotter theo-

rem for the case n = m. []

4.4. Prove the the Szemeredi-Trotter theorem in the general case:
The Szemeredi-Trotter theorem. I(n,m) = O((nm)*? 4+ n +m).

Proof. We generalize the proof for an arbitrary m as follows. We may assume,
without loss of generality, that m < n; the complementary case is handled
by interchanging the roles of P and L, via a standard planar duality. We
may also assume that v/n < m, since otherwise, the theorem follows from
Problem 1.8. Then we set r := %//5 Noting that 1 < r < m for the
assumed range of m, we then proceed as in the case m = n above. We get
D = deg(f) = O(m?*3n'/?), and we check that all the partial bounds in the
proof are at most O(m?>n?3). O
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5 Applications of the Szemeredi-Trotter Theorem

5.1. (a) Given a finite set P, |P| = m, in the plane. Prove that the number
of lines passing through & distinct points of P is at most C'(m?/k® + m/k),
where C' is some constant, which does not depend on m, k.

(b) Prove that such lines define at most D(m?/k* + m) incidences with
P, where D is some constant, which does not depend on m, k.

5.2. Let P be a set of points in the plane and let L be the set of lines
containing at least 2 points in P. Then there exist such ¢, cy > 0 that one
of these two cases must hold:

1. There exists a line in L that contains at least ¢;|P| points.
2. |L] > | P|*.
5.3. Let A C R be a finite set. Then
max{|A+ A|; |A- A} > |A]P4
Here

A+A:{a1+a2:a1EA,aQEA},A-A:{al-agzalEA,aQGA}.

Solutions. See 2], pp.15-17, [7].
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