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Bcerynienue

[IpoekT nipe/inazHaven g Jo0uTe el KiaaccuaecKoil mranuMerpun. Mbr Oyaem nucciie-
JI0BaTh cBoOficTBa 3arajounoit Touku [Huddiaepa Sh. Onpenensercs ona Tak: mycTh [ —
UHICHTD MPOU3BOJIbHOTO Tpeyrojbauka ABC, Torga npsmbie Diljaepa TPEyroJbHUKOB
AIB, BIC, AIC n ABC' nepecekaiorcs B 310 caMoii Touke Sh.

B marmem mpoekTe Ha MPOTSKEHUN TIEPBBIX JIBYX YaCTel MbI Oy/1eM TPUIEPIKIBATHCS
JIOKA3aTeJILCTB [IPU MOMOIIH MCKIIOUYATETHHO «CHHTETHIECKIX METOJI0B» (6e3 ImpuBIIe-
YeHUs TPUTOHOMETPUIECKOTO W JIFOOOTO JPYTOoro CYeTa, TEXHUKH KyOMYeCKNX KPUBBIX
U 3HaHUil U3 00JIACTH IPOEKTUBHON M€OMETDHH).

[Ipu momoru TaKOro OrpaHMYEHHOI'0 apceHasIa CPeJCTB HAM YJIACTCs HOJIYUIUTh Iie-
JIVIO CEpUIO sIpKUX Pe3y/JbTaToB: HallTu MectonoJoxkenne Touku [uddiepa ornocn-
TEJIbHO JIPYTUX 3aMedaTe/IbHbIX TOUYEK, JIeXKAIIUX Ha MPAMON Jiljiepa TpeyroJbHUKA
ABC; noiimats nHanpapjienuns Ha Touky [lluddraepa n3z Beprmuna Tpeyroabanka ABC
cBa3arh Touky [lnddiepa ¢ pagukaabHBIM IIEHTPOM OKPYKHOCTEH 9 TOUEK TPeyTroJib-
unkoB Buja BI,C (rme I, — 1eHTp BHEBIMCAHHOI OKpyzKHOCTH Tpeyrosbanka ABC,
Kacarorreiics orpeska BC').

YacTb 3 mpoekTa cojiepKuT (pakThl 0 BHemnnx Toukax [[uddaepa. Buerneit Tou-
koit [Mluddaepa Sh, MbI HazbIBaeM Ty TOUKY, KOTOpas IMOJIydaeTCsd, €CJI B OIpese-
JleHnn TOouKn Sh 3aMeHUTH Bciofy Touky [ Ha Touky [,. Ilockosbky nokazareabcTBa
dakToB 1po TOUKY Sh, aOCOTIOTHO aHAJOIMYHBI JI0KA3aTe/LCTBAM (DAKTOB PO TOUKY
Sh, Hactsb 3 npejjiaraercs dutaTe/isiM He JJIs HEIOCPEJICTBEHHOI'O PEICHUS, & JIUIIh
JIIg O3HaKoMJleHus. B paMkKax mpoekTa Ha KOH(epeHIUN (haKThl U3 ITOW YacTU He
MPUHUMAIOTCS U HE OIEHUBAIOTCS.



[Ipu B3MIsAIEe HA KOHCTPYKIIMIO, KOTOPasi OyIeT MCIOJ/Ib30BaHA HAMU JIjI TTOUCKA
HaIpaBJieHnit u3 BepruH Tpeyroybanka ABC Ha Touky [Iluddrepa, cpasy Bozuukaer
BOIIPOC, & KaKOBa ee reoMeTpuvecKas IPUPOJIa, — HACTOJHKO HEOUEBHUIHON BBITJISIUT
ee cymHocTb. OTBeT Ha 3TOT Bompoc OyaeT jJaH B Yactu 4.

OxasbiBaercs, uro Touka [lluddiepa ecrs He uT0 MHOE, Kak noJoc npsamoit 1O (re
O — 1eHTp onucaHHON OKpy:KHOCTU Tpeyroibauka ABC'), a KOHCTPYKIWsI, O KOTOPOii
UJIET Pedb, — €CTh JIUIIb MOCTPOEHUE TOJIIOCA TIPU TIOMOIIN OJTHOM JIMHEHKN.

[IpaBma, mosroc 3/1eCh paccMaTpUBaeTCss OTHOCUTE/THHO HEKOTOPOil rurtepbosibl. Tlo-
sTomMy B HacTu 4 Mbl IPUBOJUM BCIO HEOOXOIUMYIO JIJIsl JlaIbHellIIeir paboThl ¢ KOHUKA-
MU B paMKax HaIllero mpoekta teopuio. [Ipenmnonaraercs, 4To y uuTaress, CTOJIKHYB-
IIerocsi ¢ KOHUKAMU BIIEPBbIe, HUKAKUX [POOJIEM IIPU PEIIeHUN 33Jia9 9TOH JacTu He
BOBHHUKHET ¥ J1/IsT PA0OTHI TI0 TIPOEKTY JIOMOJTHUTE/IbHBIE 3HAHUS HEe MOTPEOYIOTCS.

OxkasbIBaeTcss, 9TO TMOYTH BCE JOKA3aTeIbCTBA 3a7ad Jactu 4 MMeT MPOEKTHUB-
nyio npuposy. [osromy B Hactu 5 MbI IPUBOIUM KpPacHBOE MPOCKTUBHOE 0DOOICHUE
toukn Illuddiiepa, B KoTopom 0000IEHHDBIN «UHIEHTP» [ 1 0DOOIIEHHBIE <«IIEHTPHI
BHEBIIMCAHHBIX OKPYKHOCTE» [,, I u I, UrpaioT OJMHAKOBYIO POJib, & 3HAYUT U TOUKA
[MIuddaepa Bmecte ¢ Buemuunmu Toukamu [uddiaepa B 3Tom 06061IeHIT CTAHOBATCS
PABHOITPABHBIMIU.

Yactp 6 mocssiena apyromy o0OOIIEHNIO 3a1a9u O cymiecTBoBannu Toukn [1Ind-
dutepa: maittu I'MT Bcex Touek P mI0CKOCTH, JIJIs1 KOTOPBIX MpsiMble Dilepa TpeyroJib-
nukoB APB, BPC, APC nepecekaiorcs B ofHoi Touke. OKa3bIBA€TCsI, YTO ITO JOBOJIb-
HO CJIOZKHBIH OGBEKT — Ha IpoeKTuBHOM mrockoctn CP? Ha HEro MOXKHO CMOTPETH KAk
Ha KPUBYIO IIECTOH CTENeHn, OHAKO OHA PACIIaIaeTCsl B IPOU3BeIeHe KyOuKu, OecKo-
HEYHO YJIAJIEHHO MPSIMOil U ONMHUCAHHON OKPYKHOCTH UCXOJIHOTO TPEYTOTbHUKA.

Kybuka, o koropoit ujer pedb, HocuT nMms JirokceHOypxkia 2Kozeda Hoiibepra u B
«DunuKIONE MU KyOUK Tpeyrojbuukay [0] sanumaer nepsoe mecto! Mbl cOBCEM Ty Th-
IyTh 3aTPOHEM STOT OOBLEKT U TOJIYUIUM pPa3/IMIHbIE aJbTePHATUBHBIE KPACUBBIE OIIM-
canus. Bosbrie cpoiicts kKybuku Hoitbepra moxkuo nHaiitu B npoekre JIKTT-2017 [§].

QaxkT o cymectBoBanuu Touku [Iluddepa ObLT Tpe/JIoKEH B KadecTBe 3a/a41
aMEpPUKAHCKIM MHXKEHEepOM, OM3HeCMeHOM H reoMeTpom — Jjiodburenem Kyprom -
dbaepom B depanbekom Homepe xkypraasia Crux Mathematicorum [I] B8 1985 romy. Tem
cambiM TouKa Illuddaepa crama omHuM U3 caMblx SPKUX OTHOCUTEIBHO HOBBIX OT-
KPBITAN B IUIAHUMETPUU TPEYTOJIbHUKA. B «DHIUK/IONE MK IEHTPOB TPEYroIbHUKA
[2] rouka Huddiepa 3arnmaer nouernoe 21 mecro.

[IepBoe mokazarTenbcTBO cymiecTBOBaHUS TpuBean rosutapansl [P, Bempnkamm un
B.A. Ban siep Cuek B utonbckoM HOMepe Kypaasia Crux Mathematicorum [3] 3a 1986
roz (To ectb 3aaua ObLTa HepereHHoit 6ostee rogal). Kak ormeuenno B |5, HesaBucnmo
CXOJTHOE TEOMETPUIECKOE JI0KA3aTE/IHCTBO OBLIO MOIYIE€HO OJHUM U3 CAMBIX U3BECTHBIX
COBPEMEHHBIX 3a/IAYHBIX KOMIIO3UTOPOB U reoMeTpoB U.D. ITlapbiruabiv.

Boubimoit Bkytasr B uzydenune touku [Hluddepa BHeC HaIl COBPEMEHHUK — POCCHI-
ckuit reomerp JI. A. Emenpsanos ([4] u [5]). Asropsr 61aromapsr JI. A. Emenbsanosa 3a
TO, 9TO OH MOOY/IUJI ABTOPOB CO3JATh ITOT IIPOEKT.

ZKeraem ycriexoB yyacTHUKaM KOH(EPEHIUH [IPU PEIIeHnn 3a/1a49!



Hacts 1. PaaukaabHBI IEHTP OKPY2KHOCTell ditiepa

3decwv u danee dan mpeyeoavnux ABC. Touku Ay, By, C7 — cepedunn dye BC, AC' u
AB, ne codeporcawuxr mouxu A, B u C' coomeememeento, okpyscrhocmu §2, onucannoti
oxono mpeyzosvrurxae ABC, I — uyenmp enucannot okpysAcHOCIU IMo20 MPey2oivHu-
xa, a O — uewmp Q. Touxu M,, My, u M. — cepedurnn, BC', AC u AB. Bnucannas
oxpyoscrocmo NABC xacaemes cmopon BC', AC' uw AB 6 moukax K,, Ky u K..

Touku As, By, Cy cummempuuno, mouxam Ay, By, C1 omnocumenvrno cmopon BC,
AC u AB coomsemcmeenno. Touxu E,, Ey u E. — cepedunn, ompeskos 1As, IBy u
1C5, E — cepeduna 10.

Yup. 1. lokaxkure, uro F — 1eHTp oKpy:KHOCTH JesaTn Todek NAA;B1C].

Yup. 2. [lokaxure, 4T0:

(a) AAlO] ~ AAllAQ,

(b) LO\A\E = ZE, A\ By;

(c) mpsmbie Ay E,, By Ey, Cy E. IepeceKaloTcst B OJJHON TOUKE.

Iyemv mouwxu H., H, v Hy, — opmouenmpo. mpeyzosvnuxos AIB, BIC u CIA
COOMBEMCMEEHHO.

VYup. 3. (a) Jdokaxure, uro Ay — 1eHTp onucanHoii okpy:kuoctu BH,C.
(b) Hdokaxkure, aro E, — 1meHTp OKPYKHOCTH JIEBATH TOYeK Tpeyroibhuka BIC.

Bagada 1 (Touka [luddiaepa). Tokaxure, uro npsimble Ditrepa TpeyroJlbHIKOB
AIB, BIC u C'IA niepecekaioTcsi B OJTHOI TOYKE.

Obosnavwum mouxy LHupdarepa mpeyzoronura ABC wepes Sh.

MpbI 1oKa He JoKa3ajiu, 9To Yepe3 TOUKY Sh MPOXOJUT MpsiMasi Ddiliepa Tpeyrosib-
anka ABC. OT0XKuM 9T0, a TOKa JIOKayKeM HWHTEePECHBIH (hakKT, HO MPeK/1e CHOBA IIPH-
JIETCsI TTPEOJIOJIETh HECKOJIBKO BCIIOMOIaTEIbHBIX YTBEPK IEHUIA.

Iycmv w, — sHesnucannan oxpystcnocms mpeyeoavnuka ABC, xacarowancs cmo-
porv, BC' 6 mouxe T u npodossicernuti cmopon AB u AC 6 moukar L u N. Anarozuumo
ONPEIENANMCA OKPYHCHOCTNU Wy, We. Touku Iy, Iy u I, — uenmpor w,, Wy U W coom-
8eMCMBEHHO.

Yuop. 4. [lycrs I’ — nenTp BrucaHHoit okpyzkuocTu Tpeyroabauka M, MyM.. Jlo-
KayKiTe, 9T0 cepeuHa orpeska AAs — mentp okpyzxuoctu (Myl'M.,).

Yop. 5. Jlokaxkure, 94To npsimasi Ditiepa Tpeyroibauka Myl' M, mapasuieabHa mpsi-

MO AQIa.

VYup. 6. OxpyxuocTh vy — 06pa3 okpyxkuoctu ([,C'A) mpu cHMMETPUE OTHOCH-
tesibHO [,C'; OKPYKHOCTH (p — 00pas okpyzxHuoctu (I.BA) npu cuMMerpun OTHOCH-
resibHO I.B. Jlokaxkure, 910 TOUKa A JIEXKUT Ha PaJIuKaJIbHON OCH (rp M (ip.



Bagaga 2 (J.-P. Ehrmann, P. Yiu, K. L. Nguyen). [lokaxkure, 9T0 pajuKaJIbHBIIl
IIEHTP OKpYyzKHOCTel Ditnepa Tpeyroabaukos BI,C, CI,A n Al.B sBisiercs TOYKOI
[Muddaepa misa rpeyroabauka M, My M..

B pa6ore [7| mokazaubl u gpyrue J060MBITHBIE CBONCTBA PAIMKAIBHON OCH OKPY K-
Hocreit Dityiepa Tpeyroibuukos C' I, A u AI.B. B gactHOCTH, yTBEpKIaeTCsA, 9TO HA HEl
JtexkuT BHenmHsAa Touka Peiipbaxa F, Tpeyronmbunka ABC. 3annrepecoBaHHbIE TNTATE-
JII MOTYT CAMOCTOSITEILHO MOIPOOOBATH JIOKA3aTh 3TOT (DAKT MU Pa300paThbcs B €ro
pEIeHn B UCTOYHUKE.

Pacemompum mpeyzorvruk A, 06pazosarnvii npamvimu, anasozuunvimu LN (m.e.
COCOUHANULUMY MOUKU KACAGHUA BHESNUCAHHDIL OKPYHCHOCTET C NPOJOSAHCEHUAMU CO-
0MBEMCMBYIOWUT COPOH) U mpey2oaviuk O ¢ eepuwunamu 6 cepedunax dye MyM.,
M.M, u M,M, onucanroti oxpyoscrnocmu mpeyzosvrura M, MyM..

Yup. 7. lokaxkure, 9T0 TPEYyroJabHUK A TOMOTETHYIEH TPEYTOJIbHUKY O.

Yuop. 8. Jlokaxkure, 9TO MEHTP OIMUCAHHON OKPYKHOCTH A COBIAIAET ¢ OPTOICH-
TPOM UCXOIHOTO Tpeyrosbauka ABC, a NEeHTP ONMMCAHHOM OKPYKHOCTH © COBIAJIAET C
IEHTPOM OKpyzKkHOCTH Ditnepa ABC.

Yuop. 9. Jlokaxkure, 9T0 BEpITUHBI TPEYTOJbHIKA A JIeyKaT HA PAIUKATBHBIX OCAX

COOTBETCTBYIOIIUX I1ap OKpyzKHOcTel Ditnepa Tpeyroibuukos BI,C', CI,A u Al .B.

Bana4a 3. Jlokaxkure, 9T0 paIMKaIbLHBII IIEHTP OKPYKHOCTEN Difjiepa TpeyroJbHIKOB
BI1,C, CI,A n Al.B nexwur Ha npamMoii Ditepa Tpeyroabiauka ABC.

B wactrocTn, orcroma ciemyer, uro touka nddaepa gexxkur u Ha npsmoit ditrepa
tpeyrosbaunka ABC. OmaHako, ectb n 6ojiee TPOCTOM CITOCOO JTOKAa3aTh 9TO, KOTOPBIi
MBI OOCYJIUM B CJICIYIOIICH TacTH.

YHacts 2. Hanpasaenuns Ha TouKy llluddiaepa

Hamomuaum O/THO IIOJIE3HOE YTBEP2KIAECHUE, KOTOPOE 9aCTO 6y,ILeT IIOMOI'aThb HH2KE.

YrBepxkaeuue 1. /[6a HepasHbLT MPEY20AbHUKG 20MOMEMUYHBL 0200 U MOALKO MOo-
2da, Ko020a UxT COOMBEMCMBEHHBLE CIMOPOHDL NAPAALEALHDL.

[IpuBesem 0j1HO U3 CAMBIX W3BECTHBIX IIPUMEHEHU 3TOro hakra.

Yup. 10. /lokaxkure, 9T0:

(a) A1Cy L BI

(b) tpeyrompauku A;B1Cy u K, K, K. roMoreTHIHbI;

(c) Touka I nexkut Ha npsimbix itnepa A1 B1Cy u K, K, K;
(d) A1K,, B1 Ky, C1 K. u IO nepecekaiorcsi B OJIHOl TOUKe.

[ToxoxkuM crrocoboM MOXKHO JIOKA3aTh CJACIYIONNN «OJIN3KNIi POJCTBEHHUK TTPETbI-
JIYIIEero yTBePXKIeHNsI, KOTOPBI MPUTOINTCS HAM JaJIee.



Yup. 11. Jlokaxkure, 910
(a) O — 1eHTp OKPYKHOCTH JEBATH TOUYEK TpeyrosabHuka [l 1
(b) 1,0 sBasiercst npsimoit Ditsiepa rpeyronbaukos LTN wu I,I1,.

[lepeitnem Terepb K JI0KA3aTEIHLCTBY KIIOYEBON T€OPEMBI STON YacTH.

Vup. 12. Toukn X u Y takossl, uro [ € XY, XA || IB, YA | IC u XY | BC.
Jokaxkure, 4TO

(a) tpeyroabaukun X AY u BIC romoTeTnvHsl;

(b) y TpeyrombuukoB X AY u BIC' coBIaaioT MEHTPhI OIMICAHHBIX OKPYZKHOCTEI;

(c) upsimast, coennusitoras Toukn nepecedenusi meguan AXAY u ABIC, conep-
JKUT TEHTP ommcaHHoi okpykHOoCcTH A X AY .

Iycmv M — mouka nepecevenus meduar, 1 — paduyc SNUCGHHOT OKPYHCHOCTIU,
R — paduyc onucarnoti okpyosrcrnocmu mpeyeorvrukra ABC.

Yup. 13. Ilycrs M; — Touka nepecedenust meanan Tpeyrosbauka X AY . Jlokaxku-
te, uro MM, = %T.

Bajiavua HUXKe sIBJISETCs CJIEICTBUEM JOKA3aHHBIX TOJIBKO 9YTO yTBep:KieHnit. Ona
JaeT HaM MHQOPMAIUIO 0 TOM, B KakoM oTHoImennu Touka Illuddirepa mesmt orpesok
MO wu, 3a0/1H0, SIBJIFAETCA AJTBTEPHATUBHBIM CIIOCOOOM JI0KA3aTh CYIIECTBOBAHHE TOYKH

[MMuddaepa.

Bagada 4 (IP. Beapakamm, B.A. Ban nep Cuek, 1. @. [apeirun). Jokaxkunte, 9T0
npamag Ditepa Tpeyronsanka BIC nemut orpe3ok MO B OTHOMICHUH &, CYUTas OT

3R’
Touku M.

[IpuBesem moJsie3noe TPOCTOE CJIEJICTBUE ITOrO (hDaKTa, KOTOPOE TIOMOXKET HaM JIOKa-
3aTh psaj cBoiictB Touku [Tudditepa.

ITyecmv ASh nepecexaem npamyro OM, 6 mouke Z,.

M,Z, r

Yup. 14. =

np JlokaxkuTte, 9TO 7.0 7
Hyemo U # L — mouka na npamoti LN maxasn, wmo BL = BU. Ilycmv V # N —

mouxa na npamotd LN maxas, wmo CN = CV.

Yup. 15. Jlokaxure, aro AUTV n AK,K,K. ciMMeTpuIHbl OTHOCUTETLHO M, .

2R
Yup. 16. Jokaxure, uro Al I, nogoben AUTV ¢ kosddunmenrom —.
r

ITycms mouka P, cummempuuna mouke T ommnocumenvno LN . Ananrozuvmno onpe-
deasromesn mouku Py u P.. ITyemo W — nepecevenue npamox 1, T u AP,.

ITycmov moura Q, — mouxa nepeceuenus npamoir Ol, (no Ynp. 116 — amo npsamasn
Susepa LTN ) u BC. Ananroeuuno onpedeasromes mowky Qp u Q..

TW
Yup. 17. /lokaxkure, 4T0 - (nodckaska: cm. npedvidyuiee YynpascHenue).

Wi, R




Kak Mbl BujinMm, MBI TOJTy9YUId OTHOIIIEHUE, MTOXOXKee Ha TO, YTO ObLIo B Yrp. 14.
DTUM MBI BOCIIOJIb3YEMCsI 9yTh IO32Ke, & IOKa JIOKAYKEM eIle OJUH BCIIOMOTATETbHBII
pe3yIbTAT.

ITyecmv D — nepecevenue Al, u BC. Cepedunnwiti nepnendukyaap x AD nepecera-
em npamvie Bl, u Cl, 6 mouxar G u F.

Yup. 18. Jlokaxkure, uro Tpeyroibuuk DGF' romorernted Tpeyroibuuky TN L u
IIEHTP UX FOMOTETUN JIEZKUT Ha mepecedennn npambeix BC' u AP,.

Yup. 19. Jlokaxure, aro AP, npoxomut depes (), .
Bagada 5 (JI. A. Emenpsanos u T. JI. Emenssanosa). lokaxknre, 1aro

o AQ,, BQ, u CQ. nepecekatorcst B Touke [uddaepa tpeyronpunka ABC

e AP,, BP, u CP, nepecekatorcs B Touke lluddaepa tpeyrompanka ABC.

ITyecmv H' — opmouenmp mpeyzorvnura K, K K,.

Yup. 20. Jokaxure, uro yerbipexyroubauku K. AKyH n N ALP, 10100HbI.

3ana4a 6. [lokaxkure, uro Touka [[Iuddaepa nzoronanbuo conpskena OTHOCUTETHHO
rpeyroabauka ABC touke H'.

YHactp 3. «Baenmue» toukm IIuddaepa

[ToroBopum Tenepb 06 anaJsiorax Touku [Hluddaepa. dapaiiTe B 3a/1a4ax, mpeiozKeH-
HBIX BBIIIE, 3aMEHUM HHIICHTD Ha SKCICHTD U IIPOBEJIEM aHAJOTUIHBbIC PACCYKICHUS.
QaxTbl, TPUBEJIEHHBIE B 9TOW YacTU, HEOOA3aTe/IbHbI JIjIs pelleHnsd, He OyayT OIeHU-
BaTbCsd U JIAaHbI JINITb B O3HAKOMUTEIHHBIX TEJIAX.

®Pakr 1 («Buemnss» rouka [luddmrepa). Jokascume, wmo npamovie Jidaepa mpe-
yeonrvruros ABC, Al,B, Al,C, BI,C' umerom obwyto mowky, xKomopas desum ompesor

MO esnewnum obpasom 6 omHoweru %Lﬁ, cwumas om mouxu M.

Ob6osnavum srewnroro A-mouxy Iluggpaepa wepes Sh,. Ananrozuuno onpedesum

Shy u She.

DakT 2. Touxa, cummempuunas K, omnocumesvrno KyK., aeorcum na AShy,.
®Dakr 3. Toukra nepecevernus 10 u BC aeorcum nwa AShyg.

®akt 4. BSh,, 1.0 u AC nepecexaromcea 6 00noti mowxke.

[Iycts Ag, By, Cy — cepemunbl 60sbiux jgayr BC, C'A, AB onucaHHON OKPYKHOCTH
rpeyroabanka ABC' cOOTBETCTBEHHO.

DakT 5. Sh, usozonasvro conpascena cepedune O, ommocumensvro mpeyzorvrura

AlB()C().

®DakT 6. Padurxarvhoid uenmp oxpyorcnocmet dtnepa ACI., ABI, u BIC' sasasemcsa
M, -mouxot [Hugpgprepa ANM, My, M.,
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W, aTob pomnuTbes 3BE3MaM, HY?KHBI MUJIIAAPIBI JIET
Y Hac HET BpEMEHH UX KJIATh

A moToMy s TPOBOXKY MeXK PBIXKUX TOYEK

CorHu JInHAI, ITOOBI CTO HOBBIX CO3BE3INI
OcBerusn BcE BOKPYT, U s BUJE Kyla Oexarh

pyrokinesis

Yacts 4. PaBHOOOKMEe runep00Jibl

Hanomuaum ocHoBHBIE (DAKTBI U3 IM€OMETPUM KOHUK (KOHHUYECKUX CEUYEHHil), KOTOPBIE
HAM HPUTOAATCA B 3TOM paszjese. Mbl He Oy/ileM OCTaHABINBATHCA HA JTOKA3ATEIHLCTBE
9TUX (PaKTOB U CKOHIICHTPUPYEMCs Ha IPUMEHEHUH UX K HaIleil 3aade. Hukakoit apy-
roif TeoOpuH, KpoMe Toit, 9T0 chopMyIMpoBaHa HUXKE, HAMHU He OyJIeT MCIIOJI30BAThCS,
MIO9TOMY YHUTATE/h, HE3HAKOMBIN ¢ KOHUKAMU, MOYKET OI'PDAHUIUTHCA JIUIIb TEKCTOM Ha-
IIEr0 TIPOEKTA.

3anHTEepeCOBAHHBIM K€ B IIEPBOM 3HAKOMCTBE C PABHOOOKUMU THUIIEPOOIAME COBE-
TyeMm obparuThest K gekiun @. Baxapesa [9]. st 6ostee riryboKoro morpyzkeHusi B T€O-
PUIO, CBA3aHHYIO ¢ PABHOOOKMMU THIEPOOIAMHI U B IIEJIOM KPUBLIMU BTOPOT'O MOPSIKA,
pekomenryem kuury [10].

JL1s1 TOro 9ToOBI HAYATH PA3rOBOP O KOHUKAX C I€OMETPUIECKHUX IO3UIMI HAM IIPH-
JIeTCS CKa3aTh apy CJIOB O MPOEKTUBHON reOMeTPUH.

Onpepesienne 1. BermecTBennas NpOEKTUBHAS ILJIOCKOCTD (0603H. RP?) — 1my4oK 1psi-
MBIX B IIPOCTPAHCTBE € MeHTPOM B O (MHOXKECTBO BCEX MPSIMBIX B IIPOCTPAHCTBE, IIPO-
xoganmx yepes pukcupoBarnyo 10uky O). «Toukus — upsiMble, TIPOXOJAIINE Yepe3
O, «npamviey — TIOCKOCTH, Tpoxo e depe3 O.

[TirockocTb, He mpoxosnLyio Yepe3 O, Oy/ieM Ha3bIBaTh kapmot. Torma nourn Kax-
JIO «TOYKe» MOXKHO IIOCTaBUTh B COOTBETCTBHE TOYKY B KapTe — IepecedeHue IIPAMOT
My dKa, 3a/1af0Ileil «TOUYKY» C KapToi. AHAJOTMIHO TOYTH KayKJI0M «IIPAMOity — Tpsi-
MYIO B KapTe.



Ncxonnasa 3a/1ada OOBITHO CTaBUTCA HE HA IPOEKTUBHON IIOCKOCTH, a Ha OObIY-
HOI eBKINI0BOMI. [[oaTOMy, MOXKHO cKa3aTh, YTO reoMeTpHYECKas 3ajada IIOCTaBIeHA
B HEKOTOPOI (PUKCHPOBAHHON KapTe 7 IIockoctn RP2,

«Toukmy, KOTOPBIM HEIb3sd COMOCTABUTH TOYKY B KapTe T, HA3BIBAIOT OECKOHEUHO-
yodanennvimu KapThl . ZIcHO, 9TO OHU 3aJaI0TCs TEMU NPAMBIMU IIYYKa C HEHTPOM B
O, KoTOpbIe TapaJsiie/IbHbI Halllell Kapre 7. Bce Takue npsiMble Jie2KaT B OJHOM IIJIOCKO-
CTH, TapaJIeJIbHON 7 1 1poxojdineit depe3 O. 3HAYUT, ¢ TOYKMA 3PEHUs TPOEKTUBHOI
mnockoct RP?, Bce 6eCKOHEYHO yIaJeHHble TOYKH PACTIONOKEHEI Ha, OTHOM «IIPAMOI»
(Ha3bIBaeMOIl GECKOHEUHOYIAIEHHON «IIPSMO» KapThl 7).

Baykublit MOMEHT COCTOUT B TOM, 4TO 0Oe3 pUKcaluu KapThl BCe «IIPsiMble» Ha ITPO-
eKTUBHOMN IJIOCKOCTU PAGHONPAGHL, U BOOOIIE TOBOPsl HUKAKON BbIJIEIEHHONW OECKOHE'-
HOYJIAJICHHOM TIpgaMoil HeT. To ecThb, ecyn Jijid KaKUX TO IieJieil HaM Hy2KHa O€CKOHEIHO-
yIaJeHHas «IpgaMasgy, To Jub0 Mbl (DUKCHpyeM KapTy W TOrja OeCKOHEeYHOYIaJeHHAs
«IpAMasi» y HaC MOsABJISIETCHA aBTOMATHIECKH, JTNOO JT0roBapuBaeMcs 3apaHee, YTO HEKO-
TOPYIO <«IPAMYIO» OyJIeM CUUTATH OECKOHEYHOY IAIeHHOI].

Beckoneunoynanennas «roukay A., acconmumpyercs B KapTe C IMyIKOM Hapasiiesb-
HBIX IPAMBIX. DTHU MPIMBbIE MOJIYIAIOTCS IPU CEICHUU KAPThI «IIPSIMBIMU» [TPOXO/ISIIIIN-
MU Yepe3 yKa3aHHYI0 OECKOHETHOYIAJICHHYIO «TOUKY» A .

1 mpakTUYecKux Iiesieil MOJIe3HO YMeTh COeIMHATH NPsAMON B KapTe OecKOHed-
HOYJIAJIEHHYIO «TOYKY» Ao, ¢ Toukoit B jexkarreir B 9Toit kapre. st 9Toro, B cBete
CKa3aHHOTO B IIPEJIBILYIIEM ad3alle, HaM JOCTATOYHO [IPOBECTU Yepe3 TOUKY B mpsmMyio
napaJiie/IbHy0 (hUKCHPOBAHHOMY HAIIPaBIEHNIO, OTBedaromemMmy A.o.

Onpegenenne 2. [IpoexkTusHbIM npeobpasoBanueM P mtockoeru RP? mMbl Gynem Ha-
3bIBaTh TO Ipeobpazosanue RP2, KoTopoe MepeBOJUT <«IIPAMbBIC» B <«IIPAMbIC.

Bameuanue 1. Joboe npoexmusroe npeobpasosarue RP? coxpansem BeliecTBeH-
HbIE 060UHbIE OMHOWEHUA.

Onpenenenne 3. Konnkoii Ha MpoeKTUBHOII m10ckocT R P? gBiiserca o6pas3 IpH Ipo-
eKTHUBHOM IIPEOOPA30BaHUN MHOXKECTBA «TOUYEK» OOPa3yIOIUX B IepecedeHun ¢ HEKO-
TOPOIl KapTOil €BKJINJI0BY OKPY2KHOCTD.

Onpenenenne 4. PaccMoTpuM €BKJINIOBY IJIOCKOCTh T KaK HEKOTOPYIO KapTy & Mpo-
extusHOM m0ckocT RP?. Torna konukoii C Ha €BKJIMIOBOH IIJIOCKOCTH T HA3LIBACTCA

MHO2KECTBO BCE€X TE€X TOYEK KapPThbl g JJId KOTOPbIX CYIIECTBYET IIPOECKTUBHAA KOHUKA C

Takasd, 9to C = cn €.

Bameuanue 2. «Touxus C, xomopwvie ne nepecexkarom & ABAANOMCA beCKoHewHOYIa-
AEHHBMU O kapmu, €. Hanpasaenus, omeevwarowue smum <moukams 6 rwapme &,
HA3BLBAIOM, ACUMNIMOMULECKUMU HANPABAEHUAMY KoHUuKY C.

Yup. 1. I[Iycts B mpocTpancTBe 3adukcupoBata IPAMOYTOJIbHAs JIeKapTOBa CUCTE-
Ma KOOP/IMHAT ¢ Ha4aJIoM KoopnHaT B Touke (). PaccMOTpPUM MPOEKTUBHYIO IIJIOCKOCTD



KaK Iy90K IPsAMBIX ¢ eHTpoM B O u KapTy 7, 3ajaHnyio ypasuenueM z = 1. [lycts B
KapTe 7 3aJaHa OKPY’KHOCTb w ypasHeHmeM z2 4 y? = 1.

(a) Hapucyiite B xapre 7 eBKINI0By KOHUKY C B KOTOPYIO W MEPEXOJUT MIPU Bpa-
mernn BOKpyT ocu OX wHa 90°.

(b) Ykaxure acuMnrorndyeckue HanpasjeHus KOHUKHA C.

DaKThl HUXKE MOXKHO HCIIOJIbL30BaTh JJId J0Ka3aTeJIbCTBa CYIIEeCTBOBaAHUA KOHUKU.

YrBepxkaeune 1. Konuka na niockocmu 00HO3HAUHO 80CCMAHABAUBAEMCA NO NAMU
mouwkam (603M0ACHO BECKOHEUHOYIANEHHBIM) HUKAKUE MPU U3 KOTNOPYLT HE AEHCAN HA,
0010t NPAMOT.

Vreepxkaenue 2 (O6parnas reopema [lackasst). ITycmo danor maxue mourku X;, i =
1,...,6, umo mouxu nepecevenus npamoir X1Xo u X3 X5, XoX3 u X5X4, X3X4 u
XX seostcam na 00noti npamoti. Tozda cyuecmeyem xKonuka, nporodauLas “epes 6Ce
mouxu X;.

Ecau oice nexomopoie u3 paccmampusaemvic nap npamMulr napaiLesbiov, Mo meope-
MG COTPAHAEM. CUAY, 8 MOM CMBICAE, YMO MOUKA NEPECEYEHUA NOHUMAEMCA KAk bec-
KOHEUYHOYOIANEHHAA COOMBEMCBYIOUWLAA NYUKY IMUT NAPAAACALHLT NPAMbLL.

YrBepxkaeuue 3. O6paz npamoti npu u3020HANOHOM CONPANCEHUL OMHOCUMEALHO
MPEY2ONOHUKA — KOHUKA NPOTOOAWLAA HEPES BEPULUHDL IMO020 mpeyzosvhuka. Ob6pa3
KOHUKU NPOTOOAWET YePeE3 GEPULUHDL MPEYLOALHUKA NPU U3020HANDHOM CONPANCEHUU
OMHOCUMENLHO IMO20 MPEYLONLHUKA — NPAMAA (803MOHCHO, HECKOHEUHOYIANEHHAA).

Onpenenenne 5. PaBHOGOKO# (IIPsIMOYTOJIBHOl, PABHOCTOPOHHET, PABHOOOIHOM) I'Hi-
11ep00JI0if HA3BIBAIOT TY KOHUKY B KapTe, KOTOpas UMeeT JiBe OeCKOHEYHOY IaIeHHbIE
TOYKH, HAIIPABJIEHUS Ha KOTOPbIE IEePIIeH UK YJISAPHBDIL.

YrBepxkaeuue 4. Jobas xonuka nporodawasn yepes epuuHb, Mpey2oibHUKaG AGAA-
emcsa pasrobokoti 2unepboroti mozda u MoAvKo mozda, k0206 0Ha NPOTodum uepes op-
MOUEHMP IM020 MPEY20ALHUKG.

Yup. 2. (lM'unep6osna Peiipbaxa). Jdokaxure, uro rouku A, B, C, I, H, H,, H, u
H. nexart na oHO paBHOOOKOI ruttepbosie F, Koropas kacaercs mpsimoit O1.

Onpedeaum mouxy Sh' xax emopoe nepecevenue npamoti OH ¢ e2unepborot F.

Yop. 3. I[Ipumenus teopemy Ilackaist gokazkure, aro Sh’ jeKuT Ha IpAMOR Dii-
siepa tpeyrosibauka ABIC.

Tem cambIM, MBI TIOJIYYU/IN €111€ OJTHO, aJIbTEePHATUBHOE JI0KA3aTE/ILCTBO CyIECTBOBA-
nug toukn [Huddaepa. Kpome Toro, Mbl BEIICHUIN TPOCTO# CIIOCOO TTOCTPOSHUS TOTKHU
[uddaepa: mocraTouno uib mepeceds rurepbosry H ¢ npsmoit Ditnepa AABC.

Sama4da 1. Touka Sh nexxur Ha nepecedeHun rumnepobosbl H ¢ npsimoit Dittepa AABC.

[TpuBeseM TPOEKTUBHOE ONpeJieIeHne MOIAPHI (elle HAa3bIBAEMOE TOCTPOECHNEM TI0-
JISIPBI JIMHEHKOI) OTHOCHTEIFHO KOHUKHM U €€ OCHOBHBIE CBOMCTBA MOJIE3HBIE [T HAC.



Ounpegesienne 6. [lycrs ase cekyiume PiQ1 u Py(QQo kouuku C (P, @1, Py, Q2 texkar na
C) mpoxomgar depe3 Touky A. Torma npsimast [, mpoxo/sinas depe3 TOUKH [epecevdeH st
upsiMoit Py Py ¢ npsimoit (Q1(Q)2 n tipsmoit Py ¢ tpstmoit (Q1 P, Ha3bIBaeTCsl MOJISAPOit
touku A. Touka A B 9TOM ciiydae HA3BIBAETCS MOJIOCOM TPAMOIL [.

YrBepxkaeuune 5. Fcau us mouxu A cywecmeyem dee xacameavhvie x xonuke C, mo
NOAAPE — NPAMAL COEOUHANOULAA MOUKY KACAHUA.

YrBepxkaenne 6 (/poiicTBeHHOCTH TOJISIpPHOTO cooTBeTcTBUst). Touka A sesrcum na
noaape mouxu B ommnocumesvro xonuku C <= mouka B aescum Ha noaspe mouku
A ommnocumenvro xonuxu C.

[ycts Q) := OI, N BC.

Yup. 4. (a) (I'mmep6osia Crammiepa) doxaxure, aro toukn I, I,, Iy, I. u O
JieyKaT Ha OJIHON paBHOOOKOi rurepbosie S.

Jlokaxkure, 9TO

(b) BC 1o nonsipa A orHocuTeabHo S;

(c) momoc IO orrocuresnbHo S sexkutr Ha AQ), (nodckaska: compume ¢ Kapmunku
ece mouku, kpome A, 1, O, 1,).

s nanpHeiireit paboThl HaJ| IIPOEKTOM HaM HOTPeOyeTcs HMOHSATHE JIBOMHOIO OT-

HOIIIEHUA TOYEK Ha HpﬂMOfI. OHpe,ILeJIHTCH OHO CJIelyInuM O6p&30M

Onpenenenune 7. /IpoiinbiM oTHOmeHneM derBepku Touek A, B, C, D Ha upsMoil Ha-
3bIBAETCS CJIEIYIONIAs BeJIMINHA

[A,B;C,D]:%-%

Omnpenenenne 8. J[BOiTHBIM OTHOIIEHHEM YeTBEPKH HPAMBIX a, b, ¢, d IIPOXOIAIINX Ue-
pe3 Touky (), Ha3bIBAECTCA CJIEIyIONast BeJININHA,

sinZ(@,7) sinz(d, D)
sinZ(2,0) sinl(@,d)

[a, b5 ¢, d] = : (1)

—

rae | — HanpaBJISIIOMIII BEKTOP IPSIMOIi [.

Yrubt B dopmyse (1) moHUMAIOTCS KaK OPUEHTUPOBAHHBIE YTIJIbI, TO €CTh yIJIbI
MexKJy BekTopamu. Yrosu Z(d, E) 9TO TOT, HA& KOTOPBI HY?KHO ITOBEPHYTb BEKTOD d,
9TOOBI ITOJIYIUTH b. [IpuTomMm, eciii MOBOPOT OCYIIECTBJISIJICA ITPOTUB YaCOBOI CTPEJIKH,
TO 3HaYEHUE COOTBETCTBYIOIIETO yIJIa Mbl OepeM CO 3HAKOM <ILTIOCY», & €CJIA 110 YaCOBO

— CO BHAKOM «MHUHYC».

@opmysIMpOBKa OIpe/ie/ienns 8 TpedyeT JOMOJHUTE/THHOM TPOBEPKH KOPPEKTHOCTH.
B camom jiesie, MBI orpejiesisgeM JIBOWHOE OTHOIIIEHHE YeTBEPKHU MPAMBIX, a B (hopMyJIe
(1) ucnosb3yercst HATIPABJIAIONIMHA BEKTOP KarKJI0i 13 9TUX NPAMBIX (T. €. hopMaIbHO,



—

BeJINYMHA JIBOWHOTO OTHOIIEHUsI MOXKET 3aBUCETh OT BhIOOpa HallpaBJIeHHs BeKTOpa [,
HO B peaJIbHOCTU TaK HeE HpOHCXOILHT).

[Toxpobuee o cpoiicTBax ABOMHBIX oTHOmeHuit yuTaiite B nmpoekre JIKTI mpo aBu-
kenue Tovek [11].

[Ipu pemrenuun ciieyIomero yiupaskKHeHust HaM OTpebyeTcs MCIOIb30BaTh HEKOTO-
pble TPOEKTUBHBIE WHBOTIOINHU. KpoMe Toro, nmpoeKTuBHbIE UHBOJIIONUN OY/IyT MOJIE3HbI
HaM B cjejyloleit Yactu npoekTa. [loroMy npuBeem ompe/jiesieHue.

Omnpenenenne 9. Bemecrsennas npoektusHag npsMag (RPY) — mydok npsMbIx Ha
IJIOCKOCTH C TIEHTPOM B HEKOTPOit Touke O (T.e. MHOKECTBO MPOXOAdAuX depe3 O mpsi-
MbIX). «Toukmy — mpsimble mpoxossiiue aepe3 O.

Onpenenenune 10. [IpeobpaszoBanue F' BelecTBEHHON TPOEKTUBHON MPAMOil | HA3bBI-
BaeTCd IIPOEKTUBHON MHBOJIOLEH, eciiu

e F' coxpansier jBoitabie oTHOIIEHHE, TO ecTh: VA, B,C' u D € | BepHO, UTO

[A, B;C, D] = [F(A), F(B); F'(C), F(D)];

e F mmBomonus, To ecth: VA € [ Bepro, uto F'(F(A)) = A.

[IpuBesiem o/uH U3 caMbIX CUJIBHBIX PE3Y/IbTaTOB KJIACCUYIECKON IIAHUMETPUM, KO-
TOPBIN UCIOJIB3YIOT IPU PAbOTE ¢ UHBOJIIOIUSIMUA.

YrBepxkaenune 7 (Teopema Jlesapra o6 nasosmorum). Janv wemvipe mouku Aq,As, As
u Ay obuiezo nonootcenus u npamas |, e unyudenmmnas um. Ilyecmow | nepecexaem nps-
muie A1Ag, AsAy, AsAs, AA, A1As, AsAy, 6 moukax X, X', Y, Y' Z, Z' coomsem-
CMBEHHO U KOHUKY, nporodawyto wepesd A1,As, Az u Ay 6 mouxax W, W'. Tozda na nps-
Mot | cywecmeyem npoexmushas uneomouus f: X <> XY <Y 7« Z/W « W',

Hneomoyuro f unozda nasviearom uneosovuets Jlesapea nopootcdennoti wemseprot
mouex Aq,As,As u Ay na npamot [.

Yup. 5. (a) Ilycts gaHbl jBe MPOEKTHBHBIE HHBOJONNNA Z 1 J TPOEKTUBHON MPsi-
moii [. Kaxkias m3 HUX UMeeT 110 J[Be HEIOJIBUKHbIE TOUYKU. VI3BeCTHO, 9TO HENOIBUK-
HbIE TOYKU WHBOJIIOIUH Z MEHSIOTCA MecTamu npu uuBosmonun J. Jlokaxkure, 970 9T0
HETIO/IBUKHBIE TOYKU WHBOJIIONIN J MEHSIOTCSI MECTAMU TIPU UHBOJIONHN L.

[Iycts | — xacarenbuas K runepbosie S B Touke O.

(b) Hdokazxkure, arto | — npsimasi Ditaepa Tpeyroabanka ABC.

YKazanue: paccmompume CuMMEMPUI0 omoncumenvro obuccexmpuco, yeaa BAC
kax unsomoyuro L'y nyuxa npamux, nporodswur wepes A. Ilocmpotme npu nomousu
'y unsomovuuro Ly na l.

Onpenenenne 11. [Ipoitabivm orHOIIeHNeM YeTBepku Touek [A, B; C D], nexarmux Ha
konuke C, HasbIBaeTcst JBoiHOe orHotenne [PA, PB; PC| P D] nus moboit Touku P Ha
9TO# Ke KoHmke C.



Yuap. 6. IIycts Sh” — Bropoe nepecedenne AQ, ¢ runepbosoit F. Jokaxkure, 94To
(a) Sh"I xacaercst rutniep6osbl S (IpOEKTUPY#TEe ¢ TUIIEPOOIIBI Ha TUIIEPOOITY );

(b) Sh = Sh".

Takum oOpazoMm, HaMU TOJyYEHO He TOJIBKO aJIbTePHATHUBHOE JOKA3aTeIbCTBO O/I-
HOT'O U3 KJIIO4YeBbIX pe3ysabraroB Hactu 2: onucanne Toukn [uddrepa npu momoru
dukcaruyu HapaBeHuil Ha Hee w3 BepuinH Tpeyroybauka ABC, HO U yCTAHOBJICH <HC-
TUHBIN» — «IIPOEKTUBHBIN» CMBIC/I 9TOTO onucanusi. ChopMyupyeM 3To B BU/JIE 3a/Ia4N.

3agauga 2. Touka Sh 310 nosoc npsmoit O oTHOCUTEILHO THIIEPOOJILI S.

N3 yrpazkuenwuit Boiie (pakTHIECKH CJAEyeT, YTO KOHCTPYKIUs EMeTbaHOBBIX 9TO
IIPOCTO IIOCTPOEHUE OJHOMN JIMHEHKON HallpaBJICHUA Ha IIOJIIOC HEKOTOPOH HPAMOIL.

Tenepb HaC OCTaAaHABIMBAIOT TOJBKO HEOOJIBINNE TEXHUICCKUE AETAJIH OT TOrO, UTO-
OBl IIOJIYIUTh ITOJHOIIEHHOE IIPOEKTUBHOE 00O0OIeHne NCXOoaHOo# 3agaun. [loctapaemcst
npobpaThcd CKBO3b TEPHU MPOEKTUBHON NeOMETPUU K KPACUBOMY «CUMMETPHUIHOMY »
obobrmmenuio Toukn [Huddaepa B ciemyroreit qacTu.
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Touka IIuddaepa

Pertennd

Ban Kyxapuyk, Jleonun [Hlarynos, Koncrantun [lepbaxos

Hactb 1. PaaukabHBI IEHTP OKPY2KHOCTell Jitiepa

3decwv u danee dan mpeyeoavnux ABC. Touku Ay, By, Ch7 — cepedunn, dye BC, AC' u
AB, ne codeporcawyux mouxku A, B u C coomeemcmeenno, oxkpyotchocmu £ onucannoti
okono mpeyzosvruxa ABC, I — uenmp 6nucannoti oKpysHcHOCU IM0o20 MPEY20ibHU-
ka, a O — yenmp 2. Touxu M,, My, u M. — cepedunvo. BC', AC' u AB. Bnucannas
oxpyoscrocmo NABC xacaemes cmopon BC', AC' uw AB 6 moukax K,, Ky u K,.

Touxu As, By, Cy cummempuuno, moukxam Ay, By, C1 omnocumenvrno cmopon BC,
AC u AB coomsemcmeenno. Touxu E,, Ey, u E. — cepedunv, ompeskos 1As, IBy u
1C5, E — cepeduna 10.

Yuop. 1. Jlokaxure, uro F — 1neHTp OKpyKHOCTH JieBaTu Touek AA; B1Cy
Pemenue. [ 1 O — OpPTOINEHTD U IEHTP ONMUCAHHON OKPYZKHOCTU COOTBETCTBEHHO.

Yop. 2. [Joxkaxure, 4T0:

(a) AAlO[ ~ AAleQ

(b) dokaxkure, uro LC1AWE = LE, A1 By.

(c) Hokaxure, uaro npsmbie Ay E,, By Ey, C} E. 1IepeceKaioTcst B OJJHON TOUKE.

Pemenne. (a) ZA1AB = /AyA1B=/0OBA; = A0 - AjAy = A\B? = A 1%

(b) Us nokaszannoro B m. a) nomobus, A;E u A;FE, M30rOHATBHBI OTHOCUTEBHO
yrua Z1A;0. Kpome toro, A1O u A;l nzoronanbubl oTHOCHTEILHO yriia /(A1 By Kak
HAIPaBJICHNAs Ha IEHTD OIMCAHHON OKPY?KHOCTH M opToueHTp. Ilomydaem Tpebyemoe.

(c) Dra ToUKa N30rOHAJIBHO CONPsizKeHa ToUKe F oTHOCHTEIbHO Tpeyroibanka Ay B1CY.

THonoorcum mourku H., H, u H, — opmouenmpv. mpeyzorvhuxos AIB, BIC u CIA
COOMBEMCMEEHHO.

Yup. 3. (a) Hdokaxure, uro Ay — 1eHTp onucanHoii okpykuoctn BH,C.
(b) Hdokaxkure, ato E, MeHTP OKPY’KHOCTH JEBITH TOUYEK Tpeyrosibhuka BIC.

Permtenne. (a) [Ipu cummerpun oraocurensao BC okpysxkuocTh BH,C' nepexomut
B OKpy:kHOCTH BIC, a Ay — B €€ nienTp Aj.

(b) Ay u I — nenTp onucanuoit okpykuoctu u oprouentp ABH,C cooTBeTCTBEHHO.
Torna E, — nenrp okpyxKuoctu jessatu Touek ABIC, a pasao u ABH,C.

Bagada 1 (Touka [Muddiepa). Tokaxkure, aro npsmbie Ditiepa TpeyroibHukos Al B,
BIC u C'I A nepecekaroTcsi B OJIHOM TOUKE.



Pemenune. Ciencrue u3 yrupaxkueuuit 2¢ u 3b.
Obosnavwum mouxy LHupprepa mpeyzoronura ABC wepes Sh.

Iycemy w, — enesnucannas oxpyscrocms mpeyzosviura ABC, kacarouwasca cmo-
ponv, BC' 6 mouke T u npodoascernuti cmopon AB u AC 6 mouxax L u N. Anarozuvro
ONPEIENANOMCA OKPYHCHOCTNU Wy, We. Touku Iy, Iy u I, — uenmpor w,, Wy U W, cOOM-
8EMCMBEHHO.

Yuop. 4. [lycrs I’ — nenTp BuucanHoil okpyzKuoctu Tpeyroiabuuka M, MyM.. Ho-
KazkuTe, 9To cepejuna orpeska AAs — tientp okpyzkuoctu (Myl'M,).

Pemmenne. Craenaem romoreruio ¢ kodddunmenrom 2 B Touke A, a 3areM IeH-
TPaIbHYIO CHMMETPHIIO OTHOCUTEILHO M, (9T0 mpeobpasoBaHue COBIAIAET ¢ TOMOTETH-
eil B TOUKe mepecedenus Meuan ¢ kodddurmenrom —2). Torna tpeyromapauk M, MM,
nepeiIeT cooTBeTcTBeHHO B TpeyroabHuk ABC, nostomy I’ nepeiigér B I. Ocraéres
3aMeTUTh, 9T0 cepennna AA, nepeiinér B Ay — menTp okpyxuoctu BIC.

Yop. 5. Jokaxkure, 4ro npsmas Diiiepa rpeyroiabauka Myl' M, mapasuieabHa mpsi-
Moit Aql,.

Pemenne. I1pu Tom ke npeobpaszoBanuu npsmas ditiepa MyI' M, nepeiinér B nps-
Myto Dittepa Tpeyronbauka BIC, 1o ectb B A1 E,. Ho 310 — cpenHsist uHss B Tpe-
yrosbauke I, Ay, mosromy obe npsimbie Ditiepa mapajuiebHbl Ao, .

Yup. 6. OxpyxkHOCTH (v — 00pa3 okpyxuoctu ([,C'A) npu CUMMETPUH OTHOCH-
tesibHO [,C'; OKPYKHOCTh iy — 00pa3 okpyzxHoctu ([.BA) npu cuMMeTpun OTHOCH-
renbHo I.B. Jlokaxkure, 9T0 TOUKa Ay JIEXKHUT Ha PaIUKAJILHON OCH (rp U (rg.

Pemnenune. 3averum, a1o [ TpUHAJIEIKAT OMMCAHHBIM OKPYKHOCTSIM TPEYTOJTbHI-
ko AI.B u AI,C. O6osnaunm kax K, u K, orpaxenns I ornocurensuo [,C' u I.B
cooTBeTCTBeHHO, Torna K, € oy u K. € as, Kyl — nuamerp oy u K. I, — nunamerp
as. Tak xak [, 1L IC u I.B 1 IB, to B — cepeauna [ K., a C — cepenuna [ K.
BaMeTuM TakxKe, YTO TOUYKa [, JIEXKUT Ha PAJUKAJIBHON OCH OKPYKHOCTEH (v U (rg, TaK
Kak derbipéxyronbauk I.BCT, suucan, u suaqur I, B - 1,1. = 1,C - 1,1,.

CremaemM ToMOTETHIO € TIEHTPOM B [ 1 KO3 DUITHEHTOM % Torma Touka A, nepeitaér
B F,, Touka K nepeiinér B C', K, nepeiinér B B, I, nepeiinér B Ay, I, nepeitnér 8 By, 1.
nepeiier B C7. OKPyKHOCTH (v U (g TIEPeiiyT B OKPY:KHOCTH, ITOCTpoeHHble Ha B ('
u C1 B kak Ha Jquamerpax (0b6o3HaumM ux [ 1 [3).

Bamernm, uro H, €KuT Ha paJuKaJIbHON OCH OKpY:KHOCTeil (1 U (J5: 0003HAIMM
X =HBnNCI,Y = HCNBI, torna X € B, Y € pB; u, tak kak H,B 1 CI,
H,C 1 BI, gerbipéxyronmbuuk BXY C Bnucan, u svauutr H, X - H,B=H,Y - H,C.

Takum obpaszom, morydaeM, aro H, A, — paaukajbHas 0Cb OKPY:KHOCTE [ u B, a
U3 ylpaxKHeHns 3 MbI 3HaeM, 910 F, € H,A;, 970 paBHOCUIbHO YTBEPKICHUIO 33,/ 1a9H.

Bagauya 2 (J.-P. Ehrmann, P. Yiu, K. L. Nguyen). [lokaxkure, 4T0 pajuKabHbIIl
IEHTP OKpYy:kHOCTel Ditiepa Tpeyronbaukos BI,C, CI,A n Al.B sBisercs TOYKOI
[Muddaepa misa rpeyroasauka M, My M.



Pemenue. I, = AI N CI, N BI. = pow,, (I.) = pow(cy, 4)(la) = PoW(ar,p)(La) =
pow,, (1.) = Asl, — paJuKaabHas OCb (0 U (.

1
Cremaem romotrernio ¢ neaTpoM B A u kosdpdurmenrom —. Torga B yeaoBusax yump.

6 obpasbl ap U ap — okpyxkHOCTH JeBatn TodeK ACH,A u AAI.B. CnenoBare/bHo,
obpasz Asl, Jmex)ur Ha paa-ocu 06pa30B (v U iy U 0 YIpaKHeHWAM 4 u 5 ABjsgeTcd
upsimoit Ditiepa AMyI'M...

Pacemompum mpeyeoavrur A 06pasosarnvill npamvimu anaso2usnomy LN (m.e.
COEQUHANULUMU MOUKU KACAHUA GHEBNUCAHHBLT OKPYHCHOCTET ¢ NPOJONHCEHUAMU CO-
0MBEMCMBYIOWUT CMOPOH) U mpeyzoivruk © ¢ sepuunamu 6 cepedunaxr dye MyM.,,
M.M, v M,M, onucarnnoti oxpyscnocmu mpeyzosvrura Mo MyM..

Yuap. 7. Jlokaxkure, 9T0 TPeyroabHUK A TOMOTETHYEH TPEYTOJbHUKY ©.

Pemenne. [Ipu romorernn 8 M ¢ kKoadpdpurimerTom —2 TpeyroabHIK O mepexouT
B Tpeyrosibuuk A BiC, OTKyja BUIHO, 9TO CTOPOHBI 0O0UX TPEYTOIbHUKOB MTE€PIICH 1~
KYJISIPHBI COOTBETCTBYIOIMUM OrccekTpucam tpeyrojbiuka ABC (em. yup. 10a).

Yup. 8. /lokaxkure, 9TO IEHTP OMMCAHHON OKPYXKHOCTH A COBI&JIaeT ¢ OPTOIEH-
TPOM HCXOAHOro Tpeyroibanka ABC, a IeHTp ONUCAaHHON OKPY?KHOCTH O COBIAJIaeT C
IEHTPOM OKpy:kHOCTH Dityiepa ABC.

Pemenue. Bropoe Bepuo B cmiy noctpoenusi O. g jgokasarenbcTBa MEPBOTO
criepBa 0003HAYUM JIEMMY:

Jlemma 1. Jlanvr okpystchocmu wi U Wy € NPOBEICHHBIMU K HUM 00UUMU SHEWHET
racameavnott AB u deymsa enympennumu CD u EF (A;C,E € w; B,D,F € ws).
Ipamwe CD u EF nepecexaromes 6 mouke P, a npamve AC u BF — 6 mouxe X.
Hoxaorcume, wmo PX 1 AB.

Joxazamenavcmeo. Ilyctb () — TOUKa mepecedeHns] BHEITHIX KacaTeIbHBIX K Wi U Wa,
a Y — rouka nepecevuenus AE u BD. AC 1 BD, tak Kak mepBas IpsMasi TepIeH -
KyasgpHas Ouccekrpuce yria mexay AB u C'D, a Bropas napaJuiebHa. AHAJIOITTHO
AE 1 BF. Ilycrs I' — okpyxuocts ¢ guamerpom AB. Torma I' 1L wy n wy = P Jte-
JKUT Ha mojspe (Q ornocurenbro I, T.e. Ha npsmoit XY. 3amerum, uro A, B, X, Y —
opToIleHTprYecKasa deTBepka. [lomydaem Tpedbyemoe. O]

[Ipomomkum perrenne yrnpazkeausa 8. O603HAYNM BEPIIMHBI TPEYTOJbHIKA A COOT-
BercrBenno Ay, By, Cy. Cormacuo Jlemme 1 AA; L BC. Ilycrs 6uccekrpuca ZACB
nepecekaer ByA,; B Touke Hy, H, — ocHOBaHME BBICOTHI U3 BepIUHBI A TpeyrojbHu-

ka ABC'. Torma derbipexyronbuuk AgHyH,C Buucan n £/BjAjA = - = A4A —
HallpaBJIeHne Ha MEeHTp onucanHoil okpykHocTH B A AyB,Cy. Tlonydaem Tpedbyemoe.

Yuop. 9. Jlokaxkure, 9TO BepIIUHBI TPEYTOJbHIKA A JIesKaT HA PaIUKATBHBIX OCIX
COOTBETCTBYIOIIUX I1ap OKpYy2KHOCTel Ditepa Tpeyroibuukos Bl,C, CI,A u Al.B.
i mokazaTesbeTBa criepBa 0003HAYNM JIEMMbI:



Jlemma 2. B mpeyeorvnuxe ABC nposedenvt évicomv, AH,, BHy,, CH,.. Touxy H, om-
pasuau, omuocumenvro cmopon AB u AC u noayuusu mouxku P u Q) coomeememeerio.
oxaotcume, wmo P,Q, Hy, H. neotcam wa 00Hot npamot.

oxasamenvcmeo. Tlonoxxkum R := BPNCQ,X := BPNCH.,Y = CQ N BH, H
— oproneatp AABC. X — obpaz C', a H — obpas opronenrpa AABX npu cummer-
pun oraocuresnsHo AB. Caenosarensho, H € (X AB), anamornuno H € (YAC) = A
— touka Mukess dersipexyroibanka BHCR. Ilpoekiun toukn Mukess Ha CTOPOHBI
YeTHIPEXYTOJIbHUKA JIe’KAT HA OJIHON MPsMOi (JI0Ka3bIBACTCS MOC/IEI0BATEILHBIM IPU-
menenueM Teopembl Cumcona). ITosryuaem Tpebyemoe O

Jlemma 3. B mpeyzorvrurxe ABC nposeau evicomwvr AAy, BBy, CCy. U3 mouxu A,
onyuierv, nepnenduryaapvt A1 Ay u A1Ay ma AB u AC' coomeemcemeenno. Touxu B,,
B., C,, Cy onpedessromces anarozuyro. oxaorcume, wmo mouku Ay, A., Ba, Be, Cy,
Cy nestcam wa 00HOT OKPYAHCHOCTNU.

Joxazamenvcmeo. U3Becrnsniit dpakr: AyA. anTunapamiessno BC orHocureasno ZA.
B.Cy, aatunapamnensio HyH,., t.e. napautensao BC. 3naanr Ay,A.B.C, — BInmcan-
ublii yersipexyroiabauk. A.C, || AC u B.C, | BC. Tak kak C,C, aHTHIADAIEIBHO
AB ornocurebao ZC') TO 3TO Ke BEPHO W OTHOCHTEIHHO yTiia Mexk 1y npsambivu A.C,
u B.C, = uerbipexyrosbuuk A.B.C,C, — Buucannbiii. 13 aByx BImcanHOCTEl 3a-
KJII09aeM BIMCcaHHOCTD usituyroiabanka A.B.C,CyA, 1 aHAJIOIrTIHO BIUCAHHOCTH BCETO
MEeCTUYTOJTbHUKA. O

Bepuemcst k pemternto yupaxkuerus 9. [pumenss Jlemmy 2 guas AACT, nmeem,
qro npsaMasa AyCy COEePKUT OCHOBAHMS BBICOT 9TOTO TPEYTOJbHUKA HA CTOPOHBI Al u
C1,. Aramormano npsmast AgBy conepxkut ocHoBanus BbicoT AABI,. #Ha cropoubl Al
u BI.. Ilo Jlemme 3, nmpumensiemoit jist Al I,1., 4 TakKux OCHOBaHUs JIexKaT Ha, OIHOI
okpyxkuoctu. [Tomyuaem Tpedyemoe.

Banaua 3. Jlokaxkure, 9T0 paIMKAIBHBIN IIEHTP OKPYKHOCTEN Diljiepa TpeyroJbHIKOB
BI,C, CI,A n Al.B nexwur Ha npsamMoit Ditepa Tpeyronbauka ABC.

Pemmenne. Crenaem roMmoreTnio b, IepeBOISINYIO TPEYIOJIbLHUK § B TPEYTOJbHUK 6.
ITo yupaxkuenuio 8, nenrp okpyzxkuoctu 9 rouek ANABC — obpasz opronenrpa NAABC
npu h. Pagukambras oco okpyzxkuocreit ([,AC) u (I.AB) nepeiier B HalIpaB/eHue Ha
touky Iluddrepa Tpeyromsuuka M, M,M. u3 cepenunbr gyru M,M.. CoracHo 3a-
nade 2 u HabJroIeHnio Boinle nMeeM, 9ro Touka [uddaepa AM, M, M, nenonsuzkHa,
IPU TAKOH OMOTETHH, T.€. SIBJIAETCS €e IeHTPOM. SHAYUT OHA JIE?KUT Ha IPAMOM, CO-
Jepailreit nmenTp okpyzxkuoctu 9 Trouek u oproneHtp AABC, T.e. nupsamoit Ditiepa.



Schiffler point
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And it takes billions of years for stars to be born
We don’t have time to wait for them

So I draw between the red dots

Hundreds of lines to create new constellations

They lit up everything and I could see where to run

pyrokinesis

Introduction

This project is intended for fans of classical planimetry. We will study the properties
of the mysterious Schiffler point Sh. It is defined as follows: let I be the incenter of an
arbitrary triangle ABC|, then the Euler lines of triangles AIB, BIC, AIC and ABC
intersect at this point Sh.

In our project, during the first two parts we will use only «synthetic methods»
(without using trigonometry, cartesian coordinate method or any other calculation,
cubic curve techniques, or knowledge from projective geometry).

With such a limited arsenal of methods, we will be able to obtain a whole series of
brilliant results: find the location of the Schiffler point with the respect to other triangle
centers lying on the Euler line of triangle ABC'; catch directions to the Schiffler point
from the vertices of triangle ABC'; connect the Schiffler point to the radical center of
the Nine-poin circle of triangles like BI,C' (where I, — is the center of the excircle of
triangle ABC', wich touches segment BC').

Part 3 of the project contains facts about Schiffler external points. We call a Schiffler
external point Sh, the point that arises if we replace the point I with the point I, in
the definition of a point Sh everywhere. Part 3 is suggested to the readers not for
solving, but only for familiarization, because the proofs of the facts about point Sh,
are absolutely similar to the proofs of the facts about point Sh. The facts from this
part are not evaluated as part of the project at the conference.

When we are looking at the construction that we will use to find directions from the
vertices of triangle ABC' to the Schiffler point, the question about its geometric nature
immediately arises — its essence is so unobvious. The answer to this question will be
given in Part 4.



It turns out that the Schiffler point is the pole of the line /O (where O — is the
circumcenter of triangle ABC'), and the construction in question is just a straightedge
construction.

However, the pole here is considered with the respect to some hyperbola. So in Part
4 we give all the necessary theory for working with conics as part of our project. It is
assumed that the reader, who work with conics for the first time, will have no problems
in solving tasks of this part and will not need any additional knowledge to work in the
project.

It turns out that almost all proofs of problems in Part 4 have projective origin.
Therefore, in Part 5 we give a beautiful projective generalization of the Schiffler point
in which the generalized «incenter» I and the generalized «excenters» I, I, and I. play
the same role, and hence the Schiffler point together with the external Schiffler points
become equal in this generalization.

Part 6 is dedicated to another generalization of the Schiffler point existence problem:
find the locus of all points P of the plane for which the Euler lines of triangles APB,
BPC, APC intersect at the same point. It turns out that this is a rather complicated
object - we can look at it as a curve of degree six on the projective plane CP?, but it can
be interpreted the product of a cubic, an infinitely distant line, and the circumcircle of
the original triangle.

The cubic in question was named by the Luxembourger Joseph Neuberg and in the
«Encyclopedia of the triangle cubics» [6] is on the first placel We will a bit study
this object and get different alternative beautiful descriptions. More properties of the
Neuberg cubic can be found in the SCTT-2017 project [§].

The fact that a Schiffler point exists was proposed as a problem by the American
engineer, businessman, and amateur geometer Kurt Schiffler in the Feral issue of Crux
Mathematicorum [I] in 1985. And Schiffler point became one of the most brilliant and
new discoveries in triangle planimetry. In the «Encyclopedia of Triangle Centers» [2]
Schiffler point is on the honorable 21st place.

The first existence proof was given by the Dutch G.R. Veldkamp and W.A. van der
Spek in the June 1986 issue of journal Crux Mathematicorum [3] (i.e., the problem
had been unsolved for more than a year!). As noted in [5], an independently similar
geometric proof I.F. Shariguin came up with, and he is one of the most famous modern
set compositors and geometers.

A great contribution to the study of the Schiffler point was made by our contempo-
rary Russian geometer L. A. Emelyanov ([4] and [5]). The authors would like to thank
L. A. Emelyanov for his inspiring to create the project.

We wish success to the conference participants in solving the problems!

Part 1. The radical center of Euler circles

Here and below the triangle is given ABC'. The points Ay, By,C1 — are the mid-
points of the arcs BC, AC' and AB, not containing points A, B and C' respectively, of



the circle Q circumcircle about triangle ABC', I — is the center of the incircle of this
triangle, and O — 1is the center of €. Points M,, M, and M. — are the midpoints of
BC, AC and AB. The incircle NABC' touches sides BC', AC' and AB at points K,,
Ky and K..

Points As, By, Cy are symmetric to the points Ay, By, C with respect to the sides
BC, AC and AB respectively. The points E,, E, and E. — are the midpoints of the
segments 1Ay, I By and ICy, E — is the midpoint of 10.

Ex. 1. Prove that F — is the center of the nine point circle AA; B;C}
Ex. 2. Prove that:

(a) AAlO[ ~ AAleQ

(b) Prove that ZClAlE = AEaAlBl.

(c) Prove that the lines A, E,, B1Ey, C1 E, intersect at one point.

Let us define the points H., H, and H, — are orthocenters of triangles AIB, BIC
and C'IA respectively.

Ex. 3. (a) Prove that As — is the center of the circumcircle of BH,C.
(b) Prove that E, is the center of the nine point circle of a triangle BIC.

Problem 1 (Schiffler Point). Prove that the Euler lines of triangles AIB, BIC and
C'TA intersect at a single point.

We denote the Schiffler point of triangle ABC' by Sh.

We have not yet proved that the Euler line of triangle Sh passes through the point
ABC. Let us postpone this and prove an interesting fact, but before we do so, we must
again overcome a few auxiliary statements.

Let w, — be the excircle of triangle ABC, tangent the side BC' at the point T and
the extensions of the sides AB and AC' at the points L and N. Similarly the circles wy,
we. Points I, I, and I, — are the centers of w,, wy and w. respectively.

Ex. 4. let I’ — be the center of the incircle of triangle M,M,M,.. Prove that the
midpoint of segment AA; — is the center of the circle (M,I'M.).

Ex. 5. Prove that the Euler line of triangle M,I' M, is parallel to line Ayl,.

Ex. 6. The circle a; — is the image of a circle (I,C'A) in symmetry with respect
to I,C, circle iy — is the image of a circle (I.BA) with symmetry with respect to I.B.
Prove that the point A, lies on the radical axis of circles oy and as.

Problem 2 (J.-P. Ehrmann, P. Yiu, K. L. Nguyen). Prove that the radical center of
the Euler circles of triangles BI,C, C'I,A and AI.B is the Schiffler point for triangle
M MyM..



In [7] other curious properties of the radical axis of Euler circles of triangles C'I, A
and Al.B. In particular, it is claimed that the outer Feuerbach point F, of triangle
ABClies on it. Interested readers can try to prove this fact on their own or figure out
its solution in the source.

Consider a triangle A formed by lines similar LN (i.e. connecting the points of
tangency of the excircles with the extensions of the corresponding sides) and triangle ©
with vertices at the midpoints of arcs MyM,., M.M, and M,M, of the circumcircle of
the triangle M, MyM..

Ex. 7. Prove that triangle A is homothetic to triangle ©.

Ex. 8. Prove that the center of the circumcircle A coincides with the orthocenter
of the original triangle ABC, and the center of the circumcircle © coincides with the
center of the Euler circle ABC.

Ex. 9. Prove that the vertices of triangle A lie on the radical axes of the corre-
sponding pairs of Euler circles of triangles BI,C', CI,A and Al.B.

Problem 3. Prove that the radical center of the Euler circles of triangles BI,C, CI, A
u AIl.B lies on the Euler line of triangle ABC.

In particular, it follows that the Schiffler point also lies on the Euler line of triangle
ABC'. However, there is a simpler way to prove this, which we will we will discuss in
the next section.

Part 2. Direction to Schiffler point

Let’s recall one useful statement that will often help below.

Proposition 1. Two unequal triangles are homothetic if and only if their corresponding
sides are parallel.

Here is one of the most famous applications of this fact.

Ex. 10. Prove that:

(a) Alcl 1 BI

(b) triangles Ay B,C, u K,K,K,. are homothetic;

(c) point I lies on the Euler lines A; B;C and K,K,K,;
(d) A1K,, B1 Ky, C1 K. and 10 intersect at one point.

In a similar way, we can prove the following “close relative” of the previous statement,
which will come in handy later.

Ex. 11. Prove that:
(a) O — is the center of the nine point circle of triangle [,11.;
(b) 1,0 is the Euler line of triangles LT'N and [,11..

Let us now proceed to the proof of the key theorem of this part.



Ex. 12. Point X and Y are such that [ € XY, XA || IB,YA| IC and XY || BC.
Prove that:

(a) Triangles X AY and BIC are homothetic;

(b) Triangles X AY and BIC have the same circumcenters;

(c) The line connecting the intersection of the medians AX AY and ABIC, contains
the center of the circumcircle AXAY'.

Let M be the point of intersection of the medians, r be the radius of the incircle, R
is the radius of the circumcircle of triangle ABC'.

Ex. 13. Let M; be the point of intersection of the medians of triangle X AY. Prove
that MM, = 2r.

The problem below is a consequence of the statements just proved. It gives us

information about the ratio in which the Schiffler point divides the segment MO and,
at the same time, is an alternative way of proving the existence of the Schiffler point.

Problem 4 (G.R. Veldcamp, V.A. van der Spek, I. F. Sharygin). Prove that the Euler

line of triangle BIC divides segment MO by 32—1’%, counting from the point M.

Here is a useful simple consequence of this fact, which will help us to prove a number
of properties of the Schiffler point.

Let ASh intersect the line OM, at the point Z,.
M.z, r

Z,0 R
Let U # L a point on the line LN such that BL = BU. Let V # N a point on the
line LN such that CN = CV.

Ex. 14. Prove that

Ex. 15. Prove that AUTV u AK,K,K,. are symmetric with respect to M,.

2R
Ex. 16. Prove that AI,lp1,. is similar to AUTV with factor —.
T

Let point P, be the symmetry of point T with respect to LN. The points P, and P,
are defined similarly. Let W be the intersection of lines I,T b AP,.

Let point Q, e the point of intersection of lines OI, (by Ex. 11b, this is the Euler
line LTN) u BC. The points Qp, and Q. are defined similarly.

Ex. 17. Prove that g;/z = LR (hint: use the previous exercise).

As we can see, we have obtained a relation similar to the one in Ex. 14. We will
use this a little later, but for now we will prove another auxiliary result.

Let D be the intersection of Al, and BC'. Mid perpendicular to AD intersects the
lines Bl, u CI, at the points G and F.

Ex. 18. Prove that triangle DGF' s homothetic to triangle TN L and the center of
their homothety lies at the intersection of lines BC' and AP,.



Ex. 19. Prove that AP, passes through @,.

Problem 5 (L. A. Emelyanov u T. L. Emelyanova). Prove that
e AQ,, BQ, and C'Q). intersect at the Schiffler point of the triangle ABC;
e AP, BP, and CP, intersect at the Schiffler point of the triangle ABC'.
Let H' be the orthocenter of triangle K, Ky K..
Ex. 20. Prove that the quadrilaterals K. AK,H' and NALP, are similar.

Problem 6. Prove that the Schiffler point is isogonally conjugate with respect to
triangle ABC' to the point H'.

Let’s talk now about the analog of the Schiffler point. As we know,

Part 3. «Outside» Schiffler points

Let’s now talk about analogues of the Schiffler point. Let’s replace the incenter with
the eccenter in the problems proposed above and carry out similar reasoning. The facts
presented in this part are not necessary for the decision, will not be evaluated and are
given for informational purposes only.

Fact 1 («Outside» Schiffler point). Let I, — be the center of an excircle AABC tangent
to side BC. Prove that the Euler lines of triangles ABC, Al B, AI,C, BI,C' have a
common point, which divides segment MO externally with respect to 23%’ counting
from the point M.

We denote the outer A— Schiffler point by Sh,. Similarly, we define Shy, and She.
Fact 2. Symmetric point of K, with respect to K, K, lies on ASh,.
Fact 3. Intersection of 10O and BC lies on ASh,.
Fact 4. BSh,, 1.0 and AC' intersect at the same point.

Let Ag, By, Cy — be the midpoints of the large arcs BC', C'A, AB of the circumcircle
of triangle ABC' respectively.

Fact 5. Sh, is isogonally conjugate to the midpoint of OI, with respect to triangle
AlB()CO.

Fact 6. The radical center of the Euler circles ACI., ABI, and BIC'is a M,— Schiffler
point AM, MM,



Schiffler point

Solutions
Ivan Kukharchuk, Leonid Shatunov, Konstantin Shcherbakov

Section 1. The radical center of Euler circles

Here and below we consider the triangle ABC'. Points Ay, By, C} are the midpoints
of the arcs BC, AC and AB of the circumcircle § of the triangle ABC, which don’t
contain points A, B and C' respectively, I is the center of the incircle of this triangle,
and O 1is the center of Q). Points M,, My and M. are the midpoints of BC', AC' and
AB. The incircle of NABC touches sides BC', AC' and AB at points K,, K, and K..

Points A, By, Cy are symmetric to the points Ay, By, Cy with respect to the sides BC,
AC and AB respectively. The points E,, E, and E. are the midpoints of the segments
1As, 1By and 1Cs, E is the midpoint of 10.

Ex. 1. Prove that E is the center of the nine-point circle AA; B;C;
Solution. [ is orthocenter and O is the circumcenter, respectively.

Ex. 2. Prove that:

(a) AAlOI ~ AAl]AQ

(b) £LC1AE = ZE, A By.

(c) The lines A, E,, B1E,, C1 E,. intersect at one point.

Solution. (a) éAlAgB = ZAQAlB = lOBAl = AlO . AlAQ = AlB2 = A1[2‘

(b) From the similarity proved in a) Ay F and A; E, are isogonal with respect to the
angle ZIA;0. In addition, A;O and A;I are isogonal with respect to angle ZC7 A B;
as directions to the circumcenter and the orthocenter. We obtain the required.

(c) This point is isogonally conjugate to point E with respect to triangle A; B;CY.

We denote by H.,H, and H, the orthocenters of triangles AIB, BIC and CIA
respectively.

Ex. 3. (a) Prove that A, is the circumcenter of BH,C'.
(b) Prove that E, is the center of the nine point circle of a triangle BIC'

Solution.  (a) Consider symmetry with respect to BC, then the circle BH,C
maps to the circle BIC, and A maps to its center Aj.

(b) Ay and I are the circumcenter and the orthocenter of ABH,C' respectively.
Then E, is the center of the circle of the nine points ABIC, and is congruent to
ABH,C.

Problem 1 (Schiffler Point). Prove that the Euler lines of triangles AIB, BIC and
C'TA intersect at a single point.



Solution. Corollary of Exercises 2¢ and 3b.
We denote the Schiffler point of triangle ABC' by Sh.

Let w, be the excircle of triangle ABC', touching side BC' at point T and the exten-
sions of sides AB and AC at points L and N.The circles wy, w. are defined similarly.
Points 1,, I, and I. are the centers of w,, wy and w. respectively.

Ex. 4. Let I’ be the center of the incircle of triangle M,M,M,.. Prove that the
midpoint of segment AAs is the center of the circle (M,I'M.,).

Solution. Consider homothety with ratio 2 and center A followed by point reflection
at point M, (this transform coincides with homothety with center at the point of
intersection of the medians with ratio —2). Then the triangle M,M,M,. maps to the
triangle ABC, so I’ maps to I. It remains to note that the midpoint of AAs; maps to
Ay, which is the center of the circle BIC.

Ex. 5. Prove that the Euler line of triangle M,I' M, is parallel to line A51,.

Solution. By the same transformation, the Euler line MyI’M, maps to the Euler
line of triangle BIC' that is, to A E,. But this is the midline in triangle 1, A5, so both
Euler lines are parallel to As1,.

Ex. 6. The circle oy is the image of a circle (I,C'A) in symmetry with respect to
I,C, circle a is the image of a circle (I.BA) with symmetry with respect to I.B. Prove
that the point A, lies on the radical axis of circles a; and as.

Solution. Note that I belongs to circumcircles of triangles AI.B u AL,C. We
denote by Kj and K. the reflections of I with respect to I,C and I.B respectively, so
K, € ay and K. € ay, Kl is the diameter of oy and K_.I. is the diameter of «as. Since
I,C 1 IC and I.B 1 IB, we have that B is the middle of segment [ K, and C' is the
middle of I K,. Note also that point I, belongs to the radical axis of circles a; and aso,
so quadrilateral I.BC, is inscribed and thus I,B - I,1. = 1,C - I,1,.

Consider homothety with center I and ratio % Point A; maps to E,, point K, maps
to C, K. maps to B, I, maps to Ay, I, maps to By, I. maps to (. Circles a; and as
map to circles with diameters B;C' and C} B respectively (we denote them by (3; and
By).

Note that H, belongs to the radical axis of circles $; and (5: using notation X =
H.BNCI, Y = H,CnN BI we have that X € (5, Y € ; and since H,B 1 CI,
H,C 1 BI quadrilateral BXY (' is inscribed therefore H,X - H,B = H,Y - H,C'.

Hence we obtain that H,A; is the radical axis of circles 8, and fy. E, € H,A; (see
exercise 3) and this finishes the proof.

Problem 2 (J.-P. Ehrmann, P. Yiu, K. L. Nguyen). Prove that the radical center of
the Euler circles of triangles BI,C, CI,A and Al.B is the Schiffler point for triangle
M, MyM...

Solution. I, = AI N CI, N Bl. = pow,, (I.) = pow o, a)(la) = POW a7, p) (1) =
pow,, (1) = Asl, is the radical axis of a; and a.



1
Let us make a homothety with center in A and coefficient —. Then in the conditions

of Eq. 6, the images a; and «y are nine point circles ACT,A and AAI.B. Hence, the
image Asl, lies on the radical axis of the images a; and as and by Exercises 4 and 5 is
the Euler line AM,I'M.,.

Consider a triangle A formed by lines similar LN (i.e. connecting the points of
tangency of the excircles with the extensions of the corresponding sides) and triangle ©
with vertices at the midpoints of arcs MyM., M.M, and M,M, of the circumcircle of
the triangle M,MyM..

Ex. 7. Prove that triangle A is homothetic to triangle ©

Solution. Making homothety in M with coefficient —2 triangle © passes into
triangle A;B;CY, hence that the sides of both triangles are perpendicular to the corre-
sponding bisectors of triangle ABC' (see Eq. 10a).

Ex. 8. Prove that the circumcenter A is the orthocenter of the original triangle
ABC, and the circumcenter © is the center of the Euler circle AABC.

Solution. The second statement is true due to the construction of ©. To prove the
first statement we formulate the following lemma:

Lemma 1. Given circles wi and ws with drawn common outer tangent AB and two
inner tangents CD and EF (A,C,E € wy; B,D,F € wy). Lines CD and EF intersect
at a point P, and lines AC' and BF intersect at a point X. Prove that PX 1 AB.

Proof. Let @ be the point of intersection of outer tangents to w; and wsy, and Y be the
point of intersection of AE and BD. AC 1 BD, since the first line is perpendicular to
the bisector of the angle between AB and C'D, and the second line is parallel. Similarly
AE 1 BF. Let I' be a circle with diameter AB. Then I' 1. w; and wy = P lies on
the polar () with respect to I', i.e., on the line XY. Note that A, B, X, Y orthocentric
quadrilateral. We get the required one. O

Let us continue the solution of Problem 8. Let us denote the vertices of triangle A
respectively Ay, By, Cy. By Lemma 1 AA; L BC. Let the bisector ZACB intersects

ByAg at the point Hy, H, is the base of the altitude from vertex A of triangle ABC.

/C
Then the quadrilateral AjHyH,C is inscribed and ZB;A;A = - = Ay A is the

direction to the circumcenter in AA;B;C,. We get what we need.
Ex. 9. Prove that the vertices of triangle A lie on the radical axes of the corre-

sponding pairs of Euler circles of triangles BI,C', CI,A and Al.B.
First we prove a lemma:

Lemma 2. Let AH,, BH,, CH, be the altitudes of the triangle ABC'. Points P and @)
are the reflections of point H, through the sides AB and AC' respectively. Prove that
points P, Q), H,, H. are collinear.



Proof. Set R:= BPNCQ,X := BPNCH.,,Y := CQNBH,, H is orthocenter AABC.
X is the image of €', and H is the image of the orthocenter AABX with symmetry
relative to AB. Hence, H € (XAB), similar to H € (Y AC) = A The Miquel point
of the BHCR quadrilateral. The projections of the Miquel point on the sides of the
quadrangle lie on the same straight line (proved by consistent application of Simson’s
theorem). We get the required O

Lemma 3. Let AA,, BBy,CCy be the altitudes of the triangle ABC and let A1 Ay and
A1 Ay be perpendiculars from point Ay to AB and AC respectively. Points B,, B., Cy,
Cy are defined similarly. Prove that points Ay, A., Ba, B., Cs, Cy are concyclic.

Proof. It’s a known fact: A,A. and BC are antiparallel with respect to ZA. Also
B.Cy, and HyH,. are antiparallel, i.e. B.C}, and BC' are parallel. So A,A.B.C} is an
inscribed quadrilateral. A.C, || AC and B.C, || BC. Since C,C, and AB are antipar-
allel with respect to ZC', the same is true for the angle between the lines A.C, and
B.C, = quadrilateral A.B.C,C} is inscribed. Hence we get that pentagon A.B.C,C,A,
is inscribed and similarly we get that the whole hexagon is inscribed. O

Now we return to the solution of exercise 9. Using Lemma 2 for AACI, we obtain
that the line A;C,; contains feet of altitudes of this triangle falling on its sides Al, and
CI,. Similarly the line A;By contains feet of altitudes of AABI, falling on its sides Al
and BI.. These 4 feet of altitudes are concyclic by Lemma 3 applied to AI,I,I.. This
finishes the proof.

Problem 3. Prove that the radical center of the Euler circles of triangles BI,C, CI, A
u Al.B lies on the Euler line of triangle ABC.

Solution. Consider a homothety h mapping the triangle § to the triangle 6. By
exercise 8, h maps the orthocenter of AABC' to the centre of the nine-point circle of
AABC. The radical axis of circles ([,AC) and (I.AB) maps to the direction to the
Schiffler point of triangle M, M, M. from the middle of the arc M,M,.. Thus according to
Problem 2 we have that the Schiffler point of A M, M, M. is fixed under this homothety,
therefore it’s the homothetic center. Hence it belongs to the line containing the centre
of the nine-point circle and the orthocente of AABC' i.e. to the Euler line.
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YKJIOHEHUST MHOI'OYJIEHOB U KPUTUYICCKNE 3HaAICHINA

[IpoekT mpeicTaBIsioT

Navid Safaei, Apocias Abpamon, Osbra Bypcnan n Koncrantun Koxach

B srom mpoexTe 06cyKIaI0TCST HEKOTOPBIE CBOMCTBA MHOIOUIEHOB. Bbl MoXkeTe 6€3 OrpaHuvYeHHuil 1M10JIb30-
BaTbCd T€OpEMaMU U3 «HAYAJIbHOTO» KypCa MaTEMATUIECCKOI'O aHaJIn3a, B 9aCTHOCTH, CJACAYIOITUMU TEOPEMaMU.

Teopema (Bonpnano—Komm o npomexyrounom 3uadenun). Ecin wenpepbiBHast GyHknus f umeer Ha
KOHIIAX OTPe3Ka [a, b] 3HAUEHUs] pA3HBIX 3HAKOB, TO ¥ HEe Ha 9TOM OTPE3Ke UMEEeTCsl KODEHb.

Teopewma (Beiiepmrpacca). Jlrobast HenpepbiBHast dbyHKIMs f, 3ajaHHast HAa OTpe3Ke [a, b] orpannyiena u
JIOCTUTAET CBOErO HAMOOJIBIIEr0 U HAMMEHBIIETO 3HAUEHUSI.

1 Heckoabpko npeaBapuTe/JIbHbIX 3a/Jda4

B sTrom pa3zjelie mpuBeIeHO HECKOJIBKO 38184 JIJIsi 3HAaKOMCTBa ¢ TeMoii. He Bce 13 aTnx
3aJ1a9 IIPOCThIE U He 00s3aTeIbHO PEIIaTh UX «B IIEPBYIO OYePeib».

1.1. s mpomssobHoro Muorouiena F(x) nonoxum FI(z) = F(F(... F(z))). JokaxuTe, 9To cyIe-
———

n pas
CTBYeT TaKoil Kybudeckuit MHOrOUIeH P (), 4T0 JyIst KazK10ro HarypasabHoro N ciie/Iyomiee ypaBHeHIe
mveet 3V pasmdHLIX BemecTBeHHbIX KopHeit Ha orpeske [—1,1]  a) PWVl(z) = 0; b) PN(z) = .

1.2. Iycrs |az? + bz + ¢| < 1 npu Beex x € [—1,1]. JTokaxure, uro |2ax + b| < 4 npu |z| < 1.

1.3. Ilycts n — HaTypaJbHOE HYHCIIO U Ha OTpeske [a,b] 3amana HenpepbiBHas GyHKIus f (MOKIO
JUIsl IIPOCTOTHI JlyMaTh, YTO OHa KyCOYHO-JIMHeHHas, KaK Ha pucyHke). [ xaxmoro muorowrena F
CTelleHu 1. 0003HAYUM "

M(F) = max |F(x) - f(2)].

z€a,b]

I

Horryctum, 9To Harenxcss MHOTOWIEeH F), cTrenenu n, aad Ko-
toporo Besmunua M (F,) npuHEMaeT MEUHEMAJILHOE 3HAte-
uue. Jlokazkure, 9m0 Ha OTpE3Ke [a, b| HaliyTCsa TaKkme TOUKK
a<T1 <Ty<...<Xpi1 <b,uT0 IPU Beex k a b

F.(xg) — f(zx) = £M(F,)

- — — — — — — — — — — —

- — — — — — — —
- — — — — — —
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U Jyisi JIE00O#H TTapbl COCEJIHUX TOYEK Ty, Tii1 Pa3HOCTh Fy(x) — f(x) mMeeT mpoTUBONOJIOKHBIE 3HAKH.

1.4. JlokazknTe, 9T0 KAKOBBI ObI HI OBLIN 3aJaHHbIe . TodeK Ay, As, ..., A, Ha IJIOCKOCTH, IIPOU3BE-
JeHuEe pPacCTOAHUN

MA;-MAy-...- MA,

oT HuX J0 Touku M, npoberaomuii JaHHBIA OTPe30K [a, b] ayuHbl b — a = 2h, He MOXKeT 0CTABATHCs
n
BCe BpeMsl MeHee 2(%) .

A

C D

!

. A
1.5. 3ajiaua «o crakanes. «Crakan» — 910 purypa Ha JIEKAPTOBOM IJIOCKOCTH, ~ f—xt
nzobpazkerHasi Ha pucyHke. [[lupuHa cTEHOK M JIOHBINIKA CTaKaHa paBHA o. m
Cy1ecTBYIOT JI CKOJIb YTOIHO OOJIBIINE N, JJIsi KOTOPBIX IpadruK MHOIOUIEHA
CTEIIeHH 1 IPOXOIUT BHYTPH «CTEKJISIHHON» YAaCTU CTaKaHa, eCJIn
— 1 - 19 >

20 =5 b) & = 75° Vavay

['pacdbuk J1072KeH 3aX0/IUTh B 3aKpAaIlleHHYI0 00JIaCTh, IEepeceKas OTPE30K
AB, u BeIXOIUTH U3 Hee, nepecekas CD.




YKJIOHEHNS MHOTOYJIEHOB U KpUTHUYIeCKue 3HaYCHUA 2
2 MHoro4jeHbl, MaJio OTKJOHAOIecs: oT 0

Yrnonernuem (or 0) muorounena F ua orpeske [a,b] C R Oyjaem Ha3BIBATH BEJTUIHHY

M(F) = max |F(z)].
z€[a,b]

Mmuorounen F, y koroporo M (F') < 1 Ha 3agaHHOM OTpe3Ke, OyJieM Ha3bIBATb MAA0YKAOHAOUUMCA. Hamom-
HUM, 9TO MHOTOIEH, cTapiinii KoadPUImeHT KOToporo pasen 1, HA3bIBAETCS YHUMapHsm. B 9TOM mpoekTe
MBI PACCMATPUBAEM MHOTOWIEHBI TOJBKO C BEIIECTBEHHBIMEI KOd(DUIMEeHTaMu (XOTs B PENICHUSIX MOYKHO HC-
[0JIb30BaTh U KOMILIEKCHBIE UUCIIA).

JlokarkeM, UTO Cpeln BCeX YHUTAPHBIX MHOTOUJIEHOB CTEIIEHHW N CYIIEeCTBYeT MHOTOUJIEH [, yKIoHeHUe
koroporo M (F,,) na orpeske [—1, 1] npuHIMaeT HAMMEHBIIEe BO3MOYKHOE 3HAUCHHUE.

HorycTim, 9T0 [171s1 HEKOTOPOTO YUC/Ia ¢ MBI HAILIN YHUTAPHBINA MHOTOWIeH F),, mist kotoporo M (F,) = ¢
u upu 3ToM (Kak B 3aja4e 1.3) cywecmsyrom makxue mouku —1 < 11 < 22 < ... < Tpt1 < 1, wmo npu ecex k

F,(xg) = +M(F,),

npusem 0aa Mo6ot napv. coceOHUT Movek Ty, Tiy1 3Havenus Fy(xp) u Fp(Tp41) umerom npomusonoiostchoie
anaxu. IIpoBepum, 94TO TOTJIA € — 9TO MUHUMAJIHLHO BO3MOXKHOE YKJIOHEHUE JIJI BCEX YHUTAPHBIX MHOTOYJIEHOB
CTEIeHu MN.

JeficTBUTEIBLHO, JOMYCTUM, YTO HAIEICs MHOrowIieH () ¢ MEHBIINM yKJIOHeHueM. Torja B mpejeiax OT-
peska [—1, 1] rpaduk MuOrOuIeHa F), JIEXKUT B TOPU30OHTAIBHON 110JI0CE IUPUHBL 2¢ U BBIXOJUT HA €€ IPDAHUILY
B Toukax (zk, Fy(zr)), a rpaduk MHOrOUIeHa () JIEKUT CTPOrO BHYTPHU MOJIOCHI, c¢M. puc. 1. I[Tposemem we-
pe3 TOUKM X BepTHKAJbHbIE (IIyHKTUPHbIE) IIPSIMbIe, OHU BBIPEXKYT M3 MOJIOCHI N IPSIMOYTOJbHUKOB. BHyTpH
KasKJI0Or0 IPSIMOYTOJIbHUKA rpacdukn P, n () mMeroT XOoTs ObI OJHY TOUKY Iepecederust. Ho 5T0 HEBOZMOXKHO,
[IOCKOJIbKY MHOrOWIeH P, — () umeer creneHb He OoJibiite 7 — 1 U He MOXKET UMETH 7 KOPHeil.

yA
C

y = Fu(x) T, (z)
1
x
2x% — 1
423 — 3
8zt — 822 41
162° — 2023 + 5z
3220 — 482* + 1822 — 1

DU W N R OIS

Puc. 1. Puc. 2. ITosmnombr Yebbmmesa

Bosiee Toro, B onucannoit curyarun F,, — eIUHCTBEHHBI yHUTAPHBI MHOTOYJIEH, YKJOHEHHE KOTOPOIO
PaBHO c.

Takum 06pa3oM, OCTAJIOCH «yTralaThy MHOTOWIEH, Y/IOBJIETBOPSIONIN CBONCTBY, BbIIEJIEHHOMY BBIIIE Kyp-
CUBOM. DTa KOHCTDPYKIMS IIHPOKO M3BECTHA. 3aMETHM, UTO IIPH HATYPAIbHBIX 1 DYHKINS COS ML C MOMOIIBIO
TPUIOHOMETPHYECKUX 1IPE0OPA30BaHuil MOKET OBITH BBIPaXKeHa depe3 COS T U HoslydaeMas GOpMysa Kak pas
nosmHOMAATbHAs: cos 27 = 2(cosz)? — 1, cos 3z = 4(cos )3 — 3cosz u T. 1. Takum obpasom, byHKIHS

T,, = cos(n arccos x)

siBJIsieTCst MHOrowieHoM (crenenu n). O HasbIBaeTcst MHozouaerom debviwesa nepsoro popa. Cpasy 10 ompe-
nenernto nosrydaeM, 9ro [T, (x)| < 1 upu z € [—1,1] n

km
Ty (z) = (-1)*,  npu xp, = cos —, k=0,1,...,n.
n
Buaunt, M(T,) = 1, a B KauecTBe MHOrOWIEHOB F) W3 HPEJBIIAYIIEr0 PACCYZXKJECHUs cjejyer B3ATb F, =

1 1
5a=1 In, pu 3ToM ¢ = M (F},) = 5=t.
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Heckosbko nepBbix MHOTOUIeHOB UebbimeBa npusesenbl B tabuuie (puc. 2). [lpusemem erne HECKOJIBKO
MIOJIE3HBIX (DOPMYJI.

Ty (x) =271 (x — Co8 %) (1’ — Cos —) (ac — Cos —) . <x — Cos (2712_”1)7T> npu = € R, (1)
T ( (:U—G—\/ -1)"+ %( z2—1)" npu x € R\ (—1,1). (2)
20 (x) = (20)" = — - O 4(22)" 2 + —20 - C2,y(20)" " — - O y(20)" O 4 (3)

2.1. /lokaxxuTte, YTO MHOTO'WIEH F), M3 MPUBEJIEHHOTO BBIIIE PACCYKIEHUA ONpeaeeH OTHO3HATHO.

2.2. Jlokazxkure, 910 Jyist J1060ro MHOTOUIeHa P () = ag+a1x+ ...+ aqx® BBIIOJIHAETCS HEPABEHCTBO

‘ |
m P > b—
ZE[%,);] ‘ (x)| 22d-1 ( &)

HpI/I‘IeM PaBE€HCTBO JJOCTUT'ACTCA TOJIBKO JIJIsI MHOT'OYJIEHA P(l’) =
JAOKaKNTE, 9TO B CJIyda€ paBeHCTBa

ad(b—a)d. d<2x—a—b

521 T > 3aonHo

L4/2) ot b) -

P(z) 2d1 Z (x —a) (a:—b)k<x— 5

2.3. Jlokaxkure ciiefyroliee SKCTpeMajibHOe CBOHCTBO MHOrOWIeHOB ebbimesa. [lycrs F, () — mHO-
rOYJIeH CTEIIEHU He BBIIIE 7, TPUIEM

E, =1
s [F(@)

Torya pu Bcex BEIMIECTBEHHBIX ', || > 1, BhimosHsieTcs HepasencTso |, (x)| < |T),(x)].

m n
2.4. Ilycrs P(z,y) = > > a;jo'y’ 1y HEKOTOPBIX HATYPAJBHBIX 1M, 1.
=0 j=0

a) IlycTb ap, = 2™~ 12"~ 1, Jlokaxure, 4TO max |P(z,y)| > 1, npuaem paBeHCTBO HMEET MECTO
—1<z y<

tobko st P(x,y) = T (x)T,(y).
b) Ilycre mHOTOUIEH P(2,y) nMeer menodncientble KO3hOUIMEHTB U He SBISETCS KOHCTAHTOM
HU 110 2, HU 10 y. Jlokaxkure, uro max |P(z,y)| > 4.
—2<z,y<2

n
2.5. Ilycrb x, — xopHU MHOTOwWIeHa YebObnimesa 1, Tjie n — 4yeTHo. Jokaxkure, 94TO Z

?rwl’_‘
|

2.6. [Jokazkure, 9T0 OPU BCEX HATYPAJIbHBIX M, N (LJe m > n) U HeJbIX T IUCIIO

(Tern(x) - 1)<Tmfn(33) - 1)

ABJIdeTCd TOYHBIM KBaJIpaTOM.

3 CsBoiicTBa MaJIOYKJIOHAIOIINXCA ITIOJIMHOMOB

3.1. Ilycrs |ax? 4+ bz + ¢| < 1 npu x € [—1, 1]. Jdoxaxure, aro a® + b* + 2 < 5.
3.2. Tlycrs |axd + bz +cr+d| < 1upu x € [—1,1]. Tokaxure, uto  |a| <4, |a|+[b] <4, || <3,
la] + [b] + || + |d| < 7.

3.3. Ilycrs P(x) — muorowien crenenu d, takoit uro |P(x)| < 1 upu x € [—1, 1]. Dokaxwure, aro

|P(2)] < 4%

3.4. Ilycrs P(x) — muorowien crenenu me 6osee 2018, takoit uro |P(x)| < PR RS [—2,2].
Joxaxure, aro |P(v/3)| < 2019.
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3.5. Ilycts P(x) — MuOrowWIeH crernenn He 6osee n, Takoit 1ro |P(x)| < f npu 0 < z < 1. JJokaxkure,
aro |P(0)] < 2n+ 1.
3.6. [lycts P(z) = agz® + ... + ay — Mayoykjiongiomuiica muorowien: |P(z)| < 1 npu z € [—1,1].
Hokazkutre, 4TO0

|| + laa-1| < 27"

3.7. Ilycts P(z) = a2 + ... + a9 — MHOrO4IeH cremnenu He 6osee n, takoit uro |P(z)| < 1 mpm
€ [-1,1]. 1 uycrs Tp,(x) = t,z"™ + ... + tg — 910 n-it Muorouwten Yebsbimesa. Jokaxure, 410

a) |an—2m| < [th—om| mpum =0, ..., |5]. PaBencrso mocruraerca npu P(z) = £T,,(x).

b) |an—2m| + |@n—2m—1| < [tn_2m| tPu m =10, ..., L”T_lj Pasencrso Tosibko npu P(x) = +T,,(x).
3.8. (Hepasencrso Bepumreitna) Ecin P(x) — MHOrowIen ¢ BemecTBeHHBIME KO3 HImenTaMu cTe-
nenu n u |P(z)| < 1 na [—1,1], To |P'(x)| < T Ha (—=1,1).

3.9. (Teopema Mapkosa) [Iycts MHOTOUIEH n-if cTenenu P(x) ymosiaerBopsier HepasercTBy |P(z)] < 1
npu x € [—1,1]. Jokaxkure, 9410

|P'(z)] < n”.

PasencrBo mocruraerca ToabKo 1JId MHOrowaeHos P = £T,, 1 TOJLKO B ToUKax ¢ = +1.

4 UWnaTtepnoasnmonHasa dpopmyia Jlarpanxka

MHoro4ieH cTemneHu n OJHO3ZHATHO 331aeTCS CBOUMH 3HAYEHUSMU B 1 + 1 TOUKe, IPUIEM MOXKHO BBIIHCATH
siBHYI0 (bopmyty. [lycrsb Mbl BeIGpasu (OMApHO pa3/IndHble) TOYKH X1, T, - . . , Tpt] U UIleM MHOTOWIEH F(x),
KOTOPBI B TOYKAX X} TPUHUMAET 3HAYEHUS Y :

F(zk) = yg, k=1,2,...,n+1.

[Monoxkum G(z) = (x — x1)(z — z2) ... ( — Tpt1). B upoussenennu, 3agaromem G(x), uporycrum k-1 CKOOKY
U paccMOTPUM JIpoOb, B KOTOPOil YHCJIUTENb COJAECPKUT OCTAJbHbIE CKOOKH, a 3HAMEHATEIb COJICPIKUT Te JKe
CKOOKH, HO B HUX BMECTO X HOJCTABJIEHO Tj:

(r—z1)(x—22) ... (r —xp_1)(® — Tfy1) .. (T — Tpg1)
(xp — z1)(xp —x2) ... (2 — Tp—1) (T — Tht1) - - - (T — Tpt1)

Ouesnnno, uro Il (x;) = 1 u i (z;) = 0 upu j # k. Ilpoussenenue I (x) moxxHO 3aiucaTs B 601€€ KOPOTKOM

Hk(sc) =

BU/IE

G(x)
G (z)(x — )
Torga ayia maTepecytommii Hac muorowten F(x) 3anaerca dbopmyitoit (unmepnoasayuornas gopmyaa Jlazpan-
orca):

g (z) =

n+1
D=3 G Gl) (4)
k=1

k) (T — k)

Eé MoxkHO ncrnoib30BaTh TaKKe U [T n3ydeHns K03 PUImeHToB MHOTOYIeHa F', oTCaeKnBast KOdMDPUITHEHThI

npun Jl‘k B 00eMX YacTsX 3TOr0 TOZKIeCTBa.

< 1 n(n —2)
4.1. Jlokaxkurte, 9TO = :
; sin? & _11) 3
4.2. Ilycrs 0, = (k — %)%, rne k=1, ..., n. [lokaxkure, 910 Z =22
sin? 2
4.3. Ilycrs xp, = cos by, k = 1,...,n. Jlokaxkure, uro ynoboit MHOrouieH P(z) crenenu e Bbiie n — 1
VAOBJIETBOPSIET TOXKJIECTBY
1 & T, (x)
Plx)==> (=)"'P 1—a? =
(0)= 3 2D Play - at - 22

4.4. llycrs xp = cosby, k =1,...,n. lokaxure, 1aro Z(l — xxy)) (i%) =1.
k=1



‘yKHOHeHHHfMHOFOquHOBIIKpHTquCKHQSHaHeHHH 5

5 VYKJIOHeHHue Ha APYIrux MHO2KeCTBax

5.1. Ilycts P(z) = agz® + ... + ag — MHOroU/IeH, MaoyK/IOHgAONMiica Ha ByX orpeskax: |P(z)| < 1
npu = € [0,1] U[99,100]. Haitzure nanbosbinee BosmoxkHoe 3uadenne P(50)
a) upu d = 2; b) upu d = 100.

5.2. Ilycts A — 0ObeuHeHIe KOHETHOTO KOJIMIECTBA OTPE3KOB Ha BEIIECTBEHHOMN psamoii. Vibsa marmes
HEIOCTOSTHHBI MHOrOWIeH (Q(2) ¢ BemecTBeHHbIME KodhduimenTamu co crapimm Kodddurmentom 1
takoit, uro |Q(x)| < 1,999 npu Bcex x € A. Hokaxkure, a0 Hasud MOXkKeT HAHTH HEIOCTOSHHDIH
muorowieH P(z) ¢ BemecrBenHbIME KO3ddunmeHTaMn co crapimumM Koddduimentom 1 Takoif, 9To
|P(z)| < 1 mpu Bcex © € A.

5.3. Ha BemecTBeHHOI IIPSAMOiT JJaHBI TP HellepeceKaromxest orpeska [—b; —al, [—¢; ¢] u [a; b], mpuaem

b* = a® + ¢*. Jlokaxure, uro Muorowien f(zr) crenenu 2n ¢ eJUHAYHBIM CTAPIIUM KO3 MOUITEHTOM
n

HE MOXKET Ha 3TUX OTPe3Kax 10 aDCOJIIOTHOMY 3HAYEHUIO ObITH MEHBIIE YeM 2 (%)

5.4. Teopema Iloits. ITycts S — nmommuoxkecTBO R, 1IpeicTaBasionieecs B BUIe 00beIMHEHNsST KOHETHOI'O
YHCJIa HEeIIePEeCEeKAIOIINXC s OTPE3KOB, { — cyMMa, JIJIMH 9THX OTPE3KOB. Torma Jijis 11000ro MHOTOUICHA
f(z) crenern n ¢ eqMHUIHBIM cTapIUM KOMDMUIMEHTOM HANIETCST TaKoe YuCyIo Yy € S, 9To

rwiz2(5)

[Ipudem, eciiu S He gBJIETCS OTPE3KOM, TO 3HAK B HEPABEHCTBE CTPOTUI.

5.5. Hailimure yHUTApHBIII MHOTOYJIEH CTENIEHU 7, UMEIOIINIl HauMeHbIlee YKJIOHEHNE Ha MHOXKECTBE
{0,1,2,...,n}.

6 Ilocisie mpomekyTouHOTO (PpUHUIIIA
6.1. Jlokaxkure ciemyrorree ycuierne 3agaan 2.3. [lycrs F),(r) — MHOrOWIEH CTENeHU N, TPUIeM

max |F,(x)] = 1.
ze[—1,1]
Toryma mpm Beex BemECTBeHHBIX T, |x| > 1, m Bcex 7 = 0, 1, ..., n BBIIOJHAETCS HEPABEHCTBO JIJIs
IIPOU3BOIHBIX: |FTE])(:17)] < |T7(Lj) (x)].
6.2. Jlokaxure cieyioniee yeunenue 3agaau 3.7. Ilycrs P(x) — MHOrOWIEH ¢ BEIleCTBEHHBIMU KO-
dunuentamu crenenu ne 6oJsiee n, TAKON UTO

|P(a;)| <1, I ai:cos%,i:(),...,n.

Toryia BepHbI 062 yTBepK/IeHus a) u b) 3anaun 3.7.

6.3. /lokaxxure TpuronoMerpudeckyio Moguduranmio 3agaaqan 3.8. Ilyctn

P(p) =ap+ Z (ak cos kg + by, sin k)

1<k<n

— TPUrOHOMETPUYECKUIl MHOIOW/IEH MOPSIIKA N C BEIIEeCTBEHHLIMU KO durmentaMu ag, ai, . . ., ay, 1
bi,...,b,. lonoxum M = max |P(y)|. Jokaxure, aro
peR

|P'(¢)| <nM  nasaseex p €R.

6.4. Jlokaxkure, 910 JijIs JTFOOOIO HATYPAJILHOTO N CyIecTBYeT MHOTOWIeH P(x) cremenn He GoJibIie
100n, Takoit 1TO
|P(0)] > |P(1)| + ...+ |P(n?)|.
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Pemmennga

1 Heckoabpko npeaBapuTe/JIbHbIX 3aJda4

1.1.

[lepoe pemtenmne. B 3Toit 3ajaue HUYEro He HYKHO 3HATH O MHOTOYJIE-
nax YeObIreBa, o0 1eT JI000 KyOuiecKuit MHOIOMIEH, KOTOPBI Tpoe-
KPATHO HaKpbIBaeT OTpe30oK [—1, 1], T.e. /i KOTOPOro Kazkjiasi TOIKa OT-
peska [—1, 1] umeer Tpu npoobpasa. Hanpumep, MOKHO BBIOpATh JH0ObIE  ----- A —————————

a,b,c € (=1,1) u roraa nonoitaer muorowrten F(z) = A(r—a)(z—b)(r—c), — / 5 \\// H%

rJe 9nucjio A BLIOMPAeTCcss HACTOJILKO OOJIBIINM, YTOOBI JIOKAIBHBIE S9KCTPE- - - - —f-—— - - - S N

MyMbI F' ObLIu 110 MO/TyJ1I0 O0sIbIIe 1.

Bropoe pemmenue. [Tycrs P(z) = 42® — 3z, rorga P(cosf) = cos(30). lockonbky dyukimsa f(6) =
cos 0 aBistercs bueknueit Ha orpeske [0, 7], gcuo, uro P([—1,1]) = [-1,1] u

P (cos ) = P(cos(36)) = cos(96)

Anasormano, P (cos @) = cos(3V6).
U3 nepsoro ypasuenus cos(3V0) = 0 nomyuaem 3V paznmmunbix kopmeit: = 37V (2k + 1)7/2,
k=0,---,3Y — 1. Uz Broporo ypasuenus cos(3"6) = cos 0 umeem (3V +1)0 = 2k7 u Toxe nosyuaem

3N pasnmunbix kopmeit: 0 = (2k7)/(3N + 1), k=1,--- ’_3N2+1'

1.2. Iycrs f(z) = ax®+bx+-c. [lockombky f'(x) = 2ax+b — muneiinas byHKIU, €€ MAKCHMYM MOJLYJIs
JIOCTUI'aeTCsl Ha TPAHUIIE OTPE3KA, T. €. IOCTATOYHO IIPOBEPUTH HEPABEHCTBO TOJIBKO IIpu © = *1. B3as
r = 1, 3amMeTnM, UTO

20 +b=15(a+b+¢c)+05(a—b+c)—2c=15f(1)+0.5f(—1) —2f(0).

Torna
120+ b| < L5 F(1)] + 0.5 f(=1)] + 2| f(0)] < 4.

IIposepka nepasencrTsa npu r = —1 JegaeTcd aHAJOIMYHO. VI MOXKHO NPUMEHUTDL y2Ke CJICIaHHYIO
oreHKy K dyHKImn f(—z), nMeroIeil To xKe yKJIoHeHue 1.

Bajiauy MOXKHO pacCcMaTpUBAThL KakK IIPpOCToe cieacTre 3agaun 3.7. eiicrurensro, npu |z| < 1
12ax + b < 2|al|z] + |b] < 2|a| + |b] = |a] + (Ja| + |b]) < 2+2=4.

3/1ech mocsiejiHee HEPABEHCTBO UCIOJIB3yeT 0ba MyHKTa 3aja4u 3.7 (npu n = 2, m = 2), B KOTOPbIX
CPaBHUBAIOTCS KOI(MDDUIUEHTHI MaJIOYKIOHAIOIMIErOCd MHOI'OUIEHa CTEIIeHN 2 CO CTapiIinM Ko uIm-
eaToM 15.

1.3. Cwm. |2, §5, ¢. 16-18|. U mest ipocTa: eciu TaKUX TOYEK Gy/IeT MEHbIIe, YeM YKa3aHO, TO MHOTOYJIeH
F,, MOXKHO <«IIOJIIPaBUTH», YMEHBIUB ero orkjaonenune M (F,).

OTMernM, 9TO yCJIOBHE 339 JIOIyCKaeT, YTO y MHOrodaeHa [, Morjio O6bI OBITH HECKOJIBKO I10-
CJIeJIOBATE/IHHO PACIIOJIOKEHHBIX TOYEK MAKCHMAJBHOTO OTKJIOHEHHS, B KOTOPBIX 3HAK BBIPAYKEHUS
F,(x) — f(z) omunakos. Torga B HaGOp xj) MbI MOIJIK ObI BKJIIOUUTH JIAIIb KAKYIO-TO OJHY W3 ITOMN
CEpUN TOYEK.

omycrunm, 9T0 MBI CMOIVIH IOCTPOUTH JIMIIL HAOOP Z1, ...T, U3 P < N TaKuX Todek. Pasobbem
OTpPe30K [a,b] Ha p oTpeskos (mepeoboznadnM a = ag, b = ay)

la,b] = [ag, a1] U [ar,a] U ... Ulap—1,ap)

TaK, YTO0BI B KAXKJIbI OTPE30K [a;_1, @;] BXOIUIIN JIUIIL TOYKU OTKJIOHEHHsI OJIMHAKOBOTO 3HAKA, BKJIIO-
Jas x;. lorjga Ha KaKJIOM TaKOM OTPe3Ke

—M(F,) < max [F,(z)— f(z)| < M(F,),

axe[ai_l,ai}
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rJie OJIMH M3 3HAKOB HepaBeHCTBa obs3arenbHo crporuii. Torma mo reopeme Beitepirpacca naiigercs
takoe «, 0 < a < M(F), (MOXKHO CYATATB, ITO 9TO ¢ OJHO U TO K€ JJIs BCEX OTPE3KOB) UTO HA
KasKJIOM OTpe3Ke [a;_1, @;] BBIIOIHSIETCS JIAIIb OJTHO U3 HEPABEHCTB

—M(F,) < F(z) — f(z) < M(F,) —a, wm — M(F,)+a<F,(x)— f(x) < M(F,).

Honoxkum Q(z) = £(z —a1)(r —asg) ... (x —a,—1), rie 3HAK BBIOMpAETCs Tak, 9TOOBI Ha BCEX OTPE3KaX
[a;—1, a;] 3HaK Q(z) coBnagas co 3uakoM F),(x;) — f(z;). Beibepem Terepb HEOOIIBIIOE MOTIOKUTEIHHOE
YHCJIO € TaK, YTOOBI BBIIOJIHSIOCH HEPABEHCTBO m[a>l§] leQ(z)| < a. Torga upu Beex = € [a, b

“M(F,) < Fy(z) — eQ(z) — f(z) < M(F).

OueBnano, aro deg () < n—1, suaqur, F,,—&() — MHOTOY/IEH CTEIIEHN N, TAIONIN MEeHbIIee OTKJIOHEHNE,
geM F,. [IporuBopeune.

1.4. |7, zamaga 135]. Tlomarasi, 9r0 pedb UJeT 0 KOMILJIEKCHOM IJIOCKOCTH, Mbl MOYKEM CYUTATh, YTO
0Tpe3oK [a, b] coBmamaer ¢ orpeskom [—h, h| BemecrBennoit ocu. Paccrosiiue oT mepeMeHHON TOYKH 2
JI0 TOUKU A MOXKHO 3ammcarh Kak |z — Ag|. Torma Tpebyercs jokaszarh, 9To

max (2 — A)(z — Ay) ... (2 — A,)| > 2@)".
z€[—h,h] 2

Bripazkenue 1o MojrysieM — (IIpOU3BOJIbHBII) YHUTAPHBIN MHOTOUWIEH ¢ KOMILJIEKCHBIMU KOI(DDUIIEH-
tamu. TpebyemMoe HEPABEHCTBO CJIELyeT U3 MUHHMAKCHOI'O CBOWMCTBA IOJMHOMOB eObIlieBa, €Ciu Mbl
MIPOBEPUM, YTO TMOJUHOMBI JebblleBa MMEIOT MUHUMAJIbHOE YKJIOHEHUE B KJIACCe IOJIUHOMOB C KOM-
IJIEKCHBIME KO DUITHEHTAMI. JTO BBITEKAET U3 CJIEIYIONIIX COOOparKeHNI.

[Tockosbky z € [—h,h] C R, Mbl hakTHuecKH paccMaTpuBaeM Halll MHOTOUYJIEH KaK KOMILIEKCHO-
3HAYHBI MHOI'OYJIEH BEIECTBEHHON ITePEMEHHOM, 3aIlUIleM ero B BHUJIe

F(z)=(z—A1)(z—Ay)...(2 — A,) = Fi(2) + iFx(2),

rie Ko3hdumuenTel MHOrOWIeHOB £} u Fy, — 3TO COOTBETCTBEHHO BEIIECTBEHHbIE U MHUMBIE YaCTHU
kosbdunuenros F'(z). Samernm, uro deg Fy = n, deg Fr < n—1u |F(z)| = |Fi(2)+iFa(2)| = |Fi(2)].

A

Y106l He BO3UTHCSI € MACIITAOMPOBAHMEM MHOI'OYJIEHOB,
3adUKCUpyeM HadaJ0 KOODJMHAT, PACTIHEM CTakaH B 2 pasa
110 TOpHU30HTAIH, HocIe Hero casuneM Ha Bextop (—1,2). To-
rja B Ipejeiax mpomexyrtka [—1, 1] Mbl umeem MuOrowien F

5

¢ ykionenneM 3. [lonpobyem B3ate F' = %Tn C YETHBIM N.

a) Iycrs § = 2. Onennym Besmunny F(1+ 2) ¢ nomompsio dopmyist (2):

2 1 2
F142) = (1424
n 4dn n
Bripazkenue B mpaBoil 4acTu CTpPEMUTCH K OECKOHEYHOCTH, 1O3TOMY F (1 + %) >> 1 pu GOJIBITIUX M.
DTO 3HAYUT, UTO MHOTOUIEH F' y/I0B/IeTBOpSeT TPeOOBAHUAM 38, 1a9H.

1.5. OrBeT: a) cymecrByer, b) He CyIiecTByer. U\

b) Iycrs § = n—13 Ouennm Besmuanny F'(1 + n%) ¢ ToMoIIbio GopmyJs! (2):

2

Bripaxkenue B nipaBoit yactu crpemurcd K 0. Suaunt, F (1 + n—%,,) < 1 mpu 6osbimx n. OcTanoch BOc-

S\ T

[OJIb30BATEHCS KCTPEMAIBHBIM CBOHCTBOM MHOrowIeHOB Uebbimesa n3 3agaqn 2.3: Bae [—1, 1] MHO-
rowteHbl YebbIieBa pacTyT ObICTpee BCeX MAJIOYKJIOHSIONIUXCS MHOTOYJIEHOB. SHAYUT, JjIs JIIOOOTO
MHOTro4IeHa F', rpaduK KOTOPOTo MPOXOIUT 10 JOHBIIIKY HAIIErO CTaKaHa, BBITIOJHAETCA HEPABEHCTBO
F (1 + %) < 1, TO ecTh ero rpaduK BBIXOJIUT U3 CTEKJIAHHON 9acTH CTaKaHa, epecekas BEPTUKAIbHYIO
CTEHKY, 9TO HapyIraeT TpeObOBaHUs YCIOBUA 3a/1a4N.
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2 MHoro4jeHbl, MaJio OTKJOHAOIecs: oT 0

2.1. JlokazaTeabCTBO SKCTPEMAJIBLHOIO CBOHCTBA HOMHOMOB UeOblmeBa u3 pasjena 2 U 9Ty 3aJady
MBI B35 B |6, Jiekrust 7).

Pemenne 1. [Tycts mmerorcst 1Ba yHuTapHBIX MHOrOo4WIeHa F, u G ¢ orkionenuem c. Toryma mHO-
routen h(r) = 2

5(Fa(z) + G(x)), Oymyun cpeannm apudMETHIECKHM, BO BCeX TOUKax z € [—1,1]
Y/IOBJIETBOPSIET HEPABEHCTBY

—c < min(F(x),G(x)) < h(x) < max(F(x),G(x)) < ¢,

T.e. h — TOXKE YHUTAPHBIA MHOIOYJIEH CTEIICHU N, UMEIONIUl YKIOHEHHE ¢. 3aMEeTUM, 4TO IPUHUMATH
3HaYeHne +C MHOrOYIeH h MOXKeT TOJBKO B TeX Toukax ¥, rje F(z) = G(x) = ¢ wm F,(z) =
G(x) = —c. IlocKosIbKy B CHILy paccyKJIeHHil N3 Hauasa pas/ie/ia 2 MHOIOUJIeH h JIOJZKEH II0IIePEeMEHHO
IPUHIMATD 3HAYCHHS ¢ B KAKNX-TO N+ 1 ToYKax oTpe3ka [—1, 1], MbI IPUXOIUM K BBIBOJLY, ITO TOUKH
MaKCHMAJIBHOIO YKJIOHEHHUs MHOTOWIeHOB F), 1 G COBIAJIAIOT.

Takum o6pas3oM, yHuTapHble MHOTOWIEHB! F), 1 G(n) coBasaior B n+ 1 ToYKe, 3HAYUT, OHU PABHBI.

Pemenne 2. JIpyroe paccy:kienne, 60jee oxoxkee Ha pacCcyzKIeHUs U3 pasesa 2, MOXKHO IIPOBECTU
ciaepyronuM obpaszom. Ilycts x; = cos %r, 1 = 0,1, ..., n, — TOYKH MAKCHUMAaJbHOIO YKJIOHEHUS
MHOrowIeHa ebniriesa T),. Torma BBITIOJIHEHBI CJIeIYIOIINE CBOWCTBA.

1. Ha kaxkoM TpOMeKyTKe [Tf_1, Tx] MuOTOWIeH T, — F, umeer KopeHb. JleficTBuTebHO, MyCcTh
nyist onpegesiernoctu Ty, (zy_1) = —1, Tp(xg) = 1, Torna Ty (zx_1) — Fp(xp_1) < 0, Ty (x) — Fp(zg) =0
U CYIIECTBOBaHME KOPHsI 00ECIIeYNBAETCA TEOPEMOii O IIPOMEZKYTOYHOM 3HAYECHUU.

2. Cymmapnoe KojmdecTBO Kopueit 1, — F), ¢ y4eToM X KPATHOCTH HE MEHBINE YUC/Ia OTPE3KOB
[z;_1,2;]. HeiicTBuTesibHO, mocTpouM OTOOpayKeHWMe M3 MHOYKECTBA KODHEHl B MHOYKECTBO OTPE3KOB:
ecan Ha WHTEpBaJe (r;_1,%;) UMeeTCst KODEHb — CTaBUM €My B COOTBETCTBHE OTPE3OK [x; 1, x;|. Ecmm
7K€ KODEeHb OKa3aJiCs Ha KOHIE OTPEe3Ka, CKaskKeM B T;, TO 9TO KOPeHb KPATHOCTU He MeHbIie 2 (06a
MHOTOYJIEHA JIOCTUTAIOT B TOYKE T; SKCTPEMYM) — MOCTABUM B COOTBETCTBHE 9TOMY KODHIO Cpa3y JBa
oTpeska [x;_1, z;| u [, x;41]. OdueBuHO, 9TO KaXK/IBI OTPE30K COIOCTABJIECH XOTsI ObI OHOMY KODHIO.

Ocraoch 3aMeTUTD, 9TO YUCJIO OTPE3KOB PaBHO N, T.€ MHOrowien 1, — F), cremenn ne Boimie n — 1
nMeer n Kopueii. 3uaunt, 1, = F),.

2.2. Orobpaxenne y — 2 4 220y pzapvno oxHosHauHo oTobpaxaer [—1,1] na [a,b]. Ecau mbl

HOJICTABAM T = “T“Lb + b_T"y TO Jytst MuOTrOuteHa P(z) crenenu d mosrydaem

|aal(b — a)*

max |P(r)] = max |P($(y)){ > 92d—1

a<z<b —1<y<1

IIOCKOJIBKY CTapuinii KoaddunuenT MHOro4IeHa P( b 4 2=8y) pasen |ag4|(252)?. Pasencrso pocru-

raeTcs TOJLKO B ciydae, Korja P(z(y)) = |ad|(b D Ty(y), wmm (ecm crenaTh oGpaTHYIO 3aMery)
P(e) = 528 - Ty(25257).

151 moKazaTebCTBa MIOCJIEIHEIO PaBEHCTBA U3 YCIOBUS 3a/la4n, repeiijieM K nepemerHoit y. Torma

x_a:lFTa<y+1)a x_b:biTa(y_l)a x_aT%:lFTayH

Ld/2] ) Ld/2]

Z x—a)k(x—b)k(x— a;b)d—% = ad2b2d—1a Z CTFy* = DFy™ 2. (5)

B nocsieiHeit cymme JIerko y3HaTh packpbITyio 1o 6uaomy Hbtorona dopmysty (2) u Torya npasast 9acTh

LIOCJICIHErO PABEHCTBA, PaBHA |ad](52_d—‘f)lde(y), uTo u Tpedyerca. Ormerum 3abapublii Hioanc. O6acTb
onpesesnernst GopMysbl (2) — MHOXKECTBO, 3aJlaHHOe HepaBeHCTBOM |y| > 1, a B dopmyne (5) Mbl
ucnosb3yeM y € [—1, 1]. Huraressiv, KOTOpbIe YBUJIEIN B 9TOM TPOOJIEMY, MBI TIpe/[TaraeM pa3odpaThest
C Hell caMOCTOATEJILHO.
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2.3. JlocTaTouHo HPOBEPUTH HEpaBeHCTBO Hpu x > 1. CMeHuB npu HeOOXOIUMOCTH 3HAK I, MBI MOXKEeM
cantarh, uro P(x) > 0 npu x > 1. [Ipeanonokum mpoTUBHOE, IIyCTh IIPU HEKOTOPOM Ty > 1 0Ka3aJ10Ch,

qro 1 < P((I 0)) [TycTs
P ()
R(z) = —=T,(x) — P(z).
(0) = T (o) = Pla)
PaccMOTpHM 3HAMEHHs 9TOTO MHOTOWIEHA B TOUKaX o = cos X (i = 0, -+ ,n) — 9TO TOUKH MAaK-

CHMaIIbHOTO yK/IoHeHHs: MEOrOdwteHa Ty, B mux T, (o;) = (—1)". Torma R(a;) = (—1)2{1 ((2; 00)) — P(ay).

B cuty ciesiaHHOTO IPeToIozKeHtst 3HaK 9TOr0 Bbipakenus paseH (—1)°. 3naunt, MHOTOUIeH R nMeer
KODEHb Ha KaxKJOM MHTepBaJe (o, ii1).

Ho kpome Toro, odeBnano, R(xg) = 0. Takum obpasom, muorowien R(x) nmeer n + 1 Kopems.

Crnenosarensno, P(x) = P(xo))T (). Ho Torga npu « = 1 nosrygaem nporusopeune P(1) = 7{1 ((”i 00)) > 1.

Bot ajbrepHaTUBHOE paccy:K/ieHue, UCIOJIb3YIolee NHTEPHOIAIOHHYI0 (hopmyity Jlarpamxka.

[ycrs by = cos %, 4= 0,1, ..., n, — TOYKH MAKCUMAJIBHOTO yK/JIOHeHUs MHOTOUIeHa TeObimesa T,.
[Tooxxmm
( ) . T — bj
gk\T) = b
o b — 04
Ji#k

Torna mig roboro MuorodseHa h crermenu n npu Beex r € R BoinoHeHa dpopmyra Jlarpamxka:

= h(br)ge(x)

[ycrs x > 1, Torma sign gi(z) = (—1)* u, snaunr, |gp(2)| = (—=1)*gr(z) = Tn(bp)gr(x). Ecia h —
MaJIOYK/TOHSTIOMIIHCA MHOTOUICH, TO MOTyIaeM OTEHKY

Zh (bx) g (

B sToM paccyxKieHnu Mbl UCIOIb30Badn HepaBeHcTBO |h(z)| < 1 Toabko B Toukax x = b;. Takum
06pa30M, ¢ TOYHOCTBIO JIO TOIO, YTO MBI He pa306paJin aKKypaTHO ciydail © = —1, JoKa3aHa Teopema

n

Z lgu(2)] = (=1)*gr(x) =D Tu(br)ga(x) = Tu(x).

k=0

Teopewma. ITycmo F,(x) — MHo20uACH cmeneny He Gblue T, NPUYEM

|Fo(bi)] <1, 2de b = cosZ—W, i=0,1,...,n.
n

Toz0da npu scex sewecmeennur x, |x| > 1, swnoansemes nepasencmeso |F,(z)| < |T,(x)|.

2.4. a) Pazymoxum muorowren P(x,y) 1o crenensm z:

P(z,y) =Y Qi(y)x" (6)
=0
OHGHI/IM Qm(y)a HCIIOJIb3Yysd HEPABEHCTBO U3 2.2:
2m—12n—1
> —2n — 2m—1.
n[lalxl] |Qm( )| = 227171

m

Crapmmit kosdbdurment Boipazkerust y |, Q;(y)x' pasen Q,,(y), ecam Mbl pacCMaTPUBAEM 3Ty CYMMY
i=0

KaK MHOTOYJIEH OT I, Mbl MOYKEM OLEHUTH €€ 110 HepaBeHCTBY u3 2.2:

. Q)] Q)]
xggg;%@(y) 7| > i = il
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OxoHYaTeILHO IIoJIydaeMm:

max max P(z,y) > max M > 1.
yel-1,1] ze[-1,1] yel-1,1] 2Mm~
Brerisicaum Ternepb, Korjia jgocTuraercs paBencTso. IlycTob : m]ax[ ]P(x,y) = 1. Toryga u3 npo-
ze[—-1,1],ye[-1,1
JeJIAHHBIX PACyZKJICHUI 3aKI09aeM, 9To n[lax] |Qu(y)] = 2™ 1. Crenosarensno, mo 2.2 (cayqait
yel—1,1

pasencTsa) Q,(y) = 2™ 1T, (y). B wactnoctu, Q,,(y;) = +£2™71 i = 0,1,...,n, rae y; — TOYKH
MaKCHMAJILHOIO YKJIOHEHHs MHOrodjena 7T),.

Paccmarpusas P(z,y;) KAK MHOTOYJIEH OT X, OLIEHUM €r'0 [0 HEPABEHCTBY U3 2.2: rr[lax ]P (x,y;) > 1.
—1,1

Tak Kax, KpoMe TOro, n[laX]P(x i) < [ H}ax[ ]P(:v,y) = 1, TO Ha caAMOM JeJIe UMEET MECTO
1,1 ze[~1,1)ye[-1,1

PaBEHCTBO: H[lalxl] P(z,y;) = 1. Ilo yrBepkaernio 2.2 910 BO3MOXKHO, TOJIBKO ecan P(x,y;) = £1,,(z).
xe|—1,
Nrax,

P(1,y;) = T, (1) = £1.

AnajlornaHo, ecjam Bce 3TU pacCyzKIeHus IPOBECTH 110 1,
P(z;,y) =+T,(y), wu Plx;,1)==+T,(1) ==+

3aMeTHM Teneph, ITO ecsu 3aiucaTh npousseaenne 1, ()71, (y) Kak pas3ioKeHne 0 CTEHIeHM &

TO JIJIST BCEX TOYEK Y = i MBI UMeeM paBeHCTBO QF (yx) = Qi(Yx), a HOCKOJIBKY KOJIMIECTBO TOYEK Yy
paBHO n+1, ipu Beex @ MHOTOUIeHbI (QF 1 (); coBnaaroT Toxk aecrBenno. Takum obpasom, T, (x) T, (y) =

P(z,y).
b) Pasmoxum MuOrOWIeH P 110 crenensm x, eM. (6). Onenum @, (y), HCHO/IB3yst HEPABEHCTBO U3 2.2:
|, |

" > 4% =9
Jmax [Qm(y)| > 54" = 2lag, | >

rje d,, — crenedb @, (y). Torma

1Qm ()] 14
max max P(z max = 2 max > 4.
ye[—2,2] z€[~2,2] (@) > ye[-2,2] Q21 ye[-2,2] Q)] >
2.5. Jlng nabopa 4ucesn ry, .. ., £, 0003HAYUM Yepe3 0; CTAHJAPTHbIE CAMMETPpUYeCKre (DYHKIIUN: 01 —

9TO CyMMa 9HCEeJI, 0y — CyMMa IMOIAapHBIX MPOU3BEIeHMH 1 T. 7. Torna Kak HeTPY/IHO BUJIETD,

1 072%1 — 20,09

2 2
xk On

k

Bupouen, IpubIM3HTENIBHO TO Ke CaMoe MOMKHO yBUJIETb, €CJIH PAaccMoTpersb Bbipazkenue z"7T, (1).
OcTrajioch cocpeloTOYNThCs, IPUMEHUTL TeopeMy Buera u BOCHOIB30BATHCS ABHBIM BUJIOM KO3 -
IeHTOB u3 GopMmyibl (3).

N

k
Bropoe perrerne. [Tycrs P(z) = ’n = JI(z—=). Torma &

P(:v)

-
—
II

9TO PaBEHCTBO, IIOJIYyYIHUM:
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[loacrasingas x = 0, nmomyyaem
k

P'(0) P"(0) 1
P02  P(0) 2 x;

i=1
Teneps ucnomnb3ys dhopmyny (3) ma crp. 3, Beraucaum P(0), P'(0) u P”(0).

2.6. Ilosarast ¢ = oS T U BOOPYKUBIIHUCH TPUTOHOMETPUUECKUME (DOPMYJTAMHE, [IOJTYIaeM
(T ()= 1) (T (2)—1) = (cos(m+n)p—1)(cos(m—n)p—1) = (cos me—cos p)? = (Tp,(x) =T, (7))

Tabsuiia Ha puc. 2 HABOJIUT Ha MBIC/Ib, YTO KOI(MDPUITMEHTH MHOTOU/IEHOB HeObIIeBa — IeJible YICIa.
A TBOpUecku nepeocMbiciaeHHas dhopmyia (3) WK pasMBIIIEHHe O TOM, KaK TOHUXKAETCs KPATHOCTh
apryMeHTa M0/l KOCHHYCOM U CUHYCOM IIPH UCIIOJIH30BAHUN TPUTOHOMETPUYIECKUX (DOPMYJI, OKOHIATE T b-
HO ybOexk1atloT Hac B 3ToM. VTak, Muorowiensl YebbleBa nMeroT 1esible KOIMMOUIUEHTDI U, CJIe/I0Ba-
TeJILHO, IIPUHUMAIOT IeJIble 3HAUEHUS B IEJIbIX TOYKaX. TakuM oOpa3oM, IpaBas 9acTb IOJIYyIEeHHON
dopMyJIbl €CTh KBaJIpaT IEJI0I0 YHUCIA.

3 CsoiicTBa MaJIOyKJIOHSIIOMINXCS ITOJIMHOMOB

3.1. Texaudeckas BO3HA C TAKUMHI HEepaBEeHCTBaMU HE OY€Hb MHTEPECHA, [I03TOMY OI'PaHUYIUMCA 3aMe-
JaHUEM, 9TO YTBEP2KJIEHUE CJICAYET U3 3a/lav91 3.7.

3.2. AHaJIOrm9IHO IpeablIyIeil 3a1ade.
3.3. Ilo yrepxaenuio 3ajgaqau 2.3 u dopmyiie (2)

2+V3)' +(2-V3)
2

d

[P(2)] < [Ta(2)] = <4,
st onerku |Ty(2)| moxkuO 06oiiTuch u 6e3 dhopmysst (2). Hanpumep, MoKeT IOMOYb HEPABEHCTBO O
CPeJIHUX.

d d d
_ 2k — 1) (1 (2k — 1)m N
T,(2)] = 24! ‘2— (—‘gzdl -3 ‘2— —‘ — gd-1.9d
|T4(2)] kl_[l cos P cos

HOCJIG,ZLHHE{ CyMMa JIETKO IIOJJCYUTBIBACTCA 6ﬂar0ﬂap51 YEeTHOCTH beHKHI/II/I COST. BHpO‘IeM €CJIN C IIO-
MOIIIbLIO 3TOI YEeTHOCTHU CI'PYIIINPOBATh COMHOXKUTEJIN ITapaMMX C CaMOI'O Ha4aJla, TO 1 HEPaBEHCTBO O
CpeHUX HE HY?KHO.

3.4. Pemenwue 1. [Ipeabasum cragama muorowten R(r), ansa kotoporo R(v/3) = 2019. 3amermw,
V3 20197 T2019(3)

4TO szg(T) = Thoig9(cos §) = cos = = 0. Torma monoxxum R(x) = Ry (cokpaTtus Jpobb),

a suadenne R(+/3) Haiiiem 1o HenpepbiBHOCTH (¢ MOMOMIBIO IpaBuia Jlomuras):

Too19(% T 0 2019 -0 2019 - sin 20197
R(VE) = tim 220000y Toooleosd) - cos( ) _ 6 9019 (7)
Xov3x—+3  0-Z2c0s0 —+/3  6-% 2cosf — /3 2sin ¢

[IpeammomokKuM OT TPOTUBHOTO, YTO HAIIEJICA MHOTOYJIEH P, /I KOTOPOrO P(\/g ) > 2019. Iycrs

@z?cosm?—lg,i:O,...,2019H'y:\/§. Torna

1
— >
18 — V3]

Bosbmem € > 0 u monoxkum Q. (z) = R(x) — (1 — €)P(z). Torna mis 10cTaToqHO MAJIEHBKUX €

Sign(@e(ﬁi)) = sign(R(Bi) —(1- E)P(ﬂi))-

[Tockoubky 3naku R(G;) gepesyioresi, MHOroWwIeH (), numeet He Menbiie 2019 KopHeit. 9T0 HEBO3MOXKHO.

[R(B:)| = [P@) m o P() > |R()I-
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Pemenue 2. IIpoBepum erre 0jHO 9KCTpEMasIbHOE CBOMCTBO IOJMHOMOB Uebbliesa.
JTemma. Ilycte R(z) — MajoykJIoOHsOMuiics MHOrOUIeH crenenu He 6osee n: |R(x)| < 1 npm
€ [—1, 1], nmeroruit obmuii Koperb xy ¢ MHOTOWIeHOM T,,: R(xo) = T,(xo) = 0. Torma |R'(zo)| <
|5 (o) -

Hokazarenscrso. Jomycrum, aro marmescs Maorowien R, ais kotoporo |R' (xg)| = |7}, (xo)|. ILycTs
z;=cosT i=0,1,...,n, — TOUKH MaKCHMAJIBHOIO yKJIOHeHNA MHOrousIeHa Yebbimesa T,,. 1 mycrn
zo € (Tg_1,x). Menss npu HeoOXOAUMOCTH 3HAK R(X), MBI MOYKEM CUIUTATh, 9TO BbhIpazkeHus R'(zq) n
T! (zo) ommrakoBoro 3xHaka. Ilycts okazanoch, aro T, (rg_1) = —1, Tp(zg) =1 u R'(z9) > T/ (x0) > 0,
JIpyrue KOMOMHAIMKM 3HAKOB paszOupalorcd aHajoruydno. Torja, Kak HeTPYIHO yOeIUThbCs, MHOTOYICH
R — T, mmeeT Ha OTpE3KE [T)_1, Tk] €I OJUH KOPEHb, KPOMe Zg. Paccyskias Kak BO BTOPDOM DEIIeHNH
3aja4n 2.1, moydaem 9To MHOrowieH R — T, creneHu He BbIe 1 UMeeT Ha oTpe3ke [—1, 1] He MenbIe
n + 1 KOpHsl, 9YTO HEBO3MOXKHO.

Iepeiinem x pemenmio 3azaqu. Iyers © = 2y, R(y) = P(2y)(2y — /3), Torma |R(y)| < 1 upn
y € [—1,1], a aucio yp = \/73 — obmmit kopenb R(y) u Th19(y). Ilo memme |R’(‘/7§)‘ < |T2'019(‘/7§)‘.
Ocrasocs nojcauTars, 4to R’ (*/75) =2P(\V3), T 2’019(‘/75) = 22019 — mocjie/iHee BBIYUCJISIETCA TaK
ke, Kak B (7).

3.5. Pemenue 1. Ilo yCJIOBI/IIO |xP( H] < 1opu z € [—1,1]. Iyers Q(z) = zP(z?*). Paccmorpum
2n + 2 TOYKU (v, = ,2n + 1. 3amerum, 910 1 =g > ... > Qo1 = —1 &

2n +1’
g + Qopt1—k = 0. (8)

[Tockombky deg ) < 2n + 1, MBI MOXKEM 3aJIaTh MHOINOWIEH () ¢ IIOMOIIBIO €0 3HAYEHUI B TOUKAX ()
€ TIOMOIIBIO MHTEPIOIAIMOHHON (popMmyibl Jlarpamka:

2n+1

= Z Q) @ _R(x) , R(@)=(z—ap)... (1 —agy1) = (#* —af) ... (2% — a?).

O./Z'>R/(OZZ‘)

Tak kak R(z) — uernast dynkuus, ee npoussoinas R'(x) neuernasi, a dbyHkims @(x), KCTaTh, TOXKe
nedernas. CieaoBaTesbHO,

B n Q(Odz) Q(_ai) —
o =0 (=55 o a»R’(—ai)) )

=0

O-’z
Z () (z—a,+x+az> Z a2

Tenepn

2 _
r* — o

R

U nockombky |Q(a;)| < 1, mosydaeM HepaBeHCTBO

IP(O)] < 2IR(0 |Z e )

[Iposepum, uaro npu Q(x) = Ty, 41(2) mocTHraETCS PABEHCTBO, 9TO TO3BOIUT HAM BBIYHC/INTE 3HA-
YeHHe MPABON YaCTH.

JeiicTBUTEIBHO, IPOJIEIAHHBIE PA3JIOXKEHUS UMEIOT MECTO JIJIs JTF0OOTO HEYeTHOTO MHOTOUJIEH] CTe-
nern 2n + 1. B gacrnocrn g Q(z) = To,11 () numeem

n

Topsa(z) . Tony1(as)
R OD DY ey rw

1=0
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Mockombky Thneq(cs) = (—1)" u sgn(R'(oy)) = (—1), mociaeanee BEIDaKeHHE MOMKHO €INE CJIETKa
YIPOCTUTE:

T2n+1('r) _ 2R(JJ) Z 1

z (22 — af)| R (ai)|

. T2n+1($) o
Takum obpaszom, 3HATEHTE hr% T‘ COBIIQ/IAET C ITPaBOil YaCThIO (9), 1 HaM OCTaeTCs JIUID JJOCUYU-

T—
TaTh 9TOT TIPEJIE:

T x cos(2n + 1)t
. +1
hm‘"—()‘ = lim Q‘ =2n+ 1.
z—0 z t—7 cost

Pemenune 2. Ilycts Q(z) = xP(2?), Torga Q — MaJOyKJIOHSAIOMHUIICA MHOTOUJICH CTENeHH He
6osee 2n + 1, mpuuem Q(0) = 0 = T5,41(0). Torma mo slemme U3 BTOPOrO peIIeHUsT MTPEJIbIITY e
sagtasn |Q'(0)] < |15,,,,(0)]. Ocramocs 3ameruts, aro Q'(0) = P(0), 15,,,(0) = 2n + 1.

3.6. YTBep:xKjieHHE cie/lyeT u3 caeytomieil 3agaan. Ho MbI JIokazkeM ero HernocpeacTBEeHHO.
SaMeHsdAd TPU HeOOXOIUMOCTH T HA — X WJIUM MEHsdAd 3HaK MHOI'OYJIEHA, MbI CBEJIEM 3aJlady K CJIyYalo,
KOTJIa y JIAHHOTO MHOrowiena P(x) = agx+ag_ 179 4. .. oba KoO3DPUINEHTA ag U Qg1 TOJOKITECb-

n—1
Hbl. [Ipejinoioskum, 9To npu 3T7oM m = ﬁ < 1. Toryma maX} |mP(z)| = m < 1 u, cienoBaresbHo,
- o

snaku Bbipazkeruit Ty (z) u Ty(z) —mP(z) B ToYKaxX MaKCHMAJBHOIO yKJIOHEHHsI MHOTOUIeHOB Ty ojin-
HakoBbl. Torga muorowien Ty(x) — mP(x) crenenn d mmeer d Kopreit Ha orpeske [—1, 1] u st KOpHU
T}, MEPEMEKAIOTCA ¢ TOYKAMI MAKCHMAJIBHOTO YKJIOHCHHUS:

™ , 1r , 2m , dm
COS — > X > COS — > Ty > COS — > ... > X, > COS —. (10)

d d d d

Ho zamerum, garo asa crapiumx ko3dddumnuenra Maorowiena 1,; — mP oTau4daioTcest JUIb 3HAKOM:

2d—1 2d—1 B
Ty(z) —mP(z) = (27 2 +0- 2 + .. ) — ( da zt + At g1 ) =
ag + agq—1 aq + aq—1

d—1 d—1

Ag—1  4—
x x5
aq + aq—1 aqg + ag—1

Torma o Tepeme Buera, cymma kopaeit muorowiena 1, — mP pasaa 1. Ho 570 HEBOBMOXKHO B CHILY
uepaseHcts (10). JleiicTBuTesibHO, CyMMa KOCHHYCOB, BbIucaHHBIX B dopmydte (10), paBua 0, 3HaqwT,
O 1m (d—1)

1:6087+COSE—|—...+COS g 7T>93'1—l—.r2+...—|—:13;.

3.7. Msl npuBouM pernenne, 6suskoe K perennto H. Jlenckoit. OTmeTnM, 9T0 B 9TOM pEIICHAHN HE
Tpebyercst B MOJIHOW Mepe To, 4To MHOrodaeH P majoykioHsomuiics. Bmecro aroro ucnosb3yercs
TOJILKO TO, 4T0 |P(x)| < 1 B TOYKax MakCHMaIbLHOrO yKjonenus Muorowrena 1,,. Takum o6pasom, 910
pellleHne fBJdeTcsd TaKzKe pellenneM 3a1a4u 6.2.

a) ITycrs n gérno. JocraTodno npoBepuTh, 9TO JIst IPOU3BOIBHOIO € > () BBIIOIHEHO HEPABEHCTBO
ltor(1 4 €)| = |agk|. Tonoum G(z) = (1 + &)T(x) — 3(F(z) + F(—x)). Ouenuro, G(x) — uérHas
dbyukius. TTockonbky

@)+ F(-a))| < g0+ 1) <14e mpuae[-1,1] (11)

B TOYKaX MaKCHUMaJIbHOI'O YKJIOHEHNA MHOI'OYJIEHa Tn I1oJiy9aeM COBIIaJI€HUE 3HaKOB:

~ T .
sgnG(xz;) =sgnTy,(x;) = (—-1)", tme x;=cos—, 0<i<n. (12)
n
BHauuT, MO0 TEopeMe O MPOMEKYTOYHOM 3HAYEeHWN Ha uHTepBase (r;;x; 1) uMeercs Kopenb G. To

€CTb y G(ZL‘) 3aB€IOMO HMeeTCdAd N1 BeIleCTBEHHbIX KOpHefI. Tak kax MHorouwieH (G 4eTHBI W HMeeT
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CTeneHb He BBIINIE 1, MOXKHO 3amucarh ero B Buge G(z) = c(z? — yi) ... (22 — yZ/Q), rje +y; — KOpHH
G(x), |lyil < 1, mw ¢ > 0, nockosbky G(1) > 0. Torga snaku koaddurmentos muorounena G(1/x)
qepejiytoTes (3TO OYeBUJIHO U3 PAcKpbITHst ckobok). Ho koadbdunment npu xF B sTom mMHOrOUICHE
paBeH to(1 + &) — agx. B amamormaHoM paccykaeHun g MEoroutena —F (z) Mbr oy mpu aF
kodbdunument tor (1 + €) + ag, Toro xke 3uaka. Orcioga ciaemyer, 9to |tor(1 + €)| = |agk|, 9r0 HaM U
TPeOOBAJIOCE.

[Iycrh Teneps n Heverno. Kak u B mpejblIyIneM ciydae, JOKazKeM Jijist IIPOM3BOJILHOrO £ > (), 9ro
|tors1(1+¢€)| = |asksr|. Onpenemnm G(z) = (14¢)T,(z) — 3(F(z) — F(—x)). Torna G(z) — Hedernbiii
MHOrOWIeH. Kak u B ciydae deTHOro n ybexkgaeMcst B coBlajeHun 3HakoB (12), Hajaudaum n Bere-
CTBEHHBIX KopHeit u paznokenus G(z) = cx(z? —yi) ... (22— y(Qn_l) J2)» tae ¢ > 0. Torza 13 packpbiTus
CKOOOK BUJUM, 9TO 3Haku Koddhdurmentos muorowtena G(1/z)//x aepenyorca. Kosddunuent npu
z¥ B 3TOM MHOTOUICHE paBen fopy (1 + €) — agyy1. Hanucas ananoruunsie paccyxienus s —F(z),
oty auM Kodpdunuent topy1(1 + €) — aggy1 Toro ke 3uaka. CremoBarenbHo, |tori1(l + €)| = |agki1l,
9TO U TPeDOBAJIOCH JIOKA3ATh.

b) Paccmorpum jBa corydast:
I. n geTrno. PaccMoTpum MHOrO4YJIEHBI CTEIIEHH 7

Gi(x) = l(F(ac)(l +x)+ F(—z)(1 - x)) n  Gy(r) =

: (F(2)(1 — ) + F(~)(1+ x)).

N | —

Ob6a 3TuxX MHOTOYJIEHA MAJIOYKJIOHAIONIeCst Ha oTpe3ke [—1;1] (310 oueBuHO). SHAUUT, OHU YIIOBIIE-
TBOPSIOT yTBepzKaeHuio 1. a). Ho xoaddurment npu 2%¢ y muorounena Gi(z) pasen asgy + dop_1,
a'y Go(T) OH paBeH agy, — Agk—_1. SHATWT, |toy| > max(!agk + asgk—1|, |ask — &21971\) = |agk| + |agk—1|, aTO
1 TpebOBAJIOCH J0KA3aTh.

II. n meverno. Cremyer IPOBECTH AHAJIOIMYHOE PACCYKICHUE IS MHOIOYICHOB

() = %(F(a:)(l fa) - F-o)(1-2)) u Gafz)= %(F(m)(l —2)— F(—2)(1 + 7).

3.8. u 3.9. Pemenusi 9TUX 3a/1a9 UMEIOTCA B IIpEKpacHOM 3ajadnuke 3], mr. I, zagaqa 2.22.

4 HWMurepnoasaimonHas ¢popmysia Jlarpanxka

n—1
1 n?—1
4.1. Samenum n — 1 van u k — 1 na k. Torma Tpebyercs /10Ka3aTh, ITO E 5 kw =3 I, 9TO
sin
k=1
TO K€ CaMmoe,
n—1 n—1
1 2z
— cos? kﬂ 2 2 _ ooa2 b
— 1 —cos b LT cost TR |
n—1 n—1
1 1 1 n?—1
-5 km + k7r = :

2 T —CosTr T+ cosTr x—cos— 3

3/1eCh KOCHHYCBI B CJIaraeMblX — 39TO TOYKH MAKCHMAaJbHOIO YKJIOHEHUsS MHOrowiena 71, kpome +1.
n=1 % T2(2)—1
) —
Honarasg P(r) = [] (z — cos ) = ~25"-— IIPUXOJUM K BBIBOILY, ITO
k=1
n—1
r(1)
— s P(1)’
o cos ® - (1)

B 7106 poBOUTH 9TO BBIYHUC/IEHAE HE OY€HB YI00OHO, TIO9TOMY 3aMETUM, UTO

Plcos ) = 1—T2(cosp)  sin® ngp

1—cos2p  sin’g
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Torga In P(cos ¢) = 2(Insinng — Insin ). U 3naunr, Z((ffjf))

3apaHee aCUMIITOTHUYIECKOE Pa3JIO2KEHHUE [IJId KOTaHI'€HCa

(—sinp) = 2(nctgnp — ctg ). Samacem

1
ctgp = — — L +o(p), mupu ¢ — 0.
¢ 3
Torma
P'(1) . 2(nctgnp —ctgp) . 1 np ) n?—1
- —1 (_““_ >__ -
P(1) ) —sinp e —singp ne 3 +ole) * 3 +ole) 3

4.2. Pemenue 1. AHAJOIrUYIHO HPEIBLIYIIEMY PEIICHII0 HMeeM

?
T,(1)

ﬁi 2 2T (1)
“~1—costp  Ty(1) '

2 Ok
2

Mper 3HaeMm, aro T, (1) = HaiijieM u3 gBHON (POPMYJIBI ¢ APKKOCUHYCOM:

. 2 1
(1) = lim nsin(n arcc;)s x) — lim n* cos(n arcfjs ) = _ 2
z—1-0 v1—2x z—1-0 T2

Pemenne 2. KBagparsl cHHYCOB, DACIOIOKEHHDIX 0] 3HAKOM CYMMBI, IPUHAMAIOT TO 7K€ MHOKe-
CTBO 3HElf-IeHI/HL/,I7 9TO U KBa/JIpaThI IIOAXOJAIINX KOCUHYCOB. A 9THU KOCHUHYCBI, B CBOIO O049€pedb, — KOPHUA
MHOTOWIeHa Th,, B HaIeil cyMMe HCIoJb30BaHa (CHMMeTpHYHAs) MOJIOBUHA BeeX KOopHeil. Ocraioch
cocaThed Ha 3aady 2.5, KoTopas coo0maeT HaM, 9To CyMMa pasHa 3(2n)?.

4.3. [4, orzen 6, 3ajaga 71| BosbMeMm B KauecTBe TOUEK MHTEPIOJISIIIUE KOPHU MHOrO4IeHa Yebbie-
Ba T),. Torna G(z) = 55T, (z) B 06o3naeHnsAX dopmyubl (4) 1

21—n -1 k 21—n
= sin(n arccos x) - L = (=) :

T=x 1— 22 1= a2
k r=zp k

Torma ays kaxkgoro muorowieHa P(x) cremenu we 6ostee n — 1 mosyaaem dopmyity Jlarpamzka
—DfV1 - Tu(z)
P(z P(z ) :
Z ¢) G’(xk T — T) Z n T — Tk

4.4. B neBoit 9acTu JIoKa3biBaeMoit (hopMyJIbl Hanmcan MHOroYJIeH cTenienn 2n— 1. J[a jokasarebeTBa
dOpMyJIBI JOCTATOYHO MPOBEPUTH PABEHCTBO B 21 TOYKAX.

2p—1
I. Ilogcrabum o = x, = coOS %, =1, ..., n. [lockonsky T),(z,) = 0, u B cymme obHyIsATCH
ciaraembie jiist k # p. IlocKoIbKY B p-M c/laraeéMOM HMEETCsl HeOTIPE/IeJIeHHOCTh, HaflIeM ero mpejent

lim (1 — z,) (nT”—(I)))Q g L (T"<I) - T”(%))z — 1—Tx§ T (z,) = 1

sy (z —zp I [ T —

G'(xx) = 2" " T (xx) = 27" (cos(n arccos x))’

(3nauenne nponssoauoit 1) (x,) BHIYUCIEHO B Hpem)mymeﬁ 3aj1a4e).
II. TlomeraBum TOUKM yKJIOHEHUS T = YJ; = COS - = COS 22—” ,i=0,...,n. Barux roukax T, (r) = +1
1 HaM OCTAeTCsl IIPOBEPUTH, UTO IPU KAXKJIOM 1

2T (2]{?71)71‘

1—cos—cosT o
(cos 2T @=l)m)z -
1 (cos 57 — cos =

[ToaroroBuMm opmyity g ITpeoOPa3OBaHUs CJAAraeMbIX:

1 —cos2acos2B3 11— COS(MHB)JZFCOS(M_QB) _sin’(a+p)+sin*(a—g) 1 1

(cos2a—cos 23)? - 4sin?(a+p)sin®(a—p)  4sin(a+p)sin’(a—B)  4sin®(a+p) * 4sin*(a—pB)’
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TOI‘,IL& HMHTEPECYIONLYIO HaC CYMMY MOXKHO 3allUCaTb B BUE

Z”;l—cos%cos% _i( 1 N 1 )_
(COS 2im (2k n1)7r) P 4 Sin2 (2i+2k—1)7 -2 (20—2k+1)7

1 cos i 4sin o
2n 2n
1 1 2n? 9
= _—— —_—m mm =N
.2 (20417 Z 9 (20+1)m 4
= 4sin” = 1= dcos® =

(mpejimocsieiHee paBEHCTBO Mbl 3HAEM U3 3a7a4u 2.5).

5 VYkJoOHeHHre Ha APYyTruxX MHOXKEeCTBax

5.1. Orser: 2( 507 492)d/2

[Tposenem paccyzkaenue B oomeM ciaydae. OTMeTnM, 9To B 9TOH 3a7a4e cTenenb d 4eTHasl.

IIyemv 0 < a < B u umeemes muoocecmeo S = [—f, ]\ [—«, a, npedcmasasowee coboti 06s-
edurenue J6YT NPoMENCYymrKos O0iumbl 3 — o, CUMMEMPUYHBLT OTHOCUMEALHO HAYAAL KOOPOUHA.
O603HaAMUM YEPES |1y, HUNCHION 2PAHD MAKCUMYMOE MOOYAL 6CET NOAUHOMOE CMENEHU T CO CTNAPULUM

koagppuyuermonm 1. Tozda
32— a2 n/2
wz2(5) (13)

IIpu wemmom n paserncmeo docmuzaemca.

1o yTBep:KaeHue Mbl B3sin B 33 1aunuke [lomma, Cere |4, oraen 6, 3agada 64|, Ho mojapegakTupo-
BAJII €r0 C yIeTOM PaboThl yaacTHHKOB KoHdeperun MaxmyToa A. u Mounceesa @. B [4] myrs coyvas
HEYETHOTO N JIOKA3bIBAETCS OIEHKA

B (n—l)/2 B n—1)/2
a-2<¥) <B- 2(5240‘) . (14)

Haiitu TouHOe 3HaYEHUE (i, TTPU HEYETHOM N, TO-BHIUMOMY, TPY/IHO.
st mokazaresibeTBa, Jisi KaxKJ0r0 YHUTAPHOIO MHOrOWwIeHa P(x) paccMOTPUM MHOTOYJIEH

P(z)+ (-1)"P(—z) | Q(«®) mnpu gernom n,

2 B rQ(z?) npu HeyeTHOM N,

(15)

rie Q(§) — ynurapbiii MEOrOWwIeH crenenn [%] or & = 7.

[Iycrs n verno. Koria nmepemennasi x npoberaer Jio6oit u3 orpeskos [—[3, —al, [«, 5], mepemennast
¢ npoberaer orpesok [a?, 3%]. Toraa

Ple) = )P el >2( 75 0‘2>"/2.

max |P(x)| > max = max
z€S €S 2 ¢€fa?,8?) 4
DTO PaBEHCTBO JOCTUTACTCH, €CIU B KadecTBe (o B3ATh MHOIOYJICH, HAMMEHee YKJIOHsommiica or
na orpeske [o?, %], u nonoxurs P(r) = Qu(r?). HeTpy/Ho IPoBepUTh, YTO PABEHCTBO JIOCTHIACTCS
TOJILKO JIJI 9TOIO MHOTIOYJICHA.
[Iycts Tenepsb n Hederno. Torma

WV

P 1)"P(—
max | P(x)| > max (z) + (1) ‘
z€S xeS 2

52 — a2 (n—1)/2
a >a- 2 — .
Y oz QE)I> a ( 4

A Bass Py(x) = 2Qo(2?), moyuaem oneHKy

2 2\ (n=1)/2
1 < max | Py(z)| < 8- 2(5T0‘> .
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B pesysibrare Mbl posepusin HepaseHcTBo (14). st mokasaresbersa onenku (13) B He9eTHOM cirydae
cuenaeM emte oquH dokyc. ITomoxkum s kparkocru M = max |P(z)]. Kak MbI y2Ke BHzIENH,
e

max |2Q(2%)| < M.

z€eS

CrnenoBaresbHo, masxeQz(I?) < M? u toria max, £Q%*(€) < M?. TIocKOJIbKY BbIpasKeHUe MO/
€ £€lo?,p
M? M?
2
max —— < —.
gelo? 5?) W =555

HO,H MoAayJIeM — yHI/ITaprII?’I MHOI'OYJI€eH CTEI€HU N, IIpuMeHdd JIJId MaKCUMyMa CTaHIapPTHYIO 1e0bI-
IIEBCKYIO OICHKY M3 3aJda491 2.2, IIoJiydaeM Tpe6yeMoe HEepaBeHCTBO
( ﬁ2 _ Oé2)n M2 M2

2
T SO s5

MAaKCUMYMOM HEOTPHUIATEIbHO,

OrmeTnM, 9TO KOTOpask U3 HIZKHUX OIeHOK B hopmynax (13) u (14) cusibHee, 3aBUCHT OT HapaMer-

pPOB (v U [3: HEPABEHCTBO
2 2\ n/2 2 2\ (n=1)/2
o( PN (Y
4 4

PaBHOCHIILHO HEpaBeHcTBy ba? > (2.

5.2. Honoxum Ti(z) = x% — 2, Torga Muorowen 1; mepeBoautT oTpesok |—2,2] B cebs (oTmac-
TabnpoBaHHbil Jyis oTpeska [—2,2] muorowten Yebbunesa). s n > 1 10JI0XKUM PEKYPCHBHO
To(z) = Ty(T,_1(x)). Torma T, — yHUTADHBIH MHOMOUIEH CTEIEHH 2N, HEPEBOISIIH OTPe30K [—2, 2]
B cebs. [Tomoxkum 2¢ = 1,999. Torma 0 < ¢ < 1 u |Q(x)|/c < 2 upu € A. PaccMoTpuM MHOrOWIEH
fol@) = T, (Q(z)/c). Torna f, — yrurapubii Muorodnen u | f,(z)] < " - 2 npu Beex € A. Ilpn
JIOCTATOYIHO OOJIBIIIOM N TIOJIyYaeM TpedyeMoe.

5.3. D10 yTBepXK/IeHne PUBEJIEHO B [2| Kak mpuMep ciaydas, KOrja B 3ajade 0 MUHUMAJILHOM YKJIO-

HEHUU Ha MHOYKeCTBe 0oJiee CJIOXKHOM, YeM OTPE30K, BO3MOYKEH XOTh CKOJILKO-TO MPUJINIHBIN OTBET.
[eiicTByst Kak B pereHnn 3a1a49u 5.1, mocTponM «cumMerpusaimoy (15) uexomnoro Maorowiesa P

W pPaccMOTpUM yHUTapHBI MHOTOWIeH Q(&), tae & = 22, £ € [0,c?] U [a?,0?]. Eciu max |P| = u, o

max  |Q(&)| = p. HockosbKy b* —a? = ¢, 9T OTPE3KU UMEIOT OJIMHAKOBYIO JinHy. Haumenbiee

z€[0,c?]U[a?,b2]
YKJIOHEHWE MHOIOYJIeHA Ha JIBYX PaBHBIX OTpE3Kax OIEHEHO B pelneHun 3a1aqu 5.1. B namem ciydae
2
B=% a=1(a®—c?) u v nonydaem oneHKy

27 2
>0 32— o2 71/2:2 (a2 + )? — (a2 — 2)? n/2:2<%>n
4 16 2

5.4. JToka3areabcTBO MOXKHO IIPOUYECTh B 3aMedare/bHOll kuure «/lokasarenscrsa nz Kuurus [1]. Ho

MBI TIPHBOJIUM CJIETKA MOIIHUINECHHOE DacCcyzKieHne u3 |2, c¢. 23-24|, mocKoJIbKy OHO HE HCIIOJB3YeT

JIOTIOTHUTE IbHBIE CBOHCTBA MHOIOU/ICHOB (BBIHECEHHBIE B KHUTE [1| B OTAEIBHYIO PAMOUKY ).
JorycTiM, 9T0 HaIIEJICS MHOIOYJIEH

flx)=(r—x1)(x —22) ... (x — ), (16)

OIIPOBEPTAIOIINN YTBEPXKJIEHNE TEOPEMBI:

M =gl <2(3)’

MoxkHO cunTarTh, 9TO BCe KOPHU MHOTOWIEHA f BEIECTBEHHBI, MOCKOJBKY JJIs JTIOO0TO HAOOpa KOM-
IJIEKCHBIX 9HCEJT 2 = T + 1Y, IPU BEIIECTBEHHBIX X BBIMOIHAETCST HEPABEHCTBO

(. —x1)(x —x9) ... (x —x)| < |x— 21| - |z — 2] - .. - |2 — 2.
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,HaJIee, MbI MO2KEM CHHUTaTb, 9TO
S=fY-MM)=LULU---UI,, (17)

rje orpe3ku [ C R mepednciieHbl Ha IHCIOBOIN MpsMOii cjieBa HampaBo. B cuty dopmysier (17) Bee
KOPHH MHOTOUJIeHa f COIepKaTcs B MHOXKECTBE 5.

Jlastee MbI OyzieM paccyKIaTh METOJIOM CIIyCKa: OyaeM IMOOYepeIHO «CABUTATh» BJIEBO CAMBIN IIpa-
BBIIf 13 OTPE3KOB [, Tak, ITOOBI OH CKJIEHJCs ¢ npeabirymumM. CI0BO «CIBUTaTh» O3HAYAET, ITO MbI
Oyem MoaudUIUpoBaTh MHOTOUYIEH [ TakK, YTOOBbI ero KOpHU (JiexKaliie Ha CaMOM IPAaBOM OTPe3Ke)
MOJIBUHYJ/IUCH BJIEBO, HO 9TOOBI IIPU 9TOM MHOTOUJIEH ITO-TIPEKHEMY CJIYKIJI KOHTPIPUMEPOM K J10-
Ka3blBaeMoii Teopeme. B pesyisibrare HECKOJIBKHUX CIBUIOB MbI CBEJIEM U3yYaeMbIil ciiydail K OJHOMY
OTpPE3KY, T. €. K TeopeMe UebblIeBa, U MOIy9nuM IPOTHBOPedne (¢ OIeHKoil 3a1aun 2.2).

Nrak, paccmorpum orpe3ok [,,. IlycTb on oTesnen or orpeska I, 1 mpoMexKyTKoM bl d. [TycThb
B o0bemaennn [ UL U---Ul, | comepzKaTcs KOpHHU HAIIIEro MHOTOYJIEHA X1, X3, - . ., Ly, & HA OTPE3KE
I, — KOpHU Ty 1, . .., T,. OTMETUM, 9TO OTPE3OK [, TEHCTBUTEIHLHO JIOJIZKEH COJEPKATH XOTs ObI OJIMH
KOPEHb MHOTOYJIeHa f, MOCKOJIBKY B IIDOTUBHOM CJIydae n = 7, IPU T > T, BbIpayKkeHue |f| MoHOTOHHO
BO3pacTaeT (IIOCKOJIBbKY BO3PACTAIOT MO MO0 Bee MHOXKUTEN B (16)) 1, 3HaquT, Mexkuy I, u I,
He JIOJIZKHO OBITh HUKAKOT'O ITPOMEXKYTKA.

1 T2 Ty Lr4l oo In

I I U S v I,
Paccmorpum Torma HOBBIIT MHOTOYIEH
filz)=(x—x)(x—29) .. . (x—2) - (T —2p1 —d) ... (x — xpy1 — d).

Ouesnano, | fi(z)| < |f(z)| mpr x € [;UILU- - -Ul,,_1, HOCKOJIBKY B PE3y/IbTATE CABUTa Ha d MHOKHUTEIIH
T — xj, U3 BTOPOii IOJIOBUHBI pasiiozkenus f (T.e. mpu k > 1) yMEHBIIIINCH 10 MOy 0. O603HAINM
aepe3 I, — d oTpe3ok, mosrydaromuiicss casurom orpeska I, #a d siaeso. Torna npu © € I, — d Takxe
BBIIIOJIHSICTCS HEPABCHCTBO

[f1(@)] < [f ()] (18)

HOCKOJIBKY | — d — x| < |x — x| mpu k < r. OcTanoch 3aMeTHTb, 9TO OTPe30K I, — d mmMeeT OOt
KoHerl ¢ [,,, 1 T.e. MHOXKeCTBO [,, 1 = I,,_1 U [, aBjigeTcs OTPe3KOM, JIJINHA KOTOPOI'0 paBHA CyMMe
nud 1, 1 u I,,. Takum obpazom

|fi(z)| < M HpI/IxESlzllulgu---UIm_QU]Nm_l

U CyMMapHasd JJINHA OTPE3KOB, COCTABJISIONINX MHOXKECTBO S, MO-TIpeKHeMy paBHa {.

st mokazaTesbecTBa TOrO, UTO B Cydae JBYX U Oojiee OTPE3KOB HEPABEHCTBO CTPOTOE, 3aMETUM,
q10 B (hopmyrax (18), KOTOpBIE MBI HCIOIB30BAIH TIPU CIIyCKE, HA CAMOM Jiejie 3HAK BCErJla CTPO-
ruil, KpoMe CJIydaeB, KOrjia BMECTO I IOJICTABJISIOT KAKOH-TO M3 KOPHeH MHOTrOY/IeHA. JHAYUT, [PU
BBIIIOJTHEHUH CIIyCKa MaKCHUMYM MOJLYJI MHOT'OYJICHA YMEHBLIIACTCS.

5.5. |7, sajaga 134]. C nomonpo nHTEPHOIAIMOHHO dhopmy.sl Jlarparzka uckomblii MHOrouIeH P(x)
OJIHO3HAYHO 33/[aeTCsl 3HAYCHUSIMU B TOYKAX yKA3aHHOI'O MHOYKECTBA!

& G- 0E- D (1) @ (kD) ()
PO =2 PR GG 1) (k1) (ke 1) (k)

Kosdbdunment npu x™ B npaBoit 4acTu paBeH

P(0) P(1) P(2) P(n)
! (CD - 1) (—2ln—2)! Tl
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[Mockombky |P(x)| < M(F) nupu Beex x, MOTyvIaeM HEPABEHCTBO

1 1 1 1 2"
1<M(P)~(HJF1!<n_1)!+2!<n_2)!+...+m) :M(P>'H

(rocsiejiHEE PABEHCTBO CJIEJyeT W3 TOrO, YTO HPHU YMHOXKEHUH OOJIbIION CKOOKEM HA n! Mbl HOJIydYaeM
CyMMy BCeX GUHOMHUAJBHBIX KO(hDMUIMEeHTOB U3 n-if crpoku TpeyrosbHuka [lackass). Takum obpa-
som M(P) > 2% MHmuorouien, maronyii HanMeHbIllee BO3MOYKHOe YKJIOHEHUE, MOJIYUATCs JIUIb B TOM
cJIydae, eCJIU MBI ITOJIOYKUM

P(n)=—-P(n—1)=P(n—2)=—-P(n—3)=...=(=1)"P(0) = —

6 Ilocisie mpomerkyTOouHOTO (PpUHUIIIA

6.1. Mbr B3sim 91y 3aa4ay B [3], . I, 3amaga 2.21.

6.2. Pemmenne 3T0it 381211 yrKe TPUBEJIEHO BBIIIIE IO, BUJIOM pelenns 3aa4u 3.7. Mbl npuBeieM erre
OJIHO pellleHye, onupalonieecs Ha IUHUYHYIO HJIEI0': ecyii Bce, UYTO Mbl 3HaeM O MHOIOYJIeHe cTelle-
HU 7, — 9TO OIPpAHMYEHMs Ha ero 3HadeHust B 1 + 1 Touke, TO BCIO MHGOPMAIHIO 00 3TOM MHOIOYJIEHE
MOXKHO BBIIIapalarh U3 MHTEPIOJIANMOHHON dhopMmyJibl Jlarpamxkal

a) Cienyer u3 b).

b) I. Pasbepem crauasa ciydaii, Korjga n HedetHo, n = 2k — 1.

[IycThb 9; — 9TO TOYKM MaKCHMaJbHOTO YKJIOHEHUsl MHOrodieHa 1,, T.e. y; = cos %r, i =0,
Paccmorpum dyHKImo

Qz) = (x —yo)(@ =) (x —ya) = (&% —5) -+ (2% — yi_y).
st meaernoro n dyuknus Q(x) dernas, a Q'(r) — meuernasi. Cremosarenabao, Q' (yn ) = —Q (y;).
Baonmno zamernm, uto sgn Q'(y;) = (—1)" B custy TOro, 9TO Y3/l YIOPSIOUEHDL: o > . .. > Yp.
Hanumem nnrepnosgimonnyio popmysty Jlarpanzxka ¢ ysmamu ¥, - - . , Yn'
Q (@* —93) .. (22 —yd) ... (2 —yi_y)
P( yZ P(y:)(x + y;) L .
Z — i) ; Q'(y:)

3/1ech B IPaBoOil YacTu MBI JIOIMYCKAEM MEJIKYI0 HEAKKYPATHOCTD: JIJIsl CJIAraeMbIX, PABHOOTCTOAIINX OT
KOHIIOB JIMalla30Ha CyMMUPOBaHHUdA, HAIPUMeD IPH ¢ = j U ¢ = N — j, Mbl UMeeM Y; = —Y,_;. llpn
i = j B uncsmTene Gosbmoit gpobu B MuOKETENe (22 — yF) = (T — y;)(& — Yn—;) CIIEJyET MPOIYCTHTH
CKOOKY (z —v;), a Apyras ckoOka (z —y,—;) = (T +Y,) JOJKHA OCTATLCH, & IPU § = N — j — HA0DOPOT:
BBIYEPKUBAETCS CKOOKA (T — Yp—j), & ocTaercs (T +Yp,—;). B dopMyie Tak u 3anmcano: BLIMepKUBACTC
KBaJpaTHIHas CKoOKa (1° — y7) m nobaBisercs JHMHeiiHAs, HO TeM He MEHee 5TO MOKET BBISBIBATD
HEKOTOPOE HEJI0YMEHUE.

[IpupaBauBag K03M UIMEHTHI IPU T

a’2l+1 - - n 2l_ ZP n(Ql)Z7 an - n QZZQZ y’b nT;l)Z?

241 22 g obenx vacTax opMyIIbl JlarpanyKa, HOIydaeM, 9To

rJe Jepes Sm z 0003HAYEHDbI CTAaHIAPTHBIE CUMMETPHIECKIE CYMMBI Habopa {yg, cy y,%fl} \ {yf} Ha-
npuMep
2 ~5 2 2 9
Sl,/l\:y0++y12++ yk_l, 5127’{: Z ysyt‘
0<s£t<k—1
sFEi,t#1

1OT1VIGTI/IM, YTO TNHU3M B MAaTEMATHUYIECKUX PACCYXKIACHHUAX TaCTO COIIPOBOXKIACTCA TEXHHICCKUMU N3BPAIICHUAMU.
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B wacrnoctu, cymMmel S, 3 neompuyamenvhs. TOTBKO 3TOH HEOTPUIATEIBLHOCTBIO MBI I OyIeM II0JIb-

30BaThCA HIZKe. B cuiy ynomsmyToit BeIme HeakKyparnoctu S, 7 = S ——. DTo H0O3BOJILET elre
s m,n—i’

1peobpazoBaThb (GOPMYJIbI i KOIPDUITMEHTOB:

k—
(=) ay = ZP Yi) n 2“ Z

ﬂ)

P(?/n 2))
=0
! k-1 g
n 21 n 21, N n—21,1
Qo) = 7 7 - i - P i —|—P n—i) ).
(—1)"ay Zy ) G ;y Oy P ) + Plons))
CrenoBaresbHO,
k—1 k—1
S o7 S -
laz| + lazii| = Y i 2 (Pyi) + P(yni))| + D2 (Pys) — Plyn-i)| <
— 7 Q' (vi) — Q'(y:)
k—1 k—1
S o5 S -
<SR P(y) + P(yai)| + Y| A2 |Pys) — Plyn—i)| <
=0 Q (yl) i=0 Q (yl)
< 92 — Sn/le,'i
= ‘| QW)

37ech B HepaBeHCTBe (%) MBI BOCIOJIB30BAINCH TEM, UITO /IS JIOOBIX BeIecTBeHHBIX |z, [t] < 1 n
HEOTPHIATEIbHBIX A, B BBIIOIHIETCS HEPABEHCTBO

Alz —t| + Blz + t| < 2max{A, B}. (19)

(Mpl IpUMeHMII 3TO HEPABEHCTBO JJIf YacTHOro ciydad A = B = |S, L 2|. Obmiee nepaBeHcTBO
[IPUTOJIUTCST HAM BO BTOPOM YACTHU PEIleHMsl. )

Bamernm Terneph, UTO 10 TOW Ke MHTEPIOJISIHOHHOM dopmyiie kKoaddument muorounena 1), (x)
npu 2! Ha camoM seste paBeH

Kax mbl momunm, sgn Q'(y;) = (—1)°

HaIllEeN OIEeHKU

u, 3Ha4YUT, 9TOT KOSCb(bI/IL[I/IeHT COBIIaJa€eT C HpaBOﬁ JaCTbIO

2 — Sn 2l ,Z\(_]->7, — 2 = STL*QZ,/Z\
—~ Q'(y) — | Q'(v)

['oroBo! B /1oKa3biBaeMbIX HEpaBeHCTBAX CJIydail paBeHCTBA BO3MOXKeH, TOJIbKO ecym |P(y;)| = 1 u
P(y;) — P(Yp—i) = 2(—1)" wm 2(—1)"*'npu Beex i. B sToM ciyuae xkosddumment mpu 2 MHorodena
P(z) momxken OGbITh paBeH HYJIO U OaHO u3 ypasuenuii P(x) = T, (x) wm P(x) = =T, (x) nmeer d + 1

KOpHeil. D1o o3naqaer, uro win P(x) =T, (z) win P(z) = —T,(z) npu Beex .
II. Tenreps pazbepem ciydait, Koriaa n 9eTHo. B sTom ciaydae
Q) =z —yo) (@ — 1) ... (& —ya) = 2(x” —yg) - (&” — i),

dbyukmusa Q(x) meuernasi, a @'(r) — vernasa. Takum obpasom Q' (y,—i) = Q'(v;) u Q' (yx) = Q'(0).
Tora apobu 1o/ 3HAKOM cyMMBI B opmyste Jlarpanzka Mbl MOXKeM PeoOpPa30BaTh K BUJLY

o —

V@) @) @)
Q) et ) e

(@—y)Q W) | @ —w3).. (2" — yiy)
Q'(0)

, ecm i = k
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,HaJIee AHaJIOTUIHO HEYETHOMY CJIy4dal0 UMeeM

S ~ n S ~
1 n_gl_la : ; n 21, 7 1 n_Qla _ n72l,zP 0) + P ) - n72l+2,z'
( ) 2041 — § y y (yz) ( ) 21 Q/(O) ( ) ;O (y ) Q/(yz)
z;ék 1#£k

N ¢ ygerom 3amedannii 0 9eTHOCTH, Mbl MOXKEM IIPEoOPa30BaTh 3TO K BHULY

n Z STL 'L n— 'L
Aoyl = Z O ;l (vi) = P(Yn—i)) ag = 2l ) + Z 2l+2 P(y;) + P(yn—i)).

Bamernm, 910 Bee KOpPUIMEHTH MHOTOUYIeHa () IpH YeTHBIX cTeneHsX paBHbl 0. B gacrHOCTH KO-
s¢pbunment mpu y* 2 pasen 0. DTor KoabbUIIEHT paBeH

2 _
Sn72l+2,i + Y Snf2l,i =0
(3716Ch OTJIEJIBHO CIPYIIIUPOBAHBI CJIATAEMbIE, COJIEPIKAIIHE ¥; ¥ He COJEPKAIIUE), TIOITOMY

|Sn72l+2,z| ’ylsn 2lz| ‘yll ‘ n—21[, z‘ ’SanZ,/i\"

Tax »xe, kak panblue, n0/Ib3ysACh HepaseHcTBoM (19) mpu A = |5, o5 5, B =[5, _y 5|, Haxomum, uTo
k—1
Sn 21, z Sn 2l Q

lag| + |ag41] <

'+2

M

Q'(0)

2l

Kosdbdurnment npu x* muorowitena T),(x) B JedCTBUTETLHOCTH PaBeH

Sn—Ql,/’i\(_l)k _|_ % Sn—Ql,/’L\(Q(_l)'L)
Q'(0) i—0 Q' (i)
Ananornuno nedernomy caydaio sgn Q' (y;) = (—1) , g Beex i = 0, ...,k — 1. Orciona
Sn 21 z kz n— 2l z @) Sn72l,/{ +2 Pl Sanl,/{
Q0 Q) |12 )

Uroro, mocTurayT ciydail paBeHCTBA B HEPABEHCTBE TPEYTOJBHUKA M MbI TIOJIYIUIIN YKETAeMbIil pe-
synbrar. Ciy4ait pasencrsa gocturaercs, Koraa |P(y;)| = 1 u P(y;) + P(Yn—i) = 2(—1)" wm 2(—1)"
71 Beex 4. B sTom ciydae koabdunment npu 2% B P(x) m017KeH OBITH HyJIeBBIM, W yDaBHEHHE
P(z) = T,(x) wmn P(z) = —T,(x) nmeer n + 1 pemennii. 910 o3nadaer, uro uwin P(x) = T,(x), wim
P(z) = =T, () nag Beex x.

6.3. MbI B3sim 91y 33724y B [3], . I, 3amaga 2.22.

6.4. Haunem c Hey,H‘a‘{HOIL/'I, HO IIOJIE3HOM ITOIIBITKIH. By,ILeM HHTEPECOBATbCA aHaJIOTHMYHBIM HEPaBEH-
CTBOM

[PO)] +[PM)] +... +[P(n* =D < [P(n?)]. (20)

Booymesusiimcs 3aj1a4eii o crakane, HonpobyeM B3aTh B KadecTBe P oTMacIITabupOBaHHBINA MHOTO-
anen Yeobrmesa. Ilycts P(r) = Tigon (). Torma mo dopmyre (2)

100n
1 1 1 2 1
Pn> =T n(l )2— 1 >
(n%) 100 +n2—1 2( +n2—1+\/n2—1+(n2—1)2)




VYKJIOHEHHS MHOTI'OYJIEHOB M KPUTUYECKHE 3HAYCHUI 22

Kak Bumnm, npasast gactb (20) MokeT ObITH BechbMa KPYIHON KOHCTAHTOMN, HO MPOBJIeMa B TOM, UTO
JeBas JacThb (20) ¢ pocTOM m CcTpeMHUTCs K OECKOHETHOCTH, TI0-BUJUMOMY, KaK HEKPYIIHAsl JINHEeHHAasT
dyHKIHS.

Haunem cnagama. Ilycrs Py(z) = To(z) + Ti(z) + ... + Ton(x). Torna Py(1) = 2n + 1. A BuyTpH
npoMmexkyTka (—1,1) MBI MOXKeM HaJlesiThCsl Ha TO, 4TO 3HadeHus Ty (z) mpu pasHbiX k J10CTATOYHO
Xa0TUIECKH MEHAIOTCS, U3-3a 9€ro CyMMa TaKUX BEJIMYNH B KaXKJI0# TOYKe & OTHOCUTETLHO HEBEINKA.
HeiicrBuresnsro, npu t € (0, ] BoimosHeHa hopmyta

sin(2n + )t +singt  sin(2n + §)t 4 sin 5t
2sin § 2(1 — cost)

Py(cost) = cos0t + cost 4 cos 2t + ... + cos2nt =

Buauut, nipu Beex = € (—1, 1) BepHO HEpaBEHCTBO

N

|[Po(2)] <

8

1—

4
[Mosnoxkum Torma P(z) = (Po(l - i—ﬁ)) , deg P = 8n. B atom cayuae P(0) = (2n +1)" u

|IP(D)] + ...+ |P(n?)| < Z(\/‘g) =nt. lez < 2nt < P(0).

n2
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Deviations of polynomials and critical values

Project team:

Yaroslav Abramov, Olga Bursian, Konstantin Kokhas, Navid Safaei,

In this project some properties of the polynomials are discussed. You can use without restrictions theorems
from «introductory» course of Calculus, in particular, the following theorems.

Bolzano-Cauchy’s theorem (Intermediate value theorem). If continuous function f takes on the endpoints
of segment [a, b] the values of different signs, then it has a root on this segment.

Weierstrass theorem (Extreme value theorem). Any continuous function f defined on segment [a,b] is
bounded on it and attains the largest and the smallest values.

1 Several preliminary problems
In this section a few problems are given for acquaintance with project. Not all of these
problems are simple and it is not necessary to solve them «first of all».
1.1. For an arbitrary polynomial F'(z) set
Fl(z) = F(F(...F(x))).
—

n times

Prove that there is cubic polynomial P(x) such that for each positive integers N the following equations
have 3V distinct real roots in [—1, 1]. a) PN(z) = 0; b) PWN(z) = x.
1.2. Let |az? + bz + ¢| < 1 for all |z| < 1. Prove that |2ax + b| < 4, for all |z| < 1.
1.3. Let n be a natural number and a continuous function f is defined on the segment [a,b] (we

can suppose for simplicity that it is piecewise linear, as in the figure). For each polynomial F
of degree n denote s

I

M(F) = max [F(z) = f(z)]
Suppose that there exists polynomial F), of degree n, for
which M (F,) attains the minimum possible value. Prove
that on segment [a,b] there exist points a < x; < z9 <

- — — — — — — — — — — —

- — — — — — — —
- — — — — — —

1

|

&
a x

... < xpy1 < bsuch that for all k T2t o = b
Fo(xy) = flae) = £M(F),

and for any pair of consecutive points z, xx1 the differences

F,(x) — f(x) have the opposite signs.

1.4. Prove that for any n given points Ay, A, ..., A, on the plane, the product of the distances

MA,-MAy-...- MA,

from them to point M running the given segment [a,b] of length b — a = 2h, cannot remain all the
time less than 2(%) .
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1.5. Problem «about the glass». We call «glass» the subset on Cartesian s
coordinate system drawn in the figure. The width of vertical walls and of A ? Co 4D
the bottom is equal to 0. Do arbitrary large n exist such that the graph of m
a polynomial of degree n lies inside the «glassy» part of the glass), (this part
is shaded in the figure) if

a)d =1 b) § = 57

The graph must come into the shaded region intersecting segment AB, and \/\\/\]
leave this region through C'D.

v

2 Polynomials that have small deviation from 0

By deviation (from 0) of a polynomial F' on segment [a,b] C R we call the value

M(F) = max |F(x)|.
z€[a,b]

We say that polynomial F' has small deviation, if M(F) < 1. Remind that polynomial is called monic, if its
leading coefficient is equal to 1. In this project we consider polynomials only with real coefficients (but in the
solutions you can use complex numbers).

Now we will prove that among all monic polynomials of degree n there exists polynomial F;,, the deviation
of which M(F,) takes the minimum possible value on segment [—1, 1].

Suppose that for some number ¢ we found monic polynomial F,,, for which M (F,) = ¢ and (as in problem
1.3) there exist such points —1 < x1 < x9 < ... < xTpy1 < 1 that for all k

F,(z) = £M(F,),

and for any pair of consecutive points xy, xp+1 values Fy(xy) and F,(xky1) have opposite signs. Verify that
then c is the minimum possible deviation for all monic polynomials of degree n.

Indeed, suppose that polynomial @) with the lesser deviation has been found. Then for = € [—1, 1] the graph
of polynomial F,,(z) lies in the horizontal stripe of width 2¢ and comes on its boundary in points (zy, Fy,(zg)),
and the graph of polynomial @ lies strictly inside the stripe, see fig. 1. Draw through points ) vertical (dashed)
lines, they will cut n rectangles from the stripe. Inside each rectangle the graphs of P, and () have at least one
intersection point. But it is impossible because polynomial P,, — ) has degree not less than n — 1 and cannot
have n roots.

Ya
C
- 0 1
! ! 1 T
| | 2
5 ; .13, 2 20 —1
! ! 3 423 — 3z
E E 5 162° — 2023 + bz
—c 6 | 3205 — 482* + 1822 — 1
Puc. 1. Puc. 2. Chebyshev’s polynomials

Furthermore, in the described situation F}, is a unique monic polynomial, the deviation of which is equal
to c.

Therefore, it remains «guess right» the polynomial satisfying the above property set out in italics. This
construction is well known. Note that for natural n function cosnz may be expressed through cosz by
trigonometric transformations and the obtaining formula is polynomial: cos2z = 2(cosx)? — 1, cos3z =
4(cosz)® — 3cosz etc. Hence, function

T,, = cos(n arccos x)
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is polynomial (of degree n). It is called Chebyshev polynomial of the first kind. It is immediately clear by the
definition that |T,,(x)| < 1 for x € [—1,1] and

To(zk) = (—l)k, for xp = cosk—w, k=0,1,...,n.
n

Therefore, M(T},) = 1, and F,, =
c=M(F,) = 2,1%1
The first few Chebyshev’s polynomials are given in the table (fig. 2). We give several useful formulas.

= gn= LT, must be taken as polynomials F,, from the previous reasoning, and

e ™ 3 5 (2n — 1)m
Ty(z) =2 1<x—cos%) (x—cos%) (:E—COS%) (:B—COST> for z € R, (1)
T, (:p+\/7) %( 22—1)"  forzeR\(-1,1). (2)
2T,(z) = (20)" = - Ch_y (20" 2+ T CRy0 - O 0 . ()

2.1. Prove that polynomial F}, from the given above reasoning is uniquely defined.
2.2. Let P(z) = ap + a1z + - - - + agz? be a polynomial of degree d, then

|adl
P(z)| > b—
;g@fg]l (@) > 550 (b —a)”.

Morecover, the equality case occurs whenever, P(z) = i< (b—a)*- Ty (%‘T’) And also prove that

Ld/2]

Z (x —a) m—b)( a;b>d2k

2.3. Prove the following extremal property of Chebyshev’s polynomials. Let F,,(x) be the polynomail
of degree not more than n, and
max _|F,(z)] = 1.
ze[-1,1]

Then for all real z, |x| > 1 the inequality holds |F),(z)| < |T,.(x)].

2.4. Let P(z,y) be a polynomial of the form }_ > a;;2'y’ for some non-negative integers m, n.
1=075=0

a) Let ap, = 2m712"7 1 Prove that max |P(z,y)| > 1. The equality occurs whenever P(x,y) =

T (@) T (y)-
b) Let coefficients of P(x,y) be integer and P(x,y) is neither constant in x nor in y. Prove that

max |P(a: y)| = 4.

—2<z

7\17\

2.5. Let x; be the roots of Chebyshev’s polynomial 7T;,, where n is even. Prove that Z % = n?.
=1 Tk

2.6. Prove that for all natural m, n (rme m > n) and integer x the number
(Trtn(z) = 1)(Tn—n(z) — 1)

is a perfect square.

3 The properties of polynomials with small deviation

3.1. Let |ax? 4+ bx + ¢| < 1 for all |z] < 1. Prove that a® + b? + ¢® < 5.
3.2. Let |ax® + b2z® + cx +d| < 1 for all |z| < 1. Prove that: |a] < 4, J|a| + 0] < 4, || < 3,
la| + 16| + Jc| +|d| < 7
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3.3. Let P(x) be a polynomial of degree d such that |P(x)| <1 for all |z| < 1. Prove that
|P(2)| < 4%
3.4. Let P(z) be a polynomial of degree at most 2018 such that for all = € [—2,2] we have |P(x)| <

ujﬁ (v/3)] < 2019.
1

3.5. Let P(z) be a polynomial of degree at most n such that for all 0 < z < 1 we have |P(x)| < e
Prove that |P(0)| < 2n + 1.
3.6. Let P(z) = agx® + - - + ag such that for all x € [—1,1] we have |P(x)| < 1. Prove that

lag| + |ag—i| < 2771
3.7. Let P(z) = a,z™ + -+ - + ag be a polynomial of degree at most n with real coefficients such that
|P(z)| < 1 where z € [—1,1]. Let Tn(x) = t,a" + - - - 4+ to be n-th Chebyshev polynomial. Prove that
a) |an—2m| < [th—om|, m =0,---, |5]. The equality occurs whenever P(x) = £T,(x).

b) |an—2m|+|tn-—2m-1| < |tn- Qm] =0,---, L"T_lj The equality occurs whenever P(z) = £7,,(z).
. (Bernstein’s inequality) If P(z) is polynomial with real coefficients of degree n and |P(z)| < 1 on
,1] then |P'(x )|<\/7 n(—1,1).

. (Markov’s theorem) Let polynomial P(z) of degree n satisfy the inequality |P(z)| < 1 for x €
1]. Prove that
|P'(z)] < n”.

The equality is archieved only for polynomials P = £+7,, and only in the points x = +1.

4 Lagrange interpolation formula

A polynomial of degree n is defined uniquely by its values in n + 1 points, and the explicit formula may be
given. Let us choose (pairwise distinct) points x1, xo, ..., x,4+1 and we look for a polynomial F'(x) that takes
on the values y; in the points xy:

F(xg) = yk, k=1,2,...,n+1.

Set G(z) = (r—z1)(x—x2) ... (r—xpy1). In the product defining G(x), omit the k-th parenthesis and consider
the fraction, in which the enumerator contains all the remaining parentheses, and the denominator contains
the same parentheses, but in them z;, is substituted instead of x:

(r—z1)(x—22) ... (r —xp—1)(® — Tfy1) .. (T — Tpt1)
(:Uk — 331)(xk — .TQ) . (:Uk — a:k_l)(:ck — xk—&-l) c. (:L’k — :En_:,_l).

It is evident that IIj(zy) = 1 and IIi(x;) = 0 for j # k. The product II;(x) may be written in brief form

G(x)

Hlo) = G — o)

Then the polynomial of interest F'(z) is defined by the formula (Lagrange interpolation formula):

n+1 G(m)
=D Uk Gz (@ — xp)

k=1

This formula may be also used for investigating the coefficients of polynomial F' by examining the coefficients
of ¥ in the both sides of this identity.

n—1

1 n(n — 2)
4.1. Prove that E = .
1 Sin 2 (k= 11) 3
1
4.2. Let n be a positive integer and 0 = (k — %);—r, k=1, ..., n. Prove that 5o = 4n?.
sin® %k
k= 2
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4.3. Let o, = cosby, k = 1,...,n. Prove that any polynomial P(x) of degree not less than (n — 1)
satisfies the identity
1 n
P() = - S0 P 1ot

n
k=1

4.4. Let x, = cosOy, k= 1,...,n. Prove that

S0 - any) (MZ”—%)Q _1

k=1

5 Deviation on the other sets

5.1. Let P(x) = agz?+- - -+ag be a polynomial with real coefficients such that for all = € [0, 1]U[99, 100]
we have |P(x)| < 1. Find the maximum possible value of P(50), a) if d = 2; b) if d = 100.

5.2. Let A be the union of a finite number of segments on real line. llya found fickle polynomial Q(x)
with real coefficients with the leading coefficient 1 such that |Q(z)| < 1,999 for all z € A. Prove that
Navid may find fickle polynomial P(z) with real coefficients and the leading coefficient 1 such that
|P(z)] <1 forall z € A.

5.3. Three non-intersecting segments [—b; —al, [—c; c| and [a;b] are given on the real line, and b* =
a® + ¢%. Prove that polynomial f(z) of degree 2n with the leading coefficient 1, cannot be less than

2 (a—;)n by the absolute value on these segments.

5.4. Pélya’s theorem. Let S C R be a union of finite number of non-intersecting segments, let ¢ be the
sum of lengths of these segments. Then for any polynomial f(x) of degree n with the leading coefficient
1 there exists number y € S such that
g n
rwiz2(5)

And if S is not a single segment, then the sign in the inequality is strict.

5.5. Find the polynomial of degree n that has the minimum deviation on the set {0,1,2,...,n}.
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[IPEIUC/IOBUE

HedopmasnbHoe onucanne OCHOBHOI TeMbl 1 OCHOBHBIX Pe3yJIbTaTOB

Knaccuaeckoit TeMoit siBisgeTcd n3ydenne nzobparkeHuit 6e3 camonepecedeHnii rpagoB Ha ILI0C-
KocTH (T.e. BIOYKeHuil mim miockux rpados). Takzke mpecTaBiseT UHTepeC 3y YeHne TaKux n300-
paxkeHuii rpadoB, KOTOpbIe UMEIOT «YMEPEHHBbIE» caMollepecedeHusl, HallpuMep, MOUTH BJIOKEHUS
(cM. ompegiesienne psiiom ¢ pucyakamu 4.1 u 4.2).

Mb1 onpejiesnM e/ I0YUCIeHHBIe MHBAPUAHTBI TI0UTH BJIOXKEHUit: 1ucao oboporos (§1), nukiim-
Jeckoe U Tpromaeckoe dnciaa By (§6). (B sTom Tekcre mHBapHaHT — IIPOCTO 9HCIIO, XapaKTepu-
3yIOITiee MOYTH BJIOYKEHUE: Mbl HE BBOJUM IOHSTHE MOYTH U30TOINNU, OTHOCUTEILHO KOTOPOH 9TO
IHUCJI0 MHBAPUAHTHO. )

e MbI mocTponM TTOYTH BJIOYKEHUSI, PEATH3YIONINe HEKOTOPbIE 3HAYEHNsT STUX WHBAPUAHTOB.

e MbI J10KakeM HEKOTOpbIe COOTHOIICHUST MEK/1y WHBAPUAHTAMU.

e Mpbl n3yunM 3HaUYeHUs, peaju3yeMble KaK MHBApUAHT HEKOTOPOT'O IOYTH BJIOYKEHUs, HO He
pean3yeMble HUKAKUM BJIOYKEHUEM.

Tounee, OCHOBHBIMU pe3yJIbTaTaMU SIBJIAIOTCS yTBep2KIeHus 1.3, 5.2, 5.3, 5.5, 6.2.b, 6.3.b, 7.1.a.

XOoTs 9TOT TEKCT FJIEMEHTAPEH, OH MOTHBUPOBAH [I€PEIHUM KpaeM HAyKH, CM. 3aMEUYaHUs B KOH-
e §5, crarbu [Sk18, KS20, IKN+, Ga23, Bo| u ccouiku B Hux. Ham Hem3BecTHBI JOKA3aTEILCTBA
runiore3 6.5.b, 7.1.b, u perenue 3aja4un 5.8.

O6 usyuennn 3Toro Tekcra Ha jerHeil Kondepenrun M. [DMN-+, Beenenne].

O crtuie 3Toro Tekcra

OCHOBHbIE UiV TIPEJICTABJIEHBbI HA <«OJIUMIIMAJHBIX> MPUMEpPax: Ha IpocTeimux (0ObIYHO Ma-
JIOMEPHBIX) YaCTHBIX CJIydasX, CBOOOJHBIX OT TEXHUYECKUX JeTaseil, 1 cO CBeJeHHeM K HEOOXO-
JIIMOMY MHHUMYMY aJIre0pamdecKoro si3blka. 3a CIeT 9TOr0 U TEKCT CTAHOBUTCS JOCTYIHBIM JI/Isi
HAYMHAIOIINX, U YIaeTCs OBICTPO I00PAThCs 10 MHTEPECHBIX CJIOKHBIX U BarKHBIX PE3yJIbTATOB,

. Aaxun, E. Bopdauesa, A. Mupownuxos, A. Crxonenrxos: MoCKOBCKUN (DPU3MKO-TEXHUIECKUNA UHCTUTYT.
O. Huxumenxo: Anraiickuit TeXHUIECKUI YHUBEPCUTET.
A. Cronenxos: HezaBucumblit MOCKOBCKHUIT yHUBEpPCHUTET, https://users.mccme.ru/skopenko/.
Msm1 6aronapusr M. Tuauny, I11. KoxeunkoBy m ocobenno T. I'apaeBy 3a mosiesnbie 06CyKIeHUS.
1
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METOJ/IOB U TEOPEeTUIecKuX uieit. Bojee mpocroit MaTepuas IpUBOJAUTCS JJIst TOTO, YTOOBI CIEIATH
€CTECTBEHHBIM U JOCTYIHBIM 00JIee CI0YKHBII.

Kaxk mpaBuio, Mbl IPUBONM (HOPMYAUPOSKY KPACHBOTO MJIN BaXKHOTO YTBEPKICHUS neped mo-
CJIEJIOBATE/ILHOCTBIO OIPEJIEICHI U PEe3YIbTATOB, COCTABILIONUX ero dokasamesvcmeo. B rakux
CIIyYadgx i JIOKA3aTeIbCTBA YTBEPXKIeHUs TpebyeTcs JacTh najbHeiiniero matepuasa. O6 3rom
yKa3aHo 1ocjie GopMyInpoBKU yTBepKaeHus. Ho mbr He smmaem Bac ya0BOBCTBUST CAMOCTOSI-
TeJIbHO HAfiTH MOMEHT, Korjia Bbl HAKOHEI-TO CMOXKeTe JI0Ka3aTh TaKoe yTBepxKaeHne. Hekoropsie
TeOpEMBbI IIPUBEJICHBI O3 J0Ka3aTeIbCTB, TOT/IA JAI0TCA CCHLIKH BMeCTO yKasauuii. OCHOBHBIE pe-
3yJIBTAThl HA3BIBAIOTCS «TEOPEMaMUy», MEHEE BaXKHbIE PE3Y/IbTATHI — «YTBEPYKICHUSIMU», BayKHbIE
BCIIOMOTATE/IbHBIE PE3Y/IbTATHI — «JIEMMaMUI».

Mpsr mssraraemM TeOpUIO B BHUJE IOCJIEI0BATENIbHOCTH 3aad. VI3ydeHune myTem perreHus 3a1atd
XapakTepHO Jisl cephe3Horo u3ydenusi Maremaruku, cM. [HC19, §1.1|, [ZSS, §1.2] u nannbie tam
cepliku. OHO MPOJIOJIZKAET JIPEBHIO0 KYJILTYPHYIO TPAIUIUIO. 3aa91 IIPOHYMEPOBAHBI KUPHBIMI
i pamu, cIoBO «3ajaday onyckaercd. Ecam ycoBue 3ajadu sB/seTcss (hOpMYyIUPOBKON yTBEP-
JKJIEHHUs, TO B 3a/1a4e TpeOyeTcst 9TO YTBEPKJICHIE T0Ka3aTh (M TOT/IAa B CCHLIKAX MbI HA3BIBAEM 9TO
YTBEp2KJICHIE yTBEPKICHUEM, & He 3ajadeil). YKa3anus K 3aJa9aM [PUBOJISTCS JIHOO cpasy, Jin-
60 B KomIle nmaparpada. Eciau K 3ajatue i yTBEPKICHUIO HE IPUBEJCHO JI0KA3aTE/ILCTBO, TO OHO
HECJIOZKHO. 3a2a0%01 Ha3bIBaeTCsI He ¢cPOPMYIUPOBAHHBIN I€TKO BOIIPOC; 3/1Ch HY?KHO IIPUIyMaTh
1 9eTKYI0 (DOPMYIMPOBKY, U JIOKA3ATETHCTBO.

OrnpejiesieHnst BaXKHBIX MMOHSTUN JIAHBI 2KUPHBIM HIPUMTOM, 9TOOBI UX OBLIO TPOIIE HAWTH.
Pasdeavt u 3adavu, ommevwenmnvie 36e300uK0l, a Makdice 3aMEYAHUA, HE UCHOJIB3YIOTCA B JIajlh-
HefmeM.

1. Uucjs10 OBOPOTOB: OINPEAEJEHUE U OBCYK/JIEHUE

[Iycts O, A, B, Ay, ..., A,, — TOYKN Ha IJIOCKOCTH.
[Mpeamonoxum, auro A # O u B # O (Ho, Bo3moxkuo, A = B). Hanomuum, aro opuenmu-

posarnvill (uau nanpasaennoii) yeon LAOB —»31o gucio t € (—m, ] takoe, uro BekTOp O

COHAIIPaBJIeH BeKTOpy, mosydennomy u3 OA BpamenneMm Ha yrou t. (Ecmu Bel 3HAKOMBI ¢ KOM-
IIEKCHBIMU YUCJIaMM, TO MOKETE PACCMaTPUBATh BEKTOPBI Ha IIJIOCKOCTH KaK KOMILJIEKCHBIE YUC/Ia

1 mepenucath 370 ycjaosue Kak OB ] ¢?OA.)
Jlomanas A; ... A, —»3ro (ynopsmouennsrit) Habop ( A1 Az, AsAs, ..., An_1A, ) OTPE3KOB.
BamkHyTas jJoMaHaa A ... A, — 1o nabop ( AyAy, AxAs, ..., Ap_1A,, AnAr) orpeskos.!
[Iycts A; ... A, —3aMKHyTas JoOMaHas, He MPoxo/sdiias depe3 Touky (. Umciao obopoToB
w(A; ... Ay, O) momanoit A; ... A, Bokpyr Toukn O —3T0 KOJUIECTBO 0OOPOTOB IPU BPAIICHUH
BEKTOPA, HAYAJI0 KOTOPOTO HAXOAUTCs B Touke (), a KOHEI OOXOIUT JIOMAHYIO B ITOJIOKUTETHHOM
Harpasyiennn. CTporo rosopsi,

27 - w(A1 Cee Am7 O) = 41410142 + ZAQOA:J, + ...+ ZAmflOAm + ZAmOAl

— CyMMa OPUEHTUPOBAHHBIX YTJIOB.
Hanpuwmep, na pucynke 1.1

1
w(ABC,0) = 5~ (LAOB + ZBOC + Z0OA) = +1 u
m

w(ABCD, 0) = % (LAOB + ZBOC + ZCOD + ZDOA) = % (/BOD + /DOB) = 0.

1.1. Yucso O60p0TOB w dBJIdeTcd IeJAbIM 9YMUCJIOM.

1Ha6op OTPE3KOB — HE TO YK€ CaMOoe, 4TO UX obbejuHeHue. TakuM o6pa3oM, CTPOro roBopsi, JoMaHag (onpese-
JIEHHAS 311€Ch) HE ABJIFETCS HOAMHOXKECTBOM ILI0CKOCTHU. [109TOMY, OHATHSI «OPUEHTUPOBAHHDIIY UM «HEOPUEHTHU-
pOBaHHBITY (POPMAIHHO HE IPUMEHUMBI K JIOMAHBIM. 1eM He MeHee, HHOTJa Mbl PadOTaeM C MHOXKECTBOM OTPE3KOB
KaK C UX OObeJrHEeHHeM, HAIIPUMED, MbI IUIIEM <«JIOMaHasl, He IMPOXOJIas depe3 To4UKy». OmpeiesieHHoe 3/1eCh
MIOHSTHE JIOMAHOM OJIM3KO K TOMY, UTO WHOT/IA MTOHUMAIOT KAK «OPUEHTUPOBAHHYIO JIOMAHYIO».
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Puc. 1.1. w(ABC,0) =+1u w(ABCD,0) =0

Puc. 1.2. Yucma oboporos pasubt 0, +1, —1, 42

1.2. (a) Yucsmo 060poTOB KOHTYpa JIFOOOTO BBITYKJIONO MHOTOYTOJBHUKA BOKPYT JIFOOOH TOYKN
u3 ero BHemHocTH (BHyTpenuocTn) pasuo 0 (£1). Cwm. pucynok 1.2.

(b) Ilycts ABC — npasuibhslii Tpeyroabauk u O — ero nentp. Haiigure w(ABCABC, O).

(¢) Hyst mo6bix 1iesoro unciaa n U To9kn O Ha IJIOCKOCTH CYIIECTBYET 3aMKHyTas JIOMaHasl,
9HCI0 000POTOB KOTOPOit BOKpyr O paBHO M.

(d) IlpuBeaure mpumep 3aMKHYTOM Jiomanoit L Ha myiockoctu Takoit, aro w(L,0) = 0 st
moboit Toukn O € R? — L.

YVTBep:KieHue, aHnajaornaHoe 1.2.a, BBINIOJIHIETCS JIJIsd JII00O0M 3aMKHYTOM JIOMaHO# 6e3 camMorie-
pecedenuit. (B 3aBucMMOCTH OT U3JIOKEHUS ITO JTMOO CecTBUe meopembv. 2Kopdana, mubo nemma
B ee JoKazaTesbCTBe.) Pesynbrar 3amaum 1.2.b mokasbBaeT, 9To 4ncjga 06OPOTOB I PA3HBIX
JIOMaHBIX C OJIMHAKOBBIM O0'bEeIUHEHNEM UX OTPE3KOB MOTI'YT OBITH Pa3HbIMU.

Puc. 1.3. 3amrayTas jJoMaHasi, CHAMMETPUIHAST OTHOCUTEILHO TOYKN; 9UC/I0 000-
pPOTOB paBHO 3

Teopema 1.3 (Bopcyka-Vaama). I[Tycmo samxnymas aomanasn Aj ... Ag, He npoxodum wepes
mouky O u cummempuina omuocumeavro O (m. e. O — cepeduna ompeska AjAjt; daa Kascdozo
j=1,...,k). Tozda wucnro obopomos w(Aj ... Ay, O) newemno.



4 9. AJIKUH, E. BOPJAYEBA, A. MUPOIITHNKOB, O. HUKNTEHKO, A. CKOIIEHKOB

Crenytorue obo3HavYeHNE U PE3YIBTATHI Oy/ayT nosie3unl. [lycrs A; ... A, — tomanas, He mpo-
xozsmast gepe3 Touky O. Oupenenum JeiicrBuresnbroe dncio w'(A;j ... Ay, O) dopmyroit

21 - U),(Al e Am, O) = 41410142 + 41420143 + ...+ éAm_lOAm

OueBuiHO, 9TO
o 21w (A ... Ay, O) = 21w (Ay ... A, O) + LA,,O Ay,
e ecit TouKU Ay, ..., Ay sexkar BayTpu yriaa ZA;OA,,, 1o 2rw' (A; ... Ay, O) = LA1OA,,.

1.4. (a) Umeem LA10A4,, = 27w (A ... Ay, O) + 21k 1y1s1 HEKOTOPOTO 11€J1010 k.
(b) Umeem w(A; ... A, 0) =w'(Ay ... A;,0)+w'(A; ... Ay Ay, O) ps kaxxgoro j =1,...,m.

O6o3HaunM depes | JIOMaHYIO, TIOJIyIEHHYIO U3 JIOMAHOI [ IPOXOXKIEHIEM B IIPOTUBOIIOJIOKHOM
HOPSIJIKE.

1.5. Ilycts O, A, B — Tpu nonapHo pa3udIHbIX TOYKHU Ha ILIOCKOCTH.

(a) Iycts 1y, lo, I3 — noManble, coemuHsIoNue TOUKY A ¢ TOUKoi B, m HE MPOXOJsIIIHe Yepes3
touky O. Torma w(lily, O) + w(lyls, O) = w(lls, O).

(b) st JIFOOBIX TPEX IEJIBIX YUCET N1, Ny, N3, TAKUX ITO N +Ng = Ng, CYMIECTBYIOT TPU JIOMAHBIE
l1,1s,13, coemuusionue Touky A ¢ Toukoit B, He npoxojsdinue depe3 Touky (O, U Takue, UTo

w(lily, O) = ny, w(lyls,0) =ny um w(lls, O) = ns.

B yrBepxkaenun 2.1.a, 3ajadax 1.5.b, 2.1.bc u apyrux npumepaxr B 5T0M TeKcTe (B OTINIHE OT
apyrux ymeepotcoernudl, Kpome 2.1.a), Bbl MOXKeTe MPEIOKUTh IBPUCTUIECKOE PACCYZKICHHE, a
HE CTPOroe JI0Ka3aTebCcTBO, eciim Bam mim BaleMmy KOHCYJIBTaHTY HE CTAHET IMOHSTHO, YTO 9TO
MPUBOUT K ITyTAHUIIE.

1.6. [lycte A As A3 — npaBuiibHBIN TpeyroiabHuk, a Todka O —ero menrp. lng m = 1,2,3
obozHaunM uepes [, JoManyio, e nepecekatortyto jaya OA,, u coequasgonyo A, 1 ¢ Ao, T1E
HyMepanust 6epercs mo mozyitio 3. Torma w(lylyls, O) = +1.

2. YUnCJ0 OBOPOTOB U INEPECEYEHUS

2.1. (a) Ha miockoctu maner Touku Py, Py, coelMHEHHBIE JIOMAHOl, He HepeceKalomeiics ¢ 3a-
MiHyTOf Jtomanoit L. Torga w(L, By) = w(L, Py).
Vikasanue: nCHOIL3yHTE CO000PANCENUA HENPEPLIEHOCTIU.

o FE D

Puc. 2.1. Hekoropble 3aMKHYTbIE JIOMaHbIe

(b) BosbMem 3aMKHYTBIE JIOMaHble L Ha IJIOCKOCTH, MOKa3aHHbIe Ha pucyHke 2.1 (¢ HeKoTOpOil
OpHeHTAIell; HIKaKas JIoMaHas He IIPOXOJNT JIBaK (bl HI Yepe3 KaKOH OTPE30K U He MEHsIeT CyIIe-
CTBEHHO CBOEro HallpaBJIeHUusl HU B 0/HOfi Touke). Packpacnre jponosmenne R? — L B cooTBeTcTBUI
€ YEeTHOCTBIO Yncja 000POTOB JJOMaHOM L.

(c) Jna samknyTbix jtomanbix L us (b) packpackre jononnenne R? — L B cOOTBETCTBUU € UUCIOM
0060poTOB JIOMaHOM L.

2.2. BosbMeM Ha IJIOCKOCTH 3aMKHYTYIO U HE3aMKHYTYIO JoMaHble L u P, Bce BEepIIMHLI KO-
TOPBIX IONAPHO Pa3JIMYHLI U HAXOAATCA B o0meM mnojoxkenun. Ilycrs Py u P, — HadaiabHas u
KOHeuHast Toukn JoManoit P. [Ipeanonoxkum, aro Py, Py & L.

(a) Torma |[LNP| =w(L, P1) —w(L, Py) mod 2. (9ro guckpernas Bepcust meopemv, Cmorxca.)

Iodckaska. JocTaTouHO JOKA3aTh 3TO YTBEPXKJICHHUE JJIS JTOCTATOYHO MAJIBIX OTpe3KoB P’ Ta-
knx yro P’ C P.
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(b) Ecim Touka P, pacrosiozkena «JI0CTaToqHO naieko» or L, o w(Fy, L) = |L N P| mod 2, a
takzke w(FPy, L) paBHO cymMMe 3HAKOB TOUEK Iepecedenuii jomanbix P u L (onpesenenubix B [Sk,

§1.3)).

[Iycts L — 3aMKHYyTasd IJIOCKas JOMaHasl, BCe BEPIIMHBI KOTOPOI TOMAPHO Pa3IMIHBI U HaXO-
JISITCs B OOITEM TOJIOXKEeHUU. BBUYy yTBepKAeHus 2.2.a JIONoJHeHNe K L TOTyCcKaeT «ITaxMaTHYIO
PACKPACKY», TAKyI0, UTO COCeIHIE 00JIACTH MOKPAIIEHbI B pa3Hble 1BeTa. KoHIb! joManoit P nme-
I0T OJIMHAKOBBIII IIBET TOIJIa M TOJBKO Torja, Korda |L N P| getHo. Bruympennocmuvio no mody.aio
2 jioMaHoil L Ha3biBaeTCsi 00beINHEHNE YePHBIX 00J1acTell MmaxMaTHOl packpacKu (Ipu yCJIOBUH,
410 HGeckoHeuHas 00J1acTh IOKparieHa B Oesblil 1Ber). Jpyrumu cjioBaMu, 3170 MHOXKECTBO BCEX
Touek v € R? — L, juis KOTOPBIX Haiijercs jgoMaHas P,

® COeIMHAIINIA TOUKY & C TOYKO(, PACIOIOKEHHON «I0CTATOYHO Jaeko» orT L (T. e. BHe
BBIIYKJIOf 000J/109KH JToMaHOi L),

e niepecekaroniasg [, B HEYETHOM YHCJIe TOYEK, U

® TaKasl, YTO BCE BEPIIUHBI JIOMAHbIX L 1 P MonapHo pas/imvHbl 1 HAXOJAATCS B OOIIEM ITOJIOZKe-
HUU.

KoppekTHocTb 3T0ro onpejenenus ciaeyer u3 [Sk18, semma 1.3.3 o yernocru|.

3. UUCJIA OBOPOTOB U30BPAYKEHU 'PA®OB

Bamedanue (HEKOTOPBIE CTPOrHe Olpe/ie/iens ). Bbl MozkeTe paboTaTh ¢ OIpe e IeHHBIME 3/1ECh
MOHATUSMU HA UHTYUTUBHOM YPOBHE, IT0Ka BaM m/n »Kiopu He CTaHeT MOHSTHO, YTO 3TO IPUBOIUT
K Iy TaHUIIE.

I'pacdom (koneunsim) (V) F) HasbiBaeTcss KOHEUIHOE MHOKECTBO V' BMecTe ¢ HabopoM E C (‘2/)
ero JIByX3JIEMEHTHBIX TIOJIMHOXKECTB (T. €. HEYNOPSIOYEHHbBIX Map HECOBIAJIAONINX JJIEMEHTOR).
(O6renpuHsITHIT TEPMUH JIJIS 9TOTO MOHATUS — 2padh 6e3 nemens U Kpammux pebep uim npocmot
epagh.) DJIeMEHTBI JJAHHOTO KOHETHOTO MHOXKECTBA HA3BIBAIOTCs BepimmHaMmu. [laper Bepmns u3
FE naswiBatorcs pebpamu. Pebpo, coennusioniee BepIuHbl ¢ 1 j, obo3navaercs ij (a ue (i, 7), 4T00bI
He IIyTaTh C yIopsioueHHbIMU TTapamu ). [luki B rpade 0603HaUaeTCs TIEPEUNC/ICHUEM €10 BEPIITHH
B IOPsiJIKE WX CJIe/I0BaHus (6€3 3alAThIX ).

l'oBopst HecTporo, rpad MmIaHapeH, ecjim ero MOXKHO HapucoBaTh «0De3 camollepecedeHuiis Ha
wiockoctu. I'pad (V) E) HaspiBaercs miaaHapHBIM (WIH KyCOYHO-JTUHEHHO BJIOKUMBIM B ILJIOC-
KOCTh ), €CJIM Ha MJIOCKOCTHU CYIIECTBYIOT

e Habop u3 |V| ToueK, COOTBETCTBYIOMIUX BEPIIMHAM, & TAKKe

e HAOOP HECAMOIIEPECEKAIOIIUXCsl JIOMAHBIX, COSMHAIONNX Hapbl (Tovyek) u3 F,

IIpUUeM HUKAKas U3 JIOMAHBIX He HepeceKaeT BHYTPEeHHOCTD JAPYToil JoMaHoit.>

ObosznauuMm uepes

e [n] mHOXKeCTBO {1,2,...,n};

e K, nosHBIi rpad HA MHOXKECTBE [n] BepINUH;

e K, , TIOJIHBII IBY10IbHEL rpad ¢ mpossamu [m] u [n]’ (Mbr obo3Hataem depes A’ Konnio 00beKTa

Ky K33

Puc. 3.1. Hemnanapnsie rpadnr K5 u K33

>Torza mo6ble [Be JOMaHbie JH00 He IePeceKaloTcs, 00 IepeceKaloTcs TOIBKO 10 X 00Mmiell KOHIEBOH Bep-
e, Mbl He TpebyeM, 9TOObI «HU O/THA W30 IMPOBAHHAS BEPITHHA HE JIeXKaJia HU Ha OHOM U3 JIOMAHBIX », [IOCKOJIbKY
9TOrO CBOMCTBA BCEra MOXKHO JIOOUTHCH.
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Mpbr paccmaTpuBaeM n300parkeHus: rpada Ha IJIOCKOCTH, IIPU KOTOPBIX pedpa m300parkaroTcs
JIOMaHBIME ¥ JIOIYCKAKOTCST TIepecedennst STux JoManbix. [IpuBemem crporue onpejesnenus. [lycts
K —rpad, nmeromuit V' eprmun. Orobparkenue (kycouno-yuueitnoe) f : K — R? rpada K B
ILJTOCKOCTB — 9TO

e Habop V ToYeK Ha IJIOCKOCTH, COOTBETCTBYIOIIUX BEPIITNHAM, 8 TaKKe

e HAGOp (HE3AMKHYTHIX) JIOMAHBIX Ha IJIOCKOCTH, COEJMHAIONIMX Te Mapbl U3 Habopa TOUeK,
KOTOPBIE COOTBETCTBYIOT IApaM CMEKHBIX BEpIINH.>

CyxkeHnue f|, na pebpo o — 1o coorBercrByoias joManas. Obpas f(o) pebpa o — 310 00b-
eJINHEHIE OTPE3KOB COOTBETCTBYIOMIEH jjoMaHoit. OB6pa3 Habopa pedep —3T0 0ObeuHeHne 00pa-
30B Bcex pebep n3 Habopa.

Puc. 3.2. Orobpaxenue f : K; — R? (cieBa) u ero cyxenue f|c (cnpasa)

[Iycts K —rpad, u C = v; ... v, —opuentupoBanubiii nukja B K. Hanpumep, nng j = 1,2,3,4
obosHauuM depes Cj; OpHEHTHPOBAHHBIN NUKJ B Ky, morydeHnsiil ynanenuem j u3 1234. Ilycts
f: K — R?—orobpaxenne. Cyxxenuem f|c : C — R? orobpazkenus f HasblBaeTcs 3aMKHYTas
JIOMaHast, «00pa3oBaHHASIY JIOMAHBIMA [|yivas - -5 flon_1oms [lome, B YKA3AHHOM MOpPSIZIKE.

3.1. [Ina mobeix orobpaxkenus f : Ky — R? u toukn O € R? — f(K,) BBInOIHEHO

(=1w(f|c,,0)=0: —w(f[234, O) + w(fl134, O) — w(fl124, O) + w(fl123,0) = 0.

1

4
Jj=

st Bepuubl v B rpade K, takoit uro f(v) € f(C') nonoxum

wp(C,v) == w(fle, f(v)).

3.2. (a) Jnst moGoro mesoro n cymecrsyer otobpaskenue f : K; — R? Takoe, 4To

f(1) &€ f(Ch), we(Cy,1)=n, u f(j)&f(C;), wg(Cj,7)=0 g xaxmoro j=2,34.

(b) st IOGBIX HEJBIX Ny, N, N3, Ny CyecTBYeT oTobpasxkenue [ : Ky — R? rakoe, uro f(j) &
f(C;) mws(Cy, ) = n; pna xaxmgoro j = 1,2, 3,4.

Vrazarue. JIs1 mocTpoennsi IpuMepOB HE HYKHbBI CJI0YKHBIE KAPTHHKU — JIOCTATOYHO NPOCMBIL
npeobpazoBanuii npocmuir KapruHoK. Hampumep, mosesno npeobpa3oBaHne Ha PUCYHKE 3.3.

[Tospobree o unc/ie 060POTOB U CBA3AHHBIX ¢ HUM ToHATUsX cM. [Wn, Va81, To84, Ta88|, [KK18,
Teopewma 2|, [Sk18, §2].

4. T1o4YTHU BJIOYKEHU: OMPE/JEJEHUE U OBCYXK/IEHUE

Teopema 4.1 (Xananu-Tart; Ban Kamuen). Jaa ao6020 omobpascenus Ky — R? cywecmeyrom
068G HECMEHCHBLT PeObPa, 00Pa3vl KOMOPHLIT NEPECEKAIOMCA.

3910 HeGosbIIOe HCKAZKEHHE TEPMHUHOJIOTAA. Y JIOMAHOW e€CTh Hadajo U KOHEI II09TOMY IIPUBEJIEHHOE OIIpee-
JIEHUE eCTb OlpejieieHre 0TOOpaXkKeHusi OprueHTupoBaHHOro rpada. JIBa oTrobparkeHnsi OpUEHTHPOBAHHBIX I'Pad OB
IKBUBANEHMHDL, €CJIU OTHO MOXKHO IOJIy9IUTh U3 JIPYrOro M3MEHEHWEM OPHUEHTAIINM HEKOTODPBIX pebep, a OIuH u3
COOTBETCTBYIONINX HAOOPOB JIOMAHBIX MOXKET OBITH MOJIYYI€H U3 JAPYTOro MPOXOXKIEHUM COOTBETCTBYIONNX JIOMAHBIX
B [IPOTHBOIOJIOKHOM Topsizike. CTporo roBopsi, orobpazkenne rpada SBIIeTCs KJIACCOM SKBUBAJIEHTHOCTH IO 9TOMY
OTHOIIIEHUIO SKBUBAJIEHTHOCTH.
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f(a)
— or
M

Puc. 3.3. «Ilanbuesoe jpukennes (st orobpazkenust f, pebpa T, OTHOCHUTETHHO
BEPIIUHBI @) TIEPBOTO U BTOPOIO THUIIOB, COOTBETCTBEHHO

Do ciemyer u3 yrBepxkKaeHus 2.1.a u Teopembl 5.5.a Hizke. (CTaHIapTHOE JT0KA3aTEIbCTBO

[Sk18, §1.4| me ncrosnb3yeT MOHATHS THCIa 000POTOB.) AHAJOr 1yist K3 3 ClIpaBe/JINB BBUY yTBED-
Kaenuit 2.1.a um 5.7.a HmxKe.

Puc. 4.1. Bnoxenue, 1mouTn BiIOXKeHUE U M300parkeHne, KOTOPOe He ABJIAETCS T10-
9TU BJIOZKEHHEM

i\

Puc. 4.2. Buoxenune u nourn Biaoxkenus rpada K5 6e3 pedpa

Orobpaxkenue f: K — R? rpada K nasbiBaercs modTn BJoxKenueM, eciu f(a) N f(f) = @
JIJIst JIIOOBIX JIBYX HECMEXKHBIX CHMILIEKCOB (T.e. BepimH u pebep) «, f C K. T.e. eciin

(i) obpasbl HeCMEKHBIX pebep He TepeceKaroTes,

(ii) o6pas r060it BepIMHBI He JIEXKUT Ha 00pa3e HUKAKOrO pedpa, HECMEKHOTO € 9TOii BEPIIUHOII,

(iii) o6pasbl Pa3IMIHBIX BEPIIUH PA3JINIHBIL.

SamMedaHme. DTOT TEKCT KACAETCA B MEPBYIO OYEPe/lb UHBAPUAHMOE TIOYTH BJIOKEHUil, a He
IpobJIeM UX Cyuw,ecmeosanus. 1109ToMy Mbl coXpaHsieM B OlpejieJiennn colicTsa (ii, iii), BBIIOJI-
HEeHUsI KOTOPBIX MOYKHO JIOOUTHCSI JOCTATOYHO MAJIBIM IIEBEJIEHUEM OTOOParKeHHsI, ¢ COXPAHEHUEM
ceoiictBa (1)). Ecau epag donyckaem noumu eaoocenue 6 naockocms, mo epad naanaper (I1o0Ka-
3aTeJHCTBO HETPUBUAJIBHO).

[TouTn BIOKEeHUsT €CTECTBEHHBIM 00Pa30M BOBHUKAIOT B TOIOJIOTMYECKOH Teopun rpadoB, B KOM-
OUHATOPHOI TeOMETPUH, B TOIOJOIMIECKO KOMOUHATOPUKE U PU U3y9IeHUN BJIOXKeHWi (rpados
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B TIOBEPXHOCTH U TulieprpacdoB B MHOIOMEPHBIE €BKJIMJIOBBI IIPOCTpaHcTBa). Bosee mojapobuast Mo-
tuBrpoBKa npusesena B [ST17, §1, ‘Motivation and background’|, [Sk, §6.10 ‘Almost embeddings,
Zs- and Z-embeddings’.

5. OCHOBHBIE PE3VJ/IbTATBI: YUCJ/IA OBOPOTOB HJIA TIOYTHU BJIOYKEHUI

5.1. (a) Huist siro6oro nesioro n u rouku O Ha IJIOCKOCTHU CYIIECTBYET TOUTH Bioxkenue f : Kz —
R? — O Takoe, aro w( f|i23,0) = n.
(b) dust mo6oro nemoro n cymectsyer nouru siaoxenne f : K; — R? rakoe, uro wy(123,4) = n.

g moboro Biaoxkennd f : Ksl{4} — R? mmeem w(123,4) € {—1,0,1} (nannoe yrsep:xaenne
f y
6m3Ko K Teopeme ZKopsana).
Hamomuum, uto

4
> wp(Cy5) = wp(234,1) + wp(134,2) + wy(124,3) + wy (123, 4).

j=1
Teopema 5.2. Jlasa 1106020 nowmu eaooicenua f: Ky — R? umeem ijl we(Cj,j) =1 mod 2.

Awnajior Teopembl 5.2 st BJIOXKEHUT BMECTO TI0UTH BJIOXKEHUIT JI0Ka3bIBaeTCst 1poriie (OH OJIM30K
K Teopeme zKopyana). Bosee Toro, jis moboro sioxkenust f : Ky — R? Tpu u3 uerwbpex duce
13 TeopeMbl 5.2 paBHBI HYJIIO, a ocTaBimeecs paBHo +1. Arasor TeopeMbl 5.2 it 0TOOparKeHMI
BMECTO TIOYTH BJIOXKEHUI HEBEPEH 110 yTBepkKIeHnio 3.2. B orimyne or yTBep:KieHus 3.1, TeopeMa
5.2 He ciiestyet u3 «cootHorneHus 123 + 134 4 142 4 243 = 0 B rpade».

Habpocox doxaszamesvcmea meopemor 5.2. Oupejesienne 0TOOpazKeHust 00u,e20 NOAOHCEHUA TPa-
da B mockoets mano B [Sk18, §1.4]. Tlycrs f : Ky — R? orobpazkenus obiiero nojoxkenus. Tora
06pasbl JIIOObIX JBYX HECMEXKHBIX pebep IepecekaroTcst B KOHETHOM Jrc/ie Touek. HazoseM wucaom
Padona p(f) € Zs aeTHOCTH CyMMBI

® KOJIMYECTBA TOUYEK IIepecedeHnst 0OPa30B HECMEXKHBIX pedep u

e KoJIMUeCTBa Tex BepiuH j rpada Ky, 00pasbl KOTOPHIX JI€sKaT BO BHYTPEHHOCTH IO MOJLYJIIO
2 obpaza f(C}).

Beuiy yreepKieHus 2.2.a, 0as 106020 noumu eaoscenus obuezo noaosicenus [ Ky — R2
YETMHOCTNG YUCAG Z?Zl wy(Cy, ) pasna p(f). Teopema 5.2.a BBIBOAUTCSA IPU HMOMOIIH AIIPOK-
CUMAIIMU U3 9TOrO pe3ysbTarta U Ceyleil sHaMeHuToii reopembl Pajona jiis miockoctu [Sk18,

Jlemma 2.2.3]: das 106020 omobpasicerus obwsezo noaosicerus 2paga Ky 6 naockocms wucao Pa-
dona newemno. Cp. [Sk18, §2.2]. O

IIpumep 5.3. (a) Jasa mo06020 yeaozo n cywecmeyem nowmu éaoocenue [ : Ky — R? maxoe,
wmo we(Ch, 1) =n, we(Cj, j) =0 das xaorcdozo j = 2,3 u wyi(Cy,4) =n+ 1.

(b) Jlas mo0buix yeavir ny,ng, Nz, Ny MAKUT, 4MO 2?21(—1)jnj = 41, cywecmsyem noumu
eaooicenue [ Ky — R? makoe, wmo wy(C},j) = n; dasn xasrcdozo j =1,2,3,4.

IIpumep 5.4. (a) (E. Moposos) Cywecmeyem nowmu eaodicenue [ : Ky — R? maxoe, wmo
4 ; .

Zj:l<_1)]wf(0jaj) # +1.
(b) (eunomesa; cm. [ALM|) Jlas a06wmx yeavix wuces ny, ng, N3, Ny, CYMMG KOMOPOLT HEUEMHA,

cywecmeyem nowmu eaooicenue f o Ky — R? makoe, wmo w(Cj,j) = nj das xascdoeo j =
1,2,3,4.

Hanmomuuwm, aro K — e — rpad, nosrydennsiii u3 rpacda K yiairenuem pebpa e.

Teopema 5.5. Jlaa 106020 nowmu esooicenus f : Ky — 45 — R? umeem
(a) wp(123,4) —w;(123,5) =1 mod 2;
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Cp. reopemy 5.2 u runoresy 5.4. Auayor myakra (b) jyis BIOXKeHU BMECTO MOYTH BJIOZKEHUI
6osee poct (1 6sm30K K Teopeme ZKopnana). ITyHKT (&) HECJI0KEH U XOPOIIO M3BECTEH, & MYHKT
(b) stByIsIeTCsT HEJTABHUM HETPUBHAJIBHBIM pedysibraToM |Ga23].

5.6. (a) Bepen s anasior Teopembl 5.5.a st 0TOOparKeHUT BMECTO TIOUTH BJIOXKEHH?
(b) s moGoro nesoro n cymecTsyet nouarn sioxkenne f : K5—45 — R? takoe, aro w (123, 5) =
n. (Cum. pucyHok 4.2, cripaBa, jjist n = 2.)

Habpocox doxasamenvcmea meopemut 5.5.a. Jaa orobpaskenns obmero nojoxkenus f : Ky — R2
MMOKPACKUM B KPAaCHBIH I[BET TOYKU Ilepecevdenns: 00pa30B HECMEXKHBIX pedbep. Hucaom ean Kamnera
v(f) € Z, HaspiBaeTCA YETHOCTH KOJMYECTBAa KPACHBIX TO4YeK. BBuy yrBep:kieHus 2.2.a 04
omobpasicerus obuiezo noaostcenusa f : Ks — R2, cyorcenue xomopozo na Ks—45 aeaaemes nowmau
saootcenuem, vemnocmo wucaa we(123,5) — wp(123,4) pasna v(f). Teopema 5.5.a BeIBOgHTCS 13
9TOrO W CJIeJlyIoleli 3HaMeHuTol TeopeMbl Ban Kamnena-Diopeca s mwiockocru [Sk18, Jlemma
1.4.3]: das 06020 omobpasicenus obwezo norosicenus f o Ky — R? wucao ean Kamnena v(f)
nevemmo.t U

5.7. Bozbmem pebpo ab rpada K3 3. O6o3naunM gepes C' = Cfyp, IPOU3BOIBLHO OPHEHTHPOBAHHBII
kst K33 —a — b gymanst 4. [Ing mo6oro nourn iaoxenns f : K33 — ab — R? umeem

(a) wy(C,a) —wr(C,b) =1 mod 2; (b) (rumoresa) we(C,a) —ws(C,b) = £1.

[TyskT (a) j0Ka3bIBACTCH aHAJIOTMIHO TeopeMe 5.5.a. Anasor nyHkTa (b) /yist BJIOKeHUiT BMeCTO
HOYTH BJIOXKEHUIT 6oJtee poctT (n 6;m30K K Teopeme ZKopnana). OcTopoKHO, IPSIMOE JIOKA3aTe b
cTBO yHKTa (b) MOXKET COEpKaTh TEXHUYECKHUE JIeTAIN (KaK B JI0KA3aTeIbCTBE TeopeMbl 5.5.h);
BO3MOKHO, CYIIECTBYET IIPOCTas PeAyKInd K TeopeMe 5.5.b, cM. pucyHOK 5.1.

Ks Ks3

Puc. 5.1. «llourn Bnoxenue» K5 — Ks3

5.8 (oTkpbITag mpobsema; 3aragaka). [lycrs K — rpad (a) kyba; (b) okrasmpa.

st moutn Baoxkenust f : K — R? pacemorpum mabop neswix uncen wy(C,v), tne v € K —
— epmnaa, a C' C K — v— opueHTHpOBaHHbIN UK. Onuimure HaAOOPHI, peaau3yeMble MOYTH
Baoxkenuamu f 1 K — R2,

Bameuanne. (a) Llenoe ancino wy(C,v) n unBapuanTel, u3ydaeMole B §6, SB/ISTCS MHBAPHAI-
tamu (nourn) Biaoxenus f : K — R? ornocurensno (nowmu) usomonuu. OHE ABIAIOTCA 9aCTIME
unsapuanma Xegauzepa-By ns f [Sk06, §5].

(b) AnreGpamueckasi Bepcusi TIOUTH BIOXKeHUH (Zg-BiioxKeHus1) nosiBuiack B 1930-x rogax u ax-
TUBHO M3y4aercss B Teopun rpacdos ¢ 2000-x rogos. Cwm., manpumep, o63opsr [SS13], [Sk, §6.10
«ITourn Bnoxkenus, Zo- u Z-pioxenusi»| u crarsto [FK19| o cBsasu Zo-BiiokeHuit u 3a/a9u MUHV-
MU3AIIU PaHTa IIPU BOCIIOJTHEHUN MATPHIlBl. AHajorn yTBepxKjaenuii 5.2, 5.5.a, 5.7.a BepHbI /10
Zo-Brioxkenwii. ['unoresa: anajorn yreepxKiaennit 5.5.b, 5.7.b BepHbI /i Z-BJIOKEHUIT, HO HEBEPHbI
IS Zig-BJIOZKEHHUIA.

(¢) Iunepepagvr — MHOrOMEpPHBIE aHaoru rpadoB: pedbpamMu MOIyT ObITh HE TOJBKO JBYX3JIE-
MEHTHBIE, HO ¥ JIIOOBIE MOIMHOKeCTBa BepinnH. Kiaccuaeckast 3a/1a4a TOIOJIOI M, KOMOMHATOPUKHI

4Teopema 5.5.b sBsercs yeaowuciennol 6epcueti Oas MOWMU 6A0MCEHUT STOH TEOPEMBI. 3aMETHM, UTO 3Ta
TeopeMa He UMEET Yeaouucaenioll eepcut 0an omobpasicenut; (9To u3secTHO U 00bsicHeHo B |Ga23, Samevanue 4]).
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Aoy AN Gy

Ks Kn~Kss Km2S§? Ky
Puc. 5.2. JIpymepuble runeprpadbl, He BJIOKUMbIE B IIJIOCKOCTD

1 KOMITBIOTEPHOI HAYKM — HaXOXKJIeHHe KpUTepreB (M arOPUTMOB) Pean3yeMocTu rureprpados
B €BKJIMJIOBOM IIPOCTPAHCTBE JAHHON pa3sMepHOCTH d.

B 1930-1960-¢e rr. Takoii KpuTepuii ObLI MOJy4YeH KJIaCCHKaMW ToroJioruu jisd 2d > 3k + 3,
rje k — pa3MepHOCTh rurieprpada. [lommHOMUAIBHBIN aITOPUTM paco3HaBaHUs peaIn3yeMOCTH,
OCHOBAHHBII Ha 5TOM Kpurepun, ObL1 mosyded B 2013. AjrropurMudeckasi HEPA3pEIIUMOCTD JIJIst
2d < 3k + 2 anoncuposana B 2019 romy na koudepeniuu B Obepsosibdaxe (Mapek Pusrakos-
ckuit, Yiabpux Baraep u Credan 2Keues). Omubky namen 8 2020 rogy Apkajuit Ckonenkos (oHa
npusHaHa apropamu). OHa 3aKJI0YaJach B TOM, 9YTO B MHOTOMEDHOM aHaJjore teopembl 5.5.b (u
npumepa 7.1.a) 3HAUEHNsT HEKOTOPOIO HHBapuaHTa He 0bs3aTebH0 paBHbl 1. B 2020 rogy Poman
Kapaces n A. CKoIeHKOB TIOKa3a/11, YTO 3TOT HHBAPUAHT IIPUHUMAET JIFOObIe HedeTHbIe 3HATEHUS.
Nx rumnoresa 06 aHaJOrUIHOM pe3ysabTaTe Jijisd rpadoB Ha IJI0CKOCTH ompoBepruyTa B 2023 rojy
Tumypom Tapaesbim, cm. Teopemy 5.5.b. Cwm. cebuiku B 0630pax [Sk06, §5], [Sk18, §3| u nenasHue
paborsr [KS20, Ga23|.

6. TPMOANYECKOE U HUKJIUYECKOE YUCJIA BY

[TycTs Ha miaockocTn jomanbie i, [y, l3 coequusaior Touky O ¢ toukamu A;, Ay, A3, coorser-
creenno. [Ipennonoxkum, aro A; & I; s Beex @ # j. (dpyruMu ciioBaMu, HalloMHUM, 9TO rpad
¢ Bepmmaamu {1,2,3,1'}, rae deg 1’ = 3 u degm = 1 s kaxgoro m € [3], obozHauaeTcs depes
K3 1; BosbMeM mouTH Bozkenue f : Kz i — R? u obosnadaum L, := f(1'm) aus xazxkaoro m € [3].)

A,

L,
Puc. 6.1. Tpuon u TpeyrojbHuK

Tpuoduneckoe wucao By wu(ly,la, l3) oupemessiercs Kak 9ucao 000POTOB BEKTOPa B PE3y/IbTaTe
CJIEJIYIOINX BPAICHUA:
Y -

|

e o1 BekTOpa A;As K BekTOpY AjAj3, IPU KOTOPOM KOHEI[ BEKTOPA JABUKETCS IO JIOMAHOI [ol3,
3areM

® OT BEKTOPA A1A§ K BEKTOP AQA;, IPU KOTOPOM HAYAJI0 BEKTOPA ABUKETC 110 [1ly, 3aTeM
A

QAg, IpU KOTOPOM KOHEI BeKTOpa JIBUKeTCsI 110 [3l1, 3aTeM
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D10 paBHO YJIBOCHHOMY (HEIEJIOMY) YUC/Iy 0O0POTOB B PE3YJIbTATe IEPBBIX TPEX U3 BBIIMIEIPU-
BeJIeHHBbIX Bparenuii. CTporo roBops,

wu(ly, lo, l3) == w'(Elg, Ay) + w/(mz, As) + w/(Ell, Ay) + w,<gl3a Ay) + w/(El% As) + w/(Ell, Ay) =

=2 (w'(lals, Ar) + w'(Iily, As) 4+ w'(I3l1, Az)) . (*)

Puc. 6.2. Tpoitka JoMaHbIX ¢ TpUOAMYECKNM yncjaom By +3

6.1. (a) g Tpex orpes3koB, coeuHAONMX Bepiuabl A1, Ay, A3 IPaABIIBHOIO TPEyTroJbHIKA C
ero meaTpom O, Tpuoandeckoe dncao By pasuo +1.
(b) st Tpex JIoMaHbIX Ha pHCYHKe 6.2 Tprojamdeckoe unciao By paBao +3.

6.2. (a) st 106bIX JIOMAaHBIX [1, [2, [3 ¢ BBINIEyKA3aHHBIME CBOWCTBAMY (T. €. JJIst JTF060r0 MOYTH
BiaOKeHud f 1 K31 — R?) Tpuoguueckoe uncyio By neuerHo.

(b) lyist 106010 1eJI0r0 N CYIIECTBYIOT JJOMaHbIe [, o, [3 ¢ BBINIEyKa3aHHBIME CBOMCTBAMIE (T. €.
cymecTByer nouaru siaoxenne [ : K3 — R?), Tpuoauueckoe umcio By kotopbix pasuo 2n + 1.

(¢) st moGoro Bioxenust [ : K31 — R? tpuognueckoe uncyio By pasno +1.

(d) TepecranoBka JOMaHbIX [1, lo, [3 ¢ BbIIIEYKA3aHHBIMU CBOMCTBAME YMHOMXKAET TPUOUIECKOE
qucsio By Ha 3HaK mepecTaHOBKH.

[TycTs Ha TOCKOCTH 3a1aHbl TOUKN Aq, Ag, A3 u momanbie [y, lo, I3 coemumasror Ay ¢ Ag, Ay ¢ Az,
As ¢ Ay cooTBeTCTBEHHO (M, TaKUM 06pa3oM, 0Opa3yloT 3aMKHYTYIO JOMaHyIo). IIpennonroxum,
qT0 A; He JIEXKUT Ha JIOMaHOW ;41 /i Kaxkgoro i = 1,2, 3 (Hymeparnus mo MOIYJIO 3; JAPYTUMA
CJIOBaMHU, JIOMaHble 00pa3yloT MoYTH BiIokenue Kz — R?).

Huxauveckoe wucao By wu(ly, s, l3) onpeensiercss Kak yJIBOGHHOE YUCJIO 000POTOB BEKTOpPA B
pe3y/IbTaTe CJIeyIOnuX BPAIllCHUAA:

e or BekTOpa A;As K BekTOpy AjAs, IpM KOTOPOM KOHEI BEKTOPA JIBUMKETCS 1O JIOMAHOM (o,
3aTeM

— — .
e o1 BekTOpa A1 Az K BekTOpy As A3, MpM KOTOPOM HAYAJIO BEKTOPA JBUKETCS IO JIOMAHOM 1,
3aTeM
L s .
e o1 BekTOpa As A3 K BekTOPY Ao A7, IPU KOTOPOM KOHEI[ BEKTOpa JIBUKETCs TI0 JIOMaHO [3.
Hpyrumu cinosamu, wu(ly, ls, l3) onpenensiercs cieytoreit hopmysioi, anagoruanoi (*):

Wll(ll, lQ, lg) =2 (U}/(ZQ, Al) + w’(ll, Ag) + w/(lg, AQ)) . (**)

6.3. (a’) Ecom Tpu nomanbix li,ls, l3 ¢ BBIIEYKA3aHHBIMU CBOWCTBAME SIBJISIOTCSI CTOPOHAMHE
TPeyroJibHUKa, TO IUKJInYecKoe dncyio By pasno =£1.

(a) st j1106bIX JIOMAHBIX [q,lo,[3 C BbIIEYKA3aHHBIMU CBOWCTBAMH IUKJIMYECKOE 4YUCI0 By
HEYETHO.

(b) st 1r060T0 1 CyMIECTBYIOT JIOMaHBIE [1, lo, I3 ¢ BBIIEYKA3AHHBIMEI CBOMCTBAMU, [TUKIIECKOE
qncyio By kKoropbsix pasno 2n + 1.

Ecau Tpu JioMaHBIX ¢ BbINIEyKa3aHHBIMEU CBOMICTBAMU 00pa3yloT 3aMKHYTYIO HecamolepeceKa-
IOILYIOCS JIOMAHYIO, TO IUKJNYecKoe 4ucyo By pasuo £1 (910 yTBepKIeHne OIM3KO K TeopeMe
Kopzana).

[ukmaeckoe unciao By cxoxke co cmenenvto 3aMKHyTHOIT KPUBOii, HO OTJIMTIAETCA OT Hee.
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6.4. (a) Tna moboro noutu snoxkenust f : K; — R? umeem
wu(fli2, flos, fls1) + wulflar, flaz, flas) = 2wf(123>4)-

(b) (runoresa; cm. |Zal) st m06bIX JBYX HEYETHBIX GUCEN M, M CYIIECTBYET MOUTH BIIOKEHUE
[ Ky — R? raxoe, aro wu(flig, flos, fls1) = m u wu(f|ar, flaz, flaz) = n.

6.5. (a) s moGoro moutu snoxkenus f : Ky — 45 — R? umeem
Wu(f‘llla f’427 f|43) - WU(f|51, f|527 f’53) = 2(wf(123a 4) - wf(1237 5))

b) (runoresa) st ro6oro mourn Biokenus f : Kz o — R? umeem
(b) ( ) 1 32

wu(fli, flie, flis) — wu(flan, flae, flas) = £2.

ITo mynkTy (a), mpocroe pemenue myHkTa (b) gacT mpocToe TOKA3aTeIbCTBO TeopeMbl 5.5.b.

7. TPEXMEPHBIE AHAJIOTU

Jluneitnas reopema Konpesi-I'opjiora-3akca yTBEPKIAET, UITO €CAU HUKAKUE YEMbIPE U3 ULECTIU
Movex 6 MPETMEPHOM NPOCMPAHCMEE HE AEHCAM 8 00HOT NAOCKOCTIU, MO CYuLecmsyom 06a 3a-
UENAEHHBIT MPEY2ONDHUKA C BEPUUHAMU 6 IMUT Uecmu mowkaxr. To ecmv, nepsviti mpey2orvHuK
nepecexaem KoOHMYp 6Mopo20 Mpey2orsoHUKa poeHo 6 00not movke. JlokazaTebCTBO CM. B 0030pe

ey

Puc. 7.1. IIpoekmusa Ha IIOCKOCTD BiIoyKeHHA Kg — R3

OKBUBAJICHTHBIC CTporue onpeaejJeHnd KOS&&UMU@HTTLCL 3auenacHuA HEIlepeCEeKalOIUXCA 3aMKHY-
ThIX JIOMaHBbIX B TpéXMepHOM IIPOCTPpaHCTBE (HCHOJH)BYGMI)IG B CHG,ILYIOHIeﬂ sagaqe) MO2KHO HalTH

B [Sk20u, §§4,8], [Sk24, §§1.2,1.3], [Sk, §§4.2,4.3].

ITpumep 7.1 (cp. pucynok 7.1). * (a) /las a106020 uesoeo n 6 mpermepHom npocmpaHcmee cyuye-
CMBYIOM WECMD MOYUEK, 4 MAKAHCE NONAPHO COCOUHANOULUE UL HECAMONEPECEKANOULUECA NOMAHDLE,
05 KOMOPHLL

(al) Hukakas u3 AOMAHHIT He NEPECEKAEm BHYMPEHHOCTYL OpY20l AOMAHOY,

(a2) xoafpuyuenm zauenserus 00notl (HEYNoPAIOweHHOT) NAPbL HENEPECERANUMUTCA YUKAOG
daunv, 3, 00PA30BAHHBLT AOMAHLLMY, paser 2n + 1, a maxorce

(a8) xospuyuenm sauyenaenus 10600 Opy20l NaAPvE HENEPECEKAIOUUTCA YUKAOE OAUHDL 3,
00PA30BAHMHDIT NOMAHBLMU, PABEH HYAI0.

(b) (2unomesa) Bosvomem arobve 10 uesvir wucen N123,456, 124,356, - - -, coomeememeyrowue 10
HeYNopAdoueHHbIM pasbuenusm mroxcecmea [6] Hwa dea F-anemenmmvix noommoscecmea. Ecau
CYMMG IMUT YUCEN HEUEMHA, MO 6 MPETMEPHOM NPOCMPAHCMEE CYULECMEYIOM ULECND MOYEK
1,2,3,4,5,6, a makotce nonapro coeUHANUUE UL HECAMONEPECEKAOULUECH NOMAHDIE, ONA KOMO-
polr euinoaneno (al), u kospduyuenm sauenaenua kascdot napw {ijk, pqr} nenepecexaroujurca
YUKA06 OAUNDL 3, 00PA30CANHLT NOMANBLMU, DAGEH Tijk pqr-

YHacrb (a) gokazana B [KS20, Ilpemmoxkenne 1.2], HO Moryia ObITh W3BeCTHa W paHbIe. JacTb
(b), mo-BUAMMOMY, MOXKHO J0Ka3aTh ¢ momorbio [KS20, Jlemma 2.1].
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8. OTBETbI, YKASAHUA 1 PEIHIEHU A

1.1 JIna j =1,...,m oboznaunm t; := LA;OA 1, tne Apq1 = A;. Torma
OA; 11 € 0A,, 11 tnttm=D0A, 111 ... 1] ltmFtmat=F) AT

CrenoBaresiblo, (ty, + tym_1 + -+ + t1) /27 ABJIsIeTCS TEJIBIM YHCIIOM.

1.2. (a) O6o3naumM vepe3 ) JaHHBIH BBITYKJIbIH MHOIOYTOJTHHUK.

Ecmu Touka O jexkur Bue (), To nposesem depe3 O jiBe onopubie mnpsiMbie K (). Bozbmewm jBe
Toukn A, B U3 1epecedeHuil 3TUX OMOPHBIX MPSIMBIX ¢ KOHTYpoMm Jf) MHOroyroJjibHuKa. Vmeem
w(09,0) = QL(AAOB + ZBOA) = 0.

s

Ecmu Touka O smexxut BHyTpH {2, Hapucyem npaBuibHbIN TpeyrogbHuk ABC ¢ nieatpom B O.
Bosbmem Tpu Touku A’, B', C" nepecedenns ayueit OA, OB, OC ¢ kouTypoM 0f) MHOIOyTOJILHUKA.
Onn pazbuBatoT jjoManyo 0f) Ha Tpu JoMmaHble. Mmeem

1 3 3
w(0N,0) = Q—(AA’OB’ +/B'OC" + LC'OA") = Q—AA’OB’ = Q—AAOB = +1.
™ T T
(b) IMombsysice mynkrom (a), umeem w(ABCABC,0) =2 - w(ABC,0) = £2.
(c¢) Eciin n = 0, npuMepoM siBJISIeTCsl 3aMKHYyTasl JIOMaHasl, COCTOsAIIAs U3 OJHON TouKu. Kcin
n # 0, nyctb ABC — npaBu/ibHbBII TPEYTOJIbLHUK, OPUECHTUPOBAHHBIN 110 YACOBOW CTPEJIKE MIPU N <
0 u nporus "acoBoii crpesku unade. [lycrs O — ero nentp. PaccMorpuM 3aMKHYTYIO JIOMAHHYIO
L=ABC ... ABC. lloap3ysick nynkrom (a), mmeem w(L, O) = |n| - w(ABC,O) = n.
—_—
n| pas
(d) TpuBHAIBbHBIM IIPIMEPOM SIBJISIETCST 3aMKHYTast IOMaHasl, COCTOsIIas U3 OHOi Touku. JIpy-
roit mpumep: 3aMKHyTas jJoMaHas ABC B nis mo6bix Tpex Touek A, B u C' Ha ILIOCKOCTH.

2.1. (b,c) pucynok 8.1.

®@°

Puc. 8.1. Packpacka JIono/THEHUI 3aMKHYTBIX JIOMAHbIX C PUCYHKa 2.1 B COOTBET-
CTBUM C IHCJIOM 0DOPOTOB

1.3. Beuay cummerpuanoctu, umeeMm w' (Aj ... Agr1, 0) = W' (Agsq - .. Aok Ay, O). Torma
w(A1 c. Agk, O) = w’(A1 R Ak+1, O) + w’(AkH ce AQkAl, O) =
ZA10AL 1

2
JIJIST HEKOTOPOT'O IEJIOr0 N. 3/1eCh MIPEIIOC/IeIHee PABEHCTBO CJIeIyeT U3 yTBepxKaeHus 1.4.a.

:2w/(A1...Ak+1,O):2< —l—n):l—i—Qn

1.4 (a) Ucnonb3yst dopMmyity U3 10Ka3aTes bCTBa yTBep:KaeHns 1.1, mveem
, —  —— - —
ezZAlOAmOAl TT OAm TT 6271'7,11) (Al'”Am’O)OAl.

Craenosarensro, ZA10A,, — 21w’ (A ... Ay, O) = 2wk 1711 HEKOTOPOTO 11eJI0T0 K.

1.5. Iodckaska. (a) Ucnomb3yiite yreepsxaenne 1.4.b u pasencrso w'(l,0) = —w'(l,0) nna
00X Touku O 1 JIoMaHoit [, He poxodameit gepes3 O.

1.6. Vkazarue. MOKHO CIUTATD, 9TO BEPIIUHBI TPEYTOJIBHUKA ITPOHYMEPOBAHbBI IIPOTUB 9aCOBOiT

crpesiku. Jlokaxkure, uro w'(ly, O) = w'(l1,0) = w'(ly,0) = 2{ st s3TOoro obozHauMM uepes
B; ... B, nocienoBarebHble BePIIHHbI JJoMaHO l. st j € [m— 1] monoxum t; := £B;0B;j1; €
(=, 7). Hokaxure, aro T :=t; + ...+ t; € (=3, %) ana moboro j € [m — 1], n w'(ly,0) =

Th1= %” + 27wk njist HeKoToporo 1esoro k. 3arem BuiBeauTe, 9To k = 0.
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3.1. Hodcxaska. Ucnonssyiire crenyomue pasencrsa: w'(fli;, O) = —w'(f|;;, O) ms moboro
pebpa ij, u w(flijr, O) = W' (flij, O) + W' (fljk, O) + W' (f|ki, O) mns moboro nuxma ijk.

3.2. Vkasanusa. (a) Ksajpar ¢ auaronansmu obpasyer orobpaskenue [ : Ky — R?; mycth Bep-
bl f(i), @ € [4] npornymeposamsl potus acosoil crpesku. Torga wy(Cj, j) = 0 qns kazxmoro
j € [4]. Cuenaem |n| nanbuesbix jsuKenuii (pucynok 3.3) pebpa 24 OTHOCHTE/NHLHO BEpIIUHbLI 1
[IEPBOT0/ BTOPOTO THIIA, €CJIN 1 [TOJIOXKUTEIbHO / OTPUIIATEIbHO cooTBeTCTBeHHO. [Tosyuentnoe oTo6-
paxkeHue fi SIBJISIETCS UCKOMBIM.

(b) Pacemorpum otobpazkenue f; u3 jokKaszareabcTBa myHKTa (a) st n = ny. Cuenaem |ng
[aJIbIIEBBIX JBUZKEeHUiT pebpa 13 0THOCUTE/IbHO BEPIIUHBI 2 IEPBOI0/BTOPOrO TUIIA, €CJIH Mg TOJIO0-
JKUTEJIbHO / OTPHUIATESIBHO cOOTBeTCTBeHHO. O603HAYNM TI0JIydeHHOe 0ToOpazkeHne depes fo. Cre-
JIaeM |ng| maableBbIX IBUzKeHHH pebpa 24 OTHOCHTEIbHO BEPIIUHBI 3 IEPBOrO/BTOPOTO THIIA, €CJIN
N3 MOJIOKUTEIBHO /OTPHUIIATEILHO COOTBeTCTBEHHO. OGO3HATMM MOy YeHHOE OTOOpayKeHHe Yepes
f3. Crmenaem |ny| nanbleBbix JBuzKeHuil pebpa 13 OTHOCHTENILHO BEPIIUHBI 4 MEPBOrO/BTOPOTO
THUIIA, €CJIU My TOJOKUTEJBHO/OTPUIIATEILHO COOTBETCTBeHHO. [losryuennoe orobpakenue fy sB-
JISIETCSI ICKOMBIM.

£

Puc. 8.2. Iouru sroxenue [ : Ky — R? Takoe, uto w(123,4) = 3

5.1. (b) Cwm. pucynok 8.2 st n = 3. Uro0bl moyunTh orobpazkeHnue Jjisd IMyHKTa (&) yoepem
obpasbl pebep, ncxomsiue u3 f(4), u 3amernm f(4) na O.

Puc. 8.3. Iasibuessble jBuxkenus (pebpa T OTHOCUTENLHO oTpe3ka f(o), st 0To6-
pazkeHusi f) IEPBOro U BTOPOrO THIIOB COOTBETCTBEHHO

5.3. Vkasanua. (a) TIpaBusibHbIA TPEyroJbHUK C €ro HEHTPOM U pebpamu, COeMHSIONUMU
IIEHTP ¢ BepImHaMu, 06pasyloT otobpazxkenue f : Ky — R?: nycrs sepmmnnt f(1), f£(2), f(3) npo-
HyMepPOBaHbI IpoTuB YacoBoii crpenku. Torma wy(C}, j) = 0 mas xkaxzgoro j € (3], u wy(Cy,4) = 1.
CrenaeM |n| maspieBbix JBIzKeHIN pebpa 23 orHOCHTebHO oTpe3ka f(14) (pucyHok 8.3, cp. ¢ pu-
CYHKOM 3.3) TI€pBOro/BTOPOro THUIIA, €CIH 1 OTPUIATETHHO / TTOJOKUTETHHO cOOTBeTCTBeHHO. [To-
Jiydennoe orobpazkenue fi SBJISIETCH NCKOMBIM.

4 .
—1Vin, = -
(b) B cremyromem absare Mbl HOCTPOUM HOYTH BiIoxKenue g » ;i (—1)n; = 1. robwr no
4 .
CTpouTh 1ouTH BiaoKenue [ A Y, (—1)n; = —1, BosbMeM 1OYTH BIOXKeHHE g JUIA 1My =
4 ,
No, Mo = Ny, M3 = —Ng, My = —Ny, TIE ijl(—l)ij = 1. Torma f = goo, e o: Ky — K4
IIepecTaHOBKa, KOTOpas MeHSeT MecTaMU BEPIUHBI 1 1 2.



VlHBapmaHTBl IOYTH BJIOXKEHUH rpadoB B INIOCKOCTH 15

Pacemorpum otobpazkenue fi u3 JoKazaTeabcTBa MyHKTa (a) 171 n = ny. ChaemaeM |ng| nasbiie-
BBIX JIBUKeHHUIT pebpa 13 orHOCHTEbHO OTpe3Ka f1(24) mepBoro/BToporo THIIA, €CJIH Ny MOJIOKU-
TEJILHO /OTPUIATETHHO COOTBETCTBeHHO. O603HATNM TTOJTy YeHHOe oToOpazkeHue depes fo. Cremaem
|ns| manbIeBbix nBHKeHuit pebpa 12 orHOCHTENBHO OTpe3Ka fo(34) mepBoro/BTOPOro THIA, eCiin
N3 OTPHUIATENBHO /TIOJIOKUTEBHO cOOTBeTCTBeHHO. OGO3HAYMM MOy YeHHOe OTOOpayKeHHe Yepes
f3. Hlomydennoe orobparkenue f3 ABIACTCA NCKOMBIM.

1

Puc. 8.4. Tlouru Biaoxenue f : K; — R? Takoe, 1ro Z?Zl(—l)jwf(Cj,j) =3

5.4. Vkasanue. (a) Cm. pucyHOK 8.4.

5.6. (a) Her. IlpaBuibnernit maruyroasauk f(1)... f(5) co Bcemu quaronassivmm, HO 6e3 pebpa
f(4)f(5) obpasyer orobpazkenue f : K5 — 45 — R? Takoe, uro w;(123,4) — w;(123,5) = 0.
(b) Cm. pucynok 8.5 st n = 3.

N7

Puc. 8.5. Ilouru Bioxkenne rpada Ki 6e3 pebpa 45 takoe, 1to w(123,5) = 3

6.2. (a) Umeem

LA A A LAAA LA AA
(11,12,13)é2(# k1+$+k2+$+k3)z
2 21 21
LAA A + LA3AA + LA A3 A,

= 2(ky + ko + k3) + 2

=2ky + ko + Kk 1
o (k1 + ko + k3) +

JJTsT HEKOTOPBIX TEJBIX k1, ko, k3. 31meck pasenctso (1) cregyer us (*) u yrBepikaenus 1.4.a.

(b) Pacemorpum orpesku Uy, Iy, I3 ¢ obrmeit Bepumunoit O, jexareit BHyTpu Tpeyroiabauka A As As,
Kak n300pazkeno Ha pucytke 6.1. Ciesaem |n| maabieBbix Jsrzkenuit (pucyHok 3.3) pebpa l; or-
HOCHUTEJIHHO BepIINHbI A3 epBOro,/BToporo Tuima Jjisi OTPUIATETLHOTO / TOJI0KUTEIBHOTO 1 COOT-

BeTcTBeHHO. Torma
LAALA LA3A A LA A3 A
wu(ll,lg,l3)22( il Y S 4 13 2+n>:1+2n
27 27 2w

Hanpumep, ny1a neBoit gactu pucynka 8.6 nmeem

LA ALA — LA3AA — LAASA
#7 w'(I3ly, Ay) = &7 w'(Iily, Ag) = el )

27 27 27 ’

W' (Tly, Ay) =
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tak ato wu(ly,lo,l3) =2-24+ 1 =5.
A,

A,
A, A,

Puc. 8.6. Tpoiika JioMaHbIX, TPHOIMIECKOE/ INKINIECKOE (CJieBa/ClipaBa) Iuc/Io
By koropoii paBuo 5

(¢) Hodckaska. D10 MOKHO JTOKA3aTh MHYKIIHEH 0 KOJIUIECTBY OTPe3KOB B [ U ly U 3.

6.3. (a) Vmeem

wu(ly, I, Is) 2 2 (W' (I, Ar) + ' (I, Ag) + ' (Iy, A)) 2

LAy AL A ZA3ALA LA A3 A
:2(_3_L3+kr+_;L1;+kT+_¢_iﬁ+kQ::
2w 2w 2w
LA A As + L A3 A Ay + LA A5 A
= 2(ky + ko + k) + 27215 Z; L P2 ok + kg + ks) 4+ 1

JJTsT HEKOTOPBIX TEJBIX k1, ko, k3. 3meck pasenctso (1) caeayer uz (**) u yrBep:xaenus 1.4.a.

(b) Pacemorpum tpeyrombauk Aj A Az co croponamu I, l3, [, cm. pucyrok 6.1. Cremaem |n
HAJIbIEBbIX JBIKeHUi (pucyHok 3.3) pebpa ly OTHOCUTEIHHO BepIuHbl A; IIepBOro/BToporo tura
JJIsl OTPHUIIATEILHOTO / TOJIOXKUTETHHOIO 1 COOTBETCTBEHHO. Toria

LA ALA LA A A LA{ASA
213+n—|— 321+ 14342
27 27 27

Wu(ll,lg,lg) =2 ( ) =2n+ 1.

Hanpumep, g npaBoit qactu pucyHnka 8.6 nmeem

LA A A,

LA3A A
2T ’

LA A3 A,
21 ’

U/(lg, Al) 27]'

—|—2, w/(lg,Ag) = w,(ll,Ag) =

tak 910 wu(ly,le,l3) =2-2+1=5.
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INVARIANTS OF ALMOST EMBEDDINGS OF GRAPHS IN THE PLANE:
RESULTS AND PROBLEMS

E. ALKIN, E. BORDACHEVA, A. MIROSHNIKOV, O. NIKITENKO, A. SKOPENKOV

ABSTRACT. A graph drawing in the plane is called an almost embedding if images of any two non-
adjacent simplices (i.e. vertices or edges) are disjoint. We introduce integer invariants of almost
embeddings: winding number, cyclic and triodic Wu numbers. We construct almost embeddings
realizing some values of these invariants. We prove some relations between the invariants. We
study values realizable as invariants of some almost embedding, but not of any embedding.

This paper is expository and is accessible to mathematicians not specialized in the area (and to
students). However elementary, this paper is motivated by frontline of research.
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A classical subject is study of planar graph drawings without self-intersections (i.e. embeddings
or plane graphs). It is also interesting to study graph drawings having ‘moderate’ self-intersections,
e.g. almost embeddings (see definition near Figures 4.1 and 4.2).

For relation to modern research see remark at the end of §5, papers [Sk18, KS20, IKN-+, Ga23,
Bo] and the references therein. We do not know proofs of Conjectures 5.4.b, 5.7.b, 6.4.b, 6.5.b,
7.1.b, or solution of Problem 5.8.

In this text we expose a theory as a sequence of problems, see e.g. [HC19], [Sk21m, Introduction,
Learning by doing problems| and the references therein. Most problems are useful theoretical facts.
So this text could in principle be read even without solving problems or looking to §8. Problems
are numbered, the words ‘problem’ are omitted. If a mathematical statement is formulated as a
problem, then the objective is to prove this statement. Open-ended questions are called riddles;
here one must come up with a clear wording, and a proof. If a problem is named ‘theorem
(‘lemma’, ‘corollary’, etc.), then this statement is considered to be more important. Usually we
formulate beautiful or important statement before giving a sequence of results (lemmas, assertions,
etc.) which constitute its proof. We give hints on that after the statements but we do not want to
deprive you of the pleasure of finding the right moment when you finally are ready to prove the
statement. Important definitions are highlighted in bold for easy navigation.
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1. WINDING NUMBER: DEFINITION AND DISCUSSION

In the plane let O, A, B, Ay, ..., A,, be points.
Assume that A # O and B # O (but possibly A = B). Recall that the oriented (a.k.a.

directed) angle ZAOB is the number ¢ € (—m, 7] such that the vector @ is codirected to the
vector obtained from O A by the rotation through ¢. (If you are familiar with complex numbers, you

can regard vectors in the plane as complex numbers, and rewrite this condition as O@ 7 e®OA)
A polygonal line A; ... A, is the (ordered) set ( A;As, AsAs, ..., An_1A4,, ) of segments. A
closed polygonal line A; ... A, is the set ( AjAy, AyAs, ..., Ap_1An,, AnAp) of segments.!
Let A;...A,, be a closed polygonal line not passing through O. The winding number
w(A;y...An,O) of Ay... A, around O is the number of revolutions during the rotation of vec-
tor whose origin is O, and whose endpoint goes along the polygonal line in positive direction.
Rigorously,

21 - w(A1 e Am, O) = ZAlOAQ + AAQOAZ} + ...+ ZAm_lOAm + éAmOAl

is the sum of the oriented angles.

FIGURE 1.1. w(ABC,0) = +1 and w(ABCD,0) =0

E.g. in Figure 1.1

w(ABC,0) = 2i
m

(LAOB + £ZBOC + ZCOA) = 41 and

™

1 1
w(ABCD,0) = o~ (LAOB + LBOC + COD + £DOA) = - (£BOD + ZDOB) =0,
T

1.1. The winding number w is an integer.

FIGURE 1.2. The winding numbers equal 0, +1, —1, +2

IThe set of segments is not the same as the union of segments. Thus, strictly speaking, the polygonal line
(defined here) is not a subset of the plane. So ‘oriented’ or ‘non-oriented’ is not formally applicable to polygonal
lines. Still, we sometimes work with the set of segments as with their union, e.g. we write ‘a polygonal line not
passing through a point’. The notion of polygonal line defined here is close to what is sometimes understood as
‘oriented polygonal line’.
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1.2. (a) The winding number of (the outline of) any convex polygon around any point in its
exterior (respectively interior) is 0 (respectively £1). See Figure 1.2.

(b) Let ABC' be a regular triangle and O its center. Find w(ABCABC,O).

(c) For any integer n and any point O in the plane there is a closed polygonal line whose winding
number around O is n.

(d) Give an example of a closed polygonal line L in the plane such that w(L,O) = 0 for any
point O € R? — L.

The analogue of Assertion 1.2.a is correct for any closed polygonal line without self-intersections.
(Depending on the exposition, this is either a corollary of the Jordan Curve Theorem, or a lemma
in its proof.) The result of Problem 1.2.b shows that winding numbers for distinct polygonal lines
with the same union of their segments can be distinct.

FIGURE 1.3. A closed polygonal line symmetric w.r.t. a point; the winding number
equals 3

Theorem 1.3 (Borsuk-Ulam). Suppose that a closed polygonal line A;...As does not pass
through a point O, and is symmetric w.r.t. O (i.e. O is the midpoint of the segment A;Ajy;
for every j =1,... k). Then the winding number is odd.

The following notion and results would be helpful.
Let A;... A, be a polygonal line not passing through a point O. Define the real number
w'(Ay ... A, O) by

2 - U}/<A1 e Am; O) = ZAlOAQ + 41420143 + ...+ ZAmflOAm

Clearly,

o 2rw(Ay ... Ay, O) = 21w (A ... Ay, O) + LA, O Ay,

e if points As,..., A, lie in the interior of the angle ZA;0A4,,, then w'(A;...A,,O) =
ZA0A,,.

1.4. (a) We have ZA,10A,, = 27w’ (4; ... A, O) + 27k for some integer k.
(b) We have w(A;...A,,,0) =w'(A;...4;,0)+w'(A;... A,A;,0) for every j=1,...,m.

Denote by [ the polygonal line obtained from a polygonal line [ by passing in the reverse
direction.

1.5. In the plane let O, A, B be three pairwise distinct points.
(a) Let 1y, ls, I3 polygonal lines joining A to B, and not passing through O. Then

w(hly, O) +w (ZQE, O) = w(lls, 0).

(b) For any three integers nj, ng, n3 such that n; + ny = ng there are three polygonal lines
l1,15,13 joining A to B, not passing through O, and such that

w(lily, O) = ny, w (ZQE, O) =ny and w(lls, O) = ns.
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In Assertion 2.1.a, Problems 1.5.b, 2.1.bc, and other ezamples in this text (as opposed to
assertions distinct from 2.1.a) you may give an heuristic rather than rigorous proof, unless you or
your advisor realize that this leads to a confusion.

1.6. Let A1 A3 A3 be a regular triangle, and O its center. For m = 1,2,3 let [,, be a polygonal
line disjoint with the ray OA,,, and joining A,,+1 to A, 12, where the numbering is modulo 3.
Then w(lylsl3, O) = £1.

2. WINDING NUMBER AND INTERSECTIONS

This section is only used in sketches of proofs of Theorems 5.2 and 5.5.a in §5.

2.1. (a) In the plane points P, P; are joined by a polygonal line disjoint from a closed polygonal
line L. Then w(L, Py) = w(L, P).
Hint: use considerations of continuity.

o B8 W

FIGURE 2.1. Some closed polygonal lines

(b) Take closed polygonal lines L in the plane shown in Figure 2.1 (with some orientations; any
of the polygonal lines does not go twice through any segment, and does not significantly change
its direction at any point). Color the complement R? — L by parity of the winding number of L.

(c) For closed polygonal lines L from (b) color the complement R? — L by the winding number
of L.

2.2. Take a closed and a non-closed polygonal lines L and P in the plane, all whose vertices
are pairwise distinct and are in general position. Let Py and P; be the starting point and the
endpoint of P. Assume that Py, P; ¢ L.

(a) Then |[L N P| = w(P, L) — w(Py, L) mod 2. (This is a discrete version of the Stokes
theorem.)

Hint. It suffices to prove this fact for a sufficiently small segment P’ such that P’ C P.

(b) If P, is far away from L, then w(P,, L) = |L N P| mod 2, and w(Fy, L) equals to the sum
of signs of intersection points of P and L (defined in [Sk18, §1.3]).

Let L be a closed polygonal line in the plane, all whose vertices are pairwise distinct and are
in general position. By Assertion 2.2.a the complement to L has a ‘chess-board’ coloring, i.e. a
coloring such that the adjacent domains have different colors. The modulo two interior of L is
the union of black domains for a chess-board coloring (provided the infinite domain is white). In
other words, this is the set of all points # € R* — L for which there is a polygonal line P

e joining z to a point ‘far away’ from L (i.e. outside the convex hill of L),

e intersecting L at an odd number of points, and

e such that all the vertices of L and P are pairwise distinct, and are in general position.

This is well-defined by [Sk18, Parity Lemma 1.3.3].

3. WINDING NUMBERS OF GRAPH DRAWINGS

Remark (some rigorous definitions). You can work with the notions defined here at an intuitive
level, before you or your advisor realize that this leads to a confusion.

A (finite) graph (V| E) is a finite set V together with a collection £ C (‘2/) of two-element
subsets of V' (i.e., of non-ordered pairs of distinct elements). (The common term for this notion is

a graph without loops and multiple edges or a simple graph.) The elements of this finite set V' are
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called wvertices. The pairs of vertices from E are called edges. The edge joining vertices ¢ and j is
denoted by ij (not by (i, 7) to avoid confusion with ordered pairs). A cycle in a graph is denoted
by listing its vertices in their order (without commas).

Informally speaking, a graph is planar if it can be drawn ‘without self-intersections’ in the plane.
Rigorously, a graph (V, E) is called planar (or piecewise-linearly embeddable into the plane) if in
the plane there exist

e a set of |V| points corresponding to the vertices, and

e a set of non-self-intersecting polygonal lines joining pairs (of points) from F

such that none of the polygonal lines intersects the interior of any other polygonal line.?

Denote by

e [n] the set {1,2,...,n};

e [, the complete graph with the vertex set [n];

e K,,, the complete bipartite graph with parts [m] and [n]" (we denote by A’ a copy of A).

Ks Ks 3

FIGURE 3.1. Non-planar graphs K5 and K33

We consider graph drawings in the plane such that the edges are drawn as polygonal lines, and
intersections are allowed. Let us give rigorous definitions. Let K be a graph with V vertices. A
(piecewise-linear) map f : K — R? of K to the plane is

e a collection of V' points in the plane corresponding to the vertices, and

e a collection of (non-closed) polygonal lines in the plane joining those pairs of points from the
collection which correspond to pairs of adjacent vertices.?

The restriction f|, to an edge o is the corresponding polygonal line. The image f(o) of edge
o is the union of edges of f|,. The image of a collection of edges is the union of images of all the

edges from the collection.
A
C

f | fle

_

N

2 3 f3) f(4) C

FIGURE 3.2. A map f: K; — R? (left) and its restriction f|c (right)

Let C = vy...v, be a directed (i.e. oriented) cycle in K. E.g. for j = 1,2,3,4 denote by
C; the directed cycle in K, obtained by deleting j from 1234. Let f : K — R? be a map.
The restriction f|c : C — R? of f is the closed polygonal line ‘formed’ by the polygonal lines

Florwgs - s flop_1vms [lone, in this order.

2Then any two of the polygonal lines either are disjoint or intersect by a common end vertex. We do not require
that ‘no isolated vertex lies on any of the polygonal lines’ because this property can always be achieved.

3This is a slight abuse of terminology. A polygonal line has a starting point and an endpoint, so this is a
definition of a map of an oriented graph. Two maps from oriented graphs are equivalent if one of them is obtained
from the other by change of orientations of some edges, and one of the corresponding collections of polygonal lines
is obtained from the other by passing the corresponding polygonal lines in the reverse order. Rigorously speaking,
a map of a graph is an equivalence class under such an equivalence relation.
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3.1. For any map f : K4 — R? and point O € R? — f(K,) we have Z?Zl(—l)jw(ﬂcj,O) =0:
—w(fl234, O) + w(fl134, 0) — w(f 124, O) + w(f|123,0) = 0.
For a vertex v in K such that f(v) € f(C) denote
wy(C,0) == w(fle, f(v)).
3.2. (a) For any integer n there is a map f: K4 — R? such that
f(1) & f(Ch), wg(Cy,1)=n, and f(j)¢& f(C;), we(C;,5) =0 forevery j=2,34.

(b) For any integers ny,ng,n3,ny there is a map f : Ky — R? such that f(j) € f(C;) and
w(Cj, j) = n; for every j =1,2,3,4.

—_— or

FIGURE 3.3. Finger moves (for a map f, of an edge 7, w.r.t. the vertex a) of the
first and the second types respectively

Hint. Transformation of a map shown in Figure 3.3 is useful to construct examples.
For more on winding number and related notions see [Wn, Va81, To84, Ta88|, [KK18, Theorem
2|, [Sk18, §2].

4. ALMOST EMBEDDINGS: DEFINITION AND DISCUSSION

Theorem 4.1 (Hanani-Tutte; van Kampen). For any map K5 — R? there are two non-adjacent
edges whose images intersect.

This follows by Assertion 2.1.a and Theorem 5.5.a below. (The standard proof [Sk18, §1.4] does
not use the winding number.) The analogue for K33 holds by Assertions 2.1.a and 5.7.a below.

FIGURE 4.1. An embedding, an almost embedding, and a map (drawing) which is
not an almost embedding

A map f: K — R? of a graph K is called an almost embedding if f(a) N f(8) = @ for any
two non-adjacent simplices (i.e. vertices or edges) a, 8 C K. In other words, if

(i) the images of non-adjacent edges are disjoint,

(ii) the image of a vertex is not contained in the image of any edge non-adjacent to this vertex,

(iii) the images of distinct vertices are distinct.

Remark. (a) This text primarily concerns not the problem of existence of an almost embedding,

(which can be achieved by a small enough perturbation of a map, keeping the property (i)). If a
graph admits an almost embedding to the plane, then the graph is planar (a proof is non-trivial).
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FIGURE 4.2. An embedding and an almost embedding of K5 without an edge

(b) Almost embeddings naturally appear in topological graph theory, in combinatorial geometry,
in topological combinatorics, and in studies of embeddings (of graphs in surfaces, and of hyper-
graphs in higher-dimensional Euclidean space). See more motivations in [ST17, §1, ‘Motivation
and background’], [Sk, §6.10 ‘Almost embeddings, Z,- and Z-embeddings’|.

5. MAIN RESULTS: WINDING NUMBERS OF ALMOST EMBEDDINGS

5.1. (a) For any integer n and point O in the plane there is an almost embedding f : K3 — R?*—0O
such that w(f|i23,0) = n.
(b) For any integer n there is an almost embedding f : Ky — R? such that w;(123,4) = n.

For any embedding f : K3 U {4} — R? we have w;(123,4) € {—1,0, 1} (this result is close to
Jordan Curve Theorem).
Recall that

4
> wp(Cy,5) = wp(234,1) + wp(134,2) + wy(124, 3) + wy (123, 4).
j=1

Theorem 5.2. For any almost embedding f : K; — R? we have ijzl we(Cj,7) =1 mod 2.

The analogue of Theorem 5.2 for embeddings instead of almost embeddings is simple (and is
close to Jordan Curve Theorem). Moreover, for any embedding f : K; — R? three of the four
numbers from Theorem 5.2 are zeroes, and the remaining one is £1. The analogue of Theorem
5.2 for maps instead of almost embeddings is incorrect by Assertion 3.2. Unlike Assertion 3.1,
Theorem 5.2 does not come from the ‘relation 123 + 134 + 142 + 243 = 0 in the graph’.

A general position map f: K,, — R? is defined in [Sk18, §1.4].

Sketch of a proof of Theorem 5.2. For a general position map f : K, — R? let the Radon number
p(f) € Zy be the the parity of the sum of

e the number of intersections points of the images of non-adjacent edges, and

e the number of vertices j whose images belong to the interior modulo 2 of f(C}).

By Assertion 2.2.a, for every general position almost embedding f : Ky — R? the parity of
ijzl we(Cy, ) equals p(f). Theorem 5.2 is deduced using approximation from this result and
the following celebrated topological Radon theorem for the plane [Sk18, Lemma 2.2.3|: for any
general position map [ : Ky — R? the Radon number p(f) is odd. U

Example 5.3. (a) For any integer n there is an almost embedding f : K, — R? such that
we(Cy,1) =n, we(Cy,7) =0 for every j = 2,3, and wy(Cy,4) =n+ 1.

(b) For any integers ny,ns, ng,ng such that E?Zl(—l)jnj = +1, there is an almost embedding
[ Ky — R? such that w(Cj, j) = nj for every j =1,2,3,4.
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Example 5.4. (a) (E. Morozov) There is an almost embedding f : Ky, — R? such that
i1 (1w (G, 5) # £1.

(b) (conjecture; see [ALM]) For any integers ni, ng,n3, ny whose sum is odd there is an almost
embedding [ : Ky — R? such that wy(Cjy, j) = n; for every j =1,2,3,4.

Recall that K — e is the graph obtained from a graph K by deleting an edge e.

Theorem 5.5. For any almost embedding f : K5 — 45 — R? we have
(a) wy(123,4) — ws(123,5) =1 mod 2;
(b)* wp(123,4) — wy(123,5) = £1.

Cf. Theorem 5.2 and Conjecture 5.4.b. The analogue of (b) for embeddings instead of almost
embeddings is simple (and is close to Jordan Curve Theorem). Part (a) is not hard and is well-
known, while part (b) is a recent non-trivial result of [Ga23].

5.6. (a) Is the analogue of Theorem 5.5.a correct for maps instead of almost embeddings?
(b) For any integer n there is an almost embedding f : K5 —45 — R? such that w;(123,5) = n.
(See Figure 4.2, right, for n = 2.)

Sketch of a proof of Theorem 5.5.a. For a general position map f : K5 — R? color in red the
intersections points of the images of non-adjacent edges. Let the van Kampen number v(f) € Zs
be the parity of the number of red points. By Assertion 2.2.a, for any general position map f :
K5 — R? whose restriction to K5 —45 is an almost embedding the parity of wy(123,5) —w;(123,4)
equals v(f). Theorem 5.5.a is deduced from this and the following celebrated van Kampen-Flores
theorem for the plane [Sk18, Lemma 1.4.3]: for any general position map f : K5 — R? the van
Kampen number v(f) is odd. * O

5.7. Take an edge ab of K3 3. Denote by C = C,, somehow oriented cycle K33 —a—b of length
4. For any almost embedding f : K33 — ab — R? we have
(a) we(C,a) —we(C,b) =1 mod 2; (b) (conjecture) wy(C,a) —ws(C,b) = £1.

Part (a) is proved analogously to Theorem 5.5.a. The analogue of (b) for embeddings instead
of almost embeddings is simple (and is close to Jordan Curve Theorem). Beware that a direct
proof of (b) might contains technical details (like for Theorem 5.5.b); perhaps there is a simple a
reduction to Theorem 5.5.b, see Figure 5.1.

Ks K33

FIGURE 5.1. ‘Almost embedding’ K5 — K3

5.8 (open problem; riddle). Let K be the graph of

(a) a cube; (b) an octahedron.

For an almost embedding f : K — R? consider the collection w;(C,v) of integers, where
v € K is a vertex, and C C K — v is an oriented cycle. Describe collections realizable by almost
embeddings f : K — R2.

4Theorem 5.5.b is an integer version for almost embeddings of this theorem. Observe that this theorem has no
integer version for maps (this is known and is explained in [Ga23, Remark 4]).
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Remark. (a) The integer w;(C,v) and invariants studied in §6 are (almost) isotopy invariants
of an (almost) embedding f : K — R2. They are parts of the Haefliger-Wu invariant of f [Sk06,
§5].

(b) An algebraic version of almost embedings (Zy-embeddings) appeared in 1930s and is actively
studied in graph theory since 2000s. See e.g. surveys [SS13|, [Sk, §6.10 ‘Almost embeddings, Zo-
and Z-embeddings’|, and the paper [FK19| relating Z,-embeddings to low rank matrix completion
problem. The analogues of assertions 5.2, 5.5.a, 5.7.a are correct for Z,-embeddings. We conjecture
that the analogues of assertions 5.5.b, 5.7.b are correct for Z-embeddings, but are incorrect for
Zo-embeddings.

(¢) A hypergraph is a higher-dimensional analogue of graph: together with edges joining pairs
of points one considers triangles spanned by triples of points, etc. A classical problem in topol-
ogy, combinatorics and computer science is to find criteria (and algorithms) for realizability of
hypergraphs in Euclidean space of given dimension d.

2o A e

~Ks Knu=Kssz Kmp=S? K Kvn
FIGURE 5.2. Two-dimensional hypergraphs non-embeddable in the plane

Such a criterion was obtained in 1930s-1960s by classical figures in topology. The criterion is
stated in terms of certain configuration space, yielded many specific corollaries, and works for
2d > 3k + 3, where k is the dimension of the hypergraph. A polynomial algorithm based on this
criterion was obtained in 2013. The non-existence of a polynomial algorithm for 2d < 3k + 2 was
announced in 2019 by Marek Filakovsky, Ulrich Wagner and Stephan Zhechev. A mistake was
found in 2020 by Arkadiy Skopenkov (and recognized by the authors). The mistake was that in
a higher-dimensional analogue of Theorem 5.5.b (and of Example 7.1.a) certain linking invariant
can assume values distinct from +1. In 2020 Roman Karasev and Arkadiy Skopenkov showed that
the linking invariant can assume any odd value. Their conjecture that the same holds for graphs
in the plane was refuted by Timur Garaev, see Theorem 5.5.b. For references see surveys [Sk06,
§5], [Sk18, §3|, and recent research papers [KS20, Ga23|.

6. TRIODIC AND CYCLIC WU NUMBERS

In the plane let [y, s, l3 be polygonal lines joining a point O to points Ay, Ay, A3, respectively.
Assume that A; & [; for every i # j. (In other words, recall that K3, is the graph with vertices
{1,2,3,1'}, where deg1’ = 3 and degm = 1 for each m € [3]; take an almost embedding f :
K31 — R? and denote 1, := f(1'm) for each m € [3].)

The triodic Wu number wu(ly, ls, [3) is defined to be the number of revolutions in the following
rotation o_c)tor _

e from A1 A> to A 4 as the second point of the vector moves along lsl3, then

LL

e from A;A; to A2A§ as the first point of the vector moves along {15, then
e from A,A; to A;A; as the second point of the vector moves along I5l1, then
2008 P L2 _

e from AyA; to 3A§ along l»l3, then

e from A;A; to 3Ag along 115, then

e from A3A; to Ay A along l3l;.

This equals twice the (non-integer) number of revolutions in first three rotations above. Rigor-
ously,

wu(ly, lo, l3) == w,(gls, A+ w/(Elm As) + w,(gll, As) + w/(gls, A+ w/(El% As) + w,(gll, Ay) =

2L
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A,

L.

FIGURE 6.1. A triod and a triangle

=2 (’w/(glg, Al) + U)%Elg, Ag) + w/(gll, Az)) . (*)

FIGURE 6.2. Three polygonal lines whose triodic Wu number equals 43

6.1. (a) For the three segments joining the vertices A;, Az, A3 of a regular triangle to its center
O, the triodic Wu number equals +1.
(b) For the three polygonal lines shown in Figure 6.2 the triodic Wu number equals +3.

6.2. (a) For any polygonal lines [y, I, [3 as above (i.e. for any an almost embedding f : K31 —
R?) the triodic Wu number is odd.

(b) For any integer n there are polygonal lines [y, o, [3 as above (i.e. there is an almost embedding
[ : K31 — R?) whose triodic Wu number equals 2n + 1.

(¢) For any embedding f : K31 — R? the triodic Wu number is +1.

(d) Permutation of the polygonal lines Iy, ls, 13 as above multiplies the triodic Wu number by
the sign of the permutation.

In the plane let Ay, Ay, A3 be points and [y, [5, I3 polygonal lines joining A; to As, As to Asz, As
to Ay, respectively (and thus forming a closed polygonal line). Assume that A; is not contained
in [;41 for each ¢ = 1,2,3 (the numeration is modulo 3; in other words, the polygonal lines form
an almost embedding K3 — R?). The cyclic Wu number wu(ly, I, [3) is defined to be twice the
number of revolutions in the following rotation of vector:

s
e from A;A, to A1A§, as the second point of the vector moves along ls, then
e from A; A3 to AsAs, as the first point of the vector moves along [, then

e from A5 A3 to Ay Ay, as the second point of the vector moves along [5.
In other words, wu(ly, Iy, l3) is defined by the following formula analogous to (*):

WU.(ll, l2, 13) =2 (’IU/(ZQ, Al) + U}I(ll, Ag) + wl(lg, AQ)) . (**)

6.3. (a’) If the three polygonal lines [, ls, 3 as above are sides of a triangle, then the cyclic Wu
number is +1.

(a) For any polygonal lines Iy, l5,l3 as above the cyclic Wu number is odd.

(b) For any integer n there are polygonal lines [y, l5, I3 as above whose cyclic Wu number equals
2n + 1.
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If three polygonal lines as above form a simple closed polygonal line, then the cyclic Wu number
is £1 (this is close to Jordan Curve Theorem).
The cyclic Wu number is similar to, but distinct from, the degree of a closed curve.

6.4. (a) For any almost embedding f : K; — R? we have

wu( [z, fl2s, fla1) + Walflar, flaz, flas) = 2w, (123, 4).
(b) (conjecture; see |Za|) For any two odd integers n, m there is an almost embedding f : K; —
R? such that wu(f |2, flas, fls1) = m and wu(fla1, sz, flaz) = n.

6.5. (a) For any almost embedding f : K5 — 45 — R? we have

Wu(flar, flaz, flaz) — wu(fls1, fls2s flsa) = 2(wp(123,4) — wy(123,5)).
(b) (conjecture) For any almost embedding f : K35 — R? we have

wu(fli, flie, flis) — wu(flan, flae, flos) = £2.
By (a), a simple proof of (b) would give a simple proof of Theorem 5.5.b.

7. 3-DIMENSIONAL ANALOGUES

The Linear Conway—Gordon—Sachs Theorem. If no 4 of 6 points in 3-space lie in one plane,
then there are two linked triangles with vertices at these 6 points (i.e. the first triangle intersects
the outline of the second triangle exactly at one point). For a proof see survey [Sk14].

1

ah

FIGURE 7.1. A projection on the plane of an embedding Kg — R3

Equivalent rigorous definitions of a linking number of disjoint closed polygonal lines in 3-space
can be found in [Sk20u, §8§4,8], [Sk24, §§1.2,1.3|, [Sk, §§4.2,4.3].

Example 7.1 (cf. Figure 7.1). * (a) For any integer n there are six points in 3-space, and
non-self-intersecting polygonal lines joining each pair of them, and such that

(al) the interior of one polygonal line is disjoint with any other polygonal line,

(a2) the linking number of one (unordered) pair of disjoint cycles of length 3 formed by the
polygonal lines is 2n + 1, and

(a83) the linking number of any other pair of disjoint cycles of length 3 formed by the polygonal
lines s zero.

(b) (conjecture) Take any 10 integers nias.456, N124.356, - - - corresponding to the 10 non-ordered
splittings of [6] into two 3-element subsets. If the sum of the integers is odd, then there are 6
points 1,2,3,4,5,6 in 3-space, and non-self-intersecting polygonal lines joining each pair them,
for which (al) holds, and the linking number of every pair {ijk,pqr} of disjoint cycles of length 3
formed by the polygonal lines equals 1k pqr-

Part (a) is proved in [KS20, Proposition 1.2| but could have been known before. Part (b) could
perhaps be proved using [KS20, Lemma 2.1|. For higher-dimensional analogues see survey [Sk14]
and [KS20, §1]. In those results the linking number can assume any odd value, like Conjecture
5.4.b, but unlike Conjecture 5.7.b and Theorem 5.5.b.
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8. ANSWERS, HINTS AND SOLUTIONS

1.1. For j=1,...,mlet t; := LA;OA;,,, where A,,;1 = A;. Then
OA, 1 ¢mOA,, 1 glimttn)OA 17 ... ] elbmttmatth) "

Hence (t;, + ty_1 + -+ t1)/27 is an integer.

1.2. (a) Let Q be a convex polygon.

If O is in the exterior of 2, draw two supporting lines from O to ). Take two points A, B from
intersections of the lines and 9. Then w(92, 0) = 5-(LAOB + ZBOA) = 0.

If O is in the interior of 2, draw a regular triangle ABC' centered at O. Take three intersection
points A’, B’, C' of the rays OA, OB, OC with 0. They split 02 in three polygonal lines. We
have

1
w(09,0) = Q—(AA/OB’ +/B'OC" + LC'0A") = ;AA'OB’ = ;ZAOB = +1.
T T T
(b) By (a), we have w(ABCABC,0) =2 - w(ABC,0) = +2.
(c) If n = 0, example is a single-point closed polygonal line. If n # 0, let ABC' be a regular
triangle oriented clockwise if n < 0, and counterclockwise in the opposite case. Let O be its

center. Consider the closed polygonal line L = ABC'... ABC. By a refinement of (a), we have
%,—/
[n| times
w(L,0) = |n|-w(ABC,0) = n.
(d) A trivial example is a single-point closed polygonal line. Another example: a closed polyg-
onal line ABCB for any three points A, B and C' in the plane.

1.3. By the symmetry, w'(A; ... Agi1,0) = W' (Agyq - .. Aok A1, O). Then
’lU(Al Ce AQk, O) = U}I<A1 ce AkJrl, O) + w/(Ak+1 Ce A2kA17 O) =
LA1OAL

2
for some integer n. Here the last but one equality follows from Assertion 1.4.a.

:2w,(A1...Ak;+1,0):2( +n):1+2n

1.4. (a) Using the formula from the proof of Assertion 1.1, we have

euAloAmO—A; 0 OTm) " 62mw/(A1...Am,0)O_A;

Hence ZA10A,, — 2mw' (A ... Ay, O) = 2wk for some integer k.
1.5. Hint. (a) Use Assertion 1.4.b and the following equality: w'(l,0) = —w'(I,O) for every
point O and every polygonal line [ not passing through O.

1.6. Hint. We can assume that the vertices of the triangle are numbered counter-clockwise.
Prove that w'(ly,0) = w'(l;,0) = w'(l,0) = & . For that denote by By ...B,, the sequence of
vertices of ly. For j € [m — 1] let t; := £ZB;OB;;; € (—m, 7). Prove that for every j € [m — 1] we
have Tj ==t + ...+ t; € (=&, ), and w'(ly, O) = T,—1 = % + 27k for some integer k. Then
deduce that £ = 0.

@>°@°

FIGURE 8.1. Coloring of the complement of the closed polygonal lines from Fig-
ure 2.1 by the winding number

2.1. (b,c) Figure 8.1.

3.1. Hint. Use the following equalities: w'(fl;;,O) = —w'(f|;;,O) for every edge ij, and
w(flijk, O) = w'(flij, O) + W' (f|jk, O) + w'(f|ri, O) for every cycle ijk.
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3.2. Hints. (a) A square with the diagonals forms a map f : Ky — R?; assume the vertices
f(i), i € [4] are numbered counterclockwise. Then w;(Cj,j) = 0 for every j € [4]. Make
|n| finger moves (Figure 3.3) of the edge 24 w.r.t. the vertex 1 of the first/second type if n is
positive /negative respectively. The obtained map f; is as required.

(b) Consider the map f; from the proof of (a) for n = n;. Make |ny| finger moves of the edge
13 w.r.t. the vertex 2 of the first/second type if ny is positive/negative respectively. Denote the
obtained map by fo. Make |ns| finger moves of the edge 24 w.r.t. the vertex 3 of the first/second
type if n3 is positive /negative respectively. Denote the obtained map by f3. Make |ng4| finger moves
of the edge 13 w.r.t. the vertex 4 of the first/second type if ny is positive/negative respectively.
The obtained map f; is as required.

£

FIGURE 8.2. An almost embedding f : K; — R? such that w;(123,4) =3

5.1. (b) See Figure 8.2 for n = 3. To obtain a map for (a) remove the images of edges issuing
out of f(4), and replace f(4) by O.

FIGURE 8.3. Finger moves (for a map f, of an edge 7, w.r.t. the segment f(o)) of
the first and the second types respectively

5.3. Hints. (a) A regular triangle with its center and edges connecting the center to the vertices
form a map f : K; — R?; assume f(1), f(2), f(3) are the vertices numbered counterclockwise.
Then w¢(C}, j) = 0 for every j € [3], and w(Cy,4) = 1. Make |n| finger moves of the edge 23 w.r.t.
the segment f(14) (Figure 8.3, cf. Figure 3.3) of the first/second type if n is negative/positive
respectively. The obtained map f; is as required.

(b) In the next paragraph we construct an almost embedding for E?Zl(—l)j n; = 1. To construct
an almost embedding f for Z?Zl(—l)jnj = —1 take an almost embedding ¢ for m; = ny, my =
ny, M3 = —ng, My = —ny, where Z?:1<_1)jmj = 1. Then f = goo, where 0 : K, — K, is a
permutation that interchanges the vertices 1 and 2.

Consider the map f; from the proof of (a) for n = n;. Make |ny| finger moves of the edge 13
w.r.t. the segment fi(24) of the first/second type if ny is positive/negative respectively. Denote
the obtained map by f>. Make |ns| finger moves of the edge 12 w.r.t. the segment f5(34) of the
first /second type if ng is negative/positive respectively. Denote the obtained map by f3. The
obtained map f3 is as required.

5.4. Hint. (a) See Figure 8.4.
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1

FIGURE 8.4. An almost embedding f : K4 — R? such that Z (=1 ws(Cy,5) =3

5.6. (a) No. A regular pentagon f(1)...f(5) with all the diagonals, but without the edge
f(4)f(5) forms a map f : K5 — 45 — R? such that w;(123,4) — w;(123,5) = 0.
(b) See Figure 8.5 for n = 3.

N

FIGURE 8.5. An almost embedding of K5 without an edge 45 such that w(123,5) =3

6.2. (a) We have

LA A A LA Ay A LA AsA
(ll,l2,lg)32<$+k1+$+k2+$+k3):
2T 2T 2T
LAGA Ag + L AsAgAy + LA As A
= 2(ky + kg + k) + 272 P 2 = 9k + kg s) 1

for some integers ki, ko, k3. Here equality (1) follows by (*) and Assertion 1.4.a.

(b) Consider segments [y, 2,13 having a common point O in the interior of triangle A;AsA;
such as Figure 6.1. Make |n| finger moves (Figure 3.3) of the edge I; w.r.t. the vertex Az of the
first /second type for negative/positive n respectively. Then

LAA1As LA3A AT LAASA
wu(ly, lo, l3) = 2 s e T ) =1+ 2n.
2 27 27
For example, in Figure 8.6, left,
— ZAALA — /A3AA — ZA1A3A
w/<l2l37A1) = $7 w/(l3lluA2> = #7 w/<lll27A3) = ﬂ + 27
2m 27 2

so wu(ly,la,l3) =2-2+1=5.
(c) Hint. This is proved by induction on the number of segments in [; U ly U 3.
6.3. (a) We have

LA AL A LA3AA LA AA
(117127l3>_2<$ kl—i_#—i_l{;?—i_ﬂ‘i‘k‘g)
LA A Ay + ZLA3 A A+ LA Ay Ay

2
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A A

FIGURE 8.6. Three polygonal lines whose triodic/cyclic (left/right) Wu number
equals 5

for some integers ky, ks, k3. Here equality (1) follows by (**) and Assertion 1.4.a.

(b) Consider triangle A;A;As with sides s, I3, 11, see Figure 6.1. Make |n| finger moves (Fig-
ure 3.3) of the edge Iy w.r.t. the vertex A; of the first/second type for negative/positive n
respectively. Then

LAAA LA3AA LA1AA
Wu<ll,l2,l3>:2($+n+ 52 1+ S 2>:2n+1
2w 2w 2w

For example, in Figure 8.6, right,

w'(ly, Ar) = # +2, w'(ls, Az) = #, w'(ly, As) = #’
so wu(ly,la,l3) =2-24+1=05.
13 12
/\ sz
13 43 42/134x 2\ o)
43 x 2

FIGURE 8.7. Left: a magic cuboctahedron. Right: the magic: the figure does not
show the invisible part whose projection is obtained from the pictured projection
by rotation through 7 /3; the lower 13 should be 23; 4 x 123 is the central triangle,
123 x 4 is the invisible central triangle, 24 x 13 is the bottom left trapezoid, 13 x 24 is
the upper right invisible trapezoid, off(123) = 12,13, 23, 21, 31, 32 is the outer cycle
of length 6, triod(123,4) = 12,14,13,43,23,24,..., where dots denote the part
symmetric to the written part (obtained replacing zy by yz) (each of the cycles
off(123) and triod(123,4) splits the cuboctahedron into two equal parts)

6.4. Hint:  see Figure 8.7 and [ADN+, 8§82, 85]; off(123) + triod(123,4) =
123 x 4+ 4 x 123+ 9(13 x 24) + (24 x 13) + (12 x 34) + (34 x 12) + 9(14 x 23) + O(23 x 14).
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Hncranimmonnsie rpadbl 1 TeopeMa Typana

Amnjipeit Paiiropojcknit, Makcum dunun, Cesarocias JIxxenzxep,
Bagnm Pernnckuit, Anekceit Cysopos, Astekcanap Tosmades

BBenenue

B 2010 rosy Ha MOCKOBCKO# MaTeMaTHIeCcKOi OTMMITHAIE TIOCIe THElT (caMoil CJI0XKHOIT) 3a1a1ei
B BapuanTe 10 kimacca A.M. Paiiropoackum OblLiia IpetoXKeHa Takasl 3aa4a.;

Ha naockocmu ommemuau 4o mouek, nocae 4ezo coeduHUAU 0OMPE3KAMU BCE NAPDL MOYUEK,
paccmosnue mexncdy kKomopovimu pasro 1 cm. Okadanocv, wmo cpedu a1000ix o + 1 mouex 0b6a-
3ameavHo ecmb dee, coedurennvie ompeskom. Jloxascume, umo 6cezo nposederno ne menee T
ompe3xKos.

Ha Toit omumiinaie 3Ty 3a/1a9y pemnimi BCero oJinH 4ejioBeK n3 616 y9acTHUKOB, 9TO TIPUBO-
JINT HAC K MBICJIU, 9TO PEIIUTh €€ BeChMa HEIPOCTO, HECMOTPsT Ha KOPOTKYIO U SICHYIO (hOpMY-
smpoBky! HacTo Ha omuMIIMagax IMpearaTcs «UrPyHIedHbles 3a1add, He MMeOIIe IPUJIo-
JKeHnit 1 OOJIBIION Teopuu, KOTopas CTOUT 3a uX perreHusMu. OJHAKO, 9Ta 3ajada CBsI3aHa C
OYeHb KPACHBBIM pa3IejIoM MaTeMaTUKH — KOMOMHATOPHOI TreoMeTpueii.

Ha ommMmimajie pa3MbIIIeHnst HaJ 3a1a9eil 3aKaHIUBAaIOTCS IIOCTIE TOr0, KaK YIAJI0Ch HATH
(nm y3HATH [OCJIE OJIMMITHAJIbI) BEPHOE DellleHre, HO B HAyIHOM JIeATeIbHOCTH PeIleHne O[HOM
3aJ1a9M ABJISIETCA MEPBBIM IIaroM B IIOCTAHOBKe HOBBIX 3ajad. JlaBaiiTe mompobyem cuenaThb
CJIEJIYIOIIHE MIArd W IPUIyMaTh HOBbIE (MOXKHO MPHJyMaTh €Ié!) BOPOCHL:

e B ycioBun 3a/1a1u CKa3aHO, 9TO TOYKH PACIIOJIOXKEHBI HA IJIOCKOCTUH. A 9TO M3MEHHUTCS,
eCJT OTKa3aThCs OT ITOIO YCJIOBUSI U PACCMOTPETh MPOU3BOJIbHBI rpad? Kakoe Munu-
MaJIbHOE KOJIMYIECTBO pebep MOKeT OBITh B TaKOM rpade?

e MoKHO /1M yJIydIIATh OIEHKY Ha YucjIo pedbep B TakoM rpade m BMECTO 7« HalucaTb
KaKoe-TO 0OJIbIee IucJio?

[Tonpobyem oTBeTnTHL Ha NEPBBIi Bompoc. B aToM citydae moJrydaeTcd Takas 3ajadqa;

an epagp ¢ da sepwunamu, max wmo cpedu a0bvx o + 1 sepwun ecmv pebpo. Karoso
MUHUMAADHOE KOAUECTNBO pebep 6 makom epage?

Hanomunm BarkHOE ompejiesieHne: 4uciom nesasucumocmy rpada G Ha3bIBAETC BEJIMINHA,
a(@), paBHas MaKCIMAJIbHOMY Yncsy BepinuH rpada (G, KoTopoe MOKHO BBIODATH TaK, ITOOBI
HUKAKHeE JIBe BLIOpAHHbBIE BEPITUHBI He ObLIN coeinHeHbl pebpoM. Toria, 3aja1ua BbIIe Criparim-
BaeT HAC O TOM, KaKOe MUHUMAJILHOE KOJIMIeCTBO pebep MOXKeT OBITh B I'pade ¢ 4o BepImHaMu,
YUCJI0 HE3aBUCUMOCTHU y KOTOPOT'o He OoJibliie a? 3J1eCh, BEPOSATHO, MHOTHUE YHTATEJH BCIOM-
Hun TeopeMmy Typana, KoTopas, [0 CyTH, CIIpaIuBaeT Hac poBHO 00 droM. Cdhopmymupyem
HECKOJIBKO YIIPazKHEHUA:

(a) Ipumymaiite npumep Takoro rpada, B KOTOPOM pOBHO 6o pebep.

(b) Hokaxkure, aro B j1060M TakoM rpade He MeHee 6o pebep.



B obrmiem ciiyuae, 3aj1aty 0 MEHIMAJILHOM Yucje pedbep B rpade ¢ 33/ IaHHBIM KOJTHIECTBOM
BEPIIUH W YUCIOM HE3ABUCHUMOCTH MOJIHOCTHIO JlaeT TeopeMa TypaHa, KOTOPOil MOCBSIIIEH TIep-
BBIIl pa3ies Halero npoekTa. /laxke ecyim 3Ta TemMa KaxKeTcsl 3HAKOMON IUTATEeTI0, TO MbI PEKO-
MeH/TyeM BHIMATEIbHO N3YYUTh 3TOT Pa3/iesl, TaK KaK 9TO TO3BOJIUT JIydIlle TOHATD CJIeYIOIIne
pas/iesbl.

Takum obpa3oM, Ha TEpPBBI U3 JIBYX HOBLIX BOIIPOCOB, BJIOXHOBJICHHBIX 3ajadeit ¢ Moc-
KOBCKOI1 OJIMMITHA/IbI 14-/1eTHel JaBHOCTH, Mbl OTBeTU/In. I BOIPOC-TO OKa3ajics He TAKUM YK
HOBBIM, €CJIH 3Ta MpobjeMa Oblia yike perreHa BeHrepcknMm maremarukoM [lagom Typanom B
1941 romy.

Ho uro nacuer Broporo Bonpoca? /laBaiite Terepb paccMaTpuBaTh TOJILKO I'padbl Ha MLJIOC-
koctu. BBejiem errie 0/1HO orpejiesieHre (IIPUTrOTOBBTECH, UX JIAJIBIIE OYJIET €Ie MHOTO):

ucmanyuormvim 2pagom 1a naockocmy Ha3bBaeTCs Ipad, BEPIINHBI KOTOPOT'O CYTh TOUKH
Ha IJIOCKOCTH, U PEOpa KOTOPOTO COEJMHSAIOT TOUYKH HA €UHUTHOM PaCCTOSHUU.

Tenepnb Harma 3aj1a4a Ha g3bIKe TPadOB TPUOOPETACT CJICTYIONTNIT BH;:

Ha naockocmu dan ducmanyuonnwvdi epag ¢ 4o 6epuuuHamy U “UCAOM HE3ABUCUMOCTIU He
boavwe o. Kaxoe MUuHUMasbHOE KOAUYECTNGO pebep moocem bvimy Yy makozo epaga?

B zamade ¢ Oyimmvnma sl ObLIO JI0Ka3aHO, ITO pedbep He MeHbIe 7. [lonpobyiite, onupasich
Ha pellleHne yIpaKHeHns BBIIIe 1IPO OIeHKY Ha 6y, ToKa3aTh 310. He 3abbiBaiiTe, 1To rae-to B
peIeHnn JIOJIZKHA, UCIIOTB30BAThHCA TUCTAHIIMOHHOCTE rpada, T.e. TO, 9TO TOYKH PACIIOJIOKEHBI
Ha IJIOCKOCTH, W PACCTOSHUS M3MEPAIOTCS TOXKE Ha IJIOCKOCTH. 3ajiada CJIOXKHAs, MOITOMY
JIaJIIM  TIOJICKA3KYy: UCIOJIB3YHTE TO, YTO JUCTAHIIMOHHBINA rpad Ha IJIOCKOCTH HE COJIEPIKUT
nojrpada K4 — mosHoro rpada Ha YeThIpeX BepInHaX.

[Monyamnocs permuts? [ozapasiasem! Bol yke nayuniics perars 3a/1at1y, KoTopyo Ha Moc-
KOBCKOI onmmMmminaje 15 jier Haza s pernmi Becero ofauH desoBek! OqHAKO, €cim BblI MMOIPoOyeTe
[OCTPOKTD TIPUMEP Takoro rpada (poBHO ¢ 7o pebpamMu), TO y BAC HUYEro He MOJIYIUTCH. . .

U sror Bompoc (Ipo MUHHMAJIBHOE KOJMYECTBO pebep i JUCTAHIIMOHHOTO Trpada) yike
HE TaKOH IPOCTOi, KAK BOIPOC BBIIIIE, JJis IPOU3BOJILHOIO rpada. YIUBUTEIHLHO, HO TOYHAs
OIleHKa Ha MUHUMAJIbHOE KOJTMIeCTBO pebep B 9TOil 3a/1a1e — JI0 CUX Mop HepelleHHas mpobiemal
C MoMeHTa TO# OJIMMITHA/IBI IPOILIO yaKe 14 jeT... 3a 9T0 BpeMs OlleHKa Ha 7T« pebep cHavdaa
ObLia yydnrena 10 8a B 2016 roay (cm. crarbio JIbsa [Tlabanosa u A.M. Paiiroposckoro
«O6 ommoit osmMIIaHON 3a1ade Ha Tpadbl paccTogumity B KypHaie «Ksanry). [losxe Jles
[[TabanoB B cBoOeil cTaThe JTOKA3aJI OIIEHKY Ha 8%@. W niocste sToro npojiBuzKeHnit B TaKoil 3aj1ate
He ObLIO. . .

... 1o ssaBaps 2024 roxga, Korga Makcum Juans ymy g oreHKy 10 9a! DTo nponpuKenne,
a TOYHee METOJbI, C TIOMOIIBI0 KOTOPBIX OHO OBLIO JOCTUTHYTO, JIETJIK B OCHOBY JIAHHOT'O IIPO-
ekta. U ceiivac, Mbl nipeyraraeM BaM MO3HAKOMUTBHCA ¢ HUIMU U, MOYKHO CKa3aTh, TOpabOTATD
Ha repejiHeM KpPae OJHOTO M3 CaMbIX KPACHBBIX (KAaK HAM KayKeTcst!) pa3/iesloB MaTEeMATHKHU -
KOMOMHATOPHOI reomerpun. B pamMkax JaHHOIO IIPOEKTa, IOCIeI0BATeIbHO pelasl 3a/1a4u, Bbl
HEe TOJILKO y3HaeTe, KaK yJIydlIuTh OEHKY J0 9o (a TakzKe COOTBETCTBYIOIINE ONEHKU B OOIIEM
cilydae), HO U (JIJIsl CaMbIX YCIIEITHBIX!) cMOoXKeTe EIIE yay4murs onenky!

MaremaTuKu-ucc/IeI0BaTe N CTAPAIOTCS PEIIUTD 3a/a9y B OOIIEeM cjIydae, a He TOJbKO B
JACTHOM, KOTOPBIfl MOXKHO BCTPETUTH, HAIIPUMED, HA OJIUMIIHA/IE B BUJE CJIOXKHOI 3agadu. [1o-
JlaraeM, yzke JJaBHO HE CEKPEeT, YTO MHOI'UE OJIMMITHA/IHBIE 33/[a11 — 9TO YACTHDBIE CJIy9an HOBBIX
PEe3yIbTATOB U3 pa3HbIX obs1acTeit Maremaruku. [losTomy, riiaBHas ujiest JAHHOTO HAYTHOTO IIPO-
eKTa 3aK/II0YAETCsI B TOM, ITO Mbl XOTHUM MOJIyYUTh HEe KOHKPETHYIO OIleHKY JJisi rpada
C 33JJaHHBIM COOTHOIIEHNEM MEXK/Iy YMCJIOM BEPIINH U YUCJIOM He3aBUCUMOCTH (Kak
6610 B ucxoaHO# 3agade ¢ MMO-2010), a HaliTé XOPOIIYIO JUHEHHYIO MO YHUCITY
BEPIIINH OIEHKY MUHUMAaJIbHOTO KOJINYECTBA pebep /ijist Bcex rpadoB. XoTuTe y3HATH
IIPpO HOBbIE METOAbI N1 KaK MMEHHO MO2KHO YyJIy4dlllaTb TaKHhe OL[eHKI/I? A MOZKET 6bITb BbI y2Ke



MBICJIUTE KaK MCCJIEIOBATE/b U XOTUTE MOIPOOOBATH IPUMEHUTH 9TH METObI B JIPYTHUX 3ajadax
teopun rpados? Torma BbiOupaiiTe HAII IPOEKT U CKOpee MPUCTYIANTe K PEreHnto 3a,1ax4d!

KomMmenrtapuit ygactHukaMm. Mbl OIllycKaeM CJIOBa <«JIOKAXKUTE, YTO» M IHIIEM Cpa3y
YTBEPzK/IeHUEe, KOTOPOE HY2KHO JI0Ka3aTh. «3ajadaMiy Ha3bIBAIOTCH IyTh 00JIee CJI0YKHDBIC WJIN
dyHIaMEeHTAIBHBIE YITDAXKHEHUS.

Cumsosiom (1) Gynem o6o3HAUATE 381891, 6€3 PEleHnsT KOTOPBIX TPYIHO JBUTATHCS JAJIbIIE.
CumBostom (*) — 3asa4au noBbIeHHO# cioxkHOCTH. CuMmBosoM (**) — «rpobbr». HeM nasbiie Bbl
IIPOJIBUrAETECh IO IIPOEKTY, TeM OoJiblie uieil ocsausaere. [losromy 3amaqn (*) u (**) moxkuo
IIPOILYCKATh U BO3BPAIATHCS K HUM I032Ke, UCIOJIb3Ys TeXHUKY 60Jiee BBICOKOTO YPOBHSI.

1 K Teopeme Typana

OcHoBHas 1eJIb 9TOro naparpada — HallTH MUHEMAJIBLHO BO3MOXKHOE YHUCI0 PEOGED B TypPaHOB-
ckoM rpade ¢ 3aJaHHBIMUI KOJUYIECTBOM BEPIINH M YHCJIOM HE3aBHCHMOCTH. Bropast 1esb —
[IOJIY IUTh METOIbI PAOOTHI ¢ TYPAHOBCKUME I'PadaMi, KOTOPbIe MOXKHO UCIIOJIb30BaTh B OCTAJIb-
HBIX 9aCTAX IMPOEKTA.

Hanomuum, 9o wuciom nezasucumocmu oG) rpada G HasbiBaeTcsi pa3Mep HAUOOJIBIIETO
MHOYKECTBa, €r0 BEPIINH, IOIapHO He COeJIMHEHHBIX PeOPOM.

Teopema 1.1 (Typan, 1941). Hatidume munumasvho 603moacHoe Koauwecmeo pébep 6 epage
HG M BEPUUHAL C YUCAOM HEZABUCUMOCTNU (L.

1.2. (1) Ilycts B rpade nmeercs Bepinuna crenenn xorst 66l 1. Torma MoKHO BBIODOCHTH €6
BMeCTe C BBIXOJANMNME PEOpaMU U, BOSMOYKHO, €Illé HECKOJIBKO pedep, TakK, 9TO UNCIO HE3aBH-
CUMOCTH HE U3MEHUTCH.

1.3. (!) Ilycth v — BepinuHa HanMeHblel crenenu, a N — o0beIMHEHNe MHOKECTBa €€ coceieit
u {v}.
(a) Ecmu ynamurs Bce pébpa ¢ koumamu B N u ciestath 13 N KIIUKY, TO 9UCJIO HE3ABUCUMOCTH
HE yBEJIMYIUTCA.
(b) Ilpm sr060M criocobe MpOBEIEHHsT OMEPAITIN U3 TPEBILYIIEro MyHKTa KOTMIeCTBO pEdep
B rpade He yBe/IUINBaACTCS.
(c) Tlpum npoBejieHUN olepaIu U3 MEPBOTO IMyHKTa KOJUIECTBO pébep B rpade He MeHsieTcst
TOIJIa U TOJBKO TOrJa, Korja N dABJsSeTcs OJJHOBPEMEHHO KJIUKON M KOMIIOHEHTOH CBS3-
HOCTH.

Hazosém onmumanrvrvim rpad, Ha KOTOPOM JOCTUTaeTCsi MUHUMYM B Teopeme Typana 1.1.

1.4. (!) B onrrumasnsHOM Tpade
(a) BCe KOMIIOHEHTBI CBSI3HOCTH CYTb KJIUKH,
(b) pa3smepbl KOMIOHEHT CB3HOCTH OTJIMYAIOTCA He Gosiee yeM Ha 1.

Ectb MHOTO 33/1a4, B KOTOPBIX HY?KHO HAfiTH CBA3b MEXKJLy UMUCJIOM BEPIITUH, MHHUMAJIbLHO
BO3MOXKHBIM YHCJIOM PEOEpP U YUCJOM HE3aBUCHUMOCTHU B I'pade ¢ KAaKUMHU-TO OI'PDAHHYCHUSIMU
(mampumep, rpad 6€3 TpeyroJbHUKOB, JTUCTAHIIMOHHLIN Tpad). UuTepecen cirydaii, Korma stu
OTpPaHUYEHMsI 3allpeialoT ONTUMAJIbHBIN mpuMep n3 Teopembl Typana. Torma mbl OygemM pac-
CMaTPUBATH JIOKAJbHbBI MUHUMYM.

Hazosém pebpo auvwrum, eciiv ero yjnaaeHne He MEHsSeT Yhc/ia He3aBUCUMOCTHU T'pada.

1.5. Haiinure Bee smmmame pébpa B (a) myTu; (b) mukie; (c¢) nosmom rpade; (d) kBagpare ¢
JINArOHAJIBIO.



Hazosém myparosckum cBs3ublil rpad 6e3 TUIIHIX PEGED.

1.6. (!) B TypanosckoMm rpadpe, OTIMIHOM OT KJIMKH, CPeIH coceieil ob0il BEpIIUHbL €CTh JiBe
HE3aBUCUMBIX BEPIIUHBI (B YACTHOCTH, HET BUCSIMX BEPIIUH).

1.7. Haiiure MUHIMAIBHO BO3MOXKHOE YHC/IO BEPIINH B TYPAHOBCKOM rpade ¢ UUC/IOM He3a-
BUCUMOCTHU PABHBIM JIBYM.

1.8. Omnuinre Bee TypaHOBCKEE Ipadbl JiIs KomdecTBa BepimH u3 {3,4,5,6}.

2 JJieMeHTapHble MeTOIbI

B sroMm pasjesie Mbl MO3HAKOMUMCS C OCHOBHBIMU IOHATUSAMU, KOTOPBIE Oy/IyT UCIOJIb30BaAThHCA
B JlAJIbHERIIIEM JIJId TTOJTyYeHUs Pa3JINIHbIX TYPAHOBCKHUX OIEHOK. HekoTopblie U3 9TUX METO/I0B
NPUTOJATCI W JIjIS TOJyUeHUs] MPOCTHIX JUHENHBIX OIEHOK; OCTAJbHbIE METO/bl ITPUTOJISATCS
JIJIsT ©60J1ee CJIOXKHBIX TEXHHUK, HO 3TH METOIbI MOXKHO pas3odbparh W cefivac g Y/IydIieHust
ITOHUMAaHUS ITPOUCKOJIATIIETO.

[ToMHOXKECTBO BEPIIMH HA3BIBAETCA MAKCUMANGHDIM, €CJIA PA3HOCTH KOJIUIECTBA, BEPIIUH B
HEM U KOJIMYECTBa pédep B nojrpade, MHIYIIMPOBAHHOM Ha, 9TOM II0JIMHOYKECTBE, MAKCUMAJIHHA.

2.1. Onummre Bee MakCHMaJIbIble MHOKecTBa () myTH; (b) nukia; (¢) mosmoro rpada; (d) muk-
J1a C IOJBEIIeHHON BEepIINHOM.

[TomMHOXKECTBO BEPIINH HA3BIBAECTCH HE3A6UCUMDILM, €CITH €TI0 BEPIIMHBI OIIapHO He COe/N-
HeHbl peOpamu. Takum obpa3oM, pazmMep MaKCHMaIbHOTO HE3ABUCUMOIO MHOXKeCTBa B rpade G
pasen a(G).

2.2. (!) MakcumaapbHOE HE3ABUCHMOE MHOXKECTBO BEDIIHH SIBJISIETCS MAKCHMAJbHBIM MHOZKE-
CTBOM.

2.3. (!) Pebpo siBjisieTcst JIMITHUM TOT/[a ¥ TOJIBKO TOIJIA, KOTJIa He CYIIECTBYET MaKCUMAJILHOTO
MHOKECTBa, COJIEPKAIIET0 00€ ero BEPIITUHBI.

2.4. (!) Ilycts B TypanoBckom rpade Gosiblie oHO# Bepriuubl. Torma s 060N BepITHHBL
HaliJIeTCs KaK MaKCUMaJIbHOE HE3aBUCUMOE MHOYKECTBO, COJlepzKalllee 3Ty BEPIINHY, TaK U MaK-
CHMaJIbHOE HE3aBUCUMOE MHOXKECTBO, He CoJiepzKalliee 3Ty BEpIINHY.

HazoBéM 10AMHOXKECTBO BEPIINH €80000HbIM, €CJIA OHO JIEXKUT B JIOIMOJHEHUN HEKOTOPOI'O
MaKCHUMaJIbHOINO MHOKecTBa. Haz0BéM HecBOOOIHOE MHOXKECTBO BEPIIUH K.AM04€6bLM, €CJIH OHO
CTAHOBUTCS CBOOOJIHBIM TIPU YJIAJCHUU JIIOOOW €ro BepIIHHbI.

2.5. Omnumure Bce K/IIOUEBbIe MHOXKECTBa I'padOB U3 yrpaxKaenuns 2.1.

3anaga 2.6. Jliobas BepimHa TypaHOBCKOro rpada BMecTe CO CBOUMU COCEISIMU 00pasyeT
KJII0UeBOE MHOKECTBO.

Hazosém waprupom Bepimny, Ipu yIaJeHIE KOTOPOil rpad Tepser CBI3HOCTD.
3amaua 2.7. B TypanoBckoMm rpade HeT mapHUPOB.

Bamaua 2.8. (a) (*) [z cBasuoro rpada ¢ IHCIOM HE3aBHCHMOCTH (v YILIYUIIATE PE3YJIBTAT
teopembl Typama 1.1 ma o — 1. (b) (**) Ounmmure Bee cirydan pasencrsa.



Vrasanue x 3adave 2.8.a. llokaxkure, aro u3 rpada MOXKHO BLIOPOCUTH JiHiiHee pedpo, a
ec/Iii TaKUX HET, — BePIINHY MaKCUMAaJIbHON cTelleHn Oe3 cocejleil.

Vrasanue x 3adave 2.8.0. IlpeamonoKum, ecjin yIauTh U3 TyPAHOBCKOTO rpada BEPIUHY 1
HECKOJIBKO JINIITHUX PEOEp, OH pacra eéTcs Ha KJIUKH. 10T/1a cTereHn BceX BEPITNH YyMEHBIIATCS.

Hanee mbl GyjieM paccmarpuBaTh npeobpasosanus (JgobasieHue pebpa, yjaJeHne Bepiu-
HBI), B XOJIe KOTOPBIX BO3HUKAIOT JIMITHAE PEOPa M M3MEHSIETCs] KOJIMIECTBO KOMIIOHEHT CBSI3-
Hoctu. [lycts B pesysibrare ynajeHus BepIIMHBI rpad OCTAETCs CBA3HBIM, HO IePEeCTaéT ObITh
TypaHoBcKUM. QYUeBUIHO, YTO MBI MOYKEM M30aB/IATHCS KAK MUHUMYM OT OJTHOTO pedpa 3a KarK-
Jloe yBeJIndeHne KOJINYIeCTBa KOMIIOHEHT CBS3HOCTH Ha ojnH. [lociie aTOoro mMur mokazkem, Kak
HOJIyIUTH TOPa3a0 OoJIbIe!

2.9. (a) [ng kaxmoron > 2 npuBeauTe MpUMep CBSI3HOTO Tpada Ha n BEPIIHHAX, ¥ KOTOPOTO
BCce pEOpa JINIITHHE.
(b) Ilpu ymasenun JuiiHero pebpa He MOTYT HOSBUTHCA HOBBIE JIMITHUE PEOpa (MCIE3HYTH
MOI'YT, KAK BUJHO U3 IIPEJIBIIYIIErO IYHKTA).
(¢) (*) Kakne u3 msaTi npaBHJIbHBIX MHOTOI'DAHHUKOB SIBJISTIOTCS TYDPAHOBCKMME Tpadamm’?
Jlist ocTalbHBIX IpHIyMaiiTe IOCIeI0BATEILHOCTD YAAICHUS JTUIMHUX PEOEp, MPUBOIL-
YO K pacia/ly Ha HECKOJIBKO OJIMHAKOBBIX TYPAHOBCKUX YaCTeil.

anee Mbr GyneM IMOJB30BATHCS MOHATHEM YaJeHus (YHOPsI0YeHHOr0) Habopa JINITHUX
pédep. A mMmeHHO, MBI OyeM roBopuTh, 4To rpad G’ nmosyuen us rpada G yraneHneMm Habopa

(e1,...,6,) mummHUX pEGep, ecau cymecTByer Takasd nenouka Gog = G,Gy,...,Gn1,G, = G
rpadoB, 9TO OJIHOBPEMEHHO BBINOJIHEHBI JIBa YCJIOBHUSI:
e MHOXKecTBa BepiiuH Beex rpados Go, Gy, . .., G, coBIajaior,
e s kaxkzoro ¢ € {1,2,...,n} rpad G; nonyden u3 rpacda G;_; yIaJeHUEM JIUIIHETO
pebpa e;.

Hazoséwm cBaA3HBINM rpad nowmu myparoscrkum, €CJIi €ro CBA3HOCTH HEJIb3s HAPYIIUTD Iy TEM
yJIa/IeHnsT HeCKOJIBKUX JIUITHUX PEOEp.

2.10. IIpuBeanre npumep
(a) mouTm TypaHOBCKOrO rpada ¢ JUITHIME PEOPaMI;
(b) rpada c smmnHEME pEOpaMu, B 3aBUCUMOCTH OT HOPSIIKA YIAJEHUsST KOTOPBIX MOXKHO T10-
JIVIATH KaK OJUH TypPaHOBCKHUil Ipad, Tak 1 JBe TyPAHOBCKHE KOMIIOHEHTHI CBA3HOCTH.

2.11. (a) IIycrs U — kitoueBoe MHOXKeCTBO B TypaHOBcKoM Tpade. Torma mpu gobasienun
HOBOIT BEPIITUHBI, COEJIMHEHHON cO BeceMu BeprmHaMmu u3 U, oIy YeHHbIH Ipad ocTaHeTcst
TYPaAHOBCKUM.

(b) Ilycte U — HecBOGOIHOE MHOXKECTBO B MOUTH TypaHoBckoM rpade. Torma mpu mpobasiie-
HUU HOBOIl BEPINNHBI, COEMHEHHON cO BceMn BepiuHaMmu n3 U, momydeHHbIl Tpad ToxKe
OCTAHETCS MOYTH TYPAHOBCKUM.

3 IIpocthble auHeliHbBIE OIEHKN

B sTom pasjesie Mbl HayuInMCs JIOKa3bIBATH JIMHEHHBIE OIIEHKH Ha YHCJIO pEdep B rpade ¢ orpa-
HuiaeHusgMu. OCHOBHBIE JIEHCTBUS — yaJleHue BEPIITHHBI HAMOO0/IbINel cTerenn 6e3 coceieit, yia-
JIEHWE BEPIINHbI HAUMEHBITIEeH CTEleHn ¢ COCeIAMU, yaajlenue JIUITHIX pedep. YTobb! ObLI0, 94TO
YJIy9IIaTh, BBIIUIIIEM HECKOJBKO OIEHOK, BEPHBIX JIJIsi IIPOU3BOILHOTO rpada.

aiee MbI Beerjia OyiemMm 0603HaUATh KOJIMIECTBO BEPIITUH Yepe3 1, KOJTUIECTBO PEdep depes
m, & YUCJIO0 HE3ABUCUMOCTHU Yepes (.

3.1. (!) Ilycrh umeercst rpad Ha 1 BEpHIMHAX € IMCJIOM HE3aBUCUMOCTH (v. TOT/Ia KOJIMIECTBO
pébep B HéM He Menblne (a) n — «a; (b) 2n — 3a; (¢) 3n — 6a; (d) 4n — 10c; (e) 5n — 15a.
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Onenkn siBjisgtoTcss ToUHbIMU. JlOKa3aTebeTBO J1I000 aHAJIOIMIHON JIMHEHHOW OIMEHKU —
MIOC/IeI0BATETbHOCTD JIEUCTBUI, YIPOIIAONNX Irpad U IMO3BOJILIONINX OTCJIEIUTH U3MEHEHUEe
m, n, «. Hanpumep, Bepiuny, crernenb KOTOPOil He MEHbINE, YeM KOI(PMUIIMEHT TTPU 7N, MOKHO
yAauTh 6e3 cocelieil (ecm mosiBsITCsI JIUITHIE DEOPA — TeM JIydIlie).

Ecin nonosinnresibHO 3apeTuTh B rpade HEKOTOPhIe KJIMKH, TO IIPEJIBLIYIIIe OIMEHKN MOXK-
HO YCUJIUTD.

3.2. (a) (!) Ilycre B rpade HeT TpeyroabHUKOB (KUK Ha TPEX BepimHax). Torma m > 3n — ba;
(b) PaBencrBo m = 3n — ba mocTuraercs pOBHO Ha JBYX CBA3HBIX Tpadax.

Vrasanusa x ynpastcrernuro 3.2.a. MoKHO cunTaTh, YTO CTENEHU BepIIuH B rpade He Ipe-
BOCXOJAT 2. JlocTaTouHO PacCMOTPETh CJlydail TypPaHOBCKOrO rpada.

Vrazanua x ynpastcnenuro 3.2.0. MoxKHO cunTarh, 4TO B TYPaHOBCKOM rpade eCTb BEPITUHA
v cTeneHn 3, COeMHEHHAsT C BEpIINHOM cTernenn 2. YTo mpon3oiiiér, ecan BEIOPOCUTD U7

3.3. (a) (!) Ilpemnomoxum, orerka m > 5n — 10« BepHa J1J1sT BCeX 3-PEryJIsipHBIX TYPAHOBCKUX
rpacdoB 6e3 TpeyroJbHUKOB. lokaxkuTe €€ Jjid BCeX OCTAJILHBIX IrpadoB 06€3 TpeyroJbHUKOB.
(b) IocrpoiiTe GeCKOHEUHYIO CEPUIO CBSI3HBIX TpadoB 6€3 TPEYrOJIbHUKOB, HA KOTOPBIX JIOCTH-
raercs paBeHcTBO m = 5n — 10a. (¢) (*) Jokaxure onenky m = 5n — 10« jyist 3-peryssipHbIx
rpadoB 6e3 TPeyroJbHIKOB.

Vrazarua x ynpaotcnenuro 3.5.a. Tyt npuroggrcs meroabl pemrenns 3.1.a. Taxwxke: [lpu
yJIaJleHIy BepHINHBl HauMeHbIeil crerenn d ¢ coceligMU TepseTcs XoTd Obl d? pédep. Ecim
rpad He dABJIFETCs PEryJIAPHbIM, OllEHKA YJIYUIIaeTcss Ha OJHO OYKO.

Bonpoc: tiae ucnonb3yercsi, 9To rpad HE COAEPKUT TPEYTOJTbHUKOB?!

Vrasanus x ynpascnenuro 3.3.0. Ilpocreitmmit mpumep — nukJI Ha nsaTh BeprmuHax. OH 1mo-
JIyJaeTcs, eCJu BhIOPOCUTH M3 KAKOro-TO rpada BEpIIMHY CTEIEHU JIBa C COCeIsIMU. ITOOBI
IPOJIOJIKATh CEpHUio, J00aB/idsd Ha KayKJIOM Iare 10 TPHU BEPINUHBI, U OTCJAEKUBATH YHUCJIO
HE3aBUCUMOCTH, TTOTPeOyeTCs MOHATHE KJIFOUEBOIO MHOYXKECTBA.

Vraszarusa x ynpascrenuro 3.5.c. Yaaligsg BEPIINHY C COCEIAMHU, MBI TepsgeM 1 09Ko. 3aTo
Jlasibllle MOXKHO paspyiiarh rpad, MoKa Mbl He BEPHEM OYKO WM He JOWJIEM JI0 KOHIA (10
KaKOro KOHIa?)

Urak, onenku 3.2 u 3.3 TOYHBI JIJI ONPEIETEHHBIX JUala3oHoB oTHomenus = < 3. llpu
9TOM, TOYHOM OIEHKH JIjisi BCeX rpadoB 6€3 TpeyroJbHIKOB HAM HEU3BECTHO (B YaCTHOCTH, OHA,
1103BOJIsIa ObI BRIAUCAUTD ducita Pamces R(3, a)).

Tenepnb, moc/ie 3HAKOMCTBa, ¢ TEXHUKOW YIAJEHUS BEPIIUHBI C COCEIAMU, MOPa MOJIYyIUTh
OJIHY U3 OIEHOK, AaHOHCUPOBAHHDBIX BO BBEJICHUH.

3.4. (!) Ilycrb umeercs rpad Ha 1 BepIIMHAX C YUCIOM HE3aBHCUMOCTH «. IlycTh B HEM HeT
KJIMK Ha 9eThIPEX BeplinHax. Torja KojmdaecTBo pédbep B HEM He MeHbIe bn — 12aq.

Bajaua yke BuITIIAT HerpocToit. Ho pesynbrar emé Hy:kHO yemautb! s 3Toro HyKHO
HaWlTHU TOYKH pPaBEHCTBA.

3.5. Ilycte B ycmoBuax ymnpakHeHUs 3.4 B OIlEHKE JOCTHUTAETCS PABEHCTBO /I HEKOTOPOTO
rpacda. [Iyctb d — HauMeHnbIias crereHb BEPIIUHBDI.
(a) Torma 2 < d < 4.
(b) Kak MoKeT BBITJISIIETH MHOXKECTBO COCeJieil BEPIIUHBI cTereHn d?!
(¢) Nmeercst poBHO TpU «IOMAPHO HEM30MOPGHBIX» TYPAHOBCKHUX I'pada, Ha KOTOPBIX JOCTH-
raeTcs paBeHCTBO B OIEHKE.

Vrasanue x ynpascnenuro 3.5. Jlokaxkure, 94To ciaydail paBeHCTBA €IMHCTBEHHBIN, CHAYA/IA
g d = 2, norom g d = 3, otoM i d = 4. B 4-perysigpaom rpade yI106HO 3alenuThesd 3a
POMO — IIUKJT Ha YeTHIPEX BEPIINHAX C JINArOHAJIBIO.



Kaxkercs, aro gyt ycujieHusi OMEHKH JIJIsd JIUCTAHIIMOHHOTO I'pada HEOOXOIUMO HUCIIOIH30-
BaTh HEJIMCTAHIIMOHHOCTH OOJIBIIIOTO CIINCKa MMoArpadoB, BblIe3aeT rnepebop. Takum obpazom,
OIEHKY Ha KOJUYIECTBO M PEOEP MOKHO YCHUIUTH JI0 M > 8%04 (ec/u 3alpeTUTh HeMCTAHIH-
OHHBIN TpuMep u3 3.5) win Jaxe m > 8%0[ (e 3aIPETUTh MATUYTOJBHYIO THpaMUuIy 0e3
OJIHOTrO GOKOBOIO pebpa U napy BEPIIUH ¢ TpeMsi OOIMUMU COCeIsIMU) TpU 1 = 4q. DTOro MaJo!
Mpui BeIGepeM Apyroil myThb. st IPOM3BOILHOIO TYPAHOBCKOIO I'pada MbI HOJIYYUM OLEHKU
(a) m>23n—4a—2; (b) m > 4n —T7a —3; (¢) m = 5n — 1la — 4.

Nmeercss MHOTO CJTydaeB paBeHCTBA (B 9aCTHOCTH, M = 3n—4q —2 B IPIMeEPax U3 yupasKHe-
aus 3.2.b. Omenka m > 4n—Ta—3 s rpados 6e3 Kank Ha 4 BepmmHax TouHa pu n < 4da—1.
Tem ne Menee, pu 1 > 4o €€ MOXKHO eIié yeuauTh. IlycTh nMeercst TypaHoBCcKuii rpad Ha n
BEPIINHAX C YUCJIOM HE3aBUCHUMOCTH «v. IlycTh B HEM HeT KUK Ha YeThIPEX BepinmHax. Toria
KOJIIecTBO pé6ep B HEM He MenbIe (a) bn— 11a—2; (b) 6n — 15a — 1, 3a uckimovennem rpada
YeTBIPEXYTOJIbHON aHTUIIPU3MBI.

CBSI3HOCTH W OTCYTCTBHUE JIUITHUX PEOEp TMO3BOIAIOT JOOABUTH B ONEHKY CBOOOJHBIN JIEH.
Takum obpazoM, ciiydanm paBeHCTBA IMPU (v = 2 COXPAHSIIOTCS, & IPHU OOJIBINMNX (v OIEHKa YCH-
jmBaercsd. Kpome Toro, Mo:KHO OOXOIUTL HeyHIoOHBbIe ciaydand paBeHcTBa. OObIYHAsS TEXHUKA
y/laJieHusT BEPIITUHBI HE ITO3BOJISET JI0KA3aTh TaKUe OIEHKU, BEIb I'Pad MOXKET TOC/Ie y/IaIeHIs
JINIITHUX pEOEp pacChIaTbCs Ha THICAYN OCKOJIKOB, a CBOOOJHBIE WJIEHBI JJIsi Pa3HBbIX YacTeil
ckaabiBaorcst! [ToaToMy, MBI TTOCBATUM cjIeyiomne JBe TJIaBbl TEXHUKE, MMO3BOJIAIONEN pe-
IIATh 3TH IIPOOJIEMBI.

4 PackoJibl

B sTroMm paszjiesie Mbl ITO3HAKOMUMCH C HOHATHEM PACKOJa, KOTOpPOE IOMOXKET HaMm Ipeobpa-
30BbIBATH I'padbl Tak, YTOOBI JI/Isi HUX OBLIO IPOIIE MoJIydaTh TypaHOBCKue oneHku. Viaes B
TOM, 9TOOBI JH00aBjIsisd B TypaHOBCKHUil rpad pedpo mim yjajisds BEpIIUHY, Jie/laTh HECKOJIbKO
npyrux pédep summanMu. Ha 3TroM myTu ecth gBe mpobsembl. Bo-1iepBbix, go0aBieHHOe pedpo
MOXKET BXOJUTh B 3allpelénnblii mojarpad. g pemenns 3Toit mpoO/ieMbl, Mbl OyeM OKpali-
BaTh Takue péopa B KPACHBIH I[BET U CHUMEM C HUX Bce orpanndeHusd. Takke HaM OTPEOYIOTCA
KpacHBIe BEPIIUHBI. 3aMEeTUM, UTO JII00asi BEPITNHA KPACHOI'O pedpa MOXKET JIETKO 1 HeoOpaTHuMO
IPEBPATUTHCA B KpacHyIo BepinuHy. OOBIIHBIE BEPIITUHBI U PEOpPa Mbl HA30BEM CHHUMU.

Bo-Bropbix, ymajeHue JmniHux peOEpP MOYXKET MPUBECTU K YBEJIUYCHUIO YHC/Ia KOMIIOHEHT
cBs3HOCTH. HazoBéM BepimHy v TYpaHOBCKOTO Tpada HecmadbusbHotl, eCii TPHU YIAJEHIN Bep-
IIUHBL ¥ ¥ HECKOJIBKUX JIMITHUX PEGep rpad MoxkeT pacracrbes Ha dactu. Hazosém nmapy (u, v)
HE3aBUCUMBIX BEPIIUH TYPAHOBCKOTO rpada 0coboti, ecjiu ipu JJo0aB/IeHUH pedpa uv U yIaJdeHun
HECKOJIBKUX JIMITHUX PEGep rpad MOXKeT paclacTbCs Ha YaCTH.

4.1. (a) (!) Kaxnasa sepmmua ocoboit mapsr necrabuibia. (b) (1) Jliobas mapa Bepimun HeI6T-
HOro IuKJa — ocobas. (¢) IlpuBeaure npumep TypaHoBCKoro rpada, He COJeprKallero HecTa-
OMJIbHBIX BEPIIUH U HE SIBJISIIOIIErOCs KJIUKOI.

Kax Bumao n3 3amaqn 4.1.b, gacreil MoxkeT OBITH MHOT'O, a JIMIITHUX PEOEP — HE TaK MHOTO.
[TosTOoMYy, MBI HE XOTUM OCTABJISATH ITOJIyUeHHbIH rpad B TakoM Buje. OKa3blBaeTCsl, 9TO BEPHA
CIeIyIONIasl TeopeMa.

Bagada 4.2 (**). (a) Packos mo pe6py. Ilycrs npu jobaBiiennu KpacHOro pebpa e u yJia-
JIEHUU HECKOJIBKUX JIMIITHUX pédep rpad paciagaercs Ha MOYTH TyPAHOBCKIE KOMIIOHEHTHI
G1,...,Gy, n e gexur B (1. Torma moxkHO 106aBUTH B KOMIOHEHTHI (g, . . ., G 10 OHOIT
KPaCHO#l BepIIMHE, [IPU 9TOM YUC/I0 HE3aBUCHUMOCTH HE U3MEHHUTCS, a 00Inee KOJIMIECTBO
pédep B rpade yBeuuntcd He 6osee, dem Ha t — 1.



(b) Packost o Bepimue. [lycrs npu yuajeHun HecTaOUJILHON BEPIIUHBL U U HECKOJBKIX
JIMITHEX PEGep rpad pacragaercs Ha MOYTH TypaHOBcKue KoMmoHeHTH Gy, . . ., Gy. Torma
MOYKHO J100aBUTH BO BCe KOMIIOHEHTHI (71, ..., (G; IO OXHOI KPACHOI BEPIIUHE IIPU 3TOM
YUCJIO HE3ABUCUMOCTH HE U3MEHUTCs, a 00Iee KOJTMIecTBO PEdep B rpade yBeIndnTcesa He
bosiee, gyem Ha t — 1.

Pemtenne 3aman 4.2 B paMKax MeTOJOB JAHHON YacTH HE TaK IIPOCTO (B TOM HHCIIE, IO-
CKOJIBKY Pe3yJIbTaT PAcKo/Ia U JlazKe 9HCJIO YacTeil He OLpeJesIeHbl OJHO3HAYHO). DTa 3a1atda
Oyzer peleHa jgajiee ¢ IOMOIIbIO runeprpados. B gajbHedinem MOKHO HCIOJIB30BATH PE3YIIb-
Tar 3aa4n 4.2 6e3 JoKazaTebeTBa (KpoMe 3aad, sIBIAIONINXCS YACTHBIME CJIydasiMi JTaHHOMN
TEOPEMBI).

4.3. (a) (!) Packormre naTHyrosbHUK 110 BEPIITHHE.
(b) (!) Packosure mpon3BOIbHBIN HEYETHBIN UK/ IO BEPIINHE.
(c) (!) Packomure TypanoBckuii rpad Ha n > 3 BepIIMHAX, COJEPKAIIUI TTapy COCEIHUX
BEPIIUH CTeleHn 2. YKaxKuTe Bee CriocoObl (PacKoJibl 10 pebpy WM MO BEPIIHE).
(d) Kaxoii crioco6 u3 1. (b) rapanTupyer packoJ pOBHO Ha jiBe YacTu’?
(e) Tlpusemure npumep cBA3HOrO rpada ¢ JUMHEMEI PEGPAMU, COJEPKAIIET0 HECTAOUIbHYIO
BEpIIUHY, PACKOJI [0 KOTOPOii HEBO3MOXKEH (HOTpebyeTcs j100aBUTh CJUIITKOM MHOI'O Dé-

6ep).

DToT paszjies MOCBAIIEH PACKOJIY Ha JiBe 4acTu (HA30BEM TakKOl packos mpocThiM). Hamra
1eJTh — He TOJIBKO JIOKA3aTh TEOPEMY O PACKOJIe, HO U HANTH TOYKN PaBeHCTBA (HA30BEM PacKOJI
Ha t JacTeil, IIPH KOTOPOM YnCJI0 pédep B rpade yBeandanBaeTcsi pOBHO Ha t — 1, GeCIIATHBIM).

[Tycts mmeercs Typanosckuii rpad G. Ilycts e — pebpo u3 jgonosnnenus rpacda G. I'pad
Ha30BEM e-npedpackosvhvim, eciu oi (1) mpeacrasisger coboii jiBe MOYTH TYPAHOBCKUE KOM-
norenTel G, Go, (2) monyuen u3 rpada G pobasieHneM pebpa e U yJajeHHeM Bcex pédep,
coemusonux G ¢ G, (3) UMeer Takoe Ke YUCJI0 HE3aBUCUMOCTH, Kak u G.

4.4. Haiigure, ecjin BO3MOKHO, e-TIpeIpacKobHbiil rpad jyist (a) (1) mukia Ha nsTu BepinHax;
(b) Beperena Mosepa.

IIpocToii packoJ 1mo pebpy.

[Iycts umeercsa TypanoBckuit rpad G Ha m péopax. ['pad momaydgern npocmwum packosom
epaga G no pebpy e, ecim KOJUUIECTBO peédbep B HEM He Oosibiie m + 1, U oH moJiyueH j100aB-
JICHIEM OJTHON (KpacHOIl) BEPIMHBI B KOMIIOHEHTY HEKOTOPOTO e-IIPeIpacKoJbHOrO rpada, He
COJIEPKAIILYO €.

4.5. (!) Ecmu mig TypaHoBckoro rpada CymecTByeT e-1peIpacKosIbHbIi Tpady, TO mpocToii
PaCcKOJI BO3MOZKEH.

Vrazarue x ynpastcnenuro 4.5. HyxKHo ucnosib3oBath (hakt, 910 pédpa, coeaunsiomue G
u (G, n3HaIaIbHO He ObLin JumHuMu. Jlajgee niem KirodeBoe MHOXKECTBO B (Fg.

Hazosém cmoumocmuio rpada 6e3 jumrHux pédep pasHOCTb MeXKy KOJIUIeCTBOM pedep u
KOJIMTIECTBOM KOMIIOHEHT CBA3HOCTHU. Korja Mbl yMeHbITaeM CTOMMOCTD I'pada Ha 1, coxpaHssd
PA3HOCTH MEXKJIy KOJIMIECTBOM BEPIINH W KOJMYECTBOM KOMIIOHEHT CBSA3HOCTU, MBI ITOJTyYaeM
1 momnery.

Bamada 4.6 (IIpocroii 6ecnimaTHblil packo 1mo pebpy). Ilycrs Bosmoxken packos rpada
G 1o pebpy e Ha noutu TypaHoBckue dactu (1, Go. Ilpeanonoxum, 9To qucao pédbep B rpade
IIPU STOM PACKOJIE YBEJIUIUTCS (JAPYTUME CJIOBAMHU, Mbl HE MOXKEM IIOJIyYUTh MOHETY DU 3TOM
packouie). Ilycte e snexur B Gy. Torma



(a) B rpade G u3 kaxjoii Bepruubl rpada Gy Begér He 6ojiee OIHOrO pebpa B BEPIIHHBI
rpada Gi;

(b) Bepmmubl rpada G, u3 Kotopbix B rpade G BeayT pébpa B Beprmubl rpada Go, B
00'beIMHEHNN ¢ KOHIIAMHU pedpa e 00pa3yioT He3aBUCHUMOE MHOYKECTBO;

(¢) rpad G MOXKHO PACKOJIOTH 10 JIHOOOMY PEOPY, CTITUBAIONIEMY BEPIIUHBI HE3ABUCHMOIO
MHOYKECTBA, M3 TIPEILIAYIIEro IIyHKTA.

Bagada 4.7 (DaemenrapHubiii packod). [Iycrs rypanosekuii rpad G cocTOUT U3 JAByX HEITy-
ctoix nojrpacdos Gy, Go, U ABYX BepHIUH u U v, TpudéM u3 nojarpada G; He BeyT pedpa B
(G. Torma
(a) BepIIMHBI U W U HE3ABUCHMBI;
(b) mociie poBeiernst pebpa uv Bee pébpa, BeayIiue u3 u u v B onuH u3 noarpados (0603Ha-
quM ero (Fy), CTAHyT JIUITHUMU;
(c) Bepuuubl rpada G, COEMHEHHBIE C U WK U, 00PA3YIOT KJIOYeBOe MHOXKECTBO U
(d) mocse mobaBsieHUs HOBOW KPACHON BEPIIMHBI T, COSJIMHEHHON C BEPITMHAMU MHOYKECTBA
U, moayuurcs Typanosekuii rpad Go U {z};
(e) rpad G ¢ IPOBEIEHHBIM PEOPOM UV TaKzKe TYPAHOBCKUIL.

Banaua 4.8. [lycTs mmeroTcs gBa TypaHOBCKUX Ipada, B KaXKJIOM 13 KOTOPBIX XOTs Obl TpHU
BepmmHbl. Kak «cobpaTh u3 HUX» OJMH TyPAHOBCKUI rpad, YMEHDBIIINB YUCJIO BEPIIUH U PEOEP
Ha, oJuH?

Vrasanue. Baxkno mokazarb, 9T0 B moydeHHOM rpade HeT JjuimHux pédep. 3amaqda 4.8
[I03BOJISIET 32 HECKOJIBKO IIAr0B CBEPHYTH ONTUMAJIBHBIN I'pad B TypPaHOBCKUI (KOJIOCCATHHBIM
qucsioM crocoboB). Takoe JeficTBue Mbl HasbiBaeM peKoMOHHaImedl rpadoB 1m0 pebpy OJHOTO
rpada 1 BepimHe Apyroro. Harma mesib — g0Ka3aTh, 9TO B IOCTPOEHHOM IIpUMepe OyIeT MITHH-
MaJIbHOE 1ncsio pébep (cpeim Bcex TYPAHOBCKUX TPadOB € TAKMMU K€ XapaKTePUCTUKAMN ).

Bamada 4.9. (!) [Ipoeeaure 31eMeHTaApHBIA PACKOJ B CJIELYIOMIX TYPAHOBCKUX Tpadax, OT-
JIMIHBIX OT KJUKHU W COJIEPKAIINX:

(a) BepmuHy crereHu 2;

(b) BepmuHy cTeneHn 3, BXOJAILYIO B JiBa TPEYTOJbHUKA.

Hanee Mbl uctoib3yeM cieytomume obosnadenust (mycrb noiarpad (G HAXOIUTCA CBEPXY,
Go — cuuzy): X — mapaup, XX — BO3MOXKHOCTh 9JIEMEHTAPHOTO PaCKOJIa

4.10. (!) IIycrs Typanoeckuit rpacd G cocrour w3 BepuwHbl 1 noarpados Gy, Gy, npuuém
MMeeTCsl POBHO OJiHO pebpo, coenunstioniee G ¢ Go (coyuait XI).

(a) Vkakure, KaKue 3jieMEHTapHbIE PACKOJIBI 110 PEOPY BO3MOYKHBI.

(b) Kax mosyunrs B KazK0ii 9acTi Kpacuoe pebpo?

4.11. (!) Ilycrs Typanosckwuii rpad G cocrout u3z nogarpados G, Gy, IPUIEM MMeEeTCs POBHO
nBa pebpa, coemuustomee G ¢ Gy (cayuwait 1I). Uro mosmyuures mocie AByX 3JeMEHTapHBIX
pPacKoIoB?

Teneps BepuéMca K ynpazkaennsam 3.4 n 3.5. Ecim BbI pemmin He Bce IMyHKTHI, TPUMEHHUTE
TeXHUKY packosioB. CumraiiTe, 4T0 KpacHas BepiinHa cTOUT 4 04YKa (HO He CIIEMIUTE YIAJIAThH
KPaCHYIO BepinHy crerneru 4 u3 rpada).

Bagaua 4.12. (a) B zamade 3.5.b mosydeHnl «Xy/me cjaydany IIOJOKEHWs] BEPITHHBI CTe-
nenn 3. Kakue B 9TUX C/IydasgxXx BO3MOXKHBI PACKOJIBI!
(b) CkOJIBKO OYKOB MOXKHO MapaHTHPOBAHHO MOJIYYINUTh B 9TUX caydasx npu « > 27 [locrpoii-
Te MPUMeP TYPAHOBCKOTO rpada ¢ a = 3, co/leprKalero BepPIINHY CTeeHn 3, CTOMMOCTBIO
1 ouko (paBencrBo m = 5n — 12+ 1).



(c¢) (*) Ilokaxkure, uro 1npu « > 3 TypaHOBCKHUil Tpad, cojepzKaiiuii BepImHy CTelneHn 3,
crouT GOJIBITIE OJJHOTO OYKa (HepaBeHCTBO m = bn — 12a + 2).

3amaua 4.13. Ilyctb TypanoBckuii rpad CoepKUT TPEYTroJbHUK U3 BEPIINH CTEICHH 3, HE
BXOJIAIIMX B JIPYTUE TPEyTOJbLHUKH.

(a) Ilo kakuM péGpamM MOXKHO PaCKOJIOTH rpad?

(b) TIpusemure npumep takoro rpada Ha 8 BepmmHax. ITO MOJYYAeTCa MPU PACKOIaX?

(¢) (*) Paspermmm HekoTOpbiM péGpam rpada copepkarh 6oJiblie 01HOM BepimuHbL. (Tpad
CTaHOBHTCA THIEprpadOM, KOTOPBI MOXKeT COAep:KaTh KaK IPOCThIe pédpa, TaK W CUIep-
pébpa). Packosmre rpad u3 1. (a,b) mo runeppedpy. Packosnre runeprpad, mosrydeHHbIi
u3 1. (b), OBTOPHO.

(d) (*) Haiire obriee ompe/iesieHne 3JIEMEHTAPHOTO PacKoJjia TypaHOBCKOro runeprpada. Ka-
KHe YCJIOBUsI Ha MaKCUMaJIbHOe He3aBUCHMOE MHOXKeCTBO B (G umu Go JI0CTATOYHBI JIs
BO3MOKHOCTH 3JIEMEHTAPHOI'O PACcKo/Ia’?

IIpocToii packoJs mo BepIlnHE.

[Tycts umeercs Typanosckuii rpacd G Ha m pébpax, a v — ero necrabuibHnas Bepinuna. ['pad
Ha30BEM U-npedpackosvhvim, ecar oH: (1) mpemcrabiser coboil Be MOYTH TyPAHOBCKHE KOMIIO-
HeHThl (i1, Go, (2) nosyden us rpada G yiaieHneM BEPIIUHBL U U BceX pébep, coeuusionmx (G
¢ Gy, (3) uMeeT Takoe ¥Ke UUCJI0 He3aBUCUMOCTH «, Kak G. ['pad nomyuaen npocmuviv packosrom
epapa G no eepuwure v, ecau KOJUIecTBO peédep B HEM He OoJibilie m + 1, U OH IOJIyYeH J0-
HaBJICHIEM 110 OJIHOM BEpIIHHE B KarK/IyI0 U3 06€NX KOMIIOHEHT HEKOTOPOT'O U-ITPEIPACKOIHLHOTO

rpada.
4.14. (!) Eciu cymectByer v-nipeIpacKoJIbHbI Tpad, TO MpocToit packos BOSMOXKEH.

4.15. (*) Ilycrs Typanosckuii rpad G cocrout u3 aByx BepiiuH u noirpados G, Go, npuuém
MMeeTCsi POBHO OJTHO pebpo, coenunstioniee G ¢ Gy (cayuait XXI). Tokaxkure, 9ro rpad MOXKHO
PacKOJIOTH 110 OJ/IHOHU U3 BEPILUH.

Baga4da 4.16 (CumMerpudHbIii packoJs no BepmmHe). [lycrs B ynpakuaennu 4.14 HeBO3-
MOYKHO IIPOBECTH PACKOJI IO BEPIIUHE ¥ TaK, YTOOBI TOJIYIUTH MOHETY. KpoMme Toro, 1mycTh HeBO3-
MOYKHO PACKOJIOTH T'pad 1o pebpy, HHIUAeHTHOMY v. PaccMorpum Jio00it v-TipeipacKoIbHbBIT
rpad G1 U Gy, e Gy, Gy cyTh €ro mouTu TyPaHOBCKUE KOMIIOHEHTHI.
(a) B rpade G uz kaxoii Bepimmnbl rpada G BegéT He 6ojiee OJHOIO pebpa B BEPIITHHBI
rpacda G.
(b) Bepmmuubr rpada Gy, u3 koropeix B rpade G BeiayT pébpa B BepummHbl rpada Ga, B
obbeuHennn ¢ {v} obpasyioT He3aBuCHMOE MHOKECTBO U.
(¢) a(Gy) 23 i =1,2.
(d) (*) Ilpuseaure npumep TYypaHOBCKOro rpada, jjisi KOTOPOr0 BO3MOYKEH CHMMETPUIHBII
PacKoOJI 110 OJHOI U3 BEpPIINH.

Nrak, Mbl 3HaEM MHOI'OE PO MPOCTBIE PACKOJIBI U MOYTH BCE — IIPO MPOCTDHIE OECILIaTHbIE
PACKOJIbI, BEPUM B OOIIHIl CIydaii TeOpeMbl O pacKo.Jie.

[lepBbIM IpUMEHEHHEM JaHHOW TEXHUKH CTAHYT JIMHEHHBbIE OIEHKH CO CBOOOJHBIM “JIEHOM
JIJIsT TYPAHOBCKUX rpadoB.

4.17. okaxure Jjisi TypaHOBCKOrO Tpada Ha n BEPIIMHAX C YHUCJIOM HE3aBUCUMOCTU (¢ CJIe-

JIyIoIye ONeHKM cHu3y Ha kKosmdectBo pébep: (a) (1) 3n — 4o — 25 (b) 4n — Ta — 35 (¢) ()
2

kn — %a — k + 1 171g KaxK10ro HATypaJbHOro k > 3.

Yro6bI IPUMEHUTH ITY TEXHUKY, BePHEMCs K 3a/1ade 3.3 (eC/ Bbl PEIUJIN ellé He BCE MIyHK-
ThI, BEDHUTECH K HUM, BOOPYKUBIINCH TEXHUKON packosioB u HepasencTBamu 4.12). Cunraiire,
YTO KpacHas BEPIINHA CTOUT 3 OYKa, HO HE CIIENNTEe yAAJIATh KpacHble BEPINHBI CTENIEHN 3 —
JIydle packosure rpad.
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Bagaua 4.18. (*) [Iycrs TypanoBckuii rpad He COIEpKUT TPEYrOJbLHUKOB. PaccMorpum city-
vait paBercTtBa m = 5n — 10a.
(a) I'pad He siBisteTCst 3-peryssipHBbIM.
(b) IlycTh ofHY M3 BepHIMH MOXKHO PacKoJOTh. Torja pacKoJbl CJAEIYIOT OJUH 3a JIPYIHM,
BILJIOTD JI0 pacnajia rpada Ha KJIUKH.
(c) Bce packosibl — mpocTble GeciiaThbie. Ecim rpad MOXKHO PAaCKOJIOTh, BBIIOJTHIETCS Pa-
BEHCTBO N = 3o — 1.
(d) Bce packosibl — sjieMeHTapHBIE.
(e) st Kazkgoro ov > 1 cyIecTByeT eIMHCTBEHHbII TIPUMEDP ¢ BOBMOXKHOCTBIO packoJa. Bee
BEPIIUHBI B IPUMepPEe HeCTaOUIbHBIE.
(f) CymectBytor jin JIpyrue mpuMepbl?

5 VYjaajieHne BepPIIUHBbI C cOCeIaMU

Nrak, Mbl HAYINIUCH KOPPEKTHO YJIAJIATH JIIOOYIO BEPIIUHY TYPAHOBCKOTO rpada 6e3 coce/ieit.
Tenepb MBI XOTUM HAYUHUTHCI YIAJIATH BEPIIUHY C COCEITMMU.

HazoBém Bepiuuy HamMeHbIIeH CTeleHn B TYPaHOBCKOM rpade cmandapmmodi, eciim mpu
YJIQJIEHUU 9TOI BEPIIUHBI U BCEX €€ cocelieil mosydaeTcs modTH TypanoBckuii rpad. Kaxerces,
YTO y HAC HE BO3HHUKAJO MPOOJIEM ¢ yiajeHneM craHgapTHoi Bepmuubl. Ho Ha camom jere,
YACTO MOYKHO YJIYUIIUThH pe3ysbrar. Hanpumep, /s BEPIIUHBI CTEIEHN 2 XOUeTCsi, YTOObI y/ia-
JIEHHUE COBIIQIAJI0 C PACKOJIOM.

HyCTb nMeeTcd CTaHdapTHagd BeEPIINHa U TYPaHOBCKOI'O Fpacba, HE ABJIAIOIIECIOCA ITOJITHBIM.
Hazosém ydasenuem sepuiuns, v ¢ cocedamu CaeayIOMMA TPOIECC:

1) BBIOMpAIOTCS JiBa HECMEXKHBIX COCEJIa U1, Uy BEPIIUHBIL U;

2) yHaJSIIOTCS BCEe COCEJIM BEPINUHBI U, KPOME U1 ¥ Ug, U 3aTeM BCe JINIIHUE pEbpa;
3) moJydeHHbIN rpad packaabIBaeTCs 10 PeOPY UgUs;
4) ynaJéHHBIC BEPIIUHBI BO3BPAIIAIOTCS B KIHKY VU1 Us.

5.1. Ecau BO3MOXKHO, YIAJIUTE C COCEIAAMMU:
1) (!) BepiuHy nsATHYTOIBHIKA,
2) BEpIINHY YETHIPEXYTOJbHON aHTUIIPU3MBI;
3) (*) Bepummy mKocasIpa.

Bagaua 5.2. Viajenne cTaHJapTHON BEPIIMHBL U ¢ COCEISME OIPEIe/ICHO KOPPEKTHO, TO €CTh
(a) y v HallgyTCs JBa HECMEXKHBIX COCEA U1, Us;
(b) Ha BTOpPOM Iare yjaJjeHue BEPIIUH W JIUIIHUX PEOEP He MOXKET MPUBECTU K HAPYIIEHHIO
cBA3HOCTH rpada;
(c) Ha TperheM mare rpad MOXKHO PACKOJIOTH MO PEOPY U1y, TPUIEM PACKOJI IIPOCTOIA.

Bazaua 5.3. YiajeHue CTaHIAPTHON BEPIIUHBI C COCEISIMU ABJISETCA PACKOJIOM (TO €CTh KO-
JITIECTBO PEOEP yBeJMIUBaeTCs He HoJiee 9eM Ha OJTHO).

Tem He MeHee, YNCIO KPACHBIX OOBEKTOB yBequduBaeTcd Ha d — k + 2, riae d — cTeleHb
yaJisieMoii BepIuHbL v, a k — MUHUMAJIbHbIH pa3Mep 3alpeniéHHoNl KUk (IIPU yCJIOBUH, YTO
v, €€ cocell W BBIXOJSIINE U3 HUX pEOpa Bce cuHue, nHade Jjydiie). Hampumep, B rpade 6e3
KJIMK1 Ha LIeTpréX BepHinHaxX yJAaJICHUE BEPIINHbI CTEIICHU 3 C cocegMu IIpuBOAUT K TOMY
JKe pesysIbTaTy, UTO U MPocToil packos. Kak u mpu packose, HAC WHTEPECYIT CJIydau, KOraa
yJlaJleHne BepINUHbL He JaéT HaM MOHeT (B CMbIC/Ie PACKOJIA).

Bagada 5.4. (*) [Iycrb HEBOBMOXKHO TIOJIYIUTH MOHETY TP YJAJCHUHN BEPIINHBI U CTEIeHH d
¢ cocensgmu. Torma BBIMOIHSETCS OHA U3 JABYX AJbTEPHATHE:
1) BepimMHa v JIEKUT B KJIMKe Ha d BepHIMHAX, a Tpad MOXKHO PacKoJIOTh 110 pebpy;
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2) BepIIMHA ¥ UMEeT HE3aBUCUMBIX COCEJIEH Uy, Ug, Us;
BCE OCTAJIbHBIE COCEIN BEPIIMHBI U COEIMHEHBI TOJIBKO C U, U1, Uz, Ug U MEXKJLy CODOii;
BCE COCEJIM BEPIITUHBI ¥ UMEIOT CTEIleHb d;

Bo BTopom nynkTe mpu d > 3 BO3HHKAeT HECKOJIBKO IOIAPHO COEJINMHEHHBIX BEPIINH, UMe-
IOIUX OJINH U TOT Ke Habop cocejieit. Mbl Oy/eM Ha3bIBATH TaKUe BEPIIUHBI KAOHAMU.

Bamada 5.5. (!) Ilycrs Bepunna v He siBiisieTcst crangaprHoil. Torma mporece ynasierust 5Toi
BEPIIUHBI C COCEJIAMI HEBO3MOKEH; OJIHAKO €TI0 MOXKHO HECJI0ZKHO MOJIMMUIITPOBATD.
(a) Yro mesarh, ecii Ha KAKOM-TO 3Talle BTOPOro mmara rpad mepectaér ObITh MOYTH Typa-
HOBCKHM?
(b) Yro memarb, ecam CTeNeHb KAKOTO-TO M3 COCEJeil BEPIIMHBI U CTajia MEHBINEe CTeleHn
camoit v? TlokaxkuTe, 9TO MBI MOYKEM HE TOJBKO IPOJIOJIKHUTE ITPOIECC, HO U IMOJIYINTh
MOHETY 3a KaXK/IyI0 M3 BEPIIUH, KOTOPbIe Mbl YJIAJUIN K 3TOMY MOMEHTY.

3amava 5.6. Vcrnoab3ys npegblIynyio 3a/ady, JOKaKuTe, YTO MPUMep, IIOCTPOECHHBIR B 3a/1a-
Je 4.8, onTuMaJIeH.

Nrak, MBI MOJyYMIM TOTHYIO OIEHKY CHU3Y Ha YHUCJIO pEdep B TypaHoBcKOM rpade. [lasee
MBI eIlé MPUOIN3UMCS K OIMUCAHUIO ONTUMAJIBLHBIX IpadoB.

iz Typanosckoro rpada G HazoBéM umozosvim rpad G, 1718 KOTOPOrO BBIIOJIHEHBI CJIe-
JYIOIIEe CBOMCTBA:

1) y rpados G, G’ onuHaKOBOE YNCJIO HE3ABUCUMOCTH (]

2) kosmuectBo BepuH B G Ha o — 1 GoJiblie KosmmdecTa BepiiuH B G|

3) xommonenTsl rpada G’ cyTh KIMKH, pasMepbl KOTOPBIX OTJIMYAIOTCA HE Oojiee, YeM Ha

OJIVH.

5.7. (a) Urorosslii rpad 0JHO3HAYHO CTPOUTCS 0 KOJUIECTBY BEPIIUH U IUCTY HE3ABUCH-
MOCTH HCXOIHOTO rpada.
(b) KommaecrBo pébep ncxoaaoro rpada we 6osiee, 4eM Ha o« — 1 MeHbIIE KOJIMIecTBa pEdep
UTOTOBOIrO I'pada.

5.8. (a) Crenenb Jr060ii BEPITMHBI UTONOBOIO Tpada He MEHbIIE JIBYX.
(b) Cpemusist cTernieHb BEPIIIH TYPAHOBCKOIO Tpada He MeHbIIe Cpe/THell CTeeHn BEPIIIH ero
UTOTOBOro Irpada.
(c) PaBencrBa B HpEIBIIYIUX MYHKTAX JTOCTUTAIOTCS TOJIBKO JIJIs IIUKJIOB HEUETHOI JIJIHHBIL.
(d) Cremnenb HEKOTOPON BEPIIMHBI ONTHMAJIBHOIO TYPAHOBCKOTO I'pada He GOoJIbIe CTeneHn
HEKOTOPOI BEPIITUHBI €10 UTOrOBOTrO rpada.

Tenepb MBI TIOJTyYHM JIOTIOJIHUTE/ILHBIE YCJIOBUA Ha T'PAMdBI, JJIsi KOTOPBIX JIOCTUTAETCS Pa-
BEHCTBO (TO €CTh OMHUIIIEM ONTUMAJbHbIE TYPAHOBCKHE rpadbl).

Bagada 5.9. (a) Crenenb 110600t BEPIIMHBI ONTHMATBHOIO TYPAHOBCKOTO Ipada He MeHbIIIe,
YeM HAMMEHDIIAs CTENEeHb BEPITUH HTOrOBOTO rpada.
(b) IlycTb onTuMaIbHBIM TYpPAHOBCKUIT Ipady HEIb3st PACKOJIOTH 110 BepinuHe v. Toraa crenenn
BEPIIMHLL ¥ He OOJIbIIe, YeM HarnOOJIbIIast CTeleHb BEPIINH UTOrOBOro rpada.

B mpenpiyreit 3ajatue npakTHYECKH MOABUIIOCH cJiejyioriee nonsgtue. Hazosém cmabuan-
HbLM TYPAHOBCKUI rpad, KOTOPBINl He sBJISETCs IMOJHBIM U KOTOPBIN HEJIb3sl PacKOJIOTh II0
BepIINHE.

Bagaua 5.10. (a) [Ipuseaure npumep crabusibaoro rpada.
(b) * CymiecTByer i onTUMAaJIbHBIH CTAOUIBHBINA rpad?
(¢) Crenenb J1t060ii BEPITMHBI ONITUMAJIBHOTO CTabIILHOTO Ipada paBHA HAMOOJIBINEl cTere-
HE BEPIINUH €ro UTOTOBOro rpada.
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6 T'uneprpadnl

Haszosém eunepepagom napy (V, F'), rime V — MHOKeCTBO BepIuH, a I — MHOKeCTBO runeppé-
6ep, KOTOPBIE SIBJISTIOTCST TIOAMHOYKECTBAMU MHOXKECTBa V', COCTOSIIIUME U3 KaK MUHUMYM JIBYX
BepimH. (3amernm, 4To rpad sBIAETCS YACTHBIM CIydaeM rureprpada, y KOToporo Bce I'i-
eppébpa MMEI0T MOIIHOCT JIBA. )

[TosMHOXKECTBO BepINH HA3BIBACTCS HE3ABUCUMbBLM, €CJIN HUKAKOE THIeppedpo He cojep-
JKUTCST B HEM TeTMKOM. Jucaom wezasucumocmu «(G) rpada G Ha3biBaeTcss pasMep MaKCH-
MaJIbHOTO HE3aBUCUMOIO MHOYKECTBA.

6.1. (a) Kommuectso rumeppébep B rumeprpade He MeHbIIe, 9eM KOJTMIeCTBO PEGEp B ONTH-
MaJIbHOM rpade ¢ TAKUM Ke KOJIMIECTBOM BEPINUH U YHCJIOM HE3aBUCUMOCTH.
(b) Haiigure Bee runeprpadbl, /st KOTOPBIX B IPEJILIIYIIEM [IYHKTE JIOCTUIAeTCsl PABEHCTBO.

Bana4ga 6.2. O6o0ImuTE BCe BBEJIEHHBIE BBHIIIE OIpPeesieHns 0 Tpadax Ha rumeprpaduml.

Kaxk BuHO, HEOUEBUIHO TOJBKO O0OOIINUTH TOHATHE IIapHUPA.

Beprmmna v runeprpada (V, F') HasbBaeTcs waprupom, eCi CYIecTByeT Takoe pasbueHne
V\ {v} = V1 U Vs, uro Hukakoe rumeppebpo u3z F' He mepecekaercst omHOBpeMeHHO ¢ Vi 1 ¢ Va.

Bepmna v runieprpada (V) F') Ha30BEM nouwmu wapHupom, eCii CyIecTByeT Takoe pa3dn-
eane V \ {v} = Vi U V3, uro ymoboe runeppebpo u3 F, mepecekarorieecsi OIHOBpeMeHHO ¢ Vi u
¢ V5, comepxut v.

6.3. Ilyctb runeprpad na camom jese rpad. DKBUBAJEHTHBI JIU JIJIsi HETO ONpPEJIeIeHIs ap-
HUpA B CMbIC/ie rpadoB U mapHupa B cMbicie runeprpadoB? DKBUBAJECHTHBI JIM JJIs HETO
OIIpeJIe/IeHUs] MAPHUPA B CMbIC/Ie TPadOB U MOYTH MIapHUPA?!

HeszaBucumoe muokectBo U cBsiznoro rumneprpada (V, F') HA30BEM waphupHbim, €CJIu Cy-
mecrByer takoe pasbuenne V \ U = V; U Va, uro Joboe runeppebpo u3 F', nepecekaroreecst
omroBpeMmenHo ¢ Vi LU u ¢ V5, copepxxkut U u He cojiepzKuT 00JIbIlle HUKAKUX BepinuH u3 V).

Hezasucmmvoe muoxkectso U csizroro runieprpada (V, F') Ha30BEM nowmu wapHupHvim, ec-
Jm cytecTByer Takoe pasouenne V\U = VUV, aro siio6oe runeppebpo u3 F, nepecekaronieecst
onnoBpemenno ¢ V3 LU u ¢ Vs, comepxkut U.

6.4. Vmerorcs mapHup v U Mo4TH MAapHUp u (He 06g3aTesbHO pasjindHbie). st KaxK0ro u3
muO)KecTB {v} u {u} onpejenure, ABAAETCS JIU OHO ® TMAPHUPHBIM? @ TIOYTH IHAPHUPHBIM

[MTapruproe MHOKecTBO U cBsizHoro runieprpada (V) F') Ha30BEM npasu.abHbim, €CITH JOTI0J-
HUTeIbHO Jijist pa3buenust V \ U = VUV, u3 onpejiesieHnst MApHUPHOIO MHOYXKECTBA, BBITIOJHEHO,
qro Jiobas BepinHa u3 Vo, cojepKurcs He OoJiee UeM B OJIHOM rureppedpe, rmepeceKarorieMcs
cViulU.

Crenytommas 3ajia4da mo3BoJisieT pOpPCUpoBaTh PE3Y/IbTaT PackKoja rpada ¢ TOTHOCTHIO JI0
MIOJIOYKEHUsT BEPIIUH, JI00aBJIEHHBIX IIPU pacKoJie B KaXKJIyI0 U3 JacTeil, U HaJIu4dud Tex pedep
BHYTPHU KazKJIO# 4acTh, KOTOpble 0e3 J100aB/IeHIs HOBOIl BEPIIUHBI sIBJSIOTCS JIUITHUMHU.

Bagada 6.5. (a) Ilycre npu mobasiennu B TypaHoBcKuii runeprpad runeppebpa U u mmo-
CTIEJTYIOIIEM YaJIeHUN JINIITHAX TUIIepPEOEp OH pachaiaeTcs Ha KaK MUHAMYM JIB€ MTOYTH
TypaHoBcKue dactu. Kak mpesparuth U B MOYTH MIAPHUPHOE MHOXKECTBO, COXPAHUB KO-
JINYECTBO THUIeppedep?

(b) ITycts tpu yjajeHun u3 TYPAHOBCKOrO rurieprpada BEpIIUHBl U U JIUIHUX pEGep OH
pacrajiaercs Ha KaK MUHUMYM J[B€ TIOUTH TYPaHOBCKHE YacTu. Kak nmpeBpaTuTh v B IOYTH
IIAPHUD, COXPAHUB KOJUIECTBO TUIIEppédep?
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6.6. Ilycrb jgBa runeppebpa TypaHoBckoro runeprpada nepecekarorcs 1o U, npuaém |U| > 1.
Toria MOYXKHO WM YJIAIUTH HEKOTOPBIE pEOpa, OCTABUB TUIEPrpad TypPaHOBCKUM, UJIN ITPEBpa-
TuTh U B MIOYTH MIAPHUPHOE MHOXKECTBO.

Bapgaga 6.7. Ilycts B TypaHoBcKOM runeprpade ecTh MOYTH IMIApHUPHOE MHOXKecTBO. Kak
MOJIYYUTh TYPAHOBCKUII THIEPrpad ¢ MPaBUJIbLHBIM IMAPHUPHBIM MHOXKECTBOM, HE YBEJIUYUB
KOJIMYECTBO pédep?

7 HerpuBuaJjbHble JIMHEIHbIE OIIEHKN

Tenepnb, Kor/1a MBI yMeeM KOPPEKTHO Y/IAJISATh BEPIIMHBI B TYPAHOBCKOM I'pade, KaK ¢ COCeIIMU,
Tak U 0e3 HUX, OyJ/IeM JIOKa3bIBATh JIMHEWHbBIE OIEHKU CO CBOOOHBIM YJIEHOM.
CuauaJja pas3bepéM ciydail, Korja Bce pacKoJIbl KOPPEKTHHI.

Jlemma 7.1. Ilpu packose naanaprozo epaga 06pa3yromces mosvko NAGHAPHBLE 2PadoL.

Teopema 7.2. [lycmv umeemcsa naanaphoili mypanosckuli epad Ha N ePUUHAT € YUCAOM
Hesasucumocmu «. Tozda Koruvwecmeo pébep 6 ném ne menvwe 6n — 14da — 4.

Nrak, nony4aatorcs nnrepecHbie oneHku. Ho B GOJIBITUHCTBE C/Iy4uaeB, PACKOJI HE COXPAHSIET
orpannyienus Ha rpad. [losromy, Mbl OKpacuM BepiuHbI rpada B JiBa IBeTa: CUHUE W Kpac-
uble. OrpaHuveHust Oy/yT HAJIOKEHBI TOJBKO Ha MoaArpadbl n3 cuHuX BepiuH. Q4UeBuIHO, 9TO
PN packojie B KarKJOW YacTH MOsABUTCS OJIHa KpacHas BepimmHa. lIpm ynasennn HekoTopoit
BEPIIUHBI C COCEJIsIMU, B KJIMKE 9TOI BEPIIMHBI MOXKET ObITh HECKOJIbKO KPACHBIX BEPIIHUH, a B
OCTAJILHBIX YaCTAX — 10 OJTHOII.

7.3. IlycTh nMeeTcs TypaHOBCKHIA rpad Ha 1 CUHUX U Ny KPACHBIX BEPIIMHAX C YUCIOM He3a-
BUCUMOCTH v. [lycTh B HEM HET CHHUX TPEYTOJILHUKOB (TO €CTh KUK HA TPEX CHHUX BEPIINHAX ).
Torma

(a) KosmmuaectBo pébep B HEM HE MeHbIe 5ny + 3ng — 10av.

(b) PaBencTBO mocTHIaeTCsT TOJIBKO JIJI ONTUMAJBHBIX TYDAHOBCKUX IPadoB.

(c) B ciyuae paBeHCTBa, YUCJIO CHHUX BEPIIMH PaBHO Ny = 3o — 1.

Tenepb BepHéMcs K BBIITUCAHHBIM paHee OleHKaM Jiid rpadoB 06e3 KJINKH Ha 4 BepIImHaX.

7.4. Ilycts umeercs: TypaHoBcKuil rpad Ha ny CUHUX U Mo KPACHBIX BEPIIMHAX C YUC/IOM HE3a-
BUCHUMOCTHU . [lycTh B HEM HET KJIMK HA YETBHIPEX CUHUX BEPIITUHAX. 1Orja KOJMYECTBO pedep
m = 5ny + 4ne — 1lae — 2.

g cunero rpada, 9Ta OleHKa POBHO Ha 2 MOHETHI JIy4Ile, YeM OIEeHKa JIJI ITPOU3BOJILHOTO
TYPaHOBCKOTO Tpada.

Cutetyrornas oreHKa CyIeCcTBEHHO CI0XKHEee, TI09TOMY MOXKHO ¢JIaBaTh €€ 1o myHKTam. [Ipe-
Jaraercd A0Ka3aTh 110 OJIHON U TO 2Ke cXeMe cpa3y JIBe OIeHKU: JIMHEHHYIO 1 KYCOYHO-JIMHEUHYIO.

7.5. Ilycrh mMeeTcs TypaHOBCKUI rpad Ha 1 CHHUX U Ny KPACHBIX BEPIINHAX C YUCJIOM HE3aBU-
Y Yy 1 2

CUMOCTHU (v, HE SABJISIONINNCS YeThIPEXyTroJbHON aHTUIpu3Moit. IIycTh B HEM HET KUK Ha 9eThI-

péx cuHuX BepimmHax. Torma KosmdaecTBo pédep 3m = 19n;+11ny—50a m > 6nq+4no—15a—1

[lepBas u3 oreHOK pUMedaTeIbHa T€M, 9TO 9TO CHUJIbHEHIIass U3 omyOJIMKOBAHHBIX OIEHOK
JUIA JIMCTAHIIMOHHBIX TpadoB. Eé nokasarenbcTBo Tpebyer 3ampera TpéX rpados Ha 6 u 7
BepIIMHAX U ONUPAETCs Ha CyIIeCTBeHHBIH mepebop. BaMm mperaraercst He TOJIBKO JIOKA3aTh
9TY OIEHKY JI/Is1 Bcex rpados 6e3 K4, Kpome aHTUIIPU3MBbI, HO U HAATH Bee 4 ciiydasi PABEHCTBA.
Bropast orienka HEMHOrO IIpoIIe, 3aTO CUJIbHEe IepBoil pu n < dba — 3 .
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7.6. (a) Ilycrs B rpade ecrb kpachasi Bepmuta. Torjga MOKHO JIHOO TIOJIyIUTH MOHETY, JId-
00 cepueil TPOCTHIX OECILIATHBIX PACKOJIOB pa3dbuTh rpad Ha KJAWUKU U Ipadbl U3 cHHEi
YETBIPEXYTOIBHON AHTUIIPU3MBI 1 KPACHON BEPINUHBI.

(b) Eciu B rpade ecth BepimHa CTereHn MeHee 4 WM HeCTAHIapTHAs BepIIUHA cTereHu 4,
eé MOXKHO YJIAJINTh C COCeJIsIMU, Jajee 1I. (a).

(c¢) Eciu B rpade ecTb 2 HE3aBUCUMBIX BEPIIUHBI CTEIEHN 4 ¢ JIBYMsl OOIIUME COCEISIMU, OJTHY
13 HUX MOXKHO YJIQJIUTh C COCe/isaMU. Ecim OHa OKarKeTcsl CTaHIAPTHON, Ha CJIe/IyIoNeM
are Mbl HE TOJIBKO BOCCTAHOBUM OaJIaHC, HO U TIOJIyIUM MOHETY.

(d) Ilycre 1. 1-3 e BbimosHeHbl. ONUIINTE BCE CIyYal MHOXKECTBA COCE/Iel BEPIIUHBI U MU-
HUMAJIbHOM cTeneHn d = 4, KOTOPYIO HEBBITOIHO YIAJIATH C COCEIAMHU. UTO JenaThb ¢
4-perynsgapHbiM rpadom?

(e) IMouemy npu yaJleHUN BEPIIUHBI CTEIIEHU 4 € COCEISIMU B CJIyUae PABEHCTBA HE MOJIy IUTCsI
AHTUIIPU3MA?!

(f) Pasbepure ciydaii, Korja crereHnb Bcex BepiinH rpada He MeHee 5.

7.7. (*%) Ilycrb mmeercst TypaHOBCKUIA Tpady Ha 1 CHHUX, N 3€JIEHBIX U N3 KPACHBIX BEPIIU-
HAX C YUCJIOM He3aBUCUMOCTU «v. [lycTh B HEM J1I00ast KJIMKa Ha 9€THIPEX BEPIIMHAX COIEPIKUT
KPaCHYIO BEPIINHY, & J00as aHTHIIPU3Ma - KPACHYIO WK 3eJICHYI0 BepiuHy. Torja ubo KoJu-
9ecTBO Pedep m = Tny + 6ng +4nz — 19«, mubo rpad - anTUIPU3Ma, ¢ OJTHON 3€JIEHON BePITHHOM
u 7 cuHuMH, JTUOO BCE BEPIIUHBI CUHUE, U PEAJU3yeTCs OJUH U3 JBYX HETPUBUAJILHBIX CJIyYaeB
paBeHCTBa U3 Mpeblyeit 3agaun (n = 12, a = 3, m = 26 ).

Taxum obpazom, s oneHKu m > 9a mpu n = 4o TpedyeTcs He JTUCTAaHIIMOHHOCTDH rpada,
a cyIecTBeHHO Oosiee ciabble 3ampeTbl. Ho ecim BBl XOTUTE MOJyIUTh 60J1€€ TTPOCTYIO OIEHKY
m > 9a win yCWIuTh e€ JUId JUCTaHIIMOHHBIX I'PadoB,

Kpome anTunpusmbl, BaKHelmuii ciiydaii paBeHCTBa — ONTUMAJILHBIN TypaHOBCKUil rpad.
Vcunenne omeHKN JIJIsi JUCTAHIIMOHHBIX I'padOB OCHOBAHO Ha OOpHOE ¢ 3TUM ciydaeM. dToObI
TOYHEE OINChIBATH CEPUU PACKOJIOB, Mbl BBeJIEM B I'pad JOIMOJHATE/IbHbIE 00bEKTHI. Po30oBasd
BepINHA — KpacHas BepIuHa, He BXOAdIasd B KJIUKY Ha 4 BepImHaxX, U3 KOTOPBLIX 3 CHHUE, U
6 cuaux pébpax (HO BXOSINAs B JIPYTOil 3alpeIEHHbIii moarpad).

7.8. (a) Ilycrs B TypanoBckom rpade ecth KpacHas BepimiHa v. Torma gmbo rpad — Kimka,
JibO v UMeeT cTerneHb OoJiee 4, MO0 v MOXKHO CJIeIaTh PO30BOii, OO BO3MOXKEH IIPOCTOM
OecILTaTHBII packoJI 1o pedpy.

(b) Kakue memucrannuonuble moarpadbl HY’KHO 3alPETUTh, YTOOBI B yCJIOBUSX II. (&) 1pu
« > 3 10c/Ie OJTHOTO WJIN JIBYX IPOCTBIX OECILIATHBIX PACKOJIOB B Tpade MOSBUIOCH KPac-
HOe peOpo, KpacHasl BepIlmHa creneHn Oojee 4 wiam posoBas BepmmHa! CumTaem, 9TO
OTKAaJIbIBaeMble KJIUKU HCIE3aT0T.

(¢) B ycioBusix mpeiblIyInero myHKTa Ipu o > 4 nocjie Tpeéx MpOCThIX GECIIATHBIX PACKOJIOB
B rpade HosIBMIaCh KpacHasl BepIIMHA cTeleHn 6ojee 4 mam pos3oBas BepmuHa. Kakoit
HEJINCTAHIIMOHHBIH TIo/irpad HY?KHO 3alPETUTh, YTOOLI OHA TOSBUJIACH MOCJIE JIBYX IIPO-
CTBIX OeCILTaTHBIX PACKOJIOB?

(d) Ilycre B ycmoBusx 1. (b) BeIONHEHO paBeHCTBO m = 61y +4ny — 15 — 1 u ecTh KpacHast
seprnaa. Torga o < 4. Ilocrpoiite Bce npumepnl ¢ a = 2,3 (Kak BUJIHO u3 1. (C),
eINHCTBEHHBII TIPUMep ¢ o = 3 — HeJINCTAHITUOHHBII ).

OTH pe3yabTATHI TO3BOJISIIOT MOJYIUTh 0OJIee CUIBHYIO OIEHKY m = Tny + 4ng — 19a s
qucrarnuontoro rpada G (B wactHocTn, poao m = 9o npu n = 4o ). He ymanas obmHocTy,
cunTaeM rpad TypaHOBCKUM. DTy 3aJady TOKE MOXKHO CJIaBaTh 10 IMIyHKTaM.

7.9. (a) Ilycrs moarpad u3 cunux Bepuma G He sBIsieTcss BepeTeHOM Mosepa U comepKuT
BepmnHy crerniernn Menee 4. Kak mosyants monery? Uem ormaaercs ciydaii, kormaa B G
ecTh KpacHast BepriuHa A7
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(b)

()
()
(e)

[Iycrs B rpade ecth BepinHa crenenu 4, coceaHsisI ¢ BepIiuHoii crenenu 5. Kak, 3arparus
He GoJiee OJTHON MOHETHI, TrepeiiTn K 1. (a)?

Permure 3amaay s 4-perynsgproro rpada.

Pemure 3aga4ay ajs b-peryisipaoro rpada.

SaBepIinuTe perreHne 3aJa9n. 3aipeT KakKux moArpadoB BazxKeH?

NuTepecHo 3aMeTUTb, UTO OIEHKY I JUCTAaHIMOHHBIX rpadoB moxkuo EIIE ycummnrs!
st 97010, TEXHUKY KPACHBIX pEbep MPUIAETCS UCIOJIb30BaTh B MOJHYIO cuiay. [Ipemraraercs
JIOKa3aTh TaKyIo HUXKHIOIO OIEHKY:

2m > 12n — 29« — 4.

Ilonckaska: omnuieM CTOMMOCTHU OOJIBITUHCTBA O0bEKTOB, YIUTBIBASI, 9TO MOHEMA CMOUM,
2 ouxa:

Cunsist BepinHa — 12 09KOB

Kpacnag Bepmimaa — 8 09KOB

Po3zoBas Bepmunaa — 9 04KOB

Kpacnast Bepiinna, KOTOPYIO 110 PEKOMOMHAIIMKM MOYKHO Pa3BEepPHYTh B CHUHHI pomO — 9
OYKOB

Kpacuoe pebpo, coeaunstoriee mpoTHBOIOIOKHBIE BEPIITUHBI CHHETO poMba: +3 09Ka
Kpacuaoe pebpo, 110001t KOHEI[ KOTOPOro MOXKHO C/IeJIaTh PO3OBBIM: +2 0YKa

Kpacnoe runeppe6po (eciu morpebyercsi): +2 0uka

Eciu Ber 1o6pasuck 10 9Toro Mecta u cKydaeTe B 9TOT MOMEHT, TO IIpeJijiaraeM BaM IOIIPo-
60BaTh YIyUIINTh JIIOOBIE OIEHKN U3 9TOI0 pa3jesa Wi HallTH TOYKU PaBeHCTBA, T.e. CUTYallll,
KOTJIa KOJINIeCcTBO pebep rpade B TOTHOCTH PaBHO KaKO-/1M00 HETPUBUAJIbHON HUXKHEN OIeHKE
u3 3Toro pazjesia. Mbl ojaraem, 9To MOJTy4YaTCsd MHTEPECHBIE PE3YIbTAThI, U OyJIeM PaJibl UX
00CY/IUTh: BO BpeMs JieTHell KOH(MEPEHIINH WJIM IOCe Hee, eCJii y Bac BO3SHUKHET MHTEPEC K
IIPOJIOJIZKEHUIO UCCIIeI0BATEILCKON JIeITeIbHOCTH B 3TOM Hampasiennn. 2Kejgaem yaaqn!
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Perttenugsa

1.1 Cnenyer n3 ynpaxkuaenwnit 1.2 u 1.3. Eciu n = qao+ 1, rne r < a;, To B onTUMaJIbHOM T'pade
Oyzer r KUK pasmepa ¢ + 1 u « — r KUK pasmepa ¢, Bcero pédep T'(n, ) = (T@ + (o —
).

1.2 3amerum, YTO NP BBIKUJLIBAHUKM BEPIIUHBI CO BCEMH BBIXOJANUMU DEOPAMU UTUCTIO
HE3aBUCUMOCTH HE MOXKET YBEJUYUThCA. Kcam 4nc/io He3aBUCUMOCTH He U3MEHUIOCh, TO JIPY-
rue pébpa MOXKHO HE BBIKU/IBIBATH. FKCJIM OHO yMEHBLIIUIOCH, TO Oy/IeM BBIKHILIBATL PEOpa 110
oJTHOMY. 3aMeTHUM, 9TO YUCJIO HE3aBUCHUMOCTH Oy/1eT OO0 He MEeHSThCS, JTUOO yBEININBaTHCS
na 1. Korna ynanarcsa Bce pédbpa, ducyio He3aBuCUMOCTH cTaneT paBHo n — 1. Ho usnagasibio
oHO He OoJiee n— 1, Tak Kak B rpade ecTb X0Ts ObI 0/1HO pedbpo. Takum 0bpazoM, 1o JTUCKPETHOI
HEIPEPBIBHOCTH MOXKHO HaiiTu HabOp pEdep, pu yaaJleHuu KOTOPOTO YUC/I0 HE3aBUCUMOCTHU HE

N3MEHUTDHCA.

1.3
(a) Pacemorpum HesaBucumoe MHOXKeCTBO B HOBOM rpade. OHO cofepkuT He GoJiee OTHOI
BeprmmHbl 13 N. Torja, npu HEOOXOIMMOCTU 3aMeHUB BepIuHy u3 /N BEPIIUHON v, MbI
HOJIydaeM He3aBUCHMOe MHOYKECTBO TaKOI'O Ke pasMepa B MCXOIHOM Tpade.
(b) O6osHaunm crenenb Beprmabl v depe3 d. Torma B muoxkectBe N ectb d + 1 BepumHa

.. d(d+1
cTelleHn He MeHee d, OTKy/da peébep ¢ konmamu B N He MeHee ddtD) A g kiuke na d +

2
1-i1 BepiuHe pébep POBHO @. Takum obpazoM, MbI yjaaJuM PEOGEp He MEHbIIe, YeM
n06aBUM.

(c) Pasenctso jocturaercs, eciii y Beex BepiiuH u3 N crereHu paBHbI d, 1 KazKJ0e YIaJIéHHOe
pebpo coemmugeT JBe BepmuHbl 13 N. HeTpy/iHO BUIETh, UTO B 9TOM CJIydae MHOYKECTBO

N obpazyeT KUKy, U3 KOTOPOil He DOJIbIle HUKaKUX PEGEp He BBLIXOJIUT.
1.4

(a) okaxkeMm JaHHOE yTBEPIKJIEHUE MHIYKIIUEH MO (.

Baza. [Ipu a = 1 ontumabubiM rpadom gBjisieTcs ToJabKO rnosnblii rpad. Ilepexon ot
a <t Kk a = t. IIpumernm oneparuio u3 3aga4un ¢ ¢. Tak Kak rpad onTumasbHBINA, TO
YUCTI0 PEDEp He YyBEIUYIUTCH, U HARJIETCH KOMIIOHEHTa CBA3HOCTH, SABJIAIONIASCS KIUKOM.
Torna rpad Ha ocraBieMcs MHOYKECTBE BEPIIUH SIBJIAETCS ONTUMAILHBIM i o < t.
[IpumensieMm mpeosiozKeHne MHIYKIIMA U TOJIyYIaeM, 9TO BeCh I'pacd COCTOUT U3 Herepe-
CEKAIOMNXCA KJIHK.

(b) Eciu B onHoit kiuke k Bepiiuh, a B Apyroit — [ > k + 1 Bepiius, T0 nepeGpocuM OJIHY
BepIIUHY 13 O0JIbINeH KUK B MeHBIIYI0. Torma pédep yMeHbIuTcs Ha [— 1, & yBeJIMIuTCs
Bcero Ha k < [ — 1, To ecTb yMeHbIINTCS. A Tak KakK YMCI0 HE3aBUCUMOCTH IIPU TaKOM
olepanvum HE MeHAeTCd, TO ,Z[‘aHHbeI Fpad) HE MOZKET 6bITb OIITUMaJIbHBIM.

1.5 Omeemwi:

(a) g mewérHOrO M BCe pEOpA JIMIIHKE; /IS IETHOTO JIAIIHIE W HEJUIIHIE PEOpa depery-
I0TCS, HAUMHASA C HEJTUITHAX.

(b) s aérHoro n Bce pébpa JMITHUE, JJisi HEYETHOTO N JINIMHUX PEGEp HeT.
(¢) Jlumaux pédep HeT.

(d) Bee pébpa Jumiaue.

1.6 Ilpeamonoxkum nporuBHoe. [lycTh y BepimmHbl v BCe cOCe/M TOMAPHO COeIMHEHBI. Tak
KaK I'pad CBA3HBIN U He ABJIATCH KJIMKOI, TO HAWLyTCd COeTMHEHHBIE BEPITUHEBI U, W TaKUe, 9TO
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u cocell v, a w — HeT. Tak Kak pedbpo u — w He JIuIIHee, HAHIETCH MaKCUMAJILHOE MHOZKECTBO,
coaepzKaliiee BEPIIUHBI U, W. TaK KaK B MaKCUMaJIbHOM MHOXKECTBE€ HET BEPIINH CTCIICHU XOTsd
Obl 2, TO B BBLIOPDAHHOM MHOXKECTB HET JIPYIUX cocejeil u, a, CJIeJIoBaTe/IbHO, U cocelieil v.
Ho rTorma 3ameHmM B MHOXKECTBe BEPIIMHY % Ha w. UWCIO BEPIINH HE U3MEHUTHCs, PeOPO
U — W MPONAJET, HOBBIX He nogBuTcd. [lomyunM npoTuBopedne ¢ MaKCUMAaIbHOCTBIO UCXO/IHOTO
MHOYKECTBA.

2.2 BaMeTI/IM7 9TO B MaKCUMaJIbHOM MHOXKECTBE HE MOZKET 6I)IT]3 BEPIINHBI CTCIICHU HE MEHb-
e JIByX: NPH yJIaJeHuN JI000N TaKOH BEPIIUHBI HICKOMas pa3HOCTb yMeHblnaercsd. [lpu yase-
HUU BEPIIUHBI CTENIeHN OJINH MCKOMasi pa3HOCTh He m3MeHsieTcd. [losTomy ecim B3dTH Jrroboe
MaKCUMaJIbHOE MHOXKECTBO U 10 OJIHOHN yIaJIsTh BEPIIUHBI CTENEHU 1, MBI TPUJIEM K HE3ABUCH-
MOMY MHOKECTBY C Te€M Ke 3HAYeHHeM Pa3HOCTH. A TaK Kak eCTh XOTs Obl OJJHO HE3aBUCHMOE
MHO2KECTBO, ABJIAIOIIECCA MaKCUMaJIbHBIM, TO BCE€ MaKCUMaJIbHBIC HE3aBUCUMbIEC MHO2KECTBa 6y—
AyT MaKCUMaJIbHBIMH.

2.3 (=) Ilycrb ecTb MakcHMaJbHOE MHOXKECTBO, cojepzKariee pebpo. Toryma mpu ero yja-
JIEHHU B 9TOM MHOYKECTBE Pa3HOCTH YHCJIa BEPIIUH W JHCIa PEOGEp BO3PACTET, CJIeIOBATEIHHO,
BO3PACTET U pasMep MaKCUMAaJILHOTO HE3aBUCHMOI'O MHOXKECTBa. 3HAYUT, peOpPo He ObLIO JIUIII-
HUM.

(<) Ilycts pebpo smmmnee. [Ipu ero yaameHun Iucsio HE3ABUCHMOCTH YBEJIUINBACTCS POBHO
Ha 1. YgagmM ero u BeIOepeM J1i000e MaKCHMAaJIbHOe HE3ABUCHMOE MHOYKECTBO. DTO MHOXKECTBO
n OyjeT MakKCUMaJIbHBIM B HMCXOJHOM rpade: B MCXOJHOM I'pade pa3sHOCTh YUC/Ia BEPIINH U
péGEp TOIMHOXKECTBa YMEHBIIIUTCS Ha OJUH U CTaHET paBHA UMUCJIY HE3aBUCUMOCTH UCXOIHOIO
rpada.

2.4 Tax xak rpad CBA3HBIN U B HEM OOJIBINE OJIHON BEPIITHHBI, TO CTEIIEHb KaXKJION BEPIITHHBI
He MeHbIe ojHoro. Ilycrs jmana BeprmmHa. BoszbMmém j060e pebpo, BBIXOJsINee U3 HeE. ITO
pebpo HesuIHee, MOITOMY I10 3ajiade 2.3 HalléTcsd MaKCHMAaJIbHOE MHOXKECTBO, cojeprKaliee
BBIOpaHHOE PedPO, a, CJIeI0BATE/IbHO, U JIAHHYIO BEPIIUHY.

KaK MBI BLIACHAJIM, BCE CTEIleHM B MaKCHMaJIbHBIX MHOXKECTBaX HE 60.HBH_Ie JABYX. TOF,Z[a
CTEIIEHDb rHaHHOfI BEPIIMHBI B IIOJIYIEHHOM MaKCHUMaJIbHOM MHOXKeECTBE paBHa 1. TOFI[‘a BBIKMHYB
13 HEro JAHHYIO BEPIINHY, MOy IIM MaKCHMAaJIbHOEe MHOYKECTBO, €€ He COoJieprKallee.

2.6

Paccmorpum mponsBosibHy0 BepiiuHy v, a N — 00beIMHeHrne MHOYKeCTBa eé cocesieil u {v}.
Jokazkem, uro N — KJIIO4YeBOe.

Cuaugajia okazkem, ato N HecBobojHOe. [leficTrBuTebHO, mycTh X — MaKCHMaIbHOE MHO-
KecTBo, He mnepecekaroreecs ¢ N. Torga B muoxkecrse X U {v} Ha oy Bepiuny Gosibiie u
CKOJIBKO »Ke pébep B cpaBHeHHM € X, UTO MPOTHBOPEUNT MaKCUMAIbHOCTH X .

Teneps myctb u € N. ITokaxkeM, 9TO CyIeCTBYeT MaKCUMAJIbLHOE MHOXKECTBO, HE IIepeceKa-
formeecst ¢ N\ {u}. Pacemorpum pebpo ¢ xoumnamu v n u. (Ecim v = w, Beibepem so6oe pebpo,
BBIXOJIsIIIee U3 v). Tak Kak BeIOpaHHOE PeGPO He JIUIIHEE, TO 110 YIPAKHEHHIO 2.3 CYIIEeCTBYeT
MaKCUMaJIbHOE MHOKeCTBO X, cofiepxkaiiiee u u v. Beikuaem 1o oHoit Bepiuabt (X UN)\{v, u}.
Taxk Kak Bce BBIKHJIBIBAEMbIE BEPININHBI COEJIMHEHBI C U, TO IPHU BBIKUIBIBAHUNA BEPITUHBI MbI
yMEHBIIIAeM YHCI0 BeplmuH Ha 1, a 4uciao pébep — xorda 06l Ha 1. CiemoBare/ibHO, IPU BbI-
KUJIBIBAHUY MHOXKECTBO OCTaHeTCs MaKcuMaJsbHbIM. HakoHer, npu HeoOXOMMMOCTH BHIKUHYB v,
MBI IOy IUM MaKCHMaIbHOE MHOXKECTBO, He nepecekarorieecs ¢ N\ {u}.

2.7 Ilpeanonoxum nporueHoe. [lycts G — TypaHOBCKMit rpad, a v — BepinHa, TP yia-
JIEHUHM KOTOpOil rpad Tepser cBa3HocTh. [Ipu stom G = G U Gy, tiie G u G — noarpadsr,
[IEPECEKAIONINECs TOJIBKO 110 BEpIIUHE 0.

Habmoderue. Muoxkectso X 5 v MakcumasibHO B G TOr/Ia 1 TOJIbKO Tora, Korga X NV (Gy)
makcuMmasbao B G, a X N V(G3) makenmanbho B Gy,

Bribepem mponsBosibHBIE pEOpa €1 U €5 ¢ KOHIIAMU B v, Begaymne B (G u o COOTBETCTBEHHO.
Taxk Kak OHM He JIUIITHKE, TO CYIECTBYIOT MaKCHMaJibHble MHOXKecTBa X1 U Xo moarpados G
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u (G5 COOTBETCTBEHHO, UX cojep:karmue. Torga mo nabsogernio X U Xy MakcumaibHo B (.
OHako, BepIImHA ¥ UMEET CTEleHb XOTs Obl 2 B MHAYIUpoBaHHOM mnoarpade. IIporusopedne.

2.8

(a) Bymem nokasbiBaTh yTBEpKIeHUE WHIYKIWeNd 10 n. Basa n = « + 1: oleHKa TeopeMbl
Typana mgaét ojiHO pebpo, a B cBsa3HOM r'pade Ha « + 1 BeplmHe XoTd Obl v PEdED.
Iepexod. Ilycts mam cBA3HBIN Tpad Ha n BEpIIMHAX C YUCJIOM HE3ABUCUMOCTH (. Byjiem
110 OJTHOMY YJIaJsdaTh JIAIIHAE pEéOpa, He Hapylias CBA3HOCTH. Korja Mbl OCTAHOBUMCH,
BO3MOXKHBI JIBa CJIydas.
Ocrajioch x0Tst OBl OJHO JHUIIHEe PeOpOo, MPHU YIAAJEHUU KOTOPOro rpad TepsieT CBs3-
HOCTh. Yiajmm 310 pebpo. Ilycts [ u 7 ducia He3aBUCHMOCTH KOMIIOHEHT CBSI3HOCTH,
B + v = «a. Ilo npenmnonokennio B mepBoit KOMIIOHEHTe pédbep xoTs Obr Ha [ — 1 60JIb-
e, YeM B ONTUMaJbHOM rpade, BO BTOPOil KOMIIOHEHTE XOTs Obl Ha v — 1 6oJibIle, Yem
B COOTBETCTBYIOIIEM ONTUMAaJIbHOM rpade. CremoBaTe/nbHO, UCXOMHO PEOEp XOTsd ObI Ha
1+ (8—1)4(y—1) = a— 1 6ombiie, gem B rpacde, ABJISIOMUMCs 00bEJINHEHUEM JIBYX
ONTUMAJILHBIX. A B JII0O0OM rpade ¢ 9uc/ioM HE3aBUCHUMOCTH (v IUCJI0 PEOEP HE MEHbIIe
cooTBeTcTBYIOMEH orieHkn Typana. JanubIil ciaydail paccCMOTpEH.
[Tonyuniicss TypanoBcKuil rpad Ha n BepmuHax. Tak Kak Jijisg HEro BepHa OIEHKA U3 TEO-
pembr Typana, To HaiiJIETCs BepIIMHA CO CTEIEHBIO XOTA ObI fﬂ — 1. Yaamum eé. Ilo
zajgade 2.7 rpad ocraHercs: CBA3HbIM. UHCI0 HE3aBUCUMOCTH cTaHeT He Oosiee av. [Ipume-
HUM IIPE/IITOIOKEHNEe UHTYKITUH K 1101y 9eHHOMY Tpady. B momydernrom rpade pédbep xors
Obl HA v — 1 OoJibllle, YeM B onTuMaJjbHOM I'pade Teopeme Typana Ha n — 1 Bepiure, a
VJIAJIAJIA MBI BEPIIUHY CTEIICHW He MEHbIIe, YeM MaKCHUMaJjbHas CTEIEHb BEPIIHHBI OITH-
MaJibHOTO rpada Ha n BepmmHax. CjeoBaTe/IbHO, B UCXOHOM rpade pédbep XoTsa ObI Ha
« — 1 6oJibIlle, YeM B ONTHUMAJIBHOM I'pade Ha n BepIIuHAX.

2.9

(a) Kak ciepyer u3 ynpaxKuenus 1.5, Jijis HEYETHOIO N MOJOWIET MyTh, & JJisl YETHOTO —
[TAKJL.

(b) IIpeamonoxkum nporusHoe. [TycTs pebpo e — JuiHee, U Ipu ero yaajaeHun pedpo es cTa-
HOBHUTCsI JIMITHUM. Tak Kak m3HA4YaJIbHO €, HEJIMIITHEee, TO 10 YIIPaXKHEeHUIo 2.3 HalaeTcs
MaKCHMaJIbHOEe MHOYKECTBO, cojiep:Kailiee oba KoHIa pebpa eo. Ho Tak Kak ey JjmmiinHee, TO
[P €ro yJajJeHud YUCJIO HE3aBUCUMOCTU COXPAHSETCs, ¥ BbIOpAHHOE MHOYKECTBO OCTa-
HeTcst MakcuMatbHbIM. CJre/loBaTe/IbHO, PEOPO €y OCTAHETCS HEJTUITHUM.

2.10
(a) Bepereno Mosepa ¢ npoBeIEHHBIM PEOPOM TaKUM 06pa3oM, 4To0bl He 06pa30BaAIOCh KJIH-
KI Ha 4 BepIInHAaX.
(b) IsaTryroJIbHUK C JUATOHAJIBIO. YJIaJssi PA3HBIME CIIOCOOAMU, MbI MOYKEM OCTaBUTH JINOO
NATHYTOJBHUK, JITOO HECBA3HBIN Ipad, KOMIOHEHTHI KOTOPOTO — TPEYTOJIBLHUK U Pedpo.

2.11

(a) Cuauayia mOKayKeM, 9TO [pH J00ABJIEHUN BEPIIUHBL U, COSJINHEHHO ¢ HEKOTOPBIM HECBO-
60HBIM MHO2KeCTBOM U, 4ucji0 HE3aBUCUMOCTH He MeHsdgeTcd. [Ipesnoioxkum nporusHoe.
Torma ecth MakcmMaJIbHOE HE3aBUCHMOE MHOXKeCTBO X 0ojbirero pasmepa. OdueBUIHO,
oHO coaep:kuT v. Torma oHO HOJIXKHO He colepxKaTh Bepiud u3 U. Ho Torga mo omnpee-
Jenuio HecBoboaHocTH MHOKECTBO X \ {v} He MoKeT ObITh MAKCUMAIBHBIM B HCXOHOM
rpacde. Torma B X Bepima He O0JIbINE, YeM YHCJIO HE3aBUCUMOCTU UCXOJHOTO rpada.
[Iporusopeune.
Tenepnb 1mokazkeMm, 9TO MOJYyUEeHHBINH I'pad sBjageTcd TypaHoBCKUM. Bee meumiaue pédpa
UCXOJTHOTO I'pada OCTAIOTCS HEJUNTHIMU, Beb MAaKCHMAaJIbHbIE MHOXKECTB, COJIEpXKalllie
9TH pédpa, OCTAIOTC MaKCUMAJIbHBIMU. PaccMoTpum mpon3BosibHO pedbpo v —u, u € U n
[IPOBEPUM, YTO OHO TAKKE HEJIUIITHEE.
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Tak kak muoxecrso U kiouesoe, 1o U \ {u} — cBoboxnnoe. Paccmorpum MakcuMasbHoe
MHO)KecTBO X B ncxojHoM rpade, He nepecekaroreecs ¢ U\ {u}. TobaBum k X BeprmHy
v. obasurcs 1 Bepimuna u 1 pebpo. Ilomyunm makcumambroe Muoxectso X U {v}, co-
JiepzKaliee BEPIIUHBI U, U, OTKYy1a pebpo u — w HejuinHee. Cie0BaTeIbHO, 0Ty Y€HHbII
rpad Tak:Ke ABJISETCA TYPAHOBCKUM.

(b) U3 npeapLayiero myHKTa MOXKHO U3BJI€Yb, UTO YUCJIO0 HE3ABUCUMOCTH rpada He N3MeHH-
JIOCh, U BCE PEOPa, BHIXOAAIIME U3 BEPIIUHDI U, SABJIAIOTCS HEJUITHUMU.

3.1 /lokaxkeM OIeHKY B OOITIeM BUJIE: JIJIsi IIPOM3BOILHOIO HATYPAJIHHOTO k 6y/1€T BBIIOJTHEHO
HEpPaBeHCTBO M = kn — k(kT_l)oz.

Habmoderue. Ilycrs nan rpad G w3 n BepIIUH, U CTEIeHb KayKI0i BEPIINHBI He OoJbIe d.
Torna 4ncao nesapucumoctn G HEe MEHBIIE [#1

Jloxazameavcmeo nabaroderus. IBHO TOCTPOMM HE3aBUCUMOE MHOXKECTBO HYKHOTO pasMe-
pa. Beibepem mpom3BOJIbHYIO BEpIIUHY ¥ J100ABUM B HE3ABHCUMOE MHOYKECTBO. BBIKHHEM u3
rpada BHIOpAHHYIO BEPIIMHY U Beex €€ cocejieit. JlobaBuM IPOU3BOIBHYIO OCTABIITYIOCS BEPIIIH-
HY B HE3ABUCUMOE MHOXKECTBO, BRIKIHEM €€ 1 BcexX cocejieit u3 rpada. [losropss stu neiicrsus,
MBI JeHCTBUTEIHFHO TOJIYINM HE3aBUCUMOE MHOKECTBO pasMepa He MEHBIIe (#}

Jloxazameavcmeo oyenku. Ipeanonokum MpoTUBHOE M PACCMOTPUM MUHUMAJIBHBIN 110 KO-
JmdaecTBy BepiuH rpad G, He YJIOBIETBOPSIONIUI OTCHKE.

Breibepem mmpon3Bo/ibHOE MaKCHMAJIbHOE HE3aBUCHMOE MHOXKECTBO A, a MHOXKECTBO OCTAJIb-
HBIX BepiuH obozHadnM depe3 B. [Ipeanonoxkum, aro B B ecTb X0Ts OfiHa BepIiuHa (1106a/1b-

HOIT) crerenn He MeHbIne k. Yaamum eé. [loxyumm rpad ma m’ < m — k pébep, ' = n — 1
k(k—1)
2

BepIUHAX C YUCJIOM HezaBucuMocTu «. llo mpeamosoxkenuto m' > kn' —
cieyer, 9ro u i rpad G yI0BIETBOPSET OIEHKE.

Terepb npeoIoKuM, 910 B B Bce creniern Bepiiud He 60JibIine k — 1. [Ipu oM u3 Kaxk 1o0i
BEPIINHBI B v € B m0/mkHO Bectn xoTs ObI 01HO pebpo B A, nnade A U {v} Takke ObL10 OBI
He3aBHCUMBIM. BpemenHo BoiknneM u3 rpada G Bce Beprmabl u3 A. [lomyanm rpad vHa n — «
BepINHAX, CTeleHb KarKI0i U3 KOTOpOoil He OosibIne k — 2, a IUCI0 He3aBUCUMOCTH He OOJIbIIIe
. Ilpumenss nabmozennue, noadaeM onenky « > [ =%, um akgeqn.

Hakoner, onerum m. CymmapHast crerienb Bepiint B B ne menbiie (n—a)(k—1), mpu srom
xorsi 661 1 — o pébep umeer posro 1 kouer B B. Takum obpasom, nosydaem m > (n—a)+ (n—
a)k—;l. Jlo6aBuB K IIpaBoiil 4acTu BEJTMINHY %(n — k), KoTOpast SIBJISIETCST HEMOJIOKUTETHHOM,

MBI U ITOJIYYUM TPeOyeMyIo OIeHKY.

o, OTKyJla U
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Distance graphs and Turan’s theorem

Andrey Raigorodskiy, Maxim Didin, Sviatoslav Dzhenzher,
Vadim Retinskiy, Alexey Suvorov, Alexander Tolmachev

By symbol (!) we denote tasks, without solving which it is difficult to move on. The symbol
(*) — tasks of increased complexity. The symbol (**) — hard tasks. The further you progress
on the project, the more ideas you master. Therefore, tasks (*) and (**) can be skipped and
returned to them later using a higher-level technique.

1 To Turan’s theorem

The main purpose of this section is to find the minimum possible number of edges in a Turan
graph with a given number of vertices and the number of independence. The second goal is to
obtain methods of working with Turan graphs that can be used in the rest of the project.

Recall that independence number a(G) of a graph G is the size of the maximal set of its
vertices that are pairwise not connected with edge.

Theorem 1.1 (Turan, 1941). Find the minimal possible number of edges in a graph on n
vertices with the independence number c.

1.2. () Let a graph have a vertex of degree at least one. Then it can be removed along with
the outgoing edges and possibly a few more edges, so that the independence number does not
change.

1.3. (!) Let v be a vertex of minimal degree, and N be the union of the set of its neighours
and {v}.
(a) If you remove all edges with ends in N and make a clique out of N, then the independence
number will not increase.
(b) With any method of performing the operation from the previous item, the number of
edges in the graph does not increase.
(¢) When performing the operation from the first item, the number of edges in the graph
does not change if and only if /V is both a clique and a component.

A graph is said to be optimal if the minimum in Turan’s theorem 1.1 achieved on it.

1.4. (!) In an optimal graph
(a) all components are cliques,
(b) sizes of components differ by at most one.

There are many problems in which you need to find a connection between the number of
vertices, the minimum possible number of edges and the number of independence in a graph
with some restrictions (for example, a graph without triangles, a distance graph). An interesting
case is when these constraints prohibit the optimal example from Turan’s theorem. Then we
will consider the local minimum.

An edge is said to be excess if its removing does not change the independence number of
the graph.



1.5. Find all excess edges in a (a) path; (b) cycle; (c¢) clique; (d) square with a diagonal.
A connected graph without excess edges is said to be turanian.

1.6. (!) In a turanian graph which is not a clique there are two independent vertices among
neighbours of any vertex (in particular, there are no leaves).

1.7. Find the minimal possible number of vertices in a turanian graph with the independence
number equal to two.

1.8. Describe all turanian graphs for the numbers of vertices from {3,4,5,6}.

2 Elementary methods

In this section, we will get acquainted with the basic concepts that will be used in the future to
obtain various Turan estimates. Some of these methods will also be useful for obtaining simple
linear estimates; the rest of the methods will be useful for more complex techniques, but these
methods can be disassembled now to improve understanding of what is happening.

A subset of vertices is said to be mazimal if the difference between the number of its vertices
and the number of edges in the induced subgraph is maximal.

2.1. Descrive all maximal sets of a (a) path; (b) cycle; (¢) clique; (d) cycle with a leaf.

A subset of vertices is said to be independent if its vertices are pairwise disjoint. I.e. the size
of the maximal independent set in G equals a(G).

2.2. (!) The maximal independent set is maximal.

2.3. (!) An edge is excess if and only if there is no maximal set which contains both ends of
the edge.

2.4. (!) Suppose that a turanian graph has at leat two vertices. Then for any vertex there are
both the maximal independent set containing this vertex and the maximal independent set not
containing this vertex.

A subset of vertices is said to be free if it lies in the complement of some maximal set. A
non-free set is said to be crucial if it breaks free when any vertex of it is removed.

2.5. Describe all crucial sets for graphs from Task 2.1.

Problem 2.6. Any vertex of a turanian graph with its neighbours forms a crucial set.
An articulation point is a vertex whose removal causes the graph to lose connectivity.

Problem 2.7. Turanian graph does not have articulation points.

Problem 2.8. (a) (*) For a connected graph with independence number « improve the the
result of Turan’s Theorem 1.1 by a — 1. (b) (**) Describe all the cases of equality.

Hint to 2.8.a. Show that an excess edge may be removed. If there are none, remove a vertex
of the maximal degree.

Hint to 2.8.b. Suppose, if you remove a vertex and a few extra edges from a turanian graph
then it splits into cliques. Then the degrees of all vertices decrease.

Next, we will consider transformations (adding an edge, removing a vertex), during which
extra edges appear and the number of components changes. Suppose that as a result of removing
a vertex, the graph remains connected, but ceases to be Turanian. Obviously, we can get rid
of at least one edge for each increase in the number of components by one. After that, we will
show you how to get a lot more!



2.9. (a) For any n > 2 show an example of a connected graph on n vertices in which all edges
are excess.
(b) When an excess edge is removed then no new excess edges can appear (but can disappear,
as may be seen from the previous item).
(c) (*) Which of the five regular polyhedra are turanian graphs? For the rest, come up with
a sequence of removing excess edges, leading to the disintegration into several identical
turanian parts.

Next, we will use the concept of removing an (ordered) set of extra edges. Specifically, we
say that a graph G’ is obtained from G by removing a tuple (ey, ..., e,) of excess edges, if there
is a tuple Gg = G, G4, ...,G,_1,G, = G’ of graphs such that simultaneously

e sets of vertices for all graphs Gy, Gy, ..., G, coinside,
e for any i € {1,2,...,n} the graph G; is obtained from G,_; by removing the excess
edge e;.

A connected graph is said to be almost turanian if its connectivity cannot be broken by
removal a few excess edges.

2.10. Give an example of
(a) an almost turanian graph with excess edges;
(b) give an example of a graph with extra edges, depending on the order of removal of which
you can get both one turanian graph and two turanian components.

2.11. (a) Let U be a crucial set of a turanian graph. Then after adding a new vertex connected
to all vertices from U the resulting graph will remain turanian.
(b) Let U be non-free set of an almost turanian graph. Then after adding a new vertex
connected to all vertices from U the resulting graph will remain almost turanian.

3 Simple linear estimates

In this section we will learn how to prove linear bounds on the number of edges in a graph with
constraints. Basic actions are removing the vertex of the maximal degree without neighbors,
removing the vertex of the minimal degree with neighbors, removing excess edges. In order to
have something to improve, we will write out several estimates that are correct for an arbitrary
graph.

Here and below we will always denote the number of vertices by n, the number of edges by
m, and the independence number by a.

3.1. (!) Suppose that there is a graph with a number n of vertices and the independence number
«. Then the number of edges there is at least (a) n —«; (b) 2n — 3a; (¢) 3n — 6a; (d) 4n — 10a;
(e) bn — 15a.

The estimates are precise. Proof of any similar linear estimate is a sequence of actions that
simplify the graph and allow you to track the change in m,n, a. For example, a vertex whose
degree is not less than the coefficient at n can be removed without neighbors (if extra edges
appear — so much the better).

If you additionally prohibit some cliques in the graph then the previous bounds can be
strengthened.

3.2. (a) (!) Suppose a graph does not have triangles (i.e. cliques on three vertices). Then
m = 3n — 5a; (b) The equality m = 3n — 5a is achieved on exactly two connected graphs.



Hint to 3.2.a. It can be assumed that the degrees of vertices in the graph do not exceed 2.
It is enough to consider the case of the turanian graph.

Hint to 3.2.b. It can be assumed that in a turanian graph there is a vertex v of degree 3
connected to a vertex of degree 2. What happens if you remove v?

3.3. (a) (!) Suppose that the estimate m > 5n — 10a holds for all 3-regular graphs without
triangles. Prove it for all other graphs without triangles. (b) Set up an infinite series of connected
graphs without triangles on which the equality m = 5n — 10« is achieved. (c¢) (*) Prove the
estimate m > bn — 10« for 3-regular graphs without triangles.

Hint to 3.3.a. Methods for 3.1.a would be useful. Also, after removal a vertex of the inimal
degree d with neighbours, at least d? edges are lost. If the graph is not regular then the estimates
improves by at least one.

Question: where is used that the graph does not have triangles?

Hint to 3.3.b The simplest example is a cycle on five vertices. It is obtained if you remove
a vertex of degree two with neighbours from some graph. To continue the series, adding three
vertices at each step, and keep track of the independence number, you will need the concept of
a crucial set.

Hint to 3.3.c. By removing a vertex with neighbours, we lose one point. But then we can
destroy the graph until we get a point back or reach the end (to which end?)

So, the estimates 3.2 and 3.3 are precise for certain ranges of the ratio = < 3. At the same
time, we do not know the exact estimate for all graphs without triangles (in particular, it would
allow us to calculate the Ramsey numbers R(3, «)).

Now, after getting acquainted with the technique of removing vertices with neighbors, it is
time to get one of the estimates announced in the introduction.

3.4. (!) Let there be a graph on n vertices with the independence number «. Let there be no
cliques on four vertices. Then the number of edges in the graph is at least 5n — 12a.

The task already looks difficult. But the result still needs to be strengthened! To do this,
you need to find the points of equality.

3.5. Let in the conditions of 3.4 equality is achieved for some graph. Let d be the minimal
degree of a vertex.
(a) Then 2 < d < 4.
(b) What might the set of neighbours of a vertex of degree d look like?
(c) There are exactly three «pairwise non-isomorphic» turanian graphs on which the equality
is achieved.

Hint to 3.5. Prove that the equality case is the only one, first for d = 2, then for d = 3,
then for d = 4. In a 4-regular graph, it is convenient to cling to a cycle on four vertices with a
diagonal.

It seems that in order to strengthen the estimation for a distance graph, it is necessary to use
the non-distanceness of a large list of subgraphs, an bruteforce comes out. Thus, the estimate
for the number m of edges can be strengthened to m > 8%a (if you prohibit the non-distance
example from 3.5) or even m > 8%04 (if you prohibit a pentagonal pyramid without one side edge
and a pair of vertices with by three common neighbors) at n = 4a. It is not enough! We will
choose another way. For an arbitrary turanian graph, we obtain estimates (a) m > 3n —4a —2;
(b) m > 4n —7a —3; (¢) m = bn — 1la — 4.

There are many cases of equality (in particular, m = 3n —4a —2 in the examples from 3.2.b.
The estimate m > 4n — Ta — 3 for graphs without cliques on four vertices is precise when
n < 4a — 1. However, at n > 4a, it can be further enhanced. Let there be a turanian graph on
n vertices with the independence number «. Let there be no cliques on four vertices. Then the

4



number of edges there is at least (a) 5n — 11lae — 2; (b) 6n — 15a — 1, except for the graph of
the quadrangular antiprism.

Connectivity and the absence of excess edges make it possible to add a free term to the
estimate. Thus, the cases of equality for @ = 2 are preserved, and with large a the estimate
improves. In addition, inconvenient equality cases can be bypassed. The usual vertex removal
technique does not allow us to prove such estimates, because after removing excess edges the
graph can crumble into thousands of fragments, and the free terms for different parts add up!
Therefore, we will devote the next two chapters to a technique that allows us to solve these
problems.

4 Splits

In this section we will get acquainted with the concept of splits, which will help us transform
graphs so that it is easier for them to obtain Turan estimates. The idea is to add an edge
to the turanian graph or remove a vertex, making several other edges excess. There are two
problems along the way. First, the added edge may be part of a forbidden subgraph. To solve
this problem, we will color such edges red and remove all restrictions from them. We will also
need red vertices. Note that any vertex of a red edge can easily and irreversibly turn into a red
vertex. We will call the usual vertices and edges blue.

Secondly, removing unnecessary edges can lead to an increase in the number of components.
A vertex v of a turanian graph is said to be unstable if, when removing the vertex v and several
excess edges, the graph can fall apart. A pair (u,v) of independent vertices of a turanian graph
is said to be special if, when adding an edge uv and removing several excess edges, the graph
can fall apart.

4.1. (a) (!) Any vertex of a special pair is unstable. (b) (!) Any pair of vertices of an odd cycle
is special. (¢) Give an example of a turanian graph without unstable vertices, which is not the
clique.

As you may see from 4.1.b, there may be many parts and a few excess edges. That is why
we do not want to leave the obtained graph in such a form. So, the following theorem holds.

Problem 4.2 (**). (a) A split over edge. Suppose that when adding a red edge e and
removing several excess edges, the graph splits into almost turanian components G, . . ., G,
and e lies in GGy. Then one can add one red vertex to the components Go, ..., G;, while
the independence number will not change, and the total number of edges in the graph
will increase by at most ¢ — 1.

(b) A split over vertex. Suppose that when an unstable vertex v and a few excess edges
are removed, the graph splits into almost turanian components G, ..., G;. Then one can
add one red vertex to all components G, ..., G}, while the independence number will not
change, and the total number of edges in the graph will increase by at most ¢ — 1.

Solving Problem 4.2 within the framework of the methods of this part is not so simple
(including since the result of the split and even the number of parts are not uniquely determined).
This problem will be solved further using hypergraphs. In the future, you can use the result of
Problem 4.2 without proof (except for problems that are special cases of this theorem).

4.3. (a) (!) Split a pentagon over a vertex.
(b) (!) Split an odd cycle over a vertex.
(c) (!) Split (over a vertex and over an edge) a turanian graph on n > 3 vertices with a pair
of adjacent vertices of degrees equal to 2.
(d) Which method from item (b) guarantees a split exactly on two parts?
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(e) Give an example of a connected graph with excess edges, containing an unstable vertex,
that cannot be split (too many edges will need to be added).

This section is devoted to the split into two parts (let’s call such a split simple). Our goal
is not only to prove the splitting theorem, but also to find points of equality (let’s call a split
into ¢ parts, in which the number of edges in the graph increases by exactly ¢t — 1, charge-free).

Let G be a turanian graph. Let e be an edge from a complement of G. A graph is said to be
e-presplitted, if it (1) is a union of two almost turanian components Gy, G, (2) is obtained from
G by adding e and removing all edges that connect G to G, (3) has the same independence
number as G.

4.4. Find, if possible, a e-presplitted graph for (a) (!) a cycle on five vertices, (b) the Moser
spindle.

A simple split over edge.

Let G be a turanian graph on m edges. A graph is obtained by a simple split over an edge
e if the number of edges in it is at most m + 1, and it is obtained by adding a (red) vertex in
the component of some e-presplitted graph that does not contains e.

4.5. (!) If there is a e-presplitted graph for a turanian graph then a simple split is possible.

Hint to 4.5. Use the fact that edges connecting G; with G5 were not excess initially. Then
find a crucial set in Gs.

A cost of a graph without excess edges is the difference between the numbers of edges and
of components. When the cost is reduced by one, saving the difference between the numbers of
vertices and of components, we obtain a coin.

Problem 4.6 (A simple charge-free split over edge). Let it be possible to split the graph
G along the edge e into almost turanian parts G, Go. Suppose that the number of edges in the
graph increases with this split (in other words, we cannot get a coin with this split). Let e lie
in G;. Then
(a) in G from each vertex of G leads at most one edge to the vertices of Go;
(b) the vertices of G, from which in G lead edges to the vertices of Gy, in union with the
ends of the edge e form an independent set;
(c) the graph G can be split by any edge constricting the vertices of the independent set from
the previous item.

Problem 4.7 (An elementary split). Let a turanian graph G consists of two non-empty
subgraphs G4, G5, and two vertices u and v, with no edges leading from the subgraph G; to
(5. Then
(a) the vertices u and v are independent;
(b) after the edge wv is added, all edges leading from u and v to one of the subgraphs (let
G2) will become excess;
(c) the vertices of the graph G connected to u or v form a crucial set U;
(d) after adding a new red vertex x connected to the vertices of the set U, we obtain a
turanian graph G, U {z};
(e) the graph G with drawn edge uv is also turanian.

Problem 4.8. Let there are two turanian graphs with at least three vertices in each of them.
How to «assemble from them» one turanian graph by reducing the numbers of vertices and of
edges by one?



Hint. It is important to prove that there are no excess edges in the obtained graph. Problem 4.8
allows us to convolve an optimal graph into a turanian graph in a few steps (in a colossal number
of ways). We call such an action recombination of graphs by an edge of one graph and a vertex
of another. Our goal is to prove that the constructed example will have the minimum number
of edges (among all turanian graphs with the same characteristics).

Problem 4.9. (!) Perform an elementary split in the following turanian graphs different from
clique and containing;:

(a) a vertex of degree 2;

(b) a vertex of degree 3 entering two triangles.

Below we use the following notation (let the subgraph G is above and G is below): X is a
articulation point, XX is a possibility of an elementary split.

4.10. (!) Let a turanian graph G consist of a vertex and subgraphs Gy, Go, and there is exactly
one edge connecting G to Gy (case XI).

(a) Specify which elementary splits over an edge are possible.

(b) How to get a red edge in each part?

4.11. (!) Suppose a turanian graph G consists of subgraphs G, G, and there are exactly two
edges connecting G to Gy (case II). What is obtained after two elementary splits?

Now let’s go back to Tasks 3.4 and 3.5. If you have not solved all the items, apply the split
technique. Consider that the red vertex is worth 4 points (but do not rush to remove the red
vertex of degree 4 from the graph).

Problem 4.12. (a) In Task 3.5.b, the «worst cases» of the position of a vertex of degree 3
are obtained. What are the possible splits in these cases?
(b) How many points can be guaranteed in these cases when « > 2?7 Construct an example
of a turanian graph with o = 3 containing a vertex of degree 3 worth 1 point (equality
m = b5n — 12a + 1).
(c) (*) Show that for & > 3 the turanian graph containing a vertex of degree 3 is worth more
than one point (inequality m > 5n — 12a + 2).

Problem 4.13. Let a turanian graph contains a triangle of vertices of degree 3 that are not
included in other triangles.
(a) Which edges can be used to split a graph over?
(b) Give an example of such a graph with 8 vertices. What is obtained by splitting?
(¢) (*) Let some edges of the graph contain more than one vertex. (The graph becomes a
hypergraph, which can contain both simple edges and hyperedges). Split the graph from
(a,b) over a hyperedge. Split the hypergraph obtained from (b) repeatedly.
(d) (*) Give a general definition of the elementary split of a turanian hypergraph. What
conditions on the maximal independent set in G; or GG, are sufficient to allow an elementary
split?

A simple split over vertex.

Let G be a turanian graph on m edges, and v is its unstable vertex. A graph is said to be
v-predsplitted if it: (1) is two almost turanian components G, Gs, (2) is obtained from G by
removing v and all edges connecting G to G, (3) has the same independence number « as G.
A graph is obtained by simple split of graph G over the vertex v if the number of edges in it
is at most m + 1, and it is obtained by adding one vertex to each of both components of some
v-presplitted graph.

4.14. (1) If there exists a v-presplitted graph then a simple split is possible.
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4.15. (*) Suppose a turanian graph G consists of two vertices and subgraphs G, G5, and there
is exactly one edge connecting G; to Go (case XXI). Prove that the graph can be split over one
of the vertices.

Problem 4.16 (A symmetric split over vertex). Suppose that in the previous problem
it is impossible to split the graph over a vertex v so that to obtain a coin. Moreover, let it
be impossible to split the graph over an edge incident to v. Consider any v-presplitted graph
G1 U Gg, where GG, Gy are its almost turanian components.
(a) In G, each vertex of graph G has at most one edge leading from it to the vertices of
graph G.
(b) The vertices of Gy, from which in G lead edges to the vertices of Gs, in union with {v}
form an independent set U.
(¢) a(G;) =3 fori=1,2.
(d) (*) Give an example of a turanian graph for which a symmetric split over one of the
vertices is possible.

So, we know a lot about simple splits and almost everything about simple charge-free splits,
we believe in the general case of the splitting theorem.

The first application of this technique will be linear estimates with free term for turanian
graphs.

4.17. For a Turanian graph on n vertices with independence number « prove the following lower
bounds on the number of edges: (a) (!) 3n —4a—2; (b) 4n—Ta—3; (¢) (*) kn— Wa —k+1
for any integer k > 3.

To apply this technique, go back to Task 3.3 (if you have not solved all the items yet, go
back to them armed with the splits and inequalities technique 4.12). Consider that a red vertex
is worth 3 points, but do not be in a hurry to remove red vertices of degree 3 — rather split the
graph.

Problem 4.18. (*) Let a turanian graph does not contain triangles. Consider the case of the
equality m = 5n — 10a.
(a) The graph is not 3-regular.
(b) Let one of the vertices be split. Then the splits follow one after another until the graph
is disintegrated into cliques.
(c) All splits are simple charge-free splits. If the graph can be split, the equality n = 3a — 1
holds.
(d) All splits are elementary.
(e) For every a > 1 there is a single example with a possible split. All vertices in the example
are unstable.
(f) Are there any other examples?

5 A removal of a vertex with neighbours

So, we have learned how to correctly remove any vertex of a turanian graph without neighbours.
Now we want to learn how to remove a vertex with neighbours.

A vertex of the smallest degree in a turanian graph is said to be standard if removing
this vertex and all its neighbours results in a almost turanian graph. It seems that we had no
problems with removing the standard vertex. But in fact, it is often possible to improve the
result. For example, for a vertex of degree 2 we want the removal to coincide with a split.

Let there be a standard vertex v of a turanian graph that is not clique. Let us call a remowval
of the vertex v with neighbours the following process:



1) two non-adjacent neighbours wuy, uy of v are selected;

2) all neighbours of v except u; and uy are removed, and then all excess edges;
3) the resulting graph is split over the edge ujus;

4) the removed vertices are returned to the clique vujus.

5.1. Ecmm Bo3mozkHO, yaaaure ¢ cocegasamu: If possible, remove with neighbours
1) (!) a vertex of the pentagon;
2) a vertex of the quadrangular antiprism;
3) (*) a vertex of the icosahedron.

Problem 5.2. The removal of a standard vertex v with neighbours is defined correctly, i.e.
(a) v has to non-adjacent neighbours uy, us;
(b) at the second step the removal of vertices and excess edges cannot lead to the violation
of graph connectivity;
(c) at the third step the graph can be split along edge ujus, and the split is simple.

Problem 5.3. A removal of a standard vertex with neighbours is a split (i.e. the number of
edges is increased by at most one).

Nevertheless, the number of red objects increases by d — k + 2, where d is the degree of the
vertex v to be removed, and k& is the minimum size of the forbidden clique (provided that v, its
neighbours and the edges leaving them are all blue, otherwise it is better). For example, in a
four-vertex clique-free graph, removing a vertex of degree 3 with neighbours leads to the same
result as a simple split. As with splits, we are interested in cases where removing a vertex does
not give us any coins (in the sense of splits).

Problem 5.4. (*) Let it be impossible to obtain a coin when removing a vertex v of degree d
with neighbours. Then one of two alternatives is fulfilled:
1) the vertex v lies in a clique on d vertices, and the graph can be split over edge;
2) the vertex v has independent neighbours wuy, ug, us;
all other neighbours of v are connected only to v, uq, us, u3 and among themselves;
all neighbours of v have degree d;
if d > 3 and the vertex u; is standard, then removing u; with its neighbours yields a coin.

In the second case, at d > 3 there appear several pairwise connected vertices having the
same set of neighbours. We will call such vertices clones.

Problem 5.5. (!) Let a vertex v is not a standard vertex. Then the process of removing this
vertex with its neighbours is impossible; however, it can be easily modified.
(a) What to do if at some point of the second step the graph ceases to be almost turanian?
(b) What if the degree of any of the neighbours of a vertex v is less than the degree of v
itself? Show that we can not only continue the process, but also get a coin for each of the
vertices that we have removed by this point.

Problem 5.6. Using the previous problem, prove that the example constructed in Problem 4.8
is optimal.

Thus, we have obtained an exact lower bound for the number of edges in a turanian graph.
Next, we will come closer to the description of optimal graphs.

For a turanian graph G, let us call the summarised graph G’ for which the following
properties hold:

1) graphs G, G’ have the same independence number «;

2) the number of vertices in G’ is by a — 1 greater than the number of vertices in Gj

3) components of the graph G’ are cliques whose sizes differ by at most one.
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5.7. (a) The summarised graph is uniquely constructed by the number of vertices and the
independence number of the original graph.
(b) The number of edges of the original graph is not more than by « — 1 less than the number
of edges of the summerised graph.

5.8. (a) The degree of any vertex of the summmarised graph is at least two.
(b) The average degree of the vertices of a turanian graph is not less than the average degree
of the vertices of its summmarised graph.
(c) Equalities in the previous points are achieved only for odd cycles.
(d) The degree of some vertex of the optimal turanian graph is not greater than the degree
of some vertex of the summmarised graph.

Now we obtain additional conditions on the graphs for which we achieve equality (i.e. we
describe optimal turanian graphs).

Problem 5.9. (a) The degree of any vertex of the optimal turanian graph is not less than
the smallest degree of the vertices of the summarised graph.
(b) Let the optimal turanian graph cannot be split over a vertex v. Then the degree of v is
not greater than the largest degree of vertices of the summarised graph.

In the previous problem the following notion practically appeared. Let us call stable a
turanian graph which is not clique and which cannot be split over a vertex.

Problem 5.10. (a) Give an example of a stable graph.
(b) * Are there any optimal stable graphs?
(c) The degree of any vertex of the optimal stable graph is equal to the greatest degree of
the vertices of its final graph.
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Tpuceknus yryia u Apyrue KJjacCmiecKne 3a1a9u

ITpoekT npejacraBasitor A. 3acaaBckuii, C. MapkeJios,
M. EBnokumon, . Knumanosa, B. ®penknn

Mui snaem, wmo 3adaya ne umeem pewenus. Mow Tomum 3namov, Kax ee pewams.
A.Cmpyeaurut, b.Cmpyeauxui. «Ilonedeavrur navurnaemes 6 cybbomys

Tpucexyusa W fejieHre JAHHOTO yTJIa Ha TPU PABHBIE YaCTU SBJISIETCS OJTHON U3 TPEX KJIACCUIECKUX
3aJ1ad Ha TocTpoeHue, chopMyInpoBanubix eiie B pesneit ['peruu. AByms apyrumun gBistoTces ydeoe-
Hue Kxyba, T.e. mocTpoeHne Kyba ¢ 00beMOM BIBOE DOJIbINE JJAHHOTO, U K8a0PAMYpPa Kpye2a, T.e ITOCTPOEHUE
KBa/IpaTa, IJI0Ia/ b KOTOPOro paBHa ILIONa M JanHoro Kpyra. B XIX Beke ObLI0 JOKa3aHO, 9TO PEIIUTD
BCe 9TH 33/Ia4H, OJIb3YACh TOJIBKO IUPKYJIEM U JTUHEHKO# 0e3 nesiennii, HeBo3MOXKHO. B wacrHocTH, 3a-
Jlada 0 TPUCEKIUU yIJIa (0 = 7 /3 CBOJUTCS K pellenuio Kybuueckoro ypasuenns r° — 3z — 1 = 0, kopuu
KOTOPOT'O HE CTPOSATCS IUPKYJIEM U JIMHEHKOI, IOTOMY UTO Yy HEro HeT PAIMOHAJBHBIX KopHeil. OiHaKko
3aJ1ada CTAHOBUTCST PA3PEITUMOI, €C/IN PACIIUPUTH apCEHAJI MHCTPYMEHTOB, & TaKKe eCJTU Ha IIJIOCKOCTU
peIBapUTEIbHO HadepUeHa HeKOoTopas Kpuas. [IpuBesem 1Be Hanbojiee N3BECTHBIE 3aAMN.

Paznenure gaHHBIA yroyi Ha TpU paBHbIE YaCTH C TOMOIIBIO IUPKY/IsS U JUHEHKH, Ha KOTOPO
OTMEYeH eJIMHUIHBII OTPE30K.

Omnpenenenne. [lyctb Touka paBHOMEPHO JIBUZKETCH 110 JIy4y, BPAIIAONIEMYCS C IIOCTOSHHOM Y10
BOII CKOPOCTBIO BOKPYT CBOEr0 Hadasa. 1orga KpuBast, KOTOPYIO OHA OIMHUCHIBAET, HA3BIBACTCS CNUPAADLIO
Apzumeda.

[IycTs Ha mTOCKOCTH HadepUeHa cuupasib Apxumesa. Pasmennre JaHHBINR YOI ¢ TTOMOIIBIO TIHP-

KyJad U JIMHEHKHN
[a] mHa Tpu paBHBIE YaCTH;
Ha& 7 PABHBIX YaCTEN.

MHuokecTBO KPUBBIX, IPH HAJIMYUHI KOTOPBIX TPHUCEKIINs YIJIa CTAHOBUTCS BBIITOJTHUMOI, BeCbMa 00-
mupHo. Haubosbimuit nnTepec mpeicTaB/IsaioT METO/IbI JeJIeHns yTJla Ha TPU YacTU C MOMOIIbI0 KOHUK.
[Tockobky BO MHOTUX rpaduyueckux pejakTopax, Hampumep B Geogebra, ecTb BO3MOKHOCTH PUCOBATD
KOHUKHU, B HUX MOXKHO CO3/IaTh ¥ UHCTPYMEHT JIJIsi TPUCEKITUU YTJIA.

1 Tpucekius yrjia ¢ IOMOIIbIO KOHUK

Bce 3ayaun sToro pasjena ciejyer pemniarb NUPKYJIeM U JIMHEHKO.

[a] Ilycrsb ma muockocTn Hadepuena napabona y = r2. OKpy»KHOCTb ¢ IEHTPOM B TOUKe (a, b)
MPOXOJIUT HYepe3 BepIuHy napadosibl. Hanumumre ypaBnenune, KOpHAMU KOTOPOTO ABJISIOTCA aOCITUCCHI
OCTaJIbHBIX TOYEK TepecevdeHusi OKPYKHOCTH ¢ mapaboJIoif.

@ Wcnoib3yst HauepyeHHyI0 Ha IJIOCKOCTHU 11apaboJIy, pa3jie/nTe JaHHBIH yroJl Ha TPU paBHBIE
YACTH.
Ncnonb3ys napaboJty, pemmuTe 3aj1a4dy yABOeHusd KyOa.

[a] Ha miockoctn madepuena runepbosa xy = C. OKpyKHOCTB € JieXKalluM Ha rumepboJie
HEHTPOM A IIPOXOIUT Yepe3 TOUYKY, CHMMETPUIHYIO A OTHOCUTE/ILHO IeHTpa rumepboibl. JJokaxkure, 910
TPHU APYTUX TOUKH IepecedeHusI TunepOoIbl 1 OKPYKHOCTHA — BEPIINHBI IPABUILHOTO TPEYTOJIbHIKA.

Ucnonp3yst HauepueHHYIO HA IJIOCKOCTH PABHOCTOPOHHIOI TUIEPOOTY, pa3jenuTe JaHHbBII
yTOJI Ha TPU PABHBIE JaCTH.

[a] Ha nmockocru madepuena runepbosia, aCHMIITOTBL KOTOPOit 06pasytor yrou 27 /3. OKpyK-
HOCTD ITPOXO/IUT Yepe3 BepIIUHY OJHOI BeTBU rumepboJibl 1 (POKyc JApyroit BeTBu. /lokaxkure, 4TO TPHU
JPYTrHe TOYKH IIepecedeHns TUIepOoIbl 1 OKPYKHOCTH — BEPIIUHBI IIPABUJILHOTO TPEYTOJIbHUAKA.

Wcnonb3yst HauepUueHHYI0 Ha IJIOCKOCTU THIIEPOOIY € S9KCIEHTPUCUTETOM 2, pa3IeInTe JaHHbIiT
YTOJI Ha TPU PABHbIEC YaCTH.

[TonipobyiiTe MpuyMaTh METO/ TPUCEKITUN, UCTIOIB3YIONINN KaKyI0-HUOY/Ib KOHUKY, OTJTHIHYIO
OT IIPUABCACHHBIX BBIIIE.



2 Jlpyrue 3aaum O TPUCEKIIUN ;

XOTS OCYIIECTBUTH C TTIOMOIIBIO ITUPKYJISd U JTUHEH-
KM TPUCEKITUIO TPOU3BOJILHOTO YTJIa HEBO3MOXKHO,
JIJIsT MHOTHX YIVIOB 9Ta 3ajiada pasperiunma. llpu
9TOM CPEeJI HUX €CTh W YIJIbl, KOTOPbIE HEeTb34 T10-
CTPOUTH IUPKYyJeM u Juneiikoit. Hampumep, ectb
CJIEJIYIOIITNI TTPOCTO# CITIOCO0 TPUCEKIINH yTJIa, PaB-
HOTO 277 /n, 1yist JIEOOOTO M, HE KPATHOTO 3.

[IpaBUIbHBII N-yroJbHEK ¢ eHTpoM O BIIU-
caH B IPaBWILHBI TPEyrobHUK, KaK I0Ka3aHO Ha,
pucynke crnpasa. J{okaxure, uro ZA = Z0/3.

[Tpe/iosiozkuM Terepb, 9To y HAC KPOMe IUPKYJIs U JINHEHKN €CTh TPUCEKTOP (T.e. HHCTPYMEHT JIJIst
JleJIeHrsI TIPOU3BOJIBHOIO yIVIa Ha TpU paBHble Yactu). [lompobyeM y3HATH, HACKOJBKO 9TO YBETHYU-
BaeT HaIllM BO3MOXKHOCTH B 3aJladaX Ha IOCTPOeHHe. B 4acTHOCTH, MOXKHO MOCTAaBUTH BOIPOC, KAKUE
IIpaBUJIbHBIE MHOTOYT'OJIBHUKN MOXKHO IIOCTPOUTDH C IOMOIIBIO IIUPKYJId, JUHEHKN U TPUCEKTOPA.

C moMOIIBI0 MUPKYJIst, JUHEHKN 1 TPUCEKTOPa MOCTPOTE MPABUIBLHBIN CEMUYTOJIHHUK.

Kakue ere npaBujibHble MHOIOYTOJBHUKA MOXKHO MOCTPOUTB, MMesi TPHCEKTOD, IUPKYJIb 1
yuneiiky? (Hamomuum, uto 110 Teopeme [aycca ¢ HOMOIIBIO TUPKYJIsl W JIMHEHKH MOXKHO IIOCTPOUTH
NpaBWILHBINA N-yroJIbHUK TOTJIa U TOJIBKO Torja, Korjaa N = 2™py -« pg, T1€ P1, ..., Pr — PA3JIHIHBIC
npocreie qncia suga 22 4 1.)

B 3ak/ioueHue emie JiBe 3341 0 TPUCEKIMU C IOMOIILI0 HEOOBIYHBIX HHCTPYMEHTOB.

Han npsmoyrosbbiit et 6ymarn ABC'D u touka X Ha ctopone BC. Crubast 6Gymary 1o
npsAMbIM, paszjenure yroa X AD Ha Tpu paBHbIE YaCTH.

"Tlorrotamep" — 910 PUOOP, KOTOPBIiL J1/1s1 JIFOOOI BBIMYKJIOH (DUTYPBI U TOUKH HA €€ TPAHUIIE
CTPOUT TPSAMYIO, JIEJIATLYO TI0Ia b (hUrypsl momojiaMm. C HOMOIIBIO TOMOIaMepa, UPKYJIsd U JTMHEHKN
pasjiesinTe JaHHbIA yIoJl

[a] ma Tpm paBHBIE YacTH;

Ha& 7, PABHBIX YaCTEu.
C momorIpio mornosiaMepa, MUPKYJIsS U JUHEHKU OCYIIEeCTBUTE KBaIpaTypy Kpyra.

MozkHo Jjau ¢ IIOMOIIBIO IIOIIOJIaMeEPa, TUPKYJIA U JVUHENKHN OCyHICCTBUTDL YyABOCHUE KY6a7
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Tpuceknusi yrjia u Apyrue KjacCUdeckKue 3aaadmn.
Pernenuga

Ha emunuamnoit okpyzkuoctu ¢ mearpom O BosbMeM Touku A m B rtakwme, auto LZAOB = .
Wcnonib3ys TMHEHKY ¢ OTMEYeHHBIM €JIMHUTHBIM OTPE3KOM, IIPOBEJIeM depe3 B IpsaMyIo, TepeceKaroIy o

OKPY2KHOCTH U Ipojoskenne orpes3ka AQ 3a Touky O B Takux Toukax X, Y, uro XY = 1. Torma
/0OBX = /0XB =2/XYAu ZAOB = ZOBY + Z0Y B = 34ZXY A, cnenoBarenvho, ZXY A = /3.

[a] IIposesem m3 nenrpa O crnupaJn jaBa JIyda, oOpasyloliyue yroa ¢, u naijgem Toukn X, Y nx
nepecevdennsi co crupaibio. Ormiroxkum Ha OY orpesok OX' = OX, pasgenum orpesok X'Y mHa Tpn
paBHBbIE YACTH U IIPOBEJIEM Yepe3 TOUKHU JeJIeHIs OKPYKHOCTH ¢ 1eHTpoM (), TiepeceKarolue ClnpaJib B

toukax P u (). Torma ZXOP = /ZPOQ = ZQOY .
@ Perrenne anajioruano npeabiiymeMy myHKTY.

23— (20— 1)z —2a =0
Ecin b = 2, a = 2 cos p, KOPHU TI0JIyIEHHOI'O YPAaBHEHUsI PABHBI 2 COS
Eciu b= 1/2, a = 1, KopeHb HOJIyYeHHOrO ypaBHEHNA PaBeH v/ 2.
ITpumeuanue. Onncannblit CIOCOO TPUCEKINHN YIVIA SABJISETC MOTUUKAINEH MeTo/ A, IPEeII0KEH-
woro P./lexkaprom B kuure [1]|. V3/10:keHne 9T0ro MeTojia MOXKHO TakzKe MpoYnTaTh B [2].

o+ 2k
=

[a] Ilepssblii criocob. Ilycrs Touka A nmeer koopaunatel (7 cos @, rsing). Torma okpyzk-
HOCTb MOYKHO 33J]aTh MapaMeTPUYeCKUMU YPaBHEHUAMU: T = 7 COSp + 2rcost, y = rsing + 2rsint.
[TosicTaBuB 9TU BbIpasKeHHUsI B ypaBHEHUE T'UIIEPOOJIbI, TTOJIyIUM COS t_T“" sin &% = 0. IlepBrIit MHOXKU-
TeJIb COOTBETCTBYET TOUYKE, CUMMETPUIHON A OTHOCHTEHLHO MEHTpa TuiepOoJibl, BTOPOIl ompesesser
TPHU TOYKHU, OOPA3YIOIIKe NPaBUIbLHBINA TPEYTOJIbHUK.



Bropoii criocob. (IToapobree cum. [3].) Pacemorpum tpeyrosbauk A, 06pa3oBaHHbL TPeMsT TOYKAMI
nepeceveHnsi OKPYKHOCTU U Tuiiep6osibl. OnncanHasi 0KOJIO TPeyroJbHIUKA PABHOCTOPOHHSISA TUIIepOo.Ia
[POXO/UT YEPE3 €ro OPTOIEHTP, HPUYEM TOYKA, CUMMETPUIHAS OPTOIEHTPY OTHOCUTENIHLHO IEHTPa I'i-
11epOOJIBI, JIEKUT Ha OINMCAHHON OKOJIO TpeyrosibHuKa okpyskuoctu. CienoBarensio, A — opromentp A.
[TockosibKy A Takzke sIBJISE€TCS IEHTPOM OIMUCAHHON OKOJIO A OKPYKHOCTH, TPEYTOJIBHUK A MpaBUIh-
HBIA.

@ Bosbmewm na runepboste Touky A takyio, aro jiyd OA obpasyer ¢ 0Cbio abCIUCC YTO @, MPO-
BEJIEM OKPYZKHOCTH C IEHTPOM A, IIPOXOAILYIO Yepe3 TOUKY, CUMMETPUUIHYI0 A OTHOCHTEIHHO IEHTPa
ruepOosIbl, U HafigeMm OJuzKalIIyo K ocn abCIuce TOUKy B nepecedeHus OKPYKHOCTH € THIEPOOJION.
Tora yros mex ity tpsimoit AB u ocbio abcruce paseH ¢/3.

o AO3\|>‘

[a] (A.CokosoB) 3anumiem ypasaenue runepbosnt B suje y? = 322 — 3. Tlepeiing K KoMmIuiekc-
HBIM KOOpAUHATAM, IIOJIYIUM 224724 22=3.

[TpousBosibHAST OKPYZKHOCTD, TIPOXOJIsiias depe3 TouKy -1 (Bepinuna) u 2 (boKyc), uMmeer ypaBHeHHe
zZ—az—az=2,tnea+a=1.

Bbipasus u3 ypaBHeHHs OKPY>KHOCTH Z, ¥ IIOJICTABUB B ypaBHEHHE I'UIePOOJIbI, Oy IAM

(z+1)(2* — 3az* + 3a*z + 3 — 3a®) = 0.

Bropoit MHOKHTEIb NpuBoAuTCa K BUY (2 — a)® = O, ciie/loBaTe/IbHO, €ro KOPHH SABJIAIOTCS Bep-
IITHAMY [TPABUJIBHOTO TPEYTOJIbHUKA
[Iycts okpyxHOCTH ¢ TerTpoM O, mpoxojsinas depe3 Bepiiuuy S n ¢Gokyc F' runepOosbt
nepecekaer runepbosy B Touke P. Torna ZPOF = ZSOF/3



(A.Coxkonos) Ilycrs mana xomuka y> = (e? — 1)(z? — 1) (e — skcuenrpucurer). Bozbmem
OKPY?KHOCTb € IeHTpoM B Touke (e2/8,b), mpoxosityio yepes Bepiuny runepcosst (—1,0).

W ckI091MB U3 CHCTEMBI ypABHEHHU, 3a/IQI0IMINX OKPYZKHOCTb U MHIIEpOOIIY, Y U MOJEIUB MOy YIeHHOe
ypaBHenue Ha (x + 1), mosydum

3 15 25
x3—§x2— (1—6+Oé)l'+ (E+Oé> =0,
rie a = 40%(e? — 1) /et

Crenas sameny t = (r—1/2)/k, k = /3/4 + 4a/3, npusesiem 310 ypasnenue K sujy 4t>—3t+3/8k =

)2 27¢* L
~ 64(e2 — 1) \ 16cos? ¢ ’

nostydaeM, 9ro arccost = ¢ /3. Ilpu srom qyist ssmunca (e > 1) J0JI7KHO BBIIOJHATHCS YCIOBHE COS © >
1/4, a ayist runep6oJIbl — MPOTUBOIIOIOZKHOE HO MTPOU3BOJIBHBIN yTOT MOYKHO IIPEJICTABUTD B BUJIE CYMMBI
WJIM PA3HOCTH YaCTell, YI0BJETBOPAIONIUX HYKHOMY YCJIOBHIO.

0.
IIpnm




[Iycts BC' — cTopoHa n-yroJibHUKA, JIeyKaIasi Ha OCHOBAHUU TPEYTOJbHUKA, & X, Y —BepIInHbI,
qepe3 KOTOphIe MPOXOaAT OOKOBBIE CTOpPOHBI. Torma TpeyrosbauK AXY — mpasuiabnbiit. OgHa U3 co-
Jiepkaimx X CTOPOH n-yroJibHuKa obpaszyer ¢ BC' yroi, 6onbmmit 60 rpajycoB, a apyras - MEHBIINII.
910 o/iHO3HAYHO onpe/ienser Bepimay X : npu n = 3k + 1 umeem BX = XY =Y(C, anupun =3k — 1
mveeM CX = XY =Y B. B nepsom cywae ZBAC = 7/3 —2LCAY = ZXYC —n/3 = ZBOC/3. Bo
sropom LBAC =2/BAY —n/3=2n/3 - ZAYB =7/3—- ZXYB = /ZBOC/3.

[Tycrb ) — OKpYzKHOCTD € TIEHTPOM B Hadase KoopAuHaT u paauycom 6. Bosbmem rouku A(6,0),
Q(—3,0), R(3,0). Ilycrs K, L — BepmuHbI JIByX MPAaBUJILHBIX TPEYTOJIBHUKOB ¢ ocHOBaHueM (Q)R. ITo-
crpoum ayry KL ¢ nearpom B Touke P(—1,0) u pasienuM ee Ha TPH PaBHBbIE YaCTH TOUKAMU S U
T. Touku B u G nepeceuenns upsamoit ST ¢ OKPYXKHOCTBIO {) SBJISIOTCS BEPIIUHAME TPABUIHLHOTO

cemuyronbanka ABCDEFG.



c
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F

g obocHOBaHUS MTOCTPOEHUS JIOCTATOYHO YOEIUTHCA B CIPABEJIMBOCTU paBeHCTBa 1 + 6 cos

2 _
7

V/28 cos M. Henocpencreennasi iposepka (cM. [4]) mokasbiBaer, 9To Kak JieBasi, TaK U IpaBasi
YaCTH 3TOTO PABEHCTBA YI0BJIETBOPIIOT ypaBHenuio 12 —21x—7 = 0, nMeloleMy e IMHCTBeHHbII 100K -
TeIBHBI KOpeHb. JIpyrue nmpuMepsbl IIOCTPOeHNs NPABUILHBIX MHOTOYTOJLHUKOB IUPKYJIEM, JTUHEHKOM
1 TPUCEKTOPOM MOYKHO ITOCMOTPEThH B [4].

N = 2m3"py - - - pg, TIE P1,..., Pk — PasIUIHbIE TpoCcThle uncaa Buja 2P37 + 1. B wactnocrn,
MOXKHO MOCTPOUTH 13- u 19-yroJibHUKHM, HO HEJIb3sl TOCTPOUTh 11-yrospauk. (CM. J10Ka3aTE/IbCTBO TEO-
pemst Laycca B [5].)

Ormernm Ha cropore AB Touky P, nocratodno 6iuskyio K A, coraem smct no mpsivoit PP ||
AD u ormerum Touky () Ha AB Takyio, uro AP = P(Q). Corném JucT 10 IpsMoii Tak, 9To () monaaér
Ha upamyio AX B Kakyio-to Touky ), a A — B Touky A’ ma PP’.

IIycrs M — cepemuna A'Q), T — upoexiusa A" na AD. Toukn A, Q,Q', A’ obpasyror paBHOOOKYIO
rpanenuto, modromy A'M = AP = A'T. Ilpamoyronbabie Tpeyroiabauku AT A", AM A" uw AM@Q)' pasHbI,
nosromy Jayun AA" u AM pensar yron X AD Ha paBHbIE YaCTH.



[a] Ilocrpoum cextop OAB ¢ ZAOB = ¢ u pa3jeiuM ero ILIOMA/b HOIIOJIAM HIPIMOH,
npoxosieit aepe3 A u nepecekaorieit orpesok OB B Touke C'. Bozbmem BHe cekTopa ToUKy D Takyio,
910 Soap = 2S04c/3, u nposesieM depe3 O TPSMYIO, JEJSINY0 HonoaaM mwiomais dburypst ODAB.
Ota npsamag jgeaut yroa AOB B otHomenun 1 : 2.

E AHAJIOTUYIHO TPEJIBIIYIIEMY TIYHKTY.
[Toctpoum tpsimyto AC, fesrnyto momosamM miomma b cekropa OAB ¢ npsvbiM yriiom AOB.
Bajiaua cBesiach K IMOCTPOEHUIO KBAJIPaTa, IJIONA b KOTOPOro B 8 pa3 OoJIbIIe ILJIONA U TPEYTroJIbHUKA

OAC.
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Trisection of the angle and other classical problems.
S.Markelov, A.Zaslavsky

We know that this problem has no solution.
We want to know how to solve it.
A.Strugatsky, B.Strugatsky. "Monday begins
at Saturday"

The trisection or the dividing of the given angle into three congruent parts is one of three classical
construction problems formulated in Ancient Greece. Two remaining problems are the duplication of
the cube, i.e. the construction of the cube having the volume twice greater than the given cube, and the
quadrature of the disc, i.e. the construction of the square with the area equal to the area of the given
disc. In XIX century it was proven that it is impossible to solve these problems using only a compass
and a ruler without partition points. In particular, the trisection of the angle ¢ = 7/3 is equivalent to
the solution of the cubic equation 2® — 3z — 1 = 0, and its roots cannot be constructed by a compass
and a ruler, because it has no rational roots. But the problem can be solved, if we enlarge the list of
allowed instruments, or if some curve is preliminary drawn on the plane. Below are two the most known
problems.

Divide the given angle into three congruent parts using a compass and a ruler with two partition
points bounding a unit segment.

Definition. Let a point move uniformly along a ray rotating with constant angle velocity around
its origin. Then its trajectory is called the Archimedes spiral.

Let an Archimedes spiral be drawn on the plane. Using a compass and a ruler divide the given
angle
[a] into three congruent parts;
@ into n congruent parts.
The set of curves which make the trisection resolved is very great. The most interesting are the
trisection methods using the conics. Since many graphic editors, for example Geogebra, contain a
possibility to draw conics, it is possible to create an instrument of trisection using them.

1 Trisection by conics

All constructions of this section have to be performed using a compass and a ruler.

[a] Let the parabola y = z? be drawn on the plane. A circle centered at point (a,b)
passes through the vertex of the parabola. Write an equation having the roots coinciding with the
X-coordinates of the remaining common points of the circle and the parabola.

@ Using a parabola drawn on the plane, divide the given angle into three equal parts.
Using a parabola, solve the problem of duplication of the cube.

[a] The hyperbola zy = C' is drawn on the plane. A circle with center A lying on the
hyperbola passes through the reflection of A about the center of the hyperbola. Prove that three
remaining common points of the hyperbola and the circle are the vertices of a regular triangle.

E Using an equilateral hyperbola drawn on the plane, divide the given angle into three congruent
parts.

[a] The angle between the asymptotes of a hyperbola drawn on the plane equals 27/3. A
circle passes through the vertex of one branch of the hyperbola and the focus of the second branch.
Prove that three remaining common points of the hyperbola and the circle are the vertices of a regular
triangle.

E Using the hyperbola with eccentricity 2 drawn on the plane, divide the given angle into three
congruent parts.

Try to create a method of trisection using come conic distinct from described above.



KBAJIPATYPA KPVIA

A. 4. KaHENB-BEIOB, U. IBAHOB-ITOrogAEB, ®@. HuioB, A. OHONIPUEHKO, A. CAJIOBHUYUNI, M. ["OJIA®IIAH

L[eﬂbIO JAHHOI'O IIPOEKTa sABJIAETCA HCCJIeJOBaHUE YJIUMBUTEJIHBHOI'O d)aKTa — MO2KHO II€pEKPOUTH
KBaJApaT B KPYT, IPX 3TOM JIOIIyCKa€TCAd NCIIOJIB30BaTh TOJIBKO ITapaJljie/IbHbIE II€PEHOCHI.

Cepusi A: IlepekpanBanue ( HEMHOI'O OJIMMIINATIUHBI)

A;. (KBagparypa kpyra 0). MoxHo /i KBajpar pa3pe3arb Ha 4acT U CJI0KuTh Kpyr?! (Paspesbr —
YUACTKH TIPSMBIX U JIyTU OKPYKHOCTE]H).

As. Bomykiyo durypy ® paséunn ma wactu u caoxuian Kpyr (Paspesbl — ydacTKu HpsIMBIX U JyTH
okpyzHocTeit). Jlokaxkure uro cama @ sBJISIETCSI KPYTOM.

A 3. MOXKXHO J1u 1IepeKpPOUTH JIBa KPyra B KPyTr?

Cepus B: IloaHble cucTeMbl HHBAPUAHTOB

> MuBapuaHTHBIH

[IycTh umeercsi HeKOTOPBI poriecc. Hreapuarmom ITOro mporecca Ha3bIBAETCs HEKOTOPAsi BEJIMYUHA,
(dbyHKIMST OT TEKYIIEro COCTOSIHUS), KOTOPasi He MEHSIETCsl, KaK Obl HU IIET IPOIIECC.

Orcrona ciemyer, 9To eC/id B HadaJe MPOIECcca WHBAPUAHT OBLI UEMY-TO PaBEH, TO HEJIb3s IPUBECTH
CHCTEMY K COCTOSIHHIO, B KOTOPOM 3TOT MHBAPHUAHT IIPUHSLI ObI Ipyroe 3HadYeHre. DTO IIPOCTasl YaCTh: YTOOBI
[IPUBECTH CUCTEMY K KaKOMY-TO COCTOSTHHUIO, HE0OX00uMO, 9TOOBI HHBAPUAHT HE MEHSIJICS.

MozkHo 3a/1aTbcst 06paTHBIM BOopocoM. ITycTh nmeercst HEKOTOPBI MHBApUAHT (MJIM HECKOJIBKO HWHBAPHU-
AHTOB, KOTOPBIE Mbl OyJIEM B COBOKYITHOCTH HA3bIBATH CUCTNEMOT UHBAPUAHMOE). JTOIyCTUM, 9TO B COCTOSIHUM
A u B cocrosgnun B sra cucreMa MHBAPUAHTOB OIHA U Ta Ke.

Bomnpoc: O6si3aTeibHO Jin MOXKHO IIPUBECTU CUCTEMY 13 cocTosiusi A B cocrositue B?
OTBeT MOXKeT ObITh Kak MOJOXKUTEJbHBIM, TaK M OTpHUIATeIbHbIM. Ho ecim oH mosoxKuTesbHbIH (17151
JI0OBIX cocTostHuit A u B), TO Takyio CHCTeMy MHBAPUAHTOB MbI OyjIeM HA3BIBATH NOAHOU.

B1. a) Ilo kpyry cTOsT N JIepeBhEB, Ha HEKOTOPBIX U3 HAX CH/ISAT THKI. 3 XOJI OJINH U3 YHrKeil mepeseraer

Ha coceJiHee JEPEBO IO YAaCOBOI CTpeJIKe, & KAKOU-TO APYToil — Ha cocejiHee JIEPEBO MTPOTUB dacoBoil. 1lenn:
cobparTh BCex 4MzKeil Ha IIepBOM JiepeBe (Torja BCe UMKU CTAHYT BECEIIBIMMU).

6) Ilycts n = 43, Ha KaXKJIOM JiepeBe CHIUT 10 drKy. MOXKHO Ji ¢/Ie/IaTh BeeX duzKeil Becémbimm?

B) Ilycth n = 44, Ha KaxKJIOM JiepeBe CHJUT 10 9uKy. MOXKHO JIN CJIeJIaTh BCEX UMKell BeCETbIMU?

r) Haiisure nosnyto cucreMy WHBAPUAHTOB JJIsT 9TOM 3a/1a9H.

1) Ilycre n = 10, 9mKu cugsT HA JAEPEBbsIX Yepe3 OJHOrO (TO eCTh CHJSAT HA JIEPEBbsIX C HEYETHBIMU
HoMmepami). Ha Kakux JiepeBbsix MOXKHO cOOpATh BCEX UMIKeii!

e) Haiiyiure nosHyto cucreMy MHBAPUAHTOB, €CJIU YMXKeH MOYXKHO coOpaTh Ha JIOOOM Jepese.

B.. Ha octpoee CepobypoMayiiH 0OUTAIOT cepble, Oypble W MaJjMHOBBIE XaMejeoHbl. Kcim BeTpedaror-
csl JIBA XaMeJIeOHa Pa3HOrO I[BeTa, TO OHU OJHOBPEMEHHO MEHSIOT CBOI IBeT Ha TpeTuii (cepblii u Gypbiii
CTaHOBATCA 06a MaJIMHOBBIMU 1N T.H.). I_[e.HI)Z cae/iaThb BCeX XaMeJIEOHOB OJHOIIBETHLIMU.

a) Ha ocrpose 13 cepbix, 15 6ypbix u 17 MaJMHOBBIX XaMeJICOHOB. MOKeT Jin cJIydnThCsi TaK, 9TO Yepes
HEKOTOPOE BpEMsI BCe XaMeJIeOHbI Oy T oiHoro sera? Ecu jga, To Kakoii 1BeT 910 Oyner?

6) Ha octpose 13 cepbix, 15 6ypbix u 16 MaJMHOBBIX XaMeJIeOHOB. MoKeT Ji cJrydnThCsi TaK, 9To depes
HEKOTOPOE BpeMsl BCe XaMeJIeOHbI OynyT oaHoro 1sera’ Keiam ma, To Kakoil nper 3ro oymaer?

B) Haiigure mosHyio cucreMy WHBAPMAHTOB JTsl 9TOM 3a/a4u.



Bjs. Nmeercss kieTyaTnlii IpSMOYTOJIbHUK, B HEKOTOPBIX €0 KJIETKAX CTOAT ILIIOCHI, B HEKOTODPBIX —
MUHYCBI (IIyCTBIX KJIETOK HET). 3a XOJI Pa3peIIaeTcsl IIOMEHATh 3HAKN Ha IIPOTUBOIIOJIOXKHBIE B JIIOOOH CTPOKe
mw B jioboMm crosione. Iesnb: caenars Bce 3HAKHU TLIIOCAMI.

a) B oxHoit yryioBoii kierke KBaJpaTa 8 X 8 CTOMT MUHYC, & BO BCEX OCTAJBHBIX KJIETKAX CTOAT ILTIOCHL.
MoxKHO 1 ¢eaTh BCe 3HAKU ILII0CAMU?!

6) Bo Bcex yryioBbIX KJIeTKax KBaJpara 8 X 8 CTOAT MUHYCBI, & BO BCEX OCTAJIbHBIX KJIETKAX CTOSIT
IIockl. MOXKHO JIM clIe/IaTh BCE 3HAKU ILIIOCAMU?

B) Haiizure nosHyto cucreMy MHBAPUAHTOB JIJIsl TON 3 a4U.

B,4. Ha Tabsi0 ectp n jlaMIIOUeK B HECKOJIBKO KHOIIOK, KaxK/asd U3 KOTOPBIX COEIUHEHA C HEKOTOPBIMU
JAMITOYKaMH (C OJHOM JIAMIIOYKON MOYKET OBITH COeNHEHO HECKOJIBKO KHOIOK ). HaxkaTie Ha KHOIKY MeHseT
COCTOsIHUE BCEX COEUHEHHBIX C HEll JIAMIIOUEK Ha IIPOTUBOIOJIOXKHOE. JIOKarKuTe, 9TO YHUCJIO Y30POB, KOTOPHIE
MBI MOYKEM TOJIyIHTh, ecTh 2F 1y HekoToporo k.

Bs. Hnsapuarmom Gymem HA3BIBATH TAKOE IMOAMHOXKECTBO JIAMIIOUEK, UTO KayK/1ash KHOIIKA COeINHEHa C
YETHBIM YUCJIOM JIAMIIOUYEK u3 Hero. JJoKaXKure, 4To YUC/I0O MHBAPUAHTOB (yIUTHIBAsI IIYCTOE HOJMHOXKECTBO)
ectb 2¢ i mekoroporo . JJokaxkure, 9TO HEKOTOPDIi Y30p MOYKHO 3a2Ke’b TOT/Ia W TOJBKO TOT/A, KOT/a B
KaKJIOM WHBapUAHTE HAJO 3ayKeUb YETHOE YUCJIO JaMIIOYeK.

Bg. Ha cobpannn aknnonepos “OAQ: He obMmaHelb — He MPOJAIIL’ OKa3aJI0Ch, YTO KarKJIble OIPSI
uaynme 12 MecsareB pacxo]i MPEBBINaeT JOX0JT, a KaKJible Mojipsa uayime 11 mecareB j0Xo/T peBBITaeT
pacxoz. Kak [107ro 970 MOXKET IPOIOIZKATHCS?

Br7. Jlana xieruaras durypa. Ileib: HOKPLITH €6 yroJkaMu u3 TPEX KJIETOK (He BBIXOJSIIUME 38 IPaHU-
Iy) B HECKOJIbKO CJIOEB TakK, 4TOObI KaxK/as KieTKa (bUrypbl OblIa MOKPHITA OJUHAKOBBIM YUCJIOM KJIETOK,
IPUHAIICKAIIUX YTOTKAM.

a) MoxKHo s ¢riesaTh 910 Ji7Ist KBajpara 8 X 87
6) MoxKHO Jiu ¢jie1aTh 91O JiJIst IPSIMOYTOJIbHUKA 5 X 77
B) IIpsiMOyTOJIBHUKYN KAKUX Pa3MEPOB MOXKHO TaK MOKDPBITH?!

Bsg. Kiteruaras dpurypa ¢ obragaer TakuM CBORCTBOM: IIpH JIFOOOM 3AIIOJTHEHUH KJIETOK MPSIMOYTOJTbHUKA
m X n 9UCJAMH, CyMMa KOTOPBIX MOJIOXKHUTEIbHA, (purypy ® MO2KHO TaK PACIIOJIOXKUTH B MPIMOYTOJILHUKE,
9TOOBI CyMMa YHCeJ B KJIeTKaX MPsIMOYIOJbHUKA, HAKPHITHIX dburypoit ®, 6puia mnosoxkuresnbha (burypy
® mMoxkHO moBopaumBarh). JloKaykure, YTO JAHHBIA HPSIMOYTOJIBHUK MOXKET ObITh HOKpHIT ¢dburypoii ¢ B
HECKOJIBKO CJIOEB.

Bg. Nmerorcsa nBe dburypsl papuoil miomaau. ['panuibl 9Tux GUIYP COCTOAT M3 KOHETHOTO HUHC/Ia OT-
PE3KOB U JIyT OKpyzkHOCTeil. Pazperaercs paspe3ars nepByo GUrypy Ha KOHEUHOE UHUCJIO YaCTel, MPpUIéM
pa3pe3bl COCTOAT TAKXKE U3 OTPE3KOB U JyT OKpyzkHOCTel. [lesb: cobpaTh u3 3TuX KyCOUKOB BTOPYIO DUrypy
(KyCOYKH MOYKHO TapaJlJIeJIbHO [IEPEHOCUTD U TIOBOPAINBATH ).

a) MoxKHO Jin U3 KpyTra ¢jenarb KBajapar?

6) IlepBasi dburypa: Kpyr pajumyca 2, u3 KOTOPOro BeIpe3aH Kpyr pajuyca 1 (IeHTpbI KPyroB COBIIA-
JIA0T).

Bropas durypa: cekrop xkpyra paaunyca 3 ¢ yrjiom 2%
Mo>kHO Jin U3 1epBoOi (PUTYPBI CAETIATH BTOPYO?

B) Beinykiyio durypy nepexpomnu B kpyr. Jlokaxkure, 9T0 OHa cama KpPYT.

r) MoKHO Ji Kakyio-TO 1apy (buryp, Bce y4acTKH IPAHUI] KOTOPBIX €CTh JIyT'U OKPY?KHOCTEI, epeKpo-
UTh B BBIMYKIYIO QUTYPY?!

1) Haiinmure mosayto cucreMy MHBAPHAHTOB JjIst 9TOH 3aaun. Tem camMbIM 1oJydnTe OTBET Ha CJIEILy-
romuit Bompoc. Jlanwr aBe purypsbl, rpaHuiibl GUCYP U BO3ZMOXKHBIX Pa3pe30B — OTPE3KHU IPSIMBIX U JyTH
okpyKkHOCTei. Korjia o/iHy MOYXKHO TIEPEKPOUTH B JAPYTYIO?

Bio. anbr nBe dburypsl, rpanuiisl GUryp 1 BOSMOXKHBIX Pa3Pe30B — OTPE3KU MPSIMBIX U JYTU OKPYK-
Hocteit. Kpome Toro, MOXKHO oCyIecTBsITh roMoTernn. Korma oaHy Gpurypy MOXKHO MEPEKPOUTH B JPYTYIO!

B11. I'panuter duryp n BO3MOXKHBIX pa3pe30B — KOHEUHOE O00beIMHEHne yIacTKOB KOHuK. Korma ommny
MOKHO IIEPEKPOUTDH B APYryio? PaspelreHo ocymecTBasaTh adpPUHHBIE IIPeodPa3soBaHus KyCOIKOB.



Bi2. I'panutier buryp u BOSMOXKHBIX Pa3spe30B — KOHEUHOE 00be/IMHEHNE yIacTKOB KOHWUK. Korna ommy
MOXKHO IIEPEKPOUTH B JIpYyTryio? PasperieHo ocymecTBIsTh IPOEKTUBHBIE MPeoOpa30BaHUsSI KYCOIKOB.

Bi13. (Teopema Boiisiu—T'epBuna). /lokaxure, 9ro Jr00ble 1Ba MHOTOYTOJbHUKA PABHON IO HA
IIOCKOCTH PaBHOCOCTaBJIeHbL. [logyMaiiTe 0 cchepudecKoM M HEEBKJIMIOBOM OOOOIIEHMSIX.

> T’-paBHOCOCTABJIEHHBIMU

Nwmerorcst nBa MHOTOYTO/IBHUKA paBHOI 11omaau. Hazosém ux T'-pasrococmasaennvimu, ey IepBbIit
MHOT'OYTOJIbHIUK MOXKHO Pa3pe3aTh Ha KOHETHOE YHCJIO YacTeil u coOpaTh U3 HUX BTOPON MHOTOYTOJIb-
HUK, [IPU 9TOM YaCTH MOYKHO TOJILKO NapaJjlIeJIbHO [IEPEHOCUTH (U HeJIb3sl II0BOPAYNBATH ).

B14. a) dBasiiorcst jin TPeyroJibHUK M KBaJIPAT PABHOMN ILIOMAAU T-paBHOCOCTABIEHHBIME !
6) fBnsrorcst M 1Ba paBHBIX KBajpaTa 1-paBHOCOCTABICHHBIMN?
B) fBisitorcst i JiBa mapaJiiesiorpaMMa paBHOM 1I0Ma u T-paBHOCOCTABICHHBIME !
r) Haiiure nosHyto cucreMy nMHBapUaHTOB JUIsl 9TOM 3a/a4u.

Bi15. dokaxkure aTo j100bIe 1Ba MapaJjiesennrena OaMHAKOBOTO 06bEMa B IPOCTPAHCTBE JII000H pasMep-
HOCTHU T-paBHOCOCTABJIEHBI.

B1g* Haitmure mostayto cucreMy MHBapUAHTOB Jjist 1 -paBHOCOCTABICHHOCTH B IIPOCTPAHCTRE 1000 pa3-
MEPHOCTH.

Cepus C: IIpousBosibHble pa3buenus: (pa3pelieHbl TOMOTETHM )

C;. Pazperiernr romorernn. ["'panutipl pazbuennss MOTYT ObITH OObEIMHEHUEM CYETHOIO UUCIA OTPE3KOB
u Jayr okpyxkuOocTeit. JlokaxkuTe, 9TO KBaJIpaT IepekpanBaeTcs B KPyT.

C,. Hokazkure, uro 110685 BhIIYKIasa (Urypa mepekpanBaeTcst B JIIOOYHO.

Cepusa D: IToToku u KJjieTKu

® ,B;aHH&H cepud IIOABOJIUT K OCHOBHOMY PE3YJ/IbTAaTy: HAJIXINUIO BO3MOXKHOCTU II€EPEKPOUTHL KBaJIpaT B
Kpyr

Haunewm ¢ nogroroeku (moroku Ha rpadax).

D;. (Teopema Xouna). Ilycrs B asynonbaoMm rpadbe G = (L, R, F) ajas maoo6oro k u k-371€MEHTHOTO
noamuoKecTBa Lo C L KommuecTBo BepuH u3 R, CMEKHLIX XOTs ObI ¢ OAHOH U3 BepIInH MHOXKecTBa Lo, He
menbire k. Torma B rpade ecTh mapocoderanne, coaepsKaliee BCe BEPITUHLI U3 L.

D;. (Teopema Kénura). [Tycrs B aBynosnbaoM rpade G J1i060e napocoderanue uMeeT pa3mep He bosiee
k. Torma MOKHO BBIOPATDH k BEPIIUH TaKUX, 9TO JII0b0oe pedpo rpada nMeeT KOHEIL CPeId BLIOPAHHBIX BEPIINH.

Dj3. (Teopema Menrepa). Mex iy 1ByMsi HECMEKHBIMU BepIMHAME I'pada T U Y CYIIECTBYeT He MeHee
t HerepeceKaoIINXCs IIyTel TOTAa U TOJIBLKO TOTJIA, KOTa P BLIKUIBIBAHUH JTIOOBIX ¢t — 1 BEpINUH, OTIMIHBIX
OT T W Y, 9TH JIBE BEPIIUHBI OCTAIOTCS B OJHOM KOMITOHEHTE CBI3HOCTH.

Dy. Bepmmubt A u B rpada G Ha30BeM 9K6UBAAEHMHBLMU, €CITA CYIIECTBYET TaKasl MOCIeI0BATETLHOCTD
Beprma A = Ap, A1, ..., A, = B, 9ro mobbie aBe cocemnume BepmmHbl A; W A;j11 MOXKHO COeIUHUTH k
myTaMu 6e3 obIUX TPOMEKYTOYHBIX BepIiH. JlokaskuTe, 94To JTIo6bIe JBe SKBUBAJIEHTHBIE BEPIIMHBI MOXKHO
COeUHUTD k myTsMu 6e3 obmux pedep.



Cemb — 3T0 CBsA3HBIN rpad, B KOTOPOM 3aIaHbI IIPOILYCKHBIE CITOCOOHOCTH PEDGEP.

e OjiHy U3 BepIIUH ceTu OYJIeM CUUTATH UCTNOKOM (6WT000M), IPYTYIO — CMOKOM (6L000M,).

e IIponyckras cnocobrocmy: B rpade KaskgaoMy pebpy € NPHUIHNCAHO HEKOTOPOE HEOTPUIATETHHOE
qucyio c(e).

> TloTok

ITomox 6 cemu G — 3710 napa dysxmit (f, w), re w — HeKoTopasi opueHTanust Bcex pédep ceru, f(e)
— 3aJlaHHast Ha MHOXKECTBe BceX pEdep (DYHKIMsI, JJIsT KOTOPO BBITIOJHEHBI YCIOBHUS:

1) 0 < f(e) < e(e) nst Beex pébep cern;
2) it BCeX BEPIIMH v, He sIBJISIONINXCS HICTOKOM U CTOKOM, BBIIOJIHsIeTCs aHasior 3akona Kupxroda

S e - 3 fle)=o,
)

e€l'(v) ecl (v

JJIgl CUJIbI TOKa:

rie ['(v) (coorsercrBenno, IV(v)) — MHOXKeCTBO Beex pébep, BBIXOIAMUX U3 U (COOTBETCTBEHHO,
BXOJISIIINX B U) IPH OPHEHTAIIUH W.

- anee 6yaem nucarhb npocto f st moToka Bmecto (f, w).

Beauwuna nomoka — 310 cymMa 3HadeHuit f(e) s Bcex pébep e, BBIXOISINMX U3 MCTOKA
(HEeTPY/IHO MOHATDH, YTO OHA paBHa CyMMe 3Hadenuii f(e) /st Bcex pébep e, BXOMSIIIX B CTOK).

o Maxcumasvrolli nomox — STO TIOTOK, BEJIMINHA KOTOPOTO HAMOOIbITIAS.

e Ocmamounas cemv — rpad G, BEPIIMHBI KOTOPOro Te e, 4To B rpade G, a MHOXKeCTBO pEdep
SABJISIETCH TIOJIMHOXKECTBOM PEbep rpada G.

— Pebpo e npunayexkur rpady Gy, eciun c(e) — f(e) > 0.

Lonoansowut nyms — 3TO TAKOH IyTh U1U9 . . . U B OCTATOYHON CETH, UTO U] — UCTOK, Up —
CTOK.

> Pazpes

Paspes — 310 Takas mapa Herepecekarommuxcsd MHOKecTB S u T, 9T0 ux o0'be/InHeHNE JJAET MHOKECTBO
Bcex BepiuH rpada G, CTOK TPUHAJIEXKUT S, CTOK MpUHAIIEKUT 1.

e /Ins mannoro paspesa onpejenuM ¢(S,T) kak cymMMy BeJimduH c¢(€) 10 BCeM DEOPaM, BELyTIIM
u3 S B 1. Anamornuno onpesensiercs f(S,T).

Ds5. (Teopema @opaa-Pankepcona). Ilycrs B cern G ¢ nporryckHoil criocobHoCTbIO ¢(€) st pebpa e
3ajan 110ToK f. Torja cieyiomue yTBep:KIeHus SKBUBAICHTHDI:

1. Ilorok f — MakcuMAaJIbHBIA.
2. B ocrarounoii cern Gy HET JOIOJHAIOMIEIO ILyTH.
3. Cymecrsyer paspes (5,T) rakoit, aro f(5,T) = ¢(S,T).

Dg. IlycTp mporyckuast crtocoOHOCTh KazKI0ro pedpa — 1esioe aucio. JlokaxKure, 9TO B CETH €CTh MaK-
CHMAJIbHBII [[EJIOUUCIEHHBIA OTOK (T.€. OTOK 4Yepe3 KaxKiioe pebpo — IeJblii).



D7. B tabiuiie m X n B KaxKJ10#l KJIETKE 3alUCAHO HEKOTOPOE UUCJIO TaK, 9TO CyMMa YUCE B KaXKIOM
CTOJIOIE U CYMMAa YHCeJI B KaXKI0H CTPOKE sIBJISIETCS MEIbIM IUCIOM. JloKaxKuTe, ITO KaXKJI0e YUCI0 MOYKHO
OKDPYIJIUTH JI0 KAKOTO-TO IEJIOr0 (M3MEHUB MeHee deM Ha, 1) Tak, 9To0bl CyMMa B KarKJIOM CTOJIOIE M CyMMa
B KaXKJI0f CTPOKE HE M3MEHUJIACH.

> [lenbio u AHTHUIEIIBIO

HYCTI) Ha MHOXKeCTBe S 3a/JaH YaCTUYIHBIA ITOPAIO0K.

L] l[enwo — Ha30BeM IIO/IMHO2KECTBO, B KOTOPOM JII00bIEe JBa 9JIEMEHTa CpaBHUMBI.

L] AHmuuenbw — IIOAMHO2KECTBO, B KOTOPOM JIHOOLIE JBa HE CpaBHUMBDBI.

Dsg. (Teopema [duiyopca). Ilycrs B muOKecTBe S HeT anTurenu pasmepa Gosbiie k. Torga S pasdu-
BaeTcs Ha k HemepeceKaroIxest Tmemei.

e IlepeiieM K KJIeTYaTbIM 3a/Ia4aM.

Dy. Jokaxure, uro npu urpe “ZKusup” a) B kBazgpare 2010 x 2010; 6) Ha 6€CKOHEIHOM MJIOCKOCTH Hali-
nercst Koudurypanust 6e3 mpoobpasa. (Konseesckas urpa “XKusnv” 3aK/I04aeTcs B CJIEIYIONEM: B HEKOTOPBIX
KJIETKAX PEMIETKN CTOUT IO (PUIIKE, & HEKOTOPbIE KJIeTKH mycThie. Duiika, mMeroriass MEeHbIe IBYyX COCENIel, yMUpaeT
OT OJIMHOYECTBA, & MMeIoIas OoIbie TPEX coceqeil — OT mepeHaceséHHOCTH. Ha mycToM 1oJie, MMEIoNneM TPU COCe I~
Hue GUIKA, POXKIAETCS HOBas duinka. MakcnMaabHO BO3MOXKHOE UUCTO cocenell paBHO 8. Bce cobbitus B KieTKax

OPOUCXOAAT OJJHOBPEMEHHO — HalIpUMeEp, KazKIAYIO CeKyHﬂy)

Dj0. Ha mekoropbix kierkax 6€CKOHETHON JOCKU cTOoAT (umku (He Gosiee OHOM Ha KaxKIOH KJleTKe),
HEKOTOPBIE KJIETKH ITycThie. HazoBeMm paccTaHOBKY nouwmu noanod, eciii Haiigercs Takoe 1ucjio C, 9To MOYKHO
CIIBUHYTB KaK1yto (DUIIKY Ha paccTosiaue, He npesbimaoriee C' (HHOTa HYJI€BOe) TaK, YTOOBI IIYCTHIX KJIETOK
He ocTajioch. HazoBeM pacCTaHOBKY He CAUULKOM NYCMOoU, €Cau HAWIEeTCsT TaKoe IUC/Io [, 9T0 KOJIMIeCTBO
IIYCTBIX KJIETOK B JTIOOOM KBayipaTte He npeBocxoaut D P, e P — nepumerp KBajgparta. Jlokaxkure, 9T0 MOITH
ITOJIHBIE PACCTAHOBKHM — 9TO B TOYHOCTU HE CJIMIIKOM IIyCTBIE.

D11% AmajorudHbBI BOMPOC JJIsI N-MEePHOro mpoctpaHcTBa. IlycTb () — MHOXKECTBO BCEX KJIETUATHIX
Ky060oB, pasbursix Ha Kyboukun. st kaxaoro kyba L € £ u gucna k mocrpoum cienytomuii rpad G(L, k).
Ero Bepmunbl — kierku kyba L u eme jBe ocobble Bepiusbl a u b (“ucrounuk” u “crok”). Kierku xkyba L
(t.e. ocrasnbubie BepmuHbl G(L, k)) SABISIOTCA CMEACHDIMU TOTTA U TOJBKO TOTJIA, KOTJIa PACCTOSHUAE MEK LY
HuMu He npeBocxoaut k. Kpome Toro, ¢ BepmmHoit a cCMEXHBI Bce CBOOO/IHBIC KJIETKNA B L U TOJIBKO OHU, & C
BepINUHOM b CMEXKHBI BCe KJIETKU B L, U3 KOTOPBIX MOXKHO CJIeJIaTh Al JIMHBL He Oojiee Kk, BBIBOJSIIUIL 32
npenenn L.

D;2. Hokaxkure, uro B yciaosuu 3ama41 Dg u Do cymecrByer Takoe nHarypajbHoe k, 9TO 1Jjisi JTEOOOTO
ky6a L € Q B rpade G(L, k) mexy Bepummaamu a u b cymiecrByer k HelepeceKaromuxcst myTeii.

Di3. (OcHoBuasi 3agaga. Kieruaras Bepcusi.)* Bosbmenm unciio k mocrarouno Gosibinoe, HO (buk-
cuposannoe (HayKa ymeer paborars ¢ umcioM k = 10020Y). PaccMoTpuM KaeTdyaThlil KBaJpaT eIMHITHbIH
IJIOIA M, Pa30OUTHI Ha KBAJPATUKU IUIOMAM 1/n Kaxblil, n — 00. PaccMoTpuM Kpyr eAuHUIHON ILI0-
I[a/I1, TOKPBITBIN KJIETYATHIM JIHCTOM, PA30MTHIM Ha KBaJIPATUKH CO CTOPOHOM 1/m (CTOPOHBI KBaJIPATHKOB
napaJuie/ibHbl CTOPOHAM MCXOJIHOrO KBaJpara). Harmia 1e1b — BbIOpaTh MHOXKECTBO BeKTOpOoB M u3 k 3e-
MEHTOB U COIIOCTABUTD NOYMU KadHcoomy Keadpamuky pasdbueHns KBaIpaTa KBaIPATUK HOKPLITHS KPYTra TaK,
ITOOBI

1) COOTBGTCTByIOHLI/Ie KBaJIpaTUKNU OT/IMYAJIMCh CABUI'OM Ha BEKTOD U3 M.

2) Cymmaphasi IUIOMAIb KBaIPATHKOB, HE HMEIOMUX MapTHEpa, ObLia Obl MEHbINE § MPU JOCTATOUHO
OOJIBIIIOM 7.

,HOK&}KI/ITG, Y9TO IIpHU CKOJIb YI'OJHO MaJiOM d U CKOJIb yYroaHo OOJIBIIIOM 7 3TO MOXKHO OCyIeCTBUTDb.



D14. okaxure, 9ro cymecTByeT k Takoe, 9TO KBaJIpaT W KPYr HOYTH IepeKpanBaioTcs k dactamu (T.e.
JUIsT JTIODOT0 € MOYKHO TIEPEKPOUTH € TOYHOCTBIO JI0 MHOYKECTBA MEPHI € ).

Di5¥ llokazkute, 9T0 cymecTByeT k Takoe, 9TO KBQIPAT U KPYT IEPEKPANBAIOTC Kk 9acTsIMU C TOTIHOCTHIO
JI0 MHOXKECTBa, MEPHI HOJIb.

Di6. O606mMTE TPEABIAYIINE IIYHKTHI Ha MMPOU3BOJIBHYIO PA3MEPHOCTb.

[Tocrapaiitech yMeHBITUTD K.

Di7. ‘ Samava AJI MCCJIeJOBaHUSI.

Dis. ‘ Samaua agasa ucciaenoBanus. | [locrapaitrecs ymenninurh C' B 3amadax Dg u D1g.




KBAJIPATYPA KPYTA

M. TlN'osiaomiaH, A. 4. KAHEJIb-BEJIOB, V1. UBAHOB-ITOrojAEB, @. H1/10B, A. OHOINPUEHKO, A. CAJTOBHUYNI

Cepus E: 3amaua I1C

e lleHTpambHO-CUMMETPUIHOE BBIMYKJI0E TesI0 (dburypa) pasburo Ha J[Ba KOHIPYIHTHBIX MHOXKecTBa. [{o-
Ka3aTh, UTO €ro/eé MEeHTp JIeKUT Ha uX oOIeil rpaHutie.

[Tpu s10M 2panuya Jacreir OyIeT CUUTATHCSI COCTOMAIIEH U3 yUIACTKOB MPSIMBIX U OKPYZKHOCTEl (ILJIOCKO-
creit u cdep B IPOCTPAHCTBEHHOM ciiydae). [Isi MHOrorpanHHKOB TpaHuna OyeT CIUTaThCs COCTOAMIEH n3
Y4aCTKOB IIJIOCKOCTH.

Bripazkenue durypa (Teso) pasbura (-0) HA YACTH MOYKHO IIOHUMATH MO-PA3HOMY. BO-TIEPBBIX, MOYKHO
CYUTATh, UTO IIepeceveHne 4acTeil mycro (T.e. y HUX HeT OBIUX TOYEK ).

E;. Ha mwiockocrn mano (BO3MOXKHO, HEBBIILYKJI0€) MHOKeCTBO A. MHOXKecTBO B €cTh pe3ysibrar HEKOTO-
poro IBuKeHust MHOKecTBa A. MoxKeT jin Tak ObITh, UTO 0O0beauHeHne A 1 B ecTh eHTpaaIbHO-CHMMETPUIHOE
(BO3MOKHO, HEBBIIYKJIOE) MHOXKECTBO, COJIEPKAIee CBOH IEHTP CUMMETPUH, a [epecevdeHre MHOKeCTB A u
B mycro?

E-. Ha miockocru gano maOX)KecTBO A. MHOX)KeCcTBO B €CTh PE3y/IbTAT HEKOTOPOIO JIBUYKEHNST MHOMKECTBA
A. Okaszaiioch, uTo obbeguHenne A u B ecTb II0CKUii MIPSIMOYTOIBHUK (T. €. He JIoMaHas, a KOHTYD BMeCTe C
BHYTPEHHOCTHI0). MOXKET Ji [IPU 9TOM IIEHTD HPSIMOYTOJIbHUKA [IPUHAJIe)KaTh A, HO He [IpUHaJIekars B

e Bo-BTOPBIX, MOXKHO JIOIIYCKATDL IIepecedeHusi dacreil mo mx obimeil rpanume (T.e. Bce OOIIHE TOYKH
Jacreil JiexkaT Ha WX IpaHunax). B gasbiieiineM Mbl 6yjieM moipa3yMeBaTh UMEHHO 9TO OIpee/IeHueE.

E3. Heckoibko Togek paS6HBaIOT OTPE30K Ha JBa KOHI'DYIHTHBIX MHO2KECTBa (MHO}KGCTBO MO2KeT COCTO-
ATb N3 HECKOJIbKUX KyCKOB). ,ZLOK&?KI/ITG, Y9TO OJlHa U3 TOYEK — B €ro ImeHTpe.

E4. Kpyr pasour na 2 gactu. {okazaTb, ITO OHU MEPEBOJATCS APYT B JIpyra JuOO MOBOPOTOM OTHOCH-
TEJILHO IIEHTPa Kpyra, Jub0 oceBoil cumMmerpueii. YTo MOXKHO CKa3aThb O pa3dueHnu Ha 3 9acTu’

Es5. Pemure zagaay HHC mis kBagpara.
Eg. Pemure 3amaay HC mjs npaBuibHOrO 6-yroJbHHAKA.
E~. Pemure 3amaay HC mjst n-mepHOil cdepsl.
ES**
Eg. B zagauge IIC Ha mIockocTd pacCMOTPHM IO OTHEILHOCTH BCE BHUIALI JBUKEHHUH, KOTOPLIMU OIHA
qacTh Pa3OUEHUsT MOXKET IePEeBOIUTLCA B JIPYTYIO.
a) Pemure 3anauy 11C, eciu gBuzkeHre — 9T0 MapalIeJbHBIA EPEHOC UM CKOJIb3SIIAsi CUMMETPUSL.

6) * B ciydae, eciim meHTPAIbHO-CUMMETPHYIHBI MHOTOYTOIBHAK Pa30UT Ha JBe PaBHbIE YaCTH, II€pe-
BOJISIIIIUECS JIDYT B JIPyTa OBOPOTOM, JIOKAYKUTE, UTO IEHTP ITOrO MOBOPOTA JICXKUT BHYTPU (DUTYDHI.

OTKpBITHII BOMPOC. ‘ Perure 3amauy 1IC mis kyba (runepky6a).

B)** | OTKpbITHII Bompoc. | Pemmnre 3amaay IIC /st MHOrOyroJIbHEKA, €CJIU JIBUKEHNE — TO HOBOPOT.
r)™*| Tem GoJjiee OoTKpPbITHIN Bompoc. | Pemure 3amaqy [1C mj1s1 1pon3BoIbHBIX IEHTPAILHO-CHMMETPUIHBIX
p p Jaqy pit p OEHTP P
duryp B R™.

Eq0. ILmomans cdepudeckoro TpeyrobHuKa paBHA deTBepTH IIomau cdepbl. /lokaxkure, aro chepy
MOKHO pas3pe3arhb Ha 4 TpeyrojbHUKAa, PABHBIX JAHHOMY.

E11. a) Paspexbre 1mwiockocTh Ha paBHble (DUIYPBI, KaxK/Jas U3 KOTOPBIX OrpaHUYeHa TPeMsl JyraMu
OKPY2KHOCTEl (OTPE30K He sBJISIETCsI JIyTOil OKPYKHOCTH ).

6) *k

OTKpeITHIA Bompoc. | Onuiiure Bce TaKue pa3pe3aHus.

Ei2. a) Paspexbre npaBusbHbIl MEeCTHYTOMBHIK HA PABHBIC 9aCTH TaK, 9TOOBI IEHTD MIECTUYTOIbHIKA
JIexKaJjl BHYTPHU OJHOI W3 HUX.

6) ** ‘OTKprTI)IfI BOIIPOC.
n # 3,4,67

MozxHO Jt pa3pe3arb TaKUM 2Ke 00pa3oM MPABUJILHBIA N-yTOJbHUK IIPH




KBAJIPATYPA KPYTA

A.A.KAHEB-BEOB, NU.MIBAHOB-ITOrOAAEB, ®.HuioB, A.OHOIIPUEHKO, A.CAJIOBHUYUN, M.I'OJTA®IIIAH
Cepus F. Tperbsa npobiema I'manbepTa.

Hemmboro crepeomerpun.

F1. Jokakure, 9T0 IpajycHas Mepa JBYTPAHHOIO yIJia IPABUILHOTO TETPA3Ipa HPPAIMOHAILHA.

F2. MoxHO 1 3aMOCTUTH IIPOCTPAHCTBO

a) MPABUJIBHBIMU TETPA3IPAM;

6) NpaBUJIBHBIME OKTA3/IPAMHU;

B) NPABUJIBHBIMU TETPA3IPAMU ¥ IPABUILHBIMI OKTA[PAMU BMECTE;

I') YCEYEHHBIMU MPABUJIbHBIMU OKTA3[paMu’

F3. IlpaBuibnbtit TeTpasap pasperieHo oTpaXKaThb OTHOCUTEIBHO 000 U3 ero rpaHeil U MOBTOPATD STy
nporeaypy. JokaxKure, 4T0 MHOXKECTBO €I'0 IOJIOKEHUA BCIOY IIJIOTHO.

F4. Tlpeaionoxum, u3 HEKOTOPOro HabOpa MHOIOTDAHHUKOB (6€3 orpaHuveHusi OOIIHOCTH MX MOXKHO
CUUTATDH BBIMYKJIBIMI, KCTATU MIOYEMY?) MOXKHO cOOpaTh Kak Ky0O, Tak U NMpaBUJIbHBI TeTpasap. [lomecTim
B BEPIIUHBI JIUIIKYIO KpacHy Kpacky. Cobepém Kyb, IOTOM TeTpas3jip, MOTOM KyD, IOTOM TETPa3Ip U T.JI.
IIycTs mporecc pa3MHOXKEHHSI KPACHBIX TOYEK OCTaHOBUTCA. [losiyamre mpoTHBOpeYre B 3TOM CIIydae.

F5. Ilycts nocite cbopku Kyba-Terpasipa-Kyba-TeTpasapa KpacHas KpPacka BBICOXHET U HE CMOXKET pa3-
MHOXKATbCsI. [IpermoaokuM, 9To Ha KaxKIOM OTPe3Ke C KPACHBIMU KOHIAMH U 0e3 KPACHBIX BHYTPEHHHX
TOYEK MOYXKHO TaK PACCTABUTL CHHUE TOYKH, YTO HA MPUMBIKAIONINX OTPE3KaxX K pedpy BHyTpHU Kyba wmanm
TeTpasapa WK Ha ero TPaHnIle OJUHAKOBOE YUCI0 CHHMX To4eK. [losiyanTe mpoTHBOpEdre B 3TOM CIydae.

F6. Hokaxkure, 4TO NCKOMasi PACCTAHOBKA CUHUX TOYEK CYIIECTBYET.

JIuneitHble PYHKITUN.

F7. YucnoBas dbynkuusa [ HaszblBaeTcs aunelinot, ecau s JUOObIX T,y U3 00JacTH Oupeie/eHus [
Beinosieno yeiosue f(x) + f(y) = f(x + y) (310 yciaoBue, B 9acTHOCTH, O3HAYACT, YTO & + Y TAKIKE JICKUT
B obstacTu onpejeseHust f).

a) Ilycrs f: Q — R — nmneitnas Gynknus. Jokaxure, aro cymecrsyer k € R, uro f(x) = k.

6) Ilpusenure npumep JmHeiiHON (wmucsioBoii) dyuknuu f, Koropas He umeer Buna f(r) = kr Hu s
kakoro k € R.

Oupeesum nousitue neeedoobséma mnozozpannuka M (uneapuanma /Jena) kax dyHKIUIO

f(M) = le‘s@(ai),

rje l; — JAjuHa -ro pebpa, ; — JBYIPAHHBIN YTOJI pH i-OM pebpe, ¢ — ducjioBast (DYHKITHS.

F8. Ilycrs muororpanuuk M paspesan na mHororpanauku My u Ms. Kakum cBoiicTBaM T0KHA YII0-
BJIETBOPSTH (DYHKIMS 0, 4TOOBI rapaHTUpOBaTh BbinoHeHue yciaosus f(M) = f(My) + f(M2)?

F9. a) Jlokaxkure, 4TO €C/ii MHOIOIDAHHUKHU PABHOCOCTABJIEHBI, TO UX IICEB000BEMBI COBIIAJIAIOT.

6) Jlokaxkure, 4To Ky6 U MPABUJIbHBINA TETPA3IP HE PABHOCOCTABJICHBI.

B)* Kakumu JO/DKHBI GbITh HEOOXOAUMbIE W JIOCTATOYHBIE YCJOBHs, YTOOBI JiBA MHOIOIDAHHUMKA ObLII
PaBHOCOCTABJIEHDI?



THE QUADRATURE OF THE CIRCLE

A. KANEL-BELOV, I. IVANOV-POCODAEV, F. NiLOvV, A. ONOPRIENKO, A. SADOVNICHY, M. GOLAFSHAN

Q. The aim of this project is to investigate the remarkable fact that a square can be transformed
into a circle using only parallel shifts.

Part A: Re-partition (a bit of Olympiad material)

A;. (Squaring the circle 0). Is it possible to cut a square into parts and assemble a circle? (Cuts are
segments of straight lines and arcs of circles).

As. A convex figure ® is cut into parts and assembled into a circle (Cuts are segments of straight lines
and arcs of circles). Prove that ® itself is a circle.

Ag. Is it possible to cut two circles into one circle?

Part B: Completeness of invariant systems

Let there be a certain process. The invariant of this process is a certain quantity (a function of the
current state) that does not change regardless of how the process proceeds.

It follows that if the invariant was equal to something at the beginning of the process, it is impossible to
bring the system to a state in which this invariant would take on a different value. This is the simple part:
to bring the system to a certain state, it is necessary that the invariant does not change.

We can pose the reverse question. Suppose there is a certain invariant (or several invariants, which we will
collectively call a system of invariants). Assume that in both state A and state B, this system of invariants
is the same.

Question: Is it always possible to transition the system from state A to state B?
Answer: It can be either positive or negative. However, if the answer is positive (for any states A and
B), then we will call such a system of invariants complete.

B;1. a) There are n trees in a circle, with some of them having siskins sitting on them. In one move, one
of the siskins flies to the neighbouring tree in a clockwise direction, and another one to the neighbouring tree
in a counterclockwise direction. The goal is to gather all the siskins on the first tree (then all the siskins will
be happy).

b) Let n = 43, with one siskin sitting on each tree. Is it possible to make all the siskins happy?

c) Let n = 44, with one siskin sitting on each tree. Is it possible to make all the siskins happy?

d) Find the complete system of invariants for this problem.

e) Let n = 10, the siskins sit on every other tree (i.e., on trees with odd numbers). On which trees can
all the siskins be gathered?

f) Find the complete system of invariants if the siskins can be gathered on any tree.

Bs. On the island of Serobouromalin, there are gray, brown, and raspberry-coloured chameleons. If two
chameleons of different colours meet, they both change their colour to the third colour simultaneously (gray
and brown both become raspberry, etc.). The goal is to make all the chameleons the same colour.

a) On the island, there are 13 gray, 15 brown, and 17 raspberry-coloured chameleons. Can it happen
that after some time all the chameleons will be of one colour? If yes, what colour will it be?

b) On the island, there are 13 gray, 15 brown, and 16 raspberry-coloured chameleons. Can it happen
that after some time all the chameleons will be of one colour? If yes, what color will it be?

c¢) Find the complete system of invariants for this problem.



Bs. There is a grid rectangle, with some of its cells containing pluses and some containing minuses (there
are no empty cells). In one move, it is allowed to change the signs to the opposite in any row or in any
column. The goal is to make all the signs pluses.

a) In one corner cell of an 8 x 8 square there is a minus, and in all other cells there are pluses. Is it
possible to make all the signs pluses?

b) In all corner cells of an 8 x 8 square there are minuses, and in all other cells there are pluses. Is it
possible to make all the signs pluses?

c¢) Find the complete system of invariants for this problem.

B4. There are n light bulbs on a panel and several buttons, each of which is connected to some of the
light bulbs (one light bulb can be connected to several buttons). Pressing a button changes the state of all
the light bulbs connected to it to the opposite state. Prove that the number of patterns we can obtain is 2%
for some k.

Bs. We will call an invariant such a subset of light bulbs that each button is connected to an even
number of light bulbs from this subset. Prove that the number of invariants (including the empty subset) is
2¢ for some £. Prove that a certain pattern can be lit if and only if an even number of light bulbs need to be
lit in each invariant.

Bg. At the shareholders’ meeting of “OAQ: if you don’t cheat, you won’t sell,” it was found that for
every consecutive 12 months, expenses exceed income, and for every consecutive 11 months, income exceeds
expenses. How long can this continue?

Br~. A grid figure is given. The goal is to cover it with L-shaped tiles of three cells (not going beyond the
border) in several layers so that each cell of the figure is covered by the same number of cells belonging to
the L-shaped tiles.

a) Is it possible to do this for an 8 x 8 square?
b) Is it possible to do this for a 5 x 7 rectangle?
c) What sizes of rectangles can be covered this way?

Bsg. The grid figure ® has the following property: for any filling of the cells of an m x n rectangle with
numbers whose sum is positive, it is possible to place the figure ® in the rectangle so that the sum of the
numbers in the cells covered by the figure ® is positive (the figure ® can be rotated). Prove that this rectangle
can be covered by the figure @ in several layers.

Bg. There are two figures of equal area. The boundaries of these figures consist of a finite number of
line segments and arcs of circles. It is allowed to cut the first figure into a finite number of parts, with the
cuts also consisting of line segments and arcs of circles. The goal is to assemble the second figure from these
pieces (the pieces can be translated and rotated).

a) Is it possible to make a square from a circle?

b) First figure: a circle of radius 2 with a circle of radius 1 cut out of it (the centres of the circles
coincide).

Second figure: a sector of a circle with radius 3 and an angle of %’r
Is it possible to make the second figure from the first?

c¢) A convex figure was transformed into a circle. Prove that it is a circle itself.

d) Is it possible to transform a pair of figures, all of whose boundary segments are arcs of circles, into
a convex figure?

e) Find the complete system of invariants for this problem. This will provide an answer to the following
question: Given two figures, their boundaries, and possible cuts (line segments and arcs of circles), when can
one be transformed into the other?

Bio. Given two figures, the boundaries of the figures, and the possible cuts segments of straight lines and
arcs of circles. Additionally, homothety is allowed. When can one figure be transformed into the other?

B11. The boundaries of the figures and the possible cuts are a finite union of quadratic segments. When
can one figure be transformed into another? It is allowed to perform affine transformations on the pieces.



Bi2. The boundaries of the figures and the possible cuts are a finite union of quadric segments. When
can one figure be transformed into another? It is allowed to perform projective transformations on the pieces.

Bi1s. (Bolyai-Gerwien’s Theorem). Prove that any two polygons of equal area on a plane are equidecomposable.
Consider spherical and non-Euclidean generalisations.

> T-equidecomposable

There are two polygons of equal area. We will call them T'-equidecomposable if the first polygon can
be cut into a finite number of parts and the second polygon can be assembled from these parts, with
the parts only allowed to be translated (and not rotated).

B14. a) Are a triangle and a square T'-equidecomposable?
b) Are two equal squares T'-equidecomposable?
c¢) Are two parallelograms of equal area T'-equidecomposable?
d) Find the complete system of invariants for this problem.

Bi5. Prove that any two parallelepipeds in space of any dimension are T -equidecomposable.
Bi1g" Find the complete system of invariants for T -equidecomposability in space of any dimension.

Part C: An arbitrary partitions (homotheties are allowed)

C;. Homotheties are allowed. The boundaries of the subdivisions can be a union of a countable number
of line segments and arcs of circles. Prove that a square can be transformed into a cube.

C,. Prove that any convex body can be transformed into any other.

Part D: Flows and cells

e This series leads to the main result: the possibility of transforming a square into a circle

Let’s start with the preparation (flows on graphs).

D;. (Hall’s Theorem). Let G = (L, R, E) be a bipartite graph. For any k and a k-element subset
Ly C L, the number of vertices in R adjacent to at least one vertex in L is at least k. Then there exists a
matching in the graph that covers all vertices in L.

D;. ( Ko6nig’s Theorem). Let G be a bipartite graph. Any matching in G has a size of at most k.
Then it is possible to select k vertices such that every edge of the graph has an endpoint among the selected
vertices.

Ds. (Menger’s Theorem). Between two non-adjacent vertices x and y of a graph, there exist at least
t vertex-disjoint paths if and only if, upon the removal of any ¢t — 1 vertices other than x and y, these two
vertices remain in the same connected component.

Dy4. The vertices A and B of a graph G are called equivalent if there exists a sequence of vertices
A = Ay, Ayq,..., A, = B such that any two adjacent vertices A; and A;y; can be connected by k paths
without common intermediate vertices. Prove that any two equivalent vertices can be connected by k paths
without common edges.



> Network

A network is a connected graph in which the capacities of the edges are specified.

e One vertex of the network is considered the source (input), and another the sink (output).

e In the graph, each edge e is assigned a non-negative number c(e) representing its capacity.

A flow in a network G is a pair of functions (f,w), where w is some orientation of all the edges of the
network, and f(e) is a function defined on the set of all edges, satisfying the following conditions:

1) 0 < f(e) < c(e) for all edges of the network;

2) for all vertices v that are not the source or the sink, Kirchhoff’s law for electric currents holds:

S e - 3 fle)=o,
)

e€l’(v) ecl’ (v

where T'(v) (respectively, I'(v)) is the set of all edges leaving (respectively, entering) v under the
orientation w.

- We will denote the flow by f instead of using (f, w).

e Flow value is the sum of the values f(e) for all edges e leaving the source (it is easy to see that
it is equal to the sum of the values f(e) for all edges e entering the sink).

o Mazimum flow is a flow whose value is the greatest.

e Residual network is a graph Gy whose vertices are the same as in the graph G, and the set of
edges is a subset of the edges of the graph G.

- An edge e belongs to the graph G if c¢(e) — f(e) > 0.

o Augmenting path is a path ujus...u; in the residual network such that uq is the source and uy
is the sink.

A cut is a pair of disjoint sets S and T whose union gives the set of all vertices of the graph G, the
source belongs to .S, and the sink belongs to T

e We define ¢(S,T) as the sum of the capacities ¢(e) over all edges leading from S to T'. The value
f(S,T) is defined similarly.

D5. (Max-Flow Min-Cut Theorem). Let G be a network with capacity c(e) for each edge e, and let
f be a flow in this network. The following statements are equivalent:
1. The flow f is maximum.
2. There is no augmenting path in the residual network Gy.

3. There exists a cut (5,T") such that f(S,7) = ¢(S,T).

Dg. Let the capacity of each edge be an integer. Prove that there is a maximum integer flow in the
network (i.e., the flow through each edge is an integer).



D~. In an m x n table, each cell contains a number such that the sum of the numbers in each column and
the sum of the numbers in each row are integers. Prove that each number can be rounded to some integer
(changing each by less than 1) such that the sum in each column and the sum in each row remain unchanged.

Let S be a set with a partial order.

e A chain is a subset in which any two elements are comparable.

e An anti-chain is a subset in which any two elements are incomparable.

Ds. (Dilworth’s Theorem). Let the set S have no antichain of size greater than k. Then S can be
partitioned into k disjoint chains.

e Let’s move on to the lattice problems.

Dy. Prove that in the game “Life,” (a) a configuration without transformation can be found in the
2010 x 2010 square; (b) a configuration without transformation can be found on an infinite plane. (The
Conway’s Game of Life consists of the following rules: in some cells of the grid, there are pieces, while other
cells are empty. A piece with fewer than two neighbours dies from loneliness, and a piece with more than
three neighbours dies from overpopulation. On an empty cell with three neighbours, a new piece is born.
The maximum possible number of neighbours is 8. All events in the cells occur simultaneously for example,
every second.)

D10. On some cells of an infinite board there are pieces (at most one per cell), and some cells are empty.
A configuration is called almost full if there exists a number C such that each piece can be moved a distance
not exceeding C' (sometimes zero) so that no empty cells remain. A configuration is called not too empty if
there exists a number D such that the number of empty cells in any square does not exceed DP, where P
is the perimeter of the square. Prove that almost full configurations are exactly not too empty.

D11% A similar question for n-dimensional space. Let 2 be the set of all grid cubes, divided into smaller
cubes. For each cube L € © and number k, construct the following graph G(L, k). Its vertices are the cells of
cube L and two special vertices a and b (“source” and “sink”). The cells of cube L (i.e., the other vertices of
G(L,k)) are adjacent if and only if the distance between them does not exceed k. Furthermore, all free cells
in L and only those are adjacent to vertex a, and all cells in L from which a step of length no more than k
can be made outside L are adjacent to vertex b.

D15. Prove that under the conditions of problems Dg and Dqg, there exists a natural number k& such
that for any cube L € Q in the graph G(L, k), there exist k vertex-disjoint paths between vertices a and b.

Di3. (Main problem. Lattice version. ) * Let’s take a sufficiently large but fixed number & (science
can work with & = 1002°%). Consider a grid square of unit area, divided into squares of area 1/n each, as
n — oo. Consider a circle of unit area covered by a grid sheet divided into squares with side length 1/n (the
sides of the squares are parallel to the sides of the original square). Our goal is to select a set of vectors M
consisting of k£ elements and align each square of the square partition with a square covering the circle so
that:

1) The corresponding squares differ by a shift of a vector from M.
2) The total area of the squares that do not have a partner is less than ¢ for sufficiently large n.

Prove that this can be done for any arbitrarily small § and sufficiently large n.



Di4. Prove that there exists a k such that a square and a circle can be almost partitioned into k parts
(i.e., for any e, they can be rearranged to match up to a set of measure ).

D15* Prove that there exists a k such that a square and a circle can be partitioned into k parts with
exactness up to a set of measure zero.

Di6. Generalise the previous points to arbitrary dimensions.

Dy~ ‘Research problem. ‘ Try to reduce k.

Dis. ‘Research problem‘ Try to reduce C' in problems Dg and D1qg.
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Part E: C.S. problems

e A centrally symmetric convex body (figure) is divided into two congruent sets. Prove that its center
lies on their common boundary.

At the same time, the boundary of the parts will be considered as consisting of segments of straight lines
and circles (planes and spheres in the spatial case). For polyhedrons, the boundary will be considered as
consisting of plane segments.

The expression “figure (body) is divided into parts” can be understood in different ways. Firstly, it can
be assumed that the intersection of the parts is empty (i.e., they have no common points).

E;1. In the plane, a set A (possibly non-convex) is given. The set B is the result of some movement of the
set A. Can it be that the union of A and B is a centrally symmetric (possibly non-convex) set containing its
center of symmetry, while the intersection of the sets A and B is empty?

Es. In the plane, a set A is given. The set B is the result of some movement of the set A. It turns out
that the union of A and B is a flat rectangle (i.e., not a broken line, but a contour together with the interior).
Can it be that the center of the rectangle belongs to A but does not belong to B?

e Secondly, intersections of the parts can be allowed along their common boundary (i.e., all common
points of the parts lie on their boundaries). Hereafter, we will assume this definition.

E3. Several points divide a line segment into two congruent sets (the set may consist of several pieces).
Prove that one of the points is at its center.

E4. A circle is divided into 2 parts. Prove that they can be transformed into each other either by a
rotation around the center of the circle or by reflection. What can be said about a division into 3 parts?

Es5. Solve the problem C.S. for a square.
Eg. Solve the problem C.S. for a regular hexagon.
E~. Solve the problem C.S. for an n-dimensional sphere.

ES**

Open problem.| Solve the problem C.S. for a cube (hypercube).

Eg. In the C.S. problem on the plane, separately consider all types of movements by which one part of
the division can be transformed into another.
a) Solve the C.S. problem if the movement is a translation or a glide reflection.
b) In the case where a centrally symmetric polygon is divided into two equal parts, transforming into
each other by rotation, prove that the center of this rotation lies inside the figure.
c)* |Open problem. ‘ Solve the C.S. problem for a polygon if the movement is a rotation.

d)***
R™.

Tough open problem.‘ Solve the C.S. problem for arbitrary centrally symmetric figures in

E10. The area of a spherical triangle is equal to one-fourth of the area of the sphere. Prove that the
sphere can be divided into 4 triangles, each equal to the given one.

Ej1. a) Cut the plane into equal figures, each bounded by three arcs of circles (a segment is not considered
as an arc of a circle).

b)* | Open problem. ‘ Describe all such cuts.
Ej2. a) Cut a regular hexagon into equal parts such that the center of the hexagon lies inside one of
them.
b)y* | Open problem. ‘ Is it possible to similarly cut a regular n-gon for n # 3,4, 67

1
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Part F: Hilbert’s third problem

T A bit Solid geometry

F;. Prove that the dihedral angle of a regular tetrahedron is irrational.

F5. Is it possible to tile space with
a) regular tetrahedra;
b) regular octahedra;
c) regular tetrahedra and regular octahedra together;
d) truncated regular octahedra?

F3. A regular tetrahedron is allowed to be reflected with respect to any of its faces and to repeat this
procedure. Prove that the set of its positions is everywhere dense.

F4. Suppose from some set of polyhedra (without loss of generality they can be considered convex, by
the way, why?) it is possible to assemble both a cube and a regular tetrahedron. We place sticky red paint
on the vertices. We assemble a cube, then a tetrahedron, then a cube, then a tetrahedron, and so on. Let
the process of multiplying red points stop. Derive a contradiction in this case."

F5. Let the red paint dry after assembling the cube-tetrahedron-cube-tetrahedron, and it can no longer
multiply. Suppose that on each segment with red endpoints and without red interior points, blue points can
be placed in such a way that on the adjacent segments to an edge inside the cube or tetrahedron, or on its
boundary, the same number of blue points are placed. Derive a contradiction in this case.

Fg. Prove that the desired arrangement of blue points exists.

T Linear functions

A numerical function f is called linear if for any x,y from the domain of definition of f, the condition
f(x)+ f(y) = f(z +y) holds (this condition, in particular, means that x + y also lies in the domain
of definition of f).

Fr. a) Let f: Q — R be a linear function. Prove that there exists k € R such that f(x) = kx.
b) Give an example of a linear (numerical) function f that does not have the form f(z) = kx for any
keR.

e Let’s define the concept of the pseudo-volume of a polyhedron M (the Dehn invariant) as the function
f(M) = >, lip(a;), where [; is the length of the i-th edge, «; is the dihedral angle at the i-th edge,
and ¢ is a numerical function.

Fg. Let the polyhedron M be divided into polyhedrons M; and M,. What properties must the function
¢ satisfy to ensure that the condition f(M) = f(M;) + f(M2) holds?

Fg. a) Prove that if polyhedra are equidecomposable, then their pseudo-volumes are the same.
b) Prove that a cube and a regular tetrahedron are not equidecomposable.
c)* What are the necessary and sufficient conditions for two polyhedra to be equidecomposable?
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