
10th Asian Pacific Mathematics Olympiad 

March 1998 

Time allowed: 4 hours. 
No calculators to be used. 
Each question is worth 7 points. 

1. Let F be the set of all n-tuples ( 1A , 2A , …, nA ) where each iA , i = 1, 2, …, n is a subset of 
{1, 2, …, 1998}. Let || A  denote the number of elements of the set A. 

Find the number ∑ ∪∪∪
),,,(

21
21
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nAAA

nAAA . 

2. Show that for any positive integers a and b, )36)(36( baba ++  cannot be a power of 2. 

3. Let a, b, c be positive real numbers. Prove that 
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12111

abc
cba

a
c

c
b

b
a . 

4. Let ABC be a triangle and D the foot of the altitude from A. Let E and F be on a line through D 
such that AE is perpendicular to BE, AF is perpendicular to CF, and E and F are different from 
D. Let M and N be the midpoints of the line segments BC and EF, respectively. Prove that AN 
is perpendicular to NM. 

5. Determine the largest of all integers n with the property that n is divisible by all positive 
integers that are less than 3 n . 

END OF PAPER 
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APUO SOTUTTONS

PRolll'DM l' LcL It be llrc sct of a,il rr.-trrprc, (At,A2,...,A,r) where eacrr l;, i. - \
7'2'" ''n is a srtbsct of {1,2,..',1998}. l,e.t lAl dcnote the nurnber of eler,e,Ls o[ tlre
set ,21. Find the nrrrnber

lArU Azu ... U l,l.

i\I,\ N I( IN(; SC:I tEtrIE:

Let. A,t be asrrbset, oltheset. {1.2,...,1998} and let 1,'l,1l= f.. Thel the set
;1/ <'arr he obtainecl as the rrnion o[/ set,s.,l1,-.12,...,..1. in (2t - l)t differeut
rv;rvssin<'e caclr clerrrerrt,.r: ( ,l/ can belorrg l.o2t -l nouempt.v farrriliesoIsrrbset.s
.lr,.l':......'1,.

I
(A1,A2,...,Ar)

'l'lrus n'e lrave

(A r,t2,...,,4r)€F

.1 lxtirtls for describing !he con-er:l coutttirtg mcthod

lA1u.{2u .ur,t = H-(t?) 
(2, -t)k

2 ltoittts for setting up the aboue formula

l(

= rr)e8(2'-,) I ('i:t)(2,- l)u = tss8(2.- 1)2rsozr.
o5\ N /

! ltoirtts for correctly corryiryg out the computatiort
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PROBLBM 2. Show that for any positive integers o and b, (364 + 6)(o + 36b) cannot be

a power of 2.

N,I AR I(IN(: SC:I{ Etr,T E:

suppose that, (36o + tr)(a + 36lr) is a power of 2 for sorne positive integers a

arrcl 0' Write 36o*6 =2"'= r and o+366- 2" - s. Then

36r -'s = 35 x 3f ngnd$6s - r = 35 x 37b.

Hence
1/3ti < rf s = 2*-" <-36,or - 6 < nr - n ( 6-

2 poittts for the basic settittg and obseruatiort

Iru ri hermore.

4n(4m-n - l) = r2 - s2 = 35 x 37(a2 -: b21.

Thus
4tt1-n - lQnodST).

9 points for this congru€nce

O[se1,e l.[at, t.[e 9t,lr porver o[ 4 is the smallest power of 4 t,hat is congruent

t<r l(*rrorlii7). 'l'hus t)l(r,l - rr). .\lso rrol,e that tn { n. Ilence lrn - nl 2 9. which

is rrol. 1rr>ssilrlr- ltecattso lrrr - nl< ti. 3 ltoittts lor the Jinal cotclusiott
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Ploblern 3. Let o. D, c be positive real trurrtbers' Prove l'hat'

('.f) (,.:) ('*i) .'('.w)
\I,\R IiIN(i S(:IIIiII E:

Lt'l 
,.=-!L. ,==L .=-L.=m' u-,y;,,,' -- {,,k

Wc rreed to shorv Ihat

('. ;) (, * i) ('* ;) > 2(1 +;c * v *:)

or, sitrce ty: = l,

(r +.u)(l +')(' {'r:) } 2 +2('(+ v + :)(t)

2 ltoittts /or' (t) bv moking cltatrye o[ variables or

by asstnning ttbc = I utilhout loss of generality

rvhich is ecluivalent io

(r * U + --)(rv + 'v: + :r - '2) - tyz >- 2{2)

J ytints for rcducing lo (2)

Since rg: = l, the A\l-C;tl inequaliLy irnplies

r*V*:ZSanrhY+Y:+:*)3

So'(2)follorvs.Slloinlsforsut,cessftilapplicotiottofAi'l-Glltinequalitu
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ALTERNATE SOLUTION

'{;n:::,xi,l'"f ::{-;;^:ii",';,'{,';:;:il;,i'
l.Fronr (l), one catl proceed as follorvs:

(.r'*v)(y+:)(:+.r) = 2rv:+r')(v*:)+v2(:+r)1:2('r*.u) =2,,'t(;.,.:).'(: * i)*' (+ . ;)

Thus, (l) is equivalenL to

" (;. :) .' (:. :) .' (*. i) = 
2@ *!+') 3

2 yoints for reducing to (3)

,\ssttttlt' t,lr:rl 'r ) .Y 2 :. 1'lrerr

l-ulrl*lr1*l
tl a-a .t-t y

Ircrrct' lve catr aplll-v Cllrcb-vshev's irrequality

I poittts for rhecking the hypothesis of Cheuyshet's inequalit7

lo gct.

j (i.:).,(:.:) *'(*.i) = |t'*'*'r (?.;.:)
;.Ftotrt the AIvl-CitrI inequality ancl the fact that Ey:= l we obtain

/2 ' ,)zu
(;*;*;t-

arrcl lrence (3) follorvs. 2 points for successful applicotions of cheuysheu's and

.4nl-Glt inequalilies
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Pr.obl<:rn 4. Lct,..lB('be a lriarrgle ancl D lhe [ool, of the altitude lrorrr.'{.

l,r'1. /r'and ,[ bc on a lirre passitrg tlrrough D such l'hal' -'1tr is perpendicular to

BIi. .lF is perpendicular to c'F. and E ancl F are different lronr D. Let ;1[

;rnrl ,V be llre rniclpoiuts of t,he line segnrelits BC: and EF, respectively. Prove

llrat, .{N is perpendicular to N 1y'.

\'I A RIi In" (i S CH IIN{ E :

Let, P be su<:h ihat AD tl P is a rectangle. clhoose points o and R on the line

.{P srrclr that QBD,{ ancl .{DCl? are rect'angles. Points Q, B and D lie on the

r.irr.lo of dianretcr..lB. hence .IDEQ is acyilic quadrilateral. sinrilarly, R. c
irrrd D lie on the circle olcliarrreter.,lC, lrence ADFR is a cyclic quadrilateral'

1 poirtt for prortittg .lDEQ and/or ADF R ate ryclic

T[e t,rvo qrtaclrilaterals sltare a si{e, and l:ave tlte sarne support'irtg lines for

ol,her lwo sides. Since they are c1,clic, tl.re remainirlg two sides EQ and RF

rntrst. lte parallcl. Thus E. Q, R and 17 are verlices of a trapezoid.

I poittt fot Prot'ing EQ // RF

orr t.he other lrand. iu rectangle QBCR I./ is the midpoint ol Bc. and ilP
is parallel to QB,so P is the midpoint. of Qft. since N is the nridpoint of EF'

rve ol>t.aiu t.hat,, in t,rapezoid Q E F R, tf P is parallel Lo QE '

2 poirtts for Prouittg NP //QE

'I'his inrplics that, cluacirilateral .{DrVP is cyclic. having tlre sides parallel

I.o tlre sidcs o[ .+DI;i. ]lorcover, A lies ou l,he circle circullrscribed to t'liis

rlrrae.lrilal.eral. because the other three vertices of the rect,atrgle -'lDll P lie orl it'
IIcnce the quadrilat,erat .-t/1,{/.Y is cyclic.

J ltoirrts for protirtg .'lDli P and '4'D]lt;\ are t:uclic

(l<rtseclttt'ttll1', L.{,V,\/ - l80o - L.|Dll = 90o'

I ltoirtt for prot'irtg L.4 li,V = I8O" - 1"1pi1t =90o



r
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pr.oblenr 5. Deterrnine lhe largest o[ all inl,egers rr wit.h the propert'y that

rr is tlivisible by all positive irrtegeri l'hat are less thau /['

N.{.\RIi IN(i SCHE\'1 E:

Olrservatiot.t fronr Ihat lent(2'3'4'5,6' i) ='120 is rtivisible l;v ever-v itrteger

less r;an or erlual t.;': ,ffit and rhai, ton(2.:i.4.5.(i.7.8) = 840 is,ot'

.i*-liri. or'n = iffif nr,",r,oy iuess 420 is rlr. re<ltrirecl inlcgcr' 2 poinls for

lltt rorrar:l guess

l,r't rV lre llrc reqtrirctl iutcger attcl sttl;pose '1:7 12(]' Prrl / = [V'Y]' 1'lr"rr

.\' < /(/:t +:t/ +:t[l)

Sirrt'e 12 7, lctn.().3.4.t'6'7) = 420 slrorrld clivide '\: attd ltertce rV > 840'

rvhiclr implies I 2 9. But tlteu /crrr(2'3'4'ir'6'7'"\'9) - 252A should divide N'

wlriclr irnplies r 2 te =FEn\|
Pointsfort>13

observe that auy four consecutive integers are divisible by.8 and tlrat any

t,$,o out, of [orrr consecutive iutegers have ycrl eit,hcr 1.2. or ]l' so' rve have

/(/ - l)(1 - 2)(l - 3) clivides 6,\ and itt 1:art'it'rtlar'

t(/ - 1)(1- 2)(t - 3) < 0,v(2.)

2 poirtts for t(t - 1)(f - 2)(t - 3) < 6N

2.Fronr (l) aud (2) follorvs

I(t - l)(r -2)(/ -3) S (it(13+3'+:t) i. i* # t''

Since t ) 13.

lvhiclt is a cont,radiction'

+.i+'),4.t,

) potrtts for the conlradictiorr
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