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IIPEITIOBOP

IIpBoTO W3naHWe Ha 30WpKaTa ,3aladuy HO JUHEApPHA anrebpa“

u3ntese oA medar Bo 1972 romwHa 3a OOTpebMTe Ha IPEIMETOT
nTuHEeapHa aire6pa cO aHAJIMTUYHA PeoMeTpHja BO IPOCTOp 3a CTY-
neETHTe oX ENeKTpoTeXHMUKNOT 1 MaIIMHCKMOT $paKyITeT BO Cromje.
3a u3bopoT Ha 3amaunTe 6€a KOPUCTEHU COOIBETHI 36upKyU, ydeOHMIN
¥ CIMcaEwja; moBekeTo- OF HUB Ce HaBeleHW Ha KPajoT, BO CIHCOKOT
Ha KODHMCTeHa JuTeparypa. CTymeHETOT IITO ke ja KOpHCTH 30HpKaBa
MOMKe fa TM Hajle moTpeGHMTe Ne@MHUIMYN M TeOpeMH BO yuebBHIKOT
,Bmma maremaruxa“, k. I[I-IV, on B. Tpnerosckn, H. llenakocku u
I'. Uynoma. Cemak, 3a HOYIOOHO KOpHCTEHE Ha 36ipKaBa, HEKOU
OI HWB Ce IOBTOPYBaaT BO 3aJavuTe, Ha COONBETHO MECTO; 3apalu
moroneMa epUKACHOCT IPW HMBHOTO NPOHAOIambe, Ce NaBa CIUCOK Ha
nebUHEUpaHUTe MOUMMU, BO NeJoT ,llokasaTen Ha mouMmTe “.

MartepujaioT e pacnopeleE Bo 16 maparpadu (upu mTO WOCIEN-
HUOT e HacJoBeH co , Jonatok“). Cekoj maparpad ce COCTOM O TPH

Iella: pelleRHd 3aladM, 3aJaud 32 BekOame U JOMONHUTENHN 33131
Bo mpBMOT Ien ce HaBaaT pelleHK]a Ha HEKOW 3alavd, MO IPaBIIOo
KapaKTepUCTUYHK 3a COOIBETHATa Marepuja, T.e. ,THICKI 3amagm’.

OTkako ke ru n3paboTu THe 3amauu, 6u Tpedaso CTYACHTOT Ha MOMKe
CaMOCTOJHO Ma I'Ml pellaBa 3aJaduTe 32 BexOame, KOUWILTO ce cEabneEn
CO OITOBODY WM CO KPATKU ymaTcTBa. Ha KpajoT 0X cexoj maparpad
(ocBeH BO mOCIeNHUTE MBa) ¥Ma HONOJNHUTENHV 3a[a4d, U3IBOCHU OX
OpeTXOIHUTE CO TPU SBe3MMUKU. Tue IpeTcTaByBaaT, IO MPaBUo,
NOTONIEYBaFhe WU NPOlIMpyBambe Ha MaTePUjaloT, ia BO Taa CMUCT2
Ce TWOTEITKW oJ Apyrwre. HUmTaTeqoT MOMXe HUB Ia I'M M30CTaBW NPU
IIPBOTO UUTaBE.



Bo oBa (ueTBpTO) M3maHMe ce HalmpaBeHU HEKOJIKY M3MEHY BO OI-
HOC Ha IIPeTXONENTe. VIMEHO, IpeypeleH e NeNoT Ol pelleEuTe 33,0349
BO §6 (AHaIUTHYHA FeOMETpHja BO IPOCTOP ), MEIOCHO Ce IpepaboTerny
u npoupenn §14 (ConcTeRu BpeHOCTH U CONCTBERM BekTOpH) ¥ §16
(Jonarok), BHeCEH e Kako coceM Eos §15 (JImmeapmu, OuIMHeapHEU U
KBaZpaTHEM GOpMM), BMETHATH Ce HOBM 3aJa<d BO IOBeke maparpadu
1 OTCTPaHETH Ce BOOYeHHTe rpemku. IloBMKyBamaTa ce BOOOGHYAeHM,
O3HAKUTe Ce CTAHEAAPIHN (THe ce HaBeIeHW BO CIHCOKOT ,03HAKM“).

Kako m mopamo, 36mpkaBa MM e HaMeHeTa, mpex cé, Ha CTyHeH-
-TTe on MammEckmoT M ox EnexrpoTexmmuruor dakyirreT Bo Cxomje
3a U3ydyBame Ha COOJBETHKTE HACTABHM COLDYKUHU O IpeIMeTHTe
MaTeMaTHKa [ u MaTemaTnka III, a Moxe ma ja Kopucrat u CTYIeHTHUTE
oxn IIpuponEo-MaTeMaTUUKIOT GaKyITeT Ha IPYIUTe 3a MATEMATHKA U
MEGODPMATHEKA., ' -

Ha xpajoT, ja kopucTaM MOXHOCTA Ha OBa MECTO Ia UM n3pasaM
GraronapHOCT Ha pemeH3eHTHTe W Ha APYTM KOJNETH 3a KOPUCHUTE
CyrecTud IITO NPUIAOHECOa [a Ce HONOOPH PaKOmHCOT, a W Ha CHTe
IITO Ce 3aCIy¥.HU 33 OeQUEUTHMBHOTO OPOpMyBamke Ha KHUIaBa U He-
J3MHOTO M3JIeryBame: JIeKTOPOT —3a €KCOeIUTUBHOCTA, MajCTOPOT Ha
KOMIIjyTepcKaTa 06paGoTka — 33 HeCeGMYHOTO 3ajarambe BO €CTeTCKOTO
OGJIMKYBalke Ha TEKCTOT, KOPEKTOPOT —~3a YIOPHOCTa 1 oeqaHTHOCTA,
KaKO ¥ Ha M37aBadvoT —3a Pa3bupameTo Na ro NpudaTy PaKOmUCOT I
3 I'0 BKIY4YHM BO M3IaBAaUYKMOT IJIAH.

Cronje, HoemBpu 1995 ABTOpOT
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1.1.

1.2,

1.3.

1. MHOKECTBA

Pemenn 3anmaun

Ha ce yIIOTpOGaT MHO¥KECTBEHM O3HaKM 3a CJIeIHMBE WCKA3U:

a) a e eleMeHT OJ MHOXeCTBOTO A,

6) = He e emeMenT ox A,

B) A e momvEOXecTBO on B,

r) A e BUCTHHECKO IIOJMHOKECTBO OJI B,
) M me e momuEOMNecTBO o B,

f) A e Ipa3HO MHOXECTBO.

Pewenue. a)a€A. 6)z¢ A. 8) ACB. 1) ACB. X)) MZB. 1) A=0.

AKO cHTe eleMeHTM Ha MHOXecTBOTO A ce: a, z,Y,..., TOramr
nrmysame A = {a, z,y,...} W BeImMe IeKa A e HADMIIAHO BO
mabeaapra gopma.

Ia ce 3amume Bo TaberapHa $OopMa MHOKECTBOTO:

a) HETaTWBHM NeNH GPOEBM He TOMAJH OJ -5;

6) mprpomEN GPOEBM LITO Ce NeMUBU CO 3, a ce momanu ox 15;
B) ma¢pu ox 6pojor 204220;

') DapHA OPUPOIHEY GPOEBHU;

Zl) HEHETATUBEN KOPEHHU Ha paBenKkaTa sinz = 0.

Pewenue. a) {5, —4, -3 — 2, —1}. 8) {3, 6,9, 12}. B) {0, 2, 4}.

Ila 3abenesxmme nexa madpaTa 0 ce jaBysa ABallaTH, a 2 — TPUIOATH BO Aale-
HMOT 6poj, MeryToa cekoja O HMB ,BAeryBa® Bo JaZeHOTO MHOKECTBO CaMO

ensam. OcCBeH Toa, pacmOpeNOT Ha eJleMeHTWUTe He ¢ GMTeH. Taka, MHO-
xecTBaTa {2, 0, 4, 2,2, 0}, {2, 4,0} n {0, 2, 4} ru cMeTame 32 exHAKBM.
r) {2,4,6,8,...}. n) {0, 7,2, 3x,...}.

MHEOXeCTBOTO eleMeHTH T IITO MMaaT NaleHO cBojcTBO P ro os-
HagyBaMe Co:
{z|P(z)}

H BeJINMeE OeKa TOoa € 3alMiIaHO CO ONucHa 03HAXA.
Ha ce ynou:pe6n OMMCHa O3HAaKa 3a CleIHUBEe MHOMKECTBA:



1.4.

1.5.

1.6.

1.7.

a‘) A= {_27 _17 05 17 27 3}7

6)B={aaean707Y}a

B) C e MHOMXecCTBOTO O CHUTe NO3UTHMBHHM PalMOHAJHM NTpPaBHJIHU
JTDOIIKY.

Pewenue. a) A={z|z€Z, —2<z <3}.

'6) B ={z |z e camoranacka ox xupuiumaTa}.

B) C={Z|m,neN, m <a}.
Ia ce ,mpounTaaT“ clemHNBE U3Pa3u:

a)(t€ AUB)& (z € Aunu z € B),

6) (€ A\B)& (z€ Auz ¢B),

B) [(Va€ A)a€ B]= A C B,

r) [(Vac€ A)aeC,(3ceC)d Al = ACC.

Pewenue. a) EneMmeHTOT T U mpunara Ha yHMjaTa oJ MHOMecTBaTa A u B
aKO M CaMO aKO T My Ipunara Ha A Miav z My npunara Ha B.

6) ExneMeHTOT £ U1 mpynara Ha pasJMKaTa Ol MHOMXECTBOTO A CO MHOKeCTBO-
To B, ako 1 camo axo z My npumnara Ha A, Ho He My mpumara Ha B.

B) AKO CEKOj eJIeMEHT a OJ MHOXeCTBOTO A My HpHMIara M Ha MHOXeCTBOTO
B, Toram A e moaMHOMXecTBO ox B.

r) AKO CEKOj eJIeMeHT 01 MHOXeCTBOTO A My npHIara M Ha MHOXeCTBOTO C,
a IocToM eJieMeHT ¢ o C mTo He My Ipunara Ha A, Toram A e BUCTHHCKO
moaAMHOXkecTBO ox C.

Hamesn ce MHOXecCTBaTa:

A={1,2,3,a}, B=4{2,3,4}, C={1,3,5,c}.

Ila ce mpoBepu naiu:

a) AU(AN B) =A=Aﬂ(AUB);

6) (ANB)UC = (AUC)N (BUC).

Pewenue. a) Umame: AUB ={1,2,3,4,a}, AnNB=1{2,3}; AU(ANB) =
{1,2,3,a}=Au AN(AUB)={1, 2, 3, a}=A, na 3Haun, paBeHCTBaTa BaXXaT.

8) (ANB)UC = {2,3}U{1,3,5,¢} ={1,2,3,5,¢c}; (AuC)n(BuC) =
{1, 2,3,5,a,c}n{1, 2,3, 4,5, c}={1, 2, 3, 5, c}. 3raun, BaXXN paBeHCTBO.

Hanenu ce mEOxecTBata: A = {1,2}, B =4{2,3,4}, C ={4,5}.
Ila ce noraxe neka: (AU B)\C = AU (B\C).

Iaau oBa paBeHCTBO BaKé 3a KOM OmiIo MHOXKecTBa A, B, C7
Pewenue. Umame: AU B = {1, 2, 3, 4}, B\C = {2, 3}, na

(AUB)\C ={1, 2,3} = AU(B\C). Ho, paBeHcTBOTO He Baxky ako 3a A, B, C
ce 3eMaT MHOXeCTBaTa oJ 3ajadaTa 1.5.

Ilanerm ce MHOXeCTBaTa:

A={z|z€R, 1<z<4}, B={z|zeR, 3<z<5}

Ha ce HajmaT ¥ rpadUYKM na ce TpeTCTaBaT Ha OpojHATa OCKa
cleqHVBE MHO:KECTBA:

a) AUB; ©6) AnB; B) A\B; 1) B\4;



1.8.

1.9.

1.10.

1.11.

n) (AUB)\(ANnB); r)(AUB); e) A'NnB.
npu mro X' e kommremerror Ha X Bo R: X/ =R\ X.

Pewenue. Umame:

a) AUB={z|zeR, 1<z<5}=]1,3]
6) AnNB={z|zcR, 3<z<4}=(3 4]
B) A\B={z|z€R, 1<z<3}=]1,3]
r) B\A={z|zeR, 4<z<5}=(4,35]
a) (AuB\(AnB)={z|z€R, 1<2<3 nan 4<z<5}=[1,3]uU(4,s]

|
fyue) (AUB)Y ={z|z€R, —c0<z<1 mm5<z<+o0}=
= (=00, 1) U (5, +00) = A’ N B

0 1 5 0 3 4
. AUB o nB

0 1 3 4_5 0 1 3 4 _5
A\B B\A (A4uB\(4nB)

0 ﬁ—'(AUB)=A’nB’-h

HaneHo e MEOX)ecTBOTO A = {a, {¢}}. Ila ce Hajne:
a) P(A); ©6) AUP(A).

Pewenue. a) P(A) = {9, {a}, {{c}}, {a, {c}}}-

6) AU P(A) = {a, {c}, 0, {a}, {{c}}, {e, {c}}}. ,

Ha szaGemexmme gexa a u {a} ce pasnUYHM eJeMEHTM OI MHOMXECTBOTO
AUP(4). '

Ia ce mokaxke meka: ACC, BCC=AUBCC,
3a Kou Omio MEOXecTBa A, B, C.

Pewenue. Hexa A u B ce moaMHOMXeCTBa 01 MHOKeCTBOTO C ¥ HEKa T e KOj
6uno enement on MHOXKecTBOTO AU B. On medpmumIMjaTa 3a yHMja Ha IABe
MHOXKeCTBa cJjJelyBa OeKa T My Ipumnara 6apeM Ha eJHOTO 01 MHOXeCTBATa
A, B, a bunejin A C Cu B C C, caenysa feka r My npunara ma C. Croopen
TOa, KOj GUZIO eJleMeHT o1 MHOXKecTBOTO AUB e exeMeHT u Ha C, a Toa 3HAUM
nexka AU B C C.

Hexa A u B ce momMHOXecTBa oI HeKoe MHOMecTBo M. Jla ce
nmoxaxxe neka A\B = AN B’, xane mwro B’ e xomMmmemenToT Ha B
BO M.

Pewenue. Hexa z € A\B; Toa 3Haum gexa ¢ € AU ¢ B, Te. 2 € Am
z € B, na £ € AN B’. Cnopen Toa:

A\BC AnB'. 1)
O6paTHo, Heka y € AN B’'; Toa 3Haun neka Yy € AMy € B, Te. y€An
y & B, ma y € A\B. Cnopexn Toa:

ANB' C A\B. (2)
Ox (1) i (2) cnexyBa paBEeHCTEO.

Hexa e A momMuoxecTBO o B, a B e HOIMHOXeCTBO OX HEKOe
MEOKecTBO M. Ila ce ympocTaT mpuwBeZeHNTe U3pa3W K Ia ce
HaOpTaaT COONBETHUTE BEHOBU OWjarpaMH. ’



1.12.

1.13.

1.14.

a) ANB'; 6) (AN B")U(A'N B), kane mro X' = M\X (re. X' e
KoMIteMeETOT Ha X Bo M).

Pewenue. a) Bunejiu A C B, Toram koj 6ui0 eeMeHT o A e eJleMeHT ¥ OX
B, a 6unejéu HmeneH eixeMeHT on B He My mpumara Ha B’, caenysa nmexa A
u B’ ce mucjyrkTan, T.e. AN B’ = 0. CoonBeTHNOT BEHOB AMjarpaM € JaleH
Ha OpT. 1.

6) Cropen a), umame AN B’ = @, a cnopex 1.10, umame A'NB = B\ A. 3paun:

(AnB)u(A'nB)=B\A.

BI
18 %
M M

IIpt. 1 IpT. 2

Ia ce noxaxe neka: AN(B\C)=(ANnB)\(ANnC).
IIpuroa, A, B 1 C ce moIMHOKeCTBa Ha HEKOe MHOXKeCTBO M.

—B\A

Pewenue. Kopucrejéu ja 1.10 u aconmMjaTUBHOCTa Ha (), MMaMe:
AN(B\C)=ANn(BNC')=(ANnB)nC'=(AnB)\C.
Kopucrejin ja mak 3agauvaTta 1.10, a moToa paBeHCTBaTa
(AnB) =A'"UB', AnA'=0 (smou u 1.30, 1.31, 1.28), umame
(ANBN\ANC)=(ANB)N(ANCY =(AnB)n(A'uC’)=
=(ANBnAYUANBNC)Y=(AnB)nC'=(AnB)\C.
Co Toa TOUHOCTa Ha OaNeHOTO PaBEHCTBO € JOKaXKaHa.

Ha ce ympoctu m3pasor [(A'UB) U(AUB')].
(Ilputoa, A m B ce NOIMHOKeCTBa OI HEKOe MHOMXKeCTBO M.)

Peuwenue. Kopucrejém rm pasenctsara (X UY) = X'nY’ un (X') = X,
Jobusame:
[(A’uB)YU(AUB)) =[(A'UB)IN(AUB'Y =

=(A'UB)N(A'nB)=A'"nB=B\A.
(IIpuroa ce xopucTenm u 1.10, 1.37.)

ITa ce pmokawke meka: A e MOIMHOMKeCTBO oI B aKo ¥ caMO aKoO 3a
cexoe MHO¥kecTBO (' € TOYHO paBEHCTBOTO:

(BNC)UA=BN(CUA). (1)

Pewenue. Heka A C B u C e xoe 6miro MHOXkecTBO. lIpuMenyBaju ro Ha
JeBaTa cTpaHa oX (1) AMCTPpMOYTUBHMOT 3aKOH Ha YHMjaTa CIPEMa IIPeCceKoT
(smmm 1.27), a noToa pasencTBoTo AU B = B (8nam 1.37), nobusame:
(BNCY)UA=(BUA)N(CU A)=Bn(CUA4),
T.e. TOuHO € paBeHcTBOTO (1).
O6paTHo, Heka Baxw (1) 3a koe 6uio Muoxectso C. Toram, cTaBajku Bo (1)
B ma MecToTo on C, ro no6uBaMe paBeHCTBOTO:
(BNBY)UA=Bn(BUA),
na 6uaejiu BN B =B u BN (BUA)=B, ro notusame papeHCcTBOTO:
BUA=2B,
Koe mak osHauyBa gexa A C B (Buaw m 1.37).



1.15.

1.16.

1.17.

1.18.

5

Hexka maposure (z — 2,y -2) u (3+y, 1 — z) ce emmaxBu. Ila ce
HajmaT z # y.

Pewenue. Cnopex RedMHMIMjaTa 32 edNAXEOC Na nApoey:
(=1, 1) = (22, ¥2)] & (21 = 22, 1 = 12),
mobuBame: £ —2=3+4+y, y—2=1-—1z, Te.
T—y=95 =z4+y=3,
O Kajge MITO £ =4, y = —1.

DlaneBo e MeoxectBoTo A = {a, ¢, e}. Ia ce Hajxe MHOMXeCTBOTO:

a) AXA (AX A ce osEauyBa u co A?),
6) A = {(z, )|z € A} (xoe ce Buka dujazonasa Ha A?),
B) (A x 4)N A.

Peutenue. a) 4 x A _NpeTCcTaByBa MHOXECTBOTO O CUTe MOAPeNeHY MapoBH
(fopMUpaHU OX e/leMeHTHTe Ha MHOMXKECTBOTO A, MITO 3HAUM:

A? = {(a, a), (a, c), (a, €), (¢, a), (¢, ), (e, e), (e, a), (e, c), (e, e)}.
6) Injaronantata wa A? ro conpxu CeKoj eseMeHT o A? umm KoMIIOHeHTH ce
€ IHaKBM, MTa 3HaYHM: :

A = {(a, a), (¢, ¢), (e, €)}.
B) Koj 6mso eremenTr o A X A e MOApeIeH Map, Na € pa3JIMJeH oX Koj 6uo
eseMeHT og A. Cropen Toa (AX A)NA =49 '

Nanemn ce mEONecTBaTa: A ={1,2}, B={2,3}, C={3,4}.
ITa ce majne:
a) AXx(BUC), 6)(AxB)U(AxC).
Pewenue. a) Nmame: BUC = {2, 3, 4}, na
Ax(BUC)={(1,2), (1,3), (1, 4), (2, 2), (2 3),(2, 9)}.

6) Ax B ={(12), (1 3), (2 2), (2 3)}, 4xC = {(1, 3), (1, 4), (2, 3), (2,4)},
IIa

(AxB)U(AxC)={(1,2), (1,3), (1, 4), (2, 2), (2, 3), (2, 9)}.

3uaun, MHoxecTBaTa IO a) M Mox 6) ce eqHakByM (42 ce BUAM M 1.59).

Ila ce mokaxe neka AXB=BX A< A= B.

(Coopex T0a, IMPEKTHHOT IPOM3BOX Ha MHOMECTBa He € KOMYTa-
THBeH. )

Pewenue. Axo A = B, ToramAxB=A>§A=BxA.

O6paTno, Heka A X B = B x. A. Toram, xoj 6uio noxpenen map (z, y),
z € A, y € B e eHaKOB CO HEKOj HOApEeJeH Hap (b,a), b€ B, a € A, ma ox
AebVHUIMjaTa 32 eQHAKBOCT Ha MOJDENEHM IAPOBM MMaMe T = b u ¥y = a.
Toa 3HauM XeKa KOj BUIIO esleMeHT oX A e eAHAKOR CO HeKoj eJleMeHT o4 B u
obpaTHO, T.e. A= B.



1.19.

1.20.

1.21.

1.22.

1.23.

1.24.
1.25.
1.26.

1.27.

1.28.

3anmaum 3a Bexbame

Ia ce sanume Bo TabelapHa fopMa CeKoe Ol ClIeMHUBE MHOKEC-
TBa: .
a) MHOXecTBOTO NPUPOIHN GPOEBH IMTO HE CE IMOTOJeMH OX 4,
6) MHOXeCTBOTO (IO3MTHUBHM) IeJXTeld Ha 12, ’
B) MHOXXECTBOTO KOPEHH Ha DaBEHKATa z24+3z+2=0,

I') MEHOeCTBOTO 3aeJHUYIKM (nosuTWBEM) JenuTend Ha 6 u 15,

Il) MHOKeCTBOTO HeTaTUBHUW GpOeBM IOTOJEMU OX 1,

t) {z |z e 6yksa BO 360pOT ,MaTeMaTHKA” },

e) {z |z e cumBox Bo M3pa3oT 3a + ¢ —a = 2a+ c}.

Ila ce sanuine BO omHMcHa $pOpMa CeKoe OI CleJHIBE MHOXeCTBa:
a) MHOMXeCTBOTO KBaJpPaTW O OPUPOAHM 6GpoeBM IITO HE Ce IIOro-
gemu ox 100,

6) MHOXEeCTBOTO KODeHM Ha PaBeHKaTa sinz =1,

Bg MHOeCTBOTO 3a€IHUYKN KODeHU Ha PaBEHKUTe

z°—4=0u 3z =09,

I') MHOKECTBOTO KOPEH! Ha pPaBeHKNTe z2-4=0, 3z=9,

1) MEOMXeCTBOTO HapHM IPUPORHHM GPOEBH.

Jla ce mammmwaT GapeM IeBeT Pa3IMYHM HOMMHOMXKEeCTBa O MHO-
xectBoro A = {1, 2, 3, 4}.

JNlageno e moxectBoto: A = {1, {2, 3}, 4}. Ila ce Hajze

a) P(A); 6) AUP (A); B) AXA; r) mjaroranara Ha A®.
Ila ce Hajme OMHOCOT Mely MHOXKeCTBATA! N,Z, Q,R,Q ,R", R,
Kage MTO @~ € MHOXeCTBOTO HeTaTWBHW PalUOHAIHN GpOeBH, Rt
e MHOKEeCTBOTO HO3WTWBHU peatHu G6poeBH, a R* e MHOXeCTBOTO
peanEn 6pOeBH Pa3IMYEM Of HyNaTa.

Tla ce moOKayke JeKa 3a Kou Gumiao muOMecTBa A, B, C, TouEHM ce
paBeHcTBaTa 1.24 — 1.28.

a) AUA=A;6) AN A=A (saxonu 3a UdeMNOMERMHOCTT).
a) AUB=BUA; 6)AnB=BnA (KOMYMATMUBHY 3aKONL).
a) AU(BUC) = (AUB)UC; ©) An(BnC)=(AnB)nC

(acoyujamueny 3aK0Nu).

AU(BNC) = (AUB)N(AUC) (dJucmpubymueen 3axoH Ha yHujama
Cnpema npecexom).

AN(BUC) = (ANB)U(ANC) (ducmpubymueen 3ax0H Ha NPECEKOMN
cnpema ynujama).



1.29.

1.30.

1.31.
1.32.

1.33.

1.34.

1.35.

1.36.
1.37.

1.38.

1.39.
1.40.

Axo A m B ce momMEOMXeCTBa O HEKOe MHOXecTBO M, Toram ce
TOYHW paBeHCTBaTa 1.29 — 1.31.

a) AUD=A;6) AUM =M;8) An0=0;1) ANM = A (saxonu
3a udenmuyunocm).

a) AUA'=M; 6) AnA'=0; B)A"=(4") = 4
r) M'=0; x)0' =M (savonu 3a xomnaemenm).

a) (AUB)' = A'nB’'; 6) (ANB)' = A'UB’ (lle Mopzanoeu meopemu).

Ila ru o3maumMe co A, B, C' MBEOXecTBaTa KODEHU Ha pPaBEHKUTE
sinz =0, cos— =1, tg—=1

coomserHo. OTKako ke ce Hammmat A, B, C Bo omucHa u Tabelap-

Ha ¢opMma, Ha ce Hajme: a) ANB; 6) BNC; B) CN B,.

Lanenn ce MEoxectBara A ={1,2,3}, B ={4,5,6},
C=1{4,5,6,7,...}, E={1,3,5,...} la ce majmar:

a) A, B', C'", E' BoN. 6) A" =(A"Y BoN.

B) BBNnC'n (BUC). r) E'nC'. o) (AnB)\E'.

llanenw ce clenEMBe MHTEPBAIU O PealBM OGpPOEBU:

A=(-1,1], B=[0,4x), C=(-o00,-1).

ITa ce majnme:

a) (A\B)U(B\A); ©6)(AUB); =) AN(BUC); r)(AnB)'nC'.
llobuernTe MHOXeCTBa Ha ce IpPETCTaBaT M Ha GPOjHATA OCKa.

Ilanmenu, ce clenHMBe MHOMXECTBA TOYKU O paMHEUWHEaTa M:

A={(z,y)|z, y €R, y* <2z}, B={(z,y)|z,y€R, 22 +y? =9},
C={(z,9)|z,y €R,z?—y*> > 9}, E={(z, y)|z,y €R, 22 —y* < 0}.
Ila ce mpercraBaT rpaduykM OBUe MHOXECTBA, a IOTOA ¥ MHOMK-

ecTBaTa:
a) ANB; 6)BNnC; B)(AUB\A; 1)ANE; 1) BNE,
opu mro B’ u E' ce kommremerntute Ha B 1 E Bo M.

Ila ce norkaxe neka A CB,ACC=ACBNC.

lIa ce MOoKaXKe IIeKa MCKa3uTe
() ACB; (i) AUB=B; (ii)AnNB=4A
Ceé €EKBUBAJI€HTHI.

Herxa A u B ce momMmoskecTBa o1 Hekoe muoxkecTtso M. Jla ce
nokaxke nexka A C B axo um camo axko B’ C A'.

Ila ce morawe neka AUB=ANB&< A=2H.
Ila ce nokaxe neka (AUB)NB' =A& ANB=0.



1.41.
1.42.
1.43.
1.44.

1.45.
1.46.
1.47.
1.48.

1.49.
1.50.
1.51.
1.52.
1.53.
1.54.
1.55.

1.56.

1.57.

1.58.

Bo 3amaumre 1.41 — 1.47, A, B u C ce NOIMHOXeCTBa OX HEKOe
MHO)ecTBO M. Ila ce HampTa COOIBETHHOT @enoe dujazpam ¥ Ia
ce YOpOCTH HaJeHWOT M3pas3.

(AnB)U(ANnB").

[(A'nB) u(Au B"].

(4\B) U [(A\B)\B].

(AN B)U (A\B) U (B\A).

Bo 3amaumre 1.45 — 1.47, A e momyHEOXecTBO on B.
(A'UB)n A.

(AUuB)YU(BNC)U(CN A).

[((AnB")Yn(A'u B)]'.

Hamu AU(B\C)=(AUB)\(AUC)?

Bo samaumre 1.49 — 1.54, A, B u C ce IOIMHOXECTBa O HEKOE
MHOeCTBO M. Ila ce yTBpIM OOHOCOT Mel'y Ha3HAUEHUTE MHO-
KeCTBa.

(AUB)\C = (ANC"U(BNC).
A\(A\4) = (A\A)\A.

A\(B\C) u (A\B)U(An<Q).

A\(B\C) u A\(BnC).

A\(BUC) m A\(BNC).
(AUB)N(A'UC)N(C'UB) m (AUB)NC"

Ila ce mokaxke meka

a) A\(B\C) = (A\B)U(A\C"); 6) A\(BUC) = (4\B)n (4\0).

Ilonpenenure Tpojkn (z—1,4,y+2)u (2,z+ 2,3) ce exmaxsu.
Ila ce Hajmat z, y, 2

Hexa A ={1, 2,a}, B =1{2,3}, C = {3,4}. Ila ce Hajmat:

a) Ax BxC; 6) B3 B)A? r)mjaroranara Ha AZ.
Iagenu ce ciieqHEMBE MHTEPBAIM OX PealHU GPOEBU:

A=[1,3], B=[1,2], C=(4,6], E=(2,+0c).
Ia ce Hajne (co oceHUyBame Ha COOABETHNOT Je] OJ PaMHWHATA):



1.59.

1.60.

1.61.

1.62.
1.63.
1.64.
1.65.
1.66.

1.67.

1.68.

1.69.

1.70.

1.71.

a) AxA= A% 6)(AxB)U(CxB)=(AUC)xB; s)BxE;
r) ExB; 1) ExE; ) mjaroranrata A ma A2.

Ila ce moxaske meka 3a Kou 6uio MHEOXecTBa A, B, C Bamu:
a) AX(BUC) = (AXB)U(AXC). 6) AX(BNC) = (AxB)N(AxC).
Ia ce noxaxe: (AXBCBxA)s (A=B).
* ok ok
Ila ce mokaxe mexa
a)onx AUC =BUC &ge crenysa A= B;

6) on ANC =BNC me cieaysa A = B;
B)on AUC=BUC u ANC=BNC crenysa A = B.

Ila ce mokaxe neka 3a Kom 6miro MEOxkectBa A, B, C ce Tounu
pPaBeHCcTBaTa 1.62 — 1.65.

(AU B)\(AN B) = (A\B) U (B\A).
(A\B)\C = (A\C)\(B\C).

AUB = (A\B)U(B\A)U (AN B).

AUBUC = (A\B)U(B\C)U(C\A)U(ANBNC).

lIa.JIPI € TOYHO pPaBE€HCTBOTO:

a) A\(BUC) = (A\B)U(A\C); 6) (A\B)UC = (AU C)\B?

AKo He e TOYHO, KaKOB e OHOCOT Mel'y MEOXecTBOTO L o neBaTa
CTpPaHa ¥ Ha MHOXecTBoTO D oxm mecmara crpana?

Ila ce mokaxe nexa

a) (AUB)N(BUC)N(CUA)D ANBNC;

6) (A'NB)U(ANB'YC AUB.

IIputoa, A u B Bo 6) ce IOAMHOXKeCTBa 01 HEKOe MHOXKeCTBO M.

Hunmuamnap C co pamuyc ¢ u BucuEa H, ma ce DpeTCTaBH KaKo
IVpeKTeH IPOM3BOM Ha ABE MHOXKECTBA.

Tenoro T mro e mapeuero mopyc (1n4un Ha feBpek) na ce MPHKaKe
KaKo IUpPeKTeH MIPOM3BOL Ha IBE MHOKECTBA.

3a mpousBoitHu MHEO¥KecTBa A, B, C Baxku:
Ax (B\C)=(Ax B)\(AxO).
Hoxaxu!

Ila ce mokaxe meka A CB,CCD=AxCCBxD.
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1.72.

IIpu mamemm muOMecTBa A, B, Ke dopMmpaMe HOBO MHOMKECTBO
AAB Ha cIemEVOB HAYUWH:

AAB = (A\B) U (B\ AlapedeHo cumempuina paziuxa Ha MHOXeCTBaTa A, B,

1.73.

1.74.
1.75.
1.76.

1.77.

1.78.

1.79.
1.80.

1.81.

1.82.

a) Ia ce HampTa BeHOB IujarpaM sa AADB.
6) Ha ce majoe AAB 3a A={1,2,3,4} u B=1{2, 3, 5}.

Ilaneru ce MHOMKecCTBaTa;:
A=1{1,2,3,4}, B={1,3,57} u C={24,6}.
Ila ce mokake Imeka:

a) (AAB)AC = AA(BAC)  (Bumm u 1.80);

6) (AU B)AC C (AAC)U (BAC).
3a koe 6miao MHONKecTBO A Bawu ANA = 0.
Ila ce mokaxe mera: AAB = A axo u camo ako B = 0.

CMeTajkn rm A m B 3a moaMHOXKeCTBa Ha HeKoe MEHOXKecTBo M, na
ce moxaxe meka: AAB=(ANB)U(BNA)=(AUB)\(ANB).

Hekxa A m B ce moaMHO¥KeCTBa OI HeKoe MHoxecrBo M. Ila ce

JOKaXKe IOeKa
(AnBYU(A'NB)=AUB]| & [ANB=10].

Ila ce mokaxke Imeka:
a) AAB=C & B=AAC; ©6)A=B& AAB=0.

Ila ce mokaxe neka AN (BAC)=(ANB)A(ANC).

Ila ce HoKaxe IeKa 3a CHMETPUYHATA Pa3jMKa BaXU acoluja-
TUBHWOT 3aKOH, T.€. :

AA(BAC) = (AAB)AC.

Bo M = {a, b, ¢} ce onpeneneru penanuure «, (3, ¥ CO:
a={(a,b),(b,a)}, B= {(a, 6), (6, ¢), (a, c)}

7 ={(a, a), (a, 6), (6, 6), (5, a), (¢, o)}

Ila ce MCOMTaaT CBOjCTBaTa Ha CeKoja ol HUB (pedIeKCMBHOCT,
CHMeTPHYHOCT, TPAH3UTUBHOCT ¥ aHTHCUMETPUIHOCT).

Bo N e mepurvpaHa pelanyja « Ea CIeIHNOB HAYWH:

a) zay < ¢+ y e naper 6poj;

6) zay < |z —y| =3k 3a mero] k €Np; :
B)zay o z-y=k® 3amexoj kEN; r)zaye|z—y| <3

I) Zay< T Wy ce NEJNOCHH KBAaIpaTH; f)zTay < z|y.

Ianu o e ekBUBaJeHETHOCT? Bo MOTBpIEH cirydaj: KOH Ce KIacHuTe
Ol eKBUBAJEHTHN €JIEeMEHTH !



2.1.

2.2.
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2. IIPECJIMKY BAIbA

Pemenu zanaum

Axo A m B ce Hempa3sHUM MHOMECTBa, a f IPOOHC COOpPeX KOj Ha
CEKOj elleMeHT T € A My ce IPUAPY#yBa IO eleH (¥ CaMo IO elleH)
eleMeHT y € B, Toram BelmMe JeKa e OIpelelleHO NPECAUKYBaGHE
f on A Bo B n mmmyBame y = f(z).

Ila ce samunie ropHaTa JedUHUNN]a 33 IPeCINKyBambe yIoTpedy-
BajKkH ' O3HAKWTe O 3amadara 1.4.

Pewenue. (Vo€ A)3!ye€B) f(z)=y.

Boo6uuaeno e npeciaukyBameTo f on A Bo B na ce osHauyBa co f: A — B uim
camo co f. IIpuroa, 3a A BeamMme Aeka e defunuyuona obaacm (Mau domen),
3a B —~ yea, a 3a npomucoT f — dejcmeo Ha IpecauKyBameTo. Ako Ha £ ox A

MYy e NpUAPYKEeH eJeMeHTOT § o4 B, 3a y Ke BeauMe JeKa € caukd Ha T, a 3a
Z Ke BeJINMe lIeKa € OpuzuNaa Ha ¥.

Ila ce yTBpIM Halul MPHUIOXKEHUTe IUjarpaMmu HepUHHpaaT Opec-

IMKyBama oX MHOXkecTBoro A = {a,c,e} BO MHOXECTBOTO
B={1,2,3,4).
. ' ers
.1 o.2.

]
Sl=

3. o4
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2.4.

2.5.

2.6.

Pewenue. Co .2 m co N1.3 ce ReduHMpaHM mpeciaukyBama. Co I[.1 He e
AedHMHMPAHO NPECHMKYBakhe, 3allTO Ha eJeMEHTOT ¢ on A He MYy oAroeapa
EHeneH eneMeHT on B. M co I.4 He e neduHMpaHo NpecaMKyBalhe, 3aIITO Ha
€JIEMEHTOT € MY Ce NPUAPY*KeHU ABa enemeHTa (1 u 4) ox B.

Ila ce majnat cure pasmuumm mpeciukyBaba on A = {a, c, e} Bo
B = {0, 1} u 3a cexoe ox EMB na ce HampTa AMjarpam.

Pewenue. Ha CeKOj eJleMeHT o A ke My mpuapy:xuMe 0 Ui 1, HO He mBaTa
nctoepeMeHo. IIpecamkyBambaTa Ke rM mpMKaykeMe caMo Co AujarpaMu.

A £ 5
o\ | 1

s £

0 (9 &

Heka A = {-2,-1,0,1,2} u f: A — R e mpecaukysame neduHU-
paBo co popmyrnara: a) f(z)=22-1;6) f(z)=|z|+1.

[a ce Hajme MEO%ecTBOTO V Ha BpemEocTHTe (T.e. oncezom) Ha f.
Pewenue. Bunejtn f(-2) = f(2) =3, f(-1)=f(1)=0, f(0)=—1,

omceror Ha f e V = {3, 0, —1}.
6) Umame: f(—-2)= f(2)=3, f(-1)=f(1)=2, f(0)=1,ma V = {3, 2, 1}.

I'I ~ [

Axo M e mEOMecTBO M A C M, Toram cekoe IpeciIuKyBame
f:A — M ce Bura gynxyuja ma M, a cexoe IpeCIUKyBamke
9:M — M ce Buka mpanchopmayuja 5a M.

Ia ce mposepu nmanam e TpancpopMmanuja Ha R:

a) fle)=lgz; b)) f(z)=ii5; B) f(z)= iz

Pewenue. a) Bunejiu f e npecanxysame ox Rt Bo R, 10a e ¢yHKOM]a,
HO He e TpaHCcopMmammja ma R. 6) Y Bo oBoj cnyuaj f e ¢yHKNMja, HO He e
Tpancdopmanuja Ha R zamro peanmmor 6poj 1 Hema canuKka co f.

B) Ao z e peaien 6poj, roram u 1/(1 + z2) e peaneH 6poj, T.e. f e
npecaukypame of R Bo I'J*; sHaun, f e Tpancdopmaumja Ha K.

Axo f: M — M e TpanchopMmamuja Ha M, npu mro M mMa KOHedeH
6poj ereMeHTH, TOrall € 3TOJHO, 3apal¥ IPerie HoCT, TPaRCcHOop-
ManujaTa f Oda ce IPeTCTAaBH CO IleMa Ha KOja BeIHAIl ce IIefaaT
JOMEHOT, OLCErOT M mpommcoT. TpanchopManuure

HLgM—->M, M={1,2 34,56, 7}, tebuaupasr co:

a) fil—3, 24, 3—2, 41, 52, 61, T—2;

~



2.7.

2.8.

2.9.
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6) g(z) =z 3a cexoj z on M,

Ja ce IpeTcTaBaT CO IIeMa.

Pewenue. Tpancpopmanujata f Moxke Ka ce IpeTCTaBHM €O IIeMa, COCTaBeHa
Ol ABe peAVI{: BO NpBaTa Ce MCOMIIYBAaaT CUTE €JeMeHTH oh M, a nol HVB,

BO BTOpaTa peaAuna, ce CTaBaaT COOABETHMTE CIAMKH,; Taka, 3a HalneHaTa
TpaHCchopMaIja MMaMe:

a)f=(1234567> 6)g=(1234567)
3 4 2 1 2 1 2)° 1 2 3 4 5 6 7)°
IIpecaukyBameTo g ce BUKa udenmuyuna mpancfopmayuja Ha M U ce o3HauyBa,
o6uuHo, co 1jy.

Ha ce IIpOBeDHU JaJill ce €qHAKBU ClIeJHNBE IIpECINKYyBama.:
a) ffA— P; g¢:B— P, kazue mTo e:
A MHOXeCTBOTO IapHM melu GpoeBw,
B MHOXeCTBOTO HemapHM Iedu GpoeBH,
P MHOXeCTBOTO HeHeraTUBHU nean 6p0€BPI,

f@) =1z, g(e)=a| - 1.
6) f,gR—R; f(z)=cos’z+sin’z, g(z)=1.
Pewenue. 3a ape npecamkyBama f:A — B, ¢:C — E BeamMme mexa ce
ednaxeu u mmmyBaMe f =g, aKo Cé MCHOJHETH CJeAHUBe YCIOBM:
(1) A=C (momesor, T.e. eduHNIMOHATa OBNACT MM € UCTa),
(2) B=FE (r.e. nenaTa UM e ucra),
(3) f(z) = g(z) 3a cekoj z € A.
a) Ycaosot (1) He e ucnoaHeT, na [ # g.

6) Cute ycaosu (1), (2), (3) ce ucnmonmeru, na f=g.

Ila ce mpoBepH aaul e CypjeKOUja CIeIHOBO IPeCIMKyBambe:
a) f:A—- B, A=1{1,2,3,4,5} =B, nebpurupaHo co:
f)=3, f(2)=1, f(3)=4, f4)=5, [f(5)=4.
6) frZ >N, f(z)=|z|+1.
Pewenue. 3a npecauryramero f:A — B BenmMe neka e cypjexyuja on A
Ha B ako: =
(Vy € B)Az € A)y = f(z).

a) Bunejiéu 3a eneMeHTOT 2 € B He mOCTOM eJleMeHT T o1 A, TaKOB IITO
f(z) = 2, npecankyBameTo He e cypjexnuja.

6) Hexa 7 e koj 6mao enement ox N. Toram, z — 1 e men 6poj u
fle—=1N)=jz—-1|+1=z-14+1=gz,
T.e. T — 1 e OpUrMHAJ 32 £. 3HauM, f € cypjeKmmja.

Hexa s e ¢mkcer mpuponesn 6poj. 3a Koj 6uno mex 6poj z, mOCTO-
jaT emqHO3HAYHO oOpeneNeHM IeJU GPOEBH ¢ ¥ T, HAPEYEHN KOAUN-
HUK U ocmamox, COOOBETHO, TaKa HITO:

z=¢gs+r, 0<r<s, mTe re{0,1,...,s—1}=1Z,.
Heka f:Z— 7, e nepmampano co:
Vze=qs+7r) f(z)=r.
Ila ce mokake neka: a) f e cypjekmmja; 6) f(zy) = f(f(z) f(v))-
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2.10.

2.11.

Peuwernue. a) Bunejku cexoj eneMenT on MHoxkecTBoTo {0, 1,...,8~1} uma
cBoj opuruHas (Ha nprmep, 0,1,...,8— 1 ce opuruHaam Ha 0, 1,...,5 — 1,
COOIBETHO), HIPECIUKYBAETO € CypjeKumja.
6) Hexka z=q18s+ 71, ¥ = gps+ r2. Toram

zy=(qrq28+r1q2+12q1)5+ 11 720
ma, cTaBajkM 71 r2 = ¢3 $ + r3, Ho6MBaMe:

flzy) =rs = f(rr2) = £ ({(2) - £(¥)).

Ila ce npoBepm manu e 1) uejeknuja; 2) 6UeKknuja CIEeTHOBO Ipec-
JIVKyBame:

a) f:A—- B, A=1{1,2,3,4} = B, nepurupano co
f=2, f(2)=38, f3)=2, f(4)=4.

6) fN—-Q, f(z)=1f5-

2|z|+1 332 <0

1 3a z=0

2z 3a z>0

Pewenue. 3a npecaurysamero f: A — B BeJlMMe Neka e unjexyuja ako:

z1, T2 € A, 71 # 2 = f(21) # f(z2), Te.
f(z1) = f(z2) = 51 = 22.
AKo mpecimKyBameTo f e M HMHjeKIMja, ¥ CypjekuMja, Toram 3a f BeJHnMe
JIeKa e buexyuja.
a) Buaejiu f(1) =2 = f(3), a 1 # 3, f He e uUHjeknMja.
6) Axko f(z) = f(y), Toram mmame:
= l—héz+zy=y+zy=>x=y.

B) f:Z — N, f(z) =

—Z_
14z
LITO 3HAUM HeKa f e uHjeknuja. Buaejku, Ha npuMep, 0 He € CIUKa Ha HUEOCH
enemeHT ox N, f He e cypjexnuja, ma sHauM He e HM BUeKIMja.
B) Ox RedpMHMIMjaTa Ha NpeCcAMKyBameTo f raefame AeKa HeMaTHUBHHTE [eIH
GpoeBM U HyJNaTa ce IPeCIMKyBaaT BO HeNlapHWTEe NPUPOAHU OpoeBH, a MHo-
3UTMBHMTe IeJH GpPOeBM Ce IPecIMKyBaaT BO HapHUTEe NPUPOIHM GpoeBu.
3HauM, ceKoj IpupOAeH 6poj e CANKa Ha HeKoj el 6poj Ipu MpeCIUKyBaEbeTO
f, ma f e cypjexunja. McTo Taka e jacHO Jieka kKou 6uio mBa pasanyuny 6poja
MMaaT pa3JINYHM CIVEM, T.e. [ e MHjeKInja.
Cnopen Toa, f e OMeklHja.

Heka A, B, C ce menpasau MHOxectBa u f:A — B, g:B — C ce
npeciankyBama. lla ce MOKaxke JeKa DPONMKCOT

(Va € 4) h(z) = g(/(=))
nedmaMpa mpeciankyBame ox A Bo C.
3a mpecamKyBameTO h BelumMe neka e cocmaé (MIM KOMTO3uyuja)
Ha f ¥ g; mumyBame: h = ¢ f. 3HaumM

(Vz € 4) (9)(=) = g(f(=))-

Pewenue. Hera z e npomsBoJeH efemenT ol A. Bunejin f e NnpeclMKyBalbe,
f(z) e emRO3HaUHO onpeXelieH eJeMeHT ol B, a Ounejiu U g e IpecanKyBakbe,

g(f(z)) e, MCTO TaKa, eJHO3HAUHO olipeleJeH eseMeHT on C. Cmopen Toa:

(Vz € A3y €C) ¢(f(2)) =v,
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IMTO 3HaYM JNeKa h e mpeciukyBame on A so C.
Toa Moke na ce MPeTCTaBU HArJIETHO CO CJESHHMOB AMjarpaM:

O— @
™~
(©

2.12. lIa,/:[eHn ce MHONkecTBaTa A = {a,e,0} B = {1,2,3,4},
= {c; k, s} u npecankyBamara f:A — B, ¢g:B — C, JIed)nHI/I-
paHM Ha CJIeJHVOB HaUWH:
fia—2, e—4, 0—3; gil—e, 2+—c¢, 3=k, 4+ c.
Ila ce Hajae cocTaBOT h Ha OBMe IpPECIUKYBamkba U a Ce IPEeTCTABH
HarJIemHO, CO IPTeX.

PelUEHue Hpecnm{yBa}beTo h= g f e medmrMpaHo Baka:
h(a) =g(f(a)) = 9(2) = c;
h(e) =g(f(e)) = g(4) = c;
h(o) = g(f(0)) = g(3) = k;
\ / ; IejcTBOTO Ha IpECHANKYBaH-eTO
1 ' » h e mpeTcTaBeHO Ha LPTENKOT CO

A o MCIPEeKMHATU CTPEJKH.

k s
2.13. Axo f:A— B, ¢:B— C, h:C — D ce npeciukyBamba, Ia Ce
nokaxke neka h(gf) m (hg)f ce mpecnuxyBama om A Bo D m
rexa h(g f) = (h)f.

Pewenue. Kaxo cocrasm Ha npecinkKysama, ¢f:A —C n hg:B — D ce
npecavkyBarba (Buau 2.11), ma toram u k(g f):A — D, (hg)f:A — D ce
TIPeCcaAVKyBamba.
Herka f(a)=1b, g(b)=c, h(c)=d Hmame: .

(r(gh)) (@) = h((sf)(@)) = h(g(f(a))j = h(s(3)) = h(c) = d,

((h)f)(a) = (he)(F(a)) = (kg)(b) = h(9(®)) = h(c) = d,
IITO 3Ha4YM, TOYHO e paBeHcTBOoTo  h(gf) = (hg)f.
Toa MoxeMe Ja ro IpeTCTaBUMe HATJIETHO CO CJIEIHUOT NHMjarpaM:

@—“—’
h(g/) N o
h \
(ng)f| "8~ &
X A
@ h @
2.14. 3a mBe mpecnukyBama f, g:M — M Benume ZeKa xoMmymupaam

O fg=gf, me. (Vo e M) f(9(2)) = g(f(2)).
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2.15.

2.16.

2.17.

2.18.

Ila ce majmat cure ¢yErmu f(r) = az + ¢ ox R, xoumro KoMy TH-
paat co pymxmujata g¢(z)= 2z + 3.

Pewenue. PapenctBoTo f(g(x)) = g(_f(a:)) ce cBeAyBa Ha PaBEHCTBOTO:
a(2z+3)+c=2(az+¢)+3, Te 3a—c=3.

3aaun, cexoja pyHrmMja f(z) = az + 3(a — 1), Kame IWTO @ € IPOM3BOJIEH

peasen 6poj, komyTHpa co pyHkuMjaTa g(z) = 2z + 3.

Hexa f:A — B e Guernuja. a ce mokake Heka IOCTOM elHa M
caMo emHa Oumekmuja ¢: B — A, TakBa mTO:

(gf)(z)== Vze A, (1)

(fo)y)=y VyeB. (2)
Taa eauHCTBeHa GMeKIUja ¢ ce BUKa uneep3na buexyuja Ha f u ce
osmagyBa co f~1. Ox (1) u (2) mupekTHO cilenyBa:

fHf=1a, ff=1s. (3)
Pewenue. Axo crapume z = g(y) cexoram kora y = f(z), ZJobusame nexa
g e 6uexkmmja ox B Ha A 1mTo rM 3ai0BosyBa ycaosute (1) m (2). 3Haun,
nocrom 6apeM eaHa GMeKIHja.
Ila noxaxeMe neka He nocTojaT Apyru 6uekmum. Hasmcruna, Heka h: B — A
e 6ueknMja mTO rM 3a40BOJyBa ychoBure (1) u (2), T.e.

(kf)(z) =z Vz €A, (fh)(y)=y Vyé€EB,
M HeKa ¥y e HPOM3BOJIeH ejgeMeHT on B. Toram mmame:

(FR)@) = (F9)(@), e f(r®)=Ff(9()-
na, 6unejiu f e UHjEeKUMja, ClenyBa AeKa

h(y) =g(y) VYye€ B,
a Toa 3Hauu OeKa h = g.

Axo f~! e umBep3maTa Ouexuuja Ea 6ueknujaTta f: A — B, Toram
(fHt=r.
Pewenue. Bunejim f~! e Gmexmmja, nocrou uHBep3Ha Guekmmja (r-

u npuroa (f~1)~1f~! = 15. Ho, ncro Taka ff~! = 1p, ma nopamu eams-
CTBEHOCT2 Ha WHBep3HaTa Gmexkmmja, moGusame FH =7 .

1)—1

Ila ce mokaxe meka f: A — B, A=(0,+), B=(0,1), nepusn-
paHO co popmyrnaTa f(z) = 1—4%:’ e OMeKOMja M Oa ce Hajle WH-
Bep3HaTa OUeKmHja.

Pewenue. On 1—3—1 = ﬁ% clenyBa 1+ T1T2 = T2 +T1T2, T-e. I1 = Tz,
Na 3Haum f e MHjeKuMja. AKo y e IPOM3BOJEH eJleMeHT oA B, Toramr 3a

€JIEMeHTOT T = l—g—; ooq A MMaMe 1+La: = y, T.e. TOj € OpPMIruHaJ 3a J.
Crnopen Toa, f(z) e cypjekmmja, I1a 3HauM U 6ueknMja.
CraBajikm -1—_,’_—: =y, AobuBame T = I—Z—y, Ila 3HAYM UHBEpP3HaTa CueKmuja

fFFi:B—Ae f7i(y) = I—_Ly-

3a mBe MHEOxecTBa A, B BenmMe neka ce exeuearenmnu (mmm buex-
muenu), ako mocTod Gapem emHa Guerkmuja f om A Ha B; Bo T0j
ClIy4daj DUIIyBaMe:



2.19.

2.20.
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A~ B.
Ila ce mokaxe meka: a) 3a CeKoe MHOMKeCTBO A Baxku A ~ A;
6) ako A ~ B, Toram B ~ A4;
B) ako A~ B u B~ C, toram A~ C.

Pewenue. a) JacHo e meKa MIOEHTUYHOTO npecauKyBathe 14 e Guexkmuja ox
AHa A, ma A~ A ' 6) Ako A ~ B, Toram mocTou 6uexmmja ox A Ha B,
a 6mnejkm muBepsHaTa e GMexrmja ox B Ha A, nobusame B ~ A. B) Axko
A~B un B~ C, Toram nocromu 6uekumja f on A Ha Bu 6uekumja g on B Ha
C. Bunejiu cocTaB Ha aBe GHeKIMM e mak 6uexunja (Bruom 2.65), cocrasoT
9 f e 6mexnuja ox A ma C, ma smaun A ~ C.

Ila ce mokake MeKa Koum GHMIO HBe KDYKHMIM, KAKO MHOMECTBA
TOYKH, ce GHEeKTHBHM (T.e. €KBUBAIECHTHH).

Pewenue. Moxeme na IpeTNOCTaBuMeE JeKa X
kpyxmvimTe K u K’ ce koHteRTpuumm. Tpe-

6a ma OokakeMme AeKa OCTOU 6ueknuja ox K

Ba K'. Heka z e mpoussonma Touka ox K. ) &

3paKoT HoBJIeUeH O MEHTAPOT HN3 TOUKATA T

Jja ceue xpysmmmaTa K’ Bo Toukara z'. Ilpec-

auKyBameTo f: K — K', nedpvmupano co

(Vze€K) f(z)=2'

€ MHjeKIMja, 3aITo Pas3JMyHM Touxkn ox K mMaaT Pa3JIMUHM CJOMKH, a € K Cyp-
Jjexmmja, 3amTo cekoja Touka ox K’ e cimra Ha Hekoja Touxa ox K. Cmopen
Toa, f e GMekuMja, ma 3paun K’/ ~ K.

Hexa f:A — B e mpecamkysame. MEOMXecTBOTO f* om cute
HOoZpeneHM NapOBX BO KOM OPUTHMHAJOT € IPB eleMeHT, a HeroBaTa
CIVKa € BTOD eleMeHT, T.e.

fr=A{(z,ylz € 4, y= f(z)}

ce BHKa zpagux na npecauxyeamwemo f. Ila 3aberemune JeKa
ffCAxB.
Ia ce majne rpaduxor f* Ha OpECANKYBAamETO f:
a) ftA—- B, A={1,2,3,4,5}, B= {k, p, s},

f)=f@) =k, f(38)=f(4)=s, f(5)=p.
6) ffA—~B, A={-1,0,1, 2}, B=R, f(z)=2%-1.
B) fiN— Q, f(z)=1.
Pewenue. a) f* ={(1, k), (2, k), (3, s), (4, s) (5, p)}.
6) f*={(-1, -2), (0, -1), (1, 0), (2, )}
B ={19, 22, (33, 4, (5 2)...

AKO eNeMEHTHTE Ha A I'M IpeTCTaBuMe KaKo TOUKM Ha eIHa XOPM3OHTAJIHA
TpaBa, a eJeMeHTHTe Ha B kako Touxku Ha emHa BepTMkaaHa mpapa, CeKoj
map (z,%), z € A, y € f(A), Te. CeKoj esleMeHT oX f*, ce mobuBa Kako
Npecek Ha BePTHKAJHATA JMHM]a NOBJIeUeHa HU3 T M XOPM3OHTAIHATA JIMHM]a
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2.21.

2.22.

2.23.

2.24.

noBJeUeHa HN3 Y. Ta.Ka, I‘pa.q)I(IKOT Ha JaJeHOTO NPEeCIMKYBamke MOXE Ha ce
IpeTCcTaBy CO CJAEAHVOB ,zmjarpa.M:

A ﬂ‘R A
B A * ﬁ Q
L 4 - °

R LT Q---O -
/0 SR ........ - L
EPTTT Lt y N

[ » ——e >

] 23 45 I S
|2

3amaqam 3a Bexkbame

Ila ce Hajme obiacra V Ha BpemHOCTHTE (T-€. olceror) Ha $pyHKOM-
jarta:

a) f(z)=2x -1, f:N—-N. 6) f(z)=2z-1, f:Z— L.
B) f(z)=1, f:N-Q.

r) flz)=2%, f:Q -Q, Q@ =Q\{0}

n) f(z) = 2++z, f:K — R, K e MHOXeCTBOTO Ha CHTe

KBaJpATH Ol IPpUPOIEM OpPOEBHU.

Ila ce mOKake NeKa e AeUHMpaHO mpeciaukyBame ox Z Bo Z co
clenEMOB mpomuc f:

a) f(z) = ]3;‘”[ 3a z#0, f(0)=0.

6) f(z)=-3 3a <0, f(z)=3 32 z> 0, f(0)=0.
B) f(z)=-3 3a z>0, f(z)=3 32 z< 0, f(0)=0.
r) f(z) =sin’z +cos’z 3a =z <0, f(z)=-2]z] =>0.

IloToa, 3a ceKoe OJl OBME IPECINKyBamba 13 Ce Hajlle MEOKeCTBOTO
V Ha HeroBuTe BPeIHOCTH.

JlaJv IpeCTNKYyBAmHETO BO a) e eAHAKBO CO MPECIUKYBameTO BO 6)
U CO IPecTUKyBameTo BO B)?

Kou on mpeciukyBambaTa BO 2.2 u 2.3 ce a) VHjeKIuH, 6) cyp-
jexmum?

T4 ce BajoaT cute Guexmmm on M = {1,2, 3} ma M.



2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

2.31.

2.32.

2.33.

2.34.

2.35.

19

Ia ce moxaxe meka e GuekmMja mpecamKyBameTo f: A — B:
a) f(z) = f_;;’(a:—a)-l—c, A=a,d], FE=]ed];
6) f(z)=2%, A=R*, B=R;
B) f(zr) =tg%E, A=(-1,1), B=R.

IIpomuicor 3a emHo npecaukyBame f e HazeH co:

f(z) = 5z2.
Bo xom cnywam mpeciaukyBameTo e OGHeKnMja O IOMEHOT BO OI-
CeroT Ha f, akO JOMEHOT e:

a’) Z, 6) Nv B) Q+; 1") R, 'ZI) {_27 2, 3, 5}, f‘) {—27 1,3, 5}
Bo samaunmre 2.27-2.36 onpenener e mpomuc f co KOj ce Bpmm

OpRAPYXyBamke Ha eJleMeHTUTEe OX JadeHO MHOXKecTBO A KOH eie-
MEeHTH o Opyro MHOxecTBo B. Ila ce nposepu:

a) maau f e mpecaUKyBaB-e€;
6) ZalM OpecIuKyBameTo f e WHjeKmuja, CypjeKuHja miam Ouex-
ovja.

»f(2) e23acekoj z, . A=N= B«
»f(z) e cnenbemwx ma 2, A= N= B
»f(z) e cuporuBer Ha z, A= Z = B“.
»f(z) e nemuren ma z, A=N = B,

Heka A e MBOXeCTBOTO MajK{ HITO »KWBeaT BO KyJaTa Kaj Ipam-
CKMOT TeaTap, a B € MHOXeCTBOTO Ha HMBHUTe mema. Ilpommcor
e: ,Cekoja Majka Zla ce IPUAPY U KOH Hej3HHOTO meTe.

Ilpu o3makmTe onX mpeTxXoHATa 3amada, HANeH e IPOIKCOT:
»CeKkoe neTe ce IPMAPYXYyBa KOH CBOjaTa MajKa“.

Axo A=2, B=N, toram:
f(0)=1, f(z)=2|z] 3acexoj =z #0.
Hexa A e MEOXeCTBOTO TOYKHE OX €ZleH PaMHOKDAK MCHOJHET TpHa-

TOJHUK, & B MHOXECTBOTO TOUYKM Ol HEroBaTa OCHOBa. 3adajeH e
mponucoT: ,Ha cexoja Touka z og A ma ¥ ce IpUAPYXYM Hej3MHATA

OpTOroHaJHa Hmpoekmuja z’ 8p3 ocroBaTa BY.

Hexa A e MEOXeCTBOTO TOYKM OZ e€ZleH UCHONHET TPMATOJHUEK, a
B - TouxuTe ox HeroBaTa mepudepHja. 3analeH e NpomucoT: ,,Ha
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2.36.

2.37.

2.38.

2.39.

2.40.

CeKoja TOUKa Z,00 A Za i1 ce OPUIPYKM Hej3MHATa OPTOrOHAIHA
mpoekmja z' Ha HajbaMcKkaTa cTpaHa‘.

»,Ha cekoja Touka z om A. xale mTOo A e ImameH Kpyr, Za ¥ ce
NpUIPY*M Haj6IucKaTa TOUKa OO mepudepujaTa B Ha TOj KpyT“.

IIpecnukyBamero f:A — B, me¢purmpano co:
(Vzed) f(z)=c¢,
KaJZle ITO ¢ e QUKCeH eleMenT on B, ce BUKa xoncmanmno npec-
auxyeame.
Bo koj cnydaj KOHCTAHTHOTO IPENMKYBame €:

cypjexmmja; ©6) wHjekmMja; B) Ouekmumja?

Heka A ={1,2,3,4,5} u f, g, h ce npeciukyBama o1 A Bo A
JebMHUPAHU CO:

fi1l»3, 24, 3-5  4+—1, 53

g:l—1, 23, 3~—1, 4+-2, 535

h:l—2, 24, 3-5 41, 5~—3.
OTKako ke ce IpeTcTaBaT CO IIOMOII Ha Tabmuma (Kako Bo 2.6),
Ia ce Hajme:
a)gf; 6)hg; B)gh 1) (hg)f; x) h(gf)
Ila ce mpoBepH Iaju Hekoe O HaleHWTe TPU M HajIeHATE IeT
IpeCIMKyBamha € HHjeKmHja, cypjexnuja, Gmexmuja. Iamm mery
THe OCyM IpecJIMKyBamba MMa €THAKBH?

Hpecnmukysamata f:A — B, ¢:B - C, h:A— C, w:B — A,
v:C — A ce mpeTrcTaBeBM Ha NaleEWOT mujarpam. [la ce mposepu
Najy e JTepmHUPaH COCTAB Ha IpeCIUKyBama 1, ako €, Ja ce HaBe-
JaT AOMEHOT ’ IeJITa:

S
o KT
I) vg; f) hu; N /g

e) 9 fh; x) g fu. @

®dyrxmuure f, g: R — R ce nepurupanm co:
flz) =2 +1, g(z) = 2* — 2|a|.

Ila ce Hajme:

a) (f9)(3); ©6) (9£)(=2); ) (f9)(—4);

) (9£)5); @) (9f)=z); 1) (f9) =)



2.41.

2.42.

2.43.

2.44.

2.45.

2.46.

2.48.
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Ila ce mpoBepu JaJy KOMYTHPaaT NPeCIUKYBambaTa:

f,g:A— A, A={1,2, 3,4}, nedpurupanu co:

a) f=(1 234 (1 2 3 4
“\2 3 4 1) I=\1 1 2 2/
(1 2 3 4 (1 2 3 4

6) f‘(1233)’ 9‘(2233)'

Ila ce majmat cure ¢pymxmum f(z) = az® + cz? ox R Bo R, xowmmro
KOMyTHpaaT co pyEkmjaTa g(z) = z2.

Hexka A = {a,e,u,0,y}, B =4{1,2,3,4}, C = {c,x,5s}, a
fiA— B u g:B — C ce npeciukyBama JePUHUPAHU CO:
framl, e—2 u—4, 03, y—4,

g:l—s, 20—k 3k 4-ec.

ITa ce youu neka f m g ce cypjexkmun. Ila ce Hajne EUBHHOT COCTaB
¥ Ja ce YBUIM IIeKa ¥ TOa IpeciIVKyBabe € CypjeKudja.

Heka f:N— P ={Z|m,n €N, m<n} u ¢:P - Q ce
IPeCIUKyBamba 33aJaJeHA CO GOpMYIHTe:

f(z) = 573 9(2) = 777
Ila ce moKaske IeKa:

a) maleHWTe OPeCIUKyBaba Ce WHjeKIWH;
6) cocraBoT ¢ f e, MCTO TaKa, UHjeKOHja.

Heka f:A — B e npeciukyBamke HePUHEMPAHO CO CIEIHUOB AMja-
rpam:

a) Ila ce youn neka f e GMeknMja ¥ Oa ce Hajle MHBep3HaTa OHek-
muja f~1.  6) Ila ce majme (f~1)7l.

Bo 3anaunre 2.46-2.49 naneHo e npecaukyBame f: A — B. Ila ce
IOKaXKe JIeKa Toa e buekmuja on A Ha B M Ia ce HajOe HHBepP3HATA
6mekmmja f1.

f(z)=3z+1, A=B=R. 247. f(z)=2*-1, A=B=R.

f(z)= '1+—1z§‘, A=(0,+00), B=(0,1).
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2.49.

2.50.

2.51.

2.52.

2.53.

2.54.

2.55.

fg

2.56.
2.57.
2.59.

f(z) =2ztl 4= B=R\{1}.

Hexa A = {a,c,e,8}, B ={1,2,3,4,5}. Jlarx MHOXECTBOTO.
IapoBH!

a) {(a, 1), (&, 2), (5,3)}, 6) {(a, 1), (¢, 2), (e, 3), (s, 4), (s, 5)}

MOXe na Oume rpa¢Mk Ha HEKOe OpeciaumKyBame f: A — B?

IIpecnukyBamero f: M —R, M = {1, 2, 3, 4} e nedurmpano co:
fz)=234+z -1

ITa ce yrBpmm kom ox maposumre: (1,1), (2,7), (3,31), (2,9),

(-2, —7) My npumaraaT Ha rpaduxoT on f.

Herka A = {1,2,3,4}. IIa ce yrBpim AaJM CIE€THOBO MHOMKECTBO
HOoApeleHN MapoBU e rpadUk Ha HeKoe NpeciukyBame oI A Bo A:

a) {(1,4), (2,1), (3,2), (2, 4), (4, D} 6) {(1,2), (2,3), (3,4}
B) {(1, 2)’ (27 3)7 (37 1)7 (47 2)}' I‘) {(1’ 2)7 (2, 6)7 (3’ 4)7 (4’ 4)}'

HPH KO YCJIIOBH MHOKECTBOTO O OOApeneHN MapOBU:

I'={(a, 2), (¢, 3), (e, 1), (%, 2)}.

OpeTcTaByBa IpadMk Ha HeKoe MpecaukyBame f: A — B?

Ianeno e npecankyBawero f:A— B, A=/{a,e,u,o,y},
B=4{1,2,3,4,5}, fra—1, e—2, ws3, o—4, y— 5.

a) Ila ce Hajme rpaduKOT f* U Ja ce yOuH IeKa f e GHekmHja.
6) Ha ce Hajme rpaduroT (f~1)* Ha wMHBep3HaTa GHekmMja ox f.

IlaneEy ce rpadunUTe Ha OPECINKYyBambaTa
HLoM—-M, M=/{1,23,4,5}:
= {(17 3)7 (27 5)’ (3’ 3)» (4» 1)> (57 2)}7
g*= {(17 4)’ (2, 1), (37 1)7 (4, 2), (5a 3)}
a) Ila ce ompemu omceror Vi Ha f m omcerot V3 Ha g.
6) Ila ce Hajme rpadMKOT Ha IpecIHKyBameTo: fg; g f. Ilamm e

=gf?

Bo 3amaunure 2.56-2.64 ma ce mOKaKe HeKa ce OMEKTHWBHH IaJe-
HUTE MHOMKEeCTBa. '

A={1,3,5,..} m B=4{24,6,...}.
A=1{1,3,5..} m B=N. 258N u {309,2781,..}

MHO¥XeCTBOTO TOYKM O] €IHa MONYKPYXHENIA ¥ MHOKECTBOTO TOY-
KN OO HEeJ3MHUOT IIjaMeTap.



2.60.
2.61.
2.63.

2.65.

2.66.

2.67.

2.68.

2.69.

2.70.
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MHEoXecTBaTa TOUKMA O JBE OTCEUKH.
UrrepBanor (0,1) u R *. 2.62. Urrepsanor (-1, 1) nR.
ZuN. 2.64. R n RT.

* k%

Ila ce mokaske meka:

a) COCTaBOT Ha JIBe CYDjeKIUH e cypjeKnuja;
6) COCTaBOT Ha IBe WHjEKIUU e WH]eKIHja;
B) COCTABOT Ha IBe GUEKIVH e OreKIH;ja.

Heka f: A — B, g: B — A ce mpeciuKyBamba CO CBO]CTBOTO =
» g P )
14, Kazme mT0 14 € MNEHTHYHOTO mpeciauwKyBame Ha A. Jla ce
b
YTBPIX KOe OJ] ClleHHUBE TBPIEHA € TOYHO, a KOoe He e:

a) g=f"1 ©) fecypjexmuja; B) f e umjexumja;
T) g e cypjexndja; 1) g e MHjekmMja.

Axo f:A - B, ¢:B — A ce mpecaukyBama u fg =18 (1p
€ MICHTUYHO IpecluKyBabe Ha B), Toram f e cypjekmuja, a ge
VHjeKOuja.

Herka f:A — B, ¢g:B — C ce 6uekmum. Jla ce HOKake IEeKa
Toram h =g f e Ouexkmmja M meka

(gf)~t=f1g7L.

Heka A = {a,¢}, B ={1,2,3)}, C = {c,s},a ftA - B e
OpecauKyBame ZedpurHparo co: f(a)=1, fle)=2 u ¢:B — C
€ DpeclIuKyBake 3a KOe Ce 3Hae JeKa COCTaBOT CO f € CIeAHOBO
IpecIuKyBambe:

9fiA—-C; gfiams, erc.
Ila ce youn neka g f e cypjexmmja m ma ce mOKake meKa g Mopa
Ia Ouzme MCTO TaKa CypjeKmmja.

Hexa A, B, C ce MHOXecTBaTa oI 3aadaTa 2.69, g:B—C e
OpeCcIuKyBame JeGUEUPAHO CO

g:l—s, 2+—¢ 3m-ec.
a f:A— B e npeciumkyBaBe 3a Koe ce 3Hae IeKa COCTaBOT CO g
€ CIleTHOBO IIPECIMKYBambe:

gffA—=C; gfia—s, e c.

Ia ce your nexka ¢ f e uHjekmMja  Ia ce MOKaKe Ieka f Mopa
Ja e WHjeKOuja.
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2.71.

2.72.,

2.73.

2.74.

2.75.

2.76.

Heka f:A — B, ¢:B — C ce mpeciukyBama. AKO HHBHATA
xomnosunuja ¢ f: A — C e cypjexkmuja, Toram ¢ e cypjexmuja.
Ilanm Baxkm o6parrOTO?

Hexka f:A — B, ¢g:B — C ce mpecauKyBama. AKO HUBHATA
kommosmmuja ¢ f: A — C e uHjexmuja, Toram u f e WEjexmHja.
Ilamx Baxku o6paTtEOTO?

Heka f:A — B e mpeciukyBame m S C A, T C B. MHEomecTBO-
TO Ha CHTe elleMeHTH on, B ImTo ce cIUKM Ha eneMeHTHTE o S Te
ro osauyBame co f(S5). MuoxkecTBoTO Ha cHTe eneMenTH on A
VM CJWKM ce HaolaaT Bo T ke ro osgaumMe co f~(T). 3maqm,

SCA:  f(S)={ylyeB, y=f(s), se S},
TCB: f~(T)=A{zlz€A, f(z)=teT}.
Hexa OpecINnKyBamkeTo
f:A_’B’ A={a',e)u707y7p}1 B={1,27374,576}3

€ 3a0aleHO CO CJIEeIHUNOB Imjarpa.M:

a e u o 'y p
SN
SN S T

1 2 3 4 5 6

lla ce majme f(S;), ommocHo f~(T}), ako:
a) 51 ={a,u,p}, S2={a,¢,0,9}, S3={u}, 5;=A.
6) 1 =1{3,4,5}, T»={2}, T3=({1,4, 6}, TIy=B.

IIpw osEakMTe OX 3amadaTa 2.73, #a ce IMOKaKe IEKa:
a) f(51U 82) = f(S1) U f(S2).

6) f(S2 U S3) = f(S2) U f(S3).

B) f(51083) = f(51) N f(Ss).

r) f(51NS2) C £(S1) N f(S2).

IIpn o3makuTe OoX 3amauaTa 2.73, Ha ce HOKaxKe OeKa:
a) fF(MUTy) = f~(Th) U f~(T2)-

6) fF(TyNT3) = f~(T1) N f~(T3).

B) [F(iNT3) = f~(T1) N f~(T2)-

Hexa f:A — B e mpecmukyBame. Bo koj ciaydaj:

a) f(A)=B; 6) f(A)D> B; ) f(4)C B?
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3. OIIEPAIIU

Pemenn 3anaum

Hexa M e Hempasmo mmoxkecTtBo. Cekoe IIpeCIVKYBame
fMxM-—-M

ce BUKa onepayuja Ha M. OGHuHO ce mmmyBa -z fy = z HaMmecTo

f(z, y) = z. MuO®ecTBOTO M, 33emHO cO Taa. ollepaImyja, ce BUKa

2pynoud.

[la ce mpoBepn nanu e omepamuja Ea MEOMecTBOTO N OX OPUPOI-

HUTe OpOeBM CleIHEWOB mpomuc f: ’

a) fi(z,y)— z + 2y; ' 6) fi(z,y) = 22:9;
B) fi(z,y) » 2z +y—=2y; 1) fi(z, y) — 2.

Pewenue. Bo a)ur) f e OpecAMKyBame, Ma CIopeX Toa, f e omepamuja
8o N. Bo 6) u B) [ me e mpecauxypame (wa mpumep, B0 6), f:(1,3) —
2:3 = % ¢ N, a so 8), fi(2,3)—»2+3-6= —1 ¢ N); smaun, f me e

onepamujaso N.

Bo Q e nedpunmupana omepammja @ co:

)z Oy=z+y+2? 6)z0y=2; B roy=z+y—ay.
[la ce nposepu manu omepamujata O e (1) xKomymamuena; (2)
acoyujamuena.

Pewenue. Tpeba na nmpoBepuMme maau

(1) z0y=y0z; (2 (F0yo0c=z0(@F 0«

3a cexkom z,y, ¢ on Q.

a) Buzején, ma opumep, 1 @ 2=1+2+12=4,a 20 1= 241422 =7, xako

n (102)03=40 3=44+3+42=23,a 1 O(203)=1+203)+12=

1424342241 = 11, crenyBa meka ® He e HM KOMyTaTHUBHA HU acomMjaTHBHA.

6) Umame: z@y:%:y%:y@x 3a kou GuIo x,yonQ, Ia 3HaUH,

©®© e xoMmyTaTuBHa. Buiejku, Ba mpumMep,
(1@2)@3:142'—2@3=§¢41=1@2—<§—3=1@(2o3),

onepam¥ijata © He € aCOUMjaTHMBHA.

B) Bugejtu z @ y=r+y—zy=y+r—yr=9y © 7, Kako U
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3.3.

3.4.

(2090 c=(z+y—zy)Oc=z+y—zy+c—(z+y—zy)c
=z+4+y+c—2zy—zCc— Yyc 4 zyc,
Oy O)=2s0@y+c—y)=z+y+c—yc—z(y+c—yc)
=zs+y+c—zy—zC—Yc+ TYC,
3a KOW GMJIO z, ¥, ¢ OR Q, saknyuyBame Oeka omepamyjaTa (O e M KOMyTa-
TWBHA U acolMjaTUBHa.

Bo MEoxkectBOTO (GG = Z X Q medmEmMpaHa e omepammja © CO:

(k,z) o (s,y)=(k+s,3z+y).
Ha ce uposepu mamu G(o) e rpyna.

Pewenue. 3a enuo Hempasno MHOMecTBO G BelMMe IeKa € 2pyna BO OJHOC
Ha efHa omepalnuja - aKoO Ce MCIOJHETH CJeJHUBE YCJIOBH:
1) G(-) e rpynmonz;
2) (Vz,y, z € G) (zy)z =z(yz), T.e. G e noayepyna;
3) mocTon Neympasen esemenm e € G, T.e.
(Vz€G)ez=ze=uz;
4) sa ceroj £ € G nocTou uneepsen eaemenm (Mau: uneepsuja) y € G; T.e.
Ty=yr=e.
Ke mcnurTaMe OpBO JajM € © aconujaTuBHa. Mmame:
k,2)o(s,y) 0o, d=(k+3,3°c+y) o (p,c) =(k +s+p,37°(3°z+y) +c) =
=(k+s+p, 3Pz +3Py+c)=(kz) o (s+p, 3P y+c)=

=(k, z) o [(s, 9) o (p, )],
mTo 3Hauu, G(0) e mosayrpymna.
Ox paeenctBoro (k, %) o (s, y) = (k, ), Te. (k+3,3°z+y)=(k x),

nobuBaMe: k+s=k, 3z+y=z,

oxm kane mrTo s=0 m y=0. Bunejin
(0, 0) o (k, z) = (k, z) 0 (0, 0) = (k, %),

nobusame mexa (0, 0) e HeyTpaieH edemeHT Bo G(0).
Hexa (k, z) e koj 6uio mameH emeMmenT ox G. O paBeHCTBOTO

(k, z) o (s, y) = (0, 0),
T.e. (k+s,3°z+y)=(0,0), nobusame:

s=—k y=-3"Fg,
ma, 6unejiu e u (—k, =37 %) o (k, z) = (0, 0), nobusame nexa (—k, —3-kg)
e uEBep3eH eneMeHT Ha (k, ©).
On ceto Toa caenysa meka G(o) e rpyma. Buaejém, Ha npumep,

‘(1! 3) ° (—1! 4) = (0: 5) # (0) 15) = (_1: 4) ° (1’ 3))

clieJlyBa JeKa IpyliaTa € HeKOMYTaTHBHA.

IlameE e paMEOCTpaH Tpuaronsuk. Ila ce Hajle MHOXeCTBOTO Ha
HErOBUTe CUMEeTpHH H IHa Ce IIOKaXKe JeKa Toa € rpyna BO OIHOC
Ha omepamyjaTa COCTaByBambe Ha IIPECIUKYBamba.

Pewenue. TemumaTa Ha TPUATrOJHMKOT Xe MM o3HaumMMe co 1, 2, 3, Kako Ha

IpUIOKeHaTa CIMKA. POTAaIMUTe Ha TPUArOJHUKOT OKOJY HETOBMOT LEHTap
3a 1200, 240° 1 360° %e ru osmauMMe cO p1, p2 M € COOMBETHO. 3HAUM, MMaMe:

(1 2 3 (1 2 3 (1 2 3
e={1 2 3)0 P={2 3 1) P=\3 1 2/)

CUMTeTpHUHNTE BO OJHOC Ha CUMeTDaJuTe §1, 82, $3 Ke I'M O3HaUMMeE Co 01, 03,
03 coogBeTHo. Taka, MMaMe:
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s fl 23 o (1 2 3 a1 23
1=\1 3 2/ 283 2 1) 3= \2 1 3)/)

Crnopen Toa, MHOKECTBOTO OX CUTe CUMETPHM

Ha PaMHOCTDPAaHMOT TPUArOJHUK €: 3
G = {e, p1, p2, 01, 02, 03}.

Cera Tpeba Aa NIOKakeMe NIPBO OeKa MHOMKeC-

TBoTo (G, BO OJHOC Ha OIlepamMjaTa COCTaBY-

Balke Ha MpPECJMKyBama, € UPYNONA, T.e. AeKa. 8>

COCTaBOT Ha Kow OmJo OBa eneMeHTa on G e

egemenT on G. Ha npumep:

0'0'—123 12 3\ _ /(12 3\_ 120%
MM=B321)\132/F\312)7 \7]/
1
=p2 € G. S3 2
Paborejin Ha 0BOj HaumH ja AoBusaMe TabaumaTa:

§1

€ 148 P2 a1 o2 o3

€ € p1 p2 01 02 o3

P1 2} P2 £ o3 g1 ]
P2 P2 € p1 o2 o3 o1
o1 o1 2 o3 € 21 P2
a2 g2 o3 g1 P2 € P1
o3 o3 o] o2 p1 P2 €

Buaejku cocTaBoT Ha mpecamkysama e acomujaTmBen (2.13), 3akayuysaMe
Aeka rpynonaoT G(-) e moayrpyma.

Ox TabanuaTa e jacHO Jeka € e HeyTPaJIeH €JeMEHT U JeKa 3a CEeKOj €JeMeHT
ox G mocTou mHBep3eH. 3Hauu, G(-) e rpyma.

' Bunejéu, na npumep, 0201 = ps # p1 = 0102, rPyuaTa € HEKOMYTaTUBHA.

Bo mmoxectBoro Zs = {0,1,2,3,4,5} ce meduEmpamm mBe
omepamuu G U O co:

a)z@y=sr+y=6a+s, 0<s<6;
6)zQy=p&z-y==6c+p, 0<p<é.

Ila ce nokaxe mexa Zg(P) u Zg(®) ce mONYyTpynM ¥ Ia Cce HaIWIIAT
HUBHMTe Tabmunu. /lamu oBMe DONYrpymu ce U Tpymu?

Peweuue. Ila zaBeaexmme JeKa 8 € OCTaTOKOT INTO ce nobuBa IpH HeJiekmeTo
Ha £+ y co 6, a p OCTAaTOKOT HITO Ce NOOMBa IIPU JeJiereTo Ha Ty co 6. Ha
npuMmep, uMame 4 @ 5 = 3, 3amTo 6pojoT 4+ 5 = 9 npu HesemeTO co 6 maBa
ocTaTok 3, a 4 © 5 = 2, 3amTOo Gpojor 4 -5 = 20 Hpu AesieEmeTo co 6 HaBa
ocTtaTok 2. Ha Toj maumu ru nobwBaMe Tabaunure:

®|0 |1 12 |3 (4|5 ©|o |1 (|23 [4]s5
ojo (1|2 |3 |45 0]o|o|o|o|o |0
1 (1121314 |5 10 1fo]1(124{3 |4 |5
21912 {345 (0|1 2|0 ]2|4]|0 (2 |4
3(3|4|5]0 [1 ]2 3|0 |3|0|3 (0|3
4|4 |5]0]|1}|2]3 4lola]|2]|0|4]2
515 |0of1]2 |3 |4 510 [543 |2 ]1
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3.6.

Ia noxaskeme mexa Ba)kKM aCOUMjaTMBEMOT 3aKOH 3a ©, (a CJIMYHO Ce HOKa-
*KyBa M 3a @), T.e. Ja o JOKaKeMe PaBEHCTBOTO:

(09O 2z=z0(y 0 2). (1)
Axo GapeMm enes of z, y, z € HyJla, TOTalll M JeBaTa U JeCHaTa CTpaHa Ha (1)
€ HyJa, Oa Ke IPeTIOCTaBUMe AeKa T, ¥, z Ce Pa3/JIMYHM Of HyJja.
3a seBaTa, OJHOCHO 3a HecHaTa cTpaHa Ha (1) uMame:

zOY)O2z=p1 © z=p2,

Q¥ @z2)=2 @ ps=ps,
Kajlle ITO p1 € OCTATOKOT MITO ce XOGMBa IpM AeJereTo co 6 Ha 6pojoT Ty,
P2 ~Hap1z, p3 —Ha Yz ¥ pg — Ha Tp3, T.€. UMaMe:

Ty =6¢c1 +p1, p1z =6¢c2 +p2,

yz = 6cs + p3, zp3 = 6¢cq + p4 -

On npBuTe ABe paBeHCTBa Ao6MBaMe:

zyz = 6zc1 + 6¢2 + po.
a o BTOPHTE OBe:

Tyz = 6xc3 + 6¢cq + p4,
IIa cOopel Toa:

6(zes + ¢4 —zcp — c2)=p2 —ps. (2)

Moxkeme ma mpeTmocTaBuMe HeKa Py — ps > 0; BO CHPOTHMBHO, (2) moxkeMe ma
ro momuoXMMe co —1. Toram zez +c4 — zep — z¢2 > 0, a Buzmejkm pe — pg < 6,
PaBeHCTBOTO (2) e MOXHO caMoO 3a Tcg + €4 — z¢, — ¢g = 0, T.e. nobuBame
P2 = p4, cO WITO paBeHCTBOTO (1) e mOKakaHO.
Ox ceto Toa crenysa nexa (@) u L (®) ce monyrpymm, a oa cuMmeTpujaTa
Ha TabiuumTe BO OZHOC Ha TJIAaBHWTE IOUjarcHaJ M -3aKJIydyBaMe HeKa THe
OOJXYTrpYyNU C€ KOMYTaTUBHU.
lla 3a6emexume mexa 0 e HeyTpaner edemenT B0 Zg (@) M DeKa cekoj elleMenT
e uEBep3ubmieH, T.e. Lg(®) e rpyma. Mcro Taka, 1 e HeyTpaleH eJeMEHT RO
Zs (), o Zs(®) ne e rpyna, 3amTo 3a 0, 2, 3 u 4 He IOCTOjaT MHBEP3UN.
OmnepammjaTa @ ce Buka cobupame Modyso 6 (mod 6), a ©® — Mmuoxcewe MOJYR0
6 (mod 6).

Ila ce mokaxke HeKa MHOMKECTBOTO

P= {$+y'\/§|$ay€ Q}
€ Iojxe BO OMHOC Ha ONepalVmTe COOUpame U MEOXKeHme Ha pealHu
6poeBH.

Pewenue. Epmo muo%kecTBO P Bo omHOC Ha ABe onepamry + U - € npcmen,

aKO C€ MCIOJHETH CJeXHWUBE YCJIOBHU:

1) P(+4) e xoMyTaTHBHa I'pyIa;

2) P(-) e nonyrpyna;

3) onepamMjaTta - € gUcTpUBYTUBHA CIIpeMa ollepanujaTa +, T.e.

(Vz,9,2€P) z(y+z)=3zy+szz, (t+y)z=1z+yz

AKo HaMeCTO yCJOBOT 2) ce ¢TaBU yCIOBOT:

2*) P*(-) e KOMyTaTHBHa IpyIa,

Torain P(+, ) ce puka noae . (Ilpuroa, P* e MHOMkecTBOTO P Ges HeyTpad-

HUOT &aemenT Ha P(+).)

3HaumM, 3a KOHKPETHHOT CIydaj Tpeba Ja M3BpIIMMe ITpOBepKa Ha.yCIOBUTE

1), 2*) u 3).

Axo a + ¢vV3 U z + y/3 ce exemenTy ox P, Toram
(a+c-VI+(z+y-V3)=a+z+(c+y)V3,
(@a+c-V3)(z+y-v3) =az+3cy + (ay + cz)V3,
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T.e. HUBHHOT 361D ¥ HUBHHUOT IIPOM3BOA Ce eneMeHTH ol P, mro snaun, P(+)
n P(-) ce rpymouamn. Buaejéu xoMyTaTUBHMTEe K acOImMjaTUBHUTE 3aKOHHM 32
cobupame M MHOXKEEE€ BaXXaT 33 IPOM3BOJHM pealiHu GpoeBu, THe BaKaT U
3a peanauTe GpoeBM mITo ce Bo P. 3nHauu, P(+) m P(-) ce KoMyTaTUBHM
HOJYTpYyIH. :
Bunejiu (a+c-v/3)+(04+0-v/3) =a+c-vV3u (a+¢-v3)(140-v3) =a+c -3,
0=0+0-v/3ul=1+40- V3 ce HeyTPpaJlHU eJIeMeHTM BO OJHOC Ha -+ U
- coomseTHo. 3a a + c¢-+/3 BO oxHOC Ha +, MHBep3eH (T.e. CIPOTHUBEH) e
(—a)+(—c-+/3), a ako a+c¢-+/3 € P*, T.e. a+ cv/3 # 0, Toram paBeHCTBOTO
(@ + ¢v3)(z + ¢ - v3) = 1 ru naBa paBeHKUTE:

ez +3cy=1, ay+cx =0,
une pelleRuMe o I,y € & = sz Y= p:—;c;, ma:

(a+c-VB)™ = ot + 55z VE.
(JacHo e meka a? — 3c? # 0 32 xou 6muo a, ¢ € Q.) 3waum, P(+) u P*(-) ce
KOMYTaTHMBHWA LPYIM.
IucTpubyTHBHMTe 3aKOHM Ha - ClipeMa -+ Ba)KaT 3a LEJOTO MHOMECTBO Ha
peanan 6poeBn, Ima BakaT U Bo P.
On ceto Toa cnenyBa neka P(+, -) e noue.

Ila ce mokaXke NeKa MHOMKECTBOTO

B={0,aqa,c¢,1}
e OynoBa anrebpa BO OIHOC Ha omepanwurTe V M A, AepuHUpPaHU
co TabaummTe:

VIO |la|c |l AlO |alcll
010 |(a jc |1 0j0jJ0fO0]0
a |la |a]|l |1 a [0 [a]|]0]a
clell1]c|1l c |0 |0 |c|ec
1111111 110 Jajc |1

Pewenue. Exmo MHOXecTBO B, Ha Koe ce AedUHMpaHN ABe oepamuy V u A,
ce BuKa 6ys06a arzebpa, aKo Ce MCHOMHETH CJeAHUBe ycaoBu 1) mo 4):

1) T'pymommare B(V) um B(A) ce koMyTaTMBHW;
2) B(V) u B(A) mMaar HeyTpaJHU eJeMeHTH 0 M 1 COOJBETHO;

3) (Vz,9,z€B) sV (yArz)=(zVy)A(zV2),

zA(yVz)=(zAy) V(s AZ)
(ducmpubymuenu saxonu).
4) (Vz€B)32' € B)zVve' =1 u zAz' =0 (z' ce BUKa xoMnaemenm Ha T).
3naun, 3a Aa yTBpAMMeE XaJH e AeduraMpaHa Bynosa aare6pa co 3anaXeHNTe
Tabnamou, Tpeba qa ru npoBepHMe yciaoBuTe 1) no 4).
Bunejfu Tabamnyre ce CMMeTPMYHM BO OJHOC Ha ,,CNaBHUTe® NHjaroHaim,

rpymonmute B(V) 1 B(A) ce komyTaTupHK. IloToa, MMaMe VO = M Al =z
3a cexoj z ox B, ma amaum 0 m 1 ce HeyTpaJHM eneMeHTH Ha B(V) u B(A)
coonBeTHO. Bunejkm 1 Bo mpeata (a 0 Bo BTOpaTa) Tabuauma ce jaByBa BoO
CeKoja peIMma M BO CeKoja KOJIOHA, 3a CeKoj T noctom z’ o B co cBojcTBaTa
zVz' =1, omHocHO z Az’ = 0. 3Haum, UcIOAHETH ce yciaoBuTe 1), 2) 1 4), na
OCTaHyBa yIITe Ja ce IIpoBepM 3).

Jla nokaxeMe feka BaKM AMCTPUGY TUBHUOT 3aKOH
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3.8.

3.9.

3.10.

sA@VE) = (AN V(EAZ), | (1)

a IpYrHMOT Ce AOKa’KyBa CJUUYHO. Ako £ = 0 MM £ = 1, TOra TOYHOCTa Ha
(1) e jacma (ma ce Bumu m 8.80). Heka z = a; Toram (xopucTejikmu ru 3.8 m
3.80) nmame:

aA(0Vz)=aAz (aA0)V(eAz)=0V(aAz)=aAz, (2)
aA(lVz)=ga, (aAl)V(eaAz)=aV(aAz)=a, 3)
an{aVe)=a, (ana)V(aAc)=aeV(aAc)=a. (4)

Axo, mak, T = ¢, TOram, OMITYBajkM ¢ HaMecTO a M a HaMmecTo ¢ Bo (2), (3) m
(4), ce noBMBaaT COOXBETHM PaBEHCTBA, IITO 3Ha4M, TouHO e (1).
Oun ceto Toa caenysa Aeka B(V, A) e 6ynosa axre6pa.

Ila ce moKaKe IleKa 3a CeKOj map elIeMeHTH Z, y OX emHa OyioBa
anre6pa B ce MCIOJHETH PaBeHCTBATA:
zV(EAy)=z m zA(zVy)==z.

Peuwenue. Kopucrejém rut mo pexn ycmosure 2), 3), paBeHCTBOTO 1V 1 = g,
omaocHo 0 A z =0 (Buau 3.80) u 2), HaBeeHM Bo 3.7, moGuBame:
zV(EAY)=ECA)V(EAY)=zA(lVy)=zAl==zx,

zA(zVy) =(zVOA(zVy)=zV(0Ay)=2zV0i==3x.

Ila ce mokame meka V u A Bo enHa OynoBa ajirebpa B ce acomm-
jaTuBHU.

Pewenue. Tpeba ma mokaxkeMe HeKa 3a CeKoM I, Y, z € B:

a) (zVy)Ve=zVv(yVvz); B)(zAy)Az=zA(yA2).

Ke ro mokaskeMe camo npBoTo pasercTso. Heka (zVy)Vz=auzVv(yVvz)=c.
KopucTejém ja 8.8 u ycxosoT 3) ox 3.7, nobusame:

zha=zA[(zvy)Vz]=[zA(sVY)]V(sA2)
=zV(zAz)=z=zA[zV(yVz)]=zAc,
t'Aa=z' Al(zsVy)Vv]=[g'AzVy)]V(c Az)=

={@' Az) V(' AYIV(e'AZ)=[0V (' Ay)]V(z'Az)=

=@ AYV(E' A)=T' A(yVz)=

=@ AD)V[E'A(yVv)]=z'Alzv(yVvz)]=

=z'Ac.
OTryxa: (zAa)V(z'Aa)=(zAc)V (' AC),

(zvz)ra=(zVvz')Ac,
a=c.

Ha ce (bopMI/Ipaa.T BO3MOXHHW KOHTRKTHH IIeMU, COCTaBE€HM Ol TPpH
IOpeKNEyBavM a, b, c.

PeweHue. Bosmoxan ce JeTUPH CAydYaM 33 Bp3yBaibe Ha IpEeKWHYBaudWNlTe:

a) cepucky; 6) mapaJieHO; B) JBe CEPMCKM, CBP3aHU MapaJlieJHO CO TPeTaTa;
r) ABe mapaJelHO, CBP3aHM CEPMCKM CO TpeTaTa.
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3.12.

IlemuTe ce:

a) 6) a
——0 O—
a b ¢ b
—0 0—0 0—0 O0— —O0 O
[+
Lo o—
B) a b 1") a
—O0 O—0 O O O c
c b
O O O O
Wspasure mTo oAroBapaaT Ha THe HIEMU Ce:
a)aAbAc 6)avbVe B)(aAb)Ve ) (aVh)Aec

Ila ce yYOpocCcTH, aKO € MOXHO, CJIedHaBa I{OHTa.K'THa meMa:
c

—0 o——0 Oo0—
—o0 fo—o0 “o—
]
__ % o bo—>
a b
o o——o0 o— ¢ a b
Lo o0—o0 o—o o

Pewenue. Nspazor mro ofrosapa Ha oBaa Imema e:
=[aAb) V(e AW A[(cAa’)V(eAY)V(c'AaAb)]
Mumysajén + Ha.MeCTO vu' Hamecro A, a MMajK¥M IpelBMI AcKa

st+rz=z=zz, z+z'=1mn =0, noﬁnname
K=(ab+a'b )(ca' +cb'+ca b) =

= abca’ + abcd’ + abc'ab+ a'b'ca’ + a'b'ch’ + a'b'clab =
=04+0+abc’ +a'dc+a'be+0 =
= abe’ +a'b’c, T.€.
K=(anbac)v(a' Ab Ac).
Taka, KOHTaKTHaTa UjeMa IITO OATOBapa Ha MOCIEJHUOT M3pa3 €
——o0 4 o—o b o—o ¢ o—

——

al

t
——0 o——o0 bO o c o
1 € eKBUBaJICHTHAa CO JaldeHaTa.

3anaun 3a BexbGame

Bo N e nepmrmpara omepamuja o co:
(Vz,yeN) z o y = z.
Ila ce ucmmTaaT Hej3MHMTE CBOjCTBA.

31
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.
3.19.
3.20.
3.21.
3.22.
3.23.
3.25.

Bo R e medpmEupana onepamija © co: £ © y =T + Yy — ZY. Ha ce
IIOKaXKe JeKa: :

a) (Vz,yeR)z 0 y=9 O z.

6) (Vz,9,2€ R)z 0 (y© 2)=(2 ©y)O =2

B) ako a # 1, Toram z © ¢ =y © @ aKO ¥ CaMO aKo T =Y.

Ila ce mcImTaaT CBOjCTBATa Ha olepalumTe o ¥ (P Ha MHOXKECTBOTO
A = {a, c, €, p}, olIpelieseRM CO CleJHATE TaOIAIM:

a) 6)

slo|ele]d
s |olale
alxs|a|®]®
olal3|c]|®
ol
slelele]e
olo|lals|e
ols|olaln
Wlalala]e
Qlols|(os

Jla ce MCIMTaaT CBOjCTBaTa omepandjaTa @, ne¢pumrmpasa Bo R Ha
Clle THMOB HaIMH:
z®y=z+y+2ry.

Jla ce MCOMTaaT CBOjCTBaTa Ha OIepandjaTa o, NePUMHHPaHa BO
MEOxecTBOoTO M = Q@ X Q (moxpenenuTe DapoBy HA PalXOHAIHUTE
OpoeBu) Ha CIeNEWOB HAYMH:

(a,¢) o (3, y) = (az, ay + ).

Ia ce yTBpIX Oanu € rpymoua BO OIOHOC Ha MHOXeH’heTO IeaNn
6poeBn cJIe THOBO MHOXKECTBO!:

a) {~1,0,1}; 6){1,3} B){2,4,6,...}={z|z e mapen };

r) {1, 3, 5,...} = {z |z e memapes }; n) {z|z e mpoct };

) {3,9,27,..} = {3z e N }.

Jla ce mcmmTa manu ce rpymoumu (3.18-3.29) 3anameHMTE MHO-
#KeCTBa BO OJHOC Ha O3HAYeHMTe omepamuu. Kow ol rpynmommmre ce
KOMYTaTUBHY, KOX Ce HONYTPYIHM M KOU €€ CO HeyTpaJeH eneMenT?

N = {1, 2, 3,...}; cobupame HEa DPUPOTHA GpoeBuU.

Z = {0, £1, £2,...}; on3eMame Ha Mean 6poeBH.
{1,3,5,...}; cobupame Ha IpUPOIEYA OPOEBH.

Q*; cobupame Ha PAIWOHAIHA GpoeBMU.

Q*; meneme Ha paImVOHANHM GpOEBU.
Q;zoy:W. 3.24.R;zoy=\3’/m.

R; zoy=22+y2.  38.26. R; zoy=|z+y|
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3.28.
3.29.
3.30,

3.31.

3.32.
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3.37.
3.38.
3.39.

3.40.

3.41.
3.42.

3.43.
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R; z o y = max{z, y}.
G={...,-10, -5, 0, 5, 10,...}; oxsemame Ea meau O6poesn.
G ={1, -1, i, —i}; cobupame Ha KOMIIEKCEN 6pOeBH.

TonkyBajém ru ToukmTe on paMEmEaTa P. Kako OapoOBU peaJjHU
GpoeBH, na ce noKaxe IeKa ce omepalyu Bo P cleqauBe IpoNnuCH:

a) (2, 9) o (21, 91) = (2, y) axo (z, y) = (21, 11);
(z, ) o (21, y1) = cpemHaTa TOYKa OX OTCEYKaTa IITO TH CBp3yBa
ToukuTe (z, y¥), (¢1, y1) Kora THe ce Pa3InYHY;

6) (II), y) © (zlv yl) = (iL‘.’El, yyl)a
B) (2,9) o (z1, 31) = (¢ + 21, 219 + 31).
Ila ce mcuuraaT cBOjCTBaTa Ha rpymnounnor P(o).

Bo mMBOXecTBOTO G = ZXZ € IebpMHEMpaHa omepanuja o co:

a) (z,9) o (a,¢)=(z+a, (-1)* -y + c).

6) (z,9) o (a,¢)=(z+a, (-1)* y— c).

lla ce wcmura G(o).

Ila ce mcmura nanu ce rpymm (3.32-3.44) 3anmaneEnTe MEOXECTBA,
BO ONHOC Ha Ha3HAUEHWTE ONepaIlu.

N; MEOXeme Ha upupomEN GpoeBH.
G={...,-6,-3,0,3,6,...}; cobupame Ha mein 6poeBu.
G={...,-4,-2,0,2,4,...}; MHO®eme Ha mexu 6poesu.
G = {-1, 1}; MHBO*®eme ma memu Gpoenn.

G = {a*|k € Z}, a e dpurcer peanen 6poj, a # 0; MHOXeme Ha
peansn 6poesu.

G={3"5°|p, seZ}; MEOKeme Ha PanVOHaJHEN GpoeBH.
G= {ﬁ,,—l c€Z;, keN }; cobupame Ha pPalUOHATHM GpPOEBH.

G={z+yv2|z,yeZ }; cobupame Ha peannnm Gpoepm.
G={z+yv2|z,y€ Q }; MHOXelbe Ha peasEM Gpoesu.
G={z+y/2|z,yc Q*}; MHOXeEe Ha pealHM GpPOeBH.
G= {-;5 lz,ye N, z< y}; MHO¥elbe Ha panuoHaJIHU OpOeBH.

G ={1, -1, 1, i, —i}; MEOXeme Ha KOMILJIEKCHH SpoeBu.
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3.44.

3.45.

3.46.

3.47.

3.48.

3.49.

3.50.
3.51.
3.52.
3.53.
3.54.
3.55.

G={z+iy|z,y € R, 22 4+ y? = 1}; MHONKeme Ha KOMILICKCHH
OpoeBu.

Bo MroxecTBOTO G = Z X Q e nedwHMpaHa omepanuja o CO:
a) (k,z)o(s,y)=(k+s,3"°z+y).

.6) (k,z) o (s,9)=(k+s,3°z—y).

Hamu G(o) e rpynma?

Ila ce mOKa)ke IeKa MHOMXKeCTBOTO 1 0OI cuTe QpYyHKIUA
f(z) = %_,_Ls, KaJe WITO a, b, ¢, d ce peanau GPOEBU LUITO T'O 33J0-
BONIyBaaT yciIoBOT ad — bc = 1, e rpyna Bo OAHOC Ha ONEPaIyjaTa

COCTaB Ha IpeCINKyBabBba.

Ila ce moraxe nmeka MEOMXkecTBOTO G = {p1, p2, €} ON poTamUMTE Ha
PaMHOCTpPaH TPHUATrOJHWK OKOJLy HErOBMOT IEHTap 3a 120°, 240° u
360° e rpyma BO OIHOC Ha ONepalMjaTa COCTAB Ha OPeCIVKyBamba.
Ila ce mamuie TabIWOaTa K 13 ce NpoBepH Haau G € KOMyTaTUBHA.

Ha ce majne mEO®ecrBoTO (G5, t =1, 2, 3, 4, 01 cCUMeTPHUM Ha:

1) paMHOKpaK TPHaToJHNK, 2) pom0,

3) mpaBoaroJEUK, 4) KBaIpar,

a moToa Ja ce IMOKayke MeKa Toa MHOXKECTBO € I'Dylla BO ONHOC Ha
oIlepalMjaTa COCTaB Ha IpecInKyBaba. Jla ce Hammine Tabaumara
Ha CeKoja OJI OBMe TPYNM W Ja Ce BUIM Jalu HeKOoja Ol HUB €
KOMYTaTHUBHA.

Bo mmoxectBoTo Z, = {0, 1,...,n — 1} ce ne¢puHAMpanu onepalun
P u O co:

a)z@y=sezt+y=na+s, 0<s<n

6)zOy=p& zy=nc+p, 0<p<n.

Ila ce moraxe nmeka Z (@) e rpyna. Hamu u Z;,(®) e rpyna?

Ila ce ucnuTa naau ce rpynu (3.50-3.54) 3a/laeHNTe MHOKECTBA
BO OIHOC Ha Ha3HAUEHWTe OIepaluH.

{1, 3, 5, 7}; MHOXeBe mod 8.
{1, 3, 4,5, 9}; MEOXeme mod 11.
{1, 3,5, 7, 8}; MEO*eme mod 11.
{1, 5, 7, 11}; MBOXeme mod 12.
{1, 5, 8, 12}; MEOX)eme mod 13.

Ila ce mpoBepH Jaiy MHOMXKECTBOTO
a) P={2k|k€Z}; 6)5={2%+1|keZ} emnpcrer Bo omHOC
Ha ollepaluuTe cobupame U MHOXeMmbe Ha Heiu GpoeBH.
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3.59.

3.60.

3.61.

3.62.
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I[a,HEHO € MHOMKEeCTBOTO:

a) P={m+nv2|m,ne€Z}; 6)P={m+ny2|mnec2 1.
lla ce mcmmra mamu P, BO ONHOC Ha oOlepamuMuTe COBCHpame U
MHOMeHe Ha pealHEN OpOeBH, € MPCTeH.

IIa Ce MOKaXxe JIeKa MHOXeCcTBOTO
a) P= {2%|a€ Q, ke NO}; 6) P= {2%|ae Z, ke NO}

BO OIHOC Ha ONepamuuTe cobWpame W MHOXKeHe Ha PalOHAJHN
6poeBU e KOMyTAaTHBEH NPCTEH CO eImHENNa. Jlaam e mome?

Bo mHOM%eEcTBOTO
P={(a,c)laceZ,cto)
NepUHUpaMe eIHAKBOCT, cobupame (+) um MHOXeme (-) Ha cren-
HIOB HAUWH:
(a,c) =(z,y) & ay = cz;
(a,¢) + (2, y) = (ay + cz, cy);
(a, ¢)- (2, y) = (az, cy).
[a ce moxawxe meka P(+, -) e moue.

Bo MHOeCTBOTO 0J cHTe NapoBU pealHH GPOEBU
T={(a c)laceR},
fepUHApaMe eJHAKBOCT M ONepamuyl + W - co:
(a7c):(x7y)¢'>a:$7 c=Y
(¢, ¢)+(z,9) = (a+z,c+y),
(a,c)- (=, y) = (az — ¢y, ay + cz).
Ila ce mokawxe mexa T'(+, -) e moue.

Ila ce mokaxke meka Zs = {0, 1, 2, 3, 4} Bo omHOC Ha omepamuuTe
® ¥ O, nedpuHEUpaHN BO 3amavaTa 3.49, e moue.

Bo mmoxectsoTO Z,, = {0, 1, 2,...,n—1} ce nedummpanyu omepanum
® u O rako Bo 3amavara 3.49. Ila ce moxaxe nmeka Z,(®, O) e
upcTed. Jlaaum e u mojne?

Ila ce moramxe meka MHOMecrBoto B = {0,1} Bo ommoc Ha
omepamuuTe V U A, fedUHEUPAHU CO:

V10 |1 A0 11
0 /0 ]1 010
1|1 |1 1 ]0 |1

e OynoBa anreGpa.
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3.63.

3.64.

3.65.

3.66.

3.67.

Hexka M = {z,y}.- Ila ce mokaxke IeKa MHOXeCTBOTO
B = P(M) e GynoBa aire6pa BO ONHOC Ha OIepaluTe U
u N Ha MHOXecTBa. Jla ce HammmaT Tabaumure Ha olepald-
nurTe. '

Ila ce ynpocTu U3pa3oT:
a) (xAyAc)V(z'Vy V) 6) [zv (@ AYIAlyV(¥Ve);
B) [(zVy) Ac]V (2" AY); r) [(&' AY)V (¢ AYIATY V(zAc)]-
Ila ce ympocTH KOHTaKTHaTa IIEMa:
—o%0—o0 co——‘
a B -
a) —+ 0" 0—0 "0
o bo—
—o0 %0— —0 ‘o—
T —obo— —o°
5) Lo b o
L—0  O0— b o—oO0 c
—0 ¢ 0—
5% b
L—o0" o—
) —O0 ¢ O— —O0 b O—
B
L6 o— Lo %o—
—0 b o—
-—_—O Co___J
Lo ao—
x kX
Hexka S(-) e moayrpyma. CraBajku = o y = yz, KobuBaMme Ipy-

moun 5(o). Ila ce mokaxe Heka S (o) e momyrpyna.

Hexa S5(-) e moayrpyna U @ IafeH eleMeHT OX S. Ila craBuMe:
z 0y =2ay.

Jla ce Tokaxke HeKa ¥ S(0) e moayrpyua.
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3.69.

3.70.

3.71.

3.72.

3.73.

3.74.
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Hexa M e nmameEo MHOXectBo. Bo S = P (M) medmrmpame
onepamyja o co:

AoB=AUB ako AUB=10,

AoB=M ako AUB#D0.
Ila ce mokaxke neka S(o) e KOMyTaTWBHA NOJIYTpyla CO HEyTpa-
JIeH eJIeMEHT.

Ila ce mokaxe JeKa MHO?KeCTBOTO

—1
G={0, % % T}
Kame MTOo k e (HUKCeH TIpUpOmdeH 6p03, BO OOHOC Ha omepamu-
jaTa +:

£+ﬁ_ L‘,'c'—s- 33 p+s<k
k' okT | Btk 33 p+s>k

e rpyna.
Heka S(-) e monyrpymna Bo Koja e MCIOIHET YCJIOBOT:
(Va,z € S)a’z=za’ = z. (1)

Ila ce mokaxe meka S(-) e KOMyTaTUBHEa Ipyna.

Hekxa M e mamemo mHOXectBo ¥ G = P (M) maprurarmBEOTO
MHOXkecTBO Ha M. Ila ce mnokaxe neka G BO OIHOC Ha oIepamy-
jara A (cuMeTpHuHa pa3iNKa Ha MHOMXKeCTBa) € rpyHa.

Ha ce IIPOBEPH AU MHOMXKECTBOTO

a) P={z+y-v9|z,y€Z}; 6)M={c+y¥9|z,y€Z},
€ IpCTeH BO ONHOC Ha omepamumuTe cOOHMpame M MHOXKEHmE Ha
peanHu OpoeBM.

ITa ce mokaxe neKa MHOXeCTBOTO
P{a+bv2+cV4 |a, b, c eQ}

€ moJie BO OJHOC Ha OIepamuuTe COOHpame W MHOXKEHE Ha pe-
axEn GpoeBH.

Hanero e monero Zs (Bumu 3.60). Ila ce mokaske IeKa MHO-

XECTBOTO
P:{(:l:, y)lz’ye ZS}
e moJie BO ONHOC Ha OmepamunTe + U -, JeGUHUPAHM CO:
(@, 0)+(z,y)=(atz,ct+y),
(a, ¢)(z, y) = (az — cy, ay + cz).
Konky enremerTn mma monero P(+, -)?
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3.75.

3.76.

3.77.

3.78.

3.79.

3.80.

3.81.

3.82.

Hexa M e namero MEOMXecTBO U Heka P = P(M) e mapTuTUBEOTO
MEO¥ecTBO Ha M. Ila ce mokaxe meka P(A, N), xane mro A e
CUMeTpWYHa pa3luKa, a () e olepalujaTa IpeceK Ha MHOXeC-
TBa, € KOMYTaTHNBEH ONPCTEH.

3a OpCTEHOT OX DPeTXOAHaTa 3allada, fla ce HOKakKe IeKa:
a)zl=z 3acekoj z€P; 6)z+z=0 3acekoj € P;
B) zy(z + y) = 0 3a kom Gmmo «,y € P. (Ilpuroa: + e A,
a - e
Axo mpcrenor P ro mMa CBOjCTBOTO

' (VYz € P)z% =0,
Toralll TOj 'O MMa ¥ CBOjCTBOTO ZY¥ = —yT, 3a Kom bmio z, y € P.
Hexka B e nmomvaOoxecTBo o N. 3a xou 6uio z, y on B nedurn-

pamMe zVy 1 z Ay Ia GHIaT HajMalIuOT 3aeIHMYKH COIpIKaTe]
¥ HAjrOJIEMHOT 3aeNHWYKYN NeauTe] Ha T ¥ y. Jlanm Bo ommoC
Ha, OBHUe€ Ollepally, CIeIHNBE MHOXECTBa ce GyJIOBH aarebpu:

a) {1,2,3,5,6,10,15,30}; 6){1,2,3,6,7, 14, 21, 42};
8) {1,2, 3, 4, 12}; r) {1, 2,3, 4,6, 8, 12, 24}.

Ila ce noKasKe OeKa 3a cekoj ¢ on OyinoBarta airebpa B,
eJeMeBTOT I mepuHMpaH BO (4) ox 3amavaTta 3.7 € eTHO3HAUHO
ompeeseH.

Ila ce mokaKe IeKa 3a CeKoj T oX OyioBaTa aiarebpa B ce
VMCHOJNHETH CJIeHNBE PAaBEHCTBA:

a)zVz=z m zAz=z. 6)zVli=1 m zA0=0.
B) (zVy) =zAy m (zAy)=2z'Vy.

3a mse rpyma G = G(o) m G'(x) ce Benu JeKa ce usomopPnu,
ako mocTou Gmeknmuja f: G — G, TakBa mMTO

(Vz,y € G) f(z o y) = f(z)* f(y)-
Jla ce mokaxe meka rpymata G = Z (4) e usomopdHa co
rpynara

a) ' = {3k|k€Z} (0n3.33); 6)G ={d*|k€Z} (on3.36).
Ila ce mpoBep¥ Iaiu e W30MOp(Ha rpymara on 3ax 3.50 co

rpymaTa oX 3aJadaTa: a) 3.53; 6) 3.43; B) 3.54; r) 3.48, G
" G3.
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4. JETEPMMWAHAHTH O BTOP 1 TPET PEL

Pemenn 3amaum

Hexka a, b, ¢, d ce peanau 6poesu. Illemara g ke ja cMmeTa-
Me 3a peajJeH Opoj emHaKoB co ad — be,
a b|
c 4| =0ad—be (1)
u Ke ja BUKaMe Jemepmunanma o0 emop ped. Ila ce mOKaXe IeKa
a c|_|a b c d|_ la b
2) bd‘cd" 6)ab1__cd|’
B) ka b a bl r) a b+ka|_|a b
ke d| 7 "l|le d)’ ¢ d4ke| |c df

IloToa, ma ce mckaxe co 360pOBM 3HAUEHmETO Ha CEKOe Ol TOPHUTE
PaBeHCTBaA.

Pewenue. Kopucrején ja nepummmjara (1), nobusame:

a) a ¢ a b

b d c d
IITO 3HAUM HOeKa JeTepPMWHaHTaTa He Ce MEHYBa aKO peAMIUATE CU T'M pasMe-
HaT MeCTaTa CO COOABETHUTE KOJOHM, T.e. KOIOHUTE CE€ , PAMHONDPABHU® CO

=ad—bc=

’

penunTe.
¢ d| _ (N _ |0 b
6) a bl_cb—ad— (ad —bc) = c dl°

a Toa 3HaAUM H€Ka JdeTepMHMHaHTaTa ,IE06PIB3. CIIPOTMBEH 3HAaK aKO pequummrTe
CH 'YA pa3MeHaT MecTaTa.

ka b e b
B)

ke d ¢ d
T.e. AeTePMUHaHTAaTa Ce MHOXHU cO 6pP0j ako cekoj UieH ol eJHa KOJIOHa ce
TOMHOHM CO TOj 6poj.

a b-+ka a b
A P c d|'

3BaunM, OeTepMUHaHTATa HE Ce MeHYyBa ako KOH eJQHaTa KOJOHAa ce NONaNaT
COOIBETHNTE UJIEHOBM O]l APYyraTa KOJIOHAZ IIOMHOXEHM co ucT 6poj k.

)

’:kad—kcb:k(ad—bc):k

=a(d + kc) — c(b+ ka) = ad — bc =




40

4.3.

2 3 4
Ila ce mpecMeTa OeTepPMUHAHTATa OX TpeT pei: -1 1 -3
1 -2 0

Pewenue. Ilon demepmunanma 0d mpem ped nonpasbupame KBapaTHa IIe-
Ma ol AeBeT peaJHM Opoesu a;, b;, ¢;, i =1, 2, 3, cMeCTeHN BO TPM peaUNU M
TPH KOJIOHH, a Hej3SMHOTO 3HAUEH€ € OlIpeJeIeHO CO IIOMOII Ha AeTePMMHAHTH
O BTOP pend Ha CJEIHHOB HaUWH:

hob by|=a|l b b ba) g gt b2 @)
e 2 3 Cc2 €3 c1 c3 c1 (/]

Bo oBoj cayuaj BesmMe meka JeTepMMHAHTATA € PA3guena no npeama peduya.
Coopen Toa, nMaMme:

2 3 4
1 -3 -1 -3 -1
1 —2 3 -2 0 1 0 1 -2

=2-(0-6)—3-(0+3)+4-2—-1)=-12—-9+4=—17.
3abenemka. JleTepMUHAHTHATE 01 BTOP pPem:

by b3 by b3 A
c = 212,
2 €3 €1 ¢3

by b2

=A
11, e1 c2

= A3

ce BUKaaT Munopu (OX BTOP Pel) Ha NeTepMMHaHTaTa D mro oaroBapaar Ha
eJeMeHTHTe OJ IpBaTa peauna, ¢j, az, a3 COOABETHO, a Bpojor

Ai=(-1D)"" A, i=1,2,3 )

ce BMKa a#zebapcxu xoMnaiemenm UITO My OAroBapa Ha eJeMeHTOT a;. VMajkm
ro Toa npeasux, (2) MoxeMme Ja ro HaOWLIEME Ha CJEIHUOB HAUMH:

D =a1A; +azAz +a3A3, 2"
a ce IIOKaXXyBa J€Ka Ce TOYHH N paBeHCTBaTa
D=5b1B1 +b2B2+b3B3 m D=c1Cy+c2C2 +¢c3C3, 2"
Kaje INTO . .
B; = (-—1)2+' Agy; m C; = (—1)3+' As; (3')

ce anreSapcKH KoIJIeMeHTH Ha edeMmeHTHTe b; (0 BTOpaTa pemmua) u ¢; (o
TpeTaTa peauIa) COOLBETHO.
3a mpumep, HaleHaTa AeTePMMHAHTa Ke ja pa3sBUMeMe IO TpeTaTa peluIia
HAmame:

Cy = (—1)3+! |i’ 4

-3 =2,

- _ —(_1\3+2| 2 4
=-13, C2—( 1) |_1 —3

Ca=(—1)3+3| 2 3‘=5,

-1 1
2 3 4
-1 1 =3|=1-C1+(-2)-C2+0-C3=1-(-13)+(-2)-2+0-5=—17.
1 -2 0

Ila 3aBenexuMe meka cnope,u; 3) m (3'), ce J.Ioﬁmsa CJIeJHOBO €IHOCTAaBHO
»IIPABMAIO Ha 3HAIUTE "

+ - +
- 4+ =]
+ - +
Ila ce BHajmaT: a) MuHOPHTE Ay; ¥ 6) anrebapCKuTe KOMILIEMEHTH
B; mTo oarosapaaT Ha elleMeHTHTE OX BTOpaTa PeIUIla Ha JeTep-
MWHaHTaTAa:
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-3 -2 -1
0 -3 2.
—4 1 3
Pewenue. Umame (puan 4.2):
-2 -1]_ -3 -1]__ -3 —2|__
a) Azl—l 1 3 = -5, A22—|_4 3|— 13, Aaz= —4 1|— 11

6) Bi=(-1)**'An =5, By=-13, Bs=1L

Co momom Ha CapycoBOTO IpaBMIO, Ja C€ HIpecMeTa:

2 3 1
2 -1 -1}
0 2 4

Pewenue. NommnyBajim ' NpBaTa M BTOpaTa KOJIOHA A0 NaAeHaTa AeTep-
MMHaHTa, ja Ao6uBaMe cliefHaBa IPaBOaroJiHa IeMa:

2 NN

Bpe,zmoc’ra. Ha XeTepMMHaHTaTa ce Jo6uBa ako on 36HPOT Ha TpUTE NIpOoM3-
BOOM, 3¢éME€HU IIO INOJHUTE JIMHAM, ce oJA3eMe 36HPOT Ha TpHTE NPOM3BOLH
3€eM€eHU II0 TOYKeCTHTe JMHWNH, T.e.

D='2-(—1)-4+3-(-—1)~0+1-2~2—(0-(—1)-1+2-(—1)-2+4-2-3) = —24.

a; ay az+kay ay a2 ag
Kopucrejku ja ocobumara |by by b3+ kb |=|b1 b2 b3,
aa ¢ catka g ¢ ¢3
-1 3 -4 1 a pc
Ia ce mpecmeTa: a) | 2 —1 1[;6)|1 p cal.
-3 2 4 1 ¢ ap

Pewenue. a) Axo npBaTa KOJIOHA ja INOMHOMMME IIPBO co 3 M ja momageMme
Ha BTOpaTa KOJOHa, a [I0Toa cO —4 M ja JoJaleMe Ha TPeTaTa KOJOHa, He-
TepMMHaHTaTa HeMa Oa ce mpoMeHM. Ho, 3aToa, mak, BO HpBaTa peluna
Ce mojaByBaaT IBe HYJH, Ila IpecMeTyBameTo co moMom Ha (2) ox 4.2 ce
yOpocTyBa. 3HauUM, MMaMe:

-1 3 —4 -1 0 0 5 _7
2 -1 1|=| 2 5 -7 =—1-|_7 16 | = —(80 —49) = —31.
-3 2 4 -3 -7 16

6) Ako on BTOopaTa, a IOTOA O TPeTaTa ja oA3eMeMe IpBaTa pelNIa, Jo6u-
BaMe:

1 a pc 1 a pc
1 p ca|=]|0 p—a ca-pc
1 ¢ ap 0 c—a ap—pc

=p(p—a)(a—c)—c(@-p)(c—a)=(a—p)p—c)(c—a).
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4.6.

4.7.

Co momomnr ga KpaMepOBOTO OIpaBUJIO, Oa Ce pemu CHCTEeMOT JIHu-
HeapHN paBE€HKH:

a) 3z+2y=1, 6) 3z -2y+ 2=1,
—z—2y=25; 204+ 3y—5z=28,
—-z+4+ y - z=0.

Pewenue. IIymyeajéu ru KoedMIMenTHe Mpea T, y, OLHOCHO z KaKO npeBa,
BTOpa, OJHOCHO TpeTa KOJIOHa, Ao8uBaMe NeTepMUHaHTa D, HapeueHa meTep-
MNHAHTa Ha CHCTEMOT. AKO CI060JHUTE WICHOBM T'M IIOCTABUME Ha COOJBET-
HUTe MeCTa OJ KOePUIMEeHTHTe Ha T, ¥, OJHOCHO z, NOGMBaMe HeTepMWHAHTH
Dz, Dy ogrocso D;. Ako e D # 0, Toral pemeHUeTo Ha CHCTEMOT e JaeHo
co dpopMyauTe:

OOHOCHO z = %, (4)

T= ==, y==%,

D S ,

HapedeRM npapniio Ha Kpamep 3a pemaBame cucTeMu nvHeapHM paBeHKH.
3a maldeHMTe CUCTEMH MMaMe:

_ 3 2| _ _ . 11 2 _ 4. _ 3 1) _
a) D=|_| _o|=-4%#0; D,_‘5 _zl_ 12; Dy_l_l 5'-16,
Ila, 3aMeHyBajkH Bo (4), mobusame:
:B=:—];12=3, y:—i%:—ll,
3 =2 1 0 0 1
6) D=| 2 3 -—-5|=|17T -7 =5 =1-'172 :I’:-s;
-1 1 -~1 2 -1 -1
1 =2 1 1 -2 1
D:=|8 3 —5/=[0 19 -13 =1-’“; _i31|=—6;
0 1 -1 0 1 -1
3 1 1 2 1 1 2 1
Dy=| 2 8 —-5[=|7 8 =5 =—1-’7 8’:—9;
-1 0 -1 0 0 -1
3 =2 1 1 -2 1 11
D, = 2 3 8|=|5 3 8=—1-’5 8‘:—3,
-1 1 0 0 1 0
na, 3amMeHyBajku Bo (4), nobuBame:
=2, y =3, z=1.

Ilanen e cucteMoT:
bcosa+acosf=c

ccosa+acosy=2b,
ccosf+bcosy=a,

oo HemO3HaTHTe cosa, cosf, cosy. AKo @, 3,7 ce ariure Ha
eJlecH TPMaroJHUK U a, b, ¢ coOomBeTHUTE CTpaHW, Oa ce Halde Te-
OMETPHCKO TOJKyBalbe Ha pelleHNeTO Ha CHUCTEMOT.

Pewenue. Ila ja osmaumMe co D KeTepMuHaHTaTa Ha cucTeMoT, a co Di,

D3, D3 - neTepMMEAATHTE 1ITO Ce OQHECYBaaT Ha HEO3HATHMTE COS ¥, COS 3,

cos ¥ coomBeTHo. llo6uBame:
D = —2abc, D1 = a(a? — c? —b?), Dy = b(b? — ¢ — a?), D3 = c(c? — a? — b2).
Onx ycaoBoT Mmame: a>0, b>0, ¢>0, ma
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4.17.

4.19.

4.20.

4.22.

4.24.

4.25.
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cos o b2+c2_a2 cosﬂ a2+C2_b2 c a2+b2_c2
= ———————— = —, (o)) = ——
2bc ’ 2ac 7 2ab

I‘eome'rpncxn, CO OBWie paBe€HCTBa Ce JaJeHN KOHyCHHTE TEOpEMHU.

gt
3anaun 3a BexkbOame

Ila ce mpecMeTaaT CIeNHMBE NeTepMUHAHTH (4.8-4.12):

4 -3 3 2 a ¢
9 1l 4.9. 6 4’. 4.10. 2
a+1l c+1 ctgz 1
c—1 a-17 4.12. cos’z tgz|
Jla ce pemar paBeHknTe (4.13-4.18):
z+1 3|_ r4+1 -2 _
L al=0 414. | T3 5=0
z2 -4 4 | _ z2-2 -2 | _
. z+2l_0. 5 N .z+2|_0.
2sinz 1 |_ 0. 4.18. cos 8z sindz| _ 0.
3 cosT —sin8z  cosST

Ila ce pemaT HepaBeHKHUTE:

2 41
a) |1 z-1

3—z z4+2

>0 8 "5 42

> 0.

Co moMOII Ha JeTepMWHAHTH M3 Ce pellaT CleIHUBe CHCTeMHU JIH-
HeapHM paBenk: (4.20-4.23):

3r—Ty=35, 4.21. 4z +6y=2,
z+4y=8. 2c+3y=1.
az + by = c, 4.23. 3az — 5by = 2¢,
T —ay = c; ax — 2by = ¢;
(a® 4+ b2 #0). (ab #0).

Co IMpeKTHO IpecMeTyBaie Ila Ce JIOKaxke HeKa eJHa AeTepMu-
HaHTa Ol TpeT pea He ce MeHYBa aKoO pe,zmn;wre M KOJIOHHATE CI I'l
pa3MeHaT yJOTHTe.

AKO CUTe eTeMeHTH BO HeKOja peimua (KOJOHA) ce HyJHd, TOrall 1

+ caMaTa IOeTepMHHaHTa € HyJa.
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4.26.

4.27,

4.28.

4.29.

4.30.

4.32.

4.34.

4.36.

4.38.

3a NeTepMUHAHTA OX TpeT pex na ce GopMyIHpaaT TBPAEHATA!
a'), 6'), 8') u r'), amanormm ma a), 6), B) M I) ox 3amavara 4.1, a
HOTOa fla Ce HOKaXKaT.

AKo IBe pemIm (KOJIOHM) Ha eXHa IleTepMUHAHTa OX TPET pex ce
CIHAKBU, TOTAIll IETEPMMHAHTATA € eHAKBA CO HyJa.

PassmBajku ru mo emeMenTHTe ox HeKoja (Ha mpmMep, opBaTa)
pemana, ma ce IpecMeTaaT CIeXHUTE JeTepPMUHAHTIH:
-2 -1 4 0 a b ~a b 1
a) 6 -3 -2(; 6)|a 0 c|; =) c 1 -=b).
4 1 2 b ¢ 0 -1 ¢ -a

Co momomr Ha CaPYCOBOTO IpaBnjio, Ia ce mpecMeTaaTt ClleTHUBE
JeTepMHUHAHTH

1 10 14a¢ 1 1 0 cosz tgz
a) 3 16(;6)| 1 145 1 ;B) [cosz 0 cosz.
4 -2 3 1 1 1+¢ tgz cosz 0

Ila ce mpecmeraar ciexmuse HAeTePMUHAHTH (4.30—4.33):

3 2 1 l-a 3 3
5 3 -2]. 4.31. 3 5+a 3 |.
-2 1 4 6 6 4—a
a’+1 ap ac v+ gl c?
ap p*+1 pc 4.33. | z? 24z? 2 |,
ac pc 2 +1 z? y: x4y

Bo 3amaunre 4.34-4.37, ma ce Pelr 1o T paBeHKaTa:

z+a a a z+1 z+2 3
a T+a a =0. 4.35. |z+3 2 zt+1|=0.
a a T+ a 1 z+2 z4+3
3+z 1 1 z? + a? -1 1
5 33—z 1 |=0. 4.37. 1 z2+a? 1|=0.
6 6 442 z24+a® 22442 1

Bo 3amauute 4.38-4.42, He Pa3BHBajKu ja OeTepMHHAHTaTa, a KO-
PHUCTejKM I'M OCOGHMEMTE Ha NeTePMHUHAHTHUTE (4.25-4.27), ma ce
MOKasKe MIeKa:

4 2 3 3 1 6
1 -1 0f{=0. 4.39. 1 4 2|=0.
4 2 3 2 1 4
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4.49.

4.50.

4.51.
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1 ¢ p+ec sinz  cos’z cos2z|
1 p c+al|=0. 4.41. siny cos?y cos2y|=0.
1 ¢ a+p sin®z cos’z cos2z
0 z—a z-p 2’ +ar az+ad® —az
a) lz+a 0 z-¢|=0, 6) |z¥4+az ez az+a?| =0,
z+p z+¢c O -1 2 2
3a z=0; 33 = —a/2.

Co momomr Ha neTepMUHAHETH, fa Cce pemaT cucTeMure (4.43-4.46)

2z —y+22= 2, 444. 2z —y+32=8,
z4+10y—-3z= 5, -z+2y+z=4,
-z+y+ z=-3. 3z +y—42=0.
z+ay= 3, 4.46. 5ax — 4by + 2¢z = 3abc,
az +z= 2, 3az — 6by + 5¢z = 2abc,
y+az= 1; 2az —3by+cz=0;
a# -1 abe # 0.

Axo 21z -8y+a=5z—-2y—1=22—-3y+4=0, ZoKaXHK IeKa a=—b.

Ia ce emmMuEUpaaT , Y, OAHOCHO z Ol PaBeHKUTE:

a) az+by+c=0, 6) az=cr—y,
bxr+cy+a=0, cy=bz—-1z,
cz+ay+b=0. ' z=ay— 2.

3ananen e tpuaronemk ABC, co crpaEm a,b,¢ M ariu
a, 3, v, MTO IeXaT HACIPOTH CTPaHWTe a, b, ¢ coomBerHo. la ce
DOKaXe NeKa NeTepMUHAHTUTe:

c? asiny bsiny b? csinf}  asinf
a) asiny 1 cosy |; 6) csin 3 1 cos 3 |;
bsiny cosy 1 asinf cosf 1

Cce eHAKBU Ha HYJa.

HPK KOH YCJIOBH € TOYHO DPaBEeHCTBOTO:

1 cosa cospf 0 cosa cosf
cos o 1 cosy | = |[cosa 0 cosvy|?
cosff cosvy. 1 cosf cosy 0

*k 0k %

Ia ce moramxe Jlaepanocosuom udenmumemn:
2 2 2

a b b ¢

Ty Yy oz

= (a®+ 8 + c*)(2? + y? + 2%) — (az + by + cz)?

c a
zZ

+

"
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4.52. Jla ce mokae IeKa

4.53.

4.54.

4.55.

4.56.

4.57.

4.58.

4.59.

a; azx| e c2| _|aer +azes arcz +azey

a3 a4| |[c3 ¢4 azcy + a4c3 azCz + a4y
Kopucrejku ro Toa paBeHCTBO M cTaBajku a3 = —ag, G4 = a1,
c3 = —¢g, C4 = €1, Ja Ce MOKaxKe JIeKa e:

(a? + a2)( + c2) = (@101 — azc2)? + (azcy + azc2)?.

Ila ce mokaxe (B0 4.53—4.59) ToUHOCTa Ha PaBeHCTBOTO:

2

a a° p+ec
p P cta|=(atp+)a-p)p-c)c-a).
c ¢ a+p

z+1 z+1 1
z+1 2 z+1
3 z+1 z+41

=2(2-2)(1+z)? -6.

(p+ 6)2 p2 c2
a’ (c+a)? c? = 2apc - (a + p + ¢)%.
a2 P? a? + p?

0 (a-p)?° (a—cp
(p—a)? 0 (p—c)’
(c—a)* (c—p)° 0

cos(z +y) sin(z+y) —cos(z+y)

= 0.

sin(z —y) cos(z—y) sin(z—y) |=sin2(z+y).
sin 2z 0 sin 2y
cos(z+y) sin®zcosy —sinz siny cosz \
cos(z+y) cos y cosz cos(z+y) | =sin"z cos® z - cos y.
COSy  COST COSY cos(z+y)
a+p a*+p? a® +pd 1 10 1l a a
1 c c? =la p 1|-11 p p?| =
2 a+p a’+p? 0 0 1 1 ¢ ¢

=(a—-p)(a—c)p—¢).

4.60. Be3 1ma ce pa3BuBa IeTepDMUHAHTaTa, Ha Ce IOKaxkKe OeKa:

kai+p kpr+a kata
kas + py kps+c2 kex+a
kas + ps kps+ca kestas

a p1 G
a p2 C2f-
as ps €3

= (k+1)(k2—k+1)
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5. BEKTOPI
Pemenn sanaam
llageEn ce BekropmTe a = —2p + 3r — s, b = p—r+2s,
¢ = —p+r—3s. Ila ce onpenenu BekTop d, TaKOB IITO BEKTOpHUTE

a, b, ¢, d 1a popmmpaar weTHpumaromHuK.

Pewenue. Bexropure a, b, ¢, d, ke $opPMUpaaT UeTUPHMArONHIK aKO HMBHV-
oT 36up € 0, T.e. a+ b+ c+d=o, ox kame mTo JoGnBaMe:

|
d=—a—b—c=2p—-3r+s—p+r—2s+p—r+3s, T.e.
d=2p-3r+2s.
Ila ce moxaxe mexa uwermpumarommmkor ABCD e mapaJeliorpam
aKO I CaMO aKO HErOBHUTe IUjaroHATU 3aeMHO Ce MPelloJOBYBaaT.

Pewenue. Hexa 4YeTUpuarodHukoT ABC D e mapasenorpaM u Heka S e cpe-
muna va AC, a T cpenwna Ha BD (upT. 5.1) Bunejin AC =AB + _BTC”,

Eﬁ = —:4er + B_C", JobuBame:
AS=(1/2)AC=(1/2)(AB + BC)=AB + (1/2)(~AB + BC)= AT,

mTo 3HauM, ToukuTe S M T ce coBmaraaT, T.e. AMjaroOHANATE 3aeMHO ce
npenososyBaaT. OGpaTHO, HeKa AUjaroHAJIMTe Ha YeTHUpUaroJHuKor ABCD

3aeMHO Ce NpEIONOBYBaaT BO ToukaTa P (Buam mpT. 5.2), T.e.
— —_— —_— —_—

AP=P

Q
>
o
f

Y
o

A
IOprT. 5.1 IlpT. 5.2

Toramr mane: .
AB = 4P + PB=PC + DP = DC,
E=ﬁ+ﬁ=ﬁ+ﬁ=ﬁ,

IITO 3HAYM, YeTUPUArosHukoT ABCD uma ABa napa mapaJseama CTpaHH, T.e.
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5.3.

5.4.

TOj € mapaJjenorpam.

Hexa a u b ce pamayc—BekTopuTe Ha ToukuTe A m B coomseTHO
BO omHEOC Ha eneH mouerok . Axo C e Touka mTO ja Henud OT-
ceuxaTa AB Bo omHoc s:k, Za ce IOKaXe IeKa payC—BEKTOPOT
Ha ToukaTa C e maneH CO:

_ ka + sb

©=F¥s ()

Pewenue. On ycnoeuTe Ha 3afadaTa MMame: ¢ = a+ AC, AC = 7‘;CTB> =
2(-c+b), c=a— fc+ b, ma, no cpeaysameTo, ce nobusa (1).

4 s C k B
a c b
0 .
IlpT. 5.3 IIpr. 5.4

—_—
Bo Tpuaromaukor ABC nameru ce BC = au BA = c. Tesxummnre
nveEvmr AA; u BB; ce ceuaT Bo ToukaTa 1.

a) Ia ce HajmaT omEOCHTE AT:TA, u BT:TB,.

6) Ila ce moKaxe JeKa TeXUIIHATa JIWHU]a C(C, MyEyBa HA3 TOY-
kaTa T (T.e. TeXMIIHNTe JIUHEUM Ce CeYaT BO HCTa TOUKA T).

Pewenue. a) lIpu pemapameTo ke Ce MOBMKyBaMe Ha IpT. 5.4. VMmame:
2741 =c+ -‘.}, E:a—c, ﬁl =c+ﬁ1 = %(a+c), ﬂl =a:ZZ1, ’JTB1 =y17§1.

Ila ro uspasnme BEeKTOPOT BT na cieasmpe ABa HauuHa:
ﬁ‘:%—ﬁh ﬁ=c+ﬁ1—ﬁ1.
UseaHauyBajKM I'M JeCHWTe CTPaHM, Jo6uBaMme:
a —_— —_—
E—TAI =C+A31—ﬁ1, T.e.

a a 1 ¥
572 (—c+ 5) =c+ E(a—c)— 5(a+c),
ol Kajde INTO, IO CpelyBarseTo, fobuBaMe:
(-z+y)a+(2r+y—1l)c=o.
Bunejém a u ¢ ce HeKONMHEapHU, MMaMe:
—z+y=0, 2c+4+y—1=0,
OM Kaze LITO ClelyBa Heka T =y = 1/3. 3naum, nMame
ZZ1 = 3771’41,‘ Fﬁ1 = 3T_B’1, T.e. AL:TA1 =21 n BT:TB, =2:1.

6) Hexa CC) e TexwumHdaTa JUAMja IOBJAEeYEHa OJ TeMeTO C (upT. 5.4) n
S e mpecexot ma CC1 co AA;. Cmopel pe3yaATaToT oA a), ol NPUYNHHU Ha
cuMeTpHja, mMaMme CS: SCy = 2:1, 1.e. CS = %-CCL 3a Oa mokaskeme Oeka S

ce copmnara co T, ke mokakeMe JeKa TS = 0. Umame:
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ﬁ:?s_ﬁ=§<:—c;’1_cﬁl_3—*lT=
2 (¢ c—a 11
=5 (5-9) - F+iera=o,

a Toa 3Ha4M JeKa S ce coBmara co T, T.e. Bo T ce ceuar CHUTe TPW TEeXUIIHN
JINHUNY Ha TPHaroJHUKOT.

C
D
C
d
A
A B c b
o, = > B

O a \\

s
A D’
IpT. 5.5 IipT. 5.6

5.5. Bo ucnonumer rpuaronsuk ABC nma ce Hajme Touka T, TakBa IITO
CyMaTa Ha BEKTOpHUTe IWITO oZaT on I' X0 TeMMB-aTa Ha TPHATOJ-
HUKOT nHa OuIe enHaxsBa coO O.

Pewenue. Hexa C—I‘_f{ + T—§ + T—C" = o, a O mpou3BOJHA TOUKa (upr. 5.5).
Toram umame:

TA=0A-0T, TB=0B-0T, TC = 0C - 0T,
na, co6upajku I'M U MMajiu peasun meka TA +TB +TC = 0, no6ueame:
OT = L(04 + 0B + 00C).
HocaennoBo paBeHCTRO 3Haum feka T e TEKMIITETO Ha TPUArOJHUKOT.
5.6. Ila ce moxaske meka:

a.) BEKTOPUTE a m b ce JUHEapHO 3aBUMCHM aKO M caMO aKo ce
KoJIMHeapHH,

6) BekTopuTe a, b u ¢ ce JVHEAPHO 3aBHCHU aKO M CaMO aKo ce
KOMIIJIaHAPH,

B) Kou Omio YEeTHPHU BEKTOPH Ce JINHEeapHO 3aBUCHH.

Pewenue. 3a BEeKTOpUTE ai,...,a; BeJNMe OEKa ce AUNEAPHO 3GBUCHU AKO
MOCTOJaT CKaJapy Z1,..., Tk, OJ KOU GapeM elleH e pa3audeH of 0, Taka wTO
T181 +- -+ Trap = o; (1)
BO CIPOTHMBHMOT Clydaj, T.e. aKo
Tiar+ -+ Trar =0 = =g =0, (2)
BeJMe AeKAa BEKTOPHUTE 8] ..., af CE AUNEAPHNO Ne3a8UCHU.

a) Heka au b ce KOJMHeapHM. AKo 6apeM eIHMOT e HyJla—BeKTOp, Ha npuMep
b, Toram 0-a+1-b =0, mwro 3naun a u b ce JIMHEeAPHO 3aBUCHU. 3aToa,
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5.7.

HeKa a U b ce pasIUYHM OJ HYJTHUOT BEKTOD. Toram, craBajén £ = b/a
ako & ¥ b mMaaT ucra Hacoka, a z = —b/s, ak0 THMe MMaaT CHPOTMBEHA
HaCOKa, UMajku ja mpelBHI NepUMHUIM]aTa 32 MHOXKEIbE Ha BEKTOp CO CKaJiap,
mobusame b = za, T.e. za+ (—1)-b = o, mTO 3HAYUM, & K b ce nmHeapyo
3aBVICHH. -

O6paTHO, HeKa za + zb = o, mpu WTO GapeM eleH on I, ¥y # 0, Ha TpuMep

y #0. Toram b = —g-a, wTO, cropel JePUHUNIMjaTa 33 MHOXeFe Ha BeKTOp

CO CKaJap, 3Haud AeKa a U b ce koJMHeapHU.
6) Heka a, b u ¢ ce xoMnJIaHapHU. AKo BapeM efleH O HUB ¢ HyJra unu GapeMm
OBa Mel'y HMB Ce KOJMHeapH, TOTall € jaCHO JeKa THe Ce JMHEeapHO 3aBHCHIL
3aToa, HeKa KOM OO0 OBa OJ HUB He Ceé KOJWHEAapHH M HeKa O e HUBHa 3aen-
HAUKa TOWKa. AKO HW3 KpajHaTa Touka C Ha BEKTOPOT C MOBJeueMe IpaBH
napaJieTHU co BeKTopuTe b 1 &, co mpapuTe Ha KOM aexat a u b ke mobueme
npeceunu Touku A u B. Toram umame:
—_— —_ —_—

c=0C=0A+0B=za+yb, Te zatyb+(-lec=o.
O6paTHO, Heka a, b, ¢ ce JMHeapHO 3aBUCHH, T.e. Ta + yb + zc = o, a Gapem
elleH OX T, ¥, z He e HyJa, Ha mpueMep z # 0. Bunejéu BexkTopute a, b u
18+ y1b ce KoMITaHApHM 32 KoW OMJIO CKajapH F1, Y1, nobueaMe Ieka a, b
M C Ce KOMIIJIaHapHU.-
B) AKO HEKOM TPM OL BeKTOpHTE &, b, ¢, d ce KOMNJIaHapHM, TOTall € jaCHO
JleKa THe ce JTWHEapHO 3aBHCHM (Ha IpUMep, ako € ¢ = za -+ yb, Toram e
za+ yb 4 (—1)c + 0d = 0). 3aToa Ke NPETNOCTaBUME HEKaA KO 6uno TpM He
Ce KOMIIJaHAapHM, CO 3aelHHYKa Touka O (npT. 5.6). Hus xpajHaTa TOUXa D
Ha BeKTOpPOT d mocTaByBaMe PaMHMHH IIapall€lHM CO BEKTOPUTE buc, cu
a, a u b u ru nobusame ToukuTe A, B, C cooasetHo. NMmame:

— — —,’ — —— —
d=0D =0D + D'D(0OA+OB)+ OC = za+yb + z¢,
oI Kale CJaeAyBa Ieka a, b, ¢, d ce AMHeapHO 3aBUCHU.
Jla 3abesekuMe [JeKa Ipu LalJeHM BeKTOpH a, b, ¢, d, ckajapuTe %, ¥y, 2 ce
e IHO3HAUHO ompeneieny. HaBHMCTHHA, aKo 1, Y1, Z1 Ce CKaJapd 3a KOM d=
z1a+ y1 b+ z1¢, Toram rmMame:
(z1 —z)a+ (31 —y)b+ (21 —2)c=o,
ma, 6unejku a, b, ¢ ce HeKOMIITaHapHH (T.e. cropen G) JuHeapHO He3aBHC-
"u), gobuBame T — T = 0, m—y=0, znn—2z= 0, Te. 21 =%, Y1 = 9,
721 =z.

Ila ce mpeTcTaBu BeKTOpOT d = (3, -3, 4) xako IMEEAPHA KOoMbU-
mamyja on Bekropure a = (1, 1,2), b = (2,0,1), ¢=(1,2,0).
Pewenue. BexktopoT d e auneapHa xombunayuja o BeKTopuTe a, b, ¢ aKo 3a
HEKOM CKaJlap¥ z, ¥, Z IMaMe:

d=za+yb+ zc. (1)
(Cnopexn sabesemkaTa Bo B) ox 5.6, z, y, 2 HOCTOJaT M OHpeNeJIeHN ce eHO3-
Haumo.) Ox (1) mMame:

(3, =3, 4) = (=, 3, 27) + (2, 0, y) + (2, 22, 0),

3, -3,4)=(z+2y+2, v+2z 2z + ¥), ma:

z+2+2=3, z4+2z=-3, 2z +y=4.
Pemienve Ha CHCTeMOT e T =1, y=2, z=-2, na:
- d =a+2b - 2c.



5.8.

5.9.

5.10.

5.11.

51

Ila ce mokaske meka TOUKuTe A(-2,7,-9), B(4, -5, 9),
C(1, -1, -3) u D(4, -7, 6) ce Temuma Ha eneH Tpames.

Pewenue. Axo ce mamemu TouknTe A(ri, y1, 21) ¥ B(z; y2, z2), Toram
BEKTOPOT 4B ro Ao6uBaMe Ha CJIeXHMOB HAUMH:
AB=(z2-31, v —91, 22— z1).
Cropen Toa, mMmame:
AB=(6,-12,18), CD=(3, -6, 9).

Ho, AB = 2. C_D), Te. AB u CD ce mapaJjieNHd, na 3Haum A, B, C, D ce
TEMMIba Ha elIeH Tpalles.

llanenu ce BekTOpHMTE:

a=2p+q+r, b=3p+2q+r, c=p+q+r, (1)
Kalle WTO P, g, Ir Ce HeKOMINAHADHEM BeKTopw. Ila ce PasioWu
BEKTOPOT 8 = 2p —q-—riao BEKTOpUTe a, b, C.

Pewenue. Axo P; q, I C€ HEKOMIITAHAPHM BEKTOPM, TOTAII CEKOj BEKTOD S
OX MPOCTOPOT MOKe Ha Ce IPEeTCTABM BO BULI:

s=rp+yq+zr, 2)
TIPM IITO CKaNapuTe I, ¥, z Ce eJHO3HAYHO OlpefeNeHU (BUIA U 5.6 B)). To-
Fall BeaquMe IeKa S e pazsodcen no 6asama p, q, r, a Z, Y, Z Ce BUKaaT Koe-
$UnUenTH Ha Toa pazigoxkyBame.
Pemrapajiu ro cucremor (1) mo ,menmosraTHTE® P, q, r HOGHBaMe:

P=a-c, = —2a+b+c, r=a—b+ec.

Cropex Toa, 3a s mvame:
s='2(a—c)—(—2a+b+c)—(a—b+c), T.e.
s = 3a —4c.

Hekaa=2zp—-4q—-6rub = —3p + 2q + yr, xazne mTo p, g, T ce
TpH HeKOMlIJIa.Ha.pHI/I BEKTODH. I[a Ce onmperneJaT z M Y TaKa IITO
au b ma 6ugar xonuEeapHH.
Pewenue. Epen HEHYJTH BEKTOP & € KOJMHeapeH €O JaleH BeKTop b ako u
CaMO aKo IIOCTOM peaJtieH 6poj k, TaxoB mTo b = ka. Crnopen Toa, rMame:
—3p +2q + yr = kzp — 4kq — 6kr
OX Kaje WITO, HOPaAM HEKOMIIIAHAPHOCTa Ha P, q, r, foGuBaMe:
-3=kz, 2=—4k, y=-6k Te.
k=1

y=3, <z=6.

[la ce ucmura namy ce THHEAPHO 3aBUCHM MIH JIUHEapHO HE3aBWMC-
HW CJIe[HUBE CHCTEMU BEKTODU:

a)a;=2p+3q+r, a, =p+q+3r, a3z=p+2q-2r;
6)ai=p+q-r, a=p-q+r, a3 =p+tr,

Kale WTO P, q, T, Cé TPY HEKOMIUIaHAPHU BEKTODH.

Pewenue. a) 3a nageHMoT cucTeM, GuAOejEM p, q, r ce HeKOMITJIaHapHU,
MaMme: ) '
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5.12.

5.13.

s181 +T282+7383 =(271 +22 +53)p+ (321 +22+273)q+(21 +322 —2z3)r=0

21422423 =90, 3z1+z2+233=0, z1+372 —2z3=0;
pellleHueTO Ha OBOj CMCTeM e: T1 = k, zo = —k, z3 = —k, Kafe wWTO ke
OpoOM3BOJIEH peaJtleH 6poj.

CraBajku, Ha nupuMep, k=1, nobusaMe: a; —az — &3 = O, IITO 3HAYM HACKa
CHUCTEeMOT e JVIHEapHO 3aBHCEeH.
6) Bunejéu p, q, r Ce HEKOMILTAHADHU, OX
z181 + T282 + T383 = (z1 + T2 + 23)P + (21 — 22 + £3)q+ (—z1 + 12 +33)r =0
ro pobuBaMe CHCTEMOT DaBEHKIM:
z1+224+23=0, zy —z2+23=0, —z1 + 52 +23=0,
e eJUHCTBEHO DeUieHle € $1 = L2 =23 = 0.
3HauM, CUCTEMOT € JMHeapHO He3aBHCEH.

Tlorpe6en ¥ DOBOJEH yCIOB BEKTOPUTE
a=(a,a a3), b= (by, b2, b3) m c= (c1, €2, €3)
Ila ce JWHeapHO HEe3aBUCHU €:

aj b1 C1
a bg Ca # 0. (1)
a3 b3 «c3

Pewenue. Heka e ncnouaneT ycaosoT (1) 1 Hexka za+ yb+ zc = o. Toram ro
noBuBaMe CUCTEMOT:

@15 +biy+crz=0, azz+by+coz=0, a3r+bsy+caz=0, (2)

KOj, Iopain (1), »Ma eIUHCTBEHO DeilleHMe T =¥ = z = 0, mTO 3HAUM IHeKa

BeKTOpUTe &, b, ¢ ce JMHeapHO HE3aBMCHM.

O6paTHo, ako a, b, ¢ ce JuHeapHO He3aBUCHM, T.€. aKO
sat+yb+ze=o0=>zx=y=2z=0,

foram meTepMUHAHTaTa Ha cucTeMOT (2) MOpa Ha Oupe pa3iniHa OX HyId,
T.e. Baxu (1).

IlameEM ce 4eTHPM BEKTOPM:

a=(1,0,1), b= (1,1,0), c= (1,2,1), d= (0, -1, 2).

a) Ia ce mokaxe JeKa KOU GO TPH Ol OBMe BEKTOPH Cce JIUHEapHO
He3aBUCHU.

6) Ila ce pa3IoXH CeKoj OX HalleHUuTe BEKTOPU 3eMajku TH 3a Ga3a
OpeocTaHATHTE TPH.

Pewenue. a) IMocTtojaT UeTHpU MOXKHOCTH 33 unzbupame Ha TPX BEKTOPU 0L
yerupuTe: a, b, c; 8, b, d; a,c,d; b,c, d. llerepMunaHTHTe dopMmpaH
o HUBHUTE xoop,zmna.’rn ce:

11 1 11 0 11 0 11 0
0o 1 2|=2 o1 -1{=1, |0 2 -1|=4 |1 2 -1)=3
1 0 1 10 2 11 2 01 2

uITO 3HaAYH, KoM 6nio TP BEKTOPM OL XajgeHnTe ce JUHeapHO He3aBHUCHH.

6) Ha mpumep, 3a d mmame: d = za+yb+ze, (0, -1, 2)=(z,0, 2)+(v, ¥ 0)-+
(z, 2z, z), on Kalle MITO Io nobuBaMe CHMCTEMOT:

0=z+y+2, -1 =942z, 2=z 2.
HerosBoTo pelleHe € I = %, y=-2, z= %, ma paasioxyBamero Ha d e:
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Ox roa mobuBame:

¢ = —3a+4b + 2d; =%a+lc—%d; a=§b—%—c+%d.

Bexropure a m b oGpasysaar aron a = 60°, a HUBEATe MHTeH-
sureT ce a=4 u b=25. Ila ce mpecmeTa:

a)ab; 6)a’; B)b% r1)(a+b)? 1) (2a-—5b)(a+3b).

Pewenue. Tox cxasapen npouseod a - b ro mompasbupame cxamapoT

|a||b] - cos @, kanie mTO o e arosor Mefy aum b, T.e.
ab=|a|-|b|-cosa=a-b-cosa. (1)

Coopen Toa, umame:

a)ab=4-5-c0s60°=20-1=10. 6)a’=a-a=4-4cos0°=16-1= 16.

B) b2=b-b=5-5-c0s0° = 25.1 = 25.

r) (a+b)? = (a+b)(a+b) = a2+b-a+a-b+b? = 16-+2ab+25 = 16-+20+25 = 61.

x) (2a—5b)(a+3b) = 2a? —5ba—6ab—15b2 = 2.16—5-10+6-10—15-25 = —333.

Ia ce mokaxke meka

lal = va-a. (1)
IToroa ma ce mpecMera WHTeH3WTETOT Ha BeKTOpOT a + 2b, xane
mro a=(0,1,8 u b=(1,1,-1).

Pewenue. Crasajéu b =a o (1) ox 5.14, go6usame a-a = |a]|a]cos 0°, T.e.
a? = a-a, o Kase mITOo ro Ho6MBaMe paBeHcTBOTO (1). 3a a=(0,1,8)
b=(1, 1, —1) umame a+ 2b = (2, 3, 6), ma, cnopex (1), no6upame:

|a+2b[ = y/(a+2b)(a+2b) = T.

Hanmeru ce ToukuTe

A(3,2,-3), B(4,3,1), C(7,0,1), D(6,-1, ~3).
a) Ila ce mokaxe xeka Tournte A, B,C, D nexar Bo mcTa PaMHUEHA.
6) Ila ce Hajme arosot ¢ Mel'y IMjaroHAIHTe Ha YeTUPHATOJHIKOT

ABCD.

B) Ha ce Ha.j,HaT €IUHUYHVTE BEKTOPY IOCTaBeH! HA ,u:nja.rona,nn're.

— — —_—
Pewenue. Hosoaro e na moxameme Aeka BekToputTe AB, AC, AD ce KoMm-
IJaHAPHU, T.e. JHMHEAPHO 3aBUCHM. MMame:

AB=(1,1,4)=a, AC=(4,-2,4) AD=(3, —3,0)=bh,

1 1 4 1 1 4
4 -2 4|=13 -3 o0o|=0.
3 -3 0 3 =3 0
6) On medmEMnUjaTa 32 CKaNmapeH UpoMsBon KoGMBaMe:
costh = (a+b)(a—b)

(e+b)-(a—b)’

a 6ugnejim (a+b)-(a—b) = (4, -2, 4) - (=2, 4, 4) = -8 — 8+ 16 = 0, goGuBame
cosp =0, T.e. 9 =90°. (Buuejin AB=DCu AD = FC, YeTHPHATOJHUKOT
e pom6.)
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5.17.

5.18.

5.19.

-5.20.

—_— —_—
B) EavEMUHNTe BEKTOPH Ha AMjaroHaanTe AC 1 BD na rm o3HauMMe €O Cp
¥ ey COOHBETHO. Bunejku

—2 .
AC =42 4+ (—2)2 + 4% = 386, BD =|(2, —4, —4)| = 38,
32 €eIMHUUHNTE BEKTOPH Co M e ,ZIOGHBa-MeZ

=302, -1, 2), ey = =1(1, -2, -2).
(Buoejgmn AC = BD, pomBor ABCD e kBampaT.)

co =

sl
Sl

Ila ce Haje NpoeKOMjaTa OX BeKTopoT a = (1, 2, 2) BP3 BEKTOPOT
c=(1,0,1).

Pewenue. Umame mpea = |a|cosa, Kafe WITO o € aroJoT Mer'y BEKTOpMTE
a m c .
= - «C = = = 1
la| =3, le| = \/5, a-c=3, ma cos« BT

3Hauu, Opca = 735

Jla ce IOKaske IeKa CAMeTpPaJuTe Ha CTPaHUTe Ha Koj 6mio Tpu-
aronmmk ABC ce cewaT Bo enHa Touka ‘O.

Pewenue. Jla ru o3HaUMMeE CO P U r BEKTOPHUTE IIOCTABEHN Ha CHUMeTpaJaUTe
Ha cTpanute BC u CA cooaBeTHO, Kako LITO € O3HaUeHO Ha LPT. 5.7, a
s=1_’6’1, AC: = C1B. Umame: pa=0, rb=0, a+b+c=0.

MHoOXkejKu TM CKaJapHO DPaBeHCTBAaTa P — S = —-;—b U r—s= —;-a co a u
b cooaBeTHO, a HOToa cobupajkm ru, nobrnBame: pa+rb —s(a+b) =0, T.e.
sc = 0, IITO 3HAUM AeKa § JeXHU Ha CMMeTpaJjaTa o cTpaHaTa AB.

CO IOMOIII Ha BEKTOPHM Ha Ce n3Bene (bOpMy.JIa, 3a KOCHHYC on
36upoT Ha OBa OCTPH ariu.
Pewenue. Heka arosor Mer'y eIMHWUHUTE BEKTOpPU a I b e o+ (3, xaxo Ha
nprt. 5.8. Bunejim e [a|=1=|b|ma= (cos @, sin ), b= (cosf, —sin B8), on
cos(a + B) = Tﬁll%r’ nobusaMme:

cos(a + B) =cosa cosf —sina sin B.

y
a
o X
. 0 B
A c G B b
Ilpt. 5.7 Ipr. 5.8

Ilamenw ce BekToputre a = (2, —3,1)mc = (1,2, —2). Ha ce Hajze

8EXTNOPCKUOM NPOU3800:

a)axc 6)cxa; B) (a+c)x(a—c).

Pewenue. a) Umajin npeasun Qexa: . ) )
ixi=jxj=kxk=o, ixj=k, kxi=j Jixk=i

rako n jxi=—k, ixk=-j, k x j = —1i, nobusame:
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axe =21 —3j+ k) x (i+2j —2k) =
=20 x (i+2j—2k) =3 x (i+2j—2k) + k x (i+2j — 2k) =
=2i X i+4i xj—4i x k—3jxi—6jxj+6j x k+k x i+2kxj—2kxk=
=0o+4k+4j+3k+o0+6i+j—2i—o=4i+5j+ k.

Ipyr meron:

i j ok N _
axe=(2 -3 1 |=i|"3 15|27 Niki? "3 =4itsit+rk.
2 -2 1 -2 1 2
1 2 -2
i 5 k i j kK
6) cxa=|1 2 —-2|=-{2 -3 1| =—4i —5j—7k.
2 -3 1 1 2 -2
B) a+c=(3,-1,-1), a—-c=(1,-53), mna
i j k _ _ _ _
(a+ec)x(a—e)=|8 -1 -—-1|=i _; ;|—_‘||:; ;’+k,i _H:
1. -5 3
= —8i — 10j — 14k .

Ipyr meton:
(at+c)x(a—c)=ax(a-c)+cx(a—c)=
=axXxa—aXc+cXa—-cXc=o0—axc—axc—o=—

=-—2axc=-2(4,5,7) = (-8, —10, —14).

Ila ce noxawe mexa miomrTumaTa P Ha elleH mapalenorpam co
(cocemnm) crpamm a u b e |axb|. IToroa, ma ce npecMeTa WIOMITH-
HaTa Ha IapaJeJOI'PaMOT CO TeMUba

A(3,-1,2), B(1,2,-1), C(2,5, —6), D(4,2, -3).

Pewenue. Tlnomrunara Ha apaJjesorpamMoT € eJHAKBA Ha IIPOM3BOAOT O
OCHOBaTa M COOJBeTHaTa BUcHHa (upT. 5.9). Cmopen Toa:

P=laj-kh=|a||b|sine = |a x b].
Ox Toa crenysa Aeka IJIOMITUHATA Ha TPH-

aroJIHVK €O CTpaEM au b e P = %[a x b|.

3a mageHUOT caydaj uMaMe: a = 4B =

|
(~2,3,-3) = DC, b = 4D = (1, 3, —5) = b/ h
Fé, T.e. ABCD e mapanenorpam. Ilotoa: o :
i j k
axb=[-2 3 -3|=(-6,-13,-9), na
1 3 -5

IIpt. 5.9

P = |a x b| = /286.

Ia ce mpecMeTa MeUIaHNOT IPOU3BOJ Ha BEKTOPHTE
a=(1,-1,1), b=(2,2,-1), c=(3,-1,0).
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Pewenue. 3a mewanuom npouzgod Ha BexkTopuTe a = (a1, az, as),
b = (b1, b2, b3) u ¢ = (c1, c2, c3), Bo ozHara [a, b, c], mmame:

2 a2 as
by b2 b3
€1 C¢2 cC3

[a,b,c]=a-(bxc)=

Cnope,n TOa, MEIAHMOT IIPOMU3BOA MOXXeMe Ja r'o npecMeTaMe Ha JBa HadMHA.

5.23.

1 -1 1
IIpp maumn. [a,b,c]=|2 2 —1|=-6.
3 -1 0

Hdpyr wauna. UMmame
bxc=(-1,-3, -8 ®
[a,b,c]=a(bxc)=(1, -1, 1)- (-1, =3, —8) = —6.
Haneru ce BexTopute a = (2, —1,0), b = (1,2, -1), ¢ = (3, 0, 2).
Ila ce mpecMeTa 080jHuOM 8eKMOPCKU NPOUIBOD
a) ax(bxc); 6) (axb)xc,
Ha [Ba HaUvHa: JUPEKTHO M CO IOMOII Ha (OPMYyJIHTe:

a x (b x ¢) = b(ac) — c(ab), (1)
(ax b) x ¢ = b(ac) — a(bc) (2)
i j k
Pewenue. a) Umame: bxc=|1 2 -1|=(4, =5, 6);
3 0 2
i J k
ax(bxc)=[2 1 0]=(=86 12, —14)
4 -5 -6

Ia ro nssmmuMe npecmeTyBameTo co momou Ha (1). Mmame:
ac=6-+0+40=6, a-b=2+4+2-0=4, ma
ax(bxc)=6(1,2 -1)—4-(3, 0, 2) = (6, 12, —6) — (12, 0, 8) = (—6, 12, —14).

6) Nmame:

i j k
axb=|2 1 0] =(-1, 2, 3);
1 2 -1
i j k
(axb)xe=|[-1 2 3|=(4,11, —86).
0 2

Buaejkn be =3+ 0 — 2 =1, ciopezx (2), nmMame:

(axb)xc=6(1,2 —1) —1(2, 1, 0) = (6, 12, —6) — (2, 1, 0) = (4, 11, —6).
IIpumMepuTe BO a) U 6) MOKa)KyBaaT AeKa acOUMjaTUBHUOT 32KOH 3a BEKTOPCKO
MHOKerbe He BasKH.
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3anaunm 3a BexbGame

Ilanenu ce mBa HeKOJVHeapHU BeKTOpU a U ¢. Jla ce mOKaxe meKa:
a) BeKTOpUTe a + ¢, a — ¢, —a + ¢ popMUpaaT Hapaierorpam;

6) KpaeBUTe Ha BeKTOpHUTe a+c, a—c, —a+c¢, —a—c, CO 3aeTHUYIKA
IOYeTOK BO HeKoja Touka O, Ce TeMUBa Ha eleH IapaJelorpaM.

Akxo 3a yermpuaroxsukor ABC D BaXu paBeHCTBOTO:
0A-0B=0D- 00,

Kaze wro O e IPOM3BOJNHA TOYKA, TOTAUl TOj YeTHPHATOTHUK e

TapaJjeorpaM.

Haner e mapanerorpam ABCD u npousBonra Touka O. Axo S e
IPEeCeKOT Ha IWjaroHaJUTe, TOI'all

OA+ OB +0C + 0D = 402.

Axo ABCD e napanenorpam u O Ipon3BojiHa TOYKa, TOTall

OA+0B+0C+0D =o.

ako u caMo ako O e IpeCceKOT Ha IUjaroHAJIHUTE.

Bo terpaenapor OABC manemu ce paGoBuTe: OA = a, OB =hb
1 OC = c¢. Co momom Ha OBMe BEKTODU la Ce W3pa3aT Ipe-
OCTaHaTUTe paboBM Ha TeTpaeNapoT, TeXUIIHATA JNHM]a CM =ma
crpanata ABC m Bekropor mt‘, Kame mWTo 1T e TeXUMITEeTO Ha
crpanaTta ABC.

Axo ABCDEF e npaBuien MeCTOATONHNK, [a ce Hajoe pe3yJTaH-
TaTa Ha CHJIWTE MPETCTAaBEHN CO BEKTOPHTE E, R, E, AE u

aF.

Crpamute Ha eZleH (IPOCTOPER) UeTHPIATOIHIK ABCD ce pasgne-
nemm co roukute E, F, G, H Ro uct omsoc k. Jla ce moKaxke Ieka

BeKTOpUTE A_E, ﬁ, C@, DH $OpPMUPaAAT YeTHPMATOIHNK.

Bo napanenorpamor ABCD Ttoukara E e cpemuma ma E, S e
CpeIVHA Ha E, a T e mpeceymaTa TouKa Ha oTceurure DE 1
CS. Ila ce majnat ET:ED u ST:SC.
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5.32.

5.33.

5.34.

5.35.

5.36.

5.37.

5.38.

5.39.

5.40.

5.41.

Bo napanenorpamor ABC D, Toukutre F u F ce cpeawHHN Ha CTpa-
mute BC u CD coonBetrHO. I[a ce mokaxke nexka AE u AF ja memat
mijaromasara BD Ha TpM enHaKBU Oela.

Iamenn ce Tpu mociemoBaTenHN TeMuba A(r;), B(r:), C(rs) Ha
enen Tpame3. [la ce HajxaT paIMyc-BeKTOpHUTe: Tr4 Ha TeMeTO
D, rs; ma npecekor P Ha mUjaroHalUTe W I'g— HA IPECEKOT S OX
BouHWTe CTpaHW, 3HaejKM NpPHTOa NeKa HojaHaTa ocHoBa AD e
k(# 1) matu moronema ol ropaaTa ocioBa BC.

Axo p ¥ s ce HekoIMHeapHU BeKTOpU ¥ a = (z + 2y + 1)p + (22 —
y—2)s, b=(4z+3y—6)p+ (z —y +2)s, Oa ce ompernenar z u ¥,
TaKa IITO Ha Baxku 2b = 3a.

Bekropurte ap, as, a3 ce U3pa3eHEN CO IOMOII Ha BEKTOPUTE Ci, Cz,
C3:

a; = 2¢; +3c2 —c3, az =c¢; —2¢y + 2¢3, az = —2¢; + ¢ — 2¢3.
Axo s = 3¢; — ¢y + 2¢3, Da ce U3pa3u S CO MOMOII Ha aj,ap,as.

Axo a, b, ¢ ce HekOMIaHaAPHM BEKTOPH, Ha Ce WCIONTA IAJH Bek-
Topute p=2a—-3b+c¢, q=3a-5b+2cu s=4a—5b+c ce
NMHEeapHO HEe3aBMCHU.

Ila ce moKake JieKa BEKTOpPHUTe a, b, ¢ ce TMHeapHO 3aBUCHU aKO U
caMO aKoO ce JMHEapHO 3aBHUCHHU BekTopuTe a+ b, b+c, c+a.

Ia ce ncouTa manu OaOeHWOT CUCTEM BEKTOPM e JIMHeapHO He3a-
BICeH WM JMHEAPHO 33aBHUCEeH. BO BTOPHOT clydaj ¢ Ha ce M3pa3y
KaKko JUHeapHa kKoMOWHaNVja Ha DPYyTUTe OBa BEKTOPAa.

a) a=(7,2,3), b = (3, 4, 6), c= (-2, -1, 5).
6)a=(8,22), b=(-63,3), c=(0,3,3)
B)a=(2,-6,4), b=(-3,9,-6), ¢=(8,7,3).
r)a=(23,-1), b=(1,1,-3), c=(4,71,3)
ma=(1,-23), b=(2-21), c=(3,5,2).

Ila ce Hajme BEKTOD, MapaJieleH CO CyMaTa Ha BEKTOpHUTe
a=(2,4,-5)u b=(1,2,3).

ITameEU ce BEKTOPHUTE
a=(2,-1,1), b=(1,3,-2), ¢=(-2,1,-3)nd = (3,2,5).
Ila ce majoaT cKalapHu I, Yy, 2, TakBu mrTo d = za + yb + zc.

Ila ce mokaxke ZeKa 3a KOj GHJIO BEKTOpD a BasKu:
a=(a-1i+(a-j)j+ (a-k)k.
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Hera p e mpon3BoOJIeH BEKTOp, a a, b, ¢ 06pa3yBaaT TpUATrOJTHUK.
Ila ce npecmera:
ap + bp + ¢p.

ITosnato e mexa BekTOpUTE p = 5a — 3¢ U s = 2a — 4¢ ce 3aeMHO
HODMAJIEM U neka |a| = 3, |¢| = 2. Ila ce mpecMera aronoT mefy
BEKTOPHUTE a U C.

JlomkuHENTe Ha BEKTOPHUTE a M € ce @ = 2 M ¢ = 3, a aroloT Mely
BUB e emakoB co 120°. 3a BexropoT p = 3a + 4¢ na ce Hajme:

a) |pl; 6) eIMEMYEMOT BEKTOP Po;
6) aronoT Mely BEKTODHTE a U P.

ITpu xom ycimoBUM cymaTa Ha TpHM BEKTOPH CO IMOJIKMHM 7, 24 u 25
e myna?

Ha ce mpecMeTa aroior o Mely BeKTOpHTE:

a) (1,2,3)mu (3,2,1); ©6)(4,-6,5) u (9,1, —6).

lla ce majoaT armure a, §,y mTo ru 3adaka BerropotT (6, —2, 9)
co xoopmuHaTEUTE OCKU Oz, Oy, Oz coomserHO.

Hanern e Tpuaronsukor ABC ¥ eMEWYHWTE BEKTOPH P, I, S, HOP-
Manau Ha cTpaEuTe AB, BC m CA coomerno. Ila ce mokaxe
IeKa

cp+ar+bs=0,

kKane mro ¢ = AB, a= BC, b= CA.

llaneru ce BekTopure: a = (2,1, -3), b=(1,-2,4),c=(2,1, 1).
Ila ce mokake meka:

a) [a+b| <|a|+|bl; 6)|a—Db|>]a]—|b];

B) la+b+c| < |a]+|b]+]c|

Iloroa, 1a ce mOKaxe DeKa HEPABEHCTBATA a), 0), B) BaXKaT 3a KOHA
6uno BeKTOpPH a, b, c.

Jlanern ce TpYW HEKOMIJIAHAPHU BEKTOPH a, b, ¢ UMM MHTEH3UTETH
cea=3, b=3, c=2u L(a,b) - L(c,a) = 120°, /(b, c) = 60°.
Han Tve BexkTOpW € KOHCTpYyWpaH Hapajeionunen. Ila ce Hajmar:
a) ckanapEuTe npoussomt a-d, b-d, ¢c-d; d=a+b+c;

6) KocuAYcUTe Ha ariuTe Mery BekropuTe d ma, du b, d u c.
B) OPTOTOHAJHWTe OIPOEKNMK Ha JUjaroHalara d Bp3 a, b, c..

Ila ce Hajde mpoekmujaTa Ha BEKTOPOT a BP3 BEKTOPOT C:
a)a=(1,-2,1), c=(4,-4,7).
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6)a=(2,-3,6), c=(1,2,2).
B)a=(-1,7,1), ¢=(-3,1,3).
Ilanesn ce BekropuTe a = (1,22, -3) u b = (2, z, —2z). 3a xom

BPEeNHOCTM Ha T HaleHWTe BEKTOPH ce MelyceGHO a) HODMaJHU
6) mapaJsexmm? '

Bexropure i, j u k ce eruanyEY 11 3aeMEO HOpMaaHu. [la ce Hajme

BEKTOPOT T Ol paBeHKUTe:
ix=2, jx=3, kx =4.

Ia ce mokaxe meka BexkTopoT a(bc) — b(ca) e Hopmaien mHa c.

Ila ce mokaxe meKa, aKO IUjarOHAJUTE Ha eleH YeTUPHATOIHNK ce
MefyceGHO HOPMAJIHH, TOTall JOKUHUTE a, b, ¢, d Ha CTpaHUTe Ha
YeTHPUATOJIHUKOT 'O 3aJ0BOJNYyBaaT ycaoBoT a’ + ¢ = b2 + d2.

[la ce nmokaxe mexa 3a mapalelHWTe CTPaHU @, ¢, KpamuTe b, d u
AWjaroHauTe €, f, Ha KOoj GMIIO Tpames, BaskK pellallijaTa

e + f2 =b% 4+ d? + 2ac.
Ilamerm ce BekTOpHUTe a M b, co uATeH3UTETH k M 2k CoOmBETHO, a
arosor mery muB e 150°. Ila ce mpecmera:
a) ab 6) Jaxb|.

Ila ce mpecmera (a x c)? + (a - c)?.

Ila ce mpeTcTaBUu cyMaTa:
aXxb+bxct+cexa
CO TOMOII Ha €IeH BEKTOPCKU IPOHM3BOI.

Ila ce mpecmeraar a Xc u (2a+c¢)x (2a~— c), axo:

a) a=(2,-3,5), c=(-4,1, -2).

6)a=(3-1,-2), c=(1,2,-1).

B) a=(-2,6,—-4), c=(3,-9,6).

Iamern ce: a=(2,-3,-1) mwec=(1,4,-2). Ia ce Hajme:
a)axec; 6)exa; B)laxc|; r)(atc)X(a-c).
Hanerw ce: a= (3, -1, -2) mwc=(2,3,1). Ila ce npecMmera:
a)axec; 6)(at+2c)x(2a—c); B)|(a+c)x(a—c).

Ila ce mpecMeTa OIOIITHHATA Ha TPUATOJHAKOT ONpeeseH CO:
a)a=2p-s, b=3p+s,|p|=[s|=1, L(p, s) = 457
6)a=3p+5s, b=p-2s, |p|=1/2, [s|=3, Z(p,s)=135.
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Ila ce mpecMeTaaT ariuTe W IJIOMITWHATA Ha Tpuaroaaukor ABC:
A(0, 4, -4), B(1,-1,3), C(4,1, -3).

Ila ce Hajme NIOIITHMHATA Ha NapalleIONPaMOT ONPENeNIEH CO:
a)a=(1,2,3), c=(-3,-2,1);

6)a=(23,-1), c=(1,-1,2).

Ila ce Bajme miIOmTHHATa Ha NapaJiejiorpaM YUK AUjaroHaJIM ce
dopMuparm ox Bektopure a = (3,1, =2) mw b = (1, -3, 4).

Ia ce majme sin ¢, ako ¢ e aromor Mmer'y Bexropure a = (3,1, 2),
b=(2,-1,4).

Axo a = (a1, a2,a3), b = (b1, b2,b3), ¢ = (e1, ¢z, ¢3) ma ce
IOKaXKe IeKa:

ai as as
a-(bxe): bl by b3 ].
¢ €2 &3

Kopucrejku ru cBojcTBaTa Ha HETepPMUHAHTUTE OX TPeT peld, ha
ce IOKaXXaT PaBEHCTBATA:

a-(bxc)=b-(cxa)=c-(axb)=(axb)-c.

Ila ce mpoBepu maJM ce KOMIIAHADHW BEKTODUTE:
a)a=(5,3,1), b=(0,-1,4), c¢=(6,9,-10),
6) a=(1,-1,0), b=(3,2 -4), c=/(=1,—4,4),
B)a=(2,1,1), b=(1,-2,3), c=(-2,1,-1),
r)a=(1,-1,1), b=(332), c=(2 -3, -2),
ma=(4,3,2), b=(1,0-1), c=(1,1,1).

Ha ce OpOBEPH JaJH JICHKAT BO MCTa PaMHUHA TOYKWTE:

a’) A(47 17 3)7 B(3a 2a _1)7 C(5a 57 4)7 D(27 _la 1)7
6) A(3, -1, -1), B(-2,-1,4), C(1,1,-1), D(2,-1,0),
B) A(-1,-1,4), B(2,3,1), C(1,4,2), D(3, 2, —4).

Ila ce ympoctu m3pasor: (a+b)-[(b+c)x (c+ a)].

Ha ce mpecMeTa BUCHHaTa Ha NapajelONMOENOT, OUpPEIEJIEH CO
BEKTOpPHTe a, b, ¢, 3eMajku ja 32 OCHOBA CTpaHATa OIpeNeIeHa CO
BeKTOpHTe a U b.

a)a=(3,-2,5), b=(1,-1,4), c=(1,-3,1).
6)a=(2,3,1), b=(1, 2, 4), c=(3, -1, 2).

IIa ce mpecmera BucumHaTa SE Ha Terpaemapor ABCS 3ananen
co:
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a) A(1,0,1), B(-1,2,-1) C(2,1,0), S(0,1,2).

6) A(2,3,1), B(4,1,-2) c(6,3,7), S(-5,-4,8).

Ila ce mpecmeraat (ax b) X ¢ ma x (b X ¢), aro:
a)a=(1,2,1), b=(2,-1,1), ec=(1,1,-3).
6)a=(3,1,2), b=(2,7,4), c=(1,2,1).

Hlanesn ce BekrTopmre: a = (1,-2,-3), b = (2,1, -1),
c = (1,3, —2). Ia ce mpecmera:

a)a-(bxc); 6)(axb)-c; B)[a, b,c]; r)|(axb)xc;
o lax(bxe); 1) (axb)x(bxc).

L .
Ia ce nokaxe nexa CyMaTa Ha BEKTOPHTE IITO I'O CBP3yBaaT IEH-

TapoT A2 PaMHOCTPaH TPMATOJHHUK CO HETOBUTE TEeMUEa € HYyJa.
Ilam Toa BaXM 3a IPOU3BOJIECH OPaBUJIEH N—arolMHMK?

Ila ce Hajme eIWMHWYHMOT BEKTOp €y Ha CHMeTpafaTa Ol aroJoT
ITO IO I'pajaT ABaTa HEHYJITU BeKTopa a U b.

Bo tpmaronsukor ABC nosieudeHa e cuMmeTpaJgaTta BM Ha aromor
e~

Bo TeMeTo B. Ila ce u3spasu BekTopoT BM O NOMOII Ha BEKTOPHUTE

—

BA=cuBC =a.

Ha ce nmokaxke neka CHMEeTpaJITe Ha arjuTe BO TPHNAar'O/JHHUKOT ce
cedJaT BO eoHa TOYKa.

Hekxa e ABCD napanenorpam. Ila ce mokaxke IeKa:

4B’ +BC'+CD + DA =4C +BD".
Axo e ABCD mpou3sBOJIeH UeTHPHATOJHUK, a S u T ce cpemuHn
Ha JUjaroHAJIWUTE, I3 Ce NOKajKe IEeKa:

AB'+BC'+CD’ + DA = AC’ + BD® +45T".

-
Heka 3a HekonwHeapamuTe BekTopu a = OA, b = Oﬁ, c=0C u
CKaJlapuTe Z, Y,z BaXd PaBEHCTBOTO: '
ra+yb+zc=o0. (1)
Ila ce mokaxke meka Toukute A, B, C' 1exkaT Ha MCTa mpaBa aKo M
CaMoO aKo:

z+y+z=0. (2)

Hexa AC e mmjaromana ma mapaueinorpamor ABCD, a § Touxa
Ha crpaHara AD, taka mro AD:AS = k. Ila ce mokame neka,
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roram, oTceukaTa BS ja ceue AC Bo Toura T, onnanederna onm A

3a AC/(k+1).

Axo a, b, ¢, p ce YeTHpPU BEeKTOPY HOBJIEUYEHN OJ 3a€MHNYKA TOUKA

O u ce cBp3aHHE co penamwjara za + yb 4 zc + up = o, Opu wWTO

z, Yy, Z, 4 Ce MPOMEHIVUBK KOeUOUEHTH CBP3aHM CO pejalyjaTa
z+y+z+u=0,

TOrall KpajHHTe TOYKM Ha a, b, ¢, p JeXaT BO UCTa PaMHMEHA.

Hexka a, b, ¢ ce pamayc—BekTopuTe Ha TeMumarta A, B, C ox enen
TPpHAroJHUK BO OMHOC Ha AafeHa Touka O, a S e mpecekoT Ha:

a) cuMeTpaaWTe Ha CTPaHHMTe; 0) BUCHHKTe;

B) CMMeTpaJIUTe Ha a